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In order to more accurately predict the coupled in-line and cross-flow vortex-induced vibration (VIV) response of deep-water
marine drilling risers in linearly sheared flows, an improved three-dimensional time-domain coupled model based on van der Pol
wake oscillator models was established in this paper. 'e impact of the in-line and cross-flow changing added mass coefficients
was taken into account in the model. 'e finite element, Newmark-β, and Newton–Raphson methods were adopted to solve the
coupled nonlinear partial differential equations. 'e entire numerical solution process was realized by a self-developed program
based on MATLAB. Comparisons between the numerical calculations and the published experimental tests showed that the
improvedmodel canmore accurately predict somemain features of the coupled in-line and cross-flowVIV of long slender flexible
risers in linearly sheared flows to some extent. 'e coupled in-line and cross-flow VIV of a real-size marine drilling riser, usually
used in the deep-water oil/gas industry in the South China Sea, was analyzed.'e influence of top tension force and seawater flow
speed, as well as platform heave amplitude and frequency, on the riser in-line and cross-flow VIV was also discussed. 'e results
show that the platform heave motion increases the VIV displacements and changes the magnitudes of peak frequencies as well as
the components of frequencies. 'e platform heave motion also has a significant influence on the vibration modes of the middle
and upper sections of the riser. 'e impact level of each factor on the in-line and cross-flow VIV response of the riser is different.
'e improved model and the results of this paper can be used as a reference for the engineering design of deep-water marine
drilling risers.

1. Introduction

Long slender flexible cylinders such as marine drilling risers
are widely used in the deep-water oil/gas industry. 'e in-
line (IL) and cross-flow (CF) vortex-induced vibrations
(VIV) will occur when seawater flows through risers. It is
widely accepted that accurately predicting the main features
of the coupled in-line and cross-flow VIV response is the key
to the engineering design of deep-water marine drilling
risers. 'e detailed mechanism, related research methods,
and somemain features of the coupled in-line and cross-flow
VIV response of long slender flexible cylinders have been
described in some review literature [1, 2].

For a long time, semiempirical models based on wake
oscillator models have been widely used in the prediction of
VIV response of short/long cylinders in uniform/sheared
flows due to their superiority. 'e nonlinear dynamic os-
cillators are adopted to predict the main features of vortex
shedding in the wake region of risers. Based on the van der Pol
equation, Bishop and Hassan [3] first put forward the specific
expression of the wake oscillator model. 'en, wake oscillator
models have been continuously improved by some re-
searchers [4–13]. Based on wake oscillator models, some
studies have analyzed the coupled in-line and cross-flow VIV
response of long slender flexible cylinders in uniform flows
[14–16], and some scholars have also focused their attention
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on the study of coupled in-line and cross-flow VIV response
of long slender flexible cylinders in sheared flows [17–23].
Leclercq and de Langre [24] also studied the VIV response of
cylinders with large in-line bending deformation.

Added mass coefficients play a significant role in the
prediction of the VIV response of long slender flexible risers,
especially in sheared flows. Wang et al. [25] formulated the
semiempirical formulas of cross-flow added mass coefficient
of flexibly mounted rigid circular cylinders in lock-in sit-
uations. Aronsen [26] and Larsen et al. [27] developed the
simplified in-line and cross-flow added mass coefficient
models, respectively. 'ese simplified models are related to
nondimensional frequency. Yuan et al. [28] studied the in-
line and cross-flow VIV response of small-scale and rela-
tively long tensioned risers in uniform flows based on these
simplified added mass coefficient models and force de-
composition models. Song et al. [29] developed the in-line
and cross-flow added mass coefficients of a small-scale top
tensioned riser in uniform flows through the least-squares
method based on experimental tests.

Floating drilling platforms are widely used in the deep-
water oil/gas drilling industry. Floating drilling platforms
usually have larger heave motions, and this will inevitably
cause the riser axial tension force to change constantly with
time. Time-varying axial tension force will affect the in-line
and cross-flow VIV response of risers to some extent. Franzini
et al. [30] studied the cross-flow VIV response of a small-scale
flexible cylinder through experimental tests in consideration of
the time-varying axial tension force. Based on force decom-
position models, Yuan et al. [31] studied the influence of time-
varying axial tension force on cross-flow VIV response of long
flexible risers in uniform flows through numerical simulation.
Based on force decomposition models, Zhang et al. [32]
numerically studied the in-line and cross-flowVIV response of
a small-scale riser in uniform flows in consideration of the
time-varying axial tension force. Zhang et al. [33] numerically
studied the influence of time-varying axial tension force on the
in-line and cross-flow VIV response of a flexible marine riser
in uniform flows based on wake oscillator and force de-
composition models. Zhang et al. [33] studied the VIV re-
sponse of a flexible fluid-conveying marine riser subjected to
axial harmonic tension. He et al. [34] studied theVIV response
of a pipe subjected to unsynchronized support motions.

With a review of the previous research, some researchers
have formulated various models to study the VIV response
of different structures in different situations. Based on ex-
perimental tests and numerical simulations, the main fea-
tures of VIV of different structures have been mastered to
some extent. However, so far, there are still some issues that
require further investigation. When the riser with a large
aspect ratio (length/diameter) is in sheared flows, the in-line
and cross-flow added mass coefficients vary continuously
along the riser length due to the change of current velocity.
'e existing semiempirical models based on wake oscillator
models usually simplify the value of the added mass coef-
ficient to 1.0 when predicting the in-line and cross-flow VIV
response of risers in sheared flows. However, this affects the
prediction accuracy of these models, making the errors
between the prediction results and the actual ones relatively

large. Besides, the effect of time-varying axial tension force
on the VIV response of large aspect ratio and small-scale
risers is different. At present, there are few published papers
on the study of the coupled in-line and cross-flow VIV
response of large aspect ratio risers in sheared flows in
consideration of time-varying axial tension force. In par-
ticular, there are fewer published papers on this study based
on wake oscillator models.

