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Using a suitable gauge transformation matrix, we present a N-fold Darboux transformation for a Vakhnenko lattice system. ,is
transformation preserves the form of Lax pair of the Vakhnenko lattice system. Applying the obtained Darboux transformation,
we arrive at an exact solution of the Vakhnenko lattice system.

1. Introduction

Since the beginning of this century, the integrable lattice
systems (or lattice soliton systems) have received consid-
erable attention. Many important integrable lattice systems
have been studied from the perspective of Mathematics and
Physics, for instance, the Ablowitz-Ladik lattice [1], the Toda
lattice [2], and the relativistic Toda lattice [3], [4–11].

In the soliton theory, the Darboux transformation is
a very effective method for solving soliton equations [12, 13].
Later, it also applies to solving integrable lattice equations
[7–9, 14, 15]. In reference [10], a Vakhnenko lattice system is
introduced:

pn,t � pnqnxn−1 − pnqn+1xn − rnxn−1 + rnxn − qnyn + qn+1yn,

qn,t � qnrn−1yn − qnqn+1xn + qn+1zn − pnqn − rn−1 + rn,

rn,t � rnrn−1yn − qn+1rnxn − pnrn−1 + rnzn − qn + qn+1

xn,t � qnxnxn−1 − rnxnyn+1 − xn−1zn + pnxn − yn + yn+1,

yn,t � qnxn−1yn − rnynyn+1 + pnyn+1 − ynzn − xn−1 + xn,

zn,t � rn−1ynzn − rnyn+1zn − rn−1xn + rnxn − qnyn + qnyn+1,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1)

wherepn � p(n, t), qn � q(n, t), rn � r(n, t), xn � x(n, t),
yn � y(n, t), zn � z(n, t), n is a discrete variable, n ∈ N, and

t is a continuous variable, t ∈ R. Equation (1) can be re-
written as a discrete zero curvature equation
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Un,t � E Vn( 􏼁Un − UnVn � Vn+1Un − UnVn, (2)

of a discrete spatial spectral problem

Eφn � Un un, λ( 􏼁φn, Un un, λ( 􏼁 �

λ2 + pn λqn +
1
λ
rn

λxn +
1
λ
yn zn +

1
λ2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(3)

and a corresponding continuous time evolution equation

φn,t � Vn un, λ( 􏼁φn, Vn un, λ( 􏼁 �

λ2 − qnxn−1 qnλ + rn−1
1
λ

λqn−1 + yn

1
λ

1
λ2

− rn−1yn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(4)

Here, for a lattice function fn � f(n), the shift operator
E and the inverse of E are defined as follows.

Efn � fn+1,

E
− 1

fn � fn−1, n ∈ Z.
(5)

In equations (3) and (4), (φ(1)
n ,φ(2)

n )T is the eigenfunc-
tion vector, (pn, qn, rn, xn, yn, zn)T is a potential vector, (1) is
a very meaningful lattice system, and many important lattice
systems can be reduced from it, such as the nonlinear self-
dual network equation, the two coupled discrete nonlinear
Schrödinger equation, and the relativistic Volterra lattice [9].
In reference [9], the authors discussed the Darboux trans-
formation of (1), but their results are incorrect [11]. In
reference [10], although the author gave some properties of
the Darboux transformation of (1), but his approach is
different from ours. In reference [11], we derived a 1-fold
Darboux transformation of (1). In addition, let pn � zn � wn,

qn � un, rn � vn, xn � vn, yn � un, and the equation (1) is
reduced to a three-component differential-difference
system.

un,t � un( 􏼁
2
vn−1 − unun+1vn + un+1wn − unvn − vn−1 + vn,

vn,t � unvn−1vn − un+1 vn( 􏼁
2

− wnvn−1 + vnwn − un + un+1,

wn,t � unvn−1wn − un+1vnwn − vn−1vn + vn( 􏼁
2

− un( 􏼁
2

+ unun+1.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(6)

In reference [14], its N-fold Darboux transformation is
presented. Furthermore, if we set pn � zn � InVn, qn � In,

rn � Vn, xn � In, yn � Vn, equation (1) becomes the non-
linear self-dual network equation.

