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A recent measurement campaign on spectrum utilization
promoted by the Federal Communication Commission
throughout the US has revealed that significant portions
of the electromagnetic spectrum are rarely exploited for
considerable intervals of time, thus paving the way to a
number of possibilities for increasing bandwidth utiliza-
tion among multiple users in shared radio networks. The
clue to improve spectrum utilization, as well as efficiency,
comes from communications systems exploiting the so-
called Cognitive Radio technology, which at the physical
layer, as well as at upper-levels of the network, can adaptively
and dynamically allow users to access radio resources by
switching among portions of unused bandwidth in different
intervals of time. The cognitive radio technology is still in
its infancy, and many problems at a theoretical as well as
practical level have to be solved before this technology may
be fully exploited in next generation wireless networks.

This special issue is aimed at highlighting state-of-
the-art techniques on the most recent research advances
in cognitive radio networks. The first paper presents an
optimization framework for collaborative spectrum sensing
in terms of optimum decision fusion for hard and soft
decision combining. One of the main conclusions of the
work is that, for optimum fusion, the fusion centre must
incorporate signal-to-noise ratio values of cognitive users
and the channel conditions. A genetic algorithm based on
weighted optimization strategy is also presented for the

case of soft decision combining. In the second paper, a
fast detection scheme consisting of multiple cognitive radios
and a central control office is proposed. Specifically, each
cognitive radio makes individual detection decision using
the sequential probability ratio test combined with Neyman
Pearson detection with respect to a specific observation
window length. The third paper proposes the establishment
of a simultaneous cognitive radio communication based
on a subdistribution of power made over unselected sub-
channels that were discarded by the primary user through
an initial optimal power allotment. The aim of the work
is to show the possibility of introducing an opportunistic
communication into a licensed transmission where the total
power constraint is shared. The fourth paper proposes an
algorithm for cooperative Dynamic Spectrum Access in
Cognitive Radio networks utilizing Medium Access Control
layer mechanisms for message exchange between secondary
nodes in order to achieve interference mitigation. The
proposed algorithm is applied in Filter Bank Multicarrier
and Orthogonal Frequency Division Multiplexing systems.
The fifth paper proposes an optimization technique based on
genetic algorithms for optimal collaborative multiband sens-
ing. Since Genetic programming performs a direct search of
the optimal solution without approximations and solution
domain restrictions, collaborative multiband sensing can be
consistently optimized without limitations. The sixth paper
investigates the application of a parallel compressive sensing
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architecture for wideband spectrum sensing at sub-Nyquist
rates by exploiting the current reduced frequency usage.
The proposed architecture possesses attractive spurious
frequency rejection schemes that are critical in the imple-
mentation of spectrum sensing systems. The seventh paper
describes a cross-layer throughput optimization problem
based on a modified signal-to-interference-plus-noise ratio.
The objective is to maximize the minimum end-to-end flow
throughput. The eighth paper presents a review of the state
of the art in technology, regulation, and standardization
of cognitive access to TV White Spaces. It examines the
spectrum opportunity and commercial use cases associated
with this form of secondary access. The ninth paper strives
to provide a solution to the hidden-node problem for
passive-listening receiver based on cooperation of multiple
cognitive radios. The work considers a cooperative GPS-
enabled cognitive network. Once the presence of primary
users is detected, a localization algorithm is employed to first
estimate the path loss model for the environment based on
back propagation method and then to locate the position
of primary user. In the tenth paper, two complementary
algorithms based on information theoretic measures of
statistical distribution divergence and information content
are proposed. The first method is applicable to signals with
periodic structures and is based on the analysis of Kullback-
Leibler divergence. The second exploits information content
analysis to detect unusual events. The last paper of this
special issue focuses on a frequency-designed fractional delay
FIR structure suitable for software radio applications. The
design method is based on frequency optimization of a
combination of modified Farrow and multirate structures.

The authors are grateful to the reviewers for their
invaluable work and to the authors of the papers collected
in this special issue.

Massimiliano Laddomada
Hsiao Hwa Chen

Fred Daneshgaran
Marina Mondin

Hamid Sadjadpour
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The main challenge for a cognitive radio is to detect the existence of primary users reliably in order to minimise the interference
to licensed communications. Hence, spectrum sensing is a most important requirement of a cognitive radio. However, due to the
channel uncertainties, local observations are not reliable and collaboration among users is required. Selection of fusion rule at a
common receiver has a direct impact on the overall spectrum sensing performance. In this paper, optimisation of collaborative
spectrum sensing in terms of optimum decision fusion is studied for hard and soft decision combining. It is concluded that for
optimum fusion, the fusion centre must incorporate signal-to-noise ratio values of cognitive users and the channel conditions.
A genetic algorithm-based weighted optimisation strategy is presented for the case of soft decision combining. Numerical results
show that the proposed optimised collaborative spectrum sensing schemes give better spectrum sensing performance.

1. Introduction

As numbers of wireless devices, innovative services, and
number of mobile users continue to grow, more and more
spectrum resources will be needed to guarantee desired
Quality of Service. Mobile users want high-quality calls,
streaming videos, and high-speed downloads, placing more
and more stress on the limited radio spectrum available to
the network operators. The radio spectrum spans around
300 billion frequencies; however, only a tiny fraction of
frequencies can be used for commercial or personal radio
communications; fundamental physical limits apply [1].
In the current spectrum regulatory framework, most fre-
quency bands are exclusively allocated to the privileged
users, often called Primary User (PU), which have all
the rights to use the allocated bands. This approach
protects PU’s from any intersystem interference, but on
the other hand, it yields highly inefficient use of the
spectrum.

Measurements conducted by the Office of Communica-
tions (Ofcom) in UK and the Spectrum Policy Task Force
(SPTF) in USA indicate that many chunks of the licensed
spectrum are not used or only partially used, for significant

periods of time [2, 3]. Spectrum occupancy measurements
undertaken by Ofcom in Central London, at Heathrow
airport and in some rural areas of the country, clearly show
that there are significant portions of the radio spectrum
which are not fully utilised in various geographical areas
of the United Kingdom [4]. Similarly, in New York city
maximum spectrum occupancy is reported as only 13.1%
and downtown of Washington D.C. indicated spectrum
occupancy of less than 35% of the radio spectrum below
3 GHz [5]. These studies clearly suggest that currently
spectrum scarcity is mainly due to the inefficient use of
spectrum rather than the physical shortage of spectrum.
Particularly in UK, Olympic Games 2012 put extra pressure
on Ofcom to plan the efficient use of radio spectrum to
satisfy over 10 million spectators, around 15,000 participants
and about 20, 000 media personnel in the UK who will
beam live pictures and commentary all around the world.
Moreover, emerging as well as some existing operators are
faced with the difficult task to gain access to the radio
spectrum to operate their services [6]. In addition, access
to a block of spectrum is very expensive as seen when the
five operators were licensed for the 3rd generation mobile
systems in the UK at a cost of around £22.5 billion [7]. More
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recently (early 2009), the FCC spectrum auction in USA
raised a record $19.9 billion dollars [8].

Cognitive Radio (CR) is widely regarded as the tech-
nology which will increase spectrum utilisation significantly
in the next generation wireless communication systems by
implementing opportunistic spectrum sharing. Spectrum
sensing is one of the most critical functionalities in a
cognitive radio network; it allows the unauthorised users,
called Secondary Users (SUs), to detect unused portions of
the spectrum called “spectrum holes” and opportunistically
utilise these spectrum holes without causing harmful inter-
ference to the PU. The main goal of spectrum sensing is to
obtain awareness about the spectrum usage and the existence
of the PU in a certain geographical area at a particular period
of time. In order to evaluate the performance of spectrum
sensing, two metrics are of great interest: probability of
detection and the probability of false alarm. Probability of
detection, Pd, determines the level of interference-protection
provided to the PU while probability of false alarm, Pf ,
indicates percentage of spectrum holes falsely declared as
occupied [9]. In the context of opportunistic spectrum
access, Pd must be higher than some predefined threshold
while Pf should be lower than some desired criteria or as
minimum as possible.

To enhance the performance of spectrum sensing, many
techniques are available in the literature, and a brief survey
has been recently published in [10]. In practice, CRs usually
have no or limited knowledge about the primary signals;
hence the optimal spectrum sensing technique is energy
detection [11]. An energy detection approach for spectrum
sensing at an individual CR has been assumed in this
paper because of its simplicity, ease of implementation, and
low computational complexity [9]. Moreover, the aim of
this paper is to characterise gains achieved by collabora-
tion of users without going into the details of complex
local spectrum sensing schemes. The more sophisticated
techniques like match filter detection or cyclostationary
feature detection can be used for signal classification if
more a priori knowledge about the structure of the primary
signal is available [10]. However, performance of the energy
detector is susceptible to noise power uncertainty [12].
Nevertheless, it has been shown that Collaborative Spectrum
Sensing (CSS) is capable of delivering the desired detection
performance under noise uncertainty for a large number of
users [9]. However, energy detectors do not work efficiently
for detecting spread spectrum signals [10]; spread spectrum
signals are out of the scope of this paper.

1.1. Prior Work. The spectrum scarcity and spectrum under-
utilisation problem has stimulated a number of exciting
activities in the technical, economic, and regulatory domains
in searching for better spectrum management policies and
techniques, for example, FCC opened up some analogue TV
bands for unlicensed access [13]. However, spectrum sharing
with PU must be done in a controlled way so that the PU
operation in the particular frequency band is not disturbed.
Furthermore, the IEEE standard 802.22 for unlicensed access
to the TV bands is in its final stages of development

[14]. Recently, Ofcom released Digital Dividend Review
Statement (DDRS) which shows a radical shift in spectrum
sharing policy in the UK and Ofcom is proposing to “allow
license exempt use of interleaved spectrum for cognitive
devices” [15]. Also, the European Commission (EU) paid
much attention on dynamic spectrum management and
the CR theme, and sponsored many FP5, FP6, and FP7
projects such as DRIVE [16], OverDRIVE [17], WINNER
[18], E2R I/II [19], ORACLE [20], E3 [21], and “Radio
Access and Spectrum” (RAS) cluster [22] tackling this issue.
Similarly, several other projects outside Europe including the
Defense Advanced Research Project Agency (DARPA)’s Next
Generation program [23] and National Science Foundation
program “NeTS-ProWiN” [24] show a significant momen-
tum to shift spectrum access policy.

The cognition capability of a CR can make opportunistic
spectrum access possible which can be implemented either
by knowledge management mechanisms or by spectrum
sensing functionality. A mobile network operator, for exam-
ple, can equip the terminals with management mechanisms
to select the most appropriate radio access technology of
its heterogenous infrastructure [25, 26]. Concentrating on
spectrum sensing, observations of a single CR are not
always trustworthy because a CR may have good line of
sight with the primary receiver but may not be able to
see the primary transmitter due to shadowing or fading,
known as “hidden node” problem. Collaboration has been
proposed as a solution to the problems that arise due to
such uncertainties in the channel. It has been shown many
times in the literature that spectrum sensing performance
can be greatly improved by CSS when a number of SUs share
their sensing information; fusion of this information leads
to a final decision about the existence of the PU. For an
overview of recent advances in CSS, the reader can refer to
[9, 27–32]. Existence of a large number of cognitive users
creating multiple CRN’s is highly probable in the future
communication systems. However, the CSS mechanisms
generate a large amount of traffic overhead since each SU
needs to transmit its own decision; therefore collaboration
of users needs to be refined and optimised [9].

Various techniques for the optimisation of CSS in terms
of fusion rule [29], number of users [33], and thresholds
[34] have been proposed. It has been argued in the literature
that fusion schemes strongly impact on the spectrum sensing
performance including probabilities of detection and false
alarm [29]. In CSS, a CR can transmit either its local obser-
vations (soft decision) or a 1-bit decision (hard decision) to
a common receiver, often called fusion centre. When hard
decisions are combined at the fusion centre, the K-out-
of-N fusion rule is normally used [33]. In the literature,
there are some studies on the optimisation of the K-out-
of-N rule to minimise total decision error probability [29]
and to maximise the SUs throughput [35]; however, those
algorithms were designed for a specific scenario of TV bands
sharing in an AWGN channel. A fusion rule based on selected
information for spectrum sensing is considered in [36], in
which only users that have sufficient information send their
1-bit decision to the fusion centre and the fusion centre
employs best fusion rule based on the received information.
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A new fusion rule including “No decision” information from
the cooperative nodes was proposed in [28].

The optimum fusion rule for combining soft decisions
is Chair-Varshney rule which is based on log-likelihood
ratio test [37]. Various other techniques for combining soft
decisions are presented in [38]. However, most of the prior
research work focuses on the case when SUs are far away
from the primary transmitter and hence the same path
loss or Signal-to-Noise Ratio (SNR) was assumed for all
collaborating SUs [9, 29, 33]. The effects of different SNRs
on detection performance are studied under AWGN channel
conditions in [39]. Moreover, previous research highlighted
CSS techniques which combine data from the CR nodes with
equal weights and with perfect reporting channels [9, 40, 41],
which is clearly not the case in realistic scenarios and might
lead to misleading interpretation of results. The reporting
channel for an ith user is defined as the channel between
ith user and the fusion centre. Performance of CSS with
noisy reporting channels was considered for the case of hard
decision fusion in [31].

Collaborative spectrum sensing schemes with weighted
user contributions have been recently proposed in [42, 43].
In [42] average signal power at an SU was exploited to assign
weights to different collaborating cognitive nodes. In [43] a
linear optimal strategy for CSS was presented and optimal
weights for each SU in an AWGN channel were derived
analytically. However, the shortcomings of existing literature
in weighted CSS are in the fact that perfect reporting
channels have been assumed instead of more realistic fading
channels.

1.2. Major Contributions. In this paper, the optimisation
of CSS is documented and optimum decision fusion is
evaluated for hard and soft decision fusion at the fusion
centre. Main contributions of this paper are summarised as
follows.

(i) Hard decision fusion is attractive because of lower
communication overhead over the reporting chan-
nels. In this paper, the problem of hard deci-
sion fusion at the fusion centre is addressed and
answers this simple question: for optimal fusion
does the fusion centre only need 1-bit decision?
Different scenarios are considered with users close
to the primary transmitter have the different SNR
values. It is concluded that in order to achieve
optimum spectrum sensing performance, the fusion
centre must have SNR information for each CR
and channel conditions along with their 1-bit
decisions.

(ii) Maximum diversity in CSS is achieved when all
collaborating users experience identical and inde-
pendent fading or shadowing effects, which is not
possible in reality if users are too close to each other.
Multipath fading can be assumed to be independent
from one user to another but shadowing is normally
correlated over large distances. Thus, secondary
users in close vicinity of each other make similar
measurements and this limits the collaboration gains.

In this paper, correlated log-normal shadowing is
considered among collaborative users and it is shown
that correlated shadowing has direct impact on the
optimal fusion rule at the fusion centre.

(iii) Genetic Algorithm- (GA-) based weighted collabo-
rative spectrum sensing strategy is proposed in this
paper to combat the effects of channel and enhance
spectrum sensing performance. The proposed opti-
mum spectrum sensing framework is based on a
model that is realistic and also takes into account
both channels, that is, channel between PU and
SUs as well as the reporting channels. It is shown
in this paper that imperfect reporting channel and
different SU SNR values have direct impact on the
performance of CSS. Secondary users transmit their
soft decisions to the fusion centre and a global
decision is made at the fusion centre which is based
on a weighted combination of the local test statistics
from individual SUs. The weight of each SU is
indicative of its contribution to the final decision
making. For example, if an SU has a high SNR
signal and also has a good reporting channel (higher
reporting channel gain), then it is assigned a larger
contributing weight. The optimum CSS problem is
formulated as a nonlinear optimisation problem in
this paper. For a given probability of false alarm and
channel conditions, optimal weights are chosen in
such a way that it maximises global probability of
detection at the fusion centre. With a realistic fading
channel it is hard to derive an analytical expression
for the optimum weights and hence a GA-based
solution is proposed.

1.3. Organisation of the Paper. The remainder of this paper is
organised as follows. In Section 2 the system model is briefly
introduced and the use cases are defined. Section 3 discusses
local spectrum sensing under channel fading conditions and
its limitations. Section 4 briefly explains CSS and decision
fusion techniques for both HDC and SDC, considered in this
paper. Section 5 proposes a framework for optimisation of
fusion rules for HDC. In order to achieve optimum spectrum
sensing performance, GA is used to calculate the weights
for each collaborative user in Section 6. Finally Section 7
concludes the paper.

2. System Model for Cognitive Radio Network

Consider a cognitive radio network, with M cognitive users
(indexed by i ∈ {1, 2, . . . ,M}), and a fusion centre to sense
a portion of the spectrum of bandwidth “W” in order to
detect the existence of the PU, as shown in Figure 1. Assume
that each CR is equipped with an energy detector and is
able to perform local spectrum sensing independently. Each
CR makes its own observation based on the received signal,
that is, noise only or signal plus noise. Hence, the spectrum
sensing problem can be considered as a binary hypothesis
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testing problem with two possible hypothesis H0 and H1

defined as [38]

xi(t) =
⎧
⎨

⎩

ni(t), H0,

his(t) + ni(t), H1,
(1)

where s(t) is the PU signal and is assumed to be an identical
and independent random process (i.i.d.) with zero mean and
variance σ2

s . For the ith SU, the receiver noise is modelled as
ni(t) which is also assumed to be an i.i.d. random process
with zero mean and variance σ2

n and hi is the complex gain
of the channel between the PU and the ith SU. Further, it is
assumed that s(t) and ni(t) are independent of each other.
The power transmitted by the PU is received at the SU and
the ratio of received power to the power of noise at the SU is
defined as the SNR at the SU energy detector. The received
SNR at the ith SU can be more precisely defined as

γi �
E
[

|hi|2
]

σ2
s

σ2
n

. (2)

System model and use cases for considered scenarios are
shown in Figure 1. Two use cases are assumed in this paper.
Use Case 1 refers to the case when PU transmitter is far away
from the CRN and hence same SNR can be assumed for all
SUs. In use Case 2, the PU is not far away from the M SUs
and each user has a different value of SNR depending on its
distance from the PU and its channel conditions.

3. Local Spectrum Sensing

The performance of a given spectrum sensing scheme is
fundamentally limited by the radio propagation channel.
Typically, the effects of a radio channel can be divided
into three main parts: path loss, small-scale fading, and
large-scale fading (shadowing) [44]. Path loss effects are
incorporated in the received SNR at a cognitive radio
terminal. Small-scale fading causes rapid, random variations
in the signal strength at the CR receiver and is modelled by
Rayleigh fading in this paper. Shadowing is the slow variation
of received signal power as the cognitive radio moves in
and out of the shadow of large structures like mountains,
buildings, and so forth. Shadowing is often modelled as a log-
normal distributed random process that varies around a local
mean given by the path loss and with the standard deviation
σdB which depends on the environment [45].

3.1. AWGN Channel. In energy detection-based spectrum
sensing, the received radio frequency energy in the consid-
ered channel or frequency band W is measured over a time
interval T to determine whether the PU signal s(t) is present.
Assume that the time bandwidth product is always an integer
and is denoted by N = TW . Test statistic ui calculated by an
ith user is given as

ui =
N∑

k=1

∣
∣
∣
∣xi

(
k

W

)∣
∣
∣
∣

2

. (3)

ui is compared with a predefined threshold λi to get the local
decision:

H1

ui � λi.

H0

(4)

The binary decision is given by Di; Di = 1 when ui > λi
and 0 otherwise. ui is the sum of squares of N Gaussian
random variables and it is well known that the sum of squares
of Gaussian variables follows a chi-square distribution [46].
Thus ui follows a central chi-square distribution with 2N
degrees of freedom under hypothesis H0 and a noncentral
chi-square distribution with 2N degrees of freedom and
non-centrality parameter of 2Nγi under hypothesis H1.
Therefore, the probability density function (pdf) of random
variable Ui under the two hypotheses can be written as

fUi(u)=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

uN−1e−u/2

2NΓ(N)
, H0,

1
2

(
u

2Nγi

)(N−1)/2

e−(u+2Nγi)/2IN−1

(√

2Nuγi
)

, H1,

(5)

where Γ(·) is the gamma function and IN−1(·) is the modified
Bessel function of the first kind. For an ith user probability of
false alarm, Pr(H1 |H0), and detection, Pr(H1 |H1) can be
derived from (5) and is given as

Pif = Pr{Ui > λi |H0} = Γ(N , λi/2)
Γ(N)

, (6)

Pid = Pr{Ui > λi |H1} = QN

(√

2Nγi,
√

λi

)

, (7)

where Γ(a, x) is incomplete gamma function and QN (a, b) is
the generalised Marcum Q-function. Detailed derivations of
Pif and Pid are given in Appendices A and B.

For the purpose of simplifying (5) an approximate model
for energy detection-based spectrum sensing observations
can be built. It has been shown in [47] that the approximated
model converges faster and has lower approximation error
when N is asymptotically large. So when N tends towards
infinity (practically when N ≥ 10 [46]), the chi-square dis-
tribution defined in (5) converges to a normal distribution,
that is,

Ui ∼
⎧
⎨

⎩

N
(
Nσ2

i , 2Nσ4
i

)
, H0,

N
((
N + γi

)
σ2
i , 2
(
N + 2γi

)
σ4
i

)
, H1.

(8)

Similarly, Pif and Pid defined in (6) and (7) can be approxi-
mated as

Pif = Q

(
λi − E[Ui |H0]
√

Var[Ui |H0]

)

= Q

(
λi −Nσ2

i√
2Nσ2

i

)

,
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Figure 1: Use cases considered in paper.

Pid = Q

(
λi − E[Ui |H0]
√

Var[Ui |H0]

)

= Q

⎛

⎝
λi −

(
N + γi

)
σ2
i√

2
(
N + 2γi

)
σ2
i

⎞

⎠, (9)

where E[·] and Var g[·] denote expectation and variance
operations, respectively.

3.2. Spectrum Sensing in Fading Channels. When the SU is in
a fading channel, the channel gain hi for an ith user is varying
due to the fading and Pid becomes conditional probability
dependent on instantaneous SNR γi. As expected, Pif is

independent of γi and remains static. Average probability of
detection can be obtained by averaging instantaneous Pid over
fading statistics, where the pdf of received SNR is fγ(x):

Pid,fading =
∫

γ
Pid(x) fγ(x)dx. (10)

When the channel is Rayleigh faded, then γi is exponentially
distributed with γi as its mean value. Similarly when channel
is shadow faded, then γi is log-normally distributed with
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mean γi and characterised by dB-spread of shadowing σdB

[38]. Hence,

fγi(x)

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1
x

exp

(

− x

γi

)

; Rayleigh Fading,

ξ

xσdB
√

(2π)
exp

(

−10 log10(x)−μxdB

2σ2
dB

)

; Shadow Fading,

(11)

where ξ = 10/ ln(10) and μxdB is the mean of xdB = 10 log(x).
The conversion from linear mean to the log mean (in dB) can
be derived as [45]

μxdB = 10 log10

(
γi
)− σ2

dB

2ξ
. (12)

Substituting (7) and (11) in (10), for Rayleigh fading channel
average probability of detection for the ith user can be
calculated by [38]

Pid,rayl =
∫

γ

1
x
QN

(√
2Nx,

√

λi

)

exp

(

− x

γi

)

dx

= e−λi/2
N−2∑

n=0

1
n!

(
λi
2

)N

+

(
1 + γi
γi

)N−1

×
⎡

⎣e−λi/2(1+γi) − e−λi/2
N−2∑

n=0

1
n!

λiγi
2
(
1 + γi

)

⎤

⎦.

(13)

For shadow fading, close form solution of (10) is not known
and a numerical solution is required:

Pid,shadow =
∫

γ
QN

(√
2Nx,

√

λi

)
1

xσdB
√

2π

× exp

(

−10 log(x)− μxdB

2σ2
dB

)

dx

= 1
σdB
√

2π

xf∑

x=x0

QN

(√
2Nx,

√

λi

)

× exp

(

−10 log(x)− μxdB

2σ2
dB

)
Δx

x
,

(14)

where Δx and x f are chosen as to minimise numerical
approximation error.

3.3. Numerical Evidence. The performance of local spec-
trum sensing is evaluated using theoretical results as well
as Monte Carlo simulations by plotting complementary
Receiver Operating Characteristics (ROC) curves (plot of
Pm = 1 − Pd versus Pf ). In Monte Carlo simulations,
probability of false alarm and miss detection is calculated by
comparing sensing observations with a predefined threshold,

and results are obtained by simulations over 1, 000, 000 noise
realisations. It is assumed that N is an integer value and set
to be 5.

Figure 2 shows the ROC curves for local spectrum
sensing in AWGN, Rayleigh fading, and Shadowing for
different values of σdB. Spectrum sensing results for AWGN
channel are provided for comparison and simulation results
are validated by comparing with analytical results. It is
clear from Figure 2 that both Rayleigh and shadow fading
degrades the performance of spectrum sensing. For example,
in Rayleigh fading channel, in order to achieve Pm < 10−1

where Pm = 1 − Pd, we need Pf > 0.4 which results in poor
spectrum utilisation and vice versa. Similarly, it can be seen
from Figure 2 that local spectrum sensing is more difficult
in shadow fading and with increase in shadowing (or σdB)
detector performance further degrades.

Another important metric to characterise spectrum
sensing performance is the minimum detected SNR. This
metric is defined as the lowest SNR that a sensing algorithm
is able to detect with reliability of Pf and Pd for a given
PU signal, propagation conditions and observation time.
Figure 3 plots the minimum detectable SNR by a CR under
different channel conditions for a targeted Pf = 10−1.
It is clear from Figure 3 that shadowing affects detector
performance more than Rayleigh fading. In order to achieve
Pf = 10−1 in given scenario, the required SNR is around
10 dB while for the lower values of γ this is not possible as
shown in Figure 3.

4. Collaborative Spectrum Sensing

Section 3 shows that local spectrum sensing has some
limitations and it is hard to detect signals of low SNR for
desired performance. Among many other challenges (e.g.,
see [48]) one of the most important challenges for the
implementation of CRN is the hidden node problem, when
a CR is shadowed or in a deep fade [41]. To address these
problems multiple CRs can collaborate with each other in
order to make a global decision about the existence of the
PU. It has been shown by previous research that CSS can
improve detection performance in the fading channels; for
example, see [9] and references therein. In CSS, every SU
performs its own spectrum sensing measurements and can
also make a local decision on whether the PU is present or
absent. All of the SUs forward their soft (local measurement)
or hard (1-bit) decision to a common receiver, often called
fusion centre or a band manager. Fusion centre may be
centralised or distributed; in centralised CSS all the SUs
send their decisions to the fusion centre, which may be an
Access Point (AP) in wireless LAN or a CR base station in
a cellular system, while, in distributed CSS, all the SUs may
behave as a fusion centre and receive sensing information
from the neighboring nodes. In both cases, fusion centre
fuse collected decisions and make a final decision to declare
the presence (or otherwise) of primary users in observed
frequency band. The results presented in [40, 49] show
that SDC outperforms HDC in terms of probability of
miss detection. While HDC outperforms SDC when the
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Figure 2: Receiver operating characteristics for local spectrum
sensing in Rayleigh and Shadow Fading channels with γ = 5 dB,
N = 5.

number of collaborative users is large [41] and further HDC
needs a low-bandwidth control channel. In CSS, sharing
information within CRN and combining result from various
measurements is a challenging task, which is the main scope
of this paper.

4.1. Hard Decision Combining. In HDC, fusion centre col-
lects binary decisions from the individual SUs, identifies the
available spectrum, and then broadcasts this information
to the other SUs. The optimal decision fusion is based on
Neyman-Pearson criterion by comparing Likelihood Ratio
with the threshold vector as

H1

f (D |H1)
f (D |H0)

� λ,

H0

(15)

where D = [D1,D2, . . . ,DM]T denotes binary decisions
from M SUs and Di ∈ {0, 1}, λ is the optimal threshold
vector and f (D | H0), and f (D | H1) represents the
probability density functions of D under hypothesis H0

and H1, respectively. Mathematical analysis using Neyman-
Pearson criterion is mathematically untractable especially if
the local measurements are correlated and hence sub optimal
solutions are always preferable [50].
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Figure 3: Probability of miss detection versus minimum detected
SNR in shadow fading for Pf = 10−1, γdB = 5, N = 5.

There are many other ways to combine or fuse hard
decisions based on counting rules; most commonly used in
the literature are OR, AND and in generalK-out-of-M fusion
rule [36, 42, 51]. In AND all CRs should declare H1 in order
to make a global decision that PU is present while in OR rule,
fusion centre declares H1 if any of the received decision is H1.
At the fusion centre, all Di’s are fused together according to
the following fusion rule [9]:

yc =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

M∑

i=1

Di ≥ K , H1,

M∑

i=1

Di ≤ K , H0.

(16)

It can be seen from (16) that the OR corresponds to the case
when K = 1 while for AND rule K =M.

It has been reported that for many cases of practical
interest, the OR fusion rule delivers better performance [9].
In order to demonstrate improvement in spectrum sensing
performance by collaboration of SUs OR fusion rule is used
at the fusion centre in this section. Figures 4 and 5 show
ROC curves for use Case 1 (as shown in Figure 1) with
different number of CRs under i.i.d. log-normal shadowing
with γ1 = γ2 = · · · = γi = 5 dB and N = 5. In these results,
AWGN curves for single users are shown for comparison. As
seen in Figures 4 and 5 CSS mitigates the effects of shadow
fading effectively. It can also be seen in Figure 4 that by
incorporating more and more users performance even better
than in the AWGN scenario can be achieved. This stems
from the fact that with more number of SUs there are more
chances that a single user has its instantaneous SNR above
average.

As stated in Section 3 another important parameter to
analyse performance of a detection algorithm is minimum
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Figure 4: Receiver operating characteristics for collaborative spec-
trum sensing under shadow fading, σdB = 6, N = 5.
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Figure 5: Receiver operating characteristics for collaborative spec-
trum sensing under shadowing, σdB = 10, N = 5.

detected SNR. A good detection scheme must be able to
detect signals of low SNR, and in Section 3 it has been shown
that shadowing affects detected SNR by a user. Figure 6 shows
that by incorporating a large number of users it is possible to
achieve the desired performance even at low SNR levels. By
comparing Figures 3 and 6 it can be seen that under shadow
fading (σdB = 6) and for desired performance, for example,
Pf = 10−1 and Pd = 10−1 local sensing requires received
signal of at least 10 dB while collaboration of 20 users can
detect signal of SNR as low as −15 dB.
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Figure 6: Probability of miss detection versus minimum detected
SNR in shadow fading, Pf = 10−1, σdB = 6, γ = 5 dB, N = 5.

4.2. Soft Decision Combining. In order to simplify the
analysis with fusion of soft decisions, it has been assumed
that the value of N is large. With this assumption the
summary statistics at local secondary nodes U (as defined in
(8)) can be considered, which is transmitted to the fusion
centre through the reporting channels. In this paper realistic
noisy reporting channels with variable channel gains are
considered. A system model is shown in Figure 13.

4.2.1. Equal Gain Combining. Statistics of local observations
for an ith SU after passing through the channel of gain gi and
noise ni ∼ N (0, δ2

i ) is

yi ∼

⎧
⎪⎪⎨

⎪⎪⎩

N
(
Ngiσ

2
i , 2Ng2

i σ
4
i + δ2

i

)
, H0,

N
((

N + γi

)

giσ
2
i , 2
(

N + 2γi
)

g2
i σ

4
i + δ2

i

)

, H1,

(17)

where δ2
i is the noise variance of the ith reporting channel.

For the soft decision fusion scheme, fusion centre decides
between H0 and H1 by comparing sum of individual
observations yc with a global threshold λc:

H1

yc =
M∑

i=1

yi � λc.

H0

(18)

4.2.2. Weighted Combining. In weighted combining, global
test statistics is calculated at the fusion centre by assigning
weights wi to the received observation from an ith user yi by

yc =
M∑

i=1

wi · yi = wTy, (19)
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Figure 7: Receiver operating characteristics for 5 collaborating users in AWGN Channel in 3 cases: Case 1 (all users have similar SNR), Case
2 (half of the users have high SNR), and Case 3 (only one user has high SNR).

where w = [w1,w2, . . . ,wM]T ∈ RM×1 and the received
decision vector at the fusion centre is defined as y =
[y1, y2, . . . , yM]T ∈ RM×1. Weight vector w at the fusion
centre satisfies

∑M
i=1 wi = 1. From (17) and (19) the

distribution of yc is given as

yc

∼

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

N

⎛

⎝
M∑

i=1

Ngiσ
2
i wi,

M∑

i=1

(
2Ng2

i σ
4
i w

2
i + δ2

i w
2
i

)

⎞

⎠; H0

N

⎛

⎝
M∑

i=1

((

N+γi
)

giσ
2
i wi

)

,

M∑

i=1

(

2
(

N+2γi
)

g2
i σ

4
i w

2
i +δ2

i w
2
i

)
⎞

⎠; H1.

(20)

Assume h = [h1,h2, . . . ,hM]T ∈ RM×1, g = [g1, g2, . . . ,
gM]T ∈ RM×1, γ = [γ1, γ2, . . . , γM]T ∈ RM×1, σ =

[σ2
1 , σ2

2 , . . . , σ2
M]T ∈ RM×1, and δ = [δ2

1 , δ2
2 , . . . , δ2

M]T ∈
RM×1. Furthermore, defined matrices Σ, Δ, Γ, and G that all
belong to RM×M represent the diagonal matrices formed by
placing the vectors σ , δ, γ, and g on the diagonal, respectively.
The statistics of yc under H0 and H1 can be written as

E
[
yc |H0

] = NgTΣw,

Var
[
yc |H0

] = wT
[

2NG2Σ2 + Δ
]

w,

E
[
yc |H1

] = gT((NI + Γ)� σ)w,

Var
[
yc |H1

] = wT
[

2(NI + 2Γ)G2Σ2 + Δ
]

w.

(21)

To make a decision on the presence of a primary
transmitter, the global decision statistic yc as defined in (21)
is compared with a threshold λc. Global probability of false



10 International Journal of Digital Multimedia Broadcasting

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
P

ro
ba

bi
lit

y
of

de
te

ct
io

n
,Q

d

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

10−4 10−2 100 10−4 10−2 100 10−4 10−2 100

Probability of false alarm, Qf Probability of false alarm, Qf Probability of false alarm, Qf

OR-simulations
OR-analytical
1 user-analytical
1 user-simulations

Voting-analytical
Voting-simulations
AND-analytical
AND-simulations

Case 1 Case 2 Case 3

Figure 8: Receiver operating characteristics for 5 collaborating users in Rayleigh fading Channel in 3 cases: Case 1 (all users have similar
SNR), Case 2 (half of the users have high SNR), and Case 3 (only one user has high SNR).

alarm and detection at the fusion centre, as denoted by Qf

and Qd, are given as

Qf = Q

⎛

⎜
⎜
⎝

λc −NgTΣw
√

wT
[

2NG2Σ2 + Δ
]

w

⎞

⎟
⎟
⎠,

Qd = Q

⎛

⎜
⎜
⎝

λc − gT((NI + Γ)� σ)w
√

wT
[

2(NI + 2Γ)G2Σ2 + Δ
]

w

⎞

⎟
⎟
⎠,

(22)

where Q(·) is the tail probability of the normalised Gaussian
distribution.

5. Optimised User Collaboration
Scheme for HDC

Section 4.1 shows that collaboration of SUs improves spec-
trum sensing performance by utilising space diversity of
users. In this section, the problem of hard decision fusion
at the fusion centre is considered in the presence of i.i.d.
and spatially correlated shadowing. In the past, emphasis
was given to collaborative spectrum sensing when all users

have same received SNR; however, in this section, a scenario
where users have different γi with AWGN and log-normal
shadowing is considered. Three different cases in use Case 2
are considered here which represents three different scenarios
depending on the location of PU and SUs. Case 1 refers to a
scenario in which all the SUs are relatively close to each other
and hence having similar values of SNR. Case 2 depicts the
situation when half of the collaborating users have high SNR
values while in Case 3 only one use has a high SNR value as
compared to other collaborating SUs.

Different decision fusion schemes at the fusion centre
including OR, AND, Voting, and 1-user cases are considered.
In Voting-based decision fusion scheme all SUs vote and
fusion centre declare an opportunity if the majority of the
collaborative SUs declare an opportunity. In 1-user case
although fusion centre receives information from all users,
it uses only one user information in order to make a global
decision.

5.1. Independent and Identically Distributed Shadowing

5.1.1. Mathematical Formulation. The global probability of
detection Qd and probability of false alarm Qf at the fusion
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Figure 9: Receiver operating characteristics for 5 collaborating users in shadow fading (σdB = 6) in 3 cases: Case 1 (all users have similar
SNR), Case 2 (half of the users have high SNR), and Case 3 (only one user has high SNR).

centre can be expressed as a function of the probability of
detection (or false alarm) of each SU, obtaining the joint
probability of M independent events as

Qd = R(D)
∏

S0

(

1− Pid
)∏

S1

Pid,

Qf = R(D)
∏

S0

(

1− Pif
)∏

S1

Pif .
(23)

S represents the set of all secondary users with S = S0 ∪ S1

where S0 is the group of SUs that has decided that PU signal
is absent while S1 is the group of SUs that has decided that
PU signal is absent and R(D) is the decision fusion rule at the
fusion centre. Value of R(D) depends on what type of fusion
rule is used at the fusion centre. So for the given formulation,
K-out-of-M rule can be formulated as

R(D) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1
(
PU present

)
if

M∑

i=1

Di ≥ K ,

0 (PU absent) if
M∑

i=1

Di < K.

(24)

For the fusion rules considered in this section, K is given as

K =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1, OR,

M, AND,
⌈
M

2

⌉

, Voting,

(25)

where 	·
 is the ceil function.
For 1-user rule,

R(D) =
⎧
⎨

⎩

1, if Di = 1,

0, otherwise,
(26)

where the ith user is chosen as

i = arg max
j

{

γj
}

. (27)

5.1.2. Simulation Results. Figure 7 shows collaborative spec-
trum sensing performance when 5 SUs collaborate with
each other and make collaborative decision; analytical results
validating the simulation results are shown. When all users
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have similar γi (Case 1) in AWGN channel, then the optimal
decision fusion rule is Voting rule as evident from Figure 7.
When half of the users have high γi and half of the users have
low γi (Case 2), then the optimal decision rule is OR. Case 3
refers to the situation when only one user has higher γi than
others; in this case the collaborative spectrum sensing works
even worse than a single node. From these results it can be
concluded that it is not necessary that collaboration of users
always improves spectrum sensing performance and in order
to derive an optimum performance individual γi should be
considered. Without knowing γi the performance is always
suboptimal; so in the proposed scenario it is suggested that
users estimate local γi and send this information along with
their 1-bit decision. Local SNR can be estimated by using a
test statistics defined in (5) as

γ̂i = 1
Z

Z∑

i=1

ui − X , (28)

where γ̂ is estimated SNR, Z is the number of test statistics,
and X is E(ui |H0).

In Rayleigh fading and shadowing, collaborative spec-
trum sensing is an ideal solution because diversity gain
achieved by collaboration effectively cancels the deleterious
effects of fading. Figures 8 and 9 show detection performance
under Rayleigh fading and shadowing with the three cases
considered in this section. Value of dB-spread is assumed to
be 6 dB for the shadowing while other parameters remain the
same. As can be seen from these results, in all three cases
spectrum sensing performance is superior if OR fusion rule
is used at the fusion centre. So it can be concluded from
simulation results that under Rayleigh fading and shadowing
with i.i.d. measurements most optimal fusion rule is OR
rule and collaboration of users is required. Further, with
the increase of shadowing, sensing performance of two user
collaboration with highest γi is better than collaboration
of all users. It can be concluded that even in fading or
shadowing it is important for the fusion centre to know the
SNR values of the users to make a decision about which
fusion rule gives better performance.

5.2. Spatially Correlated Shadowing. Up to this point, it is
assumed that all collaborating cognitive users have identical
and independent shadowing. However, usually there is a
degree of spatial correlation associated with log-normal
shadowing [52] and assumption of identically and indepen-
dent (i.i.d.) shadowing is not always true. In this section, the
impact of spatially correlated shadowing on decision fusion
when users have different SNR is studied under different
channel conditions. It is concluded that correlation has a
direct impact on the optimum decision fusion rule at the
fusion centre.

It is logical to think that spatially correlated shadowing
would degrade the performance of CSS because such users
are likely to experience similar observations thereby counter-
ing collaborative gains. In this paper correlated shadowing is
modelled using the exponential correlation model [52]:

r(d) = e−ad, (29)

where r(d) is the correlation matrix, d is the distance between
two secondary users, and a is a constant depending on
the environment. Based on measurements reported in [52],
a ≈ 0.12/m for urban environment and a ≈ 0.002/m for
suburban environment.

5.2.1. Mathematical Formulation. Assume that γi is the
received SNR at the ith SU on a logarithmic scale. Hence
under shadow fading γi has a Gaussian distribution with
variance of σ2

dB and a mean value of μγ (in dB). The value of
μγ is determined by the distance dependent path loss. Under
two hypotheses H0 and H1 the distribution of γi for M SUs
under spatially correlated shadowing can be expressed as

γdB ∼

⎧
⎪⎨

⎪⎩

N
(
0× uM , σ2

dBΞ
)
, H0,

N
(

μγ, σ2
dBΞ

)

, H1,
(30)

where γdB = [γ1, γ2, . . . , γM]T , uM is an M × 1 vector of
all ones, and Ξ is the normalised covariance matrix of γdB.
Using the exponential correlation model defined in (29), the
covariance matrix Ξ is an M × M matrix. Assuming that
all SUs are uniformly distributed in a 1-dimensional plane
within a total distance of κ, the elements of covariance matrix
are given as

Ξi, j = e(−aκ/(M−1))|i− j|. (31)

Hence, the covariance matrix Ξ can be expressed as

Ξ =

⎡

⎢
⎢
⎢
⎢
⎣

1 A B · · · e−aκ

A 1 A · · · e−aκ|M−2|/(M−1)

...
...

... · · ·
...

e−aκ B e−3aκ/(M−1) · · · 1

⎤

⎥
⎥
⎥
⎥
⎦

, (32)

where A denotes e−aκ/(M−1) and B denotes e−2aκ/(M−1).
The probability density function of γi can be expressed

for the M collaborative SUs having correlated shadow fading
as

f
(

γdB

)

= 1√
2πσ2

dB
Ξ−1 exp

⎧
⎪⎨

⎪⎩
−
(

γdB − μγ
)2

2σ2
dB

Ξ−1

⎫
⎪⎬

⎪⎭
. (33)

From (32) it is clear that Ξ is a diagonal constant matrix or
Toeplitz matrix, and its inverse may be expressed as [53]

Ξ−1 = 1
1− e2aκ/(M−1)

⎡

⎢
⎢
⎢
⎢
⎣

1 −A 0 · · · 0
−A 1 + e−2aκ/(M−1) −A · · · 0

...
...

... · · ·
...

0 0 · · · −A 1

⎤

⎥
⎥
⎥
⎥
⎦

,

(34)

where A denotes e−aκ/(M−1).

5.2.2. Simulation Results. It is shown in this section that
spatial correlation among users directly impacts the decision
fusion at the fusion centre. Figures 10, 11, and 12 show ROC
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Figure 10: Receiver operating characteristics for 5 collaborating users in spatially correlated shadowing fading (Case 1: all users have similar
SNR).
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Figure 11: Receiver operating characteristics for 5 collaborating users in spatially correlated shadowing fading (Case 2: half of the users have
high SNR).

curves of 5 collaborating users under spatially correlated
shadowing with dB-spread of 4 dB and 12 dB for the three
cases defined in Section 5.1. In case of correlated shadowing
with lower values of σdB, the Voting fusion rule outperforms
OR fusion rule and performance of AND fusion rule is better

than OR. This is due to the fact that all secondary users
are close to each other and have similar values of γi; hence
user observations are similar to each other. However, sensing
performance in heavily shadowed environment (e.g., when
σdB = 12) for all fusion schemes is almost similar in all
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Figure 12: Receiver operating characteristics for 5 collaborating users in spatially correlated shadowing fading (Case 3: only one user has
high SNR).
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Figure 13: Schematic diagram of weighted collaboration at fusion centre for soft decision combining with imperfect reporting channels.

three cases. Hence, it can be seen from Figures 10, 11, and
12 that for optimal decision fusion at the fusion centre, it is
important to consider the effects and degree of correlation
among users.

6. Optimised User Collaboration
Scheme for SDC

In this section, goal is to optimise CSS when collaborating
SUs send their soft decisions to the fusion centre by max-
imising the global probability of detection (or alternatively
minimising global probability of miss detection) for a given
value of probability of false alarm and channel conditions.

Referring to Section 4.2 for the framework of soft decision
combing at the fusion centre, global probability of detection
can be written in terms of global probability of false alarm
(using (22)):

Qd = Q

⎛

⎜
⎜
⎝

√

wT
[

2NG2Σ2 + Δ
]

wQ−1
(

Qf

)

√

wT
[

2(NI + 2Γ)G2Σ2 + Δ
]

w

+
NgTΣw − gT((NI + Γ)� σ)w
√

wT
[

2(NI + 2Γ)G2Σ2 + Δ
]

w

⎞

⎟
⎟
⎠.

(35)



International Journal of Digital Multimedia Broadcasting 15

Crossover point

Parent 1

Users

Users

Mutation point 1 Mutation point 2

Parent 2

w11 w21 w31 w41 w51

w12 w22 w32 w42 w52

Before crossover

Child 1

w11 w21 w32 w42 w52 Users

Child 2

w12 w22 w31 w41 w51 Users

After crossover

w11 w21 w31 w41 w51 Users

Before mutation

w41 w21 w31 w11 w51 Users

Before mutation

After mutation

Figure 14: Crossover and mutation operations in genetic algorithm.

Maximising Qd, as defined in (35), is equivalent to minimise
ϕ(w) as Q(x) is a decreasing function of x, where ϕ(w) is
given by

ϕ(w) =

√

wT
[

2NG2Σ2 + Δ
]

wQ−1
(

Qf

)

√

wT
[

2(NI + 2Γ)G2Σ2 + Δ
]

w

+
NgTΣw − gT((NI + Γ)� σ)w
√

wT
[

2(NI + 2Γ)G2Σ2 + Δ
]

w

=

√

wT
[

2NG2Σ2 + Δ
]

wQ−1
(

Qf

)

− ΓgTΣw
√

wT
[

2(NI + 2Γ)G2Σ2 + Δ
]

w
.

(36)

Similarly for fading channels, the average probability of
detection can be obtained by averaging Qd over fading
statistics as described in Section 3.2. Now the optimisation
problem can be formulated as

minimise ϕ(w)

s.t.
M∑

i=1

wi = 1, wi ≥ 0, ∀i ∈ {1, 2, 3, . . . ,M}.

(37)

6.1. GA-Based Weighted Collaborative Spectrum Sensing. This
section describes the design of a GA-based weighted CSS
framework for the case of SDC at the fusion centre. In this
work, GA is used as a solution approach to minimise ϕ(w)
as defined in (36) for a given value of Qf . The GA has been

proposed as a computational analogy of adaptive systems by
Holland [54]. They are modelled based on the principles
of natural evolution and selection and is briefly described
in this section. An initial population is first generated and
then the fitness of each chromosome in the initial population
is evaluated using a predefined fitness function. A loop is
initiated to simulate the generations and in each generation,
chromosomes are selected probabilistically according to their
fitness. The genes of the selected individuals will mutate and
crossover to produce offsprings to maintain the population
size. The GA continues to iterate until the convergence
is achieved or until it exceeds the maximum number of
generations.

