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In this part, we provide proofs of main theoretical results of the sparse group lasso convex
clustering (SGLCC). Before that, we shall introduce some notations and establish some useful
properties to facilitate the proofs of Theorems. We first define H, = Iy @ (eq, — eb)T € RP*" is a
submatrix of H = (ﬁlT , ﬁzT Lo, H \%l)T and provide some results of H, Hin Proposition

Proposition 0.1 According to the definitions of H and H, we have following results.

(1) rank(H) = n — 1 and rank(H) = (n —1)p.

(2) Amin(H) = Amax(H) = /1 and Amin(H) = Amax(H) = /1, where Amin () and Amax(-) are the
minimum nonzero singular value and the maximum singular value of matric, respectively.

(3) The SGLCC model is equivalent to
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where E; = e].T ® I, € R"™" and a = vec(A), and its optimal solution is denoted as £ = (21,21, , %

The following lemma provides a boundary for probability of the quadratic forms of indepen-
dent sub-Gaussian random variables.

Lemma 0.1 ( [1]) Let € be independent sub-Gaussian random variables with mean 0 and variance 6. Let

M be a symmetric matrix. Then there exists some positive constants by, by such that,

b2 byt
P(eTMe > t + 8*tr(M)) < ex {—min( 1 , )}, orany t > 0.
( (M) < exp M T ) 7




For the sake of simplicity of our analysis, we apply the reformulate technique as in [2].
Note that rank(H) = (n—1)p. Let H = UZVfT be the singular value decomposition of H,
where U € RI®Px(-1)p gych that UTU = I(n_l)p, Y ¢ R=Dpx(n=1)p jg 4 diagonal matrix,
and Vy € R™*("=1p such that VfTVf = I(4-1)p- Construct a matrix Vg € R"P*? such that
V= [Vf, Vg] € R"P*"P is orthogonal matrix, that is viy = I1p, and note that VfTVg = 0. Moreover,
let f = Vfo € R"1P and ¢ = Vng € R?, and thus x = V;f + Vgg. Similarly, we denote
fr=Vvixe RV and g* = V{x* € R¥, and thus x* = Vyf* + V,g*.

Hence, based on these notations above and wy = 1, the model (1)) is equivalent to

't
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where Gy is a submatrix of G = (Gy;Gy; -+ ;Gjg|) such that G = UX. Note that mnk( ) =
(n —1)p, then there exists pseudo-inverse G* € R("~DP*I®€lp sych that GtG = I(y—1)p- Let (f,8)
be the solution to @) Then f = V £8= VTJ? and thus £ = Vy f+ Ve8.

Proof of Theorem 3.1: By the defmltlon of (f,8), we obtain that

1 . . . P . . . .
slla=Vef = Vegl3 + mllGFlh +72(1 = ) 3wl Ej(Vef + Ved)ll + 22|V f + Vil
j=1

< Hla— Vi —Veg" B+ mlGF 121 - a)ﬁ WIE(VSF*+ Vit
You|[Vif* 4 Vg™ 1
Using elementary relations 3 (||71(|> — [|721>) = (11 — 72, 12) + 3|11 — 112]|?, we further obtain
*||Vf(f F)+Ve(@ =8N < VR (f = F4) + Ve(@ = )N +m(UIGF I — IGfIIh)
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+r2ul[IVef* + Veg™ll = IVef + Viglhl.

Next, we shall build up the relationship between ¢ and go. By the optimality condition of (2),
we have —VgT(a - fo — Vgg8) + B = 0. This, together with € = a — x* = a — Vf* — Vog*, implies

§—8 =Vie—p,

where = B1 + B2, B1 and B is subgradient of the third term and fourth term in (2), respectively.



We shall estimate the first term in the right-hand side of (3). Then
€T Vi (f = )+ Ve(§ = 8 = €T [VF(f — f*) + Vs (Ve = B)]]
< leTVeViel +[eTVepl + e Ve (f = £)]
< [eTVeViel +[eTVep| + [l VG |l G(f = £9)lI1,
where the first inequality follows from Cauchy-Schwarz inequality, and the last inequality follows
from GTG = I and the Holder’s inequality. We now establish bounds for three terms in the

right-hand side of the inequality that hold with high probability.
Bounds for |eTVngT ¢ and ||e"V;G"||co. Using Lemma [0.1|and condition A1, we obtain that
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and
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see Lemma 6 in [3] for detailed derivation.
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when £ # 0, and thus
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Moreover, setting h(g) := 'yzocHfo + Vggll1, we know that
|h(g1) —h(g2)] = 12 ‘ IVif + Vegalli — IV f + Vg82||1‘
< vaul| Ve (81— 82) I < 1oV ll2llg1 — 82ll2 = Yarllgr — g2ll2,

which implies function h(g) is Lipschitz continuous with constant y,a. Hence, ||B2]2 < 724 by
Proposition 2.47 in [4]. Next, we have

1VsBllz < [Vgll2llBllz = 1[Bll2 < 72(1 — &) l[ully + 712a.

