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We analyze a queueing-inventory systemwhich canmodel airline and railway reservation systems. An arriving customer to an idle
server joins for service immediately with exactly one item from inventory at the moment of service completion if there are some
on-hand inventory, or else he accesses to a buffer of varying size (the buffer capacity varies and equals to the number of the items in
the inventory with maximum size S). When the buffer overflows, the customer joins an orbit of infinite capacity with probability p

or is lost forever with probability 1 − p. Arrivals form a Poisson process, and service time has phase type distribution. -e time
between any two successive retrials of the orbiting customer is exponentially distributed with parameter depending on the number
of customers in the orbit. In addition, the items have a common life time with exponentially distributed. Cancellation of orders is
possible before their expiry and intercancellation times are assumed to be exponentially distributed. -e stability condition and
steady-state probability vector have been studied by Neuts–Rao truncation method using the theory of Level Dependent Quasi-
Birth-Death (LDQBD) processes. Several stationary performance measures are also computed. Furthermore, we provide nu-
merical illustration of the system performance with variation in values of underlying parameters and analyze an
optimization problem.

1. Introduction

In real life, people often purchase products for future use or
cancel the purchased products due to some reasons. A
typical case is that customers reserve flight/train/bus seats, in
which the seats are regarded as inventory. When the fight/
train/bus departs, the inventory will be invalidated imme-
diately, namely, the inventory products have common life
time. In addition, some customers choose to cancel their
order because of schedule changes, resulting in the increase
of the inventory. -erefore, managers need to consider the
above factors and formulate corresponding management
policies to achieve the maximum economic benefits.

-ere is a growing research interest in various queueing
systems with an attached inventory under different inven-
torymanagement policies and lost sales. Here, we take a brief
look at works carried out so far in some related context. A
significant contribution for the development of queueing-
inventory system is [1], where stationary distribution of joint

queue length and inventory process was derived in explicit
product form for various M/M/1-system with inventory
under different inventory management policies. Schwarz
and Daduna [2] investigated an M/M/1/∞-system with
inventory management, continuous review, exponentially
distributed lead times, and backordering. -ey computed
performance measures and derived optimality conditions
under different order policies. Zhao and Lian [3] considered
a queueing-inventory system with two classes of customers,
and found a priority service rule to minimize the long-run
expected waiting cost. Saffari et al. [4] researched an M/M/1
queueing system with inventory under (r, Q) policy and lost
sales, in which lead times are random variables. Krishna-
moorthy et al. [5] considered a single server supply chain
model with a (rQ, KQ) production inventory system.
Rejitha and Jose [6] considered a stochastic inventory model
with positive service time and retrial of customers. A detailed
review on queueing-inventory models with various cases can
be seen in [7].
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Retrial queueing system is widely used in many different
fields such as modern communication system and supply
chain management system. Artalejo [8] introduced the retry
strategy into the stochastic inventory system for the first time
and studied the numerical solution and optimal decision
problem. On this basis, Ushakumari [9] studied a queueing-
inventory system with retrial and random lead time and
obtained the optimal inventory ordering strategy (s, S).
However, the service time is often neglected in some re-
ported queueing-inventory systems. In order to describe the
actual situation, Berman et al. [10] considered positive
service time firstly and formulated a model where both the
demand and service rates are assumed to be constant and
deterministic. -ereafter, Berman and Kim [11] extended
the above model to the case where service time was a random
variable. A discrete product inventory control system with
positive service time was considered by Shajin et al. [12].
Krishnamoorthy et al. [13] made a detailed review of in-
ventory models with positive service time and suggested
possible directions for future research. Onemay refer this for
the development taken place in queueing-inventory with
retrial customers which contains some of the finest con-
tributions such as [14–18].

Concepts of reservation, cancellation, and common life
time was first introduced in the queueing-inventory system
by Krishnamoorthy et al. [19] with a constant retrial rate. In
their model, customers arrive according to a Poisson process
and service time follows an exponentially distributed.
Subsequently, they extended the above model to a GI/M/1
type queueing-inventory systems with postponed work [20].
A queueing-inventory system with impatient customers and
overbooking was analyzed by Shajin and Krishnamoorthy
[21], in which customers arrive according to the Markovian
arrival process and service time has phase type distribution.
Furthermore, Shajin et al. [22] considered a single serve
queueing-inventory system with facility for reservation in
advance for the next K time frames ahead. For more works
on queueing-inventory models with reservation, cancella-
tion, and common life time, we refer the reader to [23].

