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Let G � G1 × G2 × · · · × Gm be the strong product of simple, finite connected graphs, and let ϕ: N⟶ (0,∞) be an increasing
function. We consider the action of generalized maximal operator M

ϕ
G on ℓp spaces. We determine the exact value of ℓp-quasi-

norm of M
ϕ
G for the case when G is strong product of complete graphs, where 0<p≤ 1. However, lower and upper bounds of

ℓp-norm have been determined when 1<p<∞. Finally, we computed the lower and upper bounds of ‖M
ϕ
G‖p when G is strong

product of arbitrary graphs, where 0<p≤ 1.

1. Introduction

We review some of the standard facts on graphs and metric
on the graphs. All the graphs considered in this paper are
simple, finite, and connected. Let G(V(G), E(G)) be a graph,
where V(G) is the set of vertices and E(G) is the set of edges
of G. (e vertices which are at distance one from any vertex
x ∈ V(G) are called neighbors of x. (e set of neighbors of
x ∈ V(G) is denoted by NG(x). (e degree of any vertex
x ∈ V(G) is the cardinality of the set NG(x) and is denoted
by dG(x). (e distance between two vertices x and y

denoted by d(x, y) is the length of the shortest path between
x and y. For more details on graph theory, we refer the
readers to [1–3]. (e metric (graph metric)
dG: V(G) × V(G)⟶ R on graph G is defined as

dG(x, y) � distance betweenx andy, (1)

where x, y ∈ V(G). (is metric space (G, dG) is called
geodesic metric space. For any function f: V(G)⟶ R, the

Hardy–Littlewood maximal operator Mx
G: ℓp⟶ ℓp [4–7]

is defined as

M
x
Gf(q) � sup

r≥0

1
|B(q, r)|

􏽘
w∈B(q,r)

|f(w)|, (2)

where B(q, r) � s ∈ V(G): dG(q, s)≤ r􏼈 􏼉 is the ball with
center q ∈ V(G) and radius r on a graph G. It contains all the
vertices ofG which are at distance atmost r from the vertex q.
It is clear from the definition that if r � 0, then |B(q, r)| � 1,
and if r≥ 1, then |B(q, r)|≥ 2. (e values of metric function
dG are natural numbers and radius r≥ 0; therefore, equation
(2) can be written as

M
x
Gf(q) � max

r∈N

1
|B(q, r)|

􏽘
w∈B(q,r)

|f(w)|. (3)

(e fractional maximal operator [8] on graphs is defined
as
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M
1− (t/n)
G f(q) � max

r∈N

1
|B(q, r)|

1− (t/n)
􏽘

w∈B(q,r)

|f(w)|, (4)

where 0≤ t≤ n. If t � 0, then equation (4) reduces to
equation (3). For 0<p<∞, the ℓp norm of the Har-
dy–Littlewood maximal operator is defined as

M
x
G

����
����ℓp ≔ sup

f≠0

M
x
Gf

����
����ℓp

‖f‖ℓp

, (5)

where ‖f‖ℓp � (􏽐s∈V(G)|f(s)|p)(1/p).
For every function f: V(G)⟶ R, the generalized

maximal operator M
ϕ
G: ℓp⟶ ℓp [9, 10] is defined as

M
ϕ
Gf(q) � max

r∈N

1
ϕ(|B(q, r)|)

􏽘
w∈B(q,r)

|f(w)|, (6)

where ϕ: N⟶ (0,∞) is an increasing function. Note that
if we take ϕ(x) � x in equation (6), then we get the classical
Hardy–Littlewood maximal operator Mx

G, and if we take
ϕ(x) � x1− (t/n) in equation (5), then we get equation (4).

Let Kn be complete graph on n vertices. For any vertex
q ∈ V(Kn), the ball B(q, r) with center q and radius r is
defined as

B(q, r) �
q􏼈 􏼉, for r � 0,

V Kn( 􏼁, for r≥ 1.
􏼨 (7)

(erefore, the generalized maximal operator on com-
plete graph Kn takes the form

M
ϕ
Kn

f(q) � max
1

ϕ(1)
|f(q)|,

1
ϕ(n)

􏽘

v∈V Kn( )

|f(v)|
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
.

