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A great number of practical complex systems can bemodeled
as networked agent systems. Typical examples include the
distributed satellite systems, a group of robots, wireless sensor
networks, and power grids. One critical topic within this
context is to understand how globally cooperative behaviors
of such systems can be emerged as a result of distributed local
interactions which has recently receivedmuch attention from
various scientific fields.

The present special issue mainly focuses on the new
distributed control approaches in networked agent systems
as well as their potential engineering applications. It tries to
not only explore the underlying mechanisms corresponding
to various collective behaviors but also manipulate and even
control these fascinating collective behaviors. Call for papers
has been carefully prepared by the guest editors and posted on
the journal’s web page, which has received a lot of attention
from researchers in various scientific fields.This special issue
has received 30 submissions on networked agent systems. All
manuscripts submitted to this special issue went through a
thorough peer-refereeing process. Based on the reviewers’
reports and the guest editors’ comments, 10 original research
articles are finally accepted. The contents of accepted papers
are summarized below.

(a) Distributed Control and Optimization of Networked Agent
Systems. The paper “On Couple-Group Consensus of Mul-
tiagent Networks with Communication and Input Time
Delays” by L. Ji and X. Zhao investigates couple-group

consensus/synchronization of multiagent systems. Some new
sufficient criteria for reaching couple-group consensus have
been presented. The work of “Distributed Optimization of
Multiagent Systems inDirectedNetworks with Time-Varying
Delay” by J. Yan and H. Yu designs a continuous-time
distributed optimization algorithm to solve the distributed
optimization problem of first-order multiagent systems. In
“Synchronization of Coupled Harmonic Oscillators Using
Quantized Sampled Position Data” by X.Wang and P. He, the
synchronization problem of networked harmonic oscillators
with quantized current sampled position data is studied. In
“Plug and Play Robust Distributed Control with Ellipsoidal
Parametric Uncertainty System” by W. Hong and Y. Wang,
distributed control of a continuous linear time invariant
system with ellipsoidal parametric uncertainty structured
into subsystems is studied.

(b) Analysis and Synthesis of Complex Dynamical Systems.
In “Iterative Learning Control with Forgetting Factor for
Urban Road Network” by T. Lan et al., to improve the
traffic condition, a new iterative learning control (ILC)
algorithm with forgetting factor for urban road network is
proposed by using the repeat characteristics of traffic flow.
The paper “Parameters Design for Logarithmic Quantizer
Based onZoomStrategy” by J. Yan investigates the problemof
designing suitable parameters for logarithmic quantizer such
that the closed-loop linear time-invariant discrete system is
asymptotically convergent. In “A Novel MeasurementMatrix
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Optimization Approach for Hyperspectral Unmixing” by
S. Xu and X. He a novel approach for the optimization
of measurement matrix in compressive sensing theory for
hyperspectral unmixing is proposed. In “An Out Space
Accelerating Algorithm for Generalized AffineMultiplicative
Programs Problem” by L. Cai et al., an out space branch-
and-bound algorithm is designed for solving generalized
affinemultiplicative programs problem.The paper “An Effec-
tive Algorithm for Globally Solving Sum of Linear Ratios
Problems” by H. Jiao et al. proposes an effective algorithm
for globally solving the sum of linear ratios problems. In
“DCA-Based Real-Time Residual Useful Life Prediction for
Critical Faulty Component” by F. Zhou et al., to predict the
residual useful life effectively, wavelet filtering based method
is developed for early detection of slowly varying fault of
dynamical systems.
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For coupled harmonic oscillators (CHO), the paper studies the synchronization problem by using the quantized current sampled
position data. The logarithmic quantizer is adopted here to quantize the information transmitted; thus the quantization error
of the sampled position data can be illustrated as the uncertainty according to the sector bound property. On the basis of that,
the synchronization problem is converted into the asymptotical stability of the subsystems and even the solving problem of
characteristic equation. Some sufficient conditions ensuring the synchronization of CHO are obtained relating to coupling strength,
sampling period, and quantizer parameter. The usefulness of the theoretical result is shown by an example at the end.

1. Introduction

Recently, as a special multiagent system, CHO has gotten
much attention. By assuming that the undirected network is
not connectivity, literature [1] shows that the CHO is also
able to achieve synchronization.When theCHO is affected by
controller loss and communication time-delays, an algorithm
is proposed in [2] to ensure the synchronization of the
system and a brief procedure of the convergence analysis
for such algorithm is given. By using some special analysis
tools, literature [3] shows that the CHO can be synchronized
under the conditions of mild connectivity for the directed
graph. A frequency dependent topology condition is given
in [4] to synchronize the CHO. With the measurement
noise, literature [5] gives an effective algorithm and the
convergence analysis of the CHO for the directed network
topologies with or without leaders. A sufficient condition for
the synchronized oscillatory motions of CHO is given by the
influence of noise for the strongly connected directed graph.

The control algorithms proposed in the above literature
use both velocity information and position information.
In some cases, each oscillator exchanges just the velocity
information or the position information with its neighbors.
The relating papers which design control algorithms just use
velocity information or position information include [6–9].

Assuming that the network is connected, the sufficient
conditions are given for the synchronized oscillatorymotions
by just using velocity information in brief [6]. The results
of [6] are generalized to the sampled-data CHO affected by
input signals loss in [7]. Literature [8] proposes a distributed
control method just using the outdated position states. For
both positive and negative coupling strengths, it derives
some necessary and sufficient conditions (NSCs) for the
synchronization of CHO. In [9], by adopting current and
outdated position data, respectively, twodistributed protocols
are adopted for the synchronization of CHO.

On the other hand, as an important issue, data quantiza-
tion has received extensive attention in multiagent systems.
Theoretical results in the past two years include [10–16].
The consensus of multiagent systems is studied according
to the robust learning control approach in [10]. For the
undirected connected graphs, literature [11] obtains some
strong results for the problem of expected time to con-
vergence for quantized consensus. Under the influence of
quantized input and disturbances, the distributed quantized𝐻∞ consensus is investigated in [12]. For the high-order
multiagent systems, the quantized consensus is studied in
[13], in which it assumed that only the first state can
be measured. By adopting both uniform and logarithmic
quantizers, some quantized consensus results are achieved
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for heterogeneous systems in [14]. By using probabilistic
versus deterministic quantizers, the quantized consensus
problem for multiagent systems is studied in [15]. Moreover,
event-triggered consensus [16], averaging consensus [17],
consensus tracking [18], metropolis consensus [19], con-
tainment control [20], and other consensus problems [21–
23] affected by data quantization are discussed in recent
papers.

Summarized above, the synchronization of CHO and
quantized consensus for the general multiagent systems have
received enough attention, respectively. However, there are
few results relating to the synchronization of CHO affected
by data quantization, which is the problem studied in our
paper. In fact, this paper’s main contribution is to extend the
results of literature [9] to the synchronization problem for
CHO by using the quantized position data. By adopting the
logarithmic quantizer, the quantization error of the sampled
position data can be illustrated as the uncertainty according
to the sector bound property. With this setup, some sufficient
conditions relating to coupling strength, sampling period,
and quantizer parameter are obtained for synchronized
CHO.

The organizational structure of the paper is as follows.
Section 2 demonstrates the problem discussed and the CHO
network; distributed protocol and logarithmic quantizer are
illustrated there in detail. Some sufficient conditions for
synchronization of CHO and the detailed proving process are
shown in Section 3. The usefulness of the theoretical results
is illustrated by a simulation example in Section 4. Section 5
gives some conclusions.

Notation. The 𝑛-dimensional Euclidean space is denoted by
R𝑛. N (R+) indicates the positive integers (real numbers) set.
We denote by |𝑐| the module of complex number 𝑐. 𝐴−1 and𝐴𝑇 are the inverse and the transpose ofmatrix𝐴, respectively.
0𝑛 and 1𝑛 denote the vectors with dimension 𝑛 × 1 whose
elements are all zeros or ones, respectively. For a multiagent
system, especially for CHO, information exchange between
agents can be modeled by a network or graph [24]. Let graph
G be with node setΩ = {1, . . . ,𝑀} and edge set Υ ⊆ Ω×Ω. If
there exists at least one node having a directed path to every
other node, the digraph G is called containing a directed
spanning tree (DST). The adjacency matrix A = (𝑎𝑖𝑗)𝑀×𝑀
satisfies 𝑎𝑖𝑗 > 0 if (𝑗, 𝑖) ∈ Υ and 𝑎𝑖𝑗 = 0 if (𝑗, 𝑖) ∉ Υ.
M𝑖 = {𝑗 | 𝑎𝑖𝑗 > 0, 𝑗 ∉ 𝑖}, ∀𝑖 ∈ {1, . . . ,𝑀} is a set including all
the neighbor nodes of node 𝑖. We use 𝐿 = (𝑙𝑖𝑗)𝑀×𝑀 to denote
the Laplacian matrix, whose elements satisfy 𝑙𝑖𝑗 = −𝑎𝑖𝑗 (𝑖 ̸= 𝑗)
and 𝑙𝑖𝑖 = ∑𝑀𝑘=1,𝑘 ̸=𝑖 𝑎𝑖𝑘 [25]. 0 = |𝜂1| ≤ |𝜂2| ≤ ⋅ ⋅ ⋅ ≤ |𝜂𝑀|
represent the eigenvalues of 𝐿 when the digraph G contains
a DST. diag(𝑎1, . . . , 𝑎𝑀) indicates the diagonal matrix with
diagonal elements 𝑎1, . . . , 𝑎𝑀.
2. Problem Formulation

For continuous-time CHO, we illustrate the synchronization
problem and protocol by using the quantized sampled posi-
tion data in this section.

For a positive constant ℎ, the synchronization problem
of the following CHO network composed by 𝑀 nodes is
discussed:�̇�𝑖 (𝑡) = V𝑖 (𝑡) ,

V̇𝑖 (𝑡) = −ℎ𝑥𝑖 (𝑡) + 𝑢𝑖 (𝑡) , 𝑖 ∈ {1, . . . ,𝑀} (1)

with position states 𝑥𝑖(𝑡), velocity states V𝑖(𝑡), and control
input 𝑢𝑖(𝑡) for node 𝑖.

Assuming that the information between nodes is trans-
mitted over the network, then it must be quantized before
transmission. A protocol using the quantized value of the
current relative sampled position data is adopted in this
paper:𝑢𝑖 (𝑡) = 𝛾 ∑

𝑗∈M𝑖

𝑎𝑖𝑗 (𝑞 (𝑥𝑖 (𝑡𝑘)) − 𝑞 (𝑥𝑗 (𝑡𝑘))) ,
𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) , 𝑖 ∈ {1, . . . ,𝑀} , 𝑘 ∈ N, (2)

in which coupling strength 𝛾 > 0 is to be designed and𝑥𝑖(𝑡𝑘), 𝑖 ∈ {1, . . . ,𝑀}, denote the sampled position at time
instants 𝑡𝑘 = 𝑘𝑇, 𝑘 ∈ N, with 𝑡0 = 0. The quantizer used here
is a general logarithmic one defined as [26, 27]𝑞 (𝜒)

= {{{{{{{{{
𝜅𝑤 if 𝜒 ∈ [ 11 + 𝛿𝜅𝑤, 11 − 𝛿𝜅𝑤) , 𝜒 > 00 if 𝜒 = 0−𝑞 (−𝜒) if 𝜒 < 0

(3)

for any 𝜒 ∈ R, with𝑤 ∈ N∪ {0}, 𝛿 ∈ (0, 1), 𝜅𝑤+1 = 𝜌𝜅𝑤, V0 >0, and 𝜌 = (1 − 𝛿)/(1 + 𝛿) ∈ (0, 1).
The aim of our paper is designing suitable 𝛾 and 𝑇

such that the CHO (1) under the control input (2) achieves
synchronization; that is,

lim
𝑡→∞

𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡) = 0,
lim
𝑡→∞

V𝑖 (𝑡) − V𝑗 (𝑡) = 0 (4)

for any 𝑖, 𝑗 ∈ {1, . . . ,𝑀} (𝑖 ̸= 𝑗).
3. The Sufficient Conditions
for Synchronization

For CHO (1) with protocol (2), the synchronization problem
is studied in this section. The sufficient conditions for
synchronization are pursued on the basis of the following two
lemmas.

Lemma 1 (see [28]). The fact that the graph G contains a
DST is equal to the fact that the matrix 𝐿 has a simple
zero eigenvalue and other eigenvalues having positive real
parts. Furthermore, 1𝑀 is the right eigenvector relating to zero
eigenvalue of 𝐿. Moreover, we can always get a suitable𝜙, which
is left eigenvector relating to zero eigenvalue of 𝐿, satisfying𝜙𝑇𝐿 = 0 and 𝜙𝑇1𝑀 = 1.
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Lemma 2 (see [29]). Let 𝑝(𝑠) = 𝑠2+(𝜛1+ i𝜎1)𝑠+𝜛0+ i𝜎0 be a
complex-coefficient polynomial with real constants 𝜛0, 𝜎0, 𝜛1,
and 𝜎1, and then the asymptotical stability of 𝑝(𝑠) is equivalent
to 𝜛1 > 0 and 𝜛1𝜎1𝜎0 + 𝜛21𝜛0 − 𝜎20 > 0.

By using the above lemmas, the following theorem is
given to discuss the synchronization of CHO (1) under
protocol (2), which is the main result of this paper.

Theorem3. If the graphG contains aDSTand the initial states
satisfy 𝜙𝑇𝑥(0) = 𝜙𝑇V(0) = 0 with 𝜙 defined in Lemma 1, then
network (1) under protocol (2) can achieve synchronization if 𝛾
and 𝑇 are selected satisfying

𝛾 ∉ [[ ℎ
max𝑖∈{2,...,𝑀} Re (𝜉𝑖) , ℎ

min𝑖∈{2,...,𝑀} Re (𝜉𝑖)]] , (5a)

𝑇 ∉ { 𝑙𝜋√ℎ | 𝑙 ∈ N} , (5b)

𝛾 < ℎRe (𝜉𝑖max
)𝜉𝑖max

2 , (5c)

𝑇 ∈ Γ𝑇 ( max
𝑖∈{2,...,𝑀},𝑙∈N

arctan√𝑒𝑖𝑙) , (5d)

where 𝜉𝑖 and 𝜉𝑖, 𝑖 ∈ {2, . . . ,𝑀} are, respectively, the nonzero
eigenvalues of 𝐿(𝐼𝑀 + Λ) and 𝐿(𝐼𝑀 − Λ) with Λ = 𝛿𝐼𝑀, 𝑖max =
argmax𝑖∈{2,...,𝑀}|𝜉𝑖|, Γ𝑇(𝜑) ≜ {𝑇 | tan2(√ℎ𝑇/2) > tan2𝜑}, for
any 𝜑 ∈ [0, 𝜋/2), and

𝑒𝑖𝑙 = ℎ − 𝛾𝜉𝑙𝑖2 𝑏2𝑖𝑙𝑎𝑖𝑙𝑏2𝑖𝑙 + 𝑎2
𝑖𝑙
𝑐𝑖𝑙 (6)

for any 𝑖 ∈ {2, . . . ,𝑀}, 𝑙 ∈ Nwith 𝑎𝑖𝑙 = ℎ𝛾Re(𝜉𝑙𝑖)−𝛾2|𝜉𝑙𝑖|2, 𝑏𝑖𝑙 =ℎ𝛾Im(𝜉𝑙𝑖), and 𝑐𝑖𝑙 = ℎ2 − ℎ𝛾Re(𝜉𝑙𝑖), in which 𝜉𝑙𝑖 denote possible
values for 𝜉𝑖(𝑡𝑘), 𝑘 ∈ N, defined by (10). Moreover, let 𝑥(𝑡) =(𝑥1(𝑡), . . . , 𝑥𝑀(𝑡))𝑇 and V(𝑡) = (V1(𝑡), . . . , V𝑀(𝑡))𝑇, and we
obtain

lim
𝑡→∞

𝑥𝑖 (𝑡) = cos (√ℎ𝑡) 𝜙𝑇𝑥 (0)
+ 1√ℎ sin (√ℎ𝑡) 𝜙𝑇V (0) = 0,

lim
𝑡→∞

V𝑖 (𝑡) = −√ℎ sin (√ℎ𝑡) 𝜙𝑇𝑥 (0)+ cos (√ℎ𝑡) 𝜙𝑇V (0) = 0
(7)

for all 𝑖 ∈ {1, . . . ,𝑀}.
Proof. By the property of logarithmic quantizer, we get𝑞(𝑥𝑖(𝑡𝑘)) = (1+𝜀𝑖(𝑡𝑘))𝑥𝑖(𝑡𝑘)with |𝜀𝑖(𝑡𝑘)| ≤ 𝛿, ∀𝑘 ∈ N∪{0}, 𝑖 ∈{1, . . . ,𝑀}. For any 𝑡 ∈ R+ ∪ {0}, let 𝑧𝑖(𝑡) = (𝑥𝑖(𝑡), V𝑖(𝑡))𝑇,

𝑖 ∈ {1, . . . ,𝑀} and 𝑧(𝑡) = (𝑧𝑇1 (𝑡), . . . , 𝑧𝑇𝑀(𝑡))𝑇; then network
(1) under protocol (2) can be rewritten as

�̇� (𝑡) = (𝐼𝑀 ⊗ 𝐴) 𝑧 (𝑡) + 𝛾 (𝐿 ⊗ 𝐵)
[[[[[[[[[[[[[[[[

𝑞 (𝑥1 (𝑡𝑘))0𝑞 (𝑥2 (𝑡𝑘))0...𝑞 (𝑥𝑀 (𝑡𝑘))0

]]]]]]]]]]]]]]]]= (𝐼𝑀 ⊗ 𝐴) 𝑧 (𝑡) + 𝛾 (𝐿 ⊗ 𝐵)
⋅ [[[[[[[[[

1 0
d 1 0

]]]]]]]]]
[[[[[[[[[[[

(1 + 𝜀1 (𝑡𝑘)) 𝑥1 (𝑡𝑘)(1 + 𝜀1 (𝑡𝑘)) V1 (𝑡𝑘)...(1 + 𝜀𝑀 (𝑡𝑘)) 𝑥𝑀 (𝑡𝑘)(1 + 𝜀𝑀 (𝑡𝑘)) V𝑀 (𝑡𝑘)
]]]]]]]]]]]= (𝐼𝑀 ⊗ 𝐴) 𝑧 (𝑡) + 𝛾 (𝐿 ⊗ 𝐵) (𝐼𝑀 ⊗ 𝐷)⋅ ((𝐼𝑀 + Λ (𝑡𝑘)) ⊗ 𝐼2) 𝑧 (𝑡𝑘) = (𝐼𝑀 ⊗ 𝐴) 𝑧 (𝑡)+ 𝛾 (𝐿 (𝐼𝑀 + Λ (𝑡𝑘)) ⊗ 𝐵) 𝑧 (𝑡𝑘) ,𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) , 𝑘 ∈ N ∪ {0} ,

(8)

where 𝐴 = [ 0 1−ℎ 0 ] , 𝐵 = [ 0 01 0 ] , 𝐷 = [ 1 00 0 ], and Λ(𝑡𝑘) =
diag{𝜀1(𝑡𝑘), . . . , 𝜀𝑀(𝑡𝑘)}.

For the matrix 𝐿(𝐼𝑀 + Λ(𝑡𝑘)), ∀𝑘 ∈ N ∪ {0}, the following
claim holds by Lemma 1.

Claim. If the graphG contains a DST, then the matrix 𝐿(𝐼𝑀 +Λ(𝑡𝑘)), ∀𝑘 ∈ N ∪ {0}, has a simple zero eigenvalue and
other eigenvalues having positive real parts. Furthermore,[1/(1+𝜀1(𝑡𝑘)), 1/(1+𝜀1(𝑡𝑘)), . . . , 1/(1+𝜀𝑀(𝑡𝑘))]𝑇 and𝜙defined
in Lemma 1 are the right eigenvector and left eigenvector,
respectively, relating to zero eigenvalue of 𝐿(𝐼𝑀 + Λ(𝑡𝑘)).

Based on the above claim, for any 𝑘 ∈ N ∪ {0}, there
must exist matrices 𝑄(𝑡𝑘) = (𝑝1(𝑡𝑘), . . . , 𝑝𝑀(𝑡𝑘)) ∈ R𝑀×𝑀

and 𝑄−1(𝑡𝑘) = (𝑞1(𝑡𝑘), . . . , 𝑞𝑀(𝑡𝑘))𝑇 ∈ R𝑀×𝑀 with 𝑝1(𝑡𝑘) =[1/(1+𝜀1(𝑡𝑘)), 1/(1+𝜀1(𝑡𝑘)), . . . , 1/(1+𝜀𝑀(𝑡𝑘))]𝑇 and 𝑞1(𝑡𝑘) =𝜙 such that

𝐽 (𝑡𝑘) = 𝑄−1 (𝑡𝑘) 𝐿 (𝐼𝑀 + Λ (𝑡𝑘)) 𝑄 (𝑡𝑘)
= ( 0 0𝑇𝑀−10𝑀−1 �̂� (𝑡𝑘)) (9)
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with Jordan canonical form 𝐽(𝑡𝑘) and block upper triangular
matrix �̂�(𝑡𝑘) represented as

�̂� (𝑡𝑘) = (𝜉2 (𝑡𝑘) 𝜏 0 ⋅ ⋅ ⋅ 00 𝜉3 (𝑡𝑘) 𝜏 ⋅ ⋅ ⋅ 0
d0 0 0 ⋅ ⋅ ⋅ 𝜉𝑀 (𝑡𝑘)) (10)

in which 𝜉𝑖(𝑡𝑘), 𝑖 ∈ {2, . . . ,𝑀} satisfying Re(𝜉2(𝑡𝑘)) ≤ ⋅ ⋅ ⋅ ≤
Re(𝜉𝑀(𝑡𝑘)) are the nonzero eigenvalues of 𝐿(𝐼𝑀 +Λ(𝑡𝑘)), and𝜏 is equal to 1 or 0.

Let𝑚(𝑡) = (𝑚𝑇1 (𝑡), . . . , 𝑚𝑇𝑀(𝑡))𝑇 = (𝑄−1(𝑡𝑘)⊗𝐼2)𝑧(𝑡), ∀𝑡 ∈[𝑡𝑘, 𝑡𝑘+1) and 𝑚𝑖(𝑡) ∈ R2, and then (8) gives that�̇� (𝑡) = (𝑄−1 (𝑡𝑘) ⊗ 𝐼2) (𝐼𝑀 ⊗ 𝐴) (𝑄 (𝑡𝑘) ⊗ 𝐼2)𝑚 (𝑡)+ 𝛾 (𝑄−1 (𝑡𝑘) ⊗ 𝐼2) (𝐿 (𝐼𝑀 + Λ (𝑡𝑘)) ⊗ 𝐵)⋅ (𝑄 (𝑡𝑘) ⊗ 𝐼2)𝑚 (𝑡𝑘) = (𝐼𝑀 ⊗ 𝐴)𝑚 (𝑡)+ 𝛾 (𝐽 (𝑡𝑘) ⊗ 𝐵)𝑚 (𝑡𝑘) , 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) , 𝑘 ∈ N ∪ {0}
(11)

indicating �̇�1 (𝑡) = 𝐴𝑚1 (𝑡) , (12a)�̇�2 (𝑡) = (𝐼𝑀−1 ⊗ 𝐴)𝑀2 (𝑡)+ 𝛾 (�̂� (𝑡𝑘) ⊗ 𝐵)𝑀2 (𝑡𝑘) , (12b)

for any 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), 𝑘 ∈ N ∪ {0}, with 𝑀2(𝑡) = (𝑚𝑇2 (𝑡), . . . ,𝑚𝑇𝑀(𝑡))𝑇.
Next, we will verify that the asymptotic stability of

subsystem (12b) is equivalent to the synchronization of (8)
if the initial states satisfy 𝜙𝑇𝑥(0) = 𝜙𝑇V(0) = 0. On one
hand, if lim𝑡→∞𝑚𝑖(𝑡) = 02, 𝑖 ∈ {2, . . . ,𝑀}, combining with𝑧(𝑡) = (𝑄(𝑡𝑘) ⊗ 𝐼2)𝑚(𝑡), 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) and 𝑝1(𝑡𝑘) = [1/(1 +𝜀1(𝑡𝑘)), 1/(1+𝜀1(𝑡𝑘)), . . . , 1/(1+𝜀𝑀(𝑡𝑘))]𝑇 gives 𝑧𝑖(𝑡) → (1/(1+𝜀𝑖(𝑡𝑘)))𝑚1(𝑡), 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), 𝑖 ∈ {1, . . . ,𝑀}. Moreover, by
defining

𝐸 (𝑡) = [[ cos (√ℎ (𝑡)) 1√ℎ sin (√ℎ (𝑡))−√ℎ sin (√ℎ (𝑡)) cos (√ℎ (𝑡)) ]] , (13)

the equalities �̇�1(𝑡) = 𝐴𝑚1(𝑡) and 𝜙𝑇𝑥(0) = 𝜙𝑇V(0) = 0 tell
us that𝑚1 (𝑡) = 𝑒𝐴𝑡𝑚(0) = 𝐸 (𝑡) (𝜙𝑇 ⊗ 𝐼2) 𝑧 (0)

= [[ cos (√ℎ𝑡) 𝜙𝑇𝑥 (0) + 1√ℎ sin (√ℎ𝑡) 𝜙𝑇V (0)−√ℎ sin (√ℎ𝑡) 𝜙𝑇𝑥 (0) + cos (√ℎ𝑡) 𝜙𝑇V (0)]]= 02

(14)

for any 𝑡 ∈ R+ ∪ {0}. Thus we get lim𝑡→∞𝑧𝑖(𝑡) = 02, 𝑖 ∈{1, . . . ,𝑀} which means that the synchronization of (8)

is guaranteed with synchronization state 02. On the other
hand, if the synchronization of (8) is ensured, by letting the
synchronization state as 𝑧∗(𝑡) = (𝑥∗(𝑡), V∗(𝑡))𝑇 ∈ R2, we
will show (𝑥∗(𝑡), V∗(𝑡))𝑇 = 02. In fact, it holds that 𝑚1(𝑡) =(𝜙𝑇⊗𝐼2)𝑧(𝑡) = ∑𝑀𝑖=1 𝜙𝑖𝑧𝑖(𝑡) according to𝑚(𝑡) = (𝑄−1⊗𝐼2)𝑧(𝑡).
Based on 𝜙𝑇1𝑀 = 1, we get 𝑧∗(𝑡) = 𝑚1(𝑡). Combined with
(14), it gives 𝑥∗(𝑡) = V∗(𝑡) = 0, and thus lim𝑡→∞𝑧(𝑡) =
02𝑀. Taking 𝑚(𝑡) = (𝑄−1(𝑡𝑘) ⊗ 𝐼2)𝑧(𝑡), ∀𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), into
consideration, we get lim𝑡→∞𝑚𝑖(𝑡) = 02, 𝑖 ∈ {1, . . . ,𝑀},
which ensures the asymptotic stability of subsystem (12b).

By the claim above and (10), we know that the asymptotic
stability of (12b) is equal to that of the following subsystems:

�̇�𝑖 (𝑡) = 𝐴𝑚𝑖 (𝑡) + 𝛾𝜉𝑖 (𝑡𝑘) 𝐵𝑚𝑖 (𝑡𝑘) , 𝑖 ∈ {2, . . . ,𝑀} , (15)

the solution of which is as

𝑚𝑖 (𝑡) = 𝑒𝐴(𝑡−𝑡𝑘)𝑚𝑖 (𝑡𝑘) + 𝛾𝜉𝑖 (𝑡𝑘) ∫𝑡
𝑡𝑘

𝑒𝐴(𝑡−𝑠)𝑑𝑠𝐵𝑚𝑖 (𝑡𝑘)
= 𝑒𝐴(𝑡−𝑡𝑘)𝑚𝑖 (𝑡𝑘) + 𝛾𝜉𝑖 (𝑡𝑘) ∫𝑡−𝑡𝑘

0
𝑒𝐴𝑠𝑑𝑠𝐵𝑚𝑖 (𝑡𝑘)= 𝐸𝑖 (𝑡 − 𝑡𝑘)𝑚𝑖 (𝑡𝑘) + 𝐹𝑖 (𝜉𝑖 (𝑡𝑘) , 𝑡 − 𝑡𝑘)𝑚𝑖 (𝑡𝑘)

(16)

for any 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), 𝑘 ∈ N ∪ {0}, 𝑖 ∈ {1, . . . ,𝑀}, where
𝐸𝑖 (𝑡 − 𝑡𝑘)

= ( cos (√ℎ (𝑡 − 𝑡𝑘)) 1√ℎ sin (√ℎ (𝑡 − 𝑡𝑘))−√ℎ sin (√ℎ (𝑡 − 𝑡𝑘)) cos (√ℎ (𝑡 − 𝑡𝑘)) )
𝐹𝑖 (𝜉𝑖 (𝑡𝑘) , 𝑡 − 𝑡𝑘)

= (𝛾𝜉𝑖 (𝑡𝑘) (1 − cos (√ℎ (𝑡 − 𝑡𝑘)))ℎ 0𝛾𝜉𝑖 (𝑡𝑘) sin (√ℎ (𝑡 − 𝑡𝑘))√ℎ 0) .
(17)

Let 𝑆𝑖(𝜉𝑖(𝑡𝑘), 𝑡−𝑡𝑘) = 𝐸𝑖(𝑡−𝑡𝑘)+𝐹𝑖(𝜉𝑖(𝑡𝑘), 𝑡−𝑡𝑘); then equality
(16) gives

𝑚𝑖 (𝑡) = 𝑆𝑖 (𝜉𝑖 (𝑡𝑘) , 𝑡 − 𝑡𝑘) 𝑆𝑖 (𝜉𝑖 (𝑡𝑘−1) , 𝑇)⋅ 𝑆𝑖 (𝜉𝑖 (𝑡𝑘−2) , 𝑇) , . . . , 𝑆𝑖 (𝜉𝑖 (0) , 𝑇)𝑚𝑖 (0) ,𝑖 ∈ {2, . . . ,𝑀} (18)

for any 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), 𝑘 ∈ N ∪ {0}.
The boundedness of 𝑆𝑖(𝜉𝑖(𝑡𝑘), 𝑡 − 𝑡𝑘) results in that 𝑚𝑖(𝑡)

tends to 02 if 𝜌(𝑆𝑖(𝜉𝑖(𝑡𝑘), 𝑇)) < 1, 𝑘 ∈ N ∪ {0}, 𝑖 ∈ {2, . . . ,𝑀}.
Denoting the possible values for 𝜉𝑖(𝑡𝑘), 𝑘 ∈ N ∪ {0}, 𝑖 ∈{2, . . . ,𝑀} by 𝜉𝑙𝑖 , 𝑙 ∈ N, then 𝜌(𝑆𝑖(𝜉𝑖(𝑡𝑘), 𝑇)) < 1 is ensured by
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𝜌(𝑆𝑖(𝜉𝑙𝑖 , 𝑇)) < 1 which is equal to the fact that the following
equation’s solutions satisfy |𝜆| < 1:𝑓𝑖𝑙 (𝜆, 𝑇) = det (𝜆𝐼2 − 𝑆𝑖 (𝜉𝑙𝑖 , 𝑇))= 𝜆2

− (2 cos (√ℎ𝑇) + 1 − cos (√ℎ𝑇)ℎ 𝛾𝜉𝑙𝑖)𝜆
+ (1 + cos (√ℎ𝑇) − 1ℎ 𝛾𝜉𝑙𝑖) = 0.

(19)

If we set 𝜆 = (𝑠 + 1)/(𝑠 − 1), characteristic equation (19) is
rewritten as2 (1 − cos (√ℎ𝑇))(1 − 𝛾𝜉𝑙𝑖ℎ ) 𝑠2

+ 2 (1 − cos (√ℎ𝑇)) 𝛾𝜉𝑙𝑖ℎ 𝑠 + 2 (1 + cos (√ℎ𝑇))= 0
(20)

for any 𝑖 ∈ {2, . . . ,𝑀}, 𝑙 ∈ N. According to the property
of bilinear transformation, |𝜆| < 1 achieves if and only if
Re(𝑠) < 0. Moreover, if we define Λ = 𝛿𝐼𝑀 and denote the
nonzero eigenvalues of 𝐿(𝐼𝑀 + Λ) and 𝐿(𝐼𝑀 − Λ) as 𝜉𝑖 and𝜉𝑖, 𝑖 ∈ {2, . . . ,𝑀}, respectively, according to the relationship
between the eigenvalues and the parameters 𝜀𝑖, 𝑖 ∈ {1, . . . ,𝑀},
we get

min
𝑖∈{2,...,𝑀}

Re (𝜉𝑖) ≤ Re (𝜉𝑙𝑖) ≤ max
𝑖∈{2,...,𝑀}

Re (𝜉𝑖) (21)

which ensures that ℎ ̸= 𝛾𝜉𝑙𝑖 , 𝑖 ∈ {2, . . . ,𝑀}, 𝑙 ∈ N, if (5a) is
satisfied. Combining with (5b) gives that equality (20) can be
transferred into, ∀𝑖 ∈ {2, . . . ,𝑀}, 𝑙 ∈ N,

𝑠2 + 𝛾𝜉𝑙𝑖ℎ − 𝛾𝜉𝑙𝑖 𝑠 + 1 + cos (√ℎ𝑇)1 − cos (√ℎ𝑇) ℎℎ − 𝛾𝜉𝑙𝑖 = 0. (22)

Considering (1 + cos(√ℎ𝑇))/(1 − cos(√ℎ𝑇)) > 0, Lemma 2
tells us that the roots of (22) located in the left-half plane are
equal to 𝑎𝑖𝑙ℎ − 𝛾𝜉𝑙𝑖2 > 0, (23)

𝑎𝑖𝑙𝑏2𝑖𝑙 + 𝑎2𝑖𝑙𝑐𝑖𝑙ℎ − 𝛾𝜉𝑙𝑖2 − 1 + cos (√ℎ𝑇)1 − cos (√ℎ𝑇)𝑏2𝑖𝑙 > 0, (24)

where 𝑎𝑖𝑙 = ℎ𝛾Re (𝜉𝑙𝑖) − 𝛾2 𝜉𝑙𝑖2 ,𝑏𝑖𝑙 = ℎ𝛾Im (𝜉𝑙𝑖) ,𝑐𝑖𝑙 = ℎ2 − ℎ𝛾Re (𝜉𝑙𝑖) (25)

for all 𝑖 ∈ {2, . . . ,𝑀}, 𝑙 ∈ N. Recalling (5a), we have that
condition (23) is equivalent to

𝛾 < ℎRe (𝜉𝑙𝑖)𝜉𝑙𝑖2 , 𝑖 ∈ {2, . . . ,𝑀} , 𝑙 ∈ N, (26)

which is guaranteed by

𝛾 < min
𝑖∈{2,...,𝑀},𝑙∈N

{ℎRe (𝜉𝑙𝑖)𝜉𝑙𝑖2 } . (27)

Based on the relationship between the eigenvalues and the
parameters 𝜀𝑖, 𝑖 ∈ {1, . . . ,𝑀} and inequality (21), we know
that

min
𝑖∈{2,...,𝑀},𝑙∈N

{ℎRe (𝜉𝑙𝑖)𝜉𝑙𝑖2 } = ℎRe (𝜉𝑖max
)𝜉𝑖max

2 (28)

with 𝑖max = argmax𝑖∈{2,...,𝑀}|𝜉𝑖|.
Moreover, (26) gives 𝛾 < ℎ/Re(𝜉𝑙𝑖) indicating 𝑎𝑖𝑙 > 0 and𝑐𝑖𝑙 > 0. By defining

𝑒𝑖𝑙 = ℎ − 𝛾𝜉𝑙𝑖2 𝑏2𝑖𝑙𝑎𝑖𝑙𝑏2𝑖𝑙 + 𝑎2
𝑖𝑙
𝑐𝑖𝑙 , (29)

we get that (24) holds if

𝑇 ∈ Γ𝑇 ( max
𝑖∈{2,...,𝑀},𝑙∈N

arctan√𝑒𝑖𝑙) (30)

with Γ𝑇(𝜑), 𝜑 ∈ [0, 𝜋/2) defined by Γ𝑇(𝜑) = {𝑇 | tan2(√ℎ𝑇/2) > tan2𝜑}. Therefore, if (5a) and (5b) are satisfied, we
obtain that the roots of (20) hold negative real part if (5c)
and (5d) hold which means that |𝜆| < 1, where 𝜆 denotes the
eigenvalues of 𝑆𝑖(𝜉𝑙𝑖 , 𝑇). Thus 𝜌(𝑆𝑖(𝜉𝑙𝑖 , 𝑇)) < 1 is guaranteed
which gives lim𝑡→∞𝑚𝑖(𝑡) = 02 indicating lim𝑡→∞𝑧(𝑡) = 02𝑀.
Up to now, it shows that the synchronization of network (1)
under protocol (2) is obtained when (5a), (5b), (5c), and (5d)
are satisfied. This completes the proof.

Remark 4. In this paper, the constraint on the initial state,𝜙𝑇𝑥(0) = 𝜙𝑇V(0) = 0, is a necessary condition to ensure
the synchronization of (8) according to 𝑧𝑖(𝑡) → (1/(1 +𝜀𝑖(𝑡𝑘)))𝑚1(𝑡), 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), 𝑖 ∈ {1, . . . ,𝑀}, in which 𝜀𝑖 and𝜀𝑗, (𝑖 ̸= 𝑗) are different from each other. How to relax the
constraint on the initial state is one of our further research
directions, which will need completely different proof line.

Remark 5. When we design parameters based on the above
theorem, it is obvious that the difficulty lies in ascertaining
the value of 𝜑 = max𝑖∈{2,...,𝑀},𝑙∈N arctan√𝑒𝑖𝑙. In fact, it can
always increase or decrease the value of 𝜀𝑖, 𝑖 ∈ {1, . . . ,𝑀}
to study the proportional relationship between 𝜀𝑖 and 𝑒𝑖𝑙 and
thus determine the value of 𝜑 and the feasible interval for𝑇.
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Remark 6. It is worth mentioning that the synchronization
expression of CHO (1) under protocol (2) is the same as the
one under protocol [9]𝑢𝑖 (𝑡) = 𝛾 ∑

𝑙∈M𝑖

𝑎𝑖𝑙 (𝑥𝑖 (𝑡𝑘) − 𝑥𝑗 (𝑡𝑘)) ,
𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) , 𝑖 ∈ {1, . . . ,𝑀} , 𝑘 ∈ N, (31)

where the current relative sampled position data has not been
quantized. This is due to the fact that 𝐸(𝑡) defined in (13),
which determines the synchronization state, is not influenced
by quantization.

4. Simulation

A simulation example is given in this section to show the
usefulness of the result. The CHO network composed of four
nodes and the adjacency matrixA is given as

A = [[[[[[
0 1 0 11 0 0 11 1 0 00 1 1 0

]]]]]] . (32)

Select parameters as ℎ = 0.8, 𝛿 = 0.1, and 𝛾 satisfying𝛾 = 0.2
∉ [[ ℎ

max𝑖∈{2,...,𝑀}Re (𝜉𝑖) , ℎ
min𝑖∈{2,...,𝑀}Re (𝜉𝑖)]]= [0.2424, 0.3556] ,

𝛾 = 0.2 < ℎRe (𝜉𝑖max
)𝜉𝑖max

2 = 0.2424.
(33)

Based on 𝜑 = max𝑖∈{2,...,𝑀},𝑙∈N arctan√𝑒𝑖𝑙 = 0.6255 and [9]Γ𝑇 (𝜑) = {𝑇 | tan2 (√ℎ𝑇2 ) > tan2𝜑}
= (∞⋃
𝑙=0

(2 (𝜍𝜋 + 𝜑)√ℎ , (2𝜍 + 1) 𝜋√ℎ ))
∪ (∞⋃
𝑙=1

((2𝜍 − 1) 𝜋√ℎ ) , 2 (𝜍𝜋 − 𝜑)√ℎ )
(34)

we know 𝑇 ∈ (1.3987, 3.5124) by setting 𝜍 = 0. Selecting𝑇 = 3 ∈ Γ𝑇(𝜑) and the initial states as 𝑧(0) =[−1, 0, 2, 0, −1, 2, −1, −1]𝑇 satisfying 𝜙𝑇𝑥(0) = 𝜙𝑇V(0) = 0
with𝜙 = [5/21, 7/21, 3/21, 6/21]𝑇, the synchronization states
can be shown in Figure 1, from which we see that the CHO
network reaches synchronization. If the initial state is set
as 𝑧(0) = [1, 0, 2, 0, −1, 2, −1, 1]𝑇 which violates 𝜙𝑇𝑥(0) =𝜙𝑇V(0) = 0, Figure 2 shows that the synchronization errors
do not tend to zeros, which means that the synchronization
for CHO network is not reached.
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Figure 1: Synchronizationwith initial states 𝑧(0) = [−1, 0, 2, 0, −1, 2,−1, −1]𝑇.
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Figure 2: Synchronization errors with initial states 𝑧(0) = [1, 0, 2, 0,−1, 2, −1, 1]𝑇.
5. Conclusion

By using the quantized current sampled position data, the
sufficient conditions for synchronization of CHO are given
according to coupling strength, sampling period, and quan-
tizer parameter. It is worth mentioning that the results here
need some restrictions on initial states. How to obtain the
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synchronization for CHO network without these restrictions
holds some challenges, and it is one of our further research
directions.
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Each pixel in the hyperspectral unmixing process is modeled as a linear combination of endmembers, which can be expressed in
the form of linear combinations of a number of pure spectral signatures that are known in advance. However, the limitation of
Gaussian random variables on its computational complexity or sparsity affects the efficiency and accuracy. This paper proposes
a novel approach for the optimization of measurement matrix in compressive sensing (CS) theory for hyperspectral unmixing.
Firstly, a new Toeplitz-structured chaotic measurement matrix (TSCMM) is formed by pseudo-random chaotic elements, which
can be implemented by a simple hardware; secondly, rank revealing QR factorization with eigenvalue decomposition is presented
to speed up the measurement time; finally, orthogonal gradient descent method for measurement matrix optimization is used to
achieve optimal incoherence. Experimental results demonstrate that the proposed approach can lead to better CS reconstruction
performance with low extra computational cost in hyperspectral unmixing.

1. Introduction

Compressive sensing (CS) theory [1, 2] is a new developed
theoretical framework on signal sampling and data compres-
sion, which indicates that if a signal is sparse or compressible
in a certain transform domain, the transformed higher-
dimensional signal can be projected onto a lower dimensional
space by a measurement matrix. It leads to nonadaptive
measurement encoding on the signal at a rate far below the
Nyquist sampling rate, converting from sampling the signal
itself to sampling the information contained in the signal.
Therefore it has recently gained more and more attention in
various areas of applied mathematics, computer science, and
electrical engineering.

Design of measurement matrix is a research hotspot in
CS, and measurement matrix optimization has become an
inevitable trend to construct a new measurement matrix sys-
tem. In recent years, scholars have yieldedmany optimization
methods [3–22] to design measurement matrix to reduce
the minimum coherence of Gram matrix. These are typically

fallen into three categories: iterative thresholdingmethod [3–
14], gradient iteration process [15–19], and Tensor product
[20–22].

Zhang et al. [6] proposed that the Kronecker product
measurementmatrix based on orthogonal basis canmaintain
nonlinear correlation between columns’ vector from high-
dimensional data. But Kronecker product [5, 6] leads to
low sampling efficiency and poor computational complexity,
which limit the deep study for measurement matrix.

By using iterative thresholding method, Elad [7] itera-
tively reduces the averagemutual coherence using a shrinkage
operation followed by singular value decomposition (SVD)
step and shrinks the elements of Gram matrix. Lustig et al.
[8] defined an incoherence criterion and proposed a Monte
Carlo scheme for random incoherent sampling. Abolghasemi
et al. [9] attempted a kind of nonuniform sampling by
segmenting the input signal and taking samples with different
rates from each segment. Duarte-Carvajalino and Sapiro
[10] take advantage of an eigenvalue decomposition process
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followed by a KSVD-based algorithm to optimize measure-
ment matrix and learn dictionary basis, respectively. Wang
et al. [11] propose to generate colored random projections
using an adaptive scheme. Next they [12] propose a variable
density sampling strategy by exploiting the prior information
about the statistical distributions of natural images in the
wavelet domain. Although the algorithm is simple and easy
to understand, the research [13, 14] found that iterative
thresholding method has slow convergence speed and is easy
to fall into local minimum problems in practical application.
Meanwhile it damages Restricted Isometric Property (RIP)
and eventually may cause the collapse of the BP algorithm.