6.1.1. Seeding. The algorithm starts by randomly generating
an initial population of possible solutions. Here, the initial
population is the randomly generated values of weights
satisfying the constraints as described in (37). Seeding is
a process of setting the initial population to some initial
configuration. If the initial population is seeded properly,
the performance of GA can be greatly enhanced. Since
GA works by probabilistically mutating and combining, the
convergence of algorithm can be achieved quickly if the
population is initially preset to a good solution.

6.1.2. Fitness Function. A fitness function plays a central role
in GA. It evaluates fitness of each chromosome and forces
the algorithm to search for optimal solutions and is the only
link between actual problem and the GA. A fitness function
ranks chromosomes in a given population; so individuals
having better fitness values have higher chances of survival
and reproduction in the next generation. In this paper,
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Figure 15: Receiver operating characteristics for collaborative
spectrum sensing with perfect reporting channel, N = 10.
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Figure 16: Receiver operating characteristics for collaborative
spectrum sensing for 6 users in AWGN channel with im-perfect
reporting channels, N = 10.

ϕ(w) is used as a fitness function to evaluate the fitness of
individuals. After calculating the fitness of each individual,
all fitness values are scaled in a range that is suitable for the
selection algorithm. The selection algorithm uses these scaled
fitness values to choose the parents of the next generation.
The range of scaled values affects the performance of GA, and
in this paper the scaling method described by Goldberg [55]
is used.
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Figure 17: Receiver operating characteristics for collaborative
spectrum sensing for 6 users in Rayleigh fading channel with im-
perfect reporting channels, N = 10 (Case 1: All users have good
reporting channel, Case 2: All users have bad reporting channel, and
Case 3: Two of the users have good reporting channel).

6.1.3. Selection. Once the chromosomes in a given popula-
tion have been evaluated according to their fitness values, the
one with the better fitness will be selected, and the others will
be eliminated. There are many different strategies available
in the literature to implement selection algorithm [56]. The
simplest and the most widely used selection scheme, the
roulette wheel selection, is used in simulations [55].

6.1.4. Elitism. The number of chromosomes in a population
with the best-scaled fitness value guaranteed to survive in
the next generation and represented by Elitism is called Elite
children. Proper value of Elite children is important in the
fast convergence of GA.

6.1.5. Crossover and Mutation. Crossover process in GA
combines two individuals (parents) and produces entirely
new chromosomes (children). The main idea behind
crossover operation is that the children may be better than
both of the parents if they take the best attributes from each
parent. Generally, crossover occurs during evolution accord-
ing to a specified probability and is typically in the range of
80% to 90%. Although a number of crossover techniques are
available in the literature, the simplest crossover technique,
called single-point crossover [56], is used in this study.

Mutation is another genetic operation which alters one
or more genes in a chromosome from its original state. This
introduces new genetic material in the population. With the
new gene, GA may be able to arrive at a better solution
than previously possible. Mutation also occurs during the
evolution process by some prespecified probability and
this value is normally small as compared to the crossover
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Table 1: GA parameter configuration.

Parameter Value

Population Size 100

Number of Generations 40

Elitism 2%

Mutation Probability 2%

Crossover Probability 80%

Initialisation Method Random

Crossover operation Single point

Selection Method Roulette wheel

probability. In the classical mutation process, one or more
pairs of genes are selected randomly and swapped to produce
new offsprings. Figure 14 illustrates the process of crossover
and mutation for the case of 5 collaborating users.

6.1.6. Termination. Termination is the criteria by which GA
decides whether to continue or stop searching for better
solutions. There are many possibilities to terminate GA
including generation number, evolution time, and popula-
tion convergence, and so forth and in this work generation
number criterion is used for terminating the GA. Based on
a number of test experiments, the best suited GA parameter
configuration was set up for the optimisation problem and
parameters are listed in Table 1.

6.2. Numerical Result and Discussions. In this section, pro-
posed GA-based weighted CSS scheme for SDC is simulated
and compared with existing weighting schemes proposed in
[42], that is, Equal Gain Combining (EGC) and Proportional
Combining (PC). EGC is the weighting scheme in which
all the collaborating SUs have equal weights and in PC the
fusion centre assigns proportional weight to SUs according
to their SNR values. Numerical results are obtained from
simulations for use Case 2 over 1, 000, 000 noise realisations
for the given set of noise variances. Noise variance of all
collaborating users for the primary channel (i.e., chan-
nel between primary transmitter and secondary users) is
assumed to be σ2 = 1 and noise variance of the reporting
channels is assumed to be δ2 = 1 dB. Value of N is assumed
to be 10 in all simulations.

Figure 15 shows the probability of miss detection Qm

against probability of false alarm Qf with different number
of collaborating users and their corresponding SNR values.
A perfect reporting channel is assumed here and the channel
between SUs and PU is considered to be AWGN channel.
Figure 15 shows clearly that with an increase in the number
of collaborating users sensing performance improves if all
SUs have same SNR. However, when the cognitive users have
different mean SNR values, then the sensing performance
degrades with equal gain combining. Proportional weights
assigned to different users according to their SNR values
improve sensing performance as compared to equal gain
combining approach. From the results it is concluded that

users SNRs have a direct impact on the spectrum sensing
performance.

Figure 16 plots the Qm versus Qf for the case when
cognitive users have different SNRs and the reporting
channel is not perfect; that is, practical AWGN channels exist
between SUs and the fusion centre with different channel
gains defined as g = [0.32, 0.2, 0.2, 0.1, 0.3, 0.15]T . The value
of channel gain is dependent on the location of the fusion
centre and the SU and is varying over time. It can be
seen from Figure 16 that reporting channel gains degrade
the performance of spectrum sensing. Without channel
gains, PC performs better than EGC, but, in the presence
of reporting channel, PC does not perform much better
than EGC. This is mainly because of the fact that in the
presence of imperfect reporting channel, optimum weights
of cognitive users are not only dependant on SNR values
but also depend on reporting channel conditions. Under
such conditions an analytical expression for the probability
of detection is derived and optimum weights are calculated
using GA. The result shows that the proposed GA-based
optimal weights, denoted as “OPT,” yield superior spectrum
sensing performance in both cases, that is, with and without
reporting channel gain.

In order to evaluate the performance of proposed
optimised collaborative spectrum sensing framework, per-
formance of GA-based optimisation algorithm is tested
in fading channel. Three different cases were considered:
Case 1 refers to the case in which all the SUs have good
reporting channel, Case 2 is the case in which all the
collaborating cognitive users have bad reporting channel,
while in Case 3 two of the collaborating users have strong
channel, while others have bad reporting channel. As seen
from Figure 17 spectrum sensing performance is the worst
for Case 1 and the best for Case 3; however, in all of the three
cases, the performance of the proposed optimised thresholds
outperforms the other solutions.

7. Conclusions

Spectrum is a scarce resource and it has been a major focus
of research over the last several decades. Cognitive radio
technology, which is a one of the promising approaches to
utilise radio spectrum efficiently, has become an attractive
option. Deployment of cognitive radio networks mainly
depends on the ability of cognitive devices to detect licensed
or primary users accurately and hence minimise interference
to the licensed users. Spectrum sensing has been identified
as a key functionality of a cognitive radio. However, as
observations of a single cognitive radio are not always
trustworthy, so collaboration of cognitive users is normally
required to improve licensed users detection performance.
In this paper, optimisation algorithms for both hard decision
and soft decision combining are presented for collaborative
spectrum sensing. It is well known that fusion strategy at the
fusion centre has direct impact on the overall performance
of collaborative spectrum sensing. We consider optimisation
of both hard and soft decision fusion and develop algorithms
to optimise spectrum sensing performance. It is concluded
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that in order to derive an optimum fusion rule, the fusion
centre must know the collaborating users estimated SNR
values, channel conditions, as well as their 1-bit decision
for the case of hard decision fusion. We also proposed a
genetic algorithm-based optimisation of weighted collabo-
rative spectrum sensing in which weights are assigned to
the information provided by the users to improve CSS in
terms of ROC. The optimum weight vector is obtained
by maximising the global probability of detection at the
fusion centre. Simulation results show that the proposed
strategies improve spectrum sensing performance in terms
of global probability of miss detection. However, proposed
schemes require knowledge about SNR of all users, channel
conditions, reporting channel gains, and so forth which need
larger bandwidths. Our future research will consider efficient
protocols and techniques to optimise bandwidth utilisation
for the cases presented in this paper.

Appendices

A. Derivation of Probability of False Alarm for
Energy Detector

The probability distribution function of a chi-square random
variable X with 2N degrees of freedom is given by

fX(x) = xN−1e−x/2

2NΓ(N)
, (A.1)

where Γ(·) is gamma function and is defined as

Γ(u) =
∫∞

0
au−1e−tdt. (A.2)

Now for a given threshold λ the probability of false alarm
under hypothesis H0 (as defined in (1)) can be computed as

Pf = Prob{X > λ |H0}

=
∫∞

λ
fX(x)dx

=
∫∞

λ

xN−1e−x/2

2NΓ(N)
dx.

(A.3)

Let x = 2u; so,

Pf = 1
2NΓ(N)

∫∞

λ/2
2N−1uN−1e−u2du

= 1
Γ(N)

∫∞

λ/2
uN−1e−udu.

(A.4)

From the definition of incomplete gamma function Γ(s, x) =∫∞
x ts−1e−tdt,

Pf = Γ(N , λ/2)
Γ(N)

. (A.5)

B. Derivation of Probability of Detection for
Energy Detector

Probability density function of noncentral chi-square ran-
dom variable x with 2N degrees of freedom and noncentral-
ity parameter of 2Nγ is given by

fX(x) = 1
2

(
x

2Nγ

)(N−1)/2

exp
(

−x + 2Nγ
2

)

IN−1

(√

2Nγx
)
.

(B.1)

So for the threshold λ, probability of detection, that is,
probability that X > λ under H1, is given as

Pd = Prob{X > λ |H1}

=
∫∞

λ
fX(x)dx

=
∫∞

λ

1
2

(
x

2Nγ

)(N−1)/2

exp
(

−x + 2Nγ
2

)

IN−1

(√

2Nγx
)

dx.

(B.2)

Assume x = z2; then,

Pd =
∫∞
√
λ

1
2

(
z2

2Nγ

)(N−1)/2

× exp

[

−z
2 + 2Nγ

2

]

IN−1

(

z
√

2Nγ
)

2z dz

=
∫∞
√
λ

1
(
2Nγ

)(N−1)/2 z · zN−1

× exp

⎡

⎢
⎣−

z2 +
(√

2Nγ
)2

2

⎤

⎥
⎦IN−1

(

z
√

2Nγ
)

dz.

(B.3)

Using definition of generalised Marcum Q-function,

Qm
(
α,β

) = 1
αm−1

∫ α

β
xm exp

[

−x
2 + α2

2

]

Im−1
(√
αx
)
dx.

(B.4)

Pd can be expressed in terms of generalised Marcum Q-

function, with m = N , x = z, α =
√

2Nγ, and β =
√
λ,

as

Pd = QN

(√

2Nγ,
√
λ
)

. (B.5)
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Cognitive Radio (CR) technology improves the utilization of spectrum highly via opportunistic spectrum sharing, which requests
fast detection as the spectrum utilization is dynamic. Taking into consideration the characteristic of wireless channels, we propose
a fast detection scheme for a cooperative cognitive radio network, which consists of multiple CRs and a central control office.
Specifically, each CR makes individual detection decision using the sequential probability ratio test combined with Neyman
Pearson detection with respect to a specific observation window length. The proposed method upper bounds the detection delay.
In addition, a weighted K out of N fusion rule is also proposed for the central control office to reach fast global decision based on
the information collected from CRs, with more weights assigned for CRs with good channel conditions. Simulation results show
that the proposed scheme can achieve fast detection while maintaining the detection accuracy.

1. Introduction

In the traditional management of licensed spectrum, users
usually pay and have the exclusive access of spectrum with a
certain level of Quality of Service (QoS) guarantee. On one
hand, the spectrum is getting more and more crowded as
the number of wireless devices increases drastically. However,
on the other hand, the utilization of spectrum at any given
time is low. Figure 1 shows a measurement of 30M–3GHz
spectrum utilization. We can see that a lot of spectrum
bands are vacant. Therefore, it would be efficient to allow
unlicensed users to share spectrum with licensed users by
using a vacant frequency band.

Cognitive Radio technology is developed to utilize these
white spaces intelligently [1, 2]. FCC Spectrum Policy
Task Force published a new spectrum management policy,
open access or license exempted model, in 2002, to allow
unlicensed user to use the opportunistic spectrum. As the
transition from analog to digital television is complete, there
are vacant channels (white spaces) in every media market [3].
Accordingly, the FCC announced a Notice of Proposed Rule
Making (NPRM) on 13 May 2004, which proposed “to allow
unlicensed radio transmitters to operate in the broadcast TV
spectrum at locations where that spectrum is not being used”.
Seen as the secondary user, the cognitive radio (CR) must
avoid interfering with primary user (PU), that is, licensed

user, while sharing the licensed band with the PU. Therefore,
cognitive radio needs to sense the spectrum to detect the
existence of PU, identify the white spaces of spectrum, and
adapt its transmission to one of the white spaces to avoid
interfering with PU.

Detecting the vacant bands of the spectrum is the very
first step but very crucial in Cognitive Radio technology.
There are three major digital signal processing techniques
that could be used to detect the existence of PU: matched
filtering, energy detection, and cyclostationary feature detec-
tion [4, 5]. Among those, energy detector has been used
widely due to its simplicity and easy implementation [6].
As a radio device, a single CR may suffer severe shadowing
or multipath fading with respect to primary transmitter so
that it cannot detect the existence of PU even in its vicinities.
In addition, there exists a hidden-node problem, in which a
CR may be too far from the PU to detect the existence, but
close to the primary receiver to interfere with the reception
if transmited. Cooperative sensing provides a solution to the
challenges mentioned above [7, 8]. In cooperative sensing,
multiple cognitive radios cooperate to reach an optimal
global decision by exchanging and combining individual
local sensing results. Allowing multiple CRs to cooperate,
cooperative sensing can increase the detection probability,
reduce the detection time, and achieve the diversity gain [9–
18].
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Figure 1: A measurement of 30M–3GHz spectrum utilization.

Due to the fading and noisy wireless channel, a large
number of samples are needed for accurate detection. How-
ever, the spectrum utilization is dynamic, which requests fast
detection to enable opportunistic sharing. In this paper, we
propose a fast detection scheme in a cooperative cognitive
radio network, which consists N CRs and a central control
office. Each CR makes individual detection decision and then
forwards its decision and the average signal to noise radio
(SNR) to the central control office, which will make a global
detection decision based on the collected data from CRs
in the network. Then the central control office broadcasts
the global detection decision to all the CRs. The proposed
scheme consists of two folds: the first is to propose Sequential
Probability Ratio Test (SPRT) method with a truncated
window to upper bound the detection time at individual
CR, while satisfying the detection accuracy requirements;
the second is to propose a weighted K out of N fusion
rule, which assigns more weights for CRs with good channel
conditions, at the central control office to speed up the
global decision making by using less number of individual
decisions. Simulation results show that the proposed scheme
can achieve fast detection while maintaining the detection
accuracy.

The remaining contents are organized as follows. In
Section 2, we discuss the system model. Section 3 presents
the proposed fast detection scheme. In Section 4, simulation
results are presented. In the end, we give the conclusion.

2. System Model

We consider a cognitive network, which consists of N CRs
and a central control office. Each CR is equipped with an
energy detector to individually detect the existence of PU by
measuring the received SNR. Once the detection decision is
reached by a CR, the CR transmits its decision along with
the average received SNR to the central control office for
global decision making. Serving as a fusion center, the central
control office applies some fusion rule to its collected data
and reach the global detection decision. Then the central
control office broadcasts the global detection decision to
all the CRs. Widely adopted Ad hoc On-demand Distance
Vector (AODV) routing protocol [19] is used over a default
clear channel for information exchange between the CRs
and the central control office. The default channel may be
selected among several predetermined channels.

In this paper, we use the log-normal shadowing path loss
model:

Pr(d) = P0(d0) + 10 · n · Log(d0 \ d) + X(0, δ), (1)

where Pr(d) is the received signal power at distance d, P0(d0)
is the received power at the reference point d0, n is the path
loss exponent, and X(0, δ) is normal shadowing random
variable with zero mean and δ standard variance in dB.

We summarize the major notations which will be used in
the paper in Table 1.
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3. Fast Detection Scheme

In this section, a fast detection scheme is proposed and dis-
cussed in details. SPRT with truncated window is proposed
for individual detection, followed by a weighted K out of N
fusion rule for the central control office to reach quick global
decision.

3.1. Individual Detection. Fast and accurate individual detec-
tion is a must. To achieve desired detection accuracy, multi-
ple samples need to be taken due to the time-varying wireless
links. One approach is to take a certain amount of samples
and then make a one-time decision, such as Neyman Pearson
method [20]. Another approach is sequential detection, that
is, the detection decision criterion will be checked whenever
one new sample is taken, such as Sequential Probability
Ratio Test (SPRT) [21]. Neyman Pearson method has a
fixed detection delay, while SPRT usually takes less-detection
time on average but may take long delay though with small
probability. We propose to combine these two approaches
together to take advantages of the two. Specifically, we
propose to impose a truncated window to SPRT so that the
detection delay is bounded. When the number of the samples
is less than the window size, original SPRT is used to do
the sequential detection. If the sequential detection cannot
reach decision when the window size is reached, Neyman
Pearson method will be used to make the final decision.
The proposed SPRT with truncated window achieves smaller
detection delay compared with SPRT and Neyman Pearson
method.

3.1.1. Sequential Probability Ratio Test. We define two
hypotheses, specified as follows:

H0: the primary user does not exist,

H1: the primary user does exist.
(2)

When a CR observes a new sample from energy detector, it
will compute the cumulative sum of the log-likelihood ratio.
We assume all samples are i.i.d. Let yi be the received power
from the ith observed sample, and then the log-likelihood
ratio for the sample is

l
(
yi
) = ln

pdf
(
yi | H1

)

pdf
(
yi | H0

) . (3)

When H0 is true, that is, the PU does not exist, yi is just the
noise power. When H1 is true, that is, the PU does exist, yi is
the received signal power plus the noise power. Let noise(i)
be the AWGN noise for the ith sample with zero mean and
variance δ2

n. Then yi is normal distributed

If H0 is true: yi = noise(i) ∼ Normal
(
0, δ2

n

)
,

If H1 is true: yi = u + noise(i) ∼ Normal
(
u, δ2

n

)
,

(4)

where u is the signal power. Therefore, the log-likelihood
ratio for the sample is

l
(
yi
) = uyi

δ2
n
− u

2δ2
n
. (5)

Table 1: Notation table.

λ0,λ1: two stopping bounds in SPRT

Pm,sprt: miss-detection probability in SPRT

Pd,sprt: detection probability in SPRT

Pf ,sprt: false alarm probability in SPRT

Pd,NP: detection probability in NP

Pf ,NP: false alarm probability in NP

Pdd : detection probability in SPRT-TW

Pf f : false alarm probability in SPRT-TW

P(H0): statistic probability of H0

P(H1): statistic probability of H1

w: window size

Ii: individual decision

αi: assigned weight value

SNRi: received SNR of the ith CR

d0: reference distance

n: path loss exponent

P0(d0): received power at reference distance

Prc: confidence probability

The cumulative sum of the log-likelihood ratio can be
written in the sequential way as

L(Yi) = L(Yi−1) + l
(
yi
)
, (6)

where

L(Y0) = 0. (7)

It can be also written as

L(Yi) =
i∑

k=1

l
(
yk
)
. (8)

According to (5), we have

L(Yi) =
i∑

k=1

l
(
yk
) = u

δ2
n

i∑

k=1

yk − iu

2δ2
n
. (9)

The cumulative sum of the log-likelihood ratio will be
compared with two stopping bounds, λ0 and λ1, to make
decision. When the cumulative sum L(Yi) is larger than λ1,
we accept H1 hypothesis and the detection process stops.
If the cumulative sum L(Yi) is less than λ0, we accept H0

hypothesis and the detection process also stops. However,
when L(Yi) lies between these two bounds, a new sample
will be taken and the cumulative sum will be updated and
compared with the bounds. The sequential detection process
continues until it stops.

These two stopping bounds are set to satisfy the required
miss-detection probability Pm,sprt and false alarm probability
Pf ,sprt. They can be approximated as [21]

λ0 ≈ ln
Pm,sprt

1− Pf ,sprt
,

λ1 ≈ ln
1− Pm,sprt

Pf ,sprt
.

(10)
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Let T be the detection time. We could obtain expected
detection time:

E(T | H1) =
(

1− Pm,sprt

)

λ1 + Pm,sprtλ0

E
(
l
(
yi
) | H1

) ,

E(T | H0) =
(

1− Pf ,sprt

)

λ0 + Pf ,sprtλ1

E
(
l
(
yi
) | H0

) .

(11)

3.1.2. Proposed SPRT with Truncated Window. The sequen-
tial detection process is random and may take a very long
time before it stops. In order to put an upper bound on
the detection time, we impose a truncated window with size
w to SPRT. If SPRT cannot stop within w samples, instead
of taking more samples, we apply Neyman Pearson (NP)
method to reach immediate decision while achieving certain
false alarm probability Pf ,NP and detection probability Pd,NP

with w samples.
The proposed SPRT with truncated window (SPRT-TW)

scheme is summarized as follows:

L(Yi) ≥ λ1: Accept H1,

L(Yi) ≤ λ0: Accept H0,

λ0 < L(Yi) < λ1 and i < w: Continue sampling,

λ0 < L(Yi) < λ1 and i = w: Apply NP method.

(12)

Therefore, the individual detection probability Pdd and
the individual false alarm probability Pf f for the proposed
SPRT-TW could be written as, according to Bayes’ Rule,

Pdd = Pd,NP(w) · P(T > w) + Pd,sprt · P(T ≤ w),

Pf f = Pf ,NP(w) · P(T > w) + Pf ,sprt · P(T ≤ w),
(13)

where P(T > w) is the probability that the CR does not reach
a decision within window size w samples and P(T ≤ w) is
the probability that the CR reaches a decision within window
size w. According to the rule of total probability, the two
probabilities can be expressed as

P(T > w) = P(T > w | H1) · P(H1)

+ P(T > wH0) · P(H0),

P(T ≤ w) = P(T ≤ w | H1) · P(H1)

+ P(T ≤ w | H0) · P(H0)

(14)

where P(H0) and P(H1) are statistical probabilities for the
two hypothesis and

P(T > w | H1) =
w∏

i=1

P(λ0 < L(Yi) ≤ λ1 | H1),

P(T > w | H0) =
w∏

i=1

P(λ0 < L(Yi) ≤ λ1 | H0),

P(T ≤ w | H1) = 1− P(T > w | H1),

P(T ≤ w | H0) = 1− P(T > w | H0).

(15)

From (9), L(Yi) is the sum of normally distributed ran-
dom variables. Therefore, L(Yi) follows normal distribution

If H0 is true: L(Yi) ∼ Normal
(−b, a2iδ2

n

)
,

If H1 is true: L(Yi) ∼ Normal
(
aui− b, a2iδ2

n

)
,

(16)

where

a = u

δ2
n

,

b = iu2

2δ2
n
.

(17)

The expected detection delay for SPRT-TW could be
obtained:

E(T | H1) = 1 · P(T ≤ 1 | H1)

+
w∑

i=2

i · P(T > i− 1 | H1)P(T = i | H1)

+w · P(T > w | H1)Pd,NP(w),

E(T | H0) = 1 · P(T ≤ 1 | H0)

+
w∑

i=2

i · P(T > i− 1 | H0)P(T = i | H0)

+w · P(T > w | H0)Pf ,NP(w),

(18)

where

P(T > w | H1) = 1− P(λ0 < L(Yw) ≤ λ1 | H1),

P(T > w | H0) = 1− P(λ0 < L(Yw) ≤ λ1 | H0).
(19)

Based on (13)–(17), the expected delay could be obtained
easily.

3.2. Weighted K out of N Fusion Rule. Data fusion is a
technique used to efficiently combine the data for decision
making. Due to its simplicity and effectiveness, K out of
N fusion rule has been widely used in many applications
including cognitive radio [7, 22]. We could also apply the K
out of N fusion rule in the central control office to reach the
global detection decision. Similar to [23], the global decision
rule could be specified as

∑

N

Ii ≥ K: Accept H1,

∑

N

Ii < K: Accept H0,
(20)

where Ii is the indicator of individual detection decision for
CRi. Ii = 1 if CRi accepts H1 and Ii = 0 if CRi accepts H0.

The above K out of N fusion detection rule implies that
each data has the same credibility as others by simply adding
the individual detection decisions together. However, this is
not true in wireless communication systems. For example,
suppose two CRs correctly detect the existence of the PU with
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one CR located very close to the PU and the other located
far away from the PU. The nearby CR receives strong signal
and quickly detects the PU, while the far-away CR receives
very weak signal and takes much longer time to reach the
decision. Obviously, the detection decision from the nearby
CR is more reliable, which is not taken into account in the
original K out of N fusion rule. Therefore, we propose a
weighted K out of N fusion rule by assigning bigger weight
to the CR with good signal reception (i.e., good channel
condition). Then the global decision rule is specified as

∑

N

αiIi ≥ K: Accept H1,

∑

N

αiIi < K: Accept H0,
(21)

where αi is the weight for individual decision of CRi. There
are many ways to design the weight αi to reflect the credibility
of individual decision. In this paper, as an example, we design
the weight as a linear function of received SNR

αi = A · SNRi + B, (22)

where A and B are some constants.
In the weighted K out of N fusion rule, the individual

detection decisions under good channel conditions are given
more weights in the global decision making. Therefore, the
global decision making requests a small number of CRs if
those CRs have good channel condition or a large number
of CRs if they have bad channel condition. Since those CRs
with good channel condition also have smaller detection time
using SPRT-TW and consequently their decisions arrive at
the central control office faster, the global detection time can
be reduced when most CRs have good channel condition.

4. Simulation Results

In this section, we first consider the individual detection
performance for each CR, and then evaluate the weighted
K out of N fusion rule for global detection. For the
log-normal shadowing path loss model, the shadowing
random variable X(0, δ), adds the randomness to the results,
which complicates the illustration and insight discussion.
Therefore, in the simulation for the individual detection, we
first consider the log-distance path loss model without fading
and then generalize it to slow fading scenario. The simulation
results in the no fading scenario help understand the whole
innovative fast detection scheme. Throughout simulation,
we set the following parameters: the noise follows normal
distribution with zero mean and the noise power set as
−120 dBm; the path loss exponent n = 4; P0(d0) is set
as 20 dBm; reference distance is set d0 = 1 m; the statistic
probabilities P(H0) = P(H1) = 0.5.

4.1. Individual Detection Scenario 1: No Fading. With no
fading, the path loss model is simplified to the log-distance
path loss model and the average received signal power is

u = Pr(d) = P0(d0) + 10 · n · Log(d0 \ d). (23)
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Figure 2: Traditional NP method: under fixed Pf ,NP = 0.02.

CRs with longer distance to the PU receive weaker signal
power, therefore, the distance can be used to represent the
received signal strength or the received SNR.

Note that the detection performance depends on the
window size w and received signal power u. Intuitively, the
larger the window size is, the better the detection performs;
the stronger the received signal power u is, the better the
detection performs. We first examine the performance of
traditional Neyman Pearson (NP) method when varying
the number of samples (i.e., the window size w in SPRT-
TW). We fix the false alarm probability for NP method
as 0.05. Figure 2 shows how the detection probability of
NP method varies with the number of samples for CRs at
different distance from the PU. It is shown that the detection
probability increases as the number of samples increases
and the CR with smaller distance (i.e., stronger signal)
achieves higher detection probability for any given number
of samples. As shown in Figure 2, the traditional NP method
needs up to 42 samples to reach 0.99 detection probability
for CRs at the distance 110 m.

We set the two stopping bounds of SPRT based on the
miss-detection probability Pm,sprt = 0.01 and false alarm
probability Pf ,sprt = 0.02 and simulate the proposed SPRT-
TW. Figure 3 shows how the detection probability Pdd of
SPRT-TW varies with the window size for CRs with different
distance. Figure 3 has the same trend as Figure 2. Shown
in Figure 3, the CR at distance 110 m (received SNR is
58.343 dB) takes most window size w = 18 to meet 0.99
detection probability while the CR located at d = 80 m
(received SNR is 63.8764 dB) only needs 2 samples on
average to reach the same detection probability. Compared
with the NP method, SPRT-TW takes less samples to reach
the same detection probability (e.g., 42 samples for NP
method and 18 samples for SPRT-TW at the same CR at d
= 110 m).

Figure 4 shows the corresponding false alarm probability
Pf f of SPRT-TW as the window size varies. It is shown that
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Pf f decreases with the window size and the CR at the smaller
distance achieves smaller Pf f for any given window size.
Shown in Figure 4, the CR at d = 110 m needs window size
w = 20 to reach 0.02 false alarm probability, which takes only
4 window size for the CR at d = 80 m.

From Figures 3 and 4, we see that the window size
needs to be carefully selected to meet the desired detection
performance. In addition, the selection of window size also
depends on the channel condition (i.e., received SNR). In
order to minimize the detection delay, we need to select the
minimum window size w that can meet the performance
requirements.

We further compare the detection delay among NP
method, SPRT, and our proposed SPRT-TW. Figure 5
shows that the NP method needs the longest delay and
our proposed SPRT-TW has smallest delay. The simulation
results validate that our SPRT-TW is indeed a fast detection
scheme compared to NP method and original SPRT.

4.2. Individual Detection Scenario 2: Slow Fading. In this
section, we consider the log-normal shadowing path loss
model, shown in (1). Because of the random fading factor
X ∼ N(0, δ(dB)), we define a confidence probability Prc,

Prc = P(Pr(d) > ε), (24)

where the Pr(d) is received power and ε is the power
threshold. Prc describes how much confidence we have when
the receive power is stronger than the power threshold. In the
simulation, we set δ = 8 dB for shadowing and n = 4 for path
loss exponent.

We set the threshold power as −56.1236 dBm and plot
how the confidence probability varies with distance in
Figure 6. It is shown that the confidence probability decreases
with distance. To achieve 0.9 confidence level, the CR has
to locate closer than 45 m from the PU. Without fading,
however, the CR can locate at far as d = 80 m to receive
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−56.1236 dBm power. Therefore, the CR at d = 45 m under
fading condition should use the same window size as the
CR at d = 80 without fading. We also try various threshold
power and identify the distances for no fading scenario and
fading scenario which use the same window size to achieve
similar detection performance. The results are shown in
Table 2 under 0.9 confidence level. It is shown that the fading
has negative impacts for the detection performance.

4.3. Weighted K out of N Fusion Rule. In this section, we
compare our proposed weighted K out of N fusion rule with
the original K out of N fusion rule. From [23], we know
that K is usually chosen as N/2 to minimize the total error
probability, shown in Figure 7.

We randomly generate N = 100 CRs according to a
uniform distribution at the distance from the PU ranging
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Table 2: Comparing the distance from PU under fading and no
fading.

Threshold power (dBm) No fading Slow fading

−56.1236 80 (m) 45 (m)

−57.3799 86 (m) 47 (m)

−59.1089 95 (m) 52 (m)

−60.6813 104 (m) 57 (m)

−61.6557 110 (m) 62 (m)

from 80 m to 110 m. We use the linear weight function to
assign the weight to each CR. For fair comparison, we set the
values A and B such as the expectation of weights is equal
to 1 but the variance of the weights can vary. Figures 8 and
9 show the weight assigned for the CRs at different distance
with the mean weight as 1 but the weight variance as 0.5 and
0.02, respectively. It is shown that the nearby CR is assigned
with higher weight compared to the far-away CR due to the
good channel condition. In addition, the weights for CRs at
different distances differ more when the weight variance is
larger.

We compare the minimum number of individual deci-
sions needed to reach the global decision. We pick K =
N/2 = 50 so that the total error probability can be minimized
in the originalK out ofN Fusion Rule. For the original fusion
rule, each individual decision is treated the same with weight
1, therefore, minimum 50 individual detection decisions
with all positive detections are needed. In the weighted
fusion rule, the individual decision is treated differently. To
minimize the number of individual decisions, we need to
include the CRs with the best channel conditions (i.e., the
CRs closest to the PU). Example results are shown in Table 3.
It is shown that the weighted fusion rule needs less minimum
number of individual decisions. In addition, the more the
weight variance is, the less number of individual decisions
the fusion needs. Since those decisions come from the CRs
with best channel conditions and consequently arrive at the
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Table 3: Comparing the original and the weighted fusions.

N = 100 Original fusion Weighted fusion

variance = 0 M = 50 M = 50 (same as the original)

variance = 0.02 M = 50 M = 44

variance = 0.5 M = 50 M = 26

central control office quickest, the global decision can be
reached quickly without waiting for more decisions.

5. Conclusion

In this paper, we have proposed a fast detection scheme,
SPRT-TW for individual detection and weighted K out of
N fusion rule for global detection, for cooperative cognitive
radio networks. It is shown that the proposed SPRT-TW
takes the least detection time compared with traditional NP
detection method and the original SPRT and the weighted
fusion rule in general takes less numbers of individual
decisions (consequently faster) to reach the global decision
compared to the original fusion rule. Our scheme takes into
consideration the characteristic of wireless channels. For the
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future work, we will try to derive the optimal design for the
weight assignment.
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This paper proposes the establishment of a simultaneous cognitive radio communication based on a subdistribution of power
made over unselected subchannels which were discarded by the primary user through an initial optimal power allotment. The
aim of this work is to show the possibility of introducing an opportunistic communication into a licensed transmission where the
total power constraint is shared. The analysis of the proposed transmission scheme was performed by considering 128 and 2048
independent subchannels affected by Rayleigh fading, over 10,000 channel realizations, and three different signal-to-noise ratios
(8 dB, 16 dB, and 24 dB). From the system evaluation it was possible to find the optimal power allotment for the primary user,
the subdistribution of power for the secondary user, as well as the attenuation and the capacity per subchannel for every channel
realization. Moreover, the PDF and CDF of the total obtained capacities, as well as the generation of empirical capacity regions,
were estimated as complementary results.

1. Introduction

The radio signals propagating through the environment are
associated to a specific operation frequency belonging to
one of the many wireless communications systems (i.e., LTE,
WiMAX, etc.) existing today, which are strictly allocated by
government agencies (i.e., FCC) or international organiza-
tions (i.e., ITU) [1, 2]. However, due to the continuous
growing and development of the wireless industry, the
current static frequency allocation has led to a problem
related with spectrum scarcity [3, 4]. Nevertheless, recent
worldwide measurement studies have revealed that most of
the license spectrum experiences low utilization efficiency
[5–7], which means that there exists the possibility of
exploiting the underutilized spectrum in an opportunistic
manner. According to this, an emerging technology that is
able to reliable sense the spectral environment over a wide
band, detect the presence/absence of licensed users (primary
users), and use the spectrum only if the communication
does not interfere with primary users is defined by the term
cognitive radio (CR) [8, 9]. So, the spectrum utilization can

be improved by making a secondary user access into the
spectrum holes or spectrum portions that in a particular
location and time are not being used by a primary user.
In this regard, according to the current proposals of the
CR protocol, the device is constantly aware of its wireless
environment in order to determine (at least in space and
time) which part of the spectrum is not being occupied
by making use of spectrum sensing techniques [10, 11] to
later on adapt its signal to fill those spectrum gaps. On
the other hand, recent studies have opened the possibility
of allowing secondary users to transmit simultaneously
with the primary users over the same frequency band [12,
13]. In [14], a proposal that is closely related to the one
here described in terms of power allocation involving a
primary and a secondary user is presented. Nevertheless,
between the main differences it is possible to highlight
that the channel characteristics on that research work are
considered to be nearly the same for both the primary and
the secondary users, while the idea behind the establishment
of a simultaneous cognitive radio transmission is based on
the assumption that the primary user in any case will not
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Figure 1: Proposed transmission scheme for establishing a simul-
taneous low-priority communication with a primary user.

need all its achievable rate; reason why the use of a virtual
threshold (target rate) which overestimates the ambient noise
is proposed by the authors.

So, by following this last research line, this paper
proposes a methodology for establishing a simultaneous
low-priority communication (in an opportunistic manner)
where the total power constraint is shared. In which, a
subdistribution of power is made over small transmission
bandwidths (subchannels) that were identified as unselected
once an initial optimal power allotment for the primary user
(PU) took place. For simulation purposes it was considered
that the operation frequency belonging to the primary user
was divided in 128 and 2048 independent subchannels of
1 Hz each, affected by Rayleigh fading over 10,000 channel
realizations and three different signal-to-noise ratios (8 dB,
16 dB, and 24 dB), having destined 20% of the total available
power to the secondary user (SU). Among the obtained
results, the optimal power allotment for the primary user, the
subdistribution of power for the secondary user, as well as
the computation corresponding to the attenuation and the
capacity per subchannel for one of the channel realizations
are shown. Being computed, in addition are the PDF, CDF,
and a set of empirically generated capacity regions.

2. Transmission Scheme

The context of this proposal has to do with OFDM systems,
being the particular case of a single user OFDM system the
candidate scenario for the application of this methodology
[15, 16]. So, the PU and SU are assumed to utilize exactly
the same harmonic related frequencies (which are carefully
chosen to be orthogonal), being the total available trans-
mission bandwidth equally divided amongst N narrowband
subcarriers [17–19]. In Figure 1, an uplink considering the
presence of a PU and an SU communicating with a base
station (BS) over the same frequency band is shown.

Figure 1 is possible to observe a simultaneous com-
munication carried out by two users and a single base
station (which is assumed to be equipped with cognitive
radio capabilities), where PU is the high-priority user which
undergoes several fadings (h1 · · ·hN ) when it is considered
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Figure 2: Optimal distribution and subdistribution of power
(primary/secondary user), for channel realization number 10,000
with an SNR =24 dB.

that the frequency band over which it operates has been
divided in N subbands, same bands that are used for
establishing an opportunistic low-priority communication
by a secondary user (SU) which undergoes its own fadings
(h′1 · · ·h′N ) due to its different spatial location.

So, by assuming that there are N subchannels, the
proposal initially focuses on the primary communication
over which the mathematical algorithm known as waterfilling
is applied [20]. The algorithm allows distributing the total
available power in an optimal way, which originates that
sometimes such as optimization concentrates the power
only over certain subchannels (those with the lowest noise
levels) leaving the others without using, which corresponds
to frequency subbands that can be utilized to transmit low-
priority information. Thus, in order to use the spectrum in
a more efficient way what is proposed here is to destine a
certain percentage (i.e., 20%) of the total available power to
a secondary user, so that once the optimal power allotment
for the primary user was applied, such information can
be used to perform a second power distribution (a new
application of the waterfilling algorithm) only over the
unused subchannels. Which in agreement with what is
presented here turns out to be more efficient in terms of
spectrum usage, increasing the total system capacity with
respect to the total obtained capacity when the 100% of the
total available power is destined to the licensed user.

3. Optimal Power Allotment

The mathematical algorithm known as waterfilling, as it was
stated before, allows distributing the total available power
maximizing the capacity [21, 22]. The algorithm uses the
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Figure 3: Attenuation and capacity per subchannel (primary/
secondary user), for the channel realization number 10,000 with
SNR = 24 dB.
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Figure 4: Histograms of the total obtained capacities (primary/
secondary user), SNR = 8 dB, 16 dB, and 24 dB.

equation corresponding to the total capacity for the primary
user (2) subject to a total power constraint (3), leading to
an optimization problem that can be solved by using the
Lagrange multipliers [23].

∇ f (x)− λ∇g(x) = 0,

∇F(x) = 0,

∂F(x)
∂x

= 0,

(1)

where f (x) is the function from which we want to find the
extreme values subject to the constraint given by g(x), while
λ is known as Lagrange multiplier

C =
N∑

i=1

log

(

1 +
Pi|hi|2
σ2

)
(
bps/Hz

)
. (2)

In this regard the above expression refers to f (x), the total
capacity of the primary user which we want to maximize
by considering N subchannels, with σ2 being the noise
power, |hi|2 the attenuation, and Pi the power of the i-
esim subchannel, respectively. While the power constraint
represents g(x), which is defined as

N∑

i=1

Pi = PPU (watts). (3)

Which establishes that the sum of each of the powers assigned
to the subchannels must be equal to a total given available
power (in this case the one corresponding to the primary user
PPU). So, based on the two above equations and by using the
Lagrange multipliers it is possible to write,

F(Pi) =
N∑

i=1

log

(

1 +
Pi|hi|2
σ2

)

− λ
⎛

⎝
N∑

i=1

Pi − PPU

⎞

⎠. (4)

The above expression corresponds to a function which, when
is derived with respect to Pi, allows to find the optimal power
distribution

1
λ
− σ2

|hi|2 = Pi (watts). (5)

So, by following what is established in the above equation, in
order to optimally allocate the power for every subchannel
it is necessary to previously determine the value for the
constant 1/λ, which corresponds to a level of power that acts
as a threshold and that is defined by,

1
λ
= PPU +

∑N
i=1 σ

2/|hi|2
N

. (6)

Which can be found by substituting the result obtained
in (5) directly in (3). On the other hand, because the
algorithm could assign negative powers, it is necessary to
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Figure 5: PDFs of the total obtained capacities (primary/secondary
user), SNR = 8 dB, 16 dB, and 24 dB.

apply the conditions known as Kuhn-Tucker [24]

[x]+ =
⎧
⎨

⎩

x if x ≥ 0,

0 if x < 0.
(7)

In this context, after considering that Pi takes the value of
x, the imposed conditions are established to assign a zero
whenever a negative power is obtained. Consequently it is
necessary to find a new threshold and to recalculate the
power allotment by only taking into account those channels
for which we previously had obtained positive powers,
discarding therefore the rest. This concludes the description
of the methodology that allows optimally allocating the
available power for the primary user. Hence, the following
step consists in describing the insertion of a secondary user
into the system by considering the implementation of a
strategy related with a subdistribution of power.

4. Subdistribution of Power

According to what is proposed here, a certain percentage
of the total system’s available power (P) would be destined
to a secondary user, therefore P = PPU + PSU. Being
necessary to take into account that the primary user must
not be affected by the presence of the low-priority user is
the reason why such communication would not have to
notice the establishment of a secondary communication in
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Figure 6: CDFs of the total obtained capacities (primary/secondary
user), SNR = 8 dB, 16 dB, and 24 dB.
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Figure 8: Percentage contribution (PU and SU) in terms of the average capacities (128/2048 subchannels), SNR = 8 dB, 16 dB, and 24 dB.

parallel, while this last one would perceive the high-priority
communication as noise. This leads to the following equation
corresponding to the total capacity for the secondary user:

C′ =
N∑

i=1

log

(

1 +
P′i|h′i|2

Pi|hi|2 + σ2

)
(
bps/Hz

)
, (8)

where the terms |h′i|2 and P′i correspond to the attenuation
and the power of the i-esim subchannel for the secondary
user, respectively. For its part, the power constraint in this
case is defined as

N∑

i=1

P′i = PSU (watts). (9)

Which infers that the sum of the powers allocated to the
subchannels must be equal to the percentage of power
destined to the secondary user. So, based on the above
expressions it is possible to apply once again the algorithm
known as waterfilling, which together with the Kuhn-Tucker
conditions produces as optimal solution the following:

[
1
λ
−
(
Pi|hi|2 + σ2

|hi|′2
)]+

= P′i (watts). (10)

It is once again necessary to determine the value correspond-
ing to the constant 1/λ, which can be found by substituting
(10) in (9)

1
λ
=
PSU +

∑N
i=1

(

Pi|hi|2 + σ2
)

/
(

|hi|′2
)

N
. (11)

So, under these considerations it is possible to establish a
simultaneous low-priority communication over the same
operation band that originally is utilized only by the licensed
user.

Summarizing the proposal, in general once the opti-
mal power allotment for the primary user applied it was
possible to know which subchannels were discarded by the
optimization algorithm, or in other words to which of
them was power not given. Thus, by making use of this
information it is possible to apply a second optimization
algorithm only over those subchannels which were previ-
ously indentified as available, leading to a subdistribution of
power that concentrates PSU exclusively on those subbands.
Reason why the low-priority communication is established
in an opportunistic manner over the unused subchannels is
avoiding, this way, to interfere with the primary user, whereas
at the same time the spectrum is utilized in a more efficient
way.
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Figure 9: System’s performance comparison (128/2048 subchan-
nels, PPU = 80% & PSU = 20%), SNR = 8 dB, 16 dB, and 24 dB.

5. Results

In this section, the obtained results after applying the meth-
odology described before are discussed. In Figure 2, the
optimal power allotment for the primary user (PU), as well
as the subdistribution of power by the secondary user (SU),
for one of the channel realizations (number 10,000/10,000)
considering a signal-to-noise ratio equal to 24 dB and when
the total transmission bandwidth is equally divided in 128
subchannels is shown.

In Figure 2(a) the result corresponding to the application
of the first optimization algorithm (waterfilling) is shown,
where it is possible to observe that some of the subchannels
were discarded or not taken into account for establishing
the primary communication (there is no power allocated
to these subchannels). Which, as can be observed in the
low part of the figure were utilized for establishing a low-
priority communication through an optimal subdistribution
of power made exclusively on those subbands.

On the other hand, in Figure 3, for the same channel real-
ization and the same signal-to-noise ratio, the attenuation
and the obtained capacity for each of the subchannels are
shown.

Figure 3 is possible to note that for the first case (primary
user), the subchannels having the best channel conditions
reached higher capacities while those that presented a
more severe attenuation were discarded, this is the reason
why its capacity is equal to zero (as it happens with the
subchannels 5, 62, 105, and 122 to mention some). On
the other hand, for the second case (secondary user) it
is possible to verify that the unused frequency subbands
by the primary user were seen as available by the sec-
ondary user, who undergoes different channel conditions
and that after applying an optimal subdistribution of
power was able to obtain (for most of the cases and
depending on the attenuation) capacities different from
zero on these subchannels, which allows establishing a
low-priority communication in parallel. In Figure 4, the
statistical distribution of the total obtained capacities for
each of the signal-to-noise ratios considered in this analysis
is shown.

By taking into account all the channel realizations and
once the last one took place, it was possible to determine
the statistical distribution (Histogram) of the total obtained
capacities. Where it can be verified that the total obtained
average capacities PU: 15.7135 bps/Hz, 56.9536 bps/Hz,
and 167.5318 bps/Hz / SU: 5.1476 bps/Hz, 18.3768 bps/Hz,
and 42.3328 bps/Hz are located (resp.) on the intervals
corresponding to the highest point in each of the histograms.
Additionally, by making use of maximum likelihood estima-
tors [25–27], it was found that the data corresponding to the
total obtained capacities fit better to normal distributions
with parameters shown in Table 1.

In Figures 5 and 6, respectively, approximations for
the probability density function (PDF) and cumulative
distribution function (CDF) are shown.

This way, from the approximations made for the PDF
and CDF it is possible to extract valuable information related
with the probability of observing a certain capacity. For
example when as SNR = 24 dB, for the PUs the probability
of observing a capacity less than or equal to 165.6 bps/Hz is
0.404 while for the SU there is a probability equal to 0.4042
of observing a capacity less or equal to 41.2 bps/Hz.

