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The biwarped product submanifolds generalize the class of product submanifolds and are particular case of multiply warped
product submanifolds. The present paper studies the biwarped product submanifolds of the type Syx,, S, X,, Sy in Sasakian space
forms S(c), where Sy, S, , and Sy are the invariant, anti-invariant, and pointwise slant submanifolds of S(c). Some characterizing
inequalities for the existence of such type of submanifolds are proved; besides these inequalities, we also estimated the norm of the

second fundamental form.

1. Introduction

Because of its expected applications in material science and
relativistic theory, the investigation of warped product
manifolds has obtained a conspicuous subject in the field of
differential geometry; for example, warped products give
numerous major solutions for Einstein field equations [1].
The theory of warped product manifolds is being used to
demonstrate space-time close to the black holes [2]. The
warped product Px,S? (1) represents Schwartzschild space-
time, with base P = Rx R*, r>0, and fibre S*(1) that is
sphere with radius one. However, the Schwartzschild space-
time will transform into a black hole under some instances
[3].

In the paper [4], some of the inherent properties of
warped product manifolds were investigated. Chen (see [5])
undertook the very first extrinsic study of warped product
manifolds in the almost complex setting while acquiring
certain existence results for CR-submanifolds to be CR-
warped product submanifolds in Kaehler manifolds.
Hasegawa and Mihai [6], on the other hand, analyzed
contact CR-warped product submanifolds in almost contact
environments. Many other people have investigated warped

product manifolds in contact geometry, yielding an as-
sortment of existence outcomes for instance (see [7-10]).

Another general class of warped product semislant
submanifolds and contact CR-warped product submanifolds
is the warped product pointwise semislant submanifold. The
analysis was then continued by I. Mihai and S. Uddin in the
framework of Sasakian manifolds, and few ideal inequalities
relating to the second fundamental form and warping
function were obtained. In the papers (see [11-13]), warped
product pointwise semislant submanifolds for almost con-
tact and almost complex manifolds were investigated.

One more generalized class of product manifolds is
biwarped product manifolds, which are a subclass of mul-
tiply warped product manifolds. Chen and Dillen [14]
looked at multiply warped product submanifolds immersed
in Kaehler manifolds and found the remarkable optimum
inequalities for them. Biwarped product submanifolds have
recently been investigated (cf., see [15, 16]). Also, there is a
recent paper [17], which initiates the study of inequalities for
biwarped product submanifolds of nearly trans-Sasakian
manifolds.

In this manuscript, authors established some inequalities
for the squared norm of the second fundamental forms.
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These inequalities generalize several results available in the
literature. Since Sasakian manifolds are particular cases of
the nearly trans-Sasakian manifolds, therefore, a natural
question arises that the inequalities obtained in the present
paper may be particular case of inequalities obtained in [17].
Although in the paper [17] authors studied whole norm of
second fundamental form, in the present study, the in-
equalities for second fundamental form are obtained by
taking the restriction on the distribution y, which is a part of
the normal distribution. Therefore, our main results are
different from the results obtained in [17] except some initial
results.

Basically, in this manuscript, we look at biwarped
product submanifolds of Sasakian space forms and deter-
mine some interesting inequalities. In terms of warping
functions and slant functions, we estimate the norm of the
second fundamental form. As a result, the equity case is
taken into account.

The article is structured as follows. Second section is
contributed to fundamental concepts, formulae, and results
that are essential for the paper’s next analysis. We prove our
key findings in Section 3 by looking into the nature of
biwarped product submanifolds in Sasakian space forms.

Throughout the text, we used some abbreviations like
Biwarped Product = BW-P, Sasakian space form = S-S-F,
totally Geodesic = T-G, and totally umbilical = T-U.

2. Preliminaries

A (2n+ 1)-dimensional C*®—manifold S is said to have an
almost contact structure if on S there exist a tensor field ¢ of
type (1,1), a vector field &, and a 1-form # satisfying the
following properties [18]:

— c—-3 c—
R(E,,E,)E; = T{g (Ey, E5)E, — g(Ey, E3)Ey} +——
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;fi:o (D
n =1

The manifold S with the structure (¢,¢&,7) is called al-
most contact metric manifold. There exists a Riemannian
metric g on an almost contact metric manifold S, satisfying
the following:

n(E,) = g(E»€), g($E,, ¢E,) = g(Ey, Ey) — (E)n (Ey),
(2)
for all E|, E, € TS where TS is the tangent bundle of S.