By using gradient iteration process, Xu et al.’s algorithm
[15] first shrinks and updates elements in Gram matrix with
Equiangular Tight Frame (ETF). Li et al. [18] constructs
the dimensional orthogonal matrix in SVD; Abolghasemi
et al.’s algorithm [16] lies in the innovation of the gradient
iteration process to obtainmeasurementmatrix. Zhang et al.’s
algorithm [17] adopts the spherical search steepest descent
method. Tian et al.’s algorithm [19] shrinks Gram matrix
with the orthogonal gradient factor matrix to reduce the
maximum and average mutual coherence of measurement
matrix.The appearance of different pursuit rates brings about
the saddle-point steady-state solution, which only guarantees
a local minimum solution.

Unfortunately, most algorithms neglect intrasensor cor-
relations between the samples of high-dimensional data like
3D color image, video, and hyperspectral image; it may affect
themultispectral features excessively and destroy the original
structure of high-dimensional data and it ultimately affects
the precision of hyperspectral unmixing.

Toeplitz-structured chaoticmeasurementmatrix is one of
deterministic measurement matrices in CS, which requires
only 𝑂(𝑀) independent variables and 𝑂(𝑀 log 2𝑀) opera-
tions. But it still has three attractiveweaknesses: optimal inco-
herence being unachieved, reconstruction precision being
insufficient, and measurement time being unbearable.

To eliminate the weaknesses, we are inspired to work
on optimizing the Toeplitz-structured chaotic measurement
matrix to obtain better results fromhigh-dimensional signals.
Meanwhile, the possibility of fusing these two attractive opti-
mized methods is certain: rank revealing QR factorization
with eigenvalue decomposition from Xu et al.’s algorithm
[15] and orthogonal gradient descent approach from Tian
et al.’s algorithm [19] to obtain a new optimized method to
overcome the computational complexity. This is my intuitive
idea of this paper.

The key contribution of this work can be elaborated as
follows:

(1) In the domain of designing the measurement matrix,
it is crucial to achieve high quality with implement-
ing effective hardware. In this work, some pseudo-
random chaotic elements can approximate the ran-
dom structure component, which satisfies RIP prop-
erty with overwhelming probability. So these pseudo-
random chaotic elements are applied to Toeplitz-
structured chaotic measurement matrix, which forms
a new measurement matrix (TSCMM). Compared

with the others, we attempt to prove that it satisfies
RIP conditions.

(2) According to the properties of the separated contents,
Gram matrix is improved by a rank revealing QR
factorization with eigenvalue decomposition to speed
up convergence rate. The results of experiments show
that the proposed methods can greatly reduce com-
putation complexity building on the convergence and
robustness.

(3) From a practical point of view, high computational
complexity imposes restrictions on achieving optimal
incoherence; orthogonal gradient descent approach is
proposed to acquire measurement matrix optimiza-
tion. The improved scheme can effectively reduce
the reconstruction error and acquire satisfied image
quality compared to other conventional methods.

The rest of this paper is organized as follows. The main
part of this paper starts with review of somemeasuring coher-
ence criteria and develops to RIP in Section 2. Based on the
previous analysis, the proposed approach for measurement
matrix optimization in Section 3 is developed. Particularly
motivated by TSCMM, QR factorization with eigenvalue
decomposition and improved gradient descent approach is
then suggested in the following three subsections, starting
with Toeplitz-structured chaotic measurementmatrix in Sec-
tion 3.1, followed byQR factorization algorithm in Section 3.2
and an orthogonal gradient descent approach for measure-
mentmatrix optimization in Section 3.3. Experimental results
in Section 4 and conclusions in Section 5 are presented.

2. Problem Formulation and Analysis

From the viewpoint of mathematics, CS sample procession is
approximated by recovering 𝑥 from far incomplete measure-
ments: 𝑦 = Φ𝑥 = ΦΨ𝜃, (1)

where 𝜃 in some basis Ψ is sparse or compressible repre-
sentation, while Φ ∈ R𝐾×𝑁 is so-called CS measurement
matrix. Because of 𝐾 ≪ 𝑁, the signal is measured through
the projection by the measurement matrix Φ which leads to
being highly underdetermined.

If the D-dimensional sample signal 𝑋 = [𝑥𝑇1 , 𝑥𝑇2 , . . . , 𝑥𝑇𝐷]
and independent measurements result 𝑌 = [𝑦𝑇1 , 𝑦𝑇2 , . . . , 𝑦𝑇𝐷]
are unknown, the Kronecker product measurement matrix
[5] can be expressed as Φ = Φ1 ⊗ Φ2 ⊗ ⋅ ⋅ ⋅ ⊗ Φ𝐷. When each
sensor obtaining its independent measurements is the same
measurementmatrixΦ𝐷 = Φ, the jointmeasurementmatrix
can be expressed asΦ = 𝐼𝐷 ⊗Φ, where 𝐼𝐷 denotes the𝐷×𝐷
identity matrix, as shown in Figure 1.

The constants 𝛿𝐾 for the matrix Φ are intrinsically tied
to the singular values of all column submatrices of a certain
size. If Φ1, Φ2, . . . , Φ𝐷 are matrices with restricted isometry
constants (RIP) 𝛿𝐾(Φ1), 𝛿𝐾(Φ2), . . . , 𝛿𝐾(Φ𝐷), the structure of
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[I] ⊗ [Φ𝛿] =
[[[[[[
[

[Φ𝛿]
[Φ𝛿]
[Φ𝛿]
[Φ𝛿]

]]]]]]
]

S

S

S S S

Figure 1: The diagram of the joint measurement matrix in Duarte’s
method.

Kronecker product matrices yields simple bounds for their
RIP that can be expressed as

𝛿𝐾 (Φ1 ⊗ Φ2 ⊗ ⋅ ⋅ ⋅ ⊗ Φ𝐷) ≤ 𝐷∏
𝑑=1

(1 + 𝛿𝐾 (Φ𝑑)) − 1. (2)

Considering the D-dimensional Kronecker sparsifying
basisΨ = Ψ1⊗Ψ2⊗⋅ ⋅ ⋅⊗Ψ𝐷 and a globalmeasurement basis or
frames obtained through a Kronecker product of individual
measurement bases, the definition of mutual coherence is
presented as𝜇 (Φ1 ⊗ Φ2 ⊗ ⋅ ⋅ ⋅ ⊗ Φ𝐷, Ψ1 ⊗ Ψ2 ⊗ ⋅ ⋅ ⋅ ⊗ Ψ𝐷)= 𝐷∏

𝑑=1

𝜇 (Φ𝑑, Ψ𝑑) . (3)

High-dimensional Kronecker compressive sensing
(HKCS) [6] proposed the optimal synthetic sensing matrix
by taking Kronecker products of individual optimal sensing
matrix in each dimension. The optimal sensing matrix that
minimizes the mutual coherence of the projection matrix
can be expressed as Φ = Φ𝑡 ⊗ Φ𝑠. (4)

With the same sampling rate, matrices of HKCS have
relatively smaller mutual coherence. It can be written as𝜇 (Φ,Ψ) ≤ 𝜇 (Φ, Ψ) . (5)

It also indicates that the optimization process is dividable,
which preserves the block feature of Kronecker product
matrix and enables fast low-scale matrix computation. The
overall video acquisition is decomposed as shown in Figure 2.

The high-dimensional Kronecker products measurement
matrix is our optimization goal, as shown in Figure 3.

If𝐴𝑐𝑠 = Ψ𝑡 ⊗Φ𝑠 is defined as Grammatrix and minimum
square error cost function is defined as 𝐸, the optimization
problem can be written as𝐸 ≜ MSE = (𝐴𝑐𝑠)𝑇𝐴𝑐𝑠 − 𝐼2𝐹

s.t. 𝐴𝑐𝑠 = Ψ𝑡 ⊗ Φ𝑠. (6)

Acquire in progressive

Dimensions and corresponding matrices

fashion

S

[ΦS] [ΨS][Φt] [Ψt]

t
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t

Figure 2: The proposed multidimensional compressive sensing for
video acquisition.
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Figure 3: The diagram of the joint measurement matrix in HKCS.

The goal of eliminating the correlation is to minimize
the difference between Gram matrix and identity matrix in
the form of Frobenius norm. Considering Kronecker product
properties, 𝐸 ≜ MSE = (Ψ𝑇𝑡 Ψ𝑡) ⊗ (Φ𝑇𝑡 Φ𝑡) − 𝐼2𝐹 . (7)

If the value Θ𝑇Θ = 𝑉𝑇Λ𝑉 can be replaced with
its corresponding eigenvalue decomposition and Φ𝑇𝑡 Φ𝑡 =(8/𝑚)∑𝑛𝑖=0[𝑥(𝑖)]𝑇𝑥(𝑛 − 𝑖), (7) can then become as follows:𝐸 ≜ MSE = ∧ − ∧𝑉𝑇 8𝑚 𝑛∑

𝑖=0

[𝑥 (𝑖)]𝑇 𝑥 (𝑛 − 𝑖) 𝑉∧2𝐹 . (8)

Because ∧ is real diagonal matrices, ∧𝑉𝑇𝑉∧ = (𝑉∧)𝑇𝑉∧.
If 𝐵 = 𝑉∧, then 𝐵 fl [|𝐵𝑖𝑗2|].

Here, (8) can be reduced to𝐸 ≜ MSE = ∧ − 𝐵𝑇 8𝑚 𝑛∑
𝑖=0

[𝑥 (𝑖)]𝑇 𝑥 (𝑛 − 𝑖) 𝐵2𝐹 . (9)

Supposing that 𝐵𝑖𝑗 is the elements in 𝐵, gradient decrease
iteration method is used to minimize mean square error
(MSE). 𝐵𝑖𝑗 ← 𝐵𝑖𝑗 − 𝜌∇𝐸, where 𝜌 is step size and 𝜌 > 0.
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Figure 4: The improved scheme by different methods.

∇𝐸 ≡ 𝜕𝐸/𝜕𝐵𝑖𝑗 is gradient value of 𝐸; then 𝐵(𝑖+1) = 𝐵𝑖−𝜂𝐵𝑖(𝐵𝑖𝑇(8/𝑚)∑𝑛𝑖=0[𝑥(𝑖)]𝑇𝑥(𝑛 − 𝑖)𝐵𝑖). According to Ger-
schgorin theorem, the column coherence of 𝜑𝑖 can be
deduced as follows:𝜇 = max

1≤𝑖,𝑗≤𝑁,𝑖 ̸=𝑗

⟨𝜑𝑖, Ψ𝑗⟩ . (10)

If𝑁 ≤ 𝑀(𝑀+1)/2, the infimumof the column coherence
is called Welch bound:𝜇 ≥ 𝜇𝑤 = 𝑁 − 𝑀(𝑁 − 1)𝑀. (11)

Equiangular Tight Frame (ETF) is derived from (11) if the
constraints are equality.

3. The Proposed Approach

Based on previous conclusions, the proposed algorithm aims
to optimize the Toeplitz-structured chaotic measurement
matrix to obtain better results from hyperspectral unmixing.
Therefore, the research content in this paper mainly consists
of three parts: designed TSCMM, optimized Gram matrix,
and orthogonal gradient descent approach, as shown in
Figure 4.

The study is given by taking the following methods:
firstly, to obtain easy hardware implemented, pseudo-random
chaotic elements are used to form a new Toeplitz-structured
chaotic measurement matrix (TSCMM), as discussed in
Section 3.1; to overcome unbearable Cost Time, Grammatrix
is improved by a rank revealing QR factorization with
eigenvalue decomposition as discussed in Section 3.2; to
achieve optimal incoherence, orthogonal gradient descent
method for measurement matrix optimization is presented
in Section 3.3. Finally, the improved scheme is presented
through explicit analysis and discussion.

3.1. Xu-TSCMM. Recently, [23] is written by myself com-
pletely and probed into its initial theory and research.
Discrete chaotic system function is proposed to generate a
series of pseudo-random numbers. Based on those elements,
Toeplitz-structured chaotic measurement matrix (TSCMM)

is produced to guarantee the incoherence criterion. To reduce
the building time of TSCMM, Circulant/block-diagonal
splitting structure is attached on TSCMM. Although about
one-third of matrix values are eliminated, the measurement
matrix is proved to satisfy Johnson-Lindenstrauss (J-L)
lemma and achieves the goal of satisfying RIP. Logistic map
[24], as the simplest dynamic systems evidencing chaotic
behavior, is described as follows:𝑥𝑛+1 = 𝜇𝑥𝑛 (1 − 𝑥𝑛) , 𝜇 ∈ [0, 4] , 𝑥𝑛 ∈ [0, 1] ⊂ 𝑅, (12)

where 𝜇 ∈ (3.5699, 4] ⊂ 𝑅 is the discrete state. While para-
meter 𝜇 is 4, the sequence 𝑥𝑛(𝑡) satisfies beta distribution
with 𝛼 = 0.5 and 𝛽 = 0.5, and the next probability density
function 𝑓(𝑥; 0.5, 0.5) = (1/𝜋)(𝑥 − 𝑥2)−1/2 has been used for
simulation.

Set 𝑧𝑖(𝑡) as the output sequence generated by (12) with
initial condition 𝑧𝑖(0), and let 𝑥𝑖(𝑡) denote the regularization
of 𝑧𝑖(𝑡) as the following form: 𝑥𝑖(𝑡) = 𝑧𝑖(𝑡)−0.5 𝑖 = 0, 1, 2, . . ..

Approximately, 𝑥𝑖(𝑡) can be considered as random vari-
able, and it satisfies the following distribution: 𝑓(𝑥) =(1/𝜋)(0.25 − 𝑥2)−1/2. Then, by selecting 𝑚 different initial
conditions 𝑧(0) ∈ [0, 1]𝑚 ⊂ 𝑅𝑚, one can obtain 𝑚 vectors
with dimension 𝑅, which enables us to construct the follow-
ing matrixΦ scaled by√8/𝑚:

Φ = √ 8𝑚 (𝑥0 (0) ⋅ ⋅ ⋅ 𝑥0 (𝑛 − 1)... d
...𝑥𝑚 (0) ⋅ ⋅ ⋅ 𝑥𝑚 (𝑛 − 1)) . (13)

Here, (13) is called the beta-like matrix.
According to (13), set one initial condition 𝑧 ∈ (0) ∈ R,

and generate a sequence 𝑥 ∈ R𝑛 in the chaotic system. Then,
Toeplitz-structured matrix Φ = R𝑚×𝑛 is constructed in the
following form:

Φ = √ 8𝑚 (𝑥(𝑛 − 1) 𝑥 (𝑛 − 2) ⋅ ⋅ ⋅ 𝑥 (0)𝑥 (0) 𝑥 (𝑛 − 1) 𝑥 (1)... ... d
...𝑥 (𝑚 − 2) 𝑥 (𝑚 − 3) ⋅ ⋅ ⋅ 𝑥 (𝑚 − 1)). (14)
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Here,√8/𝑚 is for normalization andΦ is called Toeplitz-
structured chaotic measurement matrix (TSCMM), which
meets J-L theorem.

3.2. Duarte-ETF Method. Minimum coherence property of
ETF has been the main target to find a feasible solution. It
is impossible to solve the problem exactly because of the
complexity, while the structure of Gram matrix has changed
so much that the selection of new units in the following step
is very difficult.

To minimize (14), an optimization approach is adopted
to reduce the maximum and average mutual coherence of
measurement matrix. It shrinks Gram matrix based on ETF
theory.Themethod canminimize the globalmutual coherent
coefficient of TSCMM by adjusting the eigenvalues above
zero to the average value of the sumof these eigenvalues with-
out changing the sum. After performing alternating mini-
mization, the optimized measurement matrix can be con-
structed from the output Gram matrix with a rank revealing
QR factorization with eigenvalue decomposition.

Theorem 1. Given a measurement matrix Φ = R𝑚×𝐿 and
representing matrix Θ = R𝑛×𝑚, there exists a matrix 𝐷 =ΘΦ and Gram matrix 𝐺 = 𝐷𝑇𝐷, where 𝐷 is the column
normalization from𝐷. If the real positive definite matrix𝐺 has𝜆𝑘 > 0 (𝑘 = 1 ∼ 𝑚), the following equality ∑𝑚𝑘=1 𝜆𝑘 = 𝑛 and∑𝑚𝑘=1(𝜆𝑘)2 = ∑𝑛𝑖,𝑗=1(⟨�̃�𝑖, �̃�𝑗⟩)2, where �̃�𝑖 (𝑖 = 1 ∼ 𝑛) is the
column of 𝐷 which is obtained.

Based on Theorem 1, to minimize the largest absolute
values of the off-diagonals in the correspondingGrammatrix,
we can determine the eigenvalues of Gram matrix by solving
the following optimization problems:

min ∑
𝑖 ̸=𝑗

(𝑔𝑖𝑗)2 = 𝑚∑
𝑘=1

(𝜆𝑘)2 − 𝑛∑
𝑖=1

(𝑔𝑖𝑗)2
s.t. 𝑚∑

𝑘=1

𝜆𝑘 = 𝑛, (15)

where 𝑔𝑖𝑗 is the element of Gram matrix. The optimization
problem (15) is to minimize the square sum of the element
of Gram matrix if the sum of the characteristic value 𝜆𝑘
remains constant. Though the eigenvalue decomposition of
Gram matrix has 𝜆𝑘 > 0, the value 𝑛/𝑚 has been gradually
approaching to minimize the square sum of ∑𝑚𝑘=1(𝜆𝑘)2.
Because real symmetric matrix eigenvalue decomposition is
orthogonal, the square sum of nondiagonal elements from
Gram matrix gradually decreases and further it attains the
effect as follows:

min ∑
𝑖 ̸=𝑗

(𝑔𝑖𝑗)2 = 𝑚∑
𝑘=1

( 𝑛𝑚)2 = 𝑛. (16)

Finally, 𝐷 is obtained after several iterations, which is also
the optimal Gram matrix 𝐺best.

3.3. The Orthogonal Gradient Descent Approach. According
to the definition of Grammatrix, Grammatrix is the product
of measurement matrix and sparse matrix. Therefore, the
optimalmeasurementmatrix can be directly derived from the
optimal Gram matrix. However, as for overcomplete sparse
representation based on redundant dictionary, it is very hard
to design an effective algorithm to construct measurement
matrix. In order to solve this problem, orthogonal gradient
descent method is employed to get the optimal measurement
matrix Θbest.

If the optimal Gram matrix 𝐺best is obtained, the optimal
measurement matrix Θbest is as follows:Θbest = argmin 𝐺best − Θ𝑇Θ𝐹 ≜ 𝐹 (Θ) . (17)

And then the complex problem from optimal Gram
matrix𝐺best is transformed into simpleminimumof𝐹(Θ). By
determining the derivative of𝐹(Θ), a skew-symmetricmatrix𝑊 with the measurement matrix Θ and the gradient matrix∇𝐹 is used to obtain revision factor:∇𝐹 (Θ) = Θ (Θ𝑇Θ − 𝐺best) ,𝑊 (Θ, ∇𝐹) = Θ𝑇 (∇𝐹) − (∇𝐹)𝑇Θ. (18)

Next, if 𝐼 is identity matrix, the orthogonal matrix 𝑆 can
be expressed through the Cayley transform to ensure the
positive definiteness of the revision factor:𝑆 = (𝐼 − 𝑊) (𝐼 + 𝑊)−1 . (19)

The orthogonal gradient factor matrix Δ can be obtained
to update the gradient direction:Δ = ∇𝐹 + (∇𝐹) 𝑆 = ∇𝐹 (𝑆 + 𝐼) . (20)

Combining (19) and (20), (21) can be rewritten as follows:Δ = ∇𝐹 (𝐼 + (𝐼 − 𝑊) (𝐼 + 𝑊)−1) , (21)Δ = 2∇𝐹 (𝐼 + 𝑊)−1 . (22)

Finally, update measurement matrixΘ with the orthogo-
nal gradient factor matrix Δ:Θ ← Θ − 𝜂Δ. (23)

Because 𝜂 is updating ratio, 𝐹(Θ) gradually converges at
theminimumvalue.Then the optimalmeasurementmatrixΘ
is the goal of our pursuit. According to the linearity property
of Toeplitz measurement matrix [25],Θ satisfies J-L property
with overwhelming probability. FromTheorem 1, it has been
proven that J-L condition can replace RIP condition. So Θ
also satisfies RIP property with overwhelming probability.

The flow diagram of the proposed method will be given
as shown in Algorithm 1.

4. Experiments and Result Analysis

To illustrate the effectiveness of the proposed approach, the
most widely used hyperspectral images in unmixing, such
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Input: number of measurements𝑀, dictionary Ψ𝐿×𝑁, threshold 𝜉 = √(𝐿 − 𝑁)/𝑁(𝐿 − 1)
updating ratio 𝜂, number of iterations Iter1, Iter2
Initialization: Set Φ𝑀×𝑁 to be TSCMM.
Update: (1) Set the initial value of iteration 𝑘1 = 0.(2)Optimize Gram matrix

(a) Compute Gram matrix: 𝐺 = Θ𝑇Θ = Ψ𝑇Φ𝑇𝑘1Φ𝑘1Ψ;
(b) Normalize: 𝐺 = diag(1/√diag(𝐺)) ∗ 𝐺 ∗ diag(1/√diag(𝐺));
(c) Update the elements of Gram matrix 𝐺;(3) Optimize measurement matrix
(a) Set the initial value of iteration 𝑘2 = 0;
(b) Compute the orthogonal gradient factor matrix Δ 𝑘2 ;
(c) Update measurement matrix: Θ𝑘2 : Θ𝑘2 = Θ𝑘2 − 𝜂Δ 𝑘2 ;
(d) 𝑘2 = 𝑘2 + 1, if 𝑘2 = Iter2, stop; else, return to Step 3.2);(4)Compute measurement matrix Φ𝑘1 ;(5) 𝑘1 = 𝑘1 + 1, if 𝑘1 = Iter1, stop; else, return to Step (2).

Output: Φbest is the optimal measurement matrixΦIter1−1.
Further, SNR and reconstructed signal.

Algorithm 1: The flow diagram of the proposed method. Optimization of TSCMM.

as Cuprite, Urban, and Jasper Ridge, were selected in the
spectral range from 380 nm to 2500 nm; each channel band
width is up to 9.46 nm. All high-dimensional data is provided
by the standard hyperspectral library of 224 bands which
comes from [26]. To reduce complexity, there are only 128× 128 pixel blocks of original image which starts from the(0, 0)th pixel. Further, only 8 channels (from 11 to 81 bands
every 10 bands) were remained due to dense water vapor and
atmospheric effects.

In the course of the experiment, the signal sparsity
method is Fourier basis and reconstruction algorithm is
Stagewise Orthogonal Matching Pursuit (StOMP) [27]. Var-
ious kinds of measurement matrix (Circulant, Toeplitz,
Toeplitz-structured chaotic measurement matrix (TSCMM)
[23], Elad-Optimization Method (EOM) [7], and Duarte-
Carvajalino and Sapiro’s Method (Duarte-ETF) [10]) are
employed to illustrate the effectiveness of proposed approach
for hyperspectral unmixing.

To demonstrate the efficiency of these methods, tradi-
tional evaluation methods can generally be divided into two
categories: (1) subjective assessment and (2) objective evalu-
ation. Mean Squared Error (MSE) and Peak-Signal-to-Noise
Ratio (PSNR) as one of the most important indices from
objective evaluation determine the quality of recovery image,
while Cost Time (CT) verifies the efficiency of the proposed
approach. They all testify experiment results of recovery
signals, built on laptop with AthlonTM Processor 1.60G HZ,
1 GB RAM, Matlab 7.0, andWindows XP operation platform.

4.1. Cuprite. To illustrate the use of the hyperspectral anal-
ysis process, a sample scene covers the Cuprite mining
district in western Nevada, USA, from NASA’s Airborne
Visible/Infrared Imaging Spectrometer (AVIRIS) is provided.
The data provided here is one of the most widely used hyper-
spectral images in unmixing study.There are 210 wavelengths
ranging from 400 nm to 2500 nm, resulting in a spectral
resolution of 10 nm.

In Figure 5, the first image (Top) was taken in blue
light, the second image (middle) was taken in red light, and
the third image (bottom) was taken in near infrared light
centered at a wavelength of 750 nanometers.

Figure 5 presents the subjective evaluation by Circu-
lant, Toeplitz, TSCMM, EOM, Duarte-ETF, and proposed
method. Compared with other results, the performance from
Figure 5(b) is the worst. The reason is that the elements
from Circulant measurement matrix follow periodic rep-
etition permutation, which does not satisfy RIP property
with overwhelming probability. Figure 5(c) clearly demon-
strates that Toeplitz measurement matrix can avoid the
problem well. Because of the property of pseudo-random
of chaotic sequence, the performance from TSCMM has
further improved, as shown in Figure 5(d). The result from
Figures 5(e)–5(g) shows that there is a significant impact
on different bands using different optimization methods.
Near infrared image is less affected by dust and gas. Visible
blue channel has strong capability to penetrate water and
visible red channel can reflect the health status of plants.
Therefore, the sorted off-diagonal entries of themeasurement
matrix from EOM are likely more sparse and diagonal entries
are more concentrated. The results are clearly shown in
Figure 5(g) that the proposed approach had a significant
performance compared to any others and closely resembles
original image. Furthermore, the objective evaluations, which
include Mean Squared Error (MSE), Peak-Signal-to-Noise
Ratio (PSNR), and Cost Time (CT), can avoid artificial error
and draw compelling conclusion. The results can be clearly
seen fromdifferentmethods on recoveryCuprite, as shown in
Table 1.

Figure 5 andTable 1 report the recovery quality of the pro-
posed method on recovery Cuprite. The following observa-
tions are summarized: (1) of all evaluating indicators con-
sidered here, traditional Circulant had the worst perfor-
mance in both subjective and objective evaluations; (2) since
the introduction of Toeplitz, the performance gets major
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(1) 11

(2) 41 bands (128 × 128 pixels)

bands (128 × 128 pixels)

(3) 81 bands (128 × 128 pixels)

(a1) original (b1) Circulant (c1) Toeplitz (d1) TSCMM (e1) EOM (f1) Duarte-ETF (g1) Proposed

(a2) original (b2) Circulant (c2) Toeplitz (d2) TSCMM (e2) EOM (f2) Duarte-ETF (g2) Proposed

(a3) original (b3) Circulant (c3) Toeplitz (d3) TSCMM (e3) EOM (f3) Duarte-ETF (g3) Proposed

Figure 5:The subjective quality of different CSmeasurementmatrices, from left to right: (a) original, (b) Circulant, (c) Toeplitz, (d) TSCMM,
(e) EOM, (f) Duarte-ETF, and (g) proposed method.

Table 1: MSE and PSNR of different matrixes of recovery Cuprite.

Algorithm 11 bands (64 × 64 pixels) 41 bands (64 × 64 pixels) 81 bands (64 × 64 pixels)
PSNR MSE PSNR MSE PSNR MSE CT

Circulate 59.9634 0.0656 60.9680 0.0520 61.5821 0.0452 5.1070
Toeplitz 59.9634 0.0656 61.9375 0.0416 63.3173 0.0303 3.5506
TSCMM 60.0696 0.0640 61.9783 0.0412 63.3462 0.0301 1.7624
EOM 60.2806 0.0610 62.2337 0.0389 63.3962 0.0297 245.4345
Duarte-ETF 60.6304 0.0562 62.3788 0.0376 63.4082 0.0297 116.5994
Proposed 64.3532 0.0239 63.8856 0.0266 63.7179 0.0276 51.6191

improvement on image quality while improved Toeplitz-
structured matrix method (TSCMM) is slightly better than
classical Toeplitz matrix method; (3) EOM has significant
performance in image quality; however, the optimization
process is usually an iterative process, which is also a very
complicated and time-consuming process; (4) Duarte-ETF
has better contrast and lower computational complexity; (5)
the proposed method takes advantage of improved Toeplitz-
structured matrix to speed up the convergence speed and
improve traditional optimization method to better recovery
high-dimensional image. Experimental results show that the
proposed method has a better overall performance.

4.2. Urban. University of California Santa Barbara (UCSB)
built an urban spectral library for the Goleta/Santa Barbara
area.The hyperspectral data of Urban were acquired between
late May and early June, 2001, using an ASD full range
instrument on loan from the Jet Propulsion Laboratory.These
spectra of Urban are characterized by 499 roofs, 179 roads,

66 sidewalks, 56 parking lots, 40 road paints, 37 types of
vegetation, 47 types of nonphotosynthetic vegetation, 88 bare
soil and beach spectra, 27 acquired from tennis courts, and
50 more from miscellaneous surfaces.

Experiments on the hyperspectral data of Urban demon-
strate that the proposed scheme substantially improves the
reconstruction accuracy. Clearly it comes to the same con-
clusion from Figure 6 that, compared with the previous five
methods, the effect of proposed approach is obviously sup-
erior to any other methods and is the most similar to original
image.

To evaluate and compare the proposed method, the
following performance indices, such as Average Gradient
(AG), Edge-Intensity (EI), Figure Definition (FD), Gray
Mean (GM), StandardDeviation (SD), Space Frequency (SF),
Variance (VAR), and Structural Similarity (SSIM), were used.
It shows that the objective evaluation indices enhance the
experiment rigor and convincing. The results are shown in
Table 2.
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(1) 11 bands (64 × 64 pixels)

(3) 81 bands (64 × 64 pixels)

(2) 41 bands (64 × 64 pixels)

(a1) original (b1) Circulant (c1) Toeplitz (d1) TSCMM (e1) EOM (f1) Duarte-ETF (g1) Proposed

(a2) original (b2) Circulant (c2) Toeplitz (d2) TSCMM (e2) EOM (f2) Duarte-ETF (g2) Proposed

(a3) original (b3) Circulant (c3) Toeplitz (d3) TSCMM (e3) EOM (f3) Duarte-ETF (g3) Proposed

Figure 6:The subjective quality of different CSmeasurementmatrices, from left to right: (a) original, (b) Circulant, (c) Toeplitz, (d) TSCMM,
(e) EOM, (f) Duarte-ETF, and (g) proposed method.

The results of Table 2 show that the method has a higher
performance than traditional Toeplitz or Circulant matrix
method. Although improved Toeplitz-structured matrix
method (TSCMM) is slightly better than classical Toeplitz,
both classical optimization measurement matrix method
(EOM) and proposed method have significant performance
in image quality. Furthermore, the proposed method takes
advantage of improved Toeplitz-structured matrix to speed
up the convergence speed and improve traditional opti-
mization method to recover better high-dimensional image.
Experimental results show that the proposed method has a
better overall performance.

4.3. Jasper Ridge. The hyperspectral image of Jasper Ridge
was obtained on June 2, September 4, and October 6, 1992,
whichwas calibrated to surface reflectance.The imagewas the
most popular source to analyze with spectral mixture anal-
ysis using library endmembers representing green foliage,
nonphotosynthetic vegetation, and soils characteristic of the
site. Field-based vegetation was obtained fromUSGeological
Service.

From Figure 7, it is obvious that the worst effects from
traditional Circulant have reached being almost intolerable.
While the results from TSCMM and Toeplitz are almost
similar, the former has only slight improvement compared
to the latter. On the other hand, the performance of the
proposed approach was significantly improved compared to
that of EOM or Duarte-ETF. The study concluded that the
proposed approach had a significant performance compared
to that of others. Furthermore, the objective evaluations are

shown inTable 3.The results can be clearly seen fromdifferent
methods on recovery Jasper Ridge.

The results of Table 3 show that the proposed method
has a higher performance than traditional Toeplitz or Circu-
lant matrix method. TSCMM takes advantage of improved
Toeplitz-structuredmatrix to speedup the convergence speed
and improve traditional Toeplitz or Circulant matrix method
to recover better high-dimensional data. Although EOM
has the lower column coherence and faster convergence, it
weakens RIP condition and causes recovery performance
degradation. While the absolute values from Duarte-ETF
concentrate around mutual coherence, this can make the
equivalent dictionary as close as possible to an ETF. But this
algorithm has high computational complexity. Furthermore,
experimental results from the proposed method show that
the proposed method has a better overall performance.

4.4. Hyperspectral Unmixing. The fourth experiment per-
forms an experimental evaluation of the accuracy of the
standard hyperspectral unmixing districts known as Cuprite
[28]. To reduce complexity, there are only 188 channels
(3–103, 114–147, and 168–220 bands) that were remained due
to dense water vapor and atmospheric effects. In the course
of the experiment, the signal sparsity method is Fourier basis
and reconstruction algorithm is StOMP.

The results are shown in Figure 8 for hyperspectral
unmixing and closely resemble those obtained from hyper-
spectral data. Figure 8 compares the unmixing performance
of the proposed method with different endmembers and the
abundance from different endmembers is totally dissimilar.
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Table 3: The objective evaluations of different matrixes of recovery Jasper Ridge.

Algorithm 11 bands (64 × 64) 81 bands (64 × 64) 151 bands (64 × 64)
SNR PSNR MSE SNR PSNR MSE SNR PSNR MSE CT

Circulate −6.0698 57.3412 0.1199 11.6699 60.0402 0.0644 3.3299 60.3823 0.0595 1.5304
Toeplitz 24.7566 70.7289 0.0055 29.4215 67.7497 0.0109 15.7386 65.7714 0.0172 1.5519
TSCMM 15.3473 66.6425 0.0141 33.9793 69.7291 0.0069 20.0693 67.6521 0.0112 1.4869
EOM 4.4853 61.9252 0.0417 35.0894 70.2112 0.0062 21.6750 68.3495 0.0095 78.8838
Duarte-ETF 24.7566 70.7289 0.0055 33.3205 69.4430 0.0074 17.2452 66.4257 0.0148 66.5711
Proposed 21.0504 69.1193 0.0080 54.9719 78.8460 8.48e − 04 42.2277 77.2754 0.0012 34.5743

(1) 11 bands (64 × 64 pixels)

(2) 81 bands (64 × 64 pixels)

(3) 151 bands (64 × 64 pixels)

(a2) original (b2) Circulant (c2) Toeplitz (d2) TSCMM (e2) EOM (f2) Duarte-ETF (g2) Proposed

(a1) original (b1) Circulant (c1) Toeplitz (d1) TSCMM (e1) EOM (f1) Duarte−ETF (g1) Proposed

(a3) original (b3) Circulant (c3) Toeplitz (d3) TSCMM (e3) EOM (f3) Duarte-ETF (g3) Proposed

Figure 7:The subjective quality of different CSmeasurementmatrices, from left to right: (a) original, (b) Circulant, (c) Toeplitz, (d) TSCMM,
(e) EOM, (f) Duarte-ETF, and (g) proposed method.

These features from the proposed method ensure clear and
accurate the abundances.

By accessing information from USGS Digital Spec-
tral Library [29], the unmixing performance has been
almost correct. Furthermore, different endmembers from
USGS 1995 Library [30] are used to verify that the prediction
model of hyperspectral unmixing scheme is accurate in
Figure 8.

Apparently, the proposed unmixing results (blue thin
thread) have a strong correlationwith these endmembers (red
thin thread) from USGS 1995 Library. From Figure 9(a), a
steep sloping line from Alunite suggests that the unmixing
endmember (blue thin thread) has remarkable similarity.
This same conclusion has been made in studies from Figures
9(d)–9(h). On the other hand, the unsatisfied results from
Figures 9(b) and 9(c) have been caused by smooth curve.
The proposed method has good accuracy and is robust to
traditional filtering, compression, cutting, and noise attack.

5. Conclusions

In this paper, to overcome the limitation of Toeplitz-
structured chaotic measurement matrix, an improved mea-
surement matrix has been carried out in the hyperspectral
unmixing process to achieve multiple endmembers of hyper-
spectral image. And in theory, it proves that this matrix
has retained the RIP property with overwhelming proba-
bility. Experimental results demonstrate that the proposed
method to design of measurement matrix leads to better CS
reconstruction performance with low extra computational
cost. Compared with some traditional measurement matrix,
an improved method has highest technical feasibility, lowest
computational complexity, and least computation time con-
sumption in the same recovery quality.The proposedmethod
can take the special advantage in hyperspectral unmixing
process and explore the practical satellite system to remote
sensing.
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(a) Alunite (b) Andradite (c) Pyrope

(d) Nontronite (e) Dumortierite (f) Kaolinite

(g) Chalcedony (h) Kaolinite (i) Buddingtonite

Figure 8: The results from different elements abundance in hyperspectral unmixing schemes.
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Figure 9: The comparison map between actual unmixing effect and endmember library.
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This paper presents an out space branch-and-bound algorithm for solving generalized affine multiplicative programs problem.
Firstly, by introducing new variables and constraints, we transform the original problem into an equivalent nonconvex programs
problem. Secondly, by utilizing new linear relaxation technique, we establish the linear relaxation programs problem of the
equivalent problem.Thirdly, based on the out space partition and the linear relaxation programs problem, we construct an out space
branch-and-bound algorithm. Fourthly, to improve the computational efficiency of the algorithm, an out space reduction operation
is employed as an accelerating device for deleting a large part of the investigated out space region. Finally, the global convergence
of the algorithm is proved, and numerical results demonstrate the feasibility and effectiveness of the proposed algorithm.

1. Introduction

The generalized affine multiplicative programs problem(GAMP) arises naturally in many practical applications
including management science, engineering optimization
design, optimal control, Euclidean geometry, economic plan-
ning, production planning, and combinatorial mathematics
[1, 2]. The problem (GAMP) usually contains many local

optimum points which are not global optimum solution,
so that important theoretical difficulties and computational
complexities exist. Therefore, it is very necessary to estab-
lish an effective algorithm for globally solving the problem(GAMP).

The mathematical modelling of the generalized affine
multiplicative programs problem is given as follows:

V = max 𝑓 (𝑦) = 𝑝∑
𝑖=1

( 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖)( 𝑛∑
𝑗=1

𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖)
s.t. 𝑦 ∈ 𝑌 = {𝑦 | 𝐴𝑦 ≤ 𝑏} ,

(GAMP)

where 𝑝 ≥ 2, 𝑐𝑖𝑗, 𝑒𝑖𝑗, 𝑑𝑖, 𝑓𝑖 ∈ 𝑅, 𝑖 = 1, . . . , 𝑝, 𝑗 = 1, . . . , 𝑛.
In the last decades, many algorithms have been intended

for solving the generalized linear multiplicative program-
ming problem, such as parametric simplex algorithms [3, 4],

quadratic programming algorithms [5–9], rectangle branch-
and-bound algorithms [10, 11], approximate algorithms [12,
13], finite algorithm [14], outcome space algorithm [15], cut-
ting plane algorithm [16], heuristic algorithm [17],monotonic
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optimization algorithms [18, 19], and simplicial branch-and-
bound algorithm [20]. Although there exist some algorithms
which can be used to solve the generalized linear multi-
plicative programming problem, as far as we know, it is still
necessary to propose a more efficient algorithm for globally
solving (GAMP).

In this paper, we shall present an effective algorithm for
globally solving (GAMP). First of all, we transform (GAMP)
into an equivalent problem (EQ). Secondly, by utilizing the
new linear relaxation technique, we systematically convert(EQ) into a series of linear relaxation programs problems,
which can infinitely approximate the global optimal solution
of (EQ) by a successive partition. Thirdly, based on the out
space partition and the linear relaxation programs problem,
we construct an out space branch-and-bound algorithm.
In this algorithm, the proposed branching operation takes
place in 𝑅𝑝, rather than 𝑅𝑛 or 𝑅2𝑝; this economizes the
required computation. Fourthly, to improve the computa-
tional efficiency of the algorithm, an out space reduction
operation is employed as an accelerating device for deleting
a large part of the investigated out space region. Finally,
the global convergence of the algorithm is proved, and
numerical experimental results demonstrate the feasibility
and effectiveness of the proposed algorithm.

This paper is organized as follows. In Section 2, by
introducing new variables and constraints, we establish the
equivalent problem (EQ) of the initial problem (GAMP).
Next, by utilizing the linearization technique, we derive the
linear relaxation programming problem of (EQ), which can
provide a reliable upper bound for the global optimal value
of the (EQ). In Section 3, an out space region reduction oper-
ation is introduced, and by combining this operation with
bounding technique, an out space accelerating branch-and-
bound algorithm is established and its global convergence is
proved. Section 4 presents the numerical experimental results
obtained by solving some test examples. Finally, the some
concluding remarks of this paper are elaborated.

2. Equivalent Problem and
Its Linear Relaxation

In this section, we will convert the problem (GAMP) into
an equivalent nonconvex problem (EQ). Since∑𝑛𝑗=1 𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖
and ∑𝑛𝑗=1 𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖 are all finite affine functions defined in 𝑌,
there exist positive constant numbers 𝑀𝑖 and 𝑁𝑖 such that∑𝑛𝑗=1 𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖 + 𝑀𝑖 > 0 and ∑𝑛𝑗=1 𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖 + 𝑁𝑖 > 0 for any𝑦 ∈ 𝑌. Therefore, in the following, without loss of generality,
we can assume that∑𝑛𝑗=1 𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖 ≥ 0 and∑𝑛𝑗=1 𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖 ≥ 0
for all 𝑦 ∈ 𝑌.

Without loss of generality, we let

𝐿0𝑖 = min
𝑦∈𝑌

( 𝑛∑
𝑗=1

𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖) ,
𝑈0𝑖 = max

𝑦∈𝑌
( 𝑛∑
𝑗=1

𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖) ,
𝑖 = 1, . . . , 𝑝.

(1)

Define the set 𝑍0 = {𝑧 ∈ 𝑅𝑝 | 𝐿0𝑖 ≤ 𝑧𝑖 ≤ 𝑈0𝑖 , 𝑖 = 1, . . . , 𝑝}.
For any 𝑦 ∈ 𝑌 and 𝑧 ∈ 𝑍0, define the function 𝑔(𝑦, 𝑧) =∑𝑝𝑖=1[𝑧𝑖(∑𝑛𝑗=1 𝑐𝑖𝑗𝑦𝑗+𝑑𝑖)], and consider the following equivalent
problem:

max 𝑔 (𝑦, 𝑧) = 𝑝∑
𝑖=1

[
[𝑧𝑖(

𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖)]]
s.t.

𝑛∑
𝑗=1

𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖 − 𝑧𝑖 ≥ 0, 𝑖 = 1, . . . , 𝑝,
𝑦 ∈ 𝑌,
𝑧 ∈ 𝑍0.

(EQ)

Obviously, if (𝑦∗, 𝑧∗) is a global optimal solution for (EQ),
then 𝑦∗ is a global optimal solution for (GAMP), and 𝑧∗𝑖 =∑𝑛𝑗=1 𝑒𝑖𝑗𝑦∗𝑗 + 𝑓𝑖, 𝑖 = 1, . . . , 𝑝. If 𝑦∗ is a global optimal solution
for (GAMP), then (𝑦∗, 𝑧∗) is a global optimal solution for(EQ), where 𝑧∗𝑖 = ∑𝑛𝑗=1 𝑒𝑖𝑗𝑦∗𝑗 + 𝑓𝑖, 𝑖 = 1, . . . , 𝑝.

In the following, themain computation is to globally solve(EQ). Next, we will construct the linear relaxation programs
problem of (EQ), which can provide the upper bounds for(EQ) in the proposed branch-and-bound algorithm. Assume
that 𝑍 = {𝑧 ∈ 𝑅𝑝 | 𝐿 𝑖 ≤ 𝑧𝑖 ≤ 𝑈𝑖, 𝑖 = 1, . . . , 𝑝} ⊆ 𝑍0. And
without loss of generality, let

𝑇+𝑖 = {𝑗 | 𝑐𝑖𝑗 ≥ 0, 𝑗 = 1, . . . , 𝑛} ,
𝑇−𝑖 = {𝑗 | 𝑐𝑖𝑗 < 0, 𝑗 = 1, . . . , 𝑛} ,
𝐷+𝑖 = {𝑖 | 𝑑𝑖 ≥ 0, 𝑖 = 1, . . . , 𝑝} ,
𝐷−𝑖 = {𝑖 | 𝑑𝑖 < 0, 𝑖 = 1, . . . , 𝑝} .

