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Neutrinos are the messengers of our universe about phe-
nomena from astrophysical and Earth-bound laboratory
processes alike. Despite the amazing progress in experimen-
tal, phenomenological, and theoretical neutrino physics, a
remarkable number of questions associated with neutrino
properties and interactions still remain unanswered. We col-
lected articles in this volume that address topics of the current
searches on these mysteries: validation that neutrinos are
massive after we measure their absolute mass scale; particle-
antiparticle conjugation properties of neutrinos related to the
distinction (Dirac neutrinos) or no distinction (Majorana
neutrinos); neutrino’s moments, or at least the existence of
electric dipole moment, magnetic moment, charge radius,
and so forth; roles of neutrinos in astrophysics and cos-
mology; cosmic background neutrinos, and whether they
contribute to dark matter’s influence of the large-scale struc-
ture formation; high energy neutrinos associated with black-
hole X-ray binary systems, active galactic nuclei, and so
forth. Before delving in the particular articles we have for
our readers some news and ideas on these open questions
from the current research in our field of Intensity and High
Sensitivity Frontier.

Thefinite neutrinomassmay have already played a funda-
mental role in the appearance of little matter in our universe.
Initially there were approximately equal amounts of matter
and antimatter particles. A more reasonable progression
should be that all matter would have been annihilated with all
the antimatter. This is one of the most prominent unknown
mysteries of the universe and it has inspired a great number

of extensions of the standard model. Some of these are
mentioned in the articles in this special issue. For example,
the mass of neutrinos implies that they may have magnetic
moment. In turn, this allows for electromagnetic interactions
among neutrinos and other standard model fermions as in
neutrino-electron scattering. In addition to the weak interac-
tion contribution mediated by W-boson exchange, there will
be a photon exchange contribution to the interaction. Hence,
the measured neutrino scattering cross sections provide
an upper bound on the neutrino magnetic moment. On
a grander scale, the remarkable developments of neutrino
and gamma-ray astronomy have to show new telescopes
and detector facilities like the ground-based observatory for
gamma-ray astronomy named Cherenkov Telescope Array
(CTA), the Ice-Cube neutrino observatory at the South Pole,
and the KM3NeT at the Mediterranean Sea. These state-
of-the-art technologies are used to detect neutrinos in a
wide energy range and much higher than the energies of
man-made accelerator beams. Such neutrinos are produced
from very interesting galactic and extragalactic sources.Their
distributions are closely related to the evolution of the various
structures of our universe. The dynamical mechanisms pro-
ducing astrophysical neutrinos strongly affect the neutrino
emissivity and require an interdisciplinary approach.

Furthermore, one of the most interesting mysteries in
neutrino physics is the number of neutrino species. Many
recent experimental measurements are consistent with only
three types of neutrinos coupled to the W- and Z-bosons.
Therefore, if other (also called sterile) neutrino species exist
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in nature, they must interact either much weaker with the W
and Z or not at all. A great number of ongoing and future,
high sensitivity experiments aim to determine if there exist
any sterile neutrinos, how many species there are, and how
strong their coupling is. We cover all of these examples of
neutrino mysteries in our special issue.

In the world of High Sensitivity Frontier, extensive
experimental programs and related theoretical works are
going on to study the fundamental neutrino properties and
weak interactions beyond Standard ElectroweakModel (SM).
Neutrinoless double beta decay (DBD) beyond SM is a
high sensitivity unique probe for studying the Majorana
nature of neutrinos (]), the absolute ]-mass scales, the mass
hierarchy, the right-handed weak interactions, and others
beyond SM. Nuclear matrix elements (NMEs)𝑀0] for 0]𝛽𝛽
decay are crucial for extracting neutrino properties from
DBD experiments. The NMEs are connected with the light
mass mechanism in that they contribute multipole states in
intermediate nuclei as calculated in the pn-QRPAmodel. For
example, the magnetic hexadecapole (𝑀4) 𝛾-decay NMEs
are relevant to high multipole DBD NMEs. The cumulative
sums of the NMEs define the energy region of the interme-
diate states. Also, experimental NMEs are compared with
those of the quasi-particle model (QPM) and microscopic
quasi-particle phonon model (MQPM). The fact that the
experimental NMEs are reduced with respect to the QPM
and MQPM NMEs suggests the existence of the nuclear and
nonnuclear reduction effects on the high multipole NMEs.
Our special issue includes articles on the𝑀4 𝛾-decay NMEs
relevant to DBDNMEs and analyses of the intermediate state
contributions to these matrix elements.

The articles in our special issue discuss venues to disen-
tangle the mixed right-handed and left-handed mechanisms
(𝜆 and 𝜂) from the neutrino mass mechanism in the left-
right symmetry. It is mostly shell model calculations that are
carried out for the angular and energy distributions of the
two beta rays for medium heavy nuclei. These calculations
are used to identify the individual mechanisms, the mass
mechanism, the 𝜆 dominance in competition with the mass
mechanism, and the 𝜂 dominance in competition with the
mass mechanism.

The NMEs for the standard model process of the two
neutrino DBDs obtained with the microscopic approach
offered by the deformed self-consistent mean field are useful
for the analysis of 0]𝛽𝛽 decay.The same nuclear Hamiltonian
is entering to the two processes while the calculated NMEs
are directly compared with experimental lifetimes.The phase
space factors (PSFs) in the neutrino producing processes
of single 𝛽±-decay, and bound electron-capture, require
accurate electron and positron wave functions obtained by
modeling the solution of the Dirac equation with realistic
nuclear potential. In this volume we include theoretical
papers on 2]𝛽𝛽decayNMEs, and on the relevant phase space.

From the world of the accelerator driven, long baseline,
Intensity Frontier, there have been new scientific results and
tensions that have made the 2016 a very interesting year and
will be shaping the debate of neutrino physics for the next
several years. The debate that caught our attention is coming

from the results presented at the biennial summer con-
ferences Neutrino 2016 (http://neutrino2016.iopconfs.org)
and 38th International Conference on High Energy Physics
(http://www.ichep2016.org), the two biggest gatherings of the
community.

Hosted in Japan, the T2K (Tokai to Kamioka) experiment
has the world leading data set within the first three years of
its run since 2010, corresponding to beam accumulation of
almost 7.5 × 1020 protons-on-target. T2K had dazzled the
neutrino world in 2012 reporting the first clear observation of
e-like neutrino interactions in a ]𝜇 beam. The measurement
validated themodelswith large values for the 𝜃13mixing angle
that are used in many of the articles in this issue. This mea-
surement has earned for T2K the 2016 Breakthrough Prize
shared with K2K, KamLAND, Daya Bay, Super-Kamiokande,
and SNO (https://breakthroughprize.org). After its confir-
mation by the reactor driven neutrino experiments (Double
CHOOZ, Daya Bay, RENO, etc.), the large value for 𝜃13
has opened the door to a legitimate hope of measuring the
remaining, known yet unmeasured, mysteries of neutrino
physics. The community is now planning to spend billions
on the next generation Deep Underground Neutrino Exper-
iment (DUNE) to search for the neutrino mass hierarchy
and the CP violation in the lepton sector with its superior
designed capabilities.

In the summer of 2016, T2Kmade yet another impression
first by performing the first ever search for the CP violation in
neutrino oscillations by comparing the appearance anddisap-
pearance channels in both neutrino and antineutrino beam
modes. They performed this by switching the polarity of the
secondary beam guiding system (horns) which changes the
constitution of the tertiary beam to have more antineutrinos.
Collecting another data sample with the antineutrino beam
mode, again about 7.5 × 1020 protons-on-target within the
last two years, T2K observed 4 e-like and 66 𝜇-like events
at the far detector 295 km away. Compared to the 32 e-like
and 135 𝜇-like neutrino interaction events observed during
the initial measurement with the neutrino mode run, this
observation is consistent with maximal disappearance. It is
also the first ever indication that the CP violation may be
maximal, which means that the value of 𝛿CP is probably
near −𝜋/2 for either mass orderings. The T2K measurement
excludes the CP conservation case (𝛿CP = 0) by more than
2𝜎 as well. Such a case of a CP conservation would imply that
the observed events in both modes are consistent which is no
more than 17% probable at a confidence level of 90% in this
size data set.

The tension to theT2K announcement (arXiv:1701.00432)
which describes the assumption is used in the analysis to
constrain the T2K data, of maximal coupling with a weak
preference to the second octant (sin2𝜃23 > 0.5). The tension
is all on 𝜃23. The other critical constraint, the value of sin2𝜃13,
is at no danger of being challenged. The value of 𝜃13 comes
from the exceptionally well defined “reactor measurement”
as it has come to be known.The reactor experiments (Double
CHOOZ and Daya Bay) have picked up the mantle of
precisionmeasurement experiments and have established the
best ever measurements of this mixing.

http://neutrino2016.iopconfs.org
http://www.ichep2016.org
https://breakthroughprize.org
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The twist in the story of the 2016 summer conferences is
that the NO]A experiment, hosted in the USA, made waves
by announcing (arXiv:1701.05891) a new measurement with
crucial deviation from the usually accepted maximal value
for 𝜃23. All the previous calculations by NO]A and all other
experiments in the field (SK, MINOS, T2K, etc.) use 𝜃23 =
𝜋/4. This implies for the mass mixing of the neutrino masses
that there is a symmetry of the muonic and tau (𝜏) meson
components. At a level of just 2𝜎, for the moment, this NO]A
precision measurement excludes maximal mixing and there-
fore the symmetrymodels ofmuon-tau in the neutrino sector.

NO]A measured 78 𝜇-like interactions after the oscilla-
tion of a 2GeV neutrino beam travelling underground for
810 km to a 14-kiloton surface detector.This corresponds to a
data sample of just over 6.0×1020 protons-on-target after two
years ofworld record intensity of its primary proton bean.The
analysis of this observation suggests two different degenerate
values for sin2𝜃23 of about 0.4 or 0.6 at 68% confidence
level and for both mass hierarchies. This result disfavors
the maximal mixing of sin2𝜃23 = 0.5 at 2𝜎 significance.
When this result is used to constrain the data of the other
NO]A observation (arXiv:1703.03328) of 33 e-like neutrino
interactions in the far detector from the same beam and time
period, it further disfavors the lower octant suggesting only
the sin2𝜃23 ≈ 0.6 as the more probable option for the mixing.
This challenges the models of the muon and tau equal mixing
in the ]3 eigenstate of neutrino and the calculations that con-
strain the data from T2K and all the previous experiments.

A race for a precisionmeasurement withmuchmore data
is warranted and the host laboratory of NO]A has already
initiated plans to increase the intensity of theNO]Abeam.Of
course, it would be most interesting if NO]A demonstrates
that their reported value of the nonmaximal mixing at the
high octant persists with increasing precision but the T2K
never confirms it. In the meantime, with a strategic move
and until the new beam intensity is established, NO]A
experiment is switching its beam to antineutrino mode in an
effort to catch up and test the hierarchy and CP violations
reported by T2K.

As this race is heating up, more new, precision measure-
ments, from observations from these leading experiments,
with the prolific numbers of neutrino interactions, will pro-
vide new values that will shape the theory of neutrinos. If 2016
has been interesting with the new conflicting announcements
during the world conferences, the next couple of years will
be really intense full of new models and calculations in
publications such as our special issue.

Theocharis Kosmas
Hiroyasu Ejiri

Athanasios Hatzikoutelis
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The hadronic jets in a microquasar stellar system are modeled with the relativistic hydrocode PLUTO. We focus on neutrino
emission from such jets produced by fast proton (nonthermal) collisions on thermal ones within the hadronic jet. We adopt a
semianalytical approximation for the description of the secondary particles produced from p-p collisions and develop appropriate
algorithms using the aforementioned injected protons as input. As a concrete example, we consider the SS-433 X-ray binary system
for which several observations have been made the last decades. In contrast to the preset distribution of the fast protons along
the jet employed in our previous works, in the present paper, we simulated it by using a power-law fast proton distribution
along the PLUTO hydrocode. This distribution gradually sweeps aside the surrounding winds, during the jet advance through the
computational grid. As a first step, in the present work, the neutrino energy spectrum is extracted from the model jet, facilitating
a range of potential dynamical simulations in currently interesting microquasar jet systems.

1. Introduction

In binary stars commonly known as microquasars (MQs),
two oppositely emitted jets of matter and radiation are
produced.These systems are similar to Active Galactic Nuclei
(AGN or quasars) and consist of a main sequence star (the
giant companion or donor star), in coupled orbit with a
compact astrophysical object (a neutron star or a black hole)
[1]. A characteristic mass accretion disk develops close to
the compact object from mass absorption through the inner
Lagrangian Point (Roche Lobe Overflow) due to angular
momentum conservation. The jets of a MQ appear quite
collimated (due to the presence of a rather strong magnetic
field) forming amultiwavelength and also particle emitter [2–
4].

Stellar MQs are currently important astrophysical sys-
tems with growing interest in their investigations within
astrophysics, particle physics, and cosmology. In the case of
black hole microquasars (when the compact object is a black
hole), the stellar system provides excellent testing grounds for
black hole theories. Therefore, an improved understanding

of the dynamical astrophysical conditions within the jets in
MQs is of significant importance [5–7].

In hadronic microquasar jets, the proton-proton interac-
tions with the subsequent decay of the secondary particles,
mostly 𝜋± mesons, produce high-energy neutrinos. These
collisions result also in the production of high-energy gamma
rays, through the neutral pion (𝜋0) decay, as discussed in
previous works [7–11]. Recent simulations of high-energy p-p
interactions in terrestrial laboratories provide quite accurate
energy distributions of secondary products in the high-
energy range (above 100GeV) and determine parametric
expressions of energy spectra for secondary particles like 𝜋0
and 𝜋± mesons and neutrinos and also for gamma rays and
electrons produced in inelastic p-p collisions [11, 12]. Such
distributions may also be implemented when studying the
hadronic MQs as neutrino and gamma ray sources [7].

Among the hadronic models proposed for the energy
emission frommicroquasars (MQs), two are themost impor-
tant. (i) In the first, relativistic protons in the jet interact with
target protons from the stellar wind of the companion star.
(ii) In the second, neutrinos and gamma rays are produced
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from p-p interactions between relativistic (nonthermal) and
cold (thermal) protons within the jets themselves [2–4, 11, 12].
In the latter case, relativistic (fast) protons within the jet are
subject to different mechanisms that can make them lose
energy. It is interesting to know the energy range where p-
p collisions are the main (dominant) cooling process that
produces the corresponding neutrinos (or gamma rays). On
the other hand, the cold (slow) protons serve as targets for the
relativistic protons [13, 14].

From a phenomenological point of view, microquasar
neutrino and gamma ray sources need to be modeled
fully relativistically [1, 7]. A suitable treatment is offered
by the relativistic hydrocodes developed recently, such as
the relativistic magnetohydrodynamical (RMHD) PLUTO
hydrocode [15] employed in [7, 16, 17] in order to simulate
the hadronic jets of the SS-433 MQ, an X-ray binary star
[5, 6, 18].

The present paper is an extension of our work of [7]
wherewemodeled simulated neutrino emission fromgalactic
astrophysical hadronic jets originating from the vicinity of
compact objects in binary stellar systems. Our dynamical
simulations come out of the RMHD PLUTO code in con-
junction with the in-house developed (in C, Mathematica,
and IDL) codes. We now produce further results that aim to
be directly comparable to the sensitivities of modern high-
energy neutrino detectors, for example, the IceCube [19] and
KM3NeT [20], thus clarifying the potential for observing
neutrino emissions from microquasars.

2. Brief Description of the Main
Background and Formalism

In this work, we adopt the model explaining the neutrino
and gamma ray production through the p-p interactions
between relativistic and cold protons occurring within the
MQ jets themselves [2–4, 11, 12]. Relativistic protons in the
jet are subject to various mechanisms that can lead to energy
release. As is well known, in the case of hadronic MQ jets, a
small portion (about 1%) of the protons (bulk flow protons)
may be accelerated through first-order Fermi acceleration
procedures that take place essentially at shock fronts inside
the jet. In general, accelerated particleswithin the jetmay gain
energy up to the TeV scale.

For the particle (proton) acceleration rate at shocks (first-
order Fermi mechanism), we have

𝑡−1acc ≃ 𝜂𝑐𝑒𝐵
𝐸𝑝 , (1)

where 𝐵 denotes the magnetic field and 𝐸𝑝 denotes the
proton energy (𝑒 and 𝑐 are the usual parameters, i.e., the
proton charge and the speed of light, resp.). The acceleration
efficiency parameter 𝜂 in our present calculations is set equal
to 𝜂 = 0.1 (efficient accelerator case, mildly relativistic shocks
near the jet base) [21].

From the scattering of fast protons off slow protons, high-
energy pions and kaons are produced which may further

decay to very-high-energy gamma rays and neutrinos. The
reaction schemes are described by equations of the form

𝑝𝑝 → 𝑝𝑝𝜋0 + 𝐹0, (2)

for the neutral-pion (𝜋0) production channel, and

𝑝𝑝 → 𝑝𝑛𝜋+ + 𝐹1,
𝑝𝑝 → 𝑝𝑛𝜋− + 𝐹2,

(3)

for the charged-pion (𝜋±) production channels, where 𝐹𝑖, 𝑖 =0, 1, 2, comprises 𝜋0 and 𝜋+𝜋− pairs, respectively.
Subsequently, the neutral pions 𝜋0 and other neutral

mesons decay quickly producing high-energy gamma rays.
The charged pions 𝜋+ (𝜋−), needed for the purposes of our
present work (and also the charged kaons), decay and lead to
muons and furthermore to the production of various flavors
of neutrinos as discussed below.

2.1. Secondary Charged Particle Decay. From inelastic p-p
scatterings among nonthermal protons and thermal ones
within the hadronic jet, neutrinos are mainly produced
through charged-pion decay (known as prompt neutrinos).
Themuons included in the by-products can afterwards decay
again into an electron (or a positron) and the associated two
light neutrino flavors (delayed neutrino beam) according to
the reactions described below.

2.1.1. Prompt Decay Channels (Prompt Neutrinos). The 𝜋+
(𝜋−) mesons (with a mass of 𝑚𝜋 = 139.6MeV/c2 and a half-
life of 2.6 ⋅ 10−8 s) decay due to the weak interaction, the
primary decaymode ofwhich (with a probability of 0.999877)
is a reaction leading to an antimuon (muon) and a muonic
neutrino (muonic antineutrino) as

𝜋+ → 𝜇+ + ]𝜇,
𝜋− → 𝜇− + ]̃𝜇.

(4)

A less important decay mode of 𝜋+ (𝜋−), with probability
of occurrence just 0.000123, is its decay into a positron
(electron) and an electron neutrino (electron antineutrino)
as

𝜋+ → 𝑒+ + ]𝑒,
𝜋− → 𝑒− + ]̃𝑒.

(5)

In this work, we neglect the neutrino production through the
latter channels.

2.1.2. Delayed Decay Channel (Delayed Neutrinos). Theother
important source of neutrinos in hadronic jets is the decay
mode of the produced muons (muon leptonic decay) in
reactions (4), which produces also two neutrinos described
by the processes

𝜇+ → 𝑒+ + ]𝑒 + ]̃𝜇,
𝜇− → 𝑒− + ]̃𝑒 + ]𝜇.

(6)
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In general, the analytical formulae suggested from lab-
oratory p-p collisions resemble the simulated distributions
extracted in [11] within a few percent over a large range of the
fraction of the energy of the incident proton (𝐸𝑝) transferred
to the secondary particles, that is, the ratio 𝑥 = 𝐸𝑖/𝐸𝑝, with𝐸𝑖 being the energy of the secondary particle (e.g., pion).

From an experimental point of view, for astrophysical
gamma rays and neutrinos, extremely sensitive detection
systems have been developed [8, 9, 20]. These detectors
sparked a renewed interest in studying stellar objects as
neutrino and gamma ray sources; for example, the SS-433
system is widely known from the early 1980s as the only MQ
with a verified hadronic jet content.Wemention, for example,
that observations of iron lines in the spectrum of the SS-
433 MQ provided useful information regarding the hadronic
content of its jets [21].

From a theory and phenomenology point of view, the
gamma ray and neutrino production from a hadronic MQ
that are of interest in the present work is based on reliably
determining the distribution of the fast protons and the real-
istic injection functions of the produced secondary particles
(pions, kaons, muons, etc.).

In previousworks [7, 16, 17], the hadronic jet wasmodeled
using the PLUTO code. The results of PLUTO were then
processed in order to calculate the emissivity of various
secondary particles (pions, kaons) and the produced muons,
gamma rays, and so forth, on the basis of the spatial and time
variation of physical parameters like the magnetic field that
collimated the jet, themass number density for every grid cell
of the PLUTO code, and others.

Before proceeding to the presentation and discussion of
the results, we should mention that the discrimination of
prompt and delayed neutrinos from MQ jets is not possible;
therefore, the results obtained in the present work refer to
physical quantities pertaining to prompt neutrinos, nonethe-
less as they are much faster to simulate computationally.

3. Results and Discussion

The main results of this work refer to the mean number
density of the nonthermal protons (obtained with the algo-
rithms mentioned before and the PLUTO hydrocode), the
pion injection function, and the pion energy distribution
describing the pion governing (4).The evaluation of the emis-
sivity of the prompt neutrinos relies on these calculations.

3.1. Nonthermal Proton Density. We begin our calculations
by considering the production of nonthermal protons in the
jet. The nonthermal proton population emerges from the
bulk jet flow that comprises mainly thermal protons, moving
mildly relativistically. Some of the slow protons are locally
accelerated, at shock fronts appearing within the jet flow
(first-order Fermi acceleration process), to ultrarelativistic
velocities. While in our previous studies we adopted a fast
(nonthermal) proton jet density 𝑁𝑝, equal to a tiny fraction
(10−6) of the corresponding thermal proton density, in the
present work, we assume a power-law distribution of the
form 𝑁𝑝 = 𝑁0𝐸−𝛼, with 𝛼 ≈ 2 [3]. In addition, we
considered a spatial density distribution 𝑛𝑧, coming out of

109

1010

1011

1012

n
(z

)
(c

m
−

3 )

20 40 60 80 1000
z (arbitrary units)

Figure 1: Density profile evolution for slow protons along the jet.
Each snapshot represents 100 PLUTO time units in the simulation,
or 33 seconds in model time. The beginning rests at the start of the
simulation. The first three or four snapshots indicate dynamic jet
evolution, while the rest approach a steady-state behaviour.

explicit calculations with the PLUTO hydrocode as discussed
below.

For an RMHD simulation of a rather laterally restricted
magnetized jet, we, first, calculated the mean matter density
along the jet axis (as a function of 𝑧), that is, the slow
proton density 𝑛(𝑧), by evaluating the PLUTO density over
a slice cut perpendicular to the jet axis. In order to cover
the temporal evolution of the jet as the simulation evolves,
these mean density values have been obtained for a number
of 8 snapshots which are plotted in Figure 1. From this figure,
we can see how the mean density profile evolves along the
jet. Its peak is moving outwards while the overall maximum
gradually decreases. The jet remains confined, mainly due to
the presence of a toroidal magnetic field component (𝐵tor).
The surrounding wind helps shape the jet as well, especially
at the early stages of the simulation, before the wind begins to
be swept by the jet.

As the jet advances through the computational grid, it
gradually sweeps aside the surrounding winds resulting in
a near-steady state with a rather flat density profile. The
magnetic jet confinement prevents the jet density from falling
too much along the jet. It is worth mentioning that, for the
characteristic time scales of the energy loss mechanisms, we
largely follow [4, 11], incorporating mainly synchrotron and
adiabatic energy loss mechanisms.

3.2. Pion Injection Function and Pion Energy Distribution.
For every p-p interaction (one “fast,” nonthermal proton
scattered off a “slow,” thermal one), we obtain a probability
density of a resulting pion at every position along the possible
spectrum of resulting pions; that is, we get a spectrum of
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Figure 2: (a) Pion energy spectra, per p-p collision, obtained for three different incoming fast proton energies (𝐸𝑝 = 103 GeV, 𝐸𝑝 = 104 GeV,
and 𝐸𝑝 = 105 GeV), as a function of the ratio 𝑥 = 𝐸𝜋/𝐸𝑝. We consider charged pions (𝜋±) as needed for our purposes in this work. 𝐸𝜋
denotes the secondary particle (pion) energy. (b) Variation of the pion injection function, 𝑄(𝑝𝑝)𝜋 (𝐸), through the pion energy spectrum, for
three different jet densities 𝑛(𝑧), located at different points along the model jet axis.

possible energies for the resulting pion. That spectrum, per
p-p collision, is represented by 𝐹𝜋 and is dependent on the
incoming fast proton energy (slow proton energy is negligible
by comparison) and the ratio of a given position at the pion
spectrum to the incoming proton energy. In [11], the function𝐹𝜋 is given by the expression

𝐹(𝑝𝑝)𝜋 (𝑥, 𝐸𝑥) = 4𝛼𝐵𝜋𝑥𝛼−1 ( 1 − 𝑥𝛼
1 + 𝑟𝑥𝛼 (1 − 𝑥𝛼))

4

⋅ ( 1
1 − 𝑥𝛼 + 𝑟 (1 − 2𝑥𝛼)

1 + 𝑟𝑥𝛼 (1 − 𝑥𝛼))

⋅ (1 − 𝑚𝜋𝑐2𝑥𝐸𝑝 )
1/2

(7)

which represents the pion spectrum per proton-proton inter-
action. 𝑥 = 𝐸/𝐸𝑝, 𝐵𝜋 = 𝑎 +0.25, 𝑎 = 3.67+ 0.83𝐿+0.075𝐿2,
𝑟 = 2.6/√𝑎, 𝛼 = 0.98/√𝑎, and 𝐿 is the jet’s luminosity (see
[4, 11]). In Figure 2(a), the product 𝑥𝐹𝜋 is plotted as a function
of the ratio𝑥, for three different incoming fast proton energies
(𝐸𝑝 = 103 GeV, 𝐸𝑝 = 104 GeV, and 𝐸𝑝 = 105 GeV), which
cover the energy range of interest.

With the aid of this function, we calculate the pion
injection function, 𝑄(𝑝𝑝)𝜋 , through the relation

𝑄(𝑝𝑝)𝜋 (𝐸, 𝑧)
= 𝑛 (𝑧) 𝑐 ∫1

𝑘

𝑑𝑥
𝑥 𝑁𝑝 (𝐸

𝑥 , 𝑧) 𝐹(𝑝𝑝)𝜋 (𝑥, 𝐸𝑥) 𝜎(inel)𝑝𝑝 (𝐸
𝑥) , (8)

where 𝑘 = 𝐸/𝐸(max)
𝑝 .𝑁𝑝 stands for the fast proton density, 𝑥 is

the ratio of the pion energy to proton energy, and 𝜎inel
𝑝𝑝 is the

proton-proton inelastic collision cross section.
The pion injection function, 𝑄(𝑝𝑝)𝜋 , depends on the ther-

mal proton density, 𝑛(𝑧). In Figure 2(b), we plot 𝑄(𝑝𝑝)𝜋 versus
the pion energy 𝐸𝜋 for three different jet densities (𝑛 = 109,𝑛 = 1010, and 𝑛 = 1011). We notice the approximate square
dependence of the scale of 𝑄(𝑝𝑝)𝜋 on the jet density, which is
because 𝑁𝑝 also depends on 𝑛(𝑧).

As a physical interpretation, let us consider a large
number of p-p collisions. So, we add up, at every pion
spectrum energy, the contributions to the probability that a
pion will result at that energy. Depending on the incoming
proton energy for each collision, there may be a smaller or
a larger contribution to any given pion energy, as long as it is
smaller than the proton’s energy in the first place (pion energy
cannot exceed proton energy). So, we integrate over many p-
p collisions to find the pion spectrum of a collection of p-p
collisions, that is, the pion injection function 𝑄(𝑝𝑝)𝜋 .

In order to obtain the pion distribution entering neutrino
emissivity, we solve the following transport equation:

𝜕𝑁𝜋𝜕𝐸 + 𝑁𝜋𝑡loss = 𝑄(𝑝𝑝)𝜋 (𝐸, 𝑧) , (9)

where 𝑁𝜋(𝐸, 𝑧) denotes the pion energy distribution. The
numerical integration of the transport equation, for a cell of
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the hydrocode, that is, a localized position in space, is given
by the following expression:

𝑁𝜋 (𝐸)
= 1𝑏𝜋 (𝐸) ∫

𝐸(max)

𝐸
𝑑𝐸𝑄(𝑝𝑝)𝜋 (𝐸) exp [−𝜏𝜋 (𝐸, 𝐸)] , (10)

where

𝜏𝜋 (𝐸, 𝐸) = ∫𝐸
𝐸

𝑑𝐸𝑡−1𝜋 (𝐸)𝑏𝜋 (𝐸) . (11)

We note here that the physical conditions within a cell are
taken to be constant and also that the macroscopic physical
parameters (density, pressure, etc.) within each cell are taken
to be constant. Under these assumptions, the transport
equation is only dependent on energy, which considerably
simplifies its calculation. We also take the characteristic scale
(mean free path) of the radiative interactions to be smaller
than the cell size, leading to the containment of particle
interactions within a given hydrocode cell. Furthermore, the
time scale for the radiative interactions is so much smaller
than the hydrocode’s timestep that the radiative interactions
belong to a single timestep each time.

The behaviour of the pion distribution 𝑁𝜋(𝐸𝑝), in the
energy range of our interest, is illustrated in Figure 3. This
curve refers to a typical computational cell of the PLUTO
hydrocode. It could be easily extended to a number of
hydrocode cells covering a span of the computational grid,
therefore opening the way towards obtaining the neutrino
emissivity from the whole grid.

In such a treatment, we consider a large number of
interacting particles per computational cell; therefore, the
probability density in the transport equation can be approx-
imated by the number density of the particles, rendering
the stochastic portion of the general transport equation
inactive. Moreover, only the deterministic portion of the
transport equation is employed, which simplifies it to a
deterministic partial differential equation (for further details
on themeaning of various symbols and functions used in this
section, the reader is referred to [4, 11]).

3.3. Neutrino Emissivity. As mentioned before, in this work,
we consider neutrinos emanating from direct pion decay
(prompt neutrinos; see reaction (4)). In the semianalytical
approach implemented in this work, the emissivity of prompt
neutrinos is obtained with the aid of 𝑁𝜋(𝐸𝑝) from the
expression [4, 12]

𝑄𝜋→] (𝐸)
= ∫𝐸max

𝐸
𝑑𝐸𝜋𝑡−1𝜋,dec (𝐸𝜋)𝑁𝜋 (𝐸𝜋) Θ (1 − 𝑟𝜋 − 𝑥)

𝐸𝜋 (1 − 𝑟𝜋) , (12)

where 𝑥 = 𝐸/𝐸𝜋 and 𝑡𝜋,dec is the pion decay time scale.Θ(𝜒) is the well-known theta function (for further parameter
details, see [7]). The neutrino emission calculation could be
performed mainly following the analysis of [3, 4, 11, 12].
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Figure 3: Pion energy distribution 𝑁𝜋(𝐸𝑝) obtained through the
solution of the transport equation, for a typical cell of the hydrocode.
This cell is a localized position in the space of the jet.

For the readers’ convenience, we should mention the
following. The nonthermal proton distribution suffers syn-
chrotron and adiabatic losses, affecting the balance in the
transport between protons and pions. The total neutrino
emissivity can then be calculated by adding up contributions
from every volume element (3D cell) and dividing the sum by
the area of a sphere with radius equal to the distance to Earth.
The result is a synthetic “neutrino emission observation”
of the binary system. By repeating the process for many
energies, we can then obtain a synthetic spectral emission
distribution, for direct comparison with observations.

As an illustration of the behaviour of neutrino emis-
sivity 𝑄𝜋→](𝐸) versus the neutrino energy, in Figure 4, the
neutrino spectra from a series of computational slices, cut
perpendicular to the jet axis (at equal intervals along the
model jet), are shown. The density of each slice is spatially
averaged over the slice surface and that average density
(see Table 1) is then employed in the neutrino emission
calculation. The averaging is performed in IDL and the
emission calculation in Mathematica. The results presented
in Figure 4 are unnormalized, but, in order to compare to
minimumdetection levels of existing and future instruments,
the simulation results can be normalized energetically and
then calibrated for a given specific instrument (this is going
to be presented elsewhere).

The integrated (across the spectrum used) energy emit-
ted, per unit time, through neutrinos, is presumed to be a
fraction of the fast (nonthermal) proton power in the jet
during the eruption modeled. The latter energy is, in turn,
a fraction of the total jet kinetic power, or kinetic luminosity,𝐿𝑘. For 𝐿𝑘 = 1040 erg/s, then 𝐿𝑓𝑝 = 1036 erg/s, if 𝑓𝑓𝑝 = 10−4.
Assuming now a neutrino fraction of 𝑓𝑛 = 0.5, we then
obtain 𝐿𝑛 = 0.5 × 1036 erg/s.
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Table 1: Number density values 𝜌𝑗, 𝑗 = 1, 2, . . ., averaged over ten slices cut as grid cross sections perpendicular to the jet axis, along the jet
axis. The densities are sampled at intervals of 2.0 × 1011 cm, to a total grid length along the jet axis direction of 2.0 × 1012 cm.

Number density (in 1010 protons/cm3)
𝜌1 𝜌2 𝜌3 𝜌4 𝜌5 𝜌6 𝜌7 𝜌8 𝜌9 𝜌10𝜌𝑗 = 124.221 33.152 29.530 28.786 29.220 36.558 11.627 0.260 0.142 0.138
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Figure 4: Neutrino emissivity 𝑄𝜋→](𝐸) obtained for various values
of number density 𝜌𝑗 (see Table 1) by integrating numerically (12).
For the sake of comparison with observations and other predictions,
the value of 𝑄𝜋→](𝐸) should be multiplied by the normalization
factor 𝐹norm = 1054 erg/GeV (see the text).

In general, to scale the neutrino intensity, a normalization
factor 𝐹norm is needed. In our case, that factor results from
energetic arguments.This factor shouldmultiply the neutrino
emissivity of Figure 4 to obtain the neutrino intensity along
the jet. As an example, assuming, as above, a fast proton
energy fraction of 10−4, by equating the area under the𝜌1 curve of Figure 4 (𝜌1 corresponds to the average bulk
proton density at the jet base) to the fast proton fraction
of the jet kinetic luminosity 𝐿𝑘 = 1040 ergs/s, we obtain𝐹norm approximately equal to 𝐹norm = 1054 erg/GeV. The
latter corresponds to a maximum neutrino intensity of about0.5 × 1032, which is compatible with the results of [4] (see,
e.g., Figure 8 of this reference). We note that even though
our model is quite detailed dynamically, its level of detail
cannot be fully compared to observations as of today. The
reason is that current and upcoming terrestrial neutrino
detectors cannot resolve that much detail, due to the distance
of the microquasars from Earth. Therefore, when compared
to observations, the predictive power of ourmodel is not very
different from that of simpler models [3, 4].

We should point out that, in order to convert quantities
from the jet reference frame to our rest frame, the calcu-
lational procedure can be, for example, that of [13] or that

of [14]. In the present work, we apply the treatment of [13].
The jet direction has been incorporated as a global effect
within the jet, by imposing a fixed angle between the velocity
direction of the flow and the line of sight to an observer here
on Earth. Furthermore, the jet flow speed is taken to be set
to 0.26 c, the average flow estimated for the jet. In addition,
the line-of-sight direction is assumed to be constant all over
the jet, at an angle of 𝜃 = 78 degrees, to the jet axis. This was
done to keep the calculations within limits. In principle, each
computational cell may have a different setting for the angle
between its local velocity and the line of sight, as well as for
the local emission calculation performed using its localized
velocity value. In both cases, a much longer computational
time is required.

Before closing, it is worthmentioning that the total power
emitted from the jet obtained in the present work is only a
first approximation to the intensity estimate. Consequently,
a more detailed comparison to detectors is required. Our
model is indeed able to provide, for a given direction to the
observer, individual Doppler effects for each 3D computa-
tional cell and then integrate them numerically. Such detailed
calculations will be included in a future publication.

4. Summary and Conclusions

In the present work, we evaluated the emissivity of neutrinos
originating from hadronic MQ jets, where p-p collisions
occur at shock fronts, leading to cascades of secondary
particles, culminating to neutrino emission. We have imple-
mented a new model describing the mass distribution along
the jet axis, using the PLUTO relativistic magnetohydro-
dynamic (RMHD) code (hydrocode). More specifically, the
PLUTO code was executed incorporating a toroidal mag-
netic field component in the jet, resulting in a confined jet
structure, the degree of confinement depending on the value
of the field. For each cross section slice, cut along the jet
(perpendicular to the jet axis), we calculated the mean values
of the mass density. Then, we proceeded, in this manner, to
process a number of 100 slices, covering the spatial range
from the jet base to the end of the computational grid.

The main conclusion extracted from this analysis was
that the hydrocode model (not based on explicit geometrical
assumptions), employed for the hadronic jet, is dynamically
a realistic tool. This is why we decided to utilise the PLUTO
code for dynamical calculations as a basis for further investi-
gation of the neutrino and gamma ray emissivities from the
jet. For our present calculations, we used the semianalytic
approach, in order to estimate the neutrino emissivity, as
described in our previous work.

In studying the neutrino emissivity per grid cell, we set up
a model geometry reminiscent of the semianalytical method,
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but using the PLUTOhydrocode, while employing the known
radiative formalism as discussed in the Introduction. This
computational tool has previously provided us with a realistic
modeling of radio and gamma ray emission and in this work
with efficient estimation of neutrino emission events origi-
nating from microquasar jets. For the observation of such
neutrino fluxes, current terrestrial detectors (e.g., IceCube at
South Pole) are in operation.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

References
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Nonstandard neutrino-nucleon interaction is formulated and explored within the energy range of quasi-elastic scattering. In
particular, the study focuses on the neutral-current elastic (anti)neutrino scattering off nucleons described by the exotic reactions
]𝛼(]𝛼) + 𝑛 → ]𝛽(]𝛽) + 𝑛 and ]𝛼(]𝛼) + 𝑝 → ]𝛽(]𝛽) + 𝑝, which provide corrections to the dominant Standard Model processes. In
this context, it is shown that the required exotic nucleon form factors may have a significant impact on the relevant cross sections.
Besides cross sections, the event rate is expected to be rather sensitive to the magnitude of the lepton-flavour violating parameters
resulting in an excess of events. The overlap of nonstandard interactions and strange quark contributions, in the region of few GeV
neutrino energies, is also examined. The formalism is applied for the case of the relevant neutrino-nucleon scattering experiments
(LSND, MiniBooNE, etc.) and motivates the notion that such facilities have high potential to probe NSI.

1. Introduction

Neutrinos are among the most elusive particles in nature and
in order to investigate their properties [1, 2] various terrestrial
detectors have been built [3]. These ghostly particles fill
the whole universe and reach Earth coming from the sun
(solar neutrinos), from supernova explosions (supernova
neutrinos), and from many other celestial objects (e.g., black
hole binary stars, active galactic nuclei) [4]. The majority of
them pass through Earth and through the nuclear detectors,
designed for such purposes, without leaving any trace or
signal [5].This ismostly due to the fact that neutrinos interact
very weakly with matter [6, 7]. For the investigation of
neutrino-matter scattering, it is feasible to employ powerful
accelerators operating at major laboratories such as Fermilab,
J-Park, and CERN. These facilities can produce intensive
neutrino beams of which a tiny fraction can be detected by
novel detectors placed in the beam line (e.g., COHERENT
experiment at Oak Ridge [8], TEXONO experiment in
Taiwan [9], ]GeN [10] and GEMMA [11] experiments in
Russia, and CONNIE project in Brazil [12, 13]).

On the theoretical side, phenomenologicalmodels within
and beyond the standard electroweak theory come out with

theoretical predictions for many aspects of neutrinos in
trying to understand their properties and interactions [14]
and propose appropriate neutrino probes for extracting new
experimental results [15–17]. Current important areas of
research concern the neutrino masses [18], neutrino oscilla-
tions [19, 20], neutrino electromagnetic properties [21–25],
and so forth, their role in the evolution of astrophysical
sources such as the sun or supernovae [26–28], their impact
on cosmology (e.g., in answering the question of the matter-
antimatter asymmetry of the universe), and others.

The neutral-current elastic (NCE) and charged-current
quasi-elastic (CCQE) scattering of neutrinos with nucleons
and nuclei constitute examples of fundamental electroweak
interactions within the Standard Model (SM) [29], which,
despite their relative simplicity, are presently not well under-
stood. The first attempts of experimentally measuring the
cross sections of the latter processes resulted in a discrepancy
[30–32] with the predictions of the widely used relativistic
Fermi gas (RFG) model [33–37]. There has been much effort
towards quantifying this disagreement (between theory and
experiment), mainly in terms of the nucleon electromagnetic
form factors at intermediate energies [38, 39], while other
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Figure 1: Diagrams of nonstandard neutrino-nucleon interactions for neutral-current (a) and charged-current (b) processes.

works focus on the study of the potential contribution of the
strange components of the hadronic current [40–43].

Over a decade ago, an anomalous excess of events has
been reported by the LSND experiment in searching for ]𝜇 →
]𝑒 oscillations [44]. Recently, in the MiniBooNE neutrino-
nucleon scattering experiment, an unexplained excess of
electron-like events, Δ𝑁 = 128.8 ± 20.4 ± 38.3, has been
observed in the reconstructed neutrino energy range 200 ≤𝐸] ≤ 475MeV [45–49]. To interpret these data, some
authors [50] argued that the RFG model is insufficient
to accurately describe the neutrino-nucleon interaction in
nuclei embedded in dense media [50], while other authors
paid special attention to the final state interaction (FSI)
effects [51–53]. Furthermore, this anomaly has triggered
the intense theoretical interest and towards its explanation
several models have been proposed [54, 55] including also
those addressing heavy Dirac or Majorana neutrino decay
[56, 57], the existence of sterile neutrinos [58], and others.

Historically, nucleons and nuclear systems have been
extensively employed [59, 60] as microlaboratories for
exploring open neutrino properties through charged- [61]
and neutral-current interaction processes [62]. The latter
involve both the vector and the axial vector components of
the weak interactions [63, 64]. Thus, such probes are helpful
for investigating the fundamental interactions of neutrinos
with other elementary particles at low, intermediate, and high
energies [65]. For the case of neutral-current coherent elastic
neutrino scattering off complex nuclei, a detailed analysis
focusing on possible alterations of the expected event rates
due to the existence of nonstandard interactions (NSI) was
performed in our previous works [66–68].

Motivated by the latter, in this paper, we explore the pos-
sibility of probing exotic neutrino processes in the relevant
experiments. Thus, within the framework of NSI [69] (for a
review, see [70, 71]), we consider the NCE scattering of the
following neutrino-nucleon reactions:

]𝛼 (]𝛼) + 𝑛 → ]𝛽 (]𝛽) + 𝑛, (1)

]𝛼 (]𝛼) + 𝑝 → ]𝛽 (]𝛽) + 𝑝, (2)

where𝛼, 𝛽 = {𝑒, 𝜇, 𝜏}denote the neutrino flavour. Specifically,
for the case of the MiniBooNE processes, we concentrate
on the channels where 𝛼 = 𝜇 and 𝛽 = 𝑒 (for NSI

scattering involving tau neutrinos, see [72, 73]). In the present
study, the magnitude of the proposed novel interactions is
given in terms of the adopted NSI nucleon form factors as
functions of the four-momentum transfer. In our effort to
explore potential NSI neutrino-nucleon interactions, as a first
step, we focus only on the NSI Feynman diagrams depicted
in Figure 1 where, for completeness, the corresponding
diagrams involving charged-current (CC) processes are also
included.

2. Neutral-Current Nonstandard
Neutrino-Nucleon Interactions

In the present work, the assumed NSI operators are effective
four-fermion operators of the form [70]

O = (𝑓1𝛾𝜇𝑃𝑓2) (𝑓3𝛾𝜇𝑃𝑓4) + h.c., (3)

with 𝑓𝑖, 𝑖 = 1, 2, 3, 4 being the SM fermion fields and 𝑃 ={𝐿, 𝑅}denoting left- and right-handed projectors. Specifically,
for neutral currents, one has neutrino-induced NSI with
matter of the form [69]

O
𝑓𝑃

𝛼𝛽
= (]𝛼𝛾𝜇𝐿]𝛽) (𝑓𝛾𝜇𝑃𝑓) + h.c., (4)

with 𝑓 denoting a first-generation quark 𝑞 = {𝑢, 𝑑}.
2.1. Neutrino-Nucleon Cross Sections within and beyond the
SM. The calculations of the neutrino-nucleon cross sections
start by writing down the nucleon matrix elements of pro-
cesses (1) and (2) in the usual 𝑉 − 𝐴 form, as

M = 𝑖𝐺𝐹2√2𝑗𝜇 ⟨N 𝐽𝜇𝑍N⟩
= 𝑖𝐺𝐹2√2]𝛼𝛾𝜇 (1 − 𝛾5) ]𝛽 ⟨N 𝐽𝜇𝑍N⟩ ,

(5)

where 𝑗𝜇 denotes the leptonic neutral current,𝐺𝐹 is the Fermi
coupling constant, and |N⟩ represents the nucleon wave-
function. In the latter expression, ⟨N|𝐽𝜇𝑍|N⟩ is the hadronic
matrix element that is (after neglecting the second-class
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currents and the contribution of pseudoscalar component)
expressed in terms of the known nucleon form factors as [7]

⟨N 𝐽𝜇𝑍N⟩ = ⟨N
𝐹NC:𝑝(𝑛)
1 (𝑄2)

+ 𝐹NC:𝑝(𝑛)
2 (𝑄2) 𝑖𝜎𝜇]𝑞]2𝑚N

+ 𝐹NC:𝑝(𝑛)
𝐴 (𝑄2) 𝛾𝜇𝛾5N⟩ .

(6)

In (6), 𝐹NC:𝑝(𝑛)
1 (𝑄2), 𝐹NC:𝑝(𝑛)

2 (𝑄2), and 𝐹NC:𝑝(𝑛)
𝐴 (𝑄2) stand for

the Dirac, Pauli, and axial vector weak neutral-current form
factors, respectively, for protons (𝑝) or neutrons (𝑛) [1].

Relying on the above nucleonmatrix elements, within the
relativistic Fermi gas (RFG) model, the SM differential cross
section of reactions (1) and (2) for incoming (anti)neutrino
energy 𝐸] has been written as [29]

𝑑𝜎𝑑𝑄2 =
𝐺2𝐹𝑄22𝜋𝐸2] [𝐴 (𝑄2) ± 𝐵 (𝑄2)𝑊 + 𝐶 (𝑄2)𝑊2] . (7)

In the above expression, the plus (minus) sign accounts
for neutrino (antineutrino) scattering while the momentum-
dependent function,𝑊(𝑄2), reads [41]

𝑊 = 4𝐸]𝑚N

− 𝑄2𝑚2
N

, (8)

where the four-momentum transfer is defined in terms of the
nucleon recoil energy 𝑇N, as

𝑞2 = 𝑞𝜇𝑞𝜇 = −𝑄2 = −2𝑚N𝑇N. (9)

For the nucleon mass, 𝑚N, we assume the value 𝑚𝑝 ≈ 𝑚𝑛 =𝑚N = 0.938GeV.
Before proceeding to the cross sections calculations, for

the reader’s convenience, we provide below some significant
details on the aforementioned expressions 𝐴, 𝐵, and 𝐶 that
depend on the form factors𝐹NC:𝑝(𝑛)

𝑖 , 𝑖 = 1, 2, 𝐴.The functions𝐴(𝑄2), 𝐵(𝑄2), and 𝐶(𝑄2) are defined as [42]

𝐴(𝑄2) = 14 {(𝐹NC:𝑝(𝑛)
𝐴 )2 (1 + 𝜏)

− [(𝐹NC:𝑝(𝑛)
1 )2 − 𝜏 (𝐹NC:𝑝(𝑛)

2 )2] (1 − 𝜏)
+ 4𝜏𝐹NC:𝑝(𝑛)

1 𝐹NC:𝑝(𝑛)
2 } ,

𝐵 (𝑄2) = −14𝐹NC:𝑝(𝑛)
𝐴 (𝐹NC:𝑝(𝑛)

1 + 𝐹NC:𝑝(𝑛)
2 ) ,

𝐶 (𝑄2) = 𝑚2N16𝑄2 𝑙 [(𝐹NC:𝑝(𝑛)
𝐴 )2 + (𝐹NC:𝑝(𝑛)

1 )2

+ 𝜏 (𝐹NC:𝑝(𝑛)
2 )2] ,

(10)

where their explicit 𝑄2 dependence has been suppressed and𝜏 = 𝑄2/4𝑚2N.

