
Gauge/String Duality
Guest Editors: Wolfgang Mück, Carlos Núñez, Leopoldo A. Pando Zayas, 
Alfonso V. Ramallo, Radoslav C. Rashkov, and Kadayam S. Viswanathan

Advances in High Energy Physics



Gauge/String Duality



Advances in High Energy Physics

Gauge/String Duality

Guest Editors: Wolfgang Mück, Carlos Núñez, Leopoldo A. Pando Zayas,
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In the past few years, we have witnessed rapid developments in the study of gauge/string
dualities. The prototype of this duality is the AdS/CFT correspondence, originally
conjectured as the duality between type IIB string theory in AdS5 × S5 with N units of
R-R five-form flux and N = 4 SU(N) super Yang Mills (SYM) theory in d = 4 space-
time dimensions. There are many superb review articles on the subject of the AdS/CFT
correspondence. More recently, the subject of holographic duality has been extended in
diverse directions with surprising new results. One of these directions has been related to the
applications of the holographic principles to realistic gauge theories which are not conformal
such as QCD. It is widely agreed that an exact string dual to QCD is not known at present.
Nevertheless, there are holographic models which share features of QCD such as confinement
and deconfinement at high temperatures and chiral symmetry breaking, and restoration.
However, these models do not exhibit the asymptotic freedom of QCD. They have, however,
shed light on the properties of QCD in the strong coupling regime. Another area that has seen
activity is the study of relativistic heavy ion collision (RHIC), where a quark-gluon plasma
is formed. Holographic principles have also been studied in nonrelativistic systems that
promise to be relevant for the study of phase transitions and other phenomena in inherently
strongly coupled systems in condensed matter physics.
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This special issue brings together some of the latest developments in this field of
research. The contributions cover both technical aspects and applications of the gauge/string
dualities. Many of them contain new and original results which we acknowledge with thanks.

The paper by L. Alday titled “Scattering amplitudes, AdS/CFT correspondence, Minimal
surfaces, and Integrability” discusses the computation of gluon scattering amplitudes in
planar maximally supersymmetric Yang-Mills theory in four space-time dimensions at strong
coupling by means of the AdS/CFT duality. This problem reduces to the computation of
minimal surfaces in AdS. Integrability allows one to give a solution to the problem of
computing scattering amplitudes in terms of a set of integral equations. The method is
applied to 4-gluon scattering.

The next paper, “Generalized Gribov-Lipatov reciprocity and AdS/CFT” by M. Beccaria
et al., reviews the Gribov-Lipatov reciprocity in the supersymmetric N = 4 SYM theory
by means of its dual gravity theory. Since the AdS/CFT correspondence links N = 4 SYM
and superstring dynamics in AdS5 × S5, reciprocity is expected to show up in the quantum-
corrected energies of certain classical string configurations dual to gauge theory operators.
The authors review recent results confirming this picture and revisiting the old idea of
Gribov-Lipatov reciprocity as a modern theoretical tool for the study of open problems in
AdS/CFT.

The paper titled “The master space of supersymmetric gauge theories” by A. Zaffaroni and
A. Hanany gives a review of the moduli space and the spectrum of chiral operators for gauge
theories on branes at singularities. The focus is on theories with four real supercharges in 3+1
and 2 + 1 dimensions. These theories are holographically dual to AdS5 ×H5 and AdS4 ×H7

in type IIB or M theories, respectively, where H5 and H7 are Sasaki-Einstein spaces. Master
space is roughly the moduli space for one single brane. The authors demonstrate that most of
the information on the moduli space and the spectrum of quiver gauge theories are encoded
in the concept of “master space” consisting of mesonic and baryonic degrees of freedom.
Relevant information on the generated functions for chiral operators which can be computed
using plethystics techniques and the language of complex geometry is summarized.

The paper by V. Marotta Puletti is titled “On string integrability: a Journey through the
2-dimensional hidden symmetries in the AdS/CFT dualities.” The discovery of infinitely many
conserved charges, that is, integrability in the planar AdS/CFT, has allowed us to make
immense progress in understanding and confirming the AdS/CFT duality conjecture. In this
paper, the fundamental concepts and properties of integrability of 2-d σ models and in the
AdS/CFT context are reviewed. The first part is focussed on AdS5/CFT4, the classical and
quantum integrability of the type IIB superstring on AdS5 × S5 are especially discussed in
both pure spinor and Green-Schwarz formalism. The second part deals with AdS4/CFT3 with
particular attention to type IIB superstrings on AdS4 × CP3 and its integrability.

The paper “The high spin expansion of twist sector dimensions: the planar N = 4 super
Yang Mills theory” by D. Fioravanti and M. Rossi is devoted to collecting some results on the
high spin expansion of anomalous dimensions in planar N = 4 SYM or its AdS5 × S5 string
counterpart. The authors restrict the discussions to the twist operators, although some ideas
and structures turn out to be general for other sectors or gauge theories.

In the sixth paper titled “Unquenched flavor in the gauge/gravity correspondence,”
A. Ramallo et al. review the studies of field theories with a large number of adjoint
and fundamental fields in the Veneziano limit. Emphasis is placed on setups where the
fundamentals are introduced by means of a smeared set of D-branes. First the general ideas
are discussed and then particularities are considered in various models. The paper also
contains new results.
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The seventh paper by V. Filev and R. Rashkov is titled “Magnetic catalysis of chiral
symmetry breaking: a holographic perspective.” The authors discuss recent investigations of the
effect of magnetic catalysis of mass generation on holographic YM theories. The main part of
the review is devoted to studying the effect of external magnetic field on holographic gauge
theories dual to D3/D5 and D3/D7 brane intersections. Among the observed phenomena
are the spontaneous breaking of a global internal symmetry, Zeeman splitting of the energy
levels, and the existence of pseudo-Goldstone modes. An analytic derivation of the Gell-
Mann-Oaks-Renner relation for the D3/D7 setup is reviewed. In the case of D3/D5, the
pseudo-Goldstone modes satisfy nonrelativistic dispersion relations. The studies reviewed
confirm the universal nature of magnetic catalysis of mass generation.

The next paper is by M. Piai entitled “Walking technicolor, holography, and gauge/gravity
dualities.” It contains a discussion of dynamical symmetry breaking in electroweak theory
as an appealing, strongly coupled alternative to the weakly coupled models based on
elementary Higgs field developing a nonzero VEV. After summarizing the arguments
based on low-energy phenomenology and supporting walking technicolor as a meaningful
realization of dynamical symmetry breaking, a pedagogical introduction to walking
technicolor and extensions of the standard model are presented. The strongly coupled
nature of the underlying interactions and the peculiar quasiconformal behaviour of the
theory requires one to use nonperturbative methods in order to address many fundamental
questions within this framework. The developments in gauge/gravity dualities provide an
ideal tool to study this scheme. Potential uses of these techniques are presented.

The next two papers deal with the subject of quark-gluon plasma and systems out
of equilibrium. Felix Rust’s paper is titled “In-medium effects in the holographic quark-gluon
plasma.” In this paper, the gauge/gravity duality is used to investigate various properties
of strongly coupled gauge theories, which are interpreted as models for the quark-gluon
plasma (QGP). In particular, variants of the D3/D7 setup as an implementation of the
top-down approach of connecting string theory with phenomenologically relevant gauge
theories are studied. Finite temperature and finite density effects on fundamental matter
in the holographic quark-gluon plasma are studied. A setup in which one can describe the
holographic plasma at finite temperature and either baryon or isospin density is used and the
properties of the system are investigated from three different viewpoints is presented. Meson
spectra, temperature, and density dependence of transport properties of fundamental matter
in the QGP are calculated. The observations presented here are in qualitative agreement with
phenomenological models and experimental observations.

V. E. Hubeny and M. Rangamani’s paper entitled “A holographic view on physics
out of equilibrium” is a review of recent developments in applying holographic methods
to understand nonequilibrium physics in strongly coupled field theories. The emphasis
is on elucidating the relation between the evolution of quantum field theories perturbed
away from equilibrium and the dual picture of dynamics of classical fields in black hole
backgrounds. The linear response regime, the hydrodynamic regime, and the non-linear
regime of interacting quantum system are discussed. It is shown how the duality might be
used to learn salient aspects of black hole physics in terms of field theory observables.

The paper by J. McGreevy “Holographic duality with a view toward many-body physics”
is notes based on a series of lectures given at the KITP Workshop—Quantum Criticality
and the AdS/CFT Correspondence in July, 2009. The goal of the lectures was to introduce
condensed matter physicists to the AdS/CFT correspondence. Discussion of string theory
and of supersymmetry is avoided to the extent possible.
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The final paper titled “Holographic renormalization of 2-point functions in non-AdS/Non-
CFT” by M. Haack and W. Mück reviews recent progress on holographic renormalization
in the context of the gauge-gravity correspondence when the bulk geometry is not
asymptotically AdS. The prime example is the Klebanov-Strassler background, whose dual
gauge theory has logarithmically running couplings at all energy scales. The presented
formalism provides the counterterms necessary for obtaining finite two-point functions of the
scalar operators in the corresponding dual gauge theories. The presentation is self-contained
and reviews all the relevant background material concerning a gauge-invariant description
of the fluctuations around holographic renormalization group backgrounds.

The many papers presented in this special edition should be very useful to beginning
researchers and graduate students specializing in high-energy theory and in theoretical
condensed matter physics. We would like to thank all contributors for their very hard work
and patience in bringing out this volume.

Wolfgang Mück
Carlos Núñez

Leopoldo A. Pando Zayas
Alfonso V. Ramallo

Radoslav C. Rashkov
Kadayam S. Viswanathan
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We focus on the computation of scattering amplitudes of planar maximally supersymmetric Yang-
Mill in four dimensions at strong coupling by means of the AdS/CFT correspondence and explain
how the problem boils down to the computation of minimal surfaces in AdS in the first part of this
paper. In the second part of this review we explain how integrability allows to give a solution to the
problem in terms of a set of integral equations. The intention of the review is to give a pedagogical,
rather than very detailed, exposition.

1. Introduction

The aim of this review is to study gluon scattering amplitudes of four-dimensional planar
maximally supersymmetric Yang-Mills (MSYMs). We hope that the study of such amplitudes
would teach us something about scattering amplitudes of QCD, but at the same time they are
much more tractable. The reason for such tractability is twofold. On one hand, perturbative
computations are much simpler than in QCD, due to the high degree of symmetry. In fact
enormous progress has been made in the last few years. On the other hand, the strong
coupling regime of the theory can be studied by means of the AdS/CFT duality, by studying
a weakly coupled string sigma-model.

The aim of these lectures is to explain how to use the AdS/CFT duality in order to
compute gluon scattering amplitudes of planar MSYM at strong coupling.

In the next section we briefly describe some weak coupling perturbative results for
scattering amplitudes in planar MSYM. Scattering amplitudes of massless gauge theories in
four dimensions suffer from IR divergences; hence, a regulator needs to be introduced in
order to define them properly. A convenient choice is dimensional regularization, in which
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the theory is studied in D = 4 − 2ε dimensions. As we will see, perturbative computations
suggest an ansatz, the so-called BDS ansatz, according to which the amplitude exponentiates.
By now, we know that the BDS ansatz is not correct at higher loops and for a large number of
particles. Still, it was a useful guidance for recent developments, and perturbative results are
often expressed in terms of deviations from this ansatz.

In Section 3 we proceed and explain how the AdS/CFT duality can be used to compute
scattering amplitudes at strong coupling. As in the weak coupling computation, amplitudes
are IR divergent as a regulator has to be introduced. In order to set up the computation
we introduce a D-brane as regulator. Actual computations, however, are done by using the
analogous of dimensional regularization, since we are interested in comparing our results
to the expectations from the perturbative regime. The computation of scattering amplitudes
at strong coupling reduces to a minimal area problem in AdS. We show in detail how the
prescription works for the scattering of four gluons.

In Section 4 we focus on the mathematical problem of computing the area minimal
surfaces in AdS relevant to the study of scattering amplitudes. This lead us to study classical
strings on AdS. By means of a reduction, sometimes called Polhmeyer reduction, one can
focus on the physical degrees of freedom of the problem. The problem possesses integrability,
which in practical terms means that we can introduce a spectral parameter ζ and study how
physical quantities depend on such parameter. In particular, this allows to give a solution
of the problem in terms of a set of integral equations that have the form of thermodynamic
Bethe ansatz (TBA) equations. Furthermore, we argue that the area of the minimal surfaces,
directly related to the scattering amplitude at strong coupling, is nothing but the free energy
of the above-mentioned TBA system.

In Section 5 we end up with some conclusions and a list of open problems. Finally,
we include an appendix with a Mathematica code solving numerically the TBA integral
equations for a particular example.

Disclaimer

The present paper is not intended to be a complete/fully precise exposition of all the recent
results regarding scattering amplitudes in planar maximally supersymmetric Yang-Mills.
Rather, we attempt to explain in a pedagogical manner the computation at strong coupling
and derive the final solution in the most straightforward possible manner.

2. Perturbative Scattering Amplitudes of Planar MSYM

In this section we briefly discuss the basics regarding the perturbative computation of planar
gluon scattering amplitudes of MSYM. For more complete reviews see [1, 2] and references
therein.

2.1. Basics

Being massless particles of spin one in four dimensions, gluon states |G〉 = |h, pμ, a〉 are
characterized by their helicity, h = ±1, four momenta, pμ, with p2 = 0, and color indices
a in the adjoint representation of the gauge group SU(Nc). Generic scattering amplitudes
depend in a complicated manner on these.
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In the planar limit it is useful to write the amplitudes in the so-called color decomposed
form

A(L)
N ∼ gN−2

(
g2Nc

)L∑
ρ

Tr(Taρ(1) · · · Taρ(N) )A(L)
N

(
ρ(1), . . . , ρ(N)

)
, (2.1)

where we denoted by A(L)
N the L-loop, N-point amplitude. The sum runs over noncyclic

permutations, Nc denotes the number of colors and g the gauge theory coupling constant.
Furthermore, we denoted by Ta the gauge group generators in the adjoint representation.
In the nonplanar case, there are also contributions with multi-traces, suppressed in the large
Nc limit. This decomposition separates the color structure from the kinematics. The term
proportional to a given color structure is the so-called leading color ordered amplitude A(L)

N ,
which will only depend on the momenta and the helicities of the particles undergoing the
scattering.

As already mentioned, scattering amplitudes of massless particles in four dimensions
suffer from infrared divergences. In order to see this more clearly, consider the scattering of
four gluons at one loop. The amplitude contains a factor of the form

A
(1)
4,D=4 ∼

∫
d4p

p2
(
p − k1

)2(
p − k1 − k2

)2(
p + k4

)2
, (2.2)

where p is the momentum running along the loop and k2
i = 0 are the momenta of the external

particles. We recognize two kinds of divergences. First, from the region pμ ∼ 0, these are
called soft divergences, since they are due to the interchange of gluons with very low (soft)
momenta among external gluons. The second class of divergences comes from the region
pμ ∼ αk

μ

i and are called collinear divergences, since in this case the momentum of the
gluon interchanged is parallel to the momentum of one of the external gluons. Notice that
in addition we can have pμ ∼ αkμi with α ∼ 0, so soft and collinear effects can combine, giving
an enhanced divergence.

Such amplitude can be regularized in several ways. A popular choice is to use a version
of dimensional regularization and consider the theory in D = 4 − 2ε dimensions. (Another
possibility is to go to the Coulomb phase of the theory, staying in four dimensions [34]. This
is equivalent to giving a small mass to the propagators in the outer loop when computing
scattering amplitudes.) More precisely, we still consider four-dimensional external states but
consider the momentum running inside the loop in a dimension slightly higher than four (ε
is negative)

A
(1)
4,D=4 −→ A

(1)
4,D=4−2ε. (2.3)

(In practice, we do the computation in four dimensions and once we arrive to the final
result (2.2), we replace d4p → d4−2εp.) Once a regulator is introduced, the amplitudes are
finite, but the price we have to pay is an explicit dependence on such regulator. (and the
consequent breaking of some of the symmetries is present in the original problem.) In the
case of dimensional regularization, IR divergences manifest themselves as poles in ε. From
the explicit one loop expression (2.2) and the discussion above, we see that soft and collinear
divergences combine to give a divergent factor ≈1/ε2. In the general case of L loops, we
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expect the same phenomenon to occur for each subloop, hence we expect a divergence of the
form

A
(L)
N ∼ 1

ε2L
+ · · · . (2.4)

As already mentioned, color-ordered amplitudes depend also on the helicities of the
external gluons. As a consequence of supersymmetry, scattering amplitudes of MSYM satisfy
supersymmetric Ward identities. In particular, these identities imply that certain amplitudes
vanish at all loops, namely, an amplitude vanish if all helicities, or all but one, are plus

A(+ + · · ·+) = A(− + · · ·+) = 0. (2.5)

The first nontrivial amplitude is the so-called maximally helicity violating (MHV) amplitude,
and it has the formA(− + · · · + − + · · ·+), namely, two external states have minus helicity and
the rest plus. A great simplicity of studying MHV amplitudes is given by the fact that they
contain a single Lorentz structure, which is already captured by the tree level amplitude, to
all orders in perturbation theory. It is then convenient to factor out the tree level amplitude
and study the so-called reduced amplitude

M
(L)
N (ε) =

A
(L)
N (ε)

A
(0)
N

, (2.6)

which depends only on the kinematical invariants and the regulator. So, in summary, we
consider the planar limit and furthermore we focus on MHV amplitudes only. The reduced
amplitude will be simply a scalar function of the kinematical invariants (and of course ε).

2.2. The BDS Ansatz

In the last years, a bast technology has been developed for the computation of perturbative
scattering amplitudes; see, for instance, [1]. Such technology made it possible for the
computation of scattering amplitudes for four (and to some extent for five) gluons to rather
high order in the loop expansion. Bern, Dixon, and Smirnov (BDS) noticed in [3], after
previous hints in [4], that all known MHV amplitudes satisfied a recursion relation, allowing
to write amplitudes at a given order in terms of lower-order amplitudes. These recursions
relations could be encoded by the following ansatz, which was then proposed by BDS for
MHV amplitudes of any number of gluons at any loop order:

M ≡ 1 +
∑
�=1

α�M
(�)
n = exp

[∑
�=1

(
f (�)(ε)M1

n(�ε) + C
� +O(ε)

)]
, (2.7)

where

f (�)(ε) = f (�)
0 + εf (�)

1 + ε2f
(�)
2 , α ≈ λμ2ε (2.8)
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α is proportional to the ’t Hooft coupling constant and keeps track of the perturbation order.
We have also introduced an IR scale μ, in order to account for the dimensionfullness of the
coupling constant in dimensions different from four.

The above relation, from now on called BDS ansatz, expresses the (log of the)
amplitude in terms of the one loop amplitude M1

n(�ε). Note that this relation is highly
nontrivial, since the constants f (�)

i and C� do not depend on the number of gluons or the
kinematics. Notice that in addition to the constant piece, there can be noniterating terms of
order O(ε). Due to the presence of these noniterating terms, it is more proper to say that the
BDS ansatz is an ansatz for the log of the amplitude rather than for the amplitude itself, since
these terms of order ε could hit the divergent term in order to give finite contributions when
expanding the exponential.

The structure of the IR divergent terms in (2.7) was determined in [5], where it was
shown that indeed IR divergences factorize and exponentiate as in (2.7). The highly nontrivial
content of the ansatz is that the finite pieces also exponentiate in a similar manner and are
given, at all loops, by the same functions that characterize the IR divergent terms (times the
finite pieces at one loop).

We will be particularly interested in the scattering of four gluons; in that case the BDS
ansatz reduces to

A4 = Atree(Adiv,s)2(Adiv,t)2 exp
(
f(λ)

8

(
log

s

t

)2
+ const

)
, (2.9)

Adivs = exp

(
− 1

8ε2
f (−2)

(
λμ2ε

sε

)
− 1

4ε
g(−1)

(
λμ2ε

sε

))
, (2.10)

where s and t are the usual Mandelstan variables for the scattering of four particles. The
amplitude has two pieces, a divergent one and a finite one, and is characterized by two
functions. The so-called cusp anomalous dimension f(λ) = (λ∂λ)

2f (−2)(λ) controls both
the leading divergent piece and the finite piece while the so-called collinear anomalous
dimension, g(λ), controls the subleading divergent pole. Note that the BDS ansatz is giving
the answer for the scattering amplitudes to all loops simply in terms of two functions of
the coupling constant. Of course, one still would need to compute these functions, but that
in principle is a much simpler task. In the next chapter we will show how to compute the
four-point scattering amplitude at strong coupling and compare the result to the BDS ansatz.

The BDS ansatz satisfies a number of nontrivial tests:

(i) as already mentioned, it is consistent with the well-known exponential structure of
IR divergences;

(ii) it agrees with explicit computations for four gluons at three loops and five gluons
at two loops;

(iii) it has the correct collinear factorization properties, that is, the correct limit when
two adjacent external momenta become collinear.

The last point is nontrivial and very restrictive. Color-ordered amplitudes
AN(k1, k2, . . . , kN) have a simple universal behavior as the momenta of two adjacent gluons,
let us say that k1 and k2 become collinear, (very) schematically:

A
(L)
N (k1, k2, k3, . . . , kN) −→ R(z)A(L)

N−1(kt, k3, . . . , kN) (2.11)
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(The correct expression contains also terms involving theN−1 point function at lower order.)
with kt = k1 + k2, k1 → zkt in the collinear limit and R(z) is a universal function. The BDS
ansatz turns out to be consistent with this behavior.

At the moment, there are strong reasons to believe that the BDS ansatz is correct for
four and five gluons, while direct evidence against it was found by an explicit computation
for the scattering of six gluons at two loops [6]. Still, even if not totally correct, such ansatz is
useful as a guidance in perturbative and strong coupling computations. For instance, it is by
now customary to express perturbative answers in terms of deviations from the BDS ansatz.
We will further discuss this issue at the end of the next section.

Let us mention that the cusp anomalous dimension f(λ) plays a very important role
in recent developments regarding integrability in the AdS/CFT correspondence. It turns out
that this function arises in many computations. In particular it controls the large spin limit of
the anomalous dimension of the so-called twist two operators, of the form TrφDSφ, namely,

Δ − S = f(λ) logS + · · · (2.12)

for large S, to all orders in perturbation theory. Using the integrability of the gauge theory
dilatation operator [7] constructed an integral equation whose solution gives the cusp
anomalous dimension to all values of the coupling constant. For instance, the equation can
be solved at weak and strong values of the coupling [8–10], giving

f(λ) =
λ

2π2
+ · · · , λ� 1, f(λ) =

√
λ

π
+ · · · , λ	 1. (2.13)

Such values agree with previous computations, done either at weak coupling by using
perturbation theory [11] or at strong coupling by using the AdS/CFT duality [12].

As for the collinear anomalous dimension g(λ), note from the expression (2.9) that
it is scheme dependent. For instance, if we change μ → αμ, then g(λ) changes by a term
proportional to the cusp anomalous dimension f(λ). Hence the cusp anomalous dimension
is a more ”robust” quantity. This is also related to the fact that f(λ) is related to the anomalous
dimension of an operator, as described above, while g(λ) is not.

In the next section we will explain how to compute gluon scattering amplitudes of
planar MSYM at strong coupling by using the AdS/CFT duality. In particular, for the case of
four gluons, the strong coupling results are in perfect agreement with (2.7).

3. Gluon Scattering Amplitudes at Strong Coupling

In order to attack the problem of computing scattering amplitudes at strong coupling (In this
section, we follow closely [35], to which we refer the reader for the details.) we will make
use of the AdS/CFT duality [13, 14]. This duality expresses the equivalence between four
dimensional MSYM and type IIB string theory on AdS5 × S5. The duality provides us with a
dictionary between the parameters on both sides of the correspondence, more precisely

1
Nc
≈ gs,

√
λ ≡
√
g2Nc =

R2

α′
, (3.1)



Advances in High Energy Physics 7

where gs is the string coupling and R is the radius of the AdS5 that coincides with that
of the S5. We see that in the limit of a large number of colors and large λ, the strings are
well described by a weakly coupled sigma model. A powerful feature of the AdS/CFT
duality is that it allows to compute certain observables of MSYM at strong coupling by
doing geometrical computations on AdS. A well-known example is the computation of the
expectation value of supersymmetric Wilson loops, which reduces to a minimal area problem
[15, 16]. In this section we will show that this is also the case for the computation of scattering
amplitudes at strong coupling.

As in the gauge theory, we will need to introduce a regulator in order to define
properly scattering amplitudes. In order to set up our computation we introduce a D-brane
as IR regulator. Actual computations, however, will be done by using the supergravity
analogous of dimensional regularization, since it is simpler to proceed in this scheme, and
besides we are interested in comparing our results to gauge theory expectations.

3.1. Set-Up of the Computation

As a first IR regulator we consider a D-brane localized in the radial direction. In other words,
we start with the AdS5 metric written in Poincare coordinates

ds2 = R2dx
2
3+1 + dz

2

z2
, (3.2)

and we place a D-brane at some fixed large value of z = zIR and extending along the
x3+1 coordinates. The asymptotic states are open strings that end on that D-brane. We then
consider the scattering of these open strings, that will have the interpretation of the gluons.

The proper momentum of the strings is kpr = kzIR/R, where k is the momentum
conjugate to x3+1, and it plays the role of gauge theory momentum and will be kept fixed
as we take away the IR cut-off, zIR → ∞. Therefore, due to the warping of the metric, the
proper momentum is very large, so we are considering the scattering of strings at fixed angle
and with very large momentum.

Amplitudes in such regime were studied in flat space by Gross and Mende [17]. The
key feature of their computation is that the amplitude is dominated by a saddle point of the
classical action. In our case we need to consider classical strings on AdS. Hence, we need
to consider a world-sheet with the topology of a disk with vertex operator insertions on
its boundary, which correspond to the external states (see Figure 1). A disk amplitude with
a fixed ordering of the open string vertex operators corresponds to a given color-ordered
amplitude.

What are the boundary conditions for such world-sheet? First of all, in the vicinity of
a vertex operator, the momentum of the external state fixes the form of the solution, since
far away the solution looks like a free string propagating with a given momentum. Secondly,
since the open strings are attached to the D-brane, z = zIR at the boundary.

It turns out to be hard to find classical solutions with the above properties. In order to
state more simply the boundary conditions for the world-sheet, it is convenient to describe
the solution in terms of T -dual coordinates yμ, defined as follows:

ds2 = w2(z)dxμdxμ −→ ∂αy
μ = iw2(z)εαβ∂βxμ. (3.3)
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1 2

34

4
3

2
1

Figure 1: World-sheet corresponding to the scattering of four open strings. In the figure on the left we see
four open strings ending on the IR D-brane; the world-sheet has then the topology of a disk, shown on the
right, with four vertex operator insertions.

Note that we do not T -dualize along the radial direction. After defining r = R2/z we end up
again with formally the same AdS5 metric

ds2 = R2dyμdy
μ + dr2

r2
. (3.4)

In terms of the (3.4) coordinates, the boundary of the world-sheet is located at r =
R2/zIR. Besides, the boundary conditions for the original coordinates xμ, which are that
they carry momentum kμ, translate into the condition that yμ has “winding” Δyμ = 2πkμ.
Summarizing, the boundary of the world-sheet is located at r = R2/zIR and is a particular
line constructed as follows (see Figure 3):

(i) for each particle of momentum kμ, draw a segment joining two points separated by
Δyμ = 2πkμ;

(ii) concatenate the segments according to the insertions on the disk (corresponding to
a particular color ordering);

(iii) as gluons are massless, the segments are light-like. Due to momentum conservation,
the segments form a closed polygon.

The world-sheet, when expressed in T -dual coordinates, will then end in such
sequence of light-like segments (see Figure 2) located at r = R2/zIR.

Before T -dualizing, we can interpret the regulator D-brane as several D3-branes, one
per each external particle, at a fixed radial distance and extended in the four directions x1,3.
The external states are then open strings ending in these branes, in such a way that two
consecutive states end on each brane.

As we perform the four T -dualities, these D3-branes become D(−1) branes or D(−1)
instantons, and the external states become open strings stretching a light-like distance Δyμ =
2πkμ between two such D(−1) instantons. These instantons are located at the vertices, or
cusps, of the above mentioned polygons.

As we take away the IR cut-off, zIR → ∞, the boundary of the world-sheet moves
towards the boundary of the T -dual metric, at r = 0. At leading order in the strong coupling
expansion, the computation that we are doing is formally equivalent to the one we would do
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1
2

3
4

z = zIR

4 3

21

r = R2/zIR

Figure 2: Comparison of the world-sheet in original and T -dual coordinates. The hyperplane on the picture
to the right should not be interpreted as a D-brane.

Y1

Y2

Y0

Figure 3: Polygon of light-like segments corresponding to the momenta of six external particles undergoing
a scattering.

if we were to compute the expectation value of a Wilson loop given by a sequence of light-like
segments.

Our prescription is then that the leading exponential behavior of the N-point
scattering amplitude is given by the area A of the minimal surface that ends on a sequence of
light-like segments on the boundary

AN ∼ e−(
√
λ/2π)A(k1,...,kN). (3.5)

Note that at strong coupling it is more meaningful to talk about the geometric area of the
world-sheet. This area is directly related to the log of the amplitude rather than to the
amplitude itself. On the other hand, the BDS ansatz (2.7) is also an ansatz for the log of
the amplitude. (As already mentioned in the previous section, the presence of noniterating
terms O(ε) in the exponent of (2.7) allows only to write the log of the amplitude, and not
the amplitude itself, up to terms of order O(ε).) Hence, the strong coupling limit of the BDS
ansatz can be directly compared to the geometrical area, times a proportionality factor of the
form

√
λ in front of the whole answer.
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We should stress that the strong coupling computation is blind to the type or
polarization of the external particles and hence valid for a general scattering, MHV or non-
MHV, among gluons or other particles. Such information will contribute to prefactors in (3.5)
and will be subleading in a 1/

√
λ. In particular, such prefactor could even vanish, as it should

be the case if we were considering amplitudes of the form A(±,+,+, . . .+). The difference
between different scatterings of the same number of particles should be visible if we consider
quantum corrections to the classical area. This is a very important, still open, problem.

We have then reduced the problem of computing scattering amplitudes at strong
coupling to the problem of finding minimal surfaces in AdS. In the next section we will use
the integrability of the problem in order to give a general solution in the form of a set of
integral equations. However, in the following we will show that such surface can be found
for the particular case of the scattering of four gluons without using any fancy technology. To
find and understand this solution in detail will also be instructive for what follows.

3.2. Scattering of Four Gluons

Consider the scattering of two particles into two particles, k1 + k3 → k2 + k4, and define the
usual Mandelstam variables

s = −(k1 + k2)
2, t = −(k2 + k3)

2. (3.6)

According to our prescription we need to find the minimal surface ending in the
following light-like polygon, see Figure 4.

As a warm-up exercise it is instructive to consider the solution close to one of the
cusps.

3.2.1. The Single Cusp Solution

We start by considering the solution near the cusp where two of the light-like lines meet.
So we consider two semi-infinite light-like lines meeting at a point. This case was already
considered in [18]. The surface can be embedded into an AdS3 subspace of the full AdS5

ds2 =
−dy2

0 + dy
2
1 + dr

2

r2
. (3.7)

We are interested in computing the surface ending on a light-like Wilson loop along
y1 = ±y0, y0 > 0; see Figure 5.

The problem has a boost and scaling symmetry that becomes explicit if we choose the
following parameterization:

y0 = eτ coshσ, y1 = eτ sinhσ, r = eτw. (3.8)
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Y1

Y2

Y0

Figure 4: Polygon corresponding to the scattering of four gluons.

Figure 5: Single cusp solution.

Boosts and scaling transformations are simply shifts of σ and τ . The Nambu-Goto
action becomes

SNG =
R2

2π

∫
dσ dτ

√
1 − (w(τ) +w′(τ))2

w(τ)2
. (3.9)

One can explicitly check that w(τ) =
√

2 solves the equations of motion and has the
correct boundary conditions. Hence the surface is given by

r =
√

2
√
y2

0 − y
2
1 . (3.10)
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3.2.2. Four Cusps Solution

Now, lets come back to the case of the solution with four cusps. In order to write the Nambu-
Goto action it is convenient to use Poincare coordinates (r, y0, y1, y2), setting y3 = 0, and
parameterize the surface by its projection to the (y1, y2) plane. In this case we obtain an action
for two fields, r and t, living in the space parameterized by y1 and y2

S =
R2

2π

∫
dy1dy2

√
1 + (∂ir)

2 −
(
∂iy0
)2 −

(
∂1r∂2y0 − ∂2r∂1y0

)2

r2
, (3.11)

where r = r(y1, y2), ∂ir = ∂yir, and so forth. We then need to find a solution to the classical
equations of motion with the appropriate boundary conditions. Let us consider first the case
with s = t, where the projection of the Wilson lines is a square. By scale invariance we can
choose the edges of the square to be at y1, y2 = ±1. The boundary conditions are then given
by

r
(
±1, y2

)
= r
(
y1,±1

)
= 0, y0

(
±1, y2

)
= ±y2, y0

(
y1,±1

)
= ±y1. (3.12)

Near each of the cusps the form of the solution should reduce to the single cusp
solution (3.10). Making educated guesses satisfying the boundary conditions and with the
correct properties near the cusps we propose

y0
(
y1, y2

)
= y1y2, r

(
y1, y2

)
=
√(

1 − y2
1

)(
1 − y2

2

)
. (3.13)

Remarkably it turns out to be a solution of the equations of motion.
On dimensional grounds, the finite part of the amplitude is some function of the

form f(s/t). Hence, in order to capture the nontrivial dependence of the amplitude on the
kinematics, we need to consider more general solutions with s /= t. In this case the projection
of the surface to the (y1, y2) plane will not be a square but a rhombus, with s and t given by
the square of the distances between opposite vertices.

In order to find the solution for this more general case, it is instructive to study the
surface (3.13) in terms of embedding coordinates. These are coordinates where we view AdS5

as the following surface embedded in R2,4:

−Y 2
−1 − Y

2
0 + Y 2

1 + Y 2
2 + Y 2

3 + Y 2
4 = −1. (3.14)
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The relation between embedding and Poincare coordinates is

Yμ =
yμ

r
, μ = 0, . . . , 3,

Y−1 + Y4 =
1
r
, Y1 + Y4 =

r2 + yμyμ

r
.

(3.15)

The surface (3.13) is then given by

Y0Y−1 = Y1Y2, Y3 = Y4 = 0. (3.16)

Once we have written our solution in embedding coordinates, we notice that we can
apply SO(2, 4) transformations, that are linearly realized in this coordinates, in order to
obtain new solutions. This SO(2, 4) symmetry is sometimes referred to as “dual conformal
symmetry” and should not be confused with the original SO(2, 4) symmetry associated to
the original AdS space. Later we will comment on the implications of this symmetry.

Solutions with s /= t can be obtained by starting from (3.13) and performing a boost in
the 0 − 4 direction

Y0Y−1 = Y1Y2, Y4 = 0 −→ Y4 − vY0 = 0,
√

1 − v2Y0Y−1 = Y1, Y2. (3.17)

Hence, we end up with a two-parameter solution, the parameter a, related to the size of
the initial square and the parameter b, related to the boost parameter. The solution can be
conveniently written as

r =
a

coshu1 coshu2 + b sinhu1 sinhu2
, y0 =

a
√

1 + b2 sinhu1 sinhu2

coshu1 coshu2 + b sinhu1 sinhu2
, (3.18)

y1 =
a sinhu1 coshu2

coshu1 coshu2 + b sinhu1 sinhu2
, y2 =

a coshu1 sinhu2

coshu1 coshu2 + b sinhu1 sinhu2
, (3.19)

where we have written the surface as a solution to the equations of motion in conformal
gauge

iS = −R
2

2π

∫
L = −R

2

2π

∫
du1du2

1
2

(
∂r∂r + ∂yμ∂yμ

)

r2
; (3.20)

a and b encode the kinematical information of the scattering as follows:

−s(2π)2 =
8a2

(1 − b)2
, −t(2π)2 =

8a2

(1 + b)2
,

s

t
=

(1 + b)2

(1 − b)2
. (3.21)

According to the prescription, we should now plug the classical solution into the
classical action in order to obtain the four-point scattering amplitude at strong coupling.
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However, in doing so, we obtain a divergent answer. That is of course the case, since we
have taken the IR regulator away. In order to obtain a finite answer we need to reintroduce a
regulator. There are two basic possibilities.

(i) The first one, suggested by the strong coupling prescription, would be to set the
boundary conditions at some fixed value of the radial direction r = r0, namely, in
(3.12) r(±1, y2) = r(y1,±1) = r0, and then take r0 → 0; however, it seems pretty
hard to find classical solutions with such boundary conditions. (Something that
one could do is to plug the classical solution into the action and cut the integral
giving the area at a finite radial distance, as done in [21], this will give the correct
finite piece for the amplitude up to terms independent of the kinematics. However,
It will not give the correct collinear anomalous dimension at strong coupling [34].)

(ii) The second one is to try to mimic what was done in perturbative computations and
consider the amplitudes in D = 4 − 2ε dimensions. This route is quite convenient
and besides it will allow a more direct comparison with the perturbative results.

3.2.3. Dimensional Regularization

Gauge theory amplitudes are regularized by considering the theory in D = 4−2ε dimensions.
More precisely, one starts with N = 1 in ten dimensions and then dimensionally reduce to
4− 2ε dimensions. For integer 2ε this is precisely the low energy theory living on a Dp-brane,
where p = 3 − 2ε. We regularize the amplitudes at strong coupling by considering the gravity
dual of these theories and then analytically continuing in ε. The string frame metric is

ds2 = f−1/2dx2
4−2ε + f

1/2
[
dr2 + r2dΩ2

5+2ε

]
, f =

(
4π2eγ

)ε
Γ(2 + ε)μ2ε λ

r4+2ε
. (3.22)

Following the steps described above, we are led to the following action:

S =

√
cελμ

ε

2π

∫
Lε=0

rε
, (3.23)

where Lε=0 is the Lagrangian density for AdS5. The presence of the factor rε will have two
important effects. On one hand, previously divergent integrals will now converge (if ε < 0).
On the other hand, the equations of motion will now depend on ε, and we were not able
to compute the full solution for arbitrary ε. However, we are interested in computing the
amplitude only up to finite terms as we take ε → 0. In that case, it turns out to be sufficient to
plug the original solution into the ε-deformed action (up to a contribution from the regions
close to the cusps that add an unimportant additional constant term) . After performing the
integrals we obtain

S ≈
√
λ
με

aε
2F1

(
1
2
,−ε

2
,

1 − ε
2

; b2
)
. (3.24)
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Expanding in powers of ε we get the final answer

A = e−(
√
λ/2π)A, −

√
λ

2π
A = iSdiv +

√
λ

8π

(
log

s

t

)2
+ C̃,

Sdiv = 2Sdiv,s + 2Sdiv,t,

iSdiv,s = −
1
ε2

1
2π

√
λμ2ε

(−s)ε
− 1
ε

1
4π
(
1 − log 2

)
√

λμ2ε

(−s)ε
.

(3.25)

This should be compared with the field theory expectations (2.7). We notice that
the general structure is in perfect agreement with the BDS ansatz. Once we use the strong
coupling behavior for the cusp anomalous dimension [12], f(λ) =

√
λ/π + · · · , we see that

the leading divergence, as well as the finite piece, has the correct kinematical dependence
with the correct overall coefficient.

3.3. A Conformal Ward Identity

An important ingredient of the previous computation was the existence of a dual SO(2, 4)
symmetry (Actually, this symmetry was first noticed in perturbative computations [36]
and then independently in the strong coupling computation described here.) , associated
to the isometry group of the dual AdS5 space. This symmetry allowed the construction of
new solutions and fixed somehow the finite piece of the scattering amplitude. Naively, this
conformal symmetry would imply that the amplitude is independent of s and t, since they
can be sent to arbitrary values by a dual conformal transformation. The whole dependence
on s and t arises due to the necessity of introducing an IR regulator. However after keeping
track of the dependence on the IR regulator, the amplitude is still determined by the dual
conformal symmetry. Hence, this regulator breaks the dual conformal symmetry, but in a
controlled way:

We can write a generic regularized area as follows

A
reg
n = Div + Fin(xi). (3.26)

As already mentioned, the structure of IR divergences of scattering amplitudes is known to
all loops. As a result, the divergent piece of the area is well known. Here the xi denotes the
position of the cusps. To a symmetry we associate a Ward identity, that will impose certain
constraints on scattering amplitudes. The dual conformal symmetry under consideration will
impose the following equation for the finite part of the area [19–21]

∑
i

(
2xμi (xi · ∂xi) − x

2
i ∂xμi

)
Fin(xi) =

f(λ)
4

∑
i

(
x
μ

i−1 + x
μ

i+1 − 2xμi
)

log
(
x2
i−1,i+1

)
, (3.27)

where f(λ) is the value of the cusp anomalous dimension at strong coupling (properly
normalized). This conformal Ward identity (3.27) was first written down in [19]. For the
particular case of n = 4 and n = 5, the solution to this equation is actually unique; hence, the
finite piece of the scattering of four and five gluons is fixed in case dual conformal symmetry
persists to all values of the coupling constant.
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What are the consequences of this symmetry at strong coupling? The Ward identity
(3.27) implies that the strong coupling answer can be written as a solution to the above
equation plus a solution of the homogeneous equation, namely, an arbitrary function of the
cross-ratios. On the other hand, the one loop answer multiplied by the appropriate f(λ) ≈

√
λ

factor is a solution of the conformal Ward identities (as it should be, since the symmetry is
present at one loop). In the literature, this term is referred to as the BDS factor, hence

Astrong = ABDS + F

⎛
⎝x2

ijx
2
kl

x2
ik
x2
jl

⎞
⎠, (3.28)

where F is the so-called remainder function. The BDS ansatz, if true, would imply that F
is a constant. On the other hand, note that this is indeed the case for n = 4, 5, since in this
case we cannot construct cross-ratios of the form x2

ijx
2
kl/x

2
ikx

2
jl. On the other hand, we can

construct such cross-ratios for n = 6, so in this case we can have a nontrivial remainder
function. By explicit computations it was actually checked that such remainder function is
indeed nontrivial at two loops [6, 22–24] and also at strong coupling [25, 26].

4. Minimal Surfaces on AdS

In the previous section we have shown how the problem of computing gluon scattering
amplitudes at strong coupling reduces to the computation of the area of certain minimal
surfaces in AdS. In this section we show how the integrability of the system can be used in
order to give a solution to the problem, in the form of a set of integral equations. We will
follow closely [26–29], to which we refer the readers for the details.

4.1. Mathematical Problem

The mathematical problem is to find the area of the minimal surface ending on the boundary
of AdS at a polygon of light-like edges. Such polygon is parameterized by the position of its
cusps xi, which satisfy x2

i,i+1 = 0. See Figure 6
As will be clear below, we will focus on certain regularized area that is invariant under

conformal transformations. As such, it will depend only on cross-ratios, of the form χijkl =
x2
ijx

2
kl
/x2

ik
x2
jl

. The mathematical problem is then to compute the minimal area as a function
of such cross-ratios. As already mentioned, the full problem involves minimal surfaces on
AdS5; in which case there are 3N − 15 cross-ratios if we are dealing with the scattering of N
gluons. However, for most of the exposition presented in this paper, we will restrict to special
kinematical configurations in which the minimal surfaces involved are embedded in AdS3; in
this case, we have N − 6 cross-ratios (For the general scattering in four dimensions we have
4N coordinates, minus N, since the distance between consecutive points has to be light-like,
minus 15, that is the dimension of the conformal group SO(2, 4). In the case of AdS3, we
have 2N −N minus 6, which is the dimension of SO(2, 2).) , and the polygon is a zig-zaged
polygon living in one-plus-one dimensions, see Figure 7

If we wanted a closed polygon we could consider the above contour on a cylinder.
Note that we can consider only polygons with an even number of sides, hence N = 2n. As
one can see in Figure 7, the contour is parameterized by nx+

i coordinates and nx−i coordinates.
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x1

xn

...
...

x2

Figure 6: The light-like polygon in which the minimal surface ends is parameterized by the position of the
cusps, xi, with x2

i,i+1 = 0.

x+
1 x+

2

x+
3 x−2

x−3

x−4

−1 1

Figure 7: A zig-zaged Wilson loop in 1 + 1 dimensions is parameterized by nx+
i coordinates and nx−i

coordinates. If you want a closed polygon, you can fold the figure in a cylinder.

With each set we can form n− 3 invariant cross-ratios, of the form χ±ijkl = x
±
ijx
±
kl/x

±
ikx
±
jl, and all

together we have the expected 2n − 6 cross-ratios.
In order to consider minimal surfaces in AdS3 we need to consider the world-sheet of

classical strings on AdS3. This is the subject of the following subsection.

4.2. Strings on AdS3

Classical strings on AdS3 can be described in terms of embedding coordinates, where we see
AdS3 as the following surface embedded in R2,2:

Y · Y ≡ −Y 2
−1 − Y

2
0 + Y 2

1 + Y 2
2 = −1. (4.1)

We take the world-sheet to be the whole complex plane and Y = Y (z, z). Since we are
interested in classical solutions, the fields have to satisfy the conformal gauge equations of
motion

∂∂Y −
(
∂Y · ∂Y

)
Y = 0. (4.2)
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Furthermore, the equations of motion are supplemented by the Virasoro constraints

∂Y · ∂Y = ∂Y · ∂Y = 0. (4.3)

An efficient way to focus only on the physical degrees of freedom is by performing a so-called
Pohlmeyer kind of reduction; see, for instance, [30–32] and consider the ”reduced” fields

α = log ∂Y · ∂Y, p2 = ∂2Y · ∂2Y. (4.4)

As a consequence of the equations of motion and Virasoro constraints, p can be seen to be a
holomorphic function, and p = p(z) and α(z, z) can be seen to satisfy a generalized version
of the Sinh-Gordon equation

∂∂α − eα + p(z)p(z)e−α = 0. (4.5)

Hence, we have reduced the initial set of equations to a holomorphic function p(z) and to
a field α(z, z) which satisfies a generalized Sinh-Gordon equation. Eventually, we will be
interested in the area of the classical world-sheet. This can be simply written as the conformal
gauge action in terms of the reduced fields

A =
∫
eαd2z. (4.6)

An important property of the reduced fields is that they are invariant under space-time
conformal transformation. In other words, they contain only the “nontrivial” information
about the space-time solution.

Summarizing, a solution of classical strings on AdS3 is mapped to a holomorphic
function p(z) and a field α satisfying (4.5). We can also wonder whether given a holomorphic
function p(z) and a field α satisfying (4.5) it is possible to construct a solution of classical
strings on AdS3. The answer is affirmative, and there is a well-know procedure to construct
such solution. What we need to do is to solve two auxiliary linear problems, which we denote
as left and right

(
d + BL

)
ψLa = 0,

(
d + BR

)
ψRȧ = 0, (4.7)

where the flat connections BL,R are simple two-by-two matrices constructed from p(z) and
α(z, z), for instance

BLz =

⎛
⎜⎜⎝

∂α

4
1√
2
eα/2

1√
2
pe−α/2 −∂α

4

⎞
⎟⎟⎠; (4.8)

we will denote the different components of the connections by BL
αβ

and BR
α̇β̇

. On the other
hand, the indices a and ȧ in (4.7) denote independent solutions of the auxiliary linear
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problems. Each ψLa or ψRȧ is then a doublet. We denote the components of this doublet by
ψLα,a and so forth.

Given then the solutions of these two auxiliary linear problems, one can show that the
space-time solution is simply given by

Ya,ȧ =

(
Y−1 + Y2 Y1 − Y0

Y1 + Y0 Y−1 + Y2

)

α,α̇

= ψLα,aM
αβ̇ψR

β̇,ȧ (4.9)

for some constant matrix M (which can be taken, for instance, to be the identity matrix). One
can show that Y constructed this way satisfies all the required properties. In order to write
down the answer, we have written the space-time coordinates in an SL(2) × SL(2) ≈ SO(2, 2)
notation.

An important observation will be very relevant for what we will do next: it is possible
to introduce a spectral parameter ζ in such a way that the flat connection is still flat, more
precisely

Bz −→ Bz(ζ) =
1
4

(
∂α 0

0 −∂α

)
+

1
ζ

1√
2

(
0 eα/2

pe−α/2 0

)
,

Bz −→ Bz(ζ) =
1
4

⎛
⎝−∂α 0

0 ∂α

⎞
⎠ + ζ

1√
2

(
0 pe−α/2

eα/2 0

)
.

(4.10)

One can check that the connections are still flat, namely, they satisfy

dB + B ∧ B = ∂Bz − ∂Bz + [Bz, Bz] = 0, (4.11)

for any value of ζ. Another important fact is that the left and right connections are just
particular cases of the above flat connection, more precisely

B(ζ = 1) = BL, B(ζ = i) = BR. (4.12)

Before proceeding, let us make the following remark. Since p(z) is a holomorphic
function, it is possible to make a change of coordinates from the z-plane to the w-plane,
where dw =

√
p(z)dz. In the w-plane, the generalized Sinh-Gordon equation takes the usual

form (after a simple field redefinition of α)

α = α̂ +
1
4

log pp −→ ∂w∂wα̂ = sinh 2α̂. (4.13)

Naively, it would seem that we got rid of all the information on p(z). However, this is not the
case, since the w-plane will have in general a complicated structure (for instance, it will have
branch cuts, etc., depending on p(z)). So, we can choose between a complicated equation on
the complex plane or a simple equation on a more complicated space. Depending on which
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questions we want to answer, one description may be more convenient than another. In the
w-plane, the area is simply given by

A =
∫
eα̂d2w. (4.14)

4.3. Classical Solutions Corresponding to Scattering Amplitudes

A natural question to ask is what are the properties of the holomorphic function p(z) and
α(z, z) for solutions corresponding to scattering amplitudes. In order to gain some intuition
we can consider the four cusps solution found in Section 3 and perform the Pohlmeyer
reduction. We find

p(z) = 1, α = α̂ = 0. (4.15)

Hence, the four cusps solution simply corresponds to the vacuum solution of the Sinh-
Gordon equation. What about solutions with a higher number of cusps? First of all we
propose that the field α is regular everywhere, since we are looking for smooth space-like
solutions. Second, we expect a general solution to be similar to the four cusps solution when
approaching the boundary, which corresponds to very large |z|. So we expect that α̂ → 0 as
|z| becomes large. Finally, if we are interested in a minimal surface ending on a polygon with
2n cusps, we propose p(z) to be a polynomial of degree n − 2:

p(z) = zn−2 + cn−4z
n−4 + · · · + c0; (4.16)

we have used rescalings and translations in order to set the coefficients of zn−2 and zn−3 to one
and zero respectively. We see that such polynomial contains n−3 complex coefficients, or 2n−6
real coefficients, which exactly agrees with the amount of expected independent cross-ratios.
In conclusion, minimal surfaces ending on a light-like polygon with 2n cusps correspond to
a holomorphic polynomial of degree n−2 and a field α̂ satisfying the Sinh-Gordon equations,
with boundary conditions such that it decays at infinity and diverges logarithmically at the
zeroes of p(z).

Note that since α̂ decays at infinity, the integral defining the area (4.14) diverges. We
define a regularized/finite area by subtracting the behavior at infinity

Areg =
∫(

eα̂ − 1
)
d2w. (4.17)

The computation of this regularized area will be the main focus of the remaining of this
paper. As already mentioned, all the fields entering into the expression for the regularized
area are invariant under space-time conformal transformations. Hence, the regularized area
will be a function of the cross-ratios only. (The full answer would include also the integral of
the one we have subtracted. In order to compute it one would need to introduce a physical
regulator and this part of the answer will not be conformal invariant. Anyway, its explicitly
form can be worked out and turns out to be quite universal. In this paper we will focus on
the “interesting” part of the answer Areg.)
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Figure 8: When looking at the left problem, (each sheet of) the w-plane is naturally divided into two
parts, according to the sign of Re(w). In the same way, when looking at the right problem, the w-plane is
naturally divided into two parts, according to the sign of Im(w). Hence, the w-plane is naturally divided
into four quadrants. Large values of w in each of these angular sectors correspond to a cusp.

4.3.1. Behavior of the Solution at Infinity

In the following, we want to understand the behavior of the solutions of the linear auxiliary
problems for very large values of |z|, or |w|, since this will tell us the behavior of the world-
sheet near its boundary. Suppose, by simplicity, that p(z) = zn−2, hence w ≈ zn/2. As a result,
as we go once around the z-plane, we go around the w-plane n/2 times.

Since for large values of |w|α̂ vanishes, the flat connections BL,R drastically are
simplified and we can solve for the auxiliary linear problems. A general solution will be
of the form

ψLa ≈ c+a

(
1

0

)
ew+w + c−a

(
0

1

)
e−(w+w),

ψRȧ ≈ d+
ȧ

(
1

0

)
e(w−w)/i + d−ȧ

(
0

1

)
e−(w−w)/i.

(4.18)

We see that the w-plane divides naturally into quadrants; see Figure 8. In each quadrant one
of the two solutions of each problem (left and right) dominates. For instance, if we focus on
the upper right quadrant, the solution proportional to c+a dominates in the left problem while
the solution proportional to d+

ȧ dominates in the right problem. For instance, for the first
quadrant we have Yaȧ ≈ (Large)× c+ad+

ȧ at large values of |w|. This means that for large values
of |w|, the whole quadrant corresponds to a single point in the boundary, which corresponds
to a cusp.
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As we change quadrant, one (and only one) of the two dominant solution changes and
we jump a light-like distance to the next cusp. Note that in each cusp we can write

Ya,ȧ ≈ λaλ̃ȧ, (4.19)

where λ is given by the leading contribution to the left problem and λ̃ by the leading
contribution to the right problem. As we change quadrant, one of the two solutions, λ or
λ̃, changes. As we go around the w-plane n/2 times, we get the expected 2n cusps.

The above solution, in which p(z) is a homogeneous polynomial, turns out to
correspond to a regular polygon with an additional Z2n symmetry. In the general case in
which the polynomial is not homogeneous, we get a polygon of different shapes but with the
same number of cusps. Hence the degree of the polynomial determines the number of cusps
while the coefficients on the polynomial determine the shape of the polygon.

4.4. Y-System for Minimal Surfaces

Let us focus on the left problem. We see that each sheet on the w-plane is naturally divided
into two sectors, one with Re(w) > 0 and the other with Re(w) < 0. Note the following simple
but important fact: in each sector the small solution is well defined (up to a normalization
constant), on the other hand, the large solution is not, as we can add to it a part of the small
solution. Let us then introduce the following terminology.

(i) The w-plane is divided into n sectors, since each sheet contains two sectors. We
label this sectors by i = 0, . . . , n − 1.

(ii) We call sLi the small solution at the ith sector. By definition, this is the solution
with the fastest decay along the line in the center of the ith sector, for large |w|. For
instance, given solution (4.18), we see that the term proportional to e−(w+w) has the
fastest decay as we move along the positive real axis in the w-plane. Such small
solution is well defined, up to a normalization constant.

In order to understand why these small solutions are important, we need to introduce a new
element. Given that our connections are SL(2) matrices, we can introduce an SL(2) invariant
product

ψLa ∧ ψLb ≡ ε
αβψLα,aψ

L
β,b. (4.20)

Given a solution to the linear problem, also called a flat section, one can explicitly check that
the above product is independent of the world-sheet coordinate z. Hence, we can normalize
our solutions such that

ψLa ∧ ψLb = εab. (4.21)

As already seen, the location of the cusps is determined by the large solutions. The large
component of a solution, on a given sector, can be extracted by using the small solution on
such sector and the SL(2) invariant product just introduced, more precisely

ψLa ∧ sLi ≈ λ
i
a. (4.22)
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How do we construct space-time cross-ratios? We have seen that the location of the cusps is
given by Y i

aȧ = λ
i
aλ̃

i
ȧ. The space time cross-ratios involve distances like

Y i · Yj = εabεȧḃY i
aȧY

j

bḃ
=
〈
λiλj
〉〈

λ̃iλ̃j
〉
,
〈
λiλj
〉
= εabλiaλ

j

b. (4.23)

When seeing ψLa as a two-by-two matrix, the normalization condition (4.21) simply means
that the determinant of such matrix is one. Given this, one can easily show that

〈
λiλj
〉
≈
〈(
ψLa ∧ sLi

)(
ψLa ∧ sLj

)〉
= sLi ∧ s

L
j . (4.24)

Which means that space-time cross-ratios can be constructed from inner products of the small
solutions in the corresponding sectors, more precisely

x+
ijx

+
kl

x+
ikx

+
jl

=

(
sLi ∧ s

L
j

)(
sL
k
∧ sL

l

)
(
sLi ∧ s

L
k

)(
sLj ∧ s

L
l

) . (4.25)

We mentioned that small solutions are defined up to a normalization constant. Note that such
normalization constant would cancel out when computing cross-ratios.

The strategy we will follow is to introduce the spectral parameter ζ as shown in the
previous section and to study the small flat sections of the corresponding connection

(d + B(ζ))si(ζ) = 0; (4.26)

then, we can consider the cross-ratios as a function of such spectral parameter

χijkl(ζ) =

(
si ∧ sj

)
(sk ∧ sl)

(si ∧ sk)
(
sj ∧ sl

) . (4.27)

Then, if we set ζ = 1 we obtain the physical plus/left cross-ratios while setting ζ = i we obtain
the physical minus/right cross-ratios:

χijkl(ζ = 1) = χ+
ijkl, χijkl(ζ = i) = χ−ijkl. (4.28)

A property of the flat connection B(ζ) that will be used in what follows is that it possesses a
Z2 symmetry

B
(
eiπζ
)
= σ3B(ζ)σ3, (4.29)
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where σ3 is the usual Pauli matrix. This symmetry allows to relate small sections at different
values of the spectral parameter, for instance, si+1(ζ) = σ3si(eiπζ), and in particular, it implies

si ∧ sj
(
eiπζ
)
= si+1 ∧ sj+1(ζ). (4.30)

Besides, in order to simplify the subsequent derivation, we will assume that si ∧ si+1 = 1.
Now we have all the elements to derive the so-called Hirota equations and

subsequently the Y -system equations. The trick is to choose s0 and s1 as a complete basis
of small flat sections and express two arbitrary consecutive flat sections sk and sk+1 in terms
of them:

sk = (sk ∧ s1)s0 − (sk ∧ s0)s1,

sk+1 = (sk+1 ∧ s1)s0 − (sk+1 ∧ s0)s1.
(4.31)

Next, we use (4.30) in order to express every wedge as a wedge involving s0 and consider
1 = sk ∧ sk+1; then we obtain

−(sk−1 ∧ s0)++(sk+1 ∧ s0) + (sk ∧ s0)++(sk ∧ s0) = 1, (4.32)

where we have introduced the notations f± = f(e±iπ/2ζ), f++ = f(eiπζ), and so forth. This
equation can be written in a more suggestive way by introducing Tk = s0 ∧ sk+1(e−i(k+1)π/2ζ).
We obtain

T+
s T
−
s = Ts+1Ts−1 + 1 (4.33)

which has the form of the so-called Hirota equations. From the definition of Ts, we see that it is
nontrivial for s = 0, . . . , n − 2. The Y -system equations can be simply obtained by introducing
Ys ≡ Ts−1Ts+1; we then obtain

Y+
s Y

−
s = (1 + Ys+1)(1 + Ys−1). (4.34)

Ys is nontrivial for s = 1, . . . , n − 3. Notice that this agrees with the amount of (complex)
cross-ratios of our scattering problem. These are the Y -system equations. Note that they have
simply followed from a chain of rather trivial facts. These are functional equations for Ys(ζ)
and are valid for any value of ζ. One could reintroduce the normalized factors si ∧ si+1 and
check that the Y -functions are given by the usual cross-ratios introduced above. The physical
cross-ratios are then obtained by evaluating Ys(ζ) at ζ = 1 and ζ = i.

Such equations were obtained by rather trivial considerations, and we do not expect
them to be the whole story. In particular, note that the information of the holomorphic
function p(z) does not enter in such equations. There are many solutions to such equations.
The correct solution is then picked by specifying the analytic properties and boundary
conditions of Ys(ζ) as we move on the ζ-plane. This will be the subject of the following section.
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4.5. Integral Equations

In order to pick the appropriate solution to the Y -system equations (4.34) we need to specify
the analytic properties of Ys(ζ). By analyzing the auxiliary linear problem and the definition
of Ys(ζ) one can show that

(i) Ys(ζ) are analytically away from ζ = 0,∞,

(ii) as ζ → 0,∞, the flat connection is simplified and the inverse problem can be solved
by using a WKB approximation, where the role of � is played by ζ or 1/ζ.

More precisely, by calling ζ = eθ, one can show that for large θ

logYs ≈ −ms cosh θ + · · · , (4.35)

where ma is given by the periods of p(z)1/2 along the cycles γa, more precisely ma ≈
−
∮
γa

√
p(z)dz. This is how the information of the polynomial p(z) enters into the problem.

These periods are usually complex, and there are n− 3 of them, which exactly agrees with the
quantity of expected cross-ratios.

The strategy now is well known from the study of integrable systems. We can combine
the Y -system equations with the analytic properties and boundary conditions for the Y -
functions, in order to write a system of integral equations for them, whose solutions will
automatically satisfy the Y -system equations and have the required boundary conditions.
The system of integral equations is given by

logYs = −ms cosh θ +K � log(1 + Ys+1)(1 + Ys−1), (4.36)

where the convolution operation is defined by

K � f(θ) =
∫∞
−∞

dθ′K
(
θ − θ′

)
f
(
θ′
)
, K(θ) =

1
2π cosh θ

. (4.37)

The system of equations (4.36) has the form of TBA equations, that arise when studying
integrable models in finite volume; see, for example, [33]. Even though, for the sake of clarity,
some coefficients have been suppressed in the derivation of these equations, the equations
given have all the correct coefficients. Note that from the TBA point of view, the parameters
ma enter as masses. Once the masses are given, the solution of the above system is unique.
The physical cross-ratios can be read off by looking at Ys(θ) for appropriate values of θ.

For simplicity, in (4.36) we have assumed that all the masses are real and positive, and
the same will be assumed for the rest of the paper. This can be achieved if all the zeroes of
p(z) are along the real line, such that p(z) is positive for z real, positive, and sufficiently large.

The last question is then how we compute the regularized area once we solve the
above system of integral equations. It turns out that the area can be written in terms of the
Y -functions and has the simple expression

Areg =
∑
s

∫
dθ

ms

2π
cosh θ log(1 + Ys(θ)). (4.38)

This expression has exactly the form of the free energy of the TBA system.
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The strategy to solve the full problem is then clear. The initial data (rather than the
coefficients of the polynomial) are the masses ma. For a given choice of these masses, we find
a unique solution of the TBA integral equations. From this solution we can read off the space-
time cross ratios and we can also compute the regularized area as the free energy of the TBA
system. Hence, we obtain the regularized area for given space-time cross-ratios.

The above equations can be easily solved numerically, by an iterative method. See the
appendix for more details.

4.6. Generalization to AdS5

In the first part of this section we have seen how a solution to the problem of computing
certain minimal surfaces in AdS3 can be given by using the integrability of the system. In
the following, we highlight the results for the general case of AdS5 without deriving them.
It turns out that, up to some subtleties, much of the previous analysis goes through, and the
final results are a simple generalization of the results obtained for the AdS3 case. We get a
slightly more complicated Y -system for functions Ya,s, with a = 1, 2, 3 and s = 1, . . . ,N − 5.
The system reads

Y−2,mY
+
2,m

Y1,mY3,m
=

(1 + Y2,m+1)(1 + Y2,m−1)
(1 + Y1,m)(1 + Y3,m)

,

Y−3,mY
+
1,m

Y2,m
=

(1 + Y3,m+1)(1 + Y1,m−1)
1 + Y2,m

,

Y−1,mY
+
3,m

Y2,m
=

(1 + Y1,m+1)(1 + Y3,m−1)
1 + Y2,m

.

(4.39)

As before, in order to get a system of integral equations, we need to supplement these
equations by the analytic properties of Ya,s(ζ). As for the AdS3 case, the large θ = log ζ
behavior can be understood by a WKB analysis. The boundary conditions for the Y -functions
are

logY1,s −→ −ms cosh θ − Cs ±Ds + · · · , θ −→ ±∞,
logY3,s −→ −ms cosh θ − Cs ∓Ds + · · · , θ −→ ±∞,

logY2,s −→ −
√

2ms cosh θ + · · · , θ −→ ±∞;

(4.40)

depending on the signature of space-time, the reality conditions of Cs and Ds are fixed. For
instance, for (3, 1) or (1, 3) signature, the Ds are real while the Cs are purely imaginary. As
for the AdS3 case, these boundary conditions together with regularity imply the following set
of integral equations:

logY2,s = −ms

√
2 cosh θ −K2 � αs −K1 � βs,

logY1,s = −ms cosh θ − Cs −
1
2
K2 � β2 −K1 � αs −

1
2
K2 � γs,

logY3,s = −ms cosh θ + Cs −
1
2
K2 � β2 −K1 � αs +

1
2
K2 � γs,

(4.41)
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where

αs = log
(1 + Y1,s)(1 + Y3,s)

(1 + Y2,s−1)(1 + Y2,s+1)
, γs = log

(1 + Y1,s−1)(1 + Y3,s+1)
(1 + Y1,s+1)(1 + Y3,s−1)

,

βs = log

(
1 + Y 2

2,s

)

(1 + Y1,s−1)(1 + Y1,s+1)(1 + Y3,s−1)(1 + Y3,s+1)
,

(4.42)

and the kernels are given by

K1 =
1

2π cosh θ
, K2 =

√
2 cosh θ

π cosh 2θ
, K3 =

i

π
tanh 2θ. (4.43)

The data of the system of integral equations are the (in general complex) masses ms and the
purely imaginary constants Cs. Since for the scattering of N gluons s = 1, . . . ,N − 5, we get
2(N − 5) + N − 5 = 3(N − 5) degrees of freedom, which exactly agrees with the expected
amount of cross ratios.

Again, as for the case of the AdS3 equations, these TBA equations can be solved
iteratively. Once the solution is found, the space-time cross-ratios can be read off from the
solution at particular values of θ. Furthermore, quite remarkably, the expression for the
regularized area exactly agrees with the expression for the free energy of such TBA system

Areg =
∑
s

∫
dθ

ms

2π
cosh θ log

(
(1 + Y1,s)(1 + Y3,s)(1 + Y2,s)

√
2
)
. (4.44)

This is the final solution for the general problem in AdS5 (where for simplicity we have
assumed real masses).

5. Conclusions

In the first part of this paper we have described how the computation of scattering amplitudes
of planar MSYM at strong coupling reduces to a minimal area problem in AdS. More
precisely, one is to look for the area of minimal surfaces that is at the boundary on a
light-like polygon whose edges are given by the momenta of the particles undergoing
the scattering.

In the second part of this paper, we have focused on the above minimal area problem.
The integrability of the system plays a crucial role in finding such solution. We have seen
that it is convenient to introduce a one-parameter deformation (the spectral parameter ζ) and
study such deformed problem. One can then write down a system of functional equations,
or Y -system, valid for any value of ζ. One can combine these functional equations with the
knowledge of the analytic behavior of the Y -functions in the ζ-plane, in order to write a set
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of integral equations which can be solved iteratively and give the desired answer. There are
many directions one could try to follow.

(i) One possible direction would be to take the continuous limit of our construction, in
order to study smooth Wilson loops.

(ii) It would be nice to find a physical connection between the integrable system that
the TBA equations describe and the original integrable system.

(iii) Of course, the most interesting problem is the extension of this construction to the
full quantum theory.

(iv) An interesting direction would also be to look for similar structures in perturbative
computations.

Appendix

Numeric Implementation of TBA Equations for AdS3

In this appendix we describe how to solve the TBA equations (4.36) numerically in
Mathematica in a very simple way. We encourage the reader to try the code below by
him/herself and to extend it to other cases, in order to understand how much better integral
equations are compared to differential equations.

The algorithm is almost trivial: we simply iterate the integral equation plugging the Y -
functions at iteration k−1 in the right-hand side of (4.36) and reading from the left-hand side
their values at the kth iteration, starting with the inhomogeneous terms in the TBA equations
as the initial value (or zero in the previous step). We start by defining the kernel appearing
in the integral equations,

K[x ]=1/(2 Pi Cosh[x]),

and specify how many gluons we want to consider. We do that by introducing a list of masses
which appear in the integral equations. For example, let us focus on a polygon with 10 sides,
so n = 5, and set the following numerical values of the masses:

m={1.,2.};M=Length[m].

We also introduce a cut-off for the several integrals and set the number of iterations. (The
cut-off is chosen so that for the smallest mass we have e−m cosh(Cut) = 10−8.)

cut = ArcCosh[8Log[10]/Min[m]]; ni = 8.

At each iteration step we compute the new values of the Y -functions at a discrete set of points
and construct the new Y -function as the function which interpolates through these points. For
that we need an interpolating function and a function to perform the several integrals (The
last command in the integration function ensures that we are really integrating something
which is numerical once the integration variable y takes some random numerical value. We
chose 0.1 but anything would work.)

F[S ]:=FunctionInterpolation[S,{x,-cut,cut},InterpolationPoints->100]
int[S ]:= NIntegrate[S,{y,-cut,cut}]/;NumberQ[S/.y->.1].
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This is all the machinery we need. The iterations are simply implemented by

Y[a ,k ]:= (0#&)/;a==0||a==M+1,
Y[i ,1]:= Exp[−m[[i]]Cosh[#]]&
Y[i ,k ]:= Y[i,k] =

F[Exp[−m[[i]]Cosh[x]+int[K[x−y]Log[(1+Y[i−1,k−1],[y])(1+Y[i+1,
k−1],[y])]]]].

In the first line we set Y0 = YM+1 = 0; in the second line we set the seed values for the
iteration procedure to be simply the asymptotic expressions for the Y -functions and in the
last command we compute the Y -functions at the iteration step k using the right-hand side of
the integral equations with the Y -functions at step k−1. We can now compute the regularized
area from the free energy (4.38) of the TBA system and see how it converges to a particular
value as we iterate (which gives a good idea of how good the numerics are)

energy=Table[int[Sum[Cosh[y]m[[i]]Log[1+Y[i,s][y]]/Pi/2,{i,M}]],
{s,ni}] ListPlot[energy].

For the masses chosen above we see that the free energy converges to 0.27. Finally, if we want
to read the cross-ratios of the polygon whose area we have just computed, we simply need to
evaluate the Y -functions at θ = 0,

Table[Y[i,ni][0],{i,M}].

To compute the the free energy again for a different choice of masses we should first run
Clear[Y].
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PlanarN = 4 SYM theory and QCD share the gluon sector, suggesting the investigation of Gribov-
Lipatov reciprocity in the supersymmetric theory. Since the AdS/CFT correspondence linksN = 4
SYM and superstring dynamics on AdS5 × S5, reciprocity is also expected to show up in the
quantum corrected energies of certain classical string configurations dual to gauge theory twist-
operators. We review recent results confirming this picture and revisiting the old idea of Gribov-
Lipatov reciprocity as a modern theoretical tool useful for the study of open problems in AdS/CFT.

1. Introduction and Overview

An intense activity in the study of the duality between the planar, large N limit of theN = 4
super-Yang-Mills (SYM) theory with SU(N) gauge group and the free type IIB superstrings
in AdS5 × S5 is based on the development of analytic tools that exploit the classical
integrability of the string side [1], as well as an internal integrability of the superconformal
theory [2, 3]. In the latter case, the scale dependence of renormalized composite operators is
governed, even at higher loops, by a local, integrable, super spin chain Hamiltonian whose
interaction range increases with the loop order [4, 5]. This fact has firstly set the long range
asymptotic Bethe equations of [5] as a natural tool for calculating anomalous dimensions of
the gauge single traces operators of the theory. Although the relevant two-particle scattering
matrix [6] was determined in a gauge theory framework [7], its tensor structure agrees with
perturbative calculations in the gauge-fixed world-sheet theory [8]. Its form is determined by
the global symmetry of the two theories, psu(2, 2|4), up to a phase (dressing factor) for which
a crossing-like equation has been proposed [9]. For its solution [10], based also on 1-loop
string data [11], an analytically continued weak-coupling expansion has been formulated
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[12], whose effects on the anomalous dimensions of the twist-two operators remarkably agree
with the direct calculation of the four-loop cusp anomalous dimension [13]. As a result,
from the asymptotic Bethe equations (ABA) an integral equation for such cusp anomaly
(or universal scaling function) has been derived, on which in fact is based one of the most
nontrivial tests of the structure of the AdS/CFT correspondence. Its strong coupling solution
[14] (see also [15–20]) has been in fact shown to perfectly match the expression for the cusp
anomaly up to 2-loops term as computed directly from the quantum superstring [21, 22].

Due to their asymptotic nature, the Bethe equations furnish predictions for the
anomalous dimensions that, for “short” operators [23], need to be corrected by wrapping
effects [24]. To this aim, a clever generalization of the Lüscher formulas [25] has successfully
given the correct finite-size correction in [26, 27] to the asymptotic anomalous dimension
derived from the Bethe Ansatz [23], which has been confirmed by a purely field-theoretical
calculation [28]. For the complete spectral equations of N = 4 SYM, however, it is
believed that thermodynamic Bethe Ansatz (TBA) methods ought to be applied, as has been
initiated conjecturing a Y-system, which should yield anomalous dimensions of arbitrary
local operators of planar N = 4 SYM [29–31], and TBA equations for string and gauge
theory [32, 33]. Relevant tests of these proposals have been already carried on [34–36], which
however, in the case of short operators anomalous dimensions at strong coupling [35], still
have to find a full numerical agreement with purely string theoretical computations [37, 38]1

and might need further elaboration [39, 40].
To the purpose of furnishing closed formulas for anomalous dimensions which

might check the TBA proposals at high orders of perturbation theory, the asymptotic Bethe
equations, corrected with generalized Lüscher formulas and further inputs, still stand as a
powerful tool for multiloop calculations [34, 41]. The class of operators mostly relevant in
this framework are the twist operators, also named quasipartonic [42–44]. These are single-
trace operators constructed with an arbitrary number of light-cone derivatives acting on the
fundamental fields (scalars, gauginos, or gauge fields). Their anomalous dimension depends
on their spin (total number of derivatives), and their interest relies on their similarities with
the QCD twist operators arising in the analysis of deep inelastic scattering [45].

It is a general fact that, while N = 4 SYM and QCD are in many details different, a
compared analysis of their properties has been crucial for a deeper understanding of both of
them. Integrability itself appeared for the first time in four-dimensional gauge field theories
in a QCD context, in the high-energy Regge behavior of scattering amplitudes, and in the
scale dependence of composite operators [46–49]. About conformal symmetry, unbroken in
QCD at one loop, it does not appear to be a necessary condition for integrability, as discussed
in [50–53], but it certainly plays an important role by imposing selection rules and multiplet
structures. A notable common issue betweenN = 4 SYM and QCD is their infrared structure
[54, 55], and it is believed that QCD would benefit a lot from an ultimate all-loop solution
of its superconformal version, since this would provide a representation for the “dominant”
part of the perturbative gluon dynamics [56].

A remarkable example of such an interplay betweenN = 4 SYM theory and QCD in
the framework of integrability is the maximum transcendentality principle [57–61], according to
which the anomalous dimension of twist-two operators at n loops is a linear combination
of generalized harmonic sums of transcendentality 2n − 1. The principle has been the
key via which closed multiloop expressions for the anomalous dimension of special twist
operators have been derived [6, 23, 34, 41, 62–66] and has been independently confirmed
in a space-time framework [67] as well as exploiting the Baxter approach [68]. A second
crucial connection is the relationship to the Balitsky-Fadin-Kuraev-Lipatov (BFKL) approach
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[69–77] for describing high-energy scattering amplitudes in gauge theory, which furnishes a
prediction for the pole structure of the analytically continued anomalous dimensions of twist
operators. The (supersymmetric generalization of the) BFKL equation appears to be a testing
device for any conjecture on the exact higher-loop spectrum of anomalous dimensions in the
N = 4 model, and in fact it was determinant to state both the failure of Bethe equations in
describing the spectrum of short operators [23] as well as the correctness of the full result
including the wrapping correction [78].

In this Review, we will report on another fascinating and as yet not fully explained
link between QCD,N = 4 SYM, and string theory. This is centered on the so-called reciprocity
and consists in a surprising pattern that emerges in studying all the available anomalous
dimensions of twist-two operators in QCD, their analogue in N = 4 SYM, together with
the energies of their dual string configurations. The reciprocity condition is a constraint on
the large spin behavior of a transform of the anomalous dimension, which should run in
even negative powers of the Casimir of the collinear group SL(2; R). This constraint, arising
in the QCD context, has been presented in [79, 80] as a special (space-time symmetric)
reformulation of the parton distribution function evolution equations, while in [81] it has
been approached from the point of view of the large spin expansion and generalized to
operators of arbitrary twist. Reciprocity has been checked in various multiloop calculations
of weakly coupledN = 4 gauge theory [62, 64, 66, 82–84].

A natural tool to investigate the presence of reciprocity relations at strong coupling is
the AdS/CFT correspondence, according to which such an organized structure of subleading
terms in the large spin expansion should be visible also in the energies of the semiclassical
string states corresponding to twist operators. This strong coupling analysis, initiated in [81]
for a particular solution at the classical level, has been extended in [85] to more general
configurations and beyond the classical result. Given the complicated form of the relevant
solutions, however, the large spin expansion for corrections to the leading string energy
is a nontrivial task. Remarkably, although not as manifestly as in the weak coupling case,
also here the underlying integrable structure of the AdS/CFT system plays a crucial role in
making feasible the analysis of reciprocity. The recent findings of [86], demonstrating that the
semiclassical fluctuation problem is governed by simple finite-gap operators, have provided
us with analytic expressions for the fluctuation determinants that permit to carry out well-
defined expansions in the large spin limit. As a notable outcome, the large spin expansion
of the string energy happens to have exactly the same structure as that of the anomalous
dimension in the perturbative gauge theory, respecting reciprocity relations up to one-loop
in string perturbation theory. Interesting generalizations of this analysis at strong coupling
are the study [87] of reciprocity for the first commuting charges defined in [88], as well as
the generalized reciprocity [89] present in the N = 6 superconformal Chern-Simons theory
in three dimensions [90].

We must stress that reciprocity is not a rigorous prediction, in that it is still missing
a first-principles derivation. Instead, it is based on sound physical arguments and always
needs to be verified, both at weak and at strong couplings. However, its persistent validity
is an intriguing empirical observation which can be at the moment qualified as a kind of
hidden symmetry for the spectrum of the AdS/CFT system. While the analysis of this review
is focussed on the planar limit of the latter, where the emergence of integrability opens the
way for a variety of tools to be used in the study of its spectrum, we emphasize that the
reciprocity relation is not tied to the planar limit or to the integrability of the theories. Indeed,
it holds in QCD for an arbitrary number of colors in the sectors in which integrability is not
present [81]. In the AdS/CFT system, the powerful predictive power of reciprocity on the
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spectrum of the theories has been already successfully employed to formulate a five-loop
analytic formula for the anomalous dimension of twist-three operators [34], which has been
confirmed by a purely field-theoretical calculation [91].2

The plan of this Review is the following. In Section 2 we recall the original Gribov-
Lipatov formulation of the reciprocity property in QCD and sketch a modern reinterpretation
of it as in [79–81]. In Section 3 we present its generalized definition to the supersymmetric
case ofN = 4 SYM theory. In Sections 4.1 and 4.2, after a short introduction on the outcomes
of integrability-based techniques, we collect the information on the relevant multiloop results
for the anomalous dimensions of quasipartonic operators at weak coupling. We proceed then
in Section 4.3 illustrating with specific examples how reciprocity has been checked on those
anomalous dimensions, explaining then in Section 4.4 the way reciprocity can be used to
produce new higher-order formulas. Section 4.5 summarizes the weak coupling analysis. In
Section 5, we present the strong coupling analysis of reciprocity, based on the perturbative (in
the sigma model loop expansion) energies of folded and spiky string solutions in AdS5 × S5.
The final Section 6 is devoted to a short list of open problems related to the subject of this
Review. Three Appendices follow, in which we recall the basic properties of harmonic sums
(Appendix A) and briefly illustrate the checks of reciprocity in the first commuting charges
of the sl(2) sector (Appendix B) as well as the generalized reciprocity of the so-called ABJM
[90] theory (Appendix C).

2. Generalized Gribov-Lipatov Reciprocity in QCD

The anomalous dimensions γ(S) of the twist-two operators with spin S emerging in the
QCD analysis of deep inelastic scattering (DIS) [45, 92] are expected to contain important
information encoded in their dependence on S. Connecting the total spin S to its dual
in Mellin space, the Bjorken variable x, two opposite regimes emerge in a natural way.
The first is small x → 0 and is captured by the BFKL equation. It can be analyzed by
considering the Regge poles of γ(S) analytically continued to negative (unphysical) values
of the spin.

Here, we will be interested in the properties of the second quasielastic regime which
is x → 1, that is, large S. From the large S behavior of the known three-loop twist-two
QCD results as well as from general results valid at higher twist [93], the following general
features can be inferred. The leading large S behavior of the anomalous dimensions γ(S) is
logarithmic

γ(S) = f(λ) logS +O
(
S0

)
, S −→ ∞, (2.1)

where f(λ) is a universal function of the coupling related to soft gluon emission [93–96].
It appears as (twice) the cusp anomalous dimension governing the renormalization of a
light-cone Wilson loop describing soft-emission processes as quasiclassical charge motion.
About the subleading ∼ logpS/Sq corrections, they are found to obey special relations first
investigated by Moch et al. in [97, 98] (see also, at two loops, [99]) and known as MVV
relations. Roughly speaking, they predict the three-loop 1/S contributions in terms of the S0

two-loop ones. The MVV relations have received a relatively recent intriguing explanation
in terms of a nontrivial generalization of the one-loop Gribov-Lipatov reciprocity [100, 101]
which is the subject of the next sections.
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2.1. Old Gribov-Lipatov Reciprocity: A Review

In the QCD context, the idea of reciprocity arises from the attempt to symmetrically treat
deep inelastic scattering (DIS) and its crossed version, that is, e+e− annihilation into
hadrons. In DIS, the nonperturbative information is contained in the space-like (S) splitting
functions PS(x), governed by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi evolution [100–
104] and related to the anomalous dimensions γS(S) [105] of the twist-two operators via a
Mellin transform. Instead, the crossed process involves the nonperturbative fragmentation
functions, whose scale evolution is related to the time-like splitting functions PT (x); in this
case the Mellin transform defines a time-like anomalous dimensions γT (S).

The two types of splitting functions were related by analytic continuation through the
singular point x = 1 in the relation worked out by Drell et al. [73, 106–111]

Drell-Levy-Yan: PT (x) = −
1
x
PS

(
1
x

)
. (2.2)

A second relation has been proposed by Gribov and Lipatov [100, 101], stating an identical
parton evolution for the two processes

Gribov-Lipatov: PT (x) = PS(x) ≡ P(x). (2.3)

Combining the two relations above, one can deduce a “reciprocity property” of the common
function P(x)

Gribov-Lipatov reciprocity: P(x) = −xP
(

1
x

)
. (2.4)

In Mellin space,

γ(S) ≡ P(S) =
∫1

0

dx

x
xSP(x), (2.5)

and it can be shown [81, 82] that this means3 (in the sense of asymptotic expansions at large
S)

γ(S) = f
(
C2

)
, C2 = S(S + 1), S −→ ∞. (2.6)

Gribov-Lipatov reciprocity holds at one-loop, but fails at two loops [99, 112]. For instance,
the explicit violation for the case of the nonsinglet twist-two quark operator can be written
as4

1
2

[
P
(2 loops)
T,qq (x) − P (2 loops)

S,qq

]
=
∫1

0

dz

z

{
P
(1 loop)
qq

(x
z

)}
+
P
(1 loop)
qq (z) log z. (2.7)
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2.2. Reciprocity Respecting Evolution Equations

The evolution equations for the parton distributions or fragmentation functions Dσ(x,Q2)
(σ = S, T) take the standard convolution form

∂τDσ

(
x,Q2

)
=
∫1

0

dz

z
Pσ

(
z, αs

(
Q2

))
Dσ

(x
z
,Q2

)
, (2.8)

where Pσ are the space or time-like splitting functions, αs(Q2) is the QCD running coupling
constant, and τ = logQ2. By Mellin transforming, this reads

∂τDσ

(
S,Q2

)
= −1

2
γσ
(
S, αs

(
Q2

))
Dσ

(
S,Q2

)
, (2.9)

where

Dσ

(
S,Q2

)
=
∫1

0

dx

x
xSDσ

(
x,Q2

)
, γσ

(
S,Q2

)
= −1

2

∫1

0

dx

x
xSPσ

(
x, αs

(
Q2

))
. (2.10)

Based on several deep physical ideas, it has been proposed to rewrite the evolution equation
in a way that aims at treating the DIS and e+e− channels more symmetrically, in the spirit of
Gribov-Lipatov reciprocity [80, 113, 114]. This proposal takes the form5

∂τDσ

(
x,Q2

)
=
∫1

0

dz

z
P
(
z, αs

(
z−1Q2

))
Dσ

(x
z
, zσQ2

)
, (2.11)

where σ = −1, 1 for the space-like and time-like channels, respectively. The crucial point is
that the evolution kernel P(z) is the same in both channels. As an immediate two-loop check,
one recovers for the nonsinglet quark evolution the Curci-Furmansky-Petronzio relation
(2.7). Other features related to the Low, Burnett, Kroll theorems [115, 116] (LBK) as well
as to the inheritance idea are further discussed in [80, 113, 114]. A three-loop check of the
above proposal to reproduce the explicit QCD anomalous dimensions requires, however, the
addition of a term proportional to the β-function, as mentioned after (2.14) below.

2.3. Moch-Vermaseren-Moch Relations and Reciprocity of the Kernel P

The previous formulation of reciprocity is in x-space, but has important consequences in the
large spin expansion of the anomalous dimensions. This point of view is adopted in Basso
and Korchemsky [81] who propose a very simple way of testing (2.11).

Neglecting effects due to the running couplings (we are going to discussN = 4 SYM
which is ultraviolet finite), one immediately derives from (2.11) the nonlinear relation (after
a rescaling of P)

γσ(S) = P
(
S − 1

2
σγσ(S)

)
. (2.12)
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In the spirit of the derivation of the reciprocity respecting evolution equation (2.11), it is
natural to guess that the Mellin transform of the kernel P in (2.12) obeys the Gribov-Lipatov
reciprocity relation (2.4).

As an immediate corollary, the following general parametrization of the large S

expansion of γσ (we define S = S eγE and A = f(λ))

γσ(S) = A logS + B + Cσ
logS
S

+
(
Dσ +

1
2
A

)
1
S
+ · · · , (2.13)

must satisfy the constraints

Cσ = −1
2
σA2, Dσ = −1

2
σAB, (2.14)

which are highly nontrivial since A,B,C, and D are functions of the gauge coupling. The first
relation in (2.14) is indeed verified at three loops by the explicit evaluation of γσ , being part
of the above-mentioned MVV relations. Most importantly, as discussed in [81], the second
(subleading) relation requires, in QCD, a correction in the relation (2.12) that is related to the
nonzero value of the β function. For twist-two operators in the finiteN = 4 SYM theory, it is
correct as it stands.

Thus, the two MVV relations in (2.14) strongly suggest that, when formulated for the
Mellin transform of the kernel P defined in (2.12), the reciprocity relation (2.4) holds. In S-
space, it is equivalent to the claim that P(S) has a large S expansion in integer powers of C2 of
the form

P(S) =
∑
n

an
(
logC

)

C2n
, (2.15)

where C2 = S (S + 1), and an are polynomials which can be computed in perturbation theory
as series in αs. The expansion (2.15) can be read as a parity invariance under S → −S − 1,
although this must be considered only as an analytic continuation around S = ∞ and not at
any S in strict sense because of the Regge poles at negative S.

The property (2.15), or its equivalent form (2.4), has indeed been checked at three
loops in [81] for several classes of twist-two operators in QCD. It generates an infinite set of
MVV-like relations for all the subleading terms in the large S expansion of the anomalous
dimensions. The previous relations (2.14) are just the first cases.

3. Generalized Reciprocity inN = 4 SYM

Reciprocity has been discussed in QCD, a theory which shares the gluon sector withN = 4
SYM. This suggests to explore its validity in the latter, highly symmetric theory where one
can exploit integrability to compute multiloop anomalous dimensions.

Since the leading order evolution kernel of N = 4 SYM theory is purely classical in
the LBK sense [117], there is hope to derive one day all-loop expressions for the anomalous
dimensions of the operators of the theory within a simple description, that is, in which higher-
order terms are dynamically inherited from the first loop. QCD would greatly benefit from
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such a result, and in general from investigations in whichN = 4 SYM is studied with the aim
of putting under full theoretical control the dominant part of the perturbative QCD gluon
dynamics.

The conformal invariance of the N = 4 SYM theory allows one to extend the results
of the previous section to the anomalous dimensions of the so-called quasipartonic operators of
arbitrary twist J . The definition of the quasipartonic operators [42–44, 118] goes back to the
conformal limit of the QCD and is in fact unrelated to the presence of supersymmetry.

In the conformal limit, the light-cone ray is left invariant by an SL(2,R) collinear
subgroup of the conformal group, generated by translations and dilatations along the ray,
and rotations in the x0 ± x1 plane [119]. In light cone gauge, one can identify preferred
components (SL(2,R) primary fields) of the elementary scalars (in supersymmetric theories),
Weyl fermions and field strength with minimal collinear twist.6 Composite operators built
with this set and an arbitrary number of covariant derivatives correspond to physical degrees
of freedom, as it is clear in light-cone gauge and are called quasipartonic operators.

We will then write a general quasipartonic single-trace gauge invariant operator as

Ô
(
z1, . . . , zJ

)
= Tr

{
X(z1n) · · ·X

(
zJn

)}
, (3.1)

where znμ is the light-like ray and X can be a (suitable) N = 4 scalar field ϕ, gaugino
component λ, or holomorphic combination A of the physical gauge field A

μ

⊥ [119]. The
number of the constituent fields J is the twist (classical dimension minus spin) of the
operator.

At one-loop, these operators have simple transformation properties with respect to
the collinear group; they transform as [
]⊗L where [
] is the infinite-dimensional sl(2)
representation with conformal spin, respectively, [119]



(
ϕ
)
=

1
2
, 
(λ) = 1, 
(A) =

3
2
. (3.2)

A suitable generalization of the analysis of reciprocity in [80, 81, 113, 114] to the case
ofN = 4 SYM assumes that γ(S) obeys at all orders the nonlinear equation7

γ(S) = P
(
S +

1
2
γ(S)

)
, (3.3)

and the reciprocity relation takes the form

P(S) =
∑
n

an
(
logC

)

C2n
, (3.4)

where an(logC) are suitable polynomials, and C is obtained by replacing S(S + 1) with the
Casimir of the collinear conformal subgroup SL(2,R) ⊂ SO(4, 2)

C2 = s(s − 1) ≡ (S + J
 − 1)(S + J
). (3.5)

Here, s = (S+Δ0)/2 = S+J
 is the “bare” conformal spin s of the operator (with Δ0 being the
canonical dimension of the operator) defined in terms of the conformal spin 
 of the fields
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(3.2) out of which the operator is built. The constraint (3.4) is simply a parity invariance
under (large) C → −C.

This generalization is related to the proposal by [81] of tracing back the origin of
the nonlinear relation (3.3) to the conformal symmetry of the theory (for the same reason,
and as mentioned above, in gauge theories with nonvanishing beta-function, like QCD, the
anomalous dimensions receive conformal symmetry breaking contributions). Quasipartonic
operators can be in fact classified according to representations of the collinear SL(2,R)
subgroup of the SO(2, 4) conformal group which are labeled by the conformal spin of the
operator [119], whose general definition s = (S +Δ)/2 involves in fact the scaling dimension
of the operator. Since this get renormalized, receiving anomalous contribution γ at higher
orders, one may argue that the anomalous dimension itself should be a function of S
only through its dependence on the “renormalized” conformal spin redefined in terms of
Δ = S + J + γ(S, J). This then leads to the nonlinear functional relation for γ 8

γ(S, J) = f(s; J) ≡ f
(
S +

1
2
J +

1
2
γ(S, J); J

)
. (3.6)

Suppressing the dependence on J in γ and f, one may write such functional relation simply
as (3.3).

One can notice that without further information, (3.3) is nothing more than a change
of variable, since, at least in perturbation theory, it is always possible to compute the function
f in terms of the anomalous dimension γ(S, J). The nontrivial information is in fact contained
in the parity invariance (3.4), from which an infinite set of constraints can be derived between
subleading coefficients in a general large spin expansion of the anomalous dimension, exactly
as it happens in (2.13) and (2.14) above.

3.1. A Strong Form of Reciprocity from the Simplicity of P

We conclude this section with some interesting observation about the large spin expansion
of the function P. Its leading logarithmic behavior, as follows from the structure of (3.3),
coincides with the leading behavior of γ in (2.1), where the coupling-dependent scaling
function f(λ) (cusp anomaly) is expected to be universal in both twist and flavour [93, 120].
Concerning the subleading terms, as remarked in [79, 81], the function P(S) obeys up to three
loops a powerful additional simplicity constraint, in that it does not contain logarithmically
enhanced terms ∼ logn(S)/Sm with n ≥ m. This immediately implies that the leading
logarithmic functional relation

γ(S) = f(λ) log
(
S +

1
2
f(λ) logS + · · ·

)
+ · · · (3.7)

predicts correctly the maximal logarithmic terms logmS/Sm

γ(S) ∼ f logS +
f2

2
logS
S
−
f3

8
log2S

S2
+ · · · (3.8)

whose coefficients are simply proportional to fm+1 [66, 85, 121].
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Notice that the fact that the cusp anomaly is known at all orders in the coupling
via the results of [12, 14] would in principle imply (under the “simplicity” assumption for
P) a proper prediction for such maximal logarithmic terms at all orders in the coupling
constant, and in particular for those appearing in the large spin expansion of the energies
of certain semiclassical string configurations (dual to the operators of interest). As we
will report in the sections dedicated to the strong coupling checks of reciprocity, such
“inheritance” has indeed been checked in [85] up to one loop in the sigma model semiclassical
expansion, as well as in [122] at the classical level. An independent strong coupling
confirmation of (3.8) up to order 1/S has recently been given for twist-two operators in
[123].

However, the asymptotic part of the four-loop anomalous dimension for twist-two
operators and of the five-loop anomalous dimension for twist-three operators reveals an
exception to this “rule”, being the term log2S/S2 not given only in terms of the cusp anomaly.9

This seems to indicate that, at least for twist-two and twist-three operators in the sl(2) sector
and at critical wrapping order, the P-function ceases to be “simple” in the meaning of [79],
thus preventing the tower of subleading logarithmic singularities logmS/Sm to be simply
inherited from the cusp anomaly. In order to clarify how the observed difference in the
simplicity of the P at weak and strong coupling works, further orders in the semiclassical
sigma model expansion would be needed.

4. Reciprocity Tests at Weak Coupling inN = 4 SYM

Given our interest in testing reciprocity inN = 4 SYM, the next step is to exploit integrability
in this theory to achieve a closed form for γ(S) of specific classes of operators at many
loops.

4.1. Multiloop Calculation of Anomalous Dimensions via Integrability

The calculation of the anomalous dimensions in the planar limit of N = 4 SYM theory is
in fact dramatically simplified by its integrability properties. The gauge theory composite
operators can be mapped to states of a PSU(2, 2|4) invariant integrable spin chain, which for
quasipartonic operators coincides at one loop with the XXX−
 chain [124–129]. The energy
of the spin chain is the image of the gauge theory dilatation operator. Thus, the calculation
of the coupling-dependent energy levels of the spin chain provides the multiloop anomalous
dimension of specific gauge theory composite operators.

We can illustrate the general strategy with a specific example which will be relevant in
the following discussion. We consider the subsector sl(2) ⊂ psu(2, 2|4) which is perturbatively
closed at all orders under renormalization. This sector contains composite operators which
can be written schematically as OJ,S = ϕJ−1DSϕ, where ϕ is a scalar field and D a certain
projected covariant derivative.

The integrable structure of the spin chain, the conformal spin (3.2) being here 
 = 1/2,
leads to the following Bethe equations at one-loop:

(
uk + i/2
uk − i/2

)J

=
S∏

j=1,j /= k

uk − uj − i
uk − uj + i

, (4.1)
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where ui are the Bethe roots, in terms of which is written the one-loop anomalous dimension

γ1 =
S∑
k=1

1
u2
k
+ 1/4

. (4.2)

The same equations can be conveniently reformulated in the language of the Baxter operator
[130]. In this simple context and for the physical solutions, its eigenvalue is a degree S
polynomial in the spectral parameter u, Q(u) =

∏S
i=1(u − ui) which obeys the equation

(
u +

i

2

)J

Q(u + i) +
(
u − i

2

)J

Q(u − i) = t(u)Q(u), (4.3)

where t(u) is the transfer matrix of the integrable chain. In terms of Q(u), the one-loop
anomalous dimension reads

γ1 = i
(
logQ(u)

)′∣∣∣
u=+i/2

u=−i/2
. (4.4)

In the simplest case of twist J = 2, the transfer matrix is a second-order polynomial
t(u) = 2u2 − (S2 + S + 1/2), and the solution is easily identified with the Hahn function
Q(u)=3F2(−S, S + 1, 1/2 − iu; 1, 1; 1). Thus, the anomalous dimension at the 1-loop order, or
g2 = g2

YMN/16π2, is

γ(S) = 2g2
(
Q′

(
i

2

)
−Q′

(
− i

2

))
= 8g2S1(S), S1(S) =

S∑
n=1

1
n
. (4.5)

This construction can be extended to all loops both in terms of Bethe Ansatz equations [5] as
well as with the Baxter formalism [131–134].

In principle, the Baxter method is superior to the other, since it provides an analytical
expression to the anomalous dimension as a function of the number S of Bethe roots.
Nevertheless, this approach has not been pursued in full detail for higher-rank subsectors
of the theory and a practical alternative is the maximal transcendentality principle [57–61].

This QCD-inspired idea10 predicts that at each order n the solution can be entirely
expressed in terms of certain combinations of generalized harmonic sums of order 2n − 1 or
in terms of products of harmonic sums Sa and zeta functions ζ(bi) in such a way that the sum
of their transcendentalities |a| and bi (see Appendix A for definitions) is again equal to 2n−1.
One can then use the maximal transcendentality principle to write the anomalous dimensions
as a combination of harmonic sum of fixed order with coefficient to be determined. The
rational coefficients can be then computed by fitting numerically with high precision the
perturbative expansions of the Bethe equation at fixed S.

A crucial point is that the derivation of the Bethe equations, or equivalently of the
Baxter equation, is based on the assumption that the length of the composite operator, that
is, the spin chain length, is sufficiently large to avoid finite size effects related to interactions
which wrap around the chain. The additional wrapping contributions which occur for short
chains were for the first time correctly evaluated in [27] via a clever generalization of the
Lüscher formulas [25] previously proposed for the AdS5×S5 sigma model in [26]. Such finite
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size effects are the object of recent investigations exploiting thermodynamical Bethe Ansatz
methods and relying on the AdS/CFT duality with the superstring dynamics on AdS5 × S5

[29–33]. The general statement is then that the full anomalous dimension must be written as

γ
(
g
)
= γABA(g) + γwrapping(g), (4.6)

where γABA(g) is captured by the asymptotic Bethe Ansatz equations of [5] and γwrapping(g)
is the wrapping contribution that can be evaluated with the tools mentioned above.

From the point of view of this Review, it is expected that reciprocity holds for the
full anomalous dimension (4.6), since the above splitting has a more technical than physical
nature. In all the explored examples to be discussed in the next section, reciprocity holds
in fact for both the asymptotic and the wrapping part. It is however remarkable that this
happens separately for the individual contributions.

4.2. Applications to Quasipartonic Composite Operators

We collect here the information on the relevant multiloop results for the anomalous
dimensions of a class of quasipartonic operators in N = 4 SYM. The discussion about the
reciprocity properties of these results will follow in the next section.

As mentioned in Section 4.1, the emergence of integrability in the planar limit
allows one to construct (at least at the one-loop level) a dictionary of correspondences
between quasipartonic operators and generalized spin chains. In the spin-chain language,
quasipartonic operators correspond to fixed length states and the anomalous dimensions are
the hamiltonian eigenvalues of the relevant XXX−
 chain [124–129]. At the one loop level,
these sets are closed under perturbative renormalization, while at higher loops only the
operators built out of scalar fields and gauginos continue to scale autonomously. In fact, the
N = 4 sl(2) subsector is closed at all orders, and even though operator with gauginos spans
the sl(2|1) subsector where there is mixing between scalars and fermions, this is not true in
the quasipartonic set of operators built out of suitably projected components of gaugino fields
[135]. Finally, in the case of gauge operators 11 [136], mixing effects start immediately beyond
one-loop (see the discussion in [64]).

4.2.1. Scalar Operators

The most studied and simplest sector is the sl(2) subsector of the theory, whose representative
operatorsOJ,S = ϕJ−1DSϕ, built out of scalar fields ϕ and covariant derivatives acting on them,
were introduced in Section 4.1. In the chain language, each covariant derivative is thought as
an “excitation” of the vacuum state TrϕJ . The number of these excitations S =

∑
ni, the total

spin, is not limited, being the −1/2 representation of sl(2) infinite-dimensional.
The relevance of this bosonic subsector is due to the fact that, in the important case of

twist-two operators, it is exhaustive of the whole theory. All twist-two operators fall in fact in
a single supermultiplet [44, 137, 138] and their anomalous dimension is expressed in terms
of a universal function γuniv with shifted arguments

γ
ϕ

J=2(S) = γuniv(S), γ
ψ

J=2(S) = γuniv(S + 1), γAJ=2(S) = γuniv(S + 2). (4.7)
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For the twist-two anomalous dimensions, closed expressions at two loops are known
from explicit field-theory calculations [139] and at three loops from a conjecture inspired from
the maximum transcendentality principle [57–61] applied to the QCD splitting functions
[97, 98]. Up to three loops, the same formulas can also be computed by the asymptotic
Bethe ansatz [6] for fixed values of S. It is only recently that the three-loop conjecture has
been proved via the Baxter approach method [68]. In [23, 78] the ABA and wrapping part
for the four-loop anomalous dimensions for twist-two scalar operators in the sl(2) have
been computed, with the techniques explained in the previous section. This result has been
confirmed by a field-theoretical calculation [28, 140]. With similar ABA techniques and in
absence of wrapping corrections, closed (in S) expressions for the anomalous dimensions of
twist-three operators were derived in [23, 62].

Exploiting an Ansatz based on reciprocity (see next section), a five-loop formula
for the anomalous dimensions was proposed in [34] for the twist-three operators and,
in a similar fashion, in [41] for the case of twist-two. While in the first J = 3
case, the formula involves a leading order (generalized) Lüscher correction, in the case
of J = 2 a nontrivial next-to-leading order wrapping contribution (together with a
modification of the quantization condition) comes into play. This is due to the general
fact that, in the sl(2) sector, for twist J operators, the wrapping effect starts at order
g2J+4, delayed by superconformal invariance. The twist-three five-loop formula has been
later confirmed by a purely field-theoretical calculation [91], while the correctness of the
recent five-loop twist-two proposal is strongly supported by the fact that it respects the
correct weak-coupling constraints deriving from a BFKL analysis and double-logarithmic
behavior.

The same techniques used for the anomalous dimensions work in the case of the higher
conserved charges of the chain model [88], something discussed so far only for the first few
charges in the scalar sector [87] and reviewed in Appendix B.

4.2.2. Fermion Operators

These operators are built out of helicity +1/2 component of the gaugino fields λα, and
covariant derivatives acting on them, defined in [52], where twist-three representatives have
been studied at two loops inN = 1, 2, 4 SYM by direct computation of the dilatation operator.
The high level of symmetry of the N = 4 theory results in a number of degeneracies
in the spectrum of anomalous dimensions, with unexpected relations between composite
operators of different twist [5]. The Bethe Ansatz reflects of course such remarkable structural
properties related to supersymmetry.

An excellent example of this fact is precisely the case of twist-three operators built
out of gauginos whose anomalous dimension was first proved in [63] to be related to the
“universal” twist-two anomalous dimension (4.7) as

γ
ψ

J=3(S) = γ
ϕ

J=2(S + 2). (4.8)

This statement has been rigorously proved at three loops and attributed to a hidden psu(1|1)
invariance of the su(2|1) subsector of the theory.
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4.2.3. Gauge Operators

These quasipartonic operators have as constituents gauge fields A on which an arbitrary
number of covariant derivatives act, where A stands for the holomorphic combination of the
physical gauge degrees of freedom A

μ

⊥ (suitable projected components of the field strength)
defined in [119]. Twist-three gauge operators were considered in [64] at three loops, and in
[82] at four loops and without wrapping effects.

At one-loop, this sector is described by a noncompact XXX−3/2 spin chain with J
sites, and the anomalous dimension is known as an exacts solution of the Baxter equation.
Beyond this order, no simple spin-chain correspondence exist and mixing effects come
into play. In order to find a closed formula for the anomalous dimension, one can then
hope to make use of the full psu(2, 2|4) Bethe equations in which the quantum numbers
belonging to the correct superconformal primary that describes this sector have to appear.
This can be done exploiting the superconformal properties of the (maximally symmetric)
tensorial product of three singletons [141]. As usual, using as an input the one-loop
solution

γAJ=3(S) = 4S1

(
S

2
+ 1

)
− 5 +

4
S + 4

, (4.9)

one can solve numerically the Bethe equations order by order in perturbation theory and
fit the coefficient in an appropriate Ansatz. However, in this case the latter cannot be
inspired by the standard maximum transcendentality principle, which is violated already
at one loop as shown explicitly from the formula above. The latter is fully consistent
with the QCD analysis of maximal helicity 3-gluon operators [142], where the dilatation
operator can be decomposed as an integrable piece H0 plus a perturbation and the lowest
eigenvalue is

ε = 4S1

(
S

2
+ 1

)
+

4
S + 4

+ 4. (4.10)

Inspired by a similar QCD calculation [143], the following Ansatz can be made which
generalizes the one-loop result at k loops:

γk(n) =
2k−1∑
τ=0

γ (τ)(n), γ (τ)(n) =
∑
p+
=τ

Hτ,
(n)
(n + 1)p

, n =
S

2
+ 1, (4.11)

whereHτ,
(n) is a combination of harmonic sums with homogeneous fixed transcendentality

. The terms with p = 0 have maximum transcendentality; all the others have subleading
transcendentality. Making use of this Ansatz and in the usual way, a three-loop [64] and a
four-loop formula [82] were derived for the anomalous dimension of these twist-three gauge
operators.
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4.3. Proof of Reciprocity in Closed Form

Reciprocity is checked on the function P which is obtained inverting (3.3) as

P(S) =
∞∑
k=1

1
k!

(
−1

2
∂S

)k−1[
γ(S)

]k = γ − 1
4

(
γ2
)′

+
1

24

(
γ3
)′′
− 1

192

(
γ4
)′′′

+ · · · ; (4.12)

inheriting thus the perturbative expansion of the anomalous dimension

γ =
∞∑
k=1

g2kγk, P =
∞∑
k=1

g2kPk. (4.13)

One way to operate is checking directly the parity invariance (3.4). One should perform the
large S expansion of (4.12), rewrite it as a large C expansion inverting (3.5), and check the
absence of odd inverse powers of C. Three-loop tests of reciprocity for QCD and for the
universal twist-two supermultiplet in N = 4 SYM were discussed this way in [81], and
it is also the procedure adopted up to now in the strong coupling analysis of reciprocity
(see Section 5). At weak coupling, however, there is a much more elegant and powerful
way to proceed. Considering that each term of the perturbative expansion of P is a linear
combination of products of harmonic sums, the idea is to find a new basis for the harmonic
sums with definite properties under the (large-)C parity C → −C.

This has been done in [84], where the map ωa, a ∈ N has been introduced, which acts
linearly on linear combinations of harmonic sums as follows (we omit, in the following, the
dependence of the harmonic sums on the spin S):

ωa(Sb,c) = Sa,b,c −
1
2
Sa∧b,c, (4.14)

where, for n,m ∈ Z \ {0}, the wedge-product is defined as

n ∧m = sign(n) sign(m)(|n| + |m|). (4.15)

One can also consider a complementary map ωa acting in a similar way on complementary
sums defined in Appendix A.

Following [66, 79], the combinations of (complementary) harmonic sums can be
introduced12

Ωa = Sa, Ωa = Sa = Sa,

Ωa,b = ωa(Ωb), Ωa,b = ωa

(
Ωb

)
,

(4.16)

for which the following two theorems hold [84].
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Theorem 4.1. 13The subtracted complementary combination Ω̂a, a = (a1, . . . , ad), has definite parity
Pa under the (large-) C transformation C → −C and

Pa = (−1)|a1|+···+|ad |(−1)d
d∏
i=1

εai . (4.17)

Theorem 4.2. The combination Ωa, a = (a1, . . . , ad) with odd positive ai and even negative ai has
positive parity P = 1.

The strategy to prove the reciprocity property of the kernel P is then the following.
At each perturbative order 
, one starts from the expression of the kernel P
 written in the
canonical basis, something that can always be done using the shuffle algebra (A.2), and
isolate in this expression the sums with maximum depth. Each of them, say Sa, appears
uniquely as the maximum depth term in Ωa. One then subtracts all the Ω’s required to cancel
these terms, keeping track of this subtraction and repeating the procedure decreasing the
depth by one. If one ends the algorithm with a zero remainder and the full subtraction is
composed by Ω’s with the right parities (see Theorem 4.2), one can conclude that the kernel
P is parity respecting at the investigated order.

For example, the four-loop wrapping contribution from twist-two anomalous
dimension calculated in [78]

γ
wrapping
4 (S) = 256(S−5 − S5 + 2S−2,−3 − 2S3,−2 + 2S4,1 − 4S−2,−2,1)S2

1

+ −640ζ5S
2
1 − 512S−2ζ3S

2
1

(4.18)

can be conveniently rewritten only in terms of allowed Ω’s

Pwrapping
4 = −128Ω2

1(5ζ5 + 4ζ3Ω−2 + 8Ω−2,−2,1 + 4Ω3,−2). (4.19)

This way reciprocity was proven at four-loops for the whole (ABA part included) anomalous
dimension of twist-two operators. In a totally similar way, four loop reciprocity tests have
been performed for twist-three operators in the scalar [66] and in the gauge sector [82].

4.4. Reciprocity-Based Ansatz

Based on the exceptional number of checks done for a variety of operators and reversing
the usual logic, reciprocity can be simply assumed, and used as a tool to reduce the number
of unknown coefficients in the standard Ansatz based on the maximum transcendentality
principle to be solved via Bethe equations.

To see how this procedure can be used in practice, let us consider an illustrative
example, the two-loop anomalous dimension for twist-three scalar operators. One starts with
the following Ansatz of transcendentality τ = 3 made of harmonic sums with positive indices
and argument S/2 (as is the case for twist-three operators made of scalars)

γ2 = a1S3 + a2S1,2 + a3S2,1 + a4S1,1,1. (4.20)
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The corresponding kernel has the following form in the canonical basis:

P2 = γ4 −
1
4
γ2γ

′
2 ≡ (a1 − 16)S3 + (a2 + 16)S1,2 + (a3 + 16)S2,1 − 16ζ2S1 + a4S1,1,1, (4.21)

and when rewritten in terms of the Ω basis, the result is

P4 = c1Ω1 + c3Ω3 + c1,2Ω1,2 + c2,1Ω2,1 + c1,1,1Ω1,1,1 + const, (4.22)

where the ci are linear combinations of the coefficients ai. The combinations Ω1, Ω3, Ω1,1,1 are
all reciprocity respecting, according to the above theorem. Imposing reciprocity on P2 implies
the vanishing of the coefficients of those Ω with wrong parity, namely,

c1,2 = a2 + 16 +
a4

2
= 0, c2,1 = a3 + 16 +

a4

2
= 0. (4.23)

This leads to the conditions a3 = a2 and a4 = −2(16 + a2), that are indeed satisfied by
the known two-loop expression for the anomalous dimension [23, 62]. Thus, reciprocity
has determined 2 of the 4 unknown coefficients in the initial Ansatz for the anomalous
dimension.14 This procedure was used in [34] to deduce the five-loop asymptotic part of
the anomalous dimension for twist-three scalar operators. At this loop order, starting with a
linear combination of harmonic sums of transcendentality τ = 2n−1 = 9, one finds in principle
256 terms which potentially contribute to the anomalous dimension. Fitting numerically
all the coefficients, that should come out in exact (rational) form, is rather hard due to
computational limitation. Imposing reciprocity, one obtains instead an overdetermined set
of linear equations, which is solvable.15 In the same paper, the leading wrapping correction
has been computed, which turns out to be separately reciprocity respecting. We recall that
the result based on this assumption has been later confirmed by a purely field-theoretical
calculation [91].

A similar reciprocity-based Ansatz was used and was also adopted in [41] to derive the
five-loop calculations for the anomalous dimensions of twist-two operators (see Section 4.1
point 1. above).

4.5. Summary of Weak-Coupling Reciprocity Tests

The successful application of the methods that we have just illustrated proves that the
reciprocity property ofN = 4 SYM has a wider range of validity than expected. It is confirmed
at higher loops for the twist-2 universal multiplet and is also valid for twist-3 operators built
with elementary fields of any conformal spin. Table 1 summarizes the present status of weak
coupling tests.

The results about the universal twist-two supermultiplet (first row in the table) are a
consequence of the four-loop check (ABA and wrapping contributions) in the scalar sector
[84], of the five-loop result of [41], and of the fact that the constant shift in the spin that
relates the anomalous dimensions in the supermultiplet as in (4.7) does not affect their
large spin expansion properties, which are at the basis of the reciprocity. With the same
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Table 1: Status of weak coupling reciprocity on minimal dimensions for twist operators.

O No. loops Wrapping Reciprocity

〈ϕϕ〉, 〈ψψ〉, 〈AA〉 5 yes
√

〈ϕϕϕ〉 5 yes
√

〈ψψψ〉 5 yes
√

〈AAA〉 4 no
√

(ABA)

motivation and due to (4.8), reciprocity holds with the same features for twist-thee operators
built out of gauginos (third row in the table). For the twist-three scalar sector (second
row in the table), reciprocity has been proved up to four loops in [66] and is present
separately both in the asymptotic (trivially) and in the wrapping contribution of the five-
loop result of [34]. Reciprocity for twist-three gauge operators has been proved at three [64]
and at four loops [82] for the asymptotic part of the anomalous dimension (last row in the
table).

Let us note that anomalous dimensions of operators with twist higher than two
occupy a band [96], the lower bound of which is the minimal dimension for given S and J .
Every successful check of reciprocity has been performed at weak coupling only for minimal
anomalous dimensions, while in fact anomalous dimensions of operators with twist higher
than two with trajectories close to the upper boundary of the band do not respect reciprocity,
as seen in the twist-three case at weak coupling in [121]. However, it is interesting that a
relation like (3.8) also holds for such excited trajectories [121]. (This is also what we will see
at strong coupling on the example of the spiky strings.)

A brief discussion of further results concerning reciprocity properties of higher
conserved charges is contained in Appendix B. The extension of the analysis to ABJM models
[90] has also been investigated and is illustrated in Appendix C.

5. Reciprocity at Strong Coupling: Semiclassical Strings in AdS5 × S5

The analysis of the reciprocity property in the strong coupling regime of N = 4 SYM is
performed by making use of the AdS/CFT correspondence, namely, considering energies of
the “semiclassical string states” which are believed to be dual to the quasipartonic operators
[144]. The string states, one referring to, are solitonic solutions of the string equations of
motion carrying a finite 2d energy that can be expressed in terms of other charges (spins),
and the standard semiclassical expansion refers to the energies of strings in AdS5 × S5

having large quantum numbers and thus dual to “long” SYM operators with large canonical
dimensions.

In the following, we will study reciprocity at the level of the energy in the two cases
of folded string and spiky strings, extending the analysis at one loop in the semiclassical
expansion for the folded string solution. We will then discuss a generalization of reciprocity
at the level of the eigenvalues of the first few commuting charges defined in [88].

It is of interest to recall that in such analysis, neither we will explicitly refer to the
classical integrability of the string sigma model [1] nor to the semiclassical approach directly
relying on such classical general finite gap description [145–148]. Interestingly enough,
however, integrability will come up again at the one-loop level via the connection with the
integrable, finite-gap, Lamé equation [86].
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5.1. Classical Folded String in AdS3 × S1

The first and most important example in this sense is the nontrivial rigid string solution
of [149] describing a folded spinning string rotating in the (ρ, φ) plane of AdS5 and
moving along the ϕ-circle of S5. For this configuration, the integrals of motion are the
space-time energy E =

√
λE and the two spins S =

√
λS and J =

√
λJ (conserved

momenta conjugate to t and to φ, ϕ, resp.). In the full quantum theory S and J should
take quantized values. In the semiclassical approximation we will consider, however, that
their values are assumed to be very large, in such a way that S and J are finite for√
λ� 1.

The expressions for the “semiclassical” energy and spins can be found [150] in terms
of the elliptic functions E and K of an auxiliary variable η

E = κ +
κ

ω
S, ω2 − J2

κ2 − J2
≡ 1 + η, (5.1)

S =
2πω√η√
κ2 − J2

[
E

(
− 1
η

)
−K

(
− 1
η

)]
,

√
κ2 − J2 =

2
π
√
η

K

(
− 1
η

)
. (5.2)

Here κ and ω (or η) are parameters of the classical solution which we should have eliminated
to find E as a function of S and J.

To find the energy in terms of the spin one is to solve for η. Here we are interested in
the large spin expansion which corresponds to the long string limit (when the string ends are
close to the boundary of AdS5). For such long string one has η → 0.

In the limit in which the S5 momentum J of the string state can be ignored, solving for
S in (5.2) for small η and substituting it into the first of (5.2), one finds for E as a function of
S the expansion

E = S +
logS − 1

π
+

logS − 1
2π2S

−
2 log2 S − 9 logS + 5

16π3S2

+
2 log3 S − 18 log2 S + 33 logS − 14

48π4S3
+ · · · , S ≡ 8πS.

(5.3)

In the case in which the S5 angular momentum of the string is not negligible compared
to S, that is, when the string state is dual to an operator with large spin S and large twist
J , one can work out analogous expansions. We will be interested in large S expansion
with S � J since only in this case the expansions like (2.13), that is, going in the
inverse powers of S with the coefficients being polynomials in logS, will apply (see also
[81, 150]).

In the large S � J or long string limit, when η � 1, one should distinguish between
“small” or “large”J cases [150, 151]. In the “slow long string” approximation (corresponding
to takingS to be large with 
 ≡ J/ logS fixed and then expanding in powers of 
), the leading
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terms in the semiclassical energy read (cf. (5.3))

E − S − J ≈ 1
π

(
logS − 1

)
+

πJ2

2 logS
− π3J4

8 log3 S

(
1 − 1

logS

)
+ · · ·

+
4

S

[
1π

(
logS − 1

)
+

πJ2

2 log2 S
− 3π3J4

4 log4 S

(
1 − 2

3 logS

)
+ · · ·

]

− 4

S
2

[
1
π

(
2 log2 S − 9 logS + 5

)
+ πJ2

(
1 +

3

2 logS
− 1

log2S
− 2

log3S

)
+ · · ·

]
,

(5.4)

where S ≡ 8πS and dots stand for higher-order corrections depending on J. In the case of
“fast long string”, when logS � J � S, the corrections to the energy read

E − S − J ≈ 1
π2J

[
1
2

log2Ŝ − log Ŝ +
4 log Ŝ
Ŝ

+
4

Ŝ2

(
−2 log Ŝ + 1 +

3

log Ŝ
+

2

log2Ŝ
+ · · ·

)
+ · · ·

]

+
1

π4J3

[
−

log4Ŝ
8
− 2

Ŝ

(
3 log2 Ŝ + log Ŝ + 1 +

1

log Ŝ
+

1

log2Ŝ
+ · · ·

)

− 2

Ŝ2

(
2 log3 Ŝ − 19 log2 Ŝ + 11 log Ŝ + 13 +

13

log Ŝ
+

11

log2Ŝ
+ · · ·

)
+ · · ·

]
,

(5.5)

where Ŝ ≡ 8S/J = 8S/J � 1. Dots in the square brackets indicate corrections in 1/Ŝ,
corrections in 1/ log Ŝ can be added in the round brackets, and terms like log(log Ŝ) have
been neglected.

With the large spin expansions (5.3)–(5.5) at hand, we first observe a general
agreement in the structure of the large S expansion as found in perturbative string theory
and in perturbative gauge theory; see (2.13). This agreement is nontrivial since the gauge-
theory and string-theory perturbative expansions are organized differently: the gauge-theory
limit is to expand in small λ at fixed S and then expand the λn coefficients in large S, while
the semiclassical string-theory limit is to expand in large λ with fixed S = S/

√
λ and then

expand the 1/(
√
λ)n terms in E in large S. Even assuming these limits commute (which so

far appears to be verified only for the leading universal logS term) the reason for the validity
of the functional relation (3.3) and, moreover, of the reciprocity property (3.4) is obscure on
the semiclassical string theory side.

We can furthermore study the compatibility of the expansions found with the
functional relation (3.3). In particular, the coefficients of the leading (logS/S)m terms in
(5.3) happen, indeed, to be consistent with (3.8), with the leading term in the function f being
simply the logarithm

E − S =

√
λ

π
log

[
S +

1
2

√
λ

π
logS + · · ·

]
+ · · · (5.6)
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The same is true for the expression (5.4), where the leading terms in the expression of (5.3)
dominate in the limit when J2/ logS � logS/S. In the case of the expansion (5.5), the
leading terms can be summed up as [96]

E − S =

√
J2 +

1
π2

log2 8S
J + · · · , (5.7)

where logS/J � 1 plays the role of an expansion parameter. Notice that in contrast to the
slow long string case where the expansion (5.4) has the same structure as in (2.13), in the fast
long string case (5.5), one gets higher powers of logS not suppressed by S. (For this kind of
discrepancy with the weak-coupling behavior, one would in general need a resummation of
the type discussed at the end of this section.) Nevertheless, the reciprocity property can be
successfully checked as we explain below.

It is then possible to proceed as follows with the analysis of reciprocity. If one identifies
the energy E, the angular momenta S and J of a string rotating in a plane in global AdS5 with
dimension, Lorentz spin and twist of the gauge theory quasipartonic operators, the functional
relation (3.3) would then imply that the anomalous dimension should be a function (that we
rename as f in this strong coupling context) of itself as in

γ = E − S − J = f
(
S +

1
2
γ

)
. (5.8)

To take into account the peculiarity of the string semiclassical perturbation theory, where all
nonzero charges are automatically large at large λ, we will use the semiclassical analogs γ̃ =
γ/
√
λ, f̃ = f/

√
λ of the function appearing in (5.8), checking therefore whether the function f̃

defined in

γ̃ = f̃
(
S +

1
2
γ̃

)
as f̃ =

∞∑
k=1

1
k!

(
−1

2
d

dS

)k−1[
γ̃
]k (5.9)

admits an expansion in even negative powers of the semiclassical analog C = C/
√
λ of the

Casimir in (3.5). This will be C ≡ S in the case of a folded string rotating only in AdS, and C ≡
S + (1/2)J in the case of the folded string rotating in AdS5 with nonzero angular momentum
in S5 16.

Specifically, for the AdS folded string, the large S expansion of the function f̃ (its
leading term in the strong-coupling limit) is much simpler than that of the anomalous
dimension E − S in (5.3) and contains only even powers of C−1 ∼ S−1

f̃(S) = 1
π

[
logS − 1 +

logS + 1
16π2S2

+O
(

1
S4

)]
+O

(
1√
λ

)
. (5.10)

A more systematic analysis of the reciprocity (parity invariance) property of the
function f̃ is possible with the help of an integral representation for it. Using that (5.9) implies
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f̃(S′) = γ̃(S′ − (1/2)̃f(S′)), where S′ = S + (1/2)γ̃(S), γ̃(S) = E−S, and renaming S′ → S, we
have

f̃(S) = 1
2πi

∮

Γ
dωγ̃(ω)

1 + (1/2)γ̃ ′(ω)
ω − S + (1/2)γ̃(ω)

, (5.11)

where the contour Γ encircles the pole of the integrand and prime stands for derivative.17 It is
natural to replace the variable ω in (5.11) with the expression (5.2) for the semiclassical spin
S(η)

f̃(S) = 1
2πi

∮

Γ
dηγ̃

(
η
) s̃′

(
η
)

s̃
(
η
)
− S

, (5.12)

where s̃(η) ≡ S(η) + (1/2)γ̃(η) = (1/2)(E + S) is the renormalized “conformal spin”, see
formula (3.6), expressed in terms of the semiclassical quantities. The integral then gives the
function γ̃ evaluated at the zero of the denominator; this is the same as the statement that
the anomalous dimension as a function of the Lorentz spin is, effectively, a function of the
conformal spin s̃.

To verify the reciprocity property of the function f̃(S) in (5.12), it is useful to redefine

the variable η as18 η → −1 + 16η +
√

1 + 256η2 and examine the large S or small η limit of the
expressions. One finds that γ̃(η) is a series in even powers of η

γ̃
(
η
)
= −

1 + logη
π

+
4
(
logη + 12

)

π
η2 −

6
(
62 log η + 777

)

π
η4 + · · · , (5.13)

while the expression for the conformal spin runs in odd powers of η

s̃
(
η
)
=

1
8πη

+
11 + 2 log η

2π
η −

877 + 92 log η
2π

η3 + · · · (5.14)

From the equation for the pole of the integrand in (5.12), s̃−S = 0, one can find the parameter
η in terms of the spin S, concluding that it is given by a power series in odd negative powers
of S. As a result, f̃(S), which is same as γ̃(η) evaluated at the pole, should also run only in
even negative powers C ≡ S.

Coming to the case of the folded AdS5 string with nonzero angular momentum in
S5, one may again make use of the integral representation for the functional relation as in
(5.11). The discussion will apply to both the “slow” and the “fast” long string limits. Here the
renormalized “conformal spin” is s̃ = (1/2)(S +E) = S + (1/2)J+ (1/2)γ̃ , and we anticipated
that the semiclassical value of the Casimir operator is C ≡ S + (1/2)J. Then the integral in
(5.12) can be written as

f̃(C) = 1
2πi

∮

Γ
dηγ̃

(
η
) s̃′

(
η
)

s̃
(
η
)
− C

, s̃
(
η
)
= S

(
η
)
+

1
2
γ̃
(
η
)
. (5.15)
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After a redefinition of η, one can then show that the expansion of f̃ in large C runs only in
even negative powers of C (see [85, Appendix D]). In the kinematic region of “fast” long
strings, with 1 � logS � J � S, this parity invariance property was already demonstrated
in a closely related way in [81].

Notice that to establish a relation to the definition of reciprocity in weakly coupled
gauge theory expansion with finite twist, one would need to consider the case of semiclassical
(S, J) string and then resum the series for its energy (both in J and in

√
λ) so that the limit

of finite J would make sense. This is due to the subtlety of semiclassical string expansion,
again because all nonzero charges are automatically large at large λ and, for example, the
case of finite twist J = 2, 3, . . . cannot be distinguished from the formal case of J = 0. It is
usually assumed that the folded string in AdS5 with zero angular momentum in S5 describes
an operator of small twist, but that can be J = 2 or J = 3, and so forth.

5.2. Spiky Strings in AdS5 and Classical Violation of Reciprocity

It is interesting to mention a relevant example in which reciprocity is violated already at
classical level. This is the case of the spiky spinning string in AdS5 [152], the integrals of
motion are the energy, the spin (angular momentum in AdS5), and the difference between
the position of the spike and of the middle of the valley between the two spikes, Δθ = π/n,
expressed in terms of the number of the spikes n. Also in this case it is possible to perform a
large spin expansion, corresponding to the ends of the spikes approaching the boundary of
AdS5, which reads [85]

E − S =
n

2π

[
logS + p1 +

4

S

(
logS + p2

)
− 4

S
2

(
2 log2 S + p3 logS + p4

)

+
32

3S
3

(
2log3S + p5 log2 S + p6 logS + p7

)
+ · · ·

]
,

(5.16)

where S = (16π/n)S and

p1 = −1 + log sin
π

n
, p2 = −1 + log sin

π

n
+
π(n − 2)

2n
cot

π

n
,

p3 = −10 +
2π(n − 2)

n
cot

π

n
− 2 cot2π

n
− 4 log csc

π

n
+ csc2π

n
,

p4 = 6 − csc2π

n
+
π2(n − 2)2

2n2
− 4π(n − 2)

n
cot

π

n
+ cot2π

n

[
π2(n − 2)2

n2
+ 1

]

+ log csc
π

n

[
2 cot2π

n
− 2π(n − 2)

n
cot

π

n
− csc2π

n
+ 2 log csc

π

n
+ 10

]
,

p5 = −18 +O(n − 2), p6 = 33 +O(n − 2), p7 = −14 +O(n − 2).

(5.17)
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It is easy to check that (5.16) coincides with the energy (5.3) for the folded string in AdS5

when n = 2. Retaining in (5.16) only the dominant contributions at each order of the above
expansion, we obtain

E − S =
n

2π
logS +

n2

8π2S
logS − n3

64π3S2
log2S +

n4

384π4S3
log3S + · · · . (5.18)

This may be rewritten as

E − S =

√
λn

2π
log

[
S +

1
2

√
λn

2π
logS

]
+ · · · , (5.19)

implying that the functional relation is satisfied (cf. (3.8)).
Evaluating now the analog of the function f̃(S) in (5.10), one finds the following

expansion:

f̃(S) = n

2π

[
logS + q1 +

q2

S
+

1

S
2

(
q3 logS + q4

)
+

1

S
3

(
q5 logS + q6

)
· · ·

]
+ · · · , (5.20)

where

q1 = −1 + log sin
π

n
, q2 =

2π(n − 2)
n

cot
π

n
, q3 = 4 csc2π

n
,

q4 = 4 + 2π2
(
n − 2
n

)2(
1 − 2 csc2π

n

)
+ 4 log sin

π

n
csc2π

n
,

q5 = O(n − 2), q6 = O(n − 2),

(5.21)

with q5, q6 are nonzero for n/= 2. The expansion (5.20), even if considerably simpler compared
to the energy (5.16), is not parity invariant under S → −S. The parity invariance is restored
in the case of the folded string when n = 2, where indeed (5.20) coincides with (5.10).

This breakdown of parity invariance for a string with n > 2 spikes is actually not only
nonsurprising, but expected. In fact, such spiky string should correspond to an operator with
nonminimal anomalous dimension for a given spin, while the reciprocity was checked at weak
coupling only for the minimal anomalous dimensions. Indeed and as already mentioned,
anomalous dimensions of operators of twist higher than two with trajectories close to the
upper boundary of the band present features completely analog to the one seen here, in that
they satisfy (3.8) while violating reciprocity [121].19
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5.3. Reciprocity in String Perturbation Theory

The observation that reciprocity holds at 1-loop in string semiclassical expansion, first made
in [85], has been confirmed and extended in [86] in the case of a folded string rotating in AdS.
The standard string semiclassical approximation is based on expanding the energy E in large√
λ with S = S/

√
λ kept fixed,

E = E
(

S√
λ
,
√
λ

)
=
√
λE0(S) + E1(S) +

1√
λ
E2(S) + · · · , (5.22)

where E0, the classical energy, coincides with (5.1), and E1, E2 are the 1-loop and 2-loop
energies translates into an analog semiclassical expansion within the relation (5.9). Namely,
the “anomalous dimension” can be written as

γ̃ = γ̃0 +
1√
λ
γ̃1 + · · · , where γ̃0 = E0(S) − S, γ̃1 = E1(S) (5.23)

from which the function f̃ defined by (5.9) can be determined as in

f̃ = f̃0 +
1√
λ

f̃1 + · · · , (5.24)

with

f̃0 =
∞∑
k=1

1
k!

(
−1

2
d

dS

)k−1[
γ̃0
]k
, f̃1 =

∞∑
k=1

1
k!

(
−1

2
d

dS

)k−1[
kγ̃k−1

0 γ̃1

]
. (5.25)

Due to the observation that the semiclassical fluctuation problem is governed by standard
single-gap Lamé operators, the possibility to write down an analytic exact expression for
the relevant functional determinants it is a recent achievement [86]. From the exact one-
loop energy E1 ≡ γ1 that can be written in terms of them, it has been possible to extract
the following expression for its large spin (small η) expansion (see also the comment at the
end of this section):

γ̃1 =
κ0

κ

[(
c01κ0 + c00 +

c0,−1

κ0

)
+
(
c11κ0 + c10 +

c1,−1

κ0

)
η

+
(
c21κ0 + c20 +

c2,−1

κ0

)
η2 +

(
c31κ0 + c30 +

c3,−1

κ0

)
η3 +O

(
η4

)]
,

(5.26)
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where κ0 = (1/π) log(16/η) and the explicit values for the coefficients are

c01 = −3 log 2, c00 = 1 +
6
π

log 2, c0,−1 = −
5

12
,

c11 = 0, c10 = − 3
π

log 2, c1,−1 =
1

2π
+

3 log 2
π2

,

c21 = − π
32
− 3

32
log 2, c20 =

1
16

+
39 log 2

32π
, c2,−1 = −

13
64π

−
63 log 2

32π2
,

c31 =
π

32
+

3
32

log 2, c30 = − 3
32
−

13 log 2
16π

, c3,−1 =
29

192π
+

85 log 2
64π2

.

(5.27)

Solving for the parameter η explicitly in terms of S, the first few terms in (5.26) read

γ̃1 = −
3 log 2
π

logS +
π + 6 log 2

π
− 5π

12 logS

+ − 1

S

[
24 log 2
π

logS −
4π + 36 log 2

π
+

5π

3 log2 S

]
+O

(
1

S
2

)
,

(5.28)

with S = 8πS. Working out f̃1 and looking at all terms which are odd under S → −S, we
find that they vanish if the following reciprocity constraints hold

c10 =
1
π
c01, c1,−1 =

1
2π

c00, c31 = −c21,

c30 = −c20 −
1

6π
c01 +

1
π
c21,

c3,−1 = −c2,−1 +
1

4π2
c01 −

1
12π

c00 +
1

2π
c20.

(5.29)

With the list of explicit coefficients above (5.27), these relations are indeed satisfied [86].
As we remarked, the expression of the one-loop energy derived in [86] is exact.

However, its expansion at large spin is quite nontrivial. It contains a part which can be
computed analytically in closed form and a reminder, starting at orderO(η2), which is known
(as yet) only in implicit form. It is the large spin expansion of the first contribution, namely
formula (5.26) above, which turns out to be separately reciprocity respecting.20

6. Open Problems and Perspectives

From the point of view of AdS/CFT, it is quite important to look for common structures
shared by the two sides of the correspondence. Integrability is certainly one of them. The
reciprocity property discussed in this Review is another example. Hence, we believe that it
is important to pursue its investigation and for this reason we list in this final section some
related open problems.
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First of all, as remarked in the introduction, there is no rigorous proof of reciprocity
neither at weak nor at strong coupling. It would be nice to establish the validity of this
(discrete) hidden symmetry by a solid physical argument or, possibly, as a mathematical
feature of the integrable structures of AdS/CFT, that is, Bethe Ansatz equations, Baxter
formalism, or exact S-matrix. In fact, as emphasized above, reciprocity is not tied to the planar
limit or to the integrability of the theories. In the case of N = 4 SYM, this suggests that
nonplanar corrections to the dilatation operator should also verify the reciprocity relation.

We furthermore observe that, in gauge theory, the reciprocity relation relates to each
other time-like and space-like anomalous dimensions. In analyzing the spectrum of N =
4 SYM, we considered the space-like case, the one in which anomalous dimensions are
directly connected with composite local gauge theory operators and, via AdS/CFT, with
the anomalous dimensions of the folded string configurations their dual. Referring to [81]
for a detailed discussion of the time-like case, we add that it remains an open problem, a
possible physical interpretation of the same time-like/space-like relation in string theory,
namely, what is the meaning of the state reciprocal to a folded spinning string in AdS.

As commented in Section 4.5, in the case of operators with twist higher than two, the
reciprocity relation only holds for the lower band of the band formed from their anomalous
dimensions, while it is broken for the excited states. This happens with a surprisingly similar
mechanism also at strong coupling in the case of spiky strings (Section 5.2). It would be nice
to clarify the reasons for such a breakdown of reciprocity, as well as verify the possibility to
restore it.

Another issue is the connection between reciprocity and so-called wrapping correc-
tions. The latter ones are under intense study and are expected to clarify several interesting
facets of a very non trivial pair of integrable models. From this point of view, the observation
that reciprocity is separately satisfied by the asymptotic Bethe Ansatz predictions as well
as from the wrapping corrections is an unsolved puzzle. As a related problem, reciprocity
deserves of course further study in larger (with rank greater than one) sectors of the theory.

Our final comment concerns the strong coupling regime of the gauge theory, which
is string perturbation theory. There are currently two apparently alternative formalisms to
work out quantum corrections for string configurations in AdS5 × S5. The first is standard
field-theoretical analysis of the string world-sheet σ-model. This approach, certainly boosted
by integrability, is a priori independent on it. The second method is based on of the algebraic
spectral curve which, instead, imposes and exploits integrability from scratch. Currently, it
is not totally clear how to relate the two approaches. The signals of reciprocity that we have
illustrated in the world-sheet calculations are, in our opinion, a very interesting check and a
challenge for the spectral curve method.

Appendices

A. Harmonic Sums

The nested harmonic sums Sa1,...,a
 are defined recursively as

Sa(S) =
S∑
n=1

εna
n|a|

, Sa,b(S) =
S∑
n=1

εna
n|a|

Sb(n), (A.1)

where εa = +1(−1) if a ≥ 0 (a < 0). The depth of a given sum Sa = Sa1,...,a
 is defined by
the integer 
, while its transcendentality is the sum |a| = |a1| + · · · + |an|. The product between
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harmonic sums can be reduced to linear combinations of single sums iteratively using the
so-called shuffle algebra [153]

Sa1,...,a
 (S)Sb1,...,bk(S) =
S∑
p=1

ε
p
a1

p|a1|
Sa2,...,a


(
p
)
Sb1,...,bk

(
p
)
+

S∑
p=1

ε
p

b1

p|b1|
Sa1,...,a


(
p
)
Sb2,...,bk

(
p
)

−
S∑
p=1

ε
p
a1ε

p

b1

p|a1|+|b1|
Sa2,...,a


(
p
)
Sb2,...,bk

(
p
)
.

(A.2)

A.1. Complementary and Subtracted Sums

Let a = (a1, . . . , a
) be a multi-index. For a1 /= 1, it is convenient to adopt the concise notation

Sa(∞) ≡ S∗a. (A.3)

We define the complementary harmonic sums recursively by Sa = Sa and

Sa = Sa −

−1∑
k=1

Sa1,...,akS
∗
ak+1,...,a
 . (A.4)

Note that the definition is ill when a has some rightmost 1 indices; in this case, we will treat S∗1
as a formal object in the above definition and will set it to zero in the end. Since Sa

∗ <∞ in all
remaining cases, it is meaningful to introduce the subtracted complementary sums, defined
as follows:

Ŝa = Sa − S∗a. (A.5)

The explicit form of the above definition is

Ŝa(S) = (−1)

∞∑

n1=S+1

εn1
a1

n
|a1|
1

∞∑
n2=n1+1

εn2
a2

n
|a2|
2

· · ·
∞∑

n
=n
−1+1

εn
a


n
|a
 |



. (A.6)

B. Reciprocity of Higher Conserved Charges

To the notion of integrability for the spin chains corresponding to N = 4 SYM composite
operators is associated the existence of an infinite tower of commuting charges, in standard
notation {qr}r≥2. The first of them q2 is identified with the Hamiltonian of the chain and one
refers to a hierarchy of conserved charges. Actually, in our context all the qr are on the same
footing and is then natural to extend the analysis of the reciprocity properties to the full set
of conserved charges. An attempt in this direction is the paper [87] where the reader can find
more details. Here, we just summarize the main outcomes of that analysis.

In [87], a few higher charges in the sl(2) subsector are studied. In the weak coupling
regime, the first two non trivial charges q4,6 have been computed at three and two loops,
respectively.
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The result of the analysis is that reciprocity is indeed at work. The definition of the
kernel Pr (see (3.3)) can be consistently generalized to the full tower of charges according
to

qr(S) = Pr
(
S +

1
2
q2(S)

)
. (B.1)

Notice that this definition involves the renormalized conformal spin S + (1/2)q2(S) as
argument of the kernel, in agreement with light-cone quantization. The naive argument
S + (1/2)qr(S) implicitly defines a nonreciprocity-respecting kernel.

The strong coupling regime can be explored at the classical level considering the first
higher charges of the sigma model, which can be derived from those of the su(2) sector
[88] by analytic continuation and then analyzed following the same strategy adopted for
the energy case. At this leading order, the parity invariance is satisfied by all the examined
charges.

As a final comment, we remark that the wrapping corrections for the higher charges
have not been computed yet, even at the leading order. It would be very nice to include them
in the TBA treatment.

C. Reciprocity and ABJM Theory

In this Review, we considered N = 4 SYM duality with string propagation on AdS5 ×
S5. Actually, integrability appears in other instances of the AdS/CFT correspondence. In
particular, the correspondence between the so-called ABJM theory [90] and IIA string on
AdS4 × CP

3 has been recently widely studied.
Again, the string model is classically integrable [154–156]. The dual gauge theory is

anN = 6 superconformal theory in three dimensions, with U(N) ×U(N) gauge group and
Chern-Simon action with opposite levels +k, −k, emerging in the low energy limit of a theory
of N branes at a C

4/Zk singularity.
In [157, 158], it has been shown that the dilatation operator for single-trace operators

built with the scalars of the theory leads to an SU(4) integrable spin chain, and soon the set of
all-loop Bethe-Ansatz equations for the full osp(2, 2|6) theory has been proposed. Despite that
theN = 4 SYM and the ABJM theory present a very different structure, one can identify a sl(2)
[159, 160] sector in the ABJM theory, and the relative all-loop conjectured Bethe equations
show strong similarities with the SYM case. Thus, it is an interesting task to try to investigate
to which extent one can recover the QCD-inspired reciprocity properties in such an exotic
gauge theory. Some breaking of reciprocity is expected since now the gauge structure is rather
far from the QCD one and the physical arguments supporting reciprocity are missing or at
least much weaker.

The analysis of [89] shows that twist-one operators obey a four-loop parity invariance
closely related to the reciprocity discussed in this Review. This four-loop result for the twist-
one operators includes the leading-order wrapping correction, computed using the Y-system
formalism [29–31]. In the twist-two case, parity invariance is badly broken, although some
remnants can still be seen in the fine structure of the kernel P.
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Endnotes

1. The purely field-theoretical predictions in [37, 38] on the strong coupling expansion of
the anomalous dimension for the Konishi operator differ both from [35] as well as from
each other.

2. With a similar reciprocity-based Ansatz, a five-loop formula for the twist-two anomalous
dimension was worked out in [41].

3. If there are several operators mixing among themselves, the reciprocity property is
expected to hold for the eigenvalues of the mixing matrix anomalous dimensions and
not for the separate matrix elements. See [81] for a detailed analysis of the case of QCD
flavour singlet quark and gluon twist-2 operators.

4. The “+” distribution is defined for an arbitrary function f(x) in the standard way

∫1

0
dxf(x)

1
(1 − x)+

=
∫1

0
dx

f(x) − f(1)
1 − x .

5. An evolution equation analogue to (2.11) has been first discussed for time-like
anomalous dimensions in the small x limit in [161].

6. SL(2,R) primary fields Φ have definite scaling dimension d and collinear spin c is
defined by

DΦ = dΦ, Σ+−Φ = cΦ,

where D and Σμν are the dilatation and Lorentz spin generators. The collinear twist
(collinear dimension minus collinear spin) is minimal for t = d − c = 1.

7. Since by γ(S) one means the anomalous dimension of a gauge invariant operator inN =
4 SYM theory, it is quite natural to adopt for such generalization the case of σ = −1
in the nonlinear QCD relation (2.12), corresponding to the space-like case. In fact, the
QCD time-like anomalous dimensions are not related to composite local gauge operators,
due to the general fact that fragmentation functions do not admit the operator product
expansion [81].

8. The relation between the notation used in [81] and ours is N → S, L → J , J → C and
j → s.

9. Interestingly enough, the large spin expansion of the wrapping contribution of [78]
and of [34], which correctly does not change the leading asymptotic behavior (cusp
anomaly), first contributes at the same order, but not in such a way that the total log2S/S2

coefficient results in (−f3/8) as required from (3.8).
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10. Inspired by the structure of the two-loop anomalous dimension of N = 4 twist-two
operators in the sl(2) sector, it has been proposed [57–61] that the three-loop answer
could be extracted by simply picking up the “most transcendental terms” from the three-
loop non-singlet QCD anomalous dimension derived in [97, 98]. The conjectured three-
loop formula has been then independently confirmed in the framework of the Bethe
ansatz equations [6] as well as within a space-time approach [67].

11. The name stems from the one-loop description of a class of scaling operators. Beyond
one-loop, additional fields mix.

12. A different basis for harmonic sums with well-defined reciprocity-respecting properties
has been recently proposed in [41].

13. A special case of Theorem 4.1 appeared in [79]. A general proof of Theorem 4.1 in the
restricted case a = (a1, . . . , a
) with positive ai > 0 and rightmost indices a
 /= 1 can be
found in [66].

14. The coefficient a4 has only been kept to show the exact number of constraints coming
from reciprocity. It could have been set to zero from the beginning because at large M
the term S1,1,1 ∼ log3M is not compatible with the universal leading logarithmic behavior
(cusp anomaly).

15. We should stress, however, that reciprocity as an assumptions only acts as a
computational tool. As usual in such kind of conjectures, there is a powerful numerical
test that can be applied to any guesswork, and the closed formulas presented in [34] have
been always double checked numerically as solutions of the Bethe equations.

16. The choice for this case of 
 = 1/2 in the semiclassical version of (3.5) follows from the
fact that the nonzero R-charge for classical bosonic solutions automatically selects the
sl(2) sector identified in fact by 
 = 1/2.

17. The expression that multiplies γ̃ in the integrand has residue 1, so that the integral is γ̃
evaluated at the poleω = S−(1/2)γ̃ . Then defining x = S−(1/2)̃f(S),we have 2S−2x = γ̃
which coincides with the equation for the pole with x = ω.

18. This choice is not unique. An analogous transformation was used in [81].

19. It is interesting that our strong-coupling result (5.19), (5.20) has close similarity with
weak-coupling one found for n = 3 in [121]: the functional relation (3.8) is still satisfied,
and the parity invariance is broken at level 1/S.

20. This situation is for certain aspects similar to the ABA + wrapping splitting discussed at
weak coupling.
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[14] B. Basso, G. P. Korchemsky, and J. Kotański, “Cusp anomalous dimension in maximally
supersymmetric yang-mills theory at strong coupling,” Physical Review Letters, vol. 100, no. 9, Article
ID 091601, 2008.

[15] M. K. Benna, S. Benvenuti, I. R. Klebanov, and A. Scardicchio, “Test of the anti-de sitter-
space/conformal-field-theory correspondence using high-spin operators,” Physical Review Letters,
vol. 98, no. 13, Article ID 131603, 2007.

[16] L. F. Alday, G. Arutyunov, B. Eden, M. K. Benna, and I. R. Klebanov, “On the strong coupling scaling
dimension of high spin operators,” Journal of High Energy Physics, vol. 2007, no. 4, article 082, 2007.

[17] M. Beccaria, G. F. De Angelis, and V. Forini, “The scaling function at strong coupling from the
quantum string Bethe equations,” Journal of High Energy Physics, vol. 2007, no. 4, article 066, 2007.

[18] I. Kostov, D. Serban, and D. Volin, “Strong coupling limit of Bethe ansatz equations,” Nuclear Physics
B, vol. 789, no. 3, pp. 413–451, 2008.

[19] P. Y. Casteill and C. Kristjansen, “The strong coupling limit of the scaling function from the quantum
string Bethe ansatz,” Nuclear Physics B, vol. 785, no. 1-2, pp. 1–18, 2007.

[20] I. Kostov, D. Serban, and D. Volin, “Functional BES equation,” Journal of High Energy Physics, vol.
2008, no. 8, article 101, 2008.

[21] R. Roiban, A. Tirziu, and A. A. Tseytlin, “Two-loop world-sheet corrections inAdS5×S5 superstring,”
Journal of High Energy Physics, vol. 2007, no. 7, article 056, 2007.

[22] R. Roiban and A. A. Tseytlin, “Strong-coupling expansion of cusp anomaly from quantum
superstring,” Journal of High Energy Physics, vol. 2007, no. 11, article 016, 2007.

[23] A. V. Kotikov, L. N. Lipatov, A. Rej, M. Staudacher, and V. N. Velizhanin, “Dressing and wrapping,”
Journal of Statistical Mechanics: Theory and Experiment, no. 10, Article ID P10003, 2007.

[24] J. Ambjørn, R. A. Janik, and C. Kristjansen, “Wrapping interactions and a new source of corrections
to the spin-chain/string duality,” Nuclear Physics B, vol. 736, no. 3, pp. 288–301, 2006.
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We give a short review on the study of the moduli space and the spectrum of chiral operators for
gauge theories living on branes at singularities. We focus on theories with four real supercharges
in 3+1 and 2+1 dimensions. The theories are holographically dual to AdS5 × H5 or AdS4 × H7
backgrounds, in Type-IIB or -M theory, respectively. We demonstrate that most of the information
on the moduli space and spectrum of the quiver gauge theories is encoded in the concept of the
“Master Space”, which is roughly the full moduli space for one brane, consisting of mesonic and
baryonic degrees of freedom. We summarize the relevant information in generating functions for
chiral operators, which can be computed using plethystics techniques and the language of complex
geometry.

1. Introduction

We discuss the properties of a class of supersymmetric gauge theories that arise in brane
constructions and in the AdS/CFT correspondence. We focus on the case of theories with
four real supercharges. In this case the structure of the moduli space and the spectrum of
BPS operators is conveniently described in the language of complex geometry and most of
the results can be summarized in terms of supersymmetric generating functions for BPS
states. The corresponding generating function reveals a rich structure of the chiral ring, its
generators and their relations, and shares information about the dimension of the moduli
space of vacua and the effective number of degrees of freedom in the system.

Generating functions for chiral operators in four-dimensional supersymmetric gauge
theories have been extensively studied in the past years, ranging from SQCD [1–4] to quiver
gauge theories living on branes at singularities [5–14]. The computation of such generating
functions is a very hard problem but it can be simplified in particular circumstances. In the
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case of classical SQCD the simplification arises from the fact that there is no superpotential
for the chiral fields. In the case of superconformal quiver gauge theories, one can exploit the
fact that they have an AdS5 × H5 or AdS4 × H7 dual [15–17]. Information from the field
theory and from the holographic dual can be combined to give a better understanding of the
superconformal theory.

In this review article, we consider in detail the case of branes at CalabiYau singularities
which are relevant for the AdS/CFT correspondence in three and four dimensions. A long
standing problem is the reconstruction of the gauge theory from the dual geometry. This
problem has been solved in four dimensions for toric CalabiYau using the language of Tilings
[18, 19], providing the complete dictionary that relates toric CalabiYau to the corresponding
quiver gauge theory. Some progress has been recently made also in three dimensions using
Chern-Simons theories [20–27]. We demonstrate the importance of the concept of the master
space, which is roughly the moduli space for one single brane, in all of these investigations.

The paper is organized as follows. In Section 2 we introduce the concept of generating
functions and Hilbert series and provide some simple examples. In Section 3 we discuss
the case of D3-branes at CalabiYau threefold singularities in Type-IIB. We introduce and
study quivers for orbifold and conifold singularities and analyze the moduli space and the
spectrum of chiral operators. We first discuss the case of one brane and introduce the concept
of master space [14, 28], which is the space of solution of F-terms conditions. The master
space contains information on both the mesonic and baryonic directions in the moduli space
for one as well as for many branes. We then discuss the case of many branes and demonstrate
how it is determined by the master space. In Section 4 we discuss the case of membranes at
CalabiYau fourfold singularities in M theory. We demonstrate how the use ofN = 2 Chern-
Simons theories helps in writing quiver theories with CalabiYau four moduli space and the
role of the master space. We illustrate the general results with a choice of selected quivers
which play an important role in both four- and three-dimensional gauge theories.

2. Generating Functions for Supersymmetric Gauge Theories

An important role in the study of supersymmetric gauge theories is played by chiral
operators, which are annihilated by the supercharges of one chirality, for example Qα. It is
convenient to work modulo operators of the form {Qα, . . .}, which are called descendants and
give a vanishing contribution to the correlation functions of chiral operators. Chiral operators
have no short distance singularities in the Operator Product Expansion and therefore their
product is well defined and it is still a chiral operator (see e.g., [29]). We then define the chiral
ring as the set of chiral operators modulo descendants.

When we consider anN = 1 supersymmetric gauge theory with vector multiplets Wα

and a collection of charged chiral superfields Φi interacting with a superpotential W(Φi), the
chiral operators are given by the lowest components of gauge-invariant products of Φi and
Wα. The equation of motion

DαD
α
Φi = ∂ΦiW(Φ) (2.1)

implies that all derivatives of the superpotential are descendants and vanish in the chiral ring.
It is then very easy to write all chiral operators made with Φi. They are given by all possible
gauge-invariant products of the scalar fields φi subject to the F-term constraint ∂φiW(φ) = 0,
where φi is the lowest component of the superfield Φi.
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Insertions of Wα give more general scalar and fermionic chiral operators. However,
since the maximum number of insertion of Wα preserving chirality is two, the set of chiral
operators involving Wα can be reconstructed from those made with Φi. We refer to [30] for a
general discussion of the role of Wα and to [13] for the case of superconformal quivers.

Given a N = 1 supersymmetric gauge theory with a collection of U(1) global
symmetries

∏G
i=1U(1)i, we can introduce a set of auxiliary parameters (fugacities) {ti}Gi=1 and

define the generating function for the chiral ring

g({ti}) =
∑

k1,...,kG

nk1,...,kGt
k1
1 · · · t

kG
G , (2.2)

where nk1,...,kG is the number of operators with charges {k1, . . . , kG} under the global U(1)G

symmetry. If part of the global symmetry is nonAbelian, one can introduce a fugacity per
eachU(1) symmetry in the Cartan subalgebra of this nonAbelian group. The number of chiral
operators is typically infinite, but, if we consider enough global symmetries, the numbers
nk1,...,kG become nonnegative integers. In mathematical language, we compute the Hilbert series
of a graded ring.

In the superconformal case we give an alternative interpretation to the Hilbert series.
TheN = 1 superconformal algebra always contains a generator for the R symmetry denoted
by U(1)R. Chiral operators are the lowest components of a short (BPS) multiplet and are
protected by supersymmetry and by the conformal algebra. In particular, their dimension
Δ and R charge are related by Δ = 3R/2. By restricting to just one parameter t for the R
symmetry we can write a single variable generating function (which is termed unrefined
Hilbert series)

g(t) =
∑
k

nkt
k

(2.3)

counting the number nk of chiral operators of R-charge equal to k. Given the relation Δ =
3R/2, we are equivalently counting chiral operators with a given dimension.

From a statistical mechanics perspective the functions g({ti}) and g(t) are interpreted
as partition functions that count chiral operators. For each conserved charge ki one introduces
a conjugate parameter μi called the chemical potential and fugacity ti related to the chemical
potential by ti = e−μi . With this interpretation the function g({t}) is the partition function
in the grand-canonical ensemble for which μ is fixed and nk is the partition function in the
canonical ensemble in which the charge k is fixed. The transition between g(t) and nk is given
by the discrete Legendre transform (2.3) and the inverse is given by a contour integral

nk =
∮

|t|=1

dt

2πit
t−kg(t). (2.4)

We can take a complementary point of view and consider the chiral operators as functions
on the moduli space of the supersymmetric gauge theory. The vacuum moduli space, M, is
given by the vanishing of the scalar potential as a function of the scalar components φi of
the superfields of the field theory. This, in turn, is the set of zeros of D-terms and F-terms
modulo gauge transformations. It is a standard fact that the D-term conditions and the gauge
transformations can be exchanged by modding out by the complexified gauge group. In a
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mathematical language,M is the symplectic quotient of the space of F-term solutions by the
action of the complexified gauge symmetries. We denote the space of solutions of F-terms by
F� and the symmetries by GD� , then we have

M � F�//GD� . (2.5)

Chiral operators are invariant under the complexified gauge group, functions of φi and no
φ, and are subject to the F-terms. They are therefore holomorphic functions on the moduli
space. Vice versa, we can associate a chiral operator to any holomorphic function on the moduli
space. We can then reinterpret (2.2) as counting holomorphic functions on the moduli space.

It is a general mathematical fact that g(t) is a rational function which can be written as

g(t) =
P(t)
Q(t)

(2.6)

for some polynomials P(t) andQ(t). It is a well-known and interesting fact that g(t) has a pole
at t → 1 of order equal to the dimension of the moduli space. Q(t) encodes the generators of
the moduli space and can always be written in a factorized form

Q(t) =
∏
i

(1 − tni), (2.7)

where the product runs over all generators and ni is the charge of the ith generator. P(t)
encodes the relations satisfied by the generators. In very special cases P(t) can be written in
a factorized form, and then g(t) is said to be of an Euler form,

P(t) =
∏
j

(1 − tmj ), (2.8)

where the product runs over all possible relations and mj is the degree of the jth relation.
In such cases the moduli space is said to be a complete intersection and enjoys the special
property that the number of relations plus the dimension of the moduli space is equal to the
number of generators.

If the theory has a nonAbelian global symmetry, G, then it is possible to write the
function g({ti}) as a sum over characters of irreducible representations of G:

g({ti}) =
∑
R

nRχR({ti}), (2.9)

where χR is the character of the irreducible representation R and nR is the number of times
this representation appears on the moduli space.

The structure of the moduli space of a supersymmetric gauge theory is usually
complicated, and should be best cast in the language of algebraic varieties. Typically,
M consists of a union of various branches, such as the mesonic branch or the baryonic
branch, the Coulomb branch or the Higgs branch; the names are chosen according to some
characteristic property of the specific branch.
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Correspondingly, the generating function (2.2) is hard to compute, even at the classical
level. In principle, thanks to the results of commutative algebra, generating functions like
(2.2) can be computed in an algorithmic way. We first compute the Hilbert series of an
extended ring consisting of all the elementary fields modded out by the ideal of F-terms and
graded with the parameter ti and an extra set of gauge charges zk labeling the Cartan part
of the gauge group. This computation is algorithmic and can be performed with computer
algebra programs like Macaulay2 [31]. We then project on the set of gauge-invariants by
averaging on the parameters zi with the Haar-Weyl measure of the gauge group. We refer to
[12] for a discussion and examples. This procedure works well in the case where there are no
F-terms (e.g., SQCD, see [1, 3, 32]) and for theories with small number of fields and moderate
values of N.

Let us just examine an explicit example. To study it properly we need the following
definition.

Notations. the plethystic exponential of a multivariable function f(t1, . . . , tn) that vanishes at the
origin, f(0, . . . , 0) = 0, is defined to be

PE
[
f(t1, . . . , tn)

]
:= exp

(
∞∑
r=1

f
(
tr1, . . . , t

r
n

)

r

)
. (2.10)

The fermionic plethystic exponential of a multivariable function f(t1, . . . , tn) that vanishes at the
origin, f(0, . . . , 0) = 0, is defined to be

PEF

[
f(t1, . . . , tn)

]
:= exp

(
∞∑
r=1

(−1)r+1f
(
tr1, . . . , t

r
n

)

r

)
. (2.11)

As discussed in detail below, the plethystic exponential is the right tool to study symmetric
products. In the case of a moduli space with a single generator with fugacity t and no
relations, we can write

g(t) = PE[t] =
1

1 − t
(2.12)

More generally, the plethystic exponential of g(t1, . . . , tn) = t1 + · · ·+ tn gives the Hilbert series
for a freely generated moduli space with n generators with fugacities t1, . . . , tn:

PE[t1 + · · · + tn] =
1

(1 − t1) · · · (1 − tn)
. (2.13)

Similarly the fermionic analog is

PEF[t1 + · · · + tn] = (1 + t1) · · · (1 + tn). (2.14)
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2.1. A Simple Example

As a simple example, let us consider the gauge theory which consists of an SU(N) gauge
group with matter given by 1 chiral multiplet transforming in the adjoint representation, 1
transforming in the fundamental representation, and 1 in the antifundamental representation,
with W = 0. Details of this theory and the computations can be found in [32]. There are
three U(1) global symmetries that act on each of these representations. Let us denote the
corresponding fugacities by ta, tf , tf̃ , respectively. Since W = 0, the F-flat moduli space is

simply given by C
N2−1+2N . As an algebraic variety, it is freely generated by the N2 − 1 + 2N

elementary fields. The generating function takes the form of a rational function as in formula
(2.6):

gF�
(
ta, tf , tf̃

)
=

1

(1 − ta)N
2−1(1 − tf

)N(
1 − tf̃

)N . (2.15)

The trivial numerator reflects the absence of relations among the generators, and the
denominator has the form given in (2.7), where the product runs over the elementary fields.

To obtain the partition function for the theory, we need to project on gauge-invariant
operators. We first introduce fugacities zi for the Cartan subalgebra of SU(N) and write a
refined generating function

gF�
(
ta, tf , tf̃ ; z1, . . . , zN−1

)
= PE

[
[1, 0, . . . , 0, 1]ta + [1, 0, . . . , 0]tf + [0, . . . , 0, 1]tf̃

]
, (2.16)

where [n1, . . . , nN−1] denotes the character for the irreducible representation of SU(N) with
Dynkin labels n1, . . . , nN−1. The projection on gauge-invariants can be done by integrating
over the Haar measure of SU(N),

∫
μ({zi})gF�

(
ta, tf , tf̃ ; z1, . . . , zN−1

)
. (2.17)

Explicit computation can be made for small values of N and the final result can be
obtained by observing that the moduli space is a complete intersection. It is easy to find the
generators of the moduli space. Denote the lowest components of the 3 chiral multiplets by
φ,Q,Q. Then the generators are

Mk = QφkQ, k = 0, . . . ,N − 1, uk =
1
k

Tr
(
φk

)
, k = 2, . . . ,N (2.18)

giving N adjoint mesons and N − 1 adjoint invariants (operators with higher values of k are
not independent as discussed below), together with 2 adjoint baryons

B = εi0i1···iN−1Qi0

(
φQ

)
i1
· · ·

(
φN−1Q

)
iN−1

, B = εi0i1···iN−1Q
i0
(
Qφ

)i1
· · ·

(
QφN−1

)iN−1
. (2.19)

These are 2N + 1 generators and since on a generic point on the moduli space the gauge
group is completely Higgsed, the dimension of the moduli space is 2N, meaning that there
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is one relation which is satisfied between these generators. This relation can be derived by
constructing the N × N symmetric matrix A with entries Ai,j = Mi+j−2. The entries of this
matrix are the gauge-invariant adjoint mesons Mk, k = 0, . . . , 2N − 2, and it is easy to see that
the determinant satisfies

det(A) = BB. (2.20)

The higher-order invariants can be expressed in terms of lower-order invariants by a
use of the Cayley-Hamilton theorem which states that the characteristic polynomial of the
matrix φ

P(x) = det
(
x − φ

)
=

N∑
j=0

sN−jx
j , s0 = 1, s1 = 0, (2.21)

satisfies the relation P(φ) = 0 as a matrix relation, and hence multiplying by Q to the left and
by φkQ to the right one gets,

N∑
j=0

sN−jMj+k = 0, k = 0, . . . ,N − 2, (2.22)

giving N − 1 relations among (2N − 1) + (N − 1) = 3N − 2 variables, Mk and sj . These
relations can be used in order to express Mk for the values k = N, . . . , 2N − 2 in terms of
Mk k = 0 . . . ,N − 1 and the sj . The relations between the variables sj and uj are well known
and go under the name Newton relations,

nsn +
n∑
j=1

jujsn−j = 0, n = 2, . . . ,N. (2.23)

One can also view this as a complete intersection moduli space which is defined over
the (2N − 1) + 2+ (N − 1) + (N − 1) = 4N − 1 variables Mk,B, B, uk, sk which are subject to the
1+ (N − 1) + (N − 1) = 2N − 1 relations (2.20), (2.22) and (2.23) thus giving a 2N dimensional
moduli space.

To compute the Hilbert series, we first need the 3 fugacities for each gauge-invariant
under the global symmetry U(1)f × U(1)a × U(1)f . These are counting the number of Q’s,

φ’s, and Q’s in each gauge-invariant: tf t
k
atf for Mk, tN

f
t
N(N−1)/2
a for B, and t

N(N−1)/2
a tN

f
for B.

The resulting Hilbert series is given by writing the generators in the denominator and the
relations in the numerator

g
(
tf , ta, tf

)
=

1 − tN
f
t
N(N−1)
a tNf(

1 − tN
f
t
N(N−1)/2
a

)(
1 − tN(N−1)/2

a tNf

)(∏N−1
k=0

(
1 − tf t

k
atf

))(∏N
k=2

(
1 − tka

)) .

(2.24)
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Note that such a simple form is only possible when the moduli space is a complete
intersection. In more general cases, other methods for computing the Hilbert series need to
be applied, as outlined above.

3. D3-Branes at Singularities

Closely related to the AdS/CFT correspondence is the topic of D3-branes living at conical
singularities. In this context the moduli space M has an elegant geometrical realization.
When D3-branes are transverse to an affine (noncompact) threefold CalabiYau cone X, a
supersymmetric gauge theory exists on the world-volume of the branes. This is a gauge
theory of quiver type with U(N) gauge groups and bifundamental or adjoint fields. By
taking the near horizon limit of the geometry induced by the D3-branes we obtain the string
background AdS5 × H5, where H5 is the Sasaki-Einstein base of the cone X. It is then a
prediction of the AdS/CFT correspondence that the theory on N physical D3-branes at the
singularity flows in the IR to a superconformal field theory [15, 17]. The isometries of the
(noncompact) CalabiYau becomes global symmetries in the dual theory, which are usually
referred as mesonic. The maximum rank of the mesonic symmetry group is three, which is
realized for toric CalabiYau singularities. Our main interest is the IR physics of this system,
where conformal invariance holds; in this limit all Abelian gauge symmetries become weakly
coupled and remain as global symmetries called baryonic symmetries. The remaining gauge
symmetry Gn.a.

D� is fully nonAbelian, typically given by products of SU(N) groups. It is then
natural to distinguish between mesonic and baryonic operators. A mesonic operator has zero
baryonic charge, and thus it is invariant under the Abelian U(1) factors.

Under these circumstances, the moduli space, obtained by dividing by the non-
Abelian gauge group,

M � F�//Gn.a.
D� (3.1)

is a combined mesonic and baryonic moduli space. These mesonic and baryonic branches
are not necessarily separate (irreducible) components of M but are instead in most cases
intrinsically merged into one or more components in M. Even when mesonic and baryonic
directions are mixed, it still makes sense to talk about the more familiar mesonic moduli space
mesM, as the subvariety ofM parameterized by mesonic operators only. The mesonic moduli
space can be obtained as a further quotient ofM by the Abelian symmetries:

mesM �M//U(1)D� . (3.2)

It is of particular interest to consider the case of a single D3-brane transverse to the
CalabiYau threefold X, which enlightens the geometrical interpretation of the moduli space.
The gauge theory on a single D3-brane is an Abelian U(1)g theory. Since the motion of the
D-brane is parameterized by this transverse space, the moduli space of this Abelian theory
must coincide with the noncompact CalabiYau threefold X transverse to the D3-brane and
has complex dimension three. However, we could examine the IR limit of the theory where
the entire gauge group decouples. In this situation, the moduli spaceM is given by the space
of F-flatness F�. M is an algebraic variety of dimension greater than three, which contains
properly X as a subvariety. We could identify X as the mesonic part of the moduli space.
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Geometrically, F� is a fibration over the mesonic moduli space X given by relaxing the
U(1) D-term constraints in (3.2). Physically, F� is obtained by adding baryonic directions
to the mesonic moduli space (Of course, we cannot talk about baryons for N = 1, but we
can alternatively interpret these directions as Fayet-Iliopoulos (FI) parameters in the stringy
realization of the N = 1 gauge theory. Indeed on the world-volume of a single D-brane there
is a collection of U(1) gauge groups, each giving rise to an FI parameter, which relax the
D-term constraints.).

For N > 1, the situation is more subtle. Again, the common lore says that the moduli
space is probed by a collection of N physical branes which are mutually BPS branes and
thus can be arbitrarily located in the internal manifold. Hence the moduli space is given by
the symmetrized product of N copies ofX. Actually this is only true for the mesonic moduli
space. The full moduli spaceM is a bigger algebraic variety of more difficult characterization.
In the next section this situation is elucidated and it is shown how the properties of M for
arbitrary number of branes are encoded in the moduli space for a single brane. In view of
the importance of the moduli space for one brane even for larger N, we adopt the important
convention that the N = 1 moduli space is dubbed the master space.

Let us clarify the previously abstruse discussion with explicit examples.

3.1. The Case of One Brane: The Master Space

The moduli space for one brane is the space of solutions F� of the F-terms where the fields
are taken to be c-numbers. The generating function for one brane is just the Hilbert series of
the quotient ring

C
[
φ1, . . . , φE

]

{dW = 0}
(3.3)

generated by the elementary fields φi modulo the ideal of F-terms. This generating function
can be easily computed for all reasonable (= not too large) quivers by using computer algebra
programs. Let us discuss some simple examples.

3.1.1. The Case of C
3

The case of one brane probingX = C
3 is described by theN = 4 SYM with gauge group U(1).

InN = 1 notations, the theory has three chiral adjoint supermultiplets Φi interacting with the
superpotential

W = Φ1[Φ2,Φ3]. (3.4)

In the case of one brane, the lowest components φi are c-numbers and the F-terms are trivial.
The master space is just described by three free complex variables φi. Since the U(1) acts
trivially on the adjoint fields, there is no distinction between the master space and the mesonic
moduli space. Both coincide with C

3. The gauge-invariant chiral operators are given by all the
possible products φn1

1 , φ
n2
2 , φ

n3
3 .

X = C
3 = R

6 has a large isometry SO(6), with rank three. The subgroup U(3) acts in
the obvious way on the three variables φi. The Cartan subgroup is U(1)3, where the ith U(1)
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acts on the corresponding variable φi → eiαφi for i = 1, 2, 3. We can introduce fugacities ti for
the three U(1) actions and use them to grade the chiral operators. The resulting Hilbert series
is

g1

(
t1, t2, t3,F�C3

)
=

1
(1 − t1)(1 − t2)(1 − t3)

. (3.5)

We can now introduce SU(3) weights x1, x2 which reflect the fact that the chemical potentials
t1, t2, t3 are in the fundamental representation of SU(3), and a chemical potential t for the
U(1)R charge,

(t1, t2, t3) = t
(
x1,

x2

x1
,

1
x2

)
. (3.6)

We can get an expansion in terms of irreducible representations of SU(3)

g1

(
t1, t2, t3;F�

C3

)
= PE[t[1, 0]] =

∞∑
n=0

[n, 0]tn. (3.7)

where the symbol [n,m] denotes the character of the SU(3) representation with Dynkin labels
(n,m). For example, for the fundamental representation we have

[1, 0] = x1 +
x2

x1
+

1
x2
. (3.8)

3.1.2. The Case of the Conifold

One of the most familiar examples of a conical CalabiYau singularity is the conifold X = C,
described by the equation

xy = zw (3.9)

in C
4. This variety is a complete intersection in C

4. In general the set of n algebraic equations
in C

m is a complete intersection if it defines a variety of dimension m − n, meaning that each
single equation reduces the complex dimension by exactly one unit. For the conifold, the
dimension (3) can be obtained as the difference between the numbers of variables (4) and the
number of equations (1).

The quiver is given in Figure 1. The gauge group is U(1) × U(1) and we have two
bifundamental fieldsAi with charges (1,−1) and two fields Bi with charges (−1, 1). The gauge
theory has an explicit global symmetry SU(2)1 × SU(2)2 ×U(1)R ×U(1)B and the four fields
transform under these symmetries according to Table 1. For one brane, the F-terms are trivial
and the master space for the conifold is simply F� = C

4, parameterized by four free variables
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Table 1: The transformation, under the explicit global symmetry group SU(2)1 × SU(2)2 ×U(1)R ×U(1)B ,
of the 4 fields in the conifold theory. The monomials indicate the associated chemical potentials in the
Plethystic programme.

SU(2)1 (2j1, 2m1) SU(2)2 (2j2, 2m2) U(1)R U(1)B Monomial

A1 (1,+1) (0, 0)
1
2

1 t1x

A2 (1,−1) (0, 0)
1
2

1
t1
x

B1 (0, 0) (1,+1)
1
2

−1 t2y

B2 (0, 0) (1,−1)
1
2

−1
t2
y

Toric diagram Quiver

SU(N) SU(N)

A1,2

B1,2

WC = Tr (εilεjkAiBjAlBk)

Figure 1: The quiver and toric diagrams, as well as the superpotential for the conifold C.

A1,2 and B1,2 [8, 11]. We can introduce four fugacities for the four U(1)s in the symmetry
group and write the refined Hilbert series for the master space F�C:

g1

(
t1, t2, x, y;F�C = C

4
)
=

1
(1 − t1x)(1 − t1/x)

(
1 − t2y

)(
1 − t2/y

) . (3.10)

We used the choice of fugacities indicated in Table 1. x and y are fugacities for the Cartan
subgroup of the two SU(2) symmetries. t1 and t2, respectively, count the number of A and
B fields. We could alternatively define b which counts baryon number and t which counts
(twice) the total R-charge; then t1 = tb and (t2 = t/b). Indeed, if we remove the refinement by
setting t1 = t, t2 = t, x = 1, y = 1, we would obtain the familiar Hilbert series for C

4 which is
g1(t; C4) = (1 − t)−4.

The Mesonic Moduli Space

The mesonic moduli space is obtained by further dividing by the gauge group U(1) ×U(1).
The overall U(1) acts trivially and we are left with a U(1) action where the Ai has charge +1
and the Bi charge −1. The mesonic gauge-invariant operators are

x = A1B1, y = A2B2, z = A1B2, w = A2B1 (3.11)

which satisfies (3.9) and correctly reproduce C as the mesonic moduli space.
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We can easily write the refined Hilbert series for the mesonic moduli space using the
fact that the manifold is a complete intersection

g1
(
t, x, y; mesM = C

)
=

1 − t4(
1 − t2xy

)(
1 − t2x/y

)(
1 − t2y/x

)(
1 − t2/xy

) . (3.12)

In this formula each factor in the denominator corresponds to a generator x, y, z,w. The
numerator is associated with the relation xy = zw (with fugacity t4). The refined Hilbert
series only depends on three fugacities t, x, y. In fact, the baryonic symmetry associated with
b is acting trivially on the mesonic moduli space. There are exactly three remaining mesonic
symmetries.

The refined Hilbert series can be easily expanded in terms of representation of the
global symmetry. Denoting by [n1;n2] the character for the representation of highest weight
n1 = 2j1 and n2 = 2j2 of the symmetry group SU(1)1 × SU(2)2 we have

g1
(
t, x, y; mesM = C

)
=
∞∑
n=0

[n;n]t2n. (3.13)

The t2n terms in this sum are associated with the gauge-invariant operator Ai1Bj1 · · ·AinBjn
which has the correct R-charge and it is completely symmetric in the indices of the A’s and
in the indices of the B’s, thus transforming in the [n;n] representation of SU(1)1 × SU(2)2.

We can see the master space as a C
∗ fibration over the mesonic moduli space obtained

by relaxing the D-term constraint. In the case of the conifold C, we divide the master space
C

4 by a C
∗ action corresponding to the U(1) gauge group:

C =
C[A1, A2, B1, B2]
{+1,+1,−1,−1} . (3.14)

The U(1) group corresponds to a baryonic symmetry, and we may as well say that we mod
the master space by all the complexified baryonic symmetries.

This symplectic quotient description allows for an alternative derivation of the Hilbert
series of C from the Hilbert series of the master space C

4:

g1
(
t, x, y; mesM = C

)
=
∮

|b|=1

db

2πib
1

(1 − tbx)(1 − tb/x)
(
1 − ty/b

)(
1 − t/by

) . (3.15)

The integrand is just the fully refined Hilbert series for the master space as given in (3.10).
By integrating over the fugacity b, which is associated with the U(1) gauge action or,
equivalently, with the baryonic number, we project on operators invariant under the C

∗

action. The contour integral should be done on the unit circle in the complex plane and takes
contributions from the two poles inside the circle, b = ty and b = t/y, where we have taken
|t| < 1 in order to have a convergent geometrical series. An easy computation reproduces
(3.12).
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3 2

1

WC3/Z3 = εαβγUαV βWγ

α, β, γ = 1, 2, 3

Figure 2: The quiver diagram and superpotential for dP0.

3.1.3. The Case of C
3/Z3

Let us next study the orbifold C
3/Z3 with action (1, 1, 1) on the C

3. This is also referred to
in the literature as dP0, the cone over the zeroth del Pezzo surface. The quiver theory is
summarized in Figure 2. For this case, the nine F-terms are

UαV β = UβV α, V αWβ = V βWα, WαUβ =WβUα, α /= β. (3.16)

In principle, nine equations for nine fields should reduce the moduli space to a point.
However the variety (3.16) in C

9 is an example of a set of equations which are not a complete
intersection. It is easy to see that the generic point can be parametrized by five complex
variables and therefore the manifold has dimension five.

There are various methods to compute the refined Hilbert series for the master space.
The computation of the Hilbert series of quotient rings in commutative algebra is algorithmic
and can be performed with computer algebra programs like Macaulay2 [31]. In the specific
case, we can also follow an analytical route which is available for all toric quivers. The
formulation in terms of Tilings [18, 19] allows to express all F-term constraints in terms
of a Gauged Linear Sigma Model (GLSM) and reexpress the master space as a symplectic
quotient. In the case of C

3/Z3 this is done as follows.
The F-term constraints can be explicitly solved by introducing six auxiliary variables

Ui −→ piq1, Vi −→ piq2, Wi −→ piq3. (3.17)

In the Tiling description these arise as perfect matchings as shown in Figure 3. The previous
parameterization is defined modulo a C

∗ action on the pi with charge −1 and on the qi with
charge +1. We can therefore see the master space as the quotient

F�
C3/Z3

=
C

6

{−1,−1,−1, 1, 1, 1} ,
(3.18)

where we order the perfect matchings as p1, p2, p3, q1, q2, q3. We see from this description that
the master space is a five-dimensional toric variety with SU(3) × SU(3) × U(1) symmetry,
where the first SU(3) is visible in the quiver and superpotential as the global SU(3) symmetry
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1
2

2

3

1

1

2

p1

1
2

2

3

1

1

2

p2

1
2

2

3

1

1

2

p3

1
2

2

3

1

1

2

q1

1
2

2

3

1

1

2

q2

1
2

2

3

1

1

2

q3

(a)

3

1

1

1

(b)

Figure 3: (a) The perfect matchings for the dimer model corresponding to dP0, with the external perfect
matchings pi and the internal perfect matchings qi; (b) The toric diagram of dP0 with the labeled
multiplicity of GLSM fields. The master space is given by the perfect matchings modulo relations [14].
There is one relation among perfect matching p1 + p2 + p3 = q1 + q2 + q3 and this gives the description of
the master space as C

6/{−1,−1,−1, 1, 1, 1}. We refer to [18, 19] for details on the Tiling construction and to
[14] for a detailed discussion of this example.

and the second SU(3) is hidden. We can introduce weights for the action of the global
symmetry on perfect matchings as follows:

p1, p2, p3, q1, q2, q3 −→ tx1,
t

x2
,
tx2

x1
,

1
y1
, y2,

y1

y2
, (3.19)

where t is the U(1) charge, x1, x2 are weights for the first SU(3) and y1, y2 are weights for
the second SU(3). Note that these weights and the labels are chosen such that they indicate
the highest weight states of the fundamental and antifundamental representations of SU(3).
Such weight assignments allows for an easier tracking of highest weight states for higher
dimensional representations, when a character expansion is performed. The Hilbert series for
the master space is then given by the Molien-Weyl formula

g1

(
t, x1, x2, y1, y2;F�

C3/Z3

)

=
∮

|z|=1

dz

2πiz
1

(1 − tx1/z)(1 − tx2/x1z)(1 − t/x2z)
(
1 − y2z

)(
1 − zy1/y2

)(
1 − z/y1

) .
(3.20)

The Hilbert series for just one charge is computed by setting the nonAbelian fugacities
to 1

g1

(
t;F�

C3/Z3

)
=
∮

|z|=1

dz

2πiz(1 − t/z)3(1 − z)3
=

1 + 4t + t2

(1 − t)5
. (3.21)
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This expression has a pole of order five as expected for a five-dimensional variety. Taking the
plethystic logarithm [7] of this expression we find 9 generators at order t subject to 9 relations
at order t2,

PE−1
[
g1

(
t;F�

C3/Z3

)]
= 9t − 9t2 + · · · . (3.22)

This agrees exactly with the content of (3.16) which says that F�dP0
should be the incomplete

(since the plethystic logarithm does not terminate) intersection of 9 quadrics in 9 variables.
Now, we would like to refine the Hilbert series to include all the 5 global charges. From

(3.19), we recognize the 9 quiver fields as transforming in the [1, 0] × [0, 1] representation
of SU(3) × SU(3). For short, we denote an irreducible representation of this group as a
collection of 4 nonnegative integer numbers, here [1, 0; 0, 1] and with obvious extension to
other representations. We end up with the refinement of the Hilbert series for F�

C3/Z3
as

g1

(
t, x1, x2, y1, y2;F�

C3/Z3

)

=
(

1 − [0, 1; 1, 0]t2 + ([1, 1; 0, 0] + [0, 0; 1, 1])t3 − [1, 0; 0, 1]t4 + t6
)

PE[[1, 0; 0, 1]t].
(3.23)

The Hilbert series admits a simple and natural series expansion of the form

g1

(
t, x1, x2, y1, y2;F�

C3/Z3

)
=
∞∑
n=0

[n, 0; 0, n]tn. (3.24)

The Mesonic Moduli Space

The master space is a (C∗)2 fibration over the mesonic moduli space. The Hilbert series for the
latter can be computed by integrating the Hilbert series of the master space in the directions
corresponding to the U(1) actions, which are weighted by y1 and y2:

g1

(
t, x1, x2; mesM =

C
3

Z3

)
=
∮

|y1|=1

dy1

2πiy1

∮

|y2|=1

dy2

2πiy2
g1

(
t, x1, x2, y1, y2;F�

C3/Z3

)
=
∞∑
n=0

[3n, 0]t3n.

(3.25)

In the case of just one charge, setting the nonAbelian fugacities to 1, the Hilbert series
simplifies to

g1

(
t; mesM =

C
3

Z3

)
=

1 + 7t3 + t6

(1 − t3)3
. (3.26)

We see that the mesonic moduli space is a toric variety of dimension three, with a nonAbelian
SU(3) symmetry.
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We can easily see that the Hilbert series (3.25) is the expected Hilbert series for C
3/Z3.

The orbifold C
3/Z3 is obtained by modding C

3 with coordinates z1, z2, z3 by the discrete
group Z3

zi −→ ωzi, i = 1, 2, 3, ω3 = 1. (3.27)

By writing the ten basic invariants Qijk = zizjzk, we see that we can write C
3/Z3 as

the noncomplete intersection of 27 quadrics in C
10. The generators Qijk are completely

symmetric in the indices and transform in the [3, 0] representation of SU(3). The holomorphic
functions on C

3/Z3 are given by all polynomials that are invariant under the Z3 action;
these can be constructed as symmetrized products of zi and there is one such holomorphic
function for each [3n, 0] irreducible representation of SU(3). We then see that, if we
assign fugacity t to the zi, the Hilbert series of C

3/Z3 correctly reproduces (3.25). In field
theory, the generators Qijk correspond to the mesonic gauge-invariant operators UiVjWk;
the latter are completely symmetric in the indices precisely due to the F-term relations
(3.16).

The Molien Invariant

Since the mesonic moduli space is an orbifold by a discrete symmetry group Z3, it is possible
to compute its Hilbert series by using the Molien invariant. See details on this computation
in [7, 9]. The action of the orbifold group on the 3 fugacities is ti → ωti, ω

3 = 1, and we take
the average of the orbit over the orbifold group,

g1

(
t1, t2, t3;

C
3

Z3

)

=
1
3

(
1

(1 − t1)(1 − t2)(1 − t3)
+

1
(1 −ωt1)(1 −ωt2)(1 −ωt3)

+
1

(1 −ω2t1)(1 −ω2t2)(1 −ω2t3)

)

=
1 + t21t2 + t

2
2t3 + t

2
3t1 + t

2
1t3 + t

2
2t1 + t

2
3t2 + t1t2t3 + t

2
1t

2
2t

2
3(

1 − t31
)(

1 − t32
)(

1 − t33
) ,

(3.28)

which agrees with the expression in (3.25).

3.1.4. The General Case

We now discuss some general features of the master space for D3-branes at a conical
CalabiYau singularity [14]. In the case of a toric CalabiYau X there is quite a general
description of the associated quiver using Tilings [18, 19] and we mostly focus on this case.
Many specific examples are discussed in details in [14].
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In the case of a toric CalabiYau, we have [14] the following.

(i) F� is a toric variety of complex dimension g + 2, where g is the number of gauge
groups. This is so because X � F�//U(1)g , and an overall U(1) decouples; thus
3 = dim(F�) − (g − 1). It is toric since it is acted upon by exactly g + 2C

∗-actions
corresponding to the classical global symmetries of the gauge theory: one R and two
flavor, coming from the isometries of the toric threefoldX, as well as g−1 baryonic,
IR relic symmetries of the nontrivial U(1) factors, some of which are anomalous.

(ii) In the previously considered examples the moduli space was irreducible, but this
is not the general case. The moduli space of gauge theories is well-known to have
many branches and F� is typically a reducible algebraic variety. This generalizes
the familiar case of N = 2 gauge theories, where the moduli space is divided
into a Coulomb branch and a Higgs branch. In the toric case, F� contains a top-
dimensional irreducible component of the same dimension, dubbed the coherent
component and denoted as IrrF�, as well as many smaller-dimensional irreducible
(generically) linear pieces, realized as coordinate hyperplanes.

(iii) The coherent component IrrF� is itself an affine CalabiYau (We should better say
that it is Gorenstein.) of dimension g + 2. This is related to an intriguing property of
the Hilbert Series for IrrF�. The numerator P(t) of g(t;IrrF�), which we recall to be an
integer polynomial of degree, say, n, has a palindromic symmetry for its coefficients
aj=0,...,n: P(t) is invariant under the exchange aj ↔ an−j . This is certainly true for the
Hilbert series (3.10) and (3.21) and it is, in general, a consequence of a theorem by
Stanley [33] and the fact that IrrF� is CalabiYau. Interestingly, the same palindromic
property of the Hilbert series is shared by the classical moduli space of SQCD for
all values of Nc and Nf [4]; indeed the moduli space of SQCD is CalabiYau.

(iv) A detailed description of IrrF� as algebraic variety is provided in [14]. F� and IrrF�
can be written as a set of algebraic equations in C

E, where E is the number of
elementary fields. Alternatively, one can provide a symplectic quotient description
of the toric variety which is useful for computing the Hilbert series. The latter
description is directly related to the Dimer model of the quiver and the intriguing
fact that perfect matchings generate the coherent component. We refer to [14] for
details on the algebraic properties of F� and IrrF�, the computation of their Hilbert
series and the relation to Dimers.

(v) It is known that a given toric CalabiYau corresponds to many different quivers
which are related by Seiberg duality. The set of such quivers where all gauge groups
have the same number of colors is known as the set of toric phases of the given
theory. For N > 1, all these different nonAbelian gauge theories are equivalent
under Seiberg duality and flow to the same IR fixed point. For N = 1 there is no
precise sense in which Seiberg duality can be defined, since there is no nonAbelian
gauge group. Nevertheless we expect to see some relic of this duality. And in fact,
although not isomorphic, the coherent component of the master space for different
toric phases are closely related: their generating functions coincide, not only as a
function of the R-symmetry parameter t but also when refined with all the non
anomalous charge parameters. This follows from the fact that, as we discuss in
the following, the coherent component of the master space determines the BPS
spectrum for N > 1. Dual theories have the same non anomalous symmetries and
the same spectrum of BPS operators.
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Many other properties of the master space including the structure of the linear components,
the relation to RG flows, and the existence of hidden symmetries are discussed in [14]. In the
next section we see that perhaps the most important property of the master space is the fact
that it determines the generating function for chiral operators for any value of N.

3.2. The Case of Many Branes

As we already said, the world-volume theory forN D3-branes is a quiver theory with product
U(N) gauge groups and, in the IR, the U(1) factors decouple since only the special unitary
groups exhibit asymptotic freedom and are strongly coupled in the IR. Thus the moduli space
of interest is the space of solutions to the F-flatness, modded out by a nonAbelian gauge group

MN =
F�N(

SU(N1) × · · · × SU
(
Ng

)) , (3.29)

where the index N recalls that we are dealing with N branes. The moduli space MN is of
difficult characterization since the quotient is fully nonAbelian and it cannot be described by
toric methods, as in the N = 1 case.

The mesonic moduli space is obtained from the full moduli space by performing a
further quotient by the Abelian symmetries:

mesMN ≡ SymNX � MN//U(1)g−1. (3.30)

For D3-branes at singularities, the mesonic moduli space should reproduce the motion of N
mutually BPS D3-branes on the CalabiYau and it should be given by the symmetric product
of N copies of X. We see that the mesonic moduli space, for X being a CalabiYau threefold,
is of dimension 3N. From this result we can infer the dimension of the full moduli spaceMN

which must be 3N + g − 1 for general N.
In the next section we discuss the main features of the nonAbelian moduli space using

the examples of C
3 and the conifold C. We need some Plethysm [7]. To obtain the partition

function gN(t) for SymNX from the partition function g1(t) for X, one expands in power
series the ν-inserted plethystic exponential

PE
[
νg1(t1, . . . , tn)

]
= exp

(
∞∑
r=1

νrg1
(
tr1, . . . , t

r
n

)

r

)
=
∞∑
N=0

gN(t1, . . . , tn)νN. (3.31)

3.2.1. The Case of C
3

As we have seen, the master space F� in the case of one brane coincides with the CalabiYau
manifold X = C

3. In the nonAbelian case, the fields Φi are N by N matrices, transforming
in the adjoint representation of the U(N) gauge group. The F-terms require that the adjoint
fields Φi commute:

[
Φi,Φj

]
= 0. (3.32)
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The commuting matrices Φi can be simultaneously diagonalized using the action of the
gauge group. The nonAbelian problem is thus reduced to N copies of the Abelian one,
parameterized by the eigenvalues of the matrices Φi. As usual, the Weyl group of U(N)
survives as a discrete gauge symmetry after diagonalization. It acts as the group of
permutation of the N Abelian copies of C

3. As a result, the nonAbelian moduli space is the
symmetric product SymN

C
3. The Abelian part of the group still acts trivially on the adjoint

fields, and therefore the moduli space is purely mesonic.
The generating function for SymN

C
3 can be extracted from the term of order νN in the

ν-inserted Plethystic exponential

g
(
ν; t1, t2, t3; C3

)

= PE
[
νg1

]
=
∞∑
N=0

gN
(
t1, t2, t3; C3

)
νN, g1

(
t1, t2, t3; C3

)
=

1
(1 − t1)(1 − t2)(1 − t3)

.
(3.33)

The full expression can be explicitly written as 3 infinite products

g
(
ν; t1, t2, t3; C3

)
=
∞∏
n1=0

∞∏
n2=0

∞∏
n3=0

1
1 − νtn1

1 t
n2
2 t

n3
3

, (3.34)

which coincides with the grand-canonical partition function of the three dimensional
harmonic oscillator.

All the generating functions gN(t1, t2, t3; C3) can be expanded in terms of characters of
the U(3) global symmetry. Some examples are reported in [14].

3.2.2. The Case of the Conifold

The case of the conifold is more interesting since it has a baryonic branch.

The Mesonic Moduli Space

The IR CFT is described by a quiver with two gauge groups SU(N) ×SU(N) and four chiral
bifundamental fields, A1,2 transforming in the (N,N) representation and B1,2 transforming
in the (N,N) representation, interacting with the quartic superpotential εijεpqAiBpAjBq.
The charges of the fields under the global symmetries and the corresponding fugacities
are summarized in Table 1. The mesonic gauge-invariant operators are those neutral under
U(1)B. We have four basic ones:

zij = Tr
(
AiBj

)
. (3.35)

By relaxing the trace in this expression, we can consider the zij = AiBj as N × N
matrices transforming in the adjoint of the first gauge group. It is easy to check that the F-
terms imply that zij commute and satisfy the matrix equation

z11z22 − z12z21 = 0 (3.36)
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which corresponds to the defining equation for the conifold singularity. The mutually
commuting zij can be simultaneously diagonalized by an adjoint action of the first gauge
group. Due to the matrix equation (3.36), the eigenvalues must satisfy the conifold equation.
As in the case of C

3, we reduce the problem to N copies of the Abelian one. Finally, using
the remaining Weyl permutation symmetry, we see that the mesonic moduli space is indeed
SymNC.

Now it is very simple to write the generating function gN(t, x, y;mesMN) for the
mesonic moduli space using the Plethystic Exponential [7]. Since mesMN ≡ SymNX, we
conclude from the previous discussion that gN is obtained from g1, computed in (3.12), by
applying the Plethystic Exponential:

PE
[
νg1

(
t, x, y;C

)]
=
∞∑
N=0

gN
(
t, x, y;mesMN

)
νN,

g1 =
1 − t4(

1 − t2xy
)(

1 − t2x/y
)(

1 − t2y/x
)(

1 − t2/xy
) .

(3.37)

The Baryonic Branch

The plethystic program can be efficiently applied also to the study of the baryonic branch
[12]. As we saw, the generating function for the master space is freely generated by the four
basic fields of the conifold gauge theory and it takes the form

g1

(
t1, t2, x, y;F�C

)
=

1

(1 − t1x)(1 − t1/x)
(
1 − t2y

)(
1 − t2

y

) .
(3.38)

In the following, we set x = y = 1 for simplicity. General formulae including the
SU(2) chemical potentials can be found in [11]. We can decompose g1 into sectors with fixed
baryonic charge B, each with multiplicity one:

g1

(
t1, t2;F�C

)
=

∞∑
B=−∞

g1,B

(
t1, t2;F�C

)
,

g1,B>0

(
t1, t2;F�C

)
=
∞∑
n=0

(n + 1 + B)(n + 1)tn+B1 tn2 ,

g1,B<0

(
t1, t2;F�C

)
=
∞∑
n=0

(n + 1)(n + 1 + |B|)tn1 t
n+|B|
2 .

(3.39)

It is manifest that each term in g1,B has a monomial bB corresponding to a baryonic charge
B. The decomposition into each baryonic charge can be computed by expanding g1(t, b;C)
in a formal Laurent series in b. g1,B>0 contains all monomial Ai1Bj1 · · ·Ain+BBjn transforming
in the [n + B;n] representation of SU(1)1 × SU(2)2, and analogously g1,B<0 contains all
Ai1Bj1 · · ·AinBjn+|B| transforming in the [n;n + |B|] representation. It is then obvious that the
sum of all g1,B reconstructs the generating function of the free ring in the four generators
A1, A2, B1, B2.
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It is quite remarkable that the generating function for the entire moduli space is
obtained by applying the Plethystic Exponential to each sector of definite baryonic charge.
The result for generic N is indeed obtained as follows:

g
(
ν; t1, t2;F�C

)
=

∞∑
B=−∞

PE
[
νg1,B

(
t1, t2;F�C

)]
,

g
(
ν; t1, t2;F�C

)
=
∞∑
N=0

νNgN
(
t1, t2;F�C

)
.

(3.40)

We can compute, for example, the generating function for N = 2, by taking the coefficient of
ν2 in this expression:

g2(t1, t2;C) =
1 + t1t2 + t21t

2
2 − 3t41t

2
2 − 3t21t

4
2 + t

5
1t

3
2 + t

3
1t

5
2 − 3t31t

3
2 + 4t41t

4
2(

1 − t21
)3(1 − t1t2)3(1 − t22

)3
. (3.41)

This expression can be written in a more revealing form by noting that the U(4) symmetry of
the master space, C

4, remains the global symmetry for the special case where the number of
color is N = 2 [14]. We therefore expect to expand the Hilbert series in terms of characters of
irreducible representations of U(4), where the U(1) symmetry is the fugacity is denoted by t.
This is computed in [14] and takes the form

g2(t1, t2;C) =
∞∑
n1=0

∞∑
n2=0

[2n1, 2n2, 0]t2n1+4n2 , (3.42)

where the character of an irreducible representation of SU(4) is denoted by [n1, n2, n3].
An explicit analysis reveals that the moduli space is generated by the following operators,
transforming in the [2, 0, 0] representation of SU(4) of dimension 10: 3 baryons detAiAj , 3
baryons detBiBj and 4 mesons TrAiBj . The structure of the generating functions for N ≥ 2 is
discussed in details in [11, 12].

Formula (3.41) and its analogs for small values of N can be compared with the result
in the classical theory computed using computer algebra programs, like Macaulay2, and it
turns out that there is perfect agreement [11, 12].

Formula (3.40) is motivated by a computation in the gravitational dual, where the BPS
states can be represented as states of supersymmetric D3-branes [8, 34]. A review of the dual
computation is too detailed and we refer to [8] for details. Let us notice few things, however.

(i) BPS states in the gravitational AdS dual can be obtained by quantizing classical
configurations of supersymmetric D3-branes. The latter fall in classes according to
the homology of the cycle they are wrapping. It can be shown that the baryonic
quantum number B is in correspondence with the homology number of the base
T1,1 of the conifold. The (geometric) quantization of classical supersymmetric D3-
branes is done in each sector independently and it amounts to taking the Plethystic
Exponential in each sector [8, 34, 35]. This explains the conjecture in formula
(3.40).
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(ii) By quantizing D3-branes, we can perform a computation valid at strong coupling
and large N. In fact, g1,B, which is is the generating function for sections of a
given line bundle on C, can be computed in a purely geometric way using the
equivariant Atiyah-Singer theorem [8, 36]. Quite remarkably, the computation
agrees with (3.39) and the large N strong coupling prediction for the BPS
generating function agrees with a computation performed in the classical theory for
small N.

(iii) Formula (3.40) is intriguing and once more shows the deep connection of the quiver
gauge theory with the geometry: the left hand side, which is computed in the quiver
theory using F-terms, has an expansion as a sum of functions that can be computed
using the geometry of the CalabiYau only.

3.2.3. The General Case

Here we try to summarize what we have learned from the previous examples.
In general, for all quivers describing D3-branes at conical singularities, we must

have mesMN ≡ SymNX, and this can be explicitly proven in the case of quivers based
on Tilings. As a consequence of this identification, the generating function gN(ti, mesMN)
for the mesonic moduli space can be always written using the Plethystic Exponential
[7],

PE
[
νg1(ti, mesMN)

]
=
∞∑
N=0

gN(ti, mesMN)νN. (3.43)

More delicate is the case of the generating function of the entire moduli spaceM, including
the baryonic directions. In the case of the conifold the previous discussion gives a remarkably
simple and neat answer. The situation is, in general, more complicated. In all the examples
examined in [12], it seems true that there exists a decomposition of the generating function
for the master space into sectors with definite baryonic charge

g1

(
ti; IrrF�

)
=
∑
B

g1,B(ti), (3.44)

such that the generating function for the entire moduli space is obtained by applying the
Plethystic Exponential to each sector,

∑
B

PE
[
νg1,B(ti)

]
=
∞∑
N=0

νNgN(ti). (3.45)

In the previous formula, the sum over B in (3.44) is in general a sum over a lattice of charges,
related to the GKZ decomposition of the moduli space of resolution of the CalabiYau. We
refer to [12] for examples and discussion.
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4. Membranes at Singularities

Quiver theories play also an important role in understanding the world-volume theories for
M2 branes probing four-dimensional CalabiYau singularities Y. These are the holographic
duals of backgrounds of the form AdS4 × H7, where H7 is the Sasaki-Einstein seven
dimensional base of Y. The construction of the dual field theory has been an unsolved
problem for long time. It has been recently understood that N = 2 Chern-Simons gauge
theories [24–26] play an important role in this question and give rise to theories with the right
properties. The construction generalizes the proposal for the maximally supersymmetric case
[20].

We then consider quiver theoriesN = 2 theories in 2+1 dimensions with U(N) gauge
groups and adjoint and bifundamental chiral matter superfields Φab interacting through
a superpotential W(Φab). We use the letter a = 1, . . . , g to label the gauge groups. With
standard Yang-Mills interactions, the moduli space is obtained by solving the F and D term
constraints (We use the same symbol to denote the scalarN = 2 superfields and their lowest
components.)

∂ΦabW = 0,

Da(Φ) ≡
∑
b

ΦabΦ
†
ab −

∑
c

Φ†caΦca +
[
Φaa,Φ

†
aa

]
= 0

(4.1)

and dividing by the gauge group. We can then determine the moduli space as discussed in
the previous Section. The master space F� is a g − 1 fibration over the mesonic moduli space
X. Let us only consider quivers whereX is a CalabiYau threefold.

Consider now the same theory without Yang-Mills kinetic term for the gauge groups
but with a Chern-Simons interaction with integer coefficients ka, satisfying

∑
ka = 0. The

moduli space is now bigger [24–26]. InN = 2 supersymmetry in three dimensions the gauge
vector has a scalar partner σ, which, in a Chern-Simons theory, has no kinetic term and it is
an auxiliary field. The bosonic potential is

∑
Φab

Tr
(
(σaΦab −Φabσb)(σaΦab −Φabσb)† + |∂ΦabW |

2
)
, (4.2)

where the auxiliary fields are determined by the constraints

Da(Φ) =
ka
2π

σa. (4.3)

The potential is minimized by

∂ΦabW = 0,

σaΦab −Φabσb = 0.
(4.4)
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In the Abelian case, all σa ≡ σ are equal and the equations Da(Φ) = (ka/2π)σ reduce to
the standard D-terms of an N = 2 theory with a FI term depending on the Chern-Simons
couplings. Since

∑
a ka = 0 and

∑
aDa(Φ) = 0 by construction, one of these equations is

redundant. Moreover, any linear combination of gauge groups with coefficientma orthogonal
to the CS parameters

∑
a kama = 0 has a vanishing moment map. We are thus imposing g − 2

D-term constraints, where g is the number of gauge groups. We can impose simultaneously
the D-term constraints and the corresponding U(1) gauge transformations by modding out
by the complexified gauge group. We do not need to impose the last D term condition since
it determines the value of the auxiliary field σ. Moreover, the corresponding U(1) group,
through its CS coupling with the overall gauge field, it is broken to Zk, where k = gcd({ka})
[20, 37, 38]. As a result the Abelian moduli space has a dimension of one unit bigger than
X and it has the general form Y/Zk [24–26]. We see that Y can be obtained from the master
space by dividing by g − 2 complexified U(1) groups. In the interesting case where X was
a threefold, we obtain a four-dimensional manifold. For toric quiver based on Tilings, and
some other generalization, one can explicitly show that the moduli space is still CalabiYau
[26].

Modding by the remaining complexified U(1), which in the membrane theory is
broken to Zk, we would obtain the threefoldX. We thus see that Y is in general a C

∗ fibration
overX.X is uniquely specified by the gauge group and matter field of the quiver, while Y is
specified also by the choice of Chern-Simons couplings ka. By varying ka we obtain a family
of C

∗ fibrations over Z. We thus have the chain of fibrations

F� −−−−−→
(C∗)g−2

Y {ka}−→
C∗
X (4.5)

which is determined by a choice of a particular C
∗ direction in the master space depending

on the Chern-Simons couplings ka.
The non Abelian case requires some care, as not all operators are manifestly gauge-

invariant. It is conjectured in the literature that this difficulty is solved by the introduction of
so called “monopole operators” which are special objects in 2+1 dimensions. This proposal
states that the chiral operators in the Lagrangian are dressed by monopole operators
such that the collection of generators on the moduli space become a set of commuting
adjoint valued operators and then this naturally leads to symmetric products of the CY4
singularity. To date there have not been satisfactory solutions to this problem. There
is a simple argument which supports the conjecture that the moduli space for higher
values of N is the symmetric product and it goes as follows. By a gauge transformation,
we can diagonalize all the σa. The equations σaΦab = Φabσb tell you that there is a
branch where (generically) all the fields Φab are diagonal. This reduces the problem to N
copies of the Abelian one. The remaining discrete gauge symmetry corresponding to the
Weyl group of SU(N) implies that the moduli space is generically the N-fold symmetric
product of the Abelian one. We see that the Chern-Simons theory nicely enforces in 2+1
dimensions a structure of the moduli space which is very natural from the point of
view of M2 branes. It is possible, as in 3+1 dimensions, that the moduli space for some
particular quiver contains various different branches of the moduli space. Henceforth we
avoid these subtle issues and always refer to the branch corresponding to the symmetric
product.

Let us examine some very simple examples. Many others can be found in [24–27, 39–
50].
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4.1. A Case Based on the Conifold Quiver (ABJM)

We need at least two gauge groups to enforce the condition
∑

a ka = 0. A quick look at the
classification of brane Tilings in [47] shows that there are two theories with 2 gauge groups,
the 2-square model and the 2-hexagon model. We also need a quartic superpotential, as this is
the natural scale invariant interaction term in 2+1 dimensions. This selects the 2-square model
which corresponds to the conifold in 3+1 dimensions. Thus, we have the conifold quiver with
two gauge groups and opposite Chern-Simons terms U(N)k × U(N)−k, fields Ai, Bi, i = 1, 2
transforming in the (N,N) and (N,N) representation of the gauge group, respectively, and
interacting with the superpotential

W = A1B1A2B2 −A1B2A2B1. (4.6)

We call this theory C̃{k,−k}.
It is by now well known that this theory, dubbed ABJM theory, has N = 6

supersymmetry and it is the candidate dual for the background AdS4 × S7/Zk [20]. This
can be seen by studying the Abelian moduli space. The master space for the conifold theory
is C

4, as discussed in Section 3.1.2. Since the number of gauge groups is g = 2 there is no
complexified gauge group to mod by. The non trivial U(1) is broken to Zk and we recover the
result [20] that the moduli space for the theory is C

4/Zk, with an orbifold action (1, 1,−1,−1).
For k = 1, the Hilbert series takes a simple form,

g
(
t, C̃{1,−1}

)
=

1

(1 − t)4
. (4.7)

The generators are A1, A2, B1, B2 corresponding to the fundamental fields of the conifold
theory.

The moduli space for higher k is then given by the Zk action 1, 1,−1,−1 on the
generators, respectively. Let us compute the Hilbert Series for this model by averaging on
the discrete group using the discrete Molien formula

g
(
t, C̃{k,−k}

)
=

1
k

k−1∑
j=0

1
(
1 −ωjt

)2(1 −ω−j t
)2

=
1 − t4 + 2ktk − 4ktk+2 + 2ktk+4 − t2k + t2k+4

(1 − t2)4(1 − tk
)2

=
1 + t2 + 2ktk − 2ktk+2 − t2k − t2k+2

(1 − t2)3(1 − tk
)2

,

(4.8)

with ωk = 1. The generators are now AiBj and Ak, Bk, as indicated by the denominator of
the first expression. We also see that the Hilbert series is palindromic, as is the master space
in 3+1 dimensions, and it has a pole of order 4 at t = 1, indicating that the moduli space is a
CalabiYau fourfold.
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For large values of k the Hilbert Series behaves like

g
(
t, C̃{k,−k}

)
=

1 + t2

(1 − t2)3

(
1 +O

(
tk
))
, (4.9)

which is the Hilbert series for the conifold. The large k limit is equivalent to dividing the
four-dimensional moduli space by the C

∗ action specified by the charges under the remaining
U(1) gauge group. We see that, as discussed above, the four-dimensional CalabiYau is a C

∗

fibration over the conifold.

4.1.1. A Remark: The Extended Supersymmetry of the ABJM Model

The Hilbert series (4.8) counts the holomorphic functions on the fourfold CalabiYau C
4/Zk.

These can be also set in one-to-one correspondence with theN = 2 chiral KK supermultiplets
arising in the compactification on S7/Zk. However, the ABJM models have extendedN = 6
supersymmetry and theN = 2 chiral supermultiplets are actually part of biggerN = 6 chiral
multiplets. It is then of some interest to write a generating function forN = 6 chiral multiplets
on AdS4 × S7/Zk [52].

Let us first consider the case k = 1 withN = 8 supersymmetry. The chiral multiplets are
actually in one-to-one correspondence with harmonic functions on S7, which can be written
as symmetric traceless tensors and transform in the [n, 0, 0, 0] representation of the SO(8)
global symmetry. The generating function for all harmonic functions on S7 is then

g1

(
t;S7

)
=
(

1 − t2
)

PE
[
[1, 0, 0, 0]SO(8)t

]
=
∞∑
n=0

[n, 0, 0, 0]SO(8)t
n. (4.10)

The role of (1− t2) is to remove traces from the symmetric product expansion. An extension of
this formula to include the spin degrees of freedom under the little group in 3+1 dimensions
is as follows. Introduce the fugacity x for and the formula takes the form

(
1 − t2

)

x4
PE

[
[1, 0, 0, 0]SO(8)t

]
PEF

[
[0, 0, 0, 1]SO(8)x

]
, (4.11)

but will not be discussed further. The result for higher values of k is obtained by using the
discrete Molien invariant. The action of Zk ⊂ U(1) breaks SO(8) to SU(4) × U(1), where
SU(4) is the R-symmetry forN = 6 supersymmetry in 2+1 dimensions. For this purpose we
introduce the fugacity b for U(1), and decompose the 8 dimensional representation of SO(8)
into two irreducible representations of SU(4):

[1, 0, 0, 0]SO(8)t = [1, 0, 0]SU(4)t1 + [0, 0, 1]SU(4)t2, (4.12)

where t1 = tb, t2 = t/b. Explicit expressions for the characters of the SU(4) representations
can be taken to be with 3 complex fugacities, z1, z2, z3 in the form,

[1, 0, 0] = z1 +
z2

z1
+
z3

z2
+

1
z3
, [0, 0, 1] =

1
z1

+
z1

z2
+
z2

z3
+ z3. (4.13)
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The partition function is then

g1

(
t, b, z1, z2, z3;

S7

Zk

)
=

1
k

k−1∑
j=0

g1

(
t,wjb, z1, z2, z3;S7

)
. (4.14)

It is interesting to note that in the limit where k goes to infinity, all states with non zero
baryonic charge disappear from the spectrum and we obtain the generating function

g1

(
t, z1, z2, z3; P3

)
=
∞∑
n=0

[n, 0, n]t2n, (4.15)

where [n, 0, n] denotes an SU(4) representation.
In the limit where k → ∞ the M theory compactification on AdS4 × S7/Zk can be

effectively reduced to the Type-IIA compactification on AdS4 × P
3. The generating function

(4.15) is reinterpreted as the partition function for N = 6 chiral multiplets in the KK
compactification on P

3, which indeed fall in [n, 0, n] representations of SU(4) [53].
The Hilbert series (4.8) and (4.9) can be analogously interpreted as the partition

functions for the N = 2 KK chiral multiplets on AdS4 × S7/Zk and AdS4 × P
3, respectively.

They differ from the equations (4.14) and (4.15) since we are counting only anN = 2 subset
of the protected operators in N = 6 supersymmetry. For example, out of dim[n, 0, n] =
(n + 1)2(n + 2)2(2n + 3)/12 protected operators inN = 6 there are precisely (n + 1)2 operators
which are holomorphic under theN = 2 subgroup. We therefore sum

∞∑
n=0

(n + 1)2t2n =
1 + t2

(1 − t2)3
, (4.16)

and get the result computed in (4.9).

4.2. A Case Based on the C
3/Z3 Quiver

Another simple example [26] is based on the quiver for C
3/Z3 with Chern-Simons couplings

(k1, k2,−k1,−k2). As we saw in Section 3.1.3, the master space has dimension five. The moduli
space is given by modding the five-dimensional master space by the U(1) gauge symmetry
prescribed by the CS terms. We find a two parameter family of CalabiYau fourfolds that can
be identified with the cone over the manifolds Yp,k(CP 2) [25, 54].

We focus, for simplicity, on the case of CS parameters k1 = k2 = 1. The corresponding
fourfold is the cone over the coset (This is sometimes called M3,2.) manifold M1,1,1 =
SU(3)×SU(2)×U(1)/SU(2)×U(1)×U(1) with global symmetry SU(3)×SU(2)×U(1)R. The
coincidence of this global symmetry with the gauge group of the standard model for particle
interactions was a reason for enhanced activity back in the 80’s. The Calabi Yau fourfold is
then obtained by modding out by the gauge groupU(1)1−U(1)2 which, as seen from equation
(3.17) corresponds to the action {0, 0, 0, 2,−1,−1} on perfect matchings and it breaks the global
symmetry on the master space from SU(3) × SU(3) × U(1) to SU(3) × SU(2) × U(1). Note
that part of the hidden symmetry now becomes a symmetry of the mesonic moduli space in
the 2+1 dimensional theory. By setting y1 = wx, y2 = w2 in (3.20), x becomes the fugacity for
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SU(2) and w is the fugacity for the U(1) which is gauged. The integration over w leaves 4
fugacities t, x1, x2, x which parametrize the four toric symmetries of the CalabiYau:

g

(
t, x, y, x̃; C̃3/Z3

)

=
∮

dz

2πiz
dw

2πiw
1

(1 − tx1/z) (1 − tx2/x1z)(1 − t/x2z)(1 −w2z)(1 − zx/w)(1 − z/wx)

=
∞∑
k=0

[3k, 0; 2k]t3k,

(4.17)

where [n,m; s] denotes irreps of SU(3)×SU(2). From the last expression we recognize indeed
the KK spectrum of M theory compactified on M1,1,1 [55].

The case of higher k is obtained by modding out by an action Zk ⊂ U(1)1 + U(1)2 −
2U(1)3 which further breaks the global symmetry to SU(3) ×U(1) ×U(1). The Hilbert series
for k > 1 can be computed with the methods described above and is given in [48].
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One of the main topics in the modern String Theory are the AdS/CFT dualities. Proving such
conjectures is extremely difficult since the gauge and string theory perturbative regimes do not
overlap. In this perspective, the discovery of infinitely many conserved charges, that is, the
integrability, in the planar AdS/CFT has allowed us to reach immense progresses in understanding
and confirming the duality. We review the fundamental concepts and properties of integrability
in two-dimensional σ-models and in the AdS/CFT context. The first part is focused on the
AdS5/CFT4 duality, especially the classical and quantum integrability of the type IIB superstring
on AdS5 × S5 which is discussed in both pure spinor and Green-Schwarz formulations. The second
part is dedicated to the AdS4/CFT3 duality with particular attention to the type IIA superstring
on AdS4 × CP 3 and its integrability. This review is based on the author’s PhD thesis discussed at
Uppsala University the 21st September 2009.

1. Introduction: Motivations, Overview, and Outline

In 1997, Maldacena conjectured that type IIB superstrings on AdS5 × S5 describe the
same physics of the supersymmetric SU(N) Yang-Mills theory in four dimensions [1]
(AdS5/CFT4). The background where the string lives (AdS5 × S5) is built of a five-
dimensional anti-De Sitter space (AdS), a space with constant negative curvature, times a
five-dimensional sphere (S), cf. Figure 1. In 2008, Aharony et al. proposed the existence of
a further gauge/gravity duality between a theory of M2-branes in eleven dimensions and a
certain three-dimensional gauge theory [2] (AdS4/CFT3). The eleven-dimensional M2-theory
can be effectively described by type IIA superstrings when the string coupling constant is
very small. For a reason that will be clear later, I will consider only the type IIA as the
gravitational dual in the AdS4/CFT3 correspondence, but the reader should keep in mind
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Figure 1: AdS5 × S5. The five-dimensional anti-De Sitter space is represented as a hyperboloid on the right
hand side, while the five-dimensional sphere is drawn on the left hand side.

that this is just a particular regime of the full correspondence. The background where the type
IIA strings live is a four-dimensional anti-De Sitter space times a six-dimensional projective
space (CP 3).1

The conformal field theories contained in the AdS/CFT dualities, namely, N = 4
super Yang-Mills (SYM) in the AdS5/CFT4 case and the supersymmetric N = 6 Chern-
Simons (CS) theory in the AdS4/CFT3 case, are rather difficult to solve. A general approach to
quantum field theory is to compute quantities such as cross-sections, scattering amplitudes,
and correlation functions. In particular, for conformal field theories the correlation functions
are constrained by the conformal symmetry.2 For a certain class of operators (the conformal
primary operators) their two-point function has a characteristic behavior: in the configuration
space it is an inverse power function of the distance. The specific behavior, namely, the
specific power (the so-called scaling dimension) depends on the nature of the operators and
of the theory we are considering. It reflects how this operator transforms under conformal
symmetry, in particular for the scaling dimension it reflects how the conformal primary
operator transforms under the action of the dilatation operator. At high energy, the scaling
dimensions acquire quantum corrections, that is, the anomalous dimension.3 In conformal
field theories, the anomalous dimension encodes the physical information about the behavior
of the operators under the renormalization process. I will expand this point in Section 2. For
the moment it is enough to note that collecting the spectrum of the correlation functions,
namely, the spectrum of the anomalous dimensions, gives an outstanding insight of the
theory. However, in general it is a very hard task to reach such a knowledge for a quantum
field theory.

For this purpose the gauge/string dualities can play a decisive role. Let me explain
why. Both correspondences are strong/weak-coupling dualities: the strongly coupled gauge
theory corresponds to a free noninteracting string and vice versa fully quantum strings are
equivalent to weakly interacting particles. The two perturbative regimes on the string and
on the gauge theory side do not overlap. Technical difficulties usually prevent to depart
from such regimes. This implies that it is incredibly difficult to compare directly observable
computed on the string and on the gauge theory side, and thus to prove the dualities.
However, there is a positive aspect of such a weak/strong-coupling duality: in this way it
is possible to reach the nonperturbative gauge theory once we acquire enough knowledge of
the classical string theory.

Ironically, we are moving on a circle. In 1968, String Theory has been developed with
the purposes to explain the strong nuclear interactions. Thus it started as a theory for particle
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physics. With the advent of the Quantum Chromo Dynamics (QCD), namely, the quantum
field theory describing strong nuclear forces, String Theory was abandoned and only later in
1974 it has been realized that the theory necessarily contained gravity. The AdS/CFT dualities
give us the possibility to reach a better insight and knowledge of SYM (and hopefully of the
CS theory) by means of String Theory. In this sense, String Theory is turning back to a particle
physics theory. In this scenario the long-term and ambitious hope is that also QCD might
have a dual string description which might give us a deeper theoretical understanding of its
nonperturbative regime.

At this point I will mostly refer to the AdS5/CFT4 correspondence, I will explicitly
comment on the new-born duality at the end of the section. On one side of the
correspondence, the AdS5 × S5 type IIB string is described by a quantum two-dimensional
σ-model in a very nontrivial background. On the other side, we have a quantum field theory,
the SYM theory, which is also a rather complicated model. Some simplifications come from
considering the planar limit, namely, when in the gauge theory the number of colors N of the
gluons is very large, or equivalently in the string theory when one does not consider higher-
genus world-sheet. In this limit both gauge and string theories show their integrable structure,
which turns out to be an incredible tool to explore the duality.

What does “integrable” mean? We could interpret such a word as “solvable” in a first
approximation. However, this definition is not precise enough and slightly unsatisfactory.
Integrable theories posses infinitely many (local and nonlocal) conserved charges which
allow one to solve completely the model. Such charges generalize the energy and momentum
conservation which is present in all the physical phenomena as, for example, the particle
scatterings. Among all the integrable theories, those which live in two-dimensions are very
special: in this case, the infinite set of charges manifests its presence by severely constraining
the dynamics of the model through selection rules and through the factorization, cf. Section 3.
In order to fix the ideas, let me consider the scattering of n particles in two-dimensions.
The above statement means that for an integrable two-dimensional field theory, a general
n-particle scattering will be reduced to a sequence of two-particle scattering. The set of
necessary information to solve the model is then restricted in a dramatic way: we only need
to solve the two-body problem to have access to the full model! This is indeed the ultimate
power of integrability.

The impressing result (which has been historically the starting point of the exploit of
integrability in the AdS/CFT context) has been the discovery of a relation between the SYM
gauge theory and certain spin chain models. In 2002, Minahan and Zarembo understood
that the single trace operators (which are the only relevant ones in the planar limit) could
be represented as spin chains [3]: each field in the trace becomes a spin in the chain. This
is not only a pictorial representation: the equivalence is concretely extended also to the
dilatation operator whose eigenvalues are the anomalous dimensions and to the spin chain
Hamiltonian. The key-point is that such a spin chain Hamiltonian is integrable, “solvable.”
On the gravity side, the integrability of the AdS5 × S5 type IIB string has been rigorously
proved only at classical level, which, in general, does not imply that the infinite conserved
charges survive at quantum level. However, the assumption of an exact quantum integrability
on both sides of AdS5/CFT4 has allowed one to reach enormous progresses in testing and
in investigating the duality, thanks to the S-matrix program and to the entire Bethe Ansatz
machinery, whose construction relies on such a hypothesis. Nowadays, nobody doubts about
the existence of integrable structures underlying the gauge and the gravity side of the
AdS5/CFT4 correspondence. There have been numerous and reliable manifestations, even
though indirect. Despite of such remarkable developments one essentially assumes that the
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AdS5×S5 type IIB superstring theory is quantum integrable.4 And on general ground, proving
integrability at quantum level is a very hard task as much as proving the correspondence
itself. For this reason, there have been very few direct checks of quantum integrability in the
string theory side. These are the main motivations of the present work: give some direct and
explicit evidence for the quantum integrability of the AdS superstring.

For the “younger” AdS4/CFT3 duality, valuable results have been already obtained,
cf. Section 7. It is very natural to ask whether and when it is possible to expect the existence
of similar infinite symmetries also in this case. Considering the impressing history of the
last ten years in AdS5/CFT4, one would like to reach analogous results also in this second
gauge/string duality. Probably understanding which are the differences between these two
dualities might provide another perspective of how we should think about the gauge/string
dualities and their infinite “hidden” symmetries.

Outline

In Section 2, I will briefly introduce the AdS5/CFT4 correspondence and the N = 4 SYM
theory. It contains also a description of the symmetry algebra, psu(2, 2 | 4), which controls the
duality. I will also explain the crucial relation between the anomalous dimension and the spin
chain systems as well as the Bethe Ansatz equations for a subsector of the full psu(2, 2 | 4)
algebra.

Section 3 is dedicated to two-dimensional integrable field theories, in particular to
some prototypes for our string theory, such as the Principal Chiral Models and the Coset
σ-models. I will explain the definition of integrability in the first-order formalism approach
as well as its dynamical implications for a two-dimensional integrable theory. I will stress the
importance of the distinction between classical and quantum integrability.

In Section 4, I will review the type IIB string theory on AdS5 × S5: starting from the
Green-Schwarz formalism, the Metsaev-Tseytlin formulation of the theory based on a coset
approach and finally its classical integrability.

In Section 5, it is presented an alternative formulation of the type IIB AdS5 × S5

superstring based on the Berkovits formalism, also called Pure Spinor formalism, and I will
focus on its relation with integrability topics, such as the construction of the BRST charges,
the finiteness of the monodromy matrix and of its path deformation.

In Section 6, I will come back to the Green-Schwarz formalism and discuss some
important limits of the AdS5 × S5 string theory such as the plane wave limit (also called BMN
limit) and the near-flat-space limit. I will present the Arutyunov-Frolov-Staudacher dressing
phase, sketch the construction of the world-sheet scattering matrix, also in the near-flat-space
limit, and finally, I will illustrate its factorization.

Section 7 is entirely based on the AdS4/CFT3 duality. I will retrace certain fundamental
results of the AdS5/CFT4 correspondence in the new context, with a special attention to the
near-BMN corrections of string theory.

In the appendices, some complementary material is reported. In the first appendix,
notation and conventions are summarized. The second one contains the full all-loop Bethe
Ansatz equations. The third one is devoted to the pure spinor formalism, in particular
the results concerning the operator product expansion for the matter and Lorentz ghost
currents are listed. The fourth appendix contains an example showing the three-body S-
matrix factorization. Finally, in the last one, the geometrical set-up for the AdS4/CFT3 is
reported.
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Note Added

This work is a shortened and revised version of the author’s PhD thesis, submitted to Uppsala
University, Uppsala. It is based on the papers [4–7].

2. The AdS5/CFT4 Duality

The first part of this section is an introduction to the AdS5/CFT4 correspondence, based on
the original works which are cited in the main text, and on the following reviews [8–10]. For
the introductory part dedicated to the N = 4 SYM and to the Coordinate Bethe Ansatz, I
mainly refer to Minahan’s review [11], Plefka’s review [12], and Faddeev’s review [13] and
by Dorey at RTN Winter School (2008) [14]. Finally, I find very useful also the PhD theses
written by Beisert [15] and Okamura [16].

2.1. Introduction

The Maldacena correspondence [1, 17, 18] conjectures an exact duality between the type IIB
superstring theory on the curved space AdS5 × S5 andN = 4 super Yang-Mills (SYM) theory
on the flat four-dimensional space R

3,1 with gauge group SU(N). In order to briefly illustrate
the content of the duality, we will start by recalling all the parameters which are present in
both theories.

The geometrical background in which the string lives is supported by a self-dual
Ramond-Ramond (RR) five-form F5. In particular, the flux through the sphere is quantized,
namely, it is an integer N, multiple of the unit flux. Both the sphere and the anti-De Sitter
space have the same radius R:

ds2
IIB = R2ds2

AdS5
+ R2ds2

S5 , (2.1)

where ds2
AdS5

and ds2
S5 are the unit metric in AdS5 and S5, respectively. The string coupling

constant is gs and the effective string tension is T = R2/2πα′ with α′ = l2s . The string theory
side thus has two parameters:5 T, gs.

On the other side, SYM is a gauge theory with gauge group SU(N), thus N is the
number of colors. The theory is maximally supersymmetric, namely, it contains the maximal
number of global supersymmetries which are allowed in four dimensions (N = 4) [19, 20].
Another important aspect is that SYM is scale invariant at classical and quantum level, which
means that the coupling constant gYM is not renormalized [21–25]. The theory contains
two parameters, that is, N and gYM. One can introduce the ’t Hooft coupling constant
λ = g2

YMN. Notice that λ is a continuous parameter. Summarizing, the gauge theory side
has two parameters, we choose λ and N.

