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Many numerical methods have been developed for in-plane vibration of orthotropic rectangular plates with various boundary
conditions; however, the exact results for such structures with elastic boundary conditions are very scarce.+erefore, the object of
this paper is to present an accurate solution for free in-plane vibration of orthotropic rectangular plates with various boundary
conditions by the method of reverberation ray matrix (MRRM) and improved golden section search (IGSS) algorithm. +e
boundary condition studied in this paper is defined as that a set of opposite edges is with one kind of simply supported boundary
conditions, while the other set is with any kind of classical and general elastic boundary conditions or their combination. Its
accuracy, reliability, and efficiency are verified by some numerical examples where the results are compared with other exact
solutions in the published literature and the FEA results based on the ABAQUS software. Finally, some new accurate results for
free in-plane vibration of orthotropic rectangular plates with elastic boundary conditions are examined and further can be treated
as the reference data for other approximate methods or accurate solutions.

1. Introduction

+e orthotropic rectangular plates, as the fundamental
components, have achieved a widespread use in aerospace,
military, and marine industries and various engineering
fields, and their structural stability and safety performance
rely on the vibration characteristics. +us, in the past de-
cades, a lot of studies for free vibrations of rectangular plates
have been carried out. Among the existing jobs, most of the
researchers focus on the transverse vibrations of plates while
the in-plane vibration research is very scarce. For example,
Li et al. [1–4] proposed the analytical symplectic superpo-
sition method to solve free vibration solutions of rectangular
plates. Zhang et al. [5, 6] presented a finite integral transform
solution to determine the vibration behavior of rectangular
orthotropic thin plates with different boundary conditions.
Ullah et al. [7, 8] extended the integral transform method to
study the buckling behavior of rectangular plates. Of course,
there are many other excellent achievements, and there is no
detailed discussion here. In theory, the aforementioned

methods for studying transverse vibration characteristics of
rectangular plates also have potential to conduct the analysis
of in-plane vibration characteristics. According to the
current research situation, there are relatively few related
literatures on in-plane vibration characteristics of rectan-
gular plates; the importance of which, however, has been
shown in the complicated plate structures and sandwich
plates [9–16]. As a matter of fact, the publications pertaining
to in-plane vibrations have been increasing. In recent years,
the study on in-plane vibrations has increased greatly and a
lot of research results have been published.

Bardell et al. [9] studied in-plane vibrations of isotropic
rectangular plates due to the lack of the related valid results
at that time and provided some useful benchmark data of the
in-plane frequencies of rectangular plates with simply
supported, clamped, and free boundary conditions, where
the Rayleigh–Ritz method is adopted. Du et al. [12] studied
the in-plane vibration of isotropic rectangular plates with
elastically restrained edges by the Rayleigh–Ritz method in
conjunction with the Fourier series method. Gorman et al.
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[17] studied in-plane vibration of rectangular plates subject
to completely free boundaries by extending the superposi-
tion method. Applying the variational approximation
method, Seok et al. [18] studied free in-plane vibration of a
cantilevered rectangular plate. Dozio [19] studied the ac-
curate in-plane modal properties of rectangular plates using
the Ritz method, where arbitrary nonuniform elastic edge
restraints were considered. Singh and Muhammad [20]
investigated free in-plane vibration of isotropic non-
rectangular plates subjected to classical boundary conditions
using the variational method. Du et al. [21] applied a gen-
eralized Fourier method to study the free vibration of the
rectangular plate with different point-supported boundary
conditions, which enriched the in-plane vibration of the plate.
Based on the dynamic stiffness method, Nefovska-Danilovic
and Petronijevic [22] carried out the in-plane free vibration
and response analysis of isotropic rectangular plates, in which
the numerical results were very consistent with FEM.

In the aforementioned works, the solutions by the related
solving methods like the Rayleigh–Ritz method are classified
as approximate solutions. Although the methods for ap-
proximate solutions have the merits of the simple solving
process and high precision, considering that the in-plane
natural frequencies of plates are generally in high-frequency
regions, the minor errors of results may also cause the poor
structure stability and safety performance. +us, to achieve
higher precision of in-plane natural frequencies is the ul-
timate goal and the corresponding solution is also called the
exact solution. Gorman [23] presented the exact solutions
for free in-plane vibration of rectangular plates whose one
set of opposite edges is simply supported and the other set
both clamped or both free. Xing et al. [24, 25] obtained exact
solutions for free in-plane vibrations of rectangular plates
employing the direct separation of variables, where SS1-SS2-
SS1-SS2, SS1-SS1-SS1-SS1, SS2-SS2-SS2-SS2, SS1-C-SS1-C,
SS1-F-SS1-F, SS1-SS1-SS1-C, SS1-SS2-SS1-C, SS1-SS1-SS1-
F, SS1-SS2-SS1-F, SS1-C-SS1-F, and other possible classical
boundary conditions were considered. Later, Xing’s [26]
group obtained the exact solutions of the free in-plane vi-
bration of orthotropic rectangular plates with SS1-C-SS1-C,
SS2-F-SS2-F, SS1-C-SS2-F, SS2-SS1-SS2-C, SS2-SS2-SS2-F,
and SS2-SS1-SS1-F boundary conditions. +e symbols S, C,
F, and E represent simply supported boundary, clamped
boundary, free boundary, and elastically restrained boundary
conditions, respectively. Two forms of simply supported
boundary conditions are as follows [23]: SS1—displacement
parallel to the edge and normal stress (Nxx) perpendicular to
the edge are forbidden; SS2—shear stress (Nxy) along the edge
and displacement normal to the edge are forbidden. Take
boundary x� 0 as an example, the symbol SS1 indicates that
Nxx � 0 and v � 0 and SS2 means that u� 0 and Nxy � 0.

+rough the above review, it can be known that the exact
solutions for in-plane vibration analysis of orthotropic
rectangular plates are deficient. By investigating the existing
literature, it is found that researchers have been pursuing
more accurate in-plane vibration results because it can better
promote the development of numerical algorithms. As far as
authors know, only “comprehensive exact solutions for free
in-plane vibrations of orthotropic rectangular plates” [26]

presents the exact solutions for the titled problem. However,
in this paper, only the classical boundary conditions are
considered. In the existing engineering applications, there are
still a large number of elastic boundaries except for the
classical boundary conditions. At present, numerical methods
can solve many problems well, but researchers have been
pursuing the exact solution.+us, it is necessary and urgent to
establish an accurate analytical model to conduct in-plane
vibration analysis of orthotropic rectangular plates with
elastic boundary conditions. Before that, the members of the
author’s team have done some innovative work around the
method of reverberation ray matrix (MRRM) in solving the
exact solutions of structural vibration, such as the exact so-
lutions of isotropic rectangular plates with elastic constraints
[27]. However, it should be pointed out that the mechanical
properties of orthotropic rectangular plates are superior to
those of isotropic rectangular plates due to the difference of
material properties. +erefore, it is necessary to study the in-
plane exact solutions of orthotropic rectangular plates. +is
paper can be regarded as an extension of previous work.

