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This paper first provides a concept of almost sure stability for uncertain delay differential equations and analyzes this new sort of
stability. In addition, this paper derives three sufficient conditions for uncertain delay differential equations being stable almost
surely. Finally, the relationship between almost sure stability and stability in measure for uncertain delay differential equations is
discussed.

1. Introduction

In order to deal with nondeterministic phenomenon in
a dynamic system, Ito [1] proposed stochastic differential
equation, which was driven by Wiener process. From then
on, stochastic differential equation was employed to study
dynamic systems with perturbation and applied in the fields
of finance, control, and aerospace engineering. In the process
of researching social system, the data used to describe the
dynamic system may come from the domain experts. At
this time, the expert data cannot be regard as a random
variable. How to deal with these expert data in such dynamic
system is an immediate problem. To tackle this problem, Liu
[2] established uncertainty theory and proposed uncertain
variable to describe the expert data. In addition, Liu [3] also
proposed the concept of uncertain process to describe the
evolution of an uncertain phenomenon. As a comparison of
Wiener process, Liu process was designed by Liu [4]. Based
on Liu process, uncertain calculus [4] is proposed to solve the
integral and differential of an uncertain process.

Driven by a Liu process, uncertain differential equation
was proposed [3] to deal with dynamic systems under uncer-
tain environment. In the aspect of theory, Chen and Liu [5]
and Gao [6] proved two existence and uniqueness theorems

on uncertain differential equations, respectively. Since it was
difficult to obtain the analytic solutions of vast majority of
uncertain differential equations, some numerical methods
were proposed, such as Milne method [7], Adams-Simpson
method [8], Euler method [9], andHammingmethod [10]. In
regard to stability analysis, stability in measure of uncertain
differential equations was put forward by Liu [4] and stability
in measure of linear uncertain differential equations was
discussed by Yao, Gao, and Gao [11]. In addition, other
types of stability were studied, such as almost sure stability
[12], stability in moment [13], exponential stability [14], and
stability in inverse distribution [15]. So far, some researchers
employed uncertain differential equations to model the
financial market. Uncertain stock model [16, 17], uncertain
interest rate model [18, 19], and uncertain currency model
[20, 21] have become the focus of attention formany scholars.
In addition, uncertain differential equations have also been
introduced into string vibration [22], differential game [23],
optimal control [24], and so on.

By using an uncertain differential equation, we can estab-
lish a mathematical model to describe the dynamic system
under an uncertain environment, where the velocity of such
dynamic system only depends on the state of the system at a
given instant of time. However, the velocity of the dynamic
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system depends not only on the current state but also upon
the previous states in some real phenomena. In such case,
it is inappropriate to insist on modeling by using uncertain
differential equation. An extended type called uncertain delay
differential equation happens to describe the dynamic system
just mentioned. Uncertain delay differential equations have
been widely used in the field of engineering, especially in
automatic control system; in the field of natural science, such
as ecosystem, infectious diseases, and population dynamics;
and in the field of social science to describe economic
phenomena, commercial sales and transportation scheduling
[25–28]. Back to the theoretical research on uncertain delay
differential equations, Barbacioru [29] and Ge and Zhu
[30] explored two existence and uniqueness theorems on
uncertain delay differential equations, respectively. In the
aspect of stability of uncertain delay differential equations,
Wang and Ning [31] defined the stability in measure, stability
inmean, and stability inmoment and proved the correspond-
ing stability theorems. In addition, Jia and Sheng [32] also
discussed the stability in distribution recently.

In this paper, we propose a new stability called almost
sure stability for an uncertain delay differential equation
and give its sufficient condition. The structure of this paper
is organized as follows. Section 2 introduces some basic
knowledge of uncertain delay differential equations. Section 3
gives the definition of almost sure stability for an uncertain
delay differential equation. Then we present three sufficient
conditions for an uncertain delay differential equation and
linear uncertain delay differential equations being stable
almost surely in Section 4. After that, Section 5 analyzes
the relationship between almost sure stability and stability in
measure. The last section makes a brief conclusion.

2. Uncertain Delay Differential Equation

This part makes a brief introduction of uncertain delay dif-
ferential equation based on uncertain variable and uncertain
process, where uncertain variable and uncertain process can
be seen in Appendixes A and B.

Definition 1 (Barbacioru [29]). Let 𝐶𝑡 be a Liu process, and 𝑓
and 𝑔 are two real-valued functions.

d𝑋𝑡 = 𝑓 (𝑡, 𝑋𝑡, 𝑋𝑡−𝜏)d𝑡 + 𝑔 (𝑡, 𝑋𝑡, 𝑋𝑡−𝜏)d𝐶𝑡 (1)

is called an uncertain delay differential equation, where 𝜏 > 0
is called time delay.