An almost contact metric manifold S(¢, &, 7, g) is said to
be Sasakian manifold if it satisfies the following relation [18]:

(Ve,¢)F = g(Ey, Ey)E - n(E,)E,, (3)

for any E|,E, € TS, where V denotes the Riemannian
connection of the metric g. More details of almost contact
metric manifold can be seen in [18]. For a Sasakian manifold,
we have

Vi & = —¢E,. (4)

A Sasakian manifold S is said to be a Sasakian space form
if it has constant ¢-holomorphic sectional curvature ¢ and is
denoted by S(c). The curvature tensor R of S-S-F S(c) is
given by

1
4

9(E1» $E3)QE, — g (E,, ¢E3)PE, +2g (Ey, 9E,)¢E; + 1 (E, ) (E;)E, (%)

=1 (Ey)n(E3)E, + g(Ey, E3)n(E,)§ — g (Ey Es)n (E)E

for all vector fields E;, E,, and E; on S.

Let S be a submanifold of an A-C-M manifold S with
induced metric g. The Riemannian connection V of S in-
duces canonically the connections V and V* on the tangent
bundle TS and the normal bundle T*S of S, respectively, and
then the Gauss and Weingarten formulae are governed by

Vi Ey = Vg E, + 0 (E, Ey), (6)

ViV =-AyE + V3V, (7)

for each E|,E, € TS and V € T*S, where ¢ and A, are the
second fundamental form and the shape operator, respec-
tively, for the immersion of S into S. They are related as

9(0(E\E,), V) = g(AvE, E,), (8)

where g is the Riemannian metric on S as well as the induced
metric on S.

For a submanifold S — S, the equation of Codazzi is
provided by

(ﬁ(E1>E2)E3)J_ = Vgla(Ez’Ea) - V};a(El,EQ
+0(Vg,E Ey) = o(Vg Ey E5)  (9)
+0(Ey, Vi, Es) - 0(Ey, Vi Es ),

where (R(E,,E,)E;)" is the normal component of the
curvature tensor R(E,, E,)E;.

If TE, and NE, represent the tangential and nor-
mal part of ¢E,, respectively, for any E; € TS, one can
write
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¢E, = TE, + NE,. (10)
Similarly, for any V € TS, we write

PV =tV +nV, (11)

where tV and nV are the tangential and normal parts of ¢V,
respectively. Thus, T (resp. n) is 1-1 tensor field on TS
(respectively, T*S), and t (respectively, n) is a tangential
(respectively, normal) valued 1-form on TS (respectively,
TS). The covariant derivatives of the tensor fields ¢, T, and N
are defined as

(vElﬁb)Ez = Vi, ¢E, — ¢V Ey, (12)

(Vi T)E, = Vi TE, - TV, E, 03

_ 13

(Ve,N)E, = Vy NE, - NV E,.

From equations (3), (6), (7), (10), and (11), we have

(vElT)EZ = Ang,E, +to (E1, E,) - g(E1, E,)§ — 1(E,)E,
(Vg,N)E, = no (E,, E,) — 0 (E,, TE,).

(14)
The mean curvature vector IT of S is defined as
1 &
=z Z o (u; u;), (15)
i1

where k is the dimension of S and {u;,u,,...,u;} is a local
orthonormal basis of S. The squared norm of the second
fundamental form o is defined as

k
lol? = > g(o(unu;), o(uu;)). (16)

ij=1

A submanifold S of S is said to be a T-G submanifold
if 0(E;,E;,)=0 and T-U submanifold if o(E;,E,) =
g(E,, E))I, for each E, E, € TS.

The notion of slant submanifolds in contact geometry
was first defined by Lotta [19]. Later, these submanifolds
were studied by Cabrerizo et al. [20]. Now, we have following
definition of slant submanifolds.

Definition 1. A submanifold M of an almost contact metric
manifold M is said to be slant submanifold if for any x € M
and X € T, M - (&), the angle between X and ¢X is con-
stant. The constant angle 6 € [0,7/2] is then called slant
angle of M in M. If 6 =0, the submanifold is invariant
submanifold, and if 6 = 7/2, then it is anti-invariant sub-
manifold. If 6+0,7/2, it is proper slant submanifold.
Etayo [21] presented the idea of pointwise slant sub-
manifolds as a generalization of slant submanifolds in the
context of almost Hermitian manifolds. Further, Chen and
Garay [22] looked into pointwise slant submanifolds for
almost Hermitian manifolds and came up with some im-
portant results. However, Park [23] expanded the definition
of pointwise slant submanifolds in almost contact metric
manifolds, which was an important development in this

