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This paper presents a parametric level set-based method (PLSM) for multimaterial topology optimization of heat conduction
structures with volume constraints. A parametric level set-based optimization model of heat conduction structures is built with
multimaterial level set (MM-LS) model, which describes the boundaries of different materials by the combination of all level set
functions. The heat dissipation efficiency which means the quadratic temperature gradient is conducted as the objective function.
The adjoint method is utilized to calculate the sensitivities of the objective function with respect to expansion coefficients of the
compactly supported radial basis functions (CSRBFs).The optimal configuration is achieved by updating the expansion coefficients
gradually with the method of moving asymptotes (MMA). Several numerical examples are discussed to demonstrate effectiveness
of the proposed method for multimaterial topology optimization of heat conduction structures.

1. Introduction

In a high temperature environment, the performance, and
efficiency of the structure tend to decrease.Therefore, the lay-
out design of heat conduction structures is an important issue
in the field of structural design. In conventional methods,
size optimization and shape optimization are used in design
of heat conduction structures. Unlike these passive methods,
topology optimization is an activemethod to find the optimal
layout of materials for achieving the minimized objective
within a given design domain. Based on the advantages
of convenience and high efficiency, topology optimization
becomes an effective way for the design of heat conduction
structures [1].

In recent years, different topology optimization methods
have been applied to the layout design of heat conduction
structures. Variable density method with material interpo-
lation model of solid isotropic material with penalization
(SIMP) was first introduced by Sigmund [1] to solve the
heat conduction problem by using optimality criteria (OC)
in two-dimensional space. And it is also extended into three-
dimensional space by Liu et al. [2]. Gersborg-Hansen et al.
[3] applied the variable density method into heat conduction

problem, and the optimal structure was obtained by the
finite volume method. Li et al. [4, 5] employed the evolu-
tionary structural optimization (ESO) to solve the steady
heat conduction problem. In this method, material elements
which had less contribution to the objective function were
allowed to be removed gradually. Bidirectional evolutionary
structural optimization (BESO) also had been utilized to
solve heat conduction problem by He et al. [6]. The optimal
structure was achieved by gradually addingmaterial elements
as well as removing according to a certain criterion. However,
thesemethods involve the problems of checkerboards pattern
and mesh-dependent phenomena. Furthermore, the optimal
structures which have zigzag boundaries are hard to manu-
facture.

Comparing to SIMP, ESO, and othermaterial distribution
methods, level set method (LSM) has the following advan-
tages: (1) the structural boundary is described by geometrical
parameters explicitlywhich is easier to convert toCADmodel
for manufacturing; (2) it is without checkerboards pattern
and mesh-dependent phenomena; and (3) the optimal con-
figuration does not depend on the finite element meshing.
Based on these advantages of LSM, it has been widely studied
in different problems, such as elastic structure problem [7, 8],
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vibration problem [9], and compliant mechanisms prob-
lem [10]. For heat conduction problem [11], Ha and Cho
[12] developed the weak form of equilibrium equation for
heat conduction problem. The adjoint method and the
Lagrange multiplier method were employed to derive the
shape design sensitivity. Zhuang et al. [13] investigated the
topology optimization of heat conduction problem under
multiple load cases and developed an effective numerical
procedure to implement the topological structure. Kim et
al. [14] developed the topology optimization method which
used the combination of topological derivatives to improve
convergence of optimization process as well as avoid local
minimum. However, there are also some shortcomings in
classic level set method. Firstly, as the optimal structure is
obtained by solving the Hamilton-Jacobi partial differential
equation (HJ-PDE) with explicit time-marching algorithm,
and the equations only can be implemented under some
strict conditions [15, 16], it has a low computational efficiency.
Secondly, the Courant-Friedrichs-Lewy (CFL) condition and
reinitialization are also needed to keep the numerical stability.
In addition, the optimal structure generally depends on the
initial topology as the new holes cannot be created in the
design domain.

