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Auxiliary fixtures are widely used to enhance the rigidity of cylindrical thin-walled workpieces (CTWWs) in the machining
process. Nevertheless, the accurate and efficient prediction of frequency response function (FRF) for the workpiece-fixture system
remains challenging due to the complicated contact constraints between workpiece and fixture. &is paper proposes an analytical
solution for the comprehensive FRF analysis of the CTWW-fixture system. Firstly, based on the vector mechanics, the mode shape
functions of the workpiece are presented using the classical theory of thin shell. &e variable separation method is utilized to deal
with the inter-mode coupling of the workpiece. Secondly, the motion equation of the CTWW with fixture constraints is
established using analytical mechanics from the viewpoint of energy balance. Finally, the FRFs of the CTWW-fixture system are
derived by means of modal superposition. Experimental modal tests verify that the predicted FRFs are in good agreement with the
measured curves.

1. Introduction

Cylindrical thin-walled parts such as engine casings are
widely used in aerospace industries. Due to the low rigidity
of thin-walled workpiece, it is prone to produce large-am-
plitude vibrations and even regenerative chatter during the
machining process [1, 2], which consequently affect the final
part quality [3, 4]. In order to enhance the rigidity of the
machining system, auxiliary fixtures have been widely
designed and used to enhance the rigidity of thin-walled
parts [5].

Positioning error and clamping stability under static or
quasistatic loads are primary concerns with regard to fixture
design.&ere are two main sources of positioning errors: the
contact compliance between the workpiece and the fixture
[6] and the geometric errors of the locators [7, 8]. &e
positioning accuracy is affected by many factors including
dimensional error [9, 10], clamping force [11], clamping
sequence [12], and so on. &e clamping stability is affected
not only by the contact compliance but also by the rigidity of
the fixture components [13]. To determine the stability, the

screw theory [14] is widely used, where the applied load is
equivalently regarded as a rotation and a translation along
the same axis.

For flexible workpieces, the compliance cannot be
neglected when analyzing the contact status between work-
piece and fixture. As far as the positioning error is concerned,
it ismainly affected by the local deformation of the workpiece-
fixture contact area. Also, the deformation contribution
caused by the workpiece-fixture contact compliance is much
smaller than the workpiece deformation. &us, the work-
piece-fixture contact could be regarded as rigid compared to
the compliance of the workpiece [15].Moreover, for analyzing
the system stability, the difference between rigid workpieces
and flexible workpieces lies in the influence of workpiece
compliance on clamping force and contact. Among them, the
minimum clamping force [16] needs to be determined to
prevent slippage of the workpiece, and a reasonable contact
area [17] needs to be identified to meet the form-closure
condition. From the above analysis, the compliance of the
workpiece should be taken into account, which significantly
affects the quality of machined surfaces [18].
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&e above works regard the workpiece-fixture system as
static or quasistatic and ignore the dynamic characteristics.
Nevertheless, the interrupted milling forces have high-fre-
quency components, especially for thin-walled workpieces
[3]. &erefore, the performance of fixture should be eval-
uated under dynamic loads. Rigid body dynamics [19], as the
basis of the dynamics research of the workpiece-fixture
system, is widely used. Among them, the research studies of
workpiece-fixture contact including contact modeling [20]
and contact analysis [21] are very critical. Contact modeling
is mainly studied by means of analytical methods [22–24]
and finite element methods [25, 26]. For contact analysis,
many factors such as nonlinear behavior [27], stiffness [28],
friction damping [29], and so on should be considered,
which have great influence on the dynamics of rigid bodies.
In this way, the fixturing stability of the system [30] and the
optimal design of the fixture [19] can be effectively analyzed.

Regarding the influence of fixtures on the dynamics of
flexible workpieces, however, the relevant research is very
limited. Due to the weak rigidity of flexible workpieces,
adding support [31, 32], which has a great impact on the
dynamic characteristics of the workpiece, in the fixture
design is an effective way. In order to study it, the frequency
response function (FRF) [33] is often used for analysis. In the
analysis process, the finite element method (FEM) [34, 35] is
an excellent numerical tool used to obtain relevant detailed
information. When using this method, it was necessary to
divide very fine grids and set complex equivalent boundary
conditions to ensure the accuracy of the results, which would
cause a significant reduction in calculation efficiency [36]. To
solve this problem, the analytical method focusing on thin-
walled plate or frame structures [37, 38] is widely used to
analyze the effects of fixture on the dynamic characteristics
of the workpiece.

