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*e influence of soil heterogeneity is studied on the bending of circular thin plates using two modified Vlasov foundation
models. *e model parameters are determined reasonably using an iterative technique. According to the principle of
minimum potential energy and considering transversely isotropic soils and Gibson soils, the governing differential
equations and boundary conditions for circular thin plates on two modified Vlasov foundations are derived using a
variational approach, respectively. *e determination of attenuation parameters is a difficult problem, which has hindered
the further application of the Vlasov foundation model. *e equation that must be satisfied by the attenuation parameter is
determined, and an iterative method is used to solve the problem. A comparative analysis is conducted between two
modified Vlasov models and the traditional Vlasov model. *e results show that the governing equations and boundary
conditions for circular thin plates resting on two modified foundations are consistent with those for a circular thin plate on
traditional two-parameter foundation after degradation. *e accuracy and reliability of the proposed solutions are
demonstrated by comparing the obtained results with those reported in the literature. *e heterogeneity of soils, including
the transversely isotropic soils and Gibson soils, has a certain effect on characteristic parameters of the foundation models as
well as the deformations and internal forces of circular thin plates. *e present study could be employed as a reference for
future engineering designs.

1. Introduction

Plates supported directly by the soil continuum are widely
used in structural engineering. *ey are the basic com-
ponents of highways, bridges, high-rise building founda-
tions, and other structures.*e behaviour of the plate when
it carries external loads is influenced by the foundation, and
the behaviour of the foundation is in turn influenced by the
action of the plate under load. In order to study the
practical problems of beams, plates, and shells on elastic
foundations in engineering, scholars have put forward
many mathematical models. It is very important to cal-
culate and analyse these models accurately. *e existing
elastic foundation models include the Winkler foundation
model [1], two-parameter elastic model [2], and elastic
continuous medium foundation model [3], each of which
has its own characteristics in accordance with the

corresponding hypotheses. *e two-parameter foundation
model has the advantages of a simple mathematical process
and a perfect theory. As an example of the two-parameter
foundation model, the Vlasov foundation model has all of
the advantages of a continuum approach as well as the
simplicity of the coupled spring model. Compared to
standard numerical models such as FEM (Finite Element
Modelling), analytical solutions have more advantages in
terms of understanding the essential aspects of physics and
mechanics.

Many researchers have worked on this problem, which is
described as “beams, plates, and shells on elastic founda-
tions.” First of all, in terms of the Vlasov foundation model,
Vallabhan et al. [4–6] analysed the governing equations and
boundary conditions for the bending of rectangular plates
and beams resting on a refined Vlasov foundation, using
variational principles. Höller et al. [7] rigorously derived a
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theory for elastically supported thin plates with arbitrary
boundary conditions, based on the Principle of Virtual
Power. Ozgan [8] carried out the dynamic analysis of thick
plates including deep beams on elastic foundations using a
modified Vlasov foundation model. Wang et al. [9] devel-
oped a thermoelastic analysis of pavement plates on an
elastic Winkler foundation, based on the Kirchhoff hy-
pothesis and a Vlasov-type of structural analysis. Secondly,
with regard to the transversely isotropic foundation model,
Ai and Feng [10] analysed laterally loaded fixed-head pile
groups using BEM (Boundary Element Method), based on
an analytical layer-element solution of multilayered trans-
versely isotropic soils. With the inverse Hankel integration
transform, the solution of stress and displacement for
transversely isotropic foundation under several common
loads was obtained [11]. Liang and Shatnawi [12] presented a
series of charts, based on extensive FE (Finite Element)
parametric studies along with nonlinear regression analysis
of FE simulation results, for estimating the subgrade reac-
tion modulus using five elastic constants of a transversely
isotropic rock mass. Finally, to analyse structures resting on
elastic foundations based on Gibson soils, some useful
conclusions concerning displacements and stresses in a
nonhomogeneous elastic half-space were drawn [13].
Eisenberger and Clastornik [14, 15] studied vibrations and
buckling of a beam resting on a variable Winkler elastic
foundation.