(8)

For any vertex i ∈ V(G), the Kronecker delta function is
defined as

δq(i) �
1, q � i,

0, q≠ i.
􏼨 (9)

Soria and Tradacete [6] estimated the norm of maximal
operator Mx

G in the following form.

Proposition 1 (see [6])

(i) If 0<P≤ 1, then

MKn

�����

�����p
� 1 +

n − 1
np

􏼒 􏼓
(1/p)

. (10)

(ii) If 1<p<∞, then

1 +
n − 1

np
􏼒 􏼓

(1/p)

≤ MKn

�����

�����p
≤ 1 +

n − 1
n

􏼒 􏼓
(1/p)

. (11)

For more details on this topic of research, see
[4, 8, 10–13]. (e main motivation of this paper is from
[4–7, 10].

(e paper is structured as follows. Section 2 contains the
definitions which are helpful to prove the main results.
Section 3 contains the main results; we find the exact value of
‖M

ϕ
K‖p for the case 0<p≤ 1 and give lower and upper bound

when 1<p<∞. An example is given to show that these
bounds are not optimal. Finally, Section 4 concludes the
study.

2. Preliminaries

Let G1, G2, . . . , Gm be m graphs; then, their strong product
G � G1 × G2 × · · · × Gm is a graph having vertex set,

V(G) � u1, u2, . . . , um( 􏼁: ui ∈ Gi ∀i � 1, 2, . . . , m􏼈 􏼉, (12)

and the edge set, which is defined in the following manner;
there will be an edge between (u1, u2, . . . , um) and
(v1, v2, . . . , vm) in G if

(a) ui � vi and (uj, vj) ∈ E(Gj), j≠ i

(b) ui ≠ vi and (ui, vi) ∈ E(Gi), ∀i

Example 1. Let K2 be complete graph on two vertices. (e
strong product K � K2 × K2 × K2 of three K2 graphs is
shown in Figure 1.

Let G be the strong product of m graphs. (en, for every
function f: V(G)⟶ R, we can consider the generalized
maximal operator M

ϕ
G: ℓp⟶ ℓp as

M
ϕ
Gf u1, u2, . . . , um( 􏼁 � max

r∈N

􏽐v1∈G1
􏽐v2∈G2

. . . 􏽐vm∈Gm
f v1, v2, . . . , vm( 􏼁

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

ϕ BG1

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 × BG2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 × · · · × BGm

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓

, (13)

where BGi
� B(ui, r), i � 1, 2, . . . , m.(e norm ‖M

ϕ
G‖p of the

generalized maximal operator is defined as

M
ϕ
G

�����

�����p
� sup

f≠0

M
ϕ
Gf

�����

�����p

‖f‖p

, (14)

where ‖f‖p � (􏽐v1 ∈ G1
􏽐v2 ∈ G2

. . . 􏽐vm ∈ Gm
|f(v1, v2, . . . ,

vm)|p)(1/p).
Let K � Kn1

× Kn2
× · · · × Knm

be the strong product of m

complete graphs with n1, n2, . . . , nm vertices, respectively;
then,
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B u1, r( 􏼁 × B u2, r( 􏼁 × · · · × B um, r( 􏼁 �
u1, u2, . . . , um( 􏼁􏼈 􏼉, for r � 0,

V(K), for r≥ 1.
􏼨 (15)

For every function f: V(K)⟶ R, the generalized
maximal operator takes the form

M
ϕ
Kf u1, u2, . . . , um( 􏼁 � max

1
ϕ(1)

f u1, u2, . . . , um( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌,

1
ϕ n1 × n2 × · · · × nm( 􏼁

􏽘
v1∈Kn1

􏽘
v2∈Kn2

. . . 􏽘
vm∈Knm

f v1, v2, . . . , vm( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

. (16)

Note that the operator M
ϕ
K is the smallest in the

pointwise ordering among all M
ϕ
G�G1×G2×···×Gm

, where each Gi

is a graph with ni vertices for i � 1, 2, . . . , m.(at is, for every
nonnegative function f and every vertex
(u1, u2, . . . , um) ∈ G, we have that

M
ϕ
Kf u1, u2, . . . , um( 􏼁≤M

ϕ
Gf u1, u2, . . . , um( 􏼁. (17)

In particular, if 0<p<∞, then

M
ϕ
K

�����

�����
p

p
≤ M

ϕ
G

�����

�����
p

p
. (18)

For any vertex (u1, u2, . . . , um) ∈ V(K), the m Dirac
delta function is defined as

Γ u1 ,u2 ,...,um( ) v1, v2, . . . , vm( 􏼁 � δu1
v1( 􏼁.δu2

v2( 􏼁 . . . δum
vm( 􏼁.

