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This paper focuses onmultiattribute group decision-making problemswith interval-valued intuitionistic fuzzy values (IVIFVs) and
develops a consensus reaching model with minimum adjustments to improve the consensus among decision-makers (DMs). To
check the consensus, a consensus index is introduced by measuring the distance between each decision matrix and the collective
one. For the group decision-making with unacceptable consensus, Consensus Rule 1 and Consensus Rule 2 are, respectively,
proposed by minimizing adjustment amounts of individual decision matrices. According to these two consensus rules, two
algorithms are devised to helpDMs reach acceptable consensus.Moreover, the convergences of algorithms are proved. To determine
weights of attributes, an interval-valued intuitionistic fuzzy program is constructed by maximizing comprehensive values of
alternatives. Finally, alternatives are ranked based on their comprehensive values. Thereby, a novel method is proposed to solve
MAGDM with IVIFVs. At length, a numerical example is examined to illustrate the effectiveness of the proposed method.

1. Introduction

Multiattribute group decision-making (MAGDM), where
several decision-makers (DMs) evaluate a finite set of alter-
natives with respect to multiple attributes and select a best
one, has been applied in many fields, such as supply chain
management, risk investment, and industry engineering. In
classical MAGDM, attribute values are usually represented
as real numbers. However, due to the ambiguity of human
thinking and the lack of decision information as well as
time, DMs are unable to express their opinions with real
numbers precisely. After Zadeh [1] introduced the fuzzy
set (FS), more and more DMs used fuzzy sets to describe
their opinions [2–4]. Nevertheless, FS characterizes the fuzzi-
ness only by the membership degree. Later, Atanassov [5]
extended the FS and introduced the intuitionistic fuzzy set
(IFS) which uses real number to express the membership,
nonmembership, and hesitancy of an alternative on a given
set. In 1989, Atanassov and Gargov [6] generalized IFS to
the interval-valued IFS (IVIFS), in which the membership,
nonmembership, and hesitancy are represented by intervals.
In recent years, MAGDM with interval-valued intuitionistic
fuzzy values (IVIFVs) has received widely attentions [7–16].

In group decision-making with IVIFVs, different DMs
come from various research fields and have varying per-
ceptions, attitudes, and motivations. Thus, they may have
different preferences for the same decision problem and
provide distinct opinions on alternatives. Thereby, incon-
sistency among DMs’ opinions is inevitable. If individual
opinions are aggregated directly without consensus, final
decision results may be unable to represent the opinion of
this group and the group decision-making may be meaning-
less. Hence, the consensus process, which helps DMs bring
their opinions closer, is one of key issues in MAGDM to
reach a collective decision result accepted by most DMs.
As so far, pools of methods [17–25] have been developed
to reach consensus. A popular method, proposed by Dong
et al. [21], aids DMs in reaching consensus by minimizing
adjustments between original individual decision matrices
and adjusted ones. Later, this method is improved and
extended to different environments. For example, Zhang
et al. [19] improved this method by measuring adjustment
with distances and the number of adjusted elements in real
number scenario.Wu et al. [22] andZhang et al. [23] extended
method [21] to linguistic distribution context or incomplete
linguistic distribution context and, respectively, constructed
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two different feedback mechanisms based consensus models
with minimum adjustment cost. Subsequently, Zhang et al.
[24] and Dong et al. [25], respectively, developed a minimum
adjustment distance consensus rule and a minimum number
of adjusted simple terms consensus model under hesitant
fuzzy linguistic environment. In fact, consensus models with
minimum adjustments have been successfully applied to
many contexts, such as social network, opinion dynamics,
and dishonest MAGDM contexts [26–28].

Although the consensus model with minimum adjust-
ment has been widely used in GDM, its application on GDM
problems with IVIFVs has not appeared. Meanwhile, the
research on the consensus of GDM with IVIFVs is very
few. Only Zhang and Xu [16] and Cheng [10] discussed
this issue. Zhang and Xu [16] presented a consensus index
based ondominant relations between alternatives. Employing
similarity degrees between individual preference vectors and
the group one, Cheng [10] presented another consensus
index and proposed an iterative approach to improving the
consensus. For enriching the study on the consensus model
in the IVIF context, this paper presents a new consensus
feedback mechanism by generalizing the consensus model
with minimum adjustment [19] to IVIF environment.

After reaching the consensus in MAGDM with IVIFVs,
the next key issue is how to determine weights of attributes,
which plays a significant role while aggregating individual
opinions into a collective one. To determine attributes’
weights, different mathematical programs are constructed
[8, 9, 11, 15]. For example, by maximizing comprehensive
values of alternatives, Wan et al. [15] and Hajiagha et al.
[11] constructed distinct mathematical models to determine
attribute weights. The difference between them is that the
former is an interval program, while the latter is an evolv-
ing linear program. By maximizing the weighted scores of
alternatives, Chen and Huang [9] built a linear programming
model to obtain attributes’ weights. Chen [8] set up a non-
linear program to derive attributes’ weights by maximizing
inclusion-based closeness coefficients of alternatives. Finally,
alternatives are ranked by distinct decision methods or
aggregation methods, such as the plant growth simulation
method [14], the inclusion-based TOPSIS method [8], the
permutation method [7], the extended ELECTREE [12, 29],
and IVIF power Heronian aggregation operators [13].

Although previous studies are effective for solving
MAGDM with IVIFVs, there are still some limitations as
follows:(1) Most existing methods [7–9, 11–15] ignored the
consensus before integrating individual opinions. Despite
of methods [10, 16] discussing the consensus, method [16]
only introduced a consensus index but did not provide any
approach to improving the consensus. Althoughmethod [10]
designed an algorithm for reaching consensus, the conver-
gence of this algorithm is not proved. In fact, this algorithm
sometimes is unable to help DMs reach the predefined level
of the consensus, which is verified in Section 6.2.3.(2) Somemethods [12–14, 16] assigned attributes’ weights
in advance, and this may result in the subjective random-
ness. Although methods [8, 9, 15, 29] determined attributes’
weights objectively by constructing and solvingmathematical

programs, the determined weights are real numbers. Con-
sidering advantages of IVIFSs over real numbers mentioned
before, it is more suitable that attributes’ weights are repre-
sented by IVIFVs.(3)Due to that attribute values of alternatives are IVIFVs,
it is reasonable that comprehensive values of alternatives
should be IVIFVs, too. Thus, the decision information sup-
plied by DMs can be retained as much as possible. However,
comprehensive values of alternatives derived by methods
[8, 12, 14, 15, 29] are real numbers or intervals.Thismay lead to
the lost or distortion of decision information to some extent.

To make up above limitations, this paper discusses the
consensus of MAGDM with IVIFVs. A consensus index is
introduced to check the degree of the consensus amongDMs.
To improve the consensus, Consensus Rule 1 and Consensus
Rule 2 are presented by minimizing adjustment amounts of
original individual decisionmatrices.The difference between
these two consensus rules is that Consensus Rule 1 is to
minimize the distances between original decision matrices
and adjusted ones, while Consensus Rule 2 is to minimize
the number of adjusted elements in original matrices. Sub-
sequently, maximizing comprehensive values of alternatives
with IVIFVs, an IVIF program is constructed and solved to
determine attributes’ weights objectively. Finally, comprehen-
sive values of alternatives are generated and alternatives are
ranked.

Compared with existing methods, the proposed method
has following prominent characteristics:(1) Before aggregating individual decision matrices, the
consensus among DMs is considered. A simple index is
introduced to measure the consensus degree among DMs
and two consensus rules are presented to help DMs reach
an acceptable consensus. Furthermore, the convergences of
these two rules are proved explicitly. Thus, it is guaranteed
that the consensus among DMs can achieve predefined
consensus degree for any MAGDM with IVIFVs.(2) For determining attributes’ weights, an IVIF program
is built and a new solving approach is provided. First, DMs
assign attributes’ weights in the form of IVIFVs. Afterwards,
accurate attributes’ weights are objectively determined by
solving the built IVIF program.Thus, not only the activeness
of DMs is explored, but also the objectiveness of attributes’
weights is ensured.(3) The comprehensive values of alternatives obtained
by the proposed method are in the form of IVIFVs, which
is consistent with the form of attribute values provided by
DMs. Thus, the decision information may be retained as
much as possible. Therefore, the decision results based on
comprehensive values may be more reasonable.

The remainder of this paper is organized as follows:
Section 2 reviews some definitions of IVIFSs and describes
MAGDMproblems with IVIFVs. Section 3 introduces a con-
sensus index for measuring the degree of consensus among
DMs and defines two types of adjustment amounts used
in the consensus reaching process. Section 4 presents two
consensus rules for reaching consensus. In Section 5, a multi-
objective interval intuitionistic fuzzy program is constructed
and solved to determine attributes’ weights objectively. At
the end of this section, a novel method is developed to



Mathematical Problems in Engineering 3

solve MAGDM problems with IVIFVs. Section 6 provides a
numerical example to show the application of the proposed
method. The paper ends with some conclusions in Section 7.

2. Preliminaries

To facilitate subsequent analyses, this section reviews some
definitions related to IVIFSs and describes MAGDM prob-
lems with IVIFVs.

2.1. Interval-Valued Intuitionistic Fuzzy Set

Definition 1 (see [6]). An interval-valued intuitionistic fuzzy
set 𝐴 in𝑋 is defined as𝐴 = {⟨𝑥, 𝜇𝐴 (𝑥) , Ṽ𝐴 (𝑥)⟩ | 𝑥 ∈ 𝑋} , (1)

where 𝜇𝐴 : 𝑋 → 𝐿([0, 1]) and Ṽ𝐴 : 𝑋 → 𝐿([0, 1]) and0 ≤ sup(𝜇𝐴(𝑥)) + sup(Ṽ𝐴(𝑥)) ≤ 1 for any 𝑥 ∈ 𝑋. The
intervals 𝜇𝐴(𝑥) and Ṽ𝐴(𝑥) represent the membership degree
and nonmembership degree of element 𝑥 to the IVIFS 𝐴,
respectively. Denote 𝜇𝐴(𝑥) = [𝜇−

𝐴
(𝑥), 𝜇+
𝐴
(𝑥)] and Ṽ𝐴(𝑥) =[V−

𝐴
(𝑥), V+
𝐴
(𝑥)]. Therefore, the IVIFS Ã can be equivalently

expressed as𝐴 = {(𝑥, [𝜇−
𝐴
(𝑥) , 𝜇+

𝐴
(𝑥)] , [V−

𝐴
(𝑥) , V+

𝐴
(𝑥)]) | 𝑥 ∈ 𝑋} , (2)

where 0 ≤ 𝜇−
𝐴
(𝑥) ≤ 𝜇+

𝐴
(𝑥) ≤ 1, 0 ≤ V−

𝐴
(𝑥) ≤ V+

𝐴
(𝑥) ≤ 1, and𝜇+

𝐴
(𝑥) + V+

𝐴
(𝑥) ≤ 1 for any 𝑥 ∈ 𝑋.

In addition, �̃�𝐴(𝑥) = [𝜋−
𝐴
(𝑥), 𝜋+
𝐴
(𝑥)] is called the

hesitancy index of element 𝑥 ∈ 𝑋, where 𝜋−
𝐴
(𝑥) = 1 −𝜇+

𝐴
(𝑥) − V+

𝐴
(𝑥) and 𝜋+

𝐴
(𝑥) = 1 − 𝜇−

𝐴
(𝑥) − V−

𝐴
(𝑥). The pair�̃� = (𝜇�̃�(𝑥), Ṽ�̃�(𝑥)) is called an IVIFV and simply denoted

by �̃� = ([𝜇−, 𝜇+], [V−, V+]), where [𝜇−, 𝜇+] ⊆ [0, 1], [V−, V+] ⊆[0, 1], and 𝜇+ + V+ ≤ 1.
Definition 2 (see [6]). Let �̃� = ([𝜇−�̃� , 𝜇+�̃�], [V−�̃� , V+�̃�]) and 𝛽 =([𝜇−
𝛽
, 𝜇+
𝛽
], [V−
𝛽
, V+
𝛽
]) be two IVIFVs, and then we stipulate

(1) �̃� ⊆ 𝛽 if and only if [𝜇−�̃� , 𝜇+�̃�] ⊆ [𝜇−
𝛽
, 𝜇+
𝛽
] and [V�̃�, V𝛼] ⊇[V𝛽, V𝛽].

(2) �̃� = 𝛽 if and only if �̃� ⊆ 𝛽 and 𝛽 ⊆ �̃�.
(3) �̃�+𝛽 = ([𝜇−�̃�+𝜇−𝛽−𝜇−�̃�𝜇−𝛽 , 𝜇+�̃�+𝜇+𝛽−𝜇+�̃�𝜇+𝛽], [V−�̃�V−𝛽 , V+𝛼V+𝛽]);
(4) �̃�𝑐 = ([V−�̃� , V+�̃�], [𝜇−�̃� , 𝜇+�̃�]).

Definition 3 (see [30]). Let �̃� = ([𝜇−�̃� , 𝜇+�̃�], [V−�̃� , V+�̃�]) be an
IVIFV. Then 𝑠 (�̃�) = 12 (𝜇−�̃� + 𝜇+�̃� − V−�̃� − V+�̃�) (3)

ℎ (�̃�) = 12 (𝜇−�̃� + 𝜇+�̃� + V−�̃� + V+�̃�) (4)

are called the score function and accuracy function of the
IVIFV �̃�, respectively.

Definition 4 (see [30]). Let �̃� = ([𝜇−𝛼 , 𝜇+𝛼], [V−𝛼 , V+𝛼]) and 𝛽 =([𝜇−
𝛽
, 𝜇+
𝛽
], [V−
𝛽
, V+
𝛽
]) be two IVIFVs. Then,

If 𝑠(�̃�) < 𝑠(𝛽), then �̃� < 𝛽;
If 𝑠(�̃�) = 𝑠(𝛽), then
(i) If ℎ(�̃�) = ℎ(𝛽), then �̃� = 𝛽;
(ii) If ℎ(�̃�) < ℎ(𝛽), then �̃� < 𝛽.

Definition 5 (see [30]). Let �̃� = ([𝜇−𝛼 , 𝜇+𝛼], [V−𝛼 , V+�̃�]) and𝛽 = ([𝜇−
𝛽
, 𝜇+
𝛽
], [V−
𝛽
, V+
𝛽
]) be two IVIFVs. Then, the Manhattan

distance between �̃� and 𝛽 is defined as𝑑 (�̃�, 𝛽)
= 14 (𝜇−𝛼 − 𝜇−𝛽  + 𝜇+𝛼 − 𝜇+𝛽  + V−𝛼 − V−

𝛽

 + V+𝛼 − V+
𝛽

) . (5)

According to Definition 5, the Manhattan distance
between two IVIF matrices is defined as Definition 6.