Given this, an improved three-dimensional time-do-
main coupledmodel in consideration of the changing in-line
and cross-flow added mass coefficients is established in this
paper. 'e model is based on wake oscillator models. 'e
coupled in-line and cross-flow VIV response of a deep-water
marine drilling riser in linearly sheared flows is studied in
this paper based on the improved model. 'e effects of the
top tension force and seawater flow speed, as well as the
platform heave amplitude and frequency, on the riser VIV
response are also discussed.

2. Theoretical Models

2.1. StructuralModel. Two-end pined Euler-Bernoulli beam
model is used to simulate deep-water marine drilling risers.
A Cartesian coordinate system is defined, in which the x-
axis is parallel to the direction of seawater flow and the z-
axis is parallel to the axial direction of the undeformed
riser. Figure 1 shows the schematic model of marine
drilling risers.

Although the aspect ratio and the lateral bending dis-
placement of deep-water marine drilling risers are large, the
risers lateral bending strain is small. 'e geometric non-
linearity has little effect on the dynamic response of the
risers. 'us, the motion equations of marine drilling risers
can be expressed as follows [18]:
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where E is the elastic modulus; I is the axial moment of
inertia; T(z, t) is the time-varying axial tension force; m is the
equivalent mass of per-unit-length riser; c is the equivalent
damping coefficient; and Fx(z, t) and Fy(z, t) are the in-line
and cross-flow fluctuating hydrodynamic forces acting on
risers, respectively.

'e time-varying axial tension force of marine drilling
risers can be expressed as follows [35]:

T(z, t) � Ttop − 
H

z
wdz + KA sin( Ωt), (3)
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where Ttop is the top tension force (Ttop � ftopwH); ftop is
the top tension force coefficient; w is the wet weight of per-
unit-length riser; H is the water depth; K is the equivalent
spring stiffness of heave compensators (K � wH/Ac); Ac is
the critical amplitude associated with heave compensators
(usually set as 10m); and A and Ω are the platform heave
amplitude and frequency, respectively.

'e first two terms at the right end of equation (3) are the
time-independent axial tension force at different points of the
riser caused by the top tension force and the riserwetweight.'e
third term at the right end of equation (3) is the time-dependent
axial tension force excited by the platform heave motion.

'e wet weight and the related mass of per-unit-length
riser can be expressed as follows:
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where mr, mf , ma, and md are the mass of per-unit-length
riser, internal fluid, external added seawater, and external
displaced seawater, respectively; g is the gravity acceleration;
ρr, ρf , and ρw are the densities of the riser, internal fluid, and

external seawater, respectively; D and d are the outer and
inner diameters of the riser, respectively; and Ca is the added
mass coefficient.

'e formulas of the equivalent damping coefficients can
be expressed as follows [6, 18]:

c � cs + cf ,

cf � cΩfρwD2,
 (5)

where cs is the structural damping coefficient; cf is the fluid
damping coefficient; c is the nondimensional damping
coefficient; andΩf is the vortex shedding angular frequency.

'e nondimensional damping coefficient can be
expressed as follows [6]:

c �
CD

4πSt
, (6)

CD is the mean drag force coefficient of vibrating risers, and
it can be expressed as follows [6]:

CD � CD0 1 +
2y

D
 , (7)

where CD0 is the mean drag force coefficient of stationary
risers and y is the cross-flow VIV amplitude of vibrating
risers.

'e vortex shedding angular frequency can be expressed
as follows [18]:

Ωf �
2πStu(z)

D
, (8)

where St is the Strouhal number and u(z) is the seawater
flow speed.

In linearly sheared flows, the seawater flow speed at
different water depths can be expressed as follows:

u(z) � ub +
us − ub( z

H
, (9)
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Figure 1: Schematic model of marine drilling risers.
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where us and ub are the sea surface and bottom seawater flow
speed, respectively.

2.2. AddedMass Coefficients. Added mass coefficients play a
significant role in the in-line and cross-flow VIV response of
deep-water marine drilling risers. According to previous
studies, added mass coefficients are mainly determined by
the nondimensional VIV amplitude and frequency of risers.
'e formulas of the nondimensional VIV amplitude and
frequency are expressed as follows:
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u
,
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where A is the riser in-line/cross-flow VIV amplitude and f

is the riser in-line/cross-flow VIV frequency.
According to research results, the effect of nondimen-

sional VIV frequency on added mass coefficients is much
larger than that of nondimensional VIV amplitude [26, 27].
When ignoring the effect of nondimensional VIV amplitude,
the simplified in-line and cross-flow added mass coefficient
models were proposed by Aronsen et al. [26] and Larsen
et al. [27], respectively. 'e simplified in-line and cross-flow
added mass coefficient models are shown in Figure 2. In this
paper, these simplified added mass coefficient models are
adopted to predict the coupled in-line and cross-flow VIV
response of deep-water marine drilling risers in linearly
sheared flows. 'e initial values of the in-line and cross-flow
added mass coefficients are set to 1.0 in the present study.

2.3. Hydrodynamic Forces. According to previous studies
[6, 18], the in-line and cross-flow hydrodynamic forces
acting on risers can be expressed as follows:

Fx(z, t) � FD − FL
zy

zt
, (11)

Fy(z, t) � FL + FD
zy

zt
, (12)

where FD is the in-line VIV drag force and FL is the cross-
flow VIV lift force.