Parametric level set-based method (PLSM) solves the
topology optimization problems effectively without directly
solving the HJ-PDE. In this method, the implicit level set
function is interpolated by radial basis functions (RBFs); the
time dependence of the implicit function is transformed into
the time dependence of interpolation coefficients. Therefore,
the HJ-PDE is converted into a series of ordinary differential
equations which are easier to handle, and the propagation of
boundaries is driven by updating interpolation coefficients
using mathematical programming methods. The PLSM not
only inherits the favorable features of the conventional
LSM but also avoids the difficulties in solving the HJ-PDE.
Wang et al. [17] applied globally supported radial basis
functions (GSRBFs) into topology optimization of minimum
compliance design. Their work illustrated the efficiency and
accuracy of RBF-based LSM. Luo et al. [18] introduced the
compactly supported radial basis functions (CSRBFs) [19, 20]
into topology optimization of compliant mechanisms and
established the optimization model of a nonconvex objective
function with specified constraints. The evolution of the
boundary was the process of updating the interpolation
coefficients using method of moving asymptotes (MMA)
[21]. Luo et al. [22, 23] also proposed effective methods for
structural stiffness design which combined the CSRBFs with
well-established optimization algorithms, such as MMA and
OC. With the initial level set functions being interpolated
by CSRBFs, the optimization algorithms were applied to
iteratively updating the interpolation coefficients to achieve
the optimal structure.

Up to date, multimaterial topology optimization design
has been widely investigated [24–27]. LSM based method is
an effective way that the boundaries of different materials
can be described explicitly using the combination of all the
level set functions. Wang et al. [28] developed the level set
model of multimaterial with the minimization of the mean
compliance under the volume constraints. They also showed

the effectiveness of this approach in compliant mechanisms
design of multimaterial [10]. Zhuang et al. [29] presented
the multimaterial level set model of the heat conduction
structures. The optimization problem was formulated as
minimizing the heat compliance under the volume con-
straints for different materials. PLSM also had been applied
into multimaterial topology optimization. Wang et al. [30]
proposed a new multimaterial level set (MM-LS) model,
in which 𝑀 materials and void material were represented
by M level set functions. The optimal configuration was
achieved by iteratively updating the interpolation coefficients
of different level set functions until convergence. Wang et
al. [31] investigated the optimization design of mechanical
metamaterials formultimaterial by PLSM. In their work, they
utilized the homogenization method to evaluate the proper-
ties of microstructure, while PLSM was used to implement
the evolution of microstructure. The combination of all level
set functions represented the boundaries of multimaterial
microstructure. Chu et al. [32] applied the stress interpolation
scheme into design of compliant mechanisms for multi-
material. The final results with the proper distribution of
multimaterial decreased the output displacement and the
compliance of compliant mechanisms and satisfied the stress
constraints of different materials simultaneously.

In this paper, the multimaterial topology optimization
model of the heat conduction structures using PLSM is
investigated. The optimization is conducted to minimize
the quadratic temperature gradient in the whole design
domain and subject to the volume constraints of different
materials.The remainder of this paper is organized as follows.
Section 2 reviews the MM-LS model for topology optimiza-
tion of multimaterial. Section 3 discusses the multimaterial
topology optimization model for heat conduction structures
based on PLSM. Section 4 gives the optimization algorithm.
Section 5 presents some numerical examples to demonstrate
the validity of the proposed method. Conclusions are given
in Section 6.

2. MM-LS Model

In this section, theMM-LSmodel for multimaterial topology
optimization is reviewed, inwhich level set functions are used
to describe materials and the void phase.

2.1. Level Set Representation for Multimaterial. In level set-
based topology optimization, zero level sets embedded in
a higher dimensional scalar function are used to describe
the structural boundaries of different materials. The level set
functions are used to denote the following:

Φ𝑘 (𝑥) > 0, ∀𝑥 ∈ Ω𝑘\Γ𝑘
Φ𝑘 (𝑥) = 0, ∀𝑥 ∈ Γ𝑘 𝑘 = 1, 2, . . . ,𝑀
Φ𝑘 (𝑥) < 0, ∀𝑥 ∈ 𝐷\ (Ω𝑘 ∪ Γ𝑘)

(1)

where Φ𝑘(𝑥) is the 𝑘th level set function, 𝐷 is the design
domain, Ω𝑘 is the domain with the positive value of the 𝑘th
level set function, and Γ𝑘 denotes the zero level set of the 𝑘th
level set function.
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A pseudo-time 𝑡 is introduced to manage Φ𝑘(𝑥). The
HJ-PDE can be solved by differentiating both sides ofΦ𝑘(𝑥(𝑡), 𝑡) = 0 with respect to 𝑡:

𝜕Φ𝑘 (𝑥, 𝑡)𝜕𝑡 − V𝑘𝑛
∇Φ𝑘 (𝑥, 𝑡) = 0 (2)

where V𝑘𝑛 is the normal velocity of the 𝑘th level set function,
as the normal component of velocity contributes to the shape

evolution of the boundary. The finite difference method like
up-wind scheme [33] is used to solve the HJ-PDE.

