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(is paper investigates the distributed finite-time event-triggered bipartite consensus control for multiagent systems over an-
tagonistic networks. Under the constraint of energy conservation, a distributed nonlinear finite-time control protocol only
depending upon local information is proposed coupled with event-triggered strategies, where controllers of agents at triggered
instants are only updated to reduce the computation. It is proved that when the antagonistic network is structurally balanced with
a spanning tree, a necessary and sufficient condition is established to guarantee all agents to reach consensus values with identical
magnitude but opposite signs. More interestingly, the settling time depending on the initial state is obtained over the whole
process. Comparing to asymptotic control algorithms, the proposed control method has better disturbance rejection properties
and convergence rate. Simulations are given to demonstrate the effectiveness of the theoretical results.

1. Introduction

Recently, coordination control for multiagent systems
(MASs) has received enormous attention due to its wide-
spread applications, such as marine environment moni-
toring [1], multiships cooperative combat [2], and source
localization [3, 4]. Depending on the different theories, these
coordination control problems are mainly classified into
three types: consensus [5–7], flocking [8–10], and formation
control [11, 12]. Notably, the consensus is regarded as a
fundamental coordination problem, which indicates that the
states of all agents asymptotically achieve the same value.
Over a directed graph, Hua et al. [7] have addressed the
leader-following output consensus for a class of nonlinear
MASs with time delay. As a common feature in existing
solutions, the cooperative interactions between agents were
typically modeled by a communication topology associated
with nonnegative edge weights. However, communication
topologies with antagonistic interactions containing both
positive and negative edge weights are common, especially in
the social network theories [13–15]. (is communication
topology is called a signed network [16]. Subsequently, the
real challenge to reach consensus is generated for MASs over

a signed network. Meanwhile, a notion of bipartite con-
sensus is proposed with the assistance of signed network
theory [13, 14], where all agents converge to values with the
same magnitude but opposite signs.

Ideally, for bipartite consensus control of MASs, one of
the key elements is to have a continuous measurement with
an embedded sensor to take control actions, i.e., the agent
continuously updates its controller via measuring its
neighbors’ state all the time [17, 18]. However, as the number
of agents increased, the capacities of communication and
computation are strictly limited. (erefore, it is extremely
significant to design a reasonable mechanism for informa-
tion sharing and controller updating. To this end, a sampled-
data control method was applied for the bipartite consensus
problem of MASs [19], in which the measurements are taken
periodically, as well as the control actions synchronously.
However, this method could lead to excessive consumption
of communication and computation. In order to utilize
resources more effectively, an event-triggered strategy was
proposed consequently in [20, 21], where an event-triggered
condition is firstly constructed, and then the controller is
only updated when the event-triggered condition is satisfied.
Furthermore, according to a dynamic rule designed, Li et al.
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[22] investigated the dynamically adjusted threshold pa-
rameter in the improved event-triggered condition. Addi-
tionally, by taking MASs with input saturation into
consideration, Xu et al. [23] developed an event-triggered
control mechanism coupled with the low-gain feedback
technique.

On the contrary, the convergence time is a significant
performance indicator for a bipartite consensus protocol. In
most existing works, over an infinite time horizon, these
MASs can exponentially achieve values with the same
magnitude but opposite signs on states. Generally, a pio-
neering work in [13, 14, 24] reveals that the convergence
time is determined by the second smallest eigenvalue of the
graph Laplacian. Nevertheless, the finite-time bipartite
consensus is more desirable for specific system require-
ments, e.g., multiships accurately hunt a military vessel in
finite time. (us, finite-time bipartite consensus has elicited
some researchers’ attention [25–27]. Under the structurally
balanced signed graph, Meng et al. [26] have investigated the
finite-time bipartite consensus control for nonlinear sys-
tems. Furthermore, with regards to the case of second-order
MASs with antagonistic interactions and unknown external
disturbances, Zhao et al. [27] have addressed the adaptive
finite-time bipartite consensus problems. However, to our
best knowledge, less attention has been given to the dis-
tributed finite-time event-triggered bipartite consensus. In
this paper, different from considering the event-driven
control for finite-time consensus in the existing work
[24, 25], we aim at achieving distributed finite-time bipartite
consensus for MASs by using event-triggered strategies. (e
main contributions of this survey are the following. First,
distinct from the most previous event-triggered strategy
based on a linear controller, an improved finite-time non-
linear controller is designed over signed network coupled
with the event-triggered strategy. When the signed network
is structurally balanced with a spanning tree, the distributed
finite-time bipartite consensus is implemented using local
information. Second, the event-triggered condition is built
using Lyapunov stability theory. In subsequent simulation,
the reductions in number of controller update are attained
with superior performance. Finally, depending on initial
states of agents, the upper bound of convergence time is
obtained during the whole process.