In principle, the electromagnetic Dirac and Pauli form
factors are written in terms of the well-known electric (E) and
magnetic (M) form factors as follows [1]:

𝐹EM:𝑝(𝑛)
1 = 𝐺𝑝(𝑛)E (𝑄2) + 𝜏𝐺𝑝(𝑛)M (𝑄2)

1 + 𝜏 ,

𝐹EM:𝑝(𝑛)
2 = 𝐺𝑝(𝑛)M (𝑄2) − 𝜏𝐺𝑝(𝑛)E (𝑄2)

1 + 𝜏 .
(11)

In this work, the magnetic form factors are parametrised as
[39]

𝐺𝑝(𝑛)M𝜇𝑝(𝑛) =
1 + 𝑎M𝑝(𝑛),1𝜏1 + 𝑏M

𝑝(𝑛),1
𝜏 + 𝑏M
𝑝(𝑛),2

𝜏2 + 𝑏M
𝑝(𝑛),3

𝜏3 , (12)

where 𝜇𝑝(𝑛) denotes the proton (neutron) magnetic moment.
The proton electric form factor in a similar manner can be
cast in the form [26]

𝐺𝑝(𝑛)E = 1 + 𝑎E𝑝(𝑛),1𝜏1 + 𝑏E
𝑝(𝑛),1

𝜏 + 𝑏E
𝑝(𝑛),2

𝜏2 + 𝑏E
𝑝(𝑛),3

𝜏3 , (13)

(for the fit parameters, 𝑎M(E)
𝑝(𝑛),1

and 𝑏M(E)
𝑝(𝑛),𝑗

, 𝑗 = 1, 2, 3, see [39]).
The electric neutron form factor,𝐺𝑛E, is expressed through the
Galster-like parametrisation, as

𝐺𝑛E (𝑄2) = 𝜆1𝜏1 + 𝜆2𝜏𝐺𝐷 (𝑄
2) , (14)

with 𝜆1 = 1.68 and 𝜆2 = 3.63.
2.2. NSINucleon FormFactors. As it is well known,within the
SM, the weak NC Dirac and Pauli form factors are written in
terms of the electromagnetic current form factors 𝐹EM

𝑖 , 𝑖 =1, 2 (assuming the conserved vector current (CVC) theory)
[1]. In the present work, we furthermore consider additional
contributions originating from NSI that enter through the
vector-type form factors 𝜀𝑞𝑉𝜇𝑒 (𝑄2). In our parametrisation, the
latter are written in terms of the fundamental NSI neutrino-
quark couplings 𝜖𝑢𝑉𝜇𝑒 (𝜖𝑑𝑉𝜇𝑒 ) for 𝑢 (𝑑) quarks discussed in [66–
68], and they take the form

𝜀𝑝𝑉𝜇𝑒 (𝑄2) = (2𝜖𝑢𝑉𝜇𝑒 + 𝜖𝑑𝑉𝜇𝑒 )𝐺𝐷 (𝑄2) ,
𝜀𝑛𝑉𝜇𝑒 (𝑄2) = (𝜖𝑢𝑉𝜇𝑒 + 2𝜖𝑑𝑉𝜇𝑒 )𝐺𝐷 (𝑄2) .

(15)

In the spirit of previous studies which consider the
strangeness of the nucleon [41, 42], the above NSI form
factors may have the same momentum dependence as those
of the SM ones. Thus, the function 𝐺𝐷(𝑄2) is assumed to be
of dipole type:

𝐺𝐷 = (1 + 𝑄2𝑀2𝑉)
−2 , (16)

(for the vector mass, a commonly used value is 𝑀𝑉 = 0.843
GeV). A dipole approximation for 𝐺𝐷(𝑄2), apart from



4 Advances in High Energy Physics

Protons

Neutrons

SM
NSI

0.4

0.6 0.8 1.00.4

0.2

0.2

0.0

−0.2

−0.4

−0.6

−0.8
0.0

F
N

C:
p
(n
)

1,
2

(Q
2
)

Q2 (GeV2)

Figure 2: Comparison of the SM and NSI nucleon form factors
employed in the present study (for details, see the text).

providing the appropriate momentum dependence, ensures
also that the event rate coming out of NSI has the correct
behaviour at high energies [40].

Then, the weak neutral-current nucleon form factors for
protons (plus sign) and neutrons (minus sign) employed in
our present calculations read

𝐹NC:𝑝(𝑛)
1,2 (𝑄2) = 𝜏32 [𝐹EM:𝑝

1,2 (𝑄2) − 𝐹EM:𝑛
1,2 (𝑄2)]

− 2sin2 𝜃𝑊𝐹EM:𝑝(𝑛)
1,2 (𝑄2)

− 12𝐹s:𝑝(𝑛)
1,2 (𝑄2) + 𝜏3𝜀𝑝(𝑛)𝑉𝜇𝑒 (𝑄2) .

(17)

In the latter expression, the isoscalar form factors 𝐹s:𝑝(𝑛)
1,2

account for potential contributions to the electric charge and
the magnetic moment of the nucleon due to the presence
of strange quarks (in our convention, the isospin index 𝜏3
is +1 for proton and −1 for neutron scattering). However,
throughout our calculations, on the basis of the recent results
from the HAPPEX experiment [43], we take 𝐹s:𝑝(𝑛)

1,2 = 0 (see
also [52]). Note that, for low momentum transfer, the form
factors discussed in [66, 67] are recovered. The effect of NSI
on the form factors is illustrated graphically in Figure 2,where
typical values have been adopted for the NSI parameters; that
is, 𝜖𝑢𝑉𝜇𝑒 = 𝜖𝑑𝑉𝜇𝑒 = 0.05 (apparently strange quark contributions
have no impact in this case). Within the present formalism,
the new nucleon form factors are rather sensitive to NSI,
even for small values of the fundamental model parameters,
especially for low momentum transfer.

For the case of the axial form factor 𝐹NC:𝑝(𝑛)
𝐴 , we corre-

spondingly employed [61]

𝐹NC:𝑝(𝑛)
𝐴 (𝑄2) = 12 (𝜏3𝑔𝐴 + 𝑔s

𝐴) (1 + 𝑄2𝑀2𝐴)
−2 . (18)

Here, we used the static axial vector coupling, 𝑔𝐴 = −1.267
(it is determined usually through neutron beta decay). For the
strange quark contribution to the nucleon spin, we adopt the
static value 2𝐹𝑠𝐴(0) = 𝑔𝑠𝐴 ± 0.07 with 𝑔𝑠𝐴 = −0.15, while for
the axial mass we take𝑀𝐴 = 1.049GeV (i.e., fit II of [41]). As
has been recently discussed in [54], this set of values is fully
compatible with the MiniBooNE data, even though a large
value of 𝑀𝐴 = 1.35GeV was reported in [47]. Furthermore,
for simplicity, potential axial NSI form factors are neglected.

3. Results and Discussion

At first, we calculate the differential cross sections of (7) for
the SM (𝛼 = 𝛽) weak NC elastic scattering processes (1)
and (2) as well as for the NSI ones (𝛼 ̸= 𝛽), based on (15)–
(18) (neglecting potential strange quark contributions, i.e.,𝐹s:𝑝(𝑛)
1,2 = 0 and 𝑔s

𝐴 = 0). The corresponding results are
demonstrated in Figure 3 for ]𝑝 → ]𝑝 scattering (a) and
]𝑛 → ]𝑛 scattering (b). For the sake of comparison, the bands
of axial vector strange quark contributions calculated within𝑔s
𝐴 ± 0.07 and those of NSI contributions within the range𝜖𝑞𝑉𝜇𝑒 = (−0.05, 0.05) with 𝑞 = {𝑢, 𝑑} are also depicted. One

sees that the resulting strange quark contributions indicate
almost equal cross sections for proton and neutron scattering,
while the presence of NSI leads to an enhancement of the
cross sections for both ]𝑝 → ]𝑝 and ]𝑛 → ]𝑛 scattering
channels, which becomes more important at lower energies.

From the perspective of experimental physics, it is crucial
to reduce most of the background as well as beam related and
systematic uncertainties. Therefore, a rather advantageous
way towards determining the strange or NSI parameters is to
performmeasurements of the ratio of theNCE cross sections:

𝑅 = 𝑑𝜎𝑝/𝑑𝑄2𝑑𝜎𝑛/𝑑𝑄2 . (19)

In this context, Figure 4 illustrates a comparison of the
obtained bands for the ratio 𝑅 assuming neutrino-nucleon
scattering in the presence of strange quarks or potential NSI.
One notices that 𝑅 varies between 0.75 and 1.20 when axial
vector strange quark contributions are taken into account,
while for the case of NSI the ratio is significantly lower; that
is, it lies between 0.55 and 0.8. It is furthermore shown that,
unlike the strange quark case, the SM result for 𝑅 lies within
the predicted NSI band.

Focusing on the relevant experiments, in order to per-
form reliable calculations, important effects that originate
from the Pauli principle must be taken into account (Fermi
motion of the initial nucleons). Specifically, for the case of
nucleons bound in nuclear matter, within the Fermi gas
model, it is adequate tomultiply the free cross section given in
(7) with a suppression factor 𝑆(𝑄2).The latter accounts for the
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Figure 3: Differential cross section with respect to the momentum transfer for SM, strange quark, and NSI, for ]𝑝 → ]𝑝(a) and ]𝑛 → ]𝑛
scattering (b). For details, see the text.
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Pauli blocking effect on the final nucleons in a local density
approximation [62] and is given by the expression [29]

𝑆 (𝑄2) = 1 − 𝐷 (𝑄2)
𝑁 , (20)

where 𝑁 is the number of neutrons of the nuclear target.
Assuming a carbon target, 12C,𝐷(𝑄2) takes the form

𝐷(𝑄2)

= {{{{{
𝐴2 [1 − 34 |q|𝑝𝐹 + 124 (|q|𝑝𝐹)

3] , |q| < 2𝑝𝐹,
0, |q| > 2𝑝𝐹,

(21)

with the Fermi momentum 𝑝𝐹 = 0.220GeV (for its
definition, see [61, 65]) and |q| being the magnitude of the
three-momentum transfer. Within this framework, the total
cross sectionmay be evaluated throughnumerical integration
of the differential cross section (7) as

𝜎 (𝐸]) = ∫𝑄2max(𝐸])

0
𝑆 (𝑄2) 𝑑𝜎𝑑𝑄2 𝑑𝑄2. (22)

For NCE scattering, the kinematics of the process provide the
approximate upper limit of the momentum transfer 𝑄2, as

𝑄2max (𝐸]) = 4𝑚N𝐸2]𝑚N + 2𝐸]
. (23)

The obtained results are demonstrated in Figure 5 for protons
and in Figure 6 for neutrons for the case of (i) free nucleon
scattering, that is, on a hydrogen atom (a), and (ii) medium
scattering, that is, for bound nucleons within a carbon
atom (b). As expected, for both SM and NSI, the obtained
integrated cross section for the ]𝑛 process is much larger
than that of the ]𝑝 reaction. Apparently, one also notices that
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Figure 5: Total integrated ]𝑝 → ]𝑝 scattering cross section as a function of the incoming neutrino energy due to SM, strange quark, and
NSI scattering. The results refer to scattering on free protons (a) and scattering on bound protons, that is, assuming nuclear effects, at a 12C
detector (b).

the NCE cross sections, for both ]𝑝 → ]𝑝 and ]𝑛 → ]𝑛
scattering channels, are enhanced when potential nonzero
NSI are assumed. For the case of neutrino-proton scattering,
the considered axial vector strange quark effects dominate the
total cross section. On the other hand, focusing on neutrino-
neutron scattering, the assumed strangeness of the nucleon
leads to suppression of the total cross section. Eventually, we
find that the resulting strange quark and NSI bands overlap
only for ]𝑛 processes.

At this point, we find it interesting to focus our discussion
on the MiniBooNE experiment and apply the addressed NSI
model. Thus, by convoluting the energy distribution of the
MiniBooNE neutrino beam with the NSI cross section of
(7), we evaluate the flux-integrated differential NSI neutrino-
nucleon cross sections ⟨𝑑𝜎𝑝,𝑛/𝑑𝑇𝑝,𝑛⟩, through the expression

⟨𝑑𝜎𝑝,𝑛𝑑𝑇𝑝,𝑛⟩ = ∫𝑆 (𝑄2) 𝑑𝜎𝑑𝑄2 (𝐸], 𝑄2)Φ] (𝐸])

⋅ 𝛿 ( 𝑄22𝑚N

− 𝑇𝑝,𝑛)𝑑𝐸]𝑑𝑄2,
(24)

where the utilised muon neutrino flux,Φ](𝐸]), is normalised
to unity. The results are illustrated in Figure 7, where it is
clearly shown that the nuclear effects become important at
low recoil energies. More specifically, for NCE scattering
on free nucleons (e.g., for a hydrogen target), the cross
section is significantly larger and constantly increasing for
low nucleon recoil energies. On the contrary, for the case of
bound nucleons within the carbon target material, 12C, the

behaviour of the cross section changes drastically at low recoil
energies and its valueminimises for energies≲100MeV.As for
the total integrated cross sections discussed previously, our
results show an overlap between the obtained strange quark
and NSI bands only for the processes involving ]𝑛 → ]𝑛
scattering.

We finally test the compatibility of the employed NSI
scenario with recent results from the LSND and MiniBooNE
experiments. To this aim, concentrating on neutrino-nucleon
scattering on amineral oil (CH2), the folded differential cross
section reads [47]

⟨𝑑𝜎N𝑑𝑇N

⟩ = 17 ⟨𝑑𝜎𝐻𝑝𝑑𝑇𝑝⟩ + 37 ⟨𝑑𝜎𝐶𝑝𝑑𝑇𝑝⟩

+ 37 ⟨𝑑𝜎𝐶𝑛𝑑𝑇𝑛⟩.
(25)

Then, we evaluate the number of conventional andNSI events
as a function of the nucleon recoil energy, 𝑇N, by assuming
a CH2 detector (i.e., the detector material of the LSND and
MiniBooNE experiments) through the expression

𝑁events = 𝑎 (𝑇N) ∫N𝑁𝑁POT ⟨𝑑𝜎N𝑑𝑇N

⟩𝑑𝑇N. (26)

In order to confront our present results with the recent
MiniBooNE data, we assumed the following experimental
quantities: the utilised muon neutrino flux, Φ](𝐸]), is nor-
malised to the protons on target (POT) with 𝑁POT denoting
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Figure 6: Same as Figure 5 but for ]𝑛 → ]𝑛 scattering.
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Figure 7: Differential cross section as a function of the nucleon (proton or neutron) recoil energy due to SM, strange quark, and NSI.
Modifications due to the employed nuclear effects are illustrated and compared with the case of scattering on free nucleons.

the number of POT in the data [46] and 𝑎(𝑇N) denoting the
detector efficiency taken from [49]. The number of nucleon
targets in the detector is evaluated asN𝑁 = 𝑁𝐴(4/3)𝜋𝑅3𝜌oil,
where the density of mineral oil is 𝜌oil = 0.845 gr/cm3 at
20∘C [48] and𝑁𝐴 is Avogadro’s number. The fiducial volume
cut of the detector is adopted from [47]. Figure 8 illustrates
the number of events as a function of the nucleon kinetic

energy, 𝑇N, obtained within the context of the SM, as well as
by assuming potential contributions to the rate arising from
strange quarks orNSI (for a comparisonwith theMiniBooNE
experimental results, see [47]). The obtained excess of events
becomes significant for low recoil energies, reflecting the
dipole character of the form factor 𝐺𝐷(𝑄2) that enters the
definition of the NSI nucleon form factors given in (15).
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Motivated by our previous studies, we consider it interest-
ing to estimate the sensitivity of MiniBooNE to nonstandard
interactions, through a 𝜒2 fit analysis. By varying one NSI
coupling at a time and by neglecting potential strange quark
contributions, the minimisation of the 𝜒2(𝜖𝑢𝑉𝜇 ) function pro-
vides constraints on the NSI parameters of the order of 𝜖𝑑𝑉𝜇𝑒 ≈
𝜖𝑑𝑉𝜇𝑒 = 0.05. Furthermore, in order to explore the overlap
of strange quark and NSI contributions that enter the NCE
scattering cross section of (7), a two-parameter combined
analysis is performed. By simultaneously varying the strange
quark 𝑔s

𝐴 and NSI 𝜖𝑢𝑉𝜇𝑒 (setting 𝜖𝑑𝑉𝜇𝑒 = 0) parameters, the
minimisation of𝜒2(𝜖𝑢𝑉𝜇𝑒 , Δ𝑠) yields the contours in the param-
eter space (𝜖𝑢𝑉𝜇𝑒 − Δ𝑠) shown in Figure 9, at 68%, 90%, and
99%CL.These results indicate strongly that current neutrino-
nucleon experiments are favourable facilities to provide new
insights and to put severe bounds on nonstandard interaction
parameters.

4. Summary and Conclusions

In the present work, focusing on the NCE neutrino-nucleon
scattering, potential corrections to the SM cross sections
that arise from strange quark contributions and nonstandard
neutrino-nucleon interactions are comprehensively investi-
gated. In this context, the possibility of probing the rel-
evant model parameters is explored. Furthermore, special
effort has been devoted towards exploring the overlap of
possible contributions due to strange quarks and NSI. The
study involves reliable calculations of the differential and
total neutrino-nucleon cross sections by taking into account
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Figure 9: Allowed region in the (𝜖𝑢𝑉𝜇𝑒 −Δ𝑠) plane atMiniBooNE.The
best fit point is shown by ⋆.

important nuclear effects such as the Pauli blocking. Within
this framework, the NSI contributions originate from the
respective nucleon form factors and adopt dipolemomentum
dependence, while the corresponding cross sections are
rather sensitive to the magnitude of the NSI. The latter
have a significant impact on the expected number of NCE
neutrino-nucleon events and lead to an enhancement of the
rate, which may be detectable by the relevant experiments
(e.g., MiniBooNE), even for small values of the flavour
changing parameters. It is furthermore shown that possible
measurements of the ratio of the NSI cross sections for the
]𝑝 process over the ]𝑝 one offer a unique research path to
probe NSI.

We stress, however, that the above results refer to forward
NSI scattering and thus they do not reproduce accurately
the reported MiniBooNE anomaly where an isotropic excess
of events was found coming either from electrons or from
converted photons. In addition, the NSI contribution would
be small if the “standard” value of possible NSI contributions
is chosen. Moreover, in this case, the recoiling protons
within the mineral oil are likely to have velocity below the
Cherenkov threshold and therefore cannot reproduce the
Cherenkov ring. On the other hand, the presence of potential
nonstandard neutrino-nucleon events may be compatible
with the LSND anomaly which did not rely on Cherenkov
radiation.
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We study the two-neutrino double-𝛽 decay in 76Ge, 116Cd, 128Te, 130Te, and 150Nd, as well as the two Gamow-Teller branches that
connect the double-𝛽 decay partners with the states in the intermediate nuclei. We use a theoretical microscopic approach based on
a deformed self-consistentmean field with Skyrme interactions including pairing and spin-isospin residual forces, which are treated
in a proton-neutron quasiparticle random-phase approximation. We compare our results for Gamow-Teller strength distributions
with experimental information obtained from charge-exchange reactions.We also compare our results for the two-neutrino double-
𝛽decay nuclearmatrix elementswith those extracted from themeasured half-lives. Both single-state and low-lying-state dominance
hypotheses are analyzed theoretically and experimentally making use of recent data from charge-exchange reactions and 𝛽 decay
of the intermediate nuclei.

1. Introduction

Double-𝛽decay is currently one of themost studied processes
both theoretically and experimentally [1–5]. It is a rare weak-
interaction process of second order taking place in cases
where single 𝛽 decay is energetically forbidden or strongly
suppressed. It has a deep impact in neutrino physics because
the neutrino properties are directly involved in the neutri-
noless mode of the decay (0]𝛽𝛽) [6–8]. This decay mode,
not yet observed, violates lepton-number conservation and
its existence would be an evidence of the Majorana nature of
the neutrino, providing a measurement of its absolute mass
scale. Obviously, to extract a reliable estimate of the neutrino
mass, the nuclear structure component of the process must
be determined accurately. On the other hand, the double-
𝛽 decay with emission of two neutrinos (2]𝛽𝛽) is perfectly
allowed by the Standard Model and it has been observed
experimentally in several nuclei with typical half-lives of
1019–21 years (see [9] for a review). Thus, to test the reliability
of the nuclear structure calculations involved in the 0]𝛽𝛽
process, one checks first the ability of the nuclear models
to reproduce the experimental information available about

the measured half-lives for the 2]𝛽𝛽 process. Although the
nuclear matrix elements (NMEs) involved in both processes
are not the same, they exhibit some similarities. In particular,
the two processes connect the same initial and final nuclear
ground states and share common intermediate 𝐽𝜋 = 1+ states.
Therefore, reproducing the 2]𝛽𝛽 NMEs is a requirement
for any nuclear structure model aiming to describe the
neutrinoless mode.

Different theoretical approaches have been used in the
past to study the 2]𝛽𝛽 NMEs. Most of them belong to the
categories of the interacting shell model [10–12], proton-
neutron quasiparticle random-phase approximation (QRPA)
[1, 2, 13–25], projected Hartree-Fock-Bogoliubov [26–28],
and interacting boson model [29–31].

In this work we focus on the QRPA type of calculations.
Most of these calculationswere based originally on a spherical
formalism, but the fact that some of the double-𝛽decay nuclei
are deformed makes it compulsory to deal with deformed
QRPA formalisms [21–25]. This is particularly the case of
150Nd (150Sm) that has received increasing attention in the last
years because of the large phase-space factor and relatively
short half-life, as well as for the large 𝑄𝛽𝛽 energy that will
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reduce the background contamination. 150Nd is currently
considered as one of the best candidates to search for the 0]𝛽𝛽
decay in the planned experiments SNO+, SuperNEMO, and
DCBA.

The experimental information to constrain the calcula-
tions is not limited to the 2]𝛽𝛽 NMEs extracted from the
measured half-lives. We have also experimental information
on theGamow-Teller (GT) strength distributions of the single
branches connecting the initial and final ground states with
all the 𝐽𝜋 = 1+ states in the intermediate nucleus. The GT
strength distributions have been measured in both directions
from (p, n) and (n, p) charge-exchange reactions (CER) and
more recently from high-resolution reactions, such as (d,
2He), (3He, t), and (t, 3He) that allowus to explore in detail the
low-energy structure of the GT nuclear response in double-
𝛽 decay partners [32–41]. In some instances there is also
experimental information on the log(𝑓𝑡) values of the decay
of the intermediate nuclei.

Nuclear structure calculations are also constrained by
the experimental occupation probabilities of neutrons and
protons of the relevant single-particle levels involved in the
double-𝛽 decay process. In particular, the occupation prob-
abilities of the valence shells 1𝑝3/2, 1𝑝1/2, 0𝑓5/2, and 0𝑔9/2
for neutrons in 76Ge and for protons in 76Se have been
measured in [42] and [43], respectively. The implications of
these measurements on the double-𝛽 decay NMEs have been
studied in [44–47].

In this paper we explore the possibility of describing all
the experimental information available on the GT nuclear
response within a formalism based on a deformed QRPA
approach built on top of a deformed self-consistent Skyrme
Hartree-Fock calculation [48–51]. This information includes
global properties about the GT resonance, such as its location
and total strength, a more detailed description of the low-
lying excitations, and 2]𝛽𝛽 decay NMEs. The study includes
the decays 76Ge → 76Se, 116Cd → 116Sn, 128Te → 128Xe,
130Te → 130Xe, and 150Nd → 150Sm. This selection is moti-
vated by recent high-resolution CER experiments performed
for 76Ge(3He, t)76As [39], 76Se(d, 2He)76As [37], 128,130Te(3He,
t)128,130I [41], 116Cd(p,n)116In, and 116Sn(n,p)116In [40], as
well as for 150Nd(3He, t)150Pm, and 150Sm(t, 3He)150Pm [38].
We also discuss on these examples the validity of the single-
state dominance (SSD) hypothesis [52] and the extended low-
lying-state dominance (LLSD) that includes the contribution
of the low-lying excited states in the intermediate nuclei to
account for the double-𝛽 decay rates.

The paper is organized as follows: In Section 2, we present
a short introduction to the theoretical approach used in this
work to describe the energy distribution of the GT strength.
We also present the basic expressions of the 2]𝛽𝛽 decay. In
Section 3 we present the results obtained from our approach,
which are compared with the experimental data available.
Section 4 contains a summary and the main conclusions.

2. Theoretical Approach

The description of the deformed QRPA approach used in
this work is given elsewhere [22, 53–55]. Here we give only a

summary of the method. We start from a self-consistent de-
formed Hartree-Fock (HF) calculation with density-depend-
ent two-body Skyrme interactions. Time reversal symmetry
and axial deformation are assumed in the calculations [56].
Most of the results in this work are performed with the
Skyrme force SLy4 [57], which is one of the most widely
used and successful interactions. Results from other Skyrme
interactions have been studied elsewhere [48–51, 58] to check
the sensitivity of the GT nuclear response to the two-body
effective interaction.

In our approach, we expand the single-particlewave func-
tions in terms of an axially symmetric harmonic oscillator
basis in cylindrical coordinates, using twelve major shells.
This amounts to a basis size of 364, the total number of
independent (𝑁, 𝑛𝑧, 𝜆, Ω > 0) deformed HO states. Pairing is
included in BCS approximation by solving the corresponding
BCS equations for protons and neutrons after each HF
iteration. Fixed pairing gap parameters are determined from
the experimental mass differences between even and odd
nuclei. Besides the self-consistent HF+BCS solution, we also
explore the energy curves, that is, the energy as a function
of the quadrupole deformation 𝛽2, which are obtained from
constrained HF+BCS calculations.

The energy curves corresponding to the nuclei studied
can be found in [50, 51, 58]. The profiles of the energy curves
for 76Ge and 76Se exhibit two shallow local minima in the
prolate and oblate sectors.Theseminima are separated by rel-
atively low-energy barriers of about 1MeV. The equilibrium
deformation corresponds to 𝛽2 = 0.14 in 76Ge and 𝛽2 = 0.17
in 76Se.We get soft profiles for 116Cdwith aminimum at 𝛽2 =
0.25 and an almost flat curve in 116Sn between 𝛽2 = −0.15
and 𝛽2 = 0.25. We obtain almost spherical configurations in
the ground states of 128Te and 130Te. The energies differ less
than 300 keV between quadrupole deformations 𝛽2 = −0.05
and 𝛽2 = 0.1. On the other hand, for 128Xe and 130Xe we get
in both cases two energy minima corresponding to prolate
and oblate shapes, differing by less than 1MeV, with an energy
barrier of about 2MeV.The ground states correspond in both
cases to the prolate shapes with deformations around 𝛽2 =
0.15. For 150Nd and 150Sm we obtain two energy minima,
oblate and prolate, but with clear prolate ground states in both
cases at 𝛽2 = 0.30 and 𝛽2 = 0.25, respectively. We obtain
comparable results with other Skyrme forces. The relative
energies between the various minima can change somewhat
for different Skyrme forces [50, 51, 58], but the equilibrium
deformations are very close to each other changing at most
by a few percent.

After theHF+BCS calculation is performed, we introduce
separable spin-isospin residual interactions and solve the
QRPA equations in the deformed ground states to get GT
strength distributions and 2]𝛽𝛽 decay NMEs. The residual
force has both particle-hole (ph) and particle-particle (pp)
components. The repulsive ph force determines to a large
extent the structure of the GT resonance and its location. Its
coupling constant 𝜒GT

ph is usually taken to reproduce them
[53–55, 59–62]. We use 𝜒GT

ph = 3.0/𝐴0.7MeV. The attractive
pp part is basically a proton-neutron pairing interaction.
We also use a separable form [55, 60, 61] with a coupling
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constant 𝜅GTpp usually fitted to reproduce the experimental
half-lives [62]. We use in most of this work a fixed value
𝜅GTpp = 0.05MeV, although we will explore the dependence of
the 2]𝛽𝛽 NMEs on 𝜅GTpp in the next section. Earlier studies
on 150Nd and 150Sm carried out in [24, 63] using a deformed
QRPA formalism showed that the results obtained from
realistic nucleon-nucleon residual interactions based on the
Brueckner 𝐺 matrix for the CD-Bonn force produce results
in agreement with those obtained from schematic separable
forces similar to those used here.

The QRPA equations are solved following the lines de-
scribed in [53–55, 60, 61].Themethodwe use is as follows.We
first introduce the proton-neutron QRPA phonon operator

Γ+𝜔𝐾 = ∑
𝜋]

[𝑋𝜔𝐾𝜋] 𝛼+] 𝛼+𝜋 + 𝑌𝜔𝐾𝜋] 𝛼]𝛼𝜋] , (1)

where 𝛼+ and 𝛼 are quasiparticle creation and annihilation
operators, respectively. 𝜔𝐾 labels the RPA excited state and
its corresponding excitation energy, and𝑋𝜔𝐾𝜋] and 𝑌𝜔𝐾𝜋] are the
forward and backward phonon amplitudes, respectively. The

solution of the QRPA equations is obtained by solving first
a dispersion relation [55, 60, 61], which is of fourth order
in the excitation energies 𝜔𝐾. The GT transition amplitudes
connecting the QRPA ground state |0⟩ (Γ𝜔𝐾 |0⟩ = 0) to one
phonon states |𝜔𝐾⟩ (Γ+𝜔𝐾 |0⟩ = |𝜔𝐾⟩) are given in the intrinsic
frame by

⟨𝜔𝐾  𝜎𝐾𝑡± | 0⟩ = ∓𝑀𝜔𝐾± , (2)

where

𝑀𝜔𝐾− = ∑
𝜋]

(V]𝑢𝜋𝑋𝜔𝐾𝜋] + 𝑢]V𝜋𝑌𝜔𝐾𝜋] ) ⟨] | 𝜎𝐾 |𝜋⟩ ,

𝑀𝜔𝐾+ = ∑
𝜋]

(𝑢]V𝜋𝑋𝜔𝐾𝜋] + V]𝑢𝜋𝑌𝜔𝐾𝜋] ) ⟨] | 𝜎𝐾 |𝜋⟩ .
(3)

V],𝜋 (𝑢2],𝜋 = 1 − V2],𝜋) are the BCS occupation amplitudes for
neutrons and protons. Once the intrinsic amplitudes are
calculated, the GT strength𝐵(GT) in the laboratory frame for
a transition 𝐼𝑖𝐾𝑖(0+0) → 𝐼𝑓𝐾𝑓(1+𝐾) can be obtained as

𝐵𝜔 (GT±) = ∑
𝜔𝐾

[ ⟨𝜔𝐾=0  𝜎0𝑡± | 0⟩2 𝛿 (𝜔𝐾=0 − 𝜔) + 2 ⟨𝜔𝐾=1  𝜎1𝑡± | 0⟩2 𝛿 (𝜔𝐾=1 − 𝜔)] . (4)

To obtain this expression we have used the Bohr and Mot-
telson factorization [64, 65] to express the initial and final
nuclear states in the laboratory system in terms of the
intrinsic states. A quenching factor, 𝑞 = 𝑔𝐴/𝑔𝐴,bare = 0.79,
is applied to the weak axial-vector coupling constant and
included in the calculations. The physical reasons for this
quenching have been studied elsewhere [10, 66, 67] and
are related to the role of nonnucleonic degrees of freedom,
absent in the usual theoretical models, and to the limitations
of model space, many-nucleon configurations, and deep
correlations missing in these calculations. The implications
of this quenching on the description of single-𝛽 and double-
𝛽 decay observables have been considered in several works
[12, 30, 68–71], where both the effective value of 𝑔𝐴 and
the coupling strength of the residual interaction in the pp
channel are considered free parameters of the calculation.
It is found that very strong quenching values are needed
to reproduce simultaneously the observations corresponding
to the 2]𝛽𝛽 half-lives and to the single-𝛽 decay branches.
One should note however that the QRPA calculations that
require a strong quenching to fit the 2]𝛽𝛽 NMEs were
performed within a spherical formalism neglecting possible
effects from deformation degrees of freedom. Because the
main effect of deformation is a reduction of the NMEs,
deformed QRPA calculations shall demand less quenching to
fit the experiment.

Concerning the 2]𝛽𝛽 decay NMEs, the basic expressions
for this process, within the deformed QRPA formalism used
in this work, can be found in [21, 22, 72]. Deformation
effects on the 2]𝛽𝛽 NMEs have also been studied within the

projected Hartree-Fock-Bogoliubov model [27]. Attempts to
describe deformation effects on the 0]𝛽𝛽 decay within QRPA
models can also be found in [25, 73].

The half-life of the 2]𝛽𝛽 decay can be written as

[𝑇2]𝛽𝛽
1/2

(0+gs → 0+gs)]
−1

= (𝑔𝐴)4 𝐺2]𝛽𝛽
(𝑚𝑒𝑐

2)𝑀2]𝛽𝛽GT

2
,

(5)

where 𝐺2]𝛽𝛽 are the phase-space integrals [74, 75] and 𝑀2]𝛽𝛽GT
the nuclear matrix elements containing the nuclear structure
part involved in the 2]𝛽𝛽 process:

𝑀2]𝛽𝛽GT = ∑
𝐾=0,±1

∑
𝑚𝑖 ,𝑚𝑓

(−1)𝐾

⋅
⟨𝜔𝐾,𝑚𝑓 | 𝜔𝐾,𝑚𝑖⟩

𝐷 ⟨0𝑓
 𝜎−𝐾𝑡

−
𝜔𝐾,𝑚𝑓⟩ ⟨𝜔𝐾,𝑚𝑖

 𝜎𝐾𝑡
−  0𝑖⟩ .

(6)

In this equation |𝜔𝐾,𝑚𝑖⟩(|𝜔𝐾,𝑚𝑓⟩) are the QRPA intermediate
1+ states reached from the initial (final) nucleus. 𝑚𝑖 and 𝑚𝑓
are labels that classify the intermediate 1+ states that are
reached fromdifferent initial |0𝑖⟩ and final |0𝑓⟩ ground states.
The overlaps ⟨𝜔𝐾,𝑚𝑓 | 𝜔𝐾,𝑚𝑖⟩ take into account the non-
orthogonality of the intermediate states. Their expressions
can be found in [21]. The energy denominator 𝐷 involves
the energy of the emitted leptons, which is given on average
by (1/2)𝑄𝛽𝛽 + 𝑚𝑒, as well as the excitation energies of
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Table 1: Experimental 2]𝛽𝛽 decay half-lives 𝑇2]𝛽𝛽
1/2

from [9], phase-space factors 𝐺2]𝛽𝛽 from [74], and NMEs extracted from (5) taking bare
𝑔𝐴,bare = 1.273 and quenched 𝑔𝐴 = 1 factors.

76Ge 116Cd 128Te 130Te 150Nd
𝑇2]𝛽𝛽
1/2

(1021 yr) 1.65 ± 0.14 0.0287 ± 0.0013 2000 ± 300 0.69 ± 0.13 0.0082 ± 0.0009
𝐺2]𝛽𝛽 (10−21 yr−1) 48.17 2764 0.2688 1529 36430
𝑀2]𝛽𝛽𝐺𝑇 (MeV−1)

𝑔𝐴 = 1.273 0.136 0.136 0.052 0.037 0.070
𝑔𝐴 = 1 0.220 0.220 0.084 0.060 0.113

the intermediate nucleus. In terms of the QRPA excitation
energies the denominator can be written as

𝐷1 =
1
2 (𝜔𝑚𝑓𝐾 + 𝜔𝑚𝑖𝐾 ) , (7)

where 𝜔𝑚𝑖𝐾 (𝜔𝑚𝑓𝐾 ) is the QRPA excitation energy relative to
the initial (final) nucleus. It turns out that the NMEs are
quite sensitive to the values of the denominator, especially for
low-lying states, where the denominator takes smaller values.
Thus, it is a common practice to use some experimental
normalization of this denominator to improve the accuracy
of the NMEs. In this work we also consider the denominator
𝐷2, which is corrected with the experimental energy 𝜔1+1 of
the first 1+ state in the intermediate nucleus relative to the
mean ground-state energy of the initial and final nuclei, in
such a way that the experimental energy of the first 1+ state is
reproduced by the calculations:

𝐷2 =
1
2 [𝜔𝑚𝑓𝐾 + 𝜔𝑚𝑖𝐾 − (𝜔1𝑓𝐾 + 𝜔1𝑖𝐾)] + 𝜔1+1 . (8)

Running 2]𝛽𝛽 sums will be shown later for the two choices
of the denominator, 𝐷1 and 𝐷2. When the ground state in
the intermediate nucleus of the double-𝛽 decay partners is a
1+ state, the energy 𝜔1+1 is given by

𝜔1+1 = 1
2 (𝑄EC + 𝑄𝛽−)exp , (9)

where 𝑄EC and 𝑄𝛽− are the experimental energies of the
decays of the intermediate nucleus into the parent and daugh-
ter partners, respectively. This is the case of 116In and 128I,
which are both 1+ ground states. In the other cases, although
the ground states in the intermediate nuclei are not 1+ states,
the first 1+ excited states appear at a very low excitation
energy; 𝐸 = 0.086MeV in 76As [39], 𝐸 = 0.043MeV in 130I
[41], and 𝐸 = 0.11MeV in 150Pm [38]. Therefore, to a good
approximation we also determine 𝜔1+1 using (9).

The existing measurements for the 2]𝛽𝛽 decay half-lives
(𝑇2]𝛽𝛽
1/2

) have been recently analyzed in [9]. Adopted values
for such half-lives can be seen in Table 1. Using the phase-
space factors from the evaluation [74] that involves exact
Dirac wave functions including electron screening and finite
nuclear size effects, we obtain the experimental NMEs shown
in Table 1, for bare 𝑔𝐴,bare = 1.273 and quenched 𝑔𝐴 = 1
factors. It should be clear that the theoretical NMEs defined
in (6) do not depend on the 𝑔𝐴 factors. Hence, the values

obtained for the experimental NMEs extracted from the
experimental half-lives through (5) depend on the 𝑔𝐴 value
used in this equation.

3. Results

3.1. Gamow-Teller Strength Distributions. The energy distri-
butions of the GT strength obtained from our formalism are
displayed in Figures 1 and 2. Figure 1 contains the 𝐵(GT−)
strength distributions for 76Ge, 116Cd, 128Te, 130Te, and 150Nd.
The theoretical curves correspond to the calculated distri-
butions folded with 1MeV width Breit-Wigner functions,
in such a way that the discrete spectra obtained in the
calculations appear now as continuous curves. They give the
GT strength perMeV and the area below the curves in a given
energy interval gives us directly the GT strength contained
in that energy interval. We compare our QRPA results from
SLy4 obtained with the self-consistent deformations with the
experimental strengths extracted from CERs [34, 38, 40]. In
the cases of 76Ge, 128Te, and 130Te, the data from [34] includes
the total GT measured strength of the resonances and their
energy location. Namely, 𝐵(GT) = 12.43 at 𝐸 = 11.13MeV in
76Ge, 𝐵(GT) = 34.24 at 𝐸 = 13.14MeV in 128Te, and 𝐵(GT)
= 38.46 at 𝐸 = 13.59MeV in 130Te. We have folded these
strengths with the same functions used for the calculations
to facilitate the comparison. They can be seen with dashed
lines in Figure 1.

Figure 2 contains the 𝐵(GT+) strength distributions cor-
responding to 76Se, 116Sn, 128Xe, 130Xe, and 150Sm.TheQRPA
results folded with the same 1MeV width Breit-Wigner func-
tions are comparedwith the experimental strengths extracted
from CERs [35–38, 40]. On the other hand, Figures 3 and 4
contain the accumulated GT strength in the low excitation
energy. Figure 3 contains the same cases as in Figure 1 with
additional high-resolution data from [39] for 76Ge and from
[41] for 128,130Te. Figure 4 contains the same cases as in
Figure 2, but as accumulated strengths in the low-energy
range.

One should notice that the measured strength extracted
from the cross sections contains two types of contributions
that cannot be disentangled, namely, GT (𝜎𝑡± operator) and
isovector spin monopole (IVSM) (𝑟2𝜎𝑡± operator). Thus, the
measured strength corresponds actually to 𝐵(GT+IVSM).
Different theoretical calculations evaluating the contribu-
tions from both GT and IVSM modes are available in the
literature [38, 40, 76–78]. The general conclusion tells us
that in the (p, n) direction the strength distribution below
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Figure 1: Experimental 𝐵(GT−) from CERs [34, 38, 40] in 76Ge,
116Cd, 128Te, 130Te, and 150Nd plotted versus the excitation energy of
the daughter nuclei are compared with folded SLy4-QRPA calcula-
tions (see text).
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20MeV is mostly caused by the GT component, although
nonnegligible contributions from IVSM components are
found between 10 and 20MeV. Above 20MeV, there is no
significant GT strength in the calculations. In the (n, p)
direction the GT strength is expected to be strongly Pauli
blocked in nuclei with more neutrons than protons and
therefore the measured strength is mostly due to the IVSM
resonance. Nevertheless, the strength found in low-lying
isolated peaks is associated with GT transitions because the
continuous tail of the IVSM resonance is very small at these
energies and is not expected to exhibit any peak. In summary,
the measured strength in the (p, n) direction can be safely
assigned to be GT in the low-energy range below 10MeV
and with some reservations between 10 and 20MeV. Beyond
20MeV the strength would be practically due to IVSM. On
the other hand, the measured strength in the (n, p) direction
would be due to IVSM transitions, except in the low-lying
excitation energy below 2-3MeV, where the isolated peaks
observed can be attributed to GT strength. This is the reason
why we plot experimental data in Figure 4 only up to 3MeV.

In general terms, we reproduce fairly well the global
properties of the GT strength distributions, including the
location of the GT− resonance and the total strength mea-
sured (see Figure 1). In the (n, p) direction, the GT+ strength
is strongly suppressed (compare the vertical scales in Figures
1 and 2). As expected, a strong suppression of GT+ takes
place in nuclei with a large neutron excess. The experimental
information on GT+ strengths is mainly limited to the low-
energy region and it is fairly well reproduced by the cal-
culations.The accumulated strengths in the low-energy range
shown in Figures 3 and 4 show more clearly the degree of
accuracy achieved by the calculations. Although a detailed
spectroscopy is beyond the capabilities of our model and the
isolated transitions are not well reproduced by our calcula-
tions, the overall agreement with the total strength contained
in this reduced energy interval, as well as with the profiles
of the accumulated strength distributions, is satisfactory.
In general, the experimental 𝐵(GT−) shows spectra more
fragmented than the calculated ones, but the total strength
up to 3MeV is well reproduced with the only exception of
116Cd, where we obtain less strength than observed.The total
measured 𝐵(GT+) strength up to 3MeV is especially well
reproduced in the case of 150Sm, whereas it is somewhat
underestimated in 76Se and overestimated in 116Sn.

We can see in Figures 3 and 4 with blue dots the 𝐵(GT)
values extracted from the decays of the intermediate 1+ nuclei
116In and 128I. They can be compared with experimental
results extracted from CERs, as well as with the theoretical
calculations. The electron capture experiment on 116In [79]
gives 𝑓𝑡 = 2.84×104 s with a corresponding strength 𝐵(GT−)
= 0.402. The 𝛽− decay yields 𝐵(GT−) = 0.256 [36]. The decay
of 128I yields 𝐵(GT−) = 0.087 and 𝐵(GT+) = 0.079 [41]. The
sensitivity of these distributions to the effective interactions
and to nuclear deformation was discussed in previous works
[22, 48, 49, 51, 58, 72]. Different calculations [21, 24, 68, 78, 80]
based also on QRPA formalisms with different degrees of
sophistication agree qualitatively in the description of the
single 𝛽 branches of double-𝛽 decay partners.

3.2. Double-𝛽 Decay. It is well known that the 2]𝛽𝛽 NMEs
are very sensitive to the residual interactions, as well as to
differences in deformation between initial and final nuclei
[21, 22]. We show in Figure 5 the NMEs calculated with the
self-consistent deformations as a function of the pp coupling
constant of the residual force for the decays of 76Ge, 116Cd,
128Te, 130Te, and 150Nd. The shaded bands correspond to the
experimental NMEs extracted from the measured 2]𝛽𝛽 half-
lives. For each nucleus the band is delimited by the lower
and upper values obtained using bare (𝑔𝐴 = 1.273) and
quenched values, respectively (see Table 1). Results obtained
with the energy denominator 𝐷1 are displayed with solid
lines, whereas results obtained with 𝐷2 are shown with
dashed lines. 𝐷2 denominators produce in all cases larger
NMEs than 𝐷1. We can see that the experimental NMEs
contained in the shaded region are reproduced within some
windows of the parameter 𝜅GTpp . It is not our purpose here to
get the best fit or the optimum value of 𝜅GTpp that reproduces
the experimental NMEs because this value will change by
changing 𝜒GT

ph or the underlying mean field structure. In this
work we take 𝜅GTpp = 0.05MeV as an approximate value that
reproduces reasonably well the experimental information on
both single 𝛽 branches and 2]𝛽𝛽 NMEs.

Figure 6 shows the running sums for the 2]𝛽𝛽 NMEs
calculated with 𝜅GTpp = 0.05MeV. These are the partial contri-
butions to the NMEs of all the 1+ states in the intermediate
nucleus up to a given energy. Obviously, the final values
reached by the calculations at 20MeV in Figure 6 correspond
to the values in Figure 5 at 𝜅GTpp = 0.05MeV.The final values of
the running sums for other 𝜅GTpp can be estimated by looking at
the corresponding 𝜅GTpp values in Figure 5. As in the previous
figure, we also show the results obtained with denominators
𝐷1 (solid) and 𝐷2 (dashed). The main difference between
them is originated at low excitation energies, where the
relative effect of using shifted energies is enhanced.The effect
at larger energies is negligible andwe get a constant difference
between 𝐷1 and 𝐷2, which is the difference accumulated
in the first few MeV. The contribution to the 2]𝛽𝛽 NMEs
in the region between 10 and 15MeV that can be seen in
most cases is due to the GT resonances observed in Figure 1.
This contribution is small because of the joint effects of large
energy denominators in (6) and the mismatch between the
excitation energies of the GT− and GT+ resonances.

The running sums are very useful to discuss the extent
to which the single-state dominance hypothesis applies. This
hypothesis tells us that, to a large extent, the 2]𝛽𝛽 NMEs
will be given by the transition through the ground state of
the intermediate odd-odd nucleus in those cases where this
ground state is a 1+ state reachable by allowed GT transitions.
One important consequence of the SSD hypothesis would
be that the half-lives for 2]𝛽𝛽 decay could be extracted
accurately from simple experiments, such as single 𝛽− and
electron capture measurements of the intermediate nuclei
to the 0+ ground states of the neighbor even-even nuclei.
Theoretically, the SSD hypothesis would also imply an impor-
tant simplification of the calculations because, to describe
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the 2]𝛽𝛽 decay from ground state to ground state, only the
wave function of the 1+ ground state of the intermediate
nucleus would be needed. Because not all of the double-𝛽
decaying nuclei have 1+ ground states in the intermediate
nuclei (only 116In and 128I in the nuclei considered here), the
SSD condition is extended by considering the relative con-
tributions of the low-lying excited states in the intermediate
nuclei to the total 2]𝛽𝛽NMEs.This is called low-lying-single-
state dominance [72] and can be studied in all 2]𝛽𝛽 nuclei.
From the results displayed in Figure 6 we cannot establish
clear evidences for SSD hypothesis from our calculations.
Nevertheless, it is also worth mentioning that our NMEs
calculated up to 5MeV already account for most of the total
NME calculated up to 20MeV.This result agrees qualitatively
with other results obtained in different QRPA calculations
[81–84].

The SSD hypothesis can be tested experimentally in the
decays of 116Cd and 128Te where the intermediate nuclei have
1+ ground states. By measuring the two decay branches of
116In and 128I, the log(𝑓𝑡) values of the ground state to ground
state (1+ → 0+) can be extracted. From these values one can
obtain the GT strength:

𝐵 (GT) = 3𝐴
𝑔2𝐴𝑓𝑡 , (10)

with 𝐴 = 6289 s [85]. Finally the 2]𝛽𝛽 NME within SSD is
evaluated as

𝑀2]𝛽𝛽GT (SSD) = [𝐵 (GT−) 𝐵 (GT+)]1/2

(𝑄𝛽− + 𝑄EC) /2

= 6𝐴
[𝑓𝑡EC]1/2 [𝑓𝑡𝛽−]

1/2 𝑔2𝐴 (𝑄𝛽− + 𝑄EC)
.

(11)

One can also determine the 2]𝛽𝛽 NME running sums
using the experimental 𝐵(GT) extracted from CERs and
using the same phases for the matrix elements if one can
establish a one-to-one correspondence between the interme-
diate states reached from parent and daughter. Then, one can
construct the 2]𝛽𝛽 NMEs from the measured GT strengths
and energies in the CERs in the parent and daughter partners:

𝑀2]𝛽𝛽GT (LLSD) = ∑
𝑚

[𝐵𝑚 (GT+) 𝐵𝑚 (GT−)]1/2

𝐸𝑚 + (𝑄𝛽− + 𝑄EC) /2
, (12)

where 𝐸𝑚 is the excitation energy of the 𝑚th 1+ state relative
to the ground state of the intermediate nucleus. Experimental
2]𝛽𝛽 NMEs running sums have been determined along this
line using experimental 𝐵(GT) fromCERs in [39] for 76Ge, in
[40] for 116Cd, and in [38] for 150Nd. In the case of 128,130Te
they have not been determined because of the lack of data in
the (n, p) direction. They can be seen in Figure 6 under the
label expCER.

In the case of 76Ge, the 2]𝛽𝛽 NMEs are constructed by
combining the GT− data from 76Ge(3He, t)76As [39] with
those for GT+ transitions from 76Se(d, 2He)76As [37]. A

large fragmentation of the GT strength was found in the
experiment, not only at high excitation energies, but also at
low excitation energy, which is rather unusual. In addition,
a lack of correlation between the GT excitation energies
from the two different branches was also observed. Thus, for
the evaluation of the 2]𝛽𝛽 NMEs a one-to-one connection
between the 𝐵(GT−) and 𝐵(GT+) transitions leading to
the excited state in the intermediate nucleus needs to be
established. In particular, since the spectra from the two
CER experiments had rather different energy resolutions,
the strength was accumulated in similar bins to evaluate the
2]𝛽𝛽 NMEs [39]. The summed matrix element amounted to
0.186MeV−1 up to an excitation energy of 2.22MeV.