The correspondence states an identification between the coupling constants in the two
theories, that is,

g2
YM = 4πgs, T =

√
λ

2π
(2.2)

(or in terms of λ: gs = λ/4πN), and between the observables, that is, between the string
energy and the scaling dimension for local operators:

E(λ,N) = Δ(λ,N). (2.3)

The conjecture is valid for any value of the coupling constant λ and for any value of N6.
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We can consider certain limits of the full general AdS5/CFT4 duality, which are simpler
to be treated but still extremely interesting.

Let us consider the limit where N is very large and λ is kept fixed, namely, gYM → 0
[26]. In this limit, N is a continuous parameter and the gauge theory admits a 1/N-
expansion. In the large-N regime (also called the ’t Hooft limit) of the SYM theory only the
planar diagrams survive, namely, all the Feynman diagrams whose topology is a sphere. The
corresponding gravity dual is a free string propagating in a nontrivial background (AdS5×S5).
The string is noninteracting since now gs → 0 and the tension T is kept fixed, cf. (2.2).
Notice that even though we are suppressing gs-corrections, so that the string is a free string
on a curved background, it is still described by a nonlinear sigma model whose target-space
geometry is AdS5 × S5. This is a highly nontrivial quantum field theory: the string can have
quantum fluctuations which are described by an α′-expansion.

Furthermore, we can also vary the smooth parameter λ between the strong-coupling
regime (λ � 1) and the weak-coupling regime (λ � 1). In the first case the gauge theory is
strongly coupled, while the gravity dual can be effectively described by type IIB supergravity.
Indeed, the radius of the background is very large (R = λ1/4ls), thus the string is in a classical
regime (T � 1).

Conversely, when λ takes very small values (λ � 1), the gauge theory can be treated
with a perturbative analysis, while the background where the string lives is highly curved.
The string is still free, but now the quantum effects become important (i.e., T � 1).

For what we have learned above, the Maldacena duality is also called a weak/strong-
coupling correspondence. This is an incredibly powerful feature, since it allows one to reach
strong coupling regimes through perturbative computations in the dual description. At the
same time, proving such a correspondence becomes an extremely ambitious task, simply
because it is hard to directly compare the relevant quantities. For a summary about the
different regimes and parameters we refer the reader to Table 1.

We will only deal with the planar AdS/CFT, since it is in this regime that both theories
have integrable structures. In particular, we are interested in the strong coupling regime (λ�
1), since the string theory side is reachable perturbatively (1/

√
λ expansion) in the large ’t

Hooft coupling limit (cf. Table 1). The present work is mainly devoted to this sector.
If the two theories are dual, then they should have the same symmetries. This is the

theme of the next section, after a more detailed introduction toN = 4 SYM theory.

2.2.N = 4 Super Yang-Mills Theory in 4d

As already mentioned, the N = 4 super Yang-Mills theory in four dimensions [19, 20]
is a maximally supersymmetric and superconformal gauge theory. The theory is scale
invariant at classical and quantum level and the β-function is believed to vanish to all
orders in perturbation theory as well as nonperturbatively [21–25]. The action can be derived
by dimensional reduction from the corresponding N = 1 SU(N) gauge theory in ten
dimensions:

LYM =
1
g2

10

Tr
(
−1

2
FMNF

MN + iψΓMDMψ

)
. (2.4)

DM is the covariant derivative, DM = ∂M − iAM, where AM is the gauge field with M the
SO(9, 1) Lorentz index, M = 0, 1, . . . , 9, and FMN the corresponding field strength, which is
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Table 1: Summary of the contents and parameters involved in AdS5/CFT4 duality.

Gauge theory String theory
Yang Mills coupling gYM String coupling gs
Number of colors N String tension T ≡ R2/2πα′

’t Hooft coupling λ ≡ g2
YMN AdS5 × S5 radius R

AdS5/CFT4

gs = g2
YM/4π

T =
√
λ/2π

’t Hooft limit
N → ∞ λ = fixed gs → 0 T = fixed
planar limit noninteracting string

Strong Coupling
N → ∞ λ� 1 gs → 0 T � 1

classical supergravity
Weak coupling

N → ∞ λ� 1 gs → 0 T � 1
perturbative SYM

given by FMN = ∂MAN − ∂NAM − i[AM,AN]. The matter content ψ is a ten-dimensional
Majorana-Weyl spinor. The gauge group is SU(N) and the fields AM and ψ transform in the
adjoint representation of SU(N).

By dimensionally reducing the action (2.4), the ten-dimensional Lorentz group
SO(9, 1) is broken to SO(3, 1) × SO(6), where the first group is the Lorentz group in
four dimensions and the second one remains as a residual global symmetry (R-symmetry).
Correspondingly, the Lorentz index splits in two sets: M = (μ, I), where μ = 0, 1, 2, 3 and
I = 1, . . . , 6. We need to require that the fields do not depend on the transverse coordinates I.
Hence, the gauge fieldAM gives rise to a set of six scalars φI and to four gauge fieldsAμ. Also
the fermions split in two sets of four complex Weyl fermions ψa,α and ψa,α̇ in four dimensions,
where a = 1, . . . , 4 is an SO(6) ∼= SU(4) spinor index and α, α̇ = 1, 2 are both SU(2) indices.

The final action forN = 4 SYM in four dimensions is

LYM =
1
g2

YM

Tr
(
−1

2
FμνF

μν −
(
DμφI

)2 +
1
2
[
φI, φJ

]2 + iψΓμDμψ + ψΓI
[
φI, ψ

])
. (2.5)

2.3. The Algebra

We have already stressed that the theory has an SU(N) gauge symmetry, thus the gauge fields
are su(N)-valued, and they also carry an index i = 1, . . . ,N2 − 1, which is not explicit in the
formulas above.

The conformal group in four dimensions is7 SO(4, 2) ∼= SU(2, 2). The generators
for the conformal algebra so(4, 2) are the Lorentz transformation generators, which consist
of three boosts and three rotations Mμν, the four translation generators Pμ, coming from
the Poincaré symmetry, the four special conformal transformation generators Kμ, and the
dilatation generator D. Hence in total we have fifteen generators.
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The theory is also invariant under the R-symmetry, which plays the role of an internal
flavor symmetry which can rotate the supercharges and the scalar fields. The R-symmetry
group is SO(6) ∼= SU(4) and it is spanned by fifteen generators, RIJ .

The supersymmetry chargesQa
α,Q

aα̇
, which transform under R-symmetry in the four-

dimensional representations of SU(4) (4 and 4, resp.), commute with the Poincaré generators
Pμ. They do not commute with the special conformal transformation generatorsKμ. However,
their commutation relations give rise to a new set of supercharges. We denote this new set of

supercharges with Saα and S
aα̇

. They transform in the 4 and 4 representation of SU(4). Thus
we have in total 32 real fermionic generators.

The SO(4, 2) × SO(6) bosonic symmetry groups and the supersymmetries merge in a
unique superconformal group SU(2, 2 | 4). Actually, due to the vanishing of central charge
for SYM, the final symmetry group is PSU(2, 2 | 4), where P denotes the fact that we are
removing ad hoc the identity generators which can appear in the commutators. Notice that
in supersymmetric theories usually the anticommutators between the supercharges Q and S
give an operator which commutes with all the rest, the so-called central charge.

The relevant relations are

[
D,Pμ

]
= −iPμ,

[
D,Kμ

]
= iKμ,

[
Pμ,Kν

]
= 2i
(
Mμν − ημνD

)
,

[
Mμν, Pλ

]
= i
(
ηλνPμ − ημλPν

)
,

[
Mμν,Kλ

]
= i
(
ηλνKμ − ημλKν

)
,

[
Mμν,Mλρ

]
= −iημλMνρ + cycl. perm.

{
Qa
α,Q

b

α̇

}
= γμαα̇δ

abPμ,

{
Saα, S

b

α̇

}
= γμαα̇δ

abKμ,

[D,Qa
α] = −

i

2
Qa
α,

[
D,Q

a

α̇

]
= − i

2
Q
a

α̇,

[
D,Saα

]
=
i

2
Saα,

[
D,S

aα̇]
=
i

2
S
aα̇
,

[Kμ,Qa
α] = σ

μ
αα̇ε

α̇β̇S
a

β̇,

[
Kμ,Q

a

α̇

]
= σμαα̇ε

αβSaβ,

[
Pμ, S

a
α

]
=
(
σμ
)
αα̇
εα̇β̇Q

a

β̇,
[
Pμ, S

a

α̇

]
=
(
σμ
)
αα̇
εαβQa

β,

[Mμν,Qa
α] = iσ

μν

αβ ε
βγQa

γ ,

[
Mμν,Q

a

α̇

]
= iσμν

α̇β̇
εβ̇γ̇Q

a

γ̇ ,

[
Mμν, Saα

]
= iσμναβ ε

βγSaγ ,
[
Mμν, S

a

α̇

]
= iσμν

α̇β̇
εβ̇γ̇S

a

γ̇ ,

{
Qa
α, S

b
β

}
= −iεαβ

(
σIJ
)ab

RIJ + σ
μν

αβδ
abMμν − εαβδabD,

{
Q
a

α̇, S
b

β̇

}
= −iεα̇β̇

(
σIJ
)ab

RIJ + σ
μν

α̇β̇
δabMμν − εα̇β̇δabD.

(2.6)

The matrices σμαα̇ are the Dirac 2× 2 matrices and (σIJ)ab are the antisymmetric product of the
Dirac 4 × 4 matrices.
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Matrix Realization

It is natural to reorganize the su(2, 2 | 4) generators as 8 × 8 supermatrices:

M =

⎛
⎝Pμ,Kμ, Lμν,D Qαa, S

α̇a

Saα,Q
a

α̇ RIJ

⎞
⎠. (2.7)

On the diagonal blocks we have the generators for two bosonic subsectors, su(2, 2) and
su(4), while on the off-diagonal blocks we have the fermionic generators. The superalgebra
is realized by two conditions which naturally generalize the su(n,m) algebra. First, the
supertrace8 of the matrix (A) vanishes. Second it satisfies a reality condition

HM† −MH = 0, (2.8)

where

H =

(
γ5 0

0 1

)
. (2.9)

The 4 × 4 matrix γ5 appears in the above condition because γ5 realizes the Hermitian
conjugation in the SU(2, 2) ∼= SO(4, 2) sector.

Actually, we want to consider the psu(2, 2 | 4) algebra. The 8 × 8 su(2, 2 | 4) identity
matrix trivially satisfies both properties of tracelessness and of Hermicity. This means that
even though such a matrix is not among our set of initial generators of the su(2, 2 | 4) algebra,
at some point it will appear as a product of some commutators. This is analogous to what
we have discussed above, where the anticommutator between Q and S might have a term
proportional to the unit matrix. In the SYM, the central charge is zero, thus we would like
to remove the unit matrix. We therefore mod out the u(1) factor ad hoc. This is indeed the
meaning of the p in psu(2, 2 | 4). Note that such an algebra cannot be realized in terms of
matrices.

The total rank for the PSU(2, 2 | 4) supergroup is 7. The unitary representation is
labelled by the quantum numbers for the bosonic subgroup. This means that the fields of
N = 4 SYM, or better, local gauge invariant operators, and the states of the AdS5 × S5 string
are characterized by 6 charges, which are the Casimirs of the group

(Δ = E, S1, S2, J1, J2, J3 ). (2.10)

The equality for the first charge is really the expression of the AdS/CFT correspondence. Let
us see in more detail what these quantum numbers are. Coming from the SU(2, 2) sector, since
SO(1, 1) × SO(3, 1) ⊂ SO(4, 2), we have the dilatation operator eigenvalue Δ (or the string
energy E), which can take continuous values, and the two spin eigenvalues S1, S2, which
can have half-integer values, and which are the charges related to the Lorentz rotations in
SO(3, 1). Notice that Δ and E depend on the coupling constant λ, cf. (2.3). The other sector
SU(4) ∼= SO(6) contributes with the “spins” J1, J2, J3, which characterize how the scalars can
be rotated.
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The String Side

The isometry group of AdS5 × S5 is SO(4, 2) × SO(6), which is nothing but the bosonic sector
of PSU(2, 2, | 4). Thus on the string side the bosonic symmetries are realized as isometries
of the background where the string lives. The superstring also contains fermionic degrees of
freedom which will mix the two bosonic sectors corresponding to AdS5 and S5. The string
spectrum is labelled by the charges (2.10). In principle one can also have winding numbers
to characterize the string state, in addition to (2.10). The string energy E is the charge
corresponding to global time translation in AdS5, while S1, S2 correspond to the Cartan
generators of rotations in AdS5. The last three charges correspond to Cartan generators for S5

rotations, since the five-dimensional sphere can be embedded in R
6, so we have three planes

the rotations.

2.4. Anomalous Dimension and Spin Chains

In a conformal field theory the correlation functions between local gauge invariant operators
contain most of the relevant dynamical information. There is a special class of local operators,
the (super) conformal primary operators, whose correlators are fixed by conformal symmetry.
In particular, these are the operators annihilated by the special conformal generators K and
by the supercharges S, that is, KO = 0 and SO = 0. Thus, representations corresponding
to primary operators are classified by how the dilatation operator D and the Lorentz
transformation generators M act on O, that is, by the 3-tuplet (Δ, S1, S2):

DO = ΔO, MO = ΣS1,S2O, (2.11)

where Δ is the scaling dimension, namely, the dilatation operator eigenvalues, and ΣS1,S2 tells
us how the operatorO transforms under Lorentz transformations. Since the special conformal
transformation generator K lowers the dimension by 1 and the supercharge S by 1/2, cf.
(2.6), in a unitary field theory the primary operators correspond to those operators with
lowest dimension. They are also called highest-weight states. All the other operators in the
same multiplet can be obtained by applying iteratively the translation operator P and the
supercharges Q (descendant conformal operators).

The correlation functions of primary operators are highly restricted by the invariance
under conformal transformations, and they are of the form

〈
Om(x)On

(
y
)〉

=
Cδmn∣∣x − y∣∣2Δ

. (2.12)

In the scaling dimension there are actually two contributions:

Δ = Δ0 + γ. (2.13)

Δ0 is the classical dimension and γ is the so-called anomalous dimension. It is in general a
nontrivial function of the coupling constant λ. It appears once one starts to consider quantum
corrections, since in general the correlators will receive quantum corrections from their free
field theory values.
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When we move from the classical to the quantum field theory we also need to face
the problem of renormalization. In general in quantum field theory the renormalization is
multiplicative. The operators are redefined by a field strength function Z according to

Om = Zn
mOn,0, (2.14)

where the subscript 0 denotes the bare operator, and Z depends on the physical scale μ
(typically Z ∼ μγ). As an example, we can consider the correlators in (2.12). Applying the
Callan-Symanzik equation, recalling that the β-function vanishes and defining the so-called
mixing matrix Γ as

Γkm =
∑
n

(
Z−1
)n
m

∂Zk
n

∂ logμ
, (2.15)

we see that when the operator Γ acts on a basis {Om}, then the corresponding eigenvalues are
indeed the anomalous dimensions γm:

ΓOm = γmOm. (2.16)

Hence, Γ provides the quantum correction to the scaling operator D, that is, D = D0 + Γ.

2.4.1. The Coordinate Bethe Ansatz for the su(2) Sector

In this section, I will sketch the Coordinate Bethe Ansatz, also called Asymptotic Bethe Equations
(ABE), for the bosonic closed SU(2) subsector, as the title suggested, in order to get feeling
of why such techniques are so important. The ABE are the basic connection between
integrability, SYM theory, spin chain, and the S-matrix.

As pointed out in the previous section, a lot of the relevant physical information are
contained in the anomalous dimension of a certain class of gauge invariant operators. The
fact that the operators are gauge invariant means that we have to contract the SU(N) indices.
This can be done by taking the trace. In general, we can have multitrace operators. However,
in the planar limit (N → ∞) the gauge invariant operators which survive are the single trace
ones. Thus from now on, we are only dealing with single trace local operators (and with their
anomalous dimension).

The incredible upshot of this section will be that the mixing matrix (2.15) is the
Hamiltonian of an integrable (1+1) dimensional spin chain! There are two important points in
the last sentence. First, it means that the eigenvalues of the mixing matrix are the eigenvalues
of a spin chain Hamiltonian, namely, the corresponding anomalous dimensions are nothing but the
solutions of the Schrödinger equation of certain spin chain Hamiltonians. I cannot say whether it is
easier to compute γ , or to solve some quantum mechanical system such as a one-dimensional
spin chain. But here it enters the second keyword used: integrable. The spin system has an
infinite set of conserved charges, all commuting with the Hamiltonian (which is just one of
the charges), which allows us to solve the model itself. In concrete terms, this means that we



12 Advances in High Energy Physics

Figure 2: Example of a spin chain. The “up” arrow represents the field Z, while the down spin is
represented by the field W .

can compute the energies of the spin chain, namely, the anomalous dimension (of a certain
class) ofN = 4 SYM operators! Here the advantage is not purely conceptual but also practical:
we can exploit and/or export in a string theory context some methods and techniques usually
used in the condensed matter physics, for example. And this is what we will see in a moment.

We have just claimed that the anomalous dimensions (for a certain class of operators)
can be computed via spin chain picture. We have to make this statement more precise. In
particular, we need to specify when and how it is true. In order to illustrate how integrability
enters in the gauge theory side, and its amazing implications, I have chosen to review in
detail the simplest example: the closed bosonic SU(2) subsector of SO(6). Historically, the
connection between SYM gauge theory and spin chain was discovered by Minahan and
Zarembo for the scalar SO(6) sector of the planar PSU(2, 2 | 4) group [3]. This has been
the starting point for all the integrability machinery in AdS/CFT.9

The scalar fields φI with I = 1, . . . , 6 can be rearranged in a complex basis. For example,
we can write

Z = φ1 + iφ2, W = φ3 + iφ4, Y = φ5 + iφ6. (2.17)

The three complex fields Z, W, and Y generate SU(4). The SU(2) subgroup is constructed by
considering two of the three complex scalars. For example, we can take the fields Z and W .
We are considering gauge invariant operators of the type

O(x) = Tr (WZWWZWWWWZZWW)|x + · · · , (2.18)

where the dots indicate permutations of the fields and the subscript on the right hand side
stresses the fact that these fields are all evaluated in the point x. If one identifies the fields in
the following way

Z = ↑, W = ↓, (2.19)

then the operatorO in (2.18) can be represented by a spin chain. In particular, for the operator
(2.18), the corresponding spin chain is represented in Figure 2. If we have L fields sitting in
the trace of the operator O, it means that we are considering a spin chain of length L, with L
sites. Each site has assigned a spin, up or down, according to the identification (2.19).
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At one-loop the dilation operator for gauge invariant local operators which are su(2)
multiplets that can be identified with the Hamiltonian of a Heisenberg spin chain, also
denoted as an XXX1/2 spin chain. Note that this is a quantum mechanics system.

The identification between the Heisenberg spin chain Hamiltonian and the SU(2) one-
loop dilatation operator can be seen by an explicit computation of such an operator [3]. In
particular, one has that

Γ(1) =
λ

8π2

L∑
l=1

Hl,l+1, (2.20)

where Hl,l+1 is the operator acting on the sites l and l + 1, explicitly:

H =
λ

8π2

L∑
l=1

Hl,l+1 =
λ

8π2

L∑
l=1

(Il,l+1 − Pl,l+1)

=
λ

16π2

L∑
l=1

(
Il,l+1 − −→σ l · −→σ l+1

)
,

(2.21)

where Pl,l+1 = (1/2)(Il,l+1 + −→σ l · −→σ l+1) is the permutation operator. The one-loop order is
mirrored by the fact that the Hamiltonian only acts on the sites which are nearest neighbors.
The identity operator Il,l+1 leaves the spins invariant, while the permutation operator Pl,l+1

exchanges the two spins.
We want to compute the spectrum. This means that we want to solve the Schrödinger

equation H|Ψ〉 = E|Ψ〉. |Ψ〉 will be some operators of the type (2.18), and the energy will
give us the one-loop anomalous dimension for such operator. The standard approach would
require us to list all the 2L states and then, after evaluating the Hamiltonian on such a basis,
we should diagonalize it. This is doable for a very short spin chain, not in general for any
value L. The brute force here does not help, and indeed there are smarter ways as the one
found by Bethe in 1931 [27].

One-Magnon Sector

Let us choose a vacuum of the type

|0〉 ≡ |↑↑ · · · ↑↑ · · · ↑〉, (2.22)

and consider an infinite long spin chain, that is, L → ∞. The vacuum has all spins up and
it is annihilated by the Hamiltonian (2.21). The choice of the vacuum breaks the initial SU(2)
symmetry to a U(1) symmetry. Consider now the state with one excitation, namely, with an
impurity in the spin chain

|x〉 ≡

∣∣∣∣∣∣
↑↑ · · · ↑ ↓︸︷︷︸

x

↑ · · · ↑
〉
. (2.23)
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The excitation, called a magnon, is sitting in the site x of the spin chain. The wave function is

|Ψ〉 =
∞∑

x=−∞
Ψ(x)|x〉. (2.24)

By computing the action of the Hamiltonian H on |Ψ〉, one obtains

H|Ψ〉 =
∞∑

x=−∞
Ψ(x)(|x〉 − |x + 1〉 − |x − 1〉)

=
∞∑

x=−∞
(2Ψ(x) −Ψ(x + 1) −Ψ(x + 1))|x〉.

(2.25)

Let us make an ansatz for the wave-function. Choosing

Ψ(x) = eipx, p ∈ R, (2.26)

then the Schrödinger equation for the one-impurity state reads

H|Ψ〉 =
∞∑

x=−∞
eipx
(

2 − eip − e−ip
)
|x〉. (2.27)

This means that the energy for the one magnon state is

E
(
p
)
=

λ

8π2

(
2 − eip − e−ip

)
=

λ

2π2
sin2 p

2
. (2.28)

This is nothing but a plane wave along the spin chain.
The spin chain is a discrete system. There is a well-defined length scale, which is given

by the lattice size, and the momentum is confined in a region of definite length, typically the
interval [−π,π] (the first Brillouin zone). An infinite chain might be obtained by considering
a chain of length L and assume periodicity. Thus we need to impose a periodic boundary
condition on the magnon wave function, which means

Ψ(x + L) = Ψ(x) =⇒ eipL = 1 =⇒ pn =
2πn
L

, n ∈ Z . (2.29)

These are the Coordinate Bethe equations for the one-magnon sector.10 They are the periodicity
conditions of the spin chain.

Leaving the spin chain picture, and going back to the gauge theory, the operator O in
(2.18) is not only periodic but cyclic (due to the trace). For the single magnon, this implies
that the excited spin must be symmetrized over all the sites of the chain. Thus the total energy
vanishes11. Indeed, operators of the kind

O = Tr(· · ·ZZZWZZ · · · ) (2.30)
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are chiral primary operators: their dimension is protected and one can see that the cyclicity of
the trace means that the total momentum vanishes, which is another way of saying that the
energy is zero, cf. (2.28).

Thus there is no operator in SYM that corresponds to the single magnon state. This is
actually true for all sectors, since it follows from the cyclicity of the trace.

Two-Magnon Sectors

Consider now a state with two excitations, namely, two spins down:

∣∣x < y〉 =

∣∣∣∣∣∣∣
↑ · · · ↑ ↓︸︷︷︸

x

↑ · · · ↑↑ ↓︸︷︷︸
y

↑ · · ·
〉
,

|Ψ〉 =
∞∑

x<y=−∞
Ψ
(
x, y
)∣∣x < y〉.

(2.31)

The Hamiltonian (2.21) is short-ranged, thus when x + 1 < y it proceeds as before for the
single magnon state, just that in this case the energy E would be the sum of two magnon
dispersion relations. The problem starts when x + 1 = y, namely, in the contact terms. In this
case the Scrödinger equation for the wave-function gives

2Ψ(x, x + 1) −Ψ(x − 1, x + 1) −Ψ(x, x + 2) = 0. (2.32)

It is clear that a wave function given by a simple sum of the two single magnon states as
in (2.26) does not diagonalize the Hamiltonian (2.21), but “almost.” Using the following
ansatz:12

Ψ
(
x, y
)
= eipx+iqy−i(δ/2) + eiqx+ipy+i(δ/2), x < y, (2.33)

and imposing that it diagonalizes the Hamiltonian, one finds the value for the phase shift δ
that solves the equation, namely,

eiδ(p,q) = −1 − 2eiq + eip+iq

1 − 2eip + eiq+ιp
= −

cot p/2 − cot q/2 − 2i
cot p/2 − cot q/2 + 2i

. (2.34)

For this phase shift the total energy is just the sum of two single magnon dispersion relations
(trivially the ansatz (2.33) with the phase shift given by (2.34) solves the case with x + 1 < y).
What does this phase shift represent? This is the shift experienced by the magnon once it
passes through the other excitation, namely, when it scatters a magnon of momentum q.
Hence, S(p, q) ≡ eiδ(p,q) is nothing but the corresponding scattering-matrix.

We still have to impose the periodic boundary conditions on the wave functions:13

Ψ
(
0, y
)
= Ψ
(
L, y
)
, (2.35)
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which, after substituting the phase shift (2.34) in (2.33), gives

eipL = e−iδ(p,q) = eiδ(q,p) = S
(
q, p
)
, eiqL = eiδ(p,q) = S

(
p, q
)
. (2.36)

Again, these are the Coordinate Bethe equations for the su(2) sector with two magnons.
Finally, we need to impose the cyclicity condition, that is, p + q = 0, which means that

the Bethe equations (2.36) are solved for

p =
2πn
L − 1

= −q. (2.37)

The energy becomes

E = E
(
p
)
+ E
(
q
)
=

λ

π2
sin2
(

πn

L − 1

)
. (2.38)

May be the reader is more familiar to the Bethe equations expressed in terms of the rapidities,
also called Bethe roots,14 namely, introducing

uk =
1
2

cot
pk
2
, (2.39)

and using p = −q, the phase shift reads

eiδ(u,−u) = S(u,−u) = −u − (i/2)
u + (i/2)

. (2.40)

K Magnon Sectors

The results of the previous section can be generalized to any number of magnons K (with
K < L). The Bethe equations for general K are

eipkL =
K∏
j /= k

e−iδ(pk,pj ) =
K∏
j /= k

S
(
pj , pk

)
. (2.41)

The energy is a sum of K single particle energies

E =
K∑
k=1

Ek =
λ

2π2

K∑
k=1

sin2 pk
2
, (2.42)

and the cyclicity condition is

K∏
k=1

eipkL = 1. (2.43)
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In terms of the rapidities (2.39) all these conditions take the maybe more common form of

1 =
(
uk + (i/2)
uk − (i/2)

)L K∏
j=1, k /= j

uj − uk + i
uj − uk − i

,
(
Bethe equations

)
,

E =
K∑
k=1

⎛
⎜⎜⎝

i

uk +
(
i

2

) − i

uk −
(
i

2

)

⎞
⎟⎟⎠,

(
energy

)
,

1 =
K∏
k=1

uk + (i/2)
uk − (i/2)

,
(
cyclicity

)
.

(2.44)

What have we achieved? The remarkable point is that the Hamiltonian of a (1 + 1)-
dimensional spin chain has been diagonalized by means of the 2-body S-matrix S(p, q), cf.
(2.41). Indeed, in order to know the spectrum of K magnons, where K is arbitrary, we
only need to solve the Bethe equations and to compute the two-body S-matrix. The K-body
problem is then reduced to a 2-body problem, which is an incredible achievement. This does
not happen in general. The underlying notion that we are using here is that each magnon
goes around the spin chain and scatters only with one magnon each time. This is possible only
for integrable spin chains, or in general for integrable models.15 We will come back more
extensively on this in the next section.

2.4.2. The Full Planar PSU(2, 2 | 4) ABE

Here we have shown in details the SU(2) subsector for the fields in the spin 1/2
representation. However, this can be generalized to other representations for the same group,
or to other groups (e.g., SU(N)) and also to higher loops. What is really interesting for
us, in an AdS/CFT perspective, is that the asymptotic Bethe equations for the full (planar)
PSU(2, 2 | 4) group have been written down. This has been done by Beisert and Staudacher
[28]. They are reported in Appendix B.

At the beginning of the section we explained that the Bethe equations are called
“asymptotic.” “Asymptotic” since the Bethe procedure captures the correct behavior of the
anomalous dimension only up to λL order for a chain of length L. After this order, wrapping
effects have to be taken into account. They reflect the fact that the chain has a finite size. At
the order n in perturbation theory, the spin chain Hamiltonian involves interaction up to n+1
sites: Hl,l+1,...,l+n. If the spin chain has total length L = n + 1, then it is clear that there might be
interactions that go over all the spin chain, namely, they wrap the chain.16 At this point the
ABE are no longer valid. In order to compute these finite-size effects, one might proceed with
different techniques as the Lüscher corrections [29, 30],17 the Thermodynamic Bethe Ansatz
(TBA) [31], cf. [32–35] for very recent results, and the Y -system [36]. These topics currently
are one of the main area of research in the context of integrability and AdS/CFT, however
here we will not face the problem of finite-size effects.18 The explicit one-loop PSU(2, 2 | 4)
spin chain Hamiltonian has been derived by Beisert in [37]. This means that the expression of
the one-loop dilatation operator for the N = 4 SYM is known. Increasing the loop order
usually makes things (and thus also the dilatation operator) sensibly more complicated,
cf., for example, see [38]. Moreover, we do not really need the explicit expression of the
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Hamiltonian, once one has the Bethe equations. Indeed, nowadays we have from the one-
loop [39] to the all loop asymptotic Bethe equations for the planar PSU(2, 2 | 4) [28].

3. Classical versus Quantum Integrability

The superstring theory on AdS5 × S5 can be described by a very special two-dimensional
field theory. Indeed, such a theory shows an infinite symmetry algebra. Before discussing
such an algebra for the specific case of the superstring we will review other integrable (1 + 1)
field theories, their conserved (local and nonlocal) charges and finally stress the difference
between integrability at classical and quantum level.

The discovery of an infinite set of conserved charges in two-dimensional classical σ
models is due to Pohlmeyer [40] and Lüscher and Pohlmeyer [41]. A different derivation of
the tower of conserved charges has been given by Brezin et al. in [42]. A very useful review
is Eichenherr’s paper [43].

3.1. Principal Chiral Model

As a prototype to start our discussion with, we consider the so-called Principal Chiral Model
(PCM). The following presentation is mostly based on [44]. The PCM is defined by the
following Lagrangian:

L =
1
γ2

Tr
(
∂μg

−1∂μg
)
, (3.1)

where g is a group valued map, g : Σ → G with Σ a two-dimensional manifold and G a
Lie group. In particular Σ is parameterized by σμ = (τ, σ). We can think to Σ as the string
world-sheet. γ is a dimensionless coupling constant, the model is conformally invariant. The
model (3.1) possesses a GL × GR global symmetry (simply due to the trace cyclicity) which
corresponds to left and right multiplications by a constant matrix, that is, GL × GR : g →
g0Lgg

−1
0R. The conserved Noether currents associated to such symmetries are

jR = −dgg−1, jL = +g−1dg, with gjLg−1 = −jR. (3.2)

These currents are one-forms and they are also called Maurer-Cartan forms (MC-forms). They
are nothing but vielbeins; indeed j(L,R) are g-valued functions and they span the tangent space
for any point g(τ, σ) in G. We can then write

j = jata = EaMdX
Mta,

jRμ = −∂μgg−1, jLμ = +g−1∂μg,

(3.3)

where XM denotes the specific parameterization chosen for the M-dimensional group
manifoldG. ta are the generators of the corresponding Lie algebra g, which obey the standard
Lie algebra relations [ta, tb] = fabctc.
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The Lagrangian (3.1) can be written in terms of the right and left currents, namely,
L = −(1/γ2)Tr(jLμ j

μL) = −(1/γ2)Tr(jRμ j
μR). The equations of motion following from (3.1) are

nothing but the conservation laws for the right and left currents:

∂μjLμ = ∂μjRμ = 0. (3.4)

Moreover, by construction the currents also satisfy the so-called Maurer-Cartan identities

∂μj
(R,L)
ν − ∂νj(R,L)μ +

[
j
(R,L)
μ , j

(R,L)
ν

]
= 0. (3.5)

Equation (3.5) encodes all the information about the algebraic structure of the model. Also,
j
(R,L)
μ can be seen as a two-dimensional gauge field. Then, when one introduces the covariant

derivative D
(R,L)
μ = ∂μ + [j(R,L)μ ,], the identity (3.5) can be interpreted as a zero-curvature

equation. The covariant derivative Dμ acts on the elements of the Lie algebra g.

Local and Nonlocal Conserved Charges in PCM

The PCM has two different sets of conserved charges: the local and the nonlocal ones. Both
conserved quantities can be obtained from a unique generating functional, the monodromy
matrix. They correspond to an expansion of the monodromy matrix around different points,19

and I will discuss these aspects more extensively below.
First consider the following charges:

Qa
(0) =

∫∞
−∞

jaτ (σ)dσ,

Qa
(1) =

∫∞
−∞

jaσ(σ)dσ −
1
2
fabc

∫∞
−∞

dσjbτ (σ)
∫σ
−∞

dσ ′jcτ
(
σ ′
)
.

(3.6)

The first one is local, that is, it is an integral of local functions, and it is the global right and left
symmetry of the model; while the second one is bilocal. The Poisson brackets between Qa

(0)
and Qa

(1) generate a series of charges, Qa
(n), which are conserved and which are integrals of

nonlocal functions. Therefore the set of charges generated byQa
(0) andQa

(1) are called nonlocal
charges. The basic idea is that such charges show certain “hidden” symmetries of the two-
dimensional model, not the ones directly seen by dynamical point-particles. The conservation
laws for Qa

(n) follow directly from the equations of motion (3.4). Note that since the charges
Qa

(n) are nonlocal, they will not commute in general, and they will not be additive when
acting on some generic multiparticle state. They are fundamental in order to understand the
classical and quantum integrability of the model. In particular when it is possible to extend
such charges to the quantum level, they generate a quantum group called Yangian, whose
structure yields to the factorizability of the S-matrix.

Beside the charges Qa
(n) there are another type of conserved quantities, which

are integrals of local functions of the fields. Such charges are additive on (asymptotic)
multiparticle states and since they commute this puts severe constraints on the dynamics,
as we will discuss in Section 3.3. The basic idea is that such local charges directly generalize
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the energy-momentum conservation law to higher spin. Indeed, consider the quantities
Tr(j(R,L)± j

(R,L)
± ), where we have rewritten the currents in the light-cone coordinates x± = σ ± τ .

From the equations of motion (3.4) and the Maurer-Cartan identities (3.5) it follows that

∂+ Tr
(
j
(R,L)
− j

(R,L)
−

)
= ∂− Tr

(
j
(R,L)
+ j

(R,L)
+

)
= 0. (3.7)

This is nothing but the conservation of the PCM energy-momentum tensor. Differentiating
the action (3.1) with respect to the two-dimensional (world-sheet) metric gμν one has

Tμν = −
1

2γ2
Tr
(
jμjν −

1
2
gμν
(
jλj

λ
))

, (3.8)

and in the light-cone coordinates it becomes T±± = −(1/2γ2)Tr(j±j±). In general, we can
extend (3.7) by considering a higher m rank tensor, namely,

∂+Tr
((
j
(R,L)
−

)m)
= ∂−Tr

((
j
(R,L)
+

)m)
= 0. (3.9)

In particular, in order to satisfy (3.9), any higher m-rank tensor should be associated with the
invariant and completely symmetric Casimir tensor Ca1···amta1 · · · tam . Note that, for the case
m = 2, the invariant tensor is simply the trace of two generators, that is, Cab ∝ δab (multiplied
by a constant numerical factor which depends on the particular normalization of the algebra).
Then, the conservation laws (3.7) and (3.9) follow, apart from the equations of motion for the
currents, also from the algebraic identities which involve the products of symmetric tensors
Ca1···am and the antisymmetric structure constant fabc. The corresponding charges are then

qs± =
∫∞
−∞

dσCa1···amja1
± (σ) · · · jam± (σ), (3.10)

where s denotes the Lorentz spin, namely, s = m − 1. The currents in qs can be the right or
left-invariant ones, they will give the same local conservation laws.

The Lax Pair in PCM

We have seen that we have currents which are conserved and which are flat, cf. (3.4) and (3.5),
respectively. At this point, we would like to construct a flat linear combination of the currents
j themselves. This means that we consider a linear combination with arbitrary coefficients
and demand that it should satisfy (3.5):

aμ = αjμ + βεμνjν such that ∂μaν − ∂νaμ +
[
aμ, aν

]
= 0. (3.11)

Since the mixed terms with αβ are zero, and the terms with the product εε gives a factor −1,
the solution for the coefficients are obtained from the equation α2 − α − β2 = 0, explicitly:

β =
1
2

sinhλ, α =
1
2
(1 ± coshλ) (3.12)
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with λ ∈ R. This means that there is an entire family of solutions depending on a parameter
λ, the spectral parameter.20 The zero-curvature equation for the connection a encodes all the
dynamical informations, such as equations of motion and Maurer-Cartan identities. Note
that in general a is not conserved, namely, it does not satisfy the equations of motion (3.4).

We now explain why we want such connection a. The flatness condition for a is
associated with a two-dimensional differential system. In particular, for the generic group-
valued function U(τ, σ), the compatibility condition for the differential equations

∂U

∂τ
= aτ(λ)U,

∂U

∂σ
= aσ(λ)U (3.13)

gives (∂2U/∂τ∂σ) = (∂2U/∂σ∂τ), which corresponds to the zero-curvature equation for the
connection a, (3.11). The system (3.13) is also called the Lax representation, and for this
reason, the two components of the connection a are called the Lax pair. The system (3.13)
is integrable provided that a is flat and the solution for U is given by

U(C, λ) = Pe−
∫
C a, (3.14)

where P denotes the path-order prescription for the generators contained in a and C is a path
on the world-sheet Σ. For any initial data, or boundary condition U(τ0, σ0), the system (3.13)
has a unique solution given by the operator (3.14). This Wilson line operator, which defines
the parallel transport along the path Cwith the connection a, is called the monodromy matrix.

The integrability of the system (3.13) is guaranteed by the fact that the connection has
a zero curvature (3.11), namely, the solution (3.14) is independent of path deformations. Let
s parameterize the path C. A small variation of the contour of integration, σμ(s) → σμ(s) +
δσμ(s), produces a variation on the Wilson loop operator according to [45]

δ

δσμ(s)
U = P

(
Fμν

dσν

ds
e
∫
C a(s)

)
, (3.15)

where Fμν is the field strength for the connection a. It is clear that for a flat current, that is,
when Fμν = 0, such variation vanishes, namely, the Wilson line operator is invariant under
continuos path deformations if the connection is flat. This is a key point: From the fact that
U cannot be deformed, it follows that it might be the proper generating functional for the
conserved charges. Considering paths C of constant time and looking at small deformations
of the contours in the τ direction, then for a flat connection the Wilson line operator will
be invariant under variations of these particular paths, namely, under deformations in time.
Explicitly:

Q(λ) = lim
σ→±∞

U(C0;λ) = Pe−
∫∞
−∞ a|τ0 , (3.16)

where it has been stressed that the contour C0 is over surfaces of constant time τ0 and that
σ → ±∞.21 Thus, summarizing, the conservation of the charges Q(λ, τ0) is guaranteed by the
flatness of a (3.11). One can easily differentiate U, and assuming that the currents fall down
to zero at infinity and that a is flat, one will get a vanishing time derivative for Q(λ, τ0).
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The nonlocal charges which we have discussed above can be obtained as a Taylor
expansion around the zero value of the spectral parameter λ. Around λ = 0 the expansion of
the flat connection a with the minus solution in (3.12) is

aμ(λ) ∼=
λ

2
εμνj

ν − λ
2

4
jμ +O

(
λ3
)
. (3.17)

Then defining

Q(λ) ≡ 1 +
∞∑
n=1

(−1)n

n!
λnQ(n−1), (3.18)

one has at the leading order in λ expanding the exponential in (3.16)

Q(0) =
1
2

∫∞
−∞

dσjτ(σ),

Q(1) =
1
2

∫∞
−∞

dσjσ(σ) −
1
4

∫∞
−∞

dσ

∫σ
−∞

dσ ′
[
jτ(σ), jτ

(
σ ′
)]
.

(3.19)

Apart for an irrelevant numerical factor these charges are the same presented above in (3.6).
Some concrete examples of the PCM are the models with group G = SU(N) and the

O(4) ∼ SU(2) × SU(2) model. Most relevant for us is the GS type IIB superstring in AdS5 × S5

in the light-cone gauge with symmetry group P(SU(2 | 2) × SU(2 | 2)). This model will be
elaborated on in Section 6.

3.2. Coset Model

We now review some other very special two-dimensional σ-models, namely, those defined
on a coset space. The presentation closely follows the paper by Bena et al. [46].

For a coset space, the map g(τ, σ) takes values in the quotient space G/H. H is a
G-subgroup, called isotropy group or stabilizer since it is required to leave invariant the G
elements. The coset space G/H corresponds to the identification

g(τ, σ) ∼= g(τ, σ)h(τ, σ), h(τ, σ) ∈ H. (3.20)

In some sense we can say that we have “half” of the global symmetries compared with the
PCM of the previous Section 3.1: what is now left is only the invariance under global left
multiplication. However, now the subgroupH plays the important role of gauge group, since
each point in every orbit in the target-space is defined up to a local transformation, that is,
a gauge transformation, which does not contain any further physical information. For this
reason g(τ, σ) is the coset representative. Note that we could have used left-multiplication in
(3.20) to identify different g and then the remaining global symmetry would have been the
right one. The forthcoming arguments then run analogously, with some obvious exchange
between the left and right sectors.
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It is possible to give a geometric construction for spaces such as CPn = SU(n +
1)/(U(1)×SU(n)), AdSn = SO(n− 1, 2)/SO(n− 1, 1) and Sn = SO(n+ 1)/SO(n). For example,
consider the n-dimensional sphere Sn embedded in R

n+1. Fixing the north-pole (0, 0, . . . , 1)
we still can have all the rotations in the n transverse directions, namely, SO(n), which leave
the north pole fixed and do not change the points on the sphere Sn.

As already seen in the previous section, we can introduce the one-forms

Jμ = Jaμt
a = g−1∂μg. (3.21)

We follow the literature and use capital letters Jμ for the left-invariant currents and vice versa,
small letters jμ for the conjugated currents, since now the roles played by the two kinds of
Maurer-Cartan forms are very different. Indeed, the group G acts on the coset representative
as a left multiplication g0, thus the currents Jμ transform according to

Jμ = g−1∂μg −→
(
g0g
)−1

∂μ
(
g0g
)
= g−1∂μg, (3.22)

since g0 is constant. Thus the currents are left-invariant, which corresponds to the action
of the global symmetry G. What happens to the MC-forms when we consider the coset
identification? This means that an element g will be multiplied by an element of the subgroup
H, which now depends on the world-sheet coordinates σμ. Replacing g → gh in J we obtain
the following transformation

Jμ −→ h−1g−1∂μgh + h−1∂μh. (3.23)

The first term transforms covariantly under a local gauge H transformation, but not the
second term. Considering the conjugate currents

jμ = −gJμg−1 = −∂μgg−1, (3.24)

we see that they transform covariantly under global left-multiplication:

g −→ g0g, jμ −→ g0 jμ g
−1
0 . (3.25)

For this reason it is important to distinguish between the left and right sectors, since now the
two types of currents are not both conserved anymore as it was in the PCM case (3.4), and
they transform in different ways under gauge transformations. Obviously, we could have
started defining the coset space by a left-multiplication and inverted the role between “small”
and “capital” currents.

The algebra g is split in two sectors with respect to theH-action: g = h⊕k, where k ≡ g/h

is the orthogonal complement in g with respect to h. As a consequence, also the left-invariant
currents undergo the same split, namely,

J = K +H, (3.26)
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with obvious notation for the various terms. Thus H is really a connection, a gauge field,
while K represents the part of the one-form which transforms covariantly under gauge
transformations, that is, h−1g−1∂gh in (3.23). Notice that the current

k = −gKg−1 (3.27)

is gauge invariant. Finally, the current jμ does not have a defined grading, since the rotation
with g and g−1 mixes the two sectors h and g/h, however one keeps the notation h and k to
denote gHg−1 and gKg−1, respectively.

The Lagrangian is as for the PCM (3.1)

L =
1
γ2

Tr
(
∂μg

−1∂μg
)
=

1
γ2

Tr
(
JμJ

μ) = 1
γ2

Tr
(
jμj

μ). (3.28)

Since the two tangent spaces h and k are orthogonal, this leads to the following expression for
the L

L =
1
γ2

Tr
(
HμH

μ +KμK
μ). (3.29)

The term Tr(A|G/HB|H) vanishes, as it should, since the trace is a bilinear invariant tensor that
respects the structure of the space:

[k, h] ⊆ k, [h, h] ⊆ h. (3.30)

Indeed, the grading g = h ⊕ k means that the generators of one set span the tangent space
labelled by k and the other complementary set generates h, and there is no generator left.
Thus, the trace between any two elements spanning orthogonal spaces vanishes, since the
trace is nothing but a scalar product in this tangent space.

Since the action (3.29) is gauge invariant, it is clear that one can integrate out the gauge
field H so that the only remaining contribution to the currents in G/H is

LG/H =
1
γ2

Tr
(
KμK

μ), (3.31)

which is again manifestly gauge invariant (recall that K is covariant under local H
transformations) and it is naturally defined on the quotient space G/H.

Again it follows from the equations of motion that the left-invariant currents are
conserved; they satisfy the usual identity ∂μJν − ∂νJμ + [Jμ, Jν] = 0. As for the PCM, we
can construct the flat linear combination a. However, in the coset space we need a further
requirement: the space should be symmetric, namely, beyond the standard algebraic structure
for a coset space (3.30), we need also that

[k, k] ⊆ h. (3.32)
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This is indeed a necessary and sufficient condition for a bosonic coset space to have a Lax
representation [47, 48]. Note that other models can still have a Lax representation. The AdS5×
S5 superstring case is eloquent in this sense: the bosonic subsector, which is strictly the coset
AdS5 × S5, is a symmetric space. However, its full supersymmetric generalization is not. The
corresponding superstring action is not simply SG/H but there is a further contribution of the
Wess-Zumino-Witten (WZW) type [49] which allows a Lax pair reformulation [46].

In order to construct a flat connection, let us consider the projections of the Maurer-
Cartan identities over h and k. Then ∂μJν − ∂νJμ + [Jμ, Jν] = 0 gives

∂μHν − ∂νHμ +
[
Hμ,Hν

]
+
[
Kμ,Kν

]
= 0,

∂μKν − ∂νKμ +
[
Hμ,Kν

]
+
[
Kμ,Hν

]
= 0.

(3.33)

Without the condition (3.32) the commutator [Kμ,Kν] would have contributed to both the
differentials, dH and dK.22 Using the following identity

∂μlν − ∂νlμ = −g
(
∂μLν − ∂νLμ

)
g−1 −

[
lμ, jν

]
−
[
jμ, lν

]
(3.34)

valid for any current L and its conjugate l = −gLg−1, one has

∂μkν − ∂νkμ + 2
[
kμ, kν

]
= 0. (3.35)

In this way, the flat connection corresponding to a in the PCM is just the gauge-invariant one-
form 2kμ, since it is conserved and it is also flat. Then the construction for the monodromy
matrix follows exactly the PCM model in Section 3.1.

3.3. The Magic of (1 + 1)-Dimensional Theories

Something special happens for two-dimensional field theories which have an infinite amount
of conserved higher charges. This is mainly due to the fact that there is only one spatial
dimension, and that the charges can be used to reshuffle the amplitudes in scattering
processes. The role of integrability in constraining the dynamics of the theory was discovered
in the late 1970s and early 1980s by Zamolodchikov and Zamolodchikov [50], Lüscher [51],
Kulish [52], Parke [53], and by Shankar and Witten [54]. In order to illustrate this point, we
start with a two-dimensional theory with an infinite set of charges, which are integrals of local
functions and which are diagonal in one-particle states. The charges are of the kind illustrated
in Section 3.1.

Let us first introduce some notations and define what we mean by scattering. We
denote the particle state with the wave-function |A(θ)〉, where θ is the rapidity, which is
defined for a massive field theory23 as

p+a = 2mae
θa , p−a = 2mae

−θa . (3.36)
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p+ and p− are the momenta in the light-cone coordinates.24 Suppose the asymptotic in-state is
composed of m particles. We can then write

|in〉 = |Aa1(θ1) · · ·Aam(θm)〉. (3.37)

The hypothesis is that the particles are described by wave packets with an approximate
position for each momentum (for each rapidity) and that all the interactions are short-
ranged (since we are discussing massive field theories) such that the m-particle state can
be approximated by a sum of m single-particle states (the wave packets are far enough
apart to be considered single particle states). An asymptotic in-state means that sufficiently
backwards in time them particles do not interact. This imposes a certain ordering in the state,
since the particle which is traveling faster must be on the left in order to avoid crossing with
all other particles, vice versa the slowest particle should be the first on the right, that is,

θ1 > θ2 > · · · > θm, for in-states. (3.38)

This also implies the reversed ordering for the out-state. Consider as well the asymptotic state
containing n particles, namely, n independent wave packets

|out〉 = |Ab1(θ1) · · ·Abn(θn)〉. (3.39)

Now the particles should travel without interacting for future times and the slowest particle
should be on the left and the particle moving fastest on the right, namely, in terms of rapidities

θ1 < θ2 < · · · < θn, for out-states. (3.40)

The letters a1, . . . , am and b1 · · · bn denote any possible set of quantum numbers characterizing
the particles.

The S-matrix or scattering matrix is by definition the mapping relating the in- and out-
states, namely, it is defined by

|Aa1(θ1) · · ·Aam(θm)〉 = S
b1···bn
a1···am

(
θ1 · · · θm; θ′1 · · · θ

′
n

)∣∣Ab1

(
θ′1
)
· · ·Abm

(
θ′n
)〉
, (3.41)

where it is intended to sum over the indices b1 · · · bn, and over the outgoing rapidities, which
are ordered as explained above. We can also introduce the Faddeev-Zamolodchikov (ZF)
notation [50, 55] and write each asymptotic state as a sequence of Aa(θ)’s, remembering that
they do not commute and they are ordered in increasing or decreasing rapidity for in- or
out-state, respectively, according to (3.38) and (3.40). Then one can write the state and the
S-matrix element in the following way:

Aa1(θ1) · · ·Aam(θm),

Aa1(θ1) · · ·Aam(θm) = S
b1···bn
a1···am

(
θ1 · · · θm; θ′1 · · · θ

′
n

)
Ab1

(
θ′1
)
· · ·Abn

(
θ′n
)
.

(3.42)
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The S-matrix is a unitary operator, namely, it should respect the condition (in operator
notation)

S(θ1, θ2) S†(θ2, θ1) = 1. (3.43)

In general one also requires that the S-matrix is invariant under parity transformation (in
our case the discrete symmetry which flips the spatial coordinate σ to −σ), time reversal,
and charge conjugation. In relativistic quantum field theories the S-matrix turns out to be
invariant also under the crossing symmetry, namely, the transformation which exchanges
one incoming particle of momentum p with an outgoing antiparticle of momentum −p, cf.
discussion in Section 6.4.

Selection Rules

Let us now come back to the local charges qs±. Since they commute with the momentum
operator, for a single particle state we have

qs±|Aa(θ)〉 = ω(s)
a e±sθ|Aa(θ)〉, (3.44)

where ω(s)
a are the corresponding eigenvalues. For s = 0 and s = 1 we can think about them

as the energy and the momentum. However, we are assuming that there exists an infinite
number of higher rank local conserved charges, namely, we are assuming s > 1. Suppose now
we act with the local conserved charges on the in- and out-states. Since the wave packets are
well separated and the charges are integrals of local functions, their action on such states is
additive, namely,

qs|Aa1(θ1) · · ·Aam(θm)〉 =
(
ω

(s)
a1 e

sθ1 + · · · +ω(s)
ame

sθm
)
|Aa1(θ1) · · ·Aam(θm)〉. (3.45)

Again, just to understand, for s = 0 the above relation is the energy conservation condition
and for s = 1 the momentum conservation law. Obviously we can write the expression above
(3.45) also for outgoing states:

qs
∣∣Ab1

(
θ′1
)
· · ·Abm

(
θ′m
)〉

=
(
ω

(s)
b1
esθ

′
1 + · · · +ω(s)

bm
esθ

′
m

)∣∣Ab1

(
θ′1
)
· · ·Abm

(
θ′m
)〉
. (3.46)

The charges are conserved during the entire scattering process and they are diagonalized
by asymptotic multiparticle states as stated above (3.45) and (3.46). Then for any m → n
scattering amplitude it must be true that

ω
(s)
a1 e

sθ1 + · · · +ω(s)
ame

sθm = ω(s)
b1
esθ

′
1 + · · · +ω(s)

bn
esθ

′
n (3.47)

for all the possible infinite values of s. Thus there are s such equations, with s taking infinitely
many values. Hence, the only solution for generic values of the incoming momenta is

n = m, ω
(s)
ai = ω(s)

bi
, θi = θ′i, (3.48)
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with i = 1, . . . , m. The consequences of the solutions (3.48) are severe for the dynamics of the
system.

(i) Since n must be equal to m this implies that there cannot be processes where the
number of particles changes, namely, the number of particles is conserved during
the scattering and there cannot be particle production.

(ii) The set of incoming momenta, {pi} must be equal to the set of outgoing momenta
{p′i}, or in terms of rapidities {θi} = {θ′i}.

However, this does not imply that the sets of quantum numbers before and after the scattering
{ai} and {bi} should be the same. They can have different values, namely, scatterings which
lead to changing flavor are still allowed. There is some subtlety, in the sense that one might
find solutions to (3.47) for specific values of the incoming momenta and for n/=m. However
these values turn out to not be physical [56]. The scatterings which are possible and consistent
with the infinite set of charges are the elastic processes.

S-Matrix Factorization

There is still another dynamical constraint which makes the two-dimensional integrability a
really powerful tool: the factorizability of the S-matrix. Each wave packet is localized, and we
can model it by a gaussian distribution around the position xi with momentum pi. Acting on
such a state with an operator of the type e−ιcP

s
shifts the phase factor by a function depending

on the momentum:25 in particular, the position is shifted by δxi = csps−1
i . When the operator

acts on an m-particle state of the type seen before, namely, m times a single particle state,
then each localized wave packet is shifted by a different quantity since such shift depends on
the wave packet momentum. Then, since the asymptotic states are eigenstates for the higher
conserved charges and since such charges commute with the S-matrix, we can use them in
order to reshuffle the in- and out-states. Explicitly one can write

〈out|S|in〉 =
〈

out
∣∣∣eicPsSe−icPs

∣∣∣in
〉
. (3.49)

We can rearrange the wave-packets and make their phase factor change according to their
momenta. In order to illustrate the ideas, let us consider the 3 → 3 scattering. At tree level
we can have three types of diagrams, cf. Figure 3. The first graph (a) visualizes the scattering
of three particles at the same point, while the remaining two diagrams, (b) and (c), represent
a series of three two-body scatterings. Namely, in the diagram (b), first the particles 2 and
3 meet, collide and then the particle 3 collides further with 1 and then the particle 2 with 1.
Of course we can start with the initial scattering between 1 and 2 and proceed analogously,
as in Figure 3(c). Now, we use the operator e−icP

s
in order to shift the particle positions as

in (3.49). However, everything must respect the macro-causality principle, namely, it cannot
happen that the particle 1 goes out before that also the particle 3 participates in the scattering.
Otherwise, the corresponding amplitude would just vanish.26 Namely, nothing can happen
between the slowest incoming particle and the fastest outgoing particle before that all the
incoming particles have collided. Now the point is that one can use the higher charges to
rearrange the phase shift for the multiparticle state, but indeed the diagrams in Figure 3 only
differ by a phase factor. This means that we can use the operators Ps in order to move the lines
1, 2, and 3 in Figure 3(a), in order to get any of the two other graphs in Figure 3. Hence all the
graphs in Figure 3 are equal. This implies that the three-body S-matrix (Figure 3(a)) is equal
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Figure 3: Tree level diagrams for three-body scattering 3 −→ 3.

n m l n m l n m l

i j k i j k i j k

x

x

y y

z

z

Sabc Sac

Sab

Sbc

Sbc

Sac

Sab

= =

Figure 4: Factorization of the three-body S-matrix and Yang-Baxter equation.

to a sequence of two-body S-matrices (Figures 3(b) and 3(c)). This is the meaning of the first
equality in Figure 4, where what we have discussed for the tree-level is extended to generic
n-loop order. The second equality in Figure 4 represents the Yang-Baxter equations. They are
really nontrivial equations, since they fix the flow of indices that we can have in the S-matrix
elements. This is something special which can happen in two dimensions. Indeed, we are
using the higher charges to reshuffle the incoming particle positions. Hence, if their rapidities
differ, they will still meet at some point in space. This is not true for the four-dimensional case,
where there are still two dimensions where the incoming particles can completely avoid the
scattering. This is the main reason why an integrable theory in 4 dimensions only has a trivial
S-matrix, which is stated in the Coleman-Mandula theorem [57]. In one spatial dimension the
particles necessary will meet at some point: They run in the same line there is no way to go
out.27

Let us pause here and summarize the previous paragraph. In any (1 + 1)-dimensional
theory with infinitely many local conserved charges, any n → n process can actually be
known since the corresponding S-matrix element is given by a sequence of n(n − 1)/2 two-
body S-matrix elements. In many well-understood theories even if the 2-body S-matrix is
computed, it is hopeless to compute the three-particle S-matrix. But now we are saying that
we do not need it. We can compute any particle number scattering and the corresponding
amplitude will be a product of 2 → 2 scattering amplitudes. Thus, any scattering process
involving more than two particles is a sequence of 2 by 2 collisions, which are all elastic and
before and after any collision the particles keep on traveling freely.
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Until now we have only discussed the local conserved charges since the arguments
in order to run need to use the fact that these objects are additive on multiparticle states.
However, in [58] Iagolnitzer gave a more general proof for the S-matrix factorization and
for the selection rules. The same is done in Lüscher’s paper [51] where he proved the relation
between nonlocal charges and S-matrix factorization for theO(n) sigma model. For simplicity
and for pedagogical reasons we have chosen to use the local charges to simpler visualize the
arguments.

Remarks on the AdS5 × S5 String World-Sheet S-Matrix

From the discussion above, it is clear that we can use the factorization of the S-matrix and
the selection rules (and the Yang-Baxter equations) as a definition for a two-dimensional
integrable field theory. It is often really difficult to explicitly construct the (nonlocal and
local) charges and usually it is more useful to know the S-matrix elements. This has been
studied in [5], where we have explicitly verified the factorization of the one-loop S-matrix
for the near-flat-space limit of the type IIB superstring on AdS5 × S5. This is equivalent to
state the integrability of the model at leading order in perturbation theory. However, this will
be explained in more detail in Section 6. Here, we only want to stress once more that these
dynamical constraints severely restrict the motion in the phase space. For example, consider
the 3 → 3 process. Any scattering amplitude must respect the energy and the momentum
conservation laws. In the light-cone coordinates one has that p−p+ = 4m2. Then p± can be
parameterized as p+ = 2ma and p− = 2m/a and the energy-momentum conservation laws
become

1
a
+

1
b
+

1
c
=

1
d
+

1
e
+

1
f
,

a + b + c = d + e + f,

(3.50)

where the set (a, b, c) is for the incoming momenta, which are fixed (it is the external input
which we give when we start to run our collision), while (d, e, f) is the set of outgoing
momenta, which are constrained to respect the above (3.50). The equations in (3.50) describe
two surfaces. Without any further conservation law the outgoing particles could lie in any
point along the curve described by the intersection of the two equations. However, since we
have a higher charge and we can impose another equation, there are only six valid points
in all the phase space! These points correspond to the permutations given by the equation
{a, b, c} = {d, e, f}, see Figure 5. This of course means that we have completely solved the
motion. If we have a 4 → 4 scattering then we need a fourth higher charge to fix univocally
the points in the phase space, and so on. This is the concrete way how the charges manifest
themselves. How to get the extra equation, namely, how the higher charges actually operate
on the phase space, will be discussed in Section 6. There we also explain why we want to
show the quantum integrability of the AdS superstring.

3.4. Quantum Charges in PCM and Coset Model

Until now the discussion has only been at the classical level. Can we generalize the arguments
above to the corresponding quantum field theory in a straightforward way? This question



Advances in High Energy Physics 31

d

e

f

Figure 5: Three particle phase space.

is far from trivial: numerous works in the past years (’70s–’80s) have been devoted to
understand when integrability survives at the quantum level. However, also the answer
is far from being trivial: for the O(n) model all the integrability properties survive after
quantization [51, 59, 60], which is not the case for the CPn model [61]. Can we say why?
Can we say where and how the troubles are originated? Can we learn something useful for
the type IIB string theory? In this section, we will try to partly answer these questions.

Quantum Nonlocal Charges

Going back to the definition of the nonlocal charges (3.6), one would like to implement such
definition at the quantum level. The first trouble which one needs to face is the fact that the
currents, and all fields in general, now are promoted to operators. The first term in (3.6) now
contains a product of two operators. When the two points where the operators are sitting
at get closer and closer the currents can interact and give rise to singularities. In quantum
field theory any product of operators is in general not well defined. Also, the second term in
(3.6) can get renormalized and in general there will be some field renormalization coefficient
which can be divergent.

In order to have a reliable charge definition, it is necessary to slightly modify the
expression in (3.6) [51]:

Qa
(1) = Z

∫∞
−∞

jaσ(σ)dσ −
1
2
fabc

∫∞
−∞

dσjbτ (σ)
∫σ
−∞

dσ ′jcτ
(
σ ′
)
. (3.51)

The second step is to compute the short-distance expansion for the current product in (3.51)
and see if UV-dangerous terms can come out. This means to compute the operator product
expansion (OPE) for the currents:

jaμ(x − ε)jbν(x + ε) ∼
∑
k

Ck
μν(ε)Oabk (x), ε −→ 0, (3.52)
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where the sum k denotes the sum over a basis of operators Oabk . The operators Oabk do not
depend on the short-distance parameter ε, while the coefficients in the expansion Ck

μν are
functions of the coordinates, and thus of ε. The problematic terms are linearly (i.e., 1/ε) and
logarithmically divergent in ε. For example, for the PCM by dimensional analysis and since
the currents have conformal dimension 1, we can expect an expansion of the type

jaμ(x − ε)jbν(x + ε) ∼ Cλ,abc
μν (ε)jcλ(x) +D

λρ,abc
μν (ε)∂λjcρ(x) + · · · , (3.53)

where Cλ
μν(ε) behaves as 1/ε, just by dimensional analysis. This gives rise to possible

logarithmic terms once one integrates.
For the O(n)σ model, Lüscher showed that the quantum charges are well defined, they

are conserved quantum mechanically and they force the S-matrix to factorize [51]. The same
is not true for the CPn model, which was investigated by Abdalla et al. in [61]. The CPn model
is classically integrable, however, at quantum level an anomaly appears in the conservation
law for the quantum nonlocal charges. As before, one needs to study the short-distance
expansion for the currents (3.52) and then plug back the OPE in the quantum nonlocal
charge (3.51). The term responsible for the anomaly in the CPn case is the field strength of
the currents, namely, a dimension two operators, whose corresponding coefficient in (3.52)
contains logarithmically and linearly divergent terms. (Notice that the supersymmetric CPn

is quantum integrable [62].)
Can we give some kind of rules, about when or whether we could expect an anomaly

in the charge conservation laws? For symmetric coset models of the type discussed in
Section 3.2 this issue has been addressed in [63]. If one would like to summarize the results
of the paper, one could say that the breaking of integrability at quantum level is related to
U(1) factor in the denominator of the quotient space, a fact which is confirmed by the CPn

example, where the corresponding field strength gives rise to the anomaly. In some sense in
the O(n) model there is not a great variety of operators Oabk of dimension 1 and 2 with the
proper symmetries required by the model itself in order to be a candidate for the anomaly.28

Remarks on the AdS5 × S5 Superstring Case

From all this, one can understand why it is not so trivial to investigate the quantum
integrability for two-dimensional σ model, as, for example, the superstring world-sheet
theory. Recall that the supercoset AdS5 × S5 is not a symmetric space, thus we cannot extend
directly the analysis of [63]. However we can learn much from the CPn case and with this
example in mind we have started to investigate the quantum pure spinor superstring in
AdS5 × S5 in the papers [4, 7]. In particular, recall the expression for the variation of the
monodromy matrix (3.15), the integrability of the model is strictly related to the tensor Fμν,
cf. Section 5.

4. Green-Schwarz-Metsaev-Tseytlin Superstring

The section is mainly based on the textbooks by [64, 65] and also on the original papers by
Green and Schwarz [66, 67] for the first part. For the second part, I will mainly refer to the
work by Metsaev and Tseytlin [49] for the supercoset construction of the action, to the paper
by Bena et al. [46] for the classical integrability of the GSMT action, and finally to the reviews
written by Zarembo [68] and by Arutyunov and Frolov [69].
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4.1. Green-Schwarz Action in Flat Space

In the Green-Schwarz (GS) approach, the target space supersymmetries are manifest and in
some sense the superspace coordinates are treated more symmetrically with respect to the
Ramond-Neveu-Schwarz (RNS) formalism.29 In string theory, the embedding coordinates
Xa(τ, σ) map the world-sheet Σ, parameterized by (τ, σ), into the target space. Now the same
concept is generalized to the “fermionic embedding coordinates” θI(τ, σ). These are spinors
on the target space and scalars from a world-sheet point of view.

The GS superstring action in a flat background [67] is

SGS,flat = Skin + SWZW

= − 1
4πα′

∫
d2σ
√
−hhμν

(
∂μX

a − iθ
I
Γa∂μθI

)(
∂νXa − iθ

J
Γa∂νθJ

)

+
1

2πα′

∫
d2σεμν

(
−i∂μXaσ

IJ
3 θ

I
Γa∂νθJ + θ

1
Γa∂μθ1θ

2
Γa∂νθ2

)
.

(4.1)

hμν is the world-sheet metric, Xa are the ten embedding coordinates in the flat space a =
0, . . . , 9, and θI with I = 1, 2 are the two Majorana-Weyl spinors in ten dimensions,30 with
σ
IJ
3 = diag(1,−1). For the specific case of the type IIB superstring, the two fermions have the

same chirality, vice versa in type IIA they have opposite chirality, namely,

Γ11θ
I = θI with I = 1, 2 type IIB,

Γ11θ
I = (−1)I+1θ1 with I = 1, 2 type IIA,

(4.2)

where Γ11 = Γ0Γ1 · · · Γ9 and Γa are the 32 × 32 Γ-matrices which satisfy the SO(9, 1) Clifford
algebra:

{Γa,Γb} = 2ηab with ηab = diag(−1, 1, . . . , 1). (4.3)

The action (4.1) is essentially built of two terms. The first contribution Skin is a σ-model (the
term symmetric in the world-sheet indices). The second line comes from the Wess-Zumino-
Witten (WZW) term, that is, SWZW (the one antisymmetric in the world-sheet indices). I will
give more detail on the two terms at the end of the section.

An important feature of the GS action (4.1), which is valid also in curved backgrounds,
is the invariance under a local fermionic symmetry, which is called κ-symmetry [67]. Such
a symmetry fixes univocally the coefficient in front of the WZW term. The κ-symmetry
allows one to gauge away half of the fermionic degrees of freedom, leaving only the physical
ones. Counting the fermionic degrees of freedom, we start with a Dirac fermion in ten
dimensions, namely, with 2D/2 = 32 components. We impose the Majorana-Weyl condition
which removes half of the components, leaving only 16 real fermionic degrees of freedom.
Finally we can use the κ-symmetry to reduce the spinor components further, namely, to
8. Recalling that we started with two supersymmetries (I = 1, 2), we have in total 16 real
independent fermionic degrees of freedom.31 Furthermore, the action (4.1) is invariant under
super-Poincaré transformations and world-sheet reparameterizations.
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4.2. Type IIB Superstring on AdS5 × S5: GSMT Action

Before getting to the hearth of the discussion about the AdS superstring action, let me first
review certain crucial properties of the psu(2, 2 | 4) algebra. In the next paragraph, I will
heavily use the results of the two Sections 3.1 and 3.2.

More on the Algebra

A notably property of the psu(2, 2 | 4) algebra is its inner automorphism,32 defined by a map
Ω which decomposes the algebra in four subsets. Explicitly, we have

psu(2, 2 | 4) ≡ g = g0 + g1 + g2 + g3, (4.4)

and the Z4-grading is generated by the transformation Ω, where

Ω(M) = −ΣMSTΣ−1. (4.5)

Here M and MST are 8 × 8 supermatrices and Σ is the following matrix

Σ =

(
J 0

0 J

)
, where J =

(
−iσ2 0

0 −iσ2

)
, (4.6)

with σ2 the Pauli matrix. The subsets gk are the eigenspaces with respect to Ω, namely, Ωgk =
ikgk. The Z4-grading respects the bilinear invariants of the algebra, namely,

[gm, gn] = gm+n mod 4. (4.7)

From the above relation we can see the reason why the supersymmetric extension of AdS5×S5

is not a symmetric space, namely, [g1, g1] = [g3, g3] = g2, cf. (3.32) in Section 3.2. The bilinear
invariants can be naturally represented by the supertrace in the algebra space, and we have

〈Tm, Tn〉 = 0 unless m + n = 0 (mod 4). (4.8)

In particular, the subalgebra g0 is the invariant locus of the psu(2, 2 | 4) algebra and it is the
algebra for the gauge group H, which in our case is SO(4, 1) × SO(5). This is a crucial point
from the supercoset construction point of view. g2 contains all the bosonic generators which
are left after modding out the Lorentz generators for so(4, 1) × so(5), namely, it contains the
translation generators, and it is a ten-dimensional space. Notice that g2 is not a subalgebra.33

Finally g1 and g3 are spanned by the fermionic generators, and the two sectors are related by
complex conjugation.

According to the algebra decomposition (4.4), also the currents will respect the Z4-
grading. Denoting with Jm ≡ J|gm the projection onto the subalgebra gm, then

J = J0 + J2 + J1 + J3. (4.9)
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Notice that J1 and J3 are even since they are contracted with the generators and that the
gauge-invariant currents j mix under the Z4-grading. In the language of the previous section,
J0 is H, cf. Section 3.2.

Green-Schwarz-Metsaev-Tseytlin Action

Let me first explain the name for this action. In 1998 Metsaev and Tseytlin constructed the
world-sheet action for the type IIB superstring on AdS5 × S5 from a geometrical point of view
based on a super coset approach [49]. They use the Green-Schwarz (GS) formalism [66, 67],
where the target space supersymmetry is manifest. This is due to the fact that the background,
curved and with Ramond-Ramond (RR) fluxes, prevents the use of the Ramond-Neveau-
Schwarz (RNS) approach, (cf. Section 5).

Recalling how the anti-De Sitter spaces and the spheres are realized:

AdS5 =
SO(4, 2)
SO(4, 1)

, S5 =
SO(6)
SO(5)

, (4.10)

and that the direct product SO(4, 2)×SO(6) is the bosonic sector for the full PSU(2, 2 | 4), thus
the supersymmetric generalization of the above relation is

PSU(2, 2 | 4)
SO(4, 1) × SO(5)

= super
(

AdS5 × S5
)
. (4.11)

In particular, g maps the string world-sheet Σ into the supercoset PSU(2, 24)/(SO(4, 1) ×
SO(5)). To be more precise, we should say instead of PSU(2, 2 | 4) its corresponding universal
covering. The left-invariant Maurer-Cartan forms are defined in the same way as in (3.21):

Jμ = JAμ T
A = g−1∂μg, JAμ = JA

M̂
∂μZ

M̂, (4.12)

where A is the psu(2, 2 | 4) algebraic index, TA are the corresponding generators, which span
the four gm as in (4.9), μ is the world-sheet index, M̂ is the ten-dimensional target space
index, and the embedding coordinates are ZM̂ = (XM, θα, θ̂α̂). Recalling the action for the
coset model (3.28) and considering for simplicity only the bosonic sector, then one easily sees
that the one-forms JAμ are indeed nothing but vielbeins, namely,34

SG/H = −
√
λ

4π

∫
d2σ
√
−hhμνSTr

(
Jμ Jν

)
|g2

= −
√
λ

4π

∫
d2σ
√
−hhμνJA

M̂
JB
N̂
∂μZ

M̂∂νZ
N̂ STr

(
TA TB

)
|g2

= −
√
λ

4π

∫
d2σ
√
−hhμν∂μXM∂νX

N
(
JAM JBN gAB

)
|g2

+ fermions

= −
√
λ

4π

∫
d2σ
√
−hhμνGMN∂μX

M∂νX
N + fermions.

(4.13)
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As for the bosonic coset model the currents Jμ are invariant under global PSU(2, 2 | 4) left
multiplication while under the gauge SO(4, 1) × SO(5) transformations they transform as a
connection, cf. Section 3.2. Moreover, they satisfy the Maurer-Cartan identity ∂μJν − ∂νJμ +
[Jμ, Jν] = 0.

The kinetic term SG/H respects the structure of the bosonic coset model as discussed
in Section 3.2. The fermionic currents enter through a Wess-Zumino-Witten term, namely, a
closed and exact three form:35

IWZ ∼ κ
∫

M3

d3σ Ω3 (4.14)

with

Ω3 = (J2 ∧ J1 ∧ J1 − J2 ∧ J3 ∧ J3), (4.15)

where the boundary of M3 is the string world-sheet Σ which we are integrating over. The
form for the WZW term is indeed the only relevant one which is compatible with the
invariance under SO(4, 1)×SO(5) gauge transformations and which has the correct flat space
limit. The coefficient κ in the expression above is fixed by the the local fermionic symmetry
which characterizes the GS formalism. In particular, the values allowed are κ = ±1. The
exchange of sign is related to a parity transformation in the world-sheet coordinates and
to an exchange of the two fermionic sectors g1 and g3. Once one integrates such a three-form
(4.15), it gives the antisymmetric term

SWZ = −
√
λ

4π
κ

∫
d2σεμνJμ,1Jν,3. (4.16)

Thus the final action is the sum of the two terms (4.13) and (4.16), namely,

SGSMT = −
√
λ

4π

∫
d2σ Str

(
γμνJμ2Jν2 + κεμνJμ1Jν3

)
, (4.17)

with γμν =
√
−h hμν. Summarizing the properties of SGSMT we have that

(i) the bosonic part of SG/H reproduces the standard bosonic coset model on AdS5×S5,
cf. (4.13);

(ii) the full action (4.17) is invariant under global PSU(2, 2 | 4) invariance;

(iii) it is also invariant under local SO(4, 1) × SO(5) transformation,

(iv) and under the κ symmetry,

as it has been shown in [49]. Finally, in the flat space limit, namely, for R → ∞, the above
action (4.17) reproduces the GS type IIB superstring in flat space (4.1). This is indeed how
Metsaev and Tseytlin uniquely constrained their ansatz for the action [49].
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The Classical Equations of Motion

In order to fix the ideas, let us consider the complex world-sheet coordinates36 z, z given by

z = σ1 + iσ2, z = σ1 − iσ2. (4.18)

For the conventions and more detail, we refer the reader to Appendix A. The GSMT action
(4.17) becomes in the new coordinates

SGSMT =

√
λ

2π

∫
d2z STr

(
J2J2 −

κ

2

(
J1J3 − J1J3

))
. (4.19)

In order to derive the equations of motion, one can consider an infinitesimal variation
ξ of the PSU(2, 2 | 4) coset representative g, namely,

g = gξ, δg−1 = −ξg−1, (4.20)

where ξ =
∑3

i=1 ξi and ξi ∈ gi. This implies that small variations for the currents J = g−1dg
satisfy

δξJi = ∂ξi + [J, ξ]i, δξJi = ∂ξi +
[
J, ξ
]
i

δJ0 = [J, ξ]0, δJ0 =
[
J, ξ
]

0
.

(4.21)

Plugging such variations (4.21) in the GSMT action (4.19) and using the Maurer-Cartan
identities, one obtains the following equations of motion:

DJ2 +
1
2
(1 + κ)

[
J1, J1

]
+

1
2
(1 − κ)

[
J3, J3

]
= 0,

DJ2 +
1
2
(1 − κ)

[
J1, J1

]
+

1
2
(1 + κ)

[
J3, J3

]
= 0,

(1 − κ)
[
J2, J1

]
− (1 + κ)

[
J1, J2

]
= 0,

(1 − κ)
[
J3, J2

]
− (1 + κ)

[
J2, J3

]
= 0,

(4.22)

where the covariant derivatives are defined as

D = ∂ + [J0, ], D = ∂ +
[
J0,
]
. (4.23)
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It is clear that the choices κ = ±1 are special values, which definitely simplify the above
equations. As an example, for κ = 1 the equations of motion (4.22) become

DJ2 +
[
J1, J1

]
= 0, DJ2 +

[
J3, J3

]
= 0,

[
J1, J2

]
= 0,

[
J2, J3

]
= 0 .

(4.24)

These equations should be compared with the ones that will be derived in Berkovits
formalism in Section 5, cf. (5.52).

4.3. Classical Integrability for the GSMT Superstring Action

The integrability of the AdS5 × S5 world-sheet action has been proven at classical level in [70]
for the bosonic sector and in [46] for the full supersymmetric model by constructing the Lax
pair, as I will review in this section. The string integrable structure has been showed also in
the work [71] and in [72–75], which are mostly based on the algebraic curve techniques.37

In order to have a generating functional38 for the (local and nonlocal) charges and
prove that the type IIB superstring in AdS5 × S5 is classically integrable, we would like to
generalize the construction of the flat connection for the PCM and coset models discussed
in Sections 3.1 and 3.2. Here we also have the contribution from the fermionic currents,
however, the arguments run absolutely in the same way [46, 76]. Again we can take a linear
combination of the gauge invariant currents, namely,

aμ = αj2,μ + βεμνjν2 + γkμ + δk′μ, (4.25)

where kμ = j1,μ+j3,μ and k′μ = j1,μ−j3,μ, using the notation of [46]. Imposing the zero curvature
equation

∂μaν − ∂νaμ +
[
aμ, aν

]
= 0, (4.26)

one obtains a system of equations. The solutions, which give two one-parameter families of
flat connections, are [46]

α = −2 sinh2λ, β = ∓2 sinhλ cosh λ,

γ = 1 ± coshλ, δ = sinhλ .
(4.27)

Thus, remarkably, the classical GSMT superstring action admits a Lax representation,
showing its classical integrability. Expanding the coefficients for λ = 0 at the leading order,
one obtains exactly the Noether currents for the global PSU(2, 2 | 4) symmetry [72], namely,

aμ = 2λεμνjν2 + λk′μ. (4.28)

In order to deduce the flat connection one uses the equations of motion and the algebraic
identities, but one does not need to fix the κ symmetry. However, it has been shown in [69]
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that integrability forces the coefficient in front of the WZW term to be fixed to the same values
which are allowed by the κ-symmetry (κ = ±1). This means that the word-sheet action, in
order to have the infinite set of conserved charges, should also be κ symmetric and vice
versa.39 We will come back to the integrability of classical superstring in the discussion for
the Pure Spinor formulation of the type IIB superstring in AdS5 × S5 in Section 5, and there
we will discuss the extension to the quantum theory using the Berkovits formalism.

5. The Pure Spinor AdS5 × S5 Superstring

5.1. Motivations

One of the main advantages of the Green-Schwarz formalism is that the target space
supersymmetries are manifest. However, already for the type IIB superstring in flat space,
we encounter serious difficulties once we try to quantize the theory. Recalling the kinetic
term Sint in the GS action SGS,flat in the flat ten-dimensional space in (4.1), one sees that the
kinetic term for the fermions is degenerate:

∂μX
aθ

J
Γa∂μθJ . (5.1)

Indeed, when ∂μX
a = 0 it simply vanishes. Moreover computing the canonical momenta for

the spinors

ρK ≡
δL
δθ̇K

, (5.2)

one obtains a complicated and nonlinear function of all the phase-space variables. According
to the Dirac classification, the canonical momenta are primary constraints, which can be of
first or second class. We can say that in the latter case the momenta have a nonvanishing
bracket with the constraints themselves. When the first and second class of constraints are
coupled, one needs to disentangle them and quantize the system introducing the so-called
Dirac brackets as the new anticommutation relations. In the GS superstring, the two classes
of constraints cannot be separated in a covariant way. A way of bypassing the problem is
to fix the light-cone gauge and quantize the superstring action in this gauge.40 The light-
cone quantization allows one to compute the string spectrum leaving only the physical
degrees of freedom, and it is very helpful, for example, in computing the string energies, cf.
Section 6. However, it is not completely satisfactory: one would really like to have a covariant
quantization for the string action.41

These are the main motivations in order to have a formalism with manifest space-
time supersymmetries and a full covariant formulation which allows one to quantize the
superstring action keeping the ten-dimensional Lorentz symmetry manifest.

These two aspects are joint in the formalism proposed by Berkovits in [77], extending
and completing a previous idea of Siegel [78]: the target-space supersymmetry is manifest
and the ten-dimensional Lorentz covariance is also manifest and present in all the stages of
the theory. Obviously there is a price to pay. In order to have a standard fermionic kinetic
terms, certain ghost fields have to be introduced (the pure spinors), as well as their conjugate
momenta. The nonphysical degrees of freedom introduced in the theory in this way are later
removed through a BRST-like operator Q.
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Outline

In Section 5, I would like to review some basic notions and concepts about the pure spinor
(PS) formalism. I will focus on the type IIB superstring action and on the role of the pure
spinors in the context of integrability. Thus, the next section will not be an exhaustive
introduction to the pure spinor formalism. For this we refer the reader to the ICTP lectures
given by Berkovits in 2000 [79] and Oz in 2008 [80].

In the first part, I will discuss some basic features of the pure spinors and of their space.
Then I will formulate the PS action for open strings in flat space. The generalization to closed
strings is straightforward, since basically one “squares” the ghost fields.

The second essential step is the formulation of the superstring action in curved
backgrounds. I will focus on the AdS5 × S5 type IIB action, since this is the relevant case
for the AdS5/CFT4 correspondence.

At this point, in the context of integrability, we need to discuss the key features of
the superstring action. In order, we will see the gauge and BRST invariance of the action
at classical [81] and quantum [82] level. Notice that these properties are fundamental to
guarantee the consistency of the action also at quantum level. Hence, we will review the
classical integrability of the PS type IIB action [83] and the explicit construction of the BRST
nonlocal charges [81]. Indeed, it turns out that the higher conserved charges have to be BRST
invariant. The same steps should be repeated at quantum level. In particular, I will summarize
the results of [82] for the BRST invariance of the quantum nonlocal charges and I will discuss
the finiteness of the monodromy matrix at the quantum leading order [84].

Finally, the last section is dedicated to the finiteness of the charges, the absence of
anomaly in the variation of the monodromy matrix [7] and the operator algebra at the leading
order in perturbation theory [4].

5.2. The Pure Spinor Formalism: Basic Review

The pure spinors are world-sheet ghosts λα which carry a space-time spinor index but they
are commuting objects, which are constrained to satisfy the following condition (the pure
spinor constraint):

λαγ̂aαβλ
β = 0, (5.3)

where γ̂ a are 16 × 16 SO(9, 1) gamma matrices in the Majorana-Weyl representation, a =
0, 1, . . . , 9. Hence the pure spinors are complex Weyl spinors, however, the conjugate λα never
appears in the theory. The canonical momenta to λα are the ghost fields ωα. The system
(ωα, λ

α) is analogue to the (β, γ) system in string theory, however, now the conformal weight
is (1, 0) and the fields are not free. Their ghost number is (−1, 1).

From the condition (5.3), it follows that the actual independent components in λ are
11 and not 16 as one would naively expect. The number of exact degrees of freedom is really
important, as we will see, thus we would like to spend some time to explain how to count
them. For simplicity, we can Wick-rotate SO(9, 1) to SO(10). The space where the pure spinors
live is singular in the origin, since the constraint (5.3) is degenerate at the point λ = 0 (as
well as its variation). It is indeed a cone, and removing the singularities we can describe
the space as a SO(10)/U(5) coset. We can break the SO(10) description to U(5), according to
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SO(10) → SU(5) ×U(1). The U(5) gamma matrices are

γ̂ a =
γ̂ a + iγ̂a+1

2
with a = 1, . . . , 5,

γ̂a =
γ̂ a − iγ̂a+1

2
with a = 1, . . . , 5.

(5.4)

We can interpret γ̂ a as a raising operator and γ̂a as a lowering operator. They satisfy the u(5)-
algebra, namely,

{
γ̂ a, γ̂ b

}
=
{
γ̂a, γ̂b

}
= 0,

{
γ̂ a, γ̂b

}
= δab . (5.5)

Let us define the ground state uα+ as the state annihilated by all the lowering operators, that
is, γauα+ = 0 for a = 1, . . . , 5. Then, acting with the U(5) γ-matrices we can obtain the complete
basis of the U(5) spinors. In particular, acting with an odd number of γ-matrices leads to
a change of the chirality (since the spinor index will be a lower one, that is, an antichiral
spinor). Hence, the basis for the spinor λα is

uα+

(
uab
)α
≡
(
γaγbu+

)α
uαa = εabcde

(
γbγcγdγeu+

)α
(5.6)

and any chiral U(5) spinor can be written as

λα = λ+uα+ + λab
(
uab
)α

+ λauαa. (5.7)

Notice that λ+ is a U(5) singlet, λab transforms in the 10 antisymmetric representation of U(5),
and λa in the 5 one. For an antichiral spinor we have

ωα = ω+ũ
+
α +ωa

(
γau+

)
α +ω

ab(uab
)
α
, (5.8)

with (uab)α = εabcde(γcγdγeu+)α and ũ+α = εabcde(γaγbγcγdγeu+)α. At this point, one can readily
decompose the ten equations (5.3) in the U(5) basis and obtain42

λγaλ = λ+λa +
1
8
εabcdeλbcλde = 0,

λγaλ = λbλab = 0,

(5.9)

with a = 1, . . . , 5. Hence, fixing λ+ /= 0, the first equation of (5.9) is solved for λa =
−(1/8)(λ+)−1εabcdeλbcλde, which automatically solves also the second equation. Thus λα is a
function of eleven complex parameters, namely, λ+ and λab. Hence the final parameterization
for λ is

λ+ = es, λab = uab, λa =
1
8
e−sεabcdeubcude. (5.10)
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The fact that the vector λa is redundant in this description, namely, the second equation
in (5.9) is identically satisfied (for some constant nonvanishing λ+), implies that the
corresponding antichiral spinorωa is defined up to gauge transformation, that is, δωa ∼ ηaλ+,
with ηa the gauge parameter. As a consequence, it can be directly set to zero, and choose43

ω+ = e−s∂t, ωab = vab, ωa = 0. (5.11)

Some properties are better shown in the U(5) basis, where the ghost fields are free.
In particular, it is easier to understand better the origin of the “correction” term in the OPE
(5.15) between the pure spinor and its conjugate field.

The ghosts are maps from the two-dimensional world-sheet to the target-space, which
is the ten-dimensional flat space in this case. In terms of the free U(5) components, the ghost
action in a flat background in the conformal gauge is

SG =
1
πα′

∫
d2z

(
∂t∂s − 1

2
vab∂uab

)
. (5.12)

Hence, the OPE’s can be directly read from the above action:

t(z1)s(z2) ∼ log(z1 − z2),

vab(z1) ucd(z2) ∼
δ
[a
c δ

b]
d

z1 − z2
.

(5.13)

In the covariant ten-dimensional SO(10) notation, the pure spinor action in flat space
is

SG =
1
πα′

∫
d2z ωα∂λ

α. (5.14)

The two actions (5.12) and (5.14) describe the pure spinors and the conjugate fields in a
flat space (even though in different notations), but the latter contains also the nonphysical
degrees of freedom.

Without breaking the SO(10) covariance, the OPE is

ωα(z1)λβ(z2) ∼
δ
β
α

z1 − z2
− 1

2
γ̂
β+
a e−s

(
γ̂ aλ
)
α

z1 − z2
. (5.15)

As before, the + index is the 1 spinor component in the U(5) notation. The second term in
(5.15) takes care of the fact that, due to the PS condition (5.3), ω is defined only up to gauge
transformations

δωα = Λa(γ̂aλ
)
α. (5.16)
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This is exactly the same statement above the expressions (5.11) in the SO(10) notation.
Alternatively, we can say that the second term in (5.15) assures that the PS constraint remains
valid also when we consider the OPE between ω and the condition (5.3) itself.

Sinceωα is defined only up to gauge transformations (5.16), it means that it can appear
only in gauge covariant combinations, as for example the Lorentz ghost currents

Nab =
1
2
ω γ̂abλ. (5.17)

One can see that the second term in (5.15) does not contribute to the OPE between N and λ
due to the identity λγ̂abγ̂ cλ = 0:

Nab(z1)λα ∼
1
2

(
γ̂ ab
)α
β

λβ

z1 − z2
. (5.18)

The ghost Lorentz currents satisfy the following OPE:

Nab(z1)Ncd(z2) ∼
ηc[bNa]d(z2) − ηd[bNa]c(z2)

z1 − z2
− 3

ηadηbc − ηacηbd

(z1 − z2)2
, (5.19)

The OPE’s for the Lorentz currents and for λ are manifestly covariant. They are most easily
computed in the U(5) formalism, where all the fields are free. Indeed, decomposing Nab

in (N,N
a

b ,N
ab,Nab) and using the free field OPE’s (5.13), one can compute the expression

(5.19), cf. [85] for explicit computations.
The fact that the pure spinors have 11 degrees of freedom is essential, because it is

what one needs in order to cancel the conformal anomaly. Let us consider the kinetic term for
the GS action in flat space. In the conformal gauge, the world-sheet metric is flat. In the z, z
coordinates, cf. Appendix A, the kinetic term of (4.1) becomes

S =
1
πα′

∫
d2z

(
1
2
∂Xa∂Xa + ρα∂θα

)
, (5.20)

where ρα is the canonical momentum44

ρα =
i

2
∂Xa

(
θγ̂a
)
α
+ θγ̂a∂θ

(
θγ̂a
)
α
. (5.21)

In the flat ten-dimensional Minkowski space the PS action is given by (5.20) and (5.14).
By computing the central charge, the contribution from the matter sector is cM = 10−32 = −22,
from the bosonic and fermionic sector, respectively. Thus, the ghosts should contribute to the
central charge with cG = +22, in order to cancel the conformal anomaly. Indeed, the ghost
stress-energy tensor is

TG =
1
2
vab∂uab + ∂t∂s + ∂2s (5.22)
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and the OPE gives

TG(z1) TG(z2) ∼
dimCM
(z1 − z2)4

, (5.23)

where M is the manifold where the pure spinors live, that is, their degrees of freedom.
Eventually, the corresponding central charge is cG = 2 dimCM = +22.

For completeness, let me write the ghost number operator

JG = ωαλ
α. (5.24)

BRST Operator

One can define a BRST-like operator45 as

Q =
∮
λαdα, (5.25)

where dα is the fermionic constraint

dα = ρα −
i

2
∂Xa

(
θγ̂a
)
α
− θγ̂a∂θ

(
θγ̂a
)
α
. (5.26)

Q has ghost number 1, thus the physical string states are the elements which are in the
cohomology46 of Q and have ghost number 1. Q is guaranteed to be nilpotent by the PS
constraint (5.3), since

Q2 = λαλβ
{
dα, dβ

}
∼ λγ̂aλ = 0. (5.27)

In the GS formulation the superstring action was invariant under κ-symmetry. This symmetry
is no longer present and its role is replaced by the BRST symmetry. I will come back on this
point when the pure spinor action in curved background will be discussed.

Until now we have discussed the open string action in flat space. We want to deal with
closed strings, which means to double the system described above. Namely, we will have two
sets of ghosts (ωα, λ

α) and (ω̂α̂, λ̂
α̂) with constraints

λγ̂aλ = 0, λ̂γ̂aλ̂ = 0. (5.28)

They are left and right-moving bosonic spinors, with conformal weight (1, 0) and (−1, 0).
They are described by the following action in a flat background

SG =
1
πα′

∫
d2z

(
ωα∂λ

α + ω̂α̂∂λ̂
α̂
)
, (5.29)
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and they give rise to two BRST operators as well

Q =
∮
λαdα, Q =

∮
λ̂α̂d̂α̂. (5.30)

Essentially, all the arguments presented above run in the same way.

5.3. Type IIB Superstring on AdS5 × S5: PS Action

Matter Content

In the matter content we have two contributions [86]. The first term is the sigma model action
on the supercoset, which is PSU(2, 2 | 4)/(SO(4, 1) × SO(5)), namely,

SG/H =
1

2γ2

∫
d2z STr(JG/H)2. (5.31)

1/γ2 is the coupling constant, that we will fix at the end. In Section 3.2, we have explained
how to construct the above action. However, the main difference with the bosonic GSMT
action (4.13) is that now we also include the fermionic currents. Explicitly, (5.31) contains

√
−hhμνSTr

(
J2μJ2ν + J1μJ3ν + J3μJ1ν

)
. (5.32)

The action (5.31) is invariant under gauge H-transformations and under the global
G-symmetry. Hence, it is naturally defined on the coset space G/H. However, this is not
sufficient to guarantee a conformal theory.47 For this reason it is necessary to introduce a
topological term, such as the WZW term, which is a gauge invariant three-form. As for the
GS action, it should be closed and d-exact. Writing

Ω3 = dSTr(J1 ∧ J3) (5.33)

one obtains

SWZ =
k

2γ2

∫
d2z STr(J1 ∧ J3). (5.34)

The WZW term in (5.34) is exactly the same which is in the GSMT action, cf. (4.17). However,
here the level k is fixed by requiring the superconformal invariance of the action. The k values
which are allowed are ±1/2 [87]. Recall that the coefficient in front of the WZW term is fixed
by the κ-symmetry in the GS formalism. In the PS approach the term J1J3 in (5.31) breaks
such a symmetry, but on the other hand, it gives the possibility to have a kinetic term for the
fermions, (thus to construct a fermionic propagator in the standard way and proceed with a
perturbative covariant quantization). Indeed, at the leading order one has:

J1μJ3ν ∼ ∂μθ1
L∂νθ

3
R. (5.35)
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Thus the total matter contribution for the PS in the conformal gauge48 is

SM = SG/H + SWZ =
1

2γ2

∫
d2z Str

(
J2J2 +

3
2
J3J1 +

1
2
J3J1

)
. (5.36)

Note that this action corresponds to the choice k = 1/2 and that a change in the sign of
the WZW term coefficient leads to exchange J1 and J3. The one-loop beta function for the
purely matter sector (i.e., AdS2 × S2) has been computed in [86] and showed explicitly that
the renormalization of the coupling constant is proportional to (2k2 − (1/2)), namely, k and
γ are not renormalized at first quantum order for k = ±(1/2). Actually, it is believed that it is
true to all orders in perturbation theory, [87].

Ghost Content

In order to present the ghost content for the type IIB action in AdS5 × S5, let me rewrite the
pure spinor conjugate momenta and the constraints in a more suitable and elegant form. We
have two types of spinors (they are actually the same since we are discussing type IIB strings,
however I will keep distinct the indices for left- and right-moving), that is, λα, λ̂α̂. Then we
will have

λ1 = λαTα, λ3 = λ̂α̂Tα̂, (5.37)

where Tα and Tα̂ are the g1 and g3 generators, respectively. We are in the AdS5×S5 background,
thus the two fermionic sectors can talk to each other. Namely, there exists a matrix γ01234 in the
AdS directions which couples the two indices α , α̂. This is nothing but the 5-form Ramond-
Ramond flux. We can use such a matrix in order to rewrite the conjugate fields ω as chiral
spinors:

ω3+ = ωα

(
γ01234

)αα̂
Tα̂, ω1− = ω̂α̂

(
γ01234

)α̂α
Tα, (5.38)

where the ± in ω are meant to stress the conformal weight of the conjugate fields. At this
point we can rewrite the ghost Lorentz currents as

N0 = −{ω3+, λ1}, N0 = −{ω1−, λ3}, (5.39)

and one can check using the structure constants for the psu(2, 2 | 4) algebra given in
Appendix C.1, that is indeed the same definition of (5.17). The pure spinor constraints (5.28)
become

{λ1, λ1} = 0, {λ3, λ3} = 0, (5.40)

or analogously

[λ1,N0] = 0,
[
λ3,N0

]
= 0. (5.41)
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The pure spinor carries a spinor index, hence, under Lorentz transformations, they
vary according to

δΛλ1 = [λ1,Λ], δΛω3+ = [ω3+,Λ]

δΛλ3 = [λ3,Λ], δΛω1− = [ω1−,Λ],
(5.42)

where Λ is a gauge parameter. This implies that the Lorentz ghost currents transform in the
following way under local SO(4, 1) × SO(5) transformations:

δΛN0 = [N0,Λ], δΛN0 =
[
N0,Λ

]
. (5.43)

In order to write down the PS action in the AdS background, we need to covariantize the
ghost action (5.29). Our gauge field is J0, then introducing the covariant derivatives

D = ∂ + [J0, ], D = ∂ +
[
J0,
]
, (5.44)

one can rewrite the terms ω∂λ as ωDλ. Explicitly:

ω3+Dλ1 = ω3+∂λ1 +ω3+

[
J0, λ1

]
= ω3+∂λ1 −ω3+

[
λ1, J0

]

= ω3+∂λ1 − {ω3+, λ1}J0 = ω3+∂λ1 +N0J0 .

(5.45)

The same is true for the other term: ω1−Dλ3 = ω1−∂λ3 + N0J0. Note that λ1,3 and ω1,3 are
anticommuting objects, since the components λα, λ̂α̂ and ωα, ω̂

α̂ commute and they are
contracted with the fermionic generators Tα , Tα̂ (vice versa the currents J1 , J3 are commuting
objects). The pure spinors are local objects (they live on the tangent space), thus they
transform nontrivially under local tangent space Lorentz rotations. For this reason, they can
couple to the gauge field (J0, J0) and to the constant target space curvature tensor through
their currents.

The right- and left-moving sectors are mixed, once we write the ghost fields as in (5.37)
and in (5.38). Indeed, also the Cartan metric mixes the two sectors. It is defined in terms of
the bilinear invariant STr, in particular the elements of such metric are:

STr(TaTb) = ηab, STr
(
T[ab]T[cd]

)
= η[ab][cd],

STr
(
TαTβ̂

)
= ηαβ̂, STr

(
Tα̂Tβ

)
= ηα̂β,

(5.46)

where {T[ab], Ta, Tα, Tα̂ } span {g0, g2, g1, g3 }, respectively. An explicit representation for the
Cartan metric is not necessary here, it strictly depends on the normalization of the structure
constants of psu(2, 2 | 4) and of the supertrace, for example, cf. Appendix in [4]. For the
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moment, it is sufficient to notice that ηαβ̂ is proportional to the matrix γ01234 and η[ab][cd] is the

combination ηa[cηd]b. Finally, the PS action for the AdS5 × S5 string is

SG =
1
γ

∫
STr
(
ω3+∂λ1 +N0J0 +ω1−∂λ3 +N0J0 −N0N0

)
. (5.47)

The coefficient in front of the coupling between matter and ghost currents, that is, N0J0 and
N0J0, is fixed by requiring the gauge invariance of the ghost action (5.47). The action (5.47)
must be gauge invariant in order to make sense in this coset construction. Further, note that
the term N0N0 in (5.47) is automatically gauge invariant under the transformations (5.43).
The coupling with the space-time connection gives rise to mixed matter-ghost terms (J0N0

and J0N0).

Summary

Let me summarize the complete action for the type IIB superstring living on AdS5 × S5 in the
pure spinor formalism [77, 88, 89]:

S = SG + SM

=
1
γ2

∫
d2z Str

(
1
2
J2J2 +

3
4
J3J1 +

1
4
J3J1 +ω3+∂λ1 +N0J0 +ω1−∂λ3 +N0J0 −N0N0

)
.

(5.48)

The coupling constant is

1
γ2

=

√
λ

4π
=

R2

4πα′
. (5.49)

Note the nonperturbative parity symmetry of the action which exchanges

z←→ z, θ ←→ θ̂, g1 ←→ g3. (5.50)

The Classical Equations of Motion

Recall the MC-current definition in terms of the supercoset representative:

J = g−1dg with g ∈ PSU(2, 2 | 4)
SO(4, 1) × SO(5)

. (5.51)

We have already seen how to derive the equations of motion in Section 4 for the GSMT
string, cf. Section 4.2. We need to consider a small variation ξ of g, that is, δg = gξ, δg−1 =
−ξg−1, which gives for the currents the expressions (4.21). Plugging the variations for the
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left-invariant currents (4.21) in the action (5.48) and using the Maurer-Cartan identities
∂J − ∂J + [J, J] = 0, provides the following equations of motion for the matter currents:

DJ2 =
[
J3, J3

]
+
[
N, J2

]
−
[
J2,N0

]
,

DJ2 = −
[
J1, J1

]
+
[
N, J2

]
−
[
J2,N0

]
,

DJ3 =
[
N, J3

]
−
[
J3,N0

]
,

DJ3 = −
[
J1, J2

]
−
[
J2, J1

]
+
[
N, J3

]
−
[
J3,N0

]
,

DJ1 =
[
J3, J2

]
+
[
J2, J3

]
+
[
N, J1

]
−
[
J1,N0

]
,

DJ1 =
[
N, J1

]
−
[
J1,N0

]
.

(5.52)

By considering a small perturbation for the ghost fields δλ, δω leads to the equations
of motion for the ghost sector:

Dλ1 −
[
N0, λ1

]
= 0, Dω3+ −

[
N0, ω3+

]
= 0,

Dλ3 − [N0, λ3] = 0, Dω1− − [N0, ω1−] = 0.
(5.53)

From the definition of the Lorentz ghost currents (5.39) and from the above equations it
follows:

DN0 +
[
N0,N0

]
= 0, DN0 +

[
N0,N0

]
= 0. (5.54)

BRST Transformations

In the context of integrability, a crucial role is played by the BRST operator. In the curved
AdS5 × S5 background it is given by

Q = QL +QR =
∮

STr
(
λ1J3 + λ3J1

)
, (5.55)

namely, it is made by a right- and a left-moving BRST operator, QL = λ1J3 and QR = λ3J1. The
BRST operator Q acts by right-multiplication on the coset representative g(x, θ, θ̂) [81], and
the infinitesimal BRST transformations for g are

εQ
(
g
)
= g(ελ1 + ελ3), εQ

(
g−1
)
= −(ελ1 + ελ3)g−1, (5.56)
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where ε is an anticommuting parameter introduced for convenience, since λ1 and λ3 are
anticommuting bosons. For the matter currents it implies

εQ(Jm) = δm+3,0∂(ελ1) + [ Jm+3, ελ1] + δm+1,0∂(ελ3) + [ Jm+1, ελ3],

εQ
(
Jm

)
= δm+3,0∂(ελ1) +

[
Jm+3, ελ1

]
+ δm+1,0∂(ελ3) +

[
Jm+1, ελ3

]
,

(5.57)

where we have used the definitions of the MC-currents, the relations (5.56) and then the
projection on gm, with m = 0, . . . , 3.

The ghost fields transform under BRST transformations according to [81]

εQ(λ1) = εQ(λ3) = 0, εQ(ω3+) = −J3ε, εQ(ω1−) = −J1ε. (5.58)

From these relations, one obtains the BRST transformations for the ghost currents,49 that is,

εQ(N0) = [ J3, ελ1], εQ
(
N0

)
=
[
J1, ελ3

]
. (5.59)

As mentioned above, the BRST operator must be nilpotent. The two operators QL and
QR are nilpotent thanks to the pure spinor constraints (5.40). However Q is nilpotent only up
to gauge transformations. Using the PS constraints (5.40), one can check that

Q2(g) = −g{λ1, λ3}. (5.60)

{λ1, λ3} belongs to the g0 subalgebra, that is, SO(4, 1) × SO(5), and thus it parameterizes a
gauge transformation. As an example, computing the squared BRST transformation for J2,50

one gets

Q2(J2) = −[{λ1, λ3}, J2]. (5.61)

With the same procedure one can compute

Q2(N0) = −{λ1, Dλ3 − [N0, λ3]} − [N0, {λ1, λ3}],

Q2
(
N0

)
= −
{
λ3, Dλ1 −

[
N0, λ1

]}
−
[
N0, {λ1, λ3}

]
.

(5.62)

Hence, the BRST operator is nilpotent up to classical equations of motion and up to gauge
transformations parameterized by {λ1, λ3} [82]. This is consistent because all the action is
invariant under transformations generated by SO(4, 1) × SO(5).
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The Classical BRST and Gauge Invariance

(i) The action is BRST invariant at classical level. In particular this can be easily shown
by applying the BRST transformations (5.57)–(5.59) to the action (5.48). Then the
BRST variation coming from the purely matter sector is

δQSm ≡ εQ(Sm) = STr
(
J1D(ελ3) + J3D(ελ1)

)
(5.63)

which is exactly canceled by the BRST variation of the ghost sector

δQSg ≡ εQ
(
Sg
)
= −STr

(
J1D(ελ3) + J3D(ελ1)

)
. (5.64)

(ii) As already discussed the action is classically gauge invariant, by construction for
the matter sector and by covariantization for the ghost sector.

The Quantum Gauge and BRST Invariance

We need to consider if these properties survive at quantum level. We want to discuss
quantum integrability for type IIB string on AdS5 × S5, thus we need to consider whether
the quantum PS superstring action is consistent. The statements in [81, 82] are that

(i) The PS action (5.48) is gauge invariant at quantum level;

(ii) The PS action (5.48) is BRST invariant at quantum level.

It is worth giving some detail on how this has been shown in [82]. I will discuss the gauge
invariance first and then the BRST invariance.

If there is an anomaly at quantum level, namely, if the gauge invariance is broken
quantum mechanically, it means that there exists a local operator which generates such
anomaly. This operator should be local, since the anomaly comes from the short distance
behavior of some operator that quantum mechanically becomes ill-defined, cf. Section 3.4.
Hence, one can proceed with an engineering construction of such generic operator. Since
it is local, it should vanish for global transformations; since it is responsible for the gauge
symmetry breaking, it should be in the subalgebra g0. Then the ansatz is [82]

δΛS = STr
(
αN0∂Λ + αN0∂Λ + βJ0∂Λ + βJ0∂Λ

)
(5.65)

where (α, α, β, β) are some arbitrary coefficients and Λ parameterizes the SO(4, 1) × SO(5)
gauge transformations. Proposing a possible counter-term [82] such as

Sc = −STr
(
αN0J0 + αN0J0 +

1
2

(
β + β

)
J0J0

)
(5.66)

is possible to cancel partially the anomaly, and the remaining terms, namely,

δΛ(S + Sc) =
1
2

(
β − β

)
STr
(
J0∂Λ − J0∂Λ

)
(5.67)
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vanish due to the nonperturbative symmetry which exchanges right- and left-moving and
bar and unbar coordinates in the world-sheet, cf. (5.50), and which, in this case, constraints
to have β = β.

The quantum BRST invariance of the action (5.48) has been shown in [82], and the
arguments proceed analogously. One constructs an ansatz for the anomalous local operator.
In order to relate the terms and thus to reduce the possible linear combination, one can use
the classical equations of motion and the Maurer Cartan identities. However, one needs to
keep in mind that the anomalous terms should be a gauge invariant local ghost number 1
operator. Again, local is due to the short-distance behavior of the operators, gauge invariant
since the gauge and BRST transformation commute, and finally ghost number 1 since it is a
variation generated by the BRST operator. The required properties restrict the possibilities for
the coefficients in the linear combination. In this way it is possible to find a local counter-term
which exactly cancels the variation. Thus the quantum effective action is BRST invariant.

There are some points to notice. First, the use of the classical equations of motion and
the fact that the BRST operator, as well as the BRST transformations, are always the classical
one. Second, since the BRST variation of the effective action can be written as a BRST variation
of suitable counter-terms, this means that the BRST cohomology of gauge invariant local
ghost-number 1 operators is trivial, namely, they can always be written as a BRST variation
of some suitable operator. In this way, the BRST transformation of the total action, given by
the effective quantum terms plus the counter-terms, is zero [81, 82].

This was at the first order in perturbation theory. However, the arguments can be
extended by induction at any order in perturbation theory [82]. The basic idea is that if one
has proved that the effective action is BRST invariant up to order hn, then a possible anomaly
would be generated by a local operator of the same type before. Using the fact that the BRST
cohomology for such operators is trivial, proves the BRST invariance up to hn+1 order, and
thus one can go on by induction. Let me stress that we concretely use the classical BRST
operator, the classical equations of motion and Maurer-Cartan identities.51

The Quantum Conformal Invariance

The action (5.48) is conformal invariant at quantum level. By means of the background field
method (cf. Section 5.6) this has been shown to one loop in perturbation theory [89] and by
cohomology arguments to all orders [82].52

5.4. Classical Integrability of the AdS5 × S5 PS Superstring Action

The classical integrability has been proved by Vallilo in [83] by using the same approach of
Bena et al. for the GSMT action [46]. The same Lax pair has been found by Berkovits requiring
that the higher charges should be BRST invariant [81]. The integrability at classical level of
the pure spinor action in generic AdSn × Sn backgrounds has been studied in [90].

Recall from Section 3 that the existence of a flat connection a, namely, a connection
whose field strength identically vanishes, allows us to construct a nondeformable Wilson-
like operator (the monodromy matrix). Its path independence assures the conservation of
the corresponding charges. Hence, one would like to extend the analysis of Bena et al. to the
PS formulation of the AdS5 × S5 action.

The zero-curvature equations in the z, z coordinates reads

∂a − ∂a − [a, a] = 0. (5.68)
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However, it is simpler to work with the left-invariant currents, since they have a well-defined
grading. Using A = −g−1ag, the flatness condition (5.68) becomes

∂A − ∂A +
[
A,A

]
+
[
J,A
]
+
[
A, J
]
= 0, (5.69)

where J are the MC-currents J = J0 +
∑3

i=1 Ji.
The natural ansatz for A is the linear combination involving all the possible currents

A = αJ2 + βJ1 + γJ3 + δN0, A = αJ2 + β J1 + γ J3 + δN0. (5.70)

Notice that now also the Lorentz ghost currents participate to the proposed Lax pair. Further,
now no antisymmetric combination of the fermionic currents enter, as it was for the GS
formulation. The fermionic currents are treated on equal footing with the bosonic ones.

Plugging the ansatz (5.70) in the condition (5.69) and using the equations of motion
(5.52) and (5.54), one obtains for the coefficients the following solutions:

α = z − 1, β = ±z1/2 − 1, γ = ±z3/2 − 1,

α = z−1 − 1, β = ±z−3/2 − 1, γ = ±z−1/2 − 1,

δ =
(

1 − z2
)
, δ =

(
z−2 − 1

)
.

(5.71)

As it was noted by Vallilo [83], the system admits the same solution if we exclude the
ghost contributions. Thus, at classical level, the two sectors, matter and ghost, are completely
decoupled. This is not true at quantum level, as it can be seen in [7, 84, 89].

The Construction of the BRST Charges

The same result (5.71) has been found by Berkovits using a different procedure. Let me sketch
this point since it sheds some light, especially in the relations between the nonlocal charges
and the BRST operator. As it is clearly explained in [81], such charges are symmetries of the
string and can map physical states to physical states, thus they should necessarily respect the
symmetries of the theory, namely, they should be BRST invariant (and it follows for the GS
formalism that there the conserved nonlocal charges should be κ-symmetric).

The explicit construction of the charges for the type IIB superstring in AdS5 × S5 is
based in three steps [81]. First, we search for a gauge invariant current a, such that

Q(a) = ∂σΛ + [a,Λ] (5.72)

for some Λ. Then, the charges given by

P
(
e−
∫∞
−∞ dσa(σ)

)
(5.73)



54 Advances in High Energy Physics

are BRST invariant, since a satisfies (5.72). In order to construct a concretely, one makes an
ansatz writing the most general linear combination in terms of all the currents (matter and
ghost currents), that is,

a = −g
(
δN0 + βJ1 + αJ2 + γJ3 + δN0 + βJ1 + αJ2 + γJ3

)
g−1. (5.74)

Note that J0 and J0 are not included in the list, since we want a gauge invariant object, for the
same reason a is written as a rotation of the left-invariant currents, recall Section 3. First, we
act with the BRST operator Q on a (5.74), and then we impose that Q(a) obtained in this way
satisfies (5.74) where Λ is

Λ = g
(
bλ1 + bλ3

)
g−1. (5.75)

These constraints fix the coefficients only to certain values. The specific solutions are the same
as those found by Vallilo (5.71). Moreover, the remaining coefficients b and b are

b = ±z1/2 − 1, b = ±z−1/2 − 1. (5.76)

The expansion around the value z = 1 gives back the first global charge. Namely, for the
matter sector is

q ∼= (z − 1)
∫
dσj +O

(
z2
)
= (z − 1)

∫
dσ

(
1
2
j1 + j2 +

3
2
j3

)
+O
(
z2
)
, (5.77)

with j = −gJg−1. This is the explicit construction of the charges. However, their existence is
related to the fact that the classical BRST cohomology does not contain ghost number 2 states,
namely, that such states can always be written as BRST variation of certain operators. This is
indeed the ultimate condition that guarantees the existence of the higher charges.

5.5. Quantum BRST Charges and Quantum Monodromy Matrix

The arguments presented in the previous section are classical. One needs to implement
such arguments at quantum level. This has been done in [82] at any order in perturbation
theory. The argument runs essentially as before. Suppose that we have certain BRST invariant
charges at order hn in perturbation theory, then Q̃(k̃C) = hn+1ΩC + O(hn+2), where Q̃ is
the BRST operator that generates the classical BRST transformations and their quantum
corrections, while ΩC is some generic integrated local ghost number 1 operator. Since the
BRST cohomology is trivial for such operators ΩC, namely, for local integrated ghost number
1 operators [81, 82], then it can be always written as a BRST variation of something, namely,
it can be written as ΩC = Q(

∫∞
−∞ dσΣ

c(σ)), which means that k̃c − hn+1
∫∞
−∞ dσΣ

c(σ) is BRST
invariant up to order hn+1.
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Finiteness of the Monodromy Matrix at the Leading Order

We have discussed until now the existence of nonlocal charges and their BRST invariance
at quantum level. Nevertheless, this does not tell us whether such quantities remain well
defined quantum mechanically! Are these charges finite?

The question is very far from being trivial, since there are examples in which the bilocal
charges are not finite and they need to be regularized, cf. Section 3.4. In the pure spinor
approach, the question has been initially investigated by Mikhailov and Schafer-Nameki [84].
Indeed what they have explicitly shown is that the monodromy matrix is well defined at the
leading order in perturbation theory: it does not get renormalized and all the divergences
that can pop-up cancel. They have found different types of divergences, namely, divergences
that go like 1/ε (linear divergences) and logarithmical divergences (log ε). In a perturbative
quantum field theory, the first ones depend on the regularization scheme adopted, while the
second ones are independent on the scheme and must be cancelled, also in order to have
a consistent quantum conformal invariance. Indeed, suppose to have two contours C and
C′ related by a conformal transformation, namely, C′ = λC. Then the monodromy matrices
along the two paths have divergences that should be regularized. The independence on
the contour and hence the conformal invariance of the monodromy matrices implies that
Ωreg[C] = Ωreg[C′]. On the other side, one has that Ωreg[C] = limε→ 0(Ωε[C] + Cε[C]) and by
definition Ωε[C] = Ωλε[C′]. This forces to have then limε→ 0Cε[C] = limε→ 0Cλε[C′] which is
not true for the case of logarithmic divergences [84].

5.6. Quantum Integrability

We go on following the issue about the finiteness of the conserved charges. We have already
explained in Section 3 that the independence on the contour for the monodromy matrix Ω is
equivalent to the conservation of the charges. Thus our goal is to move at quantum level and
check that the independence on the contour and the zero-curvature equation still yield [7].

How do we proceed? In the first part, we show that there cannot exist an anomaly in
the deformation of the contour for the monodromy matrix. This is done by using techniques
analogous to the ones explained in Berkovits’ papers. In the second part, we explicitly
compute the field strength (5.80) and show that all the logarithmic divergent terms disappear
to first order in perturbation theory.

5.6.1. Absence of Anomaly

Before proceeding, I will summarize some of the basic “ingredients” presented in the
previous part of the section. Recall that the Lax pair is53

J(z) = J0 + zJ2 + z1/2J1 + z3/2J3 +
(
z2 − 1

)
N,

J(z) = J0 +
1
z
J2 +

1
z3/2

J1 +
1
z1/2

J3 +
(

1
z2
− 1
)
N .

(5.78)
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From the BRST transformations for the currents (5.57) and (5.59), we can read how the Lax
pair varies under the Q action:

εQ(J) = ∂
(
z−1/2ελ3 + z1/2ελ1

)
+
[
J, z−1/2ελ3 + z1/2ελ1

]
,

εQ
(
J
)
= ∂
(
z−1/2ελ3 + z1/2ελ1

)
+
[
J, z−1/2ελ3 + z1/2ελ1

]
,

(5.79)

where notice that z−1/2ελ3 + z1/2ελ1 is nothing but what we have called Λ in (5.75). The field
strength is

F(1,1)(z) ≡ ∂J − ∂J +
[
J,J

]
(5.80)

and it satisfies

εQ
(
F(1,1)(z)

)
=
[
F(1,1)(z), z1/2λ1 + z−1/2λ3

]
. (5.81)

Using the equations of motion (5.52)–(5.54) as well the Maurer Cartan identities, one
can easily show that indeed the Lax pair with components J and J given above does satisfy
the zero-curvature equation at classical level, that is, that the field strength vanishes

F(1,1)(z) = 0. (5.82)

Let us now investigate the relation between the monodromy matrix and the world-
sheet path (3.15), which I rewrite here for convenience:

δ

δxμ(s)
Ω = P

(
Fμνẋνe

∮
CJ(s)

)
. (5.83)

Fix a point along the path C and consider an infinitesimal deformation on C, that is,
xμ(s) → xμ(s) + δxμ(s). Since the deformation is really small, the “disturbance” in this ε
path is represented by some operators O sitting on it. At higher and higher energies these
operators can interact and produce divergences which spoil the contour independence of the
monodromy matrix.

Let us try to engineeringly construct O and then we will see that such an operator
cannot indeed exist. O should be

(1) local, since as explained we are worried about the short-distance behavior of the
currents which are operators and could produce UV divergences;

(2) gauge invariant;

(3) by dimensional analysis it is expected to have conformal dimension (1, 1), this can
be seen already in (5.83);
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(4) we have also seen that the charges are BRST invariant, namely, the Wilson loop is
BRST invariant classically and quantum mechanically. This implies that O should
transform according to

εQ
(
O(1,1)

)
=
[
O(1,1), z1/2λ1 + z−1/2λ3

]
, (5.84)

which corresponds to ask for the BRST closure of O;

(5) finally, the operator should have ghost number zero, which follows from (5.83).

At this point, we can write the most general linear combination satisfying the properties from
(1) to (5). Notice that the BRST closure (5.84) implies that the matter currents J1 and J3 are not
present in the possible list, because their BRST transformations (5.57) contain derivatives of
ghosts which cannot be reabsorbed by the equations of motion. Moreover the point (2) leads
to exclude the gauge currents J0 and J0. The ansatz for the operator O(1,1) has been given in
[7], namely,

O(1,1)(z) = A2+,2−(z)
[
J2, J2

]
+A1+,3−(z)

[
J1, J3

]
+A2+,3−(z)

[
J2, J3

]

+A1+,2−(z)
[
J1, J2

]
+A0+,2−(z)

[
N0, J2

]
+A2+,0−(z)

[
J2,N0

]

+A1+,0−(z)
[
J1,N0

]
+A0+,3−(z)

[
N0, J3

]
+A0+,0−(z)

[
N0,N0

]
.

(5.85)

The coefficients A are arbitrary functions of the spectral parameter z and they are of order h,
using Berkovits terminology. All the other possible terms are related by classical equations of
motion and Maurer-Cartan identities. We have to impose the relation (5.84) to O(1,1)(z). This
is indeed the most strict requirement on O(1,1)(z) and from this constraint eventually follows
the nonexistence of such operator O(1,1)(z): The system of equations for the unknowns A
admits only the trivial solution. Since we have proven that there are no operator obeying
to the properties (1)–(5), this excludes the possibility to have an anomaly in the contour
deformation of the quantum monodromy matrix.

Actually, by using Berkovits arguments and by recalling that the nonlocal charges have
been proven to be BRST invariant to all orders in perturbation theory, we can extend the
validity of our argument to any n-loop order (hn).

In some sense, order by order in the quantum theory the BRST symmetry fixes the
contour in such a way that any small deformation in the path will not produce any anomaly
in the monodromy matrix. This is because it is really the constraint (5.84) which rules out the
possibility to have an anomaly. This is quite different from the case of quantum CPn models
[61], where there is no such a “constraining” symmetry that prevents the model from an
anomaly.

Finiteness of the Monodromy Matrix to All Orders

Finally, let us to comment about another implication. The authors of [84] have argued that the
independence of the contour for the monodromy matrix leads necessarily to the cancellation
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of the logarithmically divergent terms in the quantum monodromy matrix. Consequently,
the arguments presented in [7] indicate that since the monodromy remains independent of
the contour to all orders in perturbation theory then it is also finite, or better, it is free from
logarithmic divergences to all loops.

5.6.2. The Operator Algebra

Our aim in this section is to show and to explain how to proceed with explicit one-
loop computations in the pure spinor formalism. In particular, we want to explain the
computations of the current OPE’s and the field strength (5.80) and we want to show that
F is free from logarithmic divergent terms. The operator algebra has been derived in [4, 7] at
the leading order.54

Since the world-sheet currents are not holomorphic or antiholomorphic, it is not
possible to derive the OPE’s by symmetry considerations. They have to be computed
perturbatively. The OPE results show indeed the nonholomorphicity of the currents but also
that the Z4-grading of the psu(2, 2 | 4) algebra is preserved.

Let me sketch the procedure. The method used is the background field method
[86, 89], which means that the fields are expanding around a classical solution. The
quantum fluctuations around the classical background interact and give rise to new effective
interactions.

(1) We write each field Φ as

Φ = Φcl + Φq. (5.86)

In particular, the group-valued map g is expanded in quantum fluctuations X around a
classical solution g̃, namely,

g = g̃eγX, with X ∈ g/g0, (5.87)

where γ is the parameter of the expansion, namely, the (inverse of the) coupling constant in
front of the action in (5.48). This means that we are considering the limit

R −→ ∞, or equivalently γ −→ 0. (5.88)

The gauge invariance of the (super) coset space can be used to fix the fluctuations in g/g0.
Hence from the definition of the currents J = g−1dg, one can compute their expansion in
terms of the fields X, that is,

Ji = J̃i + γ
(
∂Xi +

[
J̃ , X
]
i

)
+
γ2

2

(
[∂X,X]i +

[[
J̃ , X
]
, X
]
i

)
+O
(
γ3
)
,

J0 = J̃0 + γ
[
J̃ , X
]

0
+
γ2

2

(
[∂X,X]0 +

[[
J̃ , X
]
, X
]

0

)
+O
(
γ3
)
,

(5.89)
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where the subscript i denotes the projection into gi and its values are i = 1, 2, 3. J̃ is the classical
current, that is, J̃ = g̃−1dg̃. The analogous expansion (5.89) holds for the bar components of

the currents, with the obvious substitutions ∂ → ∂ and J̃ → J̃ . The same method can be
applied to the ghost fields [89, 91, 92],

ω3+ −→ ω̃3+ + γ ω3+, λ1 −→ λ̃1 + γ λ1,

ω1− −→ ω̃1− + γ ω1−, λ3 −→ λ̃3 + γ λ3,

(5.90)

which means that the Lorentz ghost currents transform according to the following
expressions:

N0 = Ñ0 + γN
(1)
0 + γ2N

(2)
0 ,

N0 = Ñ0 + γN
(1)
0 + γ2N

(2)
0 ,

(5.91)

with

N
(1)
0 = −

{
ω3+, λ̃1

}
− {ω̃3+, λ1}, N

(2)
0 = −{ω3+, λ1},

N
(1)
0 = −

{
ω1−, λ̃3

}
− {ω̃1−, λ3}, N

(2)
0 = −{ω1−, λ3}.

(5.92)

(2) We plug (5.89) and (5.91) in the action (5.48), we obtain an effective action,55 which
gives us the new Feynman diagrams. What is really interesting are the terms quadratic in the
quantum fluctuations, Φq, since they will give us the diagrams which correct the two-point
functions. Explicitly for the matter sector, we have

SM = SM;0 + SM;β + SM;2 (5.93)

where SM;0 is the classical matter action (5.36), SM;β is the effective action for the matter
contribution used for computing the one-loop β-function in [86, 89], while SM;2 contains the
off-diagonal terms:
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SM;β

=
1
π

∫
d2z Str

(
∂X1∂X3 +

1
2
∂X2∂X2

− [∂X2, X3]J3 −
[
∂X2, X1

]
J1 −

1
2
[∂X3, X3]J2 −

1
2

[
∂X1, X1

]
J2

+
3
4

[[
J1, X3

]
, X1

]
J3 +

1
2

[[
J1, X2

]
, X2

]
J3 +

1
4

[[
J1, X1

]
, X3

]
J3

+
1
2

[[
J2, X2

]
, X2

]
J2 +

1
4

[[
J2, X1

]
, X3

]
J2 −

1
4

[[
J2, X3

]
, X1

]
J2

−1
4

[[
J3, X3

]
, X1

]
J1 −

1
2

[[
J3, X2

]
, X2

]
J1 +

1
4

[[
J3, X1

]
, X3

]
J1

)
,

(5.94)

SM;2

=
1
π

∫
d2z

× Str
(

1
2

[[
J3, X1

]
, X1

]
J3 +

1
2

[[
J1, X3

]
, X3

]
J1 +

5
8

[[
J2, X2

]
, X1

]
J3 +

3
8

[[
J2, X1

]
, X2

]
J3

+
3
8

[[
J1, X2

]
, X3

]
J2 +

5
8

[[
J1, X3

]
, X2

]
J2 −

3
8

[[
J3, X2

]
, X1

]
J2 +

3
8

[[
J3, X1

]
, X2

]
J2

−3
8

[[
J2, X3

]
, X2

]
J1 +

3
8

[[
J2, X2

]
, X3

]
J1

)
.

(5.95)

For the ghost sector one has

SG = SG;0 + SGM;β + SGM;2 + SGM;3 + SG;2. (5.96)

SG;0 is the classical ghost action (5.47), SGM;β contributes to the one-loop β-function [89]

SGM;β

=
1

2π

∫
d2z Str

(
N0

[
∂X3, X1

]
+N0

[
∂X2, X2

]
+N0

[
∂X1, X3

]

+N0[∂X3, X1] +N0[∂X2, X2] +N0[∂X1, X3]
)

(5.97)
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and further contributions are contained in

SGM;2 =
1

2π

∫
d2z Str

(
N0

[[
J3, X3

]
, X2

]
+N0

[[
J3, X2

]
, X3

]
+N0[[J2, X1], X1]

+N0

[[
J2, X3

]
, X3

]
+N0

[[
J1, X1

]
, X2

]
+N0

[[
J1, X2

]
, X1

]

+N0

[[
J2, X1

]
, X1

]
+N0[[J3, X3], X2] +N0[[J3, X2], X3]

+N0[[J2, X3], X3] +N0[[J1, X1], X2] +N0[[J1, X2], X1]
)
,

(5.98)

SGM;3

=
1
π

∫
d2z Str

(
−N(1)

0

([
J3, X1

]
+
[
J1, X3

]
+
[
J2, X2

])
−N

(1)
0 ([J3, X1] + [J1, X3] + [J2, X2])

)

(5.99)

SG;2 = − 1
π

∫
d2zStr

(
N

(1)
0 N

(1)
0

)
. (5.100)

SG;2 is responsible for the interaction between the two types of ghost currents, so we will have
also a nonzero OPE between N and N.56

(3) We compute the effective propagators (or two-point functions) according to

(A + V1 + V2)−1 = A−1 −
(
A−1V1A

−1
)
+
(
A−1V1A

−1V1A
−1
)
−
(
A−1V2A

−1
)
+ · · · , (5.101)

where A represents the kinetic operator A ∼ (1/2π)∂∂. V1 represents the three-leg vertices
with interaction terms of the type J ·∂, such as those in (5.97) and the second line in (5.94); V2

contains the four-leg diagrams with interactions of the type J J , such as those contained in
(5.95), (5.99), (5.98), and in the last lines of (5.94). Notice that by dimensional analysis V1 has
conformal weight 1, while V2 has conformal weight 2, this is why we truncate the expansion
to these operators.

(4) Finally, it is possible to compute the current OPE’s contracting the quantum
fluctuations Φq with the propagators of the previous point (5.101). In particular for the matter
currents the OPE’s up to order γ2 ∼ (1/R2) are

JA(x) J
B(
y
) ∼=
〈
JA(x)J

B(
y
)〉

+ γ2

(〈
∂XA(x)∂XB(y)

〉
+

〈
∂XA(x)

[
J̃ , X

]B(
y
)〉

+
〈[
J̃ , X
]A

(x)∂XB(y)
〉
+

〈[
J̃ , X
]A

(x)
[
J̃ , X

]B(
y
)〉)

+ · · · ,

(5.102)

where A is a psu(2, 2 | 4) index.
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If we allow ourselves to keep up to dimension-2 operators in the OPE’s, as in [7], then
at order 1/R2 the ghosts and the matter are coupled and they give rise to the following OPE’s

N0(x)Ji
(
y
) ∼= − 1

R2

(〈{
ω3+, λ̃1

}
(x)∂Xi

(
y
)〉

+
〈
{ω̃3+, λ1}(x)∂Xi

(
y
)〉)

+ · · · ,

N0(x)Ji
(
y
) ∼= − 1

R2

(〈{
ω1−, λ̃3

}
(x)∂Xi

(
y
)〉

+
〈
{ω̃1−, λ3}(x)∂Xi

(
y
)〉)

+ · · · ,
(5.103)

N0(x)N0
(
y
) ∼= 1

R2

(〈{
ω3+, λ̃1

}
(x)
{
ω1−, λ̃3

}(
y
)〉

+
〈{

ω3+, λ̃1

}
(x){ω̃1−, λ3}

(
y
)〉

+ 〈{ω̃3+, λ1}(x)
{
ω1−, λ̃3

}(
y
)
〉

+
〈{

ω̃3+, λ̃1

}
(x){ω̃1−, λ3}

(
y
)〉)

+ · · · .

(5.104)

All the OPE results are listed in Appendix C.2.
Moreover at this order 1/R2 the currents can get renormalized, namely, there are loop-

diagrams that can contribute. In particular looking at the expansion (5.89) one sees that the
corrections at order 1/R2 contain two quantum fields X which can be contracted. Since they
are on the same point, this will give rise to one-loop diagrams, such as tadpoles or self-energy
diagrams. Explicitly:57

1
R2

〈
J(2)(x)

〉
=

1
2R2 〈[∂X,X](x)〉 + 1

2R2

〈[[
J̃ , X
]
, X
]
(x)
〉
. (5.105)

5.6.3. The Field Strength

As discussed in [7], looking at the expression (5.83) the field strength is our prototype for
the operator O. However, in (5.85) we mod out the redundancy coming from the equations
of motion and the Maurer Cartan identities. This means that there might be operators which
classically vanish on-shell and which satisfy all the requirements (1)–(5). Obviously, how
it can be readily seen, the field strength (5.80) has all these features. For this reason, we
have also explicitly computed the field strength at one-loop showing that all the logarithmic
divergences cancel. However, we have not showed the complete vanishing of the field
strength, namely, that the finite terms also cancel, due to technical difficulties.

Once we have expanded the left-invariant currents in 1/R2, cf. (5.89)–(5.91), the Lax
pair J (5.78), and the field strength F (5.80) will be also expanded consequently:

J −→ J̃ + γJ(1) + γ2J(2) +O
(
γ3
)
,

F(1,1) −→ F̃ + γF(1) + γ2F(2) +O
(
γ3
)
.

(5.106)

Notice that J̃ is the classical flat connection, which means that F̃ = 0.
One can write the curvature tensor as

F(1,1)(z) = : F(1,1)(z) : +
∑
k

Ck(ε)O(1,1)
k (z). (5.107)
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The symbol: : denotes the normal ordering prescription, namely, the contribution toF coming
from the internal contractions in the currents (5.105), while the sum

∑
k Ck(ε)Ok is the

operator product expansion (OPE) which, by definition, takes into account the effects of the
operator JJ. Explicitly, since F(1,1) is defined as in (5.80), in order to compute F(2), we need
to consider two contributions:

∂J − ∂J =: ∂J − ∂J : (5.108)

[
J(x),J

(
y
)]

= :
[
J(x),J

(
y
)]

: +fABCJ
B(x)J

C(
y
)
tA

= :
[
J(x),J

(
y
)]

: +
∑
k

Ck(ε)Ok;+−(σ),
(5.109)

when x − y ∼ ε and σ ≡ (x + y)/2. Notice that both expressions (5.108) and (5.109) depend
on the spectral parameter z. In particular, for the commutator (5.109) one has

[
J,J

]
=
[
J0, J0

]
−
[
J0,N

]
−
[
N, J0

]
+ 2
[
N,N

]
+
[
J2, J2

]
+
[
J1, J3

]
+
[
J3, J1

]

+ z−2
([
J0,N

]
−
[
N,N

])

+ z2
([
N, J0

]
−
[
N,N

])

+ z−1
([
J0, J2

]
+
[
J1, J1

]
+
[
J2,N

]
−
[
N, J2

])

+ z−3/2
([
J0, J1

]
+
[
J1,N

]
−
[
N, J1

])

+ z−1/2
([
J0, J3

]
+
[
J2, J1

]
+
[
J1, J2

]
+
[
J3,N

]
−
[
N, J3

])

+ z
([
J2, J0

]
+
[
J3, J3

]
−
[
J2,N

]
+
[
N, J2

])

+ z1/2
([
J1, J0

]
+
[
J2, J3

]
+
[
J3, J2

]
−
[
J1,N

]
+
[
N, J1

])

+ z3/2
([
J3, J0

]
−
[
J3,N

]
+
[
N, J3

])
.

(5.110)

The various sectors labelled by zs distinguish the different subalgebras and thus they cannot
mix.

The strategy is to calculate the contributions to (5.108) and (5.109) and to show the
cancellation of the divergences for each different sector zs. Notice that, in principle, each
commutator in (5.110) gives again two types of terms, namely, each commutator in (5.110) is
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written as

[
J(x), J

(
y
)]A

= fABC JB(x)J
C(
y
)
+ :
[
J(x), J

(
y
)]A

:,

[
J(x),N

(
y
)]A

= fAB[ab]J
B(x)N

[ab](
y
)
+ :
[
J(x),N

(
y
)]A

:,

[
J(x),N

(
y
)]A

= fAB[ab]J
B
(x)N[ab](y)+ :

[
J(x),N

(
y
)]A

:,

[
N(x),N

(
y
)][ab]

= f [ab]
[c1d1][c2d2]

N[c1d1](x)N
[c2d2](

y
)
+ :
[
N(x),N

(
y
)][ab]

:,

(5.111)

where again all the first terms are computed from the OPE’s while the second is the normal
ordered commutator which contributes with terms as in (5.105).

Finally, summing all the contributions illustrated in this section, and using the OPE
results listed in Appendix C, it has been possible to show that indeed the one-loop field
strength F(2) is free from UV divergences [7].

6. AdS5/CFT4 as a 2d Particle Model and the Near-Flat-Space Limit

6.1. Introduction

The integrable structures found on both sides of the correspondence allow one to treat the
planar AdS/CFT as a two-dimensional particle model. On the gauge theory side, this is
due to the correspondence between the N = 4 SYM theory and the one-dimensional spin
chain, in particular, it follows from the identification between the dilatation operator and
the spin chain Hamiltonian, cf. Section 2. We can treat the scatterings of the impurities in
the spin chain as collisions among (1 + 1) dimensional particles and consider the S-matrix
for describing all the relevant kinematical observables. In particular, the integrability of
the model ensures that each magnon only scatters with another one each time (S-matrix
factorization).

What about the string theory side? There we have a two-dimensional world-sheet
description for closed strings in AdS backgrounds. We need to identify which are the
elementary excitations of the world-sheet which correspond to the spin chain magnons. In
this sense the full GSMT formulation might seem hopeless: keeping all the symmetries for the
AdS superstring does not help to find the spectral information. However, in the (generalized)
light-cone gauge the world-sheet theory describes only the physical degrees of freedom of the
AdS superstring. And it is in this way that it is possible to interpret the world-sheet excitations
as two-dimensional particles.

Having a theory which describes particles in (1 + 1) dimensions and which might be
integrable, means that we can know all the spectrum through the S-matrix, cf. Sections 2 and
3. In particular, even without an exact knowledge of the dilatation operator, the (asymptotic)
spectrum can be encoded in the Coordinate Bethe equations, which in turn can be derived
from the S-matrix. Naturally this should be true on both sides of the AdS/CFT duality and in
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fact it turns out that it is the same S-matrix which describes (asymptotically) the collisions of
magnons along the (infinitely long) spin chain and of world-sheet excitations (in an infinite
volume).

Historically, on the gauge theory side, the S-matrix was initially discussed by
Staudacher in [93]. Beisert explained how it is determined by the unbroken symmetries of
the model up to an abelian overall phase in [94, 95]. On the string theory side, it was initially
discussed by Arutyunov et al. in [96], by Klose and Zarembo in [97], and by Roiban et al. in

[98]. Further fundamental works in this direction are the paper by Klose et al. [99], where

the world-sheet S-matrix is computed to tree level and the papers by Arutyunov et al. [100],
where the S-matrix has been rewritten in a string basis, and by Arutyunov et al. [101], where
the symmetries are discussed on the string theory side. Actually, we will use the S-matrix in
the near-flat-space limit (NFS) which was computed to one-loop by Klose and Zarembo in
[102] and to two-loops by Klose et al. in [103].

There is a key-point in the discussion above. Such a “S-matrix-program” assumes
(quantum) integrability: the kinematical information is obtained by means of the two-body S-
matrix. As explained in the previous Section 5, proving rigorously the quantum integrability
for the type IIB superstring is an incredible hard task probably as much as proving the
gauge/string correspondence. But now, after Section 3, we know that in two-dimensional
field theories the higher conserved charges leave dynamical constraints (particle production,
elastic scattering, factorization of the S-matrix) which can be tested. For example, this is the
strategy used in [5]: Show that all these properties hold up to one-loop for the type IIB
superstring in AdS5 × S5.

We should be more precise. First point to discuss is that, even fixing the light-cone
gauge, the σ-model described by Metsaev and Tseytlin in [49] is still prohibitive or at least
very complicated. For this reason, we use for the explicit computation the so-called near-flat-
space limit, introduced in 2006 by Maldacena and Swanson [104]. We will explain the features
of the model in this limit and the corresponding S-matrix. We will also introduce the light-
cone gauge and the BMN limit [105], since we will reuse these notions in Section 7 discussing
the “new” gauge/gravity duality. Notice also that we are discussing the S-matrix and the
spectrum in the infinite volume limit.

A second point to stress: We should not be confused about which kind of S-matrix
we are discussing. As mentioned at the beginning, we are describing the superstring in AdS
spaces from a world-sheet point of view. Indeed we have always discussed the integrability of
the world-sheet action. The complete kinematical and dynamical information is contained
in this very special two-dimensional quantum field theory. In the light-cone gauge the
excitations, which are left after gauge-fixing, are only the physical ones. These are massive
excitations in the string world-sheet. Thus when we talk about and describe the S-matrix on
the string theory side, we really mean the world-sheet S-matrix, and not the target space S-
matrix. It is really the S-matrix which describes the scattering of these particle excitations on
the string world-sheet.

On the gauge theory side, it is the same, namely, we are dealing with the internal
S-matrix, adopting the expression used by Staudacher in [93]. This means that we are
considering the scattering of magnons, namely, the fundamental excitations in the spin chain
picture. This should be not confused with the external S-matrix, namely, the scattering matrix
associated with the collisions of gluons in four dimensional space-time.
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6.2. Light-Cone Gauge, BMN Limit, and Decompactification Limit

In this section, we explain more concretely what we mean by a two-dimensional particle
model from the string theory point of view, introducing the generalized light-cone gauge, the
decompactification limit and the fields.

6.2.1. Light-Cone Gauge

In the GS formalism in order to treat the AdS superstring we need to break the (super)
Lorentz covariance by imposing the light-cone gauge [69, 106–109]. We introduce the AdS5 ×
S5 metric in the global coordinates

ds2 = −Gtt(z)dt2 +Gzz(z)dz2

︸ ︷︷ ︸
AdS5

+Gϕϕ(y)dϕ2 +Gyy(y)dy2

︸ ︷︷ ︸
S5

, (6.1)

with

Gtt(z) =

(
1 +
(
z2/4

)

1 − (z2/4)

)2

, Gzz(z) =
1

(1 − (z2/4))2
,

Gϕϕ

(
y
)
=

(
1 − (y2/4)
1 + (y2/4)

)2

, Gyy

(
y
)
=

1
(
1 + (y2/4)

)2
.

(6.2)

In AdS5, the coordinates zi are the four transverse directions and t is the global time; in S5,
yi
′

are the four transverse coordinates and ϕ is the angle along one of the big circle of the
5-sphere. The corresponding embedding coordinates, the world-sheet fields, are denoted by

T,Zi︸︷︷︸
AdS5

, φ, Yi′︸︷︷︸
S5

with i, i′ = 1, 2, 3, 4. (6.3)

One can introduce the light-cone coordinates which mix the two U(1) directions, in
particular to keep the discussion more general we can use the following parameterization

X+ = (1 − a)T + aφ, X− = φ − T, (6.4)

where a is a real number defined between 0 ≤ a ≤ 1. The typical values for a are a = 1/2,
which is called the uniform gauge, and a = 0 which is called the temporal gauge.58 There
are some simplifications for the different gauge choices, in particular in the next Section 7
in the context of the AdS4/CFT3, we will make use of the temporal gauge. Here, we will
assume the uniform light-cone gauge, which corresponds to the most symmetric choice and
has remarkable simplifications in the S-matrix computations.
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The conjugate momenta are defined by pM = δL/δẋM. Hence inverting the relations
(6.4), T = X+ − aX− and φ = X+ + (1 − a)X−, the light-cone momenta are

p+ ≡
δL
δẊ+

= pφ + pT , p− ≡
δL
δẊ−

= −apT + (1 − a)pφ. (6.5)

In the light-cone gauge the target space time (in light-cone coordinates) is identified
with the world-sheet time coordinate59 and the conjugate momentum to the field X− is kept
constant, namely,

X+
!︷︸︸︷
= τ, p−

!︷︸︸︷
= constant (≡ C). (6.6)

Notice that this means that the total space-time momentum in the light-cone coordinates is

P− =
1

2πα′

∫π
−π
dσp− =

C

α′
,

P− =
1

2πα′

∫π
−π
dσp− =

1
2πα′

∫π
−π
dσ
(
−apT + (1 − a)pφ

)
= aE + (1 − a)J.

(6.7)

The first line in (6.7) says that the total space-time light-cone momentum P− measures the
world-sheet circumference, which we have chosen to parameterize with −π ≤ σ ≤ π .
However, we could have integrated between the interval [−s, s] after rescaling the world-
sheet coordinate σ, and nothing would have changed in the first line, a part from the
appearance of the constant 2s. Thus P− is related to the string length. Notice that we have
set R = 1, but it can be easily restored by multiplying the results in (6.7) by R2.

Let us now comment on the second line in (6.7). By definition, P− is related to the
U(1) charges which are the energy, conjugated to the global time in AdS, and the angular
momentum J , conjugated to the angle for the S5-equator. Since this is important, let me stress
that we have

E = − 1
2πα′

∫π
−π
dσpT , J =

1
2πα′

∫π
−π
dσpφ. (6.8)

Notice that for the temporal gauge (a = 0) the total space-time light-cone momentum P− is
the angular momentum J . Finally, for P+ we have

P+ =
1

2πα′

∫π
−π
dσp+ =

1
2πα′

∫π
−π
dσ
(
pφ + pT

)
= J − E. (6.9)

Even though we have fixed the light-cone gauge, there is still some choice left: there
is still the reparameterization invariance for the world-sheet coordinates. Closed strings are
parameterized by τ which can take any real values and by σ which takes values in the S1

circle, since by definition the string is closed. Then topologically the closed string world-
sheet is a cylinder. In particular, this implies that when we shift the coordinate σ along the
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circle by a constant, the physics we are describing should not change. In other words the total
momentum along the word-sheet spatial direction (namely, the operator which generates
the translation in σ) should vanish. This is the so-called level matching condition: the total
world-sheet momentum should vanish. Physical closed strings must be level-matched. The
reparameterization invariance with respect to the world-sheet coordinates is encoded in the
Virasoro constraints. Namely, we have to impose that the energy-momentum tensor for the
superstring world-sheet vanishes:

Tμν ≡ Sμν −
1
2
γμνγ

λρSλρ = 0, (6.10)

where the definition for Sμν comes from recalling that the GSMT AdS superstring world-sheet
Lagrangian is L = Lkin +LWZW, cf. Section 4.2, that is,

Lkin = −1
2
γμνSμν = −

1
2
γμν STr

(
JμJν

)
|g2

= −1
2
γμνS

(0f)
μν −

1
2
γμνS

(2f)
μν + · · ·

LWZ = L(2f)
WZ + · · · .

(6.11)

We have expanded in the inverse powers of the string tension (1/
√
λ) and for each loop in the

number of fermions. The string world-sheet metric is γμν with determinant −1 and defined
by γμν =

√
−hhμν.

We can concentrate on the bosonic sector for simplicity. In this case, Sμν is simply given

by S(0f)
μν = ∂μXM∂νX

NGMN and the Virasoro constraints read

Tbosμν = ∂μXM∂νX
NGMN −

1
2
γμνγ

λρ∂λX
M∂ρX

NGMN = 0. (6.12)

One can define the conjugate momenta as

pM = −γτμGMN∂μX
N (6.13)

which is only another way of rewriting the functional derivative δL/δẊN for the bosonic
sector. Then one has

ẊM = − 1
γττ

GMNpN −
γτσ

γττ
XM′

, (6.14)
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where the world-sheet metric basically plays the role of a Lagrange multiplier as it can be
seen also rewriting the Hamiltonian and the Lagrangian, that is,

L = − 1
2γττ

GMNpMpN +
1

2γττ
GMNX

M′
XN ′

H = pMẊM − L = − 1
2γττ

(
GMNpMpN +GMNX

M′
XN ′
)
−
γτσ

γττ
pMX

M′
.

(6.15)

Thus the Virasoro constraints just become

GMNpMpN +GMNX
M′
XN ′ = 0, pMX

M′
= 0. (6.16)

The standard procedure is to solve the second Virasoro constraints in (6.16) in order to find
X−

′
and substitute it back in the first constraint GMNpMpN + GMNX

M′
XN ′ = 0. In particular

one finds

pMX
M′

= p−X−
′
+ pIXI ′ = 0 −→ X−

′
= − 1

C
pIX

I ′ (6.17)

with the index I = 1, . . . , 8 labeling the transverse directions, that is, I = (i, i′). Thus X−
′

is a function of the physical transverse fields, which are periodic in σ. Indeed, in the light-
cone gauge, X−

′
measures the density of the variation of the fields along the σ direction,

namely, it measures the world-sheet momentum density. Then, once one integrates the second
constraint in (6.16), we recognize in it the level-matching condition.

Plugging back the solution for X−
′

in the first constraint in (6.16), one obtains a
quadratic equation for p+, that can be solved by

Hlc = −p+, (6.18)

whereHlc is the light-cone world-sheet Hamiltonian density. Again p+ is now only a function
of the transverse coordinates and momenta, once that all the gauges are imposed and the
constraints are solved. Equation (6.18) tells us that the time evolution in the world-sheet
coincides with the time evolution in the target space as it should be, since we have chosen to
identify the two time coordinates X+ and τ . The world-sheet Hamiltonian is then

H =
1

2πα′

∫π
−π
dσHlc. (6.19)

In particular since the Hamiltonian density does not depend on constants related to gauge
choices, it does not depend on P−. The length of the circumference P−, (or the angular
momentum J in the temporal gauge), enters only trough the interval of integration in (6.19).
This implies that in fact one can rescale the boundary of integration by π → πP−/

√
λ,
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(or by π → πJ/
√
λ in the temporal gauge). Equation (6.18) has also another important

consequence. Rewriting p+ from (6.5), as a consistency condition one has

H =
1

2πα′

∫π
−π
Hlc = −

1
2πα′

∫π
−π
p+ = − 1

2πα′

∫π
−π

(
pT + pφ

)
= E − J, (6.20)

where we used the definitions for the U(1) charges in (6.8).

The Fields

After gauge-fixing the type IIB Lagrangian, we are left with 8 bosonic and 8 fermionic degrees
of freedom. The bosons correspond to the transverse directions in AdS5 × S5. The initial
symmetry PSU(2, 2 | 4) is broken by the gauge-choice. In particular for the bosonic sector we
have killed the directions T and φ in favor of Y and Z. Thus the manifest bosonic symmetries
left are

SO(4, 2) × SO(6) −→ SO(4) × SO(4). (6.21)

The light-cone gauge preserves the SO(4) × SO(4) symmetry. However, in the BMN limit, the
unbroken symmetry group is enhanced to SO(8), but not in the NFS limit, where the quartic
interactions break SO(8) into two copies of SO(4), cf. Sections 6.2.3 and 6.3, respectively. The
indices i, i′, with i, i′ = 1, 2, 3, 4 carried by the fields Z and Y, respectively, can be rewritten in
terms of spinorial indices thanks to the Pauli matrices [99], namely, each group SO(4) can be
decomposed as two copies of SU(2):

SO(4) ∼ (SU(2) × SU(2))/Z2. (6.22)

Notice that one SO(4) comes from the AdS isometry. It represents what is left from the
conformal group after gauge-fixing. The second SO(4) comes from the sphere isometry,
corresponding to what is left from the R-symmetry. Thus the two copies of SU(2) contained
in SO(4, 2) are the Lorentz symmetry group while the other two SU(2)’s contained in SO(6)
describe the flavor symmetry of the model.

In terms of the fields this means that the embedding coordinates can be rewritten as
bi-spinors

Zαα̇ = (σi)αα̇Z
i, Yaȧ = (σi′)aȧY

i′ , (6.23)

where the σ matrices are σi = σi′ = (1, ι−→σ ) and the indices are a = 1, 2, ȧ = 1̇, 2̇, α = 3, 4, and
α̇ = 3̇, 4̇. The fermions mix between the two different sectors:

Ψaα̇, Υαȧ, (6.24)

and one can rewrite all the fields as a 4 × 4 matrix

(
Yaȧ Ψaα̇

Υαȧ Zαα̇

)
. (6.25)
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The fields transform in the bifundamental (2 | 2)2 representation of PSU(2 | 2)L ×PSU(2 | 2)R.
The left and right group acts along the columns and the rows of the matrix (6.25), respectively.
Notice that in the matrix notation above, the first block diagonal corresponds to S5.

Finally, the two (2 | 2) indices can be rearranged in the superindices A = (a, α) and
Ȧ = (ȧ, α̇), where a, ȧ are even and α, α̇ are odd.

6.2.2. Decompactification Limit

We have seen that we can rescale the interval of integration in σ by a factor depending on the
total light-cone momentum P−. Consider now the limit

P− −→ ∞. (6.26)

This means that the world-sheet action is an integral between −∞ and +∞, namely, for
the spatial world-sheet coordinate it means σ ∈ R. Equivalently, we can say that instead
of considering closed strings we are discussing open strings, whose world-sheet has the
topology of a plane.

Why would one like to consider such a limit? The point is that in this decompactification
limit the world-sheet becomes an infinite plane and it makes sense to introduce asymptotic
states (as the ones we discussed in Section 3.3) and the S-matrix for the world-sheet
excitations. It is worth noticing that on the gauge theory side the decompactification limit
corresponds to gauge-invariant operators with very large R-charge (J).

6.2.3. The BMN Limit

The name “BMN” stays for Berenstein et al. [105]: Another fundamental work in this
direction is the paper by Gubser et al. [110]. The terms BMN limit and plane-wave limit will
be used as synonyms. The plane wave limit of the AdS5 × S5 type IIB superstring action was
found in [111] by Metsaev and in [112] by Metsaev and Tseytlin.

The AdS5 × S5 metric in global coordinates can be rewritten as

ds2 = R2
(
−dt2cosh2ρ + dρ2 + sinh2ρdΩ2

3 + dφ
2cos2θ + dθ2 + sin2θdΩ′23

)
, (6.27)

where the explicit dependence in the radius R is restored.60 The metric is the same as in (6.1)
after transforming the coordinates according to

cosh ρ =
1 +
(
z2/4

)

1 − (z2/4)
, cos θ =

1 +
(
y2/4

)

1 −
(
y2/4

) . (6.28)

We will deal with an infinitely boosted string along the S5 equator parameterized by φ.
Such a string carries a very large angular momentum J . One can treat it semi-classically and
consider small fluctuations around the classical null geodesic of the point-like string which is
described by ρ = θ = 0. By dimensional analysis one has that J ∼ R2, thus it is equivalent to
consider the large radius limit (R → ∞) of the AdS5 × S5 background (Penrose limit).
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It is useful to rescale the coordinates for the choice a = 0 according to

t −→ x+, ϕ −→ x+ +
x−

R2
, zi −→ zi

R
, yi

′ −→
yi
′

R
. (6.29)

Notice that X+ is dimensionless, X− has length dimension 2 while the transverse coordinates
have dimension 1. Plugging back the coordinate transformations (6.29) in the metric (6.27)
and taking the large R limit one obtains

ds2 ∼= 2dx+dx− + dz2 + dy2 −
(
z2 + y2

)
(dx+)2 +O

(
1
R2

)
. (6.30)

This is the Penrose limit of AdS5 × S5 space, which is equivalent to the plane-wave geometry
seen by a very fast particle.

The Ramond-Ramond (RR) flux survives the Penrose limit, thus we need to impose
the light-cone gauge in order to study the fate of our string:

X+ = τ, p− = constant. (6.31)

Notice that after the rescaling (6.29) the U(1) charge corresponding to the angular momentum
J gets also rescaled by a factor R2, namely, now we have

P− =
J

R2
, P+ = J − E. (6.32)

The limit we are considering is

R −→ ∞, J −→ ∞, P− = fixed, E − J = fixed, (6.33)

and we will neglect all the terms of order O(1/R2). Notice that (λ/J2) ∼ (R4/J2) and P−
plays the role of an effective parameter. For example, recalling that at the leading order the
bosonic Lagrangian is L = −(1/2)S(0f)

μν = −(1/2)∂μXM∂νX
NGMN and plugging in GMN the

plane-wave metric (6.30), one obtains at the leading order

LB,BMN =
1
2

4∑
i=1

{(
Z′i
)2

+
(
Zi
)2
−
(
Żi
)2
}
+

1
2

4∑
i′=1

{(
Y ′

i′
)2

+
(
Y i′
)2
−
(
Ẏ i′
)2
}
,

HB,BMN =
1
2

4∑
i=1

{(
Z′

i
)2

+
(
Zi
)2
}
+

1
2

4∑
i′=1

{(
Y ′

i′
)2

+
(
Y i′
)2
}
.

(6.34)

We have distinguished between Y and Z coordinates just to make contact with the notation
used in the previous section, but indeed they should be treated on equal footing. The above
Hamiltonian describes a free system of 8 bosonic massive fields. It is straightforward to
introduce the fermions, in particular at the leading order we will have only bilinear fermionic
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terms (L(2f)
kin ). After gauge-fixing the local fermionic κ symmetry, only the SO(8) spinors

survive and they also acquire mass from the RR flux (the term is contained in the covariant
derivative).

After expanding in Fourier modes the bosonic (and the fermionic) fields, the quantized
Hamiltonian

HB,pp =
∞∑

n=−∞
ωn

8∑
I=1

(
aIn

)†(
aIn

)
(6.35)

describes 8 different kinds of free oscillators, completely decoupled and with unit mass.61

The BMN dispersion relation is relativistic, namely,

ω2
n = 1 + k2 = 1 +

(
n

α′P−

)2

= 1 +

(
nR2

α′J

)2

, (6.36)

which is valid for fermions and bosons. Notice that since the theory is free the S-matrix is
trivially the identity.

Let us consider the first nontrivial case,62 namely, a string state where only two level-
matched oscillators are excited, that is, (aIn)

† (aI−n)
†|0〉. The corresponding energy is

2ωn = 2

√√√√1 +

(
nR2

α′J

)2

� 2 +

(
nR2

α′J

)2

+O
(
λ

J2

)
. (6.37)

It is possible to consider the same limit also on the gauge theory side. The
corresponding spin chain carries operators with an infinite R-charge (J) and the dispersion
relation computed gives the same result (6.36). In Section 2.4.1, we have analyzed the
dispersion relation for an operator such as

Tr
(
ZL−KWK

)
. (6.38)

In the particular case where K = 2, we have computed EK=2 = (λ/π2)sin2(πn/(L − 1)) where
the quantized momentum for the magnons is ±p = ±(2πn/(L − 1)). L is the spin chain
length and the R-charge is J = L − K. Let us consider the small momentum limit p → 0,
or equivalently the large L limit, then

EK=2
∼=
λn2

L2
∼=
(
R2n

α′J

)2

, (6.39)

where we have made all the factors explicit to facilitate the comparison with the formula
(6.36), namely, (R4/α′

2
J2) = (λ/J2), and we are using the fact that J ∼ L → ∞ while

K ∼ O(1). Indeed the two dispersion relations match exactly, recalling that now the scaling
dimension is Δ = J + 2 + γ and the string energy is E = Δ − J , where J is just the bare
scaling dimension. Thus, EK=2 gives the first λ/J2 correction to the string energy E and to the
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anomalous dimension Δ − J . Hence, the plane-wave string is dual to a single trace operator
with infinite R-charge.63

The BMN Scaling

Notice that on the string side the BMN limit means λ → ∞ and J → ∞, but the ratio
λ′ ≡ λ/J2 is kept fixed. One might wonder what happens if we consider λ′ as a small effective
parameter. This is the so-called BMN scaling, where an expansion in λ′ gives the subleading
terms to the dispersion relation:

E = J + J

[(
∞∑
l=0

a
(l)
1

Jl

)
λ′ +

(
∞∑
l=0

a
(l)
2

Jl

)
λ′

2 + · · ·
]
. (6.40)

Notice that it is a joint expansion64 in λ′ and 1/J .
The coefficient a(l)n gives the nth term in the λ′ expansion at l loop order in the string σ

model, that is, (1/
√
λ)l−1, with n = 1, 2, . . . and l = 0, 1, 2, . . . . The relation (6.40) was initially

understood by Frolov and Tseytlin in [113] and there are many examples in literature, mostly
due to Frolov and Tseytlin,65 where for strings with very large (multi)-spins their energy
scales according to (6.40). I refer the reader to Tseytlin’s review [114] and references therein.

On the gauge theory side, it is also possible to organize the scaling dimension in the
same kind of expansion, where here λ� 1, J → ∞ and the ratio λ′ is small, namely,

Δ = J + J

[(
∞∑
l=0

c
(l)
1

Jl

)
λ′ +

(
∞∑
l=0

c
(l)
2

Jl

)
λ′

2 + · · ·
]
. (6.41)

Here, the l loop term in the coefficients c(l)n corresponds to terms of order λl.
The BMN scaling opens the possibility of a direct comparison between gauge and

string theory, since it offers a window where the two perturbative regimes overlap. Hence
the proposal is that the two series of coefficients in (6.40) and (6.41) should match:

a
(l)
n

?︷︸︸︷
= c

(l)
n with n = 1, 2, . . . , l = 0, 1, . . . . (6.42)

The computations of the near-BMN and Frolov-Tseytlin strings [71, 115] showed an
agreement with the gauge theory predictions [116–127] up to one and two-loop order, cf.
also the works [128, 129] where the matching was verified also for the infinite commuting
conserved charges. However, at three loops the proposed equality (6.42) breaks down: The
explicit three-loop computation of the near-BMN strings [106, 130, 131], that is, a(1)3 , and of
the spinning strings [129] showed a mismatch with the gauge theory predictions coming
from the Bethe Ansatz [125, 132, 133], (“three loop discrepancy”).

The physical reason for such a disagreement, as initially pointed out by Serban and
Staudacher [132] and then by Beisert et al. [134], is that we are really comparing two different
perturbative regions, where the order of the limits, which have been used to construct the
expressions (6.40) and (6.41), matters. On the string theory side, one firstly sends J → ∞ and
then expands in small λ′, vice versa, on the gauge theory side the first step is the perturbative
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expansion in small λ and secondly in the large R-charge J . The two limits do not commute
and thus the results for the string energy and for the anomalous dimension coefficients,
that is, a(l)n and c

(l)
n , will not necessarily match. In particular, the gauge theory perturbative

computation neglects wrapping effects, as discussed at the end of Section 2.4.1. Thus, one
should re-sum the corresponding Feynman diagrams (namely, the series in λ, J) in order to
correctly compare the two BMN scalings (6.40) and (6.41). I will come back on the three-loop
disagreement in Section 6.4.2.

6.3. The Near-Flat-Space Limit

The curved background (AdS5 × S5) as well as the RR fluxes give rise to interactions in the
world-sheet. The spectrum that we want to compute is the spectrum in the presence of such
intricate effects. In order to perform concrete computations we need some simplifications.

In 2006 Maldacena and Swanson proposed an interesting truncation of the AdS
superstring action [104]. The remarkable feature of such a model, (Near-flat-space model,
NFS) is that even though more treatable than the original MT action, it is still capable of
containing interesting physics. In particular, we will see that it interpolates between two
regimes as the BMN limit and the giant magnon regime.

The region we are discussing is the strong coupling region, namely, the region where
the ’t Hooft coupling is very large, that is, λ → ∞. The momentum p of the single excitation
(magnon),66 can be chosen to scale in different ways and this will give different regimes. In
particular, scaling p as

√
λ, when λ� 1 one obtains the BMN limit, where the theory is a free

massive (8 | 8) theory and the S-matrix is trivial, cf. Section 6.2.3. Keeping p fixed to some
constant value (it can take periodic values), the regime covered is dominated by the giant
magnon [135], which is a solitonic solution of the two-dimensional world-sheet theory. In this
region the theory is highly interacting. The scaling considered by Maldacena and Swanson is
something in between these two regions, namely, p scales as λ−1/4.

The magnon dispersion relation is67

E
(
λ, p
)
=

√
1 +

λ

π2
sin2 p

2
. (6.43)

Introducing g and rescaling the momenta as

g2 ≡ λ

8π2
, p

√
g
√

2
≡ k, (6.44)

in the strong coupling limit (λ� 1) one obtains the following expansion for the energy:

E
(
λ, p
)
∼
√

2gk − 1√
2g

(
k3

6
− 1

2k

)
+ · · · . (6.45)

The first term is the free energy in the plane wave limit, where the particles have an ultra-
relativistic dispersion relation. The other two terms are the ones which characterize the near-
flat-space limit and they correspond to keeping up to the second order term in the expansion
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Giant magnon

Near flat space

Plane wave
p

ε

Figure 6: Near-flat-space limit. It interpolates between the plane wave regime and the giant magnon
regime. The diagram shows the energy as a function of the momentum. In the plane wave limit the
momentum p scales as ∼ λ−1/2, in the NFS region p ∼ λ−1/4 and finally in the giant magnon regime p
is a constant (an angle).

of the sine function in (6.43). Namely, now we are keeping the subleading corrections in
the momentum dependence of E. This is really the region corresponding to the near-flat-
space limit, cf. Figure 6. The dispersion relation is not relativistic, not in the exact sense, and
it represents some deviation from the Fermi surface. The velocity v = dE/dk turns out to
depend on the momentum k and the scattering between two excitations carrying different
momenta will be nontrivial.68 Notice that for the giant magnon the dispersion relation69 reads
E ∼ (

√
λ/π) sin(p/2).

The NFS Action

The form for the near-flat-space Lagrangian used here is the one presented in [102], where
the world-sheet coordinates and the fermions are rescaled by

σ± −→ γ±1/2mσ±, ψ± −→ γ∓1/4m−1/2ψ±, (6.46)

where γ (half inverse string tension) is a power-counting parameter

γ =
π√
λ
. (6.47)

Indeed Maldacena-Swanson action in [104] does not depend anymore on any dimensionless
or dimensional parameter. The embedding coordinates are also rescaled by 1/2 in order
to bring the action in the canonical form for the kinetic and mass terms. Finally, after the
rescaling (6.46), the ψ+ fermions are integrated out since they only enter quadratically in the
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action, for more details we refer the reader to [102] or to the appendix contained in [5]. Hence,
the final version for the near-flat-space model is

LNFS =
1
2
(∂Y )2 − m

2

2
Y 2 +

1
2
(∂Z)2 − m

2

2
Z2 +

i

2
ψ
∂2 +m2

∂−
ψ

+ γ
(
Y 2 − Z2

)[
(∂−Y )

2 + (∂−Z)
2
]
+ iγ
(
Y 2 − Z2

)
ψ∂−ψ

+ iγψ
(
∂−Y

i′Γi
′
+ ∂−ZiΓi

)(
Yj ′Γj

′ − ZjΓj
)
ψ

−
γ

24

(
ψΓi

′j ′ψψΓi
′j ′ψ − ψΓijψψΓijψ

)
,

(6.48)

where ψ are only the ψ− components of the original spinors.
Let us summarize and stress once more what the NFS truncation concretely implies.

We are considering the following rescaling for the world-sheet excitation momenta

p±λ
±1/4 = fixed (6.49)

which implies that

p+ −→ 0, p− −→ ∞, when λ −→ ∞. (6.50)

Hence, the NFS limit is a decoupling limit, which factorizes the left- and right-moving sectors
of the AdS string by suppressing the right-moving modes. Further, notice that the truncation
breaks the two-dimensional Lorentz invariance of the action.

The NFS model inherits the symmetry of the original GSMT superstring in the light-
cone gauge, that is, P(SU(2 | 2) × SU(2 | 2)). However, as mentioned at the beginning, the
quartic interactions break SO(8) to SO(4) × SO(4), as it can be seen in the Lagrangian (6.48),
where there is a relative sign for the interactions with four bosonic fields.

The NFS model has been useful most in the simplification of the S-matrix, such as for
example, to test the dressing phase at two loops [103] or to verify the factorization of the
S-matrix [5]. The key point is that the interactions which appear in (6.48) are at most quartic
interactions, and in this sense they make our life easier.

6.4. The S-Matrix

In Section 3, we have presented the S-matrix as a unitary operator mapping asymptotic in
and out states. In Section 2, we have introduced the Coordinate Bethe equations for the
Heisenberg spin chain, written in terms of the phase shift. Naturally the phase shifts are
nothing but the S-matrix elements for the Heisenberg model. Now it is time to recollect the
two pictures. We have already explained that there is one S-matrix for the planar asymptotic
AdS/CFT. In a certain sense the derivation of the S-matrix gives a theoretical background for
the Bethe Ansatz equations.

We want to discuss the S-matrix for the full (asymptotic) PSU(2, 2 | 4) model. We are
going to skip many details and this presentation is far from being a rigorous derivation, for
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which we refer the reader to the original papers [94, 99–101]. Nevertheless we want to make
some comments and illustrate the results.

6.4.1. Introduction

The Symmetries and Beisert’s Derivation

First, we need to discuss which are the symmetries of the S-matrix. On the gauge theory side,
the initial global symmetry is broken by the choice of the spin chain vacuum. The unbroken
symmetry left is P(SU(2 | 2) × SU(2 | 2)), whose corresponding algebra is psu(2 | 2) ⊕ psu(2 |
2) � R. The two copies of psu(2 | 2) share the same central extension C (this is the meaning
of the symbol �) which is nothing but the energy. Considering only one sector of the full
psu(2 | 2) ⊕ psu(2 | 2) � R, the fields transform in the (2 | 2) bifundamental representation.70

However, in this representation the algebra requires a central charge with semi-integer values
±1/2 [94]. This cannot be, since we know that the dispersion relation depends continuously
on the coupling constant (λ), as for example, it can be seen in the BMN limit, cf. Section 6.2.3.
The apparent contradiction is solved by introducing two other central charges such that the
enlarged algebra71 becomes psu(2 | 2) � R

3, or extensively psu(2 | 2) ⊕ psu(2 | 2) � R
3.

The new central charges P and K are unphysical and they play the role of a momentum
and its complex conjugated. “Unphysical” means that they should vanish on physical gauge
invariant states. It might seem that they have been introduced ad hoc but indeed they are
responsible for changing the length of the spin chain by removing or adding a background
field in the chain [94]. For this reason the spin chain is said to be dynamical: its length is not
fixed.72

Focusing on one sector, the psu(2 | 2) � R
3 algebra is spanned by the SU(2) × SU(2)

generators Lα
β

and Ra
b

and by the supercharges Qα
a, Sb

β
through the following relations

[
Ra
b , J

c ] = δcbJa −
1
2
δabJ

c,
[
Lα
β, J

γ
]
= δγ

β
Jα − 1

2
δαβJ

γ ,

{
Qα
a,S

b
β

}
= δbaL

α
β + δ

α
βR

b
a +

1
2
C δbaδ

α
β ,

{
Qα
a,Q

β

b

}
= εαβεabP,

{
Sa
α,S

b
β

}
= εαβεabK,

(6.51)

where Jγ and Jc are generic generators and C, P, and K are the central extensions
corresponding to the energy and the momenta, respectively. The same relations hold for the
other psu(2 | 2) sector just replacing undotted with dotted indices. One of the main results is
the derivation of the central charges, in particular of the dispersion relation

C =
√

1 + 8g2sin2 p

2
, (6.52)

where the coupling constant73 is

g2 =
λ

8π2
. (6.53)
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The dispersion relation (6.52) has been conjectured by Beisert et al. in [134], but Beisert
showed that its specific functional dependence is constrained by the symmetry algebra, even
though in order to determine the dependence on the coupling constant g2 one needs to use
the BMN limit, for example, [94].

Under the full symmetry algebra psu(2 | 2) ⊕ psu(2 | 2) � R
3 the two-body S-matrix

undergoes a group factorization, namely, we can rewrite the total scattering operator as

S = SPSU(2|2) ⊗ SPSU(2|2). (6.54)

S is an operator which acts on the vector space given by the tensor product of single particle
vector spaces, explicating the indices we can write

S : Va ⊗ Vb −→ Va ⊗ Vb

|ΦAȦ(a)ΦBḂ(b)〉 −→ |ΦCĊ(a)ΦDḊ(b)〉SCĊDḊAȦBḂ
(a, b),

(6.55)

where the a, b are the particle momenta. Thus the group factorization leads to the expression

SCĊDḊ
AȦBḂ

(a, b) = (−)|Ȧ||B|+|Ċ||D|S0(a, b)SCDAB (a, b)S
ĊḊ
ȦḂ

(a, b). (6.56)

Actually this is a graded tensor product according to the statistic of the indices, namely, |A| is
0 and 1 for even and odd indices, respectively. The group factorization in (6.54) turns out to
be true whenever the symmetry group is a direct product of two groups and the Yang-Baxter
equations are satisfied [136].

In order to compute the S-matrix elements we must write down the action of the
SPSU(2|2) on two-particle states where the fields are in the fundamental representation and ask
for the invariance of the S-matrix under the algebra generators. Let us call the superfield in
the (2 | 2) fundamental representation as χA, where A is the superindex A = (a, α) discussed
previously, namely, χA = (φa, ψα), with a = 1, 2 and α = 3, 4. The psu(2 | 2) � R

3 generators in
(6.51) act on χA according to

Ra
b

∣∣φc〉 = δcb
∣∣φa〉 − 1

2
δab
∣∣φc〉, Ra

b

∣∣ψα〉 = 0,

Lα
β

∣∣φc〉 = 0, Lα
β

∣∣ψγ〉 = δγβ
∣∣ψα〉 − 1

2
δαβ
∣∣ψγ〉,

Qα
a

∣∣∣φb
〉
= aδba

∣∣ψα〉, Qα
a

∣∣∣ψβ
〉
= bεαβεab

∣∣∣φbZ+
〉
,

Sa
α

∣∣∣φb
〉
= cεabεαβ

∣∣∣ψβZ−
〉
, Sa

α

∣∣∣ψβ
〉
= dδβα

∣∣φa〉.

(6.57)

From the fulfillment of the algebra (6.51) the coefficients a, b, c,d turn out to be

a =
√
g

21/4
γ, b = −

√
g

21/4γ
, c = i

√
g

21/4
γ

1
x−
, d = −i

√
g

21/4γ

(
x+ − x−

)
, (6.58)
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with γ =
√
i(x− − x+) and eip = x+/x−. In (6.57) Z± represent the insertion (Z+) and the

removal (Z−) of a background field in the spin chain.
The two-body S-matrix (6.54) acts on the two-particle states |χA χB〉 as

S
∣∣∣φa1φb2

〉
= A12

∣∣∣φ{a2 φ
b}
1

〉
+ B12
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2 φ
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1

〉
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1
2
C12ε

abεαβ
∣∣∣ψα2ψ
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1Z
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〉
,

S
∣∣∣ψα1ψ
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2

〉
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1

〉
+ E12
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2 ψ
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1

〉
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1
2
F12εabε

αβ
∣∣∣φa2φb1Z+

〉
,

S
∣∣∣φa1ψ

β

2

〉
= G12

∣∣∣ψβ2φa1
〉
+H12

∣∣∣φa2ψ
β

1

〉
,

S
∣∣∣ψα1φb2

〉
= K12

∣∣∣ψα2φb1
〉
+ L12

∣∣∣φb2ψα1
〉
,

(6.59)

with p1 ≡ 1 and p2 ≡ 2. The ten coefficients are functions of the particle momenta. In order
to compute the arbitrary coefficients A12, . . . , L12 we impose the invariance of the S-matrix
under the algebra, that is,

[J1 + J2, S12] = 0, (6.60)

as well as unitarity condition and Yang-Baxter equations (which are automatically
satisfied).74 In this way, the matrix elements are univocally determined [94] up to an overall
abelian phase which we have indicated with S0(a, b) and which will be discussed later in
Section 6.4.2:

A12 = S0(1, 2)
x+

2 − x
−
1

x−2 − x+
1
, D12 = −S0(1, 2),
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)
,

C12 = S0(1, 2)
2γ1γ2

x+
1x

+
2

1
1 −
(
1/x+

1x
+
2

) x
−
2 − x

−
1

x−2 − x+
1
,

E12 = −S0(1, 2)
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G12 = S0(1, 2)
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(6.61)
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where γp = |x−p − x+
p |1/2 and

x±p =
π√
λ

e±ip/2

sin p/2

⎛
⎝1 +

√
1 +

λ

π2
sin2 p

2

⎞
⎠. (6.62)

On the String Theory Side

What about the string theory side? Does everything translate automatically in a string
language? From the previous Section 6.2, we have learned that in order to construct the
world-sheet S-matrix we need to decompactify the world-sheet.

However, in order to study the scattering between string excitations that we can
interpret as particles for a two-dimensional theory, we actually need to relax the level-
matching condition. The “particles” can travel along the world-sheet and collide with an
arbitrary momentum. In this way it makes sense to compute the scattering amplitude, and
thus the S-matrix elements for such particles.

In the paper [101], Arutyunov et al. showed that the actual world-sheet symmetry
algebra for the AdS5 × S5 light-cone string not level-matched (and decompactified) is psu(2 |
2) ⊕ psu(2 | 2) � R

3 (off-shell algebra). Relaxing the level-matching condition is equivalent on
the gauge theory side to opening the spin chain, because the string level-matching condition
is equivalent to the cyclicity of the trace. This is another way of saying that the operators
are no longer gauge invariant, namely, that two extra unphysical central charges can appear
(K,P). In the same paper, the unphysical central charges P and K have been computed in
terms of string fields, and they turn out to be proportional to the world-sheet momentum
which should vanish for physical (i.e., level-matched) states.

In [100], the world-sheet S-matrix has been rewritten in a string basis. This essentially
means that the scattering matrix elements have been deduced by requiring the fulfillment
of the Zamolodchikov-Faddeev (ZF) algebra. This is the algebra that we have briefly
presented in Section 3. Such an algebra takes into account the effects of the interactions in
the commutation relation for the free oscillators (i.e., creation and annihilation operators).
The symbols Aa(θ) introduced in Section 3.3 are not the creation and annihilation operators,
since now we have an interacting field theory and we cannot use the free field picture for
the oscillators. The interactions affect the free oscillators algebra, but on the other hand for
integrable field theories the structure of the Hilbert space is preserved (this is really the job of
integrability!). Hence, there must be a nontrivial operator which modifies and takes care of
the algebra such that the Hilbert space is preserved. This operator is nothing but the S-matrix
and the corresponding algebra is the ZF one, as we discussed in Section 3.3.

Concretely, one needs to impose for the scattering matrix elements the invariance
under the off-shell symmetry and physical constraints such as

(i) unitarity condition,

(ii) CPT invariance,

(iii) crossing symmetry,75

(iv) Yang-Baxter equations.

The basis for the two-particle states in which the S-matrix elements satisfy all the
properties listed above as well as the ZF algebra (by construction) is what is called the
canonical string basis.76
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In [99], Klose et al. derived the perturbative tree-level S-matrix by considering a
slightly different perspective. The key-point is requiring the invariance of the two-body S-
matrix with respect to the Hopf algebra. The action of the psu(2 | 2) symmetry generator is
nonlocal. The charges generated indeed are nonlocal expressions and they are not additive, cf.
Section 3. Thus, when they act on multiparticles states they do not follow the standard Leibniz
rule, but rather the so-called coproduct, which characterizes the Hopf algebra. This simply
means that when one rearranges the order of the fields on the world-sheet the nonlocality of
the symmetry generators creates a “disturbance” which is reflected in a nontrivial coproduct
from an algebraic point of view. For the study of the Hopf algebra underlying the world-sheet
S-matrix we refer the reader to [137–139].

The Three-Body S-Matrix

The three-body S-matrix acts on the triple tensor product of single-particle states and it is
defined by the relation

S :Va ⊗ Vb ⊗ Vc −→ Va ⊗ Vb ⊗ Vc

S|ΦAȦ(a)ΦBḂ(b)ΦCĊ(c)〉 = |ΦDḊ(a)ΦEĖ(b)ΦFḞ(c)〉SDḊEĖFḞAȦBḂCĊ
(a, b, c).

(6.63)

The Yang-Baxter equations now read

S̃DḊEĖFḞ
AȦBḂCĊ

(a, b, c) =
∑

XẊ,Y Ẏ ,ZŻ

S̃DḊEĖ
XẊYẎ

(a, b)S̃XẊFḞ
AȦZŻ

(a, c)S̃Y ẎZŻ
BḂCĊ

(b, c),

=
∑

XẊ,Y Ẏ ,ZŻ

S̃EĖFḞ
Y ẎZŻ

(b, c)S̃DḊZŻ
XẊCĊ

(a, c)S̃XẊYẎ
AȦBḂ

(a, b),
(6.64)

where the graded matrix elements are

S̃CĊDḊ
AȦBḂ

= (−)|A||Ȧ||B||Ḃ|SCĊDḊ
AȦBḂ

,

S̃CĊDḊEĖ
AȦBḂFḞ

= (−)|A||Ȧ||B||Ḃ|+|B||Ḃ||F||Ḟ|+|F||Ḟ||A||Ȧ|SCĊDḊEĖ
AȦBḂFḞ

.

(6.65)

Notice that each element SCĊDḊ
AȦBḂ

decomposes according to the group factorization (6.56).
What we are really interested in is the number of degrees of freedom of the three-

body S-matrix. Each field is in the fundamental representation 4 of psu(2 | 2) � R
3, that is, �.

The three body S-matrix is an invariant unitary operator on their triple tensor product which
decomposes in two irreducible representations, each with dimension 32 [5]. In terms of the
super-Young tableau77 this means

=


(6.66)
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Taking also the other psu(2 | 2) factor into account, then the three-particle S-matrix is a sum
of four projectors [5]

S = C1P( , ) + C2P( , ) + C3P( , )+ C4P( , ) (6.67)

This means that the three particle S-matrix is constrained by the symmetries up to four scalar
functions Ci, which depend on the incoming momenta and which are the eigenvalues of the
corresponding projectors Pi. In order to determine them, one needs to compute the scattering
amplitudes for the four eigenstates, namely, for the highest weight states. These are [5]:

S |Y11̇(a)Y11̇(b)Y11̇(c)〉 = C1(a, b, c)|Y11̇(a)Y11̇(b)Y11̇(c)〉,

S |Ψ13̇(a)Ψ13̇(b)Ψ13̇(c)〉 = C2(a, b, c)|Ψ13̇(a)Ψ13̇(b)Ψ13̇(c)〉,

S |Υ31̇(a)Υ31̇(b)Υ31̇(c)〉 = C3(a, b, c)|Υ31̇(a)Υ31̇(b)Υ31̇(c)〉,

S |Z33̇(a)Z33̇(b)Z33̇(c)〉 = C4(a, b, c)|Z33̇(a)Z33̇(b)Z33̇(c)〉.

(6.68)

I will come back on the highest weight states (6.68) in Section 6.5.

6.4.2. The Dressing Phase

The three-loop disagreement, discussed at the end of Section 6.2.3, pushed the research in the
direction of the so called dressing phase.

Searching for Bethe equations that fulfill the BMN scaling (6.41) to all orders leads
Beisert et al. [134] to modify the rapidity and the dispersion relation, as mentioned in
Section 6.4.78 Indeed, the specific functional form for the energy, and in general for the higher
conserved charges, as well as for the rapidity depends on the model we are considering. The
BDS proposal for the rapidity, which turned out to be correct, is

u
(
p
)
=

1
2

cot
(p

2

)√
1 + 8g2sin2

(p
2

)
, (6.69)

where the coupling constant g is related to the ’t Hooft coupling by g2 = λ/8π2. The
dispersion relation is only one of the infinite tower of higher charges that an integrable model
possesses, and they are modified according to

qr+1
(
p
)
= g−r

2 sin
(
(1/2)rp

)

r

⎛
⎜⎝

√
1 + 8g2sin2(p/2) − 1

2g sin(p/2)

⎞
⎟⎠

r

. (6.70)
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Notice that the first charge q1(p) is the momentum p, while the second one is the single

magnon energy, that is, q2(p) = (1/g2)(
√

1 + 8g2sin2(p/2)− 1). The total charge is defined by

Qr =
K∑
k=1

qr
(
pk
)
, (6.71)

whereK is the total number of magnons.79 The BMN limit result can be found by considering
the string energy δE = g2Q2.

We have discussed until now the Bethe equations in the spin chain context, let us move
back to the string theory side. Kazakov et al. (KMMZ) proposed the string Bethe equations (a
set of non linear integral equations) in order to describe the classical string σ-model [71]. One
would like to generalize (and discretize) such equations in order to capture also quantum
string effects. Since the elementary excitations are the same on both sides of the duality,
it seemed reasonable to introduce a phase in the S-matrix and thus in the Bethe equations
without modifying the BDS dispersion relation [96]. This phase shift is part of the scalar factor
(the dressing phase) that cannot be determined by the symmetry algebra, but rather it can be
obtained by using the crossing relation.80 The initial step in the direction of determining the
phase factor and the quantum string Bethe equations has been done in [96] by Arutyunov et
al. for the su(2) subsector. The AFS phase has been deduced in such a way that it reproduces
the thermodynamic or continuum limit of the string KMMZ Bethe equations. Explicitly, for
K impurities and for the su(2) subsector, the Bethe equations formally are still

eiLpk =
K∏

j=1, j /= k

S
(
uj, uk

)
, (6.72)

but now the S-matrix acquires an extra phase:

S
(
uj, uk

)
=
uk − uj + i
uk − uj − i

exp

(
2i
∞∑
r=2

(
g2

2

)r(
qr
(
pk
)
qr+1
(
pj
)
− qr+1

(
pk
)
qr
(
pj
)))

, (6.73)

where the charges are the ones in (6.70).
This is not the end of the story for the dressing phase, but rather the beginning: The

AFS represents the leading quantum correction to the Bethe equations and to the S-matrix.
The phase in (6.73) can be generalized by shifting the S-matrix according to

exp 2iθ
(
pk, pj

)
= exp 2i

∞∑
r=2

∞∑
s=1+r

s+r=odd

cr,s
(
g
)(
qr
(
pk
)
qs
(
pj
)
− qs

(
pk
)
qr
(
pj
))
. (6.74)

The coefficients cr,s(g) are expanded in the strong coupling limit according to

cr,s
(
g
)
=

(
g2

2

)r ∞∑
n=0

c
(n)
r,s g

−n. (6.75)
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We see that the AFS phase is obtained by substituting c
(0)
r,s = δs,r+1. The first quantum

coefficient c(1)r,s has been deduced by Hernández and López (HL) [140], cf. also [133], the
all-loop strong coupling limit was discovered by Beisert et al. [141], that is, c(n)r,s for all n ≥ 0,
and finally, the full series at strong and weak coupling has been found by Beisert, Eden, and
Staudacher (BES) in [142]. Nowadays, there have been numerous tests for the BES proposal:
From the world-sheet point of view up to two-loops [143] and in the near-flat-space limit
[103]; at weak coupling by direct gauge theory computations [144] and up to four loop in the
SU(2) sector [145]. Other important tests which confirm the BES result have been given in
the works [146–148]. Finally, in [149], it has been shown that the HL dressing phase satisfies
Janik’s equation [150].

6.4.3. The S-Matrix in the NFS Limit

We want now to consider the world-sheet S-matrix in the NFS limit. One might wonder
whether the NFS truncation is consistent or not, namely, if the S-matrix computed directly
from the action (6.48) is the same matrix obtained taking the NFS limit from the original
world-sheet S-matrix. This was investigated by Klose and Zarembo for the one-loop order
[102] and then to two loops by Klose et al. in [103]. Indeed, even if we truncate and decouple
the right and the left moving sectors, saying that the right modes are faster, it might be that
the left-moving particles can reappear in the interactions, if we have enough time to wait.
Then they might give contributions in loop diagrams at quantum level.

In the near-flat-space limit the S-matrix elements are given by

SCĊDḊ
AȦBḂ

(a, b) = (−)|Ȧ||B|+|Ċ||D|S0(a, b)SCDAB (a, b)S
ĊḊ
ȦḂ

(a, b). (6.76)

The arguments a ≡ pa− and b ≡ pb− are the minus components of the particle light-cone
momenta. Up to order O(γ4) corrections, the prefactor S0 can be written as

S0(a, b) =
e(8i/π)γ

2( (a3b3)/(b2−a2))((1−(b2+a2)/(b2−a2)) ln(b/a))

1 + γ2 a2b2((b + a)/(b − a))2
. (6.77)

The matrix part is usually parametrized as follows:

Scdab = Aδ
c
aδ

d
b + Bδ

d
aδ

c
b, Sγδ

ab
= Cεabεγδ, Scδaβ = Gδ

c
aδ

δ
β , Sγd

aβ
= Hδdaδ

γ

β
,

Sγδ
αβ

= Dδγαδδβ + Eδ
δ
αδ

γ

β
, Scdαβ = Fεαβε

cd, Sγd
αb

= Lδγαδdb , Scδαb = Kδ
δ
αδ

c
b,

(6.78)
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where the exact coefficient functions are given by

A(a, b) = 1 + iγab
b − a
b + a

, B(a, b) = −E(a, b) = 4iγ
a2 b2

b2 − a2
,

D(a, b) = 1 − iγab b − a
b + a

, C(a, b) = F(a, b) = 2iγ
a3/2 b3/2

b + a
,

G(a, b) = 1 + iγab, H(a, b) = K(a, b) = 2iγ
a3/2 b3/2

b − a ,

L(a, b) = 1 − iγab.

(6.79)

Notice that the S-matrix elements (6.79) are exact in the NFS limit, apart from the dressing
phase S0 (6.77) which is expanded up to order γ3. Moreover it turns out that the two-
dimensional Lorentz invariance is restored in the NFS model, since they depend on the
difference of momenta.

6.5. The World-Sheet S-Matrix Factorization

We have already stressed that, from the beginning of the section up to now, we are assuming
to deal with a quantum integrable system. Surely this is a suitable hypothesis, which have
lead to immense progresses and there have been a vast quantity of indirect checks about the
validity of this hypothesis. But notice that on the string theory side perturbative computations
beyond the leading order are still extremely difficult to perform. Remarkable in this sense the
two-loop computations of the world-sheet scattering amplitudes in the NFS limit [103].

Can we give a proof that the AdS5×S5 superstring is quantum integrable at least in the
planar limit? The word “proof” might discourage. However, the NFS model offers us a good
region where we can test many of the assumed working hypotheses, among them quantum
integrability. The NFS Lagrangian (6.48) is not so terrible and the S-matrix is not trivial in
this region. This is an incredible good window in the strong coupling limit where we can
directly face the important and nontrivial issue of quantum integrability. Hence the goal of [5]
is to check for the first time in a very explicit and direct way that the NFS model is quantum
integrable at one-loop. This strongly supports the hypothesis of a quantum integrable field
theory describing the AdS superstring.

The strategy adopted in [5] is to verify the presence (or the absence) of the dynamical
constraints which define an integrable two-dimensional field theory: absence of particle
production, elastic scatterings, S-matrix factorization. We have focused on a 3 → 3
scattering. Concretely, we have compared two sets of data. On the first set (the “experimental
data”), we compute the 3 → 3 scattering amplitudes which follow from the Feynman
diagrams of the corresponding NSF action (6.48). On the second set (the “theoretical
data”), we have computed the three-particle S-matrix which would follow assuming the
quantum integrability of the model, namely, the three-particle S-matrix which is given by
the Yang-Baxter equations as a product of two-particle S-matrix elements, that is, (6.64). The
computations are done perturbatively up to one-loop. The scattering amplitude is defined by

A
(
a, b, c, d, e, f

)
=
〈
Ab3(f)Ab2(e)Ab1(d) | Aa1(a)Aa2(b)Aa3(c)

〉
connected (6.80)
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and the process considered is the generic 3 → 3 scattering81

Aa1(a)Aa2(b)Aa3(c) −→ Ab1

(
f
)
Ab2(e)Ab3(d). (6.81)

Notice that we are dealing with connected diagrams, since the disconnected diagrams trivially
factorize. The S-matrix elements and the scattering amplitudes are related by

A
(
a, b, c, d, e, f

)
=
∑

σ(d,e,f)

Sσ(a, b, c)δadδbeδcf , (6.82)

where σ(d, e, f) are all the permutations of the outgoing momenta. An explicit example
among the highest-weight state (6.68) is illustrated in Appendix D.

The results of [5] show that the two sets of data agree completely: The tree-level
and one-loop scattering amplitudes indeed factorize as in (6.82) and the S-matrix elements
Sσ(a, b, c) precisely match the three-body S-matrix computed by the Yang-Baxter equations
(6.64). The formula (6.82) means that the amplitudes give rise to the phase space showed in
Figure 5 in Section 3.

Since the three-body S-matrix is constrained by the symmetries up to four scalar
functions Ci, cf. (6.68), it is sufficient to compute the scattering amplitudes for the four
processes which correspond to the highest weight states (6.68), namely, which correspond to
the eigenstates of the three-body S-matrix. Showing the factorization for these four scattering
amplitudes means proving the factorization of the entire three-particle S-matrix to one-loop
order. A proof in a “mathematical sense” would require to re-sum all the perturbative series
and to show the factorization of any n → n scattering amplitudes. Not trivial at all.

Notice that here in the 3 → 3 scattering

(i) tree-level order means γ2 ∼ 1/λ1/2

(ii) one-loop order means γ3 ∼ 1/λ3/2.

Actually, we have computed further scattering amplitudes involving mixed states
between fermions and bosons, in order to confirm the supersymmetries of the NFS model.

According to Section 3, this means that there must exist a higher conserved charge.
How does such charge manifest itself? How do the selection rules and the factorization come
from Feynman diagram computations? First, recall that each Feynman graph contains already
the energy and momentum conservation. In computing the scattering amplitudes one can
realize that in the phase space points, where the set of incoming momenta is equal to the
set of outgoing momenta, the internal propagators go on-shell and diverge. Namely, for a
3 → 3 scattering, the internal propagators may go on-shell (since in the internal diagrams
they might run two incoming momenta and one outgoing momentum which have different
signs, thus in the point where the incoming momenta are equal to the outgoing one this
clearly diverges). They must be regularized and this is done by using the iε prescription,
namely, each mass is shifted by ±iε in order to move the singularities on the complex plane.
The residues are then computed with [56, 151]

1
p2 −m2 ± iε

= P 1
p2 −m2

∓ iπδ
(
p2 −m2

)
, (6.83)



88 Advances in High Energy Physics

where P stands for the principal value prescription. The term with the principal value
takes care of the singularities, namely, skipping such delicate points in the integration we
can brutally apply the energy-momentum conservation which makes the corresponding
amplitudes vanish, after summing over all the equivalent diagrams. What is left is only the
term in (6.83) with the extra δ function, “extra” since the Feynman diagrams already come
with two-delta functions from the energy-momentum conservation. These three δ-functions
combine together and force the outgoing momenta to be equal to one of the incoming
momenta, cf. (6.82). The resulting phase space is as in Figure 5 in Section 3.

What about the 2 → 4 amplitudes? The crucial point is that now the internal
propagators will never be on-shell, since all the momenta flowing there have the same sign.
Then we can forget the iε regularization and proceed with standard brute force computations.
Summing all the amplitudes the result turns out to vanish. This indeed corresponds to the fact
that we are not in the “famous six points” of the phase space. More details can be found in
Appendix D.

7. The AdS4/CFT3 Duality

We now leave the AdS5/CFT4 duality. But we do not leave the gauge/string duality. In 2008,
Aharony et al. (ABJM) proposed a new conjecture where the world-volume theory of a stack
of M2-branes probing a C

4/Zk singularity is a three-dimensional conformal field theory [2].82

I will refer to this as the ABJM or the AdS4/CFT3 conjecture, in the next section it will be
clear why. The work has opened a huge amount of possibilities. Indeed, considering the
impressing results due to the integrability properties of the planar AdS5/CFT4 duality, it
is natural to try to export the same techniques (and hopefully the same progresses) in the
new correspondence. There are numerous features that are shared by the two gauge/string
dualities, but there are also important aspects which are different and which make things
quite intriguing and far from being obvious.

7.1. Introduction

The AdS4/CFT3 states a duality between a three-dimensional conformal field theory and an
M-theory on eleven dimensions. Let us start from the gauge theory side. It is constructed
by two Chern-Simons (CS) theories, each one with a U(N) gauge group, coupled with
bifundamental matter. However, the level of the gauge group is different in the two cases: we
have indeed U(N)k × U(N)−k. The theory is conformally invariant at classical and quantum
level and it possessesN = 6 supersymmetries. It contains two parameters:83 the gauge group
rank, N, and the level of the algebra k. Both parameters assume integer values. However, it
is possible to form a continuous parameter λ = N/k, that will play the role of the ’t Hooft
coupling, and that will interpolate between the string and the gauge theory side. In the large
N and k limits, λ is continuous. In particular, the large N limit corresponds to the planar
limit of the CS-matter theory. Essentially, for the CS-matter theory 1/k plays the same role as
it was for g2

YM in SYM theory, cf. Section 7.2.
The gravity dual describes a stack of (Nk) M2-branes on a flat space. In particular,

the M-branes probes the orbifold84
R

8/Zk. The near-horizon geometry is given by M-theory
on AdS4 × S7/Zk. Notice that it is an eleven-dimensional space. Due to the Zk action, it is
natural to write the sphere S7 as an S1 fibration over CP 3: roughly speaking we can say that
S7/Zk

∼= CP 3 × S1/Zk. The radius of the circle S1 depends on k and the effect of the orbifold is
to reduce the volume by a factor k. In particular, when k is very large, effectively the space is
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Table 2: Summarized comparison between the two gauge/string dualities.

AdS5/CFT4 AdS4/CFT3

IIB on AdS5 × S5 AdS side IIA on AdS4 ×CP 3

N = 4 SYM in 4d CFT side N = 6 CS-matter in
3d

λ = g2
YMN

’t Hooft coupling λ =N/k

T = R2/2πα′ =
√
λ/2π String tension T = R2/2πα′ =

25/2π
√
λ

gs = g2
YM/4π String coupling gs =

(32π2(N/k5))1/4

SU(N) gauge group U(N)k ×U(N)−k

PSU(2, 2 | 4) global symmetry OSp(6 | 4)

AdS5 × S5 =
(SO(4, 2)/SO(4, 1)) ×
(SO(6)/SO(5))

bosonic subgroup
AdS4 ×CP 3 =

(SO(3, 2)/SO(3, 1))×
(SU(4)/U(3))

ten-dimensional, that is, AdS4×CP 3. Explicitly, the circle radius is given byRS1 ∼ ((Nk)1/6/k).
Thus, when such radius is very large, namely, when N � k5, then the theory is strongly
coupled and the proper description is in terms of the M-theory. Vice versa, when the radius
is very small, that is, N � k5, then it can be effectively used a description in terms of IIA
superstrings living on AdS4 × CP 3 with RR fluxes. More details are given in Appendix E.

The two parameters N and k, which describe the number of M2-branes and the order
of the orbifold group, are contained in the effective string tension and in the string coupling.
They are given by

T =
R2

2πα′
= 25/2π

(
N

k

)1/2

, gs =
(

32π2N

k5

)1/4

. (7.1)

The specific relations and the ugly numerical factors in (7.1) are obtained analyzing the
supergravity regime, cf. Appendix E. Again, from the behavior of the string coupling, we
can see that for N � k5, that is, gs � 1 the string description fails, we need to use
the full M-theory formulation, while for N � k5 (gs � 1) the “weak coupling” string
limit is a good approximation. Notice that again the effective tension goes like the square
root of the ’t Hooft coupling, namely, T ∼

√
λ. The string coupling in terms of λ reads as

gs = (32π2(λ/k4))1/4 = (32π2(λ5/N4))1/4, cf. Table 2.
From now on, we are going to consider only a specific region for the gravity side of

the correspondence: the string regime. This means that for us N and k are very large and in
particular are such that N � k5 or 1� λ� k4.

Also the AdS4/CFT3 is a weak-coupling duality.



90 Advances in High Energy Physics

7.2. The ABJMN = 6 Chern-Simons Theory

The N = 6 Chern-Simons theory in three dimensions is described by the following
Lagrangian:

L =
k

4π
Tr
{
εμνλ
(
Aμ∂νAλ +

2
3
AμAνAλ − Âμ∂νÂλ −

2
3
ÂμÂνÂλ

)

+DμY
†
AD

μYA +
1

12
YAY †AY

BY †BY
CY †C +

1
12
YAY †BY

BY †CY
CY †A

− 1
2
YAY †AY

BY †CY
CY †B +

1
3
YAY †BY

CY †AY
BY †C −

1
2
Y †AY

AψBψB

+ Y †AY
BψAψB +

1
2
ψAYBY †BψA − ψ

AYBY †AψB + iψAγμDμψA

+
1
2
εABCDY †AψcBY

†
CψD −

1
2
εABCDY

AψBYCCψDc

}
.

(7.2)

The gauge group is U(N)k × U(N)−k, where the subscripts denote the level of the algebra.
The relative sign is reflected in the two Chern-Simons contributions in (7.2), which describe
the two gauge fields Aμ and Âμ. The Lorentz index μ runs between 0 and 2, that is,
μ = 0, 1, 2, since the theory is three-dimensional. The gauge field A transforms in the adjoint
representation of U(N)k and it is a singlet with respect to the second U(N)−k. Vice versa, the
field Âμ is a singlet for U(N)k and transforms in the adjoint of U(N)−k.

The fields YA and Y †A are eight scalars, the index A is an SU(4) index, namely, A =
1, 2, 3, 4. This is not the original form of [2], but rather we use the formulation given in [152,
153], such that the scalars grouped into SU(4) multiplet make R-symmetry manifest. They
transform in the fundamental representation of SU(4), that is, 4 and 4, respectively. Moreover,
they transform in the bifundamental representation of the gauge group: (N,N) and (N,N),
respectively. The explicit components of the scalars are85

YA =
(
A1, A2, B

†
1̇
, B†

2̇

)
, Y †A =

(
A†1, A

†
2, B1̇, B2̇

)
. (7.3)

Furthermore, the fields Aa transform as an SU(2) doublet and the same is true for the
Bȧ’s, as the notation indicates. Hence, there is an SU(2) × SU(2) ∈ SU(4) subsector, which is
indeed closed and which is given by Y 1, Y 2 and Y †3 , Y

†
4 .

The covariant derivatives are

DμΦ = ∂μΦ +AμΦ −ΦÂμ, DμΦ† = ∂μΦ† + ÂμΦ† −Φ†Aμ. (7.4)

The scaling dimension of the scalars Y is Δ0 = 1/2, while for the derivatives is Δ0 = 1.
Furthermore the scalars transform in the trivial representation of SO(3), while the covariant
derivatives transform in spin 1 representation of SO(3) and in the trivial one of SU(4).

Finally, the fermions Ψ†A and ΨA are the 4 and 4 multiplets in the spinorial
representation of SO(6), and they also transform in the U(N)k × U(N)−k bifundamental
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representation. The fermions ψAc are the charge conjugated fields and they are given by
ψAc = Cγ0ψ

�
A in terms of the charge conjugation matrix C and γμ are the Dirac matrices in

three dimensions. They transform in the spin 1/2 representation of SO(3).
The action corresponding to (7.2) is invariant under a CP transformation: the parity

changes the sign of the Chern-Simons action which is compensated by the exchange of the
gauge fields Aμ and Âμ.

Symmetries and Algebra

The theory is conformal and supersymmetric. In particular it possesses N = 6 supersym-
metries, which is not the maximal number of supersymmetries that one can have in three
dimensions. We already see the first difference with the AdS5/CFT4 duality. The supercharges
transform in the vector representation of SO(6) ∼= SU(4). I will write the 24 odd generators as
QαI and SIα where the spinorial index is α = 1, 2 and the SO(6) label is I = 1, . . . , 6. Actually,
for k = 1, 2 the supersymmetries are enhanced toN = 8, and thus the R-symmetry is lifted to
SO(8) [153]. We will not consider these two cases, since as already mentioned, for us k takes
very large values.

The conformal group in three dimensions is SO(3, 2). The generators are the Lorentz
generators Lμν, which are in total three, that is, μ = 0, 1, 2, the three translation generators Pμ,
the dilatation generator D and the three special conformal transformations Kμ.

The R-symmetry group is SO(6) ∼= SU(4) with 15 generators, RIJ , I, J = 1, . . . , 6, as we
discussed in theN = 4 SYM case in Section 2.

The direct product SO(3, 2)×SU(4) corresponds to the bosonic subgroup of OSp(6 | 4).
Thus the full global symmetry group of the CS-matter theory is OSp(6 | 4).

The string states and the gauge theory primary operators will organize themselves as
osp(6 | 4) multiplets and they will be characterized by the quantum numbers labeling the
bosonic subsectors. In particular, these are

(Δ = E, S, J1, J2, J3). (7.5)

The first two charges, that is, Δ(E) and S, are the Cartan generators of the SO(2) × SO(3)
maximally compact subsector86 of the full conformal group. Notice that in the first entry of
(7.5) we have summarized the content of the gauge/gravity correspondence. The scaling
dimension Δ and the string energy E are the only charges which depend on the coupling
constant λ: Δ(λ,N) = E(λ,N). The last three charges J1, J2, J3 are the eigenvalues
corresponding to the SU(4) Cartan generators. I have indicated with J1 and J2 the two
generators of the SU(2) × SU(2) subsector mentioned before.

The Symmetries on the String Theory Side

Let us see how the global symmetries are realized on the string scenario. The IIA superstring
lives on AdS4 × CP 3. The isometry group of AdS4 is indeed SO(3, 2). As for the previous
case, E is the charge corresponding to global time translation and S is the spin in the AdS
space. In other words, according to the splitting of SO(3, 2) → SO(2) × SO(3) and to the
isomorphisms SO(2) ∼= U(1), SO(3) ∼= SU(2), E is the eigenvalue for the U(1) charge, while
S is the spin generator of SU(2). Thus once more, the conformal group enters on the string
theory side as a symmetry of the background. The same is true also for the projective space
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CP 3: the corresponding isometry group is SU(4). Notice that in CP 3 there are two 2-spheres
S2 embedded. They correspond to the SU(2)×SU(2) subsector on the gauge theory side. Thus,
J1 and J2 represent the total angular momenta in each sphere S2.

7.3. Spin Chains and Anomalous Dimension

We want to study the correlation functions of primary operators in the ABJM theory. This
means that we want to compute the anomalous dimension for such operators, cf. Section 2.4.
Can we use the spin chain picture also in this case?

We can repeat the arguments for the AdS5/CFT4 duality and represent a local
gauge invariant single trace operator via spin chain and study the corresponding quantum
mechanical model. In particular, the spin chain Hamiltonian will be the mixing matrix, and
its eigenvalues will be the anomalous dimensions. Once more this was done for the first time
by Minahan and Zarembo in [152].

Let us consider the SU(4) scalar sector. A prototype of the operator that we want to
study is

O = CB1B2···BL
A1A2···AL

Tr
(
YA1Y †B1

YA2Y †B2
· · ·YALY †BL

)
, (7.6)

where CB1B2...BL
A1A2...AL

is a generic tensor. We have to insert a field transforming in the 4
representation in one site of the spin chain, and the next neighbor has to be a field in
the 4 representation, since we want a gauge invariant operator and the matter is in the
bifundamental representation, as we discussed in the previous section. In this way, the gauge
group indices are correctly multiplied. Hence, the operator O (7.6) can be represented as an
alternating spin chain. This also implies that now the leading order spin chain Hamiltonian
involves the next-nearest neighbors, in other words it starts with two-loop interactions (∼ λ2).
Notice that the length of the chain corresponding to the local operator O (7.6) is 2L.

When the tensor CB1B2···BL
A1A2···AL

gives a symmetric and traceless combination of the scalars
in (7.6), then the operator O is a chiral primary, and its scaling dimension is protected.

The SU(4) 2-loop spin chain Hamiltonian is [152]

Γ(2) =
λ2

2

2L∑
l=1

Hl,l+1,l+2 =
λ2

2

2L∑
l=1

(2 − 2Pl,l+2 + Pl,l+2Kl,l+1 +Kl,l+1Pl,l+2), (7.7)

where Pl,l+2 is the permutation operator and Kl,l+1 is the trace operator.
In [152], the scalar SU(4) sector was shown to be integrable at leading order (two-

loops). The result was also found in [154, 155]. In [156, 157], the two-loop spin chain
Hamiltonian for the entire OSp(6 | 4) group has been constructed and showed that it is
integrable. The result was also found in [154, 155].

As before, we can exploit integrability by applying the techniques learned in Section 2
in order to compute the anomalous dimensions for single trace local gauge invariant
operators. The leading order Bethe Ansatz (ABE) where constructed for the scalar sector in
[152] and for the full OSp(6 | 4) group in [156]. Afterwards, Gromov and Vieira proposed the
Bethe Ansatz equations for the entire OSp(6 | 4) group and at all loop order [158].

There are already important data available from the string world-sheet computations,
in particular, for the spinning and rotating strings at one-loop [159–162]. From these
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computations it emerges an apparent disagreement with the Bethe Ansatz predictions at the
next-leading order of the strong coupling limit for the function h(λ), cf. (7.13). In particular,
the string world-sheet computations suggest a one-loop correction entering in h(λ). However,
this is (partially) understood as due to the employment of different regulation schemes
among the string theory computations and the Bethe Ansatz computations [162, 163].

7.3.1. The SU(2) × SU(2) Spin Chain

Let us focus on the SU(2) × SU(2) bosonic sector. This is a nice testing ground since it is a
closed subsector and probably the simplest one. Recall that it is generated by the scalars A1,2

and B1̇,2̇, that is, Y 1,2 and Y †3,4.
We want to calculate the anomalous dimension γ for operators such as

O = Ca1a2···aL
b1b2···bL Tr(Aa1Bb1Aa2Bb2 · · ·AaLBbL). (7.8)

The choice of the vacuum

Tr
(
Y 1Y †3

)J
≡ Tr(A1B1̇)

J (7.9)

breaks the initial global symmetry. In particular what is left is an SU(2 | 2) ×U(1) symmetry.
Looking at the Hamiltonian (7.7), one can see that in this subsector the trace operator Kl,l+1

does not contribute, thus the Hamiltonian reduces to

Γ(2)|SU(2) =
λ2

2

2L∑
l=1

Hl,l+1,l+2 =
λ2

2

2L∑
l=1

(2 − 2Pl,l+2). (7.10)

If one remembers Section 2.4, one will recognize that the Hamiltonian (7.10) is nothing but
(two times) the Heisenberg Hamiltonian of Section 2.4. Thus, we have two separate XXX1/2

spin chains, one corresponding to the odd sites and the other to the even ones [152]. However,
they are not completely decoupled since we have a unique cyclicity condition, which will
couple the momenta for the two spin chains. Notice that each spin chain has L sites.

Recalling the Bethe Ansatz equations for the Heisenberg spin chain in Section 2.4.1, it
is straightforward to write down the su(2) × su(2) Bethe Ansatz equations, essentially they
are the same:

E = 4λ2

[
K1∑
i=1

sin2 p
(1)
i

2
+

K2∑
i=1

sin2 p
(2)
i

2

]
,

eip
(a)
k
L =

Ka∏
j=1, j /= k

S
(
p
(a)
j , p

(a)
k

)
,

K1∑
i=1

p
(1)
i +

K2∑
i=1

p
(2)
i = 0.

(7.11)
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K1 and K2 are the magnon numbers in the odd and even sites of the chain, respectively;
the superscript a = 1, 2 selects the odd or the even sites. The S-matrix is the same as in
Section 2.4.1, namely, S(pj , pk) = −(1 + ei(pk+pj ) − 2eipk)/(1 + ei(pk+pj ) − 2eipj ).

Symmetries and S-Matrix

The choice of the vacuum (7.9) breaks the initial global OSp(6 | 4) symmetry to the SU(2 | 2)
symmetry. Once more, the algebra that realizes the integrable structure of the model is the
centrally extended su(2 | 2) algebra. Although now, we have only one copy. Analyzing the
bosonic sector, we see that the initial symmetries are broken into

SO(3, 2) × SU(4) −→ SO(2) × SO(3) × SU(2)R × SU(2)R. (7.12)

SO(3) ∼= SU(2) is the group of the space-time rotations; one of the two SU(2)R groups
is broken by the vacuum choice. Thus the direct group SU(2) × SU(2)R gives the bosonic
subgroup of SU(2 | 2) (with U(1) central extension).

The full S-matrix has been constructed in [164]. It has been deduced through the ZF
algebra, cf. Section 6.4. It has already passed some consistency checks, at two loops at weak
coupling [165] and at tree-level at strong coupling [166]. It reproduces the all-loop Bethe
Ansatz equations conjectured in [158].

The one particle state forms a (2 | 2) fundamental representation of the centrally
extended su(2 | 2) algebra. The dispersion relation obtained by the BPS condition (or
shortening condition), cf. Section 6.4, is

C =

√
1
4
+ h(λ)sin2 p

2
. (7.13)

In AdS5/CFT4 the dispersion relation (6.52) is the same (with h(λ) ∼ λ) at strong and weak
coupling limit, as we saw, for example, by studying the BMN limit in Section 6.2.3. However,
now things are different. Recall that the shortening condition and, more in general, symmetry
arguments fix the form of the dispersion relation only up to a scalar function h(λ). The specific
behavior of such a function in the UV or IR regime enters as an input and, for example, it can
be fixed by a comparison with the BMN limit. There is no reason why this should be the same
at strong and weak coupling limit. For the AdS5/CFT4 duality it happens. But this is not true
now in the ABJM conjecture. At the weak coupling (λ� 1) the authors of [152, 155, 167] have
found that h(λ) ∼ 4λ2:

C =

√
1
4
+ 4λ2sin2 p

2
when λ� 1. (7.14)

However, at the strong coupling (λ� 1) the results of [155, 167, 168] give a different behavior:
h(λ) ∼ 2λ, cf. Section 7.4.1:

C =

√
1
4
+ 2λsin2 p

2
when λ� 1. (7.15)
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The violation of the BMN scaling already at the leading order might be due to a lack of
supersymmetries.

7.4. Integrability on the String Theory Side

Let us move to the string theory side: the type IIA superstring leaving on AdS4 × CP 3. The
background can be written as a bosonic quotient space, namely,

AdS4 =
SO(3, 2)
SO(3, 1)

, CP 3 =
SU(4)
U(3)

, (7.16)

which is the bosonic subgroup of OSp(6 | 4). Hence the supercoset approach á la GSMT,
cf. Section 4.2, can be employed in this case for the formulation of the type IIA string action
[169, 170]. There are certain subtleties. In the initial GS superstring action there are in total 32
fermionic degrees of freedom, while now they are 24. Thus part of the κ-symmetries must be
fixed in order to adjust the number of fermions, in particular half (8) of such local fermionic
symmetries are gauged away [169].

Arutyunov and Frolov have proved the classical integrability of the type IIA string σ
model on OSp(6 | 4)/SO(3, 1) ×U(3) in [169] by constructing the Lax pair as it was done for
the AdS5 × S5 case [46], cf. Section 4.3. However, the fact that the superspace AdS4 × CP 3 is
not a supercoset implies that the classical integrability has been rigorously showed only for a
subsector of the full complete AdS4 × CP 3 background [171].

7.4.1. The BMN Limit

Recalling what we have learned about the BMN limit (especially on the string theory side) in
Section 6.2.3, we will analyze the IIA string on the projective space in an analogous manner.
Let us consider a string with a very large angular momentum87 J in CP 3. As we discussed in
Section 6.2.3, this limit is equivalent to consider the string moving in the background obtained
by taking the Penrose limit (R → ∞) of the original geometry, which is now AdS4 × CP 3.
Remember that, by dimensional analysis, the very large R2 limit is the same as the very large
J limit. The string is excited along the global time direction t in AdS4 and it is rotating very
fast in CP 3. Thus we proceed by computing a perturbative expansion around the classical
trajectory (the point-like string configuration).

The Penrose limit has been computed in [155, 167–169], expanding the motion in very
similar null geodesics. However, I will mostly refer to the decoupling limit used by Grignani
et al. [168], which is based on the work [172] for the SU(2) sector of AdS5 × S5.

The AdS4 × CP 3 space is described by

ds2 =
R2

4
ds2

AdS4
+ R2ds2

CP 3 , (7.17)

with the unit metric written as

ds2
AdS4

=
(
−cosh2ρdt2 + dρ2 + sinh2ρdΩ̂2

2

)

ds2
CP 3 =

1
4
dψ2 +

1 − sinψ
8

dΩ2
2 +

1 + sinψ
8

dΩ′2
2 + cos2ψ(dδ +ω)2.

(7.18)
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The one-form ω in (7.18) is given by

ω =
1
4

sin θ1dϕ1 +
1
4

sin θ2dϕ2, (7.19)

and dΩ2
2 and dΩ′2

2 parameterize the two spheres S2 embedded in CP 3, in particular we have
that

dΩ2
2 = dθ2

1 + cos2θ1dφ
2
1, dΩ′2

2 = dθ2
2 + cos2θ2dφ

2
2. (7.20)

Thus, the ten embedding coordinates on AdS4 × CP 3 are

t, ρ, Ω̂2︸ ︷︷ ︸
AdS4

, ψ, δ, θ1, φ1, θ2, φ2︸ ︷︷ ︸
CP 3

(7.21)

We want to make two operations at this point:

(i) We want to select the SU(2) × SU(2) sector;

(ii) We want to take the Penrose limit, cf. (6.29).

This implies that we have to choose a null geodesic such that the only excited coordinates lie
in the projective space (a part the time direction), that is, Rt×S2×S2. Secondly, the coordinates
should be rescaled in order to take the infinite radius limit.

The coordinates which are suitable in order to select the SU(2)×SU(2) sector [168], are

t′ = t, χ = δ − 1
2
t. (7.22)

This gives the following metric for AdS4 × CP 3

ds2 = −R
2

4
dt

′2
(

sin2ψ + sinh2ρ
)
+
R2

4

(
dρ2 + sinh2ρdΩ̂2

2

)

+ R2

[
dψ2

4
+

1 − sinψ
8

dΩ2
2 +

1 + sinψ
8

dΩ′2
2

+cos2ψ
(
dt′ + dχ +ω

)(
dχ +ω

)]
.

(7.23)

In Section 6, we have introduced the U(1) charges in (6.8), analogously here we have88

Δ = i∂t, J = − i
2
∂δ. (7.24)

After the change of coordinates (7.22), by the chain rule89 the charges become

E ≡ Δ − J = i∂t′ , 2J = −i∂χ. (7.25)
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Let us rescale the coordinates according to

v = R2χ, x1 = Rϕ1, y1 = Rθ1, x2 = Rϕ2, y2 = Rθ2, u4 =
R

2
ψ, (7.26)

and transform the transverse coordinates in AdS4 with u1, u2, and u3 defined by the relations

R

2
sinh ρ =

u

1 − (u2/R2)
,

R2

4

(
dρ2 + sinh2ρdΩ̂2

2

)
=

∑3
i=1 du

2
i

(1 − (u2/R2))2
, u2 =

3∑
i=1

u2
i . (7.27)

Explicitly, the metric (7.23) in the new coordinates (7.26) and (7.27), becomes

ds2 = −dt′2
(
R2

4
sin2 2u4

R
+

u2

(1 − (u2/R2))2

)
+

∑3
i=1 du

2
i

(1 − (u2/R2))2
+ du2

4

+
1
8

(
cos

u4

R
− sin

u4

R

)2(
dy2

1 + cos2y1

R
dx2

1

)

+
1
8

(
cos

u4

R
+ sin

u4

R

)2(
dy2

2 + cos2y2

R
dx2

2

)

+ R2cos2 2u4

R

[
dt′ +

dv

R2
+

1
4

(
sin

y1

R

dx1

R
+ sin

y2

R

dx2

R

)]

×
[
dv

R2
+

1
4

(
sin

y1

R

dx1

R
+ sin

y2

R

dx2

R

)]
.

(7.28)

At the leading order, the R → ∞ limit of the metric (7.28) leads to the plane-wave
metric given by

ds2 = dvdt′ +
4∑
i=1

(
du2

i − u
2
i dt

′2
)
+

1
8

2∑
i=1

(
dx2

i + dy
2
i + 2dt′yidxi

)
. (7.29)

The light-cone coordinates in this metric are t′ and v: one should read

t′ −→ X+, v −→ X− (7.30)

in order to use the results of Section 6. In essence, this is equivalent to consider the following
classical configuration for the string

ρ = 0, θ =
π

4
. (7.31)

After the rescaling (7.26), also the U(1) charge J in (7.24) gets rescaled according to

2J
R2

= −i∂v. (7.32)

This is equivalent to P− in (6.32) in the case a = 0.
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The Light-Cone Gauge

We need to fix the light-cone gauge if we want to quantize the string Hamiltonian, since there
are Ramond-Ramond fluxes and they survive the Penrose limit, cf. (6.6) and (6.31). Explicitly:

t′ = cτ, pv = constant, (7.33)

where the constant is fixed by the computation90 of the canonical momentum pv = δL/δv̇
and gives

c =
4J
R2
. (7.34)

This will be used as our expansion parameter and it corresponds to P− of Section 6.2.3, cf.
(6.32).

After solving the Virasoro constraints (6.16), the bosonic light-cone Hamiltonian
computed according to (6.18) in the background (7.29) gives

cHB,pp =
2∑
a=1

(
pxaẋa + pyaẏa

)
+

4∑
i=1

pui u̇i − LB,pp

=
2∑
a=1

[
4p2

xa + 4p2
ya +

1
16
x
′2
a +

1
16
y
′2
a − cpxaya +

c2

16
y2
a

]
+

1
2

4∑
i=1

[
p2
ui + u

′2
i + c2u2

i

]
.

(7.35)

The quantization of the coordinates91 leads to the following free92 bosonic Hamiltonian

cHfree =
4∑
i=1

∑
n∈Z

Ωn N̂
i
n +

2∑
a=1

∑
n∈Z

(
ωn −

c

2

)
Ma

n +
2∑
a=1

∑
n∈Z

(
ωn +

c

2

)
Na

n, (7.36)

with the number operators N̂i
n = (âin)

†âin, Ma
n = (aa)†na

a
n and Na

n = (ãa)†nã
a
n, and with the

level-matching condition

∑
n∈Z

n

[
4∑
i=1

N̂i
n +

2∑
a=1

(Ma
n +N

a
n)

]
= 0. (7.37)

The dispersion relations are

Ωn =
√
n2 + c2, ωn =

√
c2

4
+ n2. (7.38)

This plane-wave Hamiltonian (7.36) describes 8 bosonic (and 8 fermionic) degrees of
freedom. But there are some surprises.

The dispersion relations (7.38) of the plane-wave Hamiltonian show that, firstly, we
have two different sets of excitations, and secondly, that in both cases the dispersion relations
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do not match the gauge theory result. As it is clear from (7.36) and (F), the masses, which
appear there, are different. We have obtained four bosons with mass m = 1/2, the light-modes
and four with mass m = 1, the heavy-modes. The same is true for the fermions. The (4 | 4)
light multiplet corresponds to the transverse coordinates of CP 3, (x1, y1, x2, y2), namely, to
the two spheres S2, (7.20), after the rescaling (7.26). These elementary excitations correspond
to those seen on the gauge theory side. In particular for the light-modes, after using (7.34),
the energies are

1
c
ωn =

√
n2

c2
+

1
4
=

√
1
4
+

2π2λ

J2
n2. (7.39)

This is consistent with the dispersion relation discussed in the previous section:

√
1
4
+ 2λsin2 p

2
. (7.40)

The bosonic heavy modes correspond to the transverse directions (u1, u2, u3, u4) and they are
not observed on the gauge theory side. Actually their role is distinct, this fact is not visible in
the BMN limit. Indeed, the coordinate u4 plays a special role. The other coordinates (u1, u2, u3)
are rotated by the group SO(3) and they correspond to the derivatives on the gauge theory
side.

Hence, there is an apparent mismatch on the number of the elementary impurities
which appear on gauge and string theory side. This was resolved by Zarembo in [166] where
he showed the fate of the heavy world-sheet modes. They are not elementary world-sheet
excitations. They disappear from the spectrum: Once the leading quantum corrections in the
propagator are taken into account, it is possible to see that the pole corresponding to heavy
modes is indeed above the threshold for the light-mode pair productions. They are absorbed
in the continuum and thus “invisible” from the gauge theory point of view.

7.5. The Near-BMN Corrections

Let us take a step forward in the study of the BMN regime on the string theory side: We want
to compute the leading (1/J) quantum corrections to the string energies, for a certain class of
string configurations, following [6]. This method was proposed by Callan et al. in [106, 131]
for the AdS5 × S5 superstring. For other methods used to compute the 1/J corrections in the
AdS5/CFT4 context we refer the reader to the papers [107, 109, 173].

Summarizing what we have seen in the previous section, our starting point is a light-
cone gauged string moving on t ∈ AdS4 and S2 × S2 ∈ CP 3 with a very large angular
momentum J in the projective space. We are at strong coupling limit λ � 1 and also J (or R)
is very large, however the ratio λ′ = λ/J2 is kept fixed. This λ′ becomes an effective parameter
to explore the spectrum beyond the Penrose limit.

In particular, we want to make a joint expansion in large J and in small λ′, cf. what we
have discussed in Section 6.2.3 about the BMN-scaling. In a certain sense, we are saying that
the angular momentum is very large but yet finite.93
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Since by dimensional analysis, the 1/J corrections are equivalent to the 1/R2

corrections, the finite-size corrections can be computed by including higher order terms in
the inverse of the curvature radius, that is, up to 1/R2.

Let us focus on the bosonic sector of the type IIA AdS4 × CP 3 superstring. Thus,
the discussion of Section 6.2.1 applies directly here. All the relevant formulas are written in
Section 6.2.1, let me just recall the main expressions. The starting point is the bosonic action

S =
1

2πα′

∫
dσ2L with L = −1

2
γμνGMN∂μX

M∂νX
N, (7.41)

and the two Virasoro constraints (6.16). Solving the second one of (6.16) in favor of X−′ (v′ in
[6]) gives the light-cone Hamiltonian density

Hlc = −pt′ . (7.42)

Notice that p+ of Section 6 is pt′ in the notation of [6].
The crucial step is that everything is consistently expanded up to order 1/R2 ∼ 1/J .

In the curvature radius expansion, the leading term in (7.42), that is, the term of order O(1),
is the BMN limit (Hfree); the next-leading terms are the new contributions that, once they are
quantized, will give us the quantum corrections to the string BMN spectrum, that is,Hint:

Hlc =Hfree +Hint. (7.43)

Notice thatHfree reduces to (7.35) in the bosonic sector, which is the sector we are interested
in.

With respect to the AdS5 case, one of the surprising properties of the interacting
Hamiltonian Hint is that it contains also three-leg vertices. It is indeed built of two
contributions:

Hint =H(1)
int +H

(2)
int , (7.44)

(i) at order 1/R it is cubic and it contains three fields (the heavy mode corresponding
to u4 and two light-modes corresponding to two of the four S2 ∈ CP 3 coordinates),
that is,H(1)

int ;

(ii) at order 1/R2 it is quartic (the relevant terms for us are the ones with all the
transverse SU(2) × SU(2) coordinates),H(2)

int .

Explicitly, we have:

H(1)
int =

u4

8Rc

[
(ẋ1)2 − (ẋ2)2 +

(
ẏ1
)2 −

(
ẏ2
)2 −

(
x′1
)2 +

(
x′2
)2 −

(
y′1
)2 +

(
y′2
)2
]
,

H(2)
int =

1
128R2c3

[
4
(
ẋax

′
a + ẏay

′
a

)2 −
((
x′a
)2 +

(
y′a
)2 + (ẋa)2 +

(
ẏa
)2
)2
]

+
1

48R2c

[
3
((

(ẋ1)2 −
(
x′1
)2
)
y2

1 +
(
(ẋ2)2 −

(
x′2
)2
)
y2

2

)
+ c
(
ẋ1y

3
1 + ẋ2y

3
2

)]
+ · · · ,

(7.45)
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where the dots are for terms that are irrelevant in the computation of the spectrum of string
states belonging to the SU(2) × SU(2) sector, c is the constant defined in (7.34), the index
a = 1, 2 labels the two copies of SU(2) and with ẋ and x′ we mean the derivative with respect
to the world-sheet coordinate τ and σ, respectively.