(e remainder of this paper is organized as follows.
Preliminary definitions and the problem formulation are
presented in Section 2. (e main results are described in
Section 3. Section 4 discusses the simulation examples before
we conclude in Section 5.

2. Preliminaries and Problem Statement

In this section, we first define related notions and collect
basic concepts from algebraic graph theory, which will be
used throughout this paper. (en, the concerned system
model and bipartite consensus problem are formulated.

2.1. Preliminaries. R represents the set of real numbers.
RN×N denotes a N × N real matrix. IN is N dimension unit

matrix. 1N and 0N stand for N dimension column vectors
with all entries 1 and 0, respectively. |S| is the absolute value
of each element of the vector or matrix S. (e matrix
diag(λ1, λ2, . . . , λN) denotes a diagonal matrix with diagonal
entries λ1, λ2, . . . , λN.

(e interaction network between agents is described by
an undirected signed graph G, G � (v,E,A), where v �

v1, v2, . . . , vN  denotes a set of nodes, E � v × v represents
a set of edges, andA � [aij] ∈ RN×N is a matrix of the signed
weights. In A, aij ≠ 0 is well established if and only if
(vj, vi) ∈ E, otherwise aij � 0. Note that graphs with self-
loops aii � 0, (i � 1, 2, . . . , N) is not taken into consider-
ation. For the signed graph G, the edge set E � E+∪E− is
denoted by E+ � (vj, vi) | aij > 0  and
E− � (vj, vi) | aij < 0 . Moreover, there exists (vj, vi) ∈ E
such that agent j is called a neighbor of agent i.
Ni � (vj, vi) ∈ E, j≠ i  is used to represent a neighbor set
of agent i. Note that irreducibility of A corresponds to G

which is strongly connected, i.e., a path from node vi to node
vj is a finite sequence of edges in the form of
(vi, vik1

), (vik1
, vik2

), . . . , (vikl
, vj), i≠ j.

For a signed graph G, the corresponding Laplacian
matrix L is defined as

L � diag 
k∈N1

a1k


, 

k∈N2

a2k


, . . . , 

k∈NN

aNk


⎛⎝ ⎞⎠ − A. (1)

(en, the eigenvalues of L can be indicated by a de-
creasing order:

λN(L)≥ · · · ≥ λ2(L)> λ1(L) � 0. (2)

Given any signed graphG, there exists a bipartition with
v1 and v2, which satisfy condition v1∪v2 � v, and
v1 ∩v2 � ∅. When the signed weight is aij ≥ 0 for
∀vi, vj ∈ vq(q ∈ 1, 2{ }), and aij ≤ 0 for
∀vi ∈ vq, vj ∈ vr, q≠ r(q, r ∈ 1, 2{ }), G can be regarded as
structurally balanced, otherwise structurally unbalanced.

To facilitate subsequent proof and analysis, the following
lemmas are introduced.

Lemma 1 (see [13]). For a structurally balanced signed graph
GG, there exists a diagonal matrix D � diag σ1, σ2, . . . , σN 

such that the entries of DAD are all nonnegative, where
σi ∈ 1, −1{ }, ∀i ∈ v.

Lemma 2 (see [28]). Given a non-Lipschitz continuous non-
linear system _x(t, x(0)) � g(x), there exists a continuous
function W(x) defined on a neighborhood of the origin, called
the settling-time function, such that the following conditions hold:

(1) W(x)is positive definite.