Based on the Morison equation, the VIV drag and lift
forces acting on per-unit-length riser can be expressed as
follows [18]:

FD � 0.5CDρwDu (z)
2
, (13)

FL � 0.5CLρwDu (z)
2
, (14)

where CD and CL are the time-varying VIV drag and lift
force coefficients of vibrating risers, respectively.

2.4. Wake Oscillator Models. According to wake oscillator
models [6, 18], CD and CL can be simulated by the time-
varying fluid vortex variables p and q:
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where p � 2CD/CD0 and q � 2CL/CL0; CD0 and CL0 are the
VIV drag and lift force coefficients of stationary risers, re-
spectively; and εx, εy, Ax, and Ay are nondimensional
empirical coefficients.

2.5. Boundary Conditions. In the actual deep-water oil/gas
drilling engineering, the top end of the riser is connected to
the platform through the heave compensator system to
ensure that the riser does not produce large vibration dis-
placement in the axial direction. 'us, the riser boundary
conditions can be expressed as follows:
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2.6. Initial Conditions. At the initial moment (t � 0), the
vibration displacement and velocity of the riser are assumed
to be zero, the values of fluid vortex variables p and q are set
to 2, and their velocities are assumed to be zero. 'erefore,
the initial conditions can be expressed as follows:
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2.7. Values of Nondimensional Empirical Coefficients.
According to [5, 6, 18], the values of nondimensional em-
pirical coefficients are given in Table 1.

3. Numerical Solution Methods

'e coupled form of equations (1) to (16) is nonlinear partial
differential equations with variable coefficients. Some co-
efficients in the coupled equations change continuously
along with the spatial position, and some coefficients change
continuously with time. 'e coupled equations are very
complicated and the analytical solution cannot be obtained.
'us, the numerical solutionmethods are used in the present
study to solve the coupled equations.

'e Galerkin-type finite element method is used to
conduct the spatial discretization of the coupled equations.
Based on the parameters of the riser and seawater, as well as
the boundary and initial conditions, the Hermite cubic
interpolation functions are used to obtain the system flexural
stiffness matrix, geometric stiffness matrix, mass matrix, and
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dampingmatrix. Due to the uncertainty of the riser damping
coefficient, the Rayleigh damping theory is adopted in this
paper to obtain the structural damping matrix. It is assumed
that the vibration shape functions of wake oscillators are
trigonometric functions. 'en the wake oscillators are used
to obtain the damping matrix of the fluid and the dynamic
load matrix at the initial moment.'e specific expressions of
the finite element method can be found in [36], and the
specific solution process of wake oscillator models can be
found in [5, 6].

'e Newmark-β method is used to solve the coupled
equations in the time domain. In each time step, the
Newton–Raphson iterative method is used to solve the
nonlinear equations. 'e system geometric stiffness matrix,
mass matrix, damping matrix, dynamic load matrix, and
natural vibration frequency are all constantly updated at
each time step. Since the Newmark-β and Newton–Raphson
iterative methods are relatively mature, this paper no longer
describes their specific expressions. 'e entire numerical
solution process is realized by a self-developed program
based on MATLAB.

Since the seawater flow speed varies along the riser
length, the vortex shedding frequency corresponding to
each element will also change continuously. Strictly
speaking, the seawater flow speed at different points of each
element is also different. However, when the number of the
element is large enough, the variation of the seawater flow
speed along the length of each element is very small.
'erefore, the mean seawater flow speed corresponding to
each element is used to calculate the vortex shedding
frequency in the present study.

4. Model and Numerical Solution
Program Verification

To verify the reliability of the improved model and nu-
merical solution program established in the present study,
comparisons with published experimental tests and nu-
merical calculation results are carried out in this section. As
we all know, the study of deep-water marine drilling risers
VIV response is to provide the basis for the fatigue analysis
and engineering design of the risers. 'e root-mean-square
(RMS) displacement, peak frequency, and dominant mode
are the main parameters of the riser fatigue analysis. 'e
root-mean-square displacement can not only reflect the
amplitude of the riser vibration but also reflect its vibration
shape. 'e peak frequency and dominant mode mainly
reflect the frequency and mode of the riser vibration, so this
paper mainly analyzes these three parameters.

4.1. Long Flexible Riser. 'e experiment was conducted at
Hanøytangen outside Bergen in Norway [37]. 'e main
physical and geometric parameters of the riser model used in
the experiment are given in Table 2. 'e riser model is
divided equally into 300 elements, and this is enough to
represent the maximum vibration mode that may occur for
the riser VIV. 'e interval time in the calculation is 0.01 s,
and the total calculation time is 500 s. 'ese settings are
sufficient to describe the main features of the riser VIV.

When the towing speed at riser upper end is 0.54m/s, the
experimental test and numerical calculation results of the in-
line and cross-flow VIV RMS displacements along the riser
length are shown in Figure 3. 'e solid, dashed, and dotted
lines represent the results of the experimental test, numerical
calculation with an ideal added mass coefficient (the added
mass coefficient is a constant value of 1.0), and numerical
calculation with modified added mass coefficients, respec-
tively. It can be seen from Figure 3 that the numerical
calculation results with modified added mass coefficients
reproduce the features of high order vibration in the in-line
and cross-flow directions observed in the experimental test.
'e in-line and cross-flow VIV RMS displacements of the

Table 1: Values of nondimensional empirical coefficients.

