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This paper studies the problem of adaptive stabilization for a class of stochastic high-order nonholonomic systems. Under the
weaker assumptions, by constructing the appropriate Lyapunov function and combining sign function technique, an adaptive state
feedback controller is designed to guarantee global asymptotic stability in probability of the closed-loop system. The effectiveness

of the controller is demonstrated by a mechanical system.

1. Introduction

Ever since the stochastic stability theory was established by
[1, 2], the design and analysis of backstepping controller
for stochastic nonlinear systems has achieved remarkable
development in recent years; see [1, 3-12] and the references
therein. But these papers do not consider stochastic nonholo-
nomic systems.

In this paper, we consider stochastic high-order nonholo-
nomic systems

dx, = d, (t,0) ubldt + f, (x,0) dt + g, (x,,0) do,
dx; = d; (t,0) ulxl dt + f; (x, x,0) dt

+g; (x,x,0) da, 1)
dx, = d, (t,0) ulufdt + £, (xo, x,0) dt

+g, (x,x,0) da,

where x, € R and x = (xl,...,xn)T € R" are
system states, u, and u are control inputs, p; € R, 2
{p/qlp and q are positive odd integers,andp > g} are odd
integers, and g; > 0 are constants,i = 1,...,n.0 € R" is
an unknown constant vector. w is a r-dimensional standard

Wiener process defined on a probability space (Q, #, P) with

Q) being a sample space, # being a filtration, and P being a
probability measure. fy(x,,0) : R x R" — R, gy(x0,0) :
RxR" — R, fi(x5,%,0) : Rx R" xR" — R, g;(x¢,x,6) :
RxR"XR" — R',i = 1,...,n,arelocally Lipschitz functions.
d;(t,0),i=0,...,n, are nonlinear control coefficients.

Since many mechanical systems can be modeled by sys-
tem (1), a series of theoretical results have been obtained. To
mention a few, [13-16] investigated the deterministic case of
g; = 0.Speciallywhend, = p; = g; = 1and f; = 0, the authors
designed a continuous controller by proposing a sliding mode
control approach in [13]. When systems contain nonlinear
drifts and unknown time-varying coeflicients, [15] presented
an adaptive control approach to achieve sate-feedback sta-
bilization. High-order nonholonomic systems, that is, p; >
1, were introduced in [16]. The design procedure in [16]
combined the idea of a discontinuous change of coordinate
and adding a power integrator. However, it did not consider
nonlinear parameterizations. Because many practical control
systems such as biochemical processes and machines with
friction often contain unknown parameters, [14] studied the
problem of adaptive stabilization control design for a class
of high-order nonholonomic systems with strong nonlinear
drifts. Since stochastic noise frequently arises and is inevitable
in practical control systems, how to extend these approaches
to stochastic high-order nonholonomic systems is a very
interesting problem. When g; # 0, [17] studied the problem of
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state feedback stabilization for a class of high-order stochastic
nonholonomic systems with disturbed control directions and
more general nonlinear drifts. However, nonlinear param-
eterization and nonlinear drift term in x;-subsystem were
not discussed in [17]. Unfortunately, all these mentioned
results require that the nonlinearities f;(-) are dependent on
(x15 ..., x;). Naturally, an interesting problem is put forward:
For system (1), under weaker assumptions, can a stabilizable
state feedback controller be designed?

In this paper, we will provide a satisfactory answer to this
problem. By constructing the appropriate Lyapunov function,
skillfully combining parameter separation, sign function, and
backstepping design approach, an adaptive state feedback
controller is designed to guarantee global asymptotic stability
in probability of the closed-loop system. Finally, a simulation
example is used to demonstrate the effectiveness of this
approach.

The contributions and difficulties of this paper are high-
lighted from three aspects.

(i) The system under consideration is more general than
those investigated in [13-17]. System (1) has unknown con-
trol coeflicients and permits unknown parameters to enter
nonlinear equations. Nonlinear functions f;(-) are dependent
on (xy,...,x;,,;), which makes discontinuous change of
coordinates be inapplicable to the adaptive state feedback
control of systems (1). In this paper, we propose a novel design
approach to solve this obstacle.

(ii) The unknown growth rates of the upper bounds
of f;(-) and g;(:) are extended; see Remark 13. Therefore,
some new mathematical tools, such as sign function and
transformation technique, are introduced to simplify the
construction of Lyapunov function.

(iii) An practical example for mobile robot with small
angle measurement error is modeled and solved by the
proposed approach.

This paper is organized as follows. Section 2 gives some
preliminaries. Section 3 presents the design and analysis
of the adaptive controller, following a practical example in
Section 4. Section 5 concludes this paper. The proofs of
Propositions 16-19 are given in Appendix.

2. Mathematical Preliminaries

Some notations and definitions will be used throughout this
paper. R" stands for the set of all nonnegative real numbers
and R" denotes real n-dimensional space. For vector y =
(Xt>--->Xn) "> X; represents (xy,..., x;) - For a given vector or
matrix x, x' denotes its transpose, |x| is the Euclidean norm
of a vector x, and Tr{x} denotes its trace when x is square.
€' denotes the set of all functions with continuous ith partial
derivatives. % denotes the set of all functions: R* — R*
that are continuous, strictly increasing, and vanishing at zero;
F -, denotes the set of all functions that are of class % and
unbounded. For any y € R, sign function sgn(y) is defined
assgn(y) = 1if y > 0;sgn(y) = 0if y = 0 and sgn(y) = -1
if y < 0. For simplicity, we denote [y]? = |y|’sgn(y). The
arguments of functions are sometimes omitted or simplified,
for example, a function f(x(t)) is denoted by f(x) or

f.