In,t � 1 + In( 􏼁
2

􏼐 􏼑 Vn−1( 􏼁 − Vn( 􏼁,

Vn,t � 1 + Vn( 􏼁
2

􏼐 􏼑 In − In+1( 􏼁.

⎧⎪⎨

⎪⎩
(7)

In reference [15], the author derived its N-fold Darboux
transformation. In this letter, for arbitrary positive integerN,

we will present a N-fold Darboux transformation for the
Vakhnenko lattice system (1). Finally, an exact solution of (1)
is derived.

2.N-Fold Darboux Transformation

For any positive integer N, we introduce the following
matrix:

Π(N)
n (λ) �

λ2N
+ 􏽘

N−1

j�0
A

(2j)
n λ2j

+ 􏽘

N

j�1
A

(−2j)
n λ− 2j

􏽘

N

j�1
B

(2j−1)
n λ2j− 1

+ 􏽘

N

j�1
C

(−2j+1)
n λ− 2j+1

􏽘

N

j�1
F

(2j−1)
n λ2j− 1

+ 􏽘

N

j�1
G

(−2j+1)
n λ− 2j+1

􏽘

N

j�1
H

(2j)
n λ2j

+ 􏽘

N−1

j�0
H

(−2j)
n λ− 2j

+ λ− 2N

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (8)

Here, A(2j)
n (−N≤j≤N −1),B

(2j−1)
n (−N≤j≤N), C(2j−1)

n

(−N≤j≤N),F(2j−1)
n (−N≤j≤N), G(2j)

n (−N≤j≤N),H(2j)
n

(−N +1≤j≤N) are 8N undetermined constants.
Next, we consider the gauge transformation [7, 8].

􏽢ϕn � Π(N)
n (λ)ϕn. (9)

By the transformation (9), the Lax pairs (3) and (4)
become

E􏽢ϕn � U
(New)
n

􏽢ϕn, (10)

􏽢ϕn,t � V
(New)
n

􏽢ϕn, (11)

U
(New)
n � Π(N)

n+1(λ)Un Π
(N)
n (λ)􏼐 􏼑

− 1
, (12)

V
(New)
n � Π(N)

n,t (λ) + Π(N)
n (λ)Vn􏼐 􏼑 Π(N)

n (λ)􏼐 􏼑
− 1

. (13)
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Equations (10) and (11) constitute a new Lax pair. Let us
denote

ξ(1)
n (λ), ξ(2)

n (λ)􏼐 􏼑
T
,

· η(1)
n (λ), η(2)

n (λ)􏼐 􏼑
T
,

(14)

are two real linear independent solutions of equations (3)
and (4), and λi(1≤ i≤ 4N) are 4N distinct eigenvalues of
spectral problem (1).

Proposition 1. -ematrix U(New)
n has the same form asUn in

equation (3), and the transformation formula is presented by

Pn � A
(2N−2)
n+1 − A

(2N−2)
n + pn + xnB

(2N−1)
n − F

(2N−1)
n

qn − B
(2N−1)
n

H
(2N)
n

⎛⎝ ⎞⎠,

Qn �
qn − B

(2N−1)
n

H
(2N)
n

,

Rn � rnA
(−2N)
n+1 + C

(−2N+1)
n+1 ,

Xn � xnH
(2N)
n+1 + F

(2N−1)
n+1 ,

Yn �
yn − G

(−2N+1)
n

A
(−2N)
n

,

Zn � zn + H
(−2N+2)
n+1 − H

(−2N+2)
n + rnG

(+2N−1)
n+1 − C

(−2N−1)
n

yn − G
(−2N+1)
n

A
(−2N)
n

⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(15)

Namely,

U
(New)
n �

λ2 + Pn λQn +
1
λ
Rn

λXn +
1
λ
Yn Zn +

1
λ2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (16)

In the above matrix, Pn, Qn, Rn, Xn, Yn, Zn are de-
termined by (15), and they are all independent λ. Obviously,
(15) transform the old potentials (pn, qn, rn, xn, yn, zn)T of (1)
into the new potentials (Pn, Qn, Rn, Xn, Yn, Zn)T of (9).