2.2. MM-LS Model. To solve the multimaterial design prob-
lem, the MM-LS model is applied to represent the different
materials. In this method, a combination of 𝑀 level set
functions is used to describe the 𝑀 + 1 phases, including𝑀materials and the void area. For an𝑀-material structure,
the characteristic function 𝜌𝑖(Φ) for the 𝑖th material can be
defined as follows:

𝜌𝑖 (Φ) =
{{{{{{{{{{{{{{{{{

𝐻(Φ1) , 𝑀 = 1
{{{{{{{{{{{

( 𝑖∏
𝑘=1

𝐻(Φ𝑘)) (1 − 𝐻(Φ𝑖+1)) , 𝑖 = 1, 2, . . . ,𝑀 − 1
( 𝑖∏
𝑘=1

𝐻(Φ𝑘)) , 𝑖 = 𝑀, 𝑀 ≥ 2 (3)

where 𝐻(Φ𝑘) is the Heaviside function of 𝑘th level set
function. The MM-LS model which involves two materials
and the void area by the combination of two level set
functions is illustrated in Figure 1.

Based on (3), the heat conductivity𝐶(Φ) at computational
point 𝑥 for design problem can be written as

𝐶 (Φ) = 𝑀∑
𝑖=1

𝜌𝑖 (Φ) 𝑐𝑖 (4)

where 𝑐𝑖 is the heat conductivity of 𝑖th material.

3. PLSM for Multimaterial
Topology Optimization of Heat
Conduction Structures

3.1. Parametric Level Set. The PLSM with CSRBF which is a
kind of radial basis function centered at a particular point
with compact support is applied into multimaterial topology
optimization of heat conduction structures. The level set
surface can be approximated by CSRBF over the design
domain. The level set function can be expressed as

Φ𝑘 (𝑥, 𝑡) = 𝑁∑
𝑗=1

𝑤𝑗 (𝑥) 𝛼𝑘𝑗 (𝑡) , 𝑘 = 1, 2, . . . ,𝑀 (5)

where 𝑁 is the total number of computational points. 𝑤𝑗
denotes the CSRBF at 𝑗th point. 𝛼𝑘𝑗 is the expansion coeffi-
cient at 𝑗th point in 𝑘th level set function.

In this work, CSRBF with C2 continuity [19, 20] is
employed to approximate the level set function, which can be
formulated as follows:

𝑤𝑗 (𝑥) = max {0, (1 − 𝑟𝑗 (𝑥))4} (4𝑟𝑗 (𝑥) + 1)
𝑗 = 1, 2, . . . , 𝑁 (6)

where 𝑟 is the radius of support, and it is usually defined in a
2D Euclidean space as

𝑟𝑗 (𝑥) =
𝑥 − 𝑥𝑗𝑅 , 𝑗 = 1, 2, . . . 𝑁 (7)

where 𝑥𝑗 is the coordinate of the 𝑗th computational point and𝑅 is the radius of support domain of the computational point𝑥, which is defined as 2.0 − 3.0.
Substituting (5) into (2), the HJ-PDE in (2) can be

rewritten as follows:
𝑁∑
𝑗=1

𝑤𝑗 (𝑥) �̇�𝑘𝑗 (𝑡) − V𝑘𝑛
𝑁∑
𝑗=1

∇𝑤𝑗 (𝑥) 𝛼𝑘𝑗 (𝑡) = 0,
𝑘 = 1, 2, . . . ,𝑀

(8)

The normal velocity of the level set function can be calculated
by

V𝑘𝑛 = ∑𝑁𝑗=1 𝑤𝑗 (𝑥) �̇�𝑘𝑗 (𝑡)∑𝑁𝑗=1 ∇𝑤𝑗 (𝑥) 𝛼𝑘𝑗 (𝑡) (9)

where �̇�𝑘𝑗 (𝑡) = 𝑑𝛼𝑘𝑗 (𝑡)/𝑑𝑡.
3.2. Formulations of Heat Conduction Problem. For a steady
heat conduction optimization problem in two dimensions,
the governing equation is given as

∇ ⋅ (𝐶∇𝑢) + 𝑄 = 0 in Ω
𝑢 = 0 on Γ𝐷

(𝐶∇𝑢) ⋅ 𝑛 = 0 on Γ𝑁
(10)

where 𝐶 is the heat conduction coefficient, 𝑢 is the temper-
ature field, 𝑄 is the heat source, and 𝑛 is the unit normal
vector of boundary.Ω is a closed domainwith boundaries; the
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material 1

