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Elimination ideals are regarded as a special type of Borel type ideals, obtained from degree sequence of a graph, introduced by Anwar
and Khalid. In this paper, we compute graphical degree stabilities of K,VC,, and K,, * C,, by using the DVE method. We further

compute sharp upper bound for Castelnuovo-Mumford regularity of elimination ideals associated to these families of graphs.

1. Introduction

Let S = k[x;,...,x,], n>2 be a polynomial ring in n var-
iables over an infinite field k. Bayer and Stillman (see [1])
noted that a monomial ideal I ¢ S is of Borel type, if it
satisfies the following condition:

(I: x;’o):(l: (xl,...,xj)oo), foralll<j<n. (1)

The Castelnuovo-Mumford regularity (or simply reg-
ularity) gives an estimate of the complexity of computing
Gro bner bases. The regularity of an ideal I is defined as
reg(I) = {maxj: /Si,Hj(I)#O}, where f;’s are the graded
Betti numbers of ideal I. The regularity of monomial ideals
of Borel type was extensively studied (see for instance [2-4]).

The study of degree sequence started in 1981 by Bollobas
[5]. Tyshkevich et al. in [6] established a correspondence
between degree sequence of a graph and some structural
properties of this graph. Havel-Hakimi criterion (see [7])
states that a sequence (d;,d,,...,d,) of non-negative in-
tegers such thatd, >d, > --- >d,, is graphic if and only if the
sequence (d,—1,...,d; .1 —1,dy,5...,d,) is graphic.
Given a non-negative sequence (d;,d,,...,d,), this se-
quence will be called realizable if it is a degree sequence of
any graph.

Throughout this paper, we assume H to be a simple,
finite, and connected graph and label its vertices
according to the degree sequence in descending order. In
figures, we identify the vertex v; of H with the positive
integer i. Further, we identify a vertex v; of a graph H with
variable x; of the polynomial ring S = k[x,,...,x,]. Re-
cently, Anwar and Khalid in [2] introduced a new class of
monomial ideals, namely, elimination ideals I, (H), as-
sociated to a graph H. They showed that elimination
ideals are the monomial ideals of Borel type. They gave
the description of graphical degree stability of graph H
denoted by Stab, (H), a combinatorial measure associated
to H. They gave a systematic procedure to compute the
graphical degree stability, namely, dominating vertex
elimination method (DVE method). In [2, 8], the authors
computed the wupper bounds of the Castelnuo-
vo-Mumford regularity of elimination ideals associated
to some families of graphs [9-11].

Motivated by the studies in [2, 8], we further extend this
study for join and corona product of complete and cyclic
graphs. We compute the graphical degree stabilities of join
and corona product of above graphs by using the domi-
nating vertex elimination method (see Lemmas 1 and 2). We
give a description on computing the sharp upper bounds for
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the regularity of elimination ideals associated to these
families of graphs respectively (see Theorems 1 and 2).

2. Preliminaries

Definition 1. Let H be a simple, finite, and connected graph
with vertex set V (H). The degree of a vertex v € V (H),
denoted by d (v), is the number of edges at v.

A vertex v; of a graph H is called dominating vertex, if
deg(v;) > deg(vj) for all vj € V (H) with i # j. The set of all
dominating vertices of a graph H is called dominating set
and is denoted by D (H). A graph H is called scattered graph
if it has at least one vertex with degree zero; otherwise, it is
called non-scattered graph.

Here, we introduce different operations on graphs.

Definition 2. Let G and H be two graphs with mutually
disjoint  vertex sets V(G) = {uy,u,,...,u,} and
V(H) = {v},5,...,V,,}. A graph denoted by GVH is called
the join of G and H if V(GVH) =V (G)UV (H) and
E(GVH) = E(G)UE(H) U {uv;lu; € V(G),v; € V (H)}.

Definition 3. The corona product of two graphs G and H is
the graph obtained by taking one copy of G and |V (G)|
disjoint copies of H and then joining the j* vertex of G to
every vertex in the j™ copy of H. We denote this graph as
G * H. Corona product of two graphs G and H with nand m
vertices, respectively, has n + nm vertices.