(2)

Then the linear relaxation programs (𝑈𝑍) of (EQ) in𝑍 can be
given as follows:

𝑢𝑍 = max
𝑝∑
𝑖=1

(∑
𝑇+
𝑖

𝑈𝑖𝑐𝑖𝑗𝑦𝑗 +∑
𝑇−
𝑖

𝐿 𝑖𝑐𝑖𝑗𝑦𝑗) +∑
𝐷+
𝑖

𝑈𝑖𝑑𝑖
+∑
𝐷−
𝑖

𝐿 𝑖𝑑𝑖
s.t. 𝐿 𝑖 − ( 𝑛∑

𝑗=1

𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖) ≤ 0, 𝑖 = 1, . . . , 𝑝,
𝑦 ∈ 𝑌,

(𝑈𝑍)

where (EQ) in 𝑍 is defined by

V𝑍 = max 𝑔 (𝑦, 𝑧) = 𝑝∑
𝑖=1

𝑧𝑖( 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖)

s.t. ( 𝑛∑
𝑗=1

𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖) − 𝑧𝑖 ≥ 0,
𝑖 = 1, . . . , 𝑝,

𝑦 ∈ 𝑌,
𝑧 ∈ 𝑍 ⊆ 𝑍0.

(EQ𝑍)
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Theorem 1. (i) For any 𝑍 ⊆ 𝑍0, one has 𝑢𝑍 ≥ V𝑍. (ii) If 𝑍 ={𝑧 ∈ 𝑅𝑝 | 𝐿 ≤ 𝑧 ≤ 𝑈} ⊆ 𝑍 and 𝑍 ̸= 0, then 𝑢𝑍 ≤ 𝑢𝑍.
Proof. (i) If V𝑍 = −∞, then we can easily obtain 𝑢𝑍 = −∞; it
is obvious that 𝑢𝑍 ≥ V𝑍, if V𝑍 is finite and achieved. Denote by(𝑦, 𝑧) a global optimal solution for (EQ𝑍).Then 𝑦 ∈ 𝑌, 𝑧 ∈ 𝑍.
For each 𝑖 ∈ {1, . . . , 𝑝}, we have 𝐿 𝑖 ≤ 𝑧𝑖 ≤ 𝑈𝑖.Therefore, we
have
𝑝∑
𝑖=1

𝑧𝑖( 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖) ≤ 𝑝∑
𝑖=1

(∑
𝑇+
𝑖

𝑈𝑖𝑐𝑖𝑗𝑦𝑗 +∑
𝑇−
𝑖

𝐿 𝑖𝑐𝑖𝑗𝑦𝑗)
+∑
𝐷+
𝑖

𝑈𝑖𝑑𝑖 +∑
𝐷−
𝑖

𝐿 𝑖𝑑𝑖.
(3)

Since (𝑦, 𝑧) is a global optimal solution for (EQ𝑍), it follows
that

V𝑍 = 𝑝∑
𝑖=1

𝑧𝑖( 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖) . (4)

Since 𝑦 is a feasible solution for (𝑈𝑍),
𝑢𝑍 ≥ 𝑝∑
𝑖=1

(∑
𝑇+
𝑖

𝑈𝑖𝑐𝑖𝑗𝑦𝑗 +∑
𝑇−
𝑖

𝐿 𝑖𝑐𝑖𝑗𝑦𝑗) +∑
𝐷+
𝑖

𝑈𝑖𝑑𝑖 +∑
𝐷−
𝑖

𝐿 𝑖𝑑𝑖. (5)

By the above discussions, we have 𝑢𝑍 ≥ V𝑍.
(ii) Let𝑍 = {𝑧 ∈ 𝑅𝑝 | 𝐿 ≤ 𝑧 ≤ 𝑈} ⊆ 𝑍 and𝑍 ̸= 0; we have

the following conclusions.
If (𝑈𝑍) is infeasible, then we can easily prove that (𝑈𝑍) is

also infeasible; the conclusion is obvious.
If (𝑈𝑍) is feasible, since 𝑌 is compact set, then 𝑢𝑍 is finite.

If (𝑈𝑍) is infeasible, then 𝑢𝑍 = −∞ < 𝑢𝑍. Thus, in the
following, we assume that (𝑈𝑍) is feasible, then 𝑢𝑍 is finite,
and there exists a point 𝑦 ∈ 𝑌 such that 𝐿𝑖 ≤ ∑𝑛𝑗=1 𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖,𝑖 = 1, . . . , 𝑝. And
𝑢𝑍 = 𝑝∑
𝑖=1

(∑
𝑇+
𝑖

𝑈𝑖𝑐𝑖𝑗𝑦𝑗 +∑
𝑇−
𝑖

𝐿𝑖𝑐𝑖𝑗𝑦𝑗) +∑
𝐷+
𝑖

𝑈𝑖𝑑𝑖 +∑
𝐷−
𝑖

𝐿𝑖𝑑𝑖. (6)

By 𝑍 ⊆ 𝑍, we have 0 < 𝐿 𝑖 ≤ 𝐿𝑖 ≤ 𝑈𝑖 ≤ 𝑈𝑖, 𝑖 = 1, . . . , 𝑝. It
follows that 𝑦 is a feasible solution of problem (𝑈𝑍) and
𝑢𝑍 ≤ 𝑝∑
𝑖=1

(∑
𝑇+
𝑖

𝑈𝑖𝑐𝑖𝑗𝑦𝑗 +∑
𝑇−
𝑖

𝐿 𝑖𝑐𝑖𝑗𝑦𝑗) +∑
𝐷+
𝑖

𝑈𝑖𝑑𝑖 +∑
𝐷−
𝑖

𝐿 𝑖𝑑𝑖. (7)

Since 𝑦 is a feasible solution of (𝑈𝑍), we have
𝑢𝑍 ≥ 𝑝∑
𝑖=1

(∑
𝑇+
𝑖

𝑈𝑖𝑐𝑖𝑗𝑦𝑗 +∑
𝑇−
𝑖

𝐿 𝑖𝑐𝑖𝑗𝑦𝑗) +∑
𝐷+
𝑖

𝑈𝑖𝑑𝑖 +∑
𝐷−
𝑖

𝐿 𝑖𝑑𝑖. (8)

By the above discussions, we have 𝑢𝑍 ≥ 𝑢𝑍, and the proof is
completed.

ByTheorem 1, (𝑈𝑍) can provide the valid upper bound for(EQ𝑍).

3. Algorithm and Its Convergence

In this section, we shall present a branch-and-bound algo-
rithm for solving (EQ).The critical operation in guaranteeing
the global convergence of the proposed algorithm is the
selection of a suitable branching technique. In this paper, we
choose a simple bisection method. For any selected rectangle𝑍 = {𝑧 ∈ 𝑅𝑝 | �̂� 𝑖 ≤ 𝑧𝑖 ≤ �̂�𝑖, 𝑖 = 1, . . . , 𝑝} ⊆ 𝑍0, this
branching rule is given as follows:

(1) Let �̂�𝑘 − �̂�𝑘 = max{�̂�𝑖 − �̂� 𝑖 | 𝑖 = 1, . . . , 𝑝}.
(2) Let

𝑍1 = {𝑧 ∈ 𝑅𝑝 | �̂� 𝑖 ≤ 𝑧𝑖 ≤ �̂�𝑖, 𝑖 = 1, . . . , 𝑝, 𝑖 ̸= 𝑘; �̂�𝑘
≤ 𝑧𝑘 ≤ 12 (�̂�𝑘 + �̂�𝑘)} ,

𝑍2 = {𝑧 ∈ 𝑅𝑝 | �̂� 𝑖 ≤ 𝑧𝑖 ≤ �̂�𝑖, 𝑖 = 1, . . . , 𝑝, 𝑖
̸= 𝑘; 12 (�̂�𝑘 + �̂�𝑘) ≤ 𝑧𝑘 ≤ �̂�𝑘} .

(9)

3.1. New Region Reduction Operation. For any rectangle𝑍𝑘 ⊆𝑍0, during the process of iteration, we want to recognize
whether or not𝑍𝑘 contains a global optimal solution of (EQ).
The proposed new reduction operation aims at replacing the
rectangle𝑍𝑘 = [𝐿𝑘, 𝑈𝑘]with a smaller rectangle𝑍 = [𝐿, 𝑈]
without deleting any global optimal solution of (EQ).

Without loss of generality, we can assume that 𝐿𝐵𝑘 is a
known lower bound of the optimal value for EQ(𝑍0) and that
V(𝑍) is the maximum value of 𝑔(𝑦, 𝑧) over 𝑍 and 𝑌, and let

𝑙0𝑖 = min
𝑦∈𝑌

( 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖) , 𝑖 = 1, 2, . . . , 𝑝,

𝑢0𝑖 = max
𝑦∈𝑌

( 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖) , 𝑖 = 1, 2, . . . , 𝑝,

𝑅𝑈𝐵𝑘 = 𝑝∑
𝑖=1

𝑢0𝑖𝑈𝑘𝑖 ,

𝜌𝑘𝑖 = 𝐿𝐵𝑘 − 𝑅𝑈𝐵𝑘 + 𝑢0𝑖𝑈𝑘𝑖𝑢0𝑖 , 𝑖 = 1, 2, . . . , 𝑝.

(10)

Theorem 2. For any subrectangle 𝑍𝑘 = (𝑍𝑘𝑖 )𝑝×1 = [𝐿𝑘𝑖 ,𝑈𝑘𝑖 ]𝑝×1 ⊆ 𝑍0, the following conclusions hold:
(i) If 𝑅𝑈𝐵𝑘 < 𝐿𝐵𝑘, then there is no global optimal solution

of EQ(𝑍0) over 𝑍𝑘.
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(ii) If 𝑅𝑈𝐵𝑘 ≥ 𝐿𝐵𝑘, then, for each 𝑠 ∈ {1, 2, . . . , 𝑝}, there
is no global optimal solution of the EQ(𝑍0) over 𝑍𝑘,
where

𝑍𝑘 = (𝑍𝑘𝑖 )𝑝×1 ⊆ 𝑍0

with 𝑍𝑘𝑖 = {{{
𝑍𝑘𝑖 , 𝑖 ̸= 𝑠, 𝑖 = 1, 2, . . . , 𝑝,
[𝐿𝑘𝑖 , 𝜌𝑘𝑖 ) ∩ 𝑍𝑘𝑖 𝑖 = 𝑠 ∈ {1, 2, . . . , 𝑝} .

(11)

Proof. (i) If 𝑅𝑈𝐵𝑘 < 𝐿𝐵𝑘, then we have

V (𝑍𝑘) = max
𝑧∈𝑍𝑘 ,𝑦∈𝑌

𝑝∑
𝑖=1

( 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖)𝑧𝑖

≤ 𝑝∑
𝑖=1

max
𝑧∈𝑍𝑘 ,𝑦∈𝑌

[
[(
𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖)𝑧𝑖]] = 𝑝∑
𝑖=1

𝑢0𝑖𝑈𝑘𝑖
= 𝑅𝑈𝐵𝑘 < 𝐿𝐵𝑘.

(12)

Therefore, there exists no global optimal solution of the
problem EQ(𝑍0) over 𝑍𝑘.

(ii) If 𝑅𝑈𝐵k ≥ 𝐿𝐵𝑘, then we have the following
conclusions.

For each 𝑠 ∈ {1, 2, . . . , 𝑝}, for any 𝑦 ∈ 𝑌 and 𝑧 ∈ 𝑍𝑘, and
for each 𝑖 = 1, 2, . . . , 𝑝, since

0 ≤ 𝑙0𝑖 ≤ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖 ≤ 𝑢0𝑖 ,
0 ≤ 𝐿𝑘𝑖 ≤ 𝑧𝑖 ≤ 𝑈𝑘𝑖 ,

𝑖 ̸= 𝑠,
0 ≤ 𝐿𝑘𝑠 ≤ 𝑧𝑠 ≤ 𝜌𝑘𝑠 , 𝑖 = 𝑠,

(13)

we have

V (𝑍𝑘) = max
𝑧∈𝑍𝑘,𝑦∈𝑌

[
[
𝑝∑
𝑖=1

( 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖)𝑧𝑖]]
≤ max
𝑧∈𝑍𝑘,𝑦∈𝑌

[
[
𝑝∑
𝑖=1,𝑖 ̸=𝑠

( 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖)𝑧𝑖]]
+ max
𝑧∈𝑍𝑘 ,𝑦∈𝑌

[
[(
𝑛∑
𝑗=1

𝑐𝑠𝑗𝑦𝑗 + 𝑑𝑠)𝑧𝑠]]
< 𝑝∑
𝑖=1,𝑖 ̸=𝑠

𝑢0𝑖𝑈𝑘𝑖 + 𝑢0𝑠𝜌𝑘𝑠
= 𝑅𝑈𝐵𝑘 − 𝑢0𝑠𝑈𝑘𝑠 + 𝐿𝐵𝑘 − (𝑅𝑈𝐵𝑘 − 𝑢0𝑠𝑈𝑘𝑠 )
= 𝐿𝐵𝑘.

(14)

Therefore, there exists no global optimization solution of
EQ(𝑍0) over 𝑍𝑘.

By Theorem 2, we can construct a new reduction opera-
tion to cut away a part of region in which the global optimal
solution of (EQ) does not exist. Assuming that a subrectangle

𝑍𝑘 = (𝑍𝑘𝑖 )𝑝×1 ⊆ 𝑍0 with 𝑍𝑘𝑖 = [𝐿𝑘𝑖 , 𝑈𝑘𝑖 ] (15)

will be compressed, then, according to Theorem 2, the origi-
nal rectangle 𝑍𝑘 should be replaced with a new subrectangle:

𝑍 = (𝑍𝑖)𝑝×1
with 𝑍𝑖 = [𝜌𝑘𝑖 , 𝑈𝑘𝑖 ] ∩ 𝑍𝑘𝑖 , 𝑖 ∈ {1, 2, . . . , 𝑝} .

(16)

Let 𝑈𝐵(𝑍𝑘) be the optimal value of (𝑈𝑍) in 𝑍𝑘; the basic
steps of the proposed algorithm are summarized as follows.

3.2. Algorithm Steps

Step 0. Initialize the iteration counter 𝑘 = 0, the active node
set Ω0 = {𝑍0}, the lower bound 𝐿𝐵0 = −∞, and the feasible
points set 𝐹 = 0.

Solve (𝑈𝑍0); obtain 𝑢𝑍0 and 𝑦(𝑍0). Set 𝑈𝐵0 = 𝑈𝐵(𝑍0) =𝑢𝑍0 , 𝑦𝑐 = 𝑦(𝑍0), and set 𝑧𝑐𝑖 = ∑𝑛𝑗=1 𝑒𝑖𝑗𝑦𝑐𝑗 + 𝑓𝑖 (𝑖 = 1, 2, . . . , 𝑝),𝐿𝐵0 = 𝑔(𝑦𝑐, 𝑧𝑐). Update 𝐹 = 𝐹 ∪ {(𝑦𝑐, 𝑧𝑐)}.
If 𝑈𝐵0 − 𝐿𝐵0 ≤ 𝜖, then the algorithm stops with (𝑦𝑐, 𝑧𝑐)

and 𝑦𝑐 as global optimal solutions of (EQ) and (GAMP),
respectively. Otherwise, proceed to next step.

Step 1. Use the proposed reduction operation to compress the
investigated rectangle 𝑍𝑘, and still represent remaining part
of the rectangle as 𝑍𝑘.
Step 2. Subdivide𝑍𝑘 into two subrectangles; denote byΘ𝑘 its
partitioning set.

For each 𝑍 ∈ Θ𝑘, solve (𝑈𝑍) to obtain 𝑈𝐵(𝑍) = 𝑢𝑍 and𝑦(𝑍). If 𝑈𝐵(𝑍) < 𝐿𝐵𝑘, then remove the subrectangle 𝑍 fromΘ𝑘, that is, Θ𝑘 fl Θ𝑘 \ 𝑍, and skip to next element of Θ𝑘.
If Θ𝑘 = 0, set 𝐿𝐵𝑘+1 = 𝐿𝐵𝑘, and go to Step 3. Otherwise,

set 𝑧𝑐𝑖 = 𝑧𝑖(𝑍) = ∑𝑛𝑗=1 𝑒𝑖𝑗𝑦𝑗(𝑍) + 𝑓𝑖, 𝑖 = 1, 2, . . . , 𝑝, update𝐹 = 𝐹 ∪ {(𝑦(𝑍), 𝑧(𝑍))}, set 𝐿𝐵𝑘+1 = max(𝑦,𝑧)∈𝐹𝑔(𝑦, 𝑧), and
denote by (𝑦𝑐, 𝑧𝑐) = argmax(𝑦,𝑧)∈𝐹𝑔(𝑦, 𝑧) the best known
feasible point.

Step 3. Denote by Ω𝑘+1 = (Ω𝑘 \ 𝑍𝑘) ∪ Θ𝑘 the remaining
partition set. We can obtain a new upper bound 𝑈𝐵𝑘 fl
inf𝑍∈Ω𝑘+1𝑈𝐵(𝑍).
Step 4. Fathom any nonimproving nodes by setting Ω𝑘+1 =Ω𝑘 \ {𝑍 : 𝑈𝐵(𝑍) − 𝐿𝐵 ≤ 𝜖, 𝑍 ∈ Ω𝑘}. If Ω𝑘+1 = 0, then stop:𝐿𝐵 is the optimal value of (EQ), and 𝑦𝑐 is a global 𝜖-optimal
solutions for (GAMP). Otherwise, set 𝑘 = 𝑘+ 1 and return to
Step 1.

3.3. Convergence of the Algorithm. In this subsection, the
convergence of the algorithm is given.

Theorem3. If the algorithm is finite, upon termination, we can
obtain the 𝜖-global optimal solutions for the problems (EQ) and
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(GAMP), respectively. If the algorithm is infinite, for each 𝑘 ≥0, denote by 𝑦𝑘 the incumbent solution of (GAMP), which is
found at the end of iteration 𝑘. Then, lim𝑘→∞𝑦𝑘 = 𝑦∗ will a
global optimal solution for (GAMP).
Proof. If the algorithm is finite, then the algorithm terminates
at iteration 𝑘, 𝑘 ≥ 0. By the termination condition of the
algorithm and the updating method of the upper bound, it
can follow easily that the conclusion is obvious.

If the algorithm is infinite, then, it generates a sequence
of incumbent solutions for problem (EQ), which may be
denoted by {(𝑦𝑘, 𝑧𝑘)}. For each 𝑘 ≥ 1, (𝑦𝑘, 𝑧𝑘) is found by
solving problem (𝑈𝑍𝑘), for some rectangle 𝑍𝑘 ⊆ 𝑍0, for an
optimal solution 𝑦𝑘 ∈ 𝑌, and setting 𝑧𝑘𝑖 = ∑𝑛𝑗=1 𝑒𝑖𝑗𝑦𝑘𝑗 + 𝑓𝑖,𝑖 = 1, . . . , 𝑝. Therefore, the sequence {𝑦𝑘} consists of feasible
solutions for problem (GAMP). Let 𝑦∗ be an accumulation
point of {𝑦𝑘}, and without loss of generality we assume that
lim𝑘→∞𝑦𝑘 = 𝑦∗. Then, since 𝑌 is a compact set, 𝑦∗ ∈ 𝑌.
Furthermore, since {𝑦𝑘} is infinite, we may assume without
loss of generality that, for each 𝑘, 𝑍𝑘+1 ⊆ 𝑍𝑘. Since the
rectangles 𝑍𝑘, 𝑘 ≥ 1, are formed by rectangular bisection,
this implies that, for some point 𝑧∗ ∈ 𝑅𝑝, we have

lim
𝑘→∞

𝑍𝑘 = ⋂
𝑘

𝑍𝑘 = {𝑧∗} . (17)

Let 𝑍∗ = {𝑧∗} and, for each 𝑘, let 𝑍𝑘 be given by

𝑍𝑘 = {𝑧 ∈ 𝑅𝑝 | 𝐿𝑘 ≤ 𝑧 ≤ 𝑈𝑘} . (18)

For each 𝑘, from Step 2 of the algorithm,

𝑈𝐵 (𝑍𝑘) = 𝑢𝑍𝑘 . (19)

Since 𝑍𝑘+1 ⊂ 𝑍𝑘 ⊆ 𝑍0, for each 𝑘, by Theorem 1 and
Step 4, this implies that {𝑈𝐵(𝑍𝑘)} is a nonincreasing sequence
bounded by V. Therefore, lim𝑘→∞𝑈𝐵(𝑍𝑘) is a finite number
and satisfies

lim
𝑘→∞

𝑈𝐵(𝑍𝑘) ≥ V. (20)

For each 𝑘, from Step 1, 𝑈𝐵(𝑍𝑘) is equal to the optimal value
of problem (𝑈𝑍𝑘) given by

max
𝑝∑
𝑖=1

(∑
𝑇+
𝑖

𝑈𝑘𝑖 𝑐𝑖𝑗𝑦𝑗 +∑
𝑇−
𝑖

𝐿𝑘𝑖 𝑐𝑖𝑗𝑦𝑗) +∑
𝐷+
𝑖

𝑈𝑘𝑖 𝑑𝑖
+∑
𝐷−
𝑖

𝐿𝑘𝑖𝑑𝑖

s.t. 𝐿𝑘𝑖 − ( 𝑛∑
𝑗=1

𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖) ≤ 0, 𝑖 = 1, . . . , 𝑝,
𝑦 ∈ 𝑌,

(𝑈𝑍𝑘)

and 𝑦𝑘 is an optimal solution for this problem. By the
branching technique, we have

lim
𝑘→∞

𝐿𝑘 = lim
𝑘→∞

𝑈𝑘 = {𝑧∗} = 𝑍∗. (21)

Since lim𝑘→∞𝑦𝑘 = 𝑦∗, 𝐿𝑘𝑖 ≤ ∑𝑛𝑗=1 𝑒𝑖𝑗𝑦𝑘𝑗 + 𝑓𝑖 ≤ 𝑈𝑘𝑖 and
the continuity of (∑𝑛𝑗=1 𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖), for each 𝑖 = 1, . . . , 𝑝,∑𝑛𝑗=1 𝑒𝑖𝑗𝑦∗𝑗 + 𝑓𝑖 = 𝑧∗𝑖 . This implies that (𝑦∗, 𝑧∗) is a feasible
solution for (EQ). Therefore, 𝑔(𝑦∗, 𝑧∗) ≤ V. Combing (20),
we obtain that

𝑔 (𝑦∗, 𝑧∗) ≤ V ≤ lim
𝑘→∞

𝑈𝐵 (𝑍𝑘) , (22)

since

lim
𝑘→∞

𝑈𝐵(𝑍𝑘) = lim
𝑘→∞

( 𝑝∑
𝑖=1

(∑
𝑇+
𝑖

𝑈𝑘𝑖 𝑐𝑖𝑗𝑦𝑘𝑗 +∑
𝑇−
𝑖

𝐿𝑘𝑖 𝑐𝑖𝑗𝑦𝑘𝑗)

+∑
𝐷+
𝑖

𝑈𝑘𝑖 𝑑𝑖 +∑
𝐷−
𝑖

𝐿𝑘𝑖𝑑𝑖) = 𝑝∑
𝑖=1

𝑧∗𝑖 ( 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦∗𝑗 + 𝑑𝑖)
= 𝑔 (𝑦∗, 𝑧∗) .

(23)

From (22) and (23), since 𝑈𝐵(𝑍𝑘) = 𝑈𝐵𝑘, we have
lim𝑘→∞𝑈𝐵𝑘 = V = 𝑔(𝑦∗, 𝑧∗). Therefore, (𝑦∗, 𝑧∗) is a global
optimal solution for (EQ). By Theorem 1, this implies that𝑦∗ is a global optimal solution for (GAMP). The proof is
complete.

4. Numerical Experiments

To verify the performance of the proposed algorithm, some
test problems are implemented on an Intel(R) Core(TM)2
Duo CPU (1.58GHZ) microcomputer. The algorithm is
coded in C++, and each linear programs problem is solved by
simplex method in our experiments. These test problems are
given in the following, and their numerical results are listed
in Tables 1 and 2.

Example 1 (see [14]). One has

max (3𝑦1 + 5𝑦2 + 3𝑦3 + 50)
× (3𝑦1 + 4𝑦2 + 5𝑦3 + 50) + (3𝑦1 + 4𝑦2 + 50)
× (4𝑦1 + 3𝑦2 + 2𝑦3 + 50)
+ (4𝑦1 + 2𝑦2 + 4𝑦3 + 50)
× (5𝑦1 + 4𝑦2 + 3𝑦3 + 50)

s.t. 6𝑦1 + 3𝑦2 + 3𝑦3 ≤ 10,
10𝑦1 + 3𝑦2 + 8𝑦3 ≤ 10,
𝑦1, 𝑦2, 𝑦3 ≥ 0.

(24)
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Table 1: Computational results of Examples 1 and 2.

Example Ref. Optimal solution Optimal value Iteration 𝜖 Time(s)

Example 1 This paper (0, 3.33333, 0) 11611.1 2 10−6 0.0065
[14] (0, 3.33333, 0) 11611.1 2 10−6 0.0074

Example 2 This paper (0, 0.625, 1.875) 14214.8 1 10−6 0.0198
[14] (0, 0.625, 1.875) 14214.8 2 10−6 0.0228

Table 2: Numerical results for Example 3.

𝑛 𝑝 Time(s)
10 10 0.0285
20 10 0.0192
30 10 0.0279
30 30 0.0590
30 40 0.1102
30 50 0.0945
35 50 0.1283
40 50 0.2423
50 50 0.2899

Example 2 (see [14]). One has

max (4𝑦1 + 3𝑦2 + 3𝑦3 + 50) × (3𝑦2 + 3𝑦3 + 50)
+ (3𝑦1 + 4𝑦3 + 50) × (4𝑦1 + 4𝑦2 + 5𝑦3 + 50)
+ (𝑦1 + 2𝑦2 + 5𝑦3 + 50)
× (𝑦1 + 5𝑦2 + 5𝑦3 + 50)
+ (𝑦1 + 2𝑦2 + 4𝑦3 + 50) × (5𝑦2 + 4𝑦3 + 50)

s.t. 2𝑦1 + 𝑦2 + 5𝑦3 ≤ 10,
𝑦1 + 6𝑦2 + 3𝑦3 ≤ 10,
5𝑦1 + 9𝑦2 + 2𝑦3 ≤ 10,
9𝑦1 + 7𝑦2 + 3𝑦3 ≤ 10,
𝑦1, 𝑦2, 𝑦3 ≥ 0.

(25)

In Table 1, the notations have been used for column
headers: iteration, number of iterations; time: execution
time(s) of the algorithm in seconds.

Example 3. One has

max
𝑝∑
𝑖=1

( 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑦𝑗 + 𝑑𝑖)( 𝑛∑
𝑗=1

𝑒𝑖𝑗𝑦𝑗 + 𝑓𝑖)
s.t. 0 ≤ 𝑦𝑗 ≤ 𝛾𝑗, 𝑗 = 1, . . . , 𝑛,

(26)

where 𝑐𝑖𝑗, 𝑒𝑖𝑗, 𝑑𝑖, 𝑓𝑖, 𝑖 = 1, . . . , 𝑝, 𝑗 = 0, 1, . . . , 𝑛 are randomly
generated between 0 and 1; 𝛾𝑗 (𝑗 = 1, . . . , 𝑛) were randomly
generated between 0 and 16.

Numerical results for Example 3 are given in Table 2,
where the convergence tolerance is set to 𝜖 = 10−6.

FromTables 1 and 2, it is seen that the proposed algorithm
in this paper can be used to globally solve the problem(GAMP) with the effectiveness and robustness.

5. Concluding Remarks

In this article, an out space accelerating branch-and-bound
algorithm is presented for globally solving the generalized
affine multiplicative programs problem (GAMP). First of
all, we transform the (GAMP) into an equivalent problem(EQ). By utilizing the new linear relaxation technique, we
systematically convert (EQ) into a series of linear relaxation
programs problems, which can infinitely approximate the
global optimal solution of (EQ) by a successive partition.
To improve the computational efficiency of the algorithm,
we introduce an out space reduction operation, which offers
a theoretical possibility of reducing a large part of the
investigated out space region and which can be seen as an
accelerating device for improving the convergent speed of
the proposed algorithm. By combining the established linear
relaxed programs problem with the new reduction operation
in a branch-and-bound framework, we design an out space
accelerating algorithm for effectively solving (GAMP). By
subsequently dividing the initial rectangle and subsequently
solving a series of linear relaxed programs problems, the
presented algorithm is convergent to the global minimum of(GAMP). Compared with the known algorithms, numerical
results demonstrate that the proposed algorithm has higher
computational efficiency.
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In this study, we propose an effective algorithm for globally solving the sum of linear ratios problems. Firstly, by introducing new
variables, we transform the initial problem into an equivalent nonconvex programming problem. Secondly, by utilizing direct
relaxation, the linear relaxation programming problem of the equivalent problem can be constructed. Thirdly, in order to improve
the computational efficiency of the algorithm, an out space pruning technique is derived, which offers a possibility of pruning a large
part of the out space region which does not contain the optimal solution of the equivalent problem. Fourthly, based on out space
partition, by combining bounding technique and pruning technique, a new out space branch-and-bound algorithm for globally
solving the sum of linear ratios problems (SLRP) is designed. Finally, numerical experimental results are presented to demonstrate
both computational efficiency and solution quality of the proposed algorithm.

1. Introduction

Sum of linear ratios problems (SLRP) have broad wide
applications in information technology, control science and
engineering, transportation design, government plan, econ-
omy and finance [1–5], and so on. In these applications,
especially, the number of linear ratios is usually less than
four or five. In addition, due to the fact that the sum of
linear ratios problems (SLRP) possess generally multiple
local optimal solutions that are not globally optimal, the
kinds of problems pose significant theoretical difficulty and
computational complexity. Therefore, they have attracted
interest of many researchers and practitioners.

In this paper, we will investigate the following sum of
linear ratios problems:

(SLRP) : V = max𝐺 (𝑦) = 𝑝∑
𝑖=1

𝜑𝑖 (𝑦)𝜙𝑖 (𝑦)
s.t. 𝑦 ∈ Λ ≜ {𝑦 ∈ 𝑅𝑛 | 𝐴𝑦 ≤ 𝑏, 𝑦 ≥ 0} ,

(1)

where 𝐴 ∈ 𝑅𝑚×𝑛, 𝑏 ∈ 𝑅𝑚, 𝜑𝑖(𝑦), and 𝜙𝑖(𝑦) are all affine
functions, Λ is a nonempty bounded constraint set, and for
any 𝑦 ∈ Λ, 𝜙𝑖(𝑦) ̸= 0, 𝑖 = 1, 2, . . . , 𝑝.

During the past two decades, with the assumption that
the denominator 𝜑𝑖(𝑦) ≥ 0 and the numerator 𝜙𝑖(𝑦) > 0
for any 𝑦 ∈ Λ, many optimization algorithms have been
developed for globally solving the sum of linear ratios prob-
lems (SLRP), for example, simplex algorithms, image space
algorithm, branch-and-bound algorithms, and monotonic
algorithm (see [6–17]). Recently, Jiao et al. [18–20] presented
three branch-and-bound algorithms for sum of linear ratios
problem by constructing different linear relaxation tech-
nique; Jiao et al. [21] presented a new two-level relaxation
algorithm for generalized linear multiplicative programming
with generalized polynomial constraints, which can be also
used to globally solve the sumof linear ratios problem (SLRP)
investigated in this paper. In addition, several new algorithms
[22–25] have been also proposed for solving linear sum-of-
ratios and nonlinear sum-of-ratios problems.

In this paper, we shall present a new out space branch-
and-bound algorithm for the sum of linear ratios prob-
lems (SLRP) using out space pruning technique. Firstly, we
transform the initial problem into the equivalent nonconvex
programming problem by introducing new variables. Next,
the linear relaxation programming problem of the equivalent
problem can be constructed by utilizing direct relaxation.
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Secondly, by making full use of the special structure of the
equivalent problem and the branch-and-bound algorithm,
an out space pruning technique is derived to improve the
computational efficiency of the proposed algorithm, which
offers a possibility of pruning a large part of the investigated
out space region which does not contain the global optimal
solution of the equivalent problem. Thirdly, by combining
bounding technique and pruning technique, a new out
space branch-and-bound algorithm is designed for globally
solving the sum of linear ratios problems (SLR). Finally,
numerical experimental results are presented to demonstrate
both computational efficiency and solution quality of the
proposed algorithm.

The remaining sections of this paper are organized as
follows. At first, in Section 2, by introducing new vari-
ables the equivalent nonconvex programming problem of
the initial problem is introduced. Next, by utilizing direct
relaxation the linear relaxation programming problem of
the equivalent problem is constructed. Second, an out space
pruning technique is derived by making full use of the
special structure of the equivalent problem and the branch-
and-bound algorithm in Section 3. Third, a new out space
branch-and-bound algorithm and its global convergence are
described in Section 4. Fourth, numerical experiments and
their computational results are presented in Section 5. Finally,
the concluding remarks of this paper are drawn.

2. Equivalent Problem and
Its Linear Relaxation

In this section, to globally solve the problem (SLRP), by
the continuity of the linear ratio 𝜑𝑖(𝑦)/𝜙𝑖(𝑦), we know that𝜙𝑖(𝑦) > 0 or 𝜙𝑖(𝑦) < 0. Here, without loss of generality, we
can assume that

𝜙𝑖 (𝑦) > 0, 𝑖 = 1, 2, . . . , 𝑇;
𝜙𝑖 (𝑦) < 0, 𝑖 = 𝑇 + 1, 𝑇 + 2, . . . , 𝑝 (2)

except for the above assumptions, for each 𝑖 ∈ {1, 2, . . . , 𝑝},
since

𝜑𝑖 (𝑦)𝜙𝑖 (𝑦) = 𝜑𝑖 (𝑦) +𝑀𝑖𝜙𝑖 (𝑦)𝜙𝑖 (𝑦) −𝑀𝑖, (3)

where 𝑀𝑖 is an appropriate real number such that 𝜑𝑖(𝑦) +𝑀𝑖𝜙𝑖(𝑦) ≥ 0. Thus, without loss of generality, by some proper
transformation we can always guarantee that the numerator
of each ratio is greater than or equal to 0.

Let

𝑈0𝑖 =
{{{{{{{{{

1
min𝑦∈Λ𝜙𝑖 (𝑦) , 𝑖 = 1, 2, . . . , 𝑇,

1−max𝑦∈Λ𝜙𝑖 (𝑦) , 𝑖 = 𝑇 + 1, . . . , 𝑝;

𝐿0𝑖 =
{{{{{{{{{

1
max𝑦∈Λ𝜙𝑖 (𝑦) , 𝑖 = 1, 2, . . . , 𝑇,

1−min𝑦∈Λ𝜙𝑖 (𝑦) , 𝑖 = 𝑇 + 1, . . . , 𝑝.

(4)

And construct the initial box

𝑍0 = {𝑧 ∈ 𝑅𝑝 | 𝐿0𝑖 ≤ 𝑧𝑖 ≤ 𝑈0𝑖 , 𝑖 = 1, 2, . . . , 𝑝} ; (5)

then the problem (SLRP) can be converted into the equivalent
problem (EQ) as follows.

EQ (𝑍0) : V (𝑍0) = max𝐻0 (𝑦, 𝑧)
= 𝑇∑
𝑖=1

𝑧𝑖𝜑𝑖 (𝑦) −
𝑝∑
𝑖=𝑇+1

𝑧𝑖𝜑𝑖 (𝑦)
s.t. 𝐻𝑖 (𝑦, 𝑧) = 𝑧𝑖𝜙𝑖 (𝑦) ≤ 1, 𝑖 = 1, 2, . . . , 𝑇,

𝐻𝑖 (𝑦, 𝑧) = 𝑧𝑖𝜙𝑖 (𝑦) ≤ −1,
𝑖 = 𝑇 + 1, 𝑇 + 2, . . . , 𝑝,

𝑦 ∈ Λ, 𝑧 ∈ 𝑍0.

(6)

The key equivalence theorem for the problem (SLRP) and the
EQ(𝑍0) is described as follows.

Theorem 1. If (𝑦∗, 𝑧∗1 , . . . , 𝑧∗𝑝) is a global optimum point of
the problem 𝐸𝑄(𝑍0), then 𝑦∗ is a global optimum point of the
problem (SLRP). On the contrary, if 𝑦∗ is a global optimum
point of the problem (SLRP), then (𝑦∗, 𝑧∗1 , . . . , 𝑧∗𝑝) is a global
optimum point of the problem𝐸𝑄(𝑍0)with 𝑧∗𝑖 = 1/𝜙𝑖(𝑦∗), 𝑖 =1, 2, . . . , 𝑇, 𝑧∗𝑖 = 1/ − 𝜙𝑖(𝑦∗), 𝑖 = 𝑇 + 1, 𝑇 + 2, . . . , 𝑝.
Proof. The conclusion can be easily drawn, so the proof is
omitted.

From Theorem 1, to solve the problem (SLRP), we
may globally solve its equivalent nonconvex programming
problem EQ(𝑍0) instead.

For each box 𝑍𝑘 = {𝑧 ∈ 𝑅𝑝 | 𝐿𝑘𝑖 ≤ 𝑧𝑖 ≤ 𝑈𝑘𝑖 , 𝑖 =1, 2, . . . , 𝑝} ⊆ 𝑍0, some notations and functions of this paper
are listed as follows:

𝐻𝑈0 (𝑦) =
𝑇∑
𝑖=1

𝑈𝑘𝑖 𝜑𝑖 (𝑦) −
𝑝∑
𝑖=𝑇+1

𝐿𝑘𝑖𝜑𝑖 (𝑦) ;

𝐻𝐿0 (𝑦) =
𝑇∑
𝑖=1

𝐿𝑘𝑖𝜑𝑖 (𝑦) −
𝑝∑
𝑖=𝑇+1

𝑈𝑘𝑖 𝜑𝑖 (𝑦) ;
𝐻𝑈𝑖 (𝑦) = 𝑈𝑘𝑖 𝜙𝑖 (𝑦) , 𝑖 = 1, 2, . . . , 𝑝;
𝐻𝐿𝑖 (𝑦) = 𝐿𝑘𝑖𝜙𝑖 (𝑦) , 𝑖 = 1, 2, . . . , 𝑝.

(7)

Theorem 2. For the functions 𝐻𝑈𝑖 (𝑦), 𝐻𝐿𝑖 (𝑦), 𝐻𝑖(𝑦, 𝑧), 𝑖 =0, 1, 2, . . . , 𝑝, where 𝑦 ∈ Λ, 𝑧 ∈ 𝑍𝑘 ⊆ 𝑍0, we have the
following two conclusions:

(i) 𝐻𝑈𝑖 (𝑦) ≥ 𝐻𝑖(𝑦, 𝑧) ≥ 𝐻𝐿𝑖 (𝑦), 𝑖 = 0, 1, 2, . . . , 𝑝.
(ii) lim‖𝑈𝑘−𝐿𝑘‖→0[𝐻𝑈𝑖 (𝑦) − 𝐻𝑖(𝑦, 𝑧)] =

lim‖𝑈𝑘−𝐿𝑘‖→0[𝐻𝑖(𝑦, 𝑧) − 𝐻𝐿𝑖 (𝑦)] = 0.
Proof. The proof can be easily followed, therefore here it is
omitted.
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From the above Theorem 2, for any 𝑍𝑘 ⊆ 𝑍0, the corre-
sponding linear relaxation programming problem LRP(𝑍𝑘)
of the problem EQ(𝑍𝑘) can be established as follows, which
can offer a reliable upper bound for the global optimum of
EQ(𝑍𝑘).
LRP (𝑍𝑘) : UB (𝑍𝑘) = max𝐻𝑈0 (𝑦)

= 𝑇∑
𝑖=1

𝑈𝑘𝑖 𝜑𝑖 (𝑦) −
𝑝∑
𝑖=𝑇+1

𝐿𝑘𝑖𝜑𝑖 (𝑦)
s.t. 𝐻𝐿𝑖 (𝑦) = 𝐿𝑘𝑖𝜙𝑖 (𝑦) ≤ 1, 𝑖 = 1, 2, . . . , 𝑇,

𝐻𝐿𝑖 (𝑦) = 𝐿𝑘𝑖𝜙𝑖 (𝑦) ≤ −1,
𝑖 = 𝑇 + 1, 𝑇 + 2, . . . , 𝑝,

𝑦 ∈ Λ.

(8)

3. Out Space Pruning Technique

For any box 𝑍𝑘 ⊆ 𝑍0, we need to recognize whether or
not 𝑍𝑘 contains global optimum point of the problem (EQ).
Thus, in this section, we shall construct an out space pruning
technique for pruning a part of the investigated out space
region which does not contain the global optimum point
of the problem (SLRP) and use the technique to improve
the computational efficiency of the proposed algorithm. The
proposed new out space pruning technique aims at replacing
the box 𝑍𝑘 = [𝐿𝑘, 𝑈𝑘] with a smaller box 𝑍 = [𝐿, 𝑈]
without pruning any global optimum point of the problem
(EQ).

We assume, without loss of generality, that LB is a
currently known lower bound of the global optimum value
of the EQ(𝑍0) and that V(𝑍𝑘) denote the maximum value of
the problem𝐻0(𝑦, 𝑧) over 𝑍𝑘 and𝐷 and set

𝑙0𝑖 = min
𝑦∈Λ

𝜑𝑖 (𝑦) , 𝑖 = 1, 2, . . . , 𝑝,
𝑢0𝑖 = max

𝑦∈Λ
𝜑𝑖 (𝑦) , 𝑖 = 1, 2, . . . , 𝑝,

RUB𝑘 = 𝑇∑
𝑖=1

𝑈𝑘𝑖 𝑢0𝑖 −
𝑝∑
𝑖=𝑇+1

𝐿𝑘𝑖 𝑙0𝑖 ,

𝜌𝑘𝑖 = LB − RUB𝑘 + 𝑈𝑘𝑖 𝑢0𝑖𝑢0𝑖 , 𝑖 = 1, 2, . . . , 𝑇,

𝜌𝑘𝑖 = −LB + RUB𝑘 + 𝐿𝑘𝑖 𝑙0𝑖𝑙0𝑖 ,
𝑖 = 𝑇 + 1, 𝑇 + 2, . . . , 𝑝.

(9)

Theorem 3. For any subbox 𝑍𝑘 = (𝑍𝑘𝑖 )𝑝×1 = [𝐿𝑘𝑖 , 𝑈𝑘𝑖 ]𝑝×1 ⊆𝑍0, we have the following two conclusions:
(i) Suppose that 𝑅𝑈𝐵𝑘 < 𝐿𝐵; then there does not exist any

global optimum point of 𝐸𝑄(𝑍𝑘) over 𝑍𝑘.

(ii) Suppose that 𝑅𝑈𝐵𝑘 ≥ 𝐿𝐵; then, when 𝑗 ∈ {1, 2, . . . , 𝑇},
there does not exist any global optimum point of𝐸𝑄(𝑍0) over 𝑍𝑘𝑎; and when 𝑗 ∈ {𝑇 + 1, 𝑇 + 2, . . . , 𝑝},
there does not exist any global optimum point of𝐸𝑄(𝑍0) over 𝑍𝑘𝑏 , where

𝑍𝑘𝑎 = (𝑍𝑘𝑎𝑖)𝑝×1 ⊆ 𝑍0

with 𝑍𝑘𝑎𝑖 = {{{
𝑍𝑘𝑖 , 𝑖 ̸= 𝑗, 𝑖 = 1, 2, . . . , 𝑝,
[𝐿𝑘𝑖 , 𝜌𝑘𝑖 ) ∩ 𝑍𝑘𝑖 , 𝑖 = 𝑗 ∈ {1, 2, . . . , 𝑇} .

𝑍𝑘𝑏 = (𝑍𝑘𝑏𝑖)𝑝×1 ⊆ 𝑍0

with 𝑍𝑘𝑏𝑖 = {{{
𝑍𝑘𝑖 , 𝑖 ̸= 𝑗, 𝑖 = 1, 2, . . . , 𝑝,
(𝜌𝑘𝑖 , 𝑈𝑘𝑖 ] ∩ 𝑍𝑘𝑖 , 𝑖 = 𝑗 ∈ {𝑇 + 1, 𝑇 + 2, . . . , 𝑝} ,

(10)

Proof. (i) Suppose that RUB𝑘 < LB; then we have

V (𝑍𝑘) = max
𝑧∈𝑍𝑘 ,𝑦∈Λ

𝑝∑
𝑖=1

𝑧𝑖𝜑𝑖 (𝑦) ≤
𝑝∑
𝑖=1

max
𝑧∈𝑍𝑘 ,𝑦∈Λ

𝑧𝑖𝜑𝑖 (𝑦)

= 𝑇∑
𝑖=1

𝑈𝑘𝑖 𝑢0𝑖 −
𝑝∑
𝑖=𝑇+1

𝐿𝑘𝑖 𝑙0𝑖 = RUB𝑘 < LB;
(11)

therefore, there does not exist any global optimum point of
the problem EQ(𝑍𝑘) over 𝑍𝑘.

