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A prion differential equation model motivated by Parkinson’s disease (PD) is studied. A fractional-order form of this model is
proposed. After that, we discretized fractional-order Parkinson’s disease model. A sufficient condition for the existence and the
uniqueness of a solution to the system is obtained. %e stability of the fixed points of the system is achieved by using the Jury test.
%e impacts of varying the parameters of the system are examined. Under certain conditions, the system undergoes some kinds of
bifurcations.We observe that the model loses its stability through double-period bifurcation to chaotic behavior as the growth rate
increases. Also, the system stabilizes by increasing the memory parameter, and the contact rate between the two types of prions
increases. %e system shows rich dynamical behavior for a wide range of the values of the parameters.

1. Introduction

Parkinson’s disease (PD) is a long-term neurodegenerative
disorder of the central nervous system that gradually de-
velops and affects how sufferers move [1, 2]. Typically, this
disease affects elderly persons. Also, it can occur in adults as
well. Striking approximately one percent of the individuals
(1%), the condition is slightly less common in women and
usually begins to manifest between the ages of 50 to 65. %e
cause of Parkinson’s disease is generally unknown.

%e symptoms are caused by the gradual degeneration of
nerve cells located in the region of the brain responsible for
controlling movement. It can slow and stiffen a person’s
movement, and tremors are the most recognized symptom
of the disease. Although there is no surgery, cure and
medications can reduce symptoms and improve patient
outlook. Medicines can reduce the disabling effects of the
disease. Hence, trying different approaches to early diagnosis
may be helpful [3, 4].

Recently, mathematics, graph theory, and computer
science have been used to study early diagnoses of PD [5–9].
Also, prions are related to PD [10]. Prions are misfolded
proteins that replicate by converting their properly folded

counterparts. Prion models have been used to study some
brain diseases [11–13]. In most cases, diffusion models have
been used. While in [13], a difference equation model has
been used. Since 1695, many different applications appeared
in different fields which can be described by using fractional
calculus [14–24]. Fractional models and systems allow more
authentic interpretation for a lot of real phenomena. Hence,
fractional-order equations are more natural and more ap-
propriate than integer-order ones to model systems with
memory which exist in most biological phenomena [25].
Recently, a large number of authors are interested in
studying qualitative behavior and the properties of frac-
tional-order models [26–30].

Actually, discrete mathematics is appropriate and real-
istic to represent the complex dynamics of a population
especially if the populations have nonoverlapping genera-
tions such as Parkinson’s disease. Since the examinations of
the patient, laboratory blood tests performed, and the doses
of drugs that are prescribed to be taken are a discrete process,
we need to discretize the fractional-order models arising
from nature [31, 32].

In Section 2, we started with a simple model as a system
of two ordinary differential equations. %e stability
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conditions of its fixed points are obtained. In Section 3, we
proposed and studied the corresponding fractional-ordered
form of Parkinson’s disease. In Section 4, we discretized the
fractional-order model and investigated the stability of its
fixed points.%e dynamical behavior of themodel is rich and
complex. In Section 5, some numerical simulations were
carried out to support our analytical results. Finally, we
summarized and concluded our results in Section 6.

2. Model of Parkinson’s Disease

Let x(t) be the properly folded (healthy) prions and y(t) be
the wrongly folded (infected) ones in the brain. %en, their
interaction can be modeled by the following simple math-
ematical differential equation model:

dx

dt
� ax(1 − x) −

bxy

x + y
,

dy

dt
�

bxy

x + y
− y,

(1)

which models the change rates of both the healthy and the
infected prions. %e constants a and b are positive constants
that represent the growth rate of healthy prions and the
contact rate between the healthy and the infected prions,
respectively. We rescaled the other parameters.

Model (1) is a nonlinear system, and it is difficult to
obtain a time-dependent explicit solution. Hence, we will
study the qualitative behavior of the model. Equating the
equations in (1) by zero and solving the resulting systemwith
respect to the equilibrium state variables x andy, we get the
following fixed points: the healthy state e1 � (1, 0) and the
infected one e2 � (((1 + a − b)/a), (((1 + a − b)(b − 1))/a)).
%e necessary condition of the existence of the disease state
e2 is 1< b< 1 + a. We will study the case where the value of b

is outside this interval later.
%e local stability analysis of these equilibria is estab-

lished by studying the following Jacobian matrix of system
(1) at these equilibria:

J �

a(1 − 2x) −
by

2

(x + y)
2

− bx
2

(x + y)
2

by
2

(x + y)
2

bx
2

(x + y)
2 − 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (2)

Proposition 1. System (1) has a stable healthy state e1 if the
contact rate is less than one (b< 1).

