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In this paper, based on the Tail-Value-at-Risk (TVaR) measure, we revisit the Pareto-optimal reinsurance policies for the insurer
and the reinsurer via a two-stage optimisation procedure. To reduce ex-post moral hazard, we assume that reinsurance contracts
satisfy the principle of indemnity and the incentive compatible constraint which have been advocated by Huberman et al. (1983).
We show that the Pareto-optimal reinsurance policy exists if the reinsurance premiums can be expressed as an integral form.)e
proposed class of premium principles encompasses the net premium principle, expected value premium principle, TVaR
premium principle, generalized percentile premium principle, and so on. We further use the TVaR premium principle and the
expected value premium principle as examples to illustrate the two-stage optimisation procedure by deriving explicitly the Pareto-
optimal reinsurance policies. We extend the results by Cai et al. (2017) when the expected value premium principle is replaced by
the TVaR premium principle.

1. Introduction

)e study of optimal reinsurance design has drawn great
interest from both academics and practitioners since the
seminal work by Borch [1] and Arrow [2]. )ere have been
many important literatures and conclusions about this
problem in the past few decades. For example, by mini-
mizing the variance of the insurer’s retained loss, Borch [1]
showed that the stop-loss reinsurance is optimal under the
expected value premium principle. Arrow [2] obtained that
the optimal reinsurance policy is a stop-loss reinsurance
strategy when the optimisation criterion is to maximize the
expected utility function of the insurer. Both these results
have been extended in a number of important directions. For
example, Young [3] generalized Arrow’s result under
Wang’s premium principle. Kaluszka [4] generalized Borch’s
result under mean-variance premium principles. Kaluszka
and Okolewski [5] showed that the limited stop-loss and the
truncated stop-loss are the optimal contracts under a
number of criteria including the maximization of the

expected utility, the stability, and the survival probability of
the insurer for a fixed reinsurance premium calculated
according to the maximal possible claims principle. Cai and
Tan [6] developed two new optimisation criteria for deriving
the optimal retentions by minimizing the Value-at-Risk
(VaR) and the conditional tail expectation (CTE) of the total
risk of an insurer. In recent years, VaR and CTE have been
used as optimisation criteria to study the optimal reinsur-
ance strategy. For example, by minimizing VaR and CTE of
an insurer’s total cost, Cai et al. [7] derived the optimal
reinsurance strategies in the set of increasing and convex
ceded loss functions. )e optimal reinsurance strategy de-
pends on the confidence level of risk measurement, and it
can be a stop-loss reinsurance strategy, a quota-share re-
insurance strategy, or a change-loss reinsurance strategy.
Bernard and Tian [8] provided alternative risk transfer
mechanisms on the capital market when the optimal rein-
surance is arranged under tail risk measures. Cheung [9]
gave a geometric approach to revisit the optimal reinsurance
problem and generalized the results in [7] by studying the
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VaR-minimization problem with Wang’s premium princi-
ple. Chi and Tan [10] analyzed the VaR- and CVaR-based
optimal reinsurance models over different classes of ceded
loss functions with increasing generality. However, the
above statements only consider the insurer, and from the
point of view of the reinsurer, the optimal policy may not be
optimal. For example, Vajda [11] showed that the optimal
reinsurance strategy is a quota-share reinsurance instead of a
stop-loss reinsurance when the optimisation criterion is to
minimize the variance of the loss of the reinsurer. )us, an
optimal reinsurance contract for the insurer may not be
optimal for the reinsurer and it might be unacceptable for
the reinsurer. )en, an interesting question about optimal
reinsurance is to design a reinsurance contract so that it
considers the interests of both the insurer and the reinsurer.

Borch [1] first studied the optimal reinsurance strategy
that consider the interests of both the insurer and the re-
insurer. He discussed the optimal quota-share retention and
stop-loss retention that maximize the product of the ex-
pected utility functions of the two parties’ wealth. Kaishev
[12] analyzed the optimal reinsurance contracts under which
the finite horizon joint survival probability of the two parties
is maximized. Under the general reinsurance principles, Cai
et al. [13] took maximization of the joint survival probability
and the joint profitable probability of both the insurer and
the reinsurer as the optimisation criterion to give a sufficient
condition of the optimal reinsurance existence. To maximize
the joint survival probability of the insurer and the reinsurer,
Fang and Qu [14] studied the optimal policy of combination
of quota-share reinsurance and stop-loss reinsurance. Fang
et al. [15] studied the optimal reinsurance models from the
perspective of both the insurer and the reinsurer by mini-
mizing their total costs under the criteria of the loss function
which is defined by the joint Value-at-Risk. Cai et al. [16]
studied the optimal reinsurance strategy, which was based
on the minimum convex combination of the VaR of the
insurer and the reinsurer under two types of constraints. Lo
[17] discussed the generalized problems in [16] by using the
Neyman–Pearson approach. Based on the optimal rein-
surance strategy in [16], Jiang et al. [18] proved that the
optimal reinsurance strategy is a Pareto-optimal reinsurance
policy and gave optimal reinsurance strategies using the
geometric method. Cai et al. [19] studied the Pareto opti-
mality of reinsurance arrangements under general model
settings and obtained the explicit forms of the Pareto-op-
timal reinsurance contracts under the TVaR measure and
the expected value premium principle. Jiang et al. [20]
studied the optimal reinsurance with constraints under the
distortion risk measure. By the geometric approach, Fang
et al. [21] studied Pareto-optimal reinsurance policies under
general premium principles and gave the explicit parameters
of the optimal ceded loss functions under the Dutch pre-
mium principle and Wang’s premium principle. Lo and
Tang [22] characterized the set of Pareto-optimal reinsur-
ance policies analytically and visualized the insurer-rein-
surer trade-off structure geometrically. Huang and Yin [23]
studied two classes of optimal reinsurance models from
perspectives of both insurers and reinsurers by minimizing
their convex combination where the risk is measured by a

distortion risk measure and the premium is given by a
distortion premium principle.

In this paper, based on the TVaR measure, we revisit the
Pareto-optimal reinsurance policies for the insurer and the
reinsurer via a two-stage optimisation procedure which was
proposed by Asimit et al. [24]. To reduce ex-post moral
hazard, we assume that reinsurance contracts satisfy the
principle of indemnity and the incentive compatible con-
straint which have been advocated by Huberman et al. [25].
We first show that the Pareto-optimal reinsurance policy
exists if the reinsurance premiums can be expressed as an
integral form such as (10). We emphasize that there are
many premium principles which satisfy this property such as
the net premium principle, expected value premium prin-
ciple, TVaR premium principle, and generalized percentile
premium principle. )en, we take the TVaR premium
principle and the expected value premium principle as
examples to illustrate the two-stage optimisation procedure
by deriving explicitly the parameters of the Pareto-optimal
reinsurance policies.

It is worth noting that the Pareto-optimal reinsurance
contracts under the TVaR measure and the expected value
premium principle has been obtained in [19]. We reexamine
this problem for two reasons. First, it should be emphasized
that the results can be achieved by using a different approach
based on a two-stage optimisation procedure. Second, and
more importantly, the two-stage optimisation procedure is
more intuitive and can analyze Pareto-optimal reinsurance
policies with other reinsurance premium principles.