Because of the difficulties in mathematics and me-
chanics, there are some problems in the previous research
on the classical subject of foundation structure. For ex-
ample, the classical two-parameter foundation model
considers that the elastic layer is homogeneous and iso-
tropic. In fact, soil is a kind of complex multiphase dis-
crete medium. On one hand, tests show that many
foundations are close to the transversely isotropic soils,
which can be regarded as isotropic in the horizontal di-
rection. However, the properties of foundation soil along
the vertical direction are quite different. *e research
progress in transversely isotropic elastic foundations has
been slow owing to the large number of elastic constants
and the complex derivation process. On the other hand,
the elasticity modulus is considered to vary linearly along
the depth of foundations. *us, Gibson foundation is
more in line with the actual situation. As another example,
even though the traditional two-parameter model for
plates resting on elastic foundations represents the in-
teraction between the plates and the foundation better
than the Winkler model, it requires the estimation of a
third parameter c, which represents the distribution of
displacements within the foundation. Yang [16] thought
that there was no way to provide a method to calculate the
undetermined parameter value. Vallabhan and Das [17]
deduced that the decay parameter was a function of some
nondimensional parameters of the beams, the elastic
foundations, and the mode of loads, using variational
principles. Jones and Xenophontos [18] established a
relationship between the attenuation parameter and the
displacement characteristics but did not actually deter-
mine its value.

*e soil inhomogeneity is not considered in the
existing Vlasov foundation model. Moreover, only em-
pirical or experimental values have been used for model
parameters such as the attenuation parameter. *erefore,
in the present study, circular thin plates resting on two
modified Vlasov foundations are analysed based on het-
erogeneous soils with transverse isotropy and Gibson
characteristics, respectively. *e static bending of a cir-
cular thin plate is analysed systematically on the inter-
action between foundation soils and circular thin plates.
In addition, the influence of heterogeneous soils on the
bending of circular thin plates resting on two modified
foundations is examined. Firstly, the governing equations
and boundary conditions for a circular thin plate resting
on two modified Vlasov foundations are established,
according to the principle of energy variation. At the same
time, the equation that must be satisfied by the attenuation
parameter is determined. Secondly, the similarities and
differences between the traditional Vlasov model and two
modified Vlasov models are analysed. *en, the two
correct parameter values are calculated using attenuation
parameter values obtained through an iterative method.
Finally, the relatively accurate deflections and internal
forces of circular thin plate are obtained.

2. Foundation Model

2.1. Transversely Isotropic Foundation. *e foundation is
approximately regarded as isotropic in the horizontal
direction; however, the difference between the vertical and
the horizontal directions is large. *e hypothesis of ho-
mogeneity and isotropy cannot reflect the reality of the
foundations. Nevertheless, the transversely isotropic
elastic model can reflect the continuity of stresses and
deformations of foundations spreading around the base.
*erefore, a transversely isotropic elastic model is more
suitable for the actual situation of the foundation. Con-
sidering these characteristics of foundations, it can better
study the stability of foundations and the mechanism of
stress transmission.

As shown in Figure 1, the radius of the circular thin plate
is denoted as a and the thickness is h.*e radius of a uniform
surface load q is represented by b and the foundation depth is
H. *e constitutive relation of the transversely isotropic
elastic foundation is

σr � C11εr + C12εθ + C13εz, τrθ � C66crθ,

σθ � C12εr + C11εθ + C13εz, τθz � C44cθz,

σz � C13εr + C13εθ + C33εz, τzr � C44czr,

⎧⎪⎪⎨

⎪⎪⎩
(1)

where σr, σθ, σz, τrθ, τθz, and τzr are the stresses in the
foundation, correspondingly; εr, εθ, εz, crθ, cθz, czr are the
strains in the foundation; and Cij are physical property
constants of the transversely isotropic foundation. As long as
the five independent engineering elastic constants
(ET1, μT1, ET2, μT2, and GT2) of the transversely isotropic
body are determined, the values of Cij can be determined.
*e values of Cij have the following relationship with the
material elastic constants commonly used in engineering:
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C11 � λ1N 1 − Nμ2T2( , C12 � λ1N μT1 + Nμ2T2( ,