Proof. %e Jacobian matrix computed at the healthy state
e1 � (1, 0) is

Je1
�

− a − b

0 b − 1
 . (3)

It has the eigenvalues λ1 � − a< 0 and λ2 � b − 1. %en,
the healthy fixed state e1 is stable if b< 1.

In Figure 1, we plot the time t versus the two classes of
prions x(t) and y(t) to check their qualitative behavior. We
start with the initial point (x0, y0) � (0.1, 0.7), fixing the
growth rate parameter at a � 1.1 and four different values of the
contact rate b � 0.3, 0.5, 0.7, and 0.9. In the figures, all curves
of the healthy prions tend to one and all curves of the infected
prions tend to zero as t increases. %is shows the extinction of
the infectionwhen the contact rate is less than one (b< 1). Also,
from Figure 1, note that increasing the value of the contact
parameter b increases the time to reach the stability state. □

Proposition 2. ,e infected state e2 is stable whenever it
exists.

Proof. %e local stability analysis of the infected state can be
established by studying the following Jacobian matrix of
system (1) at e2:

Je2
�

b − a −
1
b

− 1
b

b − 2 +
1
b

1
b

− 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4)

which has the characteristic equation m2 − βm + c � 0,
where m is the eigenvalue of the Jacobian matrix Je2

, β �

b − a − 1< 0 (from the existence condition of e2 ), and
c � ((b − 1)(1 + a − b)/b)> 0. So, both eigenvalues are
negative. %en, the infected fixed state e2 is stable whenever
it exists.

In Figure 2, we plot the time t versus the two classes of
prions x(t) and y(t) to check their qualitative behavior. We
start with the initial point (x0, y0) � (0.1, 0.7) and four
different pairs of the parameter’s values
(a, b) � (2.2, 1.1), (2.8, 1.5), (3.8, 2.7), and (5.1, 3.9) which
satisfy the existence and stability conditions. In the figures,
all curves of the healthy prions and the infected prions tend
to infected states (0.9545, 0.0954), (0.8241, 0.4107),
(0.5526, 0.9395), and (0.4314, 1.251) as t increases. %is
shows the existence of the healthy and the infected prions
when the growth rate and the contact rate satisfy the con-
dition 1< b< a + 1. Also, note that increasing the value of
the contact parameter b increases the infected prions and,
consequently, decreases healthy prions. We find that the
stability of this fixed point does not depend on the initial
point. □

3. Fractional-Order Form of the Parkinson’s
Disease Model

Let us start by stating the definitions of fractional-order
integral and derivative [33]. Let f(x): R+⟶ R be a
piecewise continuous function which is integrable on any
finite subinterval of R+. %en, for x> 0, the Rie-
mann–Liouville fractional integral of order α of the function
f(x) is defined by

I
α
f(x) �

1
Γ(α)


x

0
(x − t)

α− 1
f(t)dt, (5)
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where Γ(·) is the Euler–Gamma function [34]. Let m ∈ N
and α> 0 such that m − 1≤ α<m; then, the Rie-
mann–Liouville fractional derivative of the function f(x) of
order α is given as

D
α
f(x) � D

m
I

m− α
f(x) , x> 0, (6)

which exists for m − α> 0 [35]. Consider the following
system:
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Figure 1: Four figures showing the two classes of the prion curves x(t) and y(t) at a constant growth rate a � 1.1 and the contact rates
b � 0.3, b � 0.5, b � 0.7, and b � 0.9, at the initial values of (x(0), y(0)) � (0.1, 0.7).
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Figure 2: %e two classes of the prion curves x(t) and y(t) exist at different values of a and b. (a) a� 2.3, b� 1.1. (b) a� 2.8, b� 1.5.
(c) a� 3.8, b� 2.7. (d) a� 5.1, b� 3.9.
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D
α
X(t) � f(X(t)), X(0) � X0, (7)

where X(t) � (x1, x2, . . . , xn)T ∈ Rn, f: Rn⟶ Rn, and
α ∈ (0, 1] be a nonlinear autonomous fractional-order
system. Matignon’s results [36] determine the local stability
conditions of the fixed points of the linearized fractional-
order form of system (7):

arg λi( 


>
απ
2

, i � 1, 2, . . . , n, (8)

where λi are eigenvalues of the Jacobian matrix J of system
(7) evaluated at the fixed points of the system.