)e remaining arrangements of this paper are as follows.
In Section 2, we introduce some definitions and model
formulation and then we show that the Pareto-optimal
reinsurance policy exists if the reinsurance premiums can be
expressed as an integral form such as (10). Based on the
TVaR measure, we obtain the Pareto-optimal policies under
the TVaR premium principle and the expected value pre-
mium principle in Section 3. In Section 4, we give illustrative
numerical examples. Section 5 concludes the paper. Finally,
all the proofs are given in the Appendix.

2. Model Formulation

Let X be the amount of loss faced by the insurer in a given
time period. Suppose that X is a nonnegative random
variable with a distribution function FX(x) � P X≤x{ } and
survival function SX(x) � 1 − FX(x). In addition, the value
of the right endpoint XF of the distribution function FX(x)

can be either finite or infinite, where XF ≔ inf z: F(z) � 1{ }.
Under a reinsurance arrangement, R(X) and IR(X) rep-
resent the ceded loss and the retained loss of the insurer,
respectively, where IR(X) � X − R(X). Functions R(x) and
IR(x) are called the ceded loss function and the retained loss
function.)e principle of indemnity, which is widely used in
insurance and reinsurance, requires the indemnity to be
nonnegative and less than the initial loss. Mathematically, we
should have 0≤R(x)≤x. Let π(R(X)) be the reinsurance
premium. Under such a setting, the total losses of the insurer
and the reinsurer are MR ≔ X − R(X) + π(R(X)) and
NR ≔ R(X) − π(R(X)), respectively.
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In this paper, besides the principle of indemnity, we also
assume that reinsurance contracts satisfy the incentive
compatible constraint which has been advocated by
Huberman et al. [25] to reduce ex-post moral hazard. )is
means that the more the realized loss, the more paid by both
the insurer and the reinsurer. Mathematically, this implies
that both the ceded loss function and the retained loss
function should be increasing. )erefore, throughout the
paper, we assume that the admissible set of ceded loss
functions is given by

F � R(x): 0≤R(x)≤x, bothR(x){

and IR(x) are increasing functions.
(1)

It was shown by Chi and Tan [10] that all functions
R(x) ∈ F are Lipschitz continuous and differentiable almost
everywhere.

In insurance and finance, risk measures such as VaR and
TVaR have been widely used for quantifying risks. Now, we
give a brief description of VaR and TVaR measures:

Definition 1 (VaR). For a random variableX, VaR is defined
as

VaRp(X) ≔ inf x ∈ R: P(X≤x)≥p , (2)

where 0<p< 1 represents a confidence level of the loss
variable X.

Definition 2 (TVaR). For a random variable X, TVaR is
defined as

TVaRp(X) ≔
1

1 − p

1

p
VaRs(X)ds � VaRp(X)

+
1

1 − p
E X − VaRp(X) 

+
,

(3)

where 0<p< 1 represents a confidence level of the loss
variable X.

Remark 1

(1) By the definitions of the VaR and the TVaR, distinctly,
TVaRp evaluates the expected loss amount incurred
among the worst (1 − p)% scenarios under a
confidence level p. )erefore, the TVaR represents
a more precise risk measurement than the VaR.

(2) When 1 − p≥ SX(0), we have VaRp(X) � 0.
)erefore, in order to avoid a trivial case, we assume
that 1 − p ∈ (0, SX(0)).

In this paper, we assume that the confidence levels of the
insurer and the reinsurer are possibly different. Let αc and αr

denote the confidence levels of the insurer and the reinsurer,
respectively. )erefore, the total loss of the insurer and the
reinsurer under the TVaR measure is

TVaRαc
MR(  � VaRαc

MR(  +
1

1 − αc

E MR − VaRαc
MR(  

+
,

TVaRαr
NR(  � VaRαr

NR(  +
1

1 − αr

E NR − VaRαr
NR(  

+
.

(4)

Next, we study Pareto-optimal reinsurance policies
whereby the risk is measured by the TVaR. For our model, a
reinsurance policy with the ceded loss function R∗(x) is
called Pareto optimal if there is no other admissible ceded
loss function R ∈ F such that TVaRαc

(MR)≤TVaRαc
(MR∗)

and TVaRαr
(NR)≤TVaRαr

(NR∗) and at least one of the
inequalities is strict. A general approach to identify Pareto-
optimal reinsurance policies is to minimize a convex
combination of the TVaRs of the two parties. )e result can
be found in [18–20].

Proposition 1. All Pareto-optimal reinsurance policies R in
F can be determined by solving the problem:

min
R∈F

βTVaRαc
MR(  +(1 − β)TVaRαr

NR(  , (5)

where β ∈ [0, 1].

In view of Proposition 1, throughout the rest of this
paper, we only need to determine optimal reinsurance
policies by solving the optimisation problem (5). Define

V(R) � βTVaRαc
MR(  +(1 − β)TVaRαr

NR( . (6)

)en, by translation invariance and comonotonic ad-
ditivity of TVaR, we have

V(R) � βTVaRαc
(X) − βTVaRαc

(R(X))

+(1 − β)TVaRαr
(R(X)) +(2β − 1)π(R(X)).

(7)

)erefore, the optimisation problem (5) becomes

min
R∈F

H(R), (8)

where

H(R) � − βTVaRαc
(R(X)) +(1 − β)TVaRαr

(R(X))

+(2β − 1)π(R(X)).
(9)

In this paper, we determine the Pareto-optimal rein-
surance policies via a two-stage optimisation procedure
which was developed in [24]. )e first stage is solving an
infinite-dimensional problem, while the second stage be-
comes a classical constrained optimisation problem.)e first
stage can be solved as shown in Proposition 1 in [24], and we
now present it as a lemma.

Lemma 1. Let f(·) be a real-valued function defined on
[s1, s2] with 0≤ s1 ≤ s2 ≤ 1. 6en,
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min
R∈F


s2

s1

f(s)R VaRs(x)( ds,

subjectto R VaRs1
(X)  � ξ1,

R VaRs2
(X)  � ξ2,

(10)

is uniquely solved by

R
∗

X; ξ1, ξ2(  �
X − VaRs1

(X) + ξ1 ∧ξ2, if f(s)< 0 for all s1 ≤ s≤ s2,

ξ1 + X − VaRs2
(X) + ξ2 − ξ1 

+
, if f(s)> 0 for all s1 ≤ s≤ s2,

⎧⎪⎨

⎪⎩
(11)

where (ξ1, ξ2) are some constants such that 0≤ ξ2−
ξ1 ≤VaRs2

(X) − VaRs1
(X).

Note that

H(R) � 
1

αc

− β
1 − αc

R VaRs(X)( ds

+ 
1

αr

1 − β
1 − αr

R VaRs(X)( ds +(2β − 1)π(R(X)).

(12)
By Lemma 1, we know that the Pareto-optimal rein-

surance policy exists if the reinsurance premiums π(R(X))

can be expressed as an integral form such as (10). Next, we
give several premium principles which satisfy this property:

(1) Net premium principle: π(X) � E(X). Since R(x) is
a nondecreasing continuous function, then
π(R(X)) � 

1
0 R(VaRs(X))ds.

(2) Expected value premium principle: π(X) � (1+

θ)E(X), where θ ∈ [0, 1] is a safety loading coeffi-
cient. )erefore, π(R(X)) � (1 + θ) 

1
0 R(VaRs

(X))ds.
(3) TVaR premium principle: π(X) � (1 + θ/

1 − α) 
1
α VaRs(X)ds, where α ∈ [0, 1) is a confidence

level and θ ∈ [0, 1] is a safety loading coefficient. Since
R(x) is a nondecreasing continuous function, then
π(R(X)) � (1 + θ/1 − α) 

1
α R (VaRs(X))ds.

