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For the sale of a product with network externalities, a Stackelberg model involving an incumbent and an entrant is developed
considering the impact of three strategic decision-making modes of the incumbent and consumers on the pricing, market share,
and profit of firms. In addition, the impact of consumers’ strategic behaviours on firms’ pricing decisions and how firms respond
to strategic customers is discussed. -e results show that, in the SS (strategic firm facing strategic consumers) decision-making
mode, the incumbent will implement long-term pricing and finally obtain the maximum profit, while as a follower of the
incumbent, the entrant will also obtain the maximum profit in the SS mode. In the NS (nonstrategic firm facing strategic
consumers) decision-makingmode, the strategy of consumers seriously weakens the decision-making behaviour of the incumbent
and causes the incumbent to obtain the lowest profit, but at the same time, the competitiveness of the entrant is enhanced to a
certain extent, thereby rendering its profit higher than that in the NN (nonstrategic firm facing nonstrategic consumers) decision-
making mode.

1. Introduction

“Network externality” is an important concept that was
introduced by Western economists in the mid-1980s. Net-
work externality is mainly used to analyse the demand
characteristics of information technologies and network
products. Katz and Shapiro [1] first referred to “positive
consumption externality” as “network externality,” referring
to the value of connecting to a network depending on the
number of other people connected to the same network.
Generally, each user obtains utility from using a product,
which is related to the total number of users, i.e., the more
users that there are, the more utility that each user attains.
-e value of each person in the network is proportional to
the number of others in the network; that is, the larger the
network scale of the product is, the more obvious the ex-
ternality economy.When the network scale exceeds a certain
value, the network externality will increase sharply; for
example, in fixed telephone networks, the number of users
determines the number of network connection lines; when
new users are added, new network connection lines are

added and the use value of the original users is also in-
creased, thus providing direct externalities to all other users
in the network. In two-way communication networks,
whether tangible (such as fax machine and telephone net-
works) or intangible (such as the network of e-mail users and
instant messaging systems), products and services with di-
rect network externalities are typical. In a communications
network, users join the same network because they want to
be in direct contact with each other. In recent years, studies
on network externalities have successively emerged. Bensaid
and Lesne [2], Doganoglu [3], Li and Chen [4], Hajji et al.
[5], Bayer and Chan [6], and Li et al. [7] studied the dynamic
pricing problem under network externality.-ey introduced
the network externality intensity coefficient to characterize
the size of the network externality so that the network ex-
ternality can be used for strategic pricing.-is paper will also
use this approach to describe network externalities. Sub-
sequently, domestic and foreign scholars have carried out
extensive studies on network externalities. Jing et al. [8],
Aoyagi et al. [9], Mouakket and Sun [10], and Xu [11] have
mainly focused on the optimal pricing of goods with
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network externalities. Choi and Lee [12] studied the impact
of network externalities on compatible goods.-is paper will
discuss the impact of network externalities on commodity
pricing through the Hotelling model.

Firms usually only consider the maximization of their own
interests in the pricing decision-making process, and the
strategic behaviours of consumers are less involved. However,
with the popularization of information technology and the
improvement of education, consumers are becoming in-
creasingly “smart” and can obtain historical data on firm sales
through various means. Based on these historical data, con-
sumers will make different strategic responses and choose the
right time to buy the goods that they prefer at sufficiently low
prices. Bountali and Economou [13], Elmaghraby and
Keskinocak [14], and Liu and Huangpei [15] have referred to
consumers waiting to buy at a low price as “strategic con-
sumers” and the inverse as “myopic consumers.” Myopic
consumers do not consider the future price and will make
purchases as long as the current price is lower than their
reserve price. Such behaviour enables retailers to ignore the
influence of future price reductions on current consumers’
purchases. However, strategic consumers will consider future
price changes when making current decisions, thus leading to
more complex current price decisions of manufacturers. Aviv
and Pazgal [16] found that if retailers ignore consumers’
strategic waiting behaviours, their income will be reduced by
nearly 30%.-erefore, the behaviour of strategic consumers is
attracting increasing attention from manufacturers. Among
investigations of strategic consumer behaviour, Tiebo et al.
[17] have studied how firms can improve their profits through
strategic decisions; Surasvadi et al. [18] considered profiting
from strategic consumers by lowering prices; Wei and Zhang
[19] studied a new advance selling strategy to counter strategic
consumer behaviour. -is paper also discusses consumers’
strategies through a two-stage Hotelling model and studies
how firms respond to consumers’ strategic behaviours through
cross-cycle pricing strategies.

Based on the above research, this paper uses the duopoly
market as its background, following Colombo [20] and Liu
et al. [21]. A model of two firms entering the market suc-
cessively in two stages is established, and a Stackelberg game
is played between the incumbent and the entrant. On the
premise of introducing network externalities, this paper
discusses the impact of consumers’ strategic behaviours on
firms’ pricing decisions and how firms respond to strategic
customers. Few studies have focused on the interaction
between consumers’ and firms’ strategies. Whitin [22],
Young and Price [23], Polatoglu [24], Federgruen and
Heching [25], and Dana and Petruzzi [26] have focused on
nonstrategic pricing and nonstrategic consumers. Bernard
and Lesne [2] and Li et al. [7] have considered the problem of
two-stage pricing but only considered the current earnings
of the first stage when making first-stage pricing decisions,
thereby ignoring its influence on future earnings; that is, the
firms in this literature have implemented nonstrategic
pricing.

In the sales of products with network externalities, the
practices of firms in many industries show cooperation and
mutual influence between the early and late strategies of

firms and consumers. To analyse the mechanism and study
the influence of the strategic behaviours of firms and con-
sumers regarding competitive decision-making, this paper
assumes that firms and consumers have the following three
decision-making modes. -e first is the decision-making
mode of nonstrategic firms facing nonstrategic consumers
(NN); that is, in two-stage pricing decision-making, the
incumbent realizes the profit maximization of two single
stages, consumers are short-sighted and will not consider the
future price, and as long as the current price is lower than
their reserve price, they will make a purchase. -e second is
the decision-making mode of nonstrategic firms facing
strategic consumers (NS). -at is, the incumbent still im-
plements nonstrategic pricing to maximize profits in two
single stages, but this time, consumers make strategic de-
cisions (in the first stage, they weigh the following three
decisions: they buy the products of the incumbent in the first
stage; they buy the products of the incumbent in the second
stage; or they buy the products of the entrant in the second
stage). At the same time, they choose the right time to buy
their favourite goods at a sufficiently low price. -e third is
the decision-making mode of strategic firms facing strategic
consumers (SS), in which the incumbent implements cross-
cycle strategic pricing to maximize total profits in two stages,
while consumers still make strategic decisions. Among them,
NN and NS are the benchmark models of SS, and there is a
progressive relationship between these three models. By
comparing these three decision-making models, this paper
illustrates how firms can make full use of network exter-
nalities to implement a cross-cycle pricing strategy in re-
sponse to consumers’ strategic behaviour to maximize
profits.