Definition 4. Let H; be a graph and pick a vertex x € D(H,)
such that H,,, = H; — {x} is an induced, non-scattered
subgraph of H;. This method of obtaining an induced,
non-scattered subgraph H; , from H; by eliminating a
vertex from the dominating set D(H;) is called the
dominating vertex elimination method (DVE method)
(see [2] for more details). Let H be a simple finite and
connected graph; then, the length of the maximum chain
of induced, non-scattered, subgraphs of H obtained by
successively applying DVE method is called graphical
degree stability and is denoted as Stab,(H). In other
words, if H = H,1" " is the maximum chain of induced,
non-scattered, subgraphs of H obtained by using DVE
method, then Stab, (H). Note that the vertex set of H;
consists of [n— j] vertices where 1< j<r.

Definition 5. Let H be a simple, finite, and connected graph
with vertex set V(H) = {x,x,,...,x,} having degree se-
quence  of  vertices (d;,d,,...,d,) such that
dy>dy,>--->d, and d;>0,V1<i<n; then, the ideal
Q(H) = (x‘fl,xf;, .. ,xi") is called the sequential ideal
associated to the graph H. Let H = Hy'™™ " be the maxi-
mum chain of induced, non-scattered, subgraphs of H
obtained by Jsing the DVE method with Stab, (H) = r and
Q(H;) = {x;",x,%,...,x,%') be the sequential ideal cor-
responding to H;, 0 <i <r; then, the elimination ideal of H is
defined as
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Ip(H) =Qy,NQy N -+ NQy . (2)

Let S = K[x,%,,...,x,], n=2, be a polynomial ring
over infinite field K and ICS be a monomial ideal of S. Let
G (I) be the minimal set of monomial generators of I and the
highest degree of monomial in G(I) is denoted as deg(I).
Also, let I, be an ideal generated by monomial of I of degree
>t. Given a monomial u € S, set m (1) = max{i: x;|u} and
m(I) = max,;ym(u). A monomial ideal I is stable if for
any u € G(I) we have x;.u/x,,(, €I for all 1 <i<m(u).

Eisenbud et al. proved the following result in [12].

Proposition 1. Let I be a monomial ideal such that I, is
stable, where e > deg(I) is an integer. Then, reg (I)<e.

Remark 1. Let I and J are two monomial ideals with
r>deg(I) and s > deg(]), where rand s are two integers such
that I, and ] are stable ideals; then, (I N ]), x5 18 stable
ideal.

3. Regularity of K,V C,,

In this section, we present our results regarding the Cas-
telnuovo-Mumford regularity of elimination ideals associ-
ated to join operation of complete graph and cyclic graph.

In [2], the authors gave the following formula to com-
pute the graphical degree stability for cyclic graphs.

Proposition 2. If C,,, m >3, is the cyclic graph, then
( ?, if m = 0(mod 3),

m

-1
Stab, (C,,) = 1 5 ifm =1 (mod3), (3)

m-—2

, ifm = 2(mod 3).

Lemma 1. LetK,, n>2, be a complete graph and C,,,, m>4,
be a cyclic graph; then,

Stab, (K,,VC,,) = n + Stab, (C,,). (4)

Proof. We shall prove it by induction on n. Let n = 2; then,
H, = K,V C,, with degree sequence

<m+1,m+1,4,...,4>, (5)
m-—tuple

and D(H,) = {x,,x,}. Without loss of generality, pick

x, € D(H,), and using the DVE method, we get H, with the

degree sequence (always rearrange the sequence after ap-

plying DVE method) (m,3,...,3) and D(H,) = {x;}.
m-—tuple

Again applying the DVE method, we get H, =C,,. So,
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Stab, (K,VvC,,) = 2 + Stab,; (C,,,). Suppose that result is true
for n = p; then, the degree sequence K oV C,, will be

p+m-—1,...
p—tuple
Stab,(K,VC,,) = p + Stab, (C,,).