-e aim of our research is to present stationary distri-
bution and optimal inventory policies for service system
with an attached inventory under reservation, cancellation
of orders, common life time, and retrial. We analyze a single
server queueing system of M/PH/1-type with an attached
inventory. Customers arrive according to a Poisson Process,
and service time of each customer follows a PH distribution.
-e retrial times for any repeated customer are exponentially
distributed. By rationing and canceling purchases, the in-
ventory is replenished. In addition, we assume the items in
the inventory have a common life time. Based on the above
integrated model, we construct a multidimensional con-
tinuous time Markov chain, which is a Level Dependent
Quasi-Birth-Death process (LDQBD). Note that the re-
plenishment policies include rationing and cancellation of
purchases, and common life time of all items is considered in
our model, which is quite different from [6]. We provide the
stationary probabilities and stationary condition using the
theory of LDQBD. Several performance measures are cal-
culated and their sensitivity to system parameters is

analyzed. According to the calculation results, an optimi-
zation problem is discussed. By comprehensively analyzing
the influence of various factors on the profit, it is illustrated
that the change trend of the profit on the system parameters
is in line with the actual situation, which provides an ef-
fective and scientific basis for the inventory manager.

2. Model Description

We consider an M/PH/1 retrial queueing-inventory system
with reservation, cancellation of orders, common life time,
and retrial. -e customers arrive according to a Poisson
process with rate λ. -e service time for each customer
follows a PH distribution with representation (τ,T) of order
m. It has the distribution function B(x) � 1 − τeTx1, and the
mean rate of service μ � [− τT− 11]− 1, where 1 is the column
vector of 1’s with appropriate order. -ere are S items in the
inventory at the beginning of a cycle. -ey have a common
life time, which is exponentially distributed with parameter
c. If an arriving customer finds the server idle and there is at
least one item in the inventory, the customer starts service
immediately. At the moment of service completion, the
customer takes exactly one item from the inventory away,
and hence the on-hand inventory decreases by one. Oth-
erwise, if an arriving customer finds the server busy, he joins
a buffer of varying size depending on the number of items in
the inventory (the buffer capacity varies and equals to the
number of items in the inventory). If the buffer has reached
the maximum capacity(that is, the number of customers in
the buffer equals to the number of items in inventory), then
an arriving customer either joins an orbit of infinite capacity
with probability p to seek the service again and again or
leaves the system forever with complementary probability
1 − p. Inter-retrial times are exponentially distributed with
rate nα, when there are n customers in the orbit. In addition,
all customers in the buffer are assumed to leave the system
when the common life time of the items is realized, and the
customers in orbit do not leave the system on the contrary
(that is, they are willing to wait for service in the next cycle).
-us, we define a cycle as the time duration from the epoch
at which we start with S items at a replenishment epoch, to
the moment when the common life time is realized.

Two types of inventory replenishment policies are
considered. One is the instantaneous replenishment (zero
lead time) that the inventory reaches its maximum level S on
realization of common life time for the next cycle. -e other
is cancellation of orders (that is, returning of a sold item)
before their expiry. It occurs according to an exponentially
distributed interoccurrence time with parameter iβ when
(S − i) items in the inventory. By cancellation of purchases,
inventory is increased until their expiry time. Note that
inventory level will not go above S by cancellation since the
maximum possible number “in sold list” is i when (S − i)

items are held in the inventory. Cancellation time is assumed
to be negligible. Customers are served in FCFS discipline.
-e above processes are independent of each other. We start
with the case of customers being flushed out from the finite
buffer on realization of common life time. -e graphical
description of the proposed model is shown in Figure 1.
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-roughout this paper, we use the following notation:

No(t) � number of customers in the orbit at time t

Nb(t) � number of customers in the buffer at time t

NI(t) � number of items in the inventory at time t

J(t)�
0 if serverisidleattimet

j if serverisbusyattimetandtheservicephaseisj

I � identity matrix of appropriate size
0 � zero matrix of appropriate size
K � S(S + 3)/2m + S + 1
K1 � (S − 1)(S + 2)/2m + S

Ki � 1 + (i + 1)m, i � 0, . . . , S

-e process (No(t), NI(t), Nb(t), J(t)), t≥ 0  is a
continuous timeMarkov chain (CTMC), which is a LDQBD,
with state space:

Ω � (n, i, 0, 0); n≥ 0; 0≤ i≤ S{ }

∪ n, i, nb, j( ; n≥ 0; 1≤ i≤ S, 0≤ nb ≤ i; 1≤ j≤m; 

∪ (n, S, 0); n≥ 0{ }.