-e strategies of firms and consumers and the network
externality coefficient are found to affect the pricing, market
share, and profit of two firms in two stages. Compared with
the NN mode, the strategy of consumers in the NS mode
seriously weakens the competitive advantage of the in-
cumbent and causes the incumbent to obtain the lowest
profit; however, at the same time, the competitiveness of the
entrant is enhanced to a certain extent, rendering its profit
higher than that in the NN decision-making mode. In the SS
decision-making mode, the incumbent conducts long-term
pricing and ultimately obtains the maximum profit, while as
a follower of the incumbent, the entrant will also obtain the
maximum profit in the SS mode.

2. Illustration and Timing of the Model

Suppose that two firms, 1 and 2, are located at end points 0
and 1, respectively, of a Hotelling unit line x ∈ [0, 1] and
compete on price. -e two firms, respectively, provide
products A and B, which are homogeneous except for the
location difference. Both products have the same positive
network externality, and the coefficient is α. Without loss of
generality, the marginal costs of product A and product B

are assumed to be zero.
Suppose that a consumer population with unit mass is

uniformly distributed along the unit interval [0, 1] and that
each consumer has only one unit of product demand in the
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entire sales cycle (this paper assumes that there are two
stages in one cycle). -e distances of consumers from the
two firms x can be regarded as their different preferences
for the two products as consumers choose which product to
buy and when to buy it, according to their preferences.
-us, when the consumer at x buys product i at price pi,
i ∈ A, B{ }, following Li et al. [7] and Cao et al. [27]; the
product’s value for a consumer is determined by two
factors: the intrinsic value of the product, v − pi − tx, and
the increase in product value due to network externalities,
αQi. Accordingly, the total utility that the consumer re-
ceives is Ui � v − pi − tx + αQi, where v is the direct value
or utility of the product to consumers, and has nothing to
do with network externality; Qi is the market share of
product i; αQi represents the additional value caused by
network externality; t is the unit transport cost; and t � 1 is
assumed for simplified analysis.

-e two firms play games in two stages over the whole
sales cycle. -e game timing is shown in Figure 1. In the first
stage, firm 1 enters the market alone and is located at the left
endpoint 0 of a linear city [0, 1]; it provides product A and
conducts monopolistic pricing at what is called the mo-
nopoly stage. In the second stage, firm 2 also enters the
market and is located at the right endpoint 1 of the linear
city; it provides product B and competes as an oligopoly with
firm 1 based on the first stage in what is called the com-
petition stage.-e game timing is as follows: firm 1 (strategic
or nonstrategic) decides its pricing pA1 in the first stage,
while nonstrategic consumers decide whether to buy in the
first stage according to pA1. Strategic consumers have three
choices at this time: buy product A in the first stage; buy
product A in the second stage; or buy product B in the
second stage. Strategic consumers weigh these three options
and decide whether to buy in the first stage. In the second
stage, firm 2 enters the market and competes with firm 1 for
the remaining market; at the same time, firm 2 decides on
price pB2 on the basis of the second-stage pricing pA2 first
announced by firm 1 in the first stage. Consumers delaying
purchases will decide between firm 1 and firm 2. Because the
second stage is the last stage, consumers cannot wait any
longer, so the decision-making behaviour of strategic con-
sumers and nonstrategic consumers is the same.

-is paper assumes that the whole game process is in-
formation symmetric and that consumers can predict
whether a new product will enter the market and choose the
product with the greatest utility. According to the backward
induction method, we first consider the competitive pricing
of two firms in the second stage and then consider the
pricing of the first stage of firm 1 in three decision-making
modes: NN, NS, and SS.

3. Firm Competition Stage Pricing Decision

-e competition stage, namely, the second stage, is the last
stage of the game; therefore, whether strategic or not, the
firm’s decision-making is aimed at maximizing single-stage
revenue and the decision-making behaviours of strategic
consumers and nonstrategic consumers are the same. At
this point, firm 2 enters the market and competes for the

remaining market share with firm 1, which is already
present in the market, causing the market situation to
change from a complete monopoly to a competitive oli-
gopoly. Firm 1 reprices its products to realize profit
maximization in the second stage. Firm 1 announces price
pA2 first, then firm 2 sets price pB2 according to pA2, and
then the two firms play a Stackelberg game.

After firm 2 enters the market, consumers delaying
purchases will decide between firm 1 and firm 2. If the market
is completely covered, then the utility obtained by the con-
sumer located in x2 ∈ [0, 1] when purchasing product A is
UA2 � v + αx1 − pA2 − x2, where x1 is the market share of
firm 1 in the first stage, and the utility obtained by purchasing
product B is UB2 � v − pB2 − (1 − x2). -e consumer is in-
different in regard to buyingA or B if his or her x2 is such that
UA2 � UB2; therefore, x2 � (1 − pA2 + pB2 + αx1)/2. In
-eorem 2, we prove that x2 >x1, so the quantity demanded
for products A and B is x2 − x1 and 1 − x2.

In the second stage, firm 1 makes its pricing decision first,
firm 2 sets the price of productB according to firm 1’s decision,
and then firm 1 and firm 2 play a Stackelberg game.-erefore,
according to the backward induction method, the income
optimization problem of firm 2 is first solved as follows:

MaxπB2
pB2

� pB2 1 − x2( . (1)

By solving equation (1), the pricing function of firm 2 can
be obtained as p∗B2(pA2) � (1 + pA2 − αx1)/2 and x2 is
x∗2(pA2) � (3 − pA2 + αx1)/4. -e following is used to solve
the revenue maximization problem of firm 1. -e optimal
revenue problem of firm 1 in the second stage is as follows:

MaxπA2
pA2

� pA2 x
∗
2 pA2(  − x1 . (2)

By solving equation (2), the optimal pricing of the two
firms in the second stage and the corresponding income in
the corresponding stage can be obtained, as shown in
Proposition 1.

Proposition 1. Given firm 1’s market share in the first
stage x1,

(1) -e optimal pricing, market share, and revenue of
firm 1 in the second stage are p∗A2 � [3 − (4 − α)

x1]/2, Δx∗A2 � [3 − (4 − α)x1]/8, and π∗A2 � [3 − (4 −

α)x1]
2/16, respectively

(2) -e optimal pricing and revenue of firm 2 in the
second stage are p∗B2 � [5 − (4 + α)x1]/4 and π∗B2 �

[5 − (4 + α)x1]
2/32, respectively

By observing the pricing of the two firms in the second
stage, we know that zp∗B2(pA2)/zpA2 � 1/2> 0; that is,
p∗B2(pA2) increases with pA2. When firm 1 raises its price,
firm 2, as firm 1’s follower in the second stage, also has the
opportunity to raise its price; however, the price increase of
firm 2 is only half that of firm 1, showing the advantage of
market pioneers.

As seen from x∗2(pA2) � (3 − pA2 + αx1)/4, x∗2(pA2) is
the decreasing function of pA2 and the increasing function of
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α, x1, so firm 1 can expand its total market share in both stages
by reducing price pA2 and expanding its market share x1 in
the first stage to enhance its competitiveness with firm 2.