The classical interacting HamiltonianHint must be quantized,94 cf. Appendix E.2, and
used to compute the energy corrections via standard perturbation theory, namely,

E
(2)
s,t =

〈
s, t
∣∣∣H(2)

int

∣∣∣s, t
〉
+
∑
|i〉

∣∣∣
〈
i
∣∣∣H(1)

int

∣∣∣s, t
〉∣∣∣

2

E
(0)
|s〉,|t〉 − E

(0)
|i〉

, (7.46)

where |i〉 is a suitable intermediate state. Notice that E(0) is the pp-wave energy, E(1) vanishes,
and H

(1)
int is the integral of Hint over σ. In concrete terms, in (7.46) we need to insert some

specific state: We investigate two specific string configurations with two impurities in both
cases. One state contains two world-sheet excitations sitting on the same sphere S2 ∈ CP 3

(the state |s〉):

|s〉 =
(
a1
n

)†(
a1
−n

)†
|0〉. (7.47)

The second case we consider, is when the two world-sheet excitations are on the two different
2-spheres SU(2) (the state |t〉):

|t〉 =
(
a1
n

)†(
a2
−n

)†
|0〉. (7.48)

Both termsH(1)
int andH(2)

int contribute at order 1/J , in particular, for example, for the state |t〉,
one has [6]

〈t
∣∣∣H(2)

int

∣∣∣ t〉 = −
[
n2 + (ωn − (c/2))2

]2
+ 4n2(ωn − (c/2))2

R2c3ω2
n

� −4n4π4λ
′2

J
+

16n6π6λ
′3

J
+O
(
λ
′4
)
,

(7.49)

∑
|i〉

∣∣∣
〈
i
∣∣∣H(1)

int

∣∣∣t
〉∣∣∣

2

E
(0)
|t〉 − E

(0)
|i〉

=
1
R2c

∑
p

[(
ωp+n − (c/2)

)
(ωn − (c/2)) −

(
p + n

)
n
]2

ωp+nωnΩp

(
ωp+n −ωn −Ωp

) +

[
(ωn − (c/2))2 − n2

]2

R2c3ω2
n

.

(7.50)

Notice that the cubic Hamiltonian contribution contains divergent terms which we regularize
with the ζ-function. Thus, summing the two contributions (7.49) and (7.50), one obtains

E
(2)
t = −

[
n2 + (ωn − (c/2))2

]2
+ 4n2(ωn − (c/2))2

R2c3ω2
n

+

[
(ωn − (c/2))2 − n2

]2

R2c3ω2
n

� −64n6π6λ
′3

J
+O
(
λ
′4
)
.

(7.51)
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It is interesting that for the state |t〉 the first finite-size correction appears at the order λ
′3.

Notice also that there is no AdS5 analogous for the state |t〉. Analogously, it can be done for
the state |s〉 [6]:

E
(2)
s = −2

[
(ωn − c)

(
4n2 − c2) − c2ωn

]

R2c3ωn
−

[
(ωn − (c/2))2 + n2

]2

R2c ω2
nΩ2

2n

−

[
(ωn − (c/2))2 − n2

]2

R2c3ω2
n

� 8n2π2λ′

J
− 64n4π4λ

′2

J
+

448n6π6λ
′3

J
+O
(
λ
′4
)

(7.52)

Comparing with the Bethe Ansatz Equations and with the Landau-Lifshitz Model

From a spin chain picture, the SU(2) × SU(2) light excitations correspond to the insertions of
two fundamental magnons such as A1B2, A1, B

†
2̇
, A2, B1, and B†2 , B1 in the spin chain. We

can pictorially think to the case |s〉 as two down spins in the same XXX1/2 chain and to the
case |t〉 as each spin down for each chain.95 In this way it has been possible to see that, in the
case |t〉, the dressing phase contribution is responsible for the interactions between the two
spin chains since the S-matrix contribution is trivial in this case. The results of [6] have been
confirmed in [174].

The energies up to order 1/R2 obtained with the above finite-size procedure are
compared with the strong coupling limit of the Bethe equations proposed in [158]. The
SU(2)×SU(2) Bethe Ansatz equations are written in [6] by following the AdS5/CFT4 example,
and here are reported in (7.11). In particular, at this order, the dressing phase is a direct
generalization of the AFS phase (6.73) with the substitution g2 → h(λ), cf. Section 6.4.2.
Furthermore, in the concrete computation it has been used the strong coupling leading order
value for the function h(λ), namely, h(λ) = 2λ.

We have also used another approach in order to compute the energy corrections to
the string configurations considered: the so called Landau-Lifshitz (LL) model. This is a low-
energy effective model that was initially developed in the AdS5/CFT4 case by Kruczenski
[115]. It has the advantage to be free from divergences and to be well defined at leading
quantum level. For a nice review we refer the reader to the paper [175] and for examples in
the AdS5 × S5 context we refer to the works [176–179].

The final result contained in [6] is the complete matching between the energy
corrections computed with these three different techniques.

8. Summary and Conclusions

The work is devoted to review the study of the string integrability in the context of the
AdS/CFT dualities. The integrable structures which emerge on both sides of the AdS5/CFT4

correspondence, manifest themselves with an infinite set of conserved charges. These infinite
“hidden” symmetries solve, at least in principle, the model and provide us with a formidable
tool for exploring the string/gauge correspondence.

The exposition starts with the AdS5/CFT4 correspondence. Its gravity side, namely,
the type IIB superstring action in AdS5 × S5, can be formulated in two approaches: the Green-
Schwarz-Metsaev-Tseytlin (GSMT) formalism and the Berkovits (pure spinor) formalism.
The latter allows one to proceed perturbatively to a manifestly covariant quantization of the
string action. Using the pure spinor approach we could analyze the operator algebra of the
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left-invariant currents which are the main ingredient in the construction of the string action.
This has been done by computing the operator product expansion (OPE) of the left-invariant
currents at the leading order in perturbation theory (i.e., (1/R2) ∼ (1/

√
λ)) and up to terms

of conformal dimension 2. This confirms the Z4-grading of the full psu(2, 2 | 4) algebra,
which is the AdS/CFT global symmetry, as well as the nonholomorphicity of the currents.
We have then investigated the quantum integrability of the type IIB AdS5 × S5 superstring.
Its proven classical integrability does not automatically imply that such a property survives
at quantum level, as the example of the CPn model teaches us. In the first order formalism,
the integrability is related to the existence of a Lax pair, namely, a flat connection, which
guarantees the independence of the contour for the monodromy matrix (the functional
generating the infinite tower of conserved charges) and thus the conservation of the charges.
We have studied the variation of the monodromy matrix under a small path deformation at
the leading order in perturbation theory and in the pure spinor approach. We could give a
direct and explicit check that indeed its path-independence holds at quantum level and that
it remains free from UV logarithmic divergences. A crucial ingredient in this computation are
the OPE’s mentioned above.

Employing the GSMT light-cone gauged type IIB superstring action, one can interpret
the world-sheet elementary excitations as two-dimensional particles and construct the
corresponding S-matrix by assuming that the model is quantum integrable. We have
explicitly verified that such a scattering matrix factorizes as it should be for a two-
dimensional integrable quantum field theory. For this computation, we have exploited the
near-flat space truncation of the full string σ-model up to one-loop, which means ∼ 1/λ3/2

for the three-particle scatterings considered.
Finally, we have turned our attention to the AdS4/CFT3 correspondence. We have

considered the gravity dual given by the type IIA superstring in AdS4 × CP 3. In the
GS formalism we have examined near-BMN string configurations with a large angular
momentum J in CP 3. For the bosonic SU(2)×SU(2) closed sector, we have then calculated the
first quantum correction, namely, (1/J) ∼ (1/R2), to the corresponding string energies. The
obtained values have been positively checked against the conjectured all-loop Bethe Ansatz
predictions.

Appendices

A. Notation

Complex Coordinates

The conventions are the same as used by Polchinski in chapter 2 of [180]. The z, z coordinates
are defined according to

z = σ1 + iσ2, z = σ1 − iσ2. (A.1)

The derivatives are

∂z =
1
2
(∂1 − i∂2), ∂z =

1
2
(∂1 + i∂2). (A.2)
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Notice that for the Maurer-Cartan forms I use J ≡ Jz and J ≡ Jz. In [7] they are also indicated
with J+ and J−, respectively. The two-dimensional metric is

ηzz = ηzz =
1
2
, ηzz = ηzz = 2, (A.3)

where all the other components are zero. The Levi-Civita tensor is defined by ε12 = −ε21 = +1.
In the Minkowski world-sheet the ε tensor is defined as ε01 = −ε10 = +1. In particular, we use
the prescription σ2 = iσ0 for Wick-rotating the coordinates. Finally, the measure in the z, z
coordinate is d2z = 2dσ1dσ2.

B. The AdS5/CFT4 Duality: The Full Planar ABE

For completeness, here we report the Asymptotic Bethe equations for the planar AdS5/CFT4

[28]:

1 = ei(p1+···+pK4 ) =
K4∏
j=1

x+
4j

x−4j
,

1 =
K2∏u1k − u2j + i/2

u1k − u2j − i/2

K4∏
j=1

2 − g2/x1kx
+
4j

2 − g2/x1kx
−
4j
,

1 =
K2∏

j=1, j /= k

u2k − u2j − i
u2k − u2j + i

K3∏
j=1

u2k − u3j + i/2
u2k − u3j − i/2

K1∏
j=1

u2k − u1j + i/2
u2k − u1j − i/2

,
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K4∏
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1 =

(
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x+

4k
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j=1, j /= k

(
x+

4k − x
−
4j
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+
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4kx

−
4j

2 − g2/x−4kx
+
4j
e2iθ(x4k,x4j )

)

×
K1∏2 − g2/x−4kg1j

2 − g2/x+
4kx1j

K3∏
j=1

x−4k − x3j

x+
4k − x3j

K5∏
j=1

x−4k − x5j

x+
4k − x5j

K7∏
j=1

2 − g2/x−4kx
−
7j

2 − g2/x+
4kx7j

,

1 =
K6∏
j=1

u5k − u6j + i/2
u5k − u6j − i/2

K4∏
j=1

x5k − x+
4j

x5k − x−4j
,

1 =
K6∏

j=1, j /= k

u6k − u6j − i
u6k − u6j + i

K5∏
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K4∏
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+
4j
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−
4j
.

(B.1)
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The Bethe roots are (u1k, u2k, u3k, u4k, u5k, u6k, u7k) corresponding to the excitation numbers
(K1, K2, K3, K4, K5, K6, K7) and the rapidity map is defined by

x(u) =
1
2
u

⎛
⎝1 +

√
1 −

2g2

u2

⎞
⎠, g2 =

λ

8π2
(B.2)

with x±(u) ≡ x(u ± i/2). The dressing phase is

θ
(
uk, uj

)
=
∞∑
r=2

∞∑
s=1+r,
s+r=odd

cr,s
(
g
)(
qr(uk)qs

(
uj
)
− qr
(
uj
)
qs(uk)

)
, (B.3)

where the coefficients are [142]

c
(n)
r,s =

(−1)nζ(n)
2πnΓ(n − 1)

(r − 1)(s − 1)
Γ((1/2)(s + r + n − 3)) Γ((1/2)(s − r + n − 1))
Γ((1/2)(s + r − n + 1))Γ((1/2)(s − r − n + 3))

. (B.4)

In particular, at strong coupling they have been discussed in Section 6.4.2.

C. Pure Spinor Formalism

C.1. The psu(2, 2 | 4) Structure Constants

The nonvanishing structure constants for the psu(2, 2 | 4) superalgebra are the following:

f
[ab]

αβ̂
=

1
2

(
γab
)
α

γ
δγβ̂, f

[a′b′]

αβ̂
= −1

2

(
γa
′b′
)
α

γ
δγβ̂

fα[cd]β = −f
α
β[cd] =

1
2
(
γcd
)
β

α
, f α̂

[cd]β̂
= −fα̂

β̂[cd]
=

1
2
(
γcd
)
β̂

α̂

faαβ = f
a
βα = γaαβ, f

β̂

aβ = −f
β̂

βa = −
(
γa
)
βγδ

γβ̂

fa
α̂β̂

= fa
α̂β̂

= γa
α̂β̂
, fαaα̂ = −fαα̂a =

(
γa
)
α̂β̂δ

αβ̂

f
[ef]

ab
= −f

[ef]

ba
= δ[ea δ

f]

b
, f

[e′f ′]

a′b′
= −f

[e′f ′ ]

b′a′
= −δ[e

′

a′ δ
f ′]

b′

fe[cd]b = −f
e
b[cd] = ηb[cδ

e
d]

f
[gh]
[cd][ef] = ηceδ

[g
d
δ
h]
f
− ηcfδ

[g
d
δ
h]
e + ηdfδ

[g
c δ

h]
e − ηdeδ

[g
c δ

h]
f
.

(C.1)

The bosonic indices are a = 0, . . . , 9 labeling g2, with a = (a, a′), where a = 0, . . . , 4 labels the
AdS5 directions and a′ = 5, . . . , 9 labels the S5 directions, and [ab] labeling g0. The fermionic
indices are α and α̂ for g1 and g3, respectively.
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C.2. OPE Results

The results listed here are from [7]. Notice the different notation: here g1(3) corresponds to
g3(1) of [7]. The symbol ˜ is omitted, however all the currents in the R.H.S. are classical
and there is an overall factor 1/R2 also omitted. It is convenient to perform the OPE’s in the
symmetric point σ ≡ (x + y)/2, that is, J(x)J(y) =

∑
C(x − y)O(σ). v and v are defined as

v ≡ x − y and v ≡ x − y, respectively.

C.2.1. JJ

J0J2

J[ab](x)J
a(
y
)

= fa[ab]
b

(
Jb

v
+
v

2v
∂Jb +

1
2
∂Jb
)

+ f [ab]
αα̂

f α̂aβ

(
JαJβ

v

v
− JαJ

β
log γ |v|2

)

+ f [ab]
bc

fac[cd]J
b

(
N[cd]v

v
+N

[cd]
log γ |v|2

)

J
[ab]

(x)Ja
(
y
)

= fa[ab]b

⎛
⎝J

b

v
+

1
2
∂J

b
+
v

2v
∂J

b

⎞
⎠ + f [ab]

αα̂
fαa
β̂

(
J
α̂
J
β̂ v

v
− J

α̂
Jβ̂ log γ |v|2

)

− f [ab]
bc

fca[cd]J
b
(
N[cd] log γ |v|2 +N

[cd]v

v

)

(C.2)

J0J1

J[ab](x)J
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)
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(
Jβ
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v

2v
∂Jβ +

1
2
∂Jβ
)
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(
N
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log γ |v|2 +N[cd]v
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)
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)
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⎛
⎝J
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− 1
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⎠
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log γ |v|2
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β̂γ
f
γα
a

(
JaJ

β̂
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(
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(C.3)
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J0J3

J
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(C.4)

J0J0

J[a1b1](x)J
[a2b2](

y
)
=
(
f
[a1b1]λ
a f

[a2b2]
bλ JaJ

b
+ fβ[a1b1]

α f
[a2b2]

ββ̂
JαJ

β̂
+ fβ̂[a1b1]

α̂
f
[a2b2]

ββ̂
Jα̂J

β
)

log γ |v|2

(C.5)
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(C.6)
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J3J3
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(C.7)

J2J1
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Jα(x)J
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(C.8)

The tensor Raα
+− is a symmetric tensor and it contains all the terms coming from the

diagram computed from the vertices (5.98) and (5.95). They diverge logarithmically however
these type of insertions being symmetric are just cancelled when we take the sum of the
commutator between Ja+(x)J

α
−(y) and Jα+(x)J

a
−(y).

J3J2

The same structure as before for the case J2J1 appears here
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(C.9)

Again, Rα̂a
+− is the same kind of tensor as before, it comes from the same vertices (5.98) and

(5.95), with the replacement α → α̂.
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C.2.2. JN
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C.2.3.NN
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D. The S-Matrix Factorization in the NFS Limit: An Example

The results in this section are from [5]. In order to show how the factorization of the three-
body S-matrix works in the near-flat-space limit at the leading order, among the highest
weight states (6.68) we consider the following scattering process

Y11̇(a)Y11̇(b)Y11̇(c) −→ Y11̇(d)Y11̇(e)Y11̇
(
f
)
. (D.1)

In particular, the S-matrix element C1 in (6.68) can be extracted from

C1(a, b, c)
∑

σ(d,e,f)
δadδbeδcf =

〈
Y11̇
(
f
)
Y11̇(e)Y11̇(d)|S|Y11̇(a)Y11̇(b)Y11̇(c)

〉
. (D.2)

Recalling the NFS action (6.48) and the relation (6.23) which allows one to write the fields Yi
with i = 1, . . . , 4 as bispinors, in the so(4)2 notation, the amplitude (D.2) reads

〈Y11̇ Y11̇ Y11̇|S|Y11̇ Y11̇ Y11̇〉 = 〈Y1 Y1 Y1|S|Y1 Y1 Y1〉 − 〈Y1 Y1 Y1|S|Y1 Y4 Y4〉

− 〈Y1 Y1 Y1|S|Y4 Y1 Y4〉 − 〈Y1 Y1 Y1|S|Y4 Y4 Y1〉,
(D.3)

where the momentum arguments are as in (D.2).

D.1. Feynman Diagram Computation

For practical purposes, the amplitudes from Feynman diagrams are more easily computed in
the so(4)2 notation. In order to show how the factorization emerges from Feynman graphs,
we will illustrate the computation only for the process

Y1(a)Y1(b)Y1(c) −→ Y1(d)Y1(e)Y1
(
f
)
, (D.4)

which is contained in (D.3). The remaining scattering amplitudes are completely analogous.
Recalling (6.80), the amplitude is defined as

A
(
η
)
≡ A

(
a, b, c, d, e, f

)
=
〈
Y1(f)Y1(e)Y1(d) | Y1(a)Y1(b)Y1(c)

〉
connected. (D.5)

Tree-Level

At tree-level the amplitude (D.5) is computed from diagrams of the kind drawn in Figure 7.
For the process (D.5) we find

Atree(η) = −iγ2 1√
64abcdef

1

2! 3!2
∑
σ(η)

F
(
η
)

I0
(
η
)
, (D.6)

where

F
(
η
)
= 16

(
a2 + b2 + c2 + ab + bc + ca

)(
d2 + e2 + f2 + de + ef + fd

)
. (D.7)
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d
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Figure 7: Tree-level diagram. The label r counts the derivatives acting onto the internal propagator.

and I0 is the tree-diagram propagator

I0
(
η
)
=

δ2(η)

(a + b + c)2 −m2 + iε
. (D.8)

The sum in (D.6) is taken over all permutations of η ≡ (a, b, c,−d,−e,−f). Since the summand
is symmetric in (a, b, c) and in (d, e, f) and under the exchange (a, b, c) ↔ (d, e, f), one can
restrict the sum to permutations under which the summand is not symmetric (there are 10
such permutations) and drop the factor 1/2!3!2. The first fraction in (D.6) originates from the
wave-function normalization of the external particles.After performing the sum in (D.6), one
can use energy-momentum conservation to show that the amplitude indeed vanishes if the
sets of in- and out-momenta are different:

Atree(η) = 0, for {a, b, c}/=
{
d, e, f

}
. (D.9)

At the points where {a, b, c} = {d, e, f} the amplitude becomes divergent when ε → 0 in
(D.8). The divergences originate from terms where the momentum of the internal propagator
I0 is equal to one of the external momenta and therefore goes on-shell. The divergence is of δ-
function-type and its residue can be extracted by means of the principal value formula (6.83).
In the sum (D.6) the principal value terms cancel because of energy-momentum conservation
and we are left with an additional δ(p2 −m2)-function which sets the internal momentum p
of the corresponding diagram on-shell. The factorized form (6.82) arises from combining this
δ-function with the overall energy-momentum conservation δ(2)(η) contained in (D.8). For
the case at hand we obtain

Atree(η) = − γ2

4m4

abc G(a, b, c)
(a + c)(c − b)(b − a)

∑
σ(d,e,f)

δadδbeδcf (D.10)

with

G(a, b, c) = 16
[
2abc(a − b + c) + a3(b − c) + b3(a + c) + c3(b − a)

]
. (D.11)



114 Advances in High Energy Physics

This result is a special case of (6.82), where the coefficients are actually independent of the
permutation σ which is due to the fact that all involved fields are of the same flavor.

One-Loop

The one-loop amplitude is given by two sets of diagrams, the “dogs” (Figure 8(b)) and the
“suns” (Figure 8(c)),

A1−loop(η) = Adog(η) +Asun(η). (D.12)

As before, the explicit results are for the sample process (D.4).
In the case of sun diagrams (Figure 8(c)), it has been possible to reduce the diagrams

as a linear combination of tree-level diagrams Ir multiplied by bubbles Brs (see Figure 8(a))
by means of certain cutting rules [181].96 All bubbles are finite, but—exactly as at the tree-
level—the propagators in Ir become divergent when its momentum goes on-shell. It is clear
that there is a potentially divergent propagator also in the dog diagrams (Figure 8(b)). The
poles can again be extracted using the principal value formula (6.83). The partial one-loop
amplitudes for (D.4) are

Adog(η) = +R
(
η
)
−
∑

σ(a,b,c)

4iγ3a3b2c

|a2 − c2|
a2 + b2

a2 − b2

×
[
a4 + 2a3b + 10a2b2 + 2ab3 + b4

a2 − b2
− 4i
π

ab

|a2 − b2|

(
a2 − b2 +

(
a2 + b2

)
ln
b

a

)]

×
∑

σ(d,e,f)

δadδbeδcf ,

Asun(η) = −R(η) − 8iγ3a2b2c2

(a2 − b2)(b2 − c2)(c2 − a2)

×
[
24a2b2c2 + a4b2 + a2b4 + a4c2 + a2c4 + b4c2 + c2b4

−a3b2c + a2b3c + a3bc2 + ab3c2 + a2bc3 − ab2c3
]
×
∑

σ(d,e,f)

δadδbeδcf .

(D.13)

In these expressions, R(η) = Rdog(η) δ(2)(η) = Rsun(η) δ(2)(η) is a function with support
on the phase space which drops out in the final one-loop amplitude (D.12). Rdog(η) and
Rsun(η) are rational functions multiplied by logarithms of various ratios of the momenta.
They are nonsingular for a/= b /= c /=a and the cancelation happens upon energy-momentum
conservation between terms with the same momentum flowing through the bubble.
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Figure 8: One-loop diagrams. The labels r, s, and t count the derivatives acting onto the corresponding
internal propagator.

Summary of the Results

Thus for the scattering process (D.1) the total connected amplitudes (D.3) are

Atree(η) = −4 γ2abc

[
a
(a + b)(a + c)
(a − b)(a − c) + b

(a + b)(b + c)
(a − b)(b − c) + c

(a + c)(b + c)
(a − c)(b − c)

]
×
∑

σ(d,e,f)

δadδbeδcf ,

Adog(η) = +R
(
η
)
−
∑

σ(a,b,c)

4iγ3a3b2c

a2 − b2

∣∣∣∣
a + c
a − c

∣∣∣∣

×
[
(a + b)3

a − b − 4i
π

ab

|a2 − b2|

(
a2 − b2 +

(
a2 + b2

)
ln
b

a

)]
×
∑

σ(d,e,f)

δadδbeδcf ,

Asun(η) = −R(η) + 8iγ3a2b2c2 (a + b)(a + c)(b + c)
(a − b)(a − c)(b − c) ×

∑
σ(d,e,f)

δadδbeδcf .

(D.14)

D.2. S-Matrix Computation

We turn now to the S-matrix elements. Specifically, we verify the factorization by calculating
the triple product of two-particle S-matrices according to (6.64) and showing that this product
agrees with the computed three-particle amplitudes. To this end we split the tree-level and
one-loop S-matrix elements as follows

S(0) = S11γ2
+ S1γγ ,

S(1) = S11γ3
+ S1γγ2

+ Sγγγ ,
(D.15)
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where the superscripts indicate the perturbative order of the three factors in (6.64). For
instance, S1γγ2

refers to all terms in the triple product that originate from taking the zeroth
order in γ from one of the three two-particle S-matrices, the first order from one of the
remaining S-matrices and the second order from the final S-matrix.

The first terms in (D.15) describe processes where one of the particles does not take
part in the interaction. These are precisely the terms that correspond to disconnected Feynman
diagrams. Since we omitted them in the computation in (6.80), we have to discard these
terms here, too. We were allowed to disregard these contributions because their factorization
is trivial.

Using the near-flat-space S-matrix from Section 6.4.3 in the factorization equation
(6.64), we find for the three-particle S-matrix element governing this process:

Sfull
11̇ (a, b, c) = S0(A + B)2

∣∣∣
(a,b)

S0(A + B)2
∣∣∣
(a,c)

S0(A + B)2
∣∣∣
(b,c)

, (D.16)

where the relevant coefficients from (6.79) are

(A + B)|(a,b) = 1 + iγab
b + a
b − a. (D.17)

This sum corresponds to those terms in the two-particle S-matrix which symmetrize two
bosonic indices. Expanding the matrix element (D.16) in γ , one finds the prediction for the
connected tree-level amplitude

S
1γγ
11̇

= −4γ2abc

[
a
(a + b)(a + c)
(a − b)(a − c) + b

(a + b)(b + c)
(a − b)(b − c) + c

(a + c)(b + c)
(a − c)(b − c)

]
(D.18)

and the two pieces of the one-loop amplitude

S
1γγ2

11̇
= −

∑
σ(a,b,c)

4iγ3a3b2c

a2 − b2

∣∣∣∣
a + c
a − c

∣∣∣∣
[
(a + b)3

a − b − 4i
π

ab

|a2 − b2|

(
a2 − b2 +

(
a2 + b2

)
ln
b

a

)]
,

S
γγγ

11̇
= 8iγ3 a2b2c2 (a + b)(a + c)(b + c)

(a − b)(a − c)(b − c) .

(D.19)

These results match those from the Feynman diagrams.

E. The AdS4/CFT3 Duality: Preliminaries

E.1. Reducing the M-Theory Background to AdS4 × (S7/k)

The near-horizon limit of the M2-brane solution is AdS4 × S7, namely,

ds2 =
L2

4
ds2

AdS4
+ L2ds2

S7 , (E.1)

where L is curvature radius for the eleven-dimensional target-space.
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We choose four complex coordinates to parameterize S7 such that
∑4

i=1 |Xi|2 = 1 [167],
that is,

X1 = cos θ cos
θ1

2
eι(χ1+ϕ1)/2, X2 = cos θ sin

θ1

2
eι(χ1−ϕ1)/2,

X3 = sin θ cos
θ2

2
eι(χ2+ϕ2)/2, X4 = sin θ sin

θ2

2
eι(χ2−ϕ2)/2,

(E.2)

with 0 ≤ θ ≤ π/2, 0 ≤ χi ≤ 4π, 0 ≤ ϕi ≤ 2π and 0 ≤ θi ≤ π for i = 1, 2. Then, the metric on the
sphere S7 is

ds2
S7 =

4∑
i=1

dXidXi = dθ2 +
1
4

cos2θ
{(
dχ1 + cos θ1dϕ1

)2 + dθ2
1 + sin2θ1dϕ

2
1

}

+
1
4

sin2θ
{(
dχ2 + cos θ2dϕ2

)2 + dθ2
2 + sin2θ2dϕ

2
2

}
.

(E.3)

With the change of coordinates χ1 = 2y + 2δ, χ2 = 2y − 2δ and implementing the orbifold
condition according to y ∼ y + (2π/k), the metric (E.3) becomes

ds2
S7 = ds2

CP3 +
(
A + dy

)2 = dθ2 +
1
4

cos2θdΩ2
1 +

1
4

sin2θdΩ2
2

+
(
A + dy

)2 + 4cos2θsin2θ

(
dδ +

1
4

cos θ1dϕ1 −
1
4

cos θ2dϕ2

)2

,

(E.4)

with

dΩ2
1 = dθ2

1 + sin2θ1dϕ
2
1, dΩ2

2 = dθ2 + sin2θ2dϕ
2
2,

A =
(

cos2θ − sin2θ
)
dδ +

1
2

cos2θ cos θ1dϕ1 +
1
2

sin2θ cos θ2dϕ2.
(E.5)

Thus the total eleven-dimensional metric is

ds2
11 =

L2

4
ds2

AdS4
+ L2ds2

S7 = L2
(

1
4
ds2

AdS4
+ ds2

CP3

)
+
(
A + dy

)2
. (E.6)

In order to find the dilaton in terms of the other parameters k, L, we can compare (E.6) with
the standard eleven-dimensional supergravity metric [2]

ds2
11 = e−2φ/3ds2

IIA + e4φ/3
(
dỹ + Ã

)2
(E.7)
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with ỹ ∼ ỹ + 2π . Thus, comparing (E.6) and (E.7) (in unit where α′ = 1), one finds

e2φ =
L3

k3
,

ds2
IIA =

L3

k

(
1
4
ds2

AdS4
+ ds2

CP3

)
≡ R2

(
1
4
ds2

AdS4
+ ds2

CP3

)
.

(E.8)

Hence, summarizing the results, we have that

R2 ≡ L
3

k
= k2e2φ, eφ =

R

k
. (E.9)

In order to make contact with what we have found in this appendix and with the
results in [6], we shift the variables as

θ1 −→ θ1 −
π

2
, θ2 −→ θ2 +

π

2
. (E.10)

With this change of coordinates we obtain the same metrics used in the main text of this
review and in [6].

The Fluxes

The type IIA superstring on AdS4 × CP 3 is supported by two Ramond-Ramond fluxes F(2)

and F(4). They are given by

eφF(2) = RdA, eφF(4) =
3R3

8
εAdS4 . (E.11)

E.2. Mode Expansion for the Bosonic Fields

The mode expansion for the bosonic fields can be written as

ui(τ, σ) = i
1√
2

∑
n∈Z

1√
Ωn

[
âine

−i(Ωnτ−nσ) −
(
âin

)†
ei(Ωnτ−nσ)

]
,

za(τ, σ) = 2
√

2 ei(cτ/2)
∑
n∈Z

1
√
ωn

[
aane

−i(ωnτ−nσ) − (ãa)†nei(ωnτ−nσ)
]
,

(E.12)

where Ωn =
√
c2 + n2, ωn =

√
(c2/4) + n2, and we defined za(τ, σ) = xa(τ, σ) + iya(τ, σ). The

canonical commutation relations [xa(τ, σ), pxb(τ, σ
′)] = iδabδ(σ − σ ′), [ya(τ, σ), pyb(τ, σ ′)] =

iδabδ(σ − σ ′), and [ui(τ, σ), pj(τ, σ ′)] = iδijδ(σ − σ ′) follow from

[
aam,
(
abn

)†]
= δmnδab,

[
ãam,
(
ãbn

)†]
= δmnδab,

[
âim,
(
â
j
n

)†]
= δmnδij . (E.13)
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Endnotes

1. For a very recent analysis on lower-dimensional examples of AdS/CFT dualities we refer
the reader to [182].

2. Actually, this is also true for the scattering amplitudes as it turns out in recent
developments, but we will not focus on these aspects of the conformal field theories.

3. In conformal field theories, there are special classes of operators, the chiral primary
operators, whose scaling dimension does not receive quantum corrections.

4. It is correct to say that on the gauge theory side the quantum integrability relies on more
robust basis, cf. Section 2.

5. It might seem that also N is an independent parameter in the string theory context.
Actually, it is related to the target space radius R by R4 = 4πgsNα′2. This relation follows
from supergravity arguments. In particular, R is the radius of the D3-brane solutions
and α′ the Planck length and the equality gives the threshold for the validity of the
supergravity approximation gsN � 1.

6. This is the conjecture statement in its strongest version. However, there are weaker
versions: for example, it might be considered to hold only in the large N limit (N → ∞)
and for finite values of λ, namely, without considering gs corrections to the string theory,
or even weaker, without α′ corrections (i.e., large N and λ limits). In this work, we will
always assume the strongest version, namely, that the AdS/CFT correspondence is valid
for any value of the string coupling constant gs and of the color number N.

7. The symbol ∼= means that the two groups are locally isomorphic.

8. For any supermatrix

M =

(
A X

Y B

)
, (A)

where the block-diagonal are even matrices and off-block elements are odd, the
supertrace is defined as STrM = TrA − TrB.
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9. The appearance of integrable spin chains in QCD at high-energy was already discussed
by Lipatov in [183] and by Faddeev and Korchemsky in [184]. See also [15] and
references therein.

10. In condensed matter physics they are usually called Bethe-Yang equations.

11. This is equivalent to impose Ψ(x) = Ψ(x + 1), which gives eip = 1.

12. For the case with x > y it is sufficient to exchange the role of x and y.

13. The wave function is symmetric with respect to x, y.

14. In Section 3, the rapidity is denoted with the Greek letter θ. Although the notation might
seem confusing, it is the standard one used in literature.

15. There are indeed further assumptions about integrability. We are indeed assuming
that the only kind of scattering is elastic, that there is no magnon produced in such
scatterings and that the initial and final momenta are the same. We have already used
these hypothesizes in (2.33) for the two-magnon sector.

16. I will come back on the wrapping effects in Section 6.

17. For generalizations and applications of Lüscher formulas for the computations of finite-
size effects we refer the reader to the papers [185–187]. The four loop anomalous
dimension for the Konishi operator computed in [186] has been positively checked
against the gauge theory perturbative computation of [188].

18. The wording “finite-size effect” should not be confused with what we will illustrate in
Section 7, cf. the discussion therein.

19. There is, indeed, another way of constructing such nonlocal charges by an iterative
procedure, for more details we refer the reader to the original paper [42].

20. The spectral parameter is usually complex in theories with Euclidean signature.

21. Closed strings require a closed loop and the trace in the definition of U. Moreover one
needs to assume a proper behavior for the currents at the boundary σ −→ ±∞.

22. As explained in [46], if k is a subalgebra, then the commutator [Kμ,Kν] sits only in the
∂k terms.

23. The rapidity can also be introduced for massless theory, but we are indeed interested in
massive field theories.

24. The light-cone momenta are defined according to p± = (1/2)(p0 ± p1).

25. The argument that we are following is from [56], rigorously we should here use
the operator e−icqs as it has been done in [53]. However, since it does not spoil the
effectiveness of the argument and it makes a bit “digestive” from a technical point of
view, we adopt the same technique as in Dorey’s paper [56].

26. This argument can also be used to show that processes of the type 2 → n are zero in
integrable two-dimensional field theory, since it should always be true that t12 ≤ t23,
where 1 and 2 are the incoming particles, and t12 is the time that occurs for the scattering
between 1 and 2, while 3 is the fastest particle among the outgoing ones.

27. Parke has proved that the existence of only two higher conserved charges q±s with s > 1
is sufficient for the arguments presented above [53].

28. For a more detailed and complete explanation one should say that for Riemannian
symmetric coset space the anomaly is forbidden when the subalgebra h is simple, and
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vice versa it is originated when the subalgebra contains nontrivial ideals. Roughly
speaking, we can say that the decomposition of the subalgebra h corresponds to the
possible operators Oab

k
which are the basis in the current OPE (3.52).

29. The RNS formalism is another formulation to describe supersymmetric strings. In this
case the supersymmetries are implemented into the theory by means of fields which are
spinors on the world-sheet and vectors on the target space. However, this approach is
not suitable for describing superstrings supported by Ramond-Ramond fluxes, as it is
our favorite AdS5 × S5 superstring.

30. I have dropped the spinorial index α.

31. The equations of motion, for example, in the light-cone gauge, remove again half of the
spinorial components, namely, the real independent components left are 8.

32. Such a feature is indeed true for the general algebra psu(n, n | 2n) [86], cf. also [189].

33. This Z4-grading works the same for the SU(2, 2 | 4) supergroup, thus one might wonder
where the difference is. The point is that the projection P removes the identity matrix in
the algebra, namely, the central charge term. Such a factor is sitting in the bosonic subset
g2, hence, it is equivalent to consider traceless matrices within this subspace.

34. This is indeed an expansion, for example, by choosing a specific parameterization on the
supercoset the full action can be expanded in the number of fermions, cf. [49, 190]. Here
it is meant to illustrate the geometrical meaning of the currents, cf. Section 6.2.1, (6.11).

35. The closure of the WZW term comes from the Maurer-Cartan identity for the left-
invariant currents, while from the fact that the third cohomology group of the
superconformal group is trivial follows the exactness for the WZW term [69, 86].

36. I will use the same normalization and convention as in [180].

37. I refer the reader to Zarembo’s review [68] for more detail on this topic.

38. For closed strings, the path in the world-sheet is a closed loop.

39. Indeed, rescaling the WZW term the higher symmetries and the κ-invariance are broken,
(not for the special value σ → −σ which corresponds to the world-sheet parity).

40. This is true for the GS formalism in general, namely, for the GS superstring action in a
flat and curved space, cf. [64, 65].

41. There is actually another alternative approach based on the so-called Pohlmeyer
reduction. The idea is to reduce the string world-sheet action to an equivalent action
containing only the physical degrees of freedom, with equivalent integrable structures
and with a manifest two-dimensional Lorentz invariance. We refer the reader to the
original paper by Grigoriev and Tseytlin [191] and to the work by Mikhailov and Schafer-
Nameki [192] and references therein for more detail.

42. In order to decompose the constraints (5.3), some useful identities are

u+γ
1γ2γ3γ4γ5u+ = 1, u+γ

aγbγcu+ = u+γau+ = 0. (B)

43. We should introduce a normal order constant in ω, cf., for example, [79, 85]. However,
the issues about the normal ordering can be ignored here, because we are only interested
in the OPE’s involving the ghost Lorentz currents N.
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44. The fermions are Majorana-Weyl spinors in ten dimensions, thus one can directly use the
16 × 16 Dirac matrices γ̂ a a instead of the 32 × 32Γa matrices.

45. The name BRST means Becchi-Rouet-Stora-Tyutin [193–195].

46. The BRST cohomology of the nilpotent operator Q (5.25) is the space of all equivalent
states |v〉 which are closed and exact, namely, which satisfy Q|v〉 = 0 and which differ
by a null state |v〉 = |v′〉 +Q|u〉 for some state |u〉.

47. Here, the world “conformal” is referred only to the matter sector or to the AdS2 ×S2 case.

48. In the conformal gauge the world-sheet metric is flat, cf. Appendix A.

49. The ghost current BRST transformations can be computed recalling the OPE’s reported
at the beginning of the section, cf. (5.18).

50. We have used the pure spinors constraints (5.40) as well as the Jacobi identity

{[
J, λ1(3)

]
, λ1(3)

}
−
{[
λ1(3), J

]
, λ1(3)

}
+
[{
λ1(3), λ1(3)

}
, J
]
= 0 (C)

which implies that {[λ1(3), J], λ1(3)} vanishes.

51. In this reasoning there is indeed some caveat. I will try to explain briefly remanding
the reader to [82] for more detailed explanations. The argument works if there are no
conserved currents of ghost number 2. Such currents indeed can spoil the nilpotency of
Q, since Q has ghost number 1, thus Q2 has ghost number 2 and the existence of some
charges of ghost number 2 would in principle generate an anomaly in the nilpotency of
the quantum operator Q. However, such currents are not present [82], implying that Q
remains nilpotent at quantum level.

52. The quantum conformal invariance of the pure spinor superstring has been showed also
for generic curved backgrounds and for the heterotic string [91, 92].

53. Note that, in Vallilo’s notation, J is given by J + A. Here, we use a slightly different
parameterization for the one-parameter family of flat connections with respect to the one
presented in [83], cf. (5.71).

54. The OPE’s of the matter current at leading order 1/R2 and up to linear term in the
currents have been computed in [4]. Such tree-level results were then confirmed in
[84]. A very similar problem was faced in [196] by using a Hamiltonian approach.
Successively, the OPE’s for matter and ghost currents, still at the leading order in
perturbation theory, that is, 1/R2, but containing up to contributions quadratic in the
currents (up to V2-like insertion or the “square” of V1-vertices), have been computed in
[7].

55. The contribution to the effective action denoted with the letter β denotes the ones
computed also by Vallilo [89] for the β-function, while all the other ones have been
computed in [7].

56. In principle the effective one-loop action can have terms such as

SGM;4 =
1
π

∫
d2zStr

(
N

(2)
0 J̃0 +N

(2)
0 J̃0

)
, (D)
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or

SG;4 = − 1
π
d2zStr

(
N

(2)
0 Ñ0 +N

(2)
0 Ñ0

)
, (E)

which could correct the propagators for the ghost fields. However, since at this order such
corrections are not required, we do not enter in the details for the ghost propagators.

57. Actually, this is true only for the currents in g2. The currents in fermionic subalgebras
cannot contribute just because one would have a fermionic and bosonic index contracted
together.

58. Note that names for the different gauge choices are not globally valid.

59. This is rigorously true only if the winding number is zero, the number of times that the
closed string winds along the one-sphere parameterized by the angle φ. In our case, we
are always discussing closed strings with vanishing winding number.

60. Recall the relation T = R2/2πα′ =
√
λ/2π , namely, R2α′ =

√
λ, cf. Section 1. In the

previous section, we set R = 1 while now we set α′ = 1.

61. Since the 8 modes have the same dispersion relation and they are not really
distinguished, we have recollected all together. If one includes the fermions then it is
a free (8 | 8) harmonic oscillator systems.

62. One level-matched oscillator, for example, (aI−n)
†|0〉, implies n = 0 and thus zero energy.

63. We should really match the I directions of the oscillators (aIn)
† with the operators of

(6.38), namely, we should match the other quantum numbers to identify operators and
oscillators.

64. In Section 7.5, in the context of AdS4/CFT3, I will come back on the BMN scaling and
on the near-BMN strings, namely, on those string configurations close to the plane-wave
(BMN) limit, where 1/J corrections are taken into account.

65. A partial list of the fundamental works on spinning strings at classical and one-loop level
is [110, 113, 197–204]. These are different configurations with respect to those considered
in this work, we will only consider expansions around the BMN geodesic. For more
detailed references we refer the reader to Tseytlin’s review [114].

66. Notice that now p is the conjugate momentum to the world-sheet coordinates, since it is
the momentum carried by the magnons. This p should not be confused with the space-
time light-cone momenta of the previous Section 6.2.

67. See Section 6.4.

68. At the leading order the velocity is just the speed of light, namely, v ∼
√

2g, with g → ∞.

69. The momentum in the giant magnon regime takes values between 0 and 2π , since it is
interpreted as the angle where the open string endpoints sit in the S5 equator.

70. We have shown that on the string theory side the fields form a (2 | 2)2 supermultiplet of
the psu(2 | 2) ⊕ psu(2 | 2) � R superalgebra. Obviously, the same happens on the gauge
theory side, even though we did not show it explicitly.

71. Such centrally extended algebra is indeed unique [94].

72. Cf. the interesting paper [205] by the same author on dynamical spin chain for the
subsector su(2 | 3).
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73. The definition of g2 is not uniform: in literature it is possible to find also g2 = λ/16π2.

74. The central charges are computed by acting with the algebra generators on single particle
states in the fundamental representation, cf. [94, 100].

75. The crossing symmetry is usually present in relativistic quantum field theories and
it relates the exchange between particles and antiparticles. Here we are dealing with
a nonrelativistic theory, however since the two-dimensional Lorentz invariance is
spontaneously broken, it might hold also in this case. This has been proposed by Janik
[150]. Such a symmetry constraints the phase factor S0, cf. Section 6.4.2.

76. It is not exactly the same basis in which the spin-chain S-matrix (6.59), (6.61) has been
written. Local transformations which change the two-body basis can change the matrix
elements without leading to any actual change in the physical information. However,
in the new basis the S-matrix might not respect the standard ZF algebra, but rather a
“twisted” ZF algebra. Namely, the standard ZF relation is multiplied by a local operator
which does not modify the vacuum. This is what happens to the spin chain S-matrix
derived by Beisert. For a more precise relation between the two basis (spin chain and
string) we refer the reader to the paper [100].

77. For a more technical and comprehensive discussion, the reader can consult [95] and
references therein.

78. Let us focus on the su(2) sector and on the gauge theory side. Beyond the one-loop order,
the model describing the su(2) sector is not anymore the Heisenberg spin chain discussed
in Section 2.4.1. Serban and Staudacher proposed to incorporate such a subsector into the
Inozemtsev spin chain [132]. However, it breaks the BMN scaling beyond the three loops.
The Inozemtsev model is formulated in terms of rapidity and charges which are not the
same of the Heisenberg model, obviously.

79. For the su(2) Heisenberg model the higher charges are given by qr(p) = 2r/(r −
1) sin((1/2)(r − 1)p)sinr−1(p/2) and the rapidity is given by the formula (2.39). For the
r = 2 case, one finds the single magnon energy (2.28) discussed in Section 2.4.1.

80. Recall the footnote about the crossing symmetry in Section 6.4.

81. Recall the ordering and the ZF algebra introduced in Section 3.

82. The ABJM paper comes after plenty of works on multiple M2-branes. I will not go into
detail and leave the curious reader to consult the work [2] and references therein.

83. There is also a generalization, known as ABJ theory [206], where the gauge group is
U(N)k×U(M)−k. It seems that, also in this case, the theory manifests integrable structures
in the planner limit [207].

84. An orbifold is a coset G/H where H is a group of discrete symmetries [180].

85. The fields Aa, Bḃ, and their Hermitian conjugates A†a, B†
ḃ

are components of the
superpotential

W =
2π
k

Trεabεȧḃ(AaBȧAbBḃ) with a, b = 1, 2, ȧ, ḃ = 1̇, 2̇. (F)

Writing in terms of the superpotential W (E) makes the flavor SU(2) × SU(2) symmetry
manifest (but not the R-symmetry).

86. Actually we are splitting the group SO(3, 2) according to an Euclidean signature.
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87. On the gauge theory side this corresponds to primary local operators with a very large
R-charge (or alternatively very long spin chain with a finite number of impurities), cf.
Section 6.2.3.

88. The symbol = should be properly read as a prescription here.

89. The inverse transformations of (7.22) are t = t′ and δ = (1/2)t′ + χ.

90. The constant is fixed through the relation 2J = (1/2πα′)
∫2π

0 dσpχ = (1/2πα′)
∫2π

0 dσ
(δL/δχ̇).

91. The details about the normalization and the explicit expression for the bosonic modes are
in Appendix E.2.

92. The same is obtained for the plane-wave fermionic spectrum [208]:

HF,pp =
1
c

∑
n∈Z

4∑
b=1

ωnF
(b)
n +

1
c

{∑
n∈Z

2∑
b=1

(
Ωn +

c

2

)
F̃
(b)
n +

∑
n∈Z

2∑
b=1

(
Ωn −

c

2

)
F̃
(b)
n

}
(G)

with dispersion relations ωn =
√
n2 + (c2/4), Ωn =

√
n2 + c2 and the number operators

Fn = d†ndn and F̃n = b†nbn. We avoid to write the spinorial indices.

93. From this, it follows the name finite-size corrections. They should not be confused with
the finite size corrections which enter by considering the strings in a finite volume and
which are exponentially small. This kind of corrections are not captured by the ABE, thus
we will not deal with them, cf. the discussion in Section 2.4.1. The finite-size corrections
which are discussed here are near-BMN corrections, and indeed, I will use the two
expressions as synonyms.

94. However, since Hint is derived classically, there is a normal ordering ambiguity. We
choose to fix the constant of normal ordering to zero, by consistency with the zero
vacuum energy.

95. This picture should not be taken too much seriously: the chains are the same just
involving odd and even sites, indeed there is one trace condition.

96. The tree-level diagram Ir is given by

Ir
(
η
)
=

(a + b + c)r(2π)2δ2(η)

(a + b + c)2 −m2 + iε
= (a + b + c)rI0

(
η
)
. (H)

The bubble diagram in Figure 8(a) is defined by

Brs(a, b) =
∫

d2k

(2π)2

kr(a + b − k)s

[k2 −m2 + iε]
[
(a + b − k)2 −m2 + iε

] . (I)

For more details cf. [5].
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This review is devoted to collecting some results on the high spin expansion of (minimal)
anomalous dimension. Thanks to the recent rationale on integrability, planar N = 4 super Yang-
Mills theory (or its AdS5 × S5 string counterpart) represents a very practicable field. Here the
attention will be restricted to its sector of twist operators, although the analysis tools are quite
general (in integrable theories). Some structures and ideas turn out to be general also for other
sectors or gauge theories.

1. Framework and Beyond

We will move our investigation within the maximally supersymmetric gauge theory in planar
limit, that is, for number of colours N → ∞ and coupling gYM → 0, so that the ‘t Hooft
coupling

λ = g2
YMN = 8π2g2 (1.1)

may stay finite. Among the different sectors (perturbatively closed under renormalisation),
we also pick up the twist sl(2) sector, spanned by local composite operators of trace form

Tr
(
DsZL

)
+ · · · , (1.2)



2 Advances in High Energy Physics

where D is the (light-cone) covariant derivative acting in all the possible ways on the L
complex bosonic fields Z. Trace ensures, of course, gauge invariance. The Lorentz spin of
these operators is s and L is the R-charge which also coincides with the twist (classical
dimension minus the spin). Besides, this sector may be described—thanks to the AdS/CFT
correspondence [1–3]—by spinning folded closed strings on AdS5 × S5 spacetime with AdS5

and S5 angular momenta s and L, respectively [4, 5].
As being in a conformal model, suitable superpositions of operators form dilatation

operator eigenvectors with definite dimensions (eigenvalues), which are made up of a
classical part plus an anomalous one. For instance, in the sector (1.2) this spectral problem
shows up dimensions

Δ
(
g, s, L

)
= L + s + γ

(
g, s, L

)
, (1.3)

where γ(g, s, L) is the anomalous part. According to the AdS/CFT strong/weak coupling
duality, the set of anomalous dimensions of composite operators inN = 4 SYM coincides with
the energy spectrum of the AdS5 × S5 string theory ([1–5] and references therein), although
the perturbative regimes are interchanged. The highly nontrivial problem of evaluating the
anomalous part in N = 4 SYM was greatly simplified by the discovery of integrability in
the purely bosonic so(6) sector at one loop [6]. Later on, this fact has been extended to all
the gauge theory sectors and at all loops in a way which shows up integrability in a weaker
sense but still furnishes the investigators many powerful tools [7–10]. More in detail, any
operator (e.g., of the form (1.2)) has been thought of as a state of a “spin chain,” whose
Hamiltonian is, of course, the dilatation operator itself, although the latter does not have an
explicit expression of the spin chain form, but for the first few loops. Nevertheless, the large
size (asymptotic) spectrum has turned out to be exactly described by certain Asymptotic Bethe
Ansatz-like equations (the so-called Beisert-Staudacher equations, cf. [7–11] and references
therein). In other words, the anomalous dimensions coincide with the energies given by the
Bethe Ansatz solutions (or roots): this is, of course, a great simplification of the initial spectral
problem.

Unfortunately, this works only for infinitely long operators: anomalous dimensions of
operators with finite length depend not only on Asymptotic Bethe Ansatz (ABA) data but
also on finite size “wrapping” corrections: in the perturbative expansion wrapping effects are
observed [12, 13] starting from the order g2L. Recent progress [14–17] has shown that a set of
Thermodynamic Bethe Ansatz (TBA) equations provides a basis for exact (any length at any
coupling) predictions for anomalous dimensions of planarN = 4 SYM.

However, in the sl(2) sector ofN = 4 SYM relevance of wrapping effects seems to be
reduced, even for short operators, if one goes to the high spin limit. For instance, findings of
[18, 19] have showed that, at least at twist two and up to five loops, wrapping corrections
start contributing at order O((ln s)2/s2). This fact has pushed the idea of applying ABA
techniques to the study of the high spin limit of twist operators, which—on the other hand—
had already received much attention in the past literature. Indeed, the high spin behaviour
of the anomalous dimension

γ
(
g, s, L

)
= Δ

(
g, s, L

)
− L − s (1.4)
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shows a Sudakov behaviour

γ
(
g, s, L

)
= f
(
g
)

ln s + · · · , (1.5)

determined by the so-called universal (since it does not depend on L or the flavour) scaling
function, f(g) [11, 20–23]. Actually, this behaviour is more general than in planarN = 4 SYM
and the adjective scaling is due to the linear value of the cusp anomalous dimension with
coefficient f(g)/2 while the cusp angle tends to infinity [24]. (Polyakov noticed as first
that for cusped Wilson loop vacuum expectation value the charge renormalisation is not
enough as in the noncusped case, because of an extra logarithmic divergence due to the high
bremsstrahlung at the cusp. He was led to consider cusps because of their importance in
the loop dynamics (in Euclidian space-time) [25].) This large angle behaviour is due to the
dominance by the lowest twist (= 2) in the renormalisation of the vacuum expectation value
of a cusped Wilson loop with a very large angle. In the end, for an infinite angle cusp (i.e.,
with one light-cone segment) f(g) equals twice the cusp anomalous dimension of a light-
cone Wilson loop [26]. Additionally, the one-loop problem (and thus f(g)) stays exactly the
same for twist operators in QCD as long as the partonic helicities are aligned [27, 28]; this fact
also has justified partially the great interest on the twist operators (1.2).

In general, the high spin limit of anomalous dimensions of twist L operators goes on
as a series of logarithmic (inverse) powers

γ
(
g, s, L

)
= f
(
g
)

ln s + fsl
(
g, L

)
+
∞∑
n=1

γ (n)
(
g, L

)
(ln s)−n +O

(
(ln s)−∞

)
, (1.6)

that is, looks, at this order, like an expansion in the large “size” ln s. (with O((ln s)−∞),
we indicate terms going to zero faster than any inverse powers of ln s.) Recently [11], the
leading term (i.e., f(g)) was obtained—in the hypothesis of being wrapping free—from the
solution of a linear integral equation directly derived from the ABA via the root density
approach. Moreover, f(g) was carefully studied and tested both in the weak [11, 21] and
strong coupling limit [29–35].

The subleading (constant) contribution fsl(g, L) received also much attention. In the
ABA framework, it was shown [36] to come from the solution of a nonlinear integral equation
(NLIE). Then, it was obtained [37] starting from a linear integral equation (LIE). Explicit
weak and strong coupling expansions performed using the LIE of [37] are present in [38, 39]
and agree with some string theory computations [40–42]. Importantly, after results of [18, 19]
(cf. above) it may be inferred that both f(g) and fsl(g, L) are exactly given by this approach
based on the ABA (without wrapping corrections). Besides, both terms fix the 1/s coefficients
via the reciprocity relation which may still be, consistently with [18, 19], wrapping free.

The latter reasoning would support that even sublogarithmic terms from ABA be
exact, but it is even more unclear if and at what extent this might be trusted. In [43] we
studied and computed in a systematic way the ABA contribution to them, by using a set of
integral equations. Possible wrapping corrections to our results are still to be determined. In
this respect, in addition to TBA findings, also results on the string side of the correspondence
in the spirit of [40–42] could be of fundamental importance. Nevertheless, the definitive
proof on the absence of wrapping corrections should only come from exact (maybe TBA)
calculations.
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Wrapping effects should be negligible if one takes the infinite twist limit

s −→ ∞, L −→ ∞, j =
L − 2
ln s

fixed, (1.7)

and one restricts to the study of the scaling functions fn(g), f
(r)
n (g) appearing in the

expansion

γ
(
g, s, L

)
= ln s

∞∑
n=0

fn
(
g
)
jn +

∞∑
r=0

(ln s)−r
∞∑
n=0

f
(r)
n

(
g
)
jn +O

(
(ln s)−∞

)
. (1.8)

(This should be true at least for small values of g. But, again, this reasoning is not rigorous.)
For this reason, a reasonable amount of activity was also devoted to the study of limit (1.7),
using ABA techniques. Results concerning fn(g) at weak coupling are present in [36]. Strong
coupling behaviour of fn(g) was studied in [44–47] by relying on linear integral equations.
A detailed study of f (r)

n (g), r ≥ 0, can be found in [43, 48].
In this review we want to give a summary of our activity in the framework of high

spin limit of twist operators. We will first give a general description of the method we have
used and whose main tools are integral equations derived from the ABA equations. Then, we
will briefly report the most important results we obtained.

This review is organised as follows. In Section 2 we review the ABA equations for twist
operators. We illustrate the properties of the minimal anomalous dimension operators and
explain a technique which allows exact computations of ABA contributions to the anomalous
dimension by using the so-called Nonlinear Integral Equation (NLIE). In Section 3 we
specialise to the high spin limit and show that, if one neglects O((ln s)−∞) terms, asymptotic
anomalous dimension can be computed by relying on integral equations. In Section 4 we
study the high spin limit at fixed twist. In Section 5 results in the scaling limit (1.7) are
discussed.

2. All-Loop ABA and the (N)LIE

Let us recall the Asymptotic Bethe Ansatz equations [7–11] for the sl(2) sector:

(
uk + i/2
uk − i/2

)L
(

1 + g2/2x−k
2

1 + g2/2x+
k

2

)L

=
s∏
j=1
j /= k

uk − uj − i
uk − uj + i

(
1 − g2/2x+

kx
−
j

1 − g2/2x−kx
+
j

)2

e2iθ(uk,uj ), (2.1)

where

x±k = x±(uk) = x
(
uk ±

i

2

)
, x(u) =

u

2

⎡
⎣1 +

√
1 −

2g2

u2

⎤
⎦, λ = 8π2g2, (2.2)



Advances in High Energy Physics 5

λ being the ’t Hooft coupling. The so-called dressing factor [11, 49–51] θ(u, v) is given by

θ(u, v) =
∞∑
r=2

∞∑
ν=0

βr,r+1+2ν
(
g
)[
qr(u)qr+1+2ν(v) − qr(v)qr+1+2ν(u)

]
, (2.3)

the functions βr,r+1+2ν(g) = g2r+2ν−221−r−νcr,r+1+2ν(g) being

βr,r+1+2ν
(
g
)
= 2

∞∑
μ=ν

g2r+2ν+2μ

2r+μ+ν
(−1)r+μ+1 (r − 1)(r + 2ν)

2μ + 1

·
(

2μ + 1

μ − r − ν + 1

)(
2μ + 1

μ − ν

)
ζ
(
2μ + 1

)
,

(2.4)

and qr(u) being the density of the rth charge:

qr(u) =
i

r − 1

[(
1

x+(u)

)r−1

−
(

1
x−(u)

)r−1
]
. (2.5)

It is now clear that configurations of Bethe roots, that is, solutions of (2.1), and the
corresponding eigenvalues of the energy are related, respectively, to composite operators and
their anomalous dimensions in the sl(2) sector ofN = 4 SYM.

In the sl(2) sector states of twist L are described by an even number s of real Bethe roots
uk which satisfy (2.1). Bethe roots localize in an interval [−b, b] of the real line. In addition
to Bethe roots, also L real “holes” [11, 20, 36, 37, 52] are present (a better explanation of the
nature of holes will be given in the following). For any state, two holes reside outside the
interval [−b, b] and the remaining L−2 holes lie inside this interval. We will indicate with u(i)h
these “internal” holes.

In this paper we will focus on the minimal anomalous dimension state. For such a
state the positions of both roots and holes are symmetric with respect to the origin. For
what concerns the internal holes, they all concentrate near the origin, with no roots lying
in between.

In general, an efficient way to treat states described by solutions of a nonlinear set of
Bethe Ansatz equations consists in writing a nonlinear integral equation, which is completely
equivalent to them. The nonlinear integral equation is satisfied by the counting functionZ(u),
which in the case (2.1) reads as

Z(u) = Φ(u) −
s∑
k=1

φ(u, uk), (2.6)
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where

Φ(u) = −2L arctan 2u − iL ln

(
1 + g2/2x−(u)2

1 + g2/2x+(u)2

)
,

φ(u, v) = 2 arctan(u − v) − 2i

[
ln

(
1 − g2/2x+(u)x−(v)
1 − g2/2x−(u)x+(v)

)
+ iθ(u, v)

]
.

(2.7)

It follows from its definition that the counting function Z(u), as a function of the real variable
u, is a monotonously decreasing function and that

lim
u→±∞

Z(u) = ∓π(L + s). (2.8)

Therefore, there are L + s real points υk such that eiZ(υk) = (−1)L+1. It is a simple consequence
of the definition of Z(u) that s of them coincide with the Bethe roots. The remaining L points
are called “holes” and their role will be of fundamental importance in what follows. As we
anticipated before, for the minimal anomalous dimension state the internal holes concentrate
near the origin; that is, their positions u(i)h are determined by the relations

Z
(
u
(i)
h

)
= π(2h + 1 − L), h = 1, . . . , L − 2. (2.9)

Excited states are obtained by making different choices for the “quantum numbers” h. It
follows from the structure of (2.9) that, for any state, u(i)h depend in a nonlinear way on the
counting function Z(u).

The nonlinear integral equation for Z(u) is written by using a modification of the
standard ideas underlying the procedure concerning the excited state NLIE [53–57], this
modification being dictated by the physical situation with two “important” external holes.
Suppose that in the interval [−b, b] of the real line s Bethe roots and L − 2 holes are present.
Then, by using Cauchy theorem we can express a sum over the Bethe roots of an observable
O(u) as

s∑
k=1

O(uk) = −
∫b
−b

dv

2π
O(v)Z′(v) + Im

∫b
−b

dv

π
O(v − iε) d

dv
ln
[
1 + (−1)LeiZ(v−iε)

]

+ Im
∫−ε

0

dy

π
O
(
−b + iy

) d
dy

ln
[
1 + (−1)LeiZ(−b+iy)

]

+ Im
∫0

−ε

dy

π
O
(
b + iy

) d
dy

ln
[
1 + (−1)LeiZ(b+iy)

]
−
L−2∑
h=1

O
(
u
(i)
h

)
.

(2.10)

The right-hand side of (2.10) does not depend on ε > 0 as far as no poles of the integrands
O(w)(d/dw) ln[1 + (−1)LeiZ(w)] lie in the region | Im w| ≤ ε, |Rew| ≤ b. In addition, ε must
be kept sufficiently small, in such a way that

∣∣∣eiZ(z)
∣∣∣ < 1, (2.11)
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where z belongs to the integration contour of the last three integral terms in (2.10). This
condition is assured by the monotonicity of the counting function, that is, in our case Z′(v) <
0, v ∈ [−b, b]. We apply (2.10) to the sum over the Bethe roots contained in (2.6):

Z(u) = Φ(u) +
∫b
−b

dv

2π
φ(u, v)Z′(v) +

L−2∑
h=1

φ
(
u, u

(i)
h

)

− Im
∫b
−b

dv

π
φ(u, v − iε) d

dv
ln
[
1 + (−1)LeiZ(v−iε)

]

− Im
∫−ε

0

dy

π
φ
(
u,−b + iy

) d
dy

ln
[
1 + (−1)LeiZ(−b+iy)

]

− Im
∫0

−ε

dy

π
φ
(
u, b + iy

) d
dy

ln
[
1 + (−1)LeiZ(b+iy)

]
.

(2.12)

What we have obtained is a nonlinear integral equation—for the counting function Z(u)—
which describes—in a way which is alternative to the Bethe Ansatz equations—the minimal
anomalous dimension state. Since Bethe roots are localised in an interval of the real axis (i.e.,
b < +∞), NLIE (2.12) is different from the equation introduced in [53–57], which contains
integrations over the entire real axis. This difference reveals crucial in the specific problem of
twist operators in the sl(2) sector. Indeed, important simplifications to the structure of (2.12)
arise in the high spin limit: if we decide to neglect terms going to zero faster than any inverse
power of ln s, then it is possible to get rid of the last three nonlinear terms in (2.12). We are
now going to show this important property.

Coming back to (2.10), we first use (2.11) in order to replace all the ln[1 + (−1)LeiZ(z)]
with

∑∞
n=1(−1)n+1(−1)nL(einZ(z)/n). We obtain

s∑
k=1

O(uk) = −
∫b
−b

dv

2π
O(v)Z′(v) + Im

∫b
−b

dv

π
O(v − iε) d

dv

∞∑
n=1

(−1)n+1(−1)nL
einZ(v−iε)

n

+ Im
∫−ε

0

dy

π
O
(
−b + iy

) d
dy

∞∑
n=1

(−1)n+1(−1)nL
einZ(−b+iy)

n

+ Im
∫0

−ε

dy

π
O
(
b + iy

) d
dy

∞∑
n=1

(−1)n+1(−1)nL
einZ(b+iy)

n
−
L−2∑
h=1

O
(
u
(i)
h

)
.

(2.13)

In order to evaluate the nonlinear terms in this expression,

NL = Im
∫b
−b

dv

π
O(v − iε) d

dv

∞∑
n=1

(−1)n+1(−1)nL
einZ(v−iε)

n

+ Im
∫−ε

0

dy

π
O
(
−b + iy

) d
dy

∞∑
n=1

(−1)n+1(−1)nL
einZ(−b+iy)

n

+ Im
∫0

−ε

dy

π
O
(
b + iy

) d
dy

∞∑
n=1

(−1)n+1(−1)nL
einZ(b+iy)

n
,

(2.14)
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we first assume that it is possible to exchange the series with the integrals. Then, we use the
following formulae:

∫v
dvO(v − iε) d

dv
einZ(v−iε) = einx

∞∑
k=0

(
i

n

)k dk

dxk
O[Z−1(x)]

∣∣∣∣∣
x=Z(v−iε)

,

∫y
dyO

(
±b + iy

) d
dy

einZ(±b+iy) = einx
∞∑
k=0

(
i

n

)k dk

dxk
O[Z−1(x)]

∣∣∣∣∣
x=Z(±b+iy)

.

(2.15)

We need to remark that results (2.15) are correct if the above infinite sums make sense either
as convergent or as asymptotic series. In our case, we can use (2.15), since the series we will
get are asymptotic.

Using (2.15) in the evaluation of the above nonlinear terms, the dependence on ε
cancels out, as it should be, and we are left with

NL =
∞∑
n=1

(−1)n+1(−1)nL

πn

×
[
∞∑
k=0

i2k

n2k
sinnx

d2k

dx2k
O
(
Z−1(x)

)
+
∞∑
k=0

i2k

n2k+1
cosnx

d2k+1

dx2k+1
O
(
Z−1(x)

)]∣∣∣∣∣
x=Z(b)

x=Z(−b)

.

(2.16)

Now, we are allowed to choose b in such a way that eiZ(±b) = (−1)L: therefore, since O(v) is
bounded, all the terms in (2.16) proportional to the sine function are zero. Thus, we are left
only with terms containing the cosine function, that is, after summing over n,

NL = −
∞∑
k=0

(2π)2k+1

(2k + 2)!
B2k+2

(
1
2

)[
∂

∂x2k+1
O
(
Z−1(x)

)]∣∣∣∣
x=Z(b)

x=Z(−b)
, (2.17)

where Bk(x) is the Bernoulli polynomial. Relation (2.17) allows to write the final formula:

s∑
k=1

O(uk) = −
∫b
−b

dv

2π
O(v)Z′(v) −

L−2∑
h=1

O
(
u
(i)
h

)

−
∞∑
k=0

(2π)2k+1

(2k + 2)!
B2k+2

(
1
2

)[
∂

∂x2k+1
O
(
Z−1(x)

)]∣∣∣∣
x=Z(b)

x=Z(−b)
.

(2.18)
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The following expressions

d

dx
O
(
Z−1(x)

)∣∣∣∣
x=Z(b)

x=Z(−b)
= 2

O′(b)
Z′(b)

,

d2

dx2
O
(
Z−1(x)

)∣∣∣∣∣
x=Z(b)

x=Z(−b)
= 2

O′′(b) −O′(b)(Z′′(b)/Z′(b))
[Z′(b)]2

,

d3

dx3
O
(
Z−1(x)

)∣∣∣∣∣
x=Z(b)

x=Z(−b)

= 2
O′′′(b) − 3O′′(b)(Z′′(b)/Z′(b)) −O′(b)(Z′′′(b)/Z′(b)) + 3O′(b)

(
(Z′′(b))2/(Z′(b))2

)

[Z′(b)]3

(2.19)

give an idea of the form of the first nonlinear terms appearing in (2.18). Next step is to apply
(2.17) to the nonlinear integral terms (the last three ones) contained in (2.12). We have to
replace O(v) with −φ(u, v). From the form of (2.17) we realise that such nonlinear terms are
proportional to derivatives

dn

dvn
φ(u, v)

∣∣∣∣
±b
, n ≥ 1. (2.20)

When s → ∞, b = (s/2)(1 +O(1/s)) and for such derivatives

dn

dvn
φ(u, v)

∣∣∣∣
±b

= O
(

1
bn+1

)
. (2.21)

On the other hand, for the derivatives of the counting function we can give the estimates

dn

dvn
Z(v)

∣∣∣∣
±b

= O
(

1
bn

)
. (2.22)

Putting all together, we conclude that when the spin s → +∞, the nonlinear integral terms
contained in (2.12) are O(1/b) = O((ln s)−∞). Therefore, if we decide to neglect terms
O((ln s)−∞) and to focus only on corrections O((ln s)−n), we are entitled not to consider all
the nonlinear integral terms in (2.12). In this case we are left with

Z(u) = Φ(u) +
∫b
−b

dv

2π
φ(u, v)Z′(v) +

L−2∑
h=1

φ
(
u, u

(i)
h

)
+O

(
(ln s)−∞

)
, (2.23)

and this equation has to be solved together with condition (2.9), which fixes the holes
positions u(i)h in terms of the counting function Z(u). It is important to remark that within
our approximations nonlinearity with respect to Z(u) enters only through (2.9).
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Equations (2.23) and (2.9) are our starting point for the study of the high spin limit.
They will be worked out in next section.

3. Integral Equations for the Logarithmic Terms

Let us consider integral equation (2.23) satisfied by the counting function in the high spin
limit. Passing to derivatives, we define

σ(u) = Z′(u). (3.1)

We have

σ(u) = Φ′(u) +
∫b
−b

dv

2π
d

du
φ(u, v)σ(v) +

L−2∑
h=1

d

du
φ
(
u, u

(i)
h

)
+O

(
(ln s)−∞

)
. (3.2)

We now decompose such equation in its one loop (with index 0) and higher than one loop
(with index H) contributions. We set Φ(u) = Φ0(u) + ΦH(u), φ(u, v) = φ0(u, v) + φH(u, v),
σ(u) = σ0(u) + σH(u), where

Φ0(u) = −2L arctan 2u, ΦH(u) = −iL ln

(
1 + g2/2x−(u)2

1 + g2/2x+(u)2

)
,

φ0(u, v) = 2 arctan(u − v), φH(u, v) = −2i

[
ln

(
1 − g2/2x+(u)x−(v)
1 − g2/2x−(u)x+(v)

)
+ iθ(u, v)

]
,

(3.3)

and where, after neglecting quantities which are O((ln s)−∞), σ0(u) and σH(u) satisfy

σ0(u) = Φ′0(u) +
∫b0

−b0

dv

2π
d

du
φ0(u, v)σ0(v) +

L−2∑
h=1

d

du
φ0

(
u, u

(i)
h

)
+O

(
(ln s)−∞

)
,

σH(u) = Φ′H(u) +
∫b
−b

dv

2π
d

du
φH(u, v)σH(v) +

∫b0

−b0

dv

2π
d

du
φH(u, v)σ0(v)

(3.4)

+
∫b
−b

dv

2π
d

du
φ0(u, v)σH(v) +

L−2∑
h=1

d

du

[
φ
(
u, u

(i)
h

)
− φ0

(
u, u

(i)
h

)]
+O

(
(ln s)−∞

)
. (3.5)

In (3.4) and (3.5) the notation u
(i)
h stands for the one loop component of the position of the

hth internal hole. In order to solve the one loop (3.4), we consider (see 3.52 of [37]) a function
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σ
(s)
0 (u), whose Fourier transform reads

σ̂
(s)
0 (k) = −4π

L/2 − e−|k|/2 cos
(
ks/
√

2
)

2 sinh(|k|/2)
+ 2π

e−|k|/2

2 sinh(|k|/2)

L−2∑
h=1

eiku
(i)
h − (4π ln 2)δ(k). (3.6)

Function (3.6) satisfies the following important property [37]:

∫b0

−b0

duf(u)σ0(u) =
∫+∞

−∞
duf(u)σ(s)

0 (u) +O
(
(ln s)−∞

)
, (3.7)

which allows to extend to the whole real axis the integrations involving σ0(u): a look at many
loops (3.5) shows that this is just the property we need in order to try to solve it.

It follows from results in [21] and from numerical checks that we can extend to the
entire real axis the integrations involving σH(u): what we are missing are O((ln s)−∞) terms.
Putting all these pieces together, the equation satisfied by σH(u) is

σH(u) = Φ′H(u) +
∫+∞

−∞

dv

2π
d

du
φH(u, v)

[
σH(v) + σ(s)

0 (v)
]

+
∫+∞

−∞

dv

2π
d

du
φ0(u, v)σH(v) +

L−2∑
h=1

d

du

[
φ
(
u, u

(i)
h

)
− φ0

(
u, u

(i)
h

)]
+O

(
(ln s)−∞

)
.

(3.8)

It is now convenient to pass to Fourier transforms. We have

Φ̂H(k) =
2πL
ik

e−|k|/2
[
1 − J0

(√
2gk

)]
,

φ̂H(k, t) = −8iπ2 e
−(|t|+|k|)/2

k|t|

[
∞∑
r=1

r(−1)r+1Jr
(√

2gk
)
Jr
(√

2gt
)1 − sgn(kt)

2

+ sgn(t)
∞∑
r=2

∞∑
ν=0

cr,r+1+2ν
(
g
)
(−1)r+ν

×
(
Jr−1

(√
2gk

)
Jr+2ν

(√
2gt
)
− Jr−1

(√
2gt
)
Jr+2ν

(√
2gk

))]
.

(3.9)
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Therefore, the Fourier transform of (3.8) reads

σ̂H(k) =
πL

sinh(|k|/2)

[
1 − J0

(√
2gk

)]

+
1

sinh(|k|/2)

∫+∞

−∞

dt

|t|

[
∞∑
r=1

r(−1)r+1Jr
(√

2gk
)
Jr
(√

2gt
)1 − sgn(kt)

2
e−|t|/2

+ sgn(t)
∞∑
r=2

∞∑
ν=0

cr,r+1+2ν
(
g
)
(−1)r+νe−|t|/2

×
(
Jr−1

(√
2gk

)
Jr+2ν

(√
2gt
)
− Jr−1

(√
2gt
)
Jr+2ν

(√
2gk

))]

·
[
σ̂H(t) + σ̂(s)

0 (t) + 2π
L−2∑
h=1

eitu
(i)
h

]
+ 2π

e−|k|/2

2 sinh(|k|/2)

L−2∑
h=1

[
e−iku

(i)
h − e−iku

(i)
h

]
+O

(
(ln s)−∞

)
.

(3.10)

Inserting in (3.10) the expression (3.6) for σ̂(s)
0 (t), introducing the “magic” kernel K̂(t, t′),

defined in [11] as

K̂
(
t, t′
)
=

2
tt′

[
∞∑
n=1

nJn(t)Jn
(
t′
)
+ 2

∞∑
k=1

∞∑
l=0

(−1)k+lc2k+1,2l+2
(
g
)
J2k(t)J2l+1

(
t′
)]
, (3.11)

and restricting to k ≥ 0, we finally get the integral equation:

σ̂H(k) =
πL

sinh(k/2)

[
1 − J0

(√
2gk

)]
− g2 k

sinh k/2

∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
)

·

⎧
⎨
⎩σ̂H(t) − 4π

(L/2) − e−|t|/2 cos
(
ts/
√

2
)

2 sinh(|t|/2)
− (4π ln 2)δ(t)

+2π
e−|t|/2

2 sinh(|t|/2)

L−2∑
h=1

cos tu(i)
h

+ 2π
L−2∑
h=1

cos tu(i)
h

}

+ π
e−k/2

sinh(k/2)

L−2∑
h=1

[
cos ku(i)

h
− cos ku(i)

h

]
.

(3.12)
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Since we are interested in the computation of the anomalous dimension, we go back to the
general formula (2.18) for the evaluation of observables:

s∑
k=1

O(uk) = −
∫b
−b

dv

2π
O(v)Z′(v) −

L−2∑
h=1

O
(
u
(i)
h

)

−
∞∑
k=0

(2π)2k+1

(2k + 2)!
B2k+2

(
1
2

)[
∂

∂x2k+1
O
(
Z−1(x)

)]∣∣∣∣
x=Z(b)

x=Z(−b)
.

(3.13)

If we specialise to the energy (anomalous dimension), we have

O(v) = e(v) =
i

x+(v)
− i

x−(v)
. (3.14)

Again, in the large spin limit, one has (with n ≥ 1)

dn

dvn
e(v)

∣∣∣∣
±b

= O
(

1
bn+1

)
, (3.15)

together with the estimate (2.22) for the counting function. It follows that the nonlinear terms
contained in the expression (3.13) for the energy are O(1/b) = O(1/s). Therefore, if we
neglect O((ln s)−∞) terms, we are allowed to work with only the linear expression:

γ
(
g, s, L

)
=

s∑
k=1

e(uk) = −
∫b
−b

dv

2π
e(v)Z′(v) −

L−2∑
h=1

e
(
u
(i)
h

)
+O

(
(ln s)−∞

)
, (3.16)

which we find convenient to write in terms of the one loop and higher than one loop densities:

γ
(
g, s, L

)
=

s∑
k=1

e(uk) = −
∫b
−b

dv

2π
e(v)σH(v) −

∫b0

−b0

dv

2π
e(v)σ0(v) −

L−2∑
h=1

e
(
u
(i)
h

)
+O

(
(ln s)−∞

)
.

(3.17)

Extending the domains of integration to the real axis does not give problems, since we are
neglecting O((ln s)−∞) terms: we get

γ
(
g, s, L

)
=

s∑
k=1

e(uk) = −
∫+∞

−∞

dv

2π
e(v)σH(v) −

∫+∞

−∞

dv

2π
e(v)σ(s)

0 (v) −
L−2∑
h=1

e
(
u
(i)
h

)
+O

(
(ln s)−∞

)
.

(3.18)

Passing to Fourier transforms we have

ê(k) =
2
√

2π
g

e−|k|/2

k
J1

(√
2gk

)
, (3.19)
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and, consequently,

γ
(
g, s, L

)
= −
∫+∞

−∞

dk

4π2

2
√

2π
g

e−|k|/2

k
J1

(√
2gk
)[
σ̂H(k) + σ̂(s)

0 (k) + 2π
L−2∑
h=1

cos ku(i)
h

]
+O

(
(ln s)−∞

)
.

(3.20)

Comparing (3.20) with (3.10), we see that

γ
(
g, s, L

)
=

1
π

lim
k→ 0

σ̂H(k) +O
(
(ln s)−∞

)
, (3.21)

which extends the Kotikov-Lipatov relation [58] to all the sublogarithmic O((ln s)−n), n ≥ 1,
contributions and allows to compute the high spin anomalous dimension from the higher
than one loop density.

For computational reasons, it is more convenient to use the function

S(k) =
sinh(|k|/2)

π |k|

{
σ̂H(k) − π

e−|k|/2

sinh(|k|/2)

L−2∑
h=1

[
cos ku(i)h − cos ku(i)h

]}
=⇒ γ

(
g, s, L

)
= 2lim

k→ 0
S(k).

(3.22)

The function (3.22) satisfies the integral equation (for k > 0):

S(k) =
L

k

[
1 − J0

(√
2gk

)]
− g2

∫+∞

0

dt

π
e−t/2K̂

(√
2gk,

√
2gt
)

·

⎧
⎨
⎩

πt

sinh(t/2)
S(t) − 4π ln 2δ(t) − π(L − 2)

1 − et/2

sinh(t/2)
− 2π

1 − e−t/2 cos
(
ts/
√

2
)

sinh(t/2)

+π
et/2

sinh(t/2)

L−2∑
h=1

[
cos tu(i)h − 1

]}

= 4g2 ln sK̂
(√

2gk, 0
)
+ 4g2

∫+∞

0

dt

et − 1
K̂∗
(√

2gk,
√

2gt
)
+
L

k

[
1 − J0

(√
2gk

)]

+ 4g2γEK̂
(√

2gk, 0
)
+ g2(L − 2)

∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
) 1 − et/2

sinh(t/2)

− g2
∫+∞

0
dtK̂

(√
2gk,

√
2gt
)∑L−2

h=1

[
cos tu(i)h − 1

]

sinh(t/2)

− g2
∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
) t

sinh(t/2)
S(t),

(3.23)
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where K̂∗(t, t′) = K̂(t, t′) − K̂(t, 0). We remark that such equation depends on the position of
the holes u(i)

h
(but not on both u

(i)
h

, u(i)
h
) and that the quantity u

(i)
h

is also an unknown of the
problem and has to be determined by solving (2.9):

Z
(
u
(i)
h

)
= π(2h + 1 − L), h = 1, . . . , L − 2, (3.24)

which introduces nonlinear effects in the equation for the density S(k). Equation (3.23) is
exact if we neglect—in the high spin limit—terms which are O((ln s)−∞) and is the main
integral equation of this paper. (Actually, for twist two there is a simple way to get also the
O(ln s/s) andO(1/s) terms from the first of (3.23): it is sufficient to replace in the argument of
the cos function the quantity s/

√
2, which represent the leading contribution to the position

of the external hole at large s, with the more accurate estimate [59, 60] (s/
√

2)(1+((γ+1)/2s)+
O(1/s2)). We then get the same result as (29) of [38].) It will be our starting point in order to
investigate the high spin limit of (minimal) anomalous dimension of twist operators in the
sl(2) sector.

We will study two cases. First, we will consider the limit:

s −→ ∞, L fixed. (3.25)

Then, we will focus on the scaling limit (1.7) [20]:

s −→ ∞, L −→ ∞, j =
L − 2
ln s

fixed. (3.26)

The case (3.25) will be reported in Section 4, the case (1.7) in Section 5.

4. High Spin at Fixed Twist

In this section we report our results on the fixed twist case (3.25). We naturally make a move
from (3.23), in which the various contributions to the known (forcing) term are separated
according to their power of ln s. As a consequence of the structure of the forcing term, the
high spin expansion of the function S(k) goes on as a series of logarithmic (inverse) powers
(1.6):

S(k) =
∞∑

n=−1

S(n)(k)(ln s)−n +O
(
(ln s)−∞

)
. (4.1)

Consequently, the anomalous dimension at high spin follows the same fate:

γ
(
g, s, L

)
= f
(
g
)

ln s + fsl
(
g, L

)
+
∞∑
n=1

γ (n)
(
g, L

)
(ln s)−n +O

(
(ln s)−∞

)
. (4.2)
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Coming back to S(k), the term proportional to ln s satisfies the BES linear integral equation:

S(−1)(k) = 4g2K̂
(√

2gk, 0
)
− g2

∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
) t

sinh(t/2)
S(−1)(t), (4.3)

whose solution determines the universal scaling function through f(g) = 2S(−1)(0). The BES
equation was introduced in [11, 21] and thoroughly studied in the weak [11, 21] and the
strong coupling [29–35] limit. The interested reader can refer to these papers for a detailed
study of (4.3).

The four subsequent terms—independent of s—appear in the linear integral equation
for the density which determines the virtual scaling function fsl(g, L). This equation was
written in [24, equation 4.11], and then it was reobtained in [38] and used there and in our
contemporaneous paper [39] (where it appears as equation 3.3). In notations used in this
paper it reads (k ≥ 0)

S(0)(k) = 4g2
∫+∞

0

dt

et − 1
K̂∗
(√

2gk,
√

2gt
)

+
L

k

[
1 − J0

(√
2gk

)]
+ 4g2γEK̂

(√
2gk, 0

)

+ g2(L − 2)
∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
) 1 − et/2

sinh(t/2)

− g2
∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
) t

sinh t/2
S(0)(t),

(4.4)

the virtual scaling function fsl(g, L) being

fsl
(
g, L

)
= 2S(0)(0). (4.5)

As in the case of f(g), an explicit expression for fsl(g, L), interpolating from weak to strong
coupling, has not been found yet. What we did is expanding (4.4) in a systematic way
for small g, thus getting the weak coupling convergent series for fsl(g, L) (formula (4.1)
of [39]):

fsl
(
g, L

)
=
(
γE − (L − 2) ln 2

)
f
(
g
)
+ 8(2L − 7)ζ(3)

(
g
√

2

)4

− 8
3

(
π2ζ(3)(L − 4) + 3(21L − 62)ζ(5)

)( g
√

2

)6

+
8

15

(
π4ζ(3)(3L − 13) + 75(46L − 127)ζ(7) + 5(11L − 32)π2ζ(5)

)( g
√

2

)8
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−
(

128
945

π6ζ(3)(11L − 49) + 8
(

2695ζ(9)L + 16ζ(3)3L − 7156ζ(9) + 56ζ(3)3
)

+
40
3
(25L − 64)π2ζ(7) +

8
45

(103L − 310)π4ζ(5)
)(

g
√

2

)10

+
(

32
45
π4ζ(7)(295L − 772) +

8
3
π2
(

1519ζ(9)L + 24ζ(3)3L − 3628ζ(9) − 88ζ(3)3
)

+ 8
(

33285ζ(11)L + 536ζ(3)2ζ(5)L − 86082ζ(11) − 1728ζ(3)2ζ(5)
)

+
8

945
(2023L − 6266)π6ζ(5) +

8(2956L − 13231)π8ζ(3)
14175

)(
g
√

2

)12

+ · · · .

(4.6)

In addition, in [39] we performed the strong coupling analysis, by means of analytical and
numerical computations. For the first leading terms (formula (4.12) of [39]) we provided the
following outcome:

fsl
(
g, L

)
= 2
√

2g

[
ln

2
√

2
g
− c1 −

3 ln 2

2
√

2πg
ln

2
√

2
g

+
c0 + (2 − L)π

2
√

2πg
− K

8π2g2
ln

2
√

2
g

+
k−1

2
√

2g2
+O

(
ln g
g3

)]
,

(4.7)

where c1 = 1, c0 = 6 ln 2 − π , K = β(2) is the Catalan’s constant and (see also [38])

k−1 =
4K − 9(ln 2)2

4
√

2π2
= −0.0118253 . . . . (4.8)

Importantly, in this asymptotic expansion we could show that the only trace of the twist
comes up in the piece c0 + (2 − L)π and thus cancels out completely, at order O(s0), in the
asymptotic (large g) expansion of Δ−s = γ+L. It follows that the constant term (i.e.,O(g0)) in
Δ−s = γ +L at order O(s0) is (6 ln 2+π)/π for any twist: this allowed successful comparisons
with string theory results [40–42], which does not distinguish between null and small values
of L.

An alternative analysis of the strong coupling limit can be found in [38]. This
computation was done adapting the method introduced in [34] for f(g).

For what concerns γ (n)(g, L), that is, the O((ln s)−n), n ≥ 1, contributions to the
anomalous dimensions, they are “driven” by the holes depending parts of (3.23). As a
consequence of (3.21), one has γ (n)(g, L) = 2S(n)(0), where S(n)(k) satisfies the integral
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equation (k > 0):

S(n)(k) = −g2
∫+∞

0
dtK̂(

√
2gk,

√
2gt)

∑L−2
h=1

[
cos tu(i)

h
− 1
]

sinh(t/2)

∣∣∣∣∣∣∣
(ln s)−n

− g2
∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
) t

sinh(t/2)
S(n)(t),

(4.9)

with the symbol |(ln s)−n standing for the component proportional to (ln s)−n. The analysis of
this case was done in detail in the paper [43]. We report here the main results.

In order to fulfil condition (2.9), the position of the internal holes has to expand in
inverse powers of ln s:

u
(i)
h =

∞∑
n=1

αn,h(ln s)
−n +O

(
(ln s)−∞

)
. (4.10)

Introducing the (even) derivatives in zero of the (even) function σ(u) = Z′(u), developing
them in powers of ln s,

d2q

du2q
σ(u = 0) =

∞∑
n=−1

σ
(n)
2q (ln s)−n, (4.11)

and imposing the condition (2.9) for the holes, we eventually get the following recursive
equation for the unknowns αn,h:

αp+1,h = −
p∑
r=1

σ
(−1)
r

σ
(−1)
0

∑
{j1,...,jp−r+1}

p−r+1∏
m=1

(αm,h)jm

jm!
−

p−1∑
l=0

p−l∑
r=1

σ
(l)
r−1

σ
(−1)
0

∑
{j1,...,jp−r−l+1}

p−r−l+1∏
m=1

(αm,h)jm

jm!
, p ≥ 1,

α1,h =
π(2h − 1 + L)

σ
(−1)
0

, p = 0,

(4.12)

where the jm contained in the second term of the right-hand side are constrained by the
conditions

∑p−r+1
m=1 jm = r + 1,

∑p−r+1
m=1 mjm = p + 1 and the ones in the third term by

∑p−r−l+1
m=1 jm = r,

∑p−r−l+1
m=1 mjm = p − l.

The next step is the Neumann expansion for the functions S(n)(k) (in the domain
k > 0):

S(n)(k) =
∞∑
p=1

S
(n)
p

(
g
)Jp
(√

2gk
)

k
=⇒ γ (n)

(
g, L

)
=
√

2gS(n)
1

(
g
)
. (4.13)
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Straightforward but lengthy calculations, originating from (3.23), lead to the conclusion that

the Neumann modes S(n)
p (g) satisfy the system

S
(n)
2p−1

(
g
)
= −
(
2p − 1

)∫+∞

0

dt

t

Pn
(
g, t
)
J2p−1

(√
2gt
)

sinh(t/2)
− 2
(
2p − 1

) ∞∑
m=1

Z2p−1,m
(
g
)
S
(n)
m

(
g
)
,

S
(n)
2p

(
g
)
= −2p

∫+∞

0

dt

t

Pn
(
g, t
)
J2p

(√
2gt
)

sinh(t/2)
− 4p

∞∑
m=1

Z2p,m
(
g
)
(−1)mS(n)

m

(
g
)
.

(4.14)

(We use the notation: Zn,m(g) =
∫+∞

0 (dt/t)(Jn(
√

2gt)Jm(
√

2gt)/(et − 1)). ) In (4.14) Pn(g, t)
appears as a coefficient in the high spin expansion

P
(
s, g, t

)
=
∞∑
n=1

Pn
(
g, t
)
(ln s)−n (4.15)

of the internal holes-depending function

P
(
s, g, t

)
=

L−2∑
h=1

[
cos tu(i)

h
− 1
]
, (4.16)

appearing in (4.9). As a consequence of (4.12), Pn(g, t) depends on the various coefficients
αm,h of (4.10) as

Pn
(
g, t
)
=

n∑
r=1

tr cos
πr

2

∑
{j1,...,jn−r+1}

∑L−2
h=1
∏n−r+1

m=1 (αm,h)jm∏n−r+1
m=1 jm!

,
n−r+1∑
m=1

jm = r,
n−r+1∑
m=1

mjm = n. (4.17)

In order to study the system (4.14), it is useful to introduce the “reduced coefficients” S̃(k)
p ,

defined in (4.23) and (4.24) of [47] as solutions of the reduced systems:

S̃
(k)
2p

(
g
)
= I

(k)
2p

(
g
)
− 4p

∞∑
m=1

Z2p,m
(
g
)
(−1)mS̃(k)

m

(
g
)
,

S̃
(k)
2p−1

(
g
)
= I

(k)
2p−1

(
g
)
− 2
(
2p − 1

) ∞∑
m=1

Z2p−1,m
(
g
)
S̃
(k)
m

(
g
)
,

(4.18)



20 Advances in High Energy Physics

with the explicit (i.e., not depending on the densities σ(n)
2q ) forcing terms:

I
(k)
r = r

∫+∞

0

dh

2π
h2k−1

Jr
(√

2gh
)

sinh(h/2)
. (4.19)

Indeed, solutions to the systems (4.14) are linear combinations of the various S̃(k)
r (g) with

coefficients depending on αn,h. In particular, for what concerns γ (n)(g), its expression in terms
of S̃(k)

1 and αm,h reads

γ (n)
(
g
)

√
2g

= −2π
n∑
r=1

S̃
(r/2)
1 cos

πr

2

∑
{j1,...,jn−r+1}

∑L−2
h=1
∏n−r+1

m=1 (αm,h)jm∏n−r+1
m=1 jm!

,
n−r+1∑
m=1

jm = r,
n−r+1∑
m=1

mjm = n.

(4.20)

The various αn,h are written in terms of the densities with the help of (4.12), leaving
eventually γ (n)(g) as depending on S̃

(k)
1 and σ

(r)
2q , with r ≤ n − 3. This last property is very

important, since it makes possible to build up a recursive calculation scheme for the γ (n)(g),
opening the way to push the computation up to the desired order in ln s.

As an example in paper [43] we gave the following exact results for the first γ (n)(g):

γ (1)
(
g, L

)
= 0,

γ (2)
(
g, L

)
=
√

2g
π3

3
(
σ
(−1)
0

)2 (L − 3)(L − 2)(L − 1)S̃(1)
1

(
g
)
,

γ (3)
(
g, L

)
= −2

√
2g

π3σ
(0)
0

3
(
σ
(−1)
0
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1

(
g
)
,
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(
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)
=
√

2g2π

⎧
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(
σ
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0

)2
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⎜⎝ σ

(1)
0

σ
(−1)
0

− 3
2

(
σ
(0)
0
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(
σ
(−1)
0

)2

⎞
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−
π4σ

(−1)
2

90
(
σ
(−1)
0

)5 (L − 3)(L − 2)(L − 1)(5 + 3L(L − 4))

⎤
⎥⎦S̃(1)

1

− π4
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(
σ
(−1)
0

)4
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1

⎫
⎪⎬
⎪⎭
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(4.21)

Due to the aforementioned recursive properties, such expressions can be explicitly computed
in the weak and in the strong coupling limit. Weak coupling expansions are presented in
Appendix A of [43]. The strong coupling leading term is given in Section 3 of [43].
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5. High Spin and Large Twist

We now want to study the anomalous dimension in the limit (1.7):

s −→ ∞, L −→ ∞, j =
L − 2
ln s

fixed. (5.1)

Since the number of internal holes becomes infinite, we need to treat the sum over them
contained in (3.23) by means of the technique discussed in Section 2. Before doing that, we
introduce two points ±c which separate the internal holes and the Bethe roots: since the
number of internal holes equals L − 2, the “separator” c has to satisfy the following relation:

Z(c) =
1
2

∫ c
−c
dvσ(v) = −πj ln s. (5.2)

Now we can specialise formula (2.18) to the sum

L−2∑
h=1

[
cos tu(i)h − 1

]
, (5.3)

over the internal holes u(i)h ∈ [−c, c]. Remember that in [−c, c] no Bethe roots are present:
therefore the right-hand side of (2.18) is zero. We get

L−2∑
h=1

[
cos tu(i)

h
− 1
]
= −
∫ c
−c

dv

2π
(cos tv − 1)σ(v) − π

6
t sin tc
σ(c)

− 7π3

360

t3σ(c) sin tc + 3t2σ1(c) cos tc − 3t
(
(σ1(c))2/σ(c)

)
sin tc + tσ2(c) sin tc

(σ(c))4

+O

(
jn

(ln s)5

)

= −2
∫+∞

−∞

dk

4π2
σ̂(k)

[
sin(t + k)c

t + k
− sin kc

k

]
− π

6
t sin tc
σ(c)

− 7π3

360
t3σ(c) sin tc + 3t2σ1(c) cos tc + tσ2(c) sin tc

(σ(c))4
+O

(
j3

(ln s)3

)
,

(5.4)

where σm(c) denotes themth derivative of the density σ(v) in v = c. This expression has to be
inserted in (3.23) and worked out together with condition (5.2): we get in general a nonlinear
integral equation for the quantity S(k), related to the Fourier transform of the density of Bethe
roots and internal holes σ̂(k) through (3.22).
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This joined analysis of (3.23) and (5.2) gets simplified in the limit (1.7). Indeed, it
follows from the structure of (3.23) that, in the case of limit (1.7), the function S(k) expands
as [36, 43, 48]

S(k) =
∞∑

r=−1

(ln s)−r
∞∑
n=0

S(r,n)(k)jn +O
(
(ln s)−∞

)
, (5.5)

and, correspondingly, the anomalous dimension behaves as (1.8):

γ
(
g, s, L

)
= ln s

∞∑
n=0

fn
(
g
)
jn +

∞∑
r=0

(ln s)−r
∞∑
n=0

f
(r)
n

(
g
)
jn +O

(
(ln s)−∞

)
. (5.6)

The functions fn(g) and f
(r)
n (g) are called generalised scaling functions. In particular f0(g)

coincides with the universal scaling function f(g).
Similarly, the separator between internal holes and Bethe roots, c, enjoys the following

scaling in the limit (1.7):

c =
∞∑
r=0

(ln s)−r
∞∑
n=1

c(r,n)jn. (5.7)

The constants c(r,n) are connected to the various components σ(r,n)
2q in which the density and

its derivatives in zero expand in the limit (1.7):

d2q

du2q
σ(u = 0) =

∞∑
r=−1

∞∑
n=0

σ
(r,n)
2q (ln s)−rjn, (5.8)

by means of (5.2):

1
2

∫ c
−c
dvσ(v) = −πj ln s. (5.9)

For instance, using (5.7) and (5.8) in (5.2), we get, for the first c(r,n),

c(0,1) = − π

σ(−1,0)
, c(0,2) = π

σ(−1,1)

[
σ(−1,0)

]2
, c(0,3) =

π3

6
σ
(−1,0)
2[

σ(−1,0)
]4
− π

[
σ(−1,1)]2

[
σ(−1,0)

]3
,

c(1,1) = π
σ(0,0)

[
σ(−1,0)

]2
, c(1,2) = −2π

σ(0,0)σ(−1,1)

[
σ(−1,0)

]3
,

c(1,3) = 3π
σ(0,0)[σ(−1,1)]2

[
σ(−1,0)

]4
− 2

3
π3σ

(0,0)σ
(−1,0)
2[

σ(−1,0)
]5

+
π3

6
σ
(0,0)
2[

σ(−1,0)
]4
,

c(2,1) = −π
[
σ(0,0)]2

[
σ(−1,0)

]3
.

(5.10)
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Therefore, once we take the limit (1.7) and use condition (5.2), we easily get that (3.23) splits
in a set of equations, one for every function S(r,n)(k). Remember that S(−1,0)(k) coincides with
the BES density (function S(−1)(k) of last section): therefore, it satisfies the BES linear equation
(4.3), that is,

S(−1,0)(k) = 4g2K̂
(√

2gk, 0
)
− g2

∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
) t

sinh(t/2)
S(−1,0)(t). (5.11)

Another particular case is the function S(−1,1)(k): this satisfies the linear equation

S(−1,1)(k) =
1
k

[
1 − J0

(√
2gk

)]
+ g2

∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
) 1 − et/2

sinh(t/2)

− g2
∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
) t

sinh(t/2)
S(−1,1)(t)

(5.12)

and determines the generalised scaling function f1(g) = 2S(−1,1)(0). Equation (5.12) was
studied in paper [44].

The last case that has to be treated separately is r = j = 0. However, in this case,
the density is obtained from S(0)(k) ((ln s)0 contribution at fixed twist, see last section) and
S(−1,1)(k), by means of the equality

S(0)(k) = (L − 2)S(−1,1)(k) + S(0,0)(k). (5.13)

In the three cases we have discussed up to now, the dynamics of the internal holes is not
relevant: for the required approximations the internal holes can be supposed all lying at the
origin; that is, the sum (5.3) can be considered as vanishing.

The particular form of the expansion (5.7) with coefficients given by (5.10) is however
of fundamental importance for all the remaining cases. They can be studied together, by
means of the integral equation

S(r,n)(k) = −g2
∫+∞

0
dtK̂

(√
2gk,

√
2gt
) ∑L−2

h=1

[
cos tu(i)

h
− 1
]

sinh(t/2)

∣∣∣∣∣∣∣
jn/(ln s)r

− g2
∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
) t

sinh(t/2)
S(r,n)(t),

(5.14)

in which the sum over the internal holes is evaluated through (5.4) and the “separator” c is
expanded as in (5.7), with coefficients depending on the quantities σ(r,n)

2q and determined by
the use of (5.2).
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From the methodological point of view, we need to distinguish two cases. The first
one covers the values r = −1, n ≥ 2 and r = 0, n ≥ 1. In this case only the first term in
the right-hand side of (5.4), which is linear in the density, is relevant. Therefore in the final
equation nonlinearity comes only from the nonlinear dependence of c on the density and
their derivatives in zero:

S(r,n)(k) = g2
∫+∞

0
dt
K̂(
√

2gk,
√

2gt)
sinh(t/2)

∫ c
−c

dv

2π
(cos tv − 1)σ(v)

∣∣∣∣∣
jn/(ln s)r

− g2
∫+∞

0
dte−t/2K̂

(√
2gk,

√
2gt
) t

sinh(t/2)
S(r,n)(t).

(5.15)

For instance, using (5.10) we get for the first cases

∫ c
−c

dv

2π
(cos tv − 1)σ(v)

∣∣∣∣
ln s·j2

= 0,

∫ c
−c

dv
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ln s·j3

=
1
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π2 t2
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]2
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3
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,
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ln s·j5

= − π4t4

120
[
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]4
+
π2[σ(−1,1)]2

t2

2
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,
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1

(
g
)
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(5.16)
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In the remaining cases, that is, r ≥ 1, the evaluation of the sum over the internal holes (5.3)
involves also terms explicitly nonlinear in the density. Thanks to formulae (2.18) and (5.4),
however, everything is under control and, for instance, for the first values of r, n we get

L−2∑
h=1

[
cos tu(i)h − 1

]∣∣∣∣∣
j0/(ln s)r

= 0, r = 1, 2, 3, 4,
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(5.17)

In both cases, next steps are the usual ones and details can be found in [43, 47, 48]. First, we
perform a Neumann expansion for the even functions S(r,n)(k), in the domain k ≥ 0:

S(r,n)(k) =
∞∑
p=1

S
(r,n)
p

(
g
)Jp
(√

2gk
)

k
. (5.18)

This implies that the generalised scaling functions are expressed as

f
(r)
n

(
g
)
=
√

2gS(r,n)
1

(
g
)
. (5.19)

The Neumann modes S
(r,n)
p (g) satisfy linear systems and are linear combinations of the

“reduced” coefficients S̃(k)
p which are solutions of the systems (4.18). The coefficients driving

such linear combinations depend on the densities and their derivatives in zero, σ(r ′,n′)
2q , with

r ′ ≤ r, n′ ≤ n − 1. This property allows to find, step by step, exact expressions for the
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generalised scaling functions f (r)
n (g) in terms of σ(r ′,n′)

2q and S̃
(k)
1 . For the first of them we get

the following results:
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Explicit expressions in the weak and strong coupling limit for the various f (r)
n (g) can be given

without much ado, because of the iterative structure of the relations which determine them.
They can be found in [43, 47, 48].

In particular, strong coupling limit of the anomalous dimension is of interest since it
can be checked against string theory calculations. For what concerns the function

f
(
g, j
)
=
∞∑
n=0

fn
(
g
)
jn, (5.21)

performing such a check, is not a difficult task, after results by Alday and Maldacena [23].
Introducing (at large g) the quantity

m
(
g
)
=

25/8π

Γ(5/4)
g1/4e−πg/

√
2
[

1 +O
(

1
g

)]
(5.22)

in [23], it was proved that in the limit (1.7), when g → ∞, j � g, with j/m(g) fixed,
the quantity f(g, j) + j has to coincide with the energy density of the ground state of
the O(6) nonlinear sigma model with mass gap m(g). When j/m(g) � 1, we are in the
nonperturbative regime of the O(6) nonlinear sigma model. In this case the energy density
can be computed by using Bethe Ansatz-related techniques. This computation has been
systematically performed in [61]. In order to have agreement between our calculations for
f(g, j) and computations of [61] for the O(6) nonlinear sigma model, we must have that
the quantities Ωn(g) computed in that paper have to be related to fn(g) by the relation
fn(g) = 2n−1Ωn(g). Our results [39] for the strong coupling limit of f3(g), f4(g), and f5(g)
are

f3
(
g
)
=

π2

24m
(
g
) +O
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e−πg/

√
2
)
,
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(
g
)
= − π2
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[
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]2
S1 +O(1),

f5
(
g
)
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640
[
m(g)

]3
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π2

8
[
m(g)

]3 [S1]2 +O
(
eπg/

√
2
)
,

(5.23)

where we used the compact notations

S2s+1 =
1

π2s+1

∞∑
n=0

(−1)n
[

1

(n + 1/2)2s+1
+

1

(n + 1)2s+1

]
, (5.24)

and agree with corresponding formulae contained in [61]. (In [39] results for the strong
coupling limit of fn(g) and checks with O(6) nonlinear sigma model results were performed
up to n = 8.)
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6. Conclusions

In this paper we have discussed our activity on the study of minimal anomalous dimension
of twist operators in the sl(2) sector ofN = 4 SYM at high spin. We preferred to give a general
description of the methods we used: the reader can refer to the original papers for details and
for a complete list of our results.

The main tool we used is integral equation (3.23) for the density of Bethe roots. This
equation coincides with the exact nonlinear integral equation equivalent to the Asymptotic
Bethe Ansatz equations of the sl(2) sector if we neglect terms going to zero faster than any
inverse power of the logarithm of the spin. Equation (3.23) is linear, apart from the nonlinear
dependence of the internal holes positions u(i)h on the counting functionZ(u). These nonlinear
effects are taken into account by inverting relation (2.9): in the high spin limit such inversion
is feasible because of the recursive properties of (4.12) determining the various u(i)

h
. This

allows to give explicit expressions (4.20) for the coefficients of the high spin expansion of
the anomalous dimension.

When the twist goes to infinity, the internal holes are described by their density and
contribute to integral equation (3.23) introducing explicitly nonlinear terms. These nonlinear
terms are evaluated (see Section 5) by using properties and techniques of the nonlinear
integral equation, which are discussed in Section 2. Their contribution to main equation (3.23)
is obtained by applying formula (2.18) and is reported in (5.16) and (5.17). In this case also,
recursive properties of the equations determining the high spin limit of the density are crucial
in order to obtain explicit expressions for the anomalous dimension.
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Within the AdS/CFT correspondence, we review the studies of field theories with a large number
of adjoint and fundamental fields, in the Veneziano limit. We concentrate in set-ups where the
fundamentals are introduced by a smeared set of D-branes. We make emphasis on the general
ideas and then in subsequent chapters that can be read independently and describe particular
considerations in various different models. Some new material is presented along the various
sections.

1. Introduction, General Idea, and Outline

1.1. Introduction and Outline

The AdS/CFT conjecture originally proposed by Maldacena [1, 2], refined in [3, 4] and
reviewed in [5], has been one of the most interesting developments in theoretical physics
of the last decades. It has become one of the most powerful analytic tools to deal with
strong coupling effects of some particular gauge theories in the planar limit Nc → ∞.
The most studied and best understood case corresponds to SU(Nc)N = 4 SYM which is
a highly supersymmetric conformal theory and which only contains matter in the adjoint
representation of the gauge group. Certainly, there are many interesting field theories which
do not share these properties and this fact has lead to an enormous amount of effort devoted
to extending the duality along different paths. Consequently, people have constructed gravity
duals of nonsupersymmetric, non-conformal gauge theories, in different vacua and with
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diverse matter contents. One can mention the attempt of building a dual as close as possible
to QCD as an aim for these generalizations. However, one should keep in mind that this is
just one among many desirable motivations, since understanding gauge theories at strong
coupling (or using gauge theories to understand gravity) is a very relevant problem per se,
with both theoretical and phenomenological possible implications.

An important development of AdS/CFT has been to generalise the matter content of
the gauge theories under consideration and, in particular, to include fields which transform in
the fundamental representation of the gauge group, as the QCD quarks do. (With an abuse of
language, we will use throughout this review the words quark or flavor to refer to any field,
fermionic or bosonic, transforming in the fundamental representation of the gauge group.
Accordingly, by mesons we will mean bound states of quarks.) A first possibility is to add the
flavors in the quenched approximation. The word quenched comes from the lattice literature
and, in that context, it amounts to setting the quark fermion determinant to one. In more
physical terms, quenching corresponds to discarding the quark dynamical effects. This means
that quantum effects produced by the fundamentals are neglected; the quarks are considered
as external nondynamical objects in the sense that they do not run in the loops. (In the
lattice, usually, quenching is thought to be a good approximation for heavy quarks whereas
for the gauge-gravity examples the relevance of the quenched approximation comes from
having parametrically less fundamental than adjoint fields Nf � Nc.) From the string side,
adding quenched quarks to a given gauge theory corresponds to incorporating a set of brane
probes in the dual background, which is not modified with respect to the quark-less case. By
analysing the worldvolume physics of these flavor branes (typically using the Dirac-Born-
Infeld + Wess-Zumino action) a lot of physically interesting questions can be understood. For
instance and just to mention a few, chiral symmetry breaking can be neatly described, phase
diagrams can be constructed, and meson spectra can be exactly computed. It is hard to do
justice to the huge literature in the subject; so let us just mention the seminal papers [6, 7]
and a recent review [8].

Thus, it is fair to say that the study of quenched flavor within the gauge-gravity
correspondence has been a very fruitful program. Nonetheless, there are physical features
which are intimately related to the quantum effects of the quarks. Examples are the
consequences of the presence of fundamentals on the running couplings, which may
ultimately lead to conformal points, conformal windows [9], or Seiberg-like dualities [10].
More phenomenologically, multihadron production, the screening of the color charge, or
the large mass of the η′ meson are spin-offs of these quantum effects. Let us also mention
that the most successful application of string duals towards phenomenology has been the
construction of solutions that can be used as toy models for the experimental quark-gluon
plasma. Thus, a very interesting program is to build black hole solutions with unquenched
flavor which are really dual to quark-gluon plasmas, that is, such that the effect of the
dynamical quarks affects the plasma physics, as is expected to be the case in the real
world.

These observations largely motivate the study of theories with unquenched quarks
from the string theory dual point of view. Unquenching the flavors of the gauge theory has
a very precise implication for the dual theory: the gravity background has to be modified by
the inclusion of the quarks; namely, one needs to take into account the back-reaction on the
geometry produced by the flavor branes. The main goal in the following will be to present
methods to compute such back-reacted solutions. This will be done by presenting different
examples that, hopefully, will help the reader to gain insight in both the physical questions
and the technical tools used to address them.
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In this review, we will focus on a specific family of unquenched constructions. Namely,
we will discuss at length just solutions of type IIA or type IIB string theory in which the
fundamentals come from a smeared set of flavor branes. In Section 1.5, we will try to provide a
general understanding of this notion of smearing the flavor and argue why we find it a case of
particular interest. As we will see, by considering the case of smeared D-branes we can build
a systematic approach applicable to different situations and which typically results in large
simplifications as compared to other kinds of flavor D-brane distributions. This smearing
procedure referring to flavors was first introduced in [11] in a noncritical string framework
and in [12] in a well-controlled ten-dimensional context.

It is important to remark that this smearing is by no means the only possibility to
introduce unquenched fundamentals in gauge-gravity duals. Many important works have
followed alternative paths to construct different models. We are not able to review them here,
but we provide a survey of the literature in Section 1.6.

Outline

We will devote the rest of Section 1 to further clarifying the kind of physical problems we
want to address and to give the general methods and notions which are common to all the
constructions we will present later.

Then, Sections 2–6 will analyse different models that are ordered in increasing order of
complexity. Each section can be read mostly independently from the rest. The discussion of
each model can always be regarded as a two-step process. First, one has to solve the equations
for finding the back-reacted solutions of type II supergravity coupled to a set of D-brane
sources. Second, one can use these solutions to extract the physics of the conjectured gauge
theory duals with unquenched flavors. Readers interested in different aspects of the problem
can consult the different parts independently. We would like to stress that, even without
making any reference to the gauge-gravity correspondence, the string theory solutions and
methods developed to find them are interesting by themselves.

Section 2 deals with the backreaction of D7-branes on AdS5 × X5 spaces, where
X5 stands for a Sasaki-Einstein space. As a matter of fact, a large part of the discussion
can be carried out without specifying the X5. Notwithstanding, the two most interesting
cases correspond to X5 = S5 and X5 = T1,1. At different points during Section 2, we will
refer to these particular examples in order to explain concrete features. We will present
supersymmetric solutions for massless and massive quarks and also non-supersymmetric
black hole solutions which are dual to theories at finite temperature, in a deconfined plasma
phase. All these solutions share the property of having a singularity, associated with a UV
Landau pole in the field theory (when quarks are massless and the temperature is zero, there
is also a naked IR singularity). We will show how to make well-defined IR predictions from
the geometry, even in the presence of the UV singularity (in much the same spirit as in field
theory renormalization).

In Section 3, we will discuss a model in which both the color and flavor branes are
D5’s. It is dual to a (3+1)-dimensional N = 1 theory with a UV completion. Among several
nice features of the model that will be presented, we would like to remark here that it
incorporates a geometrical description of a Seiberg-like duality. Section 4 is also built from
a D5-D5 intersection and in fact shares several similarities with the previous model. The
construction corresponds to color D5’s wrapping a compact 3-cycle and therefore the dual
field theory is (2+1)-dimensional.
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In Section 5 we examine the addition of D7-branes to the conspicuous Klebanov-
Strassler model [13]. From the physical point of view, how the unquenched flavors affect
a duality cascade is particularly interesting. From a technical point of view, the system is
slightly more involved than the previous ones because different RR and NSNS forms are
turned on. However, despite this complication, it is remarkable that almost all functions of
the ansatz can be integrated in a closed form.

Section 6 reviews a different class of models. The dual gauge theories are built on
wrapped supersymmetric D-branes with the peculiarity that some of the adjoint scalars
remain massless. As we will explain, it is not sensible to smear the branes in all the transverse
directions. The associated main technical difficulty will be the fact that one has to solve partial
differential equations to find the background.

Profiting from the experience gained by discussing these examples one by one, in
Section 7, we will give a more mathematical viewpoint of the constructions. In particular,
we will take some tools of differential geometry to describe in a concise and compact way the
distributions of mass and charge due to the presence of the flavor branes.

Finally, in Section 8 we will conclude by summarizing the whole topic trying to give a
general perspective of the results obtained and by also providing an outlook of the subject.

1.2. Presentation of the Problem

As anticipated in the introduction, we will discuss the addition of flavors to field theories
(mostly focusing on SUSY examples, but this is not mandatory) using AdS/CFT or, more
generally, gauge-strings duality.

We hope it is clear to the reader that the addition of flavors (fields transforming in the
fundamental representation) is a very interesting exercise from a dynamical point of view.
Indeed, in a theory with adjoint fields (let us, for the sake of this discussion, consider the
case of a confining field theory) the presence of fields transforming in the fundamental will
produce the breaking of the “QCD-string” or screening. Of course, the fundamentals will add
a new symmetry, that can be SU(Nf) or, like in massless QCD, SU(Nf) × SU(Nf); a baryonic
U(1)B symmetry should also appear. Obviously the presence of global symmetries (and their
possible spontaneous or explicit breaking) will directly reflect in the spectrum. Apart from
this, it will happen that the states before the addition of fundamentals, that is the glueballs,
will interact and mix with the mesons, giving place to new diagonal combinations that will be
the observed states. Moreover, anomalies will be modified, as fermions that transform in the
fundamental will run in the triangles. Also gauge couplings will run differently and finally
new dualities (Seiberg-like [10]) may appear. In the rest of this article, we will discuss how
all of the above mentioned features are encoded in string backgrounds.

It is clear that we need to add new objects to our string background. These new objects
are D-branes, on which a gauge field propagates, encoding the presence of a U(Nf) gauge
symmetry (in the bulk), dual to the global U(Nf) in the dual QFT. Also, it is on these D-
branes that the meson fields, represented by excitations of the branes, propagate and interact.
Following a nomenclature that by now became standard, we will call these D-branes “flavor
branes”.

It is then clear that to add flavors to a field theory whose dual we know, we should
consider the original (unflavored) string background and add flavor-branes. Now, the point
is how to proceed technically to add these new branes. It may be useful to consider two
developments of the 1970s, that will turn to illuminate on the answer to this question.
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(a) (b) (c)

Figure 1: Diagrams for a meson propagator, with two insertions of the meson operator (n = 2) shown as
thick points on the boundaries. The dashed lines are gluons that fill the diagram in the large Nc limit and
the thick lines are quarks. (a) Planar diagram with no internal quark loops (h = 0, w = 0), the scaling is
∼1. (b) Planar diagram with an internal quark loop h = 0, w = 1, the scaling is ∼ Nf/Nc. (c) Nonplanar
diagram with no internal quark loops h = 0, w = 0, b = 2, the scaling is ∼ 1/Nc.

In [14, 15] ’t Hooft and Veneziano, respectively, considered the influence of
fundamentals when the following scaling is taken:

Nc −→ ∞, λ = g2
YMNc = fixed, (1.1)

and considered the two possible cases (’t Hooft and Veneziano, resp.)

Nf = fixed, x =
Nf

Nc
−→ 0,

Nf −→ ∞, x =
Nf

Nc
= fixed.

(1.2)

It is very illuminating to see how different diagrams contributing to the same physical process
(to fix ideas, an n-point correlator of mesonic currents) scale in these two cases. In this respect,
a formula for the kinematical factor of the scattering of n mesons was produced in [16],
considering diagrams with w being internal fermion loops (windows), h nonplanar handles,
and b boundaries:

〈B1 · · ·Bn〉 ∼
(
Nf

Nc

)w

N
(2−(n/2)−2h−b)
c . (1.3)

Consider the case of scattering of two mesons n = 2. We see that diagrams like the first one
in the figure (w = h = 0, b = 1, n = 2) scale like a constant N0

c ∼ 1, the second diagram (with
w = 1, h = 0, b = 1, n = 2) scales like Nf/Nc, while the third one (with w = 0, h = 0, b = 2, n =
2, that is nonplanar) goes like N−1

c .
So, we see that from this view point, the Veneziano scaling captures more physics,

represented here by diagrams like (b) in Figure 1. Nevertheless, there may be some particular
problems for which studying things in the ’t Hooft scaling may be enough.

From the view point of a lattice theorist, working in the ’t Hooft scaling, hence
neglecting the effects of fundamentals running inside loops, is the same as working in what
they would call the “quenched approximation”. We can think of the field theory as being
quenched when the fundamental fields do not propagate inside the loops. One natural way
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of doing this is to consider the case of very massive quarks. Indeed, when quenching, one
considers an expansion of the fermionic determinant (for massive quarks) of the form:

log det
[
γμDμ +m

]
= Tr log

(
γμDμ +m

)
= Tr log

(
m

[
1 +

γμDμ

m

])
∼ Tr log(m) +O

(
1
m

)
.

(1.4)

Keeping only the constant term (or considering a very large mass) is equivalent to saying
that fundamentals are very difficult to pair-produce; hence their presence inside loops will be
very suppressed. Another way to quench in the field theory is to consider the case in which
the quotient x = Nf/Nc is very small. Notice that the quenched theory is not equivalent to
a theory with only adjoints, as fundamentals can occur in external lines, like in a correlator
of two mesonic currents as exemplified in the diagram (a) of Figure 1. Needless to say, lattice
theorists developed techniques to quench fundamental fields with arbitrary mass. Also, while
at first sight the quenching as described above is not a good operation as it breaks unitarity
(not including all possible diagrams), this kind of troubles will be avoided when working in
the ’t Hooft scaling, where unitarity problems will be suppressed in 1/Nc (but of course will
be present in a lattice version of theories with finite Nc).

The interesting point to be taken from this, by a physicist working in gauge-string
duality, is that both scalings (’t Hooft’s and Veneziano’s) can be realized with D-branes.
Indeed, in both cases we must add D-branes (to realize symmetries and new states as
discussed above), but we can add these flavor branes in two ways.

(i) We can add Nf flavor branes in such a way that we will only probe the geometry
produced by the Nc color branes. In this case the dynamics of the probe-flavor
branes (the mesons) will be influenced by the dynamics of the color branes (the
glueballs) but not viceversa. This is a good approximation if x = Nf/Nc → 0,
which immediately sets us in the ’t Hooft scaling limit. Notice, however, that when
the Nc contribution to some particular quantity vanishes, the flavor effects may be
the leading ones even when Nf �Nc.

(ii) We can add Nf flavor branes, in such a way that they will deform the already
existing geometry, in other words backreacting on the original “color” geometry.
In field theory language, we would say that the dynamics of the glueballs and that
of the mesons influence each other, leading to new states that will be a mixture of
mesons and glueballs. This is surely what we need to do if x = Nf/Nc = fixed and
doing this will set us in the Veneziano scaling limit.

More technically, in the ’t Hooft scaling limit we are studying the Born-Infeld-Wess-Zumino
dynamics for a Dk flavor brane in a background created by Nc color Dp-branes (we will
always work in Einstein frame in the following):

SBIWZ = −Tk
∫
dk+1xe((k−3)/4)φ

√
det

[
ĝab + 2πα′e−φ/2Fab

]
+ Tk

∫
C ∧ eF, (1.5)

where ĝab,Fab are fields induced by the color branes background on the (few) flavor branes.
The “shape” of the flavor branes (induced metric) will then influence the mass spectrum
and interactions of the fluctuations of the flavor branes (the mesons), explicitly realizing
the picture advocated above. This line of research was initiated by Karch and Katz [6] and
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substantially clarified in subsequent papers [7, 17–21]. This line kept on growing in the last
few years, finding numerous applications. See [8] for a comprehensive review.

On the other hand, working in the Veneziano scaling limit implies that we will need
to study the action

S = SIIA/IIB + SBIWZ. (1.6)

There will be new equations of motion, encoding explicitly the numbersNf,Nc. As discussed
above, it is now very clear that proceeding like this will be the only possibility when the
number of flavors is comparable with the number of colors. Also, it makes manifest the fact
that the dynamics of glueballs (represented on the string side by SIIA/IIB which is of order
g−2
s ∼ N2

c ) is influenced and influences back on the dynamics of fundamentals (represented
by SBIWZ, of order g−1

s Nf ∼ NcNf). The rest of this review will focus on this second scaling
(Veneziano).

Notice that (in both scalings) we are making an explicit difference between the color
SU(Nc) gauged symmetry and the flavor SU(Nf) global symmetry on the field theory side.
From the string theory construction, this qualitative difference is connected to the fact that
the volume of the flavor branes is infinite, as compared to the volume of the color branes.
Indeed, in the bulk, we only need to realize the field theory global symmetry, and we do it
with the gauge field present in the Born-Infeld-Wess-Zumino action. Searching for solutions
of Dp color branes in interaction with Dk flavor branes in pure IIA/IIB supergravity is an
interesting problem but will not represent the physical system we are after, as only flavor
singlet states would be included in the dynamics.

Before we proceed studying the formalism and examples to clarify the details, some
comments are in order.

1.3. The String Action and the Scaling Limit in Nc and Nf

Let us study a bit more the expression of (1.6), being careful about coefficients. We will
consider the case of a set of Nc “color” Dp-branes and Nf “flavor” Dk-branes. The action
for this system will be, in Einstein frame,

S =
1

2κ2
10

∫
d10x

√
g10

[
R − 1

2
(
∂φ

)2 − e
−φ

12
H2

3 −
∑
l

e((5−l)/2)φ

2 × l! F2
l

]
+
∫

CS-terms

−NfTk

∫
dk+1xe((k−3)/4)φ

√
det

[
ĝab + 2πα′e−φ/2Fab

]
+NfTk

∫

k+1
C ∧ eF,

S =
1

2κ2
10

[∫
L

(
IIA
IIB

)
− 2κ2

10NfTk

∫
LBIWZ

]
,

(1.7)

where by Fl we have denoted the various RR fields and with CS-terms the possible Chern-
Simons terms. We have taken the simplification of writing the action for the set of flavor



8 Advances in High Energy Physics

branes as Nf times that of a single D-brane, which is enough for the large N counting we
want to undertake here. The gravitational constant and D-brane tension are

2κ2
10 = (2π)7g2

sα
′4, Tk =

1

(2π)kgs(α′)(k+1)/2
. (1.8)

The typical quantization condition for the color branes reads

1
2κ2

10

∫
F8−p =NcTp. (1.9)

As a consequence of (1.7), we will have equations of motion, that generically will read for the
metric and dilaton:

Rμν −
1
2
gμνR = Tμν

[
IIA
B

]
− 2κ2

10NfTkTμν[brane],

∇2φ =
∂

∂φ

[
L

[
IIA
B

]
− 2κ2

10NfTkL[BIWZ]
]
,

(1.10)

together with the modified (by the CS-terms) Maxwell equations and, importantly, the
Bianchi identity for the (magnetic) Ramond-Ramond field F8−k that couples to the flavor
Dk-branes:

dF8−k = 2κ2
10NfTkδ

9−k(�r), (1.11)

indicating that the flavor branes are localized (all together) at the position �r = 0. Similarly
the Tμν[brane] contains delta functions with support on the position of the flavor branes. In
principle, one will need to solve second-order, nonlinear, partial differential equations.

Instead of directly dealing with the above equations, we want to present here an
argument to understand which parameter controls the size of the flavor effects on the action
and, therefore, on the solution. We remark that the reasoning below is qualitative and in
particular we will just write a background for flat Dp-branes as considered, for instance, in
[22]. This will be enough for understanding the scaling with the parameters, at least in the
cases studied in this review. In the following, we just focus on the behaviour with respect to
Nf , Nc, g2

YM and do not care about numerical prefactors. We will use notation similar to [22].
Consider the background associated to a stack of Dp color branes (in Einstein frame):

ds2 = e−φ/2α′

⎡
⎢⎣

(√
α′U

)(7−p)/2

α′cp
√
gsNc

dx2
1,p +

α′cp
√
gsNc

(√
α′U

)(7−p)/2
dU2 + cp

√
gsNc

(√
α′U

)(p−3)/2
dΩ2

8−p

⎤
⎥⎦,

eφ ∼

⎛
⎜⎝ gsNc(√

α′U
)7−p

⎞
⎟⎠

(3−p)/4

,

(1.12)
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where cp is a known numerical constant and U is an energy scale. On a background of this
kind, we want to introduceNf Dk-flavor branes and to know which is the relative importance
of the associated terms in the action (1.7) and equations of motion (1.10). With that aim, let us
start by computing the coefficient in front of the term coming from the RR-form sourced by
the color branes in (1.7), namely, (2κ2

10)
−1√g10e

((p−3)/2)φF2
8−p. Using (1.9) and (1.12), we find

that the Lagrangian density associated to the color branes goes as:

Lcolor ∼
(

2κ2
10

)−1√
g10e

5φ/2
(
α′
−1
)(
gsNc

)(p−4)/2
(√

α′U
)(p−3)(p−8)/2

. (1.13)

Let us now look at the DBI term. We assume that the flavor Dk-branes are extended along the
Minkowski directions, the radial direction U, and k − p − 1 directions within the sphere. We
find

Lflavor,DBI ∼NfTke
((k−3)/4)φ

√
ĝk+1 ∼

Nf

Nc
g
(k−p)/2
eff Lcolor, (1.14)

where in order to get the last expression we have used (1.8), (1.12), and (1.13) and defined a
dimensionless effective coupling as in [22]:

g2
eff ∼ g

2
YMNcU

p−3 ∼ gsNc

(√
α′U

)p−3
. (1.15)

Thus, parametrically, the action from the flavor branes as compared with that from the color
background is weighed by (Nf/Nc)g

(k−p)/2
eff . We now want to take a low-energy decoupling

limit as in [22] (see also [23]); namely, the dimensionless effective coupling geff and U are
fixed as α′ → 0. Thus, the Veneziano scaling limit in this framework amounts to

Nc,Nf −→ ∞, geff fixed,
Nf

Nc
g
(k−p)/2
eff fixed, (1.16)

where the last relation comes from demanding that the flavor effects are also fixed. Staying
in the supergravity limit requires

1� g2
eff �N

4/(7−p)
c , (1.17)

a constraint that limits the range of energy scales U for which the supergravity description
is valid [22]. Notice that if we further require that the flavor terms do not parametrically
dominate over the color ones, this can further restrict U, depending on p and k.

The probe limit, in which the flavor action is negligible as compared to the gravity
action, comes from making the last quantity in (1.16) vanishingly small. (In the literature, it
is usually written that the probe limit is good when Nf �Nc. That is not strictly correct. For
instance, in the D3–D7 case, the probe approximation is valid when, parametrically, λ Nf �
Nc.) As expected, that term is strictly zero in the ’t Hooft limit. We now comment on the
values of p, k that will appear in the following sections.

For the D3–D7 case of Section 2, the parameter weighing the flavor effects is
(g2

YMNc)(Nf/Nc) ∼ λ(Nf/Nc). For the cascading case of Section 5, the result is similar but
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one has to replace Nc by the number of fractional branes M. Getting ahead of the discussion
of upcoming sections we notice that, in these cases, it is not enough to take this parameter
fixed, but it should also be small. This will be due to positive beta functions, as will be
thoroughly discussed.

From (1.16), we see that k = p (Sections 3, 4 and 6) is particularly interesting since it
is really Nf/Nc what has to be taken fixed. (Even if in all these sections we will deal with
wrapped branes and therefore the backgrounds are not that similar to (1.12), the argument
above still yields the correct result.) For this reason, only in these cases one can hope to
describe—within gravity—phenomena as Seiberg-like dualities (see Section 3.6.2). Loosely
speaking, the Klebanov-Strassler duality cascade [13] lies in this class of k = p theories, since
it can be understood as the interplay between two sets of D5-branes wrapping vanishing
two-cycles.

We close this section by mentioning other brane intersections that will not be discussed
further in later sections. In a D2–D6 system, the effective coupling (1.15) decreases at large
U and therefore the flavor backreaction on the glue fades away in the UV—see (1.16)—
as expected in a superrenormalizable theory. This was observed in [24] when studying a
solution with localized D6-branes. In a D4–D8 intersection, the opposite happens. The probe
brane approach can be valid in an intermediate regime 1 � g2

eff � Nc/Nf but at a given U
the fundamentals eventually take over and dominate. Notice that the value ofU for which the
D4-D8 theory loses its validity is parametrically smaller than that for which the unflavored
D4-brane theory becomes pathological, which is set by (1.17).

1.4. The Method

Looking back at (1.7), one can appreciate that in general finding the solution describing the
backreaction between the type II closed strings and the open strings described by the Born-
Infeld action is quite a challenging problem. Indeed, the fact that the flavor branes (BIWZ)
are localized in the ten-dimensional space implies that we will have to solve second-order,
nonlinear, coupled, and partial differential equations with localized sources. Basically what
makes things so difficult are the presence of delta function sources and the fact that the
differential equations describing the dynamics are “partial” (in principle depending on all
the variables describing the space transverse to the flavor branes). In order to get some
intuition of the answer, we may consider the case in which we will “erase” the dependence on
these transverse coordinates (this is like considering the “s-wave” of the putative multipole
decomposition of the full solution in this transverse space) and delocalize the sources. To
achieve this, we will propose to smear the flavor branes over their perpendicular space.

On the field theory side, this will amount to considering systems where the addition
of the degrees of freedom transforming in the fundamental does not break any of the global
symmetries of the unflavored QFT. Also, it may happen that the original U(Nf) is explicitly
broken to U(1)Nf as we are separating the flavor branes—see the discussion in [25, Section
7] and in [26, Section 2]. An intuitive understanding of the smearing procedure will be
discussed in Section 1.5, while a more formal approach will be treated in Section 7. For
technical reasons, this procedure is cleaner in examples preserving some amount of SUSY,
since the force between flavor branes is cancelled and the smearing is at no cost of energy.

In the examples described in the following sections, we will proceed like this.

(i) Consider an unflavored string background and find the embedding of flavor branes
that will preserve some SUSY, or (in non-SUSY examples) that will be stable and
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solve the equations of motion for the brane. In the SUSY cases, this can be achieved
by considering kappa-symmetric embeddings, that we review generically below.

(ii) Consider now Nf flavor branes in that particular embedding and smear them,
getting an action in ten dimensions, as will be explained with all generality in
Section 7.

(iii) Solve the equations derived from (1.7), that will now contain smeared branes and
will be ordinary differential equations. In SUSY cases, there will be a set of BPS
equations to be solved. In non-SUSY examples one might manage to get a fake
superpotential and fake-BPS equations [27].

Moreover, one has to check that the flavor embeddings considered are still a solution in the
backreacted geometry.

Let us review briefly the main technical points collected above.

1.4.1. BPS Equations, Kappa Symmetry (SUSY Probes), and Smearing

Let us consider the case of a supersymmetric background, namely, a solution of type II sugra
for which the supersymmetry variations of the gravitino and the dilatino vanish δψμ = δλ = 0.
We will not give here details on the form of these expressions, which can be found elsewhere.
For instance, the string frame SUSY transformations of both type IIA and type IIB are written
down in [28, Appendix A].

Given a background that preserves some amount of SUSY, the idea is to find the hyper-
surfaces in which to extend the flavor branes (in other words, finding the embeddings for
flavor branes) so that these will preserve all (or a fraction) of the SUSY of the background.

One then writes an eigenvalue problem, imposing that the preserved spinors of the
background are eigenspinors of the kappa-symmetry matrix:

Γκε = ε. (1.18)

See [29, 30] for the definition of Γκ.
Once we have the kappa-symmetric embeddings as described above, we now proceed

to write an action describing the dynamics of the closed and open strings, as in (1.7). We then
realize that the problem will lead (unless we are adding D9-branes) to a system of partial
differential equations. As discussed above, we then proceed to smear these flavor branes.
For this we propose an ansatz for the metric, where the embedding of the flavor branes is
clear and distribute them along the directions of their transverse space. This distribution of
the flavor branes can be done in a uniform way. In some sense, we are “deconstructing” the
transverse space to the flavor branes by adding at each point one of the many Nf flavor
branes.

The key point is that once the BPS equations and kappa-symmetry conditions are
simultaneously satisfied, the problem is solved. In fact, it is a general result [31] that the SUSY
equations δψμ = δλ = 0, together with the Bianchi identities—and equations of motion—for
the different forms modified by calibrated (namely, kappa-symmetric) sources imply the full
set of equations of motion.

In the following, we will discuss first an intuitive way of understanding this smearing.
Then we will apply this to different examples in Sections 2–6. Finally, in Section 7, we will
present a formal way of implementing the backreaction from smeared sources.
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(a) (b)

Figure 2: (a) A point-like charge (in red) and two lines of charge at different angles. (b) A configuration
with many lines of charge. In the asymptotic limit of an infinite number of lines, they just correspond to a
radial charge density. This picture depicts an analogous situation to the case of smeared flavored branes,
when the fundamental fields are massless.

1.5. A Heuristic Viewpoint

In the following sections, we will introduce the necessary mathematical machinery to
consistently compute solutions of string theory in which smeared backreacting flavor branes
are present. Before that, it is worth to make a digression in order to explain the general set-up
in simple, heuristic terms.

Let us make an analogy with electrostatics. Suppose that we want to compute the
electric field generated by a point-like charge and a couple of lines of charge, as depicted
on Figure 2(a). In order to depict the situation, we show dimension 1 lines of charge in a
total space of dimension 2, but clearly the situation can be generalized by changing such
dimensions. Since in the left plot there is no particular symmetry in the configuration, the
resulting electric field will have a not so simple expression. But let us imagine that we
consider a huge number of lines of charge as in the plot of the right and homogeneously
distribute them in the angle they form with the horizontal axis. In the limit of many lines,
radial symmetry is recovered, and the charge density is “smeared” and will be just given by
a single (monotonically decreasing) function ρ(r). The electric field, accordingly, will also be
radially symmetric. Notice that this process of describing a large number of discrete objects
by a continuous distribution is ubiquitous in physics: for instance, a “homogeneous” gas is
a collection of atoms or the “homogeneous” Universe considered in cosmological models
contains a collection of galaxy clusters. Also, solutions with different kinds of smeared
sources have been considered many times in string theory contexts not necessarily related
to gauge-gravity duality; see, for instance, [32, 33].

When comparing to the string theory set-up, the point-like charge in the center
corresponds to the color branes and the lines to the flavor branes (which have to extend to
infinity). The limiting radially symmetric configuration corresponds to the kind of smeared
situations that we will discuss in this review. (More precisely, it corresponds to the situations
analysed in Sections 2–5. For the cohomogeneity 2 cases analysed in Section 6, the different
functions depend on two radial variables. A heuristic picture for such situations is presented
in Section 6.) All functions of the ansatz can then be considered to depend on a single radial
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(a) (b)

Figure 3: These pictures depict analogous situations to the case of flavored branes, when the fundamental
fields are massive. (b) Again, we add a large number of lines, such that in the limit radial symmetry is
recovered.

variable. For flavor branes, the different “angles” correspond to adding fundamental matter
which couples differently to the rest of the fields. In some of the cases discussed in the
following, we will see how this is reflected in the field theory superpotential (Section 2.3.1).

We can still get further intuition from this simple analogy. In Figure 2(b), we see that all
lines intersect at the center. From the string point of view, that means that the flavor branes are
stretched down to the bottom of the geometry and the quarks are massless. In this situation,
the charge density ρ(r) is highly peaked at r = 0. Essentially, that is the reason why for
the solutions with massless quarks described in the following sections there is a curvature
singularity at the origin, where all flavor branes meet.

Then, a simple way of getting rid of such a singularity is to displace the lines of charge
from the origin, while still keeping the radial symmetry. This is depicted in Figure 3. If we dub
the distance from any of the lines to the center as rq, the density of charge ρ(r) will vanish
for 0 < r < rq, while it will asymptote to the “massless” rq = 0 one as r � rq. From the brane
construction, this displacement typically corresponds to giving a mass to the fundamentals
(or, in particular cases, it could correspond to a nontrivial vacuum expectation value). The
solution of Section 2.3.2, which indeed is regular in the IR, is a neat example of this notion.
Another possibility is to add temperature and to hide the singularity behind a horizon; see
Section 2.5.

Going back to electrostatics for Figure 3(b), we know from Gauss’ law that the charge
density outside does not affect the central region. The corresponding statement in the field
theory is that the massive fields decouple from the IR physics below the scale given by their
mass. We find it interesting that, through this heuristic reasoning, Gauss’ law is connected to
the decoupling of heavy particles (or holomorphic decoupling in the SUSY cases).

Even if the example of electrostatics is useful to qualitatively picture what we will
do in the following, the analogy is by no means perfect. We note two differences: first, we
will be working with gravity, which is nonlinear and, thus, one cannot find the final solution
by superposing the fields generated by different sources (which in the case of electrostatics
would make it rather trivial to find the electric field for the configurations depicted on Figures
2(a) and 3(a)). Second, our “lines of charge” (the flavor branes) are dynamical. This means



14 Advances in High Energy Physics

that is it not enough to compute the background fields generated from the sources but one
also has to check that the sources are stably embedded in the geometry.

We end this section by summarizing the pros and cons of looking for duals of
unquenched theories for which the string solutions include smeared flavor branes, many of
which can be inferred from the heuristic discussion above. On the positive side, one has the
following.

(i) The smearing simplifies the situation allowing us to write ansätze depending on a
single radial coordinate, and therefore the problem is eventually reduced to a set of
ODEs. (For the cases of Section 6, they depend on two radial coordinates and thus
one finds PDEs in terms of two independent variables, but again, without delta-
function localized sources.)

(ii) Possible issues related to singularities and strong coupling are ameliorated in the
same sense as they are washed out in electrostatics when considering a smooth
charge density rather than a sum of delta-functions over a large number of
electrons.

(iii) It allows a simple application of the powerful mathematical tools of calibrated
geometry [34]; see Section 7.

On the negative side, one has the following.

(i) Obviously, if we require the flavor branes to be smeared, we are limiting ourselves
to considering a very particular subset of all the possible flavored theories. In
particular, we require the superpotentials to effectively recover (some of) the global
symmetries of the theory without flavors.

(ii) Related to the previous point, one cannot realize, in general, theories with U(Nf)
flavor groups. Since the flavor branes are required to sit at different points in the
internal space, the typical string connecting different flavor branes is heavy and the
flavor symmetry is typically broken to U(1)Nf (one may also interpret the solutions
as having flavor symmetry U(k)Nf/k for some k � Nf). From the point of view of
the field theory, this amounts to having a Veneziano expansion with “one window
graphs”, as pointed out in [26]. In principle, this fact can hinder the realization of
some interesting physical features in the dual set-ups considered.

1.6. Localized Sources and Other Approaches

As already remarked, this review focuses on solutions of string theory for which there are
D-brane sources homogeneously smeared over a given family of possible embeddings and
that can be interpreted as duals of strongly coupled gauge theories in the Veneziano limit. As
stressed above, this is a very particular subset of all the possible duals of theories with flavor.
In a generic case, one should consider the sources to be localized at certain positions, such
that the density of charge is given by a sum over Dirac delta functions. Such generic case is
technically more challenging. However, remarkable works along these lines have appeared,
pursuing solutions with the flavor branes localized at a single point of space (notice this is
not the most general case either). We will not review them in any detail here, but the goal of
this section is to provide a brief guide to the literature on the subject.

The main ingredient of this approach consists of finding solutions of supergravity
which can be interpreted as intersections of branes of different dimension, with each stack
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of branes localized at a fixed position of space-time. In the context of gauge-gravity duality,
the search for such solutions was initiated in [35, 36]. These papers discussed D3-D7
intersections, which have been the most studied in the literature (see below for different set-
ups). A lot of progress was reported in subsequent years [37–39]. Among other aspects, these
papers presented a better understanding of the D3-D7 solutions, the inclusion of fractional
branes, and clear matching with field theory issues such as the running of couplings and
anomalies. Further work on the D3-D7 localized system was performed in [40] (where the
conifold was also addressed) [41] (where D7 brane backreaction on bubbling geometries
was considered), and [42], where the solution corresponding to D3-D7 in flat space was
completed by providing an expression for the warp factor in closed form. It is also worth
mentioning [43] where a flavor D7-brane in a cascading theory was considered and its
backreaction introduced as a perturbation. The finite temperature generalization of the
background of [43] was discussed in [44, 45].

Let us now outline the literature on D2-D6 localized intersections, which can be
interpreted as duals of 2+1 supersymmetric gauge theories coupled to fundamentals
introduced by the D6-branes. The construction of the type IIA solutions (and their relation
to M-theory) was carried out in [24, 46, 47]. In [48], meson excitations of this background
were discussed and, in particular, the holographic dictionary relating meson-like operators
to certain (closed string) supergravity modes was presented. On the other hand, the authors
of [49] found a finite temperature version of the solution, which was used to discuss the
thermodynamics of the system. Very recent progress in the D2-D6 systems, their M-theory
uplifts, and the detailed relation to Chern-Simons theories with flavor has been reported in
[50, 51].

Regarding D4-D8 intersections, localized solutions in that set-up were constructed in
[52] in an early attempt to build a QCD dual. In the context of the Sakai-Sugimoto model
[20], backreaction from localized D8-D8 branes was analysed in [53].

It is also worth mentioning recent solutions in heterotic string theory which were
argued to be related to flavored theories [54].

Interestingly, there are a few papers in which similar situations were considered in
subcritical string theory and therefore defined in dimensions lower than ten. In many of these
cases, each flavor brane fills the whole space-time (therefore they are not localized, neither
smeared). Some physics can then be extracted by using exact string theory methods but what
these models have in common is that it is not possible to handle them within a well-controlled
gravity description: gravity-like actions with just two derivatives suffer curvature corrections
which cannot be neglected, nor consistently computed. However, there is the hope that the
two-derivative actions can nevertheless provide additional nontrivial insights in the physics
of the system. This idea was put forward by Klebanov and Maldacena in [55], who considered
a D3-D5 system in a six-dimensional background (the cigar). Such a system is dual to 4DN =
1 SQCD as was shown using exact worldsheet methods in [56, 57]. For a recent discussion on
the dual to the flavor singlet sector of N = 2 superconformal QCD in a subcritical string
framework, see [58]. The set-up of [55] was generalized to different situations in [11, 59, 60].
The finite temperature physics of a model in [11] was analysed in [61]. Bottom-up approaches
(in which a high-dimensional gravity theory is proposed to describe some specific features
of QCD) with space-time filling flavor branes have been discussed in [62, 63]. Recently, a
bottom-up approach to the conformal window along these lines has appeared [64].

Finally, let us mention a recent contribution by Armoni [65], in which a way of
departing from the quenched approximation was proposed. The fermion determinant is
expanded in terms of Wilson loops. It then turns out that a sum of correlators of an observable
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with the Wilson loops boils down to an expansion in Nf/Nc, which can in principle be
computed. It would be nice to further develop possible implications of this observation in
holographic set-ups.

2. Flavor Deformations of AdS5 ×X5

Our first concrete application of the procedure described will be the flavor deformation
of AdS5 × S5. This is the simplest possible case and, hopefully, it will neatly illustrate the
comments of Section 1.2. In fact, for most of the discussion, the formalism applies to any
AdS5 × X5 geometry, X5 being a five-dimensional compact Sasaki-Einstein (SE) space so we
will refer to this more general case during this whole section. At some points, we will use the
two notable examples X5 = S5 or T1,1 to clarify particular issues.

Let us start with a general comment. Since the AdS5 × S5 theories without flavor are
conformal, we expect that once we include extra matter, a positive beta function is generated.
This is in fact the case and leads to the appearance of a Landau pole. Nevertheless, as in QED,
the theory renders meaningful IR physics even if the UV is ill-defined as long as the IR and
UV are well-separated scales. However, this separation does not allow to have Nf and Nc of
the same order. As we will see, one can define a parameter ε ∼ λNf/Nc which weighs the
internal flavor loops and that has to be kept small. The effect of the unquenched quarks can
then be computed as an expansion in ε.

After introducing the framework in Sections 2.1 and 2.2, we present the unquenched
supersymmetric (N = 1 in 4d) solutions in Section 2.3. In Section 2.4, we present an instance
of the effects of the unquenched flavors on a physical quantity, namely, on the mass of
a particular meson tower. Then, in Section 2.5, we break supersymmetry by turning on
temperature and analyse the physics of the dual quark-gluon plasma. We end in Section 2.6
by discussing the range of validity for the solutions and approximations used.

2.1. The Geometries and Field Theories without Flavors

The models we discuss here are obtained by placing a stack of Nc D3-branes at the origin of
the six-dimensional cone over X5. The corresponding type IIB background reads

ds2 = [h(r)]−1/2dx2
1,3 + [h(r)]1/2

[
dr2 + r2ds2

X5

]
,

F5 = dh−1dx0 ∧ · · · ∧ dx3 + Hodge dual,

h(r) =
Qc

4r4
, Qc ≡

(2π)4gsα
′2Nc

Vol(X5)
,

(2.1)

where we have taken the near horizon limit. The dilaton is constant and all the other fields
of type IIB supergravity vanish. In general the metric of the SE space X5 can be written as a
Hopf fibration over a four-dimensional Kähler-Einstein (KE) manifold:

ds2
X5 = ds2

KE + (dτ +AKE)
2, (2.2)
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where τ is the fiber and AKE is the connection one-form whose exterior derivative gives the
Kähler form JKE of the KE base:

dAKE = 2JKE. (2.3)

Let us first consider the particular case in whichX5 is the five-sphere S5. In this case the
KE base is the manifold CP 2 (with the Fubini-Study metric) and the space transverse to the
color branes, with metric dr2 + r2ds2

S5 , is just R
6. When X5 = S5, the coefficient Qc appearing

in (2.1) is just Qc = 16πgsα′
2Nc. Moreover, as is well known, the field theory dual to the

AdS5 ×S5 background isN = 4 SYM in 4d, which, inN = 1 language, can be written in terms
of a vector multiplet and of three chiral superfields Φi (i = 1, 2, 3) transforming in the adjoint
representation of the gauge group and interacting by means of the cubic superpotential:

WN=4 = Tr[Φ1[Φ2,Φ3]]. (2.4)

If we represent the transverse R
6 of the AdS5×S5 solution in terms of three complex variables

Zi (i = 1, 2, 3), one can regard the Zi’s as the geometric realization of the adjoint superfields
Φi.

The second prominent example which we will analyze in detail is the one in which X5

is the T1,1 space with metric:

ds2
T1,1 =

1
6

2∑
i=1

[
dθ2

i + sin2θidϕ
2
i

]
+

1
9

[
dψ +

2∑
i=1

cos θidϕi

]2

, (2.5)

where the range of the angles is ψ ∈ [0, 4π), ϕi ∈ [0, 2π), θi ∈ [0, π]. Since Vol(T1,1) = 16π3/27,
the coefficient Qc for this solution is Qc = 27πgsα′

2Nc. In this case the space transverse to the
color branes is the conifold, which is a 6d Calabi-Yau cone which can also be described as the
locus of the solutions of the algebraic equation:

z1z2 = z3z4, (2.6)

where the zi are four complex coordinates. The relation between these variables and the
coordinates used in (2.5) is the following:

z1 = r3/2e(i/2)(ψ−ϕ1−ϕ2) sin
θ1

2
sin

θ2

2
, z2 = r3/2e(i/2)(ψ+ϕ1+ϕ2) cos

θ1

2
cos

θ2

2
,

z3 = r3/2e(i/2)(ψ+ϕ1−ϕ2) cos
θ1

2
sin

θ2

2
, z4 = r3/2e(i/2)(ψ−ϕ1+ϕ2) sin

θ1

2
cos

θ2

2
.

(2.7)



18 Advances in High Energy Physics

Notice also that the metric written in (2.5) is of the form (2.2) where the KE base is just
the S2 × S2 space parameterized by the angles (θi, ϕi) and one should make the following
identifications:

τ =
ψ

3
, AT1,1 =

1
3
(
cos θ1dϕ1 + cos θ2dϕ2

)
,

JT1,1 =
dAT1,1

2
= −1

6
(
sin θ1dθ1 ∧ dϕ1 + sin θ2dθ2 ∧ dϕ2

)
.

(2.8)

The field theory dual to the AdS5×T1,1 background is theN = 1 superconformal quiver gauge
theory with gauge group SU(Nc)×SU(Nc) and bifundamental matter fieldsA1, A2 and B1, B2

transforming, respectively, in the (Nc,Nc) and in the (Nc,Nc) representations of the gauge
group [66], that is, the so-called Klebanov-Witten (KW) model. The matter fields form two
SU(2) doublets and interact through a quartic superpotential:

WKW = ĥεijεkl Tr
[
AiBkAjBl

]
. (2.9)

For a single brane the fields Ai and Bi can be related to the coordinates zi by means of the
following relations:

z1 = A1B1, z2 = A2B2, z3 = A1B2, z4 = A2B1, (2.10)

which automatically solve the defining conifold equation (2.6).

2.2. Flavor Branes and Smeared Charge Distribution

The flavor branes for the AdS5×X5 backgrounds just described are D7-branes extended along
the four Minkowski directions as well as along a noncompact submanifold of the cone over
X5. The type of flavor that the D7-branes add depends both on the space X5 and on the
submanifold they wrap in the transverse space. We first illustrate the situation with the two
examples of X5 = S5 and T1,1 and at the end display the general expressions.

The first instance is the case in which X5 = S5. In this case a simple kappa symmetry
analysis shows that, in order to preserve eight supersymmetries, the D7-branes must be
extended along a codimension two hyperplane in R

6 which, in terms of the complex
coordinates Zi, can be written as

a1Z
1 + a2Z

2 + a3Z
3 = μ, (2.11)

with the ai and μ being complex constants satisfying
∑3

1 |ai|2 = 1. On the field theory side
these flavor branes introduceN = 2 fundamental hypermultiplets (Qr, Q̃r) (r = 1, . . . ,Nf)—
nonetheless, a generic collection of branes within the family (2.11) retains just N = 1 susy.
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The corresponding superpotential for an embedding such as the one in (2.11) can be written
as

W =WN=4 + Q̃r

⎡
⎣∑

j

ajΦj +m

⎤
⎦Qr, (2.12)

where the mass m is related to the constant μ in (2.11). Notice that since the embeddings are
holomorphic, it is not possible to smear them in a way in which the full SO(6) isometry is
realised. After smearing over the embeddings (2.11), one can recover, at most, SU(3) ×U(1),
as will be seen directly from the dual solution.

In the case of the AdS5 × T1,1 background there are two classes of holomorphic
embeddings which correspond to different types of flavors in the KW theory. In terms of
the zi coordinates of (2.7) the representative embedding of the first class is given by the
equation z1 = μ. This is the so-called Ouyang embedding [43], which has two branches in
the massless limit μ = 0. In each of these branches the D7-brane adds fundamental matter
to one of the two nodes of the KW quiver and antifundamental matter to the second. The
corresponding superpotential contains cubic couplings between the quark fields qi and q̃i
(i = 1, 2) and the bifundamental fields Ai and Bi. For example, for the massless embedding
z1 = 0 the superpotential (2.9) is modified as

Wz1=0 =WKW + h1q̃1A1q2 + h2q̃2B1q1, (2.13)

where, here and in the following, traces over color indices and sums over the Nf flavor
indices are implied. The second class of D7-brane embeddings is the one giving rise to
nonchiral flavors, whose representative element is given by the equation z1 − z2 = μ. In this
case every D7-brane adds fundamental and antifundamental flavor to one node of the KW
quiver and the flavor mass terms do not break the classical symmetry of the massless theory.
The corresponding superpotential contains only mass terms and quartic couplings, namely,

W =WKW + ĥ1q̃1[A1B1 −A2B2]q1 + ĥ2q̃2[B1A1 − B2A2]q2 + ki
(
q̃iqi

)2 +m
(
q̃iqi

)
. (2.14)

In order to develop our program and construct backreacted gravity solutions for
smeared distributions of flavor branes following [67], we should be able to find a family
of equivalent embeddings for each type of configuration described above. In the case of the
AdS5 × S5 background (2.11) provides such a family. Notice that, even if each individual
embedding of the form (2.11) preserves N = 2, which supersymmetries are preserved
depends on the ai’s. Nevertheless, one can check that all the holomorphic embeddings of
the type (2.11) are mutually supersymmetric and, due to the holomorphic nature of the linear
equation (2.11), they preserve the same common four supersymmetries (N = 1) for all values
of the constants ai. Thus, we can use these constants to parameterize the family of different
planes that constitute our continuous distribution of flavor branes.
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In the case of the AdS5 × T1,1 background one can generalize the chiral embedding
z1 = μ by acting with the SU(2) × SU(2) symmetry of the conifold. The corresponding family
of embeddings takes the following form:

4∑
i=1

αizi = μ, (2.15)

with the complex constants αi spanning a conifold (up to overall complex rescalings):

α1α2 − α3α4 = 0. (2.16)

Notice that embeddings like z1 − z2 = μ are not in this family. Indeed, the nonchiral
embeddings z1 − z2 = μ can be generalized as

pz1 − pz2 + qz3 + qz4 = μ, (2.17)

where p, q span a unit 3-sphere; that is, they satisfy |p|2 + |q|2 = 1.
In spite of the differences among the cases presented above, the charge distribution

generated by these families of embeddings can be written in a common form. The reason for
this universality is the underlying Sasaki-Einstein structure. In order to illustrate this fact, let
us consider the chiral embeddings (2.15) in the case in which the mass parameter μ is zero.
Without loss of generality we can rescale the αi coefficients and fix α1 = 1. Then, (2.16) fixes
α2 = α3α4 and, after using (2.7), the massless embedding equation

z1 + α3α4z2 + α3z3 + α4z4 = 0 (2.18)

nicely factorizes as

(
sin

θ1

2
+ α3e

iϕ1 cos
θ1

2

)(
sin

θ2

2
+ α4e

iϕ2 cos
θ2

2

)
= 0. (2.19)

Notice that the vanishing of each of the factors in (2.19) determines a branch in which the
branes sit at a fixed point of one of the two two-spheres parameterized by the angles (θi, ϕi).
The constants α3 and α4 determine the particular point at which each brane is sitting in each
S2. Indeed, if ξα1 and ξα2 are systems of worldvolume coordinates for the D7-branes, these two
branches can be written as

ξα1 =
{
x0, x1, x2, x3, r, θ2, ϕ2, ψ

}
, θ1 = θ∗1 = const., ϕ1 = ϕ∗1 = const.,

ξα2 =
{
x0, x1, x2, x3, r, θ1, ϕ1, ψ

}
, θ2 = θ∗2 = const., ϕ2 = ϕ∗2 = const.

(2.20)

In Figure 4 we have represented the two branches for the embedding (2.18). From the
field theory side, which particular embedding we choose determines the coupling between
the associated quarks and the bifundamentals. Roughly speaking, the contribution to
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S2(θ1, ϕ1) S2(θ2, ϕ2)

Nf D7 Nf D7

ψ

U(Nf ) U(Nf ) U(1)Nf U(1)Nf

Figure 4: We see on the left side the two stacks of Nf flavor-branes localized on each of their respective
S2’s (they wrap the other S2). The flavor group is clearly U(Nf ) ×U(Nf ). After the smearing on the right
side of the figure, this global symmetry is broken to U(1)Nf−1 ×U(1)Nf−1 ×U(1)B ×U(1)A.

the superpotential of an embedding determined by some α3, α4 is h1q̃1(A1+α4A2)q2+h2q̃2(B1+
α3B2)q1. Thus, when we smear and sum over all the possible α3 and α4, both SU(2)’s (the
one rotating the Ai’s and the one rotating the Bi’s) are effectively recovered. Figure 4 is the
geometric interpretation of this effect.

It is straightforward to compute the charge density produced by this localized D7-
brane configuration. Indeed, taking into account the contribution of the two branches, one
gets

Ωloc = δ(2)
(
θ1 − θ∗1, ϕ1 − ϕ∗1

)
dθ1 ∧ dϕ1 + δ(2)

(
θ2 − θ∗2, ϕ2 − ϕ∗2

)
dθ2 ∧ dϕ2. (2.21)

To produce a homogeneous configuration of Nf D7-branes we should distribute in every
branch the branes homogeneously along their transverse two-sphere. In the continuum limit
Nf → ∞ this procedure amounts to performing an integration over each S2 with the
corresponding volume element, namely,

Ω =
[∫

Nf

4π
sin θ∗1δ

(2)(θ1 − θ∗1, ϕ1 − ϕ∗1
)
dθ∗1dϕ

∗
1

]
dθ1 ∧ dϕ1

+
[∫

Nf

4π
sin θ∗2δ

(2)(θ2 − θ∗2, ϕ2 − ϕ∗2
)
dθ∗2dϕ

∗
2

]
dθ2 ∧ dϕ2.

(2.22)

The integrations over θ∗i and ϕ∗i in (2.22) can be immediately performed, yielding the
following expression for the smeared charge distribution of D7-branes:

Ω =
Nf

4π
(
sin θ1dθ1 ∧ dϕ1 + sin θ2dθ2 ∧ dϕ2

)
. (2.23)

Notice that in (2.22) we have included the normalization factor Nf/4π in such a way that the
resulting distribution densities sin θ∗i Nf/4π are normalized toNf when they are integrated
over S2. Notice that, as already pointed out above, the flavor symmetry of the smeared
configuration is U(1)Nf rather than U(Nf), since the branes are not placed on top of each
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other. Interestingly, a similar calculation for the embeddings (2.17) in the massless case μ = 0
gives rise to the same charge density for the smeared configuration as in (2.23) [68, 69]. This
is because the form of Ω in (2.23) is determined by the SU(2) × SU(2) × Z2 global symmetry
which we want to recover after smearing.

Actually, one can rewrite (2.23) in a form which can be easily generalized to any
continuous family of equivalent D7-brane massless embeddings in an arbitrary Sasaki-
Einstein manifold. Indeed, by using (2.8) one can rewrite the right-hand side of (2.23) in
terms of the Kähler form of T1,1 as

Ω = −
3Nf

2π
JT1,1 . (2.24)

For an arbitrary Sasaki-Einstein space X5, the expression (2.24) generalizes to

gsΩ = −2QfJKE, (2.25)

where Qf is the following constant coefficient

Qf =
Vol

(
X3)gsNf

4Vol(X5)
. (2.26)

In (2.26) X3 is the compact submanifold of X5 wrapped by the D7-brane in a massless
embedding. Notice that in this case the D7-brane worldvolume along the space transverse
to the color branes is always of the form I × X3, where I is a noncompact interval along the
holographic radial direction. It is worth noticing that the factor Vol(X5)/Vol(X3) appearing
on the right-hand side of (2.26) is just the volume transverse to any individual flavor brane,
over which we are distributing the D7-branes. For the massless chiral embeddings in the
conifold one can readily check, after taking into account the contribution of both branches
in (2.20), that Vol(X3) = 16π2/9. Since Vol(T1,1) = 16π3/27, one can easily prove that (2.25)
reduces to (2.24). In the caseX5 = S5 the three-manifoldX3 is just a unit S3 and Vol(X3) = 2π2.
Therefore, we obtain the following values of Qf for X5 = S5, T1,1:

Qf =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

gsNf

2π
for X5 = S5,

3gsNf

4π
for X5 = T1,1.

(2.27)

The charge density Ω determines the ansatz of F1 in the backreacted geometry. Indeed, the
WZ part of the D7-brane action contains a term in which the RR eight-form potential C8

is coupled to the D7-brane worldvolume. The continuous limit for this term amounts to
performing the following substitution:

SWZ = T7

∑
Nf

∫

M8

Ĉ8 −→ T7

∫

M10

Ω ∧ C8, (2.28)
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which leads to the following violation of the Bianchi identity for F1:

dF1 = −2κ2
(10)T7Ω = −gsΩ. (2.29)

Taking into account the general expression of Ω for a massless embedding written in (2.25)
as well as the relation (2.3) between the one-form AKE and the Sasaki-Einstein Kähler form
JKE, one is led to adopt [67] the following ansatz for F1:

F1 = Qf(dτ +AKE). (2.30)

A simple modification of (2.30) for F1 allows us to extend the ansatz to the case in which the
quarks are massive [67]. This modification corresponds to introducing a function p(ρ) of the
holographic coordinate ρ and performing the substitution Qf → Qfp(ρ) in (2.30). The radial
coordinate ρ will be conveniently chosen and, in general, will be different from the one we
used so far. The function p(ρ) encodes the effects of the nontrivial profile of the D7-branes.
Indeed, when the quarks are massive, the brane does not extend along the full range of the
radial coordinate ρ and, accordingly, p(ρ) must vanish for ρ < ρq, where ρ = ρq is the radial
location of the tip of the D7-brane. Moreover, the function p(ρ) should approach the value
p = 1 when ρ � ρq since in this region the quarks are effectively massless. The form of the
function p(ρ) is not universal and depends on the particular embedding of the D7-brane. For
the three embeddings in the cases X5 = S5 and T1,1 discussed above, the expressions for p(ρ)
are given below. At this point let us simply notice that the charge density Ω is modified with
respect to the massless case as

gsΩ = −2p
(
ρ
)
QfJKE −Qfṗ

(
ρ
)
dρ ∧ (dτ +AKE), (2.31)

where the dot denotes derivative with respect to the radial variable ρ.

2.3. Backreacted Ansatz and Solution

Let us now write an ansatz for the backreacted D3-D7 background for a generic Sasaki-
Einstein space X5 [67]. It is clear from the discussion of the previous subsection that, after
performing the smearing, the resulting RR one-form F1 introduces a distinction between the
directions of the U(1) fiber and of the KE base of X5. Therefore, it seems clear that the effect
of the smeared flavor branes on the metric should be an internal deformation of the X5 in
the form of a relative squashing between the KE space and the Hopf fiber. (Just in the case
when X5 is the sphere S5, this squashing breaks part of the isometry SO(6) → SU(3) ×U(1),
where SU(3) is the isometry of the Kähler-Einstein base CP 2.) Accordingly, let us adopt the
following ansatz for the metric in Einstein frame:

ds2 =
[
h
(
ρ
)]−1/2

dx2
1,3 +

[
h
(
ρ
)]1/2

[
e2f(ρ)dρ2 + e2g(ρ)ds2

KE + e2f(ρ)(dτ +AKE)
2
]
, (2.32)

where g(ρ) and f(ρ) are the functions that implement the squashing mentioned above and
the function multiplying dρ2 amounts to choosing a particular radial variable ρ which is
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convenient for our purposes. Moreover, the dilaton will depend on ρ and the RR forms F5

and F1 have the following form:

φ = φ
(
ρ
)
, F5 = Qc(1 + ∗)ε

(
X5

)
, F1 = Qfp

(
ρ
)
(dτ +AKE), (2.33)

where ε(X5) is the volume element of X5 and Qc and Qf are written in (2.1) and (2.26),
respectively. The function p(ρ), whose form depends on the D7-brane embedding, takes into
account the effects of massive quarks, as explained above.

Given the ansatz (2.32)-(2.33) one can easily study the supersymmetric variations of
the dilatino and gravitino in type IIB supergravity and find the corresponding first-order BPS
equations, which ensure the preservation of four supersymmetries. The resulting equations
are [67]

∂ρg = e2f−2g, ∂ρf = 3 − 2e2f−2g −
Qf

2
p
(
ρ
)
eφ,

∂ρφ = Qfp
(
ρ
)
eφ, ∂ρh = −Qce

−4g.

(2.34)

Remarkably, the system (2.34) can be integrated analytically for any function p(ρ). In order
to present this solution, let us define the function η(ρ) as follows:

η
(
ρ
)
= Qfe

φ

∫ρ

ρq

e6ξp(ξ)dξ, (2.35)

where ρq is the value of the radial coordinate at the tip of the flavor brane (p(ρ < ρq) = 0).
Then, we can write down quite simple expressions for f, g, φ, namely,

e−φ = e−φ∗ −Qf

∫ρ

ρ∗

p(ξ)dξ,

eg = c2e
ρe−φ/6

(
1 + e−6ρ

(
c1e

φ + η
))1/6

,

ef = c2e
ρe−φ/6

(
1 + e−6ρ

(
c1e

φ + η
))−1/3

,

(2.36)

where we have introduced a reference scale ρ∗ and we have defined φ∗ = φ(ρ = ρ∗). Notice
that the warp factor h can be obtained as the integral of e−4g as follows from the last equation
in the BPS system (2.34). In (2.36) c1 and c2 are integration constants that we now fix. First,
if we demand IR regularity of the solution, we need g = f when ρ ≤ ρq. Since η vanishes at
ρ = ρq, we need c1 = 0. Moreover, the constant c2 is just some overall scale and has no physical
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meaning. It is natural to fix it to α′1/2eφ∗/6 in order to give appropriate dimensions and to
recover the usual expression for the metric when Qf = 0. Therefore, we find

eφ−φ∗ =
1

1 − eφ∗Qf

∫ρ
ρ∗
p(ξ)dξ

,

eg =
√
α′eρe−(φ−φ∗)/6

(
1 + e−6ρη

)1/6
,

ef =
√
α′eρe−(φ−φ∗)/6

(
1 + e−6ρη

)−1/3
.

(2.37)

Notice that when Qf = 0, we recover the unflavored AdS5 × X5 background. Indeed, in this
case φ = φ∗ and η = 0 and, after performing the change of the radial variable r =

√
α′eρ, we

get that eg = ef = r and the background (2.32)-(2.33) coincides with the one written in (2.1).
Let us now introduce the following parameter:

ε∗ ≡ Qfe
φ∗ , (2.38)

which, as we will see in a while, controls the effects of quark loops in the backreacted
supergravity solution. Indeed, the gauge/gravity dictionary for the type of theories we
are studying relates the exponential of the dilaton to the Yang-Mills coupling constant. For
example, for the (flavored)N = 4 SU(Nc) theory, dual to the deformed AdS5×S5 background,
the gauge coupling is g2

YM = 4πgseφ and, thus, the ’t Hooft coupling at the scale ρ∗ is given
by

λ∗ = 4πgsNce
φ∗ . (2.39)

For the quiver theories that correspond to different X5 geometries, the gauge groups are of
the form SU(Nc)

n. Let us generalize a relation from the orbifold constructions
∑n

i 4πg−2
YM,i =

(gseφ)
−1 [66, 70, 71] and consider all the gauge couplings gYM,i to be equal. Then 4π gsNce

φ,
strictly speaking, gives the ’t Hooft coupling at each node of the quiver, divided by n.
However, with an abuse of language we will simply refer to it as the ’t Hooft coupling.
Therefore, by using (2.39) and the definition of Qf in (2.26) in (2.38), we get

ε∗ =
Vol

(
X3)

16πVol(X5)
λ∗
Nf

Nc
. (2.40)

In particular, when X5 = S5, this relation becomes

ε∗ (X5=S5) =
1

8π2
λ∗
Nf

Nc
. (2.41)

Notice that the fact that φ is not constant in the backreacted solution is simply a reflection,
in the gauge theory dual, of the running of the Yang-Mills coupling constant when matter is
added to a conformal theory.
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In terms of ε∗ the dilaton and the function η of (2.35) take the following form:

eφ−φ∗ =
1

1 − ε∗
∫ρ
ρ∗
p(ξ)dξ

, η = ε∗ eφ−φ∗
∫ρ

ρq

e6ξp(ξ)dξ. (2.42)

One of the prominent features of our solution is the fact that, for Nf /= 0, the dilaton blows up
at some UV scale ρ = ρLP, determined by the following condition:

∫ρLP

ρ∗

p(ξ)dξ = ε−1
∗ . (2.43)

Clearly, in order to have a well-defined solution, we should restrict the value of the radial
coordinate ρ to the range ρ < ρLP. In view of the relation between the Yang-Mills coupling
gYM and the dilaton (g2

YM ∼ eφ), the divergence of φ implies that gYM blows up at some
UV scale, that is, that the gauge theory develops a Landau pole. This UV pathology of our
solution was expected on physical grounds since the flavored gauge theory has positive beta
function. Indeed, we will check below in some particular case that our solution reproduces
the running of the coupling constant of the dual field theory.

2.3.1. The Supersymmetric Solution with Massless Quarks

We now consider the particular case of massless quarks, which corresponds to taking the
charge distribution given by (2.25) or simply p(ρ) = 1 and ρq → −∞. In this case (2.42)
simply gives

eφ−φ∗ =
1

1 + ε∗
(
ρ∗ − ρ

) , e−6ρη =
ε∗
6
eφ−φ∗ , (2.44)

and the solution written in (2.37) reduces to

eg =
√
α′eρ

(
1 + ε∗

(
1
6
+ ρ∗ − ρ

))1/6

,

ef =
√
α′eρ

(
1 + ε∗

(
ρ∗ − ρ

))1/2
(

1 + ε∗
(

1
6
+ ρ∗ − ρ

))−1/3

,

dh

dρ
= −Qc

α′2
e−4ρ

(
1 + ε∗

(
1
6
+ ρ∗ − ρ

))−2/3

.

(2.45)

Notice that the location of the Landau pole in this case is just ρLP = ρ∗ + ε−1
∗ and that the

range of ρ for which the solution (2.45) makes sense is ρ ∈ (−∞, ρLP). Moreover, by using the
definition of ε∗ in (2.38) one can immediately show that the dilaton can be written as

eφ(ρ) =
1

Qf

(
ρLP − ρ

) . (2.46)
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Let us now verify that the dependence on ρ of φ in (2.46) matches the expectations from field
theory. For concreteness we will consider the case ofN = 4 SYM with matter. Similar checks
can be done in other cases (see [67] for the case of the Klebanov-Witten theory). By using
the relation between the Yang-Mills coupling and the dilaton discussed above as well as the
value of Qf for X5 = S5 written in (2.27), one gets

8π2

g2
YM

=Nf

(
ρLP − ρ

)
. (2.47)

In order to read the running of the coupling constant from (2.47) we must convert the
dependence on the coordinate ρ in (2.47) into a dependence on the energy scale of the
corresponding dual field theory. At an energy scale μ much lower than the Landau pole scale
ΛUV (i.e., for ρ � ρLP) the scaling dimensions of the adjoints and fundamentals take their
canonical values and the natural radius/energy relation is

ρLP − ρ = log
ΛUV

μ
. (2.48)

Plugging this relation in (2.47) we get

8π2

g2
YM

=Nf log
ΛUV

μ
. (2.49)

Therefore, we get a logarithmic scaling of the coupling of the type 8π2/g2
YM = b logE, with b =

−Nf , which matches the one-loop field theory result in which one has that b = 3Nc−3Nc−Nf

(see, e.g., [72]). (In principle, one could object that, being strongly coupled, the matter fields
could get large anomalous dimensions making this result suspicious. However, since we
are performing a small perturbative (in ε∗) deformation of the unflavored backgrounds,
the anomalous dimensions for the fundamental multiplets cannot differ much from their
quenched values. For the X5 = S5 case, those anomalous dimensions vanish. We thank F.
Bigazzi for stressing this point to us.)

In order to have a clearer understanding of the deformation of the AdS5 × S5 metric
introduced by the flavor, it is very convenient to change to a new radial variable r, which is
defined by requiring that the warp factor takes the same form as in the unflavored case (see
(2.1)):

h =
R4

r4
, R4 =

Qc

4
. (2.50)
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By integrating the last equation in (2.45) we can get h(ρ) and thus r(ρ). We will perform
this integration order by order in a series expansion in powers of ε∗. The additive integration
constant will be fixed by requiring that r(ρ∗) ≡ r∗ =

√
α′eρ∗ . One gets

r = α′1/2
eρ

[
1 +

ε∗
72

(
e4ρ−4ρ∗ − 1 + 12

(
ρ∗ − ρ

))
+

5ε2
∗

10368

×
(
e8ρ−8ρ∗ + 6e4ρ−4ρ∗

(
3 + 4

(
ρ∗ − ρ

))
−
(

19 − 24
(
ρ∗ − ρ

)
+ 144

(
ρ∗ − ρ

)2
))

+O
(
ε3
∗

)]
.

(2.51)

It is now straightforward to obtain the functions f(r), g(r) and the dilaton φ(r) as expansions
in powers of ε∗. Up to second order we have

ef = r

[
1 − ε∗

24

(
1 +

1
3
r4

r4
∗

)
+

ε2
∗

1152

(
17 − 94

9
r4

r4
∗
+

5
9
r8

r8
∗
− 48 log

(
r

r∗

))
+O

(
ε3
∗

)]
,

eg = r

[
1 +

ε∗
24

(
1 − 1

3
r4

r4
∗

)
+

ε2
∗

1152

(
9 − 106

9
r4

r4
∗
+

5
9
r8

r8
∗
+ 48 log

(
r

r∗

))
+O

(
ε3
∗

)]
,

φ = φ∗ + ε∗ log
r

r∗
+
ε2
∗

72

(
1 − r

4

r4
∗
+ 12 log

r

r∗
+ 36log2 r

r∗

)
+O

(
ε3
∗

)
.

(2.52)

Equation (2.52) neatly displays the effects of quark loops in the deformation of the geometry
and in the running of the dilaton (the latter is related to the running of the gauge coupling,
as argued above). It is important to point out that the deformed geometry has a curvature
singularity at the origin r = 0 (or ρ = −∞) (this singularity is similar to the one that appears
at r = 0 in a 2-dimensional manifold with metric ds2 = dr2 + r2(1 + r)dϕ2). In the same
IR limit, eφ runs to 0. As argued in Section 1.5, the appearance of this singularity can be
intuitively understood as due to the fact that, in this massless case, all branes of our smeared
distribution pass through the origin and the charge density is highly peaked at that point.
From the field theory side, one can think of the singularity as appearing because the theory
becomes IR free, as first pointed out in [36]. Consistently with these interpretations and with
the heuristic picture of Section 1.5, the IR singularity can be easily cured by giving a mass to
the quarks (it is a “good” singularity according to the criteria of [73, 74]). We will explicitly
verify this fact in the next subsection.

2.3.2. The Supersymmetric Solution with Massive Quarks

Let us now find the backreacted supergravity solution for massive quarks. As mentioned
above, the function p(ρ) entering the ansatz for F1 in this case is not universal and depends
on the particular Sasaki-Einstein spaceX5 and on the family of D7-brane embeddings chosen.
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For concreteness we first concentrate in discussing the case in which X5 = S5. The calculation
of the function p(ρ) in this case was performed in [75, Appendix C]. If |μ| = eρq , one has

p
(
ρ
)
=

[
1 − e2(ρq−ρ)

]2
Θ
(
ρ − ρq

)
. (2.53)

When ρ ≥ ρq the function p(ρ) is nonvanishing and one has to perform the integrals
appearing in (2.42). These integrals can be straightforwardly done in analytic form and yield
the following result:

eg =
√
α′eρ

(
1 + ε∗

(
1
6
+ ρ∗ − ρ −

1
6
e6ρq−6ρ − 3

2
e2ρq−2ρ +

3
4
e4ρq−4ρ − 1

4
e4ρq−4ρ∗ + e2ρq−2ρ∗

))1/6

,

ef =
√
α′eρ

×
(
1 + ε∗

(
ρ∗ − ρ − e2ρq−2ρ + (1/4)e4ρq−4ρ + e2ρq−2ρ∗ − (1/4)e4ρq−4ρ∗

))1/2

(
1+ε∗

(
1/6+ρ∗−ρ−(1/6)e6ρq−6ρ−(3/2)e2ρq−2ρ+(3/4)e4ρq−4ρ−(1/4)e4ρq−4ρ∗+e2ρq−2ρ∗

))1/3
,

φ = φ∗ − log
[

1 + ε∗
(
ρ∗ − ρ − e2ρq−2ρ +

1
4
e4ρq−4ρ + e2ρq−2ρ∗ − 1

4
e4ρq−4ρ∗

)]
.

(2.54)

As a check, notice that setting ρq → −∞ one recovers the massless solution of (2.44) and
(2.45). We still have to write the solution for ρ < ρq. In this case p(ρ) vanishes and the dilaton
is constant and, by continuity, it has the value that can be read from (2.54) inserting ρ = ρq:

φIR = φq = φ∗ − log
(

1 + ε∗
(
ρ∗ − ρq −

3
4
+ e2ρq−2ρ∗ − 1

4
e4ρq−4ρ∗

))
. (2.55)

The functions f and g are equal and given by

ef = eg = α′(1/2)
eρe−(1/6)(ΦIR−Φ∗) (

ρ < ρq
)
. (2.56)

It follows straightforwardly from these results that the IR singularity at ρ = −∞ of the
massless case disappears when μ/= 0 since the background reduces to AdS5 × S5 for ρ < ρq.
Moreover, one can verify that the metric is also regular at ρ = ρq. Thus, as stressed in
Section 1.5, the smearing of massive flavors allows one to smooth out IR singularities.

Similar calculations can be done for the conifold theories. In this case we redefine
the parameter μ of the embedding equations (2.15) and (2.17) as |μ| = e3ρq/2. The charge
distribution for the family (2.15) of chiral embeddings was obtained in [26], with the
following result:

p
(
ρ
)
=

[
1 − e3(ρq−ρ)(1 + 3ρ − 3ρq

)]
Θ
(
ρ − ρq

)
. (2.57)
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Similarly, for the nonchiral embeddings (2.17) the function p(ρ) is given by [76]

p
(
ρ
)
=

[
1 − e3(ρq−ρ)

]
Θ
(
ρ − ρq

)
. (2.58)

The corresponding supergravity solutions have been written down in [26, 76]. They are
regular in the IR, much in the same way as in the X5 = S5 case detailed above.

2.4. Screening Effects on the Meson Spectrum

The holographic theories with flavors present mesonic excitations, meaning that there exists
a spectrum of colorless physical states created by operators which are bilinears in the
fundamental fields. They are associated to normalizable excitations of the flavor branes as
was neatly explained in the seminal paper [7]. For a review of this broad subject, see [8].
Notice that the notion of “meson” we use here generalizes that used in QCD. For instance,
the “mesons” of [7] are excitations of a nonconfining theory and in this case the dimensionful
quantity that sets the meson masses is just the quark mass (divided by a power of the ’t Hooft
coupling), not a dynamically generated scale.

In the present section, we review how the presence of unquenched flavors can affect
the discrete mesonic spectrum. Again, we will restrict ourselves to the smeared set-up and
follow [77]. For discussions about screening effects on the spectrum in cases with localized
rather than smeared backreacting flavor branes, we refer the reader to [8, 42]. The effect of the
smeared flavors on the hydrodynamical transport coefficients (in a finite temperature setting)
was studied in [75, 78]. It is also worth mentioning that, within the model we will introduce
in Section 3, the screening effects on the glueball spectrum have been recently analyzed in
[79].

For the sake of briefness, we will just focus on an example and discuss a particular
mesonic excitation in the backreacted Klebanov-Witten model. The analysis and conclusions
for different modes and/or different models should be similar; see [77] for some other
examples. In particular, we will consider oscillations of a D7-brane which introduces massive
nonchiral flavor [80] and just look at the oscillation of the gauge field that gives rise to a vector
mode in the dual field theory. Thus, we discuss the physics of a meson whose “constituent
quarks” are massive in the presence of many dynamical massless flavors.

We write the gauge field along the Minkowski directions as Aμ = av(ρ)ξμeikx, where
ξμ is a constant transverse vector. The equation describing this oscillation was found in [77],
building on the formalism introduced in [80]. It reads

0 = ∂ρ
(
e2g−3ρ

(
e3ρ − e3ρQ

)
∂ρav

)
+M2

vhe
2g+2f

(
1 + e3ρQ−3ρ

(
3
4
e2g−2f − 1

))
av, (2.59)

where M2
v = −k2, the constant ρQ is the minimal value of ρ reached by the D7-brane (related

to the quark mass), and f, g, h are given in (2.45).
Notice that for the meson excitation, we just use a D-brane probe; namely, we consider

the oscillation of a single brane in a fixed background. At first sight, this could look
contradictory, since our aim is always to take into account the effect of the flavor branes
on the geometry. Then, one may think about considering coupled fluctuations of brane and
background fields. Nevertheless, this is not necessary: there are Nf � 1 flavor branes which
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are affecting the background, but when we consider a meson, only one (or two) out of this
Nf is fluctuating. Therefore, the effect of this oscillation on the background is suppressed by
N−1

f
with respect to the contribution of the whole set of branes and therefore is consistently

negligible. On the other hand, the existence of the rest of flavors and the associated quantum
effects on the spectrum are taken into account through the deformation they have produced
in the background geometry.

Following the standard procedure [7, 8], a discrete tower of values for Mv should
be found when selecting solutions of (2.59) which are regular and normalizable. Since the
background has a Landau pole, some prescription is needed for dealing with the UV limit
(large ρ). Technically, we will just require that the fluctuation av vanishes at ρ∗. Physically,
one can check that this is a consistent procedure if ρQ � ρ∗: we are interested in some IR
physics which should be independent of the UV completion of the theory at ρ > ρ∗, up to
corrections suppressed by powers of the UV scale. Namely, we neglect contributions of order
eρQ−ρ∗ ∼ ΛIR/ΛUV and check that the spectrum can be written in terms of IR quantities. The
value ρ∗ disappears from the final result, apart from the quoted negligible corrections. See
[77] for further discussions on the issue. In Section 2.5, we will see similar examples of how
to deal with the Landau pole. In that case, the IR scale, which has to be much smaller than
the arbitrary UV scale at ρ∗, is set by the temperature rather than by the quark mass.

In order to estimate the spectrum from (2.59), we can use a WKB approximation. In
[77], using a formalism developed in [81], an expression for the mass tower in terms of the
principal quantum number n was found. Adapting notation to the one we are using here,

M
(n)
v ≈ π

Σv
n, Σv ≡

∫ρ∗

ρQ

h1/2ef

√
1 + e3ρQ−3ρ((3/4)e2g−2f − 1

)

1 − e3ρQ−3ρ
dρ. (2.60)

Let us evaluate this integral at first order in ε∗, by inserting (2.45). We still have to fix the
additive constant for h, which we can do by requiring h(ρ∗) = 0 (in [77] h(ρLP) = 0 was
used. It is crucial that both prescriptions give the same result, up to quantities in eρQ−ρ∗ ∼
ΛIR/ΛUV). We shift to a coordinate u such that u ≡ eρ−ρQ , u∗ ≡ eρ∗−ρQ . Defining λQ as the ’t
Hooft coupling (2.39) at the quark mass scale, inserting the value of Qc in (2.1), and defining
TQ ≡ (eφ/2√−gttgxx)|ρ=ρQ as the tension of a hypothetical fundamental string stretched at
constant ρ = ρQ, we can write the estimate for the meson masses as

M
(n)
v ≈

T1/2
Q

λ1/4
Q

(
πn

33/4/4
√

2π

∫u∗

1

( √
4u3 − 1

u2
√
u3 − 1

+ εQ
7 − 4u3 + 4

(
4u3 − 1

)
logu

24u2
√

4u3 − 1
√
u3 − 1

)
du

)
. (2.61)

It is important to stress once again that this expression is written only in terms of IR quantities,
once we discard terms of order u−1

∗ = eρQ−ρ∗ ; namely, contributions like logu∗ have cancelled
out. Notice that the upper limit of the integrals can be taken to infinity if we again insist in
discarding O(u−1

∗ ) contributions. The expression (2.61) is a neat example of how, even having
a Landau pole, the holographic set-up is able to consistently obtain IR predictions, in exactly
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the same spirit as in field theory. We can perform numerically the integration in (2.61), and
we get [77]

M
(n)
v ≈

T1/2
Q

λ1/4
Q

n

(
5.2 − 6 × 10−3NfλQ

Nc
+ · · ·

)
, (2.62)

where in order to substitute εQ as in (2.40) we have used Vol(X3) = (16/9)π2, Vol(X5) =
(16/27)π3. The expression (2.62) is the result quoted in [77], apart from a different factor of
2 in the definition of λQ.

The lesson we want to take from this section is that there is a well-defined method
to obtain the shift produced by the flavor quantum effects on the meson spectrum (or,
eventually, on any physical observable) as an expansion in the parameter ε ∼ λNf/Nc which
weighs the flavor loops. Heuristically, it may be useful to think of the computation leading to
(2.62) as (partially) a strong coupling analogue of the Lamb shift corrections of QED.

2.5. Black Hole Solutions: D3-D7 Quark-Gluon Plasmas

In this subsection we will review the results in [75]. We start by showing how one can find
a black hole solution which includes the backreaction effects due to massless quarks. To
perform this analysis it is more convenient to work with a new radial variable σ such that
the metric takes the following form:

ds2 = h−1/2
[
−bdt2 + d �x 2

3

]
+ h1/2

[
be8g+2fdσ2 + e2gds2

KE + e2f(dτ +AKE)
2
]
. (2.63)

Notice that we have introduced a new function b which parameterizes the breaking of
Lorentz invariance induced by the nonzero temperature T . All functions appearing in the
metric (2.63), as well as the dilaton φ, depend on σ. Moreover, the RR field strengths F5 and F1

are given by the ansatz (2.33) with the function p = 1. We remind the reader that fixing p = 1
corresponds to taking massless quarks. (In [75], the more involved case of massive quarks
p /= 1 was also discussed. An extra complication is the necessity of finding the nontrivial D7-
brane embeddings in the backreacted geometry.)

In this non-supersymmetric case we will not have the first-order BPS equations at
our disposal and we will have to deal directly with the second-order equations of motion.
Actually, since all the functions we need to compute depend only on the radial coordinate σ,
it is possible to describe the system in terms of a one-dimensional effective action. One can
find this effective action by directly substituting the ansatz in the gravity plus branes action
(1.7). One gets

Seff =
Vol

(
X5)V1,3

2κ2
10

×
∫
dσ

(
−1

2
(∂σh)

2

h2
+ 12

(
∂σg

)2 + 8∂σg∂σf −
1
2
(
∂σφ

)2 +
(∂σb)

2b

(
∂σh

h
+ 8∂σg + 2∂σf

)

+24be2f+6g − 4be4f+4g −
Q2
c

2
b

h2
−
Q2
f

2
be2φ+8g − 4Qfbe

φ+6g+2f

⎞
⎠.

(2.64)
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In (2.64) V1,3 denotes the (infinite) integral over the Minkowski coordinates. The second
derivatives coming from the Ricci scalar have been integrated by parts and, as is customary,
only the angular part of F5 is inserted in the F2

5 term (otherwise the Qc would not enter the
effective action since, on-shell, F2

5 = 0 due to the self-duality condition). The last term in
(2.64), proportional to Qf , comes from the DBI contribution in (1.5). Notice also that the WZ
term does not enter (2.64) because it does not depend on the metric or the dilaton.

The equations of motion stemming from the effective action (2.64) are

∂2
σ

(
log b

)
= 0,

∂2
σ

(
logh

)
= −Q2

c

b

h2
,

∂2
σg = −2be4g+4f + 6be6g+2f −Qfbe

φ+6g+2f ,

∂2
σf = 4be4g+4f −

Q2
f

2
be2φ+8g,

∂2
σφ = Q2

fbe
2φ+8g + 4Qfbe

φ+6g+2f .

(2.65)

It is straightforward to check that these equations solve the full set of Einstein equations
provided that the following “zero-energy” constraint is also satisfied:

0 = −1
2
(∂σh)

2

h2
+ 12

(
∂σg

)2 + 8∂σg∂σf −
1
2
(
∂σφ

)2 +
(∂σb)

2b

(
∂σh

h
+ 8∂σg + 2∂σf

)
− 24be2f+6g

+ 4be4f+4g +
Q2
c

2
b

h2
+
Q2
f

2
be2φ+8g + 4Qfbe

φ+6g+2f .

(2.66)

This constraint can be thought of as the σσ component of the Einstein equations or,
alternatively, as the Gauss law from the gauge fixing of gσσ in the ansatz (2.63).

Let us now find a solution of the system of equations (2.65) and of the “zero-energy”
constraint (2.66) that corresponds to a black hole for the backreacted D3-D7 system. We
will require that such a solution is regular at the horizon and tends to the supersymmetric
one at energy scales much higher than the black hole temperature T . Actually, the biggest
advantage of the radial variable σ introduced above is that the equations of motion of b and
h in (2.65) are decoupled from the ones corresponding to the other functions of the ansatz.
These decoupled equations can be easily integrated in terms of an integration constant rh as
follows:

b = e4r4
h
σ , h =

Qc

4r4
h

(
1 − e4r4

h
σ
)
, (2.67)

where σ ∈ (−∞, 0). We now define a new radial coordinate r by means of the following
relation:

e4r4
h
σ = 1 −

r4
h

r4
, r ∈ (rh,+∞). (2.68)
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Then, b and h take the following form:

b = 1 −
r4
h

r4
, h =

R4

r4
, (2.69)

withR4 = Qc/4. Notice that h is given by the same expression as in (2.50). Moreover, it is clear
from (2.69) that r = rh is the position of the horizon and, thus, the extremal limit is attained
by sending rh to zero. In terms of r the metric takes the following form:

ds2 =
r2

R2

[(
1 −

r4
h

r4

)
dt2 + d�x2

3

]
+
R2

r2

e8ĝ+2f̂

1 − r4
h
/r4

(dr)2 + R2
[
e2ĝds2

KE + e2f̂(dτ +AKE)
2
]
,

(2.70)

where we have defined the functions f̂ and ĝ as follows:

ef̂ ≡ e
f

r
, eĝ ≡ e

g

r
. (2.71)

In order to determine completely the background we still have to solve (2.65) and (2.66) for
f , g, and the dilaton φ. We will find this solution by introducing a reference UV scale r∗ and
by expanding the functions in terms of the parameter ε∗ defined in (2.38). We will impose that
the functions f , g, and φ are equal to the SUSY ones of (2.52) when the extremality parameter
rh vanishes. Moreover, we will also require that these functions coincide with those in (2.52)
at the UV scale r∗. These conditions fix uniquely a solution of (2.65) and (2.66). Up to second
order in ε∗ this solution is given by
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(2.72)



Advances in High Energy Physics 35

where Li2(u) ≡
∑∞

n=1 u
n/n2 is a polylogarithmic function. The functions written in (2.72)

determine a geometry that is regular at the horizon r = rh. In the next subsection we will
study its thermodynamics and we will extract some consequences for the dual field theory
with dynamical quarks at nonzero temperature.

Let us conclude this section with some comments on the stability of our perturbative
non-extremal solutions. A possible way to check for the latter is to consider worldvolume
fluctuations of a D7-brane in the setup. If, as in our cases, the brane corresponds to massless
flavors, the related quasinormal modes on the unflavored background all have frequencies
with a negative imaginary part of the order of the temperature, signaling stability [82–84].
This result cannot be changed in the flavored case when a perturbative expansion in ε∗ is
done. Thus, in our regime of approximations, stability with respect to those fluctuations is
guaranteed.

2.5.1. Thermodynamics of the Solution

In the previous subsections we have defined the backreacted background in terms of an
arbitrary UV scale r∗ as an expansion in powers of the parameter ε∗ written in (2.40). This
scale r∗ should be well separated from the Landau pole scale in order to avoid having the
pathologies of the latter. Moreover, we are interested in analyzing the physical consequences
of this background at energies much lower than the UV scale r∗. In a black hole background
dual to a quark gluon plasma the natural IR scale is the location rh of the horizon, which
should be related to temperature T of the plasma. Accordingly, we define εh as

εh =
λhVol

(
X3)

16πVol(X5)

Nf

Nc
, (2.73)

where, in what follows, the subscript h means that the quantities are evaluated at the horizon
r = rh. Thus, λh is naturally identified with the ’t Hooft coupling at the scale of the plasma
temperature. We therefore have

εh = ε∗
eΦh

eΦ∗
= ε∗ + ε2

∗ log
rh
r∗

+O
(
ε3
∗

)
. (2.74)

We will use this relation to recast the expansions in powers of ε∗ as series in εh. We will
assume in what follows that rh is well below the reference UV scale r∗ to ensure that the
IR physics does not depend on the UV completion of the theory. In a Wilsonian sense of
the renormalization group flow, the UV details of the theory should not affect the IR physics.
Moreover, since, as we will see below, rh is proportional to the temperature (at leading order),
we have

dεh
dT

=
ε2
h

T
+O

(
ε3
h

)
, (2.75)

and T(dλh/dT) = εhλh at leading order. These relations reflect the running of the gauge
coupling induced by the dynamical flavors.
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The thermodynamic properties of the black hole solution are determined by the metric
functions at the horizon. After neglecting terms suppressed in powers of r4

h
/r4
∗ , the values of

the functions f̂ and ĝ at r = rh can be obtained from (2.72). One gets

ef̂h = 1 − εh
24

+
17

1152
ε2
h + O

(
ε3
h

)
, eĝh = 1 +

εh
24

+
1

128
ε2
h +O

(
ε3
h

)
. (2.76)

The black hole temperature can be obtained by requiring regularity of the
euclideanized metric and by identifying the temperature with the inverse of the period of
the euclideanized time. A simple computation yields

T =
2rh

2πR2e4ĝh+f̂h
=

rh
πR2

[
1 − 1

8
εh −

13
384

ε2
h +O

(
ε3
h

)]
, (2.77)

where in the last step we have used the values of f̂h and ĝh written in (2.76).
The entropy density s is proportional to A8, the volume at the horizon of the eight-

dimensional part of the space orthogonal to the t̂, r plane (where t̂ is the Euclidean time),
divided by the infinite constant volume of the 3D space directions V3. From the general form
of the metric we get that

s =
2πA8

κ2
10V3

=
r3
h
R2e4ĝh+f̂hVol

(
X5)

25π6g2
sα′

4
=

π5

2Vol(X5)
N2

c

r3
h

π3R6

[
1 +

1
8
εh +

19
384

ε2
h +O

(
ε3
h

)]
, (2.78)

which in terms of the temperature reads

s =
π5

2Vol(X5)
N2

cT
3
[

1 +
1
2
εh +

7
24
ε2
h +O

(
ε3
h

)]
. (2.79)

As for the other thermodynamic quantities which will follow, the leading term of this
formula is the well-known unflavored result. The O(εh) term was already calculated in [84]
with the probe brane technique, in the X5 = S5 case. Here we have reobtained this result
in a quite standard way, by computing the increase of the horizon area produced by the
flavor branes. This can be considered as a crosscheck of the validity of the whole construction.
Finally, the order ε2

h was first obtained in [75].
The ADM energy of the solution can be computed as an integral of the extrinsic

curvature of the eight-dimensional hypersurface of constant time and radius. This calculation
is straightforward and has been done in the [75, Appendix B], with the following result:

ε =
EADM

V3
=

3
8

π5

Vol(X5)
N2

c T
4
[

1 +
1
2
εh(T) +

1
3
εh(T)2 +O

(
εh(T)3

)]
. (2.80)

Again, terms suppressed as powers of rh/r∗ have been neglected. Moreover, since in the
following derivatives with respect to T are going to be taken, we find it convenient to make
explicit that εh depends on T (see (2.75)). Equation (2.80) yields the energy density of the
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plasma and, thus, it allows us to study the full thermodynamics. Indeed, from (2.75) and
(2.80) we get immediately the heat capacity (density):

cV = ∂Tε =
3
2

π5

Vol(X5)
N2

c T
3
[

1 +
1
2
εh(T) +

11
24
εh(T)2 + O

(
εh(T)3

)]
. (2.81)

The free energy density, and so (minus) the pressure, reads

F

V3
= −p = ε − Ts = −1

8
π5

Vol(X5)
N2

cT
4
[

1 +
1
2
εh(T) +

1
6
εh(T)2 +O

(
εh(T)3

)]
. (2.82)

Notice that, consistently, this satisfies the relation s = ∂Tp (where it is crucial to take (2.75)
into account). This result is confirmed by the direct computation of F from the renormalized
Euclidean action (see, again, [75, Appendix B]) and also by the calculation in [78] of the
correlator of the tensorial mode in the hydrodynamical approximation.

The speed of sound vs is obtained by combining (2.79) and (2.81), namely,

v2
s =

s

cV
=

1
3

[
1 − 1

6
εh(T)2 +O

(
εh(T)3

)]
. (2.83)

Note that the correction to the speed of sound, which measures the deviation from
conformality, only appears at second order and that the sign of the correction is consistent
with the bound v2

s ≤ 1/3 conjectured in [85]. It is also interesting to point out that the solution
provides a direct measure of the breaking of conformality at second order, namely, the so-
called interaction measure, given by

ε − 3p
T4

=
π5N2

c

16 Vol(X5)
εh(T)2. (2.84)

Let us now analyze the viscosity of the plasma predicted by the flavored black hole.
Since we are not introducing higher derivatives of the metric in the action, the usual theorems
apply and the shear viscosity η saturates the Kovtun-Son-Starinets bound [86], that is, η/s =
1/4π . Therefore, the shear viscosity η can be obtained by dividing by 4π the entropy density
written in (2.79). Again, the first-order term coincides with the one calculated in the probe
approach in [87] while the second-order result was first computed in [75]. On the other hand,
one can also compute the bulk viscosity ζ for this model, with the following result [78]:

ζ =
π4

72 Vol(X5)
N2

cT
3
[
εh(T)2 +O

(
εh(T)3

)]
. (2.85)

Interestingly, the value of ζ written in (2.85) saturates the bound proposed in [88]:

ζ

η
≥ 2

(
1
3
− v2

s

)
. (2.86)

For the computation of other transport coefficients, we refer the reader to [78].
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2.5.2. Energy Loss of Partons

One of the main phenomenological applications of holography is the analysis of the energy
loss of a parton that moves through a quark-gluon plasma. One of the measures of this
energy degradation is the so-called jet quenching parameter q̂, which is a transport coefficient
that measures the bremsstrahlung experienced by a parton probe due to its interactions
with the quarks and gluons of the plasma [89]. At very high energy, and using the eikonal
approximation, the authors of [90] found a nonperturbative prescription for calculating q̂ as
the coefficient of L2 in an almost light-like Wilson loop with dimensions L− � L. By using the
generic formula in [91] (and cutting the integral at r∗), we can write

q̂−1 = πα′
∫ r∗

rh

e−φ/2
√
grr

gxx
√
gxx + gtt

dr =
πα′R4

r2
h

e−φh/2
∫ r∗

rh

e−(φ−φh)/2 e4ĝ+f̂

√
r4 − r4

h

dr. (2.87)

The dilaton enters the formula because we are considering the Einstein frame metric. By
plugging in (2.87) the expressions of f̂ , ĝ, and φ written in (2.72), and by performing the
corresponding integrals in r, one gets q̂ as a power series expansion in ε∗. In the course of this
calculation we will neglect terms that are suppressed by powers of rh/r∗ and we will write
the result in a series in εh rather than in ε∗. In terms of gauge theory quantities one gets [75]

q̂ =
π3

√
λhΓ(3/4)√

Vol(X5) Γ(5/4)
T3

[
1 +

1
8
(2 + π)εh + γε2

h +O
(
ε3
h

)]
, (2.88)

where we have introduced a constant γ :

γ =
11
96

+
π

48
+

3π2

128
+

1
8
C +

1
48 4F3

(
1, 1, 1,

3
2

;
7
4
, 2, 2; 1

)
≈ 0.5565, (2.89)

with C ∼ 0.91597 being the Catalan constant. Notice that the flavor correction to q̂ is positive;
that is, fundamentals enhance the jet quenching. Actually, (2.88) can be used to estimate this
enhancement in the extrapolation to the realistic RHIC regime. Let us take X5 = S5, Nc =
Nf = 3, and αs = g2

YM/4π ∼ 1/2. Then, λh ∼ 6π and εh ∼ Nf/4π ∼ 0.24. Using this
value in (2.88) we have that q̂ is increased by 20%. For example, at T = 300 MeV we obtain
q̂ ∼ 5.3 (Gev)2/fm, to be compared with the value [90] q̂ ∼ 4.5 (Gev)2/fm of the unflavored
plasma (the RHIC values are q̂ ∼ 5–15 (Gev)2/fm). It is also interesting to rewrite (2.88) in
terms of the entropy density s. One gets

q̂ = c
√
λh

√
s

N2
c

T3/2
[

1 +
π

8
εh +

(
γ − 11

96
− π

32

)
ε2
h +O

(
ε3
h

)]
, c =

√
2π

Γ(3/4)
Γ(5/4)

, (2.90)

which shows a deviation (driven by εh) from the general expression put forward in [92]. In
this setting, the presence of fundamentals and the breaking of conformality are inevitably
mingled. It would be interesting to have the dual of a conformal theory with fundamentals
to check whether the conjecture [92] holds in such situation. That was analyzed in [61] in
a noncritical string framework and, interestingly, the result differs from [92]. The caveat is
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that the model studied in [61] suffers from the usual problem of gravity-like approaches to
noncritical strings; namely there are uncontrolled approximations.

Another way of characterizing the energy loss of a parton probe in the plasma is by
modeling it as a macroscopic string attached to a probe flavor brane. The string is dragged
by a constant force f which keeps its velocity v fixed and transfers to the parton energy and
momentum, which is then lost in the plasma at a constant rate. This energy loss is measured
by the drag coefficient μ, which relates the force f and the parton momentum p: f = μp. To
compute this drag force one can apply the general procedure of [93–95]. By using the Nambu-
Goto action for a string in the black hole background one gets that the rate of momentum
transferred to the medium is given by [95]

dp

dt
= − 1

2πα′
C = −

r2
h

2πα′R2
eΦ(rc)/2 v√

1 − v2
= −μMkin

v√
1 − v2

, (2.91)

where C is the constant determined from the equation gxx(rc)gtt(rc) + C2 = 0 with the point
rc given by gtt(rc) + gxx(rc)v2 = 0, namely, rc = rh(1 − v2)−1/4. In (2.91) we have introduced,
following [93], the kinematical mass Mkin such that p =Mkin(v/

√
1 − v2). From (2.91), using

(2.72), (2.74), and (2.77), we find

μMkin =
π5/2

2

√
λh√

Vol(X5)

× T2
[

1 +
1
8

(
2 − log

(
1 − v2

))
εh

+
1

384

[
44 − 20 log

(
1 − v2

)
+ 9 log2

(
1 − v2

)
+ 12Li2

(
v2

)]
ε2
h +O

(
ε3
h

)]
.

(2.92)

As happens with the jet quenching, the energy loss (at fixed v) is enhanced by the presence
of fundamental matter. The quantity μ Mkin grows when increasing the velocity. From (2.92),
formally, it would diverge as v → 1. However, (2.92) is not applicable in that limit since we
have to require εh log(1 − v2)� 1 for the expansions to be valid.

2.6. A Discussion on the Range of Validity

We now discuss, following [75], the restriction on the physical parameters needed for the
deconfined flavored plasma solution to be physically meaningful. Before we go on, two
comments are in order: first, notice that, even if we will use here the plasma temperature
as the IR scale at which the relevant physics takes place, this can be substituted by any other
IR scale, depending on what one wants to study. Thus, for instance, when computing meson
masses at zero temperature as in Section 2.4, the discussion below holds; just taking into
account the IR scale there is set by the quark mass. Second, notice that the restriction of small
ε∗ (which leads to Nf �Nc) of the D3-D7 case at hand comes from the existence of a Landau
pole. In holographic theories in which there is no Landau pole in the geometry (Sections 3,
and 4), there is in principle no restriction toNf . In particular, it is possible to consider in those
theories Nf to be of the same order as Nc.
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As we have already remarked, having a pathological UV means that there must exist
a separation of scales between IR and UV. Concretely, there must exist a hierarchy, which in
terms of the r radial coordinate reads

rh � r∗ � ra < rLP. (2.93)

The quantity rh sets the scale of the plasma temperature rh/R
2 ∼ ΛIR ∼ T , which is the

scale at which we want to analyze the physics. The point rLP is where the dilaton diverges,
signaling a Landau pole in the dual theory. At a scale ra the string solution starts presenting
subtler pathologies, whose discussion we delay until the end of this section. Finally, r∗ sets
an (arbitrary) UV cutoff scale r∗/R2 ∼ ΛUV. The solution (2.72) will only be used for r < r∗.
In a Wilsonian sense of a renormalization group flow, the UV details should not affect the
IR physical predictions. This feature is reflected in the fact that physical quantities do not
depend (up to suppressed contributions) on r∗ or functions evaluated at that point, but only
on IR parameters. Even if the precise value of r∗ is arbitrary, we have to make sure that it is
possible to choose it such that it is well above the IR scale (so that the UV completion only
has negligible effects on the IR physics) and well below the pathological ra, rLP scales (so that
the solution we use is meaningful and the expansions do not break down). To this we turn
now.

Let us start by computing the hierarchy between r∗ and rLP. Since at r∗ we can
approximate the solution by the supersymmetric one, we can read the position of the Landau
pole from (2.45). If we insert the approximate relation between radial coordinates r ≈

√
α′eρ,

we find

r∗
rLP
≈ e−1/ε∗ � 1 (2.94)

as long as ε∗ � 1.
Moreover, one has to make sure that the Taylor expansions (2.72) are valid in the region

rh < r < r∗. This of course requires ε∗ � 1, but also that ε∗| log(rh/r∗)| � 1 (notice that the
absolute value of the logarithm can be big because rh � r∗). This means that rh/r∗ � e−1/ε∗ .
On the other hand, when computing physical quantities in the previous sections, we always
neglect quantities suppressed as powers of rh/r∗ ∼ T/ΛUV. This is the order of magnitude of
the corrections due to the eventual UV completion of the theory at r∗. One has to make sure
that the corrections in ε∗ we are keeping are much larger than the neglected ones, namely,
ε∗ � rh/r∗. In summary, we have the following hierarchy of parameters (in the following,
in order to avoid overly messy expressions, we insert the value of ε∗ for the X5 = S5 case,
remembering that for a generic X5, its value is given by (2.40)):

e−1/ε∗ ∼ e−8π2Nc/λ∗Nf � rh
r∗
∼ T

ΛUV
� ε∗ ∼

λ∗ Nf

8π2 Nc
� 1. (2.95)

As long as ε∗ ∼ λ∗ Nf/8π2Nc � 1, there always exists a range of r∗ such that this inequality is
satisfied. Since we focus on the IR physics of the plasmas, at the scale set by their temperature,
the actual physical constraint on the parameters will be (λh/8π2)(Nf/Nc) � 1, which we
have written in terms of the coupling at the scale of the horizon, λh = λ∗(1 +O(ε∗)).
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On top of this, we have to make sure that the SUGRA + DBI + WZ action we are
using is valid. As usual, the suppression of closed string loops requires Nc � 1 whereas
the suppression of α′-corrections is guaranteed by λh � 1. We have written the D7-brane
worldvolume contribution to the action as a sum of Nf single brane contributions. This is
justified if the typical energy of a string connecting two different branes is large (in α′ units).
Since the branes are distributed on a space whose size is controlled by R ∼ λ1/4

h

√
α′, we again

need λh � 1. The smearing approximation will be good if the distribution of D7-branes on
the transverse space is dense, that is, Nf � 1. The discussion up to now is summarized in the
following validity regime:

Nc � 1, λh � 1, Nf � 1, εh =
λh

8π2

Nf

Nc
� 1. (2.96)

Finally, we want to find the regime of parameters in which the flavor corrections are not only
valid but are also the leading ones. With this aim, we ought to demand that the leading α′-
corrections to the supergravity action (which typically scale as λ−3/2

h due to terms of the type
α′3R4) are smaller than the flavor ones, controlled by εh, namely,

λ−3/2
h � εh. (2.97)

Demanding that corrections to the D7-branes contributions (e.g., curvature corrections to the
worldvolume action itself or corrections produced by possible modifications of the brane
embeddings due to curvature corrections to the background metric) are subleading does not
impose any further restriction. The reason is that their contribution is typically of order εhλ−ch
for some c > 0 which is always subleading with respect to εh as long as (2.96) is satisfied.

The Holographic a-Function

As discussed in [77] and mentioned above, the string solution starts presenting pathologies
at a scale ra < rLP, where the holographic a-function is singular. The utility of the solution for
r > ra is doubtful, but since we have only used the solutions up to r∗ � ra in order to derive
the IR physics, this subtlety does not affect the physical results. We now briefly review the
argument in [77], which used the backreacted Klebanov-Witten solution at zero temperature.
The qualitative picture holds for the rest of the cases addressed in the present section and for
the case of Section 5 too.

Let us start by considering the metric of a generic dimensional reduction to five
dimensions, giving a 5d Einstein frame metric of the form (the u here is, obviously, a redefined
holographic coordinate, namely, u = u(r)):

ds2
5 = H(u)1/3

[
dx2

1,3 + β(u)du
2
]
. (2.98)

In standard set-ups, the function H(u)1/6, which can be roughly identified with the dual field
theory energy scale, monotonically varies with the radial coordinate. This is also required in
order for the “holographic a-function” [96, 97]

a(u) ∼ β(u)3/2H(u)7/2[H ′(u)]−3
, (2.99)
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Figure 5: The function H in the massless-flavored KW model at zero temperature.

to be finite. (The monotonicity of H(u) also plays a crucial role in holographic computations
of the entanglement entropy; see [98]. The notations of that paper are used in the equations
above.) Instead, the functionH(u) is not monotonic here: it increases with u from zero up to a
maximum at a point ua and then it decreases back to zero where h vanishes. (For the present
discussion and in particular for Figure 5 we will choose the additive integration constant of
h such that h is zero at the Landau pole. The specific point ua (namely ra) at which this UV
pathology sets in depends on this choice. Again, we stress that the important point is the IR
results do not depend on this choice (modulo suppressed contributions) as long as ra � r∗.
What we show here is that the integration constant can be naturally chosen such that this
condition is satisfied.) In the flavored supersymmetric KW case, the H and a functions read:

H
(
ρ
)
∼ he2f+8g, a

(
ρ
)
∼ h3/2e3fH7/2[∂ρH

]−3
, (2.100)

where we have not written unimportant overall factors. A representative plot is given in
Figure 5. The nonmonotonic behavior ofH implies that the holographic a-function is singular
and discontinuous at the “a-scale”. From the plot, we see that ra ∼ eρa is below, but not
parametrically separated from rLP.

3. A Dual toN = 1 SQCD-Like Theories

In the following section, we will study a system that in some sense is qualitatively different
from those of the previous sections, though the procedure to deal with the addition of flavors
is identical. The main qualitative difference will be that there need not be a hierarchical
difference between the number of flavors and the number of colors. The case treated here will
represent the addition of fundamental matter to a field theory that is originally confining and
four dimensional at low energies, but that gets some higher-dimensional completion in the
UV (in principle this allows one to extend the range of the radial coordinate to arbitrarily large
values). Some of the qualitative changes that observables of a confining theory undergo when
fundamentals are added will be discussed. The developments described in the present section
were applied to model possible aspects that could appear in physics beyond the standard
model, as we will briefly mention below.
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More concretely, in this section, we will study a dual to a version of N = 1 SQCD.
The model is based on D5-branes wrapped on two-cycles inside the resolved conifold—
leading to a geometry related to the deformed conifold. We will first briefly present the model
without flavors, then study the addition of flavors following the ideas described in the first
sections of this paper: kappa symmetric embeddings, smearing, backreaction, system of BPS
equations, and particular solutions to this system, and finally present a set of checks that the
correspondence we are proposing is valid and robust; we also explain some predictions about
the field theory obtained with the string background.

3.1. The Model without Flavors

The proposal is to construct a dual to a field theory with minimal SUSY in four dimensions
using wrapped branes. Ideas of this kind were first explored by Witten in the early days of
AdS/CFT. In [99], Witten presented a model dual to a version of Yang-Mills theory (with an
extra massive scalar that gets mass due to loop corrections and UV-completed by an infinite
tower of massive vectors, scalars, and fermions), by wrapping a set of Nc D4 branes on a
circle with SUSY-breaking boundary conditions.

The idea here is very similar, only that we will work with D5-branes and we will
preserve some amount of SUSY. We will compactify the five branes in a very subtle way
(involving a twisting of the 6-d theory) so that only four supercharges will be preserved in
the compactified theory for all energies [100] in other words, the partial SUSY breaking is not
due to the presence of relevant operators, like mass terms. (The fact that a twisting procedure
(see [101] for a very nice presentation of this idea) is at work implies that even in the far
UV, the theory is still preserving only four supercharges.) This kind of compactification of
the six-dimensional theory living on a stack of D5-branes (when the D5’s wrap a two-cycle
inside the resolved conifold) was well studied in various papers; see [102–104] for various
reviews. We will follow mostly the detailed study of [105, 106].

One can show that a very generic string background describing a stack of Nc D5-
branes wrapping a two cycle and preserving four supercharges includes a metric, RR-three
form F3 = dC2, and a dilaton φ(ρ) and is given by

ds2 = α′gse(φ(ρ))/2

[
dx2

1,3 + e
2k(ρ)dρ2 + e2h(ρ)

(
dθ2 + sin2θdϕ2

)
+
e2g(ρ)

4

×
((
ω̃1 + a

(
ρ
)
dθ

)2 +
(
ω̃2 − a

(
ρ
)

sin θdϕ
)2

)
+
e2k(ρ)

4
(
ω̃3 + cos θdϕ

)2

]
,

F(3) =
gsα

′Nc

4
[
−
(
ω̃1 + b

(
ρ
)
dθ

)
∧
(
ω̃2 − b

(
ρ
)

sin θdϕ
)
∧
(
ω̃3 + cos θdϕ

)

+b′dρ ∧
(
−dθ ∧ ω̃1 + sin θdϕ ∧ ω̃2

)
+
(

1 − b
(
ρ
)2

)
sin θdθ ∧ dϕ ∧ ω̃3

]
,

(3.1)

where ω̃i are the left-invariant forms of SU(2):

ω̃1 = cosψdθ̃ + sinψ sin θ̃dϕ̃,

ω̃2 = − sinψdθ̃ + cosψ sin θ̃dϕ̃,

ω̃3 = dψ + cos θ̃dϕ̃.

(3.2)
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For convenience, below we will set the parameters gs = α′ = 1. The presence of the Nc color
D5-branes is indicated in F3 that satisfies the quantization condition:

1
2κ2

(10)

∫

S3
F(3) =NcT5. (3.3)

The S3 on which we integrate is parameterized by θ̃, ϕ̃, and ψ.
We then impose that a fraction of SUSY is preserved; hence we need to impose some

projections on the Type IIB spinors and a set of BPS equations reflecting this arise (see [12,
Appendix B] for generous details). The BPS equations are nonlinear, first order, and coupled
for the functions of the background in (3.1)-for details see [12, Appendix B]. Certainly, solving
first-order equations is simpler than solving the second order Einstein equations; nevertheless
the BPS equations for the functions (φ, h, g, k, a, b) are nonlinear and coupled, rendering the
problem complicated.

It is technically convenient to make a “change of basis” to another set of functions,
so that the BPS equations become first order and nonlinear (of course) but can be decoupled,
and then solved independently. A change of variables that does the job partially was obtained
in [25]. The change of basis is from the set of functions [φ, h, g, k, a, b] into the functions
[P,Q, τ,Φ, Y, σ]. The map reads [25]

e2h =
1
4

(
P 2 −Q2

P cosh τ −Q

)
, e2g = P cosh τ −Q, e2k = 4Y, a =

P sinh τ
P cosh τ −Q, b =

σ

Nc
,

(3.4)

Φ =
(
P 2 −Q2

)√
Ye2φ. (3.5)

As explained in detail in [25] (see Section 3 of that paper), the BPS equations can be solved
one by one for these new functions, obtaining

Q
(
ρ
)
= (Qo +Nc) cosh τ +Nc

(
2ρ cosh τ − 1

)
,

sinh τ
(
ρ
)
=

1
sinh

(
2ρ − 2ρo

) , cosh τ
(
ρ
)
= coth

(
2ρ − 2ρo

)
,

Y
(
ρ
)
=
P ′

8
,

e4φ =
e4φo cosh

(
2ρo

)2

(P 2 −Q2)Ysinh2τ
,

σ = tanh τ(Q +Nc) =

(
2Ncρ +Qo +Nc

)

sinh
(
2ρ − 2ρo

) .

(3.6)

Note that both Q and the dilaton are given algebraically in terms of the rest of the functions
parametrizing the backgrounds. Here Qo and φo are constants of integration and we have
chosen the integration constant in the dilaton field equation φo such that it admits a smooth
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limit as ρo → −∞ (this limit gives τ = σ = 0 and so corresponds to what in [107] were called
type A backgrounds).

The function P satisfies the following second-order equation:

P ′′ + P ′
(
P ′ +Q′

P −Q +
P ′ −Q′
P +Q

− 4 coth
(
2ρ − 2ρo

))
= 0. (3.7)

We will refer to this equation as the “master” equation, since once we have a solution of (3.7)
all other functions are determined via (3.6).

3.2. Some Solutions

There are many solutions to the master equation (3.7). A very simple one is given by

P = 2Ncρ, Qo = −Nc. (3.8)

Once processed back, one computes the functions in the original background of (3.1) and one
recovers an old solution [108]. To avoid nasty singular behaviors, in the following, we will
choose the value of the integration constant Qo = −Nc, so that the first term in the expression
for Q(ρ), namely, (Qo +Nc), vanishes. (If we do not make this choice, the space ends before
ρ = ρo, since Q > P possibly giving place to geodesically incomplete spaces and a divergent
dilaton. Hence, we will choose the term proportional to cosh τ(ρ) in Q(ρ) to vanish.)

Aside from the simple solution presented above, there are a variety of very interesting
solutions. For example, the function P(ρ) near ρ = 0 has the following Taylor series:

P = h1ρ +
4h1

15

(
1 −

4N2
c

h2
1

)
ρ3 +

16h1

525

(
1 −

4N2
c

3h2
1

−
32N4

c

3h4
1

)
ρ5 +O

(
ρ7

)
, (3.9)

where h1 is again an arbitrary constant (notice that for h1 = 2Nc we get back to the solution in
(3.8); we will also assume that h1 > 2Nc). It is interesting that this solution can be numerically
connected in a smooth way with a solution for large values of the radial coordinate (ρ → ∞)
that differs greatly from the linear behavior of the solution in (3.8). In this case, it is given by

P ∼ e(4/3)ρ
[
c

(
1 − 8

3
ρe−4ρ

)
+

1
64c

(
256ρ2 + 256Qoρ + 144N2

c + 64Q2
o

)
e−(8/3)ρ +O

(
e−4ρ

)]
.

(3.10)

These solutions were studied explicitly in [12, Section 8] and have a variety of interesting
applications that we will briefly mention in the following sections.
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3.2.1. An Exact Recursive Solution

There is one recursive way of obtaining solutions, described in [109], that basically uses the
fact that the master equation (3.7) can be written as (we choose here and in the following
ρo = 0)

∂ρ
(
s
(
P 2 −Q2

)
P ′

)
+ 4sP ′QQ′ = 0, s

(
ρ
)
= sinh2τ =

1

sinh2(2ρ
) . (3.11)

Integrating (3.11) twice we obtain

P 3 − 3Q2P + 6
∫ρ

ρ2

dρ′QQ′P + 12
∫ρ

ρ2

dρ′s−1
∫ρ′

ρ1

dρ′′sP ′QQ′ = c3R
(
ρ
)3
, (3.12)

where

R
(
ρ
)
≡

(
cos3α + sin3α

(
sinh

(
4ρ

)
− 4ρ

))1/3
, (3.13)

being (c, α) the two integration constants of the master equation.
Following [25] we write P in a formal expansion in inverse powers of c—the

integration constant encountered above—as

P =
∞∑
n=0

c1−nP1−n. (3.14)

Inserting this expansion in (3.12) we obtain recursively

P1 = R,

P0 = 0,

P−1 = −1
3
P−2

1

(
−3Q2P1 + 6

∫ρ

ρ2

dρ′QQ′P1 + 12
∫ρ

ρ2

dρ′s−1
∫ρ′

ρ1

dρ′′sQQ′P ′1

)
,

P−2 = 0,

P−n−2 = −1
3
P−2

1

{
n+2∑
m=1

(
2P1P1−mPm−n−2 +

n−m+3∑
k=1

P1−mP1−kPm+k−n−2

)
− 3Q2P−n

+6
∫ρ

ρ2

dρ′QQ′P−n + 12
∫ρ

ρ2

dρ′s−1
∫ρ′

ρ1

dρ′′sQQ′P ′−n

}
, n ≥ 1.

(3.15)

It follows by induction that Pk = 0 for all even k. The large ρ expansion of these solutions
coincides with that described in (3.10) Once again, solutions written in this form have
interesting applications to the physics of cascading quivers on the baryonic branch [110, 111].
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We will not study the physics encoded in the solutions described above, suggesting the
interested reader to consult the papers [12, 102–104, 109].

There is another set of solutions, proposed in [109] and whose physics content was
developed in [112–114] that correspond to what are called “walking solutions”. The idea
here is to construct string backgrounds such that the dual QFT has a gauge coupling with
very slow running (or “walking” coupling). See [109, 112–114] for detailed explanations on
the physical implications of these solutions.

3.2.2. A Comment about the Dual Field Theory

The unflavored system of wrapped D5-branes has a field theory realized on its worldvolume,
whose dual background and various solutions were described above. The field theory is
a version of minimally SUSY Yang-Mills. Again, some UV completion takes over at high
energies. (We are not saying that Super-Yang-Mills needs a UV completion, just that the
system of D5-branes realizes a theory with these characteristics.) The field theory is minimally
SUSY (N = 1) and its perturbative spectrum, aside from a massless vector multiplet, contains
a tower of massive vector and chiral multiplets. A careful study of the perturbative dual field
theory obtained by compactification and twisting of the six-dimensional theory living on
(unwrapped) D5-branes was done in [105, 106]. In that paper, the degeneracies and masses
of the (perturbative) states in the tower mentioned above are given. More interestingly, the
authors of [105, 106] showed that the theory is equivalent toN = 1∗ Yang-Mills in a particular
Higgs vacuum, where the extra dimensions appear by deconstruction. In this sense, we will
think of the theory without flavors either as a six-dimensional theory compactified or as a
four-dimensional theory with an infinite set of fields.

For our purposes, it will be enough to use the fact that the Lagrangian of the field
theory reads

L = Tr
[
−1

4
F2
μν − iλγμDμλ + L(Φk,Wk,W)

]
, (3.16)

where Φk and Wk represent the infinite number of massive chiral and vector multiplets and
W denotes the massless vector multiplet. The term L(Φk,Wk,W), represents all the kinetic
terms and interactions that can be deduced from [105, 106]. More comments about this field
theory can be found in [25, Appendix A].

In what follows, we will summarize the procedure of adding flavors to this field theory.
The flavor branes in this particular case are D5-branes.

3.3. Addition of Flavors

The study of supersymmetric embeddings in backgrounds of the form of (3.1), more precisely
for the solution given in (3.8), was initiated in [19]. There the eigenspinors of the kappa
symmetry matrix were found to be the spinors preserved by the background for a variety
of D5-brane embeddings. For the purposes of this review, we will focus on the “cylinder
embeddings” described in [19, Section 6.3] and in more detail in Section 6.5.3 of the third
paper in [102–104]. In this case the flavor D5-branes are extended along the R1,3 Minkowski
directions, on the radial direction ρ, and also wrap the R-symmetry direction ψ. Intuitively,
the flavor branes are localized in the directions (θ, θ̃, ϕ, ϕ̃), but interestingly enough, any
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constant value of these coordinates ensures that we have a kappa symmetric configuration.
This is a very important fact, as we can put one flavor brane “at each point” of the four
manifold Σ[θ, θ̃, ϕ, ϕ̃] and still have a SUSY configuration.

This is precisely what we will take advantage of when smearing. Let us see this in
more detail: if, as discussed in the first section, we write the action describing the closed
strings (IIB) and the open strings (BIWZ), we will have

S =
1

2κ2
(10)

∫
d10x

√
−g

[
R − 1

2
(
∂μφ

)(
∂μφ

)
− 1

12
eφF2

(3)

]

− T5

Nf∑∫

M6

d6xeφ/2
√
−ĝ(6) + T5

Nf∑∫

M6

P[C6],

(3.17)

where the integrals are taken over the six-dimensional worldvolume of the flavor branesM6,
and ĝ(6) stands for the determinant of the pull-back of the metric in such a worldvolume.

As discussed in previous sections, we then think of the Nf → ∞ branes as
being homogeneously smeared along the four transverse directions parameterized by the
coordinates θ, ϕ and θ̃, ϕ̃. The smearing erases the dependence on the angular coordinates
and makes it possible to consider an ansatz with functions only depending on r, enormously
simplifying computations. One has

−T5

Nf∑∫

M6

d6xeφ/2
√
−ĝ(6) −→ −

T5Nf

(4π)2

∫
d10x sin θ sin θ̃eφ/2

√
−ĝ(6),

T5

Nf∑∫

M6

P[C6] −→
T5Nf

(4π)2

∫
Vol(Y4) ∧ C(6),

(3.18)

where we have defined Vol(Y4) = sin θ sin θ̃dθ ∧ dϕ ∧ dθ̃ ∧ dϕ̃ and the new integrals span
the full space-time. We will need the following expressions (with the choice explained above
α′ = gs = 1):

T5 =
1

(2π)5
, 2κ2

(10) = (2π)7. (3.19)

From here, we will have a set of BPS equations describing the dynamics of this open-closed
string system. The same change of basis with the purposes described around (3.4) can be
performed—see [25] for details. The solution in this case is dependent on the number of
flavor branes Nf and reads (reinstating momentarily the integration constant ρo)

sinh τ =
1

sinh
(
2
(
ρ − ρo

)) , (3.20)
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for the function τ , while for Q,Φ we have

Q =
(
Qo +

2Nc −Nf

2

)
cosh τ +

2Nc −Nf

2
(
2ρ cosh τ − 1

)
, (3.21)

e4(φ−φo) =
cosh2(2ρo

)

(P 2 −Q2)Y sinh2τ
. (3.22)

In the case with flavors, like in the unflavored case previously discussed, both Q and
the dilaton are given algebraically in terms of the rest of the functions parametrizing the
backgrounds. As before, ρo, Qo, and φo are constants of integration and we have chosen the
integration constant in (3.22) such that it admits a smooth limit as ρo → −∞ (this limit gives
τ = σ = 0 and so corresponds to the type A backgrounds). The function Y is determined in
terms of P as

Y =
1
8
(
P ′ +Nf

)
, (3.23)

while the only remaining unknown, the function P , then satisfies the new decoupled second-
order master equation:

P ′′ +
(
P ′ +Nf

)(P ′ +Q′ + 2Nf

P −Q +
P ′ −Q′ + 2Nf

P +Q
− 4 coth

(
2ρ − 2ρo

))
= 0. (3.24)

One can redefine P(ρ) = Ncp(ρ) and factor out Nc from the master equation. We will
mention some solutions to (3.24), that explicitly include the quotient x = Nf/Nc; hence the
solutions will capture the nontrivial physics of the fields transforming in the fundamental
representation of the gauge group.