(1)

-e subset of the state space (n, S, 0); n≥ 0{ } consists of
such states that the common life time is realized and the
inventory level reaches its maximum S in way of fresh re-
plenishment with no customer in the buffer.

We enumerate the states of the above CTMC in lexi-
cographic order. -us, the infinitesimal generator matrix Q
of this CTMC has the following structure:

Q �

B0 A0

C1 B1 A1

C2 B2 A2

⋱ ⋱ ⋱

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (2)

-ematrices An(n≥ 0), Bn, Cn(n≥ 1), and B0 are square
matrices of order K + 1:

An �
An 0

0 0
⎛⎝ ⎞⎠,

Bn �
Bn γ
λτ − (nα + λ)

⎛⎝ ⎞⎠,

Cn �
Cn 0
nατ 0

⎛⎝ ⎞⎠,

B0 �
B0 γ
λτ − λ

⎛⎝ ⎞⎠,

(3)

where nατ � (0, . . . , 0, nττ1, . . . , nατm, 0, . . . , 0) and
λτ � (0, . . . , 0, λτ1, . . . , λτm, 0, . . . , 0) of dimension K with
nατj and λτj(1≤ j≤m), respectively, at the (K1 + 1 + j)th

position and γ � c1. For 0≤ nb ≤ i, denote the ordered sets:

〈nb〉 � nb, 1( , nb, 2( , . . . , nb, m(  . (4)

-en, the matrices An and Cn are square matrices of
order K which are defined by

An � diag pλ, a1, . . . , aS( ,

Cn � diag 0, c1, . . . , cS( ,
(5)

where

ai �

(0, 0)

〈0〉

⋮

〈i − 1〉

〈i〉

(0, 0) 〈0〉 · · · 〈i − 1〉 〈i〉

0

0

⋱

0

pλI

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Ki×Ki

,

ci �

(0, 0)

〈0〉

⋮

〈i − 1〉

〈i〉

(0, 0) 〈0〉 〈1〉 · · · 〈i〉

nατ

nαI

⋱

nαI

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Ki×Ki

.

(6)

-e matrices B0 and Bn of size K × K are represented by

B0 �

b00,0 b0,1

b1,0 b01,1 b1,2

⋱ ⋱ ⋱

bS− 1,S− 2 b0S− 1,S− 1 bS− 1,S

bS,S− 1 b0S,S

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

Bn �

b0,0 b0,1

b1,0 b1,1 b1,2

⋱ ⋱ ⋱

bS− 1,S− 2 bS− 1,S− 1 bS− 1,S

bS,S− 1 bS,S

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(7)

where

Server

Queue length

Arrival of
customers

Instantaneous
replenishment

Served customer
with inventory 

Cancellation

Common
Life time

S
Retrial customers

Orbit In
ve

nt
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y 
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ve
l

Figure 1: M/PH/1 queueing-inventory system with cancellation,
common life time, and retrial.
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bi,i+1 �

(0, 0)

〈0〉

⋮

⋮

〈i〉

(0, 0) 〈0〉 · · · · · · 〈i〉

(S − i)β

(S − i)βI

⋱

⋱

(S − i)βI

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Ki×Ki

,

bi,i− 1 �

(0, 0)

〈0〉

〈1〉

⋮

〈i〉

(0, 0) 〈0〉 · · · 〈i − 1〉 〈i〉

T0

T0τ

⋱

T0τ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Ki×Ki

,

b0i,i �

(0, 0)

〈0〉

⋮

〈i − 1〉

〈i〉

(0, 0) 〈0〉 〈1〉 · · · 〈i〉

b00i λτ

b01i λI

⋱ ⋱

⋱ λI

b0ii

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Ki×Ki

,

bi,i �

(0, 0)