In the case of 116Cd, 116Cd(p, n)116In and 116Sn(n, p)116In
[40] CERs were used to evaluate the LLSD 2]𝛽𝛽 NMEs. The
running sum starts at 0.14MeV−1 at zero excitation energy
and reaches a value of 0.31MeV−1 at 3MeV excitation energy.
The value at zero energy can be compared with the value
obtained by using the 𝑓𝑡-values of the decay in 116In men-
tioned above. The value constructed in this way amounts to
NME(SSD) = 0.168MeV−1 [79]. In the case of 128Te and 130Te
the lack of experimental information in the GT+ direction
prevents us from evaluating the experimental LLSD esti-
mates. However, an estimate of 𝑀2]𝛽𝛽GT (SSD) = 0.019MeV−1

in 128Te can be obtained from the log(𝑓𝑡) values of the
decay in 128I. Finally, in the case of 150Nd, although the
intermediate nucleus 150Pm is not a 1+ state, assuming that
the excited 1+ state at 0.11MeV excitation energy observed
in 150Nd(3He, t)150Pm corresponds to all the GT strength
measured between 50 keV and 250 keV in the reaction
150Sm(t, 3He)150Pm, one obtains an estimate for the SSD
𝑀2]𝛽𝛽GT (SSD) = 0.028MeV−1 [38]. Extending the running sum
by associating the corresponding GT strengths bins from
the reactions in both directions and assuming a coherent
addition of all the bins, one gets 𝑀2]𝛽𝛽GT (SSD) = 0.13MeV−1
[38] up to an excitation energy in the intermediate nucleus
of 3MeV. This experimental running sum is included in
Figure 6. In all the cases, the experimental running sum is
larger than the calculations and tends to be larger than the
experimental values extracted from the half-lives. However,
one should always keep inmind that the present experimental
LLSD estimates are indeed upper limits because the phases
of the NMEs are considered always positive. Although the
present calculations favor coherent phases in the low-energy
region, the phases could change depending on the theoretical
model. In particular the sensitivity of these phases to the pp
residual interaction has been studied in [63].

4. Summary and Conclusions

In summary, using a theoretical approach based on a
deformed HF+BCS+QRPA calculation with effective Skyrme
interactions, pairing correlations, and spin-isospin residual
separable forces in the ph and pp channels, we have studied
simultaneously the GT strength distributions of the double-
𝛽 decay partners (76Ge, 76Se), (116Cd, 116Sn), (128Te, 128Xe),
(130Te, 130Xe), and (150Nd, 150Sm) reaching the intermediate
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nuclei 76As, 116In, 128I, 130I, and 150Pm, respectively, as well
as their 2]𝛽𝛽 NMEs. In this work we use reasonable choices
for the two-body effective interaction, residual interactions,
deformations, and quenching factors. The sensitivity of the
results to the various ingredients in the theoretical model was
discussed elsewhere.

Our results for the energy distributions of theGT strength
have been compared with recent data from CERs, whereas
the calculated 2]𝛽𝛽 NMEs have been compared with the
experimental values extracted from the measured half-lives
for these processes, aswell aswith the running sums extracted
from CERs.

The theoretical approach used in this work has been
demonstrated to be well suited to account for the rich variety
of experimental information available on the nuclear GT
response. The global properties of the energy distributions
of the GT strength and the 2]𝛽𝛽 NMEs are well reproduced,
with the exception of a detailed description of the low-lying
GT strength distributions that could clearly be improved.The
2]𝛽𝛽 NMEs extracted from the experimental half-lives are
also reproduced by the calculationswith some overestimation
(underestimation) in the case of 116Cd (128Te).

We have also upgraded the theoretical analysis of SSD
and LLSDhypotheses andwe have compared our calculations
with the experimental running sums obtained by considering
recent measurements from CERs and decays of the interme-
diate nuclei.

It will be interesting in the future to extend these
calculations by including all the double-𝛽 decay candidates
and to explore systematically the potential of this method.
It will be also interesting to explore the consequences of the
isospin symmetry restoration, as it was investigated in [86]. In
HF+BCS andQRPA neither the ground states nor the excited
states are isospin eigenstates, but the expectation values of the
𝑇𝑧 operator are conserved.This implies that in the𝐵(GT−) the
transition operator connects states with a given expectation
value of 𝑇𝑧 = (𝑁 − 𝑍)/2 to states with expectation value of
𝑇𝑧 = (𝑁 − 𝑍)/2 − 1.
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We revisit the computation of the phase space factors (PSF) involved in the positron decay and EC processes for a large number
of nuclei of experimental interest. To obtain the electron/positron wave functions, we develop a code for solving accurately the
Dirac equation with a nuclear potential derived from a realistic proton density distribution in the nucleus. The finite nuclear size
(FNS) and screening effects are included through recipes which differ from those used in previous calculations. Comparing our
results with previous calculations, performed with the same𝑄-values, we find a close agreement for positron decays, while, for the
EC process, there are relevant differences. For the EC process, we also find that the screening effect has a notable influence on the
computed PSF values especially for light nuclei. Further, we recomputed the same PSF values but using the most recent 𝑄-values
reported in literature. In several cases, the new 𝑄-values differ significantly from the older ones, leading to large differences in the
PSF values as compared with previous results. Our new PSF values can contribute to more reliable calculations of the beta-decay
rates, used in the study of nuclei far from the stability line and stellar evolution.

1. Introduction

The phase space factors for beta decay and electron capture
were calculated since a long time [1–3] and were considered
to be evaluated with sufficient accuracy. However, in those
works, the distortion of the electron wave functions (w.f.)
by the Coulomb field of the nucleus was taken into account
through Fermi functions which were expressed in terms of
approximate radial solutions of the Dirac equation at the
nuclear surface. Also, other corrections were introduced in
the calculations in approximate ways. Thus, the screening
effect on 𝛽 spectrum was included by various recipes, for
example, by replacing 𝑉(𝑍) potential with a momentum
dependent screening (for low energy positrons) [3] and by
modifying the electron radial w.f. [4, 5]. Also, the finite size
of the nucleus (FNS) was taken into account by adding to the
Fermi functions obtained in the “point-nucleus” approxima-
tion corrections that depend on𝛽-particle energy andnuclear
charge𝑍 [6, 7]. Also, for the nuclear radius, older formula has

been used [3, 8]. For the EC process, the electron bound-state
radial w.f. were also obtained as approximate solution of the
Dirac equation evaluated at the nuclear surface. They were
improved by including exchange and overlap corrections,
which were obtained within a relativistic HF approach.

In this work, we revisit the computation of the PSF
involved in the positron decay and electron capture (EC)
processes for light and heavy nuclei of experimental interest.
The Dirac equation is solved numerically with a Coulomb
potential derived from a realistic proton distribution in the
nucleus which includes the FNS correction. The numerical
procedure follows the power series method described in [9]
and is similar to that described in [10, 11]. The screening
effect was introduced by using a screened Coulomb potential,
obtained by multiplying the Coulomb potential by function𝜙(𝑥), solution of the Thomas-Fermi equation obtained by
the Majorana method [12]. The accuracy imposed in our
numerical algorithms used to solve the Dirac equation always
exceeds the convergence criteria given in those references.
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Also, a more efficient procedure to identify the electron
bound states without ambiguity was developed.

In order to make a comparison between the actual PSF
values found in literature and ours, the same PSF are also
computed with the approach described in [2, 3] and using the
same 𝑄-values. For positron decays, our results are in close
agreement with the other previous results, while, for the EC
process, we found significant differences. For these processes,
we also find that the screening effect has a notable influence
on the computed PSF values for light nuclei. Further, we
recomputed the same PSF values using updated 𝑄-values,
reported recently in literature [13, 14], which, for several
light nuclei, differ significantly from the older ones. As an
example we cite the maximum 𝛽-particle energy (referred to
as 𝑊0 throughout this paper) stated in Table 2 of [15]. These𝑊0-values differ considerably from those given in [13, 14].
One reason for this big difference could be that Wilkinson
and Macefield, in order to compare their calculation with
those performed earlier by Towner and Hardy [16], restricted
their phase space to only pure Fermi transitions. In other
words, the Gamow-Teller window was not accessed in phase
space calculation of [15]. Thus, in this paper, we propose
new PSF values computed with a more accurate method
and using updated 𝑄-values, for a large number of nuclei
of experimental interest. Our calculations can be useful for
more reliable computation of the beta-decay rates of nuclei
far from the stability line, as well as for better understanding
of the stellar evolution.

Our work is further motivated by similar calculations
done for the double beta-decay (DBD) process. The PSF for
DBD were also considered for a long time to be computed
with enough accuracy and were used as such for predicting
DBD lifetimes. However, recently, they were recalculated
with improved methods, especially for positron and EC
decay modes [17, 18], and several differences were found
as compared to previous calculations where approximate
electron/positron w.f. were used.

The paper is organized as follows. In Section 2, we present
briefly the two approaches used to compute our PSF values.
Our results are reported in Section 3. Here, we compare
themwith experimental data and previous results and discuss
the differences. Finally, we summarize the main points and
present our conclusions in Section 4.

2. Formalism

Following essentially the formalism from [3], we give here the
necessary equations which we use to calculate the PSF.

2.1. Phase Space Factors for 𝛽+ Transitions. The probability
per unit time that a nucleus with atomic mass 𝐴 and charge𝑍 decays for an allowed 𝛽-branch is given by

𝜆0 = 𝑔22𝜋3 ∫𝑊01 𝑝𝑊(𝑊0 −𝑊)2 𝑆0 (𝑍,𝑊) 𝑑𝑊, (1)

where 𝑔 is the weak interaction coupling constant, 𝑝 is the
momentum of 𝛽-particle,𝑊 = √𝑝2 + 1 is the total energy of

𝛽-particle, and 𝑊0 is the maximum 𝛽-particle energy. 𝑊0 =𝑄 − 1, in 𝛽+ decay (𝑄 is the mass difference between initial
and final states of neutral atoms). Equation (1) is written in
natural units (ℏ = 𝑚 = 𝑐 = 1) so that the unit of momentum
is𝑚𝑐, the unit of energy is𝑚𝑐2, and the unit of time is ℏ/𝑚𝑐2.
Shape factors 𝑆0(𝑍,𝑊) for allowed transitions which appear
in (1) are defined as𝑆0 (𝑍,𝑊) = 𝜆1 (𝑍,𝑊) 𝑀0,12 , (2)

where 𝑀0,1 are the nuclear matrix elements and the Fermi
functions 𝜆1(𝑍,𝑊). Thus, for calculating the 𝛽+ decay rates,
one needs to calculate the nuclear matrix elements and the
PSF that can be defined as𝐹BP = ∫𝑊0

1
𝑝𝑊(𝑊0 −𝑊)2 𝜆1 (𝑊) 𝑑𝑊. (3)

For the allowed 𝛽 decays, the Fermi functions are
expressed as

𝜆1 (𝑍,𝑊) = 𝑔2−1 + 𝑓212𝑝2 , (4)

where 𝑔−1(𝑍,𝑊) and 𝑓1(𝑍,𝑊) are the large and the small
radial components of the positron radial wave functions
evaluated at nuclear radius 𝑅 which can be obtained by
solving the Dirac equation:𝑑𝑑𝑟 (𝑔𝜅 (𝑊, 𝑟)𝑓𝜅 (𝑊, 𝑟))

= ( −𝜅𝑟 (𝑊 + 𝑉 + 1)− (𝑊 + 𝑉 + 1) −𝜅𝑟 )(𝑔𝜅 (𝑊, 𝑟)𝑓𝜅 (𝑊, 𝑟)) , (5)

where 𝑉 is the central potential for the positron and 𝜅 = (𝑙 −𝑗)(2𝑗+1) is the relativistic quantum number.We note that (5)
is also written in natural units.

An important step in the PSF calculation for 𝛽+ decay
is the method of obtaining the positron continuum radial
functions. For this, we develop a new method (code) of
solving theDirac equation,which is adapted from themethod
used previously for the computation of PSF for DBD process
[18, 20].

We solved (5) in a nuclear potential 𝑉(𝑟) derived from
a realistic proton density distribution in the nucleus. This
is done by solving the Schrodinger equation with a Woods-
Saxon potential. In this case,

𝑉 (𝑍, 𝑟) = 𝛼ℏ𝑐∫ 𝜌𝑒 (→𝑟) ⃗𝑟 − →𝑟  𝑑
→𝑟 , (6)

where the charge density is𝜌𝑒 ( ⃗𝑟) = ∑
𝑖

(2𝑗𝑖 + 1) V2𝑖 Ψ𝑖 ( ⃗𝑟)2 , (7)
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Figure 1: (a) Electron density on the nuclear surface of 1𝑠1/2 state as a function of the atomic number of the parent nucleus. The values
calculated with screening are displayed with filled circles and those without screening are plotted with empty symbols. The dashed lines
are given to guide the eye. (b) Calculated PSF for EC as a function of the mass number of the parent nucleus. The filled circles display the
calculation with screening, while the empty ones the calculation without screening.

where Ψ𝑖 is the proton (Woods-Saxon) w.f. of the spherical
single particle state 𝑖 and V𝑖 is its occupation amplitude. Factor(2𝑗𝑖 + 1) reflects the spin degeneracy.

The screening effect is taken into account by multiplying
the expression of 𝑉(𝑟) with function 𝜙(𝑟), which is the
solution of theThomas-Fermi equation: 𝑑2𝜙/𝑑𝑥2 = 𝜙3/2/√𝑥,
with 𝑥 = 𝑟/𝑏, 𝑏 ≈ 0.8853𝑎0𝑍−1/3 and 𝑎0 = Bohr radius. It is
calculated within the Majorana method [12]. The boundary
conditions are 𝜙(0) = 1 and 𝜙(∞) = 0. As mentioned
above, the screening effect is taken into account by a method
developed in [12]. The possible ways in which the screening
function modifies the Coulomb potential depend on the
specific mechanism and its boundary conditions.

For the case of 𝛽+-decay process, the potential used to
obtain the electron w.f. is

𝑟𝑉𝛽+ (𝑍, 𝑟) = (𝑟𝑉 (𝑍, 𝑟) + 1) × 𝜙 (𝑟) − 1 (8)

to take into account the fact that 𝛽 decay releases a final
negative ion with charge −1. 𝑉(𝑍, 𝑟) is positive. In our
approach, we considered the solution of the Thomas-Fermi
equation as a universal function, giving an effective screening.
Here, product 𝛼ℏ𝑐 = 1, for atomic units. The asymptotic
potential between an positron and an ionized atom is 𝑟𝑉𝛽+ =−1. In this case, the charge number 𝑍 = 𝑍0 − 1 corresponds
to the daughter nucleus, 𝑍0 being the charge number of the
parent nucleus. Asymptotically, 𝜙(𝑟) tends to zero.

In this case, the radial solutions of the Dirac equations
should be normalized in order to have the following asymp-
totic behavior:

(𝑔𝑘 (𝜖, 𝑟)𝑓𝑘 (𝜖, 𝑟)) ∼ ℏ𝑒−𝑖𝛿𝑘𝑝𝑟
⋅(√𝜖 + 𝑚𝑒𝑐22𝜖 sin(𝑘𝑟 − 𝑙𝜋2 − 𝜂 ln (2𝑘𝑟) + 𝛿𝑘)√ 𝜖 − 𝑚𝑒𝑐22𝜖 cos(𝑘𝑟 − 𝑙𝜋2 − 𝜂 ln (2𝑘𝑟) + 𝛿𝑘)), (9)

where 𝑐 is the speed of the light, 𝑚𝑒/𝜖 are the electron
mass/energy, 𝑘 = 𝑝/ℏ is the electron wave number, 𝜂 =𝑍𝑒2/ℏV (with 𝑍 = ±𝑍 for 𝛽∓ decays) is the Sommerfeld
parameter, 𝛿𝜅 is the phase shift, and 𝑉 is the Coulomb
interaction energy between the electron and the daughter
nucleus.

On the other side, we also calculated the PSF for positron
decays with the method described in [3]. 𝑔𝑘 and 𝑓𝑘 func-
tions were calculated by solving the Dirac equation for a
point-nucleus unscreened Coulomb potential, for which the
equation has analytical solutions. The finite nuclear size
and screening effects were introduced as corrections, after
the recipe described in [3]. The finite-size correction was
introduced bymeans of an empirical deviation that depended
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on atomic mass 𝑍 and energy 𝑊 [6, 7]. The screening
correction was given by the following replacement [4, 5]:𝑔2−1 (𝑍,𝑊) → 𝑝𝑊𝑝𝑊𝑔2−1 (𝑍,𝑊) ,

𝑓2−1 (𝑍,𝑊) → 𝑝𝑊𝑝𝑊𝑓21 (𝑍,𝑊) , (10)

where𝑊 = 𝑊+𝑉0, 𝑝 = √(𝑊)2 − 1 and 𝑉0 was taken as a𝑝-dependent screening potential. For further details of this
formalism, we refer to [3]. No electromagnetic corrections
were undertaken in this calculation of PSF.

2.2. Phase Space Factors for Electron Capture (EC). Electron
capture is always an alternate decay mode for radioactive
isotopes that do not have sufficient energy to decay by
positron emission. This is a process which competes with
positron decay. In order for electron capture leading to a
vacancy in, say, K-shell, the atomic mass difference between
initial and final states, 𝑄, must be greater than the binding
energy of K-shell electron in the daughter atom, 𝜖𝐾. The
energy carried off by the neutrino is then given by𝑞𝐾 = 𝑄 − 𝜖𝐾. (11)

If the energy requirement 𝑄 > 𝜖𝐾 is satisfied, electron
capture from K-shell is more probable than that from any
other shell because of the greater density at the nucleus of K-
shell electrons.The totalK-shell capture rate can be expressed
as 𝜆0EC,𝐾 = 𝜆0𝐾𝐵𝐾, (12)

where 𝜆0𝐾 = 𝑔2 𝑀0,124𝜋2 𝑞2𝐾𝑔2𝐾, (13)

where 𝑔2 is a constant (with dimensions of 𝑡−1), 𝑀0,1 are
specific combinations of nuclear matrix elements, 𝑔𝐾 is the
large component of the bound-state radial w.f. of the captured
K-shell electron (evaluated at the nuclear surface 𝑅𝐴), 𝑞𝐾 is
the neutrino energy in units of𝑚𝑐2, and 𝐵𝐾 is the “exchange”
correction factor for the K-shell. In analogy with (12), L-shell
total capture rate will be𝜆0EC,𝐿 𝑖 = 𝜆0𝐿 𝑖𝐵𝐿 𝑖 , (14)

where 𝐿 𝑖 denotes a particular L-subshell. The contribution
of 𝐿1 pertaining to 2𝑠1/2 orbital is the most important, so
we keep in our calculations only the contribution of this
subshell to the calculated our PSF. The expressions for 𝜆0𝐿1
can be obtained from (13) by the replacement of 𝑞𝐾, 𝑔𝐾 by𝑞𝐿1 , 𝑔𝐿1 . Electron capture from M-, N-, and higher shells
may be defined in a similar fashion, but they have negligible
contributions in comparison with K- and L-shells.

Hence, for an allowed transition, the PSF expression of
electron capture within the approximation stated above can
be written as𝐹𝐾,𝐿1EC = 𝜋2 (𝑞2𝐾𝑔2𝐾𝐵𝐾 + 𝑞2𝐿1𝑔2𝐿1𝐵𝐿1) . (15)

For 𝑞𝐾/𝐿1 quantities, we used the expression𝑞𝐾/𝐿1 = 𝑊EC − 𝜖𝐾/𝐿1 , (16)

where 𝑊EC is 𝑄 value of 𝛽+ decay in 𝑚𝑒𝑐2 units, 𝜖𝑖 are the
binding energies of 1𝑠1/2 and 2𝑠1/2 electron orbitals of the
parent nucleus, and 𝑔𝑖 are their radial densities on the nuclear
surface. 𝐵𝑖 ≈ 1 represent the values of the exchange correc-
tion. These are due to an imperfect overlap of the initial and
final atomic states caused by the one unit charge difference
[21]. In our method, we consider these exchange corrections
to be unity, for the nuclei considered, the estimated error in
doing that being under 1%. Relation𝑊0 = 𝑊EC − 1 holds.𝑔𝐾/𝐿1 are the electron bound states, solutions of the Dirac
equation (5), and correspond to eigenvalues 𝜖𝑛 (𝑛 is the radial
quantum number). Quantum number 𝜅 is related to total
angular momentum 𝑗𝜅 = |𝜅| − 1/2. These w.f. are normalized
such that ∫∞

0
[𝑔2𝑛,𝜅 (𝑟) + 𝑓2𝑛,𝜅 (𝑟)] 𝑑𝑟 = 1. (17)

For simplicity, we consider solutions of Dirac equations 𝑔𝑛,𝜅
and 𝑓𝑛,𝜅 that are divided by radial distance 𝑟. An asymptotic
solution is obtained bymeans of theWKB approximation and
by considering that potential 𝑉 is negligibly small:𝑓𝑛,𝜅𝑔𝑛,𝜅 = 𝑐ℏ𝜖 + 𝑚𝑒𝑐2 (𝑔𝑛,𝜅𝑔𝑛,𝜅 + 𝜅𝑟) , (18)

where 𝑔𝑛,𝜅𝑔𝑛,𝜅 = −12𝜇𝜇−1 − 𝜇, (19)

with 𝜇 = [𝜖 + 𝑚𝑒𝑐2ℏ2𝑐2 (𝑉 − 𝜖 + 𝑚𝑒𝑐2) + 𝜅2𝑟2 ]1/2 . (20)

In our calculations, we use number nodes 𝑛 = 0 and𝑛 = 1, for orbitals 1𝑠1/2 and 2𝑠1/2, respectively, 𝜅 being −1.
Numerically, the eigenvalues of the discrete spectrum are
obtained by matching two numerical solutions of the Dirac
equation: the inverse solution that starts from the asymptotic
conditions and the direct one that starts at 𝑟 = 0.

The radial density of the bound-state electron w.f. on the
nuclear surface is𝐷2𝑛,𝜅= 1(𝑚𝑒𝑐2)3 (ℏ𝑐𝑎0 )3 ( 𝑎0𝑅𝐴)2 [𝑔2𝑛,𝜅 (𝑅𝐴) + 𝑓2𝑛,𝜅 (𝑅𝐴)] , (21)

where 𝑅𝐴 = 1.2𝐴1/30 is given in fm, 𝑎0 being the Bohr radius.
For 1𝑠1/2 and 2𝑠1/2 electron orbitals, we use 𝑔2𝐾 = 𝐷20,−1 and𝑔2𝐿1 = 𝐷21,−1, respectively.

For the EC processes, the potential used to obtain the
electron w.f. reads𝑟𝑉EC (𝑍, 𝑟) = 𝑟𝑉 (𝑍, 𝑟) 𝜙 (𝑟) , (22)
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and charge number 𝑍 = 𝑍0 corresponds to the parent
nucleus. 𝑉(𝑍, 𝑟) is negative.

The numerical solutions of the Dirac equation were
obtained within the power series method of [9], by using
similar numerical algorithm as that of [10, 11]. The method is
able to provide numerical solutions of the Dirac equation for
central fields. We provide a grid with values of the potential
for different radial distances. The radial w.f. is expanded in
an infinite power series that depends on the radial increment
and the potential values. The w.f. is calculated step by step in
the mesh points. The increment and the number of terms in
the series expansion determine the accuracy of the solutions.
In our calculations, the increment interval is 10−4 fm and at
least 100 terms are taken into account in the series expansion.
These values exceed the convergence criteria of [10]. To
renormalize the numerical solutions, we made use of the
fact that, at very large distances, the behavior of the w.f.
must approach that of the Coulomb function. Therefore,
the amplitudes and the phase shifts can be extracted by
comparing the numerical solution and the analytical ones.
For discrete states, the asymptotic behavior of the w.f. gives
a guess for the inverse solutions. The eigenvalue is obtained
when the direct solutions and the inverse ones match each
other. We constructed an adequate procedure to find the
bound states of the electron up to an accuracy of 0.3 keV, or
lower, by searching solutions up to 130 keV binding energies.
In this range of energies, all the possible bound-state energies
are found. We calculated the solutions starting outward from𝑟 = 0 and inward from a very large value of radius 𝑟. The
bound states should be obtained when both solutions are
equal in an intermediate point, for the two components of the
wave function. We found these energies by interpolation. We
selected radial wave functions𝑓𝑛,𝜅 and𝑔𝑛,𝜅 that have the same
number of nodes 𝑛 = 0 or 1.

For the PSF computation, all integrals in (5) were per-
formed accurately with Gauss-Legendre quadrature in 32
points. We calculated up to 49 values of the radial functions
in Q value energy interval, that were interpolated with spline
functions.

We also calculated the PSF for EC process using (15) but
employing essentially the formalism adopted by [2]. Here, we
used the electron radial density (and density ratios) as given
in Table 2 of [2]. Exchange corrections were taken as unity.
Binding energies were also taken from the same reference.

3. Results and Discussion

We perform PSF computations for 𝛽+ decay and the EC
process with the method described in the previous section
that we call TW (this work), for a large number of nuclei of
experimental interest.

For 𝛽+ decays, we found previous PSF results computed
with approximate methods [15, 16], for sixteen nuclei of
astrophysical interest. In Table 1, we display the PSF values for
these nuclei calculated with our new method (TW) and, for
comparison, the values taken from [15, 16]. Also, we present
the PSF values computed by us using the recipe described
in [3]. All calculations were done with𝑊0 value indicated in

Table 1: Calculated phase space of 𝛽+-decay (BP) compared with
previous calculations. The value of maximum 𝛽-decay energy is
taken from [15] for pure Fermi transitions. The last two columns
show our calculated results.

Nucleus 𝑊0 [15] (MeV) 𝐹BP [16] 𝐹BP [15] 𝐹BP [TW] 𝐹BP [3]
10C 0.8884 2.361 2.361 2.325 2.326
14O 1.8098 43.398 43.378 42.822 42.814
18Ne 2.383 136.83 136.83 135.19 135.08
22Mg 3.109 427.02 426.88 422.19 421.51
26Al 3.211 483.84 483.68 478.3 477.43
26Si 3.817 1036.8 1035.9 1025.51 1023.059
30S 4.439 1990.2 1987.8 1969.24 1963.9
34Cl 4.468 2014.7 2013.4 1993.13 1987.4
34Ar 5.021 3388.3 3383.8 3351.58 3339.85
38K 5.028 3346.9 3344.9 3312.82 3300.54
38Ca 5.620 5515.9 5510.3 5457.95 5449
42Sc 5.409 4533.5 4531.7 4490.19 4462.21
42Ti 5.964 7025.4 7024.1 6934.9 6853.74
46V 6.032 7285.9 7284.2 7186.04 7091.9
50Mn 6.609 10818 10810 10492.76 10262
54Co 7.227 15956 15951 14988.470 14412.5

Table 2: Calculated phase space of 𝛽+-decay (BP) for heavy nuclei
compared with the ones we calculated using recipe of [3].

Nucleus 𝑊0 [19] (Mev) 𝐹BP [TW] 𝐹BP [3]
52Fe 1.3525 8.3403 8.4132
56Ni 1.1109 3.4439 3.5250
62Zn 0.5974 0.2344 0.2438
66Ga 4.153 1125.6442 1132.5483
76Br 3.9409 835.1982 843.3343
81Rb 1.2161 4.3222 6.8878
88Y 2.6006 120.2644 121.8624
90Nb 5.0893 2503.0555 2533.7049
102Cd 1.565 11.2214 11.5267
103In 5.0005 2100.3727 2136.0153
105Ag 0.325 0.0102 0.1127
107Sb 6.837 8528.5047 8931.8197
113Sb 2.8891 168.1487 172.0209
113Te 5.048 2124.1816 2165.2927
115I 4.7029 1517.2376 1549.2409
116I 6.7547 7913.1790 8272.0244
116Xe 3.235 352.3565 361.4082
120Ba 3.98 678.0918 705.0294
120Xe 0.5587 0.1047 0.1108
126Cs 3.7731 542.4653 563.8184
182Re 1.778 16.123 17.206
205Bi 1.6835 12.3984 13.4576

[15]. One can see that the agreement between TW results and
the other results is in general under 1%, except the last two
(heavy) nuclei where the differences reach ∼3%.

In Table 2, we display our computed PSF with the new
method for few heavy nuclei, for which we did not find
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Table 3: Calculated phase space factors 𝐹EC for electron capture (assuming exchange corrections to be equal to 1). The value of maximum𝛽-decay energy is taken from [15] for pure Fermi transitions. The electron densities, their ratios, and binding energies 𝜖 are also provided for
orbitals 1𝑠1/2 and 2𝑠1/2, including those given in [2]. Binding energies are given in units of keV.

Nucleus 𝑄𝛽+ (MeV) 𝑔2𝐾 [2] 𝑔2𝐾 [TW] 𝑔2𝐿1/𝑔2𝐾 [2] 𝑔2𝐿1/𝑔2𝐾 [TW] 𝜖𝐾 [2] 𝜖𝐾 [TW] 𝜖𝐿1 [2] 𝜖𝐿1 [TW] 𝐹𝐾,𝐿1EC [TW] 𝐹𝐾,𝐿1EC [2]
10C⋆ 1.9104 0.00031 0.00031 0.04930 0.02867 0.18790 0.62660 0.12600 0.01176 0.00703 0.00640
14O⋆ 2.83186 0.00075 0.00065 0.05640 0.04420 0.40160 1.03733 0.02440 0.03251 0.03297 0.03786
18Ne⋆ 3.405 0.00151 0.00118 0.05840 0.05794 0.68540 1.48302 0.03400 0.06659 0.08713 0.11005
22Mg⋆ 4.131 0.00268 0.00199 0.06660 0.06811 1.07210 2.11143 0.06330 0.15721 0.218 0.29060
26Al⋆ 4.2331 0.00344 0.00251 0.06990 0.07265 1.30500 2.40715 0.08940 0.14631 0.27558 0.39270
26Si⋆ 4.839 0.00435 0.00312 0.07290 0.07661 1.55960 2.74689 0.11770 0.18077 0.47240 0.65060
30S⋆ 5.461 0.00664 0.00467 0.07810 0.08342 2.14550 3.49498 0.18930 0.25934 0.90680 1.27140
34Cl⋆ 5.4908 0.00807 0.00563 0.08040 0.08628 2.47200 3.91749 0.22920 0.30899 1.10727 1.56600
34Ar⋆ 6.043 0.00970 0.00675 0.08240 0.08862 2.82240 4.33190 0.27020 0.36199 1.61130 2.28490
38K⋆ 6.05 0.01156 0.00802 0.08440 0.09079 3.20600 4.77984 0.32630 0.41921 1.92311 2.73480
38Ca⋆ 6.642 0.01367 0.00947 0.08620 0.09259 3.60740 5.25087 0.37710 0.48351 2.74237 3.90650
42Sc⋆ 6.4311 0.01600 0.01113 0.08790 0.09430 4.03810 5.73657 0.43780 0.54865 3.02434 4.28930
42Ti⋆ 6.986 0.01870 0.01300 0.08960 0.09579 4.49280 6.25222 0.50040 0.62068 4.17496 5.92320
46V⋆ 7.0543 0.02170 0.01512 0.09100 0.09699 4.96640 6.78377 0.56370 0.69826 4.95575 7.02120
50Mn⋆ 7.6311 0.02870 0.02016 0.09380 0.09920 5.98920 7.92722 0.69460 0.86703 7.74617 10.9103
52Fe 2.374 0.0328 0.0232 0.0950 0.0987 7.1120 8.5130 0.8461 0.958 0.859 1.2033
54Co⋆ 8.2498 0.03730 0.02651 0.09620 0.10077 7.11200 9.14731 0.84610 1.05584 11.91799 16.6144
56Ni 2.136 0.0423 0.0303 0.0974 0.1013 8.3328 9.7882 1.0081 1.158 0.907 1.2580
62Zn 1.626 0.0538 0.0390 0.0995 0.1025 9.6586 11.157 1.1936 1.380 0.675 0.9261
66Ga 5.175 0.0604 0.0410 0.1006 0.1029 10.3671 11.875 1.2977 1.498 7.80 10.613
76Br 4.963 0.0935 0.0704 0.1035 0.1048 13.4737 15.000 1.7820 2.021 11.45 15.162
81Rb 2.23815 0.1149 0.0883 0.1063 0.1080 15.1997 16.690 2.0651 2.263 9.069 11.744
88Y 3.6226 0.1402 0.1091 0.1080 0.1174 17.0384 18.450 2.3725 2.438 9.528 12.114
90Nb 6.111 0.170 0.1344 0.1098 0.1059 18.9856 20.421 2.6977 2.994 33.17 41.975
102Cd 2.587 0.319 0.2663 0.1159 0.1102 26.7112 28.044 4.0180 4.351 11.66 14.019
103In 6.050 0.348 0.2930 0.1168 0.1116 27.9399 29.232 4.2375 4.548 71.05 84.541
105Ag 1.345 0.293 0.2423 0.1150 0.1086 25.5140 26.864 3.8058 4.161 2.816 3.4256
107Sb 7.920 0.413 0.3526 0.1187 0.1096 30.4912 31.726 4.6983 5.095 146.5 172.43
113Sb 3.913 0.413 0.3516 0.1187 0.1096 30.4912 31.726 4.6983 5.095 35.38 41.804
113Te 6.070 0.449 0.3844 0.1196 0.1113 31.8138 33.041 4.9392 5.314 93.70 109.93
115I 5.729 0.488 0.4121 0.1205 0.1124 33.1694 34.345 5.1881 5.542 91.54 106.40
116I 7.780 0.488 0.4215 0.1205 0.1124 33.1694 34.345 5.1881 5.542 169.3 196.75
116Xe 4.450 0.529 0.4609 0.1215 0.1123 34.5644 35.705 5.4528 5.822 60.15 69.410
120Ba 5.00 0.623 0.5496 0.1234 0.1130 37.4406 38.514 5.9888 6.375 90.65 103.51
120Xe 1.617 0.529 0.4599 0.1215 0.1123 34.5644 35.705 5.4528 5.821 7.72 8.9482
126Cs 4.824 0.574 0.501 0.1224 0.112 35.9846 37.111 5.7143 6.128 76.88 88.697
182Re 2.800 2.69 2.593 0.1448 0.128 71.6764 72.491 12.5267 13.26 22.86 24.152
205Bi 2.708 4.88 4.837 0.1561 0.138 90.5259 91.373 16.2370 17.25 228.17 233.83

previous results. For comparison, we computed the same PSF
valueswith the recipe adopted from [3].𝑊0-valueswere taken
from [19] for both sets of calculations.We found a rather good
agreement between the two sets of results, with differences
within, generally, a few percent. There was one exception,
105Ag, where the difference was large (∼a factor 10). This is
a case where 𝑊0-value is very small (0.325MeV), and this
might make our numerical routine inaccurate at such small

values. However, this discrepancy may not be so significant,
as long as the calculated PSF value is small enough to have
little contribution to the corresponding beta-decay rates

In Table 3, we preset our results for EC for the same
set of nuclei. 𝑄-values for positron decay were taken from
[15] for nuclei marked with ⋆. For the rest of nuclei, 𝑄-
values were taken from [19]. Together with the PSF values
for EC, the electron densities, 𝑔𝐾,𝐿1 , their ratios, and binding
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energies 𝜖 for orbitals 1𝑠1/2 and 2𝑠1/2 are also given in Table 3.
We compare the results performed with the new method
(TW) with those calculated using the recipe of [2]. For these
transitions, the differences between the two sets of results are
significantly larger than for the positron decays, ranging from
a few percent to about a mammoth 35%. We attribute these
differences in the calculated PSF values mainly to electron
densities, 𝑔𝐾, whose values, calculated with the “old” and
“new” methods, differ significantly from each other. We also
checked the influence of the screening effect on the PSF
values. We found that while, for the positron decays, this
effect is very small, for the EC transitions, there are some
differences between the “screened” and “unscreened” PSF
values. Figure 1 shows this effect on the electron density, 𝑔𝐾,
and on the final PSF values. For small values of 𝑍, the results
without screening give PSF values that are 10–15% larger than
those listed in Table 3. For heavier nuclei, these differences
are only up to 2-3%. The screening effect in PSF calculation
is more important for light nuclei and leads to a decrease in
the PSF values up to 15%. Finally, in Table 4, we present PSF
values for EC transitions recomputed with updated 𝑄-values
taken from [13, 14]. We propose to use these new computed
values of PSF for calculation of 𝛽-decay rates.
4. Summary and Conclusion

In summary, we constructed a new code for computing PSF
values for positron decays and EC processes. In our approach,
we get positron-free and electron bound w.f. by solving a
Dirac equation with a Coulomb-type potential, obtained
from a realistic distribution of protons in the daughter nuclei.
The FNS and screening effects are addressed as well by our
new recipe. Using the same𝑄-values, we compare our results
with previous calculations where electron/positron w.f. were
obtained in an approximate way. For positron decays, the
agreement with older results is quite good, while, for EC
processes, the differences between “new” and “old” PSF
values are as big as 35%. We further found that the screening
effect is important for ECprocesses, especially for light nuclei,
having an impact up to 10–15% on the calculated PSF values.
Finally, using our newmethod, we recomputed the PSF for all
nuclei using updated𝑄-values.We hope that these computed
PSF values will prove useful in more accurate estimations of
the beta-decay rates. We are currently working on the impact
of newly computed PSF values on𝛽-decay half-lives and hope
to report our findings in the near future.

Finally, we mention that our numerical formalism for
getting exact electron/positron w.f. for free and bound states
is also suited for the treatment of other charged leptons, such
as muons, for example, in any central field. So, it can be
also used in applications such as the calculation of muon
conversion capture rates. In this respect, there are works
where the exact muon w.f. are obtained by solving the Dirac
equation in a Coulomb-like potential, within the context of
genetic algorithms and neural network techniques [22–24].
Within thismethod, one can also take into account deviations
from a pure central Coulomb field by using experimental
finite-size charge densities for the attracting nucleons, a
procedure which differs from that described in this work.

Table 4: Calculated phase space factors 𝐹EC for electron capture,
with 𝑄-values from [13, 14].

Nucleus 𝑄EC [13, 14]
(MeV) 𝐹EC [TW] 𝐹EC [2] 𝐹BP [TW] 𝐹BP [3]

10C 3.64613 0.07318 2.33265 226.780 226.834
14O 5.14131 0.21794 0.12483 1644.76 1643.41
18Ne 4.44215 0.27831 0.18733 677.970 677.912
22Mg 4.77904 0.61616 0.39020 995.887 995.685
26Al 4.00231 0.62642 0.35240 343.398 343.658
26Si 5.06645 0.51788 0.71694 1339.344 1339.30
30S 6.13834 1.14585 1.61931 3805.276 3803.16
34Cl 5.48869 1.10642 1.57889 1994.797 1995.09
34Ar 6.05858 1.61963 2.31915 3410.133 3409.96
38K 5.91093 1.83565 2.64042 2917.839 2918.62
38Ca 6.73867 2.82284 4.07367 5924.355 5929.26
42Sc 6.42269 3.01643 4.33609 4470.946 4471.87
42Ti 7.01275 4.20702 6.05196 7100.190 7130.06
46V 7.04865 4.94781 7.11022 7175.692 7209.06
50Mn 7.63042 7.74479 11.0705 10516.941 10744.5
52Fe 2.37330 0.8584 1.22082 14942.286 15765.2
54Co 8.24017 11.89015 16.8306 8.354 8.43206
56Ni 2.13175 0.9029 1.27259 3.444 3.49486
62Zn 1.61859 0.6687 0.93259 0.234 0.24131
66Ga 5.17225 7.7902 10.7797 1125.644 1131.60
76Br 4.96024 11.439 15.4388 835.295 841.531
81Rb 2.23696 2.9044 3.84415 4.321 4.41092
88Y 3.62067 9.5180 12.3759 120.264 121.864
90Nb 6.10809 33.141 42.9337 2502.372 2526.00
102Cd 2.58562 11.652 14.4027 11.221 11.5468
103In 6.01928 70.333 15.7203 2099.402 2133.61
105Ag 1.34679 2.8233 3.53114 0.01027 1.12362
107Sb 7.85483 144.059 174.745 8528.505 8918.59
113Sb 3.90909 35.311 42.9919 168.122 172.036
113Te 6.06682 93.601 113.234 2124.182 2162.53
115I 5.72192 91.3148 109.531 1509.977 1547.75
116I 7.77260 168.959 202.635 7930.046 8250.78
116Xe 4.44315 59.963 71.4659 354.467 361.241
120Ba 4.99761 90.562 106.993 685.518 703.098
120Xe 1.57992 7.3638 8.82085 0.105 0.11187
126Cs 4.79256 75.871 90.4835 542.400 555.411
182Re 2.79851 131.273 145.184 16.123 17.2282
205Bi 2.70412 227.499 247.263 12.415 13.4798
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[1] H. Behrens and J. Jänecke, “Introduction,” in Numerical Tables
for Beta-Decay and Electron Capture, H. Schopper, Ed., vol. 4
of Landolt-Börnstein—Group I Elementary Particles, Nuclei and
Atoms, chapter 1, pp. 1–3, Springer, Berlin, Germany, 1969.

[2] M. J. Martin and P. H. Blichert-Toft, “Radioactive atoms: auger-
electron, 𝛼-, 𝛽, 𝛾-, and X-ray data,” Atomic Data and Nuclear
Data Tables, vol. A8, p. 1, 1970.

[3] N. B. Gove and M. J. Martin, “Log-f tables for beta decay,”
Atomic Data and Nuclear Data Tables, vol. 10, no. 3, pp. 205–
219, 1971.

[4] M. E. Rose, “A note on the possible effect of screening in the
theory of 𝛽-disintegration,” Physical Review, vol. 49, no. 10, pp.
727–729, 1936.

[5] R. H. Good Jr., “Effect of atomic electron screening on the shape
of forbidden beta spectra,” Physical Review, vol. 94, no. 4, pp.
931–933, 1954.

[6] M. E. Rose and D. K. Holmes, “The effect of finite nuclear size
in beta-decay,” Physical Review, vol. 83, no. 1, pp. 190–191, 1951.

[7] M. E. Rose and D. K. Holmes, “The Effect of the Finite Size of
the Nucleus in Beta-Decay,” ORNL-I022, 1957.

[8] R. B. Elton,Nuclear Sizes, OxfordUniversity Press, London,UK,
1961.

[9] W. Buhring, “Computational improvements in phase shift
calculations of elastic electron scattering,” Zeitschrift für Physik,
vol. 187, no. 2, pp. 180–196, 1965.

[10] F. Salvat and R. Mayol, “Accurate numerical solution of the
Schrödinger and Dirac wave equations for central fields,”
Computer Physics Communications, vol. 62, no. 1, pp. 65–79,
1991.

[11] F. Salvat, J. M. Fernández-Varea, and W. Williamson Jr., “Accu-
rate numerical solution of the radial Schrödinger and Dirac
wave equations,”Computer Physics Communications, vol. 90, no.
1, pp. 151–168, 1995.

[12] S. Esposito, “Majorana solution of theThomas-Fermi equation,”
American Journal of Physics, vol. 70, pp. 852–856, 2002.

[13] G. Audi, M. Wang, A. H. Wapstra et al., “The Ame2012 atomic
mass evaluation (I),” Chinese Physics C, vol. 36, no. 12, pp. 1287–
1602, 2012.

[14] M. Wang, G. Audi, A. H. Wapstra et al., “The Ame2012 atomic
mass evaluation,” Chinese Physics C, vol. 36, no. 12, pp. 1603–
2014, 2012.

[15] D. H. Wilkinson and B. E. F. Macefield, “A parametrization of
the phase space factor for allowed 𝛽-decay,” Nuclear Physics A,
vol. 232, no. 1, pp. 58–92, 1974.

[16] I. S. Towner and J. C. Hardy, “Superallowed 0+ → 0+ nuclear𝛽-decays,” Nuclear Physics A, vol. 205, no. 1, pp. 33–55, 1973.
[17] J. Kotila and F. Iachello, “Phase-space factors for double-𝛽

decay,” Physical Review C, vol. 85, no. 3, Article ID 034316, 2012.
[18] M. Mirea, T. Pahomi, and S. Stoica, “Values of the phase space

factors involved in double beta decay,” Romanian Reports in
Physics, vol. 67, no. 3, pp. 872–889, 2015.

[19] G. Audi andA.H.Wapstra, “The 1995 update to the atomicmass
evaluation,” Nuclear Physics, Section A, vol. 595, no. 4, pp. 409–
480, 1995.

[20] S. Stoica and M. Mirea, “New calculations for phase space
factors involved in double-𝛽 decay,” Physical Review C, vol. 88,
no. 3, Article ID 037303, 2013.

[21] J. N. Bahcall, “Exchange and overlap effects in electron capture
and in related phenomena,” Physical Review, vol. 132, no. 1, pp.
362–367, 1963.

[22] R. Kitano, M. Koife, and Y. Okada, “Detailed calculation of lep-
ton flavor violating muon-electron conversion rate for various
nuclei,” Physical Review D, vol. 66, no. 9, Article ID 096002,
2002.

[23] I. S. Kardaras, V. N. Stavrou, I. G. Tsoulos, and T. S. Kosmas,
“Exact wave functions of bound 𝜇− for calculating ordinary
muon capture rates,” Journal of Physics: Conference Series, vol.
410, no. 1, Article ID 012127, 2013.

[24] T. S. Kosmas and I. E. Lagaris, “On the muon–nucleus integrals
entering the neutrinoless 𝜇− → 𝑒− conversion rates,” Journal of
Physics G: Nuclear and Particle Physics, vol. 28, no. 12, p. 2907,
2002.



Research Article
Warm Dark Matter Sterile Neutrinos in Electron
Capture and Beta Decay Spectra

O. Moreno,1 E. Moya de Guerra,1 and M. Ramón Medrano2
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We briefly review the motivation to search for sterile neutrinos in the keV mass scale, as dark matter candidates, and the prospects
to find them in beta decay or electron capture spectra, with a global perspective. We describe the fundamentals of the neutrino
flavor-mass eigenstate mismatch that opens the possibility of detecting sterile neutrinos in such ordinary nuclear processes. Results
are shown and discussed for the effect of heavy neutrino emission in electron capture in Holmium 163 and in two isotopes of Lead,
202 and 205, as well as in the beta decay of Tritium.We study the deexcitation spectrum in the considered cases of electron capture
and the charged lepton spectrum in the case of Tritium beta decay. For each of these cases, we define ratios of integrated transition
rates over different regions of the spectrum under study and give new results that may guide and facilitate the analysis of possible
future measurements, paying particular attention to forbidden transitions in Lead isotopes.

1. Introduction

There is an inconsistency between the amount of matter
inferred from gravitational effects and the one we see on
observable scales. This fact leads to considering the existence
of dark matter (DM). Evidence arises from astrophysical and
cosmological probes [1–4], such as the kinematics of virially
bound systems, rotation curves of spiral galaxies, strong
and weak lensing, cosmic microwave background (CMB)
information onmatter density and geometry of the Universe,
mass-to-light ratios in dwarf spheroidal galaxies (dSph), and
large surveys to measure Universe structures. Because of the
limits inferred from Big Bang nucleosynthesis, an important
fraction of DM should be nonbaryonic. Although the nature
of DM is still unknown, a popular hypothesis considers that
DM consists of elementary particles [3, 4]. DM is the main
component of galaxies, being in average at least six times
more abundant than baryonic matter (more than 81% of
the matter in the Universe), but its nature is still unknown.
DM self-interactions have been unobserved so far, and DM

particle candidates are bound by gravitational interactions.
Very distinct predictions for small scale structures in the
Universe (below 100 kpc) are obtained by DM particles with
differentmass scales [5]. On the largemass scale side,WIMPs
(weakly interacting massive particles) are popular candidates
to DM that have masses of the order of GeV or even TeV.
This type of particles fall in the category of cold dark matter
(CDM), which predicts, for small scales, too many galaxy
satellites in the Milky Way and cusped profiles for the
mass density of galaxies, contradicting present observational
evidences. On the contrary, particles with mass in the keV
scale, namely, warm dark matter (WDM) [6–15], are able to
reproduce the number of observed satellite galaxies, as well
as the cored profiles found in DM-dominated objects such as
dwarf spheroidal galaxies.

Concerning the satellite problem, cosmic structures
would form from the gravitational collapse of overdense
regions in the DM primordial field. Free relativistic particles
do not cluster, and structures at scales smaller than the par-
ticle free-streaming length 𝑙fs are erased. The free-streaming
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length is the distance travelled freely by a relativistic particle
after decoupling from the primordial plasma due to Universe
expansion (approximately the distance travelled before the
transition to nonrelativistic velocities). WDM particles (keV
scale) give 𝑙fs ∼ 100 kpc, while CDM (GeV-TeV scale),
which are heavier and slower than WDM, would give a 𝑙fs a
million times smaller and lead to the existence of a host of
small scale structures [16]. On the galaxy density profiles (𝜌),
CDM gives a steep cusp at the center (𝜌 ∼ 𝑟−1) [17]. On the
contrary, WDM gives a finite constant density core at the
center (𝜌 ∼ 𝜌0), in agreement with observations [18–24].
WDM quantum effects [25] could be important inside the
galaxy core (below 100 pc), showing a fermionic nature for
the DM particle through the manifestation of quantum
nonvanishing pressure versus gravity.

Astrophysical observations fromDM-dominated objects,
as well as theoretical analysis, lead to aDM fermionic thermal
particle with a mass around 2 keV [26]. Chandra and XMM-
Newton detections in the X-ray spectra of theM31 galaxy and
the Perseus cluster (both DM-dominated) seem to be con-
sistent with sterile neutrinos of a few keV. In particular, an
unidentified 3.55 keV line has been observed which seems
compatible with the decay or annihilation of sterile relic
neutrinos [27, 28] and that does not correspond to any known
atomic emission.Although the interpretation of this line is stil
subject to debate, it could be considered an indication of the
decay of a 7.1 keV nonthermal sterile neutrino [29, 30].

As it is well known, the Standard Model (SM) of elemen-
tary particles does not describe DM particles, nor does it
provide a mass for active neutrinos (]𝑒, ]𝜇, ]𝜏). In this model,
neutrino eigenstates are left-handed, and they transform as
doublets under the weak SU(2) gauge group. In extended SM
models [31, 32], additional SU(3)× SU(2)×U(1) singlet right-
handed neutrinos are introduced. Neutrino mass eigenstates
will be linear combinations of the left and right-handed states,
andmassmatrix eigenvalues will split into lighter and heavier
states (seesaw mechanism). The lighter mass eigenstates
would be the main components of the active flavor eigen-
states of the neutrinos, whereas the heavier ones would be
dominant in sterile neutrino flavors [33]. Some extended SM
models add three extra sterile neutrinos, one with a mass of
the order of keV (see [34] and references therein). Neutrinos
in the keVmass scale open the possibility to detect warmdark
matter in nuclear electron capture and beta decay. Heavier
sterile neutrinos cannot be produced in weak nuclear decays,
and there are of coursemany other candidate particles forDM
unconnected in principle to weak nuclear processes, such as
the lightest supersymmetric particles [35, 36].