Φ1 > 0, Φ2 < 0

H1 = 1,H2 = 0

1 = 1, 2 = 0

material 2

Φ1 > 0, Φ2 > 0

H1 = 1,H2 = 1

1 = 0, 2 = 1

Φ1 < 0, Φ2 > 0

H1 = 0,H2 = 1

1 = 0, 2 = 0

void material

Φ1 < 0, Φ2 < 0

H1 = 0,H2 = 0

1 = 0, 2 = 0

void material

Figure 1: MM-LS model for two materials and the void area.

boundaries are decomposed into three disjoint parts Γ𝐷, Γ𝑁,
and Γ𝐻; i.e., 𝜕Ω = Γ𝐷 ∪ Γ𝑁 ∪ Γ𝐻. Γ𝐷 is the Dirichlet boundary,Γ𝑁 is the nonhomogenous Neumann boundary, and Γ𝐻 is the
homogenous Neumann boundary which is the only part to
be optimized in present study.

Introducing the virtual temperature field V and applying
integration to (10), the weak form of state equation is given as

𝑎 (𝑢, V, Φ) = 𝑙 (V, Φ) ∀V ∈ 𝑈 (11)

The symmetric bilinear form 𝑎(𝑢, V, Φ) and the linear
thermal load form 𝑙(V, Φ) are written as

𝑎 (𝑢, V, Φ) = 𝑀∑
𝑖=1

∫
Ω
𝑐𝑖 (∇𝑢)𝑇 (∇V) 𝜌𝑖 (Φ) 𝑑Ω (12)

𝑙 (V, Φ) = 𝑀∑
𝑖=1

∫
Ω
𝑝V𝜌𝑖 (Φ) 𝑑Ω + ∫

Γ
ℎV𝑑Γ (13)

where 𝑝 is the heat source per unit volume, 𝜌𝑖(Φ) is the
characteristic function of the 𝑖th material, and ℎ is the
ambient temperature imposed on Γ𝑁.
3.3. The Multimaterial Topology Optimization Model Using
PLSM. In this paper, in order to minimize the quadratic
temperature gradient subject to volume constraints of differ-
entmaterials, themultimaterial topology optimizationmodel
of heat conduction structures using PLSM is proposed. The
optimization problem ismathematically expressed as follows:

find: 𝛼𝑘𝑗 , 𝑘 = 1, 2, . . . ,𝑀; 𝑗 = 1, 2, . . . , 𝑁
min: 𝐽 (𝑢, Φ) = ∫

Ω
𝐶 (Φ) |∇𝑢|2 𝑑Ω

s.t. 𝑎 (𝑢, V, Φ) = 𝑙 (V, Φ)
𝐺𝑘 (Φ) ≤ 𝑓𝑘𝑉0, 𝑘 = 1, 2, . . . ,𝑀
𝛼𝑘 ≤ 𝛼𝑘𝑗 ≤ 𝛼𝑘, 𝑗 = 1, 2, . . . , 𝑁

(14)

where 𝐽(𝑢, Φ) denotes the objective function, 𝑢 is the tem-
perature field, and V is the virtual temperature field. 𝑉0 is
the volume of design domain; 𝐺𝑘(Φ) is the 𝑘th volume
constraints; i.e., 𝐺𝑘(Φ) = ∫Ω∏𝑘𝑖=1𝐻𝑖𝑑Ω, (𝑘 = 1, 2, . . . ,𝑀),
and 𝑓𝑘 denotes the prescribed volume fraction according to𝑘th volume constraints.𝛼𝑘 and𝛼𝑘 are the lower and the upper
bounds of the design variables in the 𝑘th level set function.

In this topology optimization model, the volume con-
straints impose a restriction to each individual material, and
the number of volume constraints is equal to the number
of materials. For the volume constraints of three materials,
volume constraints can be described by

𝐺1 (Φ) = ∫
Ω
𝐻1𝑑Ω,

𝐺2 (Φ) = ∫
Ω
𝐻1𝐻2𝑑Ω,

𝐺3 (Φ) = ∫
Ω
𝐻1𝐻2𝐻3𝑑Ω,

(15)

where the first volume constraint restricts volume ratio of
total materials, the second one refers to the sum of volumes
for material two and three, and the third one denotes the
usage of the material three.

A smoothed approximation of𝐻(Φ𝑘) is used [7] to avoid
the regenerating the element mesh during the updating ofΦ𝑘(𝑥, 𝑡). The regularized Heaviside function and its deriva-
tives are shown in Figure 2; it can be expressed as follows:

𝐻(Φ𝑘)

=
{{{{{{{{{{{

𝜒, Φ𝑘 ≤ −Δ
3 (1 − 𝜒)4 (Φ𝑘Δ − 13 (Φ

𝑘

Δ )
3) + 1 + 𝜒2 , −Δ ≤ Φ𝑘 ≤ Δ

1, Φ𝑘 ≥ Δ
(16)

where 𝜒 and 𝛾 are small positive numbers to avoid the singu-
larity and Δ is the width of the numerical approximation.
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Figure 2: RegularizedHeaviside function and its derivatives. (a) Heaviside function and its regularizedHeaviside function; (b) the derivatives
of regularized Heaviside function.