,ptm—=1,p+2,...,p+2 |,
m-—tuple (6)

Consider n = p + 1; then, H, =
sequence

K,.1vVC, with degree

3
p+m,...,p+m,p+3,...,p+3 |, (7)
p+1-tuple m-—tuple
and [V(Hy)| = p+m+ 1, with D(H) = {xl,...,xPH} as

m >4 which are precisely the vertices that initially belonged
to K,,;. Without loss of generality, pick x; € D(H,), and
applying the DVE method, we get H, = K,VC,,.

=Staby(K ,,VC,,) = 1+ Staby(K,VC,,) = 1 + p + Staby (C,,) = (1 + p) + Stab, (C,,),

:Stabd(

Corollary 1. Let K,,n>2, be a complete graph and
C,,» m=4, be a cyclic graph; then, the sequential ideal of

K, VvC,, is given as
< n+m—i—1 n+m—i-1 _n—i+2
_ X1 I e ] > M-l
i~ 2 2
<xl’ ceo xm—3(i—n)’ xm73(i—n)+1> s
Proof. This proof is immediate from Lemma 1. O

Proposition 3. Let K, VC,, n>2andm=>4, be the join of
complete and cyclic graphs, respectively, and

Q < n+m—i— 1, o xn+m—i—1 xn—i+2'> (10)

> Mn—i > Mntm—i

n—i+2
> Mp—i+12 0

be the sequential ideal associated to H;; then, Q;  is stable
ideal, where y(i) = (n— D +m@n-2i+1)+ _2y(i -n)+1

and 0<i<n.

Proof. Let Hy=K,vC,,n>2andm>4, be the join of
complete and cyclic graphs, respectively; then, by Corollary
1, sequential ideal associated to H;, 0 <i<mn, is given as Q; =

a m-—i
(.o Xy where
n+m-i—-1, 1<k<n-i,
ai = . . . (11)
n—i+2, n-i+l<k<n+m-—i

Lety(i) = (n—i)* +m(2n—2i+1)+2(i —n) + 1, forall
0<i<n. We shall show that Q. o is a stable ideal. Take

ueQ; o ; then, u = vxkk for some 1<k<n+m —i where
ve (xl,...,xn+m YO a

If m(u) >k, then x,u/xm(u) = xvlx,, u)xk € Q for all
I<m(u). So, Q;_ ) is stable. .

If m(u) =k, 'then clearly u € (x,,... ,xn+m,i>y(‘).

:>Ql>y _<'x1’ s ’xn+m—i>y(l)' (12)

We show that {xp,..., %, " Q- Let

we Xy X 0’5 then, w = xllxgz, . ,xﬁmg with

Kp+1VCm) =(p+1)+Stab, (C,,).

(8)
O
n—i+2 .
Xy, 0<i<n, ©
Xpemoiv» N+ 1<i<n+Stab,(C,,).

B.=0forall 1<s<n+m—iand Y B. >y(i). Therefore,
there exists at least one s € {1,.

Bs=a, and w = (xtf‘,...,xfs_“‘,...
the result follows. O

..,n+m—i} such that
ﬁmmx)xs EQ

n+m 1 ’ and

Proposition 4. Let K,VC,,, n>2andm >4, be the join of
complete and cyclic graphs, respectively, and

2
Qi =<x1" "’xm 3 (i n)’ m— 3(i—n)+1""’xn+m—i> (13)

be the sequential ideal
G,n+1<i<n+ Stab,;(C,,); then, Q
y(@) =m+3n-3i+1.

associated to
, is stable ideal, where

Proof. Let Hy=K,VC,,, n>2andm>4, be the join of
complete and cyclic graphs, respectively; then, by Corollary
1, sequential ideal associated to H;n+1<i<
n+ Stab, (C,,), is given as Q; = (x7, ..., x\mm ‘> where

n+m-—i
2, 1<k<m-3(i—n),
a = (14)
1, m-3(G-n+1<k<n+m-i
Let p(@i)=m+3n-3i+1, for all
n+1<i<n+Stab,(C,); then, by similar arguments as
above, Qizy(n is a stable ideal. O

Theorem 1. Let K,,n>2, be a complete graph and
C,.,m=>4, be a cyclic graph. Then, reg(I,(K,VC,,))<
mw+m2n+1)-2n+ 1.



