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Erika Ottaviano, Italy
Alkiviadis Paipetis, Greece
Alessandro Palmeri, UK
Bijaya Ketan Panigrahi, India
Manuel Pastor, Spain
Pubudu N. Pathirana, Australia
Francesco Pellicano, Italy
Mingshu Peng, China
Zhike Peng, China
Haipeng Peng, China
Matjaz Perc, Slovenia
Maria do Rosário Pinho, Portugal
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In many fields, theoretical and applied researches have
strengthened the belief that fractional calculus is not only
a branch of the mathematical analysis, but also a useful
and powerful tool for engineers. Namely, fractional cal-
culus allows both a better modeling of a wide class of
systems with anomalous dynamic behavior and a better
understanding of the facets of both physical phenomena and
artificial processes. Hence the mathematical models derived
from differential equations with noninteger/fractional order
derivatives or integrals are becoming a fundamental research
issue for scientists and engineers. In particular, fractional
models are successful when describing power-law long-term
memory or hereditary properties. They are also successful
when anomalous diffusion, transport phenomena, and waves
propagation in complex media require nonlocal operators, or
when fractal-like properties are evident in some processes.
These potentialities and the related benefits have attracted
many experts and practitioners of different fields to recon-
sider mathematical models and engineering methods both
for linear and for nonlinear systems.

To synthesize, many different areas of science and engi-
neering invest on fractional order modeling and systems by
now [1–7]. Moreover, in the last years, many researchers are
becoming aware of the interdisciplinary aspects of complex
engineering problems that require knowledge from different
fields. At the same time, inspiration is often taken from
theories or applications of different areas and sometimes it
is necessary to combine scientific methodologies that are
developed for different problems. To cite a recent example,

achieving good results in delivering a high-quality multime-
dia service through wireless networks not only is a matter
of advanced communication technologies and protocols, but
also requires to build a proper transmission scheduler that
employs classical or innovative control systems. Namely, a
feedback control techniquemay schedule the transmission in
advance [8, 9], but can also consider the fractional nature of
the data traffic [10] and the fractionalmodeling of the streams
[11].

The above remarks justify the interest in fractional
modeling and fractional order systems that may represent a
communication language to integrate expertise, results, and
new ideas of researchers coming from different areas. The
consequences could have a great impact on everyday life,
services, technology, industrial processes, and environmental
issues. However, fractional calculus and fractional order
systems are not a panacea. Namely, many potentialities of
fractional order systems are still unexplored or under inves-
tigation so that there are many challenges. The contributions
gathered in this special issue offer a snapshot of different
interesting researches, problems, and solutions.

In detail, the papers of this special issue cover topics
in the fields of control systems, electric circuits, and image
and signal processing, concern some aspects of mathemat-
ical modeling for biological and physical phenomena, and
consider some applications of numerical and computational
methods to engineering and finance. In the following, we
briefly highlight these topics and synthesize the content of
each paper.
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The paper “Fractional dynamics of computer virus prop-
agation,” by C. M. A. Pinto and J. A. Tenreiro Machado,
introduces a fractional order model to describe the prop-
agation and spread of computer viruses due to dynamical
interactions between computing and removable devices. The
fractional order system is inspired by mathematical models
for biological epidemics and extends an integer order model
taken from the literature by using fractional order differen-
tiation. Numerical results show that fractional modeling can
serve to describe and capture very fast dynamics or long-term
memory effects that cannot be represented by classical integer
order models. The investigation is therefore interesting for
antivirus development and for studying effective protective
measures for applications based on internet connections that
are exposed to computer viruses.

The paper “On fractional order dengue epidemic model,”
by H. Al-Sulamia et al., applies fractional calculus to model
the spread of the tropical fever and considers memory
effects. The model is very sensitive to the fractional order
of differentiation. Moreover, the authors study the stability
of the equilibrium points of the fractional order system
describing the epidemic model. Numerical simulation of the
fractional order system is based on the generalized Adams-
Bashforth-Moulton method that provides an approximate
solution, which converges to the fixed point after a longer
time than with an integer order model.

The paper “Algorithms of finite difference for pricing
american options under fractional diffusion models,” by J. Xi
et al., regards the application of fractional calculus tools to
a financial topic, namely, developing accurate and effective
algorithms for the price of American options. The authors
start from fractional order partial differential equations used
under fractional diffusion models to develop a first-order
approximation.This is obtained by an iterative algorithm that
avoids singularities in the integral part of partial integrod-
ifferential equations and computes the numerical estimates
by combining a fractional difference approach and a penalty
method.Then the authors employ a spatial extrapolation for a
second-order accurate estimate. The numerical results in the
paper are intended to show the effectiveness and feasibility of
the approach.

The paper “Adaptive sliding control for a class of fractional
commensurate order chaotic systems,” by J. Yuan and B. Shi,
is in the framework of control methodologies developed
for nonlinear fractional dynamic systems. The authors take
advantage of fractional calculus tools and nonlinear control
theory. They propose adaptive sliding mode control design
for a class of commensurate fractional order chaotic systems.
The authors first introduce a fractional integral sliding man-
ifold for the nominal systems. Next, they prove the stability
of the corresponding fractional sliding dynamics. Then, they
obtain the desired sliding control law by using a Lyapunov
candidate function and the Mittag-Leffler stability theory.
The proposed sliding manifold is also adapted by a fractional
adaptation law for perturbed systems because of uncertainties
and external disturbances. Simulation tests are provided to
show the performance of the designed controllers.

The paper “Approximated fractional-order chebyshev low-
pass filters,” by T. Freeborn et al., is in the field of research

studies devoted to design of fractional order filters for
analog signal processing. The authors use a nonlinear least
squares optimization method to determine the coefficients
of the fractional order transfer function that approximates
the passband ripple characteristics of traditional Chebyshev
lowpass filters. Matlab and SPICE simulation tests are used to
verify the implementation of the fractional order filters.

The paper “Computational challenge of fractional differen-
tial equations and the potential solutions: a survey,” byC.Gong
et al., surveys computational costs of numerical methods to
solve fractional differential equations. The authors analyze
the computational complexity to solve time fractional, space
fractional, and space-time fractional equations, with respect
to the case of integer order partial differential equations
solved by finite difference methods. The investigation aims
at giving a useful guide for solving problems that are mathe-
matically represented by complex fractional differential equa-
tions, also with variable fractional orders, and then requires
numerical techniques with many time steps and many space
grid points.

The paper “On a time-fractional integrodifferential equa-
tion via three-point boundary value conditions,” by D. Baleanu
et al., considers fractional differential equations useful to
model physical processes that exhibit a fractional order
behavior that varies with time and space. The complex,
nonlinear fractional differential equations can be solved
numerically but it is important to prove existence andunique-
ness of the solution. To this aim, the authors investigate
and prove the existence of solutions for a time-fractional
integrodifferential equation via three-point boundary value
conditions.

The paper “Hybrid prediction and fractal hyperspectral
image compression,” by S. Zhu et al., presents a method for
hyperspectral image compression based on the combination
of a prediction and a modified fractal coding technique.
Hyperspectral images are important in remote sensing appli-
cations. The key point is to take advantage of the local self-
similarity that exist between adjacent bands in the considered
images to obtain a high compression ratio at low bitrate,
resolution independence, and a fast decoding speed. The
authors implement a hybrid algorithm that first carries
out an intraband prediction and then applies an interband
fractal encoding. The authors show the reduced encoding
complexity, enhanced decoding quality, and higher peak
signal-to-noise performance.

The paper “A novel high efficiency fractal multiview video
codec,” by S. Zhu et al., proposes a fractal multiview video
codec for compressing three-dimensional video signals. The
contribution can be considered in the context of research
efforts devoted to improving transmission and reproduction
of high-quality multimedia over broadband communication
channels, for example, wireless networks of last generation.
These processes are very important in streaming, videocon-
ferencing, interactive videos, and other similar applications
in delivery of multimedia digital services. In particular,
the authors propose a compression algorithm that exploits
temporal and spatial correlations and a disparity estimation
to increase the codec efficiency for encoding and/or decoding
a digital data stream or signal. Improvements are shown
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in encoding performance (lower time and bitrate, higher
compression ratio) and in quality of decoding.

Guido Maione
José A. Tenreiro Machado

Raoul R. Nigmatullin
Jocelyn Sabatier
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This paper proposes adaptive sliding mode control design for a class of fractional commensurate order chaotic systems. We firstly
introduce a fractional integral sliding manifold for the nominal systems. Secondly we prove the stability of the corresponding
fractional sliding dynamics. Then, by introducing a Lyapunov candidate function and using the Mittag-Leffler stability theory we
derive the desired sliding control law. Furthermore, we prove that the proposed sliding manifold is also adapted for the fractional
systems in the presence of uncertainties and external disturbances. At last, we design a fractional adaptation law for the perturbed
fractional systems. To verify the viability and efficiency of the proposed fractional controllers, numerical simulations of fractional
Lorenz’s system and Chen’s system are presented.

1. Introduction

In recent years, fractional calculus has attracted an increasing
interest not only among mathematicians, but also among
physicists and engineers. Fractional calculus is a gener-
alization of the traditional integer order integration and
differentiation to arbitrary noninteger (real or complex)
order. In comparison with classical calculus, fractional-order
derivatives and integrals provide more accurate modeling
of dynamical systems possessing memory and hereditary
properties [1, 2]. Various fractional dynamic models have
been developed in rheology, viscoelasticity, electrochemistry,
electromagnetism, and so forth [3].

To propose more efficient control design for fractional
dynamic systems, fractional control provides a suitable way
[2]. Fractional control has attracted interest in the control
community since the first fractional controller, the CRONE
controller, has been introduced and applied in various fields
of control systems [4]. Other pioneering contributions on
fractional controlmethodologies have beenmade, such as the
TID controller, the fractional 𝑃𝐼𝜆𝐷𝜇 controller [5], and the
fractional lead-lag compensator [6]. Basic ideas and compar-
isons between the above four fractional control schemes have

been addressed in [7].More recently, several controlmethod-
ologies for nonlinear fractional dynamic systems have been
developed by combining fractional calculus and nonlinear
control theory, such as the fractional sliding control [8–10],
the fractional adaptive control [11–13], and the fractional
optimal control [1, 14–16].

The works on fractional control go hand in hand with the
stability of fractional differential equations (FDEs) and rely
largely on their results [17]. Broad surveys in the stability issue
involving fractional dynamic systems have been published.
A complete and systematic picture of the state of the art
in the stability of FDEs is provided in [18]. This review
article covers the stability results in linear FDEs, nonlinear
FDEs, and time delayed FDEs.There are two most important
approaches to analyze the stability of nonlinear FDEs: one is
to use the frequent distributed fractional integrator model
[19], and the other is to use the Mittag-Leffler stability
theorem [20]. The first approach relies on the concept of a
fractional integration operator characterized by a continuous
frequency distributed model. It involves two steps: firstly
converting FDEs into exactly equivalent infinite dimensional
ODEs, secondly applying the traditional indirect Lyapunov
approach. Utilizing this approach, the stability of sliding



2 Mathematical Problems in Engineering

dynamics and a fractional sliding control law for a novel
class of fractional chaotic systems have been investigated
in [21]. The stability and tracking convergence of fractional
model reference adaptive control systems are analyzed in
[13].

Analyzing the stability of nonlinear FDEs by using the
second approach is usually a complicated task, because it
is difficult to calculate the fractional-order derivative of the
commonly used Lyapunov candidate function. Fortunately,
a new property for Caputo fractional derivative is obtained
in [22], providing an easy way to derive an inequality for
the fractional-order derivative of the Lyapunov candidate
function in the quadratic form, instead of directly calcu-
lating its fractional-order derivative. So it is potentially a
convenient way to propose the stability analysis for nonlinear
FDEs.

In this paper, our main objective is to propose adaptive
sliding control design for a class of commensurate fractional-
order chaotic systems based on the newly discovered prop-
erty of Caputo operator. For this end, we firstly introduce
a fractional integral sliding manifold for these nominal
systems. Next we prove the stability of the correspond-
ing fractional sliding dynamics. Then, by introducing a
quadratic Lyapunov control function and using the Mittag-
Leffler stability theory we derive the desired control law.
Furthermore, we prove that the proposed sliding manifold
is also adapted for these fractional systems in the presence
of uncertainties and external disturbances. At last, we inves-
tigate adaptive sliding control design for these perturbed
systems.

The main contributions of this paper include the fol-
lowing: (1) a fractional integral sliding manifold is designed
which is adapted not only for the nominal fractional systems
but also for the perturbed systems; (2) the stability of the
sliding dynamics corresponding to the nominal systems and
the perturbed systems is proved; (3) a sliding control law and
an adaptive law are designed, respectively, for the nominal
systems and the perturbed systems.

The rest of the paper is organized as follows. Section 2
presents some basic definitions and theorems about frac-
tional calculus and stability of fractional differential equa-
tions. Section 3 introduces a fractional integral sliding man-
ifold and proposes the sliding control design for a class of
nominal fractional-order chaotic systems. Section 4 investi-
gates adaptive sliding control design for perturbed systems.
In Section 5, numerical simulations of fractional Lorenz’s
system and Chen’s system are presented to show the viability
and efficiency of the proposed fractional controllers. Finally,
the paper is concluded in Section 6.

2. Basic Definitions and Preliminaries

In this section we recall the definitions and several theo-
rems in the fractional calculus. The most commonly used
definitions of fractional derivatives are Grünwald-Letnikov,
Riemann-Liouville, and Caputo definitions.

Definition 1. TheGrünwald-Letnikov derivative definition of
order 𝛼 is described as

𝑎𝐷
𝛼

𝑡
𝑓 (𝑡) = lim

ℎ→0

1

ℎ𝛼

[(𝑡−𝑎)/ℎ]

∑

𝑗=0

(−1)
𝑗
(
𝛼

𝑗
)𝑓 (𝑡 − 𝑗ℎ) , (1)

where ℎ is the time step.

Definition 2. The Riemann-Liouville derivative of order 𝛼 is
defined as

𝑎𝐷
𝛼

𝑡
𝑓 (𝑡) =

1

Γ (𝑛 − 𝛼)

𝑑
𝑛

𝑑𝑡𝑛
∫

𝑡

𝑎

𝑓 (𝜏) 𝑑𝜏

(𝑡 − 𝜏)
𝛼−𝑛+1

(2)

for 𝑛 − 1 < 𝛼 < 𝑛, where Γ(⋅) is Euler’s Gamma function.

Definition 3. The Caputo definition of fractional derivative
can be written as

𝑎𝐷
𝛼

𝑡
𝑓 (𝑡) =

1

Γ (𝑛 − 𝛼)
∫

𝑡

𝑎

𝑓
(𝑛)
(𝜏) 𝑑𝜏

(𝑡 − 𝜏)
𝛼−𝑛+1

(3)

for 𝑛 − 1 < 𝛼 < 𝑛.

Lemma 4 (fractional comparison principle [20]). Let 𝑥(0) =
𝑦(0) and𝐷𝛼𝑥(𝑡) ≥ 𝐷

𝛼
𝑦(𝑡), where 0 < 𝛼 < 1; then 𝑥(𝑡) ≥ 𝑦(𝑡).

Lemma 5 (Mittag-Leffler stability [20]). Let 𝑥eq = 0 be
an equilibrium point of a fractional nonlinear system and a
domain containing the origin. Let 𝑉(𝑡, 𝑥(𝑡)) : [0,∞) × 𝐷 →

𝑅
+ be a continuously differentiable function satisfying

𝑉 (𝑡, 𝑥 (𝑡)) ≥ 𝛼 (‖𝑥‖) ,

𝐷
𝑞
𝑉 (𝑡, 𝑥 (𝑡)) ≤ 0,

(4)

where 𝛼(⋅) is the class-K function, 𝑥 ∈ 𝐷, and 0 < 𝑞 < 1. Then
𝑥 = 0 is globally stable.

Lemma 6 (see [22]). Let 𝑥(𝑡) ∈ 𝑅 be a continuous and
derivable function. Then, for any time instant 𝑡 ≥ 𝑡0,

1

2

𝐶

𝑡0
𝐷
𝑞

𝑡
𝑥
2
(𝑡) ≤ 𝑥 (𝑡)

𝐶

𝑡0
𝐷
𝑞

𝑡
𝑥 (𝑡) , ∀𝑞 ∈ (0, 1) . (5)

3. Sliding Control for the Nominal Fractional
Chaotic Systems

Consider a class of fractional-order chaotic systems described
by the following fractional differential equations:

𝐷
𝑞1𝑥 = 𝑓 (𝑥, 𝑦, 𝑧) − 𝛼𝑥,

𝐷
𝑞2𝑦 = 𝑥𝑔 (𝑥, 𝑦, 𝑧) − 𝛽𝑦,

𝐷
𝑞3𝑧 = 𝑥ℎ (𝑥, 𝑦, 𝑧) − 𝛾𝑧,

(6)

where 𝑞1, 𝑞2, 𝑞3 ∈ (0, 1) are fractional-orders, 𝑥, 𝑦, and 𝑧

are state variables, and 𝛼, 𝛽, and 𝛾 are nonnegative known
constants.



Mathematical Problems in Engineering 3

The above fractional system (6) is introduced by Yuan
et al. [21]. It consists of 6 fractional chaotic systems, includ-
ing the fractional-order Lorenz system, the fractional-order
Chen system, the fractional-order Lü system, the fractional-
order Liu system, the fractional-order Lotka-Volterra system,
and the fractional-order Rucklidge system.

In this paper, our main purpose is to propose the sliding
control design for the commensurate ordered chaotic system,
that is, the case when 𝑞1 = 𝑞2 = 𝑞3 = 𝑞 ∈ (0, 1). Firstly,
we introduce a fractional integral sliding surface which is
different from the one in [21] and design sliding control
law for the nominal fractional system (6) using the Mittag-
Leffler stability theorem. Secondly, we consider system with
uncertainties and external disturbances and propose adaptive
sliding control design.

3.1. Sliding Surface Design. To propose the sliding control
design for the nominal system (6), we introduce the following
fractional integral sliding surface:

𝑠 (𝑡) = 𝑥 (𝑡) +
0𝐼
𝑞

𝑡
𝜑 (𝑡) , (7)

where 𝜑(𝑡) = 𝑦𝑔(𝑥, 𝑦, 𝑧) + 𝑧ℎ(𝑥, 𝑦, 𝑧) + 𝛼𝑥.
Taking its 𝑞th order fractional derivative with respect to

time leads to the following:

𝐷
𝑞
𝑠 (𝑡) = 𝐷

𝑞
𝑥 (𝑡) + 𝜑 (𝑡) . (8)

3.2. Stability Analysis of Sliding Dynamics. Now we are about
to prove that the system motion on the sliding manifold (i.e.,
sliding dynamics) satisfies our desired specifications; that is,
once the trajectory of system (6) is steered to the sliding
surface (7), the three state variables 𝑥, 𝑦, and 𝑧 will converge
to zero asymptotically.

Let 𝐷𝑞𝑠(𝑡) = 0; then we derive the following fractional
sliding dynamics for the nominal system:

𝐷
𝑞
𝑥 = −𝑦𝑔 (𝑥, 𝑦, 𝑧) − 𝑧ℎ (𝑥, 𝑦, 𝑧) − 𝛼𝑥,

𝐷
𝑞
𝑦 = 𝑥𝑔 (𝑥, 𝑦, 𝑧) − 𝛽𝑦,

𝐷
𝑞
𝑧 = 𝑥ℎ (𝑥, 𝑦, 𝑧) − 𝛾𝑧.

(9)

For the sliding dynamics (9) a Lyapunov function is
chosen as

𝑉1 (𝑥, 𝑦, 𝑧) =
1

2
𝑥
2
+
1

2
𝑦
2
+
1

2
𝑧
2
. (10)

By taking its 𝑞th order fractional derivative with respect
to time, using Lemma 6, and inserting the three equations of
system (9) into (10), one derives

𝐷
𝑞
𝑉1 ≤ 𝑥𝐷

𝑞
𝑥 + 𝑦𝐷

𝑞
𝑦 + 𝑧𝐷

𝑞
𝑧

= 𝑥 (−𝑦𝑔 − 𝑧ℎ − 𝛼𝑥) + 𝑦 (𝑥𝑔 − 𝛽𝑦) + 𝑧 (𝑥ℎ − 𝛾𝑧)

= − (𝛼𝑥
2
+ 𝛽𝑦
2
+ 𝛾𝑧
2
) .

(11)

Denoting 𝜂 = min{𝛼, 𝛽, 𝛾}, then inequality (11) becomes

𝐷
𝑞
𝑉1 ≤ −𝜂𝑉1. (12)

Inequality (12) satisfies the Mittag-Leffler stability theo-
rem. This implies that the three state variables 𝑥, 𝑦, and 𝑧

tend to zero asymptotically. Up to this point, we come to the
following statement.

Theorem7. The fractional sliding dynamics (9) of the nominal
fractional system (6) is asymptotically stable.

3.3. Sliding Control Design. To propose the sliding control
design for the nominal system (6), we introduce the following
control Lyapunov function:

𝑉2 (𝑠) =
1

2
𝑠
2
. (13)

Taking its 𝑞th order fractional derivative with respect to
time and inserting the first equation of system (6), one derives

𝐷
𝑞
𝑉2 ≤ 𝑠𝐷

𝑞
𝑠

= 𝑠 (𝐷
𝑞
𝑥 + 𝜑)

= 𝑠 [𝑓 (𝑥, 𝑦, 𝑧) − 𝛼𝑥 + 𝑢 (𝑡) + 𝑦𝑔 (𝑥, 𝑦, 𝑧)

+𝑧ℎ (𝑥, 𝑦, 𝑧) + 𝛼𝑥] .

(14)

Then the control law is constructed as

𝑢 (𝑡) = − 𝑓 (𝑥, 𝑦, 𝑧) − 𝑦𝑔 (𝑥, 𝑦, 𝑧)

− 𝑧ℎ (𝑥, 𝑦, 𝑧) − 𝑘1 sgn (𝑠) − 𝑘2𝑠.
(15)

Substituting the control law (15) into (14) yields

𝐷
𝑞
𝑉2 ≤ 𝑠 [−𝑘1 sgn (𝑠) − 𝑘2𝑠]

= −𝑘1 |𝑠| − 𝑘2𝑠
2

≤ −𝑘2𝑉2.

(16)

In terms of theMittag-Leffler stability theorem, we obtain
that 𝑠 → 0 and 𝑥, 𝑦, 𝑧 → 0.

Up to this point, we arrive at the following conclusion.

Theorem 8. The nominal fractional chaotic system (6) is
asymptotically stabilized under the proposed sliding control law
(15).

4. Adaptive Sliding Control for
the Perturbed System

In this section, we are about to go further by considering the
commensurate ordered chaotic system (6) in the presence
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of systematic uncertainties and external disturbances. It is
described by the following fractional differential equations:

𝐷
𝑞
𝑥 = 𝑓 (𝑥, 𝑦, 𝑧) − 𝛼𝑥 + Δ𝑓1 (𝑥, 𝑦, 𝑧) + 𝑑1 (𝑡) ,

𝐷
𝑞
𝑦 = 𝑥𝑔 (𝑥, 𝑦, 𝑧) − 𝛽𝑦 + Δ𝑓2 (𝑥, 𝑦, 𝑧) + 𝑑2 (𝑡) ,

𝐷
𝑞
𝑧 = 𝑥ℎ (𝑥, 𝑦, 𝑧) − 𝛾𝑧 + Δ𝑓3 (𝑥, 𝑦, 𝑧) + 𝑑3 (𝑡) .

(17)

We assume that all the uncertainties and external distur-
bances are bounded; that is, |Δ𝑓1(𝑥, 𝑦, 𝑧)| < 𝜃1, |𝑑1(𝑡)| < 𝜃2,
|Δ𝑓2(𝑥, 𝑦, 𝑧)| < 𝐹2, |𝑑2(𝑡)| < 𝐷2, |Δ𝑓3(𝑥, 𝑦, 𝑧)| < 𝐹3, and
|𝑑3(𝑡)| < 𝐷3, where 𝜃1, 𝜃2, 𝐹2, 𝐷2, 𝐹3, and 𝐷3 are unknown
nonnegative constants.

4.1. Stability Analysis of Sliding Dynamics of Perturbed Sys-
tems. Proceeding as before, we introduce the fractional
integral sliding surface as in (7) and derive the following
sliding dynamics:

𝐷
𝑞
𝑥 = −𝑦𝑔 (𝑥, 𝑦, 𝑧) − 𝑧ℎ (𝑥, 𝑦, 𝑧) − 𝛼𝑥,

𝐷
𝑞
𝑦 = 𝑥𝑔 (𝑥, 𝑦, 𝑧) − 𝛽𝑦 + Δ𝑓2 (𝑥, 𝑦, 𝑧) + 𝑑2 (𝑡) ,

𝐷
𝑞
𝑧 = 𝑥ℎ (𝑥, 𝑦, 𝑧) − 𝛾𝑧 + Δ𝑓3 (𝑥, 𝑦, 𝑧) + 𝑑3 (𝑡) .

(18)

To analyze the stability of the sliding dynamics (18), we
introduce the following Lyapunov function:

𝑉3 (𝑥, 𝑦, 𝑧) =
1

2
𝑥
2
+
1

2
𝑦
2
+
1

2
𝑧
2
. (19)

Taking its 𝑞th order fractional derivative with respect to
time, using Lemma 6, and inserting the three equations of
system (18) into (19), one derives

𝐷
𝑞
𝑉3 ≤ 𝑥𝐷

𝑞
𝑥 + 𝑦𝐷

𝑞
𝑦 + 𝑧𝐷

𝑞
𝑧

= 𝑥 (−𝑦𝑔 − 𝑧ℎ − 𝛼𝑥) + 𝑦 (𝑥𝑔 − 𝛽𝑦 + Δ𝑓2 + 𝑑2)

+ 𝑧 (𝑥ℎ − 𝛾𝑧 + Δ𝑓3 + 𝑑3)

= − (𝛼𝑥
2
+ 𝛽𝑦
2
+ 𝛾𝑧
2
) + 𝑦 (Δ 2 + 𝐷2) + 𝑧 (Δ 3 + 𝐷3) .

(20)

We denote

𝜌 = 𝑦 (Δ 2 + 𝐷2) + 𝑧 (Δ 3 + 𝐷3) . (21)

It is observed that 𝜌 is also bounded, since all the state
variables of chaotic system have bounded amplitude [23]. As
a result, we ultimately derive the following inequality:

𝐷
𝑞
𝑉3 ≤ −𝜂𝑉3 + 𝜌. (22)

Following the proof of Theorem 2 in [23], we conclude
that the sliding dynamics (18) is globally stable.

Up to this point, we come to the following conclusion.

Theorem 9. The fractional sliding dynamics (18) of the frac-
tional system (17) in the presence of system uncertainties and
external disturbances is globally stable.

4.2. Adaptive Sliding Control Design. To propose the sliding
control design for the perturbed system (17), we introduce the
following Lyapunov function:

𝑉4 (𝑥, 𝑦, 𝑧, 𝜃1, 𝜃2) =
1

2
[𝑠
2
+

1

𝜇1

(𝜃1 − 𝜃1)
2

+
1

𝜇2

(𝜃2 − 𝜃2)
2

] .

(23)

Taking its 𝑞th order fractional derivative with respect to
time and inserting the first equation of system (17) into (23),
one obtains

𝐷
𝑞
𝑉4 ≤ 𝑠𝐷

𝑞
𝑠 +

1

𝜇1

(𝜃1 − 𝜃1)𝐷
𝑞
𝜃1 +

1

𝜇2

(𝜃2 − 𝜃2)𝐷
𝑞
𝜃2

= 𝑠 (𝐷
𝑞
𝑥 + 𝜑) +

1

𝜇1

(𝜃1 − 𝜃1)𝐷
𝑞
𝜃1

+
1

𝜇2

(𝜃2 − 𝜃2)𝐷
𝑞
𝜃2

= 𝑠 [𝑓 − 𝛼𝑥 + Δ𝑓1 + 𝑑1 + 𝑢 (𝑡) + 𝑦𝑔 + 𝑧ℎ + 𝛼𝑥]

+
1

𝜇1

(𝜃1 − 𝜃1)𝐷
𝑞
𝜃1 +

1

𝜇2

(𝜃2 − 𝜃2)𝐷
𝑞
𝜃2.

(24)

If we chose the control law as

𝑢 (𝑡) = − 𝑓 (𝑥, 𝑦, 𝑧) − 𝑦𝑔 (𝑥, 𝑦, 𝑧) − 𝑧ℎ (𝑥, 𝑦, 𝑧)

− (𝜃1 + 𝜃2 + 𝑘1) sgn (𝑠) − 𝑘2𝑠
(25)

and the fractional adaptive law as

𝐷
𝑞
𝜃1 = 𝜇1 |𝑠| ,

𝐷
𝑞
𝜃2 = 𝜇2 |𝑠| ,

(26)

then inequality (24) becomes

𝐷
𝑞
𝑉4 ≤ 𝑠 [Δ𝑓1 + 𝑑1 − (𝜃1 + 𝜃2 + 𝑘1) sgn (𝑠) − 𝑘2𝑠]

+ (𝜃1 − 𝜃1) |𝑠| + (𝜃2 − 𝜃2) |𝑠|

= (Δ𝑓1 + 𝑑1) 𝑠 − (𝜃1 + 𝜃2 + 𝑘1) |𝑠|

+ (𝜃1 − 𝜃1) |𝑠| + (𝜃2 − 𝜃2) |𝑠| − 𝑘2𝑠
2

≤ (𝜃1 + 𝜃2) |𝑠| − (𝜃1 + 𝜃2 + 𝑘1) |𝑠| + (𝜃1 − 𝜃1) |𝑠|

+ (𝜃2 − 𝜃2) |𝑠| − 𝑘2𝑠
2

= −𝑘1 |𝑠| − 𝑘2𝑠
2
≤ 0.

(27)



Mathematical Problems in Engineering 5

It is obvious that 𝐷𝑞𝑉4(𝑥, 𝑦, 𝑧, 𝜃1, 𝜃2) = 0 if and only if
𝑠 = 0. So we can conclude that 𝑥, 𝑦, 𝑧 → 0, 𝜃1 → 𝜃1, and
𝜃2 → 𝜃2.

Up to this point, we arrive at the following theorem.

Theorem 10. The fractional system (17) in the presence of sys-
tem uncertainties and external disturbances is asymptotically
stabilized under the proposed sliding control law (24) and the
fractional adaptive law (25).

Remark 11. The control design proposed in this paper is
different from those in [9, 21]. Firstly, the fractional sliding
surfaces are of different forms. Secondly, the stability of the
fractional sliding dynamics is analyzed using the Mittag-
Leffler stability theorem, instead of the continuous frequency
distributed model (see [21]) or the traditional Lyapunov
method (see [9]).More importantly, a stability analysis for the
fractional sliding dynamics of the perturbed systems is given
in this paper.

5. Numerical Simulations

To show the viability and efficiency of the proposed con-
trol design, we give two illustrative examples, fractional-
order Lorenz’s system and fractional-order Chen’s system.
We utilize the proposed fractional integral sliding control
technique to control the two nominal fractional chaotic
systems. Furthermore, we apply the adaptive sliding control
approach to control the fractional systems in the presence of
system uncertainties and external disturbances.

Numerical simulations are implemented using the MAT-
LAB software.We utilize the algorithm for numerical calcula-
tion of fractional derivatives, which is introduced by Petráš in
[24]. This algorithm takes advantage of the “Short-Memory”
principle and derived fromGrünwald-LetnikovDefinition (1)
based on the fact that three Definitions (1), (2), and (3) are
equivalent for a wide class of functions.

5.1. Control of Fractional-Order Lorenz’s System. Fractional
Lorenz’s system is described as

𝐷
𝑞
𝑥 = −𝑎 (𝑥 − 𝑦) ,

𝐷
𝑞
𝑦 = 𝑟𝑥 − 𝑦 − 𝑥𝑧,

𝐷
𝑞
𝑧 = −𝑏𝑧 + 𝑥𝑦,

(28)

where 𝑎 = 10, 𝑟 = 28, and 𝑏 = 8/3.
In terms of (7), the sliding surface is

𝑠 (𝑡) = 𝑥 (𝑡) + 0𝐼
𝑞

𝑡
𝜑 (𝑡) , (29)

where 𝜑(𝑡) = 𝑎𝑥(𝑡) + 𝑟𝑦(𝑡).
Following (15), the control law is

𝑢 (𝑡) = − (𝑎 + 𝑟) 𝑦 (𝑡) − 𝑘1 sgn (𝑠) − 𝑘2𝑠. (30)

The performances of nominal closed-loop fractional-
order Lorenz’s system are shown in Figures 1 and 2, under
the proposed fractional integral sliding surface (29) and the
sliding control law (30). Figure 1 shows the time response of
the three state variables and the control input (30). Figure 2
shows the corresponding fractional integral sliding surface
(29).

Parameters for the numerical simulations are specified,
respectively, as follows: the fractional-order 𝑞 = 0.993 and
the coefficients of control law 𝑘1 = 0.02, 𝑘2 = 0.02.

Next we investigate the control design for fractional-
order Lorenz’s system in the presence of system uncertainties
and external disturbances

𝐷
𝑞
𝑥 = −𝑎 (𝑥 − 𝑦) + Δ𝑓1 + 𝑑1 + 𝑢 (𝑡) ,

𝐷
𝑞
𝑦 = 𝑟𝑥 − 𝑦 − 𝑥𝑧 + Δ𝑓2 + 𝑑2,

𝐷
𝑞
𝑧 = −𝑏𝑧 + 𝑥𝑦 + Δ𝑓3 + 𝑑3.

(31)

To carry out numerical simulations, the system uncer-
tainties and external disturbances in the above perturbed
system are assumed, respectively, to be Δ𝑓1(𝑥, 𝑦, 𝑧) = 0.1 +

0.1 sin(𝜋𝑥), 𝑑1(𝑡) = 0.1 cos 𝑡, Δ𝑓2(𝑥, 𝑦, 𝑧) = 0.1 − 0.2 sin(𝜋𝑦),
𝑑2(𝑡) = 0.2 sin(2𝑡), Δ𝑓3(𝑥, 𝑦, 𝑧) = 0.1𝑥 cos(𝜋𝑧), and 𝑑3(𝑡) =
0.1 cos(𝜋𝑡).

In view of (25) and (26), the control law and the fractional
adaptive law are, respectively,

𝑢 (𝑡) = − (𝑎 + 𝑟) 𝑦 − (𝜃1 + 𝜃2 + 𝑘1) sgn (𝑠) − 𝑘2𝑠, (32)

𝐷
𝑞
𝜃1 = 𝜇1 |𝑠| ,

𝐷
𝑞
𝜃2 = 𝜇2 |𝑠| .

(33)

Figures 3 and 4 illustrate the performances of con-
trolled fractional Lorenz’s system with uncertainties and
external disturbances, under the proposed fractional integral
sliding surface (29), the sliding control law (32), and the
fractional adaptive law (33). The time responses of the
state variables, the control input, and the estimation of
uncertainties/external disturbances are depicted in Figure 3.
The corresponding fractional integral sliding surface (29) is
illustrated in Figure 4.

Parameters for the numerical simulations are specified,
respectively, as follows: the fractional-order 𝑞 = 0.993, the
coefficients of control law 𝑘1 = 0.02, 𝑘2 = 0.02, the
coefficients of adaptive law 𝜇1 = 0.03, 𝜇2 = 0.02, and the
initial conditions of the adaptive parameters 𝜃1(0) = 𝜃2(0) =

0.2.

5.2. Control of Fractional-Order Chen’s System. Fractional-
order Chen’s system is described as

𝐷
𝑞1𝑥 = 𝑎 (𝑦 − 𝑥) ,

𝐷
𝑞2𝑦 = (𝑐 − 𝑎) 𝑥 − 𝑥𝑧 + 𝑐𝑦 + 𝑢,

𝐷
𝑞3𝑧 = 𝑥𝑦 − 𝑏𝑧.

(34)
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Figure 1: Fractional sliding control of nominal fractional-order Loren’s system with time step ℎ = 0.0005: (a) the 𝑥-𝑡 space; (b) the 𝑦-𝑡 space;
(c) the 𝑧-𝑡 space; (d) the 𝑢-𝑡 space.
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Figure 2: The time response of the sliding manifold (29).

In terms of (7), the sliding surface is

𝑠 (𝑡) = 𝑦 (𝑡) + 0𝐼
𝑞

𝑡
𝜑 (𝑡) , (35)

where 𝜑(𝑡) = 𝑎𝑥(𝑡) + 𝑐𝑦(𝑡) + 𝑥(𝑡)𝑧(𝑡).
Following (15), the control law is

𝑢 (𝑡) = −𝑐𝑥 − 2𝑐𝑦 − 𝑘1 sgn (𝑠) − 𝑘2𝑠. (36)

The performances of nominal closed-loop fractional-
order Chen’s system are shown in Figures 5 and 6, under
the proposed fractional integral sliding surface (35) and the
sliding control law (36). Figure 5 shows the time response of
the three state variables and the control input (36). Figure 6
shows the corresponding fractional integral sliding surface
(35).
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Figure 3: Adaptive sliding control of fractional-order Loren’s systemwith dynamics uncertainties and external disturbances: (a) the 𝑥-𝑡 space;
(b) the 𝑦-𝑡 space; (c) the 𝑧-𝑡 space; (d) the 𝑢-𝑡 space; (e) online estimate of 𝜃1; (f) online estimate of 𝜃2.
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Parameters for the numerical simulations are specified,
respectively, as follows: the fractional-order 𝑞 = 0.9 and the
coefficients of control law 𝑘1 = 0.1, 𝑘2 = 0.1.