3.4. Study of Solutions

We now describe various solutions to the “flavored” master equation (3.24). Some solutions
were found exactly, for the particular relation Nf = 2Nc while some other are known as
asymptotic expansions, near the UV (large ρ) and the IR (small ρ). In these latter cases, a
smooth numerical interpolation can be found.

3.4.1. Exact Solutions forNf = 2Nc

One can find some exact solutions for the case Nf = 2Nc or x = 2. They were first discussed
in the papers [12, 25].

For Nf = 2Nc an exact type A (ρo → −∞) solution of (3.24) is

P =Nc +
√
N2

c +Q2
o, Q = Qo ≡ 4Nc

(2 − ξ)
ξ(4 − ξ) , 0 < ξ < 4. (3.25)
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Another solution with a qualitatively different UV behavior is

P =
9Nc

4
+ ce4ρ/3, c > 0, Q = ±3Nc

4
. (3.26)

One can check that in these solutions the radial coordinate moves all over the real axis
and that for ρ → −∞ the solutions take the same form but, as anticipated above, differ
substantially in the far UV, for ρ → ∞. Also, for the case Nf = 2Nc, [115, 116] discuss some
extra solutions apart from the ones mentioned, including, interestingly, the generalization to
near-extremal solutions. (The metric for the simplest nonextremal solution can be written in
terms of a constant ξ and a function F = 1 − (zh/z)4 as:

ds2 = eφo/2 z

[
−Fdt2 + dx2

1 + dx
2
2 + dx

2
3 +Nc

(
4
z2
F−1dz2 +

1
ξ

(
dθ2 + sin2θdϕ2

)

+
1

4 − ξ
(
dθ̃2 + sin2θ̃dϕ̃2

)
+

1
4

(
dψ + cos θdϕ + cos θ̃dϕ̃

)2
)]

.

(3.27)

The solution also contains nontrivial RR F(3) and dilaton; see [12] for details. Different
features of this black hole solution have been analysed in [61, 117, 118]. An important
remark is that the theory is in a Hagedorn phase and, indeed, the temperature coincides
with the Hagedorn temperature of Little String Theory. For this reason, this solution is a
bit problematic for studying the effect of quarks in a field theory plasma, unlike the finite
temperature solution of Section 2.5.)

3.4.2. Asymptotic Expansions of Generic Solutions

Other solutions of interest have been discussed in [12, 25, 107]. We will summarize the results
but suggest to the interested reader to go over those papers for details of all the metric
functions.

In the UV (for ρ → ∞), two possible asymptotics were found, that were called Class I
and Class II in [25]. Table 1 summarizes the situation.

In the IR (ρ → 0), three types of solutions were found, called Types I, II, and III (there
exist other, qualitatively different solutions reported in [111]). The function P(ρ) in these
cases is

P = −Nfρ + Po +
4
3
c3
+P

2
oρ

3 − 2c3
+NfPoρ

4 +
4
5
c3
+

(
4
3
P 2
o +N

2
f

)
ρ5 +O

(
ρ6

)
, (3.28)

for Type I. For the Type II asymptotics, we assume that this behavior occurs when the IR is
located at ρIR > ρo. Without loss of generality we can choose ρIR = 0. With this choice we then
necessarily have ρo < 0. Expanding Q in (3.21) around ρ = 0 we obtain

Q = b0 + b1ρ +O
(
ρ2

)
, (3.29)
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Table 1: The two classes of leading UV behaviors.

Nf I II
< 2Nc P ∼ Q ∼ |2Nc −Nf |ρ

e2h ∼ 1
2
(2Nc −Nf )ρ

e2g ∼Nc

Y ∼ Nc

4

e4(φ−φo) ∼
e4(ρ−ρo)sinh2(2ρo)

2N2
c (2Nc −Nf )ρ

a ∼ 2
Nc

(2Nc −Nf )e−2(ρ−ρo)ρ

> 2Nc P ∼ −Q ∼ |2Nc −Nf |ρ P ∼ c+e4ρ/3

e2h ∼ 1
4
(Nf −Nc) e2h ∼ 1

4
c+e

4ρ/3

e2g ∼ 1
2
(Nf − 2Nc)ρ e2g ∼ c+e4ρ/3

Y ∼ 1
4
(Nf −Nc) Y ∼ 1

6
c+e

4ρ/3

e4(φ−φo) ∼
e4(ρ−ρo)sinh2(2ρo)

2(Nc −Nf )
2(Nf − 2Nc)ρ

e4(φ−φo) ∼ 1

a ∼ e−2(ρ−ρo)ρ a ∼ 2e−2(ρ−ρo)

= 2Nc P ∼Nc +
√
N2

c +Q2
o ∼

8Nc

(4 − ξ)ξ

e2h ∼ Nc

ξ

e2g ∼ 4Nc

4 − ξ

Y ∼ Nc

4

e4(φ−φo) ∼ e4(ρ−ρo)sinh2(2ρo)
(4 − ξ)ξ
16N3

c

a ∼ 4
ξ
e−2(ρ−ρo)
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where

b0 = − coth
(
2ρo

)(
Qo +

2Nc −Nf

2

)
−

2Nc −Nf

2
,

b1 = − 2

sinh2(2ρo
)
(
Qo +

2Nc −Nf

2

)
−
(
2Nc −Nf

)
coth

(
2ρo

)
.

(3.30)

Looking for IR solutions of (3.24) we find that we must require that b0 > 0. The corresponding
asymptotic solution then takes the following form:

P = Q + h1ρ
1/2 − 1

6b0

(
h2

1 + 12b0
(
b1 +Nf

))
ρ

+
h1

72b2
0

(
5h2

1 + 6
(
5b1 + 2Nf

)
b0 − 72b2

0 coth
(
2ρo

))
ρ3/2 +O

(
ρ2

)
,

(3.31)

where h1 is an arbitrary constant. Note that this expansion for P admits a smooth limit when
ρo → −∞ and so it is valid for both solutions of type A (ρo → −∞).

Finally, for Type III asymptotics we consider ρIR > ρo and we take ρIR = 0. In terms of
the expansion (3.29) this requires that b0 = 0. We then find

P = h1ρ
1/3 −

9Nf

5
ρ − 2h1

3
coth

(
2ρo

)
ρ4/3 − 1

175h1

(
50b2

1 − 18N2
f

)
ρ5/3 +O

(
ρ2

)
, (3.32)

where h1 /= 0 is an arbitrary constant.
To leading order the solutions for large ρ—UV solutions—are quoted in Table 1. It is

the presence of subleading terms that allow the smooth numerical interpolation with three
possible IR behaviors discussed.

The physics of the dual field theory encoded in these solutions was discussed in detail
in [12, 25, 107] by computing various observables using the string solution of (3.1) evaluated
on the solutions above. (Finding a numerical interpolation between the IR solutions and the
solutions of Class I in the far UV is (numerically) delicate. One can see some plots in [112,
Section 5].) We move now to discuss general features of the dual field theory.

3.5. The Dual Field Theory

The proposal here is the following: without the addition of the flavor branes, the field theory
is known to be a twisted version of six-dimensional Yang-Mills, or as we discussed above, a
four-dimensional QFT with an infinite number of massive fields. See Section 3.2.2. To get an
intuitive understanding of the modifications of the dynamics produced by the “quark” fields
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(that feature below), we will consider that all the infinite massive fields are chiral multiplets
and then argue that the dynamics is ruled by a lagrangian of the following form:

L = Tr
[
−1

4
F2
μν − iλγμDμλ + L(Φk,W)

]
∼

∫
d2θWαW

α

+
∑
k

∫
d4θΦ†ke

VΦk +
∫
d2θμk|Φk|2 + · · · .

(3.33)

When the flavor branes come into play, we are adding “quark superfields” that are realized
as the open strings going from the noncompact flavor branes to the compact (or wrapped)
color branes (as usual, the open strings that begin and end on a flavor brane decouple and
do not contribute to the four dimensional dynamics). More concretely, we add the quark and
antiquark superfields (Q, Q̃) and propose that we have a Lagrangian for the massive fields
interacting with the quark-antiquark superfields Q, Q̃ schematically of the following form
(for more details, see [25, Appendix A]):

L
(
Φk,W, Q, Q̃

)
=

∑
k

∫
d4θΦ†

k
eVΦk + κk

∫
d2θQ̃ΦkQ + μk|Φk|2 + · · · , (3.34)

and canonical kinetic terms for (Q, Q̃). In this system, the SU(Nf)L × SU(Nf)R symmetry is
explicitly broken to the diagonal SU(Nf)D by the presence of the coupling Q̃ΦkQ. In this
respect, the theory is qualitatively different fromN = 1 SQCD.

One may be interested in the theory at low energies and hence integrate out the
massive fields (either massive vectors or massive chirals) and after some algebra end with
a theory of the following form (again schematically):

L =
∫
d4θ

(
Q†eVQ + Q̃†e−V Q̃

)
+
∫
d2θWαW

α + κ
∫
d2θ

(
Q̃Q

)2
, (3.35)

where we have a (naively irrelevant) deformation ofN = 1 SQCD.
We emphasize that this is an intuitive way of understanding the field theory dual to the

flavored system described above. As we will summarize below there are various observables
that can be computed that match the predicted (or expected) result. So, the precise dual QFT
should be something similar to what we described above, or at least with the same qualitative
physics.

3.6. Checks and Predictions

This subsection summarizes results developed in [12, 25, 107]. There is a point that should
be emphasized here. All the solutions to the BPS equations or the master equation (3.24) that
have been found up to the time of writing this review present a singularity in the IR (typically
at ρ = 0). In spite of this being a “good singularity” according to some criteria developed in
the literature [73], the presence of the singularity makes the interpretation of IR observables
a bit unclear. In other words, though one gets the “correct or expected” result, one should
perhaps handle those particular computations with care.
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Let us then concentrate on various quantities computed in the UV and then we will
specify some that are mostly influenced by the IR of the geometry.

3.6.1. Beta Function and Anomalies

The gauge coupling and the theta angle of the dual QFT can be defined as explained in
various places; see, for example, [107, Section 4.1] or [25, Section 5]. One gets, after some
algebra, that the gauge coupling is related to the functions of the background as

8π2

g2
= e−τP. (3.36)

Choosing a particular radius-energy relation, that was discussed in [119–121], one can
compute the variation of the coupling with respect to energy. Using the solutions where the
dilaton asymptotes to a linear function (e4φ ∼ e4ρ/ρ) and working to leading order in an
expansion in inverse powers of the radial coordinate, we get

β8π2/g2 =
3
2
(
2Nc −Nf

)
, (3.37)

that coincides with the result predicted by the NSVZ result, once we assign anomalous
dimensions to the quark superfields γQ = γQ̃ = −1/2.

Similarly, one can define a geometrical quantity that can be associated with the quartic
coupling. See [107, Section 4.2]. The beta function can be computed using the anomalous
dimensions discussed above and again get matching with the interesting fact that for Nf >
2Nc the quartic coupling is irrelevant, for Nf < 2Nc the coupling is relevant, while for Nf =
2Nc the coupling is not running. See [72] for a nice explanation of this fact.

One can also assign a value of the R-charge to the quark superfields to get the correct
R-symmetry transformation properties of the quartic superpotential of (3.35), that is, R[Q] =
R[Q̃] = 1/2. This predicts that the R-symmetry anomaly, the triangle with one R-current and
two gauge currents, is proportional to the quantity (2Nc −Nf) times the phase by which we
are rotating the fermions. This is the precise result that the string background gives. Indeed,
if we compute the Θ-angle as explained in [107, Section 4.1] or in [25, Section 5], we will get

Θ =
ψ − ψ0

2
(
2Nc −Nf

)
, (3.38)

where we associated (ψ − ψ0)/2 with the change in phase of the fermions in the quark
multiplet and the gauge multiplet to get perfect matching. In the same vein, it is possible to
attempt a ’t Hooft matching of anomalies, that is of triangles involving three global currents.
The reader will find it quite instructive to go over [107, Section 4.7]. There, a detailed study
of the matching of the correlator of three global currents—some of them corresponding
to discrete symmetries, some of them being continuous symmetries—is presented. The
treatment is performed in the case of Type A backgrounds, that are characterized by the
fact that the functions are a = b = 0 in (3.1). This translates to the fact that the R-symmetry is
broken to Z2Nc−Nf without the further (spontaneous) breaking to Z2.
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3.6.2. Seiberg Duality

It is known that Seiberg duality manifests beautifully in a QFT like the one of (3.35). This
is explained in [72, Section 1.10]. The backgrounds discussed here show this in a very nice
way. Indeed, as discussed, for example, in [25], we can see that the master equation (and the
whole system) is invariant under the following change:

P −→ P, Q −→ −Q, σ −→ −σ, Nc −→Nf −Nc, Nf −→Nf, (3.39)

while all other functions are invariant. Geometrically, this change amounts to swapping the
two S2 in the background, namely, those parameterized by θ, ϕ and θ̃, ϕ̃ in (3.1). This should
be interpreted as follows: suppose that we are presented with a background, representing
the dynamics of a field theory with Nc colors and Nf flavors. This implies that we have a
particular solution to the master equation (3.24) for the function P . With this solution, and
applying the changes of (3.39), we can construct another solution, that will be related to
the first one by a differomorphism and that will describe the physics of a field theory with
Nf −Nc colors andNf flavors. Various aspects of this interesting duality have been discussed
in [25, 79, 107] and probably elsewhere.

The implementation of Seiberg duality in N = 1 subcritical string models was
discussed in [57, 122]. One can think of the sphere exchange mentioned above as being
the geometrical version of the mechanism described in these papers. Interestingly, similar
methods were used to propose a non-supersymmetric Seiberg duality in [123].

3.7. IR Physics: Domain Walls and Some Comments on Wilson/’t Hooft Loops

One observable that can be computed and that strongly depends on the ρ → 0 region of
the solution (the IR) is the tension of domain walls. Indeed, domain walls can be thought
of as D5-branes that wrap a three cycle inside the internal six-dimensional manifold and that
extend on two of the Minkowski directions (and time, of course). We can compute the tension
of a wall by considering a probe D5-brane that sits on the manifold Σ6 = [t, x1, x2, θ̃, ϕ̃, ψ], at
constant ρ = 0, constant θ, ϕ. The Born-Infeld action for this probe can be computed and one
reads that the effective tension is given by (see, e.g., [12, Section 5.6]):

TDW = 4π2e2φ+2g+kTD5, (3.40)

which, when evaluated at ρ = 0, gives a constant proportional to 2Nc − Nf. (This would
indicate that the walls are tensionless for Nf = 2Nc, a particular point of the QFT previously
discussed, where it was argued that conformal symmetry is developed.) This is a good
example for an observable, since even when a singularity is present (this typically reflects
in some of the functions of the background being divergent), the combination above is finite.
This is typical of “good singularities”. There are other observables that can be computed using
D-branes or fundamental strings; examples of these are Wilson or ’t Hooft loops. A similar
conspiracy of functions that avoids an infinite result occurs here. Nevertheless, one should
be quite careful with these quantities as noted above. Indeed, it was found in [112, Section 5]
that for the particular case of the backgrounds studied in this section, the Nambu-Goto action
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for the fundamental string might cease to be a good approximation as the string develops a
cusp when approaching the singularity.

In other words, we believe that the solutions presented in this section surely capture
correctly many UV aspects of the field theory, together with some IR observables. Probably,
we could think of the presence of the singularity in the same way as we think about the
singularity in the Klebanov-Tseytlin background that captures some of the physics, but some
is lost and the singularity must be resolved. (In contrast to what happens for the solutions
discussed here, the Klebanov-Tseytlin background presents a bad singularity and the IR
physics computed with that solution is not trustable.) There are different ways of attempting
a resolution of the singularity, for example, considering massive quarks. This is under present
study.

3.7.1. Wilson Loops and First-Order Phase Transitions

One can consider the situation (of course, this is an idealized situation) in which all the
flavors are massive and with a fixed sharp mass M0 (corresponding to a given value of the
radial coordinate, that we call ρ = m0). The way to model this in a first approximation is to
consider Nf(ρ) =NfΘ(ρ−m0), where Θ(ρ) is a Heaviside step function. Once again, there is
some dynamics that is being lost in doing this, for example, the matching of the derivatives
of the solutions is not smooth at the point ρ = m0 and the curvature of the background
is not well defined at that point. Nevertheless, it is possible (within this approximately
correct way of proceeding) to find a solution that for energies below the scale set by m0

corresponds to the theory without flavors, say those discussed around (3.9), and far in the
UV corresponds to the flavored theory, as represented by solutions of the Class I in Table 1.
One can then compute the Wilson loop following the well-known prescription [124, 125].
This was done explicitly in [126]. The qualitative result is the following: for a range of
ratios between the mass of the quarks M0 and the value of the gaugino condensate set by
the function a(ρ) one observes that the relation between the quark-antiquark potential VQQ
and their separation LQQ presents a first-order transition. (Notice that we should talk of a
“Quantum” phase transition, as the system is at zero temperature.) In other words, a point
where dVQQ/dLQQ is discontinuous. The same kind of behavior was observed in systems
where a more careful study is possible. Indeed, in the backreacted Klebanov-Witten (see
Section 2) and Klebanov-Strassler (see Section 5) models, it was possible to find the precise
form for the function p(ρ)—that shows that the “Heaviside approximation” described above
is not a bad one. The same qualitative behavior for the first-order phase transition was found
in [26, 127, 128].

This kind of first-order transitions for the Wilson loop string configurations is by
no means particular of systems with dynamical fundamental fields. In fact, they were first
found in a different context in [129], where a nice connection between these Wilson loops
computations and the Van der Waals gas (paradigm of the first order transition) was put
forward (further discussions can be found, e.g., in [112, 127]). Different examples of such
phase transitions in systems without flavors have been worked out in [130, 131].

The “morale” seems to be the following: when we have a physical system that has two
independent scales (i.e., two scales that can be tuned independently, in the present example,
the mass of the quarks M0 and the gaugino condensate Λ3) the first-order phase transition
for the quantity VQQ(LQQ) will be present. Of course, like in any other first-order transition,
it will happen that the discontinuity in the derivative will disappear for some ratio between
the scales mentioned above.
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4. A Dual to a (2+1)-DimensionalN = 1 SQCD-Like Model

In this section we will study gravity duals to minimal supersymmetric theories in 2+1
dimensions. These backgrounds can be obtained by wrapping D5-branes along three cycles
of manifolds with G2 holonomy [132–134]. The corresponding field theory dual is a (2+1)-
dimensional N = 1 supersymmetric U(Nc) Yang-Mills theory with a level k Chern-Simons
interaction. Such a theory coupled to an adjoint massive scalar field should arise on the
domain walls separating the different vacua of pure N = 1 super-Yang-Mills in 3+1
dimensions. The corresponding unflavored background was studied in [133], where it was
argued to be dual to a U(Nc) gauge theory with Chern-Simons level k = Nc/2. In what
follows we will review a generalization of these results, following closely [135]. We will
present the deformation of the background of [132–134] induced by a smeared distribution of
massless flavors. In order to formulate these generalized backgrounds, let σi andωi(i = 1, 2, 3)
be two sets of SU(2) left-invariant one forms, obeying

dσi = −1
2
εijkσ

j ∧ σk, dωi = −1
2
εijkω

j ∧ωk. (4.1)

The forms σi and ωi parameterize two three-spheres. In the geometries we will be dealing
with, these spheres are fibered by a one-form Ai. The corresponding ten-dimensional metric
of the type IIB theory in the Einstein frame is given by

ds2 = eφ/2

[
dx2

1,2 + dr
2 +

e2h

4

(
σi

)2
+
e2g

4

(
ωi −Ai

)2
]
, (4.2)

where φ(r) is the dilaton of type IIB supergravity and g and h are functions of the radial
variable r. In addition, the one-form Ai will be taken as

Ai =
1 +w(r)

2
σi, (4.3)

with w(r) being a new function of r. For convenience in this section we will take gs = α′ = 1,
as we did in Section 3. The backgrounds considered here are also endowed with an RR three-
form F3. We will represent F3 as the sum of two contributions:

F3 = F3 + f3, (4.4)

where dF3 = 0 and f3 is the part of the RR three-form which is responsible for the violation
of the Bianchi identity (df3 /= 0) and which is sourced by the flavor D5-branes. Let us first
parametrize the component F3 as

F3

Nc
= −1

4

(
ω1 − B1

)
∧
(
ω2 − B2

)
∧
(
ω3 − B3

)
+

1
4
Fi ∧

(
ωi − Bi

)
+H, (4.5)
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where Bi is a new one-form and Fi are the components of its field strength, given by

Fi = dBi +
1
2
εijkB

j ∧ Bk. (4.6)

In (4.5)H is a three-form that is determined by imposing the Bianchi identity for F3, namely

dF3 = 0. (4.7)

By using (4.1) one can easily check from the explicit expression written in (4.5) that, in order
to fulfill (4.7), the three-form H must satisfy the following equation:

dH =
1
4
Fi ∧ Fi. (4.8)

In what follows we shall adopt the following ansatz for Bi:

Bi =
1 + γ(r)

2
σi, (4.9)

where γ(r) is a new function. After plugging the ansatz of Bi written in (4.9) into (4.6), one
gets the expression for Fi in terms of γ(r):

Fi =
γ ′

2
dr ∧ σi +

γ2 − 1
8

εijkσ
j ∧ σk, (4.10)

where the prime denotes the derivative with respect to the radial variable r. Using this result
for Fi in (4.8) one can easily determine the three-form H in terms of γ . Let us parameterize
H as

H =
1

32
1
3!
H(r)εijkσi ∧ σj ∧ σk. (4.11)

Then, by solving (4.8) for H, one can verify thatH(r) is the following function of the radial
variable:

H = 2γ3 − 6γ + 8κ, (4.12)

with κ being an integration constant.
Let us now consider the contribution f3 to the RR three-form F3. As explained above,

this contribution violates the Bianchi identity and is nonzero when flavor branes are present.
Indeed, let us write the WZ term of the action of a system of flavor D5-branes as

SWZ
flavor = T5

∫

M10

Ω ∧ C6, (4.13)
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with Ω being a four-form with components along the space transverse to the worldvolume
of the branes. Then, the coupling to the RR potential C6 written in (4.13) gives rise to the
following modified Bianchi identity:

dF3 = df3 = 4π2Ω. (4.14)

To write a specific ansatz for Ω and f3 we have to select some family of supersymmetric
embeddings for the flavor branes. As explained above, this can be done by using kappa
symmetry. In the simplest case one looks for massless embeddings, which extend along the
full range of the radial coordinate r. Those are the configurations considered in [135], in
which the D5-brane is extended along the three Minkowski directions xμ as well as along a
three-dimensional cylinder spanned by r and two other angular directions. Actually, it was
shown in [135] that these two angular directions could be the ones corresponding to σ3 and
ω3. The corresponding transverse volume for this configuration is just

Vol
(
Y1,2

4

)
= σ1 ∧ σ2 ∧ω1 ∧ω2. (4.15)

However, there is nothing special in our background about these directions. Indeed, both
in the metric and in the RR three-form F3, we are adopting a round ansatz which does not
distinguish among the directions of the two three-spheres. Thus we could as well consider
supersymmetric cylinder embeddings that span the σ1, ω1 or σ2, ω2 directions. The volume
forms of the spaces transverse to these embeddings are clearly

Vol
(
Y2,3

4

)
= σ2 ∧ σ3 ∧ω2 ∧ω3, Vol

(
Y1,3

4

)
= σ1 ∧ σ3 ∧ω1 ∧ω3. (4.16)

To construct a backreacted supergravity solution with the same type of ansatz as in (4.2)
we should consider a brane configuration that combines these three possible types of
embeddings in an isotropic way. The corresponding transverse volume form Vol(Y4) of this
three-branch brane system would be just the sum of the three four-forms written in (4.15)
and (4.16). The corresponding smearing form Ω is obtained by multiplying by the suitable
normalization factor, namely,

Ω = −
Nf

16π2
Vol(Y4) = −

Nf

64π2
εijkεilmσ

j ∧ σk ∧ωl ∧ωm, (4.17)

where the minus sign has its origin in the different orientation (required in the kappa
symmetry analysis of [135]) of the D5-brane worldvolume with respect to the ten-
dimensional space. It is now straightforward to use the Ω written in (4.17) and get an
expression of f3 whose modified Bianchi identity is the one of (4.14). One has

f3 =
Nf

8
εijk

(
ωi − σ

i

2

)
∧ σj ∧ σk. (4.18)

Equation (4.18) completes our ansatz for the general flavored case. Using these expressions of
the metric and RR three-form in the supersymmetry variations of the dilatino and gravitino
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of type IIB supergravity, after imposing that the background preserves two supersymmetries,
we arrive at a system of first-order BPS equations. These equations, which are rather involved,
have been derived and analyzed in detail in [135]. They admit several consistent truncations
which lead to simpler solutions. One can, for example, first consider the unflavored caseNf =
0. If, in addition, we require that the function g is constant and that the fibering functions w
and γ are equal, our ansatz reduces to the one considered in [132–134]. Actually, in this case
the BPS equations fix the value of g to be e2g = Nc and, in order to have a regular solution,
one should take the constant κ of (4.12) to be equal to 1/2 (κ is related to the Chern-Simons
level k of the dual field theory). Other unflavored solutions exist and have been studied in
detail in [135]. Here we will concentrate on reviewing the case in which Nf /= 0, starting from
a particular truncation of the BPS system which is very interesting and serves to classify the
different more involved solutions in the UV.

4.1. The Truncated System

In this section we will analyze the truncation of the general system of BPS equations that
corresponds to taking w = γ = κ = 0. In this case the BPS equations of [135] for the remaining
functions h and g of the metric and for the dilaton φ consistently reduce to the following
simple system of differential equations:

φ′ =Nce
−3g − 3

4
(
Nc − 4Nf

)
e−g−2h,

h′ =
1
2
eg−2h +

Nc − 4Nf

2
e−g−2h,

g ′ = e−g − 1
4
eg−2h −Nce

−3g +
Nc − 4Nf

4
e−g−2h.

(4.19)

By inspecting the system (4.19) one readily realizes that there is a special solution for which
the metric functions h and g are constant. Actually this solution only exists when Nc < 2Nf

and the corresponding expressions for g and h are the following:

e2g = 4Nf −Nc, e2h =
1
4

(
4Nf −Nc

)2

2Nf −Nc

(
Nc < 2Nf

)
, (4.20)

while the dilaton grows linearly with the holographic coordinate r, namely,

φ =
2
(
3Nf −Nc

)
[
4Nf −Nc

]3/2
r + φ0. (4.21)

Let us next consider solutions for which the function h is not constant. In this case we
can use ρ = e2h as a radial variable and one can define a new function F(ρ) as F(ρ) = e2g . It
follows from (4.19) that the BPS equation for F(ρ) is now,

dF

dρ
=

(F −Nc)
(
2 − F/2ρ

)
−
(
2Nf/ρ

)
F

F +Nc − 4Nf
, (4.22)
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while the equation for the dilaton as a function of ρ can be written as,

dφ

dρ
=

Nc

F
(
F +Nc − 4Nf

)
[

1 − 3
4ρ

(
1 −

4Nf

Nc

)
F

]
. (4.23)

Moreover, from the second equation in (4.19) we can obtain the relation between the two
radial variables r and ρ, namely,

dr

dρ
=

√
F
(
ρ
)

F
(
ρ
)
+Nc − 4Nf

. (4.24)

Notice that the sign of the right-hand side of (4.24) could be negative when Nf /= 0. This
means that we have to be careful in identifying the UV and IR domains in terms of the new
radial variable ρ. We can use the result of integrating (4.22)–(4.24) to obtain the metric in
terms of the new variable ρ, which takes the following form:

ds2 = eφ/2

[
dx2

1,2 +
(
dr

dρ

)2(
dρ

)2 +
ρ

4

(
σi

)2
+
F

4

(
ωi −Ai

)2
]
. (4.25)

Let us now study the different solutions of (4.22)-(4.23).

4.1.1. Linear Dilaton Backgrounds

When Nf = 0, (4.22) can be simply solved by taking F = Nc. However, it is clear from (4.22)
that in the flavored case F = Nc is no longer a solution of the equations. Nevertheless, there
are solutions for which this constant value of F is reached asymptotically when ρ → ∞.
Indeed, one can check this fact by solving (4.22) as an expansion in powers of 1/ρ. One gets:

F =Nc +NcNf
1
ρ
− 3

4
NcNf

(
Nc − 4Nf

) 1
ρ2

+ · · ·
(
ρ −→ ∞

)
. (4.26)

By plugging the expansion (4.26) into (4.23) one can prove that when Nc /= 2Nf , these
solutions have a dilaton that depends linearly on ρ in the UV and, actually, one can verify
that

dφ

dρ
=

1
2
(
Nc − 2Nf

) −
3N2

c − 12NcNf + 16N2
f

8
(
Nc − 2Nf

)2

1
ρ
+ · · ·

(
ρ −→ ∞

)
. (4.27)

Notice the different large ρ behavior of the dilaton in the two cases Nc > 2Nf and Nc < 2Nf .
Indeed, when Nc > 2Nf, the dilaton grows linearly with the holographic coordinate ρ (the
behavior expected for a confining theory in the UV), while for Nc < 2Nf the field φ decreases
linearly with ρ. This seems to suggest that the sign of the beta function of the dual gauge
theory depends on Nc and Nf through the combination Nc − 2Nf . Actually one can verify
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by means of a probe calculation in the complete system that the beta function is positive for
Nc > 2Nf and changes its sign when Nc < 2Nf [135].

Equation (4.22) can be solved numerically by imposing the behavior (4.26) for large ρ.
Once F(ρ) is known, one can obtain the dilaton φ(ρ) by direct integration of the right-hand
side of (4.23). The result of this numerical calculation was analyzed in detail in [135]. Let us
only mention here that, in the most interesting case Nc > 2Nf , the function F diverges for
ρ → 0, while the dilaton φ remains finite for small ρ. This bad IR behavior of F is cured in
the untruncated solution with the same leading UV form of F and φ but with w, γ /= 0 (see
below).

4.1.2. Flavored G2 Cone

Let us now consider the solution of (4.22) and (4.23) that leads to a metric which is
asymptotically a G2-cone with constant dilaton in the UV. It can be checked that there exists
a solution of (4.22) which can be expanded for large values of ρ as

F =
4
3
ρ + 4

(
Nf −Nc

)
+

15N2
c − 39NcNf + 24N2

f

ρ
+ · · · . (4.28)

The corresponding expansion for φ(ρ) is

φ = φ∗ −
9Nf

4
1
ρ
− 27

32
Nc

(
Nc + 2Nf

) 1
ρ2

+ · · · , (4.29)

where φ∗ is the constant limiting value of φ in the UV. In order to explore the asymptotic form
of the metric for large ρ, it is convenient to perform a change in the radial variable, namely

ρ =
1
3
τ2, (4.30)

in terms of which the metric asymptotically becomes the one corresponding to the direct
product of (2+1)-dimensional Minkowski space and a seven-dimensional cone with G2

holonomy, namely

ds2 ≈ eφ∗/2

⎡
⎣dx2

1,2 + (dτ)2 +
τ2

12

(
σi

)2
+
τ2

9

(
ωi − σ

i

2

)2
⎤
⎦. (4.31)

To find the solution in the whole range of the radial coordinate one can numerically integrate
the system (4.22)-(4.23) by imposing the asymptotic behavior (4.28) to the function F(ρ).
For Nc ≥ 2Nf one can show that F(ρ) is welldefined for ρ > 0 while it diverges for ρ →
0 (see [135] for further details). Notice that, at least in the unflavored case Nf = 0, it is
natural to regard these solutions with finite dilaton in the UV as corresponding to D5-branes
wrapped on a three-cycle of aG2 cone, in which the near horizon limit has not been taken and,
thus, as we move towards the large ρ region the effect of the branes on the metric becomes
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asymptotically negligible and we recover the geometry of the G2 cone where the branes are
wrapped.

4.2. The Complete System

Let us now consider the solutions of the BPS equations for our general ansatz. These complete
BPS equations have been derived in [135, Appendix A]. Here we will restrict ourselves from
now on to the cases with Nc > 2Nf , which are the ones that lead to more sensible solutions.
As in the truncated case of Section 4.1, we will use ρ = e2h as radial variable and F = e2h as a
function of ρ. In order to solve the general BPS equations we must impose initial conditions
to the functions w(ρ) and γ(ρ) introduced in (4.3) and (4.9), and we must fix the value of
the constant κ of (4.12). These initial conditions are determined by imposing some regularity
requirements at ρ = 0 that we now review (see [135] for additional details). First of all, we
will demand that the function F approaches a constant finite value when ρ → 0 (i.e., F ∼ F0

for ρ → 0). In order to fix the value of the functionw(ρ) at ρ = 0 let us recall (see (4.3)) thatw
parameterizes the one-formAi which, in turn, determines the mixing of the two three-spheres
in the ten-dimensional fibered geometry. The curvature of the gauge connection Ai (defined
as in (4.6) with Bi → Ai) determines the nontriviality of this mixing. When this curvature
vanishes, one can choose a new set of three one-forms in which the two three-spheres are
disentangled in a manifest way and one can factorize the directions parallel and orthogonal
to the color brane worldvolume in a well-defined way. From the wrapped brane origin of our
solutions, one naturally expects such an unmixing of the two S3’s to occur in the IR limit ρ = 0
of the metric. Moreover, by a direct calculation using (4.1) it is easy to verify that for w = 1
the curvature of the one-form Ai vanishes. Thus, it follows that the natural initial condition
for w(ρ) is

w
(
ρ = 0

)
= 1. (4.32)

Actually, the three-cycle that the color branes wrap can be identified with the one that shrinks
when ρ → 0, which is the one given by

Σ ≡
{
ωi = σi

}
. (4.33)

In order to have a nonsingular flux at the origin, the RR three-form F3 should vanish on Σ
when ρ → 0. It is easy to check that this occurs if the constant κ takes the following value:

κ =
1
2
−

3Nf

2Nc
. (4.34)

Actually, (4.34) is also a necessary condition to have a finite dilaton at ρ = 0. Indeed, it was
shown in [135] that, in addition to (4.34), the dilaton remains finite in the IR if the function
γ(ρ) takes the following value for ρ = 0:

γ
(
ρ = 0

)
= 1 −

2Nf

Nc
. (4.35)



64 Advances in High Energy Physics

Equations (4.32) and (4.35) provide the initial conditions for the functions w and γ we were
looking for.

4.2.1. Asymptotic Linear Dilaton

As explained above, we are interested in solutions of the BPS equations such that
asymptotically F is constant. Actually, by solving the BPS system in powers of 1/ρ, one can
check that there are solutions in which F has the following asymptotic behavior:

F =Nc +
a1

ρ
+
a2

ρ2
+
a3

ρ3
+ · · · , (4.36)

where the coefficients a1, a2, and a3 are given by

a1 =NfNc,

a2 = −3
4
NcNf

(
Nc − 4Nf

)
,

a3 =
NfNc

16

[
21N2

c − 148NfNc + 240N2
f

]
.

(4.37)

Notice that the first two terms in (4.36) and (4.37) coincide with the one written in (4.26) for
the truncated system. Similarly, the functions w and γ can be represented as

w =
b1

ρ
+
b2

ρ2
+
b3

ρ3
+ · · · ,

γ =
c1

ρ
+
c2

ρ2
+
c3

ρ3
+ · · · ,

(4.38)

where the coefficients bi and ci are the following:

b1 = c1 =
1
2
(
Nc − 3Nf

)
,

b2 = c2 =
5
8
(
Nc − 3Nf

)(
Nc − 2Nf

)
,

b3 =
1
32

(
Nc − 3Nf

)[
49N2

c − 184NcNf + 204N2
f

]
,

c3 =
1
32

(
Nc − 3Nf

)[
49N2

c − 208NfNc + 252N2
f

]
.

(4.39)

Moreover, for Nc > 2Nf the dilaton grows linearly with ρ as in (4.27), that is, φ ∼ ρ/[2(Nc −
2Nf)] for large ρ.

The solution for the full range of the holographic coordinate can be found by numerical
integration of the BPS system with the IR regularity conditions (4.32), (4.34), and (4.35) and
with F(ρ = 0) = F0 finite. One has to perform an interpolation between the ρ → 0 and
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ρ → ∞ behaviors by means of a shooting technique in which the only free parameter F0 is
varied until a solution with F(ρ) ≈ Nc for large ρ is obtained (which only occurs when F0 is
fine tuned to a very precise value).

After obtaining this solution of the equations of motion of the gravity plus brane
system, we can see if it incorporates some of the features that the supergravity dual of
2+1-dimensional gauge theory plus flavors should exhibit. In particular, we can study the
evolution of the gauge coupling constant with the holographic coordinate. In order to do
that, let us consider a D5-brane probe extended along the three Minkowski directions and
wrapping the internal three-cycle Σ defined in (4.33) at a fixed value of the holographic
coordinate ρ. By looking at the F2 terms in the DBI action of this probe, we get the value
of the Yang-Mills coupling constant of the dual (2+1)-dimensional gauge theory, namely,

1
g2

YM

∼ e−(3/4)φ
∫

Σ

√
−det

(
Ĝ3

)
d3ξ ∼

[
ρ +

F

4
(1 −w)2

]3/2

, (4.40)

where Ĝ3 is the induced metric on the three-cycle Σ and we have neglected all constant
numerical factors. Due to our initial condition (4.32), the right-hand side of (4.40) vanishes
for ρ = 0, which corresponds to having g2

YM → ∞ in the IR, as expected in a confining
theory. Moreover, 1/g2

YM grows as we move towards the UV region ρ → ∞, in agreement
with the expected property of asymptotic freedom. Other gauge theory observables for these
backgrounds, such as the Wilson loops, can be also analyzed (see [135]). Notice that, despite
the regularity conditions we have imposed, in the flavored caseNf /= 0 the explicit calculation
of the scalar curvature for the linear dilaton solutions shows that the metric is singular at the
origin of the radial coordinate. Notice that, as argued for other backgrounds, it is physically
reasonable to expect that massless flavors drastically alter the backreacted geometry in the
deep IR. However, as our initial conditions are such that the dilaton is finite at the origin, the
value of the gtt component of the metric is also bounded and then, according to the criterium
of [73], the singularity is “good” and the background can be used to extract nonperturbative
information of the dual gauge theory.

4.2.2. Asymptotic G2 Cones

When F(ρ = 0) takes values in a certain range, the solutions of the BPS equations lead to
the metric (4.31) at the UV, which is the direct product of 2+1-dimensional Minkowski space
and a G2 cone. The solutions in this case are very similar in the UV to the ones discussed in
Section 4.1.2 (with better IR behavior) and we will not discuss them further here. Let us only
mention that the asymptotic values of F, w, and γ for ρ → ∞ can be determined analytically
and are given by

F ≈ 4
3
ρ + 4

(
Nf −Nc

)
+ · · · ,

w ≈
3
(
Nc − 3Nf

)

2ρ
+ · · ·

(
ρ −→ ∞

)
,

γ ≈ 1
3
−
Nf

Nc
+ · · · .

(4.41)
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5. Flavors in the Klebanov-Strassler Model

The so-called Klebanov-Strassler (KS) solution [13] is dual to a cascading, confining theory,
and has been a popular and successful laboratory in which to study numerous issues related
to gauge-gravity duality and to cosmology. The gauge theory lives on a stack of regular and
fractional D3-branes at the tip of the deformed conifold, as we now briefly review.

The deformed conifold is a regular, six-dimensional, noncompact manifold defined by
the equation z1 z2 − z3 z4 = μ̂2 in C

4. When the complex deformation parameter μ̂ is turned
off, it reduces to the singular conifold, which is invariant under complex rescaling of the
zi. The base of the conifold has SU(2) × SU(2) × U(1) isometry and S2 × S3 topology. The
deformation parameter breaks the scale invariance, produces a blown-up S3 at the apex of
the conifold, and breaks the U(1) isometry to Z2.

The low-energy dynamics of N regular and M fractional D3-branes on the deformed
conifold is described by a cascadingN = 1 4D gauge theory with gauge group SU(N +M) ×
SU(N) and bifundamental matter fields A,B transforming as SU(2) × SU(2) doublets and
interacting with a quartic superpotential WKW = εijεkl Tr[AiBkAjBl]. The dual to this theory
is the KS solution [13], that is relevant for the N = nM case, where n is an integer. The related
theory develops a Seiberg duality cascade which stops after n−1 steps when the gauge group
is reduced to SU(2M) × SU(M). The regular KS solution precisely accounts for the physics
of an A ↔ B-symmetric point in the baryonic branch of the latter theory, which exhibits
confinement and U(1)R → Z2N → Z2 where the second breaking is due to the formation
of a gluino condensate 〈λλ〉 ∼ Λ3

IR. The complex parameter μ̂ is the geometric counterpart of
this condensate.

In this section, we will discuss how the solution is modified when a smeared
distribution of D7-branes is introduced. In the dual theory, they correspond to fundamental
fields, but the precise way in which they couple to the rest of fields depends on the D7-brane
embeddings, as we will discuss below. In what follows, we only discuss cases in which the
flavor D7-branes do not break any supersymmetry, such that the four-dimensionalN = 1 of
the KS solution is preserved. The material we summarize in this section was developed in
[68, 69, 127, 136].

5.1. Backreaction with Nonchiral Flavors

5.1.1. Brane Embeddings

Let us start by choosing an appropriate family of supersymmetric D7-brane embeddings. A
particularly interesting example is given by D7-branes wrapping the holomorphic 4-cycle
defined by an equation of the following form [80]:

z1 − z2 = μ, (5.1)

where μ is a constant. It was shown in [80] that this embedding is κ-symmetric and hence
preserves the four supercharges of the deformed conifold theory.

A D7-brane wrapping the 4-cycle defined above is conjectured to add a massless (if
μ = 0) or massive (anti)fundamental flavor to a node of the KS model. The resulting gauge
theory is said to be “nonchiral” because the flavor mass terms do not break the classical
flavor symmetry of the massless theory. The related perturbative superpotential is just as in
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Figure 6: The quiver diagram of the gauge theory. Circles are gauge groups, squares are flavor groups, and
arrows are bifundamental chiral superfields. Nf1 and Nf2 sum up to Nf .

the singular conifold case [43], which we wrote in (2.14). The complex mass parameter m
in W is mapped to the geometrical parameter μ. The different fields are summarized in the
quiver diagram of Figure 6.

By acting on this fiducial embedding (5.1) with the generators of the broken
symmetries, we can build the family of embeddings over which we want to smear. This is
the obvious generalization to the deformed conifold case of the discussion in Section 2 and,
in fact, a generic nonchiral embedding is still given by (2.17).

5.1.2. The Ansatz

We now write the ansatz for the metric and forms. It is similar to the ansatz for the KS
solution, but, due to the presence of D7-branes, the RR one-form F(1) is non-trivial and the
dilaton runs. It is useful to introduce the gi one-forms used in [13]:

g1 =
− sin θ1dϕ1 − cosψ sin θ2dϕ2 + sinψdθ2√

2
, g2 =

dθ1 − sinψ sin θ2dϕ2 − cosψdθ2√
2

,

g3 =
− sin θ1dϕ1 + cosψ sin θ2dϕ2 − sinψdθ2√

2
, g4 =

dθ1 + sinψ sin θ2dϕ2 + cosψdθ2√
2

,

g5 = dψ + cos θ1dϕ1 + cos θ2dϕ2.

(5.2)

The Einstein frame metric ansatz is (a more generic form of the ansatz was used in
[68, 69, 127]; by requiring supersymmetry and performing some algebra, one ends up with
(5.3); we will skip those intermediate steps here for the sake of briefness)

ds2 = h−1/2(τ)dx2
1,3 + h

1/2(τ)
1
2
μ̂4/3e−φ(τ)/3K(τ)

×
[

1
3K3(τ)

(
dτ2+

(
g5

)2
)
+cosh2

(τ
2

)((
g3

)2
+
(
g4

)2
)
+sinh2

(τ
2

)((
g1

)2
+
(
g2

)2
)]

,

(5.3)

where μ̂ is the complex deformation parameter of the conifold, dx2
1,3 denotes the four-

dimensional Minkowski metric, and K(τ), h(τ), and the dilaton φ are unknown functions
of the radial variable to be determined. (The relation of the zi complex variables as used
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above to the τ, θ1, ϕ1, θ2, ϕ2, ψ coordinates can be found, for instance in [127]. The embedding
equation (2.17) expressed in terms of the “deformed conifold τ variable” looks the same in
terms of the “backreacted ansatz τ variable”. See [127] for details.)

For the forms we will adopt the following ansatz:

F5 = dh−1(τ) ∧ dx0 ∧ · · · ∧ dx3 − ḣ
μ̂8/3

16
e−2φ/3sinh2τK2g1 ∧ g2 ∧ g3 ∧ g4 ∧ g5,

B2 = gsα′
M

2

[
fg1 ∧ g2 + kg3 ∧ g4

]
,

H3 = gsα′
M

2

[
dτ ∧

(
ḟg1 ∧ g2 + k̇g3 ∧ g4

)
+

1
2
(
k − f

)
g5 ∧

(
g1 ∧ g3 + g2 ∧ g4

)]
,

F1 = gs
Nfp(τ)

4π
g5,

F3 = gsα′
M

2

{
g5 ∧

[(
F +

gsNfp(τ)
4π

f

)
g1 ∧ g2 +

(
1 − F +

gsNfp(τ)
4π

k

)
g3 ∧ g4

]

+Ḟdτ ∧
(
g1 ∧ g3 + g2 ∧ g4

)}
,

(5.4)

where f = f(τ), k = k(τ), F = F(τ) are functions of the radial coordinate (and where the dot
denotes derivatives with respect to τ). We have implemented the self-duality condition for
F5.

Notice that, consistently, dF1 = −gsΩ, where Ω is the symmetry preserving D7-brane
density distribution form analogous to (2.31):

Ω =
Nf

4π
(
p(τ)

(
sin θ1dθ1 ∧ dϕ1 + sin θ2dθ2 ∧ dϕ2

)
− ṗ(τ)dτ ∧ g5

)
. (5.5)

When quarks are massless [68, 69], one just has p(τ) = 1, whereas p(τ) becomes nontrivial
when quarks are massive. In what follows, we will keep p(τ) generic. We refer the reader to
[127] for the computation of p(τ) from the massive nonchiral brane embeddings (2.17). The
source contributions to the modified Bianchi identities for F3 and F5

dF3 = H3 ∧ F1 − gsΩ ∧ B2,

dF5 = H3 ∧ F3 −
1
2
gsΩ ∧ B2 ∧ B2

(5.6)

follow from the WZ term of the smeared D7-brane action [127]. Given (5.4) and (5.5),
equations in (5.6) are satisfied provided that

ḣ
μ̂8/3

16
e−2φ/3sinh2τK2 = const − 1

4
(
gsα

′M
)2

[
f −

(
f − k

)
F +

gsNf

4π
p(τ)fk

]
. (5.7)
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5.1.3. The BPS Equations

By requiring the vanishing of the bulk fermionic supersymmetry variations, one finds a set
of first-order BPS equations. The computation is lengthy but straightforward and was carried
out in [68, 69] (since in that paper p(τ) = 1, the substitution Nf → Nfp(τ) has to be
implemented in the equations of [68, 69]). In the present notation, the differential equations
are

φ̇ =
gsNfp(τ)

4π
eφ,

k̇ = eφ
(
F +

gsNfp(τ)
4π

f

)
coth2 τ

2
,

ḟ = eφ
(

1 − F +
gsNfp(τ)

4π
k

)
tanh2 τ

2
,

Ḟ =
1
2
e−φ

(
k − f

)
,

K̇
K =

2
3K3 sinh τ

+
φ̇

3
− coth τ,

(5.8)

supplemented by the algebraic constraint:

e−φ
(
k − f

)
= tanh

τ

2
− 2F coth τ +

gsNfp(τ)
4π

[
k tanh

τ

2
− f coth

τ

2

]
. (5.9)

Quite remarkably, (5.8)-(5.9) can be (almost) explicitly integrated. In the following, we will
use notations similar to those employed in Section 2. We introduce an arbitrary value of the
radial coordinate τ∗ at which the dilaton is φ∗. Then, we can write the dilaton as

eφ−φ∗ =
1

1 + ε∗
∫τ∗
τ p(ξ)dξ

, (5.10)

where we have introduced the deformation parameter which weighs the flavor loops as

ε∗ =
Nf

16π2M
λ∗ with λ∗ ≡ 4πgsMeφ∗ . (5.11)

Let us also introduce a function

η(τ) = ε∗eφ−φ∗
∫ τ

0
(sinh 2ξ − 2ξ)p(ξ)dξ. (5.12)
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Then, we can integrate for the rest of the functions of the ansatz

K =

[
sinh 2τ − 2τ + η(τ)

]1/3

21/3 sinh τ
, F =

sinh τ − τ
2 sinh τ

,

f = eφ
τ coth τ − 1

2 sinh τ
(cosh τ − 1), k = eφ

τ coth τ − 1
2 sinh τ

(cosh τ + 1).

(5.13)

Finally, the function h can be obtained by integrating (5.7). The KS solution without flavors
[13] is obtained by taking ε∗ = 0, such that the dilaton is constant and η(τ) = 0. For p(τ) = 1,
we find the solution backreacted with massless flavors [68, 69]. In this case, the integrals for
the dilaton and η(τ) can be explicitly performed:

η(τ) = ε∗eφ−φ∗
(

sinh2τ − τ2
)
,

eφ−φ∗ =
1

1 + ε∗(τ∗ − τ)
(
for p(τ) = 1

)
.

(5.14)

In this massless case, the solution has a curvature singularity in the IR τ = 0. Some cases
where p(τ) is nontrivial were discussed in [127].

5.1.4. Some Physical Features

The solution presented in the preceding sections has been used to extract some of the physics
encoded in the unquenched background. In [68, 69], the running of the couplings and
anomalies were discussed. As anticipated above, in [127], the solution with massive flavors
was found. Quark masses erase the IR singularity in the same way as explained in Section 1.5
or in Section 2.3.2. Quark-antiquark potentials, screening lengths, and associated quantum
phase transitions were discussed in the same paper. Finally, in [77], it was computed how the
screening effects due to unquenched fundamental matter affect the mass spectra of the KS
model, with results similar to Section 2.4. Due to space constraints, we cannot go explicitly
through all of these features and we refer the interested reader to the original papers. Here, we
will just briefly discuss how the solution captures the phenomenon of a duality wall [68, 69]
and how gauge groups ranks change upon Seiberg duality.

We will make use of the following holographic formulae, which can be derived in the
N = 2 orbifold case by looking at the Lagrangian of the low-energy field theory living on
probe (fractional) D3-branes:

4π2

gYM(l)2
+

4π2

gYM(s)2
=
πe−φ

gs
,

4π2

gYM(l)2
− 4π2

gYM(s)2
=

2πe−φ

gs

[
1

4π2α′

∫

S2
B2 −

1
2

]
. (5.15)

The labels (l), (s) in (5.15) refer to the gauge group with the larger or smaller rank. Strictly
speaking, these formulae need to be corrected for small values of the gauge couplings and
are only valid in the large ’t Hooft coupling regime (see [67, 72, 137, 138]), which is the case
under consideration. Moreover, they are also expected to be precise just in the UV region,
where the cascade takes place and the region on which we will focus below. The expressions
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(5.15) give positive squared couplings only if the expression inside the square bracket is in
the range [−1/2, 1/2]. Define

b0(τ) ≡
1

4π2α′

∫

S2
B2 =

gsM

π
f =

λ∗
8π2

τ − 1
1 − ε∗(τ − τ∗)

, b̃0 ≡ b0 − [b0] ∈ [0, 1], (5.16)

where [b0] denotes the integer part of b0. In order to get the explicit expression for b0 we
have integrated over the S2 parameterized by θ1 = θ2, ϕ1 = 2π − ϕ2, ψ = const [68, 69],
considered the UV limit of (5.10), (5.13) such that p(τ) ≈ 1 and f ≈ k ≈ eφ(τ − 1)/2, and
inserted the definitions (5.11). Now we see that what we have to insert in (5.15) is indeed b̃0.
This is the physical content of the cascade: at a given energy scale we must perform a large
gauge transformation on B2 in supergravity to shift

∫
B2 by a multiple of 4π2α′ to get a field

theory description with positive squared couplings.
Let us restrict our attention to an energy range, between two subsequent Seiberg

dualities, where a field theory description in terms of specific ranks holds. When flowing
towards the IR, b̃0 decreases from 1 to 0. From (5.15) and inserting the solution, we can find
an expression for each of the gauge couplings:

1
λl

=
1
λ∗

(1 − ε∗(τ − τ∗))b̃0,
1
λs

=
1
λ∗

(1 − ε∗(τ − τ∗))
(

1 − b̃0

)
. (5.17)

In this energy range, the coupling λl starts different from zero and flows to ∞ at the end
of this range, where a Seiberg duality on its gauge group is needed. The coupling λs of the
gauge group with smaller rank is the one which starts very large (actually divergent) after
the previous Seiberg duality on its gauge group and then flows toward weak coupling.

The qualitative picture of the RG flow in the UV can be extracted from our
supergravity solution even without discussing the precise radius-energy relation, simply
recalling that the radius must be a monotonic function of the energy scale. First, notice that at
a finite τ (and therefore at a finite energy scale EUV), the dilaton diverges making both gauge
couplings diverge. This happens at

τdw = τ∗ +
1
ε∗
. (5.18)

From (5.16), we see that the derivative db0/dτ grows unbounded near τdw, meaning that the
interval (in τ) between Seiberg dualities becomes shorter and shorter. The Seiberg dualities
pile up the more we approach the UV cut-off EUV. The picture which stems from the flavored
Klebanov-Tseytlin/Strassler solution is that τdw is a so-called “Duality Wall”, namely, an
accumulation point of energy scales at which a Seiberg duality is required in order to have a
weakly coupled description of the gauge theory [139]. Above the duality wall, Seiberg duality
does not proceed and a weakly coupled dual description of the field theory is not known. See
Figure 7. Nevertheless, in full analogy with the discussion of Section 2, the derivative of the
holographic a-function changes sign at a finite distance in τ below τdw and so one should not
trust the solution all the way up to the singular point τdw.

Duality walls were studied in the context of quiver gauge theories first by Fiol [140]
and later in a series of papers by Hanany and collaborators [141, 142]. To our knowledge,
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1
g2

logu

Figure 7: Qualitative plot of the running gauge couplings as functions of the logarithm of the energy scale
in the cascading gauge theory. The blue lines are the inverse squared gauge couplings while the red line is
their sum.

the solution above is the only explicit realization of this exotic ultraviolet phenomenon on
the supergravity side of the gauge/gravity correspondence.

To end this section, we discuss how the effective number of regular and fractional
D3-branes changes when undergoing a step of the cascade of Seiberg dualities. We will not
compute the explicit shift in τ but rather the shift in the function f (≈ k). From (5.16), we
have

b0(τ) −→ b0
(
τ ′
)
= b0(τ) − 1 =⇒ f(τ) −→ f

(
τ ′
)
= f(τ) − π

gsM
. (5.19)

On the other hand, we compute the effective number of branes at a given energy scale by
integrating the appropriate RR-forms:

Neff(τ) ≡
1

(2π)4gsα′
2

∫

M5

F5 =N0 +
gsM

2

π

[
f +

gsNf

4π
f2

]
,

Meff(τ) ≡
1

4π2gsα′

∫

S3
F3 =M

[
1 +

gsNf

2π
f

]
.

(5.20)

In these expressions we have substituted (5.4), and (5.7) and already taken the UV limit
f = k and p(τ) = 1. The S3 for the second integral is the one parameterized by θ2 = constant,
ϕ2 = constant. Notice that Neff and Meff are not quantized. This is because they are Maxwell
charges, as opposed to Page charges. See [68, 69] for thorough explanations.

We can compute how Neff and Meff vary in a Seiberg duality step (5.19). A bit of
algebra shows that

Meff(τ) −→Meff
(
τ ′
)
=Meff(τ) −

Nf

2
,

Neff(τ) −→Neff
(
τ ′
)
=Neff(τ) −Meff(τ) +

Nf

4
,

(5.21)

whereas Nf remains unchanged. A careful analysis in [68, 69] showed that this is in full
agreement with field theory expectations.
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Figure 8: Quiver diagram of the KS theory with chiral flavors.

5.2. Backreaction with Chiral Flavors

In a remarkable paper [136], Benini discussed the solution dual to having smeared
chiral flavors on the conifold. In the probe approximation, the D7-brane embeddings that
correspond to chiral flavors were discussed in [43, 143]. How these flavors transform under
the gauge groups is shown in the quiver diagram of Figure 8. In this case, the quiver theory
is not self-similar under the duality cascade; in each step of the cascade a meson field is
generated. Its couplings to the rest of the fields are, however, irrelevant [136].

The backreacted solution of [136] uses the singular conifold and therefore it can be
considered as the deformation of the Klebanov-Tseytlin solution [144] due to smeared chiral
flavors. From the gravity point of view, the extra complication with respect to Section 5.1
is that the worldvolume gauge field on the D7s has to be turned on. In fact, this is crucial
when matching the shifts in the ranks of the gauge groups upon Seiberg dualities to the
supergravity background (there are subtle differences with respect to the nonchiral case). We
will not report further on this solution here but refer the reader to [136].

6. Models with Cohomogeneity 2

In this section we present some situations in which, even smearing the flavor branes,
the system cannot be reduced to a one-dimensional problem. In fact, the different fields
will depend on two different radial coordinates and, accordingly, one has to solve partial
differential equations rather than ordinary differential equations.

In order to provide a heuristic picture, the situation is depicted in Figure 9. Concretely,
we will refer here to the model of Section 6.1, but the situation is very similar for all the cases
discussed in this section.

In Figure 9, the color branes are placed at the tip of a Calabi-Yau (σ is a radial
coordinate along the CY; the rest of the directions of the CY are omitted from the plot). The
ρ − φ2 plane is transverse both to the color branes and to the CY. Each flavor brane lies at
a point in this plane and is extended along σ. Distributing the flavor branes along φ2, it is
possible to recover (in the smeared limit) the associated U(1) isometry. On the contrary, as
is apparent from Figure 9, there is no way in which one can place the flavor brane to recover
the full radial symmetry. Hence, the solution associated to this brane configuration must be
cohomogeneity two, meaning that all functions of the eventual ansatz will depend on ρ and
σ. In the examples considered below the coordinate ρ represents the modulus of the quark
mass and, therefore, we should not smear along this direction.

As a matter of fact, if one wishes to construct a deformation of AdS5×S5 with smeared
flavor such that the supersymmetry preserved isN = 2 (rather thanN = 1 as in Section 2),
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σ

ρ

φ2

Figure 9: A qualitative plot of the situation with cohomogeneity 2 models. The red dot in the center
represents the color branes and each vertical line is a flavor brane. Taking a lot of them smeared along
the φ2 angle, the rotational symmetry associated to this angle is effectively recovered. Any function of the
ansatz depends on the radial coordinates ρ and σ.

Table 2: A scheme of the set-up: for the brane configuration, a line — means that the brane spans a
noncompact dimension, a point · that it is point-like in that direction, a circle © that it wraps a compact
cycle and ∼ indicates smearing in the direction. Above, it is shown which directions spanned the Calabi-
Yau and which the transverse plane before backreaction.

CY2 R2

x1,3 σ φ1 θ̃ ϕ̃ ρ φ2

Nc D5 — · · © © · ∼
Nf D5 — — © ∼ ∼ · ∼

the solution would have cohomogeneity two and, presumably, would share some similarities
with the examples presented in this section. This is an interesting open problem for the future.

6.1. A Dual to (3+1)-DimensionalN = 2 SQCD-Like Theory

In this section, we study the dual solution to the brane intersection summarized in Table 2.
The gauge theory lives on Nc D5-branes wrapping a two-sphere with the appropriate
twisting to preserve eight supercharges, that is, N = 2 in the effective four-dimensional
low-energy theory. Geometrically, it corresponds to wrapping the branes along a compact
SLag two-cycle inside a noncompact Calabi-Yau twofold. This leaves two flat transverse
dimensions which are identified with the moduli space corresponding to giving vevs to
the complex scalar inside the N = 2 vector multiplet. The Nf flavor D5-branes do not
further break supersymmetry and provide fundamental hypermultiplets in order to build
N = 2 SQCD. They are extended in the noncompact σ direction and, thus, their volume is
infinite, making exactly zero the effective four-dimensional gauge coupling living on them.
They would provide a global symmetry group U(Nf) if they were placed on top of each
other, but due to the smearing, only U(1)Nf is left. The dual solution without flavors was
found in [145, 146], and the flavored case was discussed in [147].
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We start by writing an ansatz for the metric consistent with the symmetries of the
problem. In Einstein frame,

ds2
10 = gsNcα

′eΦ/2
[

1
gsNcα′

dx2
1,3 + z

(
dθ̃2 + sin2θ̃dϕ̃2

)

+e−2Φ
(
dρ2 + ρ2dφ2

2

)
+
e−2Φ

z

(
dσ2 + σ2

(
dφ1 + cos θ̃dϕ̃

)2
)]

,

(6.1)

where z and Φ depend on both radial coordinates ρ, σ. The Calabi-Yau twofold directions
are 0 ≤ θ̃ ≤ π , 0 ≤ ϕ̃ < 2π , 0 ≤ σ < ∞, 0 ≤ φ1 < 2π (of course, in this solution with fluxes
there is not a Calabi-Yau anymore, but it can be thought of as a deformation of the Calabi-
Yau that was present before backreaction). The coordinates 0 ≤ ρ < ∞, 0 ≤ φ2 < 2π span
the transverse two-dimensional plane, so they should be identified with the moduli space,
and therefore rotations in φ2 are related to the U(1)R symmetry of the field theory. Out of
the SU(2)R symmetry, only its diagonal U(1)J is manifest in the geometry, as rotations in
φ1. The extra SO(3) isometry which acts on θ̃, ϕ̃, φ1 does not play a role in the low-energy
N = 2 SQCD theory [145, 146].

As anticipated in Table 2, we want to consider a set of Nf D5-branes extended in x1,3,
σ and wrapped in φ1. They lie at fixed ρ = ρQ, where ρQ is proportional to the modulus of
the mass of the fundamental hypermultiplets. These D5-branes are homogeneously smeared
over the S2 parameterized by θ̃, ϕ̃ and on the angle φ2, which corresponds to the phase of the
mass of the hypers. This distribution is described by the four-form:

Ω =
Nf

8π2
δ
(
ρ − ρQ

)
sin θ̃dρ ∧ dφ2 ∧ dθ̃ ∧ dϕ̃, (6.2)

such that the source-modified Bianchi identity for F(3) reads

dF(3) = 2κ2
(10)T5Ω = gsα′

Nf

2
δ
(
ρ − ρQ

)
sin θ̃dρ ∧ dφ2 ∧ dθ̃ ∧ dϕ̃. (6.3)

We can write an ansatz for F(3) consistent with this expression:

F(3) =Ncgsα
′
[
− g ′dφ2 ∧ dρ ∧

(
dφ1 + cos θ̃dϕ̃

)
− ġdφ2 ∧ dσ ∧

(
dφ1 + cos θ̃dϕ̃

)

+
(
g +

Nf

2Nc
Θ
(
ρ − ρQ

))
sin θ̃dφ2 ∧ dθ̃ ∧ dϕ̃

]
,

(6.4)

where Θ is the Heaviside step function (notice that, as opposed to Section 3.7.1 where a
Heaviside function was introduced as an approximation to the effect of the massive flavors,
the Θ here is exactly what comes from the family of D-brane embeddings considered, since
they all lie at fixed ρ = ρQ), g a new function of ρ and σ that needs to be determined, and we
have introduced the following notation for the partial derivatives:

′ ≡ ∂ρ, ˙ ≡ ∂σ (6.5)
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The next step is to insert the ansatz (6.1) and (6.4) into the type IIB supersymmetry
transformations δψμ = δλ = 0, as outlined in Section 1.4.1. This procedure was carefully
performed in [147], whereas here we just quote the resulting system of first-order equations:

g +
Nf

2Nc
Θ
(
ρ − ρQ

)
= −ρz′, g ′ = −2e−2ΦρσΦ̇,

e2Φ =
σ

zż
, ġ = −z−2e−2Φσ

(
g +

Nf

2Nc
Θ
(
ρ − ρQ

))
+ 2z−1ρσe−2ΦΦ′.

(6.6)

It is easy to check that the last equation is not independent of the previous ones and that the
equations in (6.6) ensure the equation of motion for the 3-form d(eΦ ∗F(3)) = 0. This system
of equations can be recast as a single, nonlinear, second-order PDE for z(ρ, σ):

σ
Nf

2Nc
δ
(
ρ − ρQ

)
+ ρz(ż − σz̈) = σ

(
ρż2 + z′ + ρz′′

)
. (6.7)

Once z(ρ, σ) is computed, g and Φ are read from (6.6). In general, (6.7) cannot be solved
explicitly. In the unflavored case Nf = 0, there is in fact an exact solution [145, 146] (see [147]
and the first paper of [120, 121] for the adaptation of the solution [120, 121] to the present
coordinate system).

Equation (6.7), however, can be studied numerically [147]. We will not pursue that
here, but we will verify using (6.6) that the expected beta-function for the gauge coupling
stems from the differential equations. In order to read the effective four-dimensional gauge
coupling from the geometry, we consider a “color” D5-brane probing the Coulomb branch of
the theory, namely, a D5 wrapping the S2 parameterized by θ̃, ϕ̃, sitting at σ = 0 [120, 121].
After integrating the volume of the S2, we find

1
g2

YM

=
Nc

4π2 (z|σ=0). (6.8)

Thus, in order to understand the running of the coupling it is not necessary to know the
geometry everywhere, but just at σ = 0. From the second equation of (6.6), we see that g
is a constant at σ = 0, which then results in the fact that the first equation of (6.6) can be
trivially integrated. But before doing that, let us find out which is the value of g|σ=0. With that
purpose, let us consider the normalization condition:

1
2κ2

(10)

∫
F(3) =NcT5, (6.9)

where we have to integrate along φ1, φ2 and an angle built in the “plane” of the two radial
directions ρ, σ (heuristically, think of introducing some polar coordinates r, θ such that ρ =
r sin θ and σ = r cos θ. Then we want to integrate in θ from 0 to π/2 at fixed and large r).
Inserting (6.4), we find

g
∣∣
(σ=∞,ρ=0) − g

∣∣
(σ=0,ρ=∞) = 1. (6.10)
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But from the first equation in (6.6) we read that g|ρ=0 = 0 and, thus, g|σ=0 = −1. We are now
ready to integrate the first equation in (6.6) at σ = 0:

Nc

4π2 (z|σ=0) =
1
g2

YM

=
1

4π2

[(
Nc −

Nf

2
Θ
(
ρ − ρQ

))
log ρ +

Nf

2
Θ
(
ρ − ρQ

)
log ρQ + const

]
,

(6.11)

where the next to last term comes from requiring continuity of the metric at ρ = ρQ. Making
use of the radius-energy relation ρ = μ/Λ found in [120, 121], we get

β
(
gYM

)(
μ
)
= −

g3
YM

8π2

(
Nc −

Nf

(
μ
)

2

)
, (6.12)

where Nf(μ) is defined as the number of flavors for which the modulus of their masses is
smaller than the scale. Matter fields with bigger mass are holomorphically decoupled at lower
scales, as expected. The expression (6.12) fits field theory expectations and is a nontrivial
check of the described unquenched set-up. For further discussion of this model, see [147].

6.2. Flavors in Lower-Dimensional SQCD Models

The approach described in Section 6.1 can be also applied to construct supergravity duals of
SQCD-like models in two and three dimensions by considering lower-dimensional branes
wrapping different cycles of Calabi-Yau manifolds. In this subsection we will review two of
such constructions. First of all, following [73, 148], we will consider the case of D3-branes
wrapping a two-cycle of a Calabi-Yau twofold, which is dual to a two-dimensional gauge
theory with N = (4, 4) supersymmetry. Secondly, we will review the similar construction
of [73, 128, 149] of the gravity dual of three-dimensional N = 4 gauge theories from D4-
branes wrapping two-cycles in a CY2. Backgrounds dual to 2D and 3D flavored theories with
reduced supersymmetry have been also constructed [34, 150, 151], and they will be also very
briefly reviewed.

6.2.1. Two-Dimensional Theories

Let us consider the following setup for two sets of D3-branes in a Calabi-Yau cone of complex
dimension two (see Table 3), where S2 represents the directions of a compact two-cycle and
N2 are the directions of the corresponding normal bundle. Notice also that the symbols
“—” and “·” represent, respectively, unwrapped worldvolume directions and transverse
directions, while a circle denotes wrapped directions. Let us parameterize the cycle by means
of two angular coordinates (θ, φ) and let σ be the radial coordinate of the CY cone. The ansatz
for the string frame metric which we will adopt is the following:

ds2
st = H

−1/2
[
dx2

1,1 +
z

m2

(
dθ2 + sin2θdφ2

)]

+H1/2
[

1
z

(
dσ2 + σ2(dψ + cos θdφ

)2
)
+ dρ2 + ρ2dΩ2

3

]
,

(6.13)
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Table 3

CY2

R
1,1 S2 N2 R

4

Nc D3 (color) — — © © · · · · · ·
Nf D3 (flavor) — — · · — — · · · ·

where m is a constant with units of mass which, for convenience, we will take as

1
m2

=
√

4πgsNcα
′. (6.14)

Notice that in this set-up there is another radial coordinate ρ, which represents the distance
along R

4, the directions orthogonal to both the D3-brane worldvolume and the CY cone.
Moreover, dΩ2

3 is the metric of a unit three-sphere. Furthermore, the function z (which
controls the size of the cycle) and the warp factor H should be considered as functions of
the two radial variables (ρ, σ): H = H(ρ, σ), z = z(ρ, σ).

As in any background created by D3-branes, our solution should be endowed with a
self-dual RR five-form F5, that we write as

F5 = F5 + ∗F5. (6.15)

The presence of Nf flavor D3-branes induces a violation of the Bianchi identity of F5. Indeed,
the WZ term of the flavor brane action contains the term

∑
Nf

∫
M4

Ĉ4 that acts as a source
for this violation. Actually, the smearing procedure amounts to performing the following
substitution in this term:

∑
Nf

∫

M4

Ĉ4 −→
∫

M10

Ω ∧ C4, (6.16)

where Ω is a six-form proportional to the volume form of the space transverse to the
worldvolume of the flavor brane. The modified Bianchi identity takes the form dF5 =
2κ2

10T3Ω. As in the four-dimensional example discussed in Section 6.1, we shall locate the
flavor branes at a particular value ρ = ρQ of the ρ coordinate (the mass of the matter fields
is just mQ = ρQ/(2πα′)). Moreover, we will smear the Nf D3-branes along the angular
directions (θ, φ) of the cycle as well as along the external three-sphere. The corresponding
smearing form is

Ω = −
Nf

8π3
δ
(
ρ − ρQ

)
dρ ∧ω3 ∧ω2, (6.17)

with ω2 = sin θdθ ∧ dφ and ω3 is the volume element of the external S3 with line element
dΩ2

3 (the minus sign in (6.17) is due to the orientation of the worldvolume required by
supersymmetry). It is clear that the modified Bianchi identity in this case is

dF5 = −2πgs
(
α′
)2
Nfδ

(
ρ − ρQ

)
dρ ∧ω3 ∧ω2. (6.18)
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Accordingly, let us represent F5 as in (6.15) with F5 being given by

F5 = f5 − 2πgs
(
α′
)2
NfΘ

(
ρ − ρQ

)
ω3 ∧ω2, (6.19)

with f5 such that df5 = 0. We shall represent f5 in terms of a potential C4 as f5 = dC4, where
C4 is given by the ansatz:

C4 = gω3 ∧
(
dψ + cos θdφ

)
, g = g

(
ρ, σ

)
. (6.20)

Proceeding as in Section 6.1, one gets in this case the following set of BPS equations:

m2
[
g − 2πgs

(
α′
)2
NfΘ

(
ρ − ρQ

)]
= ρ3z′,

m2H =
zż

σ
, g ′ = −σρ3Ḣ,

ġ =
σρ3

z
H ′ − σ

z2
Hm2

[
g − 2πgs

(
α′
)2
NfΘ

(
ρ − ρQ

)]
,

(6.21)

where the prime and the dot have the same meaning as in (6.5). The fulfillment of (6.21)
ensures the preservation of eight supersymmetries by the background, which corresponds to
N = (4, 4) SUSY of the dual gauge theory. Moreover, one can prove that z(ρ, σ) satisfies the
following PDE:

ρz(ż − σz̈) = σ
(
ρż2 + ρz′′ + 3z′

)
+
Nf

2Nc

σ

m2ρ2
δ
(
ρ − ρQ

)
. (6.22)

In the unflavored case Nf = 0, the BPS system (6.21) (and the PDE equation (6.22))
can be solved analytically [148] by constructing the solution in five-dimensional gauged
supergravity and by uplifting it to ten dimensions [73]. After a suitable change of variables
one can show [148] that the metric and RR five-form of this gauged supergravity solution
can be written as in our ansatz. In the general flavored case one has to apply numerical
techniques. However, as in the four-dimensional case, one only needs to know the solution
for σ = 0 in order to get the behavior of the gauge coupling. Indeed, by means of a probe
calculation one can check [148] that the supersymmetric locus of a color D3-brane occurs
precisely at σ = 0 and that the gauge coupling is related to z(ρ, σ = 0) by means of the
following relation:

1
g2

YM

(
ρ
) =

z
(
ρ, σ = 0

)

m2gs
. (6.23)

It follows from the system (6.21) that g(ρ, σ = 0) is constant. Actually, by using a flux
quantization condition similar to the one employed for the 4D case, one can verify that
g(ρ, σ = 0) = 1/m4, where m is the constant defined in (6.14). By using this result in the first
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Table 4

CY2

R
1,2 S2 N2 R

3

Nc D4 (color) — — — © © · · · · ·
Nf D4 (flavor) — — — · · — — · · ·

equation in (6.21) one readily integrates z(ρ, σ = 0). By imposing continuity of the solution
at ρ = ρQ, one gets

z
(
ρ, 0

)
= z∗ −

πm2gs(α′)
2

ρ2
Q

NfΘ
(
ρ − ρQ

)
−

2πm2gs(α′)
2

ρ2

[
Nc −

Nf

2
Θ
(
ρ − ρQ

)]
, (6.24)

where z∗ is a constant of integration. Plugging this result in (6.23), and assuming that the
energy scale μ is related to the holographic coordinate ρ as ρ = 2πα′μ, one gets

1
g2

YM

(
μ
) =

1
g2

YM

(
1 −

g2
YM

2πμ2

(
Nc −

Nf

(
μ
)

2

))
, (6.25)

where Nf(μ) is again the number of flavors with mass smaller than the scale μ and gYM is
the bare UV Yang-Mills coupling. The dependence on the scale μ of the Yang-Mills coupling
displayed in (6.25) matches precisely the one in field theory, which constitutes a nontrivial
test of the gravity result.

Backgrounds dual to 2D theories withN = (2, 2) SUSY can be obtained by wrapping
D5-branes along a four-cycle of a Calabi-Yau threefold [150]. An alternative construction,
which improves the UV behavior of the solution, involves D3-branes wrapping a two-cycle
of a CY3 [73, 151]. One can further reduce the amount of supersymmetry by considering a
D5-brane wrapping a four-cycle of a manifold of G2 holonomy, which leads to a dual of an
N = (1, 1) supersymmetric gauge theory. In all these cases the flavor branes are extended
along some of the noncompact normal directions of the cycle wrapped by the color branes
and the corresponding backreacted solutions can be obtained numerically and are similar to
the one reviewed here.

6.2.2. Three-Dimensional Theories

A similar analysis can be carried out to obtain the gravity dual of N = 4 three-dimensional
gauge theories. In this case one must consider flavor and color D4-branes wrapping two-
cycles according to the array (see Table 4).

The concrete ansatz for the ten-dimensional string frame metric we will adopt in this
case is very similar to the 2D and 4D cases studied above, namely

ds2 = e2Φ
[
dx2

1,2 +
z

m2

(
dθ̃2 + sin2θ̃dφ̃2

)]

+ e−2Φ
[

1
z

(
dσ2 + σ2

(
dψ + cos θ̃dφ̃

)2
)
+ dρ2 + ρ2

(
dθ2 + sin2θdφ2

)]
,

(6.26)
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where Φ = Φ(ρ, σ) is the dilaton and the constant m is now given by

1
m3

= 8πgsNc

(
α′
)3/2

. (6.27)

As before, z = z(ρ, σ) and the background should include an RR form whose Bianchi identity
is violated due to the presence of flavor branes. For D4-branes the appropriate RR form is a
four-form F4. If we locate the flavor branes at a fixed distance ρ = ρQ in the transverse R

3 and
we smear them along their orthogonal angular directions, the modified Bianchi identity is

dF4 = 2κ2
10T4Ω =

Nf

2Nc

1
8m3

δ
(
ρ − ρQ

)
dρ ∧ω2 ∧ ω̃2, (6.28)

where ω2 and ω̃2 are the volume forms of the unit (θ, φ) and (θ̃, φ̃) two-spheres. Let us solve
(6.28) by means of the following ansatz:

F4 = dC3 +
Nf

2Nc

1
8m3

Θ
(
ρ − ρQ

)
ω̃2 ∧ω2, (6.29)

where C3 is the following potential depending on the function g(ρ, σ):

C3 = −gω2 ∧
(
dψ + cos θ̃dφ̃

)
. (6.30)

By imposing that the system preserves eight supersymmetries, we arrive at the following
system of BPS equations:

g +
Nf

2Nc

1
8m3

Θ
(
ρ − ρQ

)
= −

ρ2z′

m2
, e−4Φσ =

1
m2

zż,

g ′ = −4σρ2e−4φΦ̇,

ġ = −m2σz−2e−4Φ
[
g +

Nf

2Nc

1
8m3

Θ
(
ρ − ρQ

)]
+ 4σρ2z−1e−4ΦΦ′.

(6.31)

Again, one can combine the different equations in (6.31) and get a single second-order PDE
for z(ρ, σ), namely,

ρ2z(ż − σz̈) = ρσ
(
ρż2 + ρz′′ + 2z′

)
+ σ

Nf

2Nc

1
8m3

δ
(
ρ − ρQ

)
. (6.32)

As in the 4D and 2D cases, (6.31) and (6.32) can be solved analytically when Nf = 0 by using
gauged supergravity [73, 149]. In the general flavored case one can get analytically the form
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of the solution for σ = 0 [128]. Indeed, one can verify from (6.31) and the corresponding flux
quantization condition that g(ρ, σ = 0) = −1/(8m3) and that z(ρ, 0) is

z
(
ρ, 0

)
= z∗ −

1
8ρQm

Nf

2Nc
Θ
(
ρ − ρQ

)
− 1

8mρ

[
1 −

Nf

2Nc
Θ
(
ρ − ρQ

)]
, (6.33)

with z∗ being a constant. Moreover, by means of a probe calculation one readily verifies that
σ = 0 is the SUSY locus of the color D4-branes and that the relation between the YM coupling
and z(ρ, 0) is g−2

YM(ρ) = z(ρ, 0)/(2πgs
√
α′m2). Using this result and the radius-energy relation

ρ = 2πα′μ, one can convert (6.33) into the following equation for the running of the YM
coupling of the 3D theories:

1
g2
YM

(
μ
) =

1
g2

YM

[
1 −

g2
YM

4πμ

(
Nc −

Nf

(
μ
)

2

)]
, (6.34)

which again matches the corresponding field theory result.
A gravity dual of N = 2 three-dimensional gauge theory based on D5-branes

wrapping a three-cycle was found in [152, 153]. The addition of flavor to this background
along the lines discussed here is carried out in [34, 151]. Alternatively, for this same amount of
supersymmetry one can consider D4-branes wrapping a two-cycle of a Calabi-Yau threefold
[73, 151].

7. A Mathematical Viewpoint

In the approach we have followed up to now in this review on how to add unquenched
flavor; we considered a family of equivalent embeddings of the flavor branes. This family
can be generated by acting with the isometries of the background on a fiducial representative
embedding. When the number Nf of flavor branes is large, considering the set of branes as a
continuous distribution is a good approximation. We then computed the RR charge density
generated by the branes, that is, the smearing form Ω, by explicitly performing the average
over the set of embeddings and, subsequently, we have studied the deformation induced on
the metric and forms due to the backreaction.

The outcome of this microscopic approach is a system of supergravity plus delocalized
sources preserving some amount of supersymmetry. It turns out that, in this process,
very interesting mathematical structures emerge. The reason for this is the fact that the
supersymmetric sources that we are using satisfy a calibration condition. As a consequence,
one can use the methods of modern geometry to find backgrounds with smeared flavors in
a systematic way [34]. In this procedure one does not deal with the set of embeddings and,
for this reason, we will refer to it as the macroscopic approach, as opposed to the microscopic
approach reviewed in previous sections. The goal is computing (or at least constraining) the
smearing form Ω by using the same type of technology as the one employed in the analysis
of flux compactifications of string theory (see [31, 154–157]).
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The central object in this geometric approach is the so-called “calibration form”K. For
Dp-branesK is a (p + 1)-form, which can be represented in a vielbein basis as

K =
1(

p + 1
)
!
Ka1···ap+1e

a1···ap+1 , (7.1)

with ea1···ap+1 = ea1 ∧ · · · ∧ eap+1 . The different components Ka1···ap+1 are given by fermionic
bilinears of the following type:

Ka1···ap+1 = ε
†τΓa1···ap+1ε, (7.2)

where ε are Killing spinors of the background, conveniently normalized, and τ is a constant
matrix which (in the type IIB theory) is τ = τ

(p−3)/2
3 iτ2, where τ2 and τ3 are Pauli matrices

and the spinor ε is represented as a two-dimensional vector of Majorana-Weyl spinors (τ
is the same matrix that appears in the expression of the kappa symmetry matrix Γκ of a Dp-
brane when all worldvolume fluxes are switched off). The formK can be used to characterize
(p + 1)-dimensional surfaces in the ten-dimensional geometry. A (p + 1)-dimensional surface
Mp+1 is said to be calibrated byK if its pullback toMp+1 is equal to the induced volume form
onMp+1, namely,

K̂ =
√
−det ĝdp+1ξ, (7.3)

where the ξ’s are a set of local coordinates of Mp+1. When there are no NSNS fluxes or
worldvolume gauge fields the calibration condition (7.3) characterizes the supersymmetric
embeddings of Dp-branes (this can be easily established by using kappa symmetry). Actually,
a Dp-brane whose worldvolumeMp+1 is calibrated byK is electrically charged with respect
to an RR(p + 2)-form field strength Fp+2 and, in the Einstein frame, Fp+2 is related toK as

Fp+2 = d
(
e((p−3)/4)φK

)
. (7.4)

Equation (7.4) is a consequence of supersymmetry [154] and, actually, in our backreacted
backgrounds it follows from the system of BPS equations. Moreover, as a consequence of
(7.3), the action of a localized embedding of a Dp-brane (without NSNS flux and with
worldvolume gauge fields switched off) can be written as

Sloc
Dp = −Tp

∫

Mp+1

[
e((p−3)/4)φK̂ − Ĉp+1

]
. (7.5)

Following our prescription, the smeared version of the brane action is obtained by performing
the wedge product with Ω of the (p + 1)-form inside the brackets in (7.5) and by integrating
the result over the full ten-dimensional spacetime:

Ssmeared
Dp = −Tp

∫

M10

[
e((3−p)/4)φK− Cp+1

]
∧Ω. (7.6)
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Let us now define the (8 − p)-form F8−p, under which the Dp-brane is magnetically charged,
as

F8−p = ±e((p−3)/2)φ ∗
Fp+2, (7.7)

where the sign depends on the particular value of p and on the conventions used. As in the
examples studied in previous sections, the Dp-brane modifies the Bianchi identity of F8−p,
namely,

dF8−p = ±2κ2
10TpΩ. (7.8)

Equation (7.8) establishes a crucial connection between the smearing form Ω and the
calibration formK. Indeed, by using (7.4) and (7.7), the right-hand side of (7.8) can be written
in terms ofK and its exterior derivative. Moreover, from the inspection of the smeared brane
action (7.6), one concludes that Ω can be regarded as a kind of orthogonal complement (the
Poincare dual) ofK inM10. Interestingly, the possible calibration formsK in a manifold are
known and are related to its supersymmetric cycles and G-structures. In the case of a manifold
preserving minimal SUSY in 4D,K can be written in terms of powers of the Kähler form and
of the holomorphic volume form. Thus, geometry and topology constrain the form of the
charge density distribution of supersymmetric configurations and, actually, one could adopt
the point of view in which the expression of Ω is partially determined from these constraints
without explicitly performing the average over the family of embeddings, although, in order
to fix Ω completely, an explicit microscopic calculation is needed. This macroscopic approach
was followed in [34, 150, 151, 158] for some particular brane set-ups.

To finish this section let us detail the implementation of these mathematical concepts
in the case discussed in Section 2, namely, the D3-D7 system. From now on we will assume
that the metric, dilaton, and forms are given by the expressions written in (2.32) and (2.33).
It is convenient to define the following two-form:

J = h1/2
[
e2gJKE + e2fdρ ∧ (dτ +AKE)

]
, (7.9)

which is such that h−1/2J is the Kähler form of the transverse 6d space. Actually, one can
immediately verify that d[h−1/2J] = 0 as a consequence of the BPS equation for g in (2.34).
By explicitly computing the fermion bilinear in (7.2) and by using the projections satisfied by
the Killing spinor of the flavored AdS5 ×S5 background, one gets that the calibration formK
in this case is given by

K =
1
2

Vol(M1,3) ∧ J ∧ J, (7.10)

with Vol(M1,3) = h−1d4x being the volume form of the Minkowski part of the space. Using
the fact that dAKE = 2JKE, one gets

d
(
eφK

)
=

1
2
e2g+φ

[(
4g ′ + φ′

)
e2g − 4e2f

]
d4x ∧ JKE ∧ JKE ∧ dρ = F9, (7.11)
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where, in the last step, we have used the condition (7.4) for p = 7. Let us now verify that the
value of F9 obtained in (7.11) is consistent with the expression for F1 written in our ansatz
(2.33) and, thus, with the Ω displayed in (2.31). Taking into account that the volume form
of the KE space is (1/2)JKE ∧ JKE, one can easily compute the Hodge dual of F1 and get the
following result for F9:

F9 = −e2φ ∗
F1 =

Qf

2
p
(
ρ
)
e4g+2φd4x ∧ JKE ∧ JKE ∧ dρ. (7.12)

The expressions (7.11) and (7.12) for F9 coincide if the following relation holds:

Qfp
(
ρ
)
= e−φ

[
4g ′ + φ′ − 4e2f−2g

]
. (7.13)

One can easily check that (7.13) is a consequence of the BPS system (2.34).

8. Discussion

In hindsight, we can say that the program of finding solutions dual to theories with
unquenched fundamentals with smeared flavor branes has been quite successful. As
expected, it simplifies matters both when looking for the background solution and when
discussing the physics they encode.

We have presented a series of example of solutions of ten-dimensional type IIA or
type IIB supergravity coupled to D-brane sources. The philosophy and methods used in
the different cases are quite similar. Finding a consistent solution requires solving at the
same time the closed string degrees of freedom (namely, finding solutions of the generalised
Einstein equations in the presence of sources) and the open string degrees of freedom
(namely, checking that the D-brane embeddings which generate the mass and charge source
density are indeed solutions of the background). Supersymmetric solutions are easier to
deal with and indeed preserving SUSY simplifies enormously the technical work. It is
rather remarkable that sometimes such complicated coupled systems can be (at least almost)
completely integrated and the solutions given in a simple closed form (in particular in
Sections 2 and 5; for the other sections, profuse numerical integration was necessary).
However, supersymmetry is not mandatory for the construction and we have presented non-
supersymmetric black hole solutions.

The solutions are conjectured to be dual to theories with unquenched quarks. Since we
have always dealt with the particular case of smearing the flavor branes over the transverse
directions, we have built duals of a very particular class of such unquenched theories. We
have used the solutions to discuss many physical features of the different set-ups. Many
crosschecks of field theory expectations have been discussed. Just to mention a few instances,
the running of the gauge coupling in different theories, the behaviour of the cascade in
Section 5, or the direct computation of the first flavor contribution to the entropy of the D3-
D7 plasma (Section 2.5) which was previously known from an indirect method (namely, from
first computing the free energy) [84]. All this asserts that the dualities discussed in this review
are on firm ground. Due to obvious space constraints, we have not been able to include all the
material that may deserve to be reviewed, but we hope that we have given enough references
to the original literature.
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It is worth recapitulating about the presence of singularities in the different solutions
discussed. First, in all the cases presented there are IR curvature singularities when all of the
flavor branes reach the bottom of the geometry; see the heuristic picture of Section 1.5. They
pertain to the kind of singularities usually called good. In fact, we have shown explicitly in the
examples of Sections 2 and 5 how adding (even an infinitesimal) quark mass leads to regular
backgrounds (the analogous generalization for the set-ups of Sections 3 and 4 remains an
interesting open question). Moreover, heating up the theories can result in the formation of
a black hole horizon behind which the IR singularity is hidden; see Section 2.5 and (3.27) for
examples.

On the other hand, the solutions of Sections 2 and 5 are singular in the UV (an effect
connected to having flavor D7-branes) since the dilaton diverges at a finite position of the
radial variable. This is expected, since it is the consequence of the Landau pole of the dual
theory (more precisely, in the case of Section 5 it is a duality wall). Despite the singularity,
we have shown that it is possible to consistently compute IR observables as long as the IR
scale is well separated from the pathological UV. Clear examples are the meson spectrum
(Section 2.4) and the black hole thermodynamical properties (Section 2.5.1). In the D5D5 set-
ups of Sections 3 and 4, the dilaton diverges linearly in the UV, signalling a little string theory-
like UV completion of the dual field theory. We want to stress here that this already happens
in the unflavored solutions and thus is not problem associated to the backreaction.

Finally, all the solutions in Section 6 have a singularity in the IR. This singularity is
not associated to the flavors as it is already present in the flavorless solutions and, at least
in some cases, can be resolved by the worldsheet CFT [159]. On top of that, for the same
models, typically, when Nf is sufficiently large, a Landau pole is generated and, jointly, a UV
singularity appears in the geometry.

Notice that when choosing a particular radial coordinate, we still have reparametriza-
tion invariance; that is, we can still redefine ρ = f(r). So, the fact that different energy-
radius relations have appeared in different duals should not be a matter of concern as it
is a physically motivated choice (inspired, e.g., in the gaugino condensate or some other
operators whose scaling is known). What is certainly more important is the rate of change
of different quantities with the radial coordinate. This should be thought as choosing a
renormalization scheme.

We end this discussion with two clarifications.

(i) We have repeatedly stressed that our main goal is to build duals to theories in
which Nc and Nf are of the same order. Nevertheless, for the set-ups discussed in
Section 2, which include the specially interesting flavored AdS5 ×S5 case, Nf �Nc

is needed; see Section 2.6 (similar comments apply to Section 5). This is because,
starting with a conformal theory, the introduction of extra matter generates an
UV pathology, namely, a Landau pole. Then, roughly speaking, in order to have
a meaningful IR, it has to be well separated from the pathological region, enforcing
the number of flavors not to be too large. However, backreaction effects and,
accordingly, the effect of unquenched quarks, can still be computed as an expansion
in Nf/Nc. On the other hand, for the models in Sections 3, 4, and 6, this restriction
is not present and, indeed, it makes sense to talk about solutions with Nf ∼ Nc.
In fact, this is imperative, for instance, when discussing Seiberg-like dualities as in
Section 3.6.2.

(ii) Since the (DBI) action is used to model the D-brane sources, one could be wary
for the following reason: the effective string coupling on a stack of Nf D-branes is
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gsNf ∼ Nf/Nc and this should be small for the DBI to be a good approximation
[160], whereas there is not a good effective description for strong string coupling.
However, this caveat is circumvented because we do not deal with stacks of
localized flavor branes: due to the smearing, the typical distance between any
pair of flavor branes is of the order of the size of the transverse space, which is
typically large. As a result, the flavor symmetry is usually broken toU(1)Nf and the
effective open string coupling remains small. As already pointed out, this amounts
to keeping “one window graphs” in the Veneziano expansion [26].

Outlook

There are still many open questions that deserve to be addressed within the framework
presented in this review. We briefly mention a few examples of possible future projects.
They comprise both making further progress in studying the models here presented and
building new solutions that could be useful in exploring the consequences of the formalism
for different physical points. Along the first of these lines, it would be nice to generalise the
solutions of Section 3 to the massive quark case in order to remove the IR singularity. Also,
we expect the black hole solution of Section 2.5 to encode interesting physical information.
For instance, one could consider massive embeddings in the search of a first-order phase
transition similar to those in [17, 84, 161]. The peculiarity of the back-reacted setting would
be, conceivably, that the area of the horizon would undergo a finite jump at the transition.
Along the second line, a back-reacted D4-D6 solution building on the model of [17] could
be useful in discussing QCD-like properties. Another conceivable program is to look for
a solution, which, as in [162], may correspond to a color-flavor locking phase. The study
of fluctuations in these backgrounds, that will also contain fluctuations of the fields in the
flavor branes, with a view on understanding holographic renormalization would be a highly
interesting result.

Aside from this, it would be nice to find solutions (with backreacted flavor branes) that
contain an AdS5 factor. The study of conformal anomalies there may give interesting results.

As stressed in the introduction, finding the kind of solutions discussed here, including
the D-brane backreaction, has an interest on their own, independently of AdS/CFT. It
would be nice to understand whether they may turn out to be useful for different physical
applications. For instance, for models of inflation built with D3-D7 systems on the conifold
(see [163] for recent progress in this direction), the analysis of Section 5 could have some
relevance.
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[148] D. Areán, P. Merlatti, C. Núñez, and A. V. Ramallo, “String duals of two-dimensional (4, 4)
supersymmetric gauge theories,” Journal of High Energy Physics, vol. 2008, no. 12, article 054, 2008.

[149] P. Di Vecchia, H. Enger, E. Imeroni, and E. Lozano-Tellechea, “Gauge theories from wrapped and
fractional branes,” Nuclear Physics B, vol. 631, no. 1-2, pp. 95–127, 2002.

[150] D. Areán, E. Conde, and A. V. Ramallo, “Gravity duals of 2d supersymmetric gauge theories,” Journal
of High Energy Physics, vol. 2009, no. 12, article 006, 2009.

[151] D. Arean, E. Conde, A. V. Ramallo, and D. Zoakos, “Holographic duals of SQCD models in low
dimensions,” Journal of High Energy Physics, vol. 2010, no. 6, pp. 1–38, 2010.

[152] J. Gomis and J. G. Russo, “D = 2 + 1N = 2 Yang-Mills theory from wrapped branes,” Journal of High
Energy Physics, vol. 2001, no. 10, article 028, 2001.

[153] J. P. Gauntlett, N. Kim, D. Martelli, and D. Waldram, “Fivebranes wrapped on SLAG three-cycles
and related geometry,” Journal of High Energy Physics, vol. 2001, no. 11, article 018, 2001.

[154] J. Gutowski, G. Papadopoulos, and P. K. Townsend, “Supersymmetry and generalized calibrations,”
Physical Review D, vol. 60, no. 10, Article ID 106006, 11 pages, 1999.

[155] P. Koerber, “Stable D-branes, calibrations and generalized Calabi-Yau geometry,” Journal of High
Energy Physics, vol. 2005, no. 8, article 099, 2005.

[156] L. Martucci and P. Smyth, “Supersymmetric D-branes and calibrations on general N = 1
backgrounds,” Journal of High Energy Physics, vol. 2005, no. 11, article 048, 2005.

[157] P. Koerber and L. Martucci, “Deformations of calibrated D-branes in flux generalized complex
manifolds,” Journal of High Energy Physics, vol. 2006, no. 12, article 062, 2006.

[158] J. Gaillard and J. Schmude, “The lift of type IIA supergravity with D6 sources: M-theory with
torsion,” Journal of High Energy Physics, vol. 2010, no. 2, pp. 1–34, 2010.

[159] K. Hori and A. Kapustin, “Worldsheet descriptions of wrapped NS five-branes,” Journal of High
Energy Physics, vol. 2002, no. 11, article 038, 2002.

[160] C. G. Callan, C. Lovelace, C. R. Nappi, and S. A. Yost, “String loop corrections to beta functions,”
Nuclear Physics B, vol. 288, no. 3-4, pp. 525–550, 1987.

[161] I. Kirsch, “Generalizations of the AdS/CFT correspondence,” Fortschritte der Physik, vol. 52, no. 8,
pp. 727–826, 2004.

[162] H.-Y. Chen, K. Hashimoto, and S. Matsuura, “Towards a holographic model of color-flavor locking
phase,” Journal of High Energy Physics, vol. 2010, no. 2, article 104, 2010.

[163] D. Baumann, A. Dymarsky, S. Kachru, I. R. Klebanov, and L. McAllister, “D3-brane potentials from
fluxes in AdS/CFT,” Journal of High Energy Physics, vol. 2010, no. 6, article 72, 2010.

[164] F. Benini, C. Closset, and S. Cremonesi, “Chiral flavors and M2-branes at toric CY4 singularities,”
Journal of High Energy Physics, vol. 2010, no. 2, article 036, 2010.

[165] D. L. Jafferis, “Quantum corrections to N = 2 Chern-Simons theories with flavor and their AdS4
duals,” http://arxiv.org/abs/0911.4324.



Hindawi Publishing Corporation
Advances in High Energy Physics
Volume 2010, Article ID 473206, 56 pages
doi:10.1155/2010/473206

Review Article
Magnetic Catalysis of Chiral Symmetry Breaking:
A Holographic Prospective

Veselin Filev1 and Radoslav Rashkov2, 3

1 School of Theoretical Physics, Dublin Institute for Advanced Studies, 10 Burlington Road,
Dublin 4, Ireland

2 Institute for Theoretical Physics, Vienna University of Technology, Wiedner Hauptstr. 8-10,
1040 Vienna, Austria

3 Department of Physics, Sofia University, Bulgaria

Correspondence should be addressed to Radoslav Rashkov, rash@phys.uni-sofia.bg

Received 29 April 2010; Accepted 16 June 2010

Academic Editor: Carlos Nunez

Copyright q 2010 V. Filev and R. Rashkov. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

We review a recent investigation of the effect of magnetic catalysis of mass generation in
holographic Yang-Mills theories. We aim at a self-contained and pedagogical form of the review.
We provide a brief field theory background and review the basics of holographic flavordynamics.
The main part of the paper investigates the influence of external magnetic field to holographic
gauge theories dual to the D3/D5- and D3/D7-brane intersections. Among the observed
phenomena are the spontaneous breaking of a global internal symmetry, Zeeman splitting of the
energy levels, and the existence of pseudo, Goldstone modes. An analytic derivation of the Gell-
Mann-Oaks-Renner relation for the D3/D7 set up is reviewed. In the D3/D5 case, the pseudo-
Goldstone modes satisfy nonrelativistic dispersion relation. The studies reviewed confirm the
universal nature of the magnetic catalysis of mass generation.

1. Introduction

An important concept in our attempt to describe the structure of our physical reality dating
back to Democritus is the atomic principle, namely, the idea that macroscopic bodies are build
out of fundamental particles. In modern perspective, we are interested in studying the basic
interactions between the building blocks of matter. It is experimentally well established that
there are four fundamental interactions: electromagnetic, strong and weak interactions as
well as gravity. Despite the remarkable success of the Standard Model of particle physics
unifying the first four interactions, it still remains a challenge to come up with a consistent
quantum theory of gravity. At present, one of the most promising directions towards a unified
theory of the fundamental interactions lies in the framework of string theory.
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Historically, string theory emerged as an attempt to describe the strong interactions
by what was called dual resonance models. However, shortly after its discovery, Quantum
Chromodynamics (QCD), which is a SU(3) Yang-Mills gauge theory, superseded it. The
matter degrees of QCD, consist of quarks which are in the fundamental representation of
the gauge group, while the interaction between the fundamental fields is being mediated
by the gluons which are the gauge fields of the theory thus transforming in the adjoint
representation of SU(3).

A remarkable property of QCD is the fact that it is asymptotically free, meaning that
at large energy scales, or equivalently at short distances, it has a vanishing coupling constant.
This makes QCD perturbatively accessible at ultraviolet. However, the low energy regime of
the theory is quite different. At low energy, QCD is strongly coupled, the interaction force
between the quarks grows immensely and they are bound together; they form hadrons.
This phenomenon is called confinement. Additional property of the low energy dynamics
of QCD is the formation of a quark condensate which mixes the left and right degrees of the
fundamental matter and leads to a breaking of their chiral symmetry. It is extremely hard to
examine the properties of the strongly coupled low energy regime of QCD, since the usual
perturbative techniques are not applicable.

The AdS/CFT correspondence [1, 2], as we will describe in detail in Section 3.1
of this review, is a powerful analytic tool providing a nonperturbative dual description
of non-abelian gauge theories, in terms of string theory defined on a proper gravitational
background. An important extension of the correspondence making it relevant to the
description of flavored Yang-Mills theories was the introduction of fundamental matter via
the introduction of probe flavor branes [3]. The most understood case is in the limit when
the number of different flavors is much less than the number of colors. This corresponds
to the quenched approximation on gauge theory side and the probe approximation on
supergravity side of the correspondence. We will review more details about the way the
AdS/CFT dictionary works in Section 3.2.

Despite its great potential direct application of the AdS/CFT, correspondence to
realistic non-abelian gauge theories such as QCD remains a challenge. A major limitation
is that realistic field theories do not seem to have simple holographic backgrounds.
Furthermore, there are indications that most realistic gauge theories do not even pose exact
holographically dual geometries. Nevertheless, applications of the AdS/CFT correspondence
are still possible. One plausible direction is the investigation of non-abelian gauge
theories exhibiting universal behaviour. Particularly interesting is to analyze the phase
structure of strongly coupled Yang-Mills theories. An example of such application of the
holographic approach is the study of properties of strongly coupled quark-gluon plasmas
[4].

Another possible direction is the study of phenomena known to have a universal
nature. An important example is the phenomenon of mass generation in an external magnetic
field. This phenomenon has been extensively studied in the conventional field theory
literature [5–8]. The effect was shown to be model independent and therefore insensitive
to the microscopic physics underlying the low-energy effective theory. The essence of this
effect is the dimensional reduction D → D-2 (3 + 1 → 1 + 1) in the dynamics of fermion
pairing in a magnetic field. Magnetic catalysis of mass generation has been demonstrated in
various 1 + 2 and 1 + 3 dimensional field theories. Given the universal nature of this effect,
it is natural to explore this phenomenon in the context of holographic gauge theories. In this
review, we focus on such studies for holographic gauge theories dual to the Dp/Dq-brane
intersection.
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The structure of the review is as follows.
In Section 2, we provide a short field theory background. In the first subsection,

we describe the properties of flavored SU(Nc) Yang-Mills theory focusing on the global
symmetries of the Lagrangian. We remind the reader about some basics of the phenomenon of
Chiral Symmetry breaking. We describe the effective field theory approach to that of Chiral
Symmetry breaking and provide a brief derivation of the famous Gell-Mann-Oaks-Renner
relation [9]. In the second subsection, we review the mechanism of the chiral symmetry
breaking due to the presence of an external magnetic field [5].

Section 3 of this review is dedicated to the AdS/CFT correspondence and its extension
to include matter in the fundamental representation of the gauge group. In the first subsection
we outline the main ideas that lead to the formulation of the Maldacena’s conjecture [1, 2]. We
discuss some qualitative and quantitative aspects of the correspondence and provide a brief
description about the way the AdS/CFT dictionary operates. The second subsection focuses
on the addition of flavor degrees of freedom to the correspondence. We review the approach
of [3] and provide some basic extracts from the AdS/CFT dictionary, which will be important
for the studies presented in Section 4.

Section 4 is the main part of the review. We present the studies of the influence of
external magnetic field on holographic gauge theories dual to the D3/D5- and the D3/D7-
branes intersection performed in [10–13]. In the case of the D3/D7 system, we review the
general properties of the holographic set up and the way chiral symmetry breaking is realized
as a separation of the color and flavor branes in the infrared. We review the properties of
the light meson spectrum of the theory and uncover Zeeman splitting of the energy levels
as well as the existence of Goldstone modes corresponding to the spontaneously broken
Chiral Symmetry. In the limit of small bare masses review, the analytic derivation of the
Gell-Mann-Oaks-Renner relation obtained in [12] from dimensional reduction of the eight-
dimensional effective action of the probe D7-brane. We also review the analogous studies of
the D3/D5 system. Again there are mass generation, Zeeman splitting, and Goldstone modes.
Interestingly, the broken Lorentz invariance in this case leads to nonrelativistic dispersion
relations.

We end with a brief summary of the presented material and a short discussion in the
conclusion section of the review.

2. Field Theory Preliminaries

In this section, we provide a basic field theory background. Our goal is to remind the
reader about some of the properties of strongly coupled flavored Yang-Mills theories, in
particular, their global symmetries and the corresponding spontaneous symmetry breaking.
We outline the effective field theory description of Chiral Symmetry breaking and provide a
brief derivation of the Gell-Mann-Oaks-Renner relation [9]. We also provide a short review
of the effect of magnetic catalysis of mass generation.

2.1. Flavored Yang-Mills Theory and Chiral Symmetry Breaking

Flavored Yang-Mills Theory

The lagrangian of four-dimensional pure SU(Nc) Yang-Mills theory coupled to Nf flavors of
fermionic fields is given by
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L = − 1
4g2

YM

Tr
[
FμνF

μν] + θ

32π2
Tr

[
FμνF̃

μν
]
+

Nf∑
i=1

ψi
(
iγμDμ −mi

)
ψi,

Fμν = ∂μAν − ∂νAμ − i
[
Aμ,Aν

]
, Dμ = ∂μ − iAμ, F̃μν =

1
2
εμνρσFρσ.

(2.1)

The first term in (2.1) is a dynamical term for the gauge field Aμ. The second term (the so-
called θ-term) is topological and is related to the Pontryagin index of Aμ. The parameter θ
ranges from 0 to 2π and parametrizes topologically distinct sectors of the theory. The last
term in (2.1) describes the matter (fundamental) fields of the theory. Let us look closely at
the last term. If one defines the left and right fermionic fields ψL,R = 1/2(1 ± γ5)ψ, it can be
written as

Lf =
Nf∑
i=1

(
ψiLiγ

μDμψ
i
L + ψ

i
Riγ

μDμψ
i
R −mi

(
ψiLψ

i
R + ψiRψ

i
L

))
. (2.2)

It is clear that the mass of the matter fields mi can be interpreted as a coupling between
the left and right fields ψL/R. Therefore, at vanishing mi we have two distinct sets of Nf

fermionic fields and at classical level the theory has a global U(Nf)L ×U(Nf)R symmetry. It
is instructive to split the global symmetry to

U
(
Nf

)
L
×U

(
Nf

)
R
= SU(Nf)V × SU(Nf)A ×U(1)V ×U(1)A. (2.3)

Let us focus first on the abelian symmetry. In infinitesimal form we have the transformations:

δψL = −iαψL, δψR = −iαψR, for U(1)V , (2.4)

δψL = −iαψL, δψR = +iαψR, for U(1)A. (2.5)

Transformation (2.5) is just a rigid U(1)-gauge transformation and correspond to some
quantum number. We will not be interested in breaking gauge symmetries in these notes;
this is why we focus on the transformation (2.5).

Anomalous Chiral Symmetry

In terms of the fields ψ, ψ, transformation (2.5) can be written as

δψ = −iαγ5ψ, δψ = −iαψγ5. (2.6)

The corresponding Noether current is given by

jμ5 = ψγμγ5ψ, (2.7)

and is conserved upon applying the equations of motion. Clearly a nonzero fermionic
condensate 〈ψψ〉 would break the Chiral transformation (2.6). Naively one would expect
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the existence of a corresponding Goldstone boson. This is the famous η′-meson in QCD.
However, it turns out that the measure of the path integral has a non-zero Jacobian under
the transformation (2.6), and the axial current defined in (2.7) is anomalous. In fact, one can
show that the anomaly is given by (look at [14, pages 185–192] for a brief derivation)

∂μj
μ5 = − 1

16π2
Tr

[
FμνF̃

μν
]
, (2.8)

and the chiral transformation can be absorbed into a redefinition of the theta angle of the
theory θ → θ − 2α. This suggests that the mass of the η′-meson can be related to the
topological susceptibility of the theory χYM = ∂2Evac/∂

2θ|Nf=0. For a canonically normalized
η′-field, one can obtain the following Witten-Veneziano formula [15, 16]:

m2
η′ =

4Nf

f2
η′

χYM ∝
Nf

Nc
, (2.9)

where we have used the Nc dependence of fη′ for large Nc, fη′ ∝
√
Nc [17].

The fact that m2
η′ ∝ Nf/Nc has an important consequences for the large Nc limit of

the theory. It suggests that if the number of flavors is Nf � Nc (the so-called quenched
approximation), the mass of the η′-meson is effectively zero and the anomalous U(1)A axial
symmetry is restored. This result is essential for the holographic studies that we will review
in Section 4. In fact, the holographic supersymmetric gauge theory that we consider has an
anomalous U(1)R-symmetry, which mimics the anomalous U(1)A symmetry (2.6). It is the
spontaneous breaking of this symmetry under external magnetic field that has been explored
in the holographic set up presented in Section 4.1.

Nonsinglet Chiral Symmetry

Let us now focus on the non-abelian part of the global symmetry (2.3). We will be interested in
the dynamical breaking of this symmetry by a nonvanishing fundamental condensate 〈ψψ〉.
Clearly only the axial SU(Nf)A is broken by the fundamental condensate. Goldstone theorem
suggests the existence ofN2

f
−1 goldstone fields. InNf = 3 Quantum Chromodynamics, these

are the π±, π0, K±, K0, K0, and η mesons.
An important extension of this discussion is the case when the mass of the

fundamental fields is not vanishing but is still a small parameter with respect to some relevant
energy scale. In this case, the Chiral Symmetry is an approximate symmetry of the theory and
the corresponding goldstone particles (mesons) acquire small masses. At leading order, there
is an important relation between the mass of the mesons, the bare mass of the fundamental
fermions, and the fundamental condensate, namely, the Gell-Mann-Oaks-Renner relation [9].
Since we will be interested in verifying this relation via holographic techniques in Section 4,
let us provide a brief derivation using an effective field theory description.
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Effective Chiral Lagrangian and the Gell-Mann-Oaks-Renner Relation

In what follows we will treat the fundamental condensate of the theory as an order parameter
of dynamically broken Chiral Symmetry along the lines of [14]. Let us define a condensate
matrix as

Σij

0 =
〈
ψiLψ

j

R

〉
0
. (2.10)

Nonbreaking of the vector symmetry implies that the matrix order parameter Σij can be
brought into the following form:

Σij

0 =
1
2
δijΣ0, (2.11)

by the group transformation (2.3). Here Σ0 is in general a complex scalar. Now fluctuations
of the order parameter (2.11) will be described by a unitary matrix U(x) ∈ SU(Nf)A:

Σ(x)ij =
1
2
Σ0U(x)ij (2.12)

as well as a fluctuations of the phase of Σ0 parametrized by elements of U(1)A. Let us focus
on the non-abelian case first. It is convenient to express U(x) as an exponential

U(x) = exp

{
2iπa(x)ta

f2
π

}
, (2.13)

where πa are the physical meson fields, fπ is a constant of dimension of mass (the pion’s
decay constant in Quantum Chromodynamics), and ta are the generators of SU(Nf)A. To
fix the exact form of the effective lagrangian, note that there is a unique invariant structure
involving two derivatives:

L(kin)
eff =

f2
π

4
Tr

[
∂μU∂

μU†
]
. (2.14)

To leading order in πa, we obtain

L(2,kin)
eff =

1
2
∂μπ

a∂μπa + · · · (2.15)

and hence we have a canonically normalized bosonic field. In order to fix the mass term of
our pseudo-Goldstone fields, let us note that the mass term in (2.2) can be traded for

Lmeff = −Re[Tr{MΣ(x)}], (2.16)
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where we have defined the mass matrixM = ‖miδ
ij‖. Now using (2.12) and (2.13) one arrives

at

Lmeff = const +
Re[Σ0]
f2
π

⎛
⎝

Nf∑
i=1

mi

⎞
⎠πaπa +O

(
π3

)
. (2.17)

Therefore, to quadratic order our effective action is given by

L(2)
eff =

1
2
∂μπ

a∂μπa +
Re[Σ0]
f2
π

⎛
⎝

Nf∑
i=1

mi

⎞
⎠πaπa. (2.18)

Equation (2.18) implies the following expression for the mass of the meson fields πa:

M2
π = −2 Re[Σ0]

f2
π

⎛
⎝

Nf∑
i=1

mi

⎞
⎠ = −

2〈ψψ〉
f2
π

m, (2.19)

where in the last equality we have used is 〈ψψ〉 =Nf Re[Σ0] and we defined

m =
1
Nf

Nf∑
i=1

mi. (2.20)

Equation (2.19) is the famous Gell-Mann-Oaks-Renner relation [9]. Using similar arguments,
one can obtain similar expression for the mass of the η′-meson corresponding to the
spontaneous breaking of the U(1)A Chiral Symmetry (which is nonanomalous in the
quenched approximation Nf �Nc).

2.2. Magnetic Catalysis of Mass Generation in Field Theory

In this subsection, we will review the mechanism of the chiral symmetry breaking due to the
presence of an external magnetic field. We will follow closely the outline provided in [18, 19].

To start with, let us make a few comments on the general properties of the chiral
fermions in a constant magnetic field turned on in x3 direction of the 4d spacetime. The
lagrangian of a relativistic fermion is of the standard form

L =
1
2

[
Ψ,

(
iγμDμ −m

)
Ψ

]
, (2.21)

where the covariant derivative is given by

Dμ = ∂μ − ieAext
μ , Aext

μ = −Bx2δμ,1. (2.22)
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One of the most important characteristic of the system is its spectrum, or the so-called Landau
levels, which can be easily obtained from the above lagrangian

En(k3) = ±
√
m2 + 2|eB|n + k2

3 , n = 0, 1, 2, . . . . (2.23)

First of all, one can immediately see the degeneracy of the Landau levels. The energy is
parametrized by a continuous parameter k3, the momentum along the magnetic field, and
a discrete parameter n related to the finite dynamics in the plane orthogonal to the magnetic
field. The number of states for the lowest Landau level is different from the others; Landau
degeneracy factor for the lowest level is |eB|/2π while for the other is |eB|/π . Our purpose
will be to show that the dynamics of the lowest Landau level (LLL) is the one playing crucial
role in the chiral symmetry breaking.

The dynamics of the chiral condensates in an external magnetic field has many
interesting and important features. To make conclusions for those which we will use in
the next sections, let us start with expressing the chiral condensate through the fermion
propagator S(x, y)

〈
0
∣∣∣Ψ Ψ

∣∣∣0
〉
= lim

x→y
trS

(
x, y

)
. (2.24)

Thus, the problem we are going to study is encoded in the properties, or more concretely the
pole structure of the fermion propagator S(x, y).

The fermion propagator is well known form a long time and is usually defined as the
matrix element

S
(
x, y

)
=

(
iγμDx

μ +m
)〈

x

∣∣∣∣∣
−i

(
γμDμ

)2 +m2

∣∣∣∣∣y
〉

=
(
iγμDx

μ +m
)∫∞

0
ds

〈
x
∣∣∣e−is[(γμDμ)

2+m2]
∣∣∣y

〉
.

(2.25)

To calculate the matrix element 〈x| exp(−is[(γμDμ)
2 + m2])|y〉, one can use the Schwinger’s

proper time approach, which gives

〈
x
∣∣∣e−is[(γμDμ)

2+m2]
∣∣∣y

〉
=

e−i(π/4)

8(πs)3/2
ei[Scl−sm

2]
(
eBs cot(eBs) + γ1γ2eBs

)
. (2.26)

In the above expression, Scl is defined as

Scl = e
∫x

y

Aext
ν dxν − 1

4s
(
x − y

)
ν

⎡
⎢⎣gνμ +

((
Fext

)2
)
νμ

B2 (1 − eBs cot(eBs))

⎤
⎥⎦(x − y)μ, (2.27)

where the integration is along a straight line connecting the two points since the result is path
independent.
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Separating the phase factor containing the integration, the propagator can be
represented in the following convenient form:

S
(
x, y

)
= eie

∫x
y A

ext
ν dxν S̃

(
x − y

)
, (2.28)

where

S̃(x) = −i
∫∞

0

ds

16(πs)2
e−ism

2
e−(i/4s)[(x0)2−x2

A(eBs)cot(eBs)−(x3)2]

.

(
m +

1
2s

[
γ0x0 − γAxA(eBs)cot(eBs) − γ3x3

]
− eB

2
εABγ

AxB
)

.
(
(eBs)cot(eBs) − γ2γ2(eBs)

)
, A = 1, 2, ε12 = +1.

(2.29)

It is more convenient to consider the propagator in the Euclidean momentum space.
Transforming to the Euclidean momentum space (k0 → ik4, s → −is), we get

〈
0
∣∣∣ΨΨ

∣∣∣0
〉
=
−i

(2π)2
tr

∫
d4kS̃E(k)

=
4m

(2π)2

∫
d4k

∫∞
1/Λ

ds e−s(m
2+k2

4+k
2
3+k

2
A(tanh(eBs)/eBs))

=
eBm

(2π)2

∫∞
1/Λ

ds

s
e−sm

2
coth(eBs),

(2.30)

where Λ is UV cutoff. It is instructive to look at the behavior of the condensate for the
infinitesimal m. The last expression in this limit takes the form

〈
0
∣∣∣ΨΨ

∣∣∣0
〉

m→ 0−−−−−→ −|eBs| m
4π2

(
log

Λ2

m2
+O

(
m0

))
. (2.31)

It is clear that the logarithmic singularity is due to the contributions from large distances, that
is, for large proper time s. The conclusion one can draw about the role of the magnetic field
is that it confines effectively the dynamics in only two dimensions, that is, we arrive at 1 + 1
dynamical problem. To uncover the nature of the logarithmic singularity, let us take a closer
look at the fermion propagator in Euclidean signature

ŜE(k) = −i
∫∞

0
ds e−(m

2+k2
4+k

2
3)s e−(k

2
⊥/eB) tanh(eBs)

(
1 +

1
i
γ1γ2 tanh(eBs)

)

.

(
−kμ +m +

1
i
γAkBε

AB tanh(eBs)
)
.

(2.32)



10 Advances in High Energy Physics

It is obvious that all the terms can be obtained by differentiating on parameters or integrating
by parts of the expression

I =
∫∞

0
ds e−ρ̃s e−(λ/2) tanh(eBs), (2.33)

where λ = k2
⊥/eB, ρ̃ = m2 + k2

3 + k2
4. The second exponent can be expanded over Laguerre

polynomials Lαn using the generating function (z = − exp(−2eBs))

eλ/2e(λ/2)·((z−1)/(z+1)) =
∞∑
n=0

cn(λ)zn, cn(λ) = Ln(λ) − Ln−1(λ), |z| < 1. (2.34)

The final expression one can obtain after lengthy but straightforward calculations is

ŜE(k) = −ie−k
2
⊥/eB

∞∑
n=0

(−1)n
Dn(eB, k)

k2
4 + k

2
3 +m

2 + 2eBn
, (2.35)

where

Dn(eB, k) = 4
(
k1γ1 + k2γ2

)
L1
n

(
2
k2
⊥

eB

)

+
(
m − k4γ4 − k3γ3

)[(
1 − iγ1γ2

)
Ln

(
2
k2
⊥

eB

)
−

(
1 + iγ1γ2

)
Ln−1

(
2
k2
⊥

eB

)]
.

(2.36)

Thus, the poles of the propagator are located at the Landau levels! From this result,
one can draw the following important conclusions. Analyzing the terms in the propagator,
one can see that the logarithmic singularity in the condensate is due to the lowest Landau level. The
second conclusion is that the above expression explicitly shows the 1 + 1 nature of the lowest
Landau level dynamics. Thus, the dynamics of the fermion pairing in a magnetic field in 4d
is 1 + 1 dimensional phenomenon.

Summarizing, we stress on the conclusion that the presence of a magnetic field drives
spontaneous chiral symmetry breaking even when the field strength is weak. The mechanism
is fairly universal since it catalyzes the fermion pairing at the lowest Landau level. The pairing
dynamics is essentially 1 + 1 dimensional in the infrared region. Concluding this section, we
note that the generation of dynamical masses can be illustrated on the examples of concrete
models described in the literature (see e.g., [5, 18, 19]).

3. Holographic Flavor Dynamics in a Nutshell

The idea of gauge/string duality is one of the most profound in the realm of fundamental
interactions. It influenced a lot both sides of the correspondence: since the first papers on the
subject appear, several new important ideas and results have emerged in string and gauge
theories.



Advances in High Energy Physics 11

A crucial milestone was the large N limit proposed by t’Hooft [20]. Instead of using
SU(3) as a gauge group,

′
t Hooft proposed to consider SU(N) Yang-Mills theory and take

the limit N � 1, while keeping the so-called
′
t Hooft coupling fixed λ = Ng2

YM.
′
t Hooft

proved that in this limit only planar diagrams contribute to the partition function which
makes the theory more tractable. On the other side, the expansion in 1/N corrections of the
QCD partition function and the genus expansion of the string partition function exhibit the
same qualitative behavior, suggesting that perhaps a dual description of the large N limit of
non-abelian gauge theories might be attainable in the framework of string theory.

In this section we will discuss some qualitative and quantitative aspects of the
holographic correspondence between strings and gauge theories. Once the correspondence is
argued, our primary interest will be focused on the introduction of favors and their dynamics.

3.1. The AdS/CFT Correspondence

Let us make the above ideas more concrete introducing the basic ingredients of the so-
called AdS/CFT correspondence. In our outline, we will assume basic knowledge of the
concepts of superstring theory and the notion of D-branes. (We refer the reader to [21] for a
comprehensive introduction to the subject.)

One can conceive of two basic types of strings. The first are the so-called closed strings,
which at any moment of time have the topology S1. It turns out that the closed strings
define a consistent perturbation theory in and of themselves, and that it is this case that
leads to the type II supergravities the equation of motion. One might also consider the so-
called open strings which, at any instant of time, have the topology of an interval. In order
for the dynamics of such strings to be well defined, one must specify boundary conditions
at the ends. One possibility is to impose Neumannn boundary conditions to describe the
free ends. Another possibility is to impose Dirichlet boundary conditions requiring the end
points of the string to remain fixed at some points of the spacetime. One can also consider a
mixture of Dirichlet and Neumann boundary conditions, insisting that the end of the string
remain, attached to some submanifold of spacetime, but otherwise leaving it free to roam
around the surface. Surfaces associated with such Dirichlet boundary conditions are known
as Dirichlet submanifolds, that is, D-branes. To shorten the long discussion, we just stress that
it turns out that the Dirichlet submanifolds are sources of the Ramond-Ramond gauge fields
and of the gravitational field. That is, they carry both stress-energy and Ramond-Ramond
charges. Summarizing, one can say that in many ways, the discovery of D-branes was a
breakthrough for string theory. D-branes provide nonperturbative solutions to the theory.
They also couple naturally to both open strings, which have gauge fields in their spectrum,
and to closed strings, which have gravitons as vibration modes. This complementary nature
of D-branes makes for a powerful framework for further study of the ideas of gauge/string
duality.

The idea of the gauge/string duality passed though many controversial developments
over few decades. The early hints about a possible gauge/string duality came very close
to reality with the development of the concept of Dp-branes and their identification
as the sources of the well-known black p-brane solutions of type IIB supergravity. The
key observation was that the low energy dynamics of a stack of N coincident Dp-
branes can be equally well described by an SU(N) supersymmetric Yang-Mills theory
in p + 1 dimensions and an appropriate limit of a p-brane gravitational background.
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The first gauge theory studied in this context is the large NN = 4SU(N) supersym-
metric Yang-Mills theory in 1 + 3 dimensions which is a maximally supersymmetric
conformal field theory. The corresponding gravitational background is, as proposed by
Maldacena [1, 2], the near horizon limit of the extremal 3-brane solution of type IIB
supergravity. This was the original formulation of the standard (by now) AdS/CFT
correspondence.

An important step was the understanding of the role of one of the additional
coordinates (supplementing the four usual ones) as a renormalization-group scale. The idea
was further promoted demonstrating the possibility of self-consistent account of the back
reaction of the gravity on the D-branes and vice versa. Further development of this idea
leads to the formulation of the AdS/CFT correspondence. We refer the reader to the extensive
review [22] for a detailed historical overview and a detailed list of references and focus on
the physical aspects of the correspondence.

Low Energy Dynamics of D3-Branes and the Decoupling Limit

When there are N parallel Dp-branes, their low energy dynamics is described by a reduction
of the N = 1 supersymmetric ten-dimensional Yang-Mills theory of the gauge group
U(N) to the p + 1 dimensional supersymmetric Yang-Mills-Higgs theory. The physics of the
supersymmetric Yang-Mills systems can be understood by that of the D-brane dynamics and
vice versa.

Let us consider a stack of N coincident D3-branes. This system has two different kinds
of perturbative-type IIB string theory excitations, namely, open strings that begin and end on
the stack of branes and closed strings which are the excitations of empty space. Let us focus
on the low-energy massless sector of the theory.

The first type of excitations corresponds to zero length strings that begin and end
on the D3-branes. The orientation of these strings is determined by the D3-brane that they
start from and the D3-brane that they end on. Thus, the states describing the spectrum of
such strings are labeled by λij , where i, j = 1, . . . ,N. It can be shown that in the case of
oriented strings [21] λij transform in the adjoint representation of U(N). On the other side,
the massless spectrum of the theory should form anN = 4 supermultiplet in 1+3 dimensions.
The possible form of the interacting theory (if we take into account only interactions among
the open strings) is thus completely fixed by the large amount of supersymmetry that we
have and is theN = 4U(N) supersymmetric Yang-Mills theory. Note that U(N) came from
the transformation properties of λij . On the other side, U(N) can be thought of as a direct
product ofU(1) and SU(N), geometrically theU(1) corresponds to the collective coordinates
of the stack of D3-branes. We will restrict ourselves to the case when those modes were not
excited; we refer the reader to [22] for further discussion on this point.

The second kind of excitations is that of type IIB closed strings in flat space. The low-
energy massless sector is thus a type IIB supergravity in 1 + 9 dimensions.

The complete action of the system is a sum of the actions of those two different sectors
plus an additional interaction term. This term can be arrived at by covariantizing the brane
action after introducing the background metric for the brane [23]. It can be shown [22] that
in the α′ → 0 limit the interaction term vanishes and the two sectors of the theory decouple.

To summarize, the low energy massless perturbative excitations of the stack of D3-
branes are given by two decoupled sectors, namely,N = 4SU(N) supersymmetric Yang-Mills
theory and supergravity in flat 1 + 9 space-time. Our next step is to consider an equivalent
description of this system in terms of effective supergravity solution.
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Let us consider the extremal black 3-brane solution of type IIB supergravity. The
corresponding gravitational background is given by [21]

ds2 = H−1/2
3 ημνdx

μdxν +H1/2
3 dxidxi,

e2Φ = g2
s ,

C(4) = H−1
3 g−1

s dx
0 ∧ · · · ∧ dx3,

(3.1)

where μ = 0, . . . , 3, i = 4, . . . , 9, and the harmonic (in six dimensions) function H3 is given by

H3 = 1 +
4πg3Nα′2

r4
. (3.2)

The integer number N quantizes the flux of the five-form field strength dC(4). It can also be
interpreted as the number of D3-branes sourcing the geometry. We note that the elementary
D3-brane solutions for small y have a warp factor describing a “throat” geometry. For very
large y, the throat opens into a flat R

1,4 space. Taking the near horizon limit of the geometry
corresponds to sending α′ → 0 while keeping the quantity u = r/α′ fixed. Such a limit serves
two goals: first it enables one to zoom in the geometry near the extremal horizon, and second
it corresponds to a low energy limit in the string theory defined on this background. After
leaving only the leading terms in α′, one can obtain the following metric [1, 2]:

ds2 =
u2

R2

(
−dx2

0 + dx
2
1 + dx

2
2 + dx

2
3

)
+ R2du

2

u2
+ R2dΩ2

5,

C(4) =
1
gs

u4

R4
dx0 ∧ dx1 ∧ dx2 ∧ dx3,

eΦ = gs,

R4 = 4πgsNcα
′2.

(3.3)

The background in (3.3) is that of an AdS5 × S5 space-time of radius R. Note that from a
point of view of an observer at r → ∞, the type IIB string theory excitations living in the
near horizon area, namely, superstring theory on the background (3.3), will be redshifted by
an infinite factor of √gtt = H−1/4

3 . Therefore, we conclude that type IIB superstring theory
on the background of AdS5 × S5 should contribute to the low-energy massless spectrum of
the theory seen by an observer at infinity. However, an observer at infinity has another type
of low-energy massless excitations of type IIB string theory, namely, type IIB supergravity
on flat 1 + 9 space or gravitational waves. Those two different types of excitations can be
shown to decouple form each other. To verify this one can consider the scattering amplitudes
of incident gravitons of the core of the geometry (the near horizon area). It can be shown
that at low energies (ω � 1/R) the absorption cross-section of such a scattering σabs goes
like [24, 25] σabs ∝ ω3R8. Therefore, one has that σabs → 0 and those two types of excitations
decouple in the low energy limit ω → 0.

Let us see what the decoupling limit means for the string sigma model in the D3-brane
background. We will concentrate here on the metric part, thereby ignoring the contributions
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from the five-form field F5. We denote the D = 10 coordinates by xM,M = 0, 1, . . . , 9, and
the metric by GMN(x). We choose the first 4 coordinates to coincide with xμ of the Poincaré
invariant D3 worldvolume, while the coordinates on the 5-sphere are xM for M = 5, . . . , 9
and the coordinate x4 = u. The full D3-brane metric takes the form ds2 = GMNdx

MdxN =
R2G̃MN(x;R)dxMdxN , where the rescaled metric G̃MN is given by

G̃MN(x;R)dxMdxN =

(
1 +

R4

u4

)1/2(
du2

u2
+ dΩ2

5

)(
1 +

R4

u4

)−1/2
ηij

u2
dxidxj. (3.4)

Substituting this metric back into the nonlinear sigma model, we obtain

SG =
1

4πα′

∫

Σ

√
−γγmnGMN(x)∂mxM∂nxN =

R2

4πα′

∫

Σ

√
−γγmnG̃MN(x)∂mxM∂nxN. (3.5)

The overall coupling constant for the sigma model dynamics is given by

R2

4πα′
=

√
λ

4π
, λ ≡ gsN. (3.6)

Keeping gs and N fixed but letting α′ → 0 implies that R → 0. It is easy to see that under
this limit the sigma model action admits a smooth limit, given by

SG =

√
λ

4π

∫

Σ

√
−γγmnG̃MN(x)∂mxM∂nxN, (3.7)

where the metric G̃MN(x; 0) is the metric on AdS5 × S5,

GMN(x;R)dxMdxN =
ηij

u2
dxidxj +

du2

u2
+ dΩ2

5, (3.8)

rescaled to unit radius. Moreover, the coupling 1/
√
λ has taken over the role of α′ as the

nonlinear sigma model coupling constant and the radius R has canceled out.

The AdS/CFT Correspondence

As we learned from the above, the massless sector of the low energy dynamics of N
coincident D3-branes allows two possible descriptions. Conjecturing that these descriptions
are equivalent is the core of Maldacena’s AdS/CFT correspondence [1, 2]. Notice that in
both descriptions one part of the decoupled sectors is a type IIB supergravity in flat space.
Thus, we are naturally led to the conclusion that type IIB superstring theory on the background
of AdS5 × S5 background is dual to N = 4SU(N) supersymmetric Yang-Mills theory in 1 + 3
dimensions. We have presented this statement in a diagrammatic way in Figure 1.
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Type IIB superstring theory

on the background of AdS5 × S5 +

+

Type IIB supergravity
in flat 1 + 9 space-time

N = 4SU(Nc) SUSY YM Type IIB supergravity
in flat 1 + 9 space-time

Figure 1: A diagrammatic statement of the Ads/Cft correspondence.

A further hint supporting the AdS/CFT correspondence is that the global symmetries
of the proposed dual theories match. Indeed, an AdS5 space-time of radius R can be
embedded in an R

2,6 flat space. It can then be naturally described as a hyperboloid of
radius R and thus has a group of isometry SO(2, 6) which is also the group of rotations
in 2 + 4 dimensions. On the other side, the S5 part of the geometry has a group of
isometry SO(6) (the group of rotations in 6 dimensions). This leads us to the conclusion
that the total global symmetry of string theory on AdS5 × S5 gravitational background
is SO(2, 4) × SO(6). It is satisfying that the corresponding gauge theory has the same
global symmetry. Indeed, it is a well-known fact that the N = 4 supersymmetric Yang-
Mills theory in 1 + 3 dimensions is a conformal field theory. As such it should has
the global symmetry of the conformal group in 1 + 3 dimensions, but this is precisely
SO(2, 4). Actually, since the theory is supersymmetric, the full global symmetry group is
the superconformal group which includes an SU(4) global R-symmetry. In particular, this
group rotates the gauginos of the super Yang-Mills theory. However, it is well known
that SU(4) ∼= SO(6), and therefore the global symmetry of the gauge theory is indeed
SO(2, 4) × SO(6)!

An important aspect of the correspondence is the regime of the validity of the dual
description. Depending on the precise way in which we are taking the α′ → 0 limit,
there are two basic forms of the AdS/CFT correspondence. The strongest form is that
the string/gauge correspondence holds for any N. Unfortunately, this strong form of the
conjecture cannot be tested directly since it is not known how to quantize superstring
theory on a curved background in the presence of Ramond-Ramond fluxes [26]. The
second form of the conjecture holds in the t’Hooft limit when N → ∞ and the t’Hooft
coupling λ ∝ gsN is kept fixed. In this way on gauge side of the correspondence, only
planar diagrams contribute to the partition function while on string side the required
gs → 0 limit suggests semiclassical limit of the superstring theory on AdS5 × S5. An
important observation is that large λ � 1 suggests large AdS radius R ∝ λ1/4 and hence
small curvature of the AdS background. This implies that the supergravity description is
perturbative and thus provides an analytic tool for perturbative studies of nonperturbative
field theory phenomena. On the other side, if we are at weak t’Hooft coupling (λ �
1), we can perform perturbative studies on gauge side of the correspondence and
transfer the result to the perturbatively inaccessible regime of the supergravity description.
Therefore, we conclude that the AdS/CFT correspondence is a strong/weak duality. In
this work, we will concentrate solely on the study of strongly coupled λ � 1 Yang-Mills
theories. Hence, we will perform the analysis on the supergravity side of the AdS/CFT
correspondence.



16 Advances in High Energy Physics

The AdS/CFT Dictionary

It did not take long until an explicit formulation of Maldacenas conjecture was found.
Gubser et al. [27] and Witten [28] independently proposed to identify the classical on-shell
supergravity action, expressed in terms of given boundary values, with the effective action of
super Yang-Mills theory, where the supergravity boundary values play the roles of generating
currents. Moreover, Witten suggested that via this identification any field theory action on
(d+1)-dimensional anti-de Sitter space gives rise to an effective action of a field theory on the
d-dimensional boundary of Anti-de Sitter space. Most importantly, this field theory on the
boundary must be a conformal field theory, because the AdS symmetries act as conformal
symmetries on the asymptotic boundary. This duality has since been called the AdS/CFT
correspondence.

The general correspondence formula is [28]

∫

Ψ0

DΨe−IAdS[Ψ] =
〈

exp
∫
ddxO(x)Ψ0(x)

〉
, (3.9)

where the functional integral on the left-hand side is over all fields Ψ whose asymptotic
boundary values are Ψ0, and O denotes the conformal operators of the boundary conformal
field theory.

In the classical limit, which will be considered exclusively throughout this Chapter, the
functional integral on the left-hand side of (3.9) becomes redundant, and the correspondence
formula can be given in the simple, form [27, 28]:

IAdS[Ψ0] =WCFT[Ψ0], (3.10)

where IAdS is the classical on-shell action of an AdS field theory, expressed in terms of the
field boundary values Ψ0, and WCFT is the CFT effective action with generating currents,
given by minus the logarithm of the right-hand side of (3.9). However, one must expect IAdS

to be divergent as it stands, because of the divergence of the AdS metric on the AdS horizon,
x0 = 0. Thus, in order to extract the physically relevant information, the on-shell action has
to be renormalized by adding counter terms, which cancel the infinities. After defining the
renormalized, finite action by

IAdS,fin = IAdS − Idiv, (3.11)

where Idiv stands for the local counter terms, one identifies IAdS,fin with the CFT effective
action. Thus, the meaningful correspondence formula is

IAdS,fin ≡WCFT. (3.12)

Given a field theory action on AdS space and a suitable regularization method, it is
straightforward to calculate the renormalized on-shell action IAdS,fin. On the other hand, the
CFT effective action

WCFT[Ψ0] = − ln
〈

exp
∫
ddxO(x)Ψ0(x)

〉
(3.13)
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contains all information about the conformal field theory living on the AdS horizon, in
that all correlation functions of its operators can be obtained in a standard fashion. Thus,
the AdS/CFT correspondence formula (3.12) provides for the most amazing fact that the
properties of certain conformal field theories can be obtained from seemingly unrelated
theories, namely, field theories on AdS spaces. Moreover, any field theory on AdS space,
which includes gravity, has a corresponding counterpart CFT, whose action might not even
be known. Thus, the AdS/CFT correspondence might be an invaluable tool for formulating
nontrivial CFT’s in various dimensions, although studies of this aspect.

Let us focus on the precise way that the AdS/CFT correspondence is implemented on
the example of a scalar field φ. After a closer look at the geometry of the AdS5×S5 background,
we conclude that it has five noncompact directions. Four of them are parallel to the D3-branes
world volume and correspond to the 1 + 3 directions of the dual gauge theory. The fifth
non-compact direction is the radial direction u (radial in the transverse, to the D3-branes,
R

6 space) and its interpretation in the dual gauge theory is not obvious. To shed more light
on it, let us consider the action of a free massless scalar field in 1 + 3 dimensions [26]:

S =
∫
d4x

(
∂φ

)2
. (3.14)

The corresponding field theory is conformal and thus has a global symmetry SO(2, 4) which
is the conformal group in 1 + 3 dimensions. Therefore, we can consider the transformation
properties of the scalar field φ under the action of the dilatation operator. One can verify that
the transformation:

x −→ eαx, φ −→ e−αφ, (3.15)

leaves the action (3.14) invariant. Furthermore, we learn that the scalar field φ has a scaling
dimension one. On the other side, the SO(2, 4) group is the group of isometry of AdS5 and
one can verify from (3.3) that the transformation x → eαx suggests

u −→ e−αu. (3.16)

Therefore, we learn that the coordinate u scales as energy under dilations and thus has a
natural interpretation as an energy scale of the dual gauge theory.

The further development of the AdS/CFT correspondence resulted in a map between
gauge invariant operators inN = 4 super Yang-Mills in a particular irreducible representation
of the SU(4) R-symmetry group and supergravity fields in the isomorphic representation of
the SO(6) global symmetry. These representations are obtained after Kaluza-Klein reduction
of the supergravity fields on the internal S5 sphere. Let us consider for simplicity the case of
a scalar field of mass m, propagating on the AdSd+1 background. The relevant action is [26]

S =
∫
ddx du

√
−g

(
gab∂aφ∂bφ −m2φ2

)
. (3.17)
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The solution of the corresponding equation of motion the following asymptotic behavior at
large u:

φ(u, x) =
(

1
u

)4−Δ
φ0(x) +

(
1
u

)Δ

〈O(x)〉, (3.18)

where

Δ =
d

2
+

√
d2

4
+ R2m2. (3.19)

Note that the supergravity field φ(u) is a scalar field and is thus invariant under the action
of the dilatation operator because the latter is one of the generators of the global symmetry
SO(2, 4). Therefore, we conclude that φ0 and 〈O(x)〉 carry scaling dimensions 4 − Δ and Δ,
respectively. In [27] it was suggested that φ0 and 〈O(x)〉 correspond to the source and the
vacuum expectation value of the gauge invariant operator O(x). It is also worth noting that
the expression:

∫
ddxφ0(x)〈O(x)〉 = inv. (3.20)

is invariant under the SO(2, 4) global symmetry. It was suggested that the exact form of the
map is given by the relation [27, 28]:

〈
e
∫
ddxφ0(x)〈O(x)〉

〉
CFT

= ZSugra
[
φ0(x)

]
, (3.21)

where

ZSugra
[
φ0(x)

]
= lim

ε→ 0
ZSugra

[
φ0

(
1
ε
, x

)
= εd−Δφ0(x)

]
. (3.22)

That is, the generating functional of the conformal field theory coincides with the generating
functional for tree level diagrams in supergravity. We refer the reader to the extensive review
[22] for more subtleties on the precise way of taking the ε → 0 limit in (3.22).

Formula (3.21) has been tested by comparing correlation functions of the N = 4
quantum field theory with classical correlation functions in AdSd. Note that the tree level
approximation on supergravity side is valid only at strong

′
t Hooft coupling and therefore the

corresponding conformal field theory is strongly coupled. This is why the correspondence
was tested in this way only for correlation functions which satisfy non-renormalization
theorems and hence are independent on the coupling [26]. In particular, it applies for the
two- and three-point functions of 1/2 BPS operators [29, 30].

Further checks of the correspondence beyond the 1/2 BPS sector were started with the
so-called plane-wave string/gauge theory duality, where one takes appropriate plane-wave
limit of the AdS5×S5 background [31]. The key point of this limit is that superstring theory on
this background can be exactly quantized. Recently a significant progress towards quantizing
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superstring theory on AdS5 × S5 has been achieved using integrable spin chain models. We
refer the reader to [32, 33] for more details on these vast subjects.

3.2. Adding Flavors to the Correspondence

Direct consequence of the confining property of QCD is the fact that the low energy
dynamics of the theory is governed by color singlets, such as mesons, baryons, and glueballs.
Mesons and baryons are bound states of quarks, the latter transform in the fundamental
representation of SU(3). The fact that at low energy QCD is strongly coupled suggests that
it is not accessible for perturbative studies. This is why it is important to come up with
an alternative nonperturbative techniques describing the strongly coupled regime of Yang-
Mills theories and in particular Yang-Mills theories containing matter in the fundamental
representation of the gauge group, such as QCD.

Further need of alternative nonperturbative techniques applicable to the properties
of the fundamental fields in the strongly coupled regime of non-abelian gauge theories is
required by the very recent discoveries of the properties of matter obtained in heavy ion
collision experiments. More precisely the fact is that the quark-gluon plasma, which is the
phase of matter of the fireballs obtained in such experiments, is not the expected weakly
coupled quark-gluon plasma predicted by the standard perturbative QCD but is classified as
a strongly coupled quark-gluon plasma, a novel phase of matter that provides challenge for
the society of theoretical physicists.

One of the purposes of the study of the AdS/CFT correspondence is to develop the
above-mentioned analytic tools for the study of strongly coupled Yang-Mills theories. The
original form of the conjecture that we described in the previous section focuses on a gauge
theory with a huge amount of symmetry, namely, the N = 4 super Yang-Mills theory. On
way to make the correspondence more applicable to realistic gauge theories, such as QCD, is
to reduce the amount of the supersymmetry of the theory by introducing additional gauge
invariant operators. This approach though fruitful still has the weakness that the matter
content of the dual gauge theory, more precisely the fermionic degrees of freedom, transforms
in the adjoint representation of the gauge group. In other words, there are no fundamental
fields in the theory. The reason is that both ends of the strings, producing the field content
of the gauge theory, are attached to the same stack of D3-branes and the corresponding
states transform in the adjoined representation of the gauge group. In order to introduce
fundamental matter, one needs to consider separate stack of D-branes.

The easiest way to introduce fundamental fields in the context of the AdS/CFT
correspondence is to consider an additional stack of Nf D7-branes [3]. (From now on we will
useNc as a notation for the number of the D3-branes sourcing the gravitational background.)
Since the D7-branes’ world volume is higher dimensional and non-compact in the transverse
to the D3-branes dimensions, the D7-branes have infinite “internal” volume and thus their
gauge coupling vanish making their gauge symmetry group a global symmetry. In this
way, we introduce a family of fundamental matter with global flavor symmetry SU(Nf).
To be more precise, let us consider two stacks of parallel Nc D3-branes and Nf D7-branes
embedded in the following way (see Table 1).

The low energy spectrum of the strings stretched between the D3- and D7-branes
directions gives rise to theN = 2 hypermultiplet containing two Weyl fermions of opposite
chirality coming from the light-cone modes of strings stretched along the NN and DD
directions (2,3,8,9) and two complex scalars coming from strings stretched along the ND
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Table 1: Embedding of the flavor D7-branes.

0 1 2 3 4 5 6 7 8 9
D3 - - · · · · · · · ·
D7 - - - - · · - - · ·

directions, namely, 4,5,6,7. Now if we consider Nf � Nc and take the large Nc limit. We
can substitute the stack of D3-branes with an AdS5 × S5 space and study the Nf D-branes
in the probe limit using their Dirac-Born-Infeld action. On gauge side, this corresponds to
working in the quenched approximation (Nf � Nc) and taking the large N

′
ct Hooft limit. If

the D3- and D7-branes are separated in their transverse (8,9)-plane, then the strings stretched
between them have a final length and hence final energy. It can be shown that [21] the mass
of the hypermultiplet is given by the energy of the string or the distance of separation L
multiplied by the string tension mq = L/(2πα′).

Let us study closer the symmetry of the set up. If the D3- and the D7-branes overlap
the hypermultiplet is massless (mq = 0). In this case, the SO(6) rotational symmetry of the
transverse R

6 space is broken to the product SO(4)×SO(2), corresponding to rotations along
the ND directions (4,5,6,7) and the DD directions (8,9), respectively. This is equivalent to an
SU(2)L × SU(2)R × U(1)R global symmetry and suggests that the gauge theory has an R-
symmetry group SO(2)R × U(1)R [34], which is indeed the case, when the hypermultiplet
is massless. If the D3- and D7-branes are separated, it is known that the R-symmetry is just
SU(2)R, which again fits the fact that the SO(2) rotational symmetry in the (8,9)-plane is
broken.

The Dictionary of the Probe Brane

Let us now focus on the precise way that the AdS/CFT dictionary is implemented. The
dynamics of the D7-brane probe is described by the Dirac-Born-Infeld action including the
Chern-Simons term [21]:

S

Nf
= −μ7

∫

M8

e−Φd8ξ

√
−det

(
P[Gab] + (2πα′)2Fab

)
+
(2πα′)2

2
μ7

∫

M8

P
[
C(4)

]
∧ F ∧ F,

(3.23)

where (2πα′)Fab = P[Bab] + (2πα′)Fab and μ7 = [(2π)7α′4]
−1

. It is convenient to introduce the
following coordinates:

ρ = u cos θ, L = u sin θ, (3.24)

and consider the ansatz:

L = L
(
ρ
)
, φ = const. (3.25)
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Then the lagrangian describing the D7-brane embedding is

L ∝ ρ3
√

1 + L′
(
ρ
)2, (3.26)

leading to the equation of motion:

L′
(
ρ
)
= − 2c√

ρ6 − 4c2
. (3.27)

At large ρ the solution has the following behavior:

L
(
ρ
)
= m +

c

ρ2
+ · · · · (3.28)

Now if we introduce the field:

χ(u) =
L
(
ρ
)

ρ2 + L
(
ρ
)2

=
1
u
m +

1
u3
c + · · · , u2 = ρ2 + L

(
ρ
)2
, (3.29)

we can see that χ(u) has the same behavior as the field φ(u, x) from (3.18). This is quite
suggesting. The asymptotic value of L(∞) = m is exactly the separation of the D3- and D7-
branes and is thus related to the mass of the hypermultiplet via mq = m/(2πα′). Since the
hypermultiplet chiral fields are our quarks, we will call mq the bare quark mass. Therefore,
the coefficient c should be proportional to the vev of the operator that couples to the bare
quark mass but this is the quark condensate! This is an example of the how the generalized
AdS/CFT dictionary works at the level of a D7-brane probing. Let us provide the exact
relation between the quark condensate 〈Oq〉 and the coefficient c:

〈Oq〉 = −
Nf

(2πα′)3g2
YM

c. (3.30)

We refer the reader to the appendix of Chapter 2 for more details on the last calculation and
to [35] for an elegant presentation of the holographic renormalization of probe D-branes in
AdS/CFT.

Now let us go back to (3.27) and note that in order for the D7-brane to close smoothly
in the bulk of the geometry, we need to impose L′(0) = 0. This is possible only for c =
0 and thus we conclude that the condensate of the theory vanishs. But the dual gauge
theory is supersymmetric this is why it is not surprising that the quark condensate is zero.
Furthermore, since there is no potential between the D3- and D7-branes (because of the
unbroken supersymmetry), the D7-brane should not bend at infinity and this is why the
solution for the D7-brane embedding should be simply L ≡ m, as it is.

Note that the analysis that led to (3.30) requires that the gravitational background
be only asymptotically AdS5 × S5. In fact, in all cases that we are going to consider in this
work, there will be some sort of the deformation of the bulk physics, coming either from
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the gravitational background or from the introduction of external fields. This will break the
supersymmetry and will capacitate the dual gauge theory to develop a quark condensate.
In Section 4, we will use this approach to provide a holographic description of magnetic
catalysis of chiral symmetry breaking. Through the rest of this review, the study of the quark
condensate as a function of the bare quark mass will enable us to explore the phase structure
of the dual gauge theory and uncover a first-order phase transition associated to the melting
of the light mesons of the theory.

4. Magnetic Catalysis of Mass Generation in
Holographic Gauge Theories

The phenomenon of dynamical flavor symmetry breaking catalyzed by an arbitrarily
weak magnetic field is known from [5, 18, 19] and [6–8]. This effect was shown to be
model independent and therefore insensitive to the microscopic physics underlying the low
energy effective theory. In particular, the infra-red (IR) description of the Goldstone modes
associated with the dynamically broken symmetry should be universal. One therefore expects
to be able to study this phenomenon using the holographic formalism.

4.1. Mass Generation in the D3/D7 Setup

There are various ways in which one can study the breaking of the chiral symmetry
holographically. This has been studied in the past by the deformation of AdS5 × S5 by a field
corresponding to a marginally irrelevant operator on the gauge theory side [36–38]. In the
present case, however, we will stimulate the formation of a condensate by turning on the
magnetic components of the U(1) gauge field of the D7-branes Fαβ (equivalent to exciting
a pure gauge B-field in the supergravity background). This U(1) gauge field corresponds
to the diagonal U(1) of the full U(Nf) gauge symmetry of the stack of D7-branes. Since
the D7-branes wrap an infinite internal volume, the dynamics of the U(Nf) gauge field is
frozen in the four-dimensional theory and the U(Nf) gauge symmetry becomes a global
flavor symmetry U(Nf) = U(1)B ×SU(Nf). Therefore, the U(1) gauge field that we consider
corresponds to the gauged U(1)B baryon symmetry and the magnetic field that we introduce
couples to the baryon charge of the fundamental fields [39].

4.1.1. Generalities

The problem thus boils down to studying embeddings of probe D7-branes in the AdS5 × S5

background parameterized as follows:

ds2 =
ρ2 + L2

R2

[
−dx2

0 + dx
2
1 + dx

2
2 + dx

2
3

]
+

R2

ρ2 + L2

[
dρ2 + ρ2dΩ2

3 + dL
2 + L2dφ2

]
,

dΩ2
3 = dψ2 + cos2ψdβ2 + sin2ψdγ2,

gsC(4) =
u4

R4
dx0 ∧ dx1 ∧ dx2 ∧ dx3, eΦ = gs, R4 = 4πgsNcα

′2,

(4.1)

where ρ, ψ, β, γ, and L, φ are polar coordinates in the transverse R
4 and R

2 planes, respectively.
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Here xa=1···3, ρ, ψ, β, γ parameterize the world volume of the D7-brane and the
following ansatz is considered for its embedding:

φ ≡ const, L ≡ L
(
ρ
)
, (4.2)

leading to the following induced metric on its worldvolume:

ds̃ =
ρ2 + L

(
ρ
)2

R2

[
−dx2

0 + dx
2
1 + dx

2
2 + dx

2
3

]
+

R2

ρ2 + L
(
ρ
)2

[(
1 + L′

(
ρ
)2

)
dρ2 + ρ2dΩ2

3

]
. (4.3)

The D7-brane probe is described by the DBI action:

SDBI = −Nfμ7

∫

M8

d8ξe−Φ
[
−det

(
Gab + Bab + 2πα′Fab

)]1/2
. (4.4)

Here μ7 = [(2π)7α′4]−1 is the D7-brane tension, Gab and Bab are the induced metric
and B-field on the D7-brane’s world volume, while Fab is its worldvolume gauge field. A
simple way to introduce a magnetic field is to consider a pure gauge B-field along the x2, x3

directions:

B(2) = H dx2 ∧ dx3. (4.5)

Since Bab and Fab appear on equal footing in the DBI action, the introduction of such a B-field
is equivalent to introducing an external magnetic field of magnitude H/(2πα′) to the dual
gauge theory.

Though the full solution of the embedding can only be calculated numerically, the
large ρ behaviour (equivalently the ultraviolet (UV) regime in the gauge theory language)
can be extracted analytically:

L
(
ρ
)
= m +

c

ρ2
+ · · · · (4.6)

As discussed in [37], the parameters m (the asymptotic separation of the D7- and D3- branes)
and c (the degree of bending of the D7-brane in the large ρ region) are related to the bare
quark mass mq = m/2πα′ and the fermionic condensate 〈ψψ〉 ∝ − c, respectively. It should
be noted that the boundary behavior of L(r) really plays the role of source and vacuum
expectation value (vev) for the full N = 2 hypermultiplet of operators. In the present case,
where supersymmetry is broken by the gauge field configuration, we are only interested
in the fermionic bilinears and this will refer only to quarks, and not their supersymmetric
counterparts.

At this point it is convenient to introduce dimensionless parameters c̃ = c/R3H3/2 and
m̃ = m/R

√
H. By performing a numerical shooting method from the infrared while varying

the small ρ boundary value, L(ρ → 0) = LIR, we recover the parametric plot presented in
Figure 2, the main result explored in [10].
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Figure 2: Parametric plot of c̃ against m̃ for fundamental matter in the presence of an external magnetic
field. The lower (black) line represents the curve 1/m̃, fitting the large m̃ behavior. It is also evident that
for the outer branch of the spiral, for m̃ = 0 the condensate, 〈ψψ〉 is non-zero. The corresponding value of
the condensate is c̃cr = 0.226.

The lower (black) curve corresponds to the analytic behavior of c̃(m̃) = 1/m̃ for large
m̃. The most important observation is that at m̃ = 0 there is a non-zero fermionic condensate:

〈
ψψ

〉
= −

NfNc

(2πα′)3λ
c = −

NfNcc̃cr

(2π2)3/4λ1/4

(
H

2πα′

)3/2

, (4.7)

Where λ = g2
YMNc is the t’Hooft coupling and c̃cr ≈ 0.226 is a numerical constant

corresponding to the y-intercept of the outer spiral from Figure 2. Equation (4.7) is telling
us that the theory has developed a negative condensate that scales as (H/2πα′)3/2. This is
not surprising, since the theory is conformal in the absence of the scale introduced by the
external magnetic field. The energy scale controlled by the magnetic field, (H/2πα′)1/2, leads
to an energy density proportional to (H/2πα′)2. In order to lower the energy, the theory
responds to the magnetic field by developing a negative fermionic condensate.

Another interesting feature of the theory is the discrete-self-similar structure of the
equation of state (c̃ versus m̃) in the vicinity of the trivial m̃ = 0 embedding, namely, the
origin of the plot from Figure 2 presented in Figure 3.

This double logarithmic structure has been analyzed in [11], where a study of the
meson spectrum revealed that only the outer branch of the spiral is tachyon free and
corresponds to a stable phase having spontaneously broken chiral symmetry. In [12] it has
been shown that an identical structure is also present for the D3/D5 system and it has been
demonstrated that this structure is a universal feature of the magnetic catalysis of mass
generation for gauge theories holographically dual to Dp/Dq intersections.

A further result of [10, 11, 13] was the detailed analysis of the light meson spectrum
of the theory. In [10] it was shown that the introduction of an external magnetic field breaks
the degeneracy of the spectrum studied in [34]. This manifests itself as Zeeman splitting of
the energy levels. In the limit of zero quark mass, the study also revealed the existence of
a massless “η′ meson” corresponding to the spontaneously broken U(1)R symmetry. In the
next subsection, we will review the study of the meson spectrum of the theory.
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Figure 3: A magnification of Figure 2 shows the spiral behavior near the origin of the (−c̃, m̃)-plane. The
second (left) spiral arm represents the (m̃,−c̃) → (−m̃, c̃) symmetry of the theory.

4.1.2. Meson Spectrum

General Properties

To study the scalar meson spectrum, one considers quadratic fluctuations [34] of the
embedding of the D7-brane in the transverse (L, φ)-plane. It can be shown that because of the
diagonal form of the metric the fluctuation modes along the φ coordinate decouple from the
one along L. However, because of the noncommutativity introduced by the B-field, we may
expect the scalar fluctuations to couple to the vector fluctuations. This has been observed in
[40], where the authors considered the geometric dual to noncommutative super Yang Mills
as well as in the studies performed in [10, 11, 13].

Let us proceed with obtaining the action for the fluctuations. To obtain the contribution
from the DBI part of the action, we consider the following expansion:

L = L0
(
ρ
)
+ 2πα′χ, φ = 0 + 2πα′, (4.8)

where L0(ρ) is the classical embedding of the D7-brane solution to the equation of motion
derived from the action (4.4). To second order in α′, we have the following expression:

Eab = E0
ab + 2πα′E1

ab +
(
2πα′

)2
E2
ab, (4.9)

where E0, E1, E2 are given by

E0
ab = Gab

(
ρ, L0

(
ρ
)
, ψ

)
+ Bab,

E1
ab =

R2L′0
ρ2 + L2

0

(
∂aχδ

ρ

b
+ ∂bχδ

ρ
a

)
+ ∂L0Gabχ + Fab,

E2
ab =

R2

ρ2 + L2
0

(
∂aχ∂bχ +L2

0∂aΦ∂bΦ
)
−

2R2L0L
′
0(

ρ2 + L2
0

)2

(
∂aχδ

ρ

b + ∂bχδ
ρ
a

)
χ+

1
2
∂2
L0
Gabχ

2.

(4.10)
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Here Gab and Bab are the induced metric and B field on the D7-brane’s world volume. Now
we can substitute (4.11) into (4.4)) and expand to second order in α′. It is convenient [40] to
introduce the following matrices:

∥∥∥E0
ab

∥∥∥
−1

= S + J, (4.11)

where S is diagonal and J is antisymmetric:

∥∥∥Sab
∥∥∥ = diag

{
−G−1

11 , G
−1
11 ,

G11

G2
11 +H

2
,

G11

G2
11 +H

2
, G−1

ρρ, G
−1
ψψ, G

−1
αα, G

−1
ββ

}
,

Jab =
H

G2
11 +H

2

(
δa3δ

b
2 − δ

b
3δ

a
2

)
,

G11 =
ρ2 + L2

0

R2
, Gρρ = R2

(
1 + L

′2
0

)

ρ2 + L2
0

, Gψψ =
R2ρ2

ρ2 + L2
0

,

Gαα = cos2ψGψψ, Gββ = sin2ψGψψ.

(4.12)

Now it is straightforward to get the effective action. At first order in α′, the action for
the scalar fluctuations is the first variation of the classical action (4.4) and is satisfied by the
classical equations of motion. Therefore, we focus on the second-order contribution from the
DBI action.

After integrating by parts and taking advantage of the Bianchi identities for the gauge
field, we end up with the following terms [10]. For χ,

Lχ ∝
1
2

√
−E0 R2

ρ2 + L0
2

Sab

1 + L′20
∂aχ∂bχ+

[
∂2
L0

√
−E0 − ∂ρ

(
∂L0

√
−E0

L′0
1 + L′20

)]
1
2
χ2,

(4.13)

and for F:

LF ∝
1
4

√
−E0Saa

′
Sbb

′
FabFa′b′ , (4.14)

and the mixed χ-F terms:

LFχ ∝
sin 2ψ

2
fχF23, (4.15)

and for Φ,

LΦ ∝
1
2

√
−E0

R2L2
0

ρ2 + L2
0

Sab∂aΦ∂bΦ, (4.16)
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where the function f in (4.15) is given by

f
(
ρ
)
= ∂ρ

(
g
(
ρ
) L′0

1 + L′0
2
J23

)
+ J32∂L0g

(
ρ
)
+ 2g

(
ρ
)
J23S22∂L0G11,

with g
(
ρ
)
=

√
−E0

sinψ cosψ
= ρ3

√
1 + L′0

2

√√√√1 +
R4H2

(
ρ2 + L2

0

)2
.

(4.17)

As can be seen from (4.15), the A2, A3 components of the gauge field couple to the
scalar field χ via the function f . Note that since for ρ → ∞ and L → ∞, we see that J23 → 0,
the mixing of the scalar and vector field decouples asymptotically. In order to proceed with
the analysis we need, to take into account the contribution from the Wess-Zumino part of the
action. The relevant terms to second order in α′ are [40]

SWZ =
(2πα′)2

2
μ7

∫
F(2) ∧ F(2) ∧ C(4) +

(
2πα′

)
μ7

∫
F(2) ∧ B(2) ∧ P̃

[
C(4)

]
, (4.18)

where C(4) is the background R-R potential given in (4.1) and C̃(4) is the pull back of its
magnetic dual. One can show that

C̃4 = − 1
gs

R4ρ4

(
ρ2 + L2

)2
sinψ cosψdψ ∧ dα ∧ dβ ∧ dφ. (4.19)

Writing φ = 2πα′Φ, we write for the pull back P[C̃(4)]:

P
[
C̃(4)

]
= −2πα′

gs

sin 2ψ
2

K
(
ρ
)
∂aΦdψ ∧ dα ∧ dβ ∧ dxa, (4.20)

where we have defined

K
(
ρ
)
=

R4ρ4

(
ρ2 + L2

0

)2
. (4.21)

Now note that the B-field has components only along x2 and x3; therefore, dxa in (4.20) can
be only dρ, dx0, or dx1. This will determine the components of the gauge field which can mix
with Φ. However, after integrating by parts and using the Bianchi identities, one can get the
following simple expression for the mixing term:

−
(
2πα′

)2μ7

gs

∫
d8ξ

sin 2ψ
2

H∂ρKΦF01, (4.22)
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resulting in the following contribution to the complete lagrangian:

LFΦ ∝
sin 2ψ

2
H∂ρKΦF01. (4.23)

Note that this means that only the A0 and A1 components of the gauge field couple to the
scalar field Φ. Next the contribution from the first term in (4.18) is given by

(
2πα′

)2μ7

gs

∫
d8ξ

(
ρ2 + L2

0

)2

8R4
FabFcdε

abcd, (4.24)

where the indices take values along the ρ, ψ, α, β directions of the world volume. This will
contribute to the equation of motion for Aρ,Aψ,Aα, and Aβ which does not couple to the
scalar fluctuations. In this section, we will be interested in analyzing the spectrum of the
scalar modes; therefore, we will not be interested in the components of the gauge field
transverse to the D3-branes worldvolume. However, although there are no sources for these
components from the scalar fluctuations, they still couple to the components along the D3-
branes as a result setting them to zero will impose constraints on the A0 · · ·A3. Indeed, from
the equation of motion for the gauge field along the transverse direction, one gets

3∑
a=0

Saa∂b∂aAa = 0, b = ρ, ψ, α, β. (4.25)

(Here, no summation on repeated indices is intended.) However, the nonzero B-field
explicitly breaks the Lorentz symmetry along the D3-branes’ world volume. In particular
we have

S00 = −S11, S22 = S33
/=S11 (4.26)

which suggests that we should impose

−∂0A0 + ∂1A1 = 0, ∂2A2 + ∂3A3 = 0. (4.27)

We will see that these constraints are consistent with the equations of motion for A0 · · ·A3.
Indeed, with this constraint the equations of motion for χ, Φ and Aμ, μ = 0 · · · 3 are, for χ

1 + L′0
2

g
∂ρ

⎛
⎜⎝ g∂ρχ(

1 + L′0
2
)2

⎞
⎟⎠ +

ΔΩ3χ

ρ2
+

R4

(
ρ2 + L2

0

)2
W̃χ,

+
1 + L′0

2

g

(
−∂ρ

(
∂g

∂L0

L′0

1 + L′0
2

)
+
∂2g

∂L2
0

)
χ +

1 + L′0
2

g
fF23 = 0,

(4.28)
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and for Φ,

1
g
∂ρ

(
gL2

0∂ρΦ

1 + L′0
2

)
+
L2

0ΔΩ3Φ
ρ2

+
R4L2

0(
ρ2 + L2

0

)2
W̃Φ −

H∂ρK

g
F01 = 0 , (4.29)

and finally for Aa

1
g
∂ρ

(
g∂ρA0

1 + L′0
2

)
+
ΔΩ3A0

ρ2
+

R4

(
ρ2 + L2

0

)2
W̃A0 +

H∂ρK

g
∂1Φ = 0,

1
g
∂ρ

(
g∂ρA1

1 + L′0
2

)
+
ΔΩ3A1

ρ2
+

R4

(
ρ2 + L2

0

)2
W̃A1 +

H∂ρK

g
∂0Φ = 0,

1
g
∂ρ

⎛
⎜⎝ g∂ρA2(

1 + L′0
2
)(

1 + R4H2/
(
ρ2 + L2

0

)2
)

⎞
⎟⎠

+
R4

(
ρ2 + L2

0

)2 + R4H2
W̃A2 +

ΔΩ3A2

ρ2
(

1 + R4H2/
(
ρ2 + L2

0

)2
) − f

g
∂3χ = 0,

1
g
∂ρ

⎛
⎜⎝ g∂ρA3(

1 + L′0
2
)(

1 + R4H2/
(
ρ2 + L2

0

)2
)

⎞
⎟⎠

+
R4

(
ρ2 + L2

0

)2 + R4H2
W̃A3 +

ΔΩ3A3

ρ2
(

1 + R4H2/
(
ρ2 + L2

0

)2
) +

f

g
∂2χ = 0.

(4.30)

We have defined

W̃ = −∂2
0 + ∂

2
1 +

∂2
2 + ∂

2
3

1 + R4H2/
(
ρ2 + L2

0

)2 . (4.31)

As one can see the spectrum splits into two independent components, namely the vector
modes A0, A1 couple to the scalar fluctuations along Φ, while the vector modes A2, A3 couple
to the scalar modes along χ. However, it is possible to further simplify the equations of motion
for the gauge field. Focusing on the equations of motion for A0 and A1 in equation (4.30), it
is possible to rewrite them as

1
g
∂ρ

(
g∂ρF01

1 + L′0
2

)
+
ΔΩ3F01

ρ2
+

R4

(
ρ2 + L2

0

)2
W̃F01 −

H∂ρK

g

(
−∂2

0 + ∂
2
1

)
Φ = 0, (4.32)

1
g
∂ρ

(
g∂ρ(−∂0A0 + ∂1A1)

1 + L′0
2

)
+
ΔΩ3(−∂0A0 + ∂1A1)

ρ2
+

R4

(
ρ2 + L2

0

)2
W̃(−∂0A0 + ∂1A1) = 0.

(4.33)
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Note that the first constraint in (4.27) trivially satisfies the second equation in (4.32). In this
way we are left with the first equation in (4.32). Similarly, one can show that using the second
constraint in (4.27) the equations of motion in (4.30) for A2 and A3 boil down to a single
equation for F23:

1
g
∂ρ

⎛
⎜⎝ g∂ρF23(

1 + L′0
2
)(

1 + R4H2/
(
ρ2 + L2

0

)2
)

⎞
⎟⎠+

R4

(
ρ2 + L2

0

)2 + R4H2
W̃F23

+
ΔΩ3F23

ρ2
(

1 + R4H2/
(
ρ2 + L2

0

)2
) +

f

g

(
∂2

2 + ∂
2
3

)
χ = 0.

(4.34)

Now let us proceed with a study of the fluctuations along Φ.

Fluctuations along Φ for a Weak Magnetic Field

To proceed, we have to take into account the F01 component of the gauge field strength and
solve the coupled equations of motion. Since the classical solution for the embedding of the
D7-brane is known only numerically, we have to rely again on numerics to study the meson
spectrum. However, if we look at equation of motion derived from (4.4), we can see that the
terms responsible for the non-trivial embedding of the D7-branes are of order H2 [10]. On
the other hand, the mixing of the scalar and vector modes due to the term (4.23) appears at
first order in H. Therefore, it is possible to extract some non-trivial properties of the meson
spectrum even at linear order in H and as it turns out [10], we can observe a Zeeman-like
effect: a splitting of states that is proportional to the magnitude of the magnetic field. Let us
review the study performed in [10].

To first order in H the classical solution for the D7-brane profile is given by

L0 = m +O
(
H2

)
, (4.35)

where m is the asymptotic separation of the D3- and D7-branes and corresponds to the bare
quark mass. In this approximation, the expressions for g(ρ) and ∂ρK(ρ) become

g
(
ρ
)
= ρ3, ∂ρK

(
ρ
)
=

4m2R4ρ3

(
ρ2 +m2

)3
, (4.36)

and the equations of motion for Φ and F01, (4.29) and (4.32), are simplified to

1
ρ3

(
ρ3m2∂ρΦ

)
+
m2ΔΩ3

ρ2
Φ +

m2R4

(
ρ2 +m2

)2
WΦ − 4H

m2R4

(
ρ2 +m2

)3
F01 = 0,

1
ρ3
∂ρ

(
ρ3∂ρF01

)
+
ΔΩ3F01

ρ2
+

R4

(
ρ2 +m2

)2
WF01 − 4H

m2R4

(
ρ2 +m2

)3
P2Φ = 0,

(4.37)
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where

W = −∂2
0 + ∂

2
1 + ∂

2
2 + ∂

2
3, P2 = −∂2

0 + ∂
2
1. (4.38)

This system has become similar to the system studied in [40] and in order to decouple it we
can define the fields:

φ± = F01 ±mPΦ, (4.39)

where P =
√
−∂2

0 + ∂
2
1. The resulting equations of motion are

1
ρ3
∂ρ

(
ρ3∂ρφ±

)
+
ΔΩ3

ρ2
φ± +

R4

(
ρ2 +m2

)2
Wφ± ∓H

4R4m
(
ρ2 +m2

)3
Pφ± = 0. (4.40)

Note thatP2 is the Casimir operator in the (x0, x1) plane only, while W is the Casimir operator
along the D3-branes’ world volume. If we consider a plane wave eix·k, then we can define

eix·k =M2eix·k, P2eix·k =M2
01e

ix·k, (4.41)

and we have the relation:

M2 =M2
01 − k

2
2 − k

2
3 . (4.42)

The corresponding spectrum of M2 is continuous in k2, k3. However, if we restrict ourselves
to motion in the (x0, x1)-plane, the spectrum is discrete. Indeed, let us consider the following
ansatz:

φ± = η±
(
ρ
)
e−ix0k0+ik1x1 . (4.43)

Then we can write

1
ρ3
∂ρ

(
ρ3∂ρη±

)
+

R4

(
ρ2 +m2

)2
M2
±η± ∓H

4R4m
(
ρ2 +m2

)3
M±η± = 0, M± ≡M01±. (4.44)

Let us analyze (4.44). It is convenient to introduce

y = −
ρ2

m2
, M± =

R2

m
M±, P±

(
y
)
=

(
1 − y

)α±η±,

2α± = 1 +
√

1 +M
2
±, ε = H

R2

m2
.

(4.45)
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With this change of variables, equation (4.44) is equivalent to

y
(
1 − y

)
P ′′± + 2

(
1 − (1 − α±)y

)
P ′ − α±(α±−1)P± ± ε

M±(
1 − y

)2
P± = 0. (4.46)

Next we can expand

P± = P0 ± εP1 +O
(
ε2

)
, α± = α0 ± εα1 +O

(
ε2

)
,

M± =M0 ± εα1
(4α0 + 2)

M0

+O
(
ε2

)
, M0 = 2

√
α0(α0 + 1),

(4.47)

leading to the following equations for P0 and P1:

y
(
1 − y

)
P ′′0 + 2

(
1 − (1 − α0)y

)
P ′0 − α0(α0 − 1)P0 = 0,

y
(
1 − y

)
P ′′1 + 2

(
1−(1 − α0)y

)
P ′1−α0(α0−1)P1 =

(
α1(2α0 − 1)− M0(

1 − y
)2

)
P0 −2α1yP0.

(4.48)

The first equation in (4.48) is the hypergeometric equation and corresponds to the
fluctuations in pure AdS5 × S5. It has the regular solution [34]:

P0
(
y
)
= F

(
−α0, 1 − α0, 2, y

)
. (4.49)

Furthermore, regularity of the solution for η(ρ) at infinity requires [34] that α0 be discrete,
and hence the spectrum of M0:

1 − α0 = −n, n = 0, 1, . . . ,

M0 = 2
√
(n + 1)(n + 2).

(4.50)

The second equation in (4.48) is an inhomogeneous hypergeometric equation. However, for
the ground state, namely, n = 0, P0 = F(−1, 0, 2, y) = 1 and one can easily get the solution:

P1
(
y
)
=
M0

6
ln

(
1 − y

)
+

(
6α1 −M0

)(
ln

(
−y

)
+

1
y

)
− M0

4
(
1 − y

) . (4.51)

On the other hand, using the definition of P±(y) in (4.45) to first order in ε, we can write

η± =
1(

1 − y
)α0

(
1 ∓ εα1

α0
ln

(
1 − y

))(
1 ± εP1

(
y
))
, (4.52)
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Figure 4: Plot of M = MR2/m versus H/m for the first three states. The dashed black lines correspond to
the spectrum given by (4.50).

for the ground state α0 = 1 and we end up with the following expression for η±:

η± =
1

1 − y ± ε
M0

4
(
1 − y

)2
± ε

1 − y
(

6α1 −M0

)(
ln

(
−y

)
+

1
y
−

ln
(
1 − y

)

6

)
. (4.53)

Now if we require that our solution is regular at y = 0 and goes as 1/ρ2 ∝ 1/y at infinity, the
last term in (4.53) must vanish. Therefore, we have

α1 =
M0

6
. (4.54)

After substituting in (4.47) and (4.45), we end up with the following correction to the
ground sate [10]:

M± =M0 ±
H

m
. (4.55)

We observe how the introduction of an external magnetic field breaks the degeneracy of the
spectrum given by (4.50) and results in Zeeman splitting of the energy states, proportional
to the magnitude of H. Although (4.55) was derived using the ground state, it is natural to
expect that the same effect takes place for higher excited states. To demonstrate this, it is more
convenient to employ numerical techniques for solving (4.44) and use the methods described
in [36] to extract the spectrum. The resulting plot is presented in Figure 4. As expected, we
observe Zeeman splitting of the higher excited states. It is interesting that (4.55) describes
well not only the ground state, but also the first several excited states.

It turns out that one can easily generalize (4.55) to the case of non-zero momentum in
the (x2, x3)-plane. Indeed, if we start from (4.40) and proceed with the following ansatz:

φ± = η̃±
(
ρ
)
e−ix·k, (4.56)
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we end up with

1
ρ3
∂ρ

(
ρ3∂ρη̃±

)
+

R4

(
ρ2 +m2

)2
M2
±η̃± ∓H

4R4m
(
ρ2 +m2

)3
M01±η̃± = 0,

M01± =
√
M2
± + k

2
23, k23 ≡

√
k2

2 + k
2
3 .

(4.57)

After going through the steps described in (4.45)–(4.53), (4.54) gets modified to

α1 =
M0

6

√√√√1 +
k2

23

M2
0

. (4.58)

Note that validity of the perturbative analysis suggests that α1 is of the order of α0 and
therefore we can trust the above expression as long as k23 is of the order of M0. Now it is
straightforward to obtain the correction to the spectrum [10]:

M± =M0 ±
H

m

√√√√1 +
k2

23

M2
0

. (4.59)

We see that the addition of momentum along the (x2 −x3)-plane enhances the splitting of the
states. Furthermore, the spectrum depends continuously on k23.

Fluctuations along Φ for a Strong Magnetic Field

For strong magnetic field, we have to take into account terms of order H2, which means that
we no longer have an expression for L0(ρ) in a closed form and we have to rely on numerical
calculations. We consider the following ansätz:

Φ = ei(k0x
0+k1x

1)h
(
ρ
)
, F01 = ei(k0x

0+k1x
1)f

(
ρ
)
, (4.60)

and define

M2 = k2
0 − k

2
1 . (4.61)

Equations (4.29) and (4.32) are simplified to

1
g
∂ρ

(
gL2

0

1 + L′0
2
∂ρh

)
+

R4L2
0(

ρ2 + L2
0

)2
M2h −

H∂ρK

g
f = 0,

1
g
∂ρ

(
g

1 + L′0
2
∂ρf

)
+

R4

(
ρ2 + L2

0

)2
M2f −

M2H∂ρK

g
h = 0.

(4.62)
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Note that for large bare masses m (and correspondingly large values of L), the term
proportional to the magnetic field is suppressed and the meson spectrum should approximate
to the result for the pure AdS5×S5 space-time case studied in [34], where the authors obtained
the following relation:

Mn =
2m
R2

√
(n + 1)(n + 3), (4.63)

between the eigenvalue of the nth excited state ωn and the bare mass m. If one imposes the
boundary conditions:

h(ε) = 1, h′(ε) = 0, f(ε) = 1, f ′(ε) = 0, (4.64)

the coupled system of differential equations can be solved numerically [12]. Then by
requiring the functions h(ρ) and f(ρ) to be regular at infinity, one can quantize the spectrum
of the fluctuations. It is also convenient to define the following dimensionless parameter
M̃ = MR/

√
H. The resulting plot for the first three excited states is presented in Figure 5

[12]. There is Zeeman splitting of the states due to the magnetic field. (In the absence of
the field, there are three straight lines emanating from the origin; these are split to form six
curves.) Also, at zero bare quark mass, there is indeed a massless Goldstone mode, appearing
at the end of the lowest curve. Furthermore, the plot in Figure 6 shows that for small bare
quark mass one can observe a characteristic M̃ ∝

√
m̃ dependence. In the next section, we

will review the analysis of the Goldstone mode performed in [12], where an analytic proof of
the Gell-Mann-Oakes-Renner relation [9]:

M2
π = −

2〈ψψ〉
f2
π

mq (4.65)

in the spirit of [37] has been obtained.
Furthermore we will generalize the ansätz (4.60) to consider fluctuations depending

on both the momentum along the magnetic field �k‖ = (k1, 0, 0) and the transverse momentum
�k⊥ = (0, k2, k3) [12]:

Φ = ei(ωt+�k·�x)h
(
ρ
)
, F01 = ei(ωt+�k·�x)f

(
ρ
)
. (4.66)

We also review the result of [12] that for smallω = k0 and |�k| the following dispersion relation
holds:

ω
(
�k
)2

=M2 + �k2
‖ + γ�k

2
⊥, ω = k0; �k‖ = (k1, 0, 0), �k⊥ = (0, k2, k3), (4.67)

where γ is a constant that has been determined.
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Figure 5: There is Zeeman splitting of the states due to the magnetic field. In the absence of the field,
there are three straight lines emanating from the origin; these are split to form six curves. At zero bare
quark mass (the end of the lowest curve), there is indeed a massless Goldstone mode. The straight lines
correspond to the asymptotic AdS results.
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Figure 6: There is a characteristic M̃ ∝
√
m̃ behavior at small bare quark mass.

TheM2 ∝ m Dependence

Using an approach similar to the one employed in [37], the authors of [12] define

Ψ2 =
gL2

0

1 + L′0
2
, ν = R4 1 + L′0

2

(
ρ2 + L2

0

)2
, ν̃ = R4 1 + L′0

2

(
ρ2 + L2

0

)2

1

1 + R4H2/
(
ρ2 + L2

0

)2
,

Ψ1 =
Ψ
L0
, ψ = hΨ, ; ψ1 = fΨ1.

(4.68)
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The equations of motions (4.29) and (4.32) can then be written in the following compact form:

ψ̈ − Ψ̈
Ψ
ψ = −

(
ω2 − �k2

‖

)
νψ + �k2

⊥ν̃ψ +
H∂ρK

ΨΨ1
ψ1,

ψ̈1 −
Ψ̈1

Ψ1
ψ1 = −

(
ω2 − �k2

‖

)
νψ1 + �k2

⊥ν̃ψ1 +
H∂ρK

ΨΨ1

(
ω2 − �k2

‖

)
ψ.

(4.69)

Let us remind the reader that for large ρ, L0(ρ) has the following behavior:

L0 ∝ m +
c

ρ2
+ · · · . (4.70)

Let us denote by L0 the classical embedding corresponding to (m = 0, c = ccr). It is relatively
easy to verify that at m = 0, �k⊥ = �0 and correspondingly M2 = ω2 − �k2

‖ = 0, the choice

ψ = Ψ ≡ Ψ|L0
, ψ1 = 0, (4.71)

is a solution to the system (4.69). Next we consider embeddings corresponding to a small
bare quark mass δm. This will correspond to small nonzero values of M2 and �k2

⊥. It is then
natural to consider the following variations:

ψ = Ψ + δψ,

ψ1 = 0 + δψ1,
(4.72)

where δψ and δψ1 are of order M2. Note that M corresponds to the mass of the ground
state at mq = δm/2πα′ and we are assuming that the variations of the wave functions δψ
and δψ1 are infinitesimal for infinitesimal mq. After expanding in (4.69), we get the following
equations of motion:

δψ̈ − Ψ̈

Ψ
δψ − δ

(
Ψ̈
Ψ

)
Ψ = −

(
ω2 − �k2

‖

)
νΨ + �k2

⊥ṽΨ +
H∂ρK

Ψ1Ψ
δψ1,

Ψ1δψ̈1 − Ψ̈1δψ1 = H∂ρK
(
ω2 − k2

‖

)
,

(4.73)

where ν = ν|L0
. The second equation in (4.73) can be integrated to give

Ψ1δψ̇1 − Ψ̇1δψ1 = HK
(
ω2 − k2

‖

)
+ constant. (4.74)
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From the boundary conditions that K|ρ=0 = 0 and Ψ1(0) = 0, Ψ̇1(0) = 0, we see that the
constant of integration is zero and arrive at

∂ρ

(
δψ1

Ψ1

)
=
HK

(
ω2 − k2

‖

)

Ψ
2
1

. (4.75)

Next we multiply the first equation in (4.73) by Ψ and integrate along ρ to obtain

(
ω2 − �k2

‖

)∫∞
0
dρνΨ

2
− �k2

⊥

∫∞
0
dpν̃Ψ

2

= −
∫∞

0

(
Ψδψ̈ − Ψ̈δψ

)
dρ +

∫∞
0
Ψ

2
δ

(
Ψ̈
Ψ

)
dρ +H

∫∞
0

∂ρKδψ1

Ψ1

dρ

= −
(
Ψδψ̇ − Ψ̇δψ

)∣∣∣
∞

0
+
(
ΨδΨ̇ − Ψ̇δΨ

)∣∣∣
∞

0
−H

∫∞
0
K∂ρ

(
δψ1

Ψ1

)
dρ,

(4.76)

where the last term on the right-hand side of (4.76) has been integrated by parts using the fact
that δψ1 should be regular at infinity. From the definition of Ψ, it follows that Ψ ∝ ρ3/2L0(0)
as ρ → 0 and Ψ ∝ c/ρ1/2 as ρ → ∞. This, together with the requirement that ψ1 is regular
at ρ = 0 and vanishes at infinity, suggests that the first term on the right-hand side of (4.76)
vanishes. For the next term, we use the fact that

δΨ = ρ3/2δ

⎛
⎝1 +H2R4/

(
ρ2 + L2

0

)2

1 + L′0
2

⎞
⎠

1/4

L0 + ρ3/2

⎛
⎝1 +H2R4/

(
ρ2 + L2

0

)2

1 + L′0
2

⎞
⎠

1/4

δL0, (4.77)

and therefore obtain

δΨ|0 = 0, δΨ̇|0 = 0,

δΨ|∞ ∝ ρ3/2δm, δΨ̇|∞ ∝
3
2
√
ρδm.

(4.78)

The second term in (4.76) then becomes

(
ΨδΨ̇ − Ψ̇δΨ

)∣∣∣
∞

0
= 2cδm. (4.79)

Finally using the equality in (4.75), we arrive at the following result:

(
ω2 − �k2

‖

)∫∞
0
dρ

⎧
⎨
⎩νΨ

2
+
H2K

2

Ψ
2
1

⎫
⎬
⎭ −

�k2
⊥

∫∞
0
dρṽΨ

2
= 2cδm. (4.80)
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Now we define [12]

γ =

(∫∞
0 dρṽΨ

2)

(∫∞
0 dρ

{
νΨ

2
+H2K

2
/Ψ

2
1

}) , (4.81)

and solve for M2 from (4.67) to obtain

M2
∫∞

0
dρ

⎧
⎨
⎩νΨ

2
+
H2K

2

Ψ
2
1

⎫
⎬
⎭ = 2cδm. (4.82)

Equation (4.82) suggests that the mass of the ”pion” associated to the softly broken global
U(1) symmetry satisfies the Gell-Mann-Oakes-Renner relation [9]:

M2
π = −

2
〈
ψψ

〉

f2
π

mq. (4.83)

In order to prove (4.83), we need to evaluate the effective coupling of the ”pion” f2
π . Noting

that δm ∝ mq and c ∝ −〈ψψ〉, we conclude that

f2
π ∝

∫∞
0
dρ

⎧
⎨
⎩νΨ

2
+
H2K

2

Ψ
2
1

⎫
⎬
⎭. (4.84)

To verify the consistency of their analysis, the authors of [12] compare the coefficient in (4.82)
to the numerically determined coefficient 0.64 from the plot in Figure 6. Indeed from (4.82),
it follows that

M̃√
m̃

=

⎡
⎢⎣ 1

2c̃cr

∫∞
0
dρ̃

⎧
⎨
⎩ν̂Ψ̂

2
+
K̂

2

Ψ̂
2

1

⎫
⎬
⎭

⎤
⎥⎦
−1/2

≈ 0.655, (4.85)

where the dimensionless quantities:

ν̂ = H2ν, Ψ̂2 =
Ψ2

R5H5/2
, Ψ̂2

1 =
Ψ2

1

R3H3/2
, K̂ =

K

R4
(4.86)

have been defined. There is an excellent agreement with the fit from Figure 6.
Next we will obtain an effective four-dimensional action for the ”pion” and from this

derive an exact expression for f2
π .

Effective Chiral Action and f2
π

In this section, we will reduce the eight-dimensional worldvolume action for the quadratic
fluctuations of the D7-brane to an effective action for the massless ”pion” associated to the
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spontaneously broken global U(1) symmetry. As rigid rotations along φ correspond to chiral
rotations, (the asymptotic value of φ at infinity corresponds to the phase of the condensate in
the dual gauge theory) the spectrum of φ at zero quark mass contains the Goldstone mode
that we are interested in. This is why we first integrate out the gauge field components A0

and A1 and then dimensionally reduce to four dimensions [12].
Furthermore, as mentioned earlier, because of the magnetic field the SO(1, 3) Lorentz

symmetry is broken down to SO(1, 1) × SO(2) symmetry. This is why in order to extract the
value of f2

π we consider excitations of Φ depending only on the x0, x1 directions and read off
the coefficient in front of the kinetic term. The resulting on-shell effective action for Φ is [12]

Seff = −N
∫
d4x

[
−(∂0Φ)2 + (∂1Φ)2

]
, (4.87)

whereN is given by

N =
(
2πα′

)2μ7

gs
Nfπ

2
∫∞

0
dρ

⎧
⎨
⎩νΨ

2
+
H2K

2

Ψ
2
1

⎫
⎬
⎭. (4.88)

We refer the reader to the appendix of [12] for a detailed derivation of the 4D effective action
Seff.

We have defined Φ via φ = (2πα′)Φ, where φ corresponds to rotations in the transverse
R

2 plane and is the angle of chiral rotation in the dual gauge theory. The chiral Lagrangian is
then given by

Seff = −
(
2πα′

)2 f
2
π

4

∫
d4x∂μΦ∂μΦ, μ = 0 or 1, (4.89)

and therefore,

f2
π =Nf4π2μ7

gs

∫∞
0
dρ

⎛
⎝νΨ

2
+
H2K2

Ψ
2
1

⎞
⎠. (4.90)

The D7-brane charge in (4.90) is given by μ7 = [(2π)7α′4]−1 and the overall prefactor
in (4.90) can be written as NfNc/2(2πα′)4λ. Now, recalling the expressions for the fermionic
condensate, (4.7), and the bare quark mass, mq = m/2πα′, one can easily verify that (4.82) is
indeed the Gell-Mann-Oakes-Renner relation:

M2
π = −

2〈ψψ〉
f2
π

mq. (4.91)
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It turns out that for small momenta �k‖, �k⊥ and small mass M2
π , one can obtain the

following more general effective 4D action (see Appendix A of [12] for a detailed derivation):

Seff = −N
∫
d4x

{[
−
(
∂0Φ̃

)2
+

(
∂1Φ̃

)2
]
+ γ

[(
∂2Φ̃

)2
+

(
∂3Φ̃

)2
]
−

2〈ψψ〉
f2
π

mqΦ̃2

}
+ · · · ,

(4.92)

where γ is defined in (4.81). As one can see, the action (4.92) is the most general quadratic
action consistent with the SO(1, 1) × SO(2) symmetry and suggests that pseudo-Goldstone
bosons satisfy the dispersion relation (4.67).

4.2. Mass Generation in the D3/D5 Setup

In this section, we review the results of [12] providing a holographic description of the
magnetic catalysis of chiral symmetry breaking in 1 + 3-dimensional SU(Nc)N = 4
supersymmetric Yang-Mills theory coupled to NfN = 2 fundamental hypermultiplets
confined to a 1 + 2-dimensional defect. In [12] it has been shown that the system develops
a dynamically generated mass and negative fermionic condensate leading to a spontaneous
breaking of a global SO(3) symmetry down to a U(1) symmetry. On the gravity side, this
symmetry corresponds to the rotational symmetry in the transverse R

3. The authors of [12]
had shown that the 1 + 2, dimensional nature of the defect theory leads to a coupling of
the transverse scalars corresponding to the coset generators and as a result there is only a
single Goldstone mode. It has also been shown that the characteristic Mπ ∝

√
m Gell-Mann-

Oakes-Renner relation is modified to a linear Mπ ∝ m behavior. These features have been
understood from a low-energy effective theory point of view. Indeed in 1 + 2 dimensions
the effect of the magnetic field is to break the SO(1, 2) Lorentz symmetry down to SO(2)
rotational symmetry and as a result the theory is nonrelativistic. A single time derivative
chemical potential term is allowed. It is this term that is responsible for the modified counting
rule of the number of Goldstone bosons [41] and leads to a quadratic dispersion relation as
well as to the modified linear Gell-Mann-Oakes-Renner relation.

4.2.1. Generalities

Let us consider the AdS5 × S5 supergravity background (4.1) and introduce the following
parameterization:

ds2 =
u2

R2

[
−dx2

0 + dx
2
1 + dx

2
2 + dx

2
3

]
+
R2

u2

[
dr2 + r2dΩ2

2 + dl
2 + l2dΩ̃2

2

]
,

u2 = r2 + l2, dΩ2
2 = dα2 + cos2αdβ2, dΩ̃2

2 = dψ2 + cos2ψdφ2.

(4.93)

We have split the transverse R
6 to R

3 × R
3 and introduced spherical coordinates r,Ω2 and

l, Ω̃2 in the first and second R
3 planes, respectively. Next we introduce a stack of probe Nf

D5-branes extended along the x0, x1, x2 directions, and filling the R
3 part of the geometry

parameterized by r,Ω2. As mentioned above on the gauge theory side, this corresponds to
introducing Nf fundamentalN = 2 hypermultiplets confined on a 1 + 2 dimensional defect.
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The asymptotic separation of the D3-and D5 -branes in the transverse R
3 space parameterized

by l corresponds to the mass of the hypermultiplet. In the following we will consider the
following, ansätz for a single D5-brane:

l = l(r), ψ = 0, φ = 0. (4.94)

The asymptotic separation m = l(∞) is related to the bare mass of the fundamental fields
via mq = m/2πα′. If the D3-and D5-branes overlap, the fundamental fields in the gauge
theory are massless and the theory has a global SO(3) × SO(3) symmetry. Clearly a non-
trivial profile of the D5-brane l(r) in the transverse R

3 would break the global symmetry
down to SO(3) ×U(1), where U(1) is the little group in the transverse R

3. If the asymptotic
position of the D5-brane vanishes (m = 0), this would correspond to a spontaneous symmetry
breaking, the non-zero separation l(0) on the other hand would naturally be interpreted as
the dynamically generated mass of the theory.

Note that the D3/D5 intersection is T-dual to the D3/D7 intersection from the previous
section and thus the system is supersymmetric. The D3-and D5-branes are BPS objects and
there is no attractive potential for the D5-brane, hence the D5-brane has a trivial profile
l ≡ const. However, a non-zero magnetic field will break the supersymmetry and as we are
going to demonstrate, the D5-brane will feel an effective repulsive potential that will lead to
dynamical mass generation. In order to introduce a magnetic field perpendicular to the plane
of the defect, we consider a pure gauge B-field in the x1, x2 plane given by

B = Hdx1 ∧ dx2. (4.95)

This is equivalent to turning on a non-zero value for the 0, 1 component of the gauge field
on the D5-brane. The magnetic field introduced into the dual gauge theory in this way has a
magnitude H/2πα′. The D5-brane embedding is determined by the DBI action:

SDBI = −Nfμ5

∫

M6

d6ξe−Φ
[
−det

(
Gab + Bab + 2πα′Fab

)]1/2
, (4.96)

where Gab and Bab are the pull-back of the metric and the B-field, respectively, and Fab is the
gauge field on the D5-brane.

With the ansätz (4.94), the lagrangian is given by

L ∝ r2
√

1 + l′2

√√√√1 +
R4H2

(r2 + l2)2
. (4.97)

From this it is trivial to solve the equation of motion for l(r) numerically, imposing l(0) = lin
and l′(0) as initial conditions. Clearly, at large r the lagrangian (4.97) asymptotes to that at
zero magnetic field and hence we have the following asymptotic solution [42]:

l(r) = m +
c

r
+ · · · , (4.98)

where c ∝ 〈ψψ〉 the condensate of the fundamental fields.
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Spontaneous Symmetry Breaking

Before solving the equation of motion, it is convenient to introduce dimensionless variables:

r̃ =
r

R
√
H
, l̃ =

l

R
√
H
, m̃ =

m

R
√
H
, c̃ =

c

R2H
. (4.99)

The lagrangian (4.97) can then be written as

L ∝ r̃2

√
1 + l̃′

2

√√√√√1 +
1

(
r̃2 + l̃2

)2
. (4.100)

The corresponding equation of motion is

∂r̃

⎛
⎜⎜⎝

r̃2l′√
1 + l̃′

2

√
1 +

(
r̃2 + l̃2

)2

(
r̃2 + l̃2

)

⎞
⎟⎟⎠ = −2

r̃2 l̃

√
1 + l̃′

2

(
r̃2 + l̃2

)2
√

1 +
(
r̃2 + l̃2

)2
. (4.101)

Before solving (4.101), it will be useful to extract the asymptotic behavior of c̃(m̃) at large m̃.
To this end, we use that at large m̃ the separation l̃(r̃) ≈ m̃ = const. The equation of motion
then is simplified to

∂r̃
(
r̃2 l̃′

)
= − 2r̃2m̃

(r̃2 + m̃2)3
, (4.102)

and hence

r̃2 l̃′ = −2m̃
∫ r̃

0
dr̃

r̃2

(r̃2 + m̃2)2
. (4.103)

Using the expansion (4.98), one can verify that

lim
r̃→+∞

r̃2 l̃′ = c̃ = 2m̃
∫∞

0
dr̃

r̃2

(r̃2 + m̃2)3
=

π

8m̃2
. (4.104)

Equation (4.104) can thus be used as a check of the accuracy of our numerical results. Indeed
the numerically generated plot of −c̃ versus m̃, is presented in Figure 7. The most important
observation is that at zero bare mass m̃ the theory has developed a negative condensate
〈ψψ〉 ∝ −c̃cr ≈ −0.59. It can also be seen that for large m̃ the numerically generated plot is
in good agreement with (4.104) represented by the lower (black) curve. Another interesting
feature of the equation of state is the spiral structure near the origin of the parameter space
analogous to the one presented in Figure 3 for the case of the D3/D7 system.
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Figure 7: A plot of −c̃ versus m̃. At zero bare mass m̃ = 0, the theory has developed a negative condensate
〈ψψ〉 ∝ −c̃cr ≈ −0.59. For large m̃, there is an excellent agreement with (4.104), as represented by the lower
(blue) curve.

In order to show that the global SO(3) symmetry is indeed spontaneously broken
we need to study the free energy of the theory. Indeed the existence of the spiral structure
suggests that there is more than one phase at zero bare mass, corresponding to the different
y-intercepts of the −c̃ versus m̃ plot. We will demonstrate below that the lowest positive
branch of the curve presented in Figure 7 is the stable one.

Following [42] we will identify the regularized wick rotated on-shell action of the D5-
brane with the free energy of the theory. Let us introduce a cut-off at infinity, rmax. The wick
rotated on-shell action is given by

S =Nf
μ5

gs
4πV3R

3H3/2
∫ r̃max

0
dr̃r̃2

√
1 + l̃′

2

√√√√√1 +
1

(
r̃2 + l̃2

)2
, (4.105)

where V3 =
∫
d3x and l̃(r̃) is the solution of (4.101). It is easy to verify, using the expansion

from (4.98), that the integral in (4.105) has the following behavior at large r̃max:

∫ r̃max

0
dr̃r̃2

√
1 + l̃′

2

√√√√√1 +
1

(
r̃2 + l̃2

)2
=

1
3
r3

max +O
(

1
rmax

)
. (4.106)

It is important that in these coordinates the divergent term is independent of the field l̃; it is
therefore possible to regularize the on-shell action by subtracting the free energy of the l̃ ≡ 0
embedding. The resulting regularized expression for the free energy is

F = Sreg =Nf
μ5

gs
4πV3R

3H3/2ĨD5, (4.107)
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Figure 8: The states corresponding to the lowest positive branch of the plot in Figure 7 have the lowest free
energy and thus correspond to the stable phase of the theory.

where

ĨD5 =
∫∞

0
dr̃

⎡
⎢⎢⎣r̃2

√
1 + l̃′

2

√√√√√1 +
1

(
r̃2 + l̃2

)2
−

√
1 + r̃4

⎤
⎥⎥⎦. (4.108)

A plot of ĨD5 versus |m̃| is presented in Figure 8. The states from the lowest positive
branch in Figure 8 have the lowest free energy and correspond to the stable phase of the
theory. Therefore, there is a spontaneous breaking of the global SO(3) symmetry and the
theory at m̃ = 0 develops a negative condensate proportional to −c̃cr ≈ −0.59. Note that only
the absolute value of m̃ corresponds to the bare mass of the fundamental fields. The states
with negative m̃ correspond to D5-brane embeddings that intercept the l̃ = 0 line in the l̃
versus r̃ plane and as seen from Figure 8 are unstable. It is to be expected that the meson
spectrum of the theory in such a phase would contain tachyons based on an analogy with the
meson spectrum of the D3/D7 system studied in [11]. Before we proceed with the analysis of
the meson spectrum of the theory, let us write an expression for the condensate of the theory
〈ψψ〉 ∝ −ccr = R2Hc̃cr at zero bare quark mass. The coefficient of proportionality is given by
[43]

〈ψψ〉 = −8π2α′
μ5

gs
ccr = −16π3α′

2μ5

gs
c̃crR

2
(

H

2πα′

)
. (4.109)

Note that the condensate is proportional to the magnitude of the magnetic field H/2πα′.

4.2.2. Meson Spectrum and Pseudo-Goldstone Bosons

In this section, we review the analysis of [12] on the normal modes of the D5-brane. The
authors of [12] had focused on the normal modes corresponding to the Goldstone bosons of
the spontaneously broken SO(3) symmetry and studied their spectrum as a function of the
bare quark mass mq. The study shows that the external magnetic field splits the degeneracy
of the meson spectrum and gives mass to one of the pions of the theory. It also modifies
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the standard M2
π ∝ m GMOR relation for the remaining Goldstone mode to a linear relation

Mπ ∝ m. It has been shown that these results are in accordance with the behavior expected
from the effective chiral lagrangian of the theory.

In order to study the light meson spectrum of the theory, one looks for the quadratic
fluctuations of the D5-brane embedding along the transverse directions parametrized by
l, ψ, φ. To this end, one expands

l = l + 2πα′δl, ψ = 2πα′δψ, φ = 2πα′δφ, (4.110)

in the action (4.96) and leaves only terms of order (2πα′)2. Note that fluctuations of the
U(1) gauge field Fαβ of the D5-brane will also contribute to the expansion. There is also an
additional contribution from the Wess-Zumino term of the D5-brane’s action:

SWZ =Nfμ5

∫

M6

∑
p

[
Cp ∧ eF

]
; F = B + 2πα′F. (4.111)

The relevant term is

SWZ =Nfμ5

∫

M6

B ∧ P
[
C̃4

]
, (4.112)

where P[C̃4] is the pull-back of the magnetic dual, C̃4, to the background C4 R-R form. It is
given by

C̃4 =
1
gs

4r2l2

(r2 + l2)3
R4 sinψ(ldr − rdl) ∧ dΩ2 ∧ dφ. (4.113)

The action for the quadratic fluctuations along l is given by

L(2)
ll ∝

1
2

√
−EGll

Sαβ

1 + l′2
∂αδl∂βδl +

1
2

[
∂2
l

√
−E − d

dr

(
l′

1 + l′2
∂l
√
−E

)]
δl2,

L(2)
lF ∝

√
−E

1 + l′2
(
∂lJ

12 − ∂rJ12l′
)
F21δl,

L(2)
FF ∝

1
4

√
−ESαβSγλFβγFαλ,

(4.114)

and along φ and ψ:

L(2)
ψψ,φφ

∝ 1
2

√
−ESαβ

(
Gψψ∂αδψ∂βδψ +Gφφ∂αδφ∂βδφ

)
,

L(2)
ψφ
∝ (cosα)PHδψ∂0δφ.

(4.115)



Advances in High Energy Physics 47

Here Eαβ is the pull-back of the generalized metric on the classical D5-brane embedding:

Eαβ = ∂αX
μ
∂βX

ν(
Gμν + Bμν

)
, (4.116)

while Sαβ and Jαβ are the symmetric and antisymmetric elements of the inverse generalized
metric Eαβ:

Eαβ = Sαβ + Jαβ. (4.117)

The determinant E and the function K = P are given by

√
−E = (cosα)r2

√
1 + l′2

√√√√1 +
R4H2

(r2 + l2)2
≡ g(r) cosα,

P =
4R4r2l2

(r2 + l2)3

(
rl′ − l

)
.

(4.118)

As one can see, the fluctuations along ψ and φ decouple from the fluctuations along l and the
fluctuations of the gauge field Aα. To study the pseudo-Goldstone modes of the dual theory,
one should focus on the fluctuations along ψ and φ. The equations of motion derived from
the quadratic action (4.115) are the following:

∂r

(
g(r)l2

1 + l′2
∂rδψ

)
+
g(r)R4l2

(r2 + l2)2
W̃δψ +

g(r)l2

r2
Δ(2)δψ − PH∂0δφ = 0,

∂r

(
g(r)l2

1 + l′2
∂rδφ

)
+
g(r)R4l2

(r2 + l2)2
W̃δφ +

g(r)l2

r2
Δ(2)δφ + PH∂0δψ = 0,

(4.119)

where

W̃ = −∂2
0 +

∂2
1 + ∂

2
2

1 + R4H2/(r2 + l2)2
. (4.120)

Note that the background magnetic field breaks the SO(1, 2) Lorentz symmetry to SO(2),
which manifests itself in the modified laplacian (4.120). Next one considers a plane-wave
ansatz:

δφ = ei(ωt−�k�x)η1(r), δψ = ei(ωt−�k�x)η2(r). (4.121)
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Using the ansätz (4.121), one gets

∂r

(
g(r)l2

1 + l′2
η′1

)
+
g(r)R4l2

(r2 + l2)2

(
ω2 −

�k2

1 + R4H2/(r2 + l2)2

)
η1 − iωPHη2 = 0,

∂r

(
g(r)l2

1 + l′2
η′2

)
+
g(r)R4l2

(r2 + l2)2

(
ω2 −

�k2

1 + R4H2/(r2 + l2)2

)
η2 + iωPHη1 = 0.

(4.122)

The equations of motion in (4.122) can be decoupled by the definition η± = η1± iη2. The result
is

∂r

(
g(r)l2

1 + l′2
η′+

)
+
g(r)R4l2

(r2 + l2)2

(
ω2 −

�k2

1 + R4H2/(r2 + l2)2

)
η+ −ωPHη+ = 0,

∂r

(
g(r)l2

1 + l′2
η′−

)
+
g(r)R4l2

(r2 + l2)2

(
ω2 −

�k2

1 + R4H2/(r2 + l2)2

)
η− +ωPHη− = 0.

(4.123)

Because of the broken Lorentz symmetry, the 1 + 2 dimensional mass M2 = ω2 − �k2 depends
on the choice of frame. One can define the spectrum of excitations as the rest energy (consider
the frame with �k = 0). The spectrum is discrete. Furthermore, just as in the D3/D7 case there
is a Zeeman splitting of the spectrum due to the external magnetic field. Interestingly, at low
energy the splitting is breaking the degeneracy of the lowest energy state and as a result
there is only one pseudo-Goldstone boson. This is not in contradiction with the Goldstone
theorem because there is no Lorentz symmetry. This opens the possibility of having two
types of Goldstone modes: type I and type II satisfying odd and even dispersion relations
correspondingly. In this case, there is a modified counting rule ([41], see also [44]) which
states that the number of GBs of type I plus twice the number of GBs of type II is greater than or
equal to the number of broken generators. As we are going to show below the single Goldstone
mode that we see satisfies a quadratic dispersion relation (hence is type II) and the modified
counting rule is not violated. Note also that for large bare masses m (and correspondingly
large values of l), the term proportional to the magnetic field is suppressed and the meson
spectrum should approximate to the result for the pure AdS5 × S5 space-time case studied in
[45, 46], where the authors obtained the following relation:

ωn =
2m
R2

√(
n +

1
2

)(
n +

3
2

)
, (4.124)

between the eigenvalue of the nth excited state ωn and the bare mass m.
In order to obtain the meson spectrum, one solves numerically the equations of motion

(4.123) in the rest frame (�k = 0). The quantization condition for the spectrum comes from
imposing regularity at infinity. More precisely one requires that η± ∼ 1/r at infinity (r → ∞).
The results are summarized in Figure 9. It is convenient to define the dimensionless quantities
m̃ = m/R

√
H and ω̃ = ωR/

√
H. As one can see from Figure 9, for large m̃ the spectrum

asymptotes to that of pure AdS5 × S5, given by (4.124). The Zeeman splitting of the spectrum
is also evident. It is interesting that as a result of the splitting of the ground state there is only
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Figure 9: The meson spectrum of the first three excited states is plotted. There is Zeeman splitting of the
spectrum and the existence of a mass gap at m̃ = 0 as well as a single Goldstone boson mode. For large m̃
the spectrum asymptotes to that of zero magnetic field given by (4.63) (straight lines).
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Figure 10: Plot of the spectrum of the ground state from Figure 9 for small bare masses. The dashed line
corresponds to the linear behavior from (4.125).

a single pseudo-Goldstone mode. Furthermore, as can be seen from Figure 10, for small bare
masses instead of the usual Gell-Mann-Oakes-Renner relation, there is a linear dependence
ω̃ ∼ m̃. As we will review in the next subsection, the slope is given by the relation:

ω̃ =
4c̃cr

π
m̃ ≈ 0.736m̃. (4.125)

It is also interesting to study the dispersion relation of the Goldstone mode. Since
the Lorentz symmetry is broken and only one pseudo-Goldstone mode is observed, one
anticipates a quadratic dispersion relation (see [44, 47] for discussion).

In order to obtain the dispersion relation of the Goldstone mode, the authors of [12]
numerically solve (4.123) at very small bare mass m̃ ≈ 0.0007 and for a range of small
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Figure 11: Plot of the dispersion relation of the pseudo-Goldstone mode for m̃ ≈ 0.0007. The parabolic fit
corresponds to (4.128).

momenta �̃k = �kR/
√
H. The result is presented in Figure 11. There is indeed a quadratic

dispersion relation. It has been shown [12] that the dispersion relation is given by

ω̃ = γ �̃k
2
+

4
π
c̃crm̃, (4.126)

where

γ =
4
π

∫∞
0
dr̃

r̃2 l̃2
√

1 + l̃′
2

(
r̃2 + l̃2

)√
1 +

(
r̃2 + l̃2

)2
. (4.127)

For m̃ ≈ 0.0007, the relation (4.126) is given by

ω̃ ≈ 0.232�̃k
2
+ 0.000515, (4.128)

and is represented by the fitted curve in Figure 11.

Low Energy Dispersion Relation

In order to obtain the dispersion relation for the pseudo-Goldstone mode, one considers [12]
the limit of small ω in the first equation in (4.123) thus leaving only the linear potential term
in ω̃. In view of the observed quadratic dispersion relation (4.126), one also keeps the �k2 term
in (4.123).

∂r

(
g(r)l2

1 + l′2
η′+

)
−

(
ωPH +

g(r)R4l2

(r2 + l2)2 + R4H2
�k2

)
η+ = 0. (4.129)
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It is convenient to define the following variables:

Θ2 =
g(r)l2

1 + l′2
, ξ = η+Θ. (4.130)

Then (4.129) can be written as

ξ̈ − Θ̈
Θ
ξ −

(
ωPH +

g(r)R4l2

(r2 + l2)2 + R4H2
�k2

)
ξ

Θ2
= 0, (4.131)

where the overdots represent derivatives with respect to r. Now if one takes the limit m → 0
one has that ω → 0 and k → 0 and obtains that

ξ = Θ|ω=0 ≡ Θ (4.132)

is a solution to (4.131). The next step is to consider small m and expand

ξ = Θ + δξ, Θ = Θ + δΘ, (4.133)

where the variations δξ and δΘ are vanishing in the m → 0, limit. Then, to, leading order in
m (keeping in mind that ω ∼ m and �k2 ∼ m) one obtains

δξ̈ − Θ̈

Θ
δξ − δ

(
Θ̈
Θ

)
Θ −

(
ωPH +

g(r)R4l2

(r2 + l2)2 + R4H2
�k2

)
1

Θ
= 0. (4.134)

Now one multiplies (4.134) by Θ and integrates along r. The result is

(
Θδξ̇ − Θ̇δξ

)∣∣∣
∞

0
−

(
ΘδΘ̇ − Θ̇δΘ

)∣∣∣
∞

0
−ωH

∫∞
0
drP(r) − π

4
R5
√
Hγ�k2 = 0. (4.135)

Using the definitions of Θ, P(r) and ξ and requiring regularity at infinity for η+, one can show
that the first term in (4.135) vanishes and that

(
ΘδΘ̇ − Θ̇δΘ

)∣∣∣
∞

0
= cδm,

∫∞
0
drP(r) = −R

4π

4
, (4.136)

And hence using the previous definitions, m̃ = m/R
√
H, c̃ = c/R2H, ω̃ = ωR/

√
H, and

�̃k = �kR/
√
H, one obtains (4.126).

Effective Chiral Lagrangian

In order to obtain the 1 + 2 dimensional effective action describing the pseudo-Goldstone
mode, one considers [12] the 1 + 5 dimensional action (4.115) for a classical embedding in
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the vicinity of the critical embedding, namely, that embedding corresponding to a very small
bare mass m̃. Next one takes the ansätz for the fields δφ and δψ:

δφ =
ξ1(r)
Θ(r)

χ1(x), δψ =
ξ2(r)
Θ(r)

χ2(x). (4.137)

Since one is close to the critical embedding, one considers the same expansion as in equation
(4.133):

ξi = Θ + δξi, i = 1 or 2, Θ = Θ + δΘ. (4.138)

By definition, it follows that as m̃ → 0, δξi and δΘ vanish. Then to leading order, one has
that

∂rδφ =
1

Θ
2

[(
Θδξ̇1 − Θ̇δξ1

)
+

(
Θ̇δΘ −ΘδΘ̇

)]
χ1(x), ∂μδφ = ∂μχ1(x), μ = 0, 1, 2,

∂rδψ =
1

Θ
2

[(
Θδξ̇2 − Θ̇δξ2

)
+

(
Θ̇δΘ −ΘδΘ̇

)]
χ2t(x), ∂μδψ = ∂μχ2(x), μ = 0, 1, 2.

(4.139)

Next, one integrates (4.115) along r from 0,∞ and along the internal unit sphere Ω̃2. The
interesting term is the part of the kinetic term involving derivatives along r. After integration
by parts, it boils down to a mass term for the 1 + 2 dimensional fields χ1, χ2. Explicitly

∫
dr dΩ̃2

1
2
g(r)l2

1 + l′2
∂rδφ∂rδφ = −

∫
drdΩ̃2

1
2
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(
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)
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= −4π
[(

Θδξ̇1 − Θ̇δξ1

)
+

(
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∞
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1
2
χ2

1

= 4πmc
1
2
χ2

1

(4.140)

Here the same arguments as in (4.135) have been used. It is clear that one can perform
an analogous calculation for the term involving ∂rδψ. The rest of the terms are dealt with
straightforwardly by integrating along r. The resulting action is

Seff

(2πα′)2
=

∫
d3x

{
f2
π‖

4
∂0χ

∗∂0χ −
f2
π⊥
4
∂iχ

∗∂iχ − μ
i

2
(
χ∂0χ

∗ − χ∗∂0χ
)
+
mq

2

〈
ΨΨ

〉
0
χ∗χ

}
,

(4.141)
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where the complex scalar field χ = χ1 + iχ2 has been defined. The constants in the effective
action are given by

f2
π‖

4
=
N
2

∫∞
0
dr

g(r)R4l2

(r2 + l2)2
,

f2
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4
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2
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0
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(r2 + l2)2 + R4H2
,

μ =
N
8
πR4H,

〈
ψψ

〉
= −

(
2πα′

)
Nccr, N = 4πNf

μ5

gs
, mq =

m

2πα′
.

(4.142)

4.3. Summary

In this section, we reviewed the studies of the influence of external magnetic field on
holographic gauge theories dual to the D3/D7- and the D3/D5-intersections.

In the case of the D3/D7-system, we described the effect of mass generation realized
as a separation of the probe D7-branes and the background D3-branes in the interior of the
geometry. The review of the study of the meson spectrum revealed Zeeman splitting and
the existence of Goldstone mode associated to the spontaneously broken Chiral Symmetry.
In the limit of small bare masses, we reviewed the analytic derivation of the effective chiral
action obtained in [12] after dimensional reduction of the eight-dimensional effective action
of the probe D7-brane. As expected the mass of the pseudo-Goldstone modes satisfies the
Gell-Mann-Oaks-Renner relation. The effective action also suggests an anisotropic relativistic
dispersion relation consistent with the residual SO(1, 1) × SO(2) symmetry. An integral
expression for the parameter of anisotropy is also obtained. It would be particularly
interesting if one could obtain this parameter via alternative non-perturbative approach, such
as lattice simulation.

The D3/D5-system studied in Section 4.2 exhibit properties similar to the D3/D7
system. Again there is a mass generation realized as separation of the color and flavor branes.
The meson spectrum also has Zeeman splitting and a Goldstone mode. There is however a
crucial difference. Due to the completely broken Lorentz symmetry, the goldstone modes
satisfy nonrelativistic dispersion relation and modified counting rule. An integral expression
for the Galilean mass in terms of the parameter γ given in (4.127) has also been obtained. It
would be nice if one can compare this result with a result obtained via lattice simulation.

Overall the holographic studies that we presented in this section confirm the universal
nature of the phenomenon of magnetic catalysis of chiral symmetry breaking reviewed in
Section 2.2. It is also somewhat satisfying that some of the results (such as the Gell-Mann-
Oaks-Renner relation) presented here have been obtained in a closed form and are consistent
with the results derived via standard chiral dynamics.

5. Conclusion

In this paper, we outlined a recent application of the AdS/CFT correspondence to study
the effect of magnetic catalysis of mass generation in holographic gauge theories dual to
the D3/D5- and the D3/D7-intersections. Our goal was to illustrate the potential of the
correspondence to capture essential properties of the strongly coupled regime of non-abelian
gauge theories especially when the investigated phenomenon is of a universal nature. We
attempted to give the review a self-contained and somewhat pedagogical form.
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The purpose of Section 2 was to remind the reader about some basic properties of
flavored Yang-Mills theories as well as to provide the physical motivation for the holographic
studies subject to our investigation. We provided a brief description of the global symmetries
of the theory with emphasis on the anomalous and nonsinglet Chiral Symmetries. We also
outlined the effective chiral lagrangian description of the effect of Chiral Symmetry breaking
and provided a short derivation of the Gell-Mann-Oaks-Renner relation. The second part
of Section 2 describes the standard field theory approach to studying the phenomenon of
magnetic catalysis of mass generation.

In Section 3 of the paper, we outlined the basics of the AdS/CFT correspondence. We
started with a review of the general ideas that lead to its formulation and descried in details
the physical justification of the correspondence in the framework of string theory. We also
provided a brief description of the way the standard AdS/CFT dictionary operates. In the
second part of Section 3, we focused on the addition of flavor degrees to the correspondence.
We reviewed the standard way [3] to introduce quenched fundamental matter by adding
probe flavor branes to the dual supergravity background. We provided some basic extracts
from the generalized AdS/CFT dictionary which are implemented in the holographic set up
reviewed in Section 4.

Section 4 is the main part of the review. We reviewed the holographic study of the
influence of external magnetic field on holographic gauge theories dual to the D3/D5- and
the D3/D7-intersections. We reviewed the general properties of the holographic set up. We
described how spontaneous symmetry breaking is realized as a separation between the flavor
and color branes in the bulk of the geometry. Investigations of the meson spectrum revealed
Zeeman splitting of the energy level as well as the existence of Goldstone modes. In the case
of the D3/D7-set up, we reviewed the analytic derivation of the Gell-Mann-Oaks-Renner
relation performed in [12]. We also investigated the dispersion relations of the pseudo-
Goldosten modes and verified that they are consistent with the residual space time symmetry:
SO(1, 1)×SO(2) in the D3/D7 set up and SO(2) in the D3/D5 set up. It is intriguing that the
D3/D5 system exhibits a nonrelativistic dispersion relation.

The overall goal of the review was to review in a self-consistent way one of the many
successful applications of the AdS/CFT duality to the investigation of universal properties
of strongly coupled Yang-Mills theories. The results presented in Section 4 seem to be perfect
agreement with the proposed universal nature of the effect of chiral symmetry breaking in an
external magnetic field. We hope that future investigations using alternative nonperturbative
techniques such as lattice simulations could confirm qualitatively the results presented in
Section 4. Such studies could provide a non-trivial check of the AdS/CFT correspondence in
this essentially non-supersymmetric set up.
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Dynamical electroweak symmetry breaking is an appealing, strongly coupled alternative to the
weakly coupled models based on an elementary scalar field developing a vacuum expectation
value. In Sections 2 and 3 of this set of lectures, I summarize the arguments, based on low-
energy phenomenology, supporting walking technicolor as a realistic realization of this idea.
This pedagogical introduction to walking technicolor, and more generally to the physics of
extensions of the standard model, makes extensive use of effective field theory arguments,
symmetries, and counting rules. The strongly coupled nature of the underlying interactions, and
the peculiar quasiconformal behavior of the theory, requires to use nonperturbative methods in
order to address many fundamental questions within this framework. The recent development of
gauge/gravity dualities provides an ideal set of such nonperturbative instruments. Sections 4 and
5 illustrate the potential of these techniques with two technical examples, one within the bottom-up
phenomenological approach to holography in five dimensions, the other within a more systematic
top-down construction derived from ten-dimensional type-IIB supergravity.

1. Introduction and Outline

This set of notes on walking technicolor is based in part on sets of lectures delivered to
string theory students in the context of their Ph.D. programs at Swansea University and at
the University of Barcelona. As such, the content is intended for readers who are familiar
with the ideas of gauge/gravity dualities [1–4], but not with technicolor (TC) [5–7], walking
technicolor (WTC) [8–10], extended technicolor (ETC) [11, 12], and more in general with the
details of the physics of the standard model (SM) and the problematics arising when dealing
with its extensions.

This is not a complete and exhaustive review of the subject of technicolor, which can
be found elsewhere, but rather a collection of exercises and arguments aimed at singling out a
subset of problems that emerge in the context of physics beyond the standard model (BSM),
and that are particularly important when, as is the case for WTC, the BSM new physics is
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strongly coupled. This set of problems admits a natural formulation (if not yet a natural
solution) in the context of gauge/gravity dualities, which is the main message these lectures
want to convey. The reader who wants to have a complete overview of the subject of strongly
coupled dynamical electroweak symmetry breaking (EWSB) should complement the reading
of these notes with other reviews, which develop, in more details, many aspects and ideas that
are only glanced at in the present set of lectures [13–18].

The first two parts of these notes are very general, and should be easily accessible to
anybody who has a working knowledge of quantum field theory and a basic knowledge of
the standard model. For pedagogical reasons, before talking about WTC, I start by reminding
the reader about some classical results that are at the core of our modern understanding of
the Minimal version of the Standard Model (MSM) (I will use the MSM acronym to mean
the version of the standard model with one Higgs scalar doublet, ultimately responsible for
EWSB, in such a way as to distinguish it from the acronym SM, by which I mean a generic
theory with the fermions and gauge bosons of the Standard Model, without committing to
the details of the symmetry-breaking sector itself), and of its weakly coupled extensions.
These include the Coleman-Weinberg results for the loop generated effective Higgs potential
[19], a discussion of the big and little hierarchy problems, the definition of the electroweak
chiral Lagrangian [20–24] and of the oblique precision parameters [25, 26] (and their use
in precision electroweak physics), the GIM mechanism and the resulting suppression of
flavor-changing neutral current (FCNC) processes [27], the Froggatt-Nielsen mechanism for
the generation of fermion mass hierarchy [28], the see-saw mechanism [29–32], and the
analysis of perturbative unitarity of longitudinally-polarized gauge-boson elastic-scattering
amplitudes [33]. As such, this first half of the paper should also provide a useful introduction
for any reader who is interested in BSM physics in general.

Section 2 paper contains some generic introductory material, and part of the
discussion is only semiquantitative (more precise statements will be developed in later
sections). It starts from a reminder about the basic building blocks of the SM, the introduction
of the concept of naturalness, and a discussion of the big hierarchy problem. I also provide
an example of technicolor model, for pedagogical reasons chosen to be peculiarly simple
[34]. Unconventionally, in comparing three popular scenarios for solving the big hierarchy
problem (supersymmetry, technicolor and warped extra-dimensions), rather than the specific
differences I highlight the similarities between these three approaches. In particular the fact
that at low energies they all yield to the little hierarchy problem. In this way, it should be
clear to the reader that the tension between the absence of fine-tuning (for which a new
physics scale Λ∗1 � 1 TeV would be a natural expectation) and the absence of indirect effects of
new physics in precision measurements (which would naturally require a larger new physics
scale Λ∗2 � 5 TeV) is a rather general problem of all BSM scenarios, not just a problem of
strongly coupled extensions of the SM. After all, the very fact that, thanks to the work of
our colleagues in many successful experimental programs, we have now an unprecedented
body of high-precision information about nature, per se implies that not every generic new
physics model can be allowed by the data. Hence, the presence of what appears to be a
O(Λ∗ 2

1 /Λ∗ 2
2 ) ∼ 5% fine-tuning in the low energy effective Lagrangian extending the SM is

not necessarily a surprising and bad thing, but rather seems to suggest to us that something
very special is going to be discovered at the LHC, hence explaining this very special low-
energy results. What singles out the strongly coupled scenarios as particularly problematic is
the strong coupling itself, which severely limits the possibility of exploring the parameter-
space of models, in the search of regions that are compatible with the current data, in
the same way as is done in the weakly coupled context, and hence explaining the origin
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of the aforementioned 5% tuning in terms of specific, special detail properties of the new
physics.

Section 3 contains a more systematic and precise pedagogical discussion, and, besides
a preliminary introduction of the idea of walking dynamics, consists of four main subsections.
In Section 3.1, precision electroweak physics is discussed, starting from the effective field
theory (EFT) treatment, introducing the oblique parameters, and summarizing some classical
perturbative results. In comparing to strongly coupled scenarios, I introduce the rules of naive
dimensional analysis (NDA) [35] and hidden local symmetry (HLS) [36–43]. Section 3.2
is devoted to the physics of flavor. Starting again from the weakly coupled case, the GIM
mechanism is introduced, and the basic logic behind the construction of weakly coupled
models of flavor generation explained. ETC and WTC are then introduced and their specific
physical implications are explained, and contrasted with what happens in the weakly
coupled case. I do not discuss CP violation, the treatment of which to large extent follows
the same logic as the physics of FCNC, up to subtleties in dealing with dipole moments
that, while important phenomenologically, are not very important for the present purposes.
Section 3.3 is a brief reminder about a classical result in the MSM; the scattering amplitude
of longitudinally polarized gauge bosons is shown to be manifestly unitary in perturbation
theory, at the diagrammatic level, provided all the couplings (including the Higgs self-
coupling) are perturbative. This is obviously not the case in TC, where showing explicitly
that the scattering amplitudes never grow beyond the unitarity bounds would require a full
nonperturbative analysis. many ideas have been proposed addressing this problem, which is
actively studied, but a definite answer does not exist, and hence I will limit the discussion
to the well-understood perturbative case. In Section 3.4 I summarize, by means of examples,
a few very general expectations about the spectrum of TC, focusing on those bound states
(technipions, technirhos and technidilaton) the physics of which is controlled by strong
symmetry arguments. I conclude with a brief subsection containing a wish list, to some extent
personal and incomplete. This is a list of specific questions about strongly coupled EWSB, all
of which emerge from the previous discussion, all of which have crucial phenomenological
implications, and answering to any of which requires a very high level of understanding
of nonperturbative physics. Gauge/gravity dualities represent a remarkable opportunity for
addressing some of these questions in a new context, which is complementary to what is
known from traditional techniques.