Definition 6. Let �̃�𝑘 = (𝑟𝑖𝑗𝑘)𝑚×𝑛 (𝑘 = 1, 2) be two
IVIF matrices whose elements are IVIFVs, where 𝑟𝑖𝑗𝑘 =([𝜇−𝑖𝑗𝑘, 𝜇+𝑖𝑗𝑘], [V−𝑖𝑗𝑘, V+𝑖𝑗𝑘]) (𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑚; 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛; 𝑘 =1, 2). The Manhattan distance between �̃�1 and �̃�2 is defined
as

𝑑 (�̃�1, �̃�2) = 14𝑚𝑛 𝑛∑
𝑖=1

𝑚∑
𝑗=1

(𝜇−𝑖𝑗1 − 𝜇−𝑖𝑗2 + 𝜇+𝑖𝑗1 − 𝜇+𝑖𝑗2
+ V−𝑖𝑗1 − V−𝑖𝑗2

 + V+𝑖𝑗1 − V+𝑖𝑗2
) . (6)

Definition 7. Let �̃�𝑗 = ([𝜇−𝑗 , 𝜇+𝑗 ], [V−𝑗 , V+𝑗 ]) be a collection of
IVIFVs. If

IVIFWM𝜔 (�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝑛)
= ([[

𝑛∑
𝑗=1

𝜔𝑗𝜇−𝑗 , 𝑛∑
𝑗=1

𝜔𝑗𝜇+𝑗]] ,[[
𝑛∑
𝑗=1

𝜔𝑗V−𝑗 , 𝑛∑
𝑗=1

𝜔𝑗V+𝑗]]) , (7)

where 𝜔 = (𝜔1, 𝜔2, ⋅ ⋅ ⋅ , 𝜔𝑛)T is an associated weight vector of�̃�𝑗 (𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛), satisfying 𝜔𝑗 ∈ [0, 1] (𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛)
and ∑𝑛𝑗=1 𝜔𝑗 = 1, then IVIFWM is called an IVIF weight
mean operator of dimension 𝑛. Particularly, when 𝜔 =(1/𝑛, 1/𝑛, ⋅ ⋅ ⋅ , 1/𝑛)T, the IVIFWM is called an IVIF mean
operator.

2.2. Multiattribute Group Decision-Making Problems
with IVIFVs. For the sake of convenience, letting𝑀 = {1, 2, ⋅ ⋅ ⋅ , 𝑚}, 𝑁 = {1, 2, ⋅ ⋅ ⋅ , 𝑛} and 𝑇 = {1, 2, ⋅ ⋅ ⋅ , 𝐾},
the MAGDM problem concerned in this paper is described
as follows.

Let 𝐴 = {𝐴1, 𝐴2, ..., 𝐴𝑚} be a discrete set of alternatives.
Let 𝑈 = {𝑢1, 𝑢2, ..., 𝑢𝑛} be a finite set of attributes. Assume
the weight vector of attributes is �̃� = (�̃�1, �̃�2, ..., �̃�𝑛)T, where�̃�𝑗 = ([𝜔𝜇−𝑗 , 𝜔𝜇+𝑗 ], [𝜔V−

𝑗 , 𝜔V+
𝑗 ]) (𝑗 ∈ 𝑁) are IVIFVs. Let𝐸 = {𝑒1, 𝑒2, ⋅ ⋅ ⋅ , 𝑒𝐾} be a set of DMs whose weight vector is



4 Mathematical Problems in Engineering

𝜆 = (𝜆1, 𝜆2, ⋅ ⋅ ⋅ , 𝜆𝐾)T with 𝜆𝑘 ≥ 0 (𝑘 ∈ 𝑇) and ∑𝐾𝑘=1 𝜆𝑘 =1. Suppose that DM 𝑒𝑘 provides an IVIF decision matrix
�̃�
𝑘 = (𝑟𝑖𝑗𝑘)𝑚×𝑛, where 𝑟𝑖𝑗𝑘 = ([𝜇−𝑖𝑗𝑘, 𝜇+𝑖𝑗𝑘], [V−𝑖𝑗𝑘, V+𝑖𝑗𝑘]) represents

the performance of the alternative 𝐴 𝑖 with respective to the
attribute 𝑢𝑗 supplied by DM 𝑒𝑘.

For solving the above MAGDM problems with IVIFVs,
two processes, the consensus process and the selection
process, are necessary.The consensus process aims to reach a
high degree of consensus among DMs, which guarantees that
the final decision results obtained in the selection process is
accepted by most DMs. The selection process is to obtain the
final decision results based on individual decision matrices.
In the consensus process, this paper focuses on how to
measure the degree of consensus among DMs and how
to reach an acceptable consensus degree. In the selection
process, this paper proposes an IVIF program based method
for ranking alternatives.

3. Consensus Index and Adjustment Amounts
in MAGDM with IVIFVs

This section introduces a distance-based consensus index to
measure the degree of consensus among DMs and defines
an acceptable consensus. If the consensus degree among
DMs does not reach the defined acceptable consensus, it
is necessary to adjust original individual decision matrices
to improve the consensus. In this process, how to measure
adjustment amounts of adjusted matrices from original deci-
sion matrices is an interesting topic. As for this topic, this
section defines two different types of adjustment amounts.

3.1. Consensus Index in MAGDM with IVIFVs. The con-
sensus index for GDM is often introduced by measuring
proximity degree between the individual performance and
the group performance. The distance function is a popular
tool formeasuring the proximity degree.Therefore, according

to Definition 6, this subsection introduces a consensus index
for GDM with IVIFVs.

Let �̃�𝑘 = (𝑟𝑖𝑗𝑘)𝑚×𝑛 be individual decision matrices
and �̃�𝑐 = (𝑟𝑖𝑗𝑐)𝑚×𝑛 be the collective one obtained by
aggregating individual decision matrices, where 𝑟𝑖𝑗𝑘 =([𝜇−𝑖𝑗𝑘, 𝜇+𝑖𝑗𝑘], [V−𝑖𝑗𝑘, V+𝑖𝑗𝑘]) and 𝑟𝑖𝑗𝑐 = ([𝜇−𝑖𝑗𝑐, 𝜇+𝑖𝑗𝑐], [V−𝑖𝑗𝑐, V+𝑖𝑗𝑐]). The
consensus index is introduced by three levels.

Level 1. Consensus degrees of alternatives on attributes: The
consensus degree of DM 𝑒𝑘 on alternative 𝐴 𝑖 with respective
to attribute 𝑢𝑗 is computed as

CI𝑖𝑗𝑘 = 14 (𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐 + 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑐 + V−𝑖𝑗𝑘 − V−𝑖𝑗𝑐
+ V+𝑖𝑗𝑘 − V+𝑖𝑗𝑐

) . (8)

Level 2. Consensus degrees on alternatives: The consensus
degree of DM 𝑒𝑘 on alternative 𝐴 𝑖 is computed as

CI𝑖𝑘 = 1𝑛 𝑛∑
𝑗=1

CI𝑖𝑗𝑘. (9)

Level 3. Consensus degree on decision matrices: The consen-
sus degree of DM 𝑒𝑘 is computed as

CI𝑘 = 1𝐾 𝐾∑
𝑘=1

CI𝑖𝑘. (10)

Thus, the consensus index is defined as

CI (�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾) = 1𝐾 𝑛∑
𝑗=1

CI𝑘. (11)

Plugging (8)-(10) into (11), (11) can be written as

CI (�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾) = 14𝐾𝑚𝑛 𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐 + 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑐 + V−𝑖𝑗𝑘 − V−𝑖𝑗𝑐
 + V+𝑖𝑗𝑘 − V+𝑖𝑗𝑐

) . (12)

It is shown from (12) that full consensus is reached if �̃�1 =
�̃�2 = ⋅ ⋅ ⋅ = �̃�𝐾 = �̃�𝑐. Otherwise, the smaller the consensus
index CI(�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾), the higher the consensus among
DMs.

Definition 8. Let 𝛾0 ∈ [0, 1] be a predefined threshold. If
CI(�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾) ≤ 𝛾0, the group {�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾} is called
acceptable consensus. Otherwise, the group {�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾}
is called unacceptable consensus.

3.2. Adjustment Amounts in MAGDM with IVIFVs. For the
group {�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾} with unacceptable consensus, it is
necessary to adjust �̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾 until they reach acceptable

consensus. Denote the adjusted matrices by �̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾,
where �̃�𝑘 = (𝑟𝑖𝑗𝑘)𝑚×𝑛 and 𝑟𝑖𝑗𝑘 = ([𝜇−𝑖𝑗𝑘, 𝜇+𝑖𝑗𝑘], [V−𝑖𝑗𝑘, V+𝑖𝑗𝑘]).
For convenience, let �̃� = {�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾} be the set of
original decision matrices and �̃� = {�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾} be the
set of adjusted decision matrices. As we know, the smaller
the adjustment amounts of the set �̃� from �̃�, the more the
decision information adjusted matrices retain. Thereby, how
tomeasure adjustment amounts is an important issue. In [18–
20], distances between original matrices and adjusted ones
were applied to measure the adjustment amounts. According
to Definition 6, this paper presents a type of Manhattan
distance-based adjustment amount as
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AM (�̃�, �̃�) = 14𝐾𝑚𝑛 𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑘 + 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑘 + V−𝑖𝑗𝑘 − V−𝑖𝑗𝑘
 + V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘

) . (13)

The adjustment amount AM(�̃�, �̃�) in (13) describes the
average deviation of all adjusted matrices from their original
matrices.The smaller AM(�̃�, �̃�) is, the closer adjustedmatri-
ces are to their corresponding originalmatrices and hence the
more decision information adjusted matrices preserves.

Sometimes, DMs hope to use the number of adjusted
elements in original matrices as a measure of the adjustment
amount. The less the number of adjusted elements, the
smaller the adjustment amount. In this case, anothermeasure
for the adjustment amount of �̃� from �̃� is proposed as

NAM (�̃�, �̃�) = 𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝑥−𝑖𝑗𝑘 + 𝑥+𝑖𝑗𝑘 + 𝑞−𝑖𝑗𝑘 + 𝑞+𝑖𝑗𝑘) , (14)

where 𝑥−𝑖𝑗𝑘, 𝑥+𝑖𝑗𝑘, 𝑞−𝑖𝑗𝑘, and 𝑞+𝑖𝑗𝑘, respectively, indicate the
numbers of the adjusted 𝜇−𝑖𝑗𝑘, 𝜇+𝑖𝑗𝑘, V−𝑖𝑗𝑘, and V+𝑖𝑗𝑘, i.e.,

𝑥−𝑖𝑗𝑘 = {{{
0 𝜇−𝑖𝑗𝑘 = 𝜇−𝑖𝑗𝑘1 𝜇−𝑖𝑗𝑘 ̸= 𝜇−𝑖𝑗𝑘, (15)

𝑥+𝑖𝑗𝑘 = {{{
0 𝜇+𝑖𝑗𝑘 = 𝜇+𝑖𝑗𝑘1 𝜇+𝑖𝑗𝑘 ̸= 𝜇+𝑖𝑗𝑘, (16)

𝑞−𝑖𝑗𝑘 = {{{
0 V−𝑖𝑗𝑘 = V−𝑖𝑗𝑘1 V−𝑖𝑗𝑘 ̸= V−𝑖𝑗𝑘, (17)

𝑞+𝑖𝑗𝑘 = {{{
0 V+𝑖𝑗𝑘 = V+𝑖𝑗𝑘1 V+𝑖𝑗𝑘 ̸= V+𝑖𝑗𝑘. (18)

In (14), adjustment amount NAM(�̃�, �̃�) counts the total
number of adjusted elements in the consensus reaching
process. If NAM(�̃�, �̃�) = 0, all elements of all original
decision matrices �̃�𝑘 (𝑘 ∈ 𝑇) are not adjusted, i.e., �̃�𝑘 = �̃�𝑘
for any 𝑘 ∈ 𝑇. The larger NAM(�̃�, �̃�), the more elements
of original matrices being adjusted and, namely, the more
adjustment amount.

For preserving the decision information as much as pos-
sible, it is sensible to minimize the adjustment amount while
reaching consensus. Bearing this idea inmind and employing
above two different adjustment amounts, we propose two
consensus rules for reaching consensus in the sequel.

4. Two Consensus Rules with Minimum
Adjustment Amounts

By minimizing two types of adjustment amounts mentioned
in Section 3, respectively, this section develops two consensus

rules to reach consensus. Consensus Rule 1 is to minimize the
Manhattan distance-based adjustment amount AM(�̃�, �̃�),
while Consensus Rule 2 is to minimize the total number of
adjusted elements (i.e., NAM(�̃�, �̃�)).
4.1. Consensus Rule 1 for Reaching Consensus. Due to the fact
that the adjusted matrices �̃�𝑘 (𝑘 ∈ 𝑇) are considered as
final decision matrices, it is natural that the collective matrix
should be obtained by aggregating matrices �̃�𝑘 (𝑘 ∈ 𝑇)
with IVIFWA operator in (7). Denote the obtained collective
matrix by �̃�𝑐 = (𝑟𝑖𝑗𝑐)𝑚×𝑛, where 𝑟𝑖𝑗𝑐 = ([𝜇−𝑖𝑗𝑐, 𝜇+𝑖𝑗𝑐], [V−𝑖𝑗𝑐, V+𝑖𝑗𝑐]).
Therefore, it yields that

𝑟𝑖𝑗𝑐 = ([𝜇−𝑖𝑗𝑐, 𝜇+𝑖𝑗𝑐] , [V−𝑖𝑗𝑐, V+𝑖𝑗𝑐])
= IVIFWA𝜆 (𝑟𝑖𝑗1, 𝑟𝑖𝑗2, ⋅ ⋅ ⋅ , 𝑟𝑖𝑗𝐾)
= ([ 𝐾∑
𝑘=1

𝜆𝑘𝜇−𝑖𝑗𝑘, 𝐾∑
𝑘=1

𝜆𝑘𝜇+𝑖𝑗𝑘] , [ 𝐾∑
𝑘=1

𝜆𝑘V−𝑖𝑗𝑘, 𝐾∑
𝑘=1

𝜆𝑘V+𝑖𝑗𝑘]) ,
(19)

where 𝜆 = (𝜆1, 𝜆2, ⋅ ⋅ ⋅ , 𝜆𝐾)T is the vector of DMs’ weights.
In reaching consensus process, the group {�̃�1, �̃�2,⋅ ⋅ ⋅ , �̃�𝐾} should be required to be acceptable consensus, i.e.,

CI (�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾) = 1𝐾 𝐾∑
𝑘=1

𝑑 (�̃�𝑘, �̃�𝑐) ≤ 𝛾0, (20)

where 𝑑(�̃�𝑘, �̃�𝑐) = (1/4𝑚𝑛)∑𝑛𝑖=1∑𝑚𝑗=1(|𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐| + |𝜇+𝑖𝑗𝑘 −𝜇+𝑖𝑗𝑐| + |V−𝑖𝑗𝑘 − V−𝑖𝑗𝑐| + |V+𝑖𝑗𝑘 − V+𝑖𝑗𝑐|).
In addition, to guarantee that adjusted matrices �̃�𝑘 =(𝑟𝑖𝑗𝑘)𝑛×𝑛 (𝑘 ∈ 𝑇) are IVIF matrices, where 𝑟𝑖𝑗𝑘 =([𝜇−𝑖𝑗𝑘, 𝜇+𝑖𝑗𝑘], [V−𝑖𝑗𝑘, V+𝑖𝑗𝑘]), one has

0 ≤ 𝜇−𝑖𝑗𝑘 ≤ 𝜇+𝑖𝑗𝑘 ≤ 1,
0 ≤ V−𝑖𝑗𝑘 ≤ V+𝑖𝑗𝑘 ≤ 1,
𝜇+𝑖𝑗𝑘 + V+𝑖𝑗𝑘 ≤ 1

for any 𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇.
(21)
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Accordingly, Consensus Rule 1 is built by minimizing
theManhattan distance-based adjustment amount AM(�̃�, �̃�)
under such constraints described by (19)-(21), i.e.,

min AM (�̃�, �̃�)
s.t. 𝑟𝑖𝑗𝑐 = IVIFWA𝜆 (𝑟𝑖𝑗1, 𝑟𝑖𝑗2, ⋅ ⋅ ⋅ , 𝑟𝑖𝑗𝐾)1𝐾 𝐾∑

𝑘=1

𝑑 (�̃�𝑘, �̃�𝑐) ≤ 𝛾0

0 ≤ 𝜇−𝑖𝑗𝑘 ≤ 𝜇+𝑖𝑗𝑘 ≤ 1,0 ≤ V−𝑖𝑗𝑘 ≤ V+𝑖𝑗𝑘 ≤ 1,𝜇+𝑖𝑗𝑘 + V+𝑖𝑗𝑘 ≤ 1 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇)
(22)

where 𝑟𝑖𝑗𝑘 and 𝑟𝑖𝑗𝑐 are decision variables.
Plugging (13), (19) and (20) into (22), (22) can be rewritten

as

min 14𝐾𝑚𝑛 𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑘 + 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑘 + V−𝑖𝑗𝑘 − V−𝑖𝑗𝑘
 + V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘

)
𝑠.𝑡. 𝜇−𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘𝜇−𝑖𝑗𝑘,
𝜇+𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘𝜇+𝑖𝑗𝑘;
V−𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘V−𝑖𝑗𝑘,
V+𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘V+𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁) ;14𝐾𝑚𝑛 𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐 + 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑐 + V−𝑖𝑗𝑘 − V−𝑖𝑗𝑐
 + V+𝑖𝑗𝑘 − V+𝑖𝑗𝑐

) ≤ 𝛾0;0 ≤ 𝜇−𝑖𝑗𝑘 ≤ 𝜇+𝑖𝑗𝑘 ≤ 1,0 ≤ V−𝑖𝑗𝑘 ≤ V+𝑖𝑗𝑘 ≤ 1,𝜇+𝑖𝑗𝑘 + V+𝑖𝑗𝑘 ≤ 1 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) .