In this paper, we assume that a keV neutrino, a sound
candidate for DM [37], is produced in ordinary weak nuclear
processes, such as beta decay and electron capture, via
neutrino mixing. Experiments searching for active neutrino
masses, also look for sterile neutrinos in the keV range [38]:
MARE [39–41] (that used Rhenium 187 beta decay and is not
active anymore); KATRIN [42–46], PTOLEMY [47, 48], and
Project8 [49] (using Tritium beta decay); and ECHo [50–52]
and HOLMES [53] (using Holmium 163 electron capture).
The mass of the neutrino (or antineutrino) emitted in a weak

nuclear decay has an effect on the energy spectrum of the
process, as was first shown by Enrico Fermi in the early
1930s [54, 55]. For the active neutrinos, this effect shows
up at the endpoint of the spectrum, whereas for the sterile
neutrinos considered here it may be expected to appear at a
few keVbelow the endpoint. Clearly, in order to leave a finger-
print the sterile neutrino mass must be within the𝑄 window,
that is, lower than the energy 𝑄 available in the decay. The
energy spectrum to be analyzed corresponds to the emitted
charged lepton in the case of beta decay, namely, the spon-
taneous conversion of a neutron into a proton or vice versa
with emission of the charged lepton and an antineutrino or
neutrino. In the case of electron capture only a neutrino
is emitted and no charged lepton comes out, so that the
spectrum to be measured corresponds to the deexcitation of
the daughter atom.

A summary of current experimental studies of neutrino
properties in the frontiers of intensities and sensitivities
is given in [62]. Experiments are under way to determine
directly the active neutrino mass from neutrinoless double
beta decay [63] as well as from single beta decay [42–48] and
electron capture [50–53]. The last two types of experiments
also provide a way to search for WDM sterile neutrinos in
the measured spectra. In electron capture experiments, the
spectrum collected in a calorimeter is directly linked to the
excitation energies of the daughter atoms or molecules. In a
calorimeter, the active source is embedded in the detector,
which collects the energy of all the particles emitted in
the deexcitation processes that take place in the source,
except that of the neutrinos. In beta decay, the fact that the
atoms or molecules may remain excited poses a challenge on
the interpretation of the electron spectrum. Electron cap-
ture experiments take advantage of the larger statistics in
the spectrum regions around the capture resonances. A
limitation of electron capture measurements is that in a
calorimeter, where the full energy range of the spectrum is
measured, pile-up can be a problem that should be prevented
by limiting the activity in the experimental setup. We refer
always in this paper to Earth-based experiments where both
the emission and the detection of particles take place in
the laboratory. Other possible scenarios, like the search for
sterile neutrinos in stellar matter (stellar beta decay and
electron capture rates), are beyond the scope of this paper.The
phase space for these rates increases manifold in stellar
environment. For a reference on stellar weak rates, see [64,
65].

2. Heavy Mass and Sterile
Flavor in Neutrino States

Already observed neutrino oscillations (see, e.g., [66–69])
among light active neutrinos are due to the fact that the neu-
trino flavor eigenstates and the mass eigenstates are not the
same. Eachflavor eigenstate, associatedwith a charged lepton,
can be written as a combination of mass eigenstates and
vice versa [70]. For instance, the neutrino flavor eigenstate
emitted after electron capture, called electron neutrino ]𝑒, can
be written as a combination of the three light SM mass
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eigenstates and, hypothetically, of one or more extra, heavier
mass eigenstates as [71–77]

]𝑒⟩ = 𝑈𝑒1 ]1⟩ + 𝑈𝑒2 ]2⟩ + 𝑈𝑒3 ]3⟩ +∑
ℎ

𝑈𝑒ℎ ]ℎ⟩ , (1)

where the subscript ℎ = {4, 5, . . .} stands for extra (heavier)
mass eigenstates and the quantities 𝑈 belong to the unitary
neutrino mixing matrix. The masses of the three light SM
mass eigenstates are so close to each other that so far nomea-
surement has been able to discern which of them has been
emitted in a given process. As a result, the three are emitted
as a coherent superposition, which is at the origin of the
neutrino oscillation phenomenology.The phase of each mass
eigenstate changes at a different rate while travelling, giving
rise to a different superposition at each location that translates
into a varying (oscillatory) probability of detection of a given
flavor eigenstate.

To simplify things we will consider here the linear combi-
nation of light mass eigenstates as a single, effective neutrino
mass eigenstate, called “light”, with mass

𝑚𝑙 = 𝑚]𝑒 = (𝑈2𝑒1𝑚21 + 𝑈2𝑒2𝑚22 + 𝑈2𝑒3𝑚23)1/2 (2)

and just one extra mass eigenstate, clearly heavier than the
others, called “heavy” (withmass𝑚ℎ, whichwe shall consider
in the keV range):

]𝑒⟩ = cos 𝜁 ]𝑙⟩ + sin 𝜁 ]ℎ⟩ , (3)

where the mixing amplitudes have been written in terms of a
mixing angle 𝜁 between the light and the heavy neutrinomass
eigenstate. The other possible combination of these two mass
eigenstates would be the sterile flavor eigenstate:

]𝑠⟩ = − sin 𝜁 ]𝑙⟩ + cos 𝜁 ]ℎ⟩ , (4)

such that ⟨]𝑒 | ]𝑠⟩ = 0. For the sterile neutrinos that can
be relevant as WDM, cosmological constraints based on the
observed average darkmatter density suggest that the value of
the mixing angle could approximately be 𝜁 = 0.006∘ [71–74],
corresponding to a flavor-mass amplitude𝑈𝑒ℎ = sin 𝜁 ≈ 10−4.
Other recent cosmological constraints give values of sin2(2𝜁)
between 2 ⋅ 10−11 and 2 ⋅ 10−10 [27, 28].

Sterile neutrino states with masses close to the ones of
the active neutrinos can also have an impact on the patterns
measured in oscillation experiments [78]. Heavier sterile
neutrinos, as in particular in the keV scale, do not modify the
oscillation patterns since they are not emitted coherently with
the active neutrinos due to the large mass splitting.

The differential energy spectrum of a weak process
where an electronic neutrino (or antineutrino) is emitted
can therefore be decomposed in a term for light neutrino
emission and another term for heavy neutrino emission as
follows [75–77]:

𝑑𝜆𝑑𝐸 = 𝑑𝜆
𝑙

𝑑𝐸 cos2𝜁 + 𝑑𝜆
ℎ

𝑑𝐸 sin2𝜁. (5)

This energy spectrum can be the one of the electron emitted
in beta decay or the one of the daughter atom deexcitations in

electron capture.The heavymass eigenstate, if it exists, would
be emitted independently of the other masses (noncoher-
ently) as long as the energy resolution of the detector is better
than the mass difference, Δ𝜖 < (𝑚ℎ − 𝑚𝑒). Its contribution to
themeasured spectrum, 𝑑𝜆ℎ/𝑑𝐸, would show up in the range
where the collected energy is small enough for the heavy
neutrino mass to have been produced, namely, when 0 ≤ 𝐸 ≤(𝑄−𝑚ℎ), where𝑄 is the difference between the masses of the
initial and the final atoms when the reaction takes place in
vacuum.At the edge of that region, at𝐸 = 𝑄−𝑚ℎ, a kink in the
spectrum would be found with the size of the heavy neutrino
contribution, namely, proportional to sin2𝜁 ∼ 𝜁2 (the latter
approximation valid for small mixing angles, as is the case in
realistic scenarios).

3. Theory of Electron Capture

Let us consider the capture of an atomic electron by the
nucleus𝑋 (𝑍,𝑁) to turn into the nucleus𝑌 (𝑍−1,𝑁+1).The
reactions involving the corresponding atoms (represented by
the symbol of the nucleus within brackets) begin with
electron capture:

(𝑋) → (𝑌)𝐻 + ]𝑖, (6)

followed by deexcitation of the daughter atom. In (6), ]𝑖 is a
neutrino mass eigenstate (]𝑙 or ]ℎ) and the superscript 𝐻
accounts for the excited state of the atom (𝑌) corresponding
to an electron hole in the shell 𝐻, due to the electron
capture from this shell in the parent atom. The deexcitation
of the daughter atom after electron capture can happen either
through emission of a photon (X-ray emission):

(𝑌)𝐻 → (𝑌) + 𝛾 (7)

or through emission of electrons (Auger or Coster-Kronig
process) and photons:

(𝑌)𝐻 → (𝑌+)𝐻 ,𝐻 + 𝑒− → (𝑌+) + 𝛾 + 𝑒−, (8)

where𝐻 and𝐻 represent holes in the electron shells of the
ion (𝑌+).

The energies carried by the emitted photons and electrons
are deposited in the calorimeter that surrounds the source
and that measures the full energy spectrum of these particles,
provided that the corresponding deexcitation lifetimes are
much smaller than the detector time response [79]. The pro-
cess in (7) and (8) yields the same calorimeter spectrum; that
is, the peaks appear at the same energy values corresponding
to the excitation energies, 𝐸𝐻, of the excited daughter atom(𝑌)𝐻. The excitation energy is the difference between the
binding energies of the captured electron shell and the
additional electron in the outermost shell. The former refers
to the daughter atom, whereas the latter refers to the parent:𝐸𝐻 ≈ |𝐵(𝑌)𝐻 | − |𝐵(𝑋)out |. The reason is that for the shells above
the vacancy the effective charge is closer to the one in the
parent atom (there is one proton less in the nucleus but also
one electron less in an inner shell) and therefore its binding
energies should be used [80].
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An alternative capture process to the one in (6) involves
the instantaneous formation of a second hole 𝐻 due to the
mismatch between the spectator electron wave functions in
the parent and in the daughter atom. Whereas the hole 𝐻 is
left by the captured electron and therefore fulfils the energy
and angular momentum conditions for such process, the
extra hole 𝐻 has a different origin, namely, the above
mentioned incomplete overlap of electron wave functions,
whichmay occur inmany electron shells.The electron leaving
the extra hole may have been “shaken up” (excited) to an
unoccupied orbital in the daughter atom:

(𝑋) → (𝑌)𝐻,𝐻 + ]𝑖, (9)

or it may have been “shaken off” to the continuum (ejected):

(𝑋) → (𝑌+)𝐻,𝐻 + 𝑒− + ]𝑖. (10)

In a shake-up process, the deexcitation of the final atom
contributes to the calorimeter energywith a peak at an energy
approximately equal to the sum of the binding energies of the𝐻 and 𝐻 electrons, 𝐸𝐻,𝐻 ≈ |𝐵(𝑌)𝐻 | + |𝐵(𝑋)𝐻 | − |𝐵(𝑋)out |. Thus,
satellite peaks show up located after the single-hole peak at𝐸𝐻. In the case of a shake-off, the calorimeter energy is the
combination of 𝐸𝐻,𝐻 and the electron kinetic energy, the
latter showing a continuous distribution as corresponds to the
three-body decay of (10).

It is important to notice that some electron emission
processes of the type

(𝑋) → (𝑌+)𝐻 ,𝐻 + 𝑒− + ]𝑖, (11)

where none of the holes in the daughter atom correspond
to the captured electron 𝐻, are quantum mechanically
indistinguishable [81, 82] from the three-step process in (6)
and (8), and therefore they contribute to the same one-
hole peaks at 𝐸𝐻. The contributions to the spectrum of the
two-hole excitations that are actually distinct from the one-
hole excitations ((9) and (10)) have been a subject of recent
studies devoted to search for the electron neutrino mass and
are therefore focused on the endpoint of the spectrum (see,
e,g., [80–83]). For heavy neutrino searches, a similar analysis
should be performed at other regions of the energy spectrum,
not just at the endpoint. In this paper, we restrict the
calculations to the one-hole states.

The density of final states of the emitted neutrino in
electron capture is proportional to

𝜌 = 𝜌] (𝐸]) ∝ 𝑝]𝐸] = (𝐸2] − 𝑚2])1/2 𝐸], (12)

where 𝐸], 𝑝], and 𝑚] are the neutrino total energy, momen-
tum, and mass, respectively. On the other hand, the proba-
bility of capture of a bound electron follows a Breit-Wigner
distribution of width Γ𝑥 and peaks at the energy 𝐸𝑥:

𝑃 (𝐸) = Γ𝑥/2𝜋(𝐸 − 𝐸𝑥)2 + Γ2𝑥/4 . (13)

Using Fermi’s Golden Rule, the differential reaction rate
with respect to the neutrino energy yields

𝑑𝜆𝑑𝐸] = 𝐾EC (𝐸2] − 𝑚2])1/2 𝐸]∑
𝐻

𝑊(])𝐻
⋅ Γ𝐻/2𝜋[𝐸] − (𝑄 − 𝐸𝐻)]2 + Γ2𝐻/4 ,

(14)

where 𝐾EC contains, among other factors, the weak interac-
tion coupling constant and the nuclear matrix element. The
factor𝑊(])𝐻 is the squared leptonic matrix element for a given
hole state𝐻.

We write 𝑊(])𝐻 = 𝐶𝐻𝑆(])𝐻 to have a general expression
for allowed and forbidden transitions. The factor 𝐶𝐻 is the
squared amplitude of the bound-state electron radial wave
function at the nuclear interior, containing also the squared
overlap between the initial and the final atom orbital wave
functions and the effect of electron exchange (as defined in
Appendix F-2 of [56]). The cases discussed in the next
sections involve allowed Gamow-Teller transitions (163Ho (7/2−)→ 163Dy (5/2−)) and first forbiddenGamow-Teller transi-
tions (202Pb (0+) → 202Tl (2−) and 205Pb (5/2−) → 205Tl (1/2+)). In the first case, the factor 𝑆(])𝐻 = 1 for all 𝐻 states. In
the second case, the factor 𝑆(])𝐻 = 1 for electrons captured with
orbital angularmomentum 𝑙 = 1 (and neutrinos emitted with𝑙 = 0) and 𝑆(])𝐻 = 𝑝2] for electrons captured with orbital
angular momentum 𝑙 = 0 (and neutrinos emitted with 𝑙 =1). The reason for this is that, due to conservation of total
angularmomentum, first forbidden transitions have 𝐿 = 1 for
the leptonic pair. Hence, there is a linear momentum depen-
dence in the leptonic matrix element corresponding to the
lepton that carries the angular momentum in each specific
capture.The corresponding 𝑝2𝑒 factor for the 𝑙 = 1 electrons is
embedded in the 𝐶𝐻 factor [56].

Equation (14) includes every possible orbital electron
capture, the probability of each peaking at 𝐸] = 𝑄 − 𝐸𝐻, as
dictated by energy conservation, where 𝐸𝐻 is the excitation
energy of the final atom due to the electron hole𝐻 resulting
from capture. The energy collected by a calorimeter from the
atomic deexcitations is 𝐸𝑐 = 𝑄 − 𝐸], namely, all the available
energy except for the one carried away by the neutrino. The
differential rate can be written in terms of the calorimeter
energy as

𝑑𝜆𝑑𝐸𝑐 = 𝐾EC [(𝑄 − 𝐸𝑐)2 − 𝑚2]]1/2 (𝑄 − 𝐸𝑐)∑
𝐻

𝐶𝐻𝑆(])𝐻
⋅ Γ𝐻/2𝜋(𝐸𝑐 − 𝐸𝐻)2 + Γ2𝐻/4 .

(15)

In the next section, we shall also consider integrated rates
over particular energy ranges, which can be calculated
numerically from (15). A convenient compact analytical
expression of the integrated rate can be obtained from (15)
by replacing the Breit-Wigner distributions by Dirac deltas.
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With this approximation, the integral of the differential rate
can be written as

𝜆 = 𝐾EC∑
𝐻

𝐶𝐻𝑆(])𝐻 [(𝑄 − 𝐸𝐻)2 − 𝑚2]]1/2 (𝑄 − 𝐸𝐻) . (16)

In this theoretical model, we have neglected two-hole
peaks, deexcitations through virtual intermediate states, and
interferences between deexcitation channels. The theoretical
calorimeter spectrum is thus a single-hole approximation
that assumes full collection of de-excitation energy by the
calorimeter and no pile-up.

4. Sterile Neutrino Effect in the Spectrum

Due to the smallness of the mixing angle, it is useful to
consider ratios between rates that emphasize the contribution
of the heavy neutrino. In [84–86], for the case of beta decay, a
ratio was considered between the contributions of the heavy
and the light neutrino to the differential rates, as we shall see
in Section 6. For the case of electron capture, the differential
decay rates contain many peaks and it is more convenient to
consider integrated decay rates over specific energy ranges,
as discussed in [87]. In either case (beta decay and electron
capture), this amounts to consider that the detector collects
events within energy ranges 𝐸𝑖 ± Δ and 𝐸𝑗 ± Δ in two regions
of the spectrum, such that the mass of the hypothetical heavy
neutrino lies in between, namely, 𝐸𝑖 + Δ < 𝑚ℎ < 𝐸𝑗 − Δ, with𝐸𝑗 < 𝑄−Δ. A ratio 𝑅 between the number of collected events
in both regions is then performed, which corresponds to the
theoretical expression:

𝑅 = Λ 𝑖Λ 𝑗 =
𝜅𝑙𝑖 + tan2𝜁𝜅ℎ𝑖𝜅𝑙𝑗 , (17)

where Λ 𝑖 = cos2𝜁𝜅𝑙𝑖 + sin2𝜁𝜅ℎ𝑖 (in the region where both 𝑙
and ℎ mass eigenstates contribute) and Λ 𝑗 = cos2𝜁𝜅𝑙𝑖 (in the
region where ℎ is not energetically allowed). The integrals 𝜅
are defined as

𝜅]𝑖,𝑗 = ∫𝐸𝑖,𝑗+Δ
𝐸𝑖,𝑗−Δ

𝑑𝜆𝑑𝐸𝑐 (𝑚]) 𝑑𝐸𝑐. (18)

In electron capture, the energies 𝑖 and 𝑗 can be selected as
the energies of two peaks and the integration intervals can
be chosen as the width of the capture peaks. If the peaks are
approximated by delta functions, the integrals (using𝐸𝐻 = 𝐸𝑖
and Δ → 0) can be written as

𝜅]EC𝑖;𝑟 = 𝐾EC𝐶𝑖;𝑟𝑆(])𝑖;𝑟 (𝑄𝑟 − 𝐸𝑖)2 [1 − ( 𝑚]𝑄𝑟 − 𝐸𝑖)
2]1/2 , (19)

where 𝑄𝑟 is the atomic mass difference in a given isotope 𝑟,𝐸𝑖 is the energy position of a given peak 𝑖 in the calorimeter
spectrum, 𝑚] is 𝑚𝑙 ≈ 0, the mass of a light neutrino, or𝑚ℎ, the mass of a heavy neutrino, and 𝑆(])𝑖;𝑟 contains the
neutrino momentum dependence for the peak 𝑖 coming
from the leptonic matrix element squared. As explained in
the previous section, for allowed transitions, 𝑆(])𝑖;𝑟 = 1. For

first forbidden transitions, some of the capture peaks have𝑆(])𝑖;𝑟 = 𝑝2]𝑖;𝑟 for the 𝑖 peaks corresponding to 𝑠1/2 shells (as
well as for those corresponding to 𝑝1/2 shells that contribute
through their admixtures with the 𝑙 = 0 orbital due to
relativistic corrections). The other peaks have 𝑆(])𝑖;𝑟 = 1,
where 𝑖 corresponds to 𝑝3/2 shells (and 𝑑3/2 shells through
their admixtures with the 𝑙 = 1 orbital due to relativistic
corrections).

For electron capture, it is convenient to define a ratio
similar to the one in (17) but where the numerator and
the denominator are themselves ratios of numbers of events
within the same peak but for different isotopes of the same
element, 𝑟 and 𝑠, so that some atomic corrections cancel out
[87]

𝑅 = Λ 𝑖;𝑟/Λ 𝑖;𝑠Λ 𝑗;𝑟/Λ 𝑗;𝑠 = (𝑅𝑙𝑖𝑗;𝑟𝑠)
2(𝛾+1)(1 + 𝜔2𝛾+1𝑖;𝑟 tan2𝜁

1 + 𝜔2𝛾+1𝑖;𝑠 tan2𝜁) , (20)

where one should notice that the factors 𝐶𝑖 and 𝐶𝑗 cancel out
in addition to the factor𝐾EC which cancels out in both ratios
(𝑅 and 𝑅). The factors in (20) have very simple analytical
forms when one uses (19)

𝑅𝑙𝑖𝑗;𝑟𝑠 = (𝑄𝑟 − 𝐸𝑖) (𝑄𝑠 − 𝐸𝑗)(𝑄𝑟 − 𝐸𝑗) (𝑄𝑠 − 𝐸𝑖) ,

𝜔𝑖;𝑟(𝑠) = [1 − ( 𝑚ℎ𝑄𝑟(𝑠) − 𝐸𝑖)
2]
1/2

,
(21)

where 𝛾 depends on the angular momenta of each lepton in a
givenΔ𝐽𝜋 nuclear transition. For instance, for allowed decays,𝛾 = 0, whereas for first forbidden decays, 𝛾 = 1 for 𝑠1/2 and𝑝1/2 peaks or 𝛾 = 0 for 𝑝3/2 and 𝑑3/2 peaks. In the expressions
above, we have assumed that both peaks 𝑖 and 𝑗 are of the
same type; namely, 𝛾𝑖 = 𝛾𝑗 = 𝛾.

By measuring the ratio in (20) the mixing angle can then
be obtained as

𝜁 = arctan[
[

(𝑅𝑙𝑖𝑗;𝑟𝑠)2(𝛾+1) − 𝑅exp
𝑅exp𝜔2𝛾+1𝑖;𝑠 − (𝑅𝑙𝑖𝑗;𝑟𝑠)2(𝛾+1) 𝜔2𝛾+1𝑖;𝑟

]
]
1/2

, (22)

where the theoretical values of 𝑅𝑙𝑖𝑗;𝑟𝑠, 𝜔𝑖;𝑟, and 𝜔𝑖;𝑠 require
an accurate experimental knowledge of the position of the
selected peaks and, more importantly, of the atomic mass
differences 𝑄𝑟 and 𝑄𝑠. In addition, one has to consider fixed,
initially unknown, values of the mass of the heavy neutrino𝑚ℎ that is searched for or otherwise be content with the
generation of exclusion plots in case of no effect observation.

In summary, we consider here two types of ratios that can
be useful in the search for a signal of keV sterile neutrinos in
electron capture: (1) the ratio between the intensity of two
peaks in the electron capture spectrum of a given nucleus,
as for the case of 163Ho discussed in Section 5. (2) The case
in which two isotopes of a given element undergo electron
capture where one can use the ratio defined in (20), as is
the case of Lead isotopes discussed in Section 5. For the
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Figure 1: Calorimeter spectrum after electron capture in 163Ho. (a) Full spectrum (solid curve) and contributions: emitted neutrino phase
space (dotted curve) and daughter atom deexcitation (dashed curve). (b) Full spectrum for different neutrino masses: 0, 0.5, 1, 1.5, 2, and
2.5 keV. (c) full spectrum for light (𝑚𝑙 ≈ 0 keV) - heavy (𝑚ℎ = 2 keV) neutrino mixing using a maximal mixing angle 𝜁 = 45∘ for illustration,
with (solid curve) and without (dotted curve) the heavy neutrino contribution. For comparison, the spectrumwithout heavy neutrinomixing
(dashed curve) is also shown.We use the maximal unrealistic value 𝜁 = 45∘ to make the effect visible in the scale of the figure. Realistic values
of 𝜁 < 0.01∘ result in a reduction of the difference between the dashed and the solid lines in (c) by more than seven orders of magnitude.

beta decay case, in Section 6 we consider the ratio between
the differential rates, but the ratios between integrated rates
are also useful and may be more realistic for comparison to
experiments.

5. Results for Electron Capture Spectra

Let us first consider the capture of an atomic electron by the
nucleus Holmium 163 (163Ho; 𝑍 = 67, 𝑁 = 96) to turn into
Dysprosium 163 (163Dy; 𝑍 = 66,𝑁 = 97), with ground state
spins and parities 𝐽𝜋 = 7/2− and 𝐽𝜋 = 5/2−, respectively. It
is an allowed unique Gamow-Teller transition (Δ𝐽 = 1 and
no parity change, the leptons carry no orbital angular
momentum, Δ𝐿 = 0, and couple to spin 𝑆 = 1), with atomic
mass difference 𝑄 = 2.833 ± 0.030 ± 0.015 keV [88], which is
being currently measured at the Electron Capture Holmium
(ECHo) experiment [50–52]. Only electrons with principal
quantum number 𝑛 larger than 2 have a binding energy
lower than the 𝑄-value and can therefore be captured. In
addition, being an allowed decay, only electrons from 𝑠1/2 and

𝑝1/2 orbitals can be captured, the latter through admixtures
with the 𝑙 = 0 orbital due to relativistic corrections. Thus,
capture from the orbitals M1, M2, N1, N2, O1, O2, and P1 (in
spectroscopic notation) is possible [80, 89–91].

In Figure 1, we show the differential electron capture rate
in 163Ho as a function of the calorimeter energy, 𝐸𝑐 = 𝑄−𝐸].
In Table 1, we give theoretical values of the strengths and
widths of each capture peak and experimental values of
the electron binding energy again for each capture peak.
The strengths 𝐶𝐻 are obtained in [56, 57] from relativistic
Hartree-Fock calculations of the electron wave functions at
the nuclear site, accounting for exchange and overlap contri-
butions. In the upper plot the emitted neutrino phase space
contribution and the daughter atom deexcitation contribu-
tion are plotted separately, together with the product of both,
which is the full differential electron capture rate. In the
middle plot we show the full differential rate for different
masses of the emitted neutrino: 𝑚] ≈ 0 (realistic) and 𝑚] ≈
0.5, 1, 1.5, 2, and 2.5 keV (unrealistic). As can be seen in the
plot, each curve ends at 𝑄−𝑚]. Finally, the lower plot shows
the spectrum resulting from the mixing of a light neutrino



Advances in High Energy Physics 7

Table 1: Atomic parameters for electron capture in Holmium from shells M1 to O2.The values of 𝐶𝐻 [56, 57] correspond to the atomic shells
in Holmium, while the orbital electron widths Γ𝐻 [58] and binding energies 𝐵𝐻 (<Q) [59–61] correspond to the atomic shells in Dysprosium.

M1 M2 N1 N2 O1 O2𝐶𝐻 0.05377 0.002605 0.01373 0.0005891 0.001708 0.0001Γ𝐻 [keV] 0.013 0.006 0.006 0.005 0.005 0.002𝐵𝐻 [keV] 2.047 1.842 0.416 0.332 0.063 0.026

Table 2: Same as Table 1 (data from the same references) but for electron capture in Lead going toThallium.The upper table summarizes the
values of the relevant parameters for 𝑠1/2 and 𝑝1/2 atomic shells, while the lower table shows the values for 𝑝3/2 and 𝑑3/2 atomic shells. In the
latter case, 𝐶𝐻 includes an extra factor 𝑝2𝑒 .

L1 L2 M1 M2 N1 N2 O1 O2𝐶𝐻 0.8781 0.06647 0.2125 0.01759 0.05849 0.004431 0.01016 0.0008052Γ𝐻 [keV] 0.011 0.006 0.015 0.010 0.009 0.007 — —𝐸𝐻 [keV] 15.346 14.697 3.703 3.415 0.845 0.720 0.136 0.099
L3 M3 M4 N3 N4 O3 O4𝐶𝐻 [keV2] 18978.193 5366.014 45.383 1363.307 12.607 237.280 1.500Γ𝐻 [keV] 0.006 0.009 0.002 0.006 0.004 0.001 0.001𝐵𝐻 [keV] 12.657 2.956 2.484 0.608 0.406 0.072 0.015

mass eigenstate, 𝑚𝑙 ≈ 0, with a heavy mass eigenstate 𝑚ℎ ≈
2 keV (solid curve) as in (5). Although the spectrum with
mixing is realistic in the sense that it is the result expected if a
heavy mass eigenstate exists, it is unrealistic in the degree of
mixing shown in the figure, which has been maximized here
for the sake of visibility of the “kink” in the scale of the figure:
50% light neutrino and 50% heavy neutrino, corresponding
to amixing angle 𝜁 = 45∘.The “kink” can be seen in this curve
at 𝐸𝑐 = 𝑄 − 𝑚ℎ = 0.833 keV. Above this calorimeter energy,
the heavy mass eigenstate cannot be produced due to energy
conservation. For comparison, the spectrum for𝑚] ≈ 0 with
no mixing with heavy states is shown in the dashed curve.

Another example of electron capture under study here is
that of the Lead isotopes 202 (202Pb; 𝑍 = 82, 𝑁 = 120)
and 205 (205Pb; 𝑍 = 82, 𝑁 = 123) going to the Thallium
isotopes 202 (202Tl; 𝑍 = 81, 𝑁 = 121) and 205 (205Tl;𝑍 = 81, 𝑁 = 124), respectively, where the process is in both
cases a first forbidden Gamow-Teller unique transition, with0+ → 2− for 202Pb and 5/2− → 1/2+ for 205Pb (Δ𝐽 = 2 and
parity change, the leptons carry Δ𝐿 = 1 and couple to 𝑆 = 1).
The atomic mass differences obtained from the data in [92]
are 𝑄 = 46 ± 14 keV and 𝑄 = 50.6 ± 1.8 keV, respectively.
According to the explanations given in Section 3, captures
from orbitals L1, L2, M1, M2, N1, N2, O1, and O2 contain
an extra neutrino momentum dependence 𝑆(]) = 𝑝2] that
modifies the calorimeter spectrum and corresponds to 𝛾 =1. On the other hand, captures from orbitals L3, M3, M4,
N3, N4, O3, and O4, which correspond to 𝛾 = 0, contain
an extra electron momentum dependence 𝑝2𝑒 which, being
fixed in bound electrons, is included in the values of 𝐶𝐻.
They are given in Table 2 together with the widths and the
experimental electron binding energies in the daughter atom,
Thallium.

Figure 2 shows the capture differential rate in 205Pb (dark
curves) and in 202Pb (light curves). Position, width, and

strength of the capture peaks are assumed to be the same in
both isotopes, but the spectra are different because of the dif-
ferent 𝑄-values. Solid curves are for light neutrino emission,𝑚] ≈ 0, and dashed lines are for heavy neutrino emission
with𝑚] = 40 keV (results are given separately for each mass,
beforemixing). Due to the large𝑄-values, electron capture in
Lead isotopes allows us to explore this mass value, although
it may be somewhat larger than the expected value from
cosmological reasons. The analysis of the ratio in (20) can
be computed, for example, using the capture peaks L3 at𝐸𝑐 = 12.657 keV and M3 at 𝐸𝑐 = 2.956 keV, both being
of the 𝛾 = 0 type. For 𝑚ℎ = 40 keV one would obtain𝑅l𝑀3 𝐿3; 202 205 = 1.037, 𝜔𝑀3;202 = 0.369, 𝜔𝑀3;205 = 0.543.
These results should be introduced in (22), together with the
experimental ratio 𝑅exp, to obtain the value of the mixing
angle 𝜁.

It is important to remark that the theoretical quantities 𝑅𝑙
and 𝜔 computed as described above contain several approxi-
mations. They correspond to Dirac-delta peaks, ignoring the
actual shapes and widths, and thus they just refer to one
single capture peak, neglecting the possible effect of the tails
of nearby one-hole peaks. Moreover, the influence of two-
hole peaks close to the main ones has also been neglected.
Other effects that have not been taken into account but
whose influence is expected to be very small are multihole
(more than two) peaks, virtual intermediate states (influence
of transitions through atomic shells not energetically acces-
sible), or interference between atomic transitions resulting
from addition of amplitudes instead of intensities [81, 82].The
accurate experimental determination of the ratio 𝑅exp entails
its own difficulties, among them the possible existence of
metastable atomic states whose delayed de-excitations fail
to contribute to the collected spectrum, and the variety of
chemical environments resulting in a complex mixture of 𝑄-
values.
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Figure 2: Calorimeter spectrum after electron capture in 202Pb (light curves) and in 205Pb (black curves) with emission of a light neutrino,𝑚𝑙 = 0 (solid curves) and a heavy neutrino,𝑚ℎ = 40 keV (dashed curves). (a) Full spectrum, showing L and M capture peak labels. (b) Low
energy region (𝐸𝑐 = 0-1 keV), showing N and O capture peak labels.

6. Results for Beta Decay Spectra

In addition to electron capture, we also show here the effect
of heavy neutrino emission in the electron spectrum of beta
decays for one of the cases of most interest, Tritium. It has
been studied in depth in previous works [84–86, 93], together
with another process that has also drawn considerable theo-
retical end experimental attention, the beta decay of Rhenium
187 [37, 39–41, 84–86]. The beta decay of Tritium (3H; 𝑍 = 1,𝑁 = 2) going to Helium 3 (3He; 𝑍 = 2,𝑁 = 1) is

3H → 3He + 𝑒− + ]𝑒 (23)

and has a 𝑄-value of 18.59 keV [92]. Both the initial and the
final nuclear ground states have spin-parity 1/2+, and the
transition is allowed with the electron and the antineutrino
emitted in 𝑠-wave. The Karlsruhe Tritium Neutrino Experi-
ment (KATRIN) [42–46] is currently studying this decay in
order to determine the active neutrino mass and could also
study the production of a heavy neutrino of amass lower than
18 keV.

The differential decay rate with respect to the electron
energy is given by

𝑑𝜆𝑑𝐸𝑒 = 𝐾𝛽 (𝐸2𝑒 − 𝑚2𝑒)
1/2 [(𝑄 + 𝑚𝑒 − 𝐸𝑒)2 − 𝑚2]]1/2

⋅ 𝐸𝑒 (𝑄 + 𝑚𝑒 − 𝐸𝑒) ,
(24)

where 𝐾𝛽 contains, among others, the weak interaction
coupling, the nuclearmatrix element, and the Fermi function.

As an illustration of the heavy neutrino effect in the Tri-
tium beta decay, we plot in Figure 3 the differential decay rate
from (24) and (5) using a maximal mixing with an unrealistic
value of the mixing angle 𝜁 = 45∘, to show the effect more

distinctly in the scale of the figure. We have used heavy mass
components with 𝑚ℎ = 2 keV [26] (Figure 3(a)) and with𝑚ℎ = 7 keV [29, 30] (Figure 3(b)). For comparison, the
spectra without the heavy neutrino contribution (𝜆ℎ = 0) and
without mixing (𝜁 = 0∘) are also shown in this plot. The kink
in the spectrum at 𝐸𝑒 − 𝑚𝑒 = 𝑄 − 𝑚ℎ can be observed if the
experimental relative error is lower than the size of the step,
the latter being very small in realistic situations.

The effect of a heavy neutrino emission can be analyzed
through the ratio between the heavy and the light neutrino
contributions to the spectrum:

R ≡ 𝑑𝜆ℎ/𝑑𝐸𝑒𝑑𝜆𝑙/𝑑𝐸𝑒 tan
2𝜁. (25)

The full differential decay rate is also related to the ratio R
through

𝑑𝜆𝑑𝐸𝑒 =
𝑑𝜆𝑙𝑑𝐸𝑒 [1 +R] cos2𝜁. (26)

In Figure 4, we plot R, the ratio of the heavy neutrino
contribution over the light neutrino contribution to the decay
rate, as a function of the momentum of the emitted electron
for a heavy neutrino mass 𝑚ℎ = 2 keV and different mixing
angles: 𝜁 = 0.01∘, 0.005∘, and 0.001∘. The size of this ratio
(<10−7) gives an idea of the difficulty of finding the kink in the
spectrum due to the production of the heavymass eigenstate.
As can be seen in the figure, the ratio is different from zero
and almost constant in the range 0 ≤ 𝑝𝑒 < (𝑝𝑒)max, where
the maximum electron momentum is given by (𝑝𝑒)max =[(𝑄 − 𝑚ℎ)(𝑄 − 𝑚ℎ + 2𝑚𝑒)]1/2. For the heavy mass used in
the figure, (𝑝𝑒)max ≃ 131.3 keV. The ratio R decreases as the
mixing angle decreases, being approximately proportional to
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Figure 3: Electron spectrum of Tritium beta decay for a light-heavy neutrino mixing angle 𝜁 = 45∘, shown just for illustration, and a heavy
neutrino mass (solid curve)𝑚ℎ = 2 keV (a) and𝑚ℎ = 7 keV (b). The spectrum without heavy neutrino mass contribution (dotted curve) and
without mixing (dashed curve) are also shown. We use the maximal unrealistic value 𝜁 = 45∘ to make the effect visible in the scale of the
figure. Realistic values of 𝜁 < 0.01∘ result in a reduction of the difference between the dotted and the solid lines by more than seven orders of
magnitude.
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Figure 4: Ratio R, defined in (25), for the Tritium beta decay, as a
function of the electronmomentum for a heavy neutrinomass𝑚ℎ =
2 keV and different values of the mixing angle: 𝜁 = 0.01∘ (solid line),
0.005∘ (dashed line), and 0.001∘ (dotted line).

𝜁2. It also decreases for larger heavy neutrino masses 𝑚ℎ. A
different ratio between the spectra with mixing and without

mixing (R∗) has also been considered in [84–86, 93], related
withR in (25) as

R
∗ = −sin2𝜁 +R cos2𝜁 = 𝑑𝜆/𝑑𝐸𝑒𝑑𝜆𝑙/𝑑𝐸𝑒 − 1. (27)

7. Conclusions

Signatures of hypothetical keV sterile neutrinos, which could
be warm dark matter candidates (WDM), may be found in
the spectra of ordinary weak nuclear decays. The electron
spectrum in beta decay is cleaner for this purpose because
it is a smooth curve, while the deexcitation spectrum after
electron capture shows many peaks. On the other hand, in
beta decay the possible excitation of the atoms or molecules
is not disentangled while in electron capture the calorimeter
collects all the energy independently of the excitation of
the atom and of the deexcitation path, and one has higher
statistics around the capture peaks.

Figures of electron spectrum for beta decay in 3H as
well as of calorimeter spectrum for electron capture in 163Ho
and 202Pb and 205Pb are given considering various values
of the heavy neutrino mass (2 keV, 7 keV, and 40 keV) that
may be experimentally probed. In both weak processes, the
small value of the light-heavy neutrino mixing angle requires
extremely high experimental precision and the use of sources
with large stability to reduce systematic errors. This is why it
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is useful to consider relevant ratios between transition rates as
first introduced in [84–87] to analyze the data. We consider
two cases: the case of a single isotope, where one may use the
ratio of accumulated number of events in different regions
of the spectrum, which allows us to remove uncertainties
related to the nuclear matrix element and to the values
of overall constants. And in the case of two isotopes, we
consider ratios of the above mentioned ratios that allow us
to reduce uncertainties from atomic parameters. We give as
well analytical expressions that can be used to obtain a good
theoretical approximation to the experimental ratios ((19) to
(21)).

Both the experimental measurement and the theoretical
model must be accurate enough to detect differences in the
expected versus themeasured ratios of the order of themixing
angle squared, 𝜁2 ≲ 10−8. This is also the size of the kink
expected in the electron spectrumof beta decay, located at the
limit of the regionwhere the production of a heavy neutrino is
energetically allowed. In order to identify this kink among the
statistical fluctuations of themeasured spectrum, the number
of collected events must be larger than the inverse of the
squared ratioR in (25).

Our results, particularly on the electron capture spectra
of Lead isotopes that include for the first time all the
possible peaks, may help in designing and analyzing future
experiments to search for sterile neutrinos in the keV mass
range.The use of the different types of ratios between number
of events discussed here, for both electron capture and beta
decay processes, may also help in planning the experiments
by establishing the threshold of statistical and systematic
uncertainties, required for the detection of sterile neutrinos
of given mass and mixing, or to properly extract exclusion
plots.
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Neutrinoless double-beta decay is a predicted beyond StandardModel process that could clarify some of the not yet known neutrino
properties, such as the mass scale, the mass hierarchy, and its nature as a Dirac or Majorana fermion. Should this transition be
observed, there are still challenges in understanding the underlying contributing mechanisms. We perform a detailed shell model
investigation of several beyond Standard Model mechanisms that consider the existence of right-handed currents. Our analysis
presents different venues that can be used to identify the dominant mechanisms for nuclei of experimental interest in the mass
𝐴 ∼ 130 region (124Sn, 130Te, and 136Xe). It requires accurate knowledge of nine nuclear matrix elements that we calculate in
addition to the associated energy-dependent phase space factors.

1. Introduction

Should the neutrinoless double-beta decay (0]𝛽𝛽) be exper-
imentally observed, the lepton number conservation is vio-
lated by two units and the back-box theorems [1–4] predict
the neutrino to be a Majorana particle. In addition to the
nature of the neutrino (whether a Dirac or a Majorana
fermion), there are other unknown properties of the neutrino
that could be investigated via 0]𝛽𝛽, such as themass scale, the
absolute mass, or the underlying neutrino mass mechanism.
There are several beyond Standard Model mechanisms that
could compete and contribute to this process [5, 6]. Reliable
calculations of the nuclear matrix elements (NME) are
necessary to perform an appropriate analysis that could help
evaluate the contribution of each mechanism.

The most commonly investigated neutrinoless 0]𝛽𝛽
mechanism is the so-called mass mechanism involving the
exchange of light left-handed neutrinos, for which the NME
were calculated using many nuclear structure methods. Cal-
culations that consider the contributions of heavy, mostly
sterile, right-handed neutrinos have become recently avail-
able, while left-handed heavy neutrinos have been shown to
have a negligible effect [7, 8] and their contribution is gener-
ally dismissed. A comparison of the recent mass mechanism

results obtained with the most commonmethods can be seen
in Figure 6 of [9], where one can notice the differences that
still exist among these nuclear structure methods. Figure 7
of [9] shows the heavy neutrino results for several nuclear
structure methods, and the differences are even larger than
those in the light neutrino case because of the uncertainties
related to the short-range correlation (SRC) effects.There are
efforts to reduce these uncertainties by the development of
an effective transition operator that treats the SRC consis-
tently [10].

Because shell model calculations were successful in pre-
dicting two-neutrino double-beta decay half-lives [11] before
experimental measurements and as shell model calculations
of different groups largely agree with each other without the
need to adjust model parameters, we calculate our nuclear
matrix elements using shellmodel techniques andHamiltoni-
ans that reasonably describe the experimental spectroscopic
observables.

Experiments such as SuperNEMO [12, 13] could track the
outgoing electrons and help distinguish between the mass
mechanism (]) and so-called 𝜆 and 𝜂 mechanisms [14, 15].
This would also provide complementary data at low ener-
gies for testing the existence of right-handed contributions
predicted by left-right symmetric models [15–19], currently
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investigated at high energies in colliders and accelerators
such as LHC [20]. To distinguish the possible contribution of
the heavy right-handed neutrino using shell model nuclear
matrix elements, measurements of lifetimes for at least two
different isotopes are necessary, ideally that of an 𝐴 ∼ 80 iso-
tope and another lifetime of an 𝐴 ∼ 130 isotope, as discussed
in Section V of [21]. It is expected that if the neutrinoless
double-beta decay is confirmed in any of the experiments,
more resources and upgrades could be dedicated to boost
the statistics and to reveal more information on the neutrino
properties.

Following our recent study for 82Se in [21], which is the
baseline isotope of SuperNEMO, we extend our analysis of 𝜆
and 𝜂mechanisms to other nuclei of immediate experimental
interest: 124Sn, 130Te, and 136Xe. These isotopes are under
investigation by the TIN.TIN [22] (124Sn), CUORE [23, 24],
SNO+ [25] (130Te), NEXT [26], EXO [27], and KamLAND-
Zen [28] (136Xe) experiments. For the mass region 𝐴 ∼ 130,
we perform calculations in 𝑗𝑗55 model space consisting of
0𝑔7/2, 1𝑑5/2, 1𝑑3/2, 2𝑠1/2 and 0ℎ11/2 valence orbitals using the
SVD shell model Hamiltonian [29] that was fine-tuned with
experimental data from Sn isotopes. Our tests of this Hamil-
tonian include energy levels, 𝐵(𝐸2)↑ transitions, occupation
probabilities, Gamow-Teller strengths, andNME decomposi-
tion for configurations of protons/neutrons pairs coupled to
some spin (𝐼) and some parity (positive or negative), called
𝐼-pair decomposition.These tests and validations of the SVD
Hamiltonian can be found in [9] for 124Sn and in [30] for
130Te and 136Xe. Calculations of NME in larger model spaces
(e.g., 𝑗𝑗77 model space that includes 0𝑔9/2 and 0ℎ9/2 orbitals
missing in 𝑗𝑗55 models space) were successfully performed
for 136Xe [31], but for 124Sn and 130Te they are much more
difficult and would require special truncations.

In this work, assuming the detection of several tens of
0]𝛽𝛽 decay events, we present a possibility to identify right-
handed contributions from 𝜆 and 𝜂mechanisms by analyzing
the two-electron angular and energy distributions that could
be measured.

We organize this paper as follows: Section 2 shows a brief
description of the neutrinoless double-beta decay formal-
ism considering a low-energy Hamiltonian that takes into
account contributions from right-handed currents. Section 3
presents an analysis of the half-lives and of the two-electron
angular and energy distributions results for 124Sn, 130Te, and
136Xe. Finally, we dedicate Section 4 to conclusions.

2. Brief Formalism of 0]𝛽𝛽
The existence of right-handed currents and their contribu-
tions to the neutrinoless double-beta decay rate has been
considered for a long time [14, 32], but most frequent cal-
culations treat only the light left-handed neutrino-exchange
mechanism (commonly referred to as “the mass mecha-
nism”). One model that considers the right-handed currents
contributions and includes heavy particles that are not part of
the StandardModel is the left-right symmetric model [17, 18].

Within the framework of the left-right symmetric model, the
neutrinoless double-beta decay half-life expression is

[𝑇0]1/2]−1 = 𝐺0]01𝑔4𝐴 𝑀0]𝜂] + 𝑀0𝑁 (𝜂𝐿𝑁𝑅 + 𝜂𝑅𝑁𝑅) + 𝜂𝜆𝑋𝜆
+ 𝜂𝜂𝑋𝜂 + ⋅ ⋅ ⋅

2 ,
(1)

where 𝜂], 𝜂𝐿𝑁𝑅 , 𝜂𝑅𝑁𝑅 , 𝜂𝜆, and 𝜂𝜂 are neutrino physics parameters
defined in [15] (see also Appendix A of [21]), 𝑀0] and 𝑀0𝑁
are the light and heavy neutrino-exchange nuclear matrix
elements [5, 6], and 𝑋𝜆 and 𝑋𝜂 are combinations of NME
and phase space factors, which are calculated in this paper.
𝐺0]01 is a phase space factor [33] that one can calculate [34]
with good precision for most cases [35–37]. The “⋅ ⋅ ⋅ ” sign
represents other possible contributions, such as those of
R-parity violating SUSY particle exchange [5, 6], Kaluza-
Klein modes [6, 38, 39], violation of Lorentz invariance, and
equivalence principle [40–42], which we neglected here. 𝜂𝐿𝑁𝑅
term also exists in the seesaw type I mechanisms but its
contribution is negligible if the heavy mass eigenstates are
larger than 1GeV [8].We consider a seesaw type I dominance
[43] and we will neglect this contribution here.

For an easier read, we perform the following change of
notation: ⟨]⟩ = |𝜂]|, ⟨𝜆⟩ = |𝜂𝜆|, and ⟨𝜂⟩ = |𝜂𝜂|.

In this paper, we provide an analysis of the two-electron
relative energy and angular distributions for 124Sn, 130Te, and
136Xe using shell model NME that we calculate. The purpose
of this analysis is to identify the relative contributions of 𝜂𝜆
and 𝜂𝜂 terms in (1). A similar analysis for 82Se was done
using QRPA NME in [12] and with shell model NME in [21].
As in [21], we start from the classic paper of Doi et al. [14],
describing the neutrinoless double-beta decay process using
a low-energy effective Hamiltonian that includes the effects
of the right-handed currents. By simplifying some notations
and ignoring the contribution from 𝜂𝑅𝑁𝑅 term, which has the
same energy and angular distribution as 𝜂] term, the half-life
expression [14] is written as

[𝑇0]1/2]−1 = 𝑀0]GT
2 {𝐶]2 + 𝐶]𝜆 cos𝜙1 + 𝐶]𝜂 cos𝜙2 + 𝐶𝜆2

+ 𝐶𝜂2 + 𝐶𝜆𝜂 cos (𝜙1 − 𝜙2)} ,
(2)

where 𝜙1 and 𝜙2 are the relative CP-violating phases (Eq.
A7 of [21]) and 𝑀0]GT is the Gamow-Teller contribution of
the light neutrino-exchange NME.𝐶𝛼 are contributions from
different mechanisms: 𝐶]2 are from the left-handed leptonic
currents, 𝐶𝜆2 are from the right-handed leptonic and right-
handed hadronic currents, and𝐶𝜂2 are from the right-handed
leptonic and left-handed hadronic currents. 𝐶]𝜆, 𝐶]𝜂, and𝐶𝜆𝜂 contain the interference between these terms. These are
defined as

𝐶]2 = 𝐶1 ⟨]⟩2 ,
𝐶]𝜆 = 𝐶2 ⟨]⟩ ⟨𝜆⟩ ,
𝐶]𝜂 = 𝐶3 ⟨𝜂⟩ ⟨]⟩ ,
𝐶𝜆2 = 𝐶4 ⟨𝜆⟩2 ,
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𝐶𝜂2 = 𝐶5 ⟨𝜂⟩2 ,
𝐶𝜆𝜂 = 𝐶6 ⟨𝜂⟩ ⟨𝜆⟩ ,

(3)

where 𝐶1–6 are combinations of nuclear matrix elements and
phase space factors (PSF). Their expressions can be found in
Appendix B, Eqs. (B1) of [21]. 𝑀0]GT and the other nuclear
matrix elements that appear in the expressions of the 𝐶𝑖
factors are presented in Eq. (B4) of [21].