Theorem 2 (Ge and Zhu [30]). Uncertain delay differential
equation (1) with initial states has a unique solution if the
coefficients 𝑓(𝑡, 𝑥, 𝑦) and 𝑔(𝑡, 𝑥, 𝑦) satisfy𝑓 (𝑡, 𝑥, 𝑦) + 𝑔 (𝑡, 𝑥, 𝑦) ≤ 𝐿 (1 + |𝑥| + 𝑦) ,

∀𝑥, 𝑦 ∈ R, 𝑡 ≥ 0 (2)

and𝑓 (𝑡, 𝑥1, 𝑦) − 𝑓 (𝑡, 𝑥2, 𝑦) + 𝑔 (𝑡, 𝑥1, 𝑦) − 𝑔 (𝑡, 𝑥2, 𝑦)
≤ 𝐿 𝑥1 − 𝑥2 , ∀𝑥1, 𝑥2, 𝑦 ∈ R, 𝑡 ≥ 0 (3)

for some positive constant 𝐿.

Definition 3 (Wang and Ning [31]). Uncertain delay differen-
tial equation (1) is said to be stable in measure if for any two
solutions 𝑋𝑡 and 𝑌𝑡 with different initial states 𝑥𝑗 and 𝑦𝑗 for
any 𝑗 ∈ [−𝜏, 0], respectively, we have

lim
sup𝑗∈[−𝜏,0] |𝑥𝑗−𝑦𝑗|→0

M {𝑋𝑡 − 𝑌𝑡 < 𝜖} = 1, ∀𝑡 > 0 (4)

for any 𝜖 > 0, where M is uncertain measure (see
Appendix A).

Definition 4 (Liu [4]). Let𝑋𝑡, 𝐶𝑡 be an uncertain process and
a Liu process, respectively. For any partition of the closed
interval [𝑎, 𝑏] with 𝑎 = 𝑡1 < 𝑡2 < ⋅ ⋅ ⋅ < 𝑡𝑘+1 = 𝑏, the mesh
is written as

Δ = sup
1≤𝑖≤𝑘

𝑡𝑖+1 − 𝑡𝑖 . (5)

Then the uncertain integral of𝑋𝑡 with respect to 𝐶𝑡 is defined
by

∫𝑏
𝑎
𝑋𝑡d𝐶𝑡 = lim

Δ→0

𝑘∑
𝑖=1

𝑋𝑡𝑖 ⋅ (𝐶𝑡𝑖+1 − 𝐶𝑡𝑖) (6)

provided that the limit exists almost surely and is finite.

Theorem 5 (Chen and Liu [5]). Supposing that 𝐶𝑡 is a Liu
process and𝑋𝑡 is an integrable uncertain process on [𝑎, 𝑏] with
respect to 𝑡, then

∫
𝑏

𝑎
𝑋𝑡 (𝛾)d𝐶𝑡 (𝛾)

 ≤ 𝐾 (𝛾) ∫
𝑏

𝑎

𝑋𝑡 (𝛾) d𝑡 (7)

holds, where 𝐾(𝛾) is the Lipschitz constant of 𝐶𝑡(𝛾).
3. Almost Sure Stability

Uncertain delay differential equation (1) is equivalent to the
uncertain delay integral equation

𝑋𝑡 = 𝑋𝑡0 + ∫
𝑡

𝑡0

𝑓 (𝑠, 𝑋𝑠, 𝑋𝑠−𝜏) d𝑠
+ ∫𝑡
𝑡0

𝑔 (𝑠, 𝑋𝑠, 𝑋𝑠−𝜏) d𝐶𝑠.
(8)

For the sake of simplicity, we set the initial time 𝑡0 to zero.
Then, the above equation can be simplified as

𝑋𝑡 = 𝑋0 + ∫𝑡
0
𝑓 (𝑠, 𝑋𝑠, 𝑋𝑠−𝜏) d𝑠

+ ∫𝑡
0
𝑔 (𝑠, 𝑋𝑠, 𝑋𝑠−𝜏) d𝐶𝑠.

(9)

Now let us present a definition of almost sure stability for
uncertain delay differential equation (1).

Definition 6. Supposing that 𝑋𝑡 and 𝑌𝑡 are two solutions of
uncertain delay differential equation (1) with different initial
states 𝑥𝑗 and 𝑦𝑗 for any 𝑗 ∈ [−𝜏, 0], respectively, uncertain



Mathematical Problems in Engineering 3

delay differential equation (1) is said to be stable almost surely
if

M{𝛾 ∈ Γ | lim
sup𝑗∈[−𝜏,0] |𝑥𝑗−𝑦𝑗|→0

𝑋𝑡 (𝛾) − 𝑌𝑡 (𝛾) = 0}
= 1, ∀𝑡 > 0.