Proof. 1If Stab,(C,,) = p, then by using Proposition 2,
Stab, (K, vC,,) =n+ p, so the corresponding elimination
ideal is given as I (K,VC,) = NifQ; and by using
Propositions 3 and 4 and Remark 1, I, (K VC,,) is stable for
y, where

y =max{y(i),[0<i<n+ p} = " +mQn+1)-2n+ 1.
(15)
By using Proposition 1,
reg(I, (K,VC,,))<n’ +m(2n+1) —2n+ 1. (16D)

Example 1. Consider K,VC,, where n =2 and m =4 (see
Figure 1).

D(H,) = {x;, %}, Q= <{x3,x5,x3,x}, x5, x¢», and
reg(Q,) = 21.

D(H,)) = {x;}, Q, = {x},x3,x3, x5, x3), and
reg(Q;) = 12.

D(H,) = {xy, %5, %3, x4}, Q, = {x1,x3,x%,x3), and
reg(Q,) = 5.

D(H;) = {x;}, Qs = {x},x,,x5), and reg(Q;) = 2.

Remark 2. In general, Q , is not stable, where Q; are
sequential ideals of K, VC "“Where 0 <i<n+ Stab, (C,,). As
in Example 1, leu is not a stable ideal for

i=landy(l)=12.

4. Regularity of K, = C,,

In this section, we present our results concerning the
Castelnuovo-Mumford regularity of elimination ideals as-
sociated to corona product operation of complete graph and
cyclic graphs.

Lemma 2. Let K,, n>2, be a complete graph and C,,,, m >4,
be a cyclic graph; then,

Stab, (K,, * C,,) = n+ nStab, (C,,). (17)

Proof. We shall prove it by induction on n. Let n = 2; then,
H, = K, = C,, with degree sequence

=Staby(K ,,, # C,,) = 1+ Staby(K , # C,,) + Stab, (C,,) = 1 + p + pStab,, (C

Mathematical Problems in Engineering

<m+1m+13 ,3,3,. 3>, (18)
m— tuple m— tuple

and D(H,) = {x;,x,}. Without loss of generality, pick
x, € D(H,), and using the DVE method, we get H, with the

degree sequence
(m,3,...,3,2,...,2>. (19)
m—tuple  m-tuple

Now D(H,) ={x;}, and again applying the DVE
method, we have only two copies of C,, in H, with degree

sequence
(2,...,2,2,...,2),
m—tuple  m—tuple (20)
ﬁstabd (K2 * Cm) =2+ ZStabd (Cm)

Suppose that result is true for n = p; then, the degree
sequence of K, * C,, will be

p+tm-1,...,p+m-1,3,...,3,...,3,...,3 |,
p—tuple m—tuple m—tuple
pm—tuple
=Staby(K, % C,,) = p + pStab, (C,,,).

(21)

Consider n = p +1; then, Hy = K,,,; * C,, with degree
sequence

p+tm,...
p+1-tuple

pH+m3,.. 03,5353 | )

m—tuple

m—tuple

m(p+1)—tuple

and |V(Hy)|=pm+p+m+1 with D(H,) ={x,...,
X,,1} which are precisely the vertices that initially belonged
to K, because m > 4. By applying the DVE method, we get
K, = C,, and one copy of C,,, and we call this graph H,.

m) + Stabd (Cm)’
(23)

=>Stabd(Kerl * Cm) =(p+1)+(p+1)Staby(C,,).