The second half of this paper contains a set of examples of applications of the ideas and
techniques derived from the context of gauge/gravity dualities, in order to address some of
the questions in the wish list. This is not done systematically, rather I explain in some details
two very special such applications, one in the context of effective five-dimensional theories
(bottom-up approach), and one in the context of ten-dimensional supergravity and string
theory (top-down approach). This may be understood as a proof of principle, showing that
indeed some of the questions in the wish list can be addressed within specific holographic
models, and, furthermost, that the technology necessary for this type of studies to be carried
out does exist and is well understood. It must be stressed that many more examples exist
in the literature, that are not even mentioned in these lectures. Since the early papers on the
AdS/CFT correspondence [1–4] and by Randall and Sundrum [44], a huge body of literature
on these and related subjects appeared, reviewing which goes very far beyond the aims of
these lecture notes.

Section 4 is devoted to one specific five-dimensional effective theory that most
resembles what might be the dual of a four-dimensional walking technicolor theory [45–
55]. I show how calculability is strongly improved within this approach, in respect to what
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happens in four-dimensional EFT and HLS approaches, yielding useful phenomenological
correlations between observable quantities such as the oblique precision parameters and the
spectrum and couplings of techni-rho mesons. I also show that some fundamental questions
cannot be answered within this approach, but require more information about the underlying
dynamical properties of the models.

In Section 5, a more ambitious approach is discussed [56–58]. The proposal is to study
the properties of walking dynamics in isolation, separating them from the specific embedding
of walking into a detailed model of electroweak symmetry breaking and fermion mass
generation. This is done by constructing a 10-dimensional string theory model such that,
in the supergravity limit, walking, or some feature that resembles it, emerges dynamically,
and for which the technology exists allowing to perform a set of calculations that can yield
a quantitative answer to some of the questions about walking dynamics that are left open
by bottom-up approaches. This is a rather novel research program, and hence only few such
calculations exist. I will limit myself to one specific model, which has its own advantages and
disadvantages. A few other possible models and other interesting calculations are suggested,
but the main aim of this section is to encourage the reader to use his/her own experience,
knowledge, and creativity to devise alternative scenarios, and use them to address some of
the problems listed earlier on.

2. Electroweak Symmetry Breaking, within and beyond
the Standard Model

2.1. The Minimal Standard Model versus Technicolor

The standard model (SM) is a quantum field theory in which weak, strong and electromag-
netic interactions are described by a gauge theory with groupGSM = SU(3)c×SU(2)L×U(1)Y .
All the known fundamental matter particles are described by (chiral) fermions transforming
in some representation of GSM (see Table 1). If the gauge symmetry was unbroken, all of
the resulting particles would be massless. However, the electroweak gauge symmetry is
spontaneously broken as SU(2)L × U(1)Y → U(1)e.m., by some condensate that provides
a nontrivial structure for the vacuum of the theory. The unbroken U(1)e.m. is the gauge
symmetry of electromagnetism. Hence all the fermions, together with the W and Z bosons,
acquire a mass, proportional to the symmetry-breaking condensate. The proportionality
constant is the coupling of the field to the condensate, and depends on the specific field.
All of this is well established, and can be found nowadays even in popular science books.

It is also known that none of the SM fermions nor any of the SM gauge interactions are
responsible for electroweak symmetry breaking itself. (The chiral condensate of QCD does,
in fact, spontaneously break the SM gauge symmetry. But the scale fπ is so small that this fact
can be ignored for most phenomenological purposes.) Some new fields and new interactions
must be present, in order to implement in the theory a mechanism yielding spontaneous
electroweak symmetry breaking. Identifying these new fields and, equally important, new
interactions is the main goal of large hadron collider (LHC) program at CERN. In the case
of the minimal version of the standard model (MSM), the sector responsible for electroweak
symmetry breaking is constituted by one scalar field, transforming as (1, 2, 1/2) under GSM.
This is assumed to have a weakly coupled description in terms of a scalar potential with
a negative quadratic interaction and a quartic interaction, the latter being the only free
parameter to be measured at LHC. The classical minimum of the potential is non-trivial,
the Higgs field acquires a vacuum expectation value (VEV), and hence yields electroweak
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Table 1: Field content of the Minimal Standard Model. All the fermions are represented by a Left-Handed
or a Right-Handed chiral field, with different quantum numbers. Specified is also the number N of
different species having the same quantum numbers. The 3 copies of fermions are referred to in the text as
families. The neutrino singlet νR is a hypothetical particle, such as is the Higgs H.

J SU(3) SU(2)L U(1)Y N

Bμ 1 1 1 0 1

Wμ 1 1 3 0 1

Gμ 1 8 1 0 1

qL = ( ud )L 1/2 3 2 1/6 3

uR 1/2 3 1 2/3 3

dR 1/2 3 1 −1/3 3

�L = ( νe )L 1/2 1 2 −1/2 3

eR 1/2 1 1 −1 3

νR 1/2 1 1 0 3?

H 0 1 2 +1/2 1

symmetry breaking. The complete Lagrangian of the MSM contains five types of terms, which
depend on the fields and on their covariant derivatives. We will discuss in more detail some of
these terms later on, for the time being it suffices to write them out schematically (suppressing
all the indexes).

(i) Gauge-boson Lagrangian

L1 = −1
2

TrFμνFμν + · · · . (2.1)

(ii) Fermion kinetic terms

L1/2 = ψi��Dψ + · · · . (2.2)

(iii) Scalar kinetic term

L0 =
(
DμH

)†
DμH. (2.3)

(iv) Yukawa couplings

Ly = −yψLHψR + · · · . (2.4)

(v) Scalar potential

LV = −V = −μ2H†H − λ
(
H†H

)2
. (2.5)
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The MSM is a very successful model. It agrees to very high accuracy with a number
of precision electroweak tests, carried on in particular at SLAC, LEP, and TeVatron. It also
successfully reproduces most of the flavor physics studied experimentally in rare processes
involving B-mesons, kaons, pions, and muons. One important reason for this success is
that the MSM automatically implements the GIM mechanism, so that all sources of flavor
changing processes and of CP-violation are encoded in the CKM matrix, hence naturally
suppressing flavor changing neutral current (FCNC) processes. It is also a remarkably
satisfactory model from a theoretical point of view, in the sense that it automatically
yields results that are very non-trivial. For example, thanks to the cancellation of all gauge
anomalies, and to the perturbative nature of all the couplings, including the Higgs potential,
it is possible to show that unitarity of certain scattering amplitudes is manifest at the
diagrammatic level up to very high scales.

Yet, there is no experimental evidence supporting the idea that symmetry breaking
be due to the weakly coupled Higgs sector of the MSM, with LEP and TeVatron yielding
exclusion regions and bounds on the mass, but no unambiguous positive discovery signal.
It is hence important to consider alternatives. In particular, there is no real reason why the
sector responsible for electroweak symmetry be weakly coupled. Actually, it is a remarkable
fact that in the two most celebrated examples of spontaneous symmetry breaking (the theory
of superconductors, and the description of chiral symmetry breaking in QCD) the condensate
does not arise from an elementary scalar developing a VEV, but rather a strong interaction
produces the formation of a composite condensate.

Besides this simple fact, a set of serious reasons for concern arises when studying the
UV behavior of the Higgs sector itself. The Higgs potential does not satisfy the naturalness
condition: switching off any of the couplings in the Higgs potential does not result in
enhancing the symmetry of the system. We will discuss this in more details later. As a result,
both the quadratic and quartic operator receive additive renormalization from (divergent)
loop diagrams involving all the couplings of the model. In a sense, the dynamics encoded
in the potential is not fundamental, and as a result it is affected by fine-tuning problems.
Finally, the beta-function of the quartic coupling of the Higgs and of the Yukawa couplings
is not asymptotically free (which is related to the triviality problem). All of this suggests that
the Higgs sector might provide a very good description of low-energy physics, but needs to
be UV completed.

Technicolor models are a radical alternative to the Higgs of the MSM. There is
no weakly coupled scalar, but rather a completely new non-Abelian gauge interaction
is assumed to be present, morally analog to QCD. At low-energies (of the order of the
electroweak scale), the interaction becomes strong enough to trigger confinement and chiral
symmetry breaking, via the formation of a condensate of fermions. As a simple example,
consider for instance a SU(NT) gauge theory, in which fermions QL, UR, DR, �L, ER
and NR with the same quantum numbers as a family of SM fermions transform on the
fundamental of SU(NT ) (Here and in several other points of Sections 2 and 3 I chose
to refer to this specific model mainly for its striking simplicity and elegance. The reader
however should not be mislead into thinking that this is always what a TC model has
to look like, but should simply think of TC as a strongly coupled theory in which a
dynamically generated condensate induces EWSB. For example, lots of attention has been
given in recent years to small-NT models with techniquarks in 2-index representations of
the gauge group [59], rather than on the fundamental representation, and nothing prevents
from much more exotic scenarios to be considered.) At the electroweak scale, condensates
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form

〈QLUR〉 = 〈DRQL〉 = 〈ERLL〉 = 〈LLNR〉 ∼ O
(

4πv3
W

)
. (2.6)

This condensate breaks electroweak symmetry in exactly the same way as the Higgs of the
MSM, because each of the bilinears entering the condensates has the same quantum numbers
as H.

The properties of models of this type are the opposite of those of the MSM Higgs
sector. All the couplings are natural, there is no fine-tuning nor triviality problem, all the
scales are generated dynamically and naturally stabilized. However, calculability (and hence
predictivity) becomes problematic, because of the strong coupling. Back-of-the-envolope
estimates based on naive dimensional analysis (NDA) suggest that it is difficult to reconcile
these models with electroweak precision measurements. Unitarity of scattering amplitudes
is not manifest at the diagrammatic level, but relies on uncalculable contributions from
the strong dynamics. And, contrary to what happens in the MSM, the generation of the
mass of the SM fermions cannot proceed via marginal (Yukawa) couplings, but requires
the introduction of a whole new sector of interactions, via what is referred to as extended
technicolor (ETC). As a result, there is reason of concern regarding the contribution of
this new ETC sector to FCNC processes, because an analog to the GIM mechanism is not
automatically present.

One very plausible way to alleviate the shortcomings of technicolor, while preserving
its good features, is provided by walking technicolor. The basic idea is that if the new strongly
coupled theory is not some variation of QCD, but rather it has very different dynamics, such
that it be strongly coupled over a large range of energies above the electroweak scale, then
large anomalous dimensions are likely to be generated nonperturbatively. If so, the counting
rules of NDA do not hold, and large enough masses for the SM fermions (the top quark
is particularly problematic) might be generated dynamically, without necessarily running
into troubles with precision electroweak parameters and FCNC processes. The dynamical
justification for this scenario is the assumption that an approximate fixed point governs the
physics in the IR, just above the electroweak scale, hence slowing down the running of the
couplings in the strongly coupled regime, whence the name walking. While this adds to the
calculability problems of traditional approaches to technicolor, it also provides an ideal arena
in which the techniques of the gauge/string duality can be applied. Indeed, in the walking
regime the theory is very strongly coupled and approximately conformal.

2.2. Naturalness, Hierarchy Problem(s), and Their Proposed Solutions

All known interactions can be reduced, at the microscopic level, to three fundamental ones:
electroweak, strong, and gravitational interactions. The strength of these interactions can
be characterized in terms of a typical scale, that can be identified, respectively, with three
dimensionful coupling constants:

vw ≡
1√√
2GF

	 246 GeV,
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fπ 	 93 MeV,

MP ≡
1√
GN

	 1.22 × 1019 GeV,

(2.7)

where GF is the Fermi constant, fπ is the pion decay constant, and GN the Newton constant.
At present, the SM does not incorporate a universally accepted theory of quantum

gravity. However, it is conceivable that if such a formulation exists, the SM should be thought
of as containing the leading-order terms a low-energy effective field theory (EFT) description
of all fundamental interactions. In this spirit, quantum gravity should amount to two main
effects (at low-energies): the renormalization of the SM Lagrangian LSM itself, and the
generation of higher-order corrections, encoded in higher-dimensional operators to be added
toLSM. Both effects would be controlled by the typical scale of gravitational interactions MP .
Here is one way of seeing the emergence of a technical problem, the big hierarchy problem. On
the one hand, the fact that

v2
w

M2
P

	 10−34 (2.8)

justifies phenomenologically the fact that higher-order terms can be safely neglected, because
of being strongly suppressed. On the other hand, the very fact that these two scales be so
far apart, in a context in which quantum corrections are present, needs to be explained.
In the absence of such an explanation, one would expect either that the electroweak scale
and the Planck scale should be of the same order of magnitude, vw ∼ MP , or that their
hierarchy is due to accidental cancellations between interactions of very different nature,
coming from physics taking place above and below the Planck scale, hence requiring an
implausible amount of fine-tuning.

This formulation of the big hierarchy problem shows explicitly that it has a very
general origin. The only explicit assumptions used in order to highlight the problem itself
being the existence of a quantum theory of gravity (or more general of any new interaction
beyond the SM), and of a sensible low-energy EFT description, characterized by the Planck
scale MP (or by a new physics scale Λ 
 vW). There is another hidden assumption in all of
the above, that the space-time symmetries be described by the four-dimensional Lorentz (or
Poincaré) group. A vast literature exists on possible solutions to the big hierarchy problem,
that propose to modify the fundamental theory in very different ways. It is remarkable that
the three main classes of such solutions (based upon supersymmetry, extra-dimension, and
technicolor, resp.) all rely on the idea of extending the group of space-time symmetries.

The reason why this is a good idea has to do with the relation between the concept of
naturalness and renormalization in a general field theory. Using a definition often attributed
to ’t Hooft:

A coupling is natural if, in the limit in which it vanishes, the theory has an enlarged
symmetry.

In field theory, quantum corrections renormalize the bare Lagrangian in two possible
ways: some couplings renormalize multiplicatively, while others renormalize additively (due
to operator mixing).
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Couplings that are not natural may in general renormalize additively. Hence, they
may be affected by fine-tuning problems. Setting to a very small value a parameter that is
renormalized additively does not ensure that quantum corrections will preserve its smallness.
A simple illustration of this is given within the MSM by the Higgs potential V in (2.5), with
neither μ2 nor λ being a natural parameter. (It should be noticed that setting μ2 = 0 would
render the MSM Lagrangian scale-invariant at the classical level. However, such invariance
is not preserved by quantum correction, due to diagrams involving the quartic, gauge, and
Yukawa couplings, and even allowing for fine-tuning in the quadratically divergent part of
quantum corrections one ends up with the appearance of a scale in the 1-loop generated
Higgs potential, which ultimately might lead to electroweak symmetry breaking itself [19].)
As a consequence, nothing prevents them from receiving additive renormalization. A way to
compute the (divergent) part of the (perturbative) 1-loop correction makes use of the results
from Coleman and Weinberg [19] for the quantum effective action

δV =
Λ2

32π2
STrM2 +

1
64π2

STr
(
M4 ln

(
M2

Λ2

))
, (2.9)

where Λ is the UV cut-off, M2 is the mass matrix of all fields as a function of the classical
external scalar fields, and STr is the supertrace, a trace in which fermion and boson degrees
of freedom enter with opposite signs. For instance, in the MSM, the coefficient μ2 of the
quadratic operator receives, among others, (quadratically divergent) positive contributions
from loops of gauge bosons and negative from loops of the top as following:

δμ2 	 cgg2Λ2 − cyy
2
tΛ

2 + · · · , (2.10)

with cg and ct numerical coefficients with mild 1-loop suppressions, g the gauge coupling,
and yt the top Yukawa coupling. If the cut-off is at the Planck scale Λ ∼ MP , in order for
the resulting quadratic coupling to be at the electroweak scale, a very fine-tuned cancellation
would be needed between this loop correction and an appropriately chosen counter-term.

Conversely, a natural coupling (barring the possibility of anomalies) renormalizes
multiplicatively: in the limit in which the coupling is set to zero, the theory has an extended
symmetry, that must be preserved also by quantum corrections. The fact that quantum
corrections are themselves proportional to the natural coupling ensures that this symmetry
property be automatically satisfied. As such, if one could find a way to render naturally
the parameter in the Lagrangian setting the electroweak scale, this would not receive
dangerously large additive renormalization via (2.9), and the coexistence of the widely
separated electroweak scale vW and Planck scale MP would not require fine-tuning, making
the EFT useful and predictive. This is what is done in the most popular extensions of the
standard model.

A most popular class of solutions proposes to enlarge the symmetry by incorporating
some form of supersymmetry, that is, by effectively adding fermionic directions to the space-
time (superspace formulation), and assuming that perturbation theory is a good tool up to the
Planck scale. The standard example is the Minimal Supersymmetric Standard Model (MSSM)
[60, 61]. The basic idea is to enlarge the spectrum by adding a super-partner with different
spin and statistics to each of the MSM fields, and to adjust the couplings so that the new
Lagrangian is supersymmetric. Details about the construction require to introduce two Higgs
doublets instead of one. The technical way in which supersymmetry solves the hierarchy
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problem is that, when computing quantum corrections to the relevant operator controlling
the electroweak scale, loops involving bosons and fermions in the same supersymmetry
multiplets cancel against each other. In other words, in an N = 1 supersymmetric theory
in a generic vacuum (and under a few rather soft conditions such as the absence of mixed
gauge-gravity anomalies),

STrM2 = 0. (2.11)

As a result, the quadratically divergent corrections to the supersymmetric generalization
of (2.5) drop, in favor of a milder logarithmic divergence. In the MSSM, supersymmetry
is broken explicitly, by adding to the supersymmetric Lagrangian a restricted set of
mass terms and couplings the effect of which are soft, they preserve the logarithmic
dependence of the divergence on the cut-off scale. Interestingly, because the Higgs potential,
in the supersymmetric limit, does not admit an electroweak symmetry breaking minimum,
the latter is controlled by the scale of supersymmetry breaking itself Λ∗, hence linking
electroweak scale and supersymmetry-breaking scale.

A second class of solutions to the big hierarchy problem involves the introduction
of space-like extra-dimensions. There is a vast number of variations on this idea. One most
appealing such realization is the Randall-Sundrum scenario [44], possibly assisted by some
implementation of the Goldberger-Wise mechanism [62, 63]. The basic idea is to introduce a
fifth dimension z, and assume that the space-time has the geometry of a slice of AdS space,

ds2 =
L2

z2

(
ημνdxμdxν − dz2

)
, (2.12)

with L the curvature scale, and with two 4-dimensional boundaries so that L0 < z < L1. The
radial direction is related to the scale of the 4-dimensional theory living on a probe localized
at z, with z → L0 corresponding to the UV and z → L1 corresponding to the IR. While the
4-dimensional Planck scale MP is related to the five-dimensional fundamental scale M5 as

M2
P 	

M3
5L

3

L2
0

, (2.13)

and one chooses (up to O(1) factors) L0 ∼ L ∼ 1/M5 ∼ 1/MP , the typical scale of the physics
taking place in the IR is suppressed as

Λ∗ 2 ∼
L2

0

L2
1

M2
P . (2.14)

In the Goldberger-Wise mechanism, the hierarchy between the position of the two boundaries
is determined dynamically to be

L0

L1
∝
(
v1

v0

)1/ε

, (2.15)
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where v0,1 = O(MP ) are the boundary values of some dynamical bulk scalar, and ε is a natural
parameter, related to the coefficient of the only relevant coupling of the five-dimensional
scalar (i.e., its five-dimensional mass). If the physics of electroweak symmetry breaking is to
take place near the IR boundary, its scale is going to be exponentially suppressed in respect
to the Planck scale, hence solving the big hierarchy problem, provided a modest hierarchy
(e.g., v1/v0 ∼ 1/10) is chosen, together with a large value of the exponent (e.g., ε ∼ 1/20).
For discussions about the holographic interpretation of this picture see also [64, 65].

A simple way of introducing the idea behind the third class of solutions to the
hierarchy problem (technicolor) is to go back to QCD, observing that in what we said up
to now, we never mentioned a strong-interaction fine-tuning problem related to the fact
that fπ � MP . For a good reason, there is no such a problem! The Lagrangian of a QCD-
like theory with Nf massless fermions transforming on the fundamental representation of
SU(Nc) is

L = −1
2

TrF2 + iψ��Dψ, (2.16)

where the covariant derivative is

Dψ = ∂ψ − igAψ . (2.17)

The beta-function computed at 1-loop is

β
(
g
)
= −

g3

(4π)2

(
11
3
Nc −

2
3
Nf

)
= −

g3

(4π)2
b0, (2.18)

and accordingly

g2(μ) = g2

1 +
(
g2/(4π)2

)
b0 ln

(
μ2/Λ2

) , (2.19)

where μ is the renormalization scale and g is defined at some reference scale Λ. The
expression for g2(μ) diverges for μ2 = Λ∗ 2 defined by

Λ∗ 2 ≡ Λ2e−(4π)
2/g2b0 . (2.20)

If Λ ∼MP , and for choices of Nc and Nf such that b0 ∼ O(1), this means that Λ∗ defined in
this way is exponentially suppressed, provided that the theory is asymptotically free, and the
coupling g measured at the scale Λ is perturbatively small. Because Λ∗ is the scale at which
the theory becomes strongly coupled, then one has fπ ∼ O(Λ∗)�MP .

The symmetry principle behind the mechanism that makes fπ small compared to the
Planck scale can be read from (2.16). At the classical level, this Lagrangian is scale invariant
because all the operators are exactly marginal. Quantum effects break conformal invariance,
the gauge coupling representing a marginally relevant deformation of the massless free
theory living at the UV fixed point. However, the breaking is controlled by the coupling
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itself, setting the coupling g (as defined at a given scale Λ) to very tiny values, implies that
Λ∗/Λ → 0, because in the g = 0 limit the theory reduces back to a trivial conformal theory of
noninteracting, massless gluons and quarks. Again, a space-time symmetry is present, broken
only by a natural parameter (the gauge coupling) which renormalizes multiplicatively (all
renormalizations of the gauge coupling are proportional to the gauge coupling itself). As a
result, no fine-tuning is needed in order to parametrically separate the scale of the strong
dynamics from the Planck scale.

The basic mechanism behind technicolor is the same: it relies on removing the Higgs
sector from the MSM, and replacing it with a new strong sector with a new gauge symmetry
(technicolor) acting on new degrees of freedom (technifermions). The electroweak gauge
group is defined by gauging a subgroup of the global symmetry of such fermions (techni-
flavor). Once the theory becomes strongly coupled at scale Λ∗, a chiral condensate will
form dynamically, generating vW and spontaneously breaking the electroweak symmetry,
in analogy to what happens in QCD. Appropriately choosing the new gauge coupling, it is
possible to arrange for Λ∗ � MP , without any fine-tuning, because in the g → 0 limit one
recovers a conformal theory, with space-time symmetry described by SO(4, 2).

Summarizing, the three examples discussed share the same basic idea of enlarging
the space-time symmetry. While the way in which this is done is very different, it yields
very similar results, turning the dangerous quadratic divergences relating the electroweak
and Planck scales into logarithms, and linking the electroweak scale to a new scale Λ∗

characterizing the breaking of the enlarged space-time symmetry itself. Namely, below
Λ∗, supersymmetry is lost, the theory is four-dimensional, and scale-invariance is lost,
respectively, in the three cases. Provided Λ∗ � 1 TeV, no fine-tuning is present in the
electroweak symmetry breaking sector. The scale Λ∗ is also the scale at and above which a new
physics sector (fields and interactions) appears. It controls the masses of the superpartners of
the SM fields, the masses of the KK modes coming from the compact extra-dimension, and the
masses of the resonances and composite states in technicolor (technimesons, technibaryons,
. . .). But Λ∗ also controls indirect contributions to low-energy precision physics, which we will
discuss at length in these lectures.

2.2.1. Little Hierarchy Problem

Whichever your favorite solution to the big hierarchy problem is, provided it is based on
the idea of enlarging the space-time symmetries as in the three cases discussed earlier, the
net result is that there are now four physical scales, characterizing four distinct interactions:
fπ , vW , MP , and Λ∗. The more the two scales vW and Λ∗ are close to each other, the more
satisfactory is the solution to the hierarchy problem.

Below Λ∗, the process of integrating out all of the sectors responsible for the breaking
of the enlarged symmetry (and for the arising of Λ∗ itself) means that corrections to the low-
energy description of electroweak and strong interactions will be induced, controlled by Λ∗.
In other words, the EFT whose leading-order terms are given by the standard model will
have corrections suppressed by inverse powers of Λ∗, besides those suppressed by the Planck
scale MP . These corrections are tightly bounded experimentally. The precision electroweak
tests can be summarized in the precision parameters of the electroweak chiral Lagrangian (or
equivalently in the oblique parameters such as S and T), and they indicate that the physics
of the electroweak gauge bosons can receive correction coming from higher-dimensional
operators that are at most at the per mille level. Naively, this suggests that Λ∗ � 5 TeV. The
physics of flavor changing neutral currents, tested in great details by studying rare processes
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involving kaons, B mesons, charmed mesons, pions, and charged leptons also indicates that,
unless Λ∗ has nothing to do with flavor, Λ∗ must be large.

In the specific case of the MSSM, analogous source of tension can be shown to
have a more subtle origin. Some of the scalars from the Higgs multiplets complete, in the
supersymmetric limit, the heavy vector multiplets containing the gauge bosons and the
gauginos. In this limit, the mass of such scalars is closely linked to the mass of the electroweak
gauge bosons. In particular, for the mass of the lightest Higgs scalar in the MSSM the bound
m2
h < M2

Z holds in complete generality at the tree-level. (Technically, this originates from
the fact that the quartic couplings in the Higgs potential are not free parameters, but actual
gauge couplings derived from the D-terms within the supersymmetric gauge theory.). Loop
effects involving (finite) diagrams affected by supersymmetry breaking partially remove this
bound, and one can show, for example, that the corrections to the physical mass of the lightest
scalar particle in the spectrum, very schematically look like [66–69]

δm2
h 	 chv

2
W ln

Λ∗ 2

v2
W

, (2.21)

where ch is again 1-loop suppressed. Because ch is perturbatively small (loop-suppressed),
evading the experimental bounds from direct searches mh � 114 GeV requires, again, that Λ∗

should be somewhere in the few-TeV range (or at least the mass of one of the scalar partners
of the top should). The logarithmic dependence also means that if the lower bound on the
Higgs mass raises, evading it would require a very significant amount of fine-tuning.

Concluding, solving the big hierarchy problem requires linking the electroweak scale
to a new scale Λ∗ which is kept naturally smaller than the Planck scale, and at which some new
enlarged space-time symmetry be broken. Absence of any fine-tuning would be achieved if
Λ∗ � 1 TeV. However, indirect searches strongly suggest that Λ∗ � 5 TeV, both in weakly
and strongly coupled scenarios, substantially above the scale dictated by vW . This tension
goes under the name of little hierarchy problem. There are several ways of addressing the little
hierarchy problem, which may require the introduction of entirely new fields and symmetries
(such as in the case of composite Higgs [70–77] models and Little Higgs models [78–82]),
hence again naturally separating vW � Λ∗. Or, one might modify the solution to the big
hierarchy problem in such a way as to implement some discrete symmetry, in such a way as
to enforce cancellations and suppressing unwanted processes. The literature on the subject is
vast, and these proposals are very interesting phenomenologically, both for the LHC and for
astrophysics and cosmology (e.g., models with parities might play an important role in the
physics of cold dark matter), but are not the subject of these lectures.

It must be stressed that numerically the little hierarchy problem is, indeed, little. In
a generic low-energy theory it amounts to a fine-tuning at most O(1 TeV2/(5 TeV)2) ∼ 5%.
The arguments presented here are strongly affected by model-dependent coefficients that
in this discussion have been taken to be O(1), but that in special models might just occur
to be small enough to evade the experimental bounds. Particularly in the case of technicolor,
which naively is the one example in which the little hierarchy problem is most worrisome, the
strongly coupled nature of the theory at the Λ∗ scale makes the calculation of such coefficients
quite delicate. Accurate and efficient ways of computing such observables are needed. Part
of these lectures will be devoted to this specific topic, in the context of walking technicolor
(which itself involves the introduction of a very special symmetry), and we will see that this
possibility is not excluded. While doing so, the arguments presented in this short subsection
will be made more rigorous and quantitative, and concrete examples will be developed.
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2.2.2. Final Remarks

Before we move away from these general introductory remarks, and start studying more
concrete examples and perform more specific calculations, a final set of comments are due to
the reader. First of all, one might argue that hierarchy problems as defined in the previous
section are not severe failures of the theory that require its complete rewriting, they do
not indicate a fatal contradiction between theory and experiment. After all, once properly
renormalized, the MSM and its parameters can be used to reproduce correctly a vast amount
of experimental data, with no clear indication of a contradiction (barring the fact the the
Higgs particle has not been observed yet, and hence might not exist in nature, which is
a different problem). In general, the emergence of a hierarchy problem can be looked at
as the emergence of an opportunity for research. A fine-tuned parameter is an indication
given to us by nature of a possible avenue for discovery of actually new, interesting physical
phenomena, by highlighting a sector of the theory which we do not really understand at
the fundamental level, and which is probably incomplete. It would be regrettable not to
pursue this avenue. This is one reason why so much attention is paid by model-builders to the
hierarchy problems. Besides the electroweak hierarchy problem(s) summarized here, similar
attitude is applied towards other hierarchy (fine-tuning) problems, such as the strong-CP
problem in QCD, and, most important, the problem of the cosmological constant.

Second, it must be stressed that the smallness of a parameter does not necessarily
constitute a hierarchy problem. At least, not in the sense of naturalness used here. For
instance, one might legitimately ask why there exists such a large hierarchy between the
numerical values of the masses of the SM fermions, comparing, for instance, the neutrinos to
the electron, and to the top quark. However, all of these masses are controlled by parameters
that are natural, and hence their values are stable against radiative corrections, without the
technical problem of fine-tuning. It would certainly be very interesting and useful to have
a theory of flavor, in which these masses and their hierarchical structures are generated
dynamically from first principles, and a vast literature exists on the subject, with beautiful
and very interesting results having been collected over the years. Yet, the argument in
favor of such a research program is somewhat less compelling, at least within weakly
coupled theories. However, this kind of research program becomes compelling in strongly
coupled extensions of the standard model, for reasons that will be explained later in these
notes.

Finally, the ultimate reason why fine-tuned theories are unsatisfactory is deeply
connected with the concept of effective field theory. All progress in physics up to recent
times can be thought of in terms of a chain of EFTs, and the vast majority of physical
phenomena that we believe we understand are actually understood in terms of their EFT
description. EFTs, as opposed to would-be fundamental theories, are constructed on the basis
of very few and simple general symmetry rules. These rules cannot, by themselves, single
out a Lagrangian (or action) which contains only a finite number of local interactions. In
general, an EFT contains an infinite number of such interactions, and an infinite number
of free parameters. In the absence of anything else, these theories cannot be calculable and
predictive, because no matter how many independent experimental quantities are measured
and used as input, no unique prediction can be formulated. What makes EFTs work (and
they do in real situations) is that one can implement in the EFT also counting rules, ensuring
that within the regime of validity of the EFT, and requiring a given accuracy from the
calculations to be performed, only a finite number of such parameters are actually important.
The (infinite) others are, on the basis of the counting rules, expected to give contributions that,
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Figure 1: Schematic depiction of the evolution of the gauge coupling as a function of the renormalization
scale in three different asymptotically free theories: a QCD-like theory, a theory with an IR fixed point, and
a walking theory (left to right).

while uncalculable, are safely smaller than the required accuracy. Hence, the EFT Lagrangian
can be truncated to contain only a finite number of terms.

The problem comes from the fact that the counting rules do not yield actual predictions
for the values of the (unknown) parameters, but provide only order-of-magnitude estimates.
Such estimates are hence useful only provided no fine-tuning turns out to be necessary. In
the case where one of the parameters that are kept in the truncated EFT turns out to be
severely fine-tuned, such a parameter is explicitly violating the counting rules. It becomes
hence impossible to justify the truncation itself, and predictivity is lost. Hence, the hierarchy
problem(s) in the standard model highlight a contradiction in the procedure that would
allow to use it as (the leading order part of) an EFT description. The history of successes of
EFTs itself provides a very compelling reason to look for solutions to the hierarchy problem,
beyond the SM.

3. From Weak to Strong Coupling: Walking Technicolor

We have already anticipated that technicolor provides a solution to the big hierarchy problem
based on the same mechanism at work in QCD, namely, at the Planck scale the theory is
very close to a trivial fixed point of the renormalization group equations. The coupling of
a marginally relevant operator (the gauge coupling) drives the theory away from this fixed
point towards the IR. The theory becomes strongly coupled at a scale Λ∗. An exponential
hierarchy Λ∗ � MP is natural, because controlled by the (perturbative) value of the gauge
coupling in the UV. Finally, the strong coupling triggers the formation of a condensate that
induces EWSB, hence linking Λ∗ and vW . We also anticipated that the phenomenological
viability of such a scenario is heavily questioned by the fact that the little hierarchy problem
is exacerbated by the strong coupling at the scale Λ∗, particularly in a QCD-like theory, and
that walking technicolor is one proposal that might soften such a problem. Let us be more
specific.

Walking technicolor is based on a gauge theory in which the running of the gauge
coupling is completely different from what is expected in a QCD-like theory. Figure 1
illustrates the basic idea. In Figure 1(a) is the QCD-like running as obtained for instance
from (2.19). One dynamical scale Λ0 = Λ∗ exists, identified by the divergence of the running
coupling g2Nc/(8π2). Figure 1(b) presents a theory that in the IR flows to a non-trivial fixed
point. Again, one dynamical scale exists Λ∗, separating the two energy regimes at which the
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theory is well approximated by the UV and IR fixed points, respectively. There exists two
well-established examples of such behavior. One can be seen to exist by looking at the 2-loop
perturbative β-function of a SU(Nc) theory with Nf vectorial fermions on the fundamental
representation [83]. If Nf is very close to the limit beyond which asymptotic freedom is
lost, the β-function is suppressed by anomalously small coefficients. One then finds that a
fixed point exists in the IR, and that provided this is perturbative (so that neglecting higher-
loop contributions is justified) the theory flows into a weakly coupled non-Abelian Coulomb
phase.

Another example emerges for the supersymmetric version of the same gauge theory,
in which case the beta function is [84–86]

β
(
g
)
= −

g3

16π2

(
3Nc −Nf −Nfγ

(
g2)

1 −Nc

(
g2/8π2

)
)
, (3.1)

where the anomalous dimension of the mass is

γ
(
g2
)
=

g2

8π2

N2
c − 1
Nc

. (3.2)

Again, when Nf is very close to 3Nc, a fixed point in the spirit of [83] exists. However,
because of supersymmetry the theory possesses a Seiberg duality [87–89], which in turns
means that such a fixed point exists in the whole conformal window,

3
2
Nc < Nf < 3Nc. (3.3)

The interesting fact is that towards the lower end of the conformal window, the fixed
point is strongly coupled. Again thanks to supersymmetry, one can compute the anomalous
dimension γ at the fixed point as

γ = −1 +
3Nc

Nf
, (3.4)

which agrees with the intuition by vanishing when Nf → 3Nc, but towards the other
boundary of the conformal window yields

lim
Nf → 3Nc/2

γ = 1, (3.5)

with the dimension of the (super-)quark bilinear d(Q̃Q) = 2 − γ changing continuously in
the range 1 < d(Q̃Q) < 2 as a function of Nf , by assuming values that are O(1) and hence
completely nonperturbative.

The dynamics of a walking theory is a combination of these confining and conformal
theories. In the IR, below the scale Λ∗, the theory is approaching an approximate fixed point,
governed by a strongly coupled conformal field theory, described by operators that have large
anomalous dimensions. The fixed point is approximate in the sense that some dynamical
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feature prevents the theory from actually reaching such a fixed point. Deep into the IR, the
theory actually confines and yields a symmetry breaking condensate at the electroweak scale
vW . The gauge coupling evolves as in Figure 1(c), in a way that is somewhat a hybrid of the
previous two cases.

Notice that in the walking case there are at least three dynamical scales. A scale Λ∗

analogous to the conformal case, at which the theory enters a quasiconformal phase, a scale
Λ0 deep in the IR in which the gauge coupling diverges in the same sense as in the QCD-
like case. and an additional intermediate scale ΛIR, at which the theory stops walking, and
enters the fast running leading ultimately to confinement at Λ0. The word walking refers to the
fact that the coupling is approximately constant in the region ΛIR < μ < Λ∗, where the beta
function is parametrically small in comparison to the coupling itself. Somewhere between
the two lower scales (which might coincide) the symmetry breaking scale vW should be
dynamically generated too.

A second feature, of utmost phenomenological relevance, is that because the physics
in the walking region is governed by the strongly coupled approximate IR fixed point,
its operators acquire in general very large, nonperturbative anomalous dimensions, which
drastically change the power-counting rules expected from NDA and implemented in the
low-energy effective description of electroweak physics in the standard model.

In principle, one would like to a have a nonperturbative, nonsupersymmetric theory
with the properties mentioned above. We have no rigorous proof that such a thing exists,
but it is usually believed that some critical Nc

f exists above which the theory flows into an IR
fixed point, and below which it confines and condensates form. A walking theory is supposed
to be given by the limit in which Nf is close to this critical value. In this lecture, we will
be more precise about the phenomenological implications of the previous statements, and
discuss what are the challenges of this proposal, in direct comparison with what happens in
perturbative theories such as the MSM.

3.1. Electroweak Chiral Lagrangian and Oblique Precision Parameters

A convenient way of parameterizing the low-energy effects of the strongly coupled sector
responsible for electroweak symmetry breaking is provided by the electroweak chiral
Lagrangian [20–24]. The basic idea is that at very low energy the only relevant degrees of
freedom are given by the Goldstone bosons and the electroweak gauge bosons. (In these
lectures, it is assumed that the SM fermions do not carry quantum numbers of the technicolor
sector, and are essentially treated as spectators.) An effective description is then obtained by
writing (infinite numbers of) possible local interactions involving pions and gauge bosons,
compatibly with the symmetries of the problem, and organizing the expansion as a powers-
series.

One can think of the resulting effective action as a systematic approximation of the
quantum effective action that would be obtained by integrating out all the heavy degrees of
freedom in the theory (technimesons, technibaryons, techniglueballs, . . .). In principle, this is
a nonlocal function of the momentum q2. Provided q2 is much smaller than a scale Λ∗ 2 related
to the lightest among the masses of all the degrees of freedom that are integrated out, one can
expand in powers of q2/Λ∗ 2, and truncate at a given order in the expansion. The truncation
reduces the number of independent couplings to be finite. At the same time, the truncation
determines the level of accuracy of the results of calculations of physical observables, which
is itself controlled by a power of q2/Λ∗ 2.
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Figure 2: Diagram of the 2-site model, the electroweak chiral Lagrangian.

The electroweak chiral Lagrangian [20–24] is defined from the two-sites model in
Figure 2. One defines a SU(2)L × SU(2)R global symmetry, gauges the SU(2)L × U(1)Y
subgroup, with U(1)Y generated by T3, and introduces the dimensionless

S = e2iπ/f , (3.6)

with π = πaTa, Ta = τa/2, and τa the Pauli matrices, so that S transforms as a bifundamental
under SU(2)L × SU(2)R. The decay constant is the electroweak VEV, f = vW . The pion fields
πa are the Goldstone bosons of the spontaneous breaking SU(2)L × SU(2)R → SU(2)V . In
unitary gauge S = 1, and the pions become the longitudinal components of the electroweak
gauge bosons. The covariant derivative is

DS = ∂S + i
(
gWS − g ′SB

)
, (3.7)

with W = WaTa the weakly coupled gauge bosons of SU(2)L, B = B3T3 the gauge boson
associated with the diagonal U(1)Y ⊂ SU(2)R, and g and g ′ the (weak) gauge couplings. In
terms of the field strength Wμν and Bμν, of the covariant derivative DμS, of the SM currents
JW,B (which contain the SM fermions), and of the custodial-symmetry breaking operator t =
ST3S†, the Lagrangian reads

Lχ = LJ +Lg +L2,0 +L2,2 +L4,0 +L4,1 +L4,2 +L4,4 · · · , (3.8)

where

LJ = +2g TrWJW − 2g ′ TrBJB,

Lg = −1
2

TrWμνW
μν − 1

2
TrBμνBμν,

L2,0 =
f2

4
Tr |DS|2,

L2,2 = α0g
2f2
[
Tr
(
tDμSS

†
)]2

,

L4,0 = α1gg
′ TrSBμνS†Wμν + iα2g

′ Tr
(
Bμν
[
S†DμS, S†DνS

])

+ iα3g Tr
(
Wμν

[
DμSS†, DνSS†

])

+ α4 Tr
(
DμSS

†DνSS
†
)

Tr
(
DμSS†DνSS†

)
+ α5 Tr

(
DμSS

†DμSS†
)2
,
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L4,1 = 2α11gε
μνρλ Tr

(
tVμ
)

Tr
(
VνWρλ

)
,

L4,2 = 4α6 Tr
(
DμSS

†DνSS
†
)

Tr
(
tDμSS†

)
Tr
(
tDνSS†

)

+ 4α7 Tr
(
DμSS

†DμSS†
)

Tr
(
tDνSS

†
)

Tr
(
tDνSS†

)
+ α8g

2[Tr
(
tWμν

)]2

+ 2iα9 Tr
(
tWμν

)
Tr
(
t
[
DμSS†, DνSS†

])
,

L4,4 = 8α10

[
Tr
(
tDμSS

†
)

Tr
(
tDνSS

†
)]2

.

(3.9)

The notation introduced here is somewhat unconventional, and demands for an
explanation. In the terms Li,j , the index i indicates the dimension of the operators, obtained
by counting [S] = [E]0, [∂] = [D] = [E]1, and [Wμν] = [Bμν] = [E]2. The index j counts the
explicit appearances of t, the operator introducing explicit breaking of custodial symmetry.
In practice, there are three expansions being performed, and used in classifying corrections
beyond L2,0. One is the aforementioned expansion in derivatives (q2/Λ∗ 2 � 1). But there
is also an expansion in a custodial-symmetry breaking parameter δ/Λ∗, implicit within the
definition of many of the αi. And finally we are making use of the perturbative expansion in
g2/(4π2), g

′2/(4π2) � 1. The way in which the Lagrangian is written is such that the small
parameters are all implicit in the definition of the coefficients αi, which are hence expected to
be small.

In order to understand the origin of all these couplings, and how the counting works,
let us start by assuming that custodial symmetry be exact. The only terms surviving in this
limit are the ones in L2,0 and L4,0. (Some insight might be obtained from the comparison to
the chiral Lagrangian, and the classification by Gasser and Leutwyler [90] of the coefficients
appearing at the O(q4). α1 corresponds to L10, α2 and α3 to L9, α4 to L2, and α5 to L1.) One
could start from L2,0 alone. The fact that the symmetry is nonlinearly realized is reflected in
the fact that S contains only the three degrees of freedom of the pion (the constraint SS† =
1 is applied). Expanding in powers of π/f , at the leading order one gets the (canonically
normalized) kinetic terms for the pions, while the next-to-leading order yields a (derivative)
quartic coupling proportional to 1/f2,

L2,0 = Tr (∂π)2 +
1

3f2
Tr[π, ∂π], [π, ∂π] + · · · , (3.10)

which, for instance, yields the leading-order contribution to the ππ → ππ elastic scattering
amplitude. This coupling can also be used to construct 1-loop diagrams. Because the EFT
is nonrenormalizable, the divergences of the 1-loop diagrams cannot be easily removed;
there are logarithmically divergent amplitudes proportional to q4. In order to cure these
divergences, one has to introduce new couplings in the Lagrangian, which are those in L4,0.
This means that one should think of the expansion in q2/Λ∗ 2 as an expansion in h. Going to
higher loops will involve introducing new couplings with higher number of derivatives. Most
important, in comparing with experimental data, one has to be careful to use the Lagrangian
Lχ appropriately; if one wants to extract a leading-order value for, say α1, the comparison
should be done by including 1-loop diagrams built with the couplings extracted from L2,0.
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Analogously, one can think of custodial-symmetry breaking effects as arising from
loop diagrams involving fundamental degrees of freedom (techniquarks) in the underlying
theory, whose masses and couplings violate custodial symmetry. And hence we associate also
δ2/Λ∗ 2 with O(h) corrections. The power-counting is hence determined by assuming that

q2

Λ∗2
∼ δ2

Λ∗2
∼

g2

4π2
∼ O(h). (3.11)

Looking back at Lχ one can ask what is the physical meaning of the couplings in
terms of the physics of electroweak gauge bosons. One immediately sees that α0, α1, and
α8 produce corrections to the gauge boson propagators, while α2, α3, α11, and α9 correct
the cubic couplings and α4, α5, α6, α7, and α10 the quartic couplings. Precision studies
of the electroweak interactions bound mostly the corrections to the vacuum polarizations.
Following [26], the oblique parameters can be defined starting from the transverse vacuum
polarization amplitudes of the gauge bosons of the standard model, expanding as

Π
(
q2
)
= Π(0) + q2Π′(0) +

1
2

(
q2
)2
Π′′(0) + · · · , (3.12)

and defining, for Π′WW(0) = 1 = Π′BB(0),

Ŝ =
g

g ′
Π′W3B(0), (3.13)

T̂ =
1

M2
W

(ΠW3W3(0) −ΠW+W−(0)), (3.14)

Û =
(
−Π′W3W3(0) + Π′W+W−(0)

)
, (3.15)

W =
M2

W

2
Π′′W3W3(0), (3.16)

X =
M2

W

2
Π′′W3B(0), (3.17)

Y =
M2

W

2
Π′′BB(0). (3.18)

The parameters α0, α1 and α8 are hence directly related to S, T , and U of [25], and to the Ŝ, T̂ ,
and Û in [26]:

Ŝ = −g2α1 =
α

4 sin2θW
S.

T̂ = 2g2α0 = αT,

Û = g2α8 = − α

4 sin2θW
U.

(3.19)
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(Notice that in the definition of S, T , and U the O(q4) corrections are neglected, and hence
the identification of Ŝ and α1 with S is valid only up to O(q4) corrections.) Bounds on the
other αi exist, but are much less stringent, because much less data is available for the cubic
and quartic vertexes. The parameters X, W , and Y are related to terms O(q6) in Lχ.

The strategy for extracting bounds on new physics from the experimental data requires
computing measurable amplitudes from the MSM at 1-loop level, and include L2,2 and L4,0

(equivalently, introducing the corrections from S and T in the propagators) at the tree level.
In this way, all UV and IR divergences cancel, and a consistent set of amplitudes computed at
O(h) can be compared to the data (the reader should remember that at the tree-level the MSM
itself does not provide a satisfactory fit of all the electroweak precision observables, for which
the inclusion of 1-loop corrections is necessary). One then performs a fit to the data using as
free parameters the values of the electroweak MSM parameters g, g ′, and vW , of the masses
of top mt and Higgs mh, and the precision parameters Ŝ and T̂ . A list of the observables used
can be found for instance in [26, 91].

Here comes one subtlety, which is going to be important also later, in computing the
MSM 1-loop contributions to the physical observables, an explicit logarithmic dependence on
the mass of the Higgs mh is present. Borrowing the results from [25]:

Ŝ 	 α

48πsin2θW
ln

m2
h

m2
h(ref)

, (3.20)

with m2
h
(ref) some reference value for the Higgs mass. The result is that the MSM provides

a good fit to all the existing data, for values of the Higgs mass mh � 1 TeV, provided all
the precision parameters such as Ŝ and T̂ are at most of order few 10−3. One may arbitrarily
decide to do the fit while setting all the oblique parameters to zero. In doing so, one finds
a bound on the mass of the Higgs to be mh � 200 GeV (95% c.l.) [92, 93], because of the
logarithmic dependence on mh of the 1-loop corrections. This bound amounts to assuming
that no new physics be present at any scale.

The comparison of the above procedure to a generic extension of the SM can be done
rigorously only provided the only light degrees of freedom include all the SM fermions and
gauge bosons, together with one Higgs scalar, while all new physics can be integrated out
and reabsorbed in the higher-order coefficients in Lχ. This means that some caution must be
used when comparing to models which predict the presence of new light degrees of freedom,
for which the 1-loop perturbative part of the calculations should be redone.

But also highlights a difficulty with higgsless models, in which strictly speaking the
precision parameters diverge, and are hence not calculable. A physical cut-off should be
kept in the calculation, entering logarithmically in place of the logarithmic dependence on
the mass of the Higgs. In practice, phenomenological studies usually assume that Higgsless
models (including TC) are well described by the limit of the MSM case in which mh 	 1 TeV.
This is motivated mostly by the pragmatic observation that, because the dependence on
the mass of the Higgs is logarithmic, by varying the Higgs mass between mh = 115 GeV
and mh = 800 GeV (which covers most of the regime over which the Higgs can be treated
perturbatively), the bound on Ŝ changes only by ΔŜ 	 10−3, which is smaller that the error
bar on Ŝ itself. Imposing, for instance, |Ŝ| � 3 ×10−3 on the calculable part of the new physics
contribution is hence going to yield sensible quantitative constraints. Notice also that the
result of the fit of the data yields some ellipsoid in the space of the complete set of precision
parameters, and the resulting bounds on T̂ and Ŝ in particular are correlated. Because of the
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intrinsic uncertainty in the treatment of strongly coupled systems, in particular due to what
we just said about the role of scalars, in the following I will use the bounds as uncorrelated,
with the understanding that these are somewhat conservative bounds; models that end up
outside the bounds are very unlikely to be fixed by improved calculations, and are hence
excluded, while for models that fit into the bounds, detailed strong-coupling calculations
would be needed to decide if they can or cannot fit the data.

The nondecoupling of the Higgs degrees of freedom is one of the many subtle,
phenomenologically important, aspects of the MSM, which sources theoretical problems in
its extensions. In the case of precision electroweak tests, this feature still allows for useful
quantitative information to be extracted, thanks to the mild logarithmic dependence on the
Higgs mass. In short, generic new physics contributions are larger than the uncertainty
introduced by the Higgs-mass dependence, and hence useful (and quite restrictive)
constraints can be extracted. We will see that this is not the case for other observables, such
as elastic-scattering amplitudes of longitudinally polarized gauge bosons, in which the non-
decoupling manifests itself with a strong, quadratic dependence on mh. In Higgless theories
one is going to face quadratically divergent contributions to these scattering amplitudes, that
are removed by completely uncalculable contributions from the scalar sector, hence limiting
greatly the amount of information about new physics that can be extracted. We will be more
precise on this topic in a later subsection.

Before going any further, the reader should be reminded of the role played by precision
studies in the discovery of the top, which is a nice illustration of how powerful simple power-
counting is, and how important precision studies are. The electroweak chiral Lagrangian
highlights a very special feature: custodial symmetry is broken by an operator of dimension-
2, in L2,2. Very interestingly, in the SM there is one very large, explicit source of breaking of
SU(2)R, namely, the mass of the top is much larger that the mass of the bottom. Dimensional
analysis suggests, hence, that T̂ ∝ m2

t (or, equivalently, δ ∝ mt). (We will see later that indeed
this is the result of perturbative calculations with a heavy fermion.) Which means that the
precision tests of the SM are very sensitive to the precise value of the top mass. And indeed,
a clear indication that the top is heavy, in the 170 GeV region, was obtained by analyzing
LEP data before the actual TeVatron discovery. As we already saw, similar arguments yield
much more limited information about the Higgs mass, that enters only logarithmically in the
precision tests.

3.1.1. Perturbative Estimates of Ŝ and T̂

Following Peskin and Takeuchi, we can start from computing the contribution to the precision
parameters from a new family of weakly coupled, heavy fermions. This perturbative
calculation will be useful in showing us how the corrections are generated, and we will later
discuss what to expect in the nonperturbative case.

Consider a fermion left-handed doublet (N,E)L, with hypercharge Y , and right-
handedNR, LR such that the physical states have masses, respectively,m andm+δ. Assuming
that m
MZ, one can compute the correction to the vacuum polarizations induced at 1-loop
from diagrams involving loops of such fermions, with SM gauge bosons on the external lines.
Assuming also, for simplicity, that δ � m, the expressions simplify to

Ŝ 	 α

4 sin2θW

1
6π

,
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T̂ 	

(
g2 + g

′2
)

48π2

δ2

M2
Z

,

Û 	 − α

4 sin2θW

2
15π

δ2

m2
.

(3.21)

First of all, this confirms that Û is doubly suppressed, as anticipated in speaking about
the electroweak chiral Lagrangian, and hence can be ignored in phenomenological analysis.
Second, it explicitly shows that T̂ is proportional to the amount of custodial-symmetry
breaking in the new physics sector, and is hence negligibly small provided δ/MZ � 1. For
these reasons, we focus on the Ŝ parameter. Finally, if one has ND different fermions, their
contributions sum is

Ŝ 	 0.0004ND, (3.22)

which, taking as a reference the bound Ŝ � 0.003, implies ND � 8.
If one could borrow this result and use it as an estimate of the TC contribution, this

would imply a strong bound on the possible choice of field content of the theory. For example,
reconsidering the SU(NT ) vectorial gauge theory introduced earlier on, with Nf families of
techniquarks, each family including fermions on the fundamental of SU(NT ) that carry the
quantum numbers of a family of SM fermions, one obtains

Ŝperturbative 	 0.0004 × (3 + 1)NfNT, (3.23)

which effectively restricts to one point of parameter space with NT = 2 and Nf = 1. And still,
this single point would lie on the 3σ upper bound.

The use of this perturbative estimate is, of course, very hard to motivate: by definition
technicolor is strongly coupled. The numerical coefficients have to be taken for what they
are. The robust messages that can be extracted from this exercise are that some form of
custodial symmetry better be present, to suppress T̂ , that Ŝ is potentially problematic, and
that the precision parameters are expected to grow with the number of degrees of freedom
ND coupled to the SU(2)L gauge bosons.

3.1.2. Nonperturbative Estimates of Ŝ: NDA and Hidden Local Symmetry

One might want to get a feeling for how big the coefficients of Lχ are expected to be,
in particular α1 (equivalent to Ŝ), which is the most severe test of dynamical electroweak
symmetry breaking. A set of very simple rules for obtaining such an estimate exists, and goes
under the name of Naive Dimensional Analysis (NDA). A summary and discussion of such
rules can be found in [35]. Here are the rules, applied to Lχ, restricted by setting to zero all
the custodial-symmetry violating terms. First of all, one has to write out all possible local
operators compatible with the symmetries, and include them in the effective Lagrangian.
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An estimate of the coefficients is then given by the following three rules:

(i) include a factor of f2Λ∗ 2 overall,

(ii) include a factor of 1/f for any occurrence of strongly coupled fields (such as the
pions π),

(iii) include appropriate factors of Λ∗ to get the dimension to 4.

Hence, the coefficient of the terms in L2,0 is f2, and for L4,0 all the coefficients are αi =
O(f2/Λ∗ 2). The scale Λ∗ is associated with the mass of the lightest degree of freedom that
has been integrated out of the theory, which typically is the mass of the technirho meson Mρ.
Hence, one expects that

Ŝ ∼ g2 f
2

M2
ρ

. (3.24)

Identifying f with the electroweak scale, taken literally this result would mean that Mρ �
3 TeV. We will see that much more sophisticated techniques agree to an impressive degree
with this NDA estimate. It must be stressed that additional symmetry arguments provide
systematic ways of including exceptions to this rules, as is illustrated by the fact that on the
basis of this counting only one would conclude that T̂ = O(1), while promoting SU(2)R to an
approximate symmetry makes T̂ = O(δ2/Λ∗ 2)� 1.

The relation between the Ŝ parameter and the physics of spin-1 resonances in a strongl
coupled theory can be made more precise and model-independent with the use of dispersion
relations to rewrite (3.13) by saturating on the vector resonances (ρ) and axial resonances
(a1), which results in

Ŝ 	 α

4 sin2θW
4π
∑
n

(
f2
ρn

M2
ρn

−
f2
a1n

M2
a1n

)
, (3.25)

where the index n = 1, 2, . . . identifies the tower of resonances with mass M2
n and decay

constant f2
n . In the limit in which SU(2) × SU(2) were unbroken, axial and vector states

would be exactly degenerate and connected by a symmetry, and hence Ŝ = 0. The pion
decay constant measures how broken this symmetry is. This expression is useful because
it has shown that a suppression of Ŝ not necessarily implies taking large values of Mρ, but
might be achieved by suppressing the decay constants, or by ensuring a cancellation between
vectorial and axial contributions.

One way of drawing a closer relation between Ŝ and the heavy composite states, in
particular the lightest spin-1 meson, the techni-rho, is provided by the inclusion of the latter in
the low-energy effective theory. This is done with the help of so-called hidden local symmetry
(HLS) [36–43]. The basic trick is to extend the global symmetry of the chiral Lagrangian
(truncated to the leading order), by introducing an additional, spontaneously-broken gauged
SU(2) as in Figure 3. The SU(2)ρ in the middle site is gauged with strength gρ, and there are
now two sigma-model fields, so that in unitary gauge the new gauge bosons are massive.

The important terms in the Lagrangian are, at the leading-order,

L3s = −
1
2

TrWμνW
μν − 1

2
TrBμνBμν −

1
2

Tr ρμνρμν +
f2

4
Tr |DS1|2 +

f2

4
Tr |DS2|2, (3.26)
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Figure 3: Diagram of the 3-site model.

with

S1,2 = e2iπ1,2/f , (3.27)

and the covariant derivatives

DS1 = ∂S1 + i
(
gWS1 − gρS1ρ

)
,

DS2 = ∂S2 + i
(
gρρS2 − g ′S2B

)
.

(3.28)

In unitary gauge, S1 = 1 = S2, and the mass of the neutral gauge bosons is, in the (W3, ρ3, B)
basis,

M2 =
1
4
f2

⎛
⎜⎜⎝

g2 −ggρ 0

−ggρ 2g2
ρ −g ′gρ

0 −g ′gρ g
′2

⎞
⎟⎟⎠. (3.29)

Assuming that g, g ′ � gρ, one can integrate out the heavy techni-rho, of mass

M2
ρ =

1
8

(
g2 + g

′2 + 4g2
ρ

)
f2 
M2

Z =
1
8

(
g2 + g

′2
)
f2, (3.30)

and finally obtain

Ŝ =
1
4
g2

g2
ρ

=
1
4
g2 f

2
π

M2
ρ

=
M2

W

M2
ρ

, (3.31)

where f2
π = f2/2 = v2

W . This estimate implies that the bound on Ŝ requires Mρ � 1.5 TeV,
which is a factor of 2 milder that what derived from the NDA estimate (3.24), but consistent
with it.

Some lesson and some comment on this little exercise. One might regard the agreement
between the equations we derived as a success. They actually indicate a surprising degree of
robustness of the NDA estimates. However, one has to use some caution, for a number of
reasons. First of all, the bound we just derived implies that gρ � 6.5, which means that the
very idea of studying perturbatively the spectrum, couplings, and correlators from L3s does
not work. In practice, this Lagrangian would be useful only in the regime in which gρ being
perturbative, in which the bounds on Ŝ are certainly exceeded. Even worse, in writingL3s we
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did not apply the basic rule of EFT, requiring to write, order-by-order, all the possible terms
allowed by symmetries, because we omitted

Lκ = κ
f2

4
Tr |D(S1S2)|2. (3.32)

Aside from the fact that this term is not nearest-neighbour, it is a perfectly legitimate part of
the leading-order Lagrangian. Its presence has two main effects, due to the fact that it changes
both the kinetic terms of the pions and the mass terms of the gauge bosons. First of all, it splits
the pion and techni-rho decay constants

f2
ρ =

f2

2 /= f2
π = (1 + 2κ)

f2

2
. (3.33)

Notice that positivity of the kinetic terms requires κ > −1/2. Furthermore, because the
spectrum is given by M2

Z 	 (1 + 2k)(g2 + g
′2)f2/8 = (g2 + g

′2)f2
π/4 and M2

ρ 	 g2
ρf

2/2, it

modifies the Ŝ parameter,

Ŝ =
1
4
g2

g2
ρ

=
1
8
g2 f

2

M2
ρ

=
M2

W

M2
ρ

1
1 + 2κ

. (3.34)

Finally, it changes the cubic coupling between ρ and pions:

gρππ =
gρ

2 + 4k
. (3.35)

Notice that, in real-world QCD, which can be described with the same formalism up to minor
modifications, fρ 	 150 MeV and fπ 	 93 MeV, indicating that even in order to describe QCD,
κ must be included and is O(1), not small. In this specific case, the fact that fπ is smaller that
fρ implies negative values of κ, and hence an enhancement of Ŝ in comparison with what
we said earlier on. This is what actually happens if one estimates the oblique corrections by
scaling up the QCD experimental results [25].

Before going any further, another important comment about these nonnearest-
neighbour couplings. By looking at (3.34), one might be tempted to conclude that this
provides a perfectly natural way out of the little hierarchy problem, just by dialing κ to a
somewhat largish, positive coefficient. This train of thought is quite dangerous, and yields
to big problems. The reason is that once nonnearest-neighbour interactions are allowed, and
particularly if κ is large, nothing prevents form writing much more dangerous terms, one of
which is TrS1S2BμνS

†
2S
†
1W

μν, which one recognizes to be a direct contribution to Ŝ. This is a
subleading term to be added to L3s, and as such one would naively think of it as suppressed,
but if κ is taken large, then also the coefficient of this new term should be large, and this
would become the dominant (uncalculable) contribution to Ŝ. In other words, playing the
game of dialing up the coefficients of interactions such as (3.32) yields in the end to a useless
theory, in which Ŝ is a free parameter.

In general, terms such as Lκ are generated when integrating out other heavier states
from the theory. The one term in (3.32) is just one example. These terms and their proliferation
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Figure 4: Diagram of the 4-sites model.

with the inclusion of more sites and links represent a very heavy limitation in the predictive
power of the hidden local symmetry approach. Also, one must question how appropriate it
really is to include in the effective theory the rho mesons, but not other states, such as their
axial counterparts, the a1. One can use the technique exemplified above to include many spin-
1 resonances, along the lines of [36–43]. The resulting model, in the limit of infinite number
of sites, is the deconstructed version of a fifth dimension, provided no nonlocal terms are
included.

Another simple exercise will help understanding what is the physical meaning of the
Ŝ parameter. In this case, we extend the 3-sites model to a 4-sites model as in Figure 4, hence
incorporating in the EFT both the vectorial (techni-rho) meson and its axial partner (techni-
a1). The important terms in the Lagrangian are

L4s = −
1
2

TrWμνW
μν − 1

2
TrBμνBμν −

1
2

Tr ρμνρμν −
1
2

Tr ρμνρμν

+
F2

4
Tr |DS1|2 +

f2

4
Tr |DS2|2 +

F2

4
Tr |DS3|2,

(3.36)

with

S1,3 = e2iπ1,3/F,

S2 = e2iπ2/f ,
(3.37)

and the covariant derivatives

DS1 = ∂S1 + i
(
gWS1 − gρS1ρ

)
,

DS2 = ∂S2 + i
(
gρρS2 − gρS2ρ

′),
DS3 = ∂S3 + i

(
gρρ

′S3 − g ′S3B
)
.

(3.38)

In unitary gauge, S1 = S2 = S3 = 1, and hence all the gauge bosons (aside from the photon)
acquire a mass, via the mass matrix

M2 =
1
4

⎛
⎜⎜⎜⎜⎜⎝

g2F2 −ggρF2 0 0

−ggρF2 g2
ρ

(
f2 + F2) −g2

ρf
2 0

0 −g2
ρf

2 g2
ρ

(
f2 + F2) −g ′gρF2

0 0 −g ′gρF2 g
′2F2

⎞
⎟⎟⎟⎟⎟⎠
. (3.39)
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In the limit where f � F, one sees that there is an approximate SU(2) × SU(2)
symmetry. The spectrum has M2

ρ 	 M2
a1
	 g2

ρF
2/4, M2

Z = (g2 + g
′2)f2/4, and Ŝ 	

2g2f2/(g2
ρF

2). This explicitly shows the fact that Ŝ measures the effect of isospin breaking

in the resonances. In particular, one can suppress Ŝ by ensuring that the vectorial and axial-
vector resonances are quasidegenerate. However, notice that for this to work one needs
a parametric suppression fπ � fρ, which is not what expected in a QCD-like theory.
Some nontrivial dynamics, in which a scale separation exists suppressing fπ is needed. In
particular, notice that models in which this mechanism is at work cannot be described at
low energy by a 3-site model, because there is no gap allowing to integrate out the a1 while
keeping the ρ meson. Which is one way of understanding why the small-Ŝ regime is not
accessible within the 3-site model, which becomes uncalculable and fine-tuned in this regime.

Concluding, both perturbative and nonperturbative estimates of the Ŝ parameter
indicate that there is a tension between the expectations in a generic model of technicolor and
the experimental data. However, this does not mean that TC is excluded by precision tests.
First of all the tension is not dramatic; some models are at the boundary of acceptability. Also,
the NDA estimates are just valid up to unknown numerical factors that are very difficult to
compute, even in QCD-like theories. In walking technicolor, as we will see in next subsection,
NDA expectations are expected to be violated. Large anomalous dimensions can distort the
spectrum of masses and decay constants [94], and ultimately a more reliable technique is
needed in order to perform actual calculations. This might be provided by the lattice or, as
suggested here, by the ideas of gauge/string duality.

3.2. Fermion Masses and FCNC Constraints

Almost by definition, a technicolor model is an incomplete model of electroweak symmetry
breaking in the SM. The mechanism illustrated in the previous sections provides a mass for
the electroweak gauge bosons, but not for the SM fermions, which are exactly massless. This
is because one cannot write the Yukawa couplings, in the absence of an elementary scalar. A
simple EFT way of solving this problem is to add to the Lagrangian four-fermion interactions
coupling the SM quarks and leptons ψSM to the techniquarks ψTC. When techniquarks
condense, dimensional transmutation allows to match the theory onto a low-energy EFT in
which mass terms are generated for the SM fermions:

(
ψSMγμψTC

)(
ψTCγ

μψSM
)
−→
〈
ψTCψTC

〉
ψSMψSM. (3.40)

There are three, interrelated problems with this idea. First of all, because these are
higher-order operators, adding them by hand to the fundamental Lagrangian would spoil
the good UV behavior of the theory that is the original motivation for technicolor itself. It is
hence necessary to extend somehow the new physics sector in such a way as to dynamically
generate these four-fermion interactions at some intermediate scale ΛETC > vW . This is the
role of Extended Technicolor (ETC). The second problem is that in generating the operators
needed in order to yield the masses and mixing among SM fermions, the ETC interactions
are expected in general to produce also dangerous higher-order terms, coupling, for instance,
four SM fermions, which can easily produce large contributions to FCNC processes, in excess
of what allowed by data on flavor physics. Avoiding this requires that ΛETC 
 vW , but
also a challenging model-building exercise, in which the hierarchy of masses is generated
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dynamically, and some mechanism resembling the GIM mechanism being at work. This is
the role played by tumbling ETC. Finally, some of the SM fermions are quite heavy (the
top, e.g., has mt ∼ vW), but NDA suggests that the masses obtained from dimension-6
operators should be O(v3

W/Λ
2
ETC) � vW . Walking dynamics might provide a solution to

this problem, by enhancing the fermion masses but not the dangerous operators involved
in FCNC processes (and in the custodial-symmetry breaking effects such as T̂), as we are
going to see.

In this subsection, I start from recalling the basic mechanisms at work in the SM and
its perturbative extension of relevance for flavor physics (the GIM and FN mechanisms),
then move to strongly coupled models, and summarize the concepts of tumbling ETC and
the role of walking dynamics. Before we embark in this discussion, one should be aware of
the fact that, to a large extent because of the uncertainties intrinsic with strongly coupled
dynamics, at present there is no satisfactory UV-complete model encompassing all of the
above. It would be interesting to build such an explicit UV-complete model of ETC in the
context of gauge/string dualities. It must also be mentioned that some very interesting results
have been obtained with five-dimensional Higgsless theories that are more closely related to
topcolor [13–18], rather than to ETC, in the sense that the SM fermions propagate in the bulk,
and are hence composite objects themselves [95–101].

3.2.1. The GIM Mechanism

In the MSM, in the simplifying limit in which no right-handed neutrinos are present, and
in which neutrinos are exactly massless, a very rich structure of global family symmetries is
present. At the classical level, in the limit in which all the Yukawa couplings in (2.4) vanish,
the model has a U(3)5 global symmetry, with each U(3) acting on the three families of matter
for each fermion species. The Yukawa couplings break explicitly this symmetry, ultimately
generating the hierarchy of masses of the SM. The gauge couplings of SU(2)L × U(1)Y are
universal. The phenomenological distinction between families arises only because of the
masses induced by the Yukawa couplings, and flavor-changing interactions are controlled by
the mixing matrices that diagonalize the mass matrices. For concreteness, restrict attention to
the quarks only. The important terms of the Lagrangian after electroweak symmetry breaking
read

L = iu′a�∂u
′
a + id

′
a�∂d

′
a −

g
√

2

(
u′L
)
aγ

μW+
μ

(
d′L
)
a + h.c.

−Mab

(
u′R
)
a

(
u′L
)
b −mab

(
d
′
R

)
a

(
d′L
)
b + h.c.,

(3.41)

where u′a and d′a are the up-type and down-type Dirac fermions describing the quarks in
what is called the interaction basis, with family index a = 1, 2, 3.

The mass matrices can be diagonalized by the biunitary transformations defined as

Md = V †RMVL,

md = U†RmUL,

(3.42)
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where all the rotation matrices are 3 × 3 unitary matrices U†LUL = 1 = U†RUR = V †LVL = V †RVR.
These transformations define the mass basis for the quarks

u′L,R = VL,RuL,R,

d′L,R = UL,RdL,R.
(3.43)

In this new basis, the Lagrangian density can be rewritten as

L = iua�∂ua + ida�∂da −
g
√

2
Uab(uL)aγ

μW+
μ (dL)b + h.c.

− (Md)aa(uL)a(uR)a − (md)aa
(
dL
)
a
(dR)a + h.c.,

(3.44)

where the matrix U ≡ V †LUL is the CKM mixing matrix, which in general is not diagonal. All
flavor-changing processes involve off-diagonal entries of this matrix, which are known to be
small [91]. The neutral interactions are diagonal also in the mass basis.

All of this is at the basis of the GIM mechanism for suppressing FCNC transitions.
There are three suppression factors. The neutral-current couplings being diagonal, all flavor
changing neutral current processes are induced by weak interactions at the loop level, and
are hence suppressed by loop factors in the weak couplings. They all involve combinations of
the small mixing angles in the CKM matrix, which can yield significant suppression. Because
the origin of the mixing is the Yukawa couplings breaking the family symmetry, additional
suppression comes from factors involving the masses of fermions in the internal lines of loop
diagrams.

An example will help illustrating the point. Consider the semileptonic decay of the K+

meson, and try to estimate the ratio

x =
Γ[K+ −→ π+νν]
Γ[K+ −→ π0e+νe]

. (3.45)

Naively, the two final states might look very similar. However, a look at the PDG [91] reveals
that x ∼ O(10−9). A very efficient way to understand this is by integrating out the W boson
and hence building an effective theory describing the interaction such as to include the two
effective operators

L = c1
[
sαLγ

μuαL
][
νeLγμeL

]
+ c2
[
sαLγ

μdαL
][
νLγμνL

]
+ h.c., (3.46)

where c1 and c2 are dimensionful. It is clear that the kinematics and the matrix elements of
the full calculation are very similar for the two processes, and hence x 	 6|c2/c1|2, where a
factor of 3 comes from the three possible neutrino species in the final state, and a factor of 2
from the matrix elements. The explanation for the smallness of such ratio must come from
the weak interactions.
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A closer inspection, in the light of the SM, shows that c1 is generated by the tree-level
exchange of a W boson. Hence

c1 ∼
4GF√

2
U∗us, (3.47)

with Uus 	 0.22 the Cabibbo angle. Conversely, c2 is generated by loop diagrams (boxes and
penguins) and is given by

c2 ∼
4GF√

2

α

2πsin2θW

∑
i

U∗isUidX

(
m2
i

M2
W

)
, (3.48)

where the function X depends on the ratios of the up-type quarks masses in the loop and
MW . In doing so, contributions that do not depend on the mass of the internal fermions
cancel exactly, because of the unitarity of the CKM matrix

∑
i

U∗isUid = 0. (3.49)

The nonvanishing terms are weighted by functions of the ratio m2
i /M

2
W involving the up-

type quark masses mi. The detailed structure of these functions is calculable and well
known, and can be expanded in powers and logarithms, such that in the case of degenerate
fermion masses the result vanishes identically. In the case of this special decay, top and
charm contributions are comparable, because a suppression of the top contribution due to
the CKM angles is compensates by the ratio m2

t /m
2
c . Hence, one can very roughly estimate

x ∼ 10−9 − 10−8, depending on the precise value of the function X evaluated on the charm and
top contribution, and to short-distance QCD effects. This estimate agrees with the data, at this
level of accuracy. The function X is known, and this statement can be made more precise.

The important thing is that the huge suppression factor has three origins, ultimately all
traceable to the GIM mechanism: a (weak-coupling) loop suppression factor α/π , small CKM
elements, and ratios of masses of up-type quarks. The charm contribution is not severely
Cabibbo-suppressed, but the small charm mass provides another suppression factor, while
conversely the top contribution is suppressed by the CKM angles. All of this comes from the
fact that ultimately one might rewrite the physical amplitude in terms of the up-type Yukawa
(y(u)y(u)†)12 element, which breaks explicitly the aforementioned U(3)5 symmetry.

3.2.2. Froggat-Nielsen and See-Saw Mechanisms

The fact that in the absence of Yukawa couplings the MSM Lagrangian has a very large
global family symmetry is at the basis of the GIM mechanism for suppressing FCNC, and
it is also at the basis of most attempts to explain the hierarchy of masses and smallness of
mixing angles, within models in which the Yukawa couplings are generated dynamically.
The basic idea behind this is the generalization of the Froggat-Nielsen (FN) mechanism [28].
A vast literature exists on the subject, all of which is based on the same principles. One starts
by taking a subgroup of Gf ⊂ U(3)5, chosen in such a way that if Gf were unbroken then
all the small mixing angles and fermion mass ratios would vanish, because all the Yukawa
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couplings would be forbidden. The symmetry is broken by the VEVs 〈φi〉 
 vW of some
scalar (flavon) field that transforms under Gf , but is a singlet of the SM gauge group. The
breaking is communicated to the SM via the exchange of weakly coupled messenger fields
with mass Λf 
 vW . In doing so, by integrating out the flavons and the messengers one
generates the Yukawa couplings of the SM, and depending on the assignment of SM fermions
to representations of Gf the resulting coupling is suppressed by powers of the small ratios
εi ∼ 〈φi〉/Λf , which are typically in the range O(1/5) − O(1/20). Appropriate choices of Gf ,
of the representations assigned to the fermions, and of the symmetry-breaking pattern allow
to produce realistic mass matrices. A number of variations on the theme exist in the literature,
in which Gf can be global or local, Abelian or non-Abelian, continuous or discrete, and
combinations thereof, within or outside grand unified and/or supersymmetric extensions
of the MSM.

For all of this to make sense, the most important ingredient is the fact that everything
must be weakly coupled, and a Higgs scalar be present. If so, one can integrate out all the
flavor physics involved in the FN mechanism below the very large scale Λf 
 vW of the
messengers and flavons. As a result, at low energy one generates a series of operators to be
added to the SM, in which the only marginal operators are the Yukawa couplings:

(i) the dimension-4 top Yukawa is often assumed to be unaffected by the FN
mechanism, and hence unsuppressed,

(ii) all other dimension-4 Yukawa couplings are suppressed by powers of εi, leading to
the small mixing angles and small mass ratios,

(iii) dangerous operators inducing new contributions to FCNC emerge at dimension-5,
dimension-6 and higher, and are hence suppressed by powers of vW/Λf ,

(iv) assuming lepton number be broken in the process, and that no (light) right-handed
neutrino singlet be present, a set of dimension-5 operators generates the mass of
the SM neutrinos via the see-saw mechanism [29–32].

More on the last point. The operators that would produce the mass for the neutrinos
read, schematically,

Lν ∼
1
Λf

(LH)(LH). (3.50)

When the Higgs develops a VEV, one obtains the mass

mν ∼
v2
W

Λf
. (3.51)

Taking large values of Λf , this results in a suppression of the neutrino masses, that goes under
the name of see-saw mechanism. Ifmν ∼ 10−2−10−1 eV, one has to require Λf ∼ 1014−1016 GeV,
which is in the range of GUT theories. With such a large scale, all contributions to FCNC are
safely negligible.
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3.2.3. Extended Technicolor: Tumbling and Walking

In a generic extension of the SM, such as ETC, in which all possible higher-order operators
generalizing those in (3.46) are produced at some scale ΛETC, very strong bounds are inferred
from data on rare flavor-changing processes. For instance, requiring that the ETC contribution
to c2 being such as not to spoil the SM agreement with the data implies that ΛETC ∼ 1/

√
c2 >

50 TeV. Much more stringent bounds can be obtained analyzing the effect of such operators
as

[
sαLγ

μdαL
][
sαLγμd

α
L

]
, (3.52)

and similar operators which affect mixing and CP violation in theK0−K
0

system, from which
one learns that ΛETC � 1000 TeV.

As anticipated, in technicolor there is no simple way to write a set of marginally
irrelevant couplings analogous to the Yukawa’s of the MSM. The masses for the SM fermions
themselves must arise from higher-order operators coupling the SM fermions and the
techniquarks. This means that the problems of generating the masses, their hierarchies,
the mixing angles, and CP-violation are tangled together with the problem of doing so by
suppressing FCNC processes. In other words, the power-counting that made the Froggat-
Nielsen and see-saw mechanisms work in perturbative theories is lost, because there is no
simple way to take the limit in which the parameter Λf (or its strongly coupled equivalent
ΛETC) to arbitrary large values, while retaining finite fermion masses and CKM mixing angles.

Let us try to explain all of this in more details. Naively, one expects that once some
generic mechanism is implement, it will generate operators of the three generic forms

LETC = cST
(
ψSMγμψTC

)(
ψTCγ

μψSM
)
+ cTT

(
ψTCγμψTC

)(
ψTCγ

μψTC
)

+ cSS
(
ψSMγμψSM

)(
ψSMγ

μψSM
)
,

(3.53)

possibly with all different admissible Lorentz and flavor structures. NDA suggests that in the
absence of any other dynamical or symmetry argument cSS ∼ cTT ∼ cST. For the mass of the
strange quark, for instance, one finds that

ms ∼ cST
〈
ψTCψTC

〉
∼ cST4πv3

W, (3.54)

so that the coefficient of the operator in (3.52) is expected to be

cSS ∼ cST ∼
ms

4πv3
W

∼ (50 TeV)−2, (3.55)

and the contribution to K0 −K
0

mixing results to be somewhere between four and five orders
of magnitude too big to be acceptable. This kind of disaster is what people have in mind
when they say that TC has a problem with FCNC.

Another related problem emerges when considering the generation of mass for the
top. Borrowing the same estimates, including and taking literally the uncertain factor of
4π , the mass of the top would be obtained with ΛETC ∼ 1/

√
cST ∼ 1 TeV. This optimistic
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estimate requires that some strongly coupled sector responsible for generating the mass
splitting between the bottom and top quarks be present at a very low scale. Such sector
violates custodial symmetry, and hence would generate a contribution to the T̂ parameter
T̂ ∼ cSTv

2
W ∼ 0.05, which is largely in excess of the experimental bounds. A more sensible

estimate requires the 1/
√
cST ∼ ΛETC ∼ 5 TeV, in which case T̂ ∼ 0.002, but then the estimate

for the top mass would yield mt ∼ 7 GeV, which is certainly impossible to reconcile with the
data.

All of the above highlights that there is a problem. Clearly, a generic model which
is reasonably well approximated by NDA counting arguments is not compatible with the
data. However, the estimates we did rely on the assumption that operators of the same
kind, but involving completely different fields, have coefficients of the same value because
in applying the NDA rules we assumed that all the operators in (3.53) obey the same
counting. This needs not be true, provided the underlying dynamics yields a modification
of the counting rules. This is based on symmetry considerations within tumbling ETC, and
on dynamical considerations within walking technicolor. Effectively, tumbling ETC plays the
role of the VEVs and messengers in the FN mechanism in generating different coefficients for
operators of the same kind, but involving different SM fermions. Walking dynamics changes
the rules of dimensional analysis, by changing the power-counting of operators that involve
techniquarks (due to the nonperturbative anomalous dimensions), in such a way as to make
the operators generating the masses more relevant (lower-dimensional) than the operators
producing dangerous FCNC. The additional suppression factor accounting for the neutrino
masses may arise from the fact that one has to break the lepton number, which requires some
specific step in the ETC model [102, 103], and ends up making the neutrino masses emerge
from very high-dimensional operators.

Let us be more precise about these ideas. In tumbling ETC, one uses a variation of
the idea that is at the basis of the FN mechanism, namely, that a subgroup Gf ⊂ U(3)5 be a
gauge symmetry of the underlying dynamics, broken sequentially at several different ETC
scales by the dynamical formation of condensates. Technically, one assumes that there is a
ETC gauge theory at some very high scale, with Gf ×GTC ⊂ GETC, such that SM fermions and
techniquarks transform together in some set of representations of GETC. The strongly coupled
dynamics then breaks sequentially GETC → G1 → · · · → GTC, at scales Λ1,Λ2, . . . , in such
a way that at lower energy the fermionic field content consists of the techniquarks and the
SM singlets, with Gf completely broken. The gauge bosons in the coset GETC/(Gf × GTC)
play the role of the messengers in the FN mechanism, and as a result integrating them out
yields the four-fermion interactions of the low-energy theory. In this way, one can generate
the hierarchy of masses in the SM by exploiting the fact that the cST coefficients entering the
estimate of the mass of different fermions have a different dynamical origin from different
scales Λi, depending on the SM field content of the operator in consideration. For example,
one can embed the by now familiar example of TC model with SU(NT) gauge symmetry into
a SU(NT + 3) model, the fundamental representation of which contains the techniquarks and
the SM fermions. At scales Λ1 ∼ 1000 TeV, Λ2 ∼ 50 TeV, Λ3 ∼ 5 TeV [104–107], the breaking
takes place as

SU(NT + 3) −→ SU(NT + 2) −→ SU(NT + 1) −→ SU(NT ), (3.56)

so that the (NT+3)-dimensional fundamental representation decomposes in one fundamental
representation of SU(NT ) and three singlets, identified with the SM fields.
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Figure 5: Diagrams contributing to WLZL scattering in the MSM, yielding the amplitudesM4,Ms,Mu and
Mh (left to right).

In the estimate of md � ms � mb one uses the fact that the important four-fermion
operators be generated at scales Λ1 
 Λ2 
 Λ3, respectively, with larger scales suppressing
the mass of the lighter fermions. In doing so, one must also explain and generate the small
CKM mixing angles, in terms of combinations of ratios of such scales Λi/Λj . But then
operators such as (3.52), because they violate the strange number by two units instead
of one, pick up a suppression factor from the highest scale involved in generating them,
times a further suppression in the form of powers of the ratio entering the mass generation,
effectively implementing a mild form of GIM mechanism. Examples of this construction have
been implemented in many ways, and semirealistic models exist [104–107].

A second crucial ingredient in a realistic model is the fact that the technicolor theory
that emerges at the end of the tumbling is assumed to be walking. This further modifies
the counting rules, because strong dynamics is assumed to produce anomalous dimensions
for operators involving techniquarks, in particular enhancing the cST coefficients. Assuming
the chiral condensate to have anomalous dimension γ ∼ O(1), and the walking taking place
between the electroweak scale and a scale Λ∗ (typically, related to the lowest scale produced
by tumbling), the estimate for the mass of the top becomes

mt ∼
(
Λ∗

vW

)γ
cST4πv3

W, (3.57)

which for γ = 1, Λ∗ = 1/
√
cST ∼ 5 TeV yields mt ∼ 150 GeV, which is acceptably close

to the experimental value (this being just an estimate). Most important, the dangerous cSS

coefficients are not affected by walking, because they involve fermions that do not directly
participate in the strong dynamics. As anticipated, walking changes the counting rules of
NDA, making the operators involved in the process of mass generation lower-dimensional
than their engineering dimension, and hence less irrelevant, and in this way making ETC
more similar to the results of dimensional analysis that we summarized in the FN case.

To conclude, it must be noted that the estimate on the top mass is somewhat optimistic.
Nobody really knows for sure of any specific walking theory that reproduces it, particularly
because the calculation of the anomalous dimension poses a huge challenge. A specific
calculation in a strongly coupled theory with the right properties would be needed in order
to put all of the above on firm grounds. The role of walking is certainly that of enhancing
the fermion masses, but quantitatively it is difficult to draw a firm conclusion, and it might
well be that the top has to be treated separately. Other proposals exist that address the specific
problem of the top mass. The basic observation at the basis is that for all practical purposes the
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mass of the top is numerically the same as the scale of the condensate breaking electroweak
symmetry, and it is hence conceivable that the top plays a special role in the strong dynamics.
Models in which the top quark is a composite object emerging from the strong dynamics
itself are generically referred to as topcolor models [13–18], with some abuse of language.
As anticipated earlier on, in recent years a variation of this idea has been implemented in
five-dimensional models, by assuming that the fermions, particularly the top, be allowed to
propagate in the bulk of the extra-dimension. The interested reader is referred to [95–101]
and references therein.

3.3. Perturbative Unitarity

A very important, non-trivial property of the MSM is related to unitarity. Being a gauge
theory, with no anomalies, unphysical degrees of freedom (states with negative-norm
or wrong spin-statistics) decouple. But even more is true: scattering amplitudes can be
computed diagrammatically, and by looking at their behavior (particularly at large energy),
it is possible to ask under what circumstances the theory admits a sensible interpretation,
yielding probabilities bounded by 1. In the MSM, this procedure yields a relation between
the cut-off Λ, identifying the regime of validity of the theory, and its one undetermined
parameter, the mass of the Higgs. In particular, this logic yields the classical result that an
absolute upper bound on the mass of the Higgs mh exists [33].

In this section, I review the classical derivation of this result, in a simplified version
of the MSM in which I set the gauge coupling g ′ = 0, so that MZ = MW , and compute
at the tree-level the (elastic) scattering amplitude between longitudinally polarized gauge
bosons WLZL → WLZL. This is a very instructive exercise, which provides deep inside into
the functioning of Feynman rules, and of spontaneous symmetry breaking in relation to the
Goldstone equivalence theorem. It also teaches us a great lot about the properties of the scalar
sector of the spectrum of a strongly coupled model of EWSB.

The scattering amplitude of longitudinally polarized gauge bosons receives four
types of contributions at the tree-level in the MSM, depicted in Figure 5. Besides the
direct contribution from the 4-gauge boson vertex (M4) there are s-channel and u-channel
exchanges of charged gauge bosons (Ms andMu) and t-channel exchanges of neutral scalars
(Mh):

−iM4 =
g2

M4
W

[(
c2 − 6c − 3

)
E4 + (6c + 2)M2

WE
2
]
,

−iMs =
1

M4
W

[
c
(

2E2 +M2
W

)2(
4E2 − 4M2

W

)] g2

4E2 −M2
W

,

−iMu =
1

M4
W

[(
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)
E6 +

(
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)
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WE
4

+
(

2 + 14c + 20c2
)
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WE
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W
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]

g2

2(c − 1)
(
E2 −M2

W

)
−m2

h

.

(3.58)
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In the above expressions, written in the center of mass frame, g is the gauge coupling of
SU(2)L, c = cos θ is the scattering angle of the outgoing particles measured in respect to
the incoming direction, and E the center of mass energy of the incoming W , related to the
Mandelstam variable s = 4E2.

It is customary to discuss the scattering amplitude in terms of partial wave
decomposition. In particular, for the J = 0 amplitude,

t0(E) =
1

32π

∫+1

−1
dcM(E, c). (3.59)

Unitarity implies that the total cross-section be limited by the geometric cross-section, and in
turns this implies that |t0(E)| < 1/2. The energy at which this relation stops being true gives
an estimate of the UV cut-off of the theory Λ, as a function of the parameters in the model.

The expression simplifies considerably in the large momentum limit p2 = E2 −M2
W →

+∞:

tSM
0 −→

ig2

64πM2
W

(
m2
h −M

2
W + 2M2

W ln
4p2

M2
W

)
. (3.60)

Among the terms in parenthesis, the mh dependence is by far the most important effect.
Neglecting the other two terms gives the anticipated bound mh � 1.2 TeV. This is a famous
result, which puts an upper bound on the MSM Higgs mass. A more complete and rigorous
analysis is done, for instance, in [33]. In order to understand what this statement actually
means, it is useful to look in details at how it emerges within (3.60), when summing the
contributions from the various diagrams.

First, notice how Ms cannot contribute to this specific channel, because being odd in
c, so that it cancels in (3.59). It is useful to consider the behavior at large-p in terms of a series
expansion. Truncating at the p2 term, and hence keeping only terms that asymptotically grow
as powers of p:

tM4
0 =

ig2

32πM4
W

(
−16

3
p4 − 20

3
p2M2

W

)
,

tMs

0 = 0,

tMu

0 =
ig2

32πM4
W

(
+

16
3
p4 +

23
3
p2M2

W

)
,

tMh

0 =
ig2

32πM4
W

(
−p2M2

W

)
,

(3.61)

which clearly shows that both most problematic terms are cancelled thanks to gauge
symmetry itself. To be more specific, the O(p4) terms cancel between diagrams involving the
quartic coupling between gauge bosons and diagrams built with two cubic couplings, which
is an immediate consequence of the symmetries of the Yang Mills Lagrangian. More subtle is
the cancellation of the O(p2) term, which involves the Higgs. Notice that for the cancellation
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of the coefficient in front of p2 to be exact, its contribution form the Higgs cannot depend on
mh. Ultimately, gauge invariance ensures that the coupling g of the Higgs to the gauge bosons
is the same as the cubic self-coupling. Two terms are left not cancelled at the next order: a term
logarithmic in p, arising fromMu (see the analytical structure of the denominator) and a term
proportional to m2

h
from Mh. The former can be safely neglected, in the sense that even for

p very large it is not growing fast enough to be a source of concern in practical applications.
The latter is the origin of the bound.

Let us open here a brief digression. This exercise shows one very typical property of
Feynman diagrams: the calculation of single individual diagrams has an inherent tendency
to yield nonsensical results. Such are the O(p4) and O(p2) terms, that would indicate, if
really present, an inherent problem of the theory with unitarity. However, once all diagrams
are summed, such pathology disappears exactly; the diagrammatic procedure, carried out
carefully, contains all the useful information about symmetries and analytical properties
of the theory, and is limited only by its perturbative nature. What is even more striking
is that the result hence obtained is actually a consequence of a very non-trivial property
of spontaneously broken gauge theories, the Goldstone equivalence theorem, which is
automatically encoded in the diagrammatic procedure.

To help making the statements in the previous paragraph more clear, let us go back
and rewrite the Higgs potential as

LV = −V = −λ′
(
H†H −

v2
W

2

)2

, (3.62)

which, provided λ = λ′, differs from (2.5) only by an irrelevant additive constant. The
minimum is clearly at

H†H =
v2
W

2
, (3.63)

and the physical mass of the Higgs particle is

m2
h = 2λ′v2

W. (3.64)

In this way, one important property is highlighted: the physical Higgs particle receives a
mass from its coupling to the vacuum, in the same way as the gauge bosons and fermions
of the standard model do. Replacing in (3.60) one can rewrite the leading contribution to the
partial-wave amplitude as a bound on λ′,

−itSM
0 −→ λ′

8π
<

1
2
, (3.65)

or λ′ < 4π , which is the familiar bound ensuring that the perturbative expansion makes sense.
This yields a more correct interpretation of the result obtained above: it is perturbation

theory that breaks down, not unitarity, when the Higgs mass is larger than the bound! The
upper bound on the Higgs mass means that either the Higgs is light, and hence all its
couplings are perturbative, or otherwise the sector responsible for electroweak symmetry
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breaking must be strongly coupled at the TeV scale. This is the basis of the folklore going
under the name of no-lose theorem for LHC, according to which either the LHC will discover
a light Higgs boson, for which the experimental sensitivity stretches up to 800–1000 GeV, or
a new strongly coupled sector, with new bound states must be present at the TeV scale, in
which case the experimental sensitivity might reach somewhat higher masses, good enough
for discovery.

A final parenthetic remark, purely for didactical purposes is presented. Looking at
(3.65), one might feel puzzled. We are computing at the tree-level the scattering of gauge
bosons, due to a gauge interaction, and the result for the amplitude is, at the leading order,
exactly the same as the elastic scattering amplitude of two real scalars in a theory with
no gauge interactions at all, in which the only coupling is the quartic interaction among
the scalars. The reader who is familiar with the electroweak theory will recognize that this
is another indirect manifestation of the Goldstone equivalence theorem: at large energies,
processes involving massive gauge bosons are dominated by the contribution coming from
the Goldstone bosons that are eaten up by the Higgs mechanism. Another well-known
example is, within the MSM, the decay rate of the Higgs onto Z bosons, which at the leading
order, and neglecting phase-space corrections, for mh > 2MZ, reads,

Γ(h −→ ZZ) 	
m3
h

32πv2

(
1 − 4

M2
Z

m2
h

+ 12
M4

Z

m4
h

)
. (3.66)

At large values of mh, the first term dominates, and the decay rate can be rewritten as

Γ(h −→ ZZ) 	 λ′

16π
mh, (3.67)

which again does not depend at all on the gauge coupling, and can be computed directly from
the theory of the scalars in the g → 0 limit, from the decay of the Higgs in two Goldstone
bosons.

This being a set of lectures on technicolor, it is time to close these digressions and go
back to seeing what all of the above teaches us about dynamical EWSB. First of all, this is
another manifestation of the non-decoupling of the scalar sector, as anticipated when talking
about precision physics. One might think of building the electroweak chiral Lagrangian by
taking the limit λ′ → +∞, while keeping vW fixed. The Higgs mass grows to infinity in
this (classical) limit. However, the Higgs does not decouple, because in order to do so one is
effectively taking large values of the coupling. In this limit, what goes really wrong is that
in the last diagram in Figure 5 one should not, for large-λ, use the perturbative propagator
for the Higgs, but should replace it with a nonperturbatively computed scalar correlator,
formally written as

1
p2 −m2

h

−→ 1
p2 − Σ

(
p
) . (3.68)

The exact form of Σ(p) cannot be obtained with simple perturbation theory, and one expects it
to have a very non-trivial analytical structure of poles and cuts. In a UV-complete TC model,
one might also expect that Σ(p) → 0 at high energies, essentially because all the scales should
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be generated dynamically in the IR. And hence, ultimately one expects the O(p2) terms to
cancel, and the scattering amplitude to be unitary, but uncalculable.

In Higgsless models, one would not include the diagram yielding Mh, because, by
definition, there is no Higgs to start with. As a result, the amplitude understudy would grow
quadratically with p, in the same way as naively obtained from the chiral Lagrangian. One
might be lead to conclude that such models generically violate unitarity already below the
TeV scale, unless completed somehow. These statements are misleading, and should be read
and used with some caution. The subtle part is that in the calculation we did here, we have
been careful to take p → +∞ at fixed mh, before starting to look at large values of mh. The
other way around, in which one first takes mh → +∞, and hence setsMh = 0, and then looks
at large-p, can give sensible answers only provided that one can decouple the Higgs. Which
is not the case. We already anticipated this observation earlier: this scattering amplitude is a
particularly bad observable quantity, that is quadratically sensitive to the mass of the Higgs,
and in general to the structure of the scalar correlators of the symmetry-breaking sector. As
such, the amplitude is completely dominated by uncalculable contributions, which cannot
be neglected, and hence in general yields very little useful information about new physics.
Contrast this with what happens for oblique precision parameters.

One should also explain what is meant by Higgsless. The fact that EWSB is not induced
by an elementary, weakly coupled scalar sector does not imply that there are no scalars at
all. Whatever its origin, it is always possible to excite the vacuum, provided enough energy
is at disposal. In doing so, one is probing the structure of the quantum effective potential
expanded around the symmetry-breaking vacuum. The fact that we do not know what this
potential looks like, does not mean that there are no excited, scalar bound states. The really
interesting question has to do with the properties of such excited states: can they be described
and detected experimentally as particles? Based on the experience of QCD, one might be
tempted to give a firm negative answer. Yet, this is a premature conclusion, answering such a
question requires a very detailed knowledge of the strong dynamics itself, and dedicated
nonperturbative method should be used, unless symmetry arguments become available,
which we will discuss in next subsection.

In conclusion, the existence of a perturbative theory describing the sector responsible
for electroweak symmetry breaking, and that this provides a valid description up to high
sales, requires the existence of a light scalar degree of freedom with the couplings of the
Higgs particle in the MSM, in order for the WW scattering amplitudes to be manifestly
unitary. In technicolor, there is no elementary scalar, and hence this statement just amounts
to saying that the theory must be strongly coupled and nonperturbative at the TeV scale,
which we already knew from the start. One might want to compute the scattering amplitude
of longitudinal gauge bosons in presence of such a strongly coupled sector, starting from the
underlying dynamics, instead of using EFT, but this is of utmost difficulty. Even in QCD,
where data about the analog ππ scattering processes are available, the precise role of the
resonances, such as the ρ and the scalars, are still subject of studies. In more modern versions
of technicolor, it is believed that the role of techni-ρ be very important in the TeV region,
in analogy with QCD, but possible other resonances might contribute. Corrections to the
classical SM results encoded in the coefficients of the chiral Lagrangian, in particular α4 and
α5, might be measurable, or new resonances detectable at the LHC. In general, this is a very
open problem in technicolor, and many interesting and useful studies that can be found in
the literature [108–110]. But one has to keep in mind that all of this is very strongly limited
by the sensitivity of this particular observable to the uncalculable structure of the correlation
functions involving scalar bound states.
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3.4. About the Spectrum of WTC

Technicolor being a strongly coupled theory, which confines and produces condensates at
low energy, it is expected to have a rich and complicated spectrum of bound states. In this
section, I focus on a few very special such bound states, the properties of which are related to
the fundamental symmetries of the theory: the techni-rho mesons, the technipions, and the
technidilaton.

One would like to know also what the spectrum of anomalous dimensions is, at low
energies, where the dynamics is walking. In this energy region, the theory is approximately
conformal and the dynamics must be governed by a CFT with some set of operators with
non-trivial anomalous dimensions. These anomalous dimensions should be large, in such
a way as to modify the NDA counting rules, for the reasons explained earlier. In some
classes of supersymmetric theories, supersymmetry itself allows to compute these anomalous
dimensions, thanks to the relation between R-symmetry and the superconformal group. But
in general, this is a very hard task that requires the use of fully nonperturbative techniques.
In principle, within gauge/gravity dualities the program of classifying the relevant operators
and their dimensions can be carried out, although it still represents a very non-trivial task.

3.4.1. Techni-Rho Mesons

First of all, the TC sector will have some global symmetry G, a subset of which is identified
with the SM gauge group. It is hence expected on general grounds that towers of spin-1
states transforming under this symmetry be present, analogous to the vectorial ρ meson,
axial-vectorial a1 meson, and their heavy excitations. We already saw that these states play
a crucial role in the oblique precision observables, particularly in the Ŝ parameter. They also
play a role in the WW scattering amplitudes. And finally, they are the most accessible new
states at the LHC. This last statement depends crucially on the couplings (and width) of such
states, which is the main topic of this subsection. The discussion will rely almost entirely on
the comparison with QCD and with its large-N scaling properties.

Before starting, let us remind the reader about the large-N scaling of the relevant
parameters, which can be summarized by

Mρ ∼ O(1),

f2
π ∼ O(N),

f2
ρ ∼ O(N),

g2
ρππ ∼ O

(
1
N

)
,

(3.69)

where the gρππ coupling between technirho and technipion mesons in the HLS language is
normalized so that

Lρππ = 2igρππ Tr ρμ
[
π∂μπ

]
. (3.70)

The masses of the spin-1 states are going to be controlled by the strong-dynamics scale
Λ∗ ∼ O(1)TeV, while fπ stands for the electroweak VEV. The gρππ coupling controls the
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decay ρ → WW , which is the analog of the ππ dominant decay of the ρ in QCD, with
branching fraction very close to 1. In studying LHC signatures of technicolor, this suggests
that a clean signature (at least in a QCD-like technicolor) is the process pp → ρ → WW . On
general grounds, the number of events expected at fixed center-of-mass energy is strongly
suppressed by the techni-rho mass in the intermediate state. At the same time, the facts
that the width being quite large, that the production process might involve vector-fusion or
suppressed couplings to the quarks, and that reconstructing the WW final state is not trivial
limits the possibility of distinguishing the signal from the SM background to Mρ � 1 TeV,
which is already hard to reconcile with precision electroweak physics.

A different possibility arises at large-N in a non-QCD-like theory. Some basic results
are discussed first, exemplified by QCD. The techni-rho, in analogy with its QCD analogue,
has two main couplings that determine its decays. There is the cubic coupling to the light
W and Z (to the pions), with strength controlled by g2

ρππ ∝ 1/N. But also, the techni-rho
couples to the light SM fermions, with couplings proportional to the decay constant f2

ρ ∝ N.
Both yield decays to 2-body final states with effectively massless particles. A look at the PDG
reveals that in QCD

B� ≡
Γ
[
ρ −→ �+�−

]

Γ
[
ρ −→ π+π−

] 	 4.5 × 10−5, (3.71)

both for � = e and � = μ. Which clearly indicates that the gρππ is the dominant coupling to be
considered, as already stated earlier. Indeed, at the tree-level one can show that

Γ
[
ρ −→ �+�−

]
=
α

3

e2f2
ρ

M2
ρ

Mρ, (3.72)

Γ
[
ρ −→ π+π−

]
=
g2
ρππ

48π
Mρ, (3.73)

with e the electromagnetic coupling. Some experimental input: fρ 	 150 MeV, Mρ 	 770 MeV,
Γρ 	 150 MeV, and α ∼ 1/137. With these one obtains gρππ 	 5.5, and hence

B� 	
192π2α2f2

ρ

3g2
ρππM

2
ρ

	 4.2 × 10−5, (3.74)

which agrees quite well with the data.
Having established that these approximations are sensible, at least for QCD, take the

result and rescale it to a large-N QCD-like technicolor theory, in which the mass of the ρ is
very big (such that all the SM-fermion masses can be neglected). The ratio BT between partial
widths into SM fermions and into W bosons results in

BT = 8
N2

c

32
B�, (3.75)

where the factor of 8 comes from summing over all the charges of the SM fermions. In order
that BT ∼ O(1), one has to require thatNc 	 12π2. Hence, for the decay intoW bosons (pions)
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to be subdominant in respect to the decay into fermions, one needs very large values of Nc.
This is in blatant contradiction with the perturbative estimates from the Ŝ parameter.

However, remember how we clarified that what enters into Ŝ is fπ , while the coupling
to the currents of interest for the decays in fρ. In a non-QCD-like large-Nc theory, it is possible
that the large value of Nc be compensated by a ratio of scales making fπ � fρ. Notice also
that for such values of Nc 	 12π2 one expects

gρππ(Nc) ∼
√

3gρππ(3)√
Nc

∼ 1, (3.76)

which means that this would be precisely the regime in which hidden local symmetry
calculations might become reliable.

If BT ∼ O(1) or larger, then the phenomenology at the LHC of the techni-rho mesons is
going to be drastically different from what inferred from QCD; they will be relatively narrow
resonances, with couplings to the SM currents comparable to those of the Z and W mesons,
and decay predominantly into two fermions. The technirhos will look very similar to weakly
coupled Z′ (and W ′) gauge bosons. In particular, the Drell-Yan pp → ρ → �� is going to be
a very favorable experimental signature of such scenarios. We will come back to this point
when discussing the bottom-up approach to holography, but notice how a classical signature
of weakly coupled extensions of the SM (a new, narrow spin-1 state) might actually emerge
as a low-energy result of a strongly coupled theory, at large-Nc.

3.4.2. Technipion: Composite Higgses and Little Higgses

The second sector of the spectrum that is very important is that of the possible light pseudo-
scalars in the theory. In general, the global symmetryG of the technicolor sector may be much
larger than the SM gauge group, and the condensates breakingG spontaneously will produce
a number nπ of Goldstone bosons. Weakly gauging the SU(2)L ×U(1)Y means that 3 of the
Goldstone bosons disappear from the spectrum, becoming longitudinal components of W
and Z. Also, the gauging of a subgroup of G in general breaks explicitly the symmetry, and
hence most of the nπ−3 will acquire a mass. The resulting pseudo-Goldstone bosons (PNGB),
however, are going to be relatively light, and hence problematic.

As an example, we can perform explicitly the exercise of estimating the masses of
the PNGBs in the case of the prototypical example of TC model we have already discussed
several times, by using (2.9). In the limit in which electroweak and QCD gauge couplings are
turned off there is a SU(8)L × SU(8)R global symmetry, acting on the vectorial techniquarks,
which is broken spontaneously to SU(8). Which means there are a total of nπ = 63 PNGBs.
A classification of their properties can be found in [111]. An estimate of their masses can be
obtained from the non-linear sigma-model description of the 63 pions πi:

L8 =
f2

4
Tr |DΣ8|2, (3.77)

where

Σ8 = exp
2iπ
f
, (3.78)
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the pions describe the SU(8) × SU(8)/SU(8) coset, and the covariant derivative is

DΣ = ∂Σ + i
(
g ′B + gW + gsG

)
Σ − iΣ

(
g ′B + gsG

)
, (3.79)

with W the matrix of the SU(2)L gauge bosons, B the matrix of the U(1)Y , and G the gluons.
With these normalizations, one deduces masses for the electroweak gauge bosonsM2

W = g2f2

and M2
Z = (g2 + g

′2)f2, implying that f2 = v2
W/4.

By using (2.9), one sees that the QCD interactions give quadratically divergent masses
to the majority of the PNGBs. (The weakly coupled effective potential induced by the explicit
symmetry-breaking couplings is also important for the study of vacuum alignment [112].) To
be more precise, if Λ is the cut-off in (2.9), one finds

m2
24 =

g2
sΛ

2

4π2
,

m2
8 =

3g2
sΛ

2

8π2
,

m
′2
24 =

9g2
sΛ

2

16π2
,

(3.80)

where the index 24 and 8 indicates the multiplicity, and where corrections due to electroweak
couplings have been neglected because the QCD coupling gs is bigger. These masses are
all estimated to be O(200)GeV (up to very large uncertainties signaled by the quadratic
divergence). But notice that all the corresponding states transform as triplets or octets of
QCD SU(3)c, and hence carry strong interactions.

There are hence 63 − 24 − 8 − 24 = 7 massless Goldstone bosons at this stage of the
calculation, which do not receive quadratically divergent contributions to their mass from
any of the standard-model gauge interactions. Two of them obtain a logarithmically divergent
mass from (2.9),

m2
2 =

3g2g
′2f2

16π2
c, (3.81)

where c ∼ logΛ/f is someO(1) number. These two masses are much lighter,m2 ∼ O(10)GeV,
and the corresponding states electrically are charged and colorless.

Finally, three of the remaining five Goldstone bosons are the longitudinal components
of the W and Z bosons. The last two are exact Goldstone bosons, which are electrically
neutral and which remain massless as a result of the fact that a global U(1) ×U(1) symmetry
is not broken by the gauge interactions. They are sometimes referred to as techni-axions.
Their existence is a very major source of concern for technicolor. However, another source
of symmetry breaking might be ETC. Among the 4-fermion interactions generated by ETC,
some might break the global symmetryG, effectively giving mass to the two undesirable light
Goldstone bosons. Walking might also play a role in enhancing dynamically all such masses,
because some of the operators produced by ETC, which break explicitly the large global
symmetry of the model, will involve techniquarks, and will hence develop large anomalous
dimensions, making them more relevant than NDA would indicate.
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Notice one curious fact. The mechanisms giving rise to the very existence, and to the
small masses, of the technipions also suggests an intriguing alternative possibility. A similar
mechanism has been exploited in order to construct variations of strongly coupled theories in
which one set of such PNGBs constitutes the Higgs field H of the MSM itself. The symmetry
properties of the Goldstone bosons in this case (partially) protect the Higgs potential from
dangerous divergences. In these proposals, the strong-coupling scale has nothing to do with
electroweak symmetry breaking, which is triggered by the VEV of the Higgs, emerging at
a lower scale. These variations go under the name of composite Higgs [70–77], and of little
Higgs [78–82] models. The difference between the former and the latter being that in little
Higgs models the same mechanism of collective breaking that anomalously suppressed the
masses m2

2 of the example given above (the fact that the quadratically-divergent contribution
to the effective potential vanishes at 1-loop) is fully exploited in order to enhance the scale
separation between the cut-off Λ and the electroweak scale.

Coming back to our topic, namely, technicolor, this is one particularly simple example,
rich enough to yield generic, rather than general, indications of what to expect. The spectrum
and interactions of the technipions depend on the global symmetries of the specific realization
of technicolor one is interested in, and one should analyze the details of the symmetry
structure on a model-by-model basis, but all of the above clearly shows that technipions are
a generic source of concern for technicolor, possibly the biggest. On the other hand, the exis-
tence of technipions carrying QCD interactions is possibly testable, because of their relatively
light mass. The fact that light scalars being present which carry electroweak interactions,
possibly very light, is also interesting phenomenologically. And the fact that the number of
such states can easily be very large is also interesting in LHC perspective, provided that one
identifies models in which all of the technipions could have escaped detection up to now.

3.4.3. Technidilaton

Finally, a very open problem, which is not a general property of dynamical electroweak
symmetry breaking but rather specifically related to the nature of walking technicolor. A light
scalar particle might be present as a consequence of the spontaneous breaking of dilatation
symmetry. Its phenomenological properties are so striking to deserve a systematic discussion.

To understand the implications of this possibility, it is useful to look back at the
Lagrangian of the MSM, in which we write the potential in the form of (3.62) rather than
(2.5). At the classical level, in the limit in which λ′ vanishes, this Lagrangian is exactly
scale-invariant, containing only marginal operators. The minimum of the Higgs potential
breaks scale invariance spontaneously, at the scale vW . The coupling λ′, and all the quantum
correction giving rise to anomalous dimensions, represent the explicit breaking of scale
invariance. As a result, there is a spontaneously broken approximate global symmetry, and
hence in the spectrum there must be a dilaton, the PNGB associated with dilatations, whose
mass is controlled by the symmetry breaking terms. Indeed, such dilaton is the Higgs particle
h, and the expression for its mass

m2
h = 2λ′v2

W (3.82)

is similar to the relation yielding the mass of the pion in QCD,

m2
π ∝ mqfπ. (3.83)
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In the latter, mq is the quark mass, that breaks explicitly the chiral symmetry, while fπ breaks
it spontaneously. For the Higgs/dilaton, the λ′ coupling plays the same role as mq for the
pions. Also, notice that the pion is sensibly described as a PNGB only provided mq be small.
For instance, the mass of the B mesons, which have quantum numbers that make them the
analog of the pions when the flavor symmetry of QCD is extended to SU(5)×SU(5), scales as
m2
B ∼ m

2
b
. The breaking of chiral symmetry is in this case so large that it does not make sense

to speak about SU(5) × SU(5)/SU(5) Goldstone bosons. In the same sense, only provided λ′

be very small, is the Higgs a dilaton.
The striking consequence of thinking about the Higgs as a dilaton, is that one

automatically can infer that the couplings of the Higgs to all the SM fields are given by

L = 2
h

vW
M2

WWμW
μ +

h

vW
M2

ZZμZ
μ − h

vW
mψψψ, (3.84)

which again is what expected; each appearance of the Higgs h is accompanied by a 1/vW
factor taking into account the scale of spontaneous symmetry breaking (as in the NDA rules),
and the coupling is then proportional to the explicit breaking encoded in the masses of the
bosons and fermions in the associated dilatation current.

Provided the Higgs be perturbative (i.e., light), most of the main calculations needed
to discuss its experimental searches are done at tree-level, while higher-order operators
generated by new physics are going to give subleading corrections. For instance, the decay
rate into two SM fermions ψ is

Γ
[
h −→ ψψ

]
	
Nm2

ψmh

8πv2
W

, (3.85)

where N = 3 for quarks and N = 1 for leptons. Which means that whatever the theory
responsible for electroweak symmetry breaking, if it has a light dilaton in the spectrum, not
only its quantum numbers, but also most of its coupling and all of its phenomenology are
going to be identical to the higgs h of the MSM. Only at higher energies, and/or measuring
very precisely the subleading corrections, one might be able to tell the difference. Which
implies that knowing if a walking technicolor has a light dilaton in the spectrum or not is
of very direct and immediate relevance for the LHC program. Notice also that such a state
would then enter directly into the arguments about perturbative unitarity deduced from the
WW scattering, and of course enter logarithmically in the oblique parameters, precisely in the
same way as the Higgs field h does. This is another example of the fact that this non-QCD-like
technicolor models might be more difficult to distinguish from weakly coupled extensions of
the SM than naively expected (see a related comment in Section 3.4.1).

The reason why one might think that a walking technicolor theory might have a light
dilaton in the spectrum is not immediately apparent. For instance, in QCD it is known that
such a state does not exist. One might associate it with the σ. But then again, the σ is not
light, it is certainly not weakly coupled, and it has a possibly complicated internal structure,
consisting of an admixture of quark and pion bound states, implying that its couplings are
very non-trivial. Also, it is somewhat difficult to argue that there is a sense in which at the
ΛQCD scale there is dilatation symmetry, and hence nothing to spontaneously break in order
to produce a dilaton.
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By contrast, the basic idea of walking technicolor is that the theory being approxi-
mately scale invariant in the IR. Barring the problem that a sensible definition of the word
approximate would be needed, this is clearly suggesting that one cannot exclude the presence
of such a light dilaton, provided that the dynamics being very different from QCD-like.
Making this statement quantitative is very hard. If the underlying dynamics is some form
of gauge theory, the explicit breaking of conformal symmetry is presumably related to the
coefficient of the β-function of the gauge coupling being parametrically smaller than the
coupling itself. But also this is a confusing and ambiguous statement; at what scale, and
in what scheme, should one calculate this coefficient, and hence the resulting mass for the
dilaton? One might say that if the gauge coupling runs as illustrated in Figure 1(c), then it is
reasonable to believe that conformal symmetry is broken spontaneously at the lower end ΛIR

of the plateau region, and that at that scale the β function is indeed small. But then one might
ask what is the effect of the lowest scale in the problem, at which the coupling diverges, the
theory confines, and the β-function is not small.

An actual calculation is needed in order to answer this question. Examples exist in the
literature, done using the most diverse approaches in order to model the strongly coupled
sector and gain in calculability, and date back to the early days of walking technicolor [113–
119]. Unfortunately, they disagree with each other. This is perhaps the biggest open problem
that gauge/gravity dualities might help to solve [57, 120–122], and I will spend more time on
it later in these lectures.

3.5. Summary: Questions on Walking TC

Walking technicolor provides a very natural solution to the big hierarchy problem, and is
a way of softening the little hierarchy problem of more generic technicolor models. On the
basis of what we said so far in this lectures, we can produce a list of open problems that we
want to address using holography and gauge/gravity correspondence.

(i) What is the field content of a model yielding walking dynamics, in particular what
are the conditions of the number of colors, type of representation, number of flavor?

(ii) What are the values of the dynamically generated scales, in particular the value of
the chiral condensate, and how are they related to each other and to the quantities
in (i)?

(iii) What are the anomalous dimensions, and in particular how do they depend
parametrically on the choice of the theory and on the scale at which they are
evaluated?

(iv) What are the oblique precision parameters, how do they depend on the details in
point (i), on the scales at point (ii) and (iii) and on the specific way in which the
technicolor sector is coupled to the SM?

(v) What are the coefficients of the chiral Lagrangian, including those that correct the
cubic and quartic interactions among gauge bosons?

(vi) What does a fully realistic ETC theory look like, what is its field content, what
are the ETC scales, what is the pattern of symmetry breaking, and how can one
effectively describe the dynamics of tumbling?

(vii) What are the masses of the fermions, as a function of the points (vi) and (iii)?
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(viii) What are the contributions to FCNC from operators generated by ETC, and how do
they depend on the properties of the theory in point (vi)?

(ix) What is the spectrum of the spin-1 mesons, and what are their couplings and decay
constants, how do they depend on (i) and (ii), and what is the precise relation to
the oblique parameters in point (iv)?

(x) What are the global symmetries of the TC theory at the electroweak scale, and what
is the spectrum of PNGBs as a function of the operators generated by ETC and of
the anomalous dimensions?

(xi) Is there a light dilaton, and what are its mass and couplings as a function of (i) and
(ii)?

(xii) What is the WW scattering amplitude going to look like at large energies, what are
the intermediate states that are relevant from points (ix), (x), and (xi), and what is
its analytical structure?

This is an incomplete set of questions. All of them are very difficult, and all of them
ultimately need to be answered in order to ask the most fundamental questions:

Are there calculable models of dynamical electroweak symmetry breaking that are
compatible with all experimental data? If so, how do we discover them and characterize
them at the LHC?

The main aim of these lecture notes is to highlight the fact that gauge/gravity dualities
represent one very powerful tool for such a program of investigation of strong dynamics to
be carried out, and the next sections will be devoted to this topic. The reader should be aware
of the fact that other approaches exist.

For example, in the very recent years a lot of resources have been focused on trying to
answer these questions (in particular those at point) (i) with the nonperturbative instruments
of lattice field theory. The mere number of papers that appeared recently on the topic gives
a measure of how interesting, and difficult, these studies are. An incomplete list includes
the studies in [123–151]. A number of collaborations considered several possible four-
dimensional models, such as SU(3) and SU(2) gauge theories with fermion field content
on the fundamental or symmetric representation of the gauge group. The lattice actions
used by the various groups are different (e.g., both Wilson fermions and staggered fermions
have been used), and different physical quantities have been analyzed (such as the running
of the gauge coupling defined nonperturbatively, the physical spectrum of mesons and of
anomalous dimensions, the chiral condensate). The results of several collaborations seem to
indicate that some of these models are indeed conformal (and strongly coupled) in the IR,
which is the starting point for the construction of a walking technicolor theory.

Much more lattice data is expected to become available in the near future, improving
the systematics and possibly yielding robust enough evidence that one or more of these
models provides a non-QCD-like dynamical origin for electroweak symmetry breaking. At
that point, one might be able to answer quantitatively many of the questions in the list
presented here, within those very specific models, and it would be very interesting to know
how general these results are, by comparing with other approaches. For example, it would be
important to know to what extent the lattice results agree with the extrapolation to Nc = 2, 3
of large-Nc studies.

In summary, dynamical electroweak symmetry breaking, and walking technicolor in
particular, is a very exciting research field. There are many open questions, related to the
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strongly coupled dynamics, that are of direct relevance for the phenomenology of extensions
of the standard model, and hence for the experimental program of the LHC. These questions
might be answered independently by studies carried on within the lattice community and
the string theory community, with completely different and complementary approaches. We
will now turn our attention to some example of what can be done along these lines within
gauge/gravity dualities.

4. Holographic Technicolor: Bottom-Up Approach

As we have seen, hidden local symmetry is useful, but affected by two related problems: the
calculability is limited both by the proliferation of independent parameters when including
more states, and by the fact that some couplings take large values, making the perturbative
expansion questionable. One basic idea behind the bottom-up holographic approach is to
keep the successes of hidden local symmetry (particularly, its simplicity) and overcome these
main difficulties by replacing the chain of links and sites with an extra-dimension [45–55]. A
background metric inspired by the AdS/CFT correspondence is assumed, which is justified
by the assumption of walking, and the effective couplings are kept small by the assumption
that the model hence obtained be dual to a large-Nc theory. The gravity formalism can be
used because a large value for the large ’t Hooft coupling λ = g2Nc is assumed for the dual
field theory.

This idea has been used also in order to model low-energy QCD [152, 153]. The three
assumptions about Nc, λ, and the AdS background are hardly justified in this case. Yet,
many interesting and useful results have been obtained, and one can argue that they are
in acceptable agreement with actual QCD data, at least in a variety of interesting examples.

I will not review all the literature on the subject, which is vast, but focus on one very
specific example [45–50]. The main result that I want to convince the reader of is that a
sensible description of all the physics of electroweak gauge bosons can be obtained in which
only very few parameters with very specific meaning are needed, and that it is possible to
choose such parameters in a way that renders Ŝ compatible with the bounds. Once this
is done, this set-up allows to make actual predictions for LHC signatures. The example
discussed has the only special feature of being very minimal. In the end, it contains only one
more parameter than the MSM, but describes an infinite number of new resonances. Infinite
numbers of nonminimal variations of this set up can be formulated, and many have been
explored in the literature.

4.1. Holography and AdS/TC: A Simple Model

4.1.1. The Model

A summary of the minimal requirements for a viable model of dynamical EWSB in four
dimensions allows to identify the properties of the five-dimensional dual description. Many
of these assumptions can in principle be relaxed, but they constitute a simple and natural
place to start. There must be a new strong sector possessing the global symmetry SU(2)L ×
U(1)Y of the standard model. The new interaction must confine, and a symmetry breaking
condensate must form. The (weak) gauging of the global symmetry of the strong sector gives
the massive SM gauge bosons and the photon. The strong sector has to be close to conformal
over the energy range between the electroweak scale and a much larger ETC scale. Large
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anomalous dimensions are present so that the chiral condensate has scaling dimension very
different from d = 3 (for concreteness, here d = 2). All the SM fermions are elementary, and
do not carry quantum numbers of the new strong interactions, hence ensuring universality
of the electroweak gauge coupling.

The (quasiconformal) energy window just above the electroweak scale is described
by a slice of AdS5, that is, by a five-dimensional space-time containing a warped gravity
background given by the metric

ds2 =
(
L

z

)2(
ημνdxμdxν − dz2

)
, (4.1)

where xμ are four-dimensional coordinates, ημν the Minkoski metric with signature
(+,−,−,−), and z is the (warped) extra-dimension. The dimensionful parameter L is the AdS5

curvature, and sets the overall scale of the model. Conformal symmetry is broken by the
boundaries

L0 < z < L1, (4.2)

with L0 > L, where L0 and L1 correspond to the UV and IR cut-offs of the conformal theory,
that is, to the ETC scale and to the confinement scale, respectively.

The field content in the bulk of the five-dimensional model consists of a complex scalar
Φ transforming as a (2, 1/2) of the gauged SU(2)L × U(1)Y . The generator of SU(2)L are
Ta = τa/2 with τa the Pauli matrices.

The bulk action for Φ and the gauge bosons W =WaTa of SU(2)L and B of U(1)Y is

S5 =
∫

d4x

∫L1

L0

dz
√
G

×
[(

GMN(DMΦ)†DNΦ −M2|Φ|2
)(
−1

2
Tr(WMNWRS) −

1
4
BMNBRS

)
GMRGNS

]
,

(4.3)

and the boundary terms are

S4 =
∫

d4x

∫L1

L0

dz
√
G

⎧
⎨
⎩δ(z − L0)D

[
−1

2
Tr
[
WμνWρσ

]
− 1

4
BμνBρσ

]
GμρGνσ

−δ(z − L0)2λ0

(
|Φ|2 −

v2
0

2

)2

− δ(z − L1)2λ1

(
|Φ|2 −

v2
1

2

)2
⎫
⎬
⎭,

(4.4)

where the covariant derivative is given by

DMΦ = ∂MΦ + i
(
gWMΦ +

1
2
g ′BMΦ

)
, (4.5)
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and where the Yang-Mills action is written in terms of the antisymmetric field-strength
tensors Wμν and Bμν. In the action, M2 is a bulk mass term for the scalar, and g and g ′ are the
(dimensionful) gauge couplings in five-dimensions. The coefficient D will be fixed later.

Without loss of generality, the VEV of the Φ field can be written as

〈Φ〉 = v(z)√
2

(
0
1

)
. (4.6)

The localized potentials enforce a nonvanishing v(z) that induces electroweak symmetry
breaking. ForM2 = −4/L2, in the λi → +∞ limit, (in which the transverse degrees of freedom
become infinitely massive and decouple from the spectrum) the bulk equation of the motion

∂z

(
L3

z3
∂zv

)
− L

5

z5
M2v = 0, (4.7)

admits the solution

v(z) =
v1

L2
1

z2 =
v0

L2
0

z2, (4.8)

by appropriately choosing v0/v1 = L2
0/L

2
1, so as to describe a chiral condensate of dimension

d = 2.
The localized kinetic terms for the gauge bosons are required by holographic

renormalization [154, 155] in order to remove a logarithmic divergence, and retain finite SM
gauge couplings in the L0 → 0 limit, renormalizing the otherwise divergent kinetic terms of
the SM gauge bosons. This procedure ensures that the SM gauge couplings be independent
of the strength of the bulk coupling, and that all physical quantities be independent of any
UV-sensitive details, such as the precise value of L0, or the structure of the UV boundary.

4.1.2. Electroweak Phenomenology

Focusing on the spin-1 sector, and defining

VM ≡
g ′W3M + gBM√

g2 + g ′2
,

AM ≡
gW3M − g ′BM√

g2 + g ′2
,

(4.9)

one obtains the electroweak equivalent of the vector and axial-vector sectors of the chiral
Lagrangian. In particular, the massless mode of V μ is the photon, and the lightest mode of Aμ

is the Z boson.
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After Fourier transformation in the four-dimensional Minkowski coordinates one can
write

Aμ(q, z)μ(q)vZ
(
z, q
)
, (4.10)

and analogous for W1,2 and V , where q =
√
q2 is the four-dimensional momentum. In the

limit in which one neglects the five-dimensional gauge coupling, and hence cubic and quartic
self-interactions, the bulk equations are

∂z
L

z
∂zvi − μ4

i Lzvi = −q
2L

z
vi, (4.11)

where i = V,Z,W , with μV = 0, μ4
W = 1/4g2v2

0/L
2, and μ4

Z = 1/4(g2 + g ′2)v2
0/L

2. This
approximation and the approximation of restricting all the analysis at the tree-level are valid
provided the effective couplings g/

√
L, g ′/

√
L � O(1), which corresponds to the large-N

limit.
The bulk equations can be solved exactly. Choosing Neumann boundary conditions in

the IR (which are compatible with the gauge symmetry) leaves a nonvanishing UV-localized
action, that can be interpreted in terms of yielding the vacuum polarizations for the gauge
bosons in the form

L = −1
2
Ai
μπi,jP

μνA
j
ν, (4.12)

where Pμν ≡ ημν − qμqν/q2 and i = B,Wa. The matrix of the vacuum polarizations πi,j(q2) of
the SM gauge bosons results in

π+

N2
W

= Dq2 +
∂zvW
vW

(
q2, L0

)
,

πBB

N2
B

= Dq2 +
g2

g2 + g ′2
∂zvV
vV

(
q2, L0

)
+

g
′2

g2 + g ′2
∂zvZ
vZ

(
q2, L0

)
,

πWB

NWNB
=

gg ′

g2 + g ′2

(
∂zvV
vV

(
q2, L0

)
− ∂zvZ

vZ

(
q2, L0

))
,

πWW

N2
W

= Dq2 +
g
′2

g2 + g ′2
∂zvV
vV

(
q2, L0

)
+

g2

g2 + g ′2
∂zvZ
vZ

(
q2, L0

)
.

(4.13)

The precision electroweak parameters have been defined earlier, in terms of the vacuum
polarizations, with the convention of choosing the normalizations Ni of the fields so that
π ′BB(0) = π

′
+(0) = 1.
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By taking for simplicity L0 → L, and by expanding for small L0 → 0, one has [45–50]

∂zvV
vV

(
q2, L0

)
= q2L0

(
π

2
Y0
(
qL1
)

J0
(
qL1
) −
(
γE + ln

qL0

2

))
,

∂zvZ
vZ

(
q2, L0

)
= L0

{
μ2
Z − q

2

[
γE + ln

(
μZL0

)
+

1
2
ψ

(
−
q2

4μ2
Z

)
− c2

2c1
Γ

(
−
q2

4μ2
Z

)]}
,

(4.14)

where, having imposed Neumann boundary conditions in the IR,

c1 = 2L

(
−1 +

q2

4μ2
Z

, μ2
ZL

2
1

)
+ L

(
q2

4μ2
Z

,−1, μ2
ZL

2
1

)
,

c2 = −U
(
−
q2

4μ2
Z

, 0, μ2
ZL

2
1

)
+

q2

2μ2
Z

U

(
1 −

q2

4μ2
Z

, 1, μ2
ZL

2
1

)
,

(4.15)

and ∂zvW/vW = ∂zvZ/vZ(μZ → μW).
Bounds on oblique precision parameters require that the symmetry-breaking param-

eter (μZ here) be somewhat small compared to the confinement scale (L1). One can see that
this must be the case directly by noticing that

∂zvZ
vZ

(0, L0) = −L0μ
2
Z tanh

μ2
ZL

2
1

2
, (4.16)

μ2
Z ∝ g, and hence one must require μ2

ZL
2
1 � 1, otherwise the mass of the gauge bosons would

be proportional to g, instead of g2! Assuming hence that μ2
ZL

2
1 � 1, we can expand also in

μ2
ZL

2
1, and as a result

∂zvv
vv

(
q2, L0

)
	 L0

(
q2 log

L1

L0
+O
(
q4
))

,

∂zvZ
vZ

(
q2, L0

)
	 L0

(
−
μ4
ZL

2
1

2
− 3

16
μ4
ZL

4
1q

2 + q2 log
L1

L0
+O
(
q4
))

.

(4.17)

The localized counter-term

D = L0

(
ln
L0

L1
+

1
ε2

)
(4.18)

cancels the logarithmic divergences, and choosing a universal normalizationN2 = ε2/L0 all
the dependence on L0 disappears (at leading order in L0), the limit L0 → 0 can be taken, and
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the model is renormalized, with finite (dimensionless) SM couplings g(′)2
4 = ε2g(′)2/L. The

resulting vacuum polarizations (truncating at the order needed to extract Ŝ) are

π+ = q2 + ε2g2κ

(
− 1

2L2
1

− 3
16
q2

)
,

πBB = q2 + ε2g
′2κ

(
− 1

2L2
1

− 3
16
q2

)
,

πWB = −ε2gg ′κ

(
− 1

2L2
1

− 3
16
q2

)
,

πWW = q2 + ε2g2κ

(
− 1

2L2
1

− 3
16
q2

)
,

(4.19)

where for notational simplicity the symmetry-breaking parameter κ = μ4
WL

4
1/g

2 has been
introduced, and only terms at the leading order in κ have been retained. Notice that the
normalization of the π ′ terms are not identically 1, there are small corrections proportional
to κ. One should redefine (in a SU(2) ×U(1) invariant way) the normalization of the gauge
bosons in such a way to eliminate this. But because κ is very small anyhow, this process just
makes the algebra heavier, without changing the final results, and hence I am not going to do
so.

From these expressions, one reads that, at the leading order in κ,

M2
W 	

1
2
ε2g2κ

1
L2

1

, (4.20)

and hence that

Ŝ =
3

16
ε2g2κ 	 3

8
M2

WL
2
1. (4.21)

Notice that because Mρ ∝ L−1
1 , the expression for Ŝ agrees with usual expectations yielding

Ŝ ∝ M2
W/M

2
ρ. In order to compute T̂ one has to carefully include subleading corrections

(in κ) in the symmetry-breaking parameters. In particular, the fact derived here that π+ =
πWW is not an exact result, but holds only at the leading order in the expansion in κ. The
approximations made are precise enough only for Ŝ. A complete treatment of all precision
parameters can be found elsewhere [45–50], and goes beyond our present scope.

We can take as indicative of the experimentally allowed range (at the 3σ level), Ŝexp =
(−0.9± 3.9)× 10−3 from [26]. These bounds are extrapolated to the case of a Higgs boson with
mass of 800 GeV. From the approximate expression for Ŝ comes the limit on the confinement
scale L1 of the model,

L2
1 � 1

(900 GeV)2
. (4.22)
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4.1.3. LHC Phenomenology

In order to talk about phenomenology, one has to talk about the spectrum of spin-1 states first.
Because the precision parameters can agree with the data only provided κ� 1, while the SM
gauge couplings are g2

4 = ε2g2/L ∼ O(1), this means that the splitting between vector and
axial-vector states is going to be very suppressed. Hence, it suffices to consider the spectrum
of the excited states of the photon, by reading it from

πV =N2
(
Dq2 +

∂zvV
vV

(
q2, L0

))

	 q2

[
1 + ε

(
π

2
Y0
(
qL1
)

J0
(
qL1
) − γE − ln

qL1

2

)]
,

(4.23)

and this will give a good approximation for the spectrum also of the other states (the
excitations of the Z and W mesons).

One might be tempted to think that the spectrum of heavy states be given by the zeros
of the Bessel J0(qL1). This is a good approximation for the zeros of πV (q2) when ε � 1,
otherwise it is not. Unfortunately, one cannot make the assumption ε � 1. For instance, one
sees that (at large-q) πV ∼ εq2 ln q which, if matched brutally to the OPE of large-Nc QCD-like
theory, suggests that ε ∼ Nc/(12π2). Most importantly, the large-Nc regime is entered when
ε ∼ O(1) or larger, as seen by the fact that g4 = εg/

√
L ∼ εgρ. Indeed, because g4 ∼ O(1),

and because we are using the tree-level (supergravity) approximation, at most one can have
gρ ∼ O(1) ∝ 1/

√
Nc.

Finding the actual spectrum requires some numerical work. The result of which is that
MρL1 ∼ 2.4 − 5.5, where the upper part of the interval is obtained for large values of ε. Hence
the bound on Mρ turns out to be quite stringent, and depending on how small choices of ε
we allow for, at best Mρ > 2.2 TeV, possibly another factor of 2 higher for large values of ε.
This is a problem. These masses are hard to discover at the LHC. In particular, the second set
of resonances will be roughly Mρ′ 	 Mρ + π/L1, which for L−1

1 ∼ 1 TeV means a 3 TeV gap.
This almost completely excludes the possibility that LHC may observe several copies, with
heavier masses, of this resonance, which would be the unmistakable signature of a strongly
coupled model (equivalently, these would be the Kaluza-Klein excitation of a compact extra-
dimensions).

There are hence two important open problems: under what circumstances can one see
the techni-rho mesons at the LHC? If the techni-rho is discovered, how can one show that it
is related to a strongly coupled sector? There are many studies of this type of LHC searches,
which depend very strongly on the precise details of the model (in particular, enhancement
of the production cross-section is possible if the top quark is playing a role in the new strong
dynamics). It goes far beyond the scope of these lectures to give a full account on the topic. I
want here just to signal two interesting facts that might happen if the model is actually well
described by the large-Nc expectations.

Using the result highlighted earlier on ε = g4
√
L/g 	 Nc/(12π2), the comments we

made in discussing the phenomenology of techni-rho mesons show that for values of ε �
O(1), the most important coupling of the techni-rho is to the SM fermions, not to the pions.
This can be checked numerically to hold by explicitly evaluating the partial width Γ[ρ →
WW] from the five-dimensional set-up [45–50]. We also stressed that only for ε � O(1) the
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calculations performed up to now are trustable. Hence, in the regime of validity of what we
did in the previous subsection, the dominant decay mode of the techni-rho is to SM fermions,
not to WW . At least as long as we want to trust the calculation of the precision parameter Ŝ.

Notice that all of the above agrees with the large-N result that the resonances
should become narrow in the limit in which Nc is very large, and if the electroweak
couplings are neglected the techni-rho becomes effectively stable. In order to study the LHC
phenomenology one can use the result on the vacuum polarizations and look at the LHC
process pp → ρ → ff . In respect to the decay into WW final states, this process is much
cleaner at the LHC, because if one focuses attention of the final states involving electrons and
muons, this can be reconstructed very precisely, and there is no missing energy.

The very simplest signature of the model is hence the Drell-Yan production of the
heavy partners of the electroweak gauge bosons. This should be detectable as a narrow
resonance in the few-TeV region of the invariant mass distribution of final states with two fast
leptons (muons or electrons). At the partonic level, the dominant tree-level contribution can
be very easily computed by simply replacing the complete propagators (inverse of the π(q2)
computed earlier) in place of the propagators of the SM gauge bosons. With one caveat: one
needs to modify the propagators in order to include the width. Provided one is in the regime
in which the decay to SM fermions dominates such width, and the width itself is small, one
can pragmatically implement the width by replacing in the Feynman diagrams

Pγ
(
q2
)
=

1
q2 + iε

−→
(
q2
)
=

1
πV
(
q2
)
+ i
(
8α/3q2

)
+ iε

, (4.24)

and analog for the Z and W . Notice that this very simple procedure is acceptably accurate
only because we assumed that the SM-fermion final state dominates, and that the fermions
are localized at the UV boundary. This result is what follows from taking the imaginary part
of diagrams in which the five-dimensional photon receives corrections from 1-loop diagrams
localized on the four-dimensional boundary. The procedure for including the width due to
strongly coupled decays is way more complicated, because not only all the gauge bosons
propagate in the bulk of the five-dimensions, so that the effective cubic couplings depend on
complicated integrals convoluting the bulk wave functions, but also heavier resonance can
decay into combinations of lower modes.

As long as the weak-coupling calculations are acceptably accurate, the partonic cross-
section of interest is

σ̂qq(ŝ) ≡ σ
(
qq −→ �+�−

)
=

ŝ

48π
e2
∑
A,B

|GAB(ŝ)|2, (4.25)

where A,B = L,R, ŝ = q2 is the partonic momentum,

GAB(ŝ) = Q(q)Pγ(ŝ) +
4

sin22θW
g
(q)
A g

(�)
B PZ(ŝ),

g
(f)
L = T3(f) −Q(f)sin2θW,

g
(f)
R = −Q(f)sin2θW,

(4.26)

and T3(f) and Q(f) are the isospin and electric charge of the fermion f .
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Figure 6: LHC exclusion/discovery reach from pp → μ+μ− + X as a function of Mρ = M 	 Mγ ′ 	
MW ′ 	 MZ′ and of R defined in the text. The curves are obtained by requiring 10 events, for integrated
luminosity of 1, 3, 10, 30, 100 fb−1. The darkest region is excluded by indirect limits from Ŝ < 3 × 10−3. The
light-grey-shaded region is allowed by precision data only for ε < 0.5, so that the dominant decay mode
of the techni-rho is into longitudinally polarized SM gauge bosons (and hence the signal in SM fermions
strongly attenuated, or invisible) and the large-N approximations used in the analysis performed here do
not hold.

Finally, the differential cross-section for the LHC process as a function of s and ŝ is

dσ
(
pp −→ �+�− +X

)

dŝ
(s, ŝ) =

1
3

∑
q

σ̂qq(ŝ)
1
s

∫1

ŝ/s

dη
η

[
φq
(
η
)
φq

(
ŝ

ηs

)
+ φq
(
η
)
φq

(
ŝ

ηs

)]
, (4.27)

where the functions φa(η) are the parton distribution functions yielding the probability of
finding a parton of species a with momentum fraction η within the proton,

√
s = 14 TeV is the

center of mass energy of the pp collision, and the factor of 1/3 takes into account the average
over color in the partonic initial state.

One can then do the exercise of using the results at the previous section to select the
input parameters such as L1, and of computing the number of events expected at the LHC as a
function of the machine parameters (luminosity and energy) and of the relevant parameters
in the model, namely, the mass of the techni-rho Mρ and its coupling to the SM fermions
relative to the coupling of the SM gauge bosons R (which generalizes the factor e2f2

ρ/M
2
ρ in

(3.72)), which is a complicated function of ε.
The results are plotted in Figure 6. A few words of comment are presented. The dark

shaded region is excluded by the bound on Ŝ. Notice that the actual exclusion is a function
not only of the mass of the techni-rho mesons, but also of the coupling R, because the latter
depends on ε, and we have seen that there is a non-trivial functional dependence between
Mρ, L1, and ε. The region at small R is the region in which neglecting the contribution of
ρ → WW to the width and decay rates of the techni-rho is not justified. In this region, this
signal is actually very suppressed in comparison to the final state with two gauge-bosons.

Provided ε ∼ O(1), the LHC phenomenology is very similar to what one would have
in a weakly coupled extension of the SM with an extra SU(2) ×U(1). The four heavy gauge
bosons would be almost degenerate in mass. So much so that it would be not possible to
distinguish in the invariant-mass distribution of di-lepton final states the peaks due to the
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two neutral states. In order to see that the peak is due to more than one resonance, much more
sophisticated data analysis would be needed, for example, looking at the forward-backward
asymmetry [156].

4.2. Final Remarks

The results obtained for this simple model depend on the specific set-up, and many
variations exists of the basic ideas. Before commenting on some very interesting possibilities,
it is important to stress that the way in which the bounds from electroweak precision is
accommodated relies on the fact that fρ and fπ have two different dynamical origins. To
be more specific, the former is controlled by the IR boundary L1, the latter by the value of the
condensate v0, which in this model are treated as independent. Both scale as f2

π ∝ f2
ρ ∝ N,

but the smallness of the Ŝ parameter is obtained by assuming the ratio of the two being a
somewhat small numerical constant. For this reason, one is allowed to take the large-N limit,
and hence treat the spin-1 states as weakly coupled, while at the same time making their
masses large so that precision physics bounds do not exclude the model.

There is a number of possible problems arising with this approach. First, in a fully
dynamical model, fπ and fρ will be related, and there is no known simple example in which
their ratio be parametrically small. Second (to be taken with all the caveats we discussed
earlier on), if the mass of the techni-rho mesons is in the few-TeV range, it is not possible
to show explicitly that the elastic scattering amplitude can be treated perturbatively and
stays below the unitarity bounds all the way up to this large mass scale. As such, at least
some part of the theory must be strongly coupled, which raises questions about the tree-level
calculations being done. But remember how we stressed that the WW scattering amplitude
is a particularly bad observable, much more sensitive to the details of the strongly coupled
part of the symmetry-breaking sector than the oblique parameters.

Finally, if one takes literally the relation ε ∼Nc/(12π2), values of ε ∼ O(1) require very
large values ofNc. This means that a large number of fermions in the dual sector is coupled to
the electroweak gauge bosons, making the SU(2) gauge coupling blow-up at relatively small
scales, not far above the scale set by L1. This problem is indirectly related to the perturbative-
unitarity bound, and also to the fact that if one looks at the O(q4) precision parameter W
and Y one finds that they grow with ε. Yet, this model is simple, calculations are doable, the
results can be reconciled with precision electroweak tests, and the model is testable a the LHC,
which is ultimately the most important thing. If such a signature shows in the data, there will
be plenty of time to go back to this model and refine its study, addressing the objections raised
here.

Infinite number of variations of this model are possible. Here is a brief and
nonexhaustive list of things that can be done (and have been done).

(i) Custodial symmetry can be implemented, by gauging a complete SU(2)×SU(2) in
the bulk, and then arranging for its breaking via some mechanism localized in the
UV, in such a way as to recover a spectrum in which only four gauge bosons are
light, but in which T̂ is small.

(ii) The bulk profile of the condensate can be changed. The extreme case is the higgless
extra-dimension set-up, in which the field Φ is exactly localized on the IR boundary,
effectively modifying the IR boundary conditions [157, 158].
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(iii) More condensates can be present. In particular one may envision the case in which
the bulk scalars affect also the dynamics of the vectorial five-dimensional fields,
not only the axial-vectorial fields. Also, phenomenologically more realistic models
of confinement can be obtained, by introducing modifications of the background
AdS metric in the deep IR [51–55, 159].

(iv) A larger symmetry can be gauged in the bulk, hence allowing the low energy
spectrum to contain also pseudo-Goldstone bosons. An extreme variation of this
model is dual to composite Higgs models [70–77].

(v) The fermions can be allowed to propagate in the bulk. In particular, the third-family,
such as the top. In this way it is possible to enhance the large mass of the top [95–
101].

This huge freedom shows one of the limitations of these models, because they are not
fully dynamical, the description they provide has a limited predictive power. However, for
many practical purposes they are very effective; they allow to relate in sensible and predictive
ways the results from precision studies of the electroweak gauge bosons to the spectrum,
couplings and LHC phenomenology of the new particles they predict (new vector states, new
axial-vector states, new pseudo-Goldstone bosons, . . .). These models are hence very useful,
in the dawn of the LHC era, because they give us a plethora of new signatures to look for,
within calculable frameworks in which the comparison to the data can be made quantitative,
cross-relations between observables exist, and favorable regions of parameter space can be
identified and tested experimentally.

5. Holographic Technicolor: Top-Down Approach

5.1. Why a Full String Theory Model?

We have seen that, because of the strong coupling, four-dimensional techniques are limited
when applied to technicolor models. We have also seen that five-dimensional models provide
a substantial improvement over hidden local symmetry, incorporating some of its ideas and
features, but reducing drastically the number of parameters needed to describe the spectrum
of composite states, and hence allowing to compute the precision parameters and relate
them to measurable quantities, such as masses and decay constants of spin-1 resonances.
With the LHC approaching, this framework provides a wonderful opportunity to study the
phenomenology of the lightest resonances of a strongly coupled model, relating their masses
and couplings to the precision measurements performed in the last two decades. However,
the bottom-up approach has itself a limited power; it is based on assuming that the answer
to many of the questions highlighted in Section 3.5 is known a priori, and then uses these
answers in order to build the five-dimensional action.

To be more specific, let us look back at each of the questions and see what can be said
from the bottom-up approach.

(i) The bottom-up approach describes only bound states, and their low-energy
properties, hence it has only indirect information about the fundamental theory
(its gauge group and field content are not known).

(ii) The dynamical scales are put in by hand, choosing the position of the boundaries,
the form of the metric, and the presence of condensates.
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(iii) The anomalous dimensions are chosen by hand, they are completely free
parameters, bounded only by very general considerations.

(iv) The precision parameter can be computed. However, they still depend on how the
light SM fermions are coupled to the strong sector, and a certain amount of freedom
is left.

(v) Computing the coefficients of the chiral Lagrangian is possible, as a function of
what said in (ii). The only limitation being that one is using large-N expansions.

(vi,vii,viii) This approach has little to say about ETC, the fermion mass hierarchies are
controlled by free parameters, not by the underlying dynamics.

(ix) One can derive relations between the spectrum and couplings of spin-1 states, as a
function of the choices in points (ii) and (iii).

(x) The global symmetries are chosen by hand, and their breaking pattern too, there
is no real sense in which symmetry-breaking arises dynamically within this
framework.

(xi) Determining under what conditions a light dilaton is part of the spectrum requires
a dynamical study of the underlying theory, with fully back-reacted background
geometry.

(xii) Perturbative unitarity is in part connected with sum rules on the couplings of spin-
1 fields, yet the dominant contributions from the nondecoupled scalar sector is
missing and uncalculable.

Ultimately, the bottom-up approach yields a very major improvement over hidden
local symmetry, and is a very useful and practical way of constructing models that are
testable at the LHC. But it cannot answer to those most fundamental questions regarding
dynamical scales, spectrum, and symmetries that are intrinsically dependent on the strong
dynamics. For this reason, it is important to try and study the extra-dimension dual of the
full theory, in a context in which the background and all the condensates can be computed
from a fundamental action. This is the topic of this last section.

5.1.1. FromN = 4 towards Walking Technicolor

The most celebrated example of gauge/gravity duality is the conjectured correspondence
between four-dimensional, superconformal N = 4 Yang-Mills theory with SU(Nc) gauge
group and Type IIB string theory on a background with AdS5 × S5 geometry [1–4]. The
SO(4, 2) isometry group of the AdS space is related to the four-dimensional conformal group,
while the SO(6) symmetry of the internal S5 space is related to the SU(4)R symmetry of
N = 4. The value of Nc is related to the flux of the RR F5 form of type-IIB. One important
reason why this relation is very useful is that taking the large-Nc limit, at fixed (but large!)
’t Hooft coupling λ = g2Nc one enters the regime in which the dual description reduces to
a weakly coupled supergravity theory in 10 dimensions. Hence, very non-trivial calculations
involving strong dynamics in the gauge theory can be rephrased in terms of a more accessible
weakly coupled gravitational system.

For phenomenological purposes, the AdS5 × S5 background has way too much
symmetry; realistic models of nature are neither conformal, nor do they have so much
supersymmetry. In the last ten years, the same idea of looking for weakly coupled duals
to strongly coupled four-dimensional theories has been pushed in the direction of looking
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for sensible supergravity backgrounds which depart from the AdS geometry, and in which a
lesser degree of supersymmetry is encoded in a less symmetric structure of the internal five-
dimensional manifold. Very interesting models exist, proposing, for instance, backgrounds
with N = 1 supersymmetry (such as in [160, 161]), or no supersymmetry at all [162–165],
in which the geometry is far away from AdS, and describes the dual of a theory in which
all the couplings run. There also exist 10-dimensional models where the geometry is well
approximated by an AdS space in the far UV and by a different AdS geometry deep in
the IR (at large and small values of the radial coordinate, resp.). These models provide a
description of a four-dimensional theory which flows from a UV fixed point to an IR fixed
point [166, 167].

Many very interesting aspects of strongly coupled field theories can be studied using
the techniques of gauge/gravity dualities. The physics near fixed points (in particular, the
calculation of anomalous dimensions) can be studied quantitatively. Correlation functions
can be computed. Certain RG flows can be studied in details. New and effective way
of describing confinement and the formation of symmetry-breaking condensates exist. A
huge amount of formal work has been done in order to put all of these ideas on firm
grounds, by producing rigorous prescriptions for performing the calculation of physical
quantities of interest in the dual field theory starting from the supergravity (or superstring)
framework (e.g., holographic renormalization is a precise prescription for computing
correlation functions of local operators [154, 155], while the use of probe-strings provides
a tool for the calculation of the Wilson loops, that I will discuss in some detail later).

The reader will immediately realize that many of these observations are (in subtle
ways) related to the very large body of very hard field theory questions that emerged in the
context of dynamical electroweak symmetry breaking in Sections 2 and 3 of these lecture
notes. Hence, it is very natural to try and reformulate some of those questions in terms of
dual theories, and look for the answers in this (weakly coupled) context.

In a perfect world, one might even hope to rewrite the whole theory of WTC/ETC in
terms of its dual 10-dimensional description. This putative theory should be asymptotically
AdS, hence ensuring the UV-completeness of the symmetry-breaking sector of the SM,
which would approach a fixed point (not necessarily weakly coupled) in the UV. Relevant
deformations would cause the theory to flow away from the UV fixed point, and undergo a
set of symmetry-breaking transitions (tumbling), effectively reducing the gauge group of the
dual ETC theory down to TC, and in the process producing all the four-fermion operators
needed to generate the SM fermion masses. (Something vaguely reminiscent of this scenario
exists in the supergravity context [161, 168], although the superficial similarities between
tumbling ETC and the cascade are to very large extent overshadowed by the important
differences.) At the end of this tumbling process, one should find that the supergravity
background has a geometry which is approximately AdS, providing a dual description
of walking, and could compute all the anomalous dimensions, and the running of the
aforementioned higher-order operators, hopefully showing that enhancement factors are
generated along the lines of what we discussed in Section 3. This geometry should also have a
global symmetry containing the SM SU(2)L ×U(1)Y gauge group. After walking for a while,
the dual supergravity geometry should substantially deviate from AdS, to signify the fact
that the IR fixed point that the theory was approaching is only approximate. At low energies
a set of condensates should form, signaled by the breaking of the internal global symmetry,
which corresponds to EWSB in the dual theory. Finally, there should be an end of space in the
radial direction in the IR, and the properties of the geometry near this end of space should be
healthy enough to allow for a sensible interpretation of it in terms of confinement. The weak
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gauging of the SU(2)L ×U(1)Y subgroup would produce the massive gauge bosons W and
Z, and the presence of higher-order operators enhanced by walking produce the SM fermion
masses, but not unacceptably large new sources of FCNC transitions. In principle, given such
a complete theory, one would be able to compute all possible observables of relevance for
phenomenology; spectra, couplings, scattering amplitudes, production and decay rates of all
the possible composite objects in the theory, and their contribution to precision electroweak
parameters and FCNC transitions.

Of course, the real world is far from perfect: such a construction does not exist (yet),
and much of what I wrote in the previous paragraph is wishful thinking, with limited
scientific support. But encouraging steps in this direction have been taken [56–58, 169]. In
this final section, I spend some time working out in some details a few examples of these
steps. The discussion is far from systematic and pedagogical. The reader is assumed to be
familiar with the basic ideas of gauge/gravity dualities (if you are not, a good place to start is
the studies in [170, 171]), since part of the discussion will be rather technical, and limited to
one very specific system, that exemplifies what can be done with these powerful techniques.

Before beginning along these lines, a clarifying comment is necessary, which
anticipates some of the ideas to come. The models I am going to discuss are not, strictly
speaking, technicolor models, because they do not implement electroweak symmetry
breaking. Yet, these models are used here as an illustration of what walking technicolor might
yield, because they are interpreted as the duals to four-dimensional theories that exhibit
some of the important features at the basis of walking technicolor. The notion of walking
itself is a field-theory property that not necessarily requires coupling to the electroweak
sector. Confinement, and the formation of symmetry-breaking condensates, are well-defined
concepts even outside the context of electroweak interactions. Many of the questions we are
interested in, when talking about strongly coupled EWSB, can be formulated in field-theory
terms that do not necessarily require EWSB itself. For these reasons, the exercises we are going
to do are going to teach us some very important lessons about walking technicolor, even if
none of the models illustrated is the actual dual of a technicolor model.

5.2. Wrapped-D5 System

The set-up we focus on is based on the geometry produced by stacking on top of each other
Nc D5-branes that wrap an S2 inside a CY3-fold and then taking the strongly coupled limit
of the gauge theory on this stack, in the (type-IIB) supergravity approximation. We start
by recalling the basic definitions that yield the general class of backgrounds obtained from
the D5 system, which includes the study in [160] as a very special case. Truncating type-IIB
supergravity to include only gravity, dilaton Φ and RR 3-form F3 the 10-dimensional action
is

SIIB =
1
G10

∫
d10x
√
−g
[
R − 1

2
(∂Φ)2 − e

φ

12
F2

3

]
, (5.1)

Defining the SU(2) left-invariant one-forms as

ω̃1 = cosψdθ̃ + sinψ sin θ̃dφ̃, ω̃2 = − sinψdθ̃ + cosψ sin θ̃dφ̃, ω̃3 = dψ + cos θ̃dφ̃, (5.2)



Advances in High Energy Physics 63

and using an ansatz which assumes the functions appearing in the background depend only
the radial coordinate ρ (but not on the Minkowski coordinates xμ nor the 5 angles θ, θ̃, φ, φ̃, ψ
of the compact internal manifold) allows to write the background (in string frame) as

ds2 = α′gseΦ(ρ)

[
dx2

1,3

α′gs
+ e2k(ρ)dρ2 + e2h(ρ)

(
dθ2 + sin2θdφ2

)

+
e2g(ρ)

4

((
ω̃1 + a

(
ρ
)
dθ
)2 +
(
ω̃2 − a

(
ρ
)

sin θdφ
)2
)
+
e2k(ρ)

4
(
ω̃3 + cos θdφ

)2

]
,

F3 =
Nc

4

[
−
(
ω̃1 + b

(
ρ
)
dθ
)
∧
(
ω̃2 − b

(
ρ
)

sin θdφ
)
∧
(
ω̃3 + cos θdφ

)

+b’dρ ∧
(
−dθ ∧ ω̃1 + sin θdφ ∧ ω̃2

)
+
(

1 − b
(
ρ
)2
)

sin θdθ ∧ dφ ∧ ω̃3

]
.

(5.3)

The full background is then determined by solving the equations of motion for the functions
(a, b,Φ, g, h, k).

The system of BPS equations derived using this ansatz can be rearranged in a
convenient form, by rewriting the functions of the background in terms of a set of functions
P(ρ), Q(ρ), Y (ρ), τ(ρ), and σ(ρ) as [172–174]

4e2h =
P 2 −Q2

P cosh τ −Q, e2g = P cosh τ −Q, e2k = 4Y, a =
P sinh τ

P cosh τ −Q, Ncb = σ. (5.4)

Using these new variables, one can manipulate the BPS equations to obtain a single
decoupled second-order equation for P(ρ), while all other functions are obtained from P(ρ)
as follows:

Q
(
ρ
)
= (Q0 +Nc) cosh τ +Nc

(
2ρ cosh τ − 1

)
,

sinh τ
(
ρ
)
=

1
sinh
(
2ρ − 2ρ̂0

) ,

cosh τ
(
ρ
)
= coth

(
2ρ − 2ρ̂0

)
,

Y
(
ρ
)
=
P ′

8
,

e4Φ =
e4Φo cosh

(
2ρ̂0
)2

(P 2 −Q2)Ysinh2τ
,

σ = tanh τ(Q +Nc) =

(
2Ncρ +Qo +Nc

)

sinh
(
2ρ − 2ρ̂0

) .

(5.5)
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The second-order equation mentioned above reads

P ′′ + P ′
(
P ′ +Q′

P −Q +
P ′ −Q′
P +Q

− 4 coth
(
2ρ − 2ρ̂0

))
= 0. (5.6)

In the following, I will fix the integration constant Q0 = −Nc, so that no singularity appears
in the function Q(ρ). When convenient, I will also choose ρ̂o = 0, together with α′gs = 1, in
order to simplify the notation.

5.2.1. Gauge Coupling

As we saw, one clear signal of a walking theory is the existence of an energy range over which
the β-function is anomalously small, and hence the gauge coupling does not run. One needs
hence to relate the four dimensional gauge coupling of the dual theory to quantities that are
well defined in the 10-dimensional geometry. I will keep the factors of α′ and gs explicit, but
set ρ̂o = 0 in this subsection.

The six-dimensional theory on the D5 branes has a ’t Hooft coupling given by the
dimensionful λ6 = gsα

′Nc, and the supergravity limit is taken by keeping this fixed [175].
The branes wrap a small two-cycle Σ2, so that at low energies an effectively four-dimensional
theory emerges. A natural way of defining its (dimensionless) gauge coupling is given by
combining

g2
4 ≡

g2
6

VolΣ2
. (5.7)

Following [176–178], that consider a five brane (in probe approximation) extended along the
Minkowski directions and the two-cycle defined by

Σ2 =
[
θ = θ̃, φ = 2π − φ̃, ψ = π

]
, (5.8)

one arrives to

8π2

g2
4

= 2

[
e2h +

e2g

4
(a − 1)2

]
= Pe−τ =

P

coth ρ
. (5.9)

With this result, together with a particular radius-energy relation, it was shown in [176–178]
that one particular solution P̂ of (5.6) leads to reproducing the NSVZ beta function. I will
sketch in part this result later on.

Before proceeding, four final comments are due, a technical one first. The five-branes
on the submanifold R1,3 × Σ2 preserve supersymmetry only if the probe brane is at infinite
radial distance from the end of the space (i.e., when ρ → ∞) [179]. This result is valid
for the particular solution considered there and does not necessarily extend to the other
backgrounds, because a five brane in the configuration described above does not preserve
the same spinors as the background itself.
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More about the physics. One has to keep in mind that the expansion yielding the
supergravity approximation involves the six-dimensional coupling g6, and not the four-
dimensional coupling defined here. When g4 becomes small (and it does in the far UV at
ρ → +∞, as we will see), this does not necessarily mean that the supergravity approximation
is breaking down, nor that perturbation theory in the dual gauge theory is useful. At large-ρ,
in a putative calculation done in terms of four-dimensional degrees of freedom, one should
include a large number of excited modes living on the Σ2, and this will compensate for the
small coupling of each individual one, ensuring that the four-dimensional dual system is
indeed strongly coupled.

There will also be divergences at finite values of ρ. In particular at ρ = ρ̂o. This is in
general problematic, because the singularity might mean that unphysical results appear in
various amplitudes, and ultimately the supergravity approximation breaks down, spoiling
predictivity. However, I will concentrate on backgrounds where the only singularity is at
ρ → ρ̂0, and for which the Ricci curvature R be finite everywhere. While per se this does
not ensure that the background defines a fully sensible theory, a pragmatic way of testing if
this is the case is to compute actual physical quantities, and to check how they behave. In
particular, we will see that the IR-divergence is associated with confinement, via the study of
Wilson loops and the related quark-antiquark potential.

A final, more general comment is given. Given a walking theory, its coupling must be
approximately constant over some energy range. However, away from an exact fixed point,
the very definition of gauge coupling is ambiguous, and affected by scheme-dependence. One
might worry that the presence of a plateau in the gauge coupling defined here, especially in
considerations of all the caveats that go into its derivation, might be just a scheme-dependent
artifact. These arguments apply to any possible definition of gauge coupling in any theory
away from the fixed points, and ultimately derive from the fact that in a generic field theory
the gauge coupling per se is not a very well-defined observable quantity. The fact that there
are solutions in which the gauge coupling flattens at finite values has to be understood
as a first indication of the fact that something very peculiar is happening to the theory.
In particular, it indicates the existence of two possibly distinct dynamical scales at which
the behavior of the theory changes drastically. In order to understand how physical this is,
one has to use the background to compute actual physical quantities, (such as scattering
amplitudes or masses) and ask if they show an interesting change in behavior related to the
scales indicated by the gauge coupling.

5.2.2. Regular Maldacena-Nunez: Asymptotic behaviors

Solving the equation for P is not easy. As apparent, (5.6) is very nonlinear. And potentially
plagued by possible nasty divergences arising from the denominators. One needs to use
approximate and/or numerical methods in order to learn about the properties of its solutions.
A couple of very general results are useful in doing so.

First, it is known that there exist two different classes of UV-asymptotic solutions for
P valid at large-ρ [172–174]:

P ∼ 2Ncρ +O
(
e−4ρ
)

(class I),

P ∼ O
(
e4/3ρ

)
+O
(
e−4/3ρ

)
+O
(
e−8/3ρ

)
(class II).

(5.10)
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Notice that both diverge with ρ, implying that the gauge coupling g4 is becoming small,
which we already commented about in the previous subsection.

Second, the simplest and better understood solution of (5.6), which is the only non-
trivial exact solution known in closed form, is [160]

P̂ = 2Ncρ. (5.11)

It belongs to class I, and we already mentioned it earlier on. For this solution, the gauge
coupling is

λ̂ =
ĝ2

4Nc

8π2
=
Nc coth ρ

P̂
=

coth ρ
2ρ

. (5.12)

Identifying

ρ =
3
2

lnμ, (5.13)

with μ the renormalization scale in units of a reference scale, and expanding at large ρ yields

λ̂ 	 1
3 lnμ

, (5.14)

which agrees with (2.19) at asymptotically large μ, provided b0 = 3Nc, and Nf = 0 as in
Super-Yang-Mills (SYM) theory with SU(Nc) gauge symmetry. This is one simple way to
see that this background is related (in a non-trivial way) to the dual to SYM (more precise
statement about the dual theory can be found in [180]).

5.2.3. Walking Solutions in Class II

The first class of solutions to (5.6) which yield the running gauge coupling of a walking
theory was found in [56], and belongs to class II. This is a 2-parameter family of solutions,
the parameters being the integration constants of the second-order differential equation. It
has the nice property that it can be obtained starting from an approximate solution, and that
all corrections can be in principle computed in a formal power-series, in which the expansion
parameter is related to one of the two integration constants. Without loss of generality, I will
set ρ̂o = 0 in the following. One must require that the solution P(ρ) exists and be finite for
every ρ > ρ̂o, which imposes some restriction on the integration constants.

Let us see how to construct such solutions. The basic observation is that (5.6) would
be exactly solvable if one could set Q = 0. It is hence sensible to look for solutions such that
P 
 Q for any ρ. Following [172–174], we can write P in a formal expansion in inverse
powers of c as [56]

P =
∞∑
n=0

c1−nP1−n, (5.15)
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Figure 7: The ’t Hooft coupling g2
4Nc/(8π2) as a function of ρ for Nc = 10, c = 100, and α = 0.0005 for

(iii). The red (long dashes) curve is the O(c) approximation in the expansion of (5.15), the blue (medium
dashes) line is the O(1/c) approximation, the green (short dashes) line is the O(1/c3) approximation, and
the black (dotted) line is the numerical solution [56].

where

R
(
ρ
)
≡
(

cos3α + sin3α(sinh(4ρ) − 4ρ)
)1/3

, (5.16)

and where c and α are the two integration constants. Taking c large compared to Nc yields
P 
 Q, and one obtains the approximate solution

P 	 P1 = cR
(
ρ
)
. (5.17)

For this to be a well-defined solution, one needs to ensure that P(ρ) > Q(ρ) for all
ρ ≥ 0, since any ρ, where P = Q, is a singular point of (5.6). At asymptotically small values
of ρ, Q(ρ) = O(ρ2), while P(ρ) ≈ c cosα + O(ρ3) and so P > Q is ensured by requiring
cosα > 0. For asymptotically large ρ, Q(ρ) ∼ 2Ncρ, while P(ρ) ∼ 2−1/3c sinαe4ρ/3. So that
requiring that sinα > 0 is again sufficient to ensure that P > Q for large ρ. Because P and
P ′ are monotonically increasing functions of ρ, P ≥ c cosα for all ρ. At some special value of
ρ = ρ∗, sinh(4ρ∗) − 4ρ∗ ≈ cot3α and P starts deviating from the constant value c cosα, being
approximated by the UV-asymptotic exponential dependence on ρ. In order to allow for a
large region of walking behavior, we need to take ρ∗ 
 1, in which case

ρ∗ ≈
1
4
(
log 2 + 3 log cotα

)

 1. (5.18)

In order to ensure that P > Q everywhere, it is hence sufficient to require that P(ρ∗) > Q(ρ∗),
which puts an upper bound on cotα, namely,

1� cotα � exp

(
24/3

3
c

Nc

)
. (5.19)
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Figure 8: The background functions h, g, k, and Φ as a function of ρ, for the same parameters as in Figure 7,
and with the same color-coding. It is clear that the expansion in (5.15) converges sufficiently fast for g and
h, but some caution has to be used with Φ and k [56].

In this approximation P(ρ) remains almost constant for 0 ≤ ρ � ρ∗. The fact that P is almost
constant up to very large scales ρ∗ produces an intermediate energy region over which the
four-dimensional gauge coupling is almost constant, as can be seen from Figure 7. The larger
cotα, the wider this region is, with the only limitation provided by the upper bound on the
value of cotα, which depends on the ratio c/Nc.

Figure 8 shows the other functions appearing in the background. Notice the
divergence of e2g in the IR. Interesting is the behavior of the dilaton; it is practically constant
above and below ρ∗, and at ρ∗ the IR and UV behaviors are smoothly connected.

This is the first very important result obtained with these methods. We found a
background such that the running of the dual gauge coupling has many of the properties
of a putative walking theory. There is a region, delimited by two scales ρIR and ρ∗, where the
running almost flattens at a finite value. Below ρIR the running reappears, and finally there is
a scale ρ̂o at which the space ends, deep in the IR. This is a very encouraging starting point.
For all the reasons discussed earlier, in order to understand how physical all of this is, one
needs to use this background in order to compute some physical quantity.

5.2.4. Walking Solutions in Class I

The walking behavior described in the previous subsection is appearing in the IR, for ρ < ρ∗.
It is hence important to understand if it is in any way related to the choice of UV-asymptotic
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Figure 9: The numerical solutions for P(ρ)/Nc used in the analysis as an example, for Nc = 100. The three
solutions correspond to the P̂ case with ρ∗ = 0, and to two new numerical solutions with, respectively,
ρ∗ 	 4 and ρ∗ 	 9 [58].

behavior of the theory. Also, for several reasons it is more sensible to perform calculations of
physical quantities in backgrounds of class I, and it is hence important to know that walking
solutions exist also in this class. In principle, one might try and construct numerically such
solutions by observing that the walking solutions, for small-ρ, can be written as

P
(
ρ
)
= P0 + k3P0ρ

3 +
4k3P0ρ

5

5
− k2

3P0ρ
6 +

16
(
2P 2

0k3 − 5k3N
2
c

)
ρ7

105P0
+ · · · , (5.20)

with P0 and k3 being two integration constants. Notice how this expansion does not contain a
term linear in ρ. The strategy based on setting up the boundary conditions in the IR in such a
way as to reproduce this asymptotic behavior, and then solving numerically towards the UV,
is not very efficient, because as we will see the class of walking solutions with UV behavior of
class I depends only on one parameter. Hence, one would need to know the precise relation
between the integration constants in the IR-expansion, such that asymptotically in the UV
one obtains a class-I solution. This is not possible with present knowledge.

In order to build numerically the solution, we start by expanding (5.6), by assuming
that the solution can be written as

P
(
ρ
)
= P̂
(
ρ
)

+ εf
(
ρ
)

+ O
(
ε2
)
, (5.21)

with ε � 1, and expanding at large-ρ by assuming that ρ 
 0. Asymptotically this means that
the linearized equations admit solutions that, dropping power-law corrections for notational
simplicity, behave as

f
(
ρ
)
	 c1e

−4ρ + c2e
2ρ, (5.22)

which implies that consistency of the perturbative expansion from (5.21) enforces the choice
c2 = 0. Indeed, there are no asymptotic (in the UV) solutions that behave as e2ρ.
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Figure 10: The functions (e2g , e2h, e2k,Φ) appearing in the metric for the same solutions as in Figure 9,
computed rescaling P → P/Nc and Q → Q/Nc [58].

We have now obtained an important result: at least for large values of ρ, there exists a
1-parameter class of solutions that approach asymptotically the P̂ solution. We cannot prove
that such solutions are well behaved all the way to ρ → 0. However, one can use this result
in setting up the boundary conditions (at large-ρ) and numerically solve (5.6) towards the IR
[57, 58]. By inspection, these solutions turn out to be precisely the ones we are looking for.
They start deviating significantly from P̂ below some ρ∗ > 0, below which P is approximately
constant. We plot in Figure 9 two such solutions, with ρ∗ 	 4 and ρ∗ 	 9, together with the P̂
solution for the same value of Nc. We also plot in Figure 10 the functions appearing in metric
(e2g, e2h, e2k, φ) for the same solutions. Notice the behavior of e2g for ρ → 0. Also notice that
the dilaton Φ is finite at ρ → 0.

5.3. Relation to Other Systems

This subsection contains a formal digression that will become useful later on. The Maldacena-
Nunez system, and in general the wrapped D5 system, can be thought of within a more
general class of solutions to type-IIB supergravity that is often referred to as Papadopoulos-
Tseytlin ansatz [181]. This ansatz contains as special cases a variety of important models, in
particular the Klebanov-Witten (conifold, conformal) [182], the Klebanov-Tseytlin (singular
conifold) [183], and the Klebanov-Strassler (resolved conifold) [161] ones. Also, it is possible
to show that the 10-dimensional equations yielding the background can be rederived from



Advances in High Energy Physics 71

a five-dimensional action, in which a sigma-model theory of a set of scalars is coupled to
gravity. This section will also introduce a certain amount of notation, which may help the
reader in relating the conventions used by several different authors.

Following the notation in [184, 185], we describe the system using an effective five-
dimensional action that reads, up to an overall normalization,

S =
∫

d5y
√
−g
[

1
4
R − 1

2
Gabg

MN∂MΦa∂NΦb − V
(
φ
)]
, (5.23)

where Φa = (g̃, x, p, a, b,Φ, h1, h2, χ,K) and yM = (xμ, z). One uses the two constraints

K =M + 2N(h1 + bh2),

∂Mχ =

(
e2g̃ + 2a2 + e−2a4 − e−2g̃)∂Mh1 + 2a

(
1 − e−2g̃ + a2e−2g̃)∂Mh2

e2g̃ + (1 − a2)2e−2g̃ + 2a2
,

(5.24)

whereK is the normalization of the F5 form in 10 dimensions, and χ, h1, and h2 appear in the
NS B2 antisymmetric tensor of Type-IIB.N is the normalization of the F3 form, and essentially
counts how many D5 branes are present, while M would count the number of D3 branes if
N = 0.

The constraints allow to remove χ and K from the sigma-model, which is hence
defined by

Gab∂MΦa∂NΦb =
1
2
∂Mg̃∂Ng̃ + ∂Mx∂Nx + 6∂Mp∂Np +

1
4
∂MΦ∂NΦ

+
1
2
e−2g∂Ma∂Na +

1
2
N2eΦ−2x∂Mb∂Nb +

e−Φ−2x

e2g̃ + 2a2 + e−2g̃(1 − a2)2

×
[(

1 + 2e−2g̃a2
)
∂Mh1∂Nh1 +

1
2

(
e2g̃ + 2a2 + e−2g̃

(
1 + a2

)2
)
∂Mh2∂Nh2

+2a
(
e−2g̃
(
a2 + 1

)
+ 1
)
∂Mh1∂Nh2

]
.

(5.25)

The potential is

V = −1
2
e2p−2x

(
eg̃ +

(
1 + a2

)
e−g
)

+
1
8
e−4p−4x

(
e2g̃ +

(
a2 − 1

)2
e−2g̃ + 2a2

)
+

1
4
a2e−2g̃+8p

+
1
8
N2eΦ−2x+8p

[
e2g̃ + e−2g̃

(
a2 − 2ab + 1

)2
+ 2(a − b)2

]

+
1
4
e−Φ−2x+8ph2

2 +
1
8
e8p−4x(M + 2N(h1 + bh2))

2.

(5.26)



72 Advances in High Energy Physics

The five-dimensional metric is written as

dy2 = e2Aημνdxμdxν + dz2, (5.27)

where we use the convention in which the metric is mostly +, and the warp factor A is to be
determined by the Einstein equations.

The basic idea is that any solution to the equations of motion derived from this 5-
dimensional system can be lifted to a full solution of 10-dimensional type-IIB supergravity.
The 10-dimensional metric is (in Einstein frame)

ds2
E = e2p−xdy2 +

(
ex+g̃ + a2ex−g̃

)(
e2

1 + e
2
2

)
+ ex−g̃

(
e2

3 + e
2
4 − 2a(e1e3 + e2e4)

)
+ e−6p−xe2

5,

(5.28)

where the metric on the internal manifold is written in terms of

e1 = − sin θ dφ,

e2 = dθ,

e3 = cosψ sin θ̃d φ̃ − sinψ dθ̃,

e4 = sinψ sin θ̃ dφ̃ + cosψ dθ̃,

e5 = dψ + cos θ̃ dφ̃ + cos θ dφ.

(5.29)

All the other functions in the type-IIB background (F3, F5, H3, C) can be found explicitly in
[184, 185] and references therein.

In looking for solutions to the background, we assume that all the functions have a
non-trivial dependence only on the radial direction z. Some very interesting backgrounds
can be described by this formalism. When N = 0, K = M is the normalization of F5. In this
case, there is no F3, and hence no b. Further, it is not difficult to show that in this case H3 = 0
satisfies the equations of motion, and hence h1 = 0 = h2 = χ. This can be seen directly by
minimizing the potential V by brute force. The dilaton Φ disappears from the sigma-model
metric and from the potential V , hence its equation of motion is solved by any constant, in
particular Φ = 0. Only (g̃, x, p, a) have to be solved for. There exists in this case a stable
minimum for the potential with

a = 0, g̃ = 0, x = −1
2

ln
4

3M
, p =

1
6

ln
2
M

. (5.30)

At the fixed points, the Einstein equations imply that

(∂zA)2 = −1
3
V0, (5.31)
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where V0 is the potential evaluated at the minimum. Replacing in the background one finds

ds2
E =

24/3

√
3M5/6

dy2 + 3
√

3M
(

1
6

(
e2

1 + e
2
2 + e

2
3 + e

2
4

)
+

1
9
e2

5

)
,

dy2 = e(2
5/3/3M2/3)zημνdxμdxν + dz2,

e2
1 + e

2
2 + e

2
3 + e

2
4 = sin2θ dφ2 + dθ2 + sin2θ̃ dφ̃2 + dθ̃2

(5.32)

is the metric on S2 × S2. The background has AdS5 × T1,1 geometry (the six extra-dimensions
describe the conifold). This is the Klebanov-Witten fixed point [182], which describes anN =
1 supersymmetric, conformal theory with SU(2)×SU(2)×U(1) global symmetry. Choosing,
for instance, M = 2/

√
27, so that the AdS curvature is L = 1:

ds2
E =
√

233/4
(
e2zημνdxμdxν + dz2 +

1
6

(
e2

1 + e
2
2 + e

2
3 + e

2
4

)
+

1
9
e2

5

)
. (5.33)

One good reason for introducing all of this formalism is that it allows for a very simple
exercise to be performed; the calculation of the (quantum) dimensions of the operators of
the dual field theory which correspond to the supergravity scalars. By simply expanding the
potential around the minimum (and carefully normalizing the kinetic terms), working at unit
curvature with N = 0 and M = 2/

√
27, one finds that a has mass m2 = −3, g̃ has m2 = −4, h2

and b mix, the eigenvalues being m2 = −3 and m2 = 21, x and p mix, the eigenvalues of the
masses being m2 = 12 and m2 = 32, while h1 and Φ are massless. Using the celebrated relation
m2 = (Δ − 4)Δ yields the scaling dimensions Δ [186, 187]:

m2 = −4 −→ Δ = 2,

m2 = −3 −→ Δ = 1, 3,

m2 = 0 −→ Δ = 0, 4,

m2 = 12 −→ Δ = −2, 6,

m2 = 21 −→ Δ = −3, 7,

m2 = 32 −→ Δ = −4, 8.

(5.34)

Notice the presence of a set of non-trivial higher-dimensional operators (of dimension 6, 7,
and 8). (The reader is assumed to be familiar with the interpretation of m2 in terms of the
dimension of the dual operator and its coupling [188].) A more complete discussion of this
model can be found elsewhere, the main lesson we learn from here is that computing the
(nonperturbative) dimensions of many important operators in the dual theory is relatively
easy (compared, for instance, to the formidable task that doing it in four dimensions
represents). Notice also that this exercise clearly shows that this is not simply the dual
description of N = 1 super-Yang-Mills; this set-up yields a very rich structure, with
many operators being present, all of which in general have very important nonperturbative
implications.
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An important comment about internal symmetries is presented. Looking back at
(5.28), one sees that for a = 0 = g̃ the internal space gains the structure of T1,1, and its
SU(2) × SU(2) × U(1) symmetry. In particular, the functions a and b (the latter appears in
the F3 and B2 fields), when nonvanishing, induce symmetry-breaking. For instance, in the
wrapped D5 background defined earlier on, the equations yield a and b that vanish in the
UV, but are nonvanishing below ρIR, signaling that they encode the fact that spontaneous
symmetry breaking is taking place at the scale corresponding to ρIR. The exercise we just did
means that the nonvanishing of a and b is related to a dimension-3 condensate in the dual
theory, usually identified with the gaugino condensate. (Important subtleties related to the
anomalies should be taken into account in discussing the internal symmetries, but for our
present purposes they do not change the substance of these results.)

Another important class of solutions can be found with the restriction

a = tanhy,

e−g = coshy.
(5.35)

With both M/= 0/=N, one is left with a system of equations that admits the Klebanov-Strasser
background as regular solution. This system is known to provide a description of the duality
cascade [168].

Finally, the Maldacena-Nunez system of wrapped D5 that is the focus of this section
is obtained by setting M = 0 and N = Nc/4, in which case one can consistently set h1 =
h2 = χ = K = 0, reducing to six the number of scalar functions controlling the background.
One important thing to stress here is that all of these backgrounds are related to each other,
belonging to the same general class [189].

5.4. Glueball Spectrum

By making use of the five-dimensional formalism introduced in the previous subsection,
we can compute the spectrum of scalar excitations (glueballs) for the walking solutions
with type-I asymptotic behavior in the UV. Following [184, 185], we relate the variables
[A, g̃, p, x,Φ, a, b] to the functions describing the background in (5.3) as

Φ
4

= A + p − x
2
, g = −A −

g̃

2
− p + x + log 2,

h = −A +
g̃

2
− p + x, k = −A − 4p + log 2,

(5.36)

and relate the radial coordinates according to 2dρe−4p = dρeA+k = dz. The resulting effective
5-dimensional non-linear sigma model with fields Φa = [g̃, p, x,Φ, a, b] coupled to gravity
can be studied from

Leff
5d =

4
(
α′gsNc

)2(4π)3

G10

√
−g
[
R

4
− 1

2
Gab∂Φa∂Φb − V

(−→
Φ
)]
, (5.37)
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where we now made explicit all the constants, and the five-dimensional metric has the form
in (5.27).

The sigma-model metric (replacing N =Nc/4) is

4Gφφ = 2Ggg = Gxx =
Gpp

6
= 1,

Gaa =
e−2g̃

2
, Gbb =

N2
c e

Φ−2x

32
,

(5.38)

and the potential V is given by (in agreement with [184, 185])

V =
e−2(g̃+2(p+x))

128

[
16
(
a4 + 2

((
eg̃ − e6p+2x

)2
− 1
)
a2 + e4g̃ − 4eg̃+6p+2x

(
1 + e2g̃

)
+ 1
)

+e12p+2x+Φ
(

2e2g̃(a − b)2 + e4g̃ +
(
a2 − 2ba + 1

)2
)
N2

c

]
.

(5.39)

From here on, we work in units where α′gsNc = 1. Following [184, 185], after changing
coordinates dz = eA+kdρ, writing the fluctuations as a(x, ρ) = eiKxa(ρ), replacing W by
−K2 (=M2), and using the equations for the 5d gravity fluctuations we obtain the system
of linearized equations for the scalar perturbations [190]

[
D2
z + 4A′Dz − e−2AK2

]
aa −

[
V a
|c − R

a
bcdΦ

′bΦ′d +
4
(
Φ′aVc + V aΦ′c

)

3A′
+

16VΦ′aΦ′c
9A′2

]
ac = 0.

(5.40)

One important comment is given. The six ac fields solving (5.40) are not simply the
fluctuations of the scalars Φa in the sigma-model Lagrangian. In fluctuating the geometry,
the scalars mix nontrivially with the fluctuations of the metric. The formalism of [184, 185],
from which (5.40) is derived, has the advantage of explicitly making use of all the equations
of motion (including the Einstein equations) in such a way that the system of six fluctuations
written here is already written in the physical basis. In (5.40), primed quantities mean
derivatives in respect to z, V is the potential, Va is its derivative in respect to the field Φa,
in V b the index is raised with the inverse sigma-model metric Gab, V a

|c is the (sigma-model)
covariant derivative of V a, Ra

bcd
is the Riemann tensor of the sigma-model metric, and Dz is

the background covariant derivative defined in [190].
The values of K2 = −M2 for which the whole system is solved while at the same time

satisfying appropriate boundary conditions give us the glueball spectrum of the dual field
theory. In order to find them, we employ a numerical method described in [184, 185], that
in effect evolves solutions from both the IR and the UV, and then determines whether they
match smoothly at a midpoint.
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Figure 11: The masses M2 plotted against P0/Nc 	 2ρ∗ [57].

In the UV (for ρ → +∞), (5.40) can be diagonalized by a change to a basis in which the
fluctuations behave as ψi = eCiρ

∑
n ai,nρ

bi,n , where the exponents bi,n in general are noninteger,
while

C1,2,6 = −1 ±
√

9 −M2,

C3,4,5 = −1 ±
√

1 −M2.

(5.41)

Notice that this behavior implies the presence of cuts in the two-point functions for M2 > 1
and M2 > 9. The study of the discrete spectrum requires to chose UV boundary conditions
such as to select the exponentially suppressed UV-behavior. The IR boundary conditions are
more subtle, and the reader who is interested in the details can find them in [57].

The numerical results from the analysis in [57] are plotted in Figure 11. The spectrum
for P̂ (P0 → 0) consists of a series of poles approaching M2 = 1 (in agreement with [184,
185]). For large values of P0 (equivalently, of ρ∗), all the masses in the series approach the
branch points, so that the discrete spectrum effectively disappears into the continuum. With
one notable exception: one isolated state becomes lighter, and as ρ∗ is increased, its mass is
pushed below both the continuum thresholds. For ρ∗ → ∞, this state becomes massless.

The appearance of a single light spin-0 state in the spectrum is typical of systems
having some approximate, spontaneously broken symmetry. If this symmetry is some form
of scale invariance, the light scalar might be a light dilaton, and hence its couplings should
be dictated by this property. With present information, we are not able to reconstruct its
composition in terms of the original degrees of freedom in the sigma-model. Notice in
particular that the metric is not asymptotically AdS in the UV, hence the rigorous procedure
for holographic renormalization is not known, nor is it known how to characterize this state
as normalizable or nonnormalizable. Also, the background is not approximately AdS in the
walking region, which would be a clear indication of conformal invariance.

The appearance of a very light scalar state, whose mass is parametrically lighter than
the dynamical scale controlling the mass of all other composite states, would have profound
implication in models of dynamical electroweak symmetry breaking, affecting precision
physics (remember that in order to avoid divergences we extracted indicative bounds on
Ŝ from the mh ∼ 800 GeV case), and gauge boson scattering amplitudes. It would be the
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obvious candidate for a LHC signature. It is remarkable that, if its couplings are dictated by
scale invariance, it would be hard to distinguish it from the Higgs of the MSM.

5.5. Wilson Loops

The Wilson loop [191] along the curve C is defined as

W(C) ≡ 1
Nc

TrPei
∮
CAμdxμ . (5.42)

It is one of the most useful gauge-invariant objects, when trying to extract nonperturbative
information about a gauge theory. It is computed in the dual string theory by calculating the
action of a string bounded by C at the four-dimensional boundary of the space as follows

〈W(C)〉 =
∫

∂F(C)
DFe−SNG[F], (5.43)

where F denotes all the fields of the string theory and ∂F their boundary values. A good
approximation to this path integral is by steepest descent. The Wilson loop is then related
to the area of the minimal surface bounded by the curve C, spanned by classical string
configurations (with Nambu-Goto action SNG) that explore the bulk of the space.

All of this was first proposed ten years ago in [192, 193]. In the meantime, this proposal
motivated lots of developments, see [194–205] for beautiful papers along this line. See also
[206] for a review. In this subsection we are going to compute the Wilson loop using this
prescription, for the walking backgrounds of Type I. In doing so, we will be able to show
that the scales ρ0, ρIR, and ρ∗ correspond to physical scales, at which the functional relation
between quark-antiquark potential and quark-antiquark separation changes.

5.5.1. General Treatment

We start by summarizing the general treatment, which uses the ideas of [192, 193] (see also
[207]).

We study the action for a string in a background of the generic form

ds2 = −gttdt2 + gxxd−→x2 + gρρdρ2 + gijdθidθj . (5.44)

We assume that the functions (gtt, gxx, gρρ) depend only on the radial coordinate ρ. By
contrast, gij for the internal (typically compact) space can also depend on other coordinates.
But we will choose a configuration for a probe string that is not excited on the θi directions,
and hence we will ignore the internal space.

The configuration we choose is

t = τ, x = x(σ), ρ = ρ(σ), (5.45)
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and compute the Nambu-Goto action

S =
1

2πα′

∫

[0,T]
dτ
∫

[0,2π]
dσ
√
−detGαβ. (5.46)

The induced metric on the 2-d world-volume is Gαβ = gμν∂αXμ∂βX
ν, where

Gττ = −gtt, Gσσ = gxx
(

dx
dσ

)2

+ gρρ
(

dρ
dσ

)2

. (5.47)

Defining for convenience f(ρ)2 ≡ gttgxx, g(ρ)2 = gttgρρ, the Nambu-Goto action is

S =
T

2πα′

∫2π

0
dσ
√
f2x′(σ)2 + g2ρ′(σ)2 ≡ T

2πα′

∫2π

0
dσ L. (5.48)

Notice that we consider the situation in which the string does not couple to the NS B2-field.
We first compute the Euler-Lagrange equations from (5.46) and then we specify them

for the ansatz in (5.45). We also assume a background metric independent of time (we
consider the system at the equilibrium). Defining

Veff
(
ρ
)
≡

f
(
ρ
)

Cg
(
ρ
)
√
f2
(
ρ
)
− C2, (5.49)

where C is an integration constant, we rewrite the equations of motion in terms of only one
equation

dρ
dσ

= ±dx
dσ

Veff
(
ρ
)
←→

dρ
dx

= ±Veff
(
ρ
)
. (5.50)

The kind of solution we are interested in can be depicted as follows. A string that
hangs from infinite radial position at x = 0 and drops down towards smaller ρ as x increases.
Once it arrives at the smallest ρ compatible with the equations, dubbed ρ0, it starts growing
in the radial direction up to infinite ρ, where x = LQQ; see Figure 12. This means that in the
two distinct regions x < LQQ/2 and x > LQQ/2 the equations of motion will differ only in a
sign:

x <
LQQ

2
,

dρ
dx

= −Veff
(
ρ
)
,

x >
LQQ

2
,

dρ
dx

= Veff
(
ρ
)
.

(5.51)
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Figure 12: Setting of the string.

We can now formally integrate the equations of motion

x
(
ρ
)
=

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∫∞
ρ

dρ
Veff(r)

x <
LQQ

2
,

LQQ −
∫∞
ρ

dρ
Veff(r)

x >
LQQ

2
.

(5.52)

We need to specify the boundary conditions for the string in (5.45). This is an open
string, vibrating in the bulk of a closed string background. Following the ideas of [192, 193],
we add a D-brane at a very large radial distance where the open string will end. This string
will then satisfy a Dirichlet boundary condition at ρ → ∞. This means that for large values of
the radial coordinate dx/dσ must vanish. The only way of satisfying the equation of motion
(5.50) for ρ → ∞, given that the left-hand side has to be nonvanishing, is to have a divergent
Veff(ρ):

lim
ρ→∞

Veff
(
ρ
)
=∞. (5.53)

This implies that there are restrictions on the asymptotic behavior of the background
functions [f(ρ), g(ρ)] in order for the string proposed in (5.45) to exist. This is ultimately the
reason why we will perform the calculations in backgrounds in class I in the next subsection.

Provided (5.53) is satisfied, the string moves to smaller values of the radial coordinate
down to a turning point ρ0, where the quantity (dρ/dx)(ρ0) = 0, that is, Veff = 0. The turning
point can be placed in any possible ρ0, with ρ̂0 < ρ0 < ∞ (where ρ̂0 is the end of the space),
where the inversion point is given by imposing C = f(ρ0). It is clear from (5.50) that Veff(ρ)
controls not only the boundary condition at infinity, but also the possibility for the string to
turn around and come back to the brane at infinity.

Given a probe-string hanging from infinity, and that after turning around at a point
ρ0 goes back to the D-brane at infinity, we can compute gauge theory quantities, like the
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separation between the two ends of the string, which can be thought of as the separation
between a quark-antiquark pair living on the D-brane and coupled to the end-points of the
string. And we can compute the Energy of the pair of quarks, that we associate with the
length of the string (computed along its path in the bulk). Both of these quantities will be
functions of the turning point ρ0.

5.5.2. The D5 on S2 System

We now apply all of the above to the walking solutions of type I. For our purposes, it is also
convenient to fix 8e4Φ0 = 1, and ρ̂o = 0. The functions we need for the probe string are

f2(ρ) = e2Φ =

√√√ sinh2(2ρ)

(P 2 −Q2)P ′
,

g2(ρ) = 1
2
P ′f2(ρ),

V 2
eff

(
ρ
)
=

2
C2P ′

⎛
⎝
√√√ sinh2(2ρ)

(P 2 −Q2)P ′
− C2

⎞
⎠,

(5.54)

with P and Q defined earlier on, characterizing the background.
We set up the configuration of the string by assuming that its extremes are attached to

the brane at ρ = ρ1 
 1, and treat this as a UV cut-off. Because the background is known only
numerically, and it is not asymptotically-AdS, the calculations are performed at fixed cut-off.
The string is stretched in the Minkowski direction x = x(ρ), with x(ρ1) = 0 for convenience.
We vary the integration constant C2 > f2(0). For each choice of C we define ρ0 as V 2

eff(ρ0) = 0.
In this way, the coordinates of the string are (x(ρ), ρ), where

x
(
ρ
)
=
∫ρ1

ρ

dr
Veff(r)

. (5.55)

The Minkowski distance between the end-points of the string is hence LQQ = 2x(ρ0). For
the energy, because in the numerical study we do not remove the UV cut-off, we use the
unsubtracted action (setting T/(2πα′) = 1) evaluated up to the cut-off:

EQQ = 2
∫ρ1

ρ0

dr

√
f2(r)g2(r)
f2(r) − C2

. (5.56)

The numerical results obtained for the three different solutions for P in Figure 9 are
shown in Figures 13, 14, and 15.

Let us first focus our attention on the background generated by P̂ in (5.11), in which
case a great deal of information can be extracted analytically. The deeper the string probes the
radial coordinate (smaller values of ρ0), the longer the separation LQQ between the end-points
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Figure 13: The radial coordinate ρ0 of the turning point of the string as a function of LQQ, in the three
backgrounds from Figure 9, with same color-coding [58].
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Figure 14: The energy EQQ as a function of the quark-antiquark separation EQQ(LQQ). The two solutions
in Figure 9 with ρ∗ = 0 and ρ∗ 	 4 are used for the background, and the results are shown using the same
color-coding as in Figure 9 [58].

on the UV brane, in agreement with natural expectations. In particular, setting C2 = f2(0)
(equivalent to ρ0 → 0), and expanding around ρ ∼ 0,

V 2
eff

(
ρ
)
=

8ρ2

9Nc
+ · · · , (5.57)

which, by means (5.55) and (5.56), implies that both LQQ and EQQ diverge for C2 → f2(0).
Two regimes can be identified: as long as ρ0 > ρIR, then LQQ varies very little with

ρ0; for small ρ0 < ρIR, further reductions of ρ0 imply much bigger increase in LQQ. The scale
ρIR ∼ O(1) is the scale in which the functionQ changes from linear to approximately quadratic
in ρ, and is also the scale below which the gaugino condensate is appearing (the function b(ρ)
in the background is nonzero). This result is better visible in Figure 13. The dependence of
LQQ on ρ0 is monotonic, but shows two very different behaviors for ρ0 < ρIR and ρ0 > ρIR,
respectively. The transition between the two is completely smooth.
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Figure 15: The strings in (x, ρ)-plane, obtained with various choices of C2 > f2(0). Left to right, the
background is described by the numerical solutions in Figure 9, characterized by increasing values of
ρ∗ = 0 and ρ∗ 	 4, respectively. All calculations performed with ρ1 = 30, and other units set as explained in
the text [58].
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Figure 16: The pressure P as a function of the volume V (a) and the Gibbs free energy G as a function of
the pressure P (b) for the same isotherm curve [58].

The physical meaning of this behavior is well illustrated by studying the total energy
EQQ of the classical configurations, as a function of LQQ (see Figure 14). For small LQQ, the
energy grows very fast with LQQ, until a critical value beyond which the dependence becomes
linear, which can be interpreted in terms of the linear behavior of the quark-antiquark
potential obtained from the Wilson loop, in agreement with confinement. The important
conclusion is that the geometry and the end of the space encodes the information about
confinement.

Comparing with the solutions that walk in the IR, shows a very different behavior.
Starting from Figure 13, one sees that as long as ρ0 > ρ∗, the dependence of LQQ from ρ0

reproduces the P̂ case. Beginning from such large ρ0, we start pulling the string down to
smaller values of ρ0, and follow the classical evolution. Provided we do this adiabatically,
we can describe the motion of the string as the set of classical equilibrium solutions. Going
to smaller ρ0, LQQ increases, and nothing special happens until the tip of the string touches
ρ0 	 ρ∗. At this point LQQ = Lmax has a (local) maximum as a function of ρ0. From here



Advances in High Energy Physics 83

on, the string can keep probing smaller values of ρ0 only at the price of becoming shorter
in the Minkowski direction (smaller LQQ). Another change happens deep in the IR, when
LQQ = Lmin reaches a local minimum, at which point the tip of the string entered the very
bottom section of the space, near its end ρ0 < ρIR. From here on, further reducing ρ0 requires
larger values of LQQ. Asymptotically for ρ0 → 0, the separation between the end-points of
the string is diverging, LQQ → ∞.

Even more interesting is the behavior of the energy (see Figure 14). For very short LQQ,
and again for very large-LQQ, it is just a monotonic function, very similar to the one obtained
from P̂ . But for a range Lmin < LQQ < Lmax, there are three different configurations allowed
by the classical equations for the string we are studying. One of the three solutions (smoothly
connected to the small-LQQ configurations) is just the Coulombic potential already seen with
P̂ . The highest energy one is an unstable configuration, with much higher energy. The third
solution (smoothly connected to the unique solution with LQQ > Lmax) reproduces the linear
potential typical of confinement. Notice (from Figure 14) that the solution at large-LQQ is
linear, but has a slope much larger than what seen in the P̂ case.

This coexistence of several disjoint classical solutions is expected in systems leading
to phase transitions. The stability/metastability/instability of the solutions can be illustrated
by comparing Figures 13 and 14 with Figure 16 in the Appendix. This is just an analogy, and
one should not push it too far. However, identifying the pressure P , volume V and Gibbs
free energy G as LQQ ↔ P , ρ0 ↔ V , and EQQ ↔ G, one sees obvious similarities. In particular,
there is a critical distance Lmin < Lc < Lmax at which the minimum of EQQ is not differentiable,
which suggests that this is a first-order (quantum) phase transition.

In order to better understand and characterize the solutions we find, it is useful to
look more in details at the shape of the string configurations, focusing in particular on the
right panel in Figure 15, in which we plot the string configuration that solves the equations
of motion for various values of ρ0, on the background with ρ∗ 	 4. Consider those strings
that penetrate below ρ∗. Besides having a shorter LQQ, and higher EQQ than those for which
ρ0 > ρ∗, these strings show another interesting feature. They start developing a nontrivial
structure around their middle point, that becomes progressively more curved the further
the string falls at small ρ. Ultimately, this degenerates into a cusp-like configuration, which
disappears once ρ0 approaches the end of the space.

Notice that, as a result, the three different solutions for Lmin < LQQ < Lmax have
three very different geometric configurations. One (stable or metastable) configuration
is completely featureless, and practically indistinguishable from the solutions in the
background generated by P̂ . The second (stable or metastable) configuration shows a funnel-
like structure below ρ∗, and most of the string lies very close to the end of the space. The
third (unstable) solution presents a highly curved configuration around its middle point. All
of this seems to be consistent with the fact that the classical configurations prefer to lie either
in the far-UV or deep-IR, outside the ρIR < ρ < ρ∗ region.

Concluding, we learned two very important things from the study of the Wilson loop.
First of all, the end of the space in the IR can indeed be interpreted as the fact that confinement
is taking place. The (unphysical) singularity in the running of the gauge coupling yields the
expected (physical) linear behavior of the quark-antiquark potential. Second, the existence
of a plateau at intermediate scale has a very interesting physical meaning. Because it is
ultimately responsible for the arising of the first-order phase transition we found, the
hierarchy ρ∗ > ρIR cannot be undue by simply changing renormalization scheme, but is a
physical effect.
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5.6. Summary

In this section we focused our attention on one very specific class of models, in which the
geometry is obtained by truncating type-IIB supergravity, in the strongly coupled limit of the
system of D5-branes wrapping a 2-cycle inside a CY3 manifold.

We found new classes of solutions to the BPS equations determining the background
that exhibit some very peculiar properties, closely resembling those expected in a walking
field theory. Studying these backgrounds, we were able to show that the following holds.

(i) The (nonperturbative) running of the four-dimensional gauge coupling exhibits a
walking behavior, in the sense that there is a finite interval of the radial direction
within which the coupling is almost constant, but this behavior disappears both in
the UV and in the IR.

(ii) In the IR, below the walking region, the theory confines, as signaled by the long-
distance behavior of the Wilson loop, and condensates emerge, spontaneously
breaking the global symmetries of the theory.

(iii) The existence of the walking region is a physical effect, as signaled by the presence
of a discontinuity of the derivative of the quark-antiquark energy as a function of
the separation.

(iv) The spectrum of the scalar glueballs contains a mass gap, and depending on the
extension in the radial direction of the walking region one scalar state becomes
parametrically lighter than such gap.

These are all very striking and important results, none of which can be obtained
analytically by studying a four-dimensional, strongly coupled gauge theory with traditional
methods. A long list of other things should be done. I conclude with a sample of possible
other open questions.

(i) The properties of the light scalar (its couplings in particular) are not known.
Holographic renormalization, at least in its simplest form, fails to provide a
sensible treatment of the correlation functions, because the background is not
asymptotically AdS. Some clever strategy must be devised in order to be able to
study the possible phenomenology of such a light scalar.

(ii) The rest of the spectrum (spin-1 fields and fermions in particular) has not been
studied yet.

(iii) The spectrum of anomalous dimensions of the model is not known. This is a
peculiarly difficult question, in relation to the fact that the geometry is never
really close to AdS, and hence the precise relation between radial direction and
renormalization scale is not easily inferred.

(iv) It would be interesting to couple this model to the standard model, and compute
the effect of the walking region on the oblique parameters.

(v) The field and operator content of the dual field theory is known only in part, and a
more systematic exploration would be useful.

Finally, it must be noted that there is no obvious reason why this specific set-up is
preferable, in relation to walking technicolor. To large extent, the reason why these studies
have been performed in this specific context has to do with the fact that backgrounds based
on the conifold and its various deformations provide a very well-studied and understood
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place from which to start. But it would be very interesting to know if analogous results hold
in completely different models, possibly simpler, and maybe nonsupersymmetric.

6. Conclusions

Dynamical electroweak symmetry breaking relies on the existence of a new strongly coupled
sector responsible for the spontaneous symmetry breaking that is at the core of the Standard
Model. There are two interconnected reasons why the ideas of gauge/string dualities are
useful in constructing and studying these models. First of all, the nonperturbative nature of
the underlying strong dynamics calls for a flexible and powerful set of tools which makes
calculations doable. But also, the huge amount of experimental data at our disposal indicates
quite clearly that a generic model is not going to pass the precision tests. The new (strongly
coupled) physics sector has to have very special features in order to be phenomenologically
viable. Walking technicolor is one such special possibility, which happens to be a natural
candidate for phenomenological applications of gauge/string dualities, because of its
quasiconformal behavior, its large anomalous dimensions, and its multiscale nature.

In these notes, besides reviewing the phenomenology of strongly coupled extensions
of the standard model (at a very pedagogical level, by comparing to the minimal version of
the standard model itself and to its weakly coupled extensions), I provided a few examples
illustrating how the ideas taken from gauge/string dualities can indeed yield very useful and
interesting results, taking them both from the context of five-dimensional effective theories
(bottom-up approach) and from more rigorous ten-dimensional string theory constructions
(top-down approach).

Summarizing, the main messages I hope I was able to convey to the reader are the
following.

(i) The unhealthy behavior of the minimal version of the Standard Model, when
extrapolated at arbitrary high scale (where Landau poles and fine-tuning appear),
requires that it be completed, particularly in the sector responsible for electroweak
symmetry breaking, and many proposals exist that do so.

(ii) At low energy the Standard Model provides such an efficient and precise
description of the vast amount of data at our disposal, that only very peculiar,
special types of new physics models can be phenomenologically viable.

(iii) Walking technicolor, supplemented by tumbling ETC, is one such special,
phenomenologically viable possibility, in which new strongly coupled interactions
and nonperturbative phenomena are present.

(iv) With the incoming of LHC data, actual calculations of physical observable
quantities within this strongly coupled framework are urgently needed.

(v) Gauge/gravity dualities can be used to perform these calculations, and several
examples of useful results exist.

(vi) The technology of gauge/gravity duality is at such a stage of development that,
provided a sensible model is identified, the calculation of actual physical quantities
can be done, and is often comparatively simple.

(vii) While a completely satisfactory proposal for the dual of a walking technicolor
theory does not exist at present, yet, circumstantial evidence from the examples
we have, together with the existing vast literature on the subject and the number
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of open possibilities for model-building in the gauge/gravity context, strongly
suggests that there is a lot that can be learned in this direction, which represents
a very promising avenue for present and future research.

Appendix

Van Der Waals Gas

Here I summarize some aspect of first-order phase transitions that plays an important
conceptual role in the body of the paper. This appendix is taken from [58], and extended
discussions can be found in textbooks on statistical mechanics. As an example, I review the
classical treatment of the van der Waals gas, in terms of the pressure P , temperature T , and
volume V of n moles of particles, by means of the equation of state

P =
nRT

V − bn −
n2a

V 2
, (A.1)

where R, b, and a are constants.
Figure 16 shows one isotherm. The condition for stability of the equilibrium

(∂2F/∂V 2)T = −(∂P/∂V )T > 0 is not satisfied in some region. This implies that a phase
transition is taking place.

In order to understand what the physical trajectory followed by the system at
equilibrium is, Figure 16 shows the Gibbs free energy G = G(T, P) = G(P) for the same
isotherm. From this plot, one sees that the system evolves on the path ABCOQ, where
C = N, in such a way that for every choice of P the Gibbs free energy G is at its minimum.
The evolution is smooth along ABC (gas phase: |∂P/∂V | is small), but at C = N the free
energy is not differentiable, signaling that a first-order phase transition is taking place. In
the (P, V ) plane the system runs along the horizontal line (constant P) joining C and N.
This explains the Maxwell rule introducing a curve of constant pressure that separates two
regions of equal areas above and below it, delimited by the original isotherm. Afterwards,
the evolution follows smoothly the curve NOQ (liquid phase: |∂P/∂V | is large).

While the trajectory ABCNOQ follows the stable equilibrium configurations, it is
possible to have the system evolving along the pathCDE or LMN. Both these paths represent
metastable configurations, because (∂P/∂V )T < 0. Indeed, these metastable states can be
realized in laboratory experiments. For example, in a bubble chamber or in supercooled
water, the metastability is exploited as a detector device, because small perturbations induced
by passing by charged particles are sufficient to drive the system out of the state and into
the stable minimum. The evolution along the path EFHIL is completely unstable and not
realized physically (it is a local maximum, as clear from Figure 16(b), and by the fact that
(∂P/∂V )T > 0).

The analogy with the examples in the main body of the paper is apparent. Notice, for
instance, that the pressure P in this system as a function of the volume V behaves as a non
monotonic function, hence there are inversion points in the curve (the points E, L in Figure 16).
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[174] R. Casero, C. Núñez, and A. Paredes, “Elaborations on the string dual to N = 1 SQCD,” Physical
Review D, vol. 77, no. 4, Article ID 046003, 23 pages, 2008.

[175] N. Itzhaki, J. M. Maldacena, J. Sonnenschein, and S. Yankielowicz, “Supergravity and the large N
limit of theories with sixteen supercharges,” Physical Review D, vol. 58, no. 4, Article ID 046004, 11
pages, 1998.

[176] R. Apreda, F. Bigazzi, A. L. Cotrone, M. Petrini, and A. Zaffaroni, “Some comments on N = 1 gauge
theories from wrapped branes,” Physics Letters B, vol. 536, no. 1-2, pp. 161–168, 2002.

[177] P. Di Vecchia, A. Lerda, and P. Merlatti, “N = 1 and N = 2 super-Yang-Mills theories from wrapped
branes,” Nuclear Physics B, vol. 646, no. 1-2, pp. 43–68, 2002.

[178] M. Bertolini and P. Merlatti, “A note on the dual of N = 1 super-Yang-Mills theory,” Physics Letters
B, vol. 556, no. 1-2, pp. 80–86, 2003.
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We use the gauge/gravity duality to investigate various properties of strongly coupled gauge
theories, which we interpret as models for the quark-gluon plasma (QGP). In particular, we
use variants of the D3/D7 setup as an implementation of the top-down approach of connecting
string theory with phenomenologically relevant gauge theories. We focus on the effects of finite
temperature and finite density on fundamental matter in the holographic quark-gluon plasma,
which we model as the N = 2 hypermultiplet in addition to the N = 4 gauge multiplet of
supersymmetric Yang-Mills theory. We use a setup in which we can describe the holographic
plasma at finite temperature and either baryon or isospin density and investigate the properties of
the system from three different viewpoints. (i) We study meson spectra. Our observations at finite
temperature and particle density are in qualitative agreement with phenomenological models and
experimental observations. They agree with previous publications in the according limits. (ii) We
study the temperature and density dependence of transport properties of fundamental matter in
the QGP. In particular, we obtain diffusion coefficients. Furthermore, in a kinetic model we estimate
the effects of the coupling strength on meson diffusion and therewith equilibration processes in
the QGP. (iii) We observe the effects of finite temperature and density on the phase structure of
fundamental matter in the holographic QGP. We trace out the phase transition lines of different
phases in the phase diagram.

1. Introduction

The entire content of matter and radiation in the universe is a manifestation of the energy
unleashed in some unknown process which we commonly refer to as the big bang. This event
is thought of as the moment of the creation of matter, space and time—the universe. From
that moment on, energy existed in various manifestations. At an order of magnitude of 10−33

seconds after the big bang, quarks formed. Today we experimentally detect these particles
together with leptons and the force mediating gauge bosons as the fundamental constituents
of all visible matter. The interaction of these particles is described incredibly accurately within
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two different theories. Processes taking place at energy levels below the TeV scale involving
electromagnetic, weak, and strong interaction are described accurately by the standard model
of particle physics, although the strong force is hard to exploit theoretically at low energies
for mathematical reasons. The fourth of the known forces, gravity, is described within the
separate framework of general relativity.

While many aspects of the particles that make up our world are well understood,
others remain a mystery. Among the latter is the behavior of matter under conditions that
must have existed shortly after the big bang. The earliest period of the universe that can either
be described by theoretical models and numerical simulations or probed by experiments is
ranging from about 10−33 seconds after the big bang when quarks and gluons emerged until
approximately 10−6 seconds after the big bang when hadronization of quarks set in. During
this early phase matter existed in conditions of extremely high density and temperature.
Under these conditions quarks are not confined and do not form hadrons. Instead they
are moving independently and interact with each other predominantly via the exchange
of gluons, which mediate the force of strong interactions. As typical for plasmas, the freely
moving quarks allow for (color) charge screening. Matter in this phase is therefore referred
to as the quark-gluon plasma (QGP).

From the beginning on, the universe expanded and cooled down. After 10−6 seconds
at a critical value of the temperature of approximately 160–190 MeV the energy dependent
coupling constant of the strong force rose to a value that let confinement set in. Eventually
quarks combined to bound states and formed the hadronic matter that is now composing
the galaxies visible in the universe. Only very particular regions of the present universe
come into consideration for providing conditions extreme enough to contain matter in the
phase of the quark-gluon plasma. Such barren places are the cores of neutron stars. These
are remnants of supernova explosions of stars of about 20–30 solar masses. Due to the
extremely high gravitational pressure, the hadronic matter existing on the planets surface
in deeper layers is squeezed together to such an extent that electrons and protons combine to
neutrons (thereby emitting neutrinos). From the surface towards the core of these objects
the pressure increases. In the inner layers even neutrons are not stable anymore. Instead
the quarks and gluons may interact individually to appear as the QGP. Other temporary
habitats of the quark-gluon plasma seem to exist on earth. The experiments conducted at
heavy ion colliders are dedicated to monitor the processes occurring at collisions of heavy
nuclei at energies high enough to produce a fireball of extremely hot and dense matter. Such
experiments are hosted at the Super Proton Synchrotron (SPS), the Relativistic Heavy Ion
Collider (RHIC) accelerating gold nuclei, and in future also the Large Hadron Collider (LHC)
which can be used to accelerate lead nuclei, as well as future SIS experiments at the Facility
for Antiproton and Ion Research (FAIR). The state of matter observed at RHIC is a strongly
coupled system composed of deconfined quarks and gluons, the strongly coupled quark-
gluon plasma (sQGP).

To get an impression of the processes occurring during the first moments after the
creation of the universe—including the interactions of quarks and gluons which lead to the
genesis of the hadronic matter that composes our world—it is necessary to understand the
properties of the quark-gluon plasma. This will eventually allow for deeper insight into
the process of hadronization and the phase transition from the quark-gluon plasma to the
hadronic phase. Further knowledge about the nature of matter may also allow for progress in
finding the answer to questions about the nature of dark matter and dark energy, the majority
of the energy content of our universe—by far greater than the contributions visible matter can
account for.



Advances in High Energy Physics 3

Still a manageable theoretical description of the interaction of quarks and gluons in
the strongly coupled systems observed at experiments is not straightforward, although the
standard model contains a theory of quarks and gluons, known as quantum chromodynamics
(QCD). It is the strong coupling that impedes the solution of the equations of motion of QCD
at low energies. Analytical answers from QCD are obtained from perturbation expansions
in the coupling constant, which do not converge at strong coupling. Therefore today there
is no analytic description of the formation of bound states of quarks or the interaction of
quarks and gluons in the sQGP from first principles. One successful alternative to obtain
results at strong coupling is lattice gauge theory, which tries to simulate the dynamics of
QCD numerically on a number of discrete points in spacetime. While this approach gave
answers to numerous questions, by nature it cannot produce analytical results which would
lead to conceptual insights. It moreover approximates spacetime as a coarse grid and so far
has to incorporate some simplifications of QCD.

A completely different approach to the quark-gluon plasma can be pursued from a
point of view that also motivates the work presented in this work. A possible alternative
to the description of strongly coupled quarks and gluons may be given in terms of string
theory. This theory assumes strings to be the fundamental degrees of freedom, from which
all matter is composed. The different elementary particles we know are thought to arise as
the different oscillation modes of the strings. Initially, around 1970, it aimed to explain the
relation between spin J and mass m of the resonances found in then performed collision
experiments, J = α0 + α′m2, with α′ known as the “Regge slope”. The idea was to describe
the force between quarks as if a string of tension 1/α′ holds the particles together. Despite
modeling the Regge behavior, the theory failed to describe the observed cross sections
correctly and was successfully displaced by QCD wherever applicable. Nevertheless, the
understanding and interpretation of string theory evolved to a great extent, especially the
possibility to describe quantized gravity attracted interest. Today it is the most promising
candidate for a unified description of all known forces of nature within one single theory.
In this sense it can be thought of as a generalization of the successful standard model by
including a description of gravity. The world of strings appears as a stunningly complex
system that may give answers to such fundamental questions as the origin of the number
of spacetime dimensions we live in, and allow for a formulation of quantum gravity. Still
much of the theory has to be understood and almost no predictions lie within the reach of
experimental verification.

However, during the past dozen years evidence mounted that indeed there are
connections between string theory and gauge theories, like QCD. In the mid 1990s, during
the so-called second string theory revolution, it was discovered that string theory not only
features strings as degrees of freedom. In addition, there are higher dimensional objects,
called branes as an allusion to membranes. Branes and strings interact with each other. In
this way branes influence the degrees of freedom introduced by the string oscillations. As the
understanding of string theory grew, it was discovered that certain limits of string theory
contain the degrees of freedom of particular nonAbelian gauge theories. These insights
heralded a new era of applications of string theory to problems in gauge theory. It began
in 1997 with Juan Maldacena’s discovery of analogies between the classical limit of so-called
type IIB string theory, including branes, and theN = 4 supersymmetric Yang-Mills quantum
gauge field theory. It is possible to establish a one to one mapping between the degrees of
freedom of both theories. Maldacena therefore speculated that both of them are different
descriptions of the same physical reality. The formulation of this conjecture is known as
the AdS/CFT correspondence [1]. As we will discuss later, this correspondence between type
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IIB string theory in Anti-de Sitter space (AdS) and the N = 4 supersymmetric nonAbelian
conformal field theory (CFT) is especially suitable to describe the strongly coupled regime of
gauge theories. An astonishing feature of the AdS/CFT correspondence is that it conjectures
the equivalence of a classical theory of gravity and a quantum field theory. In some aspects
this field theory resembles the properties of QCD. Moreover, it relates the strongly coupled
regime of the quantum field theory to the weakly coupled regime of the related gravity theory.
One therefore can obtain strong coupling results of field theory processes by means of well
established perturbative methods on the gravity side. Finally, the AdS/CFT correspondence
allows to interpret the quantum field theory to be the four-dimensional representation of
processes in string theory, which is defined in ten spacetime dimensions. Because of these
properties the correspondence is more generally also referred to as gauge/gravity duality and
is said to realize the holographic principle. So far there is no mathematically rigorous proof for
the correspondence to hold. Nevertheless, in all cases that allowed for a direct comparison of
results from both theories, perfect matching was found.

The AdS/CFT correspondence is considered as one of the most important achieve-
ments in theoretical physics of the last decades. However, by now the string theory limit
which exactly corresponds to QCD is not known. Albeit the direct way ahead towards a
comprehensive analytical description of strongly coupled QCD is not foreseeable, numerous
cornerstones where already passed and some junctions and connections to the related
physical disciplines where found. Examples are deeper insights into the connection of black
hole physics to thermodynamics, the relation to finite temperature physics, and the discovery
of quantities like the famous ratio η/s of shear viscosity to entropy density that are universal
for large classes of theories. The motivation to use the AdS/CFT correspondence to explore
the strongly coupled quark-gluon plasma therefore is twofold. On the one hand side there is
the attempt to provide a description of strongly coupled quarks and gluons as a supplement
to QCD. In this way string theory might contribute to further understanding of gauge
theories. On the other hand a phenomenologically relevant application of string theory can be
used as a benchmark to evaluate the capabilities of string theory in describing nature. In this
way string theory might benefit from the exploration of new regimes of QCD, so far described
predominantly by quantum field and lattice gauge theories. The ability to produce the sQGP
in collision experiments for the first time may allow to check predictions from string theory.
There is well-founded hope that the quark-gluon plasma can provide a link between string
theory and experiment.

We will make use of the AdS/CFT correspondence to investigate strongly coupled
systems. The models we use for this purpose will be various modifications of the
gauge/gravity duality that allow for the description of quantum field theories that feature
certain aspects known from QCD. Which aspects and which parameter regions we can cover
with this approach will be pointed out in the introductory section on AdS/CFT and in
those sections where we introduce the models. It is interesting in its own to see how far the
correspondence may be extended and which facets of quarks and gluons can be modeled
at all. However, it is even more fascinating to see that already today some properties of
phenomenological relevance can be captured by a so-called holographic description of the
sQGP via the AdS/CFT correspondence. Such results allow for comparison with lattice gauge
theory and effective field theories. A vast number of attempts to apply the correspondence to
the dynamics of quarks and gluons has been under investigation during the past years. The
questions pursued in this work are the following.
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(i) Can quarks and gluons combine to form hadrons inside the quark-gluon plasma?
How does the spectrum of bound states of quarks, especially of mesons, look like
inside the sQGP?

(ii) How do these spectra and the lifetime of mesons depend on temperature and quark
density?

(iii) How do quarks and their bound states move through the plasma?

(iv) What effects has the strong coupling?

The answers we obtain are by part of qualitative nature, or can be expected to receive
corrections, which can be calculated as soon as progress in the field allows to relax some
limiting assumptions. Nevertheless, it is amazing to see that the gauge/gravity duality can
give answers to these questions in terms of a minimal number of input parameters. We do
not follow the so-called “bottom-up” approach, also known as AdS/QCD. There the goal
would be to find gravity duals to phenomenological gauge theories which incorporate certain
desired aspects of QCD. Instead we pursue the “top-down” approach. This means that we
are aware of the fact that the AdS/CFT correspondence is a phenomenon discovered in string
theory. We try to construct models which are consistent solutions of string theory and observe
the consequences on the gauge theory side. From this point of view, the results obtained by
means of the AdS/CFT correspondence can be interpreted as a sign of the predictive power
of string theory.

This paper is organized as follows. Section 2 gives a brief introduction to the
gauge/gravity duality, the extensions which are of relevance for the derivation of our results,
and a short discussion of the application to QCD and the quark-gluon plasma. However,
we will not try to give an introduction neither to string theory nor to quantum field theory,
supersymmetry or general relativity. Nevertheless, these theories are the basis of this work.
Especially string theory is on the one hand the basis of this work, on the other hand too
rich to provide a broad background in detail here. Therefore, we will provide the necessary
theoretical arguments and details wherever needed in a hopefully adequate manner. The
remaining sections deal with the answers of the questions mentioned above. Each of them
contains a brief introductory section and one or more technical sections which lead to
results that will be discussed at the end of each section. In particular, Section 3 deals with
meson spectra at finite temperature and particle density, and discusses the influence of these
parameters on the spectra. In Section 4 transport coefficients of quarks and mesons in the
plasma are calculated. Comparison with weak coupling results enables us to estimate the
effects of strong coupling. In Section 5 we examine the lifetime and stability of mesons
at different temperatures and particle densities and in this way get new insights into the
structure of the phase diagram of the dual field theory. A summary and discussion of the
results is finally given in Section 6. Appendices clarify conventions and notational issues and
present some calculations in a more detailed form than the main text allows for.

2. The AdS/CFT Correspondence and Extensions

Conventional holograms are able to encode truly three-dimensional information on a two-
dimensional surface. Analogously, in particle physics and quantum gravity, the equivalence
of information contained in a theory defined in some lower dimensional space and a different
theory on a higher dimensional domain, is referred to as the holographic principle. One of the
first observations of such kind of holography was the discovery that the information captured
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inside the horizon radius of a black hole, that is, the entropy given by the number of possible
microstates, can be described in terms of the horizon surface area alone [2]. This observation
suggests the existence of a holographic realization of quantum gravity.

Another observation of a holographically realized connection between gravitational
physics and quantum mechanics was made by Juan Maldacena at the end of the so-called
second string theory revolution. He then conjectured the equivalence of a supergravity theory
in Anti-de Sitter spacetime (AdS) and a certain type of conformal field theory (CFT) [1]. This
discovery triggered an enormous amount of efforts to establish the long sought connection
between quantum gauge field theories and gravity, which did not abate so far. The fact that
the theory on the AdS side of the correspondence can be expressed as a low-energy limit of
string theory, which naturally incorporates gravity, is widely interpreted as a support of the
claim of string theory to offer a formalism which allows for a unified description of all known
fundamental forces of nature.

In this section we briefly review the Maldacena conjecture and some of the extensions
invented during the last decade. Instead of giving an exhaustive review, we merely draw
a hopefully concise and consistent sketch of the whole picture. In doing so we emphasize
those features of the correspondence that are most important for the developments in the
subsequent sections. Classical reviews which deal with the subject in depth are [3, 4]. For the
sake of clarity, we restrict explicit calculations to a minimum here.

2.1. The Original AdS/CFT Correspondence

The AdS/CFT correspondence as it was formulated by Maldacena in 1997 relates two
particular theories which we introduce subsequently. Afterwards we rephrase the conjecture
of Maldacena, before we comment on the relaxation of the underlying assumptions, other
generalizations and the applicability to QCD and the quark-gluon plasma in the following
sections.

2.1.1.N = 4 Super-Yang-Mills Theory

One of the two theories related by the AdS/CFT correspondence is N = 4 superYang-
Mills theory in four spacetime dimensions of Minkowski topology. It is a supersymmetric
quantum field theory with SU(N = 4)R R-symmetry, which rotates the four supercharges
into each other. All fields are arranged in one supersymmetry multiplet. The on-shell field
content is given by six real spacetime scalars Xi with i = 1, 2, . . . , 6, one spacetime vector
field A and four two component spin 1/2 left Weyl fermions λa with a = 1, 2, 3, 4. Under R-
symmetry transformations the six scalars transform as an antisymmetric 6 of rank two. The
Weyl fermions represent a 4 and the vector field is a singlet.

With respect to gauge symmetries, all the fields constitute one single multiplet, called
the N = 4 gauge multiplet. They transform under the adjoint representation of the gauge
symmetry group SU(N), where the integer N is left as a parameter for now. Later we will
interpret it as the number of color degrees of freedom.

The according gauge indices labeling the elements of the gauge symmetry generators
Tk with k = 1, 2, . . . ,N2 − 1 are suppressed in our notation, for example, the notation Xi for a
spacetime scalar is the short form of X(i)kTk where Tk as a matrix has elements (Tk)mn labeled
by m,n = 1, 2, . . . ,N. One would write out the elements of Xi as Xim

n , where i labels the index
which transforms under the 6 of the R-symmetry andm,n are the indices transforming under
SU(N) gauge symmetries. We label spacetime directions by μ and ν. With this convention and
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the field strength tensor F = dA +A ∧A the unique Lagrangian [4] reads as

L = Tr

[
− 1

2g2
YM

FμνF
μν +

θI
8π2

Fμν � F
μν − iλ

a
σμDμλa

−DμX
iDμXi + gYMC

ab
i λa

[
Xi, λb

]
+ gYMCiabλ

a
[
Xi, λ

b
]
+
g2

YM

2

[
Xi,Xj

]2
]
,

(2.1)

where the trace is performed over the suppressed gauge indices and D is the gauge covariant
derivative. The symbol θI denotes the real-valued instanton angle, theCab

i andCiab are related
to the structure constants of the R-symmetry group, and there is one dimensionless coupling
constant gYM in this Lagrangian. The energy dimensions of the operators and constants are
given by

[A] =
[
Xi
]
= 1, [λa] =

3
2
,

[
gYM

]
= [θI] = 0, (2.2)

so the action S =
∫

d4xL is scale invariant. In fact N = 4 theory is invariant under
transformations generated by the conformal symmetry group SO(4, 2) ∼= SU(2, 2) composed
by Poincaré transformations, scaling and so-called superconformal transformations as well
as under the above mentioned R-symmetry group SU(4)R. These transformations compose
the global symmetry group denoted by PSU(2, 2 | 4). Note that these symmetries are realized
also in the quantized theory and not broken by anomalies. Moreover, the Lagrangian ofN = 4
superYang-Mills theory is unique. In contrast to other supersymmetric theories, which allow
for different choices of the potential for the superfields, the form of the action is completely
determined by the demand for renormalizability.

There even is a further symmetry. With respect to the complex combination of the
coupling gYM and the instanton angle θI given by

τ =
θI
2π

+ i
4π
g2

YM
(2.3)

the action is invariant under τ �→ τ + 1. Generalizing this symmetry, the Montonen-Olive
conjecture states that the theory is invariant under SL(2,Z) transformations acting on the
complex coupling τ , this symmetry is denoted as S-duality. It includes a transformation
τ �→ −1/τ which indicates that the theory describes a duality between strongly and weakly
coupled regimes. We will not make use of this duality, though.

The LargeN Limit and the Connection to String Theory

TheN = 4 super Yang-Mills theory introduced here is strongly related to string theory, which
becomes visible in the limit of asymptotically many colors, N → ∞, while the effective
coupling λ = g2

YMN is kept fix. This is the so-called ’t Hooft limit [5]. The motivation to
consider the large N limit is to find a parameter which allows for perturbative calculations
in strongly coupled gauge theories, namely 1/N. To illustrate this in a simplified way for the
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theory given by (2.1), we note that one can schematically write the interaction terms of this
Lagrangian as

L ∼ Tr
[
∂Φi∂Φi + gYMc

ijkΦiΦjΦk + g2
YMd

ijklΦiΦjΦkΦl

]
, (2.4)

where Φi are any of the bosonic fields Xi or A (and the fermions are related to them by
supersymmetry). Note that the three-point vertices are proportional to gYM while the four-
point vertices are proportional to g2

YM. After the introduction of Φ̃i = gYMΦi the Lagrangian
acquires the form

L ∼ 1
g2

YM

Tr
[
∂Φ̃i∂Φ̃i + cijkΦ̃iΦ̃jΦ̃k + dijklΦ̃iΦ̃jΦ̃kΦ̃l

]
. (2.5)

Remember that all fields Φi ofN = 4 SYM theory transform in the adjoint representation of
the gauge group SU(N). So Φi can be written in a matrix notation, where the elements of
the matrix are denoted by (Φi)

a
b , with a, b = 1, 2, . . . ,N transforming in the fundamental and

antifundamental representation, respectively. In a Feynman diagram a propagator for some
particle Φi then corresponds to a double-line, with one line corresponding to the upper and
one to the lower index a, b of the gauge group, see Figure 1.