(ii) Suppose that RUB𝑘 ≥ LB; then we can get the
following several conclusions.

When 𝑗 ∈ {1, 2, . . . , 𝑇}, for any 𝑦 ∈ Λ and 𝑧 ∈ 𝑍𝑘𝑎, since
0 ≤ 𝑙0𝑖 ≤ 𝜑𝑖 (𝑦) ≤ 𝑢0𝑖 ,
0 ≤ 𝐿𝑘𝑖 ≤ 𝑧𝑖 ≤ 𝑈𝑘𝑖 ,

𝑖 = 1, 2, . . . , 𝑝, 𝑖 ̸= 𝑗;
0 ≤ 𝐿𝑘𝑗 ≤ 𝑧𝑗 < 𝜌𝑘𝑗 , 𝑖 = 𝑗,

(12)

we can get

V (𝑍𝑘𝑎) = max
𝑧∈𝑍𝑘
𝑎
,𝑦∈Λ

( 𝑇∑
𝑖=1

𝑧𝑖𝜑𝑖 (𝑦) −
𝑝∑
𝑖=𝑇+1

𝑧𝑖𝑧𝑖𝜑𝑖 (𝑦))

≤ max
𝑧∈𝑍𝑘
𝑎
,𝑦∈Λ

𝑇∑
𝑖=1,𝑖 ̸=𝑗

𝑧𝑖𝜑𝑖 (𝑦)

− min
𝑧∈𝑍𝑘
𝑎
,𝑦∈Λ

𝑝∑
𝑖=𝑇+1

𝑧𝑖𝜑𝑖 (𝑦) + max
𝑧∈𝑍𝑘
𝑎
,𝑦∈Λ

𝑧𝑖𝜑𝑖 (𝑦)

< 𝑇∑
𝑖=1,𝑖 ̸=𝑗

𝑈𝑘𝑖 𝑢0𝑖 −
𝑝∑
𝑖=𝑇+1

𝐿𝑘𝑖 𝑙0𝑖 + 𝜌𝑘𝑗 𝑢0𝑗
= RUB𝑘 − 𝑈𝑘𝑗 𝑢0𝑗 + 𝜌𝑘𝑗 𝑢0𝑗 < LB.

(13)

Therefore, there does not exist any global optimum point of
EQ(𝑍𝑘) over 𝑍𝑘𝑎.
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Similarly, when 𝑗 ∈ {𝑇+1, 𝑇+2, . . . , 𝑝}, and for any 𝑦 ∈ Λ
and 𝑧 ∈ 𝑍𝑘𝑏 , since

0 ≤ 𝑙0𝑖 ≤ 𝜑𝑖 (𝑦) ≤ 𝑢0𝑖 ,
0 ≤ 𝐿𝑘𝑖 ≤ 𝑧𝑖 ≤ 𝑈𝑘𝑖 ,

𝑖 = 1, 2, . . . , 𝑝, 𝑖 ̸= 𝑗,
0 ≤ 𝜌𝑘𝑗 < 𝑧𝑗 ≤ 𝑈𝑘𝑗 , 𝑖 = 𝑗,

(14)

we have

V (𝑍𝑘𝑏) = max
𝑧∈𝑍𝑘
𝑏
,𝑦∈Λ

( 𝑇∑
𝑖=1

𝑧𝑖𝜑𝑖 (𝑦) −
𝑝∑
𝑖=𝑇+1

𝑧𝑖𝜑𝑖 (𝑦))

≤ max
𝑧∈𝑍𝑘
𝑏
,𝑦∈Λ

𝑇∑
𝑖=1

𝑧𝑖𝜑𝑖 (𝑦)

− min
𝑧∈𝑍𝑘
𝑏
,𝑦∈Λ

𝑝∑
𝑖=𝑇+1,𝑖 ̸=𝑗

𝑧𝑖𝜑𝑖 (𝑦) − min
𝑧∈𝑍𝑘
𝑏
,𝑦∈Λ

𝑧𝑖𝜑𝑖 (𝑦)

< 𝑇∑
𝑖=1

𝑈𝑘𝑖 𝑢0𝑖 −
𝑝∑

𝑖=𝑇+1,𝑖 ̸=𝑗

𝐿𝑘𝑖 𝑙0𝑖 − 𝜌𝑘𝑗 𝑙0𝑗
= RUB𝑘 + 𝐿𝑘𝑗𝑙0𝑗 − 𝜌𝑘𝑗 𝑙0𝑗 < LB.

(15)

Therefore, there does not exist any global optimum point of
EQ(𝑍𝑘) over 𝑍𝑘𝑏 .

By the above Theorem 3, we can construct an out space
pruning technique to prune a part of the investigated out
space region which does not contain the global optimum
point of the problem (EQ). Assume that a subbox

𝑍𝑘 = (𝑍𝑘𝑖 )𝑝×1 ⊆ 𝑍0 with 𝑍𝑘𝑖 = [𝐿𝑘𝑖 , 𝑈𝑘𝑖 ] (16)

will be pruned; then from theTheorem 3, the investigated box𝑍𝑘 can be renewed by a subbox

𝑍 = (𝑍𝑖)𝑝×1
with 𝑍𝑖 = {{{

[𝜌𝑘𝑖 , 𝑈𝑘𝑖 ] ∩ 𝑍𝑘𝑖 , 𝑖 ∈ {1, 2, . . . , 𝑇} ,
[𝐿𝑘𝑖 , 𝜌𝑘𝑖 ] ∩ 𝑍𝑘𝑖 , 𝑖 ∈ {𝑇 + 1, 𝑇 + 2, . . . , 𝑝} .

(17)

4. Algorithm and Its Convergence

In this section, by utilizing the above new pruning technique,
we will present a new out space branch-and-bound algorithm
for globally solving the problem (SLRP). In the algorithm, the
branching operation is performed in out space 𝑅𝑝. Assume
that 𝑍 = {𝑧 ∈ 𝑅𝑝 | 𝐿 𝑖 ≤ 𝑧𝑖 ≤ 𝑈𝑖, 𝑖 = 1, 2, . . . , 𝑝} is 𝑍0 or a
subbox of it, which will be partitioned, the branching rule is
selected as follows.

Set

𝑞 ∈ argmax {𝑈𝑖 − 𝐿 𝑖 | 𝑖 = 1, 2, . . . , 𝑝} ,
𝑍1 = {𝑧 ∈ 𝑅𝑝 | 𝐿 𝑖 ≤ 𝑧𝑖 ≤ 𝐿𝑞 + 𝑈𝑞2 , 𝑖 = 𝑞, 𝐿 𝑖 ≤ 𝑧𝑖

≤ 𝑈𝑖, 𝑖 = 1, 2, . . . , 𝑝, 𝑖 ̸= 𝑞} ,
𝑍2 = {𝑧 ∈ 𝑅𝑝 | 𝐿𝑞 + 𝑈𝑞2 ≤ 𝑧𝑖 ≤ 𝑈𝑖, 𝑖 = 𝑞, 𝐿 𝑖 ≤ 𝑧𝑖

≤ 𝑈𝑖, 𝑖 = 1, 2, . . . , 𝑝, 𝑖 ̸= 𝑞} .

(18)

Obviously, from [26] we can get that this branching rule
is exhaustive; that is, if {𝑍𝑘} represents a nested subsequence
of boxes (i.e., 𝑍𝑘+1 ⊆ 𝑍𝑘, for all 𝑘) formed by partitioning
process, then there exists a unique point 𝑧∗ ∈ 𝑅𝑝 satisfying⋂𝑘 𝑍𝑘 = {𝑧∗}.
4.1. Out Space Branch-and-Bound Algorithm. Based upon
the above linear relaxation bounding problem, the new out
space pruning technique, and bisectionmethod, an out space
branch-and-bound algorithm is proposed for globally solving
the (SLRP) as follows.

Step 1. Let 𝑘 = 0, Δ 0 = {𝑍0}, 𝜀 ≥ 0, 𝑙0𝑖 = min𝑦∈Λ𝜑𝑖(𝑦), and𝑢0𝑖 = max𝑦∈Λ𝜑𝑖(𝑦), 𝑖 = 1, 2, . . . , 𝑝. And let

𝑈0𝑖 =
{{{{{{{{{

1
min𝑦∈Λ𝜙𝑖 (𝑦) , 𝑖 = 1, 2, . . . , 𝑇,

1−max𝑦∈Λ𝜙𝑖 (𝑦) , 𝑖 = 𝑇 + 1, . . . , 𝑝,

𝐿0𝑖 =
{{{{{{{{{

1
max𝑦∈Λ𝜙𝑖 (𝑦) , 𝑖 = 1, 2, . . . , 𝑇,

1−min𝑦∈Λ𝜙𝑖 (𝑦) , 𝑖 = 𝑇 + 1, . . . , 𝑝,

(19)

and construct the initial box

𝑍0 = {𝑧 ∈ 𝑅𝑝 | 𝐿0𝑖 ≤ 𝑧𝑖 ≤ 𝑈0𝑖 , 𝑖 = 1, 2, . . . , 𝑝} . (20)

Using simplex method to solve LRP(𝑍0), set its optimum
solution 𝑦0 and optimum value UB(𝑍0), respectively. Let
UB0 = UB(𝑍0), 𝑧0𝑖 = 𝜙𝑖(𝑦0) (𝑖 = 1, 2, . . . , 𝑝), LB0 =𝐻0(𝑦0, 𝑧0). If UB0 − LB0 ≤ 𝜀, then (𝑦0, 𝑧0) and 𝑦0 are global
optimum solutions of EQ(𝑍0) and the (SLRP), respectively.
Otherwise, let 𝐹 = 0, 𝑘 = 1 and continue to the following
Step 2.

Step 2. Set LB = LB𝑘−1. For each investigated subbox 𝑍𝑘−1,
use the former out space pruning technique to prune the
investigated subbox 𝑍𝑘−1, let the remaining box be 𝑍, and
set 𝑍𝑘−1 = 𝑍, LB𝑘 = LB𝑘−1.



Journal of Control Science and Engineering 5

Step 3. Partition 𝑍𝑘−1 into two subboxes 𝑍𝑘,1, 𝑍𝑘,2 ⊆ 𝑍𝑘−1
using the bisection technique. Let the new partitioned sub-
boxes set be 𝑍𝑘. Set 𝐹 = 𝐹 ∪ {𝑍𝑘−1}. For each 𝑍𝑘,𝑡 ∈ 𝑍𝑘,
solve the (LRP) using simplex method to get UB(𝑍𝑘,𝑡) and𝑦𝑘,𝑡, and set 𝑧𝑘,𝑡𝑖 = 𝜙𝑖(𝑦𝑘,𝑡), 𝑖 = 1, 2, . . . , 𝑝. If UB(𝑍𝑘,𝑡) < LB𝑘,
then let 𝑍𝑘 fl 𝑍𝑘 \ 𝑍𝑘,𝑡, 𝐹 = 𝐹 ∪ {𝑍𝑘,𝑡}; otherwise, update
LB𝑘 = min{LB𝑘, 𝐻0(𝑦𝑘,𝑡, 𝑧𝑘,𝑡)}, if necessary.
Step 4. Let the remaining partitioned set Δ 𝑘−1 fl (Δ 𝑘−1 \𝑍𝑘−1) ∪ {𝑍𝑘}, and let the new upper bound UB𝑘 =
max𝑍∈Δ 𝑘−1UB(𝑍). LetΔ 𝑘 = {𝑍 | 𝑍 ∈ (Δ 𝑘−1∪{𝑍𝑘,1, 𝑍𝑘,2}), 𝑍 ∉𝐹} and UB𝑘 = min{UB(𝑍) | 𝑍 ∈ Δ 𝑘}. If UB𝑘 − LB𝑘 ≤ 𝜀, then
we get that (𝑦𝑘, 𝑧𝑘) and 𝑦𝑘 are global optimum points of the
EQ(𝑍0) and the (SLRP), respectively. Otherwise, let 𝑘 = 𝑘+1
and return to Step 2.

4.2. Convergence Analysis. In the following, we describe the
global convergence of the above algorithm.

Theorem 4. The above algorithm either stops finitely to obtain
the global optimum point of the (SLRP) or produces an infinite
sequence {𝑦𝑘} whose accumulation point 𝑦∗ must be the global
optimum point of the (SLRP).

Proof. If the proposed algorithm stops finitely at 𝑘th iteration,
where 𝑘 ≥ 0, obviously, when the algorithm stops, we can get𝑦𝑘 and (𝑦𝑘, 𝑧𝑘) by solving the LRP(𝑍𝑘), which are the feasible
points of the (SLRP) and the (EQ), where

𝑧𝑘𝑖 = 1𝜙𝑖 (𝑦𝑘) , 𝑖 = 1, 2, . . . , 𝑇;
𝑧𝑘𝑖 = 1−𝜙𝑖 (𝑦𝑘) , 𝑖 = 𝑇 + 1, 𝑇 + 2, . . . , 𝑝;

(21)

and by terminating step of the algorithm, the updating oper-
ations of the lower bound and upper bound, andTheorems 1
and 2, we can easily follow that

𝐻0 (𝑦𝑘, 𝑧𝑘) ≥ UB𝑘 − 𝜀,
UB𝑘 ≥ V,

V ≥ 𝐻0 (𝑦𝑘, 𝑧𝑘) ,
𝐺 (𝑦𝑘) = 𝐻0 (𝑦𝑘, 𝑧𝑘) .

(22)

By combining the above all inequalities and equality, we can
easily get that

V − 𝜖 ≤ 𝐺 (𝑦𝑘) ≤ V. (23)

Therefore, if the algorithm stops finitely at 𝑘th iteration, then𝑦𝑘 is the global 𝜖–optimal solution of the (SLRP).

If the above algorithm generates an infinite sequence {𝑦𝑘}
of incumbent solutions by solving the LRP(𝑍𝑘), let

𝑧𝑘𝑖 = 1𝜙𝑖 (𝑦𝑘) , 𝑖 = 1, 2, . . . , 𝑇,
𝑧𝑘𝑖 = 1−𝜙𝑖 (𝑦𝑘) , 𝑖 = 𝑇 + 1, 𝑇 + 2, . . . , 𝑝;

(24)

then we can get an infinite sequence {𝑦𝑘, 𝑧𝑘} of incumbent
solutions for EQ(𝑍𝑘). By the continuity character of the
function 𝜙𝑖(𝑦𝑘) and 1/𝜙𝑖(𝑦𝑘) = 𝑧𝑘𝑖 ∈ [𝐿𝑘𝑖 , 𝑈𝑘𝑖 ] (𝑖 = 1, . . . , 𝑇)
and 1/ − 𝜙𝑖(𝑦𝑘) = 𝑧𝑘𝑖 ∈ [𝐿𝑘𝑖 , 𝑈𝑘𝑖 ] (𝑖 = 𝑇 + 1, . . . , 𝑝), and the
exhaustiveness of the bisection rule, we can get the following
conclusions, for each 𝑖 ∈ {1, 2, . . . , 𝑇}:

1𝜙𝑖 (𝑦∗) = lim
𝑘→∞

1𝜙𝑖 (𝑦𝑘) = lim
𝑘→∞

𝐿𝑘𝑖 = lim
𝑘→∞

𝑈𝑘𝑖
= lim
𝑘→∞

[𝐿𝑘𝑖 , 𝑈𝑘𝑖 ] = ⋂
𝑘

[𝐿𝑘𝑖 , 𝑈𝑘𝑖 ] = {𝑧∗𝑖 } ;
(25)

for each 𝑖 ∈ {𝑇 + 1, 𝑇 + 2, . . . , 𝑝},
1−𝜙𝑖 (𝑦∗) = lim

𝑘→∞

1−𝜙𝑖 (𝑦𝑘) = lim
𝑘→∞

𝐿𝑘𝑖 = lim
𝑘→∞

𝑈𝑘𝑖
= lim
𝑘→∞

[𝐿𝑘𝑖 , 𝑈𝑘𝑖 ] = ⋂
𝑘

[𝐿𝑘𝑖 , 𝑈𝑘𝑖 ] = {𝑧∗𝑖 } .
(26)

Therefore, (𝑦∗, 𝑧∗) is a feasible point of the EQ(𝑍0), also since{UB(𝑍𝑘)} is a decreasing real number sequence bounded by
V, we can follow that

𝐻0 (𝑦∗, 𝑧∗) ≤ V ≤ lim
𝑘→∞

UB (𝑍𝑘)
= lim
𝑘→∞

( 𝑇∑
𝑖=1

𝑈𝑘𝑖 𝜑𝑖 (𝑦𝑘) −
𝑝∑
𝑖=𝑇+1

𝐿𝑘𝑖𝜑𝑖 (𝑦𝑘))
= 𝐻0 (𝑦∗, 𝑧∗) .

(27)

Thus, from the updating method of the lower bound and the
continuity character of the 𝐺(𝑦), we can get that

lim
𝑘→∞

LB (𝑍𝑘) = V = 𝐻0 (𝑦∗, 𝑧∗) = 𝐺 (𝑦∗)
= lim
𝑘→∞

𝐺(𝑦𝑘) = lim
𝑘→∞

UB (𝑍𝑘) . (28)

Hence, 𝑦∗ is the global optimum point of the (SLRP); the
conclusion is proved.

4.3. Numerical Example. In this subsection, some well-
known test problems are implemented on Intel(R)
Core(TM)2 Duo CPU microcomputer to verify the
performance of the proposed out space branch-and-bound
algorithm. The proposed out space branch-and-bound
algorithm is coded in C++ program, and the simplex method
is used to solve each linear relaxation programming problem.
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Table 1: Numerical results for test problem.

Number (𝑚, 𝑛, 𝑝, 𝑐) Ref. Ave. Iter. Ave. L. Ave. Time (s) 𝜖
(1)

(2, 3, 3, 2) This paper 3.2 3.1 0.015 10−6
(2, 3, 3, 2) [15] 38.3 7.8 0.05 10−6
(2, 3, 3, 2) [16] 4.6 1.0 0 10−5

(2)
(4, 3, 4, 2) This paper 5.2 4.6 0.05 10−6
(4, 3, 4, 2) [15] 46 8.2 0.1 10−6
(4, 3, 4, 2) [16] 5.6 1.1 0 10−5

(3)
(5, 10, 3, 2) This paper 6.2 3.8 0.073 10−6
(5, 10, 3, 2) [15] 414.3 60.2 1.9 10−6
(5, 10, 3, 2) [16] 6.3 1.4 0 10−5

(4)
(10, 20, 3, 2) This paper 7.3 4.4 0.087 10−6
(10, 20, 3, 2) [15] 402.7 56.8 10.1 10−6
(10, 20, 3, 2) [16] 7.4 2.0 0.023 10−5

(5)
(15, 30, 3, 2) This paper 6.5 4.5 0.130 10−6
(15, 30, 3, 2) [15] 424.3 61.6 35.1 10−6
(15, 30, 3, 2) [16] 7.0 2.0 3.1 10−5

Numerical problems and their computational results are
summarized in Table 1. Some notations have been also used
for column headers in Table 1 as follows. Ave. Iter. represents
the average number of iterations of the algorithm; Ave. L.
represents the average number of the necessary maximum
nodes of the algorithm; Ave. Time (s) stands for the execution
time of algorithm in seconds.

Problem (see [15, 16]).

max
𝑝∑
𝑗=1

∑𝑛𝑖=1 𝑑𝑗𝑖𝑦𝑖 + 𝑐
∑𝑛𝑖=1 𝜎𝑗𝑖𝑦𝑖 + 𝑐

s.t.
𝑛∑
𝑖=1

𝑎𝑘𝑖𝑦𝑖 ≤ 𝑏𝑘, 𝑘 = 1, . . . , 𝑚,
𝑦𝑖 ≥ 0.0, 𝑖 = 1, 2, . . . , 𝑛,

(29)

where 𝑑𝑗𝑖, 𝜎𝑗𝑖, 𝑎𝑘𝑖, 𝑗 = 1, . . . , 𝑝, 𝑘 = 1, . . . , 𝑚, 𝑖 = 1, . . . , 𝑛,
are randomly generated in [0.0, 1.0]; 𝑐 are generated in[1.0, 100.0]; 𝑏𝑘 = 1.0, 𝑘 = 1, 2, . . . , 𝑚. In the investigated
problem,𝑚 denotes the number of the constraints, 𝑛 denotes
the dimension of the problem, and 𝑝 denotes the number of
ratios.

From Table 1, compared with the known algorithms,
numerical results indicate that the proposed algorithm can
be used to globally solve the problems (SLRP) with the higher
computational efficiency.

5. Concluding Remarks

In this paper, we present an effective algorithm for glob-
ally solving the sum of linear ratios problem (SLRP). By
introducing new variables, we transform the initial sum of
linear ratios problems (SLRP) into the equivalent nonconvex
programming problem. Next, the linear relaxation program-
ming problem of the equivalent problem is established by

utilizing direct relaxation. To improve the computational
efficiency of the algorithm, an out space pruning technique
is derived, which offers a possibility of pruning a large
part of the investigated out space region which does not
contain the optimal solution of the equivalent problem. Based
on out space partition, by combining bounding technique
and reduction technique, a new outcome space branch-and-
bound algorithm for globally solving the sum of linear ratios
problem (SLRP) is constructed. Finally, numerical problems
and their computational results are presented to demonstrate
both computational efficiency and solution quality of the
proposed algorithm.

In future research, we can extend the proposed algorithm
and reduction technique to solve nonlinear fractional prob-
lems, like concave-convex sum-of-ratios problem, convex-
convex sum-of-ratios problem, linear fractional multiplica-
tive problem, generalized linear fractional programming
problem, and so on.
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Residual useful life (RUL) prediction is significant for condition-based maintenance. Traditional data-driven RUL prediction
method can only predict fault trend of the system rather than RUL of a specific system component. Thus it cannot tell the operator
which component should bemaintained.The innovation of this paper is as follows: (1)Wavelet filtering basedmethod is developed
for early detection of slowly varying fault. (2) Designated component analysis is introduced as a feature extraction tool to define
the fault precursor of a specific component. (3) Exponential life predictionmodel is established by nonlinear fitting of the historical
RUL and the fault size characterized by the statistics used. Once online detection statistics is obtained, real-time RUL of the critical
component can be predicted online. Simulation shows the effectiveness of this algorithm.

1. Introduction

With the rapid development of modern industrial tech-
nology, reliability, maintainability, and security of large-
scale system have widely received attention [1–4]. Abnormal
detection, root cause identification, and RUL prediction are
the stages for efficient system monitoring.

Abnormality is expected to be detected as quickly as pos-
sible to prevent major accidents and reduce loss of downtime
and maintenance. In the past decades, multivariate statistical
analysis techniques such as principal component analysis
(PCA) and partial least squares (PLS) [5–7] have been widely
used in complex system monitoring [8]. However, abnormal
detection and fault diagnosis usually answer the question of
“having trouble,” not “how long it will happen.”

Detection and maintenance after system failure are usu-
ally too late for system with higher security requirement
and expensive downtime loss, such as power station, power
transmission, petrochemical industry, large-scale iron, steel
enterprise, and other industry fields [9].

If condition-based maintenance rather than breakdown
maintenance is used, severe faults leading to shutdown can be
avoided, and a lot ofmaintenance cost can be saved [10]. Fault
prediction technology is a critical step of condition-based
maintenance. In recent years, fault prediction has become

a hot topic in the field of system monitoring [11]. Artifi-
cial neural network (ANN) [12–17], autoregressive model
(AR) [18, 19], support vector machine (SVM) [20], vector
autoregressive model (VAR), and so forth [21] are commonly
used fault prediction methods. But these pure data-driven
methods without reference to expert experience can only
predict fault trend rather than directly predict RUL online.

An important stage of RUL prediction strategy is how to
properly assess fault size that reflects the degradation process.
If a damage precursor is available, damage precursor based
method for RUL prediction is an objective choice [22]. So
fault damage precursor as well as the control limits should be
determined before online RUL prediction. Existing method
for establishing the fault damage precursor can be categorized
into 2 classes: data-drivenmethod andmodel-based method.
Accurate fault propagation model to establish fault damage
precursor is usually unavailable. However, thanks to the rapid
development of sensor technology and conditionmonitoring
technology, large amount of observation data reflecting status
of the system can be used to establish damage precursor
by using data-driven method [9, 13]. Therefore, data-based
method is gradually attracting the attention of researchers. Li
et al. use historical normal data to establish PCAmodel, and 1-
norm of the residual vector is used to define the fault damage
precursor [23, 24]. RUL can be estimated by multistep
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recursive prediction using AR model with forgetting factor
[25, 26]. Ma et al. [27] use square prediction error based
fault reconstruction method to estimate fault size in the first
step. Then RUL can be estimated by multilevel recursive
prediction. Li et al. [24] propose a fault prediction method
for industry process with performance degradation by using
multiscale PCA. Fault size computed by fault reconstruction
can be used to establish a prediction model based on expo-
nential smoothing technique. These methods share the same
deficiency that fault direction is computed by PCA related
method [27]. But pattern compounding problem of PCA
makes it impossible to establish 1-1 correspondence between
the failure component and the reconstructed fault direction
[28].ThusPCAbasedRULprediction cannot tell the operator
which critical component should be maintained.

Designated component analysis (DCA) is a knowledge-
guided data-driven feature extraction method which can be
used to diagnose root cause of the abnormality [29]. In
this paper, DCA is introduced as a feature extraction tool
for establishing fault damage precursor and life prediction
model. Since small fault is usually buried in noise, pretreat-
ment of filtering is developed for early detection of slowly
varying small fault.

Remark 1. It is assumed that failure of critical component
defined by expert has disastrous impact on the system. So
RUL prediction of critical component is much significant
in the sense that unnecessary surplus maintenance can be
reduced to save maintenance cost.

The remainder of this paper is organized as follows:
Section 2 describes principal component analysis and desig-
nated component analysis. DCA-based real-time prediction
for critical component is developed in Section 3. Simulation
analysis in Section 4 shows the efficiency of the method
proposed. Conclusions and further research are given in the
last section of the paper.

2. Review of PCA and DCA

2.1. PCAModeling. Assume𝑌0 ∈ 𝑅𝑛×𝑚 is the observation data
matrix collected in the normal operation conditions, where𝑚
is the number of observation variables and 𝑛 is the number of
samples. Firstly, 𝑌0 is standardized via

𝑌0 = [𝑌0 − (1 1 ⋅ ⋅ ⋅ 1)𝑇𝑀] diag( 1𝑠1 ,
1
𝑠2 , . . . ,

1
𝑠𝑚) , (1)

where 𝑀 = [𝑌0(1) 𝑌0(2) ⋅ ⋅ ⋅ 𝑌0(𝑚)] is the mean of𝑌0, 𝑌0(𝑚) is the variable of 𝑌0, 𝑠 = [𝑠1 𝑠2 ⋅ ⋅ ⋅ 𝑠𝑚] is the
standard deviation of 𝑌0.𝑌0 can be decomposed into two parts as follows [11]:

𝑌0 =
V∑
𝑖=1

𝑡𝑖𝑝𝑖𝑇 + 𝐸, (2)

where 𝑡𝑖 ∈ 𝑅𝑛×1 is the score vector, 𝑝𝑖 ∈ 𝑅𝑚×1 is the loading
vector, V (V < 𝑚) is the number of significant principal
components, and 𝐸 = ∑𝑚𝑖=V+1 𝑡𝑖𝑝𝑖𝑇 is the residual error.

After establishing PCAmodeling under normal operating
conditions, multivariate statistics called squared prediction
error (SPE), can be used for fault detection and diagnosis. SPE
is described as follows:

SPE (𝑖) = ‖𝐸 (𝑖)‖2 = 𝑌𝑖 (𝐼 − 𝑃𝑃𝑇) 𝑌𝑖𝑇, (3)

where 𝑌𝑖 (𝑖 = 1, 2, . . . , 𝑛) represents a sample of online
observation data, and 𝑃 is a matrix composed of the first V
loading vectors.

SPE control limit can be determined via

𝑄𝛼 = 𝜃1 [[
[
𝐶𝛼√2𝜃2ℎ20

𝜃1 + 1 + 𝜃2ℎ0 (ℎ0 − 1)𝜃21
]]
]

1/ℎ0

, (4)

𝜃𝑡 =
𝑚∑
𝑗=𝑘+1

𝜆𝑡𝑗 (𝑡 = 1, 2, 3) , (5)

ℎ0 = 1 − 2𝜃1𝜃33𝜃22 , (6)

where 𝜆𝑗 is the eigenvalues of the covariancematrices and𝐶𝛼
is the threshold of hypothesis testing to normal distribution
with confidence level 𝛼.

The system is considered to be abnormal if

SPE ≥ 𝑄𝛼. (7)

2.2. DCA. DCA is a knowledge-guided multivariate statisti-
cal feature extraction method [29]. The basic idea is to define
a designated pattern via the fault-symptom relation.

First, different from the loading vector 𝑝𝑖 ∈ 𝑅𝑚×1 of
PCA, the definition of designated pattern 𝐷𝑖 is defined by a
knowledge-guided means via

𝐷𝑖 =
[[[[[[
[

𝑑𝑖1
𝑑𝑖2
...
𝑑𝑖𝑚

]]]]]]
]
, 𝑖 = 1, 2, . . . , 𝐿, (8)

where 𝑑𝑖𝑟 (𝑟 = 1, 2, . . . , 𝑚) can be taken as 0 or 1 according
to the fault-symptom relation, and 𝑑𝑖𝑟 = 1 means that the
symptom 𝑟 is shown in the 𝑖th designated pattern; otherwise𝑑𝑖𝑟 = 0.

Table 1 lists the typical fault-symptom relation of an air
compressor. There are 17 typical faults and 19 observation
parameters included in the table. Insufficient supply of lubri-
cating oil or oil blockage, lubricant contamination, motor
drive failure, and so on are the typical faults listed in Table 1.
First-stage exhaust temperature, intercooler exhaust tem-
perature, two-stage exhaust temperature, oil cooling outlet
temperature andmotor current, and so forth are the observed
parameters [29].
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Table 1: Typical fault-symptom relation of air compressor.

𝑢1 𝑢2 𝑢3 𝑢4 𝑢5 𝑢6 𝑢7 𝑢8 𝑢9 𝑢10 𝑢11 𝑢12 𝑢13 𝑢14 𝑢15 𝑢16 𝑢17 𝑢18 𝑢19 𝑢20𝐷1 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
𝐷2 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
𝐷3 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
𝐷4 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0
𝐷5 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0
𝐷6 1 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
𝐷7 0 0 0 1 1 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0
𝐷8 0 0 0 0 1 1 0 0 0 1 0 0 1 0 0 0 0 0 0 0
𝐷9 0 0 0 1 1 1 0 1 1 1 1 1 0 0 0 0 0 0 0 0
𝐷10 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 0
𝐷11 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 1 0 0 0 0
𝐷12 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
𝐷13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0
𝐷14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
𝐷15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
𝐷16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
𝐷17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

From Table 1, the fifth row corresponds to the fault of
insufficient supply of lubricating oil, the sixth row corre-
sponds to the fault of lubricant contamination, and these fault
patterns can be defined as follows [29]:

𝐷5
= [0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0]𝑇 ,
𝐷6
= [1 1 1 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0]𝑇 .

(9)

Then, project the observation variable 𝑦 to designated
patterns𝐷𝑖 to obtain the designated component 𝑤𝑖:

𝑤𝑖 = 𝐷𝑖𝑇𝑦. (10)

Similarly to (2), the observation matrix 𝑌0 can be decom-
posed as

𝑌0 =
𝐿∑
𝑖=1

𝐷𝑖𝑊𝑖 + 𝐸, (11)

where 𝐿 is the number of designated patterns, 𝑊𝑖 =[𝑤𝑖(1), 𝑤𝑖(2), . . . , 𝑤𝑖(𝑛)] ∈ 𝑅1×𝑛, and 𝐸 is the residual matrix.
Finally, Shewhart chart of each designated component is

used to implement fault diagnosis.

3. DCA-Based Real-Time Prediction for
Critical Component

DCA-based RUL prediction method needs to determine
critical component by expert experience. In this paper,
the component corresponding to designated pattern 𝐷1 is
assumed to be a critical component.

3.1. Fault Damage Precursor Based on Historical Observation

3.1.1. Knowledge-Guided Data-Driven Feature Extraction.
Project historical normal observation data 𝑌0 to the desig-
nated pattern 𝐷𝑖 to obtain the designated component vector𝑊0𝑖:

𝑊0𝑖 = 𝐷𝑇𝑖 𝑌0, 𝑖 = 1, 2, . . . , 𝐿. (12)

The designated component 𝑊0𝑖 is the feature extracted
from 𝑌0. In general, statistical distribution of 𝑊0𝑖 is normal
distribution as long as the observation of each observation
variable is normal distribution.

3.1.2. Data-Driven Fault Damage Precursor. In the case when
there is no fault damage precursor determined by expert or by
physical fault propagation model, it is necessary to establish
a data-driven fault damage precursor for describing the fault
evolution process. For this purpose, the failure control limit 𝑞
to determine the failure time and the fault trend control limit𝑙1 for early detection of slowly varying fault should first be
determined. Specific steps are as follows.

Step 1 (failure control limit and fault trend control limit). As it
is analyzed in Section 3.1.1,𝑊0𝑖 has the normal distribution.
By 3𝜎 criteria of hypothesis testing to normal distribution,
the critical designated component 𝑊01 falls into interval[−3𝜎, 3𝜎] with confidence level 99.7% [30, 31]:

𝑃 (−3𝜎 ≤ 𝑊01 ≤ 3𝜎) = 99.7%. (13)

So the failure control limit 𝑞 can be determined via

𝑞 = 3𝜎, (14)

where 𝜎 is the standard deviation of𝑊01.
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For the sake of determining fault trend control limit 𝑙1,
wavelet filtering is firstly introduced as a preprocessing tool to
historical normal observation data, and then DCA is used to
perform feature extraction to the filtered normal observation.
The filtering process can be described as follows [32, 33].

First, discrete wavelet transform (DWT) for the observa-
tion vector of the 𝑖th observation variable𝑌(𝑖)0 can be depicted
via

𝑎(𝑗) (𝑘) = ∑
𝑁

ℎ (𝑁 − 2𝑘) 𝑌(𝑖)0(𝑗) (𝑘) ,
𝑑(𝑗) (𝑘) = ∑

𝑁

𝑔 (𝑁 − 2𝑘) 𝑌(𝑖)0(𝑗) (𝑘) ,
(15)

where 𝑘 = 0, 1, 2, . . . , 𝑛 − 1; 𝑛 is the number of discrete
sampling points; 𝑎(𝑗)(𝑘) is the scaling coefficient for signal on
the scale 𝑗; 𝑑(𝑗)(𝑘) is the wavelet coefficient for signal on the
scale 𝑗; ℎ is a low-pass filter, 𝑔 is a high-pass filter, and 𝑁 is
the length of the filter.

After DWT, the next step is filtering. How to select the
threshold is the key problem because it will directly affect
the result of wavelet filter. In this paper, we choose the soft
threshold method shown in

𝑑(𝑗) (𝑘)

= {{{
sign (𝑑(𝑗) (𝑘)) (𝑑(𝑗) (𝑘) − 𝑇) , 𝑑(𝑗) (𝑘) ≥ 𝑇
0, 𝑑(𝑗) (𝑘) < 𝑇,

(16)

where 𝑇 is the filtering threshold.
Finally, inverse discrete wavelet transform (IDWT) is

implemented to obtain the filtered observation:

�̃�(𝑖)0 = ∑
𝑘

𝑎𝑗 (𝑘) ℎ (𝑁 − 2𝑘) +∑
𝑘

𝑑𝑗 (𝑘) 𝑔 (𝑁 − 2𝑘) . (17)

Based on the filtered normal observation, fault trend
control limit 𝑙1 can be determined via (19):

𝑊0𝑖𝐹 = 𝐷𝑇𝑖 �̃�0, 𝑖 = 1, 2, . . . , 𝐿, (18)

𝑙1 = 3𝜎1, (19)

where 𝜎1 is the standard deviation of𝑊01𝐹.
Step 2 (fault trend detection point and the failure point).
Project historical faulty observation data 𝑌1 to the designated
pattern𝐷1 to get the designated component𝑊1:

𝑊1 = 𝐷𝑇1𝑌1. (20)

The extracted feature𝑊1 can characterize the fault evolution
process of the critical component. The failure point 𝑡𝑓 can be
calculated as follows:

𝑡𝑓 = min {𝑘 : 𝑊1 (𝑘) ≥ 𝑞} . (21)

Similarly, the filtered designated component can be com-
puted via (22).

𝑊1𝐹 = 𝐷𝑇1𝑌1𝐹. (22)

Once𝑊1𝐹 and fault trend control limit 𝑙1 have been obtained,
the definition of fault trend detection point 𝑡𝑠 can be
expressed as

𝑡𝑠 = argmin
𝑘

{𝑘 : 𝑊1𝐹 (𝑘) ≥ 𝑙1} . (23)

Step 3 (fault damage precursor). Smoothing technique
descripted in (24) is required to get a more smooth fault
damage precursor:

𝑊1𝐹 (1) = 𝑊1𝐹 (1)
𝑊1𝐹 (2) = (𝑊1𝐹 (1) + 𝑊1𝐹 (2) + 𝑊1𝐹 (3))3
𝑊1𝐹 (3)
= (𝑊1𝐹 (1) + 𝑊1𝐹 (2) + 𝑊1𝐹 (3) + 𝑊1𝐹 (4) + 𝑊1𝐹 (5))5

...
𝑊1𝐹 (𝑘)
= (𝑊1𝐹 (𝑘 − 𝑐 + 1) + 𝑊1𝐹 (𝑘 − 𝑐 + 2) ⋅ ⋅ ⋅ + 𝑊1𝐹 (𝑘))𝑐

... ,

(24)

where 𝑐 is the size of the smoothing window; 𝑊1𝐹(𝑖) (𝑖 =1, 2, . . . , 𝑛) is the element of vector𝑊1𝐹.
The fault evolution process in the period from 𝑡𝑠 to 𝑡𝑓 can

be defined as fault damage precursor, denoted by 𝐶:
𝐶 (𝑡 − 𝑡𝑠 + 1) = 𝑊1𝐹 (𝑡) , (𝑡 = 𝑡𝑠, 𝑡𝑠 + 1, . . . , 𝑡𝑓) . (25)

3.1.3. The RUL Prediction Model. The historical RUL is
defined by the deviation between 𝑡 and 𝑡𝑓:

RUL (𝑡 − 𝑡𝑠 + 1) = 𝑡𝑓 − 𝑡, (𝑡 = 𝑡𝑠, 𝑡𝑠 + 1, . . . , 𝑡𝑓) , (26)

where 𝑡 is the current sampling time.
Once the fault precursor defined in (26) is established,

the algorithm of establishing RUL prediction model can be
divided into three steps.

Step 1. Computerize the deviation between fault damage
precursor and the control limit denoted by 𝑅:

𝑅 (𝑡 − 𝑡𝑠 + 1) = 𝐶 (𝑡) − 𝑙1. (27)

Step 2. Once the deviation 𝑅 and the historical RUL have
been obtained, historical data can be determined as follows:

𝐽 = {(𝑅,RUL)} . (28)

Step 3. Exponential life prediction model is established by
nonlinear fitting of the historical data. Fitting equation is
shown as follows:

RUL = 𝑐 + 𝑎 × 𝑒𝑏𝑅. (29)
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3.2. Online Fault Diagnosis. Firstly, online observation data
after pretreatment of wavelet filtering is denoted by 𝑌𝑧.
Project 𝑌𝑧 to the designated patterns 𝐷𝑖 to obtain the
designated component vector𝑊𝑖𝑧:

𝑊𝑖𝑧 = 𝐷𝑇𝑖 𝑌𝑧, 𝑖 = 1, 2, . . . , 𝐿. (30)

The smoothed designated component is denoted by𝑊𝑖𝑧.
Shewhart charts based method is used in this paper to
implement fault diagnosis.

3.3. Online Life Prediction. A key step of online RUL pre-
diction for the critical component is to judge whether 𝑅(𝑘)
is positive or negative. If 𝑅(𝑘) is positive, it means that the
system is abnormal. Real-time RUL prediction results can be
obtained via exponential life prediction model:

𝑅 (𝑘) = 𝑊1𝑧 (𝑘) − 𝑙1 > 0,
R̂UL (𝑘) = 𝑐 + 𝑎 × 𝑒𝑏𝑅(𝑘),

𝑘 = 𝑡𝑠, 𝑡𝑠 + 1, . . . , 𝑡𝑓.
(31)

4. Simulation

4.1. Simulation Data. In this section, 𝑚 = 20, 𝑛 = 1000
are used for simulation. Normal observation data is the
compound of ten coexisting change patterns:

𝑌0 =
𝐿∑
𝑖=1

𝐷𝑖𝑊𝑖, (32)

where 𝐿 = 10 is the number of designated patterns, 𝐷1, 𝐷7
represent fault patterns, and the rest are normal random
disturbance patterns. 𝑊𝑖 is the sample vector of designated
component for simulation. In MATLAB, 𝑊𝑖 can be defined
by the function of “randn” and some linear operations.
Assuming𝑊𝑖 is normally distributed,

𝑊1 = randn (1, 𝑛) ,
𝑊2 = 0.5𝑊1 + 0.8 randn (1, 𝑛) ,
𝑊3 = 0.5𝑊1 + 0.5𝑊2,
𝑊4 = 0.5𝑊2 + 0.1 randn (1, 𝑛) ,
𝑊5 = 𝑊3 + 0.2𝑊4,
𝑊6 = 0.2𝑊1 + 0.3𝑊4,
𝑊7 = 0.3 randn (1, 𝑛) ,
𝑊8 = 0.2𝑊7 + 0.2 randn (1, 𝑛) ,
𝑊9 = 0.1𝑊8 + 0.2 randn (1, 𝑛) ,
𝑊10 = 0.5 randn (1, 𝑛) .

(33)

From 130th to 1000th sampling point, the influence of
fault patterns𝐷1 becomes greater

𝑓1 = 𝑔1 (1 − 𝑒−𝑡1/𝜏1) , (34)

where 𝑔1 = 6, 𝑡1 ∈ [0, 13], 𝜏1 = 8.
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Figure 1: PCA based fault detection.

From 300th to 1000th sampling point, the influence of
fault patterns𝐷7 becomes greater

𝑓7 = 𝑔7 (1 − 𝑒−𝑡7/𝜏7) , (35)

where 𝑔7 = 4, 𝑡7 ∈ [1, 8], 𝜏7 = 6.
4.2. Data Feature Extraction Based on DCA. Figure 1 shows
SPE chart of PCA. The control limit with confidence level𝛼 = 0.003, which can be calculated by (4). From Figure 1, the
abnormally can be detected from the 411th sample time. It can
be concluded fromFigure 1 that the detection time using PCA
is not consistent with the failure point of any component.

Therefore, DCA is introduced to overcome the pattern
compounding deficiency of PCA. DCA-based faults diagno-
sis results are depicted in Figure 2. The dotted red line is
the control limit. As shown in Figure 2, the Shewhart charts
correspond to 𝐷1, 𝐷7 beyond the upper control limit from
451 and 501, respectively. The results indicate that DCA is an
effective multiple faults diagnosis method for multiple faults
diagnosis.

4.3. Early Fault Feature Extraction Based on DCA. In this
part, wavelet based denoising technique is used to extract
early fault feature. The filtered SPE chart of PCA is shown in
Figure 3. The blue line denotes the filtered SPE (abbreviated
as F-SPE in the following); the black point line denotes the
filtered SPE after smoothing (abbreviated as F-S-SPE in the
following). The fault trend can be detected from the 154th
sample point.

Figure 4 shows the faults results of DCA preprocessed by
wavelet filter (WF-DCA). The blue line denotes the filtered
designated components (the F-dcs); the black line denotes the
filtered dcs after smoothing (the F-S-dcs). It can be seen from
Figure 4 that the fault trend of the 1st dc can be detected at
161. The 7th dc is abnormal from 326.
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Figure 2: DCA-based faults diagnosis.

These simulation results imply that the early fault detec-
tion can be achieved by wavelet filtering which can increase
the signal-to-noise ratio (SNR) of the fault signal. This paper
determines the fault trend detection point using wavelet
filtering technique.