Proof. We consider the following linear system:

􏽘

N−1

j�0
A

(2j)
n λ2j

i + 􏽘
N

j�1
A

(−2j)
n λ−2j

i

+ 􏽘
N−1

j�0
B

(2j+1)
n λ2j+1

i + 􏽘
N−1

j�0
C

(−2j−1)
n λ−2j−1

i
⎛⎝ ⎞⎠ρi(n) � −λ2N

i ,

􏽘

N−1

j�0
F

(2j+1)
n λ2j+1

i + 􏽘
N−1

j�0
G

(−2j−1)
n λ−2j−1

i

+ 􏽘

N

j�1
H

(2j)
n λ2j

i + 􏽘

N−1

j�0
H

(−2j)
n λ−2j

i
⎛⎝ ⎞⎠ρi(n) � −ρi(n)λ−2N

i ,

i � 1, . . . 4N.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(17)

Here,

ρi[n] �
η(2)

n λi( 􏼁 + ζ iξ
(2)
n λi( 􏼁

η(1)
n λi( 􏼁 + ζ iξ

(1)
n λi( 􏼁

, i � 1, 2, . . . , 4N, (18)

where λi(1≤ i≤ 4N), ζ i(1≤ i≤ 4N) are suitably chosen, such
that all the determinants of coefficients for the equation and
(17) are nonzero. By solving the linear system (17), we get
A(2j)

n (−N≤ j≤N − 1), B(2j+1)(0≤N − 1),
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C(−2j−1)
n (0≤ j≤N − 1), F(2j+1)

n (0≤ j≤N − 1), G(−2j
n −1)(0≤

j≤N − 1), H(2j)
n (−N + 1≤ j≤N).

From equations (3) and (18), we have

ρi[n + 1] �
xnλi + 1/λi( 􏼁yn + znρi(n) + 1/λ2i􏼐 􏼑ρi(n)

λ2i + pn + qnλiρi(n) + 1/λi( 􏼁rnρi(n)
, i � 1, 2.

(19)

For convenience, we set

Π(N)
n (λ) �

Θ(a)
n Θ

(b)
n

Θ(c)
n Θ

(d)
n

⎛⎝ ⎞⎠, (20)

where

Θ(a)
n � λ2N

+ 􏽘
N−1

j�1
A

(2j)
n λ2j

+ 􏽘
N

j�1
A

(−2j)
n λ− 2j

,

Θ(b)
n � 􏽘

N−1

j�0
B

(2j+1)
n λ2j+1

+ 􏽘
N−1

j�0
C

(−2j−1)
n λ− 2j− 1

,

Θ(c)
n � 􏽘

N−1

j�0
F

(2j+1)
n λ2j+1

+ 􏽘
N−1

j�0
G

(−2j−1)
n λ− 2j− 1

,

Θ(d)
n � 􏽘

N−1

j�1
A

(2j)
n λ2j

+ 􏽘
N

j�1
A

(−2j)
n λ− 2j

+ λ− 2N
.

(21)

,en, we obtain the following equation:

Π(N)
n+1Un Π

(N)
n􏼐 􏼑
∗

�
Ω11(λ, n) Ω12(λ, n)

Ω21(λ, n) Ω22(λ, n)
􏼠 􏼡, (22)

where (Π(N)
n )∗ is the adjoint matrix of Π(N)

n and

Ω11(λ, n) � Θ(a)
n+1Θ

(d)
n λ2 + xnΘ

(b)
n+1Θ

(d)
n − qnΘ

(a)
n+1Θ

(c)
n􏼐 􏼑

· λ + pnΘ
(a)
n+1Θ

(d)
n − znΘ

(b)
n+1Θ

(c)
n􏼐 􏼑 + ynΘ

(b)
n+1Θ

(d)
n − rnΘ

(a)
n+1Θ

(c)
n􏼐 􏼑

· λ− 1
− Θ(b)