On the other hand, aiming at extending the results an
analogue procedure was followed in order to obtain the aver-
age capacities by considering now 2048 subchannels, which,
in Figure 7, were compared to the case of 128 subchannels.

Figure 7 shows a comparison between the previously
discussed average capacities for the case of 128 subchannels
and the obtained ones for the case of considering 2048
subchannels (PU: 28.5576 bps/Hz, 124.9123 bps/Hz, and
487.3955 bps/Hz / SU: 8.8670 bps/Hz, 40.4841 bps/Hz, and
161.5452 bps/Hz). Where it is possible to observe that for
most of the cases (considering both 128 & 2048 subchannels)
the SU reaches average capacities about one third with
respect to those ones obtained by the PU.

Moreover, when the primary user (PU) and the sec-
ondary user (SU) are seen as unique whole system (which
can be assumed since they share the total available power),
their percentage contributions in terms of average capacities
for each of the SNRs considered before are shown through a
pie chart in Figure 8.
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Figure 10: Empirical capacity regions (128/2048 subchannels, PPU = 80% & PPU = 20%), SNR= 8 dB, 16 dB, and 24 dB.

Table 1: Parameters of the fitted curves.

SNR PU SU

8 dB
μ = 15.7135 μ = 5.14764

σ2 = 1.55186 σ2 = 0.315983

16 dB
μ = 56.9537 μ = 18.3768

σ2 = 11.8711 σ2 = 2.75803

24 dB
μ = 167.532 μ = 42.3328

σ2 = 63.1848 σ2 = 21.8141

Figure 8 allows visualizing the percentage contributions
that the PU and SU make when they are considered as a
single system. Under this assumption (PU+SU), the total
average capacities supplied by the system turned out to
be 20.8611 bps/Hz, 75.3304 bps/Hz, and 209.8646 bps/Hz &
37.4246 bps/Hz, 165.3964 bps/Hz, and 648.9407 bps/Hz for
128 and 2048 subchannels, respectively.

In this context, and in order to compare the obtained
results, the principles stated in the proposal cited in [14],
about considering the same channel impairments for PU

& SU as well as the use of a given virtual noise threshold
(chosen in this case arbitrarily to overestimate the ambient
noise by 35%), were simulated under similar conditions
(number of channel realizations, signal-to-noise ratios, and
power sharing scheme) to those used in our analysis, whose
results are shown in Figure 9.

After comparing the results, (for most of the signal-to-
noise ratio levels considered) a low (even null) performance
by part of the SU in the case of the proposal based
on the virtual noise threshold can be noted, this due to
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the inherent differences between the foundations of the
proposals, because while the first one originally treats the PU
& SU as independent entities in terms of technical resources
(i.e., no power sharing is contemplated, and therefore more
power is required for its proper operation), the second one
(our proposal) aims to maximize the use of the already
available resources, which is fulfilled after observing the
significant contribution made by the SU to the system’s
throughput.

On the other hand, when the same number of channel
realizations is considered by only taking into account the pri-
mary user (that means by assigning all the available power to
PU) the average capacities turned out to be 18.5231 bps/Hz,
65.7161 bps/Hz, and 187.6908 bps/Hz for the case of
128 subchannels & 34.3087 bps/Hz, 148.3475 bps/Hz, and
568.8980 bps/Hz for the case of 2048 subchannels, which do
not differ in a significant way from the obtained capacities
when the power is shared with a secondary user, and
nevertheless if these last ones (secondary) are grouped with
the primary ones (as we verified previously in the case of
our proposal), they exceed all the total obtained capacities on
average. This is reason why we use an opportunistic subdis-
tribution of power over primary discarded subchannels for
establishing a low-priority communication, which results in
a more efficient usage of the available (natural & technical)
resources.

Finally, bidimensional surfaces were generated in order to
provide empirical approaches of the system’s capacity region
for each of the signal-to-noise ratios considered above, which
are shown in Figure 10.

Figure 10 highlights the empirically obtained rate com-
binations (i.e., 128 subchannels & 8 dB: 20.89 bps/Hz,
5.255 bps/Hz / 2048 subchannels & 24 dB: 521.2 bps/Hz,
169.4 bps/Hz) for each of the 10,000 channel realizations,
which correspond to points located inside a region repre-
senting the system’s achievable rates (error-free) when it is
considered that the PU & SU transmit simultaneously.

The capacity regions for Cognitive Radios have been
theoretically studied and developed in [28–30], the results
here being obtained nearer to be classified as an hybrid
scheme that combines the overlay-interweave paradigm for
Cognitive Radios since a power split is utilized, because
the SU utilizes knowledge about the PU channel conditions
(discarded subchannels) and because of the interference
mitigation given by the orthogonal nature of this proposal. In
concrete from the empirically obtained results, it can be veri-
fied that in spite of the rate reduction produced sometimes by
having only a few available (primary discarded) subchannels,
the SU was able to achieve (for each of the 10,000 channel
realizations) opportunistic rates, in parallel, different from
zero, optimizing, this way, the spectrum usage.

6. Conclusions

In this paper, a strategy for establishing a secondary commu-
nication where the total system’s available power is shared
involving a double optimization procedure is proposed. On
the basis of a scenario where the operation band belonging

to the primary user is equally divided in several (128 &
2048) subbands, and once an optimal power distribution is
applied by using the algorithm known as waterfilling, the
proposed methodology (taking advantage of the system’s
orthogonality) consists in making use of those subchannels
that were not used or discarded by the PU for applying a
subdistribution of power leading to the establishment of a
low-priority communication in parallel. From the analysis of
the obtained results it was possible to find approximations
for the PDF and CDF in both cases PU & SU and to later
on verify that despite of having presence in an opportunistic
way the secondary user could reach average capacities up to
one third of the obtained ones by the primary user, which
turns out to be useful if we consider that initially those
resources are not used. Moreover, if the primary and the
secondary users are seen as a unique system, they exceed
the total average capacities with respect to those obtained
when a conventional single primary transmission (using
exactly the same resources) is considered. In addition, the
rate combinations obtained for each of the 10,000 channel
realizations were utilized in order to create an approach
about the system’s achievable rates through the generation
of empirical capacity regions. On the other hand, in terms
of scalability it can be inferred that the fact of using a
methodology like this could allow incorporating a low-
priority communication per every licensed user located in an
existing system (i.e., single user OFDM system). So, in order
to finalize it is possible to conclude that by destining a certain
percentage of the total available power to a secondary user
and by applying a strategy related with a double distribution
of power as suggested here, it is possible to use the spectrum
in more efficient way without interfering and modifying
drastically the obtained capacities when the total available
power is destined only to a primary user.
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An algorithm for cooperative Dynamic Spectrum Access in Cognitive Radio networks is presented. The proposed algorithm utilizes
Medium Access Control layer mechanisms for message exchange between secondary nodes that operate in license exempt spectrum
bands, in order to achieve interference mitigation. A fuzzy logic reasoner is utilized in order to take into account the effect of the
coexistence of a large number of users in the interference as well as to cope for uncertainties in the message exchange, caused by the
nodes’ mobility and the large delays in the updating of the necessary information. The proposed algorithm is applied in Filter Bank
Multicarrier, as well as Orthogonal Frequency Division Multiplexing systems, and its performance is evaluated through extensive
simulations that cover a wide range of typical scenarios. Experimental results indicate improved behaviour compared to previous
schemes, especially in the case of uncertainties that cause underestimation of the interference levels.

1. Introduction

The proliferation of mobile devices, coupled with the ever-
increasing demand for higher data rates’ support, constitutes
static frequency allocation schemes suboptimal, as they
frequently result in spectrum underutilization. Cognitive
Radios (CRs) supporting Opportunistic Spectrum Access
(OSA) [1] emerged as a new paradigm that offers an effective
solution to the problem of spectrum scarcity. However, the
increased variance in spectrum availability combined with
the end users’ diverse characteristics and Quality of Service
(QoS) requirements poses a number of challenges that need
to be addressed.

More specifically, for Cognitive Radio systems operating
in licensed spectrum bands with coexistence of both primary
and secondary users, the operations of spectrum sensing,
defined as the identification of the spectrum bands that are
available for transmission, and spectrum mobility, that is,
the vacation of the wireless channel when a primary user is
detected, are of key importance. On the other hand, Cog-
nitive Radio systems operating in license exempt spectrum

bands, where different operators coexist, require efficient
spectrum decision and spectrum sharing algorithms as well
as power control mechanisms for interference mitigation.
For example, if all users transmit at the maximum valid
power level, then every user is causing significant interference
to all the others, a fact that can result in reduced total utility
from the network perspective and, finally, poor QoS for the
end users.

In this scope, algorithms that employ cooperative spec-
trum sharing in order to maximize the overall system
performance are required. These algorithms need to be
distributed, in order to be applied efficiently in ad hoc
networks operating in unlicensed spectrum bands where
synchronization is necessary only for users of the same
operator. Such algorithms should also be able to employ
efficient message exchange schemes in order to maximize the
overall system utility (therefore, the related systems are clas-
sified as cooperative CR systems); however, uncertainties in
message exchange should also be considered. Furthermore,
they should be able to converge to an optimal solution within
a finite number of iterations to be applicable to real systems.
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In order to address some of the previous challenges,
the authors in [2] propose a price-based iterative water-
filling algorithm which allows users to converge to the
Nash Equilibrium. This algorithm can be implemented
in a distributed manner with CRs negotiating their best
transmission powers and spectrum. In [3], a Dynamic Open
Spectrum Sharing Medium Access Control (MAC) protocol
for wireless ad hoc networks is proposed. This protocol
performs real-time dynamic spectrum allocation by allowing
nodes to adaptively select an arbitrary spectrum for the
incipient communication subject to spectrum availability.
In [4], a distributed approach to spectrum allocation that
starts from the previous spectrum assignment and performs
a limited number of computations to adapt to recent
topology changes is considered. According to the proposed
local bargaining approach, the users affected by a mobility
event self-organize into bargaining groups and adapt their
spectrum assignment to approximate a new optimal conflict-
free assignment. The authors in [5] propose a graph-
theoretic model for efficient and fair access in open spectrum
systems. Three policy-driven utility functions that combine
efficient spectrum utilization and fairness are described, and
a vertex labeling mechanism is used to build both centralized
and distributed approximation algorithms. In [6], a group-
based coordination scheme, and distributed group setup
and maintenance algorithms where users select coordination
channels adaptively are proposed. In [7], an algorithm that
allows for transmission power and transmission frequencies
to be chosen simultaneously by Cognitive Radios competing
to communicate over a frequency spectrum is proposed.
Finally, in [8], an algorithm in which each user selects a single
channel along with its transmission power by taking into
account information concerning the interference caused to
other users in the network is introduced.

In this paper, an algorithm based on the spectrum
sharing scheme of [8] for distributed interference compen-
sation in Cognitive Radios that operate in license exempt
spectrum bands is proposed. The proposed algorithm refines
the utility function used in [8] to improve the system
scalability in the case of a large number of user pairs and
to take into account uncertainties that may be the result
of user mobility and large delays in the update of the
interference prices. More specifically, a fuzzy logic reasoner
is utilized in order to take into account the effect of a
large number of users and the related interference as well as
to cope for uncertainties in the message exchange process.
The performance of the proposed algorithm is evaluated
through simulations. In this direction, the overall utility
value of the algorithm is compared to the utility of a
simple “always select the maximum valid power” policy.
The proposed algorithm is also applied in both Filter Bank
Multicarrier (FBMC) and Orthogonal Frequency Division
Multiplexing (OFDM) systems in order to show its flexibility
and capability of transparently exploiting an improved
Physical layer, without any further modifications. Moreover,
comparison with the distributed algorithm of [8] is used to
validate the improvement in terms of the overall utility level
under uncertainties that cause 25% underestimation of the
interference. Finally, in order to quantify the improvement

using conventional network metrics and to show the relation
between a higher overall utility value and parameters that
directly affect the user experience, comparison with the
algorithm of [8] in terms of Signal-to-Interference-plus-
Noise Ratio (SINR) is also performed. Experimental results
indicate that SINR is consistently improved with the use of
the proposed algorithm.

The rest of the paper is organized as follows. Section 2
describes in detail the proposed algorithm. Fuzzy Infer-
ence for defining the algorithm parameters is outlined
in Section 3. In Section 4, the performance of the pro-
posed algorithm is evaluated through simulations. Finally,
Section 5 contains conclusions and plans for future work.

2. Algorithm Outline

The main idea of the proposed algorithm is that users
exchange information concerning their interference levels,
using explicit MAC layer message exchange mechanisms. A
transmitter sets its power level by considering not only its
own SINR information, but also the negative impact in utility
for other users caused from the greater interference that will
come as a side effect of the increase in transmission power
of that particular user. This functions as a counter-motive
that prevents users from always increasing their transmission
power towards the maximum valid level.

Assuming a system with a total of L user pairs in a
spectrum band with K available channels, the SINR of the
ith user pair, i ∈ {1, 2, . . . ,L} in the kth channel, k ∈
{1, 2, . . . ,K}, is given by the following equation [8]:

γi
(

pki
)

= pki · hii
n0 +

∑
j /= i p

k
j · hji

, (1)

where pki is the transmission power for user i on channel
k, hii is the link gain between the ith receiver and the ith
transmitter, n0 = 10−2 is the noise level, pkj , j ∈ {1, 2, . . . ,L},
j /= i, is the transmission power for all other users on channel
k, and hji is the link gain between the ith receiver and the
jth transmitter. It should be noted that hi j /=hji, since the
first expresses the gain between the ith transmitter and the
jth receiver and the latter expresses the gain between the jth
transmitter and the ith receiver.

In the general case, the carrier frequency of a signal
is varied; therefore the magnitude of the change in ampli-
tude will also vary. The coherence bandwidth measures
the separation in frequency after which two signals will
experience uncorrelated fading. More specifically, in the case
of frequency-selective fading, the coherence bandwidth of
the channel is smaller than the bandwidth of the signal. Thus,
different frequency components of the signal experience
decorrelated fading. On the other hand, in the case of
flat fading, the coherence bandwidth of the channel is
larger than the bandwidth of the signal. Therefore, all
frequency components of the signal will experience the same
magnitude of fading. In the following analysis, a flat-faded
channel without shadowing effects is assumed. For a flat-
faded channel, there are no delay spread and no frequency
selectivity, as mentioned previously. Thus, a single coefficient
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is used for channel attenuation. Since the described channel
is static, that is, the coefficient is fixed, the only attenuation
present is the path loss. Therefore, in this particular case, h
is strictly the channel attenuation or channel gain. In this
paper, the environment is assumed to cause average-to-high
loss (path loss exponent equals three, a value typical for
indoor urban environments), thus the channel gain is hji =
d−3
ji , where d is the distance between the jth transmitter and

the ith receiver.
In order to model the impact on utility for user i

caused by the transmission of all other users, the notion of
interference price is adopted from [8]. Interference price is
defined as

πki =
∂ui
(

γi
(

pki
))

∂
(∑

j /= i p
k
j · hji

) , (2)

where ui(γi(pki )) = θi log(γi(pki )) is the logarithmic utility
function and θi is a user-dependent parameter. As shown,
the interference price expresses the marginal utility degra-
dation due to a marginal increase in sustained interference.
Interference prices are exchanged between the users in a
completely asynchronous fashion, while every user is able to
update its own price and power level at different times. Each
user selects an appropriate transmission power level in order
to maximize the difference between the increase in its own
utility minus the utility degradation for others, caused by the
increased interference as expressed by the interference price.
Specifically, the mathematical formula that [8] attempts to
maximize is

ui
(

γi
(

pki
))

− pki
∑

j /= i
πkj · hji. (3)

The first part of this equation is closely related to the
Shannon capacity for user i (the constant term is excluded
in order to have a form that can be proved to converge
in all cases [8]). Increasing that part is directly related to
an increase in the maximum bit rate. However, since the
transmission of every user is considered as noise by the other
users, the second term expresses the utility loss of the other
users if user i increases its transmission power level.

The algorithm is comprised by the following steps.

(1) Initialization: For every user i ∈ {1, 2, . . . ,L} trans-
mitting in channel k, select a valid transmission
power level pki and a positive value for the interfer-

ence price πki .

(2) Power Update: For every user i at a time interval tai ∈
Ti, where Ti is a set of positive time instances in which
the user i will update its transmission power level and
ta1 /= ta2 /= · · · /= tai, set pki to maximize (3).

(3) Interference Price Update: For every user i at a time
interval tbi ∈ T′i , where T′i is a set of positive
time instances in which the user i will update its
interference price and tb1 /= tb2 /= · · · /= tbi, calculate
and announce the updated interference price πki and
notify the other users for the updated value.

Steps (2) and (3) are repeated asynchronously for all users
until the algorithm reaches its final steady state. In order to
perform the power update of step (2), users select pki from
the set TP of the allowable transmission power levels, so that
the surplus of (3) is maximized. Provided that the allowable
power levels are equidistant values with each one being
derived from its previous by adding a constant increment,
then it can be proved that the algorithm converges, as long as
the increment is sufficiently small. Moreover, if the problem
is partitioned so that there is a single available spectrum area,
or the algorithm is executed only for subgroups selecting
the same spectrum area M, then it converges to a global
maximum under arbitrary asynchronous updates [8].

In order to execute the algorithm, every user in the
network needs to know its own SINR value and channel
gain as well as the channel gains and the interference prices
announced by other users. The SINR and the channel
gain between a user pair can be calculated at the receiver
and forwarded back to the transmitter. The channel gains
between users can be calculated if receivers periodically
broadcast a beacon [9] (hii message between Receiver i and
Transmitter i in Figure 1). This information can also be
provided on demand through a specially defined message
sent from the receiver. Thus, in case the transmitter requires
channel gain information before the reception of the next
scheduled beacon, it can request this information from the
receiver who will respond with the relative measurements.
Finally, interference price values can be also conveyed in the
same manner (message πi j from Receiver i to Transmitter
j in Figure 1). Every user announces a single interference
price, therefore the delay that is introduced by the algorithm
scales linearly with the number of users. This also implies
that, given the fact that the updates are distributed in an
asynchronous manner, the complexity of the algorithm is
polynomial to the number of users and available power levels
(that depend on the size of the increment in the Power
Update step).

In the original version of the algorithm of [8], an
underestimation of the interference prices is likely to occur
in some cases. This can be caused by problems in message
exchange, for example, due to users’ mobility or increased
update time intervals for the interference prices, considering
that updates are asynchronous for all users. The effect of
this underestimation is the convergence of the algorithm
to a nonoptimal solution. Moreover, as the number of
user pairs increases, the highest allowable transmission
power level is more likely to be chosen, since the previ-
ous problems escalate. This is not desirable, since it will
often result in increased interference to a potentially large
number of neighboring users, especially in the case that the
interference is underestimated for the reasons mentioned
above.

Therefore, in this work, a coefficient “α” is introduced
in order to improve the scalability of the algorithm in case a
large number of users are sharing the same spectrum band
and to cope with uncertainties, such as large update intervals
and problems in the message exchange mechanism. In both
cases, there is a danger that the impact of the interference
on other users due to the increase in transmission power
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Figure 1: An example network topology with four transmitter-receiver pairs.

will be underestimated as explained above. Thus, factor α
needs to avert this scenario by increasing the weight of the
second term of (3), which expresses the utility loss other
users will experience from a transmission power increase.
In such cases, it will compensate for the underestimation
of interference, by increasing the value of the second term
and, therefore, it can result in a system that approximates
the case of “perfect” message exchange (without long delays,
reduced message range, etc. that reduce the second term in
(3)).

If coefficient α is included as a weight multiplied with the
subtracted interference term, then the following equation is
derived, that is the objective to be maximized:

ui
(

γi
(

pki
))

− a · pki
∑

j /= i
πkj · hji. (4)

In a “real” protocol implementation, parameters such as
the storage requirements and scalability of the message
exchange mechanism should be addressed. Moreover, the
overhead and delays introduced by message exchange should
be taken into consideration together with parameters such
as timeliness and path optimality (for increased reliability
in message transmission). However, the performance of the
original version of the algorithm in [8] was shown not to
degrade sharply in case the message exchange is imperfect
(e.g., if the nodes can only exchange messages with their
closest neighbors up to a specific range, or if some messages
are lost). This characteristic is the outcome of the fact that,

in the case of imperfect message exchange, the algorithm
gracefully degrades towards the “worst case” scenario of
unregulated transmission with the maximum allowable
power level, as the value of the subtracted term is gradually
underestimated in (3). The term “graceful degradation”
refers to that fact that when a certain number of messages
are lost, the performance of the system does not drop sharply
towards the worst case. This characteristic is greatly desirable
for systems that operate in faulty or unreliable environments
(e.g., [10]). In this work, the previous property is further
improved with the introduction of coefficient α that provides
the capability to handle uncertainties.

3. Fuzzy Inference

Fuzzy logic is well suited for the purpose of defining the
value of factor α since it can address vague and unclear
requirements efficiently and the system can be easily fine-
tuned to exhibit the desirable behavior. Fuzzy logic is
based on fuzzy set theory, in which every object has a
grade of membership in various sets. Inputs are mapped
to membership functions or sets (fuzzification process).
Knowledge of a restricted domain is captured in the form of
linguistic rules. Relationships between two goals are defined
using fuzzy inclusion and noninclusion between the support
and hindering sets of the corresponding goals [11]. As a
last step, the required output is defuzzified (to numerical)
from the “THEN” part of the rules in order to produce the
consequent.
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An important advantage of fuzzy logic is that it can be
applied transparently in combination with other well-known
decision methods, such as multiobjective genetic algorithms
[12] and game theoretic approaches [13]. Moreover, proper
definition of the linguistic rules can be used to reduce
signaling overhead by avoiding the ping-pong phenomenon,
that is, when decisions or selections are made and the
input variables are not constant but temporarily present
regressive behavior. Network-related decision making and
resource allocation based on fuzzy logic approaches have
been proposed in various works, such as [14], with promising
results.

For the previous reasons, but mainly due to its effective-
ness in dealing with uncertainties and vague requirements,
fuzzy logic was selected for defining the value of coefficient
α, that is, the weight of the subtracted interference-related
term in (4). Specifically, α is defined as:

α = 1
β
· IW + γ, (5)

Where IW is the Interference Weight derived after defuzzi-
fication. IW takes values in the range (βmin–βmax) in
order to provide adequate resolution capabilities for the
fuzzy reasoner, also according to the specific ranges of the
membership functions. Parameter β has the value of βmax,
while γ equals 1. This implies that α cannot be greater than
two, meaning that the underestimation of the interference
is not expected to be greater than 100%. Beyond that
point, message exchange is not considered very reliable
and the algorithm degrades towards the “always transmit
with the maximum power” case (although a portion of
the underestimation is still alleviated). On the other hand,
if uncertainties are very low, the first term of the sum
is converging to zero and the value of the equation is
approximately equal to that of the original algorithm. For
all other cases the first term is a nonzero value in the (0,1)
interval that compensates for a typical underestimation of
the interference due to imperfect message exchange.

The fuzzy reasoner used for deriving α is of type
“Mamdani”, because it is intuitive, well suited for human
input, flexible, and widely accepted. It receives three inputs
(number of users, mobility level, and update time interval
for the interference prices) and generates one output (the
Interference Weight). The input membership functions are
triangular (selected mainly for simplicity in calculations) and
three membership functions per input variable are defined,
therefore the number of fuzzy rules is 33 = 27.

The membership functions for the output variable
“Interference Weight” are five and the output value is set
in the range (0–500), in order to achieve a greater degree
of resolution and flexibility for the output of the fuzzy
reasoner. The membership functions mf1–mf5 are given the
labels “very low”, “low”, “moderate”, “high” and “very high”,
respectively, in Table 1.

As can be seen, the number of users is selected to be the
dominant factor, which has the greatest effect in the final
outcome. This is a result of the fact that if the number of
users is large, even a small increase in the transmission power
of a user has the potential to cause increased interference

Table 1: Rules of the fuzzy reasoner.

Rule number Users Update
interval

Mobility level Consequent

1 Low Low Low Very low

2 Low Low Moderate Very low

3 Low Low High Low

4 Low Moderate Low Low

5 Low Moderate Moderate Low

6 Low Moderate High Low

7 Low High Low Low

8 Low High Moderate Low

9 Low High High Moderate

10 Moderate Low Low Low

11 Moderate Low Moderate Low

12 Moderate Low High Moderate

13 Moderate Moderate Low Moderate

14 Moderate Moderate Moderate Moderate

15 Moderate Moderate High High

16 Moderate High Low Moderate

17 Moderate High Moderate High

18 Moderate High High High

19 High Low Low Moderate

20 High Low Moderate High

21 High Low High High

22 High Moderate Low High

23 High Moderate Moderate High

24 High Moderate High Very high

25 High High Low High

26 High High Moderate Very high

27 High High High Very high

and reduce the QoS to a large number of users if its effect
is underestimated due to uncertainties in message exchange.
The update time interval and the mobility level have similar
weights but different behaviors. The first has a uniform
effect over the entire valid range of update times; while the
latter starts to affect the outcome only after a relatively high
level, but after which it increases sharply, as only after a
relatively high level of mobility is reached, users are likely to
underestimate the interference they will cause to others (due
to problems in message exchange, etc.).

The Defuzzification method used for generating the final
crisp value is “Centroid”, also known as “Center of Gravity
(COG)”. This method determines the center of the area
below the combined membership function; therefore the
final output uCOG is given from (6), where ui are the centers
of the membership functions μF(u):

uCOG =
∑27

1 ui · μF(ui)du
∑27

1 μF(ui)du
. (6)

The defuzzification method takes into account the area as a
whole, counting overlapping regions only once.
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Figure 2: Interference weight as a function of the update interval
and the mobility level.
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Figure 3: Interference weight as a function of the update interval
and the number of users.

The three-dimensional (3D) representation of the Inter-
ference Weight (crisp value in the range (0–500)) as a
function of the interference price update time interval and
the mobility level is presented in Figure 2.

The coefficient increases with the update time interval as
it is more likely that transmitters do not have the updated
interference price information for other users. The increase
is approximately uniform for the entire valid update time
range. On the other hand, the coefficient also increases as the
level of mobility increases. However, in this case the increase
is not uniform but begins after a relatively high mobility level
is reached and then rises quickly. The exhibited behavior is
the outcome of the fuzzy rules defined in Table 1.

The 3D representation of the Interference Weight derived
from the specified rule base and defuzzification method as
a function of the interference price update time interval
(defined as up to 100 seconds but normalized in the (0–1)
range) and the number of users (up to 20 user pairs) is
presented in Figure 3.

For the update time interval, the behavior is similar to
that in the previous case. On the other hand, the coefficient
also increases with the number of users. The increase is rather
sharp (as determined by the rules in Table 1) and the value
of the coefficient is rising quickly even for a relatively small
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Figure 4: Interference weight as a function of the mobility level and
the number of users.

number of users. This is necessary because, as mentioned
previously, when the number of user pairs is large, even
a small increase in interference has the potential to affect
many users and significantly decrease the overall utility of the
network.

The 3D representation of the Interference Weight as a
function of the number of users and the mobility level,
depicted in Figure 4, is presenting for both parameters the
behavior explained above. The overall form of the figure
resembles the previous; however the mobility level is starting
to affect the outcome only after a threshold is crossed, as
expected according to the selected set of fuzzy rules.

The overall methodology for the derivation of the
optimal transmission power of every user pair is depicted
in Figure 5. Initially, the number of user pairs is defined,
together with the mobility level and the update time interval
for the interference prices. As a next step, fuzzification of the
values takes place in order to prepare them for elaboration
in a fuzzy logic context. Following the fuzzification process,
fuzzy reasoning based on a set of predefined rules (Table 1)
is applied. These rules describe the desired behaviour of
the system and define the impact of the input parameters
(number of users, mobility level, and update time interval)
in the value of the Interference Weight. After fuzzy reasoning
is completed, the result is defuzzified to numerical, giving
the crisp value of the Interference Weight. The topology
characteristics are used to initialize the simulator and every
user selects a valid initial value for the transmission power
level pki and the interference price πki . Finally, the users
proceed to update their transmission power levels and
interference prices asynchronously in order to maximize
(4). The process is completed when the system reaches a
steady point in which no user is requesting to modify its
transmission level.

4. Performance Evaluation

The performance of the proposed algorithm is evaluated
through extensive MATLAB simulations. In this direction,
the overall utility value of the algorithm is initially compared
to the utility of a simple “always select the maximum
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Figure 5: Overall methodology for deriving the transmission power levels.

valid power” policy as well as the utility of the original
algorithm. The proposed algorithm is also applied in both
FBMC and OFDM systems in order to validate its flexibility
and capability of transparently exploiting an improved
Physical layer, without any further modifications. Moreover,
a scenario of long update time intervals in which some of
the messages are delayed causing other nodes to not have
the latest interference price information is considered, in
order to study the performance of both algorithms in a
specific case of nonideal message exchange. Finally, in order

to quantify the improvement using conventional network
metrics and to show the relation between a higher overall
utility value and parameters that directly affect the user
experience, comparison with the algorithm of [8] in terms
of SINR is also performed.

As explained previously, users set their power level so as
to maximize (4). The total “useful” utility for the network
is the sum of the utilities for every user pair. The distance
between users that constitute a pair is a random number in
the (1–20) meters range, while the distance between users
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Figure 6: Utility values for the proposed algorithm, the always transmit with the maximum valid power scenario and the original algorithm
without coefficient α for (a) 10 and (b) 20 user pairs.

that are not a pair is a random value in the [5, 50] meters
range. This is a more common and more practically signif-
icant scenario than using entirely random values, (e.g., it is
often encountered in a conference room as well as an airport
or train station, where coworkers are initiating a point-to-
point ad hoc communication). The value of β in (5) is set to
500, since the Interference Weight takes values in the range
(0–500), in order to provide adequate resolution capabilities.
For all cases we assume the presence of uncertainties due
to imperfect message exchange (one in every four messages
is lost) that cause 25% underestimation of the interference.
If such uncertainties are not present, then the algorithm
behaves similarly to the algorithm of [8]. In the presence of
uncertainties, parameter α compensates for the underestima-
tion of interference and helps the system converge near its
optimal point, as described in the previous sections.

The improvement in the total utility of the network
if the proposed algorithm is utilized over the scenario in
which every user transmits using the maximum allowable
power level as well as over the original version of the
algorithm that does not include the coefficient α, is depicted
in Figure 6. The vertical axis depicts the achieved useful
utility while the horizontal axis represents the corresponding
topology instance. The considerable range over which the
distance values are selected, coupled with the randomness
of the relative positions between nodes and the presence of
uncertainties that cause underestimation of the interference
in ways that are not necessarily uniform (e.g., only some
messages may be delayed), causes the final value of the utility
function to vary significantly between different experiments
both for the original and the proposed algorithm. Thus, the
final utility of each topology instance is the average utility
of ten experiments for the same instance. Finally, in order
to study the effect of the number of users on the system, a
scenario of 10 user pairs and 20 user pairs was simulated.

The utility for the scenario in which the users transmit
always using the maximum power level defines the lower
bound for the behaviour of the system. The proposed
algorithm outperforms the original one, for the majority
of times, with a more significant improvement for the
lower utility values. This property is very important since
it can improve the Bit Error Rate (BER) and raise QoS
from poor to acceptable levels. Furthermore; the proposed
algorithm always outperforms the always maximum power
scenario, while the original algorithm in some cases results
in similar performance. The reason for this is that the
existence of the coefficient α in the proposed algorithm does
not allow the system to reach the worst case of completely
unregulated transmission since it always compensates for at
least a portion of the underestimated interference. Another
interesting point is that as the number of users increases,
the average utility of the system decreases although extreme
values are not affected significantly. This is justified by the
fact that the interference exhibits a cumulative behavior that
affects all other user pairs, therefore reducing the average
utility. However, extreme values are mainly the outcome of
the topology and the relative distance of the user pairs, thus,
are less sensitive to the number of users.

The next step is to compare the results of the proposed
algorithm using OFDM and FBMC systems. However, a
short outline of the FBMC technique is required. According
to the principle of transmission based on filter banks, the
transmitter incorporates a Synthesis Filter Bank (SFB) while
the receiver incorporates an Analysis Filter Bank (AFB). In
the structure, the Fast Fourier Transform (FFT) is present
as in OFDM [15]. It is however augmented, to complete
a filter bank, by the Polyphase Network (PPN) which is
comprised of a set of digital filters, whose coefficients globally
form the impulse response of the so-called prototype low-
pass filter. FBMC systems have somewhat increased hardware
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Figure 7: Utility function for the proposed algorithm with FBMC
and OFDM.

complexity compared to the classical OFDM approach but
compensate for this with a number of advantages. Among
others, they do not require guard time and cycle prefix, while
the use of Offset QAM (OQAM) implies that the full capacity
of the transmission bandwidth is achieved. The improvement
in the total utility of a network consisting of ten user pairs if
the proposed algorithm is used with FBMC over OFDM is
depicted in Figure 7.

This improvement stems from the fact that FBMC uses
lower transmission power for the same bandwidth compared
to OFDM [16] and therefore causes reduced interference.
The proposed algorithm is able to transparently exploit this
improvement and translate it in increased utility values.

To evaluate the resilience of the algorithm in the presence
of long update time intervals we perform simulations with
the assumption that some of the messages are delayed and,
consequently, other nodes do not have the latest interference
price information that has been announced. Thus, the defi-
nition of “long update times” that we consider in this work
is to be at least equal to twice the average update time (so
that other nodes have updated the announced interference
price in this interval). Since it is already established that
transmitting with the maximum power is the lower bound
of performance for both the original and the proposed
algorithm, in this scenario, we evaluate the behaviour of the
original and the proposed algorithm with both FBMC and
OFDM in order to study the effect of increased delays on each
of these cases.

The first point that is noteworthy is the fact that the
improved Physical layer of FBMC in this scenario provides
a significant advantage that even surpasses the advantage
offered by the proposed algorithm. Therefore, using FBMC
with the original algorithm is better for this case than
using OFDM with the proposed algorithm. The best option
is to use the proposed algorithm with FBMC, combin-
ing the advantage of improved Physical layer capabilities
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Figure 8: Utility values for the original and the proposed algorithm
with both FBMC and OFDM, under the assumption of long
message delays (10 user pairs).

and improved upper-layer functions. Regarding the latter
point, the proposed algorithm consistently outperforms
the original one when both use the same Physical layer
(FBMC) under the assumption of long delays. Furthermore,
if we juxtapose Figure 8 with Figure 6 we can derive some
additional conclusions. Specifically, although the average
utility values are reduced for all algorithms, the proposed
algorithm is not affected as much as the original from the
increased delays, thus the property of “graceful degradation”
is indeed enhanced. Since real systems usually have to cope
with nonideal conditions, this property is highly desirable.

Finally, it is very important to quantify the performance
improvement in terms of conventional network metrics to
show the relation between a higher overall utility value and
parameters that directly affect the user experience. Since the
main comparison is between the original algorithm and the
proposed one, their behaviour in terms of SINR is compared
in Figure 9. SINR is chosen as the most appropriate metric
for comparison as it reflects directly on the QoS and the
final user experience and can also be compared without
considering external parameters, such as modulation and
coding schemes that will impact for example the final BER
of the system. The two graphs are following a similar
pattern but the proposed algorithm consistently outperforms
the original when the interference is underestimated, as it
compensates for the interference underestimation and raises
SINR to acceptable levels, especially for the lower values.

Regarding the overall simulation time and scalability
properties of the algorithm, for all cases, the number of
iterations for convergence is comparable to the number of
user pairs. More specifically, for 10–30 user pairs usually
less than thirty and up to fifty iterations are required for
reaching the final steady state. Furthermore, the average
execution time on a Core2 Quad Q9400 CPU operating at
2.66 GHz is less than two minutes for up to 20 user pairs and
approximately five minutes for up to 30 user pairs.
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Figure 9: SINR for the original and the proposed algorithm under
25% underestimation of interference.

5. Conclusion

In this paper, an improved algorithm, based on the algo-
rithm of [8], was presented for cooperative DSA in unli-
censed bands, utilizing MAC layer mechanisms for mes-
sage exchange (interference prices) between the secondary
nodes in order to achieve interference mitigation. The
main improvement in this work compared to [8] is the
introduction of a coefficient α that is serving as the weight
of the interference term, increasing its impact in cases of
imperfect message exchange, long update time intervals for
interference prices, as well as increased number of users.
In such cases, the interference that is caused to other user
pairs by an increase in the transmission power of a user
is often underestimated, resulting in a convergence of the
algorithm to a nonoptimal solution. In the presence of such
uncertainties, if this underestimation is compensated by a
properly defined weight parameter, the system approximates
its optimal behavior as in the case of “perfect” message
exchange.

The value of the weight parameter was derived from
a fuzzy logic reasoner. Fuzzy logic was selected because it
is particularly effective in dealing with uncertainties and
vague requirements. Moreover, the outcome of the proposed
algorithm has been compared to the original algorithm
in terms of the overall utility level (defined as the sum
of the user utilities) under uncertainties that cause 25%
underestimation of interference. Furthermore, comparison
was also made between the proposed algorithm in FBMC
and OFDM systems. In this case, using FBMC increased
the achieved utility. The improvement stems from the
fact that FBMC uses lower transmission power for the
same bandwidth compared to OFDM and therefore causes
reduced interference. Additionally, a scenario of long update
time intervals in which some of the messages are delayed
causing other nodes to not have the latest interference price
information was considered, and the performance of both

algorithms in a case of nonideal message exchange was
evaluated. Results indicate that the algorithm consistently
outperforms previous schemes in terms of SINR under
uncertainties and can transparently exploit the improved
Physical layer offered by FBMC.
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Cognitive Radio (CR) is a novel technology that permits secondary users (SUs) to transmit alongside primary users (PUs).
PUs retain transparent communications whereas SUs perform spectrum sensing and adaptive transmission to avoid collisions.
Ultra-wideband sensing is of primary importance for SU to sense and access opportunistically several bands at a time. Reliable
detection in wide geographical regions needs collaborative sensing. Optimal collaborative multiband sensing is not analytically
solvable unless some approximations and solution domain restrictions are applied for convexity exploitation. In this paper,
we demonstrate that convex constraints are deleterious. We propose an alternative optimization technique based on genetic
algorithms. Genetic programming performs a direct search of the optimal solution without approximations and solution domain
restrictions. As a consequence, collaborative multiband sensing can be consistently optimized without limitations. Additionally
the genetic optimization exploits the correlation of time-varying channels for fast adaptive convergence.

1. Introduction

Recent studies have revealed a deep underutilization of
the electromagnetic resource due to the static allocation
of spectrum band licenses [1]. Large portions of spectrum
remain unexploited during certain periods of time and in
certain geographical regions, yielding to an average 90%
idleness of the licensed bands—the so-called spectral holes.
The few unlicensed ISM bands are rapidly overloading
due to the boom of wireless applications demanding for
sporadic access to the spectrum. Cognitive Radio (CR) is a
novel technology introduced with the intent of intelligently
exploiting the unused spectrum [2, 3]. In a cognitive
network, secondary users (SUs) are allowed to operate in
licensed bands, under the condition that they do not interfere
with the transmissions of the primary users (PUs), legal
lessees of the license. Cognitive SUs detect the presence or the
absence of transmissions, and identify the unused portions
of spectrum. Then they may adapt their time-frequency
transmission parameters in order to occupy the detected
spectral holes. Some new standards are already adopting this
paradigm. IEEE P.1900, for instance, is developing a whole
type of ad-hoc wireless network based on Dynamic Spectrum

Access (DSA) to the available spectrum [4]. IEEE 802.22
standard is considering the TV bands of the Ultra-High
Frequencies (UHFs) for Wireless Regional Area Networks
(WRANs) [5, 6].

Spectrum sensing is performed to detect the existing
transmissions and identify the spectral holes. Reliable and
extensive detection should be performed in order to avoid
unwanted collisions and find as much free resources as
possible. Observing an ultra-wide range of frequencies at
a time is a challenging task since it requires expensive
high-speed RF equipment. Although there have been some
proposals of wavelet decomposition for multiresolution
analysis [7], a common approach is to use tunable bandpass
filters and observe one band at a time. Multiband Joint
Detection proposed by Quan et al. in [8] applies narrowband
sensing techniques to operate an opportunistic optimization
of the throughput over multiple independent bands. The
channel is divided into K nonoverlapping narrow subbands
which may be utilized by distinct primary systems or may be
blindly sensed, that is, without knowing who is transmitting
there. Energy thresholds for each subband have to be chosen
for optimal detection aimed at maximizing the throughput
and limiting the interference.
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Single CR sensing results can be affected by shadowing
or multipath fading [9]. SU may cause harmful interference
to the primaries for unreliable decision. Multiple geograph-
ically distributed CR can perform collaborative sensing by
combining their results and improve performance. In Linear
Statistics Combination (LSC), a simple fusion rule of the
power levels is applied to perform a reliability-enhanced
unique decision. The weights of a linear combination have to
be determined by formulating an optimization problem. LSC
has demonstrated to noticeably enhance the performance of
individual sensors [10].

By applying LSC to multiband detection, Quan pro-
posed the Spatial-Spectral Joint Detection [11]. Multiple
independently-sensed levels are bandwise combined in order
to increase the reliability in each subband. As a consequence,
the useful throughput is increased while further limiting the
interference.

Optimal multiband detection is achieved by formulating
an optimization problem. Since in general the aforemen-
tioned formulations are nonconvex, some methods have
been proposed to transform or approximate the problems
and limit the solution domain in order to exploit the
hidden convexity [8]. Such constraints bind the maximum
interference and minimum channel utilization, with a loss of
generality in the practical detection configurations.

In this paper we propose at first an alternative formula-
tion of the multiband sensing and then an implementation of
the genetic algorithms that solve the presented formulations
of detection problems. Our formulation of the multiband
sensing interprets the limited interference regime as a
bound on the interference caused in each subband, rather
than the aggregate disturbance throughout the wideband
channel. This yields to a direct solution for the noncollab-
orative multiband problem. It also reduces the collaborative
multiband sensing problem to a set of simple narrowband
LSC optimizations, still keeping a controlled interference
regime and the aggregate throughput as the objective of the
maximization. We then propose the genetic programming
as a solving technique that avoids reformulations, approx-
imations, and limitations. Genetic Algorithms (GAs) are
extensively used to find true or approximate solutions in
different communications engineering applications such as,
for instance, network design [12] and adaptive modulations
[13]. GAs perform a direct search of the best solution by
considering sets of candidates and evaluating them singularly
by means of a fitness measure, objective of the maximization.
Then they iteratively drop unfit elements and select the
fittest ones for combination (reproduction) and random
alteration (genetic mutation) [14]. GAs work one step above
mathematical analysis, dealing well with nondifferentiable
functions as well as functions with multiple local maxima.
Exploitation of hidden convexity is not necessary so that
no reformulations or approximations of the problem are
performed. We show how the genetic programming, by
working directly at the root of the problem, can be an
efficient and powerful optimization and analysis tool for
all possible CR systems. Additionally, GAs demonstrate to
exploit the correlation of different detection conditions with
time-varying channels. Moving CR senses a channel with

flo fhi
· · ·

f

Spectral holes

Primary signals

Figure 1: Schematic representation of the multiband channel.

variable statistics. GAs exploit the statistical dependence of
consecutive sensing events by performing an optimization
that starts from the result of the previous instant. The sensing
precision is drastically improved as well as the convergence
time.

The paper is organized as follows. In Section 2, the multi-
band detection framework is presented. Section 3 introduces
the collaborative sensing within the opportunistic multiband
fashion. Section 4 analyzes the genetic algorithms and the
possibilities of application. In Section 5 are produced the
generic numerical results, whereas Section 6 introduces the
results for adaptive optimization and Section 7 concludes the
paper.

2. Opportunistic Multiband Sensing

Multiband sensing considers a channel divided into K nar-
row subbands where one or more primary communication
systems may be transmitting. A cognitive SU applies narrow-
band sensing to each subchannel in order to maximize its
own transmission without harm for the PU.

2.1. Narrowband Signal Detection. A CR senses constantly
the spectrum to discover which of the K subchannels are
free of primary transmissions (Figure 1). Deciding for the
condition of the single kth subband means posing the
following binary condition [15]:

H0,k : Xk = Vk,

H1,k : Xk = HkSk +Vk, k = 1, . . . ,K ,
(1)

where H0 represents the absence of primary signal (only
Gaussian noise Vk with power σ2

v ) and H1 represents
the presence of primary signal Sk, corrupted by Gaussian
noise Vk. Capital letters indicate that we are considering
the frequency spectra. Hk is the channel gain between the
primary transmitter and the secondary receiver. The presence
or absence of the primary signal in each subband is then
verified as follows:

Yk �
N∑

n=1

|Xk(n)|2
H1

�
H0

γk, k = 1, . . . ,K , (2)

where γk is the subband energy threshold. The test statistics
Yk can be considered asymptotically normally distributed if
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N is large enough (e.g., N > 10). The performance of the
detection is calculated in terms of

(i) probability of identifying the spectral hole:

P
(
H0,k |H0,k

) = 1− P(H1,k |H0,k
) = 1− P(k)

f , (3)

(ii) probability of missed detection (interference):

P
(
H0,k |H1,k

) = 1− P(H1,k |H1,k
) = 1− P(k)

d , (4)

where P(k)
f is the probability of false alarm and P(k)

d is
the probability of detecting a primary signal. The random
variables Yk have Gaussian distribution Yk ∼ N (μ0,k, σ2

0,k)
under hypothesis H0,k and Yk ∼ N (μ1,k, σ2

1,k) under H1,k.

Thus, P(k)
f and P(k)

d can be calculated as the tail of a
normal distribution:

P(k)
f = P

(
H1,k |H0,k

) = Q

(
γk − μ0,k

σ0,k

)

, (5)

P(k)
d = P

(
H1,k |H1,k

) = Q

(
γk − μ1,k

σ1,k

)

. (6)

Increasing the utilization of the channel implies higher
interference to the PU. The thresholds have to be optimized
in order to maximize the utilization while limiting the
interference.

2.2. Multiband Detection. Opportunistic multiband detec-
tion optimizes the aggregate throughput throughout the
K subbands while limiting the interference (Figure 1). The
design objective is to find an optimal vector of thresholds
γ = [γ1, γ2, . . . , γK ]T such that the free spectrum holes are
efficiently exploited and a controlled level of interference is
produced. The probabilities of false alarm and detection can
be represented compactly as follows:

P f
(
γ
) =

[

P(1)
f

(
γ1
)
,P(2)

f

(
γ2
)
, . . . ,P(K)

f

(
γK
)]T

,

Pd
(
γ
) =

[

P(1)
d

(
γ1
)
,P(2)

d

(
γ2
)
, . . . ,P(K)

d

(
γK
)]T

.

(7)

Given that 1 − P f (γ) denotes the probabilities of detecting
the free subbands, rk denotes the achievable throughput over
the kth subband and that r = [r1, r2, . . . , rK ]T , we can express
the aggregate opportunistic throughput reached over the K
subbands as

R
(
γ
) = rT

[

1− P f
(
γ
)]

. (8)

Similarly, if 1 − Pd(γ) is the vector of probabilities of
interference and c = [c1, c2, . . . , cK ]T is a measure of cost
caused by transmitting in the subbands, then the aggregate
interference can be expressed as

I
(
γ
) = cT

[
1− Pd

(
γ
)]
. (9)

The maximization of (8) and the minimization of (9)
are conflicting tasks. According to the formulation suggested
by Quan et al. in [8], we limit the per-band interference

(1 − P(k)
d ≤ αk), as well as the aggregate interference (9),

and ensure a minimum utilization (1 − P(k)
f ≥ βk). The

optimization becomes finding the appropriate thresholds γ
that maximize (8) with the aforementioned bounds [8]:

max
γ

R
(
γ
)

s.t. I
(
γ
) ≤ ε,

1− Pd
(
γ
) ≤ α,

1− P f
(
γ
) ≥ β.