C13 � λ1NμT2 1 + μT1( , C33 � λ1 1 − μ2T1( ,

⎧⎪⎨

⎪⎩

C44 � GT2,

C66 �
ET1

2 1 + μT1( 
,

N �
ET1

ET2
,

λ1 �
ET2

1 + μT1(  1 − μT1 − 2Nμ2T2( 
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(2)

where ET1 and μT1 are the elasticity modulus and Poisson’s
ratio in the isotropic plane, ET2, μT2 denote the elasticity
modulus and Poisson’s ratio in the normal direction of the
isotropic plane, and GT2 represents the shear modulus in the
plane perpendicular to the isotropic plane. Moreover, λ1 and
N are common parameters of the transversely isotropic
elastic foundation in engineering.

2.2. Gibson Foundation. In engineering, owing to the sed-
imentation of soils, the elasticity modulus of heterogeneous
soils changes with the depth. Considering the heterogeneity
of foundation soils, it is assumed that the soil is a Gibson
foundation whose elasticity modulus changes linearly in
accordance with the depth. Let the elasticity modulus at the
top and bottom of the foundation be EG1 and EG2, re-
spectively. *e dimensionless parameter λ2 is introduced.

λ2 �
EG1

EG2
. (3)

As shown in Figure 2, μG is Poisson’s ratio of the Gibson
foundation, and the elasticity modulus EG at depth z is

EG � EG2 λ2 + 1 − λ2( 
z

H
 . (4)

3. Theoretical Derivation

3.1. Potential Energy of System. As shown in Figures 1 and 2,
a circular thin plate resting on heterogeneous soils is in-
vestigated using two modified Vlasov foundation models.

*e total potential energy of the plate-foundation system
is as follows:

Ui � Up + Usi + Uq, i � 1, 2, (5)

where Ui, Up, Usi, and Uq are the total potential energy
function, the deformation potential energy of a circular thin
plate, the deformation potential energy of two kinds of
modified foundations, and the potential energy of the ex-
ternal force, respectively. When i is equal to 1, the physical
quantities U1 and Us1 represent the potential energy of the
transversely isotropic plate-foundation system and the de-
formation potential energy of the transversely isotropic
foundation, respectively. When i is equal to 2, the physical
quantities U2 and Us2 represent the potential energy of the
Gibson plate-foundation system and the deformation po-
tential energy of the Gibson foundation, respectively. In this
paper, unless otherwise specified, the symbols with subscript
1 are the variables for the transversely isotropic foundation,
and the symbols with subscript 2 are the variables for the
Gibson elastic foundation.

*e details are as follows:
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Figure 1: Plate on a transversely isotropic foundation.
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Figure 2: Plate on a Gibson elastic foundation.
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where D is the bending stiffness of the plate, E and μ
represent the modulus of elasticity and Poisson’s ratio

respectively, w denotes the deflection of the circular thin
plate, and Ω represents the region of the circular thin plate.

D �
Eh3

12 1 − μ2( 
,

Usi �
1
2


H

0

2π

0


+∞

0
σrεr + σθεθ + σzεz + τrθcrθ + τθzcθz + τzrczr( rdr dθdz, i � 1, 2.

(7)

Here, the terms (us, vs, wsi) represent the displacements
in the x , y, and z directions, respectively, in the foundation.
ws1 and ws2 represent the deflection of the transversely
isotropic elastic foundation and that of the Gibson elastic
foundation, respectively. From practical considerations, it
can be shown that the horizontal displacements us and vs in
the foundation are negligible compared with the vertical
displacements wsi in the z direction.

us(r, θ, z) � 0,

vs(r, θ, z) � 0,

wsi(r, θ, z) � wsi(r, θ)φi(z), i � 1, 2,

(8)

where wsi(r, θ) is the displacement at the foundation surface
and φi(z) is the attenuation function. On the contact surface
between the circular thin plate and foundations, the dis-
placement is continuous. *at is, the values of φi(0) and
φi(H) are set equal to 1 and 0 such thatwsi(r, θ) becomes the
deflection of the soil at the surface.