(2) _W(x) + bW
c
(x)≤ 0, b> 0, 0< c< 1.

(3)

(en, the origin is locally finite-time stable if (i) system
_x(t, x(0)) � g(x) is stable in an open neighborhood of the
origin and (ii) there exists 0<W(x(0))<∞ for which
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x(t, x(0)) � 0 for all t>W(x(0)). Moreover, the settling time
T � inf W(x(0)) ≥ 0: x(t, x(0)) � 0∀t≥W(x(0)){ } satisfies

T≤
1

b(1 − c)
W(x(0))

b(1− c)
, (4)

for all x(0) in some open neighborhood of the origin.

Lemma 3 (see [29]). (d|x|1+c)/(dt) � ((1 + c)

sgn(x)|x|cdx)/(dt), where x ∈ R, c ∈ R and the sign func-
tion sgn(·) is described as

sgn(x) �

1, x> 0,

0, x � 0,

−1, x< 0.

⎧⎪⎪⎨

⎪⎪⎩
(5)

Lemma 4. Given any y1, y2, . . . , yN ≥ 0 and 0<p≤ 1, the
following properties are applied:



N

i�1
y

p
i ≥ 

N

i�1
yi

⎛⎝ ⎞⎠

p

. (6)

2.2. Problem Formulation. For a signed graph G, consid-
ering a group of N single-integrator agents, which can be
modeled as follows:

_xi(t) � ui(t), i ∈ v, (7)

where xi(t) ∈ Rn and ui(t) ∈ Rn are the state and the control
input of agent i, respectively. For simplicity, we employ n � 1
in next analysis.

Suppose that the N agents are classified into two an-
tagonistic groups v1 and v2, where v1∪v2 � v and
v1∩v2 � ∅.(en, an interaction network of all agents can be
described with a structurally balanced signed graph G.

Compared with the existing asymptotic bipartite consensus
schemes over signed graph, the finite-time bipartite consensus
is more desirable due to its better performance in higher
precision, better robustness, and faster convergence rate [28].

(e definition of finite-time bipartite consensus for
MASs is described as follows.

Definition 1. (finite-time bipartite consensus). Given a
structurally balanced signed graph G, a distributed control
law ui(t, xi(t)), i � 1, 2, . . . , N, is designed to achieve the
finite-time bipartite consensus for system (7). Namely, there
exists a settling time T such that

lim
t⟶T

xi(t) � σiε, ∀i ∈ v1,

lim
t⟶T

xj(t) � σjε, ∀j ∈ v2,

xi


 � xj



, if t>T,

(8)

where σi, σj ∈ 1, −1{ } is defined in Lemma 1 and
ε � (1/N)(1T

Nx(0))1N is the same absolute value of the final
states of all agents.

In the networks with antagonistic links, a continuous
nonlinear finite-time bipartite consensus protocol is
designed as

ui(t) � β 
j∈Ni

aijsgn xj(t) − sgn aij xi(t) 

· xj(t) − sgn aij xi(t)
�����

�����
α
,

(9)

where α ∈ (0, 1), β> 0, and sgn(·) is the sign function.
Note that the control protocol (9) needs to be contin-

uously updated, which causes to an undesirable consump-
tion of communication and computation. To address this
problem, an event-triggered strategy is applied to the
avoidance of undesirable consumption. To be particular, in
the scenarios of continuous communication, the control
actions are only taken at discrete event instants determined
by event-triggered condition, which indicate that between
two event-triggered sampling instants, the controllers are
regarded as zero-order holder.