(P1)

The subchannel interference and utilization bounds can be
translated to the linear constraint

γmin,k ≤ γk ≤ γmax,k, k = 1, 2, . . . ,K (10)

to be imposed to (P1), where

γmin,k = μ0,k + σ0,kQ
−1(1− βk

)
,

γmax,k = μ1,k + σ1,kQ
−1(1− αk).

(11)

Problem (P1) is convex if the utilization is at least 50%
(βk ≥ 0.5) and the interference at most 50% (αk ≤ 0.5).
Although these prerequisites are reasonable in many cases,
convex maximization is not able to solve (P1) without these
impositions.

In Section 4, we introduce the the genetic algorithms to
solve the optimization for nonconvex CR systems, including
the cases βk < 0.5 and αk > 0.5.

3. Collaborative Multiband Sensing

The introduction of cooperative sensing aims at improving
the sensing reliability in order to reduce the interference.
Let us consider now a set of M CR operating in the
primary region (Figure 2). The sensors detect individually
the presence of primary transmissions by sensing the sur-
rounding channel in each narrow subband and pose the
binary condition (1).

3.1. Reliable Sensing. The receiving conditions of one single
CR are subject to fading so that the sensing of only one single
terminal can produce unreliable results (Figure 2) [9].

(i) Hidden terminal: a sensor (CR1) is located behind an
obstacle. It senses a low power signal from PTx and
may thus decide for H0 also when the transmission is
present, affecting the reception of PRx.

(ii) Far terminal: a sensor (CR2) lies outside the primary
range. It receives a low power level due to the distance
and thus decides for H0. Its transmission can produce
interference to PRx, which is inside the primary
range.

Space diversity is exploited in CS to increase the reliability
of the decision by combining the sensed power levels in a
spatially distributed channel.
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PTx

PRx

CR1

CR2

Primary range

Primary transmitter (PTx)
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Solid obstacle
Secondary transmission
Interference committed

Figure 2: Examples of secondary interferences by cognitive sensors.

3.2. Collaborative Detection. Let us consider the signal
received by each CR in one single narrow subband. The
structure of a narrowband energy detector is (2) for each kth
subchannel.

The sensing results are collected channelwise into a
vector Yk � [Yk(1),Yk(2), . . . ,Yk(M)]T . Then, for each
band, theM sensed levels are linearly combined with a vector
of weights wk and compared to the subband threshold γk
[10]:

wT
k Yk =

M∑

i=1

wk(i)Yk(i)
H1

�
H0

γk, k = 1, . . . ,K. (12)

The weight factors 0 ≤ wk(i) ≤ 1 represent the contributions
of the different CR in the respective subchannels. A high
weight is more likely to correspond to a sensor with good
SNR. The probabilities of false alarm (5) and detection (6)
are now expressed as:

P(k)
f

(
wk, γk

) = Q

⎛

⎝
γk −wT

k μ0,k
√

wT
k Σ0,kwk

⎞

⎠, (13)

P(k)
d

(
wk, γk

) = Q

⎛

⎝
γk −wT

k μ1,k
√

wT
k Σ1,kwk

⎞

⎠. (14)

Throughput and interference depend now on the weight
matrix W = [w1, w2, . . . , wK ] and the threshold vector γ:

R
(

W, γ
) = rT

[

1− P f
(

W, γ
)]

, (15)

I
(

W, γ
) = cT

[
1− Pd

(
W, γ

)]
. (16)

Coherently with the noncollaborative formulation, the
collaborative multiband detection as proposed by Quan et al.
in [8] is

max
W,γ

R
(

W, γ
)

s.t. I
(

W, γ
) ≤ ε,

1− Pd
(

W, γ
) ≤ α,

1− P f
(

W, γ
) ≥ β.

(P2)

The previous considerations apply. This formulation pro-
vides further complications for convex optimization. The
maximization is not convex and has to be lower bounded
with another convex function. This brings loss of perfor-
mance in terms of achievable throughput [8].

In the next section we introduce an alternative formula-
tion of the multiband detection problem that can be solved
by maximizing the LSC.

Then in Section 4 we introduce GA to solve directly
the joint detection problem without the limitation of the
convexity constraints.

3.3. Multiband Detection without Aggregate Constraint:
LSC Optimization. Multiband detection without aggregate
constraint can be seen as a collaborative detection with
multiband aggregation. This alternative formulation of the
multiband detection problem aims at achieving perfor-
mance optimization with linear collaboration maximization
applied to the single bands, still maximizing the aggregate
throughput. LSC problem is less complex compared to the
aforementioned formulations, which results in a faster and
more precise solution with GA.

Let the secondary CR sense K subchannels which are
licensed each one to a different primary system. Then the
aggregate interference (16) caused by the SU is not a relevant
index of caused harm because it is distributed between
distinct PUs. It is rather more critical to limit the interference
in the individual bands P(k)

m and look for the best weights and
thresholds that maximize the throughput (15):

max
W,γ

R
(

W, γ
)

s.t. Pm
(

W, γ
) = 1− Pd

(
W, γ

) ≤ α.
(P3)

No minimum utilization is imposed, given that it may be
not always necessary. A weight optimization for the linear
statistic combination must be performed in each subband,
in order to maximize the subchannel utilization:

max
γ,wk

P
(
H0,k |H0,k

)

s.t. P
(
H0,k |H1,k

) ≤ αk,
k = 1, . . . ,K. (P3a)

We can explicit the threshold from the interference con-
straint by means of(14)

γk = Q−1(1− αk)
√

wT
k Σ1,kwk + μT1,kwk, (17)
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Figure 3: Schema of the CR classes plane. Case studies of Figure 5
are indicated with a cross.

and we can solve for k = 1, . . . ,K , the following uncon-
strained maximization:

max
wk

Q−1(1− αk)
√

wT
k Σ1,kwk +

(

μ1,k − μ0,k

)T
wk

√

wT
k Σ0,kwk

, (18)

where μ0,k and Σ0,k are the vector of the M average power
levels and the matrix of covariances relative to the kth
subband in case of H0, respectively—μ1,k and Σ1,k in case of
H1, respectively.

Function (18) is again nonconvex in general. Convex
maximization is feasible in the case Pd ≤ 0.5, where hidden
convexity is exploitable. Then separate convex subdomains
may be considered for the application of techniques such as
Semidefinite Programming (SDP), which requires complex
reformulations in matrix forms [16]. The eventuality of a
system with nonexploitable convexity is not far from reality
especially when few CRs collaborate together. Other solving
techniques have to be implemented.

3.4. CR Systems Classification. A common classification
of CR systems is based on the per-band utilization and
interference (Figure 3) [10]

(i) Conservative System: A conservative CR system has a
utilization less or equal to 50% (βk ≤ 0.5) and a
probability of interference smaller than 50% (αk <
0.5).

(ii) Aggressive System: An aggressive CR system achieves
a utilization higher than 50% (βk > 0.5) and an
interference less than 50% (αk < 0.5).

(iii) Hostile System: A hostile CR system targets more than
50% of spectrum utilization (βk > 0.5), causing at
least 50% of interference (αk ≥ 0.5).

The Q(x) function is convex if x > 0 and concave if x ≤ 0.
Consequently, a necessary condition for (P1) and (P2) to
have convex objective with concave constraints is that

βk ≥ 0.5, αk ≤ 0.5, k = 1, . . . ,K , (19)

that is, the system must be aggressive. For the problem
(P1) this is also a sufficient condition, whereas when

considering the weights (P2) the objective throughput is to
be additionally lower bounded by a function, for which the
aforementioned conditions are sufficient for convexity. The
lower bound brings a loss of performance as documented
in [8]. The convexity region includes the values from the
conservative region where βk = 0.5 and from the hostile
systems where αk = 0.5 (Figure 3). The inside of the other
regions is in any case not solvable with convex maximization.

The αk and βk values are bounds for the minimum and
maximum per-band threshold by means of (11), which limit
above and below aggregate interference and throughput. An
exemplary behavior is that an aggressive system may not
transmit with low bitrate because a minimum per-band
utilization is imposed. It can not either cause less disturbance
than a lower implied threshold by the utilization bound.

Section 4 introduces thus the genetic algorithm for
solving without convexity limitations these three sensing
problems.

(i) Individual Multiband Detection (P1).

(ii) Collaborative Multiband Detection (P2).

(iii) Collaborative Multiband Detection without aggre-
gate interference constraint—LSC (P3).

We show how the genetic approach performs a direct
search of the solution that provides the highest throughput
by generating, comparing, and discarding various solutions.
The advantages of such approach are that it does not need
any problem reformulations or mathematical constraints. It
is thus suggested as an acceptable way of solving directly the
sensing problems for all CR system classes.

4. Optimization Using Genetics

Genetic Algorithms (GA) belong to the class of the evolu-
tionary models for solving optimization and maximization
problems (OP) [14]. The natural evolution processes are
simulated by means of natural selection and survival of
the fittest in order to find the maximum of a function.
GA demonstrated optimum performance with complex
multidimensional OP. Nonconvex maximizations (P1), (P2),
and (P3) are problems where a lot of methods fail or manage
to solve only a subset of cases.

4.1. The Genetic Algorithms. GAs consider a population of
potential solution vectors to the OP and iteratively select
good elements and drop unfits to let the best ones survive
from generation to generation. The independent variables
are called genes and they form a vector called chromosome

g(n)
k . The numerical realization of such variables (the geno-

type) is a potential solution to the problem—also referred
to as an individuals or an element of a population. The
genes are different for the noncollaborative and collaborative
problems. Namely the chromosome is

g(n)
k =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

γ(n)
k , for (P1),
[

w(n)
1,k , w(n)

2,k , . . . , w(n)
M,k, γ(n)

k

]

for (P2),

w(n)
k , for (P3).

(20)
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The genes are the independent variables of the throughput
function (8), which is the objective of the maximization. A
generation is a set of genotypes at the nth iteration. The
subscript k = 1, . . . , Popsize distinguishes the genotypes of a
certain generation:

Gn =
{

g(n)
1 , g(n)

2 , . . . , g(n)
Pop size

}

. (21)

The index of the generation is n = 0, 1, 2, . . . ,Ngen. In order
to determine which genotypes fit the problem, a fitness score
is calculated for each element:

s(n) =
{

f
(

g(n)
1

)

, f
(

g(n)
2

)

, . . . , f
(

g(n)
Pop size

)}

. (22)

The fitness function is the objective of the maximization, that
is, the throughput (15) in (P1) and (P2) and (18) in (P3).
Consecutive generations of solutions and their scores are
examined iteratively in order to determine which individuals
are suitable for surviving to the next generation as shown in
Figure 4.

The generation zero is created randomly, whereas each
generation n + 1 is created recursively in three steps.

(1) Selection: An intermediate population is created by
performing the (natural) selection. The individuals
with the best fitness scores are duplicated (in a
predefined percentage) and the rest are discarded.

(2) Crossover: The intermediate population is recom-
bined to simulate the reproduction. Survived ele-
ments are taken couplewise and, according to a
mixing criterion, a number of children members are
created from each couple.

(3) Mutation: A percentage of the offspring randomly
mutates to create new genotypes. Spreading the
search at each generation avoids restraining in a local
maximum due to deception (see Section 4.2).

After these steps a new generation Gn+1 is created from
the previous one, with closer elements to the optimal
solution (Figure 4). The children elements that do not
respect the constraints are dropped. An equal number of
elements is regenerated and the constraint is reevaluated,
which can increase the computational load.

The evaluation and generation steps are performed
iteratively, in order to increase the percentage of fit members.
The computation is terminated when the fitness of the
population remains unchanged for a sufficient lapse of
generations or if the maximum number of generations
Max gen is reached. The genotype with the highest fitness
is chosen as the final solution. The convergence precision
depends on multiple factors and influences directly the time
consumption of the process, as it is discussed in the following
Section. For more details about GA refer to [14, 17].

4.2. Feasibility of the Genetic Approach. GAs are intro-
duced because of the limitations observed when treating
the intrinsically nonconvex detection problem with convex
optimization methods. There is a single convex domain in
(P1) and (P2), with the constraints (19) [8]. LSC (18) has two

convex subdomains under a maximum interference bound,
to be treated separately. Each one can be optimized with
complex methods such as the SDP technique [16]. Other
methods like the so-called hill-climbing methods need the
objective function to be well behaved, that is, it has to be
continuous as well as its derivatives. The function also has to
be unimodal, that is, with only one peak, because with many
peaks the search may stop at the first undergone relative
maximum.

The main motivation for using GA is that they solve
such complex multidimensional problems without in-depth
function study, constraints, or reformulations. GAs do not
have mathematical limitations such as the convexity require-
ment. They abstract from the smoothness of the objective
function, because they calculate isolated points ignoring
discontinuities, cusps, and inflections. GAs also perform well
in presence of multiple relative maxima (e.g., in presence of
ripples) by spreading the population variety and evaluate as
much genotype variety as possible. This way of working one
step above the complications of function analysis makes GA
suitable for solving the multiband detection problem with
any values of αk and βk.

Drawbacks of genetic programming are the deception
and the computational load. The deception is the surviving
of an apparently fit subpopulation that leads away from
the global optimum [18]. This is equivalent to say that
local maxima may cause ambiguity that let a GA converge
away from the global maximum or not converge at all in
reasonable time (slow finishing). Although this is in general
not desirable, it has been proven that it is worth using GA if
the OP to be solved presents a certain degree of deception,
whereas regular-behaved problems are better solved with
other methods [18]. In fact, GA have a strong attitude
at escaping from local maxima by spreading around the
search. Setting up appropriately the parameters of our GA is
fundamental to find an optimal configuration for each kind
of problem.

GAs also have a characteristic that makes them prof-
itable in time-varying channels, such as the mobile radio
channel. The channel statistics {μi,Σi, i = 0, 1} vary due
to the movement of the sensors with respect to the PTx.
At each sensing instant, reliable cooperation requires an
optimization of the weights to adapt to the new statistics.
Performing a new optimization procedure at each sensing
instant is inefficient, if it is done with SDP or other convex
maximization methods. Since the statistics are supposed not
to vary too much, the weights of each sensing instant are
correlated with the preceding ones. GAs can keep memory
of the previous weights and use them as the starting point
for the new elaboration. The convergence is faster since the
starting vector should be already close to the new optimum.

4.3. Computational Cost. The computational effort is mea-
sured as the number of function evaluations that have to be
done to complete a computation. As function evaluations
we consider both fitness evaluations and constraints verifi-
cations indistinctly, since they have the same form and imply
the same number of floating point operations. Comparisons
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Figure 4: Flowchart of the proposed GA (a) and the three steps for the creation of a generation (b).

and data duplications are negligible. In order to converge
with a certain accuracy our GA may need big populations
and/or more generations, whereas small populations may
result in insufficient precision or slow finishing.

The number of computations grows linearly with the
population size. Since the aggregate interference constraint
cannot be explicited, it has to be computed for each member.
Those members that do not respect the constraint are
regenerated and a further constraint evaluation is performed.
In (P1) the verification of the per-band interference and per-
band utilization (10) is made in the genotype space, so they
do not yield to other function evaluations and no further
increase of the computational load. All constraints in (P2)
have instead to be verified for each generation. In general if
we name h the total number of function evaluations that have
to be computed for each member, then the total number of
computations for a genetic optimization is

Neval = h∗ Popsize ∗Ngen. (23)

In unconstrained optimization such as (P3), h = 1. In
multiband problems (P1) and (P2), h ≥ 2, because of one
fitness and one constraint verification. The value grows as
much as how many regenerations are needed in average
to find one constraints-fit member. This depends on the
crossover criterion, on the random mutation and on the
stochastic realizations of the process, as well as on the
problem itself. This index of computational effort is quite
critical because before establishing a valid offspring the
algorithm can undergo several computations.

5. Simulation Results

We analyze now the performance achieved by a multi-
band collaborative detection framework. The optimization
is conducted with variable bounds in order to compare
convexity-limited and nonconvex systems. The testbed chan-
nel has K = 8 subbands, secondary rates between 400
and 1000 kbps, and individual interference costs between
0.8 and 8. The SNR in each band is between −6 and
−1 dB. The length of the detection interval is N = 100.
Throughput-interference characteristics (I-R) are depicted
for the three CR classes in Figure 5. The collaborative and
noncollaborative systems differ for the LSC in the subbands.
Interference and utilization in the single bands are linked
together as shown by the curves in Figure 6. The collaborative
case has an improved reliability, which corresponds to a
smaller interference. On the other hand, (P1) optimizes
only the thresholds, whereas (P2) requires the contemporary
optimization of a nonhomogeneous set of variables (weights
and thresholds), yielding inevitably to a more complex
problem. Two procedures have been proposed in [8] to solve
(P2).

(1) Sequential optimization performs at first a spatial
optimization that maximizes the modified deflection
coefficient:

d2
m,k =

wT
k μ1 −wT

k μ0

wT
k Σ1,kwk

. (24)
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Then it performs a spectral optimization of the thresh-
olds as if there were only one sensing CR. Sequential
optimization performs close to the optimal global
solution. The spectral optimization is actually the
procedure followed to solve also the thresholds
optimization in the noncollaborative case.

(2) Joint optimization finds directly thresholds and
weights for a global maximization of the throughput.
It is optimal in a global sense. Exploitation of hidden
convexity needs heavy approximations, so that the
final performance is compromised [8].

Then single-band weights optimization (P3) is also
analyzed by discussing the throughput graphics.

5.1. Analysis of Nonconvex Classes of Multiband Detection
Systems. The multiband frameworks (P1) and (P2) suffer
from the same limitations of the convexity constraints. The
latter additionally has to be lower bounded when not solved
with sequential optimization, which reduces the achievable
throughput [8]. The characteristics are analogous for the two
problems, because the utilization and interference bounds
have the same implications. So the presented results are
valid for both frameworks. With the genetic solution the I-R
characteristics are calculated for the three CR system classes
with the aggregate interference as independent variable.
Figure 5 shows four case studies for the problem (P1). The
case studies are also presented schematically in Figure 3.

The αk and βk values are bounds for the minimum
and maximum per-band interference and utilization. By
choosing a minimum subband utilization we also impose
a minimum interference, and vice versa, for these two
quantities are determined by the threshold γk. Figure 6 shows
the utilization-interference characteristics. If the convexity
imposes to operate inside the shaded region then it is
impossible to reduce the interference under a certain value,
resulting in compromised performance. The region with
less utilization but also less unnecessary interference has
been excluded before and it is included in the genetic
optimization. Convexity exploitation through the utilization
constraint βk ≥ 0.5 is counterproductive for the performance
of the system. Therefore comes the importance of a noncon-
vex maximization tool such as GA.

Different CR systems show different achievable through-
put because less or more interference and utilization is
permitted in the single bands as shown in Figure 5.

Conservative systems break the convexity with values
of utilization βk below 50%. By reducing βk we allow
transmitting with small bitrates over the subchannels with
poor SNR, which are the cause of a high interference. A
higher percentage of false alarms is implicitly provoked,
but the trade-off is more favorable so that the operative
point has a higher throughput and lower interference as βk
decreases. The interested region is mainly for low aggregate
interference, whereas, asinthotically, the systems have the
same characteristic. The case with αk = 0.1 and βk = 0.5
is common in literature for demonstration purposes [8], but
it is largely outperformed. Aggressive systems with βk higher
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than 0.5 show even less favorable characteristics, with low
rates at high interferences.

Hostile systems have a maximum interference αk beyond
50%. By increasing this value we permit more per-band
interference with a gain in the throughput. The missed
detections increase, so the bitrate increases with a higher
slope, because more disturb on the individual bands is
permitted. The other systems with low αk increase with a
poorer slope. This interests mainly the higher interferences,
whereas small interferences are largely beyond the bound and
the operative point remains similar.
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Aggressive systems may not transmit with low bitrate
and low interference because a minimum is imposed to
both of them. They pay the mild per-band interference
and the acceptable per-band utilization with a worse I-R
characteristic.

Figure 7 shows the bar diagrams of the thresholds and the
per-band average interference and utilization, for one case
of each system in the multiband problem. We notice that
the limits for convexity are exceeded. On one hand, more
interference is caused in some bands, but with a gain in
the throughput that is reflected in the I-R characteristics in
Figure 5. On the other hand, less utilization is permitted in
other bands, especially those with poor SNR (2nd and 5th
bands), but with lower interference. Such systems bring an
improvement with respect to the aggressive case for higher
and lower interferences, respectively.

Not all combinations of αk and βk are admitted. Some
combinations are unfeasible if the utilization limit βk implies
an interference that does not respect the condition on αk.
Low SNR may support the appearance of such cases just by
bringing the Gaussian pdfs of the sensed levels one close to
each other.

5.2. Analysis of Multiband Detection without Aggregate
Constraint. By removing the constraint on the aggregate
interference, the problem of maximizing the utilization
with a per-band interference constraint has become a series
of independent LSC optimizations. Optimum weights are
calculated to provide the maximum probability of transmis-
sion in each subband with fixed probability of interference.
The thresholds are implicit. LSC provides the graphics of
transmission-versus-interference probability in Figure 6. The
case with one CR is equivalent to a multiband aggregation
problem, but the solution is immediate by means of (17).
Then the aggregate throughput is calculated afterwards as a
linear combination of the subchannel rates. The total rates
against the interference to each subchannel system is plotted
in Figure 8, which is a direct result of the reliable detection
whose characteristics are shown in Figure 6. Besides, LSC is
far more simple to be solved, both for GA, that converge
easier, and for convex maximization, when working with
interference below 50%.

5.3. Genetic Design. Setting up the parameters of our GA is
important to optimize the computation, from the point of
view of the expenditure of resources and the convergence
precision.

When using a GA, as well as any iterative solving
method, a finite difference between the true maximum
and the one computed by the GA is expected, because of
the finite number of iterations and individual evaluations.
The optimization is considered solved when it approaches
a negligible error. An error of tens of kilobits (out of
some megabits) on the aggregate throughput is considered
acceptable. For the aggregate throughput distance in (P1)
and (P2) we use a relative measure, the Mean Absolute
Percentage Error (MAPE):
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∣
∣
∣
∣
∣
. (25)

From the collaborative side, a squared error of around 10−6

on the subband fractional utilization (Pf ) is also acceptable.
The subchannel utilization error is measured with the Mean
Squared Error (MSE):

MSE
(

Pf
)

= 1
Z

Z∑

z=1

(

P̂ f − P(z)
f

)2
. (26)

R(z) and P(z)
f are the value calculated by the GA during the

zth experiment and Z is the number of experiments. R̂ and
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P̂ f represent a solution of the maximization several orders
of magnitude more precise than the other optimizations.
They are obtained at the expenses of a practically unfeasible
algorithm but enough accurate to evaluate the precision of
the other computations.

We vary the dimension of ordinary elaborations in order
to find a compromise between complexity and accuracy. By
setting the value of the population size (Pop size) we control
the dimension of the GA in order to evaluate a wider range
of genotypes and generate a fitter population. By eventually
setting the limit on the maximum number of generations
(Max gen) we avoid the algorithm running for a long time
before converging.

The mean number of function evaluations to complete
an elaboration (N-eval) is our index of complexity which
depends directly on the population size and on the number
of generations.

We also examine different crossover functions, for a well-
chosen crossover criterion converges faster and with higher
accuracy.

5.3.1. Spectral Optimization. It consists in the optimization
of the thresholds for the noncollaborative problem (P1),
as well as for the sequential optimization of (P2) with
the weights part solved otherwise (modified deflection
coefficient or GA applied to LSC). The characteristics for
noncollaborative detection are shown in Figure 5. A MAPE
less than 0.1% is enough to infer that the algorithm has
converged with acceptable precision. Figure 9 shows the
convergence precision while varying the population size in
terms of Cumulative Distribution Function (CDF) of the
relative error.

5.3.2. Joint Optimization. It consists in the joint optimization
of the spatial and spectral variables in (P2). The optimized
characteristic is analogous to the one shown in Figure 5.
The genes are not homogeneous (weights and thresholds)
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with initial points (27) and (28).

0.1

0.3

0
0.2

0.2 0.3

0.6

0.7

Max gen = 40

0.8

0.9

Max gen = 20

1

0.4

0.5

C
D

F

Pop size = 50
Pop size = 35
Pop size = 20

0.4

MSE

0.7 0.80.6 0.9
×10−6

10.5

Figure 11: CDF (Cumulative Distribution Functions) of the
squared error with various population dimensions in LSC weights
optimization.

according to (20), so the evolution results more complex.
An expedient for helping the convergence is to set some
initial points as the starting population of the GA. We first
obtain the initial weights from the maximization of the
modified deflection coefficient (with a simple GA or with the
procedure in [10]):

wk,init = arg max
w

d2
m,k, k = 1, . . . . (27)

Then the initial thresholds are uniformly distributed between
the minimum and maximum calculated by means of (11):

γk,init =
[

γmin,k, γmin,k + stepk, γmin,k + 2∗ stepk, . . . ,

γmin,k +
(
Pop size− 1

)∗ stepk, γmax,k

]T
,

k = 1, . . . ,K ,

(28)
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where

stepk =
γmax,k − γmin,k

Pop size
. (29)

With these starting points the GA needs only few generations
of joint elaboration to converge to the global optimal
solution. Figure 10 shows the CDF of the squared error with
different population sizes.

5.3.3. Weights Optimization. It consists in the optimization
of the subband weights (18), whose result is shown in
Figure 6. It solves the alternative multiband optimization
without aggregate constraint (P3). An acceptable conver-
gence is said to be reached with an MSE around 10−6.
Figure 11 shows the CDF of the squared error reached by the
GA in weight optimization with various dimensions of the
population. Since weights optimization is unconstrained, the
computational load is exactly Neval = Pop size∗Ngen.

6. Variation of the Channel Statistics

Let us consider now the variation of the receiving conditions
of the sensors due to the movement. Channel statistics in
presence of moving sensors are supposed to vary in time
with a certain correlation. A simulated variation in time
of the SNR at the radio interface of one CR is shown in
Figure 12. The statistic of the received level in presence of
transmission μ1 has lognormal distribution, as it derives
from long-term fading and shadowing. The cutoff of the
sensor is also simulated, in case of sudden loss of the sensing
contribution. A similar variation is followed by each node
in the simulation. Measurements correlation is exploited
by keeping the result of one elaboration and refining it
in the successive instant. Figure 13 shows the precision
reached by running the GA for LSC optimization with a
fixed number of generations at each instant. The two curves
correspond to a genetic optimization from random points
every time (memoryless) and from the previous weights as
starting vector (with memory). We can see that we gain
an order of magnitude of MSE by iteratively updating the
objective function (with the channel statistics) and keeping
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Figure 13: Precision reached with correlated and uncorrelated
genetic optimizations of LSC, in terms of Mean Square Error (MSE)
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trace of the previous calculated weights. Figure 14 shows
instead the number of generations that are needed to reach
a certain precision with memoryless optimization using
at each instant the previous weights as starting point. In
average, 20 generations less are needed to converge, since the
weights are tightly correlated between consecutive instants.

7. Conclusion

GAs were proposed as a valid technique for solving
the detection problem efficiently and without convexity
constraints. The solution is practically analogous to the
true mathematical maximum. GAs are able to exploit
the correlation of the mobile channel. Unpractical limits
due to mathematically unfeasible problems are avoided.
Conservative systems demonstrate to outperform aggressive
systems and the throughput increases as we reduce the
minimum subband occupancy. In general the complexity
of our GA demonstrates to be sustainable and controllable.
The computational load does not increase too much as the
sensing problem grows or as the GA dimension increases.
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Wideband spectrum sensing for cognitive radios requires very demanding analog-to-digital conversion (ADC) speed and dynamic
range. In this paper, a mixed-signal parallel compressive sensing architecture is developed to realize wideband spectrum sensing
for cognitive radios at sub-Nqyuist rates by exploiting the sparsity in current frequency usage. Overlapping windowed integrators
are used for analog basis expansion, that provides flexible filter nulls for clock leakage spur rejection. A low-speed experimental
system, built with off-the-shelf components, is presented. The impact of circuit nonidealities is considered in detail, providing
insight for a future integrated circuit implementation.

1. Introduction

Cognitive Radio (CR), first proposed in [1], provides a
new paradigm to improve spectrum efficiency by enabling
Dynamic Spectrum Access (DSA). In CR, spectrum holes
that are unoccupied by primary users can be assigned to
appropriate secondary users as long as the interference
introduced by secondary users is not harmful to the primary
users [2–4]. The design of cognitive radio networks is a
complicated cross-layer procedure [5]. In this paper, we focus
on the spectrum sensing problem in CR, in which sensing
and detection of primary users is done in order to realize
Dynamic Spectrum Access.

Spectrum sensing can be a very challenging task for CR
due to many factors. First, for the sake of improving the
frequency usage efficiency, the sensing bandwidth for CR can
expand from hundreds of MHz to several GHz. Second, the
sensing radio should be able to detect very weak primary
users, which arise due to fading and the hidden terminal
problem [5]. With traditional time-domain Nyquist sam-
pling, sensors are needed with both wide bandwidth and high
dynamic range, stressing technology, and demanding higher
power [6, 7]. Conventional wideband sensing with a high-

speed and high-resolution ADC becomes less appealing as
the bandwidth becomes significant. Alternative approaches,
such as a fixed bank of analog filters followed by parallel
ADCs, impose strict requirements on the filter design.

It has been observed that today’s spectrum usage presents
some sparsity in the sense that only a small portion of the
available frequency bands are heavily loaded while others are
partially or rarely occupied [5]. This frequency usage sparsity
can be exploited under the framework of Compressed Sens-
ing (CS) [8, 9] to effectively reduce the sampling rate. The
sparse signal can be captured via projection over a random
basis that is incoherent with respect to the signal basis, and
perfect signal reconstruction from these projections can be
obtained with high probability, where the number of random
projections is on the order of the signal’s information rate
rather than the Nyquist rate.

The idea of applying CS for wideband spectrum sensing
was reported, for example, in [10]. However, this approach
assumes full-rate analog-to-digital conversion which does
not reduce the complexity of the spectrum sensing receiver.
We have proposed a mixed-signal parallel segmented com-
pressive sensing (PSCS) architecture for wideband spectrum
sensing [11], where the high-speed ADCs were avoided by
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carrying out an analog basis expansion in parallel before
sampling. In this paper we elaborate on the idea of applying
the PSCS front-end [11], with special emphasis on imple-
mentation issues such as spurious frequency tones, timing,
and other mismatches. First, we show that the proposed
overlapping windowed integration in the PSCS architecture
provides a scheme to mitigate the spurs due to clock leakage
by setting the lowpass filter nulls flexibly, which is favorable
for practical implementation. Second, a low-speed prototype
built with off-the-shelf components is presented in detail
from the overall system configuration to building blocks, in
which practical constraining issues are addressed.

The remainder of the paper is organized as follows. A
brief background on CS is provided in Section 2 and the
spectral occupancy signal modeling is given in Section 3.
Section 4 introduces the mixed-signal parallel compressive
spectrum sensing scheme. Section 5 discusses the spurious
frequency rejection schemes in the PSCS front-end. A low-
speed prototype is introduced in Section 6. Conclusions are
made in Section 7.

2. Compressive Sensing Background

A signal r(t) that is spanned by S basis functions Ψs(t) (s =
1, 2, . . . , S), that is, r(t) =∑S

s=1 asΨs(t), or in the matrix form
r = Ψa, is a K-sparse signal if only K out of the S coefficients
as|Ss=1 are nonzero at any time, where K � S. A signal r(t)
is compressible if its approximation error by a K-sparse signal
decays exponentially as K increases.

According to CS theory, a signal that is sparse or compress-
ible over a known basis Ψ can be sampled and reconstructed
at sub-Nyquist rate, and the sampling rate reduction depends
on the signal’s sparsity and the reconstruction algorithms.
Specifically, the sub-Nyquist rate sampling is achieved by
projecting the signal into a transform-domain over which
the sampling operation occurs, which is different from
the traditional way of sampling the signal in the time-
domain. Mathematically, this procedure can be described
as y = ΦΨa, where y are the collected samples, and Φ
is incoherent with Ψ which is the basis for the transform-
domain. The reconstruction of the original signal relies on
the estimation of the coefficients a, which is obtained by
solving the following l1–norm optimization problems, for
which many convex optimization techniques or iterative
greedy algorithms can be used:

(i) noiseless case:

â = arg min‖a‖1 s.t. y = ΦΨa, (1)

(ii) noisy case:

â = arg min‖a‖1 s.t.
∥
∥y −ΦΨa

∥
∥

2 ≤ ε, (2)

where ε is the error due to the noise.

Note that, in this paper, we generally do not differentiate
between sparse and compressible unless specifically noted.

BW
GW−1

B2
G1

B1

Δ f fh
f

B
fl

Figure 1: Illustration of the multiband analog signal to the sensing
radio.

3. Signal Modeling

The received signal r(t) is a modeled as a multiband analog
signal whose spectrum is illustrated in Figure 1. Specifically,
we assume that r(t), with a frequency span from fl to
fh, is the superposition of primary users, perhaps using
W different wireless standards [5]. Each wireless standard
occupies a certain finite frequency band which consists of
multiple channels. According to the measurements done by
FCC in the US [12], in many cases the current frequency
usage exhibits sparsity because only a part of the allocated
channels is utilized at a given time.

Without loss of generality, we assume that r(t) is
bandlimited to [0, fh]; so r(t) can be written as

r(t) =
∫∞

−∞
R
(
f
)
e j2π f tdf =

∫ fh

0
R
(
f
)
e j2π f tdf , (3)

where R( f ) is the Fourier transform of r(t).
The continuous-time analog signal can be captured with

a finite dimensional model; for example, see [13, 14]. We
directly approximate r(t) with a model of finite dimension
as follows:

r(t) ≈
S−1∑

s=0

R
(
sΔ f

)
e j2πsΔ f tΔ f , t ∈ [0,Ts], (4)

where Δ f = 1/Ts is the resolution on the frequency axis and
(S − 1)Δ f = fh. In other words, r(t) is approximated as a
multicarrier signal bandlimited to [0, fh] and with a carrier
spacing of Δ f . The sparse frequency occupancy means that
statistically, speaking, only K out of the S carriers are active
at any time, where K � S. The multicarrier model is
convenient for representing user occupancy with spectral
sparsity. Comparing (3) and (4), we notice that this model
is based on a finite dimensional approximation of the signal
spectrum. Since there are S unknowns where R(sΔ f ) in (4)
and R(sΔ f ) change every Ts seconds, the model in (4) is a
case of a Finite Rate of Innovation (FRI) model in which the
innovation locations lie on the Nyquist grid. For clarity, we
rewrite (4) as

r(t) =
S−1∑

s=0

asΨs(t) + n(t), (5)
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Figure 2: Block diagram of the parallel segmented compressive sensing (PSCS) architecture.
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Figure 3: Illustration of overlapping windows.

where n(t) is additive white Gaussian noise (AWGN),
Ψ = [Ψ0(t),Ψ1(t), . . . ,ΨS−1(t)], Ψs(t) = e j2πsΔ f t , a =
[a0(t), a1(t), . . . , aS−1(t)] ∈ CS, as = Δ f R(sΔ f ), and a has
only K � S nonzero elements. Since Δ f is a scalar, for
simplicity, we discard it in the rest of the paper. The spectrum
hole detection, for example, energy or feature detection, is
usually based on the observed signal spectrum R(sΔ f ), or
equivalently, the estimation of the coefficients as.

4. Wideband Parallel Compressive
Spectrum Sensing

Wideband spectrum sensing is composed of several cru-
cial steps: first, spectrum estimation; second, calculate the
sufficient statistics, during which digital signal processing
is needed to improve the front-end sensing sensitivity by
processing gain and identification of the primary users
based on knowledge of the signal characteristics [5]; last,
to decide whether there exist primary users based on the
sufficient statistics. Here we focus on the wideband spectrum
estimation step, that is, estimating the unknown coefficients
a in (5).

4.1. Mixed-Signal Compressive Sensing Architecture. The
parallel segmented compressive sensing (PSCS) structure is
shown in Figure 2, which we first proposed in [11]. For the
completeness of this paper, in this section we recap how the
analog compressive sensing at sub-Nyquist rate is realized via
the PSCS architecture.

In the PSCS architecture, the input signal r(t) is sent
to N parallel paths. In the nth path, r(t) is mixed with a
random basis function Φn(t). A good choice for the random

basis is to use PN (Pseudonoise) sequences because they
can be conveniently generated by digital logic circuits. The
output of the mixer is then sent to a sliding window with
a width of Tc and integrated. Two adjacent windows have
an overlapping time Tc − Tm, which defines an overlapping
percentage OVR = (Tc − Tm)/Tc, as shown in Figure 3.
The output of the integrators is sampled and M samples are
collected at each path. The mth sample of the nth branch is
given by

ymN+n =
∫ mTm+Tc

mTm
r(t)Φ∗n (t)dt. (6)

There are a total of L = MN samples collected every Ts
seconds and these samples are organized into a vector as
follows:

y =
[

ỹT0 , ỹT1 , . . . , ỹTM−1

]T
, (7)

where ỹm = [ymN , ymN+1, . . . , ymN+N−1]T is the vector
consisting of the mth samples from all N branches.

Similarly, we can calculate the reconstruction matrix V =
ΦΨ = {vi, j}L×S. The element at the mN + n row and the s
column is given by

VmN+n,s =
∫ mTm+Tc

mTm
e j2πsΔ f tΦ∗n (t)dt. (8)

Therefore, we have y = Va. Then, we can estimate a by
solving the problem in (1) and reconstruct the original signal
using r = Ψâ.

4.2. A Wideband Spectrum Sensing Example. To show the
effectiveness of the proposed wideband PSCS architecture
we present a simulation, where the input signal is modeled
as a frequency-domain sparse multi-carrier signal as given
in (5). The mixed-signal compressive sensing based on the
PSCS architecture given in Figure 2 is used for spectrum
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Figure 4: Time-domain signals of a simulated multiband signal.
From top to bottom, the four plots represent the transmitted signal
by primary users, the received primary users’ signal at the sensing
radio, the reconstructed signal from the time-domain samples
via the Nyquist rate ADC, and the reconstructed signal from the
transform-domain samples via mixed-CS at an NSR of 0.32.

estimation. The sampling rate reduction is measured by the
Normalized Sampling Rate (NSR), which is defined as

NSR = fCS
fNq

= MN

S
, (9)

where fCS is the sampling rate required using the PSCS and
fNq is the corresponding Nyquist sampling rate. The signal
reconstruction quality is evaluated by the normalized Mean
Square Error (MSE), which is equal to

∥
∥a− â

∥
∥

2

‖a‖2
. (10)

In the simulation, the input signal to the PSCS
architecture is assumed to be a 17-sparse frequency-
domain multi-carrier signal with 128 subcarriers, that is,
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Figure 5: Frequency-domain signals of a simulated multiband
signal. From top to bottom, the four plots represent the transmitted
signal by primary users, the received primary users’ signal at
the sensing radio, the reconstructed signal from the time-domain
samples via the Nyquist rate ADC, and the reconstructed signal
from the transform-domain samples via mixed-CS at a NSR of 0.32.

S = 128 and K = 17. There are 5 primary bands with
an overall bandwidth of 528 MHz. The subcarrier spacing
Δ f = 528 MHz/128 = 4.125 MHz and the primary user’s
frequencies are (17, 18, 43, 44, 45, 63, 64, 65, 66, 67,
76, 77, 118, 119, 120, 121, 122) × 4.125 MHz. The input
power dynamic range of the primary users is 15 dB.
SNRoverall = 0 dB, where SNRoverall is the total signal power
over the whole bandwidth divided by the total noise power
over the whole bandwidth. (Note how noisy the received
signal is in this example, shown in Figure 4.) In Figures
4 and 5, from top to bottom, the four plots represent the
primary transmitted signal, the received primary users’
signal at the sensing radio, the reconstructed signal from
the time-domain samples via the Nyquist rate ADC, and the
reconstructed signal from the transform-domain samples
via mixed-CS at an NSR of 0.32. The measured MSE for the
two reconstructed signals is −5 dB and −14 dB, respectively.
Note that even with a lower sampling rate, the sensing radio
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Figure 6: Clock leakage into the integrators from the clock of the
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Figure 7: The location of the spurious leakage frequency relative to
the filter nulls with different overlapping ratio. With OVR = 0, the
strongest clock leakage is close to the peak of the filter’s 3rd sidelobe;
with OVR = 0.1125, the strongest clock leakage is on the 4th null of
the filter.

based on mixed-signal PSCS is more robust against noise
than the traditional digital approach based on the DFT,
because CS takes advantage of the knowledge of the signal
structure and its sparsity.

5. Flexible Spur Rejection via the Overlapping
Windowed Integration

In addition to the capability of sensing and reconstructing
sparse signals at sub-Nqyuist rate, the PSCS architecture
has many special characteristics. For example, the parallel
architecture gives a design tradeoff between the sampling
rate and the system complexity [11]. In this section, we
focus on the PSCS architecture’s spurious frequency rejection
schemes. Since one critical type of spur in the PSCS
architecture is the leakage of the clocks for the PN generators
to the integrator, as illustrated in Figure 6, we will focus
on this particular type of spur in this section, although the
rejection scheme applies more generally.

Recall that in Figure 2, the output after the mixer is
sent to a sliding window with a width of Tc and integrated
over Tc seconds, and there is an overlap time of Tc × OVR
between two adjacent windows as illustrated in Figure 3.
The integrator, with a reset every Tc seconds, provides a
simple realization of a sinc type lowpass filter with nulls at
frequencies of f0×k, where f0 = 1/Tc. By setting the random
generator clock frequency equal to a harmonic of the reset
frequency, the sinc nulls coincide with spur frequencies from
the random generator clock and so filters them, where the
overlapping scheme provides the flexibility on setting the
locations of the nulls. In some cases, without the overlapping
scheme, the objective of setting the clock frequency on
the nulls of the sinc type lowpass filter may conflict with
the sampling rate requirement which is determined by the
signal’s sparsity. In order to show this, consider the following
example.

Let the input signal to the PSCS architecture be a
19-sparse frequency-domain multi-carrier signal with 128
subcarriers, that is, S = 128 and K = 19, which corresponds
to a sparsity of 15%. The subcarrier spacing is Δ f =
1 GHz/128 = 7.8125 MHz and the symbol duration time
is Ts = 1/Δ f = 128 nanoseconds. The locations of the K
active subcarriers are chosen randomly and changed every Ts
seconds. According to simulation results, the minimum NSR
is 0.5625 = 72/128 for this parameter setup. Equivalently
speaking, 72 samples are needed per 128ns to reconstruct
the signal perfectly. Using two parallel paths, 36 samples
are collected every 128 nanoseconds at each path, that is,
M = 36 and N = 2. With this parameter setup and without
the overlapping scheme, Tc = T/M = 128/36 = 3.56 ns,
f0 = 1/Tc = 281.25 MHz, and the nulls of the sinc type
lowpass filter occur at k × 281.25 MHz.

There may exist some leakage into the integrators from
the clock signal, as illustrated in Figure 6. According to the
CS theory, the clock frequency is usually at the Nyquist
frequency fNq where fNq = 1 GHz in this example. Because
fNq/ f0 ≈ 3.56, the spurs due to the clock leakages will fall
near the 3rd sidelobe’s peak of the sinc type lowpass filter
and bring distortion to the reconstructed signal. With the
overlapping scheme, we can choose Tc = 4 ns and f0 =
250 MHz by introducing an overlapping ratio of 11.43%,
then fNq/ f0 = 4 and the spurs due to the clock leakage can
be filtered (considering the clock resolution requirement, an
overlapping ratio of 11.25% is suggested in practice.). Based
on Figure 3, this can be mathematically expressed as

T = Tc(M − (M − 1)OVR), (11)

fNq = S

T
, (12)

f0 = 1
Tc

, (13)

=⇒ fNq
f0
= S

M − (M − 1)OVR
. (14)

According to (14), given a desired sampling rate, or equiv-
alently speaking, a specific M, varying OVR will change the
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Figure 8: MSE of the reconstructed signal with different overlap-
ping ratio when there is clock leakage, where the input signal is
an 18-sparse multi-carrier signal with 128 possible subcarriers and
sampled by the 2-path PSCS working at 56.25% of the Nyquist rate.

relative location of the leakage frequency to the filter nulls, as
illustrated in Figure 7.

Note that if we do not want to introduce any overlapping
but still wish to null out the clock leakage, the only option
in the above example is to increase the sampling rate and
make fNq/ f0 an integer no less than 
3.56�. By introducing
a nonzero OVR, we can conveniently make fNq/ f0 an integer
without increasing the sampling rate.

Figure 8 shows the MSE of the reconstructed signal
versus the overlapping ratio when there is some clock
leakage into the integrators. Note that in the simulation
the amplitude of each subcarrier is set to 1. Since K =
19, the signal’s peak amplitude is 19. Allowing a 10 dB
margin to account for the multi-carrier signal’s large peak-
to-average ratio, the clock leakage with an amplitude of 0.1
(0.4) is roughly 35 dB (23 dB) below the signal’s average
power. As shown in Figure 8, the flexibility of setting the null
frequencies by the overlapping scheme can bring about 20 dB
gain after filtering the spurs due to the clock leakage.

Note also that the overlap in the integration windows
provides wider filter nulls than the sinc filter. Because of the
existence of the phase noise on the clock signal in practice,
even if we can set the clock on the null frequency, it is
inevitable that remains some leakage due to the widening of
the spurs spectrum. The wider nulls provides the possibility
of further improving the harmonic rejection when the phase
noise is significant.

6. Low-Speed Off-the-Shelf
Component Prototype

As a proof of concept, we built a low-speed prototype using
off-the-shelf components, where the input signal is a real
BPSK modulated multi-carrier signal with 4 active subcar-
riers and the active subcarriers hop over the frequencies

μ-
controller

PC

Digital Analog Data collection

Control Function
generator

Triggering
Clock

Oscilloscope
∫

Figure 9: Overall configuration of the prototype using off-the-shelf
components.
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Figure 10: Macro model of one parallel path.

(i ∗ 2 − 1) KHz (i = 1, 2, . . . , 100) every 500 microseconds.
Considering the system complexity, we employed 4 parallel
paths for the prototype. Simulation shows that the signal can
be reconstructed perfectly when each parallel path produces
16 samples every 500 microseconds, which corresponds to
32% of the Nyquist sampling rate.

6.1. Overall Configuration. The overall configuration of the
prototype is shown in Figure 9, where the digital part
is responsible for generating the input sparse signal, the
triggering signal, the pseudorandom basis, and the clock. The
analog part is used to realize the random basis projection that
is essential for the signal reconstruction. The built-in ADC
in the oscilloscope is used to collect the sampled data. Then,
the collected data is sent to a PC and processed via Matlab
code to reconstruct the signal. In the following sections, each
building block will be introduced in detail.

