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The search for a new state of matter and understanding of
the conditions of its formation in the extreme conditions of
the dense and high-temperature environment is the main
goal of the ongoing heavy ion investigations at the CERN
LHC experiments such as ALICE, ATLAS, and CMS where
heavy-ions are smashed at unprecedented high energies ever
reached. The study of these high-energy nuclear collisions is
also believed to approach the conditions close to those at the
formation of the early Universe which has been undergoing
under extreme dense and temperature. The understanding
of the formed nuclear matter is a main topic of the today’s
most theoretical and phenomenological models aimed to
describe the conditions and to find the equation of state of
thematter formed in heavy ion collisions at the LHCbelieved
to be the quark-gluon plasma, predicted by the theory of
strong interaction Quantum Chromodynamics (QCD) being
currently under extensive development. The understanding
of the features observed in nuclear collisions at high energies
at the LHC and at RHIC is also believed to provide keys
explaining the observations in nuclear collisions at lower
energies of the studies planned and ongoing worldwide as
well as unexpected nuclear-type findings in proton-proton
collisions at LHC.

To clarify the above points it is crucial to understand
the space-time evolution of the system formed during the
collision and resulted into the observed particles, mostly
hadrons. In these studies, one distinguishes the two so-called
freeze-outs, namely, the chemical freeze-out and the kinetic
freeze-out, so that the momentum spectra of produced
particles are frozen in time.The understanding of this picture
is still under wide discussion and attracts lot of interest, as on
the one hand, one assumes the chemical and kinetic freeze-
outs to occur without any time lag, while on the other hand,
there are models considering time interval so that the kinetic
freeze-out comes after the chemical one.

This special issue concerns many topics on properties
of chemical and kinetic freeze-outs in high-energy nuclear
(and particle) collisions, for example, (i) describing particle
distributions and correlations and studying statistical laws
and dynamical properties related to the special topic; (ii)
extracting thermal and dynamical properties of interacting
system and formed matters and real thermodynamic param-
eters of chemical and kinetic freeze-outs; (iii) extracting
radial flow velocity and describing elliptic flow and other
anisotropic flow; (iv) searching for the softest points of the
equation of state and the critical point of hadronic matter to

Hindawi
Advances in High Energy Physics
Volume 2018, Article ID 9184574, 3 pages
https://doi.org/10.1155/2018/9184574

http://orcid.org/0000-0002-2261-6899
http://orcid.org/0000-0003-3334-0661
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/9184574


2 Advances in High Energy Physics

quark-gluon plasma; and (v) studying collective behavior in
small system.

In the article “Chiral Phase Transition in Linear Sigma
Model with Nonextensive Statistical Mechanics,” K.-M. Shen
et al. investigate the chiral phase transition at finite tem-
perature and baryon chemical potential in the framework
of the linear sigma model. The corresponding nonextensive
distribution is characterized by a nonextensive parameter and
the results in the usual Boltzmann-Gibbs case are recovered
when the nonextensive parameter levels off to one. The ther-
modynamics of the linear sigmamodel and its corresponding
phase diagram are analyzed. Some behaviors of the critical
temperature, chemical potential, and nonextensive parameter
are studied in the phase diagram.

In the article “Mean Field Approximation for the Dense
Charged Drop,” S. Bondarenko and K. Komoshvili consider
the mean field approximation for the description of the probe
charged particle in a dense charged drop, solve the corre-
sponding Schrödinger equation for the drop with spherical
symmetry in the first order of mean field approximation,
and discuss the obtained results. This work is useful for the
clarification of the spectrum of the produced particles, which
is influenced by the quantum-mechanical properties of the
QCD fireball. This approach also provides the connection
between the data obtained in the LHCandRHIC experiments
and microscopic fields inside the collision region.

In the article “A Comparative Study of 𝐾±/𝜋± Ratio in
Proton-ProtonCollisions atDifferent Energies: Experimental
Results versus Model Simulation,” S. Bhattacharyya et al.
present a systematic study of 𝐾+/𝜋+, 𝐾−/𝜋−, and (𝐾+ +
𝐾−)/(𝜋+ +𝜋−) ratio in proton-proton collisions as a function
of the bombarding energy from 6.3 GeV to 7 TeV using
the UrQMD model and DPMJET III model. Comparisons
of the simulated results with the available experimental
data are also presented. Dependence of 𝐾+/𝜋+ and 𝐾−/𝜋−
on energy shows different behaviors for the UrQMD and
DPMJET III models. The presence of the horn-like structure
in the variation of 𝐾+/𝜋+ and 𝐾−/𝜋− with energy for the
experimental data is supported by the DPMJET III model.

In the article “A Description of Pseudorapidity Distribu-
tions of Charged Particles Produced in Au+Au Collisions at
RHIC Energies,” Z. J. Jiang et al. assume that the hot and
dense matter expands according to the hydrodynamic model
including phase transition and decouples into particles via
the prescription of Cooper-Frye. The leading particles are as
usual supposed to have Gaussian rapidity distributions with
the number equaling that of participants. This investigation
shows that the leading particles are essential in describing the
pseudorapidity distributions of charged particles produced in
high energy heavy ion collisions. This might be due to the
different transparencies of nuclei at different energies.

In the article “Azimuthal Anisotropy in High-Energy
Nuclear Collision: An Approach Based on Complex Network
Analysis,” S. Bhaduri andD.Ghosh attempt to find determin-
istic information on the anisotropy in azimuthal distribution
by means of precise determination of topological parameter
froma complex network perspective.They construct visibility
graphs from their corresponding azimuthal space or 𝜙-data
sets. From each visibility graph, a number of cluster data sets

are extracted, and then again visibility graphs are constructed
for each cluster data set and its Monte Carlo simulated
counterpart. Each of these clusters is self-similar and scale-
free and is of fractal structure.

The article “Comparing Standard Distribution and Its
Tsallis Form of Transverse Momenta in High Energy Col-
lisions” investigates the experimental (simulated) transverse
momentum spectra of 𝜋− produced at midrapidity in cen-
tral nucleus-nucleus collisions at the SIS, RHIC, and LHC
energies obtained by different collaborations, where a few
simulated data are taken from the results of FOPI Collabo-
ration which uses the IQMD transport code based on Quan-
tumMolecular Dynamics. A two-component standard distri-
bution and the Tsallis form of standard distribution are used
to fit these data in the framework of a multisource thermal
model. The excitation functions of main parameters in the
two distributions are analyzed.

The article “Renormalization Group Equation for Tsallis
Statistics” investigates the scaling properties of thermofrac-
tals through the renormalization group equation, known as
Callan-Symanzik equation. The Callan-Symanzik equation
associated with Tsallis statistics is derived in this article in
association with the thermofractal scale-free structure, sett-
ing new grounds for the interpretation of nonextensive ther-
modynamics in terms of renormalization group theory and
opening new possibilities of its application in QCD related
problems. In addition, this article can be also associated with
the nonthermal phase transition of hadronic matter associ-
ated with quark-gluon plasma.

The article “A Description of the Transverse Momentum
Distributions of Charged Particles Produced in Heavy Ion
Collisions at RHIC and LHC Energies” uses nonextensive
statistics together with relativistic hydrodynamics including
phase transition to discuss the transverse momentum distri-
butions of charged particles produced in heavy ion collisions,
by assuming the existence of memory effects and long-range
interactions. The combined contributions from nonextensive
statistics and hydrodynamics can give a good description of
the experimental data in Au+Au collisions at 200 GeV and
in Pb+Pb collisions at 2.76 TeV for 𝜋± and 𝐾± in wide trans-
verse momentum region and for 𝑝(𝑝) in narrow transverse
momentum region.

The article “Correlations and Event-by-Event Fluctua-
tions in High Multiplicity Events Produced in 208Pb- 208Pb
Collisions” analyzes high multiplicity events produced in
158A GeV/c 208Pb- 208Pb collisions to study the event-by-
event fluctuations. The findings reveal that the method of
scaled factorial moments can be used to identify the events
having densely populated narrow phase space bins. A few
events sorted out by adopting this approach are individually
analyzed. It is observed that these events do exhibit large fluc-
tuations in their pseudorapidity and azimuthal angle distri-
butions arising due to some dynamical reasons. Some com-
plex two-dimensional structures render some dynamical ori-
gins.

In the article “Entropy and Multifractality in Relativistic
Ion-Ion Collisions,” S. Khan and S. Ahmad investigate entro-
py production in multiparticle systems by analyzing the
experimental data on ion-ion collisions at AGS and SPS
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energies and comparing the findings with those reported
earlier for hadron-hadron, hadron-nucleus, and nucleus-
nucleus collisions. It is observed that the entropy produced in
limited and full phase space, when normalized to maximum
rapidity, exhibits a kind of scaling which is nicely supported
by Monte Carlo model HIJING. The findings reveal that
Rényi’s order information entropy could be another way to
investigate the fluctuations in multiplicity distributions in
terms of spectral function.

In the article “Radial Flow in a Multiphase Transport
Model at FAIR Energies,” S. Sarkar et al. compare azimuthal
distributions of radial velocities of charged hadrons pro-
duced in nucleus-nucleus collisions with the corresponding
azimuthal distribution of charged hadron multiplicity in the
framework of a multiphase transport (AMPT) model at two
different collision energies. The mean radial velocity seems
to be a good probe for studying radial expansion. While the
anisotropic parts of the distributions indicate a kind of collec-
tive nature in the radial expansion of the intermediate “fire-
ball” and their isotropic parts characterize a thermal motion,
these simulation results at FAIR are also interesting to com-
pare with those at RHIC and LHC.

In the article “Multifractal Analysis of Charged Par-
ticle Multiplicity Distribution in the Framework of Renyi
Entropy,” S. Bhattacharyya et al. present an analysis of multi-
fractality and multifractal specific heat in the frame work
of Rényi entropy analysis for the produced shower particles
in 16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions at 4.5A
GeV/c. Experimental results are compared with the predic-
tion of the UrQMDmodel. Qualitative information about the
multifractal dynamics of particle production process are
extracted and reported. The investigation of quark-hadron
phase transition in the mentioned interactions in the frame-
work of Ginzburg-Landau theory are also presented.

The article “HBTRadii: Comparative Studies onCollision
Systems and Beam Energies” reviews shortly the experimen-
tal results on the two-particle Hanbury-Brown-Twiss (HBT)
interferometry which is an important probe for understand-
ing the space-time structure of particle emission sources in
high energy heavy ion collisions. The HBT radii in central
Pb+Pb collisions at 17.3 GeV, in central Au+Au collisions at
19.6 GeV, and in central Cu+Cu collisions at 22.4 GeV are
compared with each other. A similarity in the 𝑅𝑜𝑢𝑡/𝑅𝑠𝑖𝑑𝑒 ratio
with transverse mass across the collision systems is found
at the energy bridge from the SPS to RHIC. A rise of the
𝑅𝑜𝑢𝑡/𝑅𝑠𝑖𝑑𝑒 ratio at this energy bridge is not observed.

The article “Angular Dependence of 𝜂 Photoproduction
in Photon-induced Reaction” studies the angular dependence
of 𝜂 photoproduction in the photon-induced reaction in the
framework of multisource thermal model.The photoproduc-
tion of 𝜂 mesons from nucleons can provide valuable infor-
mation about the excitation spectrum of the nucleons. The
model results are in good agreement with the experimental
data from 𝜂 → 3𝜋0 → 6𝛾 decay mode. It is shown that the
movement factor increases linearly with the photon beam
energies. The deformation and translation of emission sour-
ces are visually given in the formalism.

This issue brings together a collection of articles on pro-
perties of chemical and kinetic freeze-outs in high energy

nuclear collisions. We hope this will be a useful issue for
researchers working in related areas. Meanwhile, we regret
that more manuscripts submitted for publication in this issue
have not been accepted according to reviewer’s reports.
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Photoproduction of 𝜂 mesons from nucleons can provide valuable information about the excitation spectrum of the nucleons.
The angular dependence of 𝜂 photoproduction in the photon-induced reaction is investigated in the multisource thermal model.
The results are compared with experimental data from the 𝜂 → 3𝜋0 → 6𝛾 decay mode. They are in good agreement with the
experimental data. It is shown that the movement factor increases linearly with the photon beam energies. And the deformation
and translation of emission sources are visually given in the formalism.

1. Introduction

The excitation spectrum of nucleons is important to under-
standing the nonperturbative behavior of the fundamental
theory of strong interactions, Quantum Chromodynamics
(QCD) [1–4]. The photon-induced meson production off
nucleons is mainly used to achieve more information from
the excitation spectrum of nucleons. It is very important for
missing resonances that the 𝜂 meson production in photon-
induced and hadron-induced reactions on free (and quasi-
free) nucleons and on nuclei [5–8].The advantage of photon-
induced reactions is that the electromagnetic couplings can
provide valuable information related to the details of the
model wave functions. Because the electromagnetic exci-
tations are isospin dependent, we need perform meson-
production reactions off the neutron.

Recently, the photoproduction of 𝜂 mesons from quasi-
free protons and neutrons was measured in 𝜂 → 3𝜋0 → 6𝛾
decay mode by the CBELSA/TAPS detector at the electron
accelerator ELSA in Bonn [9]. At different incident photon
energies, the experiments are performed by the incident
photon beam on a liquid deuterium target. A great number
of 𝜂 mesons are produced in the photon-induced reaction.
The experimental data are regarded as a multiparticle system.
And, their angular distributions represent an obvious regular-
ity at different incident photon energies. In order to explain

the abundant experimental results, some statistical methods
are proposed and developed [10–16]. In this work, we will
extend a multi-source thermal model to the statistical inves-
tigation of the angular distributions in the photon-induced
reaction and try to understand the 𝜂 photoproduction in
the reaction. In our previous wok [17–21], the model was
focused on the investigation of the particle production in
intermediate-energy and high-energy collisions.

2. 𝜂Meson Distribution in the Multi-Source
Thermal Model

In the multi-source thermal model [17–21], many emission
sources are expected to be formed at the final stage of
the photon-induced reaction. Every source emits particles
isotropically in the source rest frame.The observed 𝜂mesons
are from different emission sources. The incident beam
direction is defined as an 𝑜𝑧 axis and the reaction plane is
defined as 𝑦𝑜𝑧 plane. In the source rest frame, the meson
momentum 𝑝𝑥, 𝑝𝑦, and 𝑝𝑧 obeys a normal distribution. The
corresponding transverse momentum 𝑝𝑇 = √𝑝2𝑥 + 𝑝2𝑦 obeys
a Rayleigh distribution:

𝑓𝑝𝑇 (𝑝𝑇) =
𝑝𝑇
𝜎2 𝑒
−𝑝2
𝑇
/2𝜎2 , (1)
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Figure 1: Angular distributions for different bins of incident photon energy 698 MeV ≤ E𝛾 ≤ 1005MeV as a function of cos 𝜃𝜂 in the beam-
target cm system assuming the initial state nucleon at rest. The symbols represent the experimental data from the CBELSA/TAPS detector at
the electron accelerator ELSA in Bonn [9]. The results in the multi-source thermal model are shown with the curves.

where 𝜎 represents a distribution width. The distribution
function of the polar angle 𝜃 is

𝑓𝜃 (𝜃) =
1
2 sin 𝜃 (2)

Because of the interactions with other emission sources,
the considered source deforms and translates along the 𝑜𝑧
axis. Then, the momentum component is revised to

𝑝𝑧 = 𝑎𝑧𝑝𝑧 + 𝑏𝑧𝜎 (3)

where 𝑎𝑧 and 𝑏𝑧 represent the coefficients of the source
deformation and translation along the 𝑜𝑧 axis, respectively.
Themathematical description of the deformable translational
source is formulized simply as a linear relationship between
𝑝𝑧 and 𝑝𝑧, which reflects the mean result of the source
interaction. For 𝑎𝑧 ̸= 1 or 𝑏𝑧 ̸= 0, the 𝑝𝑧 distribution of 𝜂
mesons is anisotropic along the 𝑜𝑧 axis.

By using Monte Carlo method, 𝑝𝑇 and 𝑝𝑧 are given by

𝑝𝑇 = 𝜎√−2 ln 𝑟1, (4)

𝑝𝑧 = 𝑎𝑧𝜎√−2 ln 𝑟2 cos (2𝜋𝑟3) + 𝑏𝑧𝜎, (5)

where 𝑟1, 𝑟2, and 𝑟3 are randomnumbers from0 to 1.Thepolar
angle 𝜃 is revised to

𝜃 = arctan𝑝𝑇𝑝𝑧
= arctan √−2 ln 𝑟1

𝑎𝑧√−2 ln 𝑟2 cos (2𝜋𝑟3) + 𝑏𝑧
. (6)

We can calculate a new distribution function of the polar
angle by this formula.

3. Angular Dependencies
of 𝜂 Photoproduction in the
Photon-Induced Reaction

Figures 1(a)–1(p) show the angular distributions of 𝜂mesons
for different bins of incident photon energy 698 MeV ≤
Ε𝛾 ≤ 1005 MeV as a function of cos 𝜃𝜂. 𝜃𝜂 is the polar
angle of 𝜂 meson in the beam-target cm system assuming
the initial state nucleon at rest. The symbols represent the
experimental data from the CBELSA/TAPS detector at the
electron accelerator ELSA in Bonn [9]. The results obtained
by using the multi-source thermal model are shown with the
curves, which behave in the same way as the experimental
data in the 16 bins of incident photon energy. By minimiz-
ing 𝜒2 per degree of freedom (𝜒2/dof), we determine the
corresponding parameters 𝑎𝑧 and 𝑏𝑧, which are presented in
Table 1. It is found that there is an almost linear relationship
between the 𝑏𝑧 and Ε𝛾. As representative energies of Figure 1,
we give a schematic sketch of these emission sources at the
four different energies in Figure 7(a). The deformations and
translations can be seen intuitively in the figure.

In Figures 2(a)–2(p) andFigures 3(a)–3(p), we present the
angular distributions of 𝜂mesons for different bins of incident
photon energy 1035 MeV ≤ Ε𝛾 ≤ 1835 MeV as a function of
cos 𝜃𝜂. 𝜃𝜂 is the polar angle of 𝜂 meson in the beam-target
cm system assuming the initial state nucleon at rest. Same as
Figure 1, the symbols represent the experimental data from
the CBELSA/TAPS detector at the electron accelerator ELSA
in Bonn [9]. The results obtained by using the multisource
thermal model are shown with the curves, which behave in
the same way as the experimental data in the 28 bins of
incident photon energy. Parameters 𝑎𝑧and 𝑏𝑧 are presented in
Tables 2 and 3. As the representative energies of Figures 1 and
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Table 1: Values of 𝑎𝑧 and 𝑏𝑧 taken in Figure 1 model results.

Figure 1 𝐸𝛾 (MeV) 𝑎𝑧 𝑏𝑧 𝜒2/𝑑𝑜𝑓
(a) 698 1.050 -0.170 0.118
(b) 712 1.020 -0.210 0.105
(c) 730 1.050 -0.170 0.090
(d) 750 1.040 -0.155 0.134
(e) 770 0.985 -0.105 0.182
(f) 790 0.970 -0.125 0.179
(g) 810 0.979 -0.110 0.194
(h) 830 0.960 -0.120 0.192
(i) 850 0.970 -0.110 0.200
(j) 870 0.980 -0.130 0.211
(k) 890 0.950 -0.120 0.175
(l) 910 0.970 -0.140 0.261
(m) 930 0.940 -0.110 0.179
(n) 955 0.950 -0.120 0.154
(o) 980 0.950 -0.090 0.138
(p) 1005 0.920 -0.110 0.150
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Figure 2: Same as Figure 1, but showing angular distributions for different bins of incident photon energy 1035 MeV ≤ E𝛾 ≤ 1475MeV.

2, the schematic sketches of the emission sources are given at
different energies in Figures 7(b) and 7(c).

In Figures 4, 5, and 6, we show angular distributions
in the 𝜂-nucleon cm system for 𝛾𝑝 → 𝑝𝜂 reaction for
the different bins of final state energy 1488 MeV ≤ 𝑊 ≤
1625 MeV, 1635 MeV ≤ 𝑊 ≤ 1830 MeV and 1850 MeV ≤
𝑊 ≤ 2070 MeV, respectively. Same as Figure 1, the model
results and experimental data are indicated by the curves and
symbols, respectively. The model results can also agree with
the experimental data. In the sameway, the deformations and
translations of these emission sources are given in Tables 4–6
and Figures 7(d)–7(f). All the parameter values taken in the
above calculations are also given in Figures 8 and 9. It can be
found that 𝑎𝑧 keeps almost invariable and fluctuates around

1.0 with the increasing Ε𝛾.The parameter 𝑏𝑧 increases linearly
with the increasing Ε𝛾 and their relationship can be expressed
by a linearly function, 𝑏𝑧 = (0.541 ± 0.005) × 10−3Ε𝛾 −
(0.622 ± 0.011). There are similar relationships between the
parameters and different final state energies 𝑊 in Figure 9,
where the fitting function of 𝑏𝑧 is 𝑏𝑧 = (0.808 ± 0.003) ×
10−3𝑊− (1.322 ± 0.007).

4. Discussion and Conclusions

The excitation spectrum of nucleons can especially help us
to understand the strong interaction in the nonperturbative
regime. Before, the hadron induced reactions is a main
experimental method in the investigation. In the last two
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Figure 3: Same as Figure 1, but showing angular distributions for different bins of incident photon energy 1505 MeV ≤ E𝛾 ≤ 1835MeV.

Table 2: Values of 𝑎𝑧 and 𝑏𝑧 taken in Figure 2 model results.

Figure 2 𝐸𝛾 (MeV) 𝑎𝑧 𝑏𝑧 𝜒2/𝑑𝑜𝑓
(a) 1035 0.920 -0.080 0.124
(b) 1065 0.940 -0.090 0.118
(c) 1095 0.970 -0.030 0.132
(d) 1125 0.870 0.030 0.165
(e) 1155 0.850 0.050 0.170
(f) 1185 0.850 0.030 0.168
(g) 1215 0.860 0.070 0.173
(h) 1245 0.860 0.050 0.122
(i) 1270 0.850 0.110 0.121
(j) 1295 0.830 0.150 0.145
(k) 1325 0.910 0.120 0.147
(l) 1355 0.910 0.160 0.142
(m) 1385 0.890 0.110 0.115
(n) 1415 0.930 0.130 0.106
(o) 1445 0.830 0.250 0.122
(p) 1475 0.810 0.210 0.091

Table 3: Values of 𝑎𝑧 and 𝑏𝑧 taken in Figure 3 model results.

Figure 3 𝐸𝛾 (MeV) 𝑎𝑧 𝑏𝑧 𝜒2/𝑑𝑜𝑓
(a) 1505 0.915 0.260 0.243
(b) 1535 0.920 0.260 0.190
(c) 1565 0.920 0.240 0.158
(d) 1595 0.800 0.360 0.315
(e) 1625 0.890 0.310 0.179
(f) 1655 0.930 0.340 0.190
(g) 1685 0.910 0.360 0.206
(h) 1715 0.940 0.400 0.235
(i) 1745 0.960 0.460 0.085
(j) 1775 0.960 0.410 0.144
(k) 1805 1.090 0.400 0.132
(l) 1835 1.060 0.390 0.140
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Table 4: Values of 𝑎𝑧 and 𝑏𝑧 taken in Figure 4 model results.

Figure 4 𝑊 (MeV) 𝑎𝑧 𝑏𝑧 𝜒2/𝑑𝑜𝑓
(a) 1488 0.956 -0.098 0.086
(b) 1492 0.968 -0.069 0.125
(c) 1498 0.966 -0.058 0.101
(d) 1505 0.959 -0.063 0.114
(e) 1515 0.965 -0.052 0.205
(f) 1525 0.952 -0.048 0.192
(g) 1535 0.960 -0.063 0.143
(h) 1545 0.967 -0.066 0.206
(i) 1555 0.948 -0.060 0.174
(j) 1565 0.941 -0.072 0.168
(k) 1575 0.934 -0.059 0.170
(l) 1585 0.955 -0.068 0.235
(m) 1595 0.925 -0.051 0.260
(n) 1605 0.934 -0.039 0.251
(o) 1615 0.942 -0.045 0.307
(p) 1625 0.961 -0.058 0.293
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Figure 4: Angular distributions in the 𝜂-nucleon cm system for the reaction 𝛾𝑝 → 𝑝𝜂 for the different bins of final state energy 1488 MeV
≤ 𝑊 ≤ 1625 MeV. The symbols represent the experimental data from the CBELSA/TAPS detector at the electron accelerator ELSA in Bonn
[9]. The results in the multisource thermal model are shown with the curves.

decades, the photon-induced reaction and electron scattering
experiment are applied to study the electromagnetic excita-
tion of baryons. Recently, the photoproduction of 𝜂 mesons
from quasi-free protons and neutrons are measured by the
CBELSA/TAPS detector. In the paper, we theoretically study
the angular distribution of 𝜂 mesons for different incident
photon energies Ε𝛾 and for different final state energies
𝑊. Then, the results are compared with the experimental
data in detail. The deformation coefficient 𝑎𝑧 and translation
coefficient 𝑏𝑧 are extracted by the comparison. 𝑎𝑧 is almost
independent of incident photon energies and final state
energies. 𝑏𝑧 is linearly dependent on incident photon energies

and final state energies. In particular, we visually give the
deformation and translation of the emission sources by
schematic sketches. From the patterns, it is intuitive and easy
to better understand the motion and configuration of the
emission sources.

A great number of 𝜂mesons are produced in the photon-
induced reaction.These 𝜂mesons are regarded as a multipar-
ticle system, which can be analyzed by the statistical method.
In recent years, we develop such amodel, which is calledmul-
tisource thermal model. Some emission sources of final-state
particles are formed in the reaction. Each emission source
emits particles isotropically in the rest frame of the emission
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Table 5: Values of 𝑎𝑧 and 𝑏𝑧 taken in Figure 5 model results.

Figure 5 𝑊 (MeV) 𝑎𝑧 𝑏𝑧 𝜒2/𝑑𝑜𝑓
(a) 1635 0.958 -0.042 0.305
(b) 1645 0.940 -0.028 0.350
(c) 1655 0.920 -0.021 0.263
(d) 1670 0.925 -0.009 0.187
(e) 1690 0.902 0.022 0.240
(f) 1710 0.899 0.047 0.209
(g) 1730 0.868 0.095 0.181
(h) 1750 0.843 0.102 0.194
(i) 1770 0.853 0.115 0.235
(j) 1790 0.879 0.125 0.170
(k) 1810 0.855 0.142 0.152
(l) 1830 0.867 0.159 0.138
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Figure 5: Same as Figure 4, but showing angular distributions for the different bins of final state energy 1635 MeV ≤ 𝑊 ≤ 1830 MeV.
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Figure 6: Same as Figure 4, but showing angular distributions for the different bins of final state energy 1850 MeV ≤ 𝑊 ≤ 2070 MeV.
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Figure 7: The deformable and translational source in the reaction plane for different bins of incident photon energy E𝛾 or final state energy
𝑊.
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Table 6: Values of 𝑎𝑧 and 𝑏𝑧 taken in Figure 6 model results.

Figure 6 𝑊 (MeV) 𝑎𝑧 𝑏𝑧 𝜒2/𝑑𝑜𝑓
(a) 1850 0.881 0.168 0.127
(b) 1870 0.872 0.221 0.132
(c) 1890 0.883 0.241 0.135
(d) 1910 0.856 0.252 0.153
(e) 1930 0.867 0.269 0.218
(f) 1950 0.853 0.253 0.295
(g) 1970 0.860 0.249 0.321
(h) 1990 0.875 0.261 0.184
(i) 2010 0.895 0.278 0.359
(j) 2030 0.906 0.299 0.337
(k) 2050 0.932 0.348 0.285
(l) 2070 0.945 0.337 0.304

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

a z

800 1000 1200 1400 1600 1800 2000600
E(MeV)

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

0.4

0.5
b z

800 1000 1200 1400 1600 1800 2000600
E(MeV)

Figure 8: 𝑎𝑍 and 𝑏𝑍 for different bins of incident photon energy E𝛾. The symbols are the values taken in Figures 1–3. The straight line is a
fitted curve.
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source. Due to the source interaction, the sources emit
particles anisotropically.The 𝜂mesons are emitted from these
sources. In our previous work, the model can successfully
describe transverse momentum spectra and pseudorapidity
spectra of final-state particles produced in proton-proton
(𝑝𝑝) collisions, proton-nucleus (𝑝𝐴) collisions, and nucleus
-nucleus (𝐴𝐴) collisions at intermediate energy and at high
energy [17–21]. In this work, we extend the multisource
thermal model to the statistical investigation of final-state
particles produced in the photon-induced reaction. The
model is improved to describe the angular dependence of
the 𝜂 photoproduction fromquasi-free protons and neutrons.
The information of the source deformation and translation is
obtained with different beam energies. It is helpful for us to
understand the 𝜂 photoproduction.
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Two-particle Hanbury-Brown-Twiss (HBT) interferometry is an important probe for understanding the space-time structure of
particle emission sources in high energy heavy ion collisions. We present the comparative studies of HBT radii in Pb+Pb collisions
at√𝑠NN = 17.3 GeV with Au+Au collisions at√𝑠NN = 19.6 GeV. To further understand this specific energy regime, we also compare
the HBT radii for Au+Au collisions at √𝑠NN = 19.6 GeV with Cu+Cu collisions at √𝑠NN = 22.4 GeV. We have found interesting
similarity in the 𝑅out/𝑅side ratio with𝑚T across the collision systems while comparing the data for this specific energy zone which
is interesting as it acts as a bridge from SPS energy regime to the RHIC energy domain.

1. Introduction

A phase transition from a hadronic state to a “plasma” of
deconfined quarks and gluons when the energy density
exceeds a critical value is predicted from Quantum Chromo-
Dynamics (QCD).The complicated structure of nuclear mat-
ter at low temperatures, where it is composed of a multitude
of hadronic particles, baryons, and mesons, is thus expected
to give way at high temperatures to a plasma of weakly com-
posed quarks and gluons, the𝑄𝑢𝑎𝑟𝑘−𝐺𝑙𝑢𝑜𝑛 𝑃𝑙𝑎𝑠𝑚𝑎 (𝑄𝐺𝑃).
QGP is a thermalized system where the properties of the
system are governed by the quark and gluon degrees of
freedom [1].

Understanding the deconfining phase transition in
hadronic matter and the QGP properties is a challenging
task. For systems created in the relativistic heavy ion collider
(RHIC) and large hadron collider (LHC), energy region
with high temperatures, and low baryon-chemical poten-
tial, Lattice QCD calculations predict a crossover transition
between the hadron gas and the QGP phase. Lattice QCD
predicts a phase transformation to a quark-gluon plasma at
a temperature of approximately 𝑇 ≈ 170 𝑀𝑒𝑉(1 𝑀𝑒𝑉 ≈
1.1604 × 1010𝐾) ([1]) corresponding to an energy density
𝜖 ≈ 1 𝐺𝑒𝑉/𝑓𝑚3, which is nearly an order ofmagnitude larger
than normal nuclear matter.

Experimental studies in relativistic heavy ion physics aim
to study the QCD nature of matter under the conditions of
extreme temperature and high energy density both at RHIC
and at LHC. The discovery of the QGP can describe the
system (governed by the quarks and gluons) in which the
degrees of freedom are no more the color neutral hadron
states.

The equation of state (EoS) of nuclear matter enables us
to understand the relationship between the pressure and the
energy at a given net-baryon density. Phase transitions from
the hadronic resonance gas phase to the color-deconfined
QGP (see, e.g., [2, 3]) contribute to the changes of the
EoS. The experimental measurements should also be able
to determine the physical characteristics of the transition,
for example, the critical temperature, the order of the phase
transition, and the speed of the sound along with the nature
of the quasi-particles. The EoS of hot and dense QCDmatter
is still not precisely understood. Modern nuclear physics, has
an important goal, that is, to explore the phase diagram of
quark matter in various temperatures and baryon density so
as to confirm the existence of the new phase of quark matter
[4, 5].

The intermediate Super Proton Synchrotron (SPS) energy
regime still remains interesting since the onset of deconfine-
ment is expected to happen at those energies. Possibility of a
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critical endpoint [6, 7] and a first-order phase transition is yet
not excluded. Several beam-energy dependent observables
such as the particle ratios [8, 9], the flow [10, 11], and the
HBT parameters [12, 13] show a nonmonotonic behavior, for
which the interpretation still remains unclear. The beam-
energy scan (BES) programs at RHIC show that directed flow
is strong for both the lowest and the highest RHIC energies
as shown by results from STAR experiment [14]. The net-
proton V1(𝑦) slope has a minimum between 11.5 and 19.6 GeV
and changing sign twice between 7.7 and 39 GeV, which is
quite contrary to the UrQMD transport model predictions
for that energy regime. The vanishing of directed flow when
the expansion stops and its appearance when the matter
has passed through the change constitute the “latent heat”,
where the predicted “softest point disappearance” of flow can
become a possible signature of a first-order phase transition
between hadronic matter and a deconfined QGP phase.