Nevertheless, to the authors’ knowledge, few research
concentrates on the effects of fixtures on cylindrical thin-
walled structures, especially from the perspective of dy-
namics. Under the motivation, the main objective of this
paper is to develop a comprehensive analytical solution to
predict the FRFs of the system so as to investigate the effects
of fixture support on the dynamic characteristics of CTWW.
&e outline of this paper is organized as follows. Section 2
establishes the motion equation of the workpiece-fixture
system. &e frequency response functions of the workpiece-
fixture system are predicted in Section 3. Section 4 verifies
the feasibility and accuracy of the proposed method. Some
important conclusions are listed in Section 5.

2. Motion Equation of the Workpiece-
Fixture System

Adding fixture support can effectively improve the rigidity of
the CTWWs, which makes the modeling and analysis of the
system more complicated. &erefore, it is necessary to focus
on the establishment of the motion equation of the work-
piece-fixture system, which is the basis for investigating the
effects of fixture support on workpiece dynamic charac-
teristics. Without losing generality, a typical thin-walled
cylindrical structure with fixture constraints is taken to

explore the mechanism, as shown in Figure 1. &e outside
surface of the cylindrical workpiece is required to be further
milled from the free end to the fixed end for lightweight
purposes. In this paper, the boundary conditions are de-
termined according to the actual machining situation. &e
base of the workpiece is clamped, i.e., the slope and dis-
placement are equal to zero.&e top edge of the workpiece is
free, i.e., the moments and shear forces are equal to zero.

2.1.Mode Shape Functions of the CTWW. In this section, the
dynamic balance equation of the CTWW is established using
the vectormechanics method.&emode shape functions can
be obtained. &e 3D model of this part can be equivalently
represented using a continuous, homogeneous, and iso-
tropous cylindrical shell, as shown in Figure 2.

&e workpiece has an axial length L, a middle surface
radius R, and a constant thickness H. A cylindrical coor-
dinate system (o, z, θ, r) is used to take advantage of the axis
symmetry of the structure, and the origin is set to the center
of the fixed end (z� 0) of the workpiece. &e displacements
on the middle surface with respect to the coordinate system
are represented by u(z, θ, t), v(z, θ, t), and w(z, θ, t) in the
tangential, radial, and axial directions, respectively. &e
CTWW is clamped at the bottom (z� 0), and the other end is
free (z� L). Since the thickness of the workpiece is much
smaller than other dimensions, a thin-walled cylindrical
shell assumption is considered. In addition, the straight line
perpendicular to the middle surface of the workpiece re-
mains unchanged before and after deformation [39].

In the modeling process, a series of cylindrical shell
elements are used to simulate the middle surface. An ar-
bitrary element is expressed in Figure 3. We take this ele-
ment as an example to illustrate the modeling process. Each
shell is constructed by an arc Rdθ and a line segment dz,
respectively. &e forces including external forces
pe (e � r, θ, z) and inertial forces ρH(zin2/zt2) (in � u, v, w)

are shown in Figure 3(a), and the internal forces and internal
moments are shown in Figures 3(b) and 3(c). By multiplying
all internal forces by the arc length of the side, multiplying all
external force components and inertial forces by the element
area, and then projecting the product in three directions, the
free vibration differential equations of the CTWW can be
established as follows [40]:
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(1)

where ρ is the density of the workpiece, Nθ, Nzθ, Nz and Qθ,
Qz are the internal forces and transverse shear forces per unit
length on the middle surface, and their specific expressions
are given by
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Figure 1: Schematic illustration of a typical cylindrical thin-walled structure with fixture constraints.
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Figure 2: Coordinate system and dimensions for a cylindrical shell.
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Figure 3: Continued.
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(2)

where Mz, Mθ, and Mzθ are the internal moments on the
middle surface,K � EH/(1 − μ2) is the tensile stiffness of the
cylinder shell, D � EH3/12(1 − μ2) is the flexural rigidity of
the cylindrical shell, E is Young’s modulus, and μ is Poisson’s
ratio.

By substituting equation (2) into (1), the governing
equations expressed by displacements u, v, and w can be
obtained as
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where Lidjd
� (id, jd � 1, 2, 3) are differential operators with

respect to z and θ, and the specific expressions are given in
Appendix A.

To solve equation (3), a synchronous motion is con-
sidered, i.e., natural modes of vibration [41]:

u(x, θ, t) � U(x, θ)q(t),

v(x, θ, t) � V(x, θ)q(t),

w(x, θ, t) � W(x, θ)q(t),

⎧⎪⎪⎨

⎪⎪⎩
(4)

where U(x, θ), V(x, θ), and W(x, θ) are the mode shapes
and q(t) is the generalized coordinate.

&e vibration forms of CTWW include axial and cir-
cumferential vibrations, as shown in Figure 4. &e axial
vibration form in Figure 4(a) is composed of m half-waves.
&e circumferential vibration form in Figure 4(b) consists of
radial and tangential vibration, where n is the number of
circumferential waves. &erefore, the modal shape of the
cylindrical shell can be determined by any combination of
the axial half-wave number m and the circumferential wave
number n.