*e constitutive relations of the two modified founda-
tion models are different; however, the geometric relations
are the same. *e expressions for two kinds of foundation
deformation potential energy Usi (i � 1, 2) are obtained
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(9)
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where k1 and Gp1 are the modulus of the subgrade reaction
and shear coefficient of the transversely isotropic two-pa-
rameter foundation, respectively. Additionally, k2 and Gp2
denote the modulus of the subgrade reaction and shear
coefficient of the Gibson two-parameter foundation,
respectively.

Moreover, external force potential energy is

Uq � −B
Ωo

qwsirdr dθ, i � 1, 2, (10)

where Ωo represents the area under a uniformly distributed
load.

3.2. 4e Governing Equations. *e governing differential
equations for the circular thin plate and those for the
foundation surface outside the plate domain can be derived
using principles of variational calculus:

D∇4w − Gp1∇
2
w + k1w � q,

−Gp1∇
2
ws1 + k1ws1 � 0,

D∇4w − Gp2∇
2
w + k2w � q,

−Gp2∇
2
ws2 + k2ws2 � 0.

(11)

Similarly, the equations for the attenuation function φi

are obtained as follows:

−mi

d2φi

dz2 + niφi � 0, i � 1, 2, (12)
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⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

α2i �
ki

Gpi

, i � 1, 2,

(14)

where αi(i � 1, 2) represents the process parameters of the
two refined Vlasov elastic foundation models. In the sub-
sequent solving process, let α represent α1 and α2; that is,
there is no need to distinguish them.

According to the governing differential equation (12)
and boundary conditions (13), the attenuation function
φi(z) and attenuation parameter ci are derived:

φi(z) �
sinh ci(1 − z/H) 

sinh ci

, i � 1, 2,

ci

H
 

2
�

ni

mi

, i � 1, 2.

(15)

*e governing equations and boundary conditions for a
circular thin plate resting on two modified foundations are
consistent with those for the plate on the traditional two-pa-
rameter foundation after degradation. Mathematically, the two
modified elastic foundationmodels are also equivalent and differ
only in terms of the definition of the foundation parameters.

3.3. Model Parameters. *e Winkler model suffers the set-
back of noninteraction between the lateral spring thereby
resulting into an unreliable result. So the two-parameter
elastic foundation is developed to account for the interac-
tion. While it is easy to establish quite accurately the stiffness
characteristics of beams or plates, the parameters governing
the behaviour of the subsoil or elastic foundations are indeed
hard to model. In many calculation examples of the inter-
action between the foundations and structures, the values of
the model parameters depend on experience or tests.

In this paper, a mathematical model is developed for the
analysis of circular thin plates on two modified Vlasov elastic
foundations using three parameters, such as ki , Gpi, and ci,
which are related to the material properties and geometry of
the foundation continuum for a given thin plate and the
loading on it. Figure 3 shows an iterative flow chart of at-
tenuation parameter c1 in the transversely isotropic elastic
foundation. Figure 4 presents an iterative flow chart of at-
tenuation parameter c2 in the Gibson elastic foundation. Both
the parameter ki, which represents the modulus of subgrade
reaction, and the parameter Gpi, which represents the shear
deformation of the soil, are uniquely calculated using the
modulus of elasticity, Poisson’s ratio, and the geometry and
deformation of the elastic foundation. *e arbitrary aspect of
the Vlasov elastic foundation model has been mathematically
removed through the development of a computational
technique for determining the value of a third parameter ci,
which reflects the variation of the soil deformation.