Assuming a first-order phase transition, there is a mixed
phase of theQGP and hadronic gas. A slow-burning fireball is
expected in the absence of pressure gradient, when the initial
system is at rest in the mixed phase, and this leads to a time-
delay in the system evolution [12, 15–17]. Investigation of the
time-delay signatures for the first-order phase transition is
henceforth a subject of interest.

Two-particle Hanbury-Brown-Twiss (HBT) interferom-
etry is an important tool for detecting the space-time
structure of particle emission sources in high energy heavy
ion collisions [18–20]. The occurrence of first-order phase
transition between the QGP and hadronic matter will lead
to the time-delay of the system evolution, hence making the
emission duration of particles more prolonged [12, 15–17].
As explained in [12, 15–17] the three HBT radius parameters,
𝑅out,𝑅side,𝑅long, describe the dimensions of aGaussian source
in longitudinal comoving system (LCMS) framework. The
𝑅out/𝑅side ratio can be related to the emission time [12, 15–
17]. We have explored in this paper the energy region of 17.3
GeV to 22.4 GeV through comparative studies of two-pion
HBT radii. This energy region has shown interesting results
in STAR experiment [14] for other correlation measurements
(like flow).

2. Results

The intensity interferometry technique for measuring sizes
of stars [21] was formulated by Robert Hanbury Brown and
Richard Twiss and is also known as the “Hanbury-Brown-
Twiss (HBT) effect”. Such technique was extended to particle
physics [22] for understanding the angular distributions
of pion pairs in 𝑝𝑝 annihilations and thus the quantum
statistics causing an enhancement in pairs with low relative
momentum. In HBT analyses the method has henceforth
evolved into a precision tool for measuring the space-time
properties of the regions of homogeneity at kinetic freeze-out
in heavy ion collisions [23].

Two-pion interferometry yields HBT radii that describe
the geometry of these regions of homogeneity (regions that
emit correlated pion pairs). The HBT radii increase for more
central collisions due to the increasing volume of the source
and hence demonstrate how HBT can probe spatial sizes

and shapes [24]. The decrease of HBT radii with mean
pair transverse momentum, 𝑘𝑇(=|→𝑝 1T + →𝑝 2T|)/2), has been
due to transverse and longitudinal flow [24]. Flow causes
space-momentum correlations since the sizes of the regions
emitting the particles do not correspond to the entire fireball
created in a relativistic heavy ion collision [24].

In this paper, the results of two-pion HBT analyses of
Pb+Pb at 17.3 GeV fromNA49 experiment [25] are compared
in Figure 1 and discussed with other STAR HBT results from
Au+Au 19.6 GeV [26]. Figure 1 shows the HBT radii of SPS
and RHIC collision species where Pb+Pb 17.3 GeV(NA49)
and Au+Au 19.6 GeV(STAR) show similar trend for 𝑅side
and 𝑅long with 𝑚T. For 𝑅out the SPS data has a flatter slope
when compared with RHIC, but the 𝑅out/𝑅side ratios with𝑚T
(=√𝑘2T + 𝑚2𝜋) are very similar for the top central data of both
experiments. The 𝑅out/𝑅side ratios of NA49 and STAR show
weak𝑚T dependence and have values close to unity.

The HBT radii from Au+Au 19.6 GeV and Cu+Cu 22.4
GeV, both from STAR experiment, are also included in
this paper since they are different collision species with
close collision energies. Reference [27] explains the analysis
methodology for Cu+Cu collisions at √𝑠NN = 22.4 GeV. In
Figure 2we present this comparison of two-pionHBT radii to
include central (0-5%) Au+Au collisions at √𝑠NN = 19.6 GeV
and central (0-10%) Cu+Cu collisions at √𝑠NN = 22.4 GeV
from the STAR experiment.

The HBT radii for Cu+Cu collisions at √𝑠NN = 22.4 GeV
are smaller than those for Au+Au collisions at √𝑠NN = 19.6
GeV.The variations of the𝑅out/𝑅side ratios with𝑚T are similar
for theAu+Au andCu+Cu collision data aswe see in Figure 2.
The ratios also show weak 𝑚T dependence with the values
close to unity.

In Figure 3 we present the 𝑚T dependence of the ratios
of two-pion HBT radii for the most-central Au+Au at
√𝑠NN=19.6 GeV and Cu+Cu collisions at √𝑠NN = 22.4 GeV.
Details about the Cu+Cu systems are explained in [27] and
references therein. As seen in Figure 3 the ratios of radii
for Au+Au to those for Cu+Cu collisions are ∼1.5. Although
we see that the individual HBT radii decrease significantly
with increasing𝑚T, the ratios in Figure 3 show that the HBT
radii for Au+Au and Cu+Cu collisions at 19.6 GeV and 22.4
GeV share a common 𝑚T dependence. Such trends can be
understood in terms of models [28, 29] where participant
scaling is used to predict the HBT radii in Cu+Cu collisions
from the measured radii for Au+Au collisions at√𝑠NN = 200
GeV, assuming the radii are proportional to A1/3, where A is
the atomic mass number of the colliding nuclei.

3. Summary

The 𝑅out/𝑅side ratio is important since it is able to provide
the information of the emission duration. We also know that
the HBT radii are affected by transverse and longitudinal
flow.The SPS energy regime is still zone of interest where the
recent flow results from STAR experiment [14] (within 11.5
and 19.6 GeV) have shown some new and interesting features.
Whenwe compare theHBT (two-particle correlation) radii in
Pb+Pb collisions at√𝑠NN = 17.3 GeVwith Au+Au collisions at
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Figure 1:The comparison of system size dependence inHBT radii of STARAu+Au collisions at√𝑠NN = 19.6 GeVwithNA49 Pb+Pb collisions
for 17.3 GeV. Only statistical errors are shown for the top central data of both experiments.
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√𝑠NN = 19.6GeV,we find very similar𝑅out/𝑅side ratiowith𝑚T.
To explore this interesting energy regime we have compared
the HBT radii for Au+Au collisions at √𝑠NN = 19.6 GeV
with Cu+Cu collisions at √𝑠NN = 22.4 GeV. The similarity
in the 𝑅out/𝑅side ratio with 𝑚T persists across the collision
systems from SPS to RHIC energies and even in close RHIC
energies for Au+Au and Cu+Cu systems as well. The rise of
the ratio 𝑅out/𝑅side with collision energy which was predicted
[12] due to a possible phase transition is not observed.
Such inferences establish that HBT radii 𝑅out/𝑅side ratios are
very much comparable and consistent across the different
colliding species in (an exciting zone of interest of the RHIC
BES program) the energy region of 17.3 GeV to 22.4 GeV.
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A study of multifractality and multifractal specific heat has been carried out for the produced shower particles in nuclear emulsion
detector for 16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions at 4.5AGeV/c in the framework of Renyi entropy. Experimental results
have been comparedwith the prediction of Ultra-Relativistic QuantumMolecular Dynamics (UrQMD)model. Our analysis reveals
the presence of multifractality in the multiparticle production process in high energy nucleus-nucleus interactions. Degree of
multifractality is found to be higher for the experimental data and it increases with the increase of projectile mass.The investigation
of quark-hadron phase transition in the multiparticle production in 16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions at 4.5 AGeV/c
in the framework of Ginzburg-Landau theory from the concept of multifractality has also been presented. Evidence of constant
multifractal specific heat has been obtained for both experimental and UrQMD simulated data.

1. Introduction

The study of nonstatistical fluctuations and correlations in
relativistic and ultra-relativistic nucleus-nucleus collisions
has become a subject of major interest among the particle
physicists. Bialas and Peschanski [1, 2] proposed a new
phenomenon called intermittency to study the nonstatistical
fluctuations in terms of the scaled factorial moment. In high
energy physics intermittency is defined as the power law
behavior of scaled factorial moment with the size of the con-
sidered phase space [1, 2].This method has its own advantage
that it can extract nonstatistical fluctuations after extricating
the normal statistical noise [1, 2]. The study of nonstatisti-
cal fluctuations by the method of scaled factorial moment
leads to the presence of self-similar fractal structure in
the multiparticle production of high energy nucleus-nucleus
collisions [3]. The self-similarity observed in the power law
dependence of scaled factorial moments reveals a connection
between intermittency and fractality. The observed fractal
structure is a consequence of self-similar cascade mechanism
in multiparticle production process. The close connection
between intermittency and fractality prompted the scientists

to study fractal nature of multiparticle production in high
energy nucleus-nucleus interactions. To get both qualitative
and quantitative idea concerning the multiparticle produc-
tion mechanism fractality study in heavy-ion collisions is
expected to be very resourceful.

2. Fractals-Multifractals and Monofractals

The term “fractal” was coined by Mandelbrot [4] from the
Latin word fractus which means broken or fractured. Man-
delbrot introduced the new geometry called the fractal
geometry to look into the world of apparent irregularities. A
fractal pattern is one that scales infinitely to reproduce itself
such that the traditional geometry does not define it. In other
words a fractal is generally a rough or fragmented geometrical
shape that can be split into parts, each of which is at least
approximately reduced size copy of the whole [4]. Sierpinski
triangle, Koch snow flack, Peano curve, Mandelbrot set, and
Lorentz attractor are thewell-knownmathematical structures
that exhibit fractal geometry [4]. Fractals also describe many
real world objects such as clouds, mountains, coastlines, etc.;
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those do not corresponds to simple geometrical shape [4].
Fractals can be classified into two categories: multifractals
and monofractals [4]. Multifractals are complicated self-
similar objects that consist of differently weighted fractals
with different noninteger dimensions.The fundamental char-
acteristic of multifractality is that the scaling properties
may be different in different regions of the systems [4].
Monofractals are those whose scaling properties are the
same in different regions of the system [4]. As the scaling
properties are dissimilar in different parts of the system,
multifractal systems require at least more than one scaling
exponent to describe the scaling behavior of the system [5]. A
distinguishing feature of the processes that have multifractal
characteristics is that various associated probability distribu-
tions display power law properties [6, 7]. Multifractal theory
is essentially rooted in probability theory though draws on
complex ideas from each of physics, mathematics, probability
theory, and statistics [6]. Apart frommultiparticle production
in high energy physics, multifractal analysis has proved to
be a valuable method of capturing the underlying scaling
structure present in many types of systems including diffu-
sion limited aggregation [8–10], fluid flow through random
porous media [11], atomic spectra of rare-earth elements [12],
cluster-cluster aggregation [13], and turbulent flow [14]. In
physiology, multifractal structures have been found in heart
rate variability [15] and brain dynamics [16]. Multifractal
analysis has been helpful in distinguishing between healthy
and pathological patients [17]. Multifractal measures have
also been found in man-made phenomena such as the Inter-
net [18], art [19], and the stock market [20–22]. Multifractals
have also been used in a wide range of application areas
like the description of dynamical systems, rainfall modelling,
spatial distribution of earthquakes and insect populations,
financial time seriesmodelling, and Internet trafficmodelling
[6, 7].

It should be mentioned here that the most important
property of fractals is their dimensions [4, 6, 7]. Fractal
dimension is used to describe the size of the fractal sets
[4, 6, 7]. For example, the dimension of an irregular coastline
may be greater than one but less than two, indicating that it
is not like a simple line and has space filling characteristics
in the plane. Likewise, the surface area of a snowflake may
be greater than two but less than three, indicating that its
surface is more complex than regular geometrical shapes and
is partially volume filling [4, 6, 7]. Fractal dimension can be
calculated by taking the limit of the quotient of the log change
in object size and the log change in measurement scale, as the
measurement scale approaches to zero [4]. The differences
came in what is meant by the measurement scale and how
to get an average number out of many different parts of the
geometrical objects [4, 6, 7]. Fractal dimension quantifies the
static geometry of an object [4].

Generalized fractal dimension Dq is a well-known
parameter which reflects the nature of fractal structure [4].
From the dependence of generalized fractal dimension Dq
on the order q a distinguishable characterization of fractality
is possible [4]. Decrease of generalized fractal dimension
Dq with the order of moment q signals the presence of
multifractality. On the other hand if Dq remains constant

with the increase of order q monofractality occurs. It has
been pointed out in [23] that if Quark-Gluon-Plasma (QGP)
state is created in hadronic collisions, a phase transition to
hadronic matter will take place. The hadronic system will
show monofractality in contrast to an order dependence of
generalized fractal dimension Dq, when a cascade process
occurs [23].

Hwa [24] was the first to provide the idea of using
multifractal moments Gq, to study the multifractality and
self-similarity in multiparticle production. According to the
method enunciated by Hwa [24] if the particle production
process exhibits self-similar behavior, the Gq moments show
a remarkable power law dependence on phase space bin
size. However, if the multiplicity is low, the Gq moments are
dominated by statistical fluctuations. In order to suppress the
statistical contribution, a modified form of Gq moments in
terms of the step function was suggested by Hwa and Pan
[25]. Takagi [26] also proposed a new method called Takagi
moment method (Tq moment) for studying the fractal
structure of multiparticle production. Both the Gq and the Tq
techniques have been applied extensively to analyze several
high energy nucleus-nucleus collision data [27–35]. Very
recently some sophisticated methods have also been applied
to study the fractal nature ofmultiparticle production process
[36–45].

3. Entropy and Fractality

In high energy nucleus-nucleus collisions, entropy measure-
ment of produced shower particles may provide impor-
tant information in studying the multiparticle production
mechanism [46]. In high energy collisions, entropy is an
important parameter and it is regarded as the most sig-
nificant characteristic of a system having many degrees of
freedom [46]. As entropy reflects how the effective degrees
of freedom change from hadronic matter at low tempera-
ture to the quark-gluon plasma state at high temperature,
it is regarded as a useful probe to study the nature of
deconfinement phase transition [46]. Entropy plays a key
role in the evolution of the high temperature quark-gluon
plasma in ultra-relativistic nucleus-nucleus interactions in
Relativistic Heavy-Ion Collider (RHIC) experiments and in
Large Hadron Collider (LHC) experiments [46]. In nucleus-
nucleus collisions, entropy measurement can be used to not
only search for the formation ofQuark-Gluon-Plasma (QGP)
state but it may also serve as an additional tool to inves-
tigate the correlations and event-by-event fluctuations [47].
Different workers have investigated the evolution of entropy
in high energy nucleus-nucleus collisions at different times
[48–64]. The entropy of produced particles can easily be
calculated from the multiplicity distribution of the data. If 𝑃𝑛
is the probability of producing n particles in a high energy
interaction the entropy S is defined by the relation S =−∑n Pn ln Pn [65]. Mathematically this entropy S is called the
Shannon entropy [66].

Apart from studying the well-known Shannon entropy,
people are interested to explore the hidden physics of Renyi
entropy [66–69] as well, mainly motivated by the inspiration
of A. Bialas and W. Czyż [51, 64, 70]. According to C.W Ma
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Table 1: This represents the average multiplicities of the shower particles for all the interactions in case of the experimental and the UrQMD
data.

Interactions Average Multiplicity
Experimental UrQMD

16O-AgBr
(4.5AGeV/c) 18.05±0.22 17.79±0.21
28Si-AgBr
(4.5AGeV/c) 23.62±0.21 27.55±0.22
32S-AgBr
(4.5AGeV/c) 28.04±.14 30.84±0.17

and Y.G. Ma [71] the difference between qth order Renyi
entropy and 1st order Renyi entropy is found just to be a q
dependent constant but which is very sensitive to the form
of probability distribution. Renyi entropy can play a potential
role to investigate the fractal characteristics of multiparticle
production process [72, 73]. The advantage of this method
to study the fractal properties of multiparticle production
process is that it is not related to the width and resolution of
the phase space interval [72, 73]. This method can be applied
to events having higher as well as lower multiplicity. This
method never suffers from the drawback of lower statistics.

In terms of the probability of multiplicity distribution Pn,
the q th order Renyi entropy can be defined as [51, 64, 70]

Hq = 1(q − 1) ln[∑n (Pn)q] (1)

If Cq = ∑n(Pn)q, then (1) can be written as

Hq = 1(q − 1) ln [Cq] (2)

Generalized fractal dimension Dq can be evaluated from the
concept of Renyi entropy according to the relation

Dq = Hq

Ym
(3)

where Ym is the central rapidity value in the centre of mass
frame and is given by

Ym = ln[(√s − 2mn ⟨np⟩
m
𝜋

)] . (4)

Here √s is the centre of mass energy of the concerned
collision process, m

𝜋
is the rest mass of pions, and ⟨np⟩

denotes the average number of participating nucleons.
The generalized fractal dimension Dq is related to the

anomalous fractal dimension dq by a simple mathematical
relation [74]

dq = 1 −Dq. (5)

Goal of our present study is to carry out an investigation
of multifractality and multifractal specific heat in shower
particle multiplicity distribution from the concept of Renyi

entropy measurements in 16O-AgBr, 28Si-AgBr, and 32S-
AgBr interactions at 4.5AGeV/c. We have compared our
experimental results with the prediction of Ultra-Relativistic
Quantum Molecular Dynamics (UrQMD) model. Impor-
tance of this study is that so far very few attempts have
been made to explore the presence of multifractality in
multiparticle production process in the framework of higher-
order Renyi entropy in high energy nucleus-nucleus intera-
ctions.

4. Experimental Details

In order to collect the data used for the present analysis, stacks
of NIKFI-BR2 emulsion pellicles of dimensions 20cm×10
cm×600𝜇m were irradiated by the 16O, 28Si, and 32S beam at
4.5 AGeV/c obtained from the Synchrophasotron at the Joint
Institute of Nuclear Research (JINR), Dubna, Russia [75–
78]. According to Powell [79], in nuclear emulsion detector
particles emitted and produced from an interaction are
classified into four categories, namely, the shower particles,
the grey particles, the black particles, and the projectile
fragments. Details of scanning and measurement procedure
of our study along with the characteristics of these emitted
and produced particles in nuclear emulsion can be found
from our earlier publications [75–78].

One of the problem encountered in interpreting results
from nuclear emulsion is the nonhomogeneous composition
of emulsion which contain both light (H,C,N, and O) and
heavy target nuclei (Ag, Br). In emulsion experiments it
is very difficult to identify the exact target nucleus [75].
Based on the number of heavy tracks (Nh) total number of
inelastic interactions can be divided into three broad target
groups H, CNO, and AgBr in nuclear emulsion [75]. Detailed
method of target identification has been described in our
earlier publication [75]. For the present analysis we have
not considered the events which are found to occur due to
collisions of the projectile beam with H and CNO target
present in nuclear emulsion. Our analysis has been carried
out for the interactions of three different projectile 16O, 28Si,
and 32S at 4.5 AGeV/c with the AgBr target only. Applying the
criteria of selecting AgBr events (Nh >8) we have chosen 1057
events of 16O-AgBr interactions, 514 events of 28Si-AgBr, and
434 events of 32S-AgBr interactions at 4.5 AGeV/c [75]. Our
analysis has been performed on the shower tracks only. We
have calculated the average multiplicity of shower tracks in
each interaction and presented the values in Table 1 [75–78].
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Table 2: This represents the experimental and UrQMD simulated values of Renyi entropy Hq for 16O-AgBr, 28Si-AgBr, and 32S-AgBr
interactions at 4.5AGeV/c.

Interactions Order Experimental values
of Renyi Entropy Hq

UrQMD simulated
values of Renyi
Entropy Hq

16O-AgBr

2 3.47±.04 3.05±.02
3 3.41±.03 2.99±.04
4 3.37±.02 2.95±.02
5 3.34±.02 2.92±.02

28Si-AgBr

2 3.76±.05 3.29±.06
3 3.69±.02 3.21±.02
4 3.63±.03 3.17±.02
5 3.59±.03 3.13±.03

32S-AgBr

2 3.91±.04 3.36±.08
3 3.84±.03 3.28±.03
4 3.79±.03 3.24±.03
5 3.74±.03 3.20±.02

Table 3: This represents the experimental and UrQMD simulated values of generalized fractal dimension Dq for
16O-AgBr, 28Si-AgBr, and

32S-AgBr interactions at 4.5AGeV/c.

Interactions Order
Experimetal values
of Generalized fractal

dimension Dq

UrQMD simulated
values of Generalized
fractal dimension Dq

16O-AgBr

2 .892±.007 .826±.002
3 .877±.006 .810±.003
4 .866±.009 .799±.004
5 .858±.008 .791±.005

28Si-AgBr

2 .897±.004 .829±.002
3 .880±.004 .808±.002
4 .866±.007 .798±.004
5 .857±.007 .788±.005

32S-AgBr

2 .924±.004 .836±.003
3 .907±.007 .815±.004
4 .896±.008 .805±.005
5 .884±.008 .796±.006

5. Analysis and Results

In a very recent paper [80] we have investigated the Renyi
entropy of second order of shower particles using 16O, 28Si,
and 32S projectiles on interaction with AgBr and CNO target
present in nuclear emulsion at an incident momentum of
4.5 AGeV/c. In this paper we have extended our analysis of
Renyi entropy to the study of fractality in multiparticle pro-
duction of 16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions at
4.5AGeV/c.

In order to study the fractal nature of multiparticle pro-
duction from the concept of Renyi entropywe have calculated
the Renyi entropy values of order q=2-5 from relations (1)
and (2) for all the three interactions. The calculated values
of Renyi entropy of different orders of the produced shower
particles in 16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions

at 4.5AGeV/c have been presented in Table 2. It may be
mentioned here that the values of the second-order Renyi
entropy have been taken from our recent publication [80].
From the table it can be noted that for all the interactions
Renyi entropy values are found to decrease as the order
number increases. The variation of Renyi entropy Hqwith
order q has been presented in Figure 1 for 16O-AgBr, 28Si-
AgBr, and 32S-AgBr interactions. Error bars drawn to every
experimental point are statistical errors only. Using (3) and
(4)wehave calculated the values of generalized fractal dimen-
sion Dq for

16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions.
Calculated values of generalized fractal dimension Dq for
16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions have been
presented in Table 3. From the table it may be noted that
the values of generalized fractal dimension Dq decrease with
the increase of order number suggesting the presence of
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Figure 1: It represents the variation of Renyi entropy with order number q for 16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions at 4.5AGeV/c
in case of experimental and UrQMD simulated events.

multifractality in multipion production mechanism. Pres-
ence of multifractality during the production of shower
particles indicates the occurrence of cascade mechanism in
particle production process. From Table 3 it may also be
noted that the values of the generalized fractal dimension
remain almost the same within the experimental error for
16O-AgBr and 28Si-AgBr interactions. But for 32S-AgBr inter-
actions the Dq values are higher in comparison to the other
two interactions. The variation of Dq against the order q has

been shown in Figure 2 for 16O-AgBr, 28Si-AgBr, and 32S-
AgBr interactions.

Now it will be interesting to see how the analysis will
look like if one uses Shannon entropy instead of Renyi
entropy. However, Shannon entropy cannot be calculated
for different orders and hence we can only calculate the
values of information fractal dimension for 16O-AgBr, 28Si-
AgBr, and 32S-AgBr interactions. We have calculated the
values of Shannon entropies derived from the concept of
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Figure 2: It represents the variation of generalized fractal dimension with order number q for 16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions
at 4.5AGeV/c in case of experimental and UrQMD simulated events.

Gibbs-Boltzmann theories of entropy and tabulated the
values in Table 4.The values of information fractal dimension
for the three interactions have also been calculated and
presented in the same table. Comparing Tables 2 and 4 it
may be noticed that the values of Shannon entropy for 16O-
AgBr, 28Si-AgBr, and 32S-AgBr interactions are little higher
than those of Renyi entropies.

From the values of the generalized fractal dimension
calculated from Renyi entropy values we have evaluated the
values of anomalous fractal dimension and hence the ratio
of dq/d2 has been calculated. In Table 5 the calculated values
of dq/d2 have been presented for 16O-AgBr, 28Si-AgBr, and
32S-AgBr interactions. It is worthwhile to point out that the
spiky structure of density distribution of shower particles
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Table 4:This represents the values of Shannon entropy S and Information dimension for all the three interactions in case of the experimental
as well as the UrQMD simulated data.

Interactions
Shannon Entropy S

Experimental
value

Information
dimension

Experimental data

Shannon Entropy S
UrQMD simulated

Value

Information
dimension

UrQMD data
16𝑂 − 𝐴𝑔𝐵𝑟 3.59±.12 .922±.001 3.19±.01 .864±.002
28𝑆𝑖 − 𝐴𝑔𝐵𝑟 3.87±.14 .924±.002 3.44±.06 .866±.003
32𝑆 − 𝐴𝑔𝐵𝑟 4.00±.16 .924±.002 3.50±.09 .870±.003
Table 5: This represents the experimental and UrQMD simulated values of dq/d2 and 𝛽qfor

16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions
at 4.5AGeV/c.

Interactions Order
Experimental values

of
dq

d2

Experimental values
of 𝛽q

UrQMD simulated

values of
dq

d2

UrQMD simulated
values of 𝛽q

16O-AgBr

2 1.00±.02 1.00±.02 1.00±.03 1.00±.02
3 1.14±.03 2.28±.03 1.09±.02 2.18±.02
4 1.24±.05 3.72±.05 1.15±.03 3.45±.03
5 1.31±.05 5.24±.05 1.20±.04 4.80±.04

28Si-AgBr

2 1.00±.02 1.00±.02 1.00±.02 1.00±.02
3 1.16±.03 2.32±.03 1.12±.02 2.24±.02
4 1.30±.05 3.90±.05 1.18±.03 3.54±.03
5 1.39±.06 5.56±.05 1.24±.04 4.96±.04

32S-AgBr

2 1.00±.02 1.00±.02 1.00±.02 1.00±.02
3 1.22±.04 2.44±.03 1.13±.03 2.26±.02
4 1.37±.04 4.11±.05 1.19±.03 3.57±.02
5 1.53±.08 6.12±.05 1.24±.04 4.96±.02

Table 6: This represents the r value characterizing the degree of multifractality obtained from the plot dq/d2 with order number q for 16O-
AgBr, 28Si-AgBr, and 32S-AgBr interactions at 4.5AGeV/c in case of experimental and UrQMD simulated events.

Interactions

r value characterizing the degree of
multifractality obtained from the

plot
dq

d2
with order number q

Experimental UrQMD
16O-AgBr
(4.5AGeV/c) .206±0.011 .132±0.006
28Si-AgBr
(4.5AGeV/c) .262±.011 .156±0.017
32S-AgBr
(4.5AGeV/c) .348±.014 .156±0.019

can also be investigated with the help of a set of bunching
parameters [81]. The higher-order bunching parameters can
be expressed in terms of lower-order parameters resulting in
a linear expression for the anomalous fractal dimension [82].

dq = (1 − r) d2 + q
2

d2r (6)

so that

dq

d2
= (1 − r) + qr

2
(7)

A nonzero value of the r implies the multifractal behavior
[82]. We have applied this theory to our study in order to
quantify the fractal nature of shower particle production.
We have plotted the variation of dq/d2 against the order
number q in Figure 3 for 16O-AgBr, 28Si-AgBr, and 32S-
AgBr interactions. The calculated values of r from the slope
parameter have been presented in Table 6 for our data.
The value of r signifies the degree of multifractality. From
the table it may be seen that for all the interactions the r
value is greater than zero. This reconfirms the multifractal
nature of multiparticle production mechanism. Moreover, r
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Figure 3: It represents the variation of dq/d2 with order number q for 16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions at 4.5AGeV/c in case
of experimental and UrQMD simulated events.

value characterizing the degree of multifractality is found to
depend on the mass number of the projectile beam. Degree
of multifractality is found to increase with the increase of
projectile mass as evident from Table 6.

R.C Hwa suggested that [83] from the concept of mul-
tifractality a qualitative and quantitative investigation of

quark-hadron phase transition in high energy nucleus-
nucleus collisions is possible. In analogy with the photo
count problem at the onset of lasing in nonlinear optics, the
coherent state description in high energy nucleus-nucleus
interactions can be used in the frame work of Ginzburg-
Landau theory [83, 84]. A quantity 𝛽q in terms of the ratio
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Table 7: This represents the values of ^ the critical value for the Ginzburg-Landau phase transition for 16O-AgBr, 28Si-AgBr, and 32S-AgBr
interactions at 4.5 AGeV/c for experimental and UrQMD simulated events calculated from the concept of Renyi entropy.

Interactions data ^ (Calculated From Renyi entropy values)
16O-AgBr interaction at 4.5
AGeV/c

Experimental 1.197 ± 0.003
UrQMD 1.136 ± 0.004

28Si-AgBr interaction at 4.5
AGeV/c

Experimental 1.248 ± 0.010
UrQMD 1.152 ± 0.007

32S-AgBr interaction at
4.5 AGeV/c

Experimental 1.327 ± 0.022
UrQMD 1.144 ± 0.007

of higher-order anomalous fractal dimension to the second-
order anomalous fractal dimension can be defined by the
following relation [83, 84]:

𝛽q = dq

d2
(q − 1) (8)

According to Ginzburg-Landau model [84] 𝛽q is related to
(q-1) by the relation

𝛽q = (q − 1)^ . (9)

Relation (8) and relation (9) are found to be valid for all
systems which can be described by the Ginzburg-Landau
(GL) theory and also are independent of the underlying
dimension of the parameters of the model [84]. If the value
of the scaling exponent ^ is equal to or close enough (within
the experimental error) to 1.304 then a quark-hadron phase
transition is expected for the experimental data [84]. If the
measured value of ^ is different from the critical value 1.304
considering the experimental errors then the possibility of
the quark-hadron phase transition has to be ruled out [84].
^ is a universal quantity valid for all systems describable
by the Ginzburg-Landau (GL) theory. It is independent of
the underlying dimension or the parameters of the model.
The critical exponent ^ is an important parameter to inves-
tigate the possibility of quark-hadron phase transition, since
neither the transition temperature nor the other important
parameters are known there [3, 84]. If the signature of quark-
hadron phase transition depends on the details of the heavy-
ion collisions, e.g., nuclear sizes, collision energy, transverse
energy, etc., even after the system has passed the thresholds
for the creation of quark-gluon plasma, such a signature is
likely to be sensitive to the theoretical model used [3, 84].
But the critical exponent ] is independent of such details.
The value of the critical exponent depends only on the
validity of the Ginzburg-Landau (GL) description of the
phase transition for the problem concerned. Here lies the
importance of this critical exponent.

We have calculated the values of 𝛽q using relation (8) and
presented the values in Table 5 for 16O-AgBr, 28Si-AgBr, and
32S-AgBr interactions. In order to search for the Ginzburg-
Landau second-order phase transition we have studied the
variation of 𝛽q with (q-1) in Figures 4, 5, and 6 in case
of 16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions at 4.5
AGeV/c for the experimental data. The variations of 𝛽q

Experimental Data
Fitting of Experimental data
UrQMD data
Fitting of UrQMD data

16O-AgBr interactions

1.5 2.0 2.5 3.0 3.5 4.01.0
(q-1)

1

2
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q

Figure 4: It represents the fitting of 𝛽q = (q−1)^ in case of 16O-AgBr
interactions for the experimental and UrQMD simulated data.

with (q-1) have been fitted with the function 𝛽q=(q−1)^ in
order to extract the critical exponent 𝜐. In Table 7 we have
shown the calculated values of the critical exponent ^ for16O-
AgBr, 28Si-AgBr, and 32S-AgBr interactions for experimental
events. Table 7 reflects that the calculated values of critical
exponents obtained from our analysis increase with the
increase of projectile mass. The experimental values of the
critical exponent ^ for 16O-AgBr and 28Si-AgBr interactions
are found to be lower than the critical value 1.304 while for
32S-AgBr interaction the critical exponent is higher than the
critical value signifying the absence of quark-hadron phase
transition in our data.

Interpretation of multifractality from the thermodynam-
ical point of view allows us to study the fractal properties
of stochastic processes with the help of standard concept of
thermodynamics. In thermodynamics the constant-specific-
heat approximation is widely applicable in many important
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Figure 5: It represents the fitting of 𝛽q = (q−1)^ in case of 28Si-AgBr
interactions for the experimental and UrQMD simulated data.

cases; for example, the specific heat of gases and solids is
constant, independent of temperature over a larger or smaller
temperature interval [85].This approximation is also applica-
ble to multifractal data of multiparticle production processes
proposed by Bershadskii [86]. Bershadskii pointed out that
[87] regions of the temperature where the constant-specific-
heat approximation is applicable are usually far away from the
phase transition regimes. For the considered interactions the
phase-transition-like phenomena can occur in the vicinity of
q=0, where q is the inverse of temperature. Such situation
is expected at the onset of chaos of the dynamical attractors
[87]. Barshadskii argued that [86] multiparticle production
in high energy nucleus-nucleus collisions is related to phase-
transition-like phenomena [3]. He introduced a multifractal
Bernoulli distribution which appears in a natural way at
the morphological phase transition from monofractality to
multifractality. Multifractal Bernoulli distribution plays an
important role inmultiparticle production at higher energies.
It has been pointed out that [11] multifractal specific heat
can be derived from the relation Dq = D

∞
+ Clnq/(q−1)

if the monofractal to multifractal transition is governed
by the Bernoulli distribution. The slope of the linear best
fit curve showing the variation of Dq against lnq/(q−1)
has been designated as multifractal specific heat. The gap
at the multifractal specific heat at the multifractality to
monofractality transition allows us to consider this transition
as a thermodynamic phase transition [88, 89].