In this paper, the method of reverberation ray matrix
(MRRM) and the improved golden section search (IGSS)
algorithm are adopted to solve accurate solutions for free in-
plane vibration of orthotropic rectangular plates. MRRM is
used to obtain the natural frequency characteristic equation
and IGSS algorithm to acquire in-plane natural frequencies
and modal shapes. +e results are compared with existing
published results and FEA results, by which the accuracy,
reliability, and efficiency can be validated. On this basis,
some new results for the orthotropic rectangular plates with
elastic boundary conditions are presented for the first time,
which may be worked as the benchmark data.

2. Theoretical Formulations of
Accurate Solutions

2.1. Differential Equations and Boundary Conditions.
Figure 1 shows an orthotropic rectangular plate character-
ized by length Lx, width Ly, and thickness h in x-, y-, and z-
directions, respectively. According to the small deformation,
the stresses are written as

σx � A11
zu

zx
+ A12

zv

zy
,

σy � A21
zu

zx
+ A22

zv

zy
,

τxy � Gxy

zu

zy
+

zv

zx
 ,

(1)

in which

A11 �
Ex

1 − μxμy

,

A22 �
Ey

1 − μxμy

,
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A12 �
μxEy

1 − μxμy

,

A21 �
μyEx

1 − μxμy

,

(2)

where Ex(Ey) and μx(μy) are Young’s modulus and Poisson’s
ratio in x-direction (y-direction), respectively, and Gxy is the
shear modulus.

+e constitutive relations of the in-plane vibration of the
plate, by Hooke’s law, can be expressed as

Nxx � A11h
zu

zx
+ A12h

zv

zy
,

Nyy � A21h
zu

zx
+ A22h

zv

zy
,

Nxy � Gxyh
zu

zy
+

zv

zx
 .

(3)

+e strain energy and kinetic energy are

UV �
1
2


Lx

0


Ly

0
Nxx

zu

zx
+ Nyy

zv

zy
+ Nxy

zu

zy
+

zv

zx
  dx dy,

(4)

T �
1
2
ρh 

Lx

0


Ly

0

z2u

zt2
+

z2v

zt2
 dx dy, (5)

where ρ is the mass density. As mentioned before, the aim
of this study is to present an accurate solution for the free in-
plane vibration of the orthotropic rectangular plate with
various classical and elastic boundary conditions. +us, to
meet such requirements, the boundary simulation tech-
nique is introduced, where two opposite plate edges are
implemented by the general elastic restraints (E) and other
edges are simply supported restraints (S) containing the
simply supported boundary 1 (SS1) and simply supported
boundary 2 (SS2) to accord with the accurate solutions. +e
detailed information of the boundary conditions (two
types: E-S-E-S and S-E-S-E) are shown as in Figure 2.
Hence, the strain energy stored in these boundary springs
during vibration is

US � h 
Ly

0
k

u
x0u + k

v
x0v x�0dx + h 

Ly

0
k

u
x1u + k

v
x1v x�Lx

dx,

for E − S − E − S case,

US � h 
Ly

0
k

u
y0u + k

v
y0v 

y�0dy + h 
Ly

0
k

u
y1u + k

v
y1v 

y�Ly

dy,

for S − E − S − E case.
(6)

In the next theoretical formulations, the boundary
condition is the E-S-E-S case. Within any time interval, 0 to
t0, Hamilton’s principle is


t0

0
δUV + δUS − δT( dt � 0, (7)

where δUV, δT, and δUS are the virtual strain energy, the
virtual kinetic energy, and the virtual spring potential energy,
respectively, and δ is the first variation operator. Particularly,
it should be pointed out here that the Hamilton's principle is a
widely used principle in structural dynamics, such as linear
and nonlinear vibration analysis of orthotropic or func-
tionally graded plates.

Substituting for UV, T, and US from equations (4)–(6)
into equation (7) yields

0 � 
t0

0
δUV + δUS − δT( dt

� − 
t0

0


Lx

0


Ly

0

zNxx

zx
δu +

zNyy

zy
δv +

zNxy

zy
δu +

zNxy

zx
δv  dx dy dt

+ 
t0

0


Ly

0
Nxxδu |

x�Lx

x�0 dy + 
Lx

0
Nyyδv |

y�Ly

y�0 dx + 
Lx

0
Nxyδu |

y�Ly

y�0 dx + 
Ly

0
Nxyδv |

x�Lx

x�0 dy 

+ 
t0

0


Ly

0
k

u
x0uδu + k

v
x0vδv x�0dy + 

Ly

0
k

u
x1uδu + k

v
x1vδv x�Lx

dy dt

+ ρ
t0

0


Lx

0


Ly

0
€uδu + €_vδv}dx dy dt.

(8)

Lx

x

y

z

Ly
Ey

h

μy

Ex μx

Figure 1: A rectangular plate and coordinates.
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Relieving the virtual displacements, δu and δv, in
equation (8) via the integration by parts and then applying
the calculus of variations yields

0 � − 
t0

0


Lx

0


Ly

0

zNxx

zx
+

zNxy

zy
− ρ€u δu

+
zNyy

zy
+

zNxy

zx
− ρ€v δvdx dy dt

+ 
t0

0


Ly

0
k

u
x0u − Nxx( δu + k

v
x0v − Nxy δv 

x�0dx

+ 
Ly

0
k

u
xau + Nxx( δu + k

v
xav + Nxy δv 

x�Lx

dydt.

(9)

+e necessary and sufficient condition for the above
equation is that the virtual displacements equal to zeros be-
cause of the arbitrariness of virtual displacements. So, from the
first part, the governing equations of the plate can be reduced as

zNxx

zx
+

zNxy

zy
− ρ€u � 0,

zNyy

zy
+

zNxy

zx
− ρ€v � 0.

(10)

+e elastically supported boundary conditions are
expressed as

At x � 0, k
u
x0u � Nxx, k

v
x0v � Nxy,

At x � Lx, k
u
x1u � − Nxx, k

v
x1v � − Nxy.

(11a)

In the same way, the elastically supported condition for
S-E-S-E case (Figure 2(b)) can also be obtained as follows:

At y � 0, k
u
y0u � Nxy, k

v
y0v � Nyy,

At y � Ly, k
u
y1u � − Nxy, k

v
y1v � − Nyy.

(11b)

2.2.Wave Solutions. In Section 2.1, the derivations are in the
time domain. But, the free in-plane vibration analysis is in
the frequency domain. +erefore, the Laplace transform is
primarily applied to obtain the corresponding differential
equations and boundary equations in the frequency domain.
+e expressions of Laplace transform and inverse Laplace
transform are

v(x, y, s) � 
∞

0
v(x, y, t)e

− stdt,

v(x, y, t) �
1
2πi


β+∞i

β− ∞i
v(x, y, s)e

stds,

(12)
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Figure 2:+e four combinations of boundary conditions for free in-plane vibrations of rectangular plates with general elastic restrains along
the edges: (a) x� constants and (b) y� constants.
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where β is the intersection point between the Bromwich
contour of integration and the real axis on the complex s-plane.