4. Solution Method

4.1. Solution. In the case of axisymmetric, the deformation
of the circular thin plate resting on the elastic foundation is
axisymmetric. *us, w is only the function of the radius r,
independent of the angle θ. *e governing equation for a
circular thin plate on two modified Vlasov elastic founda-
tions is as follows:

D∇4w(r) − Gpi∇
2
w(r) + kiw(r) � q(r), i � 1, 2. (16)

In theory, three groups of the governing equations need
to be solved. However, by comparing these Vlasov elastic
foundation models, it is found that no difference exists in the
form of governing equations and boundary conditions;
however, the specific expressions for the characteristic pa-
rameters are changed. *erefore, the specific process of
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solving the bending problem of circular thin plates on these
Vlasov elastic foundation models is similar.

To simplify the mathematical operation, let k represent
k1, k2 and Gp represent Gp1, Gp2; that is, there is no formal
distinction between k1(Gp1) and k2(Gp2). Generally, the
solution of the differential equation (16) can be written as the
sum of the homogeneous solution and the specific solution.
*e specific solution depends on the shape of the load. *e
homogeneous solution is that of the following homogeneous
equation, namely,

∇4w(r) −
Gp

D
∇2w(r) +

k

D
w(r) � 0. (17)

*e above formula can be transformed into

∇2 − η1  ∇2 − η2 w(r) � 0, (18)

where
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⎧⎪⎨
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D
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−
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⎡⎣ ⎤⎦

1/2⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
. (19)

*e solution of equation (17) can be written in various
forms using the modified Bessel function of real

independent variables and the Bessel function of virtual
independent variables. In this study, the solution proposed
by Vlasov and Leontiev for calculations is employed as
follows [19]:
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k
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where B1, B2, B3, and B4 are arbitrary constants, J0 denotes
the Bessel function of order zero, and H

(n)
0 represents the

Hankel function of order n.
Since both the Bessel function and Hankel function in

equation (20) are complex, the constants B1, B2,B3, and B4
must be complex to make the deflections of a circular thin
plate real. *en equation (20) can be expressed as a real
function:
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where s0(r/l) and f0(r/l) represent the real parts of the zero-
order Bessel and Hankel functions and t0(r/l) and g0(r/l)
represent the imaginary parts, respectively. Because these
functions are all real, the undetermined constants d1, d2, d3,
and d4 are also real.

*e loaded area (0≤ r≤ b) and unloaded area (b≤ r≤ a)

of the circular thin plate and the unloaded area (r≥ a) of the
soil medium are considered, respectively. Additionally,
w∗1(r) and w∗2(r) represent the deflections of the circular
thin plate in the loaded area and the unloaded areas, re-
spectively, and w∗3(r) denotes the surface deflection of the
soil medium outside the circular thin plate:

D∇4w∗1(r) − Gp∇
2
w
∗
1(r) + kw

∗
1(r) � q, 0≤ r≤ b,

D∇4w∗2(r) − Gp∇
2
w
∗
2(r) + kw

∗
2(r) � 0, b≤ r< a,

−Gp∇
2
w
∗
3(r) + kw

∗
3(r) � 0, a< r< +∞.

(24)

*e special solution for w∗1(r) corresponding to a uni-
form load q is q/k, while the special solutions for w∗2(r) and

γ1 = γ0

w ws

φ1(z) = sinh [γ1 (1 – z/H)]
/sinh γ1

k1 = ʃ0
H C33 (dφ1/dz)2 dz

Gp1 = ʃ0
HC44 φ2

1/dz

Governing equations
boundry conditions

(γ1/H)2 = (n1/m1)

End |γ1 – γ1
∗| ≤ δ

|γ1 – γ1
∗| > δ

γ1′ = γ1 + γ1
∗/2

γ1
∗

Start

Figure 3: Iterative flow chart of the attenuation parameter for the
transversely isotropic foundation.

6 Mathematical Problems in Engineering



w∗3(r) are all zero.*en the complete solutions are expressed
as real functions as follows:

w∗1(r) �
q

k
+ d1s0

r

l
  + d2t0

r

l
  + d3f0

r

l
  + d4g0

r

l
 ,

w∗2(r) � d5s0
r

l
  + d6t0

r

l
  + d7f0

r

l
  + d8g0

r

l
 ,

w∗3(r) � d9I0(αr) + d10K0(αr),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(25)

where d1, d2, d3, . . . , d9, d10 are arbitrary constants. More-
over, I0 and K0 are modified zero-order Bessel functions of
the first and second types, respectively.