We have studied the variation of Dq against lnq/(q−1) for
16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions in Figure 7.
The experimental points have been fitted with the best
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Fitting of Experimental data
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Figure 6: It represents the fitting of 𝛽q = (q−1)^ in case of 32S-AgBr
interactions for the experimental and UrQMD simulated data.

linear behavior and the slope of the best linear behavior
reflects the values of multifractal specific heat. The linear
behavior in Figure 7 indicates approximately good agreement
between the experimental data and themultifractal Bernoulli
representation. The calculated values of the multifractal
specific heat for all the three interactions have been presented
in Table 8. From Table 8 it may be noted that within the
experimental error multifractal specific heat remains almost
constant for the three interactions.

The experimental results have been compared with
those obtained by analyzing events generated by the Ultra-
RelativisticQuantumMolecularDynamics (UrQMD)model.
UrQMD is a hadronic transport model and this model can
be used in the entire available range of energies to simulate
nucleus-nucleus interactions. For more details about this
model, readers are requested to consult [81, 90]. In our
earlier papers [78, 80] we have utilized the UrQMD model
to simulate 16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions
at 4.5 AGeV/c. As described in our previous papers [78,
80] we have generated a large sample of events using the
UrQMD code (UrQMD 3.3p1) for 16O-AgBr, 28Si-AgBr, and
32S-AgBr interactions at 4.5AGeV/c. We have also calculated
the averagemultiplicities of the shower tracks for all the three
interactions in case of the UrQMD data sample [78]. Average
multiplicities of the shower tracks in case of UrQMD data
sample have been presented in Table 1 along with the average
multiplicity values of shower particles in the case of the exper-
imental events. Table 1 shows that the average multiplicities
of the shower tracks for the UrQMD events are comparable
with those of the experimental values for all the interactions
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Table 8: This represents the values of multifractal specific heat of the produced shower particles in 16O-AgBr, 28Si-AgBr, and 32S-AgBr
interactions at 4.5AGeV/c in case of experimental and UrQMD simulated events.

Interactions Multifractal Specific heat
Experimental UrQMD

16O-AgBrv
(4.5AGeV/c) .116±0.004 .119±0.003
28Si-AgBr
(4.5AGeV/c) .138±.007 .138±.005
32S-AgBr
(4.5AGeV/c) .133±.010 .136±.004

[78]. We have calculated the values of Renyi entropy of
order q=2-5 for all the three interactions using the UrQMD
simulated data. The calculated values of Renyi entropy have
been presented in Table 2 along with the experimental values.
For the UrQMD simulated data also second-order Renyi
entropy values have been taken from our recent publication
[80]. From the table it may be seen that the experimentally
calculated values of Renyi entropy are higher than those of
their UrQMD counterparts signifies the presence of more
disorderness for the experimental data. The variation of
Hq with order q for the UrQMD simulated data has been
presented in Figure 1 along with the experimental plots for
each interaction. For the UrQMD simulated events we have
calculated the values of the generalized fractal dimension Dq
from the values of Renyi entropy using relations (3) and (4).
The calculated values of generalized fractal dimension for
the UrQMD simulated events of 16O-AgBr, 28Si-AgBr, and
32S-AgBr interactions at 4.5AGeV/c have been presented in
Table 3 along with the corresponding experimental values.
From the table it is seen that for the UrQMD simulated
events also the generalized fractal dimension Dq decreases
with order q signifying the presence of multifractality for
the simulated events. But the values of Dq for the simu-
lated events are lower than the corresponding experimental
counterparts for all the interactions. The variation of Dq
with order q has been shown in Figure 2 for 16O-AgBr, 28Si-
AgBr, and 32S-AgBr interactions along with the experimental
plots. We have calculated the values of Shannon entropies
and information dimension for the UrQMD data set of 16O-
AgBr, 28Si-AgBr, and 32S-AgBr interactions. The calculated
values of Shannon entropy and information dimension have
been presented in Table 4. From Table 4 it may be noticed
that the Shannon entropy and information dimension for
the UrQMD simulated events in case of 16O-AgBr, 28Si-AgBr,
and 32S-AgBr interactions are lower than the corresponding
experimental values.

As in the case of experimental data in case of UrQMD
simulated data also we have calculated the values of dq/d2
and presented the values in Table 5. From the table it may
be noticed that the experimentally obtained values of dq/d2
are little higher than the corresponding UrQMD simulated
values. To quantify the multifractality in case of UrQMD
simulated data we have studied the variation of dq/d2 with
order q in Figure 3 for 16O-AgBr, 28Si-AgBr, and 32S-AgBr
interactions. From the slope of the plot of dq/d2 against q we

have calculated the value of r which signifies the degree of
multifractality. The extracted value of r has been presented
in Table 6 for the UrQMD simulated events. From the table
it may be seen that the r value characterizing the degree of
multifractality calculated for the UrQMD simulated events
is significantly lower than the corresponding experimental
value for all the three interactions. This observation signifies
the presence of stronger multifractality for the experimental
data. We have also studied the Ginzburg-Landau phase
transition with UrQMD simulated events of 16O-AgBr, 28Si-
AgBr, and 32S-AgBr interactions. The variations of 𝛽q with
(q-1) for the UrQMD simulated data have been presented
in Figures 4, 5, and 6 in case of 16O-AgBr, 28Si-AgBr, and
32S-AgBr interactions, respectively, at 4.5 AGeV/c along
with the experimental plot. The variations of 𝛽q with (q-1)
have been fitted with the function 𝛽q=(q−1)^ in order to
extract the critical exponent 𝜐. In Table 7 we have shown
the calculated values of the critical exponents for 16O-AgBr,
28Si-AgBr, and 32S-AgBr interactions for the experimentally
simulated events. FromTable 7 it may be seen that the critical
exponent values for the simulated events are lower than
those of the experimental events and there is no evidence
of quark-hadron phase transition for the simulated data
also. The values of the critical exponent calculated from
the multifractal analysis in case of UrQMD simulated data
remain almost constant with respect to the mass number of
the projectile beam.

We have studied the variation of Dq against lnq/(q−1)
in Figure 7 for the UrQMD data sample of 16O-AgBr, 28Si-
AgBr, and 32S-AgBr interactions in order to calculate the
multifractal specific heat. From the slope of the best linear
behavior of the plotted points the multifractal specific heat
of the shower particles for the UrQMD data sample has
been evaluated and presented in Table 8 for all the three
interactions. From the table it may be seen that the values
of the multifractal specific heat for the experimental and
simulated data agree reasonably well with each other. This
observation signifies the constancy of multifractal specific
heat for the UrQMD simulated events also.

6. Conclusions and Outlook

In this paper we have presented an analysis of multifractality
and multifractal specific heat in the frame work of Renyi
entropy analysis for the produced shower particles in nuclear
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Figure 7: It represents the variation of 𝐷𝑞 against ln 𝑞/(𝑞 − 1)for 16O-AgBr, 28Si-AgBr, and 32S-AgBr interactions at 4.5AGeV/c in case of
experimental and UrQMD simulated events.

emulsion detector for 16O-AgBr, 28Si-AgBr, and 32S-AgBr
interactions at 4.5AGeV/c. Experimental results have been
compared with the prediction of Ultra-Relativistic Quantum
Molecular Dynamics (UrQMD) model. Qualitative informa-
tion about the multifractal dynamics of particle production
process has been extracted and reported in the present

analysis. The significant conclusions of this analysis are as
follows:

(1) Renyi entropy values of all the interactions decrease
with the order number q for both experimental
and UrQMD simulated data. Renyi entropy values
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for UrQMD data are less than the corresponding
experimental values.

(2) Generalized fractal dimension calculated from Renyi
entropy for both experimental and UrQMD simu-
lated data decreases with the increase of order q sug-
gesting the presence ofmultifractality inmultiparticle
production process.

(3) The values of Shannon entropy for 16O-AgBr, 28Si-
AgBr, and 32S-AgBr interactions are little higher than
those of Renyi entropies.

(4) Degree of multifractality is found to be higher for
the experimental data in comparison to the simulated
data and it increases with the increase of projectile
mass for the experimental data.

(5) The experimental values of the critical exponents
for 16O-AgBr and 28Si-AgBr interactions are lower
than the critical value 1.304 required for a quark-
hadron phase transition to occur while for 32S-AgBr
interaction the experimentally obtained values of
critical exponent are higher than the critical value
1.304 signifying the absence of quark-hadron phase
transition. Absence of quark-hadron phase transition
is prominent for the simulated events also.

(6) The calculated values of critical exponents obtained
from our analysis increase with the increase of
projectile mass for the experimental data. UrQMD
predicted values of the critical exponent ^ remain
almost constant with the increase of projectile mass.

(7) Multifractal specific heat for the simulated data agrees
well with the experimental data. Constancy of multi-
fractal specific heat is reflected from our analysis.

It is true that there are many papers available in the literature
where presence of multifractality has been tested experimen-
tally in multiparticle production in high energy nucleus-
nucleus interactions by different methods. But the method
adopted in this paper to study multifractality seems to be
simple and interesting and in this regard our study deserves
attention.Theobservedmultifractal behavior of the produced
shower particles may be viewed as an experimental fact.
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Azimuthal distributions of radial velocities of charged hadrons produced in nucleus-nucleus (AB) collisions are compared with the
corresponding azimuthal distribution of charged hadron multiplicity in the framework of a multiphase transport (AMPT) model
at two different collision energies. The mean radial velocity seems to be a good probe for studying radial expansion. While the
anisotropic parts of the distributions indicate a kind of collective nature in the radial expansion of the intermediate “fireball,” their
isotropic parts characterize a thermal motion.The present investigation is carried out keeping the upcoming Compressed Baryonic
Matter (CBM) experiment to be held at the Facility for Antiproton and Ion Research (FAIR) in mind. As far as high-energy heavy-
ion interactions are concerned, CBMwill supplement theRelativisticHeavy-IonCollider (RHIC) andLargeHadronCollider (LHC)
experiments. In this context our simulation results at high baryochemical potential would be interesting, when scrutinized from
the perspective of an almost baryon-free environment achieved at RHIC and LHC.

1. Introduction

When two heavy nuclei collide with each other at high-
energy it is expected that a color deconfined state com-
posed of strongly coupled quarks and gluons is formed.
The properties of such a state, formally known as Quark-
Gluon Plasma (QGP) [1], are governed by the rules of
quantum chromodynamics (QCD). In order to understand
the bulk properties of this extended QCD state and to
understand the dynamical processes that might be involved
in its formation and subsequent decay, over last three decades
or so QGP has been widely searched in many high-energy
experiments [2]. Of all the efforts in this regard, the study
on the emission of final state particles with respect to the
reaction plane of an AB collision, a plane spanned by the
beam direction and the impact parameter vector, has been a
popular technique that can characterize the thermodynamic
and hydrodynamic properties of the QGP matter [3, 4]. In
this technique the Fourier decomposition of the anisotropic
azimuthal distribution has been widely employed to explore
the collective behavior of the final state particles. More
specifically, the second harmonic coefficient, traditionally
known as the elliptic flow parameter (V2), is of special

interest [5]. The V2 results obtained from the RHIC and LHC
experiments show considerable hydrodynamical behavior of
the matter present in the overlapping zone of the colliding
nuclei, an intermediate “fireball” that gets thermalized within
a very short time interval (<1 fm/c) and subsequently expands
almost like a “perfect fluid” having a very small ratio of shear
viscosity to entropy density [6–8]. In RHIC [9–13] and LHC
[14–17] experiments the V2 parameter has beenwidely studied
as a function of the centrality of the collision, transverse
momentum (𝑝𝑇), and rapidity (𝑦) or pseudorapidity (𝜂) of
the produced particles, for different colliding systems and at
varying collision energies. Using the AMPT model, presence
of anisotropy in the azimuthal distribution of transverse
rapidity (𝑦𝑇) has been investigated in Au + Au collision at
√𝑠NN = 200GeV [18]. Recently, we have reported some
simulation results on the anisotropy present in the azimuthal
distribution of 𝑝𝑇 of the emitted charged hadrons that has
relevance to the radial flow of charged hadrons produced
at FAIR energies [19]. The CBM experiment is dedicated
to explore the deconfined QCD matter at high baryon
density and low to moderate temperature. It is a fixed target
experiment being designed with incident beam energy range
𝐸lab = 10–40GeV per nucleon, which is expected to produce
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partonic matter of density 6 to 12 times the normal nuclear
matter density at the central rapidity region [20]. But at
the same time it should be kept in mind that our present
understanding of the collective flow of hadronic/partonic
matter at this energy region is constrained by the availability
of only a few experimental results [21]. Therefore, to get an
idea about the expected behavior of any variable or parameter
that is relevant in this regard, we have to rely mostly upon
the event generators and models. In this article we present
some basic simulated results on the (an)isotropy of the radial
velocity of charged hadrons produced in Au + Au collisions
at 𝐸lab = 10A and 40AGeV using the AMPTmodel [22, 23].
The paper is organized as follows: a brief description of the
methodology used in this analysis is given in Section 2, the
AMPT model is summarily described in Section 3, our sim-
ulation based results are discussed in Section 4, and finally
in Section 5 our observations are listed.

2. Methodology

Before the collision, the nucleons belonging to individ-
ual nucleus possess only longitudinal degrees of freedom.
Transverse degrees of freedom are excited into them only
after an interaction takes place. In mid-central collisions the
overlapping area of the colliding nuclei is almond shaped in
the transverse plane. This initial asymmetry in the geomet-
rical shape gives rise to different pressure gradients along
the long and the short axis of the overlapping zone and
correspondingly to a momentum space asymmetry in the
final state. As a result, if thematter present in the intermediate
“fireball” exhibits a fluid-like behavior, then a collective flow
of final state particles is observed, which is reflected in the
azimuthal distribution of the particle number as well as in the
azimuthal distribution of an appropriate kinematic variable
like 𝑝𝑇, 𝑦𝑇 and the transverse or radial velocity V𝑇 [24]. The
radial velocity has two components, the radial flow velocity
and the velocity due to the random thermal motion of the
particles constituting the intermediate fireball. For an ideal
fluid the radial flow velocity should be isotropic. However,
for a nonideal viscous fluid, the shear tension is proportional
to the gradient of the radial velocity along the azimuthal
direction, which again is related to the anisotropy of radial
velocity [18]. An analysis of the V2 results over the energy
range 𝐸lab ≅ 1–160GeV has shown that the observed V2 val-
ues are lower than what is expected from a phenomenology
based on the three-fluid dynamics [25]. The difference has
been attributed to dissipative effects like viscosity. A single
parameter (the Knudsen number) fit of the V2 results over a
wide range of collision energy suggests that the upper limit of
the shear viscosity to specific entropy ratio 𝜂/𝑠 ∼ 1-2, a value
much higher than what is estimated for an almost ideal fluid
created at RHIC or LHC energies. However, to understand
the exact nature of the flow characteristics or the nature
of the fluid created at FAIR energies, we shall have to wait
till the CBM results in this regard become available.

We introduce the transverse (radial) velocity as

V𝑇 =
𝑝𝑇
𝐸 = 𝑝𝑇

𝑚𝑇 cosh𝑦
, (1)

where 𝐸 = 𝑚𝑇 cosh𝑦 is the energy of the particle, 𝑚𝑇 =
√𝑚20 + 𝑝2𝑇 is its transverse mass, 𝑚0 is the particle rest mass,
and 𝑦 is its rapidity. For a large sample of events the total
radial velocity ⟨𝑉𝑇(𝜙𝑚)⟩ of all particles falling within the𝑚th
azimuthal bin is defined as

⟨𝑉𝑇 (𝜙𝑚)⟩ =
1
𝑁ev

𝑁ev

∑
𝑗=1

𝑛
𝑚

∑
𝑖=1

V𝑇,𝑖 (𝜙𝑚) , (2)

where V𝑇,𝑖(𝜙𝑚) is the radial velocity of the 𝑖th particle, 𝑛𝑚 is
the total number of particles present in the 𝑚th bin, 𝑁ev is
the number of events under consideration, and ⟨ ⟩ denotes
an averaging over events. In this paper we have chosen the
transverse velocity as the basic variable in terms of which
the azimuthal asymmetry has been studied and compared
the results obtained thereof with those of the azimuthal
asymmetry associated with the charged particle multiplicity
distribution. An azimuthal distribution of ⟨𝑉𝑇(𝜙𝑚)⟩ contains
information of the asymmetry in themultiplicity distribution
as well as that of the radial expansion. By taking an aver-
age over the particle number the mean transverse velocity
⟨⟨V𝑇(𝜙𝑚)⟩⟩ is introduced as

⟨⟨V𝑇 (𝜙𝑚)⟩⟩ =
1
𝑁ev

𝑁ev

∑
𝑗=1

1
𝑁𝑚

𝑁
𝑚

∑
𝑖=1

V𝑇,𝑖 (𝜙𝑚) , (3)

where ⟨⟨ ⟩⟩ represents first an average over all particles
present in the 𝑚th azimuthal bin and then over all events
present in the sample. This double averaging reduces the
multiplicity influences significantly, and the corresponding
distribution measures only the radial expansion. In this
context we must mention that the mean radial velocity
actually consists of contributions coming from three different
sources, the average isotropic radial velocity, the average
anisotropic radial velocity, and the average velocity associated
with thermal motion. It should be noted that both radial
and thermal motion contribute to the isotropic velocity of
the distribution. Like the azimuthal distribution of charged
particle multiplicity 𝑑⟨𝑁ch⟩/𝑑𝜙, it is also possible to expand
the azimuthal distributions of the total and mean transverse
velocities in Fourier series as

𝑑 ⟨𝑉𝑇⟩
𝑑𝜙 ≈ V0 (⟨𝑉𝑇⟩) [1 + 2V2 (⟨𝑉𝑇⟩) cos (2𝜙)] ,

𝑑 ⟨⟨V𝑇⟩⟩
𝑑𝜙 ≈ V0 (⟨⟨V𝑇⟩⟩) [1 + 2V2 (⟨⟨V𝑇⟩⟩) cos (2𝜙)] .

(4)

In these expansions only the leading order terms (𝑛 = 0
and 2) are retained. The anisotropy present in any of the
distributions [see (4)] is quantified by the second Fourier
coefficient V2, whereas V0 is a measurement of the isotropic
flow.

3. AMPT Model

Transport models are best suited to study AB collisions at
the energy range under our consideration. Since transport
models treat chemical and thermal freeze-out dynamically,



Advances in High Energy Physics 3

they have the ability to describe the space-time evolution of
the hot and dense “fireballs” created in collision between two
heavy nuclei at relativistic energy. As mentioned before, in
this simulation study we use the AMPT model with partonic
degrees of freedom, the so-called string melting version, with
the expectation that under the FAIR conditions transitions
from the initial nuclear matter to the QGP state (if any) and
then from the QGP state to the final hadronic state will take
place at high baryon density and low to moderate tempera-
ture. Previous calculations have shown that flow parameters
consistent with experiment can be developed through AMPT
and the model can successfully describe different aspects of
the collective behavior of hadronic/partonicmatter produced
in AB interactions [26–32]. The string melting version of
AMPT should be even more appropriate to model particle
emission data, where a transition from nuclear matter to
deconfined QCD state is expected. AMPT is a hybrid model
where the primary particle distribution and other initial
conditions are taken from the heavy-ion jet interaction
generator (HIJING) [33], and Zhang’s parton cascade (ZPC)
formalism [34] is used in subsequent stages. Note that the
ZPC model includes only parton-parton elastic scattering
with an in-medium cross section derived from pQCD, the
effective gluon screening mass being taken as an adjustable
parameter. In the string melting version of the AMPTmodel,
all hadrons are produced from string fragmentation like that
in the HIJING model. The strings are converted into valence
quarks and antiquarks. They are subsequently allowed to
interact through the ZPC formalism and propagate according
to a relativistic transport model [23]. Finally, the quarks and
antiquarks are converted to hadrons via a quark coalescence
formalism.

4. Results and Discussion

In this section we describe our results obtained from the Au
+ Au minimum bias events simulated by the AMPT model
(string melting version) at 𝐸lab = 10A and 40AGeV. A
representative value of the parton scattering cross section
(𝜎 = 3mb) is used in this analysis.The 𝜎 value is chosen so as
tomatchwith a previously studied collective behavior at FAIR
energies [31]. We have indeed compared the NA49 results
[21] on the 𝑝𝑇 dependence of elliptic flow parameter V2 by
varying 𝜎 over a range of 0.1 to 6mb. We have seen that even
though the 𝜎 values differ almost by two orders ofmagnitude,
the corresponding differences in the simulated V2 values are
not that significant [35]. The size of each sample of Au + Au
events used in this analysis is one million. We begin with
the multiplicity distribution of charged hadrons, represented
schematically in Figure 1. The nature of the distributions is
more or less similar at both energies considered. However,
the average and the highest multiplicities are naturally quite
larger at 𝐸lab = 40AGeV. In Figure 2 we plot the 𝑝𝑇
distributions of charged hadrons. As expected, with increas-
ing 𝑝𝑇 we observe an approximately exponential fall in the
particle number density. It is interesting to note that, at
low 𝑝𝑇 values, up to 𝑝𝑇 ≈ 1.5GeV/c, the slopes of the
distributions at both energies hardly differ, but at high 𝑝𝑇,
beyond 𝑝𝑇 = 2.0GeV/c, the slope values are considerably
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Figure 1: Charged hadron multiplicity distribution in Au + Au
collisions at 𝐸lab = 10A and 40AGeV.
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Figure 2: Charged hadron 𝑝𝑇 distribution in Au + Au collisions at
𝐸lab = 10A and 40AGeV.

different, this being stiffer at 𝐸lab = 10AGeV. The inverse
slope can be related to the temperature of the intermediate
“fireball” as and when it achieves a thermal equilibrium.
With varying collision energies, the particles produced in
soft processes, therefore, correspond to almost same source
temperature, irrespective of the collision energy. A Monte
CarloGlauber (MCG)model [36] is employed to characterize
the geometry of an AB collision. Using the MCG model the
average transverse momentum ⟨𝑝𝑇⟩ of particles produced
in AB collisions belonging to a particular centrality can
be determined. In Figure 3 such a plot of ⟨𝑝𝑇⟩ against
the number of participating nucleons (𝑁part), a measure
of the centrality of the collision, is graphically shown. At
both the collision energies considered in this analysis, at
low 𝑁part the ⟨𝑝𝑇⟩ values are significantly different, ⟨𝑝𝑇⟩



4 Advances in High Energy Physics

0.36

0.32

0.28

⟨p
T
⟩ (

G
eV

/c
)

0 100 200 300 400

NＪ；ＬＮ

10 ！＇？６

40！＇？６

Figure 3: Average transverse momentum of charged hadrons as a
function of𝑁part in Au + Au collisions at 𝐸lab = 10A and 40AGeV.

increases almost linearly with increasing centrality, and each
distribution saturates at similar value, ⟨𝑝𝑇⟩ ≈ 0.365GeV/c.
The fact that at the highest centrality the saturation value
of ⟨𝑝𝑇⟩ of produced particles is almost independent of the
incident beam energy is perhaps due to kinematic reasons.
The transverse degree of freedom that was absent before
the collision took place is excited into the interacting AB
system due to multiple nucleon-nucleon (NN) scattering and
rescattering. Our results indicate that the degree of such
excitations, which predominantly depends on the number of
binary collisions 𝑁coll, appears to remain almost same for
the most central collisions of the Au + Au system in the
FAIR energy region. In Figure 4 we present the azimuthal
distributions of (a) the total radial velocity ⟨𝑉𝑇⟩, (b) the
multiplicity (𝑁ch), and (c) the mean radial velocity ⟨⟨V𝑇⟩⟩
of charged hadrons produced at 𝐸lab = 40AGeV in the
mid-rapidity region, within Δ𝑦 = ±1.0 symmetric about
the central value 𝑦0 and within the 0–80% centrality range.
Presence of anisotropy in all three distributions is clearly
visible. It is also observed that while all three distributions
exhibit same periodicity, their amplitudes are quite different.
In order to show that all three distributions can analytically be
described by a single function like𝑁[1 + 𝛼 cos(2𝜙)] without
significant contributions coming from other harmonics, we
fit the distributions with exactly the same relative vertical
axis range with respect to the value of the parameter 𝛼
centred around the same value of the other parameter 𝑁
(here 𝑁 = 1.0) and plot them together in Figure 4(d) along
with the respective fitted lines. When appropriately scaled,
we find that the elliptic anisotropy present in the distribution
of total radial velocity is almost equal in magnitude to that
coming from the anisotropy in multiplicity distribution. In
comparison, corresponding anisotropy in the mean radial
velocity is quite small.The results at𝐸lab = 10Aand 40AGeV
are qualitatively similar.
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Figure 4: Azimuthal distribution of (a) total radial velocity, (b)
multiplicity, (c) mean radial velocity, and (d) all the aforesaid
quantities properly normalized for charged hadrons produced in Au
+ Au collisions at 𝐸lab = 40AGeV.

4.1. Centrality Dependence of V2 and V0. Elliptic flow results
from interactions between particles comprising the inter-
mediate “fireball,” and hence it is a useful probe for the
identification of local thermodynamic equilibrium. The V2
values are smaller for the extreme central and peripheral
collisions, which can be explained in terms of the initial
geometric effects and the pressure gradient produced thereof
[37]. In the hydrodynamical limit V2 is proportional to the
elliptic eccentricity (𝜀2) of the overlapping region of the
colliding nuclei, whereas in the low density limit V2/𝜀2 is
proportional to the product of the rapidity density of charged
particles 𝑑⟨𝑁ch⟩/𝑑𝑦 and inverse of the overlapping area of the
colliding nuclei. It is believed that the centrality dependence
of elliptic flow provides valuable information regarding the
degree of equilibration achieved by the intermediate “fireball”
and also regarding the characteristics of (re)scattering effects
present therein [38]. Some model based results at FAIR
energies can be found in [19, 31, 35].

In Figure 5 we compare the centrality dependence of the
V2 parameter obtained fromdistributions of all three variables
under consideration. The overall centrality dependence is



Advances in High Energy Physics 5

0.06

0.04

0.02

0.00

 2

0 100 200 300 400 100 200 300 400

NＪ；ＬＮ NＪ；ＬＮ

2(⟨VT⟩)
2(⟨N＝Ｂ⟩)

2(⟨⟨T⟩⟩)

2(⟨VT⟩)
2(⟨N＝Ｂ⟩)

2(⟨⟨T⟩⟩)

10 ！＇？６ 40！＇？６

Figure 5: Centrality dependence of anisotropy parameter V2 obtained from the azimuthal distributions of total radial velocity, multiplicity,
and mean radial velocity in Au + Au collision at 𝐸lab = 10A and 40AGeV.

found to be similar for V2(⟨𝑉𝑇⟩) and V2(⟨𝑁ch⟩). However,
V2(⟨⟨V𝑇⟩⟩), which in magnitude is quite small in comparison
with the V2 values obtained from the other two variables,
behaves quite differently. All three variations are consistent
with our observations of Figure 4(d). It is to be noted that
the anisotropy in mean radial velocity, which describes the
radial expansion, is significantly smaller than that of the
corresponding multiplicity distribution in the mid-central
region. In this regard we also intend to scrutinize the effects
of the collision energy involved. It is observed that V2(⟨𝑉𝑇⟩)
and V2(⟨𝑁ch⟩) at 𝐸lab = 40AGeV are marginally higher
than those obtained at 𝐸lab = 10AGeV, a general feature of
any V2 result, which has been confirmed over a wide energy
range. The V2(⟨⟨V𝑇⟩⟩) values are not significantly different
at the two collision energies involved either. We expect that
the isotropy parameter (V0) of all aforesaid distributions is
also of certain importance and we graphically plot the results
in Figure 6. The V0 values associated with ⟨𝑉𝑇⟩ and ⟨𝑁ch⟩
distributions show a linear dependence with increasing𝑁part,
being highest in the most central events. This feature of V0
can be ascribed to the fact that the azimuthally integrated
magnitude of transverse flow increases with increasing cen-
trality of the collisions. On the contrary, an increasing trend
in the V0(⟨⟨V𝑇⟩⟩) values with increasing 𝑁part is restricted
only to the peripheral collisions, and beyond 𝑁part ≈ 80
the V0(⟨⟨V𝑇⟩⟩) values achieve a saturation, being nearly
independent of the centrality of the collisions. A significant
energy dependence of V0 is also observed for all three
variables considered in this analysis. We do not see any
significant energy dependence in the variation of V0(⟨⟨𝑉𝑇⟩⟩)

with 𝑁part. The V0(⟨𝑁ch⟩) values are however consistently
higher at 𝐸lab = 40AGeV than those at 𝐸lab = 10AGeV,
the difference becoming larger with increasing 𝑁part. Once
again V0(⟨⟨V𝑇⟩⟩) behaves quite differently in this regard. The
values at 𝐸lab = 10AGeV are consistently higher than those
at 𝐸lab = 40AGeV. We may recall that the mean radial
velocity has been defined in a way such that the multiplicity
effects are removed. Therefore, we conclude that the particle
multiplicity plays a dominant role to determine the total
transverse flow, and a higher energy input results in a lower
amount of azimuthally integrated transverse flow.

4.2. Transverse MomentumDependence of V2 and V0. It is well
known that the anisotropy coefficient V2 depends on 𝑝𝑇 of
charged hadrons. Hydrodynamics as well as resonance decay
are expected to dominate at low𝑝𝑇, whereas high𝑝𝑇 particles
are expected to stem out from the fragmentation of jets
modified in the hot and dense medium of the intermediate
“fireball” [15]. At FAIR energies the production of high 𝑝𝑇
hadrons would be rare, and owing to statistical reasons we
restrict our analysis up to 𝑝𝑇 = 2.0GeV/c. V2 arising from
multiplicity distributions of the produced hadrons has been
studied widely as a function of 𝑝𝑇 using the data available
from the experiments held at RHIC [39] and LHC [40].
Simulation results under FAIR-CBM conditions utilizing
the UrQMD, AMPT (default), and AMPT (string melting)
models can be found in [19, 31]. Figure 7 depicts that the
anisotropies present in ⟨𝑁ch⟩, ⟨𝑉𝑇⟩, and ⟨⟨V𝑇⟩⟩ distributions
rise monotonically with increasing 𝑝𝑇. At 𝐸lab = 40AGeV,
beyond 𝑝𝑇 = 1.5GeV/c, there is a trend of saturation in
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Figure 6: Centrality dependence of isotropic flow coefficient V0 obtained from the azimuthal distributions of total radial velocity, multiplicity,
and mean radial velocity in Au + Au collision at 𝐸lab = 10A and 40AGeV.
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the V2 values extracted from all three variables. Once again
we conclude that the multiplicity dominates over the radial
velocity at a particular 𝑝𝑇 bin, and V2(⟨𝑁ch⟩) and V2(⟨𝑉𝑇⟩)
are found to be almost equal in the 0 ⩽ 𝑝𝑇 ⩽ 2.0GeV/c

range. Once we get rid of the multiplicity effects, the actual
anisotropy present in the radial velocity comes out, which we
can see in the plot of V2(⟨⟨V𝑇⟩⟩) against 𝑝𝑇 shown in the same
diagram. As a result, within 0.25 ≤ 𝑝𝑇 ≤ 1.25GeV/c the



Advances in High Energy Physics 7

0.9

0.6

0.3

0.0

 0
(⟨
V
T
⟩)

0.0 0.5 1.0 1.5 2.0

pT (GeV/c)

0–80%

10 ！＇？６

40！＇？６

(a)

3

2

1

0

 0
(⟨
N

＝Ｂ
⟩)

0.0 0.5 1.0 1.5 2.0

pT (GeV/c)

10 ！＇？６

40！＇？６

0–80%

(b)

0.3

0.2

0.1

0.0
0.0 0.5 1.0 1.5 2.0

 0
(⟨
⟨

T
⟩⟩
)

pT (GeV/c)

10 ！＇？６

40！＇？６

0–80%

(c)

Figure 8: Transverse momentum dependence of isotropic coeffi-
cient V0 obtained from the azimuthal distributions of total radial
velocity, multiplicity, and mean radial velocity in Au + Au collision
at 𝐸lab = 10A and 40AGeV.