Proposition 1 (1) shows that p∗A2, Δx∗A2, and π∗A2 are all
decreasing functions of x1; that is, the larger the market
share x1 in the first stage is, the smaller the pricing p∗A2,
market share Δx∗A2, and profit π∗A2 of firm 1 in the second
stage. -is occurs because if x1 is larger, consumers delaying
purchases move farther away from firm 1 in the second stage
and if they buy product A, they will pay more transport
costs. Coupled with the entry of firm 2 in the second stage,
the consumer makes a trade-off between buying products A

and B, and firm 2 has an absolute advantage in terms of
reducing transportation costs. Combined with the above
factors, the market share of firm 1 in the second stage Δx∗A2
will be smaller. At this time, firm 1 can only obtain a certain
market share and earn a lower profit by lowering its price.

Proposition 1 (2) shows that both p∗B2 and π∗B2 are de-
creasing functions of α, x1; that is, the greater the value αx1
added to product value due to externalities is, the greater the
opportunity for firm 1 to expand its market share. In
contrast, firm 2 will gain a smaller market share, so firm 2
can only lower its price and obtain a smaller profit.

Because of the existence of network externalities, the
sales volume x1 of firm 1 in the first stage will affect the
earnings of the two firms in the second cross stage.
-erefore, it is very important for firm 1 to make an in-
telligent pricing decision in the first stage and to determine
the sales volume in the monopoly stage. From another
perspective, firms must consider how to determine the sales
volume in the first stage and then consider pricing in the first
stage, which will also affect the income in the first stage;
therefore, firm 1 will face a trade-off of how to distribute the
income of the two stages in the monopoly stage.

4. Firm 1’s Monopoly Stage Pricing Decision

Based on the above two firms’ competition stage solutions, this
section further considers the pricing strategy of firm 1 in the
first stage, namely, the monopoly stage, and the strategic
choices of consumers. Since the pricing pA1 of firm 1 in the
first stage and the strategic choices of consumers affect the
sales volume x1 in the first stage, they might also affect the
competitive situation in the second stage. Whether firm 1
considers these factors in the first stage cannot be ignored in its
pricing decision. To reflect the influence of the strategic

decision-making mode on the competitive situation of both
sides, this section is divided into three modes in the monopoly
stage.

4.1.-eDecision-MakingMode of a Nonstrategic Firm Facing
Nonstrategic Consumers (NN). For the sake of comparison,
this section first considers the benchmark model of a non-
strategic firm facing nonstrategic consumers when it mo-
nopolizes the market in the first stage. In this case, firm 1 only
pursues single-stage profit maximization in the first stage when
making monopolistic pricing decisions and consumers will not
foresee the purchase opportunity in the second stage. In this
paper, superscript N represents the pricing decision situation
of a nonstrategic firm facing nonstrategic consumers.

If the utility that a consumer obtains at x1 ∈ [0, 1] when
he buys product A is UA1 � v − pA1 − x1, then the boundary
customer who obtains the same utility between buying and
not buying is x1 � v − pA1 given UA1 � v − pA1 − x1 � 0,
and consumers on the left of x1 will choose the first stage to
buy product A. -erefore, the market share obtained by firm
1 in the first stage is x1, and its single-stage optimal revenue
in the monopoly stage is as follows:

MaxπA1
pA1

� pA1 v − pA1( . (3)

By solving equation (3), all market equilibrium values of
the two firms in both stages under the NN decision-making
mode can be obtained, as shown in Proposition 2.

Proposition 2. Under the NN decision-making mode, the
optimal pricing, maximum market share, and corresponding
optimal returns of the two firms are as follows:

(1) -e first stage of firm 1: xN
1 � v/2, pN

A1 � v/2 and
πN

A1 � v2/4
(2) -e second stage of firm 1: pN

A2 � uα/4, πN
A2 � u2

α/64,
xN
2 � (6 + 4v + vα)/16, ΔxN � uα/16, and

πN
A � v2/4 + u2

α/64, among them uα � 6 − 4v + αv and
uα > 0

(3) -e second stage of firm 2: pN
B2 � (10 − 4v − vα)/8

and πN
B2 � (10 − 4v − vα)2/128

According to Proposition 2 (1), when xN
1 � v/2 � 1, that

is, v � 2, the market is completely covered. In this case,
pN

A1 � xN
1 � πN

A1 � 1. To enable firms 1 and 2 to continue to
compete for the remaining market share in the second stage,

Firm 1 enters
the market

First period:monopoly Second period:compete

Firm 2 enters
the market

Firm 1 sets
the price

pA1

Firm 2 sets
the price

Purchase
product A

Purchase
product B

pA2 pB2

Firm 1 sets
the price

Time

Figure 1: Timing of the two-stage market entry game.
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let us say that xN
1 < 1/2; that is, v≤ 1. However, the value of v

cannot be too small; otherwise, the market in the second stage
cannot be completely covered. -erefore, we set v � [4/5, 1].
According to Proposition 2 (2), under the NN decision-
making mode, with the increase in the network externality
coefficient, the pricing, market share, and profit of firm 1 will
increase in the second stage, while that of firm 2 will decrease.
According to Proposition 2 (3), the larger the network ex-
ternality, the smaller the market share of firm 2, and at this
point, the price can only be reduced to obtain a smaller profit.

4.2.-ePricingDecision-MakingMode of aNonstrategic Firm
Facing Strategic Consumers (NS). -is section further dis-
cusses the decision-making mode of a nonstrategic firm 1
confronted by strategic consumers when it monopolizes the
market in the first stage. Similar to Section 4.1, in this case,
firm 1 still only pursues single-stage profit maximization in
the first stage when setting monopolistic prices in the first
stage and consumers no longer decide whether to buy based
on consumer surplus but weigh the following three options:
purchase product A in the first stage; purchase product A in
the second stage; or purchase product B in the second stage.
Currently, consumers’ strategies directly affect the pricing
decisions of the two firms. In this paper, the superscript NS

is used to represent the pricing decision situation of a
nonstrategic firm facing strategic consumers. We ignore the
time discount, which will not change the result that we want.

At this point, the utility of the consumer at x1 under the
three decisions is as follows: UA1 � v − pA1 − x1,
UA2 � v + αx1 − pA2 − x1, and UB2 � v − pB2 − 1 + x1.

-e conditions of purchase A in the first stage:
UA1 > 0
UA1 >UA2
UA1 >UB2

⎧⎪⎨

⎪⎩
; solution:

x1 < v − pA1
x1 < (pA2 − pA1)/α
x1 < (pB2 − pA1 + 1)/2

⎧⎪⎨

⎪⎩
.

Suppose V0 � v − pA1, V11 � (pA2 − pA1)/α, and V12 �

(pB2 − pA1 + 1)/2, so the market share in the first stage is
x1 � min V0, V11, V12 . Because V0 is the share of non-
strategic consumers in the first stage, v − pA1 is the largest of
the three, so x1 � min V11, V12 . Let the values of V11 and
V12 in equilibrium be VNS

11 and VNS
12 , respectively; then, we

have the following Proposition 3 for the value of x1.