+e in-plane governing equations in equation (10) can be
rewritten as the following form by the Laplace transform:

L11 L12

L12 L22
 

u

v
  �

ρs2 0

0 ρs2
 

u

v
 , (13)

where the coefficients of the linear operator L (Lij � Lji) are
given as follows:

L11 � A11
z2

zx2 + Gxy

z2

zy2,

L12 � A12
z2

zx zy
+ Gxy

z2

zx zy
,

L22 � A22
z2

zy2 + Gxy

z2

zx2.

(14)

+e accurate forms of generalized displacement func-
tions for in-plane vibration of the orthotropic rectangular
plate whose edges of y� 0 and y� Ly are with classical
boundary conditions are

u(x, y) � 
∞

n�1
Ane

λnx
Uyn(y),

v(x, y) � 
∞

n�1
Bne

λnx
Vyn(y),

(15)

whereAn and Bn, the arbitrary coefficients, correspond to the
generalized displacement amplitudes for the nth mode of the
plate, λn is the characteristic wave number in the x-direction,
and Uyn(y) and Vyn(y) are in-plane modal functions for the
plate whose y-direction is with different boundaries; and for
the case of two parallel edges y� 0 and y� Ly with the simply
supported boundary, their expressions are written as

SS1: Uyn(y) � sin kyy , Vyn(y) � cos kyy , ky �
nπ
Ly

 ,

SS2: Uyn(y) � cos kyy , Vyn(y) � sin kyy , ky �
nπ
Ly

 .

(16)

+en, substituting the above wave solutions into equa-
tion (12), two homogeneous linear equations are obtained,
which can be also written in the following matrix form:

T11 T12

T21 T22
 

Un

Vn

  � |T|Cn � 0, (17)

where the elements of Tij (i, j� 1,2) are

SS1:

T11 � − Gxyk
2
y + A11λ

2
n − ρs

2
,

T12 � − kyλn Gxy + A12 ,

T21 � kyλn Gxy + A12 ,

T22 � − A22k
2
y + Gxyλ

2
n − ρs

2
.

SS2:

T11 � − Gxyk2
y + A11λ

2
n − ρs2,

T12 � kyλn Gxy + A12 ,

T12 � kyλn Gxy + A12 ,

T22 � − A22k
2
y + Gxyλ

2
n − ρs2.

(18)

For equation (17), if and only if the determinant of the
coefficient matrix equals to zero, its nontrivial solutions can
be obtained and the characteristic equation of λn is

b4λ
4
n + b2λ

2
n + b0 � 0, (19)

where

b0 � ρ2s4 + A22Gxyk
4
y + A22k

2
yρs

2
+ Gxyk

2
yρs

2
,

b2 � A
2
12k

2
y − A11A22k

2
y + 2A12Gxyk

2
y − A11ρs

2
− Gxyρs

2
,

b4 � A11Gxy.

(20)

For equation (19), when the wave number is zero, the
rigid-body displacements occur, but in free vibration, such
displacements will be eliminated. By solving equation (19),
two pairs of characteristic wave numbers ±λ1n and ±λ2n can
be obtained, and the corresponding basic solution vectors of
equation (17), {αa,din, 1}T (i� 1, 2), are defined by

αa,d1n � −
T12

T11

λ�±λ1n

,

αa,d2n � −
T12

T11

λ�±λ2n

.

(21)

+en, the general solutions for the orthotropic rectan-
gular plate displacements are obtained by the superposition
principle:

u(x, y) � 
∞

n�1
a1ne

λ1nx
+ a2ne

λ2nx
+ d1ne

− λ1nx
+ d2ne

− λ2nx
 Uyn(y),

v(x, y) � 
∞

n�1
αa1na1ne

λ1nx
+ αa2na2ne

λ2nx
+ αd1nd1ne

− λ1nx


+ αd2nd2ne
− λ2nx

Vyn(y).

(22)

To apply the MRRM further, a generalized displace-
ment vector δ is introduced:

δn � Yn(y)AnδPn(− x)an + Yn(y)DnδPn(x)dn, (23)

where
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Yn � diag Uyn(y), Vyn(y) ,

Pn(x) � diag e
− λ1nx

, e
− λ2nx

 ,

an � a1n a2n 
T
,

dn � d1n d2n 
T
,

Anδ �
1 1

αa1n αa2n

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

Dnδ �
1 1

αd1n αd2n

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

(24)

where Pn(x) is the phase propagation matrix and Anδ and
Dnδ are the displacement coefficient matrixes. +e boundary
forces, similarly, can be written as a generalized displace-
ment vector fn:

fn � Nxx, Nxy 
T

� Yn(y)AnfPn(− x)an + Yn(y)DnfPn(x)dn,

(25)

where

SS1:

Anf �

A11λ1n − A12αa1nky A11λ2n − A12αa2nky

Gxy αa1nλ1n + ky  Gxy αa2nλ2n + ky 

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦,

Dnf �

− A11λ1n − A12αd1nky − A11λ2n − A12αd2nky

Gxy ky − αd1nλ1n  Gxy ky − αd2nλ2n 

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

SS2:

Anf �

A11λ1n + A12αa1nky A11λ2n + A12αa2nky

Gxy αa1nλ1n − ky  Gxy αa2nλ2n − ky 

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦,

Dnf �

− A11λ1n + A12αd1nky − A11λ2n + A12αd2nky

Gxy − ky − αd1nλ1n  Gxy − ky − αd2nλ2n 

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(26)

2.3. Accurate Solutions for Free In-Plane Vibration of Rect-
angular Plates. +e artificial spring boundary technique and
the method of reverberation ray matrix are used together to
derive the reverberation ray matrix approach in this section
and then to conduct the analysis of in-plane vibration for

orthotropic rectangular plates with general boundary con-
ditions [28–33].

In the orthotropic rectangular plates, the dual local
coordinates (o-x12y12z12) and (o-x21y21z21) should be
established to determine the phase relation of the re-
verberation ray groups. For information on double local
coordinates, please refer to reference [27]. +e origins of the
two dual local coordinates, nodes “1” and “2,” are set at the
right and left edges of the plate. For brevity, it is assumed that
(o-x12y12z12) and (o-x21y21z21) are both paralleled with the
global coordinate (o-xyz) but their x- and z-coordinates are
in the opposite directions, and dual local coordinates satisfy
the following relation:

x
12

� Lx − x
21

,

y
12

� y
21

,

z
12

� − z
21

.

