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A reduced-order dynamic model, based on three-dimensional (3D) finite element model (FEM) and component modal synthesis
technique (CMS), was presented for simulating the dynamic behavior of the spur gear system. -e gear shaft and gear body were
established via 3D elements to simulate bending and torsion of the gear system. -e CMS technique was used to generate a
reduced-order model of a spur gear system. A pair of mating teeth was assimilated to two different foundations (one for the pinion
tooth and the other one for the gear tooth) linked in series by some independent springs, which was used to simulate the contact
stiffness. -e validity of the proposed model was verified by static analysis, dynamic analysis, and experimental analysis. -e
results show that the proposed model is an effective model. In addition, the proposed model has also been applied to analyze spur
gear spalling faults. -e results show that the dynamic response of the gear system is periodic vibration shock response due to the
alternate meshing of single and double teeth. When the spalling fault occurs, some shock responses with significantly enhanced
amplitude will be generated as the result of contact loss.

1. Introduction

Structural dynamical monitoring and fault diagnosis are of
great importance to diagnose faults/failures of structures [1].
In order to facilitate the development of diagnostic and
prognostic techniques for gear faults, many researchers
worked on the gear dynamic modeling to ascertain the effect
of gear defects on the vibration response. -e first class of
modeling method is the lumped parameter model. Ma et al.
used a four degrees of freedom (DOF) gear dynamic model to
study the dynamic and vibration characteristics of the gear
system with local defects [2]. Chen et al. used a 6-DOF gear
dynamic model to study the vibration of spur gear with tooth
root crack propagating along tooth width and crack depth [3].
Kang et al. investigated the dynamic behaviors of the gear-
rotor system with viscoelastic supports under residual shaft
bow effect [4]. Bartelmus et al. dealt with mathematical
modeling and computer simulation as a tool for aiding
gearboxes diagnostic inference [5]. Xiong et al. used single
DOF model to investigate the effect of backlash on the
nonlinear dynamic characteristics [6]. Wang et al. established

a 3-DOF torsional vibration model and investigated the ef-
fects of the pinion speed and stiffness on the dynamic be-
havior of the gear transmission system [7]. Yang et al.
investigated the effects of tooth breakage size and rotational
speed on the vibration response of the planetary gearbox [8].
A simplified nonlinear lumped parameter model with 6-DOF
established by Mohamed was developed to simulate the vi-
bration response of faulty external spur gears [9]. Chen et al.
developed a lumped parameter model to study the dynamic
response of the gear systemwith different crack sizes [10].-e
second approach is the hybrid beam element/lumped models.
In this model, the beam elements are used to model the shafts
and a pair of rigid disks is connected by a spring damper with
time-varying mesh stiffness for modeling a pair of mating
teeth. Wan et al. used this method to investigate the effect of
tooth crack on the vibration response [11]. Han et al. analyzed
the effects of position and type of the rotor crack (transverse
or slant crack) on the gear system dynamic behaviors by this
kind of dynamic model [12, 13]. Ma et al. analyzed the fault
feature of cracked gear [14, 15]. Yu et al. used this model to
study the dynamic coupling behavior of the transverse and
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rotational motions of gears subjected to gear eccentricities
[16]. -e first two models are relatively mature and have been
used to analyze typical faults such as crack faults [17, 18]. In
addition, some researchers discussed the contact character-
istic and gear geometry with existence of radial and angular
eccentric errors [19]. Another model is the 3D finite element
model. In recent years, the finite element modeling of some
microstructure small cracks has made great progress [20–22].
However, it needs to be further studied in the equipment level
systemmodeling, such as the gear system. Because the FEM is
much computationally expensive compared with the first two
models andmostly limited to quasi-static approaches [23, 24].
To address this problem, a reduced-order gear dynamicmodel
based on 3D FEM and CMS technique is presented and used
to solve fast solution problems of 3D FEM. In addition, this
model has also been applied to analyze spur gear spalling
faults.