We write the differential decay rate for 0+ → 0+ 0]𝛽𝛽
transition as

d2𝑊0]0+→0+
d𝜖1d cos 𝜃12 = 𝑎0]𝜔0] (𝜖1)

2 (𝑚𝑒𝑅)2 [𝐴 (𝜖1) + 𝐵 (𝜖1) cos 𝜃12] . (4)

Here, 𝜖1 is the energy of one electron in units of𝑚𝑒𝑐2, 𝑅 is the
nuclear radius (𝑅 = 𝑟0𝐴1/3, with 𝑟0 = 1.2 fm), 𝜃12 is the angle
between the outgoing electrons, and the expressions for the
constant 𝑎0] and the function 𝜔0] are given in Appendix C,
Eqs. (C2) and (C3) of [34], respectively. The functions 𝐴(𝜖)
and 𝐵(𝜖) are defined as combinations of factors that include
PSF and NME:

𝐴 (𝜖1) = 𝑁1 (𝜖1)2 + 𝑁2 (𝜖1)2 + 𝑁3 (𝜖1)2

+ 𝑁4 (𝜖1)2 ,
(5a)

𝐵 (𝜖1) = −2Re [𝑁⋆1 (𝜖1)𝑁2 (𝜖1) + 𝑁⋆3 (𝜖1)𝑁4 (𝜖1)] . (5b)

The detailed expressions of 𝑁1–4(𝜖1) components are pre-
sented in Eqs. (B7) of [21].

We can express the half-life as follows:

[𝑇0]1/2]−1 = 1
ln 2 ∫ d𝑊0]0+→0+

= 𝑎0]
ln 2 (𝑚𝑒𝑅)2 ⋅ ∫

𝑇+1

1
𝐴 (𝜖1) 𝜔0] (𝜖1) d𝜖1,

(6)

with the normalized kinetic energy 𝑇 defined as

𝑇 = 𝑄𝛽𝛽
𝑚𝑒𝑐2 , (7)

where 𝑄𝛽𝛽 is the 𝑄-value of the decay.
The integration of (4) over 𝜖1 provides the angular

distribution of the electrons that we write as

d𝑊0]0+→0+
dΩ = 𝑎0]

4𝜋 (𝑚𝑒𝑅)2 [∫
𝑇+1

1
𝐴 (𝜖1) 𝜔0] (𝜖1) d𝜖1

+ dΩ
2𝜋 ∫𝑇+1
1

𝐵 (𝜖1) 𝜔0] (𝜖1) d𝜖1] ,
(8)

where dΩ = 2𝜋d cos 𝜃12.
Integrating (4) over cos 𝜃12 provides the single-electron

spectrum. As in [21], we express the decay rate as a function
of the difference in the energy of the two outgoing electrons:
Δ𝑡 = (𝜖1−𝜖2)𝑚𝑒𝑐2, where 𝜖2 = 𝑇+2−𝜖1 is the kinetic energy of

Table 1: The nine NME of 124Sn, 130Te, and 136Xe.

𝑀GT 𝑀𝐹 𝑀GT𝜔 𝑀𝐹𝜔 𝑀GT𝑞 𝑀𝐹𝑞 𝑀𝑇 𝑀𝑅 𝑀𝑃
124Sn 1.85 −0.47 2.05 −0.46 1.79 −0.27 0.01 2.66 −2.06
130Te 1.66 −0.44 1.86 −0.43 1.59 −0.25 −0.01 2.56 −1.73
136Xe 1.50 −0.40 1.68 −0.39 1.44 −0.23 −0.01 2.34 −1.62

the second electron. We can write the energy of one electron
as

𝜖1 = 𝑇 + 2 + Δ𝑡/𝑚𝑒𝑐2
2 . (9)

Changing the variable, the energy distribution as a function
of Δ𝑡 is

2d𝑊0]0+→0+
d (Δ𝑡) = 2𝑎0]

(𝑚𝑒𝑅)2
𝜔0] (Δ𝑡)
𝑚𝑒𝑐2 𝐴 (Δ𝑡) . (10)

3. Results

The formalism used in this paper is taken from [21], where
it was used to analyze the two-electron angular and energy
distributions for 82Se, the baseline isotope of the SuperNEMO
experiment [12, 13]. It was adapted from [14, 33] with some
changes for simplicity and consistency and updated with
modern notations. Here we use it to analyze in detail 0]𝛽𝛽
decay two-electron angular and energy distributions for
124Sn, 130Te, and 136Xe.The nineNME required are calculated
in this paper using the SVD shell model Hamiltonian [29] in
𝑗𝑗55 model space which was thoroughly tested and validated
for 124Sn in [9] and for 130Te and 136Xe in [30]. For an easier
comparison to other results, we use 𝑔𝐴 value of 1.254; we
include short-range correlationswith CD-Bonn parametriza-
tion, finite nucleon size effects, and higher-order corrections
of the nucleon current [44]. Should one change to the newer
recommended 𝑔𝐴 value of 1.27 [45], the NME results would
change by only 0.5% [46] and the effective PSF (multiplied by
𝑔4𝐴) would change by 5%.This is negligible when compared to
the uncertainties in theNME.𝑔𝐴 quenching is not considered
here and an extended justification for this decision is given in
[21].

In Table 1, we present the nine dimensionless NME for
124Sn, 130Te, and 136Xe calculated in this work using an opti-
mal closure energy ⟨𝐸⟩ = 3.5MeV which was obtained using
a recently proposedmethod [47]. By using an optimal closure
energy obtained for this Hamiltonian, we get 0]𝛽𝛽 NME
results in agreement with beyond closure approaches [48].
The definition of these NME and the details regarding their
calculations are given in Appendix B of [21].

The integrated PSF of the outgoing electrons, denoted by
𝐺1–𝐺9, which enter 𝐶𝛼 terms of (2), depend on the 𝑄-value
of the transition, themass, and the charge of the final nucleus.
We calculate these integrated PSF using a new effective
method [34] which was in agreement with the latest results
and was tested for 11 nuclei. Their complete expressions can
also be found in Appendix C of [21]. The largest difference
between our PSF and those of [35], among our three isotopes
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Table 2: The nine PSF expressed in [yr−1].
𝐺1 ⋅ 1014 𝐺2 ⋅ 1014 𝐺3 ⋅ 1014 𝐺4 ⋅ 1015 𝐺5 ⋅ 1013 𝐺6 ⋅ 1012 𝐺7 ⋅ 1010 𝐺8 ⋅ 1011 𝐺9 ⋅ 1011

124Sn 1.977 4.184 1.248 3.909 6.685 3.648 2.749 2.585 0.731
130Te 3.122 8.026 2.092 6.267 10.18 5.335 4.340 4.261 1.106
136Xe 3.188 7.798 2.114 6.372 10.79 5.464 4.458 4.522 1.099

Table 3: 𝐶𝑖 factors (𝑖 = 1, . . . , 6) corresponding to (3) expressed in [yr−1].
𝐶1 ⋅ 1014 𝐶2 ⋅ 1014 𝐶3 ⋅ 1011 𝐶4 ⋅ 1013 𝐶5 ⋅ 109 𝐶6 ⋅ 1013

124Sn 2.67 −1.43 0.69 0.54 1.34 −0.71
130Te 4.25 −2.41 1.08 1.64 2.26 −2.34
136Xe 4.36 −2.44 1.30 1.04 2.24 −1.34

Table 4: The neutrino parameter values chosen for 0]𝛽𝛽 mecha-
nisms described in the text.

⟨]⟩ ⟨𝜆⟩ ⟨𝜂⟩
Mass mechanism (]) 2 ⋅ 10−7 0 0
Lambda mechanism (𝜆) 2 ⋅ 10−7 2 ⋅ 10−7 0
Eta mechanism (𝜂) 2 ⋅ 10−7 0 2 ⋅ 10−9

of interest, is of about 16% for 𝐺8 of 136Xe. Should one use
the older formalism of [14], differences of about 88% are
expected in the case of𝐺8 for 136Xe. One should keep inmind
that the expressions for the two-electron angular and energy
distributions (𝐴 and𝐵 terms in (5a) and (5b)) contain energy-
dependent (unintegrated) PSF andnot the integratedPSF that
are found in tables throughout the literature. Eqs. (B7) of
[21] provide the details of their expressions. The values for
the nine integrated PSF are presented in Table 2. The results
shown include 𝑔4𝐴 = 1.254 constant, such that 𝐺1 = 𝐺0]01𝑔4𝐴 in
(1) and 𝐺[1,9] = 𝐺[01,09]𝑔4𝐴 of [35].𝐶𝑖 factors (𝑖 = 1, . . . , 6) of (3), representing combinations
of NME and PSF, are presented in Table 3. As one can clearly
see, 𝐶5 term that appears in 𝜂 mechanism is the largest. This
is because of the large magnitude of 𝐺7, 𝐺8, and 𝐺9 PSF
displayed in Table 2.

To test the possibility of disentangling the right-handed
contributions in the framework of the left-right symmetric
model, we consider three theoretical cases: the case of the
massmechanismdenotedwith ] and presentedwith the black
color in the figures, the case of 𝜆 mechanism dominance
in competition with ] denoted with 𝜆 and displayed with
the blue color, and the case of 𝜂 mechanism dominance in
competition with ] denoted with 𝜂 and displayed with the
red color. This color choice is consistent throughout all the
figures.

Considering the latest experimental limits [15, 35] from
76Ge 0]𝛽𝛽 half-life, we select a value for the mass mechanism
parameter ] which corresponds to a light neutrino mass of
about 1meV, while the values for 𝜆 and 𝜂 effective parameters
are chosen to barely dominate over the mass mechanism.
Should their values be reduced four times, their contributions
would not be distinguishable from the mass mechanism.

Table 5: Calculated half-lives (𝑇1/2) intervals for each mechanism
expressed in years. The range of the interval corresponds to the
uncertainty in the CP phases 𝜙1 and 𝜙2 in (2).

] 𝜆 𝜂
124Sn 2.73 ⋅ 1026 [7.41, 10.44] ⋅ 1025 [2.47, 4.69] ⋅ 1025
130Te 2.12 ⋅ 1026 [5.07, 6.94] ⋅ 1025 [1.85, 3.34] ⋅ 1025
136Xe 2.53 ⋅ 1026 [6.23, 8.60] ⋅ 1025 [2.20, 4.00] ⋅ 1025

Table 4 shows the values of these parameters used in the
analysis.

We consider four combinations for the CP phases 𝜙1
and 𝜙2 (each one being 0 or 𝜋) which can influence the
half-lives and the two-electron distributions. The maximum
difference arising from the interference of these phases
produces the uncertainties that are displayed as bands in the
figures, changing the amplitudes and the shapes. The color
convention for Figures 2–9 assigns red bands with a wavy
pattern (lighter grey in black andwhite print) to 𝜂mechanism
and blue bands without a pattern (darker grey in black and
white print) to 𝜆 mechanism. As the mass mechanism does
not depend on 𝜙1 and 𝜙2, there is no interference, and it is
represented by a single thick black line. Because the mass
mechanism is themost studied case in the literature, onemay
consider it as the reference case.

The calculated half-lives of 124Sn, 130Te and 136Xe are
presented in Table 5. Their values can be obtained either
from (2) or from (6). The maximum differences from the
interference phases produce the intervals. For an easier
comparison of the half-lives and the uncertainties, we also
plot them in Figure 1. One can notice that the inclusion of
𝜆 or 𝜂 contributions reduces the half-lives.

The shapes of the two-electron angular distributions of (8)
could be used to distinguish between the mass mechanism
and 𝜆 or 𝜂 mechanisms. However, many recorded events
(tens or more) are needed for a reliable evaluation, and even
then one can face difficulties due to the unknown CP phases.
124Sn angular distribution is presented in Figure 2. One can
see that 𝜆 (blue bands) and 𝜂 (red bands) exhibit similar
shapes, differing in amplitude and opposite to that of themass
mechanism (black line). In the case of 130Te, the same is to
be expected, but 𝜆 and 𝜂 bands overlap due to the unknown
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Figure 1: The calculated lifetimes and their uncertainties (the
hatched bars) form the interference of the unknown CP phases.
From left to right, the three vertical bars for each nucleus correspond
to the mass mechanism, 𝜂 mechanism, and 𝜆 mechanism, respec-
tively.
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Figure 2: Electrons angular distribution for 124Sn. The red band
corresponds to 𝜂 mechanism and the blue band corresponds to 𝜆
mechanism. The width of the bands represents the uncertainties
arising from the unknown CP phases 𝜙1 and 𝜙2.
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Figure 3: Same as Figure 2 for 130Te.
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Figure 4: Same as Figure 2 for 136Xe.
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Figure 5: Electrons energy distribution for 124Sn. The red band
corresponds to 𝜂 mechanism and the blue band corresponds to 𝜆
mechanism. The width of the bands represents the uncertainties
arising from the unknown CP phases 𝜙1 and 𝜙2.
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Figure 6: Same as Figure 5 for 130Te.

phases, as seen in Figure 3. 136Xe angular distribution is very
similar to that of 124Sn and is presented in Figure 4.

In principle, 𝜆 and 𝜂 contributions could be identified in
the shapes of the two-electron energy distributions. While
the tails of the distributions (when the difference between
the energy of one electron and that of the other is maximal)
overlap, the starting points (when both electrons have almost
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Figure 7: Same as Figure 5 for 136Xe.
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Figure 8:The angular correlation coefficient for 124Sn.The red band
corresponds to 𝜂 mechanism and the blue band corresponds to 𝜆
mechanism. The width of the bands represents the uncertainties
arising from the unknown CP phases 𝜙1 and 𝜙2.
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Figure 9: Same as Figure 8 for 130Te.

equal energies) are very different for 𝜆 mechanism from 𝜂
mechanism. Figure 5 shows the energy distribution for 124Sn.
130Te energy distribution is presented in Figure 6. For 136Xe
(Figure 7), we find an energy distribution very similar to that
of 124Sn, like in the case of the angular distributions.

To further aid with the disentanglement of 𝜆 and 𝜂
mechanisms, we provide plots of the angular correlation
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Figure 10: Same as Figure 8 for 136Xe.

coefficient: 𝛼 = 𝐵(𝜖)/𝐴(𝜖) in our (4). This may help reduce
the uncertainties induced by the unknown CP phases (see,
e.g., Figures 6.5–6.9 of [14] and Figure 7 of [35]). From
𝛼(Δ𝑡), one may also obtain clearer separation from the
mass mechanism over a wide range of energies. The angular
correlation coefficient for 124Sn is presented in Figure 8. The
same behavior can be identified in Figure 9 for 130Te and in
Figure 10 for 136Xe.

4. Conclusions

In this paper, we report shell model calculations necessary
to disentangle the mixed right-handed/left-handed currents
contributions (commonly referred to as 𝜂 and 𝜆mechanisms)
from the mass mechanism in the left-right symmetric model.
We perform an analysis of these contributions by considering
three theoretical scenarios, one for the mass mechanism, one
for 𝜆 dominance in competition with the mass mechanism,
and one where 𝜂 mechanism dominates in competition with
the mass mechanism.

The figures presented support the conclusions [14, 21]
that one can distinguish 𝜆 or 𝜂 dominance over the mass
mechanism from the shape of the two-electron angular
distribution, while one can discriminate 𝜆 from 𝜂mechanism
using the shape of the energy distribution and that of the
angular coefficient. The tables and the figures presented also
show the uncertainties related to the effects of interference
from the unknown CP-violating phases.

We show our results for phase space factors, nuclear
matrix elements, and lifetimes for 0]𝛽𝛽 transitions of 124Sn,
130Te, and 136Xe to ground states. In the case of the mass
mechanism nuclear matrix elements, we obtain results which
are consistent with previous calculations [21, 30], where the
same SVD Hamiltonian was used. Similar to the case of 82Se
[21], the inclusion of 𝜂 and 𝜆mechanisms contributions tends
to decrease the half-lives.

The phase space factors included in the analysis of
lifetimes and two-electron distributions are calculated using a
recently proposed accurate effectivemethod [9] that provides
results very close to those of [35]. Reference [35] takes into
account consistently the effects of the realistic finite size
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proton distribution in the daughter nucleus, but it does not
provide all the energy-dependent phase space contributions
necessary for our analysis.

Consistent with the calculations and the conclusions we
obtained for 82Se [21], if 𝜂mechanism exists, itmay be favored
to compete with the mass mechanisms because of the larger
contribution from the phase space factors.

Finally, we conclude that, in experiments where outgoing
electrons can be tracked, such as SuperNEMO [12, 13]
and NEXT [49], this analysis is possible if enough data is
collected, generally of the order of a few tens of events. This
may be beyond the capabilities of some of the current exper-
iments, but should a positive neutrinoless double-beta decay
measurement be achieved, it is expected that more resources
could be allocated to improve the design, the statistics,
and the variety of the investigated isotopes of the experiments
which have realistic tracking capabilities.
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[7] M. Mitra, G. Senjanović, and F. Vissani, “Neutrinoless double
beta decay and heavy sterile neutrinos,” Nuclear Physics B, vol.
856, no. 1, pp. 26–73, 2012.

[8] M. Blennow, E. Fernandez-Martinez, J. Lopez-Pavon, and J.
Menendez, “Neutrinoless double beta decay in seesaw models,”
Journal of High Energy Physics, vol. 2010, no. 7, article 096, 2010.

[9] M. Horoi and A. Neacsu, “Shell model predictions for 124Sn
double-𝛽 decay,” Physical Review C, vol. 93, no. 2, Article ID
024308, 2016.

[10] J. D. Holt and J. Engel, “Effective double-𝛽-decay operator for
76Ge and 82Se,” Physical Review C, vol. 87, no. 6, Article ID
064315, 2013.

[11] J. Retamosa, E. Caurier, and F. Nowacki, “Neutrinoless double
beta decay of Ca48,” Physical ReviewC, vol. 51, no. 1, pp. 371–378,
1995.

[12] R. Arnold, C. Augier, J. Baker et al., “Probing new physics mod-
els of neutrinoless double beta decay with SuperNEMO,” The
European Physical Journal C, vol. 70, no. 4, pp. 927–943, 2010.

[13] M. Bongrand, “Search for 0]2𝛽 of 100Mo by NEMO-3 and
status of SuperNEMO,” in Proceedings of the 26th International
Conference on Neutrino Physics and Astrophysics: Neutrino, vol.
1666 of AIP Conference Proceedings, Boston, Mass, USA, June
2014.

[14] M. Doi, T. Kotani, and E. Takasugi, “Double beta decay and
Majorana neutrino,” Progress of Theoretical Physics Supplement,
vol. 83, pp. 1–175, 1985.

[15] J. Barry and W. Rodejohann, “Lepton number and flavour
violation in TeV-scale left-right symmetric theories with large
left-right mixing,” Journal of High Energy Physics, vol. 2013, no.
9, article 153, 2013.

[16] J. C. Pati and A. Salam, “Lepton number as the fourth ‘color’,”
Physical Review D, vol. 10, no. 1, pp. 275–289, 1974.

[17] R. N. Mohapatra and J. C. Pati, “‘Natural’ left-right symmetry,”
Physical Review D, vol. 11, no. 9, pp. 2558–2561, 1975.

[18] G. Senjanovic and R. N. Mohapatra, “Exact left-right symmetry
and spontaneous violation of parity,” Physical Review D, vol. 12,
no. 5, pp. 1502–1505, 1975.

[19] W.-Y. Keung and G. Senjanovic, “Majorana neutrinos and the
production of the right-handed charged Gauge Boson,” Physical
Review Letters, vol. 50, no. 19, article 1427, 1983.

[20] V. Khachatryan, A.M. Sirunyan, A. Tumasyan et al., “Search for
heavy neutrinos andW bosons with right-handed couplings in
proton-proton collisions at √𝑠 = 8TeV,”The European Physical
Journal C, vol. 74, no. 11, article 3149, pp. 1–23, 2014.

[21] M. Horoi and A. Neacsu, “Analysis of mechanisms that could
contribute to neutrinoless double-beta decay,” Physical Review
D, vol. 93, no. 11, Article ID 113014, 2016.

[22] V. Nanal, “Search for neutrinoless double beta decay in 124Sn,”
in Proceedings of the International Nuclear Physics Conference
(INPC ’13), vol. 66 of EPJ Web of Conferences, p. 08005, March
2014.

[23] K. Alfonso, D. R. Artusa, F. T. Avignone et al., “Search for
neutrinoless double-𝛽 decay of 130Te with CUORE-0,” Physical
Review Letters, vol. 115, no. 10, Article ID 102502, 2015.

[24] C. Alduino, K. Alfonso, D. R. Artusa et al., “CUORE-0 detector:
design, construction and operation,” Journal of Instrumentation,
vol. 11, no. 7, pp. 1–35, 2016.

[25] S. Andringa, E. Arushanova, S. Asahi et al., “Current status and
future prospects of the SNO+ experiment,” Advances in High
Energy Physics, vol. 2016, Article ID 6194250, 21 pages, 2016.
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A comprehensive analysis of the structure of the nuclear matrix elements (NMEs) of neutrinoless double beta-minus (0]𝛽−𝛽−)
decays to the 0+ ground and first excited states is performed in terms of the contributing multipole states in the intermediate nuclei
of 0]𝛽−𝛽− transitions. We concentrate on the transitions mediated by the light (l-NMEs)Majorana neutrinos. As nuclear model we
use the proton-neutron quasiparticle random-phase approximation (pnQRPA) with a realistic two-nucleon interaction based on
the Bonn one-boson-exchange 𝐺 matrix. In the computations we include the appropriate short-range correlations, nucleon form
factors, and higher-order nucleonic weak currents and restore the isospin symmetry by the isoscalar-isovector decomposition of
the particle-particle proton-neutron interaction parameter 𝑔pp.

1. Introduction

Thanks to neutrino-oscillation experiments much is known
about the basic properties of the neutrino concerning its
mixing and squared mass differences. What is not known
is the absolute mass scale, the related mass hierarchy, and
the fundamental nature (Dirac or Majorana) of the neutrino.
This can be studied by analyzing the neutrinoless double
beta (0]2𝛽) decays of atomic nuclei [1–4] through analyses
of the participating nuclear matrix elements (NMEs). The
0]2𝛽 decays proceed by virtual transitions through states of
all multipoles 𝐽𝜋 in the intermediate nucleus, 𝐽 being the total
angular momentum and 𝜋 being the parity of the interme-
diate state. Most of the present interest is concentrated on
the double beta-minus variant (0]𝛽−𝛽− decay) of the 0]2𝛽
decays due to their relatively large decay energies (𝑄 values)
and natural abundancies.

In this work we concentrate on analyses of the interme-
diate contributions to the 0]𝛽−𝛽− decays for the 0+ → 0

+

ground-state-to-ground-state and ground-state-to-excited-
state transitions in nuclear systems of experimental interest.
We focus on the lightMajorana neutrinomediated transitions

by taking into account the appropriate short-range nucleon-
nucleon correlations [5] and contributions arising from the
induced currents and the finite nucleon size [6]. There are
several nuclear models that have recently been used to
compute the 0]𝛽−𝛽− decay NMEs (see, e.g., the extensive
discussions in [3, 7–11]). However, the only model that avoids
the closure approximation and retains the contributions
from individual intermediate states is the proton-neutron
quasiparticle random-phase approximation (pnQRPA) [7,
12–14].

Some analyses of the intermediate-state contributions
within the pnQRPA approach have been performed in [12,
13, 15, 16] and recently quite extensively in [17]. In [17]
an intermediate multipole 𝐽𝜋 decomposition was done for
decays of 76Ge, 82Se, 96Zr, 100Mo, 110Pd, 116Cd, 124Sn, 128,130Te,
and 136Xe to the ground state of the respective daughter
nuclei. In this paper we extend the analysis of [17] to a more
detailed scrutiny of the intermediate contributions to the
0]𝛽−𝛽− decay NMEs of the above-mentioned nuclei. We also
extend the scope of [17] by considering transitions to the first
0

+ excited states in addition to the ground-state-to-ground-
state transitions.
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2. Theory Background

In this section a very brief introduction to the computational
framework of the present calculations is given. The present
analyses on ground-state-to-ground-state decays are based
on the calculations done in [17]. Details considering the
excited-state decays are given in a future publication. We
assume here that the 0]𝛽−𝛽− decay proceeds via the light
Majorana neutrino so that the inverse half-life can be written
as
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where 𝐺
0] is a phase-space factor for the final-state leptons

defined here without the axial vector coupling constant 𝑔A.
The quantity ⟨𝑚]⟩ denotes the neutrino effective mass and
describes the physics beyond the standard model [17]. The
quantity𝑀(0]) is the light neutrino nuclearmatrix element (l-
NME). The nuclear matrix element can be decomposed into
Gamow-Teller (GT), Fermi (F), and tensor (T) contributions
as
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where 𝑔V is the vector coupling constant.
Each of the NMEs𝐾 = GT, F, and T in (2) can be decom-

posed in terms of the intermediate multipole contributions
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where each multipole contribution is, in turn, decomposed
in terms of the two-particle transition matrix elements and
one-body transition densities as

𝑀

(0])
𝐾

(𝐽

𝜋

) = ∑

𝑘

1
,𝑘

2
,𝐽



∑

𝑝𝑝


𝑛𝑛



(−1)

𝑗

𝑛
+𝑗

𝑝
+𝐽+𝐽



√

2𝐽



+ 1

× {

𝑗

𝑝

𝑗

𝑛

𝐽

𝑗

𝑛

 𝑗
𝑝

 𝐽



}(𝑝𝑝



: 𝐽










O
𝐾









𝑛𝑛



: 𝐽



)

× (0

+

𝑓















[𝑐

†

𝑝

 �̃�
𝑛

]

𝐽















𝐽

𝜋

𝑘

1

) ⟨𝐽

𝜋

𝑘

1

| 𝐽

𝜋

𝑘

2

⟩ (𝐽

𝜋

𝑘

2













[𝑐

†

𝑝

�̃�

𝑛

]

𝐽













0

+

𝑖

) ,

(4)

where 𝑘
1

and 𝑘

2

label the different pnQRPA solutions for
a given multipole 𝐽𝜋 and the indices 𝑝, 𝑝, 𝑛, 𝑛 denote the
proton and neutron single-particle quantum numbers. The
operators O

𝐾

inside the two-particle matrix element contain
the neutrino potentials for the light Majorana neutrinos,
the characteristic two-particle operators for the different 𝐾
= GT, F, T and a function taking into account the short-
range correlations (SRC) between the two decaying neutrons
in the mother nucleus of 0]𝛽−𝛽− decay [17]. The final 0+
state, 0+

𝑓

, can be either the ground state or an excited state
of the 0]𝛽−𝛽− daughter nucleus, and the overlap factor
between the two one-body transition densities helps connect
the corresponding intermediate 𝐽𝜋 states emerging from the
pnQRPA calculations in the mother and daughter nuclei.

As mentioned before, our calculations contain the appro-
priate short-range correlators, nucleon form factors, and
higher-order nucleonic weak currents. In addition, we
decompose the particle-particle proton-neutron interaction
strength parameter 𝑔pp of the pnQRPA into its isoscalar
(𝑇 = 0) and isovector (𝑇 = 1) components and adjust
these components independently as described in [17]: the
isovector component is fixed such that the NME of the
two-neutrino double beta-decay (2]𝛽−𝛽−) vanishes and the
isospin symmetry is thus restored for both the 2]𝛽−𝛽− and
0]𝛽−𝛽− decays. The isoscalar component, in turn, is fixed
such that the measured half-life of the 2]𝛽−𝛽− decay is
reproduced. The resulting values of both components of 𝑔pp
are shown in Table I of [17]. The details of the chosen valence
spaces and the determination of the other Hamiltonian
parameters are presented in [17]. We further note that in
[17] two sets of NME computations, related to the value of
the axial vector coupling 𝑔A, were performed: first with the
quenched value 𝑔A = 1.00 and then with the bare value 𝑔A
= 1.26. In both computations the value of 𝑔A was fixed first.
After this theHamiltonian parameters were adjusted by using
the experimental data, as briefly described above and more
thoroughly in [17].

3. Results and Discussion

In this section we discuss and present the results of our
calculations. Presentation of the results follows top to bottom
approach. First we analyze themultipole decompositions and
total cumulative sums of the matrix elements. From these
we can extract the most important multipole components
and energy regions contributing to the NMEs. After this we
continue and dissect the most important multipole compo-
nents into contributions coming from different individual
states of the 0]𝛽𝛽 intermediate nucleus. Throughout these
computations we have used a conservatively quenched value
of the axial vector coupling 𝑔A = 1.00; that is, we use
the pnQRPA parameters which are related to the first set of
computations in [17] as was explained at the end of Section 2.

There has been a lot of discussion about the correct
value of 𝑔A in both the 2]𝛽𝛽 and 0]𝛽𝛽 decays lately. This
is so due to the fact that a large portion of the theoretical
half-life uncertainties are related to the present ambiguity
in the value of 𝑔A. In [9] the quenching of 𝑔A was studied
in the framework of IBM-2 and the interacting shell model
(ISM). The effective 𝑔A values were parametrized as 𝑔effA =

1.269𝐴

−0.18 (IBM-2) and as 𝑔effA = 1.269𝐴

−0.12 (ISM). These
parametrizations were obtained by comparing the model
calculations with experimental data on 2]𝛽𝛽 decays. Further
studieswere performedwithin the framework of the pnQRPA
by using the available Gamow-Teller beta-decay and 2]𝛽𝛽
decay data in several publications (see [18] and the references
therein). A wide systematic study of the quenching of 𝑔A
for Gamow-Teller beta decays was performed in [18]. Even
the quenching related to spin-dipole 2− states was studied
in [19]. While the beta decays and 2]𝛽𝛽 decays are low-
energy processes with small momentum transfers, the 0]𝛽𝛽
decay involves large momentum transfers and the thus
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Figure 1: Multipole decomposition of the l-NME for the nuclei 96Zr and 136Xe corresponding to the 0+gs → 0

+

gs decay transitions.

activated high-energy and high-multipolarity intermediate
states. For higher momentum transfers the effective 𝑔A can
be momentum-dependent [20] and different multipoles can
be affected in different ways. At present there exists no
known recipe on how to determine the value of 𝑔A for
the neutrinoless double beta decays, and that is why we
have chosen in the present study to work with a moderately
quenched value 𝑔A = 1.00, assumed to be the same for all
intermediate multipoles. We will study, however, the effect
of changing the value of 𝑔A to the characteristics of the
intermediate-state contributions in Section 3.3.

3.1. Ground-State-to-Ground-State Transitions. Let us begin
by considering the ground-state-to-ground-state decays
mediated by light neutrino exchange. In Figures 1(a) and 1(b)
we have plotted the multipole decomposition (3) of the l-
NMEs corresponding to the 𝐴 = 96 and 136 nuclear systems.
For most nuclei considered in this work, the leading multi-
pole component is 1−. This is the case also for the nucleus
96Zr shown in Figure 1(a).Most important contribution to the
NMEs comes from the lowest multipole components 1± −4±.
It can also be observed that the shape of the overall multipole
distribution is leveled when going towards heavier nuclei.
This can be seen by comparing the distribution of 96Zr with
the distribution of 136Xe displayed in Figure 1(b).

Nuclei can be grouped into different types according
to the shapes of their cumulative NME distributions. For
0

+

gs → 0

+

gs transitions via light neutrino exchange, we can
differentiate four types of nuclei. Type 1: nuclei belonging to
this type are 76Ge, 82Se, 96Zr, and 128Te. Representative of this
type, 76Ge, is presented in Figure 2(a). Characteristic feature
of the cumulative sum distribution belonging to type 1 is the
strong drop in the value of the NME occurring between 12
and 17MeV. Soon after this drop the NME saturates as can
be seen from panel (a). Type 2: nuclei belonging to this type
are 100Mo and 110Pd. Representative of this type, 110Pd, is
presented in Figure 2(b). Characteristic feature of this type
is the large enhancement and almost immediate cancellation
of this enhancement around 10MeV. This produces a spike-
like structure into the cumulative sum distribution as can
be seen from panel (b). Type 3: nuclei belonging to type 3
are 116Cd, 124Sn, and 130Te. Type 3 is represented by 124Sn,

shown in Figure 2(c). Characteristic features of this type
are that there occurs neither sharp cancellation of the NME
around 12–17MeV, as in type 1, nor a spike like structure
around 10MeV, as in type 2. Value of the NME rather
increases more or less smoothly to its highest value and then
smoothly saturates to its final value around 20MeV. Type 4:
type 4 is special in a sense that it includes only one nucleus,
136Xe. Cumulative sum of the NME for 136Xe is shown in
Figure 2(d). Characteristic feature of type 4 is that the lowest
energy region, roughly between 0 and 1.5MeV, contributes
practically nothing to the value of the NME as can be noticed
from panel (d).

Using the multipole decompositions, we have extracted
the most important multipole components contributing to
the light neutrino mediated ground-state-to-ground-state
decays. These most important components can be divided
into contributions coming from different energy levels of the
0]𝛽𝛽 intermediate nucleus.These contributions are collected
into Table 1 for 𝐴 = 76–100 systems, into Table 2 for 𝐴 =

110–124 systems, and into Table 3 for 𝐴 = 128–136 systems.
We see from the tables that often a very small set of states
collects the largest part of a given multipole contribution
to the NMEs. Also in some cases notable contributions are
coming from high excitation energies, well above 10MeV,
like in the case of 1− contributions for almost all nuclei,
1

+ contributions for 76Ge, 82Se, 110Pd, 116Cd, and 124Sn, 2+
contributions for 130Te and 136Xe, and a 3− contribution for
124Sn.

We notice a single-state dominance for the 2

− mode
in nuclei 76Ge, 82Se, and 96Zr. In [19] an analysis of the
unique first forbidden single 𝛽± 2− → 0

+ ground-state-to-
ground-state transitions in the mass region 𝐴 = 72–132
was performed. It was found that a strong renormalization
of the axial vector 2− single 𝛽matrix elements is needed to be
able to explain the experimental transition rates. It was then
speculated that the same kind of an effect may also appear
in the 0]𝛽𝛽 NMEs. This may have a large effect on the 0]𝛽𝛽
transition rates due to the important contribution of the 2−
multipole to the 0]𝛽𝛽 NMEs.

The energies of the intermediate states listed in Tables 1,
2, and 3 (and also those in Tables 4 and 5 for the transitions
to the excited states) originate from pnQRPA calculations.
Usually the pnQRPA cannot reproduce the fine details of
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Figure 2: Cumulative values of the computed l-NMEs corresponding to the 0+gs → 0

+

gs decay transitions for the nuclear systems 𝐴 =

76, 110, 124 and 136. The horizontal axis gives the excitation energies of the intermediate states contributing to the 0]𝛽𝛽 transition.

0 1 2 3 4 5 6 7 8 9 10 11

0

1

2

3

M
(0
�)
(J
𝜋

)

J
𝜋+− +− +− +− +− +− +− +− +− +− +− +−

(a) 76Ge(0]𝛽𝛽: 0+gs → 0
+

1

)

+−
0

+−
1

+−
2

+−
3

+−
4

+−
5 6 7 8 9 10 11 J

𝜋

0

1

2

3

M
(0
�)
(J
𝜋

)

+− +− +− +− +− +−

(b) 96Zr(0]𝛽𝛽: 0+gs → 0
+

1

)
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decay transitions.
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Figure 4: Cumulative values of the computed l-NMEs corresponding to the 0+gs → 0
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1

decay transitions for the nuclear systems 𝐴 =

76, 82, 96, 116, and 136. The horizontal axis gives the excitation energies of the intermediate states contributing to the 0]𝛽𝛽 transition.
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Table 1: Most important multipoles and intermediate states contributing to the ground-state-to-ground-state 0]𝛽𝛽 decays mediated by the
light neutrino exchange. Columns 𝐸 give the energies (in MeVs) and multipoles of the intermediate states. Multipoles are organized from left
to right in terms of their importance, themost important being on the left. Columns labeled𝐶 give the correspondingNMEcontributions. Last
two numbers in each 𝐶 column give the summed contribution and the percentual part which the displayed states give to the total multipole
strength. The percentage inside the parenthesis gives the fraction with which the displayed states contribute to the total NME.

Nucleus 𝐸(2

−

) 𝐶 𝐸(1

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(1

+

) 𝐶 𝐸(3

−

) 𝐶

76Ge

0.22 0.748 5.87 0.155 0.51 0.166 0.00 0.344 0.30 0.189
6.32 0.058 1.87 0.056 4.09 0.199 0.92 0.148
7.00 0.077 3.04 0.094 4.48 0.148 6.77 0.056
7.16 0.064 3.62 0.108 4.94 0.578 6.85 0.053
8.27 0.190 4.81 0.058 10.80 −0.053 11.63 0.062
11.04 0.084 7.73 0.054 11.75 −0.109 12.07 −0.053
12.03 0.165 13.52 −0.522
16.70 0.158

0.748 0.635 0.556 0.668 0.454
79% (11%) 83% (10%) 77% (9%) 88% (10%) 70% (7%)

Nucleus 𝐸(2

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(1

−

) 𝐶 𝐸(3

−

) 𝐶 𝐸(1

+

) 𝐶

82Se

0.00 0.510 0.65 0.137 5.27 0.116 0.07 0.140 0.19 0.264
1.73 0.065 6.85 0.065 0.82 0.138 3.16 0.095
2.22 0.051 7.98 0.134 4.07 0.065
3.56 0.084 9.79 0.083 4.55 0.105
4.05 0.052 12.25 0.065 5.32 0.559
4.93 0.054 17.41 0.070 7.01 −0.253

14.53 −0.396
0.510 0.442 0.393 0.278 0.439

81% (11%) 81% (9%) 76% (8%) 57% (6%) 92% (9%)
Nucleus 𝐸(1

−

) 𝐶 𝐸(2

−

) 𝐶 𝐸(3

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(4

+

) 𝐶

96Zr

1.75 0.056 0.92 0.498 1.35 0.151 0.64 0.150 1.05 0.099
2.28 0.063 2.21 0.065 2.35 0.051 1.63 0.114 1.68 0.071
2.52 0.150 3.75 0.050 7.77 0.064 5.69 0.064
4.46 0.050 4.43 0.052 11.36 −0.091
5.04 0.077 8.53 0.057
5.27 0.209 8.77 −0.056
8.65 0.060
11.33 0.061

0.728 0.666 0.175 0.265 0.234
83% (16%) 96% (15%) 31% (4%) 59% (6%) 69% (5%)

Nucleus 𝐸(1

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(4

+

) 𝐶 𝐸(3

+

) 𝐶 𝐸(2

−

) 𝐶

100Mo

3.12 0.307 0.90 0.192 1.32 0.158 1.33 0.202 1.76 0.205
4.41 0.109 2.10 0.154 2.26 0.097 1.68 0.076 2.85 0.147
6.68 0.091 11.68 0.082 7.43 0.152 5.52 −0.061
11.15 0.117 11.97 −0.070 7.76 −0.173 10.17 0.219
16.72 0.058 10.93 −0.194
20.26 −0.060
23.90 −0.060

0.562 0.359 0.255 0.257 0.316
70% (11%) 62% (7%) 53% (5%) 54% (5%) 72% (6%)
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Figure 5: Multipole decompositions for the ground-state-to-ground-state decay of the nucleus 76Ge ((a) and (b) panels) and for the ground-
state-to-excited-state decay of the nucleus 82Se ((c) and (d) panels).The value𝑔A = 1.00was used for (a) and (c) panels and the value𝑔A = 1.26
for (b) and (d) panels.

the level structures found in all intermediate odd-odd nuclei
considered in this work. This is due to the general feature of
odd-odd nuclei: the extremely high density of states even at
low energies. This high density of nuclear states becomes a
problem, not only for the pnQRPA, but for any other nuclear
many-body approach, including the nuclear shell model. The
reason for this is that even small perturbations in the two-
body interactionmatrix elements tend to change the ordering
of the levels at random. For this reason the spectra of the odd-
odd intermediate nuclei are not a very good measure of the
reliability of the calculations but, instead, a better way is to
adjust the model parameters in such a way that the transition
rates of some other known processes, for example, single or
2]𝛽𝛽 decays, can be reproduced by the theory and this is the
philosophy which we have followed in this work.

3.2. Ground-State-to-Excited-State Decays. Let us then con-
sider 0+gs → 0

+

1

transitions mediated by the light neutrino
exchange. In Figures 3(a) and 3(b) we have plotted the
multipole decomposition of the l-NMEs corresponding to the
𝐴 = 76 and 96 nuclear systems. The multipole distributions
for the excited-state transitions are greatly different from
those corresponding to the ground-state transitions. Usually
there is only a couple of multipoles, 0+ and 1

+, which
give by far the largest contribution to the NMEs. In this
sense the excited-state transitions are more simple than the
ground-state transitions. Typical example is the nucleus 76Ge,
displayed in Figure 3(a). One nucleus deviating from this

trend is 96Zr which is presented in Figure 3(b). Its multipole
distribution resembles somewhat more those shown for the
ground-state decays in Figures 1(a) and 1(b). Most of this
differing behaviour can be traced back to the one-phonon
structure of the final 0+

1

excited state in the nucleus 96Mo.
The 0+

1

final states in this work are modeled as one-phonon
basic QRPA excitations for the daughter nuclei 96Mo and
116Sn. Rest of the final states are modeled as two-quadrupole-
phonon states. Nucleus 96Zr is an exceptional case since the
0

+

1

state in 96Mo has a relatively low excitation energy and
thus boasts rather strong collective features. This is why the
excited-state transition has a wide multipole distribution and
is greatly enhanced.

Again we can divide nuclei into different groups by
considering the shapes of their total cumulative sum dis-
tributions. For 0+gs → 0

+

1

transitions via light neutrino
exchange, we can differentiate two types of nuclei. Type 1:
nuclei belonging to type 1 are 76Ge, 82Se, 124Sn, 130Te, and
136Xe. Typical examples of this type, 76Ge, 82Se, and 136Xe,
are shown in Figures 4(a), 4(b), and 4(d). Characteristic
feature of this type is that there exist only few energy states
which give most of the total matrix element producing a
staircase-like structure as seen in the panels. For example,
for 76Ge there seems to be only five such energy states.
Type 2: nuclei belonging to this type are 96Zr, 100Mo, 110Pd,
and 116Cd. Typical examples of this type are 96Zr and 116Cd
shown in Figures 4(c) and 4(e). Characteristic feature of
type 2 is that a large number of intermediate states give
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Figure 6: Cumulative values of the l-NMEs for ground-state-to-ground-state decays of the nuclei 100Mo and 116Cd ((a) and (b) panels), and
for the ground-state-to-excited-state decays of the nuclei 82Se and 96Zr ((c) and (d) panels). The horizontal axis gives the excitation energies
of the intermediate states contributing to the 0]𝛽𝛽 transition. Two different values for the axial coupling were used as indicated in the panels.

important contributions to the NMEs. In case of 116Cd, panel
(e), around 50% of the total NME comes from transitions
through the ground state of the intermediate nucleus. The
other 50% is distributed rather evenly on the interval 0–
20MeV.

Using the multipole decompositions, we extracted the
most important multipole components contributing to the
light neutrino mediated 0

+

gs → 0

+

1

decay transitions.
These most important components were then again divided
into contributions coming from different energy levels of

the 0]𝛽𝛽 intermediate nucleus. These contributions are
collected into Table 4 for𝐴 = 76–116 systems and into Table 5
for 𝐴 = 124–136 systems. Again we notice that often only
a few intermediate states give the largest contribution to the
dominant multipoles 1+ and 0+. Extreme case is the nucleus
116Cd forwhich the dominant intermediate ground state gives
81% of the total 1+ strength. Combining this with the fact
that 1+ is by far the largest multipole component, we get a
rather good approximation for the total NME by considering
just a single virtual transition through the 1+ ground state
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Table 2: Most important multipoles and intermediate states contributing to the ground-state-to-ground-state 0]𝛽𝛽 decays mediated by the
light neutrino exchange. Columns 𝐸 give the energies (in MeVs) and multipoles of the intermediate states. Multipoles are organized from left
to right in terms of their importance, themost important being on the left. Columns labeled𝐶 give the correspondingNMEcontributions. Last
two numbers in each 𝐶 column give the summed contribution and the percentual part which the displayed states give to the total multipole
strength. The percentage inside the parenthesis gives the fraction with which the displayed states contribute to the total NME.

Nucleus 𝐸(1

−

) 𝐶 𝐸(2

−

) 𝐶 𝐸(1

+

) 𝐶 𝐸(3

−

) 𝐶 𝐸(2

+

) 𝐶

110Pd

2.95 0.130 0.82 0.387 0.00 0.938 1.14 0.118 0.33 0.244
3.19 0.106 2.47 0.091 4.70 −0.062 1.64 0.128 0.95 0.087
3.44 0.221 2.63 0.163 9.61 0.153 1.91 0.080 8.68 0.061
3.81 0.426 5.94 0.107 9.75 −0.146 3.07 0.053 8.73 0.075
4.52 0.126 8.88 0.161 10.22 0.079 3.61 0.075 9.00 0.061
9.11 0.109 9.54 −0.256 15.16 −0.316 5.33 0.066 9.07 0.053

16.30 0.256 8.08 0.167 9.16 0.199
8.37 −0.051 9.30 −0.366
8.45 0.052
8.68 0.275
9.11 −0.468

1.118 0.653 0.903 0.496 0.414
77% (13%) 68% (7%) 96% (10%) 60% (6%) 55% (5%)

Nucleus 𝐸(1

−

) 𝐶 𝐸(3

−

) 𝐶 𝐸(2

−

) 𝐶 𝐸(1

+

) 𝐶 𝐸(3

+

) 𝐶

116Cd

3.61 0.223 1.72 0.081 1.84 0.065 0.00 0.378 0.90 0.158
4.47 0.099 2.30 0.053 2.93 0.287 8.37 −0.102 1.40 0.068
5.37 0.118 2.79 0.051 7.56 0.075 9.51 0.087 3.89 0.057
5.87 0.140 7.24 0.104 8.31 0.246 10.74 −0.083
8.61 0.102 8.34 0.103 11.20 0.081
23.07 0.071 8.45 −0.262 13.75 0.080

9.69 −0.051 13.79 −0.087
15.73 −0.363
15.83 0.440
16.51 −0.082
16.83 0.092

0.753 0.289 0.463 0.439 0.284
72% (15%) 65% (6%) 106% (9%) 102% (9%) 76% (6%)

Nucleus 𝐸(1

−

) 𝐶 𝐸(1

+

) 𝐶 𝐸(2

+

) 𝐶 𝐸(2

−

) 𝐶 𝐸(3

−

) 𝐶

124Sn

1.68 0.522 0.00 0.690 0.23 0.157 0.52 0.271 0.36 0.050
4.82 0.089 1.00 −0.067 0.60 0.083 1.82 0.225 0.49 0.110
6.54 0.082 2.56 0.252 1.06 0.056 4.55 0.051 1.95 0.150
9.57 0.059 3.31 0.153 2.15 0.066 7.60 0.057 9.67 0.086
10.74 0.159 6.72 −0.130 7.11 0.055 7.66 −0.064 9.70 0.062
14.07 0.065 9.51 0.098 10.20 0.183 9.82 −0.087
14.46 −0.099 13.09 −0.112 10.35 −0.094 12.64 −0.053
14.83 −0.058
16.36 −0.087
18.05 −0.067

0.664 0.884 0.417 0.629 0.318
55% (8%) 95% (11%) 53% (5%) 89% (8%) 49% (4%)

of the intermediate nucleus 116In. As for the ground-state-
to-ground-state decays in some cases notable contributions
are coming from high excitation energies, well above 10MeV.
There are high-energy contributions in case of 1+ multipole
for all nuclei, and in the cases of 2− and 2+multipoles for 130Te
and 136Xe.

3.3. Effects of 𝑔A on the Intermediate-State Contributions. As
mentioned earlier, we have used in this work the quenched
value for the axial vector coupling 𝑔A = 1.00. Next we shall
briefly examine how our results will change if we increase
the value of 𝑔A from the quenched value 1.00 to the bare
value 1.26.The effect of this amplification of the axial coupling
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Table 3: Most important multipoles and intermediate states contributing to the ground-state-to-ground-state 0]𝛽𝛽 decays mediated by the
light neutrino exchange. Columns 𝐸 give the energies (in MeVs) and multipoles of the intermediate states. Multipoles are organized from left
to right in terms of their importance, themost important being on the left. Columns labeled𝐶 give the correspondingNMEcontributions. Last
two numbers in each 𝐶 column give the summed contribution and the percentual part which the displayed states give to the total multipole
strength. The percentage inside the parenthesis gives the fraction with which the displayed states contribute to the total NME.