4.4. RUL Prediction Model. In this paper, the system com-
ponent corresponding to 𝐷1 is assumed to be a critical
component. In order to get more precise RUL prediction
model, smoothing technique is used to postprocess the fault
precursor. The smoothed evolution precursor between fault
trend detection point and failure point can be defined as the
damage precursor to establish RUL prediction model.

For establishing RUL prediction model based on WF-
PCA, the failure time 𝑡𝑓 = 411 can be determined from
Figure 1. The fault trend detection point 𝑡𝑠 = 154 can be
obtained from Figure 3.The F-S-SPE between 154 and 411 can
be defined as the fault damage precursor. Use RUL = 𝑎 × 𝑒𝑏𝑅
as the fitting function to establish RUL prediction model,
where 𝑅 is the deviation between the value of F-S-SPE and
the control limit. Figure 5 shows the fitted RUL prediction
model based on WF-PCA.

Figure 6 shows the fitted RUL prediction model of the
critical component based on WF-DCA. The first F-S-dc
between 161 and 451 can be defined as fault damage precursor,
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Figure 3: WF-PCA based early fault detection.

where 𝑡𝑓 and 𝑡𝑠 can be obtained from Figures 2 and 4,
respectively.
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Figure 4: WF-DCA-based early faults diagnosis.

4.5. Online Life Prediction and Fault Diagnosis Based on DCA.
Once online data is obtained, we can predict the online RUL
based on the aforementioned prediction model. Figure 7
depicts the online fault detection results by online F-S-SPE. It
can be seen from Figure 7 that the fault trend can be detected
from the 152nd sample point.

To further demonstrate the superiority of the proposed
method, two commonly used prediction algorithms are
employed for comparison, namely, AR and BPNN. For BPNN
and AR, fault trend prediction and recursive RUL prediction
are implemented in two separate stages which makes them
unavailable to predicting the RUL online. The parameters of
BPNN are shown in Table 2. In this paper, the order of AR
model is 1, and the regression parameter is 𝜑. The recursive
RUL prediction process can be formulated as follows:

𝑊1𝑧 (𝑘 + 𝑠) = 𝜑𝑊1𝑧 (𝑘 + 𝑠 − 1) ≥ 𝑞,
𝑘 = 𝑡𝑠, 𝑡𝑠 + 1, . . . , 𝑡𝑓, (36)

where 𝑠 is the number of recursive steps and 𝑞 is the failure
control limit.

Figure 8 shows the online RUL prediction result of PCA.
The blue line is the real RUL. The dotted red line is the

Table 2: Parameters of BPNN in pretraining.

Parameters BPNN
Layers 3
Neurons in each layer [1, 10, 1]
Learning rate 0.0001
Epochs 1000

predicted RUL by the method proposed in this paper. The
dotted black line is the predicted RUL by AR. The dotted
blue line is the predicted RUL by BPNN. As we can see from
Figure 8, the prediction accuracy of the dotted red line is
higher than that of the dotted black line and the dotted blue
line. Extra recursive steps are required for bothARandBPNN
based RUL prediction model. The method proposed in this
paper can avoid this problem and reduce the prediction error.

Figure 9 depicts the online faults diagnosis results based
on WF-DCA. From Figure 9, the fault trends corresponding
to 𝐷1 and 𝐷7 can be detected from 165 and 324, respectively.
Figure 10 shows the online prediction result of the critical
component. The blue line is the real RUL. The dotted red
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Figure 5: The fitted RUL prediction model based on PCA.
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Figure 6:ThefittedRULpredictionmodel of the critical component
based on DCA.

Table 3: Mean of RUL prediction error.

Statistics Fitting AR BPNN
SPE 10.536 15.969 14.450
dc1 9.973 24.156 20.035

line is the predicted RUL by nonlinear fitting method. The
dotted black line is the predicted RUL by AR. The dotted
blue line is the predicted RUL by BPNN. It can be seen from
Figure 10 that fitted RUL prediction model is more efficient
than othermodels.Themean of RUL prediction error is listed
in Table 3. It can be concluded fromTable 3 that the proposed
method is a good choice for the RUL prediction of the critical
component.
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Figure 7: Online early fault detection based on WF-PCA.
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Figure 8: Online RUL prediction based on PCA.

5. Conclusions

Traditional RUL prediction is based on autoregression which
cannot ensure a real-time RUL prediction since necessary
computation time is required for online recursive prediction.
In addition in order to implement RUL prediction for critical
component that has disastrous impact on the system, DCA
is introduced as a fault feature extraction tool for a certain
system component to overcome the pattern compounding
problem of PCA. The fault feature extracted by DCA can
be used to define the fault precursor. For the sake of
establishing RUL prediction model, wavelet filter technology
based preprocessing is used for early detection of those slowly
varying faults. Finally, exponential fitting based online RUL
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Figure 9: Online early fault diagnosis based on DCA.
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Figure 10: The online prediction result of the critical component.
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prediction model is developed to get the real-time online
prediction of RUL.
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This paper addresses a distributed consensus optimization problem of a first-order multiagent system with time-varying delay.
A continuous-time distributed optimization algorithm is proposed. Different from most ways of solving distributed optimization
problem, the Lyapunov-Razumikhin theorem is applied to the convergence analysis instead of the Lyapunov-Krasovskii functionals
with LMI conditions. A sufficient condition for the control parameters is obtained to make all the agents converge to the optimal
solution of the system. Finally, an example is given to validate the effectiveness of our theoretical result.

1. Introduction

In recent years, the distributed optimization problem of mul-
tiagent systems has been investigated by many researchers;
researches on distributed optimization and control theorem
have been developing rapidly and have been applied to
various fields of industry and defense, like smart grid [1, 2],
sensor networks [3], social networks [4], and so on. The
objective of distributed optimization problem is to solve an
optimization problem cooperatively in a distributed way,
where the objective function is formed by a sum of local
objective functions, and each agent can only know one
local objective function. The ultimate goal is to make the
states of all the agents converge to optimal solution of the
optimization problem via local coordination. Comparedwith
the consensus problem of multiagent systems, which makes
all agents achieve a common state [5–8], not only does the
optimization problemmake all agents achieve the same state,
but also at the same time the achieved state minimizes the
optimization problem.

The current literatures about distributed optimization
problems are more focused on discrete-time algorithms (see
[9–12] and references therein). In both papers [9, 11], discrete-
time subgradient algorithms are proposed for unconstrained,
separable, convex optimization problem and each agent
communicates with the other agents over a time-varying

network topology. A projected consensus subgradient algo-
rithm is proposed for constrained optimization problem in
[10], and, in [12], the authors devise two distributed primal-
dual subgradient algorithms over networks with dynamically
changing topologies but satisfying a standard connectivity
property. But, recently, some continuous-time methods have
also been successfully used to solve distributed optimization
problem. Based on the gradient algorithm and integral
feedback, auxiliary-variables are introduced in continuous-
time dynamical system [13–15]. From the control system
viewpoint, a continuous-time multiagent system dynamic is
proposed with undirected communication topology [13]; the
algorithm is further investigated over a strongly connected
and weight balanced directed graph [16], and even a mod-
ified system is proposed in [14] with auxiliary-variables no
longer needing to exchange information. In [17], the authors
present a second-order multiagent system for distributed
optimization network under bound constraints, and, in [18], a
distributed protocol design for the high-order agent-network
under a connected communication topology is proposed. In
order to avoid using auxiliary-variables, a family of Zero-
Gradient-Sum algorithms are proposed over fixed commu-
nication topology in [19].

On the other hand, it is common that time-delay
exists in practical systems because of the finite speeds of
information transmission and spreading as well as traffic
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congestions. Therefore, time-delay should be taken into
account in algorithm design of multiagent systems. For time-
delay systems modelled by delayed differential equations, an
effective way to deal with their convergence and stability
analysis is based on the Lyapunov-Krasovskii functionals
or Lyapunov-Razumikhin functions. Most of the existing
works concentrate on Lyapunov functions combining with
Linear Matrix Inequality (LMI) techniques to deal with the
consensus problem of multiagent systems with time-delay
[20, 21]. The methods based on Lyapunov-Krasovskii func-
tionals can be applied to a wide variety of problems and may
provide necessary and sufficient conditions of convergence
and stability, but it often leads to computational complexity
and poor scalability. When the number of the agents is large,
it would be difficult to verify the solvability of the LMI
conditions. However, based on the Lyapunov-Razumikhin
theorem, the authors propose a neighbor-based distributed
controller [7, 8] enabling the agents to achieve consensus
along with interconnection delays, which can avoid verifying
the LMI condition and reducing computational burden.
In [15], distributed consensus optimization algorithms are
proposed for continuous-timemultiagent systems with time-
delay, and some sufficiency conditions based on LMI are
obtained.

Motivated by the above observations, the distributed con-
sensus optimization problem of continuous-time multiagent
systems with time-varying delay is considered. The intercon-
nected graph is assumed to be directed, strongly connected,
andweighted-balanced.TheLyapunov-Razumikhin function
is used in the stability analysis. The convergence of the
proposed algorithm is guaranteed with themodel parameters
satisfying some conditions. Meanwhile, the conditions can
also give an estimate of the upper bound of the time-delay,
which can avoid verifying and calculating the complicated
LMI conditions. From the results, we can also see clearly the
relationship among the parameters in the system.

The outline of this paper is organized as follows. Some
basic knowledge on the algebraic graph theory and useful
lemmas are presented in Section 2. The convergence results
of the algorithm are established under the given communica-
tion condition on network topology by applying Lyapunov-
Razumikhin Theorem in Section 3. An example is provided
to illustrate the result in this paper in Section 4. Finally, the
concluding remarks are given in Section 5.

Notations. R and R𝑛 represent the set of real numbers and
the set of 𝑛 × 1 real vectors, respectively; 𝐼𝑛 ∈ R𝑛×𝑛 is the𝑛 × 𝑛 identity matrix; 1𝑛 (or 0𝑛) denotes an 𝑛 dimensional
column vector whose all entries being 1 (or 0); 𝐴𝑇 repre-
sents the transpose of a matrix 𝐴; for vectors 𝑥1, 𝑥2, . . . , 𝑥𝑛,
col(𝑥1, 𝑥2, . . . , 𝑥𝑛) = [𝑥𝑇1 , 𝑥𝑇2 , . . . , 𝑥𝑇𝑛 ]𝑇; for a vector 𝑤, then‖𝑤‖ = √𝑤𝑇𝑤 represents the standard Euclidean norm.

2. Preliminaries and Problem Statement

2.1. Preliminaries. Consider a multiagent system consisting
of 𝑁 agents, if each agent is regarded as a node, the com-
munication topology among these agents can be described

by a weighted digraph G = (V,E,A) with the finite set of
nodes V = {1, 2, . . . , 𝑁} and edge set E ⊂ V × V. An
edge starts from 𝑖 and ends on 𝑗, which means that agent𝑖 can send information to agent 𝑗. The weighted adjacency
matrix A = [𝑎𝑖𝑗] ∈ 𝑅𝑁×𝑁 is defined as 𝑎𝑖𝑗 > 0 if (𝑖, 𝑗) ∈ E

and 𝑎𝑖𝑗 = 0 otherwise. If ∑𝑁𝑗=1 𝑎𝑖𝑗 = ∑𝑁𝑗=1 𝑎𝑗𝑖 for all 𝑖 ∈
V, the digraph G is called weighted-balanced. A path is a
sequence of connected edges in a graph. If there is a path
between any two nodes of a digraph G, then digraph G is
said to be strongly connected, otherwise disconnected. The
degree matrix D = diag{𝑑1, 𝑑2, . . . , 𝑑𝑁} ∈ R𝑁×𝑁 of graph
G is a diagonal matrix with the 𝑖th diagonal element being𝑑𝑖 = ∑𝑁𝑗=1 𝑎𝑖𝑗 for 𝑖 ∈ V. The Laplacian of graph G is defined
as 𝐿 = D −A.

The next lemmas related to the important properties of
Laplace 𝐿 and provide useful mathematical tools.

Lemma 1 (see [22]). Laplace matrix 𝐿 has at least one zero
eigenvalue with 1𝑁 = [1, 1, . . . , 1] ∈ R𝑁 as its eigenvector,
and all the nonzero eigenvalues of 𝐿 have positive real parts.
Laplacian L has a simple zero eigenvalue if and only if G is
strongly connected.

Lemma 2. For matrices 𝐴, 𝐵, 𝐶 and 𝐷 with appropriate
dimensions, the Kronecker product ⊗ satisfies (1) (𝐴 ⊗ 𝐵)(𝐶 ⊗𝐷) = (𝐴𝐶) ⊗ (𝐵𝐷); (2) (𝐴 ⊗ 𝐵)𝑇 = 𝐴𝑇 ⊗ 𝐵𝑇; (3) (𝐴 ⊗ 𝐵)−1 =𝐴−1 ⊗ 𝐵−1.
Lemma 3 (see [23]). For a given real matrix 𝑆 = ( 𝑋 𝑌

𝑌𝑇 𝑍
)

with 𝑋𝑇 = 𝑋 and 𝑍𝑇 = 𝑍, then the following conditions are
equivalent:

(1) 𝑆 > 0;
(2) 𝑋 > 0, 𝑍 − 𝑌𝑇𝑋−1𝑌 > 0;
(3) 𝑍 > 0, 𝑋 − 𝑌𝑋−1𝑌𝑇 > 0.

2.2. Problem Statement. We consider a multiagent system
consisting of𝑁 agents. The dynamics of the 𝑖th agent, 𝑖 ∈ V,
is described by �̇�𝑖 (𝑡) = 𝑢𝑖 (𝑡) , (1)

where 𝑥𝑖 ∈ R𝑚 denotes the state of agent 𝑖 and 𝑢𝑖 ∈ R𝑚 is
the control input.

Consider the multiagent optimization problem, in which
the goal is to minimize the sum of local cost functions
associated with the individual agent. More specially, it can be
expressed as

minimize 𝑓 (𝑥) = 𝑁∑
𝑖=1

𝑓𝑖 (𝑥) , 𝑥 ∈R
𝑚. (2)

Let x = col(𝑥1, 𝑥2, . . . , 𝑥𝑁) ∈ R𝑁𝑚. Next, we provide an
alternative formulation of (2), that is,

minimize 𝑓 (x) = 𝑁∑
𝑖=1

𝑓𝑖 (𝑥𝑖) , 𝑥𝑖 ∈R
𝑚,

subject to (𝐿 ⊗ 𝐼𝑚) x = 0𝑁𝑚. (3)
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We can see that the problem (2) on R𝑚 is equivalent to the
problem (3) onR𝑁𝑚.

In this paper, our goal is to design a distributed controller
for each agent such that the states of all the agents converge to
the optimal solution of the optimization problem (2) via local
communication.

Before proceeding, we give the following assumption on
the local cost function 𝑓𝑖 based on convex analysis [24].

Assumption 4. (a) For each 𝑖 ∈ V, 𝑓𝑖 is differentiable and its
gradient is Lipschitz with constant 𝜌𝑖 > 0 inR𝑚:∇𝑓𝑖 (𝑥) − ∇𝑓𝑖 (𝑦) ≤ 𝜌𝑖 𝑥 − 𝑦 , ∀𝑥, 𝑦 ∈R

𝑚. (4)

(b) for 𝑖 ∈V, 𝑓𝑖 is𝑚𝑖-strongly convex with constant𝑚𝑖 >0: (𝑥 − 𝑦)𝑇 (∇𝑓𝑖 (𝑥) − ∇𝑓𝑖 (𝑦)) ≥ 𝑚𝑖 𝑥 − 𝑦2 ,∀𝑥, 𝑦 ∈R
𝑚. (5)

Remark 5. Under Assumption 4(b), we can note that 𝑓 is
strictly convex; then the problem (3) has an unique optimal
solution.

Assumption 6. The digraph G is weighted-balanced and
strongly connected.

From Lemma 1 and Assumption 6, there exists a matrix𝑄 ∈R𝑁×(𝑁−1) with

1𝑇𝑁𝑄 = 0,𝑄𝑇𝑄 = 𝐼𝑁−1,𝑄𝑄𝑇 = 𝐼𝑁 − 1𝑁1𝑁1
𝑇
𝑁,

(6)

such that thematrix𝑄𝑇𝐿𝑄 = 𝐻, where the real parts of all the
eigenvalues of𝐻 are positive, and𝐻+𝐻𝑇 is positive definite.

When considering the presence of time-varying com-
munication delay among the information transmission, the
continuous-time distributed optimization protocol is pro-
posed for agent 𝑖 (𝑖 ∈V) as follows:
𝑢𝑖 (𝑡) = −𝑘 𝑁∑

𝑗=1

𝑎𝑖𝑗 [𝑥𝑖 (𝑡 − 𝜏 (𝑡)) − 𝑥𝑗 (𝑡 − 𝜏 (𝑡))] − 𝑤𝑖 (𝑡)
− 𝛾∇𝑓𝑖 (𝑥𝑖 (𝑡)) ,

�̇�𝑖 (𝑡) = 𝛼 𝑁∑
𝑗=1

𝑎𝑖𝑗 [𝑥𝑖 (𝑡 − 𝜏 (𝑡)) − 𝑥𝑗 (𝑡 − 𝜏 (𝑡))] ,
𝑤𝑖 (0) = 0,

(7)

where 𝑤𝑖(𝑡) is an auxiliary state of agent 𝑖 and 𝜏(𝑡) is a con-
tinuously differentiable function satisfying 𝜏(𝑡) ∈ [0, 𝜏] with𝜏 > 0 for all 𝑡 > 0 and 𝑘, 𝛼, 𝛾 are the scalar tuning positive
parameters; −𝛾∇𝑓𝑖(𝑥𝑖(𝑡)) is the gradient term to guide the
agents for optimization; −𝑘∑𝑁𝑗=1 𝑎𝑖𝑗[𝑥𝑖(𝑡 − 𝜏(𝑡)) − 𝑥𝑗(𝑡 − 𝜏(𝑡))]

is the consensus term with time-delay to make all the agents
converge to the same point; −𝑤𝑖(𝑡) is an integral term to
correct the error caused by the consensus term.

Let
w (𝑡) = col (𝑤1 (𝑡) , 𝑤2 (𝑡) , . . . , 𝑤𝑁 (𝑡)) ,∇𝑓 (𝑥 (𝑡))= col (∇𝑓1 (𝑥1 (𝑡)) , ∇𝑓2 (𝑥2 (𝑡)) , . . . , ∇𝑓𝑁 (𝑥𝑁 (𝑡))) . (8)

Then the closed-loop system of (1) and (7) can be expressed
as a compact form:

ẋ (𝑡) = −𝑘 (𝐿 ⊗ 𝐼𝑚) x (𝑡 − 𝜏 (𝑡)) − w (𝑡) − 𝛾∇𝑓 (x (𝑡)) ,
ẇ (𝑡) = 𝛼 (𝐿 ⊗ 𝐼𝑚) x (𝑡 − 𝜏 (𝑡)) . (9)

Let the right-side of closed-loop system (9) be equal to 0; then
we can get the equilibrium point (x∗,w∗), that is,−𝑘 (𝐿 ⊗ 𝐼𝑚) x∗ − w∗ − 𝛾∇𝑓 (x∗) = 0,𝛼 (𝐿 ⊗ 𝐼𝑚) x∗ = 0. (10)

According to the properties of Laplacian matrix and from
(10), one can obtain

x∗ = 1𝑁 ⊗ 𝜋, 𝜋 ∈R
𝑚,

w∗ = −𝛾∇𝑓 (x∗) . (11)

Under Assumption 6, we have 1𝑇𝑁𝐿 = 0. Left multiplying the
second equation of (9) by 1𝑇𝑁⊗𝐼𝑚 and using initial conditions𝑤𝑖(0) = 0, we obtain ∑𝑁𝑗=1 �̇�𝑗(𝑡) = 0; then

𝑁∑
𝑗=1

𝑤𝑗 (𝑡) = 𝑁∑
𝑗=1

𝑤𝑗 (0) = 0, ∀𝑡 ≥ 0. (12)

Left multiplying the second equation of (11) by 1𝑇𝑁 ⊗ 𝐼𝑚 again
results in

0 = 𝑁∑
𝑗=1

𝑤∗𝑗 = −𝛾 (1𝑇𝑁 ⊗ 𝐼𝑚) ∇𝑓 (x∗) = −𝛾 𝑁∑
𝑗=1

∇𝑓𝑖 (𝜋)
= −𝛾∇𝑓 (x∗) . (13)

Thus, the optimal condition ∇𝑓(x∗) = 0 is satisfied, which
means x∗ = 1𝑁 ⊗ 𝑥∗, 𝑥∗ ∈R𝑚 is the optimal solution of the
optimization problem (3).

Using the transformation

x (𝑡) = x (𝑡) − x∗,
w (𝑡) = w (𝑡) − w∗, (14)

one can shift the equilibrium point into the origin; then the
system (9) can be transformed into the following form:

ẋ (𝑡) = −𝑘 (𝐿 ⊗ 𝐼𝑚) x (𝑡 − 𝜏 (𝑡)) − w (𝑡) − 𝛾Ψ (x (𝑡)) ,
ẇ (𝑡) = 𝛼 (𝐿 ⊗ 𝐼𝑚) x (𝑡 − 𝜏 (𝑡)) , (15)

where Ψ(x(𝑡)) = ∇𝑓(x(𝑡)) − ∇𝑓(x∗).
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3. Main Results

Before analyzing the consensus and optimization problem
(9), we introduce the stability of time-delay systems. Consider
the following time-delay system:

�̇� = 𝑓 (𝑡, 𝑥𝑡) , 𝑡 > 𝑡0,𝑥 (𝜃) = 𝜑 (𝜃) , 𝜃 ∈ [−𝜏, 𝑡0] , (16)

where 𝑥𝑡(𝜃) = 𝑥(𝑡 + 𝜃), ∀𝜃 ∈ [−𝜏, 𝑡0] and 𝑓(𝑡, 0) = 0. In the
sequel, suppose that 𝑡0 = 0. Let 𝐶([−𝜏, 0],R𝑛) be a Banach
space of continuous function defined on an interval [−𝜏, 0],
taking values in R𝑛 with topology of uniform convergence,
and with a norm ‖𝜑‖𝑐 = max𝜃∈[−𝜏,𝑡0]‖𝜑(𝜃)‖.

The definition of the stability of the solution𝑥 = 0 is given
as follows in terms of the solution of the delayed equation (16).

Lemma 7 (see [25]). Let 𝜙1, 𝜙2, and 𝜙3 be continuous,
nonnegative, nondecreasing function with 𝜙1(𝑠) > 0, 𝜙2(𝑠) >0, 𝜙3(𝑠) > 0 for 𝑠 > 0 and 𝜙1(0) = 𝜙2(0) = 0. For system (16),
suppose that the function 𝑓 : R × 𝐶([−𝜏, 0],R𝑛) → R takes
bounded sets of 𝐶([−𝜏, 0],R𝑛) in bounded sets of 𝑅𝑛. There is
a continuous function 𝑉(𝑡, 𝑥) such that

𝜙1 (‖𝑥‖) ≤ 𝑉 (𝑡, 𝑥) ≤ 𝜙2 (‖𝑥‖) , 𝑡 ∈R, 𝑥 ∈R
𝑛. (17)

In addition, there exists a continuous nondecreasing function𝜙(𝑠) with 𝜙(𝑠) > 𝑠, 𝑠 > 0 such that
�̇� (𝑡, 𝑥)(16) ≤ −𝜙3 (𝑠) . (18)

If 𝑉 (𝑡 + 𝜃, 𝑥 (𝑡 + 𝜃)) < 𝜙 (𝑉 (𝑡, 𝑥)) , 𝜃 ∈ [−𝜏, 0] , (19)

then the solution 𝑥 = 0 of system (16) is uniformly asymptoti-
cally stable.

Usually, 𝑉(𝑡, 𝑥) is called Lyapunov-Razumikhin function
if it satisfies (17) and (18) in Lemma 7.

Then the main results can be obtained as follows.

Theorem 8. Suppose Assumptions 4 and 6 hold, satisfy

2𝛾𝑚 ≥ 𝛾2𝜌2 + 𝜆2 (20)

and take

𝑘 > 𝑘∗ = 2𝜆1 + 𝛼 (21)

and assume that𝜏 < 𝜏∗
= 𝜆2(𝑘 − 𝛼) [(𝑘 + 𝛼) 𝜆1 + 𝑘3𝜆2] + (2𝑞 + 𝛿𝛾2𝜌2𝑞) (𝜇 + 1) , (22)

where 𝑞 > 1, 𝜇 = 1 + 𝑘/𝛼, and 𝛿 = 𝜆max(𝑃1)/𝜆min(𝑃), and,
respectively, 𝜆1 = 𝜆min (𝐻𝑇 + 𝐻) ,𝜆2 = 𝜆min (𝑅 − 𝐼2𝑁−2) ;𝜆1 = 𝜆max (𝐻𝐻𝑇) ,𝜆2 = 𝜆max (𝐻2 (𝐻2)𝑇) ,

(23)

where 𝜆min(⋅) and 𝜆max(⋅) denote the smallest and the largest
nonzero eigenvalue of positive semidefinite matrix, respectively.

Then, the optimization problem (3) for multiagent system
(1) can be solved by the optimization control (7), where

𝑅 = ((𝑘 − 𝛼) (𝐻𝑇 + 𝐻) 𝐼𝑁−1𝐼𝑁−1 2𝐼𝑁−1) ⊗ 𝐼𝑚. (24)

Proof. Let 𝑒 (𝑡) = (𝑇𝑇 ⊗ 𝐼𝑚) x (𝑡) ,𝜗 (𝑡) = (𝑇𝑇 ⊗ 𝐼𝑚)w (𝑡) ,
𝑇 = [ 1𝑁√𝑁𝑄] .

(25)

Denote 𝑒 = col(𝑒1, 𝑒2), and 𝜗 = col(𝜗1, 𝜗2) with 𝑒1, 𝜗1 ∈
R𝑚, and 𝑒2, 𝜗2 ∈ R𝑚(𝑁−1). By the structure of 𝑇 and (6), we
can know that𝑇 is an orthogonalmatrix.Then the system (15)
can be rewritten as

̇𝑒1 (𝑡) = −𝛾( 1𝑇𝑁√𝑁 ⊗ 𝐼𝑚)Ψ (x (𝑡)) ,
̇𝑒2 (𝑡) = −𝑘 (𝐻 ⊗ 𝐼𝑚) 𝑒2 (𝑡 − 𝜏 (𝑡)) − 𝜗2 (𝑡)− 𝛾 (𝑄𝑇 ⊗ 𝐼𝑚)Ψ (x (𝑡)) ,̇𝜗1 (𝑡) = 0,̇𝜗2 (𝑡) = 𝛼 (𝐻 ⊗ 𝐼𝑚) 𝑒2 (𝑡 − 𝜏 (𝑡)) .

(26)

Let 𝜀(𝑡) = col(𝑒(𝑡), 𝜗(𝑡)) = col(𝑒1(𝑡), 𝑒2(𝑡), 𝜗1(𝑡), 𝜗2(𝑡)), and
construct the Lyapunov-Razumikhin function as𝑉 (𝜀 (𝑡)) = 𝜀𝑇 (𝑡) 𝑃𝜀 (𝑡) (27)

with

𝑃 =((
(

1 0 1 00 𝐼𝑁−1 0 𝐼𝑁−11 0 𝑘𝛼 00 𝐼𝑁−1 0 𝑘𝛼𝐼𝑁−1
))
)

⊗𝐼𝑚. (28)

We can have the fact that 𝑃 = ( 𝐼𝑁 𝐼𝑁𝐼𝑁 (𝑘/𝛼)𝐼𝑁
) ⊗ 𝐼𝑚 is positive

definite since 𝑘 > 𝛼.
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The derivation of 𝑉 along the system (26) is given by

�̇� (𝜀 (𝑡)) = 2𝜀𝑇 (𝑡) 𝑃�̇� (𝑡)= 2 [𝑒1 (𝑡) + 𝜗1 (𝑡)]𝑇 ̇𝑒1 (𝑡)+ 2 [𝑒2 (𝑡) + 𝜗2 (𝑡)]𝑇 ̇𝑒2 (𝑡)
+ 2 [𝑒1 (𝑡) + 𝑘𝛼𝜗1 (𝑡)]𝑇 ̇𝜗1 (𝑡)
+ 2 [𝑒2 (𝑡) + 𝑘𝛼𝜗2 (𝑡)]𝑇 ̇𝜗2 (𝑡) .

(29)

Combining the third equation of (26) and (12) gives 𝜗1(𝑡) =0, ∀𝑡 ≥ 0; then
�̇� (𝜀 (𝑡)) = 2𝑒𝑇1 (𝑡) ̇𝑒1 (𝑡) + 2 [𝑒2 (𝑡) + 𝜗2 (𝑡)]𝑇 ̇𝑒2 (𝑡)

+ 2 [𝑒2 (𝑡) + 𝑘𝛼𝜗2 (𝑡)]𝑇 ̇𝜗2 (𝑡)
= 2𝑒𝑇1 (𝑡) ̇𝑒1 (𝑡) + 2𝜀𝑇2:𝑁 (𝑡) 𝑃1�̇�2:𝑁 (𝑡) ,

(30)

where 𝜀2:𝑁(𝑡) = col(𝑒𝑇2 (𝑡), 𝜗𝑇2 (𝑡)), 𝑃1 = ( 𝐼𝑁−1 𝐼𝑁−1𝐼𝑁−1 (𝑘/𝛼)𝐼𝑁−1
) ⊗ 𝐼𝑚.

For the second and fourth equalities of system (26), we
have a compact form

�̇�2:𝑁 (𝑡) = 𝐶𝜀2:𝑁 (𝑡) + 𝐸𝜀2:𝑁 (𝑡 − 𝜏 (𝑡)) + 𝐹 (31)

with 𝐶 = ( 0 −𝐼𝑁−1
0 0

) ⊗ 𝐼𝑚, 𝐸 = ( −𝑘𝐻 0𝛼𝐻 0 ) ⊗ 𝐼𝑚, and 𝐹 =( −𝛾(𝑄𝑇⊗𝐼𝑚)Ψ(x(𝑡))
0

).
By the Leibniz-Newton formula

𝜀2:𝑁 (𝑡 − 𝜏 (𝑡)) = 𝜀2:𝑁 (𝑡) − ∫𝑡
𝑡−𝜏(𝑡)
�̇�2:𝑁 (𝑠) 𝑑𝑠

= 𝜀2:𝑁 (𝑡) − 𝐶∫0
−𝜏(𝑡)
𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

− 𝐸∫−𝜏(𝑡)
−2𝜏(𝑡)
𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

− ∫0
−𝜏(𝑡)

𝐹 (𝑡 + 𝑠) 𝑑𝑠.
(32)

Therefore, the system (31) can be rewritten as

�̇�2:𝑁 (𝑡) = 𝐹𝜀2:𝑁 (𝑡) − 𝐸𝐶∫0
−𝜏(𝑡)
𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

− 𝐸2 ∫−𝜏(𝑡)
−2𝜏(𝑡)
𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

− 𝐸∫0
−𝜏(𝑡)

𝐹 (𝑡 + 𝑠) 𝑑𝑠 + 𝐹,
(33)

where 𝐹 = 𝐸 + 𝐶.

Thus, we can get

2𝜀𝑇2:𝑁 (𝑡) 𝑃1�̇�2:𝑁 (𝑡)= 𝜀𝑇2:𝑁 (𝑡) (𝐹𝑇𝑃1 + 𝑃1𝐹) 𝜀2:𝑁 (𝑡)
− 2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸𝐶∫0

−𝜏(𝑡)
𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

− 2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸2 ∫−𝜏(𝑡)
−2𝜏(𝑡)
𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

− 2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸∫0
−𝜏(𝑡)

𝐹 (𝑡 + 𝑠) 𝑑𝑠
+ 2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐹.

(34)

Combining (30) and (34) gives

�̇� (𝜀 (𝑡)) = 𝜀𝑇2:𝑁 (𝑡) (𝐹𝑇𝑃1 + 𝑃1𝐹) 𝜀2:𝑁 (𝑡)
− 2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸𝐶∫0

−𝜏(𝑡)
𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

− 2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸2 ∫−𝜏(𝑡)
−2𝜏(𝑡)
𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

− 2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸∫0
−𝜏(𝑡)

𝐹 (𝑡 + 𝑠) 𝑑𝑠
+ 2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐹 + 2𝑒𝑇1 (𝑡) ̇𝑒1 (𝑡) .

(35)

Note that 2𝑎𝑇𝑏 ≤ 𝑎𝑇Φ𝑎 + 𝑏𝑇Φ−1𝑏 holds for any appropriate
positive definite matrix Φ; then let 𝑎𝑇 = −𝜀𝑇2:𝑁(𝑡)𝑃1𝐸𝐶, 𝑏 =
𝜀2:𝑁(𝑡 + 𝑠), and Φ = 𝑃−11 ; one can obtain

− 2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸𝐶∫0
−𝜏(𝑡)
𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

= ∫0
−𝜏(𝑡)

2 (−𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸𝐶) 𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠
≤ 𝜏 (𝑡) 𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸𝐶𝑃−11 (𝑃1𝐸𝐶)𝑇 𝜀2:𝑁 (𝑡)
+ ∫0
−𝜏(𝑡)
𝜀
𝑇
2:𝑁 (𝑡 + 𝑠) 𝑃1𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

≤ 𝜏𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸𝐶𝑃−11 (𝑃1𝐸𝐶)𝑇 𝜀2:𝑁 (𝑡)
+ ∫0
−𝜏(𝑡)
𝜀
𝑇
2:𝑁 (𝑡 + 𝑠) 𝑃1𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠.

(36)
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Similarly, let 𝑎𝑇 = −𝜀𝑇2:𝑁(𝑡)𝑃1𝐸2, 𝑏 = 𝜀2:𝑁(𝑡 + 𝑠), andΦ = 𝑃−11 ;
we have

− 2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸2 ∫−𝜏(𝑡)
−2𝜏(𝑡)
𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

= ∫−𝜏(𝑡)
−2𝜏(𝑡)

2 (−𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸2) 𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠
≤ 𝜏 (𝑡) 𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸2𝑃−11 (𝑃1𝐸2)𝑇 𝜀2:𝑁 (𝑡)
+ ∫−𝜏(𝑡)
−2𝜏(𝑡)
𝜀
𝑇
2:𝑁 (𝑡 + 𝑠) 𝑃1𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

≤ 𝜏𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸2𝑃−11 (𝑃1𝐸2)𝑇 𝜀2:𝑁 (𝑡)
+ ∫−𝜏(𝑡)
−2𝜏(𝑡)
𝜀
𝑇
2:𝑁 (𝑡 + 𝑠) 𝑃1𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠,

(37)

and let 𝑎𝑇 = −𝜀𝑇2:𝑁(𝑡)𝑃1𝐸, 𝑏 = 𝐹(𝑡 + 𝑠), and Φ = 𝑃−11 ; there is

− 2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸∫0
−𝜏(𝑡)

𝐹 (𝑡 + 𝑠) 𝑑𝑠
≤ 𝜏 (𝑡) 𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸𝑃−11 (𝑃1𝐸)𝑇 𝜀2:𝑁 (𝑡)
+ ∫0
−𝜏(𝑡)

𝐹𝑇 (𝑡 + 𝑠) 𝑃1𝐹 (𝑡 + 𝑠) 𝑑𝑠
≤ 𝜏𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐸𝑃−11 (𝑃1𝐸)𝑇 𝜀2:𝑁 (𝑡)
+ ∫0
−𝜏(𝑡)

𝐹𝑇 (𝑡 + 𝑠) 𝑃1𝐹 (𝑡 + 𝑠) 𝑑𝑠.
(38)

Due to

𝐹 (𝑡) = (−𝛾 (𝑄𝑇 ⊗ 𝐼𝑚)Ψ (x (𝑡))0 ) , (39)

then

‖𝐹 (𝑡)‖2 = 𝛾2 (𝑄𝑇 ⊗ 𝐼𝑚)Ψ (x (𝑡))2 ≤ 𝛾2𝜌2 ‖x (𝑡)‖2= 𝛾2𝜌2 ‖𝑒 (𝑡)‖2 ≤ 𝛾2𝜌2 ‖𝜀 (𝑡)‖2 , (40)

with the transformation 𝑒(𝑡) = (𝑇𝑇 ⊗ 𝐼𝑚)x(𝑡); we have
2𝑒𝑇1 (𝑡) ̇𝑒1 (𝑡) = −2𝛾𝑒𝑇1 (𝑡) ( 1𝑇𝑁√𝑁 ⊗ 𝐼𝑚)Ψ (x (𝑡))

= −2𝛾x𝑇 (𝑡) Ψ (x (𝑡))+ 2𝛾𝑒𝑇2 (𝑡) (𝑄𝑇 ⊗ 𝐼𝑚)Ψ (x (𝑡)) ;
(41)

then, from Assumption 4, it follows that2𝜀𝑇2:𝑁 (𝑡) 𝑃1𝐹 + 2𝑒𝑇1 (𝑡) ̇𝑒1 (𝑡)= −2𝛾 (𝑒𝑇2 (𝑡) + 𝜗𝑇2 (𝑡)) (𝑄𝑇 ⊗ 𝐼𝑚)Ψ (x (𝑡))− 2𝛾x𝑇 (𝑡) Ψ (x (𝑡))+ 2𝛾𝑒𝑇2 (𝑡) (𝑄𝑇 ⊗ 𝐼𝑚)Ψ (x (𝑡))= −2𝛾𝜗𝑇2 (𝑡) (𝑄𝑇 ⊗ 𝐼𝑚)Ψ (x (𝑡))− 2𝛾x𝑇 (𝑡) Ψ (x (𝑡))
≤ 𝜗𝑇2 (𝑡) 𝜗2 (𝑡) + 𝛾2 (𝑄𝑇 ⊗ 𝐼𝑚)Ψ (x (𝑡))2− 2𝛾𝑚 ‖x (𝑡)‖2≤ 𝜗𝑇2 (𝑡) 𝜗2 (𝑡) + 𝛾2𝜌2 ‖x (𝑡)‖2 − 2𝛾𝑚 ‖x (𝑡)‖2≤ 𝜀𝑇2:𝑁 (𝑡) 𝜀2:𝑁 (𝑡) − (2𝛾𝑚 − 𝛾2𝜌2) ‖x (𝑡)‖2 ,

(42)

where 𝑚 = min{𝑚1, 𝑚2, . . . , 𝑚𝑁} and 𝜌 = max{𝜌1, 𝜌2, . . . ,𝜌𝑁}.
According to the Lyapunov-Razumikhin Theorem, take𝜙(𝑠) = 𝑞𝑠 for some constant 𝑞 > 1. In case that𝑉 (𝜀 (𝑡 + 𝜃)) < 𝑞𝑉 (𝜀 (𝑡)) , 𝜃 ∈ [−2𝜏, 0] , (43)

then

𝜀
𝑇
2:𝑁 (𝑡 + 𝑠) 𝑃1𝜀2:𝑁 (𝑡 + 𝑠)≤ 𝑒𝑇1 (𝑡 + 𝑠) 𝑒1 (𝑡 + 𝑠) + 𝜀𝑇2:𝑁 (𝑡 + 𝑠) 𝑃1𝜀2:𝑁 (𝑡 + 𝑠)= 𝜀𝑇 (𝑡 + 𝑠) 𝑃𝜀 (𝑡 + 𝑠) < 𝑞𝜀𝑇 (𝑡) 𝑃𝜀 (𝑡) . (44)

Next, considering the integral term in (38) and according to
(40), we can obtain

∫0
−𝜏(𝑡)

𝐹𝑇 (𝑡 + 𝑠) 𝑃1𝐹 (𝑡 + 𝑠) 𝑑𝑠
≤ 𝜆max (𝑃1) ∫0

−𝜏(𝑡)
𝐹𝑇 (𝑡 + 𝑠) 𝐹 (𝑡 + 𝑠) 𝑑𝑠

≤ 𝜆max (𝑃1) 𝛾2𝜌2 ∫0
−𝜏(𝑡)
𝜀
𝑇 (𝑡 + 𝑠) 𝜀 (𝑡 + 𝑠) 𝑑𝑠

≤ 𝜆max (𝑃1)𝜆min (𝑃) 𝛾2𝜌2 ∫0−𝜏(𝑡) 𝜀𝑇 (𝑡 + 𝑠) 𝑃𝜀 (𝑡 + 𝑠) 𝑑𝑠
≤ 𝛿𝛾2𝜌2𝑞∫0

−𝜏(𝑡)
𝜀
𝑇 (𝑡) 𝑃𝜀 (𝑡) 𝑑𝑠

≤ 𝛿𝛾2𝜌2𝑞𝜏 [𝑒𝑇1 (𝑡) 𝑒1 (𝑡) + 𝜀𝑇2:𝑁 (𝑡) 𝑃1𝜀2:𝑁 (𝑡)]≤ 𝛿𝛾2𝜌2𝑞𝜏x𝑇 (𝑡) x (𝑡) + 𝛿𝛾2𝜌2𝑞𝜏𝜀𝑇2:𝑁 (𝑡) 𝑃1𝜀2:𝑁 (𝑡)≤ 𝛿𝛾2𝜌2𝑞𝜏𝜀𝑇 (𝑡) 𝜀 (𝑡) + 𝛿𝛾2𝜌2𝑞𝜏𝜀𝑇2:𝑁 (𝑡) 𝑃1𝜀2:𝑁 (𝑡) ,

(45)
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and, substituting (44) into the integral term in (36), we can
obtain

∫0
−𝜏(𝑡)
𝜀
𝑇
2:𝑁 (𝑡 + 𝑠) 𝑃1𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

< ∫0
−𝜏(𝑡)

𝑞𝜀𝑇 (𝑡) 𝑃𝜀 (𝑡) 𝑑𝑠
< ∫0
−𝜏(𝑡)

[𝑞𝑒𝑇1 (𝑡) 𝑒1 (𝑡) + 𝑞𝜀𝑇2:𝑁 (𝑡) 𝑃1𝜀2:𝑁 (𝑡)] 𝑑𝑠
< 𝑞𝜏𝑒𝑇1 (𝑡) 𝑒1 (𝑡) + 𝑞𝜏𝜀𝑇2:𝑁 (𝑡) 𝑃1𝜀2:𝑁 (𝑡)< 𝑞𝜏 ‖x (𝑡)‖2 + 𝑞𝜏𝜀𝑇2:𝑁 (𝑡) 𝑃1𝜀2:𝑁 (𝑡)≤ 𝑞𝜏𝜀𝑇 (𝑡) 𝜀 (𝑡) + 𝑞𝜏𝜀𝑇2:𝑁 (𝑡) 𝑃1𝜀2:𝑁 (𝑡) .

(46)

Similarly,

∫−𝜏(𝑡)
−2𝜏(𝑡)
𝜀
𝑇
2:𝑁 (𝑡 + 𝑠) 𝑃1𝜀2:𝑁 (𝑡 + 𝑠) 𝑑𝑠

< 𝑞𝜏𝜀𝑇 (𝑡) 𝜀 (𝑡) + 𝑞𝜏𝜀𝑇2:𝑁 (𝑡) 𝑃1𝜀2:𝑁 (𝑡) . (47)

Then from (35) and above inequalities, we have

�̇� (𝜀 (𝑡)) ≤ −𝜀𝑇2:𝑁 (𝑡) (𝑅 − 𝐼2𝑁−2) 𝜀2:𝑁 (𝑡) + 𝜏𝜀𝑇2:𝑁 (𝑡)⋅ [𝑃1𝐸𝐶𝑃−11 (𝑃1𝐸𝐶)𝑇 + 𝑃1𝐸2𝑃−11 (𝑃1𝐸2)𝑇
+ 𝑃1𝐸𝑃−11 (𝑃1𝐸)𝑇 + (2𝑞 + 𝛿𝛾2𝜌2𝑞) 𝑃1] 𝜀2:𝑁 (𝑡)
+ (2𝑞𝜏 + 𝛿𝛾2𝜌2𝑞𝜏) 𝜀𝑇 (𝑡) 𝜀 (𝑡) − (2𝛾𝑚 − 𝛾2𝜌2)
⋅ ‖x (𝑡)‖2 ,

(48)

where

𝑅 = − (𝐹𝑇𝑃1 + 𝑃1𝐹) = ((𝑘 − 𝛼) (𝐻𝑇 + 𝐻) 𝐼𝑁−1𝐼𝑁−1 2𝐼𝑁−1)⊗ 𝐼𝑚,𝑃1𝐸𝐶𝑃−11 (𝑃1𝐸𝐶)𝑇 + 𝑃1𝐸2𝑃−11 (𝑃1𝐸2)𝑇+ 𝑃1𝐸𝑃−11 (𝑃1𝐸)𝑇
= ((𝑘 − 𝛼) [(𝑘 + 𝛼)𝐻𝐻𝑇 + 𝑘3𝐻2 (𝐻2)𝑇] 00 0)⊗ 𝐼𝑚.