Mathematical Problems in Engineering 5
Hy=K,vCy H;
Ficure 1: Hy,H|,H,, H;.
Corollary 2. Let K,,n>2, be a complete graph and
C,,, m=4, be a cyclic graph; then, the sequential ideal of
K, = C,, is given as
n+m-1 n+m-1 3 3
X ye s Xy, il X0 )5 i=0,
nm-i-1 ntm-i-1 3 3 2 .
<xl e Xy ’Xn—i+1"'"xr—i(m+1)’xr—i(m+1)+1""’xr—i>’ I<isn-1
Q= 2 2 ) (24)
(X e s X i=n,
2 2 )
(X e o X3 iy X (15 - + > Xri s n+1<i<n+nStab,(C,,),
where r = n+nm Let y(0) = n* + n(3m — 2) + 1. We show that Q0 1s a
stable ideal. Take u € QO> ; then, u = vx}* for some 1 < k <r
Proof. The proof is immediate from Lemma 2. O y(o) 4

Proposition 5. Let K, + C,,, n>2andm >4, be the corona
product of complete and cyclic graphs, respectively, and

1 -1 3 3
Q() - ”+m )~--)xZ+m > n+1’-~-’xr>) (25)
be the sequential ideal associated to H; then, Qo is stable

ideal, where r = n+nm and y(0) = n* + n(3m - b) + 1.

Proof. Let Hy =K, *C,,n>2andm>4, be the corona
product of complete and cyclic graphs, respectively; then, by
Corollary 2, the sequential ideal associated to H, is given as

a a,
Q = {x}',...,x,") where
n+m-1, 1<j<n, (26)
a; = 26
/ 3, n+l<j<r.
Q _ n+m—i—1 ntm—i-1 _3
i =X s Xy > Xpmiv1o o

be the sequential ideal associated to H;; then, Q.

ideal, where r:n+nm,y(i)=(n—i)2—
3nm+1and 1<i<n-—1.

) is stable

2(n+mi—i)+

where v € (xq,...,x,)
If m(u) > k, then x,u/xm(u) = (XWX 1)) X" €

Qo

>y<0)

all I<m(u). So, Qq_ © is stable.
If m(u) =k, then clearly u € (xy,... ,xr>"(0).
= Qozy“,)g(xp L Lx ' ® (27)
We  show  that  {x,...,x, )" Q- Lt
w e {xy,... ,xr>”(°); then, w = xﬁ‘xé32 . xf with 8, >0 for
all1<s<rand ), B,>y(0). Therefore, there exists at least
one sefl,...,r} such that Bs=ay and
wz(xlf‘,...,xf‘ ,...,x, Yl EQO . and the result
follows. O

Proposition 6. Let K, * C,,, n>2andm=>4, be the corona
product of complete and cyclic graphs, respectively, and

2
xr—i(m+1)+1’ ce

X VXL, (28)

r—i(m+1)>

Proof. Let Hy =K, *C,,n>2andm>4, be the corona
product of complete and cyclic graphs, respectively; then, by
Corollary 2, sequential ideal associated to H;, 1 <i<n-—1,is
given as Q; = (x|',...,x,") where



6
n+m-i-1, 1<j<n—i,
a;=13 n—i+l1<j<r—i(m+1), (29)
2, r—im+1)+1<j<r—i
Let y(i)= (n—i)*> —2(n+mi—i)+3nm+1, for all

1<i<n-1. We shall show that Q;_ o is a stable ideal. Take

ueQ; o then, u = vxk for some 1<k<r—i where
ve (xl,...,x )V(’ Tk
Ifm(u) >k, then x,u/xm(u) = xvlx,, u)xk € Q for all
I <m(u). So, Q. o is stable. .
If m(u) = k, then clearly u € (x,,... ,x,,i>"(’).
=Q ,<(xp. cx, ' (30)
We  show  that (xy,...,x, >V(i)§Qi>y(i). Let

w e (xpyon o x, YV then, w = xlf‘xﬂz,... r Jwith ;>0
forall1<s<r—iand ZS 185 =y (i). Therefore, there exists at

least one se{l,...,r—i} such that B, >a; and
w= (xf‘, R xfs s xff;’)x?s € Qi>y(,-)’ and the result
follows. O

Proposition 7. Let K, * C,,, n>2andm=>4, be the corona
product of complete and cyclic graphs, respectively, and Q,, =
(x3,...,x2% > be the sequential ideal associated to H,; then,

Qn>y(n) is stable ideal, where r = n+ nm and y(n) = nm + 1.