direction. Nevertheless, for almost contact metric mani-
folds, Uddin and Alkhalidi [24] revised the concept of
pointwise slant submanifolds. More specifically, a sub-
manifolds S of an almost contact metric manifold S are
claimed to be pointwise slant submanifold if for any
E € T,S in the sense that { is tangential to S, and the angle
0(E) between ¢E and T,S-{0} is independent of the
choice of nonzero vector field E € T,S-{0}.1In this case, 0
is viewed as the slant function of the pointwise slant
submanifold, which is a function on S. We now have the
following descriptive theorem.

Theorem 1 (see [24]). Let S be a submanifold of an A-C-M
manifold S such that & € TS. Then, S is pointwise slant iff

T? = cos® O(-I + nek), (17)
where 0 is the real valued function on TS.

As a result, the above formula has the following
implications:

g(TE,,TE,) = cos’ 0[g(E}, E,) - n(Ey)n(E,)],  (18)

g(NE,NEy) = sin® 6[g(E}, E,) - n(E\)n(Ey)),  (19)
VE,,E, € TS.

One can conceive the warped product of manifolds as a
generalization of the product manifolds, which are explained
as follows.

Consider two Riemannian manifolds (S;,g;) and
(S,, g,) with corresponding Riemannian metrics g, and g,
and y: S; — R be a positive differentiable function. If x
and y are projection maps such that x: §; xS, — §; and
y: §; xS, — S,, which are defined as x(m,n) =m and
y(m,n) =nV¥(m,n) € §; xS,, then $=5, xS, is called
warped product manifold if the Riemannian structure on S
satisfies

(wox)ng (y*El’ y*EZ)’
(20)

g(El’EZ) =9 (x*El’x*EZ) +

for all E|,E, € TS. The function y represents the warping
function of S, xS,. We can generalize this definition to
multiply W-P manifolds as follows.

Let {S;};_, ,.. x be Riemannian manifolds with respective
Riemannian metrics {g;};_;, 4 and let {y;},,;  be
positive valued functions on S,. Then, the product manifold
§=8,x8, x-S, equipped with Riemannian metric g
given by

k
g =T (gl +Z W;°7T1) Tl gz) (21)
i=2

is said to multiply W-P manifold denoted by S = §;%,, S, x
-+ %, S; where m; are the projection maps of S onto ;, re-
spectively, and 7;, are their respective tangent maps for
i=1,2,...,k. The functions y; are known as the warping
functions [14]. If the warping functions are constants, the



warped product is simply a Riemannian product, known as a
trivial multiply warped product.

The analysis of multiply warped product manifolds has
recently gained attention in both complex and almost
contact settings [14, 25]. We may define biwarped product
manifolds as a special case of multiply warped product
manifolds by using i = 3 in the above description. For the
BW-P manifold S =8y %y, 81 %S, with the Levi-Civita
connection, V and V' denote the Levi-Civita connection of S;
for i = 0,1,2. Some formulae relating to covariant deriva-
tives for a BW-P manifold are given in the following lemma.

Lemma 1 (see [26]). Let §=SO><%SI><%S2 be a BW-P
manifold. Then, we have

V.F = V}F, (22)

VG = V.E = E(In v,)G, (23)
for E,F € TS, and GeTS;, i=1,2.

Vv is the gradient of ¥ and is defined as
g(Vy, E) = Ey, (24)

V E € TS. Let S be an m—dimensional Riemannian manifold
with the Riemannian metric g, and let {u, u,, ...u,,} be an
orthogonal basis of TS. As a consequence of (24), we have

m

IVyl? = (w (9)?). (25)

i=1

The Laplacian of y is defined by
Ay = Z{(Vui”i)ll/ - ”i”iW}- (26)
i=1
Hopf's lemma is now described.

Lemma 2 (see [27]). Let S be an n-dimensional connected
compact Riemannian manifold. If y is a differentiable
function on S such that Ay >0 everywhere on S (or Ay <0
everywhere on S), then vy is a constant function.

3. Main Results

In the present section, first we trace the existence of BW-P
submanifolds § = §;x,, S, x, §; for any Riemannian sub-
manifolds S;, S,, and S; in Sasakian manifolds with warping
functions ¥, and y, and then we demonstrate our key
findings. Hasegawa and Mihai [6] set up the following result.