Proposition 3. In NS decision-making mode, VNS
11 <VNS

12 ;
that is, the market share in the first stage is as follows:
x1 � VNS

11 .

In Proposition 3, consumers located inV11 see no difference
between product A in the first stage and product A in the
second stage and consumers located in V12 see no difference
between productA in the first stage and productB in the second
stage. Consumers in V11 buy the same product A in both stages
without a difference, requiring a small transportation cost, while
consumers in V12 buy products A and B in both stages without
differences, which should be farther away from firm 1, and the
purchase of product A requires a larger transportation cost. As
evident in the expression V11 � (pA2 − pA1)/α, consumers’
strategic decisions are influenced not only by the first-stage

pricing pA1 but also by the second-stage pricing pA2.-e larger
pA2 is and the smallerpA1 is, the largerV11 is; that is, the smaller
the pricing of the first stage and the larger the pricing of the
second stage, the greater the number of consumers who will be
attracted to the first stage, and vice versa. At the same time, we
can see that, when pA2 <pA1, firm 1 has no market share in the
first stage; that is, the pricing in the second stage is less than that
in the first stage and consumers rush to the second stage for
consumption. By substituting x1 � (pA2 − pA1)/α into the
decision-making parameters in the second stage of Proposition
1, all of the market equilibrium values in the two stages of firms
1 and 2 can be obtained, as shown in Proposition 4.

Proposition 4. Under the NS decision-making mode, the
optimal pricing, maximum market share, and corresponding
optimal benefits of the two firms are as follows:

(1) -e first stage of firm 1: xNS
1 � 3/(12 + α),

pNS
A1 � 3α/(12 + α), and πNS

A1 � 9α/(12 + α)2

(2) -e second stage of firm 1: xNS
2 � 9/(12 + α), pNS

A2 �

6α/(12 + α), πNS
A2 � 36α/(12 + α)2, πNS

A � 45α/(12+

α)2, and ΔxNS � 6/(12 + α)

(3) -e second stage of firm 2:pNS
B2 � 2(3 + α)/(12 + α) and

πNSB2 � 2(3 + α)2/(12 + α)2

According to Proposition 4, the decision variables xNS
1 ,

xNS
2 , and ΔxNS, which are related to market share in the two

stages of firm 1, are all decreasing functions of α.
zpNS

A1/zα> 0, zpNS
A2/zα> 0, zπNS

A1/zα> 0, zπNS
A2/zα> 0, and

zπNS
A /zα> 0; that is, the two-stage pricing and profit of firm 1

are both increasing functions of α. Because firm 1 makes
nonstrategic decisions and consumers make strategic con-
sumption decisions in the NS decision-making mode, the
larger the externality coefficient α is, the more that the
strategic consumer foresees that the externality will increase
the value of product A in the second stage; therefore, the
purchase decision is delayed until the second stage, resulting
in the reduction of market share x1 in the first stage.
However, firm 1 foresees that it has little hope of attracting
consumers by lowering prices, which will also result in lower
profits in the first stage. To maximize the profit in the first
stage, it makes full use of the monopoly position to im-
plement the high-price mechanism. In the second phase, x1
will affect the decision across the cycle. When x1 decreases,
the value αx1 added to product A due to externalities will not
be large, and coupled with the entry of firm 2 in the second
phase to compete with it, since consumers are closer to firm
2, the purchase of firm 2’s products will save consumers
much money, leading to a certain degree of customer loss,
while the market share tends to decrease for firm 1. To
maximize its single-cycle profit in the second stage, firm 1
has little hope of attracting customers by lowering its price;
therefore, firm 1 continues to implement the high-price
mechanism by relying on its advantage of first entry. In other
words, the larger the externality coefficient α, the lower the
market share of firm 1 will be due to the consumers’ strategy.
To maximize its two stage, single-cycle profit, nonstrategic
firm 1 makes full use of its advantage of first entry and
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implements the high-price mechanism in both stages to
obtain a larger total profit in the two stages. Firm 2 will gain a
larger market share, and zpNS

B2 /zα> 0 and zπNS
B2 /zα> 0; that

is, firm 2, as the following firm in the second stage, also has
the opportunity to raise its price to obtain greater profits.

Compared with the NN decision-making mode, for firm 1
in theNS decision-makingmode, there is the following theorem.

Theorem 1. Under the two decision-making modes of NN
and NS, for firm 1,

(1) Market share satisfies xNS
1 <xN

1 and ΔxNS >ΔxN;
when pα > 0, xNS

2 <xN
2

(2) Pricing satisfies pN
A2 >pNS

A2; when qα > 0, pNS
A1 <pN

A1

(3) Profit satisfies πNS
A1 < πN

A1, π
N
A2 < πNSA2, and πN

A > πNSA

Among them, pα � 48v + 6α + 16vα + vα2 − 72 and
qα � 12v − 6α + vα.

As shown in -eorem 1, compared with the NN deci-
sion-making mode, in the NS decision-making mode, due to
the strategic consumption of consumers in the first stage, the
three decisions are weighed, resulting in a smaller market
share of firm 1 in the first stage. In other words, when
xNS
1 <xN

1 , firm 1 can only attract consumers by lowering
prices, as shown in Figure 2(b), pNS

A1 <pN
A1, which finally

results in a smaller profit in the first stage, i.e., πNSA1 < πN
A1.

Because xNS
1 will affect the decision of firm 1 in the second

stage across the cycle, at this point, the value-added αxNS
1 in

the value of product A due to externalities will decrease. -e
second stage is the last stage, and waiting is no longer an
option for consumers; at this point, firm 1 can lower its price
to attract consumers, i.e., pN

A2 >pNS
A2. At the same time,

because the consumers delaying purchases are closer to firm
1, the purchase of product A in the second stage requires
lower transportation costs, leading to the expansion of
market share in the second stage, that is, ΔxNS >ΔxN. Fi-
nally, firm 2 will have higher profits in the second stage, i.e.,
πN

A2 < πNSA2; however, the overall market share of the two
stages still shows a decreasing trend, as shown in Figure 2(a):
xNS
2 <xN

2 . Finally, the total profit of the two stages is reduced,
i.e., πN

A > πNSA ; in other words, the strategy of consumers
seriously weakens the decision-making behaviour of firm 1,
resulting in less profit under NS.

Compared with the NN decision-making mode, in the NS
decision-makingmode for firm2, there is the following theorem.

Theorem 2. Under the two decision-making modes of NN
and NS, for firm 2, (1) pricing satisfies pNS

B2 <pN
B2 and (2) profit

satisfies the following relation: when pα > 0, πNSB2 > πN
B2.

In -eorem 1, we saw that compared with the NN
decision mode, in the NS decision mode, firm 1 expands the
market by attracting consumers through price reduction in
the second stage and firm 2, as the follower of firm 1, can
only reduce its price without the opportunity to increase its
price, that is, pNS

B2 <pN
B2. However, in the NS mode, the two-

stage market share of firm 1 decreases due to consumers’

strategy. By contrast, firm 2 will gain more market share and
thus more profit, as shown in Figure 2(a): πNS

B2 > πN
B2.