(23)

Obviously, (23) is a nonlinear programming model. To
solve this model, we can transform it into a linear program-
ming model. Supposing 𝑦𝜇−

𝑖𝑗𝑘
= 𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑘, 𝑐𝜇−𝑖𝑗𝑘 = |𝑦𝜇−

𝑖𝑗𝑘
|,𝑦𝜇+

𝑖𝑗𝑘
= 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑘, 𝑐𝜇+𝑖𝑗𝑘 = |𝑦𝜇+

𝑖𝑗𝑘
|, 𝑧V−𝑖𝑗𝑘 = V−𝑖𝑗𝑘 − V−𝑖𝑗𝑘, 𝑑V−𝑖𝑗𝑘 = |𝑧V−𝑖𝑗𝑘|,𝑧V+𝑖𝑗𝑘 = V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘, 𝑑V+𝑖𝑗𝑘 = |𝑧V+𝑖𝑗𝑘|, 𝑡𝜇−𝑖𝑗𝑘 = 𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐, 𝑔𝜇−𝑖𝑗𝑘 = |𝑡𝜇−

𝑖𝑗𝑘
|,𝑡𝜇+

𝑖𝑗𝑘
= 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑐, 𝑔𝜇+𝑖𝑗𝑘 = |𝑡𝜇+

𝑖𝑗𝑘
|, ℎV−𝑖𝑗𝑘 = V−𝑖𝑗𝑘 − V−𝑖𝑗𝑐, 𝑠V−𝑖𝑗𝑘 = |ℎV−𝑖𝑗𝑘|,

ℎV+𝑖𝑗𝑘 = V+𝑖𝑗𝑘−V+𝑖𝑗𝑐, and 𝑠V+𝑖𝑗𝑘 = |ℎV+𝑖𝑗𝑘|, then it induces that𝑦𝜇−𝑖𝑗𝑘 ≤ 𝑐𝜇−
𝑖𝑗𝑘
,−𝑦𝜇−

𝑖𝑗𝑘
≤ 𝑐𝜇−
𝑖𝑗𝑘
, 𝑦𝜇+
𝑖𝑗𝑘

≤ 𝑐𝜇+
𝑖𝑗𝑘
, −𝑦𝜇+
𝑖𝑗𝑘

≤ 𝑐𝜇+
𝑖𝑗𝑘
, 𝑧V−𝑖𝑗𝑘 ≤ 𝑑V−𝑖𝑗𝑘, −𝑧V−𝑖𝑗𝑘 ≤ 𝑑V−𝑖𝑗𝑘,𝑧V+𝑖𝑗𝑘 ≤ 𝑑V+𝑖𝑗𝑘, −𝑧V+𝑖𝑗𝑘 ≤ 𝑑V+𝑖𝑗𝑘, 𝑡𝜇−𝑖𝑗𝑘 ≤ 𝑔𝜇−
𝑖𝑗𝑘
, −𝑡V−𝑖𝑗𝑘 ≤ 𝑔V−𝑖𝑗𝑘, 𝑡𝜇+𝑖𝑗𝑘 ≤ 𝑔𝜇+

𝑖𝑗𝑘
,−𝑡𝜇+

𝑖𝑗𝑘
≤ 𝑔𝜇+
𝑖𝑗𝑘
, ℎV−𝑖𝑗𝑘 ≤ 𝑠V−𝑖𝑗𝑘,−ℎV−𝑖𝑗𝑘 ≤ 𝑠V−𝑖𝑗𝑘, ℎV+𝑖𝑗𝑘 ≤ 𝑠V+𝑖𝑗𝑘, and−ℎV+𝑖𝑗𝑘 ≤ 𝑠V+𝑖𝑗𝑘.

Employing these deviation variables, (23) can be converted as

min 14𝐾𝑚𝑛 𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝑐𝜇−
𝑖𝑗𝑘

+ 𝑐𝜇+
𝑖𝑗𝑘

+ 𝑑V−𝑖𝑗𝑘 + 𝑑V+𝑖𝑗𝑘)
s.t. 𝑦𝜇−

𝑖𝑗𝑘
= 𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑘,𝑦𝜇−

𝑖𝑗𝑘
≤ 𝑐𝜇−
𝑖𝑗𝑘
,−𝑦𝜇−

𝑖𝑗𝑘
≤ 𝑐𝜇−
𝑖𝑗𝑘
;
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𝑦𝜇+
𝑖𝑗𝑘

= 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑘,𝑦𝜇+
𝑖𝑗𝑘

≤ 𝑐𝜇+
𝑖𝑗𝑘
,−𝑦𝜇+

𝑖𝑗𝑘
≤ 𝑐𝜇+
𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝑧V−𝑖𝑗𝑘 = V−𝑖𝑗𝑘 − V−𝑖𝑗𝑘,𝑧V−𝑖𝑗𝑘 ≤ 𝑑V−𝑖𝑗𝑘,−𝑧V−𝑖𝑗𝑘 ≤ 𝑑V−𝑖𝑗𝑘;𝑧V+𝑖𝑗𝑘 = V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘,𝑧V+𝑖𝑗𝑘 ≤ 𝑑V+𝑖𝑗𝑘,−𝑧V+𝑖𝑗𝑘 ≤ 𝑑V+𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;

𝜇−𝑖𝑗𝑐 = 𝐾∑
𝑘=1

𝜆𝑘𝜇−𝑖𝑗𝑘,
𝜇+𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘𝜇+𝑖𝑗𝑘;
V−𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘V−𝑖𝑗𝑘,
V+𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘V+𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝑡𝜇−
𝑖𝑗𝑘

= 𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐,𝑡𝜇−
𝑖𝑗𝑘

≤ 𝑔𝜇−
𝑖𝑗𝑘
,−𝑡𝜇−

𝑖𝑗𝑘
≤ 𝑔𝜇−
𝑖𝑗𝑘
;𝑡𝜇+

𝑖𝑗𝑘
= 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑐,𝑡𝜇+

𝑖𝑗𝑘
≤ 𝑔𝜇+
𝑖𝑗𝑘
,−𝑡𝜇+

𝑖𝑗𝑘
≤ 𝑔𝜇+
𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;ℎV−𝑖𝑗𝑘 = V−𝑖𝑗𝑘 − V−𝑖𝑗𝑐,ℎV−𝑖𝑗𝑘 ≤ 𝑠V−𝑖𝑗𝑘,−ℎV−𝑖𝑗𝑘 ≤ 𝑠V−𝑖𝑗𝑘;ℎV+𝑖𝑗𝑘 = V+𝑖𝑗𝑘 − V+𝑖𝑗𝑐,ℎV−𝑖𝑗𝑘 ≤ 𝑠V+𝑖𝑗𝑘,−ℎV−𝑖𝑗𝑘 ≤ 𝑠V+𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;
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14𝐾𝑚𝑛 𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝑔𝜇−
𝑖𝑗𝑘

+ 𝑔𝜇+
𝑖𝑗𝑘

+ 𝑠V−𝑖𝑗𝑘 + 𝑠V+𝑖𝑗𝑘) ≤ 𝛾0;
0 ≤ 𝜇−𝑖𝑗𝑘 ≤ 𝜇+𝑖𝑗𝑘 ≤ 1,0 ≤ V−𝑖𝑗𝑘 ≤ V+𝑖𝑗𝑘 ≤ 1,𝜇+𝑖𝑗𝑘 + V+𝑖𝑗𝑘 ≤ 1 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝑦𝜇−
𝑖𝑗𝑘
, 𝑦𝜇+
𝑖𝑗𝑘
, 𝑧V−𝑖𝑗𝑘, 𝑧V+𝑖𝑗𝑘, 𝑡𝜇−𝑖𝑗𝑘, 𝑡𝜇+𝑖𝑗𝑘, ℎV−𝑖𝑗𝑘, ℎV+𝑖𝑗𝑘 are any real numbers (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝑐𝜇−

𝑖𝑗𝑘
, 𝑐𝜇+
𝑖𝑗𝑘
, 𝑑V−𝑖𝑗𝑘, 𝑑V+𝑖𝑗𝑘, 𝑔𝜇−𝑖𝑗𝑘 , 𝑔𝜇+𝑖𝑗𝑘 , 𝑠V−𝑖𝑗𝑘, 𝑠V+𝑖𝑗𝑘 ≥ 0 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) .

(24)

Equation (24) is a linear programming model and can be
easily solved by popular software, such as Lingo and Matlab.
Thus, the optimal adjusted individual decision matrices,

denoted by �̃�
∗

𝑘 = (𝑟∗𝑖𝑗𝑘)𝑚×𝑛 (𝑘 ∈ 𝑇), are obtained.
4.2. Consensus Rule 2 for Reaching Consensus. Different from
Consensus Rule 1, Consensus Rule 2 aims to minimize the
total number of adjusted elements in all individual decision
matrices. From (14), the objective function of Consensus Rule

2 is described as

min
𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝑥−𝑖𝑗𝑘 + 𝑥+𝑖𝑗𝑘 + 𝑞−𝑖𝑗𝑘 + 𝑞+𝑖𝑗𝑘) , (25)

where 𝑥−𝑖𝑗𝑘, 𝑥+𝑖𝑗𝑘, 𝑞−𝑖𝑗𝑘, and 𝑞+𝑖𝑗𝑘 are binary variables described by
(15), (16), (17), and (18).

Rest constraints of Consensus Rule 2 are similar to those
of Consensus Rule 1. Thus, combining constraints into (15),
(16), (17), and (18), Consensus Rule 2 is built as

min
𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝑥−𝑖𝑗𝑘 + 𝑥+𝑖𝑗𝑘 + 𝑞−𝑖𝑗𝑘 + 𝑞+𝑖𝑗𝑘)
s.t. 𝜇−𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘𝜇−𝑖𝑗𝑘,
𝜇+𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘𝜇+𝑖𝑗𝑘;
V−𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘V−𝑖𝑗𝑘,
V+𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘V+𝑖𝑗𝑘
(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁) ;14𝐾𝑚𝑛 𝐾∑

𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐 + 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑐 + V−𝑖𝑗𝑘 − V−𝑖𝑗𝑐
 + V+𝑖𝑗𝑘 − V+𝑖𝑗𝑐

) ≤ 𝛾0;
0 ≤ 𝜇−𝑖𝑗𝑘 ≤ 𝜇+𝑖𝑗𝑘 ≤ 1,0 ≤ V−𝑖𝑗𝑘 ≤ V+𝑖𝑗𝑘 ≤ 1,𝜇+𝑖𝑗𝑘 + V+𝑖𝑗𝑘 ≤ 1 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝑥−𝑖𝑗𝑘, 𝑥+𝑖𝑗𝑘, 𝑞−𝑖𝑗𝑘, 𝑞+𝑖𝑗𝑘 satisfy Eqs. (15) , (16) , (17) and (18) , respectively.

(26)



Mathematical Problems in Engineering 9

where 𝜇−𝑖𝑗𝑘, 𝜇+𝑖𝑗𝑘, V−𝑖𝑗𝑘, V+𝑖𝑗𝑘, 𝜇−𝑖𝑗𝑐, 𝜇+𝑖𝑗𝑐, V−𝑖𝑗𝑐, V+𝑖𝑗𝑐, 𝑥−𝑖𝑗𝑘, 𝑥+𝑖𝑗𝑘, 𝑞−𝑖𝑗𝑘 and𝑞+𝑖𝑗𝑘 are decision variables. It is clear that (26) is a mixed 0-1
programming model.

To solve (26), the key issue is how to handle the last
constraints. Let us first analyze binary variables 𝑞+𝑖𝑗𝑘. From
(18), one has 𝑞+𝑖𝑗𝑘 = 1 if V+𝑖𝑗𝑘 ̸= V+𝑖𝑗𝑘. Hence, (18) is equivalent
to (V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘)(1 − 𝑞+𝑖𝑗𝑘) = 0 when 𝑞+𝑖𝑗𝑘 = 1. When V+𝑖𝑗𝑘 = V+𝑖𝑗𝑘,
variables 𝑞+𝑖𝑗𝑘 are taken as 0 or 1 in the equation (V+𝑖𝑗𝑘−V+𝑖𝑗𝑘)(1−𝑞+𝑖𝑗𝑘) = 0. If we take 𝑞+𝑖𝑗𝑘 = 1, the value of the objective function

in (26) is larger than that with 𝑥V+𝑖𝑗𝑘 = 0. Therefore, variables𝑞+𝑖𝑗𝑘 should be taken as 0 when V+𝑖𝑗𝑘 = V+𝑖𝑗𝑘. Consequently, (18)
can be rewritten as (V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘)(1 − 𝑞+𝑖𝑗𝑘) = 0 regardless of
V+𝑖𝑗𝑘 ̸= V+𝑖𝑗𝑘 or V

+
𝑖𝑗𝑘 = V+𝑖𝑗𝑘. Similarly, (15), (16), and (17) can be

also rewritten as (𝜇−𝑖𝑗𝑘−𝜇−𝑖𝑗𝑘)(1−𝑥−𝑖𝑗𝑘) = 0, (𝜇+𝑖𝑗𝑘−𝜇+𝑖𝑗𝑘)(1−𝑥+𝑖𝑗𝑘) =0, and (V−𝑖𝑗𝑘 − V−𝑖𝑗𝑘)(1 − 𝑞−𝑖𝑗𝑘) = 0, respectively.
According to the above analyses, (26) can be converted

into another mixed 0-1 program, i.e.,

min
𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝑥−𝑖𝑗𝑘 + 𝑥+𝑖𝑗𝑘 + 𝑞−𝑖𝑗𝑘 + 𝑞+𝑖𝑗𝑘)
𝑠.𝑡. 𝜇−𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘𝜇−𝑖𝑗𝑘,
𝜇+𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘𝜇+𝑖𝑗𝑘;
V−𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘V−𝑖𝑗𝑘,
V+𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘V+𝑖𝑗𝑘
(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁) ;14𝐾𝑚𝑛 𝐾∑

𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐 + 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑐 + V−𝑖𝑗𝑘 − V−𝑖𝑗𝑐
 + V+𝑖𝑗𝑘 − V+𝑖𝑗𝑐

) ≤ 𝛾0;
𝜇−𝑖𝑗𝑘 ≤ 𝜇+𝑖𝑗𝑘 ≤ 1,
V−𝑖𝑗𝑘 ≤ V+𝑖𝑗𝑘 ≤ 1,𝜇+𝑖𝑗𝑘 + V+𝑖𝑗𝑘 ≤ 1 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;(𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑘) (1 − 𝑥−𝑖𝑗𝑘) = 0;(𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑘) (1 − 𝑥+𝑖𝑗𝑘) = 0 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;(V−𝑖𝑗𝑘 − V−𝑖𝑗𝑘) (1 − 𝑞−𝑖𝑗𝑘) = 0;(V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘) (1 − 𝑞+𝑖𝑗𝑘) = 0 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝑥−𝑖𝑗𝑘, 𝑥+𝑖𝑗𝑘, 𝑞−𝑖𝑗𝑘, 𝑞+𝑖𝑗𝑘 ∈ {0, 1} (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) .