Considering the inter-mode coupling, a variable sepa-
ration method is employed to separate the spatial depen-
dence of modal shapes between axial and circumferential
directions. &e modal shape of the thin-walled cylindrical
shell is expanded in a double series in terms of beam
function in the axial direction and Fourier series in the
circumferential direction. &is method can use simple
functions to decouple the complex coupled dynamics system
and avoid the tedious mathematical calculation process.
&erefore, the tangential, radial, and axial displacements of
the workpiece vary according to [42]
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Figure 3: Forces and moments acting on a cylindrical shell element. (a) External forces and inertial forces. (b) Internal forces. (c) Internal
moments.
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(5)

where Amn, Bmn, and Cmn are the (m, n)-th modal amplitudes
in the tangential, radial, and axial directions, respectively,
and ϕm(z) is the axial mode shape function that is defined as
a beammode shape function corresponding to the boundary
conditions at both ends, which can be expressed as [43]
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where the values of aiz
(iz � 1, 2, 3, 4), λm, and σm can be

determined according to the boundary conditions of the
beam. In this paper, the clamped-free boundary condition is
considered, and the parameters of the beam function satisfy
the following relationships:
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By substituting equation (5) into (3) and performing
Galerkin discretization, a set of ordinary differential equa-
tions can be obtained as follows:
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Further integrating equation (8), the frequency char-
acteristic equation of the workpiece can be obtained as
follows:
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(a)

n=1 n=2 n=3

(b)

Figure 4: Vibration forms of the CTWW. (a) Axial vibration forms. (b) Circumferential vibration forms.
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where cicjc
(ic, jc � 1, 2, 3) are the undetermined coefficients

as given in Appendix B, which are related to the natural
frequency, geometric parameters, and material parameters
of the workpiece.

Since equation (9) has nontrivial solutions, the deter-
minant of the coefficient matrix must be zero, i.e.,
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tained from equation (10) as
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Based on equation (11), three natural frequency solu-
tions are obtained and substituted into equation (9). As a
result, ratios of modal amplitudes can be expressed as
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&e above formulae reveal that there are three natural
frequencies with regard to each combination (m, n), and
each frequency is related to one vibration direction. Among
them, the lowest frequency value corresponds to the most
flexural vibration direction, and the other two correspond to
the in-plane vibrations. In this way, the calculated natural
frequencies and mode shape functions of the CTWWwill be
used to establish the motion equation for the workpiece-
fixture system in next section.

2.2. Motion Equation of the CTWW with Fixture Support
Constraints. For the workpiece-fixture system, an analytical
mechanics method will be introduced to establish the mo-
tion equation. &e generalized coordinates are used to de-
termine the position of the system.&e scalar functions such
as kinetic energy, elastic strain energy, potential energy,
dissipated energy, and the work done by external forces are
used to describe the amount of motion. &e Lagrange
equation is used to obtain the relationships betweenmultiple
energies. And the specific modeling process will be described
in detail as follows.

According to the research in [44], the displacement
expression of the workpiece without support is still appli-
cable for cases with support. &erefore, based on equation

(5), the kinetic energy Tof the CTWW under external forces
can be expressed as
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where mp represents the mass per unit area of the cylindrical
shell and _q is a 1 × (3M · N) matrix, and it can be expressed
as _q ∈ R1×3MN, where M and N represent the number of
related subitems corresponding to m and n in equation (5),
respectively. Each of the generalized coordinate velocity
matrix element is _q � zq/zt. &e mass matrix M can be
expressed as

M �

M1 0

M2

⋱

sym MMN
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where the submatrixMim
(im � 1, 2, . . . , MN) stands for the

mass elements in the three directions corresponding to the
im-th degree of freedom, each submatrix is a 3 × 3 matrix,
and each element in the submatrix is given in Appendix
C.&ese elements are related to the mode shape functions of
the CTWW. &e symbol “sym” in the matrix M is short for
symmetry.

Deformation generates internal strain and stress and
therefore creates elastic strain energy. Based on the classical
thin shell theory, the elastic strain energy U of the workpiece
can be obtained as [45]
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where Kw is the stiffness matrix, which has the same di-
mension with the mass matrix M, and the element in each
submatrix is given in Appendix D.

Each fixture support can be modeled as a spring and a
damping element, as shown in Figure 5. Under the excitation
of external forces, the fixture support outputs normal force
and tangential forces on the workpiece within the support
area.