We know that €T VB is a sub-Gaussian random variable with mean zero and variance ||V |36

by Condition Al. Using Chebyshev’s inequality, we have

|V, 5”252 T2 (1 —«a 1+ 720)26?
p(eTvypl > 1) < ISP _ (a1 =l )’



Picking t = ,/np, we obtain from the above inequality that

(v2(1 = a)[Jully + 72u)?6?
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Together with (@) and (5), we further obtain that
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holds with probability at most ¢4, where
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Hence,
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holds with probability at least 1 — c4.
Furthermore, it is clear that
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where the last mequahty follows from triangle inequality and 71772 < (1?7 + 73). Similarly, the
last term in (3) can be estimated as below:

Y2ul[IVef* + Veg It = IVef + Viglhl = vaa(llx* = lI£]1) < voullx*|ls. ©)
Substituting the inequality into (3) and letting v > 264/ w, we know

%”Vf(f_f*) + V(@ = 8"E < mlG(f = F)lh + 1 (IGF I = IGFlh)
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+ 2
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holds with probability at least 1 — c4. Dividing both sides by np/2, we further obtain that
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holds with probability at least 1 — c4.
Proof of Theorem 3.2: Let us prove Theorem 3.2 along the lines of Theorem 3.1. Since ( f,8)is

the global minimizer of , we have

|4
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After some simple manipulations we further obtain that

%nvf(f—f*) + V(8 =8B < €TVi(F — £+ Ve(§ — 8] +m r (IGef Il = 11Gef2)
+72(1—a) zu Ei(Vif* + Veg*) o — IE(Vef + Vo) o) (19
=

+p2a[VEf* + Veg*llh = IVef + Vgéll-

Similarly, we obtain that § — ¢* = VgT € — 3 by following the same arguments in Theorem 3.1.
Thus,

€T VE(f = )+ Ve(§ =g = le"VVie — VB + e Ve (f — f)]
< [eTVoVTel + max |eTViG 12 X 1Ge(f = £*)ll2 + |e Ve,
le®
where the last inequality follows from triangle inequality and Cauchy-Schwarz inequality. Next,
we shall establish boundedness for the three terms on the right-hand side of the inequality.
Bounds for |€TVngTe| and |V, B|. The boundedness of |eTVngTe| and |eTV,B| are estab-
lished in (4) and (6), respectively.
Bound for maxycg ||€TVfG;||2. We first notice that eTVfG? € RP. Hence, we obtain that



||€TVfG€+H2 < \/ﬁHeTVijHoo, which implies
max le"ViG/ [l2 < VP 1ax 1e" VG o < /Pl VEGT o

Thus,
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where the last inequality follows from (5). Together with () and (6), we obtain that

TIVH(F— £ + Vel — )| < 20| PBPCD 3 6,7 ),
lecO® (11)

+ 62 {P +y/ Plog(”P)} +/1p
holds with probability at least 1 — c4.

Substituting the inequality lE ai and into , and letting y1 > 264/ w, we obtain

that the following relation holds with propability at least 1 — c4,

IV = )+ Ve@— VB < m 167 — )l +m X (1Gef* 2 — 1Gef )

le® le®
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Further, we know
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holds with probability at least 1 — c4.

In the proofs of Theorems 3.3-3.4, we only need to verify that P(||£;[|> = 0) — 1 holds for an
element j € Z¢. Without loss of generality, let p € Z¢, we will prove that P(||%,[]» = 0) — 1, the
similar arguments apply to another elements in set Z°.

Proof of Theorem 3.3: Suppose by contradiction that ||£,||2 # 0. The optimality condition of



optimization problem (1) with g = 1 at £, be given by

A

A . A x
£p—ap+71 Y sign((er, —er,) %) (e, — €s,) + 712(1 — )uPW + ousign(£,) =0
lcO

which implies that

1 . . 1 R
ﬁ(xp - xp) - ﬁeig \/* £2® Slgn EZ] e@z)TxP)<efl - efz)
€
1 by 1 i R
+ ﬁ'yz(l —a)up Hf;\ ; + ﬁ'yﬁmgn(xp) =0.

Based on Theorem 3.1 and its discussions, we know that 1||£, — x| 5 = op(1), that is, the first
term is of the order op(1). The term ﬁep is of the order op(1) because the €, is sub-Gaussian
random variable. The fourth term and last term are of the order op(1) by

Youl|sign(£y)|[2
= — 0 and —_—
Wz vn NG

1_
) || p||2 ’)/2( “)up -0,

21—
respectively.

Without loss of generality, we assume the first component of £, is nonzero. Hence, the

first component of ¥ ycesign((e;, — es,) %p)(es, — eg,) is of the order Op(n). We know from

v =28 w that the third term diverges to infinity, which contradicts with the optimality
condition. Therefore, £, = 0 holds with probability tending to one.

Proof of Theorem 3.4: Let us prove Theorem 3.4 along the lines of Theorem 3.3. Suppose that
||£p||2 # 0. The optimality condition of optimization problem (1) with g = 2 at £, be given by

a

. ey 2y
Rp—ap+m Z : 2+ 72(1 —a)up o + Yomsign(£,) =0
ico It ||2 IEs H

which implies that

ey, —e 1 x 1
’Yl él Zz p +7

1
(%, —xt) — y (1 ign(2,) = 0.
\/ﬁ(xp ) Vi fée@ [1Tel12 * \/572( a)up||??p||2 ﬁ”aﬁgn(xﬁ)

We only need to discuss the third term because it is different with the case when g = 1. Note that
all entries of £ cannot the same, and thus

0 < [[He2ll2 < |[HelIFl 1212 = v/2plI2]]2.

We also know 1/||%||2 = Op(/np), and then,

ey, — €
(Z L “) — L _op(nd).
ico Well2 ), IRl
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Further, We know from 7 > 24 that the third term diverges to infinity, which contra-

dicts with the optimality condition. Hence, £, = 0 holds with probability tending to one.
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