n+1Θ
(c)
n λ− 2

,

Ω12(λ, n) � −Θ(a)
n+1Θ

(b)
n λ2 + qnΘ

(b)
n+1Θ

(b)
n − xnΘ

(a)
n+1Θ

(a)
n􏼐 􏼑

· λ + znΘ
(b)
n+1Θ

(a)
n − pnΘ

(a)
n+1Θ

(b)
n􏼐 􏼑 + rnΘ

(a)
n Θ

(a)
n+1 − ynΘ

(b)
n+1Θ

(b)
n􏼐 􏼑

· λ− 1
+ Θ(b)

n+1Θ
(a)
n λ− 2

,

Ω21(λ, n) � Θ(c)
n+1Θ

(d)
n λ2 + xnΘ

(d)
n+1Θ

(d)
n − qnΘ

(c)
n+1Θ

(c)
n􏼐 􏼑

· λ + pnΘ
(c)
n+1Θ

(d)
n − znΘ

(d)
n+1Θ

(c)
n􏼐 􏼑 + pnΘ

(c)
n+1Θ

(d)
n − znΘ

(d)
n+1Θ

(c)
n􏼐 􏼑

· λ− 1
− Θ(b)

n+1Θ
(c)
n+1λ

− 2
,

Ω22(λ, n) � −Θ(a)
n Θ

(d)
n λ2 + rnΘ

(c)
n+1Θ

(a)
n − ynΘ

(d)
n+1Θ

(b)
n􏼐 􏼑λ

+ znΘ
(d)
n+1Θ

(a)
n − pnΘ

(b)
n Θ

(c)
n+1􏼐 􏼑 + rnΘ

(c)
n+1Θ

(a)
n − ynΘ

(d)
n+1Θ

(b)
n􏼐 􏼑

· λ− 1
+ Θ(d)

n+1Θ
(a)
n λ− 2

,

(23)

In the light of (17), we can get

Det Π(N)
n (λ)􏽨 􏽩 � H

(2N)
n 􏽙

4N

j�1
λ2 − λ2j􏼐 􏼑. (24)

Analyzing the coefficients of powers of λ in (22), we
obtain that

Π(N)
n+1(λ)Un � αnΠ

(N)
n (λ). (25)

Here,

αn �

α(a,2)
n λ2 + α(a,0)

n α(b,1)
n λ +

α(b,−1)
n

λ

α(c,1)
n λ +

α(c,−1)
n

λ
α(d,0)

n +
α(d,−2)

n

λ2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (26)

where α(a,2)
n , α(a,0)

n , α(b,1)
n , α(b,−1)

n , α(c,1)
n , α(c,−1)

n , α(d,0)
n , α(d,−2)

n

are all independent of λ. By comparing the coefficients of λ in
(25), we have
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α(a,2)
n � 0,

α(a,2)
n � A

(2N−2)
n+1 − A

(2N−2)
n + pn

+xnB
(2N−1)
n − F

(2N−1)
n

qn − B
(2N−1)
n

H
(2N)
n

⎛⎝ ⎞⎠ � Pn,

α(b,1)
n �

qn − B
(2N−1)
n

H
(2N)
n

� Qn,

α(b,−1)
n � rnA

(−2N)
n+1 + C

(−2N+1)
n+1 � Rn,

α(c,1)
n � xnH

(2N)
n+1 + F

(2N−1)
n+1 � Xn,

α(c,−1)
n �

yn − G
(−2N+1)
n

A
(−2N)
n

� Yn,

α(d,−2)
n � 1,

α(d,0)
n � zn + H

(−2N+2)
n+1 − H

(−2N+2)
n + rnG

(−2N+1)
n+1

−C
(−2N+1)
n

yn − G
(−2N+1)
n

A
(−2N)
n

⎛⎝ ⎞⎠ � Zn.