(19)

It is easy to check that

Γ u1 ,u2 ,...,um( ) v1, v2, . . . , vm( 􏼁 �
0, for uj ≠ vj, for some j,

1, for ui � vi, ∀i � 1, 2, . . . , m.
􏼨

(20)

3. Main Results

(is section details the steps to find the quasi-norm of M
ϕ
K,

for the case 0<p≤ 1, and to find bounds of ‖M
ϕ
K‖p, for the

case of 1<p<∞. Also, we estimate the bounds of ‖M
ϕ
G‖p for

0<p≤ 1. Moreover, some examples are presented to support
the results.

Lemma 1. Let G be the strong product of m graphs, and
Ω: ℓp⟶ ℓp be a sublinear operator, with 0<p≤ 1. =en,

‖Ω‖p � max
u1 ,u2 ,...,um( )∈V(G)

ΩΓ u1 ,u2 ,...,um( )

�����

�����
p
. (21)

Proof. Since ‖Γ(u1 ,u2 ,...,um)‖p � 1, therefore ‖Ω‖p ≥
max(u1 ,u2 ,...,um)∈V(G)‖ΩΓ(u1 ,u2 ,...,um)‖p. To prove the other in-
equality, let h: V(G)⟶ R, with ‖h‖p ≤ 1, that is,

h � 􏽘
u1∈G1

􏽘
u2∈G2

. . . 􏽘
um∈Gm

a u1 ,u2 ,...,um( )Γ u1 ,u2 ,...,um( ), (22)

with 􏽐u1∈G1
􏽐u2∈G2

. . . 􏽐um∈Gm
|a(u1 ,u2 ,...,um)|

p ≤ 1. Using
Hӧlder’s inequality for 0<p≤ 1, it follows that

‖Ωh‖
p
p � 􏽘

v1∈G1

􏽘
v2∈G2

. . . 􏽘
vm∈Gm

Ωh v1, v2, . . . , vm( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
p

� 􏽘
v1∈G1

􏽘
v2∈G2

. . . 􏽘
vm∈Gm

Ω 􏽘
u1 ∈ G1

􏽘
u2 ∈ G2

. . . 􏽘
um ∈ Gm

a u1 ,u2 ,...,um( )Γ u1 ,u2 ,...,um( ) v1, v2, . . . , vm( 􏼁⎛⎝ ⎞⎠

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

p

≤ 􏽘
v1∈G1

􏽘
v2∈G2

. . . 􏽘
vm∈Gm

􏽘
u1 ∈ G1

􏽘
u2 ∈ G2

. . . 􏽘
um ∈ Gm

a u1 ,u2 ,...,um( )

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌ΩΓ u1 ,u2 ,...,um( ) v1, v2, . . . , vm( 􏼁

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

p

≤ 􏽘
v1∈G1

􏽘
v2∈G2

. . . 􏽘
vm∈Gm

􏽘
u1∈G1

􏽘
u2∈G2

. . . 􏽘
um∈Gm

a u1 ,u2 ,...,um( )ΩΓ u1 ,u2 ,...,um( ) v1, v2, . . . , vm( 􏼁
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p

� 􏽘
u1∈G1

􏽘
u2∈G2

. . . 􏽘
um∈Gm

a u1 ,u2 ,...,um( )

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p

􏽘
v1∈G1

􏽘
v2∈G2

. . . 􏽘
vm∈Gm

ΩΓ u1 ,u2 ,...,um( ) v1, v2, . . . , vm( 􏼁
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p

� 􏽘
u1∈G1

􏽘
u2∈G2

. . . 􏽘
um∈Gm

a u1 ,u2 ,...,um( )

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
ΩΓ u1 ,u2 ,...,um( )

�����

�����
p

p

≤ max
u1 ,u2 ,...,um( )∈V(G)

ΩΓ u1 ,u2 ,...,um( )

�����

�����
p

p
.