3.4. Sensitivity Analysis. In order to obtain the structural
optimal configuration, gradient based optimization algo-
rithms are employed, such as method of moving asymp-
totes (MMA) and optimality criteria (OC). Thus, sensitivity
analysis for the objective function and volume constraints
with respect to the design variables are required. In this
section, the adjoint method is used to obtain the sensitivities
for multimaterial topology optimization problem of heat
conduction structures using PLSM.

The Lagrangian function is defined as

𝐿 = 𝐽 (𝑢, Φ) + (𝑎 (𝑢, V, Φ) − 𝑙 (V, Φ))
+ 𝑀∑
𝑘=1

𝜆𝑘 (𝐺𝑘 (Φ) − 𝑓𝑘𝑉0) (17)

where 𝜆𝑘 is Lagrangian multiplier for the 𝑘th volume con-
straint. The variation of the boundaries with respect to the
pseudo-time 𝑡 is considered. For the 𝑚th level set function,
the shape derivative of the Lagrangian is given as follows:

𝜕𝐿𝜕𝑡
Φ𝑚 = 𝜕𝐽 (𝑢,Φ)𝜕𝑡

Φ𝑚 + 𝜕𝑎 (𝑢, V, Φ)𝜕𝑡
Φ𝑚

− 𝜕𝑙 (V, Φ)𝜕𝑡
Φ𝑚 +

𝑀∑
𝑘=1

𝜆𝑘 𝐺𝑘 (Φ)𝜕𝑡
Φ𝑚

(18)

where the derivatives (𝜕𝐽(𝑢, Φ)/𝜕𝑡)|Φ𝑚 , (𝜕𝑎(𝑢, V, Φ)/𝜕𝑡)|Φ𝑚 ,(𝜕𝑙(V, Φ)/𝜕𝑡)|Φ𝑚 , and (𝜕𝐺𝑘(Φ)/𝜕𝑡)|Φ𝑚 are expressed by the
following:

𝜕𝐽 (𝑢, Φ)𝜕𝑡
Φ𝑚

= 𝑀∑
𝑖=1

∫
Ω
2𝑐𝑖𝜌𝑖 (Φ) |∇𝑢| ∇�̇�𝑑Ω

+ 𝑀∑
𝑖=1

∫
Ω
𝑐𝑖 |∇𝑢|2 𝜕𝜌𝑖 (Φ)𝜕Φ𝑚 𝜕Φ𝑚𝜕𝑡 𝑑Ω

(19)

𝜕𝑎 (𝑢, V, Φ)𝜕𝑡
Φ𝑚

= 𝑀∑
𝑖=1

∫
Ω
𝑐𝑖𝜌𝑖 (Φ) (∇𝑢)𝑇 ∇V̇𝑑Ω

+ 𝑀∑
𝑖=1

∫
Ω
𝑐𝑖𝜌𝑖 (Φ) (∇�̇�)𝑇 ∇V𝑑Ω

+ 𝑀∑
𝑖=1

∫
Ω
𝑐𝑖 (∇𝑢)𝑇 ∇V𝜕𝜌𝑖 (Φ)𝜕Φ𝑚 𝜕Φ𝑚𝜕𝑡 𝑑Ω

(20)

𝜕𝑙 (V, Φ)𝜕𝑡
Φ𝑚

= 𝑀∑
𝑖=1

∫
Ω
𝑝V̇𝜌𝑖 (Φ) 𝑑Ω + 𝑀∑

𝑖=1

∫
Ω
𝑝V𝜕𝜌𝑖 (Φ)𝜕Φ𝑚 𝜕Φ𝑚𝜕𝑡 𝑑Ω

+ ∫
Γ
ℎV̇𝑑Γ

(21)

𝐺𝑘 (Φ)𝜕𝑡
Φ𝑚 = ∫Ω(

𝑘∏
𝑧=1,𝑧 ̸=𝑚

𝐻𝑧)𝛿 (Φ𝑚) 𝜕Φ𝑚𝜕𝑡 𝑑Ω (22)

Collecting all the terms that include ∇�̇� on the right side
of (18) and making their sum to be zero, we can obtain the
weak form of the state equation as follows:

𝑀∑
𝑖=1

∫
Ω
2𝑐𝑖𝜌𝑖 (Φ) |∇𝑢| ∇�̇�𝑑Ω

+ 𝑀∑
𝑖=1

∫
Ω
𝑐𝑖𝜌𝑖 (Φ) (∇�̇�)𝑇 ∇V𝑑Ω = 0

(23)
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Collecting all the terms that include ∇V̇ on the right side
of (18) and making their sum to be zero, we can obtain the
weak form of the adjoint equation as follows:

𝑀∑
𝑖=1

∫
Ω
𝑐𝑖𝜌𝑖 (Φ) (∇𝑢)𝑇 ∇V̇𝑑Ω − 𝑀∑

𝑖=1

∫
Ω
𝑝V̇𝜌𝑖 (Φ) 𝑑Ω

− ∫
Γ
ℎV̇𝑑Γ = 0

(24)

The shape derivative of the Lagrangian can be obtained
by substituting (19) to (24) into (18); that is,

𝜕𝐿𝜕𝑡
Φ𝑚 =

𝑀∑
𝑖=1

∫
Ω
𝑐𝑖 |∇𝑢|2 𝜕𝜌𝑖 (Φ)𝜕Φ𝑚 𝜕Φ𝑚𝜕𝑡 𝑑Ω

+ 𝑀∑
𝑖=1

∫
Ω
𝑐𝑖 (∇𝑢)𝑇 ∇V𝜕𝜌𝑖 (Φ)𝜕Φ𝑚 𝜕Φ𝑚𝜕𝑡 𝑑Ω

+ 𝑀∑
𝑘=1

𝜆𝑘 ∫
Ω
( 𝑘∏
𝑧=1,𝑧 ̸=𝑚

𝐻𝑧)𝛿 (Φ𝑚) 𝜕Φ𝑚𝜕𝑡 𝑑Ω
(25)

It also can be written by substituting (5) into (25); that is,

𝜕𝐿𝜕𝑡
Φ𝑚

= 𝑁∑
𝑗=1

𝑀∑
𝑖=1

∫
Ω
(𝑐𝑖 |∇𝑢|2 + 𝑐𝑖 (∇𝑢)𝑇 ∇V) 𝜕𝜌𝑖 (Φ)𝜕Φ𝑚 𝑤𝑚𝑗 𝜕𝛼

𝑚
𝑗 (𝑡)𝜕𝑡 𝑑Ω

+ 𝑁∑
𝑗=1

𝑀∑
𝑘=1

𝜆𝑘 ∫
Ω
( 𝑘∏
𝑧=1,𝑧 ̸=𝑚

𝐻𝑧)𝛿 (Φ𝑚) 𝑤𝑚𝑗 𝜕𝛼
𝑚
𝑗 (𝑡)𝜕𝑡 𝑑Ω

(26)

The derivative of the Lagrangian function with respect to𝑡 also can be obtained by using the chain rule in terms of the
expansion coefficients as follows:

𝜕𝐿𝜕𝑡
Φ𝑚
= ( 𝑁∑
𝑗=1

𝜕𝐽 (𝑢, Φ)𝜕𝛼𝑚𝑗 (𝑡) +
𝑁∑
𝑗=1

𝑀∑
𝑘=1

𝜆𝑘 𝜕𝐺𝑘 (Φ)𝜕𝛼𝑚𝑗 (𝑡) )
𝜕𝛼𝑚𝑗 (𝑡)𝜕𝑡

(27)

Comparing the corresponding terms in (26) and (28),
the derivatives of the objective function and the volume
constraints with respect to the expansion coefficients can be
obtained by

𝜕𝐽 (𝑢, Φ)𝜕𝛼𝑚𝑗 (𝑡)
= 𝑀∑
𝑖=1

∫
Ω
(𝑐𝑖 |∇𝑢|2 + 𝑐𝑖 (∇𝑢)𝑇 ∇V) 𝜕𝜌𝑖 (Φ)𝜕Φ𝑚 𝑤𝑚𝑗 𝑑Ω

(28)

𝜕𝐺𝑘 (Φ)𝜕𝛼𝑚𝑗 (𝑡) = ∫Ω(
𝑘∏

𝑧=1,𝑧 ̸=𝑚

𝐻𝑧)𝛿 (Φ𝑚) 𝑤𝑚𝑗 𝑑Ω (29)

4. Optimization Algorithm

In this paper, the MMA is employed to solve the optimiza-
tion problems. In this method, a disturbance for asymptote
parameter is introduced to the optimization model, and
then implicit optimization problem is converted into a series
of explicit and strictly convex approximation optimization
subproblems. The explicit subproblems can be solved by
dual method or main dual method. As a well-founded
mathematical programming algorithm, it has been widely
used in structural topology optimization.