Denote an increasing sequence ti
0, ti

1, . . . , ti
k, . . . as the

event instants of agent i, such that xi(t) � xi(ti
k) is the

state of agent i at the kth event instants. It is noteworthy
that xi(t) at t ∈ [ti

k, ti
k+1) may receive several broadcasted

information from its neighbor j. However, agent i will not
update control action immediately upon receival.
Namely, the controller of agent i at t ∈ [ti

k, ti
k+1) could be

regarded as the zero-order holder. From (9), a distributed
nonlinear finite-time bipartite consensus control proto-
col is proposed coupled with the event-triggered
mechanism:

ui(t) � β 
j∈Ni

aijsgn xj t
j

k′  − sgn aij xi t
i
k  

· xj t
j

k′
  − sgn aij xi t

i
k 

�����

�����
α
,

(10)

where k′ � argmin
l∈N+: t≥ t

j

l

(t − t
j

l ).
For simplicity, let the state measurement error for agent i

be xi(t):

ei(t) � xi(t) − xi(t). (11)

(en, replacing (11) into (10), (10) is rewritten as

ui(t) � β 
j∈Ni

aijsgn xj(t) + ej(t) − sgn aij  xi(t) + ei(t)(   xj(t) + ej(t) − sgn aij  xi(t) + ei(t)(  
�����

�����
α

� β 
j∈Ni

aijsgn xj(t) − sgn aij xi(t)  + ej(t) − sgn aij ei(t)   xj(t) − sgn aij xi(t)  + ej(t) − sgn aij ei(t) 
�����

�����
α
.

(12)
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Let

δi(t) � 
j∈Ni

aij xj(t) − sgn aij xi(t) ,

Ei(t) � 
j∈Ni

aij ej(t) − sgn aij ei(t) .
(13)

Substituting (13) into system (12), the closed-loop form
of agent i is presented:

_xi(t) � βsgn δi(t) + Ei(t)(  δi(t) + Ei(t)
����

����
α
. (14)

For system (7), the following questions will be addressed.
(1) How to design the event-triggered condition to deter-
mine the sampling instant ti

k? (2) Under the event-triggered
condition designed, can the distributed event-triggered bi-
partite consensus be solvable in finite time?

3. Main Result

In this section, we will answer all the questions raised at the
end of the previous section and provide the main results and
theoretical analyses.

Theorem 1. Considering aMASs (7) and the control protocol
(10) under a structurally balanced signed graph G, the finite-
time bipartite consensus is achieved in settling time T

satisfying

T �
(1 + α)V(0)(1− α)/(1+α)

c′(1 − α)
, (15)

when the event-triggered condition is designed as

Ei(t)
����

����≤ ci δi(t)
����

����, (16)

where α ∈ (0, 1), V(0) � 
N
i�1(β/(1 + α))‖δi(0)‖1+α is the

Lyapunov function at initial instant t � 0,

c′ � ((cβ2)/((β/(1 + α))((2α)/(1+α)))), β> 0, and ci is a positive
scalar.

Proof. Considering a candidate Lyapunov function,

V(t) � 
N

i�1

β
1 + α

δi(t)
����

����
1+α

. (17)

Evidently, one obtains that V(t)> 0 and V(t) � 0 when
the finite-time bipartite consensus is achieved. Using Lemma
3, the derivative of the Lyapunov function (17) along the
trajectories of system (7) leads to

_V(t) � 
N

i�1

β
1 + α

d δi(t)
����

����
1+α

dt
� 

n

i�1
βsgn δi(  δi(t)

����
����
α _δi(t).

(18)

Together with the definition of (13) and control protocol
(10), we obtain

_δi(t) � 
j∈Ni

aij δ
.

j(t) − sgn aij δ
.

i(t) 

� 
j∈Ni

aij _xj(t) − sgn aij  _xi(t) 

� − 
j∈Ni

aijsgn aij  _xi(t) + aij _xj(t) 

� − 
j∈Ni

lij _xj(t)

� − 
j∈Ni

lijβsgn δj(t) + Ej(t)  δj(t) + Ej(t)
�����

�����
α
,

(19)

where lij denotes i-row j-column element of Laplacian
matrix L. (en, substituting (19) into (18), (18) can be
rearranged as

_V(t) � 

N

i�1
βsgn δi(  δi(t)

����
����
α

− 
j∈Ni

lijβsgn δj(t) + Ej(t)  δj(t) + Ej(t)
�����

�����
α

⎛⎝ ⎞⎠

� − 
N

i�1


N

j ∈Ni

βsgn δi(  δi(t)
����

����
α

 lij βsgn δj(t) + Ej(t)  δj(t) + Ej(t)
�����

�����
α

 .