Theorem 2. Let S be a (2m + 1)—dimensional Sasakian
manifold. Then, there do not exist W-P submanifolds S =
S, xSy such that S, is an anti-invariant submanifold
tangent to & and Sy an invariant submanifold of S.

We draw the conclusion based on the above result; that
is, if S, S;, and Sy are invariant, anti-invariant, and
pointwise proper slant submanifolds, then BW-P sub-
manifolds of the forms S, x,, S7x,, Sy and Sgx,, S, %, Sy ina
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Sasakian manifold do not exist. From [23], we have the
following observation.

Theorem 3. Let S be a (2m+ 1)— dimensional Sasakian
manifold. Then, there do not exist W-P submanifolds S =
Sgx, St tangential to S such that Sq is pointwise proper slant
submanifold and Sy is invariant submanifold of S,
respectively.

It can be deduced by Theorem 2 that BW-P submanifolds
of the types Sy, Srx,. S, and S, x, Sgx, S in a Sasakian
manifold are trivial.

Park identified the existence of the warped product
pointwise semislant submanifolds of Sasakian manifolds of
the form Sy, Sy in his paper [23], with warping function v,
where S; and Sy are the holomorphic and pointwise slant
submanifolds of S, as well as proving the next lemma.

Lemma 3. Let S =S8;x,Sy be a W-P pointwise semislant
submanifold of a Sasakian manifold S such that & € TSy,
where S; and Sy are invariant and pointwise slant sub-
manifolds of S, respectively. Then,

g(d(E,G),NTH) = cos’ 6E In yg(G, H)
- ¢E In yg(G,TH) - n(E)g(G,TH),
(27)

for any E € TSy and G, H € TS,,.

Consider the biwarped product submanifolds of the type
Sy, S, %, S of a Sasakian manifold (S,¢,&n) with
warping functions ¥, and v, such that S;, S|, and S, are the
invariant, anti-invariant, and pointwise slant submanifolds
of S correspondingly. To address the question of which
factor of the biwarped product submanifold is parallel to &,
we have the following.for all E € TS, and G € TS,.where

Uy =& Uy, oy, QU Gy, duy, and
ul,u?, ... ul, sec 0Tu', ..., sec OTuf} are the basis of the
orthonormal vector fields on TS, and TS,, respectively.-
Proof. Choosing unit vector fields E € TS, F € TS, and
G € TSy and using (5) and (19), we have

_ ~1
R(E, ¢E,G,NG) = — :

sin® QIEI*IGI?, (49)

R(E, 6E,F, ¢F) = - |EFIFI’ (50)

Theorem 4. Let S be a Sasakian manifold. If Srxy, S1%,,Sg is
a biwarped product submanifold of S such that S;, S|, and Sg
are the invariant, anti-invariant, and pointwise slant sub-
manifolds of S, respectively, then we have the following:

(i) If £ € TS, y, is constant
(ii) If £ € TSy, v, is constant

Proof. 'The proof of this theorem can be deduced directly
from Proposition 1 in [17] for § = 0. O
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Remark 1. Proposition 1 in [17] was proved for slant dis-
tributions, and the same proof is also valid for pointwise
slant distributions.

As a consequence of the above, we can point out that
there are no any nontrivial BW-P submanifolds of the type
SrXy S, %, Ng of a Sasakian manifold if the vector field & is
tangential to S, or S.

Now, let § = S;x,, §, %, Sy be a BW-P submanifold of a
Sasakian manifold S and consider the vector field £ tangent
to be Sy. If D is invariant distribution, D* is anti-invariant
and D? is pointwise slant distribution with the slant function
0. The following decomposition refers to the tangent bundle

TM:
TS=De D" &D’ e (&), (28)
The normal bundle T+S is decompounded as
TS = ¢D* o ND ey, (29)

where y is the invariant orthogonal complementary distri-
bution of ¢D* ® ND? in T*S.

The second fundamental form o can be written as a
consequence of the above direct decomposition.

o(E\,Ey) = Ogpr (Ey, E;) + onpo (Ep, Ey) + Oy (Ey, Ey),
(30)

for E,E, € TS, where o4p. (Ey,E,), oype(E,E,), and
0, (E,, E,) are the components of 0 (E,, E,) in the normal
sub-bundles ¢D*, NDY and u, respectively. Moreover if

{Fl, F, ..., Fq} be alocal orthonormal frame of vector fields
of DY, then
q
onpe (Ep, Ey) = ) o (Ey, E))NF,, (31)
r=1
where
0 (E\,E,) = csc® 8g (o (E,, E,), NF,). (32)

We create an example of a BW-P submanifold of the
form S = Srx,, S, %, Sy in Sasakian manifold with § € Sy.