Next we propose the adaptive sliding control design for
fractional-order Chen’s system in the presence of uncertain-
ties and external disturbances which are added to the three
equations.The control input is added to the second equation.
Then the perturbed system to be controlled reads as

𝐷
𝑞1𝑥 = 𝑎 (𝑦 − 𝑥) + Δ𝑓1 + 𝑑1,

𝐷
𝑞2𝑦 = (𝑐 − 𝑎) 𝑥 − 𝑥𝑧 + 𝑐𝑦 + Δ𝑓2 + 𝑑2 + 𝑢 (𝑡) ,

𝐷
𝑞3𝑧 = 𝑥𝑦 − 𝑏𝑧 + Δ𝑓3 + 𝑑3.

(37)

To carry out numerical simulations, the system uncer-
tainties and external disturbances in the above perturbed sys-
tem are assumed, respectively, as Δ𝑓1(𝑥, 𝑦, 𝑧) = 0.1 cos(𝑥𝑦),
𝑑1(𝑡) = 0.2 sin(3𝑡), Δ𝑓2(𝑥, 𝑦, 𝑧) = 0.2 − 0.1 sin(𝜋𝑥), 𝑑2(𝑡) =
0.1 cos 𝑡, Δ𝑓3(𝑥, 𝑦, 𝑧) = 0.1 sin(𝑥𝑦), and 𝑑3(𝑡) = −0.1

cos(5𝑡).
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Figure 5: Sliding control of nominal fractional-order Chen’s system: (a) the 𝑥-𝑡 space; (b) the 𝑦-𝑡 space; (c) the 𝑧-𝑡 space; (d) the 𝑢-𝑡 space.

0 1 2 3 4 5

0

1

0.8

0.6

0.4

0.2

1.2

−0.2

s(
t)

Time (s)

Figure 6: The time response of the sliding manifold (35).

In terms of (25) and (26), the control law and factional
adaptive law are selected, respectively, as

𝑢 (𝑡) = −𝑐𝑥 − 2𝑐𝑦 − (𝜃1 + 𝜃2 + 𝑘1) sgn (𝑠) − 𝑘2𝑠, (38)

𝐷
𝑞
𝜃1 = 𝜇1 |𝑠| ,

𝐷
𝑞
𝜃2 = 𝜇2 |𝑠| .

(39)

Figures 7 and 8 illustrate the performances of controlled
fractional-order Chen’s system with uncertainties and exter-
nal disturbances, under the proposed fractional integral
sliding surface (35), the sliding control law (38), and the
fractional adaptive law (39). The time responses of the
state variables, the control input (38), and the estimation of
uncertainties/external disturbances are depicted in Figure 7;
the corresponding fractional integral sliding surface (35) is
illustrated in Figure 8.
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Figure 7: Adaptive sliding control of fractional-order Chen’s systemwith dynamics uncertainties and external disturbances: (a) the 𝑥-𝑡 space;
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Figure 8: The time response of the sliding manifold (35).

Parameters for the numerical simulations are specified,
respectively, as follows: the fractional-order 𝑞 = 0.9, the
coefficients of control law 𝑘1 = 0.5, 𝑘2 = 0.1, the coefficients

of adaptive law 𝜇1 = 0.2, 𝜇2 = 0.2, and the initial conditions
of the adaptive parameters 𝜃1(0) = 𝜃2(0) = 0.2.

6. Conclusions

In this paper, a fractional sliding controller and an adaptive
sliding controller have been, respectively, designed for a class
of commensurate fractional-order chaotic systems and the
perturbed ones. Firstly, a fractional integral sliding manifold
for the nominal systems has been introduced. Secondly, the
stability of the corresponding fractional sliding dynamics has
been proved. Then, by introducing a Lyapunov candidate
function and using the Mittag-Leffler stability theory, a
desired sliding control law has been obtained. Furthermore,
the proposed sliding manifold has been proved to be adapted
for the fractional systems in the presence of uncertainties
and external disturbances. At last, an adaptation law for the
perturbed fractional systems has been designed. Numerical
simulations of fractional Lorenz’s system and Chen’s system
are presented to verify the viability and efficiency of the
proposed fractional controllers.
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We propose the use of nonlinear least squares optimization to approximate the passband ripple characteristics of traditional
Chebyshev lowpass filters with fractional order steps in the stopband. MATLAB simulations of (1 + 𝛼), (2 + 𝛼), and (3 + 𝛼) order
lowpass filters with fractional steps from 𝛼= 0.1 to 𝛼= 0.9 are given as examples. SPICE simulations of 1.2, 1.5, and 1.8 order lowpass
filters using approximated fractional order capacitors in a Tow-Thomas biquad circuit validate the implementation of these filter
circuits.

1. Introduction

Fractional calculus, the branch of mathematics concerning
differentiations and integrations to noninteger order, has
been steadily migrating from the theoretical realms of math-
ematicians into many applied and interdisciplinary branches
of engineering [1]. From the import of these concepts into
electronics for analog signal processing emerged the field of
fractional order filter design. This import into filter design
has yielded much recent progress in theory [2–6], noise
analysis [7], stability analysis [8], implementation [9–13],
and applications [14, 15]. These filter circuits have all been
designed using the fractional Laplacian operator, 𝑠𝛼, because
the algebraic design of transfer functions is much simpler
than solving the difficult time domain representations of
fractional derivatives.One definition of a fractional derivative
of order 𝛼 is given by the Caputo derivative [16] as

𝐶

𝑎
𝐷
𝛼

𝑡
𝑓 (𝑡) =

1

Γ (𝛼 − 𝑛)
∫

𝑡

𝑎

𝑓
(𝑛)

(𝜏) 𝑑𝜏

(𝑡 − 𝜏)
𝛼+1−𝑛

, (1)

where Γ(⋅) is the gamma function and 𝑛 − 1 ≤ 𝛼 ≤ 𝑛.
The Caputo definition of a fractional derivative is often used
over other approaches because the initial conditions for this
definition take the same form as the more familiar integer
order differential equations. Applying the Laplace transform

to the fractional derivative of (1) with lower terminal 𝑎 = 0

yields

L {
𝐶

0
𝐷
𝛼

𝑡
𝑓 (𝑡)} = 𝑠

𝛼
𝐹 (𝑠) −

𝑛−1

∑

𝑘=0

𝑠
𝛼−𝑘−1

𝑓
(𝑘)

(0) , (2)

where 𝑠
𝛼 is also referred to as the fractional Laplacian

operator. With zero initial conditions (2) can be simplified to

L {
𝐶

0
𝐷
𝛼

𝑡
𝑓 (𝑡)} = 𝑠

𝛼
𝐹 (𝑠) . (3)

Therefore it becomes possible to define a general frac-
tance device with impedance proportional to 𝑠

𝛼 [17], where
the traditional circuit elements are special cases of the general
device when the order is −1, 0, and 1 for a capacitor, resistor,
and inductor, respectively. The expressions of the voltage
across a traditional capacitor are defined by integer order
integration of the current through it. This element can be
expanded to the fractional domain using noninteger order
integration which results in the time domain expression for
the voltage across the fractional order capacitor given by

V𝛼
𝐶
(𝑡) =

1

𝐶Γ (𝛼)
∫

𝑡

0

𝑖 (𝜏)

(𝑡 − 𝜏)
1−𝛼

𝑑𝜏, (4)
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where 0 ≤ 𝛼 ≤ 1 is the fractional orders of the capacitor, 𝑖(𝑡)
is the current through the element, 𝐶 is the capacitance with
units F/s1−𝛼, and (s) is a unit of time not to be mistaken with
the Laplacian operator. Note that we will refer to the units of
these devices as (F) for simplicity.

By applying the Laplace transform to (4) with zero initial
conditions the impedance of this fractional order element
is given as 𝑍𝛼

𝐶
(𝑠) = 1/𝑠

𝛼
𝐶. Using this element in electrical

circuits increases the range of responses that can be realized,
expanding them from the narrow integer subset to the
more general fractional domain. While these devices are not
yet commercially available, recent research regarding their
manufacture and production shows very promising results
[18–20]. Therefore, it is becoming increasingly important to
develop the theory behind using these fractional elements so
that when they are available their unique characteristics can
be fully taken advantage of.

In traditional filter design, ideal filters are approximated
using methods that include Butterworth, Chebyshev, Elliptic,
and Bessel filters. These filters attempt to approximate the
ideal frequency response given by

𝐻(𝜔) = {
1, 𝜔 < 𝜔𝑐,

0, elsewhere,
(5)

for a lowpass filter that passes all frequencies below the
cutoff frequency (𝜔𝑐) with no attenuation and removes all
frequencies above. A necessary condition for physically real-
izable filters though is to satisfy the Paley-Wiener criterion
[21] which requires a nonzero magnitude response. Hence,
ideal filters are not physically realizable because they have
a magnitude of zero in a certain frequency range. However,
in [21] it was suggested that ideal filters when viewed from
the fractional order perspective might not require satisfying
the Paley-Wiener criterion to be physically realizable. If
fractional order filters do not require satisfying the Paley-
Wiener criterion it marks another significant different over
their integer order counterparts; which requires further
investigation to determine conclusively.

In this workwe use a nonlinear least squares optimization
routine to determine the coefficients of a fractional order
transfer function required to approximate the passband
ripple characteristics of traditional Chebyshev lowpass filters.
MATLAB simulations of (1 + 𝛼), (2 + 𝛼), and (3 + 𝛼) order
lowpass filters with fractional steps from 𝛼 = 0.1 to 𝛼 = 0.9

designed using this process are given as examples. SPICE
simulations of 1.2, 1.5, and 1.8 order lowpass filters using
approximated fractional order capacitors in a Tow-Thomas
biquad circuit validate the implementation of these filter
circuits.

1.1. Approximated Chebyshev Response. Fractional order low-
pass filters with order (1 + 𝛼) have previously been designed
in [9, 22] using the transfer function given by

𝐻
1+𝛼

LP (𝑠) =
𝑎0

𝑎1𝑠
1+𝛼 + 𝑎2𝑠

𝛼 + 1
(6)

and realized using various topologies including a Tow-
Thomas biquad [9], fractional RL𝛽C𝛼 circuits, and field

programmable analog arrays (FPAAs) [22]. In [22] the coeffi-
cients of (6) were selected to approximate the flat passband
response of the Butterworth filters. These coefficients were
selected using a numerical search that compared the pass-
band of the fractional filter to the Butterworth approximation
over the frequency range 𝜔 = 0.01 rad/s to 1 rad/s and
returned the coefficients that yielded the lowest error over this
region.

A similar method can be applied to determine the
coefficients of (6) required to approximate the ripple char-
acteristics in the passband of the Chebyshev approximation.
Here a nonlinear least squares fitting is used that attempts to
solve the problem

min
𝑥

|𝐻 (𝑥, 𝜔)| −
𝐶𝑛 (𝜔)





2

2

= min
𝑥

𝑘

∑

𝑖=1

(
𝐻 (𝑥, 𝜔𝑖)

 −
𝐶𝑛 (𝜔𝑖)

)
2

s.t. 𝑥 > 0.1,

(7)

where 𝑥 is the vector of filter coefficients, |𝐻(𝑥)| is the
magnitude response using (6) calculated using 𝑥, |𝐶𝑛(𝑗𝜔)|
is the normalized 𝑛th order Chebyshev magnitude response,
|𝐻(𝑥, 𝜔𝑖)| and |𝐶𝑛(𝜔𝑖)| are the magnitude responses of (6)
and 𝑛th order Chebyshev approximation at frequency 𝜔𝑖,
and 𝑘 is the total number of data points in the collected
magnitude response.This routine aims to find the coefficients
that minimize the error between the magnitude response of
(6) and the Chebyshev approximation. The constraint (𝑥 >

0.1) is added for this problem because negative coefficients
are not physically possible and to return values will be
easily realized in hardware. This is not the first application
of optimization routines in the field of fractional filters.
Previously, optimization routines have been employed in [23]
to generate approximations of 1/(𝑠 + 1)

𝛼 for simulation and
further realization for audio applications.

Applying the nonlinear least squares fitting over the
frequency range 𝜔 = 1 × 10

−5 rad/s to 1 rad/s using (6) and
the second order Chebyshev filter designed with a ripple of
3 dB with transfer function

𝐶2 (𝑠) =
0.5012

𝑠2 + 0.6449𝑠 + 0.7079
(8)

yields the coefficients given in Table 1 for orders 𝛼 = 0.2,
0.5, and 0.8. The 3 dB ripple was selected over smaller ripple
magnitudes to highlight the difference in ripple size using
the fractional order response over the integer order response.
The coefficients were determined in MATLAB using the
lsqcurvefit function to implement the NLSF described by (7).
This function uses the trust-region-reflective algorithm [24]
with termination tolerances of the function value and the
solution set to 10−6.

The magnitude responses using these coefficients, as well
as those determined for orders 𝛼 = 0.1 to 0.9 in steps of
0.1, are given in Figure 1(a) as dashed lines. For comparison,
themagnitude responses of first and second order Chebyshev
lowpass filters with 3 dB ripples are also given. From these
responses attenuations with fractional steps between the first
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Table 1: Coefficient values for (1 + 𝛼), (2 + 𝛼), and (3 + 𝛼) fractional order transfer functions to approximate Chebyshev passband response.

Order 𝛼 𝑎
0

𝑎
1

𝑎
2

𝑎
3

𝑎
4

𝑎
5

𝑎
6

|𝜃
𝑊
|min

1 + 𝛼

0.2 0.7495 0.5095 0.1 — — — — 16.5
∘

0.5 0.7135 1.215 0.1 — — — — 13.1
∘

0.8 0.7107 1.5281 0.5092 — — — — 11.9
∘

2 + 𝛼

0.2 1.061 2.246 0.1 2.1 0.2577 — — 12.2
∘

0.5 1.013 3.652 0.1 2.912 0.2608 — — 10.5
∘

0.8 1.002 4.252 1.210 3.481 0.1 — — 10.0
∘

3 + 𝛼

0.2 0.7339 3.735 0.1 2.464 2.920 0.1 0.1 10.1
∘

0.5 0.7146 5.734 0.1 2.878 3.907 0.1 0.3466 9.6
∘

0.8 0.7087 6.256 1.246 6.592 0.1 1.894 0.1906 9.2
∘

and second order Chebyshev responses, with −20 dB/decade
and −40 dB/decade attenuations, respectively, are visible
above frequencies of 10 rad/s. In the inset highlighting the
responses around 1 rad/s the increase in ripple size for
increasing order is visible reaching values of −2.5867 dB,
−0.8854 dB, and 0.0356 dB for 𝛼 = 0.2, 0.5, and 0.8,
respectively. Therefore, using this method filter responses of
order (1 + 𝛼) with both fractional-step attenuation in the
stopband and fractional ripple characteristics can be created.

This method can also be applied to create higher order
filters with fractional characteristics in both stopband and
passband. The fractional transfer function for a (2 + 𝛼) filter
response, developed by combining (6) and a bilinear transfer
function, is given below:

𝐻
2+𝛼

LP (𝑠) =
𝑎0

𝑎1𝑠
2+𝛼 + 𝑎2𝑠

1+𝛼 + 𝑎3s + 𝑎4𝑠
𝛼 + 1

. (9)

Applying (7) from 𝜔 = 1 × 10
−5 rad/s to 1 rad/s using (9) and

the third order Chebyshev filter designedwith a ripple of 3 dB
given by the transfer function

𝐶3 (𝑠) =
0.2506

𝑠3 + 0.5972𝑠2 + 0.9283𝑠 + 0.2506
(10)

yields the parameters given in Table 1 for orders 𝛼 = 0.2, 0.5,
and 0.8. The magnitude responses using these parameters,
as well as those determined for orders 𝛼 = 0.1 to 0.9

in steps of 0.1, are given in Figure 1(b) as dashed lines.
For comparison the magnitude responses of second and
third order Chebyshev lowpass filters with 3 dB ripples are
also given. Again, fractional steps between the integer order
magnitude responses are visible above frequencies of 10 rad/s.
Similar to the (1 + 𝛼) filter, the size of the ripples in the
passband increases with the fractional order (𝛼).

This method is further applied to create a (3 + 𝛼) filter
response, developed by combining (6) and a biquadratic
transfer function, with transfer function given by

𝐻
3+𝛼

LP (𝑠)

=
𝑎0

𝑎1𝑠
3+𝛼 + 𝑎2𝑠

2+𝛼 + 𝑎3𝑠
2 + 𝑎4𝑠

1+𝛼 + 𝑎5s + 𝑎6𝑠
𝛼 + 1

.

(11)

Applying (7) from 𝜔 = 1×10
−5 rad/s to 1 rad/s using (11) and

the fourth order Chebyshev filter designed with a ripple of
3 dB given by the transfer function

𝐶4 (𝑠) =
0.1253

𝑠4 + 0.5816𝑠3 + 1.1691𝑠2 + 0.4048𝑠 + 0.1770

(12)

yields the parameters given in Table 1 for orders 𝛼 = 0.2, 0.5,
and 0.8. The magnitude responses using these parameters, as
well as those determined for orders 𝛼 = 0.1 to 0.9 in steps of
0.1, are given in Figure 1(c) as dashed lines. For comparison
themagnitude responses of third and fourth orderChebyshev
lowpass filters with 3 dB ripples are given.

While these filters exhibit fractional characteristics in
theirmagnitude response, in the next sectionwe analyze their
stability to ensure that these fractional transfer functions are
physically realizable.

1.2. Stability. Analyzing the stability of fractional filters
requires conversion of the 𝑠-domain transfer functions to
the 𝑊-plane defined in [25]. This transforms the transfer
function from fractional order to integer order to be analyzed
using traditional integer order analysis methods.The process
for this analysis can be done using the following steps.

(1) Convert the fractional transfer function to the 𝑊-
plane using the transformations 𝑠 = 𝑊

𝑚 and 𝛼 = 𝑘/𝑚

[25].
(2) Select 𝑘 and𝑚 for the desired 𝛼 value.
(3) Solve the transformed transfer function for all poles

in the W-plane and if any of the absolute pole angles,
|𝜃𝑊|, are less than 𝜋/2𝑚 rad/s then the system is
unstable; otherwise if all |𝜃𝑊| > 𝜋/2𝑚 then the system
is stable.

Applying this process to the denominators of (6), (9), and (11)
yields the characteristic equations in the𝑊-plane given by

0 = 𝑎1𝑊
𝑚+𝑘

+ 𝑎2𝑊
𝑘
+ 1, (13)

0 = 𝑎1𝑊
2𝑚+𝑘

+ 𝑎2𝑊
𝑘+𝑚

+ 𝑎3𝑊
𝑚
+ 𝑎4𝑊

𝑘
+ 1, (14)

0 = 𝑎1𝑊
3𝑚+𝑘

+ 𝑎2𝑊
2𝑚+𝑘

+ 𝑎3𝑊
2𝑚

+ 𝑎4𝑊
𝑚+𝑘

+ 𝑎5𝑊
𝑘
+ 𝑎6𝑊

𝑚
+ 1.

(15)
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Figure 1: Simulated magnitude responses of (a) (1 + 𝛼), (b) (2 + 𝛼), and (c) (3 + 𝛼) lowpass fractional order filter circuits for 𝛼 = 0.1 to 0.9

in steps of 0.1 with coefficients selected to approximate Chebyshev passband response using nonlinear least squares fitting.

The roots of (13)–(15) for 𝛼 = 0.1, 0.5, and 0.9 were
calculated with 𝑘 = 1, 5, and 9, respectively, when 𝑚 = 10.
The minimum root angles, |𝜃𝑊|min, for each case are given
in Table 1. The angles for each case are greater than the
minimum required angle, |𝜃𝑊| > 𝜋/2𝑚 = 9

∘, confirming that
each filter using the coefficients in Table 1 is stable and can be
physically realized.

2. Circuit Realization

The fractional order transfer function (6) can be realized
by the Tow-Thomas biquad, given in Figure 2, when 𝐶2 is
replaced with a fractional order capacitor with impedance
𝑍𝐶2

= 1/𝑠
𝛼
𝐶2 and 0 ≤ 𝛼 ≤ 1. This topology was previously

employed in [9] to realize fractional order filter circuits with
flat passband characteristics and fractional attenuations in the
stopband. The transfer function of the fractional order Tow-
Thomas biquad at the noninverting lowpass output is given
by

𝑉o (𝑠)

𝑉in (𝑠)
=

𝑅3𝑅5/𝑅4𝑅6

𝑠1+𝛼𝑅2𝑅3𝐶1𝐶2 + 𝑠𝛼 (𝑅2𝑅3𝐶2/𝑅1) + 1
. (16)

R1

R2

R3

R4

R5

R6

C1

C2

Vo

Vin

+
+

+ −
−

−

Figure 2: Tow-Thomas biquad topology.

Comparing the coefficients of (16) to (6) yields the
following relationships:

𝑎0 =
𝑅3𝑅5

𝑅4𝑅6

, (17)

𝑎1 = 𝑅2𝑅3𝐶1𝐶2, (18)

𝑎2 =
𝑅2𝑅3𝐶2

𝑅1

. (19)
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Table 2: Component values to realize (16) when 𝛼 = 0.2, 0.5, and
0.8.

Component Values for FLPF of order
1.2 1.5 1.8

𝐶1 (F) 0.159 𝜇

𝐶2 (F) 173.9 𝜇 12.6 𝜇 0.915 𝜇

𝑅1 (Ω) 5095 12.147 k 3.001 k
𝑅
2
(Ω) 679.8 1702.5 2150.1

𝑅3 (Ω) 749.5 713.5 710.7

𝑅4, 𝑅5, 𝑅6 (Ω) 1000

Using (17) to (19) we have 3 design equations and 8 variables
yielding 5 degrees of freedom in our selection of the com-
ponent values required to realize the desired 𝑎0, 𝑎1, and 𝑎2

values for the approximated fractional Chebyshevmagnitude
response. Therefore, setting 𝐶1 = 𝐶2 = 1 F and 𝑅4 = 𝑅5 =

𝑅6 = 1Ω the design equations for the remaining components
become

𝑎0 = 𝑅3, (20)

𝑎1 = 𝑅2𝑅3, (21)

𝑎2 =
𝑅2𝑅3

𝑅1

. (22)

Solving equations (20) to (22) with the (1 + 𝛼) coefficients
from Table 1 for 𝑅1, 𝑅2, and 𝑅3 yields the component values
in Table 2 to realize the approximated fractional Chebyshev
magnitude response, magnitude scaled by a factor of 1000
and frequency shifted to 1 kHz.

2.1. SPICE Simulations. Although there has been much
progress towards realizing fractional order capacitors [18–
20] there are currently no commercial devices using these
processes available to implement these circuits, though their
increasing progress towards commercialization highlights
the need to research their use in electronic circuits to take
advantage of their unique characteristics when they do
become available. Until commercial devices with the desired
characteristics become available integer order approxima-
tions must be used to realize fractional circuits. There are
many methods to create an approximation of 𝑠

𝛼 which
include continued fraction expansions (CFEs) as well as
rational approximationmethods [26].Thesemethods present
a large array of approximations with the accuracy and
approximated frequency band increasing as the order of
the approximation increases. Here, a CFE method [27] was
selected to model the fractional order capacitors for SPICE
simulations. Collecting eight terms of the CFE yields a 4th
order approximation of the fractional capacitor that can be
physically realized using the RC ladder network in Figure 3.

The component values required for the 4th order approx-
imation of the fractional capacitances with values of 173.9 𝜇F,
12.6 𝜇F, and 0.915 𝜇F and orders 0.2, 0.5, and 0.8, respectively,
using the RC ladder network in Figure 3, shifted to a center
frequency of 1 kHz, are given in Table 3.

Table 3: Component values to realize 4th order approximations of
fractional capacitors with values of 173.9 𝜇F, 12.6 𝜇F, and 0.915 𝜇F
and orders 0.2, 0.5, and 0.8, respectively. The center frequency is
1 kHz.

Component
Values

𝐶2 = 173.9 𝜇F 𝐶2 = 12.6 𝜇F 𝐶2 = 0.915 𝜇F
𝛼 = 0.2 𝛼 = 0.5 𝛼 = 0.8

𝑅𝑎 (Ω) 431.8 111.2 18.4

𝑅𝑏 (Ω) 285.2 251.7 92.8

𝑅𝑐 (Ω) 241.4 378.7 236.2

𝑅𝑑 (Ω) 337.2 888.9 981.6

𝑅
𝑒
(Ω) 1020.2 7369.7 53.1 k

𝐶𝑏 (F) 53.5 n 83.7 n 301.3 n
𝐶𝑐 (F) 375.5 n 295.6 n 585.2 n
𝐶𝑑 (F) 1.114 𝜇 536.5 n 635.3 n
𝐶𝑒 (F) 2.804 𝜇 693.7 n 273.0 n

Ra
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Rc

Rd

Re

Cb

Cc

Cd

Ce

≈
1

s𝛼C

Figure 3: RC ladder structure to realize a 4th order integer
approximation of a fractional order capacitor.
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Figure 4: Magnitude and phase response of the approximated
fractional order capacitor (dashed) compared to the ideal (solid)
with capacitance of 12.6 𝜇F and order 0.5 after scaling to a center
frequency of 1 kHz.

The magnitude and phase of the ideal (solid line) and 4th
order approximated (dashed) fractional order capacitor with
capacitance 12.6 𝜇F and order 𝛼 = 0.5, shifted to a center
frequency of 1 kHz, are presented in Figure 4. From this figure
we observe that the approximation is very good over almost
4 decades, from 200Hz to 70 kHz, for the magnitude and
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Figure 5: (a) Fractional Tow-Thomas biquad realized using approximated fractional capacitor and (b) SPICE simulatedmagnitude responses
of (1 + 𝛼) lowpass fractional order filter circuits for 𝛼 = 0.2, 0.5, and 0.8 using component values from Tables 2 and 3.

almost 2 decades, from 200Hz to 6 kHz, for the phase. In
these regions, the deviation of the approximation from ideal
does not exceed 1.23 dB and 0.23

∘ for the magnitude and
phase, respectively.

Using the component values in Tables 2 and 3, the approx-
imated fractional Tow-Thomas biquad, shown in Figure 5(a),
was simulated in LTSPICE IV using LT1037 op amps to
realize responses of order (1 + 𝛼) = 1.2, 1.5, and 1.8.
The SPICE simulated magnitude responses (dashed lines)
compared to the ideal responses (solid lines) are shown in
Figure 5(b).

The SPICE simulated magnitude responses show
very good agreement with the MATLAB simulated ideal
responses. The deviations above 20 kHz can be attributed
to the approximations of the fractional order capacitors
which show significant error from their ideal behaviour
above this frequency. These simulations verify that the
fractional Tow-Thomas circuit can be used to realize the
approximated fractional Chebyshev lowpass filter responses
using approximated fractional order capacitors and that
the correct selection of coefficients in the fractional order
transfer function can yield ripples in the passband of the
magnitude response.

3. Conclusion

We have proposed a new method using a nonlinear least
squares optimization to determine the coefficients of frac-
tional order transfer functions of order (1+𝛼), (2+𝛼), and (3+
𝛼) that will approximate the passband ripple characteristics of
Chebyshev lowpass filters.These filter circuits were verified in
simulation using approximated fractional order capacitors in
a Tow-Thomas biquad circuit. This work has the potential to
be applied to filters of any order and to also approximate the
other traditional filter approximations using fractional order
circuits that give a greater degree of control of the magnitude
characteristics.
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The existence and the uniqueness theorems play a crucial role prior to finding the numerical solutions of the fractional differential
equations describing the models corresponding to the real world applications. In this paper, we study the existence of solutions for
a time-fractional integrodifferential equation via three-point boundary value conditions.

1. Introduction

There is no doubt that the fractional calculus has various
important applications in many fields as mathematics (see
the following monographs [1, 2] and the references therein),
physics [3], and economics [4], as well as in many other
branches of science and engineering [3, 5, 6]. Recently
the numerical methods were applied intensively to solve
complicated fractional differential equations (FDE) which
describe the real world applications. As an example, we men-
tion that several physical processes exhibit fractional order
behavior varying with time and/or space [7]. Thus, a class of
phenomena can be obtained by analyzing this most general
model. A fundamental step is to prove the existence and
uniqueness of the proposed fractional nonlinear differential
equations for these models. There are many works on frac-
tional differential equations and inclusions. The existence of
solutions for integrodifferential equations of fractional order
with nonlocal three-point fractional boundary conditions
was developed in [8] while the importance of antiperiodic
type integral boundary conditions was discussed in [9]. The
existence of solutions for fractional differential inclusions in
the presence of the separated boundary conditions in Banach

space was developed in [10]. We recall that the existence
and multiplicity of positive solutions for singular fractional
boundary value problems were analyzed in [11].The existence
and multiplicity of positive solutions for singular fractional
boundary value problems were the topic debated in [12].
Making use of the fixed point results on cones, the existence
and uniqueness of positive solutions for some nonlinear frac-
tional differential equations were developed in [13]. Further
results on positive solutions of a boundary value problem for
nonlinear fractional differential equations were reported in
[14] and new results on the existence results on nonlinear
fractional differential equations were reported in [15]. For
other related results we suggest for the readers [16, 17] as
well as the references therein. We recall that the existence
of solutions for some fractional partial differential equations
was investigated in [18, 19] and the references therein.

Let 𝑛 be a natural number, 𝑛 − 1 < 𝛼 < 𝑛, 𝑎, 𝑏 ∈

R, and 𝑢 ∈ 𝐶([𝑎, 𝑏] × [𝑎, 𝑏],R). The Riemann-Liouville
time-fractional order integral of the function 𝑢 is defined by
𝐼
𝛼

∗𝑡
𝑢(𝑥, 𝑡) = (1/Γ(𝛼)) ∫

𝑡

0
(𝑢(𝑥, 𝜏)/(𝑡 − 𝜏)

1−𝛼
)𝑑𝜏 for all 𝑥, 𝑡 ∈

[𝑎, 𝑏] whenever the integral exists (more details regarding
the basic definitions of the fractional calculus can be seen in
[1]). Also, the Caputo derivative of time-fractional of order
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𝛼 for the function 𝑢 is defined by 𝑐𝐷𝛼
∗𝑡
𝑢(𝑥, 𝑡) = (1/Γ(𝑛 −

𝛼)) ∫
𝑡

0
(𝑡 − 𝜏)

𝑛−𝛼−1
(𝜕
𝑛
𝑢(𝑥, 𝜏)/𝜕𝜏

𝑛
)𝑑𝜏 (see for more details [1]).

It has been proved that the general solution of the time-
fractional differential equation 𝑐𝐷𝛼

∗𝑡
𝑢(𝑥, 𝑡) = 0 is given by

𝑢(𝑥, 𝑡) = 𝑐0 + 𝑐1𝑡 + 𝑐2𝑡
2
+ ⋅ ⋅ ⋅ + 𝑐𝑛−1𝑡

𝑛−1, where 𝑐0, . . . , 𝑐𝑛−1
are real constants and 𝑛 = [𝛼] + 1 (see [20]). Also, for each
𝑇 > 0 and 𝑢 ∈ 𝐶([0, 𝑇] × [0, 𝑇]) we have 𝐼𝛼

∗𝑡

𝑐
𝐷
𝛼

∗𝑡
𝑢(𝑥, 𝑡) =

𝑢(𝑥, 𝑡) + 𝑐0 + 𝑐1𝑡 + 𝑐2𝑡
2
+ ⋅ ⋅ ⋅ + 𝑐𝑛−1𝑡

𝑛−1, where 𝑐0, . . . , 𝑐𝑛−1 are
real constants and 𝑛 = [𝛼] + 1 ([20]). Let 𝑀 be a bounded
set in a metric space (𝑋, 𝑑). Then the Kuratowski measure of
noncompactness is defined by (see [21])

𝛼 (𝑀) = inf {𝜖 : 𝑀 covered by finitely many sets in which

the diameter of each set is less than

or equal to 𝜖} .
(1)

Let Φ : 𝐷(Φ) ⊆ 𝑋 → 𝑋 be a bounded and continuous
operator on a Banach space𝑋. ThenΦ is called a condensing
map whenever 𝛼(Φ(𝐵)) < 𝛼(𝐵) for all bounded sets
𝐵 ⊂ 𝐷(Φ), where 𝛼 denotes the Kuratowski measure of
noncompactness (see [21]).

In this paper, we study the existence of solutions for a
time-fractional integrodifferential equation via three-point
boundary value conditions under certain conditions. We
mention that the investigated equation generalized a huge
class of classical ordinary differential equations which can
be found in applications in engineering and physics. The
boundary conditions used in this paper are as general as
possible and for particular cases of the parameters we recover
several cases of fractional nonlinear differential equations. In
this way, we use the next Lemma and Sadovskii’s fixed point
theorem for condensing maps (see [22]).

Lemma 1 (see [23]). Let 𝑋 be a Banach space, 𝐷 ⊆ 𝑋, 𝑘 ∈
[0, 1), 𝐾 : 𝐷 → 𝑋 a 𝑘-contraction, and 𝐶 : 𝐷 → 𝑋 a
compact operator. Then 𝐾 + 𝐶 is a 𝑘-set contraction and so a
condensing map.

Theorem 2 (see [22]). Let 𝐵 be a convex, bounded, and closed
subset of a Banach space𝑋 andΦ : 𝐵 → 𝐵 a condensing map.
Then Φ has a fixed point.

2. Main Results

Suppose that 𝐽 = [0, 1] × [0, 1], 1 ≤ 𝑞 < 2, and 𝑋 = {𝑢 :

𝑢, (𝜕
𝑞
/𝜕𝑡
𝑞
)𝑢 ∈ 𝐶(𝐽,R)} endowed via the norm

‖𝑢‖ = sup
(𝑥,𝑡)∈𝐽

|𝑢 (𝑥, 𝑡)| + sup
(𝑥,𝑡)∈𝐽



𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝑡)



, (2)

where (𝜕𝑞/𝜕𝑡𝑞)𝑢(𝑥, 𝑡) denotes the standard Caputo time-
fractional derivative. Let 2 ≤ 𝛼 < 3, 0 < 𝛽 < 1, 1 ≤ 𝛿 < 2,
0 ≤ 𝜂 ≤ 1, and 𝜆, 𝜇 ∈ R, and 𝑓 : 𝐽 × 𝑋

2
→ 𝑋 and

𝑔 : 𝐽 × 𝑋 → 𝑋 are continuous functions. We investigate

the nonlinear time-fractional integrodifferential equation as
follows:

−
𝜕
𝛼

𝜕𝑡𝛼
𝑢 (𝑥, 𝑡) = 𝜆𝑓(𝑥, 𝑡, 𝑢 (𝑥, 𝑡) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝑡))

+ 𝜇𝐼
𝛽

∗𝑡
𝑔 (𝑥, 𝑡, 𝑢 (𝑥, 𝑡))

(∗)

via the three-point boundary value conditions (𝜕𝛿+1/𝜕𝑡𝛿+1)
𝑢(𝑥, 0) = (𝜕

𝛿+1
/𝜕𝑡
𝛿+1
)𝑢(𝑥, 1), (𝜕𝛿/𝜕𝑡𝛿)𝑢(𝑥, 1) − (𝜕𝛿/𝜕𝑡𝛿)

𝑢(𝑥, 𝜂) = 0, and 𝑢(𝑥, 0) = 0. In this way, we give first next
result.