〈0〉

⋮

〈i − 1〉

〈i〉

(0, 0) 〈0〉 〈1〉 · · · 〈i〉

b0i λτ

b1i λI

⋱ ⋱

⋱ λI

bii

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Ki×Ki

,

b
0
00 � b00 � − (pλ + c + Sβ),

b
0
0i � − (λ + c +(S − i)β),T0

� − T1,

b0ki � T − (λ + c +(S − i)β)I, (1≤ k≤ i − 1),

b0ii � bii � T − (pλ + c +(S − i)β)I,

b0i � − (nα + λ + c +(S − i)β),

bki � T − (nα + λ + c +(S − i)β)I, (1≤ k≤ i − 1).

(8)

3. Steady-State Analysis

In this section, we study the stability condition of the
queueing-inventory system and calculate the steady-
state probability vector using the theory of LDQBD
processes.

Denote the steady-state probabilities of the continuous
time Markov chain as

P n, i, nb, j(  � lim
t⟶∞

P No(t) � n, NI(t) � i,

Nb(t) � nb, J(t) � j.
(9)

Let π denote the steady-state probability vector of the
generator Q. When the system is stable, we have

πQ � 0, π1 � 1. (10)

Partitioning π as π � (π0, π1, π2, . . .), where each of the
subvectors is denoted by

πn � πn(S, 0) 

∪ πn(i, 0, 0); 0≤ i≤ S 

∪πn i, nb, j( ; i, nb, j; 1≤ i≤ S; 0≤ nb ≤ i; 1≤ j≤m .

(11)

Due to the multiple phases, it is hard to express π in the
closed form (e.g., generating function) even though Q is
highly structured. In the following, we will adopt the
Neuts–Rao truncation method using the theory of LDQBD
processes to solve the system of equations given in (1). For
more details about this theory, interested readers are re-
ferred to the book [24].

3.1. Stability Condition. Using the Neuts–Rao truncation
method, we identify a positive integer N suitably, such that
defining A � An, B � Bn, and C � Cn for n≥N, we have the
following generator:

Q′ �

B0 A0

C1 B1 A1

C2 B2 A2

⋱ ⋱ ⋱

CN− 1 BN− 1 AN− 1

C B A

⋱ ⋱ ⋱

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (12)

Let π′ be the steady probability vector ofH � A + B + C:
pλ + b0,0 b0,1 c1

b1,0 d1 b1,2 c1

b2,1 d2 b2,3 c1

⋱ ⋱ ⋱

bS− 1,S− 2 dS− 1 bS− 1,S c1

bS,S− 1 dS c1

bS+1 + cS+1 − (nα + λ)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(13)

where di � ai + ci + bi,i, 1≤ i≤ S, bS+1 � (0, λτ, 0, . . .),
cS+1 � (0, nατ, 0, . . .), and a0 � pλ.

-en,

π′H � 0, π′1 � 1. (14)

-e components of π′ are obtained as

πi
′ � πi+1′Φi

′, for 0≤ i≤ S, (15)

where
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Φi
′ �

− b1,0 pλ + b0,0 
− 1

, for i � 0,

− bi+1,i Φi− 1′bi− 1,i + di 
− 1

, for 1≤ i≤ S − 1,

− bS+1 + cS+1(  ΦS− 1′bS− 1,S + dS 
− 1

, for i � S.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(16)

From the equation,

π0′ + π1′ + · · · + πS
′( c1 + πS+1′(− (nα + λ)) � 0, (17)

and the normalizing condition π′1 � 1, we have

πS+1′ �
c

nα + λ + c
. (18)

-e stability condition of the queueing-inventory system
under study is given by the following theorem.