(10)

Example 7. Consider an uncertain delay differential equation

d𝑋𝑡 = 𝜇𝑋𝑡−𝜏d𝑡 + 𝜎d𝐶𝑡. (11)

The analytical solution of uncertain delay differential
equation (11) with two initial states 𝜙(𝑡) and 𝜓(𝑡) (𝑡 ∈ [−𝜏, 0])
is

𝑋𝑡 =
{{{{{{{{{{{{{{{{{

𝜙 (𝑡) , 𝑡 ∈ [−𝜏, 0]
𝜙 (0) + 𝜇∫𝑡

0
𝜙 (𝑠 − 𝜏) d𝑠 + 𝜎𝐶𝑡, 𝑡 ∈ (0, 𝜏]

𝑋𝜏 + 𝜇∫𝑡
𝜏
𝑋𝑠−𝜏d𝑠 + 𝜎 (𝐶𝑡 − 𝐶𝜏) , 𝑡 ∈ (𝜏, 2𝜏]

⋅ ⋅ ⋅ ⋅ ⋅ ⋅
(12)

and

𝑌𝑡 =
{{{{{{{{{{{{{{{{{

𝜓 (𝑡) , 𝑡 ∈ [−𝜏, 0]
𝜓 (0) + 𝜇∫𝑡

0
𝜓 (𝑠 − 𝜏) d𝑠 + 𝜎𝐶𝑡, 𝑡 ∈ (0, 𝜏]

𝑌𝜏 + 𝜇∫𝑡
𝜏
𝑌𝑠−𝜏d𝑠 + 𝜎 (𝐶𝑡 − 𝐶𝜏) , 𝑡 ∈ (𝜏, 2𝜏]

⋅ ⋅ ⋅ ⋅ ⋅ ⋅
(13)

respectively.
Then

𝑋𝑡 − 𝑌𝑡

=
{{{{{{{{{{{{{{{{{

𝜙 (𝑡) − 𝜓 (𝑡) , 𝑡 ∈ [−𝜏, 0]
𝜙 (0) − 𝜓 (0) + 𝜇∫𝑡

0

𝜙 (𝑠 − 𝜏) − 𝜓 (𝑠 − 𝜏) d𝑠, 𝑡 ∈ (0, 𝜏]
𝑋𝜏 − 𝑌𝜏 + 𝜇∫𝑡

𝜏

𝑋𝑠−𝜏 − 𝑌𝑠−𝜏 d𝑠, 𝑡 ∈ (𝜏, 2𝜏]
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

(14)

and, therefore, we have

M{𝛾 ∈ Γ | lim
sup𝑤∈[−𝜏,0] |𝜙(𝑤)−𝜓(𝑤)|→0

𝑋𝑡 (𝛾) − 𝑌𝑡 (𝛾)
= 0} = 1, ∀𝑡 > 0.

(15)

By using Definition 6, we have that uncertain delay
differential equation (11) is stable almost surely.

Example 8. Consider an uncertain delay differential equation

d𝑋𝑡 = 𝜇d𝑡 + 𝜎𝑋𝑡−𝜏d𝐶𝑡. (16)

The analytical solution of uncertain delay differential
equation (16) with two initial states 𝜙(𝑡) and𝜓(𝑡) (𝑡 ∈ [−𝜏, 0])
is

𝑋𝑡 =
{{{{{{{{{{{{{{{{{

𝜙 (𝑡) , 𝑡 ∈ [−𝜏, 0]
𝜙 (0) + 𝜇𝑡 + 𝜎∫𝑡

0
𝜙 (𝑠 − 𝜏) d𝐶𝑠, 𝑡 ∈ (0, 𝜏]

𝑋𝜏 + 𝜇 (𝑡 − 𝜏) + 𝜎∫𝑡
𝜏
𝑋𝑠−𝜏d𝐶𝑠, 𝑡 ∈ (𝜏, 2𝜏]

⋅ ⋅ ⋅ ⋅ ⋅ ⋅
(17)

and

𝑌𝑡 =
{{{{{{{{{{{{{{{{{

𝜓 (𝑡) , 𝑡 ∈ [−𝜏, 0]
𝜓 (0) + 𝜇𝑡 + 𝜎∫𝑡

0
𝜓 (𝑠 − 𝜏) d𝐶𝑠, 𝑡 ∈ (0, 𝜏]

𝑌𝜏 + 𝜇 (𝑡 − 𝜏) + 𝜎∫𝑡
𝜏
𝑌𝑠−𝜏d𝐶𝑠, 𝑡 ∈ (𝜏, 2𝜏]

⋅ ⋅ ⋅ ⋅ ⋅ ⋅
(18)

respectively.
Then

𝑋𝑡 − 𝑌𝑡

=
{{{{{{{{{{{{{{{{{

𝜙 (𝑡) − 𝜓 (𝑡) , 𝑡 ∈ [−𝜏, 0]
𝜙 (0) − 𝜓 (0) + 𝜎∫𝑡

0

𝜙 (𝑠 − 𝜏) − 𝜓 (𝑠 − 𝜏) d𝐶𝑠, 𝑡 ∈ (0, 𝜏]
𝑋𝜏 − 𝑌𝜏 + 𝜎∫𝑡

𝜏

𝑋𝑠−𝜏 − 𝑌𝑠−𝜏 d𝐶𝑠, 𝑡 ∈ (𝜏, 2𝜏]
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

(19)

and, therefore, we have

M{𝛾 ∈ Γ | lim
sup𝑤∈[−𝜏,0] |𝜙(𝑤)−𝜓(𝑤)|→0

𝑋𝑡 (𝛾) − 𝑌𝑡 (𝛾)
= 0} = 1, ∀𝑡 > 0.