Lemma 3. An element 𝑢0 in𝑋 is a solution for the problem (∗)
via the three-point boundary value conditions if and only if 𝑢0
is a solution for the time-fractional integral equation

𝑢 (𝑥, 𝑡) = ∫

1

0

𝐺𝑥 (𝑡, 𝜏) [𝜆𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,
𝜕
𝑞

𝜕𝜏𝑞
𝑢 (𝑥, 𝜏))

+ 𝜇𝐼
𝛽

∗𝑡
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏))] 𝑑𝜏,

(3)

where

𝐺𝑥 (𝑡, 𝜏)

= −
(𝑡 − 𝜏)

𝛼−1

Γ (𝛼)

+ ([2𝑡Γ (2 − 𝛿) (1 − 𝜂
2−𝛿
)

+ 𝑡
2
(𝜂
1−𝛿
− 1) Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−2
)

× (2Γ (𝛼 − 𝛿 − 1) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1])

−1

+

[𝑡
2
(1 − 𝛿) Γ (3 − 𝛿) − 2𝑡Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−1

2Γ (𝛼 − 𝛿) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1]

+

[2𝑡Γ (3 − 𝛿) − 𝑡
2
(1 − 𝛿) Γ (3 − 𝛿)] (𝜂 − 𝜏)

𝛼−𝛿−1

Γ (𝛼 − 𝛿) 2 [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1]

,

(4)

whenever 0 ≤ 𝜏 ≤ 𝜂 ≤ 𝑡 ≤ 1,

𝐺𝑥 (𝑡, 𝜏)

= −
(𝑡 − 𝜏)

𝛼−1

Γ (𝛼)

+ ([2𝑡Γ (2 − 𝛿) (1 − 𝜂
2−𝛿
)

+ 𝑡
2
(𝜂
1−𝛿
− 1) Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−2
)

× (2Γ (𝛼 − 𝛿 − 1) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1])

−1

+

[𝑡
2
(1 − 𝛿) Γ (3 − 𝛿) − 2𝑡Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−1

2Γ (𝛼 − 𝛿) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1]

,

(5)
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whenever 0 ≤ 𝜂 ≤ 𝜏 ≤ 𝑡 ≤ 1,

𝐺𝑥 (𝑡, 𝜏)

= ([2𝑡Γ (2 − 𝛿) (1 − 𝜂
2−𝛿
)

+ 𝑡
2
(𝜂
1−𝛿
− 1) Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−2
)

× (2Γ (𝛼 − 𝛿 − 1) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1])

−1

+

[𝑡
2
(1 − 𝛿) Γ (3 − 𝛿) − 2𝑡Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−1

2Γ (𝛼 − 𝛿) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1]

,

(6)

whenever 0 ≤ 𝜂 ≤ 𝑡 ≤ 𝜏 ≤ 1,

𝐺𝑥 (𝑡, 𝜏)

= ([2𝑡Γ (2 − 𝛿) (1 − 𝜂
2−𝛿
)

+ 𝑡
2
(𝜂
1−𝛿
− 1) Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−2
)

× (2Γ (𝛼 − 𝛿 − 1) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1])

−1

+

[𝑡
2
(1 − 𝛿) Γ (3 − 𝛿) − 2𝑡Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−1

2Γ (𝛼 − 𝛿) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1]

,

(7)

whenever 0 ≤ 𝑡 ≤ 𝜂 ≤ 𝜏 ≤ 1,

𝐺𝑥 (𝑡, 𝜏)

= ([2𝑡Γ (2 − 𝛿) (1 − 𝜂
2−𝛿
)

+ 𝑡
2
(𝜂
1−𝛿
− 1) Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−2
)

× (2Γ (𝛼 − 𝛿 − 1) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1])

−1

+

[𝑡
2
(1 − 𝛿) Γ (3 − 𝛿) − 2𝑡Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−1

2Γ (𝛼 − 𝛿) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1]

+

[2𝑡Γ (3 − 𝛿) − 𝑡
2
(1 − 𝛿) Γ (3 − 𝛿)] (𝜂 − 𝜏)

𝛼−𝛿−1

Γ (𝛼 − 𝛿) 2 [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1]

,

(8)

whenever 0 ≤ 𝑡 ≤ 𝜏 ≤ 𝜂 ≤ 1, and

𝐺𝑥 (𝑡, 𝜏)

= −
(𝑡 − 𝜏)

𝛼−1

Γ (𝛼)

+ ([2𝑡Γ (2 − 𝛿) (1 − 𝜂
2−𝛿
)

+ 𝑡
2
(𝜂
1−𝛿
− 1) Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−2
)

× (2Γ (𝛼 − 𝛿 − 1) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1])

−1

+

[𝑡
2
(1 − 𝛿) Γ (3 − 𝛿) − 2𝑡Γ (3 − 𝛿)] (1 − 𝜏)

𝛼−𝛿−1

2Γ (𝛼 − 𝛿) [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1]

+

[2𝑡Γ (3 − 𝛿) − 𝑡
2
(1 − 𝛿) Γ (3 − 𝛿)] (𝜂 − 𝜏)

𝛼−𝛿−1

Γ (𝛼 − 𝛿) 2 [𝜂
1−𝛿
(2 − 𝛿) + 𝜂

2−𝛿
(𝛿 − 1) − 1]

,

(9)

whenever 0 ≤ 𝜏 ≤ 𝑡 ≤ 𝜂 ≤ 1.

Proof. Let 𝑢0 be a solution for the time-fractional inte-
grodifferential equation (∗) via the boundary value con-
ditions. Put 𝑦0(𝑥, 𝑡) = 𝜆𝑓(𝑥, 𝑡, 𝑢0(𝑥, 𝑡), (𝜕

𝑞
/𝜕𝑡
𝑞
)𝑢0(𝑥, 𝑡)) +

𝜇𝐼
𝛽

∗𝑡
𝑔(𝑥, 𝑡, 𝑢0(𝑥, 𝑡)). Choose 𝑐0, 𝑐1, 𝑐2 ∈ R such that 𝑢0(𝑥, 𝑡) =

− ∫
𝑡

0
((𝑡 − 𝜏)

𝛼−1
/Γ(𝛼))𝑦0(𝑥, 𝜏)𝑑𝜏 + 𝑐0 + 𝑐1𝑡 + 𝑐2𝑡

2. Thus, we get

𝜕
𝛿

𝜕𝑡𝛿
𝑢0 (𝑥, 𝑡) = −∫

𝑡

0

(𝑡 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑦0 (𝑥, 𝜏) 𝑑𝜏

+ 𝑐1

𝑡
1−𝛿

Γ (2 − 𝛿)
+ 𝑐2

2𝑡
2−𝛿

Γ (3 − 𝛿)

(10)

and (𝜕𝛿+1/𝜕𝑡𝛿+1)𝑢0(𝑥, 𝑡) = −∫
𝑡

0
((𝑡 − 𝜏)

𝛼−𝛿−2
/Γ(𝛼 − 𝛿 −

1))𝑦0(𝑥, 𝜏)𝑑𝜏 + 𝑐1(𝑡
−𝛿
/Γ(1 − 𝛿)) + 𝑐2(2𝑡

1−𝛿
/Γ(2 − 𝛿)). Now by

using the boundary value conditions, we obtain 𝑐0 = 0,

𝑐1 =

Γ (2 − 𝛿) (1 − 𝜂
2−𝛿
)

[𝜂1−𝛿 (2 − 𝛿) + 𝜂
2−𝛿
(𝛿 − 1) − 1]

× ∫

1

0

(1 − 𝜏)
𝛼−𝛿−2

Γ (𝛼 − 𝛿 − 1)
𝑦0 (𝑥, 𝜏) 𝑑𝜏

−
Γ (3 − 𝛿)

[𝜂1−𝛿 (2 − 𝛿) + 𝜂
2−𝛿
(𝛿 − 1) − 1]

× ∫

1

0

(1 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑦0 (𝑥, 𝜏) 𝑑𝜏

+
Γ (3 − 𝛿)

[𝜂1−𝛿 (2 − 𝛿) + 𝜂
2−𝛿
(𝛿 − 1) − 1]

× ∫

𝜂

0

(𝜂 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑦0 (𝑥, 𝜏) 𝑑𝜏,

𝑐2 =
(1 − 𝛿) Γ (3 − 𝛿)

2 [𝜂1−𝛿 (2 − 𝛿) + 𝜂
2−𝛿
(𝛿 − 1) − 1]

× ∫

1

0

(1 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑦0 (𝑥, 𝜏) 𝑑𝜏
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−
(1 − 𝛿) Γ (3 − 𝛿)

2 [𝜂1−𝛿 (2 − 𝛿) + 𝜂
2−𝛿
(𝛿 − 1) − 1]

× ∫

𝜂

0

(𝜂 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑦0 (𝑥, 𝜏) 𝑑𝜏

+

(𝜂
1−𝛿
− 1) Γ (3 − 𝛿)

2 [𝜂1−𝛿 (2 − 𝛿) + 𝜂
2−𝛿
(𝛿 − 1) − 1]

× ∫

1

0

(1 − 𝜏)
𝛼−𝛿−2

Γ (𝛼 − 𝛿 − 1)
𝑦0 (𝑥, 𝜏) 𝑑𝜏.

(11)
Hence,

𝑢0 (𝑥, 𝑡) = −∫

𝑡

0

(𝑡 − 𝜏)
𝛼−1

Γ (𝛼)
𝑦0 (𝑥, 𝜏) 𝑑𝜏

+

2𝑡Γ (2 − 𝛿) (1 − 𝜂
2−𝛿
) + 𝑡
2
(𝜂
1−𝛿
− 1) Γ (3 − 𝛿)

2 [𝜂1−𝛿 (2 − 𝛿) + 𝜂
2−𝛿
(𝛿 − 1) − 1]

× ∫

1

0

(1 − 𝜏)
𝛼−𝛿−2

Γ (𝛼 − 𝛿 − 1)
𝑦0 (𝑥, 𝜏) 𝑑𝜏

+
𝑡
2
(1 − 𝛿) Γ (3 − 𝛿) − 2𝑡Γ (3 − 𝛿)

2 [𝜂1−𝛿 (2 − 𝛿) + 𝜂
2−𝛿
(𝛿 − 1) − 1]

× ∫

1

0

(1 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑦0 (𝑥, 𝜏) 𝑑𝜏

+
2𝑡Γ (3 − 𝛿) − 𝑡

2
(1 − 𝛿) Γ (3 − 𝛿)

2 [𝜂1−𝛿 (2 − 𝛿) + 𝜂
2−𝛿
(𝛿 − 1) − 1]

× ∫

𝜂

0

(𝜂 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑦0 (𝑥, 𝜏) 𝑑𝜏

= ∫

1

0

𝐺𝑥 (𝑡, 𝜏) 𝑦0 (𝑥, 𝜏) 𝑑𝜏.

(12)
Thus,𝑢0 is a solution for the time-fractional integral equation.
It is obvious that 𝑢0 is a solution for the time-fractional
integrodifferential equation (∗) whenever 𝑢0 is a solution
for the time-fractional integral equation. This completes the
proof.

By considering the proof of last result, one can get that the
solution of the time-fractional integrodifferential equation
(∗) is in the form

𝑢 (𝑥, 𝑡) = −𝜆∫

𝑡

0

(𝑡 − 𝜏)
𝛼−1

Γ (𝛼)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏

− 𝜇∫

𝑡

0

(𝑡 − 𝜏)
𝛼+𝛽−1

Γ (𝛼 + 𝛽)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏

+
𝑡𝑄 + 𝑡

2
𝑅

2𝑁
𝜆

× ∫

1

0

(1 − 𝜏)
𝛼−𝛿−2

Γ (𝛼 − 𝛿 − 1)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏

+
𝑡𝑄 + 𝑡

2
𝑅

2𝑁
𝜇

× ∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−2

Γ (𝛼 + 𝛽 − 𝛿 − 1)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏

+
𝑡
2
𝑆 − 𝑡𝑀

2𝑁
𝜆

× ∫

1

0

(1 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏

+
𝑡
2
𝑆 − 𝑡𝑀

2𝑁
𝜇∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏

+
𝑡𝑀 − 𝑡

2
𝑆

2𝑁
𝜆

× ∫

𝜂

0

(𝜂 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏

+
𝑡𝑀 − 𝑡

2
𝑆

2𝑁
𝜇∫

𝜂

0

(𝜂 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏,

(13)

where𝑄 = 2Γ(2−𝛿)(1−𝜂2−𝛿), 𝑅 = (𝜂1−𝛿−1)Γ(3−𝛿), 𝑆 = (1−
𝛿)Γ(3−𝛿),𝑀 = 2Γ(3−𝛿), and𝑁 = [𝜂1−𝛿(2−𝛿)+𝜂2−𝛿(𝛿−1)−1]
with 𝜂1−𝛿, 𝜂2−𝛿 ̸= 1.

Theorem 4. Let 𝑝1 ∈ (0, 1), 𝑝2 ∈ (0, 𝛼 − 𝛿), 𝑝 = min{𝑝1, 𝑝2},
𝐿,𝑚 ∈ 𝐿1/𝑝([0, 1],R

+
), and 𝜓 : R+ → R+ be a

nondecreasing bounded function. Suppose that𝑓 : 𝐽×𝑋2 → 𝑋

and 𝑔 : 𝐽 × 𝑋 → 𝑋 are continuous functions such that
|𝑓(𝑥, 𝑡, 𝑢, 𝑤) − 𝑓(𝑥, 𝑡, V, 𝑧)| ≤ 𝐿(𝑡)(|𝑢 − V| + |𝑤 − 𝑧|) and
|𝑔(𝑥, 𝑡, 𝑢(𝑥, 𝑡)| ≤ 𝑚(𝑡)𝜓(‖𝑢‖) for all (𝑥, 𝑡) ∈ 𝐽 and 𝑢, V, 𝑤, 𝑧 ∈
𝑋. Put

𝛾 := |𝜆| [
1

Γ (𝛼)
(
1 − 𝑝

𝛼 − 𝑝
)

1−𝑝

+
1

Γ (𝛼 − 𝑞)
(

1 − 𝑝

𝛼 − 𝑞 − 𝑝
)

1−𝑝

+



𝑄 + 𝑅

2𝑁



1

Γ (𝛼 − 𝛿 − 1)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 − 𝛿 − 1)

× (
1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



𝑆

2𝑁



(1 + 𝜂
𝛼−𝛿−𝑝

)

Γ (𝛼 − 𝛿)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



(1 + 𝜂
𝛼−𝛿−𝑝

)

Γ (𝛼 − 𝛿)

× (
1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

] ‖𝐿‖1/𝑝 .

(14)
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If 𝛾 < 1, then the time-fractional integrodifferential equation
(∗) has at least one solution.

Proof. First, put

𝑤 = |𝜆| 𝜎 +
𝜇
 𝑏

× [
1

Γ (𝛼 + 𝛽)
(

1 − 𝑝

𝛼 + 𝛽 − 𝑝
)

1−𝑝

+
1

Γ (𝛼 + 𝛽 − 𝑞)

× (
1 − 𝑝

𝛼 + 𝛽 − 𝑞 − 𝑝
)

1−𝑝

+



𝑄 + 𝑅

2𝑁



1

Γ (𝛼 + 𝛽 − 𝛿 − 1)

× (
1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



×
1

Γ (𝛼 + 𝛽 − 𝛿 − 1)
(

1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



𝑆

2𝑁



(1 + 𝜂
𝛼+𝛽−𝛿−𝑝

)

Γ (𝛼 + 𝛽 − 𝛿)
(

1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝
)

1−𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



(1 + 𝜂
𝛼+𝛽−𝛿−𝑝

)

Γ (𝛼 + 𝛽 − 𝛿)

×(
1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝
)

1−𝑝

] ‖𝑚‖1/𝑝 ,

(15)

where

𝜎 = 𝐾(
1

Γ (𝛼 + 1)
+

1

Γ (𝛼 − 𝑞 + 1)

+



𝑄 + 𝑅

2𝑁



1

Γ (𝛼 − 𝛿)
+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 − 𝛿)

+



𝑆

2𝑁


(

1 + 𝜂
𝛼−𝛿

Γ (𝛼 − 𝛿 + 1)
)

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



(
1 + 𝜂
𝛼−𝛿

Γ (𝛼 − 𝛿 + 1)
)) .

(16)

Now, choose 𝑟 ≥ 𝑤/(1 − 𝛾) and consider the closed, convex,
and bounded subset 𝐵𝑟 = {𝑢 ∈ 𝑋 : ‖𝑢‖ ≤ 𝑟} of 𝑋. Define the
operatorΦ : 𝐵𝑟 → 𝑋 by

(Φ𝑢) (𝑥, 𝑡)

= −𝜆∫

𝑡

0

(𝑡 − 𝜏)
𝛼−1

Γ (𝛼)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏

− 𝜇∫

𝑡

0

(𝑡 − 𝜏)
𝛼+𝛽−1

Γ (𝛼 + 𝛽)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏 +

𝑡𝑄 + 𝑡
2
𝑅

2𝑁

× [𝜆∫

1

0

(1 − 𝜏)
𝛼−𝛿−2

Γ (𝛼 − 𝛿 − 1)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏

+ 𝜇∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−2

Γ (𝛼 + 𝛽 − 𝛿 − 1)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏]

+
𝑡
2
𝑆 − 𝑡𝑀

2𝑁

× [𝜆∫

1

0

(1 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏

+ 𝜇∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏

− 𝜆∫

𝜂

0

(𝜂 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏

−𝜇∫

𝜂

0

(𝜂 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏] ,

(17)

for all (𝑥, 𝑡) ∈ 𝐽. Now, decomposeΦ by Φ = Φ1 + Φ2, where

(Φ1𝑢) (𝑥, 𝑡)

= −𝜆∫

𝑡

0

(𝑡 − 𝜏)
𝛼−1

Γ (𝛼)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏

+
𝑡𝑄 + 𝑡

2
𝑅

2𝑁
𝜆

× ∫

1

0

(1 − 𝜏)
𝛼−𝛿−2

Γ (𝛼 − 𝛿 − 1)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏

+
𝑡
2
𝑆 − 𝑡𝑀

2𝑁
𝜆

× [∫

1

0

(1 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏

−∫

𝜂

0

(𝜂 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏)) 𝑑𝜏] ,

(Φ2𝑢) (𝑥, 𝑡)

= −𝜇∫

𝑡

0

(𝑡 − 𝜏)
𝛼+𝛽−1

Γ (𝛼 + 𝛽)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏

+
𝑡𝑄 + 𝑡

2
𝑅

2𝑁
𝜇∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−2

Γ (𝛼 + 𝛽 − 𝛿 − 1)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏

+
𝑡
2
𝑆 − 𝑡𝑀

2𝑁
[𝜇∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏

− 𝜇∫

𝜂

0

(𝜂 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏] ,

(18)
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for all (𝑥, 𝑡) ∈ 𝐽. Now, we show that Φ(𝐵𝑟) ⊂ 𝐵𝑟. Let
sup
𝑥,𝑡∈[0,1]

|𝑓(𝑥, 𝑡, 0, 0)| ≤ 𝐾, (𝑥, 𝑡) ∈ 𝐽, and 𝑢 ∈ 𝐵𝑟. Then,
we have

Φ1𝑢 (𝑥, 𝑡)


≤ |𝜆|



∫

𝑡

0

(𝑡 − 𝜏)
𝛼−1

Γ (𝛼)

× [𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,
𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏))

−𝑓 (𝑥, 𝜏, 0, 0) + 𝑓 (𝑥, 𝜏, 0, 0)] 𝑑𝜏



+



𝑄 + 𝑅

2𝑁


|𝜆|

×



∫

1

0

(1 − 𝜏)
𝛼−𝛿−2

Γ (𝛼 − 𝛿 − 1)
[𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏))

−𝑓 (𝑥, 𝜏, 0, 0) + 𝑓 (𝑥, 𝜏, 0, 0)] 𝑑𝜏



+



𝑆

2𝑁


|𝜆|



∫

1

0

(1 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)

× [𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,
𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏))

−𝑓 (𝑥, 𝜏, 0, 0) + 𝑓 (𝑥, 𝜏, 0, 0)] 𝑑𝜏



+



𝑆

2𝑁


|𝜆|



∫

𝜂

0

(𝜂 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)

× [𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,
𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏))

−𝑓 (𝑥, 𝜏, 0, 0) + 𝑓 (𝑥, 𝜏, 0, 0)] 𝑑𝜏



≤ |𝜆| 𝑟 [∫

𝑡

0

(𝑡 − 𝜏)
𝛼−1

Γ (𝛼)
𝐿 (𝜏) 𝑑𝜏] +

|𝜆|𝐾

Γ (𝛼 + 1)

+



𝑄 + 𝑅

2𝑁


|𝜆| 𝑟 [∫

1

0

(1 − 𝜏)
𝛼−𝛿−2

Γ (𝛼 − 𝛿 − 1)
𝐿 (𝜏) 𝑑𝜏]

+



𝑄 + 𝑅

2𝑁


|𝜆|

𝐾

Γ (𝛼 − 𝛿)

+



𝑆

2𝑁


|𝜆| 𝑟 [∫

1

0

(1 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝐿 (𝜏) 𝑑𝜏]

+



𝑆

2𝑁


|𝜆|

𝐾

Γ (𝛼 − 𝛿 + 1)

+



𝑆

2𝑁


|𝜆| 𝑟 [∫

𝜂

0

(𝜂 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
𝐿 (𝜏) 𝑑𝜏]

+



𝑆

2𝑁


|𝜆|

𝐾𝜂
𝛼−𝛿

Γ (𝛼 − 𝛿 + 1)

≤
|𝜆| 𝑟

Γ (𝛼)
(∫

𝑡

0

(𝑡 − 𝜏)
(𝛼−1)/(1−𝑝)

𝑑𝜏)

1−𝑝

(∫

1

0

𝐿
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



𝑄 + 𝑅

2𝑁



|𝜆| 𝑟

Γ (𝛼 − 𝛿 − 1)
(∫

1

0

(1 − 𝜏)
(𝛼−𝛿−2)/(1−𝑝)

𝑑𝜏)

1−𝑝

× (∫

1

0

𝐿
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



𝑆

2𝑁



|𝜆| 𝑟

Γ (𝛼 − 𝛿)
(∫

1

0

(1 − 𝜏)
(𝛼−𝛿−1)/(1−𝑝)

𝑑𝜏)

1−𝑝

× (∫

1

0

𝐿
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



𝑆

2𝑁



|𝜆| 𝑟

Γ (𝛼 − 𝛿)
(∫

𝜂

0

(𝜂 − 𝜏)
(𝛼−𝛿−1)/(1−𝑝)

𝑑𝜏)

1−𝑝

× (∫

1

0

𝐿
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+ |𝜆|𝐾(
1

Γ (𝛼 + 1)
+



𝑄 + 𝑅

2𝑁



1

Γ (𝛼 − 𝛿)

+



𝑆

2𝑁


(

1 + 𝜂
𝛼−𝛿

Γ (𝛼 − 𝛿 + 1)
))

≤ |𝜆| 𝑟 [
1

Γ (𝛼)
(
1 − 𝑝

𝛼 − 𝑝
)

1−𝑝

+



𝑄 + 𝑅

2𝑁



1

Γ (𝛼 − 𝛿 − 1)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝

+


𝑆

2𝑁



1

Γ (𝛼 − 𝛿)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

+



𝑆

2𝑁



𝜂
𝛼−𝛿−𝑝

Γ (𝛼 − 𝛿)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

] ‖𝐿‖1/𝑝

+ |𝜆|𝐾(
1

Γ (𝛼 + 1)
+



𝑄 + 𝑅

2𝑁



1

Γ (𝛼 − 𝛿)

+



𝑆

2𝑁


(

1 + 𝜂
𝛼−𝛿

Γ (𝛼 − 𝛿 + 1)
))

(19)

and similarly


𝜕
𝑞

𝜕𝑡𝑞
Φ1𝑢 (𝑥, 𝑡)



≤ |𝜆|



∫

𝑡

0

(𝑡 − 𝜏)
𝛼−𝑞−1

Γ (𝛼 − 𝑞)
[𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏))

−𝑓 (𝑥, 𝜏, 0, 0) + 𝑓 (𝑥, 𝜏, 0, 0)] 𝑑𝜏
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+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



|𝜆|

×



∫

1

0

(1 − 𝜏)
𝛼−𝛿−2

Γ (𝛼 − 𝛿 − 1)
[𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏))

−𝑓 (𝑥, 𝜏, 0, 0) + 𝑓 (𝑥, 𝜏, 0, 0)] 𝑑𝜏



+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



|𝜆|

×



∫

1

0

(1 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
[𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏))

−𝑓 (𝑥, 𝜏, 0, 0) + 𝑓 (𝑥, 𝜏, 0, 0)] 𝑑𝜏



+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



|𝜆|

×



∫

𝜂

0

(𝜂 − 𝜏)
𝛼−𝛿−1

Γ (𝛼 − 𝛿)
[𝑓(𝑥, 𝜏, 𝑢 (𝑥, 𝜏) ,

𝜕
𝑞

𝜕𝑡𝑞
𝑢 (𝑥, 𝜏))

−𝑓 (𝑥, 𝜏, 0, 0) + 𝑓 (𝑥, 𝜏, 0, 0)] 𝑑𝜏



≤
|𝜆| 𝑟

Γ (𝛼 − 𝑞)
(∫

𝑡

0

(𝑡 − 𝜏)
(𝛼−𝑞−1)/(1−𝑝)

𝑑𝜏)

1−𝑝

× (∫

1

0

𝐿
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



|𝜆| 𝑟

Γ (𝛼 − 𝛿 − 1)

× (∫

1

0

(1 − 𝜏)
(𝛼−𝛿−2)/(1−𝑝)

𝑑𝜏)

1−𝑝

(∫

1

0

𝐿
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



|𝜆| 𝑟

Γ (𝛼 − 𝛿)

× (∫

1

0

(1 − 𝜏)
(𝛼−𝛿−1)/(1−𝑝)

𝑑𝜏)

1−𝑝

(∫

1

0

𝐿
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



|𝜆| 𝑟

Γ (𝛼 − 𝛿)

× (∫

𝜂

0

(𝜂 − 𝜏)
(𝛼−𝛿−1)/(1−𝑝)

𝑑𝜏)

1−𝑝

(∫

1

0

𝐿
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+ |𝜆|𝐾(
1

Γ (𝛼 − 𝑞 + 1)
+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 − 𝛿)

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



(
1 + 𝜂
𝛼−𝛿

Γ (𝛼 − 𝛿 + 1)
))

≤ |𝜆| 𝑟 [
1

Γ (𝛼 − 𝑞)
(

1 − 𝑝

𝛼 − 𝑞 − 𝑝
)

1−𝑝

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



×
1

Γ (𝛼 − 𝛿 − 1)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝

+


2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 − 𝛿)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



𝜂
𝛼−𝛿−𝑝

Γ (𝛼 − 𝛿)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

]

× ‖𝐿‖1/𝑝

+ |𝜆|𝐾(
1

Γ (𝛼 − 𝑞 + 1)
+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 − 𝛿)

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



(
1 + 𝜂
𝛼−𝛿

Γ (𝛼 − 𝛿 + 1)
)) .

(20)

Thus, we get

Φ1𝑢 (𝑥, 𝑡)


≤ |𝜆| 𝑟 [
1

Γ (𝛼)
(
1 − 𝑝

𝛼 − 𝑝
)

1−𝑝

+
1

Γ (𝛼 − 𝑞)
(

1 − 𝑝

𝛼 − 𝑞 − 𝑝
)

1−𝑝

+



𝑄 + 𝑅

2𝑁



1

Γ (𝛼 − 𝛿 − 1)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 − 𝛿 − 1)

× (
1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



𝑆

2𝑁



(1 + 𝜂
𝛼−𝛿−𝑝

)

Γ (𝛼 − 𝛿)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



(1 + 𝜂
𝛼−𝛿−𝑝

)

Γ (𝛼 − 𝛿)

× (
1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

] ‖𝐿‖1/𝑝

+ |𝜆|𝐾(
1

Γ (𝛼 + 1)
+

1

Γ (𝛼 − 𝑞 + 1)
+



𝑄 + 𝑅

2𝑁



1

Γ (𝛼 − 𝛿)

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 − 𝛿)

+



𝑆

2𝑁


(

1 + 𝜂
𝛼−𝛿

Γ (𝛼 − 𝛿 + 1)
)

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



(
1 + 𝜂
𝛼−𝛿

Γ (𝛼 − 𝛿 + 1)
)) .

(21)
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If sup
𝑢∈𝑋
𝜓(‖𝑢‖) ≤ 𝑏, then we have

Φ2𝑢 (𝑥, 𝑡)


≤
𝜇




∫

𝑡

0

(𝑡 − 𝜏)
𝛼+𝛽−1

Γ (𝛼 + 𝛽)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏



+



𝑄 + 𝑅

2𝑁



𝜇




∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−2

Γ (𝛼 + 𝛽 − 𝛿 − 1)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏



+



𝑆

2𝑁



𝜇




∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏



+



𝑆

2𝑁



𝜇




∫

𝜂

0

(𝜂 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏



≤

𝜇
 𝑏

Γ (𝛼 + 𝛽)
(∫

𝑡

0

(𝑡 − 𝜏)
(𝛼+𝛽−1)/(1−𝑝)

𝑑𝜏)

1−𝑝

× (∫

1

0

𝑚
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



𝑄 + 𝑅

2𝑁



𝜇
 𝑏

Γ (𝛼 + 𝛽 − 𝛿 − 1)

× (∫

1

0

(1 − 𝜏)
(𝛼+𝛽−𝛿−2)/(1−𝑝)

𝑑𝜏)

1−𝑝

× (∫

1

0

𝑚
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



𝑆

2𝑁



𝜇
 𝑏

Γ (𝛼 + 𝛽 − 𝛿)
(∫

1

0

(1 − 𝜏)
(𝛼+𝛽−𝛿−1)/(1−𝑝)

)

1−𝑝

× (∫

1

0

𝑚
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



𝑆

2𝑁



𝜇
 𝑏

Γ (𝛼 + 𝛽 − 𝛿)
(∫

𝜂

0

(𝜂 − 𝜏)
(𝛼+𝛽−𝛿−1)/(1−𝑝)

)

1−𝑝

× (∫

1

0

𝑚
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

≤
𝜇
 𝑏 [

1

Γ (𝛼 + 𝛽)
(

1 − 𝑝

𝛼 + 𝛽 − 𝑝
)

1−𝑝

+



𝑄 + 𝑅

2𝑁



×
1

Γ (𝛼 + 𝛽 − 𝛿 − 1)
(

1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝 − 1
)

1−𝑝

+


𝑆

2𝑁



1

Γ (𝛼 + 𝛽 − 𝛿)
(

1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝
)

1−𝑝

+



𝑆

2𝑁



𝜂
𝛼+𝛽−𝛿−𝑝

Γ (𝛼 + 𝛽 − 𝛿)
(

1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝
)

1−𝑝

]

× ‖𝑚‖1/𝑝

(22)

and similarly


𝜕
𝑞

𝜕𝑡𝑞
Φ2𝑢 (𝑥, 𝑡)



≤
𝜇




∫

𝑡

0

(𝑡 − 𝜏)
𝛼+𝛽−𝑞−1

Γ (𝛼 + 𝛽 − 𝑞)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏



+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



𝜇


×



∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−2

Γ (𝛼 + 𝛽 − 𝛿 − 1)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏



+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



𝜇


×



∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏



+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



𝜇


×



∫

𝜂

0

(𝜂 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏)) 𝑑𝜏



≤

𝜇
 𝑏

Γ (𝛼 + 𝛽 − 𝑞)
(∫

𝑡

0

(𝑡 − 𝜏)
(𝛼+𝛽−𝑞−1)/(1−𝑝)

𝑑𝜏)

1−𝑝

× (∫

1

0

𝑚
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



𝜇
 𝑏

Γ (𝛼 + 𝛽 − 𝛿 − 1)

× (∫

1

0

(1 − 𝜏)
(𝛼+𝛽−𝛿−2)/(1−𝑝)

𝑑𝜏)

1−𝑝

× (∫

1

0

𝑚
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



×

𝜇
 𝑏

Γ (𝛼 + 𝛽 − 𝛿)
(∫

1

0

(1 − 𝜏)
(𝛼+𝛽−𝛿−1)/(1−𝑝)

𝑑𝜏)

1−𝑝

× (∫

1

0

𝑚
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



×

𝜇
 𝑏

Γ (𝛼 + 𝛽 − 𝛿)
(∫

𝜂

0

(𝜂 − 𝜏)
(𝛼+𝛽−𝛿−1)/(1−𝑝)

𝑑𝜏)

1−𝑝

× (∫

1

0

𝑚
1/𝑝
(𝜏) 𝑑𝜏)

𝑝

≤
𝜇
 𝑏 [

1

Γ (𝛼 + 𝛽 − 𝑞)
(

1 − 𝑝

𝛼 + 𝛽 − 𝑞 − 𝑝
)

1−𝑝

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)
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×
1

Γ (𝛼 + 𝛽 − 𝛿 − 1)
(

1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝 − 1
)

1−𝑝

+


2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 + 𝛽 − 𝛿)

× (
1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝
)

1−𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



×
𝜂
𝛼+𝛽−𝛿−𝑝

Γ (𝛼 + 𝛽 − 𝛿)
(

1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝
)

1−𝑝

] ‖𝑚‖1/𝑝 .

(23)

Hence,

Φ2𝑢 (𝑥, 𝑡)


≤
𝜇
 𝑏 [

1

Γ (𝛼 + 𝛽)
(

1 − 𝑝

𝛼 + 𝛽 − 𝑝
)

1−𝑝

+
1

Γ (𝛼 + 𝛽 − 𝑞)

× (
1 − 𝑝

𝛼 + 𝛽 − 𝑞 − 𝑝
)

1−𝑝

+



𝑄 + 𝑅

2𝑁



×
1

Γ (𝛼 + 𝛽 − 𝛿 − 1)
(

1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 + 𝛽 − 𝛿 − 1)

× (
1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



𝑆

2𝑁



×

(1 + 𝜂
𝛼+𝛽−𝛿−𝑝

)

Γ (𝛼 + 𝛽 − 𝛿)
(

1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝
)

1−𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



(1 + 𝜂
𝛼+𝛽−𝛿−𝑝

)

Γ (𝛼 + 𝛽 − 𝛿)

×(
1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝
)

1−𝑝

] ‖𝑚‖1/𝑝

(24)

and so

‖Φ𝑢 (𝑥, 𝑡)‖

≤
Φ1𝑢 (𝑥, 𝑡)

 +
Φ2𝑢 (𝑥, 𝑡)



≤ |𝜆| 𝑟 [
1

Γ (𝛼)
(
1 − 𝑝

𝛼 − 𝑝
)

1−𝑝

+
1

Γ (𝛼 − 𝑞)
(

1 − 𝑝

𝛼 − 𝑞 − 𝑝
)

1−𝑝

+



𝑄 + 𝑅

2𝑁



1

Γ (𝛼 − 𝛿 − 1)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 − 𝛿 − 1)

× (
1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



𝑆

2𝑁



(1 + 𝜂
𝛼−𝛿−𝑝

)

Γ (𝛼 − 𝛿)

× (
1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



×

(1 + 𝜂
𝛼−𝛿−𝑝

)

Γ (𝛼 − 𝛿)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

] ‖𝐿‖1/𝑝

+ |𝜆|𝐾(
1

Γ (𝛼 + 1)
+

1

Γ (𝛼 − 𝑞 + 1)
+



𝑄 + 𝑅

2𝑁



×
1

Γ (𝛼 − 𝛿)
+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 − 𝛿)

+



𝑆

2𝑁


(

1 + 𝜂
𝛼−𝛿

Γ (𝛼 − 𝛿 + 1)
)

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



(
1 + 𝜂
𝛼−𝛿

Γ (𝛼 − 𝛿 + 1)
))

+
𝜇
 𝑏 [

1

Γ (𝛼 + 𝛽)
(

1 − 𝑝

𝛼 + 𝛽 − 𝑝
)

1−𝑝

+
1

Γ (𝛼 + 𝛽 − 𝑞)

× (
1 − 𝑝

𝛼 + 𝛽 − 𝑞 − 𝑝
)

1−𝑝

+



𝑄 + 𝑅

2𝑁



×
1

Γ (𝛼 + 𝛽 − 𝛿 − 1)
(

1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



1

Γ (𝛼 + 𝛽 − 𝛿 − 1)

× (
1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



𝑆

2𝑁



×

(1 + 𝜂
𝛼+𝛽−𝛿−𝑝

)

Γ (𝛼 + 𝛽 − 𝛿)
(

1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝
)

1−𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



(1 + 𝜂
𝛼+𝛽−𝛿−𝑝

)

Γ (𝛼 + 𝛽 − 𝛿)

×(
1 − 𝑝

𝛼 + 𝛽 − 𝛿 − 𝑝
)

1−𝑝

] ‖𝑚‖1/𝑝

≤ 𝛾𝑟 + 𝑤 ≤ 𝑟.

(25)

This implies that Φ𝐵𝑟 ⊂ 𝐵𝑟. Now, we show that Φ1 is
continuous. Let 𝑥, 𝑡 ∈ [0, 1] and {𝑢𝑛} be a sequence with
𝑢𝑛 → 𝑢. Then, we have
Φ1𝑢𝑛 (𝑥, 𝑡) − Φ1𝑢 (𝑥, 𝑡)



≤ [

|𝜆| ‖𝐿‖1/𝑝

Γ (𝛼)
(
1 − 𝑝

𝛼 − 𝑝
)

1−𝑝

+

|𝜆| ‖𝐿‖1/𝑝

Γ (𝛼 − 𝑞)
(

1 − 𝑝

𝛼 − 𝑞 − 𝑝
)

1−𝑝

+



𝑄 + 𝑅

2𝑁



|𝜆| ‖𝐿‖1/𝑝

Γ (𝛼 − 𝛿 − 1)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝
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+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



|𝜆| ‖𝐿‖1/𝑝

Γ (𝛼 − 𝛿 − 1)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



𝑆

2𝑁



|𝜆| ‖𝐿‖1/𝑝 (1 + 𝜂
𝛼−𝛿−𝑝

)

Γ (𝛼 − 𝛿)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



|𝜆| ‖𝐿‖1/𝑝 (1 + 𝜂
𝛼−𝛿−𝑝

)

Γ (𝛼 − 𝛿)

×(
1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

]
𝑢𝑛 − 𝑢

 .