Theorem 1. $e queueing-inventory system under study is
stable if and only if

πS+1′ 
S

k�0

S

i�k

Φi
′ai 1<πS+1′ 

S

k�1


S

i�k

Φi
′ci + ΦS
′cS+1

⎛⎝ ⎞⎠1. (19)

Proof. -e queueing-inventory system in the model with the
LIQB D type generator given in (2) is stable if and only if (see
[25])

π′A1< π′C1. (20)

From the elements of A and C, we have

π′A1 � 
S

i�0
πi
′ ai1, π′C1 � 

S+1

i�1
πi
′ ci1. (21)

Using (3) and (5), we acquire the stability condition
(4). □

3.2. Steady-State Probability Vector. Assuming that the
stability condition (4) is satisfied, we see that the steady-state
probability vectors πn, n≥N are given by [25]

πn+N− 1 � πN− 1R
n
, for n≥ 1, (22)

where R is the minimal nonnegative solution of the matrix
quadratic equation:

A + RB + R2C � 0, (23)

and the vectors πk, 0≤ k≤N − 1 are obtained by solving the
following equations:

π0B0 + π1C0 � 0,

π0A0 + π1B1 + π2C2 � 0,

πk− 1Ak− 1 + πkBk + πk+1Ck+1 � 0, 2≤ k≤N − 2,

πN− 2AN− 2 + πN− 1 BN− 1 + RC(  � 0.

(24)

-e normalizing condition is



N− 2

n�0
πk1 + πN− 1(I − R)

− 11 � 1, (25)

where

πk � π0 

k

i�1
Ψi, 1≤ k≤N − 1, (26)

with

Ψi �

− A0 B1 + Ψ2C2( 
− 1

, for i � 1,

− Ai− 1 Bi + Ψi+1Ci+1( 
− 1

, for 2≤ i≤N − 2,

− AN− 2 BN− 1 + RC( 
− 1

, for i � N − 1.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(27)

4. Performance Measures

In this section, we derive some stationary performancemeasures
and specific probabilities descriptions for the inventory system.

(1) Expected number of customers in the orbit:

EO � 
∞

n�1
n πn(S, 0) + 

S

i�0
πn(i, 0, 0) + 

S

i�1


i

nb�0


m

j�1
πn i, nb, j( ⎡⎢⎢⎣ ⎤⎥⎥⎦.

(28)

(2) Expected number of customers in the buffer:

EB � 
∞

n�0


S

i�1


i

nb�1


m

j�1
n1πn i, nb, j( . (29)

(3) Expected number of items in the inventory before
realization of common life time:

EI � 
∞

n�0


S

i�1
iπn(i, 0, 0) + 

S

i�1


i

nb�0


m

j�1
iπn i, nb, j( ⎡⎢⎢⎣ ⎤⎥⎥⎦. (30)

(4) Expected cancellation rate before realization of
common life time:

ECR � 
∞

n�0


S− 1

i�0
(S − i)βπn(i, 0, 0)⎡⎣

+ 
S− 1

i�1


i

nb�0


m

j�1
(S − i)βπn i, nb, j( ⎤⎥⎥⎦.

(31)

(5) Expected purchase rate before realization of com-
mon life time:

EPR � 
∞

n�0


S

i�1


i

nb�0


m

j�1
T
0
jπn i, nb, j( , (32)

where T0
j(1≤ j≤m) represents the transfer rate from

state j to absorbing state m + 1.
(6) Expected number of items in the inventory at the

moment on realization of common life time (that is
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the lost items in inventory when the next cycle
start–a typical case is flights/trains/buses departing
with one or more vacant seats):

ELI � 
S

i�1
i p

(i)
1 π0(i, 0, 0) + 

m

j�1
p

(i)
3 π0(i, i, j)⎡⎢⎢⎣

+ 
i− 1

nb�0


m

j�1
p

(i)
4 π0 i, nb, j( ⎤⎦

+ 
∞

n�1


S

i�1
i p

(i)
2 πn(i, 0, 0) + 

m

j�1
p

(i)
3 πn(i, i, j)⎡⎢⎢⎣

+ 

i− 1

nb�0


m

j�1
p

(i)
5 πn i, nb, j( ⎤⎦,

(33)

where

p
(i)
1 �

c

λ + c +(S − i)β
,

p
(i)
2 �

c

nα + λ + c +(S − i)β
,

p
(i)
3 �

c

pλ + c + T0
j + Tj· +(S − i)β

,

p
(i)
4 �

c

λ + c + T0
j + Tj· +(S − i)β

,

p
(i)
5 �

c

nα + λ + c + T0
j + Tj· +(S − i)β

.