(4) Generalized percentile premium principle: π(X) �

E(X) + β F− 1
X (1 − p) − E(X)  with 0< β, p< 1.

Since F− 1
X (1 − p) � VaR1− p(X), then π(R(X)) �

(1 − β)E[R(X)] + βR(VaR1− p(X)).

In the following sections, we take the TVaR premium
principle and the expected value premium principle as
examples to illustrate the two-stage optimisation procedure.

3. Pareto-Optimal Reinsurance Policy

In this section, we determine the Pareto-optimal reinsurance
policies under the TVaR premium principle and the ex-
pected value premium principle. )e TVaR premium
principle was first proposed by Young [26]. It can be viewed
as an extended version of the expected value premium
principle, that is, letting α � 0 gives the expected value
premium principle.

3.1. Pareto-Optimal Reinsurance Policies under TVaR
Principle. Under the TVaR premium principle, the opti-
misation problem (8) becomes

min
R∈F

H(R), (13)

where H(R) � − βTVaRαc
(R(X)) + (1 − β)TVaRαc

(R(X))+

(2β − 1)(1 + θ)TVaRα(R(X)). From the mathematical
point of view, the confidence level α can be larger than
confidence levels αc and αr. However, α is usually smaller
while αc and αr are usually larger in practice. So, we assume
further α<min αc, αr  to avoid complex and lengthy dis-
cussions in this section.

For simplicity, we define the following notations:

a � VaRα(X),

ac � VaRαc
(X),

ar � VaRαr
(X),

ξ � R VaRα(X)( ,

ξc � R VaRαc
(X) ,

ξr � R VaRαr
(X) ,

m �
(2β − 1)(1 + θ)

1 − α
−

β
1 − αc

,

n �
(2β − 1)(1 + θ)

1 − α
+
1 − β
1 − αr

,

s(β) � 1 −
β − 1

m
,

t(β) � 1 −
β
n

.

(14)

Next, we divide our discussion into three cases: ①
ac < ar;② ar < ac;③ ac � ar. )en, we obtain the following
three theorems.

Theorem 1. Under the condition ac < ar, the Pareto-optimal
reinsurance policies are given as follows:
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(1) If 0≤ β< 1/2 and (β − 1/1 − αr)<m, then

R
∗
(x) �

x∧VaRs(β)(X), when(1 + θ) 1 − αc( > 1 − α,

x∧VaR(θ+α/1+θ)(X), when(1 + θ) 1 − αc( ≤ 1 − α.

⎧⎨

⎩

(15)

(2) If 0≤ β< 1/2 and (β − 1/1 − αr)>m, then R∗(x) � x.
(3) If 0≤ β< 1/2 and (β − 1/1 − αr) � m, then R∗(x) �

xI a≤x≤ar{ } + R(x)I x>ar{ }, where R(x) is any increas-
ing 1-Lipschitz continuous function such that
R∗(x) ∈F.

(4) If β � 1/2, then R∗(x) � R(x)I a≤x≤ac{ } + u1I x>ac{ },
where u1 is an arbitrary constant in [u, ac − a + u], u

is an arbitrary constant in [0, a], and R(x) is any
increasing 1-Lipschitz continuous function such that
R∗(x) ∈ F.

(5) If 1/2< β≤ 1 and m> 0, then R∗(x) � 0.
(6) If 1/2< β< 1 and (β − 1/1 − αr)<m< 0, then

R
∗
(x) �

0, when(1 + θ) 1 − αc( ≥ 1 − α,

x − VaR(θ+α/1+θ)(X) 
+
∧ VaRs(β)(X) − VaR(θ+α/1+θ)(X) , when(1 + θ) 1 − αc( < 1 − α.

⎧⎨

⎩ (16)

(7) If 1/2< β≤ 1 and m< (β − 1/1 − αr), then R∗(x) �

(x − VaR(θ+α/1+θ)(X))+.
(8) If 1/2< β< 1 and m � (β − 1/1 − αr), then R∗(x) �

(x − VaR(θ+α/1+θ)(X))+I a≤x≤ar{ } + R(x)I x>ar{ },
where R(x) is any increasing 1-Lipschitz continuous
function such that R∗(x) ∈ F.

(9) If 1/2< β< 1 and m � 0, then R∗(x) � 0.
(10) If β � 1 and (1 + θ)(1 − αc) � 1 − α, then R∗(x) �

R(x)I x>ac{ }, where R(x) is any increasing 1-Lip-
schitz continuous function such that R∗(x) ∈F.

Theorem 2. Under the condition ar < ac, the Pareto-optimal
reinsurance policies are given as follows:

(1) If β � 0 and (1 + θ)(1 − αr) � 1 − α, then R∗(x) �

xI a≤x≤ar{ } + R(x)I x>ar{ }, where R(x) is any increas-
ing 1-Lipschitz continuous function such that
R∗(x) ∈ F.

(2) If 0≤ β< 1/2 and n> (β/1 − αc), then R∗(x) �

x∧VaR(θ+α/1+θ)(X).
(3) If 0< β< 1/2 and 0< n< (β/1 − αc), then

R
∗
(x) �

x∧VaR(θ+α/1+θ)(X) + x − VaRt(β)(X) 
+
, when(1 + θ) 1 − αr( < 1 − α,

x, when(1 + θ) 1 − αr( ≥ 1 − α.

⎧⎨

⎩ (17)

(4) If 0< β< 1/2 and n � (β/1 − αc), then R∗(x) �

(x∧VaR(θ+α/1+θ)(X))I a≤x≤ac{ } + R(x)I x>ac{ }, where
R(x) is any increasing 1-Lipschitz continuous func-
tion such that R∗(x) ∈ F.

(5) If 0≤ β< 1/2 and n< 0, then R∗(x) � x.

(6) If 0< β< 1/2 and n � 0, then R∗(x) �

xI a≤x≤ar or x> ac{ }+ R(x)I ar < x≤ ac{ }, where R(x) is any
increasing 1-Lipschitz continuous function such that
R∗(x) ∈F.

(7) If β � 1/2, then R∗(x) � R(x)I a≤x≤ar{ }+ (x− ar + u2)

I x>ar{ }, where u2 is an arbitrary constant in
[u, ar − a + u], u is an arbitrary constant in [0, a],
and R(x) is any increasing 1-Lipschitz continuous
function such that R∗(x) ∈ F.

(8) If 1/2< β≤ 1 and n> (β/1 − αc), then R∗(x) � 0.

(9) If 1/2< β≤ 1 and 0< n< (β/1 − αc), then

R
∗
(x) �

x − VaR(θ+α/1+θ)(X) 
+
, when(1 + θ) 1 − αr( ≤ 1 − α,

x − VaRt(β)(X) 
+
, when(1 + θ) 1 − αr( > 1 − α.

⎧⎪⎨

⎪⎩

(18)

(10) If 1/2< β≤ 1 and n � (β/1 − αc), then R∗(x) �

R(x)I x>ac{ }, where R(x) is any increasing 1-Lipschitz
continuous function such that R∗(x) ∈ F.