Nucleus 𝐸(1

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(3

−

) 𝐶 𝐸(2

−

) 𝐶 𝐸(3

+

) 𝐶

128Te

4.22 0.200 0.04 0.066 0.16 0.055 0.61 0.335 0.02 0.074
4.72 0.060 0.51 0.052 0.58 0.140 4.02 0.060 2.37 0.063
6.21 0.078 2.93 0.084 3.97 0.052 4.55 0.101 6.22 0.078
6.44 0.059 3.97 0.053 10.04 0.061 4.89 −0.070 6.77 −0.065
8.07 −0.084 6.77 0.050 10.14 0.136 9.82 −0.062
8.30 0.151 10.57 −0.056 10.27 −0.057
8.98 0.068 11.55 0.058
10.69 −0.052
11.12 0.182
17.48 −0.079
19.19 −0.100

0.484 0.305 0.308 0.564 0.154
69% (8%) 52% (5%) 58% (5%) 120% (10%) 33% (3%)

Nucleus 𝐸(1

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(3

−

) 𝐶 𝐸(3

+

) 𝐶 𝐸(2

−

) 𝐶

130Te

4.18 0.184 0.13 0.054 0.84 0.113 0.10 0.056 0.97 0.277
5.72 0.059 3.16 0.089 0.36 0.052 10.25 0.061
6.27 0.059 4.70 0.064 2.60 0.056 11.33 −0.100
8.56 0.096 10.49 −0.065 6.35 0.063
11.26 0.115 10.57 0.145 6.83 0.054
17.77 −0.062 10.97 −0.088 12.31 0.059
19.51 −0.079 16.44 0.150 12.41 −0.065

16.54 −0.132
0.373 0.216 0.113 0.166 0.237

61% (7%) 40% (4%) 25% (2%) 39% (3%) 56% (5%)
Nucleus 𝐸(2

+

) 𝐶 𝐸(3

+

) 𝐶 𝐸(1

−

) 𝐶 𝐸(2

−

) 𝐶 𝐸(4

+

) 𝐶

136Xe

1.59 0.033 1.35 0.033 6.65 0.141 4.86 0.188 2.34 0.032
2.26 0.038 2.39 0.054 7.32 0.044 7.42 0.068 2.44 0.061
2.50 0.037 4.81 0.050 10.31 0.053 4.43 0.031
5.29 0.067 8.27 0.035 4.76 0.049
6.57 0.033 9.99 0.027 7.67 0.034
7.05 0.027 10.65 −0.027 9.10 0.045
14.11 0.087 9.65 −0.038
14.25 −0.085

0.238 0.172 0.238 0.256 0.214
62% (7%) 53% (5%) 76% (7%) 85% (7%) 71% (6%)

strength on the NMEs is demonstrated in Figure 5 where we
have plotted the multipole decompositions for nuclei 76Ge
and 82Se calculated with both values of the axial coupling
𝑔A = 1.00 and 𝑔A = 1.26. In case of the ground-state-
to-ground-state decays, the 1+ multipole changes rather fast
when the axial coupling is increased from 1.00 to 1.26. This
happens mainly due to the changing of the 𝑔pp parameter
(for each 𝑔A value, the parameter 𝑔pp is adjusted in such
a way that the measured 2]𝛽𝛽 rate is reproduced). The 1+
multipole contribution is very sensitive to the value of 𝑔pp.
We can see from Figures 5(a) and 5(b) that for 𝑔A = 1.00 the

1

+ component is among the five most important multipoles,
while for 𝑔A = 1.26 it is not. Some of the higher multipoles
change also somewhat, but not so rapidly. Ground-state-to-
excited-state transitions proceed mainly through the 0+ and
1

+multipole channels.We see from Figures 5(c) and 5(d) that
increasing the value of 𝑔A affects mostly the 0+ component.

Figure 6 displays the total cumulative sum distributions
for ground-state-to-ground-state decays of the nuclei 100Mo
and 116Cd (panels (a) and (b)), and for ground-state-to-
excited-state decays of the nuclei 82Se and 96Zr (panels (c)
and (d)). Axial coupling values 𝑔A = 1.00 and 𝑔A = 1.26
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Table 4: Most important multipoles and intermediate states contributing to the ground-state-to-excited-state 0]𝛽𝛽 decays mediated by the
light neutrino exchange. Columns 𝐸 give the energies (in MeVs) and multipoles of the intermediate states. Multipoles are organized from left
to right in terms of their importance, themost important being on the left. Columns labeled𝐶 give the correspondingNMEcontributions. Last
two numbers in each 𝐶 column give the summed contribution and the percentual part which the displayed states give to the total multipole
strength. The percentage inside the parenthesis gives the fraction with which the displayed states contribute to the total NME.

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶

76Ge

0.00 0.390 2.86 0.053
2.95 0.062 4.28 1.204
4.94 0.501
7.87 0.435
13.52 0.522

1.909 1.256
92% (50%) 99% (33%)

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶

82Se

0.19 0.149 5.45 0.471
5.32 0.179
7.01 0.145
14.53 0.274

0.746 0.471
90% (41%) 96% (26%)

Nucleus 𝐸(1

+

) 𝐶 𝐸(2

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(0

+

) 𝐶 𝐸(1

−

) 𝐶

96Zr

0.00 0.700 0.92 0.283 0.64 0.122 5.37 0.033 2.28 0.032
7.81 0.051 9.66 0.057 1.63 0.180 6.64 0.025 2.52 0.080
8.99 0.058 5.37 0.035 7.32 0.037 4.46 0.026
11.65 0.065 6.92 0.027 8.02 0.036 5.27 0.068
16.17 0.354 10.12 0.396 11.33 0.026

12.00 0.013
1.228 0.340 0.364 0.540 0.232

91% (23%) 60% (6%) 65% (7%) 98% (10%) 59% (4%)
Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶

100Mo

9.42 0.090 9.01 0.076
13.62 0.079 9.55 0.150
14.31 0.072
15.12 0.063

0.303 0.226
65% (40%) 77% (30%)

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶

110Pd

0.00 0.308 10.26 0.165
10.22 0.059
13.73 0.083
14.56 0.055
15.16 0.072

0.577 0.165
76% (53%) 70% (15%)

Nucleus 𝐸(1

+

) 𝐶

116Cd
0.00 0.735

0.735
81% (48%)
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Table 5: Most important multipoles and intermediate states contributing to the ground-state-to-excited-state 0]𝛽𝛽 decays mediated by the
light neutrino exchange. Columns 𝐸 give the energies (in MeVs) and multipoles of the intermediate states. Multipoles are organized from left
to right in terms of their importance, themost important being on the left. Columns labeled𝐶 give the correspondingNMEcontributions. Last
two numbers in each 𝐶 column give the summed contribution and the percentual part which the displayed states give to the total multipole
strength. The percentage inside the parenthesis gives the fraction with which the displayed states contribute to the total NME.

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶

124Sn

0.00 0.101 2.70 0.667
0.66 0.433 4.60 0.088
1.00 0.146 7.35 0.567
2.25 0.051
2.56 0.227
3.31 0.664
6.72 0.289
7.91 0.424
13.09 0.473
13.86 0.161

2.968 1.322
94% (44%) 94% (19%)

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶 𝐸(2

−

) 𝐶 𝐸(2

+

) 𝐶

130Te

0.25 0.390 7.40 0.719 0.97 0.340 0.41 0.019
1.50 0.082 8.35 0.631 5.07 0.073 0.59 0.047
2.32 0.097 17.26 0.106 1.83 0.017
2.76 0.134 18.95 0.083 2.80 0.043
4.53 0.064 4.70 0.024
5.59 0.338 4.86 0.027
7.57 0.592 5.18 0.033
14.66 0.065 6.27 0.016
15.01 0.259 6.75 0.051
15.07 0.773 9.10 0.032
15.39 0.089 10.57 0.045

17.87 0.026
23.14 0.024

2.882 1.351 0.602 0.390
95% (41%) 99.6% (19%) 79% (9%) 65% (6%)

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶 𝐸(2

−

) 𝐶 𝐸(2

+

) 𝐶

136Xe

2.30 0.366 12.24 0.317 2.50 0.060 4.86 0.204
3.06 0.050 12.54 0.712 4.86 0.056 18.58 0.083
3.75 0.066 5.29 0.113 20.34 0.059
4.46 0.226 8.34 0.053
10.12 0.232 14.11 0.054
11.52 0.565
17.12 0.137
17.78 1.031

2.675 1.029 0.335 0.346
93% (43%) 101% (16%) 53% (5%) 67% (6%)
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were adopted. We notice from the figures that increasing the
axial coupling strength shifts the distributions downwards.
This is especially true for the higher energy parts. Despite this
fact, the overall shapes of the cumulative sum distributions
do not changemuch and the same classification of nuclei into
different categories according to their cumulative distribution
shapes seems to hold also for larger values of 𝑔A.

4. Conclusions

In this paper we have extended our previous work [17] on
the ground-state-to-ground-state 0]𝛽𝛽 decay transitions. In
the present work we have concentrated our studies on the
intermediate contributions to the NMEs involved in the
light neutrino mediated 0]𝛽𝛽 decay. We have calculated the
intermediate state multipole decompositions of the NMEs
and extracted the most important multipole components.
Cumulative sums of the NMEs were calculated to investigate
the important energy regions contributing to the 0]𝛽𝛽 tran-
sitions. Finally, the most important multipole components
were divided into contributions coming from the virtual
transitions through the individual states of the 0]𝛽𝛽 inter-
mediate nuclei. An extensive tabulation of these important
intermediate states were given for all the nuclei considered in
this paper.

We have done these computations by using realistic two-
body interactions and single-particle bases. All the appro-
priate short-range correlations, nucleon form factors, and
higher-order nucleonic weak currents are included in our
present results.

We found in the calculations that often there exists only
a few relevant intermediate states which collect most of the
strength corresponding to a given multipole. We also found
that there exists a single-state dominance in the important 2−
components related to the ground-state decays of nuclei 76Ge,
82Se and perhaps also for 96Zr.
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Current experiments do not exclude the possibility that one ormore neutrinos are very slightly superluminal or that they have a very
small tachyonic mass. Important bounds on the size of a hypothetical tachyonic neutrinomass term are set by lepton pair Čerenkov
radiation (LPCR), that is, by the decay channel ] → 𝑒

+

𝑒
−], which proceeds via a virtual𝑍0 boson. Here, we use a Lorentz-invariant

dispersion relation which leads to very tight constraints on the tachyonic mass of neutrinos; we also calculate decay and energy loss
rates. A possible cutoff seen in the IceCube neutrino spectrum for 𝐸] > 2PeV, due to the potential onset of LPCR, is discussed.

1. Introduction

The early arrival of a neutrino burst from the 1987A super-
nova [1] still motivates speculations about a possible superlu-
minal nature of neutrinos, even if it is generally assumed that
the delay in the arrival of electromagnetic radiation (light)
is caused by the time the shock wave from the core collapse
needs in order to reach the surface of the exploding star. If
neutrinos are ever so slightly superluminal, then they may
emit Čerenkov radiation in the form of light lepton pairs.
In this paper, we attempt to answer three questions: (i) How
would the energy threshold for the decay channel ] → 𝑒

+
𝑒
−]

(lepton pair Čerenkov radiation, LPCR) have to be calculated
if we assume a strictly Lorentz-covariant, space-like disper-
sion relation for the relevant neutrino flavor eigenstate? (ii)
How would the decay rate and the energy loss rate have to be
calculated under this assumption? Can the tachyonic Dirac
equation [2–5] and its bispinor solutions [6, 7] be used in that
context? (iii) What implications could be derived for astro-
physics under the assumption that a possible cutoff seen by
IceCube for neutrinos with energies 𝐸] > 2PeV is confirmed
by future experiments?

Theoretical arguments can be useful in restricting
the possible degree of superluminality of neutrinos and

maximum attainable neutrino velocities [8–10]. In [8, 9], a
Lorentz-noncovariant dispersion relation 𝐸] = |�⃗�|V] was
used, where V] > 𝑐 is a constant parameter. This assumption
leads to an energy-dependent effective “mass” square 𝐸

2

] −

�⃗�

2

≈ 𝐸
2

](V
2

] − 1)V−2] ≡ 𝑚
2

eff . The effective mass 𝑚eff =

𝐸]√V2] − 1V−1] then grows linearly with the neutrino energy.
(Natural units with ℏ = 𝑐 = 𝜖

0
= 1 are used in this paper,

yet we shall include explicit factors of 𝑐when indicated by the
context.) Indeed, at the time, a best fit to the available exper-
imental neutrino mass data including the initial OPERA
claim [11] suggested the conceivable existence of an “energy-
dependent mass” of the neutrino, as evidenced in Figure 1

of [12]. The choice of the relation 𝐸] = |�⃗�|V] made in [8]
was consistent with the need to model the initial OPERA
claim [11] and is perfectly compatible with the concept
of perturbative Lorentz breaking terms in the neutrino
sector [9]. A Dirac-type equation leading to the Lorentz-
noncovariant dispersion relation used byCohen andGlashow
[8] can be obtained [9] from the current operator given in
Eq. (2) of [13] upon a particular choice of 𝑐𝜇] parameters in
the generalized fermionic current operator (in the notation
adopted in [13]). Then, assuming a constant neutrino speed
V] > 𝑐, one can effectively describe the apparent absence of
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energy dependence of the deviation of the neutrino speed
from the speed of light V] ≈ const. ≳ 𝑐 (in the range 5GeV <

𝐸] < 50GeV), according to the (falsified) initial claim made
by OPERA [11], while remaining compatible with the frame-
work of perturbative Lorentz breaking [13].

However, while there are advantages to assuming a
Lorentz-noninvariant dispersion relation for superluminal
neutrinos (such as the preservation of the timelike positive
quantity 𝐸

2

] − �⃗�

2

> 0), there are also a number of disadvan-
tages. For example, if the dispersion relation 𝐸] = |�⃗�|V] holds
in one particular Lorentz frame, then, under a Lorentz boost,
in general, one has 𝐸



] ̸= |�⃗�



|V] in the moving frame [8, 9].
In order to illustrate the consequences of Lorentz noncovari-
ance, let us consider a boost along positive 𝑧-axis into a frame
which moves with velocity 𝑢 = 𝑐

2
/V] < 𝑐. A particle moving

along positive 𝑧-axis of the lab frame with four-momentum
𝑝
𝜇

= (|�⃗�|V], |�⃗�|�̂�
𝑧
) is mapped onto 𝑝

𝜇
= (|�⃗�|√V2] − 1,

⃗
0) and

thus is “at rest” in the moving frame. However, the general
dispersion relation in the moving frame,

𝐸



] = −

𝑝


𝑧

2V]
−

(𝑝
2

𝑥
+ 𝑝
2

𝑦
+ 𝑝
2

𝑧
) V]

2𝑝


𝑧

(𝑝



𝑧
̸= 0) , (1)

is much more complicated. (Throughout this paper, we
denote the spatial components of the four-vector𝑝𝜇 = (𝐸], �⃗�)

by �⃗� and keep |�⃗�| explicitly in order to avoid confusion
between 𝑝

2
= 𝑝
𝜇
𝑝
𝜇
and 𝑝

2
̸= �⃗�

2.)
An alternative, commonly accepted dispersion relation

for so-called tachyons (these are space-like, faster-than-light
particles described by a Lorentz-invariant wave equation)
reads as 𝐸

2

] = �⃗�

2

− 𝑚
2

] ; that is, it is the “normal” dispersion
relation with the negative sign of the mass square term (see
[2–7, 14–23]). Here, we calculate the threshold energy and
the decay rate under the assumption of a Lorentz-invariant
dispersion relation for the neutrino.We find that the alternate
dispersion relation imposes tight restrictions on superlumi-
nality and has important phenomenological implications for
neutrino masses.

2. Dispersion Relations and Thresholds

For tachyonic particles, starting from the pioneering work
of Sudarshan et al. [14–16], continuing with the works of
Feinberg [17, 18], and including the tachyonic neutrino
hypothesis [2–6, 19–23], the following dispersion relation has
been assumed for the tachyonic (space-like) solutions:

𝐸] = 𝛾]𝑚],





�⃗�]





= 𝛾]𝑚]V],

(2a)





�⃗�]





= 𝐸]V],

𝑝

𝜇

𝑝
𝜇
= 𝐸

2

] − �⃗�

2

] = −𝑚

2

] ,
(2b)

where we use the suggestive subscript ] for “neutrino.”These
relations imply that |�⃗�| = 𝐸]V] instead of 𝐸] = |�⃗�|V].
Here, the tachyonic Lorentz factor appears, which is 𝛾] =

ee

p2 p4p3

p1

�

�

Z0

Figure 1: Conventions for tachyonic neutrino decay.

1/√V2] − 1. Tachyonic and tardyonic dispersion relations are
unified upon assuming an imaginary value for 𝑚 in the
tachyonic case (starting from the tardyonic case, one has 𝐸 =

𝑚/√1 − V2 → i𝑚/√1 − V2 = 𝑚/√V2 − 1, where the latter
equation holds for tachyons).With the standard definitions of
�⃗� and 𝐸], one has |�⃗�]| = 𝛾]𝑚V] = 𝐸]V] for both tardyons and
tachyons.

In order to obtain the threshold energy for the LPCR
decay ] → 𝑒

+
𝑒
−], we use the following conventions (see

Figure 1), inspired by Chap. 10 of [24], and define 𝐸
1

=

√�⃗�

2

1
− 𝑚
2

] and 𝐸
3
= √�⃗�

2

3
− 𝑚
2

] as the oncoming and outgoing
neutrino energies, with 𝑞 = (𝐸

1
, �⃗�
1
)− (𝐸
3
, �⃗�
3
) being the four-

momentum of 𝑍0. Pair production threshold is reached for
𝑞
2
= 4𝑚
2

𝑒
and cos 𝜃 =

→

𝑝
1
⋅

→

𝑝
3
/(|�⃗�
1
||�⃗�
3
|) = 1. For collinear geo-

metry, with all momenta pointing along 𝑧-axis, we have

𝑞

2

= (√𝑝
2

1𝑧
− 𝑚
2

] − √𝑝
2

3𝑧
− 𝑚
2

])
2

− (𝑝
1𝑧

− 𝑝
3𝑧
)

2

= 4𝑚

2

𝑒
.

(3)

Furthermore, threshold obviously requires 𝐸
3

= 0. (This is
possible for tachyonic particles, when |�⃗�

3
| = 𝑝
3𝑧

= 𝑚]. In this
limit, the tachyonic particle becomes infinitely fast and loses
all of its energy, which implies that it is impossible to detect it
[25]. The counterintuitive loss of energy for tachyons under
acceleration is a consequence of standard tachyonic kinemat-
ics [2, 6, 7, 14–18, 26–28].) When the relations 𝐸

3
= 0 and

|�⃗�
3
| = 𝑝
3𝑧

= 𝑚] are substituted into (3), this yields

𝑝

2

1𝑧
− 𝑚

2

] − (𝑝
1𝑧

− 𝑚])
2

= 4𝑚

2

𝑒
. (4)

Identifying 𝑝
1𝑧

= |�⃗�|th with the threshold momentum, one
easily finds





�⃗�




th =

2𝑚
2

𝑒

𝑚]
+ 𝑚]. (5)

The threshold energy is then easily found as

𝐸th =
√

�⃗�

2

th − 𝑚
2

] = 2

𝑚
𝑒

𝑚]
√𝑚
2

𝑒
+ 𝑚
2

] ≈ 2

𝑚
2

𝑒

𝑚]
. (6)
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Because we are using a tachyonic dispersion relation, the
threshold energy can be expressed as a function of only
the mass parameters. Larger tachyonic masses 𝑚] lead to
lower threshold energies. In view of the tachyonic dispersion
relation 𝑚] = 𝐸th√V2th − 1, where Vth is the neutrino velocity
at threshold, wemay convert the threshold energy into a func-
tion of the electron mass and the neutrino threshold velocity.
For given 𝐸], the limit 𝑚] ≪ 𝑚

𝑒
is equivalent to the limit

V2th −1 = 𝛿th → 0 because𝑚] = 𝐸]√𝛿th. In this limit, we have

𝐸th ≈ 2

𝑚
2

𝑒

𝑚]
= 2

𝑚
2

𝑒

𝐸th√V2th − 1

⇒ 𝐸th ≈

√2𝑚
𝑒

(V2th − 1)

1/4
. (7)

Substituting the exact dispersion relation into the threshold
condition𝐸th = 2(𝑚

𝑒
/𝑚])√𝑚

2

𝑒
+ 𝑚
2

] , and solving for𝐸th, one
obtains

𝐸th = √2𝑚
𝑒
(1 +

Vth
√V2th − 1

)

1/2

=

{
{
{

{
{
{

{

√2𝑚
𝑒

𝛿
1/4

th

𝛿th ≪ 1

2𝑚
𝑒
+

𝑚
𝑒

4𝛿th
𝛿th ≫ 1.

(8)

The exact expression (8) confirms (7) in the limit 𝛿] ≪

1, which corresponds to the phenomenologically impor-
tant limit of high-energy neutrinos. Smaller values of 𝛿th
(approaching zero) correspond to smaller tachyonic neu-
trino masses and therefore to larger threshold energies. For
given neutrino speed Vth, neutrinos with energy 𝐸th (or
larger), under the hypothetical assumption of the tachyonic
dispersion relation, have a tachyonic neutrino mass term
large enough to make the decay via LPCR kinematically
possible. Expressed differently, the tachyonic mass term𝑚] =

𝐸th√V2th − 1 in this case is large enough to lead to LPCR decay
at energy 𝐸th, according to (6).

3. Decay Rate and Timelike Noncovariant
Dispersion Relation

Given the complexities of calculating the decay rate due to
LPCR using a tachyonic dispersion relation, it is extremely
useful to first discuss the case of a Lorentz-noncovariant form
𝐸] = |�⃗�|V], using lab frame variables. For collinear incoming
and outgoing neutrinos, threshold for pair production is
reached at 𝑞2 = (𝐸

1
−𝐸
3
)
2

−(𝑝
1𝑧

−𝑝
3𝑧
)
2

= (𝑝
1𝑧

−𝑝
3𝑧
)
2

(V2]−1) =

4𝑚
2

𝑒
, from which one derives (setting �⃗�

3
=

⃗
0) the following

threshold values (in agreement with [8]):





�⃗�
1




th =

2𝑚
𝑒

√V2] − 1

,

(𝐸
1
)th =

2𝑚
𝑒
V]

√V2] − 1

.

(9)

Here, 𝐺
𝐹
is Fermi’s coupling constant and 𝑢 and V are the

standard fundamental positive-energy and negative-energy
bispinor solutions of the Dirac equation [29]. The invariant
matrix element is

M =

𝐺
𝐹

√2

[𝑢 (𝑝
3
) 𝛾
𝜆
(1 − 𝛾

5

) 𝑢 (𝑝
1
)]

× [𝑢 (𝑝
4
) (𝑐
𝑉
𝛾
𝜆
− 𝑐
𝐴
𝛾
𝜆
𝛾

5

) V (𝑝
2
)] .

(10)

Here, 𝑐
𝑉

≈ 0, and 𝑐
𝐴

≈ −1/2 [see Eq. (5.57) on p. 153 of
[30]]. Following [9], we nowmake the additional assumption
that the functional form of the projector sum over the spin
orientations remains the same as for the ordinary Dirac
equation even if the underlying dispersion relation is Lorentz-
noncovariant (for a general discussion on such models, see
[31, 32]). In this case, the sum over final state and the
averaging over the initial spins leads to (1/2)∑spins |M|

2
=

64𝐺
2

𝐹
(𝑝
1
⋅ 𝑝
2
)(𝑝
3
⋅ 𝑝
4
). This enters the lab frame expression

for the decay rate [33]:

Γ =

1

2𝐸
1

∫

d3𝑝
3

(2𝜋)
3

2𝐸
3

(∫

d3𝑝
2

(2𝜋)
3

2𝐸
2

∫

d3𝑝
4

(2𝜋)
3

2𝐸
4

× (2𝜋)

4

𝛿

(4)

(𝑝
1
− 𝑝
3
− 𝑝
2
− 𝑝
4
) [

1

2

∑

spins
|M|

2

])

=

𝐺
2

𝐹

12𝜋
4
(2𝐸
1
)

∫

d3𝑝
3

2𝐸
3

(𝑝
1
⋅ 𝑝
3
𝑞

2

+ 2 (𝑝
1
⋅ 𝑞) (𝑝

3
⋅ 𝑞)) ,

(11)

where 𝑞 = 𝑝
1
− 𝑝
3
. The azimuthal symmetry suggests the

use of cylindrical coordinates. The domain of integration
contains, for given 𝑝

1
= (𝑝
1𝑧
V], 0, 0, 𝑝1𝑧), all permissible �⃗�

3
=

𝑝
3𝜌

�̂�
𝜌
+ 𝑝
3𝑧
�̂�
𝑧
, where 𝑝

𝜇

3
= (|�⃗�
3
|V], �⃗�3). With 𝐸] = |�⃗�|V], the

momentum transfer is

𝑞

2

= − (𝑝
1𝑧

− 𝑝
3𝑧
)

2

− 𝑝

2

3𝜌
+ (𝑝
1𝑧

− √𝑝
2

3𝜌
+ 𝑝
2

3𝑧
)

2

V2] , (12)

where we require 𝑞
2

> 4𝑚
2

𝑒
≈ 0. Solving (12) for 𝑝

3𝜌
, one

obtains the boundary of the region of permissible �⃗�
3
vectors.

An example is given in Figure 2(a) in the formof a “sharpened
ellipsoid” with “sharp” top near 𝑝

3𝜌
→ 0, 𝑝

3𝑧
→ 𝑝
1𝑧
, and a

“rounded” bottom with 𝑝
3𝜌

→ 0, and 𝑝
3𝑧

→ −[(V] − 1)/(V] +
1)]𝑝
1𝑧
. After somewhat tedious integration over the allowed

�⃗�
3
vectors, one obtains

Γ =

𝐺
2

𝐹

2688𝜋
3

𝑝
5

1𝑧
𝛿
3

]

V]
≈

1

14

𝐺
2

𝐹
𝐸
5

]𝛿
3

]

192𝜋
3

d𝐸]

d𝑥
≈ −

𝐺
2

𝐹

96𝜋
4
(2𝐸])

∫

𝑞
2
>0

d3𝑝
3

2𝐸
3

(𝐸] − 𝐸
3
)

× [(𝑝
1
⋅ 𝑝
3
) 𝑞

2

+ 2 (𝑝
1
⋅ 𝑞) (𝑝

3
⋅ 𝑞)]

= −

𝐺
2

𝐹

86016𝜋
3

𝑝
6

1𝑧
𝛿
3

]

V]
≈ −

25

448

𝐺
2

𝐹
𝐸
6

]𝛿
3

]

192𝜋
3

,

(13)
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Figure 2: (a) Region of allowed outgoing momenta �⃗�
3
for the decay of an incoming superluminal neutrino with 𝐸] = |�⃗�|V]. The neutrino

is incoming along positive 𝑧-axis (𝑝
1𝑧

= 15). The boundary of allowed �⃗�
3
vectors constitutes a distorted ellipsoid with a “sharpened tip,”

obtained as a solution of setting 𝑞
2

= 0 in (12). (b) Region of allowed �⃗�
3
vectors for an incoming tachyonic neutrino with 𝑝

1𝑧
= 62 and

−𝑚
2

] = −(0.2)

2, producing an electron-positron pair of mass 𝑚
𝑒

= 1 (dispersion relation 𝐸] = √�⃗�

2

] − 𝑚
2

]). Final wave vectors |�⃗�
3
| < 𝑚]

correspond to evanescent waves and are thus to be excluded [6].

for the energy loss per unit length, confirming the results
given in Eq. (2) andEq. (3) of [8] and in [9].This confirmation
of the results given in [8] (under the assumptions made in
the cited paper, namely, the dispersion relation 𝐸] = |�⃗�|V]),
but using a differentmethod, namely, phase-space integration
directly in the laboratory frame, encourages us to apply the
same method to the calculation of the tachyonic neutrino
decay rate, where the use of the laboratory frame is indis-
pensable.The confirmation also underlines the consistency of
the theoretical formalism under a change of the assumptions
made in the calculation.

4. Decay Rate and Space-Like Covariant
Dispersion Relation

For an incoming tachyon, the particle state (space-like
neutrino) may transform into an antiparticle state upon
Lorentz transformation, and its trajectory may reverse the
time ordering (see Figure 3). Thus, the interpretation of a
tachyonic neutrino state as a particle or antiparticle may
depend on the frame of reference, andwe should calculate the
process directly in the lab frame. The necessity to transform
certain tachyonic particle field operators into antiparticle
operators under Lorentz boosts has been stressed in [6, 17,
18]. Incoming and outgoing states are required to be above-
threshold positive-energy states in the lab frame (causality
and tachyonic trajectories are discussed in [2, 14–18] and
Appendix A.2 of [34]).

t
t

� = c

1

2 3

t1
t2
t3

x

x

t1

t2 = t3 > t1

Figure 3: The world line 1 → 2 → 3 describes the tachyonic
neutrino decay into a zero-energy, infinitely fast neutrino. Complete
reversal of the time ordering of the decay process takes place in the
primed frame; the observer interprets the process as the decay of an
incoming antineutrino along the trajectory 3 → 2 → 1.

We consider the matrix element

M =

𝐺
𝐹

√2

[𝑢

T
(𝑝
3
) 𝛾
𝜆
(1 − 𝛾

5

) 𝑢

T
(𝑝
1
)]

× [𝑢 (𝑝
4
) (𝑐
𝑉
𝛾

𝜆

− 𝑐
𝐴
𝛾

𝜆

𝛾

5

) V (𝑝
2
)] .

(14)
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Here, 𝑢T
(𝑝
1
) and 𝑢

T
(𝑝
3
) are Dirac spinor solutions of the

tachyonic Dirac equation [6, 7]. The bar denotes the Dirac
adjoint. In the helicity basis (see Chap. 23 of [35] and [6, 7]),
these are given by

𝑢

T
±

(𝑝) = (

√




�⃗�





± 𝑚𝑎
±
(�⃗�)

±√




�⃗�





∓ 𝑚𝑎
±
(�⃗�)

) , (15)

where 𝑎
±
(�⃗�) are the fundamental helicity spinors (see p. 87 of

[29]). Following [6, 7, 19], we use the tachyonic sum rule of
the fundamental tachyonic bispinor solutions [see Eq. (34a)
of [6]]:

∑

𝜎

(−𝜎) 𝑢

T
𝜎

(𝑝) ⊗ 𝑢

T
𝜎

(𝑝) 𝛾

5

= �𝑝 − 𝛾

5

𝑚, (16)

where 𝑝 = (𝐸, �⃗�) is the four-momentum and 𝜎 is a helicity
quantumnumber.We refer to [6, 7] for a thoroughdiscussion;
roughly speaking, factor (−𝜎) in (16) restores the correct sign
in the calculation of the time-ordered product of tachyonic
field operators (the propagator) for the contribution of all
virtual degrees of freedom of the tachyonic field [see Eqs.
(46)–(57) and Eq. (73)–(75) of [7]]. 𝛾

5 matrix in (16) is a
part of the natural Dirac “adjoint” for the tachyonic spinor.
Namely, the adjoint equation to the tachyonicDirac equation,
(i𝛾𝜇𝜕
𝜇
−𝛾
5
𝑚)𝜓(𝑥) = 0, reads as [𝜓(𝑥)𝛾

5
](i𝛾𝜇 ⃖

𝜕
𝜇
−𝛾
5
𝑚)𝜓(𝑥) =

0. As explained in Eqs. (73)–(75) of [17], right-handed particle
states and left-handed antiparticle states (those with the
“wrong” helicity) are excluded from the physical spectrum of
the tachyonic field by aGupta-Bleuler condition; these cannot
contribute to the oncoming and outgoing neutrino states in
Figure 1 [while they do contribute to the virtual states, that is,
the propagator; see Eqs. (46)–(57) of [7]]. Both the incoming
and the outgoing neutrinos in Figure 1 are real rather than
virtual neutrinos.Hence, in order to calculate the LPCRdecay
rate, we use the modified sum over tachyonic spinors:

̃

∑

𝜎

𝑢

T
𝜎

(𝑝) ⊗ 𝑢

T
𝜎

(𝑝) = (1 + 𝛾

5

�𝜏���̂�) (�𝑝 − 𝛾

5

𝑚]) 𝛾

5

, (17)

where 𝜏 = (1, 0, 0, 0) is a timelike unit vector, �̂� = �⃗�/|�⃗�| is
the unit vector in �⃗� direction, and upon promotion to a four-
vector, we have �̂�

𝜇

= (0, �̂�), so that 1 + 𝛾
5

�𝜏���̂� = 1 −
⃗

Σ ⋅ �⃗�/|�⃗�|

becomes a left-handed helicity projector.
We thus calculate with an incoming, positive-energy, left-

helicity tachyonic neutrino. One obtains the modified sum
over spins ̃

∑spins in the matrix element:

̃

∑

spins
|M|

2

=

𝐺
2

𝐹

2

Tr [1

2

(1 + 𝛾

5

�𝜏���̂�3) (�𝑝3 − 𝛾

5

𝑚])

⋅ 𝛾

5

𝛾
𝜆
(1 − 𝛾

5

)

1

2

(1 + 𝛾

5

�𝜏���̂�1) (�𝑝1 − 𝛾

5

𝑚])

⋅ 𝛾

5

𝛾] (1 − 𝛾

5

)]𝐾

𝜆𝜌

.

(18)

Here, 𝐾𝜆𝜌 = Tr[(�𝑝4 + 𝑚
𝑒
)(𝑐
𝑉
𝛾
𝜆
− 𝑐
𝐴
𝛾
𝜆
𝛾
5
)(�𝑝2 + 𝑚

𝑒
)(𝑐
𝑉
𝛾
𝜌
−

𝑐
𝐴
𝛾
𝜌
𝛾
5
)] is the familiar trace from the outgoing fermion

pair. The decay rate is given by (11) under the replacement
(1/2)∑spins |M|

2
→

̃
∑spins|M|

2. The integrals over the mom-
enta of the outgoing fermion pair (d3𝑝

2
and d3𝑝

4
) are done

using (𝑝2
2
= 𝑝
2

4
= 𝑚
2

𝑒
). Consider

𝐽
𝜆𝜌

(𝑞) = ∫

d3𝑝
2

2𝐸
2

∫

d3𝑝
4

2𝐸
4

𝛿

(4)

(𝑞 − 𝑝
2
− 𝑝
4
) (𝑝
2𝜆

𝑝
4𝜌

)

=

𝜋

24

√1 −

4𝑚
2

𝑒

𝑞
2

[𝑔
𝜆𝜌

(𝑞

2

− 4𝑚

2

𝑒
)

+ 2𝑞
𝜆
𝑞
𝜌
(1 +

2𝑚
2

𝑒

𝑞
2

)] .

(19)

It remains to analyze the domain of allowed �⃗�
3
vectors [see

the “cupola structure” in Figure 2(b)], which is defined by the
requirement 𝑞2 > 4𝑚

2

𝑒
, for 𝑝

𝜇

1
= (√𝑝

2

1𝑧
− 𝑚
2

] , 0, 0, 𝑝1𝑧). The

dispersion relation 𝐸] = √�⃗�

2

] − 𝑚
2

] implies that

𝑞

2

= 2 (√𝐸
2

1
+ 𝑚
2

]√𝐸
2

3
+ 𝑚
2

] cos 𝜃 − 𝐸
1
𝐸
3
− 𝑚

2

]) . (20)

Here, 𝜃 is the polar angle in spherical coordinates:

𝑝

𝜇

3
= (𝐸
3
,





�⃗�
3





sin 𝜃 cos𝜑,





�⃗�
3





sin 𝜃 sin𝜑,





�⃗�
3





cos 𝜃) . (21)

Pair production threshold is reached, for given 𝐸
1
and 𝐸

3
, by

solving (20) for 𝑢 = cos 𝜃, setting 𝑞
2
= 4𝑚
2

𝑒
. After somewhat

tedious integration over the allowed �⃗�
3
vectors (no masses

can be neglected), one obtains

Γ =

{
{
{

{
{
{

{

𝐺
2

𝐹
𝑚
6

]

128𝜋
3
𝑚
2

𝑒

(𝐸] − 𝐸th)
2

𝐸th
𝐸] >

≈

𝐸th

𝐺
2

𝐹
𝑚
4

]

288𝜋
3
𝐸] 𝐸] ≫ 𝐸th,

(22a)

for the decay rate, and

d𝐸]

d𝑥
=

{
{
{

{
{
{

{

𝐺
2

𝐹
𝑚
5

]

64𝜋
3

(𝐸] − 𝐸th)
2

𝐸th
𝐸] >

≈

𝐸th

𝐺
2

𝐹
𝑚
4

]

144𝜋
3
𝐸
2

1
𝐸] ≫ 𝐸th,

(22b)

for the energy loss rate. In the high-energy limit, one may
(somewhat trivially) rewrite the expressions as follows (𝑚] =

𝐸
1
√𝛿]):

Γ =

𝐺
2

𝐹
𝐸
5

]𝛿
2

]

288𝜋
3

,

d𝐸]

d𝑥
=

𝐺
2

𝐹
𝐸
6

]𝛿
2

]

144𝜋
3

,

𝐸] ≫ 𝐸th.

(23)

These results confirm that it is possible to use the tachyonic
bispinor formalism [2–7] for the calculation of decay rates of
tachyonic particles.
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5. Constraints on the Mass of
a Tachyonic Neutrino

Our threshold relation (8) is based on a Lorentz-covariant
dispersion relation. Only neutrinos with 𝐸] < 𝐸th =

√2𝑚
𝑒
/𝛿
1/4

th survive the possibility of generalized leptonic
Čerenkov radiation over a sufficiently long path length. The
hypothetical observation of an absence of neutrinos above
some energy 𝐸th could thus be interpreted as a constraint on
the neutrino mass. Let us assume a neutrino mass of 𝑚] =

𝑋 eV, where 𝑋 is generally assumed to be of order unity or
less. Then, threshold is reached for 𝑚] = 𝑋 eV, 𝛿th = 3.67 ×

10
−24

𝑋
4, and 𝐸th = (522/𝑋)GeV.

The IceCube experiment [36, 37] has observed 37 neu-
trinos having energies 𝐸] > 10TeV during 3 years of data
taking.Three of these events had energies𝐸] > 1PeV, and one
(often referred to as “Big Bird”) had 𝐸] = (2.004±0.236) PeV.
According to the IceCube collaboration [37], the spectrum of
the 37 neutrinos is well fitted by a slope ∼ 𝐸

−2

] , which includes
astrophysical as well as background atmospheric neutrinos,
the latter being exclusively below 0.4PeV. However, their best
fit to the spectrum predicts 3.1 additional events for 𝐸] >

2PeV, and yet nonewere seen. Preliminary data for the fourth
year includes 17 additional events, with none seen for 𝐸] >

1PeV [38].These facts suggest to the IceCube authors [36, 37]
the possibility that there may be a cutoff for the spectrum for
neutrinos above 𝐸 ≈ 2PeV. The hypothesis is given further
support by models which show that the Glashow resonance
[39] (resonant ]

𝑒
𝑒
−
→ 𝑊
−
→ anything) should add between

zero and three times the number of events that appear in the
interval 1PeV < 𝐸] < 2PeV as part of a broad peak centered
around 6.3PeV [40].While evidence for the cutoff is disputed
and alternative explanations have been proposed [41], the
significance of such a cutoff has been analyzed in the light of
superluminal neutrinos [42, 43].

Let us add a few clarifying remarks here. First, we note
that the plots in the paper [37] refer to the neutrino flux as
a function of neutrino energy; the events were apparently
sufficiently well reconstructed so that no excess neutrino
energy in addition to the energy deposited inside the detector
is expected. Our Figure 4 is based on Figure 4 of [37]. Mean-
while, members of the IceCube collaboration have presented
preliminary evidence for a throughgoing muon of energy ≥

(2.6± 0.3) PeV which could be interpreted as a decay product
of a neutrino of even higher energy [44, 45]. If the throughgo-
ing muon could indeed be assigned to an ultra-high-energy
neutrino of nonatmospheric origin, then it would push the
conceivable cutoff seen by IceCube to even higher energies,
further constraining the tachyonic mass term of the relevant
neutrino flavor. So far, the authors of [37] (see the right
column on page 4 of [37]) observe that “this [the lack of high-
energy events] may indicate, along with the slight excess in
lower energy bins, either a softer spectrum or a cutoff at high
energies.”

Assuming 𝐸th ≈ 2PeV we would find using (8) that 𝛿th =

(√2𝑚
𝑒
/𝐸th)
4

≈ 1.7 × 10
−38, and we would, furthermore, find

that𝑚] = √𝛿th𝐸th ≈ 0.00026 eV (i.e., −𝑚
2

] ≈ −6.8×10
−8 eV2)

for one or more of the three neutrino flavors (conceivably,
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Figure 4:Three years of data from the IceCube experiment showing
flux d𝑁]/d𝐸] multiplied by 𝐸

2

] plotted against the neutrino energy
𝐸]. The solid and dashed curves show what would be expected for
𝐸
−2

] power law for the flux, with 𝐸th = 2.5PeV threshold, and two
arbitrarily assumed values for the source distance, 𝐿 (dashed curve)
and 𝐿/2 (solid curve). The drop to zero above 𝐸th only occurs for
those neutrino flavors having a tachyonic mass consistent with a
2.5PeV threshold.

the one with the smallest absolute value of 𝑚
2

]). A shifted
cutoff [44, 45] of 𝐸th ≈ 3PeV would be consistent with a
tachyonic neutrino mass of 𝑚] = 0.00017 eV. One might
object that it is not possible to have one (or more) tachyonic
flavor masses (𝑚2 < 0) and satisfy both neutrino oscillation
data and the recent findings from cosmology for the sum of
the flavor masses; that is, Σ𝑚 ≈ 0.32 eV [46, 47]. However,
such consistency can be achieved using 3 active-sterile ±𝑚

2

(tardyon-tachyon) neutrino pairs [48].The curves in Figure 4
were generated using an assumed pure 𝐸

−2

] power law for
flux 𝑁 beyond the assumed threshold, 𝐸th. We then use our
d𝐸]/d𝑥 formula (22b) for 𝐸] > 𝐸th to find the modified 𝑁𝐸

2

]
spectrum. Good agreement is found with the IceCube data at
a threshold 𝐸th = 2.5PeV, although much more statistics will
be needed to determine if the cutoff is real.

6. Conclusions

Three main conclusions of the current investigation can be
drawn. (i) As described in Section 2, the assumption of a
Lorentz-covariant, tachyonic dispersion relation leads to tight
bounds on conceivable tachyonic neutrino mass terms, for
whatever neutrino flavor is causing the possible 2 PeV cutoff.
The tachyonic decay rate due to LPCR is most conveniently
calculated in the laboratory frame because of the space-
like kinematics involved in the process, which leads to a
nonunique time ordering of the trajectories, as discussed in
Section 4. (ii) We may apply the formalism of the tachyonic
bispinor solutions of the tachyonic Dirac equation [2–5]
recently developed in [6, 7, 19] to the calculation of the
tachyonic neutrino decay, as outlined in Section 4. (iii) A
comparison of recent IceCube data with the results for the
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calculated tachyonic decay rates reveals that a tachyonic neu-
trino could possibly explain a possible sharp cutoff in IceCube
data but only if the neutrino flavor involved has a very specific
tachyonic mass. In a more general context, the calculation
of tachyonic thresholds and decay rates based on Lorentz-
covariant dispersion relations could be of phenomenological
significance for string theories, some of which predict the
existence of tachyons [49, 50].The same is true for the precise
calculation of the tail of the beta decay spectrum, which is
influenced by a conceivably tachyonic neutrino mass term
[51].
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and B. Ujvári, “Weighing the neutrino,” International Journal of
Modern Physics E, vol. 23, no. 1, Article ID 1450004, 2014.

[35] V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii, “Quantum
electrodynamics,” in The Course on Theoretical Physics, vol. 4,
Pergamon Press, Oxford, UK, 2nd edition, 1982.

[36] M. G. Aartsen, R. Abbasi, Y. Abdou et al., “First observation
of PeV-energy neutrinos with icecube,” Physical Review Letters,
vol. 111, Article ID 021103, 2013.



8 Advances in High Energy Physics

[37] M. G. Aartsen, M. Ackermann, J. Adams et al., “Observation of
high-energy astrophysical neutrinos in three years of icecube
data,” Physical Review Letters, vol. 113, no. 10, Article ID 101101,
2014.

[38] O. Botner, “IceCubeNeutrinoObservatory: present and future,”
in Proceedings of the IceCube Particle Astrophysics Symposium,
Madison, Wis, USA, May 2015.

[39] S. L. Glashow, “Resonant scattering of antineutrinos,” Physical
Review, vol. 118, no. 1, pp. 316–317, 1960.

[40] V. Barger, L. Fu, J. G. Learned, D. Marfatia, S. Pakvasa, and T. J.
Weiler, “Glashow resonance as a window into cosmic neutrino
sources,” Physical Review D, vol. 90, Article ID 121301, 2014.

[41] O. Kalashev and S. Troitsky, “IceCube astrophysical neutrinos
without a spectral cutoff and 1015–1017 eV cosmic gamma
radiation,” JETP Letters, vol. 100, no. 12, pp. 761–765, 2015.

[42] F.W. Stecker and S. T. Scully, “Propagation of superluminal PeV
IceCube neutrinos: a high energy spectral cutoff or new con-
straints on Lorentz invariance violation,” Physical ReviewD, vol.
90, no. 4, Article ID 043012, 2014.

[43] F. W. Stecker, “Limiting superluminal electron and neutrino
velocities using the 2010 CrabNebula flare and the IceCube PeV
neutrino events,” Astroparticle Physics, vol. 56, pp. 16–18, 2014.

[44] S. Schoenen and L. Raedel, “Detection of amulti-PeV neutrino-
induced muon event from the Northern sky with IceCube,”
2015, http://www.astronomerstelegram.org/?read=7856.

[45] S. S. Schoenen and L. Raedel, 2015, https://www.icrr.u-tokyo.ac
.jp/indico/getFile.py/access?contribId=43&sessionId=6/&resId
=0&materialId=slides&confId=23.

[46] R. A. Battye and A.Moss, “Evidence for massive neutrinos from
cosmicmicrowave background and lensing observations,”Phys-
ical Review Letters, vol. 112, Article ID 051303, 2014.

[47] J. Hamann and J. Hasenkamp, “A new life for sterile neutrinos:
resolving inconsistencies using hot dark matter,” Journal of
Cosmology and Astroparticle Physics, vol. 2013, no. 10, article
044, 2013.

[48] R. Ehrlich, “Six observations consistent with the electron neu-
trino being a𝑚2 = −0.11±0.02 eV2 tachyon,”Astroparticle Phys-
ics, vol. 66, pp. 11–17, 2015.

[49] J. Polchinski, String Theory (Volume 1): An Introduction to the
Bosonic String, Cambridge University Press, Cambridge, UK,
1998.

[50] J. Polchinski, String Theory (Volume 2): Superstring Theory and
Beyond, Cambridge University Press, Cambridge, UK, 1998.

[51] J. Ciborowski, “Hypothesis of tachyonic neutrinos,” Acta Phys-
ica Polonica B, vol. 29, pp. 113–121, 1998.



Research Article
Do Small-Mass Neutrinos Participate in Gauge
Transformations?

Y. S. Kim,1 G. Q. Maguire Jr.,2 and M. E. Noz3

1Center for Fundamental Physics, University of Maryland, College Park, MD 20742, USA
2School of Information Technology, KTH Royal Institute of Technology, 16440 Stockholm, Sweden
3Department of Radiology, New York University, New York, NY 10016, USA

Correspondence should be addressed to M. E. Noz; marilyne.noz@gmail.com

Received 31 March 2016; Revised 25 May 2016; Accepted 12 June 2016

Academic Editor: Theocharis Kosmas

Copyright © 2016 Y. S. Kim et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. The
publication of this article was funded by SCOAP3.

Neutrino oscillation experiments presently suggest that neutrinos have a small but finite mass. If neutrinos have mass, there should
be a Lorentz frame in which they can be brought to rest. This paper discusses howWigner’s little groups can be used to distinguish
betweenmassive andmassless particles.We derive a representation of the 𝑆𝐿(2, 𝑐) group which separates out the two sets of spinors:
one set is gauge dependent and the other set is gauge invariant and represents polarized neutrinos.We show that a similar calculation
can be done for theDirac equation. In the large-momentum/zero-mass limit, theDirac spinors can be separated into large and small
components. The large components are gauge invariant, while the small components are not. These small components represent
spin-1/2 non-zero-mass particles. If we renormalize the large components, these gauge invariant spinors represent the polarization
of neutrinos. Massive neutrinos cannot be invariant under gauge transformations.

1. Introduction

Whether or not neutrinos have mass and the consequences
of this relative to the Standard Model and lepton number
are the subject of much theoretical speculation [1, 2], as
well as cosmological [3–5], nuclear reactor [6, 7], and high
energy experimentation [8–11]. Neutrinos are fast becoming
an important component of the search for dark matter and
dark radiation [12, 13]. Their importance within the Standard
Model is reflected in the fact that they are the only particles
which seem to exist with only one direction of chirality; that
is, only left-handed neutrinos have been confirmed to exist
thus far. It was speculated some time ago that neutrinos in
constant electric and magnetic fields would acquire a small
mass and that right-handed neutrinos would be trapped
within the interaction field [14]. Additionally there are several
physical problems which right-handed neutrinos might help
solve [15–17]. Solving generalized electroweak models using
left- and right-handed neutrinos has also been discussed [18].
Today right-handed neutrinos which do not participate in

weak interactions are called “sterile” neutrinos [19]. A com-
prehension discussion of the place of neutrinos in the present
scheme of particle physics has been given by Drewes [12].

In this paper, we use representations of the Lorentz
group to understand the physical implications of neutrinos
having mass. In Section 2, two-by-two representations of
the Lorentz group are presented. In Section 3, the internal
symmetries of massive and massless particles are derived.
A representation of the 𝑆𝐿(2, 𝑐) group, which separates
out the two sets of spinors contained therein, is presented
in Section 4. One set of spinors is gauge dependent and
represents massive particles.The other is gauge invariant and
represents polarized neutrinos. In Section 5, we show how,
in the large-momentum/zero-mass limit, the Dirac spinors
can be separated into two components, one of which can
represent a spin-1/2 non-zero-mass particle. The question of
gauge invariance is then discussed. In Section 6, we discuss
the zero-mass limit and gauge invariance in the Lorentz
transformation framework. Some concluding remarks are
made in Section 7.
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2. Representations of the Lorentz Group

The Lorentz group starts with a group of four-by-four
matrices performing Lorentz transformations on the four-
dimensional Minkowski space of (𝑡, 𝑧, 𝑥, 𝑦) which leaves
the quantity (𝑡

2
− 𝑧
2
− 𝑥
2
− 𝑦
2
) invariant. Since there are

three generators of rotations and three boost generators, the
Lorentz group is a six-parameter group.

