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On the conditions that the spacecraft engine is in finite thrust mode and themaneuver time is given, it takes a long time to compute
the minimum duration transfer trajectories of space-to-ground vehicles, which is mainly because the initial values of the adjoint
variables involved in the optimization model have no definite physical meanings and the model is sensitive to them. In order
to develop space-to-ground transfer trajectory programmes in real time in an uncertain environment for the decision makers,
we propose a fast method for computing the minimum duration transfer trajectories of space-to-ground vehicles with the given
position of the landing point and the arbitrary maneuver point. First, the optimization model based on the hybrid method is
established to compute the minimum duration transfer trajectory. Then, the region composed of maneuverable points is gridded
and the initial values of the adjoint variables and the values of partial state variables of the minimum duration transfer trajectories
at all gridded points are computed and saved to a database. Finally, the predicted values of the initial values of the adjoint variables
and the values of partial state variables at any maneuver point within the region composed of maneuverable points are computed
by using a binary cubic interpolation method. Finally, the minimum duration transfer trajectory is obtained by the hybrid method
which takes the neighborhood of the predicted values as the search ranges of the initial values of the adjoint variables and the values
of partial state variables. Simulation results demonstrate that the proposedmethod, which requires only 2.93% of the computational
time of the hybrid method, can improve substantially the computational time of the minimum duration transfer trajectory of a
space-to-ground vehicle under the guarantee of ensuring accuracy.Themethodology of converting the time domain into the space
domain is well applied in this paper.

1. Introduction

Thetransfer trajectories of spacecraft, such as return satellites,
manned spacecraft, space shuttles, space-to-ground kinetic
weapons, and other kinds of space-to-ground vehicles, from
their orbit to the landing point is uniformly referred to
as space-to-ground transfer trajectories. A typical space-to-
ground transfer trajectory consists of a transition trajectory
segment and a reentry trajectory segment. Depending on the
resistance and lift of the spacecraft in the reentry segment, the
re-entry trajectories are classified into ballistic, semiballistic,
and gliding [1, 2].

In the existing literature, direct methods [3–10], indirect
methods [11–14], and hybrid methods [15–17] are used to
study the optimization of transfer trajectories of different
types of spacecraft. Space-to-ground transfer trajectory is one

kind of transfer trajectories. The direct methods are compu-
tationally efficient but suffer from the lack of high precision,
and the indirect methods, which are based on Pontryagin’s
minimum principle [18, 19], benefit from a robust theoretical
foundation but require initial values for the adjoint variables
in the conjugate equations that are not easy to guess and on
which the system is sensitive. The hybrid methods combine
the advantages of the two previous methods and consist of
converting the transfer trajectory optimization problem into
a parametric optimization problemandobtaining the transfer
trajectory with higher optimization index value by adjusting
the initial values of the adjoint variables and the values of
partial state variables. The space-to-ground transfer trajecto-
ries are studied by hybrid methods [20–22]. The advantages
and disadvantages of direct, indirect, and hybrid methods

Hindawi
Mathematical Problems in Engineering
Volume 2019, Article ID 5319530, 17 pages
https://doi.org/10.1155/2019/5319530

http://orcid.org/0000-0002-2818-0993
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/5319530


2 Mathematical Problems in Engineering

Original orbit

Atmospheric boundary

Earth surface

Vehicle

Reentry point

Re-entry trajectory

Transition trajectory

Manoeuvre point

Figure 1: A sketch diagram of a space-to-ground transfer trajectory.

are discussed in solving the transfer trajectory of the space-
to-ground kinetic weapon [23]. Computing a minimum
duration transfer trajectory based on the hybrid method can
obtain an accurate solution, but still takes a relatively long
time. In general, the region composed ofmaneuverable points
is continuous, so the minimum duration transfer trajectories
of all maneuverable points cannot be computed and saved
to a database in advance. According to the research status,
we propose a fast method based on the interpolation scheme
and the hybrid method for computing the minimum dura-
tion transfer trajectories. The methodology of this paper is
converting the time domain into the space domain. Rapid and
efficient computation of space-to-ground transfer trajectories
can lay the foundation for decision makers to develop space-
to-ground transfer trajectory programmes in real time in an
uncertain environment.

We study a typical space-to-ground transfer trajectory
which only takes into consideration of the energy but not
the heat rate, normal load, and dynamic pressure.The typical
space-to-ground transfer trajectory adopts the zero angle of
attack and ballistic reentry mode (Figure 1). In this paper, the
main content is as follows: First, we establish the optimization
model for the minimum duration transfer trajectory by
using hybrid method. Then, we propose the fast method
for computing the minimum duration transfer trajectory.
Finally, we carry on the simulations and the result analysis
to demonstrate the high computational efficiency of the
proposed method.

2. Optimization for the Minimum Duration
Transfer Trajectory

In this section, we provide the differential equations of
motion in the earth-fixed coordinate system and then estab-
lish the optimization model for the minimum duration
transfer trajectory.

2.1. Motion Differential Equations in the Earth-Fixed Coordi-
nate System. Thedifferential equations of motion are [24, 25]

𝑑𝑉𝑑𝑡 = 𝑇 cos𝛼 cos𝛽 − 𝑋𝑚 − 𝑔𝑟 sin 𝛾 − 𝑔Φ cos 𝛾 sin𝜓
+ 𝜔𝑒2𝑟 cosΦ(sin 𝛾 cosΦ − cos 𝛾 sinΦ cos𝜓)

𝑑𝛾
𝑑𝑡 = 𝑇 sin𝛼 + 𝑌

𝑚𝑉 + 𝑉 cos 𝛾𝑟 − 𝑔𝑟 cos 𝛾𝑉
+ 𝑔Φ sin 𝛾 sin𝜓𝑉 + 2𝜔𝑒 cosΦ sin𝜓
+ 𝜔𝑒2𝑟 cosΦ𝑉 (cos 𝛾 cosΦ − sin 𝛾 sinΦ cos𝜓)

𝑑𝜓
𝑑𝑡 = 𝑇 cos𝛼 sin𝛽 − 𝑍

𝑚𝑉 cos 𝛾 − 𝑉 cos 𝛾 cos𝜓 tanΦ𝑟
− 𝑔𝜃 cos𝜓𝑉 cos 𝛾
− 2𝜔𝑒 (cosΦ cos𝜓 tan 𝛾 − sinΦ)
+ 𝜔𝑒2𝑟𝑉 cos 𝛾 sin𝜓 sinΦ cosΦ