6.2. Multicarrier Signal Generator. An Agilent 33120A arbi-
trary waveform generator is used to generate the input
multitone sparse signal. Specifically, the multitone signal is
programmed in the PC first and then downloaded into the
wave generator. The output port of the generator is triggered
by the microcontroller in order to synchronize with the
integrator clock that is also generated by the microcontroller.

6.3. Mixers and Integrators. Figure 10 depicts the macro-
model of one path in the prototype. As shown, the input
signal is first translated into current by the OTA and then
mixed with the pseudorandom signal. After mixing, the
signal is integrated in the sampling capacitor with a timing
window. In the sampling circuit the interleaving capacitor
is employed. Finally the ADC yields digital output data.
The OTA we employed is a TIOPA861 with Gm of 116mS
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and all the switches are implemented with transmission gate
CD4066BCN.

The pseudorandom number (PN) is −1 or 1, whose
spectrum is a sinc function. The main lobe is from 0 to 1/Tclk,
where Tclk is the clock period of the PN generator. In our test
bed Tclk is 1μs. After the mixing, the signal is shaped by the
embedded lowpass filter provided by the integration window.
The frequency response of the LPF is a sinc function. The
main lobe spans 1/Tc, where Tc is the integration time. In
our test bed the 1/Tc is roughly 30 KHz.

The random projection of the input analog signals is
realized with mixers and integrators. Figure 11 gives the

circuit implementation of one parallel path and Figure 12
gives the corresponding pin connection relationship for
the integrator. The transconductance amplifier (Gm stage)
translates the signal voltage into current, which can be
easily mixed with the pseudorandom numbers (1/−1) by the
following passive switch mixer. After mixing, the signal is
integrated with an overlapping window and then sampled by
the ADC in each path. The circuit is built up differentially so
that the system is more robust to supply noise, clock jitter,
and even-order harmonics. The double balanced passive
mixer does not introduce significant noise and distortions.

At each path, the mixer consists of transmission-gate
switches controlled by PN sequences. The PN sequence is
implemented with a linear feedback shift register (LFSR). In
our prototype, the clock frequency is chosen to be 1 MHz,
which is higher than the Nyquist sampling rate. Because
the PN sequences are repeated every 500μs and there are 4
parallel paths, we need 4 independent PN sequences with
a length of 500. An 11-bit LFSR is used to generate a PN
sequence with a length of 2047 and then divided into 4
segments. As a check, the autocorrelation function of the
PN sequences is calculated to make sure that the four PN
sequences are incoherent.

An overlapped time-interleaving charge-domain sam-
pling integrator is chosen for the analog path. The
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Figure 14: Operation of the interleaved overlapping windowed integration and the related clocks.
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Figure 15: Illustration of the overlapping windowing in the prototype.

integrator schematic is shown in Figure 13, φ1 and φ1 are
two integration switches for the left and right branches,
respectively. φo1 and φo2 are readout switches; φr1 and φr2
are reset switches. By utilizing these six switches combined
with the two integration capacitors C1 and C2, according
to the clock diagram shown in Figure 14, we can realize
a conventional time-interleaving charge-domain integrator
without overlapping. Time interleaving means when the
left branch is integrating while the right is reading out,
and vice versa. By doing this, a complete sampling of the
signal is achieved. In addition to time interleaving, a small
overlapping time is introduced by one more capacitor Cov
and two control switches φ2 and φ2.

As shown in Figure 14, phase1 and phase3 are to realize
the overlapping through charge redistribution and sharing,
and phase2 and phase4 are the readout times for the right
and the left branches, respectively. During phase1, the input
current charges both C1 and Cov while C2 is idle. Since all
capacitors have the same value, the current splits equally by
half into both capacitors. In the succeeding phase, Cov is
switch-connected to C2 and readout together, so that Cov is
integrating for the right branch during phase1. Equivalently,
as shown in the timing window diagram, the window splits
by half during the overlapping time. The key point here is
that both branches are integrating and no data is readout
during window overlapping times.

Note that the overlapping windowing realized using
the circuit in Figure 13 is somewhat different from the
overlapping windowing in Figure 3, as shown in Figure 15.
In Figure 3, the charges accumulated during the current
window period include 100% of the charges from the last Tov
seconds of the previous windowing period but no charges
from the next windowing period. In Figure 13, the charges
accumulated during the current windowing period include
50% of the charges from both the last Tov seconds of the
previous windowing period and the first Tov seconds of the
next windowing period, which is more realistic from the
implementation perspective.

6.4. Data Collection and Signal Reconstruction. For simplic-
ity, we use the inherent ADC of the oscilloscope (Tectronix
TDS 3054 500 MHz, 5 Gs/s) to sample the output of the
integrators. The sampled data is transferred to the PC via
the GBIP port. With the collected samples, the signal is
reconstructed as described in Section 2.

6.5. Dealing with Circuit Nonidealities. While implementing
the prototype, it is inevitable that the system has some
nonidealities such as the delay caused by each component,
the gain variation, and the mismatch among parallel paths.
Considering all the nonideal factors, the actual relationship
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Figure 16: Illustration of the direct training approach to deal with
the circuit imperfections.
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Figure 17: Testing setup of the prototype.

between the collected samples y and the coefficients a
becomes

y = Ṽa = (V + δV)a, (15)

where the element at the mN + n row and the s column of Ṽ
is given by

ṼmN+n,s =
∫ mTm+Tc+δt2

mTm+δt1
αe j2π(sΔ f +δ f )t+θ(Φn(t) + δΦn(t))dt.

(16)

Table 1: Testing results of the prototype.

Subcarrier’s
amplitude
(mV)

Subcarrier frequencies of
the input testing signal
(kHz)

Subcarrier frequencies of
the reconstructed signal
(kHz)

0.3 [+61, +121] [+61, +121]

0.3 [+41, +131] [+41, +131]

0.3 [+61, −131] [+61, −131]

0.3 [−51, +63, +111] [−51, +63, +111]

0.2 [+71, −85, +91, −101] [+71, −85, +91, −101]

Here, δt1 and δt2 reflects the timing error on the slicing
window, δ f reflects the frequency offset, α and θ reflects the
gain and phase mismatches, and the δΦn(t) reflects the error
of the random basis which could be attributed to the jitter
and nonzero response time.

Because the actual relationship between y and a is given
by (15), we need to replace V with Ṽ in (1) when estimating
a; otherwise, some extra error will be introduced. In [15], the
authors discussed the impact of some circuit imperfections,
such as the finite settling time of the PN sequences, and the
timing uncertainty, and a background calibration algorithm
based on LMS was proposed to compensate for the error due
to these circuit nonideal factors. Because of the complexity
of the background calibration, here we use a more simple
approach based on direct training to deal with the circuit
nonidealities. The direct training approach is illustrated in
Figure 16. During the training stage, we inject a single-tone
signal one at a time to the prototype and collect the samples
from the 4 parallel paths, so that these samples will fill one
column of the reconstruction matrix Ṽ. After sending 100
single-tone signals, we obtain a complete matrix which will
be used for signal reconstruction.

This pilot-based method is based on the assumption
that the system is linear and time-invariant. Fortunately, our
circuit level design ensures that the input signal swing is
within the linear range of the system, and the microcontroller
ensures that the system has the same initial condition for
every run. Therefore, the linear time-variant assumption is
reasonable. Implementing the background calibration for
circuit imperfection compensation is part of our future work.

6.6. Testing Results. The testing setup for the prototype is
shown in Figure 17. A series of experiments are done to
test the functionality of the system. Table 1 summarizes the
testing results, where + and − stand for the polarity of the
BPSK modulation. Note that we scale the amplitude of each
subcarrier according to the number of tones such that the
amplitude of the multi-carrier signal is within the dynamic
range of the system. From the testing results, the prototype
achieves the design specification.

7. Conclusions

The Parallel Segmented Compressive Sensing (PSCS) front-
end is able to sample and reconstruct analog sparse and
compressive signals at sub-Nqyuist rate. The overlapping
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windowed integration in the PSCS front-end provides a
spurious frequency rejection scheme by setting the lowpass
filter nulls on the spurious frequencies without sacrificing the
sampling rate requirement. A low-speed prototype is built
with off-the-shelf components, which is able to sense sparse
analog signals at sub-Nyquist rate.
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Recently, there have been some research works in the design of cross-layer protocols for cognitive radio (CR) networks, where
the Protocol Model is used to model the radio interference. In this paper we consider a multihop multi-channel CR network. We
use a more realistic Signal-to-Interference-plus-Noise Ratio (SINR) model for radio interference and study the following cross-layer
throughput optimization problem: (1) Given a set of secondary users with random but fixed location, and a set of traffic flows,
what is the max-min achievable throughput? (2) To achieve the optimum, how to choose the set of active links, how to assign
the channels to each active link, and how to route the flows? To the end, we present a formal mathematical formulation with
the objective of maximizing the minimum end-to-end flow throughput. Since the formulation is in the forms of mixed integer
nonlinear programming (MINLP), which is generally a hard problem, we develop a heuristic method by solving a relaxation of
the original problem, followed by rounding and simple local optimization. Simulation results show that the heuristic approach
performs very well, that is, the solutions obtained by the heuristic are very close to the global optimum obtained via LINGO.

1. Introduction

Cognitive radio technology [1–3] provides a novel way to
solve the spectrum underutilization problem. In cognitive
radio (CR) networks, there are two types of users: primary
users and secondary users. A primary user is the rightful
owner of a channel, while a secondary user periodically
scans the channels, identifies the currently unused channels,
and accesses the channels opportunistically. The secondary
users organize among themselves an ad hoc network and
communicate with each other using these identified available
channels. As a result, a multihop multichannel CR network is
formed. How to efficiently share the spectrum holes among
the secondary users, therefore, is of interest.

In this paper, we are interested in studying the oppor-
tunistic spectrum sharing problem among the secondary
users, but our concern is on a cross-layer design of spectrum
sharing and routing with SINR constraints. The main issues
we are going to address include the following.

(1) Given a set of secondary users with random but fixed
location, and a set of traffic flows, what is the max-min
achievable throughput?

(2) To achieve the optimum, how to choose the set of
active links, how to assign the channels to each active link,
and how to route the flows?

There have been some research works on cross-layer
protocols in CR networks. Hou et al. [4] characterized the
behaviors and constraints for a cognitive radio network
from multiple layers, including modeling the spectrum
sharing and subband division, scheduling and interference
constraints, and flow routing. Shi and Hou [5] developed a
formal mathematical model for scheduling feasibility under
the influence of power control; the formulation is a cross-
layer design optimization problem encompassing power
control, scheduling, and flow routing. Subsequently, on the
basis of the work in [5], Shi and Hou [6] implemented
their cross-layer optimization framework in a distributed
manner and compared the performance of the distributed
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optimization algorithm with the upper bound and validated
the efficacy. The work in [4–6] assume that the links are
unidirectional, and to avoid collision only the designated
receiver is need to be out of the interference caused by
another transmitter. Ma and Tsang [7] proposed a cross-
layer design on spectrum sharing and power control, where
bidirectional links were considered and all nodes were
operated at an optimal common power level at which the
total spectrum utilization is maximized. Ma and Tsang [8]
also proposed a cross-layer design on spectrum sharing
and routing, where the channel heterogeneity (which is
a unique feature for cognitive radio) was considered and
modeled.

In the previous work, however, a common limitation
exists since all such cross-layer protocols [4–8] are designed
on the basis of the Protocol Model for radio interference,
where the interference range is assumed to be limited and
no interference is caused beyond the interference range. As
a result, in the Protocol Model the conflict relationships
among the wireless links are binary. However, in reality the
aggregate interference of a large number of far transmitters
could be significant and may cause interference on a receiver,
and a near transmitter may not necessarily cause interference
on a receiver if the transmitter properly controls its trans-
mission power. Therefore, a definite criticism of the Protocol
Model is that interference is not a binary relationship [9–11].

In order to solve the above realistic problems, the Signal-
to-Interference-plus-Noise Ratio (SINR) model is adopted.
The rationale of SINR model is to compare the SINR with
the additive interference calculation at the receiver with a
threshold. Some researchers have adopted the SINR model
when they consider the link scheduling, power control,
or throughput improvement and and so forth. in wireless
networks. For example, Brar et al. [11] investigated through-
put improvements in wireless mesh networks by replacing
CSMA/CA with an STDMA scheme where transmissions
were scheduled according to the SINR model. Chafekar et al.
[12] studied a cross-layer latency minimization problem in
wireless networks with SINR model for interference. Behzad
and Rubin [13] developed a new mathematical programming
formulation for minimizing the schedule length in multihop
wireless networks while meeting the requirements on the
SINR at intended receivers.

In this paper, we consider a multihop multi-channel
CR network. We adopt the (more realistic) Signal-to-
Interference-plus-Noise Ratio (SINR) model to study the
wireless channel interference. Different from the work in
[4–6], we consider the links being bidirectional because
we believe the link level acknowledgments in an ad hoc
network are a must. We propose a cross-layer optimization
framework which jointly considers the spectrum sharing and
routing with SINR constraints. The optimization problem
is in the forms of a mixed integer nonlinear programming
(MINLP) and the objective is to maximize the minimum
end-to-end flow throughput. Since the MINLP formulation
is NP-hard in general, we present a heuristic methodology
by solving a relaxation of the original problem, followed by
rounding and simple local optimization. Simulation results
show that the heuristic approach works very well; that is, the

solutions obtained by the heuristic are very close to the global
optimum obtained via LINGO [14].

The rest of this paper is organized as follows. In Section 2,
we describe the assumptions and system model. Section 3
introduces two interference models: one is protocol model
and the other is SINR model. Section 4 presents the cross-
layer design of spectrum sharing and routing with SINR
constraints, and the formulation is in the forms of a mixed
integer nonlinear programming (MINLP) problem. The
heuristic approach is proposed in Section 5 to solve the
MINLP problem. Section 6 presents the simulation results.
Finally, Section 7 concludes the paper.

2. Assumptions and System Model

We consider a cognitive radio (CR) network with n sec-
ondary users, denoted by the set V and the cardinality
|V | = n. There are M orthogonal channels in the network,
denoted by the set C and the cardinality |C| = M. Each
secondary user individually detects the available channels,
and the set of available channels that can be used for
communication is different from node to node. Let Ci denote
the set of available channels observed by node i, and we have
Ci ⊆ C.

Each secondary user i (where 1 ≤ i ≤ n) has a
programmable number of radio interfaces, denoted by γi. We
assume that the radio interface is able to tune in a wide range
of channels, but at a specific time each radio interface can
only operate on one channel [15].

2.1. Static Node Location with a Centralized Server. We
assume that the node locations are static. We also assume the
set of available channel at each secondary user is static. This
corresponds to the applications with a slow varying spectrum
environment (e.g., TV broadcast bands). We assume that
there exists a centralized server in the CR network. Each
secondary user reports its location and the set of available
channels to the spectrum server. The spectrum management
and flow routing, therefore, is simple and coordinated. Note
that the formulations in the work [4, 5, 8] are also centralized
and for static scenario (i.e., both node location and set of
available channels at each node are static). Table 1 lists the
notations used in this paper.

2.2. Bidirectional Links. We consider bidirectional links,
rather than unidirectional links, due to two reasons [16].

(1) Wireless medium is lossy. We cannot assume that
a packet can be successfully received by a neighbor
unless the neighbor acknowledges it. In an ad hoc
network, the link level acknowledgments are neces-
sary.

(2) Medium access controls such as IEEE 802.11 implic-
itly rely on bi-directionality assumptions. For exam-
ple, a RTS-CTS exchange is usually used to perform
virtual carrier sensing.

Thus, if node i can transmit data to node j and vice versa,
then we represent this by a (bidirectional) link, denoted by
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Table 1: Notations.

Symbol Meaning

V Set of secondary users

n Number of secondary users |V |
E Set of potential links

G Network graph

C Set of available channels

M Number of available channels |C|
Ei Set of links incident on node i

Ci Set of available channels at node i

Ce Set of available channels at link e

γi Number of radio interfaces at node i

ri Transmission range for node i

Ri Interference range for node i

Δ Guard zone

E′
Set of links that have simultaneous transmissions with
link e by using a same channel

E′m
Set of links that have simultaneous transmissions with
link e by using channel m

P Common transmission power

Ni Noise power at node i

Ii Interference power at node i

N Noise power at each node

β
The minimum threshold to decode a transmission at
a receiver

di j Distance between nodes i and j

Gi j Propagation gain from node i to node j

η Path loss exponent

xme
Binary variable indicating if link e is active on channel
m

Bme Capacity of link e by using channel m

T Minimum end-to-end flow throughput

W Bandwidth of a channel

Q Number of communication sessions

s(q) Source node for session q

d(q) Destination node for session q

f
q
i, j Traffic flow from i to j for session q

f
q
j,i Traffic flow from j to i for session q

e = (i, j), between node i and node j. Moreover, we let Ce
denote the set of available channels for the link e, and we
have Ce = Ci ∩ Cj .

2.3. Common Transmission Power. According to the study
by Narayanaswamy et al. [16], to ensure that links are
bidirectional, the simplest approach is to assume that nodes
are homogeneous; that is, nodes transmit at the same power.
In this paper we assume that each secondary user is equipped
with an omnidirectional antenna. Similar to [16], we also
assume that each secondary user transmits at the same power.
Note that this assumption is used in [4] as well.

A bidirectional link, denoted by e = (i, j), can be estab-
lished between nodes i and j if there exists a transmission

power P under which the Signal-to-Noise Ratio (SNR) in the
absence of cochannel interference at nodes i and j is not less
than a threshold β, that is,

P ·Gij

Nj
≥ β,

P ·Gji

Ni
≥ β,

(1)

where β is signal-to-noise Ratio (SNR) threshold, Gij (and
Gji) denotes the channel propagation gain from i to j (and
from j to i), andNj (andNi) denotes the noise power at node
j (and node i). Since it has been commonly assumed that Gij

is equal to Gji [4–8, 17–21], and Ni is equal to Nj , we make
the same assumptions here and thus we have

P ·Gij

N
≥ β. (2)

We let Ei denote the set of links incident on node i, which
can be obtained by

Ei =
{

e :
P ·Gij

N
≥ β

}

. (3)

Let E denote the union of Ei; we have

E =
⋃

i∈V
Ei. (4)

As a result, we obtain an undirected connectivity graph
G = (V ,E) to represent the CR network, where V is the set
of secondary users denoted by the vertices of the graph, and E
is the set of edges between two vertices (i.e., secondary users).

3. The Interference Model

In wireless networks, there are three types of interference:
duplexing interference, primary interference, and secondary
interference. In this paper, we assume that links using dif-
ferent channels do not interfere with each other. Interference
only occurs among the links sharing the same channel.

The duplexing interference constraint [22] only prohibits
any node from simultaneously transmitting and receiving on
any frequency band (i.e., the case in Figure 1 is not allowed).

The primary interference constraint prohibits any node
from simultaneously transmitting or receiving on any band
(i.e., neither case in Figures 2(a), 2(b) nor 2(c) is allowed). In
other words, links that shared a common node cannot trans-
mit or receive simultaneously on any channel. Obviously,
the duplexing constraint is less stringent than the primary
interference constraint. And also, the duplexing and primary
interference constraints are applicable to the links which
share a common node (see Figures 1 and 2), and particularly,
these constraints hold irrespective of the interference model.

The secondary interference constraint, on the other hand,
further prohibits any node from transmitting when a
neighbor node within its interference range is receiving
from another node. Different from the duplexing and
primary interference constraints, the secondary interference
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Figure 1: Duplexing interference constraint.

(a) (b) (c)

Figure 2: Primary interference constraint.

constraints are applicable to those links which do not share
a common node (see Figure 8 shown in the appendix for
better understanding).

For the purpose of modeling the secondary interference,
there are two models [23, 24]: the Protocol Model and the
Physical Model. Since rationale of the Physical Model is based
on the SINR at the receiver, we call the Physical Model as
the SINR model hereinafter in this paper. The relationship of
these three types of interferences is shown in Figure 3.

3.1. The Protocol Model. Gupta and Kumar proposed the
Protocol Model [23] which implicitly assumed that links
are unidirectional. With this assumption, collisions only
occur when the designated receiver is interfered by another
transmitter. Basically, the Protocol Model assumes that the
interference range is limited and no interference will be
caused beyond the interference range. We let ri and Ri denote
the transmission range and interference range for any node i,
respectively; then we have Ri = (1+Δ)ri, where Δ is the guard
zone to prevent a neighboring node from transmitting on
the same channel at the same time [23]. The Protocol Model
claims that a transmission from node i to node j is successful
if and only if any node k which may cause interference on
node j (i.e., if dk j ≤ Rk where dk j denotes the distance
between k and j) is not simultaneously transmitting.

A more realistic version, however, assumes that IEEE
802.11 MAC is employed and thus the links are bidirectional
(due to RTS-CTS and ACK exchange). We usually call this
version as 802.11-style Protocol Model [7, 8]. Suppose that
link e = (i, j) and link e′ = (k,h) are established and both
are bidirectional. They are also active on a same channel.
The 802.11-style Protocol Model states that a transmission
on link e between nodes i and j is successful if and only if
for any link e′ = (k,h), such that dk j ≤ Rk or dki ≤ Rk or
dhj ≤ Rh or dhi ≤ Rh, is not simultaneously transmitting.

Note that the Protocol Model leads to binary conflict
relationships among the wireless links. In other words,
any two links either interfere with each other or can be
active simultaneously, regardless of the other ongoing signal
transmissions.

Duplexing
Primary

Secondary

Figure 3: Relationship of three types of interferences.

3.2. The SINR Model. As we mentioned before, in reality
the aggregate interference of a large number of far trans-
mitters could be significant and may cause interference at
the receiver, and a near transmitter may not necessarily
cause interference at the receiver if the transmitter properly
controls its transmission power. Thus, the main limitation
of the Protocol Model is that interference is not a binary
relationship. These problems can be overcome by means of
the SINR model, whose rationale is as follows.

3.2.1. Unidirectional Links. Before we consider bidirectional
link, let us first consider unidirectional link. For clarification,
we let e = i → j and e′ = k → h denote two unidirectional
links and suppose that they are active on a same channel. The
transmission from node i is successfully received by node j if
and only if the SINR at the receiving node j is not less than a
threshold β. That is,

P ·Gij

I j +N
≥ β, (5)

where I j denotes the interference power at node j. To
calculate I j , we need to sum all the links {e′ = k → h}
that have simultaneous transmissions with link e on a same
channel. Therefore we have

P ·Gij

P ·∑k→h∈E′ Gk j +N
≥ β, (6)

where E′ contains all links that have transmissions concur-
rent with link e by using a same channel. The SINR model
accurately captures the fact that interference is caused by
aggregate effect of the simultaneous active links.

3.2.2. Bidirectional Links. Next, we extend the SINR model
from unidirectional link to bidirectional link. To distinguish
from the unidirectional links, we let e = (i, j) and e′ = (k,h)
denote two bidirectional links and suppose that they are
active on a same channel. Because the interference raised by
node k and node h might be different, we need to choose the
maximum one. To ensure the transmission on link e between
nodes i and j to be successful, the SINR at both nodes i and
j is not less than a threshold β. We also need to sum all the
links {e′ = (k,h)} that have simultaneous transmissions with
link e on a same channel. To the end, we obtain

P ·Gij

P ·∑(k,h)∈E′ max
(

Gk j ,Ghj ,Gki,Ghi

)

+N
≥ β. (7)
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Note that the SINR model is more accurate than the
Protocol Model since it better captures the physical propaga-
tion. Moreover, in the SINR model a correct packet reception
is allowed even in the presence of (moderate) interference,
and the cumulative character of interference is taken into
account. The main drawback of this model lies in its high
complexity, as the interference is described as the complex
mathematical relationships.

4. Cross-Layer Design of Spectrum
Sharing and Routing

In this section, we present a cross-layer optimization
framework which jointly designs the spectrum sharing and
routing. Spectrum sharing can be done either in time
domain or in frequency domain. In this paper, we consider
frequency domain channel assignment. Spectrum sharing is
to determine which link is going to be active and which
channel will be assigned to each active link, and our target
is to form a conflict-free topology. Routing is to determine
which path each traffic flow is going to travel from the source
node to the destination node. We allow multipath for each
traffic flow. Different from the previous work, in this paper,
we adopt the SINR model for radio interference and consider
links being bidirectional.

4.1. Link Assignment. We say that link e is active only if there
is a transmission on channel m over link e. We define a 0-1
binary variable xme as follows:

xme =
⎧
⎨

⎩

1 if link e is active on channel m,

0 otherwise.
(8)

4.2. Interference Constraints. In this paper, we consider both
primary and secondary interference constraints. We term the
secondary interference constraints as the SINR constraints
hereinafter in this paper, since we use the SINR model to
model them.

In the remaining part of this subsection, we let e = (i, j)
denote a link and let e′ = (k,h) denote another link. Both
links are active and use a same channel m for transmission.

4.2.1. Primary Interference Constraints. By using a same
channel, each node can either transmit or receive but not
both, at a given time. In other words, links that share a
common node cannot transmit or receive simultaneously on
any channel.

For ease of presentation and also for notational conve-
nience, each link is also understood as a set of two nodes; then
we define

e∩ e′
⎧
⎨

⎩

= ∅ if i /= k and j /= k and i /=h and j /=h,

/=∅ if i = k or j = k or i = h or j = h.
(9)

Clearly, we use the notation e ∩ e′ = ∅ to denote that
the two links e and e′ do not share a common node, and the
notation e∩e′ /=∅ to denote that the two links e and e′ share
a common node.

Thus, the primary interference constraint can be ex-
pressed as follows:

xme + xme′ ≤ 1

(m ∈ Ce ∩ Ce′ , e′ ∩ e /=∅, e′ /= e, e′ ∈ E, e ∈ E).
(10)

4.2.2. SINR (i.e., Secondary Interference) Constraints. For the
links that do not share a common node but share a common
channel, they are applicable to the SINR constraints if the
links are active simultaneously. That is, a transmission on a
bidirectional link e = (i, j) is successful if and only if the
SINR at either node i or node j is not less than the minimum
required threshold β. This leads to the following constraint:

PGijx
m
e − βP

∑

e′∈E′m
max

(

Gk j ,Ghj ,Gki,Ghi

)

xme′ − βN

≥ Υ
(
xme − 1

)
(m ∈ Ce ∩ Ce′ , e ∩ e′ = ∅, e′ ∈ E, e ∈ E),

(11)

where E′m contains all links that have transmissions con-
current with link e by using channel m. Similar to [13],
we introduce a sufficiently large positive number Υ in the
constraint (11), where the constraint becomes “redundant”
when link e is not active (i.e., xme = 0). Notice that we only
sum the interference caused by those active links because link
e′ will not cause any interference on link e whenever link e′ is
not active (i.e., xme′ = 0). And also note that when we calculate
the interference caused by the active link e′ = (k,h), we
choose the maximum interference caused from either node
k or node h to either node i or node j (due to bidirectional
link).

4.3. Node-Radio Constraint. A node can establish multiple
links with its neighboring nodes if it can tune each of its radio
interface to a different channel. However, the number of
established links at each node is constrained by the number
of its radio interfaces. This leads to the following constraint:

∑

e∈Ei

∑

m∈Ce
xme ≤ γi (i ∈ V). (12)

4.4. Multipath Routing Constraints. We consider multiple
traffic flows in the network. We term the traffic flow for each
source-destination pair as a communication session and use
q (q = 1, 2, . . . ,Q) to index each session. Let s(q) and d(q)
represent the source node and destination node for session
q. Because the links are bidirectional, the traffic flow on each
link can be in either direction. Thus, for any link e = (i, j),
we let f

q
i, j (and f

q
j,i) denote the traffic flow traveling from i to

j (and from j to i) for the session q, where (i, j) ∈ E, i /= j.
For each traffic flow, we allow multi-path routing.

Our definition of the maximum throughput is max-
min flow rate [25]. That is, our target is to maximize the
minimum end-to-end flow throughput that can be achieved
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in the network. Therefore, the multi-path routing constraints
are listed as follows:

f
q
i, j ≥ 0, f

q
j,i ≥ 0

((
i, j
) ∈ E, q ∈ Q

)
, (13)

∑

k:k /=d(q),
(k,i)∈Ei

f
q
k,i =

∑

j: j /= s(q),

(i, j)∈Ei

f
q
i, j

(
i /=d

(
q
)
, i /= s

(
q
)
, i ∈ V , q ∈ Q

)
,

(14)

∑

j:(i, j)∈Ei
f
q
i, j ≥ T

(
i = s

(
q
)
, q ∈ Q

)
, (15)

∑

j:( j,i)∈Ei
f
q
j,i ≥ T

(
i = d

(
q
)
, q ∈ Q

)
, (16)

∑

q∈Q
f
q
i, j +

∑

q∈Q
f
q
j,i ≤

∑

m∈Ce
Bme

(
e = (i, j), e ∈ E

)
, (17)

where T is the minimum end-to-end throughput for every
session.

The constraint (13) restricts the amount of flow on each
link to be nonnegative. The constraint (14) states that at
each node, except the source node and destination node, the
amount of incoming flow is equal to the amount of outgoing
flow. The constraint (15) represents that the minimum
outgoing flow from each source node is at least T . The
constraint (16) states that the minimum incoming flow to the
destination node is at least T . The constraint (17) indicates
that the sum of the flows over all sessions traversing a link
cannot exceed the link capacity.

To calculate the link capacity, we let W denote the
bandwidth of each channel, and let Bme denote the capacity
of link e by using channel m. Assuming Gaussian noise and
interference, we have

Bme

=W log2

⎛

⎝1 +
PGjixme

P ·∑e′∈E′m max
(

Gk j ,Ghj ,Gki,Ghi

)

xme′ +N

⎞

⎠

(m ∈ Ce ∩ Ce′ , e∩ e′ = ∅, e′ ∈ E, e ∈ E).
(18)

4.5. Problem Formulation. We aim to maximize the mini-
mum end-to-end throughput, and this optimization prob-
lem can be formulated as

max T (19)

Subject to: xme = 0, 1 (m ∈ Ce, e ∈ E), (20)

xme + xme′ ≤1 (m ∈ Ce∩ Ce′ , e′∩ e /=∅, e′ /= e, e′ ∈ E, e ∈ E),
(21)

PGijx
m
e − βP

∑

e′∈E′m
max

(

Gk j ,Ghj ,Gki,Ghi

)

xm
e′ − βN

≥ Υ
(
xme − 1

)
(m ∈ Ce ∩ Ce′ , e ∩ e′ = ∅, e′ ∈ E, e ∈ E),

(22)

∑

e∈Ei

∑

m∈Ce
xme ≤ γi (i ∈ V), (23)

f
q
i, j ≥ 0, f

q
j,i ≥ 0

((
i, j
) ∈ E, q ∈ Q

)
, (24)

∑

k:k /=d(q),
(k,i)∈Ei

f
q
k,i =

∑

j: j /= s(q),
(i, j)∈Ei

f
q
i, j

(
i /=d

(
q
)
, i /= s

(
q
)
, i ∈ V , q ∈ Q

)
,

(25)

∑

j:(i, j)∈Ei
f
q
i, j ≥ T

(
i = s

(
q
)
, q ∈ Q

)
, (26)

∑

j:( j,i)∈Ei
f
q
j,i ≥ T

(
i = d

(
q
)
, q ∈ Q

)
, (27)

∑

q∈Q
f
q
i, j +

∑

q∈Q
f
q
j,i ≤

∑

m∈Ce
Bme

(
e = (i, j), e ∈ E

)
, (28)

where γi is constant and Bme can be obtained by (18).
xme (binary integer) and f

q
i, j and f

q
j,i (rational number) are

decision variables. The objective function is a linear function;
however, (28) is a nonlinear constraint. The optimization
problem is in the form of mixed integer nonlinear program-
ming (MINLP) problem and can be solved by LINGO.

5. Finding the Optimal Solution by Heuristic

We are interested in finding the optimal solution under
which the minimum end-to-end flow throughput is max-
imized. However, the original problem is in the form of
MINLP since the constraint (28) is nonlinear due to the
logarithm function. But if we investigate the formulation
more carefully, we find that the complexity of the MINLP
problem formulation does not lie in the nonlinear logarithm
function in constraint (28). Instead, the complexity comes
from the existence of the binary variable xme . The reason is
that as long as the values of xme are determined (i.e., the set
of active links and the channel assignment on each active
link are determined), then this MINLP reduces to an LP,
which can be solved in polynomial time. To this end, we
develop a heuristic method by solving a relaxation of the
original problem, followed by rounding and simple local
optimization [26].

5.1. Relaxation. We start by relaxing the MINLP problem to
the following format.

max T (29)

Subject to: 0 ≤ xme ≤ 1 (m ∈ Ce, e ∈ E)

constraints (21)–(28).
(30)

That is, we allow the variables xme to take values between 0
and 1. The relaxed problem can be solved in polynomial time.
By solving the relaxed problem, we obtain an upper bound
of the optimal value of the original problem, and we let X∗

denote the relaxed solution that produces the upper bound.
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5.2. Getting Independent Sets. In order to determine the set
of active links and form a conflict-free topology, we need to
obtain the independent sets (i.e., the set of links that can be
simultaneously active on a channel). The reason is that we
can significantly speed up the search process by combining
the independent sets together with the rounding and local
optimization (introduced below).

To obtain the independent sets, Karnik et al. [25]
proposed a smart enumerative technique. In this paper, we
extend this technique into a more general case from the
following two aspects. (1) In [25], all nodes are assumed
to transmit at a single channel. But in our formulation we
consider a more realistic scenario where each node (i.e.,
secondary user) is able to access a set of available channels,
and especially, the set of available channels is different from
node to node. (2) In [25] the links are unidirectional, but in
our formulation the bidirectional links are considered.

For this technique, similar to [25] we make the following
additional assumptions. ( Interested readers are advised to
refer [25] for details on why the above three assumptions are
reasonable.)

(A1) The propagation gains are modeled by isotropic path
loss. That is, the propagation gain from node i to
node j is

Gij =
(
d0

di j

)η

, (31)

where d0 is the far-field crossover distance and η
denotes the path loss exponent.

(A2) The minimum distance for any pair of nodes is dmin.

(A3) The nodes are located in a square size L× L area.

Theorem 1. Under the assumptions (A1)–(A3), the number
of simultaneous transmissions on a same channel (i.e., the size
of maximum independent sets on a channel) is upper bounded
by 2L2/π(dminβ1/η)

2
.

Proof. Please see the appendix.

Section 6 will show the extent of complexity reduction
by using this technique together with rounding and local
optimization.

5.3. Rounding. The next step is to round the relaxed problem
solution X∗ to a valid binary integer solution X̂. To create
X̂, we can simply round the one (say xme ) with the largest
value to 1. According to the independent set, with xme = 1
we can immediately decide some variables which share the
same channelm with the link e to be 1 or 0. After fixing some
decision variables to 1 or 0 in the first iteration, we update
a new relaxed LP for the second iteration. We can solve this
new LP, then again round the one with the largest value to
1, and set some additional variables to 0 accordingly. The
iteration continues and eventually we can determine all {xme }
to either 0 or 1.

Upon fixing all the xme values, the original MINLP
reduces to an LP problem, which can be solved in polynomial

time. It is worth emphasizing that, unlike the solutions
obtained by relaxation, the final solution obtained here is
a feasible solution since all xme values are binary instead of
rational numbers.

5.4. Local Optimization. Further improvement can be ob-
tained by a local optimization method, starting from X̂.
Suppose that for channel m there are nm independent sets,
and we use 1, 2, . . . ,nm to index each independent set. Since,
in the initial solution X̂, one of nm independent sets is active
on channel m, then we use v (1 ≤ v ≤ nm) to index the
active independent set. Then for channel m, we observe its
independent sets and cycle through k = 1, 2, . . . , (nm − 1)
while k /= v, and at the kth step replacing the kth independent
set as 1. If this change leads to an improvement for the
objective function, we accept the change and continue.
Otherwise we go on to the next independent set of channel
m. We continue until we have tried all the independent sets
for channel m. The same process repeats for all the channels.
Numerical experiments show that this local optimization
method can lead to significant improvement on the objective
function.

6. Simulation Results

In this section, we present simulation results for our heuristic
method and compare it with the upper bound and the
global optimum. The upper bound is obtained by solving a
relaxation of the original problem, while the global optimum
is obtained by LINGO which is a mathematical software
package. The default settings for the simulations are as
follows. The noise power at every receiver is equal to
−100 dBm. η and d0 are taken to be 4 and 0.1 m, respectively.
The minimum threshold (β) is set to 2.3 dB.

We consider two scenarios: one is regular topology and
the other is random topology. We make no claims that
these topologies are representative of typical cognitive radio
networks. The reason that we have chosen these two simple
topologies is to facilitate detailed discussion of the results
and for the illustration purpose. For the propagation model,
we adopt the isotropic path loss shown in (31). However,
we stress that the validity of the conclusions drawn in
the following holds for any scenario and also when more
complicated propagation models are used to determine Gij

parameters.

6.1. Performance in Regular Topology. We first look at the
performance of the proposed approach in the regular
topology, as illustrated in Figure 4(a). A total number of
n = 9 nodes are placed in a 3 × 3 grid, and the deployment
area is a square size of 80× 80. The unit grid separation (i.e.,
distance between adjacent nodes along the grid-side) is 20 m.
All nodes use a common transmit power of 3 mW, which
results in a transmission range of 23.4 m. The transmission
range is greater than the unit grid separation but is less than
the unit grid diagonal (i.e., distance between adjacent nodes
along the diagonal). This results in a simple topology where
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Table 2: Set of available channels at each node (i.e., Ci) for regular
topology.

Node index Location Available channels

1 (20, 20) 2, 3, 4

2 (20, 40) 1, 2, 4, 6

3 (20, 60) 1, 2, 5,

4 (40, 20) 3, 4, 5, 6

5 (40, 40) 1, 3, 4, 6

6 (40, 60) 1, 3, 5

7 (60, 20) 1, 2, 5, 6

8 (60, 40) 2, 4, 5

9 (60, 60) 1, 2, 3, 6

all nodes can only communicate with their physical one-
hop neighbors on the grid. Figure 4(b) shows the connection
graph. There are M = 6 channels that can be used for the
entire network. Every node has 3 radio interfaces (γi). The
set of available channels at each node is randomly generated;
see Table 2. Note that the set of available channels is different
from node to node.

6.1.1. Complexity Reduction. For this scenario, there are 12
potential links and 24 binary variables (i.e., {xme }). By using
the enumerative technique, we obtain 22 independent sets
and the size of the maximum independent set is 2. The
exhaustive search space to determine the binary variable is
224; however, combining the independent sets together with
the rounding and local optimization, the search space is
significantly reduced from 224 to 1800.

6.1.2. Throughput. Regarding the traffic flow, we consider
|Q| = 1, 2, or 3 active sessions and run 3 experiments,
respectively. In each experiment, the source node and
destination node for each session are randomly generated.
Figure 5(a) shows the results of the throughput obtained by
our heuristic, upper bound and global optimum. Since the
regular topology is simple, the heuristic method includes
rounding technique only. It is observed that such heuristic
results (obtained by rounding technique only) are equal to
the global optimum, therefore no need to carry out local
optimization. It is also found that there are gaps between the
heuristic results and the relaxation bound.

For comparison purpose Figure 5(b) shows the results
of the optimality ratio (which is defined as the normalized
throughput over the global optimum) obtained by our
rounding technique. It is found that the optimality ratio
obtained by rounding is 1, while the optimality ratio of
the relaxation bound is within (1,1.6). Simulation results
show that the rounding technique performs very well in this
scenario.

6.2. Performance in Random Topology. We next relax the
regularity of node placement and look at the performance
of the proposed approach in the random topology. As
Figure 6(a) shows, we assume that n = 10 nodes are
uniformly distributed in a square size of 40 × 40 area. All

Table 3: Set of available channels at each node (i.e., Ci) for random
topology.

Node index Location Available channels

1 (29.0, 28.8) 1, 2, 6, 7

2 (23.2, 9.9) 3, 4, 5, 7

3 (12.4, 13.7) 5, 7, 8

4 (4.4, 38.8) 3, 4, 6

5 (15.3, 2.9) 1, 2, 3, 4, 7, 8

6 (12.8, 30.5) 2, 5

7 (38.0, 10.8) 1, 4, 6

8 (1.6, 6.1) 3, 4, 5

9 (24.3, 37.7) 2, 4, 5, 8

10 (39.1, 34.1) 1, 3, 6, 8

nodes use a common transmit power of 4 mW, which results
in a transmission range of 25.1 m. Figure 6(b) shows the
connection graph. There areM = 8 channels that can be used
for the entire network. Every node has 4 radio interfaces (γi).
The set of available channels at each node is shown in Table 3.
Again, the set of available channels is different from node to
node.

6.2.1. Complexity Reduction. For this scenario, there are 21
potential links and 32 binary variables (i.e., {xme }). By using
the enumerative technique, we get 29 independent sets and
the size of the maximum independent set is 2. The exhaustive
search space to determine the binary variable is 232; however,
combining the independent sets together with the rounding
and local optimization, the search space is significantly
reduced from 232 to 13500.

6.2.2. Throughput. Regarding the traffic flow, we consider
|Q| = 1, 2, 3, 4, or 5 active sessions and run 15 experiments,
respectively. In each experiment, the source node and
destination node for each session are randomly generated.
Different from the results obtained in the regular topology,
in this random topology we show not only the heuristic
results obtained by rounding technique but also the heuristic
solutions obtained by rounding and local optimization.
Table 4 shows the results. It is observed that there are
some minor gaps between global optimum and the heuristic
results obtained by rounding technique. However, by further
using local optimization method, we find that the heuristic
results are very close to the the global optimum. This
observation demonstrates that the local optimization can
lead to significant improvement on the objective function.
Also note that there are some moderate gaps between the
global optimum and the bounds obtained by relaxation.

For comparison purpose Table 5 shows the optimality
ratio obtained by our heuristic and relaxation. It is observed
that the heuristic results obtained by rounding and local
optimization are very close to 1, while the heuristic results
obtained by only rounding are within (0.48,1.0) and the
ratio of the relaxation is within (1,1.8). The simulation
results show that the combination of rounding and local
optimization performs very well in this scenario.
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Figure 4: Regular topology.
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Figure 5: Comparison between heuristic, upper bound and global optimum for regular topology.

6.2.3. Spectrum Sharing and Routing. For illustration pur-
pose, we show the results of spectrum sharing and routing
when there are 5 communication sessions. The source node
and destination node for each communication session are
randomly generated; see Table 6.

By solving the MINLP problem by heuristic, we obtain
that the optimal achievable throughput for each traffic flow
is 111.3 (which is the 15th experiment shown in Figure 7).
Figure 7(a) illustrates the optimal spectrum sharing. It is
noticed that there are 10 active links in total, and channels
4 and 8 are reused. The nodes form themselves as an ad
hoc network and all links can be active simultaneously (i.e.,
the topology is conflict-free). Figures 7(b)–7(f) illustrate the

routing path(s) for each traffic flow. Figure 7(b) shows that
the traffic flow generated by node 8 first travels to node 5,
and then the traffic is split into 2 paths: one is 5 → 3 →
6 → 9 → 10 and the other path is 5 → 2 → 1 → 10.
Figure 7(c) indicates that the traffic from node 7 to node 4
is via a single path, that is, 7 → 1 → 10 → 9 → 4.
Similarly, as shown in Figures 7(d) and 7(e), the routing path
for traffic flow from node 5 to node 9 is 5 → 3 → 6 → 9,
while the traffic flow from node 3 to node 1 is via the path
3 → 5 → 2 → 1. Finally, the traffic flow generated
from node 2 travels through 2 paths, one is through 2 →
5 → 3 → 6, and the other is via 2 → 1 → 10 →
9 → 6.
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Figure 6: Random topology.

Table 4: Throughput comparison for random topology.

Experiment
index

Global
optimal

Relaxation
bound

Rounding
Rounding &

local
optimization

1 404.67 725.38 260.50 404.67

2 508.28 860.37 504.81 504.81

3 534.48 860.37 260.50 534.48

4 183.67 183.67 154.17 183.67

5 254.14 416.66 144.17 254.14

6 247.78 422.54 123.89 247.78

7 154.17 183.67 117.63 154.17

8 152.76 183.67 101.84 152.76

9 222.72 286.79 123.89 222.72

10 177.44 286.79 123.89 177.44

11 140.07 183.67 126.48 140.07

12 130.25 183.67 123.89 130.25

13 123.89 215.09 117.63 117.63

14 148.48 183.67 94.86 148.48

15 111.34 167.47 104.54 111.34

7. Conclusion

In this paper, we consider a multihop multi-channel CR
network. We present a cross-layer optimization framework
by jointly designing the spectrum sharing and routing
with the SINR constraints. Distinguished from the previous
studies, we adopt a more realistic SINR model to capture the
conflict relationships among the links, rather than using the
Protocol Model. Our objective is to maximize the minimum
end-to-end flow throughput, and our study addresses the
following two cross-layer throughput optimization problem.
(1) Given a set of secondary users with random but fixed
location, and a set of traffic flows, what is the max-min
achievable throughput? (2) To achieve the optimum, how
to choose the set of active links, how to assign the channels

Table 5: Optimality ratio comparison for random topology.

Experiment
index

Relaxation
bound

Rounding
Rounding &

local
optimization

1 1.79 0.64 1.00

2 1.69 0.99 0.99

3 1.61 0.49 1.00

4 1.00 0.84 1.00

5 1.64 0.57 1.00

6 1.71 0.50 1.00

7 1.19 0.76 1.00

8 1.20 0.67 1.00

9 1.29 0.56 1.00

10 1.62 0.70 1.00

11 1.31 0.90 1.00

12 1.41 0.95 1.00

13 1.74 0.95 0.95

14 1.24 0.64 1.00

15 1.50 0.94 1.00

Table 6: Rate requirements of 5 sessions for random topology.

Source node Destination node

8 10

7 4

5 9

3 1

2 6

to each active link, and how to route the flows? We answer
these questions via a formal mathematical formulation in
the forms of mixed integer nonlinear programming (MINLP).
Since the MINLP formulation is generally an NP-hard prob-
lem, we develop a heuristic method by solving a relaxation
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Figure 7: Spectrum sharing and routing for random topology.

of the original problem, followed by rounding and simple
local optimization. Simulation results show that the heuristic
approach performs very well; that is, the solutions obtained
by the heuristic are very close to the global optimum.

For the future work, we need to consider how to design
a distributed algorithm for a multihop CR network. Since
in reality, there may not exist a centralized server, and
also, the available channels are highly dynamic, in such
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Figure 9: Disks of radius r centered at transmitters and receivers
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situation, how to choose the set of active links and how to
allocate channels and route the flows to obtain the max-min
achievable throughput is a highly desirable and challenging
work.