Theorem 3. Under the condition ac � ar, the Pareto-optimal
reinsurance policies are given as follows:

(1) If 0≤ β< 1/2, then

R
∗
(x) �

x, when(1 + θ) 1 − αc( > 1 − α,

xI a≤x≤ac{ } + R(x)I x>ac{ }, when(1 + θ) 1 − αc(  � 1 − α,

x∧VaR(θ+α/1+θ)(X), when(1 + θ) 1 − αc( < 1 − α,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(19)
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where R(x) is any increasing 1-Lipschitz continuous
function such that R∗(x) ∈ F.

(2) If β � 1/2, the objective function is identical to 0 and
the problem is trivial.

(3) If 1/2< β≤ 1, then

R
∗
(x) �

0, when(1 + θ) 1 − αc( > 1 − α,

R(x)I x>ac{ }, when(1 + θ) 1 − αc(  � 1 − α,

x − VaR(θ+α/1+θ)(X) 
+
, when(1 + θ) 1 − αc( < 1 − α,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(20)

where R(x) is any increasing 1-Lipschitz continuous
function such that R∗(x) ∈F.

3.2. Pareto-Optimal Reinsurance Policies under Expected
Value Principle. In this section, we reexamine an optimal
reinsurance problem studied in [19], in which the objective
is to find the optimal reinsurance contracts that minimize
the TVaR of the total risk exposure under the expected value
premium principle.We provide amore intuitive approach to
solve the problem by using a two-stage optimisationmethod.
Under the expected value principle, the optimisation
problem (5) becomes

min
R∈F

− βTVaRαc
(R(X)) +(1 − β)TVaRαr

(R(X))

+(2β − 1)(1 + θ)E(R(X)).
(21)

For simplicity, we define the following notations:

m0 � (2β − 1)(1 + θ) −
β

1 − αc

,

n0 � (2β − 1)(1 + θ) +
1 − β
1 − αr

,

s0(β) � 1 −
β − 1
m0

,

t0(β) � 1 −
β
n0

.

(22)

Theorem 4. Under the condition ac < ar, the Pareto-optimal
reinsurance policies are given as follows:

(1) If 0≤ β< 1/2 and (β − 1/1 − αr)<m0 < 0, then

R
∗
(x) �

x∧VaRs0(β)(X), when(1 + θ) 1 − αc( > 1,

0, when SX(0)≤ θ∗ and (1 + θ) 1 − αc( ≤ 1,

x∧VaR(θ/1+θ)(X), when SX(0)> θ∗ and (1 + θ) 1 − αc( ≤ 1.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(23)

(2) If 0≤ β< 1/2 and m0 < (β − 1/1 − αr), then
R∗(x) � x.

(3) If 0≤ β< 1/2 and (β − 1/1 − αr) � m0, then
R∗(x) � xI x≤ar{ } + R(x)I x>ar{ }, where R(x) is an
increasing 1-Lipschitz continuous function such that
R∗(x) ∈F.

(4) If β � 1/2, then R∗(x) � R(x)I x≤ac{ } + u3I x>ac{ },
where R(x) is an increasing 1-Lipschitz continuous
function such that R∗(x) ∈F and u3 ∈ [0, ac].

(5) If 1/2< β≤ 1 and m0 > 0, then R∗(x) � 0.
(6) If 1/2< β< 1 and (β − 1/1 − αr)<m0 < 0, then

R
∗
(x) �

0, when(1 + θ) 1 − αc( ≥ 1,

x∧VaRs0(β)(X), when SX(0)≤ θ∗ and (1 + θ) 1 − αc( < 1,

x − VaR(θ/1+θ)(X) 
+
∧ VaRs0(β)(X) − VaR(θ/1+θ)(X) , when SX(0)> θ∗ and (1 + θ) 1 − αc( < 1.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(24)

(7) If 1/2< β≤ 1 and m0 < (β − 1/1 − αr), then

R
∗
(x) �

x, when SX(0)≤ θ∗,

x − VaR(θ/1+θ)(X) 
+
, when SX(0)> θ∗.

⎧⎨

⎩

(25)

(8) If 1/2< β< 1 and m0 � (β − 1/1 − αr), then

R
∗
(x) �

xI x≤ar{ } + R(x)I x>ar{ }, when SX(0)≤ θ∗,

x − VaR(θ/1+θ)(X) 
+
I x≤ar{ } + R(x)I x>ar{ }, when SX(0)> θ∗,

⎧⎪⎨

⎪⎩

(26)

where R(x) is an increasing 1-Lipschitz continuous
function such that R∗(x) ∈F.

(9) If 1/2< β< 1 and m0 � 0, then R∗(x) � 0.
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(10) If β � 1 and (1 + θ)(1 − αc) � 1, then R∗(x) �

R(x)I x>ac{ }, where R(x) is an increasing 1-Lipschitz
continuous function such that R∗(x) ∈F.

Theorem 5. Under the condition ar < ac, the Pareto-optimal
reinsurance policies are given as follows:

(1) If β � 0 and (1 + θ)(1 − αr) � 1, then R∗(x) �

xI x≤ar{ } + R(x)I x>ar{ }, where R(x) is an increasing 1-
Lipschitz continuous function such that R∗(x) ∈ F.

(2) If 0≤ β< 1/2 and n0 > (β/1 − αc), then

R
∗
(x) �

0, when SX(0)≤ θ∗,

x∧VaR(θ/1+θ)(X), when SX(0)> θ∗.
⎧⎨

⎩ (27)

(3) If 0< β< 1/2 and 0< n0 < (β/1 − αc), then

R
∗
(x) �

x, when(1 + θ) 1 − αr( ≥ 1,

x − VaRt0(β)(X) 
+
, when SX(0)≤ θ∗ and (1 + θ) 1 − αr( < 1,

x∧VaR(θ/1+θ)(X) + x − VaRt0(β)(X) 
+
, when SX(0)> θ∗ and (1 + θ) 1 − αr( < 1.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(28)

(4) If 0< β< 1/2 and n0 � (β/1 − αc), then

R
∗
(x) �

R(x)I x>ac{ }, when SX(0)≤ θ∗,

x∧VaR(θ/1+θ)(X) I x≤ac{ } + R(x)I x>ac{ }, when SX(0)> θ∗,

⎧⎪⎨

⎪⎩
(29)

where R(x) is an increasing 1-Lipschitz continuous
function such that R∗(x) ∈ F.

(5) If 0≤ β< 1/2 and n0 < 0, then R∗(x) � x.
(6) If 0< β< 1/2 and n0 � 0, then R∗(x) �

xI x≤ar or x> ac{ } + R(x)I ar <x≤ ac{ }, where R(x) is an
increasing 1-Lipschitz continuous function such that
R∗(x) ∈F.

(7) If β � 1/2, then R∗(x) � R(x)I x≤ar{ }+ (x − ar+

u4)I x>ar{ }, where R(x) is an increasing 1-Lipschitz
continuous function such that R∗(x) ∈ F and
u4 ∈ [0, ar].

(8) If 1/2< β≤ 1 and n0 > (β/1 − αc), then R∗(x) � 0.
(9) If 1/2< β≤ 1 and 0< n0 < (β/1 − αc), then

R
∗
(x) �

x − VaRt0(β)(X) 
+
, when (1 + θ) 1 − αr( ≥ 1,

x, when SX(0)≤ θ∗ and (1 + θ) 1 − αr( < 1,

x − VaR(θ/1+θ)(X) 
+
, when SX(0)> θ∗ and (1 + θ) 1 − αr( < 1.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(30)

(10) If 1/2< β≤ 1 and n0 � (β/1 − αc), then R∗(x) �

R(x)I x>ac{ }, where R(x) is an increasing 1-Lipschitz
continuous function such that R∗(x) ∈F.