(27)

In the dual local coordinate systems, the generalized state
vectors δn and fn in equations (23) and (25) are written as


δ12 x12( 

f12 x12( 
 �

A12
nδP − x12(  D12

nδP x12( 

A12
nfP − x12(  D12

nfP x12( 

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦
a12n

d12n
, (28)

δ21 x21( 

f21 x21( 
  �

A21
nδP − x21(  D21

nδP x21( 

A21
nfP − x21(  D21

nfP x21( 
⎡⎣ ⎤⎦

a21n
d21n

 . (29)

Furthermore, because of the uniqueness of the physical
quantity, the compatibility condition of generalized state
variables can be determined on the basis of the sign con-
vention (seen in Figure 3):

u
12
0 , v

12
0  � − u

21
0 , v

21
0 ,

δ12 x
12

  � Tδδ
21

x
21

 ,
(30a)

N
12
xx, N

12
xy  � N

21
xx, − N

21
xy ,

f12n x
12

  � Tff
21
n x

21
 ,

(30b)

where Tδ �diag{− 1, 1} is the dual transformation matrix
between δ12 and δ21 and Tf � diag{1, − 1} that between f12
and f21. Substituting equations (27)–(29) into equations
(30a) and (30b) and considering the wave numbers are
independent of two dual local coordinates, i.e., λ12i � λ21i

(i� 1, 2), we have

AnδPn(0) DnδPn(0)

AnfPn(0) DnfPn(0)
 

a21n
d21n

⎡⎣ ⎤⎦ �
Tδ 0

0 Tf
 

AnδPn − Lx(  DnδPn Lx( 

AnfPn − Lx(  DnfPn Lx( 
 

a12n
d12n

⎡⎣ ⎤⎦, (31)
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which can be regrouped as

− TδAnδPn − Lx(  AnδPn(0)

− TfAnfPn − Lx(  AnfPn(0)
 

a12n
a21n

⎡⎣ ⎤⎦ �
TδDnδPn Lx(  − DnδPn(0)

TfDnfPn Lx(  − DnfPn(0)
 

d12n
d21n

⎡⎣ ⎤⎦. (32)

Also, equation (32) can be further simplified as

a � Phd, (33)

where a � [a12n ]T, [a21n ]T 
T

and d � [d12n ]T, [d21n ]T 
T

are
the wave amplitude vectors and

(a) (b) (c)

(d) (e) (f )

Figure 3: +e mode shapes of the SS1-SS2-SS1-SS2 plate (red line: present solution; black line: ABAQUS software). (a) 1st mode. (b) 2nd
mode. (c) 3rd mode. (d) 4th mode. (e) 5th mode. (f ) 6th mode.
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Ph �
− TδAnδPn − Lx(  AnδPn(0)

− TfAnfPn − Lx(  AnfPn(0)
 

− 1 TδDnδPn Lx(  − DnδPn(0)

TfDnfPn Lx(  − DnfPn(0)
 , (34)

is the phase matrix expressing the phase relations of wave
amplitude vectors. To ensure numerical stability of calcu-
lation, the exponentially growing function should not occur
in the phase matrix, which indicates that the wave numbers
λi (i� 1, 2) should have the positive real part.

Next, the system wave amplitude vectors are completely
determined by the scattering relations at each of the nodes.
According to the boundary conditions given in equations
(11a) and (11b), the displacement continuity and force
equilibrium conditions of the node are written as

A12
nfa

12
n + D12

nfd
12
n � K1

E A12
nδa

12
n + D12

nδd
12
n , (35)

A21
nfa

21
n + D21

nfd
21
n � K2

E A21
nδa

21
n + D21

nδd
21
n , (36)

where K1
E � diag ku

x0, kv
x0  and K2

E � diag ku
x1, kv

x1  are
stiffness matrices of the two sets of support springs. By
changing the stiffness values, all possible boundary condi-
tions can be simulated. Here, the boundary stiffness matrixes
shown in Table 1 correspond to several boundary conditions
often encountered in practice. +en, by classifications and
reorganizations further, equations (33) and (34) are
expressed in the following form of matrix:

d � Sa, (37)

where

S �
K1

ED
12
nδ − D12

nf 
− 1

A12
nf − K1

EA
12
nδ  0

0 K2
ED

21
nδ − D21

nf 
− 1

A21
nf − K2

EA
21
nδ 

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦, (38)

is the scattering matrix. Further combining equations (33)
and (37) yields

(I − R)d � 0, (39)

where R� SPh is the reverberation ray matrix.
+e equation of natural frequencies for free vibration is

expressed as

det(I − R) � 0. (40)

For equation (40), it can be known that it is transcen-
dental, which brings difficulty in solving analytically. +us,
an effective search technique is established by the author’s
group based on the extrapolationmethod and golden section
search (GSS) algorithm to obtain nontrivial solutions of
equation (40). +e detailed principle of the effective search
technique can be seen in reference [27, 34].

3. Numerical Results and Discussion

Section 2 shows the theoretical formulations of the present
accurate solutions.+us, in this section, the primary purpose
is to verify its accuracy and reliability via several numerical
examples including the comparison of in-plane frequency
parameters and modal shapes. On the basis of that some new
in-plane vibration results of orthotropic rectangular plates
with elastic boundary condition are presented.

Tables 2–5 show the first ten in-plane frequency pa-
rameters of orthotropic rectangular plates with different
classical boundary conditions. In Tables 2–4, the finite el-
ement method (FEM) results taken from the ABAQUS
software are also given as comparison due to the lack of the

accurate benchmark data. In the FEM results, two types of
the modeling methods are considered: FEMI: mesh size
0.025 m× 0.025 m, mesh type: S4R, and mesh number:
1600; FEMII: mesh size 0.01 m× 0.01 m, mesh type: S4R,
and mesh number: 10000. In addition, the corresponding in-
plane modal shapes of Tables 2–4 are presented in
Figures 3–5, respectively. In Table 5, the results by Du et al.
[12] using a semianalytical method and Liu and Xing [26]
using the exact solutions are also considered here. In
Tables 2–5, the dimensionless formulaΩ is defined as ωLx(ρ/
Gxy)1/2/π, and the geometric parameters and material pa-
rameters are given as follows: Lx/Ly � 1, μx � 0.3, Ey � 70 GPa,
Ex � 2Ey, and Gxy � Ey/2/(1 − μxμy). From Tables 2–5, it is
obvious that the results of present accurate solutions are
close to the referential solutions. In addition, it is also clear
from Tables 2–4 that the accuracy of the finite element
method depends strongly on the mesh type and size of the
finite element model. In theory, the smaller the size of the
element, the more the number of the element, and the higher
the accuracy of the calculation at this time; however, more
computing resources need to be paid. +is is why the
purpose of developing exact solutions is to provide reference
for numerical solutions [3, 4].