V2(⟨⟨V𝑇⟩⟩) values are slightly lower at higher 𝐸lab. At FAIR
energies, however, we do not find any noticeable deviation
in the trend of this 𝑝𝑇 dependence of V2 from its nature
observed at RHIC energies [24]. Comparing Figure 7(a) with
Figure 7(b), we see a very weak (almost insignificant) energy
dependence of V2 in terms of all three variables concerned.We
may reckon that FAIR-CBM energy range may not provide
us with a proper platform to study the energy dependence
of anisotropy, but it may be suitable for studying the issues
related to the isotropy measure V0. The 𝑝𝑇 dependence of
V0 has been shown in Figure 8. It is observed that the V0
coefficients associated with ⟨𝑁ch⟩, ⟨𝑉𝑇⟩, and ⟨⟨V𝑇⟩⟩ while
being plotted against 𝑝𝑇 exhibit similar nature. In the low 𝑝𝑇
region, the V0 values extracted from each variable rise with
increasing 𝑝𝑇, attain a maximum, and then fall off to a very
small saturation value (almost zero) at both incident energies
beyond 𝑝𝑇 = 1.25GeV/c. Once again, while V0(⟨𝑉𝑇⟩) values
at 𝐸lab = 10A and 40AGeV are almost identical, the
V0(⟨𝑁ch⟩) values at 𝐸lab = 40AGeV are higher in the low

𝑝𝑇 region (𝑝𝑇 ≲ 0.7GeV/c) than those at 10AGeV. On the
contrary, the V0(⟨⟨V𝑇⟩⟩) values obtained at 𝐸lab = 40AGeV
are lower in the low 𝑝𝑇 region (𝑝𝑇 ≲ 0.5GeV/c) than those
at 10AGeV. At FAIR energy the random thermal motion of
particles perhaps dominates over their collective behavior,
which at high 𝑝𝑇 leads to a very small amount of azimuthally
integrated magnitude of net flow.

5. Conclusion

In this paper we present some basic results on the elliptic
and radial flow of charged hadrons. The study is based on
the azimuthal distributions of total transverse velocity, mean
transverse velocity, and multiplicity of charged hadrons pro-
duced in Au +Au collisions at𝐸lab = 10AGeV and 40AGeV.
We have used the AMPT model (string melting version) to
generate the events. We observe that azimuthal asymmetries
are indeed present in all three distributions. However, we also
note that in our simulation results the azimuthal anisotropy
of the final state particles is predominantly due to the
asymmetry of particle multiplicity distribution, and only a
small fraction of this asymmetry is due to kinematic reasons.
The overall nature of the dependence of the elliptic anisotropy
parameter on the centrality of the collision and transverse
momentum of produced particles are similar for the three
variables considered in the present analysis. The elliptic flow
parameter is highest in the mid-central collisions, and within
the interval 0 ⩽ 𝑝𝑇 ⩽ 2.0GeV/c it is highest at the highest
𝑝𝑇. From our simulated results in the FAIR energy range
we find a very small energy dependence of the elliptic flow
parameter. On the other hand, the azimuthally integrated
magnitude of the radial flow is maximum for most central
collisions and its values are high in the low 𝑝𝑇 region. From
this analysis we see that the contribution to V0 from the
asymmetry in multiplicity distribution and that coming from
the asymmetry in kinematic variable V𝑇 exhibit an opposite
incident beam energy dependence. While the former is
higher at higher 𝐸lab, the latter is higher at lower 𝐸lab.
Our simulated results are consistent with those obtained
from RHIC and LHC energies and do not require any new
dynamics to interpret. However, in future there is enough
scope to appropriatelymodel these results in terms of relevant
thermodynamic and hydrodynamic parameters associated
with the intermediate “fireball” produced in AB collisions.
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Entropy production in multiparticle systems is investigated by analyzing the experimental data on ion-ion collisions at AGS and
SPS energies and comparing the findings with those reported earlier for hadron-hadron, hadron-nucleus, and nucleus-nucleus
collisions. It is observed that the entropy produced in limited and full phase space, when normalized to maximum rapidity, exhibits
a kind of scaling which is nicely supported byMonte Carlo model HIJING. Using Rényi’s order 𝑞 information entropy, multifractal
characteristics of particle production are examined in terms of generalized dimensions,𝐷𝑞. Nearly the same values of multifractal
specific heat, 𝑐, observed in hadronic and ion-ion collisions over a wide range of incident energies suggest that the quantity 𝑐might
be used as a universal characteristic ofmultiparticle production in hadron-hadron, hadron-nucleus, and nucleus-nucleus collisions.
The analysis is extended to the study of spectrum of scaling indices. The findings reveal that Rényi’s order 𝑞 information entropy
could be another way to investigate the fluctuations in multiplicity distributions in terms of spectral function 𝑓(𝛼), which has
been argued to be a convenient function for comparison sake not only among different experiments but also between the data and
theoretical models.

1. Introduction

The main objective of investigating the collisions of heavy
nuclei at relativistic energies is to understand the nature
of phase transition from normal hadronic matter to quark-
gluon plasma (QGP) [1]. Dedicated experiments have been
carried out at AGS and RHIC at BNL and SPS and LHC at
CERN to search for the QGP phase and explore the QCD
phase diagram. Heavy-ion collision experiments provide a
unique opportunity to test the predictions of QCD and at
the same time to understand the soft processes involved,
which dominate even at LHC energies, as well as the hard
scattering or the small cross-sectional physics [2–4]. Rela-
tivistic nucleus-nucleus (AA) collisions serve as a mean to
study the novel regime of QCD where parton densities are
high enough while the strong coupling constant between
the partons is small and decreases further with decreasing
interpartonic distances [2]. The parton densities in the early
stage of the collision can be related to the density of the
produced charged hadrons in the final state. Dominance of
hard process (jets and minijets) in the hadron production
increases with increasing collision energy and hence provides

a unique opportunity to study the interplay between effects.
In this scenario, the perturbative QCD (pQCD) lends a
good basis for high energy dynamics and has achieved
significant success in describing the hard processes involved
in high energy collisions [2, 5]. Hadronic-jet production
in 𝑒+𝑒− annihilations [6, 7] and large 𝑝𝑡 jet production in
hadron-hadron (hh) collisions [8, 9] are the examples of
these hard processes. However, in soft processes like hadron
production with sufficiently low 𝑝𝑡 in hadronic and heavy-
ion collisions, the interactions become so strong that the
pQCD is not applicable anymore [2]. Due to incapability of
pQCD in this regime, phenomenological models based on
experimental inputs have been proven to be an alternative
tool to understand the dynamics of particle production in AA
collisions.

Relativistic charged particle multiplicity is the simplest
observable and by studying its distribution for a given
data sample, information on soft QCD processes as well
as on hard scattering can be extracted [3]. Furthermore,
the charged hadron multiplicity of an event is taken as a
direct measure of its inelasticity and can describe important
features of particle production [3]. Investigations involving
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multiparticle production in hh, hA, and AA collisions at
relativistic energies have been carried out by numerous
groups during the last four decades [10–15]. However, a
complete understanding of particle production mechanism
still remains elusive. Multiplicity distributions (MD) of rel-
ativistic charged particles produced in hh collisions have
been observed to deviate from a Poisson distribution and
are expected to provide information regarding the underlying
production mechanism [13, 16]. Asymptotic scaling of MD in
hh collisions referred to as the KNO scaling [17], predicted in
1972, was regarded as a useful phenomenological framework
for comparing the MD at different energies ranging from√𝑠 ∼ 10GeV to ISR energies [18]. It was, however, pointed
out [19, 20] that KNO scaling is not strictly followed for
inelastic hh collisions. This scaling law was observed to
breakdown when collision energy reached SPS range [13, 16,
18, 21]. After the observations of KNO scaling violation in 𝑝𝑝
collisions at√𝑠 = 540GeV, it was remarked that the observed
scaling up to ISR energies was approximate and accidental
[21]. A new empirical regularity, in place of KNO scaling, was
then proposed [21] to predict the multiplicity distributions
at different energies. It was shown that MD at different
energies in full and limited rapidity (𝜂) windows may be
nicely reproduced by negative binomial distributions (NBD)
[18, 21, 22]. These observations lead to revival of interest in
investigations involving MD and new scaling laws. Simak
et al. [23], by introducing a new variable, the information
entropy, showed that MD of charged particles produced in
full and limited phase space in hh collisions exhibits a new
type of scaling law in the energy range,√𝑠 ∼ 19 to 900GeV.

Sinyukov and Akkelin [24] have proposed a method to
estimate entropy of thermal pions in AA collisions and have
studied the average phase space densities and entropy of such
pions against their multiplicities and beam energies. Their
findings apparently suggest the presence of deconfinement
and chiral phase transition in relativistic AA collisions.More-
over at RHIC energies, entropy per unit rapidity at freeze-
out has been extractedwithminimalmodel dependence from
the available measurements of particle yields, spectra, and
source sizes, determined from two-particle interferometry
[25]. The extracted entropy per unit rapidity was observed
to be consistent with the lattice gauge theory for thermalized
QGP with an energy density calculated from the transverse
energy production at RHIC energies.

Analyses of the experimental data on 𝑝𝑝, 𝑝𝑝, and 𝑘+𝑝
collisions over a wide energy range (up to √𝑠 = 900GeV)
carried out by several workers [23, 26, 27] indicate that
entropy increases with beam energy while the entropy per
unit rapidity appears to be an energy independent quantity.
These results indicate the presence of entropy scaling up to
a few TeV energy. Presence of a similar scaling behaviour
in 𝑝𝑝 collisions at LHC energies has also been reported
by Mizoguchi and Biyajima [28] and Das et al. [11, 13].
Analyses of AA collision data at AGS and SPS energies
carried out by other workers [10, 15, 29, 30] too suggest
that entropy produced in limited pseudorapidity (𝜂) windows
when normalized to the maximum rapidity is, essentially,
independent of projectile and target mass as well as the beam
energy, indicating the presence of entropy scaling.

The occurrence of unusual large particle density fluctu-
ations in narrow phase space bins, observed in cosmic ray
JACEE events [31] and in accelerator experiments [32, 33],
have generated considerable interest in the study of nonlinear
phenomena in hadronic and heavy-ion collisions. Such fluc-
tuations may be taken as an indication of a phase transition
from ordinary hadronic matter to QGP, predicted by QCD
to occur in relativistic AA collisions. These fluctuations are
also envisaged to arise either due to minijets produced at
very high energies or (and) because of some other collective
phenomena [34]. Such rare fluctuations of dynamical origin
are to be identified and extracted from the statistical ones.
Various methods for the identification of these fluctuations
have been proposed which estimate the total deviation of
the measured rapidity distribution from an idealized smooth
distribution [34]. The analysis is based on the estimation of
corresponding statistical probability through Monte Carlo
(MC) simulations. The method of scaled factorial moments
(SFMs), proposed by Bialas and Peschanski [35], has been
proven to be well suited for not only to search for the
dynamical fluctuations in narrow phase space bins but also
to investigate the pattern of fluctuations which could lead
to a physical interpretation of their origin [35]. The concept
of SFMs was put forward in analogy with the phenomenon
referred to as the “intermittency” in hydrodynamics of
turbulent fluid flow [34]. This phenomenon is characterized
by the presence of fluctuations in a small part of the available
phase space. The method of SFMs was first applied to
the pseudorapidity distribution of a single high multiplicity
JACEE event [31] and the findings indicated the presence
of intermittent pattern (large particle density fluctuations
in narrow pseudorapidity bins) [35]. SFMs analysis, since
its introduction, has been widely used to search for the
nonlinear phenomena in hadronic and ion-ion collisions.
It has been observed [36–39] that the presence of such a
nonlinear phenomena might be rare but not impossible [40].
Such fluctuations, if not arising due to the statistical reasons,
are envisaged to occur due to the dynamical correlations
among the produced particles.These correlations might arise
due to the phase transition from QGP to normal hadronic
matter. As pointed out by Bialas and Peschanski [35], if the
intermittency exists, the SFMs of multiplicity distributions
should exhibit a power law dependence of the rapidity-bin
width, as 𝛿𝑦 → 0. Such a study would help understand the
chaotic behaviour of rapidity distribution on event-by-event
(ebe) basis instead of investigating the average phenomena
[41].

The observations of intermittency in 𝑒+𝑒− annihilation
[42], hh [43], hA [34], and AA collisions [41] attracted a
great deal of attention towards the investigations involving
the power law behaviour of SFMs of the form

𝐹𝑞 ∝ (𝛿𝑦)𝛼(𝑞) , 𝛿𝑦 → 0, (1)

where the exponent 𝛼(𝑞) increases with order 𝑞 of the
moment [41].

Although the intermittency analysis in terms of SFMs
has been successfully applied to the hadronic and heavy-
ion collisions, yet the dynamical explanation of its origin in
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some cases is not clear [44]. The concept of self-similarity is
closely related to the fractal theory [45, 46] which is a natural
consequence of the cascading mechanism prevailing in the
multiparticle production. A formalism for treating the fractal
dimensions and its generalization has been developed and
applied to the study of turbulent fluids and other transitions
to chaos [41, 47]. However, in the case of multiparticle
production, the dynamics is not well known and one has
to discover the proper dynamics that gives rise to the
chaotic structure. The fractal dimensions, in multiparticle
production, were first studied by Carruthers and Duong-
Van [48]. Later on Dermin [49] suggested the study of
correlation dimensions, while Lipa and Buschbeck [50] con-
sidered other generalized dimensions. However, in none of
these investigations a formalism for systematic studies of
fractal properties has been presented. Considering inelastic
collisions as purely geometrical objects with noninteger
dimensions, a formalism for treating the fractal dimensions
and its generalization was developed and successfully applied
to the study of intermittent behaviour and other transitions
to chaos [44, 47, 51–53]. In order to reveal the multifractal
nature of multiparticle production, Hwa [41], Chiu and Hwa
[54], and Florkowski and Hwa [55] introduced 𝐺𝑞 moments,
which can be estimated from the particle multiplicities in
limited rapidity windows that might lead to inferences on
the nature of the dimensions,𝐷𝑞, that are the generalizations
of the fractal dimensions for multifractal sets. Using the𝐺𝑞 moments properties of scaling indices spectrum may be
investigated which, in turn, would indicate as to how it can
provide effective means to describe a highly nonuniform
rapidity distribution.

As the studies involving AA collisions at relativistic ener-
gies are concerned, the main goal is to study the properties
of strongly interacting matter under extreme conditions of
nuclear density and temperature, where formation of quark-
gluon plasma (QGP) is predicted to take place [10, 15, 56, 57].
Fluctuations in physical observables in AA collisions are
regarded as one of the important signals, for QGP formation
because of the idea that, in many body systems, phase
transition may result in significant changes in the quantum
fluctuations of an observable from its average behaviour [15,
29, 56]. For example, when a system undergoes a phase-
transition, heat capacity changes abruptly, whereas the energy
density remains the smooth function of temperature [10,
15, 25, 58, 59]. Entropy is regarded yet another important
characteristics of a system with many degrees of freedom
[15, 60–63]. Processes in which particles are produced may
be considered as the so-called dynamical systems [60–64]
in which entropy is generally produced. Systematic mea-
surements of local entropy produced in AA collisions may
provide direct information about the internal degrees of
freedom of the QGP medium and its evolution [10, 15, 27].
It has been pointed out [65] that in high energy collisions
particle production occurs on the maximum stochasticity;
that is, they should follow the maximum entropy principle.
This type of stochasticity may also be quantified in terms
of information entropy which may be regarded as a natural
and more general parameter to measure the chaoticity in
branching processes [66].

Table 1: Number of events selected for the analysis.

Energy (GeV/c) Type of interactions Number of events
10.6A 197Au-AgBr 577
14.5A 16O-AgBr 379
14.5A 28Si-AgBr 561
60A 16O-AgBr 422
200A 16O-AgBr 223
200A 32S-AgBr 452

Bialas et al. [60, 61, 67] proposed that Rényi entropies
may also be used as a tool for studying the dynamical systems
and are closely related to the thermodynamic entropy of the
system, the Shannon entropy. Bialas et al. [68] have also
suggested that Rényi’s entropies may serve as a useful tool
for examining the correlation among the particles produced
in high energy collisions. Furthermore, the generalization
of Rényi’s order-𝑞 information entropy contains information
on the multiplicity moments that can be used to investi-
gate the multifractal characteristics of particle production
[14, 69, 70]. It should be mentioned that this method of
multifractal studies is not related to the phase space bin-
width or the detector resolution but to the collision energy
[69]. It is, therefore, considered worthwhile to carry out a
well focused study of entropy production and subsequent
scaling in AA collisions by analyzing the several sets of
experimental data on AA collisions at AGS and SPS energies.
Rényi’s information entropies are also estimated to investigate
the multifractal characteristics of multiparticle production.
Moreover, the analysis is further extended to study the fractal
dimensions, multifractal spectrum, and their dependence on
the energy and mass of the projectile.

2. Details of Data

Six sets of events produced in collisions of 16O, 28Si, 32S,
and 197Au beams with AgBr group of nuclei in emulsion
at AGS and SPS energies, available in the laboratory, are
used in the present study. Details of these samples are
presented inTable 1.These events are taken from the emulsion
experiments performed by EMU01 Collaboration [71–74].
The other relevant details of the data, like selection criteria
of events, classification of tracks, extraction of AgBr group
of interactions, method of measuring the emission angle, 𝜃
of relativistic charged particles, and so on, may be found
elsewhere [10, 15, 71, 75–77].

From the measured values of the emission angle 𝜃, the
pseudorapidity variable, 𝜂, was calculated using the relation,𝜂 = − ln tan(𝜃/2). It is worthwhile to mention that the
conventional emulsion technique has two main advantages
over the other detectors: (i) its 4𝜋 solid angle coverage and (ii)
emulsion data being free from biases due to full phase space
acceptance. In the case of other detectors, only a fraction of
charged particles is recorded due to the limited acceptance
cone. This not only reduces the multiplicity but also may
distort some of the event characteristics like particle density
fluctuations [15, 75, 78]. In order to compare the findings
of the present work with the predictions of Monte Carlo
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model HIJING [79, 80], event samples corresponding to the
experimental ones are simulated using the code HIJING-
1.35; the number of events in each simulated sample is
equal to that in the corresponding real event sample. The
events are simulated by taking into account the percentage
of interactions which occur in the collision of projectile with
various targets in emulsion which constitute the AgBr group
of nuclei [71, 74, 75]. The value of impact parameter for each
data sample was so set that the mean multiplicity of the
relativistic charged particles becomes nearly equal to those
obtained for the real data sets.

3. Formalism

For entropy of the charged particle multiplicity distribution,
Shannon’s information entropy is calculated using [10, 23]

𝑆 = −∑
𝑛

𝑃𝑛 ln𝑃𝑛 (2)

and its generalization, Rényi’s order 𝑞 information entropy, is
estimated as [14, 26, 70]

𝐼𝑞 = 1𝑞 − 1 ln∑𝑛 𝑃𝑞𝑛 for 𝑞 ̸= 1, (3)

where for 𝑞 = 1 lim𝑞→1𝐼𝑞 = 𝐼1 = 𝑆, and 𝑃𝑛 is
the probability of production of 𝑛 charged particles. The
generalized dimensions of order 𝑞 may be estimated as [14,
69, 70]

𝐷𝑞 = 𝐼𝑞𝑌𝑚 ,

where 𝑌𝑚 = ln[(√𝑠 − 2𝑚𝑛 ⟨𝑛𝑝⟩)𝑚𝜋 ] = ln 𝑛max.
(4)

𝑌𝑚 denotes the maximum rapidity in the centre-of-mass
frame, √𝑠 represents the center-of-mass energy, 𝑚𝜋 is the
pion rest mass, ⟨𝑛𝑝⟩ denotes the average number of par-
ticipating nucleons, and 𝑛max is maximum multiplicity of
relativistic charged particles produced for a given pair of
colliding nuclei at a given energy.

For the particle production process to follow self-similar
behaviour, the 𝐺moments of order 𝑞, defined as [81]

𝐺𝑞 = ∑𝑃𝑞𝑛 ; 𝑞 is any real number, (5)

should follow the power law of the form

𝐺𝑞 ∝ (𝜕𝜂)𝜏(𝑞) , (6)

where 𝜕𝜂 is the pseudorapidity bin-width.Theparameter 𝜏(𝑞)
is related to the dimension𝐷𝑞, for all 𝑞, by

𝜏 (𝑞) = (𝑞 − 1)𝐷𝑞, (7)

where 𝐷0, 𝐷1, and 𝐷2 are usually referred to as the
fractal dimensions, information dimension, and correlation
dimension, respectively [41]. It has been pointed out by

Hwa [41] that values of 𝐺𝑞 moments obtained from various
experiments can not be compared as they depend on the
number of events in the data samples and on 𝜕𝜂, that is, on
detector resolution. It is the 𝜕𝜂 dependence of 𝐺𝑞 that is the
aim of studying 𝐺𝑞; in particular data analysis should aim to
extract the generalized dimensions𝐷𝑞, where

𝐷𝑞 = (𝑞 − 1)−1 lim
𝜕𝜂→0

( ln𝐺𝑞
ln 𝜕𝜂) . (8)

The meaning of function 𝜏(𝑞) becomes rather more obvious
after performing the Legendre transformation from indepen-
dent variables 𝜏 and 𝑞 to the variables 𝛼 and 𝑓:

𝛼𝑞 = 𝑑𝜏 (𝑞)
𝑑𝑞 ,

𝑓 (𝛼𝑞) = 𝑞𝛼𝑞 − 𝜏 (𝑞) .
(9)

𝑓(𝛼) is fractal dimension of a subset composed from bins
whose occupancy probability lies in the interval (𝑃 − 𝑑𝑃 to𝑃+𝑑𝑃). Thus by estimating the 𝐺𝑞 moments, the continuous
scaling function 𝑓(𝛼𝑞) can be constructed [44].

The thermodynamical interpretation of these relation-
ships means that 𝑞 can be interpreted with an inverse
temperature 𝑞 = 𝑇−1 whereas the spectrum 𝑓(𝛼) and 𝛼 play
the role of entropy and energy (per unit volume), respectively
[81–84].

4. Results and Discussion

Probability 𝑃𝑛(Δ𝜂) of production of 𝑛 charged particles in
a pseudorapidity window of fixed width is calculated by
selecting a window of width Δ𝜂 = 0.5. This window is
so chosen that its midposition coincides with the center
of symmetry of 𝜂 distribution, 𝜂𝑐. Thus, all the relativistic
charged particles having their 𝜂 values lying in the range(𝜂𝑐 − Δ𝜂/2) ≤ 𝜂 ≤ (𝜂𝑐 + Δ𝜂/2) are counted to evaluate𝑃𝑛. The window size is then increased in steps of 0.5 until
the region, 𝜂𝑐 ± 3.0, is covered. Values of entropy, 𝑆, for
different 𝜂-windows are calculated by using (2), while the
value of maximum rapidity is estimated from (4). Variations
of entropy normalized to maximum rapidity, 𝑆/𝑌𝑚, with𝜂-window width, also normalized to maximum rapidity,Δ𝜂/𝑌𝑚, for the experimental andHIJINGdata sets are plotted
in Figure 1. It is observed in the figure that 𝑆/𝑌𝑚 first
increases up to Δ𝜂/𝑌𝑚 ∼ 0.5 and thereafter acquires nearly a
constant value. It is interesting to note that the data points for
various samples of events overlap to form a single curve.This
indicates the presence of entropy scaling in AA collisions at
AGS and SPS energies. Results fromHIJING simulated events
also support the presence of entropy scaling.

Similar entropy scaling inAAcollisions has been reported
by us [10, 15] and also by the other workers [29, 70] for central
and minimum bias events. In our earlier work, attempt was
made to look for whether the observed entropy scaling is of
dynamical nature. For this purpose the correlation freeMonte
Carlo events samples (Mixed events) corresponding to each
of the real data samples were generated and analyzed. These
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Figure 1: Variations of entropy normalized to maximum rapidity, 𝑆/𝑌𝑚, with 𝜂-window width normalized to maximum rapidity, Δ𝜂/𝑌𝑚, for
the Experimental (a) and HIJING events (b).

findings revealed that the entropy scaling observed was the
distinct feature of the data and was of dynamical origin [10,
15].

According to (4) the quantity, (√𝑠 − 2𝑚𝑛⟨𝑛𝑝⟩)/𝑚𝜋, is
equal to themaximum charged particlemultiplicity at a given
center of mass energy. It would, therefore, be convenient to
examine the mean multiplicity ⟨𝑛𝑠⟩ versus entropy in limited𝜂 windows as well as in full 𝜂 range; the entropy in the
entire 𝜂 range, 𝑆max, is calculated using (2). Variations of𝑆max with ln𝐸total for the experimental and HIJING events
are exhibited in Figure 2: 𝐸total denotes the total energy of
the beam nucleus. It may be noticed in the figure that 𝑆max
increases linearly with ln𝐸total for both real and simulated
event samples. HIJING, however, predicts somewhat smaller
values of 𝑆max as compared to the corresponding 𝑆max values
estimated from the real data. These findings are, thus, in
agreement with those reported for 16O-nucleus collision
at 60A and 200AGeV/c and 32S-nucleus interaction at
200GeV/c [70]. Shown in Figure 3 are the variations of 𝑆/𝑆max
with ⟨𝑛⟩/⟨𝑛⟩max for the six data sets considered. It is evident
from the figure that the data points corresponding to various
types of collisions almost overlap to form a single curve. It
may also be noted that 𝑆/𝑆max → 1.0 as ⟨𝑛⟩/⟨𝑛⟩max →1.0. These observations too support the presence of entropy
scaling in AA collisions at AGS and SPS energies.

It has been reported [14, 81, 85, 86] that the constant
specific heat (CSH) approximation widely used in standard
thermodynamics is applicable to the multifractal data too.
Nearly constant value of multifractal specific heat has been
observed [87–90] from the analysis of the experimental data
on hadronic and heavy-ion collisions at different energies.
These investigations have been carried out by following the
methods proposed by Hwa [41] and Takagi [88], where the
multiplicities of particles in narrow 𝜂-bins, 𝛿𝜂, are involved.
This introduces a limit to analysis because 𝛿𝜂 would depend
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Figure 2: Variations of 𝑆max with ln𝐸total for the experimental and
HIJING events.

on the detector resolution (see (6)). However, since the
quantity ∑(𝑃𝑛)𝑞 scales with improving relative resolution𝛿𝜂 [70] like 𝐺𝑞 ≈ (𝛿𝜂)𝜏(𝑞) = ∑(𝑃𝑛)𝑞, the Rényi’s order-𝑞 information entropy may also be used to understand the
multifractal nature of particle production and estimation
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Figure 3: Variations of 𝑆/𝑆max with ⟨𝑛⟩/⟨𝑛⟩max for the experimental
and HIJING event samples.

of multifractal specific heat. The advantage of this method
is that it does not depend on the phase space bin width
and hence on detector resolution; rather it accounts for the
fractal resolution, which is related to the collision energy [14].
From the definitions of Rényi’s information entropy, 𝐼, and
generalized dimensions,𝐷𝑞 (see (3) and (4)), it is evident that,
for a given 𝑞, (𝐼𝑞)max = ln 𝑛max.Thehighest entropy is achieved
for the greatest “chaos” of a uniformly distributed probability
function 𝑃𝑛 = 1/𝑛max [71] and (4) gives𝐷𝑞 = 𝐼𝑞/(𝐼𝑞)max.

Variations of 𝐷𝑞 with 𝑞 for various event samples are
shown in Figure 4. The values of 𝐷1 have been obtained
from the 𝑓(𝛼𝑞) spectrum (Figure 6) and discussed in the
coming part of the text. It is observed that𝐷𝑞 monotonously
decreases with increasing order 𝑞 and the trend of decrease
for the real and HIJING events is nearly the same except
that HIJING predicts somewhat smaller values of 𝐷𝑞 as
compared to that for experimental data.The𝐷𝑞 spectrum for
order 𝑞 ≥ 2, which for multifractals is decreasing function
of 𝑞, can be related to the scaling behaviour of 𝑞 point
correlation integrals [14, 47]. Thus, the trend of variations
of 𝐷𝑞 against 𝑞 observed in the present study indicates the
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Figure 4: Dependence of 𝐷𝑞 on 𝑞 for experimental and HIJING
events. The values of 𝐷1 (encircled) are obtained from 𝑓(𝛼(𝑞))
spectrum.

multifractal nature of multiplicity distributions in full phase
space in ion-ion collisions at the energies considered. Similar
variations of𝐷𝑞 with 𝑞 have also been reported earlier [70] in
collisions of protons (800GeV) and heavy ions (4He at 11A,
28Si at 14.5A, 16O at 60A and 200A, and 32S at 200AGeV/c)
collisions. Although the presence of multifractality predicts
the decrease of 𝐷𝑞 with 𝑞, yet no further useful information
about the 𝑞-dependence of 𝐷𝑞 spectrum can be extracted
which may lead to making remarks on the scaling properties
of 𝑞-correlation integrals [14]. It has been suggested [81, 85,
90] that in constant heat approximation, 𝐷𝑞, dependence on𝑞 acquires the following simple form:

𝐷𝑞 ≃ (𝑎 − 𝑐) + 𝑐 ln 𝑞𝑞 − 1 , (10)

where 𝑎 is the information dimension, 𝐷1, while 𝑐 denotes
the multifractal specific heat.The linear trend of variation𝐷𝑞
with ln 𝑞/𝑞 − 1, given by (10), is expected to be observed for
multifractals. On the basis of classical analogy with specific
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Table 2: Values of parameters 𝑎 and 𝑐, occurring in (4) for the various event samples.

Type of interactions Energy (GeV/c) Expt. HIJING𝑎 𝑐 𝑎 𝑐
197Au-AgBr 10.6A 0.746 ± 0.003 0.195 ± 0.006 0.684 ± 0.002 0.213 ± 0.004
16O-AgBr 14.5A 0.708 ± 0.001 0.200 ± 0.003 0.738 ± 0.003 0.189 ± 0.006
28Si-AgBr 14.5A 0.815 ± 0.002 0.185 ± 0.005 0.795 ± 0.002 0.167 ± 0.004
16O-AgBr 60A 0.700 ± 0.002 0.191 ± 0.004 0.682 ± 0.002 0.209 ± 0.005
16O-AgBr 200A 0.613 ± 0.001 0.190 ± 0.003 0.614 ± 0.001 0.158 ± 0.004
32S-AgBr 200A 0.681 ± 0.002 0.196 ± 0.005 0.685 ± 0.001 0.165 ± 0.003
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Figure 5: 𝐷𝑞 versus ln(𝑞)/(𝑞 − 1) plots for the experimental and
HIJING data at various energies.

heat of gases and solids, the value of 𝑐 is predicted [89] to
remain independent of temperature in a wide range of 𝑞.
In order to test the validity of (10), 𝐷𝑞 values are plotted
against ln 𝑞/𝑞 − 1 in Figure 5. It is evident from the figure
that 𝐷𝑞 increases linearly with ln 𝑞/𝑞 − 1. The lines in the
figure are due to the best fits to the data obtained using
(10). The values of the parameters “𝑎” and “𝑐,” thus, obtained

are listed in Table 2. It is interesting to note from the table
that the values of multifractal specific heat, 𝑐, for all the
data sets, are nearly the same, ∼0.2 there by indicating its
independence of the beam energy and projectile mass. It
may also be noticed from the table that the experimental
values of 𝑐 are quite close to those predicted by HIJING.
It is worthwhile to mention that the values of multifractal
specific heat obtained in the present study are close to those
obtained by us [87] by analysing some of these data sets
using Takagi’s approach [88]. Incidentally similar values of 𝑐
have been reported by Du et al. [90] for 10.6AGeV/c 197Au-
nucleus collisions. In 𝑝-nucleus interactions too, the value of
multifractal specific heat has been observed to be ∼0.25 in the
energy range, 200–800GeV [70, 85, 90]. However, in the case
of 𝑝𝑝/𝑝𝑝 collisions the values of this parameter have been
found to be ∼0.08 in the wide energy range 25–1800GeV [14].

These findings, thus, indicate that the constant-specific
heat approximation is applicable to the multiparticle pro-
duction in relativistic hadronic and ion-ion collisions. More-
over, nearly the same values of multifractal specific heat, 𝑐,
observed in the present study as well as other workers using
the data on hh, hA, and AA collisions involving various
projectiles/targets at widely different energies do indicate that
the parameter 𝑐may be regarded as a universal characteristics
of hadronic and heavy-ion collisions.

In order to construct the multifractal spectrum, values
of 𝜏𝑞, 𝛼𝑞, and 𝑓(𝛼𝑞) are evaluated using (7) and (9) for 𝑞 =−6 to 6. 𝑓(𝛼𝑞) spectra for various data sets are displayed in
Figure 6. It is evidently clear from the figure that these spectra
are represented by continuous curves, thus, characterising
a qualitative manifestation of the multiplicity fluctuations.
Spectra for all the data sets (real and HIJING ) are noticed
to follow the general characteristics of occurrence of peaks
at 𝛼0 and a common target at an angle of 45∘ at 𝑓(𝛼1) =𝛼1. The spectrum is noticed to have a peak at 𝛼0 and is
concave downwards everywhere. As expected the values of 𝛼𝑞
decrease with increasing 𝑞 as𝐷𝑞 decreases with increasing 𝑞.
The region 𝛼𝑞 < 𝛼0 corresponds to positive 𝑞 and the curves
in this region have positive slope, whereas the region 𝛼𝑞 > 𝛼0
would correspond to negative 𝑞 and the slope of the curves in
this region is negative.