(23)
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It completes the proof. □

Theorem 1. If 0<p≤ 1, then

M
ϕ
K

�����

�����p
�

1
ϕp(1)

+
n1 × n2 × · · · × nm( 􏼁 − 1
ϕp n1 × n2 × · · · × nm( 􏼁

􏼠 􏼡

(1/p)

, (24)

and if 1<p<∞, then

1
ϕp(1)

+
n1 × n2 × · · · × nm( 􏼁 − 1
ϕp n1 × n2 × · · · × nm( 􏼁

􏼠 􏼡

(1/p)

≤ M
ϕ
K

�����

�����p
≤max

n1 × n2 × · · · × nm( 􏼁
p

ϕp
n1 × n2 × · · · × nm( 􏼁

,􏼠

1
ϕp

(1)
+􏼨

n1 × n2 × · · · × nm( 􏼁 − 1( 􏼁 n1 × n2 × · · · × nm( 􏼁
(p− 1)

ϕp n1 × n2 × · · · × nm( 􏼁

⎫⎬

⎭
⎞⎠

(1/p)

.

(25)

Proof. Letf: V(K)⟶ R be a function such that ‖f‖p � 1.
Define m Dirac delta function Γ(u1 ,u2 ,...,um), where

u1 ∈ V(Kn1
), u2 ∈ V(Kn2

), . . ., um ∈ V(Knm
). (en, for

0<p<∞, we have

M
ϕ
KΓ u1 ,u2 ,...,um( )

�����

�����
p

� M
ϕ
KΓ u1 ,u2 ,...,um( ) u1, u2, . . . , um( 􏼁􏼒 􏼓

P

+ 􏽘
v1≠u1

􏽘
v2≠u2

. . . 􏽘
vm≠um

M
ϕ
KΓ u1 ,u2 ,...,um( ) v1, v2, . . . , vm( 􏼁􏼒 􏼓

p
⎛⎝ ⎞⎠

(1/p)

�
1

ϕp(1)
+

n1 × n2 × · · · × nm( 􏼁 − 1
ϕp n1 × n2 × · · · × nm( 􏼁

􏼠 􏼡

(1/p)

.

(26)

As ‖Γ‖p � 1, so we have, for 0<p<∞,

1
ϕp(1)

+
n1 × n2 × · · · × nm( 􏼁 − 1
ϕp n1 × n2 × · · · × nm( 􏼁

􏼠 􏼡

(1/p)

≤ M
ϕ
K

�����

�����p
. (27)

For 0<p≤ 1, using Lemma 1, we have

1
ϕp(1)

+
n1 × n2 × · · · × nm( 􏼁 − 1
ϕp n1 × n2 × · · · × nm( 􏼁

􏼠 􏼡

(1/p)

� M
ϕ
K

�����

�����p
. (28)

× ×

1 3 5

2 4 6

K2 K2 K2

=

1, 3, 5 1, 4, 5

1, 3, 6

1, 4, 6

2, 4, 6

2, 3, 6

2, 4, 5 2, 3, 5

K8

Figure 1: Strong product of three K2 graphs.
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Now, we will prove upper bound for 1<p<∞:

M
ϕ
Kf

�����

�����p
� 􏽘

u1∈BG1

􏽘
u2∈BG2

· · · 􏽘
um∈BGm

max
1

ϕ(1)
f u1, u2, . . . , um( 􏼁

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌,􏼨⎛⎜⎝

·
1

ϕ n1 × n2 × · · · × nm( 􏼁
􏽘

v1∈BG1

􏽘
v2∈BG2

· · · 􏽘
vm∈BGm

f v1, v2, . . . , vm( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
p
⎫⎪⎬

⎪⎭
⎞⎟⎠

(1/p)

.