In this double-line notation we can now order diagrams in an expansion parametrized
by 1/N to see that the contributions to gauge invariant processes may be ordered according
to the Euler characteristic of the Feynman diagram, that is, they are ordered according to
topology of the diagram. As an example consider the diagrams in Figure 1. For the amplitude
corresponding to some Feynman diagram, a propagator introduces a factor of g2

YM = λ/N
while the above Lagrangian (2.5) shows that vertices pick up a factor of 1/g2

YM = N/λ.
From the double-line notation it is clear that each closed line therein represents a loop which
introduces a factor N. Moreover, think of the diagrams as describing polyhedrons which are
characterized by vertices, edges (propagators), and faces which are the regions separated by
the edges. We observe that the factors ofN for a diagram with V vertices, E edges and F faces
(i.e., loops of lines in the double-line diagrams) appear in powers of

NV−E+FλE−V =NχλE−V =N2−2gλE−V . (2.6)

The number V − E + F = χ = 2 − 2g is the Euler character of the polyhedron described
by a Feynman diagram. The genus of the corresponding Riemann surface is given by g.
From this dependence on N we see that diagrams with smallest g, that is, planar diagrams
with g = 0, contribute with highest order, while diagrams with topologies of higher genus
g are suppressed by factors of N2g relative to the planar ones. In this way any process in
the field theory can be decomposed into diagrams ordered by their genus g in the double-
line notation. The amplitude M of a given process may then be obtained by a sum of the
contributions from all relevant Feynman diagrams,

M =
∞∑
g=0

N2−2gfg(λ). (2.7)
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Figure 1: Feynman diagrams (left) can be translated to double-line diagrams (middle), which in turn can
be interpreted as Riemann surfaces of well-defined topology (shaded). These surfaces (deformed to the
shape on the right) can be interpreted as stringy Feynman diagrams.

This type of expansion is exactly the same as the one obtained by performing an expansion
of diagrams describing the interaction of closed oriented strings, the type II string theories,
upon recognizing the parameter 1/N = g2

YM/λ as being proportional to gs, the string coupling
constant [3]. The hope is, that the topologies of Feynman diagrams reflect the contribution
of the string theory diagrams with the same topology. From the standard examples shown
in Figure 1 we see that the genus g represents the number of loops in the associated string
theory diagram.

The large N limit corresponds to weakly coupled string theory, as gs ∝ λ/N. In this
limit we only have to consider the leading diagrams with genus g = 0. These are the gauge
theory processes described by planar diagrams, corresponding to tree level diagrams in string
theory.

These arguments are of heuristic nature. For instance, there are effects like instantons
in a gauge theory, which can not be treated in a 1/N expansion. Such effects therefore should
match the according nonperturbative effects in string theory.

2.1.2. Type IIB Supergravity

The preceding section introduced the quantum field theory, which represents one of the
two theories connected by the AdS/CFT correspondence. The second theory is type IIB
supergravity. Supergravity theories are supersymmetric gauge field theories containing a
spin 2 field identified with the graviton, the quantum field of gravitation. Supergravity
thereby is an attempt to combine supersymmetric field theory with general relativity.

Even though Supergravity is an interesting field to study on its own right, it can
be embedded in a larger and more general framework. In fact supergravity is a certain
limit of string theory. A brief comment on this perception will follow below. As string
theory revealed that a consistent description of the forces and matter of nature requires
ten spacetime dimensions, we will be interested in a formulation of supergravity in
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ten-dimensional backgrounds. There are different supergravity theories in ten spacetime
dimensions, which can be constructed from compactifications of a unique causal unitary 11-
dimensional supergravity theory [4].

The one formulation we will make use of throughout this monograph, and which
is the one most intimately connected with the AdS/CFT correspondence is the so-called
type IIB supergravity in ten spacetime dimensions. This theory is a N = 2 supersymmetric
theory with a field content given by the bosonic fields G (symmetric rank 2, the metric), C
(scalar, axion), Φ (scalar, dilaton), B (rank 2 antisymmetric, Kalb-Ramond field), A2 (rank
2 antisymmetric), A4 (self dual rank 4 antisymmetric). The fermions of the theory satisfy
Majorana-Weyl conditions and are given by two ψI (I = 1, 2, spin 3/2 gravitinos of same
chirality) and two fields λI (I = 1, 2, spin/1/2 dilatinos of same chirality, which is opposite to
the chirality of the gravitinos). This theory is chiral in the sense that it is parity violating [4].

The action of type IIB supergravity may be written down in terms of the field strengths

F1 = dC, H3 = dB,

F3 = dA2, F̃3 = F3 − CH3,

F5 = dA4, F̃5 = F5 −
1
2
A2 ∧H3 +

1
2
B ∧ F3,

(2.8)

and then reads

SIIB = +
1

2κ2

∫
d10x

√
|detG|

(
e−2Φ

(
2R + 8∂μΦ∂μΦ − |H3|2

)
− |F1|2 −

∣∣∣F̃3

∣∣∣
2
−
∣∣∣F̃5

∣∣∣
2
)

− 1
2κ2

∫
A4 ∧H3 ∧ F3 + fermions,

(2.9)

where κ is the Newton constant and R is the Ricci scalar. Additionally, at the level of the
equations of motion one has to impose the self-duality constraint

�F̃5 = F̃5. (2.10)

Type IIB Supergravity as a String Theory Limit

Starting from the Polyakov action to describe string world sheets, tachyonic string modes
were discovered in the derived spectrum. These tachyons indicate an instability of the theory.
To arrive at a stable and causal theory, one should remove these tachyonic excitations from
the spectrum. To do so, one may modify the Polyakov action by introducing supersymmetry,
and truncate the spectrum of physical states in a consistent way, a procedure called GSO-
Projection (after the inventors Gliozzi, Scherk and Olive). This projection exactly leaves a
spacetime supersymmetric spectrum.

This procedure not only removes the tachyonic ground state from the closed string
spectrum but additionally demands a number of 10 spacetime dimensions to preserve
causality. The lowest remaining modes after the GSO projection represent the ground state
of the remaining theory. For instance, in the Neveu-Schwarz sector of the string excitations
this ground state happens to be described by massless excitations of strings. The so-called
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level matching condition demands this state to be generated from a vacuum |0〉 by the
action of two creation operators, a left- and a right-moving one, αμ−1α̃

ν
−1|0〉. These excitations

may be described by a tensor valued field M with components Mμν. This field in turn
decomposes into a symmetric part with components Gμν (describing the degrees of freedom
of the graviton), antisymmetric components Bμν (the B-field) and the scalar Φ (the dilaton)
that determines the trace of M.

Computing the masses of string excitations generated by more than two creation
operators acting on the vacuum, unveils that these excitations describe fields which represent
particles of finite positive mass proportional to 1/α′. In a low-energy theory compared to the
energy scale of inverse string length, or equivalently on length scales that do not resolve
the stringy nature of the fundamental theory one may approximate the strings by pointlike
particles, effectively described as α′ → 0. In this limit, however, all massive modes gain
infinite masses and will not effect the low-energy dynamics. The low-energy theory may
therefore only contain particles described by the massless supersymmetry multiplet to which
the fields B, G and Φ belong. The action remaining for these fields exactly describes the
supergravity action. We are interested in the sector of closed string excitations with same
chirality for the left and right moving excitations, which is called type IIB string theory and
leads to type IIB supergravity in the low-energy limit.

In the action (2.9) above, the fields G, B and Φ can be found in the first line, they
originate from the Neveu-Schwarz sector (NS-NS) of the string theory fields, while the
second and third lines contain the Ramond sector (R-R) contributions.

Extremal p-Brane Solutions and D-Branes

Solutions to the supergravity equations of motion with nontrivial charges of (p + 1)-forms
Ap+1 are called p-branes. These solutions exhibit Poincaré-invariance in (p + 1) dimensions,
their name thus stems from the number p of spatial dimensions included in this symmetry
group. In this sense these solutions are higher dimensional generalizations of membranes,
which one would denote as 2-branes in this context.

Note that the flux f of the field strength Fp+2 = dAp+1 through some surface Σ is
conserved since df =

∫
Σ dFp+2 = 0, as Fp+2 is an exact and thus closed form. Moreover, the

electric coupling of the p-form to the p-brane with worldvolume Σp+1 of spacetime dimension
p + 1 can be described by the diffeomorphism invariant action

Sp = Tp

∫

Σp+1

Ap+1. (2.11)

The proportionality constant Tp denotes the tension of the p-brane. It has the interpretation
of the energy or mass per unit area of the worldvolume,

Tp =
2π

gs(2π�s)
p+1

. (2.12)

In type IIB supergravity, there are 0-forms, 2-forms and 4-forms, allowing for the
following p-branesolutions. The 0-forms allow for (−1)-branesolutions, so-called D(−1)-
instantons. Then there are 1-branes, charged under and thus coupling to the according
solutions of the B-field. The two-dimensional 1-branes are identified with the worldsheet
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of the fundamental strings of the underlying string theory. They are called F1-strings. The 1-
branes which couple to the A2 field are called D1-strings, and the 3-branesolutions according
to the A4 field are called D3-branes.

The magnetic analogon to the electric couplings are given by the Hodge dual field
strengths. The magnetic dual field strength to Fn in a ten-dimensional background, is the
(10 − n)-form �Fn, which has a (9 − n)-form field as its potential. This in turn couples to a
(8 − n)-brane. In this way the type IIB field strengths F1 and F3 allow for magnetic couplings
to D7-branes and D5-branes.

The naming of branes as Dp-branes we just saw, arises from string theory. As we can
see, the Dp-branes are coupling to fields in the Ramond sector. The letter D is short for the
Dirichlet boundary conditions such a brane imposes on the dynamics of the endpoints of open
strings. Namely, in string theory D-branes are identified with the surfaces on which open
strings end [6, 7]. The endpoints of these strings then have a well-defined position in the
direction perpendicular to the brane, namely the position of the brane. Such a specification of
a certain value for a actually dynamical quantity is known as the imposition of Dirichlet
boundary conditions. It is believed that the p-branesolutions in the supergravity limit of
string theory may be identified with Dp-branes in full string theory.

The fact that p-branes are (p + 1)-dimensional Poincaré invariant imposes restrictions
on the metric. For instance, some d-dimensional spacetime which supports a p-brane will
include a Poincaré invariant subspace with symmetry group R

p+1 × SO(1, p). Additionally,
one can always find solutions which are maximally rotationally invariant in the (d − p − 1)-
dimensional space transverse to the brane. Thus, in particular a ten-dimensional spacetime
supporting D3-branes has an isometry group of R

4 × SO(1, 3) × SO(6).
Analog to Reissner-Nordström black holes in general relativity, the possible solutions

of supergravity backgrounds can be parametrized by the mass M of the p-branesolution
and its RR charge N, which are functions of two parameters r±, which can be interpreted
as horizons of the solution. The case r+ < r− exhibits a naked singularity and is therefore
regarded as unphysical. In the limit of r+ = r− the brane is said to be an extremal p-brane, while
it is a nonextremal black brane for r+ > r−, with an event horizon. For details refer to [3]. We
restrict our attention to the case of extremal p-branes.

The most general form of an extremal p-brane metric can be written in terms of a
function H as [4]

ds2 = H
(
y̆
)−1/2

ημνdxμdxν +H
(
y̆
)1/2dy̆2. (2.13)

Here, the coordinates of the vector y̆ parametrize the space transverse to the brane, and η is
the (p + 1)-dimensional Minkowski metric.

Supported by the insight that D-branes are dynamical objects of the theory [6], one
can adopt the point of view that the above geometry is generated by a stack of N ∈ N

branes placed in an initially flat d-dimensional Minkowski spacetime at a positions y̆i, with
i = 1, 2, . . . ,N. Asymptotically far away from the stack one can therefore expect the whole
spacetime to become flat again. String theory calculations then restrict the function H(y̆) to

H
(
y̆
)
= 1 +

N∑
i=1

gs(4π)(5−p)/2Γ
((

7 − p
)
/2
)
α′(d−p−3)/2

∣∣y̆ − y̆i
∣∣d−p−3

, (2.14)

where gs is the string coupling constant and α′ parametrizes the string tension.
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Of special interest for this paper are D3-branes and D7-branes. For the introduction of
the AdS/CFT correspondence, it is useful to look at D3-branes first. D7-branes will become
an important ingredient for generalizations of the correspondence.

D3-Branes and Anti-de Sitter Space

There are several aspects which make D3-branes especially interesting. First of all, D3-branes
by definition introduce four-dimensional Poincaré symmetry, the resulting ten-dimensional
geometry for p = 3 is regular. Moreover, the solution for the axion and dilaton fields (C with
F1 = dC and Φ in (2.9)) can be shown to be constants. In addition, the field strength F5 is
self-dual. For our considerations the metric will be a central quantity. Especially the case of
N coincident D3-branes located at a position yD3 in a spacetime of dimension d = 10 will be
important. From (2.14) we see that the function H(�y) in this case is given by

H
(
y̆
)
= 1 +

4πgsNα
′2

∣∣y̆ − y̆D3
∣∣4
. (2.15)

We introduce the quantity R simply as an abbreviation,

R4 = 4πgsNα
′2. (2.16)

However, a few lines below we will see that this parameter has a crucial geometric
interpretation. With R we write H(y̆) as

H
(
y̆
)
= 1 +

R4

∣∣y̆ − y̆D3
∣∣4
. (2.17)

By a coordinate shift we may always denote the position y̆D3 as the origin of the y coordinates
and set it to zero. The distance from the brane will be denoted by r = |y̆|. The metric (2.13)
generated by a stack of D3-branes therefore may be written as

ds2 =

(
1 +

R4

r4

)−1/2

dxμdxμ +

(
1 +

R4

r4

)1/2(
dr2 + r2dΩ2

5

)
. (2.18)

Far away from the stack of branes, at large r � R, where the influence of the branes on
spacetime will not be sensible, the metric is asymptotically flat ten-dimensional Minkowski
spacetime. However, in the limit of r → 0 the metric appears to be singular. This limit is
therefore known as the near horizon limit. In fact spacetime is not singular in this limit but
develops constant (negative) curvature. Because space is flat at large r, but has constant
curvature at r → 0 this limit is also referred to as the throat region. In the near horizon limit
at small r � R the metric asymptotically becomes

ds2 =
r2

R2
dxμdxμ +

R2

r2
dr2 + R2dΩ2

5. (2.19)
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This is the product space AdS5 × S5, where the first two terms describe what is known as
five-dimensional Anti-de Sitter space, or AdS5 for short. The parameter R is called the radius
of AdS space. The last term represents the familiar five-dimensional sphere, of radius R as
well. The geometry of Anti-de Sitter space is crucial for the gauge/gravity duality. To discuss
some properties we introduce the coordinate z = R2/r and write the metric as

ds2 =
R2

z2

(
dxμdxμ + dz2

)
+ R2dΩ2

5. (2.20)

The metric (2.20) can be derived as the induced metric of a five-dimensional hypersurface
which is embedded into a six-dimensional spacetime with metric

ds2
6 = −dX2

0 +
4∑
i=1

dX2
i ± dX2

5 , (2.21)

where the Xi parametrize the six-dimensional space and the choice of the ambiguous sign
depends on whether we aim for a metric on AdS5 with Euclidean or Minkowski signature.
Originally, the AdS/CFT correspondence was conjectured for Euclidean signature. The
hypersurface which defines AdS5 obeys

XμX
μ = −R2. (2.22)

We now parametrize this surface with so-called Poincaré coordinates z ≥ 0 and xμ ∈ R with
μ = 0, 1, 2, 3, such that xμxμ = ±(x0)2 + (x1)2 + (x2)2 + (x3)2 with the sign corresponding to the
one in (2.21) and

X0 =
R2 + z2 + xμxμ

2z
,

X4 =
R2 − z2 − xμxμ

2z
,

Xi = R
xi

z
, i = 1, 2, 3,

X5 = R
x0

z
.

(2.23)

The hypersurface parametrized by z and the xμ fulfills (2.22) and therefore represents AdS5.
It has the induced metric

ds2 =
R2

z2

(
dxμdxμ + dz2

)
(2.24)

which appears as the first factor of the product spacetime (2.20). Note that for the Minkowski
signature background the restriction z ≥ 0 leaves only one of the two separate hyperboloids
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described by (2.22). The other half is parametrized by z ≤ 0 and is a clone of the part we
use. The spacetime coordinates parametrized by �x suggest to be related to four-dimensional
Euclidean or Minkowski spacetime, depending on the choice of sign in (2.21). The coordinate
z on the other hand is called the radial coordinate of AdS space. When we establish the
AdS/CFT dictionary we will pay special attention to the behavior of fields near the so-called
conformal boundary of AdS space. It is defined as the projective boundary which lies at z → 0
in the coordinates at hand. In the embedding space introduced above the boundary would
be infinitely far away from the origin of the coordinate system. The metric (2.24), however, is
diverging at the boundary, except we rescale it [8]. A scale factor f(z) with a first-order root
of f at z = 0 will exactly cancel the divergence after rescalings

ds2 �−→ f2(z)ds2. (2.25)

As we are free to choose the function f(z) as long as we do not introduce new roots in f(z) or
change the order of the root at z = 0, we can choose between a family of rescaling functions
f , which are related by some arbitrary function w(z) as

f(z)�−→ f(z)ew(z). (2.26)

This freedom therefore expresses the fact that the boundary of Anti-de Sitter space is
only well-defined up to conformal rescalings. Then the boundary at z = 0 represents four-
dimensional Euclidean or Minkowski spacetime, defined up to conformal rescalings.

For later reference we point out the isometry group of AdS5 × S5 here. The Lorentzian
version with negative sign in (2.21) clearly displays an SO(2, 4) rotational invariance in the
AdS5 subspace, while the isometry group of the five sphere is SO(6).

We interpreted supergravity as a limit of string theory in the last paragraphs.
Moreover, we will work in the near horizon limit from now on. Consequently, we will work
in a background spacetime with the topology of AdS5 × S5. The nonvanishing curvature of
AdS5 spacetime can be characterized by the Ricci scalar

R =
20
R2
. (2.27)

String theory, however, is not solved in curved backgrounds so far. To allow for a good
approximation of type IIB string theory by working in the supergravity limit, one should
therefore arrange spacetime curvature to be small. A large AdS radius leads to small
curvature. Note that by (2.16) the relation of R to the string scale �s =

√
α′ depends on two

parameters of the theory. These are N and the string coupling constant gs = eΦ, which can
be tuned by specifying a value of the arbitrary constant dilaton field Φ. We thus see that the
supergravity approximation seems to be valid only for gsN ≫ 1. This guaranties R � �s,
such that the radius of the string theory background is large compared to the string length
�s. In this way gsN ≫ 1 ensures that the strings do not resolve the curved nature of the
background, and type IIB string theory can be trusted as a good approximation to string
theory on AdS5 × S5.
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2.1.3. The Maldacena Conjecture

In a famous publication from the year 1997, Juan Maldacena pointed out that there exists a
connection between certain quantum field theories and classical supergravity theories [1]. In
particular, the degrees of freedom found in type IIB supergravity on AdS5 × S5 contain the
large coupling limit of theN = 4 SYM theory in four-dimensions.

As a generalization, consider full string theory instead of the supergravity limit, and
relax the limit of large coupling on the quantum field theory side. Maldacena then conjectured
the equivalence of two theories, formulated as the AdS/CFT correspondence. We summarize it
as follows:

(i) Computations of observables, states, correlation functions and their dynamics yield
the same result in the following two theories, which may therefore be regarded as
physically equivalent.

(ii) On the one side (AdS) there is 10-dimensional type IIB string theory on the
spacetime AdS5 × S5. The 5-form flux through the S5 given by the integer N, and
the equal radii R of AdS5 and S5 are related to the string coupling constant gs by
R4 = 4πgsNα

′2.

(iii) On the other side (conformal field theory, CFT) of the correspondence there is
a conformally symmetric four-dimensional N = 4 superYang-Mills theory with
gauge group SU(N) and Yang-Mills coupling gYM, related to the string coupling
by gYM = 2πg2

s .

(iv) This equivalence is conjectured to hold for any value of N and gYM.

It is a remarkable feature of this correspondence that it relates a theory containing gravity to
a quantum field theory, which otherwise lacks any description of gravity. In the supergravity
limit, a 10-dimensional classical theory of gravity matches a four-dimensional quantum theory.
In fact a dictionary between operators of the quantum field theory and the supergravity fields
can be established. We will comment on this below. However, the correspondence in its strong
form, given above, is very general and thus allows hardly any applications. For instance, so
far there is no formulation of string theory on curved spaces, such as AdS5 ×S5. Nevertheless,
there are interesting nontrivial limits in which explicit computations can be performed.

The ’t Hooft limit is defined as considering a fixed value of the ’t Hooft coupling λ =
g2

YMN while N → ∞. This yields a simplification of Feynman diagrams of the field theory.
As we saw in Section 2.1.1, in this limit only planar diagrams contribute to physical processes.
Note that a fixed value of λ in the large N limit implies weak coupling on the string theory
side as the coupling constants are related by 2πgs = g2

YM. So on the string theory side this
results in the limit of a classical string theory (no string loops) on AdS5 × S5.

The Maldacena limit implements a further restriction. Starting from the ’t Hooft
limit, we let λ → ∞. This of course prohibits perturbative computations on the field
theory side, since here λ is the effective coupling parameter. On the string theory side,
though, this limit results in α′/R2 → 0. So the curvature of the string theory background
becomes small compared to the string length, which allows for consistent applications of the
classical supergravity limit of string theory, which does not resolve the stringy nature of the
fundamental building blocks of matter.

Thus, working in the Maldacena limit not only allows to describe a quantum field
theory in terms of a classical theory of gravity. It also allows to investigate the strongly
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coupled regime of the quantum field theory by performing calculations in the weakly coupled
regime of the dual theory, where perturbative methods are applicable.

The conjecture is not an ad hoc statement, but rather results from string theory
arguments. Consider a stack of N coincident D3-branes which interact with open strings.
In the low-energy limit α′ → 0 we have to consider infinitely short strings since �2

s = α′.
These strings may end on any of the N branes on the stack. As all the branes are coincident
we can not distinguish between them, which implies an U(N) ∼= U(1) × SU(N) symmetry of
the theory, where the U(1) factor gives the position of the brane and does not play a role here.
It can be shown that the D3-branes’ solutions exhibitN = 4 supersymmetry. Therefore in the
low-energy limit this theory describes precisely the conformal N = 4 SU(N) gauge theory.
Our special interest is the behavior of the strongly coupled regime of this theory, which is not
accessible by perturbation theory. Instead of first taking the low-energy limit and then the
large coupling limit, we look at what happens if we proceed in reverse order. Starting from
the stack of branes we are now interested in the strong coupling limit. From Section 2.1.2 we
know that the near horizon geometry in this case will have the topology of AdS5 × S5 with
radius R4 = 4πgsNα

′2, so we are forced to consider string theory on curved backgrounds. We
also mentioned that the low-energy limit of string theory is captured by supergravity. If we
adopt the attitude that the physics of our system should be the same regardless of the order
in which we impose the limits, then in the Maldacena limit we have to consider strongly
coupled gauge theory and supergravity as two descriptions of the same physical setup.

The quantum field theory may be interpreted as a description of the dynamics of open
strings ending on the D3-branes. In the low-energy limit α′ → 0 the degrees of freedom
(strings) are confined to the domain of the D3-branes. In the AdS5 × S5 geometry of the
string theory background (2.20) this domain is parametrized by the coordinates along the
boundary of AdS5. So we can say that the AdS/CFT correspondence describes how a four-
dimensional field theory defined on the boundary of five-dimensional AdS space encodes
the information of a higher dimensional theory. In analogy to conventional holograms which
encode three-dimensional information on a lower dimensional hyperspace (namely a two-
dimensional surface), the AdS/CFT correspondence is said to realize the holographic principle.

2.1.4. An AdS/CFT Dictionary

So far we recognized that the gauge/gravity duality allows for the reformulation of
some problem defined in a gauge theory in terms of a gravity theory. In order to obtain
quantitative answers, it is necessary to identify the corresponding quantities in both theories.
The supergravity theory is formulated in terms of classical fields on a ten-dimensional
background, while the N = 4 SYM theory describes the dynamics of operators acting on
quantum states in four spacetime dimensions. The relations between the parameters of the
theories were introduced with the correspondence in Section 2.1.3. For the coupling constants
gYM, gs and λ, as well as the AdS radius R, the string tension α′ and the number of colors N,
they are

R4 = 4πgsNα
′2, 2πgs = g2

YM, λ = g2
YMN. (2.28)

Observables, however, are expressed in terms of correlation functions of gauge
invariant operators of the quantum field theory. It is possible to translate correlation functions
of the field theory to expressions in terms of supergravity fields. A precise prescription of how
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to accomplish this was given in two seminal papers from 1998 by Witten [8], and Gubser et
al. [9]. As a result it is possible to establish a complete dictionary, which translates quantities
from on side of the correspondence to the other.

Since the domain on which the field theory is defined can be identified with the
boundary of AdS5 space, one can imagine supergravity fields φ in AdS5 to interact with some
conformally invariant operator O on the boundary. We denote the boundary value of the
supergravity field by φ0 = lim∂AdS5φ. A coupling would look like

Sint =
∫

∂AdS5

d4xφ0(�x)O(�x). (2.29)

In this sense the boundary value φ0 of the supergravity field acts as the source of the operator
O in the field theory. Such an interaction term appears in the generating functional for
correlation functions, which we write schematically as

〈
exp

∫

∂AdS5

φ0O
〉

CFT

. (2.30)

Witten’s proposal was to identify the generating functional for correlation functions of
operators O with the partition function Zsugra of the supergravity theory, which is given by

Zsugra
[
φ0
]
= exp

(
−Ssugra[φ]

)∣∣
φ=φ0

, (2.31)

where Ssugra is the supergravity action. So the ansatz for the generating functional of
correlation functions of operators of the field theory can be written as

〈
exp

∫

∂AdS5

φ0O
〉

CFT

= exp
(
−Ssugra[φ]

)
∣∣∣∣∣
φ=φ0

. (2.32)

Correlation functions forO can then be obtained in the usual way by evaluating the functional
derivative of the generating functional with respect to the source φ0 of the operator. Explicit
calculations will be performed in later sections. As a general example, some two-point
function would be obtained by solving the supergravity equations of motion, plugging these
solutions into the action Ssugra, then expressing the result in terms of solution φ0 on the
boundary, and eventually evaluating

〈
O(x)O

(
y
)〉

=
δ

δφ0(x)
δ

δφ0(y)
exp

(
−Ssugra[φ]

)∣∣∣∣
φ0=0

. (2.33)

The remaining question is which operators are dual to which fields. The fact that there
exists such a dictionary relies heavily on the symmetries of the two related theories. The
symmetry of a theory reflects the transformation behavior of the field content and by the
Noether theorem accounts for the conserved quantities (charges). We can expect that two
equivalent theories share the same amount of degrees of freedom, which must be reflected in
their symmetries.
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To ensure a gauge invariant field theory action, including the source term (2.29), we
have to restrict our attention to operators O which are gauge invariant. The local SU(N)
gauge symmetry of the quantum field theory in fact has no counterpart on the supergravity
side in the Maldacena limit. The parameter N is translated into the number of D3-branes on
the string theory side of the correspondence. The stack of D3-branes merely accounts for the
emergence of the AdS5 × S5 spacetime, see Section 2.1.2. Moreover, the following arguments
strictly only apply to BPS states.

Comparing the remaining symmetry groups of N = 4 SYM theory and type IIB
supergravity we indeed observe a matching of symmetries. In Section 2.1.1 we noted the
symmetry group of the gauge theory to be PSU(2, 2 | 4). The bosonic subgroup of this is
SU(2, 2) × SU(4)R ∼= SO(2, 4) × SO(6). These are precisely the isometry groups of AdS5 × S5,
where SO(2, 4) is the isometry group of the AdS5 part, while the five-sphere is invariant under
SO(6) transformations. The fermionic symmetries can be shown to coincide as well, leading
to the overall symmetry group PSU(2, 2 | 4).

In fact the isometries of AdS5 × S5 act as the conformal group on the boundary [10].
Any gauge invariant field theory operatorO does transform under some representation of the
conformal group. Since the boundary theory is invariant under conformal transformations,
the supergravity field φ in the source term (2.29) has to transform in the dual (conjugate)
representation. Conformal invariance of the theory restricts the field φ further. For instance,
in the coordinates where the boundary is located at u = 0 the supergravity equations of
motion for a scalar φ have two linear independent solutions at asymptotically small u = ε
near the boundary,

φ(�x, ε) = φ0(�x)εd−Δ + φ1(�x)εΔ. (2.34)

Here d denotes the number of dimensions of the boundary, which in our case is d = 4.
Generically, the value of Δ for a scalar supergravity field φ depends on the mass mφ of the
field [8] as

m2
φ = Δ(Δ − d), (2.35)

with Δ > 0. The second term of (2.34) vanishes at the boundary ε → 0 while the first term
may diverge. The existence of a well-defined boundary value φ0(�x) tells us that this function
has scaling dimension d −Δ, that is, φ0(�x) �→ φ0(�x)/εd−Δ on rescalings. From the interaction
term of the conformally invariant action (2.29) we thus see that the boundary value of φ(�x, u)
acts as the source to an operator O(�x) of scaling dimension Δ.

In summary, to identify the supergravity field φ dual to an operator O we have to
spot all supergravity fields transforming in the dual representation to that of the operator
under consideration. The conformal weight Δ of the operator determines the mass of the
supergravity field by (2.35). The mass spectrum of N = 2 supergravity compactified on
AdS5×S5 has been computed [11], and therefore the field can be identified uniquely. Examples
of computations of dual field-operator pairs can be found, for example, in [3, 4, 8, 9].

We also identified the boundary of AdS space with four-dimensional Minkowski
spacetime. This spacetime was only defined up to conformal transformations, and we will
identify it from now on with the domain of the conformally invariant N = 4 SYM theory.
Notice that near the boundary all processes occurring in the field theory directions can be
thought of as being scaled in such a way that all lengths of the AdS theory, even long distance
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or IR phenomena, are mapped to short scales, that is, the UV limit on the conformal field
theory side. To see this, consider the metric (2.19) in the near horizon limit. Then distances
ds2

CFT in the field theory, which are measured along �x appear with a warp factor relative to
the distance ds2

AdS in AdS space,

ds2
CFT =

R2

r2
ds2

AdS. (2.36)

At large r � 1 (IRAdS) close to the boundary, short scale phenomena of the CFT (UVCFT)
match the events in AdS space, while at small r � 1 (UVAdS), far from the boundary, long
scale phenomena in the CFT (IRCFT) match the AdS distances. The radial coordinate in this
way sets the renormalization scale of the field theory which is holographically described by
the supergravity theory. This phenomenon is called the UV/IR duality.

In fact the behavior of correlation functions under renormalization group flows can
be computed holographically. The UV divergences known from field theory translate into
IR divergences on the gravity side. The procedure to incorporate scale dependence and
renormalize n-point correlation functions is known as holographic renormalization. We will not
review the procedure in detail here, but rather give an idea of the procedure and state some
results. A nice overview which also addresses some subtleties can be found in [12].

The correlation functions (2.33) in general suffer from IR divergences, that is,
divergent terms at large values of the radial coordinate. Analogous to quantum field theory
renormalization, they can be cured by analyzing the behavior of the field solutions near the
boundary and adding appropriate counterterms Sct to the action S which do not alter the
equations of motion but render the resulting correlators finite.

To analyze the field behavior near the boundary it is convenient to work in coordinates
u as in (2.24) where the boundary is located at u → 0. The solution for the second-order
equation of motion of any field F can then be expanded in a series around u = 0. In general
there are two independent solutions scaling as um and um+n near the boundary. The general
solution can be written as

F(x, u) = um
(
f (0)(x) + u2f (2)(x) + · · · + un

(
f (2n) + f̃ (2n) lnu

)
+ · · ·

)
(2.37)

in a well-defined manner where the coefficients f (n)(x) carry the dependence on the other
coordinates. The values of m and n are determined by the mass of the supergravity field
and related to the conformal dimension of the dual operator, as in the example above. The
coefficient f (0) determines the boundary behavior of the two independent solutions for the
equation of motion of F. Solving these equations order by order in u determines the relevant
coefficients f (k) for k < 2n as functions of f (0), which thereby can be used as the initial value
of the first of the two linearly independent solutions. The second parameter needed to define
the full solution of the second-order equation of motion to F is the coefficient f (2n), which
in turn determines the remaining higher-order coefficients. It then is possible to extract the
divergent terms in the regularized action Sreg, which is given by the on-shell action with
respect to the u dependence of the solution, evaluated at the cutoff ε � 1,

Sreg =
∫

d4xa(0)u−ν + a(1)u−(ν+1) + · · ·
∣∣∣∣
u=ε
. (2.38)
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Table 1: A few examples for entries of the AdS/CFT dictionary. Precise operator-field pairings can be
found, for example, in [3, 4, 8, 9].

Supergravity on AdS5 × S5 4 dim. N = 4 CFT
boundary of AdS5 field theory domain
isometry of AdS5 conformal symmetry
isometry of S5 R-symmetry
weak coupling in gs strong coupling in λ
variations in radial coordinate renormalization group flow
field boundary value φ0 source for operator O
field mass m conformal weight Δ
IR normalizable mode 〈O〉 of dual operator
IR nonnormalizable mode source of dual operator
quantum corrections of O(gs) corrections in 1/N
stringy corrections of O(α′) corrections in 1/λ

The coefficients a(n) now are functions of the coefficient f (0), and the ν > 0 solely depend on
the scale dimension of the operator in the conformal field theory. Defining the counterterm
action as

Sct = −divergent terms from Sreg. (2.39)

The renormalized action is given by

Sren = lim
ε→ 0

(
Sreg + Sct

)
. (2.40)

Finding the renormalized action therefore involves a careful analysis of the equations of
motion. An extremely useful result of holographic renormalization is the fact that the
solutions to the equations of motion of a supergravity field F can directly be related to the
source and the vacuum expectation value of the dual operator in the field theory [12, 13].
In particular holographic renormalization unveils that the mode f (0) is proportional to the
source of the dual operator, while the mode f (2n) is proportional to the vacuum expectation
value of the same operator. In general, the mode that is proportional to the source scales
in a nonnormalizable way with u, while the mode proportional to the vacuum expectation
value is normalizable. An example is given in (2.34) for the case of a scalar field. The integers
m and n are determined in terms of the supergravity field’s mass, which in turn translates
to the conformal dimension of the dual operator. In (2.34) the value of φ0 is proportional
to the source and φ1 is proportional to the vacuum expectation value of the dual operator.
We will encounter an explicit example for the source and vacuum expectation value when
we introduce the prominent pair of a D-brane embedding function and its field theory dual
operator in Section 2.2.2.

2.1.5. Tests and Evidence

Although a rigorous mathematical proof of the correspondence is not derived so far, there
is increasing evidence for the Maldacena conjecture to hold. Soon after the discovery of the
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correspondence correlation functions of field theory operators where computed from gravity.
A direct comparison to results obtained from field theory calculations is not straightforward
since the results from gravity calculations are valid in the strongly coupled regime of the
gauge theory while the gauge field theory computations are performed in the perturbatively
accessible regime of weak coupling.

Nevertheless, it was early realized that the answers obtained by gravity calculations
gave the correct scaling behavior of n-point correlation functions, which is dictated by
conformal invariance [8]. Moreover, certain correlation functions satisfy nonrenormalization
theorems, which state that the results are independent of the coupling constant. Examples are
the two- and three-point functions of 1/2-BPS operators, which show a perfect matching of
gauge and gravity results [14, 15]. Also the conformal anomaly ofN = 4 SYM theory which
is present in curved background spacetimes could be reproduced exactly from AdS/CFT,
which even provided methods to obtain the anomaly in six-dimensional field theories for the
first time [16].

Generalizations of the correspondence, which will be partly discussed below, relate
different backgrounds to different gauge theories. Such modifications allowed for compar-
ison of finite temperature N = 4 SYM with calculations obtained from the gauge gravity
theory. These calculations show agreement of correlation functions in the hydrodynamic
limit of low frequency/long distance [17, 18]. The recently most enthusiastically discussed
hydrodynamic result from gauge/gravity calculations is the observation of one universal
value for the lower bound on the ratio η/s of shear viscosity η over entropy density s for all
known gauge theories with gravity duals [19–21]. In the large N limit the result in SI units is

η

s
≥ �

4πkB
. (2.41)

If it should turn out that QCD has a gravity dual and is in the same universality class as
the known generalizations of the correspondence, this result (including large N corrections)
could be the first prediction from string theory within reach of experiment. Possibly the
experiments at the RHIC and future collider experiments will give answers on the value of
η/s for QCD. So far the data seems to be in agreement with the above bound, which means
that the QGP appears as the most perfect fluid ever observed.

2.2. Generalizations and Extensions

Before we discuss the features of QCD and the sQGP which can be described by holographic
duals, we introduce those generalizations of the correspondence which are most relevant for
this work. These generalizations are necessary to incorporate features which are missing in
the N = 4 SYM field theory described by supergravity on AdS5 × S5. Most important for
a description of the strongly coupled quark-gluon plasma are the inclusion of fundamental
degrees of freedom and a way to describe systems at finite temperature.

The introduction of finite temperature allows to model interesting qualitative features
like the confinement/deconfinement phase transition at some critical temperature. In
holographic models the transition occurs at different temperatures for the gauge fields and
the fundamental degrees of freedom. The realization of finite temperature is achieved by a
modification of the background geometry of the gravity theory. Moreover, we will make some
comments about the subtleties that are related to the computation of Green functions at finite
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temperature. While correlation functions at zero temperature can be obtained in Euclidean
spacetimes and a subsequent Wick rotation, this procedure generally cannot be applied at
finite temperature.

The inclusion of fundamental degrees of freedom is a generalization in the sense
of additional fields we add to the gauge theory. All fields in N = 4 SYM transform in
the adjoint representation of the gauge group and therefore rather account for the gauge
degrees of freedom (gluons) than for the quarks. The added quark degrees of freedom will
be represented by additional D-branes on the supergravity side. The incorporation of quarks
into the theory furthermore allows to investigate the spectra of their bound states, which the
subsequent section is devoted to.

2.2.1. Finite Temperature and AdS Black Holes

At finite temperature T any quantum mechanical system can be found in one of the possible
states of energy E with the probability distribution in equilibrium described by the density
matrix

ρ̂ =
e−βH

Tr e−βH
, (2.42)

where β = 1/T is the inverse of the temperature and H is the Hamiltonian of the system. The
statistical partition function of the ensemble of systems at temperature T can then be defined
as

Zstat = Tr e−βH =
∑
n

〈
φn
∣∣e−βH∣∣φn

〉
, (2.43)

where the |φn〉 form a basis of the state space of the system. The statistical partition function
defines the weight of each state that contributes to ensemble averages. Expectation values of
some observable A in a thermal ensemble are calculated with respect to Zstat by

〈A〉 = Tr
(
ρ̂A

)
=

Tr
(
Ae−βH

)

Zstat
. (2.44)

In the quantum mechanical formalism of path integrals, transition amplitudes are given by

〈
φf
(
tf
)
| φi(ti)

〉
=
〈
φf
(
tf
)∣∣e−i(tf−ti)H∣∣φi(ti)

〉
=
∫φ=φf
φ=φi

DφeiS[φ]. (2.45)

The idea is to sum up all possible paths φ(t) that evolve from the initial configuration φi to the
final φf . The complex phases give the weight for each possible configuration that contributes
to the evolution. If we would not only consider one initial and one final state but sum over
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an ensemble of many possible states, we should therefore recover the sum of all weights, the
partition sum. The action S[φ] above is defined as

S
[
φ
]
=
∫ tf
ti

dt
∫

dd−1xL
(
t, x, φ

)
. (2.46)

In quantum mechanics the standard method to obtain expectation values is the evaluation
of functional derivatives of generating functionals, which are commonly also referred to as
partition functions. They are defined for some functional SE[φ] by

Zgen =
∫

Dφe−SE[φ], (2.47)

where we need to specify which functions φ we have to integrate over and what
the functional SE[φ] is. The imaginary time formalism gives a prescription which exactly
reproduces the thermal equilibrium probability weights with the Boltzmann factor given
in (2.42). The prescription is to analytically continue the time coordinate into the complex
plane, such that t in (2.46) integrates over complex times. Additionally, we introduce a
new time coordinate τ = it as a Wick rotation of t. If we now restrict the system to
such field configurations φ that are periodic (in fact fermionic fields would have to satisfy
antiperiodicity) along the imaginary axis in complex time t with tf − ti = −iβ and β ∈ R

between the initial ti and the final tf , we can reproduce the Boltzmann weights by setting

SE
[
φ
]
=
∫β

0
dτ

∫
dd−1xLE

(
τ, x, φ

)
. (2.48)

The index E refers to the fact that we use the Euclidean, that is, the Wick rotated version, of
the action. Then the integration from 0 to β translates into integration over complex times ti
to tf and therefore introduces the factor tf − ti = −iβ in (2.45). As we restrict to periodic states
on the integration intervall, the final states 〈φf | match the initial states |φi〉. Thus the path
integral resembles a trace [22],

Zgen =
∫

all β-periodic states
Dφe−SE[φ] =

∑
all β−periodic states

〈
φβ
∣∣e−βH∣∣φβ

〉
= Zstat. (2.49)

Adding source terms to the action, which are set to zero after functional derivation, yields
the Boltzmann factors as weights from the Euclidean generating functional. The imaginary
time formalism in this way trades time for temperature and imposes boundary conditions.
The result no longer depends on a real-valued time interval but only on the purely imaginary
time interval tf − ti = −iβ, which we interpret as the temperature T by identifying T = 1/βkB.
Abandoning time dependence is in accordance with the fact that we investigate a system in
equilibrium, where expectation values do not change with time. Another consequence of the
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periodic boundary conditions is that any solution admits a discrete spectrum in its Fourier
transformation. A propagator G(τ) can be decomposed according to

G(τ) =
1
β

∑
n

e−iωnτG(ωn). (2.50)

The frequencies ωn are called Matsubara frequencies.
The link between field theory at finite temperature and gravity is known to be related

to black hole physics, which has many parallels to thermodynamics. From the moment of
the discovery of the AdS/CFT correspondence it was expected that the finite temperature
description of the field theory must be given by gravity in the AdS black hole background [1].
We will now introduce the AdS5 black hole background and give arguments for the relation
between the horizon radius and the temperature of the dual field theory along the lines of
arguments in [23, 24]. The generalization of the AdS5 × S5 metric (2.19) to the black hole
solution with a horizon at r = r◦ is given by,

ds2 =
r2

R2

(
−f(r)dt2 + dx2) + R2

r2

1
f(r)

dr2 + R2dΩ2
5,

f(r) = 1 − r
4
◦
r4
.

(2.51)

The signature of the metric again depends on our choice of working in either Lorentzian or
Euclidean AdS space. To draw the connection to finite temperature imaginary time formalism
we again work in the Wick rotated coordinate τ = it, where the metric has Euclidean
signature. Euclidean signature however is only given outside the horizon, inside we would
introduce negative signs from f(r) (in the Lorentzian case the signs of t and r would change).
On the other hand it is known that the spacetime can be continued beyond the horizon and
therefore the spacetime can be regularized at r◦.

The idea is to show that periodicity in the Euclidean time τ that leads to thermal
probability distributions in field theory corresponds to a regularization of the Euclidean
spacetime at the horizon. The period β = 1/T is then identified with the inverse temperature
as in field theory. We concentrate on the τ and r coordinates in the above metric and observe
how they behave near the horizon at r ≈ r◦,

ds2 =
4r◦
R2 (r − r◦)dτ

2 +
R2

4r◦
(r − r◦)−1dr2. (2.52)

We know that the Euclidean spacetime is well-defined only on and outside the horizon and
therefore introduce a new coordinate �2 = r − r◦, which casts the metric into the form

ds2 =
R2

r◦

(
d�2 + �2 4r2

◦
R4

dτ2

)
. (2.53)

The factor in front is merely a constant. The metric in parentheses is the metric of a plane in
polar coordinates, ds2 = d�2 + �2dθ2. The angular variable in our case is θ = τ2r◦/R2. The
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space in polar coordinates, however, is regular only for an angular variable that is periodic
with period 2π , otherwise a conical singularity is located at � = 0, which is the horizon of
the AdS black hole. Periodicity of θ with period 2π then translates into periodicity of τ with
period β by

2r◦
R2

τ + 2π ∼ 2r◦
R2

(
τ + β

)
, (2.54)

where we used the symbol ∼ to denote the equivalence relation of identified points.
Regarding identified points as equal and using β = 1/T we obtain the relation between the
temperature of the field theory and the horizon radius on the gravity side,

r◦ = TπR2. (2.55)

This result exactly reproduces the expression for the Hawking temperature of the AdS
Schwarzschild black hole described by the metric (2.51).

The AdS black hole background allows to investigate strongly coupled gauge theories
at finite temperature by performing calculations in the gravity theory. Moreover, finite
temperature defines an energy scale (or length scale r◦ on the gravity side) in the theory
and therefore breaks global scale invariance, which will have consequences for the property
of (de)confinement of the field theory, which we discuss in Section 2.3. Despite the detour
to a background of Euclidean signature with time τ , the field theory we want to use as a
model for real-world QCD is defined on a background of Minkowski signature with time t,
which we will use predominantly from now on. Some subtleties and consequences regarding
Minkowski signature AdS/CFT are discussed in the following.

Thermal Real Time Green Functions

The AdS/CFT correspondence was originally formulated and successfully applied in
backgrounds of Euclidean signature, that is, in the imaginary time formalism. Results in real
time can be derived by subsequent Wick rotation. However, many common situations require
the formulation of a problem and its solution in real time. One mathematical reason for the
need of a real time formulation arises from simplifications which are often introduced by
deriving solutions only for certain limits of the parameter space. In many cases for instance,
solutions are obtained in the hydrodynamic limit of low frequency/long distance physics. In
this case only the low Matsubara frequencies are known and therefore analytic continuation
of results to real time is somewhere between difficult and impossible. Physical arguments
against the imaginary time formalism arise whenever deviations or even far from equilibrium
scenarios are considered. We discussed that the imaginary time formalism mimics thermal
equilibrium probability distributions. For systems out of equilibrium the restriction of the
path integral to periodic paths is not justified. Moreover the solutions considered in the
imaginary time formalism are periodic, it is doubtful whether such solutions can model long
time evolutions. Summing up, it is desirable to have a real time prescription for computations
of correlation functions in Minkowski space.

In field theory such a prescription is given by the Schwinger-Keldysh formalism [22].
The difference to the imaginary time formalism is a modification of the time integration in
the complex time plane. The time coordinate is still defined on the complex plane. However,
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Im t

0

−iβ

ti

tf

Re t

ti + β

Figure 2: Integration contour in the complex time plane for the imaginary time (red) and the Schwinger-
Keldysh (green) formalism for finite temperature field theory.

instead integrating from ti to ti − iβ along the negative imaginary axis, this time a detour
along the real axis is taken. The path first proceeds along the real axis from ti to β, which
marks the end of the physical real-valued time interval of interest. Then, the integration
contour enters the negative half plane arbitrarily far and leads back below the real axis to
Re t = Re ti to continue parallel to the imaginary axis and finally end in tf = ti − iβ. Figure 2
shows the integration paths of the imaginary time and Schwinger-Keldysh formalisms. We
are interested in the analog of the latter prescription in the gauge/gravity duality.

A recipe for the derivation of holographic Minkowski space Green functions in real
time was derived by Son and Starinets together with Herzog and Policastro [17, 18, 25]. The
resulting prescription is concise and amounts in only small changes from the prescription
given by (2.33). The difference is given by the way we compute the on-shell action Ssugra.
The action is commonly obtained by writing the solution of a field φ such that the “bulk
contributions” in radial direction r factorize from the “boundary contributions” along the
field theory directions x on the boundary rb. Usually we work in momentum space with
momentum k instead of position space with coordinate x and write

φ(r, k) = f(r, k)φbdy(k), with lim
r→ rb

f(r, k) = 1. (2.56)

In the coordinates introduced so far the boundary was located at rb = ∞. The on-shell action
can then be written as

Ssugra =
∫

d4k

(2π)4
φbdy′(−k) F(r, k)φbdy(k)

∣∣∣∣∣
r=rb

r=r◦

. (2.57)

Here, we carried out the integration over radial coordinates from the black hole horizon to
the boundary. The two φ0 arise from the kinetic term and the function F(r, k) collects the
remaining factors of f(r, k) and ∂rf(r, k) and possibly other factors appearing in the action
under consideration. A detailed and explicit calculation can be found in Section 3 where we
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apply the recipe, and in [17, 18]. The two-point Green function of the operator dual to φ
would then be given by the second functional derivative of the action,

G = −F(r, k)|rb
r◦
−F(r,−k)|rb

r◦
. (2.58)

So far we followed the method we already introduced for zero temperature. The only
difference is that now r◦ /= 0. The evaluation of this expression is mathematically possible,
but gives physically wrong answers. For example, the resulting Green functions would be
real functions, opposed to physical solutions, which are in general complex valued. This
behaviour is due to the boundary conditions that have to be imposed on the fields. In the
Schwinger-Keldysh formalism they arise from the periodicity of the fields and from the
orientation of the integration contour. This introduces a contour ordering prescription, which
translates to time ordering in physical processes. Loosely speaking, a causal propagator in the
AdS black hole background describes propagation of a field configuration that has to obey
the infalling wave boundary condition at the black hole horizon. This boundary condition
imposes the physically given fact that at the horizon, positive energy modes can only travel
inwards, while negative energy modes only travel outwards. It can be shown that upon
imposing these boundary conditions, the time ordered retarded part of the propagator in
momentum space is determined by the boundary behaviour of the fields alone [25]. The
prescription of Son and Starinets for fields obeying the infalling wave boundary condition
then reads

GR = −2F(r, k)|rb
. (2.59)

The contributions from the horizon are neglected. This method was used to great extent
in subsequent publications. At zero temperature it agrees with the analytic continuation of
Euclidean results [18].

2.2.2. Fundamental Matter: Adding Flavor

We so far recognized that closed string excitations in the vicinity of the stack of N D3-branes
gives rise to fields transforming in the adjoint representation of SU(N), which was identified
with the color group. We could criticize a lack of fundamental degrees of freedom, such as
quarks in QCD. Karch and Katz introduced a way to add fundamental fields to the theory
[26]. The cure can be obtained from modes of open string excitations with one end of the
string on the stack of N D3-branes and the other end on a different stack of Nf Dp-branes. In
this work we will restrict to stacks of coinciding branes. We cannot distinguish between the
branes of a stack on which a string ends. We thus encounter a U(N) and a U(Nf) symmetry
which reflects the invariance of the theory under the exchanges of the branes [7, 27]. The
modes of these strings transform in the fundamental representation of SU(N) ⊂ U(N) and
SU(Nf), respectively. We interpret these as the color and flavor groups. So the fundamental
fields (quarks) of our gauge theory correspond to strings that have one end on the stack of
N D3-branes, and the other on an additional stack of Nf Dp-branes which may be separated
from the color branes.

Throughout this work we will consider the so-called probe limit in which Nf � N.
This ensures that the backreaction of the additional branes on the near horizon geometry
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of the D3-branes can consistently be neglected. In this way we do not have to worry about
how the new Dp-branes might alter the background geometry but stick to AdS5 × S5. The
Maldacena limit of infinitely many colors N → ∞ is then also-called the probe limit, since we
add some neglectable amount of Nf probe branes.

The string modes stretching from the D3-branes to the probe Dp-branes also transform
under the fundamental representation of the probe branes’ gauge group SU(Nf). However
in the Maldacena limit with N → ∞ the ’t Hooft coupling λf = 2πgsNf of the stack of probe
branes can be neglected with respect to the color gauge group coupling λ = 2πgsN. The probe
brane gauge group in this way decouples from the color gauge group. We will identify the
probe gauge group as the flavor group and interpret strings stretching from the stack of Nf

Dp-branes to the stack of N D3-branes as fundamental matter which comes in N varieties
of color and Nf flavors. The additional Dp-branes are therefore also-called flavor branes. For
finite Nf , the large N limit then is the equivalent to the quenched limit of lattice QCD, which
allows to neglect fermion loops in all amplitudes relative to effects of the glue.

The global U(Nf) flavor symmetry of the field theory translates into a gauge
symmetry on the supergravity side. The conserved currents of the field theory are dual to
the gauge fields on the supergravity side. We will elaborate on this issue further when we
introduce finite particle density. For now we only stress that the introduction of Nf flavor
brane accounts for a gauge field on these branes which acquires values in a U(Nf) Lie algebra.
We denote the field strength tensor of this gauge field by F. The components of this tensor
are labeled by Faμν, where the μ and ν denote spacetime indices while a = 1, 2, . . . ,N2

f is an
index in the vectorspace of the U(Nf) generators.

The remaining issues then are, what dimensions the flavor branes should have and
how they have to be positioned with respect to the D3-branes. Generically, D-branes couple to
the field strengths of type IIB supergravity, compare with (2.62). Karch and Randall showed
that there are stable probe branesolutions which span topologically trivial cycles and are
determined by the DBI action alone [28]. There are several such solutions which then give
rise to fundamental degrees of freedom in the dual field theory [26].

Dirac-Born-Infeld Action

The dynamics of Dp-branes is crucial for the calculations performed in the following. Here,
we introduce an action which allows to derive the equations of motion for D-branes. Later
we will deal with stacks of Dp-branes, for now we consider the simpler case of a single brane.

The interpretation of a single D-brane as the surface on which the endpoints of strings
lie implies Dirichlet boundary conditions for the positions of these points. It is the Polyakov
action that describes the dynamics of the strings. In the presence of background fields, a
generalization of this action is given by a nonlinear sigma model [7]. The extremization of
such an action respecting the Dirichlet boundary conditions is equivalent to the extremization
of the Dirac-Born-Infeld action [29]. This action captures the low-energy dynamics of the string
mode corresponding to the open string excitations of the Dp-brane. For a single Dp-brane
with a worldvolume M parametrized by worldsheet coordinates ξi with i = 0, 1, . . . , p, the
DBI action is given by

SDBI = −Tp
∫

M
dp+1ξe−Φ

√∣∣det
(
P
[
g + B

]
+ 2πα′F

)∣∣. (2.60)
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Here g(ξ), B(ξ) and F(ξ) = dA(ξ) are the background metric, the Kalb-Ramond B-field and
the gauge field strength tensor on the brane. The operator P[ · ] denotes the pullback on the
brane worldvolume. The field Φ is the dilaton. The brane tension Tp was given in (2.12). We
will make extensive use of the DBI action.

The DBI action is a low-energy effective action that includes stringy corrections in α′

up to arbitrary order. An expansion of the DBI action in powers of α′ reproduces the Maxwell
action in order F2 and introduces higher powers of F as corrections. However, this action
does not include any powers of the derivative of the field strength and therefore is strictly
valid only for constant field strengths. For a D0-brane the DBI action resembles the worldline
action of a pointlike particle.

In cases where the Ramond-Ramond sector contributes nonvanishing n-forms Cn the
full action for a Dp-brane is given by

S = SDBI + SWZ, (2.61)

where SWZ is the Wess-Zumino action

SWZ = Tp

∫
P

[∑
n

Cne
B

]
e2πα′F. (2.62)

However, all problems discussed in this work restrict to cases where there are no
contributions from the Wess-Zumino action, SWZ = 0. For the case of the D0-brane, the WZ
action resembles the coupling of a pointlike particle to an electromagnetic field.

The D3/D7 Setup

Obviously, in the quark-gluon plasma the fundamental degrees of freedom move freely
throughout the directions which are interpreted as Minkowski spacetime. Thus we will
restrict our attention to probe branes which span at least all the Minkowski directions, that
is, we consider spacetime filling Dp-branes with p ≥ 3. There are two heavily used models on
the market, the D3/D7 setup and the Sakai-Sugimoto model. Throughout this work we will
use the D3/D7 setup, which we introduce here. The Sakai-Sugimoto model will be addressed
in a novercally short section afterwards.

In the D3/D7 configuration, the background is generated by a stack of N D3-branes
in the way introduced above, which is then probed by Nf flavor D7-branes. The D3-
branes account for the background geometry and in the near horizon geometry give rise
to the closed string excitations of type IIB supergravity, accounting for the dual field theory
N = 4 SYM. The additional degrees of freedom introduced by open string oscillations of
string stretching between the D3-branes and the Nf probe D7-branes give rise to an N = 2
hypermultiplet in the fundamental representation of SU(N) [26]. The fermionic fields in this
multiplet, which we will denote by ψ, are interpreted as the analogon to quarks in QCD.
The dynamics of quarks and mesons will therefore depend on the dynamics of D-branes in
the holographic dual. An explicit realization of D7-branes embedded into AdS5 × S5 is given
below. Applications of such flavor branes to describe quarks and mesons, their spectra and
stability will be the subject of the following sections.
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Other D3/Dq Setups

Type IIB string theory exhibits D3, D5, D7 and D9 branes. We will investigate the D3/D7
model subsequently. Constructions with other types of branes can be interesting. However,
with the quark-gluon plasma in mind, we do not investigate other probes than D7-brane for
the following reasons.

D9-brane can not be separated from the D3-branes since the former ones span the
entire background spacetime and therefore cannot be separated from the D3-branes in order
to generate massive quarks. D3-brane and D5-brane branes do not have this caveat. On the
other hand they still have to span a certain cycles in the dimensions transverse to the D3-
branes. Consider, for example, the embedding scheme of the D3/D5 setup. Here, we split the
directions of the R

6 = R × S5 transverse to the D3-branes, given by the radial coordinate of
AdS space and the directions along the S5, into a radial coordinate � and a cycle S2 on the
D5-brane, and ϕ, φ and L transverse to all branes.

D3-brane

D5-brane

t x1 x2 x3 � S2 ϕ L φ

In this setup the ends of the string cannot move freely in the x3 direction of the
Minkowski spacetime. Configurations like the D3/D5 and D3/D3 setup therefore describe
defect theories, in which the fundamental degrees of freedom are confined to lower
dimensional hyperplanes.

The Sakai-Sugimoto Model

The Sakai-Sugimoto model, introduced in [30, 31], describes the gravity dual to a Yang-
Mills field theory in 3 + 1 dimensions where the gauge fields transform in the adjoint
representation of the color group SU(N), supplemented byNf additional chiral fermions and
Nf antichiral fermions which transform in the fundamental representation of the U(N) and
in the fundamental representation of a U(Nf) flavor group. Supersymmetry is completely
broken in this theory.

The geometric realization of this setup is given by a D4/D8/D8 construction. A stack
of N D4-branes in the near horizon limit gives rise to the background geometry of the (type
IIA) supergravity theory, analogous to the D3 setup. This time however one of the directions
along the D4-branes has to be compactified in order to avoid a conical singularity in the
resulting background. The matter fields are introduced by a number of Nf � N probe D8-
branes and antiD8-branes. These branes introduce the chiral symmetry groups U(Nf)R and
U(Nf)L which account for fermions of opposite chirality. A caveat of this model is that the
bare quark masses of these fields are vanishing.

Embedding D-Branes

As a concrete realization of the D3/D7 setup we now consider the embedding of a D7-brane
into AdS5 × S5 and its thermal generalization, the AdS5 × S5 black hole background. We
will perform the calculation in the black hole background and can obtain pure AdS5 × S5

solutions as the limit of vanishing horizon radius, r◦ → 0. Intuitive expectations would lead
to embeddings which are influenced by the attractive gravitational force of the black hole as
drawn in the cartoon of Figure 3, which we will quantify now.
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Figure 3: Sketch of brane embeddings in the directions transverse to the D3-brane for different values of
the temperature (relative to quark mass). Left: zero temperature, center: small temperature, right: high
temperature, here the brane crosses the horizon.

The action of a probe D7-brane is given by the DBI action (2.60). For now we consider
the case of vanishing field strengths 2πα′F = B = 0. Therefore we are left with

SDBI = −Tp
∫

d8ξ
√
|detG|. (2.63)

The constant prefactor Tp (compare with (2.12)) is not important for the following discussion.
The action is determined by the induced metric G(ξ) = P[g(x)] on the worldsheet, where ξ
are coordinates of the worldvolume of the D7-brane. The elements of the induced metric are
given by

Gμν(ξ) =
∂xa

∂ξμ
∂xb

∂ξν
gab. (2.64)

Here g is the metric of the AdS5 × S5 black hole background with coordinates xa(ξ) into
which we embed the D7-brane. Two of these coordinates can be interpreted as functions
which determine the position of the eight-dimensional worldvolume of the probe brane in
the two directions transverse to the brane. These functions have to be determined in order to
minimize the action (2.63).

It is convenient for this purpose not to work in the coordinates of (2.51) but to change
to a new radial coordinate � given by

�2 = r2 +
√
r4 − r4

◦ . (2.65)

The metric now is

ds2 =
�2

2R2

(
−
f2(�)

f̃
(
�
) dt2 + f̃

(
�
)
dx2

)
+
R2

�2

(
d�2 + �2dΩ2

5

)

f
(
�
)
= 1 − r

4
◦
�4
, f̃

(
�
)
= 1 +

r4
◦
�4
.

(2.66)
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In this way we can identify the transverse part to the D3-branes as nothing else than R
6 and

we write it as

d�2 + �2dΩ2
5 =

6∑
i=1

d�2
i = dw2 +w2dΩ2

3︸ ︷︷ ︸
R4(�1,...,4)

+ dL2 + L2dφ2

︸ ︷︷ ︸
R2(�5,6)

. (2.67)

In these coordinates we parametrized the domain of the D3-branes by t and the three spatial
coordinates x. The part of the spacetime transverse to it is parametrized by the six coordinates
�i, with radial coordinate � = (

∑
�2
i )

1/2. Equivalently, we wrote the transverse space as a
product space of a four-dimensional R

4 in polar coordinates with radial coordinate w and a
two-dimensional R

2 with radial coordinate L, such that �2 = w2 + L2.
An embedding of the eight-dimensional worldvolume of the D7-brane into AdS5 × S5

is then given by two functions which describe the positions in the two dimensions transverse
to the brane. Stability of the D7-branesolution demands that the branespans a trivial three-
cycle in the transverse direction to the D3-branes [26]. We thus embed the brane along the
following directions.

D3-brane

D7-brane

t x1 x2 x3 w S3 L φ

The worldvolume of the D7-brane is then parametrized by coordinates ξ,

ξ0 = t, ξ1,2,3 = x1,2,3, ξ4 = w, ξ5,6,7 along Ω3, (2.68)

they determine the position of the D7-brane by the embedding functions L(ξ) and φ(ξ).
However, to ensure Poincaré invariance the embedding functions cannot depend on ξ0,...,3.
Moreover, the rotational SO(4) symmetry along the directions of the internal R

4 of the
worldvolume results in embedding functions which only depend on ξ4 = w. The induced
metric (2.64) on the D7-brane then reads

ds2
D7 =

w2 + L2

2R2

(
−
f2

f̃
dt2 + f̃dx2

)
+

R2

w2 + L2

(
dw2 +w2dΩ2

3

)
,

f = 1 − r4
◦

(w2 + L2)2
, f̃ = 1 +

r4
◦

(w2 + L2)2
.

(2.69)

This metric is AdS5 × S3 at asymptotically large w. Note that the embedding function φ(w)
does not appear. This reflects the rotational symmetry of the setup in the space perpendicular
to the brane. Further inserting the result into (2.63) allows to derive the equation of motion
for the embedding L(w),

0 = ∂w

⎡
⎢⎣ W(w,L)√

1 + (∂wL)
2
∂wL

⎤
⎥⎦ −

√
1 + (∂wL)

2 8r8
◦w

3

(w2 + L2)5
L,

W(w,L) = w3

(
1 − r8

◦

(w2 + L2)4

)
.

(2.70)
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From the asymptotic form of the equation of motion we see that the solution near the
boundary at large w behaves as

L = mL +
c

w2
+ · · · . (2.71)

The embedding profile L asymptotically tends to a constant value mL = limw→∞L, which we
use as a free parameter of the setup. Together with the demand for smooth embeddings the
boundary conditions for the solutions L(w) can be written as

lim
w→∞

L(w) = mL, ∂wL(0) = 0 (2.72)

for embeddings that reach w = 0 and

lim
w→∞

L(w) = mL, L(w)|horizon ⊥ horizon (2.73)

for embeddings which enter the horizon. Any other boundary condition than orthogonality
to the black hole horizon would lead to a transverse component of the gravitational force
on the brane, which would deform the embedding until orthogonality is reached in the final
equilibrium state.

The differential equation (2.70) generally has to be solved numerically [32]. At zero
temperature, however, where r◦ = 0, as well as in the limit of large � the equation of motion
is solved analytically by a constant embedding function. Some brane profiles are shown
in Figure 4. The embeddings which do not touch the horizon have a regular worldvolume
metric. They are called Minkowski embeddings. Note that these embeddings do not span the
whole range of the coordinate � in AdS5 × S5, since �2 = L2 +w2 and min � = minL(�) > r◦.
From the induced metric (2.69) we see that these branes “end” at finite � before reaching the
black hole horizon, since the S3 wrapped by the D7-brane probe shrinks to zero size as in
[26]. Those embeddings that end on the horizon exhibit a black hole on their worldvolume
and are therefore called black hole embeddings.

Note that the supergravity scalar L is part of the radial coordinate r of AdS space.
At asymptotically large values of the radial coordinate, where L = mL, the relation is 2r2 =
L2 +w2. So at fixed w near the boundary L ∝ r. In the inverse radial coordinate u it scales like
u1 = ud−Δ. According to the AdS/CFT dictionary, the dual operator of the d = 4 dimensional
field theory therefore is of dimension Δ = d − 1 = 3. This operator is the bilinear ψψ. From
holographic renormalization we learned that the mode of the solution L scaling like ud−Δ

is proportional to the source term of this operator. From the field theory Lagrangian L =
mqψψ + · · · we see that this source is the mass mq of the “quark field” ψ. An exact calculation
relates the parameter mL to the quark mass mq by

mq =
mL

23/2πα′
. (2.74)

The embedding function in this way determines the mass of the quarks in the dual field
theory [26]. (Equation (2.74) does not look like the formula formq given in the original paper,
[26], where the concept was introduced. The relative factor of

√
2 arises from the different
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Figure 4: Solutions to (2.70) yield Black hole (blue lines) and Minkowski embeddings (brown lines) of D7-
branes in the AdS5 × S5 black hole background. The jump between black hole and Minkowski embedding
at mL = 1.3 induces a change of the worldvolume topology, reflected in a first-order phase transition of the
dual field theory, see [32, 33].

coordinate systems used here and in [26]. The transformation between them introduces that
factor in the embeddings and therefore also in the quark masses, compare with Appendix A.)

Accordingly, the coefficient c in (2.71) that scales like uΔ = u3 is proportional to the
vacuum expectation value cc = 〈ψψ〉, known as the chiral condensate. We will not discuss
this quantity in detail in this work.

2.3. Holographic Quantum Chromodynamics

In this section we want to point out some of the most important features of QCD and whether
they can be described by gravity duals or not. We will see that the conditions at which the
quark-gluon plasma exists, in particular finite temperature, allow for an at least qualitative
description of many aspects via gravity duals.

The gauge/gravity correspondence is a remarkable tool for the investigation of the
strongly coupled regime of gauge theories. Depending on the choice of parameters, the
features of the gauge field theory will be more or less close to what we expect from quantum
chromodynamics.

There is hope that the AdS/CFT correspondence may provide some pre- and
postdictions even though the exact gravity dual to QCD is not known. During the last years
it turned out that there exist some quantities, like the celebrated ratio η/s = 1/(4π) of shear
viscosity to entropy density, that are universal in the sense that they do not depend on a
particular supergravity background. Instead they are valid for all theories that have a gravity
dual. If QCD is within this universality class, the results from other gauge theories than QCD
may be applied to quantum chromodynamics as well.

Field Content and Supersymmetry

On the field theory side of the setup we stated that there is the gauge multiplet of N = 4
super Yang-Mills theory supplemented by NfN = 2 hypermultiplets. The gauge degrees
of freedom show up in a multiplet together with scalar and fermionic superpartner particle
fields. In the Maldacena limit these multiplet exists in infinitely many colors, that is, the rank
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of the gauge group is infinite. The fundamental fermionic flavor degrees of freedom on the
other hand exist only in a finite number Nf of flavors, mostly we will restrict to Nf = 2. The
models studied in the following do not explicitly break supersymmetry further, while other
setups may allow to break supersymmetry completely [34].

Compared to QCD we deal with infinitely times more degrees of freedom. However,
as we saw the large N limit simplifies the theory drastically in the way that it allows us
to neglect string loops. In fact corrections of results obtained from large N expansions with
expansion parameter 1/N tend to be small, as, for example, lattice calculations have shown.

Moreover, at all finite values of temperature T /= 0 supersymmetry is broken
spontaneously. Unlike most other spontaneously broken symmetries it is not restored at high
temperatures [35]. For a system at equilibrium this can be seen from the fact that the fermionic
degrees of freedom contained in a supermultiplet obey antiperiodic boundary conditions
along the imaginary axis in the complex time plane, while bosons are periodic. Therefore
the Fourier decompositions and therewith the masses of these fields will differ. Fields with
different masses however are not related to each other by supersymmetry transformations.
This shows that supersymmetry is broken at finite temperature.

To great extent we will be interested in the behavior of fundamental matter and the
bound states of the fundamental fields. As we have done above when we identified the mass
of the quarks with the mass of the fundamental fermions in the hypermultiplet, we will think
of these fields as the cousins of the quarks in QCD—keeping in mind that gauge invariant
operators receive contributions from the scalar superpartners.

Conformal Symmetry

By definition the AdS/CFT correspondence relates gravity to a conformal, that is, scale
invariant, quantum theory. We introduced it as N = 4 SYM theory. This is in vast contrast
to QCD where we know several scales which break conformal symmetry.

The masses of the quarks which have to be regarded as fundamental parameters of
QCD break scale invariance explicitly. The analogon to quark mass is realized geometrically
in terms of the brane embedding profile.

The dynamically determined momentum scale ΛQCD at which the coupling constant
diverges arises from quantization effects and therefore is a manifestation of scale anomalies.
This scale has its dual in the background geometry of the supergravity theory. Temperature
is geometrically realized by introducing a black hole into the spacetime of the gravity theory.
The radius r◦ of the black hole introduces the scale dual to the finite temperature in field
theory. In the way a finite temperature can be interpreted as a lower bound on the momentum
of particles, the black hole horizon radius introduces a cutoff. We interpreted the radial
coordinate in AdS as the scale of a renormalization group flow. The horizon radius then
works as a momentum cutoff. Geometrically, it introduces a scale and thereby explicitly
breaks global conformal invariance.

Bound States of Quarks

One of the great successes of the gauge/gravity duality is the possibility to derive spectra
of bound states of fundamental matter from first principles. The string tension α′ is a
fundamental parameter of the theory and determines the quark mass, which naturally
appears as a parameter in the spectra of bound states. Another parameter is the ’t Hooft
coupling λ. Since we work in the low-energy limit where we expect not to resolve the
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string scale we cannot explicitly assign any value to α′, and in the Maldacena limit we
cannot assign a finite value to λ. We are thus unable to derive numerical values for meson
masses. Nevertheless, the ratio of meson masses we obtain from holographic models can be
compared to observations from experiment. Experimentally observed ratios of meson masses
are reproduced with an accuracy of about 10% [36]. With respect to the various limits in which
the according calculations are performed, this is an astonishing accuracy.

Baryons

The possibilities to model baryons is very limited to this day. This is partly due to the fact that
we are restricted to the limit of infinitely many colors. Since baryons are colorless composite
particles made out of Nc quarks, we would have to describe an object made of an infinite
number of particles.

There are however Skyrmion-like solutions in the Sakai-Sugimoto model [31].
Recently, baryon like operators where considered in Chern-Simons-matter field theory
derived in an AdS4/CFT3 model [37].

Mesons

As mesons are composed operators containing one quark and one antiquark field, they
transform in the adjoint representation of the flavor gauge group SU(Nf), which can
also be expressed as a bifundamental representation with one index in the fundamental
representation Nf and the other in the antifundamenal Nf , as we did in Section 2.1.1 for
the color gauge group. This transformation property on the string theory side is given by a
string that has both ends on the probe D7-brane. So the mesons of the field theory are dual
to the excitations of D7-D7 strings. The endpoints of these strings determine position of the
probe D7-brane. Consequently the excitations of the D7-D7 strings describe fluctuations of
the probe branes. The meson masses can then be obtained from the solutions to the linearized
equations of motion of these fluctuations of the probe branes around the embedding.

As a very short sketch of the procedure and for later reference we outline the
calculation of the spectrum of scalar mesons at zero temperature, first published in [38].
Above, the embedding of the flavor D7-branes at zero temperature was shown to be described
by constant functions L(w) = mL and constant φ(w). We now allow for small deviations from
this embedding by adding small fluctuations ϕ̃L,φ(ξ) to the embedding functions,

L�−→ L + ϕ̃L(ξ), φ �−→ φ + ϕ̃φ(ξ). (2.75)

We want to consider small deviations from the brane profile and therefore may restrict our
attention to the linearized equations of motion for the fluctuations ϕL,φ. In the same way
in which the embedding is determined by the equations of motion obtained from the DBI
action, we can derive the linearized equations of motion for the fluctuations from the same
action (2.63). Analogous to the derivation of the equation of motion (2.70) for the embedding
functions the equations for the fluctuations around L in the zero temperature case of r◦ = 0 are
obtained by plugging in the ansatz (2.75) into the action. The resulting linearized equation
of motion for the fluctuation ϕ̃ was calculated in [38] for zero temperature. To make the
connection to the computation of the derivation of the embedding functions, we stick to
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the coordinates (2.66) with (2.67) in which the fluctuation equation for fluctuations ϕ̃L are
derived to be

0 =
2R4

(w2 + L2)2
∂i∂iϕ̃ +

1
w3

∂w
(
w3∂wϕ̃

)
+

2
w2
∇a∇aϕ̃. (2.76)

Here i is summed over the Minkowski directions, ∇a are the covariant derivatives along the
directions of the S3 spanned by the probe D7-brane, and the radial coordinate of AdS is given
by �2 = w2 + L2. Use the ansatz

ϕ̃ = ϕ(w)e−i �k�x Y l
(

S3
)

(2.77)

with Y l(S3) as the spherical harmonics along the three sphere, such that ∇a∇aϕ̃ = −l(l + 2)ϕ̃.
Here l = 0, 1, 2, . . . is the angular momentum number on the S3. However, in this work we
only consider the solutions with l = 0. The plane wave factor is responsible for ∂i∂iϕ̃ = −k2ϕ̃,
with momentum four-vector �k which determines the meson mass M by M2 = −k2. Therefore
the above ansatz transforms (2.76) into an ordinary differential equation for the radial part
ϕ(w),

0 =
2R4

(w2 + L2)2
M2ϕ(w) +

1
w3

∂w
(
w3∂wϕ(w)

)
. (2.78)

It can be solved in terms of hypergeometric functions. However, normalizable solutions only
exist for

Mn = mq
4πα′

R2

√
(n + 1)(n + 2), n = 0, 1, 2, . . . , (2.79)

where the quark mass mq enters through the embedding L by (2.72) and (2.74), with constant
L = mL. This is the mass spectrum of mesons at zero temperature and vanishing particle
density. In fact this is the form of the spectrum for scalar, pseudo scalar and vector mesons
[38]. We will compare later results at finite temperature and finite density to this formula.

Various aspects of meson spectroscopy have been under investigation, among these
are the discrete meson spectra of stable quark-anti quark mesons at zero temperature [38],
the decreasing stability and melting of these states at finite temperature and finite particle
density [39–41], and the investigation of the spectra of heavy-light mesons [42, 43].

We will derive meson spectra for various purposes. On the one hand side we are
interested in the dependence of the spectra under variation of temperature and particle
density in order to understand the behavior of bound states of quarks. On the other hand we
will observe the influence of external fields on the mass spectra to derive the polarizability of
the mesons, which in turn influence their diffusion behavior inside the quark-gluon plasma.

For mesons in the Sakai-Sugimoto model we again refer to [30, 31].
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Confinement/Deconfinement

The probably most prominent feature of QCD is the running coupling constant, meaning the
change in the value of the coupling constant of the strong interaction under variations of the
energy scale of the interactions. Processes involving high momentum transfer are influenced
less by the strong interactions that those which occur at low momentum. Mathematically, the
value of the coupling constant even diverges at a momentum scale known as ΛQCD. Such a
running of the coupling constant with respect to the energy scale is obviously only possible
in the absence of conformal invariance, which would forbid the existence of a characteristic
scale. As a result, quarks at low energies, for example, low temperature, are confined to
bound states which appear as colorless entities to a far away located observer. At high
energies/high temperatures, the quarks may escape from these states and travel through
spacetime independently.

Experiments show us that at energies above approximately 175 MeV quarks and
gluons start to enter the deconfined regime. The exact value depends on various parameters.
So far there is no analytic proof for these properties of quarks and gluons. To great extent
this is due to the fact that the confinement/deconfinement transition occurs in the strongly
coupled regime of the gauge theory. Traditional perturbative methods may not be applied
here.

In the framework of the gauge/gravity duality, however, one can hope to see effects of
the confinement/deconfinement transition, since we can work in the strongly coupled regime
of the gauge theory. The original correspondence contained adjoint matter fields, given by
the gauge multiplet of N = 4 SYM theory. At finite temperature, the gauge fields undergo
a first-order phase transition at a temperature Tgauge. It coincides with the Hawking-Page
temperature and can be interpreted as the confinement/deconfinement transition [24, 44].

The fundamental matter existing in probe branesetups also exhibits a phase transition
at finite temperature, which though occurs at a different temperature Tfund than the transition
of the gauge fields. Various different models exist where the fundamental degrees of freedom
indeed undergo a phase transition from stable bound states to dissociating ones [32, 33, 39,
41, 45]. We will come back to this transition when we discuss the QCD phase diagram in
Section 5.

It is interesting to note a difference between holographic and lattice models. The
deconfinement temperature for fundamental matter associated with the destabilization of
mesons derived from holographic models is proportional to the mass of the constituent
quarks of the meson, Tfund ∝ mq. Lattice results in the quenched approximation, in contrast,
suggest a scaling of the transition temperature of meson destabilization with the transition
temperature for the gauge fields Tfund ∝ Tgauge [46, 47]. This in principle allows for interesting
comparison of lattice and holographic models with experimental data.

Chiral Symmetry

Soon after the introduction of fundamental matter to the gauge/gravity duality it was shown
that various probe branesetups are capable of realizing chiral symmetry breaking at finite
temperature holographically [30, 32, 33, 48, 49]. The order parameter for the transition
between the chiral symmetric phase and the phase of spontaneously broken chiral symmetry
is given by the chiral condensate cc for massless quarks, that is, the vacuum expectation
value of the bifundamental cc = 〈ψψ〉. In some models this transition coincides with the
confinement/deconfinement transition [50].
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Figure 5: The phase diagram of fundamental matter in the D3/D7 setup. Horizontal axis: Chemical
potential normalized to the quark mass. Vertical axis m−1 ∝ T/mq. In this work we analyze the white
region of finite particle density d̃, for which we show some lines of constant values for d̃. The relation
between d̃ and nB is given by (3.41).

In the Sakai-Sugimoto model, chiral symmetry breaking is realized by the merging of
the embeddings of the D8 and D8 in the low temperature phase. In this way the flavor groups
U(Nf)L and U(Nf)R originating from string excitations on the respective brane combine to a
single vector subgroup U(Nf)V .

3. Thermal Vector Meson Spectra at Finite Particle Density

In this section we address the first two questions raised in the introduction. We wondered
whether bound states of quarks can be observed in holographic models of the thermal quark-
gluon plasma, and how they are influenced by the medium. From experiment we know that
temperature and particle density influence the interaction between particles, a prominent
example is the transition of quarks and gluons from the confined to the deconfined phase at
increasing interaction energy, or equivalently at high temperature.

Temperature and quark density are the most important parameters of the model we
make use of in this work. Together with the mass of the fundamental fields they define the
axes of the phase diagram of fundamental matter in the holographic QGP. In the context of
gauge/gravity duality, there has been an intensive study of the phase diagram of N = 4
supersymmetric SU(N) Yang-Mills theory in the large N limit, with fundamental degrees of
freedom added by considering the AdS-Schwarzschild black hole background with D7-brane
probes [32, 33, 41, 51–53]. Another approach was pursued by studying string worldsheet
instantons [54]. Subsequently, particular interest has arisen in the more involved structure of
the phase diagram when the baryon chemical potential is present, taking finite density effects
into account [55]. We contemplate the phase diagram and its parameters more detailed in
Section 5. In this section we concentrate on the mesonic bound states of quarks and their
dependence on temperature and density.

The aim of this section is the combination of both, finite temperature and finite density
effects in the description of a thermal holographic plasma. In N = 4 SYM theory with
finite baryon density, we relate our work to the phase diagram shown in Figure 2 of [56],
reproduced below in Figure 5. We restrict to setups with nonvanishing particle density. Here,
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fundamental matter is described solely by probe branes with the geometry of black hole
embeddings [55, 57]. The holographic realization of finite particle density is discussed below,
where we introduce the setup.

The concept of mesonic bound states inN = 4 SYM theory in the Maldacena limit at
vanishing temperature and particle density, and an outline of how to obtain their spectra
was sketched in Section 2.3. Here, we extend these calculations to incorporate in-medium
effects of finite temperature and particle density, giving rise to nonvanishing baryon or
isospin chemical potential. The motivation to do so stems from the possibility to conduct
experiments at nonvanishing isospin density [58], as well as the better accessibility by lattice
methods of the finite isospin region in the phase diagram of QCD compared to finite baryon
chemical potential. The work presented here restricts to the calculation of vector meson
bound states with vanishing spatial momentum. At finite momentum the vector mesons
couple to scalar mesons. Extensions of our work to finite momentum can be found in
[59, 60].

The meson spectra will be represented in terms of spectral functions. These functions
of an energy variable will exhibit resonance peaks of finite width, corresponding to decay
rates, at energies corresponding to the meson masses. The necessary extensions of the
setup to finite particle density and the concept of spectral functions are introduced in the
subsequent sections. In order to determine the spectral function at finite temperature and
finite baryon density, we make use of the methods developed in the context of AdS/CFT
applied to hydrodynamics, c.f. for instance [18, 61, 62]. For vanishing chemical potential, a
similar analysis of mesons has been performed in [45]. There it was found that the mass
spectrum is discrete for quarks with masses significantly above the energy scale set by
the temperature. At lower quark mass, a quasiparticle structure is seen which displays the
broadening decay width of the mesons. As the mass decreases or temperature rises, the
mesons are rendered unstable, reflected in broad resonance peaks. These excitations dissipate
their binding energy into the plasma. Note that for this case, there are also lattice gauge theory
results [63].

The achievements of the work presented in this section are the successful incorporation
of either baryonic or isospin chemical potential at finite temperature. Before the results of
this section where published as [39, 40] these aspects where investigated separately in the
literature. As we will see, the simultaneous incorporation of both temperature and particle
density leads to spectra which can be compared to previous publications consistently in the
appropriate limits. In particular, we find that at low temperature to quark mass ratio, that is,
close to the Minkowski phase, where the characteristic energy scale of the system is given
by the quark mass, the spectrum is asymptotically discrete and coincides with the zero-
temperature supersymmetric meson mass formula found in [38] and rephrased in (2.79).
However, away from this regime the dominant energy scale is either the finite temperature or
the chemical potential. Here the observed spectra differ qualitatively from the above in some
respects and resemble aspects of mesonic excitations in QCD. They also show interesting
similarities to phenomenological models. We elaborate on the physical characteristics of our
results in the summary of this section.

In the case of an isospin chemical potential, previous work in the holographic context
has appeared in [51, 64]. In this case, two coincident D7-brane probes are considered, which
account for fundamental matter of opposite isospin charge. We find that spectral functions
quantitatively deviate from the baryonic background case. A triplet splitting of quasiparticle
resonances in the spectral function is observed, which depends on the magnitude of the
chemical potential.
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3.1. Spectral Functions

The spectral function R(ω,q) of an operator J describes the probability density in (ω,q)-
space to detect the quantity encoded in the eigenvalues of the operator J at given energy
ω and spatial momentum q. In our case, we want to describe quarkonium states and are
interested in the mass/energy spectrum of the stable bound states and their lifetimes. In other
words, we want to compute the spectral functions R(ω,q) of a quark-antiquark operator
corresponding to vector mesons. This operator appears in the field theory as the flavor current
�J(x) = ψ(x)�γψ(x) of fundamental fields ψ(x) (and their superpartners). For simplicity, let us
restrict to the case of vanishing momentum, q = 0, where the remaining parameter is the
energy ω alone. Peaks in the spectral function at an energy ω indicate that there is a large
probability to find a quark-antiquark state, which is denoted as a quasiparticle if the width of
the peak is small compared to the height. The position ω of the peak gives the energy or mass
of the quasiparticle while the width of the peak translates into the lifetime of this particle in
position space. According to Fourier transformation, a broad peak, which is a large object in
momentum space, corresponds to an event of short lifetime in position space, and vice versa
a narrow peak in the spectral function is a signal for a particle with a long lifetime.

We very briefly comment on how to derive the spectral function from two-point
functions, and how to extract the relevant information from them. See textbooks like [65]
for details. The formulation of spectral densities in terms of two-point Green functions is
convenient because we can compute the latter holographically.

We think of J being the operator that describes the free mesonic quasiparticle as an
excitation of one of the possible QGP many-particle states |n〉. There are infinitely many
different of such states in the thermal ensemble that represents the QGP. The probability to
occupy one of them is given by the density matrix ρ̂, described in Section 2.2.1. These states
form a basis of the Hamiltonian H of the ensemble, such that

∑
n |n〉〈n| = 1.

The probability of propagation from an initial spacetime point xi, which we define as
xi = (0, 0), to some final point xf = (t, x) is given by the time ordered Green function

Gn(t, x) = −i〈n|θ(t)J
(
xf
)
J†(0)|n〉, (3.1)

where the step function θ(t) accounts for time ordering. The index n shall remind us that this
probability is not an ensemble average. It just gives the probability for the event if the QGP
is in the state |n〉. By switching to the Schrödinger representation of the meson operators and
denoting the momentum operator by k̂,

J(t, x) = e−i(k̂x−Ht)Jei(k̂x−Ht), (3.2)

and insertion of a full set of eigenstates |n′〉we arrive at

Gn(t, x) = −i
∑
n′
θ(t)ei(En−En′ )t−ik·x〈n|J

∣∣n′〉〈n′∣∣J†|n〉. (3.3)

We denote the energy difference of the excited system to the QGP ground state as the energy
ωnn′ of the mesonic excitation. This energy certainly depends on the state of the plasma with
the excited mesonic state |n′〉, and the state |n〉 it was created from, ωnn′ = En − En′ . We write
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〈n|J |n′〉 〈n′|J†|n〉 = |〈n′|J†|n〉|2, and perform a Fourier transformation with respect to energy
and momentum (ω,q),

Gn(ω,q) =
∑
n′

δ(k − q)
ωnn′ −ω + iε

∣∣∣〈n|J†∣∣n′〉
∣∣∣

2
, (3.4)

where the small ε ∈ R accounts for proper convergence. The delta function reflects that the
momentum is conserved in the multiparticle system. To get the probability for the detection
of a meson with energy ω and momentum q in the QGP, we have to perform the ensemble
average. This eventually leads to the relation

G(ω,q) =
1
Z

∑
n,n′

1 + e−βωnn′

ωnn′ −ω + iε
δ(k − q)

∣∣∣〈n′∣∣J†|n〉
∣∣∣

2
. (3.5)

It is convenient to write this Green function as

G(ω,q) =
∫

dω′
R(ω′,q)
ω′ −ω + iε

. (3.6)

Here, we defined a weight function R(ω′,k) for the propagation of the meson state, which
assigns different probabilities to the propagation according to the Green function G(ω,q) =
1/(ω′ − ω). The probability density R is called the spectral density or spectral function. From
(3.5) and (3.6) we see that the spectral function is given by

R
(
ω′,k

)
=

1
Z

∑
n,n′
δ
(
ω′ −ωnn′

)
δ(k − q)

∣∣∣〈n′∣∣J†|n〉
∣∣∣

2(
1 + e−βω

′
)
. (3.7)

This notation reflects the physical interpretation we gave earlier. The probability to observe
the multiparticle system in a state |n′〉 with a mesonic excitation, created by acting with J†

on the initial QGP state |n〉, obeys energy and momentum conservation, and depends on the
temperature, given by β.

Most important for our purpose is the retarded Green function GR. We where not
explicit about the retarded and advanced contributions to the Green function in the above
discussion. Nevertheless, the Sokhatsky-Weierstrass theorem in complex analysis allows to
derive the following relation between the spectral function and the retarded Green function
that we will make use of,

R(ω,k) = −2 ImGR(ω,k). (3.8)

The large probability density for the propagation of a quark-antiquark pair with the right
energy content to form a bound state directly translates into an excess of the spectral function
at that particular value of ω. In the rest frame of the particle, which we are restricting our
attention to, the energy can directly be translated into the mass M of the meson by ω = M.
The calculation of the Green functions of flavor currents J in this way yields information
about the quasiparticle spectrum of a given theory—the meson spectrum.
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From the relation (3.8), we see that a convenient way to obtain the spectral function
is to compute the retarded Green function of the mesonic operator. A way to achieve this
was sketched in Section 3.1. We see that all information about the spectrum is contained in
the correlation function GR. The correlation function in turn is determined by the residues of
its poles in the complex plane. From field theory we know that the poles of the correlation
function in the complex ω-plane can directly be translated to the energies of the states. We
will consider spectral functions at vanishing spatial momentum q, determined by the energy
ω alone.

The standard example in field theory is Klein-Gordon theory which amounts to the
equation of motion for a scalar field φ given by

(
� −m2

)
φ = 0. (3.9)

In terms of the formalism of Green functions the evolution of a delta-shaped initial
perturbation of φ is given by the inverse of the differential operator (� − m2). The modes
of this solutions are then obtained from the Fourier transform (with � �→ ω2 in our example
of a particle at rest),

G(ω) ∝ 1
ω2 −m2

. (3.10)

The Green function exhibits poles at ω = ±m, corresponding to modes with the energy ω of
the stable particle at rest. These real-valued poles are less frequently referred to as normal
modes. The solution to more complicated systems than Klein-Gordon theory, where we
have unstable excitations which dissipate energy, we encounter quasinormal modes Ω which
are complex valued. Quasinormal modes (QNM) where introduced in the context of metric
fluctuations in black hole background. The black hole geometry accounts for the attenuation
since any amount of energy that crosses the event horizon irreversibly disappears from the
system outside. This mechanism also works in the case we will investigate. The difference
to the simple example of Klein-Gordon theory is that we consider correlators of gauge field
fluctuations in an AdS5 ×S5 black hole background rather than a scalar field in flat space. The
fluctuations of the gauge field on the brane can transport energy into the black hole, but no
energy can escape from the horizon. This introduces dissipation, which is then described by
the imaginary part of the quasinormal modes.

For demonstration, presume the solution φ(t) of the equation of motion for a mesonic
excitation may be decomposed into quasinormal modes K(Ω) for complex frequencies Ω.
Suppose we only excite one mode for a single complex Ω′, such that K(Ω) = k δ(Ω−Ω′). This
mode describes an attenuated oscillation as long as the imaginary value of Ω is negative,

φ(t) =
∫

dΩK(Ω)e−iΩt = ke−iRe(Ω′)te
Im(Ω′)t

. (3.11)

For positive imaginary parts of the quasinormal modes, we encounter the unphysical case
of infinite amplification of any fluctuation of the field. Therefore, in a physical setup one
may find singularities of the retarded Green functions GR(ω,q) only in the lower half of the
complex ω-plane. Those with the lowest absolute value of the imaginary part are referred to
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as the hydrodynamic poles of the retarded real-time Green function since they determine the
long time behavior. Consider the made up example in which a Green function exhibits a pole
at Ω = ω0 − iΓ,

GR(ω) ∝ 1
ω −Ω . (3.12)

The pole emerges as a peak in the spectral density of real-valued energies ω,

R(ω) = −2 ImGR(ω) ∝ 2Γ

(ω −ω0)2 + Γ2
, (3.13)

located at ω0 with a width given by Γ. These peaks are interpreted as quasiparticles if their
lifetime 1/Γ is considerably long, that is, if Γ� ω0 and thus the peaks in the spectral function
are narrow.

We compute the spectral function for real and complex values of the energy ω in
this section. However, we focus on the meson spectra, that is, the R(ω, 0) for ω ∈ R, and
postpone the discussion of the physical consequences and a detailed analysis of the behavior
and location of the quasinormal modes to Section 5. In-depth analytical and numerical
investigations of the behavior of quasinormal modes in gauge/gravity duality can be found
in [41, 66].

3.2. Holographic Setup

For an explicit calculation of the flavor current Green functions, we have to find the solutions
to the equations of motion for the supergravity field, which is holographically dual to the
flavor currents in the field theory. This field, which we called φ in the general example
(2.56), is the gauge field A on the probe brane [38]. This means that we have to include
the contributions of the gauge field strength tensor F = dA in the DBI action.

Because of the nonlinearity of the DBI action, the embedding functions and gauge
fields couple. We no longer can expect to determine the embedding functions in terms of the
quark mass alone. Instead, we first introduce a suitable coordinate system to describe the
background geometry, then derive the equations of motion and solutions of the background
fields, which are the embedding and the gauge field on the D7-branes. In the subsequent
section we investigate the fluctuations of the gauge fields on this background to eventually
derive the meson spectra from them. To account for finite temperature, we consider finite
values r◦ /= 0 in the AdS black hole metric.

We compute the functional dependence of the gauge field A(ρ, �k) and the embedding
functions numerically in the limit of vanishing spatial momentum q → 0 for the fluctuations.
In this limit the momentum four-vector simplifies, �k = (ω,q) = (ω, 0) and there are no
couplings between the vector and scalar mesons.

3.2.1. Background Geometry and Supergravity Action

We work in the D3/D7 setup introduced above, that is, we consider asymptotically AdS5 ×S5

space-time which arises as the near horizon limit of a stack of N coincident D3-branes. More



46 Advances in High Energy Physics

precisely, our background is the AdS black hole geometry discussed in Section 2.2.1, which
is the geometry dual to a field theory at finite temperature [17]. In this background, we
encountered D7-brane embeddings of Minkowski type as well as black hole embeddings. The
phase transition between both classes of embeddings is of first-order [32, 33]. The analysis
of the meson spectrum shows that it corresponds to a transition between a phase of stable
bound states of the fundamental degrees of freedom and a phase in which these mesons
have finite lifetime. In physical parameters from the field theory point of view, we are in
the deconfined phase at high temperatures at which mesons are unstable and said to be
melting. For a well-defined notion of high versus low temperatures, we need to compare
the temperature to some energy scale. In our setup, the only available scale for comparison
is the quark mass. Whether we are in the stable or in the melting phase, that is, whether one
or the other type of embedding is realized on the gravity side, depends on the ratio of quark
mass mq to temperature T , c.f. Figure 4. This can be seen from the equation of motion for
the embeddings (2.70). It is invariant under scale transformations by a factor of a, resulting
in L �→ aL, w �→ aw and r◦ �→ ar◦. Scaling L by a amounts to scaling the quark mass mq

by the same factor a, while scaling of r◦ is equivalent to scaling the temperature T by this
factor. Because of the scale invariance of the equation of motion the functional behavior of
the embedding, and therewith the physics of the D3/D7 setup, is identical for all setups with
the same ratio of quark mass and temperature. From (2.74) and (2.55) we infer

mq

T
=
mL

r◦

√
λ

2
. (3.14)

The free parameters of our setup appear on the right hand side as the asymptotic value
mL of the D7-brane embedding and the black hole horizon r◦. The ratio of quark mass and
temperature is defined by the ratio of these parameters, which we will henceforth denote by
the dimensionless quantity

m =
mL

r◦
=

2mq√
λT

. (3.15)

It was found that the transition to the melting meson phase occurs at a value of approximately
m = 1.3 [32]. At this value there is a change in the topology of the probe brane, which changes
between the black hole type with a singularity and the regular Minkowski embedding. We
demonstrated this in Figure 4.

We use m as the parameter which defines whether we are in the regime of high
or low temperature. However, this will not affect the topology of the embedding in our
setup. Below, we follow an argumentation which reveals that we may restrict to black hole
embeddings, since this is the thermodynamically favored configuration in setups with finite
particle density. Black hole embeddings are conveniently described in the coordinate system
(A.10), derived in Appendix A and also used in [55],

ds2 =
�2

2R2

(
−
f2(�)

f̃
(
�
) dt2 + f̃

(
�
)
dx2

)
+ R2

(
d�2

�2
+
(

1 − χ2
)

dΩ2
3 +

(
1 − χ2

)−2
dχ2 + χ2dφ2

)

(3.16)
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with

f
(
�
)
= 1 − r

4
◦
�4
, f̃

(
�
)
= 1 +

r4
◦
�4
. (3.17)

In the following, some equations may be written more conveniently in terms of the
dimensionless radial coordinate ρ = �/r◦, which covers a range from ρH = 1 at the event
horizon to ρ → ∞, representing the boundary of AdS5 space.

As in Section 2.2.2, we embed Nf D7-branes in this spacetime, such that they extend
in all directions of AdS5 space and along the directions of the three-sphere S3, which is part of
the S5. Due to the symmetries of this background, the embeddings depend only on the radial
coordinate � and are parametrized by the functions χ(�). Due to our choice of the gauge field
fluctuations in the next subsection, the remaining three-sphere in this metric will not play a
prominent role. The induced metric on the D7-brane is given by

ds2
D7 =

�2

2R2

(
−
f2

f̃
dt2 + f̃dx2

)
+
R2

�2

1 − χ2 + �2χ′2

1 − χ2
d�2 + R2

(
1 − χ2

)
dΩ2

3. (3.18)

Here and in what follows we use a prime to denote a derivative with respect to � (respecially,
to ρ in dimensionless equations). We write

√
−G to denote the square root of the determinant

of the induced metric on the D7-brane, which is given by

√
−G = �3 ff̃

4

(
1 − χ2

)√
1 − χ2 + �2χ′2. (3.19)

Note that in general the branes are not necessarily coincident, and thus there will
be one embedding function χa per brane, that is, a = 1, . . . ,Nf . We will make use of the
DBI action to derive the embedding profiles χa(�). However, we postpone this task to the
following subsection because the action also depends on the gauge field on the probe brane.
We will see that the embedding function couples to this field on the brane.

Each of the branes features a U(1) “flavor gauge field” Aa, with a = 1, . . . ,Nf . This
gauge field is arises from the fluctuation modes of an open string with both ends attached
to the probe brane. For branes at arbitrary positions we therefore have an overall U(1)Nf

symmetry which is promoted to an U(Nf) in the case of coinciding branes. This symmetry
enhancement comes from the fact that we then can no longer distinguish the branes and
therefore cannot tell on which brane a string ends. Each of the two ends of a string can be
assigned a label, also refered to as a Chan-Paton factor, which identifies the brane on which
the string ends. There are N2

f
possible configurations, matching the degrees of freedom of the

nonAbelian symmetry group U(Nf). The correct action for such a configuration of coinciding
branes is given by the nonAbelian DBI action [67],

S = −Tp
∫

dpξ sTr
[

det⊥Qdet
(
P

[
E + E·i

(
Q−1 − 1

)ij
Ej·

]
+ 2πα′F

)]1/2
(3.20)
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with · as a placeholder for a spacetime index, and

Eμν = gμν + Bμν, (3.21)

Qi
j = δ

i
j + i2πα

′
[
Φi,Φk

]
Ekj . (3.22)

The Greek indices label the background spacetime coordinates, while Latin labels i, j, k denote
the directions perpendicular to the brane. Note that Q is a matrix with labels denoting
solely these directions, and the determinant operator det⊥ acts with respect to them. The
determinant det acts with respect to the labels of the directions along the brane. Additionally
to this Lorentz structure, all the operators in the action above are elements of the U(Nf)
algebra on which the symmetrized trace sTr acts. The operators Φ are operator valued
analogon to the scalar embedding functions.

The nonAbelian nature of the embedding functions Φ introduces noncommutativity
of the spacetime coordinates. The physical consequences of the nonAbelian DBI action are
not entirely understood by now. However, noncommutative spacetimes are candidates for
the cure of UV divergences of quantum field theories and are applied in M-theory to describe
spherical D-brane configurations [68]. The noncommutative contributions are manifest in
(3.22), and hidden in the gauge covariant pullback of g, which introduces gauge covariant
derivatives of the embedding,

P
[
g
]
ab = Gab = ∇axμ∇bxνgμν

= gab + gai∇bΦi + gbi∇aΦi + gij∇aΦi∇bΦj
(3.23)

with

∇aΦi = ∂aΦi + i2πα′
[
Aa,Φi

]
, (3.24)

where the indices i, j are transverse and a, b are along the worldvolume of the probe brane.
The nonAbelian DBI action features commutator terms [A,Φ] and [Φ,Φ] of gauge fields
and embedding functions. These commutator terms can be thought of as corrections to
the Abelian DBI action, which is reproduced if the commutators in (3.22) and (3.24) are
vanishing.

All setups we consider, feature a symmetry in the directions transverse to the D7-
branes which allows to set one of the two Φi to zero, that is, the embedding function in this
direction is constantly zero. Thus, the commutators in (3.22) vanish. Moreover, we restrict
to background configurations, arising from fields which are part of the Cartan subalgebra
of U(Nf). As a justification for this restriction, we claim our freedom to define a basis in
the vector space of the U(Nf) algebra and choose the non trivial embedding to define the
direction of the generator 1, which is the generator of U(1) ⊂ U(Nf). The embedding matrices
Φ thereby are diagonal. A usual interpretation of the Eigenvalues on the diagonal is that
they give the embedding functions for each of the Nf branes. The generators of the U(1)
symmetry affect all flavor branes in an identical manner. The U(1) is therefore interpreted as
the symmetry associated to baryon charge.

Recall that the embeddings determine the quark masses of the dual field theory. The
construction of coinciding branes in our setup therefore implies that the flavor eigenstates
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coincide with the mass eigenstates of the particles in the dual field theory. Generalizations to
distinct bases in the flavor and mass vector spaces should be possible.

In the following, we are especially interested in two different setups, both of which
feature a vanishing Kalb-Ramond field B = 0 but different Nf . The case of Nf = 1
allows investigation of the effects of baryon charge and the corresponding baryonic chemical
potential. The symmetrized trace in the action is trivial in this case. The choice of Nf = 2
features the diagonal generator proportional to diag(1,−1) which can be interpreted to charge
the two flavors oppositely and therefore models isospin symmetry. The nonAbelian DBI action
simplifies to

S = −Tp
∫

dpξsTr
√
|det(G + 2πα′F)|. (3.25)

According to the arguments above, the U(Nf) matrix structure of G and F for Nf = 2 is given
by

G = Gσ0,

F = FBσ0 + FIσ3,
(3.26)

where we use the Cartan subalgebra of the U(2), given by two Pauli matrices

σ0 =
(

1 0
0 1

)
, σ3 =

(
1 0
0 −1

)
. (3.27)

All operators in the action therefore are diagonal. The two probe branes are coincident and
the diagonal entries of the field strength tensor F determine the net charges of the branes. We
have

F =
(
FB + FI 0

0 FB − FI
)

=
(
F(1) 0

0 F(2)

)
. (3.28)

In any case, the restriction to the diagonal Cartan subalgebra of U(Nf) simplifies the
nonAbelian DBI action, for example, symmetrization of the trace is trivial in the sense that all
commutators vanish and sTr = Tr. Expansion of the square root and evaluation of the trace
with subsequent restoration of the square root eventually leads to the following action for
two D7-branes in the AdS5 × S5 black hole background with vanishing B field,

S = −T7

Nf∑
k=1

∫
d8ξ

√
det

(
G + 2πα′F(k)

)
. (3.29)

We will concentrate on the cases of Nf = 1 and Nf = 2, and separately switch on either the
baryonic U(1), parametrized by field strengths FB, or the isospin subgroup SU(2) along the
direction of σ3, parametrized by the field strengths FI . Thus, the action for each brane is the
same as long as we do not switch on both fields simultaneously.
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To sum up, the background geometry described so far is dual to thermal N = 4
supersymmetric SU(N) Yang-Mills theory with Nf additional N = 2 hypermultiplets.
These hypermultiplets arise from the lowest excitations of the strings stretching between
the D7-branes and the background-generating D3-branes. The particles represented by the
fundamental fields of theN = 2 hypermultiplets model the quarks in our system. Their mass
mq is given by the asymptotic value of the separation of the D3- and D7-branes. Since the
physics of the thermal D3/D7 setup is determined by the ratio of quark mass to temperature,
we use the parameter m, which is proportional to this ratio.

3.2.2. Background Gauge Fields: Finite Particle Density

In addition to the parameter m, we aim for a description of the system at finite baryon
density nB, which in turn accounts for a finite chemical potential μ. In the thermal SU(N)
gauge theory, a baryon is composed of N quarks, such that the baryon density nB can be
directly translated into a quark density nq = nBN. The thermodynamic dual quantity of
the quark density is the quark chemical potential μ, which is realized by a nondynamical
time component of the gauge field. The chemical potential is the source of the charge density
operator J0, that is, the time component of the current J , of the particles charged with respect
to the potential under consideration. The time component of the current of fundamental spin
0 fields φ and the spin 1/2 fields ψ in theN = 2 hypermultiplet is given by

J0 = ψγ0ψ + φ∂0φ. (3.30)

In the dual holographic formulation the source μ of this charge density then corresponds to
the nonrenormalizable mode of the according holographically dual field in the supergravity
theory. This field is the time component of the supergravity gauge field on the probe brane,
which we denote by A0. The normalizable mode will yield the expectation value of particle
density. We consider a constant chemical potential in space and time, that is, there is no
spacetime dependence. Instead we work with a gauge field background A0(ρ) which only
depends on the radial AdS coordinate.

We do not rederive the dictionary entries here, but rather rephrase what is important
for the following developments. The holographic interpretation of the embedding χ of the
probe D7-branes was discussed (in a different coordinate system) in Section 2.2.2. The probe
branes account for holographic duals of fundamental quarks with mass mq, determined by
the nonrenormalizable mode of the embedding function. The asymptotic form of the fields
χ(ρ) and A0(ρ) can be found from the equations of motion in the boundary limit ρ → ∞. The
expansion coefficients in an expansion in powers of ρ are given by

A0 = μq −
1
ρ2
· r◦

2πα′
25/2 nq

NfNc

√
λT3

+ · · · ,

χ =
m

ρ
+
cc
ρ3

+ · · · .
(3.31)

Here μq is the quark chemical potential, nq is the quark density, m is the dimensionless
quark mass parameter given in (3.15) and cc is the quark condensate mentioned earlier (but
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irrelevant in this work). We made use of the dimensionless ρ-coordinate that runs from the
horizon value ρ = 1 to the boundary at ρ → ∞. The chemical potential and density of baryons
are simply

μB =
μq

Nc
, nB =

nq

Nc
. (3.32)

Once we have found the solutions A0 to the equations of motion for the gauge field,
the value μq of the chemical potential in the dual field theory can be extracted as

μq = lim
ρ→∞

A0
(
ρ
)
=

r◦
2πα′

μ̃q, (3.33)

where we introduced the dimensionless quantity μ̃ for convenience. We apply the same
normalization to the gauge field and distinguish the dimensionful quantity A from the
dimensionless

Ã0 =
2πα′

r◦
A0 (3.34)

(we save the symbols without diacritics for later use). Analogously, the solutions of the
embedding functions carry information about the quark mass parameter m,

m = lim
ρ→∞

ρχ
(
ρ
)
. (3.35)

We mentioned that for nonvanishing baryon density, there are no embeddings of
Minkowski type, and all embeddings reach the black hole horizon. This is due to the fact
that a finite baryon density in an infinite volume of Minkowski spacetime requires an infinite
number of strings in the dual supergravity picture. These strings have one end on the stack
of D3-branes and the other on the stack of Nf probe D7-branes. These strings pull the brane
towards the black hole [55]. Such spike configurations are common for configurations in
which branes of different dimensionality connect [28].

Very recently, however, it was found that for a vanishing baryon number density, there
may indeed be Minkowski embeddings if a constant vacuum expectation value of Ã0 is
present, which does not depend on the holographic coordinate [56, 57, 69–71]. The phase
diagram found there is reproduced in Figure 5. In the shaded region, the baryon density
vanishes (nB = 0) but temperature, quark mass and chemical potential can be nonzero. This
low temperature region only supports Minkowski embeddings with the brane ending before
reaching the horizon. In contrast, the unshaded region supports black hole embeddings with
the branes ending on the black hole horizon. In this regime the baryon density does not vanish
(nB /= 0). At the low-μ end of the line separating nB = 0 from nB /= 0 in Figure 5, there exists also
a small region of multivalued embeddings, which are thermodynamically unstable [56]. In
the black hole phase there is a phase transition between different black hole embeddings [55],
resembling the meson melting phase transition for fundamental matter at vanishing density.
This first-order transition occurs in a region of the phase diagram close to the separation
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line between the two regions with vanishing (shaded) and nonvanishing (unshaded) baryon
density. This transition disappears above a critical value for the baryon density nB given by

nB =
Nf

√
λT3

25/2
d̃, with critical d̃∗ = 0.00315. (3.36)

In this work we exclusively explore the region in which nB > 0, that is, we examine
thermal systems in the canonical ensemble. For a detailed discussion of this aspect see [56,
57].

To determine the solutions of the supergravity fields on the probe branes we have to
extremize the DBI action (3.29), we write shortly as

SDBI = −T7

Nf∑
k=1

∫
d8ξ

√∣∣∣det
(
G + F̃(k)

)∣∣∣. (3.37)

The induced metric G(ξ) on the stack of Nf coincident branes is given by (3.18), F̃ is the
dimensionless field strength tensor of the gauge fields on the brane.

For now we consider the simpler case of a baryonic chemical potential modeled by
the U(1) subgroup of U(Nf). In this case, the sum amounts to an overall factor of Nf . In
[55] the dynamics of such a system of branes and gauge fields was analyzed in view of
describing phase transitions at finite baryon density. Here, we use these results as a starting
point which gives the background configuration of the probe branes’ embedding function
and the gauge field values at finite baryon density. To examine vector meson spectra, we will
then investigate the dynamics of fluctuations in this gauge field background.

In the coordinates introduced above, the action SDBI for the embedding χ(�) and the
field strength F is obtained by inserting the induced metric and the field strength tensor
into (3.37). From now on we make use of the dimensionless coordinates and reproduce
the action found in [55]. To do so, we remember that the only nonvanishing component of
the background field is the ρ-dependent time component. Therefore, the only nonvanishing
components of the field strength tensor are F̃(k)

40 = −F̃(k)
04 . We evaluate the determinant and

arrive at

SDBI = −T7Nf

∫
d8ξ
√
−G

√
1 +G00G44

(
F̃40

)2
(3.38)

with components Gab of the inverse metric G−1. After inserting these components we get

SDBI = −NfT7r
3
◦

∫
d8ξ

ρ3

4
ff̃

(
1 − χ2

)
√√√√1 − χ2 + ρ2χ′2 − 2

f̃

f2

(
1 − χ2

)(
F̃40

)2
, (3.39)
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where F̃40 = ∂ρÃ0 is the field strength on the brane. The background fields χ and Ã0 depend
solely on ρ. This action only depends on derivatives of the gauge field. We therefore can
identify the constant of motion d̃ satisfying ∂ρd̃ = 0,

d̃ =
∂SDBI

∂
(
∂ρÃ0

) . (3.40)

Evaluation of this formula and insertion of the asymptotic expansion of Ã reveal that this
dimensionless constant is related to the parameters of our setup by [55]

d̃ =
25/2nB

Nf

√
λ T3

. (3.41)

We can therefore think of the constant d̃ as parametrizing the baryon density nB.
The equations of motion for the background fields are conveniently obtained after

Legendre transforming the action (3.39) to Ŝ = S− δS/δF40 in order to eliminate dependence
on the gauge field in favor of dependence on the constant of motion d̃ [55]. Varying this
Legendre transformed action with respect to the field χ gives the equation of motion for the
embeddings χ(ρ),

∂ρ

⎡
⎢⎣
ρ5ff̃

(
1 − χ2)χ′√

1 − χ2 + ρ2χ′2

√√√√1 +
8d̃2

ρ6f̃3
(
1 − χ2

)3

⎤
⎥⎦

= −
ρ3ff̃χ√

1 − χ2 + ρ2χ′2

√√√√1 +
8d̃2

ρ6f̃3
(
1 − χ2

)3

[
3
(

1 − χ2
)
+ 2ρ2χ

′2 − 24d̃2 1 − χ2 + ρ2χ
′2

ρ6f̃3
(
1 − χ2

)3 + 8d̃2

]
.

(3.42)

This equation for χ(ρ) can be solved numerically for given d̃ and initial value χ0. We impose
boundary conditions such that the branes cross the horizon perpendicularly

χ
(
ρ = 1

)
= χ0, ∂ρχ

(
ρ
)
|ρ=1 = 0. (3.43)

Figure 6 shows some examples. The embeddings at finite density resemble the large ρ
asymptotics of the embeddings found at zero density. For small ρ however, at finite particle
density there always is the spike reaching down to the event horizon. The initial value of χ0

determines the position on which the brane reaches the horizon and in this way determines
the quark mass parameter m, c.f. equation (3.35). It is zero for χ0 = 0 and tends to infinity
for χ0 → 1. Figure 7 shows this dependence of m on χ0 for different values of the baryon
density d̃. In general, a small (large) χ0 is equivalent to a small (large) m. For χ0 � 0.5, we
nearly observe proportionality. For vanishing d̃ = 0, we only can model quarks with m ≤ 1.3,
heavier quarks at vanishing density are described by embeddings of Minkowski type, which
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Figure 6: Examples for the embedding function χ(ρ) with χ = cos θ and the according profile L(w).
Matching colors indicate corresponding curves.
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Figure 7: Dependence of the quark mass parameter m on the initial value χ0 of the embedding.

we do not discuss here. (The trained eye can see that there is a maximum of m = 1.3 in
Figure 7 before m drops to smaller values towards χ0 = 1. This is reflecting the existence of a
phase transition to Minkowski embeddings at d̃ = 0).

The equation of motion for the background gauge field Ã is given by

∂ρÃ0 = 2d̃
f
√

1 − χ2 + ρ2χ′2

√
f̃
(
1 − χ2

)[
ρ6f̃3

(
1 − χ2

)3 + 8d̃2
] . (3.44)
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Figure 8: Examples for the background gauge field time component Ã0 (a) and the resulting chemical
potential μ̃ (b). Note that the chemical potential is not zero at asymptotically small but nonzero d̃ for
m > 1.3, reproducing the phase transition line in Figure 5.

Integrating both sides of the equation of motion from ρH = 1 to some ρ, and respecting the
boundary condition Ã0(ρ = 1) = 0 [55], we obtain the full background gauge field

Ã0
(
ρ
)
= 2d̃

∫ρ
1

dρ
f
√

1 − χ2 + ρ2χ′2

√
f̃
(
1 − χ2

)[
ρ6f̃3

(
1 − χ2

)3 + 8d̃2
] . (3.45)

Examples for the functional behavior of Ã0(ρ) are shown in Figure 8. While there is a
significant slope of Ã(ρ) near the horizon at ρ = 1, the gauge field tends to a constant at
large ρ. From (3.33) we recall that this value is the chemical potential of the field theory. We
will henceforth compute μ̃ by evaluating the formula above for large ρ. Note that at any finite
baryon density d̃ ∝ nB /= 0 there exists a minimal chemical potential which is reached in the
limit of massless quarks.

3.3. Meson Spectra at Finite Baryon Density

3.3.1. Equations of Motion

We now compute the spectral functions of flavor currents at finite baryon density d̃, and
temperature T in the black hole phase. Compared to the limit of vanishing density treated
in [45], we discover a qualitatively different behavior of the finite temperature excitations
corresponding to vector meson resonances.

To obtain the mesonic spectral functions, we compute the correlations of flavor
currents J by means of the holographically dual gauge field fluctuations Aμ about the
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background given by (3.39). We denote the full gauge field by

Âμ

(
ρ, �x

)
= δ0

μÃ0
(
ρ
)
+Aμ

(
�x, ρ

)
. (3.46)

According to Section 3.2, the background field has a nonvanishing time component, which
depends solely on ρ. The fluctuations in turn are gauged to have nonvanishing components
along the Minkowski coordinates �x only, and only depend on these coordinates and on
ρ. Additionally, the fluctuations are assumed to be small, such that it suffices to consider
their linearized equations of motion. At this point we simply neglect the fluctuation of the
scalar and pseudoscalar modes and their coupling to the vector fluctuations. This procedure
is justified by the restriction to fluctuations with vanishing spatial momentum, which is
imposed later. In this limit the vector mesons do not couple to the other mesonic excitations.
A generalization of this work which includes these coupling and finite momentum spectra
can be found in [60].

The equations of motion are obtained from the action (3.37), where we introduce small
fluctuations A by setting

Ã�−→ Ã +A,

=⇒F̃ �−→ F̃ + F.
(3.47)

The background gauge field Ã is given by (3.44). The fluctuations A now propagate on a
background G given by

G = G + F̃, (3.48)

and their dynamics is determined by the Lagrangian

L =
√
|det(G + F)|, (3.49)

with the fluctuation field strength Fμν = 2∂[μAν]. In contrast background field Ã, the
fluctuations A do depend on the Minkowski directions as well as on the radial coordinate
of AdS5. Since the fluctuations and their derivatives are chosen to be small, we consider their
equations of motion only up to linear order, and derive these equations from the part of the
Lagrangian Lwhich is quadratic in the fields and their derivatives. Denoting this part by L2,
we get

L2 = −1
4

√
|detG|

(
GμαGβγFαβFγμ −

1
2
GμαGβγFμαFβγ

)
. (3.50)

Here and below we use upper indices onG to denote elements ofG−1. The equations of motion
for the components of A are

0 = ∂ν
[√
|detG|

(
GμνGσγ − GμσGνγ − G[νσ]Gγμ

)
∂[γAμ]

]
. (3.51)
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The terms of the corresponding on-shell action at the ρ-boundaries are (with ρ as an index
for the coordinate ρ, not summed)

Son-shell = r◦π2R3NfT7

∫
d4x

√
|detG|

×
((
G04

)2
A0∂ρA0 − G44GikAi∂ρAk −A0G40 tr(G−1F)

)∣∣∣∣
ρB

ρH=1
.

(3.52)

From this form of the action we can derive the correlation functions by means of the
procedure outlined in Section 2.2.1. First, we Fourier transform the fields as

Aμ

(
ρ, �x

)
=
∫

d4k

(2π)4
ei
�k�xAμ

(
ρ, �k

)
. (3.53)

As above, we are free to choose our coordinate system to give us a momentum vector of the
fluctuation with nonvanishing spatial momentum only in x-direction, �k = (ω, q, 0, 0).

To obtain the correlator GR
ik

with indices i, k labeling Minkowski directions, we have to
consider the second term in the parentheses of (3.52), including all its prefactors. Denote the
resulting expression by A(ρ, �k). We decompose the gauge field fluctuations into a boundary
and a bulk contribution, A(ρ, �k) = f(ρ, �k)Abdy(�k), where limρ→∞f(ρ, �k) = 1. The prescription
from Section 2.2.1 tells us to divide out the boundary terms Abdy fromA(ρ, �k) in order to get
what was denoted by F in (2.59). Once we found the solutions A(ρ, �k) we can obtain this
expression by evaluating

Fik
(
ρ, �k

)∣∣∣
ρb

= lim
ρ→∞

A
(
ρ, �k

)

Ai

(
ρ, �k

)
Ak

(
ρ, �k

) , (3.54)

where the indices i, k correspond to the Minkowski indices on GR
ik

.
To evaluate this expression, we have to insert the solutions to the equations of motion

for A(ρ, �k) into this expression. Note that on the boundary ρB at ρ → ∞, the background
matrix G reduces to the induced D7-brane metric G. Therefore, the analytic expression for
boundary contributions to the on-shell action is identical to the one found in [45]. In our case
of finite baryon density, new features arise through the modified embedding and gauge field
background, which enter the equations of motion (3.51) for the field fluctuations.

We adopt the procedure of [45], where the coordinates in Minkowski directions
where chosen such that the fluctuation four-vector �k exhibits only one nonvanishing spatial
component, for example, in x-direction as �k = (ω, q, 0, 0). In addition, the action was
expressed in terms of the gauge invariant field component combinations

Ex = ωAx + qA0, Ey,z = ωAy,z. (3.55)
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In the case of vanishing spatial momentum q → 0, the Green functions for the different
components coincide and were computed as [45]

GR = GR
xx = GR

yy = GR
zz =

NfNcT
2

8
lim
ρ→∞

(
ρ3 ∂ρE

(
ρ
)

E
(
ρ
)
)
, (3.56)

where the E(ρ) in the denominator divides out the boundary value of the field in the limit of
large ρ. Again, the indices on the Green function denote the components of the operators in
the correlation function, all off-diagonal correlations (as e.g., Gyz) vanish.

In the limit of q → 0, the equations of motion for transverse fluctuations Ey,z match
those for longitudinal fluctuations Ex. For a more detailed discussion see [45]. As an example,
consider the equation of motion obtained from (3.51) with σ = 2, determining Ey = ωA2,

0 = E′′ + ∂ρ ln
(√
|detG|G22G44

)
E′ − G

00

G44
r2
◦ω

2E

= E′′ + ∂ρ ln

⎛
⎜⎜⎝

ρ3f
(
1 − χ2)2

√
1 − χ2 + ρ2χ′2 −

(
2f
(
1 − χ2

)
/f̃2

)(
∂ρÃ0

)2

⎞
⎟⎟⎠E′ + 8w2 f̃

f2

1 − χ2 + ρ2χ
′2

ρ4
(
1 − χ2

) E.

(3.57)

Here we introduced the dimensionless frequency

w =
ω

2πT
. (3.58)

In order to numerically integrate the equations of motion (3.57), we determine local
solutions of that equation near the horizon at ρH = 1, which obey the infalling wave
boundary condition. This condition ensures causality by demanding that the excitations can
propagate in inward direction, but nothing can exit the horizon. The local solutions can be
used to compute initial values in order to integrate (3.57) forward towards the boundary.
The equation of motion (3.57) has coefficients which are singular at the horizon. According
to mathematical standard methods, the local solution of this equation behaves as (ρ − ρH)β,
where β is a so-called “index” of the differential equation [72]. We compute the possible
indices to be

β = ±iw. (3.59)

Only the negative sign will be retained in the following, since it casts the solutions into the
physically relevant incoming waves at the horizon and therefore satisfies the incoming wave
boundary condition. The solutionE can be split into two factors, which are (ρ−1)−iw and some
function F(ρ), which is regular at the horizon. The first coefficients of a series expansion of
F(ρ) can be found recursively as described in [61, 62]. At the horizon the local solution then
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Figure 9: An example for a spectral function at finite baryon density, compared to the zero temperature
result.

reads

E
(
ρ
)
=
(
ρ − 1

)−iw
F
(
ρ
)

=
(
ρ − 1

)−iw[1 +
iw

2
(
ρ − 1

)
+ · · ·

]
.

(3.60)

So, F(ρ) asymptotically assumes values

F
(
ρ = 1

)
= 1, ∂ρF

(
ρ
)∣∣
ρ=1 =

iw

2
. (3.61)

To calculate numeric values for E(ρ), we have to specify the baryon density d̃ and the
initial value χ0, which determines the mass parameter m. These parameters determine the
embeddings χ appearing in (3.57). We can then obtain a solution E for a given frequency w

by numerical integration of the equation of motion (3.57), using the initial values (3.60) and
(3.61).

Spectral functions are finally obtained by combining (3.56) and (3.8),

R(ω, 0) = −
NfNcT

2

4
Im lim

ρ→∞

(
ρ3 ∂ρE

(
ρ
)

E
(
ρ
)
)
. (3.62)

3.3.2. Spectra

We now discuss the resulting spectral functions at finite baryon density, and observe crucial
qualitative differences compared to the case of vanishing baryon density. In Figure 9 an
example for the spectral function at fixed baryon density nB ∝ d̃ is shown. In the limit of
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large w, corresponding to asymptotically small temperatures, the spectral function can be
derived analytically. This zero temperature result is given by

R0 =NfNcT
2πw2. (3.63)

Figure 9 shows this function as well.
All graphs shown here are obtained for a value of d̃ above d̃∗, given by (3.36), such that

we investigate the regime in which there is no fundamental phase transition of first-order.
Recall that the parameters of our theory are given by d̃ ∝ nB/T3 and m ∝ mq/T . Therefore
variations in the quark density at fixed temperature and quark mass are introduced by tuning
d̃ only. The effects of different quark masses can be seen by tuning m alone. The effect of
changes in temperature involves changes in both m and d̃.

It is interesting to compare the spectra we obtain at finite temperature and density to
the vector meson spectrum obtained at zero temperature and vanishing quark density. It is
given by the same relation as the mass spectrum (2.79) which we encountered in the example
of scalar mesons [38]. In our case, where the mesons do not carry spatial momentum, we can
translate the mass Mn of the nth excitation into an energy ωn =Mn. At this energy we would
see a resonance in a supersymmetric setup. In terms of the dimensionless quantities we use
here, these resonance energies are given by

wn =
Mn

2πT
= m

√
(n + 1)(n + 2)

2
, n = 0, 1, 2, . . . , (3.64)

where n labels the Kaluza-Klein modes arising from the D7-brane wrapping the S3.

Finite Temperature Effects

We analyze finite temperature effects by choosing two values of m and d̃, which correspond
to a given values of quark mass, quark density and a temperature T . A change in temperature
amounts to

T �−→ αT (3.65)

and thereby leads to

d̃ �−→ d̃

α3
, m�−→ m

α
. (3.66)

An example is shown in Figure 10. There we plot spectra for three different temperatures,
which we call low (m = 5, d̃ = 1), medium (m = 5/2, d̃ = 1/8) and high (m = 5/3, d̃ = 1/27)
temperature. We can see that at high temperature there is hardly any structure visible in the
spectral function. However, we have chosen a temperature at which already a slight excitation
is visible at low energies w. Decreasing temperature leads to more and more pronounced
peaks in the spectral function. Moreover, at decreasing temperature these peaks move closer
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Figure 10: The effect of variations in temperature on the meson spectrum. Low T: m = 5, d̃ = 1—blue line,
med. T: m = 5/2, d̃ = 1/8—green line, high T: m = 5/3, d̃ = 1/27—red line.

to the resonance energies (3.64), corresponding to zero temperature and density (drawn as
the corresponding dashed lines in the figure).

The formation of sharp resonances at low temperature indicates the intuitively
expected behavior of long living mesons in a cold medium, which melt, that is, decay faster,
at high temperatures. However, we did not perform an analysis of the quality factor of
the resonance peaks, that is, we did not calculate the lifetimes of the vector mesons. From
Figure 10 we can see that the height-to-width ratio of the peaks seems not to improve to a
great extent at low temperatures.

Finite Density Effects

To investigate the effects of finite baryon density nB, we tune d̃while keepingm constant. This
amounts to varying the quark density at constant temperature and quark mass. The effect is
shown in Figure 11. We observe that the peak width is considerably influenced by baryon
density. At low baryon density the resonances are close to line-like excitations, while they are
broadened with increasing particle density. Additionally, increasing the particle density also
causes a slight shift of the resonances to higher energies.

These observations are interesting from a phenomenologically inclined point of view.
The in-medium effects on mesonic bound states are important to interpret the results of
heavy ion collision experiments. Estimations from the early 1990s based on effective models
predicted decreasing vector meson masses at increasing densities [73], known as Brown-Rho
scaling. Experimental data from experiments at the SPS facility at CERN, however, is better
described by models like the one found in [74, 75]. There the in-medium effects also are
reflected in peak broadening and shifts to higher energies.

For information on the spectral functions at vanishing particle density we refer the
reader to [45]. Where the low temperature regime for d̃ = 0 was investigated.

Dependence on Quark Mass

To observe the dependence on the mass of the quarks, we plotted spectra for different m at
constant values of d̃ in Figure 12. We observe more and more pronounced resonances as we
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Figure 11: The dependence of the spectra on baryon density. The dashed lines again mark the
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Figure 12: The dependence of the spectra on quark mass. The dashed lines again mark the supersymmetric
spectrum.

increase the meson mass. These mesons eventually nearly resemble the line spectrum (3.64)
known from the supersymmetric case of zero temperature and vanishing quark density.
This observation reflects the decreasing effect of finite temperature and chemical potential
with increasing quark mass. In a regime where the scale of the quark mass outweighs both
additional scales T and d̃ their effects seem to be negligible. This is the case when we observe
a configuration which is located close to the Minkowski phase in the phase diagram, compare
with Figure 5.

In [39] we elaborate on the spectral functions behavior at low quark masses. There
we observed that the position of the vector meson excitations in the regime of very low
quark masses decreased with increasing quark mass. Further increasing the quark mass lead to
increasing quark masses as described in this section. We omit this discussion here, but resume
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Figure 13: A contour plot of the spectral function in the complex w-plane. Blue shading indicates R > 0,
brown shading indicates R < 0. The gray contour traces R = 0. The values along the line Im w = 0 represent
the physical spectrum we plotted for several parameters above.

on the topic when we discuss the pole structure of the spectral functions. The reason is that
the peaks referred to in [39] are only visible after subtraction of the zero temperature part R0

from the spectral function. To interpret the spectral function as a probability density for the
detection of a quasiparticle, we cannot subtract R0, as we would otherwise produce negative
probability densities, which are not well-defined.

Our setup is a modification of the one used in [45]. There, the authors considered
vector meson spectra at vanishing baryon density. These spectra only show peaks moving to
smaller frequency as the quark mass is increased. There is no contradiction to the results
presented this work. Note that the authors of [45] by construction are restricted to the
regime of high temperature/small quark mass. Nevertheless, they continue to consider
black hole embeddings below the temperature of the fundamental phase transition where
these embeddings are only metastable, the Minkowski embeddings being thermodynamically
favored. At small baryon density and small m our spectra are virtually coincident with those
of [45]. However, in our case, at finite baryon density, black hole embeddings are favored for
all values of the mass over temperature ratio.

3.3.3. Pole Structure

In this section we comment on the quasinormal modes (QNM) of the system under
investigation. As discussed above, these are the poles in the complex frequency plane, that
is, the spectral function diverges at these locations. An impression of the continuation of the
spectral function into the complex frequency plane is given in Figure 13. The data to plot
the graph was obtained in exactly the same way as for the spectral functions shown in the
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Figure 14: The trajectory of the quasinormal mode with lowest |w| in the complex w-plane parametrized
by the quark mass parameter m. for Re w < 3 successive points have Δm = 0.1, for Re w > 3 we chose
Δm = 0.25.

preceding sections, except the fact that we upgraded the numerics to process w ∈ C. Therefore
the spectral functions shown so far are given by the values along the real axis.

Our numerics turn out to be reliable for |Im w| � 1 and therefore cannot determine
poles in the plane of w ∈ C which lie beyond this limit. We trust the values within the
regions shown in the figures of this work, although there possibly is room for improvement
in accuracy. We checked our code for stability against the initial conditions and parameters,
and are mainly interested in the qualitative behavior of the results.

The spectra presented in preceding sections show that the first resonance peaks,
that is, those for small n, are very narrow, while the following peaks show a broadening
accompanied by decreasing amplitude. The physical consequence would be a longer lifetime
of the lower n excitations. This is reflected in a smaller imaginary part of the corresponding
quasinormal mode in Figure 13. It is a known fact that the quasinormal modes develop larger
real and imaginary parts at higher n. So the sharp resonances at low w, which correspond to
quasiparticles of long lifetime, originate from poles with small imaginary part. For higher
excitations in n at larger w, the resonances broaden and get damped due to larger imaginary
parts of the corresponding quasinormal modes.

Above we observed variations in the positions and widths of the peaks in the spectral
function, depending on the changes in temperature, particle density and meson mass. This
behavior can be translated into a movement of the quasinormal modes in the complex plane.
Figure 14 shows the trajectory of the quasinormal mode corresponding to the first peak in the
spectral function, parametrized by m. At small densities, we can see the turning behavior of
the mode which starts to move in the direction of decreasing real part at small m, and then
turns to asymptotically large real part while converging to the real axis for further increasing
m.
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It would be interesting to compare our results to a direct calculation of the quasinormal
modes of vector fluctuations in analogy to [41]. There, the quasinormal modes are considered
for scalar fluctuations exclusively, at vanishing baryon density. The authors observe that
starting from the massless case, the real part of the quasinormal frequencies increases with
the quark mass first, and then turns around to decrease. This behavior agrees with the
peak movement for scalar spectral functions observed in [45] (above the fundamental phase
transition at χ0 ≤ 0.94) where the scalar meson resonances move to higher frequency first,
turn around and move to smaller frequency increasing the mass further. These results do not
contradict the present work since we consider vector modes exclusively.

3.4. Meson Spectra at Finite Isospin Density

3.4.1. Equations of Motion

In order to examine the case of two flavors,Nf = 2, with opposite isospin chemical potential
in the strongly coupled plasma, we extend our previous analysis of vector meson spectral
functions to a chemical potential with SU(2)-flavor, that is, isospin, structure. Starting from
the general action (3.25) we now consider the nonAbelian field strength tensors

F̂μν = σa
(

2∂[μÂa
ν] +

r2
◦

2πα′
fabcÂb

μÂ
c
ν

)
, (3.67)

with the Pauli matrices σa and Â given by (3.46). The upper index on the gauge field labels
the component in the vector space of the SU(2) generators. The factor r2

◦/(2πα
′) is due to

the introduction of dimensionless fields as described below (3.33). The totally antisymmetric
fabc = εabc with ε123 = 1 arise from the structure constants of SU(2).

In the nonAbelian field strength tensor, the term quadratic in the gauge field describes
a self-interaction of the gauge field. The coupling constant for this interaction may be
determined by a redefinition of the gauge field, such that the kinetic term of the effective
four-dimensional theory has the canonical form. In Appendix C (taken from [40]) we show
that the redefinition is given by

Â�−→ cA√
λ
Â, (3.68)

where the dimensionless constant cA depends on the geometry of the D7 worldvolume
directions along ρ and the S3, which are transverse to the directions of the D3-brane. In
particular, cA is independent of the ’t Hooft coupling λ. Determining the exact value of cA
is left to further work in terms of the ideas presented in Appendix C. In the following we
chose a convenient cA = 4π/

√
2. The field strength tensor in the redefined fields is given by

Faμν = 2∂[μÂa
ν] +

cA√
λ
fabcÂb

μÂ
c
ν. (3.69)

In order to obtain a finite isospin-charge density nI and its conjugate chemical potential
μI , we introduce a ρ-dependent time component of the SU(2) valued background gauge
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field Ã [76]. This background field is defining a direction in the vector space of the SU(2)
generators. We choose coordinates such that the direction of the background field aligns with
the σ3 direction while the other SU(2) components are vanishing,

Ã0 = Ã3
0σ

3 = Ã3
0

(
ρ
)(1 0

0 −1

)
, Ã1

0 = Ã2
0 = 0. (3.70)

This specific choice of the 3-direction in flavor space as well as spacetime dependence
simplifies the isospin background field strength, such that we get two copies of the baryonic
background F̃ρ0 on the diagonal of the flavor matrix,

F̃40 =

(
∂ρÃ0 0

0 −∂ρÃ0

)
. (3.71)

The derivation of the background field configuration leads to the same explicit form of the
action as (3.39). We can therefore make use of the background field solutions χ(ρ) and Ã0(ρ)
found in the baryonic case. As before, we collect the induced metric G and the background
field strength F̃ in the background tensor G = G + F̃.

For the fluctuations, however, we encounter an additional structure. The SU(2) valued
fluctuations in general have components along all the directions of this vector space. We make
use of Tr(σiσj) = 2δij and apply the background field method in analogy to the baryonic case
examined in Section 3.3. As before, we obtain the quadratic action for the fluctuations Aa

μ by
expanding the determinant and square root in powers of Aa

μ. The term linear in fluctuations
again vanishes by the equation of motion for the background field. This leaves the quadratic
action

S
(2)
iso = 2π2R3r◦TRT7

∫∞
1

dρd4x
√
|detG|

×
[
GμαGνβ

(
∂[μA

a
ν] ∂[αA

a
β] +

r4
◦

(2πα′)2

(
Ã3

0

)2
fab3fac3 Ab

[μδν]0 A
c
[αδβ]0

)

+
(
GμαGνβ − GαμGβν

) r2
◦

2πα′
Ã3

0f
ab3 ∂[αA

a
β] A

b
[μδν]0

]
.

(3.72)

The factor TR arises from the trace over the generators of SU(2). If we use the Pauli matrices as
generators we get TR = 2. Another common choice for the generators is σi/2, which amounts
to TR = 1/2. We leave the explicit choice open, since it merely introduces an unimportant
finite proportionality constant to the action. Note that besides the familiar Maxwell term, two
other terms appear due to the nonAbelian structure. One of the new terms depends linearly,
the other quadratically on the background gauge field Ã and both contribute nontrivially to
the dynamics. The equation of motion for gauge field fluctuations on the D7-brane is

0 = ∂κ
[√
|detG|(GνκGσμ − GνσGκμ)F̌aμν

]
−
√
|detG| r2

◦
2πα′

Ã3
0f

ab3
(
Gν0Gσμ − GνσG0μ

)
F̌bμν,

(3.73)
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with the modified field strength linear in fluctuations F̌aμν = 2∂[μAa
ν] + cA/

√
λfab3Ã3

0(δ0μA
b
ν +

δ0νA
b
μ)r

2
◦/(2πα

′).
Integration by parts of (3.72) and application of (3.73) yields the on-shell action

Son-shell
iso = r◦TRT7π

2R3
∫

d4x
√
|detG| ×

(
Gν4Gβμ −GνβG4μ

)
Aa
βF̌

a
μν

∣∣∣
ρB

ρH
. (3.74)

The three field equations of motion (flavor index a = 1, 2, 3) for fluctuations in transverse
Lorentz-directions μ = 2, 3 can again be written in terms of the combination EaT = qAa

0 +ωA
a
α.

At vanishing spatial momentum q = 0 we get
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(3.75)

Note that we use the dimensionless background gauge field Ã3
0 = A

3
0(2πα

′)/r◦ with r◦ =
TπR2. Despite the presence of the new nonAbelian terms, at vanishing spatial momentum the
equations of motion for longitudinal fluctuations EaL acquire the same form as the transverse
equations (3.75).

Two of the above ordinary second-order differential equations are coupled through
their flavor structure. Decoupling can be achieved as in [76] (At this point there is an essential

difference which distinguishes this setup from the approach with a constant potential A
3
0

at vanishing mass followed, for example, in [76], while the metric coefficients for massless
quarks are identical in both cases, there is a ρ-dependence of the background gauge field in
the present setup.) by transformation to the flavor combinations

X = E1 + iE2, Y = E1 − iE2. (3.76)
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The equations of motion for these fields are given by

0 = X′′ + ∂ρ ln
(√
|detG|G44G22

)
X′ − 4

r4
◦
R4

G00

G44
(w −m)2X, (3.77)

0 = Y ′′ + ∂ρ ln
(√
|detG|G44G22

)
Y ′ − 4

r4
◦
R4

G00

G44
(w + m)2Y, (3.78)

0 = E3′′ + ∂ρ ln
(√
|detG|G44G22

)
E3′ − 4

r4
◦
R4

G00

G44
w2E3 (3.79)

with w = ω/(2πT) and dimensionless but ρ-dependent m = A
3
0/(2πT). Proceeding as

described in Section 3.3, we determine the local solution of these equations at the horizon.
The indices turn out to be

β = ±i

⎛
⎝w ∓

A
3
0
(
ρ = 1

)

2πT

⎞
⎠. (3.80)

Since A
3
0(ρ = 1) = 0 we are left with the same index as in (3.59) for the baryon case, that is, the

chemical potential does not influence the singular behavior of the fluctuations at the horizon.
The local solution coincides to linear order with the baryonic solution given in (3.60).

For the special case of zero temperature the background geometry is AdS5 × S5. For
finite chemical potential in the zero temperature case we can obtain the gauge field correlators
in analogy to [14]. The zero temperature result R0,iso analog to (3.63) is given by

R0,iso = TRNT2π(w ±m∞)2, (3.81)

with the dimensionless chemical potential m∞ = limρ→∞m.

3.4.2. Spectra

Application of the recipe analog to the case of baryonic chemical potential yields the spectral
functions of flavor current correlators in a medium with finite isospin density. Note that
after transforming to flavor combinations X and Y , given in (3.76), the diagonal elements
of the propagation submatrix in flavor-transverse X,Y directions vanish, GXX = GYY = 0.
Now the off-diagonal elements give nonvanishing contributions. However, the component
E3, longitudinal in flavor space, is not influenced by the isospin chemical potential, such that
GE3E3 is nonzero, while other combinations with E3 vanish [76].

In Figure 15 we compare spectral functions for the isospin case, where we emphasize
the first peak of each of the three components. Note that the E3 spectrum coincides with the
baryonic case, as the equation of motion (3.79) coincides with (3.57).

While the qualitative behavior of the isospin spectral functions agrees with the one
of the baryonic spectral functions, there nevertheless is a quantitative difference for the
flavor-transverse components X,Y . We find that the propagator for flavor combinations GYX
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Figure 15: The vector meson spectral functions of the three isospin components. For a concise image we
emphasize the first peak of each component by stronger color saturation.

exhibits a spectral function for which the peaks are shifted to higher frequencies, compared to
the Abelian case curve. For the spectral function computed from GXY , the opposite is true, its
peaks appear at lower frequencies. The quasiparticle resonance peak in the spectral function
RYX appears at higher frequencies than expected from the vector meson mass formula (3.64).
The other flavor-transverse spectral function RXY displays a resonance at lower frequency
than observed in the baryonic case.

This may be interpreted as a splitting of the resonance peak into three distinct peaks.
This is due to the fact that we explicitly break the symmetry in flavor space by our choice of
the background field Ã3

0. Decreasing the chemical potential reduces the distance of the two
outer resonance peaks from the one in the middle and therefore the splitting is reduced.

The described behavior resembles the mass splitting of mesons in presence of a isospin
chemical potential expected to occur in QCD [77, 78]. A linear dependence of the separation
of the peaks on the chemical potential is expected. Our observations confirm this behavior.
Since the vector mesons are isospin triplets and we break isospin symmetry explicitly, we see
that in this respect our model is in qualitative agreement with effective QCD models. Note
also the complementary discussion of this point in [79].

3.5. Summary

Two distinct setups were examined at nonzero charge density in the black hole phase. First,
switching on a baryon chemical potential through nonzero baryon density, we find that nearly
stable vector mesons exist close to the transition line to the Minkowski phase. Far from this
regime, at small quark masses or high density, the spectral functions do not show distinct
resonance peaks.

Moreover, at small quark masses and particle densities we observe that the quasinor-
mal modes move to positions with smaller real part in the complex ω plane, in accordance
with the observations in the case of vanishing chemical potential [45]. Increasing the quark
mass over temperature ratio beyond a distinct value, the plasma adopts the behavior
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known from the case of zero temperature. In the spectral functions we computed, this zero-
temperature-like behavior is found in form of line-like resonances, at low particle densities
exactly reproducing the zero-temperature supersymmetric vector meson mass spectrum.

Besides finite temperature effects it is especially interesting to observe the in-medium
effects caused by finite particle density. We observe a broadening width of the resonance
peaks in the spectrum as a function of increasing particle density. At the same time, a
slight shift of the resonance position to higher energies occurs. This result contradicts the
expectations from the effective QCD models investigated by Brown and Rho [73]. However,
experimental data from collision experiments at SPS do not support Brown-Rho scaling
either. Instead more recent effective models, which are in good agreement with experimental
data, also show a broadening of the ρ-meson resonance peaks accompanied by a small
positive mass shift [74, 75]. It would be interesting to investigate the mechanisms, that lead
to the qualitative agreement of effective QCD models and the D3/D7 setup that we observed
here. Other in-medium effects will be studied in Section 4.3. There we determine the mass
shift of mesons due to polarization of mesons by the presence of the gluonic background
field in the plasma.

Second, we switched on a nonzero isospin density, and equivalently an isospin
chemical potential arises. The spectral functions in this case show a qualitatively similar
behavior as those for baryonic potential. However, we additionally observe a splitting of
the single resonance peak at vanishing isospin potential into three distinct resonances. This
suggests that by explicitly breaking the flavor symmetry by a chemical potential, the isospin
triplet states, vector mesons in our case, show a mass splitting similar to that observed for
QCD [77]. It is an interesting task to explore the features of this isospin theory in greater
detail in order to compare with available lattice data and effective QCD models [80–88]. In
most of these approaches, baryon and isospin chemical potential are considered at the same
time, which suggests another promising extension of this work. Moreover, in the context of
gravity duals, it will be interesting to compare our results for the isospin chemical potential
to the work presented in [79].

Alternatively, instead of giving the gauge field time component a nonvanishing
vacuum expectation value, one may also switch on B-field components and combine the
framework developed in [89–91] with the calculation of spectral functions for the dual gauge
theory.

Our spectra also show that for given quark mass and temperature, lower n meson
excitations can be nearly stable in the plasma, while higher n excitations remain unstable. At
vanishing baryon density, the formation of resonance peaks for higher excitations has also
been observed in [92].

4. Diffusion in the Holographic Plasma

Based on the observation that the many particle system observed at RHIC is well described
by hydrodynamics with very low viscosity, the quark-gluon plasma is widely regarded as an
almost perfect liquid [93–95]. In principle, the theory of hydrodynamics should be capable of
modeling the collective dynamics of the plasma. This requires knowledge of initial conditions
and the equations of state of the system. The hydrodynamic description then yields the
dynamics of the system in terms of collective quantities such as currents, densities and
entropy. For a comprehensive understanding of the quark-gluon plasma and related systems
it would be pleasing to be able to derive the thermodynamic and kinetic properties of the
system from first principles. In this section we present work which was conducted with the
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motivation to advance towards this goal. Adopting different points of view, we contemplate
one particular attribute characteristic for fluids: diffusion.

The diffusion coefficient is a transport coefficient which parametrizes the ability of
a fluid to reach an equilibrium state by transport of some initially unevenly distributed
quantity through currents. In the quark-gluon plasma, these currents are the color and flavor
currents, which account for the transport of quarks and gluons through the plasma. A particle
of high diffusivity (high mobility) loses only a small part of its energy while traversing a
given distance the medium and will transport its associated charge much faster than a particle
which loses much momentum by interaction with the medium.

Close to thermodynamic equilibrium, transport coefficients such as that for diffusion
can be derived from first principles by so-called Kubo-formulae, which describe the coefficients
in terms of correlation functions of the current which accounts for equilibration of the system.
This approach has been used successfully in the past to derive transport coefficients and
conductivities from holographic models [19, 45, 96–106].

In this section, once more the adjoint and fundamental matter described by the gauge
multiplet of N = 4 and the N = 2 hypermultiplet of thermal SYM theory in the limit of a
large number of gauge degrees of freedom serves as a model for the quark-gluon plasma.

The energy loss of heavy quarks and mesons in media has been a subject of intense
experimental interest [107–113]. The suppression of charm and bottom quarks observed at
RHIC motivated several groups to utilize the gauge-gravity duality [1, 3, 8, 9] to compute the
drag of fundamental heavy quarks in N = 4 super Yang-Mills theory at strong coupling
[97, 100, 101]. In this approach, the heavy quark is given by a classical string attached
to the D7-brane probe. First studies of flavors in thermal AdS/CFT beyond the quenched
approximation, that is, with nonzero Nf/N, were performed in [114, 115].

We pick up the previous efforts and generalize them by including the effects of finite
density, respectively chemical potential, on diffusion properties. The first part of this section
very shortly addresses consequences of finite baryon density on a certain holographic method
to derive the diffusion coefficient of baryons in a holographic plasma. Subsequently, in
Section 4.2, we study the gauge/gravity dual of a finite temperature field theory at finite
isospin chemical potential. The isospin chemical potential is obtained by giving a finite
vacuum expectation value to the time component of the nonAbelian gauge field on the brane,
as in the previous sections. In order to obtain analytical results, we restrict our attention to
the limit of massless quarks.

The consideration of an isospin chemical potential is an interesting field to study since
it is still easier accessible by lattice calculations than setups at baryonic chemical potential.
Hopefully holographic models one day allow for comparison to, for example, large N lattice
calculations. Moreover, isospin diffusion has been measured in heavy ion reactions [58, 116].

Eventually in Section 4.3 we adopt a different point of view on diffusion in the
holographic quark-gluon plasma. From the technical point of view, we do not pursue
the approach of Kubo to obtain the diffusion coefficient directly from current correlation
functions. Instead, we make use of a stochastic Langevin model, which determines the
momentum broadening of particles due to random kicks from interactions with the medium.

Moreover, conceptually we extend the area of research on diffusion processes in the
holographic QGP to mesons traversing the plasma. This effort bears two interesting aspects.
One is the aim for a description of the kinetics of heavy mesons in the QGP, since observation
show that heavy mesons like the J/ψ survive the deconfinement transition. The other is the
estimation of the effects of strong coupling on the plasma. The particular effective model we
use does not rely on any weak or strong coupling limit for the interaction of the mesons with
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the medium. This allows for comparison of perturbative results for momentum broadening
at weak coupling with holographic results for the strong coupling regime. In this way we
present a method that may allow to estimate the effect of strong coupling on dynamic effects
in the QGP.

4.1. Baryon Diffusion

In this section, we calculate the baryon diffusion coefficient D and its dependence on the
baryon density in the thermal holographic plasma. The coordinates and parameters we use
are the same as in Section 3, they are discussed in detail in Section 3.2.

In the context of holography, the idea is to describe the conserved current J of the
gauge field theory in terms of the dual gauge field in the supergravity theory, as we did
in Section 3. This current in our case is the current J which transports baryon charge and
therefore is nonzero when baryon diffusion occurs. The dual supergravity field was identified
as the gauge field fluctuation A on the probe brane. Any gauge field configuration of A that
satisfies the equations of motion also generates a conserved current in terms of the field
strength F = dA, as dF = 0. As in electrodynamics one can identify the columns of the
field strength tensor with vector currents. Fick’s law of diffusion J = D∇J0 can be shown to
be satisfied in the long distance limit for the on-shell field strength tensor of a supergravity
gauge field. The constant D is then identified with the diffusion constant [19]. This constant
describes how strong the currents J are which drive a hydrodynamic system into equilibrium,
as a reaction on gradients in the charge distribution J0.

To solve for D, one therefore has to find the solutions of the gauge field fluctuations
which are holographically dual to the relevant current. As soon as a solution is found and
gauge/gravity duality is invoked to compute the current J, one may solve Fick’s law for D.
At vanishing particle density, the gauge field solution can determined from the DBI action
in terms of metric coefficients alone [19]. Because we use the same coordinate system as
the authors of [45], we arrive at the same explicit form of the induced metric (3.18) on the
probe D7-brane in our setup. We therefore reuse the result for the diffusion coefficient derived
there.

A very concise formula for the diffusion coefficient D of R-charges was derived in
reference to the membrane paradigm in [19]. It was later directly translated to the diffusion of
flavor currents in the D3/D7 setup in [45]. The name “membrane paradigm” does not refer
to D-branes but instead alludes to the fact that the analogies between black hole physics and
thermodynamics very often can be expressed in terms of events taking place at the event
horizon (or slightly outside the horizon, then referred to as the “stretched horizon”), which
has no materialistic manifestation but still appears as a significant surface, a membrane, to an
observer or in the relevant formulae.

We extend previous efforts by introducing finite baryon density. This quantity
explicitly enters the solution to the gauge field (3.45) which in turn explicitly enters the
equation of motion (3.57) for the fluctuations. Therefore, one should expect a modified result
for the diffusion coefficient including the explicit occurrence of the baryon density d̃. We
rely on the fact that these terms vanish for d̃ → 0, restrict to the small density regime and
stick to the expression found in [45]. Nevertheless we still cover finite density effects in this
way, since the probe brane embeddings χ are different for vanishing and finite density, as
we see from their equation of motion (3.42). This difference should therefore translate into a
dependence of the diffusion constant on the parameter d̃, which is proportional to the baryon
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Figure 16: Approximate baryon diffusion coefficientD as a function of the quark mass to temperature ratio
m. The curve for d̃ = 0 reproduces the result from [45]. The exact results derived in [117] show deviations
most notably in the limit of large m.

density by (3.41). We know that in the case of finite baryon density, black hole embeddings
describe the entire parameter range of temperature and quark mass [55, 57].

Finally, the formula for the diffusion coefficient D found in [45] is given by

D =
√
−G

G11
√
−G00G44

∣∣∣∣∣
ρ=1

∫∞
1

dρ
−G00G44√
−G

, (4.1)

where the metric coefficients Gμν can be obtained from (3.18) with the square root of the
absolute value of the metric determinant

√
−G given by (3.19). Insertion of these coefficients
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. (4.2)

The embeddings χ are determined as in Section 3 by solving equation (3.42) in terms of the
parameters d̃ for baryon density and initial value χ(1) = χ0, which determines the quark
mass normalized to temperature, c.f. Figure 7.

The results for D are shown in Figure 16, where we compare to the result at vanishing
baryon density found in in [45]. There is a phase transition, at approximately m = 1.3 which
we briefly address in Section 5.1.

The diffusion coefficient never vanishes in the medium with nonzero density. Both in
the limit of T/mq → 0 and T/mq → ∞, D converges to 1/(2πT) for all densities, that is,
to the same value as for vanishing baryon density, as given for instance in [19] for R-charge
diffusion. In the regime of moderate to low temperatures the diffusion constant develops a
nonzero minimum.
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In order to give a physical explanation for this behavior, we focus on the case
without baryons first. We see that the diffusion coefficient vanishes at the temperature of
the fundamental deconfinement transition. This is simply due to the fact that at and below
this temperature, all charge carriers are bound into mesons not carrying any baryon number.

For nonzero baryon density however, there is a fixed number of charge carriers (free
quarks) present at any temperature. This implies that the diffusion coefficient never vanishes.
Switching on a very small baryon density, even below the temperature of the phase transition,
where most of the quarks are bound into mesons, by demanding d̃ /= 0 there will still be a
finite amount of free quarks. By increasing the baryon density, we increase the amount of free
quarks, which at some point outnumber the quarks bound in mesons. In the large density
limit the diffusion coefficient approaches D0 = 1/(2πT) for all values of T/mq, because only
a negligible fraction of the quarks is still bound in this limit.

As a final comment, we point out that after the publication of these results in [39,
40] a more careful analysis of the calculation of the diffusion coefficient was performed in
[117]. Here the diffusion coefficient was identified with the proportionality coefficient D in
the dispersion relation for the hydrodynamic quasinormal mode ω (the so-called diffusion
pole or hydrodynamic pole, compare with Section 3.1) of the gauge field fluctuations at finite
spatial momentum k, given by

ω = −iDk2 +O
(
k3
)
. (4.3)

The inclusion of finite spatial momentum introduces several new aspects we circumvented
in the limit of k → 0. In accordance with the results obtained from this analysis, the results
for D in the low quark mass/high temperature regime agree well with our naı̈ve approach
[117].

4.2. Isospin Diffusion

We study the diffusion coefficient of particles charged under isospin chemical potential.
The results where originally published as [76]. Physically, the isospin chemical potential
corresponds to the energy necessary to invert the isospin of a given particle. Within nuclear
physics, such a chemical potential is of relevance, for example, for the description of neutron
stars. In two-flavor QCD, effects of a finite isospin chemical potential have been discussed for
instance in [83, 118, 119].

In the following paragraphs we outline the procedure and comment on the restrictions
we imposed. Recent work revealed that some of these can actually be considered as
shortcomings. In particular the consideration of a constant background gauge field on the
brane can be justified only for very small chemical potentials. Due to the assumed smallness
of the chemical potential we neglected second-order terms in the background gauge field on
the brane. Both limitations however can be cured, based on the insights published in [55, 57].
A reviewed version of our results can be found in [120].

As in Section 3, we introduce an isospin chemical potential μ by defining the vacuum
expectation value of the SU(2) gauge field on the coinciding probe D7-branes to be

A0 =
(
μ 0
0 −μ

)
. (4.4)



Advances in High Energy Physics 75

For simplicity, we work with a constant background field configuration. The above A0 is a
solution to the D7-brane equations of motion and is present even for the D7-brane embedding
corresponding to massless quarks. However, We consider μ to be small, such that the Bose-
Einstein instability observed in [51], which is of order O(μ2), does not affect our discussion
here.

Even though, this constant gauge field given by (4.4) is a solution to the equation of
motion, it does not represent the thermodynamically preferred configuration [57]. Instead we
should rather make use of the solution presented in (3.45) with constant embedding function
χ = 0, for which the authors of [57] present an analytical solution. Nevertheless, for simplicity
we stick with (4.4) in this section, which may be justified in the case of very small densities,
where the derivative of A0(u) is very small, c.f. Figure 8.

Again, we work in the D3/D7 setup. For simplicity, we consider only the D7 probe
embedding for vanishing mass m = 0. This embedding is constant and terminates at the
horizon. This simplification allows us to derive our results purely analytically. We establish
the SU(2) nonAbelian action for a probe of two coincident D7-branes and obtain the equations
of motion for fluctuations about the background (4.4). These fluctuations are dual to the
SU(2) flavor current Jμa. We find an ansatz for decoupling the equations of motion for the
different Lorentz and flavor components, and solve them by adapting the method developed
in [17, 18]. This involves Fourier transforming to momentum space, and using a power
expansion ansatz for the equations of motion. We discuss the approximation necessary for
an analytical solution, which amounts to considering frequencies with ω < μ < T . With this
approach we obtain the complete current-current correlator. The key point is that the constant
chemical potential effectively replaces a time derivative in the action and in the equations of
motion. In the Fourier transformed picture, this leads to a dependence of physical observables
on the square root

√
ω of the frequency. This nonlinear behavior goes beyond linear

response theory. We discuss the physical properties of the Green functions contributing to the
current-current correlator. In particular, for small frequencies we find a frequency-dependent
diffusion coefficient D(ω) ∝ (1/T)

√
ω/μ, whereas frequency-dependent diffusion has—to

our knowledge—not yet been discussed in the context of the quark-gluon plasma, it is well-
known in the theory of quantum liquids and therefore may possibly also apply to the quark
gluon plasma. For instance, for small frequencies the square-root behavior we find agrees
qualitatively with the results of [121, 122] for liquid para-hydrogen. Generally, frequency-
dependent diffusion leads to a nonexponential decay of time-dependent fluctuations [123].

The approach used in this section is related but different from the procedure we
implemented to obtain the spectral functions at finite isospin density in Section 3. The
nonanalytical behavior we derive is due to the limits we consider. Coming from (3.80),
the difference between a constant nonvanishing background gauge field and the varying
one becomes clear. Here, the field is chosen to be small and constant in ρ, such that terms
quadratic in the background gauge field Ã3

0 � 1 can be neglected. This implies that the
square (w ∓m)2 in (3.77) and (3.78) is replaced by w2 ∓ 2wm, such that we obtain the indices

β = ±w
√

1 ∓A
3
0(ρ = 1)/(2πT)w instead of (3.80). If we additionally assume w � Ã3

0, then
the 1 under the square root can be neglected. In this case the spectral function develops a
nonanalytic structure coming from the

√
ω factor in the index.

This section is organized as follows. We start with a comment on frequency-dependent
diffusion within hydrodynamics and the method we use to compute the diffusion constant
holographically. Thereafter, we establish the D7 probe action in presence of the isospin
chemical potential, derive the corresponding equations of motion and solve them. Finally,
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we obtain the associated Green functions in the hydrodynamical approximation. From their
pole structure we can read off the frequency-dependent diffusion coefficient. We comment on
our results briefly where it is appropriate in this section and leave a summarizing discussion
for Section 4.4, including an interpretation of our results.

4.2.1. Diffusion Coefficients from Green Functions

Thermal Green functions have proven to be a useful tool not only to derive spectra, as
above, but also for analyzing the structure of hydrodynamic theories and for calculating
hydrodynamic quantities such as transport coefficients. In this section we once more use
the gauge/gravity dual prescription of [18] for calculating Green functions in Minkowski
spacetime. These correlators can be thought of as being determined by their pole structure, in
the way discussed in connection with the spectral functions, c.f. Section 3.1. From these poles
at complex frequencies we derive the diffusion coefficient D of isospin charge with charge
density J0 and conserved current four-vector �J = (J0, J).

Considering systems governed by hydrodynamics, such as the quark-gluon plasma,
we are eager for solutions to the hydrodynamic equations of motion. Regarding diffusion,
we pay special interest to the Green function for the diffusion equation

∂0J
0(t, x) = D∇2J0(t, x), (4.5)

with J0 the density, given by the time component of a diffusive current four-vector �J , and D
is the diffusion constant we are interested in. In Fourier space this equation reads

iωJ0(ω,k) = Dk2J0(ω,k). (4.6)

This determines the dispersion relation ω = −iDk2 of the mode with energy ω. In the
language of Green functions we will observe solutions of the form

G(ω,k) ∝ 1
iω −Dk2

. (4.7)

Here, the dispersion relation determines the poles of the Green function. Finding the correct
dependence of the poles of the correlator on ω and k therefore allows to determine the
diffusion constant D.

The diffusive quantity we are interested in the isospin charge with density J0 as part
of the four-vector �J = (J0, J). These currents are holographically dual to the gauge field on
the brane. We therefore have to solve the equations of motion for the gauge fields to obtain
the relevant field theory Green function G of isospin diffusion of J0 by following the recipe
for retarded correlation functions [18]. We are interested in the hydrodynamic properties
and therefore restrict to the hydrodynamic long wavelength/low-energy limit such that we
restrict to the lowest order in k.
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For the nonAbelian case with an isospin chemical potential, in Section 4.2.4 we will
obtain retarded Green functions of the form

G(ω,k) ∝ 1
iω −D(ω)k2 +O(k3)

. (4.8)

Retarded Green functions of this type have been discussed for instance in [123]. Equation
(4.8) describes frequency-dependent diffusion with coefficient D(ω), such that (4.6) becomes

iωJ0(ω,k) = D(ω)k2J0(ω,k). (4.9)

In our case, J0 is the isospin density at a given point in the liquid.
This is a nonlinear behavior which goes beyond linear response theory. In particular,

when Fourier-transforming back to position space, we have to use the convolution for the
product D · J0 and obtain

∂0J
0(t, x) +∇2

∫ t
−∞

dsJ0(s, x)D(t − s) = 0 (4.10)

for the retarded Green function. This implies together with the continuity equation ∂0J
0 +∇ ·

J = 0, with J the three-vector current associated to J0, that

J = −∇
(
D ∗ J0

)
, (4.11)

where ∗ denotes the convolution. This replaces the linear response theory constitutive
equation J = −D∇J0. Note that for D(t − s) = Dδ(t − s) with D constant, (4.10) reduces
to (4.5).

4.2.2. Holographic Setup

In this subsection we use the AdS black hole coordinates given in Appendix A, equation
(A.15),

ds2 =
r2
◦

R2u

(
−f(u)dt2 + dx2) + R2

4u2f(u)
du2 + R2dΩ2

5,

f = 1 − u2, r◦ = TπR2,

0 ≤ u ≤ 1, xi ∈ R

(4.12)

with the metric dΩ2
5 of the unit 5-sphere. This geometry is asymptotically AdS5 × S5 with the

boundary of the AdS part at u = 0, the black hole horizon is located at u = 1.
Into this ten-dimensional spacetime we embed Nf = 2 coinciding D7-branes, hosting

the flavor gauge fields A. We choose the same embedding as in the previous calculations,
which extends the D7-branes in all directions of AdS5 space and wraps an S3 on the S5. Here,
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we restrict ourselves to the most straightforward case, that is the trivial constant embedding
of the branes through the origin along the AdS radial coordinate u. This corresponds to
massless quarks in the dual field theory. On the brane, the metric simply reduces to

ds2 =
r2
◦

R2u

(
−f(u)dt2 + dx2

1 + dx2
2 + dx2

3

)
+

R2

4u2f(u)
du2 + R2dΩ2

3. (4.13)

Due to the choice of our gauge field in the next subsection, the remaining three-sphere in this
metric will not play a prominent role. We use labels μ, ν, . . . to denote any direction, i, j, . . . to
refer to Minkowski directions, u is used as a label for the radial coordinate, and α will be used
to refer to the x1,2 directions.

Introducing a NonAbelian Chemical Potential

A gravity dual description of a chemical potential amounts to a nondynamical time
component A0 of the gauge field in the action for the D7-brane probe embedded into the
background given above. There are essentially two different ways to realize a nonvanishing
contribution from a chemical potential to the field strength tensor F = 2∂[μAν] + fabcAb

μA
c
ν.

The first is to consider a u-dependent baryon chemical potential, as we did in the preceding
section. We work with a constant chemical potential of the form

A0 = Aa
0T

a, (4.14)

where we sum over indices which occur twice in a term and denote the gauge group
generators by Ta. The brane configuration described above leads to an SU(Nf) gauge group
with Nf = 2 on the brane, which corresponds to a global SU(Nf) in the dual field theory.
For Nf = 2, the generators of the gauge group on the brane are given by Ta = σa/2, with
Pauli matrices σa. We will see that (4.14) indeed produces nontrivial new contributions to the
action.

Using the standard background field method of quantum field theory, we consider the
chemical potential as a fixed background and study gauge field fluctuations around it. We
single out a particular direction in flavor space by taking A3

0 = μ as the only nonvanishing
component of the background field. From now on we use the symbol Aa

ν to refer to gauge
field fluctuations around the fixed background,

Aa
ν �−→ μδν0δ

a3 +Aa
ν. (4.15)

We gauge the component along the radial coordinate toAu = 0 and assume thatAμ = 0
for μ = 5, 6, 7. Due to the symmetries of the background, we effectively examine gauge field
fluctuations Aμ depending on the five-dimensional subspace on the branespanned by the
coordinates x0,1,2,3 and by the radial AdS coordinate u. The magnitude of all components
of A and the background chemical potential μ are considered to be small. This allows us
to simplify certain expressions by dropping terms of higher-order in A and in the chemical
potential μ.
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4.2.3. Equations of Motion and Their Solutions

The action describing the dynamics of the flavor gauge fields in the D3/D7 setup is the
Dirac-Born-Infeld action. Since we work with vanishing gauge field components in all of
the directions perpendicular to the D3-branes, there are no contributions from the Chern-
Simons action. As mentioned, we consider the constant D7 probe embedding corresponding
to vanishing quark mass, m = 0. The metric on the brane is then given by (4.13). Since we are
interested in two-point correlators only, it is sufficient to consider the DBI action to second-
order in α′,

SD7 = −T7TR
(

2π2α′
)2
R3

∫u=1

u=0
dud4x

√
−GGμσGνβFaμνF

a
σβ, (4.16)

where we use the D7-brane tension T7 as in (2.12), performed the integration over the 5, 6, 7-
directions, which are the directions along the S3, and the factor TR arising from the trace over
the representation matrices Ta,

Tr
(
TaTb

)
= TRδab. (4.17)

In our case we have TR = 1/2.
Evaluating the DBI action given in (4.16) with the substitution rule (4.15), we arrive at

SD7 = −T7TR
(

2π2α′
)2
R3

∫u=1

u=0
du d4x

√
−GGμσGνβ

×
(

4∂[μAa
ν]∂[σA

a
β] − 8δ0νδ0βf

abc∂[0A
a
μ]A

b
σμ

c
)
,

(4.18)

where we use the short-hand notation μc = μδ3c and neglect terms of higher than linear order
in μ, and higher than quadratic order in A since both are small in our approach.

Up to the sum over flavor indices a, the first term in the bracket in (4.18) is reminiscent
of the Abelian superMaxwell action in five dimensions, considered already for the R-charge
current correlators in [17]. The new second term in our action arises from the nonAbelian
nature of the gauge group, giving terms proportional to the gauge group’s structure constants
fabc in the field strength tensor Faμν = 2∂[μAa

ν] + f
abcAb

μA
c
ν.

We proceed by calculating the retarded Green functions for the action (4.18), following
the prescription of [18] as outlined in Section 2.2.1. According to this prescription, as a first
step we consider the equations of motion obtained from the action (4.18), which are given by

0 = 2∂μ
(√
−GGμσGνβ∂[σA

a
β]

)

+ fabc
[√
−GG00Gνβμc

(
∂βA

b
0 − 2∂0A

b
β

)
+ δ0ν∂μ

(√
−GG00GμσAb

σμ
c
)]
.

(4.19)
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It is useful to work in momentum space from now on. We therefore expand the bulk gauge
fields in Fourier modes in the xi directions,

Aμ(u, �x) =
∫

d4k

(2π)4
e−iωx0+ik·xAμ

(
u, �k

)
. (4.20)

As we work in the gauge where Au = 0, we only have to take care of the components Ai with
i = 0, 1, 2, 3.

For the sake of simplicity, we choose the momentum of the fluctuations to be along
the x3 direction, so their momentum four-vector is �k = (ω, 0, 0, q). With this choice we have
specified to gauge fields which only depend on the radial coordinate u, the time coordinate
x0 and the spatial x3 direction.

Equations for Aa
1- and A

a
2-Components

Choosing the free Lorentz index in the equations of motion (4.19) to be ν = α = 1, 2 gives two
identical differential equations for A1 and A2,

0 = Aa′′
α +

f ′

f
Aa′
α +

w2 − fq2

uf2
Aa
α + 2i

w

uf2
fabc

μb

2πT
Ac
α, (4.21)

where we indicated the derivative with respect to u with a prime and have introduced the
dimensionless quantities

w =
ω

2πT
, q =

q

2πT
, m =

μ

2πT
. (4.22)

We now make use of the structure constants of SU(2), which are fabc = εabc, where εabc is the
totally antisymmetric epsilon symbol with ε123 = 1. Writing out (4.21) for the three different
choices of a = 1, 2, 3 results in

0 = A1′′
α +

f ′

f
A1′
α +

w2 − fq2

uf2
A1
α − 2i

mw

uf2
A2
α, (4.23)

0 = A2′′
α +

f ′

f
A2′
α +

w2 − fq2

uf2
A2
α + 2i

mw

uf2
A1
α, (4.24)

0 = A3′′
α +

f ′

f
A3′
α +

w2 − fq2

uf2
A3
α. (4.25)

The first two of these equations for the gauge field directions transverse to the background
field are coupled, the third longitudinal one is the same equation that was solved in the
Abelian Super-Maxwell case [17]. Note that these equations are influenced by one of the
addressed oversimplifications in a way that will turn out to be crucial at the end. We neglect
terms quadratic in m. If we would allow for these quadratic terms we could complete the
square and avoid the nonanalytical behavior we observe later [120].
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Equations for Aa
0- and A

a
3-Components

The remaining choices for the free Lorentz index ν = 0, 3, u in (4.19) result in three equations
which are also not independent. The choices ν = 0 and ν = u give

0 = Aa′′
0 −

q2

uf
Aa

0 −
qw

uf
Aa

3 − i
q

uf
fabc

μb

2πT
Ac

3, (4.26)

0 = wAa′
0 + qfAa′

3 + ifabc
μb

2πT
Ac′

0 . (4.27)

Solving (4.27) forAa′
0 , differentiating it once with respect to u and using (4.26) results in (4.19)

for ν = 3,

0 = Aa′′
3 +

f ′

f
Aa′

3 +
w2

uf2
Aa

3 +
qw

uf2
Aa

0 + i
q

uf2
fabc

μb

2πT
Ac

0 + 2i
w

uf2
fabc

μb

2πT
Ac

3. (4.28)

We will make use of (4.26) and (4.27) which look more concise. These equations of motion for
Aa

0 and Aa
3 are coupled in Lorentz and flavor indices. To decouple them with respect to the

Lorentz structure, we solve (4.27) for Aa′
3 and insert the result into the differentiated version

of (4.26). This gives

0 = Aa′′′
0 +

(
uf

)′
uf

Aa′′
0 +

w2 − fq2

uf2
Aa′

0 + 2i
w

uf2
fabc

μb

2πT
Ac′

0 . (4.29)

The equations for a = 1, 2 are still coupled with respect to their gauge structure. The
case a = 3 was solved in [17]. We will solve (4.29) for Aa′

0 and can obtain Aa′
3 from (4.27).

Note that it is sufficient for our purpose to obtain solutions for the derivatives of the fields.
These contribute to (2.56) to (2.59) that give the retarded thermal Green functions, while the
functions A = f(u, �k)Abdy(�k) themselves simply contribute a factor of f(u,−�k) which merely
gives a factor of unity at the boundary.

Solutions

Generally, we follow the methods developed in [17], and our differential equations are very
similar to the ones considered there. Additionally, we need to respect the flavor structure of
the gauge fields, only the equations for flavor index a = 3 resemble those analyzed in [17].
Those for a = 1, 2 involve extra terms, which couple the equations. Coupling occurs not only
via their Lorentz indices, but also with respect to the flavor indices. We already decoupled
the Lorentz structure in the previous section. As typical for an explicitly broken SU(2), the
equations of motion which involve different gauge components will decouple if we transform
to the variables

Xi = A1
i + iA

2
i ,

X̃i = A1
i − iA

2
i .

(4.30)
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Here, theA1
i ,A

2
i are the generally complex gauge field components in momentum space. Note

that up to SU(2) transformations, the combinations (3.76) are the only ones which decouple
the equations of motion for a = 1, 2. These combinations are reminiscent of the nonAbelian
SU(2) gauge field in position space,

Ai = Aa
i

σa

2
=

1
2

(
A3
i A1

i − iA
2
i

A1
i + iA

2
i −A3

i

)
. (4.31)

The equations of motion for the flavor index a = 3 were solved in [17]. To solve the equations
of motion for the fields Aa

i with a = 1, 2, we rewrite them in terms of Xi and X̃i. Applying the
transformation (3.76) to the equations of motion (4.23) and the a = 1, 2 versions of (4.29) and
(4.27) leads to

0 = X′′α +
f ′

f
X′α +

w2 − fq2 ∓ 2mw

uf2
Xα, (4.32)

0 = X′′′0 +

(
uf

)′
uf

X′′0 +
w2 − fq2 ∓ 2mw

uf2
X′0, (4.33)

0 = (w ∓m)X′0 + qfX′3, (4.34)

where again α = 1, 2, and the upper signs correspond to X and the lower ones to X̃.
As in the section on spectral functions, we observe that some coefficients of these

functions are divergent at the horizon u = 1. We hark back to the ansatz

Xi = (1 − u)βF(u), X̃i = (1 − u)β̃F̃(u), (4.35)

with regular functions F(u) and F̃(u). To cancel the singular behavior of the coefficients, we
have to find the adequate β and β̃, the so-called indices, given by equations known as the
indicial equations for β and β̃. We eventually get for all Xi and X̃i

β = ± iw
2

√
1 − 2m

w
, β̃ = ± iw

2

√
1 +

2m

w
. (4.36)

Note that these exponents differ from those of the Abelian Super-Maxwell theory [17]
by a dependence on

√
w in the limit of small frequencies (w < m). In the limit of vanishing

chemical potential m → 0, the indices given in [17] are reproduced from (3.59). Again,
however, if we include the quadratic order in m it is possible to complete the square to get
β = ∓i/(2w ∓m) [120].

In order to solve (4.32), (4.33), and (4.34) analytically, we introduce a series expansion
ansatz for the function F in the momentum variables w and q. In Section 3.3.1 we solved the
resulting equations up to first-order in the radial coordinate in order to get initial conditions
for the subsequent numerical integration. Here we are not interested in the dependence along
u, but in the dependence on the lowest order in w and q in order to extract the dispersion
relation that determines the poles in the according correlators. In fact, the physical motivation
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behind this expansion is that we aim for thermodynamical quantities which are known from
statistical mechanics in the hydrodynamic limit of small four-momentum �k. So the standard
choice would be

F(u) = F0 + wF1 + q2G1 + · · · . (4.37)

On the other hand, we realize that our indices will appear linearly (and quadratically) in
the differential equations’ coefficients after inserting (4.35) into (4.32), (4.33) and (4.34). The
square root in β and β̃ mixes different orders of w. In order to sort coefficients in our series
ansatz, we assume w < m and keep only the leading w contributions to β and β̃, such that

β ≈ ∓
√

wm

2
, β̃ ≈ ±i

√
wm

2
. (4.38)

This introduces an additional order O(w1/2), which we include in our ansatz (4.37), giving

F(u) = F0 + w1/2F1/2 + wF1 + q2G1 + · · · , (4.39)

and analogously for the tilded quantities. If we had not includedO(w1/2) the resulting system
would be overdetermined. On the other hand this procedure of including nonanalytical
square root terms would be superseded by including the second-order terms in m from the
beginning. The results we obtain by using the approximations (4.38) and (4.39) have been
checked against the numerical solution for exact β with exact F(u). These approximations are
useful for fluctuations with q,w < 1.

Note that by dropping the 1 in (3.59) we also drop the Abelian limit.
Consider the indices (4.36) for positive frequency first. In order to meet the incoming

wave boundary condition, we restrict the solution β̃ to the negative sign only. For the
approximate β̃ in (4.38) we therefore choose the lower (negative) sign. This exponent
describes a mode that travels into the horizon of the black hole. In case of β, we demand the
mode to decay towards the horizon, choosing the lower (positive) sign in (4.38) consistently.
Note that for negative frequencies ω < 0 the indices β and β̃ exchange their roles.

Using (4.38) in (4.35) and inserting the ansatz into the equations of motion, we find
equations for each order in q2 and w separately. After solving the equations of motion for
the coefficient functions F0, F1/2, F1 and G1, we eventually can assemble the solutions to the
equations of motion for X as defined in (4.30),

X(u) = (1 − u)βF(u)

= (1 − u)β
(
F0 +

√
wF1/2 + wF1 + q2G1 + · · ·

)
,

(4.40)

and a corresponding formula for X̃(u) from the ansatz (4.35).
Illustrating the method, we now write down the equations of motion order by order

for the function Xα. To do so, we use (4.40) with (4.38) in (4.32) with the upper sign for Xα.
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Then we examine the result order by order in w and q2,

O(const) :0 = F ′′0 +
f ′

f
F ′0, (4.41)

O
(√

w
)

:0 = F ′′1/2 +
f ′

f
F ′1/2 −

√
2m

1 − uF
′
0 −

√
m

2
1
f
F0, (4.42)

O(w) :0 = F ′′1 +
f ′

f
F ′1 −

√
2m

1 − uF
′
1/2 −

√
m

2
1
f
F1/2 −m

4 − u(1 + u)2

2uf2
F0, (4.43)

O
(
q2
)

:0 = G′′1 +
f ′

f
G′1 −

1
uf

F0. (4.44)

At this point we observe that the differential equations we have to solve for each order
are shifted with respect to the solutions found in [17]. The contributions of order wn in [17]
now show up in order wn/2. Their solutions will exhibit factors of order μn/2. Again, we
emphasize that inclusion of O(m2) terms would just result in a shift of w�→ w ±m.

Solving the system (4.41) to (4.44) of coupled differential equations is straightforward
in the way that they can be reduced to several uncoupled first-order ordinary differential
equations in the following way. Note that there obviously is a constant solution F0 = C for the
first equation. Inserting it into (4.42) and (4.44) leaves us with ordinary differential equations
for F ′1/2 and G′1 respectively. Using the solutions of F0 and F1/2 in (4.43) gives one more such
equation for F ′1.

To fix the boundary values of the solutions just mentioned, we demand the value of
F(u = 1) to be given by the constant F0 and therefore choose the other component functions’
solutions such that limu→ 1F1/2 = 0, and the same for F1 and G1. The remaining integration
constant C is determined by taking the boundary limit u → 0 of the explicit solution (4.40),
making use of the second boundary condition

lim
u→ 0

X(u) = Xbdy, (4.45)

see Appendix B.1. Eventually, we end up with all the ingredients needed to construct the
gauge field’s fluctuations X(u) as in (4.40).

We solve (4.32) with lower sign for X̃α and (4.33) forX′0 and its tilded partner in exactly
the same way as just outlined, only some coefficients of these differential equations differ. The
solution for X′3 is then obtained from (4.34).

All solutions are given explicitly in Appendix B.1 together with all other information
needed to construct the functions Xα, X̃α, X′0, X̃′0, X′3 and X̃′3.

4.2.4. Current Correlators

In this section we obtain the momentum space correlation functions for the isospin currents
by means of the holographically dual gauge field component combinations X and X̃
defined in (4.30). Recall that the imaginary part of the retarded correlators essentially gives
the thermal spectral functions (c.f. Section 3). The following discussion of the correlators’
properties can therefore be related to the discussion of the corresponding spectral functions.
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First note that the on-shell action gets contributions from the nonAbelian structure,

SD7 = −T7TR
(

2π2α′
)2
R3

× 2
∫

d4q

(2π)4

[
√
−GGuuGjk Aa′

j

(
�q
)
Aa
k

(
−�q
)∣∣∣
u=1

u=0
− 4iqfabcμc

∫1

0
du
√
−GG00G33Aa

[3A
b
0]

]
,

(4.46)

where j, k = 0, 1, 2, 3, and the index u denotes the radial AdS-direction. Up to the sum over
flavor indices, the first term in the bracket is similar to the Abelian Super-Maxwell action of
[17]. The second term is a new contribution depending on the isospin chemical potential. It is
a contact term which we will neglect. The correlation functions however get a structure that
is different from the Abelian case. This is due to the appearance of the chemical potential in
the equations of motion and their solutions. Writing (4.46) as a function of X and X̃ results in

SD7 = −T7TR
(

2π2α′
)2
R32

∫
d4q

(2π)4

×
[
√
−GGuuGjk

[
1
2

(
X′j X̃k + X̃′jXk

)
+A3′

j A
3
k

]∣∣∣∣
u=1

u=0
− 4qμ

∫1

0
du
√
−GG00G332X[0X̃3]

]
.

(4.47)

In order to find the current correlators, we apply the method outlined in Section 2.2.1
to (4.47), with the solutions for the fields given in Appendix B.1. As an example, we derive
the correlators G00̃ = 〈J0(�q)J̃0(−�q)〉 and G0̃0 = 〈J̃0(�q)J0(−�q)〉 of the flavor current time
components J0 and J̃0, coupling to the bulk fields X0 and X̃0, respectively. Correlation
functions of all other components are derived analogously.

Green Functions: Calculation

First, we extract the prefactor of (∂A0)
2 from the action (4.16) and call it B(u),

B(u) = −T7TR
(

2π2α′
)2
R3
√
−GGuuG00. (4.48)

We need this factor below to calculate the Green function,

GR = lim
u→ 0

B(u)f
(
u,−�k

)
∂uf

(
u, �k

)
. (4.49)

The second step, finding the solutions to the mode equations of motion, has already
been performed in Section 4.2.3. In the example at hand we need the solutions X0 and X̃0.
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From (4.40) and from Appendix B we obtain

X′0 = −(1 − u)
√

wm/2 q2X̃
bdy
0 + wqX̃

bdy
3√

2mw + wm ln 2 + q2

×
[

1 −w1/2
√

m

2
ln

(
2u2

u + 1

)

−w
m

12

(
π2 + 3 ln22 + 3 ln2(1 + u) + 6 ln 2 ln

(
u2

1 + u

)

+ 12Li2(1 − u) + 12Li2(−u) − 12Li2

(
1 − u

2

))

+q2 ln
(
u + 1

2u

)]
,

X̃′0 = −(1 − u)−i
√

wm/2 q2X
bdy
0 + wqX

bdy
3

i
√

2mw + wm ln 2 − q2

×
[

1 + w1/2i

√
m

2
ln

(
2u2

u + 1

)

+ w
m

12

(
π2 + 3 ln22 + 3 ln2(1 + u) + 6 ln 2 ln

(
u2

1 + u

)

+ 12Li2(1 − u) + 12Li2(−u) − 12Li2

(
1 − u

2

))

+q2 ln
(
u + 1

2u

)]
.

(4.50)

Note that we need the derivatives to apply (2.57) and (2.58).
Now we perform the third step and insert (4.48) and (4.50) into (4.49). Our solutions

X0 and X̃0 replace the solution f(u, �k) and f(u,−�k) in (2.58). The resulting expression is
evaluated at ub = 0, which comes from the lower limit of the u-integral in the on-shell action
(4.47). At small u = ε � 1, (4.50) give

lim
u→ 0

X′0 = −
q2X̃

bdy
0 + wqX̃

bdy
3√

2mw + wm ln 2 + q2
− lim
ε→ 0

(
q2X̃

bdy
0 + wqX̃

bdy
3

)
ln ε,

lim
u→ 0

X̃′0 =
q2X

bdy
0 + wqX

bdy
3

i
√

2mw + wm ln 2 − q2
+ lim
ε→ 0

(
q2X

bdy
0 + wqX

bdy
3

)
ln ε.

(4.51)
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In the next to leading order of (4.51) there appear singularities, just like in the Abelian Super-
Maxwell calculation [17, equation (5.15)]. However, in the hydrodynamic limit, we consider
only the finite leading order.

Green Functions: Results

Putting everything together, for the two Green functions for the field components X0, X̃0

given in (4.30) by

X0 = A1
0 + iA

2
0, X̃0 = A1

0 − iA
2
0, (4.52)

we obtain

G0̃0 =
NcT

8π
2πTq2

i
√

2mw − q2 + wm ln 2
, (4.53)

G00̃ =
NcT

8π
2πTq2

−
√

2mw − q2 −wm ln 2
. (4.54)

These are the Green functions for the time components in Minkowski space, perpendicular
to the chemical potential in flavor space. All Green functions are obtained considering
hydrodynamic approximations in O(w1/2,w, q2), neglecting mixed and higher-orders
O(w3/2,w1/2q2, q4).

The prefactor in (4.53), (4.54) is obtained using T7 as in (2.12), TR from (4.17), and
carefully inserting all metric factors, together with the standard AdS/CFT relation R4 =
4πgsNα

′2. As in other settings with flavor [106], we concordantly get an overall factor of
N, and not N2, for all correlators. Contrary to those approaches, we do not get a factor of
Nf when summing over the different flavors. This is due to the fact that in our setup, the
individual flavors yield distinct contributions. Most striking is the nontrivial dependence on
the (dimensionless) chemical potential m in both correlators. Note also the distinct structures
in the denominators. The first one, (4.53), has an explicit relative factor of i between the
terms in the denominator. In the second correlator, (4.54), there is no explicit factor of i.
The correlator (4.53) has a complex pole structure for ω > 0, but is entirely real for ω < 0.
On the other hand, (4.54) is real for ω > 0 but develops a diffusion structure for ω < 0.
So the correlators G00̃ and G0̃0 essentially exchange their roles as ω changes sign. We find a
similar behavior for all correlators Gjl̃ and Gj̃l with j, l = 0, 1, 2, 3. Once more, this behavior
is a consequence of the insertion of O(w1/2) and neglecting of terms of order O(m2) in the
hydrodynamic expansion (4.39).

We assume m to be small enough in order to neglect the denominator term of order
O(wm) � O(

√
wm, q2). Moreover, using the definitions of w, q and m from (4.22) we may

write (4.53), and (4.54) as

G00̃ = − NT

8π
√

2μ

q2√ω
ω + q2D(ω)

, (4.55)

G0̃0 = − NT

8π
√

2μ

q2√ω
iω − q2D(ω)

, (4.56)
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where the frequency-dependent diffusion coefficient D(ω) is given by

D(ω) =

√
ω

2μ
1

2πT
. (4.57)

We observe that this coefficient also depends on the inverse square root of the chemical
potential μ. Its physical interpretation is discussed below in Section 4.2.5.

In the same way we derive the other correlation functions

G33̃ = − NT

8π
√

2μ

ω3/2(ω − μ)

Q̃
(
ω, q

) , G3̃3 =
NT

8π
√

2μ

ω3/2(ω + μ
)

Q
(
ω, q

) , (4.58)

G03̃ = − NT

8π
√

2μ

√
ωq

(
ω − μ

)

Q̃
(
ω, q

) , G0̃3 =
NT

8π
√

2μ

√
ωq

(
ω + μ

)

Q
(
ω, q

) , (4.59)

G30̃ = − NT

8π
√

2μ

ω3/2q

Q̃
(
ω, q

) , G3̃0 =
NT

8π
√

2μ

ω3/2q

Q
(
ω, q

) , (4.60)

with the short-hand notation

Q
(
ω, q

)
= iω − q2D(ω), Q̃

(
ω, q

)
= ω + q2D(ω). (4.61)

Note that most of these functions are proportional to powers of q and therefore vanish in
the limit of vanishing spatial momentum q → 0. Only the 33-combinations from (4.58)
survive this limit. In contrast to the Abelian Super-Maxwell correlators from [17] given in
Appendix B.2, it stands out that our results (4.55), (4.56) and (4.58) and (4.60) have a new
zero at ω = ±μ. Nevertheless, bear in mind that we took the limit ω < μ in order to obtain our
solutions. Therefore the apparent zeros at ±μ lie outside of the range considered. Compared to
the Abelian case there is an additional factor of

√
ω. The dependence on temperature remains

linear.
In the remaining X-correlators we do not find any pole structure to order

√
ω,

subtracting an O(q2) contribution as in [17],

G11̃ = G22̃ =
√

2NcT

8π
√
μω,

G1̃1 = G2̃2 = − i
√

2NcT

8π
√
μω.

(4.62)

We can see that the Gαα̃ (with α = 1, 2) are purely imaginary for negative ω and real for
positive ω. The opposite is true for Gα̃α, as is obvious from the relative factor of i.
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The correlators of components, pointing along the isospin potential in flavor space
(a = 3), are found to be

GA3
0A

3
0
=
NcT

4π
q2

iω −D0q2
,

GA3
0A

3
3
= GA3

3A
3
0
=
NcT

4π
ωq

iω −D0q2
,

(4.63)

GA3
1A

3
1
= GA3

2A
3
2
= −NcTiω

4π
,

GA3
3A

3
3
=
NcT

4π
ω2

iω −D0q2
,

(4.64)

with the diffusion constantD0 = 1/(2πT). Note that these correlators have the same structure
but differ by a factor 4/N from those found in the Abelian superMaxwell case [17] (see
also (B.13) and (B.15)). In particular the correlators in (4.63) do not depend on the chemical
potential.

To analyze the novel structures appearing in the other correlators, we explore their real
and imaginary parts as well as the interrelations among them,

ReG00̃(ω ≥ 0) = ReG0̃0(ω < 0) = −NcT

8π
q2

√
2μ|ω| + q2/(2πT)

,

ReG00̃(ω < 0) = ReG0̃0(ω ≥ 0) = −NcT

16π2

q4

2μ|ω| + q4/(2πT)2
,

ImG00̃(ω < 0) = −ImG0̃0(ω ≥ 0) =
NcT

8π
q2
√

2μ|ω|
2μ|ω| + q4/(2πT)2

,

ImG00̃(ω ≥ 0) = ImG0̃0(ω < 0) = 0.

(4.65)

Now we see why, as discussed below (4.56), G00̃ and G0̃0 exchange their roles when crossing
the origin at ω = 0. This is due to the fact that the real parts of all Gjl̃ and Gj̃l are mirror
images of each other by reflection about the vertical axis at ω = 0. In contrast, the imaginary
parts are inverted into each other at the origin. The real part shows a deformed resonance
behavior. The imaginary part has a deformed interference shape with vanishing value for
negative frequencies. All curves are continuous and finite at ω = 0. However, due to the
square root dependence, they are not differentiable at the origin. Parts of the correlator which
are real for positive ω are shifted into the imaginary part by the change of sign when crossing
ω = 0, and vice versa.

To obtain physically meaningful correlators, we follow a procedure which generalizes
the Abelian approach of [124]. In the Abelian case, gauge-invariant components of the field
strength tensor, such as Eα = ωAα, are considered as physical variables. This procedure
cannot be transferred directly to the nonAbelian case. Instead, we consider the nonlocal part
of the gauge invariant TrF2 which contributes to the on-shell action (4.46). In this action, the
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contribution involving the nonAbelian structure constant—as well as μ—is a local contact
term. The nonlocal contribution however generates the Green function combination

GA1
i A

1
j
+GA2

i A
2
j
+GA3

i A
3
j
. (4.66)

We take this sum as our physical Green function. This choice is supported further by the
fact that it may be written in terms of the linear combinations (3.76) which decouple the
equations of motion. For example, for the time component, written in the variables X0, X̃0

given by (3.76), the combination (4.66) reads (compare to (4.47))

G00̃ +G0̃0 +GA3
0A

3
0
. (4.67)

The contribution from GA3
0A

3
0

is of order O(μ0), while the combination for the first two flavor
directions, G00̃ +G0̃0, is of order O(μ).

We proceed by discussing the physical behavior of the Green function combinations
introduced above. Their frequency dependence is of the same form as in the Abelian
correlator obtained in [17], as can be seen from (B.13). Since we are interested in effects of
order O(μ), we drop the third flavor direction a = 3 from the sum (4.67) in the following. It is
reassuring to observe that the flavor directions a = 1, 2, which are orthogonal to the chemical
potential, combine to give a correlator spectrum qualitatively similar to the one found in [17]
for the Abelian Super-Maxwell action. However, we discover intriguing new effects such as
the highly increased steepness of the curves near the origin due to the square root dependence
and a kink at the origin—which have to be seen with skepticism because they vanish upon
reinstating terms of order O(m2).

We observe a narrowing of the inverse resonance peak compared to the form found
for the Abelian Super-Maxwell action (and also compared to the form of our GA3

0A
3
0
. At the

origin, the real and imaginary part are finite and continuous, but they are not continuously
differentiable. However, the imaginary part of GA3

0A
3
0

has finite slope at the origin. The real
part though has vanishing derivative at ω = 0.

The correlators G33̃, G3̃3, G03̃ and G0̃3 have the same interrelations between their
respective real and imaginary parts as G00̃ and G0̃0. Nevertheless, their dependence on the
frequency and momentum is different, as can be seen from (4.58) to (4.60). A list of the 33-
direction Green functions split into real and imaginary parts can be found in Appendix B.3.

4.2.5. Isospin Diffusion Coefficient

The attenuated poles in hydrodynamic correlation functions have specific meanings (for
exemplary discussions of this in the context of AdS/CFT see, e.g., [62, 125]). In our case
we observe an attenuated pole in the sum G00̃ + G0̃0 at ω = 0. The pole lies at Reω = 0. This
structure appears in hydrodynamics as the signature of a diffusion pole located at purely
imaginary ω. Its location on the imaginary ω-axis is given by the zeros of the denominators
of our correlators as (neglecting O(ω, q4))

√
ω = −i

q2

2πT
√

2μ
. (4.68)
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Squaring both sides of (4.68) we see that this effect is of order O(q4). On the other hand,
looking for poles in the correlator involving the third flavor direction GA3

0A
3
0
, we obtain

dominant contributions of order O(q2) and O(μ0) (neglecting O(ω2, q2))

ω = −i
q2

2πT
. (4.69)

This diffusion pole is reminiscent of the result of the Abelian result of [17] given in
Appendix B.2. As discussed in Section 4.2.4, we consider gauge invariant combinations
G00̃ + G0̃0 + GA3

0A
3
0
. In order to inspect the nonAbelian effects of order O(μ) showing up in

the first two correlators in this sum, we again drop the third flavor direction which is of order
O(μ0).

Motivated by the diffusion pole behavior of our correlators in flavor-directions a = 1, 2
corresponding to the combinations X, X̃ (see (4.68)), we wish to regain the structure of the
diffusion equation given in (4.9), which in our coordinates (k = (ω, 0, 0, q)) reads

iωJ0 = D(ω)q2J0. (4.70)

Our goal is to rewrite (4.68) such that a term of O(ω) and one term of order O(q2) appears.
Furthermore there should be a relative factor of −i between these two terms. The obvious
manipulation to meet these requirements is to multiply (4.68) by

√
ω in order to get

ω = −iq2
√
ω

2πT
√

2μ
. (4.71)

Comparing the gravity result (4.71) with the hydrodynamic equation (4.70), we obtain
the frequency-dependent diffusion coefficient

D(ω) =

√
ω

2μ
1

2πT
. (4.72)

Our argument is thus summarized as follows. Given the isospin chemical potential as in (4.4),
(4.15), J0 from (4.9) is the isospin charge density in (4.70). According to (4.70), the coefficient
(4.72) describes the diffusive response of the quark-gluon plasma to a gradient in the isospin
charge distribution. For this reason we interpret D(ω) as the isospin diffusion coefficient.

Near the pole, the strongly coupled plasma behaves analogously to a diffractive
medium with anomalous dispersion in optics. In the presence of the isospin chemical
potential, the propagation of nonAbelian gauge fields in the black hole background depends
on the square root of the frequency. In the dual gauge theory, this corresponds to a
nonexponential decay of isospin fluctuations with time.

The square root dependence of our diffusion coefficient is valid for small frequencies.
As long as ω/T < 1/4, the square root is larger than its argument and at ω/T = 1/4, the
difference to a linear dependence on frequency is maximal. Therefore in the regime of small
frequencies ω/T < 1/4, which is accessible to our approximation, diffusion of modes close to
1/4 is enhanced compared to modes with frequencies close to zero.
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4.3. Meson Diffusion at Strong and Weak Coupling

In this section, we consider heavy mesons moving slowly through high temperature
nonAbelian plasmas. In the context of transport properties of the holographic quark-gluon
plasma we are mainly interested in the diffusion behavior of mesons. The central quantity
we discuss here will however not be the diffusion coefficient, but its inverse, the momentum
broadening coefficient κ, which determines the square of the momentum transfer per unit
time, as we will see below.

The motivation for considering meson diffusion is twofold. First, future experiments
at RHIC promise to measure the elliptic flow of J/ψ mesons, and it is important to support
this experimental program with theoretical work. To this end, various groups have studied
the thermal properties of heavy mesons within the context of the AdS/CFT correspondence
[99, 126–128]. However, in spite of this progress, the transport properties of these mesonic
excitations are not well understood. Although the kinetics derived in this work are not
directly applicable to the heavy ion experiments, we believe that the results do hold some
important information for phenomenology.

The second motivation for this work is theoretical. After the quark drag was computed
using the correspondence, it was realized that the drag of quarkonium is zero in a large Nc

limit [126–128]. Since within a thermal environment the drag and diffusion of these mesonic
states is certainly not zero, it remained as a theoretical challenge to compute the kinetics of
these states using the AdS/CFT setup.

As a central result, we compare the diffusion of mesons at weak and strong coupling.
Using a simple dipole effective Lagrangian which does not rely on the value of the coupling,
we calculate the in-medium mass shift and the drag coefficient of the meson in N = 4
Super Yang Mills theory. At weak coupling we use perturbative methods, at strong coupling
holographic models are employed. In the large N limit the mass shift is finite while the drag
is suppressed by 1/N2. We reach the conclusion that relative to weak coupling expectations
the effect of strong coupling is to reduce the momentum diffusion rate and thereby increase
the relaxation time, which measures the time until the mesons in the plasma equilibrate their
momentum spectrum to that of the thermal medium.

We also briefly pick up the discussion of in-medium effects on meson spectra, subject
of Section 3. There, the width of mesons in hot dense media was holographically determined
by extending the analysis of meson melting to finite baryon density. In general the meson
lifetime determined in this way is suppressed by the density of heavy quarks. However,
we do not address the effects of finite density in this section. We are concerned with the
thermal effects which capture the rescattering between the meson and the surroundingN = 4
medium.

We focus on heavy mesons where the binding energy is much greater than the
temperature. In this tight binding regime, mesons survive well above the critical temperature
Tc for deconfinement and the meson width is sufficiently narrow to speak sensibly about drag
and momentum diffusion. This behavior was observed for holographic models in Section 3.

For real charmonium, the binding energy can be estimated from the mass splitting
ΔMJ/ψ

2s−1s ≈ 589 MeV between the 2 s and 1 s states, and for bottomonium from the 3 s and
1 s states with ΔMΥ

3s−1s ≈ 895 MeV respectively [129]. Therefore it is not really clear that
real quarkonia above Tc ≈ 170–190 MeV [130, 131] can be modeled as a simple dipole
which lives long enough to be considered a quasiparticle. Indeed weak coupling hot QCD
calculations of the spectral function show that over the temperature range g2

YMM–gYMM,
the concept of a meson quasiparticle slowly transforms from being well-defined to being
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increasingly vague [132–136]. There is lattice evidence based on the maximal entropy method
(which is not without uncertainty) that J/ψ and Υ survive to 1.6 Tc and approximately
3 Tc respectively [46, 47, 137–140]. However, model potential calculations which fit all the
Euclidean lattice correlators indicate that the J/ψ and Υ survive only up to at most 1.2 Tc
and 2.0 Tc respectively [141, 142]. Clearly, the word “survive” in this context is qualitative
and means that there is a discernible peak in the spectral function. Given these facts,
our assessment is that the dipole approximation might be reasonable for Υ1s but poor for
charmonium states and other bottomonium states.

An overview of this section is as follows. First, in Section 4.3.1 we review the
computation of drag and diffusion of heavy quark-antiquark bound states within the setup
of perturbative QCD. This will outline a two-step procedure to determine the drag coefficient
at strong coupling.

The first step is to determine the in-medium mass shift δM (it is finite at large N in the
quantum field theory), which determines the polarizabilities of the meson. As expected from
the dipole effective theory, the mass shift scales as T4/Λ3

B, with T the temperature and ΛB

the inverse size of the meson. In the perturbative calculation, ΛB is the inverse Bohr radius,
while in the AdS/CFT computation the meson mass plays this role. In theN = 4 field theory
the dipole effective Lagrangian couples the heavy meson to the stress tensor and the square
of the field strength, which we denote by the operator OF2 . In AdS/CFT we obtain the mass
shifts from the linear response of the meson mass by switching on the dual operators. This
amounts to consider a black hole background or a nontrivial dilaton flow, respectively. For
the dilaton flow we consider the D3-D(−1) gravity background of Liu and Tseytlin [143]. This
background and the AdS-Schwarzschild background allow for an analytic calculation of the
meson polarizabilities.

The second step is to compute the force-force correlator on the meson using the
previously computed polarizabilities. This determines the drag coefficient ηD and the
momentum broadening κ as reviewed in Section 4.3.3. This step requires the calculation of
two-point functions involving gradients of the stress tensor and the field strength squared.
Within gauge/gravity duality, these are obtained by considering graviton and dilaton
propagation through the AdS-Schwarzschild black hole background.

Finally, we compare our results to perturbation theory and reach some conclusions for
the heavy ion collision experiments in Section 4.4.

A few passages of this section are adopted from [144] as they stand. The
phenomenological input and perturbative calculations as well as the numerical calculation of
the Green functions by holographic methods where performed by Dusling et al. during our
collaboration on [144]. The main contribution of the author of this work was the AdS/CFT
calculation in Section 4.3.3, which is described in detail.

4.3.1. Effective Model for Heavy Meson Diffusion

We make use of a model for heavy mesons and their interaction with the quark-gluon
plasma, which was introduced in [145]. This effective model describes the interaction with
the medium by a dipole approximation. It relies on the large mass of the meson relative to the
external momenta of the gauge fields, that is, the momentum scale given by the temperature
of the medium, but does not rely on the smallness of the coupling constant. It was used
previously to make a good estimate for the binding of J/ψ to nuclei [145].

Because the model does not rely on the weakness of the coupling constant, we can
make use of it in both the strong and weak coupling regime. At weak coupling we will refer
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to results from perturbation theory, while the results at strong coupling can be calculated
from holographic duals. Since the exact dual to QCD is not known, we once more have to
be satisfied with results forN = 4 SYM theory. Therefore, we have to rephrase the model in
terms of supersymmetric fields.

Diffusion in LargeN QCD

The heavy meson field φ describes a scalar meson which has a fixed four-velocity uμ = (γ, γv).
Then the effective Lagrangian for this meson field interacting with the gauge fields is [145]

Leff = −φ†iu · ∂φ +
cE
N2

φ†OEφ +
cB
N2

φ†OBφ, (4.73)

where we refer to the last two terms as the interaction Lagrangian Lint, and

OE = −1
2
FμσaFσ

νa uμuν,

OB = −1
2
FμσaFσ

νa uμuν +
1
4
FσβaFσβ

a.

(4.74)

Here, F is the nonAbelian field strength of QCD, with Greek letters μ, ν, . . . as Lorentz indices
and gauge index a, The cE and cB are matching coefficients (polarizabilities) to be determined
from the QCD dynamics of the heavy quark-antiquark pair. In inserting a factor of 1/N2 into
the effective Lagrangian we have anticipated that the couplings of the heavy meson to the
field strengths are suppressed by N2 in the large N limit.

In the rest frame of a heavy quark bound state with u = (1, 0) the operators OE and OB
simplify to

OE =
1
2
Ea · Ea,

OB =
1
2
Ba · Ba,

(4.75)

where Ea and Ba are the color electric and magnetic fields. If the constituents of the dipole are
nonrelativistic it is expected that the magnetic polarizability cB is of orderO(v2) relative to the
electric polarizability. For heavy quarks, where cB is neglected, and large N these matching
coefficients were computed by Peskin [146, 147],

cE =
28π
3Λ3

B

, cB = 0. (4.76)

Here ΛB := 1/a0 = (mq/2)CFαs is the inverse Bohr radius of the mesonic bound state. It is
finite at large N since with CF �N/2 and finite λ we have ΛB = mqλ/(16π).

The effective Lagrangian can be used to calculate the in-medium mass shift. We will
do so in the subsequent by simply consulting first-order perturbation theory which says that

δM = 〈Hint〉 = −〈Lint〉. (4.77)
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Translating the Model toN = 4 Super Yang-Mills Theory

Our aim is to calculate the heavy meson diffusion coefficient from gauge/gravity duality.
Subsequent to this subsection we explain the Langevin dynamics we use to describe this
process, it requires the calculation of the two-point correlators as well as of the associated
polarizabilities cE and cB. Because we do not now the gravity dual to QCD we translate the
effective meson model toN = 4 Super Yang-Mills theory, our standard toy model.

The formalism inN = 4 SU(N) Super Yang-Mills theory is not different from the one
we introduced in the preceding section. In general all operators in N = 4 SYM which are
scalars under under Lorentz transformations and SU(4) R-charge rotations will couple to
the meson at some order. The contribution of higher dimensional operators is suppressed by
powers of the temperature to the inverse size of the meson. The lowest dimension operator
which could couple to the heavy meson field is OX2 = TrXiXi, where Xi denotes the scalar
fields of the theory. However, the anomalous dimension of this operator is not protected, and
the prediction of the supergravity description ofN = 4 SYM is that these operators decouple
in a strong coupling limit [3]. The lowest dimension gauge invariant local operators which
are singlets under SU(4) and which have protected anomalous dimension are the stress tensor
Tμν which couples to the graviton, and minus the Lagrangian OF2 = −LN=4, which couples
to the dilaton. (Since we can add a total derivative to the Lagrangian, the operator −L is
ambiguous. The precise form of the operator coupling to the dilaton is given in [148]. We
neglect this ambiguity here.) There also is the operatorOF�F = TrFμν �Fμν+ · · · , which couples
to the axion. An interaction involving OF�F breaks CP -symmetry, which is a symmetry of the
Lagrangian of the N = 2 hypermultiplet of the N = 4 SYM gauge theory. Thus interactions
involving OF�F can be neglected.

Summarizing the preceding discussion, we find that the effective Lagrangian
describing the interactions of a heavy meson coupling to the operators in the field theory
is

Leff = −φ†(t, x)iu · ∂φ(t, x) + cT
N2

φ†(t, x)OTφ(t, x) +
cF
N2

φ†(t, x)OF2φ(t, x), (4.78)

which is a linear perturbation ofN = 4 Super Yang-Mills theory. The two composite operators
OT and OF2 in the interaction Lagrangian Lint are

OT = Tμνuμuν
v=0
↓
= T00,

OF2 = FμνFνμ.
(4.79)

They account for the interaction of the mesons with the background. In gauge/gravity duality
the modification of the Lagrangian described by OT is achieved by considering the AdS-
Schwarzschild black hole background where 〈OF2〉 = 0. On the other hand, a finite 〈OF2〉/= 0
is dual to a nontrivial dilaton flow described by Liu and Tseytlin in [143]. Details follow
below.

The polarization coefficients cT and cF will be determined below from meson mass
shifts in gauge/gravity duality. This requires breaking some of the supersymmetry. We work
in the linearized limit of small contributions from OT and OF2 . This allows to investigate
the effects of finite temperature and background gauge fields separately. Additionally, this
justifies the use of first-order perturbation theory to compute the meson mass shifts in the
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medium as above by setting δM = −〈Lint〉. For the contribution of the energy-momentum
tensor, this is achieved by switching on the temperature. Then, the mass shift of the meson
is given by expectation value of the stress tensor. Again we consider the rest frame of the
mesons,

δM = − cT
N2

〈
T00

〉
. (4.80)

In contrast, for the meson response to 〈OF2〉 the mass shift of a heavy meson is given by

δM = − cF
N2 〈OF2〉. (4.81)

Langevin Dynamics

We now turn to the kinetics of the slow moving heavy meson with mass M in the medium.
The kinetic energy Ekin = pv/2 of the meson can be assumed to be of order of the temperature
T of the medium, such that pv ≈ T . With p =Mv we can estimate the velocity and momentum
to be

p ≈
√
MT, v ≈

√
T

M
. (4.82)

For time scales which are long compared to medium correlations, we expect that the
kinetics of the meson can be modeled as Brownian motion and can be described by Langevin
equations. These are valid for times which are long compared to the inverse temperature but
short compared to the lifetime of the quasiparticle state. We model viscous force and random
kicks in spatial directions xi by

dpi
dt

= ξi(t) − ηDpi,
〈
ξi(t) ξj

(
t′
)〉

= κδijδ
(
t − t′

)
. (4.83)

Here, ξi is a component of the random force ξ with second moment κ and ηD is the drag
coefficient. The solution for pi(t) is given by

pi(t) =
∫ t
−∞

dt′eηD(t−t
′)ξi
(
t′
)
, (4.84)

supposed that ηDt� 1 [149]. This allows to relate the drag and fluctuation by

3MT =
〈
p2
〉
=
∫0

−∞
dt1dt2eηD(t1+t2)〈ξi(t2)ξi(t2)〉 =

3κ
2ηD

. (4.85)

This leads to the Einstein relation

ηD =
κ

2MT
. (4.86)
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One of the aims of this section is the calculation of the diffusion coefficients ηD or κ,
equivalently. From (4.83) we can obtain these coefficients once we know the microscopical
phenomenological force

Fi(t) =
dpi
dt

(4.87)

acting on the quasiparticle state. We can then compare the response of the Langevin process
(4.83) to the microscopic theory (4.87). Over a time interval Δt which is long compared to
medium correlations but short compared to the time scale of equilibration we can neglect the
drag, which is small for the heavy meson with ηD ∝ 1/M. Since the considered time interval
is long compared to medium correlations we can however equate the stochastic process, the
random kicks ξ, to the microscopic theory. We average (4.83)

∫

Δt
dt
∫

dt′
〈
ξi(t) ξj

(
t′
)〉

= Δtκδij =
∫

Δt
dt
∫

dt′
〈
Fi(t) Fj

(
t′
)〉
. (4.88)

In a rotationally invariant medium we have for i = j

κ =
1
3

∫
dt
〈
Fj(t)Fj(0)

〉
. (4.89)

We now identify the force with the negative of the gradient of the potential V that we read
off from the Lagrangian or our theory, that is, the interaction Lagrangian V = −Lint. For the
case of QCD with only OE switched on we get

F(t) =
∫

d3xφ†(t, x)
cE
N2
∇OE(t, x)φ(t, x), (4.90)

which is the usual form of a dipole force averaged over the wave function of the meson.
In our case κ is a constant in space and time, that is, we consider situations with

constant diffusion parameters in a homogeneous medium, for instance slight deviations from
equilibrium. From the point of view of a more general description in Fourier space with
κ(ω) we therefore are only interested in the hydrodynamic limit of ω → 0. The fluctuation
dissipation theorem relates the spectrum of (4.89) (with the specified time order of operators)
to the imaginary part of the retarded force-force correlation function GR ∝ 〈Fj(t) Fj(0)〉 on
the right hand side. In the hydrodynamic limit we get

κ = −1
3

lim
ω→ 0

2T
ω

ImGR(ω), (4.91)

where the full form of the retarded correlator is

GR = −i
∫

dt e+iωtθ(t)
〈[
Fj(t),Fj(0)

]〉
. (4.92)
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Integrating out the heavy meson field as discussed in detail in [97], which treated the heavy
quark case, we obtain a formula for the momentum diffusion coefficient

κ =
1
3
c2
E

N4

∫
d3q

(2π)3
q2
(
−2T
ω

ImGR(ω,q)
)
, (4.93)

with the retarded OEOE correlator given by

GR(ω,q) = −i
∫

d4xe+iωt−iq·xθ(t)〈[OE(t, 0),OE(0, 0)]〉. (4.94)

We can understand this result with simple kinetic theory. Examining the Langevin
dynamics we see that 3κ is the mean squared momentum transfer to the meson per unit
time. The factor of three arises from the number of spatial dimensions. In perturbation
theory this momentum transfer is easily computed by weighting the square of the transferred
momentum of each scattering with the transition rate for any gluon in the bath to scatter with
the heavy quark,

3κ =
∫

d3p

(2π)32Ep

d3p′

(2π)32E′p
|M|2 np

(
1 + np′

)
q2 (2π)3δ3(q − p + p′

)
. (4.95)

Here, p is the spatial momentum of the incoming gluon, p′ is the momentum of the outgoing
gluon and q is the momentum transfer q = p − p′, and |M|2 is the gluon meson scattering
amplitude computed with the effective Lagrangian in (4.73) and weighted by the appropriate
momentum distributions n of the incoming and outgoing gluons,

|M|2 =
c2
E

N2
ω4
(

1 + cos2(θpp′
))
. (4.96)

Alternatively (as detailed in Appendix A of [144]), we can simply evaluate the imaginary
part of the retarded amplitude written in (4.93) to obtain the same result.

InN = 4 theory the generalized force is given by

F(t) = −
∫

d3xφ†(t, x)∇
(
cT
N2
OT (t, x) +

cF
N2
OF2(t, x)

)
φ(t, x) (4.97)

which results in a momentum broadening

κ = −1
3

lim
ω→ 0

∫
d3q

(2π)3
q2 2T

ω

(
c2
T

N4
ImGR

T (ω,q) +
c2
F

N4
ImGR

F(ω,q)

)
, (4.98)



Advances in High Energy Physics 99

where the retarded correlators at vanishing velocity are

GR
TT = −i

∫
d4xe+iωt−iq·xθ(t)

〈[
T00(t, x),T00(0, 0)

]〉
,

GR
FF = −i

∫
d4xe+iωt−iq·xθ(t)〈[OF2(t, x),OF2(0, 0)]〉.

(4.99)

In writing (4.98) we have implicitly assumed that there is no cross term between OF2 and
OT. In the gauge/gravity duality this is reflected in the fact that at tree level in supergravity
δ2Ssugra/δg

00(x)δΦ(y) = 0.

4.3.2. Weak Coupling: Perturbative Results

We begin with the results for perturbative QCD (pQCD). The mass shift is obtained from
first-order perturbation theory as δM = 〈Hint〉 = −〈Lint〉, yielding

δMpQCD = − cE
N2 〈OE〉T

= −T
(
πT

ΛB

)3 14
45
.

(4.100)

In the second line we have calculated the thermal expectation value 〈OE〉T = (π2/30)N2T4

in a free gluon gas and used (4.76).
The importance of this result is that it is finite at large N and that it is in general

suppressed by (T/ΛB)
3, that is, by powers of the hadron scale to the temperature. If higher

dimension operators were added to the effective Lagrangian their contributions would be
suppressed by additional powers of T/ΛB.

For QCD the integrals written in (4.95) are straightforward and yield the following
result for the rate of momentum broadening

κpQCD =
1
N2

c2
E

64π5

135
T9

=
T3

N2

(
πT

ΛB

)6 50176π
1215

.

(4.101)

The high power of temperature T9 arises since the dipole cross section rises as ω4. The
matching coefficient cE is directly related to the mass shift of the dipole and the inverse Bohr
radius by (4.76) and (4.100). It encodes the coupling of the long distance gluon fields to the
dipole. By taking the ratio between the momentum broadening and the mass shift squared,
we find a physical quantity which is independent of this coupling

κ

(δM)2

∣∣∣∣∣
pQCD

=
πT

N2

1280
3

. (4.102)
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The large numerical factor 1280/3 originates from the cross section which grows as ω4. A
similarly large factor appears inN = 4 SYM below.

For comparison with the AdS/CFT result we list the results forN = 4 super Yang-Mills
theory in the limit of small ’t Hooft coupling λ, again computed in [144],

δMλ→ 0 = cT
π2T4

2
, (4.103)

κλ→ 0 = c2
T

6232π5

675
T9

N2
, (4.104)

κ

(δM)2

∣∣∣∣∣
λ→ 0

=
πT

N2
36.9. (4.105)

4.3.3. Strong Coupling: Holographic Calculation

We first determine the polarizabilities cF and cT from the mass shifts of the meson in two
different backgrounds using (4.80) and (4.81). To accomplish this, we will switch on the
perturbations of theN = 4 Lagrangian which correspond to finite OT and finite OF2 . Again
we consider the linear limit such that we can investigate the effects of finite temperature and
finite background field strengths separately.

Subsequently we will compute the correlators in (4.99) for strongly coupled N = 4
theory at finite temperature. The results we obtain in this section will be put together in the
next subsection using (4.98) to deduce the rate of momentum broadening and compare it to
the weak coupling result.

Backgrounds Dual to Finite Temperature and Field Strength

The gravity background dual to N = 4 SYM theory at finite temperature is given by the
AdS-Schwarzschild black hole with Lorentzian signature. This background is needed below
both for calculating the necessary two-point correlators 〈OTOT〉 and 〈OF2OF2〉, as well as
for obtaining the meson polarizability cT , which accounts for meson mass shifts due to finite
temperature.

We make use of the coordinates derived in Appendix A as (A.12) to write the AdS-
Schwarzschild background in Lorentzian signature as

ds2 =
v2

R2

(
−
f2(v)

f̃(v)
dt2 + f̃(v)dx2

)
+
R2

v2

(
dv2 + v2dΩ2

5

)
,

f(v) = 1 − r4
◦

4v4
, f̃(v) = 1 +

r4
◦

4v4
.

(4.106)

In this way we can identify the transverse part to Minkowski space as nothing else than R
6

and we write it as

dv2 + v2dΩ2
5 =

6∑
i=1

dv2
i = dy2 + y2dΩ2

3︸ ︷︷ ︸
R4(v1,...,4)

+ dv2
5 + dv2

6︸ ︷︷ ︸
R2(v5,6)

(4.107)
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with the metric dΩ2
3 of the unit 3-sphere, and v2 = y2 + v2

5 + v2
6. The boundary is reached at

asymptotically large y while the horizon is located at r◦/
√

2. Notice that the black hole radius
r◦ is related to the expectation value 〈T00〉 by [150]

〈
T00

〉
=

3
8
π2N2T4, r◦ = TπR2. (4.108)

The field configuration dual to 〈OF2〉/= 0 and 〈Tμν〉 = 0 is a nontrivial dilaton
background with has been given by Liu and Tseytlin and consists of a configuration of D3-
branes with homogeneously distributed D(−1) instantons [143]. The type IIB action in the
Einstein frame for the dilaton Φ, the axion C, and the self-dual gauge field strength F5 = �F5

reads

SIIB =
1

2κ2
10

∫
d10ξ ×

√
−g

[
R − 1

2
(∂Φ)2 − 1

2
e2Φ(∂C)2 − 1

4 · 5!
(F5)2 + · · ·

]
. (4.109)

The ten-dimensional Newton constant is given by

1
2κ2

10

=
2π

(2π�s)
8gs

=
N2

4π5R8
. (4.110)

As can be seen from the supersymmetry transformations of the N = 4 fermions, such a
background breaks the supersymmetry to N = 2. Solving the equations of motion derived
from (4.109), Liu and Tseytlin obtain the metric [143]

ds2
string = eΦ/2ds2

Einstein = eΦ/2

[( r
R

)2
ημνdxμdxν +

(
R

r

)2(
dr2 + r2dΩ2

5

)]
(4.111)

and axion-dilaton solution (Regarding conventions, note that in our notation q = (R8/λ)qLT,
where qLT is used in the paper of Liu and Tseytlin [143].)

eΦ = 1 +
q

r4
, C = −i

(
e−Φ − 1

)
. (4.112)

The expectation value 〈OF2〉 is given by

〈OF2〉 = lim
r→∞

δSIIB

δΦ(r, �x)
=

N2

2π2R8
q. (4.113)

Computing the Polarization Coefficients from Meson Mass Shifts

We again identify mesons with fluctuations ϕ̃ of a D7-brane embedded into the background
dual to the field theory under consideration. Stable embeddings are obtained if the D7-
branespans all Minkowski directions as well as the radial AdS coordinate and a 3-sphere
in the remaining angular directions. Consider the metric (4.106) with (4.107) as an example.
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Here, the D7-braneshall be embedded such that it spans all directions except v5 and v6. The
meson mass M is then obtained by solving the equation of motion for the fluctuations ϕ̃ [38],
as outlined in Section 2.3. Read as an eigenvalue equation, the equation of motion for the
fluctuation gives the meson mass as the eigenvalues M to the corresponding eigenfunctions
ϕ̃. The discrete values ofM describe the Kaluza-Klein mass spectrum of mesons for any given
quark mass.

To see this explicitly and generalize to the backgrounds of interest below, we rephrase
this procedure for the vacuum case 〈T00〉 = 〈OF2〉 = 0 in a notation suitable for the subsequent
generalization. Subsequently we will introduce a nonzero 〈OF2〉 and 〈T00〉, respectively.

In the case of a D7-brane embedded in a ten-dimensional background, the brane
embedding is described by the locations v5 and v6 in the two directions transverse to the
brane. This setup was introduced in Section 2.2.2. In general these locations depend on all
eight coordinates ξi of the eight-dimensional D7-brane worldvolume and are determined by
extremizing the DBI-action (2.63). We rephrase it here including the dilaton which we where
free to set to unity in (2.63),

SDBI = −T7

∫
d8ξe−Φ

√
−detG, Gab =

∂Xμ

∂ξa
∂Xν

∂ξb
gst
μν, (4.114)

with T7 the D7-brane tension and gst is the string frame metric of the ten-dimensional
background with coordinates Xμ. It is related to the Einstein metric as in (4.111). The
distinction between the Einstein and string frame is ultimately important below to account
for the effects of the nontrivial dilaton flow. The pullback G contains the functions v5(ξ) and
v6(ξ), which are determined by solving their equations of motion, derived from SDBI.

The background AdS5 × S5 dual to 〈T00〉 = 〈OF2〉 = 0 is obtained, for example, from
(4.106) with r◦ = 0. It is well known that for this background a probe brane embedding is
given by the functions

v5 = 0,

v6 = mv = const,
(4.115)

and the constant mv determines the quark mass mq = mv/(2πα′). In terms of the example in
Section 2.2.2 this is instantly derived from the equation of motion (2.70) for the embedding L
in the zero temperature limit r◦ → 0. Note however that there is a factor

√
2 differing in the

definition of the quark mass due to the choice of coordinates.
We are interested in the meson spectrum, which can be obtained from the brane

fluctuations as in the previous sections, c.f. for instance page 27 in Section 2.3. We thus allow
for small fluctuations ϕ̃ around this solution. Here we consider the fluctuation of the radial
part v6, dual to the scalar meson excitations,

v6 �−→ v6 + 2πα′ϕ̃(�x,w). (4.116)

By the symmetries of the setup, the fluctuations only depend on the Minkowski directions �x
and on the coordinate y, denoting the radial coordinate on the part of the D7-brane which is
transverse to the Minkowski directions. The resulting equation of motion is analog to formula
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(2.76) (modulo the mentioned factors of
√

2). The solutions were found by plugging in the
ansatz

ϕ̃ = ϕ
(
y
)
ei
�k�xY l

(
S3
)
, (4.117)

where Y l(S3) are the scalar spherical harmonics on the S3 wrapped by the probe D7-brane
and �k denotes a four-vector. The resulting equation of motion for the function ϕ(y) for l = 0
reads

−∂ρρ3∂ρϕ
(
ρ
)
=

ρ3

(
ρ2 + 1

)2
M

2
ϕ
(
ρ
)
. (4.118)

Here we introduced the following dimensionless quantities

ρ =
y

mv
, M =

R2

mv
M, (4.119)

where the dimensionless ρ is not to be mistaken with the same symbol of different meaning
defined in Section 3. We moreover identified the meson mass squared M2 with the square of
the momentum four-vector �k of the fluctuations,

M2 = −�k2. (4.120)

The eigenfunctions ϕn solving the Sturm-Liouville equation (4.118) are given in terms
of the standard hypergeometric function 2F1,

ϕn
(
ρ
)
=

cn(
ρ2 + 1

)n+1 2F1

(
−(n + 1);−n; 2;−ρ2

)
, (4.121)

where n = 0, 1, 2, . . . and cn is a normalization constant such that

∫∞
0

dρ
ρ3

(
ρ2 + 1

)2
ϕn
(
ρ
)
ϕm

(
ρ
)
= δnm. (4.122)

The lowest mode ϕ0 is given by

ϕ0
(
ρ
)
=

√
12

ρ2 + 1
. (4.123)

The corresponding eigenvalues Mn to the functions ϕn are given by

Mn = 2
√
(n + 1)(n + 2). (4.124)
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We note that the mass of the lowest state with n = 0 is

M0 =
mv

R2
2
√

2 = mq
4πα′

R2

√
2 =

4πmq√
λ

, (4.125)

which will appear frequently below. For a more detailed derivation of these results the reader
is referred to [38].

Mass Shift in the Dilaton Background

Let us now calculate the polarizability cF which determines the change δM of the meson mass
at a given value of the gauge condensate 〈OF2〉with respect to the meson mass at 〈OF2〉 = 0,

δM = − cF
N2 〈OF2〉. (4.126)

To find cF we will determine the mass shift δM and identify cF with the proportionality
constant in front of 〈OF2〉.