4.2. Loads andBoundaryConditions. In this paper, the radius
of the uniformly distributed circular load q is classified into
two extreme cases and one general case. *us, the radius of
the uniformly distributed load is b � a, b � 0, and b ∈ (0, a),
respectively. Some equations can be derived using the
boundary conditions and continuity conditions for circular

thin plates on elastic foundations, and the number of these
equations is equal to that of the undetermined coefficients.
Accordingly, the simultaneous equations can be solved.

Because both the deflection and rotation angle are finite at
the centre of a circle thin plate, it can be concluded that
d3 � d4 � 0. In the unloaded area of the soil medium,
w∗3(+∞) � 0. Since I0 approaches infinity when r⟶ +∞,
the constant should be d9 � 0.*e remaining seven constants
(d1, d2, d5, d6, d7, d8, and d10) are determined using the
boundary conditions and the continuous conditions, so that
the total solutions for the deflections and internal forces of a
circular thin plate on an elastic foundation can be obtained.

5. Numerical Calculation

5.1. Example Analysis

Example 1. *e two modified foundation models are de-
graded into the traditional Vlasov foundation model, and
the characteristic parameters are solved using an iterative
procedure. *e case of the free circular thin plate on the

γ2 = γ0

w ws

φ2(z) = sinh [γ2 (1 – z/H)]
/sinh γ2

k2 = ʃ0
H EG2 (1 – μG)/(1 + μG) (1 – 2μG) [λ2 + (1 – λ2) z/H]

(dφ2/dz)2 dz

Gp2 = ʃ0
H EG2 /2(1 – μG) [λ2 + (1 – λ2) z/H] φ2

2/dz

Governing equations
boundry conditions

(γ2/H)2 = (n2/m2)

End |γ2 – γ2
∗| ≤ δ

|γ2 – γ2
∗| > δ

γ2′ = γ2 + γ2
∗/2

γ2
∗

Start

Figure 4: Iterative flow chart of the attenuation parameter for the Gibson elastic foundation.
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Vlasov elastic foundation subjected to a concentrated load at
the plate’s centre is analysed.*e parameters to be calculated
are the following: radius of the circular plate a � 5m,
thickness of the plate h � 0.5m, elasticity modulus of the
plate E � 1.7658 × 1010 N/m2, Poisson’s ratio of the plate
μ � 0.17, elasticity modulus of the soil Es � 8.6 × 106 N/m2,
Poisson’s ratio of the foundation μs � 0.2, depth of the
foundation H � 1m, and the concentrated load
P � 9.81 × 104 N. *e radius of the load is b � 0.01m, which
is adequately small to simulate the concentrated load.

*e attenuation parameter c � 0.9836 can be obtained
by programming the mathematical software. On this basis,
the foundation reaction coefficient k∗ � 9.7224 × 106 N/m3

and the shear coefficient G∗p � 1.0592 × 106 N/m can be
further obtained. *e deflection value of the circular thin
plate at the centre is 0.320mm, which is consistent with the
results of various methods cited in the literature [20]. It
proves the reliability of the analysis and calculation in this
paper. *e deflection of the circular thin plate resting on the
traditional Vlasov elastic foundation is shown in Figure 5.

Example 2. On the basis of Example 1, the case of circular thin
plates on a transversely isotropic two-parameter foundation
subjected to a local distributed load is analysed. *e calculated
parameters are as follows: radius of circular plate a � 1.35m,
thickness of circular plate h � 0.25m, elasticity modulus of
plateE � 2.45 × 1010 N/m2, Poisson’s ratio of the plate μ � 1/6,
ET1 � 39.2MPa, ET2 � 29.4MPa, μT1 � 0.4, μT2 � 0.4, GT2 �

14MPa. *e depth of the foundation is H � 2m, and a uni-
form surface load q � 1 × 106 N/m2 with a radius of b � 0.18m
is applied at the centre area of the circular thin plate.