Empirical coefficients Values
St 0.17
CD0 1.2
CD0 0.1
CL0 0.3
Ax, Ay 12
εx, εy 0.3
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Figure 2: Simplified curves of (a) in-line and (b) cross-flow added mass coefficient [26, 27].
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riser obtained in the present study are larger than that of the
experimental tests. 'e maximum relative errors of the riser
VIV RMS displacement between the numerical calculation
results in this paper and the experimental test results are
64.32% and 8.89%, respectively. 'is may be explained from
the following two aspects. On the one hand, it can be
considered that it is caused by the inherent characteristics of
the wake oscillator model itself. On the other hand, it can be
considered that it is caused by the selection of the empirical
parameters. In the experimental tests, the in-line and cross-
flow VIV dominant modes are 23rd and 11th, respectively.
In the numerical calculations with modified added mass
coefficients, the in-line and cross-flow VIV dominant modes
are 20th and 12th, respectively. Meanwhile, according to the
experimental test, the in-line and cross-flow VIV peak
frequencies are 5.4Hz and 2.1Hz, respectively. In the nu-
merical calculations with modified added mass coefficients,
the in-line and cross-flow VIV peak frequencies are 4.8Hz
and 2.4Hz, respectively. Peak frequency herein means the
corresponding frequency to the highest spectral peak, taken
from the spectra of VIV displacement at the midpoint of the
riser model [18, 37]. It can be seen that the riser VIV peak
frequencies and dominant modes obtained in this paper are
close to the experimental test results. Of course, there are
some errors, especially in the prediction of the riser in-line
VIV response, which is relatively large. However, in com-
parison to numerical calculations with the ideal added mass
coefficient [18], it can be seen that the improved model
established in this paper can not only accurately predict the
cross-flow VIV response features but also more accurately
predict the in-line VIV response features of long slender
flexible risers in linearly sheared flow.

Figure 4(a) shows the average RMS displacements of the
riser model under different towing speeds at the riser upper
end. 'e solid symbols represent the experimental test re-
sults, and the hollow symbols represent the numerical cal-
culation results based on the improved model established in
this paper. It can be seen from Figure 4(a) that the numerical
calculation results are larger than the experimental test
results. In all the cases, the maximum relative errors in the
in-line and cross-flow directions between the calculated
results in this paper and the experimental test results are
42.95% and 12.48%, respectively. However, in most cases,
the numerical calculation results in this paper are close to the
experimental test results. Besides, it can be seen that both the

experimental test and numerical calculation results show
that the change of the in-line and cross-flow average RMS
displacements of the riser model is small with the variation
of the towing speed. As we all know, the riser VIV dis-
placements are affected by many factors. According to
equation (8), when the towing speed increases, the vortex
shedding frequency increases continuously. 'is will in-
crease the riser VIV peak frequencies, which cause the riser
VIV displacement to decrease. On the other hand, it can be
known from equations (13) and (14) that when the towing
speed increases, the external excitation forces acting on the
riser increase continuously. 'is will make the VIV dis-
placement of the riser tend to increase. Under the combined
effect of these two aspects, the variations of the riser VIV
displacements are irregular as the towing speed changes.

Figure 4(b) shows the peak frequencies of the riser model
under different towing speeds at the riser upper end. It can
be seen from Figure 4(b) that both the experimental test
results and the numerical calculation results show that the
in-line and cross-flow peak frequencies increase gradually
with the increase of the towing speed. 'is is because, with
the increase of the towing speed, the vortex shedding fre-
quency, that is to say, the external excitation force frequency,
increases continuously, which makes the riser VIV peak
frequencies increase gradually. It can be found from
Figure 4(b) that both the experimental test results and the
numerical calculation results show that the in-line VIV peak
frequency is about two times the cross-flow VIV peak fre-
quency. It can be known from equations (13)–(16) that this is
because the frequency of the external excitation force acting
on the riser in the in-line direction is about two times the
frequency of the external excitation force acting on the riser
in the cross-flow direction. At the same time, it can be seen
from Figure 4(b) that, except for a few cases, the riser VIV
peak frequencies obtained in this paper are close to the
experimental test results. In Figure 4(b), the lower dashed
line corresponds to the Strouhal frequency (fs � Stu/D)
based on the towing speed, and the upper solid line cor-
responds to two times the Strouhal frequency. It can be seen
from Figure 4(b) that the cross-flow VIV frequency of the
riser is lower than the Strouhal frequency, which is the same
as the trend obtained in the experimental test. According to
equations (8) and (9), under sheared flow, the vortex
shedding frequency decreases gradually along with the water
depth. 'is is different from the constant vortex shedding
frequency in uniform flow. 'erefore, the cross-flow peak
frequency of the riser is lower than the vortex shedding
frequency corresponding to the maximum towing speed.

4.2. Relatively Long Flexible Riser. 'e experiment was
conducted at Marintek’s Ocean Basin in Trondheim [38].
'e main physical and geometric parameters of the riser
model used in the experiment are given in Table 3. 'e riser
model is divided equally into 190 elements.'e interval time
in the calculation is 0.01 s, and the total calculation time is
500 s.

Figure 5(a) shows the maximum RMS displacements of
the riser model under different current velocities. 'e

Table 2: Main physical and geometric parameters of Lie and
Kaasen riser model [37].