𝑑𝑟𝑑𝑡 = 𝑉 sin 𝛾
𝑑Θ𝑑𝑡 = 𝑉 cos 𝛾 cos𝜓𝑟 cosΦ
𝑑Φ𝑑𝑡 = 𝑉 cos 𝛾 sin𝜓𝑟
𝑑𝑚𝑑𝑡 = − 𝑇

𝑉𝑒
(1)

where 𝑉 is the dimensionless velocity, 𝛾 is the velocity
inclination angle, 𝜓 is the course angle (the angle between
the projection of the velocity vector on the local horizontal
plane and the latitude tangent), 𝑟 is the dimensionless
geocentric distance, Θ is the longitude, Φ is the latitude,𝑇 is the engine thrust, 𝑉𝑒 is the gas jet velocity, 𝑚 is the
dimensionless spacecraft quality, 𝑡 is the dimensionless time,𝑋 is the dimensionless resistance, 𝑌 is the dimensionless
lift, 𝑍 is the dimensionless lateral force, 𝛼 is the angle of
attack, 𝛽 is the sideslip angle, 𝜔𝑒 is the dimensionless earth
rotation angular rate, and 𝑔𝑟 and 𝑔Φ are the dimensionless
gravitational components when only the first three terms
of the spherical harmonic expansion are considered. In the
transition trajectory segment, the values of 𝑋, 𝑌, and 𝑍 are
zero. In the reentry trajectory segment, the value of 𝑇 is
zero and the atmospheric model is US standard atmosphere
(1976).

The equations for the dimensionless parameters are

𝑉 = 𝑉𝑉ref ,
𝑟 = 𝑟𝑟ref ,
𝑇 = 𝑇𝑚ref𝑔ref ,
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𝑉𝑒 = 𝑉𝑒𝑉ref ,
𝑚 = 𝑚𝑚ref

𝑡 = 𝑡𝑡ref ,
𝑋 = 𝑋𝑚ref𝑔ref ,
𝑌 = 𝑌𝑚ref𝑔ref ,
𝑍 = 𝑍𝑚ref𝑔ref
𝜔𝑒 = 𝜔𝑒𝑡ref ,
𝑔𝑟 = 1

𝑟2 [1 −
3𝐽22𝑟2 (3 sin2Φ − 1)] ,

𝑔Φ = 3𝐽2 sin 2Φ2𝑟4
(2)

where 𝐽2 is the coefficient of second-order principal spherical
harmonic function (the value of 𝐽2 is 1.08263e-3.); and 𝑟𝑟𝑒𝑓,𝑚𝑟𝑒𝑓, 𝑉𝑟𝑒𝑓, 𝑡𝑟𝑒𝑓, and 𝑔𝑟𝑒𝑓 are

𝑟𝑟𝑒𝑓 = 𝑅𝐸,
𝑚𝑟𝑒𝑓 = 𝑚0,
𝑉𝑟𝑒𝑓 = √ 𝜇𝑟𝑟𝑒𝑓
𝑡𝑟𝑒𝑓 = 𝑟𝑟𝑒𝑓𝑉𝑟𝑒𝑓 ,
𝑔𝑟𝑒𝑓 = 𝜇𝑟2𝑟𝑒𝑓

(3)

where 𝑅𝐸 (the value of 𝑅𝐸 is 6.37100e+6 m.) is the reference
radius of the earth, 𝜇 is the gravitation constant (the value
of 𝜇 is 3.986005e+14m3/s2), and 𝑚0 is the initial mass of the
spacecraft.

2.2. Minimum Duration Transfer Trajectory Optimization
Model Based on the Hybrid Method. Theminimum duration
transfer trajectory optimization problem based on the hybrid
method is a high-dimensional nonlinear optimization prob-
lem, which is hard to obtain global optimal solutions. GA has
strong global search ability and simple implementation steps,
which is suitable for solving the minimum duration transfer
trajectory optimization problem.Themain idea of the hybrid
method for computing the minimum duration transfer tra-
jectory can be summarized as follows. The optimization
problem of the transition trajectory segment is converted
into a two-point boundary value problem according to

Pontryagin’s minimum principle and the reentry trajectory
segment needs to satisfy constraints. Then, the initial values
of the adjoint variables and the values of partial state variables
are adjusted by means of the genetic algorithm (GA) [26–
28]. At last, we obtain the minimum duration transfer
trajectory.

The minimum duration optimization index is written
as

min 𝐽 = 𝑡 = 𝑡𝑎 + 𝑡𝑏 (4)

where 𝑡, 𝑡𝑎, and 𝑡𝑏 are the durations to complete the transfer
trajectory, the transition trajectory segment, and the reentry
trajectory segment of the vehicle.

According to Pontryagin’s minimum principle, the Ham-
iltonian function is given by

𝐻 = 𝜆𝑉�̇� + 𝜆𝛾 ̇𝛾 + 𝜆𝜓�̇� + 𝜆𝑟 ̇𝑟 + 𝜆ΘΘ̇ + 𝜆ΦΦ̇ + 𝜆𝑚�̇� (5)

From (5), the covariate variables satisfy the differential
equations (only the transition trajectory with thrust control
is considered):

𝑑𝜆𝑉𝑑𝑡 = 𝜆𝛾 [𝑔Φ sin 𝛾 sin𝜓𝑉2 − (1𝑟 +
𝑔𝑟
𝑉2) cos 𝛾

+ 𝜔𝑒2𝑟 cosΦ
𝑉2 (cos 𝛾 cosΦ − sin 𝛾 sinΦ cos𝜓)

+ 𝑇 sin𝛼
𝑚𝑉2 ] − 𝜆Θ

cos 𝛾 cos𝜓𝑟 cosΦ − 𝜆𝑟 sin 𝛾 − 𝜆Φ
⋅ cos 𝛾 sin𝜓𝑟 + 𝜆𝜓 [𝑇 cos𝛼 sin𝛽 − 𝑍

𝑚𝑉2 cos 𝛾
+ cos 𝛾 cos𝜓 tanΦ𝑟 − 𝑔Φ cos𝜓

𝑉2 cos 𝛾
+ 𝜔𝑒2𝑟
𝑉2 cos 𝛾 sin𝜓 sinΦ cosΦ]

𝑑𝜆𝛾𝑑𝑡 = 𝜆𝑉 [𝑔𝑟 cos 𝛾 − 𝑔Φ sin 𝛾 sin𝜓
− 𝜔𝑒2𝑟 cosΦ(cos 𝛾 cosΦ + sin 𝛾 sinΦ cos𝜓)]
+ 𝜆𝛾 [𝑉 sin 𝛾𝑟 − 𝑔𝑟 sin 𝛾 + 𝑔Φ cos 𝛾 sin𝜓𝑉
+ 𝜔𝑒2𝑟 cosΦ𝑉 (sin 𝛾 cosΦ + cos 𝛾 sinΦ cos𝜓)]
+ 𝜆Θ𝑉 sin 𝛾 cos𝜓𝑟 cosΦ + 𝜆Φ𝑉 sin 𝛾 sin𝜓𝑟
− 𝜆𝜓 [𝑇 cos𝛼 sin𝛽 tan 𝛾

