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Complexity and dynamical analysis in neural systems play an important role in the application of optimization problem and associative
memory. In this paper, we establish a delayed neural system with external stimulations. *e complex dynamical behaviors induced by
external simulations are investigated employing theoretical analysis and numerical simulation. Firstly, we illustrate number of
equilibria by the saddle-node bifurcation of nontrivial equilibria. It implies that the neural system has one/three equilibria for the
external stimulation. *en, analyzing characteristic equation to find Hopf bifurcation, we obtain the equilibrium’s stability and
illustrate periodic activity induced by the external stimulations and time delay. *e neural system exhibits a periodic activity with the
increased delay. Further, the external stimulations can induce and suppress the periodic activity. *e system dynamics can be
transformed from quiescent state (i.e., the stable equilibrium) to periodic activity and then quiescent state with stimulation increasing.
Finally, inspired by ubiquitous rhythm in living organisms, we introduce periodic stimulations with low frequency as rhythm activity
from sensory organs and other regions. *e neural system subjected by the periodic stimulations exhibits some interesting activities,
such as periodic spiking, subthreshold oscillation, and bursting-like activity. Moreover, the subthreshold oscillation can switch its
position with delay increasing. *e neural system may employ time delay to realize Winner-Take-All functionality.

1. Introduction

Imitating the properties of a biological nerve system to build
artificial neural network model plays an important role in
the fields of neural network applications. Complexity and
dynamical analysis in neural systems are important re-
quirements for the application of optimization problem and
associative memory. In fact, many neural network systems,
such as Hopfield neural system, Cohen–Grossberg neural
system, and cellular neural system, have been applied in
many research fields such as associative memory, secure
communication, and signal processing. Actually, associative
memory storage in neural networks is defined by the stable
equilibrium points, periodic orbits, and even chaotic
attractors. Neural system receives external stimulations from
sensory organs and brain regions and then produces dif-
ferent types of firing behaviors, such as periodic activity,

spiking, bursting, and chaos to transfer and integrate neural
information [1, 2]. To reveal firing mechanism and study
neural dynamics, many neural system models have been
constructed. *e evolution of system is governed by the
assumed dynamics of units and their interactions [3]. Time
delay is an inevitable factor in signal transmission due to the
finite propagation velocity and switching speed. Recently,
delayed neural systems with few units have been proposed to
get a deep understanding of the neural dynamics [4–6].

In this paper, we investigate a simplified delay neural
system with external stimulations. *e Wilson-Cowan
(W-C) neural model with time delay [7] is chosen to describe
dynamical behavior of individual neurons or neural function
units. *e W-C model is a set of differential equations that
represent time evolution of neural units, using sigmoidal
function to describe neural interaction. *e W-C neural
system has been used to address many problems in
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computational neuroscience [8]. *e mathematical char-
acteristics of single and two-coupling W-C neural system
have been studied extensively because of mathematical
tractability and rich dynamical properties [9, 10]. For ex-
ample, Borisyuk and Kirillov [11] found a coexistence region
with equilibrium and periodic solution in W–C model. *e
dynamics and bifurcations of two coupled W–C oscillators
with four different connection types were investigated [12].
Maruyama et al. [13] elucidated the chaos mechanism in
coupled W–C oscillators. Further, the modified W–C os-
cillator with delayed self-connection was proposed by
Monteiro et al. [14]. Song and Xu have focused on the effects
of external inputs in delayed W–C oscillator [15, 16]. Two
coupled W–C models exhibited a chaotic oscillation forced
by periodic input [13]. Moreover, the neural system had
coexistence of oscillatory and steady states. *e periodic
stimulation transformed the level of activity to high or low
[17, 18]. However, to the best of our knowledge, there is no
published report on dynamical behavior of W–C neural
model with time delay and external stimulations. *is is our
motivation of the present research.

*e W–C neural system with time delay and external
stimulations is described by the following delayed differ-
ential equation:

u
.