Parameters Values
Riser length (m) 90
Outer diameter (m) 0.03
Inner diameter (m) 0.026
Bending stiffness (N·m2) 3640
Riser density (kg/m3) 3211
Unit length mass (kg/m) 2.27
Mass ratio 3.13
Aspect ratio 3000
Top tension force (N) 3700
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symbol definitions are the same as in Figure 4. It can be seen
from Figure 5(a) that both the experimental test and nu-
merical calculation results show that the change of the riser
in-line and cross-flow maximum RMS displacements is
irregular with the variation of the current velocity. Com-
pared with the experimental test results, the riser in-line and
cross-flow maximum RMS displacements obtained in this
paper vary relatively little with the change of the current
velocity. 'e numerical calculation results are a little smaller
than the experimental test results. In all cases, the maximum
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Figure 4: (a) Average RMS displacement and (b) peak frequency of the riser model under different towing speeds [37].
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Figure 3: Comparison of the in-line and cross-flow RMS displacements of the riser model when the towing speed at the riser upper end is
0.54m/s [18, 37]. (a) In-line direction. (b) Cross-flow direction.

Table 3: Main physical and geometric parameters of Trim et al.’s
riser model [38].

Parameters Values
Riser length (m) 38
Outer diameter (m) 0.027
Inner diameter (m) 0.021
Young’s modulus (Pa) 3.62×1010

Mass ratio 3.13
Aspect ratio 1407
Top tension force (N) 5000
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relative errors in the in-line and cross-flow directions be-
tween the calculated results in this paper and the experi-
mental test results are 53.71% and 23.10%, respectively.
However, except for a few cases, the numerical calculation
results in this paper are close to the experimental test results
in most cases. Figures 5(b) and 5(c) show the peak fre-
quencies and dominant modes of the riser model under
different current velocities. It can be seen from Figures 5(b)
and 5(c) that the numerical calculation results show that the
in-line and cross-flow peak frequencies and dominant
modes increase gradually with the increase of the current

velocity. Except for a few cases, the experimental test results
also show that the in-line and cross-flow peak frequencies
and dominant modes increase gradually with the increase of
the current velocity. Overall, the in-line and cross-flow peak
frequencies and dominant modes obtained in this paper are
close to the experimental test results.

From the comparisons of Figures 3–5, it can be seen that
the relative errors between the numerical calculation results
obtained in this paper and the experimental tests in the in-
line direction are a little large, but the relative errors in the
cross-flow direction are relatively small. On the whole,
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Figure 5: (a) Maximum RMS displacement, (b) peak frequency, and (c) dominant mode of the riser model under different current velocities
[38].
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except for a few cases, the numerical calculation results
based on the improved model established in this paper are
close to the experimental test results to some extent. Given
the inherent limitations of the semiempirical models based
on wake oscillator models, the improved coupled model and
numerical solution program established in this paper can be
used to predict the in-line and cross-flow VIV response of
marine drilling risers in the actual deep-water oil/gas
engineering.

5. Case Study and Results Discussion

In this section, the VIV of a real-size marine drilling riser,
usually used in the actual deep-water oil/gas drilling industry
in the South China Sea, is analyzed. 'e main physical and
geometric parameters of the riser are given in Table 4.
According to the element precision analysis, the riser is
divided equally into 400 elements in the calculation. 'e
interval time in the calculation is 0.01 s, and the total cal-
culation time is 1000 s.

Figure 6 shows the in-line and cross-flow VIV RMS
displacements along the riser length. 'e values of the top
tension force coefficient, surface seawater flow speed, plat-
form heave amplitude, and frequency are 1.4, 0.8m/s, 1.0m,
and 0.8 rad/s, respectively. 'e solid line indicated by the
VIV legend in Figure 6 represents the riser VIV when the
time-dependent axial tension force component is not con-
sidered. 'e dotted line indicated by the PVIV legend in
Figure 6 represents the riser VIV when the time-dependent
axial tension force component is taken into account. It can
be seen from Figure 6 that the in-line VIV and PVIV
maximum RMS displacements are 0.158 and 0.195 of the
riser outer diameter, respectively, and the cross-flow VIV
and PVIV maximum RMS displacements are 0.508 and
0.596 of the riser outer diameter, respectively. It can be
found that the cross-flow RMS displacement is about three
times the in-line RMS displacement. 'e cross-flow vibra-
tion displacement dominates the overall displacement,
which is consistent with the experimental tests and other
numerical studies [12–20, 37, 38]. It can be noted from
Figure 6 that the platform heave motion increases the in-line
and cross-flow VIV displacements. According to equations
(1)–(3), when the axial tension force of the riser changes
dynamically, the riser lateral bending stiffness changes
continuously. Under the same external force, this will in-
crease the vibration response of the riser. Accordingly, the
riser PVIV RMS displacements are larger than the VIV RMS
displacements. Besides, it can be seen from Figure 6 that the
in-line VIV and PVIV dominant modes are 20th and 19th,
respectively, and the cross-flow VIV and PVIV dominant
modes are all 11th. It is clear that the platform heave motion
changes the vibration modes of the middle and upper
sections of the riser. 'is is because the vortex shedding
frequency of the middle and upper sections of the riser is
relatively large, and the VIV response of the riser is more
sensitive to the changes in axial tension force. 'erefore,
when the axial tension force changes dynamically, the vi-
bration modes of the upper and middle sections of the riser

change greatly. It is clear that the platform heave motion has
a significant impact on the riser vibration response.