(29)

After applying Hölder’s inequality, we have

M
ϕ
K

�����

�����p
≤ sup 􏽘

u1∈BG1

􏽘
u2∈BG2

· · · 􏽘
um∈BGm

max
1

ϕp(1)
f u1, u2, . . . , um( 􏼁

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p
,

1
ϕp n1 × n2 × · · · × nm( 􏼁

n1 × n2 × · · · × nm( 􏼁
(p− 1)

􏼨 􏼩⎛⎜⎝ ⎞⎟⎠

(1/p)

.

(30)

If (|f(u1, u2, . . . , um)|p/ϕp(1))≤ ((n1 × n2 ×

· · · × nm)(p− 1)/ϕp(n1 × n2 × · · · × nm)) for all vertices, then
we have

M
ϕ
K

�����

�����p
≤

n1 × n2 × · · · × nm( 􏼁
p

ϕp n1 × n2 × · · · × nm( 􏼁
􏼠 􏼡

(1/p)

. (31)

If (|f(u1′,u2′, . . . ,um
′ )|p/ϕp(1))>((n1 × n2 × · · ·× nm)(p− 1)/

ϕp(n1 × n2 × · · · × nm)) for some (u1′,u2′, . . . , um
′ ) ∈V(K), then

we have

M
ϕ
K

�����

�����p
≤

1
ϕp(1)

f u1′, u2′, . . . , um
′( 􏼁

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

+
n1 × n2 × · · · × nm( 􏼁 − 1( 􏼁 n1 × n2 × · · · × nm( 􏼁

p− 1

ϕp n1 × n2 × · · · × nm( 􏼁
􏼠 􏼡

(1/p)

≤
1

ϕp(1)
+

n1 × n2 × · · · × nm( 􏼁 − 1( 􏼁 n1 × n2 × · · · × nm( 􏼁
(p− 1)

ϕp n1 × n2 × · · · × nm( 􏼁
⎛⎝ ⎞⎠

(1/p)

,

(32)

which completes our arguments.
(e graph of the result of (eorem 1 is shown in Fig-

ure 2, where ϕ(x) � x, n1 × n2 × · · · × nm is from 4 to 10, and
p � 2 and p � 3.

3D solution region for (eorem 1 is shown in Figure 3,
where ϕ(x) � x, n1 × n2 × · · · × nm is from 4 to 12, and p is
from 1 to 10.

(e graph presented in Figure 3 shows the results of
(eorem 1 that are not optimal. It is quite difficult task to
calculate the exact value of ‖M

ϕ
K‖p for the case 1<p<∞.

(e following example explains the situation. □

Example 2. (e estimates we obtained in (eorem 1 for 1<
p<∞ is not optimal in general. For example, if we take graph
K2 × K2 and ϕ(x) � x. Consider the function f: (1, 3),{

(1, 4), (2, 3), (2, 4)}⟶ R. We suppose that |f(1,3)| � |f

(1,2)| � |f(2,3)|, Mx
K2×K2

f(1,3) � Mx
K2×K2

f(1,4) � Mx
K2×K2

f(2,3) � (3|f(1,3)| + |f(1,4)|/4), and Mx
K2×K2

f(2,4) � |f

(2,4)|. (en, |f(2,4)|≥ |f(1,3)|. If we denote (|f(1,3)|/|f
(2,4)|) by λ, then, for every 0<p<∞, we have

M
x
K2×K2

f
�����

�����p

‖f‖p

�
3(3|f(1, 3)| +|f(1, 4)|/4)p +|f(1, 4)|p

3|f(1, 3)|p +|f(1, 4)|p
􏼠 􏼡

(1/p)

�
1
4

3(3λ + 1)p + 4p

3λp + 1
􏼠 􏼡

(1/p)

,

(33)

which leads to

M
x
K2×K2

�����

�����p
�
1
4

sup
0≤λ≤1

3(3λ + 1)p + 4p

3λp + 1
􏼠 􏼡

(1/p)

. (34)

It is easy to see that, for 1<p<∞, the supremum is
attained at the unique root λp ∈ (0, 1) of the equation
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(1 + 3λ)
p− 1

�
3λp− 1

(3λ + 1)
p

+ 4pλp− 1

9λp
+ 3

. (35)

In particular, if we take p � 2, then we get λ � 0.246, and
from equation (34), we get ‖Mx

K2×K2
‖2 � 1.151. If we cal-

culate it from (eorem 1, we get 1.090≤ ‖Mx
K2×K2

‖2≤ 1.323.
(is shows that the estimation in (eorem 1 is not optimal
in general for 1<p<∞. Now, in the next theorem, we find
the estimates of G.