(26)

Thus, Φ1 is continuous. On the other hand, Φ1 is a 𝛾-
contraction because

Φ1𝑢 (𝑥, 𝑡) − Φ1V (𝑥, 𝑡)


≤ [

|𝜆| ‖𝐿‖1/𝑝

Γ (𝛼)
(
1 − 𝑝

𝛼 − 𝑝
)

1−𝑝

+

|𝜆| ‖𝐿‖1/𝑝

Γ (𝛼 − 𝑞)
(

1 − 𝑝

𝛼 − 𝑞 − 𝑝
)

1−𝑝

+



𝑄 + 𝑅

2𝑁



|𝜆| ‖𝐿‖1/𝑝

Γ (𝛼 − 𝛿 − 1)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



(2 − 𝑞)𝑄 + 2𝑅

2𝑁Γ (3 − 𝑞)



|𝜆| ‖𝐿‖1/𝑝

Γ (𝛼 − 𝛿 − 1)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝 − 1
)

1−𝑝

+



𝑆

2𝑁



|𝜆| ‖𝐿‖1/𝑝 (1 + 𝜂
𝛼−𝛿−𝑝

)

Γ (𝛼 − 𝛿)
(

1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

+



2𝑆 − (2 − 𝑞)𝑀

2𝑁Γ (3 − 𝑞)



|𝜆| ‖𝐿‖1/𝑝 (1 + 𝜂
𝛼−𝛿−𝑝

)

Γ (𝛼 − 𝛿)

×(
1 − 𝑝

𝛼 − 𝛿 − 𝑝
)

1−𝑝

] ‖𝑢 − V‖ ,

(27)

for all 𝑢, V ∈ 𝐵𝑟. Now, we show that Φ2 is a compact map.
We showed that Φ2 is uniformly bounded. Now, we show
that Φ2 maps the bounded sets into equicontinuous sets. Let
(𝑥, 𝑡1), (𝑥, 𝑡2) ∈ 𝐽 such that 𝑡1 < 𝑡2. Then, we have

Φ2𝑢 (𝑥, 𝑡2) − Φ2𝑢 (𝑥, 𝑡1)


≤

𝜇


Γ (𝛼 + 𝛽)
∫

𝑡1

0

[(𝑡2 − 𝜏)
𝛼+𝛽−1

− (𝑡1 − 𝜏)
𝛼+𝛽−1

]

×
𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏))

 𝑑𝜏

+

𝜇


Γ (𝛼 + 𝛽)
∫

𝑡2

𝑡1

(𝑡2 − 𝜏)
𝛼+𝛽−1 𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏))

 𝑑𝜏

+

𝑡2 − 𝑡1
 |𝑄| +


𝑡
2

2
− 𝑡
2

1


|𝑅|

|2𝑁|

𝜇


× ∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−2

Γ (𝛼 + 𝛽 − 𝛿 − 1)

𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏))
 𝑑𝜏

+


𝑡
2

2
− 𝑡
2

1


|𝑆| −

𝑡2 − 𝑡1
 |𝑀|

|2𝑁|

𝜇


× [∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)

𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏))
 𝑑𝜏

−∫

𝜂

0

(𝜂 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)

𝑔 (𝑥, 𝜏, 𝑢 (𝑥, 𝜏))
 𝑑𝜏]

≤

𝜇
 𝑏

Γ (𝛼 + 𝛽)
∫

𝑡1

0

[(𝑡2 − 𝜏)
𝛼+𝛽−1

− (𝑡1 − 𝜏)
𝛼+𝛽−1

]𝑚 (𝜏) 𝑑𝜏

+

𝜇
 𝑏

Γ (𝛼 + 𝛽)
∫

𝑡2

𝑡1

(𝑡2 − 𝜏)
𝛼+𝛽−1

𝑚(𝜏) 𝑑𝜏

+ (

𝑡2 − 𝑡1
 |𝑄| +


𝑡
2

2
− 𝑡
2

1


|𝑅|

|2𝑁|
)
𝜇
 𝑏

× ∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−2

Γ (𝛼 + 𝛽 − 𝛿 − 1)
𝑚 (𝜏) 𝑑𝜏

+ (


𝑡
2

2
− 𝑡
2

1


|𝑆| −

𝑡2 − 𝑡1
 |𝑀|

|2𝑁|
)
𝜇
 𝑏

× [∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑚 (𝜏) 𝑑𝜏

− ∫

𝜂

0

(𝜂 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑚 (𝜏) 𝑑𝜏] ,



𝜕
𝑞

𝜕𝑡𝑞
Φ2𝑢 (𝑥, 𝑡2) −

𝜕
𝑞

𝜕𝑡𝑞
Φ2𝑢 (𝑥, 𝑡1)



≤

𝜇
 𝑏

Γ (𝛼 + 𝛽 − 𝑞)

× ∫

𝑡1

0

[(𝑡2 − 𝜏)
𝛼+𝛽−𝑞−1

− (𝑡1 − 𝜏)
𝛼+𝛽−𝑞−1

]𝑚 (𝜏) 𝑑𝜏

+

𝜇
 𝑏

Γ (𝛼 + 𝛽 − 𝑞)
∫

𝑡2

𝑡1

(𝑡2 − 𝜏)
𝛼+𝛽−𝑞−1

𝑚(𝜏) 𝑑𝜏

+ ((


𝑡
1−𝑞

2
− 𝑡
1−𝑞

1



Γ (2 − 𝑞)
|𝑄|

+


𝑡
2−𝑞

2
− 𝑡
2−𝑞

1



Γ (3 − 𝑞)
|𝑅|) × |2𝑁|

−1
)
𝜇
 𝑏

× ∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−2

Γ (𝛼 + 𝛽 − 𝛿 − 1)
𝑚 (𝜏) 𝑑𝜏

+ ((

2

𝑡
2−𝑞

2
− 𝑡
2−𝑞

1



Γ (3 − 𝑞)
|𝑆|

−


𝑡
1−𝑞

2
− 𝑡
1−𝑞

1



Γ (2 − 𝑞)
|𝑀|) × |2𝑁|

−1
)
𝜇
 𝑏
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× [∫

1

0

(1 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑚 (𝜏) 𝑑𝜏

− ∫

𝜂

0

(𝜂 − 𝜏)
𝛼+𝛽−𝛿−1

Γ (𝛼 + 𝛽 − 𝛿)
𝑚 (𝜏) 𝑑𝜏] ,

(28)

for all 𝑢 ∈ 𝐵𝑟. Hence, ‖Φ2𝑢(𝑥, 𝑡2) − Φ2𝑢(𝑥, 𝑡1)‖ → 0 as
𝑡2 → 𝑡1. By using the Arzela-Ascoli theorem, we get that the
operator Φ2 is completely continuous and so Φ2 is compact
on 𝐽. Now by using Lemma 1, the operator Φ = Φ1 + Φ2

is a condensing map on 𝐵𝑟 and so Φ has a fixed point by
using Theorem 2. Now by using Lemma 3, it is easy to see
that the fixed point of Φ is a solution for the time-fractional
integrodifferential equation (∗).

Example 5. Let 𝛼 = 5/2, 𝛽 = 3/4, 𝑞 = 3/2, 𝛿 = 5/4, 𝜂 = 2/3,
𝜆 = 1/1000, 𝜇 = 1, and 𝑝 = 3/4. Now, consider the time-
fractional integrodifferential equation

−
𝜕
5/2

𝜕𝑡5/2
𝑢 (𝑥, 𝑡) =

1

1000
(
𝑡 |𝑢|

1 + |𝑢|
+

𝑡

(𝜕
3/2
/𝜕𝑡
3/2
) 𝑢


1 +
(𝜕
3/2/𝜕𝑡3/2) 𝑢



)

+ 𝐼
3/4

∗𝑡
(
𝑡
2
|𝑢|
3

1 + |𝑢|
3
)

(29)

via the boundary conditions 𝑢(𝑥, 0) = 0, (𝜕9/4/𝜕𝑡9/4)
𝑢(𝑥, 0) = (𝜕

9/4
/𝜕𝑡
9/4
)𝑢(𝑥, 1), and (𝜕

5/4
/𝜕𝑡
5/4
)𝑢(𝑥, 1) −

(𝜕
5/4
/𝜕𝑡
5/4
)𝑢(𝑥, 2/3) = 0. Define the maps 𝑓 : 𝐽 × 𝑋2 →

𝑋 by 𝑓(𝑥, 𝑡, 𝑢(𝑥, 𝑡), (𝜕3/2/𝜕𝑡3/2)𝑢(𝑥, 𝑡)) = 𝑡|𝑢|/(1 + |𝑢|) +

𝑡|(𝜕
3/2
/𝜕𝑡
3/2
)𝑢|/(1 + |(𝜕

3/2
/𝜕𝑡
3/2
)𝑢|) and 𝑔 : 𝐽 × 𝑋 → 𝑋

by 𝑔(𝑥, 𝑡, 𝑢(𝑥, 𝑡)) = 𝑡
2
|𝑢|
3
/(1 + |𝑢|

3
). Define 𝐿(𝑡) = 𝑡 and

𝑚(𝑡) = 𝑡
2 for all 𝑡. Then, we have ‖𝐿‖1/𝑝 = ‖𝑡‖4/3 = 0.077.

Define 𝜓 : R+ → R+ by 𝜓(𝑧) = 1 for all 𝑧. It is easy to check
that



𝑓(𝑥, 𝑡, 𝑢 (𝑥, 𝑡) ,
𝜕
3/2

𝜕𝑡3/2
𝑢 (𝑥, 𝑡))

−𝑓(𝑥, 𝑡, V (𝑥, 𝑡) ,
𝜕
3/2

𝜕𝑡3/2
V (𝑥, 𝑡))



≤ 𝐿 (𝑡) (|𝑢 − V| +


𝜕
3/2

𝜕𝑡3/2
𝑢 −

𝜕
3/2

𝜕𝑡3/2
V


)

(30)

and |𝑔(𝑥, 𝑡, 𝑢(𝑥, 𝑡))| ≤ 𝑚(𝑡)𝜓(‖𝑢‖) for all 𝑢, V ∈ 𝑋 and 𝑡.
One can calculate that ‖𝑚‖1/𝑝 = ‖𝑡

2
‖4/3 = (3/11)

3/4 and
𝛾 ≃ 0.002579. Now by using Theorem 4, the time-fractional
integrodifferential equation has a solution.

3. Conclusion

A time-fractional integrodifferential equation via three-point
boundary value conditions was investigated and the existence
of the solution was proved for three-point boundary value

conditions. One example was studied in detail. For particular
forms of the functions 𝑓 and 𝑔 and of the investigated
equation and for various values of 2 ≤ 𝛼 < 3, 0 < 𝛽 <

1, 1 ≤ 𝛿 < 2, 0 ≤ 𝜂 ≤ 1, 𝜆, and 𝜇 we can reobtain
the forms of several nonlinear time-fractional differential
equations describing the complex phenomena which arise in
science and engineering.
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We present a survey of fractional differential equations and in particular of the computational cost for their numerical solutions
from the view of computer science. The computational complexities of time fractional, space fractional, and space-time fractional
equations are O(N2M), O(NM2), and O(NM(M + N)) compared with O(MN) for the classical partial differential equations with
finite difference methods, where M, N are the number of space grid points and time steps. The potential solutions for this
challenge include, but are not limited to, parallel computing, memory access optimization (fractional precomputing operator),
shortmemory principle, fast Fourier transform (FFT) based solutions, alternating direction implicitmethod,multigridmethod, and
preconditioner technology.The relationships of these solutions for both space fractional derivative and time fractional derivative are
discussed. The authors pointed out that the technologies of parallel computing should be regarded as a basic method to overcome
this challenge, and some attention should be paid to the fractional killer applications, high performance iteration methods, high
order schemes, and Monte Carlo methods. Since the computation of fractional equations with high dimension and variable order
is even heavier, the researchers from the area of mathematics and computer science have opportunity to invent cornerstones in the
area of fractional calculus.

1. Introduction

The idea of fractional is natural. If 𝜕𝑢/𝜕𝑥 and 𝜕2𝑢/𝜕𝑥2 exist,
𝜕
1.5
𝑢/𝜕𝑥
1.5maybe exists too. Fractional equations can be used

to describe some physical phenomena more accurately than
the classical integer order differential equation [1]. Fractional
differential equations (FDEs) provide a powerful instrument
for the description of memory and hereditary properties of
different substances. The fractional diffusion equations play
an important role in dynamical systems of semiconductor
research, hydrogeology, bioinformatics, finance [2], and other
research areas [3–6]. Rajeev and Kushwaha [7] presented a
mathematical model describing the time fractional anoma-
lous diffusion process of a generalized Stefan problem which
is a limiting case of a shoreline problem. Space fractional
advection-diffusion equations arise when velocity variations
are heavy tailed and describe particle motion that account for

variation in the flow field over the entire system [8]. FDEs
may be divided into two fundamental types: time fractional
differential equations and space fractional differential equa-
tions. For the fractional ordinary equations and fractional
order control systems are also studied [9, 10]. The stability of
fractional order control systems attracts many attentions [11,
12]. For example, Laguerre continued fraction expansion of
the Tustin fractional discrete-time operator was investigated
by Maione [13].

Some analytical methods were proposed for fractional
differential equation [14, 15]. Saha Ray [16] presented the
analytical solutions of the space fractional diffusion equa-
tions by two-step Adomian decomposition method. Momani
and Odibat [17] gave a comparison between the homotopy
perturbation method and the variational iteration method
for linear fractional partial differential equations. By using
initial conditions, the explicit solutions of the equations have
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been presented in the closed form and then their solutions
have been represented graphically. Becausemost of fractional
problems cannot be solved analytically,more andmoreworks
focus on their numerical solutions.There aremany numerical
solutions proposed for fractional equations [18], such as
finite difference method (FDM) [18]. FDM is intuitive to
understand and easy to learn for inexperienced researcher
from the areas rather than mathematics. So this survey
focuses on FDM for fractional equations.

For the numerical solutions of different differential equa-
tions, the area ofmathematics paysmuch attention to approx-
imating the equation more accurately and faster (accuracy
and speed). The area of computer science mainly focuses on
the runtime (speed) and code reuse (software).Thenumerical
methods (mathematic area) have eternal value and may
exist along with the existence of human culture [19–21]. The
implementations (computer area) are closer to the human
society and the real applications but vary quickly along
with the computer architecture [22–28]. The computational
cost of the numerical solutions for fractional equations is
much heavier than that for the traditional integer order
equations. In the near future, the fractional problems with
high dimension, long time iterations, and huge grid points
will need to be solved. These problems are real challenge for
today’s computer technologies and algorithms.

2. Fractional Differential Equations

2.1. Origins. In 1695, L’Hopital wrote to Leibniz asking him
about a particular notation he had used in his publications for
the nth-derivative of the linear function 𝑓(𝑥) = 𝑥, 𝐷𝑛𝑥/𝐷𝑥𝑛
[29, 30]. L’Hopital’s posed the question to Leibniz: whatwould
the result be if 𝑛 = 1/2? Leibniz’s response was “An apparent
paradox, from which one day useful consequences will be
drawn.” In these words fractional calculus was born [31].
Later, Fourier, Euler, and Laplace dabbled with fractional
calculus [32].

2.2. A Short Summary of FDE. There are mainly three kinds
of FDEs:

(1) time fractional [33, 34],
(2) space fractional [35],
(3) space-time fractional [36].

One of the main challenges in fractional differential equation
is the nonlocality of the fractional operator. In the case of a
time fractional derivative, one needs to store all the history,
whereas in the case of a space fractional derivative, one needs
to deal with almost-dense matrices.

The partial differential equations (PDEs) mainly have
three categories: parabolic, hyperbolic, and elliptic. There are
corresponding FDEs to deal with the fractional conditions.
There are various FDEs listed below:

(1) the parabolic, widely studied fractional diffusion
equation [37, 38],

(2) the hyperbolic Telegraph equation [39],

(3) the elliptic fractional Laplace equation [40],
(4) fractional Black-Scholes equation in computational

finance [41],
(5) fractional wave equation for sound, light, and water

waves [42],
(6) fractional Fokker-Planck equations describing the

time evolution of the probability density function of
the velocity of a particle [43],

(7) fractional Euler equations and fractional Navier-
Stokes equations [44] for fluid dynamics [45],

(8) fractional kinetic equations for motion of objects
[46],

(9) the perfect, fractionalMaxwell’s equations for electro-
dynamics [47],

(10) fractional Boltzmann equations for particle transport
[48].

We can suppose that if there is a PDE, there will be
a FDE. The reason is that replacing the integer derivative
with fractional derivative and solving the FDE with different
numerical methods is not a hard job.

The numerical schemes [49] for these FDEs are listed
below:

(1) finite difference method (FDM) [18, 50, 51],
(2) finite element method [52–54],
(3) finite volume method [55–57],
(4) Adomian decomposition method [58],
(5) Fourier transform method [59],
(6) spectral method [60],
(7) meshless method [61–63],
(8) exponential difference method [64, 65],
(9) Monte Carlo method [66].

TheMonte Carlo (MC)method, which uses repeated random
sampling to obtain numerical results, belongs to undeter-
mined computational methods.

2.3. AHot Topic in Recent Years. Machado et al. [29] collected
20 special issues on fractional calculus. In 2011 and 2012, there
are about 7 special issues on this topic.There are more special
issues in the nearby four years (2011–2014) than those of 1999
to 2010 [29]. And there are additional 20 special issues in
the years of 2013 and 2014. So the researches on fractional
calculus can be regarded as a collective revelry.

3. Computational Challenge

3.1. A Classical Partial Differential Equation (PDE)

3.1.1. Heat Equation/Diffusion Equation. The heat equation
is a parabolic PDE which describes the distribution of heat
(or variation in temperature) in a given region over time,
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shown in (1). This equation is also known as the diffusion
equation:

𝜕𝑢 (𝑥, 𝑡)

𝜕𝑡
= 𝑑 (𝑥)

𝜕
2
𝑢 (𝑥, 𝑡)

𝜕𝑥2
+ 𝑓 (𝑥, 𝑡) ,

𝑢 (𝑥, 0) = 𝜙 (𝑥) , 𝑥 ∈ [𝑥𝐿, 𝑥𝑅] ,

𝑢 (𝑥𝐿, 𝑡) = 𝜑 (𝑡) , 𝑡 ∈ [0, 𝑇] ,

𝑢 (𝑥𝑅, 𝑡) = 𝜓 (𝑡) , 𝑡 ∈ [0, 𝑇] ,

(1)

where the 𝑑(𝑥) is the diffusion constant.

3.1.2. Numerical Method. Define 𝑡𝑛 = 𝑛𝜏, 𝑥𝑖 = 𝑖ℎ for 0 ≤ 𝑛 ≤
𝑁, 0 ≤ 𝑖 ≤ 𝑀, where𝑀 and 𝑁 are positive integer and 𝜏 =
𝑇/𝑁, ℎ = (𝑥𝑅 − 𝑥𝐿)/𝑀 are time step size and space step size,
respectively. Define 𝑢𝑛

𝑖
,𝑓𝑛
𝑖
,𝑑𝑖 as the numerical approximation

to 𝑢(𝑥𝑖, 𝑡𝑛), 𝑓(𝑥𝑖, 𝑡𝑛), and 𝑑(𝑥𝑖). Using a forward difference at
time 𝑡𝑛 and a second-order central difference for the space
derivative at position 𝑥𝑖, we get the explicit finite difference
approximation for the one-dimensional heat equation:

𝑢
𝑛+1

𝑖
− 𝑢
𝑛

𝑖

𝜏
= 𝑑𝑖

𝑢
𝑛

𝑖+1
− 2𝑢
𝑛

𝑖
+ 𝑢
𝑛

𝑖−1

ℎ2
+ 𝑓
𝑛

𝑖
. (2)

The 𝑢𝑛+1
𝑖

can be obtained by this way:

𝑢
𝑛+1

𝑖
= 𝑎1𝑢

𝑛

𝑖+1
+ 𝑎2𝑢
𝑛

𝑖
+ 𝑎3𝑢
𝑛

𝑖−1
+ 𝜏𝑓
𝑛

𝑖
, (3)

where 𝑎1 = 𝑎3 = −𝑑𝑖𝜏/ℎ
2 and 𝑎2 = 1 − 2𝑑𝑖𝜏/ℎ

2.
If we use the backward difference at time 𝑡𝑛+1 and a

second-order central difference for the space derivative at
position 𝑥𝑖 we get the explicit finite difference approximation
for (1):

𝑢
𝑛+1

𝑖
− 𝑢
𝑛

𝑖

𝜏
= 𝑑𝑖

𝑢
𝑛+1

𝑖+1
− 2𝑢
𝑛+1

𝑖
+ 𝑢
𝑛+1

𝑖−1

ℎ2
+ 𝑓
𝑛+1

𝑖
. (4)

The 𝑢𝑛+1
𝑖

can be obtained by this way:

𝑎1𝑢
𝑛+1

𝑖+1
+ 𝑎2𝑢
𝑛+1

𝑖
+ 𝑎3𝑢
𝑛+1

𝑖−1
= 𝑢
𝑛

𝑖
+ 𝜏𝑓
𝑛

𝑖
, (5)

where 𝑎1 = 𝑎3 = 𝑑𝑖𝜏/ℎ
2 and 𝑎2 = 1 + 2𝑑𝑖𝜏/ℎ

2.
The classical PDE is used to compare the fractional

equations. For convenience, there are several hypotheses for
this paper.

(1) We just focus on the explicit FDM of (3), because
these kinds of comparisons between fractional equa-
tions and classical equations are straightforward. The
comparison between implicit FDE of (5) and implicit
schemes of fractional equations ismore complex [67].

(2) The computational cost of diffusion coefficient 𝑑𝑖 and
source𝑓𝑛

𝑖
(or𝑓𝑛+1
𝑖

) is ignored, because they only need
compute once. And they are different with different
equations and make the comparison complicated.

3.1.3. Computational Cost. Each grid point of time step 𝑡𝑛+1
needs 4 multiplications and 3 additions.There are𝑀−1 grid
points in each time step. So each time step needs 7(𝑀 − 1)

arithmetic logic operations. There are about 𝑁 time steps.
So the total computational cost is about 7𝑁(𝑀 − 1). The
computational cost will vary linearly along the number of
time steps and grid points.

3.2. Time Fractional Diffusion Equation

3.2.1. Numerical Method. Liu et al. [63] developed an implicit
radial basis function (RBF) meshless approach for time
fractional diffusion equations and found that the presented
meshless formulation is very effective for modeling and
simulation of fractional differential equations. Murillo and
Yuste developed an explicit difference method for solving
fractional diffusion with Caputo form [68]:

𝜕
𝛼
𝑢 (𝑥, 𝑡)

𝜕𝛼𝑡
=
𝜕
2
𝑢 (𝑥, 𝑡)

𝜕𝑥2
(0 < 𝛼 < 1) ,

𝑢 (𝑥, 0) = 𝑔 (𝑥) , 𝑥 ∈ (0, 𝑥𝑅) ,

𝑢 (0, 𝑡) = 𝑢 (𝑥𝑅, 𝑡) = 0

(6)

on a finite domain 0 < 𝑥 < 𝑥𝑅 and 0 ≤ 𝑡 ≤ 𝑇.
The explicit finite difference approximation for (6) is

described as follows [69]:

𝜏
−𝛼

𝑛+1

∑

𝑖=0

𝑤𝑖 (𝑢
𝑛+1−𝑖

𝑗
− 𝑢
0

𝑗
) =

1

ℎ2
(𝑢
𝑛

𝑗+1
− 2𝑢
𝑛

𝑗
+ 𝑢
𝑛

𝑗−1
) , (7)

where 𝑤𝑖 is the normalized Grünwald weight defined with

𝑤𝑖 = (−1)
𝑖
(
𝛼

𝑖
) . (8)

Define 𝜇 = 𝜏
𝛼
/ℎ
2, 𝑏𝑛 = ∑

𝑛−1

𝑖=0
𝑤𝑖, and 𝑈

𝑛
= (𝑢
𝑛

1
, 𝑢
𝑛

2
, . . . ,

𝑢
𝑛

𝑀−1
)
𝑇; we can get

𝑈
𝑛+1

= 𝑏𝑛+1𝑈
0
−

𝑛+1

∑

𝑖=1

𝑤𝑖𝑈
𝑛+1−𝑖

+ 𝜇𝐴𝑈
𝑛
, (9)

where matrix 𝐴 is a tridiagonal matrix, defined by

𝐴𝑀−1×𝑀−1 =(

−2 1

1 −2 1

∙ ∙

∙ ∙ 1

1 −2

). (10)

3.2.2. Computational Cost. In order to get 𝑈𝑛+1, the right-
sided computation of (9) should be performed. There are
mainly one tridiagonal matrix-vector multiplication, many
constant-vector multiplications, and many vector-vector
additions in the right-sided computation.

(1) The tridiagonal matrix-vector multiplication is 𝐴𝑈𝑛
and a new vector 𝑈𝑛+1 = 𝐴𝑈𝑛 is got.
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(2) The constant-vector multiplications are 𝑉'
= 𝑏𝑛+1𝑈

0,
𝑉

= 𝜇𝑉
1, 𝑉𝑖 = 𝑤𝑖𝑈

𝑛+1−𝑖.

(3) The vector-vector additions are 𝑈𝑛+1 = 𝑈
𝑛+1

+ 𝑉
'
+

𝑉

− ∑
𝑛+1

𝑖=1
𝑉
𝑖.

There are about 5(𝑀 − 1) operations for tridiagonal
matrix-vector multiplication. For time step 𝑡𝑛+1 needs (𝑛 +
8)(𝑀 − 1) arithmetic logic operations with 𝑛 = 1 → 𝑁. So
the total computational cost for (9) is about

8𝑁 (𝑀 − 1) + (1 + 2 + ⋅ ⋅ ⋅ + 𝑁 − 1) (𝑀 − 1)

= 8𝑁 (𝑀 − 1) +
𝑁 (𝑁 − 1) (𝑀 − 1)

2

= 𝑁(
𝑁

2
+ 7.5) (𝑀 − 1) .

(11)

The computational cost varies linearly along the number
of grid points but squares with the number of time steps.

3.3. Space Fractional Diffusion Equation

3.3.1. Numerical Method. A classical numerical scheme for
the space fractional diffusion equation is the second-order
fractional Crank-Nicolson method proposed by Tadjeran et
al. [38, 70], where the Richardson extrapolation technique
is used to the first order shift Grünwald formula for space
fractional derivative. Tadjeran et al. [70] presented a practical
numerical method in time and space to solve a class of initial-
boundary value with variable coefficients on a finite domain
for

𝜕𝑢 (𝑥, 𝑡)

𝜕𝑡
= 𝑑 (𝑥)

𝜕
𝛼
𝑢 (𝑥, 𝑡)

𝜕𝑥𝛼
+ 𝑞 (𝑥, 𝑡) (12)

on a finite domain 𝑥𝐿 < 𝑥 < 𝑥𝑅 with 1 < 𝛼 < 2 and 0 ≤ 𝑡 ≤ 𝑇.
The case of 1 < 𝛼 < 2models a super-diffusive flow in which
a cloud of diffusing particles spreads at a faster rate than the
classical diffusion model predictions [71, 72].

The explicit finite difference approximation for (12) is

𝑢
𝑛+1

𝑖
− 𝑢
𝑛

𝑖

𝜏
=
𝑑𝑖

ℎ𝛼
(

𝑖+1

∑

𝑘=0

𝑔𝛼,𝑘𝑢
𝑛

𝑖−𝑘+1
) + 𝑞

𝑛

𝑖
, (13)

where 𝑢𝑛
𝑖
= 𝑢(𝑥𝑖, 𝑡𝑛), 𝑑𝑖 = 𝑑(𝑥𝑖), and 𝑞

𝑛

𝑖
= 𝑞(𝑥𝑖, 𝑡𝑛). The 𝑔𝛼,𝑘 is

the normalized Grünwald weight [70, 73]:

𝑔𝛼,𝑘 =
Γ (𝑘 − 𝛼)

Γ (−𝛼) Γ (𝑘 + 1)
. (14)

These normalized weights only depend on the order 𝛼 and
the index 𝑘. The resulting equation can be explicitly solved
for 𝑢𝑛+1
𝑖

to give

𝑢
𝑛+1

𝑖
= 𝑢
𝑛

𝑖
+
𝑑𝑖𝜏

ℎ𝛼
(

𝑖+1

∑

𝑘=0

𝑔𝛼,𝑘𝑢
𝑛

𝑖−𝑘+1
) + 𝜏𝑞

𝑛

𝑖
. (15)

3.3.2. Computational Cost. The 𝑖th grid point of time step 𝑡𝑛+1
needs 𝑖 + 6 multiplication, addition, and division. There are
𝑀− 1 grid points in each time step. So each time step needs
(𝑀 − 1)6 + (1 + 2 + ⋅ ⋅ ⋅ + 𝑀 − 1) = (𝑀 − 1)((𝑀/2) + 6)

arithmetic logic operations. There are about𝑁 time steps. So
the total computational cost is about𝑁(𝑀 − 1)((𝑀/2) + 6).

3.4. Riesz Space Fractional Diffusion Equation

3.4.1. Numerical Method. Shen et al. [74] investigated the
Green function and a discrete random walk model for Riesz
fractional advection-dispersion equation on infinite domain
with an initial condition and also presented implicit and
explicit finite differences to this problem on a finite domain.
Çelik andDuman [75] applied theCrank-Nicolsonmethod to
a fractional diffusion equation which has the Riesz fractional
derivative and obtained that the method is unconditionally
stable and convergent. The Riesz space fractional reaction-
diffusion equation [76, 77] is

𝜕𝑢 (𝑥, 𝑡)

𝜕𝑡
= −𝑢 (𝑥, 𝑡) +𝑥𝐷

𝛼

0
𝑢 (𝑥, 𝑡) + 𝑞 (𝑥, 𝑡) ,

𝑢 (𝑥, 0) = 𝑔 (𝑥) , 𝑥 ∈ (𝑥𝐿, 𝑥𝑅) ,

𝑢 (𝑥𝐿, 𝑡) = 𝑢 (𝑥𝑅, 𝑡) = 0

(16)

with 1 < 𝛼 ≤ 2 and 0 ≤ 𝑡 ≤ 𝑇. Both 𝑢(𝑥, 𝑡) and 𝑔(𝑥) are real
valued and sufficiently well-behaved function.

𝑥𝐷
𝛼

0
𝑢(𝑥, 𝑡) is

the Riesz space fractional derivative.
With adopting an Euler approximation in time, the

explicit difference approximation can be got:

𝑢
𝑛+1

𝑖
− 𝑢
𝑛

𝑖

𝜏
= −𝑢
𝑛

𝑖
−

1

𝑐ℎ𝛼

× [

𝑖+1

∑

𝑘=0

𝑔𝑘𝑢
𝑛

𝑖+1−𝑘
+

𝑀−𝑖+1

∑

𝑘=0

𝑔𝑘𝑢
𝑛

𝑖−1+𝑘
] + 𝑓

𝑛

𝑖
,

(17)

where 𝑔0 = 1, 𝑔𝑘 = (−1)
𝑘
𝛼 (𝛼 − 1) ⋅ ⋅ ⋅ (𝛼 − 𝑘 + 1) /𝑘!, 𝑘 = 1, 2,

3, . . . is the normalized Grünwald weight, 𝑐 = 1/2 cos(𝛼𝜋/2),
and 𝑓𝑛

𝑖
= 𝑞(𝑥𝑖, 𝑡𝑛).

Equation (17) results in a linear system of equations

𝑈
𝑛+1

= 𝐴𝑈
𝑛
+ 𝑄
𝑛
, (18)

where 𝑈𝑛 = (𝑢𝑛
1
, 𝑢
𝑛

2
, . . . , 𝑢

𝑛

𝑀−1
)
𝑇, 𝑄𝑛 = (𝜏𝑓𝑛

1
, 𝜏𝑓
𝑛

2
, . . . , 𝜏𝑓

𝑛

𝑀−1
)
𝑇

with 𝑞𝑛
𝑖
= 𝜏𝑓
𝑛

𝑖
(1 ≤ 𝑖 < 𝑀 − 1), and 𝐴 = (𝑎𝑖𝑗)(𝑀−1)×(𝑀−1) is a

matrix of coefficient. 𝐴 is defined by

𝑎𝑖,𝑗 =

{{{{{{{{{{{{{

{{{{{{{{{{{{{

{

−
𝜏

𝑐ℎ𝛼
𝑔𝑖+1−𝑗, for 1 ≤ 𝑗 < 𝑖 − 1,

−
𝜏

𝑐ℎ𝛼
(𝑔0 + 𝑔2) , for 𝑗 = 𝑖 − 1,

(1 − 𝜏) − 2
𝜏

𝑐ℎ𝛼
𝑔1, for 𝑗 = 𝑖,

−
𝜏

𝑐ℎ𝛼
(𝑔0 + 𝑔2) , for 𝑗 = 𝑖 + 1,

−
𝜏

𝑐ℎ𝛼
𝑔𝑗−𝑖+1, for 𝑖 + 1 < 𝑗 < 𝑀 − 1.

(19)
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3.4.2. Computational Cost. From (18), the 𝑀 − 1 results are
produced by 𝐴𝑈𝑛 for each time step. The inner product of
vectors V1 and V2 with size𝑚 has𝑚multiplications and𝑚−1

additions. 𝐴𝑈𝑛 for each time step needs (𝑀 − 1)(2𝑀 − 3)

operations. Assuming 𝜏𝑓𝑛
𝑖
is pre-performed, each time step

needs (𝑀−1)(2𝑀−2) arithmetic logic operations.There are
about 𝑁 time steps. So the total computational cost is about
𝑁(𝑀−1)(2𝑀− 2). The computational cost will vary linearly
along the number of time steps but square with the number
of grid points. From analytical view, the computation of (18)
is about four times heavier than that of (15).

3.5. Space-Time Riesz-Caputo Fractional Convection-Diffusion
Equation. The fractional advection-diffusion (dispersion)
equation has been applied to many problems. Fractional
advection-dispersion equations are used in groundwater
hydrology to model the transport of passive tracers carried
out by fluid flow in a porous medium [78]. Shen et al.
[79] presented an explicit difference approximation and
an implicit difference approximation for the space-time
Riesz-Caputo fractional advection-diffusion equation with
initial and boundary conditions in a finite domain. They
proved that the implicit difference approximation is uncon-
ditionally stable and convergent, but the explicit difference
approximation is conditionally stable and convergent. Liu
et al. [80] proposed an implicit difference method and an
explicit difference method to solve the space-time fractional
advection-diffusion equation and discussed the stability and
convergence of the method.

3.5.1. Numerical Method. We consider the following space-
time Riesz-Caputo fractional advection-diffusion equation
(STRCFADE) studied by Shen et al. [79]. This equation is
obtained by replacing the space-derivative in the advection-
diffusion equation with a generalized derivative of order 𝛽1,
𝛽2 with 0 < 𝛽1 < 1, 1 < 𝛽2 < 2 and time-derivative with a
generalized derivative of order 𝛼with 0 < 𝛼 < 1. We consider

0𝐷
𝛼

𝑡
𝑢 (𝑥, 𝑡) = 𝐵1

𝜕
𝛽1𝑢 (𝑥, 𝑡)

𝜕 |𝑥|
𝛽1

+ 𝐵2

𝜕
𝛽2𝑢 (𝑥, 𝑡)

𝜕 |𝑥|
𝛽2

+ 𝑓 (𝑥, 𝑡) ,

𝑢 (𝑥, 0) = 𝜙 (𝑥) , 𝑥 ∈ [0, 𝑥𝑅] ,

𝑢 (0, 𝑡) = 𝑢 (𝑥𝑅, 𝑡) = 0, 𝑡 ∈ [0, 𝑇]

(20)

on a finite domain 0 ≤ 𝑥 ≤ 𝑥𝑅 and 0 ≤ 𝑡 ≤ 𝑇. The coef-
ficients 𝐵1 and 𝐵2 are both positive constants and represent
the diffusion (dispersion) coefficient and the average fluid
velocity. The 𝜕𝛽1𝑢(𝑥, 𝑡)/𝜕|𝑥|𝛽1 and 𝜕𝛽2𝑢(𝑥, 𝑡)/𝜕|𝑥|𝛽2 are Riesz
space fractional derivatives of order 𝛽1 and 𝛽2, respectively.
Then we can get the explicit finite differential approximation
for (20) [79]:

𝑢
𝑛+1

𝑖
=

𝑛−1

∑

𝑗=0

(𝑏𝑗 − 𝑏𝑗+1) 𝑢
𝑛−𝑗

𝑖
+ 𝑏𝑛𝑢
0

𝑖
+ 𝐵1𝜇1(

𝑁−𝑖

∑

𝑘=−𝑖

𝜔
𝛽1

𝑘
𝑢
𝑛

𝑖+𝑘
)

+ 𝐵2𝜇2(

𝑁−𝑖

∑

𝑘=−𝑖

𝜔
𝛽2

𝑘
𝑢
𝑛

𝑖+𝑘
) + 𝜇0𝜑

𝑛

𝑖
, 𝑖 = 1, . . . , 𝑁 − 1,

𝑢
𝑛+1

0
= 𝑢
𝑛+1

𝑁
= 0,

𝑢
0

𝑖
= 𝜙𝑖,

(21)

where 𝜇0 = 𝜏
𝛼
Γ(2 − 𝛼), 𝜇1 = 𝜇0/ℎ

𝛽1 , and 𝜇2 = 𝜇0/ℎ
𝛽2 . More

information can be referred to in [79].