𝑚𝑉 cos 𝛾 + 𝑉 sin 𝛾 cos𝜓 tanΦ𝑟
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− 𝑔Φ tan 𝛾 cos𝜓𝑉 cos 𝛾 − 2𝜔𝑒 cosΦ cos𝜓 sec2 𝛾

+ 𝜔𝑒2𝑟 tan 𝛾𝑉 cos 𝛾 sin𝜓 sinΦ cosΦ] − 𝜆𝑟𝑉 cos 𝛾
𝑑𝜆𝜓𝑑𝑡 = 𝜆𝑉 (𝑔Φ cos 𝛾 cos𝜓
− 𝜔𝑒2𝑟 cosΦ sin 𝛾 sinΦ cos𝜓) + 𝜆Θ𝑉 cos 𝛾 sin𝜓𝑟 cosΦ
− 𝜆𝛾 (𝑔Φ sin 𝛾 cos𝜓𝑉 + 2𝜔𝑒 cosΦ cos𝜓
+ 𝜔𝑒2𝑟 cosΦ𝑉 sin 𝛾 sinΦ sin𝜓) − 𝜆Φ𝑉 cos 𝛾 cos𝜓𝑟
− 𝜆𝜓 [𝑉 cos 𝛾 sin𝜓 tanΦ𝑟 + 𝑔Φ sin𝜓𝑉 cos 𝛾
+ 2𝜔𝑒 cosΦ sin𝜓 tan 𝛾
+ 𝜔𝑒2𝑟𝑉 cos 𝛾 cos𝜓 sinΦ cosΦ]

𝑑𝜆𝑟𝑑𝑡 = −𝜆𝑉 [𝑔𝑟𝑟 sin 𝛾 + 𝑔Φ𝑟 cos 𝛾 sin𝜓
+ 𝜔𝑒2 cosΦ(sin 𝛾 cosΦ − cos 𝛾 sinΦ cos𝜓)]
− 𝜆𝛾 [𝑔𝑟

𝑟 cos 𝛾
𝑉 − 𝑔Φ𝑟 sin 𝛾 sin𝜓𝑉

+ 𝜔𝑒2 cosΦ𝑉 (cos 𝛾 cosΦ − sin 𝛾 sinΦ cos𝜓)]
+ 𝜆Θ𝑉 cos 𝛾 sin𝜓

𝑟2 cosΦ + 𝜆Φ𝑉 cos 𝛾 cos𝜓
𝑟2

− 𝜆𝜓 [𝑉 sin 𝛾 cos𝜓 tanΦ
𝑟2 + 𝑔Φ𝑟 cos𝜓𝑉 cos 𝛾

+ 𝜔𝑒2𝑉 cos 𝛾 sin𝜓 sinΦ cosΦ]
𝑑𝜆Θ𝑑𝑡 = 0
𝑑𝜆Φ𝑑𝑡 = −𝜆𝑉 [𝑔𝑟Φ sin 𝛾 + 𝑔ΦΦ cos 𝛾 sin𝜓
− 𝜔𝑒2𝑟 sinΦ(sin 𝛾 cosΦ − cos 𝛾 sinΦ cos𝜓)
− 𝜔𝑒2𝑟 cosΦ(sin 𝛾 sinΦ + cos 𝛾 cosΦ cos𝜓)]
− 𝜆𝛾 [𝑔𝑟

Φ cos 𝛾 − 𝑔ΦΦ sin 𝛾 sin𝜓𝑉
+ 2𝜔𝑒 sinΦ sin𝜓

− 𝜔𝑒2𝑟 sinΦ𝑉 (cos 𝛾 cosΦ − sin 𝛾 sinΦ cos𝜓)
− 𝜔𝑒2𝑟 cosΦ𝑉 (cos 𝛾 sinΦ + sin 𝛾 cosΦ cos𝜓)]

+ 𝜆𝜓 [𝑉 cos 𝛾 cos𝜓𝑟 cos2Φ − 𝑔ΦΦ cos𝜓𝑉 cos 𝛾
− 2𝜔𝑒 (sinΦ cos𝜓 tan 𝛾 − cosΦ)
+ 𝜔𝑒2𝑟𝑉 cos 𝛾 sin𝜓 (sin2Φ − cos2Φ)] − 𝜆Θ
⋅ 𝑉 cos 𝛾 cos𝜓 tanΦ𝑟 cosΦ

𝑑𝜆𝑚𝑑𝑡 = 𝑇
𝑚2 [𝜆𝑉 cos𝛼 cos𝛽 + 𝜆𝛾

sin𝛼
𝑉

+ 𝜆𝜓 cos𝛼 sin𝛽𝑉 cos 𝛾 ]
(6)

where the expressions of 𝑔𝑟𝑟, 𝑔Φ𝑟, 𝑔𝑟Φ, and 𝑔ΦΦ are given by

𝑔𝑟𝑟 = −2𝑔𝑟𝑟 + 3𝐽2𝑟5 (3 sin2Φ − 1) ,
𝑔Φ𝑟 = −6𝐽2 sin 2Φ𝑟5
𝑔𝑟Φ = 6𝐽2 sin 2Φ2𝑟4 ,
𝑔ΦΦ = 3𝐽2 cos 2Φ𝑟4

(7)

From the sufficient conditions of optimality and formula
(8), the optimal thrust directions are obtained by

𝜕𝐻𝜕𝛼 = 0
= −𝜆𝑉𝑇 sin𝛼 cos𝛽𝑚 + 𝜆𝛾𝑇 cos𝛼

𝑚𝑉
− 𝜆𝜓𝑇 sin𝛼 sin𝛽

𝑚𝑉 cos 𝛾
𝜕𝐻𝜕𝛽 = 0 = 𝜆𝑉𝑇 cos𝛼 sin𝛽𝑚 + 𝜆𝜓𝑇 cos𝛼 cos𝛽

𝑚𝑉 cos 𝛾

(8)

𝛼 = arctan
sgn (𝜆𝑉) ⋅ 𝜆𝛾 cos 𝛾

√(𝜆𝑉𝑉 cos 𝛾)2 + 𝜆𝜓2

𝛽 = arctan
𝜆𝜓

𝜆𝑉𝑉 cos 𝛾
(9)

where sgn() is the sign function.
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The minimum duration transfer trajectory consists of
the transition trajectory segment and the reentry trajectory
segment. The dimensionless geocentric distance 𝑟𝑎 at the
reentry point is a constant. The dimensionless velocity 𝑉𝑎
and the velocity inclination angle 𝛾𝑎 at the reentry point
are two key parameters that affect the reentry heat flow,
dynamic pressure, fuel consumption, and the duration.Thus,
we restrict the search ranges of parameters 𝑉 and 𝛾, which
also can improve the computational efficiency.Therefore, the
terminal constraints and the cross-section constraints are
shown in (10), (11), and (12).