4.3. -e Pricing Decision-Making Mode of a Strategic Firm
Facing Strategic Consumers (SS). -is section further dis-
cusses the decision-making mode of strategic firm 1 facing
strategic consumers when itmonopolizes themarket in the first
stage. Similar to Section 4.2, consumers still make strategic
consumption decisions; at the same time, firm 1 adjusts two-
stage pricing according to consumers’ strategies and finally
maximizes total two-stage profit, while the strategies of con-
sumers directly affect the pricing decisions of the two firms. In
this paper, the superscript S represents the decision-making
situation of a strategic firm facing strategic consumers.

In SS decision-making mode, the market share in the
first stage is very similar to Proposition 3, and Proposition 5
can be obtained as follows.

Proposition 5. In SS decision-making mode, VS
11 <VS

12; that
is, the market share in the first stage is as follows: x1 � VS

11.

Similar to Proposition 3, in both the NS and SS decision-
making modes, consumers make strategic consumption
decisions and will choose the option with the greatest utility
to them in the first stage.

In the NN and NS decision-making modes, firm 1 makes
nonstrategic decisions and only considers the single-period
utility maximization of each stage. In the SS decision-
making mode, firm 1 makes long-term pricing decisions and
ultimately realizes profit maximization in the whole cycle. By
substituting x1 � (pA2 − pA1)/α into the decision-making
parameters of the second stage in Proposition 1, we can see
that the total profit of firm 1 in both stages is the decision-
making objective function of pA1 which is as follows:

π∗A pA1(  � pA1
3α − (4 + α)pA1

8α
+

3α +(4 − α)pA1( 
2

64α
.

(4)

In formula (4), the first term is the income of firm 1 in the
first stage and the second term is the income of firm 1 in the
second stage. pA1 affects the whole-cycle earnings across
cycles. From the discussion of Proposition 6 below, we obtain
α � [4/3, 2]. -e larger pA1 is, the larger the payoff in the
second stage and the smaller the payoff in the first stage;
however, since the profit expression for the second stage is a
quadratic function of pA1 and the profit expression for the
first stage is a linear function of pA1, if firm 1 implements the
high-price mechanism in the first stage, namely, increases
pA1, it will obtain greater profits in the second stage and
smaller profits in the first stage. -erefore, when firm 1
implements the high-price mechanism in the first stage, it can
increase its two-stage total income. By contrast, if firm 1
implements the low-price mechanism in the first stage, that is,
reduces pA1, although its profit in the first stage will increase
and its profit in the second stage will decrease, for the same
reason, only a small amount of profit will be increased in the
first stage, while in the second stage, more profits will be
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reduced, resulting in a lower total profit across both stages.
-erefore, at this time, firm 1 can change its decision about
monopoly pricing for future earnings, as shown in Propo-
sition 6.

Proposition 6. Under the SS decision-making mode, the
optimal pricing, maximum market share, and corresponding
optimal benefits of the two firms are as follows:

(1) -e first stage of firm 1: xS
1 � (9α − 12)/2vα,

pS
A1 � 3(8 − α)α/vα, and πS

A1 � 9(8 − α)α(3α − 4)/
2v2α; among them, vα � 16 + 16α − α2 and vα > 0

(2) -e second stage of firm 1: xS
2 � 6(2 + α)/vα,

pS
A2 � 3α(12 + α)/2vα, πS

A2 � 9α(12 + α)2/4v2α, ΔxS �

3(12 + α)/2vα, and πS
A � 45α(16 + 16α − α2)/4v2α

(3) -e second stage of firm 2: pS
B2 � 2(4 + 10α − α2)/vα

and πS
B2 � 2(4 + 10α − α2)2/v2α

Proposition 6 (1) obtains the market share xS
1 of the first

stage in the SS mode, and we obtain α> 4/3 from xS
1 > 0.

However, the value of α cannot be too large; otherwise, firm
1 will expand to a large market share in the second stage due
to externalities, causing firm 2 to occupy a small market
share; therefore, we set α � [4/3, 2].

Proposition 6 obtains the market share, pricing, and
profit equilibrium values of firms 1 and 2 in two stages
under the SS mode. At this time, firm 1 implements
strategic long-term pricing to maximize profits in two
stages. At the same time, consumers also make strategic
decisions in the first stage, and three decisions are weighed,
which will have a new impact on the pricing decision of
firm 1. Compared with the NS decision-making mode, the
strategic influence of firm 1 and that of consumers on firm 1
are shown in -eorem 3.

Theorem 3. In the two decision-making modes of NS and SS,
for firm 1,

(1) Market share satisfies xS
1 < xNS

1 , xS
2 <xNS

2 , and
ΔxS >ΔxNS

(2) Pricing satisfies pS
A1 >pNS

A1 and pS
A2 >pNS

A2

(3) Profit satisfies πS
A1 < πNSA1, π

NS
A2 < πS

A2, and πS
A > πNS

A

Like the discussion in formula (4), in the SS decision-
making mode, firm 1 will implement the high-price
mechanism in both stages to maximize its profits in the
whole cycle, with pS

A1 >pNS
A1 and pS

A2 >pNS
A2. At this time, the

market share tends to decrease and the profit in the first stage
is lower; that is, xS

1 < xNS
1 , xS

2 <xNS
2 , and πS

A1 < πNSA1. At the
same time, because the market share in the first stage is
smaller, consumers delay purchases closer to firm 1, de-
creasing the transportation cost of products A purchased in
the second stage and then increasing the market share in the
second stage; that is, ΔxS >ΔxNS. At the same time, the high-
price mechanism is implemented in the second stage,
causing the profit of the second stage to increase more and
finally increasing the total profit of the two stages; that is,
πNS

A2 < πS
A2 and πNSA < πS

A.
Compared with the NS decision-making mode, the

strategic influence of firm 1 and consumers on firm 2 is
shown in -eorem 4.

Theorem 4. Under the two decision-making modes of NS
and SS, for firm 2, (1) pricing satisfies pS

B2 >pNS
B2 and (2) profit

satisfies πS
B2 > πNSB2 .

From -eorem 3, we have seen that firm 1 implements
the high-price mechanism in both stages in the SS decision-
making mode and firm 2, as the follower of firm 1, also has
the opportunity to raise its price; that is, pS

B2 >pNS
B2 . At the
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Figure 2: Comparison of market share and pricing in the first stage of firm 1 and the profit of firm 2 under the three modes.
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same time, the market share of firm 1 decreases over two
stages. By contrast, the market share of firm 2 will increase,
eventually leading to greater profits; that is, πS

B2 > πNS
B2 .

Furthermore, under the three decision-making models,
there are two inferences about the market share and the
pricing and profit of the two firms.