Theorem 6. Under the condition ac � ar, the Pareto-optimal
reinsurance policies are given as follows:

(1) If 0≤ β< 1/2, then

Mathematical Problems in Engineering 7



R
∗
(x) �

x, when(1 + θ) 1 − αc( > 1,

xI x≤ac{ } + R(x)I x>ac{ }, when(1 + θ) 1 − αc(  � 1,

0, when SX(0)≤ θ∗ and (1 + θ) 1 − αc( < 1,

x∧VaR(θ/1+θ)(X), when SX(0)> θ∗ and (1 + θ) 1 − αc( < 1,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(31)

where R(x) is an increasing 1-Lipschitz continuous
function such that R∗(x) ∈ F.

(2) If β � 1/2, the objective function is zero and the
problem is trivial.

(3) If 1/2< β≤ 1, then

R
∗
(x) �

0, when (1 + θ) 1 − αc( > 1,

R(x)I x>ac{ }, when(1 + θ) 1 − αc(  � 1,

x, when SX(0)≤ θ∗ and (1 + θ) 1 − αc( < 1,

x − VaR(θ/1+θ)(X) 
+
, when SX(0)> θ∗ and (1 + θ) 1 − αc( < 1,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(32)

where R(x) is an increasing 1-Lipschitz continuous
function such that R∗(x) ∈F.

Remark 1. By comparing our results with those in [19], we
would like to point out the relationship between the two
articles. First, Cai et al. [19] give the explicit forms of the
Pareto-optimal reinsurance contracts under the expected
value premium principle by the construction method. In our
paper, we use the two-stage optimisation procedure. )is
technique is intuitive and applicable when the expected
value premium principle is replaced by other premium
principles. Using this technique, we extend the results in [19]
under the TVaR premium principle. Second, under the
expected value premium principle, Cai et al. [19] derived the
optimal ceded loss functions without considering the rela-
tionship between SX(0) and 1 in their )eorems 1 and 2.
However, we discuss the relationship between them and
derive different optimal ceded functions from theirs in the
case SX(0)< 1. By comparison, we find that our result is
more reasonable.

4. Numerical Examples

In this section, we give two numerical examples to il-
lustrate the applications of the results obtained in pre-
vious sections.

Example 1 (TVaR principle). Assume that the loss variable
X is exponentially distributed with the survival function
SX(x) � e− 0.001x. In this section, we assume θ � 0.2 and
α � 0.2; then a � 223.1. Using the results in )eorems 1, 3,
and 3, we have the following cases.

Case 1. αc � 0.95 and αr � 0.99. In this case, a � 223.1,
ac � 2995.7, ar � 4605.2, TVaRαc

(X) � 3995.7, and
TVaRαr

(X) � 5605.2. )e optimal ceded loss function
R∗(x) is shown in Table 1, and the various key values of
R∗(x) are shown in Table 2.

From Table 1, we know that the optimal reinsurance
policy depends on the combining coefficient β. From
Table 2, obviously, with the increase in the weight coef-
ficient β, the loss of the insurer TVaRαc

(MR∗) is decreasing
while the loss of the reinsurer TVaRαr

(NR∗ ) and the mean
premium E(π(R∗)) are increasing, especially more intu-
itive when β ∈ (0.5, 0.8419). Note that we ignore the key
values at the endpoints 0.5 and 0.8419 because the Pareto-
optimal reinsurance policy at endpoints 0.5 and 0.8419 is
uncertain.

Case 2. αc � 0.99 and αr � 0.95.
In this case, a � 223.1, ac � 4605.2, ar � 2995.7,

TVaRαc
(X) � 5605.2, and TVaRαr

(X) � 3995.7. )e opti-
mal ceded loss function R∗(x) is shown in Table 3, and the
various key values of R∗(x) are shown in Table 4.

Case 3. αc � αr � 0.95.
In this case, a � 223.1, ac � ar � 2995.7, and

TVaRαc
(X) � TVaRαr

(X) � 3995.7. )e optimal ceded loss
function R∗(x) is shown in Table 5, and the various key
values of R∗(x) are shown in Table 6.

Remark 2. Under the expected value premium, assume that
the loss variable X is exponentially distributed with the
survival function SX(x) � e− 0.001x and θ � 0.2. Using the
results in )eorems 4, 5, and 6 we get the same results as in
[19].
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Example 2 (expected value premium principle). Assume θ �

0.2 and the loss variable X with the survival function:

SX(x) �

1, x< 0,

0.25, x � 0,

0.75e− 0.001x, x> 0.

⎧⎪⎪⎨

⎪⎪⎩
(33)

Using the results in )eorems 4, 5, and 6, we have the
following cases.

Case 4. αc � 0.95 and αr � 0.99. In this case, ac � 2708.1,
ar � 4317.5, TVaRαc

(X) � 3708.1, and TVaRαr
(X) �

5317.5. )e optimal ceded loss function R∗(x) is shown in
Table 7, and the various key values of R∗(x) are shown in
Table 8.

Case 5. αc � 0.99 and αr � 0.95.
In this case, ac � 4317.5, ar � 2708.1, TVaRαc(X) �

5317.5, and TVaRαr
(X) � 3708.1. )e optimal ceded loss

function R∗(x) is shown in Table 9, and the various key
values of R∗(x) are shown in Table 10.

Case 6. αc � αr � 0.95.
In this case, ac � ar � 2708.1 and TVaRαc

(X) �

TVaRαr
(X) � 3708.1. )e optimal ceded loss function

R∗(x) is shown in Table 11, and the various key values of
R∗(x) are shown in Table 12.

It is worth mentioning that the distribution in Example 2
is not applicable in [19], and it violates the meaning of the
ceded loss function. In addition, note that the parameter β
and the confidence levels of TVaRs have significant influ-
ences on the Pareto-optimal contracts. If β is small, the
weight of the reinsurer is larger than the insurer, and then

Table 1: R∗(x) with αc < αr under exponential distribution.

β ∈ [0, 0.5) R∗(x) � x∧405.5

β � 0.5 R∗(x) is unspecified, 223.1≤x≤ 2995.7
R∗(x) � u1, x> 2995.7,∀u1 ∈ [223.1, 2995.7]

β ∈ (0.5, 0.8419) R∗(x) � ((x − 405.5)+∧(VaRs(β)(X) − 405.5)),∀VaRs(β)(X) ∈ (2995.7, 4605.2)

β � 0.8419 R∗(x) � (x − 405.5)+, 223.1≤x≤ 4605.2, R∗(x) is unspecified, x> 4605.2
β ∈ (0.8419, 1] R∗(x) � (x − 405.5)+

Table 2: Various key values of R∗(x) with αc < αr under exponential distribution.

TVaRαc
(MR∗ ) TVaRαr

(NR∗ ) E(π(R∗))

β ∈ [0, 0.5) 4058 − 62.3 467.8
β ∈ (0.5, 0.8419) (2330.5↓1590.5) (1665.2↑33214.7) (925↑985)

β ∈ (0.8419, 1] 1405.5 4199.7 1000

Table 3: R∗(x) with αc > αr under exponential distribution.