Theorem 2. Let G be the strong product of m graphs and
0<p≤ 1; then, we have

1
ϕp(1)

+
n1 × n2 × · · · × nm( 􏼁 − 1
ϕp n1 × n2 × · · · × nm( 􏼁

􏼠 􏼡

(1/p)

≤ M
ϕ
G

�����

�����p
≤

1
ϕp(1)

+
n1 × n2 × · · · × nm( 􏼁 − 1

ϕp 2m( )
􏼠 􏼡

(1/p)

.

(36)

Proof. Lower bound is trivial. For the upper bound, let
(u1, u2, . . . , um) ∈ V(G) and consider the m Dirac delta
function Γ(u1,u2 ,...,um). (en, we have
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Figure 3: 3D view of estimation for n � 4 . . . 12 and p � 1 . . . 10.
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Figure 2: Estimation for p � 2 and p � 3.
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M
ϕ
GΓ u1,u2,...,um( )

�����

�����p
� M

ϕ
GΓ u1,u2 ,...,um( ) u1, u2, . . . , um( 􏼁􏼒 􏼓

p

+ 􏽘
v1≠u1

􏽘
v2≠u2

. . . 􏽘
vm≠um

M
ϕ
GΓ u1,u2,...,um( ) v1, v2, . . . , vm( 􏼁􏼚 􏼛

p
⎛⎝ ⎞⎠

(1/p)

�
1

ϕp(1)
+ 􏽘

v1≠u1

􏽘
v2≠u2

. . . 􏽘
vm≠um

1

ϕ BG1

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 × BG2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 × · · · × BGm

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓

􏽘
w1

􏽘
w2

. . . 􏽘
wm

Γ u1,u2 ,...,um( ) w1, w2, . . . , wm( 􏼁

⎫⎪⎬

⎪⎭

p⎧⎪⎪⎨

⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

(1/p)

.

(37)

As each Gi is connected, |BGi
|≥ 2 for each i and radius

r≥ 1. Hence,

M
ϕ
GΓ u1 ,u2 ,...,um( )

�����

�����
p
≤

1
ϕp(1)

+
n1 × n2 × · · · × nm( 􏼁 − 1

ϕp 2m( )
􏼠 􏼡

(1/p)

.

(38)

By using Lemma 1, we obtain

M
ϕ
G

�����

�����p
≤

1
ϕp(1)

+
n1 × n2 × · · · nm( 􏼁 − 1

ϕp 2m( )
􏼠 􏼡

(1/p)

. (39)

If we take ϕ(x) � x and m � 1, then (eorems 1 and 2,
respectively, yields the same results obtained in [9]. (is
shows that the results presented in this paper are the gen-
eralized form of the results in [6].

We have graph for the result of (eorem 2 in Figure 4,
where p � 0.5, ϕ(x) � x, and n1 × n2 × · · · × nm is from 4 to
10.

Some particular examples to support the result of
(eorem 2 are given below. □

Example 3. Let W5 be a wheel graph on five vertices and
consider the strong product K2 × W5 of K2 with W5. Take
ϕ(x) � x, f � Γ, and p � 1. (en, ‖Mx

K2×W5‖ � 2.100.
Let V(K2) � 1, 2{ } and V(W5) � 3, 4, 5, 6, 7{ }, where 7 is

the central vertex of W5. Now, 6 ∉ NW5
(3) and 5 ∉ NW5

(4).
(en, the strong product K2 × W5 has a vertex set

V K2 × W5( 􏼁 � (1, 3), (1, 4), (1, 5), (1, 6), (1, 7), (2, 3),{

(2, 4), (2, 5), (2, 6), (2, 7)}.