The values of 𝑓(𝛼𝑞) for 𝑞 = 0, 1, 2 would give the
fractal dimensions (𝐷0 = 𝑓(𝛼0)), the information dimension
(𝐷1 = 𝑓(𝛼1) = 𝛼1), and the correlation dimension (𝐷2 =2𝛼2−𝑓(𝛼2)).The values of information dimension are shown
in Figure 4 to distinguish these points in the figure; the
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Table 3: Values of width (𝛼max − 𝛼min) of 𝑓(𝛼(𝑞)) spectrum for the various event samples.

Type of interactions Energy (GeV/c) Expt. HIJING
𝛼max 𝛼min (𝛼max − 𝛼min) 𝛼max 𝛼min (𝛼max − 𝛼min)

197Au-AgBr 10.6A 1.045 0.776 0.269 1.045 0.716 0.329
16O-AgBr 14.5A 1.224 0.742 0.482 1.220 0.764 0.456
28Si-AgBr 14.5A 1.279 0.845 0.434 1.278 0.821 0.457
16O-AgBr 60A 1.054 0.732 0.322 1.055 0.717 0.338
16O-AgBr 200A 0.932 0.647 0.285 0.834 0.647 0.187
32S-AgBr 200A 0.924 0.712 0.212 0.923 0.713 0.210
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Figure 6: 𝑓(𝛼(𝑞)) spectra for the experimental and HIJING event
samples.

data points are encircled. The widths of the 𝑓(𝛼𝑞) spectrum
(𝛼max − 𝛼min) for various data sets (real and HIJING ) are
also calculated and presented in Table 3. The width of the
spectrum has been suggested as a measure of the degree of
multifractality [91–93].The broader the spectrum, the higher
the multifractality [93, 94].

It may be observed from Figure 6 that the spectrum
becomes wider with increasing beam energy (16O-AgBr data
at 14.5A, 60A, and 200AGeV/c) as well as with increasing
projectile mass (16O-AgBr and 28Si-AgBr data at 14.5AGeV/c
and 16O-AgBr and 32S-AgBr data at 200AGeV/c). Similar
dependence of𝑓(𝛼𝑞) spectrumhas also been observed in 12C-,
24Mg-, 16O-, and 32S-AgBr collisions at 2.1A, 4.5A, 60A, and
200AGeV/c [93].

These observations, thus, tend to suggest that multifrac-
tality is more pronounced if the beam energy or mass of the
colliding nuclei increases. However, it has been pointed out
that at higher energies influence of energy is more prominent
as compared to the mass [93]. Hwa [41] has also pointed
out that since 𝐷𝑞 increases with energy for all 𝑞 values,𝛼0 and 𝑓(𝛼0) will increase with energy too and hence the
entire spectrum (𝑓(𝛼𝑞)) would be a broader once. This, in
turn, implies that the rapidity distribution will become more
jagged and irregular with prominent sharp peaks and deep
valleys. As the analysis method suggested by Hwa [41] is
based on themultiplicity fluctuations in limited rapidity bins,
the remark made in [41] that the highly chaotic behaviour
of MD in narrow rapidity bins, 𝑛(𝑦), can be observed by a
smooth function 𝑓(𝛼) is quite interesting. It has also been
remarked that averaging 𝑛(𝑦) over all events would be devoid
of any information about fluctuation and intermittency and
also that if the experimental/detector resolution is not good
enough to capture the sharp peaks and deep valleys, the𝑓(𝛼𝑞) spectrum would appear narrower than it should oth-
erwise be [41]. In contrast to the standard intermittency and
multifractal analysis which are based on the multiplicities
in phase space bins, the present analysis, as mentioned
earlier, does not depend on the experimental resolution. It
rather considers fractal resolution related to the total energy
available [14]. Assuming that, during collisions with many
particles produced, energy dissipates into 𝑁 discrete sites.
The site labeled by 𝑛 is occupied by the probability 𝑃𝑛. Since
most of the sites are unoccupied, the overlay ofmany inelastic



Advances in High Energy Physics 9

events can be visualized as a fractal with overall extent√𝑠.The
sufficient condition to produce self-similar structure is that𝑃𝑛 would exhibit some type of scaled invariant behaviour. At
sufficiently high energies, which correspond to high enough
resolution 𝛿 = 1/𝑁, 𝑃𝑛 acquires a power law dependence on
the resolution 𝛿 and hence the quantity∑(𝑃𝑛)𝑞 will scale with𝛿 as [14]

∑(𝑃𝑛)𝑞 ∼ (𝛿)−(1−𝑞)𝐷 . (11)

The independence of generalized dimension

𝐷𝑞 = − 𝐼𝑞𝑛𝛿 (12)

on energy (resolution 𝛿) would refer the presence of multi-
fractality in MD of relativistic charged particles produced in
high energy collisions [14, 95].

5. Conclusions

On the basis of the findings of the present work the following
conclusions may be reached:

(1) The entropy normalized to maximum rapidity
exhibits a saturation beyond Δ𝜂/𝑌𝑚 ∼ 0.5 indicating
thereby the presence of large amount of entropy
around midrapidity region.

(2) Overlapping data points for various sets of events in𝑆/𝑌𝑚 vs Δ𝜂/𝑌𝑚 plots exhibit entropy scaling in AA
collisions at AGS and SPS energies.

(3) The scaling observed with the experimental data is
nicely supported by HIJING model.

(4) The decreasing values of 𝐷𝑞 with increasing order
number 𝑞 may be taken as a signal of multifrac-
tal nature of multiplicity distributions of relativistic
charged particle produced in hadronic and heavy-ion
collisions.

(5) Besides the information dimension, 𝐷1, there is
yet another parameter, 𝑐, which may be used as a
universal parameter for multiparticle production in
high energy hadronic and heavy-ion collisions.

(6) Rényi’s order 𝑞-information entropy may also be
used to construct the multifractal spectrum, which
in turn would help study the multiplicity fluctuations
and scaling in high energy hadronic and heavy-ion
collisions.
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Analysis of high multiplicity events produced in 158AGeV/c 208Pb-208Pb collisions is carried out to study the event-by-event
fluctuations. The findings reveal that the method of scaled factorial moments can be used to identify the events having densely
populated narrow phase space bins. A few events sorted out by adopting this approach are individually analyzed. It is observed
that these events do exhibit large fluctuations in their pseudorapidity, 𝜂, and azimuthal angle, 𝜙, distributions arising due to some
dynamical reasons. Two-particleΔ𝜂-Δ𝜙 correlation study applied to these events too indicates that some complex two-dimensional
structure of significantly high magnitude is present in these events which might have some dynamical origin. The findings reveal
that the method of scaled factorial moments may be used as an effective triggering for events with large dynamical fluctuations.

1. Introduction

Investigations involving fluctuations in collisions of heavy
nuclei at relativistic energies might serve as a useful tool
to identify the existence of the state of partonic matter
in early life of the fireball because of the idea that the
fluctuations in a thermal system are directly related to various
susceptibilities and would be a good indication for the
possible phase changes [1–4]. Furthermore, large event-by-
event (ebe) fluctuations of the suitably chosen observables in
ion-ion (AA) collisions would help in identifying events of
distinct classes, for example, one with and another without
quark-gluon plasma (QGP) [2], as, under extreme conditions
of temperature and energy density, a novel phase of matter,
the QGP, is expected to be produced. The search for the
occurrence of phase transition from hadronic matter to QGP
still remains a favorite topic for high energy physicists [1,
5, 6]. It is commonly believed that even if the extreme
conditions of QGP formation are achieved in relativistic AA

collisions, not all the events would be produced via QGP
as the cross section for the QGP formation [1] is still not
known. Therefore, a chosen subsample of events exhibiting
large fluctuations in certain observables should be studied
in detail [7, 8]. A significant contribution to the observed
fluctuations in a variable comes due to finite number of
particles produced in an event and is referred to as the
statistical fluctuations. Its magnitude could be evaluated by
considering the independent emission of particles or by using
the event mixing technique [1, 2, 7, 8]. All other fluctuations
are of dynamical origin and are divided into two groups: (a)
fluctuations which do not change on ebe basis, for example,
two-particle correlation due to Bose-Einstein statistics or due
to decay of resonances and (b) fluctuations which change
on ebe basis and are termed as ebe fluctuations. Examples
are fluctuations in charged to neutral particle multiplicity
ratio due to creation of disoriented chiral condensate (DCC)
region or creation of jets which contribute to the high 𝑝𝑡 tail
of transversemomentumdistributions [1, 2]. Several attempts
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[1–3, 9–14] have been made to investigate ebe fluctuations
in heavy-ion collisions at relativistic energies. The findings
do indicate the presence of dynamical fluctuations. The
main aim of the present study is to search for the rare
events exhibiting some unusual behaviour from a data sample
with large number of events. The analyses of individual
collision events at SPS and RHIC energies have been argued
to statistically reliable as the multiplicities of these events
would be high enough and the statistical fluctuations may be
treated as under control [15–22]. Moreover, from the study
of such events with strong fluctuations, information about
the dominance of dynamical components of fluctuations over
the statistical ones can be extracted, which, in turn, would
provide more insight into the underlying dynamics of high
multiplicity events [23, 24]. Analyses of one “hadron-rich”
event [25] in the context of Centauro event, single event 𝑝𝑡
distributions [26], single event 𝑘/𝜋 ratio [27], intermittency
in individual events, entropy and cluster analysis in single
events [21, 22], and so on are some of the investigations
carried out so far.

An attempt, therefore, has been made to carry out the
analysis of a few highmultiplicity individual events produced
in 158AGeV/c Pb-Pb collisions. These events are taken from
the emulsion experiment performed by EMU01 Collabora-
tion [28–31]. It should be emphasized that the conventional
emulsion technique has an advantage over the other detectors
due to its 4𝜋 solid angle coverage and the data are free
from biases due to full phase space acceptance whereas other
detectors have limited acceptance cone.This not only reduces
the charged particle multiplicity but might also distort some
of the event characteristics, like particle density fluctuations.
Furthermore, to test whether the fluctuations are arising due
to nonstatistical reasons, the findings are compared with the
reference distributions obtained by event mixing technique
[15, 16, 32].

2. Results and Discussion

2.1. Single Event Factorial Moments. Method of scaled fac-
torial moments (SFMs) [33–35] has been extensively used
[1, 15, 36] to search for the nonlinear phenomena in hadronic
and ion-ion collisions at widely different energies.The power
law behaviour of the type 𝐹𝑞 ∼ 𝑀𝜓𝑞 has been investigated by
studying [37, 38] the horizontally averaged vertical moments
𝐹V
𝑞 and (or) the vertically averaged horizontal moments, 𝐹ℎ𝑞 .

The results suggest the presence of large particle density
fluctuations in narrow phase space bins to be rare that cannot
be ignored. It has, however, been pointed out [37, 39] that
because of the averaging procedure adopted, studies involv-
ing 𝐹V
𝑞 or 𝐹ℎ𝑞 may not fully account for all the fluctuations a

system might exhibit. Moreover, the values of the factorial
moments 𝐹𝑒𝑞 , estimated on ebe basis, have been observed to
exhibit large fluctuations and hence a distinct distribution of
𝐹𝑒𝑞 for a given order 𝑞 and bin width, 𝛿, may be obtained
for a given data sample [18, 37, 39]. This result suggests
that the method of SFMs may be applied to individual
events [15, 40, 41] to search for the nonlinear phenomena
in “hot” and “cold” events; the “hot” and “cold” events refer

to the events, respectively, with and without large particle
densities in narrow phase space bins. Method of SFMs
applied to individual high multiplicity cosmic ray events [41]
does indicate the presence of dynamical fluctuations. Such
analysis, if carried out on ebe basis would help selecting in
the events with large dynamical fluctuations, if this property
is not a typical one for each single event. These suppositions
have, therefore, been tested in the present study by applying
the SFMs analysis to the individual events.

The event factorial moments of order 𝑞 are defined as

𝐹𝑒𝑞 =
⟨𝑛 (𝑛 − 1) ⋅ ⋅ ⋅ (𝑛 − 𝑞 + 1)⟩𝑒

⟨𝑛⟩𝑞𝑒
, (1)

where 𝑛 denotes the multiplicity in a particular 𝜂 or 𝜙 bin.
Values of 𝐹𝑒𝑞 for 𝑞 = 2 are calculated for each of 47

events considered by varying the number of cells, 𝑀. Since
the number of events are limited, instead of plotting the 𝐹𝑒2
distributions; we have plotted event-wise ln𝐹2 values for𝑀 =
10 and 30 (in the pseudorapidity (𝜂 = − ln tan 𝜃/2) and the
azimuthal angle (𝜙) spaces), with 𝜃 being the emission angle
of a charged particle with respect to themean beamdirection.
For the values 𝑀 = 25 and 100, we have shown the plot in
two-dimensional 𝜂-𝜙 space.These plots are shown in Figure 1.
Values of ln𝐹2 for the corresponding mixed events are also
displayed in the same figure for comparison sake. It may be
noted from the figure that ln𝐹2 values of mixed events are
nearly the same ∼0.3 whereas these values for the real data
vary from event to event such that one would get a distinct
distribution of ln𝐹2 for a significant number of events. It is
quite interesting to notice that the values of ln𝐹2 for few of the
real events aremuch higher as compared to the average values
taken over all the events or the values from the mixed events.
These observations, thus, help in identifying a few events
exhibiting significantly large 𝐹2 values in 𝜂-, 𝜙-, or 𝜂-𝜙 space
for further analysis. Four such events picked-up are labeled
as Evt# 5, 16, 21, and 27. These events henceforth, would be
termed as “hot” events. The multiplicities of these events are,
respectively, 932, 852, 1433, and 974. Yet another event, Evt#
22, having 𝐹2 values close to the mixed events values has
also been taken for comparison sake. This event henceforth
will be referred to as the “cold” event. The multiplicity of
this event is 1480. Variations of ln𝐹2 with ln𝑀 for these
five real and corresponding mixed events in 𝜂-, 𝜙-, or 𝜂-
𝜙 spaces are displayed in Figure 2. Event averaged values,
⟨ln𝐹2⟩ against ln𝑀 for the entire event sample are also
plotted in the same figure. It is evidently clear from Figure 2
that 𝐹2 values for the four “hot” events are significantly
larger than that of the “cold” event or the event averaged
values. These findings, therefore, tend to suggest a few events
with high density phase region or strong fluctuations are
present in the real data and that these fluctuationsmight have
some dynamical origin. These dynamical fluctuations are the
reflection of the dynamics and response of the system and
are indicative of phase transition like phenomenon occurring
under extreme conditions of heavy-ion collision such as the
conditions achieved here at 158AGeV/c. This result, in turn,
leads us to conclude that the method of SFMs, if applied to
the single event, may be useful for selecting the preliminary
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Figure 1: Event-wise variations of ln𝐹2 in 𝜂-space (a), 𝜙-space (b), and 𝜂-𝜙 space (c) for the data and mixed events produced in 208Pb-208Pb
collisions at 158AGeV/c.

events where strong dynamical fluctuations might be present
and thereafter more advanced triggering might occur; for
example, particle ratios and enhanced particle multiplicities
in certain kinematical regions may be applied.

2.2. 𝜂 and 𝜙 Distribution of Single Event. By examining the
𝐹2 values on ebe basis it might be possible to identify the rare
events having high density phase space regions. Therefore, to
check further that the four “hot” events identified as above
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Figure 2: Variations of ln𝐹2 with ln𝑀 in 𝜂-, 𝜙-, and 𝜂-𝜙 spaces for all and five individual events produced in 158AGeV/c 208Pb-208Pb
interactions. Results from the mixed events are shown (b).

on the basis of their 𝐹2 values do have the densely populated
phase space regions, 𝜂 and 𝜙 distributions of these events
along with the “cold” event are plotted in Figure 3, whereas
two-dimensional 𝜂-𝜙 distributions for these events are exhib-
ited in Figures 4 and 5. Moreover in order to ensure that

the observed spikes and valleys are the event characteristics
and are not due to statistical reasons 𝜂 and 𝜙 distributions of
the corresponding five mixed events are also plotted in the
same figures. It is interesting to note in these figures that one-
dimensional 𝜂 and 𝜙 distributions and two-dimensional 𝜂-𝜙
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Figure 3: 𝜂 and 𝜙 distributions for the four “hot” and one “cold” 158AGeV/c 208Pb-208Pb collision events (solid lines) and corresponding
mixed events (broken lines).
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Figure 4: Two-dimensional 𝜂-𝜙 distributions for events # 5, 16, and 27 produced in 158AGeV/c 208Pb-208Pb collisions (a) and corresponding
mixed events (b).

distributions of the four “hot” events do exhibit distinct peaks
and valleys while the fifth event (the “cold” event) shows no
such spikes and the distributions of these events match with
those obtained from the corresponding mixed events. It may
also be noted from the figure that the particle densities in the
spiky regions are larger than the expected average values by a
factor of ∼2.

2.3. Two-Particle Correlations. Studies involving multiparti-
cle correlations are widely accepted as a tool to search for
the occurrence of phase transition in relativistic AA collisions

[42, 43]. The presence of the correlations among emitted
particles guides us towards the fluctuation occurring in the
observables during the phase transition. It has been reported
[43, 44] that the inclusive two-particle correlations have two
components: the direct two-particle correlations convention-
ally referred to as the short-range correlations (SRC) and
the effective long-range correlations (LRC). The strong SRC
have been reported to be present in several investigations
[42–44]. These correlations have been reported to remain
confined to a region, 𝜂 ± 1 units around mid-rapidity. Their
properties have been explored by the concept of clustering
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Figure 5: The same plots as in Figure 4 but for Evts# 21 and 22.

[44]. LRC, on the other hand, arise due to ebe fluctuations
of overall multiplicity and are expected [43, 44] to extend
over a relatively longer range (>2 units of 𝜂). The idea of
particle production through the formation of clusters, rather
than the independent emission, has been widely adopted in
describing the various features of particle production [44, 45].
It is widely accepted that the SRC arise due to the tendency
of hadrons to be grouped in clusters, which are formed
during the intermediate stage of the collision. The clusters
formed are independently emitted according to a dynamically
generated distribution in 𝜂 and 𝜙 and then decay isotropically
in their own rest frame into the real physical particles [43, 44]
finally measured in the detectors. The observed two-particle
correlations would permit disentangling different correlation
sources which can be directly connected to the phenomena
like collective flow, jets, resonance decays, and so forth [46].

Two-particle angular correlations in 𝜂 and 𝜙 spaces
were first studied by ACM Collaboration at ISR energies
[47]. It was observed that the dominant contribution to the
correlation comes from the two- and three-body decay of

resonances (𝜂, 𝜌0, 𝜔). Two structures were discovered: (i) an
enhancement near Δ𝜙 = 𝜋 (away-side) explained by the
two-body decay scenario and (ii) the enhancement at Δ𝜙 ≃
0 together with an azimuthal ridge (centred at Δ𝜂 = 0)
consistent with three-body decays. These features were, later
on, confirmed by PHOBOS Collaboration [44]. Fluctuations
observed in the physically measurable quantities provide us
indirect measure of the width of the two particle densities.
Thus, these are quite useful in providing us with additional
information in comparison to those obtained by studying
their averages. Besides this, a significant contribution to the
two-particle correlations comes from the collective effects.
They appear as a modulation in Δ𝜙 and are usually searched
for in high multiplicity events [46, 48]. An attempt is,
therefore, made to study the two-particle correlations in
individual events exhibiting large fluctuations in their 𝜂 and
𝜙 distributions which have been sorted out as discussed in
the previous sections. The findings are compared with the
corresponding mixed events which would help in extracting
the contributions present due to the dynamical reasons.
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Figure 6: Correlation function 𝐶(Δ𝜂, Δ𝜙) for Evts# 5, 16, 21, and 22 produced in 208Pb-208Pb collisions at 158AGeV/c.The plots shown in (b)
are the contour plots corresponding to those shown in (a).
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Figure 7: Same plot as in Figure 6 but for Evts# 22 and 27: results from Evt# 22, shown in Figure 6, are replotted here but on 𝑧-scale, different
from that in Figure 6, for comparison with Evts# 27.

Two-particle correlations are generally studied in terms
of the differences in 𝜂 and 𝜙 values between the two particles
produced in the same event [46].

Δ𝜂 = 𝜂1 − 𝜂2
 ,

Δ𝜙 = 𝜙1 − 𝜙2
 .

(2)

The correlation function 𝐶(Δ𝜂, Δ𝜙) is defined and calculated
as follows:

𝐶 (Δ𝜂, Δ𝜙) =
𝑁pair

mixed𝜌
II
𝑑 (Δ𝜂, Δ𝜙)

𝑁pair
data𝜌

II
𝑚 (Δ𝜂, Δ𝜙)

where, 𝜌II𝑑 (Δ𝜂, Δ𝜙) =
𝑑2𝑁data
𝑑Δ𝜂𝑑Δ𝜙

, 𝜌II𝑚 =
𝑑2𝑁mixed
𝑑Δ𝜂𝑑Δ𝜙

(3)

being the distributions of pairs of particles from the data and
mixed events, respectively. 𝜌II(Δ𝜂, Δ𝜙) distributions for the

data andmixed event were generated by counting the number
of pairs in the intervalsΔ𝜂 andΔ𝜙. For evaluating𝐶(Δ𝜂, Δ𝜙),
the distributions for the data/mixed events were normalized
to the number of pairs (𝑁pair

data or𝑁
pair
mixed). The calculations are

performed considering the charged particles of each event
having 𝜙 values lying in the interval 0 < 𝜙 < 2𝜋 and 𝜂
values lying in the range |𝜂| ≤ 𝜂𝑐 ± 3.0, 𝜂𝑐 being the centre
of symmetry of the 𝜂 distribution.

The correlation function 𝐶(Δ𝜂, Δ𝜙) is estimated for the
five events selected on the basis of the criteria discussed in
the previous section and are plotted in Figures 6 and 7; the
different scales of 𝑧-axis be noted for the plots for Evts# 5,
16, 21, and 22 shown in Figure 6 and that for Evts# 27 and
22, displayed in Figure 7.The correlation function for Evt# 22
(the “cold” event) is plotted in both the figures on different
𝑍-scales of “hot” events for comparison’s sake.The difference
is noticeable due to the different 𝑧-scales chosen in the two
figures. The 𝑧-scales in the two figures are kept the same as
that for the other events in the figure so that the fluctuations in
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the hot and cold events can be clearly reflected.The following
references may be drawn from Figures 6 and 7:

(1) In the “cold” event (Evt# 22), shown in the bottom
panel of the figures, presence of two-particle corre-
lations is noticed in the region of Δ𝜂 (𝜂𝑐 ± 2) and
throughout the 𝜙 region considered. This indicates
the presence of two-particle correlations in 208Pb-
208Pb collisions at 158AGeV/c.

(2) Evt# 21 shows few distinct peaks around 𝜂𝑐 (∼3.5)
which spreads in considerable range of 𝜙. It is inter-
esting to mention that the 𝐹2 values of this event are
significantly large in the 𝜂-space while in the 𝜙-space
its 𝐹2 values are not so large and compare well with
the event averaged values (Figure 2).

(3) Evts# 5 and 16 exhibit some distinct peaks at Δ𝜂 ∼
1.5 and 3.5 and 6.0. The magnitude of correlation,
𝐶(Δ𝜂, Δ𝜙), in these regions is as large as ∼6.

(4) Evt# 27 atΔ𝜂 ∼ 1.0 gives very prominent peaks where
the magnitude of correlations function is as high as
∼16.

(5) The 𝐹2 values of the Evts# 5, 16, and 27 which exhibit
strong two-particle correlations may also be noted
to be quite large in 𝜂, 𝜙, and 𝜂-𝜙 spaces. These
events have been noticed to showdominant peaks and
valleys in their 𝜂 and 𝜙 distributions too.

3. Summary

In the present article, we have studied the fluctuation
observables relevant to investigation of 208Pb-208Pb collisions
at 158AGeV/c. Intermittency or factorial moment analysis
applied to individual high multiplicity events may be used to
identify events with densely populated narrow phase space
regions.The four events selected on the basis of their𝐹2 values
are found to exhibit large fluctuations in 𝜂 and 𝜙 distributions
and exhibit strong two-particle correlations. The magnitude
of the correlation function in few of the events appears to
be as high as ∼16. These observations give clear indication
that if the system created during the collision has undergone
phase transition, the associated fluctuation observables can
be reliably analyzed on the basis of SFMs value. The result of
the present analysis thus suggests that if the system formed
during the collision has undergone the phase transition, the
associated events identified on the basis of their SFMs values
can be analyzed individually in detail which may lead to
drawing some interesting conclusions.

Conflicts of Interest

The authors declare that there are no conflicts of interest.

References

[1] S. Shakeel Ahmad, M. M. Khan, S. Khan, A. Khatun, and
M. Irfan, “A study of event-by-event fluctuations in relativistic
heavy-ion collisions,” International Journal ofModern Physics E,
vol. 23, no. 11, Article ID 1450065, 18 pages, 2014.

[2] S. A. Voloshin, V. Koch, and H. G. Ritter, “Event-by-event
fluctuations in collective quantities,” Physical Review C: Nuclear
Physics, vol. 60, no. 2, Article ID 024901, 1999.
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By assuming the existence of memory effects and long-range interactions, nonextensive statistics together with relativistic
hydrodynamics including phase transition are used to discuss the transversemomentumdistributions of charged particles produced
in heavy ion collisions. It is shown that the combined contributions fromnonextensive statistics and hydrodynamics can give a good
description of the experimental data in Au+Au collisions at √𝑠𝑁𝑁 = 200GeV and in Pb+Pb collisions at √𝑠𝑁𝑁 = 2.76TeV for 𝜋±
and𝐾± in the wholemeasured transversemomentum region and for𝑝(𝑝) in the region of𝑝𝑇 ≤ 2.0GeV/c.This is different from our
previous work using the conventional statistics plus hydrodynamics, where the describable region is only limited in𝑝𝑇 ≤ 1.1GeV/c.

1. Introduction

The primary goals of the experimental programs performed
in high energy heavy ion collisions are to find the deconfined
nuclear matter, namely, the quark-gluon plasma (QGP),
which is believed to have filled in the early universe several
microseconds after the Big Bang.Therefore, studying the pro-
perties of QGP is important for both particle physics and
cosmology. In the past decade, a number of bulk observables
about charged particles, such as the Fourier coefficients V𝑛
of azimuth-angle distributions [1, 2], transverse momentum
spectra [3–8], and pseudorapidity distributions [9–12], have
been extensively studied in nuclear collisions at both RHIC
and LHC energies. These investigations have shown that the
matter created in these collisions is in the state of strongly
coupled quark-gluon plasma (sQGP), exhibiting a clear col-
lective behavior nearly like a perfect fluid with very low vis-
cosity [13–31]. Therefore, the space-time evolution of sQGP
can be described in the scope of relativistic hydrodynamics,
which connects the static aspects of sQGP properties and the
dynamical aspects of heavy ion collisions [32].

In our previous work [33], by considering the effects
of thermalization, we once used a hydrodynamic model
incorporating phase transition in analyzing the transverse
momentum distributions of identified charged particles pro-
duced in heavy ion collisions. In thatmodel, the quanta of hot
and densematter are supposed to obey the standard statistical
distributions and the experimental measurements in Au+Au
collisions at√𝑠𝑁𝑁 = 200 and 130GeV can bewellmatched up
in the region of 𝑝𝑇 ≤ 1.1GeV/c. Known from the investiga-
tions in [34, 35], the memory effects and long-range interac-
tions might appear in the hot and dense matter. This guaran-
tees the reasonableness of nonextensive statistics in describ-
ing the thermal motions of quanta of hot and dense matter,
since this new statistics is just suitable for the thermody-
namic system includingmemory effects and long-range inter-
actions. Hence, in this paper, on the basis of hydrodynamics
taking phase transition into consideration, wewill use nonex-
tensive statistics instead of conventional statistics to simulate
the transverse collective flow of the matter created in colli-
sions.
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The nonextensive statistics are also known as Tsallis non-
extensive thermostatistics, which were first proposed by Tsal-
lis in 1988 in his pioneering work [36]. This statistical theory
overcomes the shortcomings of the conventional statistics in
many physical problems with long-range interactions, mem-
ory effects, or fractal space-time constrains [34]. It has a wide
range of applications in high energy physics [37–39], astro-
physical self-gravitating systems [40], cosmology [41], the
solar neutrino problem [42], many-body theory, dynamical
linear response theory, and variational methods [43].

In Section 2, a brief description is given on the employed
hydrodynamics, presenting its analytical solutions. The solu-
tions are then used in Section 3 to formulate the transverse
momentum distributions of charged particles produced in
heavy ion collisions in the light of nonextensive statistics and
Cooper-Frye prescription. The last section is about conclu-
sions.

2. A Brief Introduction to
the Hydrodynamic Model

The key points of the hydrodynamic model [18] used in the
present paper are as follows.

The expansions of fluid follow the continuity equation

𝜕𝑇𝜇V𝜕𝑥V = 0, 𝜇, V = 0, 1, (1)

where 𝑥V = (𝑥0, 𝑥1) = (𝑡, 𝑧) and
𝑇𝜇V = (𝜀 + 𝑝) 𝑢𝜇𝑢V − 𝑝𝑔𝜇V (2)

is the energy-momentum tensor of perfect fluid, where 𝑔𝜇V =
diag(1, −1) is the metric tensor and 𝑢𝜇 = (𝑢0, 𝑢1) =(cosh𝑦𝐹, sinh𝑦𝐹) is the four-velocity of fluidwith rapidity𝑦𝐹.
The energy density 𝜀 and the pressure 𝑝 of fluid are related by
the sound speed 𝑐𝑠 via the equation of state

𝑑𝑝𝑑𝜀 = 𝑠𝑑𝑇𝑇𝑑𝑠 = 𝑐2𝑠 , (3)

where 𝑇 is the temperature and 𝑠 is the entropy density of
fluid.

Projecting (1) to the direction of 𝑢𝜇 gives
𝜕 (𝑠𝑢V)
𝜕𝑥V = 0, (4)

which is the continuity equation for entropy conservation.
Projecting (1) to the direction Lorentz perpendicular to 𝑢𝜇
leads to the following equation:

𝜕 (𝑇 sinh𝑦𝐹)𝜕𝑡 + 𝜕 (𝑇 cosh𝑦𝐹)𝜕𝑧 = 0, (5)

which means the existence of scalar function 𝜙 satisfying
𝜕𝜙𝜕𝑡 = 𝑇 cosh𝑦𝐹,
𝜕𝜙𝜕𝑧 = −𝑇 sinh𝑦𝐹.

(6)

From 𝜙 and Legendre transformation, Khalatnikov potential𝜒 is introduced by

𝜒 = 𝜙 − 𝑡𝑇 cosh𝑦𝐹 + 𝑧𝑇 sinh𝑦𝐹, (7)

which makes the coordinates of (𝑡, 𝑧) transform to

𝑡 = 𝑒𝜔𝑇0 (
𝜕𝜒𝜕𝜔 cosh𝑦𝐹 + 𝜕𝜒𝜕𝑦𝐹 sinh𝑦𝐹) ,

𝑧 = 𝑒𝜔𝑇0 (
𝜕𝜒𝜕𝜔 sinh𝑦𝐹 + 𝜕𝜒𝜕𝑦𝐹 cosh𝑦𝐹) ,

(8)

where 𝑇0 is the initial temperature of fluid and 𝜔 = ln(𝑇0/𝑇).
In terms of 𝜒, (4) can be rewritten as the so-called telegraphy
equation:

𝜕2𝜒𝜕𝜔2 − 2𝛽 𝜕𝜒𝜕𝜔 − 1𝑐2𝑠
𝜕2𝜒𝜕𝑦2𝐹 = 0, 𝛽 = 1 − 𝑐2𝑠2𝑐2𝑠 . (9)

With the expansions of createdmatter, its temperature be-
comes lower and lower. When the temperature reduces from
initial temperature 𝑇0 to the critical temperature 𝑇𝑐, the
matter transforms from the sQGP state to the hadronic state.
The produced hadrons are initially in the violent and frequent
collisions, which are mainly inelastic. Hence, the abundance
of identified hadrons is constantly changing. Furthermore,
the mean free paths of these primary hadrons are very short.
In sQGP, 𝑐𝑠 = 𝑐0 = 1/√3. The evolution of them still satisfies
(9) with only difference being the values of 𝑐𝑠. In the hadronic
state, 0 < 𝑐𝑠 = 𝑐ℎ ≤ 𝑐0. At the point of phase transition, 𝑐𝑠 is
discontinuous.