Einstein observed that the Lorentz group is also appli-
cable to the four-dimensional energy and momentum space
of (𝐸, 𝑝

𝑧
, 𝑝
𝑥
, 𝑝
𝑦
). He derived the Lorentz-covariant energy-

momentum relation commonly known as 𝐸 = 𝑚𝑐
2. As this

transformation leaves (𝐸2−𝑝2
𝑧
−𝑝
2

𝑥
−𝑝
2

𝑦
) invariant, the particle

mass is a Lorentz invariant quantity.
In his 1939 paper [20], Wigner studied the symmetry

properties of free particles by using operators which com-
mute with the specified four-momentum of the particle. His
“little groups” were defined to be those transformations that
do not change this four-momentum. For massive particles,
the little group is isomorphic to 𝑂(3); indeed the 𝑂(3)-like
little group’s kinematics is well understood.Massless particles
are isomorphic to the Euclidean group commonly known as
𝐸(2). Wigner noted that the 𝐸(2)-like subgroup of 𝑆𝐿(2, 𝑐) is
isomorphic to the Lorentz group of transformations [21], but
the kinematics of this group is not as well established as that
of the 𝑂(3)-like little group as there is no Lorentz frame in
which a massless particle is at rest.

It is possible to construct the Lie algebra of the Lorentz
group from the three Pauli spin matrices [22–25] as

𝐽
𝑖
=

1

2
𝜎
𝑖
,

𝐾
𝑖
=

𝑖

2
𝜎
𝑖
.

(1)

These two-by-two matrices satisfy the following set of com-
mutation relations:

[𝐽
𝑖
, 𝐽
𝑗
] = 𝑖𝜖
𝑖𝑗𝑘
𝐽
𝑘
,

[𝐽
𝑖
, 𝐾
𝑗
] = 𝑖𝜖
𝑖𝑗𝑘
𝐾
𝑘
,

[𝐾
𝑖
, 𝐾
𝑗
] = −𝑖𝜖

𝑖𝑗𝑘
𝐽
𝑘
,

(2)

where the generators 𝐽
𝑖
represent rotations and the generators

𝐾
𝑖
represent boosts. There are six generators of the Lorentz

group which satisfy the three sets of commutation relations
given in (2). The Lie algebra of the Lorentz group consists of
these sets of commutation relations.

These commutation relations are invariant under Hermi-
tian conjugation; however, while the rotation generators are
Hermitian, the boost generators are anti-Hermitian:

𝐽
†

𝑖
= 𝐽
𝑖
,

while 𝐾
†

𝑖
= −𝐾
𝑖
.

(3)

Thus, it is possible to construct two representations of the
Lorentz group, one with 𝐾

𝑖
and the other with −𝐾

𝑖
. For this

purpose, we will use the notation [24, 26, 27]

�̇�
𝑖
= −𝐾
𝑖
. (4)

To demonstrate that this set of generators do perform
Lorentz transformations, let us consider a point 𝑋 in four-
dimensional space such as the Minkowskian four-vector
(𝑡, 𝑧, 𝑥, 𝑦). A Hermitian matrix of the form

𝑋 = (
𝑡 + 𝑧 𝑥 − 𝑖𝑦

𝑥 + 𝑖𝑦 𝑡 − 𝑧
) , (5)

with determinant

𝑡
2
− 𝑧
2
− 𝑥
2
− 𝑦
2
, (6)

can bewrittenwhere all the components of𝑋 are real. Indeed,
every Hermitian matrix can be written this way with real
components. Consider next a matrix of the form

𝐺 = (
𝛼 𝛽

𝛾 𝛿
) , (7)

with four complex matrix elements, thus eight real parame-
ters, and require that the determinant be equal to one. If

𝐺
†
= (

𝛼
∗

𝛾
∗

𝛽
∗

𝛿
∗
) (8)

is the Hermitian conjugate of 𝐺, then

𝑋

= 𝐺𝑋𝐺

† (9)

defines a linear transformationwith real coefficients such that
the determinant of 𝑋 is equal to the determinant of 𝑋. This
constitutes a real Lorentz transformation.The transformation
of (9) can be explicitly written as

(
𝑡

+ 𝑧


𝑥

− 𝑖𝑦


𝑥

+ 𝑖𝑦


𝑡

− 𝑧

)

= (
𝛼 𝛽

𝛾 𝛿
)(

𝑡 + 𝑧 𝑥 − 𝑖𝑦

𝑥 + 𝑖𝑦 𝑡 − 𝑧
)(

𝛼
∗

𝛾
∗

𝛽
∗

𝛿
∗
) .

(10)

It is important to note that the transformation of (9) is
not a similarity transformation. In the 𝑆𝐿(2, 𝑐) regime, not
all the matrices are Hermitian [25]. Moreover, since the
determinants of 𝐺 and 𝐺

† are one, the determinant of 𝐺𝐺
†

is also one. As

Tr (𝐺𝐺
†
) = (𝛼𝛼

∗
+ 𝛽𝛽
∗
+ 𝛾𝛾
∗
+ 𝛿𝛿
∗
) ≥ 1, (11)

(9) is a proper Lorentz transformation [25, 28, 29].
Since the determinant of 𝐺 is fixed and is equal to one,

there are six independent parameters. This six-parameter
group is commonly called 𝑆𝐿(2, 𝑐). As the Lorentz group
has six generators, this two-by-two matrix can serve as a
representation of the Lorentz group.

Likewise, the two-by-twomatrix for the four-momentum
of the particle takes the form

𝑃 = (

𝑝
0
+ 𝑝
𝑧

𝑝
𝑥
− 𝑖𝑝
𝑦

𝑝
𝑥
+ 𝑖𝑝
𝑦

𝑝
0
− 𝑝
𝑧

) (12)
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with 𝑝
0

= √𝑚2 + 𝑝2
𝑧
+ 𝑝2
𝑥
+ 𝑝
2

2
. The transformation of this

matrix takes the same form as that for space-time given in
(9) and (10).Thedeterminant of thismatrix is𝑚2 and remains
invariant under Lorentz transformations.The explicit form of
the transformation is

𝑃

= 𝐺𝑃𝐺

†
= (

𝑝


0
+ 𝑝


𝑧
𝑝


𝑥
− 𝑖𝑝


𝑦

𝑝


𝑥
+ 𝑖𝑝


𝑦
𝑝


0
− 𝑝


𝑧

)

= (
𝛼 𝛽

𝛾 𝛿
)(

𝑝
0
+ 𝑝
𝑧

𝑝
𝑥
− 𝑖𝑝
𝑦

𝑝
𝑥
+ 𝑖𝑝
𝑦

𝑝
0
− 𝑝
𝑧

)(
𝛼
∗

𝛾
∗

𝛽
∗

𝛿
∗
) .

(13)

It is this Lorentz invariant mass that is important for dis-
cussing neutrino oscillation. In the next section, the internal
symmetry of particles will be discussed using Wigner’s little
groups.

3. Internal Symmetries of Massive and
Massless Particles

When special relativity was formulated, the main focus was
point particles, without internal space-time structures. How
these particles look to moving observers can be studied using
Wigner’s little groups [20] where the subgroup of the Lorentz
group whose transformations leave the particle momentum
invariant are considered. However, the little groups can
transform the internal space-time structure of the particles.
Since the particle momentum is fixed and remains invariant,
it is possible to consider that the particle momentum is along
the 𝑧 direction.

This momentum is thus invariant under rotations around
the 𝑧-axis. In addition, these rotations commute with the
Lorentz boost along the 𝑧-axis because, according to the Lie
algebra of (2),

[𝐽
3
, 𝐾
3
] = 0. (14)

In Section 2, it was shown that the Lorentz transformation
of the four-momentum can be represented by two-by-two
matrices and an explicit form for this transformation was
given. If the particle moves along the 𝑧 direction, the four-
momentum matrix becomes

𝑃 = (
𝐸 + 𝑝 0

0 𝐸 − 𝑝
) , (15)

where 𝐸 and 𝑝 are the energy and the magnitude of momen-
tum, respectively.

Let 𝑊 be a subset of matrices which leaves the four-
momentum invariant; then we can write

𝑃 = 𝑊𝑃𝑊
†
. (16)

These matrices constitute Wigner’s little groups dictating the
internal space-time symmetry of the particle.

If the particle is massive, it can be brought to the system
where it is at rest with 𝑝 = 0. The four-momentum matrix is
then proportional to

𝑃 = (
1 0

0 1
) . (17)

Since the momentum matrix is proportional to the unit
matrix, the𝑊matrix forms a unitary subset of the𝐺matrices
and is Hermitian.The corresponding little group is the 𝑆𝑈(2)

subgroup of the Lorentz group. It is sufficient to consider
rotations around the 𝑦-axis, as rotations around the 𝑧-axis do
not change the momentum.Thus the rotation matrix

𝑅 (𝜃) = (

cos(𝜃

2
) − sin(

𝜃

2
)

sin(
𝜃

2
) cos(𝜃

2
)

) (18)

can be used. This forms a representation of Wigner’s 𝑂(3)-
like little group for massive particles which describes the spin
orientation of the particle in the rest frame.

For the massless particle, 𝐸 = 𝑝. Thus the four-
momentum matrix is proportional to

𝑃 = (
1 0

0 0
) , (19)

and the Wigner matrix is necessarily triangular and should
take the form

𝑇 (𝛾) = (
1 −𝛾

0 1
) . (20)

Thismatrix cannot be diagonalized. Its inverse andHermitian
conjugate are

𝑇
−
(𝛾) = (

1 𝛾

0 1
) ,

𝑇
†
(𝛾) = (

1 0

−𝛾 1
) ,

(21)

respectively. Since the inverse is not the same as the Her-
mitian conjugate, 𝑇 is not a Hermitian matrix. In order
to preserve the Lorentz properties of the boosted four-
momentum, 𝛾must be real.

To understand this better, consider that as the𝑂(3) group
is contracted into the Euclidean group (𝐸(2)) group, one can
think of 𝐸(2) as a plane tangent to the North Pole. Since 𝐸(2)
consists of two translation operators and a rotation operator,
the rotation around the 𝑧-axis remains unchanged as the
radius becomes large and rotations around the 𝑥- and 𝑦-axes
become translations in the 𝑥 and −𝑦 directions, respectively,
within the tangent plane. For a massless particle, the 𝐸(2)-
like little group bears the same relation to the 𝐸(2) group
as the 𝑂(3)-little group does to 𝑂(3) for a massive particle.
Thus (20) is the representation of Wigner’s 𝐸(2)-like little
group [21, 27, 30] for massless particles. It is now possible to
apply this formalism to spin-1/2 particles by considering the
𝑆𝐿(2, 𝑐) representation of the Lorentz group.

4. 𝑆𝐿(2, 𝑐) and Spinors

In the case of 𝑆𝐿(2, 𝑐), or spin-1/2 particles, it is necessary to
consider both signs of the boost generators 𝐾

𝑖
. In Section 2,
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we considered that 𝑆𝐿(2, 𝑐) consists of nonsingular two-by-
two matrices which have the form defined in (7). This matrix
is applicable to spinors that have the following form:

𝑈 = (
1

0
) ,

𝑉 = (
0

1
) ,

(22)

for spin-up and spin-down states, respectively.
Among the subgroups of 𝑆𝐿(2, 𝑐), there are 𝐸(2)-like little

groups which correspond tomassless particles. If we consider
a massless particle moving along the 𝑧 direction, then the
little group is generated by 𝐽

3
,𝑁
1
, and𝑁

2
, where

𝑁
1
= 𝐾
1
− 𝐽
2
,

𝑁
2
= 𝐾
2
+ 𝐽
1
,

𝐽
3
= (

1

2
) 𝜎
3
.

(23)

As usual, 𝐽
3
is the generator of rotations and 𝑁

𝑖
generate

translation-like transformations where

𝐷 (𝑢, V) = 𝐷 (𝑢, 0)𝐷 (0, V) = 𝐷 (0, V) 𝐷 (𝑢, 0) . (24)

As these 𝑁 operators have been shown to be the generators
of gauge transformations in the case of the photon [21],
they will be referred to as the gauge transformation in the
𝑆𝐿(2, 𝑐) regime [20, 31–33].Their role with respect tomassless
particles of spin-1/2 will now be discussed [25].

For massless spin-1/2 particles, 𝐽
𝑖
are still the generators

of rotations. However, because of the sign change allowed for
𝐾
𝑖
, it is necessary to have two sets of𝑁

𝑖
operators designated

as 𝑁
(+)

𝑖
and 𝑁

(−)

𝑖
, where, as defined in (23), 𝑁(+)

𝑖
have the

explicit form

𝑁
(+)

1
= (

0 𝑖

0 0
) ,

𝑁
(+)

2
= (

0 1

0 0
) .

(25)

TheHermitian conjugates of the above𝑁(+)
𝑖

provide𝑁(−)
1

and
𝑁
(−)

2
. Thus, there are two sets of boost generators involved.
The transformation matrices defined in (24) can then be

written as [34]

𝐷
(+)

(𝑢, V) = exp (−𝑖 [𝑢𝑁
[+]

1
+ V𝑁[+]
2

])

= (
1 𝑢 − 𝑖V

0 1
) ,

𝐷
(−)

(𝑢, V) = exp (−𝑖 [𝑢𝑁
[−]

1
+ V𝑁[−]
2

])

= (
1 0

−𝑢 − 𝑖V 1
) .

(26)

Since there are two sets of spinors in 𝑆𝐿(2, 𝑐), the spinors
whose boosts are generated by 𝐾

𝑖
= 𝑖/2𝜎 will be written as 𝛼

for spin in the positive direction and𝛽 for spin in the negative
direction. For the boosts generated by𝐾

𝑖
= −𝑖/2𝜎, we will use

�̇� and �̇�. These spinors are gauge invariant in the sense that

𝐷
(+)

(𝑢, V) 𝛼 = 𝛼,

𝐷
(−)

(𝑢, V) �̇� = �̇�.

(27)

However, if we carry out the explicit multiplication, these
spinors are gauge dependent in the sense that

𝐷
(+)

(𝑢, V) 𝛽 = 𝛽 + (𝑢 − 𝑖V) 𝛼,

𝐷
(−)

(𝑢, V) �̇� = �̇� − (𝑢 + 𝑖V) �̇�.
(28)

The gauge invariant spinors of (27) appear as polarized
neutrinos [21, 30, 35].

Let us examine further the gauge dependent spinors
of (28). To accomplish this, we construct unit vectors in
Minkowskian space by taking the direct product of two
𝑆𝐿(2, 𝑐) spinors:

−𝛼�̇� = (1, 𝑖, 0, 0) ,

𝛽�̇� = (1, −𝑖, 0, 0) ,

𝛼�̇� = (0, 0, 1, 1) ,

𝛽�̇� = (0, 0, 1, −1) .

(29)

This combines two half integer spins into integer spins. To
make𝐷(𝑢, V) consistent with (29), it is necessary to choose

𝐷 (𝑢, V) = 𝐷
(+)

(𝑢, V) 𝐷(−) (𝑢, V) , (30)

where 𝐷
(+) and 𝐷

(−) apply to the first and second spinors of
(29), respectively. Since the plane wave photon four-potential
does not depend on 𝛽�̇� because of the Lorentz condition [21,
30, 31, 34, 35], we have

𝐷 (𝑢, V) (−𝛼�̇�) = −𝛼�̇� + (𝑢 + 𝑖V) 𝛼�̇�,

𝐷 (𝑢, V) (𝛽�̇�) = 𝛽�̇� + (𝑢 − 𝑖V) 𝛼�̇�,

𝐷 (𝑢, V) 𝛼�̇� = 𝛼�̇�.

(31)

The first two equations in (31) correspond to gauge trans-
formations of the photon polarization vectors. The third
equation corresponds to the effect of the𝐷 transformation of
the four-momentum.This shows that𝐷(𝑢, V) is an element of
the little group.We look next at howwe can apply this analysis
to Dirac spinors.

5. Dirac Spinors and Massless Particles

TheDirac equation is applicable tomassive particles. Here we
will consider the massless particle as the limiting case of the
massive particle by considering the large-momentum/zero-
mass limit of the Dirac spinors.
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Starting with the spin operators defined in (1), a boost
along the 𝑧 direction will take the form

𝐽


𝑖
= 𝐵 (𝑃) 𝐽

𝑖
𝐵
−1

(𝑃) . (32)

This is a similarity transformation. Here the boost matrix is
given by

𝐵 (𝑃) = (
𝑒
𝜂/2

0

0 𝑒
−𝜂/2

) , (33)

where

𝑒
𝜂/2

= (
𝐸 + 𝑃

𝐸 − 𝑃
) . (34)

In the large-momentum or large-mass limit for a massive
particle we obtain

𝑒
𝜂
→

2𝐸

𝑀
. (35)

Using the similarity transformation of (32), 𝐽
3
is invariant, but

𝐽
1
and 𝐽
2
take the form

𝐽


1
= (

0
1

2
𝑒
𝜂

1

2
𝑒
−𝜂

0

) ,

𝐽


2
= (

0 −
𝑖

2
𝑒
𝜂

𝑖

2
𝑒
−𝜂

0

) .

(36)

In the large-momentum or large-mass limit for a massive
particle, we can obtain the𝑁

𝑖
matrices of (23) as

𝑁
1
= −

𝑀

𝐸
𝐽


2
,

𝑁
2
=

𝐸

𝑀
𝐽


1
.

(37)

Remembering that we have to consider both signs of the
boost generators, the generators of 𝑆𝐿(2, 𝑐) can take the form

𝐽
𝑖
= (

(
1

2
) 𝜎
𝑖

0

0 (
1

2
) 𝜎
𝑖

),

𝐾
𝑖
= (

(
𝑖

2
) 𝜎
𝑖

0

0 (−
𝑖

2
) 𝜎
𝑖

)

(38)

which is applicable to Dirac wave functions in the Weyl rep-
resentation [14, 24]. Using the gauge transformationmatrices
from (26), we can write

𝐷 (𝑢, V) = (
𝐷
(+)

(𝑢, V) 0

0 𝐷
(−)

(𝑢, V)
) . (39)

This matrix is applicable to the Dirac spinors. To evaluate the
result of applying the𝐷matrix from (39), we first look at the
eigenspinors given in (22) applied to a massive Dirac particle
that is at rest. Thus we have

𝑈 (0) = (
𝛼

±�̇�
) ,

𝑉 (0) = (

±𝛽

�̇�

) ,

(40)

where the positive and negative energy states are denoted by
the + and − signs, respectively. If these spinors are boosted
along the 𝑧-axis using the operator generated by 𝐾

3
, then

𝑈 (𝑃) = (
𝑒
(+𝜂/2)

𝛼

±𝑒
(−𝜂/2)

�̇�

) ,

𝑉 (𝑃) = (
±𝑒
(−𝜂/2)

𝛽

𝑒
(+𝜂/2)

�̇�

) .

(41)

In the large-momentum/zero-mass limit, the large compo-
nents, 𝑒(+𝜂/2), are, according to (27), gauge invariant, while the
small components, according to (28), are gauge dependent.
This again shows that non-zero-mass, spin-1/2 particles are
not invariant under gauge transformations. Furthermore, in
this limit, the spinors of (41) can be renormalized as

𝑈 (𝑃) = (
𝛼

0
) ,

𝑉 (𝑃) = (

0

�̇�

) .

(42)

It is clear that the 𝐷 transformation leaves these spinors
invariant. It is this invariance, as shown before, that is
responsible for the polarization of neutrinos [30, 35].

Additionally, one could interpret the results of (41) in
terms of 𝐸(2) translations on free Weyl neutrino states. In
this case, the gauge invariant transformations leave the left-
handed neutrino invariant but translate the right-handed
neutrino into a linear combination of left-handed and right-
handed neutrinos [14, 30]. These coupled states could have
implications requiring that in a constant electric and mag-
netic field neutrinos should acquire a small effective mass
[14].

6. Neutrino Mass and Lorentz
Transformations

In Section 3, we introduced the fact that Wigner [20]
proposed that his “little groups” be defined as those Lorentz
transformations that do not change the four-momentum of
the free particle. Because there is no Lorentz frame in which
a massless particle is at rest, we had to consider a momentum
four-vector of the form given in (19). From this we were able
to write down the transformation matrix given in (20) which
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left the four-momentum invariant. In this section, we begin
with amassive particle with fixed energy𝐸.Thenwe canwrite
the Lorentz boost along the 𝑧 direction as

𝑧 → (cosh 𝜉) 𝑧 + (sinh 𝜉) 𝑡,

𝑡 → (sinh 𝜉) 𝑧 + (cosh 𝜉) 𝑡.

(43)

As we saw in Section 5, the limiting case of 𝑒𝜉 is given in
(35) for the large-momentum limit. Within the framework of
Lorentz transformations, 𝐸 can become large and thus 𝜉 can
also become large. This has been discussed in the literature
[24].

In addition, 𝜉 can become large when the mass becomes
very small. This cannot be achieved by Lorentz boosts,
because the mass is a Lorentz-invariant quantity. With this
point in mind, we can consider what happens when the mass
is varied but the energy is held fixed.We canwrite the energy-
momentum four-vector as

𝐸 (0, 0, cos𝜒, 1) . (44)

Then the mass becomes

𝑀 = 𝐸√1 − cos2𝜒 = 𝐸 sin𝜒. (45)

Hence, the mass can be increased by increasing 𝜒 from 𝑧𝑒𝑟𝑜

[36].
While the four-by-four matrix which makes the transfor-

mation of (43) is

(

1 0 0 0

0 1 0 0

0 0 cosh 𝜉 sinh 𝜉

0 0 sinh 𝜉 cosh 𝜉

) , (46)

its two-by-two equivalent to the spinor is

(
𝑒
𝜉/2

0

0 𝑒
−𝜉/2

) (47)

as seen in (33) [36].The two-by-two matrix corresponding to
a rotation around the 𝑦-axis is

(

cos(𝜃

2
) − sin(

𝜃

2
)

sin(
𝜃

2
) cos(𝜃

2
)

) . (48)

Thus we can now perform the Lorentz boost by making a
similarity transformation:

(
𝑒
𝜉/2

0

0 𝑒
−𝜉/2

)(

cos(𝜃

2
) − sin(

𝜃

2
)

sin(
𝜃

2
) cos(𝜃

2
)

)(
𝑒
−𝜉/2

0

0 𝑒
𝜉/2

) , (49)

which becomes

(

cos(𝜃

2
) −𝑒

𝜉 sin(
𝜃

2
)

𝑒
−𝜉 sin(

𝜃

2
) cos(𝜃

2
)

) . (50)

For this matrix to remain finite in the large 𝜉 limit, we can
let 𝑒𝜉 sin 𝜃 = 𝛾. For 𝛾 to remain finite as 𝜉 increases, 𝜃 must
approach zero. Then, in the limiting case, the matrix given in
(50) becomes

(
1 −𝛾

0 1
) . (51)

It has been shown that the 𝛾 parameter performs gauge
transformations on the photon case and its equivalent
transformation on massless neutrinos [24, 30, 35]. If the
neutrino indeed has mass, then we should observe neutrinos
participating in gauge transformations.

7. Concluding Remarks

As there is currently much interest in massive neutrinos, it
would be interesting to see if therewas indeed a Lorentz frame
in which neutrinos could be brought to rest. Additionally,
it would be useful to understand if neutrinos participate
in gauge transformations. The issue of whether or not the
neutrino is a Dirac particle as opposed to aMajorana particle
will be settled only if lepton number violation is observed.
Furthermore, if right-handed neutrinos could be found
separated from left-handed neutrinos, and if these right-
handed neutrinos did not participate in weak interactions,
this would have implications for physics beyond the Standard
Model.
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We report a new technique of a multicathode counter (MCC) developed to search for hidden photon (HP) cold darkmatter (CDM)
with amass from 5 to 500 eV.Themethod is suggested in the assumption that HP-photonmixing causes emission of single electrons
from a metal cathode if the mass of hidden photon𝑚

𝛾
is greater than a work function of the metal 𝜑

𝑊
. The measured effect from

HP should be dependent on 𝜑
𝑊
and on the structure of electronic shells of the metal used as a cathode. Potentially this can be used

for a verification of the results obtained. Some preliminary results for the upper limit for mixing parameter 𝜒 have been obtained
for HPwith amass from 5 eV to 10 keV as a pure illustration of the potential of this technique.The efforts are continued to refine the
procedure of data treatment and to improve the work ofMCC. A new detector with amore developed design is under construction.

1. Introduction

The present data on the structure formation in the Universe
indicate that most dark matter (DM) is “cold”; that is, it
should be nonrelativistic. Neutrino in a hot dark matter
concept can be envisaged only in combination with cold
dark matter (CDM). Now the most attractive DM candidates
appear to be Weakly Interactive Massive Particles (WIMP).
Great progress in this field of research is outlined in [1].
However, there are other alternatives, among them axion and
axion-like particles (ALP) which is probably a next most
promising field. The efforts towards discovering axion are
described in detail in [2]. Another interesting opportunity
is a hidden photon which is a light extra 𝑈(1) gauge
boson. As it was suggested in [3, 4] hidden photons (HP)
may be observed in experiment through a kinetic mixing
term (𝜒/2)𝐹𝜇]𝑋

𝜇] with the ordinary photons, where 𝜒 is a
parameter quantifying the kineticmixing.Here𝐹𝜇] is the field
stress of the ordinary electromagnetic field 𝐴𝜇 and𝑋𝜇] is the
field stress of the HP field𝑋𝜇.

Recently the eVmass range of HP was investigated with a
dish antenna [5], a novel method proposed in [6]. The idea
is to detect electromagnetic wave which is emitted by the
oscillation of electrons of the antenna’s surface under tiny

ordinary electromagnetic field 𝐴
𝜇 induced by HP. A dark

matter solution for HP with a mass𝑚𝛾 reads [6]

(

A
X
)










DM

= XDM (

−𝜒

1

) exp (−𝑖𝜔𝑡) ; (1)

that is, it has a spatially constant mode 𝑘 = 0, oscillating
with frequency 𝜔 = 𝑚𝛾 . This method works well only if
the reflectance of antenna is high which is observed for 𝜔 <

5 eV. In the work [5] using an optical mirror and a photon-
counting PMT at the point of convergence of the photons
emitted frommirror, the upper limit of 6×10−12 was obtained
for a mixing parameter 𝜒 for the hidden photon mass 𝑚𝛾 =
3.1 ± 1.2 eV. This work was a first measurement of 𝜒 within
this range of 𝑚𝛾 using a dish antenna. Our work was the
search for hidden photons for the upper range of 𝑚𝛾 using
a gaseous proportional counter as a detector of electrons
emitted from a metal cathode by hidden photons. This
constitutes the novelty of our method.

2. A Method and Experimental Apparatus

The principal difference of our approach from [6] is that here
we focus on shorter wavelengths, that is, higher masses of
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Figure 1: The central part of the counter.

HPs for which the reflectance of antenna is low. We make
an assumption that in this case a HP-photon conversion will
cause emission of single electrons from the surface of antenna
similar to what one observes when metal is exposed to UV
radiation. To register this conversion the detector should be
highly sensitive to single electrons emitted from metal. Here
we would like to draw attention to the fact that the detector
in this case is sensitive exclusively to HP-photon conversion,
not to photon-HP conversion. For the latter this method does
not work. We assume here that probability for the electron
to be emitted after a hidden photon gets converted into
ordinary electric field in a metal cathode would be equal to
quantum efficiency 𝜂 for a given metal to emit electron after
absorption of a real UV photon of energy 𝜔 = 𝑚𝛾 . The
details of how electrons are created after photons get absorbed
by a metal photocathode are described in many papers; see,
for example, [7]. The obvious difference between these two
processes is that UV photons are strongly absorbed by the
metal, whileHPsmove freely through themetal, but this leads
only to some underestimation of the effect from HP-photon
conversion. We did not take this into account. Neither did
we take into account the effects of surface roughness of the
cathode. We consider this to be small corrections and leave
it for our further study. To make a practical implementation
of this idea a special technique of a multicathode counter
(MCC) has been developed and some very preliminary data
as a pure illustration of the potential of this technique in the
search for hidden photons has been obtained.

To count electrons emitted from a metal cathode we
used a gaseous proportional counter filled by argon-methane
(10%) mixture at 0.2MPa. To detect single electrons the
counter should have high (≥105) coefficient of gas amplifica-
tion. The general view of the counter is presented in Figure 1
and the electronic scheme in Figure 2. Present design ofMCC
first described in [8] is a further development of the work
with the aim of making an apparatus to register neutrino-
nucleus coherent scattering [9, 10].The cathode of the counter
is 194mm in diameter and 400mm in length. It has relatively
large (≈0.2m2) surface which acts in this experiment as
“antenna” for HP but instead of reflecting electromagnetic
waves it emits single electrons. The counter has a central
anode wire of 20 𝜇m and 4 cathodes; 3 of them are composed
of an array of 50 𝜇m nichrome wires tensed with a pitch of a
few mm around anode one after another, and a fourth one,
more distant from anode, is a cathode made of copper.

The apparatus is counting electrons emitted from the
walls of a cathode at short wavelengths 𝜔 = 𝑚𝛾 ≈ 5–
500 eV. The diameter of the first cathode 𝐷1 is 40mm to
ensure high (≥105) coefficient of gas amplification in the
central section of the counter. Three different configurations
of the same counter are used to measure the count rate of
single electrons. In the first configuration electrons, emitted
from copper, drift freely to the central section with high gas
amplification.The highest negative potential is applied in this
configuration to the copper cathode.The rate 𝑅1measured in
this configuration is as follows:

𝑅1 = 𝑅Cu + 𝑅sp. (2)

Here 𝑅Cu is the count rate from single electrons emitted from
copper and 𝑅sp is the rate from spurious pulses generated
in the volume limited by a diameter 194mm. What is
the origin of spurious pulses? This question will be the
subject of our further study. Here we assume that they are
produced by “hot” spots on the surface of metal and are
the effect of microstructure of a metal. The microprotrusions
(spearheads) on the surface of wires may generate single
electrons in strong electric fields. The spots with impurities
of other metals, especially alkaline, may generate emission of
single electrons and so forth. Only the future work can show
how successful can this approach be.

In the second configuration the highest negative potential
is applied to the third cathode 𝐷3 = 180mm. In this
configuration the count rate is as follows:

𝑅2 = 0.11 ⋅ 𝑅Cu + 𝑅sp. (3)

The factor 0.11 was obtained by calibration of the counter in
1st and 2nd configurations byUV source of the same intensity.
Here the key point is that in 1st and 2nd configurations
the counter has approximately the same geometry and the
same wires. So if “hot” spots are on the surface of wires, the
difference of the count rates in 1st and 2nd configurations will
contain only 89% of the count rate of single electrons emitted
from copper cathode. Because the geometry of the counter
in 1st configuration is very similar to its geometry in 2nd
configuration the same reasoning is valid for spurious pulses
generated by a leakage current through dielectric used in the
construction of the counter.

In the third configuration the highest negative potential
is applied to a second cathode 𝐷2 = 140mm. The rate 𝑅3
measured in this configuration is determined by spurious
pulses generated within a volume limited by smaller diameter
140mmwith different number ofwires and different isolators,
so

𝑅3 = 𝑟sp. (4)

In experiment the rate 𝑅3 turned out to be approximately 3
times smaller than the rates 𝑅1 and 𝑅2 (which are very close)
not in contradiction with our explanation of the origin of the
spurious pulses. All this explains why as a measure of the
effect from HPs we use the count rate

𝑅MCC =

(𝑅1 − 𝑅2)

0.89

= 𝑅Cu. (5)
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Figure 2: A simplified electronic scheme of a multicathode counter (MCC). A: anode, C1–C4: cathodes, and “Zaryad”: charge sensitive
preamplifier.

The measurements were performed in each configuration by
switching the counter consecutively in three different con-
figurations, by calibration of the counter, and by measuring
the rates 𝑅1, 𝑅2, and 𝑅3. Then from a number of measured
points the average rates 𝑅1, 𝑅2 were found and from here
the average rate 𝑅MCC is found. Then from the scattering
of the experimental points the uncertainties were calculated
for each rate and, finally, for 𝑅MCC. The count rate 𝑅3 has
been used to monitor the counting process to exclude some
possible interference by external sources of electromagnetic
disturbances.

3. Energy Calibration and Analysis

The calibration of the counter has been conducted by 55Fe
source and by UV light of the mercury lamp. The calibration
by 55Fe source was used to determine at what high voltages,
HV1 and HV2, the counter was working in a mode of limited
proportionality with high (>105) gas amplification. Here we
followed the standard technique described in many papers,
for example, in [11]. It was also described in our earlier papers
[9, 10]. High voltage at first cathode was 2060V and the
ones from the voltage divider have been used for all three
configurations such as to ensure the amplitude of the pulse
corresponding to peak 5.9 keV from K-line of 55Mn, which
is eradiated as a result of K-electron capture by 55Fe, on
the output of charge sensitive preamplifier to be at the level
1400mV which corresponds to a gas amplification 𝐴 ≈ 10

5.
Figure 3 shows the calibration spectrum.
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Figure 3: The calibration spectrum from 55Fe source introduced
directly in a working volume of the counter facing first cathode.

The amplitude of the escape peak of argon at the energy
2.96 keV (5.9 keV minus 2.94 keV of K X-ray of argon
escaping the detection region) was shifted from the due
position in case of a linear response at about 700mV to
the one at approximately 1000mV. This nonlinearity in the
spectrum indicates that the counter was working in the
regime of limited proportionality. From the approximation
done through three points, zero and two peaks, 5.9 keV
at 1400mV and 2.96 keV at 1000mV, one can find that at
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Figure 4: The single electron spectra obtained in measurements in 1st (𝑅
1
) and 2nd (𝑅

2
) configurations at the same flux of UV photons. The

dashed curves indicate the Polya distribution.

energies less than 100 eV a gas amplification𝐴 ≈ 1.8 ⋅ 10
5 and

the conversion factor is ≈2.3 eV/mV. It takes approximately
27 eV to create one electron-ion pair in argon. This means
that single electron pulses should be observed in the region
below 50mV. The calibration by UV photons demonstrates
that this is really so. The 55Fe source has been removed
and the internal walls of the counter were irradiated by UV
light from a mercury lamp placed outside through a window
made of melted silica. The physics and techniques of single
electron counting were described in detail in many devoted
articles; see, for example, [12–14]. Figure 4 shows the single
electron spectra obtained in measurements in 1st and 2nd
configurations.

Comparing the count rates 𝑅1 and 𝑅2 presented in
Figure 4 one can see that in the 2nd configuration the count
rate of single electrons was about 0.11 of the rate measured
in the first one. It proves that in the 2nd configuration the
electrons emitted from the walls of the counter were really
rejected back by the 3rd cathode.This means that the counter
in the 2nd configuration can be used for measurement of
the background count rate. To compare the gains in different
configurations we used the same procedure as the one
described in [15]; the inverse indexes of exponents were used
as a measure of the gain of the counter. For the pulses above
a threshold 7 eV the deviation from exponential distribution
was small and could be neglected. The inverse indexes of
exponent for all three configurations were in the range 19.3 ±
1.2 eV. The counting efficiency for the interval from 7 eV
till 70 eV was found to be 76 ± 5%. This number has been
obtained by using Polya distribution [16]:

𝑃 (𝐴) = (

𝐴 (1 + 𝜃)

𝐴

)

𝜃

exp(−𝐴 (1 + 𝜃)

𝐴

) , (6)

where 𝐴 is gas amplification and 𝜃 is parameter which
depends on a working gas and electric field configuration.
From the approximation of the measured spectrum by Polya

curve it was found that 𝜃 ≈ 0.16 which is in a reasonable
agreement with the expected one for our working gas and
electric field configuration. The counting efficiency has been
corrected upon the results of calibrations performed in
each of three configurations. The possibility to increase the
counting efficiency is a subject of our further study. To have
a further progress we need to decrease the threshold or to
increase the gas amplification.

In the measurements the shapes of the pulses on the
output of a charge sensitive preamplifier are recorded by 8-
bit digitizer. In our previous paper [9] the shapes of “true”
and “wrong” pulses are presented. The “true” pulses have
typically a relatively short front edge (a few microseconds)
corresponding to the drift of positive ions to cathode and long
(hundreds of microseconds) tail corresponding to the time of
the baseline restoration of the charge sensitive preamplifier.
The “wrong” pulses usually have a wrong (too fast or too
slow or irregular) front edge or nonexponential tail. In the
analyses of the data only pulses with a baseline within ±2mV
were taken with a proper evaluation of the resulted live
time. Figures 6 and 7 show the distribution of the events
on the diagram “duration of front edge-parameter 𝛽” for the
UV lamp and for real measurements. The parameter 𝛽 is
proportional to first derivative of the baseline approximated
by a straight line in the interval 50 𝜇s before the front edge.
We used it as a measure of the quality of baseline in the
prehistory of the event which has been used in a procedure
of automatic screening of all data. The events with 𝛽 beyond
the allowed range of 0 ± 0.1 were considered as “not having
a reliable determined amplitude” events and were discarded
from analyses. The statistic collected during a day or even
a few days for each configuration was rather high so we
could afford to do this discriminationwithout substantial loss
of information. The region of interest (ROI) box contains
“true” pulses with amplitude in the interval [7–70] eV with
a front edge in the interval [2–25 𝜇s] and a parameter 𝛽 in
the interval 0.0 ± 0.1. The pulses beyond this region were
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Figure 5: One example of the pulse with “bad” prehistory.
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Figure 6: The distribution of the events for UV lamp.

rejected as “noisy” pulses. One of the typical “noise” pulses
is presented in Figure 5.

One can see that a ROI region contains 95 ± 5% of all
pulses (crosses) fromUV lamp. By inspecting directly a small
sample of the real pulses we found that inside of ROI region
one can see only about 10% of the pulses with the “wrong”
shape (circles).

To reduce the background from external 𝛾-radiation the
counter has been placed in a cabinet with 30 cm iron shield.
It resulted in decrease of the count rates of single electron
events by a factor of 2 (detector on a porch of a cabinet
versus detector inside a cabinet) while the flux of gamma
rays in the region around 200 keV has been attenuated in
these layouts by a factor of 50. From here one gets a simple
estimate of the background: inside a cabinet the 𝛾-radiation
cannot be a major source of the single electron events; its
contribution is not more than a few percent.Themain source
is spurious pulses similar towhat one observeswith PMT; this
was also a limiting factor in experiment with a dish antenna
[5]. To reduce this dark current we should make further
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Figure 7: The distribution of the real events.

improvements in the construction of the detector. This is our
task for future.

The data were collected frame by frame. Each frame
contained 2M points, each point 100 ns. After collection of
the data they were stored on a disk and then the collection
resumed. The analysis of the collected data was performed
offline. The frames with the signs of excessive noisiness were
removed from analysis.

4. Sensitivity of the Method

Here we follow the same ideology as developed in [6] for
a dish antenna with one principal difference: instead of
detecting electromagnetic waves we look for single electrons
emitted from the surface of antenna. That is, why we use
in our experiment not antenna but gaseous proportional
counter (see Figure 1).We assume that similar to the emission
of single electrons from metal by UV light or by X-rays the
probability for the electron to be emittedwhenHPof themass
𝑚𝛾 gets converted into an ordinary electric field in metal
is equal to the quantum efficiency 𝜂 for the photon’s energy
𝜔 = 𝑚𝛾 . According to [6] if DM is totally made up of hidden
photons, the power collected by antenna is

𝑃 = 2𝛼
2
𝜒
2
𝜌CDM𝐴dish, (7)

where 𝛼2 = cos2 𝜃, 𝜃 is the angle between the HP field, when
it points in the same direction everywhere, and the plane
of antenna, 𝛼2 = 2/3 if HPs have random orientation, 𝜒 is
the dimensionless parameter quantifying the kinetic mixing,
𝜌CDM ≈ 0.3GeV/cm3 is the energy density of CDM which is
taken here to be equal to the energy density of HPs, and𝐴dish
is the antenna’s surface. In our case of gaseous proportional
counter 𝑃 = 𝑅MCC𝑚𝛾/𝜂 and this expression will be as
follows:

𝑅MCC𝑚𝛾 = 2𝜂𝛼
2
𝜒
2
𝜌CDM𝐴MCC. (8)
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Here𝐴MCC is the surface of the metal cathode of our counter.
From here one can easily obtain

𝜒sens = 2.9 × 10
−12

(

𝑅MCC
𝜂 1Hz

)

1/2

(

𝑚𝛾

1 eV
)

1/2

⋅ (

0.3GeV/cm3

𝜌CDM
)

1/2

(

1m2

𝐴MCC
)

1/2

⋅ (

√2/3

𝛼

) .

(9)

5. First Data Obtained

The detector was placed at the ground floor of a building in
Troitsk, Moscow region, in a specially constructed cabinet
with 30 cm iron shield. All count rates were in a fewHz range.
The average value of 𝑅MCC calculated for “quiet” interval
during 28 days of measurements was found to be 𝑅MCC =

−0.06 ± 0.36Hz. The uncertainty has been found from the
real scattering of the experimental points. So if we take the
normal distribution for uncertainties, then we obtain that,
at 95% confidence level, 𝑅MCC < 0.66Hz. The quantum
efficiency 𝜂 was taken from [17] for masses of HPs 𝑚𝛾 <
11.6 eV (magenta), from [18] for 10 eV < 𝑚𝛾 < 60 eV (red),
from [19] for 20 eV < 𝑚𝛾 < 10 keV (green), and from [20]
for 50 eV < 𝑚𝛾 < 10 keV (blue). From expression (9) we
obtain an upper limit for a mixing constant 𝜒. The values of
a mixing constant 𝜒 allowed by this experiment are below
the curve presented in Figure 8.The systematic uncertainty is
mainly determined by the uncertainty in quantum efficiency
which is taken to be about 30% following the estimates done
in [17]. To decrease this limit one should construct a detector
with lower count rate of spurious pulses. The difference in
the curves presented in Figure 8 is explained by different
purity of copper used inmeasurements.Thedata from [17, 20]
were obtained for atomically clean copper samples prepared
by evaporation of copper in high vacuum while routinely
cleaned (by solvents) copper samples were used in [18, 19].
For example, in the paper [21], it was shown that cleaning
of the surface of the copper cathode by ionized controlled
etching (ICE) can increase the quantum efficiency by an
order of magnitude. For atomically clean copper one can
see the effect of electronic shells while for routinely cleaned
copper the spectra are rather smudged. In our detector for
cathode we used routinely cleaned (by solvents) copper. It
would be expedient to use a quantum efficiencymeasured for
the specific sample used for a cathode in our detector and
we are planning this work for the future. There is a strong
dependence of the effect not only on the work function but
also on the structure of the electronic shells of the metal used
for a cathode. Potentially this can be used for verification that
the obtained result is really from HPs. For this we should
makemeasurements using cathodesmade of differentmetals.

The numbers presented in Figure 8 are first very pre-
liminary results for hidden photons with a mass from 5 to
500 eV. One can see that the region of highest sensitivity
for our method is from 10 to 30 eV, that is, approximately
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Figure 8: The limit for a mixing constant 𝜒.

equal to the energy needed to produce one ion pair in argon.
This result has been obtained in direct measurements in a
laboratory experiment by observing single electrons emitted
from the surface of a copper cathode. At present time this
is the only experiment using this technique which is based
on measurement of the rate of single electron emission
from a metal cathode of the counter sensitive only to HP-
photon conversion and not sensitive to photon-HP conver-
sion. Stellar astrophysics provides stringent constraints for
this value. The limits obtained by using some astrophysical
models (see, e.g., [22, 23] and references therein) are lower by
several orders of magnitude. The limits obtained from stellar
astrophysics are based on the models when both conversions
are alike. The most impressive results have been obtained
by observing electron emission from liquid xenon [23]. The
threshold energy for the production of a single electron in
liquid xenon is only 12 eV and in a xenon detector the total
fiducial volume is a target for CDM. To reach the comparable
sensitivity we need to decrease the spurious count rate of
single electron events of our detector by several orders of
magnitude. We are not aware of any reasons why it cannot
be realized in view that this is the first multicathode counter
ever constructed. This question needs further study. We plan
to make further improvements in the construction of MCC
mainly with the aim of reducing the count rate of spurious
pulses.

We consider that a key element in reducing the rate of
spurious counts would be to use good isolating materials and
very clean metals with meticulously polished surfaces and to
assemble the counter in very clean dust-free environments.
Approaching this strategy we hope to decrease the rate of
spurious counts by about an order of magnitude. At this level,
as our measurements with and without active and passive
shields have shown, the background rate will be determined
by ionized particles (muons and electrons) and by gammas
from the material of passive shield. To decrease further the
background rate wewill go to underground laboratory, where
the flux of muons is negligible in comparison with the one
at a surface laboratory, and there we will also use a passive
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Figure 9: Constrained and still testable regions of photon/hidden photon mixing.

shield cabinet similar to the one we use now at the surface
laboratory in Troitsk,Moscow region.Obviously the question
of how far one can progress on this way can be solved only
experimentally.

6. Conclusion

A new technique of multicathode counter (MCC) has been
developed to search for hidden photon CDM in the assump-
tion that all dark matter is composed of hidden photons
(HPs). It was assumed also that if HPs have a mass greater
than a work function of the metal of a cathode, they will
induce emission of single electrons from a cathode. The
technique used in this experiment is sensitive to HP-photon
conversion and is not sensitive to photon-HP conversion.
First preliminary result has been obtained for HPs with a
mass from 5 to 500 eV which demonstrates that this method
works.The upper limit is above the ones obtained from stellar
astrophysics by two to three orders ofmagnitude (see Figure 9
taken from [24]), but our result (MCC, yellow lines) has been
obtained in direct measurements in a laboratory experiment.
It is worthy also to note that our result has been obtained
for the conversion of HPs of CDM into usual photon while
the result obtained in astrophysics has been obtained for the
conversion of photons in solar plasma in the depth of the sun
into HPs, which is impossible to test experimentally.

Recently we are working with the aim of decreasing our
limit substantially. Further progress will depend upon how
successful our efforts will be to construct a detector with a
lower count rate of spurious pulses. If they are successful and
all sources of spurious pulses are eliminated, then the only
source will be left, which can be eliminated by no means; it is
a dark matter. The same will be true also for PMTs provided
that dark matter is really composed of hidden photons and
their mass is greater than a work function of a metal used

for internal elements of detector. At present time we are
constructing a new detector with a more developed design.
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The combined effect of spin-flavor precession (SFP) and the nonstandard neutrino interaction (NSI) on the survival probability
of solar electron neutrinos (assumed to be Dirac particles) is examined for various values of 𝜖

11
, 𝜖
12
, and 𝜇𝐵. It is found that the

neutrino survival probability curves affected by SFP and NSI effects individually for some values of the parameters (𝜖
11
, 𝜖
12
, and

𝜇𝐵) get close to the standard MSW curve when both effects are combined. Therefore, the combined effect of SFP and NSI needs to
be taken into account when the solar electron neutrino data obtained by low energy solar neutrino experiments is investigated.

1. Introduction

After first observation of the solar neutrino oscillation in
Homestake neutrino experiment, serious solar, atmospheric,
and reactor neutrino experiments were established to con-
firm it during the last decades. Both KamLAND experiment
detecting reactor neutrinos [1, 2] and the combined analysis
of the solar neutrino experiments (high precision water
Cherenkov experiments SNO [3, 4] and SK [5, 6] and
the radiochemical experiments Homestake [7], SAGE [8],
GALLEX [9], and GNO [10]) strongly pointed out the so-
called large mixing angle (LMA) region of the neutrino
parameter space [11–16]. One of the implications of the
physics beyond the Standard Model (SM) is the neutrino
oscillation. Since neutrinos have a mass in a minimal exten-
sion of the SM, they have also magnetic moment [17]:

𝜇] =
3𝑒𝐺
𝑓
𝑚]

8𝜋
2√2

=

3𝑒𝐺
𝑓
𝑚
𝑒
𝑚]

4𝜋
2√2

𝜇
𝐵
, (1)

where 𝐺
𝑓
is Fermi constant; 𝑚

𝑒
and 𝑚] are the masses of

electron and neutrino, respectively; and𝜇
𝐵
is Bohrmagneton.

While Majorana type neutrinos can only have off-diagonal
(transition) magnetic moments, Dirac type neutrinos can
have diagonal and off-diagonal magnetic moments [18, 19]. If
the neutrinos have magnetic moments, they can be effected

by the large magnetic fields when they are passing through
the magnetic region. Their spin can flip and the left-handed
neutrino becomes a right-handed neutrino [20–24]. Thus
the combined effect of the matter and the magnetic field
called as spin-flavor precession (SFP) can change left-handed
electron neutrino to another right-handed neutrino. This
yields two other transitions (]

𝑒𝐿
→ ]
𝜇𝑅

or ]
𝜏𝑅
) in addition

to the left-handed ones (i.e., in this scenario, the conversion
probability is mainly affected) [24]. In the Dirac case, since
the right-handed neutrinos are considered as sterile, they are
not detectable by the detectors. On the other hand, if the
neutrinos are of Majorana type, this conversion yields a solar
antineutrino flux which is detectable by the detectors. These
conversions for both Dirac and Majorana cases can also be
responsible for the solar electron neutrino deficit. So far sev-
eral studies relatedwith the SFP have been studied in different
aspects [25–31]. Astrophysical and cosmological arguments
[32], Supernova 1987A [33, 34], solar neutrino experiments
looking neutrino-electron scattering [35], and the reactor
neutrino experiments [36, 37] provide some bounds on the
neutrino magnetic moment. The new limit recently was
obtained by GEMMA experiment: 𝜇] < 2.9 × 10

−11
𝜇
𝐵
at

90% CL [38]. However, another strong bound on neutrino
transition magnetic moment was obtained in the presence
of nonstandard neutrino-nucleus interactions by Papoulias
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Figure 1: Magnetic field profile.

and Kosmas [39]. Detailed discussion on neutrino magnetic
moment is also given elsewhere [40–45]. In addition to the
knowledge about neutrino magnetic moment, the thorough
information of solar magnetic fields is needed for the SFP
analysis in the Sun. Despite the limited knowledge about it,
some plausible profiles can be found in the literature [46,
47]. Standard solar model [47, 48] limits the solar magnetic
field: ∼20G near the solar surface [49], 20 kG–300 kG at the
convective zone [47], and <107 G at the solar center [47]. In
this study themagnetic field profile is chosen as given in [46].
It has a peak at the bottom of the convective zone as shown
in Figure 1.