The transition trajectory satisfies initial boundary condi-
tions:

𝑉 (𝑡0) − 𝑉0 = 0,
𝛾 (𝑡0) − 𝛾0 = 0,
𝑟 (𝑡0) − 𝑟0 = 0,
𝜓 (𝑡0) − 𝜓0 = 0
Θ (𝑡0) − Θ0 = 0,
Φ (𝑡0) − Φ0 = 0,
𝑚 (𝑡0) − 𝑚0 = 0

(10)

where 𝑉0, 𝛾0, 𝜓0, 𝑟0, Θ0, Φ0, and 𝑚0 are the dimensionless
velocity, the velocity inclination angle, the course angle, the
dimensionless geocentric distance, the longitude, the latitude,
and the dimensionless spacecraft quality at the maneuver
point of transition trajectory, respectively.

The transition trajectory satisfies the terminal boundary
constraints:

𝑉 (𝑡𝑎) − 𝑉𝑎 = 0
𝛾 (𝑡𝑎) − 𝛾𝑎 = 0
𝑟 (𝑡𝑎) − 𝑟𝑎 = 0

(11)

Therefore, the cross-section conditions are given by

𝜆𝜓 (𝑡𝑎) = 0,
𝜆Θ (𝑡𝑎) = 0
𝜆Φ (𝑡𝑎) = 0,
𝜆𝑚 (𝑡𝑎) = 0

(12)

The reentry trajectory satisfies the constraints

𝜆Θ (𝑡𝑏) = Θ𝑏,
𝜆Φ (𝑡𝑏) = Φ𝑏
𝑟 (𝑡𝑏) = 𝑅𝐸𝑟𝑟𝑒𝑓 = 1

(13)

Because the index includes time, we have

𝐻(𝑡0) = 𝐻 (𝑡) = 𝐻 (𝑡𝑎) = −1 (14)

where 𝑉𝑎, 𝛾𝑎, and 𝑟𝑎 are the dimensionless speed, velocity
inclination angle, and geocentric distance at the terminal
of transition trajectory, respectively; Θ𝑏 and Φ𝑏 are the
longitude and latitude of the landing point, respectively; and𝑡0 is the dimensionless time at the maneuver point.

In order to achieve the minimum index under the
given constraints, eleven parameters are taken as optimiza-
tion variables including the initial values of seven adjoint
variables (𝜆𝑉(𝑡0), 𝜆𝛾(𝑡0), 𝜆𝜓(𝑡0), 𝜆𝑟(𝑡0), 𝜆Θ(𝑡0), 𝜆Φ(𝑡0), and
𝜆𝑚(𝑡0)) and the values of four state variables (𝑉𝑎, 𝛾𝑎, 𝑟𝑎,
and 𝑡𝑎). Since the initial value of an adjoint variable can be
obtained from (5) and (13), and 𝑟𝑎 = (𝑅𝐸 + 120000)/𝑅𝐸
(the height of reentry point is 120km), only nine variables
need to be optimized. A fourth-order Runge-Kutta method
is used to compute the starts of formula (1) and (6) integral
equations and the Adams predictor-corrector method is
adopted to compute the remaining integral equations. The
implementation steps of the GA are as follows.

Step 1. 𝜆𝑉(𝑡0), 𝜆𝛾(𝑡0), 𝜆𝜓(𝑡0), 𝜆𝑟(𝑡0), 𝜆Θ(𝑡0), 𝜆𝑚(𝑡0), 𝑉𝑎, 𝛾𝑎,
and 𝑡𝑎 are encoded. Twenty chromosomes are generated
randomly as the initial population. The crossover probability𝑃𝑐, the mutation probability 𝑃𝑚, and the maximum number
of iterations N are set.

Step 2. The fitness function is shown in formula (4). When
a chromosome is determined, formulas (6) and (8) are
integrated to get the optimal thrust directions under the con-
straints (11), (12), and (13). And then formula (1) is integrated
to obtain the transfer trajectory. The fitness values of all the
chromosomes in the current generation are computed.

Step 3. The chromosomes are selected using roulette wheel
selection. Some genes on two different chromosomes recip-
rocally cross according to the crossover probability and
others mutate according to the mutation probability. The
execution of selection, crossover, and mutation leads to the
next generation population.

Step 4. Steps 2 and 3 are repeatedly executed until the GA
converges 𝜀 = 10−6 or the maximum number of iterations N
is reached.

The minimum duration transfer trajectory at a given
maneuver point can be computed through these steps.

3. The Fast Computational Method

Given the landing point position, the minimum duration
transfer trajectory at any onemaneuver point can be obtained
by the hybrid method, but the computational time is still too
long for real-time applications. On the basis of the charac-
teristics of the problem and the hybrid method, the region
composed ofmaneuverable points is gridded.Then, the initial
values of the adjoint variables and the values of partial state
variables of the minimum duration transfer trajectory at all
gridded points are computed and saved to a database. The
predicted values of the initial values of the adjoint variables
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Figure 2: Track of sub-satellite points after the spacecraft runs one
day.

Figure 3: Track of sub-satellite points after the spacecraft runs five
days.

and the values of partial state variable at any one maneuver
point in the region composed of maneuverable points are
computed by using a binary cubic interpolation method
[29, 30], and the minimum duration transfer trajectory is
computed by the hybrid method which takes neighborhood
of predicted values as the search ranges of the initial values of
the adjoint variables and the values of partial state variables.
The proposed method can be summarized as combining an
interpolation scheme with hybrid method.

3.1. Discrete Grids. After analysing a large number of compu-
tational results, we find that the initial values of the adjoint
variables and the values of partial state variables of the
minimum duration transfer trajectories have characteristics
of regular change. Therefore, we come up with the idea of
gridding the region composed of maneuverable points and
the sizes of discrete grids are uniform. The region composed
of maneuverable points is gridded according to the rules
described below.The initial values of the adjoint variables and
the values of partial state variables of the minimum duration
transfer trajectory of at all gridded points are computed and
saved to a database.

Figures 2, 3, and 4 show the track of subsatellite points
after the spacecraft runs during one day, five days, and twenty
days. It can be seen that as the spacecraft running time gets
longer, the track of subsatellite points gets denser. In general,
the track of subsatellite points does not overlap during the
least common multiple of the spacecraft period of revolution

Figure 4: Track of sub-satellite points after the spacecraft runs
twenty days.

Figure 5: Sketch diagram of the maneuverable region of the
spacecraft.

and the earth rotation period.The longitudeΘ and latitudeΦ
of the track of subsatellite points are taken as the grid discrete
parameters. The discrete granularity of the longitude is set
as Θ𝑑, and the grid points are the intersections of the set
longitude and 𝑛 tracks of subsatellite points. When 𝑇 = 0,𝑋 = 0,𝑌 = 0, and𝑍 = 0 are set in formula (1) and an arbitrary
longitude value is given, the latitude value at the grid point
can be obtained.