(40)

Note that K2 × W5 has 37 edges and d(1,7)(K2 × W5) �

d(2,7)(K2 × W5) � 9, while all other vertices of this graph
have degree 7. Hence,

M
x
K2×W5
Γ(1,3) �

1, for (1, 3){ },

1
10

, for (1, 6), (1, 7), (2, 6), (2, 7){ },

1
8
, otherwise,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(41)

with ‖Mx
K2×W5
Γ(1,3)‖ � 2.025. It is easy to see that ‖Mx

K2×W5

Γ(1,4)‖ � ‖Mx
K2×W5
Γ(1,5)‖ � ‖Mx

K2×W5
Γ(1,6)‖ � ‖Mx

K2×W5
Γ(2,3)‖ �

‖Mx
K2×W5
Γ(2,4)‖ � ‖Mx

K2×W5
Γ(2,5)‖ � ‖Mx

K2×W5
Γ(2,6)‖ � 2.025.

Also,

M
x
K2×W5
Γ(1,7) �

1, for (1, 7){ },

1
10

, for (2, 7){ },

1
8
, otherwise,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(42)

with ‖Mx
K2×W5
Γ(1,7)‖ � 2.100, ‖Mx

K2×W5
Γ(2,7)‖ � 2.100, and

‖Mx
K2×W5

‖ � 2.100.

Example 4. Consider the graph used in Example 3. Take
ϕ(x) � x2, f � Γ, and p � 1. (en, ‖Mx2

K2×W5‖ � 1.135. We
have

M
x2

K2×W5
Γ(1,3) �

1, for (1, 3){ },

1
100

, for (1, 6), (1, 7), (2, 6), (2, 7){ },

1
64

, otherwise,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(43)

with ‖Mx2

K2×W5
Γ(1,3)‖ � 1.118 and ‖M

x2

K2×W5
Γ(1,4)‖ � ‖M

x2

K2×W5

Γ(1,5)‖ � ‖M
x2

K2×W5
Γ(1,6)‖ � ‖M

x2

K2×W5
Γ(2,3)‖ � ‖M

x2

K2×W5
Γ(2,4)‖ �

‖M
x2

K2×W5
Γ(2,5)‖ � ‖M

x2

K2×W5
Γ(2,6)‖ � 1.118.

In a similar way, we have

M
x2

K2×W5
Γ(1,7) �

1, for (1, 7){ },

1
100

, for (2, 7){ },

1
64

, otherwise,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(44)

with ‖Mx2

K2×W5
Γ(1,7)‖ � 1.135 and ‖Mx2

K2×W5
Γ(2,7)‖ � 1.135.

(is implies that ‖Mx2

K2×W5
‖ � 1.135.

Example 5. Let S3 be star graph on three vertices and
consider the strong product K2 × K2 × S3. Take ϕ(x) � x,
f � Γ, and p � 1. (en, ‖Mx

K2×K2×S3
‖ � 2.250.

Let V(K2) � 1, 2{ }, V(K2) � 3, 4{ }, and V(S3) � 5, 6, 7{ }

with 7 as a central vertex of S3. (en, the strong product
K2 × K2 × S3 is a graph with vertex set

Mathematical Problems in Engineering 7



V K2 × K2 × S3( 􏼁 � (1, 3, 5), (1, 3, 6), (1, 3, 7), (1, 4, 5), (1, 4, 6), (1, 4, 7), (2, 3, 5), (2, 3, 6), (2, 3, 7), (2, 4, 5), (2, 4, 6), (2, 4, 7){ }.

(45)

Note that there are 50 edges in this graph and
d(1,3,7)(K2× K2 × S3) � d(1,4,7)(K2 × K2 × S3) � d(2,3,7)(K2 ×

K2 × S3) � d(2,4,7)(K2 × K2 × S3) � 11, while all the other
vertices of the graph have degree 7. We have

M
x
K2×K2×S3
Γ(1,3,5) �

1, for (1, 3, 5){ },

1
8
, for (1, 4, 5), (2, 3, 5), (2, 4, 5){ },

1
12

, otherwise,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(46)

with ‖Mx
K2×K2×S3
Γ(1,3,5)‖ � 2.042. It is easy to see that

‖Mx
K2×K2×S3
Γ(1,3,6)‖ � ‖Mx

K2×K2×S3
Γ(1,4,5)‖ � ‖Mx

K2×K2×S3
Γ(1,4,6)‖

� ‖Mx
K2×K2×S3
Γ(2,3,5)‖�‖Mx

K2×K2×S3
Γ(2,3,6)‖�‖Mx

K2×K2×S3
Γ(2,4,5)

‖ � ‖Mx
K2×K2×S3
Γ(2,4,6)‖ � 2.042.