(27)

To facilitate the solving process of (27), Lemma 9 is
introduced.

Lemma 9 (see [31]). If a constraint in a mixed 0-1 program-
ming contains a product of a binary variable 𝑥 with a linear
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term ∑𝑛𝑖=1 𝑎𝑖𝑦𝑖, where 𝑦𝑖 (𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑛) are variables with
finite bounds, this product can be replaced by a new variable 𝑧
together with the following linear constraints:𝑥𝑦𝐿 ≤ 𝑧 ≤ 𝑥𝑦𝑈;

𝑛∑
𝑖=1

𝑎𝑖𝑦𝑖 − (1 − 𝑥) 𝑦𝑈 ≤ 𝑧 ≤ 𝑛∑
𝑖=1

𝑎𝑖𝑦𝑖 − (1 − 𝑥) 𝑦𝐿;
𝑦𝐿 = min

𝑛∑
𝑖=1

𝑎𝑖𝑦𝑖,
𝑦𝑈 = max

𝑛∑
𝑖=1

𝑎𝑖𝑦𝑖.
(28)

�eorem 10. Equation (27) can be equivalently transformed
into the following mixed 0-1 linear program:

min
𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝑥−𝑖𝑗𝑘 + 𝑥+𝑖𝑗𝑘 + 𝑞−𝑖𝑗𝑘 + 𝑞+𝑖𝑗𝑘)
s.t. 𝜇−𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘𝜇−𝑖𝑗𝑘,
𝜇+𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘𝜇+𝑖𝑗𝑘;
V−𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘V−𝑖𝑗𝑘,
V+𝑖𝑗𝑐 = 𝐾∑

𝑘=1

𝜆𝑘V+𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁) ;𝑡𝜇−
𝑖𝑗𝑘

= 𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐,𝑡𝜇−
𝑖𝑗𝑘

≤ 𝑔𝜇−
𝑖𝑗𝑘
,−𝑡𝜇−

𝑖𝑗𝑘
≤ 𝑔𝜇−
𝑖𝑗𝑘
;𝑡𝜇+

𝑖𝑗𝑘
= 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑐,𝑡𝜇+

𝑖𝑗𝑘
≤ 𝑔𝜇+
𝑖𝑗𝑘
,−𝑡𝜇+

𝑖𝑗𝑘
≤ 𝑔𝜇+
𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;ℎV−𝑖𝑗𝑘 = V−𝑖𝑗𝑘 − V−𝑖𝑗𝑐,ℎV−𝑖𝑗𝑘 ≤ 𝑠V−𝑖𝑗𝑘,−ℎV−𝑖𝑗𝑘 ≤ 𝑠V−𝑖𝑗𝑘;ℎV+𝑖𝑗𝑘 = V+𝑖𝑗𝑘 − V+𝑖𝑗𝑐,ℎV−𝑖𝑗𝑘 ≤ 𝑠V+𝑖𝑗𝑘,−ℎV−𝑖𝑗𝑘 ≤ 𝑠V+𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;

14𝐾𝑚𝑛 𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝑔𝜇−
𝑖𝑗𝑘

+ 𝑔𝜇+
𝑖𝑗𝑘

+ 𝑠V−𝑖𝑗𝑘 + 𝑠V+𝑖𝑗𝑘) ≤ 𝛾0;
𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑘𝑥−𝑖𝑗𝑘 + 𝑧𝜇−𝑖𝑗𝑘 = 0;0 ≤ 𝑧𝜇−
𝑖𝑗𝑘

≤ 𝑥−𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝜇−𝑖𝑗𝑘 + 𝑥−𝑖𝑗𝑘 − 1 ≤ 𝑧𝜇−
𝑖𝑗𝑘

≤ 𝜇−𝑖𝑗𝑘(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑘𝑥+𝑖𝑗𝑘 + 𝑧𝜇+𝑖𝑗𝑘 = 0;0 ≤ 𝑧𝜇+
𝑖𝑗𝑘

≤ 𝑥+𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝜇+𝑖𝑗𝑘 + 𝑥+𝑖𝑗𝑘 − 1 ≤ 𝑧𝜇+
𝑖𝑗𝑘

≤ 𝜇+𝑖𝑗𝑘(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;
V−𝑖𝑗𝑘 − V−𝑖𝑗𝑘 − V−𝑖𝑗𝑘𝑞−𝑖𝑗𝑘 + 𝑧V−𝑖𝑗𝑘 = 0;0 ≤ 𝑧V−𝑖𝑗𝑘 ≤ 𝑞−𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;
V−𝑖𝑗𝑘 + 𝑞−𝑖𝑗𝑘 − 1 ≤ 𝑧V−𝑖𝑗𝑘 ≤ V−𝑖𝑗𝑘(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;
V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘𝑞+𝑖𝑗𝑘 + 𝑧V+𝑖𝑗𝑘 = 0;0 ≤ 𝑧V+𝑖𝑗𝑘 ≤ 𝑞+𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;
V+𝑖𝑗𝑘 + 𝑞+𝑖𝑗𝑘 − 1 ≤ 𝑧V+𝑖𝑗𝑘 ≤ V+𝑖𝑗𝑘(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝑥−𝑖𝑗𝑘, 𝑥+𝑖𝑗𝑘, 𝑞−𝑖𝑗𝑘, 𝑞+𝑖𝑗𝑘 ∈ {0, 1}(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;0 ≤ 𝜇−𝑖𝑗𝑘 ≤ 𝜇+𝑖𝑗𝑘 ≤ 1,0 ≤ V−𝑖𝑗𝑘 ≤ V+𝑖𝑗𝑘 ≤ 1,𝜇+𝑖𝑗𝑘 + V+𝑖𝑗𝑘 ≤ 1 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝑡𝜇−
𝑖𝑗𝑘
, 𝑡𝜇+
𝑖𝑗𝑘
, ℎV−𝑖𝑗𝑘, ℎV+𝑖𝑗𝑘 are any real number(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝑔𝜇−

𝑖𝑗𝑘
, 𝑔𝜇+
𝑖𝑗𝑘
, 𝑠V−𝑖𝑗𝑘, 𝑠V+𝑖𝑗𝑘 ≥ 0(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) .

(29)
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Proof. Letting 𝑡𝜇−
𝑖𝑗𝑘

= 𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐 and 𝑔𝜇−
𝑖𝑗𝑘

= |𝑡𝜇−
𝑖𝑗𝑘
|, then we

have 𝑡𝜇−
𝑖𝑗𝑘

≤ 𝑔𝜇−
𝑖𝑗𝑘

and −𝑡𝜇−
𝑖𝑗𝑘

≤ 𝑔𝜇−
𝑖𝑗𝑘
. Similarly, suppose that𝑡𝜇+

𝑖𝑗𝑘
= 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑐, ℎV−𝑖𝑗𝑘 = V−𝑖𝑗𝑘 − V−𝑖𝑗𝑐, ℎV+𝑖𝑗𝑘 = V+𝑖𝑗𝑘 − V+𝑖𝑗𝑐, 𝑔𝜇+𝑖𝑗𝑘 =|𝑡𝜇+
𝑖𝑗𝑘
|, 𝑠V−𝑖𝑗𝑘 = |ℎV−𝑖𝑗𝑘|, and 𝑠V+𝑖𝑗𝑘 = |ℎV+𝑖𝑗𝑘|. Thus, the constraints,(1/4𝐾𝑚𝑛)∑𝐾𝑘=1∑𝑚𝑖=1∑𝑛𝑗=1(|𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐| + |𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑐| + |V−𝑖𝑗𝑘 −

V−𝑖𝑗𝑐| + |V+𝑖𝑗𝑘 − V+𝑖𝑗𝑐|) ≤ 𝛾0, can be equivalently converted as

𝑡𝜇−
𝑖𝑗𝑘

= 𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑐,𝑡𝜇−
𝑖𝑗𝑘

≤ 𝑔𝜇−
𝑖𝑗𝑘
,−𝑡𝜇−

𝑖𝑗𝑘
≤ 𝑔𝜇−
𝑖𝑗𝑘
;𝑡𝜇+

𝑖𝑗𝑘
= 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑐,𝑡𝜇+

𝑖𝑗𝑘
≤ 𝑔𝜇+
𝑖𝑗𝑘
,−𝑡𝜇+

𝑖𝑗𝑘
≤ 𝑔𝜇+
𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;ℎV−𝑖𝑗𝑘 = V−𝑖𝑗𝑘 − V−𝑖𝑗𝑐,ℎV−𝑖𝑗𝑘 ≤ 𝑠V−𝑖𝑗𝑘,−ℎV−𝑖𝑗𝑘 ≤ 𝑠V−𝑖𝑗𝑘;ℎV+𝑖𝑗𝑘 = V+𝑖𝑗𝑘 − V+𝑖𝑗𝑐,ℎV−𝑖𝑗𝑘 ≤ 𝑠V+𝑖𝑗𝑘,−ℎV−𝑖𝑗𝑘 ≤ 𝑠V+𝑖𝑗𝑘 (𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;14𝐾𝑚𝑛 𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝑔𝜇−
𝑖𝑗𝑘

+ 𝑔𝜇+
𝑖𝑗𝑘

+ 𝑠V−𝑖𝑗𝑘 + 𝑠V+𝑖𝑗𝑘) ≤ 𝛾0;

(30)

On the other hand, observing the last constraints (V+𝑖𝑗𝑘 −
V+𝑖𝑗𝑘)(1−𝑞+𝑖𝑗𝑘) = 0 in (27), it is unfolded as V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘𝑞+𝑖𝑗𝑘 +
V+𝑖𝑗𝑘𝑞+𝑖𝑗𝑘 = 0. Let 𝑧V+𝑖𝑗𝑘 = V+𝑖𝑗𝑘 ⋅ 𝑞+𝑖𝑗𝑘. As 0 ≤ VV+𝑖𝑗𝑘 ≤ 1, according to
Lemma 9, the constraints V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘𝑞+𝑖𝑗𝑘 + V+𝑖𝑗𝑘𝑞+𝑖𝑗𝑘 = 0 can
be replaced by following linear constraints:

V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘 − V+𝑖𝑗𝑘𝑞+𝑖𝑗𝑘 + 𝑧V+𝑖𝑗𝑘 = 0;0 ≤ 𝑧V+𝑖𝑗𝑘 ≤ 𝑞+𝑖𝑗𝑘;
V+𝑖𝑗𝑘 + 𝑞+𝑖𝑗𝑘 − 1 ≤ 𝑧V+𝑖𝑗𝑘 ≤ V+𝑖𝑗𝑘(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) .

(31)

In a similar way, other three constraints, (𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑘)(1 −𝑥−𝑖𝑗𝑘) = 0, (𝜇+𝑖𝑗𝑘−𝜇+𝑖𝑗𝑘)(1−𝑥+𝑖𝑗𝑘) = 0, and (V−𝑖𝑗𝑘−V−𝑖𝑗𝑘)(1−𝑞−𝑖𝑗𝑘) = 0

can be similarly replaced as

𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑘 − 𝜇−𝑖𝑗𝑘𝑥−𝑖𝑗𝑘 + 𝑧𝜇−𝑖𝑗𝑘 = 0;0 ≤ 𝑧𝜇−
𝑖𝑗𝑘

≤ 𝑥−𝑖𝑗𝑘(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝜇−𝑖𝑗𝑘 + 𝑥−𝑖𝑗𝑘 − 1 ≤ 𝑧𝜇−
𝑖𝑗𝑘

≤ 𝜇−𝑖𝑗𝑘(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑘 − 𝜇+𝑖𝑗𝑘𝑥+𝑖𝑗𝑘 + 𝑧𝜇+𝑖𝑗𝑘 = 0;0 ≤ 𝑧𝜇+
𝑖𝑗𝑘

≤ 𝑥+𝑖𝑗𝑘(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;𝜇+𝑖𝑗𝑘 + 𝑥+𝑖𝑗𝑘 − 1 ≤ 𝑧𝜇+
𝑖𝑗𝑘

≤ 𝜇+𝑖𝑗𝑘(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;
V−𝑖𝑗𝑘 − V−𝑖𝑗𝑘 − V−𝑖𝑗𝑘𝑞−𝑖𝑗𝑘 + 𝑧V−𝑖𝑗𝑘 = 0;0 ≤ 𝑧V−𝑖𝑗𝑘 ≤ 𝑞−𝑖𝑗𝑘(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) ;

V−𝑖𝑗𝑘 + 𝑞−𝑖𝑗𝑘 − 1 ≤ 𝑧V−𝑖𝑗𝑘 ≤ V−𝑖𝑗𝑘(𝑖 ∈ 𝑀; 𝑗 ∈ 𝑁; 𝑘 ∈ 𝑇) .

(32)

According to (30) and (32), (27) can be equivalently
transformed into (29). The proof is completed.

Solving (29), the optimal value and the adjusted individ-
ual decision matrices �̃�

∗

𝑘 = (𝑟∗𝑖𝑗𝑘)𝑚×𝑛 (𝑘 ∈ 𝑇) are yielded.
4.3. Algorithms for Reaching Consensus Based on Two Con-
sensus Rules. Considering that some DMs are reluctant to
adjust their opinions completely depending on the adjusted
individual decision matrices obtained by Consensus Rule
1 or Consensus Rule 2, it is advisable to regard adjusted
individual decision matrices as aids while DMs adjusting
their preferences. Motivated by this idea, we devise two
algorithms to reach consensus.

Algorithm I
Input individual decision matrices �̃�𝑘 = (𝑟𝑖𝑗𝑘)𝑚×𝑛 (𝑘 ∈𝑇), the consensus threshold 𝛾0, and the weight vector of DMs
𝜆.

Output the final adjusted individual decision matri-
ces �̃�𝑘 = (𝑟𝑖𝑗𝑘)𝑚×𝑛 (𝑘 ∈ 𝑇), the consensus index
CI(�̃�1, �̃�2, ⋅ ⋅ ⋅ , �̃�𝐾), the final collective IFPR �̃�𝑐, and the
number of the iterations 𝑙.