From Tables 2–5, it can also be concluded that the
present approach has good accuracy and reliability in the
analysis of in-plane vibration of orthotropic rectangular
plates. However, in Section 1, it can be known that although
relevant research has been carried out in the study of iso-
tropic rectangular plates [27], no parametric study of the
exact elastic solutions for the orthogonal materials has been
found. +erefore, in order to enrich the existing research
system and results, some parametric research work on elastic
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and exact solutions will be implemented based on the
established model in Section 2. Firstly, the effects of the
boundary springs on fundamental frequency parameters of
E-SS1-E-SS1, E-SS2-E-SS2, SS1-E-SS1-E, and SS2-E-SS2-E
orthotropic rectangular plates are presented in Figures 6–9,
respectively. For simplicity, every time only one type of
boundary springs changes from 10− 2 to 1016 uniformly and
the resting springs keep infinity.+e plate is characterized by
Lx � 1m and Ly � 1.2m. From Figures 6–9, it can be found
that different spring parameters have different effects on the
vibration characteristics of the orthotropic rectangular
plates. For the convenience of expression, two different types
of elastic stiffness coefficients are represented by unified
symbols kn and kp. It must be noted here that the symbols kn
and kp represent the spring stiffness in the normal and
parallel directions, respectively. For examples of E-SS1-E-
SS1 and E-SS2-E-SS2, kn is equivalent to ku

x0 and ku
x1 and kp is

equivalent to kv
x0 and kv

x1. Similarly, for SS1-E-SS1-E and
SS2-E-SS2-E, kn is equivalent to kv

y0 and kv
y1 and kp is

equivalent to ku
y0 and ku

y1. For the elastic parameters kn and

kp, the influence of spring kp on in-plane vibration char-
acteristics is more severe. In addition, it can be found that
regardless of the type of spring, when the spring stiffness
coefficient is less than 105, the change of spring stiffness
coefficient has little effect on the in-plane vibration char-
acteristics of orthotropic rectangular plates in this region,
while when the stiffness coefficient is between 105 and 1011,
the influence of spring stiffness coefficient variation on in-
plane vibration characteristics of orthotropic rectangular
plates is very severe in this region. When the stiffness co-
efficient exceeds 1011, the change of spring stiffness co-
efficient has little effect on the in-plane vibration
characteristics of orthotropic rectangular plates, so it can be
considered as a clamped boundary condition. Based on this
analysis, three types of elastic boundary restraints are de-
fined and used in next calculation: E1: kn � kp � 106N/m2,
E2: kn � kp � 108N/m2, and E3: kn � kp � 1010N/m2.

Some new results of orthotropic rectangular plates with
different elastically restrained edges are also performed in
Tables 6–9. +e geometrical dimensions of the plate are the

Table 1: Essential conditions and stiffness matrixes for different boundary conditions.

Boundary conditions Corresponding stiffness matrixes (N/m) Essential conditions
Free (F) diag(0, 0) Nxx �Nxy � 0
Clamped (C) diag(1018, 1018) u � v � 0
Simply supported 1 (SS1) diag(0, 1018) Nxx � 0, v � 0
Simply supported 2 (SS2) diag(1018, 0) u� 0, Nxy � 0
Elastic restrained (E) diag(ku

x0(x1), kv
x0(x1)) u � v≠ 0

Table 2: Comparison of the in-plane frequency parameters Ω for E-SS1-E-SS1 orthotropic rectangular plates.

B.C Method
Mode sequence

1 2 3 4 5 6 7 8 9 10

C-SS1-SS1-SS1
FEMI 1.0025 1.2700 1.7631 2.0199 2.1365 2.2958 2.6993 3.0669 3.1315 3.1358
FEMII 1.0005 1.2684 1.7611 2.0044 2.1230 2.2834 2.6888 3.0148 3.0872 3.1205
Present 1.0000 1.2679 1.7605 2.0000 2.1192 2.2800 2.6860 3.0000 3.0735 3.1176

C-SS1-C-SS1
FEMI 1.0025 1.6926 2.0026 2.0199 2.5527 2.6157 2.8675 3.0669 3.2100 3.3917
FEMII 1.0005 1.6908 1.9961 2.0044 2.5395 2.6063 2.8603 3.0148 3.1651 3.3489
Present 1.0000 1.6904 1.9942 2.0000 2.5358 2.6037 2.8586 3.0000 3.1524 3.3368

SS1-SS1-SS1-SS1
FEMI 1.0025 1.0025 1.4558 2.0199 2.0199 2.2834 2.3060 2.4283 2.9243 3.0669
FEMII 1.0005 1.0005 1.4541 2.0044 2.0044 2.2701 2.2963 2.4266 2.9109 3.0148
Present 1.0000 1.0000 1.4537 2.0000 2.0000 2.2664 2.2937 2.4263 2.9074 3.0000

SS1-SS1-F-SS1
FEMI 0.5003 0.8460 1.4186 1.5081 1.7975 1.8223 2.2665 2.3757 2.5373 2.7962
FEMII 0.5001 0.8437 1.4174 1.5018 1.7942 1.8056 2.2559 2.3689 2.5084 2.7421
Present 0.5000 0.8430 1.4171 1.5000 1.7932 1.8007 2.2530 2.3670 2.5000 2.7262

F-SS1-F-SS1
FEMI 0.7076 1.0023 1.3578 1.7092 1.7687 1.8388 2.0184 2.1464 2.7000 2.7282
FEMII 0.7049 1.0005 1.3571 1.6913 1.7661 1.8352 2.0042 2.1345 2.6713 2.6874
Present 0.7041 1.0000 1.3569 1.6861 1.7653 1.8341 2.0000 2.1311 2.6546 2.6838

SS2-SS1-F-SS1
FEMI 1.0023 1.0675 1.4185 1.7851 1.8652 2.0184 2.3060 2.5866 2.8033 2.8419
FEMII 1.0005 1.0660 1.4178 1.7822 1.8499 2.0042 2.2953 2.5776 2.7501 2.8364
Present 1.0000 1.0655 1.4176 1.7815 1.8455 2.0000 2.2921 2.5752 2.7346 2.8353

C-SS1-F-SS1
FEMI 0.5003 1.1562 1.4604 1.5081 1.8848 2.1297 2.5373 2.6105 2.6670 2.8069
FEMII 0.5001 1.1543 1.4596 1.5018 1.8694 2.1238 2.5084 2.5920 2.6586 2.7539
Present 0.5000 1.1537 1.4594 1.5000 1.8649 2.1221 2.5000 2.5866 2.6564 2.7383

C-SS1-SS2-SS1
FEMI 0.5003 1.4304 1.5081 1.8182 2.3972 2.3975 2.5373 2.7886 2.8652 3.1606
FEMII 0.5001 1.4295 1.5018 1.8140 2.3867 2.3928 2.5084 2.7650 2.8582 3.1455
Present 0.5000 1.4293 1.5000 1.8128 2.3839 2.3913 2.5000 2.7582 2.8566 3.1414
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Table 3: Comparison of the in-plane frequency parameters Ω for E-SS2-E-SS2 orthotropic rectangular plates.