Appendix

Proof of Theorem 1

Consider two links, say e = (i, j) and e′ = (k,h), using a
same channel for simultaneous transmission. According to
the SINR model, the transmission on links e is successful if
and only if

P
(

d0/di j
)η

N + P(d0/dab)η
≥ β, for ab = k j,h j, ki,hi. (A.1)

Then we find that dab is bounded by di jβ1/η, that is,

dab ≥ di jβ
1/η, for ab = k j,h j, ki,hi. (A.2)

Suppose that the minimum distance of any two nodes is dmin;
we have

dab ≥ dminβ
1/η, for ab = k j,h j, ki,hi. (A.3)

Thus, for links e and e′ to be independent, the distances
dk j , dhj , dki, and dhi have to exceed dminβ1/η (see Figure 8).
This is equivalent to embed the disjoint disks of radius

dminβ1/η/2 centered at both transmitters and receivers, as
shown in Figure 9. Different from the case of the unidi-
rectional link [16, 25], for the bidirectional link both the
transmitter and the receiver “consume” a “wireless footprint”
of area, and the total consumed area of a bidirectional link is
2π(dminβ1/η/2)

2
. Note that the total area of the domain is L2

square meters. Thus, at most 2L2/π(dminβ1/η)2 transmissions
are simultaneously feasible. That is, the number of simulta-
neous transmissions on a same channel is upper bounded by
2L2/π(dminβ1/η)2.
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Cognitive radio is being intensively researched as the enabling technology for license-exempt access to the so-called TV White
Spaces (TVWS), large portions of spectrum in the UHF/VHF bands which become available on a geographical basis after digital
switchover. Both in the US, and more recently, in the UK the regulators have given conditional endorsement to this new mode
of access. This paper reviews the state-of-the-art in technology, regulation, and standardisation of cognitive access to TVWS. It
examines the spectrum opportunity and commercial use cases associated with this form of secondary access.

1. Introduction

A cognitive radio [1] consists of a cognitive engine (CE),
which contains algorithms and toolboxes for radio environ-
ment sensing, machine-learning, and reasoning and decision
making, and a configurable radio platform, which could be
a Software Defined Radio (SDR), that basically does what it
is told by the CE. The concept of Cognitive Radio (CR) was
first described by Mitola and Maguire [2] as “transforming
radio nodes from blind executors of predefined protocols to
radio-domain-aware intelligent agents that search out ways
to deliver the services that the user wants even if that user
does not know how to obtain them”. The ideal CR knows
everything about the user requirements, the capability of
the radio device, the network requirements and the external
environment (including the radio environment). It will plan
ahead and negotiate for the best part of the spectrum to
operate in and at the best power, modulation scheme, and
so forth, and manage these resources in real time to satisfy
the service and user demands. The ideal CR is currently at
the early proof-of-concept stage research, with most of the
work taking place in universities.

A much more developed form of the CR technology is
cognitive radio for dynamic spectrum access (DSA) [3]. The
aim here is to achieve device-centric interference control and
dynamic reuse of radio spectrum based on the frequency
agility and intelligence offered by cognitive radio technology.

This form of CR technology is currently being intensely
researched. However, there is also already significant industry
effort towards prototyping, standardisation and commercial-
isation of the technology. Important industry players with
active R&D efforts in cognitive radio technology include
Alcatel-Lucent, Ericsson and Motorola from the mobile
equipment industry, BT and Orange from network opera-
tors, Philips and Samsung from the consumer electronics
industry, HP and Dell from the computer industry, and
Microsoft and Google from the Internet/software industry.
Dynamic spectrum access may take place in several ways:
between a licensed primary system and a license-exempt
secondary system, for example, secondary spectrum access
to digital TV or military spectrum, within the same pri-
mary system, for example, micro-macro sharing of licensed
spectrum in 3G/LTE femtocells, and finally among two
primary systems, for example, real-time leasing and trading
of spectrum between two cellular operators.

The first form of dynamic spectrum access is arguably
the most disruptive application of the CR technology, as
it enables license-exempt users (end-user devices and base
stations) to act as spectrum scavengers. They can identify
unused portions of licensed spectrum (also called spectrum
holes or White Spaces) and make opportunistic use of this
spectrum for their connectivity at times and/or locations
where they are not used. Allowing the operation of such
scavengers promises to greatly increase the efficiency of
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spectrum usage by preventing exclusively licensed spectrum
from being wasted due to low spatial or temporal usage.
Mainly for this reason licensed-exempt cognitive access to
certain licensed bands is being keenly promoted by the
US regulator, the (Federal Communication Commission)
FCC [4–7], and more recently also by Ofcom [8–10]. The
rationale is to maximise the usage of licensed spectrum
through secondary access by cognitive radios and, at the
same time, promote rapid introduction of new wireless
technologies and services without the need for setting aside
any new spectrum for this purpose. Most mobile operators
see this from of cognitive access as highly disruptive to their
current business model.

In the longer term (3–5 years), we expect that dynamic
spectrum access based on cognitive radio will go far beyond
opportunistic spectrum access only. As a result of the current
trends in spectrum liberalisation, including the availability
of licensed spectrum for real-time trading, cognitive devices
may be able to access a portfolio of different types of
spectrum for their connectivity. This “spectrum portfolio”
may include several different type of spectrum: licensed
spectrum (e.g., in cellular bands), licensed-exempt spectrum
(in the ISM bands), as well as spectrum, that is, acquired
in real-time, either through leasing or on a secondary
basis. Devices with cognitive functionality will be able to
dynamically change their operating spectrum within this
portfolio, accessing the best available spectrum on a “just-
in-time” basis. This may happen either upon instruction
from a base station or autonomously by devices themselves.
Depending on the user and network requirements devices
may pool together and use several spectrum fragments
and vacate some or all of them when they are no longer
required or when other more suitable ones become available.
These requirements may depend on context, application and
location and can include price, Quality of Service (QoS), and
energy saving.

To date both in the UK [10] and US [5–7] regulators have
committed to licence-exempt cognitive access to the so-called
TV White Spaces (TVWS). The TVWS spectrum comprises
large portions of the UHF/VHF spectrum that become avail-
able on a geographical basis for cognitive access as a result of
the switchover from analogue to digital TV. The total capacity
associated with TVWS is significant. According to modelling
studies commissioned by Ofcom over 50% of locations in
the UK are likely to have more that 150 MHz of interleaved
spectrum and that even at 90% of locations around 100 MHz
of interleaved spectrum might be available for cognitive
access [10]. In addition to TVWS, the defence spectrum
may provide another significant capacity opportunity for
license-exempt cognitive access. For example, around 30%
of spectrum below 15 GHz is allocated to Defence in the UK.
The UK (Ministry of Defence) MoD had until the late 1990’s
access to spectrum at no or a low cost. However, following
the Cave Audit, the Government has committed to releasing
a “significant proportion” of the MOD’s spectrum between
2008 and 2010. Results form a 2008 study by PA consulting
(commissioned jointly by MoD and Ofcom) suggest that
[11] there is significant scope for license-exempt use of the
released spectrum using cognitive radio technology, both

on a spatial and a temporal basis. For example, low power
cognitive devices could potentially share with radar if the
radar sweep can be detected and the transmission of the
cognitive device can be timed to avoid interference.

This paper aims to review the state-of-the-art in tech-
nology, regulation, and standardisation of cognitive radio
access to TVWS. It also examines the spectrum opportunity,
potential business applications, and some of the open
research challenges associated with this new form of access,
drawing lessons and conclusions from recent recent findings
in the UK [12, 13], US [14, 15], and elsewhere. The rest
of this paper is organised as follows. Section 2 provides
a brief overview of cognitive radio access to TV White
Spaces. In Section 3 the regulatory status and standardisation
efforts are reviewed and some of the outstanding research
and technology challenges are discussed. In Section 4 we
discuss recent results on quantifying the availability of TVWS
spectrum for cognitive access in the UK and the US, and
describe some of the prominent candidate use cases of this
spectrum. We conclude this paper in Section 5.

2. Cognitive Access to TV White Spaces

2.1. What are TV White Spaces? Broadcast television services
operate in licensed channels in the VHF and UHF portions
of the radio spectrum. The regulatory rules in most countries
prohibit the use of unlicensed devices in TV bands, with
the exception of remote control, medical telemetry devices,
and wireless microphones. In most developed countries
regulators are currently in the process of requiring TV
stations to convert from analogue to digital transmission.
This Digital Switchover (DSO) was completed in the US
in June 2009, and is expected to be completed in the UK
by 2012. A similar switchover process is also underway
or being planned (or is already completed) in the rest
of the EU and many other countries around the world.
After Digital Switchover a portion of TV analogue channels
become entirely vacant due to the higher spectrum efficiency
of digital TV (DTV). These cleared channels will then be
reallocated by regulators to other services through auctions.

In addition to cleared spectrum, after the DTV transition
there will be typically a number of TV channels in a given
geographic area that are not being used by DTV stations,
because such stations would not be able to operate with-
out causing interference to cochannel or adjacent channel
stations. However, a transmitter operating on such a locally
vacant TV channel at a much lower power level would
not need a great (physical) separation from cochannel and
adjacent channel TV stations to avoid causing interference.
Low power devices can therefore operate on vacant channels
in locations that could not be used by TV stations due to
interference planning. These vacant TV channels are known
as TV White Spaces or Interleaved Spectrum in the language
of the UK regulator.

2.2. Detection and Incumbent Protection. Secondary opera-
tion of cognitive radios in TV bands relies on the ability
of cognitive devices to successfully detect TVWS, and is
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conditioned by regulators on the ability of these devices to
avoid harmful interference to licensed users of these bands,
which in addition to DTV include also wireless microphones.
Both the FCC and Ofcom have considered three methods for
ensuring that cognitive devices do not cause harmful inter-
ference to incumbent: beacons, geolocation combined with
access to a database, and sensing. Currently, the database
approach seems to offers the best short-term solution for
incumbent detection and interference avoidance. Both in
the US and UK regulatory and industry efforts is, therefore,
underway to further develop the concepts, algorithms and
regulatory framework necessary for this approach.

2.2.1. Beacons. With the beacon method, unlicensed devices
only transmit if they receive a control signal (beacon) iden-
tifying vacant channels within their service areas. The signal
can be received from a TV station, FM broadcast station, or
TV band fixed unlicensed transmitter. Without reception of
this control signal, no transmissions are permitted. One issue
with the control signal method is that it requires a beacon
infrastructure to be in place, which needs to be maintained
and operated, either by the incumbent or a third party.
Furthermore, beacon signals can be lost due to mechanisms
similar to the hidden node problem described below.

2.2.2. Geolocation Combined with Database. In this method,
a device determines its location and accesses a database to
determine the TV channels that are vacant at that location.
There are at least three issues associated with this method.
There is a need for a new (commercial) entity to build and
maintain the database. Devices need to know their location
with a prescribed accuracy. For outdoor applications GPS
can be used to support these requirements, but in the case
of indoor application there are issues with the penetration of
GPS deep. Finally, devices need additional connectivity in a
different band in order to be able to access the database prior
to any transmission in DTV bands. inside buildings.

We note that the latter problems can be addressed in
master-slave communication architectures where a master
device, for example, an access point or base station, has access
to location information and is connected via a wireless or
fix link to the Internet. The master node uses its location
information to query the geolocation database about TVWS
channel availability and based on this information instructs
a set of slave devices on the frequencies they can use.

2.2.3. Sensing. Finally, in the sensing method, unlicensed
devices autonomously detect the presence of TV signals and
only use the channels that are not used by TV broadcaster.
Detection of the TV signal can be subject to the hidden node
problem, which is depicted in Figure 1. This problem can
arise when there is blockage between the unlicensed device
and a TV station, but no blockage between the TV station
and a TV receiver antenna and no blockage between the
unlicensed device and the same TV receiver antenna. In such
a case, a cognitive radio may not detect the presence of the
TV signal and could start using an occupied channel, causing
harmful interference to the TV receiver.

Primary
user

Interference
path

Secondary
user

Blocked
path

Transmitted
path

Transmitter

Figure 1: The hidden node problem of a sensing-based cognitive
radio.

2.3. Regulatory Developments

2.3.1. US. In the US the FCC proposed to allow oppor-
tunistic access to TV bands already in 2004 [4]. Prototype
cognitive radios operating in this mode were put forward to
FCC by Adaptrum, (Institute for Infocomm Research) I2R,
Microsoft, Motorola, and Philips in 2008. After extensive
tests the FCC adopted in November 2008 a Second Report
and Order that establishes rules to allow the operation
of cognitive devices in TVWS on a license-exempt basis
[5–7]. In summary these rules require cognitive devices
to use both spectrum sensing and geolocation. In order
to minimise the chance of harmful interference due to
the hidden node problem FCC has required that cognitive
devices should be able to sense both television signals and
wireless microphones down to −114 dBm. They must also
locate their position to within 50 metres and then consult a
database that will inform them about available spectrum in
that location [5–7].

Mobile devices may transmit in a locally vacant TV chan-
nel at up to 100 mW unless they are using a channel adjacent
to terrestrial television, in which case their transmission
power can only be 40 mW. Fixed devices (base stations or
customer premises) may transmit at a locally vacant channel
at up to 4 W (EIRP). Devices without geolocation capabilities
are also allowed if they are transmitting to a device that has
determined its location. In this case, one device would be
acting as a master for a network and the other slave devices
would operate broadly under its control in terms of the
spectrum they would use. Devices that use sensing alone are
allowed in principle; however, they must be submitted in
advance to the FCC for laboratory and field testing so the
FCC can determine whether they are likely to cause harmful
interference. The exact process that the FCC will use to
determine this has not been specified.

Importantly, the FCC report includes a detailed dis-
cussion about whether cognitive access should be licensed,
licence-exempt or subject to light licensing. It concludes
that the best way to facilitate innovative new applications
is via licence-exemption and that licensing would not be
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practicable for many of the new applications envisaged. It
also notes that any licenses would be difficult to define and
subject to change (e.g., if television coverage was replanned),
so the rights awarded would be rather tenuous.

2.3.2. UK. In its Digital Dividend Review Statement released
in December 2007 the UK regulator, Ofcom, proposed
to “allow licence exempt use of interleaved spectrum for
cognitive devices” [8]. Furthermore Ofcom stated that “We
see significant scope for cognitive equipments using inter-
leaved spectrum to emerge and to benefit from international
economics of scale [8]”. In a consultation published on 16
February 2009 [9] Ofcom proposed a number of technical
parameters for licence-exempt cognitive use of interleaved
spectrum which closely follow those suggested by FCC.

Subsequently, in a statement published on July 1 2009
Ofcom proposed to allow sensing alone as well as geolocation
for incumbent detection [10]. However, it concludes that in
the short term the most important mechanism for spectrum
detection will be geolocation. Ofcom is suggesting that
further work, possibly leading to a consultation specifically
on geolocation, is appropriate. Finally Ofcom states that it
“will work with stakeholders to further develop the concepts
and algorithms necessary for geolocation and expect to con-
sult further on Geo-location later in 2009” [10]. Following
this consultation Ofcom published a discussion paper on
geolocation for cognitive access in Novemeber 2009.

2.3.3. Worldwide. Work on a pan-European specification for
cognitive devices is currently taking place within the SE43
working group of (the European Conference of Postal and
Telecommunications Administrations) CEPT. An important
aim of this group is to define technical and operational
requirements for the operation of cognitive radio systems
in TV White Spaces in order to ensure the protection of
incumbent services/systems and to investigate the amount of
spectrum across Europe that is potentially available as White
Spaces. Furthermore on a worldwide scale, agenda item
1.19 of the (World Radiocommunications Conference, 2011)
WRC-11 will be considering regulatory measures and their
relevance, in order to enable the introduction of software
defined radio and cognitive radio systems, based on the
results of ongoing ITU-R studies.

2.4. Standardisation and Industry Effort. Industry led re-
search and development on cognitive radio technology has
been so far mainly focused in the USA, and is largely driven
by the desire of important new players, including Google and
Microsoft, to get access to the TVWS spectrum. However,
a number of EU-backed and industry-led collaborative
projects are currently underway that aim at bringing
cognitive radio technology in Europe closer to commercial
exploitation. Two major standardisation efforts, which are
currently at an advanced stage, are discussed below. It is
worth mentioning that in addition to these a number of new
standardisation initiatives are underway, which include the
IEEE 802.19 and the IEEE 802.11af standards.

2.4.1. The Cognitive Networking Alliance (CogNeA) Standard.
The Cognitive Networking Alliance (CogNea) [16] is an
open industry association. The Alliance intends to commer-
cialise low power personal/portable Cognitive Radio plat-
forms by enabling and promoting the rapid adoption,
regulation, standardisation and multivendor compliance
and interoperability of CRs world wide. Alliance board
members include ETRI, HP, Philips, Samsung Electro-
Mechanics, Texas Instruments, and more recently BT. The
initial geographical focus area is North America. The initial
focus radio spectrum is TV White Spaces.

The Alliance intends to promote TVWS spectrum regu-
lations worldwide, and to establish a recognisable CogNeA
brand that indicates a device is CogNeA-compliant and can
therefore interoperate with other CogNeA-certified devices
from various manufacturers. The Alliance also develops
specifications for the Common Cognitive Radio Platform
(CCRP) which supports multiple applications [17].

The Alliance intends to bring the standard to an inter-
national status, in collaboration with an existing Standards
Definition Organisation (SDO), to make it globally accepted.
The primary target applications for the CogNeA standard are

(i) in-home high definition multimedia networking and
distribution solutions that overcome the whole home
coverage problems inherent to solutions using ISM
bands,

(ii) unlicensed broadband wireless access for communi-
ties/neighbourhoods/campuses.

The standard is developing a Common Radio Platform
consisting of the Physical Layer (PHY) and the Media Access
Layer (MAC). The PHY consists of the Radio Front End,
the Baseband, and the Cognitive Entity, which contains
a geo-location block, a sensing block and an Internet
access and interference map resources. The MAC carries
the Communication/Networking protocol, Air access rules,
and interface for the higher layers, such as network and
application layers.

ECMA International is currently developing a high-
speed wireless networking standard for use in the Television
White Spaces, based on the contribution from CogNeA. The
standard will employ cognitive radio sensing and database
technologies to avoid interference with licensed services
and other incumbent users in compliance with the FCC
regulatory rules. The first draft of the ECMA/CogNeA PHY
and MAC standard for operation in TV White Spaces was
published in December 2009 [18, 19].

2.4.2. The IEEE 802.22 Standards. The IEEE 802.22 Working
Group [20] has defined an air interface (PHY and MAC)
standard based on cognitive radio techniques. The 802.22
standard is being developed for Wireless Regional Area
Networks (WRANs). The primary target application of the
standard is licensed-exempt broadband wireless access to
rural areas in TVWS. The initial geographical focus area is
North America. The 802.22 system specifies a fixed point-to-
multipoint wireless air interface whereby a base station (BS)
manages its own cell and all associated Consumer Premise
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Equipments (CPEs). The network architecture including
MAC and PHY are derived from IEEE 802.16 WiMAX. The
802.22 PHY layer is designed to support a system which uses
vacant TVWS channels to provide wireless communication
access over distances of up to 100 Km. The PHY specifica-
tion is based on Orthogonal Frequency Division Multiple
Access (OFDMA) for both the upstream and downstream
access.

The IEEE 802.22 standard supports incumbent detec-
tion through spectrum sensing (the database approach is
optional). The standard specifies inputs and outputs for the
sensing function, as well as the performance requirements
for the sensing algorithms implemented (e.g., probability
of detection, incumbent detection threshold and proba-
bility of false alarms). These include energy detector, and
cyclostationary and pilot sensing detectors for ATSC DTV
signals, and an FFT-based algorithm for detection of wireless
microphone signals [21].

The IEEE 802.22 defines a connection oriented and
centralised MAC layer. Two important capabilities are intro-
duced in the 802.22 MAC layer to support reliable incumbent
detection based on sensing: network-wide quite periods
scheduled by each BS during which all transmissions are
suspended in order to allow reliable sensing, and channel
measurement management to coordinate distributed chan-
nel measurement/incumbent detection by CPEs and their
reporting to BS.

After an initial accelerated phase, the development of
the standard seems to have slowed down during the last
year. According to the IEEE 802.22 sources, the standard is
currently at the Ballot stage. However, the final completion
date for standard is not known yet, and there have been no
vendor companies so far to build equipment based on the
IEEE 802.22.

3. Research Challenges

3.1. High-Precision Spectrum Sensing. In order to minimise
the chance of harmful interference due to the hidden node
problem both the FCC and Ofcom require that cognitive
devices should be able to sense TV signals at detection
margins much lower than that of TV receivers (114 dBm for
6 MHz US channels and −120 dBm for 8 MHz UK channels)
[5–7, 10]. Such weak signals are well below thermal noise,
and in the presence of noise uncertainty cannot be detected
using the energy detection algorithms that are implemented
in the current generation of wireless devices [22]. Recent
research, however, shows that such sensing levels may be
achieved using more sophisticated sensing algorithms that
rely on certain features of incumbent signals which are absent
in the noise [23].

In the following we briefly discuss some of these “non-
blind” sensing techniques. We note that, unlike energy
detection, these algorithms are generally not applicable to
sensing signals from wireless microphones, most of which
use analogue frequency modulation (FM), and refer the
reader to [24, 25] for recently proposed algorithms for
detection of wireless microphones.

CR transmitter

CR receiver

TV receiver

TV transmitter

Figure 2: In future commercial applications the aggregate power
levels of cognitive devices need to be controlled in order to avoid
interference to primary receivers.

(i) Pilot detection. These sensing algorithms are specific
to ATSC signals, which have a DC pilot at a lower
band-edge in a known location relative to the signal.
Detection is achieved by setting a threshold either
on the amplitude or the location of the pilot signal.
Detection based on the location of pilot is in
particular robust against noise uncertainty, since the
position of the pilot can be pinpointed with high
accuracy, even if the amplitude is low due to fading
[21].

(ii) Cyclostationary feature detection. Both the ATSC and
DVB-T signals are cyclostationary, that is, the means
and correlation sequences of these signals exhibit
periodicity. Cyclostationary feature detectors were
introduced as a complex two-dimensional signal
processing technique for recognition of modulated
signals in the presence of noise and interference.
Recently they have been proposed by a number of
authors [26, 27] for the detection of weak TV signals
in the context of spectrum sensing for cognitive radio.

(iii) Cyclic prefix and autocorrelation detection. OFDM
signals, including DVB-T signals, contain a special
sequence called cyclic prefix (CP), where the last D
bits of the OFDM symbol is copied to the beginning
of the symbol. Cyclic prefix detection is similar to
energy detection. However, the test statistics used in
the algorithm is the energy contained in the cyclic
prefix of each OFDM symbol, instead of the whole
symbol [28]. Furthermore, due to the presence of CP
the autocorrelation function of DVB-T signals show
distinct peaks at nonzero values whose amplitude and
position could be used to detect the signal from the
noise.
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One issue with most of the above sensing algorithms
is that they require considerable processing power which
may be either not available or not desirable (due to power
consumption) in handheld devices. A second problem with
high-precision sensing is that the ability of cognitive devices
to sense extremely weak TV signals may eliminate the hidden
node problem (false negatives) but at the same time it
can lead to a situation where a cognitive radio detects
TV signals from transmitters that are perhaps hundreds
of kilometres away (false positive), thereby removing a
considerable portion of usable White Spaces. Very recent
studies in the US, for example, indicate that a threshold of
−114 dBm reduces the recoverable White Spaces by a factor
of 3 [14]. Even worse, initial modelling studies performed
at BT [29] show that in some UK locations, a cognitive
device with a −114 dBm sensitivity level will identify all
DTT channels as occupied, and therefore will have no White
Space available for its operation if it relies on naive sensing
only!

There has been considerable recent research in coop-
erative detection algorithms, where sensing measurements
performed by multiple devices are combined (using either
a soft or a hard decision combining method) in order to
achieve higher sensing thresholds than is possible by single
devices or to deal with the hidden node problem [30–
32]. Interestingly, cooperative sensing was also considered
in Ofcom’s consultation on cognitive access as a possible
approach to the detection problem [9].

One problem of cooperative sensing is that the achievable
detection level depends on several factors, including the
number of cooperating cognitive devices and their spatial
arrangement [30, 31]. Therefore, in general it would be
difficult to test and certify the detection capability of such
cooperating cognitive devices on an individual basis to check
device compliance with regulatory requirements [29]. Fur-
thermore this method requires additional communication
overhead since local measurements will be collected at system
level in order to make a decision, which is then broadcast to
all cognitive radios involved.

Due to the above issues we believe that the most
promising application of cooperative sensing will be in
master-slave communication scenarios, where a computa-
tionally powerful master device (e.g., a WiFi access point
or a cellular base station) centrally coordinates and process
sensing activities of a set of slave devices in combination and
uses the result to refine and geographically extend the results
of its own sophisticated sensing algorithms.

3.2. Agile Transmissions and Spectrum Pooling Techniques.
Physical layer transmission techniques that are able to effec-
tively deal with the fragmented nature of TVWS spectrum
are a very important component of future cognitive radios.
In particular, these techniques must be sufficiently agile to
enable unlicensed users to transmit in (locally) available
TVWS bands while not interfering with the incumbent
users operating at adjacent bands. Moreover, to support
throughput-intensive applications, these techniques should
be able to achieve high data rates by pooling several (not

necessarily contiguous TVWS channels). One technique
that seems to meet both these requirements is a variant
of orthogonal frequency division multiplexing (OFDM)
called non-contiguous OFDM (NC-OFDM) [33, 34]. NC-
OFDM is capable of deactivating subcarriers across its
transmission bandwidth that could potentially interfere with
the transmission of other users. Moreover, NC-OFDM can
support a high aggregate data rate with the remaining
subcarriers, and simultaneously maintain an acceptable level
of error robustness. In addition to NC-OFDM several other
techniques have been proposed to enable agile waveforming
over fragmented spectrum. One prominent example is the
use of filterbank multicarrier techniques for such cognitive
radio applications [35].

3.3. Multiple Antenna Technologies for Cognitive Radio. The
use of antenna diversity or MIMO antenna architecture
can provide a significant increase in the spectral efficiency
of wireless systems [36, 37]. However, the use of multiple
antennas in cognitive radio networks is underdeveloped. One
of the major objectives for cognitive radio is to improve
the spectrum utilisation. With the advantages offered by
MIMO systems, it is therefore logical to exploit potentials
in applying the MIMO antenna architecture to cognitive
radio networks. Introducing multiple antenna technologies
for cognitive radio (CR) may extend the dimension of CR
from the current frequency band and time slot regime even
further into spatial domain. A cognitive system using MIMO
can significantly improve receiver sensitivity and coverage,
hence it may also have impact on the key device parameters
such as sensitivity and transmit power in CR, that is, required
by regulators.

One issue with the use of MIMO in the context of cog-
nitive access to TVWS is that the typical wavelengths in the
UHF bands vary between 0.3–0.6 m. Optimal use of multiple
antennas on a single cognitive device, therefore may not
be feasible in most applications due to the small footprints
involved. However, fixed BWA(Broadband Wireless Access)
applications similar to that considered in the IEEE 802.22
that involve large base stations and customer premises may
greatly benefit from multiple antenna technologies.

3.4. System-Level Issues. Almost all research so far has
focused on a single cognitive device accessing TVWS
spectrum. However, the provision of commercial services
based on cognitive radio technologies, for example, mobile
broadband or wireless home networks, will inevitably involve
situations involving multiple cognitive equipments that may
belong to either the same or different service providers.
Some open research challenges associated with such service
scenarios include the following:

(i) estimation and control of aggregate interference from
multiple cognitive devices [38] towards primary
users,

(ii) politeness (etiquette) rules that achieve fair and
efficient sharing of secondary spectrum among com-
peting cognitive radios [9],
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Figure 3: The UK UHF TV bands after completion of Digital Switchover [9].

(iii) spectrum sensing under aggregate interference con-
ditions,

(iv) quantitative understanding of the scalability of sec-
ondary spectrum access networks operating in TVWS
spectrum.

4. TVWS Spectrum Availability and Use Cases

4.1. How Much White Spaces Is Available? Figure 3 shows
allocation of the UHF spectrum in the UK after the com-
pletion of DSO [10]. The 128 MHz of spectrum marked in
green (16 bands) is the cleared spectrum which Ofcom plans
to license through auctions. The 256 MHz (32 channels)
marked in purple is the interleaved spectrum which can be
used on a geographical basis for license-exempt access by
using cognitive radio technology. Finally the channel marked
in pink is licensed by Ofcom for exclusive access for wireless
microphones, and so forth, (PMSE).

From the above chart it appears that there is significant
capacity available for cognitive access in the UHF bands.
However, due to its secondary nature the availability and
frequency decomposition of the UHF spectrum for cognitive
access is not the same at all locations and depends also on
the power levels used by cognitive devices [12, 14]. This is an
important feature of license-exempt cognitive access to TV
bands which distinguish it from, for example, WiFi access to
the ISM bands.

Potential commercial applications of TVWS devices will
strongly depend on how the availability of this spectrum
varies; both from location to location and as a function of
transmit power of cognitive devices. A number of recent
studies have investigated various aspect of TVWS spectrum
in the US [14, 15]. In the UK we have developed a set

of modelling tools that have enabled us to quantify the
availability of TVWS spectrum for cognitive access and its
variation with location and transmit power.

The first set of these modelling tools [12] makes use of
the publicly available maps of DTV coverage in the UK [39]
which were generated via computer simulations from the
Ofcoms database of location, transmit power, antenna height
and transmit frequency of UKs DTV transmitters, and were
further validated and improved through direct observations
at different locations. It combines these coverage maps
with simplified propagation modelling calculations to obtain
upper bounds for the vacant TVWS frequencies at any given
location as well as a lower-bound estimate for the variations
of TVWS spectrum with the transmit power of a cognitive
devices.

The computer model for obtaining the upper bounds
works as follows [12]. We use the UK National Grid (NG)
coordinate system in order to specify the geographical
position of any location on the UK map. Given the NG
coordinates of a UK location the computer code then maps
this location onto the closest grid point on the DTV coverage
maps. For a given DTV transmitter this grid point is then
evaluated to determine if it falls within the coverage area
of that transmitter. If this is the case, then the frequencies
associated with the transmitter are tagged as occupied
at those locations, otherwise they are tagged as vacant.
Repeating this procedure for coverage maps of all DTV
transmitters, we then obtain a list of vacant TV frequencies
at a given location that can be used by a low-power cognitive
devices which is positioned in that location.

In the case of high power cognitive equipments, for
example, those considered within the 802.22 standard, the
required computations are very intensive. In order to reduce
this computational effort, we approximate the actual DTV
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coverage areas by circular disks which were constructed such
that each of them entirely encompassed the coverage area of
the associated transmitter while also having the minimum
possible surface area. With this simplification, it is then
computationally straightforward to calculate from the vacant
TV frequencies as a function of both position and transmit
power of cognitive devices.

A second modelling tool is currently in its final develop-
ment stage [40]. The tool makes use of Ofcom’s published
database of DTV transmitter together with highly accurate
terrain data and standard UHF radio propagation models to
generate contour maps of the received power for every DTV
transmitters in the UK. Combining these contour maps with
propagation modelling of cognitive devices, the available
TVWS for cognitive access at any given location and for
any arbitrary power level is then computed with a spatial
resolution of 100 m. The terrain data used in this modelling
tool is based on the STRM v2 terrain elevation data. The
STRM data set resulted from a collaboration effort between
NASA and the US National Geographic Intelligence Agency,
as well as the participation of the German and the Italian
space agencies, and is at present the most complete high-
resolution digital topographic database of Earth.

We have used our first set of modelling tools to investigate
the variations in TVWS as a function of the location and
transmit power of cognitive radios, and to examine how
constraints on adjacent channel emissions of cognitive radios
may affects the results. This analysis provides a realistic
view on the potential spectrum opportunity associated with
cognitive radio access to TVWS in the UK, and also presents
the first quantitative study of the availability and frequency
composition of TVWS outside the United States. Figure 4
summarises in a bar-chart the availability of TVWS channels
for 18 major population centres in England, Wales and
Scotland. The total number of channels available at each
location is shown as a green bar. These results show that there
are considerable variations in the number of TVWS channels
as we move from one UK location to another. For any given
location, however, a minimum of 12 channels (96 MHz) is
accessible to low-power cognitive devices, while the averaged
per location capacity is just over 150 MHz.

When a high power cognitive device operates in a vacant
TV channel, energy leakage to adjacent channels may cause
interference to adjacent frequencies, which may be occupied.
Ofcom had raised concerns that operation of low-power
cognitive devices on a given channel may also cause adjacent-
channel interference for mobile TV receivers that are in
close vicinity. Consequently, even in some future use cases,
cognitive devices may be constrained not to use vacant
channels whose immediate adjacent frequencies are used
for mobile TV. The total number of available TVWS after
imposing the above adjacent channel constraint are shown
as red bars in Figure 4. It can be seen that imposing the
constraint greatly reduces the amount of accessible spectrum
in most locations considered (on average the available
capacity drops to just below 40 MHz/location).

Recent studies on quantifying the availability of TVWS in
the United States were reported in [14, 15], and the results are
in line with our findings for the UK. In particular a detailed
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Figure 4: Available TVWS capacity for low-power cognitive access
in 18 UK locations as obtained from coverage modelling. Results are
shown both without (green bars) and with (red bars) considering
adjacent channel interference constraint.
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Figure 5: TVWS channels available for cognitive access in Central
London.

study performed in [14] shows that in the US the main
channels of relevance are the lower UHF channels where
∼15 (90 MHz) channels per location/per person are available
for low power cognitive access. However this number drops
significantly (to ∼5) when adjacent channels also have to be
protected.

In addition to estimating total available TVWS, it is
of importance to investigate channel composition of this
spectrum. In Figure 5 we show, as an example, channel
composition of TVWS in Central London. In this figure
vacant channels are shown as blue bars while occupied
channels are left black. As can be seen from the figure,
the available TVWS channels can be highly non-contiguous.
This feature may greatly restrict access to TVWS by most
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current wireless technologies, as modulation schemes imple-
mented in these technologies often require a contiguous
portion of the spectrum. In the case of London although
a total of 96 MHz spectrum is in principle available, only
16 MHz can be utilised for contiguous frequency access.

We note that the above results were obtained using a
combination of highly realistic DTV coverage maps with a
simplified pathloss propagation model, which is adequate
when considering low-power cognitive devices. Although
our results are in good agreement with other independently
obtained modelling results, for example, by Ofcom, we
are currently not aware of any actual measurements of
TVWS avilability in the UK that could be used to directly
validate our modelling results. Furthermore, in order to
improve the accuracy of our TVWS estimates for high-power
cognitive devices, such as those required in rural
broadband applications, we are incorporating standard UHF
propagation models such as the ITU-R P.1546-3 (Longley-
Rice) model [41] into our calculations.

4.2. Use Cases. In addition to considerable capacity it offers,
which is evident from the discussion in the previous section,
an important reason why TVWS spectrum has attracted
much interest is an exceptionally attractive combination of
bandwidth and coverage. Signals in the VHF/UHF TV bands
travel much further than both the WiFi and 3G signals
and penetrate buildings more readily. This in turn means
that these bands can be used for a very wide range of
potential new services. In addition to broadband wireless
access to undeserved areas, other technologically important
applications of TVWS spectrum include the following:

(i) wireless distribution networks for future digital
homes and smart energy grids,

(ii) licensed-exempt mobile broadband,

(iii) last mile wireless broadband in urban environments,

(iv) cognitive femtocells/cellular communications in
TVWS.

In the following paragraphs we will focus our attention
on two future use cases of cognitive access to TVWS, which
have recently attracted much attention from both industry
and research community.

4.2.1. Future Wireless Home Networks. Fuelled by the quick
progress of wireless technologies, broadband adoption, and
without the burden of spectrum licences, home wireless
networking has become in the last few years a pervasive
technology. Between 2004 and 2006, home network adoption
boomed across Europe, with growth rates surpassing Asia
and North America. France and the UK both trebled the
number of households with a home network, putting them
slightly ahead of the US Italy and Germany still lagged behind
but posted notable growth nonetheless. More than 54% of
European households have a computer and a total of 34%
are using WiFi routers. The future wireless home will consist
not only of PC, laptops and PDAS wirelessly connected to
the Internet but also media servers (High Definition TV,

video and audio), access points, computer electronics like
wireless cameras and game consoles. Due to sharp decrease in
wireless solutions prices and minimum restrictions for access
to ISM bands, other domestic applications as well as gas,
electricity and water meters will in the future come equipped
with radio receivers allowing control, monitoring and easy
configuration (the so-called smart grids).

Most of these devices and services support wireless
connectivity using one or a number of short-range wireless
technologies, such as WiFi (IEEE 802.11), Zigbee (IEEE
802.15.4), and so forth, all operating without the need
for a licence in the already congested ISM bands. Home
networks of the future operating exclusively in these bands
are expected to suffer severe capacity limitations resulting
from interference caused by the high device density and
limited spectrum availability in the ISM bands. Furthermore,
the aggregate interference resulting from these devices is
bound to create a high interference burden on the WiFi-
based provision of broadband wireless access in homes.

Additional capacity offered by secondary access to TVWS
has the potential to solve this capacity limitation problem
thereby contributing to increasing takeup of wireless home
networking and services, and spurring future technological
innovation and revenue generation. In particular, some of
the most bandwidth-intensive home networks applications
(such as multimedia streaming) can be offloaded to TVWS
bands hence freeing up the ISM bands for other consumer
applications. Our recent system-wide simulation studies
show that [13] due to lower operation frequencies home
access points operating in the TVWS UHF frequencies can
achieve throughput levels that are either higher or compa-
rable to WiFi access points while using significantly lower
transmit power levels (two order of magnitudes in mW)
[13]. An additional benefit here is that a significant saving
in energy consumption can be achieved in home networking
scenarios by switching from the ISM bands to TVWS bands
[13]. Furthermore, according to several recent studies [12,
42] the number of available channels for indoor white space
transmissions appear to be very significant.

Protection of incumbents in such home networking
scenarios can be achieved using a master-slave architecture
where functionalities of spectrum detection and/or geolo-
cation and database access and spectrum assignment are all
integrated into the home access point [43]. The access point
monitors the availability of spectrum in the ISM and TV
bands and instruct customer devices which spectrum to use
based on their bandwidth and QoS requirements.

4.2.2. Cognitive/TVWS Femtocells. A femtocell is a small
base station of 3G/LTE, or WiMAX technology, controlled
by the mobile operator and placed inside the home /small
office of the customer. Femtocells are useful when a user
experiences bad indoor coverage or its application is too
capacity-demanding for indoor conditions. The user may be
already inside or going inside a building. Femtocells help
maintaining a mobile broadband session or to allow it where
it previously was not possible. Current generation femtocells
use the same frequencies as mobile networks, hence creating



10 International Journal of Digital Multimedia Broadcasting

1. Queries TVWS
database with post-

code location

2. Provides available
TVWS channels and

power levels

TVWS
database

Homehub

Network

Device data via ISM

Duall mode
mobile device

e.g. CogNeA standard

TVWS set-top box
HDTV data via TVWS

HDTV
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a potential source of interference that can be difficult to
control since the user femtocell is not controlled by the
operator.

Femtocells operating in TVWS would be an alternative
to femtocells proprietary technologies that are appearing on
the market for dedicated 3G/LTE networks [44]. The main
advantage of CR based femtocells compared to traditional
femtocells will be reduced or better controlled interference
into the operators’ network. Another case of great interest to
operators is to use CR to backhauling of femtocells (either
traditional or CR-based themselves). This allows a mobile
operator gain control into the home of the user, should it
be outside the DSL coverage or whether the user has another
operator delivering broadband to his/her home network.

5. Conclusions

In this paper we surveyed the state-of-the-art in cognitive
radio access to TV White Spaces. We showed that a regulatory
framework for secondary utilisation of TVWS spectrum is
well underway both in the US and UK and important steps
in this direction are also being taken within the EU and
worldwide. Using result from recent quantitative studies of
the TVWS availability in the UK and US we illustrated that
cognitive access to these bands provides a very significant
spectrum opportunity for a range of indoor and outdoor
applications and services. In addition to rural broadband,
which is the main focus of the IEEE 802.22 standard, these
include wireless home networks, mobile broadband, and
TVWS femtocells.

However, effective exploitation of this spectrum for such
commercial services requires addressing an array of impor-
tant technology challenges. One of these, high-precision
spectrum sensing, has been the subject of numerous research
papers while others, including multiple secondary access,
aggregate interference control, and agile modulation tech-
niques, have not yet received the attention we believe
they deserve. Furthermore, quantitative techno-economical
studies of the commercial feasibility and cost versus benefit
associated with use cases of cognitive radio crucial in
influencing the takeup of the technology by wireless network
and service providers but are currently very limited. Our

own research is currently focusing on some of the abovemen-
tioned technology and business challenges of cognitive access
to TVWS.
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[23] T. Yücek and H. Arslan, “A survey of spectrum sensing
algorithms for cognitive radio applications,” IEEE Communi-
cations Surveys and Tutorials, vol. 11, no. 1, pp. 116–130, 2009.

[24] H.-S. Chen, W. Gao, and D. G. Daut, “Spectrum sensing
for wireless microphone signals,” in Proceedings of the 5th
Annual IEEE Communications Society Conference on Sensor,
Mesh and Ad Hoc Communications and Networks Workshops,
San Francisco, Calif, USA, June 2008.

[25] A. Mossa and A. Jeoti, “Cyclostationary-based spectrum
sensing for analog TV and wireless microphone signals,” in
Proceedings of the 1st International Conference on Computa-
tional Intelligence, Communication Systems and Networks, pp.
380–385, 2008.

[26] P. D. Sutton, K. E. Nolan, and L. E. Doyle, “Cyclostationary
signatures in practical cognitive radio applications,” IEEE
Journal on Selected Areas in Communications, vol. 26, no. 1, pp.
13–24, 2008.

[27] L. P. Goh, Z. Lei, and F. Chini, “DVB detector for cognitive
radio,” in Proceedings of the IEEE International Conference on
Communications (ICC ’07), pp. 6460–6465, Glasgow, UK, June
2007.

[28] G. Noh, J. Lee, H. Wang, S. You, and D. Hong, “A new
spectrum sensing scheme using cyclic prefix for OFDM-based
cognitive radio systems,” in Proceedings of the IEEE Vehicular
Technology Conference (VTC ’08), pp. 1891–1895, May 2008.

[29] “BT Response to Ofcom Consultation on Digital Dividend,”
Cognitive Access.

[30] A. Ghasemi and E. S. Sousa, “Collaborative spectrum sensing
for opportunistic access in fading environments,” in Proceed-
ings of the 1st IEEE International Symposium on New Frontiers
in Dynamic Spectrum Access Networks (DySPAN ’05), pp. 131–
136, Baltimore, Md, USA, November 2005.

[31] G. Ganesan and Y. Li, “Cooperative spectrum sensing in
cognitive radio, part I: two user networks,” IEEE Transactions
on Wireless Communications, vol. 6, no. 6, pp. 2204–2212,
2007.

[32] Y. Selén and J. Kronander, “Cooperative detection of Pro-
gramme making special event devices in realistic fading

environements,” in Proceedings of the IEEE International
Symposium on New Frontiers in Dynamic Spectrum Access
Networks (DySPAN ’10), Singapore, April 2010.

[33] R. Rajbanshi, A. M. Wyglinski, and G. J. Minden, “An efficient
implementation of NC-OFDM transceivers for cognitive
radios,” in Proceedings of the 1st International Conference on
Cognitive Radio Oriented Wireless Networks and Communica-
tions (CROWNCOM ’06), June 2006.

[34] R. Rajbanshi, OFDMbased cognitive radio for DSA networks,
Ph.D. thesis, University of Kansas, Lawrence, Kan, USA, 2007.

[35] W. Rhee, J. C. Chuang, and L. J. Cimini, “Performance
comparison of OFDM and multitone with polyphase filter
bank for wireless communications,” in Proceedings of the 48th
IEEE Vehicular Technology Conference (VTC ’98), pp. 768–772,
May 1998.

[36] M. Jankiraman, Space-Time Codes and MIMO Systems, Artech
House, Boston, Mass, USA, 2004.

[37] N. Devroye, P. Mitran, and V. Tarokh, “Limits on communi-
cations in a cognitive radio channel,” IEEE Communications
Magazine, vol. 44, no. 6, pp. 44–49, 2006.

[38] N. S. Shankar and C. Cordeiro, “Analysis of aggregated
interference at DTV receivers in TV bands,” in Proceedings of
the 3rd International Conference on Cognitive Radio Oriented
Wireless Networks and Communications (CROWNCOM ’08),
Singapore, May 2008.

[39] “UK FREE.TV,” http://www.ukfree.tv/.

[40] K. Briggs, “BT innovate and design,” Tech. Rep., July 2009.

[41] P. L. Rice, A. G. Longley, K. A. Norton, and A. P. Barsis,
“Transmission loss predictors for tropospheric communica-
tion circuits,” Tech. Note 101, U S Government Printing
Office, Washington, DC, USA, 1965.

[42] E. Obregon and J. Zander, “Short range white space utilization
in broadcast systems for indoor environments,” in Proceedings
of the IEEE International Symposium on New Frontiers in
Dynamic Spectrum Access Networks (DySPAN ’10), Singapore,
April 2010.

[43] M. Nekovee, “Cognitive access to TV White Spaces: spectrum
opportunities, commercial applications and remaining tech-
nology challanges,” in Proceedings of the IEEE International
Symposium on New Frontiers in Dynamic Spectrum Access
Networks (DySPAN ’10), Singapore, April 2010.
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Cognitive radio (CR) is a technology to implement opportunistic spectrum sharing to improve the spectrum utilization. However,
there exists a hidden-node problem, which can be a big challenge to solve especially when the primary receiver is passive listening.
We aim to provide a solution to the hidden-node problem for passive-listening receiver based on cooperation of multiple CRs.
Specifically, we consider a cooperative GPS-enabled cognitive network. Once the existence of PU is detected, a localization
algorithm will be employed to first estimate the path loss model for the environment based on backpropagation method and
then to locate the position of PU. Finally, a disable region is identified taking into account the communication range of both the
PU and the CR. The CRs within the disabled region are prohibited to transmit in order to avoid interfering with the primary
receiver. Both analysis and simulation results are provided.

1. Introduction

As more devices go wireless, spectrum becomes more and
more crowded. Study of spectrum utilization, however,
reveals that not all the spectrum is in use for all the time.
Enforcement Bureau of Federal Communications Commis-
sion (FCC) measures the spectrum usage in Atlanta, Chicago,
and so forth, and the study shows that only 5%–10% of the
spectrum is used (up to 100 GHz) on the average. DARPA
study reveals that only 2% of the allocated spectrum is used
at any given time. Therefore, there is a potential to make
efficient use of the unused spectrum without interfering with
primary users (PUs) so that the spectrum utilization can be
improved and more users can be supported. Cognitive radio
(CR) is a technology to implement opportunistic spectrum
sharing to improve the spectrum utilization [1–3]. CR can
be applied in civilian applications, law enforcement, as well
as military applications.

For CR, spectrum sensing is the first step but very crucial
to the success. Only when the electromagnetic environment
is thoroughly understood, it can be decided over which
frequency to transmit and how to transmit. As the cognitive
radio is seen as the secondary user to share the licensed band

with the PU, they must avoid or control the interference to
potential PU. However, as a radio device, a single CR may
suffer severe shadowing or multipath fading with respect to
primary transmitter so that it cannot detect the existence of
primary transmitter even in its vicinities. In addition, there
exists a hidden-node problem, in which a CR may be too far
from the transmitter to detect the existence of the PU, but
close to the primary receiver to interfere with the reception
if transmit. Cooperative sensing provides a solution to the
challenges mentioned above [4, 5]. In cooperative sensing,
multiple cognitive radios cooperate to reach an optimal
global decision by exchanging and combining individual
local sensing results. Allowing multiple CRs to cooperate,
cooperative sensing can increase the detection probability,
reduce the detection time, and achieve the diversity gain [6–
11].