Assuming that the fixture support a is located at (za, θa),
the potential energy P of all fixture supports can be written
as

P �
1
2

􏽘

pa

a�1
kθau

2
za, θa( 􏼁 + krav

2
za, θa( 􏼁 + kzaw

2
za, θa( 􏼁􏽨 􏽩

�
1
2

􏽘

pa

a�1
qKsq

T
,

(17)

where pa is the number of the fixture supports, kra, kza, and
kθa are the contact stiffness in the radial, axial, and tangential
directions, respectively, and Ks is the stiffness matrix related
to the fixture support, which also has the same expression as
the mass matrixM, and the submatrix inKs can be written as

Kis,js
�

kθa Φ
u
mn za, θa( 􏼁( 􏼁

2 0
kra Φ

v
mn za, θa( 􏼁( 􏼁

2

sym kza Φ
w
mn za, θa( 􏼁( 􏼁

2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, is, js � 1, 2, . . . , MN( 􏼁, (18)

where Φu
mn(za, θa), Φv

mn(za, θa), and Φw
mn(za, θa) are the

mode shape functions in three directions, which are func-
tions of the support positions and can be obtained from
Appendix C.

Since the workpiece-fixture system is an energy dissi-
pative system, the damping effect cannot be ignored. To
describe the energy dissipation of the system, it is necessary

to comprehensively consider the damping characteristics of
the workpiece and fixture supports. In the modeling process,
the nonconservative damping forces are assumed to be
viscous damping forces, and the Rayleigh dissipation
function is used to express the dissipated energy Rd of the
system, which can be given as

Rd �
cw

2
􏽚

L

0
􏽚
2π

0

zu(z, θ, t)

zt
􏼠 􏼡

2

+
zv(z, θ, t)

zt
􏼠 􏼡

2

+
zw(z, θ, t)

zt
􏼠 􏼡

2
⎛⎝ ⎞⎠Rdθdx

+
1
2

􏽘

pa

a�1
cs

zu(z, θ, t)

zt
􏼠 􏼡

2

+
zv(z, θ, t)

zt
􏼠 􏼡

2

+
zw(z, θ, t)

zt
􏼠 􏼡

2
⎛⎝ ⎞⎠

�
cw

2
_qCw _qT

+
cs

2
􏽘

pa

a�1
_qCs _qT

,

(19)
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where cw and cs are the damping coefficients of the work-
piece and fixture support, respectively, andCw andCs are the
damping matrices corresponding to the workpiece and
fixture support, respectively.

Supposing that the workpiece is subjected to an external
force Fe, the work W done by Fe can be obtained as

W � Fe,uu + Fe,vv + Fe,ww � FeΦqT
, (20)

where Fe,u, Fe,v, and Fe,w are the tangential, radial, and axial
force components acting on the CTWW, respectively, and
Fe ∈ R1×3MN and Φ ∈ R3MN×3MN are the external force

matrix and mode shape matrix, respectively, which can be
written as

Fe � Fe,1 Fe,2 · · · Fe,MN􏼂 􏼃1×3MN,

Φ �

Φ1 0

Φ2

⋱

sym ΦMN

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

3MN×3MN

.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(21)

&e submatrices in the above matrices can be expressed
as

Fe,ie
� Fe,ie,u Fe,ie,v Fe,ie,w􏽨 􏽩, ie � 1, 2, . . . , MN( 􏼁,

Φim
�

Φu
im,mn(z, θ) 0

Φv
im,mn(z, θ)

sym Φw
im,mn(z, θ)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, im � 1, 2, . . . , MN( 􏼁.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(22)

According to the above derivations, the scalar functions
of the system such as kinetic energy, elastic strain energy,
potential energy, dissipated energy, and work have been
given, which are used to describe the amount of motion of
the system, and their relationship can be obtained based on
the Lagrange equation as [46]

d
dt

zT

z _q
􏼠 􏼡 −

zT

zq
+

zRd

z _q
+

z(U + P)

zq
�

zW

zq
. (23)

By substituting equations (14), (16), (17), (19), and (20)
into (23), the motion equation of the workpiece-fixture

system can be expressed in terms of generalized coordinates
and mode shapes as follows:

mpM€q + cwCw + csCs( 􏼁 _q + DKw + 􏽘

pa

a�1
Ks

⎛⎝ ⎞⎠q � FeΦ.

(24)

Considering the complexity of the system damping, it is
approximated by Rayleigh damping.&emotion equation of
the system can be written as

M€q + C _q + Kq � F, (25)

Fixture
support

Thin-walled
workpiece

cz kz

kr

cr

cθ

kθ

(a) (b)

Figure 5: Illustration of the workpiece-fixture system. (a) CTWW with fixture support constraints. (b) Equivalent model of the fixture
support.
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where

C � αM +
β DKw + 􏽐

pa

a�1Ks􏼐 􏼑

mp

,

K �
DKw + 􏽐

pa

a�1Ks􏼐 􏼑

mp

,

F �
FeΦ
mp

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(26)

where α and β are constants.
In this way, the motion equation of the workpiece-fixture

system is established. It can be seen that the proposed
method can considerably reduce the computational com-
plexity of the vector relationship by using the scalar func-
tions, thereby making the modeling of the complex system
easier and facilitating the prediction of the FRFs for the
workpiece-fixture system in next section.