Step 1. Let 𝑙 = 0 and �̃�(𝑙)𝑘 = (𝑟(𝑙)
𝑖𝑗𝑘
)𝑚×𝑛 = (𝑟𝑖𝑗𝑘)𝑚×𝑛, where𝑟(𝑙)

𝑖𝑗𝑘
= ([𝜇(𝑙)−
𝑖𝑗𝑘

, 𝜇(𝑙)+
𝑖𝑗𝑘

], [V(𝑙)−
𝑖𝑗𝑘

, V(𝑙)+
𝑖𝑗𝑘

]).
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Step 2. Aggregate individualmatrices into a collective one
�̃�
(𝑙)

𝑐 = (𝑟(𝑙)𝑖𝑗𝑐)𝑚×𝑛, where 𝑟(𝑙)𝑖𝑗𝑐 = IVIFWA𝜆(𝑟(𝑙)𝑖𝑗1, 𝑟(𝑙)𝑖𝑗2, ⋅ ⋅ ⋅ , 𝑟(𝑙)𝑖𝑗𝐾), and
calculate the consensus index CI(�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 ) by (12). If
CI(�̃�𝑙1, �̃�𝑙2, ⋅ ⋅ ⋅ , �̃�𝑙𝐾) ≤ 𝛾0, go to Step 4; Otherwise, go to Step
3.

Step 3. Improve the consensus of {�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 }
based on Consensus Rule 1 or Consensus Rule 2. Let �̃�𝑙𝑘 (𝑘 ∈𝑇) be the original individual matrices. Solving (24) or (29),

the adjusted matrices {�̃�(𝑙)∗1 , �̃�(𝑙)∗2 , ⋅ ⋅ ⋅ , �̃�(𝑙)∗𝐾 } are obtained.

Suppose �̃�(𝑙+1)𝑘 = 𝛿�̃�(𝑙)𝑘 + (1 − 𝛿)�̃�(𝑙)∗𝑘 (𝛿 ∈ [0, 1]), i.e.,([𝜇(𝑙)−𝑖𝑗𝑘 , 𝜇(𝑙)+𝑖𝑗𝑘 ] , [V(𝑙)−𝑖𝑗𝑘 , V(𝑙)+𝑖𝑗𝑘 ])
= ([𝛿𝜇(𝑙)−𝑖𝑗𝑘 + (1 − 𝛿) 𝜇(𝑙)∗−𝑖𝑗𝑘 , 𝛿𝜇(𝑙)+𝑖𝑗𝑘 + (1 − 𝛿) 𝜇(𝑙)∗+𝑖𝑗𝑘 ] ,
[𝛿V(𝑙)−𝑖𝑗𝑘 + (1 − 𝛿) V(𝑙)∗−𝑖𝑗𝑘 , 𝛿V(𝑙)+𝑖𝑗𝑘 + (1 − 𝛿) V(𝑙)∗+𝑖𝑗𝑘 ])

(33)

Set 𝑙 = 𝑙 + 1 and go to Step 2.
Step 4. Let �̃�𝑘 = �̃�(𝑙)𝑘 (𝑘 ∈ 𝑇) and �̃�𝑐 = �̃�(𝑙)𝑐 . Output final

adjusted individual decision matrices �̃�𝑘 = �̃�(𝑙)𝑘 (𝑘 ∈ 𝑇), the
final collective matrix �̃�𝑐, and the number of the iterations 𝑙.
Remark 11. If the consensus index of original individual
matrices is large, it is suggested to use Consensus Rule 1 (i.e.,
(24)) in Step 3, which can rapidly improve the consensus.
Otherwise, it is suggested to use Consensus Rule 2 (i.e., (29))
in Step 3, which only adjusts a few elements of original
individual decision matrices. Thereby, it is a good idea to
combine Consensus Rule 1 and Rule 2 in reaching consensus
process. Thus, replacing Step 3 by Step 3∗, Algorithm II is
devised.

Algorithm II
Step 3∗. Improve the consensus of {�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 }

based on Consensus Rule 1 and Consensus Rule 2. Let
�̃�
(𝑙)

𝑘 (𝑘 ∈ 𝑇) be the original individual matrices. If
CI(�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 ) ≥ 𝛽 > 𝛾0, where 𝛽 is a critical value
given in advance, the adjusted individual decision matrices{�̃�(𝑙)∗1 , �̃�(𝑙)∗2 , ⋅ ⋅ ⋅ , �̃�(𝑙)∗𝐾 } are obtained by solving (24). If 𝛾0 <
CI(�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 ) < 𝛽, the adjusted individual decision

matrices {�̃�(𝑙)∗1 , �̃�(𝑙)∗2 , ⋅ ⋅ ⋅ , �̃�(𝑙)∗𝐾 } are obtained by solving (29).

Suppose �̃�(𝑙+1)𝑘 = 𝛿�̃�(𝑙)𝑘 + (1 − 𝛿)�̃�(𝑙)∗𝑘 (𝛿 ∈ [0, 1]). Set 𝑙 = 𝑙 + 1
and go to Step 2.

Remark 12. In Step 3∗, the parameter 𝛾0 is the predefined
threshold of the acceptable consensus, while the parameter𝛽 is a critical value that is used to decide whether Consensus
Rule 1 or Consensus Rule 2 is applied to improve the consen-
sus amongDMs. In addition, the parameter𝛽 ismore than 𝛾0.
If CI(�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 ) < 𝛾0, then the consensus is acceptable
consensus. Otherwise, the consensus is unacceptable and

needs to be improved. While improving the consensus, if
CI(�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 ) ≥ 𝛽 > 𝛾0, Consensus Rule 1 is applied.
If 𝛾0 < CI(�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 ) < 𝛽, Consensus Rule 2 is
applied.

�eorem 13. Let {�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 } be obtained by Algo-

rithm I and optimal adjusted individual matrices �̃�
(𝑙)∗

𝑘 (𝑘 =1, 2, ⋅ ⋅ ⋅ , 𝐾) be determined by Consensus Rule 1 (i.e., (24)) in
Step 3. It follows that lim𝑙→+∞CI(�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 ) ≤ 𝛾0.
Proof. Please see Appendix A.

�eorem 14. Let {�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 } be obtained by Algo-
rithm I and the optimal adjusted individual decision matrices

�̃�
(𝑙)∗

𝑘 (𝑘 ∈ 𝑇) be determined by Consensus Rule 2 (i.e., (29)) in
Step 3. It follows that lim𝑙→+∞CI(�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 ) ≤ 𝛾0.
Proof. Please see Appendix B.

FromTheorems 13 and 14, it is concluded that Algorithm I
is convergent. It is easily understand that Algorithm II is also
convergent because it is a combination of Consensus Rule 1
and Rule 2.

5. An Interval-Valued Intuitionistic Fuzzy
Program Based Method for Solving GDM
with IVIFVs

This section proposes an IVIF program based method for
solving GDM with IVIFVs. To derive attributes’ weights, an
IVIF program is built. By transforming this IVIF program
into a multiobjective interval program, a solving approach
is proposed. The collective decision matrix is derived by
integrating individual decision matrices with the IVIFWAM
operator. Finally, combining the consensus reaching process
described in Section 4, a novel method is presented to solve
GDM with IVIFVs.

5.1. Interval Objective Program. As a preparation for solving
the IVIF program which will be constructed to determine
attributes’ weights, this subsection reviews an approach to
solving an interval objective program. Ishibuchi and Tanaka
[32] presented a popular solving approach by transforming
an interval objective programming into an equivalent mul-
tiobjective programming. Let an interval be 𝑜 = [𝑜𝑙, 𝑜𝑢]
and Ω is a set of constraints the interval 𝑜 should satisfy. A
maximization interval objective program is represented as
max{𝑜|𝑜 ∈ Ω}.This program can be equivalently transformed
into a biobjective mathematical program max{𝑜𝑙, (1/2)(𝑜𝑙 +𝑜𝑢)|𝑜 ∈ Ω}. Aminimization interval objective program is rep-
resented as min{𝑜|𝑜 ∈ Ω}. This program can be equivalently
transformed into another biobjective mathematical program
min{𝑜𝑢, (1/2)(𝑜𝑙 + 𝑜𝑢)|𝑜 ∈ Ω}.
5.2. Determination of Attributes’ Weights. According to the
final collective decision matrix �̃�𝑐 derived in Section 4, the
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comprehensive values of alternatives are obtained as

𝑟𝑖 = ([𝜇−𝑖 , 𝜇+𝑖 ] , [V−𝑖 , V+𝑖 ]) = ([[
𝑛∑
𝑗=1

𝜔∗𝑗 𝜇−𝑖𝑗𝑐, 𝑛∑
𝑗=1

𝜔∗𝑗 𝜇+𝑖𝑗𝑐]] ,
[[
𝑛∑
𝑗=1

𝜔∗𝑗 V−𝑖𝑗𝑐, 𝑛∑
𝑗=1

𝜔∗𝑗 V+𝑖𝑗𝑐]]) . (34)

where 𝜔∗ = (𝜔∗1 , 𝜔∗2 , ⋅ ⋅ ⋅ , 𝜔∗𝑛 )T is the accurate weight vector
of attributes and satisfies 𝜔𝜇−𝑗 ≤ 𝜔∗𝑗 ≤ 1 − 𝜔V−

𝑗 , ∑𝑛𝑗=1 𝜔∗𝑗 = 1,
and 𝜔∗𝑗 ∈ [0, 1]. For convenience, Denote 𝐷 = {𝜔∗|𝜔𝜇−𝑗 ≤𝜔∗𝑗 ≤ 1 − 𝜔V−

𝑗 , ∑𝑛𝑗=1 𝜔∗𝑗 = 1}.
As we know, the larger the comprehensive value 𝑟𝑖 of

alternative 𝐴 𝑖, the better the alternative 𝐴 𝑖 is. Thus, a
mathematical program is built bymaximizing comprehensive
values, i.e.,

max 𝑟𝑖 (𝑖 ∈ 𝑀)𝑠.𝑡. 𝜔∗ ∈ 𝐷 (35)

As comprehensive values 𝑟𝑖 (𝑖 ∈ 𝑀) are IVIFVs, this
program is called an IVIF program. According to Defini-
tion 2, to maximize 𝑟𝑖 (𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑚), it is necessary to
maximize their memberships and minimize their nonmem-
berships. Hence, (35) can be equivalently transformed into
the following multiobjective interval program:

max [𝜇−𝑖 , 𝜇+𝑖 ] (𝑖 ∈ 𝑀)
min [V−𝑖 , V+𝑖 ] (𝑖 ∈ 𝑀)𝑠.𝑡. 𝜔∗ ∈ 𝐷 (36)

Employing the solving approach in Section 5.1, (36) can
be converted as

max {𝜇−𝑖 , (𝜇−𝑖 + 𝜇+𝑖 )2 } (𝑖 ∈ 𝑀)
min {V+𝑖 , (V−𝑖 + V+𝑖 )2 } (𝑖 ∈ 𝑀)
𝑠.𝑡. 𝜔∗ ∈ 𝐷

(37)

Equation (37) can be further transformed as

min {V+𝑖 + (V−𝑖 + V+𝑖 )2 − 𝜇−𝑖 − (𝜇−𝑖 + 𝜇+𝑖 )2 }
(𝑖 ∈ 𝑀)𝑠.𝑡. 𝜔∗ ∈ 𝐷

(38)

By the min-max summation method, (38) can be con-
verted into the following program:

min 𝑧
𝑠.𝑡. V+𝑖 + (V−𝑖 + V+𝑖 )2 − 𝜇−𝑖 − (𝜇−𝑖 + 𝜇+𝑖 )2 ≤ 𝑧

(𝑖 ∈ 𝑀)
𝜔 ∈ 𝐷

(39)

Plugging (34) into (39), (39) can be rewritten as

min 𝑧
𝑠.𝑡. 𝑛∑

𝑗=1

𝜔𝑗V+𝑖𝑗𝑐 + (∑𝑛𝑗=1 𝜔𝑗V−𝑖𝑗𝑐 + ∑𝑛𝑗=1 𝜔𝑗V+𝑖𝑗𝑐)2
− 𝑛∑
𝑗=1

𝜔𝑗𝜇−𝑖𝑗𝑐 − (∑𝑛𝑗=1 𝜔𝑗𝜇−𝑖𝑗𝑐 + ∑𝑛𝑗=1 𝜔𝑗𝜇+𝑖𝑗𝑐)2 ≤ 𝑧
(𝑖 ∈ 𝑀)

𝜔
∗ ∈ 𝐷

(40)

Solving (40), the weight vector of attributes 𝜔∗ is deter-
mined.

5.3. A Novel Method for Solving GDM with IVIFVs. Accord-
ing to above analyses, a novel method for solving GDM with
IVIFVs is generalized below.

Step 1. Each DM establishes his/her individual decision
matrix �̃�𝑘 = (𝑟𝑖𝑗𝑘)𝑚×𝑛 with IVIFVs and provides the vector
�̃� of attribute weights with IVIFVs.

Step 2. Normalize individual decision matrices.

In general, there are cost attributes and benefit attributes.
Denote the set of cost attributes by 𝐽1 and the set of
benefit attributes by 𝐽2. Individual decisionmatrices often are
normalized by the following formula:

𝑟𝑖𝑗𝑘 = {{{
𝑟𝑐𝑖𝑗𝑘 𝑗 ∈ 𝐽1𝑟𝑖𝑗𝑘 𝑗 ∈ 𝐽2. (41)

Step 3. Check the consensus among individual decision
matrices �̃�𝑘 (𝑘 ∈ 𝑀) by (12) and (19). If the group is
acceptable consensus, go to Step 3. Otherwise, go to the next
step.

Step 4. Reach consensus by Algorithm I or II and derive the
final adjusted individual decision matrices �̃�𝑘 (𝑘 ∈ 𝑀) and
the final collective decision matrix �̃�𝑐.

Step 5. Determine the attribute weight vector 𝜔∗ by solving
(40).
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Obtain comprehensive values of alternatives by Eq. (34)

Rank the alternatives by Definition 4

checking

Yes

No
Algorithm I or IIBy Eqs. (12) and (19)

by Eq. (41)

(k = 1, 2, · · · , K) and provides attributes’ weights 

Establish individual decision matrices 
k


k

Derive 


k (k = 1, 2, · · · , K) and 


cDerive attribute weight vector by solving Eq. 
∗

Consensus

Normalize individual decision matrices

Figure 1: The decision-making process of the MAGDM with IVIFVs.

Step 6. Obtain comprehensive values of alternatives by (34).

Step 7. Rank alternatives based on Definition 4.

Figure 1 depicts the above decision-making process.

6. A Practical Example of
a Cloud Service Provider Selection and
Comparative Analyses

To illustrate applications and advantages of the proposed
method, this section provides a cloud service provider selec-
tion example and conducts comparative analyses.

6.1. A practical Example of a Cloud Service Provider Selection.
Cloud computing [33, 34] is a kind of computing paradigms
based on the internet. By this paradigm, shared hardware
and software resources can be provided to computers on
demand. Cloud computing has many advantages, such as
flexibility, business agility, and pay-as-you-go cost structure.
Many enterprises with limited financial and human resources
can apply cloud computing to deliver their business services
and products online to extend their business markets. Thus,
the selection of cloud service provider becomes a key issue for
enterprises.