1(t) � −u1(t) + f c1u1(t) + c2u2(t − τ) + I1( ,

u
.

2(t) � −u2(t) + f c3u2(t) + c4u1(t − τ) + I2( ,

⎧⎨

⎩ (1)

where u1(t) and u2(t) denote neural activities at time t, ci

(i � 1, . . . , 4) represent synaptic weights for inhibition
(ci < 0) and excitation (ci > 0), τ is a transmission delay, and
I1 and I2 are external stimulations, f(u) is neural activation
function and chosen as f(u) � 1/(1 + e−u) in this paper.

*e outline of this paper is as follows: in Section 2, we
illustrate number of equilibria by saddle-node bifurcation of
nontrivial equilibria. *e system exhibits one/three equi-
libria for different values of external stimulations. In Section
3, we analyze the equilibrium’s stability and demonstrate a
periodic activity, which can be induced by both external
stimulations and time delay. *e neural system exhibits a
periodic activity with delay increasing. Further, the external
stimulations can induce and suppress the periodic activity.
*e system dynamics can be transformed from quiescent
state to periodic activity and then to quiescent state with
increase of the external stimulations. In Section 4, we in-
troduce periodic stimulations as rhythm activity from
sensory organs and another region. *e neural system
subjected by the periodic stimulations exhibits periodic
spiking, subthreshold, and bursting-like activities. Conclu-
sions are given in Section 5.

2. Saddle-Node Bifurcation of
Nontrivial Equilibrium

We start with equilibrium analysis by employing the
dynamical bifurcation theory. It is obvious that system (1)
just has nontrivial equilibrium labeled as (u10, u20) be-
cause the neural activation function f(u) � 1/(1 + e−u) is
not an origin symmetry. By letting u

.

1 � 0 and u
.

2 � 0 in

system (1), we have the nontrivial equilibrium (u10, u20)

satisfied with

u10 � f c1u10 + c2u20 + I1( ,

u20 � f c3u20 + c4u10 + I2( .
 (2)

*e number and value of the nontrivial equilibrium just
depend on synaptic weights ci, (i � 1, . . . , 4) and external
stimulations I1 and I2. Since time delay has no impact on the
number and value of system equilibria, we have rewritten
system (1) as the following nondelayed system, which is

u
.

1(t) � −u1(t) + f c1u1(t) + c2u2(t) + I1( ,

u
.

2(t) � −u2(t) + f c3u2(t) + c4u1(t) + I2( .

⎧⎨

⎩ (3)

By x1(t) � u1(t) − u10, x2(t) � u2(t) − u20, we obtain
the corresponding linearization system:

x
.

1(t) � −x1(t) + c1Mx1(t) + c2Mx2(t),

x
.

2(t) � −x2(t) + c3Nx2(t) + c4Nx1(t),
 (4)

where

M �
e

− m0

1 + e
−m0( 

2 > 0,

N �
e

−n0

1 + e
−n0( 

2 > 0,

m0 � c1u10 + c2u20 + I1,

n0 � c3u20 + c4u10 + I2.

(5)

*e corresponding characteristic equation is

λ + 1 − c1M −c2M

−c4N λ + 1 − c3N




� 0, (6)

which is

λ2 + −c1M − c3N + 2( λ + c1c3 − c2c4( MN − c3N

− c1M + 1 � 0.
(7)

In fact, the critical value of equilibrium’s number cor-
responds to a static bifurcation [19, 20]. So, in Section 3, we
will describe the change of the number of equilibria by
bifurcation analysis. It follows from bifurcation theory that
system (1) has a static bifurcation at the nontrivial equi-
librium (u10, u20) if the following equation is valid, which is

c1c3 − c2c4( MN − c3N − c1M + 1 � 0. (8)