Also,

M
x
K2×K2×S3
Γ(1,3,7) �

1, for (1, 3, 7){ },

1
12

, for (1, 4, 7), (2, 3, 7), (2, 4, 7){ },

1
8
, otherwise,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(47)

with ‖Mx
K2×K2×S3
Γ(1,3,7)‖ � 2.250. Similarly, ‖Mx

K2×K2×S3

Γ(1,4,7)‖ � ‖Mx
K2×K2×S3
Γ(2,3,7)‖ � ‖Mx

K2×K2×S3
Γ(2,4,7)‖ � 2.250.

(is implies that ‖Mx
K2×K2×S3

‖ � 2.250.

Example 6. Consider the graph used in example 4,
ϕ(x) � 1 + ln(x), f � Γ, and p � 1; then, ‖M

1+ln(x)
K2×K2×S3

‖ �

4.459.
Here, we have

M
1+ln(x)
K2×K2×S3
Γ(1,3,5) �

1, for (1, 3, 5){ },

1
1 + ln(8)

, for (1, 4, 5), (2, 3, 5), (2, 4, 5){ },

1
1 + ln(12)

, otherwise,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(48)

with ‖M
1+ln(x)
K2×K2×S3
Γ(1,3,5)‖ � 4.271. Similarly, ‖M

1+ln(x)
K2×K2×S3

Γ(1,3,6)‖ � ‖M
1+ln(x)
K2×K2×S3

Γ(1,4,5)‖ � ‖M
1+ln(x)
K2×K2×S3

Γ(1,4,6)‖ �

‖M
1+ln(x)
K2×K2×S3
Γ(2,3,5)‖�‖M

1+ln(x)
K2×K2×S3
Γ(2,3,6)‖ � ‖M

1+ln(x)
K2×K2×S3
Γ(2,4,5)‖

� ‖M
1+ln(x)
K2×K2×S3
Γ(2,4,6)‖ � 4.271.

Now,

M
1+ln(x)
K2×K2×S3
Γ(1,3,7) �

1, for (1, 3, 7){ },

1
1 + ln(12)

, for (1, 4, 7), (2, 3, 7), (2, 4, 7){ },

1
1 + ln(8)

, otherwise.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(49)

So, ‖M
1+ln(x)
K2×K2×S3
Γ(1,3,7)‖ � 4.459. Similarly, ‖M

1+ln(x)
K2×K2×S3

Γ(1,4,7)‖ � ‖M
1+ln(x)
K2×K2×S3
Γ(2,3,7)‖ � ‖M

1+ln(x)
K2×K2×S3
Γ(2,4,7)‖ � 4.459. ⇒

‖M
1+ln(x)
K2×K2×S3

‖ � 4.459.
If we take the same conditions which we used in ex-

amples 3–6 in the result of (eorem 2, then we get
1.900≤ ‖Mx

G1×G2
‖≤ 3.250, 1.090≤ ‖Mx2

G1×G2
‖≤ 1.563, 1.917≤

‖Mx
G1×G2×G3

‖≤ 2.375, and 4.156≤ ‖M
1+ln(x)
G1×G2×G3

‖≤ 4.572. (is
implies that the examples 3–6 verify the result of (eorem 2.

4. Conclusion

In this paper, we have considered the action of generalized
maximal operator on ℓp spaces and calculated the quasi-
norm ‖M

ϕ
K‖p for 0<p≤ 1. We gave the lower bound and
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Figure 4: Estimation for p � 0.5.
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upper bound for the quasi-norm ‖M
ϕ
K‖p, where 1<p<∞.

Finally, we have proved that ((1/ϕp (1)) + ((n1 × n2 × · · · ×

nm) − 1/ϕp(n1 × n2 × · · · × nm)))(1/p) and ((1/ϕp(1))+ ((n1×

n2 × · · · × nm) − 1/ϕp(2m)))(1/p) are the lower bound and
upper bound, respectively.
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