(34)

Here, p
(i)
1 , for instance, represents the probability of

realization of common life time before an arriving or
a cancellation occurs when the system states are
(0, i, 0, 0); 1≤ i≤ S{ }.

(7) Probability that the inventory is full at the time of
realization of common life time (all seats remain
vacant at the time flight takes off):

PIF � p
(S)
1 π0(S, 0, 0) + 

m

j�1
p

(S)
3 π0(S, S, j) + 

S− 1

nb�0


m

j�1
p

(S)
4 π0 S, nb, j( 

+ 
∞

n�1
p

(S)
2 πn(S, 0, 0) + 

m

j�1
p

(S)
3 πn(S, S, j) + 

S− 1

nb�0


m

j�1
p

(S)
5 πn S, nb, j( ⎡⎢⎢⎣ ⎤⎥⎥⎦.

(35)

(8) Probability that the inventory is depleted at the time
of realization of common life time (all seats are sold
out at departure time):

PI D � p
(0)
1 π0(0, 0, 0) + 

∞

n�1
p

(0)
2 πn(0, 0, 0). (36)

(9) Expected number of purchases before realization of
common life time:

EIP �
1
c



∞

n�0


S

i�1


i

nb�0


m

j�1

T0
j

c + T0
j

πn i, nb, j( . (37)

(10) Expected number of cancellations before realization
of common life time:

EIC �
1
c



∞

n�0


S− 1

i�0

(S − i)β
c +(S − i)β

πn(i, 0, 0)

+
1
c



∞

n�0


S− 1

i�1


i

nb�0


m

j�1

(S − i)β
c +(S − i)β

πn i, nb, j( .

(38)

5. Numerical Examples

In this section, we present some numerical results that show
the system performance measures with variations in values
of underlying parameters.

We assume that the parameters satisfied the stability
condition (4) are set as the following:
S � 2, λ � 10, α � 4, c � 2, β � 6, andp � 0.5. -e PH type
distribution of service time with representation (τ,T) is
described by the matrices:

T �
− 18 5

6 − 20
 ,

τ � 0.3 0.7( .

(39)

-us, the mean rate of service is μ � 13.5802.
Table 1 provides the joint stationary probabilities of the

queueing-inventory system. It can be seen that the largest
value of the marginal probabilities (lateral and longitudinal)
are equal to 0.1790 and 0.5488, respectively, indicating that
there are no items in inventory and no repeated customers in
orbit.

5.1. Effect of the Maximum Inventory Level S on Various
Performance Measures. From Table 2, we observe that with
the increasing of the maximum inventory level S, the
measures, such as expected number of customers in the
buffer, expected number of items in the inventory, expected
cancellation rate before realization of common life time, and
expected number of items in the inventory at the moment on
realization, are increased as expected. However, the expected
number of customers in the orbit experiences a decline
owing to the increased buffer size.

5.2. Effect of the Arrival Rate λ on Various Performance
Measures. Table 3 reveals that the expected number of
customers in the orbit and in the buffer and expected
cancellation rate before realization of common life time are
increased when the arrival rate λ increases, whereas the
expected number of items in the inventory before realization
of common life time increases first with λ and then keeps
going down, which may be caused by cancellation of orders.
However, the expected number of items in the inventory
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immediately on realization of common life time shows a
decreasing trend, resulting from an increasing demand
arrival.

5.3. Effect of the Retrial Rate α on Various Performance
Measures. As shown in Table 4, we observe that an increase
in retrial rate α makes a sharp decrease in expected number
of customers in orbit and a mild decrease in expected
cancellation rate before realization of common life time.-e
former is attributed to large number of customers in the
orbit getting into the buffer as α increases. However, there is
a slight increase in expected number of customers in the
buffer and expected number of items in the inventory before
realization of common life time as α increases. To sum up,
the retrial rate α rarely affects the performance measures
except the expected number of customers in orbit; this is true
obviously.