(20)

This means that uncertain delay differential equation (16)
is stable almost surely by using Definition 6.

4. Stability Theorem

A sufficient condition for uncertain delay differential equa-
tion (1) being stable almost surely is discussed and shown by
the following theorem.

Theorem 9. Supposing that uncertain delay differential equa-
tion (1) has a unique solution for each given initial state. �en
uncertain delay differential equation (1) is stable almost surely
if the coefficients 𝑓(𝑡, 𝑥, 𝑦) and 𝑔(𝑡, 𝑥, 𝑦) satisfy
𝑓 (𝑡, 𝑥1, 𝑦) − 𝑓 (𝑡, 𝑥2, 𝑦) + 𝑔 (𝑡, 𝑥1, 𝑦) − 𝑔 (𝑡, 𝑥2, 𝑦)
≤ 𝐿 𝑡 𝑥1 − 𝑥2 , ∀𝑥1, 𝑥2, 𝑦 ∈ R, 𝑡 ≥ 0 (21)

where 𝐿 𝑡 ≥ 0 and ∫+∞0 𝐿 𝑡d𝑡 < +∞.
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Proof. Let 𝑋𝑡 and 𝑌𝑡 denote two solutions of uncertain delay
differential equation (1) with different initial states 𝜙(𝑡) and𝜓(𝑡) (𝑡 ∈ [−𝜏, 0]), respectively. That is,

d𝑋𝑡 = 𝑓 (𝑡, 𝑋𝑡, 𝑋𝑡−𝜏) d𝑡 + 𝑔 (𝑡, 𝑋𝑡, 𝑋𝑡−𝜏) d𝐶𝑡,
𝑡 ∈ (0, +∞)

𝑋𝑡 = 𝜙 (𝑡) , 𝑡 ∈ [−𝜏, 0]
(22)

and

d𝑌𝑡 = 𝑓 (𝑡, 𝑌𝑡, 𝑌𝑡−𝜏) d𝑡 + 𝑔 (𝑡, 𝑌𝑡, 𝑌𝑡−𝜏) d𝐶𝑡,
𝑡 ∈ (0, +∞)

𝑌𝑡 = 𝜓 (𝑡) , 𝑡 ∈ [−𝜏, 0] .
(23)

Then for any Lipschitz continuous sample 𝐶𝑡(𝛾), we have
𝑋𝑡 (𝛾) = 𝑋0 + ∫𝑡

0
𝑓 (𝑠, 𝑋𝑠 (𝛾) , 𝑋𝑠−𝜏 (𝛾)) d𝑠

+ ∫𝑡
0
𝑔 (𝑠, 𝑋𝑠 (𝛾) , 𝑋𝑠−𝜏 (𝛾)) d𝐶𝑠 (𝛾) ,

𝑡 ∈ (0, +∞)
𝑋𝑡 = 𝜙 (𝑡) , 𝑡 ∈ [−𝜏, 0]

(24)

and

𝑌𝑡 (𝛾) = 𝑌0 + ∫𝑡
0
𝑓 (𝑠, 𝑌𝑠 (𝛾) , 𝑌𝑠−𝜏 (𝛾)) d𝑠

+ ∫𝑡
0
𝑔 (𝑠, 𝑌𝑠 (𝛾) , 𝑌𝑠−𝜏 (𝛾)) d𝐶𝑠 (𝛾) ,

𝑡 ∈ (0, +∞)
𝑌𝑡 = 𝜓 (𝑡) , 𝑡 ∈ [−𝜏, 0] .

(25)

By using formula (21) and Theorem 5, the inequality

𝑋𝑡 (𝛾) − 𝑌𝑡 (𝛾) = 𝑋0 − 𝑌0
+ ∫𝑡
0
𝑓 (𝑠, 𝑋𝑠 (𝛾) ,𝑋𝑠−𝜏 (𝛾))

− 𝑓 (𝑠, 𝑌𝑠 (𝛾) , 𝑌𝑠−𝜏 (𝛾)) d𝑠
+ ∫𝑡
0
𝑔 (𝑠, 𝑋𝑠 (𝛾) ,𝑋𝑠−𝜏 (𝛾))

− 𝑔 (𝑠, 𝑌𝑠 (𝛾) , 𝑌𝑠−𝜏 (𝛾)) d𝐶𝑠 (𝛾) ≤ 𝑋0
− 𝑌0 + ∫

𝑡

0
𝑓 (𝑠, 𝑋𝑠 (𝛾) , 𝑋𝑠−𝜏 (𝛾))

− 𝑓 (𝑠, 𝑌𝑠 (𝛾) , 𝑌𝑠−𝜏 (𝛾)) d𝑠
+ ∫
𝑡

0
𝑔 (𝑠, 𝑋𝑠 (𝛾) , 𝑋𝑠−𝜏 (𝛾))

− 𝑔 (𝑠, 𝑌𝑠 (𝛾) , 𝑌𝑠−𝜏 (𝛾)) d𝐶𝑠 (𝛾) ≤ 𝑋0
− 𝑌0 + ∫𝑡

0
𝐿 𝑠 𝑋𝑠 (𝛾) − 𝑌𝑠 (𝛾) d𝑠 + 𝐾 (𝛾)