(49)

According to Lemma 3, if 𝑘 satisfies condition (21), then 𝑅 −𝐼2𝑁−2 is positive definite; we have
𝜀
𝑇
2:𝑁 (𝑡) (𝑅 − 𝐼2𝑁−2) 𝜀2:𝑁 (𝑡) ≥ 𝜆2𝜀𝑇2:𝑁 (𝑡) 𝜀2:𝑁 (𝑡)= 𝜆2𝜀𝑇2:𝑁 (𝑡) 𝜀2:𝑁 (𝑡) + 𝜆2𝑒𝑇1 (𝑡) 𝑒1 (𝑡)− 𝜆2𝑒𝑇1 (𝑡) 𝑒1 (𝑡) = 𝜆2𝜀𝑇 (𝑡) 𝜀 (𝑡) − 𝜆2𝑒𝑇1 (𝑡) 𝑒1 (𝑡)≥ 𝜆2𝜀𝑇 (𝑡) 𝜀 (𝑡) − 𝜆2 ‖x (𝑡)‖2 ,

(50)

if condition (20) is satisfied and due to the fact that
𝜀
𝑇
2:𝑁(𝑡)𝜀2:𝑁(𝑡) ≤ 𝜀𝑇(𝑡)𝜀(𝑡); then�̇� (𝜀 (𝑡)) ≤ −𝜆2𝜀𝑇 (𝑡) 𝜀 (𝑡) + 𝜆2 ‖x (𝑡)‖2 + 𝜏𝜀𝑇2:𝑁 (𝑡)⋅ {(𝑘 − 𝛼) [(𝑘 + 𝛼) 𝜆1 + 𝑘3𝜆2] + (2𝑞 + 𝛿𝛾2𝜌2𝑞) 𝜇}⋅ 𝜀2:𝑁 (𝑡) + 2 (𝛿𝛾2𝜌2𝑞𝜏 + 𝑞𝜏) 𝜀𝑇 (𝑡) 𝜀 (𝑡) − (2𝛾𝑚− 𝛾2𝜌2) ‖x (𝑡)‖2 ≤ −𝜆2𝜀𝑇 (𝑡) 𝜀 (𝑡) + 𝜏𝜀𝑇 (𝑡)⋅ {(𝑘 − 𝛼) [(𝑘 + 𝛼) 𝜆1 + 𝑘3𝜆2] + (2𝑞 + 𝛿𝛾2𝜌2𝑞) 𝜇+ (2𝑞 + 𝛿𝛾2𝜌2𝑞)} 𝜀 (𝑡) − (2𝛾𝑚 − 𝛾2𝜌2 − 𝜆2)⋅ ‖x (𝑡)‖2 ≤ −𝜆2𝜀𝑇 (𝑡) 𝜀 (𝑡) + 𝜏𝜀𝑇 (𝑡)⋅ {(𝑘 − 𝛼) [(𝑘 + 𝛼) 𝜆1 + 𝑘3𝜆2]+ (2𝑞 + 𝛿𝛾2𝜌2𝑞) (𝜇 + 1)} 𝜀 (𝑡)

(51)

andwe take 𝜏has the upper bound in (22); then �̇�(𝜀(𝑡)) is neg-
ative definite. Thus by the Lyapunov-Razumikhin theorem,
we can conclude that 𝜀(𝑡) → 0; that is, 𝑒(𝑡) → 0𝑚𝑁, 𝜗(𝑡) →0𝑚𝑁 as 𝑡 → ∞.

With the transformation x(𝑡) = (𝑇 ⊗ 𝐼𝑚)𝑒(𝑡) and w(𝑡) =(𝑇 ⊗ 𝐼𝑚)𝜗(𝑡) and 𝑇 is a orthogonal matrix, we can obtain
x(𝑡) → 0𝑚N, w(𝑡) → 0𝑚𝑁, which means x(𝑡) → x∗, w(𝑡) →
w∗ as 𝑡 → ∞. As a result, this proof is completed.

Remark 9. The continuous-time protocol considered in this
paper is based on the algorithm proposed in [15], and
under the same communication topology, but the conditions
of convergence analysis needed by this paper are more
relaxed. From (20) and (21), it is clearly shown that 𝑘∗ is
independent of parameters 𝛽 and 𝛾 but dependent on 𝛼
and communication topology, while 𝜏∗ is independent of
constant 𝑚𝑖 in this paper compared to [15]. We can know
when the number of the agents is large, it would be difficult
to verify the LMI condition, but, in this paper, it only needs
the model parameters to meet some boundary conditions,
and when considering the dynamic systemwith time-varying
delay, the Lyapunov function with Razumikhin technique is
also an effective method compared to Lyapunov-Krasovskii
method.

4. Simulations

In this section, we give an example to validate our theoretical
results. In the example, we consider a multiagent system
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Figure 1: Connected graph.

consisting of five agents. Suppose that the interconnected
topology is described as in Figure 1.

Consider the following optimization problem:

minimize 𝑓 (𝑥) = 𝑁∑
𝑖=1

𝑓𝑖 (𝑥) , 𝑥 ∈R, (52)

where the local objective function is given as follows:

𝑓1 (𝑥) = 0.7 (𝑥 − 8)2 ,𝑓2 (𝑥) = 0.6𝑥2 − 2,𝑓3 (𝑥) = (𝑥 + 2)2 ,𝑓4 (𝑥) = 0.8𝑥2 + 2𝑥,
𝑓5 (𝑥) = sin 𝑥2 + 𝑥22 .

(53)

Obviously, for 𝑖 = 1, 2, . . . , 5, 𝑓𝑖 is differentiable and satisfies
Assumption 4. Choosing 𝛼 = 0.6, 𝑘 = 2.2, 𝛾 = 0.4, 𝑞 = 1.1
and time-varying delay 𝜏(𝑡) = 0.01| cos(𝑡)|, we can obtain 𝜌 =2, 𝑚 = 1, 𝑘∗ = 2.0472 and 𝜏∗ = 0.0004.

Let the initial values 𝑥(0) = [𝑥1(0), 𝑥2(0), 𝑥3(0), 𝑥4(0),𝑥5(0)]𝑇 = [−8, −2, 2, 3, 10]𝑇, 𝑤(0) = [𝑤1(0), 𝑤2(0), 𝑤3(0),𝑤4(0), 𝑤5(0)]𝑇 = [0, 0, 0, 0, 0]𝑇. The simulation results are
shown in Figures 2 and 3.

We can see that the trajectories 𝑥𝑖 of each agent 𝑖 converge
to the global optimal solution 𝑥∗ = 0.6565 of the objective
function 𝑓(𝑥) = ∑𝑁𝑖=1 𝑓𝑖(𝑥) and all the trajectories 𝑤𝑖
converge to a constant, respectively, for 𝑖 = 1, 2, . . . , 5. The
optimal value of 𝑓(𝑥) is 45.2602.
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Figure 2: The trajectories of 𝑥𝑖.
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Figure 3: The trajectories of 𝑤𝑖.
5. Conclusion

In this paper, the consensus optimization problem of mul-
tiagents with communication delays was considered. By
a continuous-time algorithm, consensus and optimization
under some parameter bound conditions are ensured. Graph
theory is used to describe the interconnection topologies.
Lyapunov-Razumikhin theory were employed for stability
analysis. The connectivity assumption of directed graph
plays a key role in the analysis of algorithm convergence.
Numerical examples were given to illustrate the theoretical
results.
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In order to improve the traffic condition, a novel iterative learning control (ILC) algorithm with forgetting factor for urban road
network is proposed by using the repeat characteristics of traffic flow in this paper. Rigorous analysis shows that the proposed ILC
algorithm can guarantee the asymptotic convergence.Through iterative learning control of the traffic signals, the number of vehicles
on each road in the network can gradually approach the desired level, thereby preventing oversaturation and traffic congestion.The
introduced forgetting factor can effectively adjust the control input according to the states of the system and filter along the direction
of the iteration. The results show that the forgetting factor has an important effect on the robustness of the system. The theoretical
analysis and experimental simulations are given to verify the validity of the proposed method.

1. Introduction

Urban road intersection is the meeting center of traffic flow
in urban network. Whether the vehicles can drive safely and
orderly through the intersection or not has an important
influence on the patency of the road network. The signal
control of the intersection ensures the efficient operation of
traffic flow in urban network and prevents traffic congestion.

At present, many signal control methods for urban road
intersection have been developed by researchers based on
different theories. Some corresponding signal control systems
have been developed and put into use, such as SCOOT
[1], SCATS [2], UTOPIA/SPOT [3], RHODES [4], OPAC
[5], and PRODYN [6]. According to the different theories,
there are several methods, for instance, the optimal control
[7, 8], model predictive control [9, 10], and agent based
method [11]. However, most of them are still in the theo-
retical research stage. Based on the optimal control theory,
Aboudolas et al. proposed a signal control method for urban
road intersection, which can calculate the signal timing of
large-scale urban road network with the advantages of simple
structure and small amount of calculation [7, 8]. But the
method performs inappropriately when the traffic state is
oversaturated. In [9, 10], Van den Berg et al. introduced

a signal control method for urban road intersection based
on model predictive control, which can calculate the signal
timing online rolling and operate easily; however, tedious cal-
culation is necessary for the large-scale urban road network.
Negenborn et al. proposed a signal control method for urban
road intersection based on the agent based method, which
can work out the urban traffic signal control in distributed
manner and avoid the complex calculation of the centralized
control [11]. However, this method is difficult to achieve in
practice.

From the macro point of view, traffic flow has obvious
characteristics of repeatability.Therefore, how to make use of
the repetitive nature of traffic flow to control the intersection
is important for improving urban traffic conditions. For the
system with characteristics of repeatability, iterative learning
control, which is proposed by Arimoto et al. [12], can deal
with the control problems of complex nonlinear dynamic,
time-varying, and unknown system in a simple way, and it
has been widely used.

In the field of traffic control, Hou and Xu applied the
iterative learning control method to expressway ramp control
[13] and further proposed the hybrid ramp controlmethod by
combing the iterative learning control and feedback control
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Figure 1: Signalized intersections.

to enhance robustness of the system [14]. However, there is
little research on the ILC for urban road intersection control
[15–17]. Therefore, the iterative learning control algorithm
with forgetting factor for urban road intersection is discussed
in this work. The introduced forgetting factor can effectively
adjust the control input according to the states of the system
and filter along the direction of the iteration. So it can
accelerate the speed of convergence, smooth the tracking
error curve, track the desired trajectory better, and reduce
the impact of internal interference in the system on the
convergence. The robustness of iterative learning control
with forgetting factor is proven by rigorous analysis. Finally,
the effectiveness of the method is verified by numerical
simulation.

2. Traffic Flow Modeling

Let 𝑜1 and 𝑜2 be the two adjacent intersections, the corre-
sponding road is 𝑙, 𝑑𝑙 denotes the input flow of road 𝑙, and𝑡𝑙 is the output flow, which is shown in Figure 1.

Then the number of vehicles 𝑥𝑙 on road 𝑙 at time 𝑘 is
𝑥𝑙 (𝑘 + 1) = 𝑥𝑙 (𝑘) + 𝑇 [𝑑𝑙 (𝑘) − 𝑡𝑙 (𝑘)] , (1)

where 𝑇 is the control cycle and 𝑘 = 0, 1, 2, . . . , 𝐾 is the
sampling time.

The input flow 𝑑𝑙(𝑘) at road 𝑙 is the sum of traffic from the
upper roads; that is,

𝑑𝑙 (𝑘) = ∑
𝑤∈𝐼𝑜1

𝜏𝑤,𝑙𝑡𝑤 (𝑘) , (2)

where 𝐼𝑜1 is the road collection for traffic into the intersection𝑜1 and 𝜏𝑤,𝑙 is the rate for traffic flow through road𝑤 into road𝑙.
Let 𝑔𝑙(𝑘) be the effective green light time for road 𝑙 at time𝑘; then the output flow 𝑡𝑙(𝑘) is

𝑡𝑙 (𝑘) = (𝑔𝑙 (𝑘)𝐶 ) 𝑆𝑙, (3)

where𝑔𝑙(𝑘) = ∑𝑖∈𝑉𝑙 𝑢𝑜2,𝑖(𝑘),𝑢𝑜2 ,𝑖(𝑘) is the green time for phase𝑖 at intersection 𝑜2, and𝑉𝑙 is the phase set with right of way for
road 𝑙. 𝑆𝑙 is the saturated flow for road 𝑙; 𝐶 is the signal cycle.

Submitting (2) and (3) into (1), we can get the state function
of road 𝑙 as follows:

𝑥𝑙 (𝑘 + 1)
= 𝑥𝑙 (𝑘)

+ 𝑇[
[

∑
𝑤∈𝐼𝑜1

𝜏𝑤,𝑙 𝑆𝑤𝐶 ∑
𝑖∈𝑉𝑤

𝑢𝑜1 ,𝑖 (𝑘) − 𝑆𝑧𝐶 ∑
𝑖∈𝑉𝑙

𝑢𝑜2 ,𝑖 (𝑘)]]
.

(4)

Therefore, for different phases at intersection 𝑜, the green
time 𝑢𝑜,𝑖, the loss time 𝑙𝑜, and signal cycle𝐶 should satisfy the
following equation:

∑
𝑖∈𝐹𝑜

𝑢𝑜,𝑖 (𝑘) + 𝑙𝑜 = 𝐶. (5)

Considering the pedestrian crossing time, 𝑢𝑜,𝑖 should also
satisfy

𝑢min
𝑜,𝑖 ≤ 𝑢𝑜,𝑖 (𝑘) ≤ 𝑢max

𝑜,𝑖 , (6)

where 𝑢min
𝑜,𝑖 and 𝑢max

𝑜,𝑖 are the minimum and maximum of 𝑢𝑜,𝑖,
respectively.

3. State Space Model and Assumptions

3.1. State Space Model. Define the state equation (4) for all
roads of the urban network, which combines with the output
equation. The state space model of urban network is shown
as follows:

x (𝑘 + 1) = 𝐴x (𝑘) + 𝐵u (𝑘) ,
y (𝑘 + 1) = 𝐶x (𝑘 + 1) , (7)

where x(𝑘) is the state vector, u(𝑘) is the control vector,
y(𝑘) is the output vector, and state matrix 𝐴 and output
matrix𝐶 are the identity matrix, respectively.The elements of
input matrix 𝐵 contain the characteristic parameters of road
network such as phase, cycle, turning saturation flow rate, and
other parameters.

According to the actual requirement, the control input
u(𝑘) must be in a reasonable range; that is to say, u(𝑘)
must satisfy formula (6) and u(𝑘) ∈ [umin(𝑘), umax(𝑘)]; this
condition can also be illustrated by the saturation function
u(𝑘), which is shown as follows:

sat [u (𝑘)]

=
{{{{{{{{{

umin (𝑘) , u (𝑘) ≤ umin (𝑘) ,
u (𝑘) , umin (𝑘) < u (𝑘) < umax (𝑘) ,
umax (𝑘) , u (𝑘) ≥ umax (𝑘) .

(8)

Therefore, when the input is limited, the state space equation
of (7) is

x (𝑘 + 1) = 𝐴x (𝑘) + 𝐵 sat [u (𝑘)] ,
y (𝑘 + 1) = 𝐶x (𝑘 + 1) . (9)



Journal of Control Science and Engineering 3

3.2. Assumptions

Assumption 1. In the process of iteration, the initial condition
should be satisfied:

x𝑛 (0) = x𝑑 (0) ,
y𝑛 (0) = y𝑑 (0) ,

∀𝑛,
(10)

where x𝑑(0) and y𝑑(0) are the initial values for the desired
state and desired output, respectively. 𝑛 is the number of
iterations.

Assumption 2. For the given desired output y𝑑(𝑘) (𝑘 ∈[0, 𝐾]), there exists the control inputu𝑑(𝑘) (𝑘 ∈ [0, 𝐾])which
satisfies

x𝑑 (𝑘 + 1) = 𝐴x𝑑 (𝑘) + 𝐵u𝑑 (𝑘) ,
y𝑑 (𝑘 + 1) = 𝐶x𝑑 (𝑘 + 1) , (11)

where x𝑑(𝑘) (𝑘 ∈ [0, 𝐾]) is the corresponding desired state of𝑦𝑑(𝑘) (𝑘 ∈ [0, 𝐾]).
3.3. Control Objective. Through the iterative learning control
of green time, the number of vehicles on [0, 𝐾] can approach
the reasonable expectation in the urban network, and then
traffic congestion can be avoided by preventing the excessive
saturated traffic flow.

4. Iterative Learning Control with Forgetting
Factor for Urban Network

The definition of norms used in this paper is given as follows:
g (𝑘)𝜆 = sup

𝑘∈[0,𝐾]

𝑎−𝜆𝑘 g (𝑘) , (12)

where 𝜆 > 0 and 𝑎 > 1.
In the paper, ‖ ⋅ ‖ denotes the infinite norm, thus, for the

matrix𝑊 with size 𝑠 × 𝑡, whose elements denote 𝑤𝑖,𝑗,
‖𝑊‖ = max

1≤𝑖≤𝑡

𝑠∑
𝑗=1

𝑤𝑖,𝑗 . (13)

For system (9), the iterative learning control law with
forgetting factor in this paper is designed as follows:

u𝑛+1 (𝑘) = (1 − 𝛼) sat [u𝑛 (𝑘)] + 𝛼u0 (𝑘)
+ 𝛽e𝑛 (𝑘 + 1) , (14)

where e𝑛(𝑘) = 𝑦𝑑(𝑘) − 𝑦𝑛(𝑘) is the tracking error for the 𝑛th
iteration, 𝛽 is the iterative learning gain matrix, and 𝛼 is the
iterative forgetting factor for the system which satisfies 0 <𝛼 < 1.

Before investigating learning properties under con-
straints, we first introduce an important Property:𝑢𝑑 (𝑘) − sat [𝑢𝑛 (𝑘)] ≤ 𝑢𝑑 (𝑘) − 𝑢𝑛 (𝑘) . (15)

Proof. When 𝑢 is a scalar, we can easily obtain that

(𝑢𝑑 (𝑘) − sat [𝑢𝑛 (𝑘)])2 − (𝑢𝑑 (𝑘) − 𝑢𝑛 (𝑘))2
= (sat [𝑢𝑛 (𝑘)] − 𝑢𝑛 (𝑘))
⋅ (sat [𝑢𝑛 (𝑘)] + 𝑢𝑛 (𝑘) − 2𝑢𝑑 (𝑘)) .

(16)

For limited 𝑢, there are three possible cases:
(1) 𝑢𝑛(𝑘) ∈ [𝑢min(𝑘), 𝑢max(𝑘)].
(2) 𝑢𝑛(𝑘) > 𝑢max(𝑘).
(3) 𝑢𝑛(𝑘) < 𝑢min(𝑘).
(1) When 𝑢𝑛(𝑘) ∈ [𝑢min(𝑘), 𝑢max(𝑘)], 𝑢𝑛(𝑘) = sat[𝑢𝑛(𝑘)];

then (15) is equal to zero, so the “=” relationship of Property
holds.

(2) When 𝑢𝑛(𝑘) > 𝑢max(𝑘), sat[𝑢𝑛(𝑘)] = 𝑢max(𝑘), and
sat [𝑢𝑛 (𝑘)] − 𝑢𝑛 (𝑘) = 𝑢max (𝑘) − 𝑢𝑛 (𝑘) < 0,

sat [𝑢𝑛 (𝑘)] + 𝑢𝑛 (𝑘) − 2𝑢𝑑 (𝑘) > 0. (17)

From (17), it is obvious that (16) is less than zero.
(3) When 𝑢𝑛(𝑘) < 𝑢min(𝑘), sat[𝑢𝑛(𝑘)] = 𝑢min(𝑘); thus

sat [𝑢𝑛 (𝑘)] − 𝑢𝑛 (𝑘) = 𝑢min (𝑘) − 𝑢𝑛 (𝑘) > 0,
sat [𝑢𝑛 (𝑘)] + 𝑢𝑛 (𝑘) − 2𝑢𝑑 (𝑘) < 0. (18)

From (18) it can be concluded that (16) is less than zero.
From the above discussions, we can see that the Property

holds when 𝑢 is a scalar. Below we give the proof of the
Property for vector-valued 𝑢.

𝑢𝑑 (𝑘) − sat [𝑢𝑛 (𝑘)]2

= 𝑁∑
𝑗=1

[𝑢𝑗,𝑑 (𝑘) − sat [𝑢𝑗,𝑛 (𝑘)]]2

≤ 𝑁∑
𝑗=1

[𝑢𝑗,𝑑 (𝑘) − 𝑢𝑗,𝑛 (𝑘)]2 = 𝑢𝑑 (𝑘) − 𝑢𝑛 (𝑘)2 .
(19)

This means that Property still holds.

The robustness theorem of iterative learning control is
given as follows.

Theorem 3. For system (9) which satisfies Assumptions 1 and
2, if there exists amatrix 𝛽which satisfies ‖(1−𝛼)𝐼−𝛽𝐶B‖ < 1,
then the tracking error converges to bounded range for [0, 𝐾]
with the iterative learning control law (14); that is,

lim
𝑛→∞

sup
𝑘∈[0,𝐾]

e𝑛 (𝑘)𝜆 ≤ 𝑏𝜉1 − 𝜌 . (20)

Proof. Define

𝛿𝑥𝑛 (𝑘) = 𝑥𝑑 (𝑘) − 𝑥𝑛 (𝑘) ,
𝛿𝑢𝑛 (𝑘) = 𝑢𝑑 (𝑘) − 𝑢𝑛 (𝑘) . (21)
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The state equation for the 𝑛th iteration is

x𝑛 (𝑘 + 1) = Ax𝑛 (𝑘) + B sat [u𝑛 (𝑘)] ,
y𝑛 (𝑘 + 1) = Cx𝑛 (𝑘 + 1) . (22)

From Assumption 2, we have

𝑒𝑛 (𝑘 + 1) = 𝑦𝑑 (𝑘 + 1) − 𝑦𝑛 (𝑘 + 1)
= 𝐶 {Ax𝑑 (𝑘) + Bu𝑑 (𝑘) − Ax𝑛 (𝑘) − B sat [u𝑛 (𝑘)]}
= 𝐶 {A (x𝑑 (𝑘) − x𝑛 (𝑘)) + B (u𝑑 (𝑘) − sat [u𝑛 (𝑘)])}
= 𝐶A (x𝑑 (𝑘) − x𝑛 (𝑘))

+ 𝐶B (u𝑑 (𝑘) − sat [u𝑛 (𝑘)]) .

(23)

From formula (14), we have

𝛿u𝑛+1 (𝑘) = (1 − 𝛼) (u𝑑 (𝑘) − sat [u𝑛 (𝑘)])
+ 𝛼 (u𝑑 (𝑘) − u0 (𝑘)) − 𝛽e𝑛 (𝑘 + 1) . (24)

Submitting (23) into (24), we have

𝛿u𝑛+1 (𝑘) = (1 − 𝛼) (u𝑑 (𝑘) − sat [u𝑛 (𝑘)]) + 𝛼 (u𝑑 (𝑘)
− u0 (𝑘)) − 𝛽 (𝐶 {A (x𝑑 (𝑘) − x𝑛 (𝑘))
+ B (u𝑑 (𝑘) − sat [u𝑛 (𝑘)])}) = (1 − 𝛼) (u𝑑 (𝑘)
− sat [u𝑛 (𝑘)]) + 𝛼 (u𝑑 (𝑘) − u0 (𝑘)) − 𝛽𝐶A (x𝑑 (𝑘)
− x𝑛 (𝑘)) − 𝛽𝐶B (u𝑑 (𝑘) − sat [u𝑛 (𝑘)]) = ((1 − 𝛼)
⋅ 𝐼 − 𝛽𝐶B) (u𝑑 (𝑘) − sat [u𝑛 (𝑘)]) + 𝛼𝛿u0 (𝑘)
− 𝛽𝐶A𝛿x𝑛 (𝑘) .

(25)

Taking the norm on both sides of formula (25), we have
𝛿u𝑛+1 (𝑘)

≤ (1 − 𝛼) 𝐼 − 𝛽𝐶B u𝑑 (𝑘) − sat [u𝑛 (𝑘)]
+ 𝛼 𝛿u0 (𝑘) + 𝛽𝐶A 𝛿x𝑛 (𝑘)

≤ (1 − 𝛼) 𝐼 − 𝛽𝐶B u𝑑 (𝑘) − u𝑛 (𝑘)
+ 𝛼 𝛿u0 (𝑘) + 𝛽𝐶A 𝛿x𝑛 (𝑘)

≤ (1 − 𝛼) 𝐼 − 𝛽𝐶B 𝛿u𝑛 (𝑘) + 𝛼 𝛿u0 (𝑘)
+ 𝜀 𝛿x𝑛 (𝑘) ,

(26)

where 𝜀 = ‖𝛽𝐶A‖.
𝛿𝑥𝑛 (𝑘) = 𝑥𝑑 (𝑘) − 𝑥𝑛 (𝑘)

= 𝐴x𝑑 (𝑘 − 1) + 𝐵u𝑑 (𝑘 − 1) − Ax𝑛 (𝑘 − 1)
− B sat [u𝑛 (𝑘 − 1)]

= 𝐴 (x𝑑 (𝑘 − 1) − x𝑛 (𝑘 − 1))
+ 𝐵 (u𝑑 (𝑘 − 1) − sat [u𝑛 (𝑘 − 1)]) .

(27)

Taking the norm on both sides of formula (27), we have𝛿𝑥𝑛 (𝑘) ≤ ‖𝐴‖ 𝛿x𝑛 (𝑘 − 1)
+ ‖𝐵‖ u𝑑 (𝑘 − 1) − sat [u𝑛 (𝑘 − 1)]

≤ ‖𝐴‖ 𝛿x𝑛 (𝑘 − 1) + ‖𝐵‖ 𝛿u𝑛 (𝑘 − 1)
≤ ‖𝐴‖2 𝛿x𝑛 (𝑘 − 2)

+ ‖𝐴‖ ‖𝐵‖ 𝛿u𝑛 (𝑘 − 2)
+ ‖𝐵‖ 𝛿u𝑛 (𝑘 − 1)

≤ ‖𝐴‖3 𝛿x𝑛 (𝑘 − 3)
+ ‖𝐴‖2 ‖𝐵‖ 𝛿u𝑛 (𝑘 − 3)
+ ‖𝐴‖ ‖𝐵‖ 𝛿u𝑛 (𝑘 − 2)
+ ‖𝐵‖ 𝛿u𝑛 (𝑘 − 1)

≤ ‖𝐴‖𝑘 𝛿x𝑛 (0)
+ 𝑘−1∑
𝑗=0

‖𝐴‖𝑘−𝑗−1 ‖𝐵‖ 𝛿u𝑛 (𝑗) .

(28)

Taking the 𝜆-norm on both sides of (28) with Assumption 1,
we have

𝛿𝑥𝑛 (𝑘) ≤
𝑘−1∑
𝑗=0

𝑎𝑘−𝑗−1𝑏 𝛿u𝑛 (𝑗) , (29)

where 𝑎 = ‖𝐴‖ and 𝑏 = ‖𝐵‖.
Taking 𝜆-norm on both sides of (29), we have

𝛿𝑥𝑛 (𝑘)𝜆 ≤ sup
𝑘∈[0,𝐾]

𝑎−𝜆𝑘𝑘−1∑
𝑗=0

𝑎𝑘−𝑗−1𝑏 𝛿u𝑛 (𝑗)

≤ 𝑎−1𝑏 sup
𝑘∈[0,𝐾]

𝑘−1∑
𝑗=0

𝑎−𝜆𝑘𝑎𝜆𝑗𝑎𝑘−𝑗 sup
𝑘∈[0,𝐾]

𝑎−𝜆𝑗 𝛿u𝑛 (𝑗)

≤ 𝑎−1𝑏 𝛿u𝑛 (𝑘)𝜆 sup
𝑘∈[0,𝐾]

𝑘−1∑
𝑗=0

𝑎(𝜆−1)(𝑗−𝑘)

≤ 𝛿u𝑛 (𝑘)𝜆 1 − 𝑎(1−𝜆)𝐾
𝑎𝜆 − 𝑎 𝑏.

(30)

Taking 𝜆-norm on both sides of (26), we have𝛿u𝑛+1 (𝑘)𝜆 ≤ (1 − 𝛼) 𝐼 − 𝛽𝐶B 𝛿u𝑛 (𝑘)𝜆
+ 𝛼 𝛿u0 (𝑘)𝜆 + 𝜀 𝛿x𝑛 (𝑘)𝜆 . (31)

Submitting (30) into (31), we have𝛿u𝑛+1 (𝑘)𝜆
≤ ((1 − 𝛼) 𝐼 − 𝛽𝐶B + 1 − 𝑎(1−𝜆)𝐾

𝑎𝜆 − 𝑎 𝑏𝜀) 𝛿u𝑛 (𝑘)𝜆
+ 𝛼 𝛿u0 (𝑘)𝜆 .

(32)
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From the convergence condition,
(1 − 𝛼) 𝐼 − 𝛽𝐶B < 1. (33)

When 𝜆 tends to infinity, we have

((1 − 𝛼) 𝐼 − 𝛽𝐶B + 1 − 𝑎(1−𝜆)𝐾
𝑎𝜆 − 𝑎 𝑏𝜀) ≤ 𝜌 < 1. (34)

Form (32), we can also obtain the following result:
𝛿u𝑛+1 (𝑘)𝜆 ≤ 𝜌 𝛿u𝑛 (𝑘)𝜆 + 𝜀1

≤ 𝜌𝑛+1 𝛿u0 (𝑘)𝜆 + 𝜀1 (1 + 𝜌𝑛+1)
1 − 𝜌 , (35)

where 𝜀1 = 𝛼‖𝛿u0(𝑘)‖𝜆.
When 𝑛 → ∞, the following result is obtained:

lim
𝑛→∞

𝛿𝑢𝑛+1 (𝑘)𝜆 ≤ 𝜀11 − 𝜌 . (36)

From (30) and (36), we get

𝛿𝑥𝑛 (𝑘)𝜆 ≤ 𝜀11 − 𝜌 ⋅ 1 − 𝑎(1−𝜆)𝐾
𝑎𝜆 − 𝑎 𝑏. (37)

When 𝜆 tends to infinity, we have 𝜀1 → 0; therefore
lim
𝑛→∞

𝛿𝑥𝑛+1 (𝑘)𝜆 = 0. (38)

We can also get the following result:

lim
𝑛→∞

𝑒𝑛+1 (𝑘)𝜆 = 0. (39)

Thus, we can complete the proof of the theorem.

5. Simulation Research

In order to validate the effectiveness of the proposed iterative
learning control algorithm with forgetting factor for urban
network, the following simulation results are given by using
VISSIM. Figure 2 shows the test network, which is composed
of 36 links and 9 intersections. Each link has two-way lanes.
VISSIM is employed to simulate the real traffic environment
for simulations and provides the traffic measurements of the
states to MATLAB for calculating the new input signals by
the ILC-based control laws. Different from the methods in
[15–17], the new input signals are calculated by the proposed
iterative learning control law (14) in the simulation.

The input flow of the network for the starting link is
shown in Figure 3.

We compare the proposedmethodwith fixed timing (FT)
method to verify the effectiveness of the proposed method.
The result of fixed timingmethod is calculated by the classical
Webster optimization program. In order to minimize the
initial iterative error, the initial input u0(𝑘) for (14) is selected
as the fixed timing plan.

Selecting the vehicle average delay time (TDT) and
the number of stops (AVS) as the evaluation indexes, the
simulation results are shown in Table 1.
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Figure 2: The simulation network.
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Figure 3: The input flow for the network.

Table 1: Simulation results.

Control strategy Fixed timing method Iterative learning
control

Evaluation index TDT(s) AVS TDT(s) AVS
1 93.06 1.69 82.30 1.56
2 92.73 1.72 80.96 1.59
3 96.15 1.81 83.77 1.65

Table 1 shows that the traffic conditions under iterative
learning control algorithm with forgetting factor are obvi-
ously improved, compared to the fixed timing control. The
maximum total delay time decreases from 96.15 h to 83.77 h,
as low as 12.9%. The maximum average vehicle stop time
reduces from 1.81 to 1.65; the decrease rate is 8.8%. The
result shows that iterative learning control algorithm with
forgetting factor has strong robustness.

The variation curves of total network delay time and
average number of vehicle stops are illustrated in Figures 4
and 5, respectively.
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Figure 4: Total delay time for two control strategies.
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Figure 5: The average number of vehicle stops for two control
strategies.

Figures 4 and 5 show that there is no significant change
for the total delay time and average vehicle stop times at
the initial stages due to the lighter traffic flow. But with the
increasing of traffic flow, compared with iterative learning
control, the total delay time and average vehicle stop times
increase significantly under the fixed timing control strategy
after 1200 s. The results show that the iterative learning
control algorithm with forgetting factor can control traffic
flow by adjusting the green time according to the traffic
conditions. Then the traffic conditions can be improved by
reducing the total delay time and the number of vehicle stops.

6. Conclusions

This work proposes an iterative learning control algorithm
with forgetting factor for urban road intersection.The robust-
ness of iterative learning control algorithm is proven by using

mathematical analysis. The number of vehicles on different
roads in the network approaches the reasonable expectations
by using the iterative learning control of the traffic signal.
The result ensures that the green time is used completely
and prevents traffic jams.The results show that the forgetting
factor has an important effect on the robustness of the system.
The effectiveness of the algorithm is verified by the theoretical
analysis and numerical simulations.
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This paper is concerned with the problem of designing suitable parameters for logarithmic quantizer such that the closed-loop
system is asymptotic convergent. Based on zoom strategy, we propose two methods for quantizer parameters design, under which
it ensures that the state of the closed-loop system can load in the invariant sets after some certain moments.Then we obtain that the
quantizer is unsaturated, and thus the quantization errors are bounded under the time-varying logarithm quantization strategy. On
that basis, we obtain that the closed-loop system is asymptotic convergent. A benchmark example is given to show the usefulness
of the proposed methods, and the comparison results are illustrated.

1. Introduction

With the continuous improvement of the communication
capability and reliability of the network, the data in the con-
trol system is transmitted through the network increasingly.
The network bandwidth, although it may be very large, is
always limited, so the data quantization is inevitable. At
present, zoom strategy proposed in [1, 2] is a popular method
in quantized control system.

Based on zoom strategy, literature [3] analyzes the sta-
bilization problem for linear systems with multidimensional
state and one-dimensional input. The main contribution of
that paper is the trade-off between the quantized controller
complexity and the system performance. Literature [4] pro-
poses a unified framework to describe both the network con-
ditions and the state quantization of linear systems. A model
describing the nonideal network conditions and input/output
state quantization is given by [5], and the problem of the
quantized output feedback controller is designed there to
asymptotically stabilize the closed-loop system. Hereafter,
zoom strategy is widely used in quantized feedback stabiliza-
tion problem.

As for the system affected by data quantization and time-
delay, literature [6] proves that under some conditions, the
closed-loop system can be global asymptotically stabilized

via a dynamic quantization strategy by integral mean value
theorem. Literature [7] designs an optimal dynamic quan-
tizer which is able to minimize the maximum output error
between the quantized system and unquantized systems.
Supposing that the quantizer is to be saturated, two types of
quantizer are discussed in [8] such that the state of the closed-
loop system starting from a neighborhood of the origin expo-
nentially converges to a bounded region. If the closed-loop
system is affected by data quantization and packet dropout,
we study the quantized stabilization of linear discrete-time
systems and discrete-time and continuous-time fuzzy sys-
tems, respectively, in [9] and [10]. Assuming that the system
is relating to quantization and disturbance, the related results
can be shown in [11–13]. In literature [11], the authors propose
two specific control strategies that yield the input-to-state
stability of the closed-loop system based on quantized state.
When the sampled state/output can only be obtained by
the controller, literature [12] designs the full state feedback
controller and the output feedback controller to stabilize the
system. We generalize the results of [12] to the case that the
system is also affected by packet dropout in [13]. For the stabi-
lization problem of the closed-loop system affected by quan-
tization and saturation, literature [8, 14] gets some results.

Zoom strategy is also combined with other methods to
stabilize the closed-loop system, such as sliding-mode control
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method [15], Kalman filter [16], scheduling protocol [17], and
event-triggered control [18–20]. Furthermore, it is used to
stabilize different kinds of systems, such as switched system
[21–24], multiagent system [25, 26], and interconnected
system [27]. More related works can be seen in review of
literature [28, 29].

In summary, zoom strategy is a popular method to adjust
the quantizer parameters, especially for uniform quantizer,
such that the quantized control system is stable. As we
know, logarithmic quantizer is another kind of commonly
used quantizer [30, 31]. Compared with uniform quantizer,
logarithmic quantizer has better performance near the origin.
Consider this advantage, some papers adopt logarithmic
quantization method to quantize the system state or output.
Recent results include literature [32–36]. However, most
of the existing papers assume that the parameters of the
logarithmic quantizer are given previously. Few articles study
the parameters design for logarithmic quantizer, which is the
main research of this paper.

In this paper, we will propose two design methods for the
parameters of the logarithmic quantizer. By zoom strategy, we
design the logarithmic quantizer parameters including V0, 𝛿,
and quantization density 𝜌, which determine the saturation
boundary, dead zone, and the quantization intervals of the
quantizer. Under the parameters designed, we guarantee the
unsaturation of the quantizer and the asymptotic conver-
gence of the closed-loop system.

The rest of this paper is organized as follows. We describe
the problem discussed here in Section 2. Two designmethods
for the parameters of the logarithmic quantizer are illustrated
in Sections 3 and 4, respectively. A well-known benchmark
example is adopted in Section 5 to show the effectiveness of
the design methods, and their comparison is also illustrated
there. Finally, some conclusions are given in Section 6.

Notation. R𝑛 denotes the 𝑛-dimensional Euclidean space.
R+ and N denote the set of positive real numbers and
positive integers, respectively. We denote by ‖ ⋅ ‖ the standard
Euclidean norm inR𝑛 and the corresponding inducedmatrix
norm inR𝑛×𝑛.𝜆max(𝑃) and𝜆min(𝑃) denote themaximumand
minimum eigenvalue of matrix 𝑃, respectively. 𝐴⊤ ∈ R𝑚×𝑛

denotes the transposed of matrix 𝐴 ∈ R𝑛×𝑚. The signal ⌈𝑦⌉
indicates the least integer not less than 𝑦. 0𝑛×1 denotes zero
vector with dimension 𝑛 × 1.
2. Problem Formulation

This paper considers the following linear time-invariant
discrete systems:

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐵𝑢 (𝑘) , (1)

where 𝑥 ∈ R𝑛 is the state vector, 𝑢 ∈ R𝑚 is the control input,
and 𝐴 and 𝐵 are constant matrices with proper dimensions.
In the following, we assume that the open-loop system is
unstable; that is, ‖𝐴‖ > 1.

Assuming that the network is located at the sensor side,
thus the controller can only receive the quantized values of
the system states due to the limited bandwidth. Hence the
controller can be illustrated as

𝑢 (𝑘) = 𝐾𝑄 (𝑥 (𝑘)) , (2)

where 𝐾 is the feedback matrix to be designed and 𝑄(⋅) is a
logarithmic quantizer defined as

𝑄 (𝑥 (𝑘)) = [𝑞 (𝑥1 (𝑘)) , . . . , 𝑞 (𝑥𝑛 (𝑘))]⊤ . (3)

Suppose that the quantization level of the quantizer is equal
to 2𝑁 + 1, 𝑁 ∈ N. For any 𝑖 ∈ {1, 2, . . . , 𝑛}, if 𝑘 ∈ [𝑘𝑗, 𝑘𝑗+1),𝑗 ∈ N ∪ {0}, where 𝑘𝑗 will be designed below, we define

𝑞 (𝑥𝑖 (𝑘)) =

{{{{{{{{{{{{{{{{{{{{{{{

V𝑗 if 𝑥𝑖 (𝑘) ∈ [ 11 + 𝛿V𝑗, +∞)
V𝑗+𝑚 if 𝑥𝑖 (𝑘) ∈ [ 11 + 𝛿V𝑗+𝑚, 11 − 𝛿V𝑗+𝑚) , 𝑚 ∈ {1, 2, . . . , 𝑁 − 1}
0 if 𝑥𝑖 (𝑘) ∈ [0, 11 + 𝛿V𝑗+𝑁−1)
−𝑞 (−𝑥𝑖 (𝑘)) if 𝑥𝑖 (𝑘) ∈ (−∞, 0] ,

(4)

with 𝛿 ∈ (0, 1) and V𝑗+1 = 𝜌V𝑗, V0 > 0, in which the
quantization density 𝜌 is given by 𝜌 = (1 − 𝛿)/(1 + 𝛿) ∈(0, 1). Obviously, 𝛿, 𝜌, and V0 are the critical parameters
of the logarithmic quantizer, which are assumed to be
undetermined.

The aim of this paper is to design the quantizer param-
eters 𝛿, 𝜌, and V0 based on zoom strategy to ensure the
unsaturation of the quantizer; that is, ‖𝑥(𝑘)‖ ≤ (1/(1 − 𝛿))V𝑗,𝑘 ∈ [𝑘𝑗, 𝑘𝑗+1), 𝑗 ∈ N ∪ {0}. From which we can see that the

quantization errors are bounded and the system state tends to
zero when 𝑘 tends to infinity according to the definition of V𝑗.
The main innovation of this paper is that the zoom strategy,
which is always adopted to discuss the properties of the
uniform quantizer, is used here to determine the parameters
of the logarithmic quantizer.

In what follows, we will propose two methods for quan-
tizer parameters design and compare them in simulation
example.



Journal of Control Science and Engineering 3

3. First Method for Quantizer
Parameters Design

If there exist a positive-definite matrix 𝑃 and a feedback
matrix𝐾 such that

Π fl 𝑃 − (𝐴 + 𝐵𝐾)⊤ 𝑃 (𝐴 + 𝐵𝐾) > 0, (5)

that is, the systemcan be stabilized by standard state feedback,
then the asymptotic convergence of the closed-loop system
can be guaranteed by the quantizer parameters designed in
the following theorem.

Theorem 1. For any given matrices 𝐾, 𝑃, and Π defined by
(5) and the quantization level 2𝑁 + 1, we select quantizer
parameters 𝛿 and 𝜌 satisfying

𝜌 = √𝜆max (𝑃)𝜆min (𝑃)Υ√𝑛𝛿 (1 + 𝜀) < 1, (6)

where 𝜀 is an arbitrary given positive constant and Υ is defined
by Υ = 2‖𝐵𝐾𝑃(𝐴 + 𝐵𝐾)‖/𝜆min(Π). Given a constant 𝜂 ∈ N,
if 𝛿 and 𝜌 selected above satisfy the inequalities 𝛿 ≥ 𝜌𝑁 and𝜌𝜂 < ‖𝐴‖−1, then we have ‖𝑥(𝑘)‖ ≤ (1/(1 − 𝛿))V𝑗 for any 𝑘 ∈[𝑘𝑗, 𝑘𝑗+1), 𝑗 ∈ N ∪ {0}, where 𝑘0 and V0 are determined by (9)
below and 𝑘𝑗+1 fl 𝑘𝑗 + 𝜏 fl 𝑘𝑗 + ⌈�̃�⌉ with

�̃� = 𝜆min (𝑃) − 𝜆max (𝑃) (Υ√𝑛 (1 + 𝜀) 𝛿)2𝜆min (Π) (Υ√𝑛𝛿)2 𝜀 (1 + 𝜀) . (7)

Hence we have lim𝑘→∞𝑥(𝑘) = 0𝑛×1; that is, the closed-loop
system is asymptotic convergent.

Remark 2. If the bandwidth of the network is large enough
such that 𝑁 ≥ ln 𝛿/ ln 𝜌, then the condition 𝛿 ≥ 𝜌𝑁 can
always be guaranteed. Moreover, the inequality 𝜌𝜂 < ‖𝐴‖−1
must be ensured if 𝜂 is selected large enough based on 𝜌 < 1.
Comprehensively, if the bandwidth of the network and the
constant 𝜂 are set suitably, we can always find the quantizer
parameters satisfying the conditions of the above theorem.