The process of optimization is shown in Figure 3; the
corresponding introduction is presented as follows:

Step 1. Initialize the design domain of multimaterial with
PLSM. Define the boundary conditions, and set the volume
constraints.

Step 2. Carry out the finite element method and calculate the
temperature field by solving the heat conduction problems.

Step 3. Calculate the derivatives of objective function and the
volume constraints with respect to the expansion coefficients
in terms of (28) and (29).

Step 4. Calculate the values of objective function and the
volume constraints. Update the expansion coefficients with
MMA optimization algorithm, and then the updated level set
function is obtained.

Step 5. Check whether the convergence condition shown in
(30) is satisfied. If the terminal condition is met, the optimal
structure is found. Otherwise, go back to Step 2.The terminal
condition is defined as

𝐽(𝑠) − 𝐽(𝑠−1)𝐽(𝑠−1)
 ≤ 𝜀 (30)

where 𝐽(𝑠) denotes the value of objective function at 𝑠th
iteration, and 𝜀 = 0.001.
5. Numerical Examples

In this section, numerical examples of two materials and
three materials are given to demonstrate the effectiveness
of the proposed method in this paper for multimaterial
topology optimization of heat conduction structures. In all
the examples, the design domain is discretized 40 × 40 with
linear quadrilateral elements for finite element analysis. The
computational points in level set function are corresponding
to the finite element nodes. The parameters in (14) are 𝛼𝑘 =6 × min𝑖(𝛼𝑘

𝑖

)0 and 𝛼𝑘 = 6 × max𝑖(𝛼𝑘
𝑖

)0, where (𝛼𝑘𝑖 )0 denotes
the initial values for the 𝑘th level set function of expansion
coefficients; the support radius for computational points is set
to be𝑅 = 2.5.Δ = 1, 𝜒 = 0.001 and 𝛾 = 0.0005 are parameters
given in (16) and (17).

5.1. Optimization for a Two Materials Problem

Example 1. The design domain and boundary conditions are
shown in Figure 4. The heat supply per unit volume is set to
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Define the topology
optimization problem

Finite element analysis for heat
conduction structure

Sensitivity analysis

Update the design variables
using MMA

Optimal structures

Convergence
No

Yes

Figure 3: Flowchart of multimaterial topology optimization.

u

u

uu p

Figure 4: The design domain and boundary conditions for
Example 1.

be 𝑝 = 10; the values of the Dirichlet boundary conditions
are given as 𝑢 = 0. The heat conductivities of material 1 and
material 2 are 𝑐1 = 1 and 𝑐2 = 3, respectively. The volume
fractions are given as 𝑓1 = 0.5 and 𝑓2 = 0.3, which means the
maximummaterial volume of material 1 and material 2 is 0.2
and 0.3, respectively.

The optimization process of Example 1 is shown in
Figure 5. The blue regions represent the first material with
heat conductivity 𝑐1, while the red regions represent the
second material with heat conductivity 𝑐2. The initial con-
figuration of multimaterial with a combination of two level
set functions is shown in Figure 5(a). During the opti-
mization process, each point in the design domain denotes

one material, without overlaps between different materials.
The configurations with smooth boundaries for different
materials are achieved by solving two level set functions. The
optimal configuration in Figure 5(f) shows that the second
material with higher heat conductivity is distributed in the
heat conduction path, and the first material with lower heat
conductivity is distributed around the second material as an
auxiliary phase. The iteration histories of objective function
and volume ratios are given in Figure 6. It is found that
the objective function decreases gradually until converging
at the value of 42.58 after 85 iterations, which shows that
the proposed method has a higher computational efficiency
than the conventional level set method. And the volume
constraints can be well handled.

Example 2. The design domain and boundary conditions are
shown in Figure 7. The heat supply per unit volume is set to
be 𝑝 = 2; the values of the Dirichlet boundary conditions are
given as 𝑢 = 0. The other parameters are the same as those of
Example 1.