Mathematical Problems in Engineering

In what follows, we present some definitions and lemmas
which will be frequently used in the design and analysis of
controller. Consider stochastic nonlinear system

dx = f (x,0)dt + g (x,0) dw,
x (tg) = xo € R,

2)

where w is a r-dimensional standard Wiener process defined
on a probability space (Q, F, P), x € R" is system state, 0 €
R™ is an unknown constant vector and the functions f : R" x
R™ — R" and g : R" x R" — R™ are locally bounded
and locally Lipschitz with respect to x.

Definition 1 (see [1]). The equilibrium x(¢) = 0 of system (2)
with £(0,6) =0, g(0,0) =01is

(i) globally stable in probability if for any ¢ > 0, there
exists a class & function r(:) such that P{|x(t)| < r(x,)} >
1-¢ foranyt >0, x, € R"\ {0}

(ii) globally asymptotically stable in probability if it is
globally stable in probability and P{lim, ,|x(t) = 0]} = 1,
for any x, € R"

Lemma 2 (see [1]). For system (2), if there exists a ‘ngunction
V(x) : R" — R" and class K , functions a, (-) and a,(-), such
that

a (Ix) sV (x) <o (Ix),

v =2 f 0
(3)
1 O’V (x)
+ ETr {gT (x,0) axzx g (x, 9)]>
<-Wi(x),

where W (x) is a nonnegative continuous function, then, for any
x(t,) € R,
(i) there exists an almost surely unique solution on [t;, 00)
(ii) the equilibrium x = 0 is globally stable in probability,
and the solution x(t) satisfies P{lim,__, W (x(t)) =0} =1

Lemma 3 (see [18]). For any real-valued continuous function
h(x, y), where x € R™, y € R", there are smooth scalar
functions ¢(x) > 1 and d(y) > 1, such that |h(x, y)| <
c(x)d(y).

Lemma 4 (see [19]). Let x, y be real variables, then for
any positive real numbers b, ¢, d and continuous function

a(-) = 0, one has a(-)|x|°|y|? < blx|™ + (d/(c + d))((c +
d)/c)*c/da(')(C+d)/dbfc/d|y|£+d'

Lemma 5 (see [20]). f(x) = [x]? is continuously differen-
tiable and f(x) = alx|*, where a > 1, x € R. Moreover,

df (x(t))/dt = alx(®)|* ' x(t).

Lemma 6 (see [20]). Ifp = a/b € R}, b > 1, then |xP—yP| <
21718 157 - [y]“ll/bfor any x,y € R.

Lemma 7 (see [20]). For givenr > 0 and everyx € R, y € R,
lx + y|” < C,(Ix]" + |y|") holds, where C, = 2" if r > 1 and
C,=1if0<r<1.
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Lemma 8 (see [20]). Let f : [a,b] — R be a continuous
monotone function with f(a) = 0; then |I: flx)dx| <
Lf(®)IIb - al.

3. Design and Analysis of Adaptive Controller

3.1. Problem Formulation and Assumptions. The aim of this
paper is to design an adaptive state feedback controller
for system (1) to guarantee global asymptotic stability in
probability of the closed-loop system. We need the following
assumptions to achieve this aim.

Assumption 9. The sign of d;(¢,0),i = 0,...,n, is assumed to
be positive, and there exist smooth functions 0 < A;,(t) <
Ai(t,0), such that

0 <Ay (1) <d; (£0) < Ay, (£,6). (4)

Assumption 10. For smooth functions f;(x,,0) and g,(x,, 0),
there exist bounded smooth functions o(x, ), S(x,,6)
such that

fo (x0,0) = xp09 (x,6) »
9o (x0,0) = x 3 (%0, 0).

Assumption 11. For i = 1,...,n, there exist nonnegative
continuous functions «;(x,, X;, 0), 3;(x,, X;, 0) and a constant
T satisfying —r,, < T < 0 such that

|fz (xo,x,0)|

< (lel(mf)/ﬁ et |xi|(ﬂ~+f)/ﬁ)ai (x4, %1,6)

@)

+ Ciugidi t,6) |xi+1 |(Ti+T)/"i+1 , (6)
|9 (%0, %, 0)]

< (IXI|(21’,~+1')/2r1 ey |xi|(2r,-+‘r)/2ri) ﬁi (XO,EP 6) i

where r,,, is a given positive constant and r,---, r, are
recursively defined by r;, = p;r;,;, — 7 and nonnegative
constants ¢; < 1/2P71,

Remark 12. Assumptions 10-11 imply that f,(0,0) = 0,
90(0,0) =0, £,(0,0,0) =0, g;(0,0,0) = 0,i = 1,...,n; that is,
origin is the equilibrium of system (1).