(27)

,e proposition is proved. □

Proposition 2. Under the transformation (15), the matrix
V(New)

n has the same form as Vn in equation (2). In other
words,

V
(New)

�

λ2 − QnXn−1 Qnλ + Rn−1
1
λ

λQn−1 + Yn

1
λ

1
λ2

− Rn−1Yn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (28)

Proof. We consider

Π(N)
n,t +Π(N)

n Vn􏼐 􏼑 Π(N)
n􏼐 􏼑
∗

�
Γ11(λ, n) Γ12(λ, n)

Γ21(λ, n) Γ22(λ, n)
􏼠 􏼡,

(29)

where

Γ11(λ, n) � Θ(a)
n Θ

(d)
n λ2 + xn−1Θ

(b)
n Θ

(d)
n λ + Θ(a)

n,t Θ
(d)
n

− xn−1qnΘ
(a)
n Θ

(d)
n + qnΘ

(b)
n Θ

(d)
n λ− 1

,

Γ12(λ, n) � −qnΘ
(a)
n Θ

(b)
n λ − Θ(b)

n Θ
(b)
n,t + rn−1yn Θ

(b)
n􏼐 􏼑

2

− rn−1Θ
(a)
n Θ

(b)
n λ− 1

− Θ(b)
n􏼐 􏼑

2
λ− 2

,

Γ21(λ, n) � − Θ(c)
n􏼐 􏼑

2
λ2 − qnΘ

(a)
n Θ

(c)
n λ

− Θ(c)
n Θ

(c)
n,t + xn−1qn Θ

(c)
n􏼐 􏼑

2
− ynΘ

(c)
n Θ

(d)
n λ− 1

,

Γ22(λ, n) � qnΘ
(a)
n Θ

(c)
n λ − Θ(a)

n Θ
(d)
n,t

− rn−1ynΘ
(a)
n Θ

(d)
n + rn−1Θ

(a)
n Θ

(c)
n λ− 1

+ Θ(a)
n Θ

(d)
n λ− 2

.

(30)
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Owing to Det[Π(N)
n ] � H(2N)

n 􏽑
N
i�1(λ

2 − λ2i ) and paying
attention to the coefficients of powers of λ in (29), we find

Π(N)
n,t + Π(N)

n Vn � βnΠ
(N)
n . (31)

In equation (31),

βn �
β(2)
11 λ

2
+ β(0)

11 β(1)
12 λ

1
+ β(−1)

12 λ− 1

β(1)
21 λ + β(−1)

21 λ− 1 β(0)
22 + β(−2)

22 λ− 2
⎛⎝ ⎞⎠, (32)

where β(0)
11 , β(2)

11 , β(−1)
12 , β(1)

12 , β(−1)
21 , β(1)

12 , β(0)
22 , β(−2)

22 are all in-
dependent of spectral parameter λ. Comparing the co-
efficients of λN+i(−2≤ i≤ 2) in equation (31), we arrive at

β(2)
11 � 1,

β(0)
11 � −

qn − B
(2N−1)
n

H
(2N)
n

xn−1H
(2N)
n + F

(2N−1)
n􏼐 􏼑 � −QnXn−1,

β(1)
12 �

qn − B
(2N−1)
n

H
(2N)
n

� Qn,

β(−1)
12 � xn−1H

(2N)
n + F

(2N−1)
n􏼐 􏼑Rn−1,

β(1)
21 �

qn−1 − B
(2N−1)
n−1

H
(2N)
n−1

β(−1)
12 �

yn − G
(−2N+1)
n

A
(−2N)
n

� Yn,

β(−2)
22 � 1,

β(0)
22 � − rn−1A

(−2N)
n + C

(−2N+1)
n􏼐 􏼑

yn − G
(−2N+1)
n

A
(−2N)
n

⎛⎝ ⎞⎠ � −Rn−1Yn.

(33)

,e proposition is proved.
In summary, we get the following theorem. □

Theorem 1. -e equations (9) and (15) constitute a Darboux
transformation of (1), that is, from an old solution
(pn, qn, rn, xn, yn, zn)T of (1), through transformation (15),
a new solution (Pn, Qn, Rn, Xn, Yn, Zn)T of (1) is derived.

3. An Exact Solution

In what follows, we will derive a solution of equation (1) by
the Darboux transformation (15). For simplicity, we con-
sider the case of N � 1.