⋅ ∫𝑡
0
𝐿 𝑠 𝑋𝑠 (𝛾) − 𝑌𝑠 (𝛾) d𝑠 = 𝑋0 − 𝑌0 + (1

+ 𝐾 (𝛾)) ∫𝑡
0
𝐿 𝑠 𝑋𝑠 (𝛾) − 𝑌𝑠 (𝛾) d𝑠

(26)

holds, where 𝐾(𝛾) is the Lipschitz constant of 𝐶𝑡(𝛾).
By using the Gronwall’s inequality [33], we have

𝑋𝑡 (𝛾) − 𝑌𝑡 (𝛾)
≤ 𝑋0 − 𝑌0 exp((1 + 𝐾 (𝛾)) ∫𝑡

0
𝐿 𝑠d𝑠)

≤ 𝑋0 − 𝑌0 exp((1 + 𝐾 (𝛾)) ∫+∞
0

𝐿 𝑠d𝑠)
≤ sup
𝑗∈[−𝜏,0]

𝑋𝑗 − 𝑌𝑗 exp((1 + 𝐾 (𝛾)) ∫
+∞

0
𝐿 𝑠ds)

(27)

for any 𝑡 > 0.
Since

∫+∞
0

𝐿 𝑡d𝑡 < +∞ (28)

and 𝐾(𝛾) is finite, we have that |𝑋𝑡(𝛾) − 𝑌𝑡(𝛾)| → 0 as long
as sup𝑗∈[−𝜏,0]|𝑋𝑗 − 𝑌𝑗| → 0, which implies that

M{ lim
sup𝑗∈[−𝜏,0] |𝑋𝑗−𝑌𝑗|→0

𝑋𝑡 − 𝑌𝑡 = 0} = 1, ∀𝑡 > 0. (29)

This means that uncertain delay differential equation (1)
is almost surely stable under formula (21).

Example 10. Consider an uncertain delay differential equa-
tion

d𝑋𝑡 = (exp (−𝑡)𝑋𝑡 + 𝜇𝑋𝑡−𝜏)d𝑡 + 𝜎d𝐶𝑡. (30)

Take 𝑓(𝑡, 𝑥, 𝑦) = exp(−𝑡)𝑥 + 𝜇𝑦 and 𝑔(𝑡, 𝑥, 𝑦) = 𝜎. Let𝑁
denote a common upper bound of |𝜇|, |𝜎| and |exp(−𝑡)| with𝑡 > 0. The inequalities

𝑓 (𝑡, 𝑥, 𝑦) + 𝑔 (𝑡, 𝑥, 𝑦) ≤ 𝑁 (1 + |𝑥| + 𝑦) ,
∀𝑥, 𝑦 ∈ R, 𝑡 ≥ 0, (31)

and
𝑓 (𝑡, 𝑥1, 𝑦) − 𝑓 (𝑡, 𝑥2, 𝑦) + 𝑔 (𝑡, 𝑥1, 𝑦) − 𝑔 (𝑡, 𝑥2, 𝑦)
≤ exp (−𝑡) 𝑥1 − 𝑥2 , ∀𝑥1, 𝑥2, 𝑦 ∈ R, 𝑡 ≥ 0 (32)
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hold. According toTheorem 2, we obtain that uncertain delay
differential equation (30) with initial states has a unique
solution. In addition, by using inequality (32) and

∫+∞
0

exp (−𝑡) d𝑡 < +∞, (33)

uncertain delay differential equation (30) is stable almost
surely byTheorem 9.

Example 11 (uncertain cell population growth model). The
initial cell population growth model was provided by the
following equation [34]:

d𝑁𝑡 = (𝜌0𝑁𝑡 + 𝜌1𝑁𝑡−𝜏)d𝑡, 𝑡 ≥ 0 (34)

where𝑁𝑡 is the number of cells in cell population, 𝜌0 > 0 is
the instantaneous growth rate, and 𝜌1 is the delayed growth
rate.

If these biological systems operate in uncertain envi-
ronment, the population 𝑁𝑡 is an uncertain process and
its growth is described by the uncertain delay differential
equation

d𝑁𝑡 = (𝜌0𝑁𝑡 + 𝜌1𝑁𝑡−𝜏)d𝑡 + 𝜎d𝐶𝑡, 𝑡 ≥ 0 (35)

where 𝜎 is a constant and 𝐶𝑡 is a Liu process. Uncertain delay
differential equation (35) is called uncertain cell population
growth model.