Remark 13. Assumption 11 enlarges the scope of nonholo-
nomic systems. Specifically, if state x;, ; does not appear in the
nonlinear function f;(-), Assumption 11 is degenerated into
the following form:

|fz (%0, %, 0)|

< <|x1|(n+r)/rl P lxil(ri+r)/r,.> o (xo’xi’e) ’
(7)
lgi (%0, %, 9)|

< (|x1l(2ri+‘r)/271 bt |xi|(27i+‘r)/2ri) ﬁi (xo,fi,e) ,

where r; = 1,7, = 1 + (i — 1)7 with 7 being a constant for
eachi = 1,...,n. Particularly, when 7 = 0, (7) becomes the
following growth condition:

|fi (Xo>x’9)| s (|x1| +eoet |xi|)“i (%0, %;,0),

|9: (0 2%, 0)] < (Jos] + -+ + i) Bi (260, X, 0) -

If o; (x, x;, 0) and B;(x,, X;, 0) are constants, (8) becomes the
linear growth condition in [21]. If &;(x, X;, 0) and S;(x,, X;, )
are smooth nonnegative functions, (8) becomes the linear
growth condition in [22, 23]. When 7 = —p/q € (-2/(4n +
1),0) with p being an even integer and g being an odd integer,
condition (7) becomes the low-order growth condition in
[24, 25]. Assumption 11 extends the value of 7 to an explicit
interval rather than a ratio of an even integer over an odd
integer.

Remark 14. By Lemma 3, there are smooth scalar functions
Xijz(t) > 1, ai(xg, %;) = 1, Bi(xg,%;) = 1,i = 0,...,n, and
®(0) > 1 such that

Aig () <d; (t,0) < ;, (1) @,

| fo (%0, 0)] < |x0] %o (o) ©,

|90 (%0, 0)| < |xo] By (%) ©,

Ifz (xo’ X, 0)|

< <|x1|(fi+f)/f1 b g Ixil(fﬁrf)/fi)ai (xo’xi) 0 9)

; (ri+7) /174
+ ciug d; (t,0) |xi+1| ',

|9: (0, . 0))|

< <|X1 |(2ri+‘r)/2rl

@ri+7)/21;\ 5 —
< ot | )B (x0, %)) ©.
3.2. Stability and Convergence Analysis. We state the main
result in this paper.

Theorem 15. If Assumptions 9-11 hold for system (1), under
an appropriate controller, the origin of the closed-loop system
is globally asymptotically stable in probability for any initial
condition.

Proof. The proof is based on inductive argument. Firstly,
we design an adaptive controller by considering two cases:
xo(ty) # 0and x,(t,) = 0.

Case I (x4(t,) # 0). The structure of system (1) means that the
design procedure is divided into two separate parts.

Part I (design of controller u). Let us consider x,-subsystem
in system (1), define @, = Ag’llmax{)tg}l, ®,®?%}, and choose
Vo = x3/4+(Ag,/2)®;, where ©, = ©,-0,. From Remark 14,
it follows that

3 _
LV, = x(3) (doug" + fo) + zTr {gox?)gg} = 10,109,9,

a 4 a 4 3 Po — 4
< ———x, + — X, + xgdguy” + O, (%) X,
Ao Ao



3 ,=2 4 —
+ EG’ By (%0) X = 20,1009

d -
< —Aixg + /\O)lxg (A—oug‘] +h(x) ®0x0>
0.1

0,1

- /\0,1@0 (60 - xéh (xo)) >
(10)

where a is a positive constant and h(x,) = a + oy(x,) +

—2
(3/2)By(x,) is a positive smooth function. Substituting the

adaptive controller
— 1/py
—(xoh(xo) V02 + 1) ,

@o = X§h (xo)

(1)

into (10) leads to

a
gVO < —mxg. (12)

The succeeding proposition characterizes the features of x,-
subsystem.

Proposition 16. If Assumptions 9-10 hold for x-subsystem,
controller (11) guarantees that

(i) x,-subsystem has an almost surely unique solution on
[ty 00) for any x,(t,) # 0

(ii) the equilibrium x, = 0 of x,-subsystem is globally
asymptotically stable in probability

(iii) the solution of x,-subsystem and u, does not cross zero
for any x,(t,) # 0

Proof. See Appendix. O

Part II (design of controller u). In this part, we need
to consider x;-subsystem in system (1). With the help of
Proposition 16, controller u will be recursively constructed by
applying the adding a power integrator approach. Before the
beginning of recursive design, we define ®, = max{l, @, @2}
and state transformation

& =[x =117 % =0,
& =] - 517",

x; =-¢ (x07x1)@1) [51172/0 >
(13)

/1) %«70/7,
& = [xd” - [xk] “
% — = /o
X =~y (xo,xk_1,®1) [&er [,

where o is a positive constant satisfying the relationship o >
max{p;7,,..., Putni1)> O is the estimate of ©,, and functions
i () satisfying sgn(¢) = sgn(u*) will be determined later.
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To solve the problem caused by sign function, the definition
of Wy (x, Xy @) is given by

Wk (xo, Ek’ @1)

Xk (4lo—t-1.)]0
= [ s T T s
o

k

(14)

where k = 1,...,n and 4l is an even number and satisfies
(4l-2)o =T+

Proposition 17. W, is €* function and satisfies Cy,|x; —
x*|(4la—r)/rk < Wk < Ck2|5k|(4la—r)/0) where Ckl —
2= lo=T=roT (. J(4lg — T)), Cpy = 2V k= 1,.. 0.