3.5.2. Computational Cost. From Section 3.4.2, we know
that the computational cost of 𝐵1𝜇1(∑

𝑁−𝑖

𝑘=−𝑖
𝜔
𝛽1

𝑘
𝑢
𝑛

𝑖+𝑘
) +

𝐵2𝜇2(∑
𝑁−𝑖

𝑘=−𝑖
𝜔
𝛽2

𝑘
𝑢
𝑛

𝑖+𝑘
) + 𝜇0𝜑

𝑛

𝑖
of 𝑁 time steps is about

𝑁(𝑀 − 1)(2𝑀 − 2) operations. From Section 3.2.2, we know
that the computational cost of ∑𝑛−1

𝑗=0
(𝑏𝑗 − 𝑏𝑗+1)𝑢

𝑛−𝑗

𝑖
+ 𝑏𝑛𝑢

0

𝑖

of 𝑁 time steps with 𝑛 ranging from 1 to 𝑁 is about
𝑁(𝑁/2)(𝑀 − 1). So the total computational cost is about
𝑁(𝑀 − 1)(2𝑀 − 2 + (𝑁/2)). The computational cost varies
quadratically with the number of time steps or the number
of grid points.

For fixed 𝑀 = 4097, the comparison between the com-
putational costs of the numerical solution among classical
PDE, time fractional, space fractional, Riesz space fractional,
and space-time Riesz-Caputo fractional equations is shown
in Figure 1. For fixed 𝑁 = 2048, the computational cost is
shown in Figure 2.

3.6. More Challenges. There are more computational chal-
lenges listed below:

(1) high dimensional problems [55, 81],

(2) implicit schemes [67, 82],

(3) high order schemes [33, 83],

(4) variable order problems [84],

(5) huge memory space requirement.

The high dimensional problems are more computation
expensive [55, 81, 85, 86]. For example, the two-dimensional
time fractional diffusion equation (2D-TFDE) [67, 87] is

0
𝐷
𝛼

𝑡
𝑢 (𝑥, 𝑦, 𝑡) = 𝑎 (𝑥, 𝑦, 𝑡)

𝜕
2
𝑢 (𝑥, 𝑦, 𝑡)

𝜕𝑥2

+ 𝑎 (𝑥, 𝑦, 𝑡)
𝜕
2
𝑢 (𝑥, 𝑦, 𝑡)

𝜕𝑦2
+ 𝑓 (𝑥, 𝑦, 𝑡) ,

𝑢 (𝑥, 𝑦, 0) = 𝜙 (𝑥, 𝑦) , (𝑥, 𝑦) ∈ Ω,

𝑢 (𝑥, 𝑦, 𝑡)
𝜕Ω

= 0, 𝑡 ∈ [0, 𝑇] ,

(22)

where Ω = {(𝑥, 𝑦) | 0 ≤ 𝑥 ≤ 𝐿1, 0 ≤ 𝑦 ≤ 𝐿2, 𝑎(𝑥, 𝑦, 𝑡) > 0,
and 𝑏(𝑥, 𝑦, 𝑡) > 0}.
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Figure 1: Comparison of the computational cost with different grid
points for fixed 𝑀 = 4097 among classical, time fractional, space
fractional, Riesz space fractional, and space-time Riesz-Caputo
fractional equations.
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Figure 2: Comparison of the computational cost with different time
step for fixed 𝑁 = 2048 among classical, time fractional, space
fractional, Riesz space fractional, and space-time Riesz-Caputo
fractional equations.

The approximating scheme is [87]

𝑢
𝑛+1

𝑖,𝑗
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𝑛
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𝑛
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𝑖,𝑗
(𝑢
𝑛

𝑖,𝑗+1
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𝛼
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𝑛

𝑖,𝑗
,

(23)

where 𝜇1 = 𝜏
𝛼
/ℎ
2

𝑥
and 𝜇2 = 𝜏

𝛼
/ℎ
2

𝑦
. The ℎ𝑥 and ℎ𝑦 are

the step size along 𝑋 and 𝑌 directions. The computational
complexity is about 𝑂(𝑁2𝑀2), which is much bigger than

the computational complexity of one-dimensional problems
when the number of grid points is bigger enough.

The direct Gauss elimination for implicit scheme of
FDE is not convenient. Solving unsteady FDE with implicit
schemes relies on the iteration method at each time step. The
variable order problems [84, 88] have complex coefficients,
which need more arithmetic logic operations.The high order
schemes [33, 38, 70] need more arithmetic logic operations
too.

The memory usage belongs to the computing resources.
So the hugememory requirement of FDE is a kind of compu-
tational challenge in the broader sense. This is especially true
for time fractional problems. Ignoring the memory usage of
the coefficients and source terms, the one-dimensional equa-
tion (9) needs 8(𝑀−1)𝑁 bytes ofmemory space and the two-
dimensional equation (23) needs 8𝑀2𝑁 bytes of memory
space. For three-dimensional problems, the memory usage is
8𝑀
3
𝑁 at least. It needs 15.625 PB (1 PB = 10245 bytes) mem-

ory space with𝑀 = 10240,𝑁 = 2048 for three-dimensional
problems.Maybe only themost powerful supercomputer [89]
can satisfy the huge memory requirement.

4. Potential Solutions

There are several ways which can be used to overcome the
computational challenge of FDEs.

4.1. Parallel Computing. Large scale applications and algo-
rithms in science and engineering such as neutron transport
[90–92], light transport [93], computational fluid dynamics
[94, 95],molecular dynamics [96], and computational finance
and different numerical methods [97] rely on parallel com-
puting [98, 99].

Gong et al. [77] present a parallel algorithm for Riesz
space fractional diffusion equation based on MPI parallel
programming model at the first time. The parallel algo-
rithm is as accurate as the serial algorithm and achieves
79.39% parallel efficiency compared with 8 processes on
a distributed memory cluster system. The parallel implicit
iterative algorithm was studied for two-dimensional time
fractional problem and a task distribution model is shown
in Figure 3 [67]. 𝑀𝑥, 𝑀𝑦, 𝑃𝑥, 𝑃𝑦 stand for the discrete grid
points, parallel processes along𝑋, 𝑌 directions.

Domain decomposition method is regarded as the basic
mathematical background for many parallel applications
[100–102]. A domain decomposition algorithm for time frac-
tional reaction-diffusion equation with implicit finite differ-
encemethodwas proposed [103].The domain decomposition
algorithm keeps the same parallelism as Jacobi iteration but
needs much fewer iterations.

Diethelm [104] implemented the fractional version of
the second-order Adams-Bashforth-Moulton method on a
parallel computer and discussed the precise nature of the par-
allelization concept. Parallel computing has already appeared
in some studies on FDEs, but until today their power for
approximating fractional derivatives and solving FDEs has
not been fully recognized.
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Figure 3: The two-dimensional task distribution model for 2D-
TFDE.

4.2. Memory Access Optimization (Fractional Precomput-
ing Operator). Memory access optimization is generally
regarded as a technology of computer architecture. It is
also useful from the view of applications. One feature of
the modern computer architecture is multilayer memory.
For example, the traditional CPU has fast cache and slow
main memory. The new graphics processing unit (GPU) has
fast shared memory and slow memory. Reusing the data in
shared memory is a key point to improve the performance
of GPU applications [105–109]. A very useful optimization is
presented for fractional derivative [69, 110].We can name this
fractional precomputing operator, which will be a very basic
and useful optimizing technology for the implementation
of fractional algorithms and applications. The example of
fractional precomputing operator can refer to Algorithms 4
and 5 in reference [69].

OnCPUplatform, an optimization of the sum of constant
vector multiplication is presented and 2-time speedup can be
got for both serial and parallel algorithm for the time frac-
tional equation [69]. The key technology is reusing the data
in cache through loop unrolling. Zhang et al. [110] presented
code optimization for fractional Adams-Bashforth-Moulton
method by loop fusion and loop unrolling.

On GPU platform, Liu et al. [111] presented an optimized
CUDA kernel for the numerical solution of time frac-
tional equation and 1.2–2.7-time performance improvement
is achieved.

4.3. Short Memory Principle. The short memory principle
[3] means the unknown grid points only rely on the recent
past (in time) or near neighbors (in space). This principle
has been proved to be an easy and powerful way for
various kinds of fractional differential equations [112, 113].
The short memory principle is also called fixed memory
principle or logarithmic memory principle. The idea of short
memory principle is simple. Taking time fractional equation
as an example in Section 3.2.1, the value of 𝑤𝑖 becomes
smaller while 𝑖 is increasing. In (9), the accumulation of

∑
𝑛+1

𝑖=1
𝑤𝑖𝑈
𝑛+1−𝑖 is replaced with∑𝑛+1

𝑖=min{1,𝑛+1−𝐾} 𝑤𝑖𝑈
𝑛+1−𝑖.𝐾 is a

positive integer, whichmeans if 𝑛 is very big, the computation
of the accumulation is fixed.

Based on short memory principle, some principles with
better balance of computation speed and computation accu-
racy are presented. The logarithmic memory principle is
developed with a good approximation to the true solution
at reasonable computational cost [114]. Another principle is
equal-weight memory principle, in which an equal-weight is
applied to all past data in history, and the result is reserved
instead of being discarded [115]. The equal-weight memory
principle is an interesting and useful approximation method
to fractional derivative.

4.4. FFT Based Solution. Because of the nonlocal property
of fractional differential operators, the numerical methods
have full coefficient matrices which require computational
cost of 𝑂(𝑀3) for implicit scheme per time step, where
𝑀 is the number of grid points. Ford and Simpson [114]
developed a faster scheme for the calculation of fractional
integrals. A reduction in the amount of computational work
can be achieved by using a graded mesh, thereby making
the 𝑂(𝑁2)method to a 𝑂(𝑁 log𝑁)method. The underlying
idea is based on the fact that the fractional integral possesses
a fundamental scaling property that can be exploited in a
natural way [114].

Wang et al. [116, 117] developed a fast finite differ-
ence method for fractional diffusion equations, which only
requires computational cost of 𝑂(𝑁log

2
𝑁) while retaining

the same accuracy and approximation property as the regular
finite difference method. Numerical experiments show that
the fast method has a significant reduction of CPU time [86].
The fast method should have a banded coefficient matrix
instead of the full matrix. The properties of Toeplitz and
circulant matrices, fast Fourier transform (FFT), and inverse
FFT are used to reduce the computational cost. The method
is also called superfast-preconditioned iterative method for
steady-state space fractional diffusion equations [118].

An efficient iteration method for Toeplitz-plus-band tri-
angular systems, which may produced by fractional ordi-
nary differential equations, was developed. Some methods
such as matrix splitting, FFT, compress memory storage,
and adjustable matrix bandwidth are used in the presented
solution. The interesting technologies are the adjustable
matrix bandwidth and solving fractional ordinary differential
equations with iteration method. The experimental results
show that the presented efficient iteration method is 4.25
times faster than the regular solution [10].

4.5. Alternating Direction Implicit Method. The alternating
direction implicit (ADI) method is a finite difference method
for solving traditional PDEs. The approximation methods
for fractional equations result in a very complicated set of
equations inmultiple dimensions, which are hard to solve [67,
81, 85]. So the ADImethod is developed for high dimensional
problems [33, 117]. The advantage of the fractional ADI
method is that the equations that have to be solved in each
step have a simpler structure. The time fractional problems
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can be solved efficientlywith the tridiagonalmatrix algorithm
[33]. The space fractional problems can use the FFT to
accelerate the computation [117].

4.6. Multigrid Method. The multigrid method is usually
exploited for solving ill-conditioned systems. The main idea
of multigrid is to accelerate the convergence of a basic
iterative method by global correction form, accomplished
by solving a coarse problem. Pang and Sun [119] proposed
a multigrid method to solve the initial-boundary value
problem of a fractional diffusion equation. The experimental
results show that the multigrid + FFT method runs hundred
times faster than Gaussian elimination method and the
conjugate gradient normal residual (CGNR) method. A full
V-cycle multigrid method is proposed for the stationary
fractional advection dispersion equation [120] and ten-time
performance improvement is achieved.

4.7. Preconditioning Technology. Preconditioning is typically
related to reducing a condition number of the problem with
iterative methods. It shows that both the average number of
iterations and the CPU time by the PCGNR (preconditioner
CGNR) method with circulant preconditioners are much
less than those by the CGNR method and less than that
by the multigrid method [121]. The circulant preconditioner
[121], banded preconditioner [122], fast Poisson precondi-
tioners [123], and preconditioned conjugate gradient squared
method plus FFT [118] are developed for different FDEs.

4.8. Relationships among These Potential Solutions. The
potential solutions for the computational challenge of FDE
are investigated above. Many people will be curious about
these relationships: canwe combine thesemethods to develop
a fastest solution for FDEs? The answer is still unknown.
The performance of these solutions varies from different
FDE applications. Their relationships are shown in Table 1.
The PC, MAO, SMP, FFT, ADI, MGM, and PT stand
for parallel computing, memory access optimization, short
memory principle, FFT based solution, alternating direction
implicit method, multigrid method, and preconditioning
technology.The score means the degrees of the two solutions
are harmonious. Higher score means using two solutions can
achieve better performance.

For time fractional derivative [124], only memory access
optimization [69, 111] and short memory principle [3] are
useful. Here, the time fractional derivative is different from
time fractional problems. For example, the one- and two-
dimensional FDEs are parallelized by Gong et al. [67, 69].
These parallel algorithms are based on the partition of space
not time.

5. Future Directions

5.1. Fractional Killer Applications. Killer application is a kind
of application that is so necessary or desirable that it proves
the core value of some larger technology. A killer application
is something like Project Apollo in space technology, the
IBM 360 in personal computer industry, and the IPhone in

Table 1: Relationships among the potential solutions for space
fractional derivative.

PC MAO SMP FFT ADI MGM FT
PC — 3 3 2a 3 2a 2a

MAO — 3 1b 3 3 3
SMP — 1c 3 3 3
FFT — 3 3 3
ADI — 3 3
MGM — 2d

PT —
aThe parallel efficiency of FFT, multigrid, preconditioner is limiting.
bIt is hard to use MAO within FFT.
cBecause of the Toeplitz structure, FFT cannot use short memory principle.
dThe philosophy of multigrid and preconditioning technology are different.
But there are some multigrid preconditioners.

the smart phone industry. The fractional research still lacks
these kinds of killer applications. It needs fractional applica-
tions to solve scientific or engineering problems in physical
world, such as the fractional flow/control of hypersonic
vehicle, not only the academical problems. The fractional
killer application should be proved that it is more useful than
the traditional classical application. Solving real problems
in physical world will build an economic foundation for
fractional researches.

5.2. Parallel Computing. The technologies of parallel comput-
ing should be regarded as a basic method to overcome the
computational challenge for FDEs. There are three potential
solutions for the computational challenge of FDEs. The short
memory principle is an experimentalmethod, which is useful
in real fractional applications.The𝑂(𝑁 log𝑁)methods [117]
used the property of Toeplitz matrices and FFT technology.
Parallel computing is a foundational technology for scientific
and engineering computation. Fortunately, the shortmemory
principle and𝑂(𝑁 log𝑁)methods are compatiblewith paral-
lel computing. So it is interesting to develop algorithmswhich
is faster than𝑂(𝑁 log𝑁)methods.Thenumericalmethods of
space fractional equations with global dependence are much
harder to be parallelized than that of the time fractional
equations. So the task distribution model, load balance of the
parallel algorithm for space fractional equations should be
paid attention to.

5.3. High Performance Iteration Methods. Different kind of
numerical methods is very easily found for FDEs. The direct
methods such as Gauss elimination are not suitable for large
scale fractional applications. The iterative methods for these
numerical methods are not fully studied and very few works
can be found [118, 125]. We think that different iterative
methods, such as Jacobimethod andGauss-Seidel andKrylov
subspace method, are effective for fractional linear systems
which are produced from FDEs. Does the coefficient matrix
of FDEs have some other special properties or not? The
answer is still unknown. The convergence and stability of
these iterative methods should be proved as well.
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5.4. High Order Schemes for Fractional Derivatives. The
traditional partial derivatives have many high order schemes.
For time fractional equation, the high order schemes for
traditional integer derivative are not hard to build. But for
fractional derivatives, the high order schemes are under
developing [70, 126–128]. High order schemes will be used
in the numerical solutions of FDEs where high accuracy is
required in the presence of shocks or discontinuities.

5.5. Monte Carlo Method. The Monte Carlo method has
advantage in solving nonlinear, high dimensional, complex
geometry problems. In order to get the approximation of a
small domain, the determined methods, such as FDM, must
resolve the total definition domainwith boundary conditions.
The Monte Carlo method only focuses on the small domain.
This property is very useful if we are only interested in
this small domain. The Monte Carlo method is easy to
be parallelized and needs much less memory space than
determined methods. The fractional equations are a kind
of nonlinear problem and their high dimensional problems
are very computation intensive. So Monte Carlo method for
FDEs needs to be studied in the future. Because of the high
nonlinear and nonlocal property of FDEs, the sampling effi-
ciency will be the key point ofMonte Carlomethod for FDEs.

6. Conclusions

In this paper, we give a comprehensive review of FDEs and its
computational challenge. This kind of challenge will become
an incoming problem for the computer industry if the real
fractional problems need to be approximated. We reviewed
a wide range of computational costs that come from different
kinds of fractional equations.While we have collected several
potential solutions on this challenge, we believe that the long-
term legacy of solutionswill allow the real world scientific and
engineering applications come true.
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[75] C. Çelik andM. Duman, “Crank-Nicolson method for the frac-
tional diffusion equation with the Riesz fractional derivative,”
Journal of Computational Physics, vol. 231, no. 4, pp. 1743–1750,
2012.

[76] J. Chen and F. Liu, “Analysis of stability and convergence of
numerical approximation for the Riesz fractional reaction-
dispersion equation,” Journal of Xiamen University, vol. 45, no.
4, pp. 466–469, 2006 (Chinese).

[77] C. Gong, W. Bao, and G. Tang, “A parallel algorithm for the
Riesz fractional reaction-diffusion equation with explicit finite
difference method,” Fractional Calculus and Applied Analysis,
vol. 16, no. 3, pp. 654–669, 2013.
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The data size of hyperspectral image is too large for storage and transmission, and it has become a bottleneck restricting its
applications. So it is necessary to study a high efficiency compression method for hyperspectral image. Prediction encoding is
easy to realize and has been studied widely in the hyperspectral image compression field. Fractal coding has the advantages of high
compression ratio, resolution independence, and a fast decoding speed, but its application in the hyperspectral image compression
field is not popular. In this paper, we propose a novel algorithm for hyperspectral image compression based on hybrid prediction and
fractal. Intraband prediction is implemented to the first band and all the remaining bands are encoded by modified fractal coding
algorithm.The proposed algorithm can effectively exploit the spectral correlation in hyperspectral image, since each range block is
approximated by the domain block in the adjacent band, which is of the same size as the range block. Experimental results indicate
that the proposed algorithm provides very promising performance at low bitrate. Compared to other algorithms, the encoding
complexity is lower, the decoding quality has a great enhancement, and the PSNR can be increased by about 5 dB to 10 dB.

1. Introduction

Hyperspectral imaging technology is a major innovation
in the course of development of remote sensing technol-
ogy, which combines ground target spectra determined by
material composition and the image reflecting ground target
existing layout completely, and provides spectral information
of dozens to hundreds of narrow bands while obtaining target
spatial information for each pixel, thereby achieving a unity
of image and spectra [1]. Hyperspectral remote sensing has
been successfully applied in many areas such as geology,
ecology, atmospheric study, and soil study and is playing an
increasingly important role [2].

Hyperspectral image adds 3D spectral information based
on 2D information about ground image. Hyperspectral data
is a cube of a spectral image, whose spatial image dimension
reflects the 2D spatial distribution of ground target features
and whose spectral dimension reflects the spectral curve

features. Spatial correlation exists in the spatial image
dimension of hyperspectral image data and spectral cor-
relation exists in the spectral dimension [3]. Accordingly,
the difference between hyperspectral image compression and
ordinary image compression is to remove both the spatial
redundancies and the spectral redundancies. At present, the
commonly used hyperspectral image compression methods
include prediction-based, transformation-based, and vector
quantization-based methods. For example, [4] used median
prediction algorithm for hyperspectral intraband prediction
and then used linear prediction and context predictionmixed
algorithm for hyperspectral interband prediction, thereby
implementing lossless compression of hyperspectral images.
Penna et al. [5] used point extraction strategy to reduce the
calculated amount of KLT and applied this improved KLT to
the decorrelation of hyperspectral images, without having a
significant impact on reconstructed image quality. Qian [6]
proposed a fast vector quantization algorithm to improve the
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generation efficiency of codebook, which did not require full
search, thereby greatly reducing the complexity.

In addition to the above conventional coding methods,
fractal coding method characterized by its innovative ideas,
high compression ratio, and resolution independence is
considered as one of the most promising second-generation
compression coding methods. Our previous studies of fractal
video compression [7, 8] also demonstrate its good compres-
sion performance. Fractal coding techniques are based on
the theory of iterated function systems (IFS) and are further
developed by Barnsley in the early 1980s [9, 10]. The IFS
theory is based on Banach’s contraction mapping principle,
which states that a contractive transformation, defined on
a complete metric space, possesses a unique fixed point or
attractor. For the purpose of image compression, this idea
translates into finding an optimal contractive transformation
whose attractor closely approximates a given target image.
This problem is widely known as the inverse problem in
the fractal image coding literature. But this must involve
manual intervention and it is extremely hard to find a
contractive transformation with an attractor approximating
the whole image. In the late 1980s, Jacquin developed a
block-based fractal image compression scheme exploiting
local self-similarities that are inherent in many real-world
images [11] and made fractal image compression become
automatic. In his scheme, the image is subdivided into a
pair of simple and uniform partitions: a domain partition
of larger subblocks, also known as parent subblocks, and a
range partition of smaller subblocks, also known as child
subblocks. A parent subblock is mapped into its correspond-
ing child subblock using a geometric mapping, followed by a
simple affine transformation, known as the gray-level map.
Therefore, a digitized image can be stored as a collection
of the position of the corresponding parent subblock and
transformation coefficients for each child subblock. This
generally requires much less memory, resulting in data
compression.

We observe that there exist strong similarities between
adjacent bands of hyperspectral images, so that we guess that
fractal coding will be suitable for hyperspectral image com-
pression. In this paper, we make a try to combine prediction
and fractal coding for hyperspectral image compression. The
algorithm first carries out intraband prediction for the first
band which is treated as the basic band, and we extend the
block-based fractal image compression scheme to two adja-
cent bands, which is to say each range block is approximated
by the domain block in the adjacent band, which is of the
same size as the range block to remove the spectral redundan-
cies. The experimental results with AVIRIS (airborne visible
infrared imaging spectrometer) hyperspectral remote sensing
images indicate that the algorithm provides very promising
performance at low bitrate.

The rest of the paper is organized as follows. The basis
of fractal image coding is summarized in Section 2. The
proposed hybrid prediction and fractal hyperspectral image
compression algorithm is presented in Section 3. The exper-
imental results are presented in Section 4. And finally the
conclusions are outlined in Section 5.

2. Fractal Image Coding Basis

2.1. Fractal Image Coding Theory. The fundamental principle
of fractal coding consists of the representation of an image by
a contractive transform of which the fixed point is close to
that image [12]. The image space is accepted as a complete
metric space. By the contractive mapping theorem and
collage theorem, the contractive transform is always possible
within certain threshold. Original approach with IFS tries
to find a number of affine mappings on the entire image,
which is rather slow in terms of searching the contractive
map function. Jacquin’s partitioned iteration function system
(PIFS) [13] takes a different approach by finding the individ-
ual mappings for subsets of the images. Each PIFS contains
a complete metric space (𝑋, 𝑑) and a series of contraction
mapping 𝜔𝑖 : 𝑋 → 𝑋 as defined in this space. Fractal image
coding just uses a PIFS to represent an original image so
that the image after iterative decoding closely approximates
the attractor of this PIFS as well as the original image. The
contraction mapping coefficients constitute the fractal code
of the original image.

The attractor theorem is as follows.

Attractor Theorem. Assuming {𝑋 : 𝜔1, 𝜔2, 𝜔3, . . . , 𝜔𝑛} is an
IFS in the completely metric space (𝑋, 𝑑), then we have the
following.

(1) Transformation 𝑊 : 𝐻(𝑥) → 𝐻(𝑥) defined by the
following equation:

𝑊(𝐵) =

𝑛

⋃

𝑖=1

𝜔𝑛 (𝐵) , ∀𝐵 ∈ 𝐻 (𝑥) , (1)

is the contraction mapping of complete metric space (𝐻(𝑥),
ℎ), whose contractive factor is

𝑠 = max (𝑠1, 𝑠2, . . . , 𝑠𝑛) ,

ℎ (𝑊 (𝐵) ,𝑊 (𝐶)) ≤ 𝑠 × ℎ (𝐵, 𝐶) , ∀𝐵, 𝐶 ∈ 𝐻 (𝑥) ,

(2)

where ℎ represents the Hausdorff metric.
(2) Compression transformation 𝑊 has a unique fixed

point 𝐴 ∈ 𝐻(𝑥), so that it satisfies the following equation:

𝐴 = 𝑊(𝐴) =

𝑛

⋃

𝑖=1

𝜔𝑖 (𝐴) . (3)

And the fixed point can be obtained by iteration, namely:

𝐴 = lim
𝑛→∞

𝑊
𝑛
(𝐵) , ∀𝐵 ∈ 𝐻 (𝑥) , (4)

where

𝑊
0
(𝐵) = 𝑊 (𝐵) , 𝑊

𝑛
(𝐵) = 𝑊(𝑊

𝑛−1
(𝐵)) . (5)

Fixed point 𝐴 ∈ 𝐻(𝑥) is called the attractor of IFS.
That is to say, for any set 𝐵, iterative sequence 𝑊𝑛(𝐵)

converges to the attractor of PIFS. Its inverse problem
takes the given original image as the attractor to solve its
contraction mapping. It is very difficult to solve the inverse
problem accurately, but collage theorem gives out a possible
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Figure 1: Flow chart of the basic block-based fractal image compression.

solution to this problem.That is, approximately minimize the
distance𝑑(𝜇org, 𝜇fix) between original image𝜇org and attractor
image 𝜇fix by minimizing the distance 𝑑(𝜇org,𝑊𝜇org) between
original image 𝜇org and its collage image𝑊𝜇org.

The collage theorem is as follows.

CollageTheorem. Assuming (𝑋, 𝑑) is a complete metric space,
given a set 𝐿 ∈ 𝐻(𝑥) and a number 𝜀 > 0, if we can find a
IFS{𝑋; 𝜔1, 𝜔2, 𝜔3, . . . , 𝜔𝑛; 𝑠} (0 ≤ 𝑠 < 1), which makes

ℎ(𝐿,

𝑛

⋃

𝑖=1

𝜔𝑖 (𝐿)) ≤ 𝜀, (6)

then

ℎ (𝐿, 𝐴) ≤
ℎ (𝐿,⋃

𝑛

𝑖=1
𝜔𝑖 (𝐿))

1 − 𝑠
≤

𝜀

1 − 𝑠
, (7)

where ℎ is Hausdorff metric and 𝐴 is attractor of this IFS.

2.2. Fractal Image Coding Implementation. The basic block-
based fractal image coding algorithm flow chart is shown in
Figure 1.

Firstly, divide the original input image into nonoverlap-
ping𝑅 blocks to form𝑅 block set {𝑅} and overlapped𝐷 blocks
to form 𝐷 block set {𝐷}, with size of each 𝑅 block at 𝑁 × 𝑁

and that of each 𝐷 block at 2𝑁 × 2𝑁. 𝑅 blocks and 𝐷 blocks
are usually obtained by sliding window method.

Then, contract all𝐷 blocks to the size of𝑁×𝑁, that is, the
same size as 𝑅 blocks, usually by downsampling or averaging
the intensities of its four neighboring pixels,

𝑑 (𝑥, 𝑦)

= (𝑑 (2𝑥, 2𝑦) + 𝑑 (2𝑥 + 1, 2𝑦) + 𝑑 (2𝑥, 2𝑦 + 1)

+ 𝑑 (2𝑥 + 1, 2𝑦 + 1)) ×
1

4
,

(8)

where 𝑑(𝑥, 𝑦) represents the intensity of 𝐷 block at position
(𝑥, 𝑦).

Afterwards, contracted 𝐷 block is extended through 8
isometric transformations (including identical transforma-
tion; rotations by 90∘, 180∘, and 270∘ about the block center;
symmetric reflections about vertical central axis, horizontal

central axis, leading diagonal, and secondary diagonal). The
extended domain pool is defined as {𝐷}.

In order to find the best matching block for each 𝑅 block,
contraction mapping transformation {𝑊𝑖} is defined as

𝑊𝑖
[

[

𝑥

𝑦

𝑧

]

]

= [

[

𝑎𝑖 𝑏𝑖 0

𝑐𝑖 𝑑𝑖 0

0 0 𝑠𝑖

]

]

[

[

𝑥

𝑦

𝑧

]

]

+ [

[

𝑒𝑖

𝑓𝑖

𝑜𝑖

]

]

, (9)

where 𝑥 and 𝑦 represent spatial coordinates; 𝑧 represents
pixel value; 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, and 𝑑𝑖 define one of the 8 isometric
transformations; 𝑠𝑖 represents brightness adjustment factor
with its absolute value smaller than 1; 𝑜𝑖 represents brightness
offset factor.

Searching for matching block is a process of minimizing
the following equation:

𝐸 (𝑅,𝐷) =

𝑅 − (𝑠 ⋅ 𝐷 + 𝑜 ⋅ 𝐼)


, (10)

where ‖ ⋅ ‖ represents vector 2-norm.
Finally, use (9) and (10) to find the best matching block

from the extended domain pool {𝐷} for each 𝑅 block and
store the sequence number of isometric transformation,
location of the best matching 𝐷 block, and corresponding
brightness scale factor 𝑠 and offset factor 𝑜. After fractal
parameters of all 𝑅 blocks are stored, the total fractal
encoding process is completed.

Fractal image decoding process is very simple, which can
be completed by only inputting an arbitrary initial image
(initial size of the image should be equal to that of its
original image as required) and then iteratively applying the
corresponding transformation to initial image based on the
stored fractal parameters. Decoding process can be expressed
as follows:

𝑅
(𝑘)

𝑖
= 𝑠𝑖 ⋅ 𝑡𝑙 ∘ 𝑆 (𝐷

(𝑘−1)

𝑚(𝑖)
) + 𝑜𝑖 ⋅ 𝐼,

𝜇
(𝑘)
= ⋃

𝑖

𝑅
(𝑘)

𝑖
,

(11)

where 𝑅(𝑘)
𝑖

represents the 𝑖th 𝑅 block of image 𝜇(𝑘) after 𝑘
times’ iterations;𝐷(𝑘−1)

𝑚(𝑖)
represents the best matching block of

𝑅
(𝑘)

𝑖
and is derived from image 𝜇(𝑘−1) after 𝑘 − 1 times’ itera-

tions; 𝐷(0)
𝑚(𝑖)

is derived from the best matching 𝐷 block of



4 Mathematical Problems in Engineering

the initial image; 𝑠𝑖 and 𝑜𝑖 represent the corresponding opti-
mum brightness adjustment factor and offset factor, respec-
tively; 𝑆 and 𝑡𝑙 represent spatial contraction transformation
and isometric transformation, respectively. The symbol ∘ is
the composition operator.

If 𝑘 reaches a predetermined number of iterations 𝑁
(generally less than 10), then stop iteration and output image
𝜇
(𝑁).This is the decoded image, namely, approximation of the

image to be encoded.

3. Hybrid Prediction and Fractal Hyperspectral
Image Compression

Because each band of a hyperspectral image corresponds
to the same location on the earth, hyperspectral data cube
has a strong spectral correlation, whose spatial correlation
is relatively weak. The basic fractal image coding algorithm
does not use spectral correlation, which therefore cannot be
directly used for compressing hyperspectral images. In order
to take full advantage of spatial and spectral correlations of
hyperspectral image, we propose a method for lossy com-
pression of hyperspectral image based on hybrid prediction
and fractal. The first band is intraband prediction encoded,
and the remaining bands are interband fractal encoded. The
difference is that each range block is approximated by the
domain block in the adjacent decoded band, which is of the
same size as the range block to exploit the spectral correlation.
Then the prediction errors as well as fractal residual are
further transformed, quantified, and entropy encoded, and
the fractal parameters are also entropy encoded to improve
the compression efficiency. The compression scheme divides
each band into range blocks with the size of 16 × 16.The block
diagram for this scheme is shown in Figure 2.

3.1. Intraband Prediction. Linear prediction has been studied
in hyperspectral image compression [14–16]. In this section,
we describe the intraband prediction design of our scheme.
The main purpose is to remove spatial correlation as well as
obtaining a high quality decoded reference band.

Hyperspectral images are usually texture abundant. For
example, Figure 3(a) shows a simulated color IR view of an
airborne hyperspectral data flight line over the “Washington
DC Mall,” which has much detail. The sensor system used in
this case measured pixel response in 210 bands in the 0.4 to
2.4 𝜇m region of the visible and infrared spectrum. Bands in
the 0.9 and 1.4 𝜇m region where the atmosphere is opaque
have been omitted from the dataset, leaving 191 bands. The
dataset contains 1208 scan lines with 307 pixels in each scan
line. The color image is made using bands 60, 27, and 17 for
the red, green, and blue colors, respectively. Figure 3(b) is the
first band of the hyperspectral image.

To predict more precisely, we design 9 linear predictors
with different prediction directions, as shown in Figure 4.
Eight prediction modes, as shown in Figure 4(a), are utilized
for more suitably predicting textures with structures in the
respective directions.The 16 samples of the 4× 4 block, which
is labeled as a–p, are predicted using the prior decoded neigh-
boring pixels in the corresponding directions in the adjacent

The first band 
Remaining 

bands

Intraband
prediction

Interband 
fractal

Prediction
error

Fractal 
residual

PIFS 
parameters

DCT

Quantization

Hyperspectral
image

Golomb
coding

Figure 2: Block diagram of the proposed scheme.

blocks labeled as A–Q, which is shown in Figure 4(b). In
addition, the DC mode is used to predict smooth area, and
each pixel in the shadowed block is predicted using the mean
value of the neighboring pixels labeled asA–D and I–L, which
is shown in Figure 4(c).

The prediction mode with the minimum sum of squared
difference (SSD) is chosen as the final prediction mode. The
SSD is calculated as follows:

SSD (𝑠, 𝑐) =
4

∑

𝑥=1

4

∑

𝑦=1

(𝑠 (𝑥, 𝑦) − 𝑐 (𝑥, 𝑦))
2
, (12)

where 𝑠(𝑥, 𝑦) represents the source signal at position (𝑥, 𝑦);
𝑐(𝑥, 𝑦) represents the reconstruction signal at position (𝑥, 𝑦)
using the corresponding prediction mode.

3.2. Interband Fractal Coding. In order to remove the existing
spectral redundancy in hyperspectral image, we have made
some modifications to the basic block-based fractal image
compression scheme. In our scheme, each range block is
approximated by the domain block in the adjacent band,
which is of the same size as the range block. And considering
that the adjacent bands have similar spatial topology struc-
tures, as shown in Figure 5, thus isometric transformation
process can be omitted. Statistics also show that the best
matching 𝐷 block appears near 𝑅 block with a large prob-
ability [17], so it is not necessary to use full search. In our
scheme, the search range of block matching is reduced to a
small region centering the corresponding position of𝑅 block,
as shown in Figure 6. In addition, we adopt an adaptive block
size instead of the original fixed size block partition method.
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Figure 3: Hyperspectral data of the “Washington DCMall.”
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Figure 5: Two adjacent bands of hyperspectral image “Moffett Field.”
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The specific steps for interband fractal coding are as
follows.

Step 1. The current hyperspectral band image is divided into
nonoverlapping 𝑅 blocks with the size of 16 × 16, and all 𝑅
blocks can cover the whole band image.

Step 2. Encode each 𝑅 block in turn.

(1)The searching area is located in the adjacent decoded
band, and with the same coordinate of the current 𝑅 block as
the center, move 7 pixels (a variable parameter determined at
the encoder) upward, downward, and towards left and right,
to form the rectangular search area, as shown in Figure 6.
Search the best matching𝐷 block in the search area, with the
MSE (mean square error) as the matching criterion:

MSE (𝑠, 𝑜) = 1

𝑁

𝑁

∑

𝑖=1

[𝑟𝑖 − (𝑠 ⋅ 𝑑𝑖 + 𝑜)]
2
, (13)

where 𝑟𝑖 represents the pixel value of the current 𝑅 block,
𝑑𝑖 represents the pixel value of the corresponding matching
block, 𝑁 represents the number of pixels of the current 𝑅
block, 𝑠 is the scale factor, and 𝑜 is the offset factor. 𝑠 and 𝑜
are obtained as follows.