Take 𝑓(𝑡, 𝑥, 𝑦) = 𝜌0𝑥 + 𝜌1𝑦 and 𝑔(𝑡, 𝑥, 𝑦) = 𝜎. Let𝑀 denote a common upper bound of 𝜌0, |𝜌1| and |𝜎|. The
inequalities𝑓 (𝑡, 𝑥, 𝑦) + 𝑔 (𝑡, 𝑥, 𝑦) ≤ 𝑀 (1 + |𝑥| + 𝑦) ,

∀𝑥, 𝑦 ∈ R, 𝑡 ≥ 0, (36)

and𝑓 (𝑡, 𝑥1, 𝑦) − 𝑓 (𝑡, 𝑥2, 𝑦) + 𝑔 (𝑡, 𝑥1, 𝑦) − 𝑔 (𝑡, 𝑥2, 𝑦)
≤ 𝜌0 𝑥1 − 𝑥2 , ∀𝑥1, 𝑥2, 𝑦 ∈ R, 𝑡 ≥ 0 (37)

hold. According to Theorem 2, we have that uncertain delay
differential equation (35) with the initial states has a unique
solution.

However, take 𝐿 𝑡 = 𝜌0 and ∫+∞0 𝐿 𝑡d𝑡 = +∞. According
to Theorem 9, we cannot judge whether the solution of
uncertain delay differential equation (35) is almost surely
stable or not.

From Examples 10 and 11, we can see that Theorem 9
only gives the sufficient condition but not the necessary and
sufficient condition for uncertain delay differential equation
being almost surely stable. On the basis of Theorem 9, we
immediately present a corollary about a sufficient condition
for a linear uncertain delay differential equation being stable
almost surely.

Corollary 12. Supposing that 𝑢𝑖𝑡, V𝑖𝑡, and 𝑤𝑖𝑡 (𝑖 = 1, 2)
are real-valued functions, then the linear uncertain delay
differential equation

d𝑋𝑡 = (𝑢1𝑡𝑋𝑡 + V1𝑡𝑋𝑡−𝜏 + 𝑤1𝑡) d𝑡
+ (𝑢2𝑡𝑋𝑡 + V2𝑡𝑋𝑡−𝜏 + 𝑤2𝑡) d𝐶𝑡 (38)

is almost surely stable if 𝑢𝑖𝑡, V𝑖𝑡, and 𝑤𝑖𝑡 (𝑖 = 1, 2) are bounded,
∫+∞
0

𝑢1𝑡 d𝑡 < +∞ (39)

and

∫+∞
0

𝑢2𝑡 d𝑡 < +∞. (40)

Proof. Take 𝑓(𝑡, 𝑥, 𝑦) = 𝑢1𝑡𝑥 + V1𝑡𝑦 + 𝑤1𝑡 and 𝑔(𝑡, 𝑥, 𝑦) =𝑢2𝑡𝑥 + V2𝑡𝑦 + 𝑤2𝑡. Let 𝑁 denote a common upper bound of|𝑢𝑖𝑡|, |V𝑖𝑡| and |𝑤𝑖𝑡| (𝑖 = 1, 2). The inequalities𝑓 (𝑡, 𝑥, 𝑦) + 𝑔 (𝑡, 𝑥, 𝑦) ≤ 2𝑁 (1 + |𝑥| + 𝑦) ,
∀𝑥, 𝑦 ∈ R, 𝑡 ≥ 0, (41)

and𝑓 (𝑡, 𝑥1, 𝑦) − 𝑓 (𝑡, 𝑥2, 𝑦) + 𝑔 (𝑡, 𝑥1, 𝑦) − 𝑔 (𝑡, 𝑥2, 𝑦)
= 𝑢1𝑡 𝑥1 − 𝑥2 + 𝑢2𝑡 𝑥1 − 𝑥2 ≤ 2𝑀 𝑥1 − 𝑥2 ,

∀𝑥1, 𝑥2, 𝑦 ∈ R, 𝑡 ≥ 0
(42)

hold.
According to Theorem 2, we have that linear uncertain

delay differential equation (38) with initial states has a unique
solution. Since𝑓 (𝑡, 𝑥1, 𝑦) − 𝑓 (𝑡, 𝑥2, 𝑦) + 𝑔 (𝑡, 𝑥1, 𝑦) − 𝑔 (𝑡, 𝑥2, 𝑦)

= 𝑢1𝑡 𝑥1 − 𝑥2 + 𝑢2𝑡 𝑥1 − 𝑥2
≤ (𝑢1𝑡 + 𝑢2𝑡) 𝑥1 − 𝑥2 ,

∀𝑥1, 𝑥2, 𝑦 ∈ R, 𝑡 ≥ 0,
(43)

we take 𝐿 𝑡 = |𝑢1𝑡| + |𝑢2𝑡| which is integrable on [0, +∞).
Hence, we have

∫+∞
0

𝑢1𝑡 d𝑡 < +∞ (44)

and

∫+∞
0

𝑢2𝑡 d𝑡 < +∞. (45)

By using Theorem 9, the linear uncertain delay differen-
tial equation (38) is almost surely stable.

Example 13. Consider a linear uncertain delay differential
equation (30):

d𝑋𝑡 = (exp (−𝑡)𝑋𝑡 + 𝜇𝑋𝑡−𝜏)d𝑡 + 𝜎d𝐶𝑡. (46)

The real-valued functions exp(−𝑡), 𝜇, and 𝜎 are bounded
on the interval [0, +∞), and

∫+∞
0

exp (−𝑡) d𝑡 = 1 < +∞. (47)

By using Corollary 12, we also have that uncertain delay
differential equation (30) is stable almost surely.