5.4. Effect of Variation in c on PIF, PI D, EIP, andEIC. We
assign the following values to the parameters:
S � 5, λ � 11, α � 4, andp � 0.7. Keeping β fixed, the effect
of c on measures PIF, PI D, EIP, andEIC are depicted
through Figure 2. As shown in Figure 2(a), we observe that
the probability for the inventory being full at the time of
realization of common life time (at S) increases sharply as c

increases. Similarly, the probability for the inventory being
depleted (at 0) decreases slowly with increasing value of c. It
can be seen that common life time c has a great influence on
the probability PIF but almost does not affect the probability
PI D. -e results accord with the expectations. Figure 2(b)
shows that both expected number of purchases and expected
number of cancellations before realization of common life
time decrease with increasing value of c for fixed β. -is is
attributed to faster realization of common life time.

5.5. Effect of Variation in β on PIF, PI D, EIP, andEIC. We
assign the same values as above. Keeping c fixed, the effect of
β on measures PIF, PI D, EIP, andEIC are displayed in Fig-
ure 3. Probability for the inventory being full at the time of
realization of common life time (at S) is a linearly increasing
function of β (see Figure 3(a)). Conversely, the increase in β
results in a decrease in probability for the inventory being
zero (at 0) at the time of realization of common life time.-e
former phenomenon can be explained that the set of states
with inventory level at the maximum S could be revisited
several times due to cancellations in a cycle. -e latter is due
to the adding inventory as the value β increases. Figure 3(b)

Table 1: -e stationary distribution of the queueing-inventory system with S � 2, λ � 10, α � 4, c � 2, β � 6, andp � 0.5.

States/n 0 1 2 3 4 5 . . . 9 Sum
(0,0,0) 0.0669 0.0534 0.0309 0.0155 0.0071 0.0031 . . . 0.0001 0.1790
(1,0,0) 0.1025 0.0451 0.0189 0.0076 0.0029 0.0011 . . . 0.0000 0.1788
(1,0,1) 0.0208 0.0084 0.0033 0.0012 0.0005 0.0002 . . . 0.0000 0.0345
(1,0,2) 0.0356 0.0148 0.0059 0.0023 0.0009 0.0003 . . . 0.0000 0.0599
(1,1,1) 0.0152 0.0112 0.0061 0.0029 0.0013 0.0005 . . . 0.0000 0.0374
(1,1,2) 0.0218 0.0156 0.0083 0.0039 0.0017 0.0007 . . . 0.0000 0.0524
(2,0,0) 0.0513 0.0169 0.0057 0.0019 0.0006 0.0002 . . . 0.0000 0.0767
(2,0,1) 0.0298 0.0098 0.0033 0.0011 0.0004 0.0001 . . . 0.0000 0.0446
(2,0,2) 0.0468 0.0160 0.0055 0.0019 0.0006 0.0002 . . . 0.0000 0.0712
(2,1,1) 0.0190 0.0073 0.0027 0.0010 0.0004 0.0001 . . . 0.0000 0.0306
(2,1,2) 0.0237 0.0093 0.0035 0.0013 0.0005 0.0002 . . . 0.0000 0.0386
(2,2,1) 0.0117 0.0081 0.0042 0.0019 0.0008 0.0003 . . . 0.0000 0.0273
(2,2,2) 0.0123 0.0083 0.0042 0.0019 0.0008 0.0003 . . . 0.0000 0.0280
(2,0) 0.0915 0.0320 0.0114 0.0040 0.0014 0.0005 . . . 0.0000 0.1411
Sum 0.5488 0.2563 0.1140 0.0485 0.0198 0.0079 . . . 0.0001 1.0000

Table 2: Effect of S on various performance measures: fix
λ � 10, α � 4, c � 2, β � 6, andp � 0.5.

S EO EB EI ECR ELI

2 0.7827 0.2698 0.9968 2.1776 0.0761
3 0.3469 0.3879 1.6862 4.0324 0.1290
4 0.1764 0.4882 2.4487 5.0467 0.1873
5 0.0944 0.5622 3.2512 5.4666 0.2482
6 0.0516 0.6118 4.0719 5.6028 0.3101
7 0.0285 0.6430 4.8999 5.6371 0.3721

Table 3: Effect of λ on various performance measures: fix
S � 5, α � 4, c � 2, β � 6, andp � 0.5.

λ EO EB EI ECR ELI

8 0.0316 0.3575 3.2270 4.6199 0.3054
9 0.0569 0.4557 3.2435 5.0620 0.2741
10 0.0944 0.5622 3.2512 5.4666 0.2482
11 0.1472 0.6752 3.2535 5.8342 0.2267
12 0.2180 0.7928 3.2527 6.1663 0.2084
13 0.3098 0.9131 3.2504 6.4649 0.1926

Table 4: Effect of α on various performance measures: fix
S � 6, λ � 11, c � 2, β � 6, andp � 0.5.