Now, the fractional-order form of system (1) is given by

D
α
t x(t) � ax(1 − x) −

bxy

x + y
,

D
α
t y(t) �

bxy

x + y
− y,

(9)

where α ∈ (0, 1] is the fractional order and D � (dα/dtα) is
the Caputo derivative [35]. %e conditions x(0) � x0 and
y(0) � y0 are the initial conditions of system (9).

3.1. Discretization of the Fractional-Order PD Model. In the
following steps, we will generalize the forward Euler dis-
cretization method in integer-order to fractional-order one.
%e process of discretization of fractional-order system (9)
with piecewise constant argument is given as follows
[32, 37, 38]:

D
α
t (x) � ax

t

h
 h  1 − x

t

h
 h   −

bx([t/h]h)y([t/h]h)

x([t/h]h) + y([t/h]h)
,

D
α
t (y) �

bx([t/h]h)y([t/h]h)

x([t/h]h) + y([t/h]h)
− y

t

h
 h .

(10)

Now, let 0≤ t< h, which is equivalent to 0≤ (t/h)< 1.
%en,

D
α
t x1 � ax0 1 − x0(  −

bx0y0

x0 + y0
,

D
α
t y1 �

bx0y0

x0 + y0
− y0,

(11)

which has the following solution:

x1 � x0 +
h
α

Γ(1 + α)
ax0 1 − x0(  −

bx0y0

x0 + y0
 ,

y1 � y0 +
h
α

Γ(1 + α)

bx0y0

x0 + y0
− y0 .

(12)

Continuing the process of discretization n times, we
obtain the following:

xn+1 � xn + L
α

axn 1 − xn(  −
bxnyn

xn + yn

 ,

yn+1 � yn + L
α bxnyn

xn + yn

− yn ,

(13)

where Lα � hα/(Γ(1 + α)). Note that if α tends to 1 in system
(13), we will obtain the forward Euler discretization of
dynamical system (9).

3.2. ,e Existence and the Uniqueness of the Solution.
System (9) can be rewritten in the matrix form as [33, 39]

D
α
X(t) � F(X(t)), t ∈ (0, T], α ∈ (0, 1], X(0) � X0,

(14)

where X �
x

y
 , X0 �

x0
y0

 , and F(X) �

ax(1 − x)(bxy/(x + y))

(bxy/(x + y)) − y
 . Let ‖ϕ‖ � supt∈(0,T] |ϕ(t)| de-

note the supremum norm of the function ϕ(t) and ‖M‖ �

I,Jsupt∈(0,T]|Mi,j(t)| denote the norm of the matrix M, and
the region of existence and uniqueness is given by
Ω × (0, T], where Ω � (x, y, z): max(|x|, |y|, |z|)≤ η .

Now, the solution of system (9) is obtained as follows:

X(t) � X0 + I
α
(F(X(t))) � X0 +

1
Γ(α)


t

0
(t − s)

α− 1

F(X(s))ds � H(X).

(15)

%en,

H X1(  − H X2(  �
1
Γ(α)


t

0
(t − s)

α− 1
F X1(s)(  − F X2(s)( ( ds,

H X1(  − H X2( 


 ≤
1
Γ(α)


t

0
(t − s)

α− 1
F X1(s)(  − F X2(s)( ( 


ds,

H X1(  − H X2( 


 ≤
1
Γ(α)

F 
t

0
(t − s)

α− 1
F X1(s)(  − F X2(s)( 


ds,

H X1(  − H X2( 
����

���� ≤
T
α

Γ(α + 1)
max a(1 − 2η, μ)  X1 − X2

����
����,

H X1(  − H X2( 
����

���� ≤ K X1 − X2
����

����,

(16)

where

K �
T
α

Γ(α + 1)
max a(1 − 2η), η , (17)

where the map X � H(X) contracts if K< 1.

Theorem 1. ,e sufficient condition for the existence and the
uniqueness of the solution of system (9) in the indicated region
Ω × (0, T] with initial conditions X(0) � X0 and t(0, T] is
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K �
T
α

Γ(α + 1)
max a(1 − 2η), η < 1. (18)

3.3. Stability Analysis of the Fractional-Order System.
System (13) is a nonlinear system, and it is difficult to obtain
a time-dependent explicit solution. Hence, we will study the
qualitative behavior of the model. Equating the equations in
(1) by zero and solving the resulting system with respect to
the equilibrium state variables x andy, we obtain the fol-
lowing fixed points: the healthy one E1 � (1, 0) and the
diseased one E2 � (((1 + 1 − b)/a), ((1 + a � b)(b − 1)/a)).