The solutions of (9) for the sQGP and hadronic state are,
respectively [18],

𝜒0 (𝜔, 𝑦𝐹) = 𝑄0𝑐02 𝑒𝛽0𝜔𝐼0 (𝛽0√𝜔2 − 𝑐20𝑦2𝐹) , (10)

𝜒ℎ (𝜔, 𝑦𝐹)
= 𝑄0𝑐02 𝑒𝛽ℎ(𝜔−𝜔𝑐)+𝛽0𝜔𝑐𝐼0 (𝛽ℎ𝑐ℎ√𝑦2ℎ (𝜔) − 𝑦2𝐹) , (11)

where 𝑄0 is a constant determined by fitting the theoretical
results with experimental data, 𝐼0 is the 0th-order modified
Bessel function, and

𝛽0 = (1 − 𝑐
2
0 )2𝑐20 = 1,

𝛽ℎ = (1 − 𝑐
2
ℎ)2𝑐2
ℎ

,
𝜔𝑐 = ln(𝑇0𝑇𝑐 ) ,

𝑦ℎ (𝜔) = [(𝜔 − 𝜔𝑐)𝑐ℎ ] + (𝜔𝑐𝑐0 ) .

(12)
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3. The Transverse Momentum
Distributions of Charged Particles
Produced in Heavy Ion Collisions

3.1.TheEnergy ofQuantumof ProducedMatter. In the nonex-
tensive statistics, there are two basic postulations [36, 40].

(a) The entropy of a statistical system possesses the form
of

𝑠𝑞 = 1𝑞 − 1
Ω∑
𝑖=1

𝑝𝑖 (1 − 𝑝𝑞−1𝑖 ) , (13)

where 𝑝𝑖 is the probability of a given microstate among Ω
different ones and 𝑞 is a real parameter.

(b) The mean value of an observable 𝑂 is given by

𝑂𝑞 = Ω∑
𝑖=1

𝑝𝑞𝑖 𝑂𝑖, (14)

where 𝑂𝑖 is the value of an observable 𝑂 in the microstate 𝑖.
From the above two postulations, the average occupa-

tional number of the quantum in the state with temperature𝑇 can be written in a simple analytical form [44]:

𝑛𝑞 = 1
[1 + (𝑞 − 1) (𝐸 − 𝜇𝐵) /𝑇]1� (𝑞−1) + 𝛿 , (15)

where 𝐸 is the energy of quantum and 𝜇𝐵 is its baryochemical
potential. 𝛿 = 1 for fermions, and 𝛿 = −1 for bosons. In the
limit of 𝑞 → 1, it reduces to the conventional Fermi-Dirac
or Bose-Einstein distributions. Hence, the value of 𝑞 reflects
the discrepancies of nonextensive statistics from the conven-
tional ones. Known from (15), the average energy of quantum
in the state with temperature 𝑇 reads

𝐸𝑞
= 𝑚𝑇 cosh (𝑦 − 𝑦𝐹)
[1 + (𝑞 − 1) (𝑚𝑇 cosh (𝑦 − 𝑦𝐹) − 𝜇𝐵) /𝑇]1/(𝑞−1) + 𝛿 ,

(16)

where 𝑦 is the rapidity of quantum and𝑚𝑇 = √𝑝2𝑇 + 𝑚2 is its
transverse mass with rest mass𝑚 and transverse momentum𝑝𝑇.
3.2.The Rapidity Distributions of Charged Particles in the State
of Fluid. In terms of Khalatnikov potential 𝜒, the rapidity
distributions of charged particles in the state of fluid can be
written as [45]

𝑑𝑁𝑑𝑦𝐹 =
𝑄0𝑐02 𝐴 (𝑏) (cosh𝑦 𝑑𝑧𝑑𝑦𝐹 − sinh𝑦

𝑑𝑡𝑑𝑦𝐹) , (17)

where

𝐴 (𝑏) = 2𝑟2 arccos 𝑏2𝑟 − 𝑏√𝑟2 − (𝑏2)
2

(18)

is the area of overlap region of collisions, 𝑏 is impact para-
meter, and 𝑟 is the radius of colliding nucleus. From (8), the
expression in the round brackets in (17) becomes

cosh𝑦 𝑑𝑧𝑑𝑦𝐹 − sinh𝑦
𝑑𝑡𝑑𝑦𝐹

= 1𝑇𝑐2𝑠 𝜕𝜕𝜔 (𝜒 + 𝜕𝜒𝜕𝜔) cosh (𝑦 − 𝑦𝐹)
− 1𝑇 𝜕𝜕𝑦𝐹 (𝜒 +

𝜕𝜒𝜕𝜔) sinh (𝑦 − 𝑦𝐹) .
(19)

3.3. The Transverse Momentum Distributions of Charged
Particles Produced in Heavy Ion Collisions. Along with the
expansions of hadronic matter, its temperature becomes even
lower. As the temperature drops to kinetic freeze-out temper-
ature 𝑇𝑓, the inelastic collisions among hadronic matter stop.
The yields of identified hadrons remain unchanged, becom-
ing the measured results. According to Cooper-Frye scheme
[45], the invariant multiplicity distributions of charged parti-
cles take the form [18, 45, 46]

𝑑2𝑁2𝜋𝑝𝑇𝑑𝑦𝑑𝑝𝑇 =
1

(2𝜋)3 ∫
𝑦ℎ(𝜔𝑓)

−𝑦ℎ(𝜔𝑓)
(𝑑𝑁𝑑𝑦𝐹𝐸𝑞)

𝑇=𝑇𝑓 𝑑𝑦𝐹, (20)

where 𝜔𝑓 = ln(𝑇0/𝑇𝑓) and the integrand takes values at the
moment of 𝑇 = 𝑇𝑓.

Substituting 𝜒 in (19) by 𝜒ℎ of (11), it becomes

(cosh𝑦 𝑑𝑧𝑑𝑦𝐹 − sinh𝑦
𝑑𝑡𝑑𝑦𝐹)

𝑇=𝑇𝑓 =
1𝑇𝑓 (𝛽ℎ𝑐ℎ)

2

⋅ 𝑒𝛽ℎ(𝜔−𝜔𝑐)+𝛽0𝜔𝑐 [𝐵 (𝜔𝑓, 𝑦𝐹) sinh (𝑦 − 𝑦𝐹)
+ 𝐶 (𝜔𝑓, 𝑦𝐹) cosh (𝑦 − 𝑦𝐹)] ,

(21)

where

𝐵 (𝜔𝑓, 𝑦𝐹)
= 𝛽ℎ𝑦𝐹𝜆 (𝜔𝑓, 𝑦𝐹) {

𝛽ℎ𝑐ℎ𝑦ℎ (𝜔𝑓)
𝜆 (𝜔𝑓, 𝑦𝐹) 𝐼0 [𝜆 (𝜔𝑓, 𝑦𝐹)]

+ [𝛽ℎ + 1𝛽ℎ − 2𝛽ℎ𝑐ℎ𝑦ℎ (𝜔𝑓)𝜆2 (𝜔𝑓, 𝑦𝐹) ] 𝐼1 [𝜆 (𝜔𝑓, 𝑦𝐹)]} ,

𝐶 (𝜔𝑓, 𝑦𝐹) = {{{
𝛽ℎ + 1𝛽ℎ + [𝛽ℎ𝑐ℎ𝑦ℎ (𝜔𝑓)]

2

𝜆2 (𝜔𝑓, 𝑦𝐹)
}}}

⋅ 𝐼0 [𝜆 (𝜔𝑓, 𝑦𝐹)] + 1
𝜆 (𝜔𝑓, 𝑦𝐹)

{{{
𝑦ℎ (𝜔𝑓)𝑐ℎ + 1

− 2 [𝛽ℎ𝑐ℎ𝑦ℎ (𝜔𝑓)]
2

𝜆2 (𝜔𝑓, 𝑦𝐹)
}}}
𝐼1 [𝜆 (𝜔𝑓, 𝑦𝐹)] ,

(22)
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Figure 1: The invariant yields of 𝜋±, 𝐾±, and 𝑝(𝑝) as a function of 𝑝𝑇 in Au+Au collisions at √𝑠𝑁𝑁 = 200GeV. The solid dots represent the
experimental data of the PHENIX Collaboration [3]. The solid curves are the results calculated from (20). The centrality cuts counted from
top to bottom in each panel are 0–10% (×104), 10–20% (×103), 20–40% (×102), 40–60% (×101), and 60–92% (×100), respectively.

where 𝜆(𝜔𝑓, 𝑦𝐹) = 𝛽ℎ𝑐ℎ√𝑦2ℎ(𝜔𝑓) − 𝑦2𝐹 and 𝐼1 is the 1st-order
modified Bessel function.

By using (17) and (20)–(22), we can obtain the transverse
momentum distributions of identified charged particles as
shown in Figures 1 and 2.

Figure 1 shows the invariant yields of 𝜋±, 𝐾±, and 𝑝(𝑝)
as a function of 𝑝𝑇 in Au+Au collisions at √𝑠𝑁𝑁 = 200GeV.
Figure 2 shows the same distributions in Pb+Pb collisions at√𝑠𝑁𝑁 = 2.76TeV. The solid dots represent the experimental
data [3, 4]. The solid curves are the results calculated from
(20). It can be seen that the theoretical results are in good
agreement with the experimental data for 𝜋± and 𝐾± in the
whole measured 𝑝𝑇 region. For 𝑝(𝑝), the theoretical model
works well in the region of 𝑝𝑇 ≤ 2.0GeV/c. Beyond this
region, the deviation appears as shown in Figure 3, which
presents the fittings for 𝑝(𝑝) in the most peripheral collisions
for 𝑝𝑇 up to about 4GeV/c.

In analyses, the sound speed in hadronic state takes the
value of 𝑐ℎ = 0.35 [46–49]. The critical temperature takes

the value of 𝑇𝑐 = 0.16GeV [50]. The kinetic freeze-out tem-
perature 𝑇𝑓 takes the values of 0.12 GeV for pions and kaons
and 0.13GeV for protons, respectively, from the investigations
of [8], which also shows that the average value of baryo-
chemical potential𝜇𝐵 is about 0.019GeV inAu+Au collisions.
For Pb+Pb collisions, 𝜇𝐵 takes the value of 𝜇𝐵 = 0 [8]. The
initial temperature in central Au+Au and Pb+Pb collisions
takes the values of 𝑇0 = 0.35GeV and 𝑇0 = 0.6GeV, respec-
tively [51].

Tables 1 and 2 list the values of 𝑇0, 𝑞, 𝑄0, and 𝜒2/NDF in
different centrality cuts. It can be seen that 𝑇0 decreases with
increasing centrality cuts. The value of 𝑞, affecting the slopes
of curves, is slightly larger than 1 for different kinds of charged
particles. It is almost irrelevant to centrality cuts, while it
increases with increasing beam energies and the masses of
charged particles.

The parameter 𝑄0 has the same effects as 𝑇0 on curves.
They all affect the heights of the curves.The fitted𝑄0 in Tables
1 and 2 gives the ratios
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Figure 2: The invariant yields of 𝜋±, 𝐾±, and 𝑝(𝑝) as a function of 𝑝𝑇 in Pb+Pb collisions at √𝑠𝑁𝑁 = 2.76TeV. The circles and squares
represent the experimental data of the ALICE Collaboration [4]. The solid curves are the results calculated from (20). The centrality cuts
counted from top to bottom in each panel are 0–5% (×29), 5–10% (×28), 10–20% (×27), 20–30% (×26), 30–40% (×25), 40–50% (×24), 50–60%
(×23), 60–70% (×22), 70–80% (×21), and 80–90% (×20), respectively.
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Table 1: The values of 𝑇0, 𝑞, and 𝑄0 in different centrality Au+Au collisions at√𝑠𝑁𝑁 = 200GeV.
Centrality cuts 𝑇0 (GeV) 𝑞(𝜋/𝐾/𝑝) 𝑄0(𝜋+/𝜋−) 𝑄0(𝐾+/𝐾−) 𝑄0(𝑝/𝑝) 𝜒2/NDF
0–10%

0.350 ± 0.001 1.0808 ± 0.00001 0.7953 ± 0.00810.7952 ± 0.0078 0.3552 ± 0.00430.3315 ± 0.0040 0.4490 ± 0.00500.3228 ± 0.0040
25/23

0.350 ± 0.001 1.0880 ± 0.00004 27/33
0.350 ± 0.001 1.1012 ± 0.0004 18/14

10–20%
0.349 ± 0.002 1.0822 ± 0.0002 0.7953 ± 0.01120.7965 ± 0.0110 0.3545 ± 0.00430.3307 ± 0.0041 0.4494 ± 0.00520.3259 ± 0.0040

20/17
0.349 ± 0.001 1.0892 ± 0.0002 21/21
0.349 ± 0.001 1.1012 ± 0.0004 17/13

20–40%
0.320 ± 0.001 1.0838 ± 0.0002 0.7953 ± 0.00980.8010 ± 0.0060 0.3514 ± 0.00300.3276 ± 0.0030 0.4470 ± 0.00360.3274 ± 0.0029

24/17
0.320 ± 0.001 1.0904 ± 0.0003 21/18
0.320 ± 0.001 1.1012 ± 0.0002 31/32

40–60%
0.278 ± 0.001 1.0838 ± 0.0005 0.7953 ± 0.00670.7985 ± 0.0062 0.3260 ± 0.00310.3053 ± 0.0031 0.5494 ± 0.00480.4093 ± 0.0038

19/14
0.278 ± 0.001 1.0905 ± 0.0005 22/10
0.278 ± 0.001 1.0912 ± 0.0002 19/27

60–92%
0.210 ± 0.001 1.0854 ± 0.0002 0.7953 ± 0.01000.8040 ± 0.0067 0.3134 ± 0.00330.2943 ± 0.0032 0.9299 ± 0.00900.7029 ± 0.0066

26/32
0.210 ± 0.001 1.0908 ± 0.0005 28/25
0.210 ± 0.001 1.0744 ± 0.0002 3.6/9.2

Table 2: The values of 𝑇0, 𝑞, and 𝑄0 in different centrality Pb+Pb collisions at√𝑠𝑁𝑁 = 2.76 TeV.
Centrality cuts 𝑇0 (GeV) 𝑞(𝜋/𝐾/𝑝) 𝑄0(𝜋+/𝜋−) 𝑄0(𝐾+/𝐾−) 𝑄0(𝑝/𝑝) 𝜒2/NDF
0–5%

0.60 ± 0.02 1.104 ± 0.001 0.20 ± 0.02 0.050 ± 0.003 0.0069 ± 0.0005 1.88/2.000.60 ± 0.01 1.130 ± 0.003 6.50/5.420.60 ± 0.01 1.260 ± 0.005 2.35/1.50

5–10%
0.59 ± 0.02 1.104 ± 0.001 0.20 ± 0.03 0.051 ± 0.004 0.0073 ± 0.0005 2.46/2.560.59 ± 0.02 1.130 ± 0.005 6.15/5.220.59 ± 0.01 1.260 ± 0.004 2.75/2.15

10–20%
0.58 ± 0.02 1.104 ± 0.001 0.20 ± 0.02 0.048 ± 0.003 0.0068 ± 0.0005 2.21/2.140.58 ± 0.01 1.130 ± 0.004 5.65/4.850.58 ± 0.01 1.260 ± 0.004 3.43/2.79

20–30%
0.54 ± 0.01 1.104 ± 0.001 0.20 ± 0.02 0.048 ± 0.004 0.0069 ± 0.0005 2.19/2.000.54 ± 0.01 1.130 ± 0.004 4.55/3.460.54 ± 0.01 1.260 ± 0.004 4.60/4.08

30–40%
0.50 ± 0.02 1.104 ± 0.002 0.20 ± 0.02 0.047 ± 0.004 0.0156 ± 0.0011 2.69/2.410.50 ± 0.01 1.130 ± 0.003 3.29/2.540.50 ± 0.01 1.200 ± 0.004 2.27/1.87

40–50%
0.45 ± 0.01 1.103 ± 0.001 0.20 ± 0.02 0.046 ± 0.004 0.0221 ± 0.0015 2.68/2.490.45 ± 0.01 1.130 ± 0.003 2.35/1.910.45 ± 0.01 1.180 ± 0.003 1.89/2.00

50–60%
0.40 ± 0.01 1.103 ± 0.001 0.20 ± 0.01 0.048 ± 0.004 0.0215 ± 0.0016 5.66/5.120.40 ± 0.01 1.125 ± 0.003 1.31/1.220.40 ± 0.01 1.180 ± 0.002 3.97/4.86

60–70%
0.34 ± 0.01 1.100 ± 0.001 0.20 ± 0.02 0.050 ± 0.005 0.0560 ± 0.0043 5.20/4.660.34 ± 0.01 1.120 ± 0.003 0.58/1.050.34 ± 0.01 1.130 ± 0.003 0.91/1.25

70–80%
0.28 ± 0.01 1.100 ± 0.001 0.20 ± 0.02 0.052 ± 0.005 0.0686 ± 0.0054 8.21/7.860.28 ± 0.01 1.115 ± 0.004 0.22/0.270.28 ± 0.01 1.120 ± 0.002 1.01/1.43

80–90%
0.21 ± 0.01 1.099 ± 0.001 0.20 ± 0.02 0.056 ± 0.006 0.1250 ± 0.0117 6.42/5.980.21 ± 0.01 1.115 ± 0.002 0.86/1.190.21 ± 0.01 1.100 ± 0.003 0.40/1.42



Advances in High Energy Physics 7

Au+Au 200 ＇？６

60–92% centrality cut

p

1 2 3 40

pT (GeV/c)

10−5

10−4

10−3

10−2

10−1

1/
(2

p
T
)d

2
N
/(
d
p
T
d
y
)

((
G

eV
/c

)−
2
)

(a)

Pb+Pb 2.76 ＇？６

80–90% centrality cut

p

p

1 2 3 40

pT (GeV/c)

10−5

10−4

10−3

10−2

10−1

1/
N

？Ｐ
1/

(2

p
T
)d

2
N
/(
d
p
T
d
y
)

((
G

eV
/c

)−
2
)

(b)

Figure 3:The invariant yields of𝑝(𝑝) as a function of𝑝𝑇 in 60–92%Au+Au collisions at√𝑠𝑁𝑁 = 200GeV (a) and in 80–90%Pb+Pb collisions
at√𝑠𝑁𝑁 = 2.76 TeV (b). The meanings of solid dots, circles, squares, and solid curves are the same as those in Figures 1 and 2.

𝑄0 (𝜋−)𝑄0 (𝜋+) = 1,
𝑄0 (𝐾−)𝑄0 (𝐾+) = 0.93,
𝑄0 (𝑝)𝑄0 (𝑝) = 0.72

(Au+Au 200GeV) ,
𝑄0 (𝜋−)𝑄0 (𝜋+) =

𝑄0 (𝐾−)𝑄0 (𝐾+) =
𝑄0 (𝑝)𝑄0 (𝑝) = 1

(Pb+Pb 2.76TeV) .

(23)

These ratios are in good agreement with the relative abun-
dance of particles and antiparticles given in [3, 4].This agree-
ment may be due to the fact that the integrand of (20) is
the same for particles and antiparticles in case that 𝑇𝑓 takes
a common constant for these two kinds of particles. Hence,𝑄0might be proportional to the abundance of corresponding
particles.

4. Conclusions

By introducing the nonextensive statistics, we employ the rel-
ativistic hydrodynamics including phase transition to discuss
the transverse momentum distributions of charged particles
produced in heavy ion collisions. The model contains rich

information about the transport coefficients of fluid, such
as the initial temperature 𝑇0, the critical temperature 𝑇𝑐,
the kinetic freeze-out temperature 𝑇𝑓, the baryochemical
potential 𝜇𝐵, the sound speed in sQGP state 𝑐0, and the sound
speed in hadronic state 𝑐ℎ. Except for 𝑇0, the other five para-
meters take the values either fromwidely accepted theoretical
results or from experimental measurements. As for 𝑇0, there
are no widely acknowledged values so far. In this paper, 𝑇0
takes the values referring to other studies for the most central
collisions, and, for the rest of centrality cuts,𝑇0 is determined
by tuning the theoretical results to experimental data. The
present investigations show the conclusions as follows:(1) The theoretical model can give a good description
of the experimental data in Au+Au collisions at √𝑠𝑁𝑁 =200GeV and in Pb+Pb collisions at √𝑠𝑁𝑁 = 2.76TeV for 𝜋±
and𝐾± in the whole measured transverse momentum region
and for 𝑝(𝑝) in the region of 𝑝𝑇 ≤ 2.0GeV/c.(2) The fitted 𝑞 is close to 1. This might mean that the
difference between nonextensive statistics and conventional
statistics is small. However, it is this small difference that plays
an essential role in extending the fitting region of 𝑝𝑇.(3) The fitted 𝑞 increases with beam energies and the
masses of charged particles.This might mean that the nonex-
tensive statistics are more suitable for these conditions.(4) The model cannot describe the experimental mea-
surements for 𝑝(𝑝) in the region of 𝑝𝑇 ≥ 2.0GeV/c for the
both kinds of collisions. This might be caused by the hard
scattering process [52]. To improve the fitting conditions, the
results from perturbative QCD should be taken into account.
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The nonextensive statistics proposed by Tsallis has found wide applicability, being present even in the description of experimental
data fromhigh energy collisions. A systemwith a fractal structure in its energy-momentum space, named thermofractal, was shown
to be described thermodynamically by the nonextensive statistics. Due to the many common features between thermofractals and
Hagedorn’s fireballs, this system offers the possibility of investigating the origins of nonextensivity in hadronic physics and in QCD.
In this regard, the investigation of the scaling properties of thermofractals through the renormalization group equation, known as
Callan–Symanzik equation, can be an interesting approach.

In the present work Tsallis statistics is analyzed in the context
of renormalization theory.The relations between such nonex-
tensive statistics and scaling properties are expressed in terms
of a Callan–Symanzik equation [1–3], which represents the
fundamental properties of a scale-free system.

The generalization of Boltzmann-Gibbs-Shannon (BGS)
statistics by violation of entropy additivity mediated by the
entropic index 𝑞 leads to Tsallis statistics [4], which will
lead to nonextensive thermodynamical quantities that were
expected to be extensive in the context of BGS. Tsallis
statistics is known to apply to a large number of systems
in physics and in other fields, and one of its most distin-
guished features is the power-law distribution in contrast
to the exponential behavior common to BGS distributions.
One of the most interesting applications of the generalized
thermodynamics lies in the description of distributions found
in high energy collisions experiments [5–8]. A generalized
version of Hagedorn’s self-consistent thermodynamics [9]
has allowed the prediction of a limiting temperature and a
common entropic index, 𝑞, and a new hadronmass spectrum
formula. The results found fair agreement with experiments
[10–15].

The Callan–Symanzik equation was formulated in the
context of renormalization theory of quantum gauge fields
with scale invariance.The Yang–Mills theory, in particular, is
scale-free and may satisfy that equation. In this regard, the

Callan–Symanzik equation was fundamental to determine
the asymptotic freedom of QCD [16–19].

In [20–22] it was shown that a system with a particular
fractal structure in the energy-momentum space should
be described by the nonextensive statistics proposed by
Tsallis. Such system, named thermofractal, presents three
fundamental properties:

(1) It has an internal structure formed by𝑁 thermofrac-
tals.

(2) The total energy of the thermofractal is the sum of the
total kinetic energy,𝐹, and the total internal energy,𝐸,
of the compound thermofractals. These energies are
such that the ratio 𝐸/𝐹 = 𝜀/𝑘𝜏 fluctuates according to
the probability density 𝑃(𝜀).

(3) The internal energy decreases as deeper levels of the
thermofractals are considered.

It is possible to show [20] that the probability density for
such system is given by

𝑃 (𝜀) = [1 + (𝑞 − 1) 𝜀𝑘𝜏]
−1/(𝑞−1) , (1)

where 𝜏 = (𝑞 − 1)𝑇, with 𝑇 being the temperature of the
thermofractal. A consequence of such properties is that the
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temperature of thermofractals at level 𝑛 scales, on average, is
as

𝑇(𝑛)
𝑇 = 𝐸(𝑛)𝐸 . (2)

This system can be shown to have a fractal dimension in the
energy-momentum space, so from now on it will be referred
to as fractal. They are scale-free systems and present several
characteristics that are interesting to investigate the origin
of nonextensivity in hadron systems, as the similarities with
Hagedorn’s fireballs. With the introduction of this kind of
fractal it was possible to understand that Hagedorn’s theory,
which is based on a self-referenced definition of fireballs or
hadrons, should necessarily be described by Tsallis statistics.
In the circumstances of hadron physics, it allows a new
understanding on the intermittency effect [23–28] observed
in high energy data, determines the related fractal dimension,
and connects this effect to other features of high energy
experimental data, such as self-similarity [29–31], long-tail
distributions [8], and mass spectrum [12].

Intermittency effects, in particular, have been associated
with fractal-like properties of the multiparticle production
process [32–34] (see [35, 36] for a more complete account
on the subject), and it was associated with gluon emission of
high energy jets [37–39] that results from the QCD evolution
equations [40]. These equations arise from the properties of
the renormalization group for non-Abelian Yang–Mills gauge
field theory [16–19].

A detailed analysis of thermofractals and their properties
allows one to show that the density in (1) can be written in
terms of 𝐹 and 𝐸 for a fractal at an arbitrary level 𝑛 as

𝑃 (𝐹, 𝐸) = 𝑁𝑛 ( 𝐹(𝑛)𝑘𝑇(𝑛))
3/2

⋅ 𝑒−𝑈(𝑛)/(𝑘𝑇(𝑛)) [1 − (𝑞 − 1) 𝜀𝑘𝜏]
−1/(𝑞−1) ,

(3)

with 𝑈 = 𝐸 + 𝐹. Introducing𝑀 = 𝑘𝑇 for convenience and
taking into account the fact that

( 1𝑁)
𝑛/(1−𝐷) = 𝑇(𝑛)𝑇 (4)

results in the following:

𝑃 (𝐹, 𝐸) = (𝑀(𝑛)𝑀 )
−(1−𝐷)

( 𝐹(𝑛)𝑀(𝑛))
3/2

⋅ 𝑒−𝑈(𝑛)/𝑀(𝑛) [1 − (𝑞 − 1) 𝜀𝑘𝜏]
−1/(𝑞−1) ,

(5)

where𝐷 is the Hausdorff fractal dimension [20].
Notice that for a fixed value of the scale𝑀, at a fixed level𝑛 of the fractal structure, the equation above is a well-defined

continuous function and a simple analysis would lead one
to conclude that dimension 𝐷 is not fractal but reflects the
topology of the phase-space where the system is embedded.
This is due to the fact that the anomalous dimension arises

from the fractal structure itself and not from the underlying
distribution. In other words, it is necessary to take into
account the fractal evolution with the scale variation, which
leads to a tree-like diagram, to obtain the fractal dimension.
A nice account on the subject, in general, can be found in
[27, 41], and for a specific description of the system analyzed
here, see [42].

In the present work, the scaling properties of the fractal
structure will be investigated in the light of renormalization
theory. In this sense, the scaling properties can be analyzed
in two ways: (a) by varying 𝐸 and 𝐹 while keeping 𝑀
fixed; (b) by varying 𝑀 while keeping 𝐸 and 𝐹 constant.
Both transformations are equivalent according to scaling
properties and are related through the fundamental equation
of renormalization theory, the Callan–Symanzik equation.
The main objective here is to obtain such equation in the
context of fractals. Before doing that, observe that since𝐸 and 𝐹 are transformed by the same scale factor, ration𝐸/𝐹 remains constant and so remains the parameter 𝜀/(𝑘𝜏).
In addition, the exponential factor in (5) amounts to the
Boltzmann factor for thermal equilibrium and bears no
relation to the fractal structure itself, so it must be dropped
for the analysis. With these considerations, the invariance of
the fractal structure by scale transformation can be expressed
by the identity

Γ (𝐹,𝑀) = (𝑀Λ )
−(1−𝐷) ( 𝐹𝑀)

3/2 , (6)

with Λ being some reference scale.
The equation above is suitable for the scaling analysis in

both ways described above. From method (a), where 𝑀 is
fixed and 𝐹 varies, one gets

𝐹𝜕Γ𝜕𝐹 =
3
2Γ. (7)

From method (b), where 𝐹 remains constant while scale𝑀
varies, one gets from (6)

𝑀 𝜕Γ𝜕𝑀 = (−
3
2 − (1 − 𝐷)) Γ. (8)

The results above allow one to obtain the Callan–Symanzik
equation for the fractals considered here; that is,

[𝑀 𝜕
𝜕𝑀 + 𝐹

𝜕
𝜕𝐹 + 𝑑] Γ = 0, (9)

where 𝑑 = 1 − 𝐷 is the anomalous fractal dimension.
The fractal dimension 𝐷 was determined in terms of the

parameters that characterize thermofractals [20] and is given
by

𝐷 = 1 + log𝑁
log𝑅 , (10)

where

𝑅 = (𝑞 − 1)𝑁/𝑁
3 − 2𝑞 + (𝑞 − 1)𝑁, (11)

with𝑁 = 𝑁 + 2/3.
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Equation (9) represents the fundamental properties of the
fractal structure under scale transformation. Since it is related
to a system whose scaling properties are the main ingredient
to obtain Tsallis statistics, one can recognize the equation
above as the Callan–Symanzik equation for Tsallis statistics.

This result sets the ground for an interpretation of
Tsallis statistics in association with renormalization group
theory. In addition, it opens new possibilities of exploring
the potential applicability of nonextensive statistics in the
domain of hadronic physics and, hopefully, allows for a
deeper understanding of the properties of QCD that make
self-similarity and fractal structures emerge from the strong
interaction in complex system. It can be also be associated
with the nonthermal phase transition of hadronic matter
associated with Quark–Gluon Plasma [35, 43].

In a thermodynamical approach, the application of
the nonextensive self-consistent thermodynamics that arises
from the fractal structure when applied to hadronic systems
has gone already beyond the usual description of high energy
distributions and has been extended to systems with finite
chemical potential [44, 45], to extend the MIT Bag model by
including a fractal structure [46] and to describe neutron star
equilibrium [47].

In conclusion, the Callan–Symanzik equation associated
with Tsallis statistics was derived here in association with
the thermofractal scale-free structure, setting new grounds
for the interpretation of nonextensive thermodynamics in
terms of renormalization group theory and opening new
possibilities of its application in QCD related problems.
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The experimental (simulated) transverse momentum spectra of negatively charged pions produced at midrapidity in central
nucleus-nucleus collisions at theHeavy-Ion Synchrotron (SIS), Relativistic Heavy-Ion Collider (RHIC), and Large Hadron Collider
(LHC) energies obtained by different collaborations are selected by us to investigate, where a few simulated data are taken from the
results of FOPI Collaboration which uses the IQMD transport code based on Quantum Molecular Dynamics. A two-component
standard distribution and the Tsallis form of standard distribution are used to fit these data in the framework of a multisource
thermal model. The excitation functions of main parameters in the two distributions are analyzed. In particular, the effective
temperatures extracted from the two-component standard distribution and the Tsallis form of standard distribution are obtained,
and the relation between the two types of effective temperatures is studied.

1. Introduction

High energy heavy-ion (nucleus-nucleus) collisions are an
important method to simulate and study the big bang in the
early universe, properties of new matter created in extreme
conditions, accompanying phenomena in the creation, and
physics mechanisms of the creation. Some models based
on the quantum chromodynamics (QCD) and/or thermal
and statistical methods can be used to analyze the equation
of state (EoS) at finite temperature and density, properties
of chemical and kinetic freeze-outs in collision process,
distribution laws of different particles in final state, and
universality of hadroproduction in different systems [1–5].
The properties of nuclear matter and its phase transition to
quark-gluon plasma (QGP) at high temperature and density
can be obtained. With the developments in the method-
ologies of experimental techniques and theoretical studies,
the collision energy per nucleon pair in the center-of-mass
system increases from high energy range which has a few to
several hundred GeV to ultrahigh energy range which has
presently a few to over ten TeV.

The temperature and density described the EoS showing
that the new matter created in high and ultrahigh energy
ranges is not similar to the ideal gas-like state of quarks
and gluons expected by early theoretical models. Instead, the
effects of strong dynamical coupling, long-range interactions,
local memory, and others appear in the interior of interacting
system. The rapid evolution of interacting system and the
indirect measurements of some observable quantities result
in that one can use the statistical method to study the dis-
tribution properties of some observable quantities such as
(pseudo) rapidity, (transverse) momentum, (transverse) en-
ergy, azimuthal angle, elliptic flow, multiplicity, and others
of final-state fragments and particles [1–5]. Thus, some
quantitative or qualitative results related to the properties of
interacting system and particle production can be observed.