After the region (shown as Figure 5) composed ofmaneu-
verable points is gridded, 𝐷sum gridded points are obtained.
The function value at the gridded point (Θ𝑖, Φ𝑖) (Θ𝑖 is the𝑖th set longitude and Φ𝑖 is latitude value of the 𝑗th track of
subsatellite) is the vector 𝑍(Θ𝑖, Φ𝑖):
𝑍 (Θ𝑖, Φ𝑖) = [𝜆𝑉 (𝑡0) , 𝜆𝛾 (𝑡0) , 𝜆𝜓 (𝑡0) , 𝜆𝑟 (𝑡0) , 𝜆Θ (𝑡0) ,

𝜆𝑚 (𝑡0) , 𝑉𝑎, 𝛾𝑎, 𝑡𝑎](Θ𝑖 ,Φ𝑖)
(15)

3.2. The Fast Computational Method Based on Binary Cubic
Interpolation. The predicted values of the initial values of the
adjoint variables and the values of partial state variables at
anymaneuver point in the region composed ofmaneuverable
points are computed using a binary cubic interpolation
method. A neighborhood 𝛿(𝑘) (𝑘 = 1, 2, ⋅ ⋅ ⋅ , 9) of the
predicted values is taken as search ranges of the initial
values of the adjoint variables and the values of partial state
variables, and the minimum duration transfer trajectory is
computed by the hybrid method.
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Figure 6: The area S where the spacecraft can maneuver.

Given the time at anymaneuver point, the initial values of
the adjoint variables and the values of partial state variables
at the ten points which are the nearest to the point (𝑢, V) are
inserted in formula (14) to obtain the ten constant coefficients𝑎𝑘0, 𝑎𝑘1, ⋅ ⋅ ⋅ , 𝑎𝑘10 (𝑘 = 1, 2, ⋅ ⋅ ⋅ , 9). The interpolated values
(the predicted values) of the initial values of the adjoint
variables and the values of partial state variables at the point(𝑢, V) can be computed by using 𝐼(𝑘)(𝑢,V):
𝐼 (𝑘)(𝑢,V) = 𝑎𝑘0 + 𝑎𝑘1𝑢 + 𝑎𝑘2V + 𝑎𝑘3𝑢2 + 𝑎𝑘4V2 + 𝑎𝑘5𝑢3

+ 𝑎𝑘6V3 + 𝑎𝑘7𝑢V + 𝑎𝑘8𝑢V2 + 𝑎𝑘9𝑢2V
(𝑘 = 1, 2, ⋅ ⋅ ⋅ , 9)

(16)

where 𝑢, V are the longitude and the latitude of the maneuver
point, respectively, and 𝐼(𝑘)(𝑢,V) is the 𝑘th value, which is
obtained by interpolation, in the vector 𝑍(Θ𝑖, Φ𝑖).

The neighborhoods 𝛿(𝑘) (𝑘 = 1, 2, ⋅ ⋅ ⋅ , 9) of the initial
values of the adjoint variables and the values of partial state
variables are taken as search ranges of optimization variables,
and the minimum duration transfer trajectory is computed
by the hybrid method.

4. Simulations and Analyses of Results

4.1. Simulations. The parameters of the vehicle are as follows:
the orbital radius is 6678.14km, the flattening is 0, the value of
the orbital inclination is 50∘, the right ascension of ascending
node is 0∘, the argument of perigee is 105∘, the true anomaly
is 0∘, the mass of the spacecraft is 500kg, the engine thrust is
100N, the gas jet velocity is 3000m/s, the shape of the vehicle
is an axisymmetric cone, and the characteristic area of vehicle
is 0.02m2.

The position of the landing point is (-158∘, 38∘) (the
first value is the longitude and the second is the latitude).
The region S composed of maneuverable points (shown as
Figure 6) is bounded by the four points A(13∘, 40∘), B(15∘,
38∘), C(19∘, 39∘), and D(16∘, 41∘) in turn on the surface of the
earth. The discrete granularity of the longitude is 0.5∘ and
the longitude range is between 13∘ and 19∘. The grid points
are the intersections of the set longitudes and the tracks of
subsatellite points with a spacing distance between 29 km
and 31 km in the direction of AC. The neighborhood ranges
are the predicted values±2%. The range of 𝑉𝑎 is [7.5km/s, 8.8
km/s].The range of 𝛾𝑎 is [-9∘, -6∘]. All maneuver points are in
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Figure 7: Spatial distribution of 𝜆𝑉(𝑡0) at all mesh points.
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Figure 8: Spatial distribution of 𝜆𝛾(𝑡0) at all mesh points.
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Figure 9: Spatial distribution of 𝜆𝜓(𝑡0) at all mesh points.

the region S.The position of one hundred maneuver points is
shown in Table 1.

The idea of the proposed method is as follows. First, the
minimum duration transfer trajectories at all grid points are
obtained by using the traditional hybrid method. Second, the
predicted values of minimum duration transfer trajectories
at one hundred maneuver points, excluding the grid points,
are computed by using the proposed method. Finally, by
taking the neighborhood ranges as the search range, the
minimum duration transfer trajectories at one hundred
maneuver points are obtained by using the traditional hybrid
method. The results obtained by the proposed method are
used for comparison with the traditional hybrid method.

4.2. Analyses of Results. The 𝜆𝑉(𝑡0), 𝜆𝛾(𝑡0), 𝜆𝜓(𝑡0), 𝜆𝑟(𝑡0),𝜆Θ(𝑡0), 𝜆𝑚(𝑡0), 𝑉𝑎, 𝛾𝑎, and 𝑡𝑎 at grid points are shown in
Table 2. Landing speed 𝑉𝑏 and final mass 𝑚𝑏 of vehicles
in one hundred experiments are shown in Table 3. Figures
7–15 are the spatial distribution of 𝜆𝑉(𝑡0), 𝜆𝛾(𝑡0), 𝜆𝜓(𝑡0),
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Table 1: Position of one hundred maneuver points.