Figure 7 shows the in-line and cross-flow VIV dis-
placement spectrums at the midpoint of the riser. 'e
displacement spectrum herein refers to the spectrum curve
obtained by the Fourier transform of the riser VIV dis-
placement. It can be noted from Figure 7 that the in-line VIV
and PVIV peak frequencies are 0.416Hz and 0.412Hz, re-
spectively, and the cross-flow VIV and PVIV peak fre-
quencies are 0.23Hz and 0.226Hz, respectively. 'e
corresponding Strouhal frequency is 0.255Hz when the
surface seawater flow speed is 0.8m/s. 'e cross-flow VIV
frequency of the riser is lower than the Strouhal frequency,
which is the same as the trend obtained in the experimental
test and other numerical studies [18, 37, 38]. It can also be
seen from Figure 7 that whether or not the platform heave
motion is considered, the riser VIV are all showing mul-
tifrequency vibration in both the in-line and cross-flow
directions. 'is is also the same as the trend obtained in
the experimental test and other numerical studies
[12–20, 37, 38]. Moreover, it can be found from Figure 7(a)
that the displacement spectrum shows a peak value at the
point of the platform heave frequency. Meanwhile, it can be
seen from Figure 7(b) that the displacement spectrum shows
peak values at the points of difference and sum frequencies
between the peak frequency of the riser and the platform
heave frequency. 'is is determined by vortex shedding
frequency and the axial tension force variation frequency. It
is clear that the platform heave motion not only changes the
magnitudes of the in-line and cross-flow peak frequencies
but also changes the components of the in-line and cross-
flow VIV frequencies.

5.1. Influence of Seawater Flow Speed. 'e variation of the
seawater flow speed causes a change in the vortex shedding
frequency, which in turn changes the VIV response features
of the riser. To reasonably design the riser, it is necessary to
accurately grasp the riser VIV response features under
different situations. According to the environmental con-
dition in the South China Sea, the surface seawater flow

Table 4: Main physical and geometric parameters of the marine
drilling riser.

Parameters Values
Water depth (riser length), H(m) 2000
Outer diameter, D(m) 0.5334
Inner diameter, d(m) 0.4826
Elastic modulus, E(Pa) 2.1× 1011

Riser density, ρr (kg/m
3) 7850

Internal fluid density, ρf (kg/m
3) 1200

Seawater density, ρw (kg/m3) 1025
Mass ratio 2.35
Aspect ratio 3750
Top tension force coefficient, ftop 1.2∼1.6
Surface seawater flow speed, us (m/s) 0.5∼1.0
Bottom seawater flow speed, ub (m/s) 0.1
Platform heave amplitude, A (m) 0∼2.0
Platform heave frequency, Ω (rad/s) 0∼2.0
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speed usually ranges from 0.5 to 1.0m/s. In this section, the
influence of the seawater flow speed on the riser VIV re-
sponse is analyzed. 'e top tension force coefficient, plat-
form heave amplitude, and frequency are 1.4, 1.0m, and
0.8 rad/s, respectively.

'e in-line and cross-flow average RMS displacements of
the riser at different surface seawater flow speeds are shown
in Figure 8(a). It can be seen from Figure 8(a) that the
variations of the in-line and cross-flow average RMS dis-
placements are irregular with the increase of the surface
seawater flow speed. 'e in-line average RMS displacement

varies between 0.069 and 0.117 of the riser outer diameter,
and the cross-flow average RMS displacement varies be-
tween 0.236 and 0.35 of the riser outer diameter. Moreover,
it can be noted from Figure 8(a) that the surface seawater
flow speeds corresponding to the maximum in-line and
cross-flow average RMS displacements are different. It can
be known from this that when the seawater flow speed
changes, the variation rules of the riser in-line and cross-flow
are related to factors such as the vortex shedding frequency,
the seawater flow speed, and the axial tension force.
According to equations (8), (13), and (14), when the seawater
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Figure 7: Displacement spectrum at the midpoint of the marine drilling riser. (a) In-line direction. (b) Cross-flow direction.
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Figure 6: RMS displacement of the marine drilling riser. (a) In-line direction. (b) Cross-flow direction.
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flow speed changes, both the vortex shedding frequency and
the external excitation force change. All of these will affect
the riser VIV displacement. 'erefore, when the seawater
flow speed changes, the VIV displacement of the riser
changes irregularly. At the same time, according to equa-
tions (11) and (12), it can be known that the frequency of the
external excitation force in the in-line direction and the
cross-flow direction is not the same. 'us, the change of the
seawater flow speed has different effects on the riser VIV
displacement in the in-line and cross-flow directions.
Figure 8(b) shows how the in-line and cross-flow peak
frequencies and dominant modes of the riser vary with the
surface seawater flow speed. According to equation (8), the
vortex shedding frequency will increase as the seawater flow
speed increases. 'at is to say, the frequency of external
excitation forces on the riser continues to increase as the
seawater flow speed increases. 'erefore, it can be seen from
Figure 8(b) that the in-line and cross-flow peak frequencies
and dominant modes are all increasing continuously with
the increase of the seawater flow speed.

5.2. Influence of Top Tension Force. 'e top tension force
plays a significant role in the offshore oil/gas drilling in-
dustry. 'e variation of the top tension force will inevitably
change the natural vibration features and geometric stiffness
of the riser, which results in a change in the riser VIV re-
sponse. According to the engineering practice, the top
tension force coefficient is usually in the range of 1.2 to 1.6.
In this section, the influence of the top tension force on the
riser VIV response is analyzed. 'e surface seawater flow
speed, platform heave amplitude, and frequency are 0.8m/s,
1.0m, and 0.8 rad/s, respectively.