Example 1. Tt is well known that (R*"*!, ¢, &, 1, g) denotes
a Sasakian manifold with its standard Sasakian structure
given by

1 ST,
n=3 dz - ;y dx >,
0
5 - zaa
(33)
IYRSIPN, i i i
g=nen+; <;(dx ®dx' +dy' ®dy )),
< 0 0 0 < 0 0 < ; 0
X—+Y—+Z— | | =)V —=-X—|+) Y,y'—
g <Zl< ‘ox' oy’ az)> Zl ( ‘ox' ’ay’) Zl Yoz
Consider the submanifold as follows: F) F)
, , , " u, = 2¢' cos 9—3+Zetsin 0—
S :{2(u, 0,we’,0,0,v,0,se cos 0,se sin O, sin t,f) €R } oy oy
(34) us =2 sin t%, (35)
And consider a frame {u;,u,, u3, uy, us, ug} of orthog- 5
onal vector fields tangent to M as Ug = 28_ =£
z

=22l
P ox! yaZ ’

u Z—a
2 ayl’
¢ 0

It is then simple to note that D = span {u;, u,, ug}, D* =
span {us}, and DY =span {u;,u,} defined as the invariant,
anti-invariant, and pointwise slant distributions with the
slant function 0 € (0, 1/2) on the Sasakian manifold R'!. If
we denote the integral manifold of D, D*, and DY by S;, S,
and Sy correspondingly, then the metric g on S is given by

g=9s, + sin’ tgs + eZtgsg. (36)



Then, § = Syx,, S, X, Sq is a BW-P submanifold with the
warping functions y, = sin ¢, ¥, () = €.
First, we demonstrate some preliminary findings.

Lemma 4. Let Sy, S, X, Sy be a BW-P submanifold of a
Sasakian manifold S. Then,
)&élny,=0and Elny, =0
(ii) g(0(¢E,G), NG) = E In y||G|®
(iii) g (o ($E, H), JH) = E In y|H|

(iv) g (6 (¢E,G), ¢po (E,G)) = ||(7M(E, G|*+ cos? @
(Elny)’IGI*

(v) g(o($E, H), ¢a (E, H)) = llo, (E, H)|*

forallE € TNy, H € TN, and G € TNy, where g, is the y
component of the second fundamental form o.

Proof. 'The part (i) can be deduced from Proposition 2 of
[17]. Moreover, the parts (ii) and (iii) can be concluded from
equations (30) and (20) in [17], respectively.

Using (6) and (3), we can prove part (iv) as

0($E,G) = —(E)G + ¢0 (E,G) + $V.E — VG¢E.  (37)

By applying (23), the above equation can now be written

as
0(¢E,G) = —n(E)G + ¢a (E,G) + E In v,¢G — ¢E In y,G.
(38)
Comparing the normal parts,
0(QE,G) = ¢0,(E,G) + E In y,NG. (39)

J

1

p
=1

Proof. First, we will modify the left-hand term as follows:

I
My

I
—
o

1

1]
1M
T

N
B}

2
Zq: g(a(gbui, uk), Nuj)g(a(ui, Tuk), Nuj)—
k=1
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On taking Riemannian product with ¢o (E,G), we find

9(0(9E,G),$0(E,G)) =|o, (EG)|
+E In y,g(¢o (E,G), NG).
(40)

Calculating the last term of (40) by using (3) and (6) and
(23),

9(¢0 (E,G), NG) = g(a(¢E,G), NG) — sin” 6E In v, |G|
(41)
Utilizing part (ii), we get

9(¢a(E,G),NG) = cos” 0E In y,|G|’. (42)

Using the above equation in (40), we get the required
result. Part (v) of the lemma can also be verified in a similar
way. O
Lemma 5. Let S = Spx,, S, %, Sg be a BW-P submanifold of
a Sasakian manifold S. Then,

g(o(E, TG),NG) = —g(o(E,G), NTG) (43)
43
= — cos’ 0E In y|G|?,

Proof. The proof of the present lemma can be concluded
from equation (33) in [17] for f = 0. O

Lemma 6. On a BW-P submanifold S = Syx,, S, %, S of a
Sasakian manifold S, we have

= —4q cos’ 6|V In 1//2"2, (44)

g(a(ui, uk), Nuj)g(a((pui, Tuk), Nuj)

g(a((pui, uk), Nuj)g(a(ui, Tuk), Nuj)

g(a(gbui, uj), Nuj)g(a(ui, Tuj), Nuj)

+ g(a(q&ui,uk),Nuj)g(a(u,-,Tuk),Nuj)

1

.