No. Θ Φ
1 13.1 40.1
2 13.2 40.1
3 13.3 40.1
4 13.4 40.1
5 13.6 40.1
6 13.7 40.1
7 13.7 40.1
8 13.8 40.1
9 13.9 40.1
10 14.1 40.2
11 14.2 40.2
12 14.3 40.2
13 14.4 40.2
14 14.6 40.2
15 14.7 40.2
16 14.8 40.2
17 14.9 40.2
18 15.1 40.2
19 15.2 40.2
20 15.3 40.2
21 15.4 40.3
22 15.6 40.3
23 15.7 40.3
24 15.8 40.3
25 15.9 40.3
26 16.1 40.3
27 16.2 39.6
28 16.3 39.6
29 16.4 39.6
30 16.6 39.6
31 16.7 39.6
32 16.8 39.6
33 16.9 39.6
34 17.1 39.3
35 17.2 39.3
36 17.3 39.3
37 17.4 39.3
38 17.6 39.3
39 17.7 39.3
40 17.8 39.3
41 17.9 39.3
42 18.1 39.1
43 18.2 39.1
44 18.3 39.1
45 18.4 39.1
46 18.6 39.1
47 18.7 39.1
48 18.8 39.1
49 18.9 39.1
50 14.1 40.1
51 14.2 40.1
52 14.3 40.1
53 14.4 40.1
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Table 1: Continued.

No. Θ Φ
54 14.6 40.1
55 14.7 40.1
56 14.8 40.1
57 14.9 40.1
58 15.1 40.1
59 15.2 40.1
60 15.3 40.1
61 15.4 39.9
62 15.6 39.9
63 15.7 39.9
64 15.8 39.9
65 15.9 39.9
66 16.1 39.9
67 16.2 39.9
68 16.3 39.9
69 16.4 39.9
70 16.6 39.9
71 16.7 39.9
72 16.8 39.9
73 16.9 39.9
74 17.1 39.4
75 17.2 39.4
76 17.3 39.4
77 17.4 39.4
78 17.6 39.4
79 17.7 39.4
80 17.8 39.4
81 15.4 38.9
82 15.6 38.9
83 15.7 38.9
84 15.8 38.9
85 15.9 38.9
86 16.1 38.9
87 16.2 38.9
88 16.3 38.9
89 16.4 38.9
90 16.6 38.9
91 16.7 38.9
92 16.8 38.9
93 16.9 38.9
94 17.1 39.2
95 17.2 39.2
96 17.3 39.2
97 17.4 39.2
98 17.6 39.2
79 17.7 39.2
100 17.8 39.2
In Table 1, the units of Θ andΦ are ∘ and ∘ respectively
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Table 2: Initial values of the adjoint variables (partial) and the values of partial state variables at grid points.

Θ Φ 𝜆𝑉 (𝑡0) 𝜆𝛾 (𝑡0) 𝜆𝜓 (𝑡0) 𝜆𝑟 (𝑡0) 𝜆Θ (𝑡0) 𝜆𝑚 (𝑡0) 𝑉𝑎 𝛾𝑎 𝑡𝑎
13 40.000 11.308 3.217 -19.323 14.287 0.002 1.214 8.383 -7.216 4505.6

13.5 40.159 11.209 3.289 -19.306 14.293 0.154 1.361 8.352 -7.142 4486.5
39.732 11.176 3.295 -19.342 14.248 -0.283 1.792 8.439 -7.357 4509.3

14
40.280 11.159 3.348 -19.289 14.204 0.259 1.472 8.330 -7.092 4466.1
39.904 11.111 3.357 -19.308 14.165 -0.123 1.848 8.407 -7.282 4486.2
39.137 11.042 3.374 -19.383 14.086 -0.887 2.618 8.559 -7.667 4524.4

14.5

40.603 11.103 3.412 -19.167 14.136 0.571 1.139 8.268 -6.943 4438.9
40.216 11.057 3.419 -19.216 14.095 0.181 1.527 8.347 -7.137 4459.7
39.757 11.001 3.432 -19.274 14.043 -0.283 1.990 8.439 -7.366 4483.0
39.059 10.931 3.447 -19.351 13.966 -0.991 2.688 8.580 -7.718 4518.3

15

40.643 10.906 3.482 -19.418 14.044 0.602 1.089 8.261 -6.933 4425.6
40.311 10.875 3.488 -19.456 14.004 0.269 1.424 8.328 -7.101 4443.3
39.878 10.833 3.451 -19.502 13.955 -0.174 1.861 8.415 -7.319 4466.2
39.125 10.752 3.469 -19.587 13.870 -0.928 2.615 8.568 -7.697 4505.3
38.245 10.659 3.491 -19.685 13.774 -1.818 3.494 8.746 -8.119 4550.3

15.5

40.727 10.518 3.540 -19.775 13.948 0.678 0.996 8.246 -6.902 4410.2
40.413 10.471 3.579 -19.824 13.914 0.362 1.313 8.309 -7.061 4427.3
39.758 10.401 3.604 -19.896 13.847 -0.301 1.969 8.442 -7.391 4460.4
39.218 10.342 3.619 -19.961 13.780 -0.845 2.511 8.553 -7.664 4488.8
38.365 10.248 3.642 -20.060 13.686 -1.699 3.364 8.724 -8.089 4531.4

16

40.830 10.414 3.651 -19.836 13.859 0.769 0.880 8.227 -6.862 4393.6
40.487 10.377 3.659 -19.871 13.823 0.423 1.225 8.297 -7.035 4411.5
39.873 10.313 3.674 -19.941 13.756 -0.188 1.843 8.422 -7.345 4442.5
39.258 10.246 3.689 -20.012 13.685 -0.796 2.461 8.546 -7.654 4474.4
38.607 10.174 3.706 -20.091 13.613 -1.452 3.117 8.677 -7.983 4506.7

16.5

40.578 10.287 3.730 -19.917 13.734 0.504 1.120 8.280 -7.000 4394.8
40.192 10.247 3.739 -19.964 13.690 0.115 1.508 8.358 -7.196 4414.6
39.558 10.181 3.754 -20.037 13.618 -0.517 2.146 8.486 -7.515 4446.3
38.879 10.109 3.770 -20.117 13.543 -1.199 2.832 8.623 -7.856 4480.8

17

40.260 10.157 3.804 -20.013 13.596 0.175 1.431 8.346 -7.171 4379.4
39.821 10.108 3.810 -20.060 13.553 -0.269 1.873 8.434 -7.390 4402.5
39.372 10.059 3.822 -20.114 13.508 -0.721 2.324 8.525 -7.615 4425.7
38.877 10.007 3.832 -20.171 13.454 -1.220 2.824 8.624 -7.864 4451.6

17.5
39.827 10.010 3.881 -20.119 13.459 -0.278 1.860 8.435 -7.399 4329.4
39.546 9.985 3.888 -20.150 13.427 -0.565 2.143 8.492 -7.540 4343.6
38.931 9.913 3.903 -20.223 13.364 -1.012 2.763 8.616 -7.849 4374.5

18 39.588 9.882 3.957 -20.196 13.333 -0.513 2.090 8.485 -7.528 4310.4
38.896 9.814 3.973 -20.272 13.262 -1.210 2.785 8.624 -7.876 4345.7

18.5 39.274 9.753 4.038 -20.459 13.201 -0.838 2.396 8.551 -7.697 4315.3
19 39.072 9.726 4.096 -20.613 13.076 -1.051 2.589 8.594 -7.808 4315.7
In Table 2, the units of Θ,Φ, 𝑉𝑎, 𝛾𝑎 and 𝑡𝑎 are ∘, ∘, km/s, ∘ and s respectively.