The optimization process of Example 2 is shown in
Figure 8. The blue regions represent the first material with
heat conductivity 𝑐1, while the red regions represent the
second material with heat conductivity 𝑐2. The initial con-
figuration of multimaterial with a combination of two level
set functions is shown in Figure 8(a). During the opti-
mization process, each point in the design domain denotes
one material, without overlaps between different materials.
The configurations with smooth boundaries for different
materials are achieved by solving two level set functions. The
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(a) (b) (c)

(d) (e) (f)

Figure 5: The optimization process of Example 1. (a) Initial configuration; (b-e) intermediate configurations; (f) optimal configuration.
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Figure 6: Iteration histories of objective function and volume ratios
of Example 1.

optimal configuration in Figure 8(f) shows that the second
material with higher heat conductivity is distributed in the
heat conduction path, and the first material with lower heat
conductivity is distributed around the second material as an
auxiliary phase. The iteration histories of objective function

uu

uu

p

p p

p

Figure 7: The design domain and boundary conditions for
Example 2.

and volume ratios are given in Figure 9. It is found that
the objective function decreases gradually until convergence
at the value of 27.35 after 94 iterations, which shows that
the proposed method has a higher computational efficiency
than the conventional level set method. And the volume
constraints can be well handled.

5.2. Optimization for a Three Materials Problem

Example 3. The design domain and boundary conditions are
shown in Figure 10. The heat supply per unit volume is set to
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(a) (b) (c)

(d) (e) (f)

Figure 8: The optimization process of Example 2. (a) Initial configuration; (b-e) intermediate configurations; (f) optimal configuration.
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Figure 9: Iteration histories of objective function and volume ratios
of Example 2.

be 𝑝 = 2; the values of the Dirichlet boundary conditions are
given as 𝑢 = 0. The heat conductivities of three materials are𝑐1 = 1, 𝑐2 = 3, and 𝑐3 = 5, respectively. The volume fractions
are given as 𝑓1 = 0.5, 𝑓2 = 0.3, and 𝑓3 = 0.15, which means
the maximum material volume of three materials is 0.2, 0.15,
and 0.15, respectively.

uu

uu

p

p

p

pp

Figure 10: The design domain and boundary conditions for
Example 3.

The optimization process of Example 3 is shown in
Figure 11. The yellow regions, blue regions, and red regions
denote the first material with heat conductivity 𝑐1, the second
material with heat conductivity 𝑐2, and the third material
with heat conductivity 𝑐3, respectively. Figure 11(a) shows the
initialization of multimaterial with a combination of three
level set functions. During the optimization process, the
configurations with clear boundaries for different materials
are achieved by updating the expansion coefficients, and
the smooth boundaries can be well retained. The optimal
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(a) (b) (c)

(d) (e) (f)

Figure 11: The optimization process of Example 3. (a) Initial configuration; (b-e) intermediate configurations; (f) optimal configuration.

configuration in Figure 11(f) shows that the third material
with the highest heat conductivity is distributed in regions
of the heat supply and the heat conduction path, the second
material with the higher heat conductivity is distributed
around the third material, and the first material with the
lower heat conductivity is distributed in the heat conduction
path as an auxiliary phase.The iteration histories of objective
function and volume ratios are given in Figure 12. It is
found that the objective function increases gradually until
convergence at the value of 30.45 after 185 iterations. The
volumes of materials decrease to the volume constrains. And
the volume constraints can be well handled.

From these examples we can observe that the optimal
configurations obtained by the proposed method are essen-
tially identical to the optimal configurations obtained by
the conventional method [29]; the optimal results show
the effectiveness of the proposed method. Comparing with
the conventional method, the proposed method possesses
the following advantages: (1) it naturally has a smoother
boundary as LSFs are interpolated by CSRBFs; (2) the
sensitivities are obtained easily as the explicit mathemati-
cal expression of MM-LS model and CSRBFs; (3) without
solving the HJ-PDE equation, the computational efficiency is
improved.
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Figure 12: Iteration histories of objective function and volume ratios
of Example 3.

6. Conclusions

In this paper, we have presented PLSM to solve the multi-
material topology optimization of heat conduction structures
with volume constraints. The combination of different level
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set functions is used to implicitly represent the boundaries
for different materials. The sensitivities can be obtained
easily by MM-LS model, which has an explicit mathematical
formation, and there is no overlap among different materials
during the optimization process. The boundaries evolve by
updating the expansion coefficients of PLSM, in which the
CSRBFs with C2 smoothness are utilized. In this paper, the
optimization model is developed by PLSM, the derivatives
of objective function and volume constraints with expansion
coefficients are derived, and the expansion coefficients are
updated by MMA.

Numerical examples illustrate the effectiveness of the
proposed method for multimaterial topology optimization
of heat conduction structures. Smooth geometric boundaries
for different materials are obtained by combining level set
functions. The problem of transient heat topology optimiza-
tion for minimizing quadratic temperature gradient with
multimaterial will be considered in further research.
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