+
>~
I
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g(a(qbui, u’),Nu’)g(a(ui,Tu’),Nu])
=
:i +ig( ((pui,uj),Nu] q)g( (u Tu]) NuJ+q)
i=1 j=1
+ 3 9(o(gup ™), Nt Yg( o T ), Nu)
- : (45)
Z g(o(¢ui, uj), Fuj)g(a(ui, Puj),Fuj)
=
=i +sec’ Gig(a(gbui,uj),NTuj)g(a(u,-,Tuj),NTuj) .
i=1 j=1
- 3 g(a(qSui,Tuj),Nuj)g(a(ui,uj),Nuj).
=1
On using part (ii) of Lemmas 4 and 5 and combining
(25), we find
p [ 2q . :
Z Z g(0(¢>ui,uk),Nu])g(a(ui,Tuk),Nu])
i=1] jk=1
(46)

M*m

i=1

= —2gcos’ 6||V In v, ||2

Replacing u; by ¢u; in the above equation, we get

fo g(o(ui,uk),Fuf)g(o(gbui,Tuk),Nuf)}

=1| jk=1 (47)
= 2q cos’ 6||V In %"2.

We get the required result while subtracting the above
two findings.

2 [Z Jou(uto )| + z o, (

p
- 2q(cos 6 +2 cot’ 9) |V In 1//2 |2 Z
:]]

where 0, represents the projection of o in y and (2p + 1), 2q,
and r are the dimensions of Sy, Sg, and S| subsequently while
Y £} is a local orthonormal basis of TS, .

Then, again by the Codazzi equation,

[ 2g cos® O(u;In y,)* —2q cos® O(du; In y,)* — 2q¢u; In y,n (u; )]

The following characterization is now established. [

Theorem 5. Let S = Syx,, S, %, Sy be a BW-P submanifold
of a Sasakian space form S(c) such that Sy is a compact
submanifold. The following characterization is now estab-
lished. If the following inequalities hold, S is a Riemannian
product submanifold.

fk)'|2:| <plc- 1)<q sin” 0 + %>_

(48)

[N
B>

g(aﬂ((pui, uj), cfﬂ(ui, Tuj)) >0,

N
—

R(E,¢E,G,NG) = g(V0(¢E,G), NG) - g(V;x0 (E, G), NG)
+ g(0(E, V45G), NG) - g(o (¢E, V;:G), NG)
- g(0(Ve¢N, G), NG) + g(o(V4zE, G), NG).
(51)



The estimations of the terms engaged with (51) are
presently processed. Foremost, we have

(V3o ($E,G), NG) = Eg(c($E,G), NG)

. (52)
— g(o($E, G), VsNG).

Applying the part (ii) of Lemma 4 in the last equation, we
find

9(V50($E,G),NG) = E*In y,|IGI* + 2 (E In y,)*|GI*
- g(0($E,G), Vi NG).
(53)
Calculating the last term of (53) and using (10), we have
9(0(¢E,G),VzNG) = g(0(¢E,G), Vi (¢G - TG)). (54)

By the use of (6) and (12), the previous equation changes
to

9(0($E,G), VgNG) = g (0 (¢E,G), (V5$)G + ¢V;.G)
- g(0($E,G), 0 (E, TG)).
(55)

By the application of (3), (6), and (23) and part (ii) and
(iii) of Lemma 4, we get

9(0(¢E,G),VzNG) = (E In y,)*(1+ cos’ 0)|IG]
+]0. (B, - 9(0($E.G). 0 (B, TG)).
(56)
Making use of (56) in (53), we find
(V30 ($E,G),NG) = E*In y,|G|* + (E In v,)’sin” 0]G|
o B + 9(o($E.G), 0 (E,TG)).
(57)

c—1
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In similar fashion, we are able to write
9(V4:0(E,G), NG) = ~($E)’ In 4, |Gl - ($E In y,)’sin’ 6GI’
o, GEG)[ + 9(0(E.G),0 ($E. TG)).
(58)
We have the following from part (ii) of Lemma 4:

9(AnGG, ¢E) = E In y,|GI*. (59)