First, we select the seed solution of the lattice system (1),
namely, the simple special solution, (pn, qn, rn, xn, yn, zn)T �

(1, 0, 0, 0, 0, 1)T. Substituting this solution into the corre-
sponding Lax pair, we get

Eϕn �

λ2 + 1 0

0 1 +
1
λ2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ϕn, ϕnt
�

−λ2

2
−λ

λ
λ2

2
+ 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

ϕn.

(34)

Solving the above two equations, we get two real linear
independent solutions:

ξn(λ) � exp λ2t􏼐 􏼑

1 + λ2􏼐 􏼑
n− 1

2 1 +
1
λ2

􏼒 􏼓
n− 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

ηn(λ) � exp λ2t􏼐 􏼑

2 1 + λ2􏼐 􏼑
n− 1

1 +
1
λ2

􏼒 􏼓
n− 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(35)

,en, we have

ρi[n] �
ξ(2)

n λi( 􏼁 + ciη
(2)
n λi( 􏼁

ξ(1)
n λi( 􏼁 + ciη

(1)
n λi( 􏼁

� λ2n−2
i

1 + 2ci

2 + ci

, i � 1, 2, 3, 4.

(36)

Here, λi(1≤ i≤ 4) are four different arbitrary constants.
When N � 1,
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Π(1)
n (λ) �

λ2 + A
(0)
n + A

(−2)
n λ− 2

B
(1)
n λ + C

(−1)
n λ− 1

F
(1)
n λ + G

(−1)
n λ− 1

H
(2)
n λ2 + H

(0)
n + λ− 2

⎛⎝ ⎞⎠.

(37)

According to Proposition 1, we can get the following
Darboux transformation:
􏽢ϕn � Π(1)

n (λ)ϕn,

·

Pn � A
(0)
n+1 − A

(0)
n + pn + xnB

(1)
n − F

(1)
n

qn − B
(1)
n

H
(2)
n

⎛⎝ ⎞⎠,

Qn �
qn − B

(1)
n

H
(2)
n

,

Rn � rnA
(−2)
n+1 + C

(−1)
n+1 ,

Xn � xnH
(2)
n+1 + F

(1)
n+1,

Yn �
yn − G

(−1)
n

A
(−2)
n

,

Zn � zn + H
(0)
n+1 − H

(0)
n + rnG

(−1)
n+1 − C

(−1)
n

yn − G
(−1)
n

A
(−2)
n

⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(38)

Here,

A
(0)
n � −

Det

λ21 λ−2
1 λ1ρ1[n] λ−1

1 ρ1[n]

λ22 λ−2
2 λ2ρ2[n] λ−1

2 ρ2[n]

λ23 λ−2
3 λ3ρ3[n] λ−1

3 ρ3[n]

λ24 λ−2
4 λ4ρ4[n] λ−1

4 ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

1 λ−2
1 λ1ρ1[n] λ−1

1 ρ1[n]

1 λ−2
2 λ2ρ2[n] λ−1

2 ρ2[n]

1 λ−2
3 λ3ρ3[n] λ−1

3 ρ3[n]

1 λ−2
4 λ4ρ4[n] λ−1

4 ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

A
(−2)
n � −

Det

1 λ21 λ1ρ1[n] λ−1
1 ρ1[n]

1 λ22 λ2ρ2[n] λ−1
2 ρ2[n]

1 λ23 λ3ρ3[n] λ−1
3 ρ3[n]

1 λ24 λ4ρ4[n] λ−1
4 ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

1 λ−2
1 λ1ρ1[n] λ−1

1 ρ1[n]

1 λ−2
2 λ2ρ2[n] λ−1

2 ρ2[n]

1 λ−2
3 λ3ρ3[n] λ−1

3 ρ3[n]

1 λ−2
4 λ4ρ4[n] λ−1

4 ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

B
(1)
n � −

Det

1 λ−2
1 λ21 λ−1

1 ρ1[n]

1 λ−2
2 λ22 λ−1

2 ρ2[n]

1 λ−2
3 λ23 λ−1

3 ρ3[n]