(20)

It is clear that

sgn δi(  δi(t)
����

����
α ≤ δi(t)

����
����
α
, (21)

sgn δj(t) + Ej(t)  δj(t) + Ej(t)
�����

�����
α
≤ δj(t) + Ej(t)

�����

�����
α

≤ δj(t)
�����

����� + Ej(t)
�����

����� 
α
≤ δj(t)

�����

�����
α

+ Ej(t)
�����

�����
α
.

(22)

Replacing (21) and (22) into (20), it implies that



N

i�1


N

j ∈Ni

βsgn δi(  δi(t)



α

 lij βsgn δj(t) + Ej(t)  δj(t) + Ej(t)
�����

�����
α

 

≥ 

N

i�1


N

j ∈Ni

β δi(t)



α

 lij β δj(t)
�����

�����
α

+ Ej(t)
�����

�����
α

  .

(23)
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Consequently, we can conclude that

V(t)≤ − 

N

i�1


N

j ∈Ni

β δi(t)
����

����
α

 lij β δj(t)
�����

�����
α

+ Ej(t)
�����

�����
α

  

≤ − 

N

i�1


N

j ∈Ni

β δi(t)
����

����
α

 lij β 1 + c
α
j  δj(t)

�����

�����
α

  

� − β|δ|
α

( 
T
L(I + C) β|δ|

α
( 

� − β|δ|
α

( 
T
Q β|δ|

α
( ,

(24)

where Q � L(I + C) and C � diag(cα1 , cα2 , . . . , cαN).
Define R � (1/2)(Q + QT) and Λ � θ ∈ R: θTθ �

1 and θ � β|ϑ|α for some ϑ⊥1N}. Here, Λ is treated as a
bounded closed set. For θ ∈ Λ, the function θTRθ is con-
tinuous with θTRθ≠ 0. (us, let minθ∈Λθ

TRθ be defined by c

with c> 0. From 1N⊥δ, it yields that

β|δ|α( 
T
Q β|δ|α( 

β|δ|α( 
T β|δ|α( 

≥ min
θ∈Λ

θT
Rθ � c> 0. (25)

Assume that Γ(t) � ( _V(t))/(V(t)(2α)/(1+α)), then

Γ(t)≥
c β|δ|α( 

T β|δ|α( 

V(t)(2α)/(1+α)

≥
c β|δ|α( 

T β|δ|α( 


n
i�1(β/(1 + α)) δi(t)



1+α

 
(2α)/(1+α)

≥
c 

n
i�1 β

2 δi(t)
����

����
2α


n
i�1 (β/(1 + α))(2α)/(1+α) δi(t)

����
����
2α.

(26)

(e last inequality can be obtained by Lemma 4. For
simplicity, let c′ � (cβ2)/((β/(1 + α))(2α)/(1+α)), and we have

_V(t)≤ − c′V(t)
(2α)/(1+α)

. (27)

By Lemma 2, as δ(t) would be zero in finite time
T � ((1 + α)V(0)(1− α)/(1+α))/(c′(1 − α)), system (7) will
achieve a bipartite consensus. □

Remark 1. Here, the simplified event-triggered condition
|Ei(t)|≤ ci|δi(t)| is proposed. In order to guarantee the
stability ofMASs (7), the event-triggered control mechanism
specifies the prior assumption that event-triggered function
is built previously, and then the appropriate control protocol
is derived using only local information.

Now, we will further prove that there exists at least one
agents, whose positive lower bound on the interevent
instants can rule out Zeno behaviour under the event-
triggered condition (16). Clearly, all the state measure-
ment errors at initial time t0 are zero. Define
m � argmaxi|δi(t)|. Combined with |Em(t)|≤ |E(t)|, one
can obtain

Em(t)




N δm(t)



≤

|E(t)|

|δ(t)|
. (28)

Similar to [30], the next interevent interval of agent m is
bounded by τm, which satisfies ((τm‖L‖)/(1 − τm‖L‖)) � cm

and τm � (cm/((1 + cm)‖L‖))> 0.
(us, under the event-triggered condition (16), a dis-

tributed finite-time bipartite consensus problem is solvable.