Up to now, we have discussed the almost sure stability
of linear uncertain delay differential equation (38). In what
follows, let us consider another type of uncertain delay
differential equation.
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Theorem 14. Supposing that 𝑢𝑡, V𝑡, and 𝑤𝑡 are real-valued
functions, then the uncertain delay differential equation

d𝑋𝑡 = (𝑢𝑡𝑋𝑡−𝜏 + V𝑡)d𝑡 + 𝑤𝑡d𝐶𝑡 (48)

is almost surely stable if 𝑢𝑡, V𝑡, and 𝑤𝑡 are bounded, and
∫+∞
0

𝑢𝑡 d𝑡 < +∞. (49)

Proof. According toTheorem 2, we have that uncertain delay
differential equation (48) has a unique solution with given
initial states when 𝑢𝑡, V𝑡, and 𝑤𝑡 are bounded. It is supposed
that𝑋𝑡 and 𝑌𝑡 are the solutions of uncertain delay differential
equation (48) with different initial states 𝜙(𝑡) and 𝜓(𝑡) (𝑡 ∈[−𝜏, 0]), respectively. That is,

d𝑋𝑡 = (𝑢𝑡𝑋𝑡−𝜏 + V𝑡) d𝑡 + 𝑤𝑡d𝐶𝑡, 𝑡 ∈ (0, +∞)
𝑋𝑡 = 𝜙 (𝑡) , 𝑡 ∈ [−𝜏, 0] (50)

and

d𝑌𝑡 = (𝑢𝑡𝑌𝑡−𝜏 + V𝑡) d𝑡 + 𝑤𝑡d𝐶𝑡, 𝑡 ∈ (0, +∞)
𝑌𝑡 = 𝜓 (𝑡) , 𝑡 ∈ [−𝜏, 0] . (51)

Then, we have

d (𝑋𝑡 − 𝑌𝑡) = 𝑢𝑡 (𝑋𝑡−𝜏 − 𝑌𝑡−𝜏) d𝑡, (52)

and

𝑋𝑡 − 𝑌𝑡 = 𝑋0 − 𝑌0 + ∫
𝑡

0
𝑢𝑠 (𝑋𝑠−𝜏 − 𝑌𝑠−𝜏) d𝑠

= 𝑋0 − 𝑌0 + ∫
𝑡−𝜏

−𝜏
𝑢𝑝+𝜏 (𝑋𝑝 − 𝑌𝑝) d𝑝

≤ 𝑋0 − 𝑌0 + ∫
𝑡−𝜏

−𝜏
𝑢𝑝+𝜏 (𝑋𝑝 − 𝑌𝑝) d𝑝

≤ 𝑋0 − 𝑌0 + ∫𝑡−𝜏
−𝜏

𝑢𝑝+𝜏 𝑋𝑝 − 𝑌𝑝 d𝑝
≤ 𝑋0 − 𝑌0 + ∫𝑡

−𝜏

𝑢𝑝+𝜏 𝑋𝑝 − 𝑌𝑝 d𝑝.

(53)

By using the Gronwall’s inequality [33], we have

𝑋𝑡 (𝛾) − 𝑌𝑡 (𝛾) ≤ 𝑋0 − 𝑌0 exp(∫𝑡
−𝜏

𝑢𝑝+𝜏 d𝑝)
≤ 𝑋0 − 𝑌0 exp(∫+∞

−𝜏

𝑢𝑝+𝜏 d𝑝)
= 𝑋0 − 𝑌0 exp(∫+∞

0

𝑢𝑠 d𝑠)
≤ sup
𝑗∈[−𝜏,0]

𝑋𝑗 − 𝑌𝑗 exp(∫
+∞

0

𝑢𝑠 d𝑠)

(54)

for any 𝑡 > 0 and 𝛾 ∈ Γ.

Hence, uncertain delay differential equation (48) is
almost surely stable if

exp(∫+∞
0

𝑢𝑠 d𝑠) < +∞. (55)

The above inequality is equivalent to the following inequality

∫+∞
0

𝑢𝑠 d𝑠 < +∞. (56)

Therefore,

M{ lim
sup𝑗∈[−𝜏,0] |𝑋𝑗−𝑌𝑗|→0

𝑋𝑡 − 𝑌𝑡 = 0} = 1, ∀𝑡 > 0, (57)

holds, and uncertain delay differential equation (48) is almost
surely stable following from Definition 6.

Example 15. Consider an uncertain delay differential equa-
tion

d𝑋𝑡 = (exp (−𝑡)𝑋𝑡−𝜏 + 𝜇) d𝑡 + 𝜎d𝐶𝑡. (58)

It follows fromTheorem2 that uncertain delay differential
equation (58) has a unique solution with given initial states.
In addition, the real-valued functions exp(−𝑡), 𝜇, and 𝜎 are
bounded on the interval [0, +∞), and

∫+∞
0

exp (−𝑡) d𝑡 = 1 < +∞. (59)

According to Theorem 14, uncertain delay differential
equation (58) is stable almost surely.