Corollary 1. Under the three decision-making modes of NN,
NS, and SS, for firm 1,

(1) Market share satisfies xS
1 < xNS

1 <xN
1 and ΔxS >Δ

xNS >ΔxN; when pα > 0, xS
2 <xNS

2 <xN
2

(2) Pricing satisfies pN
A2 >pS

A2 >pNS
A2; when qα > 0, pNS

A1 <
pN

A1 <pS
A1

(3) Profit satisfies πS
A1 < πNSA1 < πN

A1, πN
A2 < πNS

A2 < πS
A2, and

πS
A > πN

A > πNSA

Corollary 1 (1) implies that firm 1 implements the high-
price mechanism in the first stage in the SS decision-making
mode, thus making its market share the smallest. In the NS
decision-making mode, due to the consumers’ strategy, the
market share also tends to decrease, that is, xS

1 < xNS
1 <xN

1
and xS

2 < xNS
2 <xN

2 , as shown in Figure 2(a). However, the
second stage market share has the opposite trend, that is,
ΔxS >ΔxNS >ΔxN.

Corollary 1 (2) implies that, considering the consumers’
strategy, firm 1 will implement the low-price mechanism in
both stages in the NS mode. Combined with the discussion
of Corollary 1 (1), the pricing relationship of firm 1 under the
three models can be obtained; that is, in Figure 2(b),
pNS

A1 <pN
A1 <pS

A1. In the second stage, in the NN decision-
making mode, because both firm 1 and consumers make
nonstrategic decisions to maximize the single-stage profits,
firm 1 can take advantage of its pre-existing advantages and
will have the maximum room for price increases. Combined
with -eorem 3 (2), the second-stage pricing relationship of
firm 1 in the three decision-making modes can be obtained,
that is, pN

A2 >pS
A2 >pNS

A2.
Corollary 1 (3) implies that, to achieve the maximum

profit for the whole cycle, firm 1 implements the high-price
mechanism in the first stage, resulting in minimum market
share, thus minimizing the profit in the SS decision-making
model. However, in the second stage, the profit is greatly
increased, finally causing the total profit across both stages to
be the highest. In the NS decision-making mode, due to the
consumers’ strategy, some consumers decide to consume in
the second stage. As a result, the profit in the first stage tends
to decrease, while the profit in the second stage tends to
increase, finally rendering the total profit across both stages
higher than that in the NN decision-making mode.

Corollary 2. Under the three decision-making modes of NN,
NS, and SS, for firm 2, (1) pricing satisfies pS

B2 >pN
B2 >pNS

B2 and
(2) profit satisfies the following relationship: when pα > 0,
πS

B2 > πNS
B2 > πN

B2.

In Corollary 1, we have obtained the relationship between
the market share of firm 1 under the three decision-making

modes: xS
2 <xNS

2 < xN
2 ; that is, under the SS decision-making

model, firm 1 gains the minimum market share, while firm 2,
by contrast, gains the maximum market share, thus affording
it the opportunity to raise the price and thereby obtain the
maximum profit. Combined with -eorem 2, we obtain the
relationship of firm 2’s pricing and profits under the three
decision modes, that is, pS

B2 >pN
B2 >pNS

B2 ; in Figure 2(a),
πS

B2 > πNSB2 > πN
B2.

5. Conclusion

-is paper mainly discusses the two-stage game model of
products entering the market under three decision modes.
Considering the impact of the three strategic decision-making
modes of the incumbent and consumers on the pricing, market
share, and profit of two firms, we discuss the impact of con-
sumers’ strategic behaviours on firms’ pricing decisions and how
firms respond to strategic customers. Tomaximize profits in two
cycles, the incumbent will make strategic pricing decisions
according to consumers’ strategies and consumers will have a
strategic response to the future pricing of firms based on his-
torical data and will choose the correct time to buy the goods
that they prefer at a sufficiently low price. -e research shows
that the incumbent carries out long-term pricing, thus rendering
its total profit highest under the SS decision-making mode. At
the same time, due to the cross-cycle strategy of the incumbent,
the competitiveness of the entrant is enhanced and its profit is
the highest under the SS mode compared with the other two
decision-makingmodes. In otherwords, the SS decision-making
mode enables both firms to achieve a win-win situation. In the
NS decision-making mode, the strategy of consumers seriously
weakens the decision-making behaviour of the incumbent and
causes the incumbent to obtain the lowest profit; however, the
entrant’s competitiveness is enhanced and its profit is higher
than it is under the NN decision-making mode.

-is paper studies the two-stage duopoly market entry
model, which can help the incumbent and the entrant to
provide pricing decisions that maximize profits. In the fu-
ture, we could further study the multistage and multi-
oligopoly competition models under the considerations of
firms’ and consumers’ strategies.

Appendix

Proof of Proposition 1: by solving equation (2), we have
p∗A2 � [3 − (4 − α)x1]/2, x∗2 � [3 + x1(4 + α)]/8, Δx∗A2 � x2
− x1 � [3 − (4 − α)x1]/8, π∗A2 � p∗A2ΔxA2 � [3 − (4 − α)x1]

2

/16, p∗B2 � [5 − (4 + α) x1]/4, and π∗B2 � p∗B2(1 − x∗2 ) �

[5 − (4 + α)x1]
2/32.

Proof of Proposition 2: by solving equation (3), we have
pN

A1 � v/2, xN
1 � v − pN

A1 � v/2, and πN
A1 � v2/4; substituting

xN
1 � v/2 into Proposition 1 yields ΔxN � uα/16, xN

2 �

(6 + 4v + vα)/16, pN
A2 � uα/4, πN

A2 � u2
α/64, pN

B2 � (10 −

4v − vα)/8, and πN
B2 � (10 − 4v − vα)2/128, as 4/5< v< 1 and

uα � 6 − 4v + αv> 0.
Proof of Proposition 3: as a proof by contradiction, if

x1 � V12 � (pB2 − pA1 + 1)/2, then substituting x1 � (pB2 −

pA1 + 1)/2 into Proposition 1 obtains x2 � [(2 + α)(1+
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pB2) − αpA1 − 2pA2]/4. -e profit of firm 2 is πB2 �

pB2[1 − ((2 + α)(1 + pB2) − αpA1 − 2pA2)/4].
By solving this equation, we have p∗B2 � (2 − α+

αpA1 + 2pA2)/2(2 + α), x∗2 � (6 + α − αpA1 − 2pA2)/8, x∗1 �

[6 + α − (4 + α)pA1 + 2pA2]/4(2 + α), and x∗2 − x∗1 � (6α +

α2− α2pA1 − 2αpA2 + 8pA1 − 8pA2)/8(2 + α).
Firm 1’s profit in the second stage is πA2 � pA2((6α+

α2 − α2pA1 − 2αpA2 + 8pA1 − 8pA2)/8(2 + α)).
By solving this equation, we have p∗A2 � (6α + α2 +