%e necessary condition of the existence of the disease state
E2 is 1< b< a + 1.

%e local stability analysis of these equilibria is estab-
lished by studying the Jacobianmatrix of system (13) at these
equilibria.

4. Dynamical Behavior of the Discretized
Fractional-Order Model

Here, we investigate the dynamics of discretized fractional-
order model (13).%e Jacobian matrix J of system (13) at any
fixed point (x, y) is given by

J �

1 +
h
α

Γ(1 + α)
a(1 − 2x) −

by
2

(x + y)
2 

− h
α

Γ(1 + α)

bx
2

(x + y)
2

h
α

Γ(1 + α)

by
2

(x + y)
2 1 +

h
α

Γ(1 + α)

bx
2

(x + y)
2 − 1 

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (19)

Theorem 2. ,e fixed point E1 � (1, 0), where b< 1, is

(a) a sink point if h<min
������������
(2Γ(1 + α))/aα


,���������������

(2Γ(1 + α))/1 − bα


}

(b) a source point if h>max
������������
(2Γ(1 + α))/aα


,���������������

(2Γ(1 + α))/1 − bα


}}

(c) a saddle point if
������������
(2Γ(1 + α))/aα


< h< �

α
√

(2Γ(1 + α))/1 − b(or
���������������
(2Γ(1 + α))/1 − bα


< h<������������

(2Γ(1 + α))/aα


)

(d) a nonhyperbolic point if h �
������������
(2Γ(1 + α))/aα


(or h ����������������

(2Γ(1 + α))/1 − bα


)

Proof (a) At E1, the Jacobian matrix is written as

J1 � J(1, 0) �

1 −
ah

α

Γ(1 + α)
−

bh
α

Γ(1 + α)

0 1 +
(b − 1)h

α

Γ(1 + α)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (20)

whose eigenvalues are λ1 � 1 − (ahα/(Γ(1 + α))) and
λ2 � 1 − (((1 − b)hα)/Γ(1 + α)). Since (hα/(Γ(1 + α)))

> 0 for 0< α≤ 1 and b< 1, it is obvious that
|λi|< 1, i � 1, 2, if 0< h< (

������������
(2Γ(1 + α))/aα


) and

0< h< (
���������������
(2Γ(1 + α))/1 − bα


). %en, E1 is a sink point if

h<min

��������

2Γ(1 + α)

a

α



⎛⎝ ⎞⎠,

��������

2Γ(1 + α)

1 − b

α


⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
. (21)

(b) E1 is a source point if |λi|> 1, i � 1, 2, |1 − (ahα/
(Γ(1 + α)))|> 1 which violates condition (21), i.e.,
h>max

������������
(2Γ(1 + α))/aα


,

���������������
(2Γ(1 + α))/1 − bα


 .

(c) E1 is a saddle point if |λ1|> 1, |λ2|< 1(or |λ1|< 1,

|λ2|> 1).
(d) E1 is a nonhyperbolic point if |λ1| � 1,

|λ2|≠ 1(or |λ1|≠ 1, |λ2| � 1). □

Theorem 3. ,e fixed point E2 � (x, t(b − 1)nx), where
1< b< a + 1, of system (13) is locally asymptotically stable, if
and only if

(i) 0< ((hα/(bΓ(1 + α)))(b − 1))< 1
(ii) 0< ((hα/(Γ(1 + α)))(1 + a − b))< 4

Proof. %e Jacobian matrix at the fixed point E2 is

J2 �

1 +
h
α

b
2

− ab − 1 

bΓ(1 + α)

− h
α

bΓ(1 + α)

h
α

b
2

− 2b + 1 

bΓ(1 + α)
1 −

h
α
(b − 1)

bΓ(1 + α)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (22)

%e characteristic equation of Jacobian matrix (22) is
λ2 − βλ + c � 0, where

β � 2 −
h
α
(1 + a − b)

Γ(1 + α)
,

c � 1 −
h
α
(1 + a − b)

Γ(1 + α)
+

h
2α

(1 + a − b)(b − 1)

bΓ2(1 + α)
.

(23)
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Using Jury’s stability condition, |β|< 1 + c< 2 [40–42],
we obtain the following stability conditions:

2 −
h
α
(1 + a − b)

Γ(1 + α)




< 2 −

h
α
(1 + a − b)

Γ(1 + α)
+

h
2α

(1 + a − b)(b − 1)

bΓ2(1 + α)
< 2.