α EO EB EI ECR ELI

2 0.1419 0.7449 4.0831 6.0127 0.2849
3 0.1047 0.7453 4.0837 6.0097 0.2846
4 0.0859 0.7456 4.0841 6.0072 0.2846
5 0.0745 0.7458 4.0845 6.0052 0.2847
6 0.0669 0.7460 4.0848 6.0034 0.2848
7 0.0613 0.7461 4.0851 6.0019 0.2849
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indicates that an increase in β makes expected number of
purchases before realization of common life time increase.
Meanwhile, it is strange that expected number of cancel-
lations before realization of common life falls off.-e reason
accounting for this phenomenon can be expressed by the
provided EIC in Section4. -e value of EIC depends on the
multiplication factor and the probabilities. -e former de-
creases as i increases. On the contrary, the probabilities are

risen rapidly with increasing value of i. -us, their combined
effect leads to a decline in the EIC value.

6. Optimization

Based on the above performance measures, we construct a
cost function for checking the optimality of the inventory
capacity S. It may be noted that the system profit will
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Figure 2: Effect of variation in c on PIF, PI D, EIP, andEIC for β � 5. (a) Effect of variation in β on PIF and PI D. (b) Effect of variation in β on
EIP and EIC.
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Figure 3: Effect of variation in β on PIF, PI D, EIP, andEIC for c � 2. (a) Effect of variation in β on PIF and PI D. (b) Effect of variation in β on
EIP and EIC.
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increase when cancellation takes place before realization of
common life time since there is a cancellation penalty im-
posed on the customer. Hence, we define profit function
F(S) as

F(S) � c1ECR + c2EB − c3EI, (40)

where c1 represents the revenue to the system per unit
cancellation of inventory purchased; c2 represents the rev-
enue to the system per customer per unit time in the buffer
(this is an income provided by being sold items in account of
inventory for sure); and c3 represents the holding cost per
unit time per inventory.

-e objective of this section is to find the optimal in-
ventory level S that maximizes expected profit function F(S)

and analyze the effect of system parameters λ, α, c, and β,
respectively, on expected profit. -e cost coefficients are
assumed that c1 � per cancellation, c2 � per customer per
time, and c3 � per item per time. Table 5 shows the optimal
inventory level and the maximum profit when
λ � 10, α � 4, c � 2, β � 6, andp � 0.5.

In Table 5, we note that the optimal inventory size S � 4,
and the maximum expected profit is $78.8495. Figure 4
presents expected profit with the changing of system pa-
rameters λ, α, c, and β, respectively, when other parameters
are set the same as Table 5. In this figure, the expected profit
is nondecreasing in λ, β and nonincreasing in c as expected.
-ose phenomenons can be easily explained that there are
more arriving demands and more inventory items due to the
larger arrival rate and higher cancellation rate, respectively.

In addition, the shorter the common life time, the lesser the
arriving demands and the number of cancellations, which
results in the latter phenomenon. It is noteworthy that the
retrial rate α has little impact on the expected profit. -e
appearance of this phenomenon may be based on the fact
that the mean number of repeated customers is very small
compared to the arriving customers.

7. Conclusions

-is paper investigates a queueing-inventory system with
reservation in advance, cancellation of orders, common life
time, and retrial. Customers arrive according to a Poisson
process and service time for each customer has phase type
distribution. -e time between any two successive retrials of
the orbiting customer is distributed as an exponential with
parameter depending on the number of customers in the
orbit. We have constructed a multidimensional continuous-
time Markov chain with infinitesimal generator which is
level dependent. -e stability condition and steady-state
probability vector have been studied by the Neuts–Rao
truncation method using L DQ B D. Several stationary
performance measures have been obtained. In addition, we
have established an optimization model for the inventory
level and analyzed the effect of system parameters on various
performance measures and expected profit.

-is research can be generalized to the situation that
each customer demands more than one unit items (one may
order more than one ticket). Vacation policy and priority
customers can also be introduced in this model.
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