3. Frequency Response Function of the
Workpiece-Fixture System

Fixture support increases the rigidity of the CTWW and also
changes its dynamic characteristics. In this section, the
workpiece-fixture system is regarded as a linear time-in-
variant (LTI) system, and the FRF is predicted.

By taking Fourier transform on equation (25), it becomes

K − ω2M + jωC􏼐 􏼑q(ω) � F(ω). (27)

Based on equation (27), the motion equation of the
undamped free vibration system is given by

K − ω2M􏼐 􏼑q(ω) � 0. (28)

From equation (28), the natural frequencies can be
calculated for each set of (m, n). Among the three fre-
quencies in axial, radial, and tangential directions, the
minimum value corresponds to the radial natural frequency,
which will be analyzed in detail.

For the LTI system, the system response can be repre-
sented using the mode superposition method [47]. &us, the
response vector q can be written as

q(ω) � Ψp(ω), (29)

where Ψ � Ψ1 Ψ2 · · · ΨNd
􏽨 􏽩 is a new mode shape matrix,

Ψr (r � 1, 2, . . . , Nd) is the r-th order mode shape vector,
p � p1(ω) p2(ω) · · · pNd

(ω)􏽨 􏽩
T
is the modal coordinate

vector, and Nd is the number of modes.
Substituting equation (29) into (27) and premultiplying

it by ΨT, the r-th order modal equation of the system can be
obtained on the basis of the orthogonality of the mode
shapes:

Kr − ω2
Mr + jωCr􏼐 􏼑pr � Fr, (30)

where Fr is the r-th order modal force and Kr, Mr, and Cr

are the r-th order modal stiffness, modal mass, and modal
damping, respectively.

According to the above equation, the r-th order modal
coordinate can be obtained as

pr �
Fr

Kr − ω2
Mr + jωCr

, (31)

where Fr � ΨT
r F(ω) � 􏽐

pn

l�1φlrfjr
(ω), (jr � 1, 2, . . . , pn), φlr

is the mode shape of the r-th order mode at themeasurement
point l, and pn is the number of measurement points.

In this section, single point excitation is considered.
Supposing that the exciting force is applied to point s, the
force vector can be written as

F(ω) � 0 · · · 0 · · · fs(ω) · · · 0􏼂 􏼃
T
, (32)

and the r-th order modal force becomes

Fr � φsrfs(ω). (33)

Since the workpiece-fixture system is regarded as a LTI
system, the response at any point l can be expressed as

ql(ω) � φl1p1(ω) + φl2p2(ω) + · · · + φlNpN(ω) � 􏽘

Nd

r�1
φlrpr(ω).

(34)

By substituting equations (31) and (33) into (34), the
frequency response function between the measurement
point l and the excitation point s can be given by

ql(ω)

fs(ω)
� Hls(ω) � 􏽘

Nd

r�1

φlrφsr

Kr − ω2
Mr + jωCr

, (35)

i.e.,

Hls(ω) � 􏽘

Nd

r�1

1
Ker 1 − ω2

r + 2jξrωr􏼐 􏼑􏽨 􏽩
, (36)

where Ker � (Kr/φlrφsr) in unit N/m, ωr � (ω/ωr),
ξr � (Cr/2Mrωr), and ωr is the r-th order natural frequency
of the system in unit rad/s.

&rough the above analysis, the FRFs of the workpiece-
fixture system are obtained, in which a complete mode set is
used, that is, all modes are superimposed. However, in actual
analysis, the modal truncation method is widely used to
reduce the computational burden. &e dynamic character-
istics of the system are investigated by selecting the first
several modes, which will be applied in subsequent verifi-
cation of the proposed method.

4. Verification

To verify the feasibility of the proposed method, a series of
numerical calculation and experimental modal tests are
carried out on a specifically designed workpiece-fixture
system.
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4.1. Workpiece and Fixture Support. A specific CTWW and
fixture support layout are designed to validate the proposed
method, as shown in Figure 6. &e workpiece in Figure 6(a)
is composed of two parts: the base block and the thin-walled
cylindrical shell. For the base block, its outer diameter is
250mm and inner diameter is 200mm. To achieve the
clamped boundary conditions at the bottom of the work-
piece, the base block is designed to have ten cylindrical holes
that are used to bolt the workpiece to the fixture base. For the
thin-walled cylindrical shell, the outer diameter is 206mm,
inner diameter is 200mm, and the height is 100mm. Fur-
thermore, the material of the workpiece is aluminum alloy
6061, which has the following physical parameters [44], as
listed in Table 1. Without loss of generality, a support layout
strategy used in actual on-site processing is presented, as
shown in Figure 6(b). &e specific locations of the fixture
supports are listed in Table 2.