(24)

%e left inequality of (24), − 1 − c< β< 1 + c, gives

0<
2h

α
(1 + a − b)

Γ(1 + α)
< 4 +

h
2α

(1 + a − b)(b − 1)

bΓ2(1 + α)
, (25)

0<
h
2α

(1 + a − b)(b − 1)

bΓ2(1 + α)
. (26)

%e right inequality of (24), 1 + c< 2, gives

0<
h
α

bΓ(1 + α)
(b − 1)< 1. (27)

From the conditions of the existence of E2, we find that
inequality (26) is satisfied. Also, using inequality (27) in
inequality (25), we obtain

0<
h
α

Γ(1 + α)
(1 + a − b)< 4. (28)

□

4.1. Bifurcation. We will discuss the bifurcation dynamics of
discretized system (13). %ree kinds of bifurcations show the
changes in the dynamical behavior of the system due to the
changes in its parameters. %is behavior depends on four
parameters a, b, h,and α. %e first kind is the Nei-
mark–Sacker (NS) bifurcation which is analogous to the
Hopf bifurcation. NS bifurcation is a good tool to prove the
existence of quasiperiodic orbits for the map [43]. %e
second kind is the flip (period-doubling) bifurcation which
occurs when a new limit cycle born from an existing limit
cycle with period equal twice of the old one. Finally, the third
one is the fold (saddle-node) bifurcation which is a collision
or disappearance of two equilibria in the system.

Lemma 1. ,e interior fixed point E2 loses its stability

(1) via NS bi furcat ion when (hα/(Γ(1 + α)))

� (b/(b − 1))

(2) via flip bifurcation when (2hα(1+a − b)/(Γ (1+α)))�

4+(h2α(1+a − b)(b − 1)/(bΓ2(1+α)))

Proof. (1) NS bifurcation occurs when the Jacobian matrix
J2 has two complex conjugate eigenvalues of
modulus 1 [42]. %en, NS bifurcation occurs
when c � 1 and − 2< β< 2. Substituting by the
form of the values of β and c above, we obtain

h
α

Γ(1 + ε)
�

b

b − 1
. (29)

Condition (29) contradicts with condition (27),
which is one of the stability conditions of the fixed
point E2. %e other condition is the same as con-
dition (25).

(2) Flip bifurcation occurs when one of the two eigen-
values equal − 1. It requires the condition
1 + β + c � 0:

2h
α
(1 + a − b)

Γ(1 + α)
� 4 +

h
2α

(1 + a − b)(b − 1)

bΓ2(1 + α)
. (30)

Note that the fold bifurcation requires the condition
1 − β + c � 0:

(1 + a − b)(b − 1) � 0, (31)

but from the existence conditions of the fixed point E2,
1< b< 1 + a, we find that this condition is not satisfied.
%en, there is no fold bifurcation. □

5. Numerical Simulations

Tremendous numerical simulations have been carried out to
study the dynamical behavior of system (13), which prove
our analytical findings for different sets of parameters. %ese
simulations show that the behavior does not depend on the
initial conditions. So, we fixed the initial point to be
(x0, y0) � (0.3, 0.5) for all following figures. In all figures,
we plot the healthy prions x(t) (blue curves) and the infected
ones y(t) (red curves) in the brain versus the steps n. Also,
we choose the values of the parameters that satisfy the
necessary stability conditions of the fixed points E1 (21) and
E2 (27) and (28).

In Figure 3, we vary the value of the step size h to check
its effect on the behavior of the prions.%is figure shows that
all curves of the infected prions tend to zero as n increases
while the healthy prions approach the value one, whenever
the fixed point E1 is stable. Note that the steps needed to
reach the fixed point increases as the step size h decreases.
Also in Figure 4, we vary the value of the fractional-order α
to check its impact on the behavior of the system. We found
that the steps needed to reach the fixed point decreases as the
parameter α decreases.

Figure 5 shows the stable dynamics of system (13) at
fixed point E2. For the parameter values at a � 1.1, α � 0.5,
and h � 0.05 and four different values of b, system (13)
admits a stable focus E2 � (0.9091, 0.0909),
(0.5455, 0.2727), (0.3636, 0.2545), and (0.0909, 0909). Note
that reaching the stability point E2 is delayed by increasing
the value of b. Also, Figure 6 shows four different stable fixed
points E2 for b � 1.1, α � 0.5, and h � 0.05 and four different
values of the parameter a. Note that reaching the stability
point E2 is delayed by decreasing the value of a. At these
values, system (13) admits a stable focus E2 � (0.5, 0.05),
(0.8889, 0.0889), (0.9286, 0.0929), and (0.9524, 0952).