Changing out E by V E (applying the totally geo-
desicness of Sy, ViE € TS;) in the previous equation, we
obtain

9(AnGG, $VLE) = VLE In v, |G, (60)
By (6), the equation above has the following form:
9(AncG, 8VLE — ¢o (E, E)) = VE In y,|GI>.  (61)

It is simple to verify that o (E, F) € y, for all E, F in TS;
by using the fact that the first factor S; is totally geodesic in S.
Substituting this and (12) in the last equation, we obtain

9(0(V5¢E,G),NG) = V;E In 3, ||GI". (62)
Adopting similar steps, we can put
9(0(V4eE, G), NG) = -V ¢ In v, |G. (63)
By part (ii) of Lemma 4 and (23), we get
g(0(¢X,VG),NG) = (E In y,)*IGI, (64)
9(o(E, V4:G), NG) = =(¢E In v,)*|IGI. (65)

Substituting values of (49) and (57)-(65) in (51), we
obtain

5 sin? BIEI*IGI* = E* In y,|IGI* + ($E)* In y,|GII®

—(E In y,) cos” QIGI* - (¢E In y,)*cos’ 0IG|*

(66)

o E.O| |0, GEG)[ - VeE In p,IGIF - V4pgE In y,IGIP

+g(0(QE,G), 0 (E, TG)) - g (0 (E, G), 0 (¢E, TG)).

On using (30), (32), (6), and (3), the previous equation
becomes
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c—1 .
— sin” QIEI’IGI® = E* In w,|GI* + ($E)* In w,IGI*
-(Eln 1//2)2cos2 0IGI* - (¢E In 1//2)2cos2 0IG|I>

lewEOf o wEOf

~ V. E In v,|G|* - Vop¢E In v, IGI? (67)
2 [ 9(0($E,G),NF,)g(0(E,TG), NF;) ,
+csc 0 F]”
1| -g(o ($E, G), NF;)g(o ($E, TG), NF )
+29(0, ($E,G), 0, (E, TG)).
Let {uy=&up,u,,..., UppUp = PUpUp o = Plly, ..oy equation with the indices i =1,2,...,pand j=1,2,...2q
U,, = (pup} be the orthonormal frame on TS, and and making use of (25) and (26) and part (iii) of Lemma 4,
ful,u?, ..., ul, sec OTu', sec OTu?, ..., sec OTul} be an  we get
orthonormal frame on TS, Taking sum of the above
5 5 ) 2p 2q 2
2gA(In y,) = pq(c — 1)sin® 6 — 2qcos” OV In v, || - Z Y "a#(u,-,uJ)"
=1 j=1
o (68)
, , b , ,
— 4qcot”® G|V In y,| +2 Z Z g(aﬂ(¢>ui, u]), aﬂ(ui,Tu])).
i=1 j=1
In the similar way, for E € TSy and F € TS, again using
the Codazzi equation, we can prove the following:
c—1
——MEPIEI* = E*In y,|FI” + ($E)* In y, | FI°
(69)
2 2
~|ou BB |0, SE. B - V&E In yIEI - V4 0E In y | FIP.
2p r
Let {f', f% ..., f"} be an orthonormal frame of TS . rA(In y,) = ZZ " ( )" . (70)
Taking sum by using i =1,2,...,pand [ =1,2,...,r and i=1 I=1
simultaneously using (24) and (25), the above equation
yields the following: From (69),
& & NE . 2 2 2 2
Z Z ” (ui, uf)“ <pg(c—-1)sin” 60— 2q(cos 0+2 cot 9)||V In 1//2"
i=1 j=1
(71)

N
B>

g(aﬂ((pui,uj), ay(ui, Puj)) >0.

1

e

J
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This means A In y, >0, so by application of Hopf’s
Lemma, In y, is constant that indicates y, is constant.
Moreover, in (70), if

Y3 ol

i=1 =1

2 -1). p r
A === (72)
then A In y, >0, so by Hopf’s lemma, In y, is constant that
implies that the W-F vy, is constant. We get the necessary
result when these two statements are combined.

The squared norm of the second fundamental form is
obtained using the warping functions and the slant function
in the following theorem.

Theorem 6. Let S(c) be a (2n + 1)-dimensional S-C-F and
Srxy, S, Xy, Sy be an m—dimensional BW-P submanifold such
that S is a 2 p—dimensional invariant submanifold, S | isar—
dimensional anti-invariant submanifold, and Sy be a
2q-dimensional proper pointwise slant submanifold of S(c).

If

DM
L

1l
—_
.