B.C Method
Mode sequence

1 2 3 4 5 6 7 8 9 10

C-SS2-SS1-SS2
FEMI 1.0001 1.2699 1.7631 2.1352 2.2957 2.6989 3.0035 3.1312 3.1313 3.1598
FEMII 1.0000 1.2684 1.7611 2.1228 2.2834 2.6887 3.0005 3.0868 3.1204 3.1286
Present 1.0000 1.2679 1.7605 2.1192 2.2800 2.6859 3.0000 3.0735 3.1176 3.1190

C-SS2-C-SS2
FEMI 1.6926 2.0011 2.0025 2.5518 2.6157 2.8675 3.2100 3.3879 3.5414 3.6694
FEMII 1.6908 1.9961 2.0002 2.5394 2.6063 2.8603 3.1651 3.3485 3.5254 3.6351
Present 1.6904 1.9942 1.9999 2.5358 2.6037 2.8585 3.1524 3.3368 3.5209 3.6256

SS1-SS2-SS1-SS2
FEMI 1.0023 1.4558 2.0011 2.0184 2.2834 2.3052 2.4283 2.9241 3.0618 3.2465
FEMII 1.0005 1.4541 2.0002 2.0042 2.2701 2.2963 2.4266 2.9109 3.0142 3.1983
Present 1.0000 1.4537 2.0000 2.0000 2.2664 2.2937 2.4263 2.9073 3.0000 3.1847

SS1-SS2-F-SS2
FEMI 0.8458 1.4186 1.7974 1.8208 2.0011 2.2656 2.3757 2.7912 2.8190 2.8453
FEMII 0.8436 1.4174 1.7942 1.8055 2.0002 2.2558 2.3689 2.7416 2.7961 2.8366
Present 0.8430 1.4171 1.7932 1.8008 2.0000 2.2530 2.3670 2.7262 2.7895 2.8344

F-SS2-F-SS2
FEMI 0.7073 1.3578 1.7076 1.7687 1.8388 2.0011 2.1453 2.7000 2.7230 2.8419
FEMII 0.7049 1.3571 1.6911 1.7660 1.8351 2.0002 2.1344 2.6707 2.6874 2.8364
Present 0.7041 1.3569 1.6861 1.7653 1.8341 2.0000 2.1311 2.6546 2.6838 2.8342

SS2-SS2-F-SS2
FEMI 1.0001 1.0674 1.4185 1.7850 1.8638 2.3060 2.5861 2.7984 2.8419 3.0035
FEMII 1.0000 1.0659 1.4178 1.7822 1.8498 2.2953 2.5776 2.7496 2.8364 3.0005
Present 1.0000 1.0655 1.4176 1.7815 1.8455 2.2921 2.5752 2.7346 2.8353 3.0000

C-SS2-F-SS2
FEMI 1.0001 1.1561 1.4604 1.8834 2.1297 2.6104 2.6666 2.8021 3.0035 3.1088
FEMII 1.0000 1.1543 1.4596 1.8692 2.1238 2.5920 2.6585 2.7533 3.0005 3.0970
Present 1.0000 1.1537 1.4594 1.8649 2.1221 2.5866 2.6564 2.7383 3.0000 3.0940

C-SS2-SS2-SS2
FEMI 1.4304 1.8181 2.0011 2.3964 2.3975 2.7886 2.8651 3.1603 3.3149 3.5476
FEMII 1.4295 1.8140 2.0002 2.3866 2.3928 2.7650 2.8582 3.1455 3.2773 3.5300
Present 1.4293 1.8128 1.9999 2.3839 2.3913 2.7582 2.8566 3.1414 3.2664 3.5251

Table 4: Comparison of the in-plane frequency parameters Ω for SS1-E-SS1-E orthotropic rectangular plates.

B.C Method
Mode sequence

1 2 3 4 5 6 7 8 9 10

SS1-SS1-SS1-C
FEMI 1.0025 1.1641 1.9226 2.0199 2.0969 2.3851 2.6221 2.8360 3.0669 3.1163
FEMII 1.0005 1.1624 1.9187 2.0044 2.0821 2.3802 2.6089 2.8234 3.0148 3.0653
Present 1.0000 1.1619 1.9177 2.0000 2.0779 2.3789 2.6052 2.8199 3.0000 3.0507

SS1-SS2-SS1-C
FEMI 0.5003 1.5081 1.5256 2.0834 2.3105 2.3576 2.5373 2.8240 2.9941 3.2595
FEMII 0.5001 1.5018 1.5235 2.0818 2.2970 2.3511 2.5084 2.8100 2.9791 3.2112
Present 0.5000 1.5000 1.5228 2.0815 2.2931 2.3493 2.5000 2.8060 2.9750 3.1974

SS1-C-SS1-C
FEMI 1.0025 1.6212 2.0199 2.1256 2.3417 2.8009 2.8713 3.0669 3.0676 3.2739
FEMII 1.0005 1.6182 2.0044 2.1229 2.3277 2.7887 2.8564 3.0148 3.0504 3.2254
Present 1.0000 1.6173 2.0000 2.1222 2.3237 2.7853 2.8522 3.0000 3.0457 3.2116

SS1-SS1-SS1-F
FEMI 0.5003 0.8989 1.4348 1.5081 1.8753 2.0745 2.2000 2.3506 2.5373 2.8321
FEMII 0.5001 0.8965 1.4329 1.5018 1.8572 2.0725 2.1858 2.3436 2.5084 2.8074
Present 0.5000 0.8957 1.4324 1.5000 1.8517 2.0720 2.1818 2.3417 2.5000 2.7894

SS1-C-SS1-F
FEMI 0.5003 1.0331 1.5081 1.8801 1.8982 2.2786 2.4362 2.5373 2.5754 2.8706
FEMII 0.5001 1.0308 1.5018 1.8775 1.8801 2.2742 2.4297 2.5084 2.5616 2.8113
Present 0.5000 1.0301 1.5000 1.8746 1.8768 2.2731 2.4279 2.5000 2.5577 2.7933

SS1-SS2-SS1-F
FEMI 1.0023 1.0089 1.8508 1.8951 2.0184 2.0199 2.3915 2.5217 2.8261 2.8702
FEMII 1.0005 1.0068 1.8478 1.8771 2.0042 2.0185 2.3870 2.5088 2.8108 2.8130
Present 1.0000 1.0061 1.8469 1.8716 2.0000 2.0182 2.3858 2.5052 2.7928 2.8094

SS1-F-SS1-F
FEMI 0.8097 1.0023 1.3993 1.8163 2.0159 2.0184 2.0341 2.1178 2.8084 2.8329
FEMII 0.8068 1.0005 1.3971 1.7972 2.0042 2.0148 2.0173 2.1141 2.7726 2.7977
Present 0.8059 1.0000 1.3965 1.7914 2.0000 2.0122 2.0146 2.1131 2.7544 2.7948

SS1-SS2-SS1-SS2
FEMI 1.0023 1.4558 2.0011 2.0184 2.2834 2.3052 2.4283 2.9241 3.0618 3.2465
FEMII 1.0005 1.4541 2.0002 2.0042 2.2701 2.2963 2.4266 2.9109 3.0142 3.1983
Present 1.0000 1.4537 2.0000 2.0000 2.2664 2.2937 2.4263 2.9073 3.0000 3.1847
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Table 5: Comparison of the in-plane frequency parameters Ω for SS2-E-SS2-E orthotropic rectangular plates.