8pA1 − α2pA1)/4(4 + α), x∗1 � (48 + 26α + 3α2 − (24+ 16α+

3α2)pA1)/(8(2 + α)(4+ α)), and x∗2 − x∗1 � (α(6 + α)− (− 8+

α2)pA1)/(16(2 + α)).
Firm 1’s profit in the first stage is πA1 � pA1x

∗
1(pA1) �

pA1((48 + 26α + 3α2 − (24 + 16α + 3α2)pA1)/(8(2 + α)(4+

α))).
By solving this equation, we have p∗A1 � (48 + 26α+

3α2)/(2(24 + 16α + 3α2)), p∗A2 � (384 + 496α + 216α2 +

42α3 + 3α4)/(8(4 + α)(24 + 16α + 3α2)), p∗B2 � (1152+

1200α + 392α2 + 30α3 − 3α4)/(8(2 + α)(4 + α)(24 + 16α+

3α2)), and x∗1 � (48+26α+3α2)/(8(8+6α+α2)) and (p∗A2 −

p∗A1)/α � (− 384 − 112α + 64α2 + 30α3 + 3α4)/(8α(4 + α)

(24 + 16α + 3α2)). Because ∀α ∈ [4/3, 2], − 384 − 112α+

64α2 + 30α3 + 3α4 < 0, and (p∗A2 − p∗A1)/(α)< 0, this out-
come is contradictory and x1 � V11.

Proof of Proposition 4: firm 1’s profit in the first stage is
πA1 � pA1x1 � pA1(pA2 − pA1)/α.

Firm 1’s profit in the second stage is πA2 �

pA2(x2 − x1) � pA2[(3 − pA1)/4 − (pA2 − pA1)/α]. By solv-
ing this equation, we have pNS

A1 � 3α/(12 + α), pNS
A2 �

6α/(12 + α), and x2 � (1 − pA1 + pB2)/2.
At this point, the profit of firm 2 is πB2 � pB2

[1 − (1 − pA1 + pB2)/2], and by solving this equation, we
have pNS

B2 � 2(3 + α)/(12 + α), xNS
2 � 9/(12 + α), xNS

1 � 3/
(12 + α), πNS

A2 � 36α/(12 + α)2, πNS
A1 � 9α/(12 + α)2, πNS

A �

45α/(12 + α)2, πNS
B2 � 2(3 + α)2/(12 + α)2, and ΔxNS

2 �

xNS
2 − xNS

2 � 6/(12 + α).
Proof of -eorem 1:

(1) xN
1 − xNS

1 � (12v+vα − 6)/(2(12+α)); because 4/5<
v< 1, 12v + vα − 6> 0, xN

1 − xNS
1 > 0; xN

2 − xNS
2 �

pα/(16(12 + α)), when pα > 0, xN
2 >xNS

2 ; ΔxNS−

ΔxN � (96 − (12 + α)(6 − 4v + αv)) /(16(12 + α))

because 4/3< α< 2, 4/5< v< 1, and (12 + α)(6 −

4v + αv)< 14[6 − 4(4 − 2)/5] � 61.6< 96;
ΔxNS >ΔxN

(2) pN
A1 − pNS

A1 � qα/(2(12 + α)), when qα > 0, pN
A1 >pNS

A1;
pN

A2 − pNS
A2 � (72 − 48v − 18α + 8vα + vα2) /(4(12+

α)) when setting f(v, α) � 72 − 48v − 18α + 8vα+

vα2 and fv
′(v, α) � 8α + α2 − 48<fv

′(2, α) � − 28.
-erefore, f(v, α) � 72 − 48v − 18α + 8vα + vα2 is
decreasing with respect to v and f(v, α)>
f(1, α) � 24 − 10α + α2, and when 4/3< α< 2 and
f(1, α) � 24 − 10α + α2 > 0, f(v, α)> 0 and pN

A2 >
pNS

A2

(3) πN
A1 − πNSA1 � (144v2 − 36α + 24v2α + v2α2) / (4(12+

α)2); setting g(v, α) � 144v2 − 36α + 24v2α + v2α2
and gα′(v, α) � 2(v2α + 12v2 − 18)<gα′(1, α) � 2(α−

6), as 4/3< α< 2, gα′(v, α)< 0 and g(v, α) decrease

with respect to α and g(v, α)>g(v, 2) � 196v2 − 72
because 4/5< v< 1, g(v, α)> 0, and πN

A1 > πNS
A1.

πNSA2 − πN
A2 � ((4 − α)h(v, α))/(64(12 + α)2), and among

them, h(v, α) � 1728v − 576v2 + 36α + 288vα + 48v2α+

12vα2 + 20v2α2 + v2α3 − 1296 and hα′(v, α) � 36 + 288v +

48v2 + 24vα + 40v2α + 3v2α2 > 0; therefore, h(v, α) increases
with respect to α and h(v, α)> h(v, 3/2) � 27(648v − 135v2 −

368)/8 because 4/5< v< 1, h(v, α)> 0, and πNSA2 > πN
A2.

πN
A − πNSA � (v2/4) +(((6 − 4v + αv)2)/64) − (45α/((12 +

α)2)), setting l(v, α) � (v2/4) + ((6 − 4v + αv)2/64) − (45α/
(12 + α)2) and lv″(v, α) � 1/2 + (4 − α)2/32> 0. -erefore,
lv′(v, α) increases with respect to v at interval [4/5, 1] and
lv′(v, α)> lv′(4/5, α) � [(α − 1/4)2 + 31/16]/40 > 0; therefore,
l(v, α) increases with respect to v at interval [4/5, 1] and
l(v, α) > l(4/5, α) � ((16272 − 11256α + 1361α2 + 124α3+

4α4)/(400(12 + α)2))> 0, so πN
A > πNSA .

Proof of -eorem 2: pN
B2 − pNS

B2 � (72 − 48v − 6α−

16vα − vα2)/(8(12 + α)), assuming that m(v, α) � 72− 48v −

6α − 16vα − vα2 and mv
′(v, α) � − 48 − 16α − α2 < 0; there-

fore, m(v, α) decreases with respect to v at interval [4/5, 1],
m(v, α)>m(1, α) � 24 − 22α − α2 > 0, and 4/3< α< 2;
therefore, pN

B2 >pNS
B2 ; π

NS
B2 − πN

B2 � ((168 − 48v + 26α − 16vα−

vα2)pα)/(128(12 + α)2), setting n(v, α) � 168 − 48v + 26α −

16vα − vα2 and nv
′(v, α) � − 48 − 16α − α2 < 0. -erefore,

n(v, α) decreases with respect to v at interval [4/5, 1] and
n(v, α)> n(1, α) � 120 + 10α − α2 > 0; therefore, when pα >
0, πNS

B2 > πN
B2.

Proof of Proposition 5: suppose x1 � V12. Substituting
this value into Proposition 1 yields x2 � ((2 + α)(1 + pB2) −

αpA1 − 2pA2)/4 and πB2 � pB2[1 − ((2 + α)(1 + pB2) − αpA1
− 2pA2)/4]. By solving this equation, we have x∗1(pA1,

pA2) � [6+α − (4 + α)pA1 + 2pA2]/4(2 + α), x∗2(pA1, pA2) �

(6 + α − αpA1 − 2pA2)/8, p∗B2(pA1, pA2) � [2 − α + αpA1 +

2pA2]/2(2 + α), and x∗2(pA1, pA2) − x∗1(pA1, pA2) � (6α+

α2 − α2pA1 − 2αpA2 + 8pA1 − 8pA2)/8(2 + α).
Firm 1’s profit in the second stage is πA2 � pA2

(x∗2(pA1, pA2) − x∗1p(A1, pA2)) � pA2((6α + α2 − α2pA1 − 2α
pA2 + 8pA1 − 8pA2)/(8(2 + α))).