β ∈ [0, 0.1581) R∗(x) � x∧405.5
β � 0.1581 R∗(x) � x∧405.5, 223.1≤x≤ 4605.2, R∗(x) is unspecified, x> 4605.2
β ∈ (0.1581, 0.5) R∗(x) � x∧405.5 + (x − VaRt(β)(X))+, ∀VaRt(β)(X) ∈ (2995.7, 4605.2)

β � 0.5 R∗(x) is unspecified, 223.1≤x≤ 4605.2
R∗(x) � x − 2995.7 + u2, x> 4605.2,∀u2 ∈ [223.1, 2995.7]

β ∈ (0.5, 1] R∗(x) � (x − 405.5)+

Table 4: Various key values of R∗(x) with αc > αr under exponential distribution.

TVaRαc
(MR∗ ) TVaRαr

(NR∗ ) E((π(R∗))

β ∈ [0, 0.1581) 5667.5 − 62.3 467.8
β ∈ (0.1581, 0.5) (4682.5↓3133) (122.7↑862.7) (482.8↑542.8)

β ∈ (0.5, 1] 1405.5 2590.2 1000

Table 6: Various key values of R∗(x) with αc � αr under expo-
nential distribution.

TVaRαc
(MR∗ ) TVaRαr

(NR∗ ) E(π(R∗))

β ∈ [0, 0.5) 4058 − 62.3 467.8
β � 0.5 (4058↓1405.5) (− 62.3↑2590.2) (467.8↑1000)

β ∈ (0.5, 1] 1405.5 2590.2 1000

Table 5: R∗(x) with αc � αr under exponential distribution.

β ∈ [0, 0.5) R∗(x) � x∧405.5
β � 0.5 R∗(x) is unspecified
β ∈ (0.5, 1] R∗(x) � (x − 405.5)+
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the reinsurer bears less losses. Conversely, if β is large, the
weight of the insurer is larger than the reinsurer, and then
the reinsurer bears more losses. If αc < αr, which means that
the TVaR standard of the reinsurer is higher than the in-
surer, then the reinsurer bears less losses. If αc > αr, which
means that the TVaR standard of the insurer is higher than
the reinsurer, then the reinsurer bears more losses.

5. Conclusion

In this paper, based on the TVaR measure, we show that the
Pareto-optimal reinsurance policies must exist for the in-
surer and the reinsurer under a class of premium principle,

such as the net principle, expected value premium principle,
TVaR principle, and generalized percentile. Using a two-
stage optimisation procedure, we derive explicitly the Par-
eto-optimal reinsurance policies under the TVaR principle.
Since the expected value premium principle can be viewed as
a special case of the TVaR principle, then letting α � 0 in the
TVaR principle gives Pareto-optimal reinsurance policies for
the expected value premium principle. We extend the results
in [19]. Compared with the method used in [19], using the
two-stage optimisation method to derive the Pareto-optimal
strategy is simpler and more intuitive. Furthermore, by
comparing the results in [19] with ours, Cai et al. [19] de-
rived the optimal ceded loss functions without considering
the relationship between SX(0) and 1, while we discuss the
relationship between SX(0) and 1 and derive different op-
timal ceded functions from theirs in the case SX(0)< 1.

We also wish to point out that further research on this
topic is needed. First, the risk measure TVaR can be gen-
eralized to coherent risk measures. Although some papers
have been devoted to deriving optimal reinsurance under
coherent risk measures, the optimal reinsurance study still
lacks of available analyze tools. Since nonlinear expectation
is an essential feature of coherent risk measures, maybe we
can draw support from nonlinear expectation; research
literatures in this regard are [27–31], etc. Second, we can
analyze risk with the strategies of dividend and reinsurance.
For more references on the dividend, refer to [32–34], etc.
)ird, in most of the optimal reinsurance problems, it is
assumed that the distributions of the insurer’s risks are
known. However, in practice, only incomplete information
on the distributions is available. How to obtain optimal
reinsurance contracts with incomplete information is also an
interesting topic. An attempt to such a problem is to use the

Table 8: Various key values of R∗(x) with αc < αr.

TVaRαc
(MR∗ ) TVaRαr

(NR∗ ) E(π(R∗))

β ∈ [0, 0.5) 3708.1 0 0
β ∈ (0.5, 0.84) (1840↓1088) (1868.1↑3429.5) (840↑888)

β ∈ (0.84, 1] 900 4417.5 900

Table 7: R∗(x) with αc < αr.

β ∈ [0, 0.5) R∗(x) � 0

β � 0.5 R∗(x) is unspecified, x≤ 2708.1
R∗(x) � u3, x> 2708.1,∀u3 ∈ [0, 2708.1]

β ∈ (0.5, 0.84) R∗(x) � min x,VaRs0(β)(X) , ∀VaRs0(β)(X) ∈ (2708.1, 4317.5)

β � 0.84 R∗(x) � x, x≤ 4317.5, R∗(x) is unspecified, x> 4317.5
β ∈ (0.84, 1] R∗(x) � x

Table 9: R∗(x) with αc > αr.

β ∈ [0, 0.1599) R∗(x) � 0

β � 0.1599 R∗(x) � 0, x≤ 4317.5
R∗(x) is unspecified, x> 4317.5

β ∈ (0.1599, 0.5) R∗(x) � (x − VaRt0(β)(X))+, ∀VaRt0(β)(X) ∈ (2708.1, 4317.5)

β � 0.5 R∗(x) is unspecified, x≤ 2708.1
R∗(x) � x − 2708.1 + u4, x> 2708.1, ∀u4 ∈ [0, 2708.1]

β ∈ (0.5, 1] R∗(x) � x

Table 10: Various key values of R∗(x) with αc > αr.

TVaRαc
(MR∗ ) TVaRαr

(NR∗ ) E(π(R∗))

β ∈ [0, 0.1599) 5317.5 0 0
β ∈ (0.1599, 0.5) (4329.5↓2768.1) (188↑940) (12↑60)

β ∈ (0.5, 1] 900 2808.1 900

Table 11: R∗(x) with αc � αr.
β ∈ [0, 0.5) R∗(x) � 0
β � 0.5 R∗(x) is unspecified
β ∈ (0.5, 1] R∗(x) � x

Table 12: Various key values of R∗(x) with αc � αr.

TVaRαc
(MR∗ ) TVaRαr

(NR∗ ) E(π(R∗))

β ∈ [0, 0.5) 3708.1 0 0
β � 0.5 (3708.1↓900) (0↑2808.1) (0↑900)

β ∈ (0.5, 1] 900 2808.1 900
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statistical methods. For more references on statistical
methods, see, e.g., [35–37]. We hope that these important
open problems can be addressed in the future research. We
also believe that this article will foster further research in this
direction.