It should be noted that M and N entirely depend on
synaptic weights ci, (i � 1, . . . , 4) and external stimulations
I1 and I2. So, equation (8) is a transcendental and compli-
cated equation. *e static bifurcation point cannot be il-
lustrated in theoretical expressions. But, for the fixed system
parameters, the static bifurcation points can be obtained by
numerical computation. Further, we choose system pa-
rameters as c1 � −3, c2 � −10, c3 � −3, and c4 � −10. For
different values of the external stimulations I1 and I2, we can
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show dynamic nullclines to demonstrate the types of bi-
furcation of nontrivial equilibrium, which is

I1 � 3u10 + 10u20 − ln
1

u10 − 1
 ,

I2 � 3u20 + 10u10 + ln
1

u20 − 1
 .

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(9)

*e number of equilibria can be obtained by dynamic
nullclines, as shown in Figure 1. It follows from Figure 1(a)
that the dynamic nullclines just have one intersection point
for I1 � 8 and I2 � 5, which implies system (1) has just one
nontrivial equilibrium. However, when external stimula-
tions I1 and I2 are fixed as I1 � 8, I2 � 7, the dynamic
nullclines have three intersection points with a nonsym-
metrical pattern, as shown in Figure 1(b). It implies that
system (1) exhibits a saddle-node bifurcation of nontrivial
equilibrium. Two new nontrivial equilibria generate with
external stimulations increasing. System (1) exhibits three
equilibria. Similar results are obtained for system (1), which
is one equilibrium for I1 � 2 and I2 � −2 (Figure 1(c)) and
three equilibria for I1 � 2 and I2 � 2 (Figure 1(d)).

3. Stability Analysis and Period Activity

In this section, we will analyze the equilibrium’s stability and
find periodic activity induced by both external stimulations
and time delay. To this end, using x1 � u1 − u10 and
x2 � u2 − u20, we firstly obtain a linearizing system at the
equilibrium (u10, u20), which is

x
.

1(t) � −x1(t) + c1Mx1(t) + c2Mx2(t − τ),

x
.

2(t) � −x2(t) + c3Nx2(t) + c4Nx1(t − τ).
 (10)

*e characteristic equation of system (10) is

λ2 + −c1M − c3N + 2( λ − c2c4MNe
−2λτ

+ c1c3MN

− c3N − c1M + 1 � 0.

(11)

It follows that the equilibrium of system (1) is locally
stable when all eigenvalues of equation (11) present negative
real parts. Supposing τ � 0 in equation (11) produces

λ2 + −c1M − c3N + 2( λ + c1c3 − c2c4( MN − c3N − c1M + 1 � 0.

(12)

Using the Routh-Hurwitz criterion, we obtain a neces-
sary and sufficient condition to assure the equilibrium of
system (1) has local stability, which is

c1M + c3N< 2,

c1M + c3N − c1c3MN + c2c4MN< 1.
 (13)

With delay τ increasing, the system equilibriummay lose
its stability and evolve into a periodic activity. To obtain the
critical values, supposing λ � iω (ω> 0) is a pure imaginary
root of the characteristic equation (11), we have

ω2
+ −c1M − c3N + 2( iω − c2c4MNe

−2iωτ
+ c1c3MN

− c3N − c1M + 1 � 0.

(14)

Separating equation (14) into real and imaginary parts
yields

1 − c1M − c3N + c1c3MN − ω2
− c2c4MN cos(2ωτ) � 0,

2ω − c1Mω − c3Nω + c2c4MN sin(2ωτ) � 0.

⎧⎨

⎩

(15)

Eliminating τ from equation (15), one has

cos(2ωτ) �
1 − c1M − c3N + c1c3MN − ω2

c2c4MN
,

sin(2ωτ) � −
2ω − c1Mω − c3Nω

c2c4MN
.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(16)

By cos2(2ωτ) + sin2(2ωτ) � 1, we have

L(ω) � ω4
+ p0ω

2
+ q0 � 0, (17)

where

p0 � 2 − 2c1M − 2c3N + c
2
1M

2
+ c

2
3N

2
,

q0 � 1 − c1M − c3N + c1c3MN( 
2

− c2c4MN( 
2
.