-is paper is organized as follows. In Section 2, the 3D
FEMof a spur gear systemwas developed.-eCraig–Bampton
component modal synthesis technique was used to generate a
reduced-order model of the gear system. In Section 3, the tooth
contact was modeled by using the time-varying elastic
foundations (Pasternak foundations). In Section 4, the
driving and driven gears are connected by the elastic
foundation and the dynamic equations of the gear system are
deduced. In Section 5, the equations of motion were solved
by Newmark-β integration and the vibration characteristic
of a gear system with/without spalling fault were simulated
and discussed. Conclusions are given in Section 6.

2. The Gear Dynamic Model Based on
Craig–Bampton Component Modal
Synthesis Technique

Figure 1 shows the process of establishing the 3D FEM
models of a spur gear system. Firstly, the FEM of the driving
and the driven shaft is obtained by software HYPERMESH
and ANSYS. -e reduced-order model can be generated by
Craig–Bampton component modal synthesis technique.
-en, the driving and the driven gear are connected by an
elastic foundation with time-varying stiffness [23, 25]. Fi-
nally, the dynamic equations are derived and solved by
Newmark-β integration. -e details of every step mentioned
above are addressed in the following sections.

2.1. #e Reduced-Order Model of Driving or Driven Gear.
A 3D FEM of driving shaft of a gear system is shown in
Figure 2. -ere are more than 3,000 nodes and 9,000 degrees
of freedom in this model. It will be very time-consuming to
solve the model directly. -us, a reduced-order model is
demanded for dynamic analysis. Component mode syn-
thesis technique is a kind of efficient model reduction
method. -e Craig–Bampton (CB) component mode syn-
thesis method is utilized in this paper.

As shown in Figure 2, according to the structure
characteristic of the gear system, the 3D FEM of the driving
shaft (including pinion and shaft) is divided into two sub-
structures. -ey are named as the shaft substructure and the

gear substructure, respectively. -e interface of the two sub-
structures is the axle hole of the gear. -e main applications of
CMS on this model are briefly summarized as follows.

Assume that the physical coordinate of the driving shaft
can be expressed as follows:

xp � xs
i , x

s
k, xs

j, x
g

i , xg

k , xg

j􏽨 􏽩
T
, (1)

where the subscripts “i”and “j” represent the internal node
DOF and interface node DOF, respectively. “p” means stand
for pinion, “k” denotes the kept DOFs used to connect the
elastic foundation used to simulate tooth contact, andn the
superscripts “s” and “g” represent the shaft substructure and
the gear substructure.

-e mass and stiffness matrix of the shaft substructure
was obtained by finite element analysis software and
arranged in order:

Ms
p �

Mii Mik Mij

Mki Mkk Mkj

Mji Mjk Mjj

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Ks
p �

Kii Kik Kij

Kki Kkk Kkj

Kji Kjk Kjj

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(2)

whereMii,Mkk, andMjj are the mass matrix corresponding
to internal node, kept node, and interface node, and other
mass matrices are coupling matrices between different
nodes. -e meaning of the subscript of the stiffness matrix is
the same as that of the mass matrix.

By fixing all the interface coordinates, the branch
characteristic equation of the fixed interface is obtained:

Kii − ω2Mii􏼐 􏼑Φs
� 0, (3)

where Φs is normal modes and ω is Natural frequency.
Additional constraints are introduced into all the in-

terface DOF of the substructure, and then these interface
DOF generate unit displacement in turn. -e constraint
modes can be obtained by solving the static balance problem:
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where Rkk, Rkj, Rjk, and Rjj are the reaction force when the
unit displacement is applied on the interface. ψs

ik and ψs
ij are

the residual constraint modes of the elastic foundation node
and the fixed interface, respectively.

-e constraint modal set of substructure can be obtained
by solving the following formula:

Ψs
ik � −K−1

ii Kik,

Ψs
ij � −K−1

ii Kij.
(5)

-e DOFs’ transformation equations between physical
coordinates and modal coordinates of the shaft can be
written as follows:
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where φs
ir denotes a truncated set of normal modes Φs and

ps
r, p

s
k, and ps

j are the model coordinates corresponding to
the mode mentioned above.