1 λ−2
4 λ24 λ−1

4 ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

1 λ−2
1 λ1ρ1[n] λ−1

1 ρ1[n]

1 λ−2
2 λ2ρ2[n] λ−1

2 ρ2[n]

1 λ−2
3 λ3ρ3[n] λ−1

3 ρ3[n]

1 λ−2
4 λ4ρ4[n] λ−1

4 ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

C
(−1)
n � −

Det

1 λ−2
1 λ1ρ1[n] λ21

1 λ−2
2 λ2ρ2[n] λ2

1 λ−2
3 λ3ρ3[n] λ23

1 λ−2
4 λ4ρ1[n] λ24

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

1 λ−2
1 λ1ρ1[n] λ−1

1 ρ1[n]

1 λ−2
2 λ2ρ2[n] λ−1

2 ρ2[n]

1 λ−2
3 λ3ρ3[n] λ−1

3 ρ3[n]

1 λ−2
4 λ4ρ4[n] λ−1

4 ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

F
(1)
n �

Det

λ−1
1 λ−2

1 ρ1[n] λ21ρ1[n] ρ1[n]

λ−1
2 λ−2

2 ρ2[n] λ22ρ2[n] ρ2[n]

λ−1
3 λ−2

3 ρ3[n] λ23ρ3[n] ρ3[n]

λ−1
4 λ−2

4 ρ4[n] λ24ρ4[n] ρ4[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

λ1 λ−1
1 λ21ρ1[n] ρ1[n]

λ2 λ−1
2 λ2ρ2[n] ρ2[n]

λ3 λ−1
3 λ23ρ3[n] ρ3[n]

λ4 λ−1
4 λ24ρ4[n] ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

G
(−1)
n �

Det

λ−2
1 ρ1[n] λ1 λ21ρ1[n] ρ1[n]

λ−2
2 ρ2[n] λ2 λ2ρ2[n] ρ2[n]

λ−2
3 ρ3[n] λ3 λ23ρ3[n] ρ3[n]

λ−2
4 ρ4[n] λ4 λ24ρ4[n] ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

λ1 λ−1
1 λ21ρ1[n] ρ1[n]

λ2 λ−1
2 λ2ρ2[n] ρ2[n]

λ3 λ−1
3 λ23ρ3[n] ρ3[n]

λ4 λ−1
4 λ24ρ4[n] ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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H
(2)
n � −

Det

λ1 λ−1
1 λ−2

1 ρ1[n] ρ1[n]

λ2 λ−1
2 λ−2

2 ρ2[n] ρ2[n]

λ3 λ−1
3 λ−2

3 ρ3[n] ρ3[n]

λ4 λ−1
4 λ−2

4 ρ4[n] ρ4[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

λ1 λ−1
1 λ21ρ1[n] ρ1[n]

λ2 λ−1
2 λ2ρ2[n] ρ2[n]

λ3 λ−1
3 λ23ρ3[n] ρ3[n]

λ4 λ−1
4 λ24ρ4[n] ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

H
(0)
n � −

Det

λ1 λ−1
1 λ21ρ1[n] λ−2

1 ρ1[n]

λ2 λ−1
2 λ2ρ2[n] λ−2

2 ρ2[n]

λ3 λ−1
3 λ23ρ3[n] λ−2

3 ρ3[n]

λ4 λ−1
4 λ24ρ4[n] λ−2

4 ρ4[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

λ1 λ−1
1 λ21ρ1[n] ρ1[n]

λ2 λ−1
2 λ2ρ2[n] ρ2[n]

λ3 λ−1
3 λ23ρ3[n] ρ3[n]

λ4 λ−1
4 λ24ρ4[n] ρ1[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(39)

,us, we can obtain a solution of equation (1) as follows:

Pn � 1 + A
(0)
n+1 − A

(0)
n + F

(−1)
n

B
(1)
n

H
(2)
n

⎛⎝ ⎞⎠,

Qn � −
B

(1)
n

H
(2)
n

,

Rn � C
(−1)
n+1 ,

Xn � F
(1)
n+1,

Yn � −
G

(−1)
n

A
(−2)
n

,

Zn � 1 + H
(0)
n+1 − H

(0)
n + C

(−1)
n

G
(−1)
n

A
(−2)
n

⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(40)