In this section, the support is designed with a ball head,
which can ensure full contact with the inner wall of the
workpiece. Under the action of the supporting force, the
contact area between the support and the workpiece is el-
liptical, as shown in Figure 6(c). Since the rigidity of the
workpiece in the radial direction is the weakest, only the
supporting effect in this direction is considered in the study.
&us, the contact stiffness between the support and the
workpiece is

ks �
dFs

dδs

, (37)

where Fs is the radial support force and δs is the elastic
deformation, which can be obtained based on Hertz contact,
and it is [48]

δs � δ∗
3Fs

2􏽐 ρt

1 − v2f

Ef

+
1 − v2w

Ew

􏼠 􏼡􏼢 􏼣

2/3
􏽐 ρt

2
, (38)

where δ∗ is a dimensionless parameter (the specific ex-
pression is given in Appendix E), vf and vw are Poisson’s
ratios of the support and the workpiece, respectively, Ef and
Ew are the elastic moduli of the support and the workpiece,
respectively, and 􏽐 ρt is the sum of curvature of the contact
part of the workpiece and the support.

After the workpiece and fixture support layout are de-
termined, a series of numerical calculation and hammer tests
can be carried out to verify the proposed method.

4.2. Numerical Calculation and Hammer Tests. Since the
low-order modes have a great influence on the workpiece,
the first two modes are considered in this paper. According
to equation (36), the FRFs of the workpiece-fixture system
can be obtained. To investigate the effects of fixture support
on workpiece dynamic characteristics, the point with weak
local stiffness is a good choice for comparison. Here, points
along the circumferential path at the axial coordinate of
95mm are selected to calculate the FRFs, and the predicted
results of the workpiece with and without fixture support are
shown in Figure 7. In the calculation process, the damping
coefficients of the workpiece-fixture system are decided by
means of impact test, where the damping ratio can be ob-
tained. In addition, for the case of support, the diameter of
the support ball head is 7mm, and the support force is 15N.
It can be seen that after the fixture support is added to the
workpiece, the FRF has the phenomenon of natural fre-
quency value shift and amplitude reduction.

To verify the accuracy of the predicted FRFs, hammer
tests are performed, as shown in Figure 8. Among them, the
size of the experimental workpiece is the same as that of the
designed structure, as shown in Figure 6(a), and the specific
fixture support layout is consistent with that in Figure 6(b).

Thin-walled
cylindrical

shell

Base block

(a)

S1
S3

S4

S5
S6 S7 S8

S2
θ

ro
z

(b)

Support

Workpiece

2b

2a

(c)

Figure 6: &e designed CTWW for verification. (a) Schematic illustration of CTWW. (b) Fixture support layout scheme. (c) Ball head
support and workpiece.

Table 1: Physical parameters of the aluminum alloy 6061.

Young’s modulus (Pa) Poisson’s ratio Density (kg/m3)
68.9 × 109 0.33 2800

Table 2: Fixture support layout as shown in Figure 6(b).

Supports Positions (z, θ, r)
S1 (60, 45, 100)
S2 (60, 90, 100)
S3 (60, 135, 100)
S4 (60, 180, 100)
S5 (60, 225, 100)
S6 (60, 270, 100)
S7 (60, 325, 100)
S8 (60, 360, 100)
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Moreover, the diameter of the support ball head and the
support force are also in accord with those in the prediction.
During the test, an impact hammer PCB 086C01 is selected
as the excitation source and an acceleration sensor PCB
356A01 is used to obtain the vibration response of the
workpiece. &e transfer function between the excitation
point and the response point can be obtained by the ratio of
acceleration to force, and then it can be integrated to obtain

the ratio of displacement to force in the LMS data acquisition
system SCADAS SCM202.

With the help of the above experimental setup, the FRFs
of the workpiece with and without fixture support can be
obtained. In order to analyze the effects of fixture support on
the dynamic characteristics of the workpiece, two points P1
(95, 3, 103) and P2 (95, 33, 103) on the workpiece are se-
lected, for which the measured FRFs are shown in Figure 9.
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Figure 7: Comparisons of the predicted FRFs of workpiece. (a) Without support. (b) With support.
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Figure 8: Experimental setup for hammer tests.
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Figure 9: Comparisons of the FRFs of the workpiece with and without fixture support. (a) Point 1. (b) Point 2.
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At the same time, the predicted FRFs of the two points are
also included for comparison. It can be observed that the
measured results are basically consistent with the predicted
results.