As the quantities which can be early measured in experi-
ments, that is, the so-called “the first day” measureable quan-
tities, the rapidity and transverse momentum distributions
attractwide attentions due to their carryovers on the informa-
tion of longitudinal extension and transverse expansion of the
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emission source in interacting system. With the increasing
collision energy, the rapidity distribution range extends from
a few rapidity units to over ten rapidity units, and the trans-
verse momentum distribution range increases from 0 until a
fewGeV/c to 0 until over hundredGeV/c. Different functions
and methods are used by different researchers to describe
rapidity and transverse momentum distributions as well as
other distributions which can be measured in experiments
[1–5]. Based on a multisource thermal model [6–9], the
rapidity and transverse momentum distributions obtained in
experiments at different collision energies are studied by us
in terms of two-cylinder, Rayleigh, Boltzmann, Tsallis, and
other distributions. In particular, comparing with rapidity
distribution, transverse momentum distribution contains
more abundant information and attracts wider attentions.
Although one has Monte Carlo and other indirect methods
to describe transverse momentum distributions, analytical
functions are more expected to use.

Because of the same transverse momentum distribution
being described by different functions to obtain values of
different parameters, possible relations existing among dif-
ferent parameters can be studied. In this paper, based on the
multisource thermal model [6–9], the standard distribution
(Boltzmann, Fermi-Dirac, and Bose-Einstein distributions)
and its Tsallis form are used to describe the transverse
momentum distribution of final-state particles produced in
high energy nucleus-nucleus collisions. The excitation func-
tions of effective temperatures obtained by the two distribu-
tions are extracted and the relation between the two effective
temperatures is studied.

The rest part of this paper is structured as follows. A
brief description of the model and method is presented in
Section 2. Results on comparisons with experimental (sim-
ulated) data and discussion are given in Section 3. Finally, we
summarize our main observations and conclusions in Sec-
tion 4.

2. The Model and Method

According to the multisource model [6–9], a few emission
sources of produced particles are assumed to form in interact-
ing system due to different reaction mechanisms and/or data
examples. For each emission source, the thermal model or
other similar models and distributions can be used to per-
form calculation on the production of particles. The poten-
tial models include [10], but are not limited to, ideal gas-
like model, ideal hydrodynamic model, and viscous hydro-
dynamic model. In these models, the relativistic effect has
to be particularly considered, and the quantum effect can be
usually neglected. If we study in detail the interacting system
and final-state particles, both the relativistic and quantum
effects have to be considered.

In the middle stage of collision process, the interacting
system and emission sources in it can be regarded as to stay
at the hydrodynamic state. After the stage of chemical freeze-
out, in particular after the stage of kinetic freeze-out, the
interacting system and emission sources in it should stay at
the gas-like state. Otherwise, it is difficult to understand the

kinetic information of singular particle measured in experi-
ments. What had happened during the phase transition from
the liquid-like state at the middle stage to the gas-like state
at the final stage and why is beyond the focus of the present
work. We shall not discuss this issue here.

According to the ideal gas model with the relativistic and
quantum effects, the particle spectra can be described by the
standard distribution. The number of particles is [11]

𝑁 = 𝑔𝑉(2𝜋)3 ∫𝑑3𝑝[exp(±𝐸 − 𝜇𝑇𝑆 ) + 𝑆]−1 , (1)

where 𝑔 is the degeneracy factor, 𝑉 is the volume, 𝑝 is the
momentum, 𝐸 = √𝑝2 + 𝑚20 is the energy,𝑚0 is the rest mass,𝜇 is the chemical potential, and𝑇𝑆 is the effective temperature;𝑆 = 0, +1, and −1 correspond to the Boltzmann, Fermi-
Dirac, and Bose-Einstein statistics, respectively; 𝐸 − 𝜇 > 0
corresponds to plus +, and 𝐸−𝜇 ≤ 0 corresponds to minus −.
The invariant momentum distribution of particles is

𝐸𝑑3𝑁𝑑𝑝3 = 𝑔𝑉(2𝜋)3𝐸[exp(±𝐸 − 𝜇𝑇𝑆 ) + 𝑆]−1 . (2)

The normalized probability density distribution of particle
momenta can be written as

𝑓𝑝 (𝑝) = 1𝑁 𝑑𝑁𝑑𝑝
= 𝐶𝑆𝑝2 [[[exp(±√𝑝2 + 𝑚20 − 𝜇𝑇𝑆 )+ 𝑆]]]

−1

, (3)

where 𝐶𝑆 is the normalized constant in the standard prob-
ability density distribution of momenta. It is related to the
selection of parameters.

The normalized joint probability density distribution of
particle rapidities and transverse momenta is

𝑓𝑦,𝑝𝑇 (𝑦, 𝑝𝑇) = 1𝑁 𝑑2𝑁𝑑𝑦𝑑𝑝𝑇 = 𝐶𝑆𝑝𝑇√𝑝2𝑇 + 𝑚20 cosh𝑦
⋅ [[[exp(±√𝑝2𝑇 + 𝑚20 cosh𝑦 − 𝜇𝑇𝑆 )+ 𝑆]]]

−1

, (4)

where √𝑝2𝑇 + 𝑚20 cosh𝑦 − 𝜇 > 0 corresponds to plus + and√𝑝2𝑇 + 𝑚20 cosh𝑦 − 𝜇 ≤ 0 corresponds to minus −. The nor-
malized probability density distribution of particle rapidities
is then written to be
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𝑓𝑦 (𝑦) = 1𝑁 𝑑𝑁𝑑𝑦 = 𝐶𝑆 cosh𝑦
⋅ ∫𝑝𝑇max

0
𝑝𝑇√𝑝2𝑇 + 𝑚20 [[[exp(±√𝑝2𝑇 + 𝑚20 cosh𝑦 − 𝜇𝑇𝑆 )

+ 𝑆]]]
−1

𝑑𝑝𝑇,
(5)

where 𝑝𝑇max denotes the maximum transverse momentum.
This rapidity distribution is only for an emission source. In
the case of considering multiple sources, we have to consider
sources distribution in the rapidity space [2–4, 12–16]. This
issue is beyond the focus of the present work, and we shall
not discuss it anymore. The normalized probability density
distribution of particle transverse momenta is written to be

𝑓𝑝𝑇 (𝑝𝑇) = 1𝑁 𝑑𝑁𝑑𝑝𝑇 = 𝐶𝑆𝑝𝑇√𝑝2𝑇 + 𝑚20 ∫𝑦max

𝑦min

cosh𝑦
⋅ [[[exp(±√𝑝2𝑇 + 𝑚20 cosh𝑦 − 𝜇𝑇𝑆 )+ 𝑆]]]

−1

𝑑𝑦, (6)

where 𝑦max and 𝑦min denote the maximum and minimum
rapidities, respectively.

It should be noted that, in the above formulas, although
the same symbol 𝐶𝑆 is used to represent the normalized
constants in different formulas, these constants may be dif-
ferent from each other. In the case of consideringmultisource
emission, we have to use the multicomponent distribution to
describe the transverse momentum distribution of final-state
particles. If 𝑛0 emission sources are considered, we have

𝑓𝑝𝑇 (𝑝𝑇) = 1𝑁 𝑑𝑁𝑑𝑝𝑇 =
𝑛0∑
𝑖=1

𝑘𝑆𝑖
⋅ 𝐶𝑆𝑖𝑝𝑇√𝑝2𝑇 + 𝑚20 ∫𝑦max

𝑦min

cosh𝑦
⋅ [[[exp(±√𝑝2𝑇 + 𝑚20 cosh𝑦 − 𝜇𝑇𝑆𝑖 )+ 𝑆]]]

−1

𝑑𝑦,
(7)

where 𝐶𝑆𝑖 denotes the normalized constant for the 𝑖th
component in 𝑛0 components, 𝑘𝑆𝑖 denotes the contribution
fraction of the 𝑖th component in final-state distribution, and𝑇𝑆𝑖 denotes the effective temperature corresponding to the𝑖th component. There are temperature fluctuations among
different components. In the case of considering multisource
emission, we have the effective temperature of interacting
system as 𝑇𝑆 = ∑𝑖 𝑘𝑆𝑖𝑇𝑆𝑖. Generally, two or three emis-
sion sources are enough to describe the experimental data
obtained in soft excitation process. That is, 𝑖 = 2 or 3 in most
cases.

If we consider the Tsallis form of standard distribution,
the number of particles is [11, 17]

𝑁
= 𝑔𝑉(2𝜋)3∫𝑑3𝑝{[1 ± 𝑞 − 1𝑇𝑇 (𝐸 − 𝜇)]±1/(𝑞−1) + 𝑆}−1, (8)

where 𝑞 is an entropy indexwhich characterizes the departing
degree of the interacting system from the equilibrium state.
Generally, we have 𝑞 > 1; if 𝑞 = 1, the system stays in the equi-
librium state. 𝑇𝑇 is the effective temperature. Other symbols
have the same meanings as (1). The invariant momentum
distribution of particles is

𝐸𝑑3𝑁𝑑𝑝3
= 𝑔𝑉(2𝜋)3𝐸{[1 ± 𝑞 − 1𝑇𝑇 (𝐸 − 𝜇)]±1/(𝑞−1) + 𝑆}−1 . (9)

The normalized probability density distribution of particle
momenta is

𝑓𝑝 (𝑝) = 1𝑁 𝑑𝑁𝑑𝑝
= 𝐶𝑇𝑝2 {[1 ± 𝑞 − 1𝑇𝑇 (√𝑝2 + 𝑚20 − 𝜇)]±1/(𝑞−1)
+ 𝑆}−1 .

(10)

The normalized joint probability density distribution of
particle rapidities and transverse momenta is

𝑓𝑦,𝑝𝑇 (𝑦, 𝑝𝑇) = 1𝑁 𝑑2𝑁𝑑𝑦𝑑𝑝𝑇 = 𝐶𝑇𝑝𝑇√𝑝2𝑇 + 𝑚20 cosh𝑦
⋅ {[1 ± 𝑞 − 1𝑇𝑇 (√𝑝2𝑇 + 𝑚20 cosh𝑦 − 𝜇)]±1/(𝑞−1)
+ 𝑆}−1 .

(11)

Then, the normalized probability density distribution of
particle rapidities is

𝑓𝑦 (𝑦) = 1𝑁 𝑑𝑁𝑑𝑦 = 𝐶𝑇 cosh𝑦∫𝑝𝑇max

0
𝑝𝑇√𝑝2𝑇 + 𝑚20 {[1

± 𝑞 − 1𝑇𝑇 (√𝑝2𝑇 + 𝑚20 cosh𝑦 − 𝜇)]±1/(𝑞−1)
+ 𝑆}−1 𝑑𝑝𝑇.

(12)
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The normalized probability density distribution of particle
transverse momenta is

𝑓𝑝𝑇 (𝑝𝑇) = 1𝑁 𝑑𝑁𝑑𝑝𝑇 = 𝐶𝑇𝑝𝑇√𝑝2𝑇 + 𝑚20 ∫𝑦max

𝑦min

cosh𝑦
⋅ {[1 ± 𝑞 − 1𝑇𝑇 (√𝑝2𝑇 + 𝑚20 cosh𝑦 − 𝜇)]±1/(𝑞−1)
+ 𝑆}−1 𝑑𝑦.

(13)

In the above formulas, although the same symbol 𝐶𝑇 is used
to represent the normalized constants in different formulas,
these constants may be different from each other. As dis-
cussed in [17], the Tsallis form has at least four types of func-
tion representations, thoughwe choose only one that contains𝑝𝑇 after 𝐶𝑇 and the index 1/(𝑞 − 1). We do not need to
consider amultisource for the Tsallis formdue to it covering a
two- or three-component standard distribution, and the two-
or three-component standard distribution describes well the
transversemomentum spectrum of particles produced in soft
excitation process.

It should be noted again that the above multicomponent
(two- or three-component) standard distribution and the
Tsallis form of standard distribution can describe only the
transversemomentum spectrum of particles produced in soft
excitation process.The transverse momentum spectrum pro-
duced in soft excitation process covers a narrow range. For the
transverse momentum spectrum covering a wide range, we
have to consider the contribution of hard scattering process.
According to the QCD calculus [18–20], we have an inverse
power-law

𝑓𝐻 (𝑝𝑇) = 1𝑁 𝑑𝑁𝑑𝑝𝑇 = 𝐴𝑝𝑇 (1 + 𝑝𝑇𝑝0 )
−𝑛

(14)

to describe the transverse momentum spectrum produced in
hard scattering process, where 𝑝0 and 𝑛 are free parameters
and 𝐴 is the normalized constant which is related to the free
parameters. It is obvious that a two-component function is
needed for a wide transverse momentum spectrum. The first
component is the multicomponent (two- or three-compo-
nent) standard distribution or Tsallis form which describes
the soft process, and the second component is the inverse
power-law which describes the hard process. The application
of the inverse power-law is beyond the focus of the present
work. We shall not discuss it anymore.

In the above discussions, to obtain chemical potential of
a given particle, the chemical freeze-out temperature 𝑇ch of
the emission source is needed to know first of all. In the
case of assuming the same chemical freeze-out moment, the
emission source has the sole 𝑇ch. According to [21, 22], there
is a relation among 𝑇ch, the yield 𝑛1 and mass 𝑚1 of the first
particle, the yield 𝑛2 and mass𝑚2 of the second particle, and
the ratio 𝑛12 = 𝑛1/𝑛2. We have

𝑛12 = 𝑛1𝑛2 = exp (𝑚2/𝑇ch) + 𝑆2
exp (𝑚1/𝑇ch) + 𝑆1 , (15)

where 𝑆1(𝑆2) = ±1 denote fermion and boson, respectively.
If the fermion and boson are not needed to distinguish each
other, we have 𝑆 = 0. This results in a simple expression for
(15); that is, 𝑛12 = 𝑛1/𝑛2 ≈ exp(−𝑚1/𝑇ch)/ exp(−𝑚2/𝑇ch).

In the framework of a statistical thermal model of
noninteracting gas particles with the assumption of standard
Maxwell-Boltzmann statistics, there is an empirical expres-
sion for the chemical freeze-out temperature [23–26],

𝑇ch = 0.1641 + exp [2.60 − ln (√𝑠𝑁𝑁) /0.45] , (16)

where √𝑠𝑁𝑁 denotes the energy per nucleon pair in the
center-of-mass system. Both the units of 𝑇ch and √𝑠𝑁𝑁 are
in GeV. The limiting value of 𝑇ch is 0.164GeV.

In the framework of a thermal model with standard
distribution, the chemical potentials of some particles can be
obtained from the ratios of negatively to positively charged
particles. According to [27], we have

𝑝𝑝 = exp(−2𝜇𝑝𝑇ch ) ≡ 𝑘𝑝, (17)

𝐾−𝐾+ = exp(−2𝜇𝐾𝑇ch ) ≡ 𝑘𝐾, (18)

𝜋−𝜋+ = exp(−2𝜇𝜋𝑇ch ) ≡ 𝑘𝜋, (19)

where the symbol of a given particle is used for its yield for
the purpose of simplicity. Further, the chemical potentials of
the mentioned particles are

𝜇𝑝 = −12𝑇ch ⋅ ln (𝑘𝑝) , (20)

𝜇𝐾 = −12𝑇ch ⋅ ln (𝑘𝐾) , (21)

𝜇𝜋 = −12𝑇ch ⋅ ln (𝑘𝜋) . (22)

Empirically, the chemical potential for baryon is [23–26]

𝜇𝐵 = 1.3031 + 0.286√𝑠𝑁𝑁 (23)

which is also obtained in the framework of a statistical ther-
mal model of noninteracting gas particles with the assump-
tion of standard Maxwell-Boltzmann statistics, where both
the units of 𝜇𝐵 and√𝑠𝑁𝑁 are in GeV.

We would like to point out that (16) and (23) should
be modified in the framework of generalized nonextensive
statistics when we use the Tsallis form of standard distri-
bution. At the same time, (17)–(22) should be generalized
within an analysis with the Tsallis form. To modify (16)–(23)
is beyond our focus and ability. We shall not discuss these
modifications here. Instead, as an approximate treatment,
we use 𝑇ch and 𝜇𝜋 obtained within an analysis with the
standard distribution as those within the Tsallis form. In fact,
the absolute value of 𝜇𝜋 is very small, and its effect on the
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transverse momentum spectra can be neglected. Therefore,
this approximate treatment is acceptable.

It should be noted once more that, as mentioned in the
above discussions, what we extract from themulticomponent
standard distribution or the Tsallis form of standard distribu-
tion is the effective temperature, but not the real temperature
of emission source. Generally, the transverse momentum
spectrum contains both the contributions of thermal motion
and flow effect. The real temperature is only a reflection of
purely thermal motion, and the flow effect should not be
included in it. As for the methods to obtain the real tem-
perature by disengaging the contributions of thermal motion
and flow effect, we can use the blast-wavemodel based on the
Boltzmann distribution [28–30], the blast-wave model based
on the Tsallis distribution [31], the improved Tsallis distribu-
tion [32, 33], some alternative methods [21, 29, 34–36], and
others [37–40]. These methods themselves are beyond the
focus of the presentwork.We shall not discuss themanymore.

3. Results and Discussion

The transverse momentum spectra of negatively charged
pions produced in midrapidity range in √𝑠𝑁𝑁 = 2.24 and
2.52GeV central gold-gold (Au-Au) collisions [41] measured
(simulated) by the FOPI Collaboration at the Heavy-Ion
Synchrotron (SIS), 11.5 [42], 62.4, 130, and 200GeV central
Au-Au collisions [29]measured by the STARCollaboration at
the Relativistic Heavy-Ion Collider (RHIC), 22.5 GeV central
copper-copper (Cu-Cu) [43] and 200GeV central Au-Au
collisions [27] measured by the PHENIX Collaboration at
the RHIC, and 2.76 TeV central lead-lead (Pb-Pb) collisions
[44] measured by the ALICE Collaboration at the Large
Hadron Collider (LHC) are selected to investigate. Among
them, the results of FOPI Collaboration are given in Figure 1
with the simulated data (the last eight circles) of the IQMD
transport code [45] which is based on Quantum Molecular
Dynamics [46]. To avoid confusion, most results of the
STAR Collaboration are given in Figure 2, and the results
corresponding to 11.5 GeV are given in Figure 3. The results
of PHENIX and ALICE Collaborations are given in Figures 3
and 4, respectively. In each figure, the symbols represent the
experimental (simulated) data scaled by different amounts
in some cases. The collision energy and type, centrality and
midrapidity ranges, and scaled amount if not 1 are marked
in the panel. The dashed and solid curves denote the results
fitted by the two-component standard distribution and the
Tsallis form of standard distribution. The values of param-
eters, 𝜒2, and degree of freedom (dof) are listed in Table 1
ordered by the energy from low to high. In particular, 𝑇𝑆 =𝑘𝑆1𝑇𝑆1 + (1 − 𝑘𝑆1)𝑇𝑆2 is the average weighted by the fractions
of different components, 𝜇𝜋 is obtained by (16) and (22), and
the values of 𝑘𝜋 in (22) at different energies are obtained from
[47]. As a preliminary result, the values of 𝜇𝜋 for the first
and second standard distributions and the Tsallis form are
assumed to be the same. In the fitting, the method of least
square is used to obtain the best parameter values. One can
see that the two-component standard distribution and the
Tsallis form of standard distribution describe approximately

−

2.24 GeV Au-Au 0~2.25% y
 < 1.8

2.52GeV Au-Au 0~2.25% y
 < 1.8
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Figure 1: Transverse momentum spectra of 𝜋− produced in cen-
tral Au-Au collisions at √𝑠𝑁𝑁 = 2.24 (circles) and 2.52GeV
(squares). The symbols represent the experimental data of the FOPI
Collaboration [41] measured in midrapidity range and the last
eight circles represent the simulated data of the IQMD transport
code [45] which is based on Quantum Molecular Dynamics [46].
The statistical errors are smaller than the size of symbols. The
dashed and solid curves are the results fitted by the two-component
standard distribution and the Tsallis form of standard distribution,
respectively.

the transverse momentum spectra of negatively charged
pions produced in central nucleus-nucleus collisions in the
energy range from SIS to LHC.

To study the excitation functions of free parameters, that
is, the dependence of free parameters on collision energy,
the relations 𝑇𝑆1 − ln√𝑠𝑁𝑁 (𝑇𝑆2 − ln√𝑠𝑁𝑁), 𝑇𝑆 − ln√𝑠𝑁𝑁
(𝑇𝑇−ln√𝑠𝑁𝑁), 𝑘𝑆1−ln√𝑠𝑁𝑁, and 𝑞−ln√𝑠𝑁𝑁 are presented in
Figures 5–8, respectively. The symbols and error bars in the
figures denote the values of free parameters and their errors.
Both the values of free parameters and their errors are taken
from Table 1. The lines in Figures 5 and 6 are obtained by
the method of least square. These lines can be described by
linear functions 𝑇𝑆1,𝑆2,𝑆,𝑇 = 𝑎 ln√𝑠𝑁𝑁 + 𝑏, where the slope 𝑎
and intercept 𝑏 are listed in Table 1 and the unit of √𝑠𝑁𝑁 is
in GeV. One can see that the four effective temperatures 𝑇𝑆1,𝑇𝑆2, 𝑇𝑆, and 𝑇𝑇 increase linearly with increase of ln√𝑠𝑁𝑁. In
particular, the relation between 𝑇𝑆 and 𝑇𝑇 can be obtained
to be 𝑇𝑆 = (2.500 ± 0.170)𝑇𝑇 + (−0.040 ± 0.013) due to
Table 1, which shows a linear relation between 𝑇𝑆 and 𝑇𝑇.
With increase of √𝑠𝑁𝑁, 𝑘𝑆1 has a minimum at about 10GeV,
and 𝑞 increases primitively and saturates at about 10GeV.

Our results show some interesting features. Actually, one
could as well say that there is no difference in the particle
production in central nucleus-nucleus collisions from a few
GeV to a few TeV.This in some sense echoes recent studies of
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Sarkisyan et al. [1, 48]. In addition, our recent study shows
that the same or similar fits to be good for proton-proton
collisions [40], though the parameter values in proton-proton
collisions are closer to those in peripheral nucleus-nucleus
collisions when comparing with central nucleus-nucleus
collisions.This suggests universality in particle production, as
it is obtained in recent and previous studies of Sarkisyan et al.
[1, 12, 48–50], but now for transversemomentumdistribution
as well. On the other hand, the multiplicity and transverse
momentum distributions observed in different data samples
can be uniformly fitted by multicomponent Erlang distribu-
tion [8, 51, 52], which also show the universality in particle
production. Indeed, the universality in particle production
exists not only in mean multiplicity and pseudorapidity
density but also in multiplicity and transverse momentum
distributions in some conditions.

Our observation that 𝑘𝑆1 has a minimum at about 10GeV
and 𝑞 increases primitively and saturates at about 10GeV is
in agreement with recent work of Cleymans [53] in which
the energy region √𝑠𝑁𝑁 ≈ 10GeV for heavy-ion collisions
is indicated to be an interesting one. In fact, in this energy
region, the final state has the highest net baryon density, and
a transition from a baryon dominated to a meson dominated
final state takes place. At the same time, ratios of strange par-
ticles tomesons show obviouslymaxima in this energy region
[53]. At a slightly smaller energy (about 6∼8GeV), other
works show some extremes or saturation in excitation func-
tions of parameters. These parameters include, but are not
limited to, the specific reduced curvature of net-proton rapid-
ity distribution [54–56], chemical freeze-out temperature [57,
58], mean transverse mass minus rest mass [57], yield ratios
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of positive kaons to pions [57–59], squared speed-of-sound
[60], string tension in Schwinger mechanism [61], width and
fraction of fragmentation source [62], and width ratios of
experimental negative pion rapidity distribution to Landau
hydrodynamic model prediction [58].

In the above analyses, for a not too wide transverse
momentum spectrum, a standard distribution is usually not
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the statistical errors.
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enough to describe the spectrum. Generally, we need a two-
component standard distribution to describe the not too
wide spectrum. It is expected that, in the case of studying
a wider transverse momentum spectrum, we need a three-
component standard distribution to describe the wider spec-
trum. If a set of experimental data is described by the two- or
three-component standard distribution, it is also described
by the Tsallis form of standard distribution [11]. If the two-
or three-component standard distribution describes a tem-
perature fluctuation between two or among three emission
sources, the Tsallis form of standard distribution describes
a degree of nonequilibrium. The degree of nonequilibrium
is characterized by the entropy index 𝑞. A larger 𝑞 corre-
sponds to a farther nonequilibrium among different emission
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sources. One can see from Table 1 that 𝑞 < 1.13 in most cases,
which renders an approximate equilibrium among different
emission sources or the whole interacting system stays in an
approximate equilibrium state.

Both the two- or three-component standard distribution
and the Tsallis form of standard distribution describe only
the results of soft excitation process. For the soft process, the
particle spectrum appears with the characteristics of thermal
emission phenomenon. Although the standard distribution
describes the characteristics of thermal emission, some non-
thermal emissions also obey the standard distribution. Even
if the Tsallis form has less connection with thermal emission,
they are relative due to the standard distribution. In the case
of studying a very wide transverse momentum spectrum, for
example, for a width of more than 5GeV/c, to consider only
the contribution of soft process is not enough in descrip-
tion of experimental data. To describe a wider transverse
momentum spectrum, we have to consider simultaneously
the contribution of hard scattering process. As mentioned in
Section 2, according to the QCD calculus [18–20], the hard
process can be described by the inverse power-law. Because
of the hard process having no connection with the thermal
emission, it does not affect the extraction of temperature
parameter. In the case of extracting only temperature parame-
ter, a toowide transversemomentum spectrum is not needed.

In the above analyses, the temperature extracted by us is
in fact the effective temperature 𝑇. It is neither the temper-
ature 𝑇0 at the kinetic freeze-out nor the temperature 𝑇ch at
the chemical freeze-out of the emission source or interacting
system. Generally, 𝑇0 can be extracted from the transverse
momentum spectra, and 𝑇ch can be extracted from the ratios
of different types of particles. However, the temperature
extracted from the transverse momentum spectra is not
surely 𝑇0 due to the contribution of flow effect. How to get
rid of the contribution of flow effect is a question that is worth
discussing. In the blast-wave model [28–31], the mean trans-
verse flow velocity ⟨𝛽𝑇⟩ is introduced. Thus, 𝑇0 and ⟨𝛽𝑇⟩ can
be simultaneously obtained based on the analysis of trans-
verse momentum spectrum by the model. In addition, by
using the standard distribution and its Tsallis form to analyze
the transverse momentum spectra of different particles, we
can obtain the linear relation between𝑇 and𝑚0.The intercept
in the linear relation is regarded as 𝑇0 [21, 29, 34–36]. We
can also obtain the linear relation between ⟨𝑝𝑇⟩ and mean
moving mass 𝑚 (mean energy). The slope in the linear
relation is regarded as ⟨𝛽𝑇⟩ [37–40].

Generally speaking, the two-component standard dis-
tribution and the Tsallis form of standard distribution are
the same in essentials while differing in minor points in
the behaviors in the figures. The standard distribution cor-
responds to the classical statistical system which has short-
range interactions in interior and non-multifractal structure
in boundary. Some extensive thermodynamic quantities such
as energy, momentum, internal energy, and entropy are
linearly related to the system size and particle number. These
quantities obey simply additive property. The statistical
method and the microscopic description of system are adap-
tive. The entropy function is a power tool to study the micro-
scopic dynamics of system under the macroscopic condition

by describing the occupation number of phase spaces of the
system.TheTsallis formbreaks through the limitation of clas-
sical statistics by using the entropy index 𝑞. The complex sys-
temwith long-range interactions, local memory effect, strong
dynamic correlation, fractal or multifractal occupation in
phase space, and others can be described by the Tsallis form.
The Tsallis form also causes the classical extensive quantities
not to obey the simple additive property. Instead, the coupled
item appears in the quantities and the nonextensive statistical
effects are formed in the transverse and longitudinal dynam-
ics [63–73].

In the above discussions, one can see that the two- or
three-component standard distribution can be described by
the Tsallis form of the standard distribution. It does notmean
that the single standard distribution cannot be described by
the Tsallis form. In fact, by using a lower temperature and an
entropy index that is closer to 1, the Tsallis formdescribes well
the single standard distribution. The standard distribution is
successfully replaced by the Tsallis form due to 𝑞 changing
from 1 to a value that is greater than 1. This means that the
interacting system changes from the classical and extensive
statistical system to the nonextensive system, which is an
essential change of the system properties. However, in some
cases, the same set of experimental data can be described
by both the (two- or three-component) standard distribution
obeying the extensive statistics and the Tsallis form obeying
the nonextensive statistics. This means that in these cases
there is no obvious boundary to distinguish extensive system
and nonextensive system for a given interacting system. We
have to examine which property is the main factor. Or, the
interacting system in the present energy range stays in a
transition gradation from extensive system to nonextensive
system.

4. Conclusions

We summarize here our main observations and conclusions.
(a) The transverse momentum spectra of negatively

charged pions produced in central nucleus-nucleus collisions
measured (simulated) in midrapidity range by different col-
laborations at the SIS, RHIC, and LHC are studied by the
two-component standard distribution and the Tsallis form
of standard distribution which are fitted into the frame of
multisource thermal model. The two distributions describe
approximately the experimental (simulated) data.

(b) The excitation functions of related parameters are
analyzed. The four effective temperatures 𝑇𝑆1, 𝑇𝑆2, 𝑇𝑆, and𝑇𝑇 increase linearly with increase of ln√𝑠𝑁𝑁. In particular,
the relation between 𝑇𝑆 and 𝑇𝑇 can be obtained to be 𝑇𝑆 =(2.500 ± 0.170)𝑇𝑇 + (−0.040 ± 0.013) which shows a linear
relation between 𝑇𝑆 and 𝑇𝑇. With increase of √𝑠𝑁𝑁, 𝑘𝑆1 has
a minimum at about 10GeV, and 𝑞 increases primitively and
saturates at about 10GeV.

(c) There is no difference in the particle production in
central nucleus-nucleus collisions from a few GeV to a few
TeV. Combining with other works, one can say that the same
or similar fits are good for proton-proton collisions. This
suggests universality in particle production, as it is already
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obtained in mean multiplicity, pseudorapidity density, and
multiplicity distribution, but now for transverse momentum
distribution as well.

(d) The energy of √𝑠𝑁𝑁 ≈ 10GeV for heavy-ion colli-
sions is indicated to have the highest net baryon density and
the maximum ratios of strange particles to mesons and to
take place a transition from the final state which has mainly
baryons to the final state which has mainly mesons [53].
At a slightly smaller energy (about 6∼8GeV), other works
show some extremes or saturation in excitation functions of
some parameters [54–62]. These extremes and saturation are
related to the search of soft point of equation of state.

(e) To be closer to the classical situation, the two- or three-
component standard distribution has an advantage over the
Tsallis form of standard distribution due to similar statistics
for the classical situation and standard distribution. However,
the Tsallis form of standard distribution uses less parameter
than the two- or three-component standard distribution. If
the two- or three-component standard distribution describes
a temperature fluctuation between two or among three
sources, the Tsallis form of standard distribution describes a
degree of nonequilibrium.

(f) In the considered energy range, different emission
sources stay in an approximate equilibrium state or the whole
interacting system stays in an approximate equilibrium state.
There is no obvious boundary to distinguish extensive system
and nonextensive system for a given interacting system.
The interacting system stays in a transition gradation from
extensive system to nonextensive system. To obtain only the
kinetic freeze-out temperature, we would rather use the two-
or three-component standard distribution due to it being
closer to the classical situation.
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Recently, a complex network basedmethod of visibility graph has been applied to confirm the scale-freeness and presence of fractal
properties in the process of multiplicity fluctuation. Analysis of data obtained from experiments on hadron-nucleus and nucleus-
nucleus interactions results in values of Power of Scale-Freeness of Visibility Graph (PSVG) parameter extracted from the visibility
graphs. Here, the relativistic nucleus-nucleus interaction data have been analysed to detect azimuthal anisotropy by extending
the visibility graph method and extracting the average clustering coefficient, one of the important topological parameters, from
the graph. Azimuthal-distributions corresponding to different pseudorapidity regions around the central pseudorapidity value are
analysed utilising the parameter. Here we attempt to correlate the conventional physical significance of this coefficient with respect
to complex network systems, with some basic notions of particle production phenomenology, like clustering and correlation. Earlier
methods for detecting anisotropy in azimuthal distribution were mostly based on the analysis of statistical fluctuation. In this work,
we have attempted to find deterministic information on the anisotropy in azimuthal distribution bymeans of precise determination
of topological parameter from a complex network perspective.

1. Introduction

Many authors have probed the azimuthal anisotropy of the
produced particles in ultrarelativistic heavy-ion collisions
as a function of transverse momentum and it has been
used as one of the major observables to study the collective
properties of nuclear matter [Ex. [1]]. The initial volume
enclosing the interacting nucleons is essentially anisotropic
in coordinate space, because of the geometry of noncentral
heavy-ion collisions. The initial coordinate space anisotropy
of the overlapping zone of the colliding nuclei, in which
the produced nuclear matter thermalization transforms via
reciprocal interactions into the final state anisotropy in the
momentum space. This area has been a field of immense
interest in the recent past.