Solar neutrinos can also be used for analyzing the physics
beyond the Standard Model of the particle physics such as
nonstandard forward scattering [50], mass varying neutrinos
[51, 52], and long-range leptonic forces [53]. The probe
of nonstandard neutrino interaction models is expected to
observe in the transition region between 1MeV and 4MeV
where the low energy solar neutrino experiments such as
SNO+ will examine. Even though the data is poor in this
region, the studies comparing the effects of nonstandard
models on the neutrino oscillation to the standard MSW-
LMA oscillation show that these effects modify the survival
probability of neutrinos [50–56].

In this paper, the combined effect of nonstandard neu-
trino interactions (NSI) and SFP is examined in the case of
two neutrino generations by assuming that the neutrinos are
of Dirac type. The best fit LMA values are used for 𝛿𝑚2

12
and

𝜃
12

[57]. It is shown that the neutrino survival probability
curves affected by SFP and NSI effects individually for some
values of the parameters (𝜖

11
, 𝜖
12
, and 𝜇𝐵) get close to

the standard MSW curve when both effects are combined.
Therefore, one can say that the combined effect of them needs

to be taken into accountwhen the solar electronneutrino data
obtained by low energy solar neutrino experiments is inves-
tigated. Another analysis on the SFP effect in the presence of
theNSI is examined forMajorana type solar neutrinos in [58].

2. Spin-Flavor Precession (SFP) including
Nonstandard Neutrino Interaction (NSI)

The evolution equation including NSI matter effects in the
SFP scenario for Dirac neutrinos can be written as

𝑖

𝑑

𝑑𝑡

(

]
𝑒𝐿

]
𝜇𝐿

]
𝑒𝑅

]
𝜇𝑅

)= (

𝐻
𝐿
+ 𝐻NSI 𝐵𝑀

†

𝐵𝑀 𝐻
𝑅

)(

]
𝑒𝐿

]
𝜇𝐿

]
𝑒𝑅

]
𝜇𝑅

), (2)

where𝐻
𝐿
,𝐻
𝑅
,𝐻NSI, and𝑀 are the 2×2 submatrices and 𝐵 is

the transversemagnetic field [24, 50]. For theDirac neutrinos
one writes down

𝐻
𝐿

= (

𝑉
𝑐
+ 𝑉
𝑛
+

𝛿𝑚
2

12

2𝐸

sin2𝜃
12

𝛿𝑚
2

12

4𝐸

sin 2𝜃
12

𝛿𝑚
2

12

4𝐸

sin 2𝜃
12

𝑉
𝑛
+

𝛿𝑚
2

12

2𝐸

cos2𝜃
12

),

(3)

and 𝐻
𝑅
= 𝐻
𝐿
(𝑉
𝑐
= 0 = 𝑉

𝑛
). The matter potentials here are

given as

𝑉
𝑐
= √2𝐺

𝐹
𝑁
𝑒
,

𝑉
𝑛
= −

𝐺
𝐹

√2

𝑁
𝑛
,

(4)

where 𝑁
𝑒
and 𝑁

𝑛
are electron and neutron density, respec-

tively [59–61]. The magnetic moment matrix for the Dirac
neutrinos in (2) is written as [24]

𝑀 = (

𝜇
𝑒𝑒

𝜇
𝑒𝜇

𝜇
𝜇𝑒

𝜇
𝜇𝜇

) . (5)

The NSI contributions in (2) can be parametrized by four-
fermion operator as given in [50]:

L

= −2√2𝐺
𝐹
(]
𝛼
𝛾
𝜌
]
𝛽
) (𝜖
𝑓𝑓𝐿

𝛼𝛽
𝑓
𝐿
𝛾
𝜌
𝑓
𝐿
+ 𝜖
𝑓𝑓𝑅

𝛼𝛽
𝑓
𝑅
𝛾
𝜌
𝑓
𝑅
) ,

(6)

where 𝜖𝑓𝑓𝑃 denotes the strength of the nonstandard interac-
tion between 𝛼 and 𝛽 types of neutrinos and the 𝑃 (left- or
right-handed) components of the fermions 𝑓 and 𝑓. Since
the neutrino propagation can only be effected by the vector
components where 𝑓 = 𝑓 of the nonstandard interaction
(𝜖𝑓
𝛼𝛽

= 𝜖
𝑓𝑓𝐿

𝛼𝛽
+ 𝜖
𝑓𝑓𝑅

𝛼𝛽
), one can define 𝜖

𝛼𝛽
as the sum of the

contributions from electrons, up quarks and down quarks in



Advances in High Energy Physics 3

0.2

0.3

0.4

0.5

0.6

0.2

0.3

0.4

0.5

0.6

1 10 1 10 1 10

1 10

1 101 10

1 10

1 10

1 10

0.2

0.3

0.4

0.5

0.6

0.2

0.3

0.4

0.5

0.6

0.2

0.3

0.4

0.5

0.6

0.2

0.3

0.4

0.5

0.6

0.2

0.3

0.4

0.5

0.6

0.2

0.3

0.4

0.5

0.6

0.2

0.3

0.4

0.5

0.6

𝜇B = 0.5 ×

𝜇B = 1.0 ×

𝜇B = 1.5 ×

E� (MeV) E� (MeV)

E� (MeV) E� (MeV)

E� (MeV) E� (MeV)

E� (MeV)

E� (MeV)

E� (MeV)

P
(�

e
→

� e
)

P
(�

e
→

� e
)

P
(�

e
→

� e
)

P
(�

e
→

� e
)

P
(�

e
→

� e
)

P
(�

e
→

� e
)

P
(�

e
→

� e
)

P
(�

e
→

� e
)

P
(�

e
→

� e
)

𝜖11 = 0.2, 𝜖12 = 0 𝜖11 = 0, 𝜖12 = 0.5 𝜖11 = 0.3, 𝜖12 = −0.2

𝜖11 = 0.2, 𝜖12 = 0 𝜖11 = 0, 𝜖12 = 0.5 𝜖11 = 0.3, 𝜖12 = −0.2

𝜖11 = 0.2, 𝜖12 = 0 𝜖11 = 0, 𝜖12 = 0.5 𝜖11 = 0.3, 𝜖12 = −0.2

10−7𝜇BG

10−7𝜇BG

10−7𝜇BG

Figure 2: Survival probabilities for MSW-LMA prediction alone (solid lines), SFP effect at different 𝜇𝐵 values (dotted lines), NSI effect alone
(dashed lines), and the combined effect of the NSI and SFP (dotted-dashed lines). Each column uses the same 𝜖

11
and 𝜖

12
values, and each

row uses the same 𝜇𝐵 values.

matter: 𝜖
𝛼𝛽
= ∑
𝑓=𝑒,𝑢,𝑑

𝜖
𝑓

𝛼𝛽
𝑁
𝑓
/𝑁
𝑒
. Then, the three-flavor NSI

Hamiltonian can be written as

𝐻
3×3

NSI = 𝑉𝑐(

𝜖
𝑒𝑒

𝜖
∗

𝑒𝜇
𝜖
∗

𝑒𝜏

𝜖
𝑒𝜇

𝜖
𝜇𝜇

𝜖
∗

𝜇𝜏

𝜖
𝑒𝜏

𝜖
𝜇𝜏

𝜖
𝜏𝜏

). (7)

After performing a rotation to𝐻3×3NSI by using the two factors
of the neutrino mixing matrix, 𝑇

13
𝑇
23
,

𝑇
†

13
𝑇
†

23
𝐻
3×3

NSI𝑇13𝑇23, (8)

and decoupling the third flavor as in the standard three-
flavor neutrino oscillation calculations, one can find the 2×2
neutrino nonstandard interaction (NSI) part in (2) as

𝐻NSI = 𝑉𝑐 (
0 𝜖
∗

12

𝜖
12

𝜖
11

) , (9)

where 𝜖
11
and 𝜖
12
are the contributions from the new physics

related to the original vectorial couplings, 𝜖
𝛼𝛽
, given as

𝜖
11
= 𝜖
𝜇𝜇
𝑐
2

23
− (𝜖
𝜇𝜏
+ 𝜖
∗

𝜇𝜏
) 𝑠
23
𝑐
23
+ 𝜖
𝜏𝜏
𝑠
2

23
− 𝜖
𝑒𝑒
𝑐
2

13

+ 𝑠
13
[(𝑒
−𝑖𝛿
𝜖
𝑒𝜇
+ 𝑒
𝑖𝛿
𝜖
∗

𝑒𝜇
) 𝑐
13
𝑠
23

+ (𝑒
−𝑖𝛿
𝜖
𝑒𝜏
+ 𝑒
𝑖𝛿
𝜖
∗

𝑒𝜏
) 𝑐
13
𝑐
23
] − 𝑠
2

13
[(𝜖
𝜇𝜏
+ 𝜖
∗

𝜇𝜏
) 𝑠
23
𝑐
23

+ 𝜖
𝜇𝜇
𝑠
2

23
+ 𝜖
𝜏𝜏
𝑐
2

23
] ,

𝜖
12
= 𝑐
13
(𝜖
𝑒𝜇
𝑐
23
− 𝜖
𝑒𝜏
𝑠
23
) + 𝑠
13
𝑒
𝑖𝛿
[𝜖
𝜇𝜏
𝑠
2
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− 𝜖
∗
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2

23

− (𝜖
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23
𝑐
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] .

(10)

Here 𝑐
𝑖𝑗
= cos 𝜃

𝑖𝑗
and 𝑠
𝑖𝑗
= sin 𝜃

𝑖𝑗
and 𝛿 is the CP-violating

phase that we will ignore in our discussion [54].
The direct bounds on the NSI parameters come from

atmospheric neutrino experiments (Super-Kamiokande,
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Figure 3: Allowed regions in the (𝜖
11
, 𝜇𝐵) and (𝜖

12
, 𝜇𝐵) planes at 90% CL for 10MeV neutrino energy.

Ice-Cube-79) [62, 63], accelerator neutrino experiments
(MINOS) [64], and some phenomenological studies [65–
68]: |𝜖

𝑒𝑒
| ≲ 0.5 [62], |𝜖

𝑒𝜏
| ≲ 0.5 [62], |𝜖

𝜇𝜏
| ≲ 6 × 10

−3 [63],
|𝜖
𝜏𝜏
− 𝜖
𝜇𝜇
| ≲ 3 × 10

−2 [63], −0.067 ≲ 𝜖
𝜇𝜏
≲ 0.023 [64]. The

effects of NSI were also studied by using data of reactor
neutrino experiment, Daya Bay, [69] and solar neutrino
experiments [70]. Detailed analysis on the nonstandard
neutrino interactions and their limits is given in [71, 72].

3. Results and Conclusions

In this analysis the combined effect of the nonstandard
neutrino interaction and SFP on the survival probability
of solar electron neutrinos (assumed to be Dirac particles)
is examined for various values of 𝜖

11
, 𝜖
12
, and 𝜇𝐵. Results

presented here are obtained numerically by diagonalizing the
Hamiltonian in (2). In the calculations, the magnetic field
profile given in Figure 1 is chosen as a Gaussian shape extend-
ing over the entire Sun [46] and theMSW-LMAbest fit values
are used: 𝛿𝑚2

12
= 7.54 × 10

−5 eV2 and sin2𝜃
12
= 0.308 [57].

Electron neutrino survival probabilities plotted as a
function of neutrino energy are shown in Figure 2 for all
situations: MSW-LMA prediction alone (solid lines), SFP
alone (dotted lines), MSW-LMA + NSI (dashed lines), and
SFP +NSI (dotted-dashed lines). In this figure, different from
the SFP effect seen for all neutrino energies, the new physics
effects change the standard MSW-LMA curve especially at
the energies of𝐸 ≳ 1MeV inwhich the region of𝐸 ≳ 3.5MeV
is well examined by the solar neutrino experiments SNO
and SK. When the combined effect of them (SFP + NSI) is
considered, the curves get closer to the standard curve than
the curves affected by them individually for some values of
the parameters (𝜖

11
, 𝜖
12
, and 𝜇𝐵). A similar result was found

in another analysis examined forMajorana neutrinos for only
one NSI parameter, 𝜖

12
[58]. However, compared to the Dirac

case presented here, SFP effect is seen at almost ten times
larger 𝜇𝐵 values in the Majorana case.

The allowed regions obtained by using the SNO results
[73] are shown in Figure 3 in the (𝜖

11
, 𝜇𝐵) and (𝜖

12
, 𝜇𝐵)

planes at 90% CL for 10MeV neutrino energy. Even though

the values of NSI parameters are expected to be very small
(≲ 10−2), the large values of them are in the allowed regions
when considering the SFP and NSI effects together. It is seen
that the current solar neutrino data constrain the 𝜇𝐵 and (𝜖

11
,

𝜖
12
) values poorly. A practical limit on them can be expected

from the data obtained by the new low energy (1MeV ≲

𝐸 ≲ 4MeV) solar neutrino experiments such as SNO+ [74]
probing the evidence of new physics effect. However, as it
can be seen from the analysis presented here, the combined
effect of SFP andNSI needs to be taken into account when the
solar electron neutrino data obtained by new solar neutrino
experiments is analyzed.
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R. Zukanovich Funchal, “Probing long-range leptonic forces
with solar and reactor neutrinos,” Journal of Cosmology and
Astroparticle Physics, vol. 2007, no. 1, article 005, 2007.

[54] R. Bonventre, A. Latorre, J. R. Klein, G. D. Orebi Gann, S. Seib-
ert, andO.Wasalski, “Nonstandardmodels, solar neutrinos, and
large 𝜃

13
,” Physical Review D, vol. 88, no. 5, Article ID 053010,

2013.
[55] A. Palazzo and D. Phys. Rev, Phys. Rev. D, vol. 83, Article ID

101701, 2011, arXiv:1101.3875.
[56] A. B. Balantekin and A. Malkus, “Solar neutrino matter effects

redux,” Physical Review D, vol. 85, no. 1, Article ID 013010, 9
pages, 2012.

[57] K. A. Olive, K. Agashe, C. Amsler et al., “Review of particle
physics,” Chinese Physics C, vol. 38, no. 9, Article ID 090001,
2014.

[58] D. Yilmaz, “SFP effect on Majorana type solar neutrinos in the
presence of nonstandard neutrino interactions,”Turkish Journal
of Physics, vol. 39, pp. 309–313, 2015.

[59] L. Wolfenstein, “Neutrino oscillations in matter,” Physical
Review D, vol. 17, no. 9, pp. 2369–2374, 1978.

[60] S. P. Mikheev and A. Yu. Smirnov, “Resonance amplification
of oscillations in matter and spectroscopy of solar neutrinos,”
Soviet Journal of Nuclear Physics, vol. 42, pp. 913–917, 1985,
Translated from Yadernaya Fizika, vol. 42, pp. 1441–1448, 1985.

[61] S. P. Mikheyev and A. Yu. Smirnov, “Resonant amplification
of ] oscillations in matter and solar-neutrino spectroscopy,” Il
Nuovo Cimento C, vol. 9, no. 1, pp. 17–26, 1986.

[62] G. Mitsuka, K. Abe, Y. Hayato et al., “Study of nonstandard
neutrino interactions with atmospheric neutrino data in Super-
Kamiokande I and II,” Physical Review D, vol. 84, no. 11, Article
ID 113008, 2011.

[63] A. Groß and IceCube Collaboration, “Atmospheric neutrino
oscillations in IceCube,”Nuclear Physics B—Proceedings Supple-
ments, vol. 237-238, pp. 272–274, 2013.

[64] P. Adamson, G. Barr, M. Bishai et al., “Search for flavor-
changing non-standard neutrino interactions by MINOS,”
Physical ReviewD, vol. 88, no. 7, Article ID 072011, 6 pages, 2013.

[65] S. Davidson, C. Pena-Garay, N. Rius, and A. Santamaria,
“Present and future bounds on non-standard neutrino interac-
tions,” Journal of High Energy Physics, vol. 2003, no. 3, p. 11, 2003.

[66] C. Biggio, M. Blennow, and E. Fernandez-Martinez, “Loop
bounds on non-standard neutrino interactions,” Journal of High
Energy Physics , vol. 2009, no. 3, p. 139, 2009.

[67] D. K. Papoulias and T. S. Kosmas, “Nuclear aspects of neutral
current non-standard ]-nucleus reactions and the role of the
exotic 𝜇− → 𝑒

− transitions experimental limits,” Physics Letters
B, vol. 728, pp. 482–488, 2014.

[68] R. Leitner, M. Malinsky, B. Roskovec, and H. Zhang, “Non-
standard antineutrino interactions at Daya Bay,” Journal of High
Energy Physics, vol. 2011, article 1, 2011.

[69] I. Girardi, D. Meloni, and S. T. Petcov, “The Daya Bay and T2K
results on sin2

2𝜃
13

and non-standard neutrino interactions,”
Nuclear Physics B, vol. 886, pp. 31–42, 2014.

[70] M. C. Gonzalez-Garcia and M. Maltoni, “Determination of
matter potential from global analysis of neutrino oscillation
data,” Journal of High Energy Physics, vol. 2013, article 152, 2013.

[71] O. G. Miranda and H. Nunokawa, “Non standard neutrino
interactions: current status and future prospects,” New Journal
of Physics, vol. 17, no. 9, Article ID 095002, 2015.

[72] T. Ohlsson, “Status of non-standard neutrino interactions,”
Reports on Progress in Physics, vol. 76, no. 4, Article ID 044201,
2013.

[73] B. Aharmim, S. N. Ahmed, A. E. Anthony et al., “Combined
analysis of all three phases of solar neutrino data from the
Sudbury Neutrino Observatory,” Physical Review C, vol. 88, no.
2, Article ID 025501, 27 pages, 2013.

[74] C. Kraus and S. J.M. Peetersa, “The rich neutrino programme of
the SNO+ experiment,” Progress in Particle and Nuclear Physics,
vol. 64, no. 2, pp. 273–277, 2010.



Research Article
Magnetic Hexadecapole 𝛾 Transitions and Neutrino-Nuclear
Responses in Medium-Heavy Nuclei

Lotta Jokiniemi,1 Jouni Suhonen,1 and Hiroyasu Ejiri2

1Department of Physics, University of Jyvaskyla, P.O. Box 35, 40014 Jyvaskyla, Finland
2Research Center for Nuclear Physics, Osaka University, Osaka 567-0047, Japan

Correspondence should be addressed to Jouni Suhonen; jouni.suhonen@phys.jyu.fi

Received 17 March 2016; Accepted 14 April 2016

Academic Editor: Enrico Lunghi

Copyright © 2016 Lotta Jokiniemi et al.This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. The
publication of this article was funded by SCOAP3.

Neutrino-nuclear responses in the form of squares of nuclear matrix elements, NMEs, are crucial for studies of neutrino-induced
processes in nuclei. In this work we investigate magnetic hexadecapole (M4) NMEs in medium-heavy nuclei. The experimentally
derived NMEs, 𝑀EXP(M4), deduced from observed M4 𝛾 transition half-lives are compared with the single-quasiparticle (QP)
NMEs,𝑀QP(M4), and themicroscopic quasiparticle-phononmodel (MQPM)NMEs𝑀MQPM(M4).The experimentally derivedM4
NMEs are found to be reduced by a coefficient 𝑘 ≈ 0.29with respect to𝑀QP(M4) and by 𝑘 ≈ 0.33with respect to𝑀MQPM(M4).The
M4NMEs are reduced a little by the quasiparticle-phonon correlations of theMQPMwave functions butmainly by other nucleonic
and nonnucleonic correlations which are not explicitly included in the MQPM.The found reduction rates are of the same order of
magnitude as those for magnetic quadrupole 𝛾 transitions and Gamow-Teller (GT) and spin-dipole (SD) 𝛽 transitions.The impacts
of the found reduction coefficients on the magnitudes of the NMEs involved in astroneutrino interactions and neutrinoless double
beta decays are discussed.

1. Introduction

Neutrino interactions in nuclei are studied, for example,
by investigating scatterings of astroneutrinos on nuclei and
by the attempts to record the neutrinoless double beta
(0]𝛽𝛽) decays. Here the neutrino-nuclear responses can be
condensed in the squares of nuclear matrix elements (NMEs)
and it is necessary to study through them the neutrino
properties and astroneutrino reactions that are of interest
to particle physics and astrophysics, as discussed in review
articles [1–4] and references therein.

The present work aims at investigating the magnetic hex-
adecapole (M4) 𝛾 NMEs, 𝑀𝛾(M4), in medium-heavy nuclei
to study higher-multipole axial-vector NMEs associated with
higher-energy components of astroneutrino reactions and
0]𝛽𝛽 decays. Such components are shown to be important
for, for example, the 0]𝛽𝛽 decays [5].

Neutrino-nuclear responses associated with neutral-cur-
rent (NC) and charged-current (CC) interactions are studied
by investigating the relevant 𝛾 and 𝛽 decay transitions or

NC and CC scatterings on nuclei. The momenta involved in
astroneutrino scatterings and 0]𝛽𝛽 decays are of the order
of 50–100MeV/c. Accordingly, depending on the involved
momentum exchanges, the multipoles 𝐽

𝜋 with angular
momenta 𝐽 up to around 4-5 are involved (e.g., 0]𝛽𝛽 decays
mediated by lightMajorana neutrinos; see [5]), or even higher
multipoles can be engaged (0]𝛽𝛽 decays mediated by heavy
Majorana neutrinos; see [5]).

In some previous works, axial-vector CC resonances of
GT(1+) and SD(2−) NMEs for allowed and first-forbidden
𝛽 transitions are shown to be reduced much in comparison
with the quasiparticle (QP) and pnQRPA (proton-neutron
quasiparticle random-phase approximation) NMEs [6–10]
due to spin-isospin (𝜎𝜏) nucleonic and nonnucleonic cor-
relations and nuclear-medium effects. These studies show
that exact theoretical evaluations for the astroneutrino and
0]𝛽𝛽NMEs, including possible renormalization of the axial-
vector coupling constant 𝑔A, are hard.The correspondingNC
nuclear responses of magnetic dipole (M1) and quadrupole
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(M2) 𝛾 transitions are also known to be much reduced with
respect to the QP NMEs [11]. Similar studies have been
conducted in the case of the two-neutrino double beta decays
in [12, 13] in the framework of the IBA-2 model. Also the
derivation of effective operators has been proposed [14]. All
these studies bear relevance to the previously mentioned
Majorana-neutrino mediated 0]𝛽𝛽 decays, to high-energy
astroneutrino reactions, but also to the lower-energy (up to
30MeV) supernova-neutrino scatterings off nuclei, as shown,
for example, in [15–18].

In the light of the above discussions it is of great interest
to investigate the spin-hexadecapole (4−) NMEs to see how
the higher-multipole NMEs are reduced by the nucleonic
and nonnucleonic spin-isospin correlations. Actually, there
are almost no experimental CC hexadecapole 𝛽 NMEs in
medium-heavy nuclei since the 𝛽 decays are very rare third-
forbidden unique transitions. However, it turns out that there
are fewmeasurements of the half-lives and electron spectra of
the more complex fourth-forbidden nonunique 𝛽 transitions
and they can serve as potential testing grounds concerning
the quenching effects of the weak vector (𝑔V) and axial-
vector (𝑔A) coupling constants [19]. On the other hand, there
are many experimental data on NC M4 𝛾 NMEs, where the
isovector component of the 𝛾NME is related to the analogous
𝛽NME on the basis of the isospin symmetry.Thus we discuss
mainly theM4 𝛾 transitions in the present report with the aim
of helping evaluate/confirm, for example, the 0]𝛽𝛽 NMEs
concerning their higher-multipole aspects.

2. Experimental M4 NMEs

Here we discuss stretched M4 𝛾 transitions with 𝐽𝑖 = 𝐽𝑓 ± 𝐽,
where 𝐽𝑖 and 𝐽𝑓 are the initial and final state spins and 𝐽 =

4. The M4 𝛾 transition rate (per sec) is given in terms of the
reduced M4 𝛾 strength 𝐵𝛾(M4) as [20]

𝑇 (M4) = 1.87 × 10
−6
𝐸
9
𝐵𝛾 (M4) (1 + 𝛼)

−1
, (1)

where 𝐸 is the 𝛾 ray energy in units of MeV and 𝛼 is the
conversion-electron coefficient. The reduced strength is
expressed in terms of theM4 𝛾NME inunits of 𝑒ℏ/(2𝑀𝑐) fm3
as

𝐵𝛾 (M4) = (2𝐽𝑖 + 1)
−1

[𝑀𝛾 (M4)]
2

. (2)

TheM4 𝛾NME is expressed in terms of theM4 𝛾 coupling
constants 𝑔(M4) and the M4 matrix element𝑀(M4) as

𝑀𝛾 (M4) = 𝑔p (M4) 𝜏p𝑀(M4) + 𝑔n (M4) 𝜏n𝑀(M4) , (3)

where the first and the second terms are for the odd-proton
(𝜏p = (1−𝜏3)/2) and odd-neutron (𝜏n = (1+𝜏3)/2) transition
NMEswith 𝜏3 being the isospin 𝑧 component (𝜏3 = 1 for neu-
tron and 𝜏3 = −1 for proton).The 𝛾 coupling constant is writ-
ten as

𝑔𝑖 (M4) =
𝑒ℏ

2𝑀𝑐
6 (𝜇𝑖 −

1

5
𝑔𝑖) , (4)

where 𝑖 = p for proton and 𝑖 = n for neutron, 𝜇p = 2.79 and
𝜇n = −1.91 are the proton and neutron magnetic moments,

Table 1: 𝑀(M4) NMEs for M4 𝛾 transitions in the mass region
of 𝐴 = 70–120, where the major single-QP transition is 1g

9/2
-2p
1/2
.

Here p/n stands for the odd-proton/odd-neutron transition. 𝑀EXP,
𝑀QP, and 𝑀MQPM are the experimental, single-QP, and MQPM
NMEs in units of 103 fm3.

Nucleus Transition p/n 𝑀EXP 𝑀QP 𝑀MQPM
85Kr 2p

1/2
→ 1g

9/2
n 0.528 1.57 1.44

89Y 2p
1/2

→ 1g
9/2

p 0.739 2.12 2.02
89Zr 2p

1/2
→ 1g

9/2
n 0.559 1.60 1.47

91Y 1g
9/2

→ 2p
1/2

p 0.480 2.13 1.83
105In 2p

1/2
→ 1g

9/2
p 0.706 2.38 2.09

107In 2p
1/2

→ 1g
9/2

p 0.670 2.40 2.13
109In 2p

1/2
→ 1g

9/2
p 0.640 2.33 2.10

111In 2p
1/2

→ 1g
9/2

p 0.609 2.45 2.03
113In 2p

1/2
→ 1g

9/2
p 0.603 2.46 2.05

115In 2p
1/2

→ 1g
9/2

p 0.614 2.48 2.03

Table 2:The same as Table 1 for𝐴= 130–150, where themajor single-
quasiparticle transition is 1h

11/2
-2d
3/2
.

Nucleus Transition p/n 𝑀EXP 𝑀QP 𝑀MQPM
135Xe 1h

11/2
→ 2d

3/2
n 1.11 3.12 2.87

137Ba 1h
11/2

→ 2d
3/2

n 1.03 3.13 2.77
139Ba 1h

11/2
→ 2d

3/2
n 0.968 3.12 2.82

141Nd 1h
11/2

→ 2d
3/2

n 0.893 3.17 2.79
143Sm 1h

11/2
→ 2d

3/2
n 0.878 3.19 2.81

and 𝑔𝑙p = 1 and 𝑔𝑙n = 0 are the proton and neutron orbital 𝑔
coefficients. The M4 𝛾matrix element is expressed as

𝑀(M4) = ⟨𝑓

𝑖
3
𝑟
3
[𝜎 × 𝑌3]4


𝑖⟩ , (5)

where 𝑟 is the nuclear radius and𝑌3 is the spherical harmonic
for multipole 𝑙 = 3.

The isotopes used for ongoing and/or future 𝛽𝛽 experi-
ments are 76Ge, 82Se, 96Zr, 100Mo, 116Cd, 130Te, and 136Xe [2].
They are in the mass regions of 𝐴 = 70–120 and 𝐴 = 130–150.
The single-quasiparticle (single-QP) M4 transitions in these
mass regions are uniquely tagged by the pairs 1g9/2-2p1/2
and 1h11/2-2d3/2, respectively. Here the higher spin state is
the intruder one from the higher major shell with opposite
parity. The single-particle M4 NMEs corresponding to these
tagging transitions are quite large because of the large radial
and angular overlap integrals.

The single-quasiparticle M4 𝛾 transitions in the men-
tioned two mass regions are analyzed in Tables 1 and 2. The
M4NMEs derived from the experimental half-lives are given
in the third column of these tables.

The values of 𝑀EXP(M4) are plotted against the mass
number in Figure 1.They are around (0.6±0.1)×10

3 fm3 and
(1.0 ± 0.1) × 10

3 fm3 for the two mass regions, respectively.
They are well expressed as

𝑀EXP (M4) ≈ 6 × 𝐴 fm3, (6)

where the mass number 𝐴 reflects the 𝑟
3 dependence of the

M4 NME.
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Figure 1: (a) EXP: experimental NMEs 𝑀EXP(M4) for odd-neu-
tron transitions (light-blue squares) and odd-proton transitions
(dark-blue diamonds). QP: quasiparticle NMEs 𝑀QP(M4) for odd-
neutron transitions (light-blue tip-up triangles) and odd-proton
transitions (dark-blue tip-down triangles). (b) EXP: experimental
NMEs 𝑀EXP(M4) for odd-neutron transitions (light-blue squares)
and odd-proton transitions (dark-blue diamonds). MQPM: NMEs
𝑀MQPM(M4) for odd-neutron transitions (light-blue tip-up trian-
gles) and odd-proton transitions (dark-blue tip-down triangles).

3. Quasiparticle M4 NMEs

The M4 𝛾 transitions given in Tables 1 and 2 are all, in their
simplest description, transitions between single-quasiparticle
states. The NMEs for the single-quasiparticle transitions are
written by using the single-particle matrix element𝑀SP(M4)
and the pairing coefficient 𝑃 as

𝑀QP (M4) = 𝑀SP (M4) 𝑃𝑖𝑗, (7)

where the pairing coefficient is given by

𝑃𝑖𝑗 = 𝑈𝑖𝑈𝑓 + 𝑉𝑖𝑉𝑓, (8)

and 𝑈𝑖 (𝑈𝑓) and 𝑉𝑖 (𝑉𝑓) are the vacancy and occupation
amplitudes for the initial (final) state.The single-quasiparticle
states discussed here are low-lying states located at the dif-
fused Fermi surface, as shown in Figure 2. Thus the occupa-
tion and vacancy probabilities are in the region of 𝑈2 = 1 −

𝑉
2
= 0.5 ± 0.3, and the pairing coefficient is given roughly as

𝑃 ≈ 1. In this work the single-quasiparticle NMEs𝑀QP(M4)
are calculated by using the BCS wave functions with HO
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Figure 2: Schematic diagram of the energy (𝐸) and the occupation
probabilities, 𝑉2

𝑖
and 𝑉

2

𝑓
, for the initial and final states (see body of

text). The energy levels are shown by the horizontal lines. Vacancy
probabilities are given as 𝑈2

𝑖
= 𝑉
2

𝑖
− 1 and 𝑈

2

𝑓
= 𝑉
2

𝑓
− 1. The paring

coefficient 𝑃
𝑖𝑗
for the 𝛾 transition is given by 𝑈

𝑖
𝑈
𝑓
+ 𝑉
𝑖
𝑉
𝑓
.

single-particle states. They are given in the fifth column of
Tables 1 and 2 and are plotted in Figure 1(a).

The experimental M4 matrix elements 𝑀EXP(M4) are
uniformly smaller by a coefficient of around 0.29 ± 0.05
than the single-quasiparticle ones, 𝑀QP(M4). We introduce
a reduction coefficient 𝑘𝑖 as in the case of GT(1+) and SD(2−)
[8, 10] transitions. It is defined as

𝑀EXP (M4) = 𝑘𝑖 (M4)𝑀QP (M4) , (9)

where 𝑘𝑖, with 𝑖 = p, n, are the reduction coefficients for single
quasi-proton and quasi-neutron M4 𝛾 transitions, respec-
tively. The ratios 𝑘𝑖(M4) are 𝑘p ≈ 0.3 and 𝑘n ≈ 0.3, as shown
in Figure 3(a). The found reductions are consistent with the
reductions discussed in [11].

The quasiparticle NMEs 𝑀QP(M4) are calculated by
assuming a stretched M4 transition between the initial and
final nuclear states (see column 2 of Tables 1 and 2) that are
assumed to have a one-quasiparticle structure. These states
are thus described as

|𝛼⟩ = 𝑎
†

𝛼
|BCS⟩ , (10)

where 𝑎
†

𝛼
creates a quasiparticle on a nuclear mean-field

orbital with quantum numbers 𝛼 = 𝑎,𝑚𝛼, where 𝑎 contains
the principal quantumnumber 𝑛, the orbital angularmomen-
tum (𝑙), and total angular momentum (𝑗) quantum numbers
in the form 𝑛𝑙𝑗 as displayed in column 2 of Tables 1 and 2.
Here 𝑚𝛼 is the 𝑧 projection of the total angular momentum
and |BCS⟩ is the BCS vacuum.The quasiparticles are defined
by the Bogoliubov-Valatin transformation as

𝑎
†

𝛼
= 𝑈𝑎𝑐

†

𝛼
+ 𝑉𝑎�̃�𝛼,

�̃�𝛼 = 𝑈𝑎�̃�𝛼 − 𝑉𝑎𝑐
†

𝛼
,

(11)
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Figure 3: Reduction coefficients 𝑘 for the M4 NMEs. (a) 𝑘: ratios
of experimental NMEs 𝑀EXP(M4) to the quasiparticle NMEs
𝑀QP(M4) for odd-neutron transitions (light-blue squares) and odd-
proton transitions (dark-blue diamonds). (b) 𝑘: ratios of experi-
mental NMEs 𝑀EXP(M4) to the MQPM NMEs 𝑀MQPM(M4) for
odd-neutron transitions (light-blue squares) and for odd-proton
transitions (dark-blue diamonds).

where 𝑐
†

𝛼
is the particle creation operator and the time-

reversed particle annihilation operator �̃�𝛼 is defined by �̃�𝛼 =

(−1)
𝑗
𝑎
+𝑚
𝛼𝑐−𝛼 with−𝛼 = (𝑎, −𝑚𝛼).The𝑈 and𝑉 coefficients are

the vacancy and occupation amplitudes present also in the
quasiparticle matrix elements of (7) and (8). The values of
these amplitudes are obtained in BCS calculations (for details
see, e.g., [21]) and they are used also in the subsequent
nuclear-structure calculations of the odd-mass nuclei and
their neighboring even-even-mass reference nuclei.

4. Microscopic Quasiparticle-Phonon
Model for M4 NMEs

Themicroscopic quasiparticle-phononmodel (MQPM) takes
the structure of the nuclear states beyond the approximation
(10). In the MQPM this extension is done in the traditional
way of starting from an even-even reference nucleus where
the states are described as QRPA (quasiparticle random-
phase approximation) states called here phonons since the
lowest ones are usually collective vibrational states. These
states can be formally written as

|𝜔⟩ = 𝑄
†

𝜔
|QRPA⟩ , (12)

where the phonon operator 𝑄
†

𝜔
creates a nuclear state with

quantum numbers 𝜔, containing the angular momentum 𝐽𝜔,
parity 𝜋𝜔, and the quantum number 𝑘𝜔 which enumerates
states with the same angular momentum and parity. The
state (12) is a linear combination of two-quasiparticle states
as explicitly written in [22] where the MQPM was first
introduced. To arrive at a state in the neighboring odd-mass
nucleus one has to couple a proton (proton-odd nucleus) or a
neutron (neutron-odd nucleus) quasiparticle to the phonon
operator 𝑄

†

𝜔
which is a two-quasiparticle operator. In this

way one creates three-quasiparticle states in the traditional
quasiparticle-phonon coupling scheme and these states are
then mixed with the one-quasiparticle states by the residual
nuclear Hamiltonian (for details see [22]). Hence we obtain
the MQPM states

𝑘𝑗𝑚⟩ = Γ
†

𝑘
(𝑗𝑚) |QRPA⟩ , (13)

where a 𝑘th state of angular momentum 𝑗 and its 𝑧 projection
𝑚 is created in an odd-mass nucleus by a creation operator
which mixes one-quasiparticle and three-quasiparticle com-
ponents in the form

Γ
†

𝑘
(𝑗𝑚) = ∑

𝑛

𝑋
𝑘

𝑛
𝑎
†

𝑛𝑗𝑚
+ ∑

𝑎𝜔

𝑋
𝑘

𝑎𝜔
[𝑎
†

𝑎
𝑄
†

𝜔
]
𝑗𝑚

, (14)

where the first term is the one-quasiparticle contribution and
the second term is the quasiparticle-phonon contribution.
The amplitudes 𝑋𝑘

𝑛
and 𝑋

𝑘

𝑎𝜔
are computed from the MQPM

equations of motion [22]. In solving these equations special
care is to be taken to handle the overcompleteness and the
nonorthogonality of the quasiparticle-phonon basis, as
described in detail in [22].

In the actual calculations we used slightly modified
Woods-Saxon single-particle energies to improve the quality
of the computed energy spectra of the odd-mass nuclei
involved in the present work. This resulted in a good cor-
respondence between the computed and experimental low-
energy spectra of these nuclei. We adopted a residual Ham-
iltonian with realistic effective two-nucleon interactions
derived from theBonn-Aone-boson-exchange potential [23].
The free parameters of the interaction were fixed in the BCS
and QRPA phases of the calculations as explained in [24, 25].
The two-body monopole matrix elements were multiplied by
one parameter for protons and one for neutrons to scale phe-
nomenologically the proton and neutron pairing strengths
separately.Thiswas done by fitting the computed pairing gaps
to the phenomenological ones, derived from the measured
proton and neutron separation energies [26]. The QRPA step
contained two parameters for each multipole 𝐽

𝜋 to control
the energies of the even-even excited states. These were the
strengths of the particle-hole and particle-particle parts of
the two-nucleon interaction. The particle-hole interaction
controls the energies of collective states and thus it was fitted
to reproduce the experimental excitation energy of the lowest
state of a givenmultipolarity 𝐽𝜋, whenever data existed.When
no data was available the bare 𝐺-matrix was used in the
calculations. Also the particle-particle part of the multipole
interaction was kept as bare 𝐺-matrix interaction.

After performing the BCS and QRPA calculations in the
reference even-even nuclei, the initial and final nuclear states
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Figure 4: Ratios of the quasiparticle NMEs𝑀QP(M4) to theMQPM
NMEs𝑀MQPM(M4) for odd-neutron transitions (light-blue squares)
and odd-proton transitions (dark-blue diamonds).

in the neighboring odd-mass nuclei, of interest in the present
work, were formed by first creating the quasiparticle-phonon
components of the operator (14). The convergence of the
MQPM results for the energies of the involved states and the
M4 transition amplitudes between them were monitored by
adding more and more QRPA phonons of different multipo-
larities 𝜔 in the diagonalization of the residual Hamiltonian.
In terms of the cut-off energy of the added phonons the
convergence was achieved at around 14MeV.

The converged M4 results are given in the sixth column
of Tables 1 and 2 and are plotted in Figures 1(b) and 3(b).
It is seen that the experimental M4 matrix elements,
𝑀QP(M4), are uniformly smaller, by a coefficient around 0.33,
than the MQPM NMEs 𝑀MQPM(M4). Actually, the MQPM
NMEs 𝑀MQPM(M4) are 10–20% smaller than the QP NMEs
𝑀QP(M4), as shown in Figure 4. The admixtures of the
quasiparticle-phonon components in the wave functions (14)
of the M4 initial and final states reduce the M4 NMEs a little,
but not nearly enough to bring the MQPM NMEs close to
the corresponding experimental ones, at least by using the
bare 𝑔 coefficients (4) adopted in the present work. Hence,
the major part of reduction from the MQPM NME to the
experimental one (a reduction coefficient of 0.3) is considered
to be due to such nucleonic and nonnucleonic 𝜏𝜎 correlations
and nuclear-medium effects that are not explicitly included
in the (traditional) quasiparticle-phonon coupling scheme
that MQPM uses, that is, the even-even nucleus serving as
a reference for the odd-mass one.

5. Reduction of the Axial-Vector NMEs

The 𝛾 NME is decomposed into the isovector and isoscalar
ones as [11]

𝑀𝛾 (M4) = 𝑔− (M4)
𝜏3

2
𝑀 (M4)

+ 𝑔+ (M4)
𝜏0

2
𝑀 (M4) ,

(15)

where𝑀𝛾(M4) is𝑔p𝑀(M4) and𝑔n𝑀(M4) for an odd-proton
and odd-neutron transition, respectively, and 𝑔− and 𝑔+ are

the isovector and isoscalar 𝛾 coupling constants. They are
written as

𝑔± (M4) =
𝑒ℏ

2𝑀𝑐
6 (𝜇± −

1

5
𝑔𝑙±) , (16)

with 𝜇± = 𝜇n ± 𝜇p and 𝑔𝑙± = 𝑔𝑙n ± 𝑔𝑙p ≈ ∓1.
The proton, neutron, isovector, and isoscalar M4 𝛾 cou-

pling constants are given as

𝑔p = 2.59𝐺,

𝑔n = −1.91𝐺,

𝑔− = −4.50𝐺,

𝑔+ = 0.68𝐺,

(17)

where 𝐺 = 6𝑒ℏ(2𝑀𝑐)
−1 is the M4 𝛾 coupling coefficient.

TheM4 NMEs in (15) are rewritten as 𝑘𝑖𝑔𝑖𝑀QP(M4) with
𝑖 = p, n, −, +, the symbols standing for the proton, neutron,
isovector, and isoscalar components, respectively. Then the
reduction coefficients and the weak couplings for proton and
neutron transitions are expressed in terms of those for the
isovector and isoscalar components as [11]

𝑘p𝑔p = −
𝑔−

2
𝑘− +

𝑔+

2
𝑘+,

𝑘n𝑔n =
𝑔−

2
𝑘− +

𝑔+

2
𝑘+.

(18)

After this the isovector and isoscalar reduction coefficients
can be derived as

𝑘− = 𝑘n − 0.567 (𝑘n − 𝑘p) , (19)

𝑘+ = 𝑘n − 3.89 (𝑘n − 𝑘p) . (20)

Since the experimentally derived NMEs for the proton and
neutron transitions are approximately the same, that is, 𝑘n ≈

𝑘p, we get from (19) 𝑘− ≈ 𝑘n ≈ 𝑘p ≈ 0.3. The isovector M4
NMEs are reduced by the coefficient 𝑘− ≈ 0.3, in the sameway
as the M4 𝛾 transition NMEs. It is notable that the amount
of reduction for the isovector 4− 𝛾 NMEs is the same as that
found for the GT(1+) and SD(2−) 𝛽 decay NMEs [8, 10].

Axial-vector 𝛽 and 𝛾NMEs for low-lying states are much
reduced with respect to the QP NMEs due to the strong
repulsive 𝜏𝜎 interactions since the axial-vector 𝜏𝜎 strengths
are pushed up into the 𝜏𝜎 giant-resonance (GR) and the Δ-
isobar regions.TheM4 reduction coefficient of 𝑘(M4) ≈ 0.29

is nearly the same as the coefficient 𝑘(M2) ≈ 0.24 for M2
𝛾 transitions and 𝑘(GT) ≈ 0.235 and 𝑘(SD) ≈ 0.18 in the
GT(1+) and SD(2−) 𝛽 decay NMEs, respectively [8, 10].These
reduction coefficients are plotted in Figure 5 with 𝜆 denoting
the angular momentum content of the transition operator.

It seems that the reduction coefficients of the axial-vector
NMEs are universal forNCandCCNMEs and for the angular
momenta of 𝜆 = 1–4. The reduction is considered to be due
to such 𝜎𝜏 polarization interactions and nuclear-medium
effects that are not explicitly included in themodels.Then the
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reduction rate 𝑘(M) ≈ 0.2–0.3, with respect to the QP NME,
is expressed as [8, 10]

𝑘 (M) = 𝑘𝜎𝜏 (M) × 𝑘NM (M) , (21)

where 𝑘𝜎𝜏(M) ≈ 0.5 and 𝑘NM(M) ≈ 0.5 stand for the reduc-
tions due to the nucleonic 𝜎𝜏 polarization effects and nonnu-
cleonic Δ-isobar and nuclear-medium effects, respectively.

These universal effectsmay be represented by the effective
weak coupling 𝑔

eff
A , depending on the model NME, to incor-

porate the effects that are not explicitly included in the
nuclear-structure model. In case of the pnQRPAwith explicit
nucleonic 𝜎𝜏 correlations, one may use 𝑔A ≈ 0.6, while in the
case of the QP model, without any 𝜎𝜏 correlations, 𝑔A ≈ 0.3,
both in units of the bare value of 𝑔A = 1.26𝑔V.

Here we note that the 𝜏𝜎 repulsive interaction concen-
trates the 𝜏𝜎 strength to the highly excited 𝜏𝜎 GR, resulting
in the reduction of the 𝜏𝜎 NMEs for low-lying states. Such
reduction effect is incorporated in the pnQRPA with the
strong 𝜏𝜎 interaction, so that the reduction factor is improved
from 𝑘QP ≈ 0.3 to 𝑘QRPA ≈ 0.6. On the other hand, such
strong 𝜏𝜎 interaction to give rise to the possibleM4GR is not
explicitly incorporated in theMQPM, and thus the reduction
factor is only a little improved from 𝑘QP ≈ 0.29 to 𝑘MQPM ≈

0.33.

6. Discussion and Conclusions

Among other models, the QRPA-based models are used to
compute the NMEs of double beta decays [4, 27]. In these
calculations the importance of the quenching of 𝑔A mag-
nifies since the 0]𝛽𝛽 NME includes the axial-vector NME
proportional to the square of 𝑔A. The M4 NC 𝛾 results
of the present investigation, together with the earlier M2
NC and GT and SD CC results, suggest that many of the
leading multipoles in the decomposition of the neutrinoless
𝛽𝛽 NMEs are quenched roughly by the same amount by

the 𝜎𝜏 correlations of the Δ region as well as other nuclear-
medium effects. Since the corresponding investigations have
been done using data on low-lying nuclear states it is safe to
say that the quenching applies at least to the low-lying states
in nuclei. These observations are very relevant for the two-
neutrino 𝛽𝛽 decays since they are low-energy phenomena
and usually involve only one or few lowest states in the
intermediate nucleus [1, 28, 29]. A consistent description
of these decays can be achieved by using the quenched 𝑔A
derived from the GT 𝛽 decays [30].

Actually, the observed single 𝛽 GT NMEs are reduced by
the effective coupling constant 𝑘eff with respect to the model
NME, and thus the observed 2]𝛽𝛽NMEs arewell reproduced
by using the experimental 𝑘eff , that is, the experimental single
𝛽 NMEs for low-lying states [1, 2, 31]. However, it should be
kept in mind that these results, important as such, cannot
be directly applied to the 0]𝛽𝛽 processes since there large
momentum exchanges are involved and also vector-type of
NMEs and higher excited states contribute. In this case it is a
big challenge to develop such nuclear models for the axial-
vector weak processes that include explicitly appropriate
nucleonic and nonnucleonic correlations. If successful, then
in such models one could use the axial weak coupling of
𝑔A = 1.26𝑔V and be free from the uncertainties introduced
by the effective (quenched) 𝑔eff

A .
Neutrino-nucleus scatterings are important to probe

many astrophysical phenomena, like the solar and supernova
neutrinos [1, 32, 33]. The GT NMEs bring in most of the con-
tributions for solar neutrinos and low-energy supernova neu-
trinos for neutrino energies below 15MeV (see, e.g., [16, 17]).
The SDNMEs play a role formedium-energy neutrinos above
15MeV. For the low-energy solar neutrinos reliable calcula-
tions of the GT NMEs are needed to evaluate the SNU values
for the pp, 7Be, CNO, and other neutrinos. Experimental GT
strengths can also be used, if available [1]. The SD contribu-
tions can be important for the CC supernova antineutrino
scatterings offnuclei even at low energies, as shown in [15–18].

The supernova-neutrino nucleosyntheses are sensitive to
the neutrino CC and NC interactions, as discussed in a
review article [33]. Here SD and higher-multipole NMEs are
involved in the high-energy components of the supernova
neutrinos. It is important for accurate evaluations of the
isotope distributions to use appropriate NMEs and effective
weak couplings of𝑔eff

A and𝑔
eff
V . QRPA calculations weremade

for 92Nb nuclei in [34].
The involved GT and SD NMEs can be studied via beta

decays in nuclei where beta decay data is available. In some
of these studies a strong quenching of both 𝑔A and 𝑔V has
been conjectured [35–38]. Such quenching for the higher
multipoles is extremely hard to study, the present study
being a rather unique one in this respect. Quenching of the
highermultipoles can also be studied via high-forbidden beta
decays [19] but the available data is extremely scarce at the
moment. Perspectives for the studies of the quenching of
both 𝑔A and 𝑔V are given by the spectrum-shape method
introduced in [19]. There the shape of the beta spectrum of
the high-forbidden nonunique beta decays has been studied
for the determination of the possible quenching of the weak
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constants. Use of this method can be boosted by future high-
sensitive measurements of electron spectra in underground
laboratories.

Finally, it is worth pointing out that the universal reduc-
tion/quenching of the 𝜏𝜎 NME, including 𝑔A, is related to
the shift of the strength to the higher GR and Δ isobar
regions. Charge-exchange reactions report about a 50–60%
of the GT sum rule (the Ikeda sum rule) up to GT GR,
while the (p, n) reactions claim that around 90% of the GT
sum-rule strength is seen by including the strength beyond
the GT GR up to 50MeV [39]. Very careful investigations
of the GT, SD, and higher-multipole strength distributions,
by using charge-exchange reactions, are called for to see if
the reduction/quenching of the 𝜏𝜎 strengths is partly due to
the nonnucleonic (ΔN−) 𝜏𝜎 correlations [8, 20]. These inves-
tigations not only are interesting from the point of view of the
double beta decay but also touch the projected double charge-
exchange reactions [40]where the high-momentum response
of nuclei is also probed.
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