B.C Method
Mode sequence

1 2 3 4 5 6 7 8 9 10

SS2-SS1-SS2-C
Du et al. 0.7071 1.1619 1.9178 2.0779 2.1215 2.3790 — — — —
Liu et al. 0.7071 1.1619 1.9177 2.0779 2.1213 2.3789 2.6052 2.8200 3.0508 3.2789
Present 0.7071 1.1619 1.9177 2.0779 2.1213 2.3789 2.6052 2.8199 3.0507 3.2789

SS2-SS2-SS2-C
Du et al. 1.4142 1.5229 2.0814 2.2933 2.3496 2.8066 — — — —
Liu et al. 1.4142 1.5228 2.0815 2.2932 2.3493 2.8060 2.8284 2.9750 3.1975 3.3472
Present 1.4142 1.5228 2.0814 2.2931 2.3493 2.8060 2.8284 2.9750 3.1975 3.3472

SS2-C-SS2-C
Du et al. 1.4142 1.6174 2.1222 2.3239 2.7857 2.8294 — — — —
Liu et al. 1.4142 1.6173 2.1222 2.3238 2.7853 2.8284 2.8522 3.0457 3.2116 3.6866
Present 1.4142 1.6173 2.1221 2.3237 2.7852 2.8284 2.8522 3.0456 3.2116 3.6865

SS2-SS1-SS2-F
Du et al. 0.8957 1.4142 1.4324 1.8511 2.0719 2.1817 — — — —
Liu et al. 0.8957 1.4142 1.4324 1.8517 2.0720 2.1818 2.3417 2.7893 2.8158 2.8284
Present 0.8957 1.4142 1.4324 1.8517 2.0720 2.1818 2.3417 2.7894 2.8157 2.8284

SS2-C-SS2-F
Du et al. 0.7071 1.0300 1.8740 1.8768 2.1215 2.2732 — — — —
Liu et al. 0.7071 1.0301 1.8746 1.8768 2.1213 2.2731 2.4279 2.5577 2.7932 3.2339
Present 0.7071 1.0301 1.8746 1.8768 2.1213 2.2731 2.4279 2.5577 2.7933 3.2338

SS2-SS2-SS2-F Liu et al. 0.7071 1.0061 1.8469 1.8716 2.0182 2.1213 2.3858 2.5053 2.7927 2.8094
Present 0.7071 1.0061 1.8469 1.8716 2.0182 2.1213 2.3858 2.5052 2.7928 2.8094

SS2-F-SS2-F Liu et al. 0.8059 1.3965 1.4142 1.7914 2.0122 2.0146 2.1131 2.7543 2.7948 2.8253
Present 0.8059 1.3965 1.4142 1.7914 2.0122 2.0145 2.1131 2.7544 2.7948 2.8252

SS2-SS2-SS2-SS2

Liu et al. 1.4142 1.4537 2.0000 2.2665 2.2937 2.4263 2.8284 2.9074 3.1847 3.2155
Present 1.4142 1.4537 1.9999 2.2664 2.2937 2.4262 2.8284 2.9073 3.1847 3.2155

Liu et al.∗ 1.1785 1.3338 1.9994 2.0000 2.1889 2.3031 2.3570 2.6677 2.7491 3.0554
Present 1.1785 1.3338 1.9994 1.9999 2.1889 2.3030 2.3570 2.6676 2.7491 3.0554

∗Note that b/a� 1.2.

(a) (b)
Figure 4: Continued.

Mathematical Problems in Engineering 11



(c) (d)

(e) (f )

Figure 4: +e mode shapes of the C-SS2-SS2-SS2 plate (red line: present solution; black line: ABAQUS software). (a) 1st mode. (b) 2nd
mode. (c) 3rd mode. (d) 4th mode. (e) 5th mode. (f ) 6th mode.

12 Mathematical Problems in Engineering



(a) (b)

(c) (d)
Figure 5: Continued.
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(e) (f )

Figure 5: +e mode shapes of the C-SS1-SS2-SS1 plate (red line: present solution; black line: ABAQUS software). (a) 1st mode. (b) 2nd
mode. (c) 3rd mode. (d) 4th mode. (e) 5th mode. (f ) 6th mode.
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Figure 7: Effect of boundary spring stiffness on the fundamental frequency parameter of the orthotropic rectangular plate with E-SS2-E-SS2
boundary condition.
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Figure 6: Effect of boundary spring stiffness on the fundamental frequency parameter of the orthotropic rectangular plate with E-SS1-E-SS1
boundary condition.
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Figure 8: Effect of boundary spring stiffness on the fundamental frequency parameter of the orthotropic rectangular plate with SS1-E-SS1-E
boundary condition.
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Figure 9: Continued.
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same as those in Tables 6–9. +e orthotropic ratios of the
plate are Ex/Ey � 2, 10, 20, and 40. From Tables 6–9, it can be
found that the frequency parameters of orthotropic

rectangular plates increase gradually with the increase of
orthotropic stiffness Ex/Ey, regardless of the boundary
conditions. However, it is also obvious that when the
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Figure 9: Effect of boundary spring stiffness on the fundamental frequency parameter of the orthotropic rectangular plate with SS2-E-SS2-E
boundary condition.

Table 6: New in-plane frequency parameters Ω for E-SS1-E-SS1 orthotropic rectangular plates.

B.C Ex/Ey
Mode sequence

1 2 3 4 5 6 7 8 9 10

E1-SS1-E1-SS1

2 0.0235 0.5455 1.0005 1.1406 1.3588 1.5891 1.8082 1.9324 2.0003 2.1735
10 0.0239 0.5489 1.0006 1.1731 1.3637 1.6229 2.0003 2.1912 2.2785 2.3431
20 0.0240 0.5493 1.0006 1.1760 1.3643 1.6266 2.0003 2.1929 2.3026 2.3511
40 0.0240 0.5495 1.0006 1.1774 1.3646 1.6283 2.0003 2.1938 2.3126 2.3543

E2-SS1-E2-SS1

2 0.2299 0.6066 1.0524 1.1586 1.3893 1.6163 1.8462 1.9541 2.0273 2.1966
10 0.2340 0.6140 1.0543 1.1951 1.3954 1.6508 2.0283 2.2128 2.3042 2.3524
20 0.2345 0.6149 1.0545 1.1985 1.3961 1.6546 2.0284 2.2144 2.3275 2.3617
40 0.2348 0.6154 1.0546 1.2001 1.3965 1.6564 2.0285 2.2152 2.3373 2.3654

E3-SS1-E3-SS1

2 0.9319 1.4491 1.6708 1.8653 2.1238 2.2206 2.3636 2.7831 2.8014 2.8881
10 0.9342 1.4865 1.8698 2.1482 2.3384 2.4905 2.6391 2.8077 3.0096 3.0303
20 0.9345 1.4939 1.8703 2.1868 2.4217 2.5103 2.7504 2.8085 3.0189 3.0388
40 0.9347 1.4986 1.8706 2.1990 2.4771 2.5220 2.8089 2.8124 3.0233 3.0427

Table 7: New in-plane frequency parameters Ω for E-SS2-E-SS2 orthotropic rectangular plates.