A very simple computer program has been developed,
and the attenuation parameter c1 � 1.783 can be obtained
using an iterative technique. On this basis, the foundation
reaction coefficient k1 � 5.7694 × 107 N/m3 and the shear
rigidity Gp1 � 6.6314 × 106 N/m can be further obtained.
*e deflection value at the circular plate’s centre is
0.333mm. Figures 6 and 7 depict a deflection diagram and a
bending moment diagram of a circular thin plate on
transversely isotropic two-parameter foundation, respec-
tively. It is observed in Figure 6 that the deformation of the
foundation soils outside the circular thin plate is very small.
*e foundation soils outside the range of the circular thin
plate still have deformations; however, the deformation
attenuation speed is very fast.

Example 3. On the basis of Example 1, the scenario in which
a uniformly distributed lateral load is applied to the entire
circular plate is studied. *e parameters of a circular thin
plate on the Gibson elastic foundation that are to be cal-
culated are the following: the radius of the circular plate
r � 0.5m, thickness of the plate h � 0.05m, elasticity
modulus of the plate E � 2.8 × 1010 N/m2, Poisson’s ratio of
the plate μ � 0.15, elasticity modulus at the bottom of the
Gibson soil EG2 � 6.9 × 107 N/m2, Poisson’s ratio of the
foundation μs � 0.3, depth of the foundation soil ,H � 2m
and the uniformly distributed load q � 2 × 106 N/m2 applied
to the whole circular thin plate.

Table 1 presents the calculation results of the various
parameters and deflections of the circular thin plates, when
the characteristic parameters of the Gibson elastic foun-
dation are chosen as λ2 � 1/3 and λ2 � 3, respectively.
Further study also shows that the bending deflection of the
circular plate on the Gibson elastic foundation is mainly
affected by the rigidity of the surface soil; however, it is less
affected by the deep part of the foundation.

5.2. Sensitivity Analysis

5.2.1. Transversely Isotropic Two-Parameter Foundation.
Based on Example 2, the effects of soil heterogeneity on the two
parameters and the bending of circular thin plates are examined.
*e variability of the model parameters and deflections, in-
cluding k1 andw for differentET1, is illustrated in Figures 8 and
9. *e nonuniformity of the transversely isotropic elastic
foundation has a certain influence on various parameters. In a
specific range, with the increase in the elasticity modulus ET1 in
the transversely isotropic plane, the stiffness coefficient k1 of the
elastic foundation model increases, and the bending deflection
w of the circular thin plate decreases.

5.2.2. Gibson Two-Parameter Foundation. Based on Ex-
ample 3, the effects of soil heterogeneity on the two pa-
rameters and the bending of circular thin plates are studied.
*e variability of the model parameters and deflections,
including Gp2 and w for different λ2, is illustrated in Fig-
ures 10 and 11.*e nonuniformity of the Gibson foundation
has a certain influence on various parameters. In a specific
range, with the increase in the ratio λ2 of the upper and lower
elasticity modulus of the Gibson foundation, shear coeffi-
cient Gp2 of the elastic foundation model increases and the
bending deflection w of the circular thin plate decreases. *e
research also shows that the harder the surface foundation is,
the greater the vertical elasticity coefficient is. *is finding
demonstrates that the vertical elastic coefficient of the elastic
foundation is mainly determined by the rigidity of surface
soils. *erefore, to reduce the deflections of elastic foun-
dations in engineering, the physical properties of the Gibson
foundation at a certain depth under the foundation can be
improved, such as by increasing its strength. Nonetheless,
strengthening the deep foundation will have limited results.
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Figure 5: Deflection of the circular thin plate on the Vlasov
foundation model in Example 1.
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Figure 6: Deflection of the circular thin plate and foundation soil in Example 2.
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Figure 7: Bending moment of the circular thin plate in Example 2.

Table 1: Parameters and deflections obtained from the two different foundations in Example 3.