Guilin FeiYu Electronic Technology limited company
(Feiyu for short) is devoted to the development and sales
of electronic products. To increase the running speed of
their servers, Feiyu tries to seek a cloud service provider.
After the market research and preliminary screening, five
providers are selected and be further evaluated, including Ali

Cloud (𝐴1), Tencent Cloud (𝐴2), Field Could (𝐴3), Ameri-
can Cloud (𝐴4), and Wangsu Technology limited company
(𝐴5). Three decision-makers 𝑒𝑘 (𝑘 = 1, 2, 3) are invited to
evaluate these five alternatives with respect to four attributes,
including performance (𝑢1), payment (𝑢2), security (𝑢3),
and scalability (𝑢4). Suppose the vector of DMs’ weights is
𝜆 = (0.35, 0.25, 0.4)T. Normalized individual IVIF decision
matrices are shown in Tables 1–3. After discussion and
negotiation, the group of DMs provides attributes’ weights as
follows: �̃�1 = ([0.05, 0.10] , [0.85, 0.90]) ,�̃�2 = ([0.10, 0.15] , [0.82, 0.85]) ,�̃�3 = ([0.25, 0.45] , [0.20, 0.30]) ,�̃�4 = ([0.25, 0.40] , [0.40, 0.60]) .

(42)

In what follows, we will apply the proposed method to
solve this example.

Steps 1-2. Normalized individual decision matrices are
shown as Tables 1–3.

Step 3. Check the consensus of individual IVIF decision
matrices.

By (19), the temporary collective IVIF decision matrix
is obtained and shown in Table 4. In virtue of (12), the
consensus index is calculated as CI(�̃�1, �̃�2, �̃�3) = 0.1313. Set
the consensus threshold 𝛾0 = 0.05; then CI(�̃�1, �̃�2, �̃�3) > 𝛾0.
Therefore, the group {�̃�1, �̃�2, �̃�3} is unacceptable consensus
and needs to be adjusted.

Step 4. Reach consensus.
(i) The first round. According to Algorithm II, let 𝛽 =1.2𝛾0. As CI(�̃�1, �̃�2, �̃�3) > 𝛽, Consensus Rule 1 is first
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Table 1: Interval-valued intuitionistic fuzzy decision matrix �̃�1.

u1 u2 u3 u4
A1 ([0.6,0.8],[0.1,0.2]) ([0.2,0.4],[0.4,0.5]) ([0.6,0.7],[0.2,0.3]) ([0.4,0.5],[0.2,0.4])
A2 ([0.4,0.7],[0.0,0.1]) ([0.5,0.7],[0.1,0.2]) ([0.7,0.8],[0.1,0.2]) ([0.7,0.8],[0.1,0.2])
A3 ([0.3,0.7],[0.2,0.3]) ([0.2,0.4],[0.4,0.5]) ([0.1,0.4],[0.4,0.5]) ([0.3,0.4],[0.4,0.6])
A4 ([0.7,0.8],[0.1,0.2]) ([0.2,0.3],[0.4,0.6]) ([0.6,0.8],[0.0,0.2]) ([0.6,0.8],[0.0,0.2])
A5 ([0.5,0.6],[0.3,0.4]) ([0.7,0.8],[0.0,0.1]) ([0.2,0.4],[0.4,0.5]) ([0.1,0.3],[0.4,0.6])

Table 2: Interval-valued intuitionistic fuzzy decision matrix �̃�2.

u1 u2 u3 u4
A1 ([0.2,0.4],[0.4,0.5]) ([0.6,0.7],[0.1,0.2]) ([0.5,0.7],[0.1,0.2]) ([0.5,0.7],[0.1,0.2])
A2 ([0.6,0.8],[0.0,0.2]) ([0.2,0.3],[0.4,0.6]) ([0.7,0.8],[0.1,0.2]) ([0.2,0.4],[0.4,0.5])
A3 ([0.1,0.4],[0.4,0.5]) ([0.8,0.9],[0.0,0.1]) ([0.1,0.4],[0.2,0.5]) ([0.4,0.7],[0.2,0.3])
A4 ([0.6,0.8],[0.0,0.2]) ([0.3,0.8],[0.0,0.1]) ([0.2,0.3],[0.4,0.6]) ([0.6,0.7],[0.2,0.3])
A5 ([0.2,0.4],[0.5,0.6]) ([0.6,0.7],[0.2,0.3]) ([0.6,0.8],[0.0,0.2]) ([0.1,0.4],[0.3,0.5])

Table 3: Interval-valued intuitionistic fuzzy decision matrix �̃�3.

u1 u2 u3 u4
A1 ([0.2,0.4],[0.4,0.5]) ([0.2,0.4],[0.4,0.5]) ([0.4,0.7],[0.0,0.1]) ([0.7,0.9],[0.0,0.1])
A2 ([0.2,0.3],[0.4,0.6]) ([0.2,0.3],[0.4,0.6]) ([0.6,0.7],[0.2,0.3]) ([0.5,0.7],[0.1,0.2])
A3 ([0.7,0.9],[0.0,0.1]) ([0.3,0.4],[0.4,0.5]) ([0.1,0.3],[0.3,0.5]) ([0.2,0.4],[0.4,0.5])
A4 ([0.3,0.8],[0.1,0.2]) ([0.1,0.2],[0.4,0.6]) ([0.2,0.3],[0.4,0.5]) ([0.3,0.4],[0.4,0.6])
A5 ([0.7,0.8],[0.0,0.2]) ([0.3,0.8],[0.0,0.1]) ([0.4,0.7],[0.2,0.3]) ([0.6,0.8],[0.0,0.2])

Table 4: Temporary interval-valued intuitionistic fuzzy collective decision matrix �̃�𝑐.

u1 u2 u3 u4
A1 ([0.340,0.540],[0.295,0.395]) ([0.300,0.475],[ 0.325,0.425]) ([0.495,0.700],[0.095,0.195]) ([0.545,0.710],[0.095,0.230])
A2 ([0.370,0.565],[0.160,0.325]) ([0.305,0.440],[0.295,0.460]) ([0.660,0.760],[0.140,0.240]) ([0.495,0.660],[0.175,0.275])
A3 ([0.410,0.705],[0.170,0.270]) ([0.390,0.525],[0.300,0.400]) ([0.10,0.360],[0.310,0.500]) ([0.285,0.475],[0.350,0.485])
A4 ([0.515,0.800],[0.075,0.200]) ([0.185,0.385],[0.300,0.475]) ([0.340,0.475],[0.260,0.420]) ([0.480,0.615],[0.210,0.385])
A5 ([0.505,0.630],[0.230,0.370]) ([0.515,0.775],[0.050,0.150]) ([0.380,0.620],[0.220,0.345]) ([0.300,0.455],[0.215,0.415])

applied to adjust original individual IVIF decision matrices.
Take �̃�(0)𝑘 = �̃�𝑘 (𝑘 = 1, 2, 3) and �̃�(0)𝑐 = �̃�𝑐. Solv-
ing (24), the temporary adjusted individual IVIF decision

matrices �̃�
(1)

𝑘 (𝑘 = 1, 2, 3) are obtained. Let 𝛿 = 0.35
in (33), a new group of individual IVIF decision matrices{�̃�(1)1 , �̃�(1)2 , �̃�(1)3 } and the temporary collective decision matrix
�̃�
(1)

𝑐 are generated. Further, the consensus index is computed
as CI(�̃�(1)1 , �̃�(1)2 , �̃�(1)3 ) = 0.0785 > 𝛽. Hence, the reaching
consensus process is continued based on Consensus Rule 1.

(ii) The second round: Replace �̃�(0)𝑘 (𝑘 = 1, 2, 3) and
�̃�
(0)

𝑐 by �̃�(1)𝑘 and �̃�(1)𝑐 , respectively. Repeating above processes,
updated individual IVIF decision matrices {�̃�(2)1 , �̃�(2)2 , �̃�(2)3 }
and the collective one �̃�(2)𝑐 are obtained. The new consensus
index is derived as CI(�̃�(2)1 , �̃�(2)2 , �̃�(2)3 ) = 0.06 = 𝛽.
Thereby, the following reaching consensus process is guided
by Consensus Rule 2.

(iii) The third round: Plugging �̃�(2)1 , �̃�
(2)

2 , and �̃�
(2)

3 into
(29) and solving it, the temporary adjusted individual IVIF

decision matrices �̃�
(3)

𝑘 (𝑘 = 1, 2, 3) are obtained. Plugging

�̃�
(3)

𝑘 (𝑘 = 1, 2, 3) into (33), decision matrices {�̃�(2)1 , �̃�(2)2 , �̃�(2)3 }
are updated as {�̃�(3)1 , �̃�(3)2 , �̃�(3)3 }. The collective matrix �̃�(3)𝑐 is
derived by (19). The consensus index, CI(�̃�(3)1 , �̃�(3)2 , �̃�(3)3 ), is
calculated as 0.0519.

(iv) The fourth round: Repeating the processes in (iii)
based on Consensus Rule 2, the adjusted individual decision
matrices �̃�(4)𝑘 (𝑘 = 1, 2, 3) and the collective one �̃�(4)𝑐 are
derived and listed in Tables 5–8. The consensus index is
computed as CI(�̃�(4)1 , �̃�(4)2 , �̃�(4)3 ) = 0.05 = 𝛾0. Accordingly,
the group {�̃�(4)1 , �̃�(4)2 , �̃�(4)3 } is acceptable consensus and the
consensus reaching process is finished. Regard �̃�(4)𝑘 (𝑘 =1, 2, 3) and �̃�(4)𝑐 as �̃�𝑘 (𝑘 = 1, 2, 3) and �̃�𝑐, respectively, and
go to the next step.
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Table 5: Final adjusted interval-valued intuitionistic fuzzy decision matrix �̃�1.

u1 u2 u3 u4
A1 ([0.249,0.449],[0.3633,0.463]) ([0.200,0.400],[ 0.400,0.500]) ([0.600,0.700],[0.200,0.300]) ([0.400,0.500],[0.200,0.325])
A2 ([0.400,0.700],[0.000,0.1000]) ([0.237,0.349],[0.363,0.551]) ([0.700,0.800],[0.100,0.200]) ([0.700,0.800],[0.100,0.200])
A3 ([0.300,0.700],[0.200,0.300]) ([0.200,0.400],[0.400,0.500]) ([0.100,0.400],[0.375,0.500]) ([0.300,0.400],[0.400,0.600])
A4 ([0.700,0.800],[0.100,0.200]) ([0.200,0.300],[0.400,0.600]) ([0.249,0.361],[0.351,0.406]) ([0.600,0.800],[0.000,0.200])
A5 ([0.500,0.600],[0.300,0.400]) ([0.700,0.800],[0.000,0.100]) ([0.250,0.601],[0.350,0.387]) ([0.100,0.295],[0.400,0.600])

Table 6: Final adjusted interval-valued intuitionistic fuzzy decision matrix �̃�2.

u1 u2 u3 u4
A1 ([0.200,0.400],[0.400,0.500]) ([0.249,0.472],[ 0.353,0.451]) ([0.500,0.700],[0.100,0.200]) ([0.500,0.700],[0.100,0.200])
A2 ([0.600,0.800],[0.000,0.2000]) ([0.200,0.300],[0.400,0.600]) ([0.700,0.800],[0.100,0.200]) ([0.426,0.540],[0.205,0.290])
A3 ([0.100,0.592],[0.221,0.305]) ([0.348,0.535],[0.260,0.428]) ([0.100,0.400],[0.200,0.500]) ([0.400,0.491],[0.304,0.353])
A4 ([0.600,0.800],[0.065,0.200]) ([0.300,0.502],[0.260,0.454]) ([0.200,0.300],[0.400,0.600]) ([0.600,0.700],[0.200,0.300])
A5 ([0.461,0.577],[0.319,0.424]) ([0.600,0.788],[0.070,0.212]) ([0.600,0.800],[0.000,0.200]) ([0.100,0.400],[0.300,0.500])

Table 7: Final adjusted interval-valued intuitionistic fuzzy decision matrix �̃�3.

u1 u2 u3 u4
A1 ([0.200,0.400],[0.400,0.500]) ([0.200,0.400],[ 0.400,0.500]) ([0.411,0.700],[0.011,0.111]) ([0.601,0.878],[0.011,0.100])
A2 ([0.266,0.596],[0.049,0.326]) ([0.200,0.300],[0.400,0.600]) ([0.688,0.788],[0.112,0.212]) ([0.500,0.700],[0.100,0.200])
A3 ([0.459,0.765],[0.066,0.235]) ([0.300,0.400],[0.400,0.500]) ([0.100,0.388],[0.300,0.500]) ([0.233,0.400],[0.400,0.500])
A4 ([0.487,0.800],[0.100,0.200]) ([0.133,0.200],[0.400,0.600]) ([0.200,0.300],[0.400,0.500]) ([0.563,0.587],[0.378,0.414])
A5 ([0.689,0.734],[0.154,0.266]) ([0.487,0.800],[0.000,0.100]) ([0.400,0.700],[0.200,0.300]) ([0.161,0.498],[0.187,0.321])

Table 8: Final interval-valued intuitionistic fuzzy collective decision matrix �̃�𝑐.

u1 u2 u3 u4
A1 ([0.217,0.417],[0.387,0.487]) ([0.212,0.418],[ 0.388,0.487]) ([0.499,0.700],[0.099,0.199]) ([0.506,0.701],[0.099,0.204])
A2 ([0.396,0.684],[0.020,0.215]) ([0.213,0.317],[0.387,0.583]) ([0.695,0.795],[0.105,0.205]) ([0.552,0.695],[0.126,0.223])
A3 ([0.314,0.700],[0.152,0.275]) ([0.277,0.434],[0.365,0.482]) ([0.100,0.395],[0.301,0.500]) ([0.298,0.423],[0.376,0.498])
A4 ([0.590,0.800],[0.091,0.200]) ([0.198,0.310],[0.365,0.564]) ([0.217,0.321],[0.383,0.490]) ([0.585,0.690],[0.201,0.310])
A5 ([0.566,0.648],[0.246,0.352]) ([0.590,0.797],[0.018,0.128]) ([0.398,0.690],[0.203,0.306]) ([0.125,0.402],[0.290,0.463])

Step 5. Determine attributes’ weights.
According tomatrix �̃�𝑐 and the attributes’ weights �̃�𝑗 (𝑗 =1, 2, 3, 4), the vector of attributes’ weights is determined by

solving (40). i.e.,

𝜔
∗ = (0.15, 0.18, 0.25, 0.42)T . (43)

Step 6. Obtain comprehensive values of alternatives.
Plugging matrix �̃�𝑐 and the vector 𝜔∗ into (34), compre-

hensive values of alternatives are obtained as𝑟1 = ([0.2123, 0.2945] , [0.0417, 0.0855]) ,𝑟2 = ([0.2316, 0.2919] , [0.0530, 0.0934]) ,𝑟3 = ([0.1252, 0.1776] , [0.1579, 0.2092]) ,𝑟4 = ([0.2458, 0.2896] , [0.00845, 0.1304]) ,𝑟5 = ([0.0523, 0.1690] , [0.1216, 0.1946]) .
(44)

Step 7. Rank alternatives.

In virtue of (3), scores of alternatives are derived as𝑠1 = 0.2753,𝑠2 = 0.2820,𝑠3 = 0.1771,𝑠4 = 0.2907,𝑠5 = 0.1471.
(45)

According toDefinition 4, alternatives are ranked as𝐴4 ≻𝐴2 ≻ 𝐴1 ≻ 𝐴3 ≻ 𝐴5. Thereby, American cloud (𝐴4) is the
best cloud service provider.

6.2. Comparative Analyses. To further show advantages of the
proposed method, some comparative analyses are conducted
in this subsection.