-en, the mass matrix, stiffness matrix, and force vector
of the shaft substructure in the model coordinate can be
expressed as follows:
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where Ms
p, Ks

p, and fs
p denote the mass matrix, stiffness

matrix, and force vector in the physical coordinate.
Similarly, the mass matrix Mg

pm, stiffness matrix Kg
pm,

and force vector fg
pm of the gear substructure in the model

coordinate can be obtained by the same way.
-e removed fix-interface coordinates are synthesized

by using interface displacement compatibility conditions:
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where S is the transfer matrix used to remove the non-
independent coordinate.

-e mass matrix, stiffness matrix, and force vector of the
driving shaft in the independent model coordinate can be
expressed as follows:

Mp � STMpmS,

Kp � STKpmS,

fp � STfpm,

(9)
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Figure 2: -e 3D FEM of a driving shaft.

FEM (driving shaft) FEM (driven shaft)
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Elastic foundation

Newmark-β
xt+∆t = K–1Ft+∆t

Solution

Contact
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Dynamic model
Mq + Cq + K(t)q = F.. .

Figure 1: -e establishment process of the dynamic model of a gear system.
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-e same method is used to the driven shaft (including
gear and shaft).-emass matrixMg, stiffness matrixKg, and
force vector fg of the driven shaft can be obtained by the
same way.

3. Mesh Stiffness Interface Modeling

In Section 2, the mass matrices, stiffness matrices, and force
vectors of the driving and the driven shaft in the independent
model coordinate were obtained. -e relationship between
them needs to be established by a pair of mating teeth. As
shown in Figure 3, Bettaieb et al. [23, 25] used the Pasternak
foundation to simulate the tooth contacts. In theirmodel, a pair
of mating teeth is assimilated to two different foundations (one
for the pinion tooth and the other one for the gear tooth). -e
two foundations are linked in series by some independent
springs which was used to simulate the contact stiffness (see in
Figure 3). In this paper, assuming that the two foundations are
located in the plane of action, the stiffness of Hertzian contact
of two meshing teeth can be given by [26]

Kh �
πEL

4 1 − v2( )
, (10)

where E, L, and v represent Young’s modulus, tooth width
and Poisson’s ratio, respectively.

As shown in Figure 4, Pasternak’s foundations are made
of superposition of bending and shearing elements lying on
independent springs. -e differential equations of Pas-
ternak’s foundation can be written as follows [25]:

D(η)
z4d(η)

z4η
− G(η)

z2d(η)

z2η
+ k(η)d(η) � P(η), (11)

where d(η) is the displacement at appoint of coordinate η;
P(η) is the applied force; and D(η), G(η), and k(η) are the
bending, shearing, and direct stiffness coefficients, respectively.

As shown in Figure 5, assuming that the tooth face has n
contact lines, every contact line is represented by a foun-
dation. -en, the instantaneous strain energy of the ith
foundation discretized into N cells is
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1
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N
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2
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(12)

where ki,j, Gi,j, andDi,j are the direct, shearing, and bending
stiffness coefficients per unit of the length at the jth cell of the
ith foundation; di,j is the displacement of the foundation; δi,j

is the displacement of the gear body, which is corresponding
to the kept DOFs pg

k introduced in Section 2.1; Δη is the
length of a cell; and ki,j can be deduced by the potential
method [11]. -e determination of Gi,j andDi,j can be
consulted in reference [25].

-e stiffness of the ith foundation can be obtained by
using finite difference and Lagrange’s equation.

4. Gear Dynamic Modeling

Figure 6 is the integrated model of a gear system. A para-
metrically excited dynamic equation can be obtained by
assembling all the mass matrices, the stiffness matrices, and
the force vectors:

0 0
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where d is the displacement of elastic foundation; MqqKqq,
and q are themass matrix, stiffness matrix, and displacement

Contact stiffness

Elastic foundation stiffness

Elastic foundation stiffness

Figure 3: (a) Gear tooth meshing diagram. (b) Elastic foundation model for a pair of mating teeth.
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Figure 4: Pasternak’s foundation model.
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Figure 5: Tooth elastic foundation model.
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of the 3D FEM of the gear system, respectively; andKdd is the
stiffness of elastic foundation and Kdq is the coupling
stiffness matrix of elastic foundation and 3D FEM of the gear
system.