Solving the equation for MSE(𝑠, 𝑜),

𝜕MSE (𝑠, 𝑜)
𝜕𝑠

=
1

𝑁

𝑁

∑

𝑖=1

2 (𝑠 ⋅ 𝑑𝑖 + 𝑜 − 𝑟𝑖) ⋅ 𝑑𝑖. (14)

Setting to 0,

0 = 𝑠

𝑁

∑

𝑖=1

𝑑
2

𝑖
+ 𝑜

𝑁

∑

𝑖=1

𝑑𝑖 −

𝑁

∑

𝑖=1

𝑟𝑖 ⋅ 𝑑𝑖,

𝑜 =
1

∑
𝑁

𝑖=1
𝑑𝑖

(

𝑁

∑

𝑖=1

𝑟𝑖 ⋅ 𝑑𝑖 − 𝑠

𝑁

∑

𝑖=1

𝑑
2

𝑖
) .

(15)

Similarly,

𝜕MSE (𝑠, 𝑜)
𝜕𝑜

=
1

𝑁

𝑁

∑

𝑖=1

2 (𝑠 ⋅ 𝑑𝑖 + 𝑜 − 𝑟𝑖) ⋅ 1. (16)

Setting to 0,

0 = 𝑠

𝑁

∑

𝑖=1

𝑑𝑖 +

𝑁

∑

𝑖=1

𝑜 −

𝑁

∑

𝑖=1

𝑟𝑖,

𝑠

𝑁

∑

𝑖=1

𝑑𝑖 =

𝑁

∑

𝑖=1

𝑟𝑖 − 𝑁 ⋅ 𝑜.

(17)

Substituting,

𝑠 =

𝑁 (∑
𝑁

𝑖=1
𝑟𝑖 ⋅ 𝑑𝑖) − ∑

𝑁

𝑖=1
𝑟𝑖∑
𝑁

𝑖=1
𝑑𝑖

𝑁∑
𝑁

𝑖=1
𝑑
2

𝑖
− (∑
𝑁

𝑖=1
𝑑𝑖)
2

,

𝑜 =
1

𝑁
(
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If the minimum MSE is less than T 16 (here is 10.5), the
domain block can be considered as well-matched, and we can
record the current IFS coefficients and continue to the next 𝑅
block; otherwise, go to (2).

(2) The 𝑅 block is divided into two 16 × 8 𝑅 subblocks.
Search the best matching block for each 16 × 8 𝑅 subblock,
respectively, in the domain pool, and the size of searched
matching block is 16 × 8. If the minimum MSEs of the two
16 × 8 𝑅 subblocks are both smaller than T 16, the domain
block can be considered as well-matched, and we can record
the IFS coefficients of the two 16× 8𝑅 subblocks and continue
to the next 𝑅 block; otherwise, go to (3).

(3) The 𝑅 block is divided into two 8 × 16 𝑅 subblocks.
Search the best matching block for each 8 × 16 𝑅 subblock,
respectively, in the search area, and the size of searched
matching block is 8 × 16. If the minimum MSEs of the two
8 × 16 𝑅 subblocks are both smaller than T 16, the domain
block can be considered as well-matched, and we can record
the IFS coefficients of the two 16× 8𝑅 subblocks and continue
to the next 𝑅 block; otherwise, go to (4).

(4)This 𝑅 block is divided into four 8 × 8 𝑅 subblocks for
which, respectively, search for the best matching block also
in the size of 8 × 8 in the search area, and if the minimum
MSEs of all four 8 × 8 𝑅 subblocks are smaller than T 8 (here
is 8.0), we can record the IFS coefficients of the four 8 × 8 𝑅
subblocks and continue to the next𝑅 block; otherwise, we can
further divide the 8 × 8 𝑅 subblock which is not well matched
into two 8 × 4 𝑅 sub-subblocks or two 4 × 8 𝑅 sub-subblocks
or four 4 × 4 sub-subblocks just in the same way.

Step 3. Repeat Step 2 until all 𝑅 blocks of the current
hyperspectral band have found the best matching blocks.

The flowchart is shown in Figure 7.

3.3. Residual Image and Fractal Parameters Encoding. In a
general prediction encoding system, once the prediction is
formed, it is subtracted from the original band, and the
residual is usually further compressed using transformation
encoding and entropy encoding. In our scheme, the residual
image of the first hyperspectral band is obtained through
subtracting the predicted band image by the original band
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Figure 7: Flowchart of block matching process.

image. In addition, the residual of fractal encoding is also
processed in the same way, while it is ignored in the basic
fractal encoding algorithm and most fractal literatures. The
residual image of the fractal encoding is formed by

residual = ∑(𝑟𝑖 − (𝑠 ⋅ 𝑑𝑖 + 𝑜)) . (19)

The residual image is DCT transformed, quantized, and
Golomb entropy encoded. In parallel, the quantized data are
rescaled and inverse transformed and added to the prediction

band to reconstruct a coded version of the band which is
stored for later interband fractal encoding.The fractal param-
eters are also Golomb entropy encoded.

4. Experimental Result

Two AVIRIS [18] hyperspectral data cubes, “Cuprite” and
“LowAltitude,” derived from JPL are used.The size of the data
cubes was originally 512 lines × 614 pixels with 224 spectral
bands and 1087 lines × 614 pixels with 224 spectral bands,
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(a) Original image (b) Decoded image

Figure 8: The 17th band subimage of “Cuprite.”

respectively. In this paper, a subset of them with 512 lines ×
512 pixels with all 224 bandswas tested.The experiments were
performed on a computer with an Intel Core 2 Quad Q9300
@ 2.50GHz CPU and 4GB RAM. PSNR is used to measure
the quality of the compression data. It is defined as follows:

PSNR = 10 log
10

Peaksignal2

MSE
, (20)

where Peaksignal is the maximum value in the data cube and
MSE is calculated as

MSE = 1

𝑛𝑥𝑛𝑦𝑛𝑏

𝑛𝑥

∑

𝑥=1

𝑛𝑦

∑

𝑦=1

𝑛𝑏

∑

𝑏=1

[𝑂 (𝑥, 𝑦, 𝑏) − 𝐷 (𝑥, 𝑦, 𝑏)] , (21)

where 𝑂(𝑥, 𝑦, 𝑏) and 𝐷(𝑥, 𝑦, 𝑏) are, respectively, the pixel
values of the original and the reconstructed data of band 𝑏
at location (𝑥, 𝑦), 𝑛𝑦 is the total number of lines in the data
cube, 𝑛𝑥 is the total number of pixels per line, and 𝑛𝑏 is the
total number of bands in the data cube.

Figure 8(a) shows the 17th band of “Cuprite” trun-
cated from the original data cube for the experiment, and
Figure 8(b) shows the decoded result image at 0.1 bpppb. As
seen in Figure 8, there is almost no difference of subjective
quality between the compressed image and the original
image.

Figure 9 shows the PSNR comparison of “Low Altitude”
encoded by the 3D-SPIHT [21] and the proposed algorithm.
3D-SPIHT coding is the three-dimensional extension version
of the set partitioning in hierarchical trees (SPIHT) coding,
which is based on the concentrative energy of wavelet
coefficients, to exhibit symmetric branching in all three
dimensions. More details can be found in [21]. It can be seen
fromFigure 9 that the PSNRof the first band by the algorithm
of the article is higher than every other band, indicating
that the prediction algorithm adopted obtains high encoding
quality.The PSNRs of all bands of “LowAltitude” compressed
by the proposed algorithm are higher than those in the 3D-
SPIHT algorithm. It is calculated that the average value of
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Figure 9: PSNR comparison of each band for “Low Altitude” at the
compression ratio of 32 : 1.

PSNRs of all bands of “Low Altitude” compressed by the
proposed algorithm is 60.07 dB, which is 15.91 dB higher than
that of the 3D-SPIHT algorithm.

The PSNR comparison results at different bitrates are as
shown in Tables 1 and 2. The AT-3DSPIHT [19] algorithm in
Tables 1 and 2 is an improvement of 3D-SPIHT algorithm by
means of asymmetric structure, having a longer tree along the
wavelet axis than that of the traditional tree structure, and
the PSNR performance of AT-3DSPIHT for hyperspectral
image is better than 3D-SPIHT. More details can be found
in [19]. Experimental results show that the PSNR of “Low
Altitude” compressed by the proposed algorithm is slightly
lower than that of AT-3DSPIHT at 0.1 bpppb, except that they
are all higher than the contrast algorithms. In comprehensive
consideration of all bitrates, compared with AT-3DSPIHT
algorithm, the PSNR of the proposed algorithm is increased
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Figure 10: Encoding time comparison.

Table 1: PSNR comparison for “Low Altitude” at different bitrates
(unit: dB).

Code rate (bpp)
0.1 0.15 0.2 0.25

AT-3DSPIHT [19] 47.50 49.51 51.50 52.61
F. Zhao et al. [20] 41.62 43.33 44.95 46.08
Proposed 46.50 54.37 57.21 60.07

Table 2: PSNR comparison for “Cuprite” at different bitrates (unit:
dB).

Code rate (bpp)
0.05 0.1 0.15 0.2

AT-3DSPIHT [19] 44.25 45.47 46.72 48.05
F. Zhao et al. [20] 48.09 48.88 49.60 50.31
Proposed 49.44 60.08 66.51 67.65

by 9.53 dB averagely, and compared with the algorithm in
[20], it is averagely increased by 11.12 dB.

In [22], a compression algorithm of hyperspectral remote
sensing image based on 3D wavelet transform and 3D fractal
is proposed. The classical eight kinds of affine transforma-
tions in 2D fractal image compression are generalized to
nineteen for the 3D fractal image compression. When the
compression ratio on the EarthObservation-1 (EO-1) satellite
hyperspectral image of China Dongting Lake area is 80 : 1, the
PSNR is 36.78 dB, while the PSNR of our proposed scheme
at the same compression ratio is 41.78 dB. We can achieve a
compression quality improvement of 5 dB.

To evaluate the encoding complexity of the proposed
algorithm, we compare the encoding time of the proposed
algorithm with that of Lucana Santos’ [23]. The correspond-
ing encoding time by the two schemes for “Yellowstone sc0”
and “Yellowstone sc3” is recorded in Figure 10, which is

displayed in seconds/band. Both scenes have the size of 512
lines × 680 pixels with 224 bands. From these results, we can
see that the proposed algorithmhas lower complexity and our
scheme saves total 94.1% encoding time on average.

5. Conclusion

A lossy compression algorithm of hyperspectral image based
on hybrid prediction and fractal is proposed. Intraband
predictors with different directions are designed to remove
the spatial correlation of the first band, and a high decoding
quality can be obtained, which provides a good basic band
for the following fractal encoding. The remaining bands are
encoded by interband fractal encoding. The spectral redun-
dancy can be removed since each range block is approximated
by the domain block in the adjacent band, which is of the
same size as the range block. Adaptive block partitions as
well as a local search are also adopted in the fractal encoding.
Finally, the residuals of prediction and fractal encoding are
DCT transformed and Golomb entropy encoded. The fractal
parameters are also Golomb entropy encoded.

Experimental results show that the algorithm achieves
effective compression of hyperspectral image at low bitrate.
The decoded quality is greatly improved, and the PSNR
performance is increased by about 5 to 10 dB. Besides,
the encoding complexity also has a great advantage. The
proposed hybrid prediction and fractal hyperspectral image
compression algorithm is a breakthrough to the traditional
algorithm framework of hyperspectral image compression,
providing a commendable solution for lossy compression of
hyperspectral image.
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Multiview video which is one of the main types of three-dimensional (3D) video signals, captured by a set of video cameras from
various viewpoints, has attracted much interest recently. Data compression for multiview video has become a major issue. In this
paper, a novel high efficiency fractal multiview video codec is proposed. Firstly, intraframe algorithm based on the H.264/AVC
intraprediction modes and combining fractal and motion compensation (CFMC) algorithm in which range blocks are predicted
by domain blocks in the previously decoded frame using translational motion with gray value transformation is proposed for
compressing the anchor viewpoint video. Then temporal-spatial prediction structure and fast disparity estimation algorithm
exploiting parallax distribution constraints are designed to compress the multiview video data. The proposed fractal multiview
video codec can exploit temporal and spatial correlations adequately. Experimental results show that it can obtain about 0.36 dB
increase in the decoding quality and 36.21% decrease in encoding bitrate compared with JMVC8.5, and the encoding time is saved
by 95.71%. The rate-distortion comparisons with other multiview video coding methods also demonstrate the superiority of the
proposed scheme.

1. Introduction

In recent years, multiview video (MVV) is attracting consid-
erable attention.This is becauseMVV can provide consumers
with depth sense to the observed scene as if it really exists
in front of consumers, allow consumers to freely change
views, and interactivelymodify the properties of a scene.This
type of video may be offered in the future home electronics
devices, such as immersive teleconference, 3DTV [1], 3D
mobile phone, and home video camcorder. For example, in
immersive teleconference, there is an interaction between
consumers. Participants at different geographical sites meet
virtually and see each other in either free viewpoint or 3DTV
style.The immersiveness provides amore natural way of com-
munications. However, in such a low bit rate communication
channel such as thewirelessmobile network, owing to the ins-
ufficient bit budget, MVV compression will cause the heavy
loss of visual detail information.

MVV contains a large amount of statistical dependencies
since it is a collection of multiple videos simultaneously
captured in a scene at different camera locations. Therefore,

efficient compression techniques are required for the above
consumer electronic applications [2].

Fractal compression, which has the advantages of high
compression ratio, resolution independence, and fast decod-
ing speed, is considered as one of the most promising com-
pressionmethods.The basic idea of fractal image coding is to
find a contractive mapping whose unique attractor approx-
imates the original image. For the decoding, an arbitrary
image with the same size of the original image is input into
the decoder, and, after several times of iteratively applying
the recorded contractive mappings to the input image, the
reconstructed image will be obtained. Much effort [3–5]
has been made to the fractal still image compression after
Jacquin’s fractal block coding algorithm [6]. However, a little
work has been reported on the fractal video compression, let
alone the fractal multiview video compression [7]. For fractal
video compression, there are two extensions of still image
compression, which are cube-based compression [8] and
frame-based compression [9]. In the former method, video
sequences are partitioned into nonoverlapping 3D range
blocks and overlapping 3D domain blocks with larger size
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than range blocks. Then the key issue turns to find the best
matching domain cuboid and the corresponding contractive
mapping for every range cuboid, which is very complicated.
In the latter method, each frame is encoded using the
previous frame as a domain pool except the first frame which
is encoded using a still image fractal scheme or some other
methods. The main advantage of the frame-based algorithm
is that decoding a frame consists of just one application of
mapping so that iteration is not required at the decoder.
However, the temporal correlation between the frames may
not be effectively exploited, since the size of the domain block
is larger than that of the range block [10].

In this paper, a novel highly efficient fractal multiview
video codec by combined temporal/interview prediction is
proposed. The anchor viewpoint video is encoded by impro-
ved frame-based fractal video compression approach, which
combines the fractal coder with the well-known motion
compensation (MC) technique. The other viewpoint videos
are not only predicted from temporally neighboring images
but also from the corresponding images in adjacent views.

This paper is organized as follows. The fractal com-
pression theory and mathematical background is summa-
rized in Section 2. The anchor viewpoint video compression
algorithm is presented in Section 3 and then the proposed
high efficiency fractal multiview video codec is presented in
Section 4. The experimental results are shown in Section 5.
Finally the conclusions are outlined in Section 6.

2. The Fractal Compression Theory and
Mathematical Background

2.1. Mathematical Background. The mathematical back-
ground of fractal coding technique is the contraction map-
ping theorem and the collage theorem [11].

For the complete metric space (𝑋, 𝑑), where𝑋 is a set and
𝑑 is a metric on 𝑋, the mapping, 𝜔 : 𝑋 → 𝑋 is said to be
contractive if and only if

𝑑 (𝜔 (𝑥) , 𝜔 (𝑦)) ≤ 𝛼 ⋅ 𝑑 (𝑥, 𝑦) , 0 ≤ 𝛼 < 1, ∀𝑥, 𝑦 ∈ 𝑋,

(1)

where 𝛼 is called the contractivity factor of the contractive
mapping.

For a contractive mapping 𝜔 : 𝑋 → 𝑋 on (𝑋, 𝑑); then
there exists a unique point, 𝑥𝑓 ∈ 𝑋, such that, for any point
𝑥 ∈ 𝑋,

𝑥𝑓 = 𝜔 (𝑥𝑓) = lim
𝑛→∞
𝜔
𝑛
(𝑥) . (2)

Such a point 𝑥𝑓 is called a fixed point or the attractor of
the mapping 𝜔 : 𝑋 → 𝑋, where 𝜔𝑛(𝑥) represents the 𝑛th
iteration application of 𝜔 to 𝑥. This is the famous Banach’s
fixed point theorem or contractive mapping theorem [11].

For the fractal image coding, if the encoder can find a
contractive mapping whose attractor is the original image,
then we only need to store the mapping with less bits instead
of the original pixel values. But in the practical implemen-
tation, it is impossible to find a contractive mapping whose
attractor is exactly the original image. Instead, the fractal

encoder attempts to find the contractive mapping whose col-
lage is close to the original image.

The collage theorem is as follows.
For the complete metric space (𝑋, 𝑑), 𝛼 is the contractiv-

ity factor of contractive mapping 𝜔 : 𝑋 → 𝑋; then the fixed
point 𝑥𝑓 of the contractive mapping 𝜔 satisfies

𝑑 (𝑥, 𝑥𝑓) ≤
1

1 − 𝛼
𝑑 (𝑥, 𝑤 (𝑥)) . (3)

This means that the decoded attractor 𝑥𝑓 is close to the
original image 𝑥, if the collage 𝑤(𝑥) is close to the original
image 𝑥. Therefore it converts to the minimization problem
of the collage error.

2.2. Fractal Image Coding. In the practical implementation
of the fractal image encoding process, the original image is
firstly partitioned into nonoverlapping range blocks, covering
the whole image, and overlapping domain blocks, usually
twice the size of the range blocks in both width and height.
For each range block the goal is to find a domain block and a
contractive mapping that jointly minimize a dissimilarity
(distortion) criterion. Usually the RMS (root mean square)
metric is used. The contractive mapping applied to the dom-
ain block classically consists of the following parts [12]:

(i) geometrical contraction (usually by downsampling
the domain block to the same size of the range block),

(ii) affine transformation (modeled by the 8 isometric tra-
nsformations which contain the identity, rotation by
90∘, 180∘, and 270∘ and reflection about the midhori-
zontal axis, themidvertical axis, the first diagonal, and
the second diagonal),

(iii) gray value transformation (a least square optimiza-
tion is performed in order to compute the best values
for the parameters 𝑠 and 𝑜which are scaling factor and
offset factor, resp.).

Here, 𝑠 and 𝑜 can be computed by minimizing the follow-
ing equation:

𝐸 (𝑠, 𝑜) =

𝑛

∑

𝑖=1

𝑚

∑

𝑗=1

(𝑠 ⋅ 𝑑𝑖𝑗 + 𝑜 − 𝑟𝑖𝑗)
2

, (4)

where {𝑑𝑖𝑗 (𝑖 = 1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑚)} is the pixel value
of the domain block after geometrical contraction and affine
transformation and {𝑟𝑖𝑗 (𝑖 = 1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑚)} is
the pixel value of the range block.

Then 𝑠 and 𝑜 can be obtained by making 𝜕𝐸(𝑠, 𝑜)/𝜕𝑠 and
𝜕𝐸(𝑠, 𝑜)/𝜕𝑠 equal to zero. So that
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∑
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(5)

The fractal encoding process can be finished by storing all
the data necessary for each range block including the location
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of the corresponding domain block, the index of the applied
isometric transformation, and the values 𝑠 and 𝑜. The decod-
ing process is to iteratively apply the stored transformations
to an arbitrary initial image.

3. The Anchor Viewpoint Video Compression

The most well-known fractal video codec is a hybrid fractal
coder of circular prediction mapping (CPM) and noncon-
tractive interframe mapping (NCIM) [13], in which the first
four frames are encoded by CPM and the remaining frames
are encoded by NCIM. In both the CPM and the NCIM, each
range block is motion compensated by a domain block in the
adjacent frame, which is of the same size as the range block.
The main difference between the CPM and the NCIM is that
the CPM should be contractive and the decoding process
needs iteration, while the NCIM need not be contractive.The
simulation results show better performance for the NCIM-
coded frames than that for the CPM-coded frames.

Different from the abovementioned approach, in our
proposed scheme, we first partition the video sequences into
groups of frames (GOFs) to avoid error propagation. Every
first frame in each GOF is encoded by intraframe prediction
without depending on the previous frames, and the remain-
ing frames in each GOF are encoded by combining fractal
with themotion compensation (CFMC) as shown in Figure 1.
In CFMC, each range block is motion compensated by a
domain block in the adjacent previously predicted frame
rather than the previous source frame, which is of the same
size as the range block.

3.1. Intraframe Prediction. The intraframe prediction in our
scheme uses for reference the intraprediction modes of
international video coding standard H.264/AVC [14]. We
make somemodifications tomake it appropriate to the overall
fractal video compression scheme. Firstly, we partition each
frame into range blocks of maximum size 16 × 16 and
minimum size 4 × 4, using the quadtree structure [15], while
H.264 only has two kinds of sizes of blocks which are 4×4 and
16×16, respectively, and does not use the quadtree structure.
Secondly, H.264 specifies 9 intraprediction modes for 4 × 4
luma blocks and 4 intraprediction modes for 16 × 16 luma
blocks as shown in Figures 2 and 3, respectively, while we use
the 9modes in Figure 2 for range blocks in the bottom level of
the quadtree and the 4 modes in Figure 3 for range blocks in
other levels of the quadtree. Thirdly, H.264 chooses the best
mode using Lagrangian rate distortion optimization (RDO)
technique [16] by traversing all the possible block sizes and
prediction modes which is very time consuming, while for
simplification, in our scheme, subdivision of the range block
is performed only when the prediction error is still above a
prescribed threshold and the minimum allowable partition is
not reached.

A prediction frame is generated and subtracted from the
original frame to form an error-frame, which is further trans-
formed, quantized, and entropy encoded. In parallel, the qua-
ntized data are rescaled and inverse transformed and added
to the prediction frame to reconstruct a coded version of

F0 F1 F2 Fm−1 Fm Fm+1 Fm+2 Fm+3

. . . . . .

GOF0 GOF1

Domain-range mapping
Frame-to-frame mapping

Figure 1: The structure of anchor viewpoint video coding.

the framewhich is stored for later predictions. In the decoder,
the bitstreams are entropy decoded, rescaled, and inverse
transformed to form a decoded error-frame. The decoder
generates the same prediction that is created at the encoder
and adds this to the decoded error-frame to produce a
reconstructed frame.

3.2. Combining Fractal with Motion Compensation. Tradi-
tional motion compensation technique making use of block
matching is based on the assumptions of locally translational
motion and conservation of image intensity, whereas we may
relax these assumptions when applying motion compensa-
tion technique used in our fractal video compression. The
assumption of translation is replaced by an affine motion and
the assumption of conservation of image intensity is replaced
by the concept of linearly changing image intensity.

We investigate and compare the following four schemes:

S0: traditional (translational motion and conservation of
image intensity) block matching,

S1: translational motion with gray value transformation,

S2: affine block matching using 8 isometric transforma-
tions,

S3: affine block matching using 8 isometric transforma-
tions with gray value transformation.

Exhaustive search in a search window which is formed by
extending the collocated domain block by ±7 pixels in four
directions is used for a range block as shown in Figure 4,
where 𝐹𝑚 represents the current frame to be encoded and
𝐹


𝑚−1
represents the adjacent coded version.

Figure 5(a) compares the PSNR performance of the diff-
erent schemes on the “Ballroom” video. Clearly the gray value
transformation leads to significant PSNR gain, whereas the
gain for affine transformation is only moderate. Figure 5(b)
compares the encoding time of the different schemes. Obvi-
ously, the schemes without affine transformation (S0 and
S1) are much faster compared to schemes using the affine
motion model (S2 and S3), while gray value transformation
is compu-tationally not very expensive. Test results on other
video sequences such as “Race” and “Flamenco” show the
same trends.

Considering the tradeoff between computational com-
plexity and quality gain, we finally adopt S1 in our CFMC
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Figure 2: Nine intraprediction modes.

algorithm. Namely, range blocks in the current frame are pre-
dicted by domain blocks of the reference-frame using trans-
lational motion with gray value transformation.

To achieve better quality, the prediction frame is sub-
tracted from the original frame to form an error-frame, which
is transformed, quantized, and entropy encoded. In parallel,
the quantized data are rescaled and inverse transformed
and added to the prediction frame to reconstruct a coded
version of the frame which is stored for later predictions,
and the CFMC data including the positions of corresponding
domain blocks, scale factors, and offset factors are entropy
encoded. In the decoder, the bitstreams of error-frame are
entropy decoded, rescaled, and inverse transformed to form
a decoded error-frame. The bitstreams of CFMC data are
entropy decoded and generate the prediction frame by apply-
ing corresponding translationalmotionwith gray value trans-
formation only once without iteration. Then a reconstructed
frame is produced by adding the prediction frame to the
decoded error-frame. This contrasts to 2D fractal video cod-
ing schemes which do not consider the coding of error-
frames at all.

4. Fractal Multiview Video
Compression Scheme

Thecoding structure between different views needs to be con-
sidered when extending single view fractal video coding to

multiview video coding.Therefore, we propose the temporal-
spatial prediction structure and fast disparity estimation algo-
rithm.

4.1. Temporal-Spatial Prediction Structure. Multiview video
sequences are captured by several cameras at the same time
and there exists a high degree of correlation between inter-
views and intraviews. So we propose a temporal-spatial pre-
diction structure based on view center and view distance.
When processing the multiview video signal, disparity com-
pensation and CFMC are combined to reduce the number of
intraframe coded frames and improve the view compensation
efficiency.

The proposed new prediction structure is shown in
Figure 6 which contains 3 views. The center viewpoint video
is the anchor video coded with the intraframe prediction and
CFMC algorithm in Section 3 and the other viewpoint videos
are coded based on disparity compensation and CFMC.

Figure 7 is the geometric schematic diagram of temporal-
spatial prediction. Disparity estimation and CFMC are used
for prediction to reduce data redundancy adequately.

4.2. Fast Disparity Estimation Algorithm. Geometric constra-
ints between neighboring frames in multiview video seque-
nces can be used to eliminate spatial redundancies. Parallax
distribution constraints, which contain epipolar constraint,
directional constraint, and spatial-time domain correlation,
are used in the proposed fast disparity estimation algorithm.
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Epipolar constraint: the epipolar geometry is the intrinsic
projective geometry between two views. Epipolar line can be

found in the right image for a point of left image, onwhich the
corresponding point can be searched. For parallel systems,
only the search of 𝑥 direction is needed just along the scan
line. In other words, traditional two-dimensional search can
be simplified to one-dimensional search along the scan line.

Directional constraint: in parallel systems, the vertical
component of disparity vector is always equal to zero.
The horizontal component is determined by the following
formula:

𝑑𝑥 (𝑥, 𝑦, 𝑧) =
𝐹𝐵

𝑧
, (6)

where 𝑑𝑥(𝑥, 𝑦, 𝑧) represents the horizontal component of
disparity vector corresponding to the point (𝑥, 𝑦, 𝑧). 𝐹 repre-
sents the camera’s focal length.𝐵 represents the baseline dista-
nce between the two cameras. We can see from formula (6)
that the horizontal component of disparity vector is always
positive; that is, for the same scene, the left perspective pro-
jection image always moves slightly left relative to the right
image. Therefore, searching only in one direction instead of
two directions is enough.

The spatial-time domain correlation: the disparity vector
in the same frame has a strong correlation. For two adjacent
frames, only a few pixels move and the positions of most
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pixels have not changed. The disparities of these pixels
whose positions have not changed keep basically unchanged.
Therefore, corresponding disparity vectors of the neighbor-
ing range blocks can be considered as the starting point for a
small area search to find the actual disparity vector quickly.

From the three constraints above, we can summarize our
fast disparity estimation algorithm as follows. Firstly, search
between the disparity vectors of the previously encoded nei-
ghboring range blocks to find one with the minimum RMS
error as the starting search point. Then search in the hori-
zontal to the right direction within several pixels distance to
find the final disparity vector with the minimum RMS error.

Fast disparity estimation algorithm is helpful to reduce
the number of search candidates and further to decrease the
disparity estimation time. It can greatly improve the coding
efficiency, whichmakes full use of the correlation between left
and right views and can find the best matching block more
quickly.

4.3. FractalMultiviewVideo Compression Process. Theoverall
coding process of the proposed fractal multiview video codec
is shown in Figure 8.

Step 1. Partition the video sequences into GOFs.

Step 2. Encode the first frame of GOF in the anchor view
using intraframe prediction and process the error-frame.

Step 3. Encode the first frame ofGOF in the nonanchor views
using fast disparity estimation from collocated frame in the
adjacent view and process the error-frame.

Step 4. Encode the remaining frames of GOF in the anchor
view using CFMC from the previous decoded frame and
process the error-frames.

Step 5. Encode the remaining frames of GOF in the nonan-
chor views using CFMC from the previous decoded frame
and then encode them using fast disparity estimation from
collocated frames in the adjacent view. Choose the one with
the minimum RMS and process the error-frames.

Step 6. Encode the next GOF using Step 2 to Step 5 until all
the frames have been finished.
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5. Experimental Results

To verify the performance of the proposed fractal multiview
video codec, three multiview video sequences “Ballroom”
(250 frames), “Race” (300 frames), and “Flamenco” (300
frames) are tested. The quadtree structure we used contains
three levels and the sizes of range blocks are 16 × 16, 8 × 8,
and 4 × 4, respectively. Frame filtering is also applied. The
simulations are run on a PC with Intel Core i7 quad 3.4GHz
CPU and 8GB DDR RAM. The proposed method is imple-
mented and compared with the state-of-the-art multiview
video coding (MVC) reference software JMVC8.5 [20]. The
configuration settings of the JMVC8.5 simulation environ-
ment are shown in Table 1.

Table 2 shows the PSNR, bit number, and encoding time
comparisons between the proposed codec and JMVC8.5
using the simulation conditions given above. The numerical
results are obtained by computing the average value of all
the encoded frames. Overall, average time savings of about
95.71%, bit number savings of about 36.21%, and PSNR gains
of 0.36 dB can be observed. Apparently, there is a great impro-
vement on encoding time, bitrate, and PSNR compared to the
JMVC8.5.

Table 1: Configuration settings of the JMVC8.5 simulation environ-
ment.

NumViewsMinusOne 2
ViewOrder 0-2-1
NumberReferenceFrames 2
GOP size 12
IntraPeriod 12
SearchMode 0: BlockSearch
Frames to be encoded all frames
QP of all frames 28
SearchRange ±7 pixels
Motion estimation Full search
SymbolMode CAVLC

Figures 9(a)–9(c) show the PSNR comparisons of the
“Ballroom” left, center, and right view, respectively, between
the proposed fractal multiview video codec and JMVC8.5.
Figures 10(a)–10(c) show the coding bit number comparisons
of the “Ballroom” left, center, and right view, respectively.
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Figure 9: PSNR comparisons of “Ballroom.”

Table 2: Performance comparisons between the proposed codec with JMVC8.5.

Video sequences PSNR (dB) Bit number (bits/frame) Time (ms/frame)
JMVC8.5 Proposed JMVC8.5 Proposed JMVC8.5 Proposed

Ballroom
Left 37.22 37.44 46275 20924 22976 632

Center 37.25 37.52 35635 47503 36595 2127
Right 37.55 37.45 41230 25627 23384 632

Race
Left 37.35 37.98 91580 22545 21055 661

Center 37.63 38.12 57711 85537 35543 2226
Right 37.46 37.99 89584 31300 21438 661

Flamenco
Left 39.54 40.06 59219 21883 20665 606

Center 40.31 40.25 39659 51859 34552 2048
Right 39.34 40.07 63750 27508 21949 610

Average 38.18 38.54 58294 37187 26462 1134
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Figure 10: Bit number comparisons of “Ballroom.”

Figures 11(a)–11(c) show the encoding time comparisons of
the “Ballroom” left, center, and right view.

From Figures 9–11, we can conclude that the proposed
fractal multiview video codec reduces the encoding time and
improves coding efficiency greatly, which leads to more real-
time applications. Figure 12 shows the 18th frame original and
decoded images of “Race” resulted from JMVC8.5 and the
proposed method.

To verify the good performance of the proposed method,
Figure 13 illustrates the rate-distortion comparisons of “Fla-
menco” among the proposedmethod, color correction prepr-
ocessing method [17], histogram-matching method [18], illu-
mination compensation method [19], no correction method
[17], fractal method proposed in [7], and JMVC8.5 [20]. In

order to facilitate the comparison, the average performance
comparisons of “Flamenco” between the proposed codec and
the other schemes computedwith the Bjontegaardmetric [21]
are shown in Table 3.

From Figure 13 and Table 3, we can see that, with the
bitrate increasing, the proposed fractalmultiview video codec
performs better, and the overall encoding performance of
the proposed codec is superior to that of algorithms in the
references.

6. Conclusion

In this paper, a novel high efficiency fractal multiview video
codec is presented to improve the encoding performance.
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Figure 11: Encoding time comparisons of “Ballroom.”

Table 3: Average performance comparisons of “Flamenco” between
the proposed codec and the other schemes computed with the
Bjontegaard metric.

Schemes BDPSNR
(dB) BDBR (%)

Color correction
preprocessing [17] 1.06 −7.8

Histogram-matching [18] 1.29 −4.3
Illumination compensation
[19] 1.43 −5.7

No correction method [17] 1.64 −7.5
Fractal [7] 0.06 −0.4
JMVC8.5 2.35 −17.8

The video sequences are firstly partitioned intoGOFs to avoid
error propagation. Then, we improve the intraframe predic-
tion to make it suitable for fractal encoding and propose the
CFMC algorithm to get better performance of the anchor
view. In addition, temporal-spatial prediction structure and
fast disparity estimation algorithm are applied to further raise
the compression efficiency.

Experimental results show that the proposed fractal mul-
tiview video codec spends less encoding time and achieves
higher compression ratio with better decoding image quality.
An average encoding time saving of about 95.71%, a bitrate
saving of about 36.21%, and a PSNR gain of 0.36 dB can
be achieved compared with JMVC8.5. In addition, it also
shows superiority compared with color correction prepro-
cessing method, histogram-matching method, illumination
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(a) Original image (b) Decoded image with JMVC 8.5

(c) Decoded image with the proposed method

Figure 12: The decoded image results of 18th frame of “Race.”
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Figure 13: Rate-distortion comparisons of “Flamenco.”

compensation method, and no correction method. It has
built a good foundation for the further research of multiview
fractal video coding and other related coding methods.
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It is well known that linear complementarity problem (LCP) involving partial integro differential equation (PIDE) arises from
pricing American options under Lévy Models. In the case of infinite activity process, the integral part of the PIDE has a singularity,
which is generally approximated by a small Brownian component plus a compound Poisson process, in the neighborhood of origin.
The PIDE can be reformulated as a fractional partial differential equation (FPDE) under fractional diffusion models, including
FMLS (finite moment log stable), CGMY (Carr-Madan-Geman-Yor), and KoBol (Koponen-Boyarchenko-Levendorskii). In this
paper, we first present a stable iterative algorithm, which is based on the fractional difference approach and penalty method, to
avoid the singularity problem and obtain numerical approximations of first-order accuracy. Then, on the basis of the first-order
accurate algorithm, spatial extrapolation is employed to obtain second-order accurate numerical estimates. Numerical tests are
performed to demonstrate the effectiveness of the algorithm and the extrapolation method. We believe that this can be used as
necessary tools by the engineers in research.

1. Introduction

The holder of American options has the right to exercise at
any date prior to maturity and not only at the expiry date,
while the holder of European options can exercise his right
only at the expiry date. Thus, American options give the
holder more freedom; hence, the price of American put is
always greater or equal to the price of its European counter-
part.There are two types of American options: put option and
call option.The put option is a contract that the owner has the
right but not the obligation to sell, while the holder of a call
option has the right but not the obligation to buy.

Black and Scholes [1] andMerton [2] proposed the classic
option pricing model called Black-Scholes model in 1973. In
order to fit observed empiricalmarket data better,manymod-
ifications to the Black-Scholes model have been proposed
to build new models like jump-diffusion models proposed
by Kou in [3] and Merton in [4] and infinite jump activity
models such as KoBol [5, 6] and CGMY [7]. More general

jump-diffusion models with stochastic volatility are consid-
ered in [8].

Comparedwith the jump-diffusionmodels, infinite activ-
ity models like KoBol and CGMY [7, 9] are more flexible
to characterize the price process and give a more realistic
description of the price process at various time scales. Both
time-series and option data indicate that market indices lack
a diffusion component and confirm the value of the infinite
activity Lévy model [7].