Proof. See Appendix. O

To obtain the expression of u, we determine ¢, ,- - -, ¢,, by
induction, the design procedure is implemented as follows.

Step 1. Let V, = W, +(1/2)0?, where ®, = ©,
(13), (A.3), (A.7), and Lemma 7, we get

- @1. By using

(4lo—1-r1)/
ffVlﬁ[fJM 0( U xz +f1)

+ 4lo — 7 — 8] |Ell((4l—1)a—r—r1)/a |xl|(¢7—r1)/r1 |

|2
2r,

1

- 9,0, < —nél +nE!

(4lo—t-ry)/ *
+[&] o Udl”o (xgl xzpl)
| (15)
+ [&]Mzaq_rl)/a dl”glx;P1 - @1@1

4lo -1 - Do—1— —2
+ - L |E1l((4l 1o-1-1)/0 |x1|(<7+r1+r)/r1 ﬁ1®2
1

i [El-l(uafrfrl)/a
(l 1|rl+r)/r1 @0 +cdyug |x2|P1>‘

Clearly, the application of the fact [£, 1™ /7g @ 7P <
0 implies

€] (4lo—1-1))/0 Wi d,
+ {51](4104_?1)/0 cidyug' |xz|P1

< [511(410*741)/0 ugldlxzpl

e e ol (o

N l£1|(4l(f—‘r—r1)/(f &y Jug|® |£2|(r1+‘r)/a

< T6 10 dyit (1-7,) 57

n l£1|(4l(r—‘r—r1)/a Eldl |uo|q1 |Ezl(r1+‘r)/a
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where¢, = 277 ¢, isa positive constant. Substituting (16) into
(15) and choosing

- 1
BT (A g (1-2)
1/p
'@1 (al tht ——/——— Alo-—r-n ﬁ1>> {El]ma )

= -¢ (XO’xl’ @1) [El]rz/a >

one has
LV, < —nf‘lu + [EJWU*FTI)/U dyul ( P x;pl)
+ (‘I’1 - @1> (@1 + 111) (18)
eydd | |£1|(4la—‘r—rl)/a |£2|(r1+r)/a ’
where ¥, = &(«, +n+((4la—‘r—r1)/2r1)ﬁf) >0and#; =0.
Step k (k = 2,...,n). At Step k — 1, assume that there exists a

% function V,_; and virtual controllers x} - -, x; such that

LV
k-1
<-(n-k+2) Y&
i=1

" |'£k_l'|(410*1'*fk71)/0 d_ lu% 1 ( i}m _ x;Pkfl) (19)

+ (\Pk—l - @1) (@1 + ’7k—1)

+ G iy o™ |£k—1|(4lafT7rk’l)/" |Ek|("k—1+’r)/0'

where ¢,_; = 2717 ¢,_| is a nonnegative constant and
4l
0<%, < (El + 5k—1) Pr-1> (20)

for a €% function ¢;_, > 0. In what follows, we prove that
(19) also holds at Step k. To prove this point, considering V. =
Vi_1 + Wy, we deduce from (19) and (A.3)-(A.13) that

FA
k-1
<-(n-k+2) Y&
i=1
lo—T-1,_1)/0 1 1 # Pr-1
+[fk—1](4 el dk—lu(q)k ( ik _xkpk )
aWk»L Py —_
+—0,+(¥._, -0 O, +1._
a®11 (kl 1)(1’1k1)

+ Gk |1/i0|qk'1 |Ek71|(4l[77177’<-1)/“ |Ekl(’k-1+f)/0

oW, ow,
Ty (8 10) G (ot + )

5
1 awk ow, ,
t3 |0| Z ox (duo 1+1+fl)
1 82W 15 [0°w,
+ 3 k I k| 121: axik |gl|
1 aZ 1
T2 |ox, axax o]
1| o*w,
EZ 3o, | 191195
1 52| ow,
) ; ax,.a;j lai g7
(21)

We give the following proposition, whose proof is placed in
the Appendix.

Proposition 18. There is a smooth function o such that

Irgk—1-|(4lg_1_rk71)/a dk_lugk—l (xfk—l _ xZPH)

a a3 (douo +fo)+ iaaﬂ(d”o’ 1+1+fl)

i=1

oW, aZW o*wW,
a—f Eo \ g,
a Wk 2
+ 2413 || k| il
1 a k*l 2 i .
"2 |ox 1 9x,0%, 9 lgo| (22)
1 k-1 aZWk .
E ; ax,.axj |gi||gj|

+ Cr1diy lu0|‘1k-1 |£k—1l(4l‘747rk_1)/0 lgkl(rk_lﬂ)/a

< _2541

0,0,&!