We are interested in the eigenvalues of fluctuations in the case of q ∝ 〈OF2〉/= 0. The ten-
dimensional background geometry dual to this scenario is given in (4.111) and the equation
of motion for D7-brane fluctuations analog to (4.118) was derived in [151] to be

−∂ρρ3∂ρϕ
(
ρ
)
=M

2 ρ3

(
ρ2 + 1

)2
ϕ
(
ρ
)
− 4q

ρ4

(
ρ2 + 1

)(
q +

(
ρ2 + 1

)2
)∂ρϕ

(
ρ
)
, (4.127)

with the dimensionless

q =
q

L4
. (4.128)

To obtain analytical results, we consider the case of small q and linearize in this parameter.
Therefore the equation of motion to solve is

−∂ρρ3∂ρϕ
(
ρ
)
=M

2 ρ3

(
ρ2 + 1

)2
ϕ
(
ρ
)
+ Δ

(
ρ
)
ϕ
(
ρ
)
, (4.129)

where the operator Δ(ρ) is given by

Δ
(
ρ
)
= −4q

ρ4

(
ρ2 + 1

)3
∂ρ. (4.130)

It is this term that describes the difference between the equation of motion at nonvanishing
background perturbation to (4.118), which is reproduced for q = 0.

To find the solution ϕ0(ρ) corresponding to the lightest meson with n = 0 we set up
a perturbative expansion. Any deviation δϕ0 from the solution ϕ0 of the case q = 0 may be
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written as a linear combination of the functions ϕn, which are a basis of the function space of
all solutions,

φ
(
ρ
)
= φ0

(
ρ
)
+
∞∑
n=0

anφn
(
ρ
)
, an � 1, (4.131)

M
2
=M

2
0 + δM

2
0, δM

2
0 � 1. (4.132)

Plug this ansatz into the equation of motion (4.127), make use of (4.118) and keep terms up
to linear order in the small parameters an, q and δM2

0 to get

ρ3

(
ρ2 + 1

)2

∞∑
n=0

anM
2
nϕn

(
ρ
)
= δM

2
0

ρ3

(
ρ2 + 1

)2
ϕ0
(
ρ
)
+M

2
0

ρ3

(
ρ2 + 1

)2

∞∑
n=0

anϕn
(
ρ
)
+ Δ

(
ρ
)
ϕ0
(
ρ
)
.

(4.133)

We now multiply this equation by ϕ0(ρ), integrate over ρ ∈ [0,∞] and make use of (4.122)
and (4.123) to see that

δM
2
0 = −

∫∞
0

dρϕ0
(
ρ
)
Δ
(
ρ
)
ϕ0
(
ρ
)
= −8

5
q. (4.134)

From δM
2
0 = 2M0δM0 we obtain

δM0 =
L

2R2

δM
2
0

M0

= − 8
5π

(
2π
M0

)3 1
N2 〈OF2〉, (4.135)

where in the last step we used (4.125) for the mass and (4.113) and (4.128) to relate q andOF2 .
By comparison with (4.126) we identify the polarizability

cF =
8

5π

(
2π
M0

)3

. (4.136)

Mass Shift in the Finite Temperature Background

The calculation of the polarizability cT is completely analogous. We are now looking for
the proportionality constant of meson mass shifts with respect to deviations from zero
temperature, which we noticed to be given by

δM = − cT
N2

〈
T00

〉
. (4.137)

The background dual to the finite temperature field theory is the AdS black hole background
given in (4.106) with (4.107).
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Again we calculate the meson mass spectrum to identify the polarizability by
comparison with (4.137). The embedding functions v5 and v6 in this background are given
by

v5 = 0,

v6 = v6
(
y
)
,

(4.138)

where the quark mass is determined by mq = limy→∞v6/(2πα′). The function v6(y) has to be
computed numerically [32]. Some examples of such embeddings are shown in Figure 4.

We introduce small fluctuations ϕ(ρ)ei�k�x in the v5 direction,

v5 �−→ v5
(
y, �x

)
+ ϕ

(
y
)
ei
�k�x. (4.139)

The linearized equation of motion for the fluctuations ϕ(y) in the limit of vanishing spatial
momentum and M2 = −�k2 can be derived from the DBI action (4.114) to be

0 = ∂y

⎡
⎣G

√√√√ 1

1 +
(
∂yv6

)2
∂yϕ

(
y
)
⎤
⎦ −

√
1 +

(
∂yv6

)2 y3

2
(
y2 + v2

6

)5
r8
◦ϕ
(
y
)

+ G
√

1 +
(
∂yv6

)2 4
(
y2 + v2

6

)2 + r4
◦((

y2 + v2
6

)2 − r4
◦
)2

4R4M2ϕ
(
y
)
,

(4.140)

where we abbreviated

G = �3

⎛
⎝1 − r8

◦

16
(
y2 + v2

6

)4

⎞
⎠. (4.141)

In the regime of small temperatures, we may linearize in r4
◦ which is the leading order

in r◦. Furthermore, as may be seen from Figure 4, in the regime of a small temperature
T compared to the quark mass mq, or respectively small ratios of r◦/limy→∞v6(y), the
embeddings become more and more constant. So for constant embeddings v6 = mv and up
to order T4 ∝ r4

◦ the equation of motion simplifies to

−∂ρρ3∂ρϕ
(
ρ
)
=M

2 ρ3

(
ρ + 1

)2
ϕ
(
ρ
)
+ Δ

(
ρ
)
ϕ
(
ρ
)
, (4.142)

where we made use of the dimensionless quantities (4.128) and identify

Δ
(
ρ
)
=

3
4
r4
◦

m4
v

ρ3

(
ρ2 + 1

)4
M

2
. (4.143)
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For the lightest meson, the ansatz (4.131) this time leads to

δM
2
0 = −

∫∞
0

dρϕ0
(
ρ
)
Δ
(
ρ
)
ϕ0
(
ρ
)

= − 9
40
r4
◦M

2
0

m4
v

.

(4.144)

Reinstating units and solving for δM0 leads to

δM0 = − 12
5π

(
2π
M0

)3 1
N2

〈
T00

〉
. (4.145)

From this we can read off the polarizability cT as

cT =
12
5π

(
2π
M0

)3

. (4.146)

Computing Finite Temperature Correlators

According to (4.98) we need to compute the correlators (4.99) at finite temperature. We do so
by once more performing the calculation along the lines of [17, 18], sketched in Section 2.2.1.
The dual supergravity field to the energy momentum tensor T is the graviton h, and the
corresponding field to the operator OF2 is the dilaton Φ. Therefore, correlators of T00 are
associated with graviton propagation and obtained from the supergravity field solution to
h. Respectively, correlators of OF2 are associated with dilaton propagation and obtained
from the supergravity solution to the dilaton Φ. The calculational procedure for these two
correlators is standard and has been discussed in [18, 124], and first applied in [17], in order
to find two-point Minkowski correlators as discussed in Section 2.2.1.

On the gravity side, both field correlators are computed in the black hole background
to account for finite temperature correlation functions of the dual gauge theory operators. In
this subsection it is convenient to work in the coordinates derived as (A.15), with radial AdS
coordinate u. For an explicit calculation we are more specific here as in (2.59) by writing

GR(ω,q) = −i
∫

d4xe−i
�k·�xθ(t)〈[OF2 ,OF2]〉

AdS/CFT= lim
u→ 0
A(u)f

(
u,−�k

)
∂uf

(
u, �k

)
.

(4.147)

Here once more the function f(u, �k) relates the boundary and bulk values of a gravity field
to each other. For example the dilaton field Φ is related to its value at the boundary φbdy by

Φ
(
u, �k

)
= f

(
u, �k

)
φbdy

(
�k
)
, (4.148)

and f is normalized to one at the boundary, that is, f(0, �k) = 1. For fluctuations h00 of the
metric component g00, Φ(u, �k) is replaced by h00(u, �k) and the field theory operators OF2 in
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(4.147) are replaced by T00. The factor A(u) can be read off from the classical supergravity
action

Scl =
1
2

∫
dud4xA(u)(∂uΦ)2 + · · · . (4.149)

The classical five-dimensional gravity action for the graviton and dilaton is obtained from
(4.109) as

Scl =
1

2κ2
5

∫
dud4x

√
−g5

(
(R − 2Λ) − 1

2
(∂Φ)2 + · · ·

)
, (4.150)

where

1
κ2

5

=
R5Ω5

κ2
10

=
N2

4π2R3
. (4.151)

So comparing to (4.149) we get

A = −
√−g5

2κ2
5

guu. (4.152)

The equation of motion derived from (4.150) in momentum space reads

Φ′′ − 1 + u2

u(1 − u2)
Φ′ +

w2 − q2(1 − u2)

u(1 − u2)2
Φ = 0, (4.153)

with dimensionless frequency w = ω/(2πT) and spatial momentum component q =
q/(2πT). The prime denotes the derivative with respect to the radial coordinate u. Note that
in momentum space the function Φ(u) is akin to the radial part we denoted by f(u) above.
The equation of motion (4.153) has to be solved numerically with incoming wave boundary
condition at the black hole horizon. Computing the indices and expansion coefficients near
the boundary u = 0, as done in [61, 62], we obtain the asymptotic behavior as a linear
combination of two solutions Φ1,2 with asymptotic behavior for small u as

Φ1 = (1 + · · · ),

Φ2 =
(
u2 + · · ·

)
.

(4.154)

The general solution to the equation of motion therefore is given by the linear combination

Φ(u) = Φ1 + BΦ2, (4.155)

where we normalized the functions Φ such that the coefficient for Φ1 is 1, which we are
free to do since (4.153) is a homogeneous equation. In this way we achieve that the correct
normalization for the radial part limu→ 0Φ(u) = 1 is implemented.
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At the horizon the asymptotic solution satisfying the incoming wave boundary
condition is

Φ(u) = (1 − u)−iw/2(1 + · · · ). (4.156)

As discussed in [61, 62] we find the coefficient B by integrating the two boundary solutions
from (4.155) forward towards the horizon and by matching the linear combination of the
numerical solutions Φ(u) = Φnum

1 + BΦnum
2 to the solution (4.156) at the horizon. We

recognized that the solution of the radial part Φ(u) found in this way is equivalent to the
radial part of the total solution Φ and can therefore be plugged in for f in (4.147).

The imaginary part of the retarded correlator then is given by

−2T
ω

ImGR
FF =

N2(πT)4

4π2

2
π

Im B
w

. (4.157)

Solving (4.153) and matching the asymptotic solutions as described above, thus enables us to
obtain

lim
ω→ 0

∫
d3q

(2π)3

q2

3

(−2T
ω

ImGR
FF

(
ω, q

))
=N2T967.258. (4.158)

The corresponding result for the energy-momentum tensor correlator is obtained in an
analogous way but the analysis is significantly more complicated. Fortunately it has been
extensively and carefully analyzed in [124]. The final result is

lim
ω→ 0

∫
d3q

(2π)3

q2

3

(−2T
ω

ImGR
TT
(
ω, q

))
=N2T9355.169. (4.159)

4.3.4. Comparing Weak and Strong Coupling

We now have the results to compare momentum broadening of the heavy meson in a
hot medium at weak and strong coupling. Over the duration of the lifetime of the heavy
meson state it will loose momentum on average and simultaneously receive random kicks as
codified by the Langevin equations of motion (4.83). The drag and momentum broadening
rates are related by the Einstein relation

ηD =
κ

2TM0
, (4.160)

with M0 the meson mass.
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For strongly coupled N = 4 SYM theory we obtain our principle result by collecting
the results for polarizabilities (4.136), (4.146) and force correlators (4.158), (4.159), and use
(4.98),

κλ→∞ =
T3

N2

(
2πT
M0

)6
((

8
5π

)2

67.258 +
(

12
5π

)2

355.169

)

=
T3

N2

(
2πT
M0

)6

224.726.

(4.161)

The mass shift in strongly coupled N = 4 SYM is given by the sum of the mass shift due
to dilaton and graviton contributions, respectively. However, the exact value of the dilatonic
mass shift (4.126) is determined by (4.113) in terms of q, which we do not want to speculate
about here. Nevertheless, from the definition of q in [143] we know that it is positive for
positive instanton numbers. In this case the dilatonic mass shift contributes with the same
sign as the graviton mass shift (4.137) and we write

δM0|λ→∞ ≤ −
cT
N2

〈
T00

〉

= −T
(

2πT
M0

)3 9π
10

.

(4.162)

Here we made use of relations (4.146) and (4.108). Comparing these formulas with the
analogous formulas in weak coupling large N QCD given in equations (4.101) and (4.100),

κpQCD =
T3

N2

(
πT

ΛB

)6 50176
1215

π,

δMpQCD = −T
(
πT

ΛB

)3 14
45
,

(4.163)

we see that the meson mass M0 plays the role of the inverse Bohr radius ΛB = (mq/2)αsCF

in the strong coupling dipole effective Lagrangian. This is as expected for relativistic bound
states. Since these prefactors are different we do not compare the numerical values. Below
we will compare the values of the ratio κ/(δM2) at strong and weak coupling. We moreover
observe that the drag coefficient for heavy mesons is suppressed by N2 in the large N limit.

The phenomenological model we used modeled the interaction of the mesons with the
medium as dipole interaction terms, which capture short distance phenomena. From the field
theory side one may wonder if these dipole interactions indeed are the dominant interaction
mechanism of the medium and the mesons. Considering AdS/CFT, we admit that a dipole
picture of a meson is a short distance description an we can not guarantee to describe such UV
effects of the field theory well by holographic models. On the other hand, even if we cannot
describe the interaction from first principle, the diffusion of the mesons and the scattering of
gluons which then propagate with modified momentum into the medium is a long distance
effect, which we can hope do describe by our approach. We therefore consider a quantity that
is independent of short scale dipole interpretation of the medium, which is parametrized by
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the connection coefficients c. To construct such a quantity, we remember from (4.98) that (for
the simple case of cF = 0)

κ =
(
cT
N2

)2

lim
ω→ 0

∫
d3q

(2π)3

q2

3

(−2T
ω

ImGR
TT(ω,q)

)
. (4.164)

Together with (4.80) we can then construct a quantity that does not depend on the connection
coefficient cT ,

κ

(δM)2
=

1

〈T00〉2
lim
ω→ 0

∫
d3q

(2π)3

q2

3

(−2T
ω

ImGR
TT(ω,q)

)
. (4.165)

It is independent from the connection coefficient cT . All quantities in this expression have
been calculated previously for weak coupling as well as for strong coupling. The strong
coupling result is obtained from inserting the relations (4.108) and (4.159) and yields

κ

(δM)2

∣∣∣∣∣
T,λ→∞

=
πT

N2
8.3. (4.166)

To include the dilaton contribution, we make use of the above results (4.161) and (4.162) to
get

κ

(δM)2

∣∣∣∣∣
λ→∞

≤ πT
N2

8.9. (4.167)

It is then reasonable to use AdS/CFT to estimate to what degree strong coupling physics
modifies this ratio in QCD. In the free finite temperature N = 4 theory, the result was
computed in Appendix A of [144] and cited in (4.103) to be

κ

(δM)2

∣∣∣∣∣
λ→ 0

≈ πT
N2

36.9. (4.168)

Thus, comparing the strong coupling result (4.167) with the weak-coupling result (4.168), we
conclude that strong coupling effects actually reduce the momentum transfer rate relative to
the mass shift.

4.4. Summary

We studied transport properties of baryon charge, isospin charge and heavy mesons with
three different methods. For the charge diffusion we derived the diffusion coefficient in
dependence on temperature and particle density (or chemical potential, equivalently). In the
case of meson diffusion in the quark-gluon plasma we observed how strong coupling effects
the equilibration.
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Baryon Diffusion

We made use of the most naı̈ve formulation of the membrane paradigm and derived a
dependence of the diffusion coefficient for baryons that was qualitatively confirmed by recent
and more comprehensive studies [117]. The results, shown in Figure 16, indicate that for
very large values of the baryon density, the diffusion constant asymptotes to its maximal
value D = 1/(2πT). This reflects the fact that in this case, the free quarks outnumber the
quarks bound in mesons. For finite densities the diffusion coefficient is reduced and we
observe a minimum at values of the quark mass to temperature ratio m, which lie above the
fundamental phase transition at zero density. We will draw a connection between the phase
transition and the behavior of the diffusion in Section 5.

Isospin Diffusion

To obtain the isospin diffusion constant we analyzed the dispersion relation of the lowest
lying quasinormal mode of the isospin current. We have considered a relatively simple
gauge/gravity dual model for a finite temperature field theory, consisting of a constant
isospin chemical potential μ obtained from a time component vacuum expectation value for
the SU(2) gauge field on two coincident brane probes. We have considered the constant D7-
brane embedding corresponding to vanishing quark mass.

Within the strong restrictions of our analytic derivation, the main result is that this
model, despite its simplicity, leads to a hydrodynamical behavior of the dual field theory
which goes beyond linear response theory. We find in particular a frequency-dependent
diffusion coefficient with a nonanalytical behavior. Frequency-dependent diffusion is a well-
known phenomenon in condensed matter physics. Here it originates simply from the fact
that due to the nonAbelian structure of the gauge field on the brane probe, the chemical
potential replaces a time derivative in the action and in the equations of motion from which
the Green functions are obtained. For a more comprehensive study one should include terms
of quadratic order in the chemical potential m, which then would cancel the nonanalytic
behavior.

Quarkonium Diffusion

In the last part of this section we studied the diffusion of heavy mesons in the holographic
plasma, by setting up a Langevin model. The forces on the meson where deduced from an
effective dipole model for mesons that allowed to carry out our computations at strong and
weak coupling. We therefore where able to estimate the effects of strong coupling on meson
diffusion.

On the field theory side, we deduced the meson couplings to the stress tensor T and
the operator OF2 at strong coupling, which are the only relevant operators coupling to the
heavy dipole. The couplings where deduced from mass shifts, which can be computed on
the gravity side of the correspondence as a change in the normal vibrational modes of the
D7-brane in the presence of an external gravitational, or respectively dilatonic, field.

Because the gravitational and dilatonic fields shift the spectrum of the D7-brane
excitations, gradients such as those from fluctuations of these fields give rise to a net force
on the mesonic modes. We used the fluctuation dissipation theorem to relate the spectrum of
these fluctuations in the plasma to the momentum broadening of the meson.
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The result for κ/(δM)2, the momentum broadening relative to the square of the in
medium mass shift, for strongly coupled N = 4 SYM theory is roughly four to five times
smaller than the result in the weakly coupled limit. We therefore conclude that in this model
the effect of strong coupling is to reduce the momentum broadening and increase diffusion of
mesons relative to weak coupling.

From a phenomenological perspective the current calculation was limited to very
heavy mesons, which survive above Tc, where dipole interactions between the meson and
the medium are dominant. It is certainly unclear if this is the relevant interaction mechanism
above Tc even for bottomonium. Furthermore, the dipole coupling between a heavy meson
and the medium is dominated by short distance physics which is not well modeled by
AdS/CFT.

From the supergravity perspective, a better understanding of how gravitational and
dilatonic fields fluctuate in bulk would give a straightforward procedure to calculate the drag
of a finite mass meson. Specifically, fluctuations in the bulk would force motion of meson
wave functions which extend into the holographic fifth dimension.

5. Exploring the Phase Diagram

While the theory of quantum chromodynamics is concise in its mathematical formulation,
it exhibits a rich phenomenological structure, including several phase transitions. For
instance, we frequently referred to the confinement/deconfinement transition quark matter
is supposed to undergo when it is heated up and/or exposed to high chemical potential.

Since the development of QCD it was discovered that quark matter can exhibit
numerous qualitatively different behaviors. The most prominent example in QCD is the
change in the coupling constant gYM of the strong interaction with respect to the momentum
scale at which the theory is probed [152, 153]. It eventually accounts for the transition from
the zero temperature regime (ground state with minimum momentum), where quarks are
confined to the hadronic color singlets that make up the nuclei of atoms, to a deconfined state
of matter at asymptotically high temperatures (and high thermal momenta) where quarks
and gluons roam freely throughout spacetime. The value of the momentum interchange
between quarks and gluons determines their interaction potential, which may change
qualitatively, for example, by increasing temperature, from a confining shape of infinite depth
to a potential with finite binding energy.

Another example is the discovery of the so-called color-flavor-locked phase of QCD
with three color and three flavor degrees of freedom at high chemical potential, equivalent
to high particle densities. It was observed that the thermodynamically favored ground state
of QCD changes with the chemical potential. While we observe color and flavor symmetry
separately for QCD at low chemical potential, there is some critical value of the chemical
potential at which symmetry breaking occurs and a relation between color and flavor degrees
of bound states of quarks is established [154, 155].

The motivations to explore the properties of QCD at high temperature and large
chemical potentials include the struggle for a deeper understanding of the features of
QCD itself, the formation of hadronic matter during the evolution of the universe and the
description of matter inside dense astrophysical objects such as neutron stars.

We may wonder which parameters determine if we observe confinement and/or color
flavor locking, which other symmetries and observables undergo qualitative changes and
whether these changes occur abruptly or smoothly in the parameter space. This raises the
question about the structure of the phase diagram of the theory. It describes the regions in
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Figure 17: The conjectured QCD phase diagram in the plane of temperature T and baryon chemical poten-
tial μ. The black lines indicate first-order phase transitions. The first-order confinement/deconfinement
transition ends in a critical point at unknown (μc, Tc). Here the transition becomes second-order. Lattice
simulations suggest 170 MeV � Tc � 190 MeV, nuclear matter has μ ≈ 1 GeV [157]. CFL is the color-flavor-
locked phase.

the parameter space of the state variables in which the thermodynamic potentials and their
derivatives behave analytically. The change from one phase to another is often accompanied
by symmetry breaking and can be described by an order parameter which assumes finite
values in one phase and vanishes in the other. For QCD, the quark condensate 〈ψψ〉 is
frequently used as an order parameter. Non vanishing values break chiral symmetry. We can
distinguish the hadronic phase, where 〈ψψ〉/= 0, from the quark-gluon plasma with a higher
amount of symmetry, here 〈ψψ〉 = 0. However, strictly speaking the chiral condensate is
nonzero in both phases for finite quark masses and should only be used as an order parameter
in models with vanishing masses for the light quarks.

The exact overall structure of the phase diagram is not known yet. Especially at low
temperature and chemical potential where the coupling is strong, theoretical treatments rely
on lattice gauge theory, which on the other hand has its problems with modeling the QCD
dynamics at finite temperature and finite baryon density. Figure 17 shows a sketch of the most
basic features of the theoretically conjectured phase diagram of QCD based on combinations
of analytical and numerical predictions [156, 157].

In huge volumes that exist for long periods of time, such as the cubic kilometer
volumes of quark matter in neutron stars, one can expect the thermodynamic limit to be
an appropriate approximation to describe matter, that is, thermodynamics is applicable. As
hydrodynamic models have successfully been applied to describe the collective motion of
the fireball produced in heavy ion collisions, it is reasonable to assume that even the quark-
gluon plasma observed in experiments reaches thermal equilibrium. The equilibration time
is estimated to approximately 1 fm/c, the plasma state then exists for about another 4 fm/c
[158]. Though in equilibrium, the multiparticle system in a collision experiment certainly
does evolve along some trajectory in the phase diagram, which leads from some point in the
QGP phase to a system of hadrons, which can eventually be detected.

For a thermodynamic description, the state variables can be chosen to be for instance
the temperature T , the pressure P , and the chemical potentials μj for the different species of
particles, labeled by the index j. The chemical potential μj is the conjugate variable to the
particle number Nj . It is therefore only well-defined if the number of particles of the species
j is well-defined.
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There are only a few charges that are conserved by all standard model processes. They
allow for the definition of particle numbers and thereby determine the parameters of the
phase diagram. These are quark number (which can be translated into baryon number),
lepton number, electric charge, and color charge. Each of them has a chemical potential
associated to it. In the processes we discuss in heavy ion collisions, there are no leptons
(and in neutron stars they are radiated off by neutrino emission), that is, the lepton chemical
potential can be set to zero. The system furthermore is color-neutral, that is, the chemical
potentials associated to color charge can also be set to zero. The Gell-Mann-Nishijima-relation
allows to rephrase the remaining parameters, quark number and electric charge, in terms of
isospin and hypercharge. Hypercharge in turn is determined by the number of particles of
the various quark species.

One may argue that in an equilibrium state weak interactions could account for flavor
changing processes, and therefore there would be no well-defined particle number associated
to each quark flavor. As a result, the notion of a chemical potential would not be well-defined.
In heavy ion collisions however, the system in equilibrium state has not enough time to
undergo weak interactions and therefore the flavor numbers are conserved, and the different
quark flavors have to be assigned individual chemical potentials.

Thus, the remaining degrees of freedom in the phase diagram are temperature and the
chemical potentials of the interacting quark species. In two-flavor setups, which we elaborate
on in this work, we are free to express these potentials in terms of the baryon and isospin
chemical potential. This is why we used and continue to use these charges as the parameters
throughout this work. In principle we therefore consider a three-dimensional phase diagram
in (T, μB, μI). For sake of simplicity, however, we restrict to cases of either nonvanishing
baryonic or isospin chemical potential.

In the holographic context, several publications where dedicated to the investigation
of the structure of the phase diagram of theories with gravity duals. For instance, the
meson melting transition at finite temperature for the fundamental matter introduced by
D7-branes in a background generated by D3-branes, was considered at zero as well at
finite particle density. Studies of the behavior of D7-brane probes in the AdS Schwarzschild
black hole background revealed a phase transition, which occurs when the D7-brane reaches
the black hole horizon. This transition was shown to be of first-order in [33], see [49]
for a similar transition in the D4/D6 system, further details can be found in [52, 53].
Related phase transitions appear in [44, 159, 160]. Subsequently this phase transition was
investigated at finite particle density [32, 55, 56]. The transition is characterized by a
stable quasiparticle spectrum in one of the phases and melting mesons at finite density
in the deconfined phase. Figure 5 illustrates the two phases. A way to derive the values
of the transition line was mentioned in the same section, see the caption of Figure 8
and [56] for details. For the phase diagram in the model given by D8-D8 probes in a
near horizon limit of D4-branes with nonvanishing chemical and isospin potential see
[64].

In this section we contribute to these studies by different means. In the subsequent
section we observe a phase transition in the baryon diffusion coefficient and determine
the critical baryon density at which this transition vanishes. The observations we make
can be related to the results from [45, 56] and confirm the observations described
therein.

In Section 5.2 we describe the occurrence of a new phase transition at finite isospin
density, which we published in [40].
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5.1. Phase Transition of the Baryon Diffusion Coefficient

In this section we pick up the discussion from Section 4.1, where we introduced a simple
yet incomplete derivation of the baryon diffusion coefficient. As we mentioned there,
the qualitative behavior of the result captures the physics correctly and the quantitative
evaluation bears only little error in the regime of masses up to the temperature scale [117].
On the other hand, the evaluation of the simple formula (4.2) is a considerable simplification,
compared to the exact treatment, described in [117]. We will therefore stick with our
approximation.

We focus on the temperature regime near the phase transition of fundamental matter.
In the zero density limit, a phase transition of fundamental matter was observed to take
place simultaneously to the geometric transition from Minkowski embeddings at small
temperature to black hole embeddings at high temperatures. In the low temperature phase
the mesonic spectral functions exhibit discrete delta peaks, and thereby describe stable
mesons, while the spectrum becomes continuous with finite width peaks in the high
temperature phase. The value of the quark mass to temperature ratio at which the phase
transition can be observed was found to be near m = 1.3, c.f. Figure 4. The transition can be
seen as a first-order phase transition in the quark condensate [32]. In the zero density limit
the authors of [45] observed another manifestation of the fundamental phase transition at
m = 1.3 as a phase transition in the baryon diffusion coefficient D. We are interested in the
finite density effect on this transition.

At finite density, we know that black hole embeddings capture the physics at all
temperatures, that is, the entire parameter regime of m. The fundamental phase transition
in this case is a transition between two different black hole embeddings [55]. As discussed
in [56], the baryon density affects the location and the presence of the fundamental phase
transition. The transition is of first-order only very close to the separation line between the
regions of zero and nonzero baryon density shown in Figure 5. Note that as discussed in [55–
57] there exists a region in the (d̃, T) phase diagram at small d̃ and T where the embeddings
are unstable. This instability disappears for large d̃.

We study the baryon diffusion coefficient at different baryon densities. Figure 18
shows the Diffusion coefficient D as a function of the ratio of quark mass to temperature
m. By fixing the quark mass we may think of m as the inverse of the temperature.

We find that the phase transition is slightly shifted towards smaller temperatures when
we increase the density. At a critical density of d̃∗ = 0.00315 the phase transition temperature
is given by m = 1.31. Beyond the critical density the transition vanishes, in agreement with
the critical density d̃∗ for the phase transition in the quark condensate, discussed in [55].

5.2. A New Phase Transition at Finite Isospin Potential

In this section we have a different look at the mesonic spectral functions, introduced in
Section 3. There we where interested in the behavior of the quasiparticle resonances and
the modification of the particle spectrum when we leave the limit of zero temperature and
vanishing particle density. Here, we focus on a new phenomenon occurring at high densities.

We recall that the three solutions X, Y and E3 to the fluctuation equations of motion
(3.77) to (3.79) constitute the isospin triplet of mesons which may be constructed out of the
isospin 1/2 quarks of the field theory. This is analog to the ρ-meson in QCD. We discovered
that the mode E3 coincides with the solution in case of a pure baryonic chemical potential,
while the other two solutions have peaks in the spectral function at lower and higher values
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Figure 18: The normalized baryon diffusion coefficient as a function of normalized inverse temperature.
At densities below d̃ = 0.00315 we observe a multivalued dependence on m, signaling a phase transition.
For the behavior of the coefficient in a larger range of m see Figure 16.

of w, c.f. Figure 15. The magnitude of this splitting of the spectral lines is determined by the
chemical potential and the undetermined coupling cA.

In the limit of zero frequency w → 0, equations (3.77) and (3.78) coincide and will
result in identical solutions X and Y . In this limit the solution E3, though, differs from X
and Y , by means of the last term. So for small frequencies w, we expect differences between
the solutions E3 and X, Y . All three equations of motion depend on the particle density d̃
parametrically, since the density has influence on the background fields.

Spectral Functions and Quasinormal Modes at High Densities

We work in the canonical ensemble and will now investigate the effects of variations in d̃.
Spectral functions for various finite baryonic and isospin densities d̃ are shown in Figure 19.
As in Section 3.3, the peaks in these spectral functions indicate that quarks form bound
states. At low baryon densities we recognized the positions of the peaks to agree with the
supersymmetric result (3.64). Increasing the quark density leads to a broadening of the peaks,
which indicates decreasing stability of mesons at increasing baryon density [79, 161]. At the
same time the positions of the peaks change, which indicates a dependence of the meson
mass on the baryon density. Now, further increasing the quark density leads to the formation
of a new structure at w < 1. We will discuss this structure below together with the results at
finite isospin density.

We now turn to the effects of finite isospin density on the spectrum. The peaks in
the spectral functions again correspond to mesons. An interesting feature at finite isospin
chemical potential is the formation of a new peak in the spectral function in the regime of
small w at high density/high chemical potential, see Figure 19. Notice that compared to the
baryonic case, the density at which the new peak forms is about two orders of magnitude
smaller. As in the baryonic case, the excitations related to the supersymmetric spectrum
broaden, the corresponding mesons become unstable.
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Figure 19: Spectral functions for various baryon densities (a) and isospin densities (b), again normalized
to NfNcT

2/4. At increasing densities d̃ the peaks are smeared out, as we saw in the discussion of the
spectral functions in Section 3. At very high densities a new structure forms at small w.

We pointed out that the structure of the spectral function is determined by the pole
structure of the retarded correlator, see Section 3.1. The poles of this function are located in
the complex ω-plane at positions Ωn ∈ C. The spectral functions show the imaginary part of
the correlator at real-valuedω. Any pole in the vicinity of the real axis will therefore introduce
narrow peaks in the spectral function, while poles far from the real axis have less influence
and merely introduce small and broad structures.

In Section 3.1 we outlined how the imaginary part of the quasinormal modes describes
damping, as long as ImΩn < 0. The short note on the pole structure demonstrated the
dependence of the position of the quasinormal modes on the chemical potential/particle
density. From Figure 19 we deduce that at higher densities than studied so far, a quasinormal
mode approaches the origin of the complex ω plane as the particle density is increased. We
observe a pole at w = 0 for a certain particle density d̃crit, the value depends on m. An
impression of the variation in the spectral function is given in Figure 20.

In Figure 21 we qualitatively sketch the result from the investigation of the behavior
of the quasinormal modes closest to the origin of the complex w-plane. These modes do not
produce the peaks corresponding to the spectrum (3.64). At low densities all quasinormal
modes are located in the lower half plane. When increasing the isospin density, the lowest
frequency modes of the solutions X and Y to (3.77) and (3.78) move towards the origin of
the frequency plane. At the same time two quasinormal modes of E3 move towards each
other and merge on the negative imaginary axis, then travel along the axis towards the origin
as one single pole. At the critical value of d̃ = d̃crit the modes from X and Y meet at the
origin, the quasinormal modes from E3 still reside in the lower half plane. This observation
matches the discussion at the beginning of this section, where we expectedX and Y to behave
similarly at small w, while E3 should differ from this behavior. Upon further increasing the
isospin density, the modes Ω from X and Y enter the upper half plane, maintaining their
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Figure 20: Plot of the spectral function for the mode Y around w = 0. At a value of d̃I = 15.35 a pole
appears at the origin. This behavior is due to the movement of poles in the complex w-plane, illustrated in
Figure 22.
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Figure 21: A sketch of the positions and movements of the quasinormal frequencies under changes of d̃I .
Color indicates the function: red = Y , green = X, blue = E3. The symbols indicate the range of d̃I : ◦ < d̃crit,
• = d̃crit, � > d̃crit. Poles in the gray region introduce instabilities.

distinct directions. The sign change in ImΩ from ImΩ < 0 to ImΩ > 0 indicates that a
damped resonance changes into a self-enhancing one, and thus introduces an instability to
the system. Figure 22 illustrates the transition of a quasinormal mode of Y from the lower half
plane to the upper half plane. The E3-mode does not enter the upper half plane at any value
of d̃ we considered. Compare this to the values of d̃ in Figure 19 at which the pole induces
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Figure 22: Contour plots of the spectral function for the mode Y around w = 0 in the complex w-plane. The
density increases from (a) at subcritical density to (c) at supercritical density. Here, the pole in the upper
half plane introduces an instability.

visible structures at small w. A comparable movement of poles in a different but related setup
was found in [162]. There the quasinormal modes of correlation functions of electromagnetic
currents were investigated as a function of temperature.

In the following we interpret the observation of decaying mesons and the emergence
of a new peak in the spectral function in terms of field theory quantities. In particular we
speculate on a new phase in the phase diagram for fundamental matter in the D3/D7 setup.

In the far UV, the field theory dual to our setup is supersymmetric, thus containing
scalars as well as fermions, both of which contribute to the bound states we identified with
mesons, even when supersymmetry is eventually broken. The meson decay at nonvanishing
particle densities may be explained by the change of the shape of the potential for the
scalars in the field theory upon the introduction of a nonvanishing density. As outlined in
Appendix D, a chemical potential may lead to an instability of the theory, since it induces a
runaway potential for the scalar fields at small field values [163]. Nevertheless, interactions
of φ4-type lead to a Mexican hat style potential for larger field values. In this way the theory
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Figure 23: the (μI , T)-plane. In the blue-shaded region D7-branes have the topology of Minkowski
embeddings, the white and brown regions are modeled by black hole embeddings. These become unstable
in the brown region. The boundary of the unstable region asymptotically seems to agree with the thin gray
line of constant density d̃I = 20.5.

is stabilized at finite density d̃ while the scalar fields condensate. This squark condensate
presumably contributes to the vev of the scalar flavor current,

d̃ ∝
〈
J0
〉
∝
〈
ψ γ0ψ

〉
+
〈
φ∂0φ

〉
. (5.1)

In the AdS/CFT context, the presence of an upside-down potential for the squark vev has
been shown in [51] using an instanton configuration in the dual supergravity background.

The occurrence of a pole in the upper half plane of complex frequencies at finite d̃crit

indicates an instability of the theory. A comparable observation was made in [79], where in
fact the vector meson becomes unstable by means of negative values for its mass beyond
some critical chemical potential. The difference between this work and [79] is that our
model includes scalar modes in addition to the fundamental fermions. Nevertheless, in both
models an instability occurs at a critical value of the chemical potential. The theory may
still be stabilized dynamically by vector condensation [164]. In this case the system would
enter a new phase of condensed vectors at densities larger than d̃crit, in accordance with the
expectation from QCD calculations [86, 165, 166].

We perform the analysis of the pole structure at w = 0 for various m, and interpret
the phenomenon of the transition of poles into the upper half plane at finite critical particle
density as a sign of the transition to an unstable phase. We relate the critical particle density
d̃crit to the according chemical potential μ̃I by μI = limρ→∞A

3
0(ρ) and use the pairs of m

and critical dimensionful μI to trace the line of the phase transition in the phase diagram of
fundamental matter in the D3/D7 setup. The result is drawn in Figure 23. The picture shows
the (μI, T)-plane of the phase diagram and contains three regions, drawn as blue-shaded,
white, and brown-shaded, as well as solid lines, separating the different regions.

The blue-shaded region marks the range of parameters, in which fundamental matter
is described by D7-branes with Minkowski embeddings. The line, delimiting the blue region,
marks the line of phase transitions to the black hole phase, where fundamental matter
is described by D7-branes which have black hole embeddings. Using the symmetry of
the DBI action, this phase transition line can be mapped to the line of phase transitions
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between Minkowski and black hole embeddings, present at finite baryon chemical potential
[36, 56, 57].

The brown-shaded region in the phase diagram in Figure 23 marks the observation
made in this section. The line delimiting the brown region marks the values of d̃crit at which
the pole in the spectral function appears at w = 0. Beyond this line we enter the brown-shaded
unstable region.

We observe that the separation line of the unstable phase asymptotes to a straight line
at high temperatures. Within the values computed by us, this line agrees with the asymptotic
behavior of the contour of particle density with d̃ ≈ 20.5, drawn as a thin gray line in the phase
diagram. We thus speculate on a finite critical particle density beyond which the black hole
phase is unstable. This interpretation is supported by analogous studies of the phase diagram
of N = 4 superYang-Mills theory with R-symmetry chemical potentials, where a similar
line in the phase diagram was discovered [167, 168]. The remaining question is whether the
brown-shaded phase in Figure 23 indeed is unstable in the sense that it inaccessible for any
physical setup, or if there is a way to stabilize the system in the parameter range of question.
Recent publications revealed that the introduction of a further vev for a different gauge field
component on the stack of probe branes leads to a stabilization of the system [169, 170].
The resulting setup exhibits a second-order phase transition to the new phase, which bears
analogies to the theories of superfluidity and superconductivity [169–172].

Note that the location of the transition line to the unstable phase in Figure 23 as well
as the results shown in Figures 22 and 21 are obtained from the analysis of poles in the
spectral functions. These functions in turn are obtained as solutions to (3.77) to (3.79), which
do depend on the so far unknown factor cA in determining the self coupling of the gauge
field on the brane. The computation of this factor is left to future work. It will determine the
exact position of the boundary of the brown-shaded region in Figure 5. This will answer the
question whether there is a triple point in the phase diagram and if the color-shaded regions
meet at a common border. Moreover, other poles than the ones investigated here may have
influence on the stability of this system.

5.3. Summary

We made two observations concerning the thermodynamic behavior of fundamental matter
in the D3/D7 setup.

First, in our simple approximation of the baryon diffusion coefficient, we observe
the fundamental phase transition and its dependence on the baryon density. We find that
increasing the density from zero, where the transition temperature is given by m = 1.3, the
transition temperature is lowered slightly until the transition vanishes at a critical value of
d̃∗ = 0.00315, where the transition occurs at m = 1.31. This confirms the results of [55], where
the transition was observed in the quark condensate.

Second, we observe a new phase transition which renders the D3/D7 setup unstable
at values above a critical isospin density. This becomes manifest by quasinormal modes of the
fluctuations which develop positive imaginary parts in this region of the phase diagram. The
exact position of the phase transition line cannot be determined yet. However, we speculate
that the instability is due to a modification of the potential for the scalar fields in the field
theory. This instability can be cured by vector meson condensation.

It is tempting to compare Figures 23 and 17. However, we point out that we cannot
interpret the brown-shaded region in Figure 23 as a direct analogon of the color-flavor-locked
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phase (CFL) in Figure 17, since the parameter range scanned by us only allows to observe
the phase transition to the new phase only at finite isospin chemical potential and not at
finite baryon potential. Also the critical point at finite (Tc, μc) is not reproduced so far from
the thermodynamics of the D3/D7 model. Nevertheless, the sheer appearance of the phase
diagram in Figure 23 may serve as a motivation for further efforts in exploring the phase
diagrams of holographic models.

6. Conclusion

We considered different generalizations of the AdS/CFT correspondence in order to shed
light on in-medium effects on the fundamental matter in holographic models for the
quark-gluon plasma. The influence of the medium was parametrized by the values of the
temperature and particle density.

The first aspect we considered in 3 was the influence of the medium on bound states of
quarks, in particular vector mesons. The description of mesons from first principles is inter-
esting in its own right, because the strong coupling parameter forbids to apply well estab-
lished perturbative methods in QCD. In the holographic setups, mesonic excitations arise
more or less naturally as vibrational modes of open strings on D-branes. In the low-energy
limit, they account for fluctuations of supergravity fields. We presented the capabilities of
a certain realization of a D3/D7 brane configuration by deriving the spectral functions for
vector mesons from it. In the limit of vanishing temperature and density the derived spectra
agree with the previously known results. The main achievement of our efforts, however, was
the extension of the spectral description of vector mesons into the finite density and tem-
perature regime for all values of quark masses and temperature. We observe the melting of
mesons at high temperature and at the same time studied the effects of finite particle density.
Technically, we related the characteristics of the spectra to the behavior of the quasinormal
modes of the excitations that holographically account for mesonic bound states of quarks.

The main contribution to a better understanding of in-medium effects from this project
is the derivation of in-medium effects on the spectra. We observe a destabilization of mesonic
bound states with increasing particle density in the quark-gluon plasma, which is simultane-
ously accompanied by a slight shift of the meson masses to higher energies. Due to the fact
that the holographic models are too complex to be solved by analytical methods alone, the
precise mechanisms that account for this behavior are difficult to reveal. A probable physical
explanation for the destabilization certainly can be seen in the fact that in the strongly coupled
medium the surrounding free quarks alter the binding interquark potential of the mesonic
bound state. The closer a quark of the medium comes to a constituent quark of the meson
under consideration, and the higher the amount of such perturbing spectator quarks is, the
more influence can be expected from the medium on the mesons. Therefore increasing the
baryon density (which can be seen as a measure for the amount of free quarks in the medium
which are not bound into mesons) accounts for accumulating perturbation of the binding
quark-antiquark potential, eventually leading to a dissociation of the meson. The shift in the
meson mass may also be a consequence of the modification of the interquark potential, which
in turn shifts the binding energies and therewith the energy content of a meson.

Without speculating further on the mechanisms that lead to the observation we made,
we note that our results are in qualitative agreement with phenomenological models and
observation from experiment. The fact that our result is a nontrivial consequence derived
from the D3/D7 setup can be seen as an affirmative answer to the question whether string
theory motivated models can capture phenomenologically relevant physics.
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Another such example was also derived in the context of meson spectra. Namely,
we have shown that the introduction of finite isospin chemical potential indeed leads to a
mass splitting of the different components of the isospin triplet, constituted by the three
possible isospin one combinations of quark-antiquark pairs. While this is a success on the
one hand side, the quantitative evaluation of the mass difference remains as a task for
future investigation, as the magnitude of the mass splitting heavily relies on meson coupling
constants which are not determined yet and where chosen arbitrarily in our setup. The
qualitative observation of the mass splitting, however, can be explained entirely analytically.
We notice that the degenerate spectrum at vanishing isospin density stems from the fact
that we have an SU(2) isospin symmetry in our system. By introducing a finite vacuum
expectation value for one single generator, we break this symmetry and thereby suspend
the degeneracy. From the equations of motion we can read off that the vev does not affect the
longitudinal component in flavor space but shifts the energy eigenvalues of the transverse
modes by identical absolute amount with opposite sign.

The second observable we studied was the diffusion coefficient of both baryon and
isospin charge as well as the diffusion coefficient of mesons. The motivation to consider
baryon and isospin diffusion apparently is to understand the transport processes of quarks
and antiquarks in the QGP and quark matter as, for example, expected to exist in neutron
stars. The interest in mesons stems from the fact that there is experimental evidence for
mesons to survive the deconfinement transition to the QGP. We capture this effect in our
setup, as we have shown by observing discernible peaks in the mesonic spectral functions at
finite temperature, discussed above.

The results for the baryon diffusion coefficient where derived in an extremely
simplified manner by plugging in the results for the embedding functions of the D7-brane
in our background into the formula for the diffusion coefficient derived from the membrane
paradigm. The main purpose of this task was to show that the D3/D7 setup at finite density
is able to yield baryonic diffusion parameters for the plasma for ratios of the quark mass to
temperature in both regimes, below and above the phase transition for fundamental matter.
At vanishing density, the diffusivity of quarks normalized to the inverse temperature was
known to be almost independent from the mass in the regime of light mesons (compared
to the deconfinement temperature) and to be reduced monotonically with increasing quark
mass. In our simple extension, we have shown that the effect of finite density on the
normalized diffusion of baryon charge is leading to a dependence on the diffusion coefficient
that exhibits a minimum for quarks with massesmq slightly heavier than the scale determined
by the critical melting temperature Tc as mcrit

q = (1.3
√
λ/2)Tc. We identify the origin of this

behavior as the fact that neither asymptotically heavy nor massless quarks will be influenced
from the thermal momentum scale. A particle, however, with intermediate mass is certainly
sensitive to momentum transfer by, for example, collisions with particles in the medium.

Moreover, we observe that with increasing density, the mass dependence of the
diffusivity becomes smaller. We address this to the fact that an extremely high density,
accompanied by a likewise high chemical potential, outweighs the energy scale set by the
finite temperature and in this way suppresses the intermediate mass scale dependence.

Although we knew that our simple ansatz could not capture all effects of finite density
in this way, our results where proven to be qualitatively correct in later publications. These,
by the way, support the above comment on the rivaling scales of quark mass and chemical
potential. The results of [117] show that at large quark masses (which then outweigh the
energy scale of the chemical potential) the diffusion constant indeed depends on the quark
mass but is almost independent of the particle density.
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The situation at nonvanishing isospin chemical potential was analyzed by means of
the dispersion relation for particles carrying isospin charge. Here, we restricted to massless
quarks and small chemical potential. Within the tight restriction of our setup we where able
to derive a frequency dependence of the diffusion coefficient, which can be interpreted as a
dependence of the diffusion coefficient on the energy of the diffusion massless particles.

The most extensively investigated transport coefficient however is the diffusion
coefficient for heavy scalar mesons in the quark-gluon plasma. We set up a kinetic model
that allowed for a derivation of the (inverse of the) diffusion coefficient at both strong
and weak coupling. This enabled us to compare the perturbatively obtained weak coupling
result to the holographic strong coupling result. Moreover, we where able to derive the
polarizability of mesons from holographic duals. The latter results for the polarizabilities
have to be read with care, as they rely heavily on the short-distance dipole approximation of
the underlying effective model. As the short distance dipole interaction with the medium
most likely rely heavily on large momentum transfer and thereby on weak coupling
contributions, the validity of the AdS/CFT contributions may be vulnerable to serious
criticism. Nevertheless, the long range effects on the momentum distribution of the scattered
medium particles should be captured by our gauge/gravity model. We therefore divide
out the effects due to polarizability, and parametrized by (δM)2 and compare the quotient
of momentum broadening (inverse diffusion coefficient) κ and (δM)2. As a result, within
the limits of the validity of our assumptions, we observe a reduction of the momentum
transfer from the mesons to medium particles at strong coupling compared to weak coupling.
This has consequences on the equilibration of the meson momentum distributions into
thermal equilibrium, which we expect to be slowed down at strong coupling. Hopefully,
measurements of the heavy meson momentum distributions in heavy ion collisions at RHIC
and LHC will allow for a comparison of experimental data with our theoretical expectations.

Finally, we devoted one to the analysis of the phase structure of fundamental matter
in the holographic description of quark matter.

One result was the observation of a phase transition in the baryon diffusion constant,
which shows parallels to a previously observed phase transition in the the quark condensate,
which vanishes at a critical baryon density d∗. We observe a dependence of the value of the
quark mass to temperature ration at which this phase transition occurs on the density. And
we identify a critical density at which the phase transition vanishes. This density matches
the value d∗ mentioned above, which makes us believe that we observe the same physical
transition in just an other parameter.

More important is the observation of a new phase transition at finite isospin
density. Above we described the observation that the mass eigenvalues of two of the three
components of the isospin triplet vector mesons experience shifts due to finite chemical
potential. Increasing the isospin chemical potential μI , we observe an instability of our setup
at a critical value μI(T) of the chemical potential. This value depends on the temperature of
the medium. By numerical evaluation of μI(T) we are able to trace out the boundary of the
stable phase in the (μI, T)-plane of the phase diagram. Recent publications indicate that the
theory can be stabilized even beyond this line if additional gauge field components on the
flavor branes acquire finite vacuum expectation values. This indicates that the boundary we
traced out in the pase diagram marks the border between two different phases. The exact
position, however, is subject to the same open questions we addressed when we discussed
the splitting of the vector meson spectrum.

As a general conclusion, we ascertain that the D3/D7 setup for holographic duals
to strongly coupled gauge theories, provides the capability to describe a rich amount of
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phenomenology of the dual field theory. In this paper we highlighted a small part of it.
Alluding to the general motivation behind applications of AdS/CFT to bridge the gap
between string theory and phenomenologically relevant field theories, we finally end with
a satisfactory statement. The analyses and observations described in this work show that
the gauge/gravity duality is not a one-way street. In one direction we where able to
confirm many observations in holographic models by known results and expectations from
established field theories such as QCD, and even experiment. In this way our confidence
in the applicability of the correspondence to real-world phenomena was strengthened. In
the other direction, using the example of meson diffusion, we discovered ways to derive
results in regimes of field theories, which so far where inaccessible, and hopefully bear at
least qualitative truth when compared to field theory results or experiments in future.

Appendices

A. Coordinates for the AdS Black Hole Background

Numerous local coordinate systems are used to parameterize the AdS5 × S5 Schwarzschild
black hole background. The problem at hand determines which of them is most useful. Here
we list some of the common coordinates and the transformations between them. For all of the
following coordinate systems we use the same symbols

R4 = 4πgsNα
′2, r◦ = TπR2. (A.1)

Coordinate System 1

ds2 =
r2

R2

(
−f(r)dt2 + dx2

)
+
R2

r2

1
f(r)

dr2 + R2dΩ2
5 (A.2)

with

f(r) = 1 − r
4
◦
r4
,

t, x1, x2, x3 ∈ R, r ≥ 0, dΩ2
5 = metric of the unit 5-sphere

(A.3)

horizon at r = r◦ and boundry at r → ∞.

Coordinate System 2

Introduction of a new radial coordinate

�2 = r2 +
√
r2 − r2

◦ (A.4)
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transforms (A.2) into

ds2 =
�2

2R2

(
−
f2(�)

f̃
(
�
) dt2 + f̃

(
�
)
dx2

)
+
R2

�2

(
d�2 + �2dΩ2

5

)
(A.5)

with

f
(
�
)
= 1 − r

4
◦
�4
, f̃

(
�
)
= 1 +

r4
◦
�4

(A.6)

horizon at � = r◦ and boundry at � → ∞.

Parametrization of the Radial Part

We can identify the part in the last pair of parentheses of (A.5) as nothing else than R
6 and

we write it as

d�2 + �2dΩ2
5 =

6∑
i=1

d�2
i = dw2 +w2dΩ2

3︸ ︷︷ ︸
R4(�1,...,4)

+ dL2 + L2dφ2

︸ ︷︷ ︸
R2(�5,6)

(A.7)

with radial coordinate � = (
∑

i �
2
i )

1/2. We write this space as a product space of a four-
dimensional R

4 in polar coordinates with radial coordinate w ≥ 0 and a two-dimensional
R

2 with radial coordinate L ≥ 0, such that �2 = w2 + L2. The subspace parametrized by (w,L)
is the first quadrant of a Cartesian coordinate system and can also be parametrized by its
radial part � and an angle 0 ≤ θ ≤ π/2,

L = � cos θ,

w = � sin θ
(A.8)

such that

dL2 + dw2 = d�2 + �2dθ2. (A.9)

Finally, we introduce χ = cos θ and thus can write (A.5) as

ds2=
�2

2R2

(
−
f2(�)

f̃
(
�
) dt2+f̃

(
�
)

dx2

)
+R2

(
d�2

�2
+
(

1 − χ2
)

dΩ2
3+
(

1 − χ2
)−2

dχ2+χ2dφ2

)
.

(A.10)
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Coordinate System 3

Introduction of a new radial coordinate

v2 =
1
2

(
r2 +

√
r2 − r2

◦

)
(A.11)

transforms (A.2) into

ds2 =
v2

R2

(
−
f2(v)

f̃(v)
dt2 + f̃(v)dx2

)
+
R2

v2

(
dv2 + v2dΩ2

5

)
(A.12)

with

f(v) = 1 − r4
◦

4v4
, f̃(v) = 1 +

r4
◦

4v4
(A.13)

horizon at v = r◦/
√

2 and boundry at v → ∞.

Coordinate System 4

Introduction of a new dimensionless radial coordinate

u =
r2
◦
r2

(A.14)

transforms (A.2) into

ds2 =
r2
◦

R2u

(
−f(u)dt2 + dx2

)
+

R2

4f(u)u2
du2 + R2dΩ2

5, (A.15)

where

f(u) = 1 − u2, (A.16)

horizon at u = 1 and boundry at u = 0.

Coordinate System 5

Introduction of a new radial coordinate

z =
R2

r
(A.17)
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transforms (A.2) into

ds2 =
R2

z2

(
−f(z)dt2 + dx2 +

1
f(z)

dz2
)
+ R2dΩ2

5 (A.18)

with

f(z) = 1 − z
4

z4
◦

(A.19)

horizon at z = z◦ = R2/r◦ and boundry at z = 0.

B. Isospin Diffusion-Related Equations

B.1. Solutions to Equations of Motion

Here we explicitly write down the component functions used to construct the solutions to
the equations of motion for the gauge field fluctuations up to order w and q2. The functions
themselves are then composed as in (4.40).

The solutions for the components with flavor index a = 3 where obtained in [17].

B.1.1. Solutions for Xα, X̃α, and A3
α

The function Xα(u) solves (4.32) with the upper sign and is constructed as in (4.40) from the
following component functions,

β =
√

wm

2
+O(ω),

F0 = C,

F1/2 = −C
√

m

2
ln

1 + u
2

,

F1 = −C m

12

[
π2 − 9 ln22 + 3 ln(1 − u)(ln 16 − 4 ln(1 + u))

+ 3 ln(1 + u)(ln(4(1 + u)) − 4 lnu)

− 12
(

Li2(1 − u) + Li2(−u) + Li2

(
1 + u

2

))]
,

G1 =
C

2

[
π2

12
+ lnu ln(1 + u) + Li2(1 − u) + Li2(−u)

]
,

(B.1)
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where the constant C can be expressed it in terms of the field’s boundary value Xbdy =
limu→ 0X(u, k),

C = Xbdy ×
(

1 +
√

mw

2
ln 2 + mw

(
π2

6
+

ln22
4

)
+
π2

8
q2 +O

(
w3/2, q4

))−1

. (B.2)

The solutions of the equations of motion (4.32) with lower sign for the functions X̃α(u)
are given by

β̃ = −i
√

wm

2
+O(ω),

F̃0 = C̃,

F̃1/2 = iC̃
√

m

2
ln

1 + u
2

,

F̃1 = C̃
m

12

[
π2 − 9 ln22 + 3 ln(1 − u)(ln 16 − 4 ln(1 + u))

+ 3 ln(1 + u)(ln(4(1 + u)) − 4 lnu)

− 12
(

Li2(1 − u) + Li2(−u) + Li2

(
1 + u

2

))]
,

G̃1 =
C̃

2

[
π2

12
+ lnu ln(1 + u) + Li2(1 − u) + Li2(−u)

]
,

(B.3)

with C̃ given by

C̃ = X̃bdy ×
(

1 − i
√

mw

2
ln 2 −mw

(
π2

6
+

ln22
4

)
+
π2

8
q2 +O

(
w3/2, q4

))−1

, (B.4)

so that limu→ 0X̃(u, k) = X̃bdy.
The solution for A3

α solves (4.25) up to order w and q2 with boundary value (A3
α)

bdy. It
is

A3
α =

8
(
A3
α

)bdy(1 − u)−iw/2

8 − 4iw ln 2 + π2q2

×
[

1 + i
w

2
ln

1 + u
2

+
q2

2

(
π2

12
+ lnu ln(1 + u) + Li2(1 − u) + Li2(−u)

)]
.

(B.5)
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B.1.2. Solutions for X′0, X̃
′
0, and A

3′
0

Here we state the solutions to (4.29). This formula describes three equations, differing in
the choice of a = 1, 2, 3. The cases a = 1, 2 give coupled equations which are decoupled by
transformation from A1,2

0 to X0 and X̃0. The choice a = 3 gives a single equation.
The function X′0 is solution to (4.33) with upper sign. We specify the component

functions as

β =
√

wm

2
+O(ω),

F0 = C,

F1/2 = −C
√

m

2
ln

2u2

1 + u
,

F1 = −C m

12

[
π2 + 3 ln22 + 3 ln2(1 + u) + 6 ln 2 ln

u2

1 + u

+ 12
(

Li2(1 − u) + Li2(−u) − Li2

(
1 − u

2

))]
,

G1 = C ln
1 + u

2u
,

(B.6)

where the constant C can be expressed in terms of the field’s boundary value Xbdy =
limu→ 0X(u, k),

C = −
q2X

bdy
0 + wqX

bdy
3√

2mw + mw ln 2 + q2
. (B.7)

To get the function X̃′0, we solve (4.33) with the lower sign and obtain

β̃ = −i
√

wm

2
+O(ω),

F̃0 = C̃,

F̃1/2 = iC̃
√

m

2
ln

2u2

1 + u
,

F̃1 = C̃
m

12

[
π2 + 3 ln22 + 3 ln2(1 + u) + 6 ln 2 ln

u2

1 + u

+ 12
(

Li2(1 − u) + Li2(−u) − Li2

(
1 − u

2

))]
,

G̃1 = C̃ ln
1 + u

2u
,

(B.8)
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where the constant C̃ can be expressed it in terms of the field’s boundary value X̃bdy =
limu→ 0X̃(u, k),

C̃ =
q2X̃

bdy
0 + wqX̃

bdy
3

i
√

2mw + mw ln 2 − q2
. (B.9)

The solution for (4.29) with a = 3 is the function A3′
0 , given by

A3′
0 = (1 − u)−iw/2 q2A

bdy
0 + wqA

bdy
3

iw − q2

(
1 +

iw

2
ln

2u2

1 + u
+ q2 ln

1 + u
2u

)
. (B.10)

B.1.3. Solutions for X′3, X̃
′
3, and A

3′
3

We give the derivatives of X3 and X̃3 as

X′3 = −w −m

qf
X′0

X̃′3 = −w + m

qf
X̃′0.

(B.11)

The solution for A3′
3 is

A3′
3 = −w

q
A3′

0 . (B.12)

B.2. Abelian Correlators

For reference we quote here the correlation functions of the Abelian superMaxwell theory
found in [17]. The authors start from a 5-dimensional supergravity action and not from a
Dirac-Born-Infeld action as we do. Therefore there is generally a difference by a factor N/4.
Note also that here all Nf flavors contribute equally. In our notation

Gab
11 = Gab

22 = − iN
2Tωδab

16π
+ · · · , (B.13)

Gab
00 =

N2Tq2δab

16π
(
iω −Dq2

) + · · · , (B.14)

Gab
03 = Gab

30 = −
N2Tωqδab

16π
(
iω −Dq2

) + · · · , (B.15)

Gab
33 =

N2Tω2δab

16π
(
iω −Dq2

) + · · · , (B.16)

where D = 1/(2πT).
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B.3. Correlation Functions

In this section we list the real and imaginary parts of the flavor currents in the first two flavor-
directions a = 1, 2 and in the third Lorentz-direction coupling to the supergravity-fields X3

and X̃3 (as defined in (3.76)).

ReG33̃(ω ≥ 0) = ReG3̃3(ω < 0) = −
Nq2 (ω2 + μ|ω|

)

16π2
[
2μ|ω| + q4/(2πT)2

] ,

ImG33̃(ω ≥ 0) = −ImG3̃3(ω < 0) = −
NT

√
2μ|ω|

(
ω2 + μ|ω|

)

8π
[
2μ|ω| + q4/(2πT)2

] ,

ReG33̃(ω < 0) = ReG3̃3(ω ≥ 0) = −
NT

(
ω2 − μ|ω|

)

8π
[√

2μ|ω| + q2/(2πT)
] ,

ImG33̃(ω < 0) = 0, ImG3̃3(ω ≥ 0) = 0.

(B.17)

C. Coupling Constant for Vector Meson Interaction

In this section we show how the coupling constant for the interaction of vector mesons can
be computed, extending the ideas presented in [38]. This coupling constant in the effective
four-dimensional meson theory can be determined by redefinition of the gauge fields such
that the kinetic term has canonical form. This coupling constant depends on the geometry of
the extra dimensions.

First we consider the eight-dimensional theory determined by the DBI action S
(2)
DBI

expanded to second-order in the fluctuations A,

S
(2)
DBI =

T7(2πα′)
2

4

∫
d8ξ

√
−GGμαGνβF̂ανF̂βμ, (C.1)

where G contains the background fields and we simplify the analysis by considering only
Abelian gauge fields. Defining the dimensionless coordinate ρ = �/R and integrating out the
contribution of the S3, we obtain

S
(2)
DBI =

T7(2πα′)
2vol(S3)R4

4

∫
d4x

∫
dρ
√
−G GμαGμβF̂ανF̂βμ. (C.2)

To obtain a four-dimensional effective theory we have to integrate over the coordinate ρ. This
contribution depends on the geometry induced by the ρ dependence of the metric factors.
However, we expect that it is independent of the ’t Hooft coupling λ. We parametrize this
contribution by c′A. The kinetic term of the effective theory is then given by

S
(2)
DBI =

T7(2πα′)
2vol(S3)R4c′A

4

∫
d4xF̂μνF̂

μν, (C.3)
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where the prefactor may be written as

T7(2πα′)
2vol(S3)R4c′A

4
=

λ

g2
YMc

2
A

, (C.4)

where the numerical values independent of the ’t Hooft coupling are grouped into the
coefficient cA. From this we can read off that a rescaling of the form

Â�−→ cA√
λ
Â (C.5)

casts the Lagrangian into canonical form with a prefactor of 1/g2
YM.

D. Chemical Potentials in Field Theories: Runaway Potential and
Bose-Einstein Condensation

In our setup we consider a field theory which is supersymmetric in the far UV. Its
fundamental matter consists of complex scalars (squarks) and fermionic fields (quarks). In
this section we describe the effect of the chemical potential on the field theory Lagrangian
and on the vacuum as, for example, in [163]. We consider a theory with one complex scalar φ
and one fermionic field ψ with the same mass mq coupled to an U(1) gauge field Aν. The time
component of the U(1) gauge field has a nonzero vev which induces the chemical potential
μ,

Aν = μδν0. (D.1)

The Lagrangian is given by

L = −
(
Dμφ

)∗
Dμφ −m2

qφ
∗φ − ψ

(
��D +mq

)
ψ − 1

4
FμνF

μν, (D.2)

where Dμ = ∂μ − iAμ is the covariant derivative and Fμν = ∂μAν − ∂νAμ the field strength
tensor. Expanding the Lagrangian around the nonzero vev of the gauge field, it becomes

L = −∂μφ∗∂μφ −
(
m2
q − μ2

)
φ∗φ + μJS0 − ψ

(
�∂ +mq

)
ψ + μJF0 , (D.3)

where JSμ = i((∂μφ∗)φ−φ∗(∂μφ)), and (Jμ)F = −iψγμψ are conserved currents. These conserved
currents are the population densities NS for the scalar field and NF for the fermionic field,
such that the linear terms in the Lagrangian are μNS and μNF .

The mass term −(m2
q −μ2)φ2 of the Lagrangian (D.3) introduces an instability if μ > mq

since the corresponding potential V = (m2
q − μ2)φ2 + · · · is not bounded from below. In some

systems this runaway potential is stabilized by higher interactions and becomes a Mexican
hat potential such that the scalar condenses and the scalar density becomes nonzero. This
condensation is known as Bose-Einstein condensation (BEC).
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We review the recent developments in applying holographic methods to understand nonequilib-
rium physics in strongly coupled field theories. The emphasis will be on elucidating the relation
between evolution of quantum field theories perturbed away from equilibrium and the dual
picture of dynamics of classical fields in black hole backgrounds. In particular, we discuss the
linear response regime, the hydrodynamic regime, and finally the nonlinear regime of interacting
quantum systems. We also describe how the duality might be used to learn some salient aspects of
black hole physics in terms of field theory observables.

1. Introduction

Astounding amount of progress and understanding in physics has been achieved by studying
special systems in equilibrium, which are by definition “non-dynamical”, that is, independent
of time. One important reason for the prevalent focus on time-independent systems is that
they are of course far simpler to study than dynamical ones. Indeed, vast majority of exactly
tractable systems are of this kind. Known exact solutions are seldom fully generic and
typically admit a large degree of symmetry, usually including time-translation invariance.
Nevertheless, while the study of such nondynamical, stationary situations might seem
rather looking-under-the-lamppost-type strategy, it has proved to be a very successful one.
Although due to an incredible complexity of nature around us such exactly tractable systems
are at best only approximations to the real world, they are often remarkably relevant and
useful. Dynamically evolving systems tend to equilibrate, and in absence of external forcing
they typically settle down to stationary configurations.1 Thus stable stationary solutions
can reveal the late-time physics of a generic system. Moreover, many interesting physical
processes such as phase transitions, which we observe occurring dynamically, can be well
studied without invoking any explicit time dependence at all.
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Nevertheless, not many would dispute that most interesting physical phenomena
do involve nontrivial temporal dynamics. Not only are dynamically evolving systems
ubiquitous in nature, but also they are the raison d’être for everything we see around us.
Hence the need to understand dynamics scarcely needs motivation. However, progress so
far has unfortunately been hindered by lack of adequate techniques. Typically, one resorts
to perturbative methods though the regime of their validity places severe limitations on
their applicability. Alternately, one might try to “put the system on a computer” and evolve
numerically, but the computational cost involved is usually too astronomical to allow for
convenient extraction of the physics. In certain cases one may circumvent both of these
limitations by mapping the system into a more tractable one. We will see that all these
ingredients come into play in the present paper.

So far our somewhat self-evident remarks have been rather abstract and general. We
will now specify the particular context we wish to address. We will concentrate on exploring
the dynamics of a certain class of quantum field theories, focusing especially on the strong
coupling regime. Although we have best understanding of field theories at weak coupling,
strongly coupled systems are ubiquitous in nature, ranging from typical condensed matter
systems to quark-gluon plasmas created in high-energy experiments, and in fact they play a
role in most areas of physics. Apart from the evident applicability, there is also the rewarding
aspect of serendipity related to the present cutting-edge experiments involving these systems.

Which properties of strongly coupled field theories do we wish to understand, and
which ones can we hope to understand? Fortuitously there is a substantial overlap between
the answers to both questions. In particular, it is both interesting and tractable to extract
certain universal features, as we will discuss below. Conversely, we seldom can, or want
to, calculate the detailed microscopic dynamics, due to the sheer level of complexity; it is
generally much more instructive to take a coarse-grained view of the system. As a result we
will often focus on obtaining a low-energy effective description for such strongly interacting
systems. From a conventional renormalization group (RG) picture, it is then clear that one
expects similar low-energy physics for systems within the same universality class. One
such low-energy theory which we will discuss in some detail is hydrodynamics, or more
generally fluid dynamics, which is expected to be a good description as long as the local fluid
variables vary slowly compared to the microscopic scale, that is, at long wavelengths and
small frequencies.

Hence in studying dynamics of strongly coupled field theories, we are simultaneously
exploring the dynamics of fluids. Our study is then bolstered by the insights which we have
already acquired from hydrodynamics. On the other hand, despite decades of theoretical,
numerical, observational, and experimental scrutiny which fluid dynamics has received,
there are still many deep questions which remain to be answered, especially involving
dynamical evolution. For example, one of the famous Clay Millennium Prize Problems
concerns the global regularity (existence and smoothness) of the Navier-Stokes equations [1].
Intriguingly, the solutions often include turbulence, which, in spite of its practical importance
in science and engineering, still remains one of the great unsolved problems in physics.

As already mentioned above, understanding dynamics in strongly coupled field
theories, or their effective description in terms of fluids, is an exceedingly hard problem.
One of the key strategies has been to focus on field theories which admit a holographic
dual and use this dual description to extract the physical properties of the field theoretic
system under consideration. The prototypical case is the AdS/CFT correspondence [2–4]
which relates the four-dimensional N = 4 Super Yang-Mills (SYM) gauge theory to an IIB
string theory (or supergravity) on asymptotical AdS5 × S5 spacetime.2 As it is well known,
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this is a strong/weak coupling duality; the strongly coupled field theory can be accessed via
the semiclassical gravitational dual, which has obvious computational, as well as conceptual,
advantages. If we wish to know how a given strongly coupled system behaves, we need not
devise methods to calculate this in the field theory at all—a rather daunting, if not impossible,
task—we only need to translate the system into the dual language and calculate the classical
evolution using Einstein’s equations.

While theN = 4 SYM is fundamentally distinct from the “real-world” systems which
we would ultimately like to understand, it can serve as a useful toy model to motivate
and study new classes of strongly coupled phenomena. This philosophy has led to the
correspondence being applied to QCD via the so-called AdS/QCD approach (for reviews
see [5–8]) and more recently to condensed matter systems, often dubbed AdS/CMT, where a
variety of physical effects raging from superfluid transitions to nonFermi liquid behaviour
are being actively investigated. An excellent account of these efforts can be found in the
reviews of [9–12]. Of course, what makes this enterprise fascinating is the degree to which the
computations in the AdS/CFT framework agree with experimentally measured quantities in
the real world. One such quantity which received much attention is the shear viscosity of the
quark-gluon plasma; based holographic computations, [13] suggest that the dimensionless
ratio of viscosity to entropy density (η/s) has a universal lower bound, η/s ≥ 1/4π , which
subsequently has been subject to intense scrutiny; for the current status in string theory see
[14, 15].

Perhaps the most intriguing—and promising—aspect of the gauge/gravity correspon-
dence is highlighted by its holographic nature: the theories which are dual to each other
are naturally formulated in different numbers of dimensions.3 This automatically implies
that the effective degrees of freedom on the two sides of the correspondence are related in
a highly nonlocal (and hitherto rather mysterious) fashion. This of course makes the task
of extracting physics of one theory from its dual formulation even more formidable than
merely doing calculations in the dual; indeed, much of the AdS/CFT-related efforts of the
last decade have concentrated on elucidating the dictionary between the two sides. Yet at
the same time this very feature, which might initially appear as an unwanted complication,
lies at the heart of the enormous potential the duality holds for solving the system. The
effects we seek to unravel are often very complex, emergent phenomena which cannot (in
practice, or even in principle) be described in terms of the fundamental degrees of freedom.
In other words, they require a different description. This by itself does not of course guarantee
that the holographic description is the desired one, but the fact that out of such formidably
complicated repackaging of the information a new simple and elegant picture arises is
at least promising. It may well transpire that the complex emergent phenomena we seek
to understand, at least those which are in some sense fundamental, appear simple when
rewritten in the dual language.

One classic indication that the above hope is more than just a wishful thinking may
be found in the manner in which the radial direction of the bulk emerges from the boundary
field theory, sometimes referred to as the scale/radius, or UV/IR, duality [16]. From everyday
experience, we are well aware that physics likes to organize itself by energy (or length) scales;
processes occurring at widely separated scales do not interact very much. In the holographic
dual, this hierarchy of scales, mathematically expressed in terms of Wilsonian RG, is neatly
packaged in terms of an emergent radial direction of the bulk geometry (this idea is at the
heart of the holographic renormalization group developed initially in [17]). But rather than
just serving as a mnemonic for the energy scale, this dimension takes on a life of its own:
it mixes with the other directions in a fully covariant fashion! Taking the bulk perspective,
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the field theory’s decoupling of scales is simply a manifestation of bulk locality. So this simple
and natural feature of the bulk description has far-reaching implications for the boundary
description.

Phrased more prosaically, it is not just to be hoped for but rather it is guaranteed
that certain complex phenomena must have a very simple and natural explanation in the
dual picture. After all, the two dual theories are just different descriptions of the same
physical system: there is no absolute notion of which side is “more fundamental” than the
other. Whichever side we use as a starting point, there are certain fundamental properties
or principles underlying the theory that we understand in simple terms; yet these will be
mapped into the dual framework, wherein they will appear as highly nontrivial. If we
were to come upon them from the other side—which due to their inherent importance is
perhaps not entirely unlikely—it would appear rather magical that in the dual language they
suddenly become simple. Of course, this is not to say that all complex phenomena must
admit a simple description in some reformulation, but it is not so outrageous to expect that
the fundamentally important ones do.

The preceding philosophical interlude was meant to motivate the use of
gauge/gravity duality to understand certain field theories at strong coupling in terms of
their gravitational dual, beyond the mere fact that we can usually calculate in classical gravity
more easily than in the strongly coupled field theory. But the gauge/gravity correspondence
likewise has profound implications when applied in the other direction. The field theory,
albeit strongly coupled, provides a definition of quantum gravity with asymptotical AdS
boundary conditions. Hence even in extreme regimes where classical gravity breaks down,
and where we do not yet have the tools to understand the physics within string theory
directly, the field theory remains well defined. This means that once we achieve sufficient
understanding of the dictionary between the two sides, we can elucidate the long-standing
quantum gravitational puzzles by recasting them into the field theoretic language.

Let us briefly indicate some of the gravitational questions we ultimately hope to
answer, since these have posed the underlying motivation in many of the works mentioned
in this paper. A central question of quantum gravity concerns the fundamental nature of
spacetime. We have come to realize that spacetime is an emergent concept, but exactly how
it emerges remains a mystery. Happily, certain aspects of this emergence can be conveniently
explored using the AdS/CFT framework, including ones pertaining to the present theme of
out-of-equilibrium dynamics.

To set the stage, let us first recall several well-understood classical highlights of
the correspondence. According to the AdS/CFT dictionary, different asymptotical AdS
spacetimes manifest themselves by different states in the boundary field theory. For example,
the vacuum state in the CFT corresponds to the pure AdS spacetime. Metric perturbations
which maintain the AdS asymtopia are related to the stress-energy-momentum tensor
expectation value in the CFT. More importantly, putting a black hole in the bulk has the
effect of heating up the boundary theory. Specifically, a large4 Schwarzschild-AdS black
hole corresponds to (approximately) thermal state in the gauge theory. This can be easily
conceptualized as the late-time configuration a generic state evolves to: in the bulk, the
combined effect of gravity and negative curvature tends to make a generic large-energy
configuration collapse and form a black hole which then quickly settles down to the
Schwarzschild-AdS geometry. On the other hand, in the field theory, a generic large-energy
excitation will thermalize. At the level of this coarse entry in the dictionary we see that heating
the field theory corresponds to black hole formation in the dual gravity, and the subsequent
thermalization corresponds to the black hole settling down to a stationary state.
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While appealingly simple, this level of understanding is far too coarse to allow us to
extract the more interesting aspects. We need to probe the AdS/CFT dictionary further to
uncover what happens in regions where the classical description of the black hole breaks
down, such as near the curvature singularity, or in the more general dynamical situations.
Ultimately, we would like to answer such questions as: which CFT configurations admit a
dual description in terms of classical spacetime? What types of spacetime singularities are
physically allowed? How are the disallowed singularities resolved? How is spacetime causal
structure encoded in the dual field theory?

Emergence of time is, if anything, even more mysterious than the emergence of
space. Not only do we have more satisfactory toy models of the latter than of the former,
but conceptually the problem of time is one of the deepest problems in quantum gravity.
The “time” (conjugate to the Hamiltonian) which quantum mechanics uses for evolution
is ingrained in the fundamental formulation of the system; it is there from the start rather
than being emergent. We can take this evolution parameter to be simply the time of the
nondynamical (and nonemergent) background on which the CFT lives. What is then the
relation between this CFT time and the notion of time in the dual bulk spacetime? For bulk
spacetimes which are globally static we tend to associate the two; but already for general
dynamical spacetimes there is no natural identification even classically, since there is no
uniquely specified foliation of the bulk. Even if we can construct geometrically defined
spacelike slices through the bulk (such as volume-maximizing ones), there is a priori no
reason that the bulk events localized on a given slice should be dual to boundary events
localized at the corresponding boundary time; to the contrary, we have many indications
that the correspondence is much more temporally nonlocal. Nevertheless, we still expect that
time dependence on the boundary will be manifested by time dependence in the bulk, and
vice-versa. Indeed, focusing on certain characteristic features of a given time dependence can
enable us to elucidate the gauge/gravity dictionary further. Thus, our overarching motif of
considering dynamical systems in strongly coupled field theories will naturally translate to
studying bulk spacetime dynamics.

We now return to our initial comments regarding time dependence being difficult to
handle. The reader might observe that these general comments applied equally to the bulk
side of the correspondence as well as to the boundary side and might therefore wonder what
have we gained by translating one hard problem into another hard problem. The purpose
of this paper is to indicate what in fact we have gained by using a holographic dual, and
to outline some of the methods that have been used to obtain further understanding of
dynamical systems. We will structure our presentation of the various approaches according
to the severity of time dependence they can handle, that is, how strongly out-of-equilibrium
evolutions they apply to.

A useful starting point is to consider a well-understood global equilibrium situation
and try to understand the response of the system under small deviations from this
equilibrium. If the amplitude of such deviations is suitably small everywhere, the system
may be studied using a linear response theory, which will be the focus of Sections 3 and 4. We
will briefly review the basic concepts in linear response theory in Section 3 focussing on two
main aspects: the use of retarded correlation function in equilibrium to extract dynamics in
the presence of small fluctuations and the behaviour of fast probes in an equilibrated medium
as modeled by Langevin dynamics. In Section 4 we will see how this physics can be mapped
into the gravitational arena. The linear response regime is in fact the simplest to understand
from the AdS/CFT correspondence, for the computation of correlation functions is the best
understood part of the AdS/CFT dictionary. We will also describe the behaviour of probes
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and their stochastic dynamics by drawing connection with semiclassical dynamics in black
hole backgrounds.

While surprisingly powerful, linear response theory requires small deviations from
global equilibrium, leaving more general dynamics inaccessible. To go beyond linear
response, we will first focus on long-wavelength IR physics, where the coarse-grained
description of an interacting field theory is provided by fluid dynamics. Fluid dynamics
can of course describe fluids well out of global equilibrium, as long as the fluid variables,
such as local temperature fluid velocity, make sense. In particular, the spatial and temporal
variations of these variables must occur on much longer scales than the microscopic ones,
but the amplitudes need not be small. Borrowing notation from kinetic theory, let us denote
this microscopic scale �mfp and the typical scale on which the fluid variables vary L. Then
the regime in which the fluid description is meaningful, or equivalently the regime where
the system attains local thermal equilibrium everywhere, is given by the condition L � �mfp;
we will refer to this as the “long-wavelength” regime. How does the fact that we have a
fluid description of a given configuration help? As we will see in Section 5, it conveniently
constitutes a large truncation of the relevant degrees of freedom describing the system.
Using the recently formulated fluid/gravity correspondence [18], there is a one-to-one mapping
between any such solution to fluid dynamics and a bulk solution to Einstein’s equations
describing a large nonuniform and dynamically evolving black hole. Note that material
covered in Sections 4.1-4.2 and Section 5 has previously been reviewed in [19] and [20, 21],
respectively.

Figure 1 illustrates the two regimes of validity discussed so far. Linear response theory
is valid for small deformations from global equilibrium, while fluid/gravity correspondence
can be used in the long-wavelength regime. The main points to note are that these two
regimes are a priori distinct and that they still leave the more interesting region of large
deviations from global equilibrium out of reach.

The general story of understanding physics out of equilibrium then involves
consideration of deformations that take us to the nonlinear regime in amplitude and
frequency. This translates to the full-blown study of gravitational dynamics, including the
fascinating physics of black hole formation. In Section 6 we will review recent progress
in understanding various aspects of such analyses. Finally in Section 7 we will take the
opportunity to address interesting questions about gravity: what does our understanding of
physics of strongly coupled field theories teach us about gravitational dynamics? Our focus
in this brief section will be to describe various attempts in the past decade to extract features
of the bulk geometry in terms of field theory observables. We conclude with a discussion in
Section 8.

2. The AdS/CFT Dictionary

Before we delve into the details of physics out of equilibrium, we pause to recall some salient
facts about the AdS/CFT correspondence. As already mentioned, this is well explained in
the classic reviews [22, 23], so accordingly we will be brief and simply collect facts that are
necessary for the current discussion.

The essence of the AdS/CFT correspondence is that strongly coupled field theory
dynamics is recorded in terms of string theory (or classical gravity if the field theory
admits an appropriate planar limit) with appropriate asymptotically Anti-de Sitter boundary
conditions. Spacetimes which are asymptotical AdS can be thought of as deformations of
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Figure 1: Rough indication of the regimes of validity of the linear response theory and the fluid/gravity
correspondence, in the space of perturbations from global thermodynamic equilibrium, labeled by the
amplitude of perturbations A and the wave number (or frequency) k = �mfp/L, relative to the microscopic
scale. We have indicated the relevant sections of the paper where the different regimes are discussed from
the holographic perspective.

pure AdS by normalizable modes in the supergravity description. The framework is also
sufficiently rich to allow for deformations of the field theory, for instance, by turning on
relevant operators.5 The basic dictionary relates the field theory observables, which are gauge
invariant operators (local or nonlocal), to their counter parts in the string (or gravitational)
description. For instance, local gauge invariant single-trace operators formed out of the
fundamental fields of the gauge theory such as Tr(FμνFμν) map to single-particle states in
the bulk spacetime while nonlocal operators such as Wilson loops map to string or D-brane
worldsheets.

In this language, pure AdS spacetime characterizes the UV fixed point of a quantum
field theory. The fixed points of interest are field theories with at leastN = 1 superconformal
symmetry.6 The central charge of this CFT is given in terms of the geometry of the AdS
spacetime. In the familiar examples arising from string theory one typically encounters
spacetimes of the form AdSd+1 × X supported by various fluxes, where X is generically a
compact manifold (which is (9 − d)-dimensional in string theory or analogously (10 − d)-
dimensional for M-theory solutions).

The field theories are characterized by a dimensionless coupling constant(s) and the
gauge group. We will use the ’t Hooft coupling parameter λ, while the information regarding
the rank of the gauge group is given by the central charge c of the CFT. The latter is in turn
given in terms of the volume ofX. Schematically,

1

16πG(10)
N

∫
d10x

√
−G

(
R(G) + · · ·

)
=

Vol(X)

16πG(10)
N

∫
dd+1x

√
−g(R + · · · ). (2.1)
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Denoting the AdSd+1 curvature scale by RAdS and taking into account the basic relation
between the 10-dimensional Planck and string length scales [24]

16πG(10)
N = (2π)7g2

s �
8
s = (2π)7�8

p, (2.2)

we obtain

Rd−1
AdS

16πG(d+1)
N

=
Vol(X)Rd−1

AdS

(2π)7g2
s �

8
s

∝ c. (2.3)

For instance, in the celebrated duality between SU(N)N = 4 SYM and Type IIB string theory
on AdS5 × S5 one finds

cN=4 ∝
R3

AdS

16πG(5)
N

=
π3R8

AdS

(2π)7g2
s �

8
s

=
N2

8π2
. (2.4)

As described above, deformations away from the UV fixed point correspond to
deformations from pure AdS spacetime. Normalizable modes in the bulk spacetime would
be related to deformations that are engineered by giving vacuum expectation values to the
dual field theory operator. Nonnormalizable modes in the bulk are nonfluctuating sources
that can be used to deform the field theory Lagrangian.7 Finally, in our considerations we
will not allow irrelevant deformations of the CFT, as these would correspond to destroying
the AdS asymptotics.

2.1. Regimes of Interest

The AdS/CFT correspondence is a profound correspondence between two quantum theories;
but for general values of the parameters these theories are complicated and beyond
computational control. The set of limits we focus on to gain control and insight is the
following.

(i) c → ∞ or equivalently N → ∞: quantum corrections are suppressed and the
gravitational theory becomes classical. This also has the added merit of suppressing
string interactions since gs ∼ 1/c in the planar limit.

(ii) λ → ∞: stringy (α′) corrections are suppressed, so the bulk theory is simply
Einstein gravity interacting with other fields while the boundary theory describes
dynamics of local single trace operators. At this level, the field theory dynamics still
looks complicated and highly nonlocal: the single trace operator expectation value
is related to the asymptotic falloff of the corresponding bulk field. Thus although
the bulk fields evolve according to the 2-derivative field equations, the dynamics
on the boundary contains infinite number of (spatial and temporal) derivatives.

Hence in the large-λ, large-c regime we are essentially down to studying classical
gravitational dynamics in order to elucidate aspects of the field theory at strong coupling.
This is of course a drastic simplification of the problem, but nevertheless it warrants further
simplification to gain tractability. Classical gravitational dynamics in asymptotical AdSd+1
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spacetime involves an infinite number of fields arising from Kaluza-Klein (KK) modes on
the compact space X. Fortunately, further truncation can often be achieved by the magic
of consistent truncation [25]. The basic philosophy behind consistent truncations is to find
an appropriate ansatz for Type II or M-theory fields, which can actually be reproduced by
examining the dynamics of a truncated set of fields in d + 1 dimensions. The most familiar
example of consistent truncation are the gauged supergravity theories which keep only the
lightest modes under the KK reduction. More complicated examples including massive fields
have been constructed recently [26, 27] and play an important role in the applied AdS/CFT
correspondence.

One hassle with consistent truncations is that the lower-dimensional theory and
hence the dynamics of the dual field theory, are model dependent, that is, dependent on
the choice of the internal manifold X (and in general on the fluxes turned on). Although
this prevents one from making universal statements, it has the opposite advantage of
incorporating richer dynamics. As we describe later, such extensions are in fact necessary in
order to study the behaviour of field theories in grand canonical ensembles with prescribed
chemical potentials. Nevertheless, it is useful to ask whether one can further distill the
essential features of the correspondence to a minimal classical gravitational Lagrangian
and use this to identify universal features that are shared by a wide variety of QFTs. This
is in fact possible and is achieved in the simplest imaginable manner, by studying the
dynamics of pure gravity in AdS spacetimes. Let us pause to review that argument before
proceeding.

Given any solution of the form AdSd+1×X one can in fact argue that there is a universal
subsector which simply comprises pure gravitational dynamics in AdSd+1, as can be seen by
Kaluza-Klein reducing on the compact space X. Clearly any nontrivial solution obtained in
d+1 dimensions uplifts to a solution of the full string theory equations of motion. As a result,
we always have a consistent truncation of the complicated lower-dimensional Lagrangian to
just Einstein gravity with negative cosmological constant, where the only dynamical mode is
the graviton. Since in the field theory dual this graviton mode corresponds to the stress tensor
expectation value, this truncation provides a decoupled sector with universal dynamics for
the stress tensor. In other words, the stress tensor obeys the same equations of motion in each
of such infinite class of strongly coupled field theories. From the field theory perspective,
the different theories are simply characterized by their differing central charge. Hence apart
from an overall normalization we will usually be probing dynamics across a wide class of
theories.

The complete dynamics of the stress tensor, which in particular allows one to compute
all the n-point functions of Tμν in the prescribed state, is still a complicated and nonlocal
system from the field theory perspective. After all, this dynamics requires one to be able
to solve for the dynamics of the nonlinear Einstein-Hilbert Lagrangian (with negative
cosmological constant) in d + 1 dimensions. Therefore to simplify things further, in Section 5
we will take one further limit: we will focus on configurations wherein the stress tensor varies
sufficiently slowly compared to the local equilibration length scale (the long-wavelength
limit). Such configurations will then be locally thermalized, allowing for a much simpler
description in terms of fluid dynamics. In other words, the equations for the stress tensor in
this limit reduce to generalized Navier-Stokes equations [18].

Once one has an understanding of the dynamics of the field theory stress tensor, or
equivalently the bulk dynamics of pure gravitational degrees of freedom, one can enlarge the
system to include other fields. For instance, a natural extension of the canonical ensemble in
field theories with conserved charges is to include chemical potentials for the said charges
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and examine the behaviour of the grand canonical ensemble. Since global symmetries in
the field theory map to gauge fields in the bulk spacetime, one naturally ends up studying
the behaviour of Einstein-Maxell or Einstein-Yang-Mills-type theories (again with negative
cosmological constant of course). In this context one can furthermore consider the behaviour
of composite gauge invariant operators of the field theory carrying various quantum numbers
in these ensembles. The gravitational problem then generalizes appropriately to the physics
of the dual bulk fields. This general scheme has recently been applied to study the phase
structure of field theories at finite temperature and density (i.e., non-zero chemical potential)
and has unearthed many interesting features which share qualitative similarities with the
dynamics of superconducting phase transitions, nonFermi liquid behaviour, and so forth,
which has been reviewed in [9–12].

Our strategy in the following will be to consider the simplest setting of just
gravitational physics in the bulk, since, as argued above this sector is universal across a wide
variety of field theories. To this end, our bulk analysis will involve the dynamics of Einstein
gravity with a negative cosmological constant, that is,

Sbulk =
1

16πG(d+1)
N

∫
dd+1x

√
−G(R − 2Λ). (2.5)

Einstein’s equations are given by8

EMN ≡ RMN −
1
2
RGMN −

d(d − 1)
2 R2

AdS

GMN = 0

=⇒ RMN +
d

R2
AdS

GMN = 0.

(2.6)

If the bulk AdS spacetime geometry is some negatively curved (d + 1)-dimensional
Lorentzian manifold, Md+1, with conformal boundary ∂Md, then the field theory lives on a
spacetime Bd of dimension d in the same conformal class as ∂Md. Choosing an appropriate
conformal frame, one may identify Bd and ∂Md and speak of the field theory as living on
the AdS boundary. From the standpoint of the bulk theory, the choice of metric on Bd fixes
a boundary condition that the bulk solution must satisfy.9 The correspondence is simplest to
state for conformal field theories in dimensions where the trace anomaly vanishes, but with
appropriate care, the correspondence also holds in the presence of a trace anomaly, and it can
accommodate nonconformal deformations.

In general, one could have multiple bulk spacetimes Md+1 whose boundary is the
spacetime Bd on which our field theory lives. In such cases, the AdS/CFT prescription of
[4, 28] requires that one view all such possibilities as saddle points for the string theory
(or gravity) path integral and one is instructed to sum over all such possibilities. Of course,
the saddles might exchange dominance as one changes the boundary manifold; this can be
viewed as a phase transition of the field theory as one dials an external parameter (in this case
the geometry of the nondynamical spacetime which it lives on). We will shortly encounter an
example of such phase transitions for field theories on compact spatial volume.
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2.2. Field Theories in the Canonical Ensemble and Thermal Equilibrium

Finite temperature physics in the field theory can be realized by coupling the system to a heat
bath, or more precisely by looking at the thermal density matrix

ρ = e−βH, (2.7)

where H is the field theory Hamiltonian. The dual spacetime should have a natural thermal
interpretation. It is a well-known fact going back to the seminal works of Bekenstein and
Hawking [29, 30] that black hole spacetimes with nondegenerate event horizons naturally
exhibit features associated with thermal physics; thereby one is led to expect that black
hole spacetimes play a role in describing the dual of a finite temperature field theory,
which is further supported by the intuition mentioned in Section 1 that endpoints of generic
evolutions should match in the dual descriptions. It is, however, logically possible that
one also has to consider “thermal geometries” (such as thermal AdS) which just have the
Euclidean time circle periodically identified.

To understand this issue better it is useful to think of the thermal density matrix by
working in Euclidean time. On the field theory side one can achieve finite temperature by
putting the theory on Bd = S1

β × Ad−1 where the Euclidean time circle S1
β has period β = 1/T

andAd−1 is the spatial manifold. For compactAd−1, such as forAd−1 = Sd−1, one does indeed
have two candidate bulk spacetimes satisfying the boundary conditions [28]. The first is the
so-called thermal AdS spacetime which is AdSd+1 with periodically identified Euclidean time
coordinate,

ds2 = −
(

1 +
r2

R2
AdS

)
dt2 +

dr2

(
1 + r2/R2

AdS

) + r2dΩ2
d−1, τE = −it, τE � τE + β. (2.8)

The other saddle point is the static, spherically symmetric Schwarzschild-AdSd+1 spacetime,

ds2 = −fg(r)dt2 +
dr2

fg(r)
+ r2dΩ2

d−1, fg(r) = 1 +
r2

R2
AdS

− r
d−2
+

rd−2

(
1 +

r2
+

R2
AdS

)
, (2.9)

for which the Hawking temperature T is related to the size of the horizon r+, as

T =
dr2

+ + (d − 2)R2
AdS

4πr+R2
AdS

. (2.10)

These two geometries, (2.8) and (2.9), exchange dominance at r+ = RAdS [28]: at low
temperature, the thermal ensemble is dual to the thermal AdS spacetime and has a free energy
of O(1) while, at high temperature, the correct dual is the Schwarzschild-AdSd+1 which has a
free energy of O(c). This phase transition is referred to as the Hawking-Page transition [31]
and is best thought of as a confinement-deconfinement transition (since the jump in the free
energy is large at large central charge c as required for the planar limit). There is furthermore
strong evidence that the transition persists to weak coupling where it has been identified as
a Hagedorn transition [32].
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For most of our discussion, however, we are going to be interested in the dynamics of
field theories on noncompact spacetimes; our focus will typically be on Minkowski spacetime
Rd−1,1. In this case there is no phase transition: the flat space limit is essentially the same as the
high temperature limit for conformal field theories. As a result, the relevant geometry dual to
the thermal density matrix (2.7) in the field theory is the planar Schwarzschild-AdSd+1 black
hole (where WLOG10 we have fixed RAdS = 1 and r+ = 1):

ds2 = r2

(
−f(r)dt2 +

∑
i

(
dxi

)2
)

+
dr2

r2f(r)
, f(r) ≡ 1 − 1

rd
. (2.11)

The causal structure of this solution is easily determined: the spacetime has a spacelike
curvature singularity at r = 0, cloaked by a regular event horizon at r = 1, and a timelike
boundary at r =∞. This simple solution is of course static and translationally invariant in the
boundary directions parameterized by (t, xi). One can in fact generate a d-parameter family
of solutions by boosting in Rd−1,1 with normalized d-velocity uμ and scaling r. This generates
stationary black holes whose horizon size is given (after scaling) by r+ and the boost velocity
uμ enters into the Killing generator of the horizon via

ξa = uμ
(

∂

∂xμ

)a

. (2.12)

It will turn out that a more convenient form of the metric is one which is manifestly
regular on the horizon as well as being boundary covariant. We can obtain such a form by
starting from (2.11), then change to ingoing Eddington coordinates to avoid the coordinate
singularity on the horizon, v = t + r∗ where dr∗ = dr/r2f(r), and finally “covariantize” by
boosting, v → uμx

μ, xi → Piμx
μ, where Pμν is the spatial projector, Pμν = ημν + uμuν. This

leads to the form of the metric we will use later:

ds2 = −2uμdxμdr + r2
[
ημν +

(
1 − f

(
r

r+

))
uμuν

]
dxμdxν. (2.13)

The event horizon is now at r = r+, which in turn is related to the temperature via the large
r+ limit of (2.10),

T =
d

4π
r+. (2.14)

Once the bulk black hole solution is determined, it is straightforward to use the
holographic prescription of [33, 34] to compute the boundary stress tensor. To perform the
computation we regulate the asymptotical AdSd+1 spacetime at some cutoff hypersurface
r = Λc and consider the induced metric on this surface, which (up to a scale factor involving
Λc) is our boundary metric gμν. The holographic stress tensor is given in terms of the extrinsic
curvature Kμν and metric data of this cutoff hypersurface. Denoting the unit outward normal
to the surface by nμ, we have

Kμν = gμρ∇ρnν. (2.15)
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For example, for asymptotical AdSd+1 spacetimes, the prescription of [34] gives

Tμν = lim
Λc→∞

Λd−2
c

16πG(d+1)
N

[
Kμν −Kgμν − (d − 1)gμν − 1

d − 2

(
Rμν − 1

2
Rgμν

)]
, (2.16)

where Kμν is the extrinsic curvature of the boundary. Implementing this procedure for the
metric (2.13) we learn that the AdS/CFT correspondence maps this bulk solution to an ideal
fluid characterized by temperature T and fluid velocity uμ. In particular, the induced stress
tensor on the boundary is

Tμν =Ndπ
dTd

(
ημν + duμuν

)
, (2.17)

whereNd is an overall normalization that is proportional to the central charge c of the field
theory. Note that this stress tensor is traceless, Tμμ = 0, as indeed is expected for a CFT.

2.3. Equilibrium in Grand Canonical Ensembles

A natural extension of the above framework is to consider systems at finite density by
generalizing (2.7) to

ρ = e−β(H−μIQ
I), (2.18)

where μi are chemical potentials for the conserved charges QI . The choice of chemical
potentials is of course restricted by the global symmetries of the field theory. If we insist
on restricting attention to the universal dynamics of the stress tensor alone, then the only
possible generalization is to consider chemical potentials for rotations ΩI . For a field theory
onAd−1 = Sd−1 one in general has �(d − 1)/2� independent rotations and each of these can be
given a non-zero angular velocity ΩI .

However, if we are willing to add matter fields in the bulk, that is, extend (2.5)
to include additional (nongravitational) degrees of freedom, then we can generalize the
discussion to include more interesting chemical potentials. First of all, we note that in order to
incorporate chemical potentials, the field theory must admit conserved currents. Conserved
currents in the field theory map to gauge symmetries in the bulk spacetime.11 For every
conserved field theory current JμI one therefore has a bulk gauge field AIμ. The bulk gauge
field obeys some equations of motion in the AdSd+1 spacetime, and its nonnormalizable mode
in the near-boundary expansion corresponds to the boundary chemical potential μI .

Typically, large-N field theories with holographic duals have conserved charges; for
instance, N = 4 SYM has an SO(6) � SU(4) global symmetry and one can consider the
grand canonical ensemble with μI(s) corresponding to Cartan subgroup of this nonabelian
global symmetry group. In fact, for a wide variety ofN = 1 superconformal field theories in
d = 4 one has three conserved U(1) charges which geometrically can be related to the fact
that these field theories arise from compactifications of Type IIB supergravity on toric Sasaki-
Einstein manifolds. A simple example to keep in mind is the Einstein-Maxwell Lagrangian
(with perhaps Chern-Simons terms in odd bulk dimensions) which can be used to study the
grand canonical ensemble with U(1) charge chemical potentials, which can be obtained via a
consistent truncation of gauged supergravity theories.
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Given an appropriate definition of the field theory grand canonical ensemble, the
equilibrium solution corresponding to this ensemble can be found by looking for static black
holes carrying the appropriate charges. For Einstein-Maxwell theory these would be just the
Reissner-Nordstrom-AdS (RNAdS) black holes, and the thermodynamic properties of these
black holes correspond to the equilibrium thermodynamics of the field theory.

In the presence of matter, one could have interesting phase transitions over and above
the analog of the Hawking-Page transition discussed in Section 2.2. For pure Maxwell field
interacting with gravity, these include charge redistribution as discussed originally in [35, 36],
or the more recent examples involving Chern-Simons dynamics [37]. Inclusion of charged
scalars (and sometimes neutral scalars) can also lead to interesting phase transitions as
originally pointed out by the authors of [38], which plays an important role in the physics of
holographic superconductors [39, 40].

3. Linear Response Theory

Having reviewed the basic framework of the AdS/CFT correspondence we now turn to
describing the essential features of linear response theory. This will set the stage for our
discussion of deviations away from equilibrium in Section 4.

Consider a generic quantum system characterized by a unitary Hamiltonian H acting
on a Hilbert space H in equilibrium. The system could be in a pure state |Ψ〉 ∈ H or more
generally in a density matrix ρ; the only requirement is that the system be in a stationary
state. We now wish to perturb the system away from equilibrium and analyze the dynamics.
A general deformation can be thought of as a change in the evolution operatorH → H+Hpert

and one is left with having to examine the dynamics with respect to this new Hamiltonian.
Things, however, are simplified if we can focus on deviations which are small in amplitude—
this is the regime of linear response theory, which we now briefly review. For a beautiful
account see the original derivation by Kubo et al. [41, 42] and the review [43].

In the linear response regime, one imagines the system being perturbed by a weak
external force. To wit, one can write Hpert = −AF(t) where F(t) is the external force (with
time dependence explicitly indicated) andA is the canonical conjugate operator to the force.
In the linear response regime the amplitude of the force is constrained to be small, |F(t)| �
A � 1, while we allow arbitrary temporal dependence, which in particular could involve
high-frequency modes being excited; see Figure 1. We essentially wish to do time-dependent
perturbation theory (being careful of causality in relativistic theories) for such deviations
away from equilibrium.

3.1. Response Functions for Deviations from Equilibrium

To monitor the departure from the stationary state, we can pick some observable, say the
expectation value of a local operator O in the theory.12 For concreteness, we will assume
that the system was in a density matrix ρ before we perturbed it. Stationarity of this state
demands that [H,ρ] = 0. Turning on the perturbation Hpert will cause a deformation to the
density matrix. Suppose that we encounter a new density matrix ρ̃, which now has to satisfy
Hamiltonian evolution with respect to H +Hpert, that is,

i
∂

∂t
ρ̃ =

[
H +Hpert, ρ̃

]
. (3.1)
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For small amplitude perturbations, we can assume that ρ̃ = ρ + δρ and solve for δρ formally
in terms of a time ordered integral expression:

δρ(t) = i
∫ t

−∞
dt′e−i(t−t

′)H[
A, ρ

]
ei(t−t

′)HF
(
t′
)
, (3.2)

which is derived by solving the linearized version of the evolution equation (3.1).
Once we have the change in the density matrix, it is easy to compute the change in any

measurement occurring due to the perturbation. We can estimate the response of the system
by examining the expectation value of some observable O, which can be obtained directly as

〈O(t)〉 = Tr
(
ρ̃O

)
=⇒ δ〈O(t)〉 = iTr

(∫ t

−∞
dt′

[
A, ρ

]
O
(
t − t′

)
F
(
t′
))

. (3.3)

It is conventional to define the response function R (sometimes called the after-effect function)
as the change in the operator expectation value for a delta function perturbation; that is, for
F(t) = δ(t). From (3.3) one recovers

RAO (t) = iTr
([
A, ρ

]
O(t)

)
≡ −iTr

(
ρ[A,O(t)]

)
, (3.4)

where we have tried to make clear in the notation the idea that one measures the response
of O to a perturbation caused by the deformation due to a force conjugate to A. By taking a
Fourier transform of the response function, one arrives at the admittance

χAO (ω) = lim
ε→ 0+

∫∞
0
RAO (t)e

−iωt−εtdt. (3.5)

It should be clear from the above discussion that this formalism is sufficiently general to
accommodate arbitrary linear changes in a given dynamical system. Nonlinear corrections
can be explored in perturbation theory, generalizing familiar ideas from time-dependent
perturbation theory in quantum mechanics.

3.2. Retarded Correlators and Kubo Formulae

The perturbations discussed so far are explicit perturbations on the system caused by
some external force F. One can as well envisage a perturbation driven purely by thermal
fluctuations, which are not a priori related in any obvious way to external forces acting on
the system. However, thermal fluctuations can be measured by looking at the response of
the extensive thermodynamic variables to variations in the local energy or charge densities.
These in fact can also be treated in linear response and lead to the famous Kubo formulae for
the transport coefficients. We now give a brief overview of these concepts valid in any field
theory; in Section 4 we will demonstrate how these formulae can be applied in the AdS/CFT
context.

Let us return to the response function given in (3.4) and extract some essential features
that we will use in later analysis. While that discussion was sufficiently general, it is worth
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translating this into more familiar language. Physically we wish to monitor the behaviour of
the expectation value of some operator Oa when the system is subject to some perturbation.
We can imagine this occurring via a direct coupling of the operator to some sourcesJa, whose
effect is to change the action via

S = S0 +
∫
ddxJa(x)Oa(x). (3.6)

The response of the system due to this change can be obtained by rewriting result (3.4)
slightly. Since the system will respond only after the perturbation, causality demands that
we simply convolve the retarded Green function of the operator Oa to the source Jb that
causes it to deviate from stationarity. In particular, we have

〈Oa(x)〉 = −
∫
ddyGR

ab

(
x, y

)
Jb

(
y
)
, (3.7)

where the retarded correlation function is defined as usual via

GR
ab

(
x, y

)
= −iθ

(
x0 − y0

)〈[
Oa(x),Ob

(
y
)]〉

. (3.8)

Therefore given the retarded correlation functions, one can immediately infer, in the linear
response regime, the manner in which the system under consideration reacts to the external
disturbance caused by the sources. One will often be interested in the behaviour of the Green
functions in momentum space. To this end we define the Fourier transform of the retarded
correlators via

GR
ab(ω,k) = −i

∫
ddxe−ik·xθ(t)GR

ab(x, 0), (3.9)

where we have assumed translational invariance and defined the d-vector kμ = (ω,k).
A class of observables that are interesting to examine are those corresponding to

conserved currents in the theory, namely, the energy-momentum tensor Tμν or generic
conserved global charges Jμ. If we consider systems in thermal equilibrium, where deviations
from thermality are engineered by density or charge fluctuations, then one is naturally led to
studying the retarded Green functions of these conserved currents:

Gμν,αβ

(
x, y

)
= −iTr

(
ρ
[
Tμν(x), Tαβ

(
y
)])
≡ −iθ

(
x0 − y0

)〈[
Tμν(x), Tαβ

(
y
)]〉

β
,

Gμν,α

(
x, y

)
= −iTr

(
ρ
[
Tμν(x), Jα

(
y
)])
≡ −iθ

(
x0 − y0

)〈[
Tμν(x), Jα

(
y
)]〉

β
,

Gμ,α

(
x, y

)
= −iTr

(
ρ
[
Jμ(x), Jα

(
y
)])
≡ −iθ

(
x0 − y0

)〈[
Jμ(x), Jα

(
y
)]〉

β
,

(3.10)

where we have assumed that the density matrix in question is appropriate to the ensemble
under consideration. The correlators indicated on the RHS in (3.10) are therefore the thermal
correlators, with perhaps fixed chemical potentials.
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Interesting physical quantities characterizing the system can be extracted by exam-
ining the momentum dependence of the retarded correlation functions of the conserved
currents. The momentum space correlators have nontrivial analytic behaviour, with poles
in the complex k plane. One can read off the dispersion relation for the associated modes,
by solving for ω(k). Since thermodynamic systems typically incorporate dissipative effects,
these dispersion relations typically have imaginary pieces which capture the rate at which
the system relaxes back to equilibrium. Stability of the quantum system demands that the
perturbations damp out exponentially in time. This translates to the poles of the retarded
Green functions lying entirely in the lower half plane of the complex frequency space. We
will see shortly that these poles of the retarded Green functions are in fact associated with the
quasinormal modes of black hole geometries (which describe how a black hole settles back
to its quiescent equilibrium state) via the AdS/CFT correspondence.

To be specific, let us consider a four-dimensional conformal field theory and examine
the stress tensor retarded correlator. It is useful to take into account the stress tensor
conservation equation which implies a Ward identity kμGμν,αβ = 0.13 It is in fact convenient to
pick a direction in momentum space, say k = kêz, and describe modes as being longitudinal
or transverse to this choice of momentum. One can then show that the transverse components
of the stress tensors have the behaviour

{Gtx,tx(ω, k), Gtx,xz(ω, k), Gxz,xz(ω, k)} =
1
2

{
k2,−ωk,ω2

}G1(ω, k)
ω2 − k2

,

Gxy,xy(ω, k) =
1
2
G3(ω, k)

(3.11)

while the longitudinal modes behave as

{Gtt,tt(ω, k), Gtt,tz(ω, k), Gtz,tz(ω, k)} =
2
3

{
k2,−ωk,ω2

}k2G2(ω, k)

(ω2 − k2)2
. (3.12)

The correlators are thus completely described by three scalar functions of momenta, Gi(k) for
i = 1, 2, 3, which exhibit the aforementioned poles.

Out of the set of poles of the retarded Green function, of special interest are those
that capture the late time behaviour. These necessarily involve small imaginary parts in
ω(k) (since the modes with large imaginary parts damp out quickly and therefore have
short half-lives). These special set of poles are the hydrodynamic poles; they capture, and
in fact provide a basis for, a complete description of the interacting quantum system via
linearized hydrodynamics.14 In the low-frequency regime, that is, for ω, k � T , it turns
out that the function G3(ω, k) defined in (3.11) is nonsingular, while the other correlation
functions exhibit poles. In fact, at low frequencies only the pieces of the correlation functions
that correspond to conserved quantities can be singular, for it is these modes which due to
the conservation law take a long time to relax back to equilibrium.

The hydrodynamic poles of the system are characterized by having dispersion
relations which satisfy the constraint ω(k) → 0 as k → 0. Fluctuations transverse to the
direction of momentum flow, captured by G1(ω, k), give rise to dispersion relation of the
form

Diffusive mode: ω = − iDk2, (3.13)
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which is characteristic of a diffusive mode, with diffusion constantD. For energy-momentum
transport this is the shear mode, with the diffusion constant D being related to the shear
viscosity η of the system via D = η/(ε + P), where ε and P are the equilibrium energy
density and pressure, respectively. The longitudinal component, given by G2(ω, k), has poles
at locations

Sound mode: ω = ±vsk − iΓsk2 (3.14)

which describe sound propagation in the medium with velocity vs and attenuation Γs. Note
that the sound mode is the only propagating mode in the hydrodynamic limit.

While one can examine the analytic structure of the retarded correlators in momentum
space and extract interesting transport properties, it is useful to obtain direct formulae for
them. These are the famous Kubo formulae. For instance to find the shear viscosity of the
system, one simply takes an appropriate zero frequency limit of the retarded correlator, that
is,

η = − lim
ω→ 0

1
ω

Im
(
GR
xy,xy(ω, 0)

)
. (3.15)

Similar expressions can be written down for the charge conductivity and so forth.

3.3. Brownian Motion of Probes and Langevin Dynamics

Our discussion thus far has been antichronological in a historical sense, for we have used
general notions of quantum field theories and statistical mechanics to arrive at the response
of the system to external perturbations. Historically, these ideas were first explored in kinetic
theory, where it was realized that one could systematically account for the deviations away
from purely thermal behaviour. We will refrain from repeating these ideas here in the context
of departures from equilibrium of the system as a whole, but instead we use these concepts
to describe the physics of a single probe particle in a thermal medium. We have in mind a
projectile that moves through some plasma medium. The medium itself will be taken to be
in a thermal ensemble, and we will be interested in the manner in which the probe particle
loses energy to the medium. Moreover, it is also well known that even if the particle attains
equilibrium with the plasma, it will continue to be buffeted by thermal fluctuations from the
medium and undergo random motion. This is the famous stochastic Brownian motion, which
is best described in the limit of a heavy probe particle in a thermal medium.

Let us therefore consider the Langevin equation, which is the simplest model
describing a nonrelativistic Brownian particle of mass m in one spatial dimension:

ṗ(t) = −γ0p(t) + R(t). (3.16)

Here p = mẋ is the (nonrelativistic) momentum of the Brownian particle at position x and
time t, and ·≡d/dt. The two terms on the right-hand side of (3.16) represent friction and
random force, respectively, and γ0 is a constant called the friction coefficient. One can think of
the particle as losing energy to the medium due to friction and concurrently, getting a random



Advances in High Energy Physics 19

kick from the thermal bath, modeled by the random force. We assume the latter to be simply
white noise with

〈R(t)〉 = 0,
〈
R(t)R

(
t′
)〉

= κ0δ
(
t − t′

)
, (3.17)

where κ0 is a constant. Note that the separation of the force into frictional and random
parts on the right-hand side of (3.16) is merely a phenomenological simplification—
microscopically, the two forces have the same origin, namely collision with the fluid
constituents.

Assuming equipartition of energy at temperature T = 〈mẋ2〉, one can derive the
following time evolution for the square of the displacement s(t) [44]:

〈
s(t)2

〉
≡

〈
[x(t) − x(0)]2

〉
=

2D
γ0

(
γ0t − 1 + e−γ0t

)
≈

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

T

m
t2

(
t� 1

γ0

)
,

2Dt
(
t� 1

γ0

)
,

(3.18)

where the diffusion constant D is related to the friction coefficient γ0 by the Sutherland-
Einstein relation

D =
T

γ0m
. (3.19)

We can see that in the ballistic regime, t � 1/γ0, the particle moves inertially (s ∼ t) with the
velocity determined by equipartition, ẋ ∼

√
T/m. On the other hand, in the diffusive regime,

t � 1/γ0, the particle undergoes a random walk (s ∼
√
t). The transition is not instantaneous

because the Brownian particle must collide with a certain number of fluid particles to get
substantially diverted from the direction of its initial velocity. The crossover time between
the two regimes is the relaxation time

trelax ∼
1
γ0
, (3.20)

which characterizes the time scale for the Brownian particle to forget its initial velocity and
thermalize. One can also derive the important relation between the friction coefficient γ0 and
the size of the random force κ0:

γ0 =
κ0

2mT
, (3.21)

which is the simplest example of the fluctuation-dissipation theorem and arises precisely
because the frictional and random forces have the same origin.

In n spatial dimensions, the momentum p and force R in (3.16) are generalized to n-
component vectors, and (3.17) is then naturally generalized to

〈Ri(t)〉 = 0,
〈
Ri(t)Rj

(
t′
)〉

= κ0δijδ
(
t − t′

)
, (3.22)
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where i, j = 1, . . . , n. In the diffusive regime, the displacement squared scales as

〈
s(t)2

〉
≈ 2nDt. (3.23)

On the other hand, the Sutherland-Einstein relation (3.19) and the fluctuation-dissipation
relation (3.21) are independent of n.

Let us now return to the case with one spatial dimension (n = 1). The Langevin
equations (3.16) and (3.17) capture certain essential features of physics but nevertheless is
too simple to describe realistic systems, since it assumes that the friction is instantaneous and
that there is no correlation between random forces at different times (3.17). If the Brownian
particle is not infinitely more massive than the fluid particles, these assumptions are no longer
valid; friction will depend on the past history of the particle, and random forces at different
times will not be fully independent. We can incorporate these effects by generalizing the
simplest Langevin equation (3.16) to the so-called generalized Langevin equation [43, 45]

ṗ(t) = −
∫ t

−∞
dt′γ

(
t − t′

)
p
(
t′
)
+ R(t) +K(t). (3.24)

The friction term now depends on the past trajectory via the memory kernel γ(t), and the
random force is taken to satisfy

〈R(t)〉 = 0,
〈
R(t)R

(
t′
)〉

= κ
(
t − t′

)
, (3.25)

where κ(t) is some function. We have in addition introduced an external force K(t) that can
be applied to the system.

Let us briefly indicate how, faced with such a system with only K under our control,
we would extract the physical information, namely, γ(t) and κ(t), as well as the characteristic
timescales involved in collision and relaxation. The latter will offer more direct insight
into the nature of the medium under consideration. To analyze the physical content of the
generalized Langevin equation, it is convenient to first Fourier transform (3.24), obtaining

p(ω) =
R(ω) +K(ω)
γ[ω] − iω , (3.26)

where p(ω), R(ω), and K(ω) are Fourier transforms, for example,

p(ω) =
∫∞
−∞

dt p(t)eiωt, (3.27)

while γ[ω] is the Fourier-Laplace transform:

γ[ω] =
∫∞

0
dt γ(t)eiωt. (3.28)
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If we take the statistical average of (3.26), the random force vanishes because of the
first equation in (3.25), and we obtain

〈
p(ω)

〉
= μ(ω)K(ω), μ(ω) ≡ 1

γ[ω] − iω , (3.29)

where μ(ω) is called the admittance. The strategy, then, is to first determine the admittance
μ(ω), and thereby γ[ω], by measuring the response 〈p(ω)〉 to an external force. For example,
if the external force is

K(t) = K0e
−iωt, (3.30)

then 〈p(t)〉 is simply

〈
p(t)

〉
= μ(ω)K0e

−iωt. (3.31)

For a quantity O(t), we define the power spectrum IO(ω) by

IO(ω) =
∫∞
−∞

dt〈O(t0)O(t0 + t)〉eiωt. (3.32)

Note that 〈O(t0)O(t0 + t)〉 is independent of t0 in a stationary system. The knowledge of the
power spectrum is equivalent to that of 2-point function, because of the Wiener-Khintchine
theorem:

〈
O(ω)O

(
ω′

)〉
= 2πδ

(
ω +ω′

)
IO(ω). (3.33)

Now consider the case without an external force, that is, K = 0. In this case, from (3.26),

p(ω) =
R(ω)

γ[ω] − iω . (3.34)

Therefore, the power spectrum of p and that for R are related by

Ip(ω) =
IR(ω)∣∣γ[ω] − iω∣∣2

. (3.35)

Hence, combining (3.31) and (3.35), one can determine both γ(t) and κ(t) appearing in
the Langevin equation (3.24) and (3.25) separately. However, these two quantities are not
independent but are related to each other by the fluctuation-dissipation theorem, generalizing
the relation (3.21), compare, [43].
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For the generalized Langevin equation, the analog of the relaxation time (3.20) is given
by

trelax =
[∫∞

0
dtγ(t)

]−1

=
1

γ[ω = 0]
= μ(ω = 0). (3.36)

If γ(t) is sharply peaked around t = 0, we can ignore the retarded effect of the friction term in
(3.24) and write

∫∞
0
dt′γ

(
t − t′

)
p
(
t′
)
≈

∫∞
0
dt′γ

(
t′
)
· p(t) = 1

trelax
p(t). (3.37)

The generalized Langevin equation (3.24) then reduces to the simple Langevin equation
(3.16), so that trelax corresponds to the thermalization time for the Brownian particle.

Another physically relevant time scale, the microscopic (or collision duration) time
tcoll, is defined to be the width of the random force correlator function κ(t). Specifically, let us
define

tcoll =
∫∞

0
dt
κ(t)
κ(0)

. (3.38)

If κ(t) = κ(0)e−t/tcoll , the right-hand side of this precisely gives tcoll. This tcoll characterizes the
time scale over which the random force is correlated and thus can be thought of as the time
elapsed in a single process of scattering. In many cases, it is natural to expect that

trelax � tcoll, (3.39)

since, after all, we indicated that it takes a heavy probe many collisions to thermalize. Typical
examples for which (3.39) holds include settings where the particle is scattered occasionally
by dilute scatterers as described by kinetic theory and settings where a heavy particle is hit
frequently by much smaller particles [43]. However, as we will discuss in Section 4.3.2, for the
Brownian motion dual to AdS black holes, the field theories in question are strongly coupled
CFTs and in fact (3.39) does not necessarily hold. There is also a third natural time scale tmfp

given by the typical time elapsed between two collisions. In the kinetic theory, this mean-free
path time is typically between the single-collision and relaxation time scales, tcoll � tmfp �
trelax; but again, this hierarchy is not expected to hold beyond perturbation theory.

The basic message to take away from this discussion is that the linear response regime
is accessible once one understands the dynamics in equilibrium. The response functions are
simply given in terms of Green functions evaluated in the stationary configuration.

4. Linear Response from AdS/CFT: Probes of Thermal Plasma

We now proceed to put together the toolkits we presented in the preceding two sections.
In Section 3 we have described the basic methods employed in nonequilibrium statistical
mechanics to understand the physics of systems out of equilibrium, namely, linear response
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theory. One of the fundamental tenets in this approach is that for small-amplitude deviations,
one can compute relevant observables by computing appropriate correlation functions in the
equilibrium ensemble. Since the time-evolution part of the problem has been effectively dealt
with in this manner, one is left with a much easier task in general.

However, the computation of equilibrium correlation functions is not as trivial as it
sounds, especially in circumstances where the underlying quantum system is intrinsically
strongly coupled. One therefore requires some further insight to deal with such situations.
Fortunately, for a class of field theories which have holographic duals, the gauge/gravity
correspondence comes to rescue, as indicated in Section 2. In fact, one of the earliest
developed technologies within the correspondence was the recipe to compute correlation
functions of gauge invariant local operators in field theories using their dual gravity picture.
In the present context this means that the gauge/gravity correspondence provides an efficient
way to compute the correlation functions relevant for the linear response theory directly in
terms of classical computations in an asymptotical AdS spacetime.

We will begin by a brief review of the techniques employed to compute correlation
functions in the AdS/CFT correspondence, followed by a discussion of lessons learnt by
examining the linear response regime. Finally, we will discuss how one can monitor the
behaviour of probe motion (both ballistic and stochastic) in a strongly coupled plasma
medium.

4.1. Computing Correlation Functions in AdS/CFT

Let us consider a local gauge-invariant single trace operator O(x) with conformal dimension
Δ in the boundary CFT. To compute correlation functions of this operator, one would deform
the CFT action by adding a term

∫
ddx φ0(x) O(x) and obtain the generating function of the

correlators as a functional of the sources φ0(x). The requirement that the deformation term
be dimensionless implies that φ0(x) has scaling dimension d −Δ.

In the AdS/CFT correspondence, a given boundary operator maps to a bulk field
whose spin s is determined by the Lorentz transformation property of the operator O in
question. The bulk field φ(x, r), with r being the radial coordinate in AdSd+1, has mass
m2(Δ, s). For scalar operators one has the relation [4]15

Δ =
d

2
+

√
d2

4
+m2R2. (4.1)

Similarly, for a p-form operator on the boundary, the relation between the conformal
dimension of the operator Δ and the mass of the bulk field m is given as

(
Δ + p

)(
Δ + p − d

)
= m2. (4.2)

Given this map between fields and operators we can go ahead and use the AdS/CFT
correspondence to compute the generating function of correlation functions,

W
[
φ0

]
= − log

(〈
e
∫
d4xφ0O

〉)
, (4.3)

where we have schematically indicated the path integral over the quantum fields of the CFT.
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The statement of the AdS/CFT correspondence asserts that this generating functional
is given by the partition function Zstring of the string theory with the fields φ(r, x) prescribed
to take on the boundary values φ0(x) at the boundary of AdSd+1. In particular, in the limit
when classical gravity is a good approximation, the string partition function simply reduces
to the on-shell action of gravity evaluated on the solution to the field equation. The on-shell
action is usually divergent since we are turning on mode that is nonnormalizable to act as a
source. To ensure that we capture the correct physics, we can regulate the AdS spacetime at
r = ε−1 and demand that we satisfy the boundary condition there, that is, demand φ(r, x) →
φ0(x) as r → ε−1. Thus one arrives at the relation derived in [3, 4]

〈
e
∫
∂AdS φ0(x)O(x)

〉
CFT

= Zstring

[
φ
(
r = ε−1, x

)
= φ0(x)

]
, (4.4)

or in the limit where classical gravity in the bulk is a good approximation,

W
[
φ0

]
= − logZstring � extremumφ(r=ε−1)=φ0Isugra

(
φ0

)
. (4.5)

The general scheme we have outlined above works well for computing Euclidean
correlation functions in asymptotical AdS spacetimes, but there are certain subtleties to keep
in mind while computing retarded correlation functions. A clear prescription was initially
given in [46] for which a nice supporting argument based on Schwinger-Keldysh contours
was provided in [47]. More recently, these arguments have been revisited in [48], and a
compact expression for computing two-point functions was provided in [49, 50]. Formal
studies of these correlation functions from a holographic renormalization scheme and general
contour prescriptions for higher-point functions were discussed in [51, 52]; recently three-
point functions at finite temperature were computed in [53].

Since we will be primarily interested in addressing issues in linear response theory,
let us record here the prescription derived in [49], relating the retarded Green function to a
simple ratio involving the field and its conjugate momentum. In particular, for massive scalar
fields in asymptotical AdS spacetimes,

GR(k) = finite

{
lim
r→∞

r2(Δ−d) Π(r, k)
φsol(r, k)

∣∣∣∣
φ0=0

}
. (4.6)

Here Π is the canonical momentum conjugate to the field φ (which itself is dual to the
operator O under consideration) under radial evolution in AdS. Furthermore, φsol(r, k) is
the on-shell solution to the appropriate wave equation subject to the boundary conditions
that it be regular in the interior16 and approaching some chosen boundary value φ0 at the
boundary of the AdS spacetime. The constraints φ0 = 0 (i.e., switching off the source) and
the limit r → ∞ are necessary to obtain the boundary observable as one anticipates from
(4.5). We should note that this formula has been written down after taking into account the
intricacies of the holographic renormalization and hence one is instructed to extract the finite
part of the bulk calculation. For details on these techniques we refer the reader to [54, 55].
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4.2. Retarded Correlators and Black Hole Quasinormal Modes

Given the utility of the AdS/CFT correspondence in computing correlation functions, let us
now return to the issue of linear response around a given equilibrium configuration. As we
have seen in Sections 2.2 and 2.3, physics of thermal equilibrium is captured by stationary
black hole spacetimes in the dual geometric description. Therefore, linear response behaviour
in the field theory translates directly to the behaviour of linearized fluctuations of bulk fields
on AdS black hole backgrounds.

One of the first steps in this direction was taken by the authors [56], who pointed
out the connection between AdS black hole quasinormal modes and the rate at which
disturbances away from equilibrium reequilibrate. Since this connection underpins much of
the linear response theory we are about to describe, we will pause to recall the basics of the
quasinormal mode spectrum in black hole spacetimes.

Physically, quasinormal modes correspond to the late-time “ringing” of the black hole
geometry. In particular, perturbations of the black hole undergo damped oscillations, whose
frequencies and damping times are entirely fixed by the geometry and the nature of the
propagating field, that is, the modes are determined by the linearized wave operator and
are independent of the initial perturbation. In fact, it is well understood that black hole
spacetimes, owing to the presence of an event horizon into which the fields can dissipate,
act as open systems; the corresponding spectrum of fluctuating modes is complex. The
reason for this behaviour is intuitively easy to understand. In classical general relativity,
the event horizon acts as a one-way membrane; fields fall into the black hole but do not
emerge out. Mathematically, this translates to an infalling boundary condition on fields at the
horizon in this black hole background. These same fields are also required to be normalizable
near the AdS boundary, for one wishes to retain the AdS asymptotics (and therefore in
the field theory side retain the UV fixed point CFT unperturbed by relevant or irrelevant
operators). Quasinormal modes for a classical field Φ (suppressing Lorentz indices) are
defined as eigenfunctions of the linearized fluctuation operator which acts on Φ in the black
hole background, satisfying these boundary conditions, that is, ingoing at the horizon and
normalizable at infinity.17

As initially described in [56], the quasinormal modes of AdS black holes capture the
rate at which the field theory, when perturbed away from thermal equilibrium, returns back
to the quiescent equilibrium state. In this context, one usually concentrates on the lowest set
of modes, as these dominate the long-time behaviour. Nevertheless, it is possible to give a
clear interpretation to the entire quasinormal mode spectrum. As was pointed out in [57]
in the context of 1 + 1 dimensional boundary CFTs and asymptotical AdS3 BTZ black holes,
the entire quasinormal mode spectrum maps to the poles of the retarded Green functions of
operators in the canonical ensemble. This was extended to higher dimensions in the seminal
work of [46] and further elaborated upon in [58].

While the relation between quasinormal modes and poles of retarded Green functions
holds in general for any operator in the dual field theory, it takes on interesting hues
for the case when the dual operator corresponds to a conserved current. As discussed
in Section 3.2, the analytic structure in the retarded Green functions of the stress tensor
which corresponds to the hydrodynamic modes of the system, has complex dispersion
relations ω(k) characterized by the long-wavelength behaviour ω(k) → 0 as k → 0. This
was explicitly verified by the computation of gravitational quasinormal modes in planar
AdSd+1 black hole backgrounds, which have translationally invariant horizons and allow
for arbitrarily long-wavelength modes. On the contrary, global AdSd+1 black holes have
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horizons of spherical topology and correspond to field theories living in finite volume on
ESUd = R×Sd−1. One then encounters IR effects coming from the finiteness of spatial volume
which precludes the existence of quasinormal modes with vanishing frequencies. In order to
see the hydrodynamic behaviour one has to scale the curvature to zero as well, which reduces
the problem to the planar case; one can systematically account for the curvature corrections
as we indicate in Section 5.

The fact that black hole quasinormal mode spectrum admits modes with hydrody-
namic dispersion relation leads one to suspect that one can use the gravity analysis to
compute properties of the fluid description. Indeed as we have sketched in Section 3.2, one
can use the behaviour of the retarded Green functions at zero momentum to learn about
transport coefficients like viscosity. This was first carried out in the AdS/CFT context in
[59, 60]. The analysis was ground-breaking in that it not only verified the general intuition
that one can relate the classical dynamics in a black hole background to the physics of strongly
coupled plasmas, but it also paved the way for what is perhaps the most famous conjecture in
the subject, namely, the bound on the ratio of shear viscosity to entropy density, η/s ≥ 1/4π
[13]. For a large class of two-derivative theories of gravity one finds by direct computation
that this bound is in fact saturated, which prompted [13]. Understanding its implications and
its raison d’être has been the focus of a large body of the literature, which we cannot do justice
to here and point the reader to the excellent review article [19] for developments till a couple
of years ago.

This rather small value of shear viscosity obtained in the holographic computations
has been instrumental in forging connections with ongoing experimental efforts to
understand the state of matter, the quark-gluon plasma (QGP), produced in heavy-ion
collisions and RHIC and soon at LHC. Fits to data from the STAR detector at RHIC suggest
that the QGP behaves close to the deconfinement transition in QCD as a nearly ideal fluid
with very low viscosity (see [61] for a discussion of near perfect fluidity in physical systems).
This has prompted a concentrated effort in the literature and spurred the growth of the
AdS/QCD enterprise; we refer the reader to the reviews [6, 8] for these developments.

Recently, this bound has been shown to be violated in higher-derivative theories of
gravity: there are example toy models such as Gauss-Bonnet gravity [62, 63] and other
higher-derivative theories [64–69] and also some string theory inspired constructions of
large-N superconformal theories [15, 70]. The general consensus at the stage of writing this
paper seems to be that the bound, whilst robust in the two-derivative approximation (which
corresponds to the strong coupling, large-N theory), could in general be violated by finite-N
(string interactions) and also perhaps by α′ (large finite coupling) effects.

The quasinormal mode analysis can also be used to go to higher orders in the
hydrodynamic expansion. After all, for a planar black hole one has a spectrum of poles of the
retarded Green function which can be used to extract an exact nonlinear dispersion relation
ω(k) beyond the leading long-wavelength k → 0 approximation. Such techniques were
first employed in the analysis of [71] the authors of which computed certain second-oder
transport coefficients. Similar analyses were also carried out in [72, 73]. In a nice calculation,
[74] described the behaviour of low lying quasinormal modes (the modes closest to the real
axis) and displayed how it exchanges dominance with the next quasinormal mode at some
finite value of momentum. This in particular indicates the regime of validity of the linear
hydrodynamic approximation; for the higher quasinormal modes, while still giving poles of
the retarded Green functions, are not part of the effective hydrodynamic theory.

In summary, there is a direct relation between the physics of black hole quasinormal
modes and the retarded Green functions of local gauge invariant operators. For a given
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operator O on the boundary, one identifies the corresponding bulk field φ and computes
its quasinormal mode spectrum to infer the location of the poles of the retarded Green
function. From the retarded Green functions of conserved currents one learns that the long-
wavelength behaviour of the interacting CFTs which fall within the purview of the AdS/CFT
correspondence is described by linearized hydrodynamics. Thus black hole quasinormal
modes provide a powerful computational technique to learn about the dynamics of strongly
coupled gauge theories and their relaxation back to equilibrium. They also confirm the
intuition that the thermal behaviour of strongly coupled field theories can be captured in
effective field theory by viewing the system as a plasma medium.

4.3. Probes in the Plasma: Dissipation and Stochastic Motion

Thus far, we have discussed the behaviour of retarded correlation functions of local, gauge
invariant operators using the AdS/CFT correspondence. These analyses allow us to picture
the interacting, thermal field theory as a plasma medium. As discussed in Section 3.3, it is
useful to ask how do probe particles introduced into such plasmas behave? This question is
interesting not only from a theoretical viewpoint, but also from a pragmatic standpoint. For
instance, in the case of the QGP, one is interested in knowing how much energy is lost by a
quark produced in the deep interior of the plasma as it traverses outward. There, one does
not have reliable computational methods owing to the strongly coupled nature of the plasma,
but as we will see, in the AdS/CFT framework one can again distill this question to a simple
classical computation. In this section we will explore the various attempts in the literature
aimed at addressing this question, starting with the ballistic motion of quarks in the plasma
and then turning to a discussion of the stochastic Brownian motion of stationary probes.

4.3.1. Energy Loss and Radiation of Moving Projectiles

To understand the energy loss of probe particles in plasma medium, we introduce an external
probe in the form of an external quark or meson (for nonabelian plasmas) into the medium.
Such probes are holographically modeled by an open string in the bulk geometry; here
the geometry of interest is an asymptotical AdS black hole, which as we have described
above provides the thermal medium. Let us understand the setup in more detail. One of
the open string end-points is pinned on the boundary of the AdS spacetime. Since this
end-point carries the usual Chan-Paton index, it corresponds to the external quark we have
introduced into the system. Heuristically, the external quark has a flux tube attached to it; in
the holographic description one can view this flux tube as the open string worldsheet which
extends into the bulk spacetime. Monitoring the motion of the external quark through the
plasma thus amounts to studying the classical dynamics of string worldsheet in a black hole
background. For mesonic probes we consider open strings with both end-points stuck on the
boundary of AdSd+1. One could also consider other probes such as monopoles or baryons
(which are heavy in the large-N limit); these would correspond to D-branes living in the
bulk.

The first steps to understand the energy loss for probes in plasmas holographically
were carried out in the seminal papers [75–82], by considering the dynamics of probe strings
as described above. A brief summary of these accounts can be found for instance in [6].
The general philosophy in these discussions was to use the probe dynamics to extract the
rates of energy loss and transverse momentum broadening in the medium, which bear direct
relevance to the physical problem of motion of quarks and mesons in the quark-gluon plasma.
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AdS boundary

Increasing v

BH horizon

Figure 2: The trailing string solution in Schwarzschild-AdS4 spacetime. The curves are drawn for differing
values of the quark velocity v (specifically from right to left, v = 0, 0.15, 0.5, 0.8, and 0.99999) on the
boundary.

The simplest computation of the energy loss was originally considered in [75, 77]. The
idea was to examine a probe in the boundary moving with a constant velocity v under the
influence of an external force, applied so as to compensate for the frictional force acting on the
probe and to maintain a steady-state. From this steady-state speed one can then recover the
friction constant γ . On the bulk side, the problem reduces to a classical solution of Nambu-
Goto action for the string, with one end-point being pulled with velocity v along the AdS
boundary. The constancy of velocity at the boundary is again maintained by an external force,
in this case a constant electric field that drags the string end-point. By examining the classical
solution of the Nambu-Goto action with these boundary conditions, one finds that while
the quark moves forward with constant velocity, the bulk string worldsheet trails behind; see
Figure 2. Since there is no natural place for the string worldsheet to end in the bulk spacetime,
it simply dips into the horizon.18 In particular, this implies that the classical worldsheet of the
string itself has an induced horizon (which for non-zero velocity will always be outside the
spacetime event horizon), a fact that will be important when we address the stochastic motion
of the boundary end-point in Section 4.3.2.

To see the construction in more detail, consider the planar Schwarzschild-AdSd+1 black
hole (2.11); we are looking for a classical solution to the Nambu-Goto action

SNG = − 1
2πα′

∫
d2σe(1/2)φ

√
−det

(
ginduced

)
, (4.7)

with σα being the worldsheet coordinates (τ, σ). The computation is easily carried out in
static gauge τ = t and σ = r. In order to track the motion of a quark on the boundary, it is
convenient to use the ansatz

x1(t, r) = vt + ξ(r), xi = 0 ∀i /= 1 (4.8)
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resulting in the Lagrangian density:

L = −
√

1 + r4f(r)ξ′(r)2 − v2

f(r)
, (4.9)

with f(r) given by (2.11). The solution is obtained straightforwardly by noting that the
conjugate momentum to ξ, πξ = ∂L/∂ξ′ is conserved and constant, which allows one to solve
ξ(r) via quadratures,19

ξ′(r) =
πξ

r2f(r)

√√√√ f(r) − v2

r4f(r) − π2
ξ

. (4.10)

In fact, requiring that the induced metric be timelike and nondegenerate fixes πξ completely.
Noting that 0 ≤ f(r) < 1 for r ∈ [r+,∞) and v ≤ 1 implies that the numerator of (4.10) can
vanish somewhere in the bulk of the spacetime. At this point, it must be that the denominator
also vanishes. This then constraints πξ to take on the value

πξ = r2
+

v

(1 − v2)2/d
. (4.11)

Given the classical string configuration obtained by solving (4.10), one can compute
the rate of energy loss by looking at the momentum flow along the string worldsheet. One
simply has to compute the net flux of this worldsheet momentum down the string. This
results in [75, 77, 83]

dp1

dt
= −

8πR2
AdST

2

d2α′
v

(1 − v2)2/d
, p1 =

mv√
1 − v2

, (4.12)

where we have translated the result in terms of the temperature T which is related to r+ via
(2.14) and reinstated the AdSd+1 length scale. In the nonrelativistic limit, v � 1, this means
that the friction constant is

γAdSd+1
0 =

8πR2
AdST

2

d2α′m
. (4.13)

If we use the Sutherland-Einstein relation (3.21),20 we obtain the diffusion constant

DAdSd =
d2α′

8πR2
AdST

. (4.14)

The calculation described above breaks down at very large velocities: physically, the
force required to keep the quark moving sufficiently fast becomes so large that the quark
antiquark production is unsuppressed [82]. In [75] the more involved analysis of actually
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trying to see a moving quark slow down explicitly was also undertaken. This involves solving
the time-dependent equations arising from the Nambu-Goto action (4.7) with the initial
conditions of non-zero velocity.

In this context, there is an interesting puzzle: a priori one would have expected that
any particle moving through a plasma will lose energy to the medium and slow down. While
we have seen that this occurs for quarks, described by the trailing string configuration (4.10),
there is no mechanism for energy loss in the case of a meson moving through a plasma. A
meson, modeled as a quark antiquark pair, corresponds to a configuration of an open string
with both ends stuck to the boundary; in such situations one finds “no-drag” solutions where
the string simply dangles down into the bulk independently of the direction of v. More
pertinently, for small separations between the quark and antiquark (such that the meson
remains in its bound state), the string stays above the horizon and as a result does not lose
energy to the black hole. This feature was observed in different contexts in the analysis of [84–
86]. Likewise it was also noticed in [87] that baryonic particle also propagate without being
subject to drag (these authors also derived the drag force on k-quarks and gluons). These
probes which seemingly do not suffer from dissipation are to our knowledge rather poorly
understood.21 Analysis of the velocity dependence of the screening length in the plasma for
mesons and baryons was explored in [81, 85, 86, 88]. Another mechanism for quark energy
loss in the medium based on Cherenkov radiation was proposed recently in [89].22

Note that deceleration of the quark provides yet another mechanism for its energy loss,
induced by radiation due to the quark’s deceleration. The interesting question of interplay
between the two distinct energy loss mechanisms—namely medium induced (i.e., drag) and
acceleration induced—has been explored in [90, 91], suggesting that these two effects may
interfere destructively. More specifically, the authors consider a quark undergoing a circular
motion at constant angular velocity. One advantage of such setup is that it can be treated as
approximately stationary configuration while nevertheless incorporating acceleration (and in
fact the classical worldsheet calculation for circular acceleration remains valid well into the
acceleration-dominated regime), in contrast to the above-mentioned cases of linear motion.
Interestingly, [91] finds that depending on the angular velocity ω and radius v/ω of the
quark’s circular trajectory, the energy loss is dominated by either drag force acting as though
the quark were moving in a straight line, or the radiation due to the circular motion as if in
absence of any plasma, whichever effect is larger, with continuous crossover between these
regimes occurring at ω ≈ πT(1 − v2)3/4.

Once one has an understanding of the basic mechanism for energy loss in the
holographic setup, one can attempt to study the detailed response of the projectile in the
plasma medium. One would naturally expect that a moving projectile produces a wake
behind it; at large distances from the projectile one can employ hydrodynamics to study the
behaviour of this disturbance, but in general, high-frequency modes will be excited near the
source of the perturbation. A convenient way to probe the physics of a moving projectile is to
monitor the expectation value of the energy-momentum tensor:

Δ〈Tμν(x)〉 = 〈Tμν(x)〉with projectile − 〈Tμν(x)〉without projectile. (4.15)

The projectile as before is modeled as an external quark in the field theory and corresponds to
the motion of the string in the black hole background. Now in addition to the classical motion
of the string we also want to compute the backreaction on the geometry due to this external
string and its influence on the boundary values of the metric (which in turn are related to the
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Figure 3: The spiral string solution in AdS5 spacetime corresponding to quark undergoing a circular
motion. The curves are drawn for differing values of the quark velocity v on the boundary (values of
v and color-coding are the same as in Figure 2). The small black circle on the top is the quark trajectory on
the AdS boundary; the vertical direction corresponds to the bulk radial direction.

stress tensor expectation value). The first steps in this direction were taken in [92] where the
expectation value of the operator dual to the dilaton was considered. This was then extended
to the calculation of the stress tenor expectation value (4.15) in a series of works, [93–99]. For
a good review of this development we refer the reader to [100].

The essential idea here is to look at the perturbations about the trailing string
configuration and ascertain from this the source of the bulk graviton. One then solves the
(linearized) bulk Einstein equations including the backreaction of this source. Using the
asymptotic behaviour of the solution, one can finally read off the boundary stress tensor. This
stress tensor exhibits many characteristic features that are expected for a projectile moving
through a dissipative medium. For example, when the projectile moves faster than the speed
of sound through the medium, it produces a Mach cone at a particular angle, leaving behind
it a wake in the plasma (see [100] for further details).

Using the setup of [91] describing quark in circular motion with constant angular
velocity, the authors of [101] examine, (part of) the corresponding boundary stress tensor
induced by metric deformation due to the trailing string in the bulk. In particular,
they compute the energy density and angular distribution of the power radiated by the
quark. Unlike the previously mentioned cases, they focus on the plasma medium at zero
temperature, so that the bulk dual is described by a string trailing in pure AdS. A snapshot
of a string is plotted in Figure 3 for various values of the quark velocity. The string solution
looks like a rigidly rotating spiral flaring out into the bulk, which in fact induces a horizon on
the worldsheet despite no horizon being present in the underlying geometry (such horizon
generation was previously discussed in [90] in more general context).23

Rather curiously, the authors of [101] discover that this strong-coupling calculation
gives very similar results to those at weak coupling, and closely resembles synchrotron
radiation produced by an electron in circular motion in classical electrodynamics. Specifically,
the radiation is emitted in narrow beam along its velocity vector, with opening angle ∼√

1 − v2. Surprisingly, despite strong coupling, the pulses of radiation propagate without
broadening. While this is all explicitly derived from the bulk description, even on the gravity
side it remains rather puzzling that the metric perturbation due to the trailing string remains
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so sharply localized. Indeed, this is rather counter to the naive UV/IR intuition, which would
lead one to expect that the part of the string situated deep in the bulk should produce rather
diffuse boundary stress tensor.

The absence of broadening in the radiation pattern at zero temperature is in sharp
contrast to the corresponding behaviour in the finite temperature case, where we expect that
the beam of radiation propagating through thermal plasma slows down to the speed of sound
and ultimately thermalizes. This type of behaviour was indeed observed in, for example,
[102, 103] in the context of light quarks and mesons being released from rest. Here the authors
start with initial state corresponding to a highly energetic quark antiquark pair and follow its
time evolution24 into two jets. Whereas at zero temperature the jets travel and spread forever,
at finite temperature they stop within a finite distance Δxmax, which scales with the cube root

of the energy, Δxmax ≈ (0.526/T)(E/T
√
λ)

1/3
.

A complementary approach to computing the energy lost by moving quarks in a
nonabelian plasma is to relate the energy loss to the so-called “jet-quenching parameter”
[104, 105]. This parameter can be extracted from the expectation value of a light-like Wilson
loop:

〈W(C)〉 � exp
(
− 1

4
√

2
q̂L−L2

)
, (4.16)

where the contourC is taken to be a rectangle of coordinate length L− in the light-like direction
and L in the transverse spatial directions with L− � L.25 The computation of the expectation
value of Wilson loops is well known from the early days of AdS/CFT [106, 107] and requires
computing the area of a string worldsheet ending on an appropriate contour in the boundary
of AdS. The first calculations of the jet-quenching parameter inN = 4 SYM were done in [76],
where the authors found that

q̂N=4 SYM =
π3/2Γ(3/4)
Γ(5/4)

√
λT3. (4.17)

There is by now a large literature exploring aspects of jet quenching in various setups, and
we refer the reader to the original papers for more details.

The discussions so far have focussed on the dissipative aspects of the nonabelian
plasma. As we have seen the AdS/CFT correspondence allows one to extract the basic
properties of such media; specifically, by examining the classical energy loss by probes into
black holes one recovers the frictional characteristics of such plasmas.

4.3.2. Brownian Motion in AdS/CFT

Thus far we have focused on the classical motion of a probe particle in a thermal plasma
medium. As expected, the particle loses its kinetic energy to the plasma and slows down. In
the dual gravitational description of this frictional motion, this is mimicked by energy loss
into the black hole horizon. However, given that we have a particle in a thermal medium,
one should expect that it not only slows down, but also undergoes random motion due to
the thermal fluctuations of the plasma. This is understood as Brownian motion and, as we
have explained in Section 3.3, can be modeled in terms of a Langevin equation, which arises
naturally in the context of kinetic theory. It is therefore inviting to ask whether these random
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fluctuations can be captured in the gravitation description and, if so, what is their physical
origin?

This question is not only interesting for academic reasons, but as described above, the
holographic models provide useful toy examples to study the physics of the QGP formed in
heavy-ion collisions. In that context, the motion of an external quark in the QGP is assumed
to be described by a relativistic Langevin equation [108]. As reviewed in Section 3.3, in its
most basic form the Langevin equation is parametrized by two constants: the friction (drag
force) coefficient γ and the magnitude of the random force κ. However, in the relativistic
case, the random force has different magnitudes κT and κL in the directions transverse and
longitudinal to the quark momentum p, which in the nonrelativistic limit p → 0 become
equal, κL = κT . The parameters γ and κL are related to each other by the Einstein relation,
under the assumption that the Langevin dynamics holds and gives the Jüttner distribution
e−βE. On the other hand, κT is an independent parameter [80, 108]. Furthermore, random
force is usually assumed to be white noise, that is, with a delta function autocorrelation.

One would therefore like to understand to what extent this picture works in the
holographic setting. In early works on the subject, [79, 80, 82] computed the random force
strength κT . The calculations of [79, 82] were carried out by expressing the change in the
density matrix associated with the probe (and therefore κ) in terms of a Wilson loop average.
This Wilson loop was taken to lie along a Schwinger-Keldysh contour and corresponds
to a source of the random force operator. On the other hand, [80] computes the random
force strength by looking for fluctuations around the trailing string solution discussed in
Section 4.3.1.

In [83, 109] the complete story for the holographic Brownian motion was worked
out in detail. This was further generalized in [110] to the relativistic Langevin equation.
As we have alluded to earlier, classical string solutions in the black hole backgrounds have
an induced worldsheet metric which has a horizon. In general, a worldsheet horizon could
correspond to any of the following:26

(i) the bulk spacetime horizon, which is the case for static strings in static black hole
spacetimes

(ii) a bulk ergosurface, which occurs for a stationary string solution like the trailing
string or in the case of a stationary black hole; the ergosurface occurs at the location
where the asymptotic timelike Killing field has a vanishing norm, that is, gtt = 0,

(iii) or simply when the string is forced to move too fast, which occurs for instance when
it flares out while rotating at constant angular velocity as in [101].

The key physical result of [83] were that the fluctuations of the classical string due to
the curved spacetime particle production, that is, Hawking radiation, associated with the
worldsheet horizon was responsible for the random force on the probe particle. In fact, this
connection was also noted in some of the earlier works on the subject, notably [80, 111].
Explicit expressions of this were worked on by assuming a thermal spectrum of the Hawking
quanta in the case of BTZ black hole in [83], which had the advantage that the mode
functions could be analytically obtained. Higher-dimensional examples were also discussed
in [83, 109], the latter working directly with the maximal analytic extension of an eternal
Schwarzschild-AdSd+1 black hole. The extension of these results to the trailing string solution
was described in [110, 112]. In addition [113] examined the motion of a heavy quark in a toy
model of a dynamical black hole, the so-called conformal soliton geometry,27 which we will
revisit in Section 6.1. Similar studies for the case of an accelerating quark in the vacuum were
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recently considered in [114]. Furthermore, the authors of [115, 116] have examined the details
of Langevin dynamics under the improved holographic QCD framework; in particular, these
works compute the full Langevin correlator in nonconformal models, with the aim of using
these results for studies of QGP. An important caveat to bear in mind for applications to QGP
is that one generically has to consider the entire correlator and can not simplify the dynamics
to the basic Langevin dynamics discussed in Section 3.3.

The simplest setting to study the stochastic motion is to monitor the fluctuations about
the static straight string. For simplicity let us consider the planar AdSd+1 black hole (2.11)
and take the string world volume to be xi = 0. Expanding the fluctuations of the string to
quadratic order about this solution, we obtain from the Nambu-Goto action (4.7)

SNG ≈ −
1

4πα′

∫
d2σ

√
−γγμνgij

∂xi

∂σμ
∂xj

∂σν
, (4.18)

where the induced metric γμν in static gauge is

ds2
induced = −r2f(r)dt2 +

dr2

r2f(r)
, f(r) = 1 − r

d
+

rd
(4.19)

and the kinetic terms of the scalars xi are determined by gij = r2δij . The equation of motion
for the transverse scalars on the probe string worldsheet then takes the form:

−∂2
t x

i + f(r)∂r
(
r4f(r)∂rxi

)
= 0. (4.20)

This wave equation for the nonminimally coupled transverse scalar x(t, r) is solved
by standard mode expansion xi(t, r) = e−iωtξi(r); in general d this is somewhat complicated
by the fact that the explicit mode solutions are not known. However, for d = 3, that is, for
BTZ black holes one can solve this wave equation explicitly. Analysis of the wave equation in
the near-horizon region r � r+ reveals that the linearly independent solutions can be taken to
be the ingoing and outgoing waves ξi(±)(r). Thus one can generally write the solutions after
implementing the appropriate boundary conditions on the horizon and at infinity in terms of
a mode expansion:

xi(t, r) =
∑
ω>0

[
aiωu

i
ω(t, r) +

(
aiω

)†
uiω(t, r)

�
]
,

uiω(t, r) = A
(
ξi(+)(r) + Bξi(−)(r)

)
e−iωt

(4.21)

with the creation and annihilation operators aω and a†ω satisfying the standard commutation
relations:

[
aiω, a

j

ω′

]
=

[(
aiω

)†
,
(
a
j

ω′

)†]
= 0,

[
aiω,

(
a
j

ω′

)†]
= δωω′δij . (4.22)

So far we have outlined how to write down the canonical quantized description of
the fluctuations of the transverse excitations of the static string solution. The essential feature
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we now wish to exploit is that the asymptotic behaviour of the fluctuations (considering a
regulated AdS spacetime with cutoff at r = Rc),

xi∞(t) = lim
r→Rc

xi(t, r), (4.23)

captures the motion of the probe quark in the boundary plasma. Monitoring the dynamics of
xi∞(t) allows one to compute the details of the stochastic motion of the probe. In particular,
one has a precise mapping between the correlation function of the quark in the boundary
plasma and the correlators of the quantum operators aω, that is,

〈
aω1a

†
ω2 · · ·

〉
←→ 〈x∞(t1)x∞(t2) · · · 〉. (4.24)

This mapping in particular implies that were we able to make a very precise measurement
of the correlators of the end-point of the string, then one could in principle make a precise
measurement of the state of the radiation emanating from the black hole (for after all the
correlation function in the bulk depends on the state of the theory we are considering).

However, if we are interested in understanding the stochastic process at a semiclassical
level, all one needs to do is to evaluate the bulk correlation function in the natural Hartle-
Hawking state for the fluctuating fields xi(r, t). It is a well-known fact that the Hartle-
Hawking state corresponds to thermal equilibrium, and it therefore follows that the outgoing
mode correlators are determined by the thermal density matrix

ρ = e−βH, H =
∑
ω>0

ω
(
aiω

)†
aiω. (4.25)

Using this, one can compute the mean squared displacement 〈: [x∞(t) − x∞(0)]2 :〉 (for
simplicity monitoring only one of the scalar fields xi, say x1 = x). This allows one to extract
the random force correlation function κ(ω). Similarly, one can compute the admittance μ(ω)
defined in (3.29) by examining the behaviour of the string end-point when subject to an
external force. As one expects, the results confirm the fluctuation-dissipation theorem. We
refer the reader to [83] for the precise expressions. It is more useful to record here the various
time scales obtained from the holographic computation:

trelax ∼
α′

R2
AdS

m

T2
, tcoll ∼

1
T
, tmfp ∼

1√
λT

(4.26)

which in particular implies that

trelax

tcoll
∼ α′m

R2
AdST

∼ m√
λT

,
tcoll

tmfp
∼

√
λ� 1 (4.27)

which clearly demonstrates the deviation from the hierarchy mentioned in Section 3.3. One
can understand this as a clear signal of the strongly coupled nature of the plasma dual to the
black hole geometry, which obviates the wide separation of time scales pertaining to kinetic
theory.
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In [109] the stochastic motion described above was derived using an extension
of the Schwinger-Keldysh formalism. Instead of working with the static region of the
Schwarzschild-AdS black hole, one considers maximally extended spacetime in Kruskal
coordinates and utilizes the Lorentzian AdS/CFT prescription of [47] to obtain the retarded
Green functions. For instance the random force correlator κ(t) is given in terms of the retarded
Green function:

κ(ω) = −(1 + 2 n(ω)) ImGR(ω), n(ω) =
1

1 − exp
(
βω

) . (4.28)

This calculation leads to pretty much the same physical picture of the random motion
as the one described above. There are some essential differences in the derivation, since
the real-time formalism employed in [109] is intrinsically tied to the Lorentzian geometry
whereas the Hartle-Hawking state used in the derivation of [83] is essentially an equilibrium
thermal computation (which therefore can be carried out in the Euclidean black hole
geometry).

The description of the stochastic process described so far corresponds to the behaviour
of the quark end-point on the boundary of the AdS spacetime (rather on a regulated
boundary). An interesting question is to ask whether one can use this picture to further
the membrane paradigm picture of the black hole. The main philosophy of the membrane
paradigm [117] is that, as far as an observer staying outside a black hole horizon is
concerned, physics can be effectively described by assuming that the objects outside the
horizon are interacting with an imaginary membrane, which is endowed with physical
properties, such as temperature and resistance, and is sitting just outside the mathematical
horizon.

In [83, 109] the stochastic properties of this fiducial membrane were explored, mainly
by “integrating out” the string worldsheet all the way down to a stretched horizon located
at r = r+ + ε. It was found that the heavy quark diffusion constant on this membrane was
exactly the same as the asymptotic value (4.14). This is in fact similar to the results on the
hydrodynamic properties of the membrane (which we will revisit in Section 5) as discussed
for instance in [49].

A crucial question about the membrane paradigm is to understand the microscopic
structure of this stretched horizon in the context of string theory. In [118, 119], Susskind
and collaborators put forward a provocative conjecture that a black hole is made of a
fundamental string covering the entire horizon. Although this picture must be somewhat
modified [120] since we now know that branes are essential ingredients of string theory, it is
still an attractive idea that, in the near horizon region where the local temperature becomes
string scale, a stringy “soup” or “cloud” of strings and branes is floating around, covering
the entire horizon. The work [83] and more recently [121] have attempted to find precise
characteristics of this membrane by trying to use the characteristics of the stochastic motion
of strings ending on the stretched horizon. In particular, one could imagine the string IR
end-point interacting with the membrane halo of the black hole. Any such model requires
that we be able to match the mean-free time between the interactions of the string end-point
with the halo with the results derived above for the stochastic motion. The calculations in
[83, 121] seem to suggest a nontrivial dependence of the interaction probability on gs and
�s.



Advances in High Energy Physics 37

5. Fluid/Gravity Correspondence

Thus far our understanding of physics out of equilibrium has been restricted to the linear
response regime. In the holographic setup this regime is captured by the study of linearized
fluctuations about AdS black hole backgrounds. We have in particular seen that the retarded
correlators of local gauge invariant operators can be efficiently computed in the classical
gravity approximation and the results agree with general expectations from the field theory.

A particular application of the linear response story is the use of Kubo formulae to
extract transport coefficients of strongly coupled gauge theory plasmas. As described earlier,
these studies led to the fascinating bound on the ratio η/s. A natural question is whether one
can derive nonlinear hydrodynamics from the holographic setup, by relaxing the constraints
of linearized fluctuations. A priori this sounds hard, for the problem surely translates to
understanding nonlinear fluctuations around a black hole background. Nevertheless, as we
now will describe, this is indeed tractable and leads us to a natural relation between Einstein’s
equations and a relativistic generalization of the Navier-Stokes equations, which has come to
be known as the fluid/gravity correspondence [18].

The key feature we will exploit in making this connection is the general idea that the
systems in local thermal equilibrium should in a suitable infrared limit admit a hydrody-
namic description. As familiar from everyday experience, this framework can accommodate
systems with large time dependence, as long as they are in local thermodynamic equilibrium;
proximity to global thermodynamic equilibrium is no longer required.

More specifically, fluid dynamics is the continuum effective description of any
(interacting) microscopic quantum field theory. In order to meaningfully describe the system
in terms of the fluid variables, the fluid description requires that the system achieves local
thermodynamic equilibrium. This means that the regime of validity where such a description
is valid requires that the scale of variation of the dynamical degrees of freedom, L, be much
larger than the microscopic scale �mfp, typically set by the temperature, T (or the local
energy density). In this long-wavelength approximation, local equilibrium then demands that
L T ≡ 1/ε � 1.

To keep the discussion and formulas as clean as possible, we will restrict attention to
the simplest case of uncharged conformal fluid on four-dimensional Minkowski spacetime
R3,1 (though when sufficiently compact, we will quote the d-dimensional results).28 Several
generalizations to this setup will be mentioned in Section 5.4. For basic details on fluid
dynamics we refer the reader to [122]. Relativistic fluids are described in [123], aspects of
the fluid/gravity correspondence are reviewed in [20, 21], and applications of relativistic
fluids to heavy-ion collisions are in [124].

Before proceeding, we make few remarks on notation: the bulk metric will be denoted
by gMN with the capital Latin indices taking values over the d + 1 bulk dimensions; we will
separate the coordinates into the radial coordinate r and the remaining “boundary coordi-
nates” xμ, where the μ index ranges over the d boundary directions (which includes time).
The stress tensor in the boundary theory is denoted by Tμν, and in writing its conservation
(∇μTμν = 0), the ∇μ is the covariant derivative with respect to the boundary metric ημν.29

5.1. Background

We begin with a brief review of conformal fluid dynamics, proceed to discuss the dual
gravitational solutions, and then motivate the construction of the explicit mapping between
them.



38 Advances in High Energy Physics

5.1.1. Conformal Fluid Dynamics

A conformal fluid is characterized by a traceless symmetric stress tensor, which in d
spacetime dimensions has d(d+1)/2−1 degrees of freedom, along with a collection of charge
currents (which for simplicity we have set to zero). In a fluid dynamical characterization
of the same system, the number of basic degrees of freedom is drastically reduced. The
conformal invariance fixes the equation of state, thereby determining the pressure in terms
of the energy density, which can in turn be expressed in terms of the temperature. Hence
the basic variables are the local temperature T(x) and velocity uμ(x) (unitnormalized so that
uμu

μ = −1), which constitute just d degrees of freedom.
The equations of fluid dynamics are then simply the equations of local conservation of

the stress tensor (as well as the charge currents in more general situations), supplemented
by constitutive relations that express these currents as functions of the fluid dynamical
variables. As fluid dynamics is a long wavelength effective theory, such constitutive relations
are usually specified in a derivative expansion, like in any effective field theory. At any given
order, thermodynamics plus symmetries determine the form of this expansion up to a finite
number of undetermined coefficients. In general, the coefficients can be obtained either from
measurements or from microscopic computations. However, as we will see, in the present
framework these coefficients are fully determined by the gravity side (which in a sense knows
about the microscopics of the boundary field theory).

Purely based on the symmetries, we can then write down an expression for the stress
tensor of a d-dimensional conformal fluid, which is a local functional of the temperature and
velocity fields:

Tμν = αTd
(
ημν + duμuν

)
+ πμν

dissipative. (5.1)

The first two terms describe the ideal conformal fluid stress tensor, while π
μν

dissipative
incorporates all the dissipative terms. α here sets the overall normalization of the stress tensor.
As variations of T(x) and uμ(x) are small, we can expand πμν in a derivative expansion
∂μ ≡ ∂/∂xμ in the boundary directions; the leading term will turn out to be proportional to the
shear viscosity. The dynamical content of the fluid equations is encoded in the conservation
of the stress tensor

∇μTμν = 0. (5.2)

Fluid dynamics viewed in this derivative expansion constructs an effective field theory for
the slowly varying modes T(x) and uμ(x), analogously to the chiral Lagrangian for pions.

In general, one should write down all possible terms at a given order in the
derivative expansion consistent with the symmetries of the problem (and modulo lower-
order conservation equations). There are scalar functions of the thermodynamic variables
multiplying these operators: these are the transport coefficients. For instance, we have
indicated in (5.1) the explicit terms occurring at the zeroth-order (the ideal fluid terms). At
the next order, there is one term for a conformal fluid (proportional to the shear viscosity)
while a nonconformal fluid would have two. At higher orders we get more terms; a
discussion of terms allowed at second-order was first undertaken in [71] in four dimensions
and higher-dimensional conformal fluids were discussed in [125, 126] and a nice account
of nonconformal fluids can be found in [127]. We should note that conformal fluids are
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especially simple, as Weyl covariance provides a very useful tool to classify the possible
terms in the fluid stress tensor. Using a manifestly Weyl-covariant formalism [128], many
of the expressions derived in [18] are simplified. We refer the reader to [126] for compact
expressions in diverse dimensions.

5.1.2. Gravity in the Bulk

We now turn to the gravitational solutions in asymptotical AdS spacetime. Motivated by
the AdS/CFT correspondence, we will consider two-derivative theories of gravity with an
AdSd+1 “vacuum”, such as the IIB SUGRA on AdS5 × S5. As mentioned in Section 2.1, the
solution space has a universal subsector, pure gravity with negative cosmological constant,
for which the bulk field equations are simply Einstein’s equations,

EMN ≡ RMN −
1
2
RgMN + ΛgMN = 0. (5.3)

(Note that taking RAdS = 1 sets Λ = −6 in five dimensions.) We will focus on this subsector
in the long-wavelength limit. Apart from the pure AdS5 solution, there is a 4-parameter
family of solutions representing asymptotically-AdS5 boosted planar black holes. We will use
these solutions to construct general dynamical spacetimes characterized by fluid-dynamical
configurations.

Roughly speaking, the fluid/gravity construction may be thought of as a “collective
coordinate method” for black hole horizons. Recall that the isometry group of AdS5 is
SO(4, 2). The Poincare algebra plus dilatations form a distinguished subalgebra of this group
(one that preserves the boundary). Out of these, the SO(3) rotations and translations in world
volume R3,1 leave the static planar AdS black hole invariant, but the remaining symmetry
generators, dilatations and boosts, act nontrivially on this solution, generating a 4-parameter
family of boosted planar black holes, parameterized by the temperature T and the velocity uμ

of the brane. The construction effectively promotes these parameters to Goldstone fields (or
collective coordinate fields) T(x) and uμ(x), and determines their dynamics, order by order
in the boundary derivative expansion. Note that this is distinct from linearization: we make
no assumptions about the amplitudes of these slow variations.

5.1.3. The Fluid/Gravity Map

Before proceeding to sketch the construction in more detail, we pause to stress an
important point in mapping these long-wavelength gravity solutions to corresponding fluid
configurations. A well-known procedure of holographic renormalization (see, e.g., [34, 129])
links the boundary stress tensor to the behaviour of the bulk metric near the AdS boundary.
Given any asymptotical AdS spacetime, we can readoff the induced stress tensor on the
boundary, since the latter is related to the normalizable modes of the gravitational field
in AdS. In particular, expanding the bulk metric in the Fefferman-Graham form near the
boundary z = 0,

ds2 =
dz2 +

(
ημν + αzdTμν

)
dwμdwν

z2
, (5.4)
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the stress tensor is simply given by Tμν. Conversely, given a boundary stress tensor, there is
a procedure to holographically reconstruct the bulk metric in a radial expansion around the
boundary.

Naively, this might seem puzzling: as mentioned above, a conformally invariant stress
tensor in d dimensions has d(d+1)/2−1 degrees of freedom. If any such stress tensor yielded
a regular bulk spacetime, we would have a discrepancy between the fluid side which has only
d degrees of freedom and whose dynamics is correspondingly specified by only d equations
and the gravity side that would seemingly allow more degrees of freedom. In other words,
passing from a generic quantum conformal field theory stress tensor to the stress tensor of its
effective description in terms of fluid dynamics constitutes a drastic reduction in the number
of degrees of freedom required to specify the spacetime. How is this manifested in the bulk?
The answer lies in regularity. As a series expansion around the boundary, the holographic
reconstruction cannot guarantee that the metric does not become nakedly singular at some
finite radial value in the bulk. In fact, for a generic stress tensor it will. The fluid/gravity
construction demonstrates that the regular solutions are given precisely by such stress tensors
which are fluid dynamical. Moreover, we claim that the gravity solutions thus constructed are
the most general regular long-wavelength30 solutions to Einstein’s equations with negative
cosmological constant. They typically correspond to deformed and dynamical black holes;
that is, the solutions admit a regular event horizon which shields a curvature singularity.

The heuristic picture of a generic evolution, on the two sides of the fluid/gravity
correspondence, is as follows. Suppose we start with some generic high energy initial
conditions. On the CFT side, the system quickly settles down to local thermodynamic
equilibrium, whose bulk dual is described by a dynamical, nonuniform (planar) black
hole. On both sides, such configuration is described by local velocity and temperature
fields which exhibit slow variation in the boundary directions. The subsequent evolution is
described by equations of fluid dynamics on the boundary, which originate from Einstein’s
equations governing the bulk evolution. Finally, at late times, the system relaxes to global
thermal equilibrium, given by a stationary state parameterized by a constant temperature
and velocity. In the bulk, this is one of the well-known stationary solutions describing a planar
black hole in AdS mentioned in the previous subsection and given explicitly below.

The fluid/gravity construction specifically utilizes the fact that fluid dynamics is a
long-wavelength effective theory. One writes Einstein’s equations as a perturbative expansion
in boundary derivatives (however keeping the exact radial dependence) to emphasize the
expansion at small momenta. This allows us to solve the equations order by order in this
boundary derivative expansion. In turns out that Einstein’s equations at a given order
implement the fluid stress tensor conservation equations at lower-order. Therefore, order by
order, we can use the lower-order fluid dynamical solution to construct the bulk metric and
then read off the corrected fluid dynamical stress tensor. In [18], the boundary stress tensor
Tμν and corresponding bulk metric gMN were constructed to second-order in the boundary
derivative expansion. This yields a map between fluid dynamics and gravity, which we now
proceed to sketch in more detail.

5.2. Iterative Construction of Bulk Metric and Boundary Stress Tensor

The iterative procedure starts with the zeroth-order configuration, corresponding to the
global equilibrium, given in (2.13). As will shortly become clear we will implement a
perturbation expansion about this solution. In order for perturbation theory to make sense, it
is important that we start with a seed metric in manifestly regular coordinates.
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A general fluid configuration in local, but not global, equilibrium can be described
by promoting the 4 parameters T and uμ to physical fields dependent on the boundary
coordinates xμ, that is, to T(x) and uμ(x). If these fields vary slowly compared to the
microscopic scale �mfp, that is, if

∂μ log T
T

∼ O(ε),
∂μu

T
∼ O(ε) (5.5)

for small ε, the fluid configuration still satisfies the conditions of local equilibrium. In each
local domain of slow variation, which we refer to as tube, the bulk gravitational solution
is approximately that of a uniform black brane. Remarkably, the bulk solution can be
constructed by patching together these tubular domains! Of course, if we just replace uμ and
T in the metric (2.13) by T(x) and uμ(x), the resulting metric (call it g(0)

MN) will no longer solve
Einstein’s equations (5.3). Instead, the metric g(0)

MN will need to be corrected by higher-order
piece (g(1)

MN , etc.), which we can obtain iteratively as an expansion in ε. We will find that the
resulting corrected metric can be constructed systematically to any desired order and is valid
well inside the event horizon, thus allowing verification of its regularity. It is worthwhile
to stress that the success of such a procedure rests on the fact the our seed metric g(0)

MN is
manifestly regular on the horizon, since otherwise the expansion would break down near the
coordinate singularity at horizon.

To implement the construction algebraically, we express the line element in a boundary
derivative expansion of the fields uμ(x) and T(x) and use ε as a book-keeping parameter
(counting the number of xμ derivatives):

gMN =
∞∑
k=0

εkg
(k)
MN, T =

∞∑
k=0

εkT (k), uμ =
∞∑
k=0

εku
(k)
μ . (5.6)

The term g
(k)
MN corrects the metric at the kth order, such that Einstein’s equations will be

satisfied to O(εk) provided the functions T(x) and uμ(x) obey a certain set of equations of
motion, which turn out to be precisely the stress tensor conservation equations of boundary
fluid dynamics at O(εk−1).

Specifically, we can obtain the equations for g(k)
MN by substituting the expansion (5.6)

into Einstein’s equations (5.3), and extracting the coefficient of O(εk). Schematically, these
take the form

H
[
g(0)

(
u
(0)
μ , T (0)

)]
g(k)(xμ) = sk, (5.7)

where H is a second-order linear differential operator in the variable r alone and sk are
regular source terms which are built out of g(n) with n ≤ k − 1. Since g(k)(xμ) is already
of O(εk), and since every boundary derivative appears with an additional power of ε, H is
an ultralocal operator in the field theory directions. Moreover, at a given xμ, the precise form
of this operatorH depends only on the local values of T and uμ but not on their derivatives
at xμ. Furthermore, the operator H is independent of k; we have the same homogeneous
operator at every order in perturbation theory. This allows us to find an explicit solution of
(5.7) systematically at any order. The source term sk, however, gets more complicated with
each order, and reflects the nonlinear nature of the theory.
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Bit more explicitly, the equations of motion split up into two kinds: constraint
equations, Erμ = 0, which implement stress-tensor conservation (at one lower-order), and
dynamical equations Eμν = 0 and Err = 0 which allow determination of g(k). We solve the
dynamical equations

g(k) = particular(sk) + homogeneous(H) (5.8)

subject to regularity in the interior and asymptotical AdS boundary conditions. Using the
rotational symmetry group of the seed solution (2.13), it turns out to be possible to make a
judicious choice of variables such that the operatorH is converted into a decoupled system
of first-order differential operators. It is then simple to solve (5.7) for an arbitrary source sk
by direct integration. For the details of the procedure, discussion of convenient gauge choice,
and so forth, we refer the reader to the original work [18] or the review [20].

Instead, here we simply quote the result for the bulk metric and boundary stress tensor,
corrected to first-order in ε. To first-order the bulk metric takes the form

ds2 = −2 uμdxμdr + r2
(
ημν +

[
1 − f

(
r

πT

)]
uμuν

)
dxμdxν

+ 2r
[
r

πT
F

(
r

πT

)
σμν +

1
3
uμuν∂λu

λ − (1/2)uλ∂λ
(
uνuμ

)]
dxμdxν,

(5.9)

where T(x) and uμ(x) are any slowly varying functions which satisfy the conservation
equation (5.2) for the zeroth-order ideal fluid stress tensor (2.17), the function F(r) is given
by

F(r) ≡
∫∞
r

dx
x2 + x + 1

x(x + 1)(x2 + 1)
=

1
4

[
ln

(
(1 + r)2(1 + r2)

r4

)
− 2 arctan(r) + π

]
, (5.10)

and σμν is the transverse traceless symmetric part of ∂μuν called shear, that is,

σμν = PμαPνβ∂(αuβ) −
1
3
Pμν∂αu

α. (5.11)

Note that the first line of (5.9) is simply the zeroth-order (boundary-derivative-free) solution
(2.13), whereas each of the terms in the second line has exactly one boundary derivative.31

The induced fluid stress tensor on the boundary, which can be easily obtained32 from
the bulk metric (5.9), is given by

Tμν = π4T4(4uμuν + ημν
)
− 2 π3T3σμν. (5.12)

Here the first two (derivative-free) terms describe a perfect fluid with pressure (or negative
free energy density) π4T4 and correspondingly (using thermodynamics) entropy density s =
4π4T3. The shear viscosity η of this fluid may be read off from the coefficient of σμν and is
given by π3T3. Notice that η/s = 1/(4π), in agreement with the well-known result of [130].
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5.3. Solution at Second Order

In the previous section we have illustrated at first-order how the iterative procedure can
be implemented (in principle systematically to any order) to construct a generic long-
wavelength solution. Such a procedure was carried out in [18], where the bulk metric and
boundary stress tensor were calculated explicitly to second-order in the boundary derivative
expansion. In this section we will discuss the new physics which can be extracted from such
a construction.

Note that already at first-order, the bulk metric (5.9) was a much lengthier expression
than the boundary stress tensor (5.12). This remains true in general; in fact, already at second-
order the expression for the metric is far too unwieldy to write down here. In the following
subsections, we will therefore only write the second-order boundary stress tensor explicitly
but indicate the bulk metric only schematically.

5.3.1. The 4-Dimensional Conformal Fluid from AdS5

The second-order stress tensor obtained from the gravity analysis is best expressed in terms
of Weyl invariant operators. To do so it is useful to classify all the operators which are Weyl
invariant at various orders in the derivative expansion. At first two orders in derivatives the
set of symmetric traceless tensors which transform homogeneously under Weyl rescalings
are given to be33

first order: σμν

second order: T
μν

1 = 2uα Dασμν, T
μν

2 = Cμανβu
αuβ,

T
μν

3 = 4σα〈μσν〉α , T
μν

4 = 2σα〈μων〉
α, T

μν

5 = ωα〈μω
ν〉
α,

(5.13)

where we have introduced a notation for the second derivative operators which will be
useful to write compact expressions for the stress tensor below. The quantities involved in
the operators above are constructed from the velocity derivatives, such as the acceleration aμ,
shear σμν, and so forth. These quantities are defined using the decomposition of the 4-velocity
gradient ∇νuμ into transverse, traceless and trace parts,

∇νuμ = −aμuν + σμν +ωμν +
1
3
θPμν, (5.14)

where expansion, acceleration, and vorticity, are respectively defined as:

θ = ∇μuμ, aμ = uν∇νuμ, ωνμ = PμαPνβ∇[αuβ]. (5.15)

In addition in four spacetime dimensions we also have the “curl” of the velocity field

lμ = uαεαβγμ∇βuγ . (5.16)
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Armed with this data, we can immediately write down the general contribution to the
stress tensor as

Πμν

(1) = −2ησμν

Πμν

(2) = τπηT
μν

1 + κT
μν

2 + λ1T
μν

3 + λ2T
μν

4 + λ3T
μν

5 .
(5.17)

There are therefore six transport coefficients η, τπ , κ, and λi for i = {1, 2, 3}, which characterize
the flow of a nonlinear viscous fluid.

For a fluid with holographic dual using the result of the gravitation solution (the
procedure to construct which is described in Section 5.2) one finds explicit values for the
transport coefficients. In particular, for theN = 4 SYM fluid one has34 [18, 71]

η =
N2

8π
(πT)3 =⇒

η

s
=

1
4π

,

τπ =
2 − ln 2

2πT
, κ =

η

πT
,

λ1 =
η

2πT
, λ2 =

η ln 2
πT

, λ3 = 0,

(5.18)

where in the first line we have used the standard entropy density for thermal N = 4 SYM
at strong coupling s = (π3/2)N2T3 to exhibit the famous ratio of shear viscosity to entropy
density [13].

So far we have only discussed the behaviour of four-dimensional relativistic fluids
which have bulk duals as asymptotical AdS5 black hole spacetimes. The story is readily
generalized to other dimensions d ≥ 3. The general analysis of AdSd+1 that is carried out
in [125, 126] in fact allows us to write down the transport coefficients described above in
arbitrary dimensions in nice closed form.35 The transport coefficients for conformal fluids in
d-dimensional boundary Bd are

η =
1

16πG(d+1)
N

(
4π
d
T

)d−1

=⇒
η

s
=

1
4π

,

τπ =
d

4πT

[
1 +

1
d

Harmonic
(

2
d
− 1

)]
, κ =

d

2π(d − 2)
η

T
,

λ1 =
d

8π
η

T
, λ2 =

1
2π

Harmonic
(

2
d
− 1

)
η

T
, λ3 = 0,

(5.19)

where Harmonic(x) is the harmonic number function.36

5.3.2. The Spacetime Geometry Dual to Fluids

Let us now turn to discuss the bulk geometry obtained at the second-order in boundary
derivative expansion (whose first-order part is given by (5.9)). As mentioned previously, this
bulk solution is “tubewise” approximated by a planar black hole. This means that in each
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Figure 4: The causal structure of the spacetimes dual to fluid mechanics illustrating the tube structure. The
dashed line denotes the future event horizon H+ generated by ξA, while the shaded tube indicates the
region of spacetime over which the solution is well approximated by a tube of the uniform black brane.

tube, defined by a small neighborhood of given xμ, but fully extended in the radial direction
r, the radial dependence of the metric is approximately that of a boosted planar black hole at
some temperature T and horizon velocity uμ. These parameters vary from one position xμ to
another in a manner consistent with fluid dynamics. Our choice of coordinates is such that
each tube extends along an ingoing radial null geodesic; see Figure 4. Apart from technical
advantages, this is conceptually rather pleasing, since it suggests a mapping between the
boundary and the bulk which is natural from causality considerations.

It is worth stressing that although we refer to the metric written in (5.9) and its second-
order extension presented in [18] as “a solution” in the singular form rather than the plural,
these expressions actually correspond to not just a single solution or even a finite family
of solutions, but rather a continuously infinite family of solutions, specified by the four
functions T(x) and uμ(x) of four variables. The flip side of the coin is that while very general,
such a metric is not fully explicit: in order to be so, we need to use a given solution to fluid
dynamics as input.

However, even in the absence of the explicit functional dependence of T(x) and uμ(x),
it is possible to extract certain salient features of any such geometry. The most important
feature of our geometry is the presence of an event horizon. In [131] we have demonstrated
explicitly that the event horizon is regular, and determined its location in terms of the
functions T(x) and uμ(x). Here we only schematically motivate these results. Intriguingly,
it turns out that the location of the event horizon rH(xμ) in the bulk is determined locally by
the fluid dynamical data at a point xμ (within the derivative expansion), rather than globally
as usual in general relativity.

To motivate this physically, within each tube characterized by a given xμ, the position
of the horizon is approximately at rH ≈ π T corresponding to that tube. Since T varies as
a function of xμ, so will the horizon position rH(xμ). In the corrected solution, the surface
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r = π T(x) is not the event horizon (e.g., it is not a null surface in general), but if the variation
T(x) is slow, the deviation from the true event horizon is likewise small.

One can determine the position of the event horizon within our perturbation scheme
using the fact that the solution settles down at late times to a uniformly boosted planar black
hole. In particular, if we expand the horizon location as a series in boundary derivatives,
tagged as before by ε,

r = rH(x) = πT(x) +
∞∑
k=1

εkr(k)(x), (5.20)

then the coefficient functions r(k)(x) are determined algebraically by demanding that the
surface given by r = rH(x) be null.

A very simple toy model which captures the gist of this argument is given by a time-
dependent but spherically symmetric black hole, the Vaidya spacetime

ds2 = −
(

1 − 2m(v)
r

)
dv2 + 2dv dr + r2dΩ2. (5.21)

This metric describes a four-dimensional asymptotically flat black hole accreting null dust,
so that the mass m(v) increases with time. Assuming that at late times the black hole settles
down to Schwarzschild, m(v) → mf as v → ∞, and denoting the location of event horizon
by r = rH(v), we can find its position by demanding that it describes the null surface which at
late times approaches the correct event horizon rH → 2mF as v → ∞. Note that the normal n
to a null surface will be simultaneously tangent to that surface and likewise null. For Vaidya,
the normal 1-form n = dr − ṙ dv (where ·≡d/dv) is null when

rH(v) = 2m(v) + 2rH(v)ṙH(v). (5.22)

Of course, the exact solution to this equation yields the horizon rH(v) nonlocally in terms of
m(v), requiring the knowledge of m(v) for all v < ∞. However, when m(v) varies slowly,
so that ṁ = O(ε), mm̈ = O(ε2), and so forth, we can determine this location in terms of an ε
expansion. For the ansatz

rH(v) = 2m(v) + am(v)ṁ(v) + bm(v)ṁ(v)2 + cm(v)2m̈(v) + · · · (5.23)

this expansion gives a = 8, b = 64, c = 32, . . . . This toy model illustrates that in spite of the
event horizon being defined globally (as the boundary of the causal past of the future null
infinity) and therefore requiring knowledge of the mass m(v) for all time v < ∞, for slowly
varyingm(v) we can nevertheless express rH(v0) solely in terms ofm its derivatives at v = v0.

Returning to the problem of interest, we can similarly locate the event horizon rH(xμ)
in our dynamical nonuniform planar black hole geometry in terms of T , uμ, and all their
derivatives, at the given point xμ. At first-order, the position of the horizon is unchanged,
whereas at second-order it is corrected by terms which scale with square of the shear and
vorticity (see [20, 131] for explicit expressions.)

Once we identify the position of the event horizon in our geometry, it is easy to check
that this horizon is regular. In fact, our construction manifestly guarantees regularity: the
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only curvature singularity of the seed metric is at r = 0, and the source terms which appear in
correcting the metric order by order do not introduce any additional singularities. The final
issue to check is the regime of validity of our expansion, and this can be seen to extend well
inside the event horizon.

Therefore we have an explicit one-to-one map relating conformal fluid configurations
on R3,1 to asymptotical AdS5 inhomogeneous black brane solutions having regular event
horizons. This is a remarkable statement about gravity, suggesting that fluid dynamical
configurations within the AdS/CFT correspondence naturally uphold Cosmic Censorship.

To extract further physics from the position of the event horizon, let us consider the
proper area of its spatial slices. By the second law of black hole mechanics, the horizon area
cannot decrease with time, or equivalently, the expansion of the horizon generators must
be nonnegative. A well-known identification with thermodynamics translates this statement
to that of the entropy increasing, or more locally, the entropy current having nonnegative
divergence. Having obtained the event horizon for our geometry explicitly in terms of the
metric functions uμ(x) and T(x), we can verify these statements and identify the entropy
current naturally induced on the boundary.

To obtain the boundary entropy current JμS from the bulk geometry, we can pull back
the area form A on the event horizon to the boundary. We perform this pull-back along a tube
of constant xμ, that is, along ingoing radial null geodesics. This yields the expression

(
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μ
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[
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)]
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with b ≡ 1/πT and

A1 =
1
4
+
π

16
+

ln 2
4
, A2 = −1

8
, A3 =

1
8
,

B1 =
1
4
, B2 =

1
2
, C1 = C2 = 0

(5.25)

which can be easily verified to have nonnegative divergence. At leading order, the divergence
is proportional to σμνσμν which is manifestly positive for any non-zero shear. In case of zero
shear, the relations B1 = 2A3 and C1 + C2 = 0 guarantee nonnegativity. We can readily see
that these relations are indeed satisfied for the entropy current given by our gravity dual
construction, (5.25).

Expression (5.24) was written suggestively in a most general form yielding a Weyl-
covariant entropy current for any set of constant coefficients Ai, Bi, Ci. In general, to the
order we work, the seven coefficients get reduced to five independent ones allowing for
Weyl-covariant entropy current with nonnegative divergence. From the field theory side, this
would therefore suggest a 5-parameter ambiguity in constructing a sensible entropy current,
purely based on the symmetries and the requirement that it correctly reproduces equilibrium
physics. This is at first sight puzzling, since our gravity construction seemingly fixed all
these parameters. In fact, this was not quite the case: there is still an ambiguity even on the
gravity side, corresponding to the freedom to add total derivative terms without changing the
horizon area, and the pull-back being ambiguous to boundary diffeomorphisms. However, at
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second-order this results in a 2-parameter ambiguity for Weyl-covariant current with positive
divergence, so that some mismatch remains.37

5.4. Generalizations

The simple analysis presented above was carried out in [18], but this was quickly generalized
in a number of interesting directions. Here we list some of the most important ones.

(i) One of the earliest such generalizations involved extending the correspondence
to other dimensions, relating a d-dimensional conformal fluid to asymptotical
AdSd+1 black hole (see [132] for the interesting case of d = 3 and [125, 126] for
general38 d). This was already mentioned in Section 5.3.1 (cf. (5.19)); here we collect
the result in more convenient form. The most general analysis is presented by
the authors of [126] who give the second-order stress tensor (and corresponding
transport coefficients), the dual bulk metric along with its event horizon and the
corresponding entropy current for these fluid flows, for a fluid on slowly-varying
curved background; see below. In particular, [126] gives the stress tensor on the d-
dimensional boundary metric gμν in a very elegant (and manifestly Weyl-covariant)
form:

Tμν = p
(
gμν + duμuν

)
− 2ησμν

− 2ητω
[
uλDλσμν +ωμ

λσλν +ων
λσμλ

]

+ 2ηb

[
uλDλσμν + σμλσλν −

σαβσ
αβ

d − 1
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αuβ
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where the pressure p depends on the temperature T and the viscosity of the fluid
η depends on the entropy density s in the usual manner, τω denotes a particular
second-order transport coefficient of the fluid, and σμν and ωμν are the shear and
the vorticity as before. Cμναβ is the Weyl tensor for the metric gμν in which the fluid
lives and Dλ is the Weyl-covariant derivative.

One rather intriguing aspect is the striking difference between the phenomenology
of turbulent flows in 3 + 1 and 2 + 1 dimensions, as pointed out in [132]. In the 3 + 1
dimensional turbulent energy cascade, large-scale eddies give rise to smaller scale
eddies, eventually transferring energy down to scales where viscosity becomes
important and energy is dissipated. In contrast, the 2 + 1-dimensional turbulent
flows are characterized by an “inverse cascade,” in which smaller-scale eddies
merge into large-scale eddies, creating large long-lived vortical structures. If these
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qualitative differences extend to relativistic fluids, they would suggest a profound
difference in gravitational dynamics between four- and five-dimensional gravity.
In particular, we might predict that black holes in AdS4 would take much longer
to equilibrate owing to the fact that the fluctuations on the horizon could coalesce
in macroscopic structures. From the gravitational standpoint, this would certainly
seem very surprising and counterintuitive.

(ii) AdS/CFT, and in particular the fluid/gravity correspondence, extends to bulk
spacetimes which are not just asymptotical AdS but also those which are only locally
asymptotical AdS, in particular, those which asymptote to

ds2 =
1
z2

[
dz2 + ds2

bdy

]
, (5.28)

where the 4-dimensional boundary metric ds2
bdy can be any desired slowly-varying

metric. Hence we can consider fluids on curved (and not only conformally flat)
manifolds, rather than just the Minkowski spacetime Rd−1,1, as has been initiated in
[133] and carried out to arbitrary dimensions in [126]. It should still remain true
that such solutions39 give a universal subsector of CFTs on this curved background,
with the dynamics given simply by the covariant form of the generalized Navier-
Stokes equations on ds2

bdy. As a simple example, [133] (in d = 4) and [126] (for
general d) consider the explicitly known case of rotating AdS black hole (which is
asymptotically global AdSd+1) which describes a rigid fluid flow on Sd−1 × R (see
also [134]), confirming the general construction indicated above.

(iii) In addition, one can include matter in the bulk. This allows for richer dynamics, but
typically at the expense of losing universality. Early examples of such extensions
include considering the dilaton (which corresponds to forcing of the fluid) in [133].

(iv) More involved generalizations of the fluid/gravity correspondence with extra
matter fields include Maxwell U(1) field [135, 136], multiple Maxwell fields, and
scalars, magnetic, and dyonic charges, as well as more exotic models such as those
relevant for holographic superfluids [137] (see, e.g., [20] for further references).

(v) Moreover, one can even extend the correspondence to nonconformal fluids [138,
139] as well as to nonrelativistic fluids [140, 141], which allows us to make closer
contact with familiar everyday systems.

(vi) Stringy (1/λ) and quantum (1/N) corrections to some of the transport coefficients
have been computed in [142–147].

Nevertheless, many future directions and puzzles remain, as well as the need for
further generalizations. For example, of particular current interest is to understand the
fluid/gravity correspondence for extremal fluids which are presently attracting much
attention. Also, to mimic many of the familiar aspects of fluid flows, we need to understand
how to confine the fluid within walls in the gravity dual. Still more ambitiously, to understand
the rich phenomena rooted in quantum processes, we would like to get a better handle on
finite-N effects.

To summarize, one of the most intriguing features of the fluid/gravity correspondence
is that it provides us with a window into the generic behavior of gravity in a nonlinear regime,
mapping long-wavelength (but arbitrary amplitude) perturbations of AdS black holes to
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the more familiar physics of fluid dynamics. Apart from the obvious conceptual advantages,
one has a tremendous computational simplification for numerical studies of gravitational
solutions since the fluid dynamics lives in one lower dimension.

The bulk spacetime solutions discussed here describe a generic (time-dependent
and nonuniform) planar black hole. Each of these solutions (with regular fluid data T(x)
and uμ(x)) has its singularities hidden from the boundary by a regular event horizon. In
this sense, all gravitational solutions dual to regular solutions of fluid dynamics uphold
the cosmic censorship conjecture. At the technical level, the key to the fluid/gravity
construction lies in utilizing the long-wavelength regime of fluid dynamics. This allows
effectively a linearization of Einstein’s equations in that one ends up solving linear ordinary
differential equations to solve for the bulk metric, and corresponding boundary stress
tensor, to any order in a boundary derivative expansion in a completely procedural manner.
Furthermore, having obtained the bulk geometry, this expansion likewise enables us to
determine the radial position of its event horizon, remarkably expressed locally in terms of
the fluid dynamical data. One can then easily verify that the area of this event horizon is
necessarily nondecreasing, in accordance with the Area Theorem. The corresponding entropy
current induced from the bulk solution is then guaranteed to satisfy the Second Law of
thermodynamics.

The boundary fluid stress tensor contains new quantities of interest, namely the
various transport coefficients which characterize the fluid. At first-order one recovers the
previously-known value of viscosity and verifies that η/s = 1/4π . More importantly, the
construction allows the extraction of second-order fluid parameters (τπ, λ1, λ2, λ3) (see also
[71]). This has been of interest in QCD phenomenology, especially in understanding certain
characteristic features of the quark-gluon plasma.

6. Beyond Long-Wavelength Approximation

While impressively powerful, the fluid/gravity correspondence as formulated is only valid
in the long-wavelength regime. Albeit useful to study gravitational duals of fluid flows, it
falls short of describing more interesting aspects of dynamics, namely, the approach to local
equilibrium and the behaviour of general fluctuations which are not necessarily of long-
wavelength. Likewise, from the bulk point of view, the long-wavelength regime does pose
a substantial restriction, in the sense that many “natural” bulk solutions do not fall in this
regime.

The simplest example is the static spherically symmetric Schwarzschild-AdS black
hole in global AdS, whose radius is larger, but not parametrically larger, than the AdS radius,
r+ � RAdS. Such large(ish) global Schwarzschild-AdS black hole does not fall within the long-
wavelength regime because the boundary curvature is comparable to the thermal scale (for
instance the term proportional to the Weyl tensor in (5.26) obviates the expansion). However,
this is a regular solution, admissible from the point of field theory, describing simply an
equilibrated plasma on the boundary sphere. Furthermore, one expects (assuming cosmic
censorship) that this solution actually captures the end-point of a generic collapse scenario
in AdS for initial data whose energies are in the appropriate range. This then suggests that
the dual state in the CFT is not described by a fluid stress tensor in spite of being globally
equilibrated and exhibiting no spatial variations!

One would therefore like to understand the generic situation where perturbations take
us away from hydrodynamic equilibrium, involving excitations of high-frequency modes.
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A related question of interest concerns the evolution of a highly excited state in a quantum
system. Consider preparing a quantum state, with a large vacuum expectation value for
the Hamiltonian operator, which is not an energy eigenstate, as can be done for instance
by injecting energy into the system. One expects this state to explore the available phase
space and evolve dynamically to a thermal density matrix, in the sense that the late time
observables are thermal expectation values. In such situations one would like to track the
evolution of such a state.40 From the bulk standpoint this evolution should be associated with
the formation of a black hole, and questions like the approach to equilibrium and validity
of hydrodynamics can be addressed once the solution is understood. To summarize our
motivation, we would like to move away from the axes in Figure 1 and explore the region
of arbitrary amplitudes and momenta.

In this section we will review various works that have addressed these issues. While
most of the techniques for investigating the general evolution involve numerical simulation
(we are in the nonlinear regime with no control parameter generically), there are some
interesting examples where analytic techniques can be brought to bear. We will begin by
describing simple toy models which allow detailed exploration of time dependence and
then discuss some concrete attempts to study black hole formation in the AdS/CFT context.
Towards the end we revert back to the story of equilibrium dynamics, but for field theories
in curved spacetime.

6.1. CFTs with Strong Time Dependence

We have seen above that even innocuous static configurations can lie outside the long-
wavelength regime, by virtue of living on a compact space. However, of greater interest
in the present setting are configurations exhibiting explicit time dependence, which are
typically outside the long-wavelength regime. This is because a typical dynamical process
involving a black hole (such as its formation or coalescence and quasinormal ringing) occurs
on time scales set by the black hole size, which in the regime of interest is given by the
thermal scale, rather than being parametrically longer. Nevertheless, there are interesting
and important physical processes which may be at least partially understood from the
fluid/gravity framework. In the following discussion, we will first consider systems with
“mock” time dependence given by simply considering a static configuration in different
coordinates and then discuss several configurations which are genuinely time-evolving. We
will see that even the first, seemingly rather trivial, class offers intriguing surprises.

6.1.1. Mock Time Dependence with Evolving Event Horizon

One of the simplest examples of a secretly static configuration which nevertheless provides
an instructive toy model for a time-dependent scenario is given by the conformal soliton
geometry originally introduced in [148] and then studied extensively in [149]. The spacetime
in question is simply a patch of the well-known Schwarzschild-AdS black hole; so the explicit
metric is known exactly and admits a high degree of symmetry. Nevertheless, if we work in
a coordinate system such that the field theory lives on flat space R3,1 rather than the Einstein
Static Universe S3 × R1, which corresponds to considering only a “Poincaré patch” of the
Schwarzschild-AdS black hole, the time translation symmetry is no longer manifest, and
the solution looks highly dynamical. Pictorially, it describes a black hole entering through
the past Poincaré horizon and exiting through the future Poincaré horizon, with its closest
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Figure 5: Conformal soliton energy density (a) and dual geometry (b). On the left, T00(t, r) is plotted as
a function of boundary time t and boundary radial variable r. On the right, the outer cylinder represents
the AdS boundary, the inner (red) cylinder corresponds to the global Schwarzschild-AdS event horizon,
which coincides with the apparent horizon of the conformal soliton, whereas the flared (blue) surface is
the actual event horizon.

approach to the boundary occurring at t = 0 (Poincaré time). In the boundary CFT, this
corresponds to a finite energy lump which collapses and reexpands in a time-symmetric
fashion (cf. the left panel of Figure 5). Here the fluid dynamical approximation is not valid at
all times, but because this fluid flow is conformal to a stationary fluid on the Einstein static
universe, the stress tensor is shear-free; that is, there is no dissipation in this fluid flow.

Nevertheless, the event horizon in this case is rather interesting. Since our coordinate
patch includes only part of the future infinity of the global Schwarzschild-AdS, the
actual event horizon for the conformal soliton lies outside the global event horizon of
Schwarzschild-AdS. For orientation, the event horizon for both global Schwarzschild-AdS
and the conformal soliton is plotted in the right panel of Figure 5. In fact, [149] observed that
the area of this conformal soliton event horizon diverges at late times. This surprising result
led to a puzzle: if we associate the entropy of the corresponding CFT conformal soliton state
to the area of the conformal soliton event horizon, as is usually assumed to be the case, then
we find that this entropy likewise diverges at late times. But the conformal soliton describes
a shear-free flow, with no entropy production whatsoever. Said differently, it is easy to see
[149] that the conformal transformation from the CFT on S3 × R1 to the CFT on R3,1 leaves
the entropy invariant. But the former describes a perfect fluid in global thermodynamic
equilibrium: its entropy is finite and constant in time.

Already prior to [149], it has been argued in several different contexts [150, 151] that
it may be more appropriate to associate the entropy of the CFT configuration to the area of
the apparent horizon, rather than the event horizon, in the bulk dual. In fact, as explained in
[149], the apparent horizon in Poincaré slicing coincides with the global Schwarzschild-AdS
event horizon, whose area is indeed constant and given by the expected value. Since the event
horizon and the apparent horizon behave radically differently (cf. Figure 5 ), this conformal
soliton geometry provides a good testing ground for studying the distinction between the
two horizons and the role they play for the associated CFT dual. We see that in this case the
CFT entropy is clearly more naturally associated with the apparent horizon rather than the
event horizon.41
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The large disparity between locations of the event and apparent horizons might seem
enigmatic in light of [131], where it was argued that within the fluid dynamic regime, the
event horizon and the apparent horizon track each other closely. The essential difference
between these two contexts is that, in [131], it was assumed that the geometry would settle
down at late times to a stationary finite-temperature black hole. This is not the case for the
conformal soliton geometry. It is precisely these late time boundary conditions that force the
apparent horizon and the event horizon to behave very differently.

This observation might prompt one to expect that if the spacetime does not settle
down at late times, then the entropy will not be given by the event horizon area. However,
we will now briefly mention another example, this time with genuine time dependence,
where this is not the case. In particular, let us consider the holographic dual to Bjorken flow
[152, 153], also studied in [149]. Since Bjorken flow plays a central role in understanding
the postthermalization evolution of the QGP produced in heavy-ion collisions, this is a
more broadly useful example to study. The basic physical picture developed in [154] is that,
assuming local thermal equilibrium, in the central rapidity region of ultrarelativistic collisions
of heavy ions one can model the flow of the plasma via quasi-ideal hydrodynamics. In the
hydrodynamic description, it is assumed that the fluid evolution respects the boost symmetry
along the collision axis. This implies a boost invariant expansion of the fluid, consistent with
the observed distribution of the particles in the collision process.

In [152, 153], the corresponding bulk geometry was constructed as a perturbation
expansion in the boundary time coordinate which is valid at late times. By demanding
regularity of the solution at leading orders, the authors were able to derive the transport
properties of the plasma, in particular the shear viscosity η which saturates the bound
η/s ≥ 1/4π [13] mentioned in Section 4.2. The study of the gravitational dual at higher orders
was undertaken to derive the relaxation time of the plasma in [71, 155]. Although initially the
regularity of the dual spacetime was brought into question as subleading singularities were
encountered [155, 156], this issue was subsequently addressed in [157, 158] where the authors
used the framework of the fluid/gravity correspondence [18] to argue that the spacetime was
indeed regular. Explicit confirmation was provided in [149] by constructing the global event
horizon for these geometries, finding that it is regular and closely tracks the location of the
apparent horizon, as previously computed in [158] and verified in [149].

6.1.2. Black Hole Formation in AdS and Approach to Equilibrium

Having discussed in Section 6.1.1 a simple case where one engineers apparent time
dependence by a nontrivial coordinate change in a static solution, we now turn to recent
discussions of explicit time-dependent phenomena in AdS/CFT. These examples provide a
clean way to understand the deviations from equilibrium and approach to the same from an
arbitrary initial state.

One way to study time-dependent phenomena in AdS/CFT is to start with a system
in the vacuum state and inject in energy at some suitably chosen moment, say t = 0. At early
times t < 0 the system is holographically described by the pure AdS spacetime, while after
the perturbation one needs to solve the bulk Einstein equations in order to infer the nature of
the evolving geometry. The injection of energy can be achieved by perturbing the boundary
Hamiltonian with an explicit insertion of a source at t = 0. In the bulk description, the source
corresponds to a change of boundary conditions for the corresponding field; in effect one has
to turn on nonnormalizable modes for the bulk fields. Equivalently, one can consider sending
in a null shell at t = 0 from the boundary, which deforms the spacetime from pure AdS in
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the interior. In either case we expect to seed a black hole collapse; the energy contained in
the deformation (or in the null shell) will cause a black hole to form in the interior of the
spacetime, which at late times will asymptote to a new steady-state solution.42 A schematic
Penrose diagram of such a process is sketched in Figure 8.

In [151] the first nontrivial such calculation was carried out.43 The idea was to inject
energy into the boundary field theory by changing the boundary metric. Since the boundary
metric couples to the energy-momentum tensor, we are effectively pumping energy into the
system directly. The setup used by [151] was to consider a background for the field theory
which asymptotes to the flat Minkowski background in the far past and far future, but with
different length scales. In particular, they consider explicitly time-dependent background of
the form:

ds2
bdy = −dt2 + eB0(t)dx2

⊥ + e
−2B0(t)dx2

‖ . (6.1)

With a suitable choice of B0(t), for example, approximating a step function obeying the early
and late time boundary conditions, one can inject energy into the system as a consequence of
the time-varying spatial length scales. Physically the change in length scales corresponds to
anisotropizing the pressure in the various directions.

Since the deformation is purely in the metric degrees of freedom, the problem can be
treated within the consistent truncation of pure gravity in AdSd+1, that is, by solving (2.6) for
the bulk metric GMN subject to the boundary condition of approaching (6.1) asymptotically.
The numerical solution of this problem clearly illustrates the process of black hole formation;
in particular, the authors of [151] were able to demonstrate the presence of an event horizon
by examining the causal past of the AdS boundary. Moreover, the computation of the
boundary energy momentum tensor using the holographic recipe (2.16) showed clearly that
the pressure in the system starts out being anisotropic between the longitudinal (x‖) and
transverse (x⊥) directions, but evolves towards an isotropic equation of state characterizing
eventual approach to equilibrium. In [159], the phenomenologically interesting boost
invariant Bjorken flow [154] was also modeled in the bulk by a numerical solution. This
calculation provides a useful way to make contact with the hydrodynamic description of
the system at late time for which approximate solutions in the fluid/gravity sense were
constructed in [152, 153] as described at the end of Section 6.1.1.44 Numerical investigations
of the early time behaviour relevant for the Bjorken flow have also independently been
considered in [160].

While the constructions described above involve numerically integrating Einstein’s
equations, it is nevertheless possible to understand aspects of black hole formation and
thermalization in AdS spacetimes analytically. This was achieved in [161] by considering
a perturbative solution in the amplitude of the fluctuation. The basic idea is to start with the
initial data similar to the one described above but to take the injection of energy to be of small
amplitude to allow for a perturbation expansion in amplitude.45 The key ingredient in the
analytic construction was the observation that the perturbation series in amplitude needs to
be resummed, for the naive expansion fails to converge. This is perhaps not so surprising
given that a black hole, no matter how small, is necessarily a large perturbation on causally-
trivial constant curvature spacetime. The resummed perturbation series naturally leads to a
change in the background reflecting the process of black hole formation. Assuming that one
started with pure AdS spacetime and injected energy (or sent in a null scalar pulse) at t = 0,
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one finds that the resummation of the perturbation series shifts the background towards a
Vaidya type solution, which describes gravitational collapse.

The analytic results of [161] illustrate two key features of gravitational collapse in AdS
spacetimes.

(i) In global AdSd+1 spacetimes there is a threshold for black hole formation if one
examines the system on a time scale of the order of the AdS scale after the
perturbation. This is similar to the gravitational collapse in asymptotically flat
spacetimes where the space of initial data splits into distinct domains separated
by a codimension one critical surface which captures the threshold configurations
for black hole collapse.

(ii) Arbitrarily small energy densities lead to black hole formation when the boundary
is a copy of Minkowski space; in this context there is no threshold for black hole
formation.

6.2. CFT on Nontrivially Curved Backgrounds

In Section 6.1.2 we indicated how one might perturb a system in equilibrium by deforming
the spacetime background in which it lives. While this is interesting in order to understand
deviations from equilibrium, examining the behaviour of quantum fields in curved spacetime
brings another dimension to the problem. As described towards the end of Section 2.1 the
AdS/CFT correspondence provides a tool to investigate such issues as well. In general one
needs to construct all bulk manifolds whose boundary is the background on which the field
theory dynamics takes place.

Moreover, from the standpoint of our general discussion, static configurations might
have explicit nonlong-wavelength feature resulting from the boundary background geometry
the CFT lives on. For example, consider the field theory on a Schwarzschild black hole
background. Far away, the equilibrium state is simply a thermal state at a temperature given
by the black hole’s temperature, which in turn determines the microscopic scale �mfp ∼ 1/TBH.
But the curvature of the background geometry is of that same scale near the black hole. From
the dynamical point of view, the fluid near the black hole wants to fall in on a timescale
determined by the black hole, that is, also �mfp. Considering such system in equilibrium with
the outgoing Hawking quanta leads to an interesting bulk dual: [162] suggested that the
dual geometry exhibits new (yet to be found) solutions, dubbed black funnels, and black
droplets.46 For ease of orientation, these are sketched in Figure 6. Far away from the black
hole in the boundary directions, the bulk configuration is well described by the fluid/gravity
framework, approaching the planar black hole at the requisite temperature (namely the local
temperature of the boundary field theory heated up by the boundary black hole). However
the event horizon of the background spacetime which the field theory lives on must be
continued into the bulk on the bulk event horizon. Near the boundary, such an extension
looks like the AdS black string, but in the bulk this black string is deformed. If it joins with
the bulk planar black hole and forms a single connected horizon, the solution is called a black
funnel; on the other hand, if it caps off and only slightly deforms the disconnected planar
black hole horizon, it is called a black droplet. Depending on which geometry is realized,
the physics (such as the response of the system to perturbations) differs significantly [162].
As the parameters of the background are varied, we furthermore expect a phase transition
to occur. Such rich physics would of course not be apparent had one attempted to use the
fluid/gravity framework with thermal fluid stress tensor everywhere (e.g., we could never
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Figure 6: A sketch of our two novel classes of solutions dual to a deconfined phase of a strongly coupled
field theory on a black hole background: (a) black funnel and (b) black droplet above a deformed planar
black hole. The shaded part indicates regions which are behind horizons in the bulk spacetime, and the
thick (red) line indicates the black hole of the boundary metric.

see the droplets this way), but then one would be alerted to being well out of its regime of
validity by the description breaking down.

These examples serve to illustrate the rich physics exhibited by systems which are not
in local thermodynamic equilibrium but which are nevertheless accessible for exploration
within AdS/CFT.

7. Diagnostics of Dynamics

Let us pause to take stock of the discussion so far. In Section 3 we have discussed how
to extract certain properties, such as transport coefficients of the CFT by considering
infinitesimal deviations from equilibrium, which is fortuitously captured by probes in
the equilibrium configuration itself. We then went on to consider genuinely time-
dependent configurations in Section 5 and explicitly constructed the bulk spacetime and
the corresponding CFT fluid stress tensor to second-order. While the deviations from global
equilibrium can be large, the spatial and temporal dependence had to be sufficiently slow for
the boundary derivative expansion to be valid. This posed a rather severe restriction, as many
processes of interest happen on faster time scales, comparable with the thermal scale. Hence
in Section 6 we tried to venture beyond this long-wavelength regime. Except for toy models
with “mock” time dependence, we have much less handle on such systems, but these strongly
time-dependent cases nevertheless yield more insight about generic physical processes.

In such genuinely time-dependent scenarios, it is often the case that we have a good
idea of what the bulk spacetime looks like—typically we know the explicit metric, at least
approximately, at least in some region. However, having handle on the bulk does not mean
that we know much about the CFT dual; actually constructing the CFT state dual to the given
bulk configuration is well beyond our means at any rate, though we can use the gravity side
calculation to read off various observables in that state. For example, using the asymptotic
falloff of the metric, we can determine the stress tensor expectation value in the dual CFT
state. Conversely, we can turn the logic around and ask which CFT data should we use to
learn as much as possible about the bulk spacetime?

The purpose of this section is to review some of the CFT “observables” which reveal
the salient features of the bulk geometry, focusing on probes which we can use in time-
dependent cases. The philosophy here is to suppose that we have at our disposal all that
we wish to know about the CFT state and ask where should we look to see a particular bulk
feature. As already indicated in the Introduction and reviewed in Section 2, this is not an easy
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question, since bulk locality is not manifest nor indeed well understood, in the dual CFT. On
the other hand, this was part of the motivation of the works reviewed below: by determining
the signature of specific local bulk features in the CFT dual, we gain some insight into how
holography encodes bulk locality and in turn into the emergence of spacetime (see [163, 164]
for recent progress).

In classical general relativity, concepts such as causal structure, event horizons,
and singularities play an important role in understanding the spacetime geometry. In the
semiclassical approximation these concepts are useful in understanding the dynamics of
quantum fields in curved backgrounds. Given the AdS/CFT correspondence, it is therefore
interesting to understand the field theoretic encoding of these geometric features. From the
central role played by geometry in classical general relativity, one naively expects them
to have a well-defined representation in the field theory. For example, consider a time-
dependent process of black hole collapse in the bulk. Since the formation of the event horizon
is a sharply-localized spacetime event (its teleological nature notwithstanding), we would
expect that this will manifest itself in some correspondingly sharp feature in the gauge theory.
This expectation was indeed verified in [165], as we explain below. Of course, if we could
extract the full spacetime metric from the CFT data, we could then reconstruct these salient
features of the geometry. However, that is not a very direct route, since extracting the actual
spacetime metric is harder than extracting its geometrically interesting features.

One might naively think, using the ideas of Section 5, that given the stress tensor
expectation value everywhere, one can nevertheless reconstruct the entire bulk metric. This is
not correct. The stress tensor expectation value only knows about the asymptotic behaviour
of the metric. In case of holographic RG [129], one can write the metric in a radial series
expansion around the boundary, but there is no guarantee that this series will converge
inside the bulk. Indeed as explained in [18], a general (nonfluid) conformal stress tensor
will lead to naked singularities in the bulk. On the other hand, within the fluid/gravity
correspondence framework reviewed in Section 5, we can reconstruct the spacetime exactly
in the radial direction well inside the (regular) event horizon—but only at the expense
of confining ourselves to the long-wavelength regime. In other words, in such a class of
spacetimes, the asymptotic behaviour determines the geometry in the bulk as well, in the
“tubewise” manner described above. While it is impressive that local expectation values carry
so much information about the bulk,47 it is nevertheless clear that we will need at least bilocal
observables, such as correlation functions, to learn about the full bulk geometry.

7.1. Extracting Bulk Metric from CFT Correlators

The conventional lore concerning the UV/IR relation, which maps local regions in the interior
of the bulk to nonlocal objects in the CFT, naively appears to preclude extracting much useful
information about bulk geometry, especially any precise signal about the causal structure
in the neighbourhood of the event horizon. The initial clue on how the field theoretic
observables transcend the classical barrier of the event horizon to encode information
of behind-the-horizon physics48 emerged from the progress made in identifying the CFT
signature of the black hole singularity [166, 167], which built on the prior work of [168–
170]. Schematically, the idea was to use the intrinsic nonlocality of the boundary correlation
functions to identify signals of the bulk curvature singularity.

The basic strategy was to look at the bulk Green functions in a saddle approximation
where they are dominated by geodesics and thereby use simple bulk computations to extract
the behaviour of the boundary correlation functions. When spacelike geodesics which get
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Figure 7: Illustration of mapping out bulk causal structure by analytically continued correlators, as
discussed in [166] for the Schwarzschild-AdS5 spacetime (left panel) and in [171] for a more complicated
geometry describing de Sitter universe behind the horizon of a Schwarzschild-AdS black hole (right
panel). In both Penrose diagrams, the vertical solid lines represent the AdS boundaries, the top and
bottom (purple) curves the curvature singularities, and the dashed diagonal lines the horizons; on right
the horizontal lines are de Sitter boundaries, the vertical dashed line the de Sitter origin, and the vertical
(brown) curve a domain wall separating the dS and SAdS regions. All other curves correspond to the
geodesics discussed in the text.

repelled by the curvature singularity become almost null, they provide a large contribution
to the correlation function, akin to light-cone singularities, in the appropriate regime. At
the same time, such geodesics penetrate arbitrarily close to the curvature singularity, where
their contribution is most significant. Hence the black hole singularity is manifested by a
particular light-cone-like singularity in the field theory correlation function.49 The left panel
of Figure 7 sketches the relevant spacelike geodesics for the original Schwarzschild-AdS5

spacetime; as a critical time tc is approached by the geodesic endpoints (which we can think
of as the correlator insertion points), the geodesic approaches two null geodesics which
meet at the singularity. Moreover, it has been proposed in [171] that this technique can be
exploited to extract physics from further beyond the event horizon and in particular used
to investigate aspects of inflationary geometry within AdS/CFT. On the right panel, such
almost-null geodesics are indicated for the far more complicated spacetime considered in
[171] containing a de Sitter universe behind the horizon of a Schwarzschild-AdS black hole.
Intriguingly, unlike for the previous case of just the Schwarzschild-AdS geometry, in these
more complicated cases the relevant correlator insertion points appear on the same boundary.

As evident, these correlators are therefore highly sensitive to certain bulk information
which might otherwise be completely inaccessible to a local bulk observer. In fact, even such
subtle differences as the fuzzball picture of the black hole [172, 173] and a genuine eternal
black hole geometry would produce glaringly different signatures in these correlators [174].
For instance, as discussed in [175] the fact that the eternal black hole corresponds to a density
matrix can be used to argue that the correlation functions computed from this geometry
should be periodic in imaginary time. This is of course well known from the discussions
of computing thermal correlation functions [46, 47, 52]. However, any single horizon-free
geometry will give rise to correlation functions that do not display this periodicity in
imaginary time.
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This geometric picture can therefore be used to distinguish black hole spacetimes
from the putative horizon-free microstate geometries. To understand this issue further recall
that while the computation of the Green functions in the black hole geometry leads to
field theory observables in the canonical (or more generally grand canonical) ensemble, the
computation in a single microstate geometry leads to a pure state correlator. One can of course
consider an ensemble of pure states, and indeed one would then recover the thermal answer
via appropriate ensemble averaging—this then corresponds to a micro-canonical ensemble
computation, which by ensemble equivalence should agree with the thermal result, as was
convincingly argued in [176, 177]. However, as demonstrated in [174], by examining the
detailed analytic structure of the correlation functions, one can amplify the small differences
between the microcanonical and canonical computations and use this as a distinction to tell
apart spacetimes with and without horizons.

Given the remarkable level of detailed bulk information encoded in such CFT
correlators, one might wonder how far-reaching this tool is for “decoding the hologram”
in general situations. The main shortcoming of this method is that it is most useful
for static50 geometries, where we can determine the correct physics using the Euclidean
continuation. Nevertheless, this limitation can be overcome, as demonstrated by [165], where
the authors consider a manifestly time-dependent spacetime describing gravitational collapse
and argue that the horizon formation event can be detected in the boundary theory by
examining the structure of singularities of generic Lorentzian correlators. The basic idea
is that CFT correlators will exhibit light-cone singularities when the operator insertion
points are connected by a strictly null geodesic. Such a geodesic may be confined to the
boundary (in which case the corresponding light-cone singularity is a familiar feature of
the field theory), but more interestingly it may also penetrate into the bulk spacetime. In
the latter case, the connection implies that CFT correlators in excited states have additional
Lorentzian singularities inside51 the boundary light cone, which in [165] were christened bulk-
cone singularities.

This remarkable result has important and useful applications. Because the endpoints
of null geodesics through the bulk depend on the bulk geometry, the locus of the bulk-cone
singularities changes as the bulk geometry changes. In [165] the nature of these changes was
explored for AdS deformed by a presence of a radiation “star”, a collapsing shell, and an
eternal black hole; in each case, the pattern of bulk-cone singularities exhibits qualitatively
distinct features. In particular, in the collapse scenario, the authors of [165] demonstrate that
a sharp horizon-formation time can indeed be extracted from the pattern of singularities;
compare Figure 8: Consistently with the teleological nature of the event horizon, the relevant
bulk-cone singularity occurs for characteristic insertion points, one at infinite time t = ∞,
the other null-separated from the location of the horizon formation event, t = th. This is
because the corresponding null geodesic (drawn as diagonal blue dotted/dashed line from
th in Figure 8) is the latest null geodesic to reach the boundary. Note that the time th precedes
the formation of the shell, ts, while tH and ts are spacelike separated. Moreover, as the
black hole is about to form, the separation (to − ti) between the insertion points (ti, to) of
the bulk-cone singularities grows without bound as ti → t−

h
; in fact, the exact evolution of

this separation should carry information about criticality in black hole collapse, such as that
present in context of Choptuik scaling [178].

Given that distinct geometries typically lead to distinct endpoints of null geodesics
through these geometries, one might well ask whether one can invert this relation to actually
extract the bulk metric from the locus of the bulk-cone singularities. At first sight this appears
a daunting task since each geodesic passes through a 1-dimensional set of spacetime events,
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Figure 8: Penrose diagram for collapse in AdS. The vertical solid line represents the AdS boundary, the
vertical dashed line the AdS origin, and the upper wavy curve the curvature singularity, produced by a null
shell which originates on the boundary at time ts (CFT dual of this process is discussed in Section 6.1.2),
and collapses to zero area. In the bulk, event horizon (dashed diagonal blue line) nucleates at bulk time
tH , whose signal can be seen by bulk-cone singularity with one insertion at th and the other at t =∞.

so there is no natural map between a single geodesic and a single spacetime event. On
the other hand, each spacetime event in (d + 1)-dimensional bulk is pierced by a (d − 1)-
dimensional set of null geodesics, each specified by its direction at that event. Moreover,
by continuity nearby geodesics pass through nearby events; but since the separation between
the nearby geodesics is typically larger in some regions than in others, such regions dominate
the corresponding changes in the bulk-cone singularities. This motivates the expectation that
if one takes the combined information carried by an appropriate set of geodesics, one can
recover information about the metric in a localized region. However, to what extent one can
carry out this metric extraction in general remains an interesting open question.

The simplest setting to investigate this question is to focus on static, spherically
symmetric spacetimes. The most general such spacetime can be written in the form

ds2 = −f(r)dt2 + h(r)dr2 + r2dΩ2, (7.1)

where f(r) and h(r) are arbitrary52 functions of one variable with the prescribed boundary
conditions. Spherical symmetry allows us to consider only the equatorial plane, so that
the geodesics can be described in 3-dimensional (t, r, ϕ) space, and from each boundary
point (t, ϕ) at r = ∞ there emanates a 1-parameter family of null geodesics, specified by
the “angular momentum per energy” �. On the boundary, time translation and rotational
invariance imply that the bulk-cone singularity locus is specified by (Δt(�),Δϕ(�)), that
is, one function worth of data Δt(Δϕ). It is then natural to expect that without additional
information, this single function does not suffice to recover two independent functions f(r)
and h(r). Indeed, from the bulk perspective, this is consistent with the fact that null geodesics
are insensitive to conformal rescaling of the metric. Nevertheless, the above counting suggests
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that once we fix the conformal factor, we should be able to recover the metric in at least
some region. Explicit reconstruction was carried out in [179, 180] for spacetimes of the form
(7.1) with h(r) = 1/f(r), using numerical and analytical means, respectively. Considering
various ad hoc examples of f(r), the authors demonstrated that using only the corresponding
bulk-cone singularities, f(r) can be recovered for all r > rmin, where either rmin = 0 or it
corresponds to a null circular orbit. Furthermore, if the available boundary data includes
the endpoints of not only null, but also spacelike geodesics at constant t, these works
demonstrated extraction of both f(r) and h(r) in (7.1).

These examples illustrate that by using the nonlocal nature of correlation functions
one can obtain information about the details of the bulk spacetime. In fact, this is already a
vast improvement to the previously mentioned avenues to decoding the bulk; in particular, it
is not reliant on long-wavelength regime. Moreover, in contrast to the previous discussions of
probing the black hole singularity in AdS/CFT [166, 167], the use of bulk-cone singularities
does not rely on analytic properties of the CFT correlators. Nevertheless, as indicated above,
bulk-cone singularities have several shortcomings of their own, primarily related to general
properties of null geodesics. First, they are insensitive to conformal rescaling of the bulk
geometry; hence they cannot determine the metric fully. Second, since null geodesics are
causal, bulk-cone singularities can never be used to probe the geometry inside an event
horizon. In fact, using the methods mentioned above for recovering f(r) = 1/h(r) in (7.1),
one cannot even probe the geometry beyond a null circular orbit (which is separated from the
horizon by a factor ofO(r+)). Finally, another limitation of using the bulk-cone singularities to
extract information about the bulk geometry arises from the fact that it is well-tailored mainly
to asymptotically globally AdS spacetime, that is, the field theory living on a compact space.
When the field theory lives on, for example, R3,1, there may be no bulk-cone singularities, as
demonstrated in [165] for any state respecting the same symmetries.

7.2. Detour: Surfaces of Different Dimensionality as Probes of Geometry

So far, we have seen that although CFT correlators, in particular the locus of bulk-cone
singularities, may encode a large amount of information about the bulk geometry and for
certain class of states recover the bulk metric entirely, they nevertheless do not suffice in
general to recover the full metric. We will therefore take a brief detour to motivate our
expectations as to which CFT observables would be likely to provide better probes of the
bulk geometry.

Typically, geometrically defined objects such as geodesics, extremal surfaces which are
anchored on the boundary, correspond to some probe (or observable) in the dual CFT. For
example, we have already seen the relation between geodesics and correlators in Section 7.1,
we have mentioned the well-known relation between the area of two-dimensional minimal
surface describing a string worldsheet and the Wilson-Maldacena loop [106] in Section 4.3.1,
and in Section 7.3 below we will use the relation between codimension two extremal surface
and entanglement entropy [181, 182]. One may therefore ask, purely as a geometrical
question in the bulk, how far into the bulk can such surfaces penetrate. The motivation
behind this question is the tacit assumption that we can extract the information about the
geometry to wherever the bulk dual of our CFT probes can reach. This is in turn motivated by
our experience with geodesics mentioned above, as well as with certain higher-dimensional
surfaces discussed in Section 7.3 below. Conversely, it is clear that if the bulk dual of a given
CFT probe does not pass through a specific bulk region, then it does not carry any information
about the spacetime geometry in that region.
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Let us for simplicity continue considering only static spherically symmetric spacetimes
of the form (7.1) discussed above. Geodesics in such a spacetime can be described in terms of
effective potential describing the radial motion and conserved quantities E and L conjugate
to the temporal and rotational Killing fields. The effective potential is given by

ṙ2 + Veff(r) = 0, Veff(r) =
1

h(r)

[
−κ − E2

f(r)
+
L2

r2

]
, (7.2)

where κ = −1, 0, 1 for timelike, null, and spacelike geodesics, respectively. We are most
interested in the radial turning point of the geodesic, denoted by rmin, which corresponds
to the largest root of Veff. In particular, we wish to ask, given generic f(r) and h(r) describing
our asymptotical AdS spacetime, how small can we make rmin by adjusting κ, E, and L? It
is clear from the form of the potential that for fixed E and L, null geodesics have higher
effective potential (outside the horizon) than spacelike ones, which in turn means that the
corresponding rmin will be larger for a null geodesic than for the corresponding spacelike
one. This quick argument is further substantiated by actually determining where the turning
point can occur. This is carried out in [183]; here we will only summarize the main points.

(i) For causally trivial spacetimes without an event horizon, one can probe the entire
spacetime, both with spacelike and with null geodesics. In particular, for radial
geodesics, rmin = 0.

However, here it is interesting to ask a more refined question: suppose we have
access only to a certain region on the boundary, in particular we can only use
geodesics with both endpoints in that region; out of this constrained set of
geodesics, which one probes the deepest? While the answer depends on the details
of the geometry, in AdS we can explicitly confirm that for a fixed angular span of
the endpoints, rmin is minimized for E = 0 (which necessarily implies spacelike
geodesic) and grows monotonically with E2. In fact, null geodesics probe the bulk
least, as in the limit of E → ∞ the spacelike geodesic approaches a null one.

(ii) For spacetimes with an event horizon, null geodesics can probe only down to a
finite distance outside the horizon, whereas specific spacelike geodesics (namely
with E = 0 and L approaching the horizon size from above) can probe arbitrarily
close to the horizon.53 However, no geodesic with both endpoints anchored to the
boundary can probe past the horizon.

It is important to keep in mind that the above statements pertain to static spacetimes of
form (7.1) and do not necessarily hold for rapidly evolving spacetimes. In particular, if one
collapses a black hole sufficiently quickly, spacelike geodesics can penetrate inside the event
horizon. This can be easily seen by the simple gedanken experiment of [184], whose main
point was to argue that precisely due to its teleological nature, the event horizon cannot pose
a limitation to how far such bulk probes can reach. The idea, sketched in Figure 9, is simply
the following: suppose we collapse null shell with sufficiently high energy to create a very
large black hole. Inside the shell, the spacetime is that of pure AdS, so the spacelike geodesics
just to the past of the shell creation probe the full spatial slice of the bulk; yet the event horizon
from the black hole formed by the shell extends though this pure AdS region and therefore
gets penetrated by these unsuspecting geodesics (such as g in Figure 9).

Having classified the behaviour of geodesic probes, let us now turn to higher-
dimensional surfaces. The motivation for considering such surfaces is that one has access
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Figure 9: Gedanken experiment of [184] demonstrating that spacelike geodesics g (or minimal surfaces)
which are anchored on the AdS boundary can pass through an event horizon H of a dynamically
evolving spacetime, here exemplified by a null shell s collapsing to form the black hole (shaded blue).
The corresponding Penrose diagram is sketched in Figure 8.

to observables in the field theory whose holographic avatars involve such surfaces. The full
story for these higher-dimensional surfaces is rather more involved, so we will mostly draw
lessons from cases with sufficiently high degree of symmetry. In particular, we will keep the
bulk spacetime static and we will consider a bulk minimal surface at constant time anchored
on two parallel (n − 1)-dimensional planes or an (n − 1)-sphere on the boundary, with the
boundary metric that of d-dimensional Minkowski spacetime. To warm up we will start with
the bulk spacetime being that of pure AdS in Poincaré coordinates and then move on to a
more general class of asymptotical AdS bulk spacetimes. While some of the results mentioned
below are well-known and have been derived previously (see, e.g., [150, 182]), the following
presentation is based on [183] which contains a more systematic analysis.