Due to the optimal stopping problem, pricing American
options lead to a a linear complementarity problem (LCP) or
a variational inequality, which involves a partial integrodif-
ferential equation (PIDE) in the case of models with jumps.
Merton et al. [10] proposed a finite difference method for
this type of formulation in 1977 under Black-Scholes model.
More solutions to the LCP, such as the operator splitting
method (OS) [11] under the Black-Scholes model, the PSOR
method under the Black-Scholes model, the penalty method
[12] under the jump-diffusion models, and the Lagrange
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multiplier method [13] under the Black-Scholes model, have
been studied as well. Generally second-order accurate finite
differences are used to discretize the PDE of the LCP for
option pricing. In [14–16], fourth-order accurate finite differ-
ence methods have been considered for American options.

As we know, pricing American options are a free bound-
ary problem [6]; hence, the free boundary and the price
of an option must be solved simultaneously. If the models
satisfy the smooth pasting principle, we can use two types of
methods to find the moving location of free boundary: front
tracking [17–19] and front fixing [20–22]. However smooth
pasting principle does not always hold under models with
jumps unless the models satisfy certain conditions.

In the case of pricing American options under the infinite
activity jumpmodels, how to deal with the integral part of the
PIDE is important because it has a singularity in the neigh-
borhood of origin. Almendral [23] approximates the pure-
jump process with a compound Poisson process plus a small
Brownian component and accelerates the computation by
FFT. An integration by parts technique for rewriting the inte-
grodifferential operator in terms of Volterra operators with a
weakly singular kernel is proposed. These methods achieve
second-order accuracy.

Fractional derivatives provide a more delicate instrument
to capture the characteristics of processes or materials in
comparison with the integer-order derivatives, which proves
to be very useful in many fields [24]. Under certain condi-
tions, the Grünwald-Letnikov definition of fractional deriva-
tive is equivalent to the Riemann-Liouville definition of frac-
tional derivative; hence, the Grünwald-Letnikov definition,
which is convenient for numerical valuation, is often used
for discretization of the fractional derivatives. Due to the
instability caused by standard Grünwald-Letnikov estimates,
a shifted Grünwald-Letnikov definition, which is uncondi-
tionally stable, is proposed [25].

Cartea and del-Castillo-Negrete [26] presented the frac-
tional partial differential equation (FPDE) under some infi-
nite activity Lévy models (FMLS, KoBol, and CGMY) as a
generalization to PIDE and gave a finite difference method
using the numerical valuation of fractional derivatives. The
numerical solutions of three fractional partial differential
equations have been compared by Marom and Momoniat
[27]. Their methods are of first-order accuracy and are only
for evaluation of European options. Second-order accurate
approximation schemes for fractional derivatives have been
proposed in [28, 29]. The approach in [28] is based on the
classical Crank-Nicholson method combined with spatial
extrapolation to obtain temporally and spatially second-order
accurate numerical estimates for fractional diffusion equa-
tion. By using proper shifting parameter, the generalized
shifted Grünwald-Letnikov definition has been proven to be
second-order accurate [29].

In this paper, our study focuses on the discretization of
fractional derivatives, spatial extrapolation, and design of
stable iterative algorithms for pricing American options in
the scheme of FPDE. We first present a stable iterative algo-
rithm, which is based on the fractional difference approach
and penalty method, to avoid the singularity problem and

obtain numerical approximations of first-order accuracy.
On the basis of the first-order accurate algorithm, spatial
extrapolation is employed to obtain second-order accurate
numerical estimates. Discretization of Fractional derivatives
results in densematriceswhichmake the computation expen-
sive, so the fast Fourier transform (FFT) method can be
employed to decrease the computation cost to gain an almost
linear complexity 𝑂(𝑁 log𝑁) from 𝑂(𝑁

2
) using direct solu-

tion.
The outline of this paper is as follows. In Section 2, linear

complementarity problem and FPDE arising from pricing
American options are introduced. In Section 3, we present
the finite difference time and space discretization method.
Section 4 describes our method used to solve the systems
of linear equations and linear complementarity problems
for American options. Numerical experiments are given
in Section 5, and finally Section 6 contains conclusions.
The main contributions of this paper are the discretization
method in Section 3, the algorithm proposed in Section 4,
and the numerical experiments in Section 5.

2. Mathematical Model for American Options

Because the value of an American call on an asset paying
no dividends is equal to the value of the European call with
same strike and maturity [2], only American put options are
considered here.

To introduce the mathematical model, let us first recall
the Riemann-Liouville definition [26] which is the most
widely known definition of the fractional derivatives:
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(1)

where 𝛾 is an arbitrary order, 𝑛 is a positive integer, and 𝑎 is
the boundary.

Under certain conditions, Grünwald-Letnikov definition
is equivalent to the Riemann-Liouville definition; hence, we
can use Grünwald-Letnikov definition to evaluate the Rie-
mann-Liouville derivatives of the LCP for pricing American
options. Grünwald-Letnikov definition [24] is more conve-
nient for numerical valuation than the Riemann-Liouville
definition.

Using the known definition of the binomial coefficients

(
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) =
𝛾 (𝛾 − 1) (𝛾 − 2) ⋅ ⋅ ⋅ (𝛾 − 𝑟 + 1)

𝑟!
, (2)
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we have theGrünwald-Letnikov definitions of fractional deriv-
atives
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where 𝛾 is an arbitrary order and 𝑎 is the boundary.
It has been proved that the standard Grünwald-Letnikov

definition has stability problem if being used to approxi-
mate fractional derivate in the space-fractional advection-
dispersion equation. Consider the following:
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(4)

So the shifted Grünwald-Letnikov definition was proposed
to approximate Liouville fractional derivative 𝐴𝑓(𝑥) =

𝑑
𝛾
𝑓(𝑥)/𝑑𝑥

𝛾:

𝐴ℎ𝑓 (𝑥) =
1

Γ (−𝛾)

1

ℎ𝛾

∞

∑

𝑘=0

Γ (𝑘 − 𝛾)

Γ (𝑘 + 1)
𝑓 (𝑥 − (𝑘 − 𝑝) ℎ) , (5)

where 𝑝 is a nonnegative integer. 𝐴ℎ𝑓(𝑥) is of first-order
accuracy.

Generally, 𝑝 is set to 1. We have shifted Grünwald-Letni-
kov definitions for the left and right fractional derivatives:
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where 𝛾 is an arbitrary order and 𝑎 is the boundary.
In the following, a LCP involving FPDE for pricingAmer-

ican put options under fractional diffusionmodel is given.We
denote the value of American put option by 𝑉, the exercise
price by 𝐾, the expiry time by 𝑇, the risk free interest rate by
𝑟, and the underlying asset price by 𝑒𝑥. The solution of the
following LCP with additional constraints gives the price 𝑉
of the option.

Using the fractional partial differential equation (FPDE)
given in [26] for pricing European options
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(7)

we have the following LCP for pricing American options:
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and 𝛾 is the fractional order.
For KoBol model, we have
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For CGMYmodel, we have
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The final value𝑉 is given by𝑉(𝑥, 𝑇) = 𝑔(𝑥), where𝑔(𝑥) is
the payoff function for the option contract. For a put option,
it is 𝑔(𝑥) = max(𝐾 − 𝑒𝑥, 0). We should note that the function
𝑓(𝑡) is the free boundary which divides 𝑅 into two parts. If
𝑥 ≤ 𝑓(𝑡), then we have the equation𝑉(𝑥, 𝑡)−𝑔(𝑥) = 0, which
means that the price 𝑉 of the option is the exercise price. If
𝑥 > 𝑓(𝑡), then equation L𝑉 = 0means that the price 𝑉 is the
solution of the above FPDE.

3. Space and Time Discretization

The above mathematical model involving the fractional
derivatives assumes an infinite domain, 𝑥 ∈ (−∞, +∞).
In order to apply finite difference methods, we will need to
discretize and truncate the domain of 𝑉(𝑥, 𝑡). For 𝐿 ≤ 𝑥 ≤ 𝑅
and finite time interval [0, 𝑇], the terminal condition is given
by 𝑉(𝑥, 𝑇) = 𝑔(𝑥). Further, the boundary conditions are
𝑉(𝐿, 𝑡) = 𝐾 and 𝑉(𝑅, 𝑡) = 0. By previous work in the field
[11, 30], we take 𝑒𝑅 at four times the exercise price of the
option to ensure that the errors generated by the truncation
are small enough so as to be negligible. In fact, the choice of
𝐿 is simpler than that of 𝑅 because it is easy to choose proper
𝐿 so as to keep 𝑒𝐿 far from the moving free boundary, hence,
the errors caused by the left truncation are small enough too.

For the space discretization, we use a uniform grid on
interval [𝐿, 𝑅] with 𝑛 + 1 grid points. The grid step size
is denoted by ℎ. Let 𝑖 = 0, 1, 2, . . . , 𝑛. Then we denote
space grid point by 𝑥𝑖 = 𝐿 + 𝑖ℎ. Analogous to the space
discretization, a uniform time step Δ𝑡 is used to get 𝑚 + 1

gird points on interval [0, 𝑇]. Let 𝑗 = 0, 1, 2, . . . , 𝑚. We
denote time grid point by 𝑡𝑗 = 𝑗Δ𝑡. In order to perform
a finite difference approximation of the partial derivatives,
we introduce a simplifying piece of notation along with the
discrete approximation

𝑉(𝑥𝑖, 𝑡𝑗) = 𝑉 (𝐿 + 𝑖ℎ, 𝑗Δ𝑡) ≈ 𝑉𝑖,𝑗. (14)

3.1. Singularity of the Fractional Derivatives. Using the above
truncation, we actually assume that −∞𝐷
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Expanding in Taylor series around 𝑥 = 𝑎, we have
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For 𝛾 > 0, at least, the first term on the right-hand side is
singular. Truncation of domain is amust for discretization; so
singularity is an important problem that we will clarify in the
following discussion on left and right fractional derivatives
seperately.

The LCP (8) has a function 𝑓(𝑡) which is the free bound-
ary at time 𝑡. Generally, the free boundary𝑓(𝑡) is far from the
lower, 𝑥 = 𝐿, boundary.The price of American option𝑉(𝑥, 𝑡)
is equal to 𝑔(𝑥), when 𝑥 ≤ 𝑓(𝑡), so we only need to deal
with those fractional derivatives which satisfy the condition
𝑥 ≥ 𝑓(𝑡) > 𝐿; hence, no singularity problems exist for left
fractional derivatives.

As to the right fractional derivatives, the singularity exists
at the upper, 𝑥 = 𝑅, boundary if we try to discretize the deriv-
ative. Taking into account the boundary condition 𝑉(𝑅, 𝑡) =
0 and the assumption𝑉(𝑥 > 𝑅, 𝑡) = 0, the equality 𝑥𝐷
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𝛾

𝑅
𝑓(𝑥) holds in such a case.

3.2. First-Order Approximation for the Fractional Derivatives.
Using the shifted Grünwald-Letnikov definition of fractional
derivatives
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we have for 𝑥 = 𝑛ℎ
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which give the first-order accurate approximations.

3.3. First-Order Approximation for the Integer-Order Deriva-
tives. There is a first-order space derivative 𝜕𝑉(𝑥, 𝑡)/𝜕𝑥 in the
LCP (8) to be approximated and we have many choices to use
to obtain approximation of order 1 or the higher.

For first-order approximation, we have the forward dif-
ference

𝜕𝑉𝑖,𝑗

𝜕𝑥
=

𝑉𝑖+1,𝑗 − 𝑉𝑖,𝑗

ℎ
+ 𝑂 (ℎ) (19)

or the backward difference
𝜕𝑉𝑖,𝑗

𝜕𝑥
=

𝑉𝑖,𝑗 − 𝑉𝑖−1,𝑗

ℎ
+ 𝑂 (ℎ) . (20)

In this paper, we choose the backward differencemethod.

3.4. Crank-Nicolson Discretization. Assuming 𝑅 is the matrix
arising from the finite difference scheme, a general time
stepping scheme for pricing American options is
𝑉𝑖,𝑗 − 𝑉𝑖,𝑗+1

Δ𝑡
+ Θ𝑅𝑉𝑖,𝑗 + (1 − Θ)𝑅𝑉𝑖,𝑗+1 = 0, 𝑥𝑖 > 𝑓 (𝑡𝑗) ,

𝑉𝑖,𝑗 = 𝐾 − 𝑒
𝑥𝑖 , 𝑥𝑖 ≤ 𝑓 (𝑡𝑗) ,

(21)

where 𝑗 = 0, 1, . . . , 𝑚−1 and𝑓(𝑡𝑗) is the free boundary at time
step 𝑡𝑗. For aboveΘ = 1we recover the explicit forward Euler
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scheme.Θ = 0 gives the implicit backward Euler method.We
have the Crank-Nicolson method when Θ = 1/2.

3.5. Matrix Formulation. Using (18), (20), and (21), we can
now have the discretization of the full FPDE (7):

𝑉𝑖,𝑗 − 𝑉𝑖,𝑗+1

Δ𝑡

+ Θ[𝐴

𝑉𝑖,𝑗 − 𝑉𝑖−1,𝑗

ℎ
+ 𝐵𝑖ℎ
−𝛾

𝑛−𝑖+1

∑

𝑟=0

𝑤𝑟𝑏𝑖+𝑟−1𝑉𝑖+𝑟−1,𝑗

+ 𝐶𝑖ℎ
−𝛾

𝑖+1

∑

𝑟=0

𝑤𝑟𝑐𝑖−𝑟+1𝑉𝑖−𝑟+1,𝑗 + 𝐷𝑉𝑖,𝑗]

+ (1 − Θ) [𝐴

𝑉𝑖,𝑗+1 − 𝑉𝑖−1,𝑗+1

ℎ

+ 𝐵𝑖ℎ
−𝛾

𝑛−𝑖+1

∑

𝑟=0

𝑤𝑟𝑏𝑖+𝑟−1𝑉𝑖+𝑟−1,𝑗+1

+ 𝐶𝑖ℎ
−𝛾

𝑖+1

∑

𝑟=0

𝑤𝑟𝑐𝑖−𝑟+1𝑉𝑖−𝑟+1,𝑗+1 + 𝐷𝑉𝑖,𝑗+1] ,

𝑖 = 1, 2, 3, . . . , 𝑛 − 1,

(22)

where

𝑤𝑟 =
1

2𝜋
∫

2𝜋

0

(1 − 𝑒
−𝑖𝜓
)
𝛾

𝑒
𝑖𝑟𝜓
𝑑𝜓, (23)

which can be efficiently computed by FFT.
Define matrices 𝐺, 𝐸, and 𝐹 such that

[𝐺𝑉
𝑗
]
𝑖
= (

𝐴 ∗ Δ𝑡

ℎ
+ 𝐷 ∗ Δ𝑡)𝑉𝑖,𝑗 −

𝐴 ∗ Δ𝑡

ℎ
𝑉𝑖−1,𝑗,

[𝐸𝑉
𝑗
]
𝑖
= Δ𝑡𝐵𝑖ℎ

−𝛾

𝑖+1

∑

𝑟=0

𝑤𝑟𝑏𝑖−𝑟+1𝑉𝑖−𝑟+1,𝑗+1,

[𝐹𝑉
𝑗
]
𝑖
= Δ𝑡𝐶𝑖ℎ

−𝛾

𝑛−𝑖+1

∑

𝑟=0

𝑤𝑟𝑐𝑖+𝑟−1𝑉𝑖+𝑟−1,𝑗+1.

(24)

Equation (22) then can be rewritten inmatrix form as follows:

[𝐼 − (1 − Θ)𝐺]𝑉
𝑗+1

= [𝐼 + Θ𝐺]𝑉
𝑗
+ (1 − Θ) [𝐸 + 𝐹]𝑉

𝑗+1
+ Θ [𝐸 + 𝐹]𝑉

𝑗
.

(25)

If Θ is set to 1/2, this fractional Crank-Nicholson dis-
cretization approach will produce a method with a local
truncation error, that is, 𝑂(Δ𝑡2) + 𝑂(ℎ).

3.6. Spatially Second-Order Approximation Obtained by Extrap-
olation. In numerical analysis, extrapolation is used to improve
the rate of convergence of a sequence. Based on the spatially

first-order accurate numerical approximation in 3.5, extrap-
olation can be employed to improve the low order of spatial
convergence. First, we state below the result obtained in
[28].

Proposition 1. Let 1 ≤ 𝛼 ≤ 2,𝑓 ∈ 𝐶𝑛+3(𝑅) such that all deriv-
atives of 𝑓 up to order 𝑛 + 3 belong to 𝐿1(𝑅). For any integer
𝑝 ≥ 0, define the shifted Grünwald operator by

Δ
𝛼

ℎ,𝑝
𝑓 (𝑥) =

∞

∑

𝑗=0

(−1)
𝑗
(
𝛼

𝑗
)𝑓 (𝑥 − (𝑗 − 𝑝) ℎ) . (26)

Then, one has for some constants 𝑎𝑙 independent of ℎ, 𝑓, and 𝑥
the fact that

ℎ
−𝛼
Δ
𝛼

ℎ,𝑝
𝑓 (𝑥) =

𝑑
𝛼

𝑑𝑥𝛼
𝑓 (𝑥) +

𝑛−1

∑

𝑙=1

(𝑎𝑙

𝑑
𝛼+𝑙

𝑑𝑥𝛼+𝑙
𝑓 (𝑥)) ℎ

𝑙
+ 𝑂 (ℎ

𝑛
)

(27)

uniformly in 𝑥 ∈ 𝑅.
Writing (27) as

ℎ
−𝛼
Δ
𝛼

ℎ,𝑝
𝑓 (𝑥) =

𝑑
𝛼

𝑑𝑥𝛼
𝑓 (𝑥) + 𝑐1ℎ + 𝑐2ℎ

2
+ 𝑂 (ℎ

3
) , (28)

where 𝑐1 and 𝑐2 are independent of ℎ, and (28) shows that the
truncation error in the shiftedGrünwald finite difference approx-
imation is 𝑐1ℎ+ 𝑐2ℎ2 +𝑂(ℎ3). Now, one can use the Richardson
extrapolation method in the following way. First, the Crank-
Nicholson method is applied for grid size ℎ and again for grid
size ℎ/2. This gives two solutions of first-order accuracy for the
spatial dimension. We denote by 𝑉ℎ the solution of grid size ℎ
and by 𝑉ℎ/2 the solution of gird size ℎ/2. Then, one has

𝑉ℎ = 𝑉 + 𝑏1ℎ + 𝑏2ℎ
2
+ 𝑂 (ℎ

3
) ,

𝑉ℎ/2 = 𝑉 + 𝑏1

ℎ

2
+ 𝑏2

ℎ
2

4
+ 𝑂 (ℎ

3
) ,

(29)

where 𝑏1 and 𝑏2 are real numbers. Taking 𝑉 = 2 ∗ 𝑉ℎ/2 − 𝑉ℎ, it
is obvious that 𝑉 is spatially 2nd-order accurate.

Based on the classical Crank-Nicholson method combined
with spatial extrapolation, we obtain a solution with local
truncation error 𝑂(Δ𝑡2) + 𝑂(ℎ2).

The extrapolation method can be used at each time step
before the maturity of options; because we can obtain two
solutions of first-order estimates for diffenent spatial grid size
at each time step, then second-order approximation can be
computed at each time step.

4. The Penalty Method

In order to apply penalty method, we need to replace the
following equation in LCP:

L𝑉 × [𝑉 − 𝑔 (𝑥)] = 0 (30)
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Table 1: First-order numerical estimates computed by iterative algorithm and second-order estimates obtained by extrapolation.

𝑚
First-order approximation 𝑉

ℎ
First-order approximation 𝑉

ℎ/2
Second-order 𝑉 = 2𝑉

ℎ/2
− 𝑉
ℎ

𝑛 itns Value Change 𝑛 itns Value Change Value Change
25 128 5.92 0.5386 256 8.00 0.5267 0.5148
50 256 6.04 0.5275 0.0111 512 8.94 0.5199 0.0068 0.5123 0.0025
100 512 6.18 0.5203 0.0072 1024 9.90 0.5167 0.0032 0.5131 0.0008
200 1024 6.63 0.5169 0.0034 2048 11.03 0.5149 0.0018 0.5129 0.0002
400 2048 7.20 0.5150 0.0019 4096 12.24 0.5139 0.0010 0.5128 0.0001
“itns” is the average number of iterations per time step. 𝑚 is the number of time steps. 𝑛 is the number of spatial points. “value” is a sample of the put option
values.

(1) Let (𝑉𝑗+1)0 = 𝑉𝑗

(2) Let �̂�𝑘 = (𝑉𝑗+1)𝑘

(3) Let �̂�𝑘 = 𝑃((𝑉𝑗+1)𝑘)
(4) For 𝑘 = 0, 1, 2, . . . , 𝑢𝑛𝑡𝑖𝑙 𝑐𝑜𝑛V𝑒𝑟𝑔𝑒𝑛𝑐𝑒 𝑑𝑜
(5) Solve [𝐼 − (1/2) 𝐺 + �̂�𝑘]�̂�𝑘+1 = (1/2) [𝐺 + 𝐸 + 𝐹]𝑉𝑗 + (1/2) [𝐸 + 𝐹]�̂�𝑘 + �̂�𝑘𝑉∗

(6) if max𝑖 (|�̂�
𝑘+1
− �̂�
𝑘
|/max(1, |�̂�𝑘+1|)) < 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 𝑡ℎ𝑒𝑛

(7) Quit
(8) end if
(9) end for

Algorithm 1: Fixed point iteration at each timestep.

with

L𝑉 =
𝜕𝑉 (𝑥, 𝑡)

𝜕𝑡
+ 𝐴

𝜕𝑉 (𝑥, 𝑡)

𝜕𝑥
+ 𝐵(𝑥)𝑥𝐷

𝛾

∞
(𝑏 (𝑥)𝑉 (𝑥, 𝑡))

+ 𝐶(𝑥)−∞𝐷
𝛾

𝑥
(𝑐 (𝑥)𝑉 (𝑥, 𝑡)) + 𝐷𝑉 (𝑥, 𝑡)

= 𝜌max (𝑉(𝑥)∗ − 𝑉 (𝑥, 𝑡) , 0) ,
(31)

where 𝑉(𝑥)∗ is the payoff upon the exercise and in the limit
as the penalty parameter 𝜌 → ∞, the solution satisfies
𝑉(𝑥, 𝑡) ≥ 𝑉(𝑥)

∗. Let 𝑃 be the matrix given by the above
penalty item. Consider the following:

𝑃(𝑉
𝑗+1
)
𝑖𝑖
= {

large number when 𝑉𝑖,𝑗+1 < 𝑉
∗

𝑖

0 other case.
(32)

Then the matrix form for the penalty method is obtained
using ((25), (31), (32)). Consider the following:

[𝐼 − (1 − Θ)𝐺 + 𝑃 (𝑉
𝑗+1
)]𝑉
𝑗+1

= [𝐼 + Θ𝐺]𝑉
𝑗
+ (1 − Θ) [𝐸 + 𝐹]𝑉

𝑗+1

+ Θ [𝐸 + 𝐹]𝑉
𝑗
+ 𝑃 (𝑉

𝑗+1
)𝑉
∗
.

(33)

4.1. Iterative Algorithm. At each time step, we need to solve
(33) to obtain the valuation ofAmerican options at grid points
of 𝑥𝑖 > 𝑓(𝑡𝑗). Option values at grid points of 𝑥𝑖 ≤ 𝑓(𝑡𝑗)

are given by payoff function 𝑔(𝑥𝑖). Iterative methods are
introduced in Algorithm 1.

5. Numerical Results

In this section, we consider an American put option. A series
of tests were carried out to study the effectiveness of our
method under KoBol model.

In Table 1, column “change” shows the convergence of
our approximations along with the temporal and spatial grid
getting finer. Convergence rates of second-order estimates
obtained by extrapolation 𝑉 = 2𝑉ℎ/2 − 𝑉ℎ are significantly
improved, compared with those of first-order approxima-
tions. Hence, the test results confirm the effectiveness of our
method.

Figure 1 is an example of first- and second-order approx-
imations under same model conditions.

Figure 2 gives the evolution of pricing process for second-
order approximation at all time steps.

6. Conclusions

In this paper, starting from the LCP involving FPDE, we
first present the algorithms of first-order approximations for
American options under fractional diffusion models. Then,
on the basis of the first-order accurate algorithm, spatial
extrapolation is employed to obtain second-order accurate
numerical estimates. Numerical results in Section 6 prove
that the algorithm is feasible and the extrapolation method
is effective.

Using the Richardson extrapolation method, we even can
obtain numerical approximations of higher order. Hence,
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Figure 1: Option values for first-order approximations computed by
iterative algorithm and second-order estimates obtained by extrap-
olation with 𝑇 = 0.5, 𝜆 = 2, 𝛼 = 1.5, 𝜎 = 0.32, 𝐾 = 𝑒2, and 𝑟 = 0.08.
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Figure 2: Option values for second-order approximations at all
timesteps with 𝑚 = 25, 𝑛 = 128, 𝑇 = 0.5, 𝜆 = 2, 𝛼 = 1.5, 𝜎 = 0.32,
𝐾 = 𝑒

2, and 𝑟 = 0.08.

the algorithm and extrapolation method form a useful tool
box for the engineer. The use of fractional derivatives dis-
cretization conveniently avoids the singularity problem in
the integral part of the PIDE. With the development of the
fractional derivatives, we could see more possibilities of its
application in finance.

Finally, as for American options, how to extend our
method to othermodels and get combinedwith other existing
methods might be interesting topics. In order to improve
computation performance, new technology like parallel com-
puting or new iterative algorithmhaving quicker convergence
rate are important in further study.
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This paper deals with the fractional order dengue epidemic model. The stability of disease-free and positive fixed points is studied.
Adams-Bashforth-Moulton algorithm has been used to solve and simulate the system of differential equations.

1. Introduction

Dengue is a major public health problem in tropical and
subtropical countries. It is a vector-borne disease transmitted
by Aedes aegypti and Aedes albopictus mosquitoes. Four
different serotypes can cause dengue fever. A human infected
by one serotype, when recovers, gains total immunity to
that serotype and only partial and transient immunity with
respect to the other three.

Dengue can vary from mild to severe. The more severe
forms of dengue include shock syndrome and dengue hemor-
rhagic fever (DHF). Patients who develop these more serious
forms of dengue fever usually need to be hospitalized. The
full life cycle of dengue fever virus involves the role of the
mosquito as a transmitter (or vector) and humans as the
main victim and source of infection. Preventing or reducing
dengue virus transmission depends entirely on the control
of mosquito vectors or interruption of human vector contact
[1, 2].

In this paper we study the fractional order dengue
epidemicmodel.The stability of equilibriumpoints is studied.
Numerical solutions of this model are given. We like to argue
that fractional order equations are more suitable than integer
order ones in modeling biological, economic, and social
systems (generally complex adaptive systems) wherememory
effects are important. Adams-Bashforth-Moulton algorithm
has been used to solve and simulate the system of differential
equations.

2. Model Derivation

Esteva and Vargas [3] developed a dengue fever transmission
model by assuming that, once a person recovers from the
disease, he or she will not be reinfected by the disease. The
model also assumes that the host population 𝑁ℎ is constant,
that is, the death rate and the birth rate equal 𝜇𝐻. The host-
vector model for the dengue transmission of Esteva and
Vargas [3] is as follows:

𝑑𝑆ℎ

𝑑𝑡
= 𝐴 −

𝛽ℎ𝑏

𝑁ℎ

𝑆ℎ𝐼V − 𝜇ℎ𝑆ℎ,

𝑑𝐼ℎ

𝑑𝑡
=
𝛽ℎ𝑏

𝑁ℎ

𝑆ℎ𝐼V − (𝜇ℎ + 𝛾) 𝐼ℎ,

𝑑𝑅ℎ

𝑑𝑡
= 𝛾𝐼ℎ − 𝜇ℎ𝑅ℎ,

𝑑𝑆V

𝑑𝑡
= 𝐵 −

𝛽V𝑏

𝑁ℎ

𝑆V𝐼ℎ − 𝜇V𝑆V,

𝑑𝐼V

𝑑𝑡
=
𝛽V𝑏

𝑁ℎ

𝑆V𝐼ℎ − 𝜇V𝐼V,

(1)

where

𝐴 is the recruitment rate of the host population,
𝐵 is the recruitment rate of the vector population,
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𝑆ℎ is the number of susceptible in the host population,

𝐼ℎ is the number of infective in the host population,

𝑅ℎ is the number of immunes in the host population,

𝑁V is the vector population,

𝑆V is the number of susceptible in the vector popula-
tion,

𝐼V is the number of infective in the vector population,

𝜇V is the death rate in the vector population,

𝛽ℎ is the transmission probability from vector to host,

𝛽V is the transmission probability from host to vector,

𝛾 is the recovery rate in the host population,

𝑏 is the biting rate of the vector.

The notion of fractional calculus was anticipated by
Leibniz, one of the founders of standard calculus, in a letter
written in 1695. Recently great considerations have been
made to the models of FDEs in different aria of researches.
The most essential property of these models is their nonlocal
property which does not exist in the integer order differential
operators. We mean by this property that the next state of
a model depends not only upon its current state but also
upon all of its historical states. There are many definitions
of fractional derivatives [4, 5]. Perhaps the best-known is the
Riemann-Liouvile definition.The Riemann-Liouville deriva-
tive of order 𝛼 is defined as

RL𝐷
𝛼

0+
𝑓 (𝑡) =

1

Γ (𝑛 − 𝛼)
(
𝑑

𝑑𝑡
)

𝑛

∫

𝑡

0

𝑓 (𝑠)

(𝑡 − 𝑠)
𝛼−𝑛+1

𝑑𝑠,

𝑛 = [𝛼] + 1,

(2)

where Γ() is the gamma function and 𝑛 is an integer. An
alternative definition was introduced by Caputo as follows,
which is a sort of regularization of the Riemann-Liouville
derivative:

𝐷
𝛼

𝑡
𝑓 (𝑡) =

1

Γ (𝑛 − 𝛼)
∫

𝑡

0

𝑓
(𝑛)

(𝑠)

(𝑡 − 𝑠)
𝛼−𝑛+1

𝑑𝑠. (3)

Pooseh et al. [6] introduced the notion of fractional deriva-
tive in the sense of Riemann-Liouville to reformulate the
dynamics of the classical model (1) in terms of fractional
derivatives. They applied a recent approximate technique
to obtain numerical solutions to the fractional model. The
system in this paper will be in the sense of Caputo fractional

derivative by the following set of fractional order differential
equations:

𝐷
𝛼

𝑡
𝑆ℎ = 𝐴 −

𝛽ℎ𝑏

𝑁ℎ

𝑆ℎ𝐼V − 𝜇ℎ𝑆ℎ,

𝐷
𝛼

𝑡
𝐼ℎ =

𝛽ℎ𝑏

𝑁ℎ

𝑆ℎ𝐼V − (𝜇ℎ + 𝛾) 𝐼ℎ,

𝐷
𝛼

𝑡
𝑅ℎ = 𝛾𝐼ℎ − 𝜇ℎ𝑅ℎ,

𝐷
𝛼

𝑡
𝑆V = 𝐵 −

𝛽V𝑏

𝑁ℎ

𝑆V𝐼ℎ − 𝜇V𝑆V,

𝐷
𝛼

𝑡
𝐼V =

𝛽V𝑏

𝑁ℎ

𝑆V𝐼ℎ − 𝜇V𝐼V.

(4)

Because model (4) monitors the dynamics of human pop-
ulations, all the parameters are assumed to be nonnegative.
Furthermore, it can be shown that all state variables of the
model are nonnegative for all time 𝑡 ≥ 0 (see, for instance,
[7–9]).

Lemma 1. The closed set Ω = {(𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆V, 𝐼V) ∈ 𝑅
5

+
: 𝑆ℎ +

𝐼ℎ + 𝑅ℎ = 𝐴/𝜇ℎ, 𝑆V + 𝐼V = 𝐵/𝜇V} is positively invariant with
respect to model (4).

Proof. The fractional derivative of the total population,
obtained by adding all the equations of model (4), is given
by

𝐷
𝛼

𝑡
𝑁ℎ (𝑡) = 𝐴 − 𝜇ℎ 𝑁ℎ (𝑡) . (5)

The solution to (5) is given by 𝑁ℎ(𝑡) =

𝑁ℎ(0)𝐸𝛼,1(−𝜇ℎ 𝑡
𝛼
) + 𝐴 𝑡

𝛼
𝐸𝛼,𝛼+1(−𝜇ℎ 𝑡

𝛼
), where 𝐸𝛼,𝛽 is

the Mittag-Leffler function. Considering the fact that the
Mittag-Leffler function has an asymptotic behavior [4, 10],

𝐸𝛼,𝛽 (𝑧) ∼ −

𝜔

∑

𝑘=1

𝑧
−𝑘

Γ (𝛽 − 𝛼𝑘)
+ 𝑂 (|𝑧|

−1−𝜔
) ,

(|𝑧| → ∞,
𝛼𝜋

2
<
arg (𝑧)

 ≤ 𝜋) .

(6)

One can observe that 𝑁ℎ(𝑡) → 𝐴/𝜇ℎ as 𝑡 → ∞. The
proof of vector population case is completely similar to that
of host population and is therefore omitted. One can observe
that𝑁V(𝑡) → 𝐵/𝜇V.Therefore, all solutions of themodel with
initial conditions in Ω remain in Ω for all 𝑡 > 0. Thus, region
Ω is positively invariant with respect to model (4).

In the following, wewill study the dynamics of system (4).

3. Equilibrium Points and Stability

To evaluate the equilibrium points let

𝐷
𝛼

𝑡
𝑆ℎ = 0, 𝐷

𝛼

𝑡
𝐼ℎ = 0, 𝐷

𝛼

𝑡
𝑅ℎ = 0,

𝐷
𝛼

𝑡
𝑆V = 0, 𝐷

𝛼

𝑡
𝐼V = 0.

(7)
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Then 𝐸0 = (𝐴/𝜇ℎ, 0, 0, (𝐵/𝜇V) 0). By (4), a positive equi-
librium 𝐸1 = (𝑆

1

ℎ
, 𝐼
1

ℎ
, 𝑅
1

ℎ
, 𝑆
1

V , 𝐼
1

V ) satisfies

𝑆
1

ℎ
=
𝑁ℎ𝜇V (𝐴𝑏𝛽V + 𝑁ℎ (𝛾 + 𝜇ℎ) 𝜇V)

𝑏𝛽V (𝑏𝐵𝛽ℎ + 𝑁ℎ𝜇ℎ𝜇V)
,

𝐼
1

ℎ
=

𝐴𝑏
2
𝐵𝛽ℎ𝛽V − 𝑁

2

ℎ
𝜇ℎ (𝛾 + 𝜇ℎ) 𝜇

2

V

𝑏𝛽V (𝛾 + 𝜇ℎ) (𝑏𝐵𝛽ℎ + 𝑁ℎ𝜇ℎ𝜇V)
,

𝑅
1

ℎ
=
𝐴𝑏
2
𝐵𝛾𝛽ℎ𝛽V − 𝛾𝑁

2

ℎ
𝜇ℎ (𝛾 + 𝜇ℎ) 𝜇

2

V

𝑏𝛽V𝜇ℎ (𝛾 + 𝜇ℎ) (𝑏𝐵𝛽ℎ + 𝑁ℎ𝜇ℎ𝜇V)
,

𝑆
1

V =
𝑁ℎ (𝛾 + 𝜇ℎ) (𝑏𝐵𝛽ℎ + 𝑁ℎ𝜇ℎ𝜇V)

𝑏𝛽ℎ (𝐴𝑏𝛽V + 𝑁ℎ (𝛾 + 𝜇ℎ) 𝜇V)
,

𝐼
1

V =
𝐴𝑏
2
𝐵𝛽ℎ𝛽V − 𝑁

2

ℎ
𝜇ℎ (𝛾 + 𝜇ℎ) 𝜇

2

V

𝑏𝛽ℎ𝜇V (𝐴𝑏𝛽V + 𝑁ℎ (𝛾 + 𝜇ℎ) 𝜇V)
.

(8)

The Jacobianmatrix 𝐽(𝐸0) for the system given in (4) evaluat-
ed at the disease-free equilibrium is as follows:

𝐽 (𝐸0) =

(
(
(
(
(
(
(
(
(
(
(

(

−𝜇ℎ 0 0 0 −
𝐴𝑏𝛽ℎ

𝑁ℎ𝜇ℎ

0 −𝛾 − 𝜇ℎ 0 0
𝐴𝑏𝛽ℎ

𝑁ℎ𝜇ℎ

0 𝛾 −𝜇ℎ 0 0

0 −
𝑏𝐵𝛽V

𝑁ℎ𝜇V
0 −𝜇V 0

0
𝑏𝐵𝛽V

𝑁ℎ𝜇V
0 0 −𝜇V

)
)
)
)
)
)
)
)
)
)
)

)

. (9)

Theorem 2. The disease-free equilibrium 𝐸0 is locally asymp-
totically stable if 𝑅0 < 1 and is unstable if 𝑅0 > 1.