Remark 3. Based on the relationship of 𝜌 and 𝛿, that is, 𝜌 =(1 − 𝛿)/(1 + 𝛿), we can determine their values by the equality
(6).

Proof.

Stage 1 (zooming-out). In this stage, the system is as open-
mode; that is, 𝑥(𝑘 + 1) = 𝐴𝑥(𝑘). The aim of this stage is to
determine the value of V0 and a moment where the system
state is unsaturated.

For any given constants Ṽ0 ∈ R+, 𝜂 ∈ N, and 𝜌 defined by
(6), we set Ṽ(𝑘), ∀𝑘 ∈ N, as

Ṽ (𝑘 + 1) = 1𝜌𝜂 Ṽ (𝑘) ,
Ṽ (0) = Ṽ0.

(8)

If 𝜌 satisfies 𝜌𝜂 < ‖𝐴‖−1 < 1, then there must exist a moment𝑘0 such that

𝑥 (𝑘0) ≤ √ 𝜆min (𝑃)𝜆max (𝑃)
Ṽ (𝑘0)1 − 𝛿 fl √ 𝜆min (𝑃)𝜆max (𝑃)

V01 − 𝛿 , (9)

and thus

𝑥 (𝑘0) ∈ 𝑅0
fl {𝑥 (𝑘) : 𝑥⊤ (𝑘) 𝑃𝑥 (𝑘) ≤ ( V01 − 𝛿)

2 𝜆min (𝑃)} . (10)

Remark 3.Thedefinition of Ṽ(𝑘),∀𝑘 ∈ N∪{0}, is to ensure that
it can be represented as Ṽ(𝑘) = 𝜌𝑚Ṽ0, where𝑚 = 𝑙𝜂, 𝑙 ∈ N∪{0}.
On the basis of that, we can ensure that Ṽ(𝑘), ∀𝑘 ∈ N ∪ {0}, is
the quantized value of the logarithmic quantizer.

Stage 2 (zooming-in). Let the zooming-out stage finish at the
moment 𝑘0 and the system is transferred to closed-mode.The
purpose of this stage is to design the quantizer parameters
and 𝑘𝑗, 𝑗 ∈ N ∪ {0}, such that ‖𝑥(𝑘)‖ ≤ (1/(1 − 𝛿))V𝑗 for
any 𝑘 ∈ [𝑘𝑗, 𝑘𝑗+1). To this end, we first illustrate that 𝑅0 is an
invariant set.

If 𝑥(𝑘) ∈ 𝑅0, then ‖𝑥(𝑘)‖ ≤ (1/(1 − 𝛿))V0. Thus we obtain|𝑥𝑖(𝑘)| ≤ (1/(1 − 𝛿))V0 which results in that
𝑞 (𝑥𝑖 (𝑘)) − 𝑥𝑖 (𝑘)
≤ max {( 11 − 𝛿 − 1) V0, (1 − 11 + 𝛿) V0, 11 + 𝛿V𝑁−1}
= 𝛿1 − 𝛿V0,

(11)

where the last equality is obtained by 𝛿 ≥ 𝜌𝑁. Hence, we get
‖𝑒 (𝑘)‖ ≤ √𝑛 𝛿1 − 𝛿V0, (12)

with 𝑒(𝑘) fl 𝑄(𝑥(𝑘)) − 𝑥(𝑘).
Let Lyapunov function as 𝑉(𝑘) = 𝑥⊤(𝑘)𝑃𝑥(𝑘), then it is

easy to get

Δ𝑉 (𝑥 (𝑘)) = 𝑥⊤ (𝑘 + 1) 𝑃𝑥 (𝑘 + 1) − 𝑥⊤ (𝑘) 𝑃𝑥 (𝑘)
= 𝑥⊤ (𝑘) [(𝐴 + 𝐵𝐾)⊤ 𝑃 (𝐴 + 𝐵𝐾) − 𝑃] 𝑥 (𝑘)
+ 2𝑒⊤ (𝑘) (𝐵𝐾)⊤ 𝑃 (𝐴 + 𝐵𝐾) 𝑥 (𝑘)

≤ −𝜆min (Π) ‖𝑥 (𝑘)‖2
+ 2 ‖𝐵𝐾𝑃 (𝐴 + 𝐵𝐾)‖ ‖𝑥 (𝑘)‖√𝑛 𝛿1 − 𝛿V0

= −𝜆min (Π) ‖𝑥 (𝑘)‖ (‖𝑥 (𝑘)‖ − Υ√𝑛 𝛿1 − 𝛿V0) .

(13)

For an arbitrary given positive constant 𝜀, if
‖𝑥 (𝑘)‖ ≥ Υ√𝑛 𝛿1 − 𝛿V0 (1 + 𝜀) , (14)
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then we get

Δ𝑉 (𝑥 (𝑘)) ≤ −𝜆min (Π) ‖𝑥 (𝑘)‖ Υ√𝑛 𝛿1 − 𝛿V0𝜀. (15)

Moreover, by (13) we know that the set B, defined by

B fl {𝑥 (𝑘) | 𝑥 (𝑘) ≤ Υ√𝑛 𝛿1 − 𝛿V0} , (16)

is an invariant set. Define B̃ as

B̃ fl {𝑥 (𝑘) | 𝑥⊤ (𝑘) 𝑃𝑥 (𝑘)
≤ 𝜆max (𝑃) (Υ√𝑛 𝛿1 − 𝛿V0)

2} ,
(17)

and it is obvious that B̃ ⊃ B. If𝛿 selected satisfies the following
inequality:

√𝜆max (𝑃)𝜆min (𝑃)Υ√𝑛𝛿 (1 + 𝜀) < 1, (18)

we can see that 𝑅0 ⊃ B̃ ⊃ B, and thus 𝑅0 is an invariant set.
Next, we will show that there exists a moment 𝑘1 fl 𝑘0 +𝜏

such that ‖𝑥(𝑘1)‖ ≤ (1/(1 − 𝛿))V1. Let
𝜌 = √𝜆max (𝑃)𝜆min (𝑃)Υ√𝑛𝛿 (1 + 𝜀) , (19)

and we can claim that

𝑥⊤ (𝑘1) 𝑃𝑥 (𝑘1) ≤ 𝜆max (𝑃) (Υ√𝑛 𝛿1 − 𝛿V0 (1 + 𝜀))
2 . (20)

In fact, if (20) does not hold, we get

𝑥⊤ (𝑘1) 𝑃𝑥 (𝑘1) > 𝜆max (𝑃) (Υ√𝑛 𝛿1 − 𝛿V0 (1 + 𝜀))
2 . (21)

Consider that the set �̃�1, defined as

�̃�1 fl {𝑥 (𝑘) : 𝑥⊤ (𝑘) 𝑃𝑥 (𝑘)
≤ 𝜆max (𝑃) (Υ√𝑛 𝛿1 − 𝛿V0 (1 + 𝜀))

2} ,
(22)

is an invariant set based on �̃�1 ⊃ B. Combined with (21) we
know that

𝑥⊤ (𝑘) 𝑃𝑥 (𝑘) > 𝜆max (𝑃) (Υ√𝑛 𝛿1 − 𝛿V0 (1 + 𝜀))
2

(23)

holds for any 𝑘 ∈ [𝑘0, 𝑘1]. Hence we get
‖𝑥 (𝑘)‖ > Υ√𝑛 𝛿1 − 𝛿V0 (1 + 𝜀) , (24)

for any 𝑘 ∈ [𝑘0, 𝑘1]. Similar to the analysis of (13)–(15), we get

Δ𝑉 (𝑥 (𝑘0 + 𝜏 − 𝑖))
= 𝑥⊤ (𝑘0 + 𝜏 − 𝑖 + 1) 𝑃𝑥 (𝑘0 + 𝜏 − 𝑖 + 1)
− 𝑥⊤ (𝑘0 + 𝜏 − 𝑖) 𝑃𝑥 (𝑘0 + 𝜏 − 𝑖)

≤ −𝜆min (Π) 𝑥 (𝑘0 + 𝜏 − 𝑖) Υ√𝑛 𝛿1 − 𝛿V0𝜀
< −𝜆min (Π) (Υ√𝑛 𝛿1 − 𝛿V0)

2 𝜀 (1 + 𝜀) ,

(25)

for any 𝑖 ∈ {1, 2, . . . , 𝜏}. Hence it is obtained that

𝑥⊤ (𝑘0 + 𝜏) 𝑃𝑥 (𝑘0 + 𝜏) − 𝑥⊤ (𝑘0) 𝑃𝑥 (𝑘0)
< −𝜆min (Π) (Υ√𝑛 𝛿1 − 𝛿V0)

2 𝜀 (1 + 𝜀) 𝜏
≤ −𝜆min (Π) (Υ√𝑛 𝛿1 − 𝛿V0)

2 𝜀 (1 + 𝜀) �̃�
= 𝜆max (𝑃) (Υ√𝑛 (1 + 𝜀) 𝛿)2 ( V01 − 𝛿)

2

− 𝜆min (𝑃) ( V01 − 𝛿)
2 .

(26)

However, (10) and (21) give that

𝑥⊤ (𝑘0 + 𝜏) 𝑃𝑥 (𝑘0 + 𝜏) − 𝑥⊤ (𝑘0) 𝑃𝑥 (𝑘0)
> 𝜆max (𝑃) (Υ√𝑛 (1 + 𝜀) 𝛿)2 ( V01 − 𝛿)

2

− 𝜆min (𝑃) ( V01 − 𝛿)
2 ,

(27)

which contradicts formula (26). Therefore, the claim (20)
holds; that is,

𝑥⊤ (𝑘1) 𝑃𝑥 (𝑘1) ≤ 𝜆max (𝑃) (Υ√𝑛 𝛿1 − 𝛿V0 (1 + 𝜀))
2

= 𝜆min (𝑃) ( 𝜌V01 − 𝛿)
2

= 𝜆min (𝑃) ( V11 − 𝛿)
2 .

(28)

We define the set 𝑅1 as
𝑅1 fl {𝑥 (𝑘) : 𝑥⊤ (𝑘) 𝑃𝑥 (𝑘) ≤ ( V11 − 𝛿)

2 𝜆min (𝑃)} . (29)

Similar to the analysis of 𝑅0, we know that 𝑅1 is an invariant
set. Thus it is easy to see that 𝑥(𝑘) ∈ 𝑅1, ∀𝑘 ∈ [𝑘1, 𝑘2).
Furthermore, similar analysis gives

𝑥 (𝑘) ∈ 𝑅𝑗
fl {𝑥 (𝑘) : 𝑥⊤ (𝑘) 𝑃𝑥 (𝑘) ≤ ( V𝑗1 − 𝛿)

2 𝜆min (𝑃)} , (30)
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for any 𝑘 ∈ [𝑘𝑗, 𝑘𝑗+1), 𝑗 ∈ N ∪ {0}. So far, we know that‖𝑥(𝑘)‖ ≤ V𝑗/(1 − 𝛿), ∀𝑘 ∈ [𝑘𝑗, 𝑘𝑗+1), 𝑗 ∈ N ∪ {0}; that is,
the quantizer is unsaturated for any 𝑘 ∈ [𝑘0, +∞). Hence, we
get lim𝑘→∞‖𝑥(𝑘)‖ = 0 and thus lim𝑘→∞𝑥(𝑘) = 0𝑛×1, which
completes the proof.

4. Second Method for Quantizer
Parameters Design

If there are matrices 𝑃 and 𝐾 such that the following ine-
quality holds

Λ fl 𝑃 − 2 (𝐴 + 𝐵𝐾)⊤ 𝑃 (𝐴 + 𝐵𝐾) > 0, (31)

then the asymptotic convergence of the closed-loop system
can also be obtained by the quantizer parameters designed in
Theorem 4.

Theorem 4. For any given matrices 𝐾, 𝑃, and Λ defined by
(31) and the quantization level 2𝑁+1, quantizer parameters 𝛿
and 𝜌 are selected satisfying

𝜌 = √𝜆max (𝑃)𝜆min (𝑃)√Γ (1 + 𝜀)√𝑛𝛿 < 1, (32)

where 𝜀 is a positive constant and Γ is defined by Γ =‖(𝐵𝐾)⊤𝑃𝐵𝐾‖/𝜆min(Λ). Given a constant 𝜂 ∈ N, if 𝛿 and 𝜌
selected above satisfy 𝛿 ≥ 𝜌𝑁 and 𝜌𝜂 < ‖𝐴‖−1, then we get‖𝑥(𝑘)‖ ≤ (1/(1−𝛿))V𝑗 for any 𝑘 ∈ [𝑘𝑗, 𝑘𝑗+1), 𝑗 ∈ N∪{0}, where𝑘0 and V0 are determined by (9) and 𝑘𝑗+1 fl 𝑘𝑗 +𝜔 fl 𝑘𝑗 + ⌈�̃�⌉
with

�̃� = 𝜆min (𝑃) − 𝜆max (𝑃) Γ (1 + 𝜀) 𝑛𝛿2𝜆min (Λ) Γ𝜀𝑛𝛿2 . (33)

Then we have lim𝑘→∞𝑥(𝑘) = 0𝑛×1.

Proof.

Stage 1 (zooming-out). The same as the proof of Theorem 1,
we get a moment 𝑘0 and a positive constant V0 such that

𝑥 (𝑘0) ∈ 𝑅0
fl {𝑥 (𝑘) : 𝑥⊤ (𝑘) 𝑃𝑥 (𝑘) ≤ ( V01 − 𝛿)

2 𝜆min (𝑃)} . (34)

Note that the positive-definite matrix 𝑃 used here is defined
by (31) rather than (5); thus the definitions of the sets 𝑅0 and𝑅0 are different from each other.

Stage 2 (zooming-in). If 𝛿 and 𝜌 selected satisfy 𝛿 ≥ 𝜌𝑁 and𝑥(𝑘) ∈ 𝑅0, ∀𝑘 ∈ N, then we know that ‖𝑒(𝑘)‖ ≤ √𝑛(𝛿/(1 −𝛿))V0 holds, and thus

Δ𝑉 (𝑥 (𝑘))
≤ 𝑥⊤ (𝑘) [2 (𝐴 + 𝐵𝐾)⊤ 𝑃 (𝐴 + 𝐵𝐾) − 𝑃] 𝑥 (𝑘)
+ 𝑒⊤ (𝑘) (𝐵𝐾)⊤ 𝑃𝐵𝐾𝑒 (𝑘)

≤ −𝜆min (Λ) ‖𝑥 (𝑘)‖2
+ (𝐵𝐾)⊤ 𝑃𝐵𝐾 (√𝑛 𝛿1 − 𝛿V0)

2 .

(35)

If

‖𝑥 (𝑘)‖ ≥ √Γ (1 + 𝜀)√𝑛 𝛿1 − 𝛿V0, (36)

then we have

Δ𝑉 (𝑥 (𝑘)) ≤ −𝜆min (Λ) Γ𝜀 (√𝑛 𝛿1 − 𝛿V0)
2 . (37)

Due to that the set B, defined by

B fl {𝑥 (𝑘) | 𝑥 (𝑘) ≤ √Γ√𝑛 𝛿1 − 𝛿V0} , (38)

is an invariant one; if we select 𝛿 small enough such that

√𝜆max (𝑃)𝜆min (𝑃)√Γ (1 + 𝜀)√𝑛𝛿 < 1, (39)

then we get 𝑅0 ⊃ B and thus 𝑅0 is an invariant set. Definition
of 𝜌 is as in (32) and 𝑘1 = 𝑘0 + 𝜔; we claim that

𝑥⊤ (𝑘1) 𝑃𝑥 (𝑘1) ≤ 𝜆max (𝑃) Γ (1 + 𝜀) 𝑛 ( 𝛿1 − 𝛿V0)
2 . (40)

In fact, if (40) does not hold, we know that

𝑥⊤ (𝑘) 𝑃𝑥 (𝑘) > 𝜆max (𝑃) Γ (1 + 𝜀) 𝑛 ( 𝛿1 − 𝛿V0)
2 , (41)

and thus

‖𝑥 (𝑘)‖ > √Γ (1 + 𝜀) 𝑛 ( 𝛿1 − 𝛿V0) (42)

holds for any 𝑘 ∈ [𝑘0, 𝑘1]. Based on (37) we get

Δ𝑉 (𝑥 (𝑘0 + 𝜔 − 𝑖)) < −𝜆min (Λ) Γ𝜀 (√𝑛 𝛿1 − 𝛿V0)
2 , (43)

for any 𝑖 ∈ {1, 2, . . . , 𝜔}. Hence, the following inequality can
be given

𝑥⊤ (𝑘0 + 𝜏) 𝑃𝑥 (𝑘0 + 𝜏) − 𝑥⊤ (𝑘0) 𝑃𝑥 (𝑘0)
< −𝜆min (Λ) Γ𝜀 (√𝑛 𝛿1 − 𝛿V0)

2 �̃�
= 𝜆max (𝑃) Γ (1 + 𝜀) 𝑛𝛿2 ( V01 − 𝛿)

2

− 𝜆min (𝑃) ( V01 − 𝛿)
2 .

(44)
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But (34) and (41) give that

𝑥⊤ (𝑘0 + 𝜏) 𝑃𝑥 (𝑘0 + 𝜏) − 𝑥⊤ (𝑘0) 𝑃𝑥 (𝑘0)
> 𝜆max (𝑃) Γ (1 + 𝜀) 𝑛𝛿2 ( V01 − 𝛿)

2

− 𝜆min (𝑃) ( V01 − 𝛿)
2

(45)

which results in a contradiction. Thus the claim (40) holds,
combined with the definition of 𝜌 which results in

𝑥⊤ (𝑘1) 𝑃𝑥 (𝑘1) ≤ 𝜆min (𝑃) ( V11 − 𝛿)
2 . (46)

Similar to the proof ofTheorem 1, we obtain the unsaturation
of the quantizer and the asymptotic convergence of the
closed-loop system. This completes the proof.

5. Simulation

In this section, we adopt a well-known benchmark exam-
ple to illustrate the effectiveness of the main results. Let
discretization interval be 0.2; we convert the continuous-
time linearized model of the benchmark to discrete-time one
shown as

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐵𝑢 (𝑘) , (47)

with

𝐴 fl
[[[[[
[

1.4381 0.0864 0.9830 −0.5676
−0.0972 0.4477 −0.0553 0.1009
0.1047 0.4929 0.2662 0.4775
−0.0437 0.3930 −0.1274 0.6201

]]]]]
]
,

𝐵 fl
[[[[[
[

0.0645 −0.3382
0.7823 0.0132
0.5413 −0.3478
0.4578 0.0507

]]]]]
]
.

(48)

Case 1 (𝑁 = 11).
Method I. Obviously, the above system is unstable but stabi-
lizable. Thus we can design a feedback matrix 𝐾 as

𝐾 = [0.2260 −0.7118 0.1752 −0.72042.6884 0.1380 2.1328 −1.1746] (49)

and a positive-definite 𝑃 by LMI toolbox in MATLAB such
that the inequality (5) holds. By the definition of matrix Π,
direct calculations result in Υ = 0.9070, 𝛿 = 0.1043, 𝜌 =0.8111, and 𝜏 = 13, where 𝜀 is selected as 0.5. Let 𝜂 = 3;
we obtain that 𝛿 ≥ 𝜌𝑁 and 𝜌𝜂 < ‖𝐴‖−1 hold. Let 𝑥0 =[9, 0, 10, 20]⊤ and Ṽ0 = 10; we get 𝑘0 = 6 by Figure 1, where

𝑀(𝑘) fl √ 𝜆min (𝑃)𝜆max (𝑃)
Ṽ (𝑘)1 − 𝛿 . (50)
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Figure 1: Selection of 𝑘0.
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Figure 2: Unsaturation of the quantizer when 𝑁 = 11 under
method I.

Let 𝑘𝑗+1 fl 𝑘𝑗 + 𝜏, ∀𝑘 ∈ [𝑘𝑗, 𝑘𝑗+1), 𝑗 ∈ N ∪ {0}; we obtain
that ‖𝑥(𝑘)‖ ≤ (1/(1 − 𝛿))V𝑗 for any 𝑘 ∈ [𝑘𝑗, 𝑘𝑗+1) and
lim𝑘→∞𝑥(𝑘) = 0𝑛×1, which are represented in Figures 2 and
3, respectively.

Method II. In fact, if 𝐾 and 𝑃 are selected as the ones in
Method I, we know that the matrix Λ defined by (31) is
positive-definite. If 𝜀 = 0.5 and 𝜂 = 11, by simple calculations
we get Γ = 20.9343, 𝛿 = 0.0294, and 𝜌 = 0.9428. Obviously,
the condition 𝜌𝜂 < ‖𝐴‖−1 is satisfied but 𝛿 ≥ 𝜌𝑁 is violated.
Hence, Theorem 4 is invalid when𝑁 = 11.
Case 2 (𝑁 = 60).
Method I. If the matrices 𝐾 and 𝑃 and the variables 𝜀 and𝜂 are selected as the ones in Case 1, then the corresponding



Journal of Control Science and Engineering 7

50 100 150 200 250 300 350

0

100

200

50 100 150 200 250 300 350

0
50
100

−100

k

k

x2(k)
x1(k)

x4(k)
x3(k)

−150

−100

−50

Figure 3: Asymptotic convergence of the system when 𝑁 = 11
under method I.
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Figure 4: Unsaturation of the quantizer when 𝑁 = 60 under
method I.

variables calculated are the same as above. Due to 𝑁 =60 > 11, the conditions on Theorem 1 are satisfied. If𝑥0 = [9, 0, 10, 20]⊤ and Ṽ0 = 10, we also get 𝑘0 =6. The unsaturation of the quantizer and the asymptotic
convergence of the closed-loop system are shown in Figures
4 and 5, respectively.

Method II. If𝐾,𝑃, 𝜀, and 𝜂 are selected as the ones inCase 1, we
get that Γ, 𝛿, and 𝜌 are the same as above. If𝑁 = 60, then the
conditions on Theorem 4 are satisfied. If 𝑥0 = [9, 0, 10, 20]⊤
and Ṽ0 = 10, then we get 𝑘0 = 6 and 𝜔 = 4. By Figures 6 and
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Figure 5: Asymptotic convergence of the system when 𝑁 = 60
under method I.
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Figure 6: Unsaturation of the quantizer when 𝑁 = 60 under
method II.

7, we know that the quantizer is unsaturated and the closed-
loop system is asymptotic convergent.

Comparison. From Case 1, we obtain that the first design
method has a wider applicability than the second one. When𝑁 is large enough, twomethods proposed here can guarantee
the unsaturation of the quantizer and the asymptotic conver-
gence of the closed-loop system according to the discussions
of Case 2. Note that the decreasing period 𝜔 of the second
method is less than the one, that is, 𝜏, of the first method.
However, the decreasing rate 𝜌 of the second method is
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Figure 7: Asymptotic convergence of the system when 𝑁 = 60
under method II.

larger than the one of the first method. Comprehensively,
the convergence speed of the closed-loop system under the
secondmethod is slower than the one under the first method.
The reason of this is that the second method adopts the
following inequality:

𝐸𝑇𝑃𝐹 + 𝐹𝑇𝑃𝐸 ≤ 𝐸𝑇𝑃𝐸 + 𝐹𝑇𝑃𝐹, (51)

with positive-definite matrix 𝑃 and matrices 𝐸 and 𝐹 to
amplify the formula, but the first method avoids it.

6. Conclusion

This paper proposed two design methods for logarithmic
quantizer parameters. Under both methods, we ensured the
unsaturation of the quantizer and the asymptotic conver-
gence of the closed-loop system. Further research includes
designing the logarithmic quantizer parameters when the
system is affected by network-induced imperfection, like
time-delay, packet dropout, and so on.
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We consider a continuous linear time invariant systemwith ellipsoidal parametric uncertainty structured into subsystems. Since the
design of a local controller uses only information on a subsystem and its neighbours, we combine the plug and play idea and robust
distributed control to propose one distributed control strategy for linear system with ellipsoidal parametric uncertainty. Firstly
for linear system with ellipsoidal parametric uncertainty, a necessary and sufficient condition for robust state feedback control is
proposed by means of linear matrix inequality. If this necessary and sufficient condition is satisfied, this robust state feedback gain
matrix can be easily derived to guarantee robust stability and prescribed closed loop performance. Secondly the plug and play idea
is introduced in the design process. Finally by one example of aircraft flutter model parameter identification, the efficiency of the
proposed control strategy can be easily realized.

1. Introduction

Modern engineering system offers many examples of man-
made systems characterized by a large numbers of states
and inputs. One concept about large-scale systems is always
thought as the result of many subsystems interacting through
the coupling of physical variables or the transmission of infor-
mation over one communication network. Complexity of
these large-scale systems brings some challenges such as the
application of simulation, analysis, and control design algo-
rithms.

Consider the problem of control design algorithms for
large-scale systems; two common used algorithms are cen-
tralized control scheme and distributed control scheme. In
centralized control scheme, all control variables are com-
puted by a single regulator.Therefore all subsystems transmit
their outputs to the central controller in order to design
the control inputs which will be sent back to actuators
collocated with subsystems. But a centralized control scheme
for the large-scale systems will suffer from many problems
such as (1) computational complexity, a centralized regulator

needs a considerable amount of computing power and mem-
ory in order to compute control inputs within a sampling
interval, (2) communication network, a centralized control
requires a star-like topology of the communication network
that impacts the cost of the control system, and (3) reli-
ability, a failure in a single subsystem or in a link could
comprise the proper functioning of the overall controlled
large-scale system. In order to remedy the above drawbacks,
each subsystem in distributed control scheme is equipped
with a local controller that receives the outputs from the
corresponding subsystem and computes the control inputs. It
means that each subsystem is equippedwith a local controller,
but controllers can transmit and receive quantities fromother
subsystems.Therefore if these pieces of information are prop-
erly used, the goal of stabilizing the closed loop large-scale
system and guaranteeing prescribed level of performance can
be achieved.

Now one new idea of distributed control scheme is
proposed to design the local controller in large-scale systems
in reference [1], where the design of a local controller
uses only information from parent subsystems. This new
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approach has several advantages. First, the communication
flow at the design stage has the same topology of the
coupling graph that is usually sparse. Second, after each
parent subsystem has sent required quantities to its children,
the design of local controllers can be finished in parallel.
Third, the complexity of synthesizing a local controller for
a subsystem scales only with the number of its parents
rather than the total number of subsystems. Fourth, if a
subsystem joins an existing network, at most, subsystems
that are influenced by it can retune their controllers. In
a similar way, if a subsystem leaves the network, at most,
its children can retune their controllers. In [1], this kind
of distributed control scheme is named as the plug and
play distributed control. The main essence of plug and play
distributed control scheme is that, when a subsystem joins or
leaves an existing network of subsystems, there is a procedure
for automatically assessing if the operation does not spoil
stability and constraint satisfaction for the overall large-scale
system. In these years, research on plug and play distributed
control is being untaken. In [2], a linear system structured
into physically coupled subsystem was considered, further
one plug and play distributed model predictive control was
proposed to guarantee asymptotic stability and satisfaction
of constraints on system inputs and states. Reference [3] con-
sidered the problem of designing distributed controllers for
large-scale linear constrained systems composed by a number
of interacting subsystems. Several aspects of plug and play
distributed control were improved in [4], and based on the
computation of robust control invariant sets, all critical steps
in the design of a local controller could be solved through
linear programming strategy. Reference [5] considered the
control of a large-scale system composed of state coupled
linear subsystems that could be added or removed offline; the
possibility of coping with constraints on system variables was
studied in [6], while guaranteeing stability, robustness, and
global optimality. Plug and play distributed methods span
from cooperative to noncooperative, which requires limited
computational load in [7]. A review about architectures for
distributed model predictive control can be seen in [8].
Generally plug and play distributed control procedures are
very attractive for large-scale systems where the number of
subsystems varies with time [9]. And the plug and play idea
provides a scalable procedure for the addition and removal
of new generation units [10]. Furthermore, plug and play
distributed controllers can facilitate the revamping of control
systems and allow one to automatically assess feasibility of the
whole process.

Using above descriptions and advantages of plug and
play distributed control, in this short note, we apply this
new plug and play idea into the robust control scheme to
propose one new method (plug and play robust distributed
control method). The goal of the robust control scheme is to
guarantee that one 𝐻∞ norm with respect to one transfer
function from external noise to system output is less than one
given upper bound [11]. Here the controller is the common
stable state feedback controller, and under the condition that
the assumedmodel structure is given previously, we solve the
problem of how to design one robust distributed controller
with ellipsoidal parametric uncertainty system. First, we

derive one necessary and sufficient condition under which
the robust distributed controller exists by using the linear
matrix inequality tool for each subsystem. This necessary
and sufficient condition of linear matrix inequality form can
guarantee the robust stability and performance requirement.
Then the distributed state feedback controller is chosen as one
matrix from the state spacematrix form directly [12]. Second,
the idea of plug and play is merged into the robust distributed
control and one plug and play robust distributed control
algorithm is formulated. Finally, some simulation examples
are used to illustrate the efficiency of our new method.

2. Model Description

Consider a continuous time linear invariant system.

�̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝐵1𝑢 (𝑡) ,
𝑦 (𝑡) = 𝐶 (𝜃) 𝑥 (𝑡) + 𝐵2𝑢 (𝑡) , (1)

where 𝑥(𝑡) ∈ 𝑅𝑛 and 𝑢(𝑡) ∈ 𝑅𝑚 are state and input, respec-
tively, at time 𝑡 and 𝑦(𝑡) ∈ 𝑅𝑝 is output. Then the above four
matrices satisfy

𝐴 ∈ 𝑅𝑛×𝑛,
𝐵1 ∈ 𝑅𝑛×𝑚,

𝐶 (𝜃) ∈ 𝑅𝑝×𝑛,
𝐵2 ∈ 𝑅𝑝×𝑚.

(2)

As one unknown parameter vector 𝜃 ∈ 𝑅𝑛 lies inmatrix𝐶(𝜃),
(1) is a parameterized model. Assume all matrices are known
a priori except for matrix 𝐶(𝜃), this assumption signifies
that (1) has uncertain zeros [13]. Assume that the unknown
parameter vector 𝜃 is in one given ellipsoidal parametric set𝑈𝜃.

𝑈𝜃 = {𝜃 : (𝜃 − 𝜃0)𝑇 𝑅 (𝜃 − 𝜃0) ≤ 1} , (3)

where variables 𝜃0 and 𝑅 are used to express the center
and volume corresponding to the above given ellipsoidal
parametric set 𝑈𝜃. The state 𝑥(𝑡) = (𝑥1(𝑡) 𝑥2(𝑡) ⋅ ⋅ ⋅ 𝑥𝑀(𝑡))
is partitioned into𝑀 vector 𝑥𝑖(𝑡) ∈ 𝑅𝑛𝑖 , where 𝑖 ∈ 𝑀 = 1 : 𝑀
and 𝑛 = ∑𝑖∈𝑀 𝑛𝑖. Similarly the input and the output are
composed by𝑀 vector 𝑢𝑖(𝑡) ∈ 𝑅𝑚𝑖 , 𝑦𝑖(𝑡) ∈ 𝑅𝑝𝑖 such that

𝑢 (𝑡) = (𝑢1 (𝑡) 𝑢2 (𝑡) ⋅ ⋅ ⋅ 𝑢𝑀 (𝑡)) , 𝑚 = ∑
𝑖∈𝑀

𝑚𝑖
𝑦 (𝑡) = (𝑦1 (𝑡) 𝑦2 (𝑡) ⋅ ⋅ ⋅ 𝑦𝑀 (𝑡)) , 𝑝 = ∑

𝑖∈𝑀

𝑝𝑖. (4)

Assume that (1) can be equivalently described by the 𝑖th
subsystem (Σ𝑖), 𝑖 ∈ 𝑀, given by

(Σ𝑖)
�̇�𝑖 (𝑡) = 𝐴 𝑖𝑖𝑥𝑖 (𝑡) + 𝐵1𝑖𝑢𝑖 (𝑡) + ∑

𝑖∈𝑁𝑖

𝐴 𝑖𝑗𝑥𝑗 (𝑡)
𝑦𝑖 (𝑡) = 𝐶𝑖 (𝜃𝑖) 𝑥𝑖 (𝑡) + 𝐵2𝑖𝑢𝑖 (𝑡) ,

(5)
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where
𝐴 𝑖𝑖 ∈ 𝑅𝑛𝑖×𝑛𝑖 ,
𝐵1𝑖 ∈ 𝑅𝑛𝑖×𝑚𝑖 ,

𝐶𝑖 (𝜃𝑖) ∈ 𝑅𝑝𝑖×𝑛𝑖 ,
𝐵2𝑖 ∈ 𝑅𝑝𝑖×𝑚𝑖 ,
𝐴 𝑖𝑗 ∈ 𝑅𝑛𝑖×𝑛𝑗 ,

𝑖, 𝑗 ∈ 𝑀.

(6)

𝑁𝑖 is the set of parents of subsystem 𝑖, and it is defined as

𝑁𝑖 = {𝑗 ∈ 𝑀 : 𝐴 𝑖𝑗 ̸= 0, 𝑖 ̸= 𝑗} . (7)

Further since 𝑦𝑖(𝑡) depends on the local state 𝑥𝑖(𝑡) only,
subsystems (Σ𝑖), 𝑖 ∈ 𝑀 are output-decoupled and 𝐶 =
diag (𝐶1 𝐶2 ⋅ ⋅ ⋅ 𝐶𝑀). Also the unknown parameter vector𝜃 ∈ 𝑅𝑛 is partitioned into the 𝑀 vector 𝜃𝑖 ∈ 𝑅𝑛𝑖 , where𝑖 ∈ 𝑀 = 1 : 𝑀 and 𝑛 = ∑𝑖∈𝑀 𝑛𝑖.

We treat 𝑤𝑖(𝑡) = ∑𝑖∈𝑁𝑖 𝐴 𝑖𝑗𝑥𝑗(𝑡) as a disturbance and
reformulate (5) as follows:

(Σ𝑖)
�̇�𝑖 (𝑡) = 𝐴 𝑖𝑖𝑥𝑖 (𝑡) + 𝐵1𝑖𝑢𝑖 (𝑡) + 𝐵3𝑖𝑤𝑖 (𝑡)
𝑦𝑖 (𝑡) = 𝐶𝑖 (𝜃𝑖) 𝑥𝑖 (𝑡) + 𝐵2𝑖𝑢𝑖 (𝑡) , (8)

where 𝑤𝑖(𝑡) ∈ 𝑅𝑛𝑖 , 𝐵3𝑖 ∈ 𝑅𝑛𝑖×𝑛𝑖 and vector 𝜃𝑖 ∈ 𝑅𝑛𝑖 is also in
one given ellipsoidal parametric set 𝑈𝜃𝑖 .

𝑈𝜃𝑖 = {𝜃𝑖 : (𝜃𝑖 − 𝜃𝑖0)𝑇 𝑅𝑖 (𝜃𝑖 − 𝜃𝑖0) ≤ 1} , (9)

where variables 𝜃𝑖0 and 𝑅𝑖 are all similar to above definitions.
After combining (8) and (9), the problem of our paper is
to design one stable distributed state feedback controller𝑢𝑖(𝑡) = 𝐾𝑖𝑥𝑖(𝑡) under the condition of disturbance 𝑤𝑖(𝑡) and
ellipsoidal parametric set 𝑈𝜃𝑖 . The state feedback matrix 𝐾𝑖
satisfies that 𝐾𝑖 ∈ 𝑅𝑚𝑖×𝑛𝑖 .

For the convergence of next analysis, we need the follow-
ing two assumptions to express that subsystems (Σ𝑖), 𝑖 ∈ 𝑀
are state coupled and input decoupled.

Assumption 1. Matrix𝐴 is composed by blocks𝐴 𝑖𝑗, ∀𝑖, 𝑗 ∈ 𝑀
and 𝐵 = diag (𝐵1 𝐵2 ⋅ ⋅ ⋅ 𝐵𝑀).

The physical meaning of assumption 1 is that each sub-
system is coupled through state variables only. In reference
[14], this type of coupling is sometimes called dynamic cou-
pling. This dynamic coupling exists in many communication
networks.

Assumption 2. Thematrix pairs (𝐴 𝑖𝑖, 𝐵𝑖), ∀𝑖 ∈ 𝑀 are control-
lable.

Under these two assumptions, if one stable distributed
state feedback controller 𝑢𝑖(𝑡) = 𝐾𝑖𝑥𝑖(𝑡) is obtained, then the
controller

𝑢 (𝑡) = (𝑢1 (𝑡) 𝑢2 (𝑡) ⋅ ⋅ ⋅ 𝑢𝑀 (𝑡))
= (𝐾1𝑥1 (𝑡) 𝐾2𝑥2 (𝑡) ⋅ ⋅ ⋅ 𝐾𝑀𝑥𝑀 (𝑡)) (10)

can be used to control system (1), while guaranteeing stability
and robustness [15]. By observing (8) again, we obtain one
closed loop transfer function 𝑇𝑖(𝑞, 𝜃𝑖) from external distur-
bance to system output 𝑦𝑖(𝑡).

𝑇𝑖 (𝑞, 𝜃𝑖) = (𝐶𝑖 + 𝐵2𝑖𝐾𝑖) (𝑞𝐼 − 𝐴 𝑖𝑖 − 𝐵1𝑖𝐾𝑖)−1 𝐵3𝑖. (11)

The goal of robust distributed control is to find one stable
feedback controller𝐾𝑖 to satisfy the following inequality.𝑇𝑖 (𝑞, 𝜃𝑖)∞ < 𝛾, ∀𝜃𝑖 ∈ 𝑈𝜃𝑖 , (12)

where 𝛾 is a given upper bound, and𝐻∞ norm is defined as.

𝑇𝑖 (𝑞, 𝜃𝑖)∞ = sup
𝑤∈[0,2𝜋]

𝑇𝑖 (𝑒𝑗𝑤, 𝜃𝑖)
= sup
𝑤∈[0,2𝜋]

𝜎 [𝑇𝑖 (𝑒𝑗𝑤, 𝜃𝑖)] , (13)

where ‖ ⋅ ‖ denotes the maximal singular value; the existence
of that stable state feedback controller𝐾𝑖 satisfying inequality
(12) can be verified by a linear matrix inequality condition
[16]. Further this linear matrix inequality condition is a
necessary and sufficient condition in the robust control
theory.

3. One Necessary and Sufficient Condition

In this section, we derive one linear matrix inequality condi-
tion in one state feedback𝐻∞ problem. Further in this prob-
lem, the unknown parameter vector 𝜃𝑖 is known in one given
ellipsoidal parametric set 𝑈𝜃𝑖 . This linear matrix inequality
condition can be formulated as the followingTheorem 3.

Theorem 3. Assume the following equality holds

𝐵𝑇2𝑖 [𝐶𝑖 𝐵2𝑖] = [0 𝐼] . (14)

Then the following two statements are equivalent to each other:

(1) There exists one state feedback controller

𝑢𝑖 (𝑡) = 𝐾𝑖𝑥𝑖 (𝑡) (15)

which satisfies ‖𝑇𝑖(𝑞, 𝜃𝑖)‖∞ < 𝛾.
(2) There exists a symmetric matrix 𝑋𝑖 ∈ 𝑅𝑛𝑖×𝑛𝑖 such that
[𝐴 𝑖𝑖𝑋𝑖 + 𝑋𝑖𝐴𝑇𝑖𝑖 − 𝛾2 (𝐵1𝑖𝐵𝑇1𝑖 − 𝐵3𝑖𝐵𝑇3𝑖) 𝑋𝑖𝐶𝑇𝑖 (𝜃𝑖)𝐶𝑖 (𝜃𝑖)𝑋𝑖 −𝐼 ]

< 0.
(16)

Proof. From the results in [17], we see that the 𝐿2 gain of one
linear time invariant system is equivalent to the 𝐻∞ norm
of its transfer matrix function. Then the condition that 𝐻∞
norm of one transfer matrix function is less than scalar 𝛾
can be transformed to that its 𝐿2 gain is less than scalar 𝛾.
Furthermore the necessary and sufficient condition that the𝐿2 gain is less than scalar 𝛾 can be reformulated as follows.
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Taking one quadratic function as that,

𝑉𝑖 (𝑥𝑖 (𝑡)) = 𝑥𝑇𝑖 (𝑡) 𝑃𝑖𝑥𝑖 (𝑡) , 𝑃𝑖 > 0, (17)

such that, for all variables 𝑡, we have
𝑑𝑉𝑖 (𝑥𝑖 (𝑡))𝑑𝑡 + 𝑦𝑇𝑖 (𝑡) 𝑦𝑖 (𝑡) − 𝛾2𝑤𝑇𝑖 (𝑡) 𝑤𝑖 (𝑡) < 0. (18)

Substituting 𝑢𝑖(𝑡) = 𝐾𝑖𝑥𝑖(𝑡) into (8), we obtain.

(Σ𝑖)
�̇�𝑖 (𝑡) = [𝐴 𝑖𝑖 + 𝐵1𝑖𝐾𝑖] 𝑥𝑖 (𝑡) + 𝐵3𝑖𝑤𝑖 (𝑡) ,𝑦𝑖 (𝑡) = [𝐶𝑖 (𝜃𝑖) + 𝐵2𝑖𝐾𝑖] 𝑥𝑖 (𝑡) . (19)

Substituting equation (19) into (18), we see that

�̇�𝑇𝑖 (𝑡) 𝑃𝑖𝑥𝑖 (𝑡) + 𝑥𝑇𝑖 (𝑡) 𝑃𝑖�̇�𝑇𝑖 (𝑡) + 𝑦𝑇𝑖 (𝑡) 𝑦𝑖 (𝑡)
− 𝛾2𝑤𝑇𝑖 (𝑡) 𝑤𝑖 (𝑡) < 0. (20)

Through complexmathematical operations, one linearmatrix
inequality is obtained.

[[𝐴 𝑖𝑖 + 𝐵1𝑖𝐾𝑖]𝑇 𝑃𝑖 + 𝑃𝑖 [𝐴 𝑖𝑖 + 𝐵1𝑖𝐾𝑖] + [𝐶𝑖 (𝜃𝑖) + 𝐵2𝑖𝐾𝑖]𝑇 [𝐶𝑖 (𝜃𝑖) + 𝐵2𝑖𝐾𝑖] 𝑃𝑖𝐵3𝑖
𝐵𝑇3𝑖𝑃𝑖 −𝛾2𝐼] < 0. (21)

Equation (21) is equivalent to the notion that there exists 𝐾𝑖
and 𝑄𝑖 = 𝑃−1𝑖 such that

[[𝐴 𝑖𝑖 + 𝐵1𝑖𝐾𝑖]𝑇𝑄𝑖 + 𝑄𝑖 [𝐴 𝑖𝑖 + 𝐵1𝑖𝐾𝑖] + 𝐵3𝑖𝐵𝑇3𝑖 𝑄𝑖 [𝐶𝑖 (𝜃𝑖) + 𝐵2𝑖𝐾𝑖]𝑇
[𝐶𝑖 (𝜃𝑖) + 𝐵2𝑖𝐾𝑖] 𝑄𝑖 −𝛾2𝐼 ] < 0. (22)

Introduce one new variable 𝑌𝑖 = 𝐾𝑖𝑄𝑖, and then (22) can be
rewritten as

[𝐴 𝑖𝑖𝑄𝑖 + 𝑄𝑖𝐴𝑇𝑖𝑖 + 𝑌𝑇𝑖 𝐵1𝑖 + 𝐵1𝑖𝑌𝑖 + 𝐵3𝑖𝐵𝑇3𝑖 [𝐶𝑖 (𝜃𝑖) 𝑄𝑖 + 𝐵2𝑖𝑌𝑖]𝑇
[𝐶𝑖 (𝜃𝑖) 𝑄𝑖 + 𝐵2𝑖𝑌𝑖] −𝛾2𝐼 ] < 0. (23)

Applying the Schur complement formula [18], (23) is equiva-
lent to the following inequality:

𝐴 𝑖𝑖𝑄𝑖 + 𝑄𝑖𝐴𝑇𝑖𝑖 + 𝑌𝑇𝑖 𝐵1𝑖 + 𝐵1𝑖𝑌𝑖 + 𝐵3𝑖𝐵𝑇3𝑖
+ [𝐶𝑖 (𝜃𝑖) 𝑄𝑖 + 𝐵2𝑖𝑌𝑖]𝑇 [𝐶𝑖 (𝜃𝑖) 𝑄𝑖 + 𝐵2𝑖𝑌𝑖]𝛾2 < 0. (24)

If (14) holds, then (24) can be simplified as

𝐴 𝑖𝑖𝑄𝑖 + 𝑄𝑖𝐴𝑇𝑖𝑖 + 𝑌𝑇𝑖 𝐵1𝑖 + 𝐵1𝑖𝑌𝑖 + 𝐵3𝑖𝐵𝑇3𝑖
+ 𝑄𝑖𝐶𝑇𝑖 (𝜃𝑖) 𝐶𝑖 (𝜃𝑖) 𝑄𝑖 + 𝑌𝑇𝑖 𝑌𝑖𝛾2 < 0. (25)

Equation (25) is equivalent to the following inequality:

𝐴 𝑖𝑖𝑄𝑖 + 𝑄𝑖𝐴𝑇𝑖𝑖 − 𝐵1𝑖𝐵𝑇1𝑖 + 𝐵3𝑖𝐵𝑇3𝑖
+ 𝑄𝑖𝐶𝑇𝑖 (𝜃𝑖) 𝐶𝑖 (𝜃𝑖) 𝑄𝑖𝛾2 < 0. (26)

Applying the Schur complement formula again, we obtain.