'e in-line and cross-flow average RMS displacements of
the riser at different top tension force coefficients are shown
in Figure 9(a). It can be seen from Figure 9(a) that the in-line
average RMS displacement shows an increasing trend on the
whole with the increase of the top tension force, but the
variation of the cross-flow average RMS displacement is
irregular with the increase of the top tension force. 'e in-
line average RMS displacement varies from 0.064 to 0.136 of
the riser outer diameter, and the cross-flow average RMS
displacement varies between 0.234 and 0.349 of the riser
outer diameter. Moreover, it can be found from Figure 9(a)
that the top tension force coefficients corresponding to the
maximum in-line and cross-flow average RMS displace-
ments are different. It can be known from this that when the
seawater flow speed changes, the variation rules of the riser
in-line and cross-flow average RMS displacements are not
the same. As mentioned above, the riser VIV displacement is
related to the influence of several factors. According to
equations (1)–(3), when the riser axial tension force changes,
the riser lateral bending stiffness, natural vibration fre-
quency, and VIV peak frequency all change. All of these will
affect the riser VIV displacement. 'us, the riser VIV dis-
placements change irregularly with the changes of the top
tension force coefficient. Figure 9(b) shows how the in-line
and cross-flow VIV peak frequencies and dominant modes
of the riser vary with the top tension force coefficient. It can
be seen from Figure 9(b) that the in-line and cross-flow peak
frequencies and dominant modes are all decreasing grad-
ually as the top tension force coefficient increases. As we
know, the natural vibration frequency of the riser decreases
continuously with the increase of the top tension force
coefficient. At the same time, the frequency of external
excitation forces on the riser remains unchanged at the same
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Figure 8: (a) Average RMS displacement and (b) peak frequency and dominant mode versus surface seawater flow speed.
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seawater flow speed. 'erefore, when the top tension force
coefficient increases, the riser VIV peak frequencies and
dominant mode numbers decrease continuously.

5.3. Influence of Platform Heave Amplitude. According to
equation (3), the change of the platform heave amplitude
will change the variation range of the riser axial tension
force, which will affect the riser VIV. According to the
engineering practice, the platform heave amplitude usually
ranges from 0 to 2.0m. In this section, the influence of the
platform heave amplitude on the riser VIV is analyzed. 'e
top tension force coefficient, surface seawater flow speed,
and platform heave frequency are 1.6, 0.8m/s, and 0.8 rad/s,
respectively.

'e riser in-line and cross-flow maximum RMS dis-
placements at different platform heave amplitudes are
shown in Figure 10(a). It can be seen from Figure 10(a) that
the in-line and cross-flowmaximum RMS displacements are
all increasing gradually with the increase of the platform
heave amplitude. 'e in-line maximum RMS displacement
varies from 0.185 to 0.213 of the riser outer diameter, and the
cross-flow maximum RMS displacement varies from 0.582
to 0.676 of the riser outer diameter. According to equation
(3), the larger the platform heave amplitude is, the larger the
change range of the riser axial tension force is, which results
in the more severe vibration of the riser. As a result, the
average RMS displacements of the riser will increase con-
tinuously. Moreover, it can also be noted from Figure 10(a)
that the variation of the platform heave amplitude has a
greater influence on the maximum RMS displacement in the
cross-flow direction than in the in-line direction. 'is is
because the cross-flow external excitation force is much
greater than that of the in-line external excitation force.
'us, when the top tension force changes, the change degree

of the riser VIV displacement in the cross-flow direction is
greater than that in the in-line direction. Figure 10(b) shows
how the in-line and cross-flow peak frequencies and
dominant modes of the riser vary with the platform heave
amplitude. It can be found from Figure 10(b) that the in-line
and cross-flow peak frequencies are all decreasing gradually
with the increase of the platform heave amplitude. Mean-
while, it can be seen from Figure 10(b) that the in-line and
cross-flow dominant modes are all showing a decreasing
trend on the whole with the increase of the platform heave
amplitude. However, in some conditions, the in-line and
cross-flow dominant modes do not change when the plat-
form heave amplitude changes little. As mentioned above,
when the platform heave amplitude increases, the change
range of the riser axial tension force increases. 'is will
decrease the riser natural vibration frequency. 'us, when
the external excitation force remains unchanged, the riser
VIV peak frequencies and dominant modes are all de-
creasing gradually with the increase of the platform heave
amplitude.

5.4. Influence of Platform Heave Frequency. According to
equation (3), the change of the platform heave frequency will
change the variation frequency of the riser axial tension
force, which will affect the riser VIV. According to the
engineering practice, the platform heave frequency usually
ranges from 0 to 2.0 rad/s. In this section, the influence of the
platform heave frequency on the riser VIV is analyzed. 'e
top tension force coefficient, surface seawater flow speed,
and platform heave amplitude are 1.6, 0.8m/s, and 1.0m,
respectively.

'e in-line and cross-flow maximum RMS displace-
ments of the riser at different platform heave frequencies are
shown in Figure 11(a). It can be seen from Figure 11(a) that
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Figure 9: (a) Average RMS displacement and (b) peak frequency and dominant mode versus top tension force coefficient.
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the riser in-line and cross-flow maximum RMS displace-
ments are all decreasing gradually with the increase of the
platform heave frequency. 'e in-line maximum RMS
displacement varies from 0.201 to 0.183 of the riser outer
diameter, and the cross-flow maximum RMS displacement
varies from 0.635 to 0.573 of the riser outer diameter.
Moreover, it can be noted from Figure 11(a) that the var-
iation of the platform heave frequency has a greater influ-
ence on the riser maximum RMS displacement in the cross-
flow direction than in the in-line direction. As mentioned

above, the riser VIV displacements are affected by several
factors. As the platform heave frequency increases, the
change frequency of the riser lateral bending stiffness in-
creases. When the external excitation forces remain un-
changed, the VIV response of the riser decreases. 'erefore,
the riser VIV displacement decreases gradually with the
increase of the platform heave frequency. Figure 11(b) shows
how the in-line and cross-flow peak frequencies and
dominant modes of the riser vary with the platform heave
frequency. It can be found from Figure 11(b) that the in-line
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Figure 10: (a) Maximum RMS displacement and (b) peak frequency and dominant mode versus platform heave amplitude.
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Figure 11: (a) Maximum RMS displacement and (b) peak frequency and dominant mode versus platform heave frequency.