4. Simulation Results

In this section, the simulation example is presented to il-
lustrate the effectiveness of the proposed distributed event-
triggered control strategy in finite time.

Considering a MASs with 6 agents, the communication
topology is shown in Figure 1. (e initial values of the MASs
are randomly generated as x(0) � −1 −2 2 −3 0 1 

T.
From Figure 1, the corresponding Laplacian matrix L is
given by

L �

2 0 −2 0 0 0

0 3 −3 0 0 0

−2 −3 9 4 0 0

0 0 4 5 −1 0

0 0 0 −1 6 −5

0 0 0 0 −5 5

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (29)

Here, the method to sampled data is utilized to simulate
the event detection over the whole process. (en, the
sampling time is set to h � 0.01. In addition, the permitted
range α and β are set to 0.8 and 0.9 in real-time control,
respectively.

Simulation results are shown in Figures 2 and 3.
Figure 2(a) shows the evolution of each agent’s state;
Figure 2(b) reveals each agent’s own event sequence. From
Figure 2, we calculate the average event-triggered interval
overall mobile agents havg � 0.1082. By comparison with
sampling time h � 0.01, regarding reduction in the fre-
quency of control actions, the proposed event-triggered
strategy has the advantages without degraded performance.

–4

1 2

3

4

55 6

2 3

1

Figure 1: Communication topology.

Mathematical Problems in Engineering 5



0

50

100

150

200

V 
(t)

0.5 1 1.5 2 2.5 3 3.50
Time (s)

Agent 2 
Agent 1

Agent 3

Agent 4 
Agent 5 
Agent 6 

(a)

0

0.5

1

1.5

2

||X
i (

t ki ) –
 X

i (
t)|

|

0.5 1 1.5 2 2.5 3 3.50
Time (s)

Agent 2 
Agent 1

Agent 3

Agent 4 
Agent 5 
Agent 6 

(b)

Figure 3: Simulation results of bipartite consensus for MASs. (a) (e evolution of the Lyapunov function V(t) in (eorem 1 for
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Figure 2: Simulation results of bipartite consensus for MASs. (a) (e evolution of xi(ti
k) for i ∈ v. (b) (e event sequences of N � 6 when

h � 0.01 s.
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More interestingly, it can be revealed that our event gen-
erator results in an average maximum release sampling
interval of 0.1082. Figure 3(a) presents V(t) in (eorem 1 is
finite-time convergent to 0; Figure 3(b) illustrates the flut-
tering of the measurement error xi(ti

k) − xi(t). As a con-
sequence, it indicates that the proposed finite-time coupled
with the event-triggered scheme not only reduces the fre-
quency of control actions with the better bipartite consensus
performance but also achieves a bipartite consensus in finite
time.

5. Conclusion

In this paper, we deal with the distributed finite-time bi-
partite consensus for MASs via event-triggered control al-
gorithms. Combined with finite-time stability theory and
event-triggered control strategy, a novelty nonlinear dis-
tributed bipartite consensus protocol is proposed over a
structurally balanced signed graph. Differing from asymp-
totic convergence, all agents are driven to achieve a bipartite
consensus by a finite-time control protocol in a settling time.
Comparing with the continuous-time controller, the pro-
posed event-triggered control scheme was proven capable of
reducing the frequency of control actions. Moreover, a re-
lationship between the convergence time and the event-
triggered condition was derived, which shows that the
function threshold achieves a compromise between the
control actions cost and the system performance. At last, the
simulation result is presented to demonstrate the effec-
tiveness of the theoretical results. In the future, finite-time
distributed event-triggered bipartite consensus for MASs
with delays in communication networks, and high-order
stochastic nonlinearity will be further researched.
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