Bifurcation diagram for the healthy prions of system (13)
is plotted with respect to a for parameter values b � 1.1,
α � 0.3, and h � 0.05 in Figure 7. %e system exhibits
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Figure 3: Four figures showing the two classes of the prion curves x(t) and y(t) at a � 1.1, b � 0.1, and α � 0.9 and four different values of h.
(a) h� 0.05. (b) h� 0.25. (c) h� 0.75. (d) h� 0.95.
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Figure 4: Continued.
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Figure 4: Four figures showing the two classes of the prion curves x(t) and y(t) at a � 1.1, b � 0.1, and h � 0.5 and four different values of α.
(a) α � 0.2. (b) α � 0.5. (c) α � 0.7. (d) α � 0.9.
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Figure 5: Stable fixed point E2 at a � 1.1, α � 0.5, and h � 0.5 and four different values of b. (a) b� 1.1. (b) b� 1.5. (c) b� 1.7. (d) b� 2.0.
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stability up to a � 4.3.%e system shows chaotic behavior for
higher values of a started by intermittent multiperiodic
windows to chaos. Figure 8 depicts the associated largest
Lyapunov exponent (LLE) plot corresponding to the case
presented in Figure 7. %e positive Largest Lyapunov ex-
ponent confirms the existence of chaos in the system.

In Figure 9, bifurcation diagram is drawn with respect to
the parameter values α using parameters a � 3.1, b � 1.3,

and h � 0.5. A chaos to period-doubling route (flip bifur-
cation) along with intermittent periodic windows is clearly
visible (up to α � 0.54). For higher values beyond α � 0.54,
the solution goes to be stable. Also, the LLE corresponding
with Figure 9 is plotted in Figure 10.

In another bifurcation diagram with respect to b for
a � 3.1, α � 0.03, and h � 0, 5, the system exhibits a
wide range of dynamics from chaotic (up to b � 1.3) to
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Figure 6: Stable fixed point E2 at b � 1.1, α � 0.5, and h � 0.5 and four different values of a. (a) a� 0.2. (b) a� 0.9. (c) a� 1.4. (d) a� 2.1.
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Figure 7: Bifurcation diagram with respect to a at b � 1.1, α � 0.3, and h � 0.05.
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Figure 8: Largest Lyapunov exponent at b � 1.1, α � 0.3, and h � 0.05.
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Figure 10: Largest Lyapunov exponent at a � 3.1, b � 1.3, and h � 0.05.
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Figure 9: Bifurcation diagram with respect to α at a � 3.1, b � 1.3, and h � 0.5.
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period-doubling route with multiperiodic windows until (up
to b � 1.42) stable state. Also, the LLE corresponding with
Figure 11 is plotted in Figure 12.

6. Summary and Conclusion

Initially, a simple mathematical model was proposed to
describe Parkinson’s disease which consists of two ordinary
differential equations. Since memory plays an essential role
in PD, we proposed a fractional-order form to study this
disease. %e existence and the uniqueness of a solution of
this model were proved. %e stability conditions of its fixed
points were achieved. %e examinations of the patient,
laboratory blood tests performed, and the doses of drugs that
are prescribed to be taken are a discrete process. So, a
discretized form of the fractional-order model is presented.
%e fixed points existence and stability conditions are ob-
tained. Also, bifurcation studies to the model are achieved.

Our discretized model depends on the intrinsic growth
rate a, the contact rate b, the order α, and the size step h. We
find that decreasing the size step h delays the time needed to
reach the stable the healthy state E1 (see Figure 3). De-
creasing the order α accelerates the time needed to reach the
stable the healthy state E1 (see Figure 4).With the increase in
the contact parameter b, the time required to reach the fixed
point E2 increases. Also, the value of healthy prions

decreases and the value of infected prions increases until
they become equal (see Figure 5). While increasing the
growth parameter a, the time required to reach the fixed
point E2 decreases. Also, the value of healthy prions in-
creases and the value of infected prions decreases (see
Figure 6).

%e Neimark–Sacker (NS) bifurcation appears as the
value of the parameter a increases. %e fixed point E2 is
stable up to a � 4.7. After that value, the route to chaos starts
(see Figure 7). Also, the flip bifurcation occurs as the values
of the two parameters b and α decrease (see Figures 9 and
11). All these complex behaviors are consistent with the
above theoretical results.
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