N Ekdk |u0|qk |Ek|(4la—‘r—rk)/0 |£k+1|(rk+r)/o

[l M di fu| ™ [ |

where ¢, = 2P is a nonnegative constant. Substituting (22)
into (21), we arrive at

ng<—<n k+ — )241
+ (qlkfl - @1) (@1

W,
+ 1’]k71) + adkuo xi’_:_l



ow,
+ akﬁ;il@l + k®1

1
+ Ekdk |u0lqk |£k|(4la‘—‘r—rk)/0 l£k+1 I(rk+‘r)/0

|Ek|(4la e diCi |”0|q |Xk+1|pk

(23)

Obviously, defining ¥, = ¥)_, + E,‘fl(ak +n—k+14/13) and
Nk = Mot — OW,/0@,, it follows from (20) that 0 < ¥, <
E g 521)¢k, where ¢, = max{@;_, 0, +n—k+14/13} is
a nonnegative smooth function. With this in mind, (23) can be
rewritten as

LV < (n k+— > ZI;"” + ( ) (@1 + nk)
a
it
n Ekdk Iuolqk |Ek|(4l‘7*1'*”k)/‘7 |£k+1|(rk+r)/a (24)

e T A | |

— 14
+ E,fl®1 <ok +n-k+ 1—3) + 1 Wiy

— i Wy

With the help of Lemma 4, one has

I~ 14
[ et — 11 ¥e| < |’1k—1f: 0, ("k tn-k+ E>|
W,
+ Tl‘ljk (25)
< 2541 AR

which, together with (24), implies that
k — —_
LV <-m-k+ 1)25?1 + (‘I’k - @1) (@1 +11k)
i=1

lo—7—
1617 i (s, - x5 0)

0—T—1)/0 » roaT) o 2
+ (fk](‘” )/ (d l (l_ck)xkkar[m(k o (26)

14
0, (¢k +op+n—k+ E)) + Crdye [uo|™

>

. IEk | (4lo—1-1) /0 |£k+1 |(rk+'r)/a

where @, > 0 is a smooth function. It is easy to see that the
virtual controller

" 1
Xp,=-| —
e <)lk,1”gk (1-¢)
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A 14 1/pk
) <(pk+o-k+n k+ 1—3)) [fk]rk“/a

=~ (x0>§k’@l) [fk]rk“/a’
(27)

renders
k
LV <-(n—k+1)YE!
i=1

i |r§k-|(4la—‘r—rk)/0 dkugk (xpk _ x*pk)

k+1 k+1 (28)
+ (‘I’k - @1) (@1 + nk)

+ Ekdk |u0|qk |Ek|(4ZU*T*Tk)/U |£k+1|(rk+r)/a

>

which still holds for k = n. Hence at last step, we can explicitly
construct a positive-definite and proper Lyapunov function
V, = V,_1 + W, and a smooth controller x, | with form (27)
such that

A —i&?’ +(%,-6,)(®,+7,)

S N 29
+ [En-l(4la T-1,)/0 dnug" (M‘D" x pn) ( )

n+l
(4lo-1-1,) /0
En | |En+l

Noting&, ., = 0, by choosing the smooth actual controller u and
the adaptive law for ®,,

n )/o

+¢c,d, luo

u=x,,=-¢, (xo,in, @1) [En]r””/a , 8, =¥, (30

we get

v (31
i=1

The succeeding proposition characterizes the features of x;-
subsystem.

Proposition 19. If Assumptions 9-11 hold for system (1),
controllers (11) and (30) guarantee that

(i) the closed-loop system has an almost surely unique
solution on [t,, 00) for each (x,(ty), ..., x,(ty), @l(to))

(ii) the equilibrium of the closed-loop system is glob-
ally asymptotically stable in probability, P{lim, ., |x(t)| =

0} = 1, P{limt_,oo@l(t) exist and is finite} = 1 for each
(21 (tg)s - - x,(tg), ©1(2y))
Proof. See Appendix. O

Case II (x,(ty) = 0). When x,(t,) = 0, how to select the
controllers 1, and u is an interesting topic. If the initial state
is zero, one chooses an open loop controller 1, = u; # 0
to drive the state x, away from zero; a novel controller u =
u” can be obtained by the above procedure of original x;-
subsystem in (1). So there exists £, > 0 such that x,(¢,) # 0;
after that, controllers v in (11) and u in (30) can be used.
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In view of the argument above, there exists an adaptive
controller, such that the equilibrium of the closed-loop
system is globally asymptotically stable in probability for any
initial condition. The proof of Theorem 15 is completed.

4. Simulation Example

Consider the bilinear model of a mobile robot with small
angle measurement error [26], which is described by

: &
X, = 1—5 v,

Y. =0v+ev, (32)

6 =w,

where ¢ is a small bias in orientation. » and w are two control
inputs to denote the linear velocity and angular velocity,
respectively. Since stochastic disturbance frequently arises
in practical control systems, when the angular velocity w is
subject to some stochastic disturbances, w can be expressed
as w(x,, ¥.,0) = w(x,, ¥, 0) + 0, (x,, ¥, 0)B(t), where B(t) is
the so-called white noise [2]. Then system (32) is transformed

into
2
dx, = (1 - i>vdt,
2

33
dy. = (0v + ev)dt, (33)

df = w,dt + w,dB.

For system (33), by taking the state and input transformation
Xo = Xp X1 = Voo X, = 0+ & Uy =, Uy = w;, one has

2
dx, = (1 - %)uodt,

34
dx; = x,u,dt, (34)

dx, = u;dt + w,dB.

System (34) is a special case of system (1). For simplicity,
we assume 1 — /2 > 0, w, = x,sinx,;, and x,(0) # 0.

Following the above design process, an adaptive controller
can be explicitly given

Uy = —Xg,
—~ [_ 14
u; = -0, (‘Pz"‘a*'E){gl-l’ (35)
- 14
0, :fo+f§(a+ﬁ),
where & = [x1, & = [x] - 20,4'¢]1, 9, =

lugl ™ (0 + 14/13)*PE + &), 0 = 231.7u00° +
60, + 12@‘11/3 + 231.7. By choosing ¢ = 1 and initial
values (x,(0), x,(0), x,(0), ®,(0)) = (2,-0.25,2,1), Figure 1
demonstrates the effectiveness of the control scheme.