Appendix

)e proof of )eorem 1.
By (3), the equivalent form of (13) is

min
R∈F

(2β − 1)(1 + θ)

1 − α

αc

α
R VaRs(X)( ds + m 

αr

αc
R VaRs(X)( ds + m +

1 − β
1 − αr

  
1

αr

R VaRs(X)( ds. (A.1)

(1) If 0≤ β< 1/2 and (β − 1/1 − αr)<m, by Lemma 1, we
get that (A.1) is solved by

R
∗

X; ξ, ξc, ξr(  �

(X − a + ξ)∧ξc, a≤X≤ ac,

X − ac + ξc( ∧ξr, ac <X≤ ar,

ξr, X> ar,

⎧⎪⎪⎨

⎪⎪⎩

(A.2)

where (ξ, ξc, ξr) ∈ D1 and D1 � (ξ, ξc, ξr):

0≤ ξ ≤ a; 0≤ ξc ≤ ac; 0≤ ξr ≤ ar; 0≤ ξr − ξc ≤ ar − ac;

0≤ ξc − ξ ≤ ac − a; 0≤ ξr − ξ ≤ ar − a}. )us,

TVaRα R
∗

X; ξ, ξc, ξr( (  � ξ +
1

1 − α


a− ξ+ξc

a
SX(x)dx +

1
1 − α


ac− ξc+ξr

ac

SX(x)dx,

TVaRαc
R
∗

X; ξ, ξc, ξr( ((  � ξc +
1

1 − αc


ac − ξc+ξr

ac

SX(x)dx,

TVaRαr
R
∗

X; ξ, ξc, ξr( (  � ξr.

(A.3)

Define H(R∗) � H1(ξ, ξc, ξr) in this case; then the
second-stage optimisation problem is reduced to min-
imize H1. Note that (zH1/ zξr) � 1 − β+

[((2β − 1)(1 + θ)/1 − α) − (β/1 − αc)]SX(ac − ξc + ξr),
and it is increasing in ξr on [ξc, ar − ac + ξc] since m< 0.

① When (1 + θ)(1 − αc)> 1 − α, we have
(zH1/zξr)|ξr�ξc

< 0. Since m + (1 − β/1 − αr)> 0,
then we obtain (zH1/zξr)|ξr�ar − ac+ξc

> 0. So, H1 at-
tains its minimum value at ξ ∗r � VaRs(β)(X)−

ac + ξc. Note that

H1 ξ, ξc, ξ
∗
r(  � − βξc −

β
1 − αc


VaRs(β)(X)

ac

SX(x)dx +(1 − β) VaRs(β)(X) − ac + ξc 

+(2β − 1)(1 + θ) ξ +
1

1 − α


a− ξ+ξc

a
SX(x)dx + 

VaRs(β)(X)

ac

SX(x)dx  ,

(A.4)

and (zH1/zξc) � (2β − 1)[(1 + θ/1− α)SX(a − ξ+

ξc) − 1], so (zH1/zξc) is increasing in ξc on
[ξ, ac − a + ξ]. Since(zH1/zξc)|ξc�ac − a+ξ < 0, then H1
attains its minimum value at ξ ∗c � ac − a + ξ. Fur-
thermore, (zH1/zξ) � (2β − 1)θ< 0 always holds,

and so H1 attains its minimum value at ξ∗ � a. In
conclusion, R∗(x) � x∧VaRs(β)(X).

② When (1 + θ)(1 − αc)≤ 1 − α, we have
(zH1/zξr)|ξr�ξc

≥ 0, so H1 attains its minimum value
at ξ ∗r � ξc. Note that H1(ξ, ξc, ξ

∗
r ) � (1−
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2β)ξc + (2β − 1)(1 + θ)(ξ + 1/1 − α
a− ξ+ξc

a
SX(x)dx)

and (zH1/zξc) � (2β − 1)[(1 + θ/1− α)SX(a − ξ+

ξc) − 1]; then (zH1/zξc) is increasing in ξc on [ξ, ac −

a + ξ] since (zH1/zξc)|ξc�ξ < 0 and (zH1/
zξc)|ξc�ac− a+ξ ≥ 0.
When (zH1/zξc)|ξc�ac − a+ξ � 0, then H1 attains its
minimum value at ξ ∗c � ac − a + ξ and ξ∗ � a.
)erefore, R∗(x) � x∧ac.
When (zH1/zξc)|ξc�ac − a+ξ > 0, H1 attains its mini-
mum value at ξ ∗c � VaR(θ+α/1+θ)(X) − a + ξ and
ξ∗ � a. )erefore, R∗(x) � x∧VaR(θ+α/1+θ)(X).
Note that VaR(θ+α/1+θ)(X) � ac if (zH1/
zξc)|ξc�ac− a+ξ � 0. )erefore, R∗(x) � x∧
VaR(θ+α/1+θ)(X) when (1 + θ)(1 − αc)≤ 1 − α.

(2) If 0≤ β< 1/2 and m< (β − 1/1 − αr), by Lemma 1, we
get that (A.1) is solved by

R
∗

X; ξ, ξc, ξr(  �

(X − a + ξ)∧ξc, a≤X≤ ac,

X − ac + ξc( ∧ξr, ac <X≤ ar,

X − ar + ξr, X> ar,

⎧⎪⎪⎨

⎪⎪⎩

(A.5)

where (ξ, ξc, ξr) ∈ D1. )erefore,

TVaRα R
∗

X; ξ, ξc, ξr( (  � ξ +
1

1 − α


a− ξ+ξc

a
SX(x)dx +

1
1 − α


ac − ξc+ξr

ac

SX(x)dx +
1

1 − α


XF

ar

SX(x)dx,

TVaRαc
R
∗

X; ξ, ξc, ξr( (  � ξc +
1

1 − αc


ac − ξc+ξr

ac

SX(x)dx +
1

1 − αc


XF

ar

SX(x)dx,

TVaRαr
R
∗

X; ξ, ξc, ξr( (  � ξr +
1

1 − αr


XF

ar

SX(x)dx.

(A.6)

)en,

H R
∗

(  ≔ H2 ξ, ξc, ξr( 

� − βξc +(1 − β)ξr +(2β − 1)(1 + θ)ξ + m 
ac− ξc+ξr

ac

SX(x)dx

+
(2β − 1)(1 + θ)

1 − α


a− ξ+ξc

a
SX(x)dx + m +

1 − β
1 − αr

  
XF

ar

SX(x)dx,

(A.7)

and H2 attains its minimum value at (ξ∗, ξ ∗c , ξ ∗r ) �

(a, ac, ar) in this case. )erefore, R∗(x) � x.
(3) If 0≤ β< 1/2 and m � (β − 1/1 − αr), by Lemma 1,

we get that (A.1) is solved by

R
∗

X; ξ, ξc, ξr(  �

(X − a + ξ)∧ξc, a≤X≤ ac,

X − ac + ξc( ∧ξr, ac <X≤ ar,

R(x), X> ar,

⎧⎪⎪⎨

⎪⎪⎩

(A.8)
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where R(x) is an increasing 1-Lipschitz continuous
function. )erefore,

TVaRα R
∗

X; ξ, ξc, ξr( (  � ξ +
1

1 − α


XF

a
P R
∗

X; ξ, ξc, ξr( > x( dx,

TVaRαc
R
∗

X; ξ, ξc, ξr( (  � ξc +
1

1 − αc


XF

ac

P R
∗

X; ξ, ξc, ξr( >x( dx,

TVaRαr
R
∗

X; ξ, ξc, ξr( (  � ξr +
1

1 − αr


XF

ar

P R
∗

X; ξ, ξc, ξr( > x( dx.

(A.9)

In this case,

H R
∗

(  ≔ H3 ξ, ξc, ξr( 

� − βξc +(1 − β)ξr +(2β − 1)(1 + θ)ξ + m 
ac − ξc+ξr

ac

SX(x)dx +
(2β − 1)(1 + θ)

1 − α


a− ξ+ξc

a
SX(x)dx,

(A.10)

and H3 attains its minimum value at (ξ∗, ξ ∗c , ξ ∗r ) �

(a, ac, ar). )erefore, R∗(x) � xI a≤x≤ar{ } + R(x)

I x>ar{ }.
(4) If β � 1/2, by Lemma 1, we get that (A.1) is solved by

R
∗

X; ξ, ξc, ξr(  �

R(x), a≤X≤ ac,

X − ac + ξc( ∧ξr, ac <X≤ ar,

ξr, X> ar.