Proof. The disease-free equilibrium is locally asymptotically
stable if all the eigenvalues, 𝜆𝑖, 𝑖 = 1, 2, 3, 4, 5 of the Jacobian
matrix 𝐽(𝐸0) satisfy the following condition [11–14]:

arg (𝜆𝑖)
 >

𝛼𝜋

2
. (10)

The eigenvalues of the Jacobian matrix 𝐽(𝐸0) are 𝜆1 =

−𝜇ℎ, 𝜆2 = −𝜇ℎ, and 𝜆3 = −𝜇V; the other two roots are
determined by the quadratic equation

𝜆
2
+ 𝜆 (𝛾 + 𝜇ℎ + 𝜇V) + 𝜇V (𝛾 + 𝜇ℎ) (1 − 𝑅0) = 0, (11)

where 𝑅0 = (𝐴𝐵𝑏
2
𝛽ℎ𝛽V)/(𝜇ℎ 𝜇

2

V 𝑁
2

ℎ
(𝛾 + 𝜇ℎ)). Hence 𝐸0 is

locally asymptotically stable if 𝑅0 < 1 and is unstable if
𝑅0 > 1.

The quantity 𝑅∗
0
= √𝑅0 is called the basic reproductive

number of the disease, since it represents the average number
of secondary cases that one case can produce if introduced
into a susceptible population.

We now discuss the asymptotic stability of the endemic
(positive) equilibrium of the system given by (4). The Jaco-
bian matrix 𝐽(𝐸1) evaluated at the endemic equilibrium is
given as

𝐽 (𝐸
1
)

(
(
(
(
(
(
(
(
(
(
(

(

−
𝑏𝛽ℎ𝐼
1

V

𝑁ℎ

− 𝜇
ℎ

0 0 0 −
𝑏𝑆
1

ℎ
𝛽ℎ

𝑁ℎ

𝑏𝛽ℎ𝐼
1

V

𝑁ℎ

−𝛾 − 𝜇ℎ 0 0
𝑏𝑆
1

ℎ
𝛽ℎ

𝑁ℎ

0 𝛾 −𝜇
ℎ

0 0

0 −
𝑏𝑆
1

ℎ
𝛽V

𝑁ℎ

0 −
𝑏𝛽V𝐼
1

ℎ

𝑁ℎ

− 𝜇V 0

0
𝑏𝑆
1

V𝛽V

𝑁ℎ

0
𝑏𝛽V𝐼
1

ℎ

𝑁ℎ

−𝜇V

)
)
)
)
)
)
)
)
)
)
)

)

.

(12)

The characteristic equation of 𝐽(𝐸1) is

(𝜆 + 𝜇ℎ) (𝜆 + 𝜇V) (𝜆
3
+ 𝑎1𝜆
2
+ 𝑎2𝜆 + 𝑎3) = 0, (13)

where

𝑎1 = 𝛾 + 𝜇V +
𝑀2 (𝐾𝜃 +𝑀1𝜇V)

𝐾𝜃𝑀1𝑁ℎ𝜇V
,

𝑎2 = (𝑀
2

2
+ 𝐾𝜃𝑀1𝑁

2

ℎ
𝜇ℎ𝜇V (𝜃 + 𝜇V)

+𝑀2𝑁ℎ (𝐾𝜃
2
+ (𝐾𝜃 +𝑀1 (𝜃 + 𝜇ℎ)) 𝜇V))

× (𝐾𝜃𝑀1𝑁
2

ℎ
𝜇V)
−1

,

𝑎3 =
𝑀2 (𝑀2 + 𝑁ℎ (𝐾𝜃 +𝑀1𝜇ℎ) 𝜇V)

𝐾𝑀1𝑁
2

ℎ
𝜇V

,

𝑀1 = 𝐴𝑏
2
𝐵𝛽ℎ𝛽V − 𝑁

2

ℎ
𝜇ℎ (𝛾 + 𝜇ℎ) 𝜇

2

V ,

𝑀2 = 𝐴𝑏𝛽V + 𝑁ℎ (𝛾 + 𝜇ℎ) 𝜇V,

𝐾 = 𝑏𝐵𝛽ℎ + 𝑁ℎ𝜇ℎ𝜇V,

𝜃 = 𝛾 + 𝜇ℎ.

(14)

If𝑝(𝑥) = 𝑥
3
+𝑎1𝑥
2
+𝑎2𝑥+𝑎3. Let𝐷(𝑝) denote the discrim-

inant of a polynomial p(x); then

𝐷(𝑝) = −



1 𝑎1 𝑎2 𝑎3 0

0 1 𝑎1 𝑎2 𝑎3

3 2𝑎1 𝑎2 0 0

0 3 𝑎1 𝑎2 0

0 0 3 2𝑎1 𝑎2



= 18𝑎1𝑎2𝑎3 + (𝑎1𝑎2)
2
− 4𝑎3𝑎

3

1
− 4𝑎
3

2
− 27𝑎

2

3
.

(15)

Following [14–18], we have Proposition 3.

Proposition 3. One assumes that 𝐸1 exists in 𝑅
3

+
.

(i) If the discriminant of𝑝(𝑥),𝐷(𝑝), is positive andRouth-
Hurwitz are satisfied, that is,𝐷(𝑝) > 0, 𝑎1 > 0, 𝑎3 > 0,
and 𝑎1𝑎2 > 𝑎3, then 𝐸1 is locally asymptotically stable.
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(ii) If 𝐷(𝑝) < 0, 𝑎1 > 0, 𝑎2 > 0, 𝑎1𝑎2 = 𝑎3, and 𝛼 ∈ [0, 1),
then 𝐸1 is locally asymptotically stable.

(iii) If 𝐷(𝑝) < 0, 𝑎1 < 0, 𝑎2 < 0, and 𝛼 > 2/3, then 𝐸1 is
unstable.

(iv) Thenecessary condition for the equilibrium point𝐸1, to
be locally asymptotically stable, is 𝑎3 > 0.

4. Numerical Methods and Simulations

Since most of the fractional order differential equations do
not have exact analytic solutions, so approximation and
numerical techniques must be used. Several analytical and
numerical methods have been proposed to solve the frac-
tional order differential equations. For numerical solutions of
the system (4) one can use the generalized Adams-Bashforth-
Moultonmethod. To give the approximate solution by means
of this algorithm, consider the following nonlinear fractional
differential equation [19]:

𝐷
𝛼

𝑡
𝑦 (𝑡) = 𝑓 (𝑡, 𝑦 (𝑡)) , 0 ≤ 𝑡 ≤ 𝑇,

𝑦
(𝑘)

(0) = 𝑦
𝑘

0
, 𝑘 = 0, 1, 2, . . . , 𝑚 − 1, where 𝑚 = [𝛼] .

(16)

This equation is equivalent to Volterra integral equation:

𝑦 (𝑡) =

𝑚−1

∑

𝑘=0

𝑦
(𝑘)

0

𝑡
𝑘

𝑘!
+

1

Γ (𝛼)
∫

𝑡

0

(𝑡 − 𝑠)
𝛼−1

𝑓 (𝑠, 𝑦 (𝑠)) 𝑑𝑠. (17)

Diethelm et al. used the predictor-correctors scheme [15,
16, 20] based on the Adams-Bashforth-Moulton algorithm to
integrate (17). By applying this scheme to the fractional order
dengue epidemic model and setting ℎ = 𝑇/𝑁, 𝑡𝑛 = 𝑛ℎ, and
𝑛 = 0, 1, 2, , . . . , 𝑁 ∈ 𝑍

+, (17) can be discretized as follows
[19]:

𝑆𝑛+1 = 𝑆0 +
ℎ
𝛼

Γ (𝛼 + 2)
(𝐴 −

𝛽ℎ𝑏ℎ

𝑁ℎ

𝑆
𝑝

𝑛+1
𝑌
𝑝

𝑛+1
− 𝜇ℎ𝑆
𝑝

𝑛+1
)

+
ℎ
𝛼

Γ (𝛼 + 2)

𝑛

∑

𝑗=0

𝑎𝑗,𝑛+1 (𝐴 −
𝛽ℎ𝑏ℎ

𝑁ℎ

𝑆𝑗𝑌𝑗 − 𝜇ℎ𝑆𝑗) ,

𝐼𝑛+1 = 𝐼0 +
ℎ
𝛼

Γ (𝛼 + 2)
(
𝛽ℎ𝑏ℎ

𝑁ℎ

𝑆
𝑝

𝑛+1
𝑌
𝑝

𝑛+1
− (𝜇ℎ + 𝛾) 𝐼

𝑝

𝑛+1
)

+
ℎ
𝛼

Γ (𝛼 + 2)

𝑛

∑

𝑗=0

𝑎𝑗,𝑛+1 (
𝛽ℎ𝑏ℎ

𝑁ℎ

𝑆𝑗𝑌𝑗 − (𝜇ℎ + 𝛾) 𝐼𝑗) ,

𝑅𝑛+1 = 𝑅0 +
ℎ
𝛼

Γ (𝛼 + 2)
(𝛾𝐼
𝑝

𝑛+1
− 𝜇ℎ𝑅

𝑝

𝑛+1
)

+
ℎ
𝛼

Γ (𝛼 + 2)

𝑛

∑

𝑗=0

𝑎𝑗,𝑛+1 (𝛾𝐼𝑗 − 𝜇ℎ𝑅𝑗) ,

𝑋𝑛+1 = 𝑋0 +
ℎ
𝛼

Γ (𝛼 + 2)
(𝐵 −

𝛽V𝑏ℎ

𝑁ℎ

𝑋
𝑝

𝑛+1
𝐼
𝑝

𝑛+1
− 𝜇ℎ𝑋

𝑝

𝑛+1
)

+
ℎ
𝛼

Γ (𝛼 + 2)

𝑛

∑

𝑗=0

𝑎𝑗,𝑛+1 (𝐵 −
𝛽V𝑏ℎ

𝑁ℎ

𝑋𝑗𝐼𝑗 − 𝜇V𝑋𝑗) ,

𝑌𝑛+1 = 𝑌0 +
ℎ
𝛼

Γ (𝛼 + 2)
(
𝛽V𝑏ℎ

𝑁ℎ

𝑋
𝑝

𝑛+1
𝐼
𝑝

𝑛+1
− 𝜇ℎ𝑌

𝑝

𝑛+1
)

+
ℎ
𝛼

Γ (𝛼 + 2)

𝑛

∑

𝑗=0

𝑎𝑗,𝑛+1 (
𝛽V𝑏ℎ

𝑁ℎ

𝑋𝑗𝐼𝑗 − 𝜇V𝑌𝑗) ,

(18)

where

𝑆
𝑝

𝑛+1
= 𝑆0 +

1

Γ (𝛼)

𝑛

∑

𝑗=0

𝑏𝑗,𝑛+1 (𝐴 −
𝛽ℎ𝑏ℎ

𝑁ℎ

𝑆𝑗𝑌𝑗 − 𝜇ℎ𝑆𝑗) ,

𝐼
𝑝

𝑛+1
= 𝐼0 +

1

Γ (𝛼)

𝑛

∑

𝑗=0

𝑏𝑗,𝑛+1 (
𝛽ℎ𝑏ℎ

𝑁ℎ

𝑆𝑗𝑌𝑗 − (𝜇ℎ + 𝛾) 𝐼𝑗) ,

𝑅
𝑝

𝑛+1
= 𝑅0 +

1

Γ (𝛼)

𝑛

∑

𝑗=0

𝑏𝑗,𝑛+1 (𝛾𝐼𝑗 − 𝜇ℎ𝑅𝑗) ,

𝑋
𝑝

𝑛+1
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1

Γ (𝛼)

𝑛

∑

𝑗=0

𝑏𝑗,𝑛+1 (𝐵 −
𝛽V𝑏ℎ

𝑁ℎ

𝑋𝑗𝐼𝑗 − 𝜇V𝑋𝑗) ,

𝑌
𝑝

𝑛+1
= 𝑌0 +

1

Γ (𝛼)

𝑛

∑

𝑗=0

𝑏𝑗,𝑛+1 (
𝛽V𝑏ℎ

𝑁ℎ

𝑋𝑗𝐼𝑗 − 𝜇V𝑌𝑗) ,

𝑎𝑗,𝑛+1 =

{{{{

{{{{

{

𝑛
𝛼+1

− (𝑛 − 𝛼) (𝑛 + 1) , 𝑗 = 0,

(𝑛 − 𝑗 + 2)
𝛼+1

+ (𝑛 − 𝑗)
𝛼+1

−2(𝑛 − 𝑗 + 1)
𝛼+1

,
1 ≤ 𝑗 ≤ 𝑛,

1, 𝑗 = 𝑛 + 1,

𝑏𝑗,𝑛+1 =
ℎ
𝛼

𝛼
((𝑛 − 𝑗 + 1)

𝛼
− (𝑛 − 𝑗)

𝛼
) , 0 ≤ 𝑗 ≤ 𝑛.

(19)

5. Discussion

In this paper, we have considered a fractional calculus model
for dengue disease. Following [21], Figure 1 shows that 𝑆ℎ
drops significantly in a relatively small period of time. Both 𝐼ℎ
and 𝐼V increase significantly during the period of 30 days and
then eventually oscillate around the endemic state (0.09529,
0.0.00029, and 0.00058).This seems unrealistic in the nature.
With constant population of mosquitoes, this fluctuation (in
a short period of time) cannot be shown to happen in the
nature [21]. As mentioned by [6], Figures 2 and 3 show that
even a simple fractional model may give surprisingly good
results. However, the transformation of a classical model
into a fractional one makes it very sensitive to the order of
differentiation 𝛼: a small change in 𝛼 may result in a big
change in the final result. From the numerical results in
Figures 2 and 3, it is clear that the approximate solutions
depend continuously on the fractional derivative 𝛼.
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Figure 1: 𝑆ℎ(𝑡), 𝐼ℎ(𝑡), and 𝐼V(𝑡) for 𝛼 = 1 and 𝜇ℎ = 0.0000457; 𝜇V =
0.25; 𝑏 = 0.5; 𝛽ℎ = 0.75; 𝛽V = 1; 𝛾 = 0.1428;𝑁ℎ = 10000; 𝐵 = 5000.
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Figure 2: 𝑆
ℎ
(𝑡), 𝐼
ℎ
(𝑡), and 𝐼V(𝑡) for 𝛼 = 0.9 and 𝜇

ℎ
= 0.0000457;

𝜇V = 0.25; 𝑏 = 0.5; 𝛽ℎ = 0.75; 𝛽V = 1; 𝛾 = 0.1428; 𝑁ℎ = 10000;
𝐵 = 5000.
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Figure 3: 𝑆ℎ(𝑡), 𝐼ℎ(𝑡), and 𝐼V(𝑡) for 𝛼 = 0.8 and 𝜇ℎ = 0.0000457;
𝜇V = 0.25; 𝑏 = 0.5; 𝛽ℎ = 0.75; 𝛽V = 1; 𝛾 = 0.1428; 𝑁ℎ = 10000;
𝐵 = 5000.
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Figure 4: 𝑆ℎ(𝑡) for 𝛼 = 1, 0.9, 0.8 and 𝜇ℎ = 0.0000457; 𝜇V = 0.25;
𝑏 = 0.5; 𝛽ℎ = 0.75; 𝛽V = 1; 𝛾 = 0.1428;𝑁ℎ = 10000; 𝐵 = 5000.
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Figure 5: 𝐼ℎ(𝑡) for 𝛼 = 1, 0.9, 0.8, 𝜇ℎ = 0.0000457; 𝜇V = 0.25; 𝑏 = 0.5;
𝛽ℎ = 0.75; 𝛽V = 1; 𝛾 = 0.1428;𝑁ℎ = 10000; 𝐵 = 5000.

The approximate solutions 𝑆ℎ(𝑡), 𝐼ℎ(𝑡), and 𝐼V(𝑡) are
displayed in Figures 4 and 5 with different values of 𝛼. In
each figure three different values of 𝛼 are considered. When
𝛼 = 1, system (4) is the classical integer-order system (1).
In Figure 4, the variation of 𝑆ℎ(𝑡) versus time 𝑡 is shown for
different values of 𝛼 = 1, 0.9, 0.8 by fixing other parameters.
It is revealed that 𝑆ℎ does not drop significantly in a relatively
small period of time for small values. Figure 5 depicts 𝐼ℎ(𝑡)
versus time 𝑡. As mentioned by [22, 23], one should note
that although the equilibrium points are the same for both
integer order and fractional order models the solution of
the fractional order model tends to the fixed point over a
longer period of time. One also needs to mention that when
dealing with real life problems, the order of the system can be
determined by using the collected data.
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We propose a fractional model for computer virus propagation. The model includes the interaction between computers and
removable devices. We simulate numerically the model for distinct values of the order of the fractional derivative and for two
sets of initial conditions adopted in the literature. We conclude that fractional order systems reveal richer dynamics than the
classical integer order counterpart. Therefore, fractional dynamics leads to time responses with super-fast transients and super-
slow evolutions towards the steady-state, effects not easily captured by the integer order models.

1. Introduction

The global information world in what we live has brought
numerous advantages into our lives. Daily commodities like
making traveling arrangements, checking bank accounts,
buying online books, groceries, and souvenirs, and other
important tasks in our lives, such as working, are readily
available at the click of a button. Nevertheless, this easy
way into the internet has also some disadvantages, namely,
in what concerns computer virus propagation. Computer
viruses spread and cause hugemoney losses to companies and
customers. Annually, millions of dollars are lost due to virus
infections [1].

During the last few years, authors have applied math-
ematical models for epidemics to computer virus propaga-
tion. Computer virus and biological virus have very similar
behavioral patterns [2–4]. Based on this observation, some
biological epidemic models, such as the susceptible-infected-
susceptible (SI/SIS) or the susceptible-infected-recovered
(SIR) models, were applied in modeling the epidemic behav-
ior of computer virus patterns [5–12].

In [5, 8], authors study the propagation of viruses and
worms in distinct network topologies. In 2005, Zou et
al. [6] propose an Internet worm monitoring system that
detects a worm in its early propagation stage, using Kalman

filter estimation. Moreover, the model can also predict the
vulnerable susceptible computer population and estimate the
infected computers for uniform-scan worms, such as Code
Red. Feng et al. [9] propose a modified SIRS model for
computer virus propagation, with dual delays and multistate
antivirus measures. Some of the measures may be cleaning,
patching, and filtering. Authors use the central manifold
theorem and normal form theory to establish explicit for-
mulas for determining the stability and direction of periodic
solutions produced by the model.The appearance of periodic
solutions is an aggressive state in a computer network, since
it means the virus prevalence will not be constant (i.e., will
not be easier to combat). A way to control this phenomenon
is to combine bifurcation control and reduce virus preva-
lence strategies, such as using distinct topological network
structures. Mishra and Jha [7] develop an SIRS model that
includes temporary immunity. The latter is observed when
an antivirus software is run in a computer network, after
a node gets affected by a malicious object. The authors
observe that the endemic equilibrium of the model might be
unstable, leading to new outcomes of an SIRS model. Zhu et
al. [10] use optimal control methods to fight computer virus
propagation. They consider a controlled delayed model and
then apply an optimal control strategy, assuming a tradeoff
between the control costs and the effects. Ren et al. [11]



2 Mathematical Problems in Engineering

study a computer virus propagation model, where the effect
of antivirus ability is considered. The ability of an antivirus
software can be measured by the number of computers
recovered, from infected computers, per unit time, due to
running the antivirus software. The ability of an antivirus
software is usually proportional to its cost. Backward and
Hopf bifurcations can be found in the model, for variation
of the antivirus ability. Authors also show the existence of
bistable states. Zhu et al. [12] propose a model for computer
virus propagation, where the interaction between computers
and external removable devices is taken into account. Authors
assume reasonable assumptions for this interaction and prove
that the state without virus is globally asymptotically stable
for a value of the reproduction number, 𝑅0 < 1. They
also prove that the epidemic state is globally asymptotically
stable for values of 𝑅0 > 1. Thus, a good strategy to control
computer virus transmission is to developmeasures such that
𝑅0 < 1.

In this paper, we analyze the fractional order version
of the integer order model proposed by Zhu et al. [12],
for computer and removable devices virus propagation. We
simulate numerically the model for different values of the
order of the fractional derivative 𝛼. In this line of thought,
the paper is organized as follows. In Section 3, we describe
the model proposed for computer viruses propagation. In
Section 4, we analyze several simulations of the model,
for distinct values of the fractional derivative, and discuss
implications of the results. In the last section, we present the
main conclusions and outline some future research topics.

2. Fractional Calculus: A Review

The generalization of the derivative operator𝐷𝛼𝑓(𝑥) to frac-
tional values of 𝛼, the order of the derivative, started with the
theory of differential calculus, namely, when Leibniz wrote
about 𝐷1/2𝑓(𝑥). The development of the fractional calculus
(FC) is due to many contributions of mathematicians such as
Euler, Liouville, Riemann, and Letnikov [13–16]. In the fields
of physics and engineering, FC is presently associated with
long termmemory effects [17–21]. This research is still giving
its first steps and new areas of application of FC, such as the
modelling of dynamical systems, are emerging [22].

Several definitions of fractional derivatives were pro-
posed. The most used definitions of a fractional derivative of
order 𝛼 are the Riemann-Liouville (RL), Grünwald-Letnikov
(GL), and Caputo (C) formulations. GL is defined as

GL
𝑎

𝐷
𝛼

𝑡
𝑓 (𝑡) = lim

ℎ→0

1

ℎ𝛼

[(𝑡−𝑎)/ℎ]

∑

𝑘=0

(−1)
𝑘
(
𝛼

𝑘
)𝑓 (𝑡 − 𝑘ℎ) ,

𝑡 > 𝑎, 𝛼 > 0,

(1)

where Γ(⋅) is Euler’s gamma function, [𝑥] means the integer
part of 𝑥, and ℎ is the step time increment.

These expressions capture the history of the past dynam-
ics, contrary to the integer counterpart that is a “local”
operator.This property was recognized in several phenomena
and their modelling becomes easier using the FC formalism,
while integer ordermodels are oftenmuchmore complicated.

The GL definition inspired a discrete-time calculation
algorithm, based on the approximation of the time increment
ℎ bymeans of the sampling period𝑇, yielding the equation in
the 𝑧 domain:

Z {𝐷
𝛼
𝑓 (𝑡)}

Z {𝑓 (𝑡)}
=

1

𝑇𝛼

∞

∑

𝑘=0

(−1)
𝑘
Γ (𝛼 + 1)

𝑘! Γ (𝛼 − 𝑘 + 1)
𝑧
−𝑘

= (
1 − 𝑧
−1

𝑇
)

𝛼

,

(2)

whereZ denotes the 𝑍-transform operator.
One implementation of (2) is accomplished by means of

a 𝑟-term truncated series:

Z {𝐷
𝛼
𝑓 (𝑡)}

Z {𝑓 (𝑡)}
=

1

𝑇𝛼

𝑟

∑

𝑘=0

(−1)
𝑘
Γ (𝛼 + 1)

𝑘! Γ (𝛼 − 𝑘 + 1)
𝑧
−𝑘

, (3)

where, in order to have good approximations, a large 𝑟 and a
small value of 𝑇 are required.

Expression (3) represents the Euler, or first backward
difference, approximation in the so-called 𝑠 → 𝑧 conversion
scheme. Another possibility consists in the Tustin conversion
rule. The Euler and Tustin rational expressions, 𝜓0(𝑧

−1
) =

((1 − 𝑧
−1

)/𝑇) and 𝜓1(𝑧
−1

) = (2/𝑇)((1 − 𝑧
−1

)/(1 + 𝑧
−1

)),
are called generating approximants of zero and first order,
respectively.Therefore, the generalization of these conversion
methods leads to the noninteger order 𝛼 results [23]:

𝑠
𝛼
≈ (

1 − 𝑧
−1

𝑇
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𝛼
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𝑠
𝛼
≈ (

2
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(4)

The expression 𝜓
𝛼

0
(𝑧
−1

) = [𝜓0(𝑧
−1
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𝛼 and 𝜓

𝛼

1
(𝑧
−1
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[𝜓1(𝑧
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)]
𝛼 weighted by the factors 𝑝 and 1 − 𝑝 generate a

family of fractional differentiator:

𝜓
𝛼

𝑎V (𝑧
−1
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𝛼

0
(𝑧
−1

) + (1 − 𝑝)𝜓
𝛼

1
(𝑧
−1

) . (5)

In order to get a rational expression, the final approxima-
tion corresponds to a truncated Taylor series or a rational
fraction expansion. The arithmetic mean (5) motivates the
study of an averaging method [22] based on the generalized
formula of averages (often called average of order 𝑞 ∈ R):

𝜓
𝛼

𝑎V (𝑧
−1

) = {𝑝[𝜓
𝛼

0
(𝑧
−1

)]
𝑞

+ (1 − 𝑝) [𝜓
𝛼

1
(𝑧
−1

)]
𝑞

}
1/𝑞

, (6)

where (𝑝, 𝑞) are two tuning degrees of freedom, correspond-
ing 𝑞 to the order of the averaging expression and 𝑝 to
the weighting factor. For example, when 𝑞 = {−1, 0, 1}, in
expression (6), we get the well-known expressions for the
{harmonic, geometric, arithmetic} averages.

3. The Model

The fractional model considered here for computer viruses
propagation consists of one SIR (susceptible-infected-
recovered) and one SI (susceptible-infected) coupledmodels.
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It is derived as follows. We consider that the entire computer
and removable devices population is divided into five classes,
the susceptible computers, 𝑆, the infected computers, 𝐼,
the immune (protected with effective antivirus) computers,
𝑅, the susceptible removable devices, 𝑅𝑆, and the infected
removable devices, 𝑅𝐼. The first system SIR is for computer
virus modeling and the second system SI is for removable
devices viruses propagation.

Computers are connected to the network at a rate 𝜆1. Sus-
ceptible computers can be infected by other computers, at a
rate 𝛽1𝑆𝐼, or by a removable device, at a rate 𝛽2(𝑅𝐼/𝑅𝑁)𝑆, and,
after that, move to the infected class, 𝐼. Parameters 𝛽1 and
𝛽2 are the contact infective forces between susceptible and
infective computers and between computers and removable
devices, respectively. Infected computers can be repaired at
a rate 𝜎1𝐼 and move to the immune class, 𝑅, where 𝜎1 is the
recovery rate of infected computers, due to antivirus software.
Every computer can be disconnected from the network, at a
rate 𝜇1, in all classes.

The removable devices are recruited, at a rate 𝜆2, to the
susceptible class, 𝑅𝑆. They are infected by the computers at
a rate 𝛽2(𝐼/𝑁)𝑅𝑆 and then move to the infected removable
class, 𝑅𝐼. These infected devices may recover at a rate
𝜎2(𝑅/𝑁)𝑅𝐼 and after they move back to the susceptible class,
𝑅𝑆. Parameter 𝜎2 is the recovery rate of removable devices,
due to antivirus software. All removable devices may break
down at a rate 𝜇2 in all classes.

The model assumes that the antivirus software provides
protection of computers, for all times. This is not a real-
istic assumption, but it simplifies the model at this stage.
Future work will consider adding temporary immunity to
computers; that is, the model will assume, more realistically,
that antivirus software must be updated (i.e., immunity is
temporary).

In Figure 1, we depict the schematic diagramof themodel.
The system of fractional nonlinear ordinary differential

equations, for the proposed model, is given by

𝑑𝑆
𝛼

𝑑𝑡
= 𝜆1 − 𝛽1𝑆𝐼 − 𝛽2𝑆

𝑅𝐼
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− 𝜇1𝑆,

𝑑𝐼
𝛼

𝑑𝑡
= 𝛽1𝑆𝐼 + 𝛽2𝑆

𝑅𝐼

𝑅𝑁

− (𝜇1 + 𝜎1) 𝐼,

𝑑𝑅
𝛼

𝑑𝑡
= 𝜎1𝐼 − 𝜇1𝑅,

𝑑𝑅
𝛼

𝐼

𝑑𝑡
= 𝜆2 − 𝛽2𝑅𝑆

𝐼

𝑁
+ 𝜎2𝑅𝐼

𝑅

𝑁
− 𝜇2𝑅𝑆,

𝑑𝑅
𝛼

𝑆

𝑑𝑡
= 𝛽2𝑅𝑆

𝐼

𝑁
− 𝜎2𝑅𝐼

𝑅

𝑁
− 𝜇2𝑅𝐼,

(7)

where 𝛼 ∈]0, 1] is the order of the fractional derivative.
The derivation of model (7) including fractional orders,

in a pure mathematical way, embodies some criticism. In
fact, it derives from a classical integer order expression and
assumes, by including a new degree of freedom, that we
can have a better fit between real-world data and theoretical
formulation. Furthermore, possibly, the definition of different
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Figure 1: Schematic diagram of the fractional order model (7) for
computer viruses propagation [12].

fractional orders can lead to slight better models but at
cost of an increased complexity. Therefore, the proposed
methodology follows recent studies [24–26] where fractional
models constitute merely an abstract conjecture that needs
to be validated in the future, in the presence of real data. In
what concerns the meaning of 𝛼, while the abstract interpre-
tation can be related solely to “anomalous” or “super-slow”
dynamics, its clinical significance remains to be investigated.
Possible research directions point to DNA relationship [27,
28].

The basic reproduction number, 𝑅0, of the integer order
model (𝛼 = 1) is computed in [12] to be

𝑅0 =
𝛽
2

2
+ 𝜇2𝛽1 (𝜆1/𝜇1)

𝜇2 (𝜇1 + 𝜎1)
. (8)

The basic reproduction number, 𝑅0, is defined as the number
of secondary infections due to a single infection in a com-
pletely susceptible population. For 𝑅0 < 1 the disease-free
equilibrium is globally asymptotically stable. If 𝑅0 > 1, the
endemic equilibrium is globally asymptotically stable [12].

4. Numerical Results

In this section we develop several numerical simulations of
the new fractional order model (7). The dynamical behavior
of the model is studied numerically for variation of the
noninteger order derivative 𝛼. Initial conditions used in the
simulations are found in Table 1 and parameter values in
Table 2. For integrating the differential equations of the type
𝐷
𝛼
𝑥𝑖 = 𝜑𝑖(𝑥1, . . . , 𝑥𝑛) a standard integration of order 1

followed by a differentiation of order 1 − 𝛼, approximated by
means of (3), was implemented. Furthermore, the numerical
calculations adopt the values 𝑟 = 10

3 and 𝑇 = 2.5 ⋅ 10
−4 year.

In Figure 2, we plot the dynamics of the number of
susceptible computers, 𝑆, versus time, 𝑡, of model (7), for
different values of order of the fractional derivative; namely,
𝛼 ∈ {0.1, . . . , 1}. Initial conditions and parameter values are
those of Case 1. For these parameter values, the integer order
system has reproduction number 𝑅0 ≃ 0.84 < 1 [12].

In Figures 3 and 4 we plot, respectively, the dynamics of
the number of infected computers, 𝐼, and immune computers,
𝑅, versus time 𝑡, of model (7), for 𝛼 ∈ {0.1, . . . , 1}. Initial
conditions and parameters are those of Case 1.
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Figure 2: Dynamics of the susceptible computers 𝑆 versus time 𝑡,
of system (7), for 𝛼 ∈ {0.1, . . . , 1}. Parameter values and initial
conditions are those of Case 1.
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Figure 3: Dynamics of the infected computers 𝐼 versus time 𝑡,
of system (7), for 𝛼 ∈ {0.1, . . . , 1}. Parameter values and initial
conditions are those of Case 1.

Table 1: Initial conditions used in the numerical simulations of
model (7).

Variable 𝑆 𝐼 𝑅 𝑅𝑆 𝑅𝐼

Case 1 0.0 4.0 3.0 0.1 0.5
Case 2 5.0 1.0 0.0 0.5 0.1

In Figures 5 and 6, we plot, respectively, the values of
the susceptible removable devices, 𝑅𝑆, and of the infected
removable devices,𝑅𝐼, versus time, 𝑡, respectively, for distinct
values of the fractional derivative 𝛼. Initial conditions are
those of Case 1.
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Figure 4: Dynamics of the immune computers 𝑅 versus time 𝑡,
of system (7), for 𝛼 ∈ {0.1, . . . , 1}. Parameter values and initial
conditions are those of Case 1.
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Figure 5: Dynamics of the susceptible removable devices 𝑅𝑆 versus
time 𝑡, of system (7), for𝛼 ∈ {0.1, . . . , 1}. Parameter values and initial
conditions are those of Case 1.

From Figures 2–6, we observe that by varying 𝛼, we
get a smooth variation of the dynamics. It is important to
note that we can vary not only the “velocity” of the initial
transient but also the evolution towards the steady-state.This
effect is typical in fractional dynamical systems, where we can
have a super-fast initial transient, followed by a super-slow
convergence to the final value. Moreover, we verify also that
for 𝛼 = 0.1we have the slowest evolution, while 𝛼 = 0.7 yields
the fastest transient.

In Figures 7–11, we consider initial conditions and param-
eter values as in Case 2 and vary the fractional derivative 𝛼.
We increase the values of the contact infective forces to be
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Figure 6: Dynamics of the infected removable devices 𝑅𝐼 versus
time 𝑡, of system (7), for𝛼 ∈ {0.1, . . . , 1}. Parameter values and initial
conditions are those of Case 1.
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Figure 7: Dynamics of the susceptible computers 𝑆 versus time 𝑡, of
system (7), 𝛼 ∈ {0.1, . . . , 1}. Parameter values and initial conditions
are as in Case 2, except for 𝛽1 = 𝛽2 = 0.035.

Table 2: Parameters used in the numerical simulations ofmodel (7).

Parameter Case 1 Case 2
𝜆1 1 1
𝜆2 0.1 0.1
𝛽
1

0.01 0.035
𝛽2 0.01 0.035
𝜎1 0.02 0.02
𝜎2 0.005 0.005
𝜇1 0.1 0.1
𝜇2 0.1 0.1

𝛽1 = 𝛽2 = 0.035. For these parameter values, the integer order
system has reproduction number 𝑅0 ≃ 3.02 > 1 [12].
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Figure 8: Dynamics of the infected computers 𝐼 versus time 𝑡,
of system (7), for 𝛼 ∈ {0.1, . . . , 1}. Parameter values and initial
conditions are as in Case 2, except for 𝛽1 = 𝛽2 = 0.035.
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Figure 9: Dynamics of the immune computers 𝑅 versus time 𝑡,
of system (7), for 𝛼 ∈ {0.1, . . . , 1}. Parameter values and initial
conditions are as in Case 2, except for 𝛽1 = 𝛽2 = 0.035.

In Figure 7, we plot the dynamics of the number of
susceptible computers, 𝑆, versus time, 𝑡, of model (7), for
𝛼 ∈ {0.1, . . . , 1}.

In Figures 8 and 9, we plot, respectively, the dynamics
of the number of infected computers, 𝐼, and of immune
computers, 𝑅, versus time 𝑡, of model (7), for 𝛼 ∈ {0.1, . . . , 1}.

In Figures 10 and 11, we plot, respectively, the values of
the susceptible removable devices, 𝑅𝑆, and of the infected
removable devices, 𝑅𝐼, versus time 𝑡, for 𝛼 ∈ {0.1, . . . , 1}.

These charts reveal that Case 2 leads to much richer
dynamics than Case 1. From Figures 7–11, we observe that
by varying 𝛼, we can tune the dynamics of the transient.
Furthermore, we verify again that for 𝛼 = 0.1, we have
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Figure 10: Dynamics of the susceptible removable devices𝑅𝑆 versus
time 𝑡, of system (7), 𝛼 ∈ {0.1, . . . , 1}. Parameter values and initial
conditions are as in Case 2, except for 𝛽1 = 𝛽2 = 0.035.
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Figure 11: Dynamics of the infected removable devices 𝑅𝐼 versus
time 𝑡, of system (7), for𝛼 ∈ {0.1, . . . , 1}. Parameter values and initial
conditions are as in Case 2, except for 𝛽1 = 𝛽2 = 0.035.

the slowest evolution, whereas for 𝛼 = 0.7, the transient is
the fastest. Moreover, from Figure 7, we conclude that the
overshoots for different values of 𝛼 remain globally almost
invariant. Even so, for 𝛼 = 0.3, we get the smallest amplitude
of the overshoots. As for the transients of the other charts,
the fastest dynamics is at 𝛼 = 0.7; therefore, the smaller peak
time occurs for 𝛼 = 0.7 and the larger one for 𝛼 = 0.1. It
is interesting to note a slight overshoot for the number of
susceptible removable devices, 𝑅𝑆, for 𝛼 = {0.1, 0.2, 0.3}.

5. Conclusions

We proposed a fractional order model for computer
virus propagation, where the interaction of computers and

removable devices is included. We simulated the system for
distinct values of the order 𝛼 of the fractional derivative and
two sets of initial conditions. We conclude that we can tackle
a family of distinct dynamical responses, including very fast
transients and super-slow responses, usual in systems with
long range memory. The set of initial conditions denoted as
Case 1 produces a set of monotonous family of responses,
while Case 2 presents more complex patterns. In both cases,
the fractional orders 𝛼 = 0.1 and 𝛼 = 0.7 are those that
lead to the slowest final evolution and the fastest transients,
respectively. Globally, we note that fractional calculus is a
mathematical tool well suited to model dynamical systems
including important memory phenomena.
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