5. Conclusions

This paper investigates adaptive state feedback stabilization
for more general stochastic high-order nonholonomic sys-
tems. There still exist some problems to be investigated; for
instance, we have the following. (1) The result in this paper
can be applied to the case of p; € RZ, . However, if p; is an
even number or a ratio of odd integer and even integer, it is
unclear whether the control strategy can be applied or not. (2)
Recently, some results on stochastic nonlinear systems with
SiISS dynamic uncertainty have been obtained [27-35]. An
important problem is how to solve adaptive feedback control
for stochastic nonholonomic nonlinear systems with SiISS
dynamic and parametric uncertainties.

Appendix

Proof of Proposition 16 . It is not hard to prove that @,
is bounded. By using (12) and Lemma 2, the equilibrium
xo(t) = 0 of x,-subsystem is globally stable in probability
and P{lim, ,_|x,(t) = 0]} = 1 for any x,(t,) # 0. By
Definition 1, the equilibrium x,(t) = 0 of x,-subsystem is
globally asymptotically stable in probability. Substituting (11)
into (1), it is easy to obtain

dx, = <—d0h (x0) V@2 + 1 + o (%0, 9)> x,dt

+ By (x0,0) xpdw,

(A1)

whose solution is

xo (1) = x (£,) exp (L <—d0 (5,0) (% () \VO2 + 1 + g (x (5), 0) — %[5’3 (%0 (5),0) By (x0 (s), 9)) ds

" J: BT (x, (5).6) dw) .

By using Lemma 2.3 in [2], for any x,(t,) # O, there
holds x,(t) # O for any t > t,, which implies that

(A.2)

u, does not cross zero. The proof of Proposition 16 is
completed. O
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FIGURE 1: Trajectories of x,, x;, x,, ®,, u, u;.

Proof of Proposition 17 . From (14) and Lemma 5, we obtain By using (A.3), (A.4), and Lemma 5,

aWk (4lo—t-r1) /o
axk = [fk] > (A.3) aZWk _ 4o -1-1; |E |((4l—1)0‘—1—rk)/(7 |x |(a’7k)/rk (A7)
/ 0x; 7y k k ’ )
%0/
oW, 4l0—‘r—rka([xk] k)
Tk _ _ 2
Ox. o Ox. 8Wk= @A-NYo-1-1,
! ! (A.4) ox2 o

(W-1)o-1-1)/0 !

[s17% = [ 17"

Xk
. J S,
. oty 2
% oy 2o, |01 o a([xZ] ! )
wherei = 1,...,k — 1. Exactly following the same procedure : J s = T ds| —5,—
as in the proof of (A.4), we get K ' (A.8)

*70/7 *10/1;
W, dlo-1-19 ([xk] k) S o@D (11 k)
0, o 00 B L* [ = 52
! ! (A5) ' ’
. Jxk [S]U/Tk _ {x;‘lﬂ/fk (@-No-r-rd)/o s, lo-7- e
e o
oW, dlo—1-1 0 ([XZ ]G/rk) Similar to (A.8), it follows that
ox, o ox
0 0 (A.6) *w, [ @-n
Xk . ((4l-1)o-1-11) /0 k -1lo-1-1
' J . [S]U/rk - {xk-lo/rk T ds. ox3 o
Xk
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a/m\\ 2 4lo—1-r
Xk —2)o-1-13)]0 0 1o . 7k
. J [S]a/rk _ [xz-lalrk ((41-2) )/ ds( ([);k] ) ) o
B *o (A9)
N o 2 [x*]cf/fk
k o/r ¥70/7k ((4l-1)o—-1-1)]0 k
[ - BALID
i 0 Moreover, it is clear that
4l-1o-1-1 #1017
2 2 -k
0°W, _ 0°W, __4la—T—rk |€k| o a([xk] ) (A.10)
0x;0x;,  0x;0x; o 0x;
%707y
aZWk _ BZWk B _410 —T—T1 |£ |((4171)a—r—rk)/a 0 ([xk] ) (A1)
0x00x).  0x;.0X, o k 0x, ’
#70/1 #70/1,
o'W, _ *W, _ @-1o-1-r; J"k (o]0 — {x*]g/,k (4-2)0-1-1)/0 dsa ([xk] k) 9 ([xk] k)
0x;0x,  0x,0x; o x: k ox; 0x,
(A12)
2 #1(0/ry)
0 aqofn| (@ Do-rroe | O (1) o — ¢ - r
- [s177% =[x ds ,
x: 0x;0x, o
%70/7, %70/,
o*wW, _ *W, _[@-1o-1-n, Jxk (S — ] (@-2)0-7-1,)/0 dsa ([XH k) 0 (fxﬂ k)
(A.13)
2 %70/,
i (1 P
Xt k 0x;0x; o ’
where j = 1,...,k — 1 and j # i. From the expression  If x; < x;,in a similar way,
of xi, we know that a([x;1°/)/dx;, 9*([x;1°/)/ox?, R
(1) axdx,, A(Txp 1) 0xdx0 A1) foxg  Wi(%0 %0 8)1)
a({xma/rk) /0@, are continuous functions. It isAstraightg e dla-t-nfor, Tk (< — ) (lo—)/r, (A.16)
forward to deduce the conclusion that W (x,, X, ®,) is € = 4o — 7 kT Xk :

function.