On the one hand, the mass matrix of equation (13) is a
singular matrix. On the other hand, in order to reduce the
number of DOF. -e static condensation is needed for
equation (13). According to equation (9), the foundation
displacement vector d can be written as follows:

d � K−1
dd fd − Kdqq􏼐 􏼑. (14)

-en, equation (9) can be rewritten as follows:

Mqq €q + Ct,q _q + Kt,qq � f t,q, (15)

where Kt,q � Kqq − KqdK−1
ddKdq and f t,q � fq − KqdK−1

ddfdq.
-e damping model is the Rayleigh damping, Ct,q � βKt,q,
where β is a damping coefficient and β � 1 × 10− 7 in this
paper.

4.1. #e Model of Spalling. -e references mentioned in the
introduction mainly investigate the effect of gear tooth crack
on vibration response. However, the spalling fault of gear is
also a common failure type in engineering applications. -e
spalling fault usually happens near the pitch line of the gear.
As shown in Figure 7(a), the spalling defect in this paper is
modeled near the pitch line as a rectangular spalling.
Figure 7(b) is the elastic foundation model corresponding to
Figure 7(a). Assuming that the driving gear does not contact
with the driven gear in the spalling area, the contact stiffness
is removed in the spalling area. So, the contact stiffness in the
spalling area can be obtained as follows:

K
s
h �

πE(L − ΔL)

4 1 − v2( )
, (16)

where ΔL is the reduction of the length of the contact line and
other parameters have the same definition with equation (10).

5. Simulation and Experiment Results

-e model validation is a very critical step. -erefore, the
validity of the model was verified by static and dynamic
analysis.

5.1. Static Behavior Analysis. As shown in Figure 8, the node
forces were applied on the whole tooth face and the three
middle nodes in the pitch circle, respectively. Constraints
were imposed on the nodes shown in Figure 8(a). -e same
forces and constraints are applied to the proposed model.
Figures 9(a) and 9(b) are the node displacement across the
face width when the force was applied on the whole tooth
face and on the three middle nodes, respectively. Compared
with FEM, the maximum relative errors of node displace-
ment of the two cases are 3.93% and 4.72%, respectively. It
indicates that the deflection curves from the proposed
method are in well agreement with those results obtained by
3D FEM.

5.2. Dynamic Behavior Analysis. In dynamic behavior
analysis, two comparisons are used to verify the effectiveness
of the proposed model. -e first comparison is the com-
parison between the proposed method and experiments.-e
second comparison is the comparison between the proposed
method and the hybrid beam element/lumped models.

5.2.1. #e Comparison between the Proposed Method and
Experiments. Simulation and experimental parameters are
listed in Table 1. A photograph of a spur gear test rig is
shown in Figure 10. Simulation results of dynamic responses
are obtained by Newmark-β numerical integration. -e
comparison results between experimental signals and the
simulation signals are shown in Figures 11 and 12.
Figure 11(a) is the time-domain waveform of the simulation
signal. It shows that the system will produce impact re-
sponse, when the single and double teeth meshing, alter-
nately. Each set of impact is composed of two alternating
periodic shock responses with different amplitudes. -e
frequency of every two strong shocks or every two weak

Pinion

Gear

Bearing

Pasternak foundations

di,j δi,j

Figure 6: -e 3D FEM of a gear system.

Spalling

(a)

Spalling

(b)

Figure 7: -e model of spalling.
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shocks is 394Hz (0.0025 s), which is equal to the meshing
frequency of the gear system. In the experimental signal, this
phenomenon is not very clear due to the background noise.
-e second generation wavelet transforms is used to process
the original signal, and the forth sub-band is shown in
Figure 11(b). It shows some of the same phenomena as the
simulation signal. Figure 12 shows the spectrum of simu-
lation signals and experimental signals. It can be found that
the vibration signals of the normal gear are mainly the
meshing frequency and its doubling frequency.