[𝐴 𝑖𝑖𝑋𝑖 + 𝑋𝑖𝐴𝑇𝑖𝑖 − 𝛾2 (𝐵1𝑖𝐵𝑇1𝑖 − 𝐵3𝑖𝐵𝑇3𝑖) 𝑋𝑖𝐶𝑇𝑖 (𝜃𝑖)𝐶𝑖 (𝜃𝑖)𝑋𝑖 −𝐼 ]
< 0,

(27)

where we use a new variable 𝑋𝑖 = 𝛾2𝑄𝑖, thus concluding the
proof.

Theorem 3 gives one necessary and sufficient condition
for the existence of a robust controller when the parameter
vector is uncertain.

Now by using that linear matrix inequality (16), we con-
tinue to study one special case; that is, matrix𝐶𝑖(𝜃𝑖) is written
as the following special structure:

𝐶𝑖 (𝜃𝑖) = (𝜃𝑖 0)𝑇 ∈ 𝑅𝑛𝑖×𝑛𝑖 . (28)

Then the necessary and sufficient condition with respect to
this special case can be reformulated as Theorem 4.
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Theorem 4. Consider the parameterized system structure (8),
and matrix 𝐶𝑖(𝜃𝑖) is given as (28) and other matrices are
known. Assume (14) also holds, and then the following two
statements are equivalent:

(1) There exists one state feedback controller

𝑢𝑖 (𝑡) = 𝐾𝑖𝑥𝑖 (𝑡) (29)

which satisfies ‖𝑇𝑖(𝑞, 𝜃𝑖)‖∞ < 𝛾 for all 𝜃𝑖 ∈ 𝑈𝜃𝑖 .
(2) There exists a symmetric matrix 𝑋𝑖 ∈ 𝑅𝑛𝑖×𝑛𝑖 and one

scalar 𝜏 ∈ 𝑅, 𝜏 > 0 such that
[[[
[

𝜏𝑅𝑖 𝑋𝑖 𝜏𝑅𝑖𝜃𝑖0𝑋𝑖 −𝑀𝑖 0
𝜏𝜃𝑇𝑖0𝑅𝑖 0 1 + (𝜏𝜃𝑇𝑖0𝑅𝑖𝜃𝑖0 − 1)

]]]
]
> 0,

𝑀𝑖 = 𝐴 𝑖𝑖𝑋𝑖 + 𝑋𝑖𝐴𝑇𝑖𝑖 − 𝛾2 (𝐵1𝑖𝐵𝑇1𝑖 − 𝐵3𝑖𝐵𝑇3𝑖) .
(30)

Proof. Considering system (8) and (28), we continue to com-
pute that

𝐶𝑖 (𝜃𝑖)𝑋𝑖 = (𝜃𝑇𝑖0 )𝑋𝑖 = (𝜃𝑇𝑖 𝑋𝑖0 ) . (31)

Substituting (31) into (16), then that linear matrix inequality
is rewritten as

[[[
[

𝐴 𝑖𝑖𝑋𝑖 + 𝑋𝑖𝐴𝑇𝑖𝑖 − 𝛾2 (𝐵1𝑖𝐵𝑇1𝑖 − 𝐵3𝑖𝐵𝑇3𝑖) 𝑋𝑖𝜃𝑖 0
𝜃𝑇𝑖 𝑋𝑖 −𝐼 0
0 0 0

]]]
]
< 0. (32)

According to the structure of𝑋𝑖𝜃𝑖, we simplify the above (32)
as

[ 𝑀𝑖 𝑋𝑖𝜃𝑖
𝜃𝑇𝑖 𝑋𝑖 −𝐼 ] < 0. (33)

From Schur complement formula, we see that linear matrix
inequality (33) is equivalent to the following two linearmatrix
inequalities:

𝑀𝑖 < 0,
−1 − 𝜃𝑇𝑖 𝑋𝑖𝑀−1𝑖 𝑋𝑖𝜃𝑖 < 0. (34)

Rewrite (34) as

(𝜃𝑖1)
𝑇(−𝑋𝑖𝑀−1𝑖 𝑋𝑖 0

0 −1)(𝜃𝑖1) < 0. (35)

Similarly the ellipsoidal parameter set 𝑈𝜃𝑖 is rewritten as

(𝜃𝑖1)
𝑇( 𝑅𝑖 −𝑅𝑖𝜃𝑖0

−𝜃𝑇𝑖0𝑅𝑖 𝜃𝑇𝑖0𝑅𝑖𝜃𝑖0 − 1)(𝜃𝑖1) < 0. (36)

Applying 𝑆-Procedure strategy [18] and combining (35) and
(36), there exists one scalar 𝜏 > 0, such that

(−𝑋𝑖𝑀−1𝑖 𝑋𝑖 0
0 −1) − 𝜏( 𝑅𝑖 −𝑅𝑖𝜃𝑖0

−𝜃𝑇𝑖0𝑅𝑖 𝜃𝑇𝑖0𝑅𝑖𝜃𝑖0 − 1) < 0. (37)

Rewriting (37), we obtain one simplified form.

(−𝑋𝑖𝑀−1𝑖 𝑋𝑖 − 𝜏𝑅𝑖 𝜏𝑅𝑖𝜃𝑖0
𝜏𝜃𝑇𝑖0𝑅𝑖 −1 − 𝜏 (𝜃𝑇𝑖0𝑅𝑖𝜃𝑖0 − 1)) < 0. (38)

Applying the Schur complement formula, linear matrix
inequality (38) is equivalent to the following two linearmatrix
inequalities:

−1 − 𝜏 (𝜃𝑇𝑖0𝑅𝑖𝜃𝑖0 − 1) < 0,
−𝑋𝑖𝑀−1𝑖 𝑋𝑖 − 𝜏𝑅𝑖 − 𝜏2𝑅𝑖𝜃𝑖0𝜃𝑇𝑖0𝑅𝑖−1 − 𝜏 (𝜃𝑇𝑖0𝑅𝑖𝜃𝑖0 − 1) < 0. (39)

It means that

1 + 𝜏 (𝜃𝑇𝑖0𝑅𝑖𝜃𝑖0 − 1) > 0,
𝑋𝑖𝑀−1𝑖 𝑋𝑖 + 𝜏𝑅𝑖 − 𝜏2𝑅𝑖𝜃𝑖0𝜃𝑇𝑖0𝑅𝑖1 + 𝜏 (𝜃𝑇𝑖0𝑅𝑖𝜃𝑖0 − 1) > 0. (40)

Combining (34) and (40) and then using Schur complement
formula, we get

[[
[
𝜏𝑅𝑖 − 𝜏2𝑅𝑖𝜃𝑖0𝜃𝑇𝑖0𝑅𝑖1 + 𝜏 (𝜃𝑇𝑖0𝑅𝑖𝜃𝑖0 − 1) 𝑋𝑖

𝑋𝑖 −𝑀𝑖
]]
]
> 0. (41)

Because linear matrix inequality (41) is linear with respect to
variable𝑋𝑖 and nonlinear of variable 𝜏, rewrite (41) as

[𝜏𝑅𝑖 𝑋𝑖𝑋𝑖 −𝑀𝑖]

− [𝜏𝑅𝑖𝜃𝑖00 ] 11 + 𝜏 (𝜃𝑇𝑖0𝑅𝑖𝜃𝑖0 − 1) [
𝜏𝑅𝑖𝜃𝑖00 ]𝑇 > 0.

(42)

Applying Schur complement formula again, the result (32)
can be obtained, thus concluding the proof.

As linear matrix inequality (30) is linear with respect to
variables 𝑋𝑖, 𝜏, and 𝛾2, then that minimization performance
bound will give a necessary and sufficient condition for
the existence of the robust distributed controller. From the
robust control theory, we conclude that when the above
necessary and sufficient condition is satisfied, then one robust
distributed control state feedback controller𝐾𝑖 can be chosen
as the following form directly:

𝐾𝑖 = − (𝐵𝑇2𝑖𝐵2𝑖) 𝐵𝑇1𝑖 = −𝐵𝑇1𝑖, (43)

where the second equality holds under the condition of (14).
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4. Plug and Play Idea

In this section, we study the plug and play idea and the
redesign of new controllers when subsystems are added to or
removed from system (8). Note that plugging in and unplug-
ging of subsystems are regarded as offline operation [19].

(1) As a starting point, consider a system composed by
subsystems (Σ𝑖), 𝑖 ∈ 𝑀 with its robust distributed controller𝑢𝑖, 𝑖 ∈ 𝑀.

Consider the plugging of subsystem (Σ𝑀+1), which is
characterized by variables as follows:

𝐴𝑀+1,𝑀+1, 𝐵1,𝑀+1, 𝐵2,𝑀+1, 𝐵3,𝑀+1, 𝐶𝑀+1, 𝑥𝑀+1, 𝑢𝑀+1,
𝑁𝑀+1, (𝐴 𝑖𝑗)𝑗∈𝑁𝑀+1 ,

(44)

into an existing system structure. In order to design controller𝑢𝑀+1, we verify whether (16) in Theorem 3 holds; if it holds,
then the robust distributed state feedback controller 𝑢𝑀+1 can
be chosen as form (43). If the above design process stops, we
deem that subsystem (Σ𝑀+1) cannot plug in. Set 𝑆𝑖 = {𝑗 :𝑖 ∈ 𝑁𝑗} to be the set of successors to system 𝑖, since each
subsystem (Σ𝑗), 𝑗 ∈ 𝑆𝑀+1 has the new neighbour (Σ𝑀+1).
When 𝑁𝑗 gets larger, the necessary and sufficient condition
will be violated. It means that, for each 𝑗 ∈ 𝑆𝑀+1, the
controller 𝑢𝑗 must be redesigned. Furthermore the addition
of system (Σ𝑀+1) triggers the design of controller 𝑢𝑀+1 and
the redesign of controllers 𝑢𝑗, 𝑗 ∈ 𝑆𝑀+1. And the controller
redesign does not propagate further in the network system.

(2) When subsystem (Σ𝑘), 𝑘 ∈ 𝑀 is removed off from the
existing system, since, for each 𝑖 ∈ 𝑆𝑘, the set𝑁𝑖 gets smaller.
The size of the ellipsoidal parametric uncertainty set cannot
increase and therefore the linear matrix inequality cannot be
violated. It means that, for each 𝑖 ∈ 𝑆𝑘, the controller 𝑢𝑖 does
not have to be redesigned. Further since, for each system (Σ𝑗),𝑗 ∉ {𝑘} ∪ 𝑆𝑘, the set 𝑁𝑗 does not change, the redesign of
controller 𝑢𝑖 is not required.

(3) Generally after combing all above descriptions, one
plug and play robust distributed control algorithm is formu-
lated as follows.

Plug and Play Algorithm. Design of controller 𝑢(𝑡) for system
(1).

Input. 𝐴, 𝐵1, 𝐵2, 𝐶(𝜃), 𝑥(𝑡), 𝑦(𝑡), 𝑢𝜃
Output. 𝑢(𝑡)

(1) Partition the original continuous time linear invariant
system as (8) to obtain𝑀 subsystems

∑
𝑖

, 𝑖 ∈ 𝑀. (45)

(2) Computematrices and other variables such as𝐴 𝑖𝑖,𝐵1𝑖,𝐵2𝑖, 𝐵3𝑖, 𝐶𝑖(𝜃𝑖), 𝑥𝑖(𝑡), 𝑦𝑖(𝑡), 𝑢𝜃𝑖 .
(3) Use linear matrix inequality tools from MATLAB

2009 to find one symmetric matrix 𝑋𝑖 such that
inequality (16) holds.

(4) Find one appropriate state feedback controller 𝑢𝑖(𝑡) as
in (43).

(5) Merge the plug and play idea during the above process
to verify all𝑀 inequalities (16).

(6) Construct the original control input as

𝑢 (𝑡) = (𝑢1 (𝑡) 𝑢2 (𝑡) ⋅ ⋅ ⋅ 𝑢𝑀 (𝑡)) . (46)

5. Simulation

In this simulation part, we give one aircraft flutter model
parameter identification example to confirm the efficiency of
our plug and play robust distributed control strategy.

In the simulation example, we use one flutter mathemat-
ical model from [20]. In simulation environment, the input
signal is the excited signal chosen by user, output is measured
from the point set collected by the accelerometer, the number
of sampled points is set 𝑁 = 4096, and sample instant is 1
second. The output and input of the 4096 sampled data are
divided into 4 equal data blocks; each data block contains 1024
sample data. The true model matrices are listed as follows.

𝐴 = [[
[

0 1 0
−0.3 0.4 −0.2
−0.1 0.2 0.4

]]
]
,

𝐵1 = [0.8 0.17 1.09]𝑇 ,
𝐶 = [2 1 0

0 0 0] ,

𝐵2 = [01] ,

𝜃0 = [[
[
0.5
0.5
−0.5

]]
]
,

𝑅 = 𝐼,
𝛾 = 2,

𝜙𝑤 = 1.

(47)

𝑈𝜃 is one guaranteed ellipsoidal parameter uncertain set with
probability 95%. To validate the identification result ofmatrix𝐶, Figure 1 shows the approximation degree between the
true system and the identified system. As those two curves
approximate to each other very closely, the problem of one𝐻∞ normwith respect to one transfer function less than one
given upper bound is equivalent to the problem of designing
one robust state feedback controller. FromTheorem 3, we see
that the above problem is also equivalent to the following
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Figure 1: Bode plots compared between the true system and the
identified system.

feasible problemwith respect to linearmatrix inequality. Find
one symmetric matrix𝑋𝑖 ∈ 𝑅𝑛𝑖×𝑛𝑖 , 𝜏 ∈ 𝑅, 𝜏 > 0 such that

[[[
[

𝜏𝑅𝑖 𝑋𝑖 𝜏𝑅𝑖𝜃𝑖0𝑋𝑖 −𝑀𝑖 0
𝜏𝜃𝑇𝑖0𝑅𝑖 0 1 + (𝜏𝜃𝑇𝑖0𝑅𝑖𝜃𝑖0 − 1)

]]]
]
> 0,

𝑀𝑖 = 𝐴 𝑖𝑖𝑋𝑖 + 𝑋𝑖𝐴𝑇𝑖𝑖 − 𝛾2 (𝐵1𝑖𝐵𝑇1𝑖 − 𝐵3𝑖𝐵𝑇3𝑖) .
(48)

The above linear matrix inequality can be solved by linear
matrix inequality tools fromMATLAB 2009; then this robust
distributed sate feedback control 𝐾𝑖 = −(𝐵𝑇2𝑖𝐵2𝑖)𝐵𝑇1𝑖 = −𝐵𝑇1𝑖
can achieve the robust stability and performance require-
ment. To reduce the computational complexity, the plug and
play idea is applied in the whole design process.

6. Conclusion

In this short paper, we propose one plug and play robust
distributed state feedback control for one kind of continuous
linear invariant systemswith ellipsoidal parametric uncertain
set. After partitioning the original system into some sub-
systems, we derive one necessary and sufficient condition
under which the robust distributed controller exists by
using the linear matrix inequality tool for each subsystem.
Then we apply the new plug and play idea into the robust
control scheme to propose one method-plug and play robust
distributed control method. But all the derivations are based
on the assumption that the unknown parameter is known
in one ellipsoidal set. So when any knowledge of unknown
parameter in the state space matrix form is not known a
priori, we should apply the input-output data to design one
system identification experiment and obtain its parameter
estimation. Then the next topic is how to apply the system
identification concept into our control strategy.
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This paper investigated the couple-group consensus problems of themultiagent networks with the influence of communication and
input time delays. Based on the frequency-domain theory, some algebraic criteria are addressed analytically. From the results, it
is found that the input time delays and the coupling strengths between agents of the systems play a crucial role in reaching group
consensus.The convergence of the system is independent of the communication delays, but it will affect the convergence rate of the
system. Finally, several simulated examples are provided to verify the validity and correctness of our theoretical results.

1. Introduction

Over the past few years, increasing attention has been paid to
the investigation of distributed cooperative control of mul-
tiagent networks due to its broad application in many areas,
such as distributed sensor networks [1], congestion control in
networks [2, 3], and flocking [4, 5]. As a fundamental problem
of cooperative control, consensus problem of multiagent
networks has become the focus of researchers in many fields.
Consensus of multiagent networks usually means a group of
agents converging to a consistent state through sharing local
communication with their neighbors. Recently, lots of works
about consensus have been reported [6–11].

Group consensus is an extended consensus problem,
which means that the agents in a network reach more than
one consistent state. Namely, some agents in one subgroup
can reach a consistent statewhile there is no consensus among
different subgroups of the whole networks.

Recently, many reports about group consensus have been
listed, such as, for second-order multiagent networks with
time delays, the group consensus problem investigated in
[12]. Based on the semitensor product of matrices and the
vertex coloring of graphs, the group consensus problemof the
multiagent network is discussed [13]. Yi et al. [14] discussed
the group consensus issue of linearly coupled multiagent

networks, where the relation between Laplacian and number
of groups was derived. Based on some assumptions, Tan et
al. [15] obtained some sufficient and necessary conditions
to guarantee solvability of group consensus problems. Hu
et al. [16] studied average-group consensus problems with
undirected networks by designing a novel hybrid protocol.
In [17], Zhao et al. discussed couple-group consensus prob-
lems of second-order multiagent networks with fixed and
stochastic switching topologies and provided a sufficient and
necessary condition for the mean-square couple-group con-
sensus. In [18], conditions for reaching group consensus with
centralized and decentralized event-triggered control were
illustrated, respectively. Moreover, pinning control strategies
have been introduced for reducing the cost of network control
in [19–23]. In [24, 25], Yu andWang addressed group consen-
sus problems of networks with directed graphs and strongly
connected and balanced topology. Furthermore, in [26, 27],
Yu and Wang discussed the group consensus problem with
communication delays and switching topologies. For the
networks with strongly connected and balanced topology,
Wang and Uchida [28] investigated the group consensus
of multiagent networks with communication delays. Based
on the networks with bipartite topology, group consensus
of first-order multiagent networks with and without time
delays were investigated in [29], respectively. Du et al. [30]
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further extended the conclusions in [29] and obtained an
upper bound of time delay. Ji et al. [31] considered the group
consensus of undirected and connected bipartite graphs,
respectively, and proposed a sufficient condition for group
consensus. In [32], Lianghao and Xinyue discussed the group
consensus problem for second-order multiagent networks
with the influence of input and communication time delays.

It is worth noting that the related research works men-
tioned above either only consider the influence of communi-
cation delays or simply discuss the special case that the com-
munication delay is equal to the input delay, such as in [24–
27, 29–31]. Meanwhile, most of the works are based on the
special topologies [16, 24, 25, 28–31], for instance, undirected,
strongly connected, and balanced topologies. As we know,
time delays objectively exist in the networks and are usually
different.Meanwhile, time delays can degrade or even destroy
the stable performance of the complex systems. Inspired
by the related works, this paper focuses on discussing the
couple-group consensus of multiagent networks under the
influence of time delays. The main contributions are listed
as follows: firstly, this paper investigated the influence of
different time delays for the multiagent networks with the
asymmetric topology. By using frequency-domain theory,
the criteria which can guarantee the achievement of couple-
group consensus are proposed. Secondly, either the algebraic
criteria we obtained are less conservative than the findings in
related works or the relevant research works can be seen as
the special cases of our works.

The rest of the paper is organized as follows. In Section 2,
some relevant concepts about graph theory and model
formulation are reviewed. In Section 3, the problems of group
consensus for multiagent networks with multiple time delays
are analyzed. Several numerical experiments are illustrated
in Section 4. Finally, some conclusions and future work are
drawn.

2. Preliminaries

Based on graph theory, an agent and the information interac-
tion between them in amultiagent networks can be described
by 𝐺 = (𝑉, 𝐸, 𝐴), where 𝑉 = {V1, V2, . . . , V𝑁} is node set, N =
{1, 2, . . . , 𝑁} denotes node index set,𝐸 ⊆ 𝑉×𝑉 is the edge set,
and 𝐴 = {𝑎𝑖𝑗} ∈ R𝑁×𝑁 is the weighted adjacency matrix. The
neighbor of node V𝑖 is denoted by𝑁𝑖 = {V𝑗 ∈ 𝑉 : (V𝑖, V𝑗) ∈ 𝐸}.
For convenience, suppose 𝑎𝑖𝑗 > 0 if V𝑗 ∈ 𝑁𝑖 and 𝑎𝑖𝑖 = 0 for
∀𝑖 ∈ N. The Laplacian matrix of 𝐺 is denoted by 𝐿 = 𝐷 − 𝐴,
where𝐷 = diag{𝑑𝑖, 𝑖 ∈ N} and 𝑑𝑖 = ∑V𝑗∈𝑁𝑖 𝑎𝑖𝑗.

For first-order multiagent networks, the dynamics of the
system can be listed as

�̇�𝑖 (𝑡) = 𝑢𝑖 (𝑡) , (1)

where 𝑥𝑖(𝑡), 𝑢𝑖(𝑡) ∈ R𝑘 denotes the position state and control
input of the agent 𝑖 at time 𝑡, respectively. For simplicity, we
just only consider the case 𝑥𝑖(𝑡), 𝑢𝑖(𝑡) ∈ R. When 𝑘 > 1,
it is easy to promote the results by applying the Kronecker
product.

Next, some related definitions and lemmas will be listed
firstly.

Definition 1. For ∀𝑖, 𝑗 ∈ N, the first-order multiagent
networks (1) can be said to achieve consensus asymptotically
if and only if lim𝑡→∞‖𝑥𝑖(𝑡) − 𝑥𝑗(𝑡)‖ = 0.

Definition 2 (see [33]). For a bipartite graph 𝑔 = (𝑉, 𝐸)which
has the following properties, where𝑉 and 𝐸 denote its vertex
and edge sets:

(i) 𝑉1 ∪𝑉2 = 𝑉 and𝑉1 ∩𝑉2 = ⌀, where𝑉1 and𝑉2 are the
two vertex subsets;

(ii) ∀𝑒 = (𝑥, 𝑦) ∈ 𝐸, where 𝑥 ∈ 𝑉1 and 𝑦 ∈ 𝑉2.

Assumes the topology 𝐺 = (𝑉, 𝐸, 𝐴) of order 𝑛 +
𝑚 (𝑛,𝑚 > 1) consists of two subgroups, 𝐺1 = (𝑉1, 𝐸1, 𝐴1)
and 𝐺2 = (𝑉2, 𝐸2, 𝐴2), where 𝑉1 = {V1, V2, . . . , V𝑛} and 𝑉2 =
{V𝑛+1, V𝑛+2, . . . , V𝑛+𝑚}. Then, the set of finite index is defined
by 𝐿1 = {1, 2, . . . , 𝑛} and 𝐿2 = {𝑛 + 1, 𝑛 + 2, . . . , 𝑛 + 𝑚}. In
these two subgroups, 𝑁1𝑖 = {V𝑗 ∈ 𝑉1 : (V𝑖, V𝑗) ∈ 𝐸} and
𝑁2𝑖 = {V𝑗 ∈ 𝑉2 : (V𝑖, V𝑗) ∈ 𝐸} represent the neighbor set
of node V𝑖, respectively. Then, we know that 𝑉 = 𝑉1 ∪ 𝑉2
and 𝑁𝑖 = 𝑁1𝑖 ∪ 𝑁2𝑖. For convenience, in this paper we only
consider the case of two-group consensus problem.

Definition 3. Protocol (1) is said to reach a couple-group
consensus asymptotically if the states of agents satisfy

(i) lim𝑡→∞‖𝑥𝑖(𝑡) − 𝑥𝑗(𝑡)‖ = 0, ∀𝑖, 𝑗 ∈ 𝐿1;

(ii) lim𝑡→∞‖𝑥𝑖(𝑡) − 𝑥𝑗(𝑡)‖ = 0, ∀𝑖, 𝑗 ∈ 𝐿2.

Lemma 4 (see [29]). For a connected bipartite graph 𝐺, the
rank of 𝐷 + 𝐴 is 𝑛 − 1, where 𝐷 and 𝐴 are the degree matrix
and the adjacency matrix, respectively.

Lemma 5 (see [34]). If the graph 𝐺 contains a globally
reachable node, 0 is the simple eigenvalue of its Laplacian
matrix.

Lemma 6 (see [35]). For ∀𝛾 ∈ [0, 1), if 𝜔 ∈ R, convex hull
𝛾𝐶𝑜(0 ∪ {𝐸𝑖(𝑗𝜔), 𝑖 ∈ N}) will not enclose the point (−1, 𝑗0),
where 𝐸𝑖(𝑗𝜔) = 𝜋/2𝑇 × 𝑒−𝑗𝜔𝑇/𝑗𝜔 and 𝑇 denotes time delay.

Lemma 7 (see [36]). For 𝜔 ∈ R, convex hull 𝛾𝐶𝑜(0 ∪
{𝐸𝑖(𝑗𝜔), 𝑖 ∈ N}) contains the set of⋃𝑖∈ℵ 𝐺𝑖.

3. Couple-Group Consensus of
Multiagent Networks with Multiple Delays

In this section, we illustrate group consensus of multiagent
networks with multiple time delays.

3.1. Couple-Group Consensus of Delayed Multiagent Networks
with Bipartite Topologies. In [29], group consensus problems
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of themultiagent networks with protocol (2) and (3) were dis-
cussed and some sufficient conditions which can guarantee
the achievement of group consensus were proposed as well:

𝑢𝑖 (𝑡) = − ∑
V𝑗∈𝑁𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡) + 𝑥𝑖 (𝑡)) , 𝑖 ∈ N, (2)

𝑢𝑖 (𝑡) = − ∑
V𝑗∈𝑁𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝜏) + 𝑥𝑖 (𝑡 − 𝜏)) , 𝑖 ∈ N, (3)

where 𝜏 denotes the time delay.
Motivated by the related research works, we will discuss

the group consensus problem of multiagent networks with
different time delays. Consider the following protocol listed
as

𝑢𝑖 (𝑡) = − ∑
V𝑗∈𝑁𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝑇𝑖𝑗) + 𝑥𝑖 (𝑡 − 𝑇𝑖)) , 𝑖 ∈ N, (4)

where𝑇𝑖𝑗 denotes the communication delay between V𝑖 and V𝑗
and 𝑇𝑖 denotes the input delay of V𝑖. With (4), the closed-loop
form of the networks (1) is

�̇�𝑖 (𝑡) = − ∑
V𝑗∈𝑁𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝑇𝑖𝑗) + 𝑥𝑖 (𝑡 − 𝑇𝑖)) , 𝑖 ∈ N. (5)

Theorem 8. ∀𝑖 ∈ N, if ∑V𝑗∈𝑁𝑖 𝑎𝑖𝑗𝑇𝑖 < 𝜋/4 can be satisfied,
system (5) with bipartite topology will achieve couple-group
consensus asymptotically.

Proof. Taking the Laplace transform to (5), we can obtain the
characteristic equation as det(𝑠𝐼+𝐷𝑒−𝑠𝑇𝑖𝑗 +𝐴𝑒−𝑠𝑇𝑖) = 0, where
𝐼 denotes unit matrix, 𝐷 denotes the degree matrix, and 𝐴
denotes adjacency matrix. Define 𝐹(𝑠) = det(𝑠𝐼 + 𝐷𝑒−𝑠𝑇𝑖𝑗 +
𝐴𝑒−𝑠𝑇𝑖), by the general Nyquist stability criterion, it is easy to
know that the group consensus of the networks (5) can be
achieved if and only if all zeros of𝐹(𝑠) have negative real parts
or𝐹(𝑠) has a simple zero at 𝑠 = 0.Therefore, the following two
cases are considered, respectively:

(i) When 𝑠 = 0,𝐹(𝑠) = det(𝐷+𝐴), by Lemma 4, we know
that 𝐹(𝑠) contains a single zero at 𝑠 = 0.

(ii) When 𝑠 ̸= 0, define 𝑃(𝑠) = 𝐹(𝑠)/𝑠, 𝐺(𝑠) = (𝐷𝑒−𝑠𝑇𝑖𝑗 +
𝐴𝑒−𝑠𝑇𝑖)/𝑠, then 𝑃(𝑠) = det(𝐼+𝐺(𝑠)). It is easy to check
that the discussion about the zeros of 𝐹(𝑠) is equal to
the zeros of 𝑃(𝑠). So if all zeros of 𝑃(𝑠) have negative
real parts, networks (5) will reach group consensus.

Define 𝑠 = 𝑗𝜔; by the generalNyquist stability criterion, it
follows that all zeros of 𝐹(𝑠) have negative real parts for ∀𝜔 ∈
R, if the Nyquist curve of the eigenvalue of 𝐺(𝑗𝜔) does not
enclose the point (−1, 𝑗0). By the Gerschgorin disk theorem,
the equivalent of 𝐺(𝑗𝜔) satisfies

𝜆 (𝐺 (𝑗𝜔)) ∈ ⋃
𝑖∈N

𝐺𝑖, (6)

1 11 1

1 1

1 2

3 4 5

Figure 1: Topology of the multiagent networks (5).

𝐺𝑖

= {{
{
𝜁 : 𝜁 ∈ 𝐶,


𝜁 − ∑

V𝑗∈𝑁𝑖

𝑎𝑖𝑗
𝑒−𝑗𝜔𝑇𝑖
𝑗𝜔


≤

∑

V𝑗∈𝑁𝑖

𝑎𝑖𝑗
𝑒−𝑗𝜔𝑇𝑖
𝑗𝜔



}
}
}
.
(7)

From (7), we know that the center of 𝐺𝑖 is 𝐺𝑖0(𝑗𝜔) =
∑V𝑗∈𝑁𝑖 𝑎𝑖𝑗(𝑒

−𝑗𝜔𝑇𝑖/𝑗𝜔). Suppose the intersection point 𝑊𝑖
connects the center of the disk and the origin point
of complex plane. The track of point 𝑊𝑖 is 𝑊𝑖(𝑗𝜔) =
2∑V𝑗∈𝑁𝑖 𝑎𝑖𝑗(𝑒

−𝑗𝜔𝑇𝑖/𝑗𝜔). Based on Lemma 6, as 𝑊𝑖(𝑗𝜔) =
𝛾𝑖 × 𝐸𝑖(𝑗𝜔) and 𝛾𝑖 < 1, we know that ∑V𝑗∈𝑁𝑖 𝑎𝑖𝑗𝑇𝑖 < 𝜋/4
holds. When 𝛾 = max{𝛾𝑖, 𝑖 ∈ N} and 𝛾 < 1, for ∀𝑖 ∈
N, the next equation holds 𝛾Co(0 ∪ {𝐸𝑖(𝑗𝜔)}) ⊇ 𝛾𝑖(0 ∪
{𝐸𝑖(𝑗𝜔)}) = Co(0 ∪ {𝑊𝑖(𝑗𝜔)}). By Lemma 6, noting that
(−1, 𝑗0) ∉ 𝛾Co(0 ∪ {𝐸𝑖(𝑗𝜔), 𝑖 ∈ N}) and based on Lemma 7,
as Co(0∪{𝑊𝑖(𝑗𝜔), 𝑖 ∈ N}) ⊇ ⋃𝑖∈N 𝐺𝑖, then (−1, 𝑗0) ∉ ⋃𝑖∈N 𝐺𝑖
holds. Thus, 𝜆(𝐺(𝑗𝑤)) does not enclose the point (−1, 𝑗0).
That is to say, all zeros of 𝑃(𝑠) have negative real parts.

The proof of Theorem 8 is completed.

Remark 9. When 𝑇𝑖 = 𝑇𝑖𝑗 = 𝜏, that is, all agents have same
communication delays and input delays, it is obvious that
protocols (3) and (4) are the same. That is to say, protocol (3)
is a special form of (4). In [29–31], the cases where the input
time delay is identical are discussed respectively. Whereas
the time delays of the system including input time delay and
communication time delays exist objectively and are usually
different from each other, protocol (4) is more general.

Remark 10. Compared with the result in Theorem 8, it is
known that the upper bound of time delays derived in [29]
is relatively too broad. Meanwhile, according to the results
in Theorem 8, it is shown that the group convergence of the
networks is related to the input delays and adjacent weights
among agents and independent of communication delays.

3.2. Couple-Group Consensus of First-Order DelayedNetworks
with the Topology Containing a Globally Reachable Node. In
[24–27], based on the in-degree balance assumptions (A1)
and control algorithm (8), the average-group consensus of
multiagent networks with undirected, strongly connected,
and balanced topology is explored, respectively.
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(A1): ∑𝑛+𝑚𝑗=𝑛+1 𝑎𝑖𝑗 = 0, ∀𝑖 ∈ 𝐿1, and ∑𝑛𝑗=1 𝑎𝑖𝑗 = 0, ∀𝑖 ∈ 𝐿2:

𝑢𝑖 (𝑡)

=
{{{
{{{
{

∑
𝑉𝑗∈𝑁1𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)) + ∑
𝑉𝑗∈𝑁2𝑖

𝑎𝑖𝑗𝑥𝑗 (𝑡) , ∀𝑖 ∈ 𝐿1

∑
𝑉𝑗∈𝑁2𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)) + ∑
𝑉𝑗∈𝑁1𝑖

𝑎𝑖𝑗𝑥𝑗 (𝑡) , ∀𝑖 ∈ 𝐿2.
(8)

Based on (8), Ji et al. [31] addressed multiagent networks
(9) with undirected topology and delays:

𝑢𝑖 (𝑡) =
{{{{
{{{{
{

∑
𝑉𝑗∈𝑁1𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝜏) − 𝑥𝑖 (𝑡 − 𝜏)) + ∑
𝑉𝑗∈𝑁2𝑖

𝑎𝑖𝑗𝑥𝑗 (𝑡 − 𝜏) , ∀𝑖 ∈ 𝐿1

∑
𝑉𝑗∈𝑁2𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝜏) − 𝑥𝑖 (𝑡 − 𝜏)) + ∑
𝑉𝑗∈𝑁1𝑖

𝑎𝑖𝑗𝑥𝑗 (𝑡 − 𝜏) , ∀𝑖 ∈ 𝐿2,
(9)

where 𝜏 denotes time delay. Inspired by related research work, group consensus prob-
lem of multiagent networks with multiple delays will be
discussed. Considering different communication and input
delays, group consensus protocol (10) is proposed as

𝑢𝑖 (𝑡) =
{{{
{{{
{

∑
𝑉𝑗∈𝑁1𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝑇𝑖𝑗) − 𝑥𝑖 (𝑡 − 𝑇𝑖)) + ∑
𝑉𝑗∈𝑁2𝑖

𝑎𝑖𝑗𝑥𝑗 (𝑡 − 𝑇𝑖𝑗) , ∀𝑖 ∈ 𝐿1

∑
𝑉𝑗∈𝑁2𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝑇𝑖𝑗) − 𝑥𝑖 (𝑡 − 𝑇𝑖)) + ∑
𝑉𝑗∈𝑁1𝑖

𝑎𝑖𝑗𝑥𝑗 (𝑡 − 𝑇𝑖𝑗) . ∀𝑖 ∈ 𝐿2,
(10)

With protocol (10), the closed-loop form of the networks
(1) is

�̇�𝑖 (𝑡) =
{{{
{{{
{

∑
𝑉𝑗∈𝑁1𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝑇𝑖𝑗) − 𝑥𝑖 (𝑡 − 𝑇𝑖)) + ∑
𝑉𝑗∈𝑁2𝑖

𝑎𝑖𝑗𝑥𝑗 (𝑡 − 𝑇𝑖𝑗) , ∀𝑖 ∈ 𝐿1

∑
𝑉𝑗∈𝑁2𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝑇𝑖𝑗) − 𝑥𝑖 (𝑡 − 𝑇𝑖)) + ∑
𝑉𝑗∈𝑁1𝑖

𝑎𝑖𝑗𝑥𝑗 (𝑡 − 𝑇𝑖𝑗) . ∀𝑖 ∈ 𝐿2.
(11)

Theorem 11. Based on the in-degree balance conditions (A1),
system (11) with the topology containing a globally reachable
node can achieve couple-group consensus asymptotically if
∑𝑚+𝑛𝑘=1,𝑘 ̸=𝑖 𝑎𝑖𝑘𝑇𝑖 < 𝜋/4, 𝑖 = 1, 2, . . . , 𝑛 + 𝑚, holds.

Proof. Taking the Laplace transform to (11), its characteristic
equation can be easily obtained as det(𝑠𝐼 + 𝐿(𝑠)) = 0, where

𝐿 (𝑠) = (𝑙𝑖𝑗 (𝑠)) =
{{{
{{{
{

−𝑎𝑖𝑗𝑒−𝑠𝑇𝑖𝑗 , 𝑗 ̸= 𝑖
𝑚+𝑛

∑
𝑘=1,𝑘 ̸=𝑖

𝑎𝑖𝑘𝑒−𝑠𝑇𝑖 , 𝑗 = 𝑖.
(12)

The remainder of the proof process is similar to the proof
ofTheorem 8, but here we omit it due to the space limitation.

Remark 12. When 𝑇𝑖 = 𝑇𝑖𝑗 = 𝜏, protocols (9) and (10) are
identical. Therefore, the related works in [24–27] can be seen
as the special cases of Theorem 11.

Remark 13. From the results in Theorems 8 and 11, it is
shown that the achievement of the group consensus of the
systems is determined by the input time delays and the
coupling weight among the agents. Meanwhile, the node
cannot tolerate bigger input delays if it owns a bigger coupling
weight.

Corollary 14. When 𝑇𝑖 = 𝜏, system (11) with the topology
containing a globally reachable node can achieve couple-group
consensus asymptotically if assumption (A1) is satisfied and 𝜏 <
𝜋/4𝑑 holds, where 𝑑 = max{∑𝑚+𝑛𝑘=1,𝑘 ̸=𝑖 𝑎𝑖𝑘}, 𝑖 = 1, 2, . . . , 𝑚 + 𝑛.

Remark 15. The result in Corollary 14 is a special case of
Theorem 11, and it is consistent with the relevant conclusions
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(b) 𝑇𝑖𝑗 = 0.2 s
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(c) 𝑇𝑖𝑗 = 0.3 s
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(d) 𝑇𝑖𝑗 = 0.4 s

Figure 2: State trajectories of the agents in the networks (5) with delays.

in [31]. Meanwhile, it is shown that the tolerant upper bound
of input time delay in the system is determined by the node
who owns the max coupling weight.

4. Simulation Examples

In this section, some simulation examples will be given to
show the effectiveness and correctness of our findings.

Experiment 1. Suppose the topology of the networks (5) is
shown as Figure 1. In Figure 1, nodes V1, V2, V3, V4, and V5
belong to the two different subgroups, respectively. In the
experiment, initial states of agents are generated from 0 to
10 randomly and the input delays of agents are set as follows:
𝑇1 = 0.2 s, 𝑇2 = 0.2 s, and 𝑇3 = 𝑇4 = 𝑇5 = 0.1 s. It is easy to
verify that all input delays satisfy the conditions inTheorem8.
Meanwhile, for simplicity, we only consider the case that the
communication time delays among the agents are same and
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(b) 𝑇2 = 0.26 s

Figure 3: State trajectories of the agents in the networks (5) with diverse input delays when 𝑇𝑖𝑗 = 0.1 s.

1

23

4

5

1

1
1 1 1 1

1

G1
G2

−1

−1

Figure 4: The topology of the multiagent networks (11).

set it as 𝑇𝑖𝑗 = 0.1, 0.2, 0.3, 0.4 s, 𝑖, 𝑗 = 1, 2, 3, 4, 5, respectively.
The trajectories of the agents are shown in Figure 2 for
these four cases. According to the results, it is shown that
networks (5) can achieve couple-group consensus asymp-
totically, respectively. At the same time, by comparing the
trajectories with different communication delays, it is clear
that communication time delays will not affect convergence
properties of the networks but can affect the convergence
rate of the system. Furthermore, with the decrease of the
communication delays, the faster systems will convergence.

From Figure 1, by Theorem 8, the allowed input delays of
V1 and V2 should satisfy 𝑇𝑖 < 𝜋/12 = 0.26 s, which means that
group consensus of the networks can be achieved. Next, the
following two cases are considered and the state trajectories
of the networks (5) are shown in Figure 3:

(i) Reset 𝑇1 = 0.26 s; input delays of other nodes are not
changed.

(ii) Reset 𝑇2 = 0.26 s; input delays of other nodes are not
changed.

From the results in Figure 3, it is illustrated that networks
(5) will not reach couple-group group consensus in these
three cases. Therefore, the results of simulation experiments
further verity the correctness and effectiveness of the alge-
braic criteria in Theorem 8.

From Figure 1, it is easy to get its eigenvalues are
0, −2.0, −2.0, −3.0, −5.0, respectively. Based on the bound of
time delays 0 < 𝜏 < (−𝜋/2𝜆𝑚) s presented in [29], the
bound of time delays presented in [29] has 𝜏 ∈ (0, 0.314) s.
Compared with the results in Figure 3, the upper bound of
the time delay is too broader.
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(b) 𝑇1 = 0.4 s

Figure 5: State trajectories of the agents in the networks (11).

Experiment 2. Given the dynamical networks (11) with 5
nodes, the topology and connection weights between nodes
are shown in Figure 4. Agents V1, V2, and V3 are in a group
while agents V4 and V5 are in another group. Meanwhile, the
topology of multiagent networks contains a globally reach-
able node and satisfies the in-degree balance assumption (A1).
Similarly, the initial states of agents are generated from 0 to
10 randomly, and communication delay of all agents is set
as 𝑇𝑖𝑗 = 0.3 s; input delays of the agents are 𝑇1 = 0.1 s,
𝑇2 = 0.7 s, 𝑇3 = 0.2 s, 𝑇4 = 0.5 s, and 𝑇5 = 0.2 s. It is easy
to verify the conditions in Theorem 11 can be satisfied. The
state trajectories of the agents in networks (11) are shown in
Figure 5(a); it is clear that the networks can achieve couple-
group consensus.

Next, the upper bound of time delay presented in Theo-
rem 11 will be checked. To node V1, it has �̃�1 = 2 according
the topology shown in Figure 4. By Theorem 11, the input
delay of node V1 should satisfy 𝑇1 < 𝜋/8 s. If set 𝑇1 = 0.4 s,
obviously, the condition in Theorem 11 is not satisfied. In
the case of communication and input delays of other nodes
keeping unchanged, described in Figure 5(b), couple-group
consensus will not be achieved.

Experiment 3. Based on the Experiment 2, the validity of
Corollary 14 will be verified here. From Corollary 14, we can
get 𝜏 < 𝜋/8 s. So the following two cases are considered:
𝜏 = 0.35 s and 𝜏 = 0.4 s. The trajectories of the agents are
shown in Figure 6, respectively. The results illustrate that the
couple-group consensus of the system can be achieved if the
conditions in Corollary 14 are satisfied.

5. Conclusion

This paper investigated the couple-group consensus problem
of multiagent networks with time delays. By applying the
theory of frequency-domain, some criteria are derived which
can guarantee the realization of group consensus.Meanwhile,
the upper bounds of input time delays that the systems can be
tolerant are proposed analytically as well. From the results,
it is shown that both the input delays and the coupling
weights between the agents play an important part in the
achievement of group consensus. However, communication
delays just only affect the convergence rate of networks.Thus,
convergence performance of the system can be improved by
reducing the communication time delays.
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Figure 6: State trajectories of the agents in the networks (11) when 𝑇𝑖 = 𝜏.
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