6.2.1. IR and DR Rules. In consensus reaching process,
Identification Rule (IR) and Direction Rule (DR) are two
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Table 9: Total distances between original decision matrices and adjusted ones by Consensus Rules 1-4.𝛿 Consensus rule 1 Consensus rule 2 Consensus rule 3 Consensus rule 4
0.1 1.3462 1.4703 1.9361 7.0909
0.2 1.3454 1.4908 1.874 6.3030
0.3 1.3444 1.4590 1.8719 5.5150
0.4 1.3421 1.4100 1.8617 4.7272
0.5 1.4229 1.4201 1.8739 3.9394
0.6 1.3394 1.4338 1.8629 3.1515
0.7 1.3218 1.4118 1.8581 2.3636
0.8 1.3376 1.4241 1.8552 2.8386
0.9 1.3316 1.4034 1.8141 2.1351

popular rules and applied into many multiple attribute group
decision-making problems [35–38]. IR is used to determine
which DMs have less contribution on reaching a higher
consensus, and DR rule is used to direct DMs in how to
modify their opinions of alternatives on attributes.

Before conducting comparative analysis, IR and DR are
extended into the IVIF environment. Thus, another two
consensus rules, called Consensus Rule 3 and Consensus
Rule 4, are generated, respectively. By replacing Step 3 in
Algorithm I with Step 3’ and Step 3”, respectively, Consensus
Rule 3 and Consensus Rule 4 can be obtained and described
as follows:

Consensus Rule 3
Step 3’. While improving the consensus degree, one

element is modified each time. To complete the step, four
substeps are needed.

Step 3’-1. Seek the maximum consensus degree of DM 𝑒𝑘
and denoted by CI(𝑙)

𝑘0
= max𝑘{CI(𝑙)𝑘 }.

Step 3’-2. Seek the maximum consensus degree of DM 𝑒𝑘0
on alternatives and denoted by CI(𝑙)

𝑖0𝑘0
= max𝑖{CI(𝑙)𝑖𝑘0}.

Step 3’-3. Seek the maximum consensus degree of DM 𝑒𝑘0
on alternative 𝐴 𝑖0 with respect to attributes and denoted by
CI(𝑙)
𝑖0𝑗0𝑘0

= max𝑗{CI(𝑙)𝑖0𝑗𝑘0}.
Step 3’-4. Modify the element 𝑟(𝑙)

𝑖0𝑗0𝑘0
as 𝑟(𝑙+1)
𝑖0𝑗0𝑘0

, where

𝑟(𝑙+1)𝑖0𝑗0𝑘0 = ([𝜇(𝑙)−𝑖0𝑗0𝑘0 , 𝜇(𝑙)+𝑖0𝑗0𝑘0] , [V(𝑙)−𝑖0𝑗0𝑘0 , V(𝑙)+𝑖0𝑗0𝑘0])= ([𝛿𝜇(𝑙)−𝑖0𝑗0𝑘0 + (1 − 𝛿) 𝜇(𝑙)−𝑖0𝑗0𝑐, 𝛿𝜇(𝑙)+𝑖0𝑗0𝑘0+ (1 − 𝛿) 𝜇(𝑙)+𝑖0𝑗0𝑐] , [𝛿V(𝑙)−𝑖0𝑗0𝑘0 + (1 − 𝛿) V(𝑙)−𝑖0𝑗0𝑐, 𝛿V(𝑙)+𝑖0𝑗0𝑘0+ (1 − 𝛿) V(𝑙)+𝑖0𝑗0𝑐])
(46)

𝑟(𝑙+1)𝑖𝑗𝑘 = 𝑟(𝑙)𝑖𝑗𝑘 (𝑖 ̸= 𝑖0, 𝑗 ̸= 𝑗0, 𝑘 ̸= 𝑘0) (47)

Set 𝑙 = 𝑙 + 1 and go to Step 2.

Consensus Rule 4
Step 3”. While improving the consensus of the group{�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 }, all elements of all individual decision

matrices �̃�(𝑙)𝑘 (𝑘 = 1, 2, ⋅ ⋅ ⋅ , 𝐾) are modified. Denote the

modified matrices by �̃�(𝑙+1)𝑘 . Suppose �̃�(𝑙+1)𝑘 = 𝛿�̃�(𝑙)𝑘 + (1 −𝛿)�̃�(𝑙)𝑐 (𝛿 ∈ [0, 1]), where
([𝜇(𝑙+1)−𝑖𝑗𝑘 , 𝜇(𝑙+1)+𝑖𝑗𝑘 ] , [V(𝑙+1)−𝑖𝑗𝑘 , V(𝑙+1)+𝑖𝑗𝑘 ])

= ([𝛿𝜇(𝑙)−𝑖𝑗𝑘 + (1 − 𝛿) 𝜇(𝑙)−𝑖𝑗𝑐 , 𝛿𝜇(𝑙)+𝑖𝑗𝑘 + (1 − 𝛿) 𝜇(𝑙)+𝑖𝑗𝑐 ] ,[𝛿V(𝑙)−𝑖𝑗𝑘 + (1 − 𝛿) V(𝑙)−𝑖𝑗𝑐 , 𝛿V(𝑙)+𝑖𝑗𝑘 + (1 − 𝛿) V(𝑙)+𝑖𝑗𝑐 ])
(48)

Set 𝑙 = 𝑙 + 1 and go to Step 2.

6.2.2. Comparative Analysis with IR and DR Consensus Rules.
For showing merits of Consensus Rule 1 and Consensus Rule
2 proposed in this paper, the example in Section 6.1 is solved
by Consensus Rules 1-4 with different values of the parameter𝛿, respectively. Suppose the threshold 𝛾0 = 0.1. Comparative
results are represented as Tables 9 and 10. Table 9 shows
distances between original and adjusted individual decision
matrices by Consensus Rules 1-4. Table 10 demonstrates
iterative rounds for reaching consensus by Consensus rules
1-4.

From Tables 9 and 10, merits of Consensus Rule 1 and 2
proposed in this paper are outlined as follows:(1) In the consensus reaching process, Consensus Rules 1
and 2 are able to retain more decision information provided
by DMs compared with Consensus rules 3 and 4. Observ-
ing total distances between original decision matrices and
their corresponding adjusted ones in Table 9, the distances
obtained by Consensus Rules 1 and 2 are obviously less than
those obtained by Consensus Rules 3 and 4. As we know, the
less the distance, the closer the adjusted decision matrix is to
the original one and more decision information is preserved.
At this point, Consensus Rules 1 and 2 retain more decision
information and are better than Consensus Rules 3 and 4. In
addition, as the distances obtained by the Consensus Rule 4
are very large, most decision information may be lost while
reaching consensus by this rule.(2) Compared with Consensus Rule 3, Consensus Rules 1
and 2 need much less iterative rounds for reaching consensus
under any values of parameter 𝛿 ∈ [0, 1], which can be
verified by Table 10. In other words, Consensus Rules 1 and
2 are time-saving. Although Consensus Rule 4 also needs
fewer rounds, it is not sensible enough to select this rule for
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Table 10: Iterative rounds by Consensus Rules 1-4.𝛿 Consensus rule 1 Consensus rule 2 Consensus rule 3 Consensus rule 4
0.1 3 3 7 1
0.2 4 3 9 1
0.3 5 5 11 1
0.4 6 5 13 1
0.5 8 7 17 1
0.6 10 10 22 1
0.7 13 11 30 1
0.8 21 19 44 2
0.9 38 36 94 4

reaching consensus because much decision information may
be lost as mentioned above.(3) It is observed from Tables 9 and 10 that distances
obtained by Consensus Rule 1 are less than those obtained
by Consensus Rule 2, whereas the iterative rounds needed by
Consensus Rule 1 are more than those needed by Consensus
Rule 2 with the same value of parameter 𝛿. Thus, for reaching
consensus as soon as possible and retaining decision informa-
tion as much as possible, it is sensible to combine Consensus
Rule 1 and Consensus Rule 2 in consensus reaching process.
That is, we can first improve consensus by Consensus Rule 1
and then by Consensus Rule 2.

6.2.3. Comparison with an Autocratic Multiattribute Group
Decision-Making Method. To further show advantages of
the proposed method, this subsection compares it with
an autocratic multiattribute group decision-making (AM-
AGDM)method presented byCheng [10]. By theAM-AGDM
method, the example in Section 6.1 is resolved below.

To make this comparison more valid, suppose that
attribute weights supplied by DMs are the same as those in
the example in Section 6.1, i.e.,

𝑤11 = 𝑤21 = 𝑤31 = �̃�1,𝑤12 = 𝑤22 = 𝑤32 = �̃�2,𝑤13 = 𝑤23 = 𝑤33 = �̃�3,𝑤14 = 𝑤24 = 𝑤34 = �̃�4.
(49)

Steps 1-2. Set 𝑟 = 1 and 𝑊(1)1 = 𝑊(1)2 = 𝑊(1)3 = 1/3,
where 𝑟 is the iterative round and 𝑊(1)1 and 𝑊(1)2 and 𝑊(1)3
are weights of DMs at the first round, respectively. By the
AM-AGDM, the weighted decision matrices of DM 𝑑𝑝 (𝑝 =1, 2, 3) are first computed and then the aggregated evaluating
matrix is constructed as

𝐸 = ((
(

([0.273, 0.526] , [0.144, 0.330]) ([0.288, 0.576] , [0.098, 0.250]) ([0.280, 0.604] , [0.065, 0.208])[0.366, 0.638] , [0.092, 0.240]) ([0.255, 0.528] , [0.136, 0.304]) ([0.278, 0.543] , [0.134, 0.313])([0.129, 0.398] , [0.262, 0.470]) ([0.197, 0.510] , [0.140, 0.385]) ([0.133, 0.379] , [0.214, 0.438])([0.317, 0.618] , [0.062, 0.259]) ([0.240, 0.496] , [0.189, 0.413]) ([0.143, 0.352] , [0.257, 0.472])([0.160, 0.349] , [0.244, 0.444]) ([0.229, 0.538] , [0.092, 0.302]) ([0.284, 0.630] , [0.100, 0.276])
))
)

. (50)

Steps 3-4. According to (4) in [10] and Xu’s ranking
method [30], the preference vector 𝑂𝑝 of alternatives with
respect to 𝑑𝑝 is shown as

𝑂
1 = (3, 1, 5, 2, 4)T ,
𝑂
2 = (1, 3, 4, 5, 2)T ,
𝑂
3 = (1, 3, 4, 5, 2)T . (51)

Steps 5-6. Combining DMs’ weights and score matrices,
the aggregated group evaluating values of alternatives are

obtained and the group preference orders of alternatives are
yielded as

𝑇 = (1, 2, 5, 4, 3)T . (52)

Step 7. Based on method [10], the weighted similarity
degrees are obtained as

𝑆 (𝑇,𝑂1) = 1,𝑆 (𝑇,𝑂2) = 𝑆 (𝑇,𝑂3) = 5. (53)
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Thus, the group consensus degree is calculated as 𝐶(1) =0.3333. Let the consensus threshold value 𝛾0 = 0.99 which
was set in [10]. Thus, one has 𝐶(1) < 𝛾0 and it is necessary to
modifyDMs’ weights to improve the group consensus degree.

Step 8. DMs’ weights 𝑊(𝑟+1)𝑝 (𝑝 = 1, 2, 3) are derived by(10) and (11) in [10] as

𝑊(2)1 = 0.2727,𝑊(2)2 = 0.3636,𝑊(2)3 = 0.3636. (54)

Then go to Step 5.
Repeating Steps 5-8, DMs’ weights are stable at 𝑟 = 13.

At this round, DMs’ weights and the consensus degree are
obtained as𝐶(13) = 0.5,𝑊(13)1 = 0.0, and𝑊(13)2 = 𝑊(13)3 = 0.5,
respectively. Obviously, the consensus degree is less than 𝛾0.
This verifies that method [10] sometimes fails to improve the
consensus of a group to an acceptable consensus.

Step 9. Rank alternatives.
According to (8) in method [10], the aggregated group

evaluating values of alternatives at 13 round are computed as

𝑔1 = 1.2816,𝑔2 = 1.1791,𝑔3 = 1.0106,𝑔4 = 0.9752,𝑔5 = 1.2258.
(55)

Therefore, alternatives are ranked as 𝐴1 ≻ 𝐴5 ≻ 𝐴2 ≻𝐴3 ≻ 𝐴4, which are clearly different from orders obtained by
the proposed method.

Compared with AM-AGDM method, the proposed
method has following advantages:(1) While measuring the consensus, the former only
measures the differences between preference orders of alter-
natives with respect to DMs and the group preference orders,
whereas the latter measures the difference between each
attribute values provided by DMs and those of group. As the
attribute values of alternatives over attributes describe more
decision information than alternatives’ preference orders, the
consensus defined by the latter more accurately describes the
consensus among DMs.(2) While reaching consensus, the former reaches con-
sensus by modifying DMs’ weights, which may result in
some DMs’ weights being equal to zero as the number of
iterative rounds increases.This can be verified by Step 8 in this
subsection. In this case, these DMs have no effect in the rest
decision. However, the latter reaches consensus bymodifying
attribute values provided by DMs. This guarantees that each
DMplays a certain role in decision-making. Furthermore, the
latter can retain the initial decision information as much as
possible in reaching consensus.

(3) In the process of reaching the consensus, the latter is
proved to be convergent, while the former sometimes cannot
help DMs reach the predefined consensus degree, which can
be verified by Step 8 in this subsection.(4) For determining weights of attributes, the former
assigns attribute weights in advance, while the latter first
assigns attributes’ weights in the form of IVIFVs, and then
objectively determines accurate attributes’ weights by con-
structing an IVIF program and solving it. Accordingly, in the
process of determining attributes’ weights, the latter not only
explores DMs’ activeness but also utilizes attribute values of
alternatives. Therefore, the attributes’ weights determined by
the latter may be more reasonable.

7. Conclusions

This paper investigatesmultiattribute group decision-making
problemswhere attribute values and attributes’ weights are all
IVIFVs. The consensus and the determination of attributes’
weights are discussed, respectively. For checking the con-
sensus, a new consensus index is proposed by measuring
the deviations between individual decision matrices and the
collective one. In the case that the consensus is unacceptable,
two consensus rules are introduced by minimizing adjust-
ment amounts. The dominant features of these two rules are
that they are convergent and able to retain initial decision
information asmuch as possible. To derive attributes’ weights
objectively, an IVIF fuzzy program is constructed and a
new solving approach is presented. Thereby, a novel method
is proposed to solve MAGDM problems with IVIFVs.
An example and comparative analyses are conducted to
illustrate the application and advantages of the proposed
method.

In the future, we will extend the proposed idea into other
types of MAGDM problems, such as Pythagorean sets [39]
and trapezoid intuitionistic fuzzy numbers [40].

Appendix

A.