⎧⎨

⎩ (18)

In general, based on conditions p0 < 0, q0 > 0, and
p2
0 − 4q0 > 0, equation (17) may have at most two positive

roots ωi, i � 1, 2, which are the frequencies of the periodic
activity

ω1,2 �

��������������

−p0 ±
�������

p
2
0 − 4q0



2




.
(19)

*en, equation (14) has the critical delayed values of the
Hopf bifurcation, that is

τj
i �

ϕi + 2jπ
ωi

, i � 1, 2; j � 0, 1, 2, . . . , (20)

where ϕi ∈ [0, 2π) and satisfies with

1 − c1M − c3N + c1c3MN − ω2
i − c2c4MN cos ϕi � 0,

2ωi − c1Mωi − c3Nωi + c2c4MN sinϕi � 0.

⎧⎨

⎩

(21)

Define

τ0 � min τ0i : i � 1, 2. . (22)

*e Hopf bifurcation happens when the system eigen-
values cross the imaginary axis with nonzero velocity.
Differentiating λ with τ in (11), one has the crossing velocity:

λ′(τ) �
2c2c4MNλ

e
2λτ

c1M + c3N − 2λ − 2(  − 2c2c4MNτ
. (23)
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By the Hopf bifurcation theory, we obtain the following
conclusion with condition (11). If L(ω) � 0 has at most two
positive roots ωi, i � 1, 2, there is a critical value of delay τ0
defined by (22). All eigenvalues have negative real parts for
τ ∈ (0, τ0), where the dynamics of system (1) is asymptot-
ically stable. Furthermore, system (1) has a Hopf bifurcation
with the critical delayed value τ � τ0 when Re(λ′(τ))≠ 0. It
implies that the system has a periodic activity near the
equilibrium (u10, u20) for τ ∈ (τ0, +∞).

For example, we choose system parameters as c1 � −3,
c2 � −10, c3 � 3, c4 � 5, I1 � 2, and I2 � −2. It follows that
L(ω) � 0 has a positive rootω � 0.6133.*eminimum delay
of the Hopf bifurcation is τ0 � 1.2422 by equation (18). All
eigenvalues of equation (11) have negative real parts for the
delayed interval τ ∈ (0, 1.2422). At this time, the system
equilibrium is locally stable. It follows from Figure 2(a) that
the maximum real part of eigenvalues is Re(λ) � −0.0389 for
the fixed delay τ � 1. *e corresponding time history is
illustrated in Figure 3(a). *e trajectory evolves into the
nontrivial equilibrium. Furthermore, system (1) undergoes a
Hopf bifurcation when τ passes through the critical delayed

value τ0 � 1.2422. *e maximum real part of eigenvalues
will change its sign from negative to positive. At least a root
of equation (9) has a positive part for τ ∈ (1.2422,∞), as
shown in Figure 2(b) for the fixed delay τ � 2. *e system
dynamic will lose its stability and enter a stable periodic
activity, as shown in Figure 3(b). *e real parts of system
eigenvalues with τ increasing are shown in Figure 4.