In equation (40),

A
(0)
n+1 �

Det

λ−2
1 λ21 λ1ρ1[n + 1] λ−1

1 ρ1[n + 1]

λ−2
2 λ22 λ2ρ2[n + 1] λ−1

2 ρ2[n + 1]

λ−2
3 λ23 λ3ρ3[n + 1] λ−1

3 ρ3[n + 1]

λ−2
4 λ24 λ4ρ4[n + 1] λ−1

4 ρ1[n + 1]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

1 λ−2
1 λ1ρ1[n + 1] λ−1

1 ρ1[n + 1]

1 λ−2
2 λ2ρ2[n + 1] λ−1

2 ρ2[n + 1]

1 λ−2
3 λ3ρ3[n + 1] λ−1

3 ρ3[n + 1]

1 λ−2
4 λ4ρ4[n + 1] λ−1

4 ρ1[n + 1]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

C
(−1)
n+1 �

Det

λ−2
1 1 λ1ρ1[n + 1] λ21

λ−2
2 1 λ2ρ2[n + 1] λ2

λ−2
3 1 λ3ρ3[n + 1] λ23

λ−2
4 1 λ4ρ1[n + 1] λ24

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

1 λ−2
1 λ1ρ1[n + 1] λ−1

1 ρ1[n + 1]

1 λ−2
2 λ2ρ2[n + 1] λ−1

2 ρ2[n + 1]

1 λ−2
3 λ3ρ3[n + 1] λ−1

3 ρ3[n + 1]

1 λ−2
4 λ4ρ4[n + 1] λ−1

4 ρ1[n + 1]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

F
(1)
n+1 �

Det

λ−1
1 λ−2

1 ρ1[n] λ21ρ1[n + 1] ρ1[n + 1]

λ−1
2 λ−2

2 ρ2[n] λ22ρ2[n + 1] ρ2[n + 1]

λ−1
3 λ−2

3 ρ3[n] λ23ρ3[n + 1] ρ3[n + 1]

λ−1
4 λ−2

4 ρ4[n] λ24ρ4[n + 1] ρ4[n + 1]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

λ1 λ−1
1 λ21ρ1[n + 1] ρ1[n + 1]

λ2 λ−1
2 λ2ρ2[n + 1] ρ2[n + 1]

λ3 λ−1
3 λ23ρ3[n + 1] ρ3[n + 1]

λ4 λ−1
4 λ24ρ4[n + 1] ρ1[n + 1]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

H
(0)
n+1 �

Det

λ−1
1 λ1 λ21ρ1[n + 1] λ−2

1 ρ1[n]

λ−1
2 λ2 λ2ρ2[n + 1] λ−2

2 ρ2[n]

λ−1
3 λ3 λ23ρ3[n + 1] λ−2

3 ρ3[n]

λ−1
4 λ4 λ24ρ4[n + 1] λ−2

4 ρ4[n]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Det

λ1 λ−1
1 λ21ρ1[n + 1] ρ1[n + 1]

λ2 λ−1
2 λ2ρ2[n + 1] ρ2[n + 1]

λ3 λ−1
3 λ23ρ3[n + 1] ρ3[n + 1]

λ4 λ−1
4 λ24ρ4[n + 1] ρ1[n + 1]

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(41)

Here,
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ρi[n + 1] �
ρi[n] + 1/λ2i􏼐 􏼑ρi[n]

1 + λ2i
, i � 1, 2, 3, 4. (42)

4. Conclusion

In this work, by means of a gauge transformation of Lax pair,
we established a N-fold Darboux transformation for
a Vakhnenko lattice system. Under this transformation, the
structure of the Lax pair remains unchanged. Finally, as an
application of this transformation, an exact solution of the
Vakhnenko lattice system (1) is given. Starting from the
exact solution (40), we apply the Darboux transformation
(38) once again; then, another new solution of equation (1) is
derived. ,is process can be performed continually. So, we
can get many exact solutions for the lattice system (1).
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