B.C Ex/Ey
Mode sequence

1 2 3 4 5 6 7 8 9 10

E1-SS2-E1-SS2

2 0.0235 0.5455 1.1405 1.3588 1.5891 1.8082 1.9324 2.0003 2.1735 2.3922
10 0.0240 0.5489 1.1731 1.3637 1.6229 2.1912 2.2785 2.3430 2.6287 2.9453
20 0.0240 0.5493 1.1760 1.3643 1.6266 2.1929 2.3026 2.3511 2.6398 3.0223
40 0.0240 0.5495 1.1774 1.3646 1.6283 2.1938 2.3126 2.3543 2.6450 3.0241

E2-SS2-E2-SS2

2 0.2338 0.6066 1.1586 1.3893 1.6163 1.8462 1.9541 2.0273 2.1966 2.4158
10 0.2393 0.6140 1.1951 1.3954 1.6508 2.2128 2.3042 2.3524 2.6437 2.9687
20 0.2399 0.6149 1.1985 1.3961 1.6546 2.2144 2.3275 2.3617 2.6552 3.0387
40 0.2403 0.6154 1.2001 1.3965 1.6564 2.2152 2.3373 2.3654 2.6606 3.0403

E3-SS2-E3-SS2

2 1.4491 1.5607 1.6708 2.1238 2.2206 2.3636 2.7831 2.8881 2.9160 3.1928
10 1.4865 2.1464 2.1482 2.3384 2.4904 2.6391 3.0096 3.0303 3.2176 3.5750
20 1.4939 2.1868 2.2674 2.4217 2.5103 2.7504 3.0189 3.0388 3.3094 3.6140
40 1.4986 2.1990 2.3344 2.4771 2.5220 2.8124 3.0233 3.0427 3.3596 3.6348
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orthotropic stiffness Ex/Ey value is small, its change has a
great influence on the in-plane vibration characteristics of
the orthotropic rectangular plates, such as the orthotropic
stiffness Ex/Ey value changing from 2 to 10. When the
stiffness value is large, its change has little effect on the in-
plane vibration characteristics, such as the orthotropic
stiffness Ex/Ey value changing from 20 to 40. Since the in-
plane vibration analysis of orthotropic rectangular plates
with elastically restrained edges is conducted for the first
time, thus, the results in Tables 6–9 can provide the reference
for future research on the titled problem.

4. Conclusions

Based on the method of reverberation ray matrix (MRRM)
and improved golden section search (IGSS) algorithm, an
accurate solution is proposed and free in-plane vibration of
orthotropic rectangular plates subjected to various boundary
conditions is studied. +e boundary condition is defined as
that a set of opposite edges are with one kind of simply
supported boundary conditions, where the rest two edges are
arbitrary boundary conditions. In the current framework,
the boundary simulation technique is introduced, where two
opposite plate edges are implemented by the general elastic
restraints (E) and the other two edges are simply supported

restraints (S) containing the simply supported boundary 1
(SS1) and simply supported boundary 2 (SS2) to accord with
the accurate solutions. +us, the accurate solution with
arbitrary specified boundary conditions can be easily ob-
tained. +e present accurate solutions are validated by both
mathematical proof and comparisons with FEM solutions.
By comparing with the existing literature, the main academic
contributions of this paper can be summarized as the fol-
lowing two points: (a) By contrast with the existing accurate
solution methods like direct separation of variables, the
present accurate method breaks the barrier that the existing
accurate solutions are always restricted to classical boundary
conditions and adapts to more widespread boundary con-
ditions on the premise of guaranteeing the accuracy of
calculation. (b) Based on the existing in-plane accurate
calculation results of orthotropic rectangular plates, some
new in-plane accurate results are presented in this paper,
which further enriches the solution system and calculation
results of in-plane characteristics of orthotropic rectangular
plates.

Data Availability

All the underlying data related to this article are available
upon request.

Table 9: New in-plane frequency parameters Ω for SS2-E-SS2-E orthotropic rectangular plates.

B.C Ex/Ey
Mode sequence

1 2 3 4 5 6 7 8 9 10

SS2-E1-SS2-E1

2 0.0215 0.8382 1.1789 1.2395 1.8157 1.9446 1.9534 2.0001 2.3572 2.4507
10 0.0219 0.9355 1.1789 1.4389 1.9320 2.1910 2.3572 2.4461 2.9290 2.9567
20 0.0219 0.9556 1.1789 1.4762 1.9550 2.2366 2.3572 2.4946 2.9564 3.0095
40 0.0219 0.9695 1.1789 1.4999 1.9710 2.2670 2.3572 2.5209 2.9744 3.0416

SS2-E2-SS2-E2

2 0.2118 0.8710 1.2164 1.2744 1.8376 1.9681 1.9735 2.0154 2.3764 2.4761
10 0.2156 0.9628 1.2177 1.4728 1.9474 2.2154 2.3771 2.4647 2.9407 2.9725
20 0.2161 0.9817 1.2179 1.5090 1.9692 2.2597 2.3772 2.5134 2.9665 3.0253
40 0.2163 0.9946 1.2180 1.5319 1.9842 2.2891 2.3773 2.5397 2.9835 3.0573

SS2-E3-SS2-E3

2 1.0513 1.3654 1.9086 2.1089 2.1803 2.3734 2.3995 2.6333 3.0424 3.1156
10 1.0554 1.4336 2.1165 2.2456 2.2847 2.8616 3.1677 3.1876 3.2332 3.6277
20 1.0559 1.4433 2.1174 2.2532 2.3130 2.8861 3.1737 3.1888 3.2927 3.6487
40 1.0561 1.4485 2.1178 2.2571 2.3270 2.8987 3.1768 3.1894 3.3178 3.6596

Table 8: New in-plane frequency parameters Ω for SS1-E-SS1-E orthotropic rectangular plates.

B.C Ex/Ey
Mode sequence

1 2 3 4 5 6 7 8 9 10

SS1-E1-SS1-E1

2 0.0215 0.8339 0.8382 1.2395 1.6669 1.8157 1.9446 1.9534 2.0001 2.4507
10 0.0219 0.8339 0.9355 1.4389 1.6669 1.9320 2.1911 2.4461 2.5002 2.9290
20 0.0219 0.8339 0.9556 1.4762 1.6669 1.9550 2.2366 2.4946 2.5002 2.9564
40 0.0219 0.8339 0.9695 1.4999 1.6669 1.9710 2.2670 2.5002 2.5209 2.9744

SS1-E2-SS1-E2

2 0.2090 0.8710 0.8852 1.2744 1.6938 1.8376 1.9681 1.9735 2.0155 2.4761
10 0.2127 0.8870 0.9628 1.4728 1.6948 1.9474 2.2155 2.4648 2.5190 2.9407
20 0.2131 0.8873 0.9817 1.5090 1.6950 1.9692 2.2597 2.5134 2.5191 2.9665
40 0.2133 0.8874 0.9946 1.5319 1.6950 1.9842 2.2891 2.5191 2.5397 2.9835

SS1-E3-SS1-E3

2 0.7855 1.3654 1.5717 1.9086 2.1803 2.3593 2.3735 2.3995 2.6333 3.0425
10 0.7871 1.4336 1.5749 2.2456 2.2847 2.3639 2.8616 3.1547 3.1677 3.2332
20 0.7873 1.4433 1.5753 2.2532 2.3130 2.3645 2.8861 3.1554 3.1737 3.2927
40 0.7874 1.4485 1.5755 2.2571 2.3270 2.3648 2.8987 3.1558 3.1768 3.3178
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