By solving this equation, we have p∗A2(pA1) � [6α+

α2 + 8pA1 − α2pA1]/4(4 + α), x∗2(pA1) − x∗1(pA1) � [α(6+

α) − (− 8 + α2)pA1]/16(2 + α), and π∗A2(pA1) � p∗A2(pA1)

(x∗2(pA1) − x∗1(pA1)) � (α(6 + α) + (8 − α2)pA1)
2/64(2+ α)

(4 + α).
Firm 1’s total profit in the two stages is πA � pA1((48 +

26α + 3α2 − (24 + 16α + 3α2)pA1)/(8(2 + α)(4 + α))) + ((α
(6 + α) + (8 − α2)pA1)

2/ (64(2 + α)(4 + α))).
By solving this equation, we have p∗A1 � ((2 + α)(96+

28α − 4α2 − α3))/((4 + α)(32 + 24α + 4α2 − α3)), p∗A2 �

(384 + 496α + 216α2 + 42α3 + 3α4) /((4 + α)2 (32 + 24α+

4α2 − α3)), p∗B2 � (896 + 1264α + 584α2 + 54α3 − 23α4 −

4α5)/((2 + α)(4 + α)2(32 + 24α + 4α2 − α3)), and ((p∗A2 −

p∗A1)/α)< 0. -is is a contradiction; therefore, x1 � V11.
Proof of Proposition 6: similar to Proposition 2 and 4,

after solving function (4), we have pS
A1 � 3(8 − α)α/vα.

Substituting pS
A1 � 3(8 − α)α/vα into Proposition 1 to obtain

each decision parameter, vα � 16 + 16α − α2 increases at
interval 4/3< α< 2 and vα > 37.75> 0.
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Proof of -eorem 3:

(1) xNS
1 − xS

1 � ((15(16 − α2))/(2(12 + α)(16 + 16α −

α2)))> 0; therefore, xNS
1 >xS

1. xNS
2 − xS

2 � ((15α
(4 − α))/((12 + α)(16 + 16α − α2)))> 0; therefore,
xNS
2 > xS

2. ΔxS − ΔxNS � ((15(α− 4)2)/(2(12 + α)(16
+16α − α2)))> 0; therefore, ΔxS >ΔxNS.

(2) pS
A1 − pNS

A1 � (60(4 − α)α)/((12 + α)(16 + 16α −

α2))> 0; therefore, pS
A1 >pNS

A1. pS
A2 − pNS

A2 �

((15α(α − 4)2)/(2(12 + α)(16 + 16α − α2)))> 0;
therefore, pS

A2 >pNS
A2 .

(3) πNS
A1 − πS

A1 � ((45α(4 − α)2(64 + 4α + α2))/(2(12+

α)2(16 + 16α − α2)2))> 0; therefore, πNSA1 > πS
A1. π

S
A2 −

πNSA2 � ((45α(4 − α)2(208 + 88α − 3α2))/(4(12 + α)2

(16 + 16α − α2)2))> 0; therefore, πS
A2 > πNS

A2. πS
A −

πNSA � ((225α(α − 4)2)/(4(12 + α)2(16 + 16α − α2)))
> 0; therefore, πS

A > πNSA .

Proof of -eorem 4:

(1) pS
B2 − pNS

B2 � 3α(8 − α)/2vα > 0; therefore, pS
B2 >pNS

B2

(2) πS
B2 − πNS

B2 � 30α(4 − α)(96+188α+11α2 − 2α3)/(12 +

α)2v2α > 0; therefore, πS
B2 > πNSB2

Proof of Corollary 1:

(1) It is easy to determine from -eorems 1 and 3.
(2) pS

A1 − pN
A1 � (16v − 48α + 16vα + 6α2 − vα2)/(2(16+

16α − α2)), setting r(v, α) � 48α − 16vα − 6α2+ vα2 −

16v and rv
′(v, α) � − (16 + 16α − α2)< 0. -erefore,

r(v, α) decreases with respect to v at interval [4/5, 1];
therefore, r(v, α)> r(1, α) � − 16 + 32α − 5α2 > 0 and
pS

A1 >pN
A1, and then, from -eorem 1, when

12v − 6α + vα> 0, pNS
A1 <pN

A1 <pS
A1.

pN
A2 − pS

A2 � (((4 − α)(24 − 16v + 12α − 16vα + vα2))/(4
(16 + 16α − α2))), setting s(v, α) � 24 − 16v + 12α − 16vα +

vα2 and sv
′(v, α) � − (16 + 16α − α2)< 0. -erefore, s(v, α)

decreases with respect to v at interval [4/5, 1] and
s(v, α)> s(1, α) � α2 − 4α + 8 � (α − 2)2 + 4> 0; therefore,
pN

A2 >pS
A2, and from Proposition 3, pN

A2 >pS
A2 >pNS

A2.

(3) From -eorems 1 and 3, we find that πS
A1 <

πNSA1 < πN
A1, π

N
A2 < πNSA2 < πS

A2.

Setting t(v, α) � πS
A − πN

A � ((9(8 − α)α(3α − 4))/(2(16 +

16α − α2)2)) + ((9α(12 + α)2)/(4(16 + 16α − α2)2)) − (v2/
4) − ((6 − 4v + αv)2/64), tv

″(v, α) � − 1/2 − (4 − α)2/32< 0.
-erefore, tv

′(v, α) decreases with respect to v at interval
[4/5, 1] and tv

′(v, α)< tv
′(4/5, α) � − (2α2 − α + 4)/80< 0 and

t(v, α) decreases with respect to v at interval [4/5, 1];
t(v, α)> t(1, α) � (((20 − 16α + α2)(− 16 + 4α + α2))/(64
(16 + 16α − α2)))> 0; therefore, πS

A > πN
A , and from-eorem

1, πS
A > πN

A > πNSA .
Proof of Corollary 2:

(1) pS
B2 − pN

B2 � (64v + 80vα − 6α2 + 12vα2 − vα3 − 96)/
(8(16 + 16α − α2)), setting w(v, α) � 64v + 80vα −

6α2 + 12vα2 − vα3 − 96 and wv
′(v, α) � 64 + α(80+

12α − α2)> 0 and w(v, α) increases with respect to v

at interval [4/5, 1]; w(v, α)>w(1, α) � 16(5α − 2)+

α2(6 − α)> 0; therefore, pS
B2 >pN

B2, and thus, from
-eorem 1, pS

B2 >pN
B2 >pNS

B2 .
(2) -is proof is easy to be determined from-eorems 2

and 4.
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