5. Comparison

The relationship between almost sure stability and stability in
measure for uncertain delay differential equation (1) is shown
as below.

Theorem 16. If uncertain delay differential equation (1) is
almost surely stable, uncertain delay differential equation (1)
is stable in measure.

Proof. Supposing that 𝑋𝑡 and 𝑌𝑡 are two solutions of the
uncertain delay differential equation (1) with different initial
states 𝑥𝑗 and 𝑦𝑗 for any 𝑗 ∈ [−𝜏, 0], respectively, according to
Definition 6, we have

M{𝛾 ∈ Γ | lim
sup𝑗∈[−𝜏,0]|𝑥𝑗−𝑦𝑗|→0

𝑋𝑡 (𝛾) − 𝑌𝑡 (𝛾) = 0}
= 1, ∀𝑡 > 0.

(60)

That is, there exists a set Γ0 in ΓwithM{Γ0} = 1 such that,
for any 𝛾 ∈ Γ0,

lim
sup𝑗∈[−𝜏,0] |𝑥𝑗−𝑦𝑗 |→0

𝑋𝑡 (𝛾) − 𝑌𝑡 (𝛾) = 0. (61)



Mathematical Problems in Engineering 7

According to (61), for any 𝜖 > 0 and 𝛾 ∈ Γ0, we have |𝑋𝑡(𝛾) −𝑌𝑡(𝛾)| ≤ 𝜖 as long as sup𝑗∈[−𝜏,0]|𝑥𝑗 −𝑦𝑗| → 0. It directly leads
to

lim
sup𝑗∈[−𝜏,0] |𝑥𝑗−𝑦𝑗|→0

M {𝛾 ∈ Γ | 𝑋𝑡 (𝛾) − 𝑌𝑡 (𝛾) ≤ 𝜖}
≥ 1. (62)

However,
lim

sup𝑗∈[−𝜏,0]|𝑥𝑗−𝑦𝑗|→0
M {𝛾 ∈ Γ | 𝑋𝑡 (𝛾) − 𝑌𝑡 (𝛾) ≤ 𝜖}

≤ 1. (63)

Hence, for any 𝜖 > 0, we have
lim

sup𝑗∈[−𝜏,0] |𝑥𝑗−𝑦𝑗 |→0
M {𝑋𝑡 − 𝑌𝑡 ≤ 𝜖} = 1, ∀𝑡 > 0. (64)

Thus almost sure stability implies the stability in mea-
sure.

6. Conclusion

In this paper, we proposed a concept of almost sure stability
of analytical solutions of uncertain delay differential equa-
tions. Meanwhile, we provided three sufficient conditions
for uncertain delay differential equations being stable almost
surely. At last, we analyzed the relationship between almost
sure stability and stability in measure and found that almost
sure stability could imply the stability in measure for uncer-
tain delay differential equations. In future, we will focus on
the application of uncertain delay differential equations in the
area of biological systems and finance.

Appendix

A. Uncertain Variable

Definition A.1 (Liu [2, 4]). Let L be a 𝜎-algebra on a
nonempty set Γ. Uncertain measure M is a set function from
L to [0, 1] satisfying the following axioms:

Axiom 1. M{Γ} = 1.
Axiom 2. M{Λ} +M{Λ𝑐} = 1 for any Λ ∈L.

Axiom 3. For every countable sequence of {Λ 𝑖} ∈L, we have

M{∞⋃
𝑖=1

Λ 𝑖} ≤ ∞∑
𝑖=1

M {Λ 𝑖} . (A.1)

Axiom 4. Let (Γ𝑘,L𝑘,M𝑘) be uncertainty spaces for 𝑘 =1, 2, . . .. The product uncertain measure M is an uncertain
measure satisfying

M{ ∞∏
𝑘=1

Λ 𝑘} = ∞⋀
𝑘=1

M𝑘 {Λ 𝑘} (A.2)

where Λ 𝑘 ∈L𝑘 for 𝑘 = 1, 2, . . ., respectively.
Definition A.2 (Liu [2]). An uncertain variable 𝜉 is a measur-
able function from an uncertainty space (Γ,L,M) to the set
of real numbers.

B. Uncertain Process

Definition B.1 (Liu [3]). Let (Γ,L,M) be an uncertainty
space and 𝑇 be a totally ordered set. An uncertain process 𝑋𝑡
is a function from 𝑇 × (Γ,L,M) to the set of real numbers
such that

{𝑋𝑡 ∈ 𝐵} = {𝛾 ∈ Γ | 𝑋𝑡 (𝛾) ∈ 𝐵} (B.1)

is an event for any Borel set 𝐵 at each 𝑡.
Definition B.2 (Liu [4]). An uncertain process 𝐶𝑡 (𝑡 ≥ 0) is
called a Liu process if

(1) 𝐶0 = 0 and almost all sample paths are Lipschitz
continuous;

(2) 𝐶𝑡 is a stationary independent increment process;
(3) every increment 𝐶𝑠+𝑡 − 𝐶𝑠 is a normal uncertain

variable with expected value 0 and variance 𝑡2.
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