Mathematical Problems in Engineering 13



and cross-flow peak frequencies are all increasing gradually
with the increase of the platform heave frequency.Meanwhile,
it can be found from Figure 11(b) that the in-line and cross-
flow dominant modes are all showing an increasing trend on
the whole with the increase of the platform heave frequency.
However, in some conditions, the in-line and cross-flow
dominant mode numbers of the riser do not change when the
platform heave frequency changes little. As mentioned above,
when the platform heave frequency increases, the change
frequency of the riser axial tension force increases. 'is will
increase the riser natural vibration frequency. 'us, when the
external excitation forces remain unchanged, the riser VIV
peak frequencies and dominant modes are all increasing
gradually with the increase of the platform heave frequency.

6. Conclusions

In this paper, an improved three-dimensional time-domain
coupled model is established to predict the in-line and cross-
flow vortex-induced vibration of deep-water marine drilling
risers in linearly sheared flows in consideration of the
changing added mass coefficients. 'e coupled model is
based on van der Pol wake oscillator models to simulate the
hydrodynamic features in the wake region of risers. 'e in-
line and cross-flow added mass coefficients developed in the
previously published paper are adopted in the present study.
Comparisons between the numerical calculation and the
published experimental test are carried out in this paper.'e
VIV response of a real-size marine drilling riser, usually used
in the practical deep-water oil/gas drilling industry in the
South China Sea, is analyzed. 'e influence of the top
tension force and seawater flow speed, as well as platform
heave amplitude and frequency, on the riser VIV response is
also discussed. 'e main conclusions drawn are as follows:

(1) Compared with the existing prediction models based
on the ideal added mass coefficient (the added mass
coefficient is a constant value of 1.0), the predicted
results of the improved model are more consistent
with the experimental test results. Overall, the im-
proved coupled model can accurately predict some
main features of the in-line and cross-flow VIV
response of deep-water marine drilling risers in
linearly sheared flows to some extent.

(2) 'e platform heave motion increases the riser VIV
displacements and changes the magnitudes of peak
frequencies as well as the components of frequencies.
In the in-line direction, the displacement spectrum
shows peak value at the point of the platform heave
frequency. In the cross-flow direction, the dis-
placement spectrum shows peak values at the points
of difference and sum frequencies between the peak
frequency of the riser and the platform heave fre-
quency. 'e platform heave motion has a significant
influence on the vibration modes of the middle and
upper sections of the riser.

(3) With the change of the seawater flow speed or top
tension force, the variations of the in-line and cross-
flow displacements are irregular. 'e seawater flow

speeds or top tension force coefficients corresponding
to the maximum in-line and cross-flow displacements
are different. 'e in-line and cross-flow peak fre-
quencies and dominant modes increase gradually
with the increase of the seawater flow speed. With the
increase of the top tension force, the peak frequencies
and dominant modes decrease gradually.

(4) With the increase of the platform heave amplitude,
the riser in-line and cross-flow VIV displacements
increase gradually. 'e change of the platform heave
amplitude has a greater influence on the displace-
ment in the cross-flow direction than in the in-line
direction. 'e in-line and cross-flow peak frequen-
cies decrease gradually with the increase of the
platform heave amplitude.'e in-line and cross-flow
dominant modes are showing a decreasing trend on
the whole with the increase of the platform heave
amplitude. However, in some conditions, the in-line
and cross-flow dominant modes do not change when
the platform heave amplitude changes.

(5) With the increase of the platform heave frequency,
the riser in-line and cross-flow VIV displacements
decrease gradually. 'e influences of the variation of
the platform heave frequency on the in-line and
cross-flow displacements are different. 'e in-line
and cross-flow peak frequencies increase gradually
with the increase of the platform heave frequency.
'e in-line and cross-flow dominant modes are
showing an increasing trend on the whole with the
increase of the platform heave frequency. However,
in some conditions, the in-line and cross-flow
dominant modes do not change when the platform
heave frequency changes.

Accurate prediction of coupled in-line and cross-flow
VIV response of deep-water marine drilling risers with a large
aspect ratio in sheared flows is a challenging problem. At
present, all semiempirical models have certain limitations in
predicting the coupled in-line and cross-flow VIV response of
marine drilling risers. 'e improved coupled model estab-
lished in this paper also has some shortcomings. In the future,
we will revise the relevant empirical coefficients in the model
based on more experimental tests, to more accurately predict
the coupled in-line and cross-flow VIV response of real-scale
deep-water marine drilling risers. It should be noted that, in
engineering practice, the in-line and cross-flow VIV response
of marine drilling risers is determined by a combination of
many factors. In different situations, the influence level of the
variation of a specific factor on the VIV response of risers is
different. Even in the same situation, the influence level of the
variation of a specific factor on the in-line and cross-flow VIV
response of risers is not the same. In this paper, the in-line and
cross-flowVIV response of a particular marine drilling riser is
discussed only in a few situations. In the future, we will
systematically analyze the in-line and cross-flow VIV re-
sponse of different risers under different situations, to provide
a basis for the engineering design of deep-water marine
drilling risers.
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