On the other hand, external stimulations can induce and
suppress the periodic activity in system (1). With increasing
of the external stimulations, the system dynamics can switch
from quiescent state to periodic activity and then enter into
the quiescent state. For example, we increase external
stimulation I2 and fix other parameters as c1 � −3, c2 � −10,
c3 � −3, c4 � −10, I1 � 2, and τ � 2. It follows from
Figure 5(a) that the system trajectories evolve into a non-
trivial equilibrium for I2 � 0. *e equilibrium of system is
locally stable. With increasing of external stimulation to
I2 � 2, the system dynamic loses its stability and enters into a
stable periodic activity, as shown in Figure 5(b). It implies
that the external stimulation induces a periodic activity in
system (1). Further, the intensity of periodic activity is
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Figure 1: Intersection points of dynamic nullclines illustrate the saddle-node bifurcation of nontrivial equilibrium, where (a) one nontrivial
equilibrium for I1 � 8 and I2 � 5, (b) three equilibria for I1 � 8 and I2 � 7, (c) one equilibrium for I1 � 2 and I2 � −2, and (d) three
equilibria for I1 � 2 and I2 � 2, where the other parameters are c1 � −3, c2 � −10, c3 � −3, and c4 � −10.
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enhanced by external stimulation I2. It follows from
Figure 5(c) that the amplitude can reach to u1 � 0.5 for
external stimulation I2 � 6. However, when external stim-
ulation is increased into I2 � 8, the periodic activity evolves
into a quiescent state, as shown in Figure 5(d). *e system
trajectories enter a nontrivial equilibrium again. *e system
equilibrium regains its stability. *e external stimulations
suppress the periodic activity in system (1).

4. Complex Activity Excited by
Periodic Stimulations

In the section above, we have studied the equilibrium sta-
bility and find a periodic activity, where system (1) has
external stimulations I1 and I2, which are constant values. In
fact, rhythm stimulation is ubiquitous in living organisms.

So, in this section, we will analyze dynamical activity of the
neural system encountered external stimulation with peri-
odical rhythm.*e periodic stimulations with low frequency
are introduced as rhythm activity from sensory organs and
other regions.*e neural system considered in this section is
described by the following differential equations:

u
.

1(t) � −u1(t) + f c1u1(t) + c2u2(t − τ) + I1 + A1 cos (vt)( ( ,

u
.

2(t) � −u2(t) + f c3u2(t) + c4u1(t − τ) + I2 + A2 sin (vt)( ( ,

⎧⎨

⎩

(24)

where A1 and A2 are amplitudes of external stimulations
with periodical rhythm and v is frequency. Physically, in
some experimental studies of living organisms, periodic
stimulations are used by injecting sinusoidal current into
neurons, such as the squid giant axons [21], snail neurons
[22], and lobster CPGs [23]. Some complex activity of
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Figure 2: Partial eigenvalues of the system equilibrium (u10, u20) with time delay τ increasing (a) τ � 1 and (b) τ � 2 for the fixed parameters
c1 � −3, c2 � −10, c3 � 3, c4 � 5, I1 � 2, and I2 � −2.
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Figure 3: Time histories of system (1) with the delay (a) τ � 1 and (b) τ � 2 for the fixed parameters c1 � −3, c2 � −10, c3 � 3, c4 � 5, I1 � 2,
and I2 � −2.
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Figure 4: *e real parts of system eigenvalues with τ increasing for the fixed parameters c1 � −3, c2 � −10, c3 � 3, c4 � 5, I1 � 2, and
I2 � −2.
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Figure 5: Time histories of system (1) with external stimulation increasing (a) I2 � 0, (b) I2 � 2, (c) I2 � 6, and (d) I2 � 8 for the fixed
parameters c1 � −3, c2 � −10, c3 � −3, c4 � −10, I1 � 2, and τ � 2.
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neurons, such as periodic spiking, subthreshold, bursting,
and even chaos behaviors are illustrated for external stim-
ulations with periodical rhythm.

It follows from equilibrium analysis in Section 2 that
neural system (1) exhibits one equilibrium and three
equilibria for different parameter values. Further, with time
delay and external stimulations, the neural system illustrates
a periodic activity from a quiescent state and even regains
the quiescent state. So, in Section 5, we exhibit dynamic
activity of neural system (24) with two cases. One is c1 � −3,
c2 � −10, c3 � 3, c4 � 5, I1 � 2, and I2 � −2 for system (1)
having one equilibrium, and the other is c1 � −3, c2 � −10,
c3 � −3, c4 � −10, I1 � 8, and I2 � 7 for three equilibria.
Further, by choosing A1 � 0.1, A2 � 0.1, and v � 3 as the
periodic stimulations, we illustrate the effect of time delay
and external stimulation on system activity.*e results show
that the neural system subjected by periodic stimulations
exhibits some interesting activities, such as periodic spiking,
subthreshold oscillation, and bursting-like activity.