In this paper, we aim to provide a solution to the
hidden-node problem for passive-listening receiver based
on cooperation of multiple CRs. Solutions to hidden-node
problem have been provided, such as RTS/CTS handshake
for WLAN [12], BTMA (Busy Tone Multiple Access) for
a centralized system [9], and DBTMA (Dual Busy Tone
Multiple Access) for ad hoc networks [10]. However, most of
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the solutions require active participation of primary receiver
and fail when primary receiver is just passive listening. When
passive listening, primary receiver does not acknowledge or
respond. In our approach, GPS-enabled CRs cooperate to
first estimate the environment based on back propagation
method and then locate the position of PU. Based on the
PU location derived, we identify the disable region, whose
radius is the sum of PU communication range and a CR
communication range. Within the disable region, all the CRs
are prohibited to transmit in order to avoid interfering with
the PU. Since the disable region takes into account the CR
communication range, our proposed method deals with the
worst case of hidden-node problem. In addition, it does not
require any involvement from primary receiver, suitable for
passive-listening scenario.

The remainder of the paper is organized as follow. In
Section 2, we present our system model. In Section 3, we
propose the localization algorithm to first estimate the path
loss model and further determine the exact location of PU.
Simulation results are provided in Section 4, and finally the
paper is concluded by Section 5.

2. System Model

We consider a cognitive network, which consists of N CRs
that are GPS enabled and cooperative, shown in Figure 1. A
simple energy detector is used by individual CR to detect the
existence of PU by measuring the strength of the received
power. A central control office collects the sensing results
from individual CR to make a global detection decision. If
the existence of PU is determined, the central control office
runs a localization algorithm to first estimate the path loss
model for the environment and then to locate the position
of PU.

Once the position of PU is located, a disable region for
CRs can be identified. Let Rp denote the communication
range for PU and Rc denote the communication range for
CR, and then the disable region is the circle area with the
origin at the PU location and the radius Rd = Rp + Rc. The
actual CR communication range depends on the CR receiver
and the CR transmits power jointly, which are known to
the system. Therefore, it can be easily calculated given the
path loss model. Finally, the central control office sends the
control signal to individual CR to either disable or enable
the CR depending on whether it locates within or outside
of the disable region. The CRs within the disabled region
are prohibited to transmit in order to avoid interfering with
the primary receiver, while CRs outside of the region can
transmit. Since the disable region takes into account the
CR communication range, the hidden-node problem can be
solved.

Widely adopted AODV (Ad Hoc On-Demand Distance
Vector) routing protocol is used over a default clear channel
to exchange the information between the CRs and the central
control office. AODV protocol has small delay close to 8 ms
in general and 20 k to 30 k routing overhead [13]. The default
channel may be selected among several predetermined
channels. A clear channel can be easily identified from the
spectrum sensing stage.

In this paper, we use the log-normal shadowing path loss
model:

Pr(d) = P0(d0) + 10 · n · log
(
d0

d

)

+ X(0, δ), (1)

where Pr(d) is the received power at distance d, P0(d0) is the
received power at the reference distance d0, n is the path loss
exponent, and X(0, δ) is normal shadowing random variable
with zero mean and δ variance.

3. Localization Algorithm

In this section, we propose a localization algorithm, which
will be employed to estimate the path loss model and further
locate the position of PU once the presence of PU is detected.
Since all CRs are GPS-enabled, the central control office can
obtain the location information from those CRs. If we know
the relative distances between PU and CRs, we can calculate
the position of PU easily. As shown in (1), the distance
between PU and a CR can be estimated by the received power
for that CR and the path loss exponent n. Therefore, we need
to estimate the path loss exponent first and then locate the
PU.

3.1. Localization Algorithm with Identical Path Loss Coeffi-
cients. We first consider the simple scenario in which all
CRs locate in the same electromagnetic environment, that is,
they have the same path loss exponent, expect for those CRs
located close to PU, whose path loss should be modeled as
free space path loss model. In (1), the reference point d0 is
always chosen in the close vicinity of PU; therefore, P0(d0)
can be calculated from free-space equation

P0(d0) = Pt ·Gt ·Gr · λ f 2

(4 · π)2 · d0
2 , (2)

where Pt is the transmit power from the transmitter, Gt

and Gr are the antenna gains for transmitter and receiver,
respectively, and λ f is the wavelength of the carrier frequency.

Our localization algorithm is specified in details as
follows (shown in Figure 2).

Step 1. Sort all CRs according to the descending order of the
received power and number the CRs from 0 to N − 1.

Step 2. If the received power of CR0 is above certain
threshold, we pick CR0 as the reference, calculate the
reference distance, and then continue the process. Otherwise,
we will repeat Steps 1 and 2 till we find CR0 with received
power exceeding the threshold.

That is, we treat the location of CR0 (x0, y0) as the
reference point and the received power of CR0 as P0(d0).
Then the reference distance d0 can be calculated according
to (2) as

d0 =
√
√
√
√PtGt ·Gr · λ f 2

P0(d0)(4 · π)2 . (3)
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Figure 2: Illustration of Localization Algorithm.

From spectrum sensing stage, the carrier frequency of
the PU can be identified. The transmit power is usually
regulated to certain level. In the United States, FCC regulates
the use of antennas not to exceed certain power limitations
for wireless devices using the parameter EIRP (equivalent
isotropically radiated power), which represents the effective
transmit power of the radio in total, including transmit
antenna gains. When using omnidirectional antennas (less
than 6 dB), the FCC rules require EIRP to be 1 watt or less. In
this paper, we use PtGt = 1 watt.

The choice of the power threshold depends on how much
accuracy or estimation error the system can tolerate. One
example is illustrated in Figure 4.

Step 3. Draw a circle with the CR0 location as the center
and d0 as the radius. If CR0 does follow the free-space
propagation, the PU must locate on that circle.

Step 4. Pick the next three CRs, CR1, CR2, and CR3, in the
list. Move the PU location along the circle from 0-degree
angle to 360-degree angle and calculate the corresponding
path loss exponent n for CR1, CR2, and CR3, respectively.

For example, we consider CR1. When the PU locates on
the circle with angle ϕ, the PU location is (x0 + d0 cosϕ, y0 +
d0 sinϕ), and the distance between the point and CR1 is

d1 =
√

(x0 + d0 cosϕ− x1)2 + (y0 + d0 sinϕ− y1)2. (4)

According to (1), when ignoring the shadowing, the path loss
exponent is

n1
(
ϕ
) = P0(d0)− P1

10 log(d1/d0)
. (5)

Step 5. Calculate the relative difference between the path loss
exponents among those three CRs for any angle ϕ:

E12 = ∣∣n1
(
ϕ
)− n2

(
ϕ
)∣
∣,

E13 = ∣∣n1
(
ϕ
)− n3

(
ϕ
)∣
∣,

E32 = ∣∣n3
(
ϕ
)− n2

(
ϕ
)∣
∣.

(6)

We pick the angle that gives the minimum difference
summation:

ϕ = arg min(E12 + E13 + E32). (7)

Then the path loss exponent n can be estimated as

n = n1
(
ϕ
)

+ n2
(
ϕ
)

+ n3
(
ϕ
)

3
. (8)

The position of PU can be estimated as

x̂ = x0 + d0 cosϕ

ŷ = y0 + d0 sinϕ.
(9)

Let Pmin be the minimum acceptable received signal
power for the main receiver from PU. Ignoring the random
shadowing, we can calculate the communication range of PU
as

Rp = 10(P0(d0)−Pmin)/10n

d0
. (10)

And then the radius for disable region for CRs is

Rd = Rp + Rc. (11)

Without shadowing, our algorithm can accurately esti-
mate the path loss exponent and locate the exact location of
PU. When there is shadowing, the shadowing effect can be
reduced if we take multiple samples of the received power to
average out the randomness.
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CR0, though having the strongest received power, may
not follow the free-space path loss model. In this case, we
need to evaluate the proposed localization algorithm in terms
of error, which is defined as

Error = de
Rp
=
√

(xPU − x̂)2 − (yPU − ŷ)2

Rp
, (12)

where de is the separation distance between the actual PU and
the estimated PU, (xPU, yPU) is the actual PU location, and
(x̂, ŷ) is the estimated PU location. Some simulation results
will be given in Section 4.

3.2. Localization Algorithm with Variant Path Loss Coefficients.
It is likely that the CRs locate in different environment; thus,
we propose a backpropagation-based algorithm to locate the
PU under a variant environment. Back propagation has been
used in various areas, such as the artificial neural network
and the MIMO process, but no work has been found in
communication networks to the best of our knowledge.

As the algorithm’s name implies, the errors (and there-
fore the learning) propagate backwards from the output
nodes to the inner nodes in a network. So technically
speaking, back propagation is used to calculate the gradient
of the error of the network with respect to the network’s
modifiable weights. This gradient is always then used in a
simple stochastic gradient descent algorithm to find weights
that minimize the error. Often the term “back propagation”,
used in a more general sense, refers to the entire procedure
encompassing both the calculation of the gradient and its
use in stochastic gradient descent. Back propagation usually
allows quick convergence on satisfactory local minima for
error in some appropriate network settings.

In this paper, we can consider our model as a 2-input/1-
output system. All we have to do is to estimate all the weights
and hidden nodes in the system to approximate the true
results. According to (1), there are two unknown variables
in the equation: d and n. In the variant environment, path
loss coefficients can be varied. But we can first estimate the
rough position of PU using AOA estimation method. This
result will not provide us an acceptable result. However, it
can eliminate one variable in (1). In this way, we can employ
the back propagation algorithm to find out the path loss
coefficients of all the cognitive radios. Using the results of
back propagation algorithm, we can further estimate the
exact location of the PU.

For back propagation algorithm, we can treat (1) in the
form as below:

Pr = f (n,d). (13)

The received power calculated from (13) varies from the
true value of the received power depending on the values of
the path loss coefficients and the estimated distances. As we
talk above, we can find a way to first estimate the location of
the PU with a larger error. In order to get the closest result to
the true value, we introduce (14) to calculate the square error.

Finding a good estimation of the path loss coefficients will
now become finding the minimum value of function J(n):

J(n) = ( f (n,d)− Preal
)2, (14)

where Preal is the actual measured received power.
We start finding the proper path loss coefficients with a

set of random initial values. Then we process those variables
with the back propagation algorithm. The algorithm is
described as shown in the following steps

Step 1 and Step 2. are the same as those in localization
algorithm with the identical path loss.

Step 3. CR0 estimates the angle of arrival (AOA), θ, of
the received signal. The rough position of the PU can be
calculated as

ŷInitial = y0 + d0 sin θ,

x̂Initial = x0 + d0 cos θ.
(15)

Step 4. Using the back propagation algorithm [14] to obtain
the path loss coefficients for every cognitive radio. The detail
process can be described as follows

(1) Pick initial values of the path loss coefficient for
each CR using pseudorandom process that randomly
selects ni within the range from 2 to 8 for the ith CR.

(2) Compute the receive power of each CR with the
coefficients according to (13).

(3) Compute the objective function

J(n1, . . . ,nM) = 1
M

M∑

i=1

(
f (ni,di)− Pi,real

)2, (16)

where M is the number of the CRs that we use in the
algorithm, f (ni,di) is the estimated received power
calculated using the selected ni for the ith CR, and
Pi,real is the actual measured received power obtained
by the antenna of the ith CR, n1 to nM is the path loss
exponent that we need to obtain in this step.

(4) Take the second-order derivative of J(n1,n2, . . . ,nM)
with respect to each path loss coefficient ni and select
the smallest value as the updating step η:

η = min

(
∂J2(n1, . . . ,nM)

∂n2
1

,
∂J2(n1, . . . ,nM)

∂n2
2

, . . . ,

∂J2(n1, . . . ,nM)
∂n2

M

)

.

(17)

(5) Update the parameters ni using the following equa-
tion:

ni
L+1 = ni

L + η
∂J(n1, . . . ,nM)

∂ni
, (18)

where L denotes the iteration number.

(6) Repeat procedures (2) to (5) until we have a decent
estimation. Usually we have an acceptable answer
after 70 iterations.
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Step 5. Compute distance between the PU and every CR
using the equation given below:

di = d0

10(Pi,real−Po(do))/10n̂i
. (19)

Step 6. Determine the area that the PU might locate, which
is specified by the intersections of each circle centered at each
CR with the estimated di from Step 5 as the radius.

Step 7. Compute a 3D probability contour and pick the point
giving us the largest probability as the PU location. The
calculation of the probability for point c on the intersection
plane is given as (20):

Prob =
∏

pdf

{

N

(

Pi,real − Pd0 − 10n̂i · log

(
d0

dc,i

)

, δ

)}

,

(20)

where dc,i is the distance between point c and the ith CR.

4. Simulation Results

4.1. Localization Simulation with Identical Environment. We
consider a cooperative GPS-enabled cognitive network with
the following parameter setup: PU location: (22, 23), CR0
location: (22, 22), CR1 location: (6, 5), CR2 location: (40,
6), CR3 location: (7, 41), PtGt = 1 watt, Gr = 1, and
carrier frequency is 300 MHz. In all simulations, we choose
−4.5 dbm as the power threshold (illustrated in Figure 4).

We further assume that the path loss for CR0 follows free-
space equation, and CR1, CR2, and CR3 have the same path
loss exponent, n = 4. We consider two scenarios, without
shadowing and with shadowing.

4.1.1. Without Shadowing. In this case, the path loss model
is simplified to log-distance model. This is a deterministic
model without randomness. We plot the corresponding path
loss exponent estimate for CR1, CR2, and CR3, respectively,
as we move the potential PU point along the circle from 0
degree to 360 degrees.

From Figure 3, we can see that the path loss exponent
varies as the point moves, as the distance between the
potential PU and CR changes. In addition, the three curves
cross at a single point with the angle ϕ = 90 degrees and
the corresponding path loss exponent n = 4. According to
(6) to (8), the crossing point has the minimum summed
differences; therefore, we have ϕ = 90 degrees and path loss
exponent n = 4. That is, the estimations perfectly match the
exact values.

We then examine how to choose the power threshold in
step 2 to determine whether a CR can be considered as the
reference. We assume that the reference distance is d0 = 1 and
the actual path loss for the CR is 4. In general, the path loss
exponent varies between 2 and 4. Therefore, we consider the
worst case. We vary the distance between the PU and the CR
and calculate the corresponding error using (12). The results
are illustrated in Figure 4. It is shown that the error increases
with the distance. If we choose the 5% error, the distance is 2
and the corresponding received power is −4.5 dbm, which is
the chosen power threshold.
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Figure 3: Path loss exponent versus angle without shadowing.
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4.1.2. With Shadowing. Then we add random shadowing
into the path loss model. We first set the shadowing random
variable with zero mean and 8 dB variance. To average out the
randomness, we take 600 samples and average the received
power, P1, P2, and P3. We redraw the path loss exponent
curves as we move the potential PU point along the circle
from 0 degree to 360 degrees, shown in Figure 5. The three
curves do not intersect at a single point in contrast to the no-
shadowing case. Again, we use (6) to (8) to estimate the angle
ϕ and path loss exponent n. It is shown that at 99 degrees the
three exponents have the minimum summed difference, that
is, ϕ = 99 degrees and n = 4.05. Then the estimated location
for PU is (21.8491, 22.9529). As we can see, the estimated
position is very close to the exact location of PU.

We would like to see how the increase of the sample num-
ber would affect the performance. Therefore, we increase
the number of samples, and check the estimated location
of PU. Figure 6 shows how the estimated x-coordinate varies
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shadowing.
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Table 1

Sample number 100 200 300 400 500

Angle 65 134 77 63 71

Sample number 600 700 800 900 1000

Angle 80 92 92 92 92

with the number of samples. It is shown that the estimated
value approaches to the exact value as the number of samples
increases. In this specific example, we observe that the curve
reaches the maximum error at 200 samples; however, the
difference is still less than 1, which is less than 5% as an
error. In addition, the curve approaches to the exact 22 as
the number of samples increases. The same property can be
found for y coordinate.

We also estimate the angle given the various number of
samples, as shown in Table 1.
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Figure 7: x-coordinate of PU location versus variance of shadow-
ing.

As we can observe here, the estimated angle also
approaches to the exact value 90 of degrees as the number
of samples increases. When more than 800 samples are used,
we can get the estimated angle really close to the exact value
of 90 degree with only 1 or 2 degrees difference.

In addition, we want to study the effect of the shadowing
variance casting on the accuracy of the localization. In this
simulation, we use 1000 samples for each outcome under
different variance.

Figure 7 shows the estimated x-coordinate for different
shadowing variance. We can see that the difference between
the exact value and estimated value tends to become larger
as we increase the variance of shadowing. If we choose
the variance less than 10 dB, we can estimate the position
of PU within small error using the proposed localization
algorithm. Similar properties are found for y-coordinate and
the estimated angle.

4.2. Localization Simulation with Variant Environment. In
this section, we focus on the performance of the localization
algorithm with variant environment. We assume that PU
location (23, 23) and path losses for CR1, CR2, and CR3
are 5, 4, and 6, respectively, while keeping other parameters
unchanged as A with the shadowing random variable with
zero mean and 8 dB variance.

The back propagation algorithm is applied to estimate
the path loss coefficients. Figure 8 shows the estimated
coefficients versus the number of iterations. It is shown
that the back propagation algorithm takes approximately
100 iterations to reach the steady final result. Note that the
number of iteration needed varies with the distance between
the PU and the reference point.

Once the path loss coefficients are estimated, we process
Step 6 to determine in which area the PU may locate. We
calculate the estimated distance between the PU and each
cognitive radio and then draw a circle which indicates the
probable area of the PU. Then we take all the intersections
and overlaps into consideration and identify the area for PU.
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The result is given in Figure 9, marked as a gray rectangle.
Compute the probability for each point in the black rectangle
according to (20) and plot the 3-D probability contour in
Figure 10. The corresponding 2D contour mapping is shown
in Figure 11. From Figures 10 and 11, we chose the point
with the largest possibility as the estimated PU location, that
is, (22.4702, 22.9886). This estimation is really close to the
actual location (23, 23).

The key of the algorithm is to get the precise estimation
of the path loss coefficients following Step 4, as those
estimations will be used to determine the PU location. The
estimation accuracy depends on the reference point. The
path loss for the reference point has been assumed to follow
free-space propagation. Figure 12 shows how the actual path
loss for the reference point affects the accuracy. It is shown
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Figure 11: Corresponding 2-D contour mapping.

that the effect is not that significant. We also check how the
distance between the reference point and the PU location
affects the accuracy, shown in Figure 13. It is shown that
as the reference point is further away from the PU, the
estimation gets worse. Consequently, the localization error
follows the same trend, shown in Figure 14. The localization
error increases with the reference distance. Thus, in order to
achieve desired accuracy, the reference point should be close
enough to the PU. For this specific example, the reference
node should be chosen within 1.2 units away from the PU
for good accuracy.

5. Conclusion

In this paper, we have proposed a solution to the hidden-
node problem in a cooperative GPS enabled cognitive
network. Our proposed localization algorithm estimates
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Figure 13: Estimated path loss of 3 CRs versus the distance between
reference point and the PU location.

the path loss model and then locates the position of PU.
Consequently, we can determine the disable region for CRs
to avoid the interference to PU as well as the hidden-
node problem. The simulation results have shown that the
localization algorithm can provide accurate location results
given that the reference node is close enough.
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Efficient utilisation and sharing of limited spectrum resources in an autonomous fashion is one of the primary goals of cognitive
radio. However, decentralised spectrum sharing can lead to interference scenarios that must be detected and characterised to help
achieve the other goal of cognitive radio—reliable service for the end user. Interference events can be treated as unusual and
therefore anomaly detection algorithms can be applied for their detection. Two complementary algorithms based on information
theoretic measures of statistical distribution divergence and information content are proposed. The first method is applicable
to signals with periodic structures and is based on the analysis of Kullback-Leibler divergence. The second utilises information
content analysis to detect unusual events. Results from software and hardware implementations show that the proposed algorithms
are effective, simple, and capable of processing high-speed signals in real time. Additionally, neither of the algorithms require
demodulation of the signal.

1. Introduction

Cognitive radio (CR) is the term used to describe smart,
reconfigurable wireless communications devices that are
capable of automatically adjusting their operating character-
istics in order to adapt to changes in the radio environment.
The purpose of such a system is to enable efficient use of
the available radio spectrum and provide reliable service
to the end user [2]. The motivation for efficient spectrum
utilisation arises from the fact that it is a very limited
resource. Although the electromagnetic spectrum is (for
all intents and purposes) infinite, only a small fraction of
it is usable for personal wireless communications as we
know it today. Furthermore, while the spectrum available
remains fixed, the number of wide-band wireless systems
contending for access keeps growing—further compounding
the spectrum scarcity problem.

Traditionally, the radio spectrum has been divided into a
number of usable bands by regulatory bodies such as the Fed-
eral Communications Commission (FCC) in the USA and
the Office of Communications (Ofcom) in the UK. Each of
the bands is then assigned for exclusive access by a particular
operator or service. A notable exception is of course the set of

bands known as the industrial, scientific and medical (ISM)
bands where emission from unlicensed consumer electronic
devices is tolerated. While this restrictive approach to sharing
the radio spectrum succeeds at providing a certain degree of
interference protection, it is an inefficient use of the available
resources since it is extremely unlikely that all of the bands
are in use at the same time at a given place.

CR systems aim to simultaneously provide better quality
of service and spectrum utilisation by dynamically moving
the communication link from crowded or occupied bands
to ones that do not appear to be in use by a primary
licensed system at that instant. In order to carry out this
task, secondary CR devices perform spectrum sensing—
a procedure used to identify “holes” (free bands) in the
spectrum and characterise the radio environment [3]. While
there are a number of diverse approaches to problem [4],
none of them are perfect. Energy detection-based methods
[5] are limited by signal-to-noise ratio (SNR) constraints
while methods relying on cyclostationary features [6] are
limited by the amount of a priori information available
regarding the signal structure of the primary system. As
a result of these shortcomings, spectrum sensing cannot
completely avert the risk of interference that arises from
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dynamic spectrum sharing. Since interference generally
leads to anomalous signal behaviour, an additional layer of
simple signal processing algorithms that can help detect and
characterise that behaviour is useful.

Anomaly detection refers to the process of locating
unusual and unexpected events that may exist alongside
nominal samples in a dataset. It is a process that is already
utilised in a large number of diverse application domains.
Typical examples include the detection of: unauthorised
access to computer systems [7], irregularities in vital signs
such as electrocardiogram (ECG) traces [8], fraud in finan-
cial services [9], and so forth. An extensive survey of current
anomaly detection techniques and application domains is
provided in [10].

The aforementioned survey reveals that there are many
different approaches to solving the anomaly detection
problem—each with its own set of advantages and disadvan-
tages. However, there is one drawback that is shared by most
algorithms: computational complexity. The computational
effort required makes it difficult to adapt these techniques
for real time and online processing of the input signal.
This is unfortunate since any algorithm employed on an
interactive communications system such as a CR platform
must be capable of real time operation to maintain a
seamless user experience. To overcome this challenge, two
complementary anomaly detection algorithms based on
simple information theoretic measures have been developed
and are presented in this paper. The first method utilises
Kullback-Leibler divergence (KLD) [11] while the latter uses
the information content of individual signal events [12].
The algorithms are easy to generalise and broadly define
anomalies as events that lead to changes in the nominal
probability distribution of the radio signal. As a result, it is
possible to employ the techniques for the detection of a wide
range of disruptive events such as interference, timing errors,
transmitter malfunction, and so on.

KLD is a convenient and robust method of measuring the
difference between two data sets in a statistical sense. Due
to its versatility and general appeal, it finds use in fields as
diverse as economics [13] and computational neuroscience
[14]. As a statistical comparison tool, KLD can also be
employed for the automatic and real time detection of
unusual (anomalous) data segments. The proposed KLD-
based technique utilises two data windows to perform a
statistical comparison of neighbouring segments of signals
with periodic structures (e.g., systems utilising time division
multiple access [15]). Since segments separated by the signal
period are expected to be analogous and hence have similar
statistical characteristics, any deviation can be taken to imply
the presence of an anomaly.

Unlike the KLD-based method, the information content
analysis (ICA) algorithm can also be applied to signals
lacking any kind of periodic features. Information content
is a quantity that is directly related to the probability of
an event: the lower the probability, the higher the informa-
tion content. Since anomalies are, by definition, rare (low
probability), the associated information content is high. The
proposed anomaly detection algorithm exploits this fact by
analysing the signal for high-information content events.

Software implementations of the algorithms have been
tested against a set of real wireless signals with promising
results. Additionally, a Xilinx Virtex4 field-programmable
gate array-(FPGA-) based hardware implementation of the
KLD-based method has shown that the algorithm is indeed
capable of real time analysis of high speed, high bandwidth
signals.

A brief review of some of the anomaly detection algo-
rithms described in literature is provided in Section 2 while
the proposed algorithms are described in detail in Section 3.
Results from applying the techniques to the test signals and
measures of performance are provided in Section 4. The
hardware implementation is briefly discussed in Section 5
while Section 6 concludes the paper with a summary of the
contributions made and directions for future work.

2. Review of Existing Methods

Anomaly detection, also known as novelty detection or out-
lier detection, is a rich field of research with a very large body
of work that exists in the literature. The existence of multiple
survey-type papers such as [10, 16–20] is a testament to the
true extent of the subject of anomaly detection. It is therefore
surprising to learn that it is still very much an active area of
research lacking generic algorithms that can be applied uni-
versally to anomaly detection problems. Most of the methods
described in literature are based on tightly constrained
frameworks that apply to very specific classes of problems.

Existing techniques of anomaly detection can be sepa-
rated into a handful of classes depending on the underlying
approach. Classification-based methods utilise supervised
machine learning techniques to categorise nominal and
anomalous behaviour while clustering and nearest-neighbour
based techniques rely on measures of the relative distance
between points of data. Statistical techniques detect anoma-
lies by comparing the test data points against stochastic
models of nominal behaviour. Information theoretic meth-
ods employ measures of information such as Kolmogorov
complexity and entropy and work under the assumption that
anomalies lead to a change in the information content. The
algorithms proposed in this paper employ techniques that are
both statistical and information theoretic in nature.

A statistical method of detecting anomalies in sensor
data streams is proposed by Basu and Meckesheimer in [21].
Relying on the assumption that the data stream is contin-
uous, the method exploits the fact that correlation between
neighbouring data points is higher than between points
separated by a relatively long length of time. The described
algorithm detects anomalous events by comparing the value
of each event against the median of a data set composed of
neighbouring events. The performance of the method then
depends on the size of the data set and the threshold. Since
the algorithm expects an input where subsequent data points
change little under nominal circumstances, it is unsuitable
for use in typical communications systems where the signal
strength can vary considerably even under normal operating
conditions.

An algorithm for detecting anomalous network traffic by
means of a combined statistical and information theoretic
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measure is described by Krügel et al. in [7]. For each packet,
an anomaly score is computed by considering the packet
type, length, and payload distribution. If the combined score
exceeds a certain threshold established through training,
existence of an anomalous packet is signalled. Since the
algorithm is designed for operation in the network layer, it
cannot be utilised for link monitoring and anomaly detection
in the physical layer.

Another set of statistical anomaly detection algorithms
are presented by Desforges et al. and Yeung and Chow in [22,
23], respectively. Both papers propose the use of the Parzen
windows method of nonparametric smooth probability
density estimation in order to establish a stochastic model
of the data distribution. While Yeung and Chow simply test
whether a data point belongs to a given model, Desforges et
al. also construct a model of the test data set and compare
that against the reference. Since the model of the underlying
process is determined once at the onset of the experiments,
the algorithms cannot cope with nonstationary systems.
Utilisation of Parzen windows method for density estimation
also makes the algorithms computationally expensive and
unsuitable for real time implementation.

A technique for detecting anomalous segments (“dis-
cords”) in structured time series such as ECG traces is
described by Lin et al. in [8]. Given a time series containing a
discord, the algorithm essentially splits the series into a set of
small segments and computes the mutual distance between
the segments. If a segment is then found to have a minimum
distance larger than a predefined threshold, it is labelled as
anomalous. Although the algorithm shows promising results,
it is unsuitable for real time implementation due to the
computational complexity cost associated with performing
a search for anomalous segments.

Finally, the use of various information theoretic measures
for anomaly detection is discussed by Lee and Xiang in
[24]. However, the focus of the paper is on determining
the suitability of data models through the use of measures
such as entropy and relative entropy (i.e., KLD) rather than
algorithms for detecting anomalies.

It is evident from this survey of existing techniques that
there is a lack of algorithms that offer the features needed
(nonparametric with a low computational complexity and
the ability to handle nonstationary behaviour) to analyse
radio frequency signal envelopes in real time for anomalies.

3. Anomaly Detection Algorithms

The detection algorithms utilise KLD and information
content analysis, respectively, to determine the presence of
anomalies. Both quantities are ultimately calculated from
estimates of the statistical probabilities of events in the signal.

Given two data sets Pn and Qn, at time n, that contain
samples from domain X , it is possible to obtain empiri-
cal estimates of the associated probability mass functions
(PMFs) pn and qn from a nonparametric model such as a
histogram. Once the PMF estimates are available, the KLD
between them can be calculated using [11]

D
(
pn ‖qn

) =
∑

x∈X
pn(x)log2

pn(x)
qn(x)

, (1)

where x ∈ X . Since base-2 logarithm is used, the divergence
is measured in bits. KLD between two PMFs is generally
asymmetric: that is, D(pn‖qn) /=D(qn‖pn) and the triangle
inequality is not satisfied. When pn = qn, the KLD is zero;
otherwise, it is a positive real number (R+). For brevity and
convenience, D(pn‖qn) will also be referred to as Dn in this
paper.

KLD belongs to a class of distance measures known
as f-divergence (or Ali-Silvey distances). Some of the other
distance measures that belong to the same class are varia-
tional distance (symmetric), Hellinger distance (symmetric),
and Chernoff distance (generally asymmetric) [25]. While
they are all equally suitable for quantifying the statistical
difference between two probability distributions, KLD and
variational distance are the least complex and therefore the
easiest to implement. Variational distance is defined as

V
(
pn ‖qn

) = 1
2

∑

x∈X

∣
∣pn(x)− qn(x)

∣
∣

= 1
2

∥
∥pn − qn

∥
∥

1,

(2)

where ‖pn − qn‖1 is commonly known as the L1 distance
(L1D) between the PMFs pn and qn. Furthermore, KLD and
L1D (and hence the variational distance) are related by the
inequality [11]

D
(
pn ‖qn

) ≥ 1
2 ln 2

∥
∥pn − qn

∥
∥2

1. (3)

Crucially, it states that D(pn‖qn) is bounded by ‖pn − qn‖2
1

and not ‖pn − qn‖1. It is an important distinction as it
implies that for certain PMF pairs the KLD may in fact
be smaller than the L1D. For a pair of largely dissimilar
PMFs (Differences that are large enough to produce a L1

distance of 2 ln 2 or greater, to be precise.), as is generally
the case when comparing an anomalous data set against a
nominal reference, larger distance magnitudes are obtained
from KLD rather than L1D. However, when both PMFs are
similar (e.g., a nominal data set and the reference), this
can lead to L1D values that are larger compared to KLD—
increasing the likelihood that false positives are detected. As
a result, it is expected that KLD is better suited for statistical
anomaly detection compared to L1D. This is confirmed by
the results seen in Section 4 where the performance of a
KLD-based algorithm is compared against one based on L1D.
The algorithm for anomaly detection using KLD is described
in Section 3.2.

Information content analysis is another technique based
on an information theoretic quantity that can be utilised
for the detection of anomalies. The amount of information,
In(x), conveyed by any discrete random event, xn, at time n,
is directly related to its probability of occurrence, pn(x) [12]:

In(x) = −log2

{
pn(x)

}
, n = 1, 2, . . . (4)

Since base-2 logarithm is used once again, information is
also measured in bits. The equation implies that an event
with a very high probability of occurrence carries very
little information while a large amount of information is
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Figure 1: (a) Spectrogram of a wireless local area network (WLAN) signal experiencing interference from a Bluetooth device. The regular
pattern is a single WLAN frame repeatedly transmitted by a signal generator. The frequency hopping nature of the Bluetooth transmission
is clearly visible in the plot. (b) Impact of the number of bins utilised, β, on a histogram of the instantaneous power density of the WLAN
signal. When β is too small, the histogram is insensitive to small changes and does not effectively capture the subtleties of the process. At the
other extreme, it is too sensitive and therefore susceptible to noise. The optimal β is with respect to some minimum error criterion [1] and
provides a good balance between resolution and sensitivity.

conveyed by the occurrence of rare events (i.e., In(x) → ∞
as pn(x) → 0). Information is always real, positive (R+)
and monotonically increasing with decreasing values of event
probability. ICA is essentially a nonlinear scaling function
that favours the unusual.

3.1. Histogram and PMF Estimation. It is clear from (1) and
(4) that both KLD analysis and ICA require estimation of
empirical event probabilities. One approach to obtaining the
necessary estimates is via event histograms. In addition to
being simple to implement, histograms are nonparametric—
implying that no assumptions need to be made regarding the
underlying distribution of the sample data.

For samples that originate from domainX , the histogram
is obtained by first partitioning X into bins B such that

X =
β
⋃

l=1

Bl, (5)

and then counting the number of samples that belong to
each bin. β is the total number of bins used to construct
the histogram. Once the histogram is available, the empirical
PMF of the sample set is easily obtained by simply dividing
the histogram by the cardinality of the set.

Given a statistically significant sample size, it is clear
that the only parameter that affects the quality of the PMF
estimate obtained is the bin allocation B. If the partitions
are then assumed to be equidistant for simplicity, the only

variable that remains is the number of bins utilised: β.
The effect of β on the histogram of a random process is
shown in Figure 1. The random process in question is the
instantaneous power density at any time-frequency point of
the signal shown in Figure 1(a). It is a wireless local area
network (WLAN) signal experiencing bursts of interference
from a Bluetooth (BT) device. Histograms of the power
density obtained using three different values of β are shown
in Figure 1(b).

When a small number of bins are utilised, that is, β is
small, the histogram is insensitive to small scale variations in
the input. As a result of the poor resolution, the estimated
model fails to adequately capture the subtleties in the
behaviour of the underlying random process. On the other
hand, when the value of β utilised is too large, the resolution
is too high and the histogram is overly sensitive—resulting in
an estimate that is noisy. The optimal value of β yields a good
balance between resolution and sensitivity.

A method of computing the optimal bin size (and hence
the optimal β) for constructing a histogram, subject to some
minimum mean square error criterion, is provided in [1].
While the algorithm described therein is conceptually simple,
it unfortunately requires the use of exhaustive search to
iteratively minimise a certain cost function—making it too
computationally expensive to be evaluated in real time on a
hand-held mobile device with limited energy and processing
power.
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Figure 2: The algorithmic flowchart. KLD is used to compare the
statistical distribution of a test data set against that of a reference. If
the divergence, Dn, is greater than some predefined threshold, Dth,
the test set may be anomalous.

The impact of β on the performance of each of the
anomaly detection algorithms has been investigated and the
results are presented in Section 4.2.4.

Depending on the choice of B, there may be zeros in
the estimated PMFs due to the presence of empty histogram
bins. Under such circumstances, calculation of the KLD
using (1) can be a problem as it leads to instances where
0 log2{0/qn(x)} or pn(x)log2{pn(x)/0} have to be evaluated.
While it is certainly possible to handle these as special cases
by setting them to 0 and,∞, respectively, through continuity
arguments, it may be better to simply avoid zeros in the
PMFs. It is possible to avoid empty histogram bins and hence
zeros in PMFs by adding a small number, λ, to every bin
of the histogram. As preloading of histogram bins in this
manner undoubtedly distorts the estimate of the true PMF,
the preload value must be carefully chosen. According to the
work done by Krichevsky and Trofimov [26] and Johnson et
al. [27] λ = 0.5 is a good choice.

3.2. Algorithm Based on KLD. The capability of KLD to
quantise the difference, in a statistical sense, between two
data sets to single real value is ideal for use in anomaly
detection since it provides a convenient detection metric. A
general description of the algorithm is provided here while
a discussion of the optimisations needed for an efficient
hardware implementation is provided in Section 3.3 that
follows.

The flowchart in Figure 2 shows the proposed algorithm.
At time n, the process starts with the acquisition of the two

Table 1: Complexity analysis of KLD.

Operations
Σ × ÷ log Total

2|Pn| + β β 3β β 2|Pn| + 6β

Memory |Pn| + ψ + 2β

data sets to be compared using KLD. One of the data sets is
a reference (Qn) while the other is the one under test (Pn).
If the samples in the data sets do not directly represent the
parameter of interest, they must be processed. Once the data
sets have been suitably transformed, the associated PMFs
pn(x) and qn(x) are estimated and used to compute the KLD,
Dn. If Dn is then observed to be larger than some predefined
KLD threshold, Dth, the test data set may be anomalous.

This general approach to detecting anomalies using KLD
can be easily adapted for use with signals containing periodic
structures. One example of such a signal is IEEE 802.16e
wireless broadband (WiBro) which utilises time division
duplexing (TDD) [28]. Periodic signals are expected to have
statistics that are also periodic—implying that segments
of the signal separated by the period, Tp, should have
probability distributions that are very similar under normal
circumstances. Therefore, by simply acquiring the data sets
Pn and Qn from two sliding signal windows of length Tw
with centres separated by Tp, the proposed algorithm can
be utilised for the detection of anomalies in periodic signals.
KLD analysis can be performed on the signal envelope itself
and as a result, demodulation is unnecessary and the only
a priori information required by the algorithm is the signal
period Tp.

While the steps required to compute the KLD are all
simple and straightforward, the storage (data buffers) and
the number of arithmetic operations required grow linearly
with the size of input data sets. As these data sets can be
very large when analysing high speed signals, it can easily
lead to scenarios where it may not be possible to provide
for the resources required by the algorithm. Analysis of the
algorithm’s complexity and memory requirements follows
and is summarised in Table 1.

The input data sets Pn and Qn themselves require a buffer
capable of holding at least |Pn| + ψ elements, where ψ is the
number of samples corresponding to the signal period and
|Pn|(= |Qn|) is the size of the data windows in samples. Only
a single buffer is required for the input data since one of the
data sets is essentially just a ψ-delayed version of the other
in this case. Computing the frequency count over the bins
(B), for the purpose of estimating the histograms, requires
up to |Pn| additions for each of the two windows. Once the
histograms are available, the PMFs are obtained by dividing
the frequency count in each of the β bins by |Pn|. Two buffers
of size β each are then required to store the resulting PMFs.
Computation of the KLD from the PMFs then requires a
further β divisions, logarithms, multiplication, and addition,
respectively.

3.3. Hardware Implementation. The analysis performed in
the previous Section 3.2 reveals that a direct interpretation
of the algorithm to hardware would be inefficient, inflexible,
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Window Qn−1 Window Pn−1

Window Qn Window Pn

o k

m j

Figure 3: At any given time, only a maximum of four histogram
bins need to be updated (two per window). Bins incremented (fresh
samples) are denoted by j and m while bins decremented (old
samples at the end of the window) are denoted by k and o.

Table 2: Complexity analysis of DKLD.

Operations
Σ × ÷ log Total

20 8 16 16 60

Memory |Pn| + ψ + 2β

and computationally expensive. The inefficiency arises from
the fact that at each successive time instance, the PMFs
and the KLD are completely recalculated, even though
it is only a single sample that changes in each of the
data sets. The inflexibility comes from the fact that the
computational complexity depends on β, implying that a
direct interpretation would be limited by the initial choice
of the histogram bin resolution. Finally, logarithms and
divisions can be very costly to implement in hardware.
Fortunately, there are several well-known methods that can
be adopted to overcome each of these challenges.

The complexity that arises from the division operation
in (1) can be removed by exploiting the identity log(a/b) =
log(a)− log(b):

Dn =
∑

x∈X
pn(x)log2

pn(x)
qn(x)

=
∑

x∈X
pn(x)

{

log2

[
pn(x)

]− log2

[
qn(x)

]}

.

(6)

The division operation is exchanged for a subtraction
and a second base-2 logarithm operation which can be
implemented in a very efficient manner by means of a lookup
table.

Further efficiency improvements can be achieved by
making application-specific changes to the way the algorithm
is evaluated. Since the purpose of the algorithm is to analyse
periodic signals by means of two sliding windows, it holds
that at any given instance, only one sample in each of the data
sets changes. This in turn implies that only a maximum of
4 histogram/PMF bins need to be updated at that instant—
two for each data set/window. The two bins per window
account for the freshly acquired sample (bin frequency count
incremented by one) and the sample that is dropped at the
end of the window (bin frequency count reduced by one).
An illustration is provided in Figure 3.

This also means that the KLD values change very
little between subsequent time steps for this particular

application—suggesting that it is possible to rewrite (6) in
the form of a differential equation:

Dn =
∑

x∈X
pn(x)

{

log2

[
pn(x)

]− log2

[
qn(x)

]}

= Dn−1

− pn−1
(
j
){

log2

[
pn−1

(
j
)]− log2

[
qn−1

(
j
)]}

+ pn
(
j
){

log2

[
pn
(
j
)]− log2

[
qn
(
j
)]}

− pn−1(k)
{

log2

[
pn−1(k)

]− log2

[
qn−1(k)

]}

+ pn(k)
{

log2

[
pn(k)

]− log2

[
qn(k)

]}

− pn−1(m)
{

log2

[
pn−1(m)

]− log2

[
qn−1(m)

]}

+ pn(m)
{

log2

[
pn(m)

]− log2

[
qn(m)

]}

− pn−1(o)
{

log2

[
pn−1(o)

]− log2

[
qn−1(o)

]}

+ pn(o)
{

log2

[
pn(o)

]− log2

[
qn(o)

]}

,

(7)

where the four bin indices j, k, m, and o are assumed to be
unique. If not, any duplicate terms in the equation are set to
zero.

The differential equation form of KLD (DKLD) shows
that its computational complexity is no longer dependent
on the number of histogram bins utilised in evaluating
the PMFs. Assuming that Dn−1 is available, only 16 addi-
tions/subtractions, 16 logarithms, and 8 multiplications are
needed to calculate Dn—regardless of the value of β. This
opens the path for a fixed complexity, flexible, and efficient
implementation that can be easily updated to accommodate
a wide range of histogram resolutions.

The computational complexity and storage requirement
of DKLD are shown in Table 2. Comparisons against the
unmodified, direct interpretation version of KLD (Table 1)
reveals that while memory utilisation remains unchanged,
there is a vast difference in the number of operations
required. Regardless of the window size and histogram bin
count, 60 operations are needed to compute the KLD. In
addition to the 16 additions/subtractions, 16 logarithms,
and 8 multiplications required for the DKLD (7), 4 more
additions/subtractions are required to update the affected
histogram bins and 16 divisions are required to obtain the
necessary PMFs at times n− 1 and n from the histogram.

Switching to a fixed-point representation and using a
lookup table for base-2 logarithms provide further reduc-
tions in complexity at the expense of a slight increase in the
memory requirements. The size of the table, L, then dictates
the precision available. Additionally, if |Pn| is chosen such
that it is always a power of two (PoT), that is,

|Pn| = 2σ , σ = 0, 1, 2, . . ., (8)

no division operations are required to obtain the PMFs since
division by a PoT is simply a bit-shift operation that costs
nothing in hardware.
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Table 3: Complexity analysis of FP-DKLD.

Operations
Σ × ÷ log Total

20 8 0 0 28

Memory |Pn| + ψ + 2β + L

The complexity and storage requirements of a fixed-
point DKLD (FP-DKLD) based algorithm utilising a log
lookup table and PoT constraint on |Pn| is shown in Table 3.
It can be seen that with some simple changes and constraints,
the complexity of the anomaly detection algorithm can
be greatly reduced—allowing for efficient and high speed
hardware implementations. Results obtained from a Xilinx
Virtex4 FPGA implementation of the FP-DKLD algorithm
are shown in Section 5.

3.4. Information Content Analysis Algorithm. Unlike the
KLD-based anomaly detection algorithm just described, the
ICA-based method analyses individual input samples rather
than aggregate sets of data. The information conveyed by
the events is the detection metric utilised. The following is
a general description of the algorithm.

First and foremost, it is necessary to establish the type of
event that is under observation. This can be any property that
is associated with the signal under test (e.g., instantaneous
amplitude, phase, or power). If the event type chosen is
measurable directly from the signal envelope, demodulation
is unnecessary for anomaly detection. The ICA algorithm
utilises supervised learning to establish a reference histogram
(and hence probability) of events; therefore, some clean
signal is required for training. Once the reference histogram
is obtained, online analysis of the signal under test can
commence. Events from the test signal are extracted and used
to update the reference histogram. This yields updated event
probabilities and hence the associated information content.
If the information content In(x) of any event xn, at time n,
is above some predefined threshold Ith, an anomaly may be
present.

Once again, it is clear that the event histogram plays a
central role in the anomaly detection algorithm. It has been
stated previously in Section 3.1 and illustrated by Figure 1
that the number of bins utilised, β, has a significant impact
on the sensitivity of the histogram and hence the effectiveness
of the detection algorithms. When β is too small, anomalous
events may not be detected due to poor sensitivity—leading
to missed detections. On the other hand, when β is too large,
even nominal events will appear to have low probability—
leading to a large number of false positives. It is therefore
necessary to find a β that offers a good balance between
sensitivity and probability of detecting false positives.

The event histograms shown in Figure 1(b) reveal
another potential challenge for the ICA algorithm. It can
be seen that the histograms have long tails with numerous
low probability (i.e., high information content) events even
when the signal is behaving nominally. Although this is
expected for any analogue signal transmitted over a lossy
physical channel, it raises the possibility that numerous false
positives are observed at a detector that employs a simple

Start

Obtain initial
event histogram

from training data

Get new event, xn, update
histogram and evaluate

information content, In(x)

n = n + 1

{In−N (x), . . . , In(x)} > Ith?
No

Yes

Anomalous
event

Figure 4: Flowchart of information content analysis algorithm with
clustered anomaly detection. First, clean data is used to initialise
the reference event histogram and event probabilities. Then, events
in the signal under test are used to update the reference histogram
and event probabilities. The updated values are used to estimate the
information content of the events. If the information content ofN+
1 contiguous events exceeds a predefined threshold, Ith, an anomaly
may be present in the signal under test.

information content threshold. It is certainly possible to
reduce the number of tail events by using a smaller number
of bins, but that leads to reduction in sensitivity and hence
an increase in the probability of missed detections.

Examination of the interference scenario in Figure 1(a)
reveals an important distinction between anomalous events
and the underlying signal—anomalies tend to appear in
clusters while nominal low-probability signal events are
decidedly “singular.” This difference is the key to reducing
the number of false positives while still maintaining a low
rate of missed detections. The proposed algorithm is easily
augmented to benefit from this insight: instead of triggering
on individual high information content events, the detector
must search for contiguous groups of events that exceed the
predefined information content threshold.

A flowchart of the algorithm with simplified clustering is
shown in Figure 4. The general approach is as before, with
the exception of the last step. With the simple clustering
extension, detection of an anomaly is signalled only when a
contiguous sequence of N previous events and the current
event exceeds a predefined information content threshold.
Sequence detection is used rather than full two-dimensional
clustering to minimise the complexity of the algorithm. This
is permissible since a sequence can be considered as a one-
dimensional cluster. The effect of the cluster size utilised on
the detector performance is examined in Section 4.2.5.
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Table 4: Runtime complexity analysis of ICA.