Let us start with pure AdSd+1 in Poincare coordinates,

ds2 =
1
z2

(
−dt2 + dx2 + d−→y2 + dz2

)
, (7.3)

where z is the bulk radial coordinate with z = 0 corresponding to the AdS boundary.
One of the simplest cases to consider is an n-dimensional minimal surface anchored on
the boundary of a “strip” of width Δx, with infinite extent in the other n − 1 directions.
The cross-section z(x) of the corresponding minimal surface is obtained by minimizing its
area. Since the area depends on n, the cross-section z(x) likewise depends on n, despite
the translational invariance in n − 1 directions. Although one can easily obtain the cross
section analytically, here we content ourselves with indicating its behaviour graphically.
The left panel of Figure 10 shows the cross section of an n-dimensional minimal surface for
n = 1, 2, . . . , 8, with the outermost curve representing n = 1, that is, a spacelike geodesic,
which has semicircular shape. We see that as we increase the dimensionality, for a fixed
depth z∗ to which such a surface reaches, the strip width Δx decreases. Conversely, keeping
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Figure 10: (a) Cross-section of n-dimensional minimal surfaces in Poincare AdSd+1, with varying
dimensionality n = 1, 2, . . . , 8: the outermost (red) curve corresponds to n = 1 while the innermost (purple)
curve to n = 8. Note that d (as long as it is high enough to accommodate the surface) does not enter. (b)
Corresponding ratio of maximal bulk radial extent z∗ to its boundary size Δx.

Δx fixed, higher dimensional surfaces reach deeper into the bulk. This is summarized in the
right panel of Figure 10 where the ratio of depth z∗ probed to boundary extent Δx is plotted
as a function of n; we see that it increases approximately linearly.54

One might conclude from this observation that higher-dimensional surfaces are
therefore better probes of the bulk geometry. This will indeed partially motivate Section 7.3;
but the indication given above is a bit too glib. In particular, we have only considered the
extent in the x direction and ignored the fact that the higher dimensional surfaces utilize extra
directions of infinite extent. A slightly better comparison would therefore involve a boundary
region of finite extent in all directions. The most natural such region is a (d−1)-ball (with some
specified radius R0) in Rd−1,1. Let us therefore compare minimal surfaces anchored on Sn−1

of radius R0, for different values of n. Although the equation of motion for such a surface

depends on n, this equation is satisfied by a very simple solution55 z(r) =
√
R2

0 − r
2 for all

n—that is, the minimal surface is simply an n-hemisphere, whose bulk extent z∗ = R0 is
independent of n. However, it is clear that this can happen only due to a special cancellation
in the bulk geometry; for general geometries the minimal surface profile z(r) would depend
on n. The interesting question, then, becomes, for a fixed boundary region specified by R0,
how does the depth probed z∗ vary with n?

This question can be studied numerically for various spacetimes. Perhaps not
surprisingly, it turns out that for “sensible” spacetimes, such as the planar Schwarzschild-AdS
black hole, similar result as in Figure 10 holds: the higher-dimensional surfaces again probe
deeper. However, one can easily write a bulk spacetime metric violating energy conditions for
which the opposite effect takes place: lower-dimensional surfaces probe deeper. Nevertheless,
since such cases are unphysical, we will take the black hole case as the prototypical one.
The basic rule of thumb is then very simple and consistent with naive expectations based
on the UV/IR duality: If one has access to only a certain region A on the boundary, and
therefore is constrained to probes contained entirely within that region, then one can probe
maximal amount of the bulk geometry by utilizing the full region A. In particular, if A is
d−1 dimensional, and thus covers some open set in the boundary space, then one should use
probes dual to the full d − 1-dimensional surfaces in the bulk for probing the bulk geometry.

Finally, ere ending this section, let us revisit the issue of penetrating the horizon of
a static bulk spacetime in the context of these higher-dimensional minimal surfaces. We
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have seen that geodesics with both endpoints anchored on the boundary cannot reach past a
horizon, based on quite general arguments independent of the details of the bulk geometry.
But we have also seen that higher-dimensional surfaces can probe deeper then geodesics; so
one might naturally wonder whether such surfaces could in fact be used to probe past the
horizon. The answer turns out to be negative, and similarly robust as for the geodesic case:
no minimal surface anchored on the boundary can reach past the horizon. Therefore, in this
sense, if we have access to the full boundary, for static spacetimes, spacelike geodesics are
as good probes as higher-dimensional extremal surfaces, since in each case, the horizon is
the limit to how deep these types of probes reach. Although we have so far focused on static
geometry, shortly in Section 7.3 we will see an example of the behaviour of extremal surfaces
for dynamically evolving geometry describing a black hole collapse.

7.3. Entanglement Entropy as Probe of Bulk Dynamics

Motivated by the discussion in Section 7.2, we are naturally led to consider spacelike
extremal hypersurfaces anchored on the boundary with the highest dimensionality. Ryu
and Takayanagi [181, 182] proposed that in static geometries, the area of a bulk minimal
codimension two spacelike surface (at a constant time) anchored on the boundary ∂A or
certain region A on the boundary of AdS gives the entanglement entropy of the region A in
the dual CFT state.56 This was generalized in [150] to general time-dependent configurations,
where the entanglement entropy is given by the area of an extremal surface, which is in
fact related to light-sheet constructions of the covariant entropy bound [185] in the bulk
spacetime. It is gratifying to note that such class of special highest-dimensionality surfaces
are related to an appropriately special notion on the dual side: entanglement entropy is an
important concept in field theory systems, with applications to condensed matter systems,
quantum information, and so forth. Further, given its nonextensive nature, that is, area scaling
[186, 187], one is tempted, in the context of holography, to think of it as providing a measure
for the effective degrees of freedom associated with a given region. This is indeed supported
by the proposal of [181, 182] and its covariant extension [150].57

To be slightly more specific, let us recall the definition of entanglement entropy and the
holographic prescription for computing it. Consider a quantum field theory on ∂M =N×Rt

and focus on a region A ⊂ N. Given a density matrix ρ (or a pure state) on N, we define
the reduced density matrix ρA = TrN\A(ρ). The entanglement entropy is then simply the
von Neumann entropy associated with ρA: SA = −Tr(ρA log ρA). The covariant holographic
prescription [150] for computing this is to consider the problem of finding a codimension
two extremal surfaceWA in the bulk geometryM (dual to the state in question), which ends
on the boundary of the chosen region A at the spacetime boundary ∂M. SA is then given
by the area of WA in Planck units, that is, SA = Area(WA)/4GN . In the situation where the
bulk geometry is static (and hence the dual state is time-invariant) the problem reduces to the
simpler one of finding minimal area surfaces [181, 182]. An excellent summary of the devel-
opments in understanding this holographic entanglement entropy can be found in [188].

Let us now apply this prescription to the interesting case of black hole collapse. In
[150] a setting rather similar to the ones discussed earlier in Section 6.1.2 was considered to
ascertain the time evolution of entanglement entropy. In particular, these authors considered
the Vaidya solution in global AdS,

ds2 = −
(
r2 + 1 − m(v)

rd−2

)
dv2 + 2dv dr + r2dΩ2

d−1, (7.4)
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Figure 11: Spatial projection of extremal surfaces in Vaidya-AdS (collapsing black hole) geometry,
calculated at various times in the black hole formation process. The outer (black) circles correspond to the
AdS boundary at time given by the v0 indicated; the inner (red) circles correspond to the event horizon
cross-section at corresponding time. The remaining curves correspond to the extremal surfaces anchored
on the boundary, colour-coded by the size of the boundary region they encompass. At early times v0 before
the black hole forms, these extremal surfaces coincide with minimal surfaces in pure AdS. We can see that
as the black hole grows, these surfaces are “repelled” to remain outside the horizon.

with m(v) = tanhv smoothly interpolating between 0 (corresponding to pure AdS) and 1
(corresponding to Schwarzschild-AdS), in 3 bulk dimensions. The corresponding extremal
surfaces (which in 2 + 1 dimensions are simply spacelike geodesics) are plotted in Figure 11.
At early times, before a black hole forms, these minimal surfaces probe the entire bulk,
r ∈ (0,∞). However, as the black hole forms and grows, these surfaces are repelled by the
horizon, so that the region of spacetime they are sensitive to is only r ∈ (r+(v),∞).

Having obtained the extremal surfaces for the Vaidya-AdS geometry, we can compute
the entanglement entropy of the region A using the area of these surfaces. In the case
of Vaidya-AdS3 spacetimes one can in fact carry out this computation explicitly, since the
extremal surfaces are simply spacelike geodesics in the geometry. The entanglement entropy
is then just the regularized length Lreg of these geodesics. In fact, the calculation can be done
analytically if the variation of the mass is slow, analogously to the discussion in Section 5.3.2.
The numerical evaluation of the time-dependent entanglement entropy in this case and its
comparison to the analytic approximation is shown in Figure 12. For matter fields in the bulk
satisfying the null energy conditions, and for a fixed boundary region, one can can show
that the entanglement entropy increases (at least in the adiabatic approximation). Hence
assuming that the matter undergoing collapse to form the black hole satisfies the null energy
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Figure 12: Regularised proper length Lreg, or equivalently, the entanglement entropy SA , as a function of
the boundary v∞, for the particular region (an arc of fixed length along the spatial direction) in the Vaidya
spacetime (red dots) and the corresponding analytic prediction in BTZ (black curve).

condition, it is evident from the adiabatic approximation that the entanglement entropy
SA(v) ∝ Lreg(v) increases in the process of a gravitational collapse.

As suggested by our discussion above, it is clear geometrically that the entanglement
entropy being described by an extremal surface should be sensitive to the causal structure of
the spacetime. This is borne out explicitly in the computations of [150] which provide a strong
coupling counterpart to the field theoretic results on temporal evolution of entanglement
entropy [189].

In summary, we have seen that there exist a rich variety of bulk probes, with different
merits. The bulk-cone singularities discussed in Section 7.1 probe the smallest region of the
bulk, but are quite robust and presumably the easiest to extract as CFT “data”. Spacelike
geodesics or higher-dimensional minimal surfaces probe deeper, and as we have explicitly
seen in Section 7.2, can be used even when the boundary lives on a noncompact flat
spacetime. Moreover, unlike bulk-cone singularities, these probes are all sensitive to the
conformal factor of the bulk spacetime, but on the other hand, for static geometries, any
surface at constant time is completely insensitive to the time component of the metric.
Nevertheless, by considering finite-energy spacelike geodesics, or extremal surfaces which
are not localized to constant time, we can probe the temporal aspect of the geometry as well.
Although part of our discussion focused on static geometries because these allowed us to
make more general statements and were easier to analyze, the most important point of this
section in the present context is that these probes can tell us much about physics far out of
equilibrium.

8. Conclusion

In this paper we have focussed on various aspects of nonequilibrium physics that can be
accessed via holographic methods. The intriguing aspect of studying dynamical phenomena
in AdS/CFT, apart from the intrinsic interest in developing computational techniques to
facilitate investigation of strong coupling physics, is the natural mapping of these dynamics
into the time-dependent phenomena in a classical bulk spacetime.

We have in the course of this paper touched upon various developments in the
field, ranging from linear response regime, to the hydrodynamic regime, and finally to
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the fully nonlinear regime. While aspects of the physics in various situations are by now well
understood, it is clear that there are still open issues. In the following we will discuss some
of the interesting open questions which could provide a fruitful avenue for further progress.

In Section 4.3, we have mentioned some of the seminal attempts to model probes
moving through a thermal medium, which is of relevance to the QGP phenomenology. The
thermal medium is provided by a black hole geometry in the gravitational dual, while a probe
in the form of an external quark is modelled by a fundamental open string (ending on the
quark) in this background. The motion of the quark determines the trajectory of the string’s
worldsheet, which in turn backreacts on the bulk metric to induce a nontrivial stress tensor
on the boundary. The latter describes not only the bare quark, but also the cloud of partons
around it, as well as the radiation produced by the quark motion. It is interesting that these
apparently distinct manifestations of the quark motion are unified by a single fundamental
quantity, namely the string, in the bulk. Conversely, given the bulk string, one might want to
ask, which part of this string describes the quark and its surrounding halo, and which part
the radiation?58 In this context, it has been argued in [90, 190, 191] building on the formalism
developed in [192] that it is indeed possible to separate the total four-momentum of the string
into a part intrinsic to the boundary quark, and another that corresponds to the radiation. The
results of these computations seem to differ from the commonly assumed picture quoted in
footnote 58, which has been advocated earlier in [193–195].59

The fluid/gravity correspondence was reviewed in Section 5. From the geomet-
rical standpoint, several intriguing issues deserve further investigation. Note that the
fluid/gravity correspondence establishes a one-to-one map between long-wavelength
gravitational solutions and solutions of fluid dynamics. Naively, one might think of this as
merely a low-energy effective description of the AdS/CFT correspondence. However is it
not true that any gravitational solution in AdS admits a fluid description. In particular, it
would be useful to understand the role of nonlong-wavelength bulk classical or semiclassical
solutions, such as small AdS black holes. Likewise, there is room for more detailed bulk
analysis, such as probing the allowed horizon topology and dynamics in more general
situations, the nature of curvature singularity, or Cosmic Censorship.

More generally, the fluid/gravity correspondence offers new insight into the black
hole membrane paradigm, [196]. As described earlier, conventional membrane paradigm
(cf., [117]) provides a simple picture of black hole dynamics in terms of classical physics
of fluid living on a “membrane” (or stretched horizon) just outside the event horizon.
Taking a more general view of trying to encode the black hole dynamics by fluid dynamics
localized on a membrane in the spacetime, the immediate natural question is where should
such a membrane live? Perhaps the most obvious candidate is the event horizon, but
this is problematic due to its null nature, and more importantly, because it is globally
defined so we cannot fix its position without knowing the full future evolution of the
spacetime. Alternately, several (quasi)local notions of a black hole have been proposed,
such as the so-called dynamical horizon, which, however, are spacelike surfaces inside
the event horizon and therefore do not admit the standard notion of evolution. A more
popular suggestion is the stretched horizon, which is the formulation given by the membrane
paradigm [117]. However, there likewise remain ambiguities in localizing stretched horizon.
Within the fluid/gravity correspondence, the full spacetime dynamics is mapped to the
dynamics of a conformal fluid, which albeit reminiscent of the membrane paradigm, has
one important twist: the membrane lives on the boundary of the spacetime (which is
unambiguously defined and admits a fluid description with well-defined dynamics), and
gives a perfect mirror of the bulk physics. This “membrane at the end of the universe” picture
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is a natural consequence of the holographic nature of the fluid/gravity correspondence.
Recently this view has been countered in [197], where the authors argue that the projection of
Einstein’s equations onto any null hypersurface leads in a long-wavelength approximation to
hydrodynamical behaviour. While this is interesting, it does not address the objections given
above and more importantly it seems to us somewhat unnatural that a feature common to all
null hypersurfaces has something fundamental to do specifically with black hole horizons.60

As mentioned in Section 1, one of the outstanding problems in fluid dynamics
is understanding turbulence. We might therefore ask how relevant is the fluid/gravity
correspondence (appropriately generalized) to tackling such a problem. We argue that the
correspondence is indeed relevant and worth vigorously pursuing further (see [132, 141,
197, 198] for thoughts on these issues). The important point is that the regime where our
derivative expansion is valid corresponds to large Reynolds number (where the viscous terms
are small relative to the leading order terms), so the phenomenology of turbulence should
be directly relevant to the study of near-equilibrium AdS black hole dynamics. At least for
the widely studied case of nonrelativistic fluids described by the Navier-Stokes equations,
turbulence has many striking qualitative features, including the tendency to dynamically
break symmetries as Reynolds number is increased, the sharp onset of turbulence at critical
Reynolds numbers, and an “energy cascade” in fully developed turbulence in which energy
is transferred in a predictable way between eddies at different scales. Less is known about
turbulence for the microscopically relativistic fluids relevant in our context, but it would be
fascinating to understand the gravitational interpretation for those features that do generalize
to the relativistic case.

Finally, one intriguing observation, made in Section 6.1.1, is that in certain cases of
large disparity between apparent and event horizon, such as in the conformal soliton setting
analyzed in [149], the CFT dual entropy seems to be given by area of the apparent horizon
rather than the event horizon as conventionally expected. Since this striking observation
is rather surprising and, if true in general, would have far-reaching implications, let us
end our discussion by probing this issue a bit deeper. In particular, can it be true that the
entropy is associated with the area of the apparent horizon? The fact that CFT entropy is
not determined by the area of the event horizon in general is perhaps not so surprising,
given that the event horizon is a global construct—its precise location behaves teleologically:
it depends on the spacetime arbitrarily far in the future—whereas CFT entropy at a given
time is measured independently of what happens at a later time.61 On the other hand,
there are nevertheless serious problems with associating the area of an apparent horizon,
or any other quasilocal62 horizon, to the dual CFT state entropy. One difficulty is that the
entropy is expected to be smoothly varying in time, whereas the area of a given apparent
horizon can jump discontinuously. A more problematic issue, however, is that the location
of apparent horizons depends on a choice of spacetime foliation, whereas the CFT state at
a given time carries no such information. This seems to imply that our bulk prescription
has more freedom or ambiguity in defining the entropy than that afforded by the boundary
theory.

One possible resolution is that there is a preferred foliation of the bulk, such as a zero-
mean-curvature slicing, on which one is supposed to evaluate the area. However, we have no
compelling justification for this option. A simpler resolution to this puzzle would be that in
the regime where the concept of entropy is meaningful, the horizon has to be evolving slowly
enough that there is negligible difference between the areas of all slices of horizon which end
on the same boundary time slice. This is essentially the same picture as that advocated in
[18, 131], except that here we use it for apparent horizon rather than the event horizon. In
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tlate

(a)

tlate

(b)

Figure 13: Possible spacelike foliations of a geometry of a black hole collapse. The outer cylinder represents
the AdS boundary, the bottom (orange) surface a collapsing star, the (red) vertical line the curvature
singularity, and the inner (purple) cylinder the event horizon. Two distinct sets of foliations are sketched.
On (a), the corresponding apparent horizon has settled down at late time tlate (indicated in blue). On (b),
the spacelike surface (green) at tlate admits no apparent horizon at all.

effect the field theory on the boundary should achieve local equilibrium in order for entropy
to constitute a meaningful observable.

However, intriguingly even this proposition cannot be the full story. If there is no event
horizon at early times, such as in the case of a black hole formed from a collapsed star, then
we can find foliations without apparent horizon for arbitrarily late times. A simple example
of such a foliation is sketched in Figure 13. Suppose we collapse a black hole and wait for
very long time after the black hole has settled down, say time tlate indicated in Figure 13. A
“natural” foliation (sketched in Figure 13(a)) would give the expected results: by the time
tlate, the apparent horizon area has grown and settled down to a constant which coincides
with the event horizon area. However, we can devise a foliation (sketched in Figure 13(b))
which, even at tlate, admits no trapped surfaces and therefore has zero apparent horizon area.
The corresponding spacelike surface “dips just below” the event horizon formation; and since
the event horizon itself is null, the requisite foliation surface can always be constructed so as
to be spacelike.

It would be interesting to understand the full implications of this observation, since it
bears on the discussion in Section 1 regarding the relation between boundary time and bulk
time: which bulk region is most naturally associated with a given boundary time, such as
tlate? Since the notion of entropy depends on amount of coarse-graining, perhaps this is the
natural feature which the choice of bulk foliation reflects.
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Endnotes

1. Implicit in this statement is an assumption that the systems under consideration are
sufficiently ergodic.

2. The AdS/CFT correspondence is comprehensively reviewed in the classic reviews [22,
23]. See also [11] for a nice review with emphasis on “applied holography”.

3. The holographic principle was proposed much before the advent of the AdS/CFT
correspondence and was motivated in part by the peculiar nonextensive nature of black
hole entropy in [199, 200].

4. AdS is a space of constant negative curvature, which introduces a length scale, called
the AdS scale RAdS, corresponding to the radius of curvature. The black hole size is then
measured in terms of this AdS scale; large black holes have horizon radius r+ > RAdS.

5. This type of deformation can be used to study field theories on curved backgrounds as
described in detail in [129] (see also [162, 201, 202] for recent investigations). However,
from the bulk perspective, these are large deformations, involving asymptotically
“locally AdS” geometries.

6. While nonsupersymmetric AdS compactifications also arise in string theory, they are
seldom stable. Some notable exceptions which satisfy perturbative stability conditions,
that is, spectrum satisfying the Breitenlohner-Freedman bound [203], were described in
[204]; however to the best of our knowledge nonperturbative stability of such vacua has
not been established (e.g., note that nonsupersymmetric quotients of AdS5 × S5/Zk do
suffer from nonperturbative instabilities [205]).

7. In certain situations one encounters a choice of boundary conditions to impose on bulk
fields. A case in point is that of massive scalar fields with mass lying close to the
Breitenlohner-Freedman bound [203, 206]. We assume that a particular choice has been
made among the various possibilities and refer to normalizable and nonnormalizable
with respect to this choice of boundary conditions.

8. We use upper case Latin indices {M,N, . . .} to denote bulk directions, while lower case
Greek indices {μ, ν, . . .} will refer to field theory (or “boundary”) directions. Finally, we
will use lower case Latin indices {i, j, . . .} to denote the spatial directions in the boundary.

9. In standard AdS/CFT parlance, this amounts to fixing the nonnormalizable mode of the
bulk graviton to obtain the desired metric on Bd.

10. Note that in addition to the choice of AdS length scale, the presence of full SO(d − 1, 1)
invariance of the solution combined with the underlying SO(d, 2) isometry of AdSd+1

allows us to rescale the coordinates and set the horizon to be located at r = 1.

11. This is in fact reminiscent of the theorem “No global symmetries in string theory”, which
follows from the observation that conserved currents in spacetime lead to worldsheet
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vertex operators of weight (1, 0) and (0, 1), respectively, which in turn imply massless
particle states in spacetime.

12. One could also consider nonlocal operators and more exotic observables such as
entanglement entropy; we will discuss the latter in Section 7.

13. We are here ignoring contact terms which can appear in the Ward identities. In
momentum space these will give rise to analytic pieces and will therefore be irrelevant
to our discussion of of poles.

14. Note that hydrodynamics is a good approximation to any physical system close to
equilibrium, for fluctuations that are sufficiently long in wavelength. We discuss this in
detail in Section 5.

15. This is not required to be true for m2
BF ≤ m2 ≤ m2

BF + 1 where m2
BF = −d2/4R2 is the

Breitenlohner-Freedman mass, providing the lower bound on the mass of a scalar field
in AdSd+1. In the said range, one can equally well associate bulk field of mass m2 with a
boundary operator of dimension Δ = d/2 −

√
d2/4 +m2R2 as discussed in [206], which

corresponds to an alternative quantization of fields in AdSd+1 [203].

16. In the case of spacetimes with horizons, this amounts to demanding that the field be
infalling at the horizon, as we explain in Section 4.2.

17. An excellent summary of known spectra of quasinormal modes for various fields in
diverse black hole backgrounds, together with their implication for both astrophysical
black holes and in the AdS/CFT context can be found in [207]. See also [208] for an
earlier discussion of black hole quasinormal modes.

18. This is, however, not captured by the constant-t snapshot of the dragged string
represented by Figure 2 where only the static region outside the horizon is visible, so the
string looks like it “freezes” onto the horizon, analogously to the “frozen star” picture of
a collapsing black hole.

19. The physically correct sign of the square root corresponds to the bulk piece of the string
worldsheet trailing the quark on the boundary.

20. Note that, as explained around (3.22), the relation (3.21) does not depend on d.

21. In fact, the gravitational dual is analogously puzzling. A dragged string above a static
black hole is equivalent to a static string above a boosted black hole, since only the
relative velocity matters. For the latter configuration, the boost of the black hole produces
an ergoregion above the horizon, and it is easy to see that the string cannot dip into
this ergoregion. However, one might naively expect the frame-dragging effect to extend
past the ergosurface and affect the string, bending it in the direction of the boost. Yet, as
manifest from the solutions, no such effect takes place!

22. We should also remark that there have been attempts to study linearly accelerating
particles and their associated radiation in the AdS/CFT context; see [90, 114, 190, 191,
194, 209, 210].

23. The corresponding worldsheet temperature TWS is related to the Unruh temperature TU
of the quark as TWS = TU

√
1 − v2.

24. Unlike heavy quarks, whose energy loss rate depends only on their velocity and the
characteristics of the medium (i.e., the t Hooft coupling λ and the temperature T of the
plasma through which the quark is moving), light quarks are in addition influenced by
details of their initial conditions, specified by the gauge field configuration. However,
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a more universal quantity, which is almost insensitive to the initial profile of the string,
is the maximum distance Δxmax traveled by a quark with initial energy E.

25. Note that the physical proper length along a light-like direction is of course always zero.

26. Implicit in these statements is an assumption that one is working in static gauge,
where the worldsheet time coordinate is identified with the timelike Killing field of the
stationary asymptotical AdSd+1 black hole.

27. The conformal soliton spacetime was first described in [148] and is simply the global
Schwarzschild-AdSd+1 spacetime considered in a single Poincaré patch. From the field
theory point of view, it corresponds to a conformal mapping of a thermal stress tensor
on Sd−1 ×R to Rd−1,1. We will have occasion to discuss this spacetime in the context of the
fluid/gravity correspondence in Section 6.1.

28. The most comprehensive discussion of conformal fluids in arbitrary dimensions can be
found in [126].

29. Oftentimes the reader will encounter an ordinary partial derivative ∂μ in the following:
this is because in Cartesian coordinates of flat spacetime, ∇μ = ∂μ. However, this is
convenient more generally as well: since the long-wavelength approximation engenders
an ultralocality in the equations one solves (along the boundary directions), we can use
boundary derivatives as just ordinary partials; however, our expressions can of course
be easily “covariantized” by replacing ∂μ by ∇μ. We hope this does not cause much
confusion.

30. Note, however, that there are regular solutions which do not fall into the long-
wavelength category, such as small black holes in AdS, which correspondingly are not
described by fluid configurations.

31. Note that (5.9) does not have any ∂μT terms appearing explicitly, since by implementing
the zeroth-order stress tensor conservation, we have expressed the temperature
derivatives in terms of the velocity derivatives.

32. One can compute the stress tensor using the general formula (2.16), which can be reduced
in the current case to the simpler formula:

T
μ
ν = −2 lim

r→∞
r4

(
K
μ
ν − δ

μ
ν

)
. (∗)

33. Various papers in the literature seem to use slightly different conventions for the
normalization of the operators. We will for convenience present the results in the
normalizations used initially in [71]. This is the source of the factors of 2 appearing in
the definition of the tensors Ti; see [18] for a discussion. The derivative Dμ is a Weyl-
covariant derivative introduced in [128] which makes it easy to keep track of conformal
transformation properties of various tensors.

34. The result for genericN = 1 superconformal field theories which are dual to gravity on
AdS5 ×X5 are given by simply replacing N2/8π2 by the corresponding central charge of
the SCFT.

35. For d = 3 the general results were initially derived in [132]. See also [73] for
determination of some of these coefficients in d = 3 and d = 6.
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36. The harmonic number function may in fact be reexpressed in terms of the digamma
function, or more simply as

Harmonic(x) = γe +
Γ′(x)
Γ(x)

, (∗∗)

where γe is Euler’s constant.

37. Although including higher orders may remedy this discrepancy, [127].

38. The d = 2 case is rather trivial: the most general solution consists of left and right movers,
so the fluids cannot locally equilibrate, relatedly the fluid dynamics in 1 + 1 dimensions
is equivalent to conservation of general conformal stress tensor; also σμν = ωμν = 0. From
the bulk standpoint, any 2+1-dimensional solution to Einstein’s equations with negative
cosmological constant is locally AdS3.

39. For a general (nonslowly varying) boundary metric ds2
bdy we may not know the exact

bulk metric corresponding to even the global thermal equilibrium. For a discussion when
the boundary metric describes a black hole with various asymptotics, see [162, 201, 202];
in the high temperature regime the conjectured bulk solution, christened “black funnel”,
would be a bulk black hole whose horizon stretches all the way out to the boundary.

40. This concept is also of interest in condensed matter systems, where it is referred to as
quantum quench. See [211–214] and references therein for details on this subject. We
should also note that there has recently been some progress in holographic modelling of
quantum quench behaviour in [215].

41. We will revisit the intriguing question of whether this can be taken as a general tenet in
Section 8.

42. One can of course construct such geometries by patching together spacetimes across thin
domain walls using the Israel junction conditions, but since we are interested in real
dynamics we need to actually solve the bulk equations of motion.

43. In fact earlier analysis of equilibration in strongly coupled systems was considered in
[216] building on the construction of time-dependent Janus-type geometries in [217].

44. These numerical techniques have also been adapted to study the evolution of
perturbations on unstable phases of the field theory; see [218].

45. In addition to working in pure gravity, [161] also considered the somewhat simpler
context of a scalar collapse in AdS.

46. As a followup, evidence for lower-dimensional realization of these was analyzed in [201]
and further discussion of field theory on AdS black hole background was presented in
[202].

47. This is intimately tied to the AdS asymptotics, which in a sense “magnify” the signals to
be discernible from the boundary. A very early example which illustrates that far more
information about the bulk is contained in the local CFT expectation values than naively
expected from the UV/IR correspondence is given in [219], where the authors show that
even such detailed information as the size of a small (� RAdS) object can be read-off from
local CFT expectation values.

48. One of the early motivations that this should be possible in the first place, despite bulk
causal obstructions, was presented in the Gedankenexperiment of [184].
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49. The identification of the singularity in the strict large N limit is the easiest when
formulated in terms of momentum space correlators [167] as opposed to direct
computation in position space where the singularity is not visible in the primary sheet
of the correlator [166]. In particular, it was confirmed in [167] that the signatures of the
singularities disappear for finite rank of the boundary theory gauge group, implying that
the singularities are resolved in quantum gravity.

50. Following conventional terminology, by static we mean admitting a Killing field which
is asymptotically timelike, but not necessarily globally static. In particular, this includes
nontrivial geometries such as black holes or de Sitter, which have regions of strong time
dependence. Indeed, it is precisely due to these regions that the CFT signals proposed in
[166, 171] are present.

51. As proved by [220], for certain wide class of spacetimes (including the present case of
interest) with timelike conformal boundary, any fastest null geodesic connecting two
points on the boundary must lie entirely within the boundary. The vacuum state of the
CFT plays a distinguished role, in that all null geodesics through pure AdS bulk take
equal time to reach the antipodal point as the boundary null geodesics.

52. Here we ignore the bulk field equation or equivalently assume no knowledge of the bulk
matter content, and we ask whether the metric can be recovered solely from the restricted
set of boundary data given by the bulk-cone singularities.

53. More specifically, in all cases the geodesics can only probe to depth given by circular
orbit; for null geodesics this location is fully specified by the geometry, whereas for
spacelike geodesics, by adjusting Lwe can bring this orbit arbitrarily close to the horizon.

54. The actual relation is somewhat more complicated, given by z∗ = (Δx/2)((n +
1)/
√
π)(Γ((2n + 1)/2n)/Γ((3n + 1)/2n)).

55. Here r denotes the boundary radial variable, such that the corresponding boundary
metric takes the form ds2 = (1/z2)[−dt2 + dr2 + r2dΩ2

n−1 + d
−→y 2 + dz2], and by (n − 1)-

spherical symmetry, the minimal surface will be described by a single function z(r).

56. Justification of this remarkable statement was subsequently provided in [221] using
replica trick to evaluate entanglement Rényi entropies; although an error in this
derivation was recently pointed out by [222], the correction nevertheless gives further
evidence for the correspondence.

57. Further evidence of the entanglement entropy providing a measure of the active
degrees of freedom is provided in [223] in the context of induced gravity (braneworld)
models. See also [224] for recent attempts to reverse-engineer spacetime geometry from
knowledge of entanglement entropy.

58. It is in fact commonly assumed that the part inside the worldsheet horizon corresponds
to the radiation, since this portion can no longer causally influence the quark, whereas
the part above the horizon contributes to the halo.

59. We thank Alberto Guijosa for alerting us to these references.

60. More recently the authors of [225] argue that a Wilson renormalization group perspective
allows one to relate the “membrane at the end of the universe” picture of the fluid-
gravity correspondence with the conventional membrane paradigm story. In particular,
they argue that as the location of the stretched horizon is brought in from the boundary
to the actual horizon, one in fact sees an RG flow from a relativistic conformal fluid to a
nonrelativistic incompressible fluid.
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61. Although some might argue that there is little distinction between the two cases,
since with certain analyticity assumptions on the spacetime the evolution of the entire
spacetime is determined by the initial state (and the boundary conditions), we do not
take this viewpoint: there is a difference between simply measuring certain properties of
a state at a given time and evolving to that state from much earlier initial time—the latter
requires far more detailed information.

62. For a good review of various notions of quasilocal horizons, see [226, 227]. Technically
speaking, an apparent horizon is defined as a codimension 2 surface, on a given leaf of
foliation, corresponding to the outermost marginally trapped surface or the boundary of
trapped points. In fact, the set of apparent horizons on all leaves of a given foliation need
not even form a smooth codimension 1 surface in the full spacetime. In the present paper,
we will however stick to the more commonly used terminology in the nonGR literature
of apparent horizon signifying the full timelike codimension 1 surface.
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These are notes based on a series of lectures given at the KITP workshop Quantum Criticality and the
AdS/CFT Correspondence in July, 2009. The goal of the lectures was to introduce condensed matter
physicists to the AdS/CFT correspondence. Discussion of string theory and of supersymmetry is
avoided to the extent possible.

1. Introductory Remarks

My task in these lectures is to engender some understanding of the following

Bold Assertion:

(a) Some ordinary quantum field theories (QFTs) are secretly quantum theories of
gravity.

(b) Sometimes the gravity theory is classical, and therefore we can use it to compute
interesting observables of the QFT.

Part (a) is vague enough that it really just raises the following questions: “which
QFTs?” and “what the heck is a quantum theory of gravity?” Part (b) begs the question
“when??!”

In trying to answer these questions, I have two conflicting goals: on the one hand, I
want to convince you that some statement along these lines is true, and on the other hand
I want to convince you that it is interesting. These goals conflict because our best evidence
for the Assertion comes with the aid of supersymmetry and complicated technology from
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string theory and applies to very peculiar theories which represent special cases of the
correspondence, wildly overrepresented in the literature on the subject. Since most of this
technology is completely irrelevant for the applications that we have in mind (which I will
also not discuss explicitly except to say a few vague words at the very end), I will attempt to
accomplish the first goal by way of showing that the correspondence gives sensible answers
to some interesting questions. Along the way we will try to get a picture of its regime of
validity.

Material from other review articles, including [1–7], has been liberally borrowed to
construct these notes. In addition, some of the text source and most of the figures were
pillaged from lecture notes from my class at MIT during Fall 2008 [8], some of which were
created by students in the class.

2. Motivating the Correspondence

To understand what one might mean by a more precise version of the Bold Assertion above,
we will follow for a little while the interesting logic of [1], which liberally uses hindsight, but
does not use string theory.

Here are three facts which make the Assertion seem less unreasonable.
(1) First we must define what we mean by a quantum gravity (QG). As a working

definition, let us say that a QG is a quantum theory with a dynamical metric. In enough
dimensions, this usually means that there are local degrees of freedom. In particular,
linearizing equations of motion (EoM) for a metric usually reveals a propagating mode of
the metric, some spin-2 massless particle which we can call a “graviton”.

So at least the assertion must mean that there is some spin-two graviton particle that is
somehow a composite object made of gauge theory degrees of freedom. This statement seems
to run afoul of the Weinberg-Witten no-go theorem, which says the following.

Theorem 2.1 (Weinberg-Witten [9, 10]). A QFT with a Poincaré covariant conserved stress tensor
Tμν forbids massless particles of spin j > 1 which carry momentum (i.e., with Pμ =

∫
dDxT0μ /= 0).

You may worry that the assumption of Poincaré invariance plays an important role in
the proof, but the set of QFTs to which the Bold Assertion applies includes relativistic theories.

General relativity (GR) gets around this theorem because the total stress tensor
(including the gravitational bit) vanishes by the metric EoM: Tμν ∝ δS/δgμν = 0.
(Alternatively, the “matter stress tensor,” which does not vanish, is not general-coordinate
invariant.)

Like any good no-go theorem, it is best considered a sign pointing away from wrong
directions. The loophole in this case is blindingly obvious in retrospect: the graviton need not
live in the same spacetime as the QFT.

(2) Hint number two comes from the Holographic Principle (a good reference is [11]).
This is a far-reaching consequence of black hole thermodynamics. The basic fact is that a black
hole must be assigned an entropy proportional to the area of its horizon (in Planck units). On
the other hand, dense matter will collapse into a black hole. The combination of these two
observations leads to the following crazy thing: the maximum entropy in a region of space
is the area of its boundary, in Planck units. To see this, suppose that you have in a volume V
(bounded by an area A) a configuration with entropy S > SBH = A/4GN (where SBH is the
entropy of the biggest black hole fittable in V ), but which has less energy. Then by throwing
in more stuff (as arbitrarily nonadiabatically as necessary, i.e., you can increase the entropy),
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since stuff that carries entropy also carries energy,1 you can make a black hole. This would
violate the second law of thermodynamics, and you can use it to save the planet from the
humans. This probably means that you cannot do it, and instead we conclude that the black
hole is the most entropic configuration of the theory in this volume. But its entropy goes like
the area! This is much smaller than the entropy of a local quantum field theory on the same
space, even with some UV cutoff, which would have a number of states Ns ∼ eV (maximum
entropy = lnNs). Indeed it is smaller (when the linear dimensions are large compared to the
Planck length) than that of any system with local degrees of freedom, such as a bunch of spins
on a spacetime lattice.

We conclude from this that a quantum theory of gravity must have a number of
degrees of freedom which scales like that of a QFT in a smaller number of dimensions.
This crazy thing is actually true, and the AdS/CFT correspondence [12, 13] is a precise
implementation of it.

Actually, we already know some examples like this in low dimensions. An alternative,
more general, definition of a quantum gravity is a quantum theory where we do not need
to introduce the geometry of spacetime (i.e., the metric) as input. We know two ways to
accomplish this.

(a) Integrate over all metrics (fixing some asymptotic data). This is how GR works.

(b) Do not ever introduce a metric. Such a thing is generally called a topological
field theory. The best-understood example is Chern-Simons gauge theory in three
dimensions, where the dynamical variable is a one-form field and the action is

SCS ∼
∫

M

trA ∧ dA + · · · , (2.1)

(where the dots are extra stuff to make the non-Abelian case gauge invariant); note that there
is no metric anywhere here. With option (b) there are no local degrees of freedom. But if you
put the theory on a space with boundary, there are local degrees of freedom which live on
the boundary. Chern-Simons theory on some three-manifold M induces a WZW model (a 2d
CFT) on the boundary of M. So this can be considered an example of the correspondence,
but the examples to be discussed below are quite a bit more dramatic, because there will be
dynamics in the bulk.

(3) A beautiful hint as to the possible identity of the extra dimensions is this. Wilson
taught us that a QFT is best thought of as being sliced up by length (or energy) scale, as a
family of trajectories of the renormalization group (RG). A remarkable fact about this is that
the RG equations for the behavior of the coupling constants as a function of RG scale u are
local in scale:

u∂ug = β
(
g(u)

)
. (2.2)

The beta function is determined by the coupling constant evaluated at the energy scale u, and
we do not need to know its behavior in the deep UV or IR to figure out how it’s changing. This
fact is basically a consequence of locality in ordinary spacetime. This opens the possibility that
we can associate the extra dimensions suggested by the Holographic idea with energy scale.
This notion of locality in the extra dimension actually turns out to be much weaker than what
we will find in AdS/CFT (as discussed recently in [14]), but it is a good hint.
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To summarize, we have three hints for interpreting the Bold Assertion:

(1) The Weinberg-Witten theorem suggests that the graviton lives on a different space
than the QFT in question.

(2) The holographic principle says that the theory of gravity should have a number of
degrees of freedom that grows more slowly than the volume. This suggests that the
quantum gravity should live in more dimensions than the QFT.

(3) The structure of the Renormalization Group suggests that we can identify one of
these extra dimensions as the RG-scale.

Clearly the field theory in question needs to be strongly coupled. Otherwise, we can
compute and we can see that there is no large extra dimension sticking out. This is an
example of the extremely useful Principle of Conservation of Evil. Different weakly coupled
descriptions should have nonoverlapping regimes of validity.2

Next we will make a simplifying assumption in an effort to find concrete examples.
The simplest case of an RG flow is when β = 0 and the system is self-similar. In a Lorentz
invariant theory (which we also assume for simplicity), this means that the following scale
transformation xμ → λxμ (μ = 0, 1, 2, . . . d − 1) is a symmetry. If the extra dimension
coordinate u is to be thought of as an energy scale, then dimensional analysis says that u
will scale under the scale transformation as u → u/λ. The most general (d + 1)-dimensional
metric (one extra dimension) with this symmetry and Poincaré invariance is of the following
form:

ds2 =
(
ũ

L̃

)2

ημνdx
μdxν +

dũ2

ũ2
L2. (2.3)

We can bring it into a more familiar form by a change of coordinates, ũ = (L̃/L)ũ:

ds2 =
(u
L

)2
ημνdx

μdxν +
du2

u2
L2. (2.4)

This is AdSd+1.3 It is a family of copies of Minkowski space, parametrized by u, whose size
varies with u (see Figure 1). The parameter L is called the “AdS radius” and it has dimensions
of length. Although this is a dimensionful parameter, a scale transformation xμ → λxμ can
be absorbed by rescaling the radial coordinate u → u/λ (by design); we will see below more
explicitly how this is consistent with scale invariance of the dual theory. It is convenient to do
one more change of coordinates, to z ≡ L2/u, in which the metric takes the form

ds2 =
(
L

z

)2(
ημνdx

μdxν + dz2
)
. (2.5)

These coordinates are better because fewer symbols are required to write the metric. z will
map to the length scale in the dual theory.
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· · ·
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Figure 1: The extra (radial) dimension of the bulk is the resolution scale of the field theory. The left figure
indicates a series of block spin transformations labelled by a parameter z. The right figure is a cartoon of
AdS space, which organizes the field theory information in the same way. In this sense, the bulk picture
is a hologram: excitations with different wavelengths get put in different places in the bulk image. The
connection between these two pictures is pursued further in [15]. This paper contains a useful discussion
of many features of the correspondence for those familiar with the real-space RG techniques developed
recently from quantum information theory.

So it seems that a d-dimensional conformal field theory (CFT) should be related to a
theory of gravity on AdSd+1. This metric (2.5) solves the equations of motion of the following
action (and many others)4:

Sbulk
[
g, . . .

]
=

1
16πGN

∫
dd+1x

√
g(−2Λ + R + · · · ). (2.6)

Here, √g ≡
√
|det g| makes the integral coordinate-invariant, and R is the Ricci scalar

curvature. The cosmological constant Λ is related by the equations of motion

0 =
δSbulk

δgAB
=⇒ RAB +

d

L2
gAB = 0 (2.7)

to the value of the AdS radius: −2Λ = d(d − 1)/L2. This form of the action (2.6) is what
we would guess using Wilsonian naturalness (which in some circles is called the “Landau-
Ginzburg-Wilson paradigm”): we include all the terms which respect the symmetries (in this
case, this is general coordinate invariance), organized by decreasing relevantness, that is,
by the number of derivatives. The Einstein-Hilbert term (the one with the Ricci scalar) is an
irrelevant operator:R ∼ ∂2g+(∂g)2 has dimensions of length−2, and so GN here is a lengthd−1,
the Planck length:GN ≡ 	d−1

pl ≡M
1−d
pl (in units where � = c = 1). The gravity theory is classical

if L 	 	pl. In this spirit, the . . . on the RHS denotes more irrelevant terms involving more
powers of the curvature. Also hidden in the . . . are other bulk fields which vanish in the dual
of the CFT vacuum (i.e., in the AdS solution).

This form of the action (2.6) is indeed what comes from string theory at low energies
and when the curvature (here,R ∼ 1/L2) is small (compared to the string tension, 1/α′ ≡ 1/	2

s ;
this is the energy scale that determines the masses of excited vibrational modes of the string),
at least in cases where we are able to tell. The main role of string theory in this business (at
the moment) is to provide consistent ways of filling in the dots.
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In a theory of gravity, the space-time metric is a dynamical variable, and we only get
to specify the boundary behavior. The AdS metric above has a boundary at z = 0. This is a
bit subtle. Keeping xμ fixed and moving in the z direction from a finite value of z to z = 0 is
actually infinite distance. However, massless particles in AdS (such as the graviton discussed
above) travel along null geodesics; these reach the boundary in finite time. This means that
in order to specify the future evolution of the system from some initial data, we have also to
specify boundary conditions at z = 0. These boundary conditions will play a crucial role in
the discussion below.

So we should amend our statement to say that a d-dimensional conformal field theory
is related to a theory of gravity on spaces which are asymptotically AdSd+1. Note that this
case of negative cosmological constant (CC) turns out to be much easier to understand
holographically than the naively-simpler (asymptotically-flat) case of zero CC. Let us not
even talk about the case of positive CC (asymptotically de Sitter).

Different CFTs will correspond to such theories of gravity with different field content
and different bulk actions, for example, different values of the coupling constants in Sbulk.
The example which is understood best is the case of the N = 4 super Yang-Mills theory
(SYM) in four dimensions. This is dual to maximal supergravity in AdS5 (which arises by
dimensional reduction of ten-dimensional IIB supergravity on AdS5 × S5). In that case, we
know the precise values of many of the coefficients in the bulk action. This will not be very
relevant for our discussion below. An important conceptual point is that the values of the
bulk parameters which are realizable will in general be discrete.5 This discreteness is hidden
by the classical limit.

We will focus on the case of relativistic CFT for a while, but let me emphasize here
that the name “AdS/CFT” is a very poor one: the correspondence is much more general. It
can describe deformations of UV fixed points by relevant operators, and it has been extended
to cases which are not even relativistic CFTs in the UV: examples include fixed points with
dynamical critical exponent z/= 1 [16], Galilean-invariant theories [17, 18], and theories which
do more exotic things in the UV like the “duality cascade” of [19].

2.1. Counting of Degrees of Freedom

We can already make a check of the conjecture that a gravity theory in AdSd+1 might be dual
to a QFT in d dimensions. The holographic principle tells us that the area of the boundary in
Planck units is the number of degrees of freedom (dof), that is, the maximum entropy:

Area of boundary
4GN

?= number of dof of QFT ≡Nd. (2.8)

Is this true [20]? Yes: both sides are equal to infinity. We need to regulate our counting.
Let’s regulate the field theory first. There are both UV and IR divergences. We put the

thing on a lattice, introducing a short-distance cut-off ε (e.g., the lattice spacing) and we put it
in a cubical box of linear size R. The total number of degrees of freedom is the number of cells
(R/ε)d−1, times the number of degrees of freedom per lattice site, which we will call “N2”.
The behavior suggested by the name we have given this number is found in well-understood
examples. It is, however, clear (e.g., from the structure of known AdS vacua of string theory
[21]) that other behaviors Nb are possible, and that’s why I made it a funny color and put it
in quotes. So Nd = (Rd−1/εd−1)N2.
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The picture we have of AdSd+1 is a collection of copies of d-dimensional Minkowski
space of varying size; the boundary is the locus z → 0 where they get really big. The area of
the boundary is

A =
∫

Rd−1,z→ 0,fixed t

√
gdd−1x =

∫

Rd−1,z→ 0
dd−1x

Ld−1

zd−1
. (2.9)

As in the field theory counting, this is infinite for two reasons: from the integral over x and
from the fact that z is going to zero. To regulate this integral, we integrate not to z = 0 but
rather cut it off at z = ε. We will see below a great deal more evidence for this idea that the
boundary of AdS is associated with the UV behavior of the field theory, and that cutting off
the geometry at z = ε is a UV cutoff (not identical to the lattice cutoff, but close enough for
our present purposes). Given this,

A =
∫R

0
dd−1x

Ld−1

zd−1

∣∣∣∣∣
z=ε

=
(
RL

ε

)d−1

. (2.10)

The holographic principle then says that the maximum entropy in the bulk is

A

4GN
∼ Ld−1

4GN

(
R

ε

)d−1

. (2.11)

We see that the scaling with the system size agrees—both hand side go like Rd−1. So
AdS/CFT is indeed an implementation of the holographic principle. We can learn more from
this calcluation: In order for the prefactors of Rd−1 to agree, we need to relate the AdS radius
in Planck units Ld−1/GN ∼ (LMpl)

d−1 to the number of degrees of freedom per site of the field
theory:

Ld−1

GN
=N2 (2.12)

up to numerical prefactors.

2.2. Preview of the AdS/CFT Correspondence

Here is the ideology:

fields in AdS←→ local operators of CFT

spin spin

mass scaling dimension Δ

(2.13)
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In particular, for a scalar field in AdS, the formula relating the mass of the scalar field to the
scaling dimension of the corresponding operator in the CFT is m2L2

AdS = Δ(Δ − d), as we will
show in Section 4.1.

One immediate lesson from this formula is that a simple bulk theory with a small
number of light fields is dual to a CFT with a hierarchy in its spectrum of operator
dimensions. In particular, there need to be a small number of operators with small (e.g.,
of order N0) dimensions. If you are aware of explicit examples of such theories, please let
me know.

6, 7
This is to be distinguished from the thus-far-intractable case where some whole

tower of massive string modes in the bulk is needed.
Now let us consider some observables of a QFT (we’ll assume Euclidean spacetime for

now), namely vacuum correlation functions of local operators in the CFT:

〈O1(x1)O2(x2) · · · On(xn)〉. (2.14)

We can write down a generating functionalZ[J] for these correlators by perturbing the action
of the QFT:

L(x) −→ L(x) +
∑
A

JA(x)OA(x) ≡ L(x) +LJ(x),

Z[J] =
〈
e−
∫
LJ
〉

CFT
,

(2.15)

where JA(x) are arbitrary functions (sources) and {OA(x)} is some basis of local operators.
The n-point function is then given by

〈∏
n

On(xn)
〉

=
∏
n

δ

δJn(xn)
lnZ

∣∣∣∣∣
J=0

. (2.16)

Since LJ is a UV perturbation (because it is a perturbation of the bare Lagrangian by
local operators), in AdS it corresponds to a perturbation near the boundary, z → 0. (Recall
from the counting of degrees of freedom in Section 2.1 QFT with UV cutoff E < 1/ε ↔ AdS
cutoff z > ε.) The perturbation J of the CFT action will be encoded in the boundary condition
on bulk fields.

The idea ([22, 23], often referred to as GKPW) for computing Z[J] is then
schematically

Z[J] ≡
〈
e−
∫
LJ
〉

CFT
= ZQG

[
b.c. depends on J

]
︸ ︷︷ ︸

=???

∼
N	1

e−Sgrav

∣∣∣∣∣∣∣
EOM, b.c. depend on J

. (2.17)

The middle object is the partition function of quantum gravity. We do not have a very useful
idea of what this is, except in perturbation theory and via this very equality. In a limit where
this gravity theory becomes classical, however, we know quite well what we are doing, and
we can do the path integral by saddle point, as indicated on the RHS of (2.17).
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An important point here is that even though we are claiming that the QFT path integral
is dominated by a classical saddle point, this does not mean that the field theory degrees of
freedom are free. How this works depends on what kind of large-N limit we take to make
the gravity theory classical. This is our next subject.

3. When Is the Gravity Theory Classical?

So we have said that some QFT path integrals are dominated by saddle points8 where the
degrees of freedom near the saddle are those of a gravitational theory in extra dimensions:

Zsome QFTs[sources] ≈ e−Sbulk[boundary conditions at z→ 0]
∣∣∣

extremum of Sbulk
. (3.1)

The sharpness of the saddle (the size of the second derivatives of the action evaluated at
the saddle) is equivalent to the classicalness of the bulk theory. In a theory of gravity, this is
controlled by the Newton constant in front of the action. More precisely, in an asymptotically
AdS space with AdS radius L, the theory is classical when

Ld−1

GN
≡ “N2”	 1. (3.2)

This quantity, the AdS radius in Planck units Ld−1/GN ≡ (LMpl)
d−1, is what we identified

(using the holographic principle) as the number of degrees of freedom per site of the QFT.
In the context of our current goal, it is worth spending some time talking about

different kinds of large-species limits of QFTs. In particular, in the condensed matter
literature, the phrase “large-enn” usually means that one promotes a two-component object
to an n-component vector, with O(n)-invariant interactions. This is probably not what we
need to have a simple gravity dual, for the reasons described next.

3.1. Large n Vector Models

A simple paradigmatic example of this vector-like large-n limit (I use a different n to
distinguish it from the matrix case to be discussed next) is a QFT of n scalar fields −→ϕ =
(ϕ1, . . . , ϕn) with the following action:

S
[
ϕ
]
= −1

2

∫
ddx

(
∂μ
−→ϕ∂μ−→ϕ +m2−→ϕ · −→ϕ +

λv
n

(−→ϕ · −→ϕ)2
)
. (3.3)

The fields −→ϕ transform in the fundamental representation of the O(n) symmetry group. Some
foresight has been used to determine that the quartic coupling λv is to be held fixed in the
large-n limit. An effective description (i.e., a well-defined saddle-point) can be found in terms
of σ ≡ −→ϕ · −→ϕ by standard path-integral tricks, and the effective action for σ is

Seff[σ] = −
n

2

[∫
σ2

2λ
+ tr ln

(
−∂2 +m2 + σ

)]
. (3.4)
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The important thing is the giant factor of n in front of the action which makes the theory of
σ classical. Alternatively, the only interactions in this n vector model are “cactus” diagrams;
this means that, modulo some self energy corrections, the theory is free.

So we have found a description of this saddle point within weakly coupled quantum
field theory. The Principle of Conservation of Evil then suggests that this should not also be a
simple, classical theory of gravity. Klebanov and Polyakov [24] have suggested what the (not
simple) gravity dual might be.

3.2. ’t Hooft Counting

“You can hide a lot in a large-N matrix.”

Steve Shenker

Given some system with a few degrees of freedom, there exist many interesting large-
N generalizations, many of which may admit saddle-point descriptions. It is not guaranteed
that the effective degrees of freedom near the saddle (sometimes ominously called “the
masterfield”) are simple field theory degrees of freedom (at least not in the same number of
dimensions). If they are not, this means that such a limit is not immediately useful, but it is not
necessarily more distant from the physical situation than the limit of the previous subsection.
In fact, we will see dramatically below that the ’t Hooft limit described here preserves more
features of the interacting small-N theory than the usual vector-like limit. The remaining
problem is to find a description of the masterfield, and this is precisely what is accomplished
by AdS/CFT.

Next we describe in detail a large-N limit (found by ’t Hooft9) where the right degrees
of freedom seem to be closed strings (and hence gravity). In this case, the number of degrees
of freedom per point in the QFT will go like N2. Evidence from the space of string vacua
suggests that there are many generalizations of this where the number of dofs per point goes
likeNb for b /= 2 [21]. However, a generalization of the ’t Hooft limit is not yet well understood
for other cases.10

Consider a (any) quantum field theory with matrix fields, Φb=1,...,N
a=1,...,N

. By matrix fields, we
mean that their products appear in the Lagrangian only in the form of matrix multiplication,
for example, (Φ2)ca = Φb

aΦ
c
b, which is a big restriction on the interactions. It means the

interactions must be invariant under Φ → U−1ΦU; for concreteness we will take the matrix
group to be U ∈ U(N).11 The fact that this theory has many more interaction terms than
the vector model with the same number of fields (which would have a much larger O(N2)
symmetry) changes the scaling of the coupling in the large N limit.

In particular, consider the ’t Hooft limit in whichN → ∞ and g → 0 with λ = g2N held
fixed in the limit. Is the theory free in this limit? The answer turns out to be no. The loophole
is that even though the coupling goes to zero, the number of modes diverges. Compared to
the vector model, the quartic coupling in the matrix model g ∼ 1/

√
N goes to zero slower

than the coupling in the vector model gv ≡ λv/N ∼ 1/N.
We will be agnostic here about whether the U(N) symmetry is gauged, but if it is not,

there are many more states than we can handle using the gravity dual. The important role of
the gauge symmetry for our purpose is to restrict the physical spectrum to gauge-invariant
operators, like trΦk.

The fields can have all kinds of spin labels and global symmetry labels, but we will just
call them Φ. In fact, the location in space can also for the purposes of the discussion of this
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section be considered as merely a label on the field (which we are suppressing). So consider
a schematic Lagrangian of the following form:

L ∼ 1
g2

Tr
(
(∂Φ)2 + Φ2 + Φ3 + Φ4 + · · ·

)
. (3.5)

I suppose that we want Φ to be Hermitian so that this Lagrangian is real, but this will not be
important for our considerations.

We will now draw some diagrams which let us keep track of the N-dependence of
various quantities. It is convenient to adopt the double line notation, in which oriented index
lines follow conserved color flow. We denote the propagator:12

a

b

c

d
〈Φa

b
Φd
c 〉 ∝ g2δac δ

d
b
≡ g2 (3.6)

and the vertices by

∝ g−2
∝ g−2

(3.7)

Created by Brian Swingle.
To see the consequences of this more concretely, let us consider some vacuum-to-

vacuum diagrams (see Figures 3 and 4 for illustration). We will keep track of the color
structure and not worry even about how many dimensions we are in (the theory could
even be zero-dimensional, such as the matrix integral which constructs the Wigner-Dyson
distribution).

A general diagram consists of propagators, interaction vertices, and index loops, and
gives a contribution:

diagram ∼
(
λ

N

)no. of prop.(N
λ

)no. of int . vert.

Nno. of index loops . (3.8)

For example, the diagram in Figure 2 has 4 three-point vertices, 6 propagators, and 4 index
loops, giving the final result N2λ2. In Figure 3 we have a set of planar graphs, meaning that
we can draw them on a piece of paper without any lines crossing; their contributions take the
general form λnN2. However, there also exist nonplanar graphs, such as the one in Figure 4,
whose contributions are down by (an even number of) powers of N. One thing that is great
about this expansion is that the diagrams which are harder to draw are less important.

We can be more precise about how the diagrams are organized. Every double-line
graph specifies a triangulation of a 2-dimensional surface Σ. There are two ways to construct
the explicit mapping.



12 Advances in High Energy Physics

Figure 2: This diagram consists of 4 three-point vertices, 6 propagators, and 4 index loops.

∝ N2

(a)

∝ λN2

(b)

∝ λ3N2

(c)

Figure 3: Planar graphs that contribute to the vacuum → vacuum amplitude.

Method 1 (direct surface). Fill in index loops with little plaquettes.

Method 2 (dual surface). (1) draw a vertex13 in every index loop and (2) draw an edge across
every propagator.

These constructions are illustrated in Figures 5 and 6.
If E = number of propagators, V = number of vertices, and F = number of index

loops, then the diagram gives a contribution NF−E+V λE−V . The letters refer to the “direct”
triangulation of the surface in which interaction vertices are triangulation vertices. Then we
interpret E as the number of edges, F as the number of faces, and V as the number of vertices
in the triangulation. In the dual triangulation there are dual faces F̃, dual edges Ẽ, and dual
vertices Ṽ . The relationship between the original and dual variables is E = Ẽ, V = F̃, and
F = Ṽ . The exponent χ = F − E + V = F̃ − Ẽ + Ṽ is the Euler character and it is a topological
invariant of two-dimensional surfaces. In general it is given by χ(Σ) = 2−2h−b where h is the
number of handles (the genus) and b is the number of boundaries. Note that the exponent of
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∝ g2N = λN0

Figure 4: Non-planar (but still oriented!) graph that contributes to the vacuum → vacuum amplitude.
Created by Wing-Ko Ho.

∼ S2

(a)

∼ T2

(b)

Figure 5: Direct surfaces constructed from the vacuum diagram in (a) Figure 3(a) and (b) Figure 4.

λ, E − V or Ẽ − F̃ is not a topological invariant and depends on the triangulation (Feynman
diagram).

Because the N-counting is topological (depending only on χ(Σ)), we can sensibly
organize the perturbation series for the effective action lnZ in terms of a sum over surface
topology. Because we are computing only vacuum diagrams for the moment, the surfaces
we are considering have no boundaries b = 0 and are classified by their number of handles
h (h = 0 is the two-dimensional sphere, h = 1 is the torus, and so on). We may write the
effective action (the sum over connected vacuum-to-vacuum diagrams) as

lnZ =
∞∑
h=0

N2−2h
∞∑
	=0

c	,hλ
	 =

∞∑
h=0

N2−2hFh(λ), (3.9)

where the sum over topologies is explicit.
Now we can see some similarities between this expansion and perturbative string

expansions.14 1/N plays the role of the string coupling gs, the amplitude joining and splitting
of the closed strings. In the largeN limit, this process is suppressed and the theory is classical.
Closed string theory generically predicts gravity, with Newton’s constant GN ∝ g2

s ; so this
reproduces our result GN ∼ N−2 from the holographic counting of degrees of freedom (this
time, without the quotes around it).
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∼ S2

∞

Figure 6: Dual surface constructed from the vacuum diagram in Figure 3(c). Note that points at infinity
are identified.

It is reasonable to ask what plays the role of the worldsheet coupling: there is a 2d QFT
living on the worldsheet of the string, which describes its embeddings into the target space;
this theory has a weak-coupling limit when the target-space curvature L−2 is small, and it
can be studied in perturbation theory in powers of 	s/L, where 	−2

s is the string tension. We
can think of λ as a sort of chemical potential for edges in our triangulation. Looking back at
our diagram counting we can see that if λ becomes large then diagrams with lots of edges
are important. Thus large λ encourages a smoother triangulation of the worldsheet which
we might interpret as fewer quantum fluctuations on the worldsheet. We expect a relation of
the form λ−1 ∼ α′ which encodes our intuition about large λ suppressing fluctuations. This is
what is found in well-understood examples.

This story is very general in the sense that all matrix models define something
like a theory of two-dimensional fluctuating surfaces via these random triangulations. The
connection is even more interesting when we remember all the extra labels we have been
suppressing on our field Φ. For example, the position labeling where the field Φ sits plays
the role of embedding coordinates on the worldsheet. Other indices (spin, etc.) indicate
further worldsheet degrees of freedom. However, the microscopic details of the worldsheet
theory are not so easily discovered. It took about fifteen years between the time when ’t
Hooft described the large-N perturbation series in this way and the first examples where
the worldsheet dynamics were identified (these old examples are reviewed in, e.g., [25]).

As a final check on the nontriviality of the theory in the ’t Hooft limit, let us see if the
’t Hooft coupling runs with scale. For argument let us think about the case when the matrices
are gauge fields and L = −(1/g2

YM) trFμνFμν. In d dimensions, the behavior through one loop
is

μ∂μgYM ≡ βg ∼
4 − d

2
gYM + b0g

3
YMN. (3.10)

(b0 is a coefficient which depends on the matter content and vanishes forN = 4 SYM.) So we
find that βλ ∼ ((4 − d)/2)λ + b0λ

2. Thus λ can still run in the large N limit and the theory is
nontrivial.
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Figure 7: New vertex for an operator insertion of Tr(Φk) with k = 6.

3.3. N-Counting of Correlation Functions

Let us now consider the N-counting for correlation functions of local gauge-invariant
operators. Motivated by gauge invariance and simplicity, we will consider “single trace”
operators, operators O(x) that look like

O(x) = c(k,N)Tr(Φ1(x) · · ·Φk(x)) (3.11)

and which we will abbreviate as Tr(Φk). We will keep k finite asN → ∞.15 There are two little
complications here. We must be careful about how we normalize the fields Φ and we must be
careful about how we normalize the operator O. The normalization of the fields will continue
to be such that the Lagrangian takes the form L = (1/g2

YM)L = (N/λ)LwithL(Φ) containing
no explicit factors of N. To fix the normalization of O (to determine the constant c(k,N)) we
will demand that when acting on the vacuum, the operator O creates states of finite norm in
the large-N limit, that is, 〈OO〉c ∼N0 where the subscript c stands for connected.

To determine c(k,N) we need to know how to insert single trace operators into the
t’Hooft counting. Each single-trace operator in the correlator is a new vertex which is required
to be present in every contributing diagram. This vertex has k legs where k propagators
can be attached and looks like a big squid. An example of such a new vertex appears in
Figure 7 which corresponds to the insertion of the operator Tr(Φ6). For the moment we do
not associate any explicit factors of N with the new vertex. Let us consider the example
〈Tr(Φ4) Tr(Φ4)〉. We need to draw two four point vertices for the two single trace operators
in the correlation function. How are we to connect these vertices with propagators? The
dominant contribution comes from disconnected diagrams like the one shown in Figure 8.
The leading disconnected diagram has four propagators and six index loops and so gives a
factor λ4N2 ∼ N2. On the other hand, the leading connected diagram shown in Figure 9 has
four propagators and four index loops and so only gives a contribution λ4 ∼ N0. (A way
to draw the connected diagram in Figure 9 which makes the N-counting easier is shown in
Figure 10 where we have deformed the two four point operator insertion vertices so that they
are “ready for contraction”.)

The fact that disconnected diagrams win in the largeN limit is general and goes by the
name “large-N factorization”. It says that single trace operators are basically classical objects
in the large-N limit 〈OO〉 ∼ 〈O〉〈O〉 +O(1/N2).

The leading connected contribution to the correlation function is independent of N
and so 〈OO〉c ∼ c2N0. Requiring that 〈OO〉c ∼ N0 means that we can just set c ∼ N0.
Having fixed the normalization of O we can now determine the N-dependence of higher-
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(a) (b)

Figure 8: Disconnected diagram contributing to the correlation function 〈Tr(Φ4)Tr(Φ4)〉. Created by Brian
Swingle.

Figure 9: Connected diagram contributing to the correlation function 〈Tr(Φ4)Tr(Φ4)〉.

order correlation functions. For example, the leading connected diagram for 〈O3〉where O =
Tr(Φ2) is just a triangle and contributes a factor λ3N−1 ∼N−1. In fact, quite generally we have
〈On〉c ∼N2−n for the leading contribution.

So the operators O (called glueballs in the context of QCD) create excitations of the
theory that are free at large N—they interact with coupling 1/N. In QCD with N = 3, quarks
and gluons interact strongly, and so do their hadron composites. The role of large-N here is
to make the color-neutral objects weakly interacting, in spite of the strong interactions of the
constituents. So this is the sense in which the theory is classical: although the dimensions of
these operators can be highly nontrivial (examples are known where they are irrational [26]),
the dimensions of their products are additive at leading order in N.

Finally, we should make a comment about the N-scaling of the generating functional
Z = e−W = 〈e−N

∑
A λAOA〉. We have normalized the sources so that each λA is an ’t Hooft-like

coupling, in that it is finite asN → ∞. The effective actionW is the sum of connected vacuum
diagrams, which at large-N is dominated by the planar diagrams. As we have shown, their
contributions go like N2. This agrees with our normalization of the gravity action,

Sbulk ∼
Ld−1

GN
Idimensionless ∼N2Idimensionless. (3.12)
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Figure 10: A redrawing of the connected diagram shown in Figure 9.

(a) (b)

Figure 11: A quark vacuum bubble and a quark vacuum bubble with “gluon” exchange. Created by Brian
Swingle.

3.4. Simple Generalizations

We can generalize the analysis performed so far without too much effort. One possibility
is the addition of fields, “quarks”, in the fundamental of U(N). We can add fermions
ΔL ∼ qγμDμq or bosons ΔL ∼ |Dμq|2. Because quarks are in the fundamental of U(N),
their propagator consists of only a single line. When using Feynman diagrams to triangulate
surfaces we now have the possibility of surfaces with boundary. Two quark diagrams are
shown in Figure 11 both of which triangulate a disk. Notice in particular the presence of
only a single outer line representing the quark propagator. We can conclude that adding
quarks into our theory corresponds to admitting open strings into the string theory. We
can also consider ”meson” operators like qq or qΦkq in addition to single trace operators.
The extension of the holographic correspondence to include this case [27] has had many
applications [28, 29], which are not discussed here for lack of time.

Another direction for generalization is to consider different matrix groups such as
SO(N) or Sp(N). The adjoint of U(N) is just the fundamental times the antifundamental.
However, the adjoint representations of SO(N) and Sp(N) are more complicated. For SO(N)
the adjoint is given by the antisymmetric product of two fundamentals (vectors), and for
Sp(N) the adjoint is the symmetric product of two fundamentals. In both of these cases, the
lines in the double-line formalism no longer have arrows. As a consequence, the lines in the
propagator for the matrix field can join directly or cross and then join as shown in Figure 12.
In the string language the worldsheet can now be unoriented, an example being given by a
matrix field vacuum bubble where the lines cross giving rise to the worldsheet RP

2.
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±

Figure 12: Propagator for SO(N) (+) or Sp(N) (−) matrix models.

4. Vacuum CFT Correlators from Fields in AdS

Our next goal is to evaluate 〈e−
∫
φ0O〉CFT ≡ e−WCFT[φ0], where φ0 is some small perturbation

around some reference value associated with a CFT. You may not be interested in such a
quantity in itself, but we will calculate it in a way which extends directly to more physically
relevant quanitities (such as real-time thermal response functions). The general form of the
AdS/CFT conjecture for the generating funcitonal is the GKPW equation [22, 23]

〈
e−
∫
φ0O
〉

CFT
= Zstrings in AdS

[
φ0
]
. (4.1)

This thing on the RHS is not yet a computationally effective object; the currently-practical
version of the GKPW formula is the classical limit:

WCFT
[
φ0
]
= − ln

〈
e
∫
φ0O
〉

CFT
� extremum“φ|z=ε∼φ0”

(
N2Igrav

[
φ
])

+O
(

1
N2

)
+O
(

1√
λ

)
. (4.2)

There are many things to say about this formula.

(i) In the case of matrix theories like those described in the previous section, the
classical gravity description is valid for large N and large λ. In some examples
there is only one parameter which controls the validity of the gravity description.
In (4.2) we have made the N-dependence explicit: in units of the AdS radius, the
Newton constant is Ld−1/GN =N2. Igrav is some dimensionless action.

(ii) We said that we are going to think of φ0 as a small perturbation. Let us then make a
perturbative expansion in powers of φ0:

WCFT
[
φ0
]
=WCFT[0] +

∫
dDxφ0(x)G1(x) +

1
2

∫∫
dDx1d

Dx2φ0(x1)φ0(x2)G2(x1, x2) + · · · ,

(4.3)

where

G1(x) = 〈O(x)〉 =
δW

δφ0(x)

∣∣∣∣
φ0=0

,

G2(x) = 〈O(x1)O(x2)〉c =
δ2W

δφ0(x1)δφ0(x2)

∣∣∣∣∣
φ0=0

.

(4.4)

Now if there is no instability, then φ0 is small implies φ is small. For one thing, this means that
we can ignore interactions of the bulk fields in computing two-point functions. For n-point
functions, we will need to know terms in the bulk action of degree up to n in the fields.
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(i) Anticipating divergences at z → 0, we have introduced a cutoff in (4.2) (which will
be a UV cutoff in the CFT) and set boundary conditions at z = ε. They are in quotes
because they require a bit of refinement (this will happen in Section 4.1).

(ii) Equation (4.2) is written as if there is just one field in the bulk. Really there is a φ
for every operator O in the dual field theory. For such a pair, we will say “φ couples
to O” at the boundary. How to match up fields in the bulk and operators in the
QFT? In general this is hard and information from string theory is useful. Without
specifying a definite field theory, we can say a few general things.

(1) We can organize both hand sides into representations of the conformal group.
In fact only conformal primary operators correspond to “elementary fields” in
the gravity action, and their descendants correspond to derivatives of those
fields. More about this loaded word “elementary” in a moment.

(2) Only “single-trace” operators (like the trΦks of the previous section)
correspond to “elementary fields” φ in the bulk. The excitations created by
multitrace operators (like (trΦk)2) correspond to multiparticle states of φ
(in this example, a 2-particle state). Here I should stop and emphasize that
this word “elementary” is well defined because we have assumed that we
have a weakly coupled theory in the bulk, and hence the Hilbert space is
approximately a Fock space, organized according to the number of particles
in the bulk. A well-defined notion of single-particle state depends on large-
N—if N is not large, it is not true that the overlap between trΦ2 trΦ2|0〉 and
trΦ4|0〉 is small.16

(3) There are some simple examples of the correspondence between bulk fields
and boundary operators that are determined by symmetry. The stress-energy
tensor Tμν is the response of a local QFT to local change in the metric, Sbdy �∫
γμνT

μν.

Here we are writing γμν for the metric on the boundary. In this case

gμν ←→ Tμν. (4.5)

Gauge fields in the bulk correspond to currents in the boundary theory:

Aa
μ ←→ J

μ
a , (4.6)

that is, Sbdy �
∫
Aa
μJ

μ
a . We say this mostly because we can contract all the indices to make a

singlet action. In the special case where the gauge field is massless, the current is conserved.

(iii) Finally, something that needs to be emphasized is that changing the Lagrangian
of the CFT (by changing φ0) is accomplished by changing the boundary condition
in the bulk. The bulk equations of motion remain the same (e.g., the masses of
the bulk fields do not change). This means that actually changing the bulk action
corresponds to something more drastic in the boundary theory. One context in
which it is useful to think about varying the bulk coupling constant is in thinking
about the renormalization group. We motivated the form

∫
(2Λ+R+ · · · ) of the bulk
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action by Wilsonian naturalness, which is usually enforced by the RG; so this is a
delicate point. For example, soon we will compute the ratio of the shear viscosity
to the entropy density, η/s, for the plasma made from any CFT that has an Einstein
gravity dual; the answer is always 1/4π . Each such CFT is what we usually think
of as a universality class, since it will have some basin of attraction in the space of
nearby QFT couplings. Here we are saying that a whole class of universality classes
exhibits the same behavior.

What is special about these theories from the QFT point of view? Our understanding of
this “bulk universality” is obscured by our ignorance about quantum mechanics in the bulk.
Physicists with what could be called a monovacuist inclination may say that what is special
about them is that they exist.17 The issue, however, arises for interactions in the bulk which
are quite a bit less contentious than gravity; so this seems unlikely to me to be the answer.

4.1. Wave Equation near the Boundary and Dimensions of Operators

The metric of AdS (in Poincaré coordinates, so that the constant-z slices are just copies of
Minkowski space) is

ds2 = L2dz
2 + dxμdxμ

z2
≡ gABdxAdxB, A = 0, . . . , d, xA = (z, xμ). (4.7)

As the simplest case to consider, let’s think about a scalar field in the bulk. An action for such
a scalar field suggested by Naturalness is

S = −K

2

∫
dd+1x

√
g
[
gAB∂Aφ∂Bφ +m2φ2 + bφ3 + · · ·

]
. (4.8)

Here K is just a normalization constant; we are assuming that the theory of φ is weakly

coupled and one may think of K as proportional to N2. For this metric √g =
√
|det g| =

(L/z)d+1. Our immediate goal is to compute a two-point function of the operator O to which
φ couples, so we will ignore the interaction terms in (4.8) for a while. Since φ is a scalar field
we can rewrite the kinetic term as

gAB∂Aφ∂Bφ =
(
∂φ
)2 = gABDAφDBφ, (4.9)

where DA is the covariant derivative, which has the nice property that DA(gBC) = 0, so we
can move the Ds around the gs with impunity. By integrating by parts we can rewrite the
action in a useful way:

S = −K

2

∫
dd+1x

[
∂A
(√

ggABφ∂Bφ
)
− φ∂A

(√
ggAB∂Bφ

)
+
√
g
(
m2φ2 + · · ·

)]
(4.10)
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and finally by using Stokes’ theorem we can rewrite the action as

S = −K

2

∫

∂AdS
ddx

√
ggzBφ∂Bφ −

K

2

∫ √
gφ
(
−� +m2

)
φ +O

(
φ3
)
, (4.11)

where we define the scalar Laplacian �φ = (1/√g)∂A(
√
ggAB∂B)φ = DADAφ. Note that we

wrote all these covariant expressions without ever introducing Christoffel symbols.
We can rewrite the boundary term more covariantly as

∫

M

√
gDAJ

A =
∫

∂M

√
γnAJ

A. (4.12)

The metric tensor γ is defined as

ds2
∣∣∣
z=ε
≡ γμνdxμdxν =

L2

ε2
ημνdx

μdxν; (4.13)

that is, it is the induced metric on the boundary surface z = ε. The vector nA is a unit vector
normal to boundary (z = ε). We can find an explicit expression for it:

nA ∝
∂

∂z
gABn

AnB
∣∣∣
z=ε

= 1 =⇒ n =
1
√
gzz

∂

∂z
=
z

L

∂

∂z
. (4.14)

From this discussion we have learned the following.

(i) The equation of motion for small fluctuations of φ is (−� +m2)φ = 0.18

(ii) If φ solves the equation of motion, the on-shell action is just given by the boundary
term.

Next we will derive the promised formula relating bulk masses and operator
dimensions

Δ(Δ − d) = m2L2 (4.15)

by studying the AdS wave equation near the boundary.
Let us take advantage of translational invariance in d dimensions, xμ → xμ + aμ, to

Fourier decompose the scalar field:

φ(z, xμ) = eikμx
μ

fk(z), kμx
μ ≡ −ωt +

−→
k · −→x. (4.16)
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In the Fourier basis, substituting (4.16) into the wave equation (−� +m2)φ = 0 and using the
fact that the metric only depends on z, the wave equation is

0 =

(
gμνkμkν −

1
√
g
∂z
(√

ggzz∂z
)
+m2

)
fk(z) (4.17)

=
1
L2

[
z2k2 − zd+1∂z

(
z−d+1∂z

)
+m2L2

]
fk(z), (4.18)

where we have used gμν = (z/L)2δμν. The solutions of (4.18) are Bessel functions; we
can learn a lot without using that information. For example, look at the solutions near the
boundary (i.e., z → 0). In this limit we have power law solutions, which are spoiled by the
z2k2 term. To see this, try using fk = zΔ in (4.18):

0 = k2z2+Δ − zd+1∂z
(
Δz−d+Δ

)
+m2L2zΔ

=
(
k2z2 −Δ(Δ − d) +m2L2

)
zΔ,

(4.19)

and for z → 0 we get

Δ(Δ − d) = m2L2. (4.20)

The two roots of (4.20) are

Δ± =
d

2
±

√(
d

2

)2

+m2L2. (4.21)

Comments

(i) The solution proportional to zΔ− is bigger near z → 0.

(ii) Δ+ > 0 for all m, therefore zΔ+ decays near the boundary for any value of the mass.

(iii) Δ+ + Δ− = d.

We want to impose boundary conditions that allow solutions. Since the leading behavior near
the boundary of a generic solution is φ ∼ zΔ− , we impose

φ(x, z)
∣∣
z=ε = φ0(x, ε) = εΔ−φRen

0 (x), (4.22)

where φRen
0 is a renormalized source field. With this boundary condition φRen

0 is a finite
quantity in the limit ε → 0.
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Wavefunction Renormalization of O (Heuristic but useful)

Suppose that

Sbdy �
∫

z=ε
ddx
√
γεφ0(x, ε)O(x, ε)

=
∫
ddx

(
L

ε

)d(
εΔ−φRen

0 (x)
)
O(x, ε),

(4.23)

where we have used √γ = (L/ε)d. Demanding this to be finite as ε → 0 we get

O(x, ε) ∼ εd−Δ−ORen(x)

= εΔ+ORen(x),
(4.24)

where in the last line we have used Δ+ + Δ− = d. Therefore, the scaling dimension of ORen is
Δ+ ≡ Δ. We will soon see that 〈O(x)O(0)〉 ∼ 1/|x|2Δ, confirming that Δ is indeed the scaling
dimension.

We are solving a second-order ODE; therefore we need two conditions in order to
determine a solution (for each k). So far we have imposed one condition at the boundary of
AdS.

(i) For z → ε, φ ∼ zΔ−φ0 + (terms subleading in z).

In the Euclidean case (we discuss real time in the next subsection), we will also impose

(ii) φ regular in the interior of AdS (i.e., at z → ∞).

Comments on Δ

(1) The εΔ− factor is independent of k and x, which is a consequence of a local QFT
(this fails in exotic examples).

(2) Relevantness: If m2 > 0: This implies Δ ≡ Δ+ > d, so OΔ is an irrelevant operator.
This means that if you perturb the CFT by adding OΔ to the Lagrangian, then its
coefficient is some mass scale to a negative power:

ΔS =
∫
ddx(mass)d−ΔOΔ, (4.25)

where the exponent is negative; so the effects of such an operator go away in the IR,
at energies E < mass. φ ∼ zΔ−φ0 is this coupling. It grows in the UV (small z). If φ0

is a finite perturbation, it will back-react on the metric and destroy the asymptotic
AdS-ness of the geometry: extra data about the UV will be required.

m2 = 0↔ Δ = d means that O is marginal.

If m2 < 0, then Δ < d; so O is a relevant operator. Note that in AdS, m2 < 0 is ok if m2

is not too negative. Such fields with m2 > −|mBF|2 ≡ −(d/2L)2 are called “Breitenlohner-
Freedman- (BF-) allowed tachyons”. The reason you might think that m2 < 0 is bad is
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that usually it means an instability of the vacuum at φ = 0. An instability occurs when a
normalizable mode grows with time without a source. But for m2 < 0, φ ∼ zΔ− decays near
the boundary (i.e., in the UV). This requires a gradient energy of order ∼ 1/L, which can stop
the field from condensing.

To see what is too negative, consider the formula for the dimension, Δ± = d/2 ±√
(d/2)2 +m2L2. For m2 < m2

BF, the dimension becomes complex.

(3) The formula relating the mass of a bulk field and the dimension of the associated
operator depends on their spin. For example, for a massive gauge field in AdS with
action

S = −
∫

AdS

(
1
4
FμνF

μν − 1
2
m2AμA

μ

)
, (4.26)

the boundary behavior of the wave equation implies that Aμ
z→ 0∼ zα with

α(α − d + 2) = m2L2. (4.27)

For the particular case ofAμ massless this can be seen to lead to Δ(jμ) = d−1,which
is the dimension of a conserved current in a CFT. Also, the fact that gμν is massless
implies

Δ(Tμν) = d, (4.28)

which is required by conformal Ward identities.

4.2. Solutions of the AdS Wave Equation and Real-Time Issues

An approach which uses the symmetries of AdS [23] is appealing. However, it is not always
available (e.g., if there is a black hole in the spacetime). Also, it can be misleading: as in
quantum field theory, scale-invariance is inevitably broken by the UV cutoff.

Return to the scalar wave equation in momentum space:

0 =
[
zd+1∂z

(
z−d+1∂z

)
−m2L2 − z2k2

]
fk(z). (4.29)

We will now stop being agnostic about the signature and confront some issues that arise for
real time correlators. If k2 > 0, that is, kμ is spacelike (or Euclidean), the solution is

fk(z) = AKz
d/2Kν(kz) +AIz

d/2Iν(kz), (4.30)

where ν = Δ − d/2 =
√
(d/2)2 +m2L2. In the interior of AdS (z → ∞), the Bessel functions

behave as

Kν(kz) ∼ e−kz, Iν(kz) ∼ ekz. (4.31)
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So we see that the regularity in the interior uniquely fixes f
k

and hence the bulk-to-boundary
propagator. Actually there is a theorem (the Graham-Lee theorem) addressing this issue for
gravity fields (and not just linearly in the fluctuations); it states that if you specify a Euclidean
metric on the boundary of a Euclidean AdS (which we can think of as topologically a Sd by
adding the point at infinity in R

d) modulo conformal rescaling, then the metric on the space
inside of the Sd is uniquely determined. A similar result holds for gauge fields.

In contrast to this, in Lorentzian signature with timelike k2, that is, for on-shell states

with ω2 >
−→
k

2
, there exist two linearly independent solutions with the same leading behavior

at the UV boundary. In terms of q ≡
√
ω2 −

−→
k

2
, the solutions are

zd/2K±ν
(
iqz
)
∼ e±iqz (z −→ ∞); (4.32)

so these modes oscillate in the far IR region of the geometry.19 This ambiguity reflects the
many possibilities for real-time Green’s functions in the QFT. One useful choice is the retarded
Green’s function, which describes causal response of the system to a perturbation. This choice
corresponds to a choice of boundary conditions at z → ∞ describing stuff falling into the
horizon [30], that is, moving towards larger z as time passes. There are three kinds of reasons
for this prescription.20

(i) Both the retarded Green’s functions and stuff falling through the horizon describe
things that happen, rather than unhappen.

(ii) You can check that this prescription gives the correct analytic structure of GR(ω)
([30] and all the hundreds of papers that have used this prescription).

(iii) It has been derived from a holographic version of the Schwinger-Keldysh
prescription [31–33].

The fact that stuff goes past the horizon and does not come out is what breaks time-reversal
invariance in the holographic computation ofGR. Here, the ingoing choice is φ(t, z) ∼ e−iωt+iqz,
since as t grows, the wavefront moves to larger z. This specifies the solution which computes
the causal response to be zd/2K+ν(iqz).

The same prescription, adapted to the black hole horizon, will work in the finite
temperature case.

One last thing we must deal with before proceeding is to define what we mean by a
“normalizable” mode, or solution, when we say that we have many normalizable solutions
for k2 < 0 with a given scaling behavior. In Euclidean space, φ is normalizable when S[φ] <
∞. This is because when we are thinking about the partition functionZ[φ] =

∑
φ e
−S[φ], modes

with boundary conditions which force S[φ] = ∞ would not contribute. In real-time, we say
that φ is normalizable if E[φ] <∞where

E
[
φ
]
=
∫

Σ
dd−1xdz

√
hTμν

[
φ
]
nμξν =

∫

x0=constant
dd−1xdz

√
hT0

0

[
φ
]
, (4.33)
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where Σ is a given spatial slice, h is the induced metric on that slice, nμ is a normal unit vector
to Σ, and ξμ is a timelike killing vector. TAB is defined as

TAB
[
φ
]
= − 2
√
g

δ

δgAB
SBulk

[
φ
]
. (4.34)

4.3. Bulk-to-Boundary Propagator in Momentum Space

We return to considering spacelike k in this section. Let us normalize our solution of the
wave equation by the condition fk(z = ε) = 1. This means that its Fourier transform is a
δ-function in position space δd(x) when evaluated at z = ε, not at the actual boundary z = 0.
The solution, which we can call the “regulated bulk-to-boundary propagator”, is then

f
k
(z) =

zd/2Kν(kz)
εd/2Kν(kε)

. (4.35)

The general position space solution can be obtained by Fourier decomposition:

φ[φ0](x) =
∫
ddkeikxf

k
(z)φ0(k, ε). (4.36)

The “on-shell action” (i.e., the action evaluated on the saddle-point solution) is (using (4.11))

S
[
φ
]
= −K

2

∫
ddx
√
γφn · ∂φ

= −K

2

∫
ddx

∫
ddk1

∫
ddk2e

i(k1+k2)xφ0(k1, ε)φ0(k2, ε)Ld−1z−df
k1
(z)z∂zf

k2
(z)
∣∣∣∣
z=ε

= −KLd−1

2

∫
ddkφ0(k, ε)φ0(−k, ε)Fε(k),

(4.37)

and therefore21

〈O(k1)O(k2)〉εc = −
δ

δφ0(k1)
δ

δφ0(k2)
S = (2π)dδd(k1 + k2)Fε(k1). (4.38)

Here Fε(k) (sometimes called the “flux factor”) is

Fε(k) = z−df
−k
(z)z∂zf

k
(z)
∣∣∣
z=ε

+ (k ←→ −k) = 2ε−d+1∂z

(
zd/2Kν(kz)
εd/2Kν(εz)

)∣∣∣∣∣
z=ε

. (4.39)
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The small-u (near boundary) behavior of Kν(u) is

Kν(u) = u−ν
(
a0 + a1u

2 + a2u
4 + · · ·

) (
leading term

)

+ uν lnu
(
b0 + b1u

2 + b2u
4 + · · ·

) (
subleading term

)
,

(4.40)

where the coefficients of the series ai, bi depend on ν. For noninteger ν, there would be no
lnu in the second line, and so we make it pink. Of course, we saw in the previous subsection
(with very little work) that any solution of the bulk wave equation has this kind of form
(the boundary is a regular singular point of the ODE). We could determine the as and bs
recursively by the same procedure. This is just like a scattering problem in 1d quantum
mechanics. The point of the Bessel function here is to choose which values of the coefficients
a, b give a function which has the correct behavior at the other end, that is, at z → ∞.
Plugging the asymptotic expansion of the Bessel function into (4.39),

Fε(k) = 2ε−d+1∂z

(
(kz)−ν+d/2(a0 + · · · ) + (kz)ν+d/2 ln kz(b0 + · · · )
(kε)−ν+d/2(a0 + · · · ) + (kε)ν+d/2 ln kε(b0 + · · · )

)∣∣∣∣∣
z=ε

= 2ε−d
[{

d

2
− ν
(

1 + c2

(
ε2k2

)
+ c4

(
ε4k4

)
+ · · ·

)}

+
{
ν

2b0

a0
(εk)2ν In(εk)

(
1 + d2(εk)

2 + · · ·
)}]

≡ (I) + (II),

(4.41)

where (I) and (II) denote the first and second groups of terms of the previous line.
(I) is a Laurent series in ε with coefficients which are positive powers of k (i.e., analytic

in k at k = 0). These are contact terms, that is, short distance goo that we do not care about
and can subtract off. We can see this by noting that

∫
ddke−ikx(εk)2mε−d = ε2m−d�m

x δ
d(x) (4.42)

for m > 0. The ε2m−d factor reinforces the notion that ε, which is an IR cutoff in AdS, is a UV
cutoff for the QFT.

The interesting bit of F(k), which gives the x1 /=x2 behavior of the correlator (4.38), is
nonanalytic in k:

(II) = −2ν · b0

a0
k2ν ln(kε) · ε2ν−d

(
1 +O

(
ε2
))
,

(
b0

a0
=

(−1)ν−1

22ννΓ(ν)2
for ν ∈ Z

)
. (4.43)
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To get the factor of 2ν, one must expand both the numerator and the denominator in (4.41);
this important subtlety was pointed out in [34].22 The Fourier transformation of the leading
term of (II) is given by

∫
ddke−ikx(II) =

2νΓ(Δ+)
πd/2Γ(Δ+ − d/2)

1
x2Δ+

ε2ν−d. (4.44)

Note that the AdS radius appears only through the overall normalization of the correlator
(4.38), in the combination KLd−1.

Now let us deal with the pesky cutoff dependence. Since ε2ν−d = ε−2Δ− if we let
φ0(k, ε) = φRen

0 (k)εΔ− as before, the operation

δ

δφ0(k, ε)
= ε−Δ−

δ

δφRen
0 (k)

(4.45)

removes the potentially divergent factor of ε−2Δ− . We also see that for ε → 0, the O(ε2) terms
vanish.

If you are bothered by the infinite contact terms (I), there is a prescription to cancel
them, appropriately called Holographic Renormalization [35]. Add to Sbulk the local, intrinsic
boundary term:

ΔS = Sc.t. =
K

2

∫

bdy
ddx

(
−Δ−Ld−1ε2Δ−−d

(
φ Ren

0 (x)
)2
)

= −Δ−
K

2L

∫

∂AdS, z=ε

√
γ φ2(z, x),

(4.46)

and redo the preceding calculation. Note that this does not affect the equations of motion, nor
does it affect G2(x1 /=x2).

4.4. The Response of the System to an Arbitrary Source

Next we will derive a very important formula for the response of the system to an arbitrary
source. The preceding business with the on-shell action is cumbersome, and is inconvenient
for computing real-time Green’s functions. The following result [36–40] circumvents this
confusion.

The solution of the equations of motion, satisfying the conditions we want in the
interior of the geometry, behaves near the boundary as

φ(z, x) ≈
(z
L

)Δ−
φ0(x)

(
1 +O

(
z2
))

+
(z
L

)Δ+

φ1(x)
(

1 +O
(
z2
))

; (4.47)

this formula defines the coefficient φ1 of the subleading behavior of the solution. First
we recall some facts from classical mechanics. Consider the dynamics of a particle in one
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dimension, with action S[x] =
∫ tf
ti
dtL(x(t), ẋ(t)). The variation of the action with respect to

the initial value of the coordinate is the momentum:

δS

δx(ti)
= Π(ti), Π(t) ≡ ∂L

∂ẋ
. (4.48)

Thinking of the radial direction of AdS as time, the following is a mild generalization of
(4.48):

〈O(x)〉 =
δW
[
φ0
]

δφ0(x)
= lim

z→ 0

(z
L

)Δ−
Π(z, x)

∣∣∣∣
finite

, (4.49)

where Π ≡ ∂L/∂(∂zφ) is the bulk field-momentum, with z thought of as time. There are two
minor subtleties.

(1) The factor of zΔ− arises because φ0 differs from the boundary value of φ by a factor:
φ ∼ zΔ−φ0, so ∂/∂φ0 = z−Δ−(∂/∂φ(z = ε)).

(2) Π itself in general (for m/= 0) has a term proportional to the source φ0, which
diverges near the boundary; this is related to the contact terms in the previous
description. Do not include these terms in (4.49). Finally, then, we can evaluate
the field momentum in the solution (4.47) and find23

〈O(x)〉 = K
2Δ − d
L

φ1(x). (4.50)

This is an extremely important formula. We already knew that the leading behavior
of the solution encoded the source in the dual theory, that is, the perturbation of the
action of the QFT. Now we see that the coefficient of the subleading falloff encodes
the response [36]. It tells us how the state of the QFT changes as a result of the
perturbation.24

This formula applies in the real-time case [41]. For example, to describe linear
response, δ〈O〉 = δφ0G +O(δφ0)

2), then (4.50) says that

G(ω, k) = K
2Δ − d
L

φ1(ω, k)
φ0(ω, k)

. (4.51)

Which kind of Green’s function we get depends on the boundary conditions we impose in
the interior.

4.5. A Useful Visualization

We are doing classical field theory in the bulk, that is, solving a boundary value problem. We
can describe the expansion about an extremum of classical action in powers of φ0 in terms
of tree level Feynman graphs. External legs of the graphs correspond to the wavefunctions
of asymptotic states. In the usual example of QFT in flat space, these are plane waves. In
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(a) (b)

Figure 13: Feynman graphs in AdS. We did the one with two external legs in Section 4.3. Created by
Francesco D’Eramo.

the expansion we are setting up in AdS, the external legs of graphs are associated with
the boundary behavior of φ (bulk-to-boundary propagators). These diagrams are sometimes
called “Witten diagrams,” after [23].

4.6. n-Point Functions

Next we will briefly talk about connected correlation functions of three or more operators.
Unlike two-point functions, such observables are sensitive to the details of the bulk
interactions, and we need to make choices. For definiteness, we will consider the three-point
functions of scalar operators dual to scalar fields with the following bulk action:

S =
1
2

∫
dd+1x

√
g

[
3∑
i=1

((
∂φi
)2 +m2

i φ
2
i

)
+ bφ1φ2φ3

]
. (4.52)

The discussion can easily be extended to n-point functions with n > 3.
The equations of motion are

(
� −m2

1

)
φ1(z, x) = bφ2φ3 (4.53)

and its permutations. We solve this perturbatively in the sources, φi0:

φ1(z, x)

=
∫
ddx1K

Δ1(z, x;x1)φ1
0(x1)

+ b
∫
ddx′dz′

√
gGΔ1

(
z, x; z′, x′

) ∫
ddx1

∫
ddx2K

Δ2
(
z′, x′;x1

)
φ2

0(x1)KΔ3
(
z′, x′;x2

)
φ3

0(x2)

+O
(
b2φ3

0

)
,

(4.54)
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φi0(x1)

Ki

(z, x)

Figure 14: Witten diagram 1, created by Daniel Park.

φ
j

0(x1)

Kj

(z′, x′)

Gi

(z, x)
Kk

φk0 (x2)

Figure 15: Witten diagram 2, created by Daniel Park.

with similar expressions for φ2,3. We need to define the quantitiesK,G appearing in (4.54).KΔ

is the bulk-to-boundary propagator for a bulk field dual to an operator of dimension Δ. We
determined this in the previous subsection: it is defined to be the solution to the homogeneous
scalar wave equation (� − m2)KΔ(z, x;x′) = 0 which approaches a delta function at the

boundary,25 KΔ(z, x;x′) z→ 0→ zΔ−δ(x, x′). So K is given by (4.36) with φ0(k) = e−ikx
′
.

GΔi(z, x; z′x′) is the bulk-to-bulk propagator, which is the normalizable solution to the wave
equation with a source

(
� −m2

i

)
GΔi
(
z, x; z′, x′

)
=

1
√
g
δ
(
z − z′

)
δd
(
x − x′

)
(4.55)

(so that (� −m2
i )
∫ √

gGJ = J for a source J).
The first and second terms in (4.54) are summarized by the Witten diagrams in Figures

14 and 15. A typical higher-order diagram would look something like Figure 16. This result
can be inserted into our master formula (4.50) to find G3.
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Figure 16: Witten diagram 3, created by Daniel Park.

4.7. Which Scaling Dimensions Are Attainable?

Let us think about which Δ are attainable by varying m.26 Δ+ ≥ d/2 is the smallest dimension
we have obtained so far, but the bound from unitarity is lower: Δ+ ≥ (d − 2)/2. There is a
range of values for which we have a choice about which of zΔ± is the source and which is the
response. This comes about as follows.

φ is normalizable if S[φ] <∞. With the action we have been using

SBulk =
∫

ε

dd+1x
√
g
(
gAB∂Aφ∂Bφ +m2φ2

)
, (4.56)

with√g = z−d−1, our boundary conditions demand that φ ∼ zΔ(1+O(z2)) with Δ = Δ+ or Δ−,

gzz
(
∂zφ
)2 =

(
z∂zφ

)2 ∼ Δ2z2Δ (4.57)

and hence,

gAB∂Aφ∂Bφ +m2φ2 � Δ2z2Δ + k2z2Δ+2 +m2z2 =
(
Δ2 +m2

)
z2Δ
(

1 +O
(
z2
))

(4.58)

in the limit z → 0. Since for Δ = Δ±, Δ2 +m2 = −dΔ/= 0,

SBulk

[
zΔ
]
∼
∫

ε

dzz−d−1(−dΔ)z2Δ
(

1 +O
(
z2
))
∝ 1

2Δ − dε
2Δ−d. (4.59)

We emphasize that we have only specified the boundary behavior of φ, and it is not assumed
that φ satisfies the equation of motion. We see that

SBulk

[
zΔ
]
<∞⇐⇒ Δ >

d

2
. (4.60)
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This does not saturate the lower bound from unitarity on the dimension of a scalar operator,
which is Δ > (d − 2)/2; the bound coincides with the engineering dimension of a free field.

We can change which fall-off is the source by adding a boundary term to the action
(4.56) [37]:

SKWBulk =
∫

ε

dd+1x
√
gφ
(
−� +m2

)
φ = SBulk −

∫

∂AdS

√
γφn · ∂zφ. (4.61)

For this action we see that

SKWBulk

[
φ ∼ zΔ

(
1 +O

(
z2
))]

=
∫

ε

dzz−d−1zΔ
(

1 +O
(
z2
))[(

−Δ(Δ − d) +m2
)
zΔ
(

1 +O
(
z2
))

+ k2z2Δ+2
]

∼
∫

ε

dzz−d−1+2Δ+2 ∼ ε2Δ−d+2 <∞

(4.62)

is equivalent to

Δ ≥ d − 2
2

(4.63)

which is exactly the unitary bound. We see that in this case both Δ± give normalizable modes
for ν ≤ 1. Note that it is actually Δ− that gives the value which saturates the unitarity bound,
that is, when

Δ− =

⎛
⎝d

2
−

√(
d

2

)2

+m2

⎞
⎠

m2=1−d2/4

=
d − 2

2
. (4.64)

The coefficient of zΔ+ would be the source in this case.
We have found a description of a different boundary CFT from the same bulk action,

which we have obtained by adding a boundary term to the action. The effect of the new
boundary term is to lead us to impose Neumann boundary conditions on φ, rather than
Dirichlet conditions. The procedure of interchanging the two is similar to a Legendre
transformation.

4.8. Geometric Optics Limit

When the dimension of our operatorO is very large, the mass of the bulk field is large in units
of the AdS radius:

m2L2 = Δ(Δ − d) ∼ Δ2 	 1 =⇒ mL	 1. (4.65)

This means that the path integral which computes the solution of the bulk wave equation has
a sharply peaked saddle point, associated with geodesics in the bulk. That is, we can think
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−a +a

τ

Σ

z

Figure 17: The curve Σ ⊂ AdS connecting the two-points in C. The arrows on the curve indicate the
orientation, created by Vijay Kumar.

of the solution of the bulk wave equation from a first-quantized point of view, in terms of
particles of mass m in the bulk. For convenience, consider the case of a complex operator O,
so that the worldlines of these particles are oriented. Then

〈
O(+a)O(−a)

〉
= Z[±a] m	L−1

∼ exp
(
−S
[
z
])
. (4.66)

(O is the complex conjugate operator.) The middle expression is the Feynman path integral
Z[±a] =

∫
[dz(τ)] exp(−S[z]); the action for a point particle of mass m whose world-line is Σ

is given by S[z] = m
∫
Σ ds. In the limit of large m, we have

Z[±a] ∼ exp
(
−S
[
z
])
, (4.67)

where we have used the saddle point approximation; z is the geodesic connecting the points
±a on the boundary.

We now compute Z[±a] in the saddle point approximation. The metric restricted to Σ
is given by ds2|Σ = (L2/z2)(1 + z

′2)dτ2, where z′ := dz/dτ . This implies that the action is

S[z] =
∫
dτ

L

z

√
1 + z′2. (4.68)

The geodesic can be computed by noting that the action S[z] does not depend on τ explicitly.
This implies, we have a conserved quantity:

h = z′
∂L
∂z′
− L =

L

z

1√
1 + z′2

=⇒ z′
2 =

(
L2

h2
− z2

)
1
z2
.

(4.69)
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The above is a first-order differential equation with solution τ =
√
z2

max − z2, with z(τ = 0) =
zmax = L/h = a. This is the equation of a semicircle. Substituting the solution back into the
action gives

S
[
z
]
=
∫
dτ

L

z

√
1 + z′2 = 2L

∫a
ε

dz√
a2 − z2

a

z

= 2L log
2a
ε

+ (terms −→ 0 as ε −→ 0).

(4.70)

You might think that since we are computing this in a conformal field theory, the only scale in
the problem is a and therefore the path integral should be independent of a. This argument
fails in the case at hand because there are two scales: a and ε, the UV cutoff. The scale
transformation is anomalous and this is manifested in the ε dependence of S[z]:

〈
O(+a)O(−a)

〉
= Z[±a] m	L−1

∼ exp
(
−S
[
z
])
∼ 1
a2mL

. (4.71)

This is exactly what we expect for the two-point function, since m2L2 = Δ(Δ − d) ≈ Δ2 in
the large Δ limit. Without this anomaly, the two-point function of the operator O would be
independent of a forcing Δ = 0, which is impossible in a unitary CFT. This is similar to the
anomaly that gives a nonzero scaling dimension of k2/4 to the operator exp(ikX) for the 2d
free boson CFT which has classical scaling dimension zero. Graham and Witten [42] showed
that such a scale anomaly exists for surface observables for any even k. This relation between
correlators of large Δ observables and geodesics in the bulk theory offers a probe of the bulk
spacetime [43, 44].

4.9. Comment on the Physics of the Warp Factor

Recall that the bulk radial coordinate behaves like a spectrograph separating the theory into
energy scales. z = 0 is associated with the UV while z → ∞ describes the IR.

One way to think about the implementation of this relationship between the radial
coordinate of the bulk geometry and the field theory energy scale is as follows. The geometry
dual to a more general Lorentz-invariant state is

ds2 = w2(z)
(
−dt2 + d−→x2 + dz2

)
, (4.72)

where w(z) is called the “warp factor”. The warp factor for AdS is simply L/z. The
coordinates t,−→x in (4.72) are the field theory time and space coordinates. This means that
the size of a field theory object is related to the size of its holographic image by the relation:

(size)FT =
1

w(z)
(
proper size

)
(4.73)
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and similarly the energy of a field theory object is related to the proper energy of the
corresponding bulk excitation by

EFT ∼ i∂t = w(z)Eproper. (4.74)

The fact that AdS goes forever in the z direction is related to the fact that the dual
theory is a conformal field theory with degrees of freedom at all energies. We can interpret
the existence of modes at arbitrarily low energy as the statement that the warp factor has a
zero at z =∞. More precisely, there areO(N2) degrees of freedom at every energy scale in the
CFT. One concrete manifestation of this is the fact that we found a continuum of solutions of
(−� + m2)φ = 0—in particular, for any kμ we could match the required boundary condition
in the IR region, z → ∞.

In the gravity dual of a QFT with an energy gap, the warp factor has a minimum. This
will impose a boundary condition on the bulk wave equation at the IR end of the geometry.
The problem becomes like QM of a 1d particle trapped at both ends and therefore has a
discrete spectrum.

There exist gravity solutions [19, 45, 46] which are dual to field theories with
logarithmically running couplings which become strong in the IR, leading to a gap to almost
all excitations (except some order N0 number of Goldstone bosons), as in QCD.

5. Finite Temperature and Density

AdS is scale invariant. It is a solution dual to the vacuum of a CFT. The correspondence we
have developed can also describe systems which are not scale invariant. This includes QFTs
with a scale in the Lagrangian, or where a scale is generated quantum mechanically. A simpler
thing to describe is the dual of a CFT in an ensemble which introduces a scale. A saddle
point of the bulk path integral describing such a state would correspond to a geometry which
approaches AdS near the boundary, and solves the same equations of motion:

0 = RAB +
d

L2
gAB ∝

δSbulk

δgAB
, (5.1)

but does something else in the interior.

5.1. Interjection on Expectations for CFT at Finite Temperature

In particular we mean a d dimensional relativistic CFT. The partition function is

Z(τ) = tr e−H/T = e−F/T (5.2)

with free energy F, on a space with geometry S1
th
× Σd−1 where the S1

th
has radius 1/T, τ ∼

τ + 1/T and Σd−1 is some (d − 1)-manifold. We can give Σd−1 finite volume as an IR regulator.
The temperature is a deformation of the IR physics (modes with ω 	 T = EKK do not notice).

For large V = Vol(Σd−1), then

F = −cVTd (5.3)
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which follows from extensivity of F and dimensional analysis. This is the familiar Stefan-
Boltzmann behavior for blackbody radiation. The pressure is P = −∂VF. Note that in a
relativistic theory, just putting it at finite temperature is enough to cause stuff to be present,
because of the existence of antiparticles. It is the physics of this collection of CFT stuff that we
would like to understand.

The prefactor c in (5.3) is a measure the number of degrees-of-freedom-per-site, that
is, the number of species of fields in the CFT, which we called “N2” above.

5.2. Back to the Gravity Dual

The desired object goes by many names, such as planar black hole, Poincaré black hole, and
black brane. . . . Let us just call it a black hole in AdSd+1. The metric is

ds2 =
L2

z2

(
−fdt2 + d−→x2 +

dz2

f

)
,

f = 1 − zd

zdH
.

(5.4)

We again put the −→x coordinates on a finite volume space, for example, in box of volume V, x ∼
x + V 1/d. Notice that if we set the emblackening factor f = 1, we recover the Poincaré AdS
metric, and in fact f approaches 1 as z → 0, demonstrating that this is an IR deformation.

This metric solves Einstein’s equations with a cosmological constant Λ = −d(d−1)/2L2

and asymptotes to Poincaré AdS. It has a horizon at z = zH , where the emblackening factor f
vanishes linearly. This means that events at z > zH cannot influence the boundary near z = 0.

The fact that the horizon is actually translation invariant (i.e., it is a copy of R
d−1, rather

than a sphere) leads some people to call this a “black brane”.
In general, horizons describe thermally mixed states. Here we can see the connection

more directly: this solution (5.4) is the extremum of the Euclidean gravity action dual to
the QFT path integral with thermal boundary conditions. Recall that the boundary behavior
of the bulk metric acts as a source for the boundary stress tensor—changing the boundary
behavior of the bulk metric is the same as changing the metric of the space on which we put
the boundary theory. This is to say that if

ds2
bulk

z→ 0≈ dz2

z2
+
L2

z2
g
(0)
μν dx

μdxν, (5.5)

then, up to a factor, the boundary metric is g(0)
μν . This includes any periodic identifications we

might make on the geometry, such as making the Euclidean time periodic.
A study of the geometry near the horizon will give a relationship between the

temperature and the parameter zH appearing in the metric (5.4). The near-horizon (z ∼ zH)
metric is

ds2 ∼ −κ2ρ2dt2 + dρ2 +
L2

z2
H

d−→x2
, (5.6)
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where ρ2 = (2/κ)(L/z2
H) (zH − z) + O(zH − z)

2, and κ ≡ |f ′(zH)|/2 = d/2zH is called the
“surface gravity”. If we analytically continue this geometry to Euclidean time, t → iτ , it
becomes

ds2 ∼ κ2ρ2dτ2 + dρ2 +
L2

z2
H

d−→x2 (5.7)

which looks like R
d−1 times a Euclidean plane in polar coordinates ρ, κτ . There is a deficit

angle in this plane unless τ is periodic according to

κτ � κτ + 2π. (5.8)

A deficit angle would mean nonzero Ricci scalar curvature, which would mean that
the geometry is not a saddle point of our bulk path integral. Therefore we identify the
temperature as T = κ/(2π) = d/(4πzH).

Meanwhile the area of the horizon (the set of points with z = zH, t fixed) is

A =
∫

z=zH,fixed t

√
gdd−1x =

(
L

zH

)d−1

V. (5.9)

Therefore the entropy is

S =
A

4GN
=
Ld−1

4GN

V

zd−1
H

=
N2

2π
(πT)d−1V =

π2

2
N2VTd−1. (5.10)

Here I have used the relation Ld−1/4GN = N2/2π . (The factor of 2π is the correct factor for
the case of the duality involving the N = 4 SYM, and so this factor of N2 is not red.) The
entropy density is

sBH =
SBH

V
=
aBH

4GN
, (5.11)

where aBH ≡ A/V is the “area density” (area per unit volume!) of the black hole.
We would like to identify this entropy with that of the CFT at finite temperature.

The power of T is certainly consistent with the constraints of scale invariance. It is not
a coincidence that the number of degrees-of-freedom-per-site Ld−1/GN appears in the
prefactor. In the concrete example ofN = 4 SYM in d = 3 + 1, we can compute this prefactor
in the weak-coupling limit λ → 0 and the answer is [47, 48]

F(λ = 0) =
3
4
F(λ =∞); (5.12)

the effect of strong coupling is to reduce the effective number of degrees-of-freedom-per-site
by an order-one factor. Similar behavior is also seen in lattice simulations of QCD [49].
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To support the claim that this metric describes the saddle point of the partition sum of
a CFT in thermal equilibrium, consider again the partition function:

ZCFT ≡ e−βF = e−Sg[g], (5.13)

where g is the Euclidean saddle-point metric.27 Sg is the on-shell gravity action for the black
hole solution and is equal to

Sg = SEH + SGH + Sct

SEH = − 1
16πGN

∫
dd+1x

√
g

(
R +

d(d − 1)
L2

) (5.14)

is just the usual bulk gravity action. In addition to this there are two boundary terms.
The “Gibbons-Hawking” term is an extrinsic boundary term which affects which boundary
conditions we impose on the metric, in the same way that the

∫
∂AdS φn · ∂φ term in the

scalar case changed the scalar boundary conditions from Neumann to Dirichlet. Its role is
to guarantee that when we impose Dirichlet boundary conditions on the metric by specifying
g
(0)
μν , the action evaluated on a solution is stationary under an arbitrary variation of the metric

satisfying that boundary condition.28 Its specific form is:

SGH = −2
∫

∂M

ddx
√
γΘ, (5.15)

where Θ is the extrinsic curvature of the boundary

Θ ≡ γμν∇μnν =
nz

2
γμν∂zγμν, (5.16)

where nA is an outward-pointing unit normal to the boundary z = ε, and we have defined γ
by

ds2 z→ 0≈ L2dz
2

z2
+ γμνdxμdxν. (5.17)

Finally,

Sct =
∫

∂M

ddx
√
γ

2(d − 1)
L

+ · · · (5.18)

is a local, intrinsic boundary counter-term, as we need to subtract some divergences as z → 0,
just like in the calculation of vacuum correlation functions of local operators. The . . . are terms
proportional to the intrinsic curvature of the boundary metric g(0)

μν , which we have taken to
be flat. See [50–52] for more details.
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Thus by plugging in the AdS planar black hole solution (the saddle point) we obtain
the free energy. Specializing to d = 3 + 1 and using theN = 4 SYM normalization for the rest
of this section, we find

−F
V

=
L2

16πGN

1
z4
H

=
π2

8
N2T4. (5.19)

This is consistent with the Bekenstein-Hawking entropy calculation above:

SBH = −∂TF. (5.20)

We can also check the first law of thermodynamics:

dE + PdV = TBHdSBH + ΩdJ + ΦdQ, (5.21)

where the pressure is P = −∂VF. This is actually a strong check (at least on the correctness of
our numerical factors), because it relates horizon quantities such as T, S to global quantities
such as the free energy F. The red terms on the RHS of (5.21) would be present if we were
studying a black hole with angular momentum J , or with charge Q as in the next subsection.

We can also compute the expectation value of the field theory stress tensor Tμν. We just
use the usual GKPW prescription, using the fact that Tμν couples to the induced metric on the
boundary γμν. The energy is E = −V√γTtt and the pressure is P = V√γTxx . The answers agree
with the form we found from thermodynamics:

(
E

V

)
=
N2π2

8
3

2z4
H

, P =
N2π2

8
1

2z4
H

, (5.22)

which satisfies E = 3P , so T
μ
μ = 0 as required in a 3 + 1-dimensional relativistic CFT. One

can do the same for the black hole with a spherical horizon (in “global coordinates”) which
describes the field theory on a sphere. The answer is E = (N2π2/8)(3/(2z4

H)+3L2/(8G)). The
limit zH → ∞ describes the zero-temperature vacuum. In this limit E is nonzero, and in fact
matches the calculation for the zero-point (Casimir) energy of the field theory on a sphere of
radius L. The fact that this quantity matches precisely the field theory result at weak coupling
[50–52] (unlike, e.g., the free energy which depends on the ’t Hooft coupling) is because it
arises from an anomaly.

5.3. Finite Density

Suppose that the boundary theory has a conserved U(1) symmetry, with current Jμ. This
means that there should be a massless gauge field Aμ in the bulk. Naturalness suggests the
action

ΔSbulk = − 1
4g2

F

∫
dd+1x

√
gFμνF

μν, Fμν ≡ ∂μAν − ∂νAμ. (5.23)
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The Maxwell equation near the boundary implies the behavior

A
z→ 0≈ A(0)(x) + zd−2A(1)(x), (5.24)

and in particular for the zeromode of the time component, At
z→ 0≈ μ + zd−2ρ. Using the result

(4.50), this is the statement that the charge density ρ of the boundary theory is related to the
electric field in the bulk:

ΠAt =
∂L

∂(∂zAt)
= Ez = A(1) = ρ; (5.25)

the subleading behavior encodes the field momentum.
A black hole which describes the equilibrium configuration of the field theory at finite

density has the same form of the metric as above:

ds2 =
L2

z2

(
−fdt2 + d−→x2 +

dz2

f

)
, (5.26)

but with a different emblackening factor f = 1 −Mzd +Qz2d−2, and a nonzero gauge field

A = dt
(
μ + ρzd−2

)
. (5.27)

M,Q, ρ can be written in terms of gF, μ, T ; see, for example, [2].
I will restrict myself to two comments about this solution. First, in the grand canonical

ensemble, μ is fixed, and we should think of the z0 term inAt as the source, and the coefficient
of zd−2, namely, ρ as the response. Changing the boundary conditions on the gauge field can
be accomplished as described in Section 4.7, by adding a term of the form

∫
∂AdS nμAνF

μν. In
this case, the trick is the Legendre transformation which takes us to the canonical ensemble,
where the ρ-term is the source and μ is the response.

Secondly, this geometry is interesting. At T � μ it describes an example of a
“holographic RG flow” between RG fixed points. In particular, the function f now has
multiple zeros at real, positive values of z. Let us call the one closest to the boundary z0;
this represents a horizon; there is another zero z1 at a larger value of z, in the inaccessible
region behind the horizon. These zeros collide z1 → z0 when we take T → 0, in which case
f has a double-zero, and the black hole is said to be extremal. In this limit, the geometry
interpolates between AdSd+1 near the boundary z ∼ 0, and AdS2 × R

d−1 near the horizon.
The presence of an AdS factor means that this IR region of the geometry is scale invariant.
The original scale invariance of the d-dimensional CFT is broken by the chemical potential;
so this is an emergent scale invariance, like the kind that one might see in a real system. The
IR geometry is dual to some nonrelativistic scale-invariant theory. At finite T � μ, the IR
geometry is a black hole in AdS2 × R

d−1, related to this CFT at finite temperature.
If we put a charged boson in this geometry, we find the holographic superconductor

phenomenon ([53–55], for a review see [56]). If we put a charged spinor in this geometry,
we can study the two-point functions of the dual fermionic operator, and in particular its
spectral density ∼ ImGR. This study was initiated in [57] and developed by [58–60], and one
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Figure 18: The geometry of the near-extremal AdSd+1 charged black hole for T � μ.

finds Fermi surfaces, which sometimes describe nonFermi liquids. For some values of the
bulk parameters, the fermion spectral density is that of a “marginal Fermi liquid” introduced
[61] to model the strange metal phase of high-Tc superconductors [59].

6. Hydrodynamics and Response Functions

So far we have given evidence that the black hole thermodynamics of the AdS black hole
solution is dual to the thermal ensemble of some strongly coupled CFT on R

d−1 at large N
and large ’t Hooft coupling λ. Thus the gauge theory provides the microstates that are being
coarse grained by the Bekenstein-Hawking entropy of the black hole SBH. The static black
hole describes the field theory in thermodynamic equilibrium.

A few comments on this observation are as follows.

(i) Perturbing the equilibrium of the boundary theory with a kick will result in
thermalization—relaxation back to equilibrium.

(ii) In the bulk the response to such a kick is for the energy of the kick to fall into the
black hole.

The above two statements are related by the duality [62]. In the long wavelength
and small frequency limit both are consistent with the hydrodynamics of a relativistic CFT.
Additionally the duality allows one to compute various transport coefficients of the gauge
theory at large λ, such as the shear viscosity, and conductivity as we discuss next. We
emphasize that these calculations are done at leading order in this mean-field-theory-like
description, but they include dissipation.

6.1. Linear Response and Transport Coefficients

As a demonstration of the real-time prescription [30], in the following subsection we will
derive the viscosity of a large class of strongly interacting plasmas, made from CFT at finite
temperature. First, we quickly recall the formalism of linear response to establish notation.

To see how our system responds to our poking at it, consider the following small
perturbation of the field theory action:

ΔSQFT =
∫
ddxOφ0, φ0 small. (6.1)

The response is

δ〈O〉CFT,T
φ0→ 0
= −GR(ω,k)φ0(ω,k). (6.2)
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For simplicity, we are just asking about the diagonal response, perturbing with the operator
O, and measuring the operator O: GR ≡ GR

OO. The subscript on the LHS indicates that we are
computing thermal averages at temperature T . In the long-wavelength, low-frequency limit,
on very general grounds, this will reduce to the Kubo formula:

δ〈O〉CFT,T
k→ 0,ω→ 0−→ iωχφ0. (6.3)

For example, in the case where O = jμ is a conserved current, φ0 = Aμ is the boundary
behavior of a bulk gauge field, and the transport coefficient is the conductivity:

δ
〈−→
J
〉

CFT,T

k→ 0,ω→ 0−→ iωχ
(
j
)−→
A = σ

−→
E (Ohm’s law). (6.4)

In the case where O = Txy (kz), the source is the boundary value of a metric perturbation δg
y
x ,

and the transport coefficient is the shear viscosity, χ(Txy ) = η. Do not forget that the order of
limits here matters: k must be taken to zero before ω to get the transport coefficient.

6.2. Holographic Calculation of Transport Coefficients

Now we discuss the bulk calculation of these quantities. We will follow the discussion of [40],
but we should emphasize that this calculation has a long history [63–66]. We can consider a
very general bulk metric:

ds2 = gttdt2 + gzzdz2 + gijdxidxj , (6.5)

which satisfies two conditions.

(i) Near z → 0, it approaches AdS, or some other asymptotics for which we know
how to construct a holographic GKPW-like prescription. Other examples include
systems which in the UV are described by nonrelativistic CFTs, as described in [16–
18].

(ii) The geometry has a horizon at some z = zH , near which the metric coefficients take
the form gtt ≈ 2κ(zH−z), gzz ≈ 1/2κ(zH−z). Such a thing is called a Rindler horizon,
and means that the Euclidean time coordinate must have period 1/T = 2π/κ. T is
therefore the temperature at which we have put the field theory.

In this spacetime, consider the bulk action:

S = −1
2

∫
dd+1x

√
g
∂Aφ∂

Aφ

q(z)
. (6.6)

Several points are noteworthy here. First, the quantity q(z) is some effective coupling of the
mode, which can depend on the radial direction; such dependence can arise, for example
from the profiles of some background fields to which the mode is coupled. In addition, we
have assumed that the field φ is massless and does not mix with other modes (at least in the
kinematical regime of interest); this will be important for the calculation below. An important
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example of such a φ is precisely the metric fluctuation δg
y
x (kz) which computes the shear

viscosity. In the case of Einstein gravity, the coefficient is 1/qEinstein = 1/16πGN . For other
theories of gravity with higher-curvature corrections, q can take some other forms [40]. We
will continue to leave q general and refer to the operator to which φ couples as O.

Recall that the general formula for the expectation value of an operator in terms of the
behavior of its dual bulk field is

〈O(xμ)〉QFT = lim
z→ 0

Πφ(z, xμ), (6.7)

where Πφ ≡ ∂Lbulk/∂(∂zφ) is the field momentum (with the radial direction thought of as
time). We have specialized the formula (4.50) to the case of a massless field. The fact that
(6.7), evaluated on the infalling solution for φ, correctly computes the retarded response was
demonstrated in [41]. Equation (6.7) means that the transport coefficient is

χ = lim
ω→ 0

lim
k→ 0

lim
z→ 0

(
Πφ

(
z, kμ

)

iωφ
(
z, kμ

)
)
. (6.8)

We will calculate this in two steps. First we find its value at the black hole horizon, and then
we propagate it to the boundary using the equation of motion.

By assumption (2) about the metric, the horizon at z = zH is a regular singular point
of the wave equation, near which solutions behave as

φ(z) ≈ (zH − z)±iω/4πT (6.9)

(the exponents are determined by plugging in a power-law ansatz into the wave equation
and Taylor expanding). Since the time-dependence of the solution is of the form e−iωt (recall
(4.16)), these two solutions describe waves which fall into (−) or come out of (+) the black
hole horizon as time passes. To compute the retarded Green’s function, we pick the ingoing
solution [30]. This says that near the horizon, the field momentum is

Πφ(z, k) =

√∣∣g∣∣
q(z)

gzz∂zφ
z→ zH≈ 1

q(zH)

√∣∣∣∣
g

gzzgtt

∣∣∣∣iωφ(z, k)
∣∣∣∣∣
z=zH

. (6.10)

The outgoing solution would give a minus sign in front here.
To propagate this to the boundary, we use the bulk equations of motion, which relate

∂zΠφ ∼ ∂2
zφ to φ. It is not hard to show that in the limit k → 0, ω → 0,

∂zΠφ(z, k −→ 0, ω −→ 0) = 0. (6.11)

A similar statement holds for the denominator of Green’s function, ωφ. This means that

Π
ωφ

∣∣∣∣
z=0

=
Π
ωφ

∣∣∣∣
z=zH

, (6.12)
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from which we learn that

χ =
1

q(zH)

√∣∣∣∣
g

gzzgtt

∣∣∣∣. (6.13)

Here it was important that the bulk field was massless; this fails, for example, for the mode
which computes the bulk viscosity.

Let us apply this discussion to the case where χ is the shear viscosity η, defined in
the previous subsection. The shear viscosity is dimensionful (it comes in some units called
“poise”); a dimensionless measure of the quality of a liquid is its ratio with the entropy
density, which is also something we know how to compute. The entropy density of our
system is related to the “area-density” aBH of the black hole:

s =
aBH

4GN
=

1
4GN

√∣∣∣∣
g

gzzgtt

∣∣∣∣. (6.14)

We see therefore that

η

s
=

1
q(zH)

. (6.15)

In the special case of Einstein gravity in the bulk this gives the celebrated KSS value [65]:

η

s
=

1
4π

. (6.16)

This value is much smaller than that of common liquids. The substances which come the
closest [67] are cold atoms at unitarity (η/s ∼ 1/2 [68, 69]) and the fireball at RHIC (η/s ∼
0.16 [70, 71]). This computation of the shear viscosity of a strongly interacting plasma seems
to have been quite valuable to people trying to interpret the experiments at RHIC.29

It seems not to be a lower bound. For example, in some particular higher-curvature
gravity theory called Gauss-Bonnet gravity, where the black-hole solution is known, the
parameter q is related to a coefficient of a higher-derivative term λGB, and one finds [72, 73]

η

s
=

1
q(zH)

=
1

4π
>

16
25
. (6.17)

The inequality on the right arises from demanding causality of the boundary theory, which
fails if λGB is too large. It is not clear that GB gravity has a sensible UV completion, but other
theories where the KSS value is violated by a small amount do [74].

A nice thing about the ratio η/s is that the number of degrees of freedom (‘N2) cancels
out. Attempts to find other such observables, for example, related to charge transport, include
[75].

For lack of time, I have spoken here only about the extreme long-wavelength limit of
the response functions. The frequency and momentum dependence is also very revealing;
see, for example, [76, 77].
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7. Concluding Remarks

7.1. Remarks on Other Observables

Besides correlation functions and thermodynamic potentials, a number of other observables
of interest can be computed easily using the correspondence. Some, like expectation values
of Wilson loops, are relatively specific to gauge theories.

A very ubiquitous observable, which is notoriously hard to compute otherwise, is the
entanglement entropy. If we divide the hilbert space of the QFT into

H =HA ⊕HB (7.1)

and declare ourselves ignorant ofHB, we have an ensemble described by the density matrix:

ρA = trHBρ, (7.2)

where ρ is the density matrix of the whole system, which let’s take to be the one associated
with the ground state ρ = |Ω〉〈Ω|. Then the entanglement entropy between A and B is the
von Neumann entropy of ρA:

S = −trAρA ln ρA. (7.3)

In the special case where the subdivision (7.1) is done by cutting out a region of space
B bounded by some d − 2-dimensional surface Σ, there exists a proposal for how to calculate
the associated entanglement entropy SΣ using the holographic dual [78] (for a recent review,
see [79]). The idea is extremely simple: just find the surface M (d − 1-dimensional), ending
on the boundary at Σ, which extremizes its area. The formula for SΣ is then

SΣ = extremum∂M=Σ
area(M)

4GN
, (7.4)

very reminiscent of the Bekenstein formula for the entropy of a black hole. This formula
passes many checks. For example, it gives the correct universal behavior S ∼ (c/3) ln L (L is
the length of the region B) in a 1 + 1-dimensional CFT of central charge c. Like the Casimir
energy, this match between weak and strong coupling is precise because it is determined by
the conformal anomaly. In higher dimensions, the holographic prescription gives a prediction
for which terms in the expansion of S(L) in powers of L are universal. There even exists a
heuristic derivation [80].30

7.2. Remarks on the Role of Supersymmetry

Supersymmetry has played important roles in the historical development of the AdS/CFT
correspondence.

(i) It constrains the form of the interactions, meaning that there are fewer possible
candidates for the dual (e.g., the maximal AdS supergravity theory in five
dimensions is unique).
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(ii) A supersymmetric theory has many observables which are independent of the
coupling. These so-called BPS quantities allow for many quantitative checks of a
proposed dual pair.

(iii) Supersymmetry can stabilize a line of exact fixed points (e.g., in the N = 4 SYM),
rendering the coupling constant a dimensionless parameter which interpolates
between the weakly coupled field theory description and the gravity regime.

However, it has played no role in our discussion. Some people believe that
supersymmetry may be necessary for the construction of a consistent theory of quantum
gravity. But it seems more likely to me that the formulation of specific examples of the duality
without supersymmetry is a (perhaps hard) technical problem, not one of principle.

7.3. Lessons for How to Use AdS/CFT

Critical exponents depend on “Landscape Issues”. By this I mean just that they depend on the
values of the couplings in the bulk action (in particular, the masses of bulk fields), which are
specified only by some UV completion, that is, by available string vacua. For each possible
bulk coupling, it is very much an open question which values arise in a consistent theory of
quantum gravity. This situation—that the critical exponents are UV-sensitive quantities—is a
rather unfamiliar one!

At least in examples we know, thermodynamics is not very sensitive to strong
coupling. In both the N = 4 SYM, and from lattice QCD, we find for, for example, the free
energy a relation of the form

Fstrong ∼
3
4
Fweak. (7.5)

Real-time dynamics and transport are very sensitive to the strength of the interactions.
For example,

(
η

s

)

weak
∼ 1
g4 In g

	
(
η

s

)

strong
∼ 1

4π
. (7.6)

Not only are these observables sensitive to strong coupling, but they are very natural things to
compute using the holographic technology. In particular, although it is a classical description,
it automatically includes dissipation. Ordinary techniques seem to require the existence of a
description of what is being transported in terms of quasiparticles, so that the Boltzmann
equation can be used. Since we know that such a description need not exist, this is a very
good opportunity for the machinery described above to be useful.

I would like to close with a final optimistic philosophical comment. The following
gedanken experiment was proposed by Weisskopf [81]: take a bunch of theoretical physicists
and lock them away from birth so that they are never exposed to any substance in the
liquid phase. Will they predict the existence of the liquid phase from first principles?
Weisskopf thinks not, because its existence depends on the fact that the constituents interact
strongly with each other. The same statement applies to any state of matter which depends
for its existence on strong interactions, such as confinement, and fractional quantum hall
phases.

31, 32
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I think it is a defensible claim [82] that if we did not know the IR physics of QCD
(e.g., if we did not happen to be made out of color-neutral boundstates of quarks and gluons)
before the discovery of AdS/CFT, we would have predicted color confinement by finding its
dual geometry [19, 45, 46]. Our ability to imagine the possible behavior of a bunch of stuff
has been limited by our dependence on our weak coupling tools and on experimenters to
actually assemble the stuff. It is exciting that we now have another tool, which allows us to
ask these questions in a way which involves such simple geometrical pictures. Perhaps there
are even states of matter that we can describe this way which have already been seen, but
which have not yet been understood.
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Endnotes

1. Matthew Fisher raises the point that there are systems (ones with topological order)
where it is possible to create an information-carrying excitation which does not change
the energy. I am not sure exactly how to defend Bekenstein’s argument from this. I think
that an important point must be that the effects of such excitations are not completely
local (which is why they would be good for quantum computing). A related issue about
which more work has been done is the species problem: if there are many species of fields
in the bulk, information can be carried by the species label, without any cost in energy.
There are two-points which save Bekenstein from this: (1) if there are a large number
of species of fields, their fluctuations renormalize the Newton constant (to make gravity
weaker) and weaken the bound. (2) Being able to encode information in the species label
implies that there is some continuous global symmetry. It is believed that theories of
quantum gravity do not have continuous global symmetries (roughly because virtual
black holes can eat the charge and therefore generate symmetry-breaking operators in
the effective action, see, e.g., [84, page 12]).

2. The criterion “different” may require some effort to check. This principle is sometimes
also called “Conservation of Difficulty”.
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3. It turns out that this metric also has conformal invariance. So scale and Poincaré
symmetry implies conformal invariance, at least when there is a gravity dual. This is
believed to be true more generally [85], but there is no proof for d > 1 + 1. Without
Poincaré invariance, scale invariance definitely does not imply conformal invariance;
indeed there are scale-invariant metrics without Poincaré symmetry, which do not have
special conformal symmetry [16].

4. For verifying statements like this, it can be helpful to use Mathematica or some such
thing.

5. An example of this is the relationship (2.12) between the Newton constant in the bulk
and the number of species in the field theory, which we will find in the next subsection.

6. Rational CFTs in two dimensions do not count because they fail our other criterion for a
simple gravity dual: in the case of a 2d CFT, the central charge of the Virasoro algebra, c,
is a good measure of “N2”, the number of degrees of freedom per point. But rational CFTs
have c of order unity and therefore can only be dual to very quantum mechanical theories
of gravity. But this is the right idea. Joe Polchinski has referred to the general strategy
being applied here as “the Bootstrap for condensed matter physics”. The connection with
the bootstrap in its CFT incarnation [86] is made quite direct in [14].

7. Eva Silverstein and Shamit Kachru have emphasized that this special property of these
field theories is a version of the “cosmological constant problem;” that is, it is dual to the
specialness of having a small cosmological constant in the bulk. At least in the absence
of supersymmetry, there is some tuning that needs to be done in the landscape of string
vacua to choose these vacua with a small vacuum energy and hence a large AdS radius.
Here is a joke about this: when experimentalists look at some material and see lots of
complicated crossovers, they will tend to throw it away; if they see instead some simple
beautiful power laws, as would happen in a system with few low-dimension operators,
they will keep it. Perhaps these selection effects are dual to each other.

8. Note that I am not saying here that the configuration of the elementary fields in the path
integral necessarily has some simple description at the saddle point. Thanks to Larry
Yaffe for emphasizing this point.

9. The standard pedagogical source for this material is [87], available from the KEK KISS
server.

10. Recently, there has been an explosion of literature on a case where the number of degrees
of freedom per point should go like N3/2 [88, 89].

11. Note that the important distinction between these models and those of the previous
subsection is not the difference in groups (U(N) versus O(N)), but rather the difference
in representation in which the fields transform: here the fields transform in the adjoint
representation rather than the fundamental.

12. Had we been considering SU(N), the result would be 〈Φa
b
Φd
c 〉 ∝ δac δ

d
b
− δa

b
δc
d
/N2 =

. This difference can be ignored at leading
order in the 1/N expansion.

13. Please do not be confused by multiple uses of the word “vertex”. There are interaction
vertices of various kinds in the Feynman diagrams and these correspond to vertices in
the triangulation only in the first formulation.
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14. The following two paragraphs may be skipped by the reader who does not want to hear
about string theory.

15. From the point of view of the worldsheet, these operators create closed-string excitations,
such as the graviton.

16. It is clear that the ’t Hooft limit is not the only way to achieve such a situation, but I am
using the language specific to it because it is the one I understand.

17. Monovacuist (n): one who believes that a theory of quantum gravity should have a unique
groundstate (in spite of the fact that we know many examples of much simpler systems
which have many groundstates, and in spite of all the evidence to the contrary (e.g.,
[90, 91])).

18. We will use an underline to denote fields which solve the equations of motion.

19. This z → ∞ far IR region of the geometry is called the “Poincaré horizon”. A few words
of clarification may be useful regarding this terminology. The form (2.5) of the AdS metric
that we have been discussing is not geodesically complete. If we follow all the geodesics
to their logical conclusions, the geometry we find is called “global AdS”; it has constant-
z spatial sections which are d − 1-spheres. The coordinates we have been using in (2.5)
cover a subset of this geometry called the “Poincaré patch”. The Poincaré horizon at
z → ∞ represents a boundary of this coordinate patch.

20. This is not yet the complete prescription for computing retarded functions; the other
ingredient will appear in Section 4.4.

21. If you do not like functional derivatives, you can see (4.38) by calculating

〈O(k1)O(k2)〉εc =
(

∂2

∂λ1∂λ2
W
[
φ0(x) = λ1e

ik1x + λ2e
ik2x
])∣∣∣∣∣

λ1=λ2=0

.

22. The correctness of this normalization of the two-point function can be verified by
computing a three-point function 〈JμO†O〉 (where J is a conserved current under which
O is charged) and using the Ward identity for J-conservation to relate this to 〈O†O〉 [34].

23. This formula is not correct on the support of the source φ0. If one wants to use this
formula to compute expectation values with a nonzero source (and not just correlation
functions at finite separation), the terms proportional to the source must be included and
renormalized. For cautionary examples and their correct treatment, please see [92, 93].
Thanks to Kostas Skenderis for emphasizing this point.

24. An important practical remark: in general, the bulk system will be nonlinear—a finite
perturbation of φ0 will source other bulk fields, such as the metric. Actually finding the
resulting φ(z, x) in (4.47) may be quite complicated. The prescription for extracting the
response, given that solution, is always as described here.

25. More precisely, as we saw in the previous subsection, it is better to use a regulated bulk-
to-boundary propagator which approaches a delta function at the regulated boundary:
KΔ
ε (ε, x;x′) = εΔ−δ(x, x′).

26. In this subsection, we work in units of the AdS radius, that is, L = 1.
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27. If there were more than one saddle point geometry with the required asymptotics, we
would need to sum over them. In fact there are examples where there are multiple saddle
points which even have different topology in the bulk, which do exchange dominance
as a function of temperature [45, 94]. In this example, this behavior matches a known
phase transition in the dual gauge theory. This is therefore strong evidence that quantum
gravity involves summing over topologies.

28. Without this term, integration by parts in the Einstein-Hilbert term to get the EOM
produces some boundary terms proportional to variations of derivatives of the metric:

δSEH = EOM +
∫

∂AdS
γμνn · ∂δγμν,

which is incompatible with imposing a Dirichlet condition on the metric.

29. For reviews of applications of holographic duality to RHIC, please see [95, 96].

30. It should be noted that, at the moment at least, there is some confusion about the case of
two disconnected regions; see [97].

31. Son points out that even some phenomena that only involve weak coupling, such as the
BCS mechanism, took a long time to figure out, even after the relevant experiments.

32. I would like to have more things to add to this list. What am I forgetting? Is our ignorance
that complete?
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We review recent progress on holographic renormalization in the context of the gauge-gravity
correspondence when the bulk geometry is not asymptotically AdS. The prime example is the
Klebanov-Strassler background, whose dual gauge theory has logarithmically running couplings
at all energy scales. The presented formalism provides the counterterms necessary for obtaining
finite two-point functions of the scalar operators in the corresponding dual gauge theories.
The presentation is self-contained and reviews all the relevant background material concerning
a gauge-invariant description of the fluctuations around holographic renormalization group
backgrounds.

1. Introduction

Gauge/string duality offers an alternative approach to aspects of nonAbelian gauge theories
that are hard to describe with conventional techniques. For example, at strong coupling, many
nonAbelian gauge theories exhibit confinement, the familiar yet still somewhat mysterious
phenomenon that the only finite-energy states are singlets under the color gauge group: in
colliders, we never see quarks directly, only colorless hadrons. The details of confinement,
and other phenomena such as chiral symmetry breaking, are difficult to capture with
conventional gauge theory methods—they are inherently nonperturbative. Instead, in the
dual string picture, the nonperturbative gauge theory regime is typically described by weakly
coupled closed strings propagating on a space of higher dimensionality (the “bulk”), and
their dynamics can be approximated by classical supergravity. In this case, one also speaks of
gauge/gravity duality.



2 Advances in High Energy Physics

One of the most powerful applications of gauge/gravity duality is the calculation of
field theory correlation functions from the dual bulk dynamics. This idea was developed in
[1–3] for superconformal gauge theories, whose gravity duals are Anti-de Sitter (AdS) spaces.
Let us briefly illustrate with a simple example how such a calculation is done. The starting
point is the correspondence formula [3]

e−Son-sh[s] =
∫
DΦe−SQFT[Φ]+

∫
Oisiddx, (1.1)

where, on the left-hand side, Son-sh[s] denotes the renormalized bulk on-shell action evaluated
as a functional of suitably defined boundary values si of the various bulk fields. The right-
hand side represents the QFT generating functional for connected correlation functions of the
operators Oi, and the si play the role of sources. It is often more practical to consider the exact
one-point functions of the QFT operators, which are obtained from (1.1) as

〈Oi(x)〉 = −
δSon-sh

δsi(x)
. (1.2)

Let us consider a massless scalar field in d + 1 = 5dimensional AdS space, with a bulk
action

Sbulk =
1
2

∫
d5x

√
ggAB∂Aφ∂Bφ, (1.3)

where the bulk metric is taken to be

ds2 =
1
z2

(
dz2 + ημνdxμdxν

)
, μ, ν = 1, 2, 3, 4. (1.4)

This is AdS space with characteristic length (or “radius”) L = 1. The boundary is located at
z = 0. The equation of motion for φ is

(
∂2
z −

3
z
∂z + �

)
φ(z, x) = 0, (1.5)

where � = ∂μ∂μ. In momentum space, the general solution of (1.5), which is regular in the
AdS bulk space (in particular, for z → ∞), can be expressed as

φ(z,k) = 2
(
kz

2

)2

K2(kz)φ0(k), (1.6)

where k = (kμkμ)
1/2, and K2 is a modified Bessel function. The overall constant has been

chosen such that, for z� 1, one has [4]

φ(z,k) =

[
1 −

(
kz

2

)2

−
(
kz

2

)4(
ln
kz

2
− ψ(1) − 3

4

)
+ · · ·

]
φ0(k), (1.7)
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so that φ0 is the boundary value, which plays the role of the source, s, in the dual QFT.
To calculate the on-shell action, we introduce a cutoff boundary at z = ε > 0, integrate

(1.3) by parts and use the equation of motion in the bulk part, leading to

Sbulk = −1
2

∫
d4x

[
z−4φz∂zφ

]
z=ε
. (1.8)

Then, substituting (1.7) and switching to momentum space yields

Sbulk =
∫

d4k

(2π)4
φ0(−k)

[(
k

2ε

)2

+ 2
(
k

2

)4(
ln
kε

2
− ψ(2)

)
+ · · ·

]
φ0(k), (1.9)

where the ellipses denote terms that vanish in the near-horizon limit ε → 0. The two
divergent terms in the near-horizon limit are removed by adding counterterms, which must
take the form of local, boundary covariant functionals of the full fields φ (not of the boundary
values φ0). Hence, we add

Sc.t. = −
∫

d4x
√
γ

[
1
4
γμν∂μφ∂νφ +

1
8

ln(κε)
(
γμν∂μ∂νφ

)2
]
, (1.10)

where γμν = ε−2ημν is the metric on the cutoff boundary, and κ is an arbitrary constant of
dimension mass. Changing κ is, therefore, the same as adding some finite counterterms.
After putting everything together and taking the near-horizon limit, we end up with the
renormalized on-shell action

Son-sh =
1
2

∫
d4k

(2π)4
φ0(−k)G(k)φ0(k), G(k) =

1
4
k4 ln

k

M
(1.11)

where M, a constant of dimension mass that depends on κ, represents the renormalization
scale. In (1.11), one can recognize the generating functional for the CFT 2-point function of
operators of dimension 4.

This short example illustrates the general philosophy behind holographic renormaliza-
tion (HR) and shows that the procedure has certain features in common with the usual
renormalization procedure in QFT. First, the bare, regularized generating functional diverges
when removing the cutoff. Second, counterterms are added at the cutoff, after which the
cutoff can be removed. Third, different renormalization schemes differ from each other by
finite (and local) counterterms. Last, the necessity to introduce a dimensionful constant
(renormalization scale) gives rise to a scale anomaly. For a more detailed account of HR in
AdS/CFT, valid in any asymptotically locally AdS (aAdS) bulk space-time and including also
gravity, fermion and form fields, we refer to the extensive original literature and reviews [5–
15]. The little “a” in aAdS is particularly important, because it allows to calculate correlators
in QFTs with running couplings, where the flow away from the UV fixed point is driven
either by an operator insertion or a spontaneous breaking of the scale symmetry. These are
known in AdS/CFT as holographic RG flows.

There are many gauge/gravity dualities, which do not involve aAdS bulk spaces.
For example, a field that has attracted much interest recently is nonrelativistic AdS/CFT,
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because of its potential applications to condensed matter physics. Let us just note that
HR has been formulated for backgrounds with Schrödinger [16, 17] and Lifshitz-like scale
symmetries [18, 19]. These and other cases share the fact that their bulk backgrounds
possess some anisotropic conformal infinity, which turns out to be crucial for HR [20]. Other
nonconformal cases are given by AdSp+2 × S8−p with a nonvanishing dilaton. These cases
exhibit a generalized conformal structure and imply couplings that run with a power law in
the UV. HR has been carried out in [21, 22] following the standard method as reviewed in
[12].

In this review, we will be concerned with relativistic QFTs, whose gravity duals are
formally given by so-called “fake” SUGRAs [23]. These theories describe gravity coupled to
an arbitrary number of dynamical scalars, with the condition that the scalar potential can be
expressed via a “superpotential”. (Hence, “fake” just means that the theory is not necessarily
supersymmetric, because this condition is weaker than supersymmetry. The relation between
supergravity and fake supergravity was analyzed in [24, 25].) This implies the existence
of BPS domain wall background solutions, which are the holographic duals of RG flows.
AdS/CFT systems (with aAdS geometry) typically fall into this class of theories. What we
drop, therefore, is only the requirement that the background has an asymptotic AdS region.
On the QFT side of the duality, this implies to give up the existence of a UV conformal
fixed point. (For this reason, we can speak of “nonAdS/nonCFT” dualities. These play a
prominent role in holographic models of QCD-like theories showing features such as mesons,
chiral symmetry breaking and confinement. Further details on this subject can be found in
the reviews [26–28].) In contrast to the nonconformal systems mentioned earlier, in which
one can perform HR based on the general asymptotic structure of the bulk space-time and
fields, we will make no specific assumptions on the asymptotic geometry of the bulk. Thus,
a general treatment of HR along the lines of the standard method [12] appears to be possible
only on a case-by-case basis. What we would like to answer is the question whether the
fake SUGRA structure of the bulk theories can be exploited to perform HR for the QFTs
dual to the BPS domain wall backgrounds. The answer to this question is positive, and
we review recent progress on a perturbative, or order-by-order, approach to HR. In this
approach, one considers the fluctuations around the exact BPS background flow and removes
the divergences order by order in the fluctuations. So far, the second-order counterterms
have been constructed, which are sufficient for the calculation of two-point functions in flat
backgrounds [29]. In a sense, the approach is inspired by [13, 14], where the philosophy was
put forward to concentrate on the part of the counterterm action which is really necessary to
calculate n-point functions for a given n, that is, the terms of nth order in the fluctuations. In
this spirit, [29] considered the case n = 2. It might be possible to derive the counterterms from
a fully covariant expression (similar to [30]), but this has not been achieved yet. The approach
is based on the gauge-invariant formalism for the dynamics of the bulk fluctuations [31–33],
which we include in this review for completeness. This formalism has turned out to be very
useful for the holographic calculation of correlation functions, mass spectra and scattering
amplitudes, both in aAdS and nonaAdS backgrounds.

The prime example of a nonaAdS/nonCFT fake SUGRA system, which exhibits a
logarithmically warped AdS geometry in the asymptotic region, is the Klebanov-Strassler
(KS) solution [34], which is well approximated in the UV by the Klebanov-Tseytlin (KT)
solution [35]. The fake SUGRA systems can be obtained by a consistent truncation of
type-IIB SUGRA [33, 36–38] and are the gravity duals of an SU(N + M) × SU(N) gauge
theory undergoing a series of Seiberg dualities, N → N −M. Whereas the KT solution
correctly describes the duality cascade, its bulk singularity makes it unreliable in the IR.
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The resolution of the singularity in the KS background provides a geometrical description of
chiral symmetry breaking and confinement. Calculating correlation functions in these cases
is much more involved, also because the procedure of HR has not been worked out yet in
a systematic way similar to the aAdS case. As a result, only a few attempts to calculate
correlators using the KT background have been made, compare for example, [30, 39–41],
and only in [30, 41] the program of HR, as reviewed in [12], was applied. A generalization
of this procedure to include flavor degrees of freedom was discussed in [42]. Furthermore,
calculations of mass spectra in the KS background [39, 43–47] have been done using a
pragmatic approach assuming that a consistent method of HR in nonaAdS backgrounds
exists.

Other systems of recent interest are derived from the Maldacena-Nunez background
[48], the gravity dual of N = 1 SYM describing, in the UV, the exact NSVZ β-function [49]
and a nonzero gluino condensate in the IR that breaks the chiral symmetry. In particular, so-
called walking solutions have been considered [50–52], where in a certain regime the gauge
coupling changes very little—it walks as opposed to runs. The walking region imitates, in
many respects, a conformal fixed point, and the slightly broken scale symmetry implies the
existence of a light particle. Walking Technicolor [53] is a phenomenologically interesting
alternative to the Higgs sector of the Standard Model. Glueball mass spectra in backgrounds
with walking couplings have been calculated in [54, 55].

There is, therefore, continued interest in understanding better the various aspects of
HR in nonaAdS backgrounds. As far as the calculation of correlation functions is concerned,
the state of the art are the mass spectra that have been mentioned above. To put these
calculations on a more solid footing and to prepare the ground for further investigations
(fully momentum-dependent propagators, three-point functions, etc.), a consistent and
systematic procedure of HR should be constructed.

Let us now state the main idea of the order-by-order approach. The starting point
of the holographic calculation of correlation functions in AdS/CFT, which we generalize to
nonaAdS configurations, is the correspondence formula (1.1). In AdS/CFT, the sources si are
identified with asymptotically rescaled boundary values of the on-shell bulk fields. When
trying to generalize this identification, one has to be aware of some implicit assumptions that
one usually uses in AdS/CFT [33]. The existence of a fixed point, where the bulk geometry
would be global AdS, allows to parameterize the scalars in such a way that their origin is
located at the fixed point, and that the individual scalars are the duals of boundary operators
with certain scaling dimensions. The fixed point corresponds to some conformally invariant
QFT (CFT). Therefore, holographic RG backgrounds that flow away from the fixed point
can be considered either as the duals of deformations of the CFT by relevant operators or as
the duals of vacua with spontaneously broken conformal symmetry, with finite couplings or
vacuum expectation values (VEVs), respectively, which are related to the background scalars.
In the nonaAdS case, such an interpretation is not directly possible. The absence of a fixed
point does not allow to fix an origin or to choose some otherwise preferred parameterization
of the scalar fields. On the field theory side, it is not possible to say that the RG flow is due to
some operator deformation or a ground state with a VEV of some special QFT. All we seem to
be able to say is that the holographic RG background is the dual of some QFT that has running
couplings. (In AdS/CFT, one would simply say that the QFT under consideration is the CFT +
deformations or in a spontaneously broken phase.) Just as in AdS/CFT, however, correlation
functions of this QFT can be obtained by studying the dynamics of the fluctuations of the bulk
fields around the holographic RG flow. For two-point functions, which we will be concerned
with, it is sufficient to solve the linearized equations of motion, which have a useful form in
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the gauge-invariant formalism. The sources si will be given by certain asymptotic boundary
values of the on-shell bulk fluctuations.

Scheme dependence of correlation functions (but not of physical amplitudes) is a
general feature of renormalization in QFT. When adding counterterms that cancel the cutoff
dependent divergences, one is free to add finite counterterms, which are normally chosen
such that certain renormalization conditions are satisfied at some renormalization scale. The
same holds in HR in AdS/CFT. Also the order-by-order approach presented here includes
scheme dependence, although in a more indirect way. The choice of scheme is reflected in
certain ambiguities in the choice of the asymptotic basis functions for the fluctuations.

The rest of the review is structured as follows. In Section 2, we review the linearized
bulk dynamics of a fake SUGRA system around BPS domain wall backgrounds, expressed
in the language of gauge-invariant variables introduced in [31–33], and we introduce the
asymptotic decomposition of the on-shell fields into dominant and subdominant basis
solutions. The holographic renormalization for two-point functions following the order-by-
order approach of [29] is presented in Section 3. We restrict our attention to the scalar sector,
but the recipe can be extended easily to the traceless transversal fluctuations of the metric.
Because the results of this part yield new insights into the pole structure of the two-point
functions, we will also include the relevant updated material from [45]. Then, it will be
discussed how scheme dependence is incorporated in the order-by-order approach. Section 4
is dedicated to examples with aAdS backgrounds, that serve to verify the agreement of the
results of Section 3 with known results from AdS/CFT. Apart from the pure AdS case, we
will consider the GPPZ [56] and the Coulomb branch (CB) flows [57, 58], which have been
extensively studied in the literature. The GPPZ flow represents a massive deformation of
N = 4 SYM, while the CB flow is dual to a vacuum of N = 4 SYM, in which the conformal
invariance is spontaneously broken by a VEV. This gives us enough confidence to carry on
and consider the KS case in Section 5. Finally, Section 6 contains our conclusions.

2. Bulk Dynamics

Let us start by reviewing the equations governing the dynamics of the bulk fields [32, 33],
which encode the information about two-point functions in holographic renormalization
group flows.

The systems we consider are fake SUGRAs in d+1 dimensions with actions of the form

S =
∫

dd+1x
√
g

[
−1

4
R +

1
2
Gabg

MN∂Mφ
a∂Nφ

b + V
(
φ
)]

+ Sb, (2.1)

with M,N = 0, 1, . . . d, and where the potential V (φ) is given in terms of a superpotential
W(φ) by

V
(
φ
)
=

1
2
GabWaWb −

d

d − 1
W2. (2.2)

We will not specify at this point the boundary terms Sb in (2.1), as they do not affect the bulk
dynamics, although they are important for holographic renormalization. We will come back
to them in Section 3. In (2.1) and (2.2), Gab is the metric on the sigma-model target space and
Gab is its inverse. Moreover, we used the notation Wa = ∂aW = ∂W(φ)/∂φa.



Advances in High Energy Physics 7

Holographic renormalization group flows are described by domain wall backgrounds
of the form

ds2 = dr2 + e2A(r)ημν dxμ dxν, φa = φ
a
(r), (2.3)

with μ, ν = 1, . . . , d, satisfying the BPS equations

∂rA = − 2
d − 1

W
(
φ
)
, ∂rφ

a
=Wa

(
φ
)
. (2.4)

Linearized fluctuations around such a domain wall background are best described in a gauge
invariant fashion, which we review next.

2.1. The Sigma-Model Covariant Field Expansion

It is our aim to study the dynamics of the fake supergravity system (2.1), (2.2) on some known
backgrounds of the form (2.3), (2.4). In this section, we will expand the fields around the
background, exploiting the geometric nature of the physical variables to achieve a gauge-
invariant formulation of the fluctuation dynamics.

As is well known in gravity, reparametrization invariance of space-time comes at the
price of dragging along redundant metric variables together with the physical degrees of
freedom. One usually attempts to reduce redundancy by gauge fixing, but such an approach
causes problems for the study of fluctuations in holographic RG flows, due to the coupling
between the metric and scalar fluctuations [59–61]. Thus, following [31], we will start from a
clean slate keeping all metric degrees of freedom and describe in the next subsection how to
isolate the physical ones.

Using the sigma-model metric Gab(φ), one can define the sigma-model connection,

Gabc =
1
2
Gad(∂cGdb + ∂bGdc − ∂dGbc), (2.5)

and its curvature tensor,

Rabcd = ∂cGabd − ∂dG
a
bc + G

a
ceGe

bd − G
a
deG

e
bc. (2.6)

We also define the covariant field derivative as usual, for example,

DaAb ≡ Aa|b ≡ ∂bAa − GcabAc. (2.7)

All indices after a bar “|” are intended as covariant field derivatives according to (2.7).
Moreover, field indices are lowered and raised with Gab and Gab, respectively.

Armed with this notation, it is straightforward to expand the scalar fields in a sigma-
model covariant fashion. The naive ansatz φa = φ

a
+ ϕa, introducing ϕa simply as the

coordinate difference between the points φ and φ in field space, leads to noncovariant
expressions at quadratic and higher-orders, because these ϕa do not form a vector in (tangent)
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φ

ϕ

φ

Figure 1: Illustration of the exponential map.

field space. In other words, the coordinate difference is not a geometric object. However, it
is well known that a covariant expansion is provided by the exponential map, see for instance
[62, 63],

φa = expφ
(
ϕ
)a ≡ φa + ϕa − 1

2
Gabcϕ

bϕc + · · · , (2.8)

where the higher-order terms have been omitted, and the connection Ga
bc

is evaluated at φ.
Geometrically, ϕ represents the tangent vector at φ of the geodesic curve connecting the points
φ and φ, and its length is equal to the geodesic distance between φ and φ; see Figure 1.

It is also a standard result that the components ϕa coincide with the Riemann normal
coordinates (RNCs) (with origin at φ) of the point φ (see, e.g., [63]). This fact can be used to
simplify the task of writing equations in a manifestly sigma-model covariant form. Namely,
given a background point φ, we can use RNCs to describe some neighborhood of it and then
employ the following properties at the origin of the RNC system:

Gabc = 0, Rabcd = ∂cGabd − ∂dG
a
bc, (2.9)

in order to express everything in terms of tensors. Because the background fields depend on
r, we must be careful to use (2.9) only outside r-derivatives, but the simplifications are still
significant.

Finally, let us also define a “background-covariant” derivative Dr , which acts on
sigma-model tensors as, for example,

Drϕ
a = ∂rϕa + GabcW

bϕc. (2.10)

If a tensor Aa depends on r only implicitly through its background dependence, then we find
the identity

DrAa

(
φ
)
=Wb

(
φ
)
DbAa

(
φ
)
. (2.11)
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The background-covariant derivative Dr will be important in our presentation of the field
equations in Section 2.4.

2.2. Gauge Transformations and Invariants

The form of the background solution (2.3) lends itself well to the ADM (or time-slicing)
formalism for parametrizing the metric degrees of freedom, compare for example, [62, 64].
Instead of slicing in time, we will write a general bulk metric in the radially-sliced form

ds2 =
(
n2 + nμnμ

)
dr2 + 2nμdrdxμ + gμνdxμdxν (2.12)

where gμν is the induced metric on the hypersurfaces of constant r, and n and nμ are the lapse
function and shift vector, respectively. It will be important to us that the objects n, nμ and gμν
transform properly under coordinate transformations of the radial-slice hypersurfaces.

We can now expand the radially-sliced metric around the background configuration:

gμν = e2A(r)(ημν + hμν
)
,

nμ = νμ,

n = 1 + ν,

(2.13)

where hμν, νμ and ν denote small fluctuations. Henceforth, we will adopt the notation that
the indices of metric fluctuations, as well as of derivatives ∂μ, are raised and lowered using
the flat (Minkowski/Euclidean) metric, ημν.

Now let us turn to the question of isolating the physical degrees of freedom from the
set of fluctuations {hμν, νμ, ν, ϕa} which we have introduced so far. In the earlier AdS/CFT
literature one usually removed the redundancy following from diffeomorphism invariance
by partial gauge fixing, that is, by placing conditions on certain components of the metric,
such as n ≡ 1, nμ ≡ 0. And indeed, it is always possible to perform a change of coordinates
which transforms the metric into a form that satisfies the gauge conditions.

Alas, as mentioned above, partial gauge fixing can create problems in coupled
systems. Instead, we will obtain the equations of motion in gauge-invariant form. Let us
start by considering the effect of diffeomorphisms on the fluctuation fields. We consider a
diffeomorphism of the form

xM = expx′
[
ξ
(
x′

)]M = x′M + ξM
(
x′

)
− 1

2
ΓMNP

(
x′

)
ξN

(
x′

)
ξP

(
x′

)
+ · · · , (2.14)

where ξ is infinitesimal. Notice that we found it convenient to apply the diffeomorphism
inversely, that is, we have expressed the old coordinates xM in terms of the new coordinates
x′M. The use of the exponential map implies that also the transformation laws for the fields
can be written covariantly (the functions ξM(x′) are thought of as the components of a vector
field). For example, a scalar field transforms as

δφ = ξM∂Mφ +
1
2
ξMξN∇M∂Nφ + · · · , (2.15)
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whereas a covariant tensor of rank two transforms as

δEMN = ξL∇LEMN +
(
∇MξL

)(
ELN + ξP∇PELN

)
+

(
∇NξL

)(
EML + ξP∇PEML

)

+
(
∇MξL

)(
∇NξP

)
ELP +

1
2
ξP ξL

(
∇P∇LEMN − RS

LMPESN − RS
LNPEMS

)

+ · · · .

(2.16)

For the metric tensor gMN , (2.16) is simplified to

δgMN = ∇MξN +∇NξM +
(
∇MξL

)
(∇NξL) − RMLNPξ

LξP + · · · . (2.17)

Equations (2.15) and (2.16) are most easily derived using RNCs around x′ and exploiting
(2.9). The second-order terms in ξ have been included here in order to illustrate the covariance
of the transformation laws. For our purposes, the linear terms will suffice.

Splitting the fake supergravity fields into background and fluctuations, as defined in
(2.13) and (2.8), the transformations (2.15) and (2.17) become gauge transformations for the
fluctuations, to lowest order:

δϕa =Waξr +O
(
f
)
,

δν = ∂rξr +O
(
f
)
,

δνμ = ∂μξr + e2A∂rξ
μ +O

(
f
)
,

δh
μ
ν = ∂νξμ + ∂μ

(
ηνρξ

ρ) − 4
d − 1

Wδ
μ
νξ

r +O
(
f
)
.

(2.18)

By O(fn) we mean terms of order n in the fluctuations {ϕa, hμν, νμ, ν}. Moreover, let us
decompose hμν as follows (in the following we will always assume k2 /= 0):

h
μ
ν = hTTμ

ν + ∂μεν + ∂νεμ +
∂μ∂ν
� H +

1
d − 1

δ
μ
νh, (2.19)

where h
TTμ
ν denotes the traceless transverse part, and εμ is a transverse vector. It is

straightforward to obtain from (2.18)

δh
TTμ
ν = O

(
f
)
,

δεμ = Πμ
νξ

ν +O
(
f
)
,

δH = 2∂μξμ +O
(
f
)
,

δh = −4Wξr +O
(
f
)
.

(2.20)
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The symbol Πμ
ν denotes the transverse projector,

Πμ
ν = δμν −

1
�∂μ∂ν. (2.21)

The main idea of our approach is to construct gauge-invariant combinations from
the fields {hTTμ

ν , εμ, h,H, ν, νμ, ϕa}. Using the transformation laws (2.18) and (2.20), this is
straightforward, and to lowest order, one finds the gauge-invariant fields (The choice of
gauge-invariant variables is, of course, not unique, as any combination of them will be gauge-
invariant as well.)

aa = ϕa +Wa h

4W
+O

(
f2

)
, (2.22)

b = ν + ∂r
(

h

4W

)
+O

(
f2

)
, (2.23)

c = e−2A∂μν
μ + e−2A� h

4W
− 1

2
∂rH +O

(
f2

)
, (2.24)

dμ = e−2AΠμ
νν

ν − ∂rεμ +O
(
f2

)
, (2.25)

e
μ
ν = hTTμ

ν +O
(
f2

)
. (2.26)

The variables c and dμ both arise from δνμ, which has been split into its longitudinal and
transverse parts.

Although we have carried out the construction of gauge-invariant variables only to
lowest order, and as we will see below, this is all that is needed, it is necessary for consistency
that the preceding analysis can, in principle, be extended to higher-orders, which is indeed
the case. In this context it becomes clear that the geometric nature of the field expansions,
which is implied by the exponential map, is a crucial ingredient of the method.

Finally, let us prepare the ground for the arguments of the next subsection, where
we will analyze the implications of gauge-invariance on the equations of motion. To be
concise, we continue in a symbolic fashion. Let us consider the set of gauge-invariant fields,
I = {aa, b, c, dμ, eμν}. From the definitions (2.22)–(2.26) we see that there is a one-to-one
correspondence between I and a subset of the fluctuation fields, Y = {ϕa, ν, νμ, hTTμ

ν }. We
collect also the remaining fluctuation variables into a set, X = {h,H, εμ}. Henceforth, the
symbols I, X and Y will be used also to denote the members of the corresponding sets.

One can better understand the correspondence between I and Y by noting that (2.22)–
(2.26) can be rewritten as

Y = I + y(X) +O
(
f2

)
, (2.27)

where y is a linear functional of the fields X. Going to quadratic order in the fluctuations, one
would find

Y = I + y(X) + α(X,X) + β(X, I) +O
(
f3

)
, (2.28)
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where α and β are bi-linear in their arguments. Terms of the form γ(I, I) do not appear, as
they can be absorbed into I.

We interpret the gauge-invariant variables I as the physical degrees of freedom,
whereas the (d + 1) variables X represent the redundant metric variables. This can be seen
by observing that one can solve the transformation laws (2.20) for the generators ξM, which
yields equations of the form

ξM = zM(δX) +O
(
f2

)
= δzM(X) +O

(
f2

)
, (2.29)

with zM being a linear functional.

2.3. Einstein’s Equations and Gauge Invariance

It is our aim to cast the equations of motion into an explicitly gauge-invariant form. This
means that the final equations should contain only the variables I and make no reference to
X and Y . Reparametrization invariance suggests that this should be possible, and we will
establish the precise details in this subsection.

Let us consider Einstein’s equations, symbolically written as

EMN = 0, (2.30)

but it is clear that the arguments given below hold also for the equations of motion for
the scalar fields. To start, let us expand the left-hand side of (2.30) around the background
solution, which yields, symbolically,

EMN = E(1)1
MN(X) + E(1)2

MN(Y ) + E(2)1
MN(X,X) + E(2)2

MN(X,Y ) + E(2)3
MN(Y, Y ) +O

(
f3

)
. (2.31)

Here, E(1) and E(2) denote linear and bilinear terms, respectively. The background equations
are satisfied identically. Substituting I for Y using (2.28) yields

EMN = Ẽ(1)1
MN(X) + E(1)2

MN(I) + Ẽ(2)1
MN(X,X) + Ẽ(2)2

MN(X, I) + E(2)3
MN(I, I) +O

(
f3

)
. (2.32)

Notice that the functionals E(1)2 and E(2)3 are unchanged (Y is just replaced by I), whereas
the others are modified by the X-dependent terms of (2.28), which we indicate by adorning
them with a tilde. For example, Ẽ(2)2 receives contributions from E(2)2, E(2)3 and E(1)2.

In order to simplify (2.32), we consider its transformation under the diffeomorphism
(2.14). On the one hand, from the general transformation law of tensors (2.16) we find, using
also (2.29), that it should transform as

δEMN =
[
∂Mδz

L(X)
]
ELN +

[
∂Nδz

L(X)
]
EML + δzL(X)∂LEMN +O

(
f3

)
. (2.33)
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On the other hand, the variation of (2.32) is

δEMN = Ẽ(1)1
MN(δX) + 2Ẽ(2)1

MN(δX,X) + Ẽ(2)2
MN(δX, I) +O

(
f3

)
. (2.34)

Let us compare (2.33) and (2.34) order by order. The absence of first-order terms on the right-
hand side of (2.33) implies that

Ẽ
(1)1
MN(X) = 0. (2.35)

It can easily be checked that this is indeed the case. Then, substituting EMN = E(1)2
MN(I)+O(f2)

into the right-hand side of (2.33) yields

δEMN = δ
{[
∂Mz

L(X)
]
E
(1)2
LN (I) +

[
∂Nz

L(X)
]
E
(1)2
ML(I) + z

L(X)∂LE
(1)2
MN(I)

}
+O

(
f3

)
. (2.36)

Comparing (2.36) with the second-order terms of (2.34), we obtain

Ẽ
(2)1
MN(X,X) = 0,

Ẽ
(2)2
MN(X, I) =

[
∂Mz

L(X)
]
E
(1)2
LN (I) +

[
∂Nz

L(X)
]
E
(1)2
ML(I) + z

L(X)∂LE
(1)2
MN(I).

(2.37)

Hence, we find that a simple expansion of Einstein’s equations yields gauge-dependent
second-order terms, but they contain the (gauge-independent) first order equation, and so
can consistently be dropped. Happily, we arrive at the following equation, which involves
only I:

E
(1)2
MN(I) + E(2)3

MN(I, I) +O
(
f3

)
= 0. (2.38)

The argument generalizes recursively to higher-orders. One will find that the gauge-
dependent terms of any given order can be consistently dropped, because they contain the
equation of motion of lower orders.

Equation (2.38) and its higher-order generalizations are obtained using the following
recipe:

Expand the equations of motion to the desired order dropping the fields X and replacing
every field Y by its gauge-invariant counterpart I.

This rule is summarized by the following substitutions:

ϕa −→ aa, ν −→ b, e−2Aνμ −→ dμ +
∂μ

� c, h
μ
ν −→ e

μ
ν . (2.39)

Since e
μ
ν is traceless and transverse, the calculational simplifications arising from (2.39) are

considerable.
Let us conclude with the remark that, although the rules (2.39) can be interpreted as

the gauge choice X = 0, the equations we found are truly gauge invariant.
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2.4. Equations of Motion

In this section, we will put into practice what we have just learned. The equations of motion
that follow from the action (2.1) are

∇2φa + Gabc g
MN

(
∂Mφ

b
)(
∂Nφ

c) − V a = 0 (2.40)

for the scalar fields, and Einstein’s equations

EMN = −RMN + 2Gab

(
∂Mφ

a)(∂Nφb
)
+

4
d − 1

gMNV = 0. (2.41)

Notice that we use the opposite sign convention for the curvature with respect to [31, 32].
We are interested in the physical, gauge-invariant content of (2.40) and (2.41) to

quadratic order in the fluctuations around an RG flow background of the form (2.3), (2.4). As
we have learned in the last section, it is obtained by expanding the fields according to (2.13)
and (2.8) and then applying the substitution rules (2.39). Since we defined the expansion
(2.8) geometrically, it is assured that we will obtain sigma-model covariant expressions. To
carry out this calculation in practice, it is easiest to use RNCs at a given point in field space,
so that one can use the relations (2.9) outside r-derivatives.

In the following, we will present the linearized equations of motion. We just collect
the results without going into details of the derivation. For intermediate steps we refer the
reader to the appendices B and C of [33]. (Note that we use a different notation for the indices
here than in [33]. The d + 1 dimensional indices are denoted by M,N here and by μ, ν there,
whereas the d dimensional indices are denoted by μ, ν here and by i, j there.) Let us start with
the equation of motion for the scalar fields (2.40), which gives rise to the following fluctuation
equation:

[
D2
r −

2d
d − 1

WDr + e−2A�
]
aa −

(
V a
|c − R

a
bcdW

bWd
)
ac −Wa(c + ∂rb) − 2V ab = 0. (2.42)

Second, the normal component of Einstein’s equations gives rise to

−4Wc + 4Wa(Dra
a) − 4Vaaa − 8V b = 0. (2.43)

Third, the mixed components of (2.41) yield

−1
2
�dμ − 2W∂μb − 2Wa∂μa

a = 0. (2.44)

The appearance of the fields aa, b, c and dμ on the left-hand sides of (2.42)–(2.44)
seems to indicate the coupling between the fluctuations of active scalars (nonzero Wa) to
those of the metric, which is familiar from the AdS/CFT calculation of two-point functions
in the literature. However, the gauge-invariant formalism resolves this issue, because (2.43)
and (2.44) can be solved algebraically (in momentum space) for the metric fluctuations b, c
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and dμ, so that the coupling of metric and scalar fluctuations at linear order is completely
disentangled. One easily obtains (using our assumption k2 /= 0)

b = − 1
W
Waa

a, (2.45)

c =
Wa

W

(
δabDr −Wa

|b +
WaWb

W

)
ab, (2.46)

dμ = 0. (2.47)

We proceed by substituting (2.45) and (2.46) into (2.42), using also the identities

V a =Wa|bWb −
2d
d − 1

WWa,

V a
|c = DrW

a
|c +R

a
bcdW

bWd +Wa|bWb|c −
2d
d − 1

(
WaWc +WWa

|c

)
,

(2.48)

which follow from (2.2) and (2.4), and we end up with the second-order differential equation

[(
δabDr +Ma

b −
2d
d − 1

Wδab

)(
δbcDr −Mb

c

)
+ δac e−2A�

]
ac = 0, (2.49)

where we introduced the matrix

Ma
b =Wa

|b −
WaWb

W
. (2.50)

Equation (2.49) is the main result of the gauge-invariant approach and governs the dynamics
of scalar fluctuations around generic Poincaré-sliced domain wall backgrounds.

Let us also consider the tangential components of (2.41). Because of Bianchi’s identity,
their trace and divergence are implied by (2.42), (2.43), and (2.44), which is easily checked at
linear order. Thus, we can use the traceless transverse projector,

Πμκ

νλ
=

1
2

(
ΠμκΠνλ + Πμ

λ
Πκ
ν

)
− 1
d − 1

Πμ
νΠκ

λ, (2.51)

in order to obtain the independent components. This yields

(
∂2
r −

2d
d − 1

W∂r + e−2A�
)

e
μ
ν = 0. (2.52)

As expected, the physical fluctuations of the metric satisfy the equation of motion of a
massless scalar field.

In the following, we focus on the scalar field equation (2.49). Let ns be the number
of scalar fields (components of a). As in [45], we will assume the existence of a set of 2ns
independent solutions of (2.49), which are defined as power series in k2 (in momentum
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space), with r-dependent coefficients that are more and more suppressed with increasing
powers of k2. (This is tantamount to demanding that the warp function A(r) grows without
limit for r → ∞, so that e−2Ak2 in (2.49) can be regarded as a correction in the asymptotic
region.) Moreover, the leading term (for large r) in each solution should be independent
of k2. In position space, k2 simply translates to the operator −�. Amongst these solutions,
one can distinguish between ns asymptotically dominant solutions âi (i = 1, . . . , ns) and ns
subdominant solutions ǎi with respect to their behaviour at large r. Including the field index,
we will interpret âai and ǎai as ns ×ns matrices. A regularity condition in the bulk interior, that
is,

Regularity condition :
(
aaGaba

b
)
r=IR

<∞, (2.53)

allows only for ns independent regular combinations of the asymptotic basis solutions.
Hence, we will decompose a general regular solution of (2.49) into

aa(r, x) = âai (r,−�x)si(x) + ǎai (r,−�x)ri(x), (2.54)

where si and ri are called the source and response coefficients, respectively, and �x =
ημν(∂/∂xμ)(∂/∂xν). The bulk regularity condition uniquely determines the (functional)
dependence of the responses ri on the sources si and gives rise to the nonlocal information
for the two-point functions of the dual operators.

Throughout the paper, we will consider mostly the analogue of (2.54) in momentum
space, sometimes omitting the dependence on k. Moreover, a ·will be used to denote the inner
product in field space, or the contraction of field space indices, for example, a · b = aaGabb

b.

3. Perturbative Holographic Renormalization

3.1. Scalar Two-Point Functions

In this section, we will present the general formalism for obtaining finite, renormalized two-
point functions for the QFT operators that are dual to the bulk scalar fields. Our starting
point is the following action, which is quadratic in the fluctuations and encodes the bulk field
equations (2.49),

S =
1
2

∫
dd+1xedA

{
[(Dr −M)a] · [(Dr −M)a] + e−2A∂μa · ∂μa

}
+

1
2

∫
ddx edAa ·U · a, (3.1)

with some symmetric counterterm matrix U, which is a local operator that will be specified
in a moment. The bulk integral in (3.1) is to be understood with a cutoff r0, where also the
boundary counterterm is evaluated. It follows that the variation of the on-shell action with
respect to a variation of the boundary value aa(r0) is given by

δSon-sh

δaa
= edA(Dr −M +U)aa, (3.2)
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where the right-hand side is evaluated at r = r0. Let us define the counterterm matrix as

Uab =Mab −
1
2

[
(Dr â)ai

(
â−1

)i
b
+ (Dr â)bi

(
â−1

)i
a

]
, (3.3)

where (â−1)ia is the inverse of the matrix âai , defined in momentum space as a series in
k2, or equivalently, in position space as a series in −�. We will see momentarily that this
definition leads to finite one- and two-point functions. We also note the following subtlety.
The counterterm in (3.1) needs to be local in the fields, which means that Uab should be a
polynomial in k2 (in momentum space) or −� (in position space). The assumptions made in
Section 2 imply that Uab is a series in k2. However, we also assumed that the coefficients of
the series â with increasing powers of k2 are suppressed for large r due to the factor e−2A(r), so
that we can truncate the series in (3.3) to some polynomial, because the terms thus neglected
vanish in the large-r limit. Hence, strictly speaking, the counterterm operator Uab in (3.1) is
a polynomial truncation of (3.3).

Before deriving the two-point function, let us also introduce the following matrices:

Z̃ij = edA
[
(Dr â)i · âj − âi · (Dr â)j

]
,

Zij = edA
[
(Dr â)i · ăj − âi · (Dr ă)j

]
,

zij = edA
[
(Dr ă)i · ăj − ăi · (Dr ă)j

]
.

(3.4)

These matrices are independent of r, as one can show from the field equation (2.49). This
implies that zij should be identically zero, as the subdominant solutions vanish fast enough
asymptotically. (This is not necessarily the case if there are two or more bulk scalars with
mass m2 = 2(2 − d), which, in the aAdS-case, would be dual to operators of dimension Δ = 2.
If at least two of these scalar fields are present and the background is not aAdS, one has to
check more carefully whether zij indeed vanishes. We will assume this in the following, as
it simplifies our final result. In all the examples we are considering later, this issue does not
play any role.) Furthermore, they are functions of k2 or −�, depending on whether one works
in momentum or position space.

Combining (3.2) with the decomposition (2.54), the (linear term of) the exact one-
point function (1.2), in momentum space, takes the form (The subscript 1 on the left-hand
side indicates that these are just the terms linear in the fluctuations.)

〈Oi(k)〉1 = − lim
r→∞

edA(r)

[
âi + ǎj

∂rj

∂si
(k)

]
· (Dr −M +U)

[
âls

l(k) + ǎlr
l(k)

]
, (3.5)

where, for the sake of brevity, we have omitted the dependence of the asymptotic solutions â

and ǎ on r and k2.
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Substituting (3.3) into (3.5) and using the matrices (3.4), after some algebra one obtains

〈Oi(k)〉1 = Zijr
j +

1
2
Z̃ijs

j +
1
2
zjk

∂rj

∂si
rk

+
1
2

lim
r→∞

[(
â−1

)l
· ǎk

](
Z̃lir

k +
∂rk

∂si
Z̃ljs

j +
∂rj

∂si
Zljr

k +
∂rk

∂si
Zljr

j

)
.

(3.6)

Here, we have omitted the arguments k on the right-hand side. To obtain the final result, we
observe that the third term on the right-hand side vanishes, since zij ≡ 0, as stated above.
Moreover, the last term, which is the only one with a cutoff dependence, vanishes when the
large-r limit is taken, because (â−1)l · ǎk goes to zero. Hence, we end up with

〈Oi〉1 = Zijr
j +

1
2
Z̃ijs

j , (3.7)

which holds both in momentum and position space. From (3.7), one obtains the connected
two-point function

〈
Oi(x)Oj

(
y
)〉

= Zik(−�x)
δrk(x)
δsj

(
y
) +

1
2
Z̃ij(−�x)δ

(
x − y

)
. (3.8)

As promised, (3.7) and (3.8) are finite in the limit r0 → ∞, as the matrices Zij and Z̃ij do not
depend on r. Equation (3.7) agrees with (2.24) of [45], for which it provides the missing piece
Yij = Zij and identifies the contact term, which will be discussed further in Section 3.3.

In momentum space, (3.8) has a more practical form. Setting y = 0 by translational
invariance and Fourier transforming the coordinate x, one finds

∫
ddxeikx

〈
Oi(x)Oj(0)

〉
= Zik

(
k2

)∂rk
∂sj

(k) +
1
2
Z̃ij

(
k2

)
. (3.9)

In what follows, we will often work in momentum space omitting the argument k. By the
two-point function 〈OiOj〉 in momentum space, we will intend (3.9).

Unfortunately, the symmetry of the two-point function under exchange ofOi andOj is
not obvious from (3.8). It would be a nontrivial test of any concrete calculation to see whether
the right-hand side, with its antisymmetric second term, combines to something symmetric.

A different form of the 2-point function, which makes its pole structure more explicit,
can be obtained with the help of the Green’s function. The Green’s function satisfies

[(
Dr +M − 2d

d − 1
W

)
(Dr −M) − e−2Ak2

]
G
(
r, r ′; k2

)
= −e−dA(r)δ

(
r − r ′

)
, (3.10)
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where the factor e−dA on the right-hand side is the metric factor 1/√g from the covariant
delta function. The Green’s function can be written in terms of a basis of eigenfunctions,

G
(
r, r ′, k2

)
=

∑
λ

aλ(r)aλ(r ′)
k2 +m2

λ

, (3.11)

where the functions aλ satisfy (2.49) for k2 = −m2
λ
. (Again, we omit the matrix indices,

and the indices of the two aλ’s are not contracted.) Substituting (3.11) into (3.10) yields the
completeness relation

∑
λ

aλ(r)aλ
(
r ′
)
= e−(d−2)A(r)δ

(
r − r ′

)
, (3.12)

from which one can deduce the orthogonality relation

∫
dr e(d−2)A(r)aλ(r) · aσ(r) = δλσ. (3.13)

With the dot product we denote the covariant contraction of indices. Equation (3.13) provides
the condition for the eigenstates aλ to be integrable. Due to the factor e(d−2)A, the integral
measure is not the covariant bulk integral measure that one might have expected.

It can be checked in the various cases we consider that the asymptotically dominant
behaviours, âi, are not integrable, whereas the subdominant behaviours are integrable. Thus,
we have

aλ(r) = riλ ǎi(r). (3.14)

To derive a form of the 2-point function which makes its symmetry and pole structure
manifest, we start by considering the general formula for a solution a(r, k2) of (2.49) in
terms of the Green’s function and prescribed boundary values. Let r0 be a (large) cutoff
parameter determining the hypersurface where the boundary values are formally prescribed.
Remembering that neither the Green’s function nor its derivative vanish at the cutoff
boundary, we have (This formula follows from (3.10) upon multiplication by edA(r)a(r) from
the left, taking the integral over r, integrating by parts and using the field equation (2.49).
The IR boundary does not contribute, because edA vanishes there. The reason for this is that
r = rIR should correspond to a single point of the bulk space, which is only guaranteed if edA

vanishes there, c.f. (2.3).)

a
(
r, k2

)
= edA(r0)

[(
Dr0a

(
r0, k

2
))
·G

(
r0, r; k2

)
− a

(
r0, k

2
)
·Dr0G

(
r0, r; k2

)]
, (3.15)

where a(r0, k
2) and Dr0a(r0, k

2) are the prescribed values of the field and its first derivative at
the cutoff boundary, respectively. Since r0 is an unphysical cutoff parameter, we must ensure
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that the bulk field a(r) remains unchanged when r0 is varied. This is easily achieved, if,
together with a change of the cutoff, r0 → r0 + δr0, the boundary values are changed by

δa
(
r0, k

2
)
=

(
Dr0a

(
r0, k

2
))

δr0, δDr0a
(
r0, k

2
)
=

(
D2
r0
a
(
r0, k

2
))

δr0, (3.16)

and the second derivative, D2
r0
a(r0, k

2), is determined by the equation of motion (2.49).
To assure (3.16), we determine the formal boundary values at the cutoff, a(r0, k

2) and
Dr0a(r0, k

2), from the generic asymptotic behaviour (2.54) (in momentum space), with
coefficients ri and si fixed. After inserting (2.54) and (3.11) into (3.15), we obtain

a
(
r, k2

)
= edA(r0)

∑
λ

aλ(r)
k2 +m2

λ

×
{
rl
[(
Dr0 ǎl

(
r0, k

2
))
· aλ(r0) − ǎl

(
r0, k

2
)
·Dr0aλ(r0)

]

+ sl
[(
Dr0 âl

(
r0, k

2
))
· aλ(r0) − âl

(
r0, k

2
)
·Dr0aλ(r0)

]}
.

(3.17)

To continue, we observe that for very large r0, the term on the second line of (3.17),
containing only subdominant solutions, is much smaller than the term on the third line.
Therefore, we drop it. Moreover, as we are interested only in the pole structure, we consider
k2 very close to −m2

λ
and expand the numerator keeping only the leading term, that is, we

replace k2 by −m2
λ in the numerator. Finally, we use the fact that the eigenfunctions are purely

subdominant, (At this point one may wonder where the dominant part of a comes from. It
arises from the sum over the spectrum in (3.17), in particular from the UV contribution. For
the simple case of AdS bulk, this is shown in appendix A.1 of [45]. However, it does not
contribute to the poles.)

aλ(r) = riλǎi
(
r,−m2

λ

)
. (3.18)

This yields

a
(
r, k2

)
=

k2≈−m2
λ

sl Zlj

(
−m2

λ

) r
j

λ
ri
λ

k2 +m2
λ

ǎi
(
r,−m2

λ

)
, (3.19)

with Zij defined in (3.4).
Thus, after reading off the response function ri (for k2 ≈ −m2

λ) from (3.19), we obtain
the poles of the connected 2-point function, using (3.7) and differentiating with respect to the
source sj ,

〈
Oi(k)Oj(−k)

〉
=

∑
λ

Zii′

(
−m2

λ

)
Zjj ′

(
−m2

λ

) ri
′

λ
r
j ′

λ

k2 +m2
λ

+ c.t.. (3.20)
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Therefore, defining also

Zλ,i = Zii′

(
−m2

λ

)
ri
′

λ

= edA(r)
[(
Dr âi

(
r,−m2

λ

))
· aλ(r) − âi

(
r,−m2

λ

)
·Draλ(r)

]
,

(3.21)

our final result is

〈
Oi(k)Oj(−k)

〉
=

∑
λ

Zλ,iZλ,j

k2 +m2
λ

+ c.t. (3.22)

We note that the Zλ,i are independent of the choice of the subdominant basis solutions,
because the normalization of the eigenfunctions aλ is fixed by (3.13). Moreover, (3.22) shows
that the pole terms of the 2-point functions are manifestly symmetric under exchange of Oi
and Oj .

3.2. VEVs

Let us make a few comments on VEVs. Equation (3.5) only gives the part of the one-point
function which is linear in the fluctuations. At the moment, our approach does not allow
for a systematic derivation of the VEVs yet. However, we would like to make the following
observation. The scalar equations (2.49) have the zero mode solution (k2 = 0)

a
a ∼ W

a

W
(3.23)

which only depends on the radial variable r. Like any fluctuation, this has an expansion
into dominant and subdominant asymptotic solutions as in (2.54). In aAdS settings, nonzero
coefficients of the dominant and subdominant basis solutions are interpreted as finite
couplings and VEVs, respectively. As mentioned in the introduction, the interpretation of
finite couplings (in the sense of a deformation of some special QFT) cannot be made in the
general case, but we will continue to interpret the presence of asymptotically subdominant
behaviour as finite VEVs. However, this just means that the VEV is nonzero, because the
normalization factor in (3.23) is undetermined. In addition, there is an issue of scheme
dependence, when nonzero dominant behaviours are present, but this happens also in aAdS
settings, as will be seen in Sections 4 and 5.

3.3. Scheme Dependence

In QFT, contact terms of correlation functions, which do not influence physical scattering
amplitudes, depend on the renormalization scheme. Let us now discuss how the scheme
dependence of the two-point functions (3.8) appears from a bulk point of view. For the sake
of brevity, we will work in momentum space and omit all functional arguments.

The starting point is the decomposition (2.54) of a regular solution to the bulk field
equations. Clearly, the definition of the asymptotic solutions âi and ǎi is not unique. Our
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restriction on the functional form of these solutions in terms of series of k2 and the fact that
all subdominant solutions are negligible for large r with respect to all dominant ones still
allows for a change of basis of the form

â′i = Λj

i âj + λ
j

i ǎj , ǎ′i = μ
j

i ǎj , (3.24)

where the (nondegenerate) matrices Λij , λij and μij are polynomials in k2. Under this change
of basis, the matrices Z̃ij and Zij transform into (Remember zij = 0.)

Z̃′ij = Λk
i Λ

l
j Z̃kl +

(
Λk
i λ

l
j −Λ

k
i λ

l
j

)
Zkl,

Z′ij = Λk
i μ

l
jZkl,

(3.25)

respectively, while the source and response coefficients in the new basis become

s′i = sj
(
Λ−1

)i
j
, r′i =

[
rj − sl

(
Λ−1

)k
l
λ
j

k

](
μ−1

)i
j
. (3.26)

Inserting these transformations into (3.8), one finds the connected two-point functions of the
operators O′i coupling to the sources s′i,

〈
O′iO

′
j

〉
= Λk

i Λ
l
j〈OkOl〉 −

1
2

(
Λk
i λ

l
j + Λk

j λ
l
i

)
Zkl. (3.27)

Hence, the matrix Λj

i performs a rotation of the basis of operators, as one would have
expected, while a nonzero λ

j

i changes the contact terms, which corresponds to a change of
renormalization scheme.

In QFT, operators are usually characterized by their scaling dimension, which is
renormalization scale dependent. Under renormalization, they undergo operator mixing,
such that an operator of a given dimension, defined at a certain renormalization scale,
is generically made up of the operators of equal and lower dimensions, defined at a
larger renormalization scale. There is, however, some ambiguity, as operators of equal
dimension and otherwise equal quantum numbers can be arbitrarily combined to equivalent
combinations. This ambiguity finds a natural counterpart in the present approach. Ordering
the dominant asymptotic solutions according to their asymptotic behaviour in descending
order, it is natural to choose Λ in “upper triangular” form, such that each dominant solution
is modified only by solutions of equal and weaker asymptotic behaviour. A similar remark
would apply for μ.

A further restriction on the redefinition could come from the fact that the lowest order
terms in a near boundary expansion of the dominant solutions typically have a definite
correlation between powers of e−r and powers of k2. This is well known, for instance, in
the aAdS case with a single scalar field, compare for example, the discussion in Section 5.1
of [12]. Something similar happens in the case of KS, as can be seen from the explicit form
of the asymptotic solutions given in the appendix of [29] (we refrain from reproducing them
here as they are very “bulky”). We will refer to a choice of dominant solutions respecting this
correlation as a “natural” choice.
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Finally, we remark that it is reasonable to assume that Λj

i and/or μji can be chosen such
that Z′ij = δij in (3.25). A possible obstruction to this possibility would be that the matrices
needed to achieve that are nonpolynomial in k2. We will see later that the choice Zij = δij is
possible for the KS system. Starting with such a choice, a further change of basis using just
λij would lead to

Z̃′ij = Z̃ij + λji − λij (3.28)

implying that one can achieve Z̃′ij = 0 by a suitable choice of λij , although this choice is
obviously not unique.

4. Examples

In this section, we will compare the general expressions from the previous sections with the
results of holographic renormalization in the case of aAdS bulk space-times. To carry out HR,
one can use one’s favourite method from the choice of [10, 11, 14]. We will start with pure
AdS and then consider some favourite RG flows, the GPPZ [56] and the Coulomb branch
flows [57, 58].

4.1. Scalars in AdS Background

As the simplest case, we consider a number of free massive scalars in a pure AdS background.
The results are, of course, dictated by conformal invariance of the boundary CFT, but it is still
useful to deal with this case, because several statements that we make in what follows hold
in any aAdS configuration. In this and the following subsections we will set the AdS length
scale to L = 1. It can be reinstated by dimensional analysis.

An AdS background exists for any superpotential with a fixed point (where W is
nonvanishing). We consider the scalars parametrized by Riemann normal coordinates around
the fixed point and their local coordinate system rotated in such a way that the matrix of
second derivatives of W is diagonal [33]. This gives rise to a set of canonical scalar fields
with a superpotential

W
(
φ
)
= −d − 1

2
+

1
2

∑
a

wa

(
φa

)2 +O
(
φ3

)
. (4.1)

The (d + 1)-dimensional AdS background metric is given by

ds2 =
1
z2

(
dz2 + ημν dxμ dxν

)
, (4.2)

where the radial variable z is related to r of Section 2 by z = e−r . To linear order, the scalar
fields satisfy the equations of motion

(
∂2
z −

d − 1
z

∂z −
m2
a

z2
− k2

)
aa = 0, (4.3)
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where no summation over a is intended. The masses are related to the coefficients wa of (4.1)
by

m2
a = w

2
a + dwa. (4.4)

Z Matrices

For Re k ≥ 0, the conventionally normalized asymptotic solutions of (4.3) are

âai (z, k) = δ
a
i Γ(1 − αa)

(
k

2

)αa

zd/2I−αa(kz) = δ
a
i z

d/2−αa + · · · , (4.5)

ǎai (z, k) = δ
a
i Γ(1 + αi)

(
k

2

)−αa
zd/2Iαa(kz) = δ

a
i z

d/2+αa + · · · , (4.6)

(no summation over a) where the Iα are modified Bessel functions, and

αa =

√
d2

4
+m2

a. (4.7)

The powers of k in front of the solutions are necessary in order to make the leading terms
k-independent. It is straightforward to verify that the matrices (3.4) are (as the solutions are
diagonal, that is, proportional to δai , we use αa and αi interchangeably)

Zij = 2αi δij , Z̃ij = 0, zij = 0. (4.8)

These equalities hold true in any aAds configuration, as long as one uses the same asymptotic
normalizations.

Spectrum

Equation (4.3) admits a continuous spectrum of regular and subdominant solutions for k2 =
−λ2, λ > 0. The eigenfunctions are given by (The generic label λ for the eigenfunctions used
in Section 3 [c.f. (3.11)] is replaced here by two indices, λ = −k2 and i = 1, . . . , n. As before,
the upper index a is the vector component index.)

aaλi(z) = δ
a
i

√
λzd/2Jαi(λz), (4.9)

where the Jα are Bessel functions, and they satisfy the orthogonality relation

∫∞
0

dz
z
z−(d−2)aλi(z) · aλ′j(z) = δ

(
λ − λ′

)
δij . (4.10)
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Considering the small-z behaviour of (4.9) and comparing with (4.6), one can read off the
response coefficients ri

λ
of the eigenfunctions, compare for example, (3.18),

riλ =
(
λ

2

)αi
√
λ

Γ(1 + αi)
. (4.11)

Hence, after using (3.21), one obtains the two-point function in the form (3.22) as the sum
(here it is an integral) over the spectrum

〈
Oi(k)Oj(−k)

〉
= δij

22(1−αi)

Γ(αi)2

∫∞
0

dλ
λ2αi+1

k2 + λ2
= −δij

2Γ(1 − αi)
Γ(αi)

(
k

2

)2αi
. (4.12)

Notice that the second equality holds only after an analytic continuation, because the integral
does not exist if αi ≥ 0. This is equivalent to adding an infinite contact term to the integral
over the spectrum. For example, if 0 < αi < 1, we rewrite the integrand as

λ2αi+1

k2 + λ2
= λ2αi−1 − k2 λ2αi−1

k2 + λ2
(4.13)

and add a contact term that cancels the first term on the right-hand side.

4.2. GPPZ Flow

In the GPPZ flow [56], we consider two canonical scalar fields φ and σ with the superpotential

W
(
φ
)
= −3

4

[
cosh

2φ
√

3
+ cosh(2σ)

]
. (4.14)

Both are dual to operators with bare dimensions Δ = 3. The scalar φ is the active scalar of the
GPPZ flow, that is, it is nontrivial in the background. More relations for the GPPZ flow can
be found in [65, 66].

Counterterms and Scheme Dependence

Let us start by reviewing the treatment in standard AdS/CFT [10, 11, 14]. Being dual to
operators of dimension 3, the scalar fields behave asymptotically as

φ(r) = φ0e−r + ψ2 re−3r + φ2e−3r + · · · ,

σ(r) = σ0e−r + ρ2 re−3r + σ2e−3r + · · · ,
(4.15)

where φ0, φ2, σ0, and σ2 are independent coefficients, whereas ψ2 and ρ2 depend on φ0 and
σ0. The background solution satisfies

e2φ/
√

3 =
1 + e−r

1 − e−r
, σ = 0, (4.16)
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which implies

φ0 =
√

3, ψ2 = 0, φ2 =
1√
3
. (4.17)

Carrying out holographic renormalization [10, 11, 14], one finds the coefficients ψ2 and
ρ2,

ψ2 = −1
2
k2φ0 +

4
3
σ2

0φ0,

ρ2 = −1
2
k2σ0 −

8
3
σ3

0 +
4
3
φ2

0σ0,

(4.18)

as well as the exact one-point functions with the full scheme dependence, (We have omitted
the curvature-dependent terms, which are irrelevant here.)

〈
Oφ

〉
= 2φ2 +

(
1
2
+m0

)
k2φ0 +

1
6
u4φφ

3
0 +

(
1
2
u4φσ −

4
3

)
σ2

0φ0,

〈Oσ〉 = 2σ2 +
(

1
2
+ m̃0

)
k2σ0 +

(
1
6
u4σ +

8
3

)
σ3

0 +
(

1
2
u4φσ −

4
3

)
φ2

0σ0.

(4.19)

The scheme-dependent coefficients that appear here stem from the addition of finite
counterterms of the form

gij
(
∂iφ

)(
∂jφ

)
, gij(∂iσ)

(
∂jσ

)
, φ4, φ2σ2, σ4. (4.20)

Let us linearize around the background (4.16), (4.17), which is sufficient to extract
the information for the two-point functions, and translate the fluctuation into the gauge-
invariant variables. One must take some care for the active scalar. Its mixing with the metric
fluctuations is described by (2.22), (2.23), and (2.45), where we must set ν = 0, because of the
orthogonal gauge used to derive (4.19). Hence, using

aφ = ϕφ +
Wφ

4W
h, aσ = ϕσ, b = ∂r

(
h

4W

)
= −

Wφ

W
aφ, (4.21)

one arrives at

〈
Oφ

〉
=
√

3
2

(
u4φ +

4
3

)
+

[
2a

φ

2 +
3
2

(
u4φ +

4
3

)
a
φ

0 +
(
m0 +

1
2

)
k2a

φ

0

]
,

〈Oσ〉 = 2aσ2 +
(
m̃0 +

1
2

)
k2aσ0 +

(
3
2
u4φσ − 4

)
aσ0 .

(4.22)

The coefficients a0, a2 with superscripts φ and σ are the independent coefficients of the
asymptotic expansion, that is, the analogue of (4.15), of the components of a. The first term on
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the right-hand side of (4.22) is a scheme-dependent, that is, unphysical, VEV, which vanishes
in renormalization schemes that respect SUSY (u4φ = −4/3) [12].

Let us now compare these expressions with the results of Section 3.1. In particular, let
us define the dominant and subdominant solutions by

âφ = e−r − re−3r 1
2
k2 + e−3rcφ + · · · , ǎφ = e−3r + · · · ,

âσ = e−r − re−3r 1
2
(
k2 − 8

)
+ e−3rcσ + · · · , ǎσ = e−3r + · · · ,

(4.23)

with two as yet undetermined coefficients cφ and cσ . The second terms in the dominant
solution can be determined directly from (4.18). From (4.23), one obtains the counterterm
matrix (3.3)

Uφφ = −re−2rk2 + e−2r
(

1
2
k2 + 2cφ

)
+ · · · ,

Uσσ = −2 − re−2r
(
k2 − 8

)
+ e−2r

(
1
2
k2 − 4 + 2cσ

)
+ · · · ,

Uφσ = Uσφ = 0,

(4.24)

where the ellipses indicate terms which do not contribute and can be truncated. It can be
noted that the resulting divergent counterterms agree with the divergent counterterms from
the standard approach. The last terms shown give finite contributions.

It is straightforward to verify that the Z matrices (3.4) that one obtains from (4.23)
agree with the AdS result (4.8).

Writing the bulk field a in terms of the asymptotic solutions (4.23) gives the source and
response coefficients, (the expressions for φ and σ are identical)

s = a0, r = a2 − c a0, (4.25)

so that the linear term of the one-point function (3.7) becomes

〈O〉1 = 2(a2 − c a0). (4.26)

Comparing this with the linear terms in (4.22), we find agreement in the nonlocal term
containing a2. Moreover, we can determine the constants cφ and cσ as (An alternative way
of determining them is to compare the finite counterterms that result from (4.24) with the
linearized standard ones.)

cφ = −3
4

(
u4φ +

4
3

)
− 1

4
(2m0 + 1)k2, cσ = −

(
3
4
u4φσ − 2

)
− 1

4
(2m̃0 + 1)k2. (4.27)

This result states explicitly the relation between the choice of the dominant basis and the
renormalization scheme. Note that only cφ, cσ ∼ (k2)n for n = 0 or 1 appear.
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Spectrum of the Active Scalar

Let us illustrate formula (3.22), which represents the 2-point function as a sum over its poles,
up to local terms, using as an example the active GPPZ scalar. The gauge invariant equation
of motion reads [31, 66]

[
u(1 − u)∂2

u − 2(1 − u)∂u −
k2

4

]
aφ√
1 − u

= 0, (4.28)

where the radial coordinate u is defined by u = 1−e−2r , and the warp factor is e2A = u/(1−u).
Equation (4.28) admits a discrete spectrum of regular and subdominant eigenfunc-

tions, with mass squares

m2
n = 4n(n + 1), n = 1, 2, 3, . . . . (4.29)

The normalized eigenfunctions are

a
φ
n(u) =

√
2(2n + 1)
n(n + 1)

(1 − u)3/2 d
du

Pn(2u − 1), (4.30)

where Pn are Legendre polynomials. (As in [31, 66], regular and subdominant solutions of
(4.28) are given by Jacobi polynomials P (1,1)

n−1 (z), which are proportional to dPn(z)/dz.) One
easily finds the response coefficients

r
φ
n =

√
2n(n + 1)(2n + 1). (4.31)

Thus, we obtain for the 2-point function (3.22),

〈
Oφ(k)Oφ(−k)

〉
=
∞∑
n=1

8n(n + 1)(2n + 1)
k2 + 4n(n + 1)

+ c.t.. (4.32)

Clearly, the sum in (4.32) does not converge, so that there are again infinite contact terms. It is
instructive to compare (4.32) with the finite result from holographic renormalization [61, 67].
Let us pick the particular SUSY scheme u4φ = −4/3, m0 = −1/2. Then

〈
Oφ(k)Oφ(−k)

〉
=
k2

2

[
ψ

(
3 +
√

1 − k2

2

)
+ ψ

(
3 −
√

1 − k2

2

)
− ψ(1) − ψ(2)

]
, (4.33)

where ψ(z) = [ln Γ(z)]′. Using the identity

ψ(x) − ψ
(
y
)
=
∞∑
n=0

(
1

y + n
− 1
x + n

)
, (4.34)
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we obtain from (4.33)

〈
Oφ(k)Oφ(−k)

〉
=
k4

2

∞∑
n=1

2n + 1
n(n + 1)[k2 + 4n(n + 1)]

=
∞∑
n=1

[
8n(n + 1)(2n + 1)
k2 + 4n(n + 1)

− 2(2n + 1) + k2 2n + 1
2n(n + 1)

]
.

(4.35)

The nonlocal part agrees precisely with (4.32), and the scheme-dependent terms in (4.22)
have the same form as the infinite contact terms.

4.3. Coulomb Branch Flow

Let us consider the Coulomb branch (CB) flow [57, 58]. There is a canonical bulk scalar with
the superpotential

W
(
φ
)
= −e−2φ/

√
6 − 1

2
e4φ/

√
6. (4.36)

The background solution is given by the relations

v = e
√

6φ, e2A = l2
v2/3

1 − v ,
(4.37)

introducing the radial variable v. The length l is independent of the AdS radius L(= 1),
together with which it determines the radius of the disc on which the D3 branes are
distributed (l2/L).

Counterterms and Scheme Dependence

Let us again briefly review the asymptotic analysis form standard AdS/CFT. It follows from
(4.36) that φ is dual to an operator of bare dimension Δ = 2. Correspondingly, it has an
asymptotic expansion of the special form

φ(r) = φ0 re−2r + φ̃0e−2r + · · · , (4.38)

where φ0 and φ̃0 are the two independent coefficients. Asymptotically, the background
vanishes at the rate

φ ≈ − l2√
6

e−2r (4.39)

implying

φ0 = 0, φ̃0 = − l2√
6
. (4.40)
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From HR, the exact one-point function of the corresponding operator is given by [10,
11, 67]

〈O〉 = φ̃0 + u2φ0. (4.41)

Two comments are in order here. The second term, involving a scheme-dependent constant
u2, is new compared to the corresponding formulas of [10, 11, 67] and arises from the addition
of a finite counterterm proportional to

φ2

r2

∣∣∣∣∣
r=r0

, (4.42)

Furthermore, our result differs from [10, 67] by a factor of 1/2, as our φ0 differs by a factor
−2 from theirs and our definition of the one-point function (1.2) exhibits an additional minus
sign.

In contrast to the GPPZ flow, there is a scheme-independent VEV,

〈O〉0 = − l2√
6
. (4.43)

The presence of this VEV (but not its value) can also be inferred from the background mode,

Wφ

W
= − 4√

6

1 − v
2 + v

= − 4

3
√

6
l2e−2r + · · · . (4.44)

Linearizing around the background and switching to the gauge invariant scalar, with
an asymptotic expansion

a = a0re−2r + ã0e−2r + · · · , (4.45)

the one-point function (4.41) reads

〈O〉 = − l2√
6
+ ã0 + u2a0. (4.46)

In order to make contact to Section 3.1, let us define the dominant and subdominant
solutions as

â = re−2r + α̃e−2r , ǎ = e−2r . (4.47)

Writing (4.45) in this basis, one can read off the source and response as

s = a0, r = ã0 − α̃a0. (4.48)
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In this case, (3.4) results in Z̃ = 0 and Z = 1. (The case Δ = 2 would imply α = 0. The generic
(4.8) does not apply, because of the logarithm in the dominant solution.) Thus, (3.7) reads

〈O〉1 = ã0 − α̃a0. (4.49)

Comparison with the part of (4.46) that is linear in the fluctuation implies α̃ = −u2.
Finally, the counterterm “matrix” (3.3) obtained from the basis (4.47) is

U = −1
r
+
α̃

r2
+O

(
r−3

)
. (4.50)

This provides the standard logarithmically divergent counterterm and a scheme-dependent
finite contribution.

Two-Point Function and Spectrum

The two-point function for the CB flow was calculated in [61, 67]. Here, we present the
calculation using the equation of motion in the gauge-invariant formalism. To obtain the two-
point function of the scalar operator dual to a, consider the equation of motion (2.49), which
can be written in the form

{
v
[
v(1 − v)∂2

v + (2α − (2α − 1)v)∂v − (α − 1)2
]

+ 2
[
v(1 − v)∂2

v + (2α − (2α + 2)v)∂v − (α − 1)(α + 2)
]}2 + v

1 − vv
1−αa = 0,

(4.51)

where α = (1 +
√

1 + k2)/2. For convenience, we have set also l = 1. The regular solution of
(4.51), up to an irrelevant normalization, is found to be

a = B(α − 1, α + 1)vα−1 1 − v
2 + v

[F(α − 1, α − 1; 2α;v) − 3F(α − 1, α + 1; 2α;v)], (4.52)

where B(x, y) = Γ(x)Γ(y)/Γ(x+y). From this solution one can read off the two-point function
[61, 67] (shown for the scheme u2 = 0)

〈O(k)O(−k)〉 = −ψ(α) + ψ(1) + 4
3k2

. (4.53)

The spectrum is continuous for all k2 < −1, with an isolated pole at k2 = 0 due to a Goldstone
mode. The spectral density for m2 = −k2 is found to be [4]

ρ(m) = −2I〈O(k)O(−k)〉|k2=−m2+iε = π tanh
(π

2

√
m2 − 1

)
+

8
3
πδ

(
m2

)
. (4.54)
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5. KS System

Finally, we would like to apply the general discussion of Section 3 to the case of the Klebanov-
Strassler theory. We start by reviewing the relevant facts about the background.

5.1. KS Background

The effective 5d model describing the bulk dynamics of the KS system contains seven scalar
fields. (As in [33, 45], we restrict ourselves to the JPC = 0++ scalar sector, where C denotes the
quantum number under the Z2 charge conjugation symmetry of the KS theory, compare for
example, [68, 69]. Additional scalar fluctuations with JPC = 0+− and JPC = 0−− were discussed
in [46, 68, 69].) We will use the Papadopoulos-Tseytlin [36] variables (x, p, y,Φ, b, h1, h2).
The dual operators have dimensions Δ = 8, 7, 6 and twice 4 and 3 each. (It is not obvious
that this is a meaningful statement, because in contrast to aAdS settings, the KS system has
no UV conformal fixed point, where the operator dimensions can be fixed. However, the
deviation from aAdS behaviour is quite mild, such that the asymptotic solutions behave
nearly as if the dual operators had definite dimensions. This can be seen explicitly by
inspecting the asymptotic solutions given in the appendix of [29]. Their exponential τ-
dependence (e(Δ−4)τ/3 for â and e−Δτ/3 for ǎ) is what one would expect for a solution dual
to an operator of dimension Δ.) The KS radial variable τ will be introduced momentarily in
(5.3).

The sigma-model metric is

Gab∂Mφ
a∂Mφb = ∂Mx∂Mx + 6∂Mp∂Mp +

1
2
∂My∂

My +
1
4
∂MΦ∂MΦ +

P 2

2
eΦ−2x∂Mb∂

Mb

+
1
4

e−Φ−2x
[
e−2y∂M(h1 − h2)∂M(h1 − h2) + e2y∂M(h1 + h2)∂M(h1 + h2)

]
,

(5.1)

and the superpotential reads

W = −1
2

(
e−2p−2x + e4p coshy

)
+

1
4

e4p−2x[Q + 2P(bh2 + h1)]. (5.2)

Here, Q and P are constants related to the number of D3-branes and wrapped D5-branes,
respectively.

It is useful to introduce the KS radial variable τ by

∂r = e4p∂τ . (5.3)
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In terms of τ , the KS background solution of (2.4) is given by

Φ = Φ0,

ey = tanh
(τ

2

)
,

b = − τ

sinh τ
,

h1 = − Q
2P

+ PeΦ0 coth τ(τ coth τ − 1),

h2 = PeΦ0
τ coth τ − 1

sinh τ
,

2
3

e6p+2x = coth τ − τ

sinh2τ
,

e2x/3−4p = 2P 2eΦ0 3−2/3h(τ)sinh4/3τ,

(5.4)

with

h(τ) =
∫∞
τ

dϑ
ϑ cothϑ − 1

sinh2ϑ
[2 sinh(2ϑ) − 4ϑ]1/3. (5.5)

Moreover, the warp factor is given by

e−2A ∼ e4p
(

e−2x sinh τ
)2/3

h(τ), (5.6)

with a proportionality factor that sets the momentum scale.
The KT background solution is somewhat simpler, because there y = b = h2 = 0, but it

has a singularity. For the KT background solutions of the other fields, we refer to [33].

5.2. KS 7-Scalar System: Fluctuations

Now, we consider fluctuations of the 7 scalars around the KS background. All scalars appear
to be fully coupled in the bulk, but we can decouple a 4 × 4 set of fields from a 3 × 3 set to
leading order in the UV, as will be discussed in a moment. The system of field equations we
consider follows from (2.49) upon changing the radial coordinate to τ . One finds

[
(∂τ −M)(∂τ −N) − k2e−2A−8p

]
a = 0, (5.7)
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where we have dropped the tensor indices, and the matrices M and N are defined by

Ma
b = −Na

b −K
a
b − 2e−2x−6pδab ,

Na
b = e−4p

(
∂bW

a − W
aWb

W

)
,

Ka
b = 2e−4pGabcW

c.

(5.8)

We fix the momentum scale such that

e−2A = e4p
(

e−2x sinh τ
)2/3h(τ)

h(0)
. (5.9)

The equations of motion (5.7) can be solved asymptotically (for large τ), which is
needed for the holographic renormalization procedure of chapter 3. To do so one has to
expand the matrices and the warp factor in powers of e−τ . We spare the reader the technical
details (which can be found in [29, 45]) and just mention the following pattern in the
asymptotic solutions. Let us consider the two groups of scalars consisting, on the one hand, of
x, p, h1 and Φ, and on the other hand, of y, b and h2. (More precisely, we consider the gauge
invariant scalars built on them according to (2.22).) In [45], these two sets of scalars were
called the “glueball sector” and the “gluinoball sector”, respectively. In the KT background,
the scalars in the gluinoball sector are inert, that is, their background solutions are identically
zero, and consequently any terms coupling the two sectors are absent. This eventually leads
to the singularity in the IR, which is resolved in the KS background by taking into account
the backreaction on the gluinoball sector. Nevertheless, the UV decoupling is also apparent
in the asymptotic solutions. The solutions related to the operators of dimensions Δ = 8, 6 and
4 only have the first four components excited at leading (and next-to-leading) order. These
four components correspond exactly to the scalars of the glueball sector. The mixing only
appears at order e−τ relative to the leading order. Similarly, the solutions related to operators
of dimensions Δ = 7 and 3 only have the last three components excited at leading (and next-
to-leading) order. These correspond to the scalars in the gluinoball sector.

5.3. Holographic Renormalization

We are now ready to apply the formalism of Section 3 to the case of the KS system. In the
following discussion, we often restrict ourselves to the Δ ≤ 4 operators. This simplifies
the calculations considerably, and it suffices to discuss all the general features of a system
with several coupled scalars. We assume that the dominant and subdominant solutions are
ordered in such a way that those dual to the Δ ≤ 4 operators carry the indices i = 4, 5, 6, 7.

In order to discuss the issue of scheme dependence, we allow for redefinitions of the
dominant asymptotic solutions with the subdominant solutions. Again, we restrict to the
Δ ≤ 4 operators and only modify the corresponding dominant solutions according to

â′i = âi + λi
j ǎj (5.10)

with i, j = 4, 5, 6, 7.
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The matrix Z from (3.4) can be calculated (using the solutions of the appendix in [29])
and is given by

Zij = 31/3P 4e2φ0

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−80
3

0
5
4
β 0 −2531

192
β2 −19

4
β

419
80

β

0 −2
9

0 0
8
3

3337
11520

β2 6913
3200

β2

0 0
20
9

737
120

β −4439
600

β −76
9

− 7
15

0 0 0 −4
9

10
9

0 0

0 0 0 0
4
9

0 0

0 0 0 0 0 −2
9

5
9

0 0 0 0 0 0
4
9

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (5.11)

where we have introduced the abbreviation

β =
31/3

h(0)
k2. (5.12)

Note that Z does not depend on the λ
j

i , that is, it is scheme independent as it should be
according to (3.25).

As discussed in Section 3.3, one can also redefine the dominant solutions by other
dominant ones. In particular, to a dominant solution of dimension Δ, one could add other
dominant solutions of dimensions smaller than or equal to Δ. This would amount to an upper
triangular matrix Λ, compare for example, (3.24). It is easy to check that using μji = δ

j

i and

Λj

i =
(

31/3P 4e2φ0
)−1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 3
80

0
27

1280
β

59697
204800

β2 −3051207
2048000

β2 0
297
640

β

0 −9
2

0 0 27 −30033
5120

β2 2990637
102400

β2

0 0
9

20
19899
3200

β −257769
32000

β −171
10

8739
400

0 0 0 −9
4

45
8

0 0

0 0 0 0
9
4

0 0

0 0 0 0 0 −9
2

45
8

0 0 0 0 0 0
9
4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(5.13)
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in (3.25), which also rescales all operators, would lead to a matrix

Z′ij = δij . (5.14)

Let us mention in passing that the appearance of the β-factors in (5.13) leads to a “natural”
form of Λj

i , according to the discussion in Section 3.3. It ensures that the structure of the
dominant solutions stays intact, that is, also after the redefinition the same combinations of
β and eτ appear as before. (Of course, this only becomes apparent by looking at the explicit
form of the asymptotic solutions given in the appendix of [29].)

Let us turn to the matrix Z̃ from (3.4). As stated in Section 3.3, one can always choose
a basis such that Z̃ij = 0. This statement holds also after the operator redefinition given by
(5.13). Allowing for scheme dependence in the rotated basis, one would find from (3.25)

Z̃′ij = λji − λij . (5.15)

Calculating the two-point functions of the dual operators using (3.8) is, of course, more
involved and goes beyond the scope of this article. It would be interesting to make the scaling
with Neff ∼ ln(k/Λ) explicit, where Λ is the confinement scale, but certainly one would have
to rely on numerical methods. We note that in [39, 40] an approximation method was devised
to determine the leading order term of the two-point functions in an expansion for large
momenta. This method was also applied in [33, 41]. It would be interesting to see whether
and how the renormalization procedure presented here would modify the results of [39, 40].
Another remark is that, in any case, the renormalization procedure devised here justifies a
posteriori the pragmatic approach taken in [45] for the calculation of mass spectra in the KS
system. Probably, it also applies to the calculations in [46, 47] if it is possible to bring the
system considered there into the form of a fake SUGRA system.

It is also interesting to consider the counterterm matrix Uab. It is rather complicated,
and we only give the leading terms in an expansion in ε = e−2τ/3. For λij = 0, it is given by

Uab = 21/3

(
e−φ0

P 2(4τ − 1)

)2/3(
U4×4 U4×3

U3×4 U3×3

)
, (5.16)

with the submatrices

U4×4 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−32
15

−32
5

− 9
640

(E)β2ε2 −
9βε
20

−32
5

−96
5

3βε −117
20

βε

− 9
640

(E)β2ε2 3βε −βε 3
2
βε

− 9
20
βε −117

20
βε

3
2
βε −

3(4τ + 17)βε
16

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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U3×4 = UT
4×3 =

ε3/2

4τ + 5

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

4
5
(28τ − 31)

128
5

(2τ + 1)
16
3
O(ε)

16
15

(2τ + 19)
256
15

(τ + 2) −16
9
O(ε)

−16
15

(2τ + 19) −256
15

(τ + 2)
16
9
O(ε)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

U3×3 =
1

4τ + 5

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2
3
(4τ + 17)

8
3
−8

3

8
3

−8
9

8
9

−8
3

8
9
−8

9

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(5.17)

where E denotes 32τ2 + 148τ − 873.
The entries of U3×4 and U4×3 lead to mixings between the fields in the glueball and

gluinoball sectors. When considering nonvanishing λij , one notices that they are all scheme-
dependent.

In general, the scheme-dependent terms should only lead to finite contributions to the
action. We have verified this explicitly for the Δ ≤ 4 operators. Using the counterterm matrix
with λij /= 0 and considering nonvanishing sources only for the operators with Δ ≤ 4, we find

e4Aa ·U · a =
7∑

i,j=4

si
(
V

(1)
ij (λkl) + ε−1V

(2)
ij + V (3)

ij

)
sj (5.18)

with

V (1)
∣∣∣

4−7
=

1
9

31/3P 4e2φ0

×

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

10λ45 − 4λ44 2λ45 − 2λ54 + 5λ55
5
2
λ47 + 5λ65 − 2λ64 − λ46 2λ47 − 2λ74 + 5λ75

2λ45 − 2λ54 + 5λ55 4λ55
5
2
λ57 − λ56 + 2λ65 2λ57 + 2λ75

5
2
λ47 + 5λ65 − 2λ64 − λ46

5
2
λ57 − λ56 + 2λ65 5λ67 − 2λ66

5
2
λ77 + 2λ67 − λ76

2λ47 − 2λ74 + 5λ75 2λ57 + 2λ75
5
2
λ77 + 2λ67 − λ76 4λ77

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(5.19)

These finite terms are analogous to the finite quartic counterterms in the GPPZ flow and
the finite quadratic counterterm in the CB flow, compare for example, (4.20) and (4.42),
respectively, after expanding them to quadratic order in the fluctuations.
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In addition to these finite terms there are also divergent contributions which are either
linearly diverging in ε = e−2τ/3 or logarithmically. These are given by

V (2)
∣∣∣

4−7
=

1
9

31/3P 4e2φ0×

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−3
2
(
τ2−3τ+5

)
β −3

8
(4τ − 7)β 0 0

−3
8
(4τ − 7)β −3

2τ+1
4τ+1

β 0 0

0 0 −1
4
(
16τ2+28τ+19

)
−4(2τ+1)

0 0 −4(2τ+1) −16

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

V (3)
∣∣∣

4−7
=

1
9

31/3P 4e2φ0

⎛
⎝
V (3,Δ=4) 02×2

02×2 V (3,Δ=3)

⎞
⎠,

(5.20)

with

V (3,Δ=4) = β2

⎛
⎜⎜⎜⎝

9
16
τ4 +

75
16
τ3 +

189
32

τ2 − 5355
128

τ +
38979
256

3
256
T

3
256
T 9

64
32τ3 + 424τ2 + 916τ + 371

4τ + 1

⎞
⎟⎟⎟⎠,

V (3,Δ=3) = β

⎛
⎜⎜⎜⎝

3
2
τ4 +

45
2
τ3 +

477
4
τ2 +

1959
8

τ − 1239
32

4τ3 + 51τ2 +
975
4
τ − 831

16

4τ3 + 51τ2 +
975

4
τ − 831

16
12τ2 + 156τ + 213

⎞
⎟⎟⎟⎠,

(5.21)

where T denotes (256τ4 + 2368τ3 + 4368τ2 − 5664τ − 1821)/(4τ + 1). Note that the linear
divergences are momentum independent for the Δ = 3 operators and proportional to k2 for
the Δ = 4 operators. Furthermore, the logarithmically divergent terms are proportional to
k2 for the Δ = 3 operators and proportional to k4 for the Δ = 4 operators. All this is very
reminiscent of the aAdS case, compare for example, Sections 5.2 and 5.3 in [12]. There is,
however, a difference in the fact that the logarithms appear in a much more complicated way,
and they are even present in the linearly divergent terms. Although some of this may be an
artifact of the choice of radial variable, this is consistent with the fact that the KS theory has
no UV conformal fixed point.

As mentioned above, all the entries of U3×4 and U4×3 are scheme-dependent and
thus only contribute finite terms to the renormalized action. This implies that one could
have determined all the divergent terms for the glueball-sector and the gluinoball-sector
separately. In other words, one can renormalize the KT theory without embedding it into
the KS theory. This is plausible, as the KT background is a good approximation to the KS
background in the asymptotic region, and the field theory divergences are UV divergences.
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This standpoint was also taken in [30, 41], where the renormalization was performed just for
the KT background.

5.4. Gluino Condensate

Finally, we would like to comment on the issue of VEVs. As we saw in the aAdS cases of
Section 4, the response function of the background fluctuation Wφ/W encodes the VEV in
those cases (up to an overall factor). We would like to see how this carries over to the case
of KS, where we expect a nonzero VEV for a gluinoball operator of Δ = 3. In order to derive
the VEV from first principles, one would need the exact form of the counterterms linear in
the fluctuations, which we have not determined yet. Thus, we can only take the cases of
GPPZ and CB as encouraging examples and calculate, in analogy, the response coefficients of
Wa/W . It is straightforward to calculate

Wa

W
=

4
4τ + 1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1

1
3

−2
(
τ − 1

4

)

0

03

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+
4e−τ

4τ + 1

⎛
⎜⎜⎜⎜⎜⎜⎝

04

−4τ + 1

(−4τ + 1)(τ − 1)

(τ − 2)(4τ − 1)

⎞
⎟⎟⎟⎟⎟⎟⎠

+O
(

e−2τ
)
. (5.22)

Comparing this with the asymptotic solutions, we obtain

Wa

W
= −2â5 − 4ǎ7 + 2ǎ6, (5.23)

where â5 is the dominant solution corresponding to one of the Δ = 4 operators and ǎ6 and ǎ7

are the subdominant solutions of the Δ = 3 operators. This result suggests the interpretation
that a combination of the two Δ = 3 operators has a VEV, which is in agreement with the field
theory expectation of a condensate of the gluino bilinear [34, 70]. However, this statement is
again scheme-dependent. The redefinition (5.10) leads to

a = siâi + riǎi = siâ′i +
(
ri − sjλij

)
ǎi, (5.24)

and applying this to Wa/W results in

Wa

W
= −2â5 + (−4 + 2λ57)ǎ7 + (2 + 2λ56)ǎ6 + 2λ55ǎ5 + 2λ54ǎ4, (5.25)

ǎ4 and ǎ5 being the subdominant solutions of the Δ = 4 operators. Let us apply the
“naturalness” criterion on the form of the λij described in Section 3.3. It would give λ55, λ54 ∼
β2, but β = 0 in (5.25), so that the coefficients of ǎ4 and ǎ5 vanish. The coefficients of
the ǎ6 and ǎ7 belonging to the Δ = 3 operators are more subtle, because the e−τ term in
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â5, which is the leading term in ǎ6 and ǎ7, is independent of β. On physical grounds we
expect that there should be a natural scheme in which the VEVs for the Δ = 3 operators
are not both vanishing simultaneously, compare for example, [34, 70]. It would be very
interesting to understand how to determine such a preferred scheme, which might amount
to extending the “naturalness” criterion of Section 3.3 or to finding an equivalent of the
supersymmetric scheme in the GPPZ flow. Obviously, it would also be interesting to obtain
the VEVs independently, using the linear terms of the action, but for this one would need the
linear counterterms.

6. Conclusions and Outlook

The recent efforts to perform HR systematically in nonaAdS backgrounds, which we have
reviewed, offer a promising picture for cascading gauge theories, like KS. It appears that the
pragmatic approach taken in various calculations of glueball mass spectra is justified, that
is, it has been established that two-point functions of renormalized operators exist, which
exhibit precisely the calculated mass spectra. This follows, as they are indeed of the general
form (3.9) assumed in the calculation of the spectra. We have presented the case of scalar
fields, but a generalization to other independent gauge-invariant fluctuations, for example,
the transverse traceless metric fluctuations, seems straightforward. The new order-by-order
approach, devised in [29], nicely reproduces the results of HR in aAdS settings. In particular,
the scheme dependence is incorporated in an interesting fashion.

There is, obviously, much room for further development. First, one needs to
understand the role of the gauge-dependent terms that remain in the full on-shell action.
The action (3.1) appears, of course, in an expansion of (2.1), but gauge-dependent second-
order terms involving the field h, especially, have been dropped. In aAdS settings, finite
terms of this kind are related to a conformal anomaly. A related question is whether the
second-order counterterms can be obtained from an expansion of some covariant expression
of the full fields, from which one may deduce Ward identities between various correlation
functions. Presumably, this would also shed some light on the question how to calculate
the VEV. Indeed, adding the superpotential W as a boundary term removes terms linear in
the fluctuations from the action. Therefore, a VEV must stem from the counterterms, which
is precisely how it works in aAdS settings. There, the counterterm U(φ) [7, 11] may differ
from the superpotential W(φ), although it satisfies the same equation (2.2). Expanding the
difference U(φ) −W(φ) to first order in the fluctuations yields precisely the VEV.

Second, it would be very interesting to find a better definition of the naturalness
criterion for the choice of the asymptotically dominant basis solutions. This question is
essential to limit this choice to the freedom of choosing a scheme that one has in QFT. We
have seen in the examples in Section 4 that the scheme dependence yields redefinitions of
the dominant basis with certain powers of k2. Such a naturalness criterion may offer an
alternative way to unambiguously determine VEVs.

Third, one should investigate how the method extends to higher-orders in the
fluctuations. The quadratic terms in the bulk equations of motion have been given in [33],
including the metric fluctuations. From these, one may determine three-point functions and
scattering amplitudes.

Last, one should find a formulation of HR for systems, in which the assumptions on
the form of the asymptotic basis solutions do not hold. For the KS case considered here they
are satisfied, but other interesting cases in which people have used a pragmatic approach for
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mass spectra, for example, the Maldacena-Nunez system [45, 48] or the walking backgrounds
[50, 54], have a very different behaviour. It would also be interesting to see whether and, if
yes, how the systems considered in [22] could be described in the present approach.
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