Proof of Theorem 13. According to (33), one has 𝜇(𝑙+1)−
𝑖𝑗𝑘

=𝛿𝜇(𝑙)−
𝑖𝑗𝑘

+ (1 − 𝛿)𝜇(𝑙)∗−
𝑖𝑗𝑘

. Thus, the following is yielded𝜇(𝑙)−𝑖𝑗𝑘 − 𝜇(𝑙)∗−𝑖𝑗𝑘  = (1 − 𝛿) 𝜇(𝑙)−𝑖𝑗𝑘 − 𝜇(𝑙)−𝑖𝑗𝑘 + 𝛿 𝜇(𝑙)−𝑖𝑗𝑘 − 𝜇(𝑙)−𝑖𝑗𝑘 = 𝜇(𝑙)−𝑖𝑗𝑘 − (𝛿𝜇(𝑙)−𝑖𝑗𝑘 + (1 − 𝛿) 𝜇(𝑙)∗−𝑖𝑗𝑘 )+ 𝛿𝜇(𝑙)−𝑖𝑗𝑘 + (1 − 𝛿) 𝜇(𝑙)∗−𝑖𝑗𝑘 − 𝜇(𝑙)∗−𝑖𝑗𝑘 = 𝜇(𝑙)−𝑖𝑗𝑘 − 𝜇(𝑙+1)−𝑖𝑗𝑘  + 𝜇(𝑙+1)−𝑖𝑗𝑘 − 𝜇(𝑙)∗−𝑖𝑗𝑘  .
(A.1)
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Similarly, the following is obtained𝜇(𝑙)+𝑖𝑗𝑘 − 𝜇(𝑙)∗+𝑖𝑗𝑘  = 𝜇(𝑙)+𝑖𝑗𝑘 − 𝜇(𝑙+1)∗+𝑖𝑗𝑘

 + 𝜇(𝑙+1)+𝑖𝑗𝑘 − 𝜇(𝑙)∗+𝑖𝑗𝑘  ;V(𝑙)−𝑖𝑗𝑘 − V(𝑙)∗−𝑖𝑗𝑘
 = V(𝑙)−𝑖𝑗𝑘 − V(𝑙+1)∗−𝑖𝑗𝑘

 + V(𝑙+1)−𝑖𝑗𝑘 − V(𝑙)∗−𝑖𝑗𝑘
 ;V(𝑙)+𝑖𝑗𝑘 − V(𝑙)∗+𝑖𝑗𝑘

 = V(𝑙)+𝑖𝑗𝑘 − V(𝑙+1)∗+𝑖𝑗𝑘

 + V(𝑙+1)+𝑖𝑗𝑘 − V(𝑙)∗+𝑖𝑗𝑘
 .

(A.2)

Therefore, one has 𝑑(�̃�(𝑙)𝑘 , �̃�(𝑙)∗𝑘 ) = 𝑑(�̃�(𝑙)𝑘 , �̃�(𝑙+1)𝑘 ) +𝑑(�̃�(𝑙+1)𝑘 , �̃�(𝑙)∗𝑘 ). Since �̃�(𝑙+1)∗𝑘 (𝑘 ∈ 𝑇) are the optimal solutions
obtained by (24) in the (𝑙 + 1)th iteration of Consensus Rule
1, one gets

𝑑(�̃�(𝑙+1)𝑘 , �̃�(𝑙)∗𝑘 ) ≥ 𝑑(�̃�(𝑙+1)𝑘 , �̃�(𝑙+1)∗𝑘 ) . (A.3)

Hence, we have

𝑑(�̃�(𝑙)𝑘 , �̃�(𝑙)∗𝑘 ) = 𝑑 (�̃�(𝑙)𝑘 , �̃�(𝑙+1)𝑘 ) + 𝑑(�̃�(𝑙+1)𝑘 , �̃�(𝑙)∗𝑘 )
≥ 𝑑 (�̃�(𝑙)𝑘 , �̃�(𝑙+1)𝑘 )
+ 𝑑(�̃�(𝑙+1)𝑘 , �̃�(𝑙+1)∗𝑘 ) .

(A.4)

Meanwhile, as �̃�
(𝑙)∗

𝑘 (𝑘 ∈ 𝑇) are optimal solutions
obtained by (24), it follows that

𝑑(�̃�(𝑙)𝑘 , �̃�(𝑙)∗𝑘 ) ≤ 𝑑(�̃�(𝑙)𝑘 , �̃�(𝑙+1)∗𝑘 ) . (A.5)

According to Definition 6, it is deduced that

𝑑(�̃�(𝑙)𝑘 , �̃�(𝑙+1)∗𝑘 ) = 14𝑚𝑛 𝑛∑
𝑖=1

𝑚∑
𝑗=1

(𝜇(𝑙)−𝑖𝑗𝑘 − 𝜇(𝑙+1)∗−𝑖𝑗𝑘


+ 𝜇(𝑙)+𝑖𝑗𝑘 − 𝜇(𝑙+1)∗+𝑖𝑗𝑘

 + V(𝑙)−𝑖𝑗𝑘 − V(𝑙+1)∗−𝑖𝑗𝑘


+ V(𝑙)+𝑖𝑗𝑘 − V(𝑙+1)∗+𝑖𝑗𝑘

) ≤ 14𝑚𝑛 𝑛∑
𝑖=1

𝑚∑
𝑗=1

(𝜇(𝑙)−𝑖𝑗𝑘 − 𝜇(𝑙+1)−𝑖𝑗𝑘 
+ 𝜇(𝑙+1)−𝑖𝑗𝑘 − 𝜇(𝑙+1)∗−𝑖𝑗𝑘

 + 𝜇(𝑙)+𝑖𝑗𝑘 − 𝜇(𝑙+1)+𝑖𝑗𝑘 + 𝜇(𝑙+1)+𝑖𝑗𝑘 − 𝜇(𝑙+1)∗+𝑖𝑗𝑘

 + V(𝑙)−𝑖𝑗𝑘 − V(𝑙+1)−𝑖𝑗𝑘
+ V(𝑙+1)−𝑖𝑗𝑘 − V(𝑙+1)∗−𝑖𝑗𝑘

 + V(𝑙)+𝑖𝑗𝑘 − V(𝑙+1)+𝑖𝑗𝑘
+ V(𝑙+1)+𝑖𝑗𝑘 − V(𝑙+1)∗+𝑖𝑗𝑘

) = 𝑑 (�̃�(𝑙)𝑘 , �̃�(𝑙+1)𝑘 )
+ 𝑑(�̃�(𝑙+1)𝑘 , �̃�(𝑙+1)𝑘 ) .

(A.6)

Combining (A.5) and (A.6), the following is obtained:

𝑑(�̃�(𝑙)𝑘 , �̃�(𝑙)∗𝑘 ) ≤ 𝑑 (�̃�(𝑙)𝑘 , �̃�(𝑙+1)𝑘 )
+ 𝑑(�̃�(𝑙+1)𝑘 , �̃�(𝑙+1)∗𝑘 ) . (A.7)

Observing (A.4) and (A.7), one gets

𝑑(�̃�(𝑙)𝑘 , �̃�(𝑙)∗𝑘 ) = 𝑑 (�̃�(𝑙)𝑘 , �̃�(𝑙+1)𝑘 )
+ 𝑑(�̃�(𝑙+1)𝑘 , �̃�(𝑙+1)∗𝑘 ) . (A.8)

For convenience, supposing 𝐷(𝑙, 𝑘) = 𝑑(�̃�(𝑙)𝑘 , �̃�(𝑙)∗𝑘 ), then
(A.8) can be written as

𝐷 (𝑙, 𝑘) = 𝑑 (�̃�(𝑙)𝑘 , �̃�(𝑙+1)𝑘 ) + 𝐷 (𝑙 + 1, 𝑘) . (A.9)

From (A.9), it is concluded that the sequence {𝐷(𝑙, 𝑘)} is
monotone decreasing with respect to the number of iteration𝑙. Since 𝐷(𝑙, 𝑘) ≥ 0, the limit of the sequence {𝐷(𝑙, 𝑘)} exists.
Taking the limit on both sides of (A.9) yields

lim
l→+∞

𝑑 (�̃�(𝑙)𝑘 , �̃�(𝑙+1)𝑘 ) = 0. (A.10)

On the other hand,

𝑑 (�̃�(𝑙)𝑘 , �̃�(𝑙+1)𝑘 ) = 14𝑚𝑛 𝑛∑
𝑖=1

𝑚∑
𝑗=1

(𝜇(𝑙)−𝑖𝑗𝑘 − 𝜇(𝑙+1)−𝑖𝑗𝑘 
+ 𝜇(𝑙)+𝑖𝑗𝑘 − 𝜇(𝑙+1)+𝑖𝑗𝑘  + V(𝑙)−𝑖𝑗𝑘 − V(𝑙+1)−𝑖𝑗𝑘


+ V(𝑙)+𝑖𝑗𝑘 − V(𝑙+1)+𝑖𝑗𝑘

) .
(A.11)

Plugging (33) into (A.11) generates

𝑑 (�̃�(𝑙)𝑘 , �̃�(𝑙+1)𝑘 ) = 14𝑚𝑛 (1 − 𝛿)( 𝑛∑
𝑖=1

𝑚∑
𝑗=1

(𝜇(𝑙)−𝑖𝑗𝑘 − 𝜇(𝑙)∗−𝑖𝑗𝑘  + 𝜇(𝑙)+𝑖𝑗𝑘 − 𝜇(𝑙)∗+𝑖𝑗𝑘  + V(𝑙)−𝑖𝑗𝑘 − V(𝑙)∗−𝑖𝑗𝑘
 + V(𝑙)+𝑖𝑗𝑘 − V(𝑙)∗+𝑖𝑗𝑘

)) (A.12)
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Combining (A.10) and (A.12), it is concluded that

lim𝑙→+∞�̃�
(𝑙)

𝑘 = �̃�(𝑙)∗𝑘 . Since �̃�
(𝑙)∗

𝑘 (𝑘 ∈ 𝑇) are optimal solu-

tions obtained by (24), they satisfyCI(�̃�(𝑙)∗1 , �̃�(𝑙)∗2 , ⋅ ⋅ ⋅ , �̃�(𝑙)∗𝐾 ) ≤𝛾0 which can be deduced from the constraints of (24).
Therefore, we have CI(�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 ) ≤ 𝛾0.

Theorem 13 is proved.

B.

Proof of Theorem 14. Letting 𝑁𝑙 be the optimal
value of (29) in l th iteration, then one has𝑁𝑙 = min

�̃�

(𝑙)

1 ,�̃�
(𝑙)

2 ,⋅⋅⋅ ,�̃�
(𝑙)

𝐾

∑𝐾𝑘=1∑𝑚𝑖=1∑𝑛𝑗=1(𝑥(𝑙)−𝑖𝑗𝑘 +𝑥(𝑙)+𝑖𝑗𝑘 +𝑞(𝑙)−𝑖𝑗𝑘 +𝑞(𝑙)+𝑖𝑗𝑘 ).
In virtue of (29), decision matrices �̃�

(𝑙)∗

𝑘 (𝑘 ∈ 𝑇) are also
feasible solutions in the (l+1) th iteration. Let 𝑁∗𝑙+1 be the
value of the objective function in the (l+1)th iteration on

feasible solutions �̃�
(𝑙)∗

𝑘 (𝑘 ∈ 𝑇). Suppose𝑁∗𝑙+1
= 𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝑥(𝑙+1)∗−𝑖𝑗𝑘 + 𝑥(𝑙+1)∗+𝑖𝑗𝑘 + 𝑞(𝑙+1)∗−𝑖𝑗𝑘 + 𝑞(𝑙+1)∗−𝑖𝑗𝑘 ) . (B.1)

The inequality 𝑥(𝑙+1)∗−
𝑖𝑗𝑘

≤ 𝑥(𝑙)−
𝑖𝑗𝑘

holds for any 𝑖, 𝑗, 𝑘, which can
be proved considering the following two cases:(1) If 𝑥(𝑙)−

𝑖𝑗𝑘
= 0, then we have �̃�

(𝑙)∗

𝑘 = �̃�(𝑙)𝑘 . As �̃�(𝑙+1)𝑘 =𝛿�̃�(𝑙)𝑘 +(1−𝛿)�̃�(𝑙)∗𝑘 (𝛿 ∈ [0, 1]), it is obtained that �̃�(𝑙+1)𝑘 = �̃�(𝑙)∗𝑘 .
Thereby, it is yielded that 𝑥(𝑙+1)∗−

𝑖𝑗𝑘
= 𝑥(𝑙)−
𝑖𝑗𝑘

= 0.(2) If 𝑥(𝑙)−
𝑖𝑗𝑘

= 1, then it is deduced that �̃�
(𝑙)∗

𝑘 ̸= �̃�(𝑙)𝑘 . When𝛿 = 0, one has �̃�(𝑙+1)𝑘 = �̃�(𝑙)∗𝑘 . In this case, one gets 𝑥(𝑙+1)∗−
𝑖𝑗𝑘

=𝑥(𝑙)−
𝑖𝑗𝑘

= 0. Otherwise, �̃�(𝑙+1)𝑘 ̸= �̃�(𝑙)∗𝑘 and 𝑥(𝑙+1)∗−
𝑖𝑗𝑘

= 1. Hence,
we have 𝑥(𝑙+1)∗−

𝑖𝑗𝑘
≤ 𝑥(𝑙)−
𝑖𝑗𝑘

.
Similarly, inequalities 𝑥(𝑙+1)∗+

𝑖𝑗𝑘
≤ 𝑥(𝑙)+
𝑖𝑗𝑘

, 𝑞(𝑙+1)∗−
𝑖𝑗𝑘

≤ 𝑞(𝑙)−
𝑖𝑗𝑘

and𝑞(𝑙+1)∗+
𝑖𝑗𝑘

≤ 𝑞(𝑙)+
𝑖𝑗𝑘

hold. Thus, one has𝑁∗𝑙+1 ≤ 𝑁𝑙. (B.2)

On the other hand, it holds that𝑁∗𝑙+1
≥ min
�̃�

(𝑙+1)

1 ,�̃�
(𝑙+1)

2 ,⋅⋅⋅ ,�̃�
(𝑙+1)

𝐾

𝐾∑
𝑘=1

𝑚∑
𝑖=1

𝑛∑
𝑗=1

(𝑥(𝑙+1)−𝑖𝑗𝑘 + 𝑥(𝑙+1)+𝑖𝑗𝑘 + 𝑞(𝑙+1)−𝑖𝑗𝑘 + 𝑞(𝑙+1)−𝑖𝑗𝑘 )
= 𝑁𝑙+1.

(B.3)

Combining (B.2) and (B.3), it is proved that𝑁𝑙+1 ≤ 𝑁∗𝑙+1 ≤𝑁𝑙. Therefore, the sequence {𝑁𝑙} is monotone decreasing.
Since 𝑁𝑙 ≥ 0, this concludes that lim𝑙→∞𝑁𝑙 exists and
denoted by𝑁0.

According to Cauchy’s test for convergence, there exists
a positive integer 𝑙0, the equality 𝑁𝑙+1 = 𝑁𝑙 when 𝑙 > 𝑙0. As

𝑁𝑙+1 ≤ 𝑁∗𝑙+1 ≤ 𝑁𝑙, one has𝑁𝑙+1 = 𝑁∗𝑙+1. Namely, �̃�
(𝑙)∗

𝑘 (𝑘 ∈ 𝑇)
are also the optimal solution in the (l+1)th iteration, which
implies that the number of adjusted preference values tends

to 0. Thereby, it is deduced that lim𝑙→∞𝑁𝑙 = 0. Thus, �̃�
(𝑙)∗

𝑘 =
�̃�
(𝑙)

𝑘 (𝑘 ∈ 𝑇). As CI(�̃�(𝑙)∗1 , �̃�(𝑙)∗2 , ⋅ ⋅ ⋅ , �̃�(𝑙)∗𝐾 ) ≤ 𝛾0, it is concluded
that CI(�̃�(𝑙)1 , �̃�(𝑙)2 , ⋅ ⋅ ⋅ , �̃�(𝑙)𝐾 ) ≤ 𝛾0.

Theorem 14 is completed and proved.
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