Operations
Σ × ÷ log Total

2 0 1 1 4

Memory β +N + 2

The discrimination threshold is an important aspect of
any detector. While the optimum threshold is problem and
cost function specific, it is generally chosen to minimise
missed detections while still maintaining a low rate of false
positives. For the proposed anomaly detection algorithm,
it is not possible to define a single information content
threshold, Ith, that is suitable for use with any arbitrary
signal. Ith is signal specific and may be set automatically using
information obtained from the clean training data. After
the reference event histogram and probabilities have been
estimated, the reference information content associated with
each event type can be easily computed using (4). For β bins,
the standard deviation, σI〈β〉, of the reference information
content provides a measure of the spread and may be used
to obtain the threshold:

Ith = mσI〈β〉. (9)

m is a multiplicative factor greater than 1. The effect of Ith on
detector performance is investigated in Section 4.2.3.

Due to the simplicity of the ICA algorithm, its runtime
operational complexity and memory requirements are neg-
ligibly small. On completion of the initial training phase,
a small buffer capable of holding just β + 1 elements is
required to store the event histogram and the total events
count. At runtime, analysis of an event requires 2 additions
to increment the relevant bin count and the total events
count. Division of the incremented bin count by the total
is then needed to obtain the event probability. After the
probability is computed, a single base-2 logarithm is needed
to calculate the event’s information content. An additional
buffer capable of holding N + 1 elements is also needed to
accommodate information content clustering. A summery
of the complexity analysis is provided in Table 4. It reveals
that in addition to being negligibly small, the fixed runtime
operational complexity is independent of any algorithmic
parameter (e.g., histogram resolution)—suggesting that fast
and efficient implementations for power limited hand-held
devices are possible.

4. Results

In order to evaluate the performance of the proposed
anomaly detection schemes, signals with different classes of
abnormalities are employed as test cases. All of the signals
under test are actual radio frequency transmissions captured
using spectrum analysis hardware and therefore represent
scenarios likely to be encountered by real world wireless
devices.

Analyses of the test signals are provided in the fol-
lowing section while detailed performance analyses of the
algorithms based on parameters such as histogram bin
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Figure 5: (a) WLAN signal with interference at 11.5 ms from a
Bluetooth device. (b) Both KLD and L1D analyses of the signal
result in detection of the anomaly. KLD appears to be better than
L1D since it leads to a much larger peak and lower noise.

resolution, data window size, sampling rate and cluster
length are provided in Section 4.2.

4.1. Data Analysis. Of the four data sets available, the
first three are used to demonstrate the PMF divergence
analysis (KLD/L1D)-based technique while the last is used
to demonstrate the ICA-based technique.

4.1.1. Test Signal A. The signal is shown as a time series in
Figure 5(a). It consists of a single WLAN frame that repeats
with a period of 2.45 ms and a burst of interference from
a Bluetooth device that is visible at 11.5 ms. The signal is
similar to that shown earlier in Figure 1.

Both KLD and L1D are used to analyse the signal for the
purpose of obtaining results that can be directly compared.
Two windows with a duration of 256μs each are employed
to process the time series signal. The window centres are
separated by 2.45 ms to match the WLAN frame repetition
interval. The windows estimate the PMFs of the signal
power. The number of histogram bins utilised is the optimal
value (51 in this case) as obtained from the algorithm
proposed by Shimazaki and Shinomoto [1]. In any case, it
is shown in a subsequent Section (4.2.4) that the number of
histogram bins used does not have a significant impact on
the outcome—therefore, an arbitrary but reasonable choice
such as 32 can also be used instead.

The result of the analysis is also shown in Figure 5. Both
KLD-and L1D-based methods are successful at detecting
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Figure 6: (a) Wireless broadband (WiBro) signal. The uplink
subframe at 16 ms has a longer duration than others and is therefore
unusual in this context. (b) KLD and L1D analysis both reveal
the anomalous segment of the WiBro signal. A second peak is
obtained when the signal returns to normal—this is due to the twin-
windowing nature of the anomaly detection algorithm. Once again,
KLD analysis results in a larger peak and lower noise.

the presence of the anomaly (BT interferer). However, it is
clear that KLD is the better choice as it produces a larger
peak compared to L1D when the anomaly is detected. The
baseline noise level with KLD is also much lower than that
obtained with L1D—confirming the hypothesis presented in
Section 3.

4.1.2. Test Signal B. The second signal under test is a wireless
broadband (WiBro) signal. It is shown in Figure 6(a). Due
to the proximity of the recording equipment to the mobile
terminal (MT), the uplink (UL) subframes show a higher
power level then downlink (DL) subframes. From the plot,
it can be seen that the UL subframe at 16 ms is longer than
any of the other UL subframes. In context of this particular
signal snapshot, this behaviour is unusual and hence can be
considered to be anomalous. Once again, two windows with
a duration of 256μs each are employed to estimate the signal
power PMFs. The window centres are separated by 5 ms—
corresponding to the frame period of the signal. The optimal
histogram bin allocation scheme in [1] is once again used to
determine the number of bins utilised (β = 51).

Analysis of the signal is also shown in Figure 6. A sharp
peak in the divergence at 16 ms reveals the presence of the
unusual UL subframe. A second peak is obtained when the
signal returns to normal in the following UL subframe. Once
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Figure 7: (a) Message exchange between a mobile terminal and a
base station using the WiBro communications protocol. An extra
command sequence in the uplink subframe at 20 ms initiates the
power control loop. (b) The extra command sequence (20 ms) and
subsequent power change (25 ms) are both revealed by KLD/L1D
analyses of the signal. A larger KLD peak results from the anomalous
command but not from the power change. L1D also leads to larger
noise levels compared to KLD.

again, the superiority of KLD over L1D as a divergence metric
is demonstrated by the larger peaks and lower baseline noise
levels.

4.1.3. Test Signal C. The third signal used to test the detection
capabilities of the divergence-based algorithm is shown
in Figure 7. It depicts communication between a mobile
terminal and base station using the WiBro standard. Since
the recording is made at the MT, there is significantly more
power in the UL subframes. Although unnoticeable in the
time series, the UL subframe at 20 ms contains an additional
command sequence that triggers the subsequent change in
the transmit power observed at 25 ms. As a result, there
are effectively two unusual events in the signal: the extra
command and the subsequent change in power level. The
parameters utilised for analysis of the signal are identical to
those used in Section 4.1.2.

The divergence analysis plot in Figure 7 shows that both
anomalies can be successfully detected using KLD and L1D.
Since the width of a KLD peak corresponds to the temporal
duration of the anomaly responsible, the first peak at 20 ms
is very sharp as it is due to the extra command sequence
in the UL subframe. Since the subsequent change in power
at 25 ms affects the entire UL subframe, the second peak is
much broader and spans the entire subframe.
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(c) Anomalies (N = 0)
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Figure 8: Analysis of a WLAN signal with interference from a Bluetooth device. (a) Spectrogram of the original signal. Data bursts from
the Bluetooth device are clearly visible as high power, lightly shaded patches. (b) Information content of events (power density at any given
time-frequency point) in the signal. (c) Anomalies detected (light patches) using a threshold of 1.25σI〈16〉 (7.15 bits) and a cluster length of
1. The result is noisy and there are a lot of false positives (appearing as singular, lightly shaded spots). (d) Anomalies detected when the
threshold is left unchanged at 1.25σI〈16〉 and the cluster length is increased to 3. The outcome is now much cleaner with virtually zero false
positives.

The plot also reveals that for the second anomalous event
(power change), KLD is smaller than the associated L1D. This
is not unexpected since it has been hypothesised in Section 3
that for differences that lead to an L1D of 2 ln 2 or smaller,
L1D can be larger than KLD. It is also the reason why L1D
generally leads to larger baseline noise levels compared to
KLD.

4.1.4. Test Signal D. The final test signal is used to evaluate
the ICA algorithm. It is similar in nature to the signal shown
in Figure 1(a). Spectrogram of the test signal is shown in
Figure 8(a). It is a much longer signal with numerous inter-

ference events to provide a statistically significant sample
size. The plot depicts a real WLAN signal with Bluetooth
interference captured over the air-interface. The WLAN
signal consists of a single frame that is repeated periodically
by a vector signal generator. The characteristic frequency
hopping pattern of the Bluetooth device marks the locations
of the interference (anomalous) events.

The signal spectrogram is estimated from the time series
using nonoverlapping Hamming windows that are 64μs
long. A 1024 point FFT (fast Fourier transform) is used to
obtain a frequency resolution of approximately 20 kHz. The
signal event under observation is the instantaneous power
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density at any given time-frequency coordinate. The first
10 ms of the signal is assumed to be free from interference
and is therefore used for training purposes. 16 equally spaced
histogram bins divide the range between the maximum and
minimum power densities observed in the training data. The
σI〈16〉 for the training data is 5.72 bits.

Figure 8(b) shows the information content of events in
the test signal. As expected, the anomalous events have a
higher information content and they are highlighted while
the regular underlying structure is suppressed. The plot
also shows that there is a lot of noise (tiny spots of high
information content) from individual low-probability signal
events that are otherwise nominal. The reason for this
behaviour has been outlined in Section 3.4.

Anomalies detected using a threshold of 1.25σI〈16〉 and
a cluster length of 1 (i.e., only the current event) are
shown in Figure 8(c). It is immediately obvious from the
large number of small, lightly shaded spots that there are a
lot of false positives. Again, singular low-probability signal
events are responsible since they can potentially have higher
information content than actual anomalous events. Keeping
Ith the same and increasing the cluster length to 3 yields the
result shown in Figure 8(d). It reveals that a simple change
in the cluster length is sufficient for reducing the number of
false positives to virtually zero.

4.2. Performance Analysis. The analyses of test signals pre-
sented in Section 4.1 show that both algorithms perform
well for the parameter combinations chosen. In order to
investigate and quantify the impact of other parameter
choices, it is necessary to define and utilise metrics that reflect
performance.

For the divergence-based technique, the ratio between
the anomaly detection peak and the maximum of the
baseline noise level is a good indicator of performance since
it is a reflection of the range over which a threshold can be
applied. It can be seen from the results presented in Figures 5,
6, and 7 that KLD is an extremely effective discriminator for
statistical changes in the observed data. Even with such real
test vectors captured over-the-air, the KLD peaks produced
by anomalous events are many orders of magnitude larger
than baseline noise levels associated with nominal data. As
a result, 100% probability of detection can be achieved over
a wide range of KLD threshold values (the anomalous peak
is approximately 140 times as large as the background noise
level in Figure 6) while still guaranteeing a 0% probability of
false positives—making such classical measures of detector
performance inadequate for gauging the true extent of the
algorithm’s performance.

Another reason against the suitability of classical per-
formance measures such as receiver operating characteristic
(ROC) curves is the scarcity of available test data. Probability
of detection and false positives are inherently statistical
measures of performance that require a large sample size
to produce meaningful results. Since the focus of this work
is exclusively on practical applications of the proposed
algorithm, the number of test vectors available is limited and
each test signal (A, B and C) contains only 1 or 2 anomalous
events. So instead of attempting to extract questionable

probability measures from the limited data set, a measure of
the difference between the height of the anomalous peak and
the baseline noise level is utilised to quantify the observed
performance.

When KLD is used as the measure of divergence, the KLD
ratio (KLDR) is defined as

KLDR = KLDanom

KLDbg
, (10)

where KLDanom is the maximum of the detection peak and
KLDbg is the maximum of the background baseline noise
level. KLDR is the metric that is used to quantify the
algorithm’s performance.

For the ICA-based algorithm, the circumstances are
different. The test set (signal D) contains a sufficient amount
of nominal and anomalous events to allow the use of more
traditional performance metrics. Performance is measured
in terms of the detector true positive rate (Rtp) and false
discovery rate (Rfd). Rtp is defined as the ratio of the number
of correctly detected anomalous events (Σtp) to the total
number of anomalous events present (Σta):

Rtp =
Σtp

Σta
= 1− Σmd

Σta
, (11)

where Σmd is the number of anomalous events that missed
detection. Rfd is the ratio of false positives (Σfp) to the total
number of anomalies detected (includes both Σfp and Σtp)
[29]:

Rfd =
Σfp

Σfp + Σtp
. (12)

Rfd is preferred over the more common false positive rate
(Rfp) as it is more useful in this context. Rfp is defined as the
ratio between Σfp and all nonanomalous events (Σtn) in the
signal:

Rfp =
Σfp

Σtn
. (13)

It is also known as the false alarm rate. Since Σtn is a
very large number, Rfp is close to zero for most parameter
combinations and therefore does not adequately reflect the
variations observed in detector performance.

To summarise, KLDR is used to evaluate the performance
of the KLD-based algorithm while Rtp and Rfd are used to
evaluate the ICA-based algorithm.

4.2.1. Sampling Rate. Continuous processes such as time-
series must be sampled before the anomaly detection algo-
rithms can be applied. The sampling frequency employed
is crucial as it dictates the size of the input data sets, |Pn|,
and therefore the memory utilisation of the KLD-based
algorithm—as indicated in Table 2. For a given window
length, a higher frequency implies that more data samples
have to be stored and sorted to construct the histograms.
If the frequency is too low, small scale signal features and
anomalies may be lost. According to the Nyquist sampling
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Figure 9: Performance of the KLD-based anomaly detection
scheme under various data sampling rates. Decimation factor refers
to the amount by which the input signal is undersampled relative to
the signal bandwidth. A factor of unity corresponds to a sampling
frequency equal to the signal bandwidth. For two of the test cases (A
and B), a KLDR well above 10 dB can be maintained for a window
length of 256μs, histogram bin count of 32, and a decimation factor
of 100. Signal C is unable to accommodate such high decimation
rates.

criterion, a signal must be sampled with a frequency at
least twice as large as its bandwidth to be reconstructible.
For wideband signals this leads to a very high sampling
frequency and hence a prohibitively large volume of data—
heavily increasing the resource requirements of the proposed
scheme. Since neither of the proposed algorithms require
the time-series to be reconstructible, a far lower sampling
frequency can be used instead. Figure 9 shows how the
performance of the KLD-based anomaly detection scheme
is affected by undersampling of the input time series. The
window length utilised is 256μs and the histograms used
to construct the PMFs are 32 bins wide. The amount by
which the input time-series is undersampled relative to the
bandwidth is defined as the decimation factor. Therefore, a
factor of unity implies that the signal is sampled at the same
frequency as the signal bandwidth.

The results indicate that decimation factors as large as
500 can be successfully employed depending on the type
and duration of the anomaly present. For test signals A and
B, a KLDR of more than 10 dB can be maintained even
with a decimation factor of 100. This is an important result
as it indicates that satisfactory performance levels can be
maintained with little input data and hence memory-limited
implementations of the algorithm. At high decimation
factors, performance is poor for test signal C. This is because
the first anomaly (extra command sequence) is temporally
brief and is likely to be lost when the signal is heavily
undersampled. As for the second anomaly in the signal, the
change in power is simply not large enough to produce a
significant increase in the divergence.
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Figure 10: Performance of the KLD-based anomaly detection
scheme under various window lengths and hence the input sample
size |Pn|. Decimation factors (DF) of 2 and 10 are utilised and the
number of histogram bins is 32. In all cases, an increase in the
amount of data leads to a better performance. However, beyond
a certain window length, the performance is no longer strongly
affected.

Results for the ICA-based method are not shown since
the input sampling rate has no bearing on the complexity
or memory requirements of the algorithm—as shown in
Table 4. The only requirement then on the sampling rate
is that it must be fast enough to capture events that are
suspected of being anomalous.

4.2.2. Window Length. The window size, and hence the input
data set size |Pn|, is another parameter that is relevant for
the KLD-based algorithm but not the ICA-based algorithm.
The effect of the PMF estimation window size on the
performance of the algorithm shown in Figure 10. The
number of histogram bins utilised is 32. Results are shown
for undersampling factors of 2 and 10. At lower decimation
factors, more data is available and the KLDR improves
uniformly across all window sizes for signals A and B. At
smaller window sizes, performance for signal A is unaffected
by the choice of the decimation factor due to the relatively
long duration of the anomaly. This is because even at a
decimation factor of 10, a sufficient number of anomalous
samples are represented in the PMF.

As anticipated, the performance is poor at small window
sizes where the amount of data available is insufficient
to adequately model the underlying PMFs. Increasing the
window length leads to an improvement of the performance.
However, for signals B and C, the gains become marginal
for windows larger than approximately 400μs. The transition
shown by signal A at a window length of 1 ms for a
decimation factor of 2 is due to a sudden reduction in the
KLD noise at the frame edges (as seen in the zoomed-in
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Figure 11: Effect of information threshold (9) on detector Rtp and
Rfd for the ICA algorithm. The cluster length utilised is 3. Histogram
bin sizes of 8, 16, and 32 are used for comparison. Rtp for each β
shows a sharp decrease when Ith (i.e., m · σI〈β〉) is increased above a
certain limit. Majority of the anomalous events have an information
content less than this and miss detection. m = 1.35 and β = 32
yields the best performance.

segment of Figure 5) while the detection peak remains at
approximately the same level. It is no coincidence that the
duration of the interframe spacing for the signal is also
1 ms. It is a signal feature that is detected by the algorithm
alongside the actual anomalous events. When the window
size is increased beyond this feature size, it can no longer be
resolved effectively by the detection algorithm and lead to a
decrease in the noise level seen at the frame edges.

The initial KLDR improvements with increasing window
size are due to improvements in the PMF estimates which
in turn lead to a reduction in the baseline KLD levels.
At larger window sizes, the anomalous samples represent
smaller fractions of the data and hence contribute less to the
shape of the estimated PMF—resulting in a decrease of the
KLD due to the anomaly. As the background levels are also
reduced by an increase in the data size, the overall KLD ratio
(i.e., the KLDR) remains relatively constant.

4.2.3. Information Threshold. As stated previously in
Section 3, the discrimination threshold (9) is an important
aspect of any detector. The impact of Ith on Rtp and Rfd of the
ICA-based algorithm is investigated using a cluster length of
3 and histogram bin sizes of 8, 16, and 32. The result of the
analysis is shown in Figure 11.

The plot shows that there is a hard Ith boundary for each
β after which Rtp drops rapidly. This implies that the majority
of the anomalous events share similar characteristics and
convey information equivalent to that boundary. When Ith is
increased further through the use of a larger threshold factor
m, Rtp approaches zero due to an ever increasing number of
missed detections.

At low-information content thresholds, Rfd is also high—
specially for high values of β. As explained earlier in
Section 3.1, a higher resolution makes the detector more
susceptible to noise, leading to an increase in the number of
false positives and hence the Rfd.

The impact of Dth on the performance of the KLD-based
method has not been investigated and therefore cannot be
shown. The reasons for this are as follows.

(i) The number of anomalous events available is insuffi-
cient to investigate statistical trends.

(ii) Detection is often guaranteed for a wide range of
thresholds due to the large KLDR (greater than
30 dB) values that are observed.

It is the second reason that generally makes it straightforward
to choose a suitable Dth.

A mathematical treatment of the impact ofDth and Ith on
detector performance is beyond the scope of this article. Such
a framework requires well-defined theoretical models of the
data distribution which are difficult to obtain for real data
vectors. Equations derived using the simplifying assumption
that the distributions belong to a well-known class such as
Gaussian would be of little use in context of the test signals
used in this paper. Since the signals do not conform to any
standard probability density function, it is out of necessity
that the thresholds are determined empirically.

4.2.4. Histogram Resolution. Histogram bin resolution, rep-
resented by the parameter β, is of relevance to both of the
proposed algorithms. Figure 12 shows how performance of
the KLD-based algorithm is affected by the choice of the
number of histogram bins used to classify the input data and
estimate the PMFs. The window length is set at 256μs and
results are shown for decimation factors of 2 and 10. Once
again, the smaller decimation factor provides uniformly
improved performance over the entire range of β values. The
only exception is signal A where the performance for smaller
β values appears to be independent of the decimation factor
used. The reasons for this is the relatively long duration of
the anomaly—as explained previously in Section 4.2.2.

The only trend common to all three signals is that the
performance changes little with increasing bin numbers,
with signal C showing an optimum in the vicinity of β = 55.
This indicates that the behaviour observed is specific to the
type of anomaly present in a signal. While the number of bins
utilised does not appear to have a significant impact on the
performance of the scheme for a fixed amount of data, the
decrease observed is due to noisier PMF estimates that are
obtained for larger values of β. Noisy PMFs lead to larger
background KLD values and hence a reduced KLDR.

Figure 13 shows how the Rtp and Rfd vary for the test
signal (Figure 8(a)) with the number of histogram bins
utilised. The cluster length utilised is 3 and Ith of 1.2σI〈β〉,
1.4σI〈β〉, and 1.6σI〈β〉 are used for comparison. The plot
reveals that when β = 4, Rtp is zero and Rfd is unity for
all thresholds tested. This is because the sensitivity is very
low and no anomalies can be detected (Rtp = 0). Events
exceeding the threshold are low-probability signal events and
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Figure 12: Performance of the KLD-based anomaly detection
scheme under various histogram bin counts. The window size is set
at 256μs and the decimation factors used are 2 and 10. Generally, a
larger number of bins lead to poorer performance due to increased
noise in the estimates. However, the rate of change is small and
therefore the drop in performance is insignificant over a wide range
of bin resolutions.
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Figure 13: Effect of histogram resolution on detector Rtp and Rfd.
The cluster length is 3 and thresholds are 1.2σI〈β〉, 1.4σI〈β〉, and
1.6σI〈β〉. Rtp improves with resolution while Rfd deteriorates. β = 20
with a threshold of 1.2σI〈20〉 yields the best performance.

hence are all false positives (Rfd = 1). As β is doubled
to 8, the resolution improves and there is a corresponding
increase in the Rtp. The Rfd also drops to a negligibly small
value. As β is increased further, the Rtp increases due to
better detector resolution. The Rtp improvements come at
a cost, the detector is more susceptible to noise at higher
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Figure 14: Impact of cluster length on detectors Rtp and Rfd. The
number of histogram bins used is 16 and the thresholds utilised
are 1.2σI〈16〉, 1.4σI〈16〉, and 1.6σI〈16〉. Even the smallest cluster length
(N = 2) is shown to provide a significant improvement in the Rfd.

resolutions. This is evident from the gradual increase in the
Rfd.

Comparison between the three detection thresholds
reveals that a higher Rtp is achieved with a lower thresh-
old. Unfortunately, this also leads to a higher Rfd. This
behaviour is in accordance with the explanation provided in
Section 4.2.3.

4.2.5. Cluster Size. In order to investigate the impact of the
information cluster length, N , on the ICA-based detector, β
is set at 16 and the analysis is performed for Ith of 1.2σI〈16〉,
1.4σI〈16〉, and 1.6σI〈16〉 on the test signal shown in Figure 8.
The result of the analysis is shown in Figure 14.

The significance of clustered anomaly detection is imme-
diately obvious. With N = 0, when clustering is not
performed, there are an overwhelming number of false
positives. This is indicated by the high Rfd. As soon as
clustering is applied by setting N = 2, a dramatic drop in
the Rfd is observed—showing that even minimal anomaly
clustering is sufficient to yield a massive improvement in
detector performance. By lowering the Rfd, clustering also
allows a lower Ith to be used to achieve a higher Rtp.

The impact of anomaly clustering on Rtp for a given Ith is
relatively low. As cluster size is increased, a gradual decrease is
observed in the Rtp. This is expected since larger cluster sizes
lead to missed detections around the edges of the interference
patterns. The plot also shows that higher thresholds lead to
lower Rtp for a given cluster size. This is also expected since
a higher information content threshold leads to a higher
number of missed detections.

From the analysis performed on the test signals, it is clear
that it is challenging to determine a set of parameters that
are inherently optimal for the anomaly detection algorithms
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proposed. This is due to the fact that the optimal parameter
set depends on a number of problems-specific factors such
as the duration of the anomaly and the dynamic range of
the signal. It may be possible to develop adaptive variants
of the algorithms that automatically find the best parameter
combinations subject to some performance criterion but that
is beyond the scope of this paper.

The ICA-based algorithm is particularly sensitive to the
parameters utilised. Generally, it is seen that parameter
values that increase the Rtp (good) often also lead to an
increase in the Rfd (bad) and vice versa. Trade-offs must
therefore be made to meet the required detector performance
characteristic (low Rfd, moderate Rtp or high Rtp, moderate
Rfd). A moderate number of bins (β = 20), small cluster
size (N = 2), and a threshold of 1.2σI〈20〉 bits (m = 1.2)
provide a good balance between Rtp (1.0) and Rfd (0.01) for
this particular test vector (signal D).

The KLD-based algorithm on the other hand is much
more robust with respect to the parameter combinations
utilised. The results clearly show that performance better
than 30 dB of KLDR can be easily obtained with reasonable
choice of parameter values such as a window length of 256μs,
β = 32 and decimation factor of 2.

5. Hardware Platform

The FP-DKLD version of the detection algorithm presented
in Section 3.3 has been implemented on a Xilinx Virtex-
4 ML402 SX XtremeDSP Evaluation Platform to serve as
a proof of concept and allow the testing of signals in real
time. To facilitate and accelerate code development, Xilinx
SystemGenerator 10.1 is used in conjunction with MATLAB
R2007a for the primary design flow. The implemented design
runs at a clock speed of 80 MHz and is capable of processing
input with a 10 MHz sample rate. The hardware chain used
to test and validate the FP-DKLD implementation is shown
in Figure 15.

The Agilent E4438C ESG signal generator simultaneously
provides analogue and digital versions of the signal under
test. The digital data stream is connected to the FPGA
platform via the Agilent N5102A Digital Signal Interface
Module (DSIM) while the analogue signal is connected to a
oscilloscope for display. The DSIM conditions the data (word
size, bit alignment, clock relationship settings) and provides
a synchronous clock signal that is used to drive the FPGA
core. The trigger output from the FPGA platform is also
connected to the oscilloscope via a digital probe so that it
can be directly compared against the signal under test.

A pair of Wireless Broadband (WiBro) signals known to
contain a number of different anomalous data segments are
used to test the hardware platform. The design is configured
with |Pn| = 4096 (320μs) and β = 8. It is not necessary to
down sample the input data stream since the implemented
design is capable of processing the input at its original rate.

The DSIM module provides the samples to the FPGA
as 12-bit words in 2s complement format. The sample and
DSIM clocks are set at 10 MHz and 40 MHz respectively-
providing 4 clock cycles per input sample (CCPS). Although

E4438C ESG

Analog signal

Scope

Trigger

N5102A

Digital data and clock

Xilinx ML402

Figure 15: Block diagram of the hardware test-bed. The E4438C
ESG signal generator produces the signal under test in both
analogue and digital formats. The digital signal is passed to the
FPGA platform via the N5102A digital signal interface module
while the analogue signal is fed into the oscilloscope. The trigger
signal from the FPGA core is also connected to the oscilloscope via
a digital probe for comparison.

the design requires 8 CCPS, the DSIM is only capable of
providing a maximum of 4 CCPS. To obtain the required
8 CCPS, the clock signal is doubled on the FPGA using
an on-chip digital clock manager (DCM) module. Use of a
DCM also has added benefit of providing clock buffering and
deskewing.

5.1. Test Signal I. Figure 16 shows the result of analysing the
first WiBro signal using the FP-DKLD implementation of the
algorithm. The signal analysed is identical to that shown in
Figure 6 and analysed in Section 4.1.2. It is clear from the
oscilloscope trace that one of the UL frames is longer than
the others and hence is anomalous. With Dth = 0.0313, the
FPGA implementation of the algorithm clearly succeeds in
detecting the signal anomaly. The first trigger event obtained
(A) coincides exactly with the anomalous segment of the
unusual UL frame. A second trigger event (B) is observed
when the UL frame structure subsequently returns to normal
and the anomalous segment is no longer present.

5.2. Test Signal II. The second WiBro signal tested is shown
in Figure 17. It is identical to that shown in Figure 7 and
analysed in Section 4.1.3 with the exception of an additional
change in the timing structure. Analysing the signal with
Dth = 0.0625 is seen to produce five trigger events—
corresponding to the three anomalous conditions known to
be present in the signal.

Trigger events A and B are due to a momentary
disruption in the natural frame period of the signal. The first
event marks the position where the UL frame should have
been but is not while the second event marks the opposite:
finding a UL frame where there should be none.

Events C and D are caused by a very brief command
sequence at the beginning of the fifth UL frame that
causes the power control loop to be initiated—which is
then responsible for event E. Although invisible to the
naked eye, the algorithm succeeds in locating the anomalous
command sequence as clearly demonstrated by trigger event
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Figure 16: Oscilloscope trace of a WiBro signal with a single
anomalous frame and the associated trigger events. The KLD
threshold is 0.0313. Trigger event A marks the start of the unusual
segment of the anomalous frame. A second trigger event, B, is also
obtained in the subsequent frame due to the disappearance of the
anomalous feature.

C. Since that command sequence is no longer present in the
subsequent UL frame, its disappearance is marked by trigger
event D.

Once initiated, the power control loop causes a sudden
increase in the signal power level. This behaviour can be
considered to be anomalous and is flagged by trigger event
E. There are no other events associated with the change in
power level as the signal power is seen to remain high beyond
this point.

6. Summary and Conclusions

Two complementary anomaly detection algorithms utilising
information theoretic measures have been presented. Both
algorithms are simple to implement and require little a priori
information regarding the signal under test. Demodulation
of the signal is also not required since the algorithms are
capable of processing the baseband signal envelope itself in
real time. The information content analysis based method
is capable of detecting singular anomalous events while the
Kullback-Leibler divergence based method is also able to
detect otherwise nominal events that are anomalous purely
due to context (e.g., misaligned signal frames). In order to
provide this context aware detection of anomalies, the KLD-
based algorithm requires the input signal to be periodic.

Analyses of a number of test signals captured over
the air show that the KLD-based scheme is successful at
detecting all anomalies known to be present. Extensive
tests using a software implementation of the algorithm
demonstrate that it is robust with respect to parameter
choices since satisfactory performance can be maintained
with reasonable parameter values even when the input is
severely undersampled. With PMF estimation window sizes
of 256μs, 32 histogram bins and factor of 10 undersampling,
KLDR of 25 dB or better can be achieved depending on the
anomaly present.

Although the primary purpose of the KLD-based algo-
rithm is to act as an anomaly detector, it can also be used
to detect frame boundaries in a signal. The modification
required is trivial: eliminate the spacing that normally

A B C D E

Figure 17: Oscilloscope trace of a WiBro signal with multiple
anomalous events and the associated trigger events. The KLD
threshold is 0.0625. Triggers A and B are caused by a momentary
change in the signal period. Trigger C flags the presence of a
very brief command sequence that leads to a signal power level
change. Trigger D marks the position in the subsequent frame where
the power change inducing command was previously present and
finally, trigger E corresponds to a sudden change in the overall signal
power level.

separates the two PMF estimation windows. Since frame
boundary detection is expected to reveal the underlying
cyclic structure of a periodic signal, it may be used as a
precursor to the actual anomaly detection algorithm to auto-
matically learn the period of the signal—thus eliminating the
need for any a priori information regarding a test vector.

A variation on the anomaly clustering technique pre-
sented in context of the ICA-based algorithm may also be
applied to the KLD-based algorithm to further improve
detection of anomalous events. Anomalies generally lead
to KLD peaks that increase monotonically until some
maximum divergence is reached. It may be possible to
exploit this observation to improve detection under low SNR
conditions by restricting detection to signal segments that
lead to monotonically increasing KLD values that are also
above some predefined KLD threshold.

Both boundary detection and monotonic sequence
detection are techniques that add significantly to the KLD-
based anomaly detection algorithm. Therefore, they will be
the primary focus of work done in the future on this subject.

In addition to the MATLAB based software, the algo-
rithm has been implemented on a Xilinx Virtex4 FPGA
based hardware platform for evaluation under real world
physical conditions. The design is highly efficient and capable
of processing 10 MHz input signals without requiring any
undersampling. Successful tests with a set of WiBro signals
indicate that the algorithm is indeed capable of processing
high speed test vectors in real time.

Unlike the KLD-based method, the algorithm utilising
ICA for anomaly detection does not require the input signal
to be periodic. The only piece of information that is needed
in advance is the set of reference event probabilities. A
training data set known to be clean can be used to obtain
the reference probabilities prior to analysis. The complexity
and memory requirements of the algorithm are also very low.

It is clear from tests carried out using a software
implementation of the algorithm that performance of the



International Journal of Digital Multimedia Broadcasting 17

system is strongly affected by the choice of parameters such
as histogram resolution, threshold and cluster size. Impact
of these parameters on the detector performance by means
of the true positive rate and false discovery rate has been
analysed and guidelines for appropriate values have been
provided. It is shown that a true positive rate of 100%
and false discovery rate of 1%—guaranteeing zero missed
detections with very few false positives—is possible for the
signal tested with a suitable set of parameter choices.

The ICA-based algorithm presented in this paper utilises
a histogram with infinite memory, that is, it maintains a
record of all samples analysed. Clearly this implies that
the information content of anomalous events such as an
interference drops over time if they happen with sufficient
frequency. If such behaviour is undesirable, it is necessary to
implement a windowed histogram. Along with tests against
other types of anomalous signals, it will be the focus of
further research on the ICA algorithm.
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A frequency-designed fractional delay FIR structure, which is suitable for software radio applications, is presented. The design
method is based on frequency optimization of a combination of modified Farrow and mutirate structures. As a result the
optimization frequency range is made only in half of desired total bandwidth. According to the obtained results the proposed
fractional delay structure allows online desired fractional delay update, with a high fractional delay value resolution.

1. Introduction

Software-defined radio represents a major change in the
design paradigm for radios, [1], in which most of the func-
tionality is made through programmable signal processing
devices, giving the radio the ability to change its operating
parameters to accommodate new features and capabilities
[2].

A software-defined radio platform is designed to make
mobile systems more flexible with respect to the bandwidth
requirements of different mobile standards. This flexibility
is achieved by performing channel selection in the digital
domain through sample rate conversion (SRC) with pro-
grammable digital filters. Fractional Delay (FD) filters are key
components used to perform nonrational SRC [3–5].

Additionally, Software radio systems employ direct con-
version receivers with asynchronous sampling such that
the actual sampling instants are not synchronized with the
incoming symbols. In order to evaluate the received symbols
a digital symbol synchronization is implemented through FD
filter structures [6, 7].

One of the key requirements for FD in software radio
applications is to have the flexibility to change among dif-
ferent communication protocols and to be able to perform

fractional delay value update on line, known as variable
fractional delay (VFD) filters [8]. Other important FD
characteristics are wide bandwidth, high fractional delay res-
olution value, and a small number of arithmetic operations
per output sample.

There are several FD design methods [9]; among them
the use of a polynomial approach allows online desired
fractional delay value update using a Farrow structure [10]
or a modified Farrow structure [11, 12]. Both structures are
composed of L + 1 parallel FIR filters Cl(z), each one with
length N , where L is the chosen polynomial order, as it is
shown in Figure 1. In a modified Farrow structure γ = 2α−1,
where α is the required fractional delay value, 0 < α < 1, and
Cl(z) are linear phase filters (symmetrical coefficient values).
In the original Farrow structure γ = α and parallel filters are
not symmetrical.

There are two main FD design approaches based on
the polynomial approach. The first one is completely time
domain design based on either Lagrange interpolation [13]
or B spline functions [14, 15]. The implementation of this
design approach is made through original Farrow structure
having as main advantage that filter coefficients are obtained
by closed form expressions. The disadvantage is the small
flexibility available for this approach to meet FD filter
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X(z)

CL(z) C1(z) C0(z)

Y(z)γ

· · ·

Figure 1: Farrow structure.

frequency domain specifications. This is because there is only
one design parameter, that is, the polynomial order L. Most
of the recently reported FD design methods belong to this
time domain approach such as [16, 17].

The second FD design approach is made in frequency
domain using optimization techniques for coefficients com-
puting. The main advantage of this design approach is
an improved control on frequency specifications. This is
because three design parameters are available: polynomial
order L, filter length N , and desired frequency passband
ωp. The disadvantage of this approach is the need of an
optimization method for filter coefficient computing. Several
design methods have been proposed such as, for example,
[18], where the FD filter is implemented in a modified
Farrow structure and a Taylor approximation is achieved.
Similarly in [19–21] the implementation is made using
an original Farrow structure and a weighted least square
optimization is accomplished.

The use of frequency domain design methods for FD
filters with a wide bandwidth requires that an optimization
method be applied over a large frequency range. On the
other hand large filter length N and polynomial order
L are obtained when high fractional delay resolution is
required. Hence the design process requires high coefficients
computing time and a high number of arithmetic operations
per output sample in the resulting FD filter implementation.

This paper describes the use of a multirate structure in
a frequency design approach in order to reduce the opti-
mization workload in coefficients computing for FD filters
with a wide bandwidth, high fractional delay resolution,
and online fractional delay value update capability. In this
way a flexible frequency design method with a reduced
optimization workload as well as a resulting structure with a
reduced number of arithmetic operations per output sample
is obtained.

The used frequency design method is the modified
Farrow structure [18], where each parallel filter Cl(z) is
designed as a minimum least square approximation of an l
order differentiator. In the same way it is possible to extend
such proposal through other optimization frequency design
methods.

Section 2 describes in a general way the frequency design
method basis. The multirate structure is given in Section 3.
In Section 4 the proposed design method is shown, which

is illustrated through one design example. Conclusions are
presented in Section 5.

2. Frequency Design

The frequency design method in [18] is based on the
following properties of the parallel digital filters Cl(z).

(1) FIR filters Cl(z), 0 ≤ l ≤ L, in original Farrow
structure are an L order Taylor approximation to the
continuous-time interpolated input signal.

(2) In the modified Farrow structure the FIR filters Cl(z)
are linear phase type II for l even and type IV for l
odd.

Each filter Cl(z) approximates in magnitude the function
Klωl, where Kl is a constant. The ideal frequency response
of an l order differentiator is ( jω)l; hence the ideal response
of each Cl(z) filter in the Farrow structure is an l order
differentiator.

In the same way it is possible to approximate the input
signal through Taylor series in a modified Farrow structure.
The l order differential approximation to the continuous-
time interpolated input signal is done through the branch
filter Cl(z), with a frequency response given as

Ĉl
(

e jω
)

= e− jω((N−1)/2)

(− jω)l
2l l!

. (1)

The input design parameters are the filter length N , the
polynomial order L, and the desired passband frequency ωp.

The N coefficients of the L + 1 Cl(z) FIR filters are
computed in such a way that the following error function is
minimized in a least square sense in the frequency range [0,
ωp]:

el(ω) =
⎡

⎣

(N/2)−1∑

n=0

Cl

(
N

2
− 1− n

)

γ(l,n,ω)−D(l,ω)

⎤

⎦, (2)

where

D(l,ω) = (−ω)l

2l l!
,

γ(l,n,ω) = 2 cos
[(

n +
1
2

)

ω
]

, l even,

γ(l,n,ω) = 2 sin
[(

n +
1
2

)

ω
]

, l odd.

(3)

Hence the objective function is given as

E1 =
∫ ωp

0

⎡

⎣

(N/2)−1∑

n=0

Cl

(
N

2
− 1− n

)

γ(l,n,ω)−D(l,ω)

⎤

⎦

2

dω.

(4)

From this equation it can be observed that the design of a
wide bandwidth FD filter requires an extensive computing
workload. For high fractional delay resolution FD filters
high precise differentiator approximations are required; this
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Figure 2: Multirate structure for FD filter.

implies high branch filters length, N , and high polynomial
order, L. Hence an FD filter structure with high number of
arithmetic operations per output sample is obtained.

The arithmetic complexity of the resulting implemented
structure is an important factor to be considered. The
comparative parameters are the following:

(1) number of multipliers per output sample (MPS),

(2) number of additions per output sample (APS).

In the modified Farrow structure the MPS1 and APS1 are
given as

MPS1 =
(
N

2

)

(L + 1) + L,

APS1 = (N − 1)(L + 1) + L + 1.

(5)

3. Multirate Structure

The multirate structure in [22] is proposed for designing
FD filters in time domain. The input signal bandwidth is
reduced by incrementing the sampling frequency. In this
way Lagrange interpolation is used in filter coefficients
computing for an FD filter with a wide bandwidth.

The multirate structure shown in Figure 2 is composed
of three sections. The first one is an upsampler and a half
band image suppressor filterH(z) for incrementing twice the
input sampling frequency. The second section is the FD filter
HFD(z), which is designed in time domain through Lagrange
interpolation [11]. Since the signal processing frequency of
filter HFD(z) is two times more than the input sampling
frequency, such filter can be designed to meet only half of the
required bandwidth. Last section deals with a downsampler
for decreasing the sampling frequency to its original value.
The upsamplig process is made through insertion of one zero
between every two input samples. Hence for each output
sample only half of the FIR filter coefficients are used.
This means that in one time instant the input samples are
processed through the even coefficients and next time instant
through the odd coefficients of the filters H(z) and HFD(z).
According to this technique and using multirate processing
noble identities [23], such processing can be represented as
shown in Figure 3, where filters H0(z) and H1(z) are the first
and second polyphase components of the half band filter
H(z). In the same way HFD,0(z) and HFD,1(z) are the first
and second polyphase components of fractional delay filter
HFD(z). As can be seen the input sampling frequency is the
same for all filters in the resulting structure.

X(z) Y(z)H0(z) HFD1(z)

H1(z) HFD0(z)

2α

2α

Figure 3: Resulting structure for FD filter.

X(z)

CL(z) C1(z) C0(z)

Y(z)γ = 4α− 1
2

2 H(z)

· · ·

Figure 4: Initial structure of the proposed method.

4. Proposed Design Method

The proposed method for FD filter design with a wide
bandwidth and high fractional delay resolution is based on
a frequency domain optimization approach, described in
the second section, applied to the FD multirate structure,
described in last the section.

As mentioned before the maximum frequency of the
FD filter in the multirate structure is half of the desired
bandwidth. In this way the frequency optimization is made
only on the half of the required passband. That means that
the upper frequency limit in (4) is ωp/2. This optimization
frequency range decrease allows an abrupt coefficient com-
puting time reduction for the wide bandwidth FD filters
and the resulting structure requires Cl(z) filters with smaller
length N .

In Figure 4 is shown the initial structure, where a double
fractional delay value is considered in the update parameter
γ, as a result of the doubled processing sampling frequency.
The resulting structure after applying noble identities is
shown in Figure 5, where the filters Cl,0(z) and Cl,1(z) are the
first and second polyphase components ofCl(z), respectively.

The H(z) filter plays a key role in resulting bandwidth
and fractional delay resolution of FD filter. The higher
the stopband attenuation of the filter H(z), the higher the
resulting fractional delay resolution. Similarly the smaller the
transition band of H(z), the higher the resulting bandwidth
of the FD filter. Both conditions imply the use of a high-order
H(z) filter.

In order to reduce the total number of arithmetic
operations per output sample the filter H(z) is designed as
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X(z)
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··
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··
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Figure 5: Resulting proposed structure.

a half hand FIR filter. In this way the total number of MPS
and APS is given as

MPS2 = (N)(L + 1) +
⌊
NLP + 1

4

⌋

+ L,

APS2 = (N − 1)(L + 1) + L +
NLP − 1

2
,

(6)

where NLP is the number of coefficients of H(z).

5. Obtained Results

The design method was implemented in MATLAB. An
illustrative design example is presented with an FD filter
bandwidth of 0.9π and a fractional delay resolution of
1/10000.

The FD filter design using WLS method [20] results in
an implementation processing arithmetic of MPS = 703 and
APS = 775 with design parameters N = 87 and L = 7 and
weighting functions given by

W1(ω) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1, ω ∈ [0, 0.88π),

10, ω ∈ [0.88π, 0.8994π)

0, ω ∈ [0.8994π,π],

,

W2
(
p
) = 1.

(7)

In the same way the resulting processing arithmetic for the
implementation of the FD filter example based on variable
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Figure 6: Differentiators ideal responses (dot line) and approxima-
tions (solid lines). (a) Proposed method ωp = 0.45π, N = 12, and
L = 14. (b) Direct all band optimization ωp = 0.9π, N = 104, and
L = 12.

FD design method of [21] is MPS = 543 and APS = 535 with
design parameters N = 67 and L = 7 and next weighting
function:

W1(ω) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 ω ∈ [0, 0.88π),

3 ω ∈ [0.88π, 0.8994π)

0 ω ∈ [0.8994π,π].

, (8)

The direct use of the frequency domain method [18] with
design parameters of L = 12 and N = 104 results in a total
number of MPS = 688 and APS = 1352.

For the proposed design method an interpolator filter
H(z) with 241 coefficients was used, designed with a
Dolph-Chevishev window having a stopband attenuation of
140 dBs. The design parameters are L = 12 and N = 14
with a resulting processing arithmetic of MPS = 254 and
APS = 242.

In the proposed method the frequency optimization is
applied up to ωp = 0.45π and in the direct method to
ωp = 0.9π, as is depicted in Figure 6, where the first seven
differentiator approximations are shown for both methods.
This half frequency range optimization implies a notable
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Table 1: Comparison of approximation errors for several methods.

Methods emax (dBs) erms

WLS design [19] −100.0088 2.9107× 10−6

Improved WLS [24] −100.7215 2.7706× 10−6

Discretization-free [20] −99.9208 4.931× 10−4

Variable Factional Delay [21] −99.3669 2.8119× 10−6

−100.9278 2.8497× 10−6

Direct Taylor approximation [18] −93.69 4.81× 10−4

Proposed method −86.17 2.78× 10−4
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Figure 7: All band magnitude responses for (a) proposed method
and (b) direct all band optimization.

computing workload reduction. The MATLAB computing
time in a PC running at 2 GHz for the proposed method is
6.95 seconds and for direct frequency optimization of [18] is
322 seconds.

The all band magnitude responses and group delays for
fractional delay values range from 0.0080 to 0.0090 using
the direct frequency FD design method and the proposed
method results are shown in Figures 7 and 8, respectively.

According to obtained results the proposed method has
smaller number of operations per output sample. In order
to compare the achieved proposed method approximation
with the one obtained with existing methods, the frequency
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Figure 8: All band fractional delay responses for (a) proposed
method and (b) direct all band optimization.

domain error e(ω,α), the maximum absolute error emax, and
the root mean square error erms are defined, like in [21], as

e(ω,α) = |H(ω,α)−Hd(ω,α)|,

emax = max
{

e(ω,α), 0 ≤ ω ≤ ωp, 0 ≤ α ≤ 1
}

,

erms =
[∫ ωp

0

∫ 1

0
e2(ω,α)dαdω

]1/2

,

(9)

whereH(ω,α) andHd(ω,α) are the frequency response of the
designed and ideal FD filters, respectively, andωp is passband
frequency of the FD filter.

The obtained maximum absolute error and the root
mean square error are presented in Table 1; for comparison
purpose the results obtained by using the approaches in [18–
21, 24] are also presented.
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6. Conclusions

A frequency optimization design approach for wide band-
width and high fractional value resolution FD filters has been
proposed. These specifications coupled with the capability
of updating the fractional delay value in real-time make the
resulting structure suitable to perform important physical
layer functions for software-defined radio applications, such
as digital symbol synchronization and sample rate conver-
sion.

The obtained results show that the design method
notably reduces the coefficients computing workload. The
resulting structure allows fractional delay values of 1/10000
of sample and a bandwidth of 0 ≤ ω ≤ 0.9π, with a reduced
number of arithmetic operations per output sample. The
described method is based on a least mean square frequency
optimization for coefficients computation. In a future work
we will consider the use of other optimization methods in the
same proposed approach.
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