Il
—

g(a(gbui,uj),a(ui,Puj)) >0, (73)

2p 2q

i=1 j=1

For the orthonormal frames {uo =& unu,,...,
_ _ _ 1,2
Upy Uy = Uy, Uy = Gy, Uy, = U} and {ul, ..,

) Z Jown ()] =

i=0 j=1 i=0 jk=1

Mathematical Problems in Engineering

then
(i) The squared norm of the second fundamental form o
satisfies

2 .2 r
lol 2p(c—1)<q sin 9+E>

+ 2gsin’ 6|V In 1//zn2 +7|V In y, “2 (74)

~ 298 (in y3) - rA(In ).

(ii) The equality sign of (74) satisfies identically if and
only if
(i) Sy is T-G invariant submanifold of S(c). Hence,
St is a S-C-F.
(ii) S, and Se are T-U submamfolds ofS(c)
(iii) Z: Z 19 (o (¢u;, ul), o (u;, Pul)) =

Proof. From (69), we have

Z z " (u,-,uj)"Z >pq(c— 1)sin® 6 — Zq(c032 0+ 2 cot? 6)||V In 1//||2 —-2gA(In y). (75)

ud, sec OTu', sec OTu?, ..., sec 8Tul}, in view of formulae
(31) and (32) and part (ii) of Lemma 4, we get

Z Z csc Hg( (u u]) k)z

u ,uj),Nuk)Z] (76)

2p
= csc? HZI:Zq (u;In )* + sec® qu:{g(a(ui,uj),NTuj)z + g(a(ui,Tuj),Nuj)z}].

i=0 =1

Further, using Lemma 5 and (25), the above equation is
reduced to

2
u,,u])” =2q csc? 0|V In 1;/||2
i=0 j=1 (77)

+2q cot’ O]V In y|*.

Now, for any E € TN, and F € TN |, from part (iii) of
Lemma 1, we have

g(o($E,F),¢F) = E In y,|IF|*, 78)
g(U(f,F)WbF) =
By the above equations for the frame {u,=
Sty .Uy, U pe1 = = Uy, Uy, = Gy, ... Uy, = ¢u,} and
{f% f%..., f"}, it is simple to conclude that
2p r N2 5
Y3 oo (i )] = 7V 10y (79)
i=1 1=1

Moreover, from (3) and (23), we get
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g(a(E,G),¢F) =0,

g(0(E, F),NG) =0, (80)

for all E € TSy, G € TSy, and F € TS,. We can deduce the
following from these two findings:

2p 2q s
22 Joso: (o) =0 (81)

i=1 j=1

2

DM

Y g0 (ats 7Y =0 (82)
k=1

From (75), (77), (79), (81), and (82), we get the required
inequality.

To prove the part (ii), let ¢’ and ¢” be the second
fundamental forms for the immersion of Sy and S, in S,
respectively. Then, for any G,K € TSy and E € TSy, using
the Gauss formula, we have

g(0' (G,K),E) = g(VGK,E) = -E In v,g(G,K).  (83)

1

I
—_

By (24), we obtain
9(0' (G,K),E) = —g(G,K)g(V In y,, E), (84)

or

o' (G,K) = —-g(G,K)V In y,. (85)

Accordingly, for any F,F, € TS, and E € TS, we have
o" (F1, Fy) = =g (F, F,)V In y,. (86)

If the equality sign of (74) holds identically, then we have

o(D,D) =0,
o(D*,D*) =0, (87)
o(D%, D% =0,
9(o,(¢ D,D%),0,(D,TD?)) = 0. (88)

The first condition of (87) suggests that S; is T-G
submanifold in S. Then, again it is not difficult to see that
g(o(E;,9E,),NG) =0 andg(c(E,¢E,),¢F) =0, for all
E,E, € TS;, G € TSy, and F € TS, It follows that S; is T-G
in S(c) and hence is a S-C-F. The second condition of (87)
with (86) implies that S, is T-U. Besides, the third condition
of (87) along with (85) suggests that Sg is a T-U submanifold.
This demonstrates the proof. O

4. Conclusion

In this paper, by utilizing Hopf’s Lemma, we acquired the
describing inequalities for the existence of biwarped product
submanifolds of Sasakian space forms. Besides, we addi-
tionally worked out an assessment for the squared norm of
the second fundamental form in terms of the warping
function and slant function. To fortify our study, we gave a
nontrivial example of a biwarped product submanifold in a
Sasakian manifold.
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