In order to further observe the changes in the dynamic
characteristics of the workpiece after adding support, the
natural frequency values and amplitudes of the FRFs are
compared and analyzed, respectively. &e natural frequency
values of the workpiece with and without fixture support are
listed in Table 3. It can be seen that the predicted natural
frequency values agree well with the experimental values,
and the errors are within 5%. Moreover, it can be noted that
the support has a greater influence on the natural frequency
value of the low-order mode of the workpiece. Specifically,
the frequency change of the first-order mode is much larger
than that of the second-order mode.

As shown in Figure 9, the amplitudes are effectively
reduced after adding fixture supports. &e amplitude of each
mode also changes with the measured position, which is
attributed to the influence of mode shape of the workpiece.
Experimental modal tests reveal that the amplitude changes
of the two points are in line with the predicted results. &e
slight discrepancies between the predicted results and the
test results may be caused by the measurement error in the
test process or the simplification error of the complex in-
teraction between workpiece and fixture support, which
deserves further exploration in the future.

5. Conclusions

In this paper, a comprehensive analytical solution is pro-
posed to investigate effects of fixture supports on the dy-
namic characteristics of CTWWs. During the modeling
process, a number of methods are used, such as the vector
mechanics method, the analytical mechanics method, the
variable separation method, the modal superposition
method, and the modal truncation method. &ese methods
can simplify the analysis of the complex multi-degree-of-
freedom system and avoid tedious mathematical calculation.
According to the developed model, effects of fixture support
on workpiece dynamic characteristics can be analyzed ef-
fectively. &e feasibility of the proposed method is verified
on a specifically designed workpiece-fixture system by
means of numerical calculation and experimental hammer
tests. &e FRFs of different points on the workpiece with and
without support are compared and analyzed, and some
important conclusions are drawn as follows:

(1) &e FRFs of the CTWW with fixture support con-
straints can be accurately predicted by using the

proposed method, which are in good agreement with
the experimental results.

(2) &e dynamics of the CTWW can be improved by
adding fixture support, where the FRFs of the system
have changed a lot. Specifically, the natural fre-
quency value increases and the amplitude decreases,
especially for low-order modes.

(3) &e influence of the fixture support on the dynamics
of the CTWW can be explained clearly from the
mechanism, that is, the stiffness of the support can
affect the natural frequency value of the FRF, and the
damping of the support can affect the amplitude of
the FRF.

(4) In the design of fixtures for thin-walled workpieces,
adding auxiliary supports is an effective method,
which can increase the rigidity of the system and
reduce the vibration of the system.

&e main work of this paper is to investigate effects of
fixture support on the dynamic characteristics of CTWW.
Further, there are some other problems that need to be
considered in the future, such as the effects of different
support types and number of supports on the dynamic
characteristics of thin-walled workpiece. In addition, the
complex interaction between the support and the workpiece
is an important factor that affects the accuracy of the pre-
diction, which also needs to be explored in the future.

Appendix

A. Differential Operators in Equation (3)

&e differential operators of thin-walled workpiece in
equation (3) are

L11 � K
1 + μ
2R

z
2

zθzz
,

L12 � K
μ
R

z

zz
,

L13 � K
z
2

zz
2 + K

1 − μ
2R

2
z
2

zθ2
,

L21 � K
1 − μ
2

z
2

zz
2 + K

1
R
2

z
2

zθ2
+ D

1 − μ
2R

2
z
2

zz
2 + D

1
R
4

z
2

zθ2
,

L22 � K
1

R
2

z

zθ
− D

1
R
4

z
3

zθ3
− D

1
R
2

z
3

zz
2
zθ

,

L23 � K
1 + μ
2R

z
2

zθzz
,

L31 � K
1

R
2

z

zθ
− D

1
R
4

z
3

zθ3
− D

1
R
2

z
3

zz
2
zθ

,

L32 � K
1

R
2 + D

z
4

zz
4 + D

1
R
4

z
4

zθ4
+ D

2
R
2

z
4

zz
2
zθ2

,

L33 � K
μ
R

z

zz
.

(A.1)

Table 3: Comparison of the predicted and measured natural
frequency values.

Support layout Modes Predicted (Hz) Measured (Hz)

Without support 1 1926 1930
2 2710 2685

With support 1 2052 2081
2 2761 2743
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B. Undetermined Coefficients in Equation (9)

&e expressions of the undetermined coefficients cicjc
in

equation (9) are given as follows:

c11 � K
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2ρHR
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0 ϕm
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(B.1)

where the superscripts of ϕm
′ (z), ϕm

″ (z), ϕ‴m (z), and ϕ′‴m (z)

represent the corresponding derivative order.