The rest of proof is divided into two steps. Firstly, we
prove the right side of inequality in Proposition 17. In view
of Lemmas 6 and 8, one concludes that

Wk (.xo, fk, @1)

. /
< |g | eI gt T (AL4)

[6017" = [ 17"

_ 21—rk/o |Ek|(4la—r)/0 _

The next work is to prove the left side of inequality. The issue
can be solved by considering two different cases. If x; > x;,
then [s]%/™ - [x,’;]”/rk > 0, where x; > s > x;.. By Lemma 6,
we obtain

Wi (xo>§k»@1)

N J'Xk (sz/‘f_l (S_x;:))(4la—17rk)/rk ds

» (A.15)
_ 2(rk—a)(4la—1—rk)/ark Tk (xk _ x;)(4la—r)/rk )

Combining (A.15) with (A.16), the proof of Proposition 17 is
completed. O

Proof of Proposition 18 . Since p_;,k =2,3,...,n+ 1 are odd
integers, by using Lemma 6,

[ =P < 2 P (A)

According to (A.17), Remark 14, and Lemma 4, it follows that

(4lo-1-13_1)]0 _ _ * D
(&1 o dk—l”gk ' (x,f" Lext 1)
. (A.18)

4] 4]
S E€k71 + O’kl®1£k >

where 0y, is a positive constant. It is easy to deduce from (13)
that

*

a(I<1"")

0x,

oy "
0x,

< &
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o(~[x,17"")

alr,

+ |¢k—1| ‘ axo
SE= a/n (/)U/rm ”/rk
<% [t ol

k-1
< ZV’LI |£J|’

j=1

(A.19)

where;, = max{([T{} ¢, |"/'l+1)|a¢"”f“ 1930, 10657 [0, 1,

j=1...,k-1,are contmuous functlons It follows from
(A.6), (A.19), Remark 14, and Lemmas 4 and 8 that
awk

%, ( o”o +f0) ('douo |+|fo )lf I 1ot

dlo-1-71 (4l-1)a/ A.20
—k|£k410021//]1|£| 13;:[1 ( )

4l
+03,0,§;,

where 0, > 0 is a smooth function. According to (13) and
(A.19), we arrive at

R (|’ TT/Tk)

axo

a/rk

aZ O'/rk

o ([xk]a/rk)

0x,

lgk 1|

kzza(nl S ol o] fox, ) :

. (A.21)
2 o 15l
« a/rj
k=2 k-1 aqf/rfﬂ aij] )
0/ J
+ J; 11;.11 |¢l| axo axo

k-1
< YvialEls
j1

wherey;, >0, j=1,...,k - 1, are continuous functions. By
using (A.9), (A.19), (A.21), Remark 14, and Lemmas 4 and 8,
one has

BZWk l | fk/a- 410 -7 T"k
ol = o
g e

o
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<zll/11|£|> |€k _T/Ulf |(4l 1)o/o

k-1
L oa 4l
: ZWjﬁ 'E]l < EEk*l +0130,&;,
=1

(A.22)

where 0;; > 0 is a smooth function. From (13) and Lemma 7,
one arrives at

§ (k+ )/
) N tT)/T;
i= | 1|

<

M=

(Ig |(rk+r)/o +¢rk+r VT |Ez 1|(rk+r)/a)

Il
—

i

i (21 +7) /27,
|xi| k i

i=1
(A.24)

M»

(2r+7) /2 2 2r; (21 +1) /2
(|€| 1T ¢7+¢i(7:k+‘r)/r |£i71| T o))

11
—_

i

where ¢, = 0 and &, = 0. By (A.3), (A.23) and Lemma 4, it is
easy to verify that

0 k (4lo-1-1.)] 0
— X f <
i< (5]

k
S (1 g

i=1

(rk+‘r)/r |€ 1|(1fk+'r)/0)®1 &
1—

+ G dj |”0|qk |fk|(4lg_1_rk)/g |xk+1|Pk <

1 k-1
— Y&l (A29)
135

+ 0k4®1£;:l + Crdy |”o|qk |fk|(4la_r_rk)/g

(n+m)/o = q (4lo-1-1}) /0
'|5k+1| : + Cedy |“0| ‘ |fk| ‘
* |P
: |xk+1| ‘
where 0, > 0 is a smooth function. Based on (13), one has

o([x17")
ox;

1

k— k— U/”jﬂ oln
a( l:l1 Hj:ll‘/)j [xﬂ )
ox;

1

<

_ 1—[¢U/r]+1 (|£ (e glomr |£i_1|<“‘rf)/"> (A.26)

(Hl]c 11¢0/TJ+1)

.y 5| (] 67l
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Similarly, by using (13), (A.4), (A.23), (A.26), Remark 14, and
Lemma 4,

Za_ (d 1/!0’ Hl—l +f1)

i=1

kol il (ri+71)/0 ) : (ri+1)/0
<3 3o (5] e )
i=1 j=1
(A.27)
%10/
_FX4ZU_T_rk21_rk/U a([xﬂ )
I ox;