𝜆𝑟(𝑡0), 𝜆Θ(𝑡0), 𝜆𝑚(𝑡0), 𝑉𝑎, 𝛾𝑎, and 𝑡𝑎 at all grid points. We
can see that values of each parameter at all grid points are
on a smooth surface, satisfying the interpolation conditions.
In order to further demonstrate the effectiveness of our
proposed method, we conducted 100 sets of comparative
experiments between our method and the traditional hybrid
method. Figure 16 shows the transfer trajectory of No. 5

experiment. Figure 17 shows the transfer trajectory of No. 45
experiment. Figure 18 shows the transfer trajectory of No. 85
experiment.

Figures 19–27 are the fitting errors of 9 parameters in 100
sets of comparative experiments. We can see from Figures
19–27 that the fitting error of 𝜆𝑉(𝑡0) is less than 5e-4, the
fitting error of 𝜆𝛾(𝑡0) is less than 1.5e-4, the fitting error of
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Table 3: Landing speed and final mass of vehicles in one hundred experiments.

No. 𝑉𝑏 𝑚𝑏
1 7.641 404.2
2 7.610 404.6
3 7.554 404.9
4 7.502 405.1
5 7.445 405.3
6 7.410 405.4
7 7.399 405.6
8 7.373 405.8
9 7.300 405.9
10 7.276 406.1
11 7.223 406.2
12 7.189 406.4
13 7.067 406.6
14 7.001 406.7
15 6.948 406.7
16 6.902 406.9
17 6.852 407.1
18 6.821 407.2
19 6.794 407.3
20 6.756 407.5
21 6.713 407.7
22 6.682 407.7
23 6.653 407.8
24 6.629 408.1
25 6.206 408.2
26 6.197 408.3
27 7.182 406.5
28 7.154 406.7
29 7.001 406.9
30 6.922 407.0
31 6.879 407.0
32 6.798 407.1
33 6.740 406.9
34 7.165 406.6
35 7.133 406.8
36 7.095 406.9
37 7.010 407.4
38 6.921 407.7
39 6.833 408.1
40 6.795 408.2
41 6.721 408.5
42 7.109 407.1
43 7.056 407.3
44 7.001 407.4
45 6.950 407.6
46 6.923 407.6
47 6.887 407.7
48 6.832 407.9
49 6.821 408.0
50 7.229 406.4
51 7.155 406.5
52 7.102 406.7
53 7.079 406.8
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Table 3: Continued.

No. 𝑉𝑏 𝑚𝑏
54 7.001 407.0
55 6.938 407.3
56 6.899 407.5
57 6.723 407.8
58 6.686 407.9
59 6.569 408.1
60 6.430 408.3
61 6.442 408.1
62 6.402 408.3
63 6.368 408.4
64 6.321 408.5
65 6.300 408.5
66 6.279 408.6
67 6.225 408.8
68 6.198 408.9
69 6.158 409.1
70 6.113 409.2
71 6.083 409.2
72 6.053 409.3
73 6.002 409.5
74 7.102 406.5
75 7.086 406.6
76 7.026 406.8
77 6.956 407.1
78 6.823 407.4
79 6.791 407.5
80 6.722 407.7
81 6.865 407.0
82 6.823 407.2
83 6.784 407.4
84 6.736 407.5
85 6.695 407.6
86 6.652 407.8
87 6.601 407.9
88 6.539 408.2
89 6.493 408.3
90 6.457 408.5
91 6.401 408.7
92 6.380 408.7
93 6.333 408.9
94 6.555 408.3
95 6.512 408.4
96 6.478 408.6
97 6.402 408.8
98 6.373 408.9
79 6.345 409.0
100 6.291 409.2
In Table 3, 𝑉𝑏 is landing speed and𝑚𝑏 is final mass. The units of 𝑉𝑏 and𝑚𝑏 are km/s and kg respectively.
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Figure 10: Spatial distribution of 𝜆𝑟(𝑡0) at all mesh points.
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Figure 11: Spatial distribution of 𝜆Θ(𝑡0) at all mesh points.
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Figure 12: Spatial distribution of 𝜆𝑚(𝑡0) at all mesh points.
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Figure 13: Spatial distribution of 𝑉𝑎 at all mesh points.

𝜆𝜓(𝑡0) is less than 1e-3, the fitting error of 𝜆𝑟(𝑡0) is less than
8e-3, the fitting error of 𝜆Θ(𝑡0) is less than 1.5e-5, the fitting
error of 𝜆𝑚(𝑡0) is less than 8e-5, the fitting error of 𝑉𝑎 is less
than 5e-8 km/s, the fitting error of 𝛾𝑎 is less than 4e-5, and
the fitting error of 𝑡𝑎 is less than 5e-4s. Figure 28 shows the
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Figure 14: Spatial distribution of 𝛾𝑎 at all mesh points.
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Figure 15: Spatial distribution of 𝑡𝑎 at all mesh points.
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Figure 16: Transfer trajectory of No.5 experiment.
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Figure 17: Transfer trajectory of No.45 experiment.

landing point error, from which we can see that the landing
point error is less than 2e-3m. Figure 29 shows fitting error
of final mass, from which we can see that the fitting error
of final mass is less than 3e-3m. Figure 30 shows the fitting
error of total time, from which we can see that the fitting
error of total time is less than 1.8e-3m. We can see from
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Figure 18: Transfer trajectory of No.85 experiment.
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Figure 19: Fitting error of 𝜆𝑉(𝑡0).
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Figure 20: Fitting error of 𝜆𝛾(𝑡0).
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Figure 21: Fitting error of 𝜆𝜓(𝑡0).
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Figure 22: Fitting error of 𝜆𝑟(𝑡0).
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Figure 23: Fitting error of 𝜆Θ(𝑡0).
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Figure 24: Fitting error of 𝜆𝑚(𝑡0).
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Figure 25: Fitting error of 𝑉𝑎.
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Figure 29: Fitting error of final mass.
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Figure 30: Fitting error of total time.

Figures 19–30 that the proposedmethod satisfies the standard
accuracy requirements and has computational efficiency.

Figure 31 is the comparison between the proposed
method (interpolation scheme + hybrid method) and the
traditional hybrid method, from which we can see that the
computational time of our method is significantly shorter
than that of the traditional hybrid method. The computa-
tional time in each of the 100 experiments, when using the
traditional hybrid method, is between 1677.7s and 1682.3s,
and the average computational time is 1680.4s. In contrast,
the computational time with our method is between 49.13s
and 49.47s, and the average computational time is 49.34s.
Thus, the proposed method requires only 2.93% of the
computational time of the traditional hybrid method.