C. Element Expression in Equation (15)

&e expression of each element in the submatrix in equation
(15) is

M11 � ρH 􏽚
L

0
􏽚
2π

0
Φu

mn(z, θ)Φu
mn(z, θ)Rdθdz,

M22 � ρH 􏽚
L

0
􏽚
2π

0
Φv

mn(z, θ)Φv
mn(z, θ)Rdθdz,

M33 � ρH 􏽚
L

0
􏽚
2π

0
Φw

mn(z, θ)Φw
mn(z, θ)Rdθdz,

M12 � M13 � M21 � M23 � M31 � M32 � 0,

(C.1)

where Φu
mn(z, θ), Φv

mn(z, θ), and Φw
mn(z, θ) are the mode

shape functions in three directions, and they can be
expressed as

Φu
mn(z, θ) � Amnϕm(z)sin(nθ),

Φv
mn(z, θ) � Bmnϕm(z)cos(nθ),

Φw
mn(z, θ) � Cmn

dϕm(z)

d(z/L)
cos(nθ).

(C.2)

D. Element Expression in Equation (16)

&e expression of each element in the submatrix in equation
(16) is
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K11 �
EH

1 − μ2
􏽚

L

0
􏽚
2π

0

zΦw
mn(z, θ)

zz
􏼠 􏼡

2

+
1 − μ
2R

2
zΦw

mn(z, θ)

zθ
􏼠 􏼡

2
⎡⎣ ⎤⎦Rdθdz,

K12 � K21 �
EH

2 1 − μ2􏼐 􏼑
􏽚

L

0
􏽚
2π

0

2μ
R

zΦw
mn(z, θ)

zz

zΦu
mn(z, θ)

zθ
+
1 − μ

R

zΦw
mn(z, θ)

zθ
zΦu

mn(z, θ)

zz
􏼠 􏼡Rdθdz,

K13 � K31 �
EH

2 1 − μ2􏼐 􏼑
􏽚

L

0
􏽚
2π

0

2μ
R

zΦw
mn(z, θ)

zz
Φv

mn(z, θ)􏼠 􏼡Rdθdz,

K22 �
EH

1 − μ2
􏽚

L

0
􏽚
2π

0

1
R
2 +

H
2

12R
4􏼠 􏼡

zΦu
mn(z, θ)

zθ
􏼠 􏼡

2

+
H

2

24R
2 +

1
2

􏼠 􏼡(1 − μ)
zΦu

mn(z, θ)

zz
􏼠 􏼡

2
⎡⎣ ⎤⎦Rdθdz,

K23 � K32 �
EH

2 1 − μ2􏼐 􏼑
􏽚

L

0
􏽚
2π

0

2
R
2

zΦu
mn(z, θ)

zθ
Φv

mn(z, θ) −
μH

2

6R
2

zΦu
mn(z, θ)

zθ
z
2Φv

mn(z, θ)

zz
2

−
H

2

6R
4

zΦu
mn(z, θ)

zθ
z
2Φv

mn(z, θ)

zθ2
−

H
2
(1 − μ)

6R
2

zΦu
mn(z, θ)

zz

z
2Φv

mn(z, θ)

zzzθ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Rdθdz,

K33 �
EH

1 − μ2
􏽚

L

0
􏽚
2π

0

zΦv
mn(z, θ)

R
􏼠 􏼡

2

+
H

2

12R
4

z2Φv
mn(z, θ)

zθ2
􏼠 􏼡

2

+
μH

2

6R
2

z
2Φv

mn(z, θ)

zz
2

z
2Φv

mn(z, θ)

zθ2

+
H

2

12
z2Φv

mn(z, θ)

zz2􏼠 􏼡

2

+
H

2
(1 − μ)

6R
2

z2Φv
mn(z, θ)

zzzθ
􏼠 􏼡

2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Rdθdz.

(D.1)

E. Dimensionless Parameter in Equation (38)

&e expression of dimensionless parameter δ∗ in equation
(38) is

δ∗ �
2Γ
π

π
2k2

ab􏽐
􏼠 􏼡

1/3

, (E.1)

where

kab �
a

b
,

Γ � 􏽚
2π

0
1 − 1 −

1
k2

ab

􏼠 􏼡sinφ2
􏼢 􏼣

− (1/2)

dφ,

􏽘 � 􏽚
2π

0
1 − 1 −

1
k2

ab

􏼠 􏼡sinφ2
􏼢 􏼣

(1/2)

dφ,

(E.2)

where kab is the ellipticity of the contact ellipse and Γ and 􏽐

are the complete elliptic integrals of the first and second
types, respectively, and they can be obtained according to the
related formulae of [49].
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