1

& |(41 Do-n)fo _ %Z +ak5®1f;il>

where 05 > 0 is a smooth function and F = max{u, (1 -
¢)A; 5, ;). Because of (A1), (A.19), (A.24), Remark 14, and
Lemma 4, the following always holds:

o'W,
0x,.0x,

1
2

k
|9kl 'gg' < Zﬁoﬁk |xo| ©;
i=1
a(I1")

0x,

4lo-1-1, |f |((4l—1)07‘r71‘k)/0'
el (9

20 (A.28)

. (lEil(Zrk+T)/20‘ + (pl(Zrl*k+T /2r |El 1| 27’k+T)/20‘) <

1
13
k-1
DXART MR

i-1

where 034 > 0 is a smooth function. Using (A.7), (A.10),

(A.24), (A.26), and Lemma 4, one has

W o1
Z axkaxi |gk| 'gz ' < 5
kflizt: 410 T -1 |£ |(4llo“[rk)/
l
i=1[=1 j=1

3 |' *'lU/?’k
( X ) (|£l|(2rk+r)/20 (A.zg)

(2r;+71)/20

2 2 (21 +7)/2
+¢l Te+T) /27 |£l_1l Tet+T 0) % (lEJ

(2r;+7)/27; (2r+1)/20 1 c 41
+¢j_1 5,‘—1 _3Z
I
+‘7k7®1£2’
azwk
lgl” < Z/J’k®1

4lo+qg, —r I-1)o—7—
. Z‘ik k |Ek|((4 Do-t-1)/0 ka|(0+7)/rk

1

(2 )/2 2 )/2 (2 )/2
% (lf,l Tt T a+¢l( :kﬂ/ Ty |E; 1| T 0)

1 k—
< _32 + 0k8®1€21’
i=1
(A.30)

where 0y, > 0 and 0, > 0 are smooth functions. In terms of
(13) and (A.19), it follows that

P ([ ]G/Wk)
0x;0x,

aZ U/"k
ox; ax

|1

20 (IS 617" [og}"™ 1axy
Z(lJl laxi |>|£]|

=1
o/rig
k-2 k-1 op; aE
U/rl+l J
v 3 Tl | |5
12111;[1 0x, 0x;
% |00k
ox; axo (A.31)
aZ U/rk
|&k-1]
axax
a/rﬂ O'/rj+1
kzza(nl Il 097 foxo) "
L ox; j|
j=1 !
olr; #7917
k=2 k-1 3¢, |0 [xj]

+ ‘7/ T41
j; lﬂl i 0x, ox;

3(Ixia™)
ox;

1

a¢¢7/rk

0x,

+

Combining (A.12), (A.24), (A.26), (A.31), Remark 14, and
Lemma 4 yields

= i
22 lgil]as | < le BB, %0 ©,

4o — 1 -1 L (W-2)0-1)/0
Aot

*W,
0x;0x,

<'§ ' (2r,+7)/20 ¢;2_r{+f)/20 |£j_1 |(2r,-+r)/2r,~)

@-10-7—r |2(17)
(; T—Tg (akxl. );%1|§j|
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. az([x ]v/rk) ny

N
0x;0x, 5018

1 k-1 y
— Y
13 ;61 k!
(A.32)

where 03, > 0 is a smooth function. Exactly following the
same procedure, tedious calculations conclude that

1 k-1 i
22
i=1j=1

o'W,
ox;

|9i|2

k=1 i
—2 —2)o-
< Zﬁi(alz—rk/a |Ek|((4l 2)o-1)/0
=1 j=1

a(I<1"")

Mlo-1-7,
o 0x;
(A.33)
%70/,
y @l-o-1-r1, . az([xk]g k) &
o ox? k
@r+1)/2 rtT)2r, @r+1)/20\ 2
<|E| ri+7)/20 §211+ )/2r; £j71| ri+T a)
1 ¢ 4l
_32 + 041001 »
k=1 k=1 i j )
> 3|l 3 53
i,j=1,i#j i,j=1,i#j =1 h=1
do-T-1.—=— 2o
) o-T rkﬁiﬂje)l |£k|((4l 2)o-1)/0
%70/,
@l-1o-1-r a([xk]g k)
o 0x;
3 (lrxlﬂa/rk) az (l'x;ﬂﬂ/"k) (A.34)
: + |&x|
0x; 0x;0x;

) (|§l|(2r,v+‘r)/2ci + l(f:,-JrT)/Zr,- |El_1|(2ri+1)/2(f)

(2r+71)/20 (2ri+1)/2r; 2r;+1)/20
X (lghl T )

k-1

1 4l 4l

< EZEz + 0k ©18;
i=1

where 04,y > 0 and 0y,
using Lemma 4,

> 0 are smooth functions. At last, by

— e (4lo—1-1_1) /0 (re +1)/0
k191 |”o| . |Ek—1| ! |€k| o
- l (A.35)
4 4
< Egk—l + 0129181
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where 0y, is a position constant. Define the nonnegative
smooth function o}, = 211221 o> and put (A.18), (A.20), (A.22),
(A.25), (A.27)-(A.30), and (A.32)-(A.35) together, the proof

of Proposition 18 is completed. O
Proof of Proposition 19. By (31), Proposition 17, and Lemma 2,
Proposition 19 is proved. O
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