The azimuthal anisotropic distribution in momentum
space has been analysed using Fourier series [2], where the
first few harmonicas have been referred to as directed flow,
elliptical flow, and so on, and in general different harmonics
will have different symmetry planes. In case of an idealized

initial geometry of heavy-ion interactions, all symmetry
planes coincide to the reaction plane of the collision, which is
constituted by the impact parameter and the beam axis. If one
uses just the orthogonality properties of trigonometric func-
tions, the Fourier series can produce some nonvanishing flow
harmonics which can not confirm whether the azimuthal
anisotropic distribution in momentum space has originated
from a collective anisotropic flow or from some other fully
unrelated physical process capable of yielding event-by-event
anisotropies (as, for example, minijets) [3]. Hence, more
rigorous attempts were made to analyse collective behaviour
from different perspectives which could disentangle it from
the processes which normally involve only a smaller subset
of the produced particles termed as nonflow [3]. The use
of correlation-based techniques by including two or more
particles has eventually led to multiparticle correlation tech-
niques. Recently, Bilandzic et al. have suggested that if all
produced particles are independently emitted and correlated
only to a few common reference planes, then the presence of
azimuthal anisotropy can be confirmed [3]. This has already
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been confirmed mathematically in [4]. Sarkisyan [5] has
analysed the parametrization of multiplicity distributions of
the produced hadrons in high-energy interaction to describe
higher order genuine correlations [6] and established the
necessity of incorporating the multiparticle correlations with
the property of self-similarity to achieve a good description
of the measurements. Wang et al. [7] and Jiang et al. [8] were
the first to go beyond two-particle azimuthal correlations,
in terms of experimental analysis. However, it did not work
for increased number of particles in such multiplets. The
joint probability distribution of𝑀 number of particles with
an 𝑀-multiplicity event has been applied theoretically, for
the first time, in flow analysis of global event shapes [4]
and then in other studies [1]. Borghini et al. have further
reported a series of analysis on multiparticle correlations
and cumulants [9]. Two- and multiparticle cumulants had
drawbacks stemming from trivial and nonnegligible con-
tributions from autocorrelations, which generates interfer-
ence among various harmonics. Then Lee-Yang Zero (LYZ)
method [10, 11] filters out the authentic multiparticle estimate
for flow harmonics, equivalent to the asymptotic behaviour
of the cumulant series. But this approach has its own
integral systematic biases. Most recently, Bilandzic et al.
have proposed the 𝑄-cumulants by implementing Voloshin’s
fundamental idea of manifesting multiparticle azimuthal
correlations in terms of 𝑄-vectors assessed for different
harmonics [12]. Though previous drawbacks are partially
removed the method is very monotonous as calculation and
hence could be accomplished only for a small subset of
multiparticle azimuthal correlations. Bilandzic et al. have
provided a generic framework which allows all multiparticle
azimuthal correlations to be evaluated analytically, with a
fast single pass over the data [3]. It removed previous lim-
itations and new multiparticle azimuthal observables could
be obtained experimentally. But in this method a systematic
bias has been found, when all particles got divided into two
groups, one of reference particles and the other particles of
interest.

The evidences of self-similar characteristics in high-
energy interactions have connections to the idea of fractality.
In view of these, study of azimuthal anisotropy can also be
attempted using differentmethods that are based on fractality
of a complex system. It started from the introduction of
intermittency by Bialas andPeschanski [13], for the analysis of
large fluctuations, where the power-lawbehaviour (indicating
self-similarity) of the factorial moments with decreasing
size of phase-space intervals was confirmed. A relationship
between the anomalous fractal dimension and intermittency
indices has been established by Paladin and Vulpiani [14].
The evolution of scaling-law (thereby self-similarity) in small
phase-space domains has been reviewed in terms of particle
correlations and fluctuations in different high-energy multi-
particle collisions by DeWolf et al. [15], and eventually a rela-
tionship between fractality and intermittency inmultiparticle
final states has been established.The built-in cascadingmech-
anism in the multiparticle production process [16], naturally
gives rise to a fractal structure to form the spectrum of fractal
dimensions, and hence the presence of scale invariance in the
hadronization process is evident. Further, various methods

based on the fractal theory have been utilised to examine
the multiparticle emission data [14, 17–20], and two of them,
the 𝐺𝑞 moment and 𝑇𝑞 moment methods, were developed,
respectively, by Ghosh et al. and implemented extensively
to similar systems [21]. Then techniques like the Detrended
Fluctuation Analysis (DFA) method [22] and Multifractal-
DFA (MF-DFA) method [23] were introduced for analysing
fractal and multifractal behaviour of fluctuations in high-
energy interactions.

Recently, novel approaches to analyse complex networks
have been proposed. Various natural systems can be termed
as complex, and heterogeneous systems consisting of various
kinds of fundamental units which communicate among
themselves through varied interactions (namely, long-range
and short-range interactions). Complex network based sys-
tems present us with a quantitative model for large-scale
natural systems (in the various fields like physics, biology,
and social sciences). The topological parameters extracted
from these complex networks provide us with important
information about the nature of the real system. The latest
advances in the field of complex networks have been reviewed
and the analytical models for random graphs, small-world,
and scale-free networks have been analysed in the recent past
[24, 25]. Havlin et al. have reported the relevance of network
sciences to the analysis, perception, design, and repair of
multilevel complex systems which are found in man-made
and human social systems, in organic and inorganic matter,
in various scales (from nano to macro), in natural and in
anthropogenic systems [26]. Zhao et al. have investigated the
dynamics of stock market, using correlation-based network,
and identified global expansion and local clustering market
behaviours during crises, using the heterogeneous time scales
[27].

Lacasa et al. have introduced a very interestingmethod of
visibility graph analysis [28, 29] that has gained importance
because of its completely different, rigorous approach to
estimate fractality. They have started applying the classical
method of complex network analysis to measure long-
range dependence and fractality of a time series [29]. Using
fractional Brownian motion (fBm) and fractional Gaussian
noises (fGn) series as a theoretical framework, they have
experimented over real time series in various scientific fields.
They have converted fractional Brownian motion (fBm)
and fractional Gaussian noises (fGn) series into a scale-free
visibility graph having degree distribution as a function of
the Hurst parameter associated with the fractal dimension
which is the degree of fractality of the time series and can
be deduced from the Detrended Fluctuation Analysis (DFA)
of the time series [23]. Recently, multiplicity fluctuation in𝜋−-AgBr interaction at an incident energy of 350GeV and
32S-AgBr interaction at an incident energy of 200AGeV
have been analysed using visibility graph method [30] and
the fractality of void probability distribution in 32S-Ag/Br
interaction at an incident energy of 200GeV per nucleon
has also been analysed, using the same method (see [31] and
reference there in).

Motivated by the findings obtained from the previous
studies in this work the azimuthal anisotropy was studied
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using the 32S-AgBr interaction at 200AGeV by extending the
complex network based visibility graph method. The average
clustering coefficient [32], one of the important topological
parameters, is extracted from the visibility graph constructed
from the azimuthal distribution data corresponding to sev-
eral pseudorapidity regions around the central pseudorapid-
ity. The scale-freeness and fractal and multifractal properties
of the process of multiparticle production have already
been confirmed in [33–36], by using the DFA and MF-
DFA methods. Recently, complex network based visibility
graph method has been applied over data collected from𝜋−-AgBr interaction at 350GeV and 32S-AgBr interaction
at 200AGeV, and then by analysing the Power of Scale-
Freeness of Visibility Graph (PSVG) [28, 29, 37] parameter
extracted from the graphs, the scale-freeness and fractal
properties of the process of particle production have been
established [30, 31]. Mali et al. have applied visibility, hori-
zontal visibility graphs, and the sandbox algorithm to analyse
multiparticle emission data in high-energy nucleus-nucleus
collisions in [38, 39]. The topological parameters of the
visibility graphs have their usual significance with respect to
the complex network systems. Here we attempted to correlate
the physical significance of average clustering coefficient
with some fundamental notions of particle production phe-
nomenology, like clustering and correlation. Earlier meth-
ods for detecting anisotropy in azimuthal distribution were
mostly based on the analysis of statistical fluctuation. So,
in this work, we have attempted to analyse the azimuthal
distribution using the approach of complex network which
gives more deterministic information about the anisotropy
in azimuthal distribution by means of precise topological
parameters.

The rest of the paper is organized as follows. The method
of visibility graph algorithm and the significance of complex
network parameters like scale-freeness and average clustering
coefficient are presented in Section 2. The data description
and related terminologies are elaborated in Section 3.1. The
details of our analysis are given in Section 3.2. The physical
significance of the network parameter and its prospective cor-
relation with the traditional concepts of azimuthal anisotropy
in heavy-ion collisions is elaborated in Section 3.3, and the
paper is concluded in Section 4.

2. Method of Analysis

As per the visibility graph method, a graph can be formed for
a time or data series according to the visibility of each node
from the rest of the nodes [29]. In this way the visibility graph
preserves the dynamics of the fluctuation of the data present
within it. Hence periodic series is transformed to a regular
graph, random series to a randomgraph, and naturally fractal
series to a scale-free network in which the graph’s degree
distribution conforms to the power-law with respect to its
degree. Thus a fractal series can be mapped into a scale-free
visibility graph [29], which is also from a series with finite
number of data points [40]. However, other nonstationary
and nonlinear methods like DFA and MF-DFA require an
infinite number of data points as input for yielding accurate
result
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Figure 1: Visibility graph for time series𝑋.

2.1. Visibility Graph Method. Let us suppose that the value of
the 𝑖th (in the sequence of the input data series) point of time
series is 𝑋𝑖. In this way all the input data points are mapped
to their corresponding nodes or vertices (according to their
value or magnitude). In this node-series, two nodes, say 𝑋𝑚
and𝑋𝑛, corresponding to the𝑚th and 𝑛th points in the time
series are said to be visible to each other or in other words
joined by a two-way edge, if and only if the following equation
is satisfied. In this way, a visibility graph is constructed out of
a time series𝑋:

𝑋𝑚+𝑗 < 𝑋𝑛 + (𝑛 − (𝑚 + 𝑗)
𝑛 − 𝑚 ) ⋅ (𝑋𝑚 − 𝑋𝑛) , (1)

where ∀𝑗 ∈ 𝑍+ and 𝑗 < (𝑛 − 𝑚). The nodes 𝑋𝑚 and 𝑋𝑛
with 𝑚 = 𝑖 and 𝑛 = 𝑖 + 6 are shown in Figure 1 where the
nodes 𝑋𝑚 and 𝑋𝑛 are visible to each other and connected
with a bidirectional edge as they satisfy (1). It is evident that
the sequential nodes are always connected as two sequential
points of the time or data series can always see each other.

The degree of a node of the graph, here visibility graph,
is the number of connections/edges a node has with the rest
of the nodes in the graph. Hence, the degree distribution of
a network, say 𝑃(𝑘), is defined as the fraction of nodes in
the network having degree 𝑘. Let us assume that there are 𝑛𝑘
number of nodes with degree 𝑘 and 𝑛 is the total number of
nodes present in a network; then 𝑃(𝑘) = 𝑛𝑘/𝑛 for all probable𝑘-s.

According to Lacasa et al. [28, 29] and Ahmadlou et
al. [37], the degree of scale-freeness of visibility graph cor-
responds to the degree of fractality and complexity of the
input time or data series. The manifestation of the scale-
freeness property of a visibility graph is reflected in its degree
distribution, which must obey a power-law. It means that,
for a visibility graph, 𝑃(𝑘) ∼ 𝑘−𝜆𝑝 is satisfied, where 𝜆𝑝, a
constant, is called the Power of the Scale-Freeness in Visibility
Graph or PSVG. PSVG, thus, signifies the degree of self-
similarity and fractality and is, therefore, a measurement of
complexity of the input time series and is linearly related to
the fractal dimension of the time series [28, 29, 37]. Also,
there is an inverse linear relationship between PSVG and the
Hurst exponent of the time series [29].

2.2. Average Clustering Coefficient. We know that by defini-
tion a cluster in a network is a set of nodes with similar
features. In this experiment, we have extracted clusters of
particles based on a density-based algorithm proposed by



4 Advances in High Energy Physics

Ester et al. [41] from the visibility networks constructed from
various experimental data sets. The algorithm followed is
underlined below.

For a given set of points in some space, the points that
are closely packed together or points with numerous nearby
neighbours are grouped together to form clusters. Here, the
density of nodes has been measured in terms of number of
nodes (which has a threshold value; let’s denote it by 𝛿 in
our experiment) between each pair of visible nodes in the
visibility graph, to form clusters. That means the closeness of
the nodes to be included in a particular cluster is measured
in terms of proximity as well as in terms of the visibility
with respect to each other. For each node (let’s denote by 𝑛𝑎),
among all nodes that are visible from 𝑛𝑎, (let’s denote them by{𝑛𝑏1, 𝑛𝑏2, . . . , 𝑛𝑏𝑛}) those having a count less than 𝛿, between
each node ∈ {𝑛𝑏1, 𝑛𝑏2, . . . , 𝑛𝑏𝑛} and the source node 𝑛𝑎, remain
in the same cluster. Naturally, these nodes are both visible
from and close to the source node 𝑛𝑎. In this way the cluster
data sets are formed for each visibility graph. Then for each
of the data sets corresponding to a particular cluster, again
visibility graphs are constructed and the average clustering
coefficient is extracted from each of these graphs.

Clustering coefficient is the calculation of the extent to
which nodes in a graph have the tendency to cluster together.
Average clustering coefficient has been defined by Watts and
Strogatz [32] as the overall clustering coefficient of a network,
which is estimated as the mean local clustering coefficient
of all the nodes in the network. For each node present in a
visibility graph, the more visible its neighbouring nodes are,
the more correlated and clustered these neighbours will be.
In this way for each node the correlation between its neigh-
bouring nodes is calculated and finally the average clustering
coefficient of the particular visibility graph is measured. High
value of this coefficient indicates the robustness of a network.

3. Experimental Details

3.1. Data Description. The experimental data has been col-
lected by exposing Illford G5 emulsion plates to a 32S-beam
of 200GeV per nucleon incident energy, from CERN. A
Leitz Metaloplan microscope having 10x ocular lens and
equipped with a semiautomatic scanning stage was used
to examine the plate. Each plate was examined by two
observers to increase the accuracy in detection, counting,
and measurement. For the angle measurement of tracks,
an oil immersion-100x objective was used. The measuring
system has 1 𝜇𝑚 resolution along𝑋- and 𝑌-axes, and 0.5 𝜇m
resolution along 𝑍-axis.

In the previous works [31, 42] the basis for event selection
is already explained. In the context of nuclear emulsion [43],
after interactions the emitted particles of different categories
result in shower, grey, and black tracks.

3.2. Method of Analysis. In [30] the pseudorapidity space for
10 overlapping intervals around the central pseudorapidity
value (denoted by 𝑐𝑟) of the 32S-AgBr interaction has been
analysed using the visibility graph method.There, it has been
established that the multiplicity fluctuation in high- energy
interaction follows scaling laws in pseudorapidity space.
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Figure 2: 5 clusters extracted from the azimuthal space correspond-
ing to a sample pseudorapidity data set around 𝑐𝑟 for 32S-AgBr
(200AGeV) interaction.

In this experiment, we have considered the azimuthal
angles of the shower tracks belonging to four overlapping
pseudorapidity intervals centered around 𝑐𝑟, from the same
interaction to analyse the fluctuation and to identify the
clustering pattern from a complex network perspective, and
attempted to detect whether the azimuthal fluctuation is
also self-similar in nature and follows scaling laws. Further
the presence of azimuthal anisotropy has been probed by
extracting the clusters and calculating the average clustering
coefficient, for each of the four 𝜙-data sets, in the light of
conventional concept of multiparticle correlations.

The detailed steps for the analysis are described below.

(1) For each of the 4 overlapping pseudorapidity intervals
centered around 𝑐𝑟 (the range of the 𝜂-values is
indicated by 𝑐𝑟 −Δ𝜂 to 𝑐𝑟 +Δ𝜂, where Δ𝜂 varies from 1
to 4), the𝜙-values of the shower tracks are considered,
and this way the 4 input data sets for the experiment
are formed. Four visibility graphs are constructed
according to the method described in Section 2.1.

(2) Then clusters are extracted following the density-
based algorithm proposed by Ester et al. [41] from
each of the 4 visibility graphs and one set of data
points corresponding to each of the clusters is
obtained. Figure 2 shows a specimen of 5 clusters
taken out from the data set of 𝜙-values in the
pseudorapidity region closest to 𝑐𝑟 for 32S-AgBr (at200AGeV) interaction.

(3) Once again visibility graphs are constructed from
all the cluster data extracted from the four visibility
graphs constructed in the step (1). For each graph
the values of 𝑃(𝑘) for all possible values of 𝑘-s
are computed and the power-law fitting is done by
following the method suggested by Clauset et al. [44].
In Figure 3(a) the 𝑃(𝑘) versus 𝑘 plot for a sample
cluster is shown, where the power-law relationship
is evident from the value of 𝑅2(0.96) of the power-
law fitting. As explained in Section 2.1, once the
power-law has been confirmed for the 𝑃(𝑘) versus𝑘 variation, the power-law exponent PSVG of the
corresponding cluster is obtained.
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Figure 3: (a) 𝑃(𝑘) versus 𝑘 plot for a cluster (b) log2[𝑃(𝑘)] versus log2[1/𝑘] plot for the same cluster.

The same values of PSVG parameter are also obtained
from the gradient of log2[𝑃(𝑘)] versus log2[1/𝑘] plot
for the same cluster data. Again goodness of fit
for straight line fitting can be confirmed from the
corresponding value of 𝑅2. Figure 3(b) shows such a
plot for the same specimen cluster data that is plotted
in Figure 3(a) and the PSVG is 2.44 ± 0.1, while 𝑅2 =0.96.
Table 1 shows a list of PSVG values calculated for
the visibility graphs constructed from a sample set
of 30 cluster data sets extracted from the visibility
graph corresponding to one of the four data set of𝜙-values for 32S-AgBr (200AGeV) interaction data
(constructed in step (1)). The table also shows the
corresponding 𝜒2/DOF values, and the values of 𝑅2
calculated for both power-law fitting for 𝑃(𝑘) versus𝑘 data set and straight line fitting for log2[𝑃(𝑘)]
versus log2[1/𝑘] plot of the same data set. The power-
law relationship and good scaling behaviour can be
confirmed from the corresponding 𝜒2/DOF values
and the values of 𝑅2 for all the cluster data sets in
Table 1.

(4) Similar analysis for all the clusters extracted from
the visibility graphs constructed for all four 𝜙-data
sets around the 𝑐𝑟 value of the experimental data
(constructed in step (1)) is carried out. As PSVG
correlates the amount of complexity with fractality
of the data series, and eventually with the fractal
dimension of the experimental data series [28, 29, 37],
it can be confirmed that all these clusters are scale-free
and also are of fractal structure.

(5) Then Monte-Carlo simulated data set is generated
for each of the cluster data sets, assuming indepen-
dent emission of pions in 32S-Ag/Br interaction at200AGeV. The data for Monte-Carlo simulated data
sets have been chosen in such a way that 𝑑𝑛/𝑑𝜙 distri-
bution of the Monte-Carlo simulated data resembles
the corresponding 𝑑𝑛/𝑑𝜙 of the experimental ensem-
bles. Then for all these Monte-Carlo simulated data
sets, first visibility graphs are constructed and then
PSVG-s are calculated. Table 2 shows the list of PSVG
values alongwith values of𝜒2/DOF and𝑅2, calculated

Table 1: List of PSVG values calculated for the visibility graphs
constructed from a sample set of 30 cluster data sets extracted from
the visibility graph corresponding to one of the four data sets of 𝜙-
values for 32S-AgBr (200A GeV) interaction data (constructed in
step (1)).
Clusterseq PSVG 𝜒2/DOF 𝑅2
Cluster1 2.2 ± 0.14 0.92 0.03
Cluster2 2.03 ± 0.18 0.86 0.03
Cluster3 2.12 ± 0.17 0.88 0.02
Cluster4 2.1 ± 0.14 0.92 0.02
Cluster5 2.02 ± 0.19 0.85 0.02
Cluster6 2.15 ± 0.18 0.89 0.05
Cluster7 2.33 ± 0.17 0.92 0.02
Cluster8 2.25 ± 0.2 0.88 0.02
Cluster9 2.61 ± 0.26 0.86 0.03
Cluster10 2.3 ± 0.13 0.94 0.02
Cluster11 2.11 ± 0.1 0.95 0.02
Cluster12 2.16 ± 0.14 0.91 0.03
Cluster13 2 ± 0.18 0.87 0.01
Cluster14 1.83 ± 0.16 0.84 0.04
Cluster15 2.34 ± 0.15 0.93 0.03
Cluster16 2.51 ± 0.13 0.96 0.03
Cluster17 2.32 ± 0.15 0.93 0.03
Cluster18 2.23 ± 0.15 0.92 0.02
Cluster19 2.02 ± 0.13 0.91 0.03
Cluster20 2.14 ± 0.18 0.88 0.02
Cluster21 2.31 ± 0.11 0.95 0.04
Cluster22 2.06 ± 0.18 0.87 0.04
Cluster23 1.98 ± 0.23 0.79 0.02
Cluster24 2.21 ± 0.19 0.87 0.02
Cluster25 1.88 ± 0.18 0.82 0.02
Cluster26 2.03 ± 0.21 0.83 0.04
Cluster27 2 ± 0.12 0.91 0.02
Cluster28 2.15 ± 0.17 0.87 0.04
Cluster29 1.93 ± 0.15 0.86 0.03
Cluster30 2.16 ± 0.19 0.86 0.04

for the visibility graphs constructed from the Monte-
Carlo simulated version of the same sample set of
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Figure 4: Trend of PSVG values calculated for a specimen set of
30 cluster data sets (both experimental and their MC simulated
ones as shown in Tables 1 and 2) extracted from the visibility graph
corresponding to one of the four data sets of 𝜙-values for 32S-AgBr
(200AGeV) interaction data (constructed in step (1)).

30 cluster data sets as shown in Table 1 for the
same particular 𝜙-data set for 32S-AgBr (200AGeV)
interaction (constructed in step (1)) data.
Figure 4 also shows the trend of PSVG values cal-
culated for the same specimen set of 30 cluster-
datasets (both experimental and the MC simulated
results) as shown in Tables 1 and 2. The PSVG values
calculated for the experimental data sets significantly
differ from their Monte-Carlo simulated counterpart.
This finding establishes that the degree of complexity
for any cluster is not the result of the Monte-Carlo
simulated fluctuation pattern, but of some dynamics
present in the cluster data sets.

(6) The statistical errors shown in Tables 1 and 2 and
Figure 4 are obtained from the corresponding fit
processes.Thedetails of error calculation have already
been discussed in a previous work [45]. The values
of 𝜒2/DOF and 𝑅2 for the straight line fitting (for
log2[1/𝑘] versus log2[𝑃(𝑘)] plots) and power-law fit-
ting (for 𝑘 versus𝑃(𝑘)plots) in these figures and tables
reflect the goodness of fit. We have followed Pearson’s
chi-squared test [46] to calculate the 𝜒2/DOF values,
after considering the statistical errors. These errors
are calculated individually for every point and the
diagonal elements of the full covariance matrix are
obtained thereof [47]. The off-diagonal elements of
the covariance matrix are produced because of the
correlation between the data points and this corre-
lation must be considered to have a detailed picture
of the full covariance matrix. The diagonal elements
of the full covariance matrix mainly contribute to𝜒2/DOF values, as per the analysis done in various
other works [48]. If the off-diagonal elements are
considered, the changes contributing to the 𝜒2/DOF
values are trivial and hence do not affect the final
conclusion.

(7) In the next step the average clustering coefficients
are extracted from the visibility graphs for all the
cluster data sets corresponding to the four 𝜙-data sets

Table 2: List of PSVG values calculated for the visibility graphs
constructed from the Monte-Carlo simulated version of the same
sample set of 30 cluster data sets (as shown in Table 1) extracted
from the visibility graph corresponding to one of the four data sets
of 𝜙-values for 32S-AgBr (200A GeV) interaction data (constructed
in step (1)).
Clusterseq PSVG 𝜒2/DOF 𝑅2
Cluster1 3.24 ± 0.11 0.96 0.02
Cluster2 2.99 ± 0.13 0.94 0.02
Cluster3 3.29 ± 0.13 0.95 0.02
Cluster4 3.09 ± 0.11 0.96 0.03
Cluster5 3.14 ± 0.14 0.94 0.02
Cluster6 2.99 ± 0.13 0.94 0.03
Cluster7 2.97 ± 0.1 0.96 0.02
Cluster8 2.89 ± 0.11 0.95 0.03
Cluster9 3.18 ± 0.17 0.91 0.02
Cluster10 3.32 ± 0.14 0.94 0.02
Cluster11 3.22 ± 0.13 0.95 0.01
Cluster12 3.14 ± 0.14 0.94 0.02
Cluster13 3.02 ± 0.09 0.97 0.02
Cluster14 3.12 ± 0.12 0.95 0.02
Cluster15 3.07 ± 0.13 0.94 0.02
Cluster16 3.26 ± 0.17 0.93 0.02
Cluster17 3.26 ± 0.12 0.95 0.03
Cluster18 3.11 ± 0.14 0.94 0.02
Cluster19 3.13 ± 0.13 0.95 0.03
Cluster20 3.07 ± 0.12 0.95 0.03
Cluster21 3.09 ± 0.1 0.97 0.02
Cluster22 3.03 ± 0.15 0.93 0.03
Cluster23 3.06 ± 0.13 0.94 0.02
Cluster24 3.16 ± 0.13 0.95 0.03
Cluster25 3.3 ± 0.12 0.95 0.02
Cluster26 2.99 ± 0.09 0.97 0.01
Cluster27 3.04 ± 0.09 0.97 0.02
Cluster28 3.08 ± 0.11 0.95 0.02
Cluster29 3.08 ± 0.12 0.95 0.02
Cluster30 3.01 ± 0.1 0.96 0.02

(constructed in step (1)), as per themethod explained
in Section 2.2. Then from the visibility graphs con-
structed from all the corresponding Monte-Carlo
simulated data sets, the average clustering coefficients
are calculated.

(i) In this way we obtain 4 sets containing pairs
of average clustering coefficients (calculated
for experimental and MC simulated cluster-
datasets) for the four 𝜙-data sets.

(ii) Each pair of average clustering coefficients cor-
responds to the average clustering coefficient
of the visibility graph created for a particular
cluster data set, and the average clustering coef-
ficient of the visibility graph constructed also for
its Monte-Carlo simulated version.
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Table 3: Trend of number of clusters is selected from each of
the four 𝜙-data sets [corresponding to the pseudorapidity regions
around 𝑐𝑟 for 32S-AgBr (200A GeV) interaction] which have almost
similar average clustering coefficient to theirMonte-Carlo simulated
counterparts.

Δ𝜂 Number of clusters
1.0 7
2.0 5
3.0 5
4.0 2

(iii) Then from each these four sets, the cluster data
sets which have almost similar average cluster-
ing coefficient as their Monte-Carlo simulated
counterparts are selected.

(iv) The count of such clusters for each of the four𝜙-data sets is calculated and listed in Table 3.
The trend of this count across the 𝜙-data sets
(corresponding to the pseudorapidity regions
withΔ𝜂 = 1.0 toΔ𝜂 = 4.0 around 𝑐𝑟) is shown in
Table 3. The trend is evidently decreasing from
the azimuthal distribution in the pseudorapidity
region closest to 𝑐𝑟 to the farthest one.

3.3. Results and Discussions. As already mentioned in the
Section 1, several analyses have shown that the power-law
spectra arising even from nonextensive statistics can rightly
identify the general properties of particle production in high-
energy interactions. Recently, Deppman and Megı́as [49]
have shown that the fractal dimensions of the thermofractal
obtained from values of temperature and entropic index
resulting from the analysis of 𝑝𝑇 distributions in high-
energy interactions are similar to those found in analyses of
intermittency in experimental data in high-energy collisions.

Experimental data from 32S-AgBr at 200AGeV interac-
tion has been analysed using the complex network based
visibility graphmethod and the PSVGvalues obtained thereof
have been compared for all the overlapping 𝜂-regions cen-
tered around 𝑐𝑟, and it has been shown that the multiplicity
fluctuation in high-energy interaction is self-similar and
scale-free [30]. The present work provides another evidence
of fractal structure in multiparticle emission data.

In this work we have constructed visibility graphs from
their corresponding azimuthal space or 𝜙-data sets. From
each visibility graph, a number of cluster data sets are
extracted, and then again visibility graphs are constructed
for each cluster data set and its Monte-Carlo simulated
counterpart. Finally it is shown that each of these clusters is
self-similar and scale-free and hence is of fractal structure.

(i) For each cluster and its Monte-Carlo simulated coun-
terpart, average clustering coefficients are calculated,
and it has been found that the count of clusters having
almost similar average clustering coefficient to their
Monte-Carlo simulated counterparts is decreasing

from the 𝜙-region closest to the farthest from 𝑐𝑟.
Clustering coefficient is essentially generalised as
signed correlation between the nodes of the networks
[50]. In this experiment the correlation ismeasured in
terms of the visibility between the nodes of the cluster
data sets.

(ii) Hence this decreasing count of clusters shown in
Table 3 from pseudorapidity regions with Δ𝜂 = 1.0
to Δ𝜂 = 4.0 around 𝑐𝑟 signifies that the particle-to-
particle correlation in the azimuthal distribution is
least in the pseudorapidity region that is closest to𝑐𝑟 (with Δ𝜂 = 1.0). Therefore, this region has the
maximum number of clusters having similar average
clustering coefficient to their Monte-Carlo simulated
versions.However, the particle-to-particle correlation
is gradually increasing as the count of clusters having
similar average clustering coefficient compared to
their Monte-Carlo simulated counterparts decreases
in the regions that are farther from 𝑐𝑟 and finally this
count is least in the farthest pseudorapidity region
from 𝑐𝑟.

(iii) Particle-to-particle correlation in the azimuthal dis-
tribution is least in the most central pseudorapidity
space, which gradually increases towards the region
farthest from 𝑐𝑟 and becomes highest in the pseudora-
pidity region with Δ𝜂 = 4.0.

4. Conclusion

Bilandzic et al. have discussed that azimuthal anisotropic
distribution might be the underlying cause of collective
anisotropic flow of the produced particles in ultrarelativis-
tic heavy-ion collisions [3]. The dynamics of azimuthal
anisotropy in multiparticle production process is yet to come
out with accurate parameters. Detailed and latest methods
to analyse collective anisotropic flow using multiparticle
azimuthal correlations are not free from systematic bias in
conventional differential flow analyses. Hence, this is still an
open area of research. In view of this, we have attempted
to analyse azimuthal anisotropy by analysing the azimuthal
distribution from a complex network perspective, which
gives more deterministic information about the anisotropy
in azimuthal distribution in terms of precise topological
parameter.

It is observed that particle-to-particle correlation in the
azimuthal distribution is least in the region closest to the
central pseudorapidity, because in this region the pattern of
clusters formed by the particles is mostly similar to their
Monte-Carlo simulated counterparts. But, this correlation
increases monotonically towards the region farthest from
the central pseudorapidity. This in effect establishes the
anisotropic nature of the azimuthal distribution closest to the
central pseudorapidity region. This interesting observation
might have a far reaching consequence to confirm the
collective anisotropic flow in that region.
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In heavy ion collisions, charged particles come from two parts: the hot and dense matter and the leading particles. In this paper, the
hot and dense matter is assumed to expand according to the hydrodynamic model including phase transition and decouples into
particles via the prescription of Cooper-Frye. The leading particles are as usual supposed to have Gaussian rapidity distributions
with the number equaling that of participants. The investigations of this paper show that, unlike low energy situations, the leading
particles are essential in describing the pseudorapidity distributions of charged particles produced in high energy heavy ion
collisions. This might be due to the different transparencies of nuclei at different energies.

1. Introduction

The BNL Relativistic Heavy Ion Collider (RHIC) accelerates
nuclei up to the center-of-mass energies from a dozenGeV to
200GeV per nucleon. In the past decade, the measurements
from such collisions have triggered an extensive research for
the properties of matter at extreme conditions of very high
temperature and energy densities [1–33]. One of the most
important achievements from such research is the discovery
that the matter created in nucleus-nucleus collisions at RHIC
energies is in the state of strongly coupled quark-gluon
plasma (sQGP) exhibiting a clear collective behavior nearly
like a perfect fluid with very low viscosity [10–33].

Thebest approach for describing the space-time evolution
of fluid-like sQGP is the relativistic hydrodynamics. How-
ever, owing to the formidable complexities of hydrodynamic
equations, the most analytical work so far is mainly limited
to 1+1 expansion for a perfect fluid with simple equation of
state, which can be found as an important application in
the analysis of the pseudorapidity distributions of charged
particles in high energy physics. In this paper, combining the
effects of leading particles, we will discuss such distributions
in the framework of 1+1 hydrodynamic model including
phase transition [10].

2. A Brief Introduction to the Model

Here, for the purpose of completeness and applications, we
will list the key ingredients of the hydrodynamic model [10].(