⎧⎪⎪⎨

⎪⎪⎩

(A.11)

)en,

TVaRα R
∗

X; ξ, ξc, ξr( (  � ξ +
1

1 − α


XF

a
P R
∗

X; ξ, ξc, ξr( >x( dx,

TVaRαc
R
∗

X; ξ, ξc, ξr( (  � ξc +
1

1 − αc


ac− ξc+ξr

ac

SX(x)dx,

TVaRαr
R
∗

X; ξ, ξc, ξr( (  � ξr,

H R
∗

(  ≔ H4 ξ, ξc, ξr( 

�
1
2
ξc +

1
2
ξr +

1
2 1 − αc( 


ac− ξc+ξr

ac

SX(x)dx.

(A.12)

It is easy to see that H4 attains its minimum value at
(ξ∗, ξ ∗c , ξ ∗r ) � (ξ, u1, u1), where u1 ∈ [a, ac]. )ere-
fore, R∗(x) � R(x)I a≤x≤ac{ } + u1I x>ac{ }.

(5) If 1/2< β≤ 1 and m> 0, the coefficients of the three
integrals in (A.1) are all positive, obviously R∗(x) � 0.

(6) If 1/2< β< 1 and (β − 1/1 − αr)<m< 0, by Lemma 1,
we get that (A.1) is solved by
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R
∗

X; ξ, ξc, ξr(  �

ξ + X − ac + ξc − ξ( +, a≤X≤ ac,

X − ac + ξc( ∧ξr, ac <X≤ ar,

ξr, X> ar.

⎧⎪⎪⎨

⎪⎪⎩

(A.13)

)en,

H R
∗

(  ≔ H5 ξ, ξc, ξr( 

� − βξc +(1 − β)ξr −
β

1 − αc


ac− ξc+ξr

ac

SX(x)dx +(2β − 1)(1 + θ) ξ +
1

1 − α


ac − ξc+ξr

ac − ξc+ξ
SX(x)dx .

(A.14)

Note that (zH5/zξr) � 1 − β + [((2β − 1)(1 + θ)/1 −

α) − (β/1 − αc)]SX(ac − ξc + ξr) is increasing in ξr on
[ξc, ar − ac + ξc].

① When (1 + θ)(1 − αc)≥ 1 − α, H5 attains its
minimum value at (ξ∗, ξ ∗c , ξ ∗r ) � (0, 0, 0).
)erefore, R∗(x) � 0.

② When (1 + θ)(1 − αc)< 1 − α, H5 attains its
minimum value at (ξ∗, ξ ∗c , ξ ∗r ) � (0, ac−

VaR(θ+α/1+θ) (X), VaRS(β)(X)− VaR(θ+α/1+θ)(X)).
)erefore, R∗(x) � (x − VaR(θ+α/1+θ)(X))+

∧(VaRS(β)(X) − VaR (θ+α/1+θ)(X)).

(7) If 1/2< β≤ 1 and m< (β − 1/1 − αr), then (A.1) is
solved by

R
∗

X; ξ, ξc, ξr(  �

ξ + X − ac + ξc − ξ( +, a≤X≤ ac,

X − ac + ξc( ∧ξr, ac <X≤ ar,

x − ar + ξr, X> ar.

⎧⎪⎪⎨

⎪⎪⎩

(A.15)

Note that

H R
∗

(  ≔ H6 ξ, ξc, ξr( 

� − βξc −
β

1 − αc


ac − ξc+ξr

ac

SX(x)dx +(1 − β)ξr +(2β − 1)(1 + θ)ξ +
(2β − 1)(1 + θ)

1 − α


ac− ξc+ξr

ac− ξc+ξ
SX(x)dx

+(m + 1 − β) 
XF

ar

SX(x)dx,

(A.16)

then H6 attains its minimum value at (ξ∗, ξ ∗c , ξ ∗r ) �

(0, ac − VaR(θ+α/1+θ)(X), ar − VaR(θ+α/1+θ)(X)).
)erefore, R∗(x) � (x − VaR(θ+α/1+θ)(X))+.

(8) If 1/2< β< 1 and m � (β − 1/1 − αr), then (A.1) is
solved by

R
∗

X; ξ, ξc, ξr(  �

ξ + X − ac + ξc − ξ( +, a≤X≤ ac,

X − ac + ξc( ∧ξr, ac <X≤ ar,

R(x), X> ar.

⎧⎪⎪⎨

⎪⎪⎩

(A.17)

We obtain R∗(x) � (x − VaR(θ+α/1+θ)(X))+

I x≤ar{ } + R(x)I x>ar{ }.
(9) If 1/2< β< 1 and m � 0, then (A.1) is solved by

R
∗

X; ξ, ξc, ξr(  �

ξ + X − ac + ξc − ξ( +, a≤X≤ ac,

R(x), ac <X≤ ar,

ξr, X> ar.

⎧⎪⎪⎨

⎪⎪⎩

(A.18)

It is easy to get ξ ∗r � ξ ∗c � ξ∗ � 0, so R∗(x) � 0.
(10) If β � 1 and m � 0, then (A.1) is solved by

R
∗

X; ξ, ξc, ξr(  �

ξ + X − ac + ξc − ξ( +, a≤X≤ ac,

R(x), ac <X≤ ar,

R(x), X> ar.

⎧⎪⎪⎨

⎪⎪⎩

(A.19)
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Obviously, R∗(X; ξ, ξc, ξr) is independent of ξr, and it is
easy to get ξ ∗c � ξ∗ � 0, so R∗(x) � R(x)I x>ac{ }, where
R(x) is an increasing 1-Lipschitz continuous function
such that R∗(x) ∈F.

)e proof of )eorem 2.
By (3), the equivalent form of (13) is

min
R∈F

(2β − 1)(1 + θ)

1 − α

αr

α
R VaRs(X)( ds

+ n 
αc

αr

R VaRs(X)( ds + n −
β

1 − αc

  
1

αc

R VaRs(X)( ds

(A.20)

Using the same method as the proof of )eorem 1, we
can obtain the desired results, so we omit the proof. It is
worth noting that (ξ, ξc, ξr) ∈ D2 and D2 � (ξ, ξc, ξr):

0≤ ξ ≤ a; 0≤ ξc ≤ ac; 0≤ ξr ≤ ar; 0≤ ξc − ξr ≤ ac − ar; 0≤ ξc−

ξ ≤ ac − a; 0≤ ξr − ξ ≤ ar − a}.
)e proof of )eorem 3.
By (3), the equivalent form of (13) is

min
R∈F

(2β − 1)(1 + θ)

1 − α

αc

α
R VaRs(X)( ds

+ (2β − 1)
1 + θ
1 − α

−
1

1 − αc

   
1

αc

R VaRs(X)( ds.

(A.21)

Note that (ξ, ξc) ∈ D3 and D3 � (ξ, ξc): 0≤ ξ ≤

a; 0≤ ξc ≤ ac; 0≤ ξc − ξ ≤ ac − a}. )en, the same technique
as used in the proof of )eorem 1 yields the results.
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