Parameters λ2 c2 k2(N/m3) Gp2(N/m) w(mm)

1/3 2.1382 28,803,000 5,177,600 28.273
3 2.1635 143,320,000 29,234,000 8.480
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Figure 8: Modulus of subgrade reaction k1 for different elasticity moduli of the foundation.
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5.3. Iterative Analysis. *e third parameter c reflects the
variation of the soil deformation. To compute the transverse
displacement, it is necessary to find c, which is not known a
priori. *e numerical values of the attenuation parameters are

shown in Table 2. In the table, G represents the number of
iterations of computer programs. ca is the attenuation parameter
of a circular thin plate resting on transversely isotropic two-
parameter foundations in Example 2. In addition, cb and cc are
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Figure 9: Deflection of circular plate w for different elasticity moduli of the foundation.
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Figure 10: Shear coefficient Gp2 for different modulus ratios of the Gibson foundation.
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Figure 11: Deflection w of the circular plate for different modulus ratios of the Gibson foundation.
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the attenuation parameters of a circular thin plate on the Gibson
foundations in Example 3 corresponding to λ2 � 1/3 and
λ2 � 3, respectively. A start value equal to 1.0 is used here. *e
input data consist of circular thin plate’s properties and the soil
properties. *e value of c is determined as a function of the
characteristics of the plate and the foundation. *e program
internally calculates the soil parameters using the iterative
method.*e iterative process is repetitive and the conditions for
the end of the cycle must be set. In Figures 3 and 4, the ter-
mination criterion is assumed to be δ, a small prescribed value.
Eventually the two parameters and transverse displacement will
be obtained with the final value of c.

6. Conclusions

In this study, a sound mathematical model is developed for
determining the displacements, bending moments, and
shear forces in circular thin plates resting on two modified
Vlasov foundations. *e influence of heterogeneous soils on
the bending of the circular thin plates and the characteristic
parameters of two modified Vlasov foundation models is
analysed. *e presented method can be expanded to con-
sider layered soils, solve the problem of free vibration, and so
forth. It is recommended that the similar studies be per-
formed on beams and shells on elastic foundations. *e
following conclusions are obtained through theoretical
derivation and example analyses:

(1) Based on the principle of minimum potential energy,
the governing differential equations and boundary
conditions for circular thin plates on two modified
Vlasov foundations are derived by a variational
approach. *e equation is determined that the at-
tenuation parameter needs to satisfy using an iter-
ative procedure, which provides a theoretical basis
for determining this parameter. *e analytical so-
lution for the bending problem of circular thin plates
on the two modified Vlasov foundations is estab-
lished. If the soils of the two modified Vlasov
foundations were assumed to be a traditional ho-
mogeneous medium, the results in this study would
be degraded to the classical case of circular thin
plates on traditional two-parameter elastic
foundation.

(2) *e inhomogeneity of transversely isotropic soils has
a certain influence on the deflections, internal forces,
and various characteristic parameters of circular thin
plates. *e results show that the elastic modulus in
the transverse isotropic plane, the elastic modulus in
the vertical transverse isotropic plane, and the
thickness of the soil layer all have a certain influence
on the attenuation parameter as well as on the

coefficient of subgrade reaction and shear coefficient;
however, the influence degree is not the same.

(3) *e inhomogeneity of the Gibson soils also has a
certain influence on the deflections, internal forces,
and various characteristic parameters of circular thin
plates. *e influence should be considered in prac-
tice.*emechanical behaviour of elastic foundations
is mainly determined by the characteristics of
shallow foundation soils under structures, rather
than the deep parts of the foundation soils.

(4) Principles of solid mechanics are used instead of an
empirical or experimental evaluation of the attenu-
ation parameter and the coefficient of the subgrade
reaction and shear modulus. Only the geometric and
material characteristics of heterogeneous soils and
structures are used to calculate the attenuation pa-
rameters iteratively to obtain two more reliable pa-
rameter values. *e two modified Vlasov foundation
models can describe the continuity of foundation
soils. *e findings of this research thus enrich and
extend the content of the Vlasov foundation model.
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