Proof. Let K, *C,,, n>2andm >4, be the corona product
of complete and cyclic graphs, respectively; then, by Cor-
ollary 2, sequential ideal associated to H, is given as
Q, =<x%,...,x% > Let y(n) =nm+1; then, by similar
arguments as above, Q,,, isa stable ideal. O

Proposition 8. Let K, x C,,, n>2andm=>4, be the corona
product of complete and cyclic graphs, respectively, and

Q <x1,... ’xr—i>’ (31)

2
nm-3(i-n)> xnm—3(i—n)+1’ cee

be the sequential ideal associated to H;; then, Q. » is stable
ideal, where r=n+nm,y(i)=nm+3(n- 1) +1, and
n+1<i<n+nStab,;(C,,).

Proof. Let K, + C,,, n>2andm >4, be the corona product
of complete and cyclic graphs, respectively; then, by Cor-
ollary 2, sequential ideal associated to H; n+1<i<
n + nStab, (C,,), is given as Q; = <x{', ..., xf’_’{), where
I<j<mm-—-3(i-n)

2, <j< >
a; :{ (32)

I, mm-3(i-n+1<j<r—i

Let p(@)=mm+3(n—-i)+1, for all
n+1<i<n+nStab, (C,,). We shall show that Q. o is a
stable ideal. Take u € Q; 3 then, u = vxk for some
1<k<r—iwhereve (xl,.y.. >y(') %,

Mathematical Problems in Engineering

If m(u) > k, then x,u/xm(u) = (VX ))xk € Q’>>(
all I<m(u). So, Q; o is stable. .
If m (u) = k, then clearly u € (x,,...,x, .
:Qizv<i)g<x1" . "xr—i>Y(i)' (33)
We  show that (x,...,x, )¢ Q- Let
w e (xp,.. . x,_)'7; then, w = xgz, e /5_ with 5,20

forall1<s<r—iand ZZ;{ﬁS >y (i). Therefore, there exists at

least one sef{l,...,r—i} such that fB,>a, and
w= (x[f‘, T ..,xff;’)x?‘ €Q and the result
follows. O

Theorem 2. Let K,,n>2, be a complete graph and
C,,,» m=>4, be a cyclic graph; then, we have

reg(I, (K, *C,))<n* +n(3m —2) + 1. (34)

Proof. If Stab,(C,,) = p, then by using Proposition 2,
Stab, (K, * C,,) = n+ np, so the corresponding elimination
ideal is given as I, (K,*C,,) = n,7Q; and by using
Propositions 5-8 and Remark 1, I', (K, * C,,,) is stable for y,
where

y=max{y(i)0<i<n+np} = P +n(Bm-2)+1. (35
By using Proposition 1,

reg(I, (K, *C,))<n* +n(3m —2) + 1. (36D)

Example 2. Consider K, * C,, where n =2 and m = 4 (see
Figure 2).

D(H,) = {x1>x2}>
Qo = {x3, %3, X3, X3, X2, X3, X3, Xg» Xg, X305 and
reg(Q,) =25

D(H,) ={x,}, Q, =<(x1,x3,x3,x3,x3, x, x%,x3,x3),
and reg(Q);) = 16.

D(H,) = {xl,xz,x3,x4,x5,x6,x7,x8}
Q, = (%, x3,x3, x3, x2,x2, x2, x2), and reg(Q,) =
D(H,) = {xl,xz,x3,x4,x5},

Q; = (%, x3,x3, x2,x2, X, X7, and reg(Q;) = 6

D(H,) = {x;,x,}, Q= (x?,x3, X3, %, X5, X, and
reg(Q,) = 3.

Remark 3. In general, one cannot get Q;_ o stable, where Q;
are the sequential ideals of K,, « C,,,, 0 <i<n+ nStab, (C,,,).
As in Example 2, for i = 2 y(2) =9and Q,  isnota stable
ideal. )

Remark 4. Elimination ideals are Borel type ideals, and
upper bound for Borel type ideals was discussed in [3, 13]; it



Mathematical Problems in Engineering

H,

<

RS

H

Ficure 2: Hy,H,,H,,H;,H,.

is worthy to note that our given bounds are sharper than the
ones given in [3, 13].
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