5.2.2. #e Comparison Results between Hybrid Beam Ele-
ment/Lumped Models and the Proposed Method. Based on
the same parameters, the hybrid beam element/lumped
models [11] and the proposed method were used to in-
vestigate the vibration characteristics, respectively. -e
comparison between them is shown in Figure 13. By
comparison, it is found that the two models can show the
impact response caused by the single and double teeth
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Figure 9: Deflection curve. -e node force applied on the (a) whole tooth face (f� 100N) and (b) middle of tooth face (f� 70N).
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(c)

Figure 8: (a) -e static model of the driving shaft and its constraints, (b) the node forces were applied on the whole tooth face, and (c) the
node forces were applied on the three middle nodes in the pitch circle.

Table 1: -e parameters of spur gear rig.

Driving gear Driven gear
Number of teeth 55 75
Module (mm) 2 2
Pressure angle (°) 20 20
Young’s modulus (Pa) 2.06×1011 2.06×1011

Poisson’s ratio 0.3 0.3
Width of tooth (mm) 20 20
Rotational speed (Hz) 7.17 5.25
Torque (N·m) 6.8 5
Radial stiffness of bearing (N/m) 2×108

Motor

BracketTiming belt

Accelerometer Gearbox Load

Figure 10: -e spur gear test rig.
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meshing alternately. In addition, the computational effi-
ciency of this model is similar to that of the hybrid beam
element/lumped model. -e solution time of 20,000 nu-
merical points of the proposed model is 336 s and that of
the hybrid beam element/lumped models model is about
220 s. -is shows that the efficiency of the 3D dynamic
model is solved. -e validity of the model was also proved
to some extent.

5.3. Spalling Fault Simulation. As shown in Figure 14, as-
suming that the gear with the spalling fault is located in the
driving gear, the spalling area is 2mm long and 1mm wide,
and other parameters are shown in Table 1. Figure 15(a) is
the time-domain waveform of the simulation signal, and
Figure 15(b) is the experimental signal. Both the simulation
signals and experimental signals show that the spalling fault
will cause shock response with significantly enhanced
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Figure 12: -e spectrum of gear without defect. (a) -e experimental signal and (b) the simulation signal.
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Figure 13: -e simulation signal obtained by (a) the hybrid beam element/lumped models and (b) the proposed model.
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Figure 15: Continued.
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amplitude. -e frequency of the shock response is equal to
the rotation frequency of the driving shaft where the spalling
gear is located. Figure 16 shows the spectrum of simulation
signals and experimental signals of the gear with the spalling
fault. By comparing Figures 12 and 16, it can be found that
when the spalling fault occurs, the sidebands will appear in
the spectrum. “Because of the short-period nature of the
impact, the corresponding modulation sidebands will spread
over a wide frequency range, which can produce high-order
sidebands with low amplitudes. In the frequency domain,
one can clearly observe sidebands with significant ampli-
tudes starting in the resonance region (1446Hz in
Figure 16(a) and 1330Hz in Figure 16(b)) and expand to
higher frequencies [27].” -ese characteristics were suc-
cessfully captured by the proposed dynamic model.

6. Conclusions

Dynamic modeling can improve the understanding of the
diagnostic information that is buried in the vibration signal.
A reduced-order dynamic model based on 3D FEM and
CMS is proposed in this paper. In addition, the proposed
model was used to study the effects of tooth spalling
on dynamic vibration response. Based on the materials

presented in this paper, conclusions can be summarized as
below:

(1) -e static analysis, dynamic analysis, and experi-
mental analysis show that the proposed model is an
effective model. -e proposed model can be used to
investigate the vibration characteristic of the spur
gear system.

(2) -e simulation results and experiment results show
that the system will produce impact response, when
the single and double teeth meshing, alternately.
Each set of impact is composed of two alternating
periodic shock responses with different amplitudes.
-e frequency of every two strong shocks or every
two weak shocks is meshing frequency.

(3) -e gear spalling fault will cause shock response
with significantly enhanced amplitude. -e fre-
quency of the shock response is equal to the ro-
tation frequency of the driving shaft where the
spalling gear is located.

Future research should consider other influences on the
vibration response, such as the friction, the inter-tooth
backlash, the vibration of housing, andmanufacturing errors
in gears.
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Figure 15: -e time domain response waveform of gear with the spalling fault. (a) -e simulation signal and (b) the experimental signal.
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Figure 16: -e spectrum of gear with spalling. (a) -e experimental signal and (b) the simulation signal.
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