Firstly, we choose system parameters as c1 � −3,
c2 � −10, c3 � 3, c4 � 5, I1 � 2, and I2 � −2, where system
(1) has one equilibrium. *e neural activities of neural

system (24) subjected by periodic stimulations are illustrated
in Figure 6 for the different values of time delay. It follows
from Figure 6(a) that system (24) exhibits a subthreshold
oscillation for small delay τ � 0.1. Further, the amplitude of
subthreshold oscillation decreases with time delay increas-
ing. *e subthreshold oscillation degenerates into a quies-
cent state, as shown in Figure 6(b) for τ � 1. On the other
hand, with delay further increasing, the quiescent state can
be excited, and the subthreshold oscillation enters into a
periodic spiking, as shown in Figure 6(c) for τ � 3. At last,
when time delay is chosen as τ � 10, the periodic spiking
transforms into a bursting-like activity, as shown in
Figure 6(d).

For case 2, system parameters are fixed as c1 � −3,
c2 � −10, c3 � −3, c4 � −10, I1 � 8, and I2 � 8, where neural
system (1) exhibits three equilibria by saddle-node bifur-
cation of nontrivial equilibrium. *e activities of neural
system (24) subjected by periodic stimulations illustrate the
top/down subthreshold oscillation and periodic spiking, as
shown in Figure 7. It follows from Figure 7(a) that the neural
system (24) exhibits a top subthreshold oscillation because of
the top equilibrium in system (1) for delay τ � 1.5. With
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Figure 6: Time histories of system (24) with delay increasing (a) τ � 0.1, (b) τ � 1, (c) τ � 3, and (d) τ � 10 for the fixed parameters c1 � −3,
c2 � −10, c3 � 3, c4 � 5, I1 � 2, and I2 � −2.
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delay increasing slightly, the top oscillation changes its
position and enters into the down subthreshold oscillation,
as shown in Figure 7(b) for time delay τ � 1.6. *e neural
system having multiple equilibria may employ time delay to
realize Winner-Take-All functionality. Further, a periodic
activity will be excited by increasing delay, as shown in
Figure 7(c) for τ � 6. *e oscillatory intensity of neural
activity is stronger than the spiking illustrated in case 1. *e
oscillation surrounds all top and down quiescent states.
Finally, the periodic spiking transforms into a bursting-like
behavior, as shown in Figure 7(d) for time delay τ � 15.

5. Conclusion

Complexity and dynamical analysis in neural systems play
an important role in the application of optimization problem
and associative memory. In this paper, we considered a
delayed neural system with content/periodic external
stimulations. *e results show that content stimulations can
induce and suppress a periodic activity. *e neural system
exhibits a periodic activity with delay increasing. Further,
the system dynamics can be changed from quiescent state to

periodic activity and then enter into the quiescent state
with stimulation increasing. Additionally, in view of the
ubiquitous rhythm in living organisms, we introduce the
periodic stimulations with low frequency as the rhythm
activity. *e results show that the neural system subjected
by periodic stimulations exhibits some interesting activi-
ties, such as the periodic spiking, subthreshold oscillation,
and bursting-like ones. Further, with delay increasing
slightly, the subthreshold oscillation can change its position
from top to down. *e neural system having multiple
equilibria may employ time delay to realize Winner-Take-
All functionality.
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Figure 7: Time histories of system (20) with delay varying (a) τ � 1.5, (b) τ � 1.6, (c) τ � 6, and (d) τ � 15 for the fixed parameters c1 � −3,
c2 � −10, c3 � −3, c4 � −10, I1 � 8, and I2 � 8.
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