The simulation results demonstrate that the proposed
method is feasible. Although the proposedmethod still needs
some computational time to obtain the accurate transfer
trajectories, yet the proposed method improves substantially
the computational time. Fast computational of the space-to-
ground transfer trajectories lays the foundation for the deci-
sion makers to develop space-to-ground transfer trajectory
programmes in real time in an uncertain environment.

5. Conclusion and Future Research

Fast computational method of the space-to-ground transfer
trajectories can lay the foundation for decision makers to
develop space-to-ground transfer trajectory programmes in
real time in an uncertain environment. In order to overcome
the computational cost encountered with the hybrid method,
we solve the transfer trajectory by using interpolation scheme
and hybrid method. The main idea of this paper is to
convert the problem from the time domain into the spatial
domain. The simulation results demonstrate that the pro-
posed method has high computational efficiency.

Although the proposed method has high computational
efficiency, it still has some limitations that some time is
still needed to obtain the accurate transfer trajectory. To
further accelerate the computational time of the transfer
trajectories, investigatingmore interpolationmethods as well
as optimization algorithms in future researchwould be better.
Themethods that combine interpolation schemes and hybrid
methods can be applied to other problems related to fixed
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Figure 31: Comparison of the computational time of two methods.

transfer trajectories and finite thrust maneuver mode. Fur-
thermore, the methodology of converting the time domain
into the space domain can also be applied to other research
areas.

Data Availability

The simulation data used to support the findings of this study
are included within the article.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

References

[1] S. Sgubini and G. B. Palmerini, “Evaluation of main parameters
in re-entry trajectories,”AerotecnicaMissili & Spazio, vol. 95, no.
1, pp. 42–49, 2016.

[2] G. Sushnigdha and A. Joshi, “Re-entry trajectory optimization
using pigeon inspired optimization based control profiles,”
Advances in Space Research, vol. 62, no. 11, pp. 3170–3186, 2018.

[3] A. J. Abraham, D. B. Spencer, and T. J. Hart, “Early mission
design of transfers to halo orbits via particle swarm optimiza-
tion,”The Journal of the Astronautical Sciences, vol. 63, no. 2, pp.
81–102, 2016.

[4] M. C. F. Bazzocchi and M. R. Emami, “Stochastic optimization
of asteroid three-dimensional trajectory transfer,” Acta Astro-
nautica, vol. 152, pp. 705–718, 2018.

[5] D. A. Benson, G. T. Huntington, T. P. Thorvaldsen, and A.
V. Rao, “Direct trajectory optimization and costate estimation
via an orthogonal collocation method,” Journal of Guidance,
Control, and Dynamics, vol. 29, no. 6, pp. 1435–1440, 2006.

[6] M. Ceriotti and J. P. Sanchez, “Control of asteroid retrieval
trajectories to libration point orbits,”Acta Astronautica, vol. 126,
pp. 342–353, 2016.

[7] X. Jiang and S. Li, “Mars atmospheric entry trajectory optimiza-
tion via particle swarmoptimization andGauss pseudo-spectral
method engineers,” Proceedings of the Institution of Mechanical
Engineers, Part G: Journal of Aerospace Engineering, vol. 230, no.
12, pp. 2320–2329, 2016.

[8] N. Yokoyama and S. Suzuki, “Modified genetic algorithm
for constrained trajectory optimization,” Journal of Guidance,
Control, and Dynamics, vol. 28, no. 1, pp. 139–144, 2005.

[9] Z. B. Wang and M. J. Grant, “Constrained trajectory optimiza-
tion for planetary entry via sequential convex programming,”
Journal of Spacecraft and Rockets, vol. 40, no. 40, pp. 2603–2615,
2016.

[10] Z. Wang and M. J. Grant, “Autonomous entry guidance for
hypersonic vehicles by convex optimization,” Journal of Space-
craft and Rockets, vol. 55, no. 4, pp. 993–1006, 2018.

[11] M. J. Grant and R. D. Braun, “Rapid indirect trajectory opti-
mization for conceptual design of hypersonicmissions,” Journal
of Spacecraft and Rockets, vol. 52, no. 1, pp. 177–182, 2015.

[12] C. Guo, J. Zhang, Y. Luo, and L. Yang, “Phase-matching
homotopic method for indirect optimization of long-duration
low-thrust trajectories,” Advances in Space Research, vol. 62, no.
3, pp. 568–579, 2018.

[13] H.-X. Shen, “No-guess indirect optimization of asteroidmission
using electric propulsion,” Optimal Control Applications and
Methods, vol. 39, no. 2, pp. 1061–1070, 2018.

[14] C. L. Ranieri and C. A. Ocampo, “Optimization of roundtrip,
time-constrained, finite burn trajectories via an indirect
method,” Journal of Guidance, Control, and Dynamics, vol. 28,
no. 2, pp. 306–314, 2005.

[15] B. Andrea and C. Christian, “A hybrid, self-adjusting search
algorithm for optimal space trajectory design,” Advances in
Space Research, vol. 50, no. 4, pp. 471–488, 2012.



Mathematical Problems in Engineering 17

[16] L. Fu, M. Xu, X. An, and X. Yan, “Design and optimization
of low-thrust orbit transfers using hybrid method,” Advanced
Materials Research, vol. 588-589, pp. 335–339, 2012.

[17] M. Rasotto, R. Armellin, and P. Di Lizia, “Multi-step opti-
mization strategy for fuel-optimal orbital transfer of low-thrust
spacecraft,” Engineering Optimization, vol. 48, no. 3, pp. 519–
542, 2016.

[18] O. Nadir, A. Lounis, and A. Rustem, “From offline to adaptive
online energy management strategy of hybrid vehicle using
Pontryagins minimum principle,” International Jurnal of Auto-
motive Technology, vol. 19, no. 3, pp. 571–584, 2018.

[19] E. Aydin, D. Bonvin, and K. Sundmacher, “NMPC using Pon-
tryagin’s minimum principle-application to a two-phase semi-
batch hydroformylation reactor under uncertainty,” Computers
& Chemical Engineering, vol. 108, pp. 47–56, 2018.

[20] H. Cai, H.-Z. Zhang, and Z.-D. Hu, “Design optimization of
the shortest time coplanar hit orbit for SGKW,” Journal of Solid
Rocket Technology, vol. 31, no. 6, pp. 555–560, 2008.

[21] C. Q. Wang, H. L. Wei, and A. J. Li, “Calculating and analysis
of re–entry condition for space tethered–assisted return system
in elliptic orbit,” International Journal of Space Science and
Engineering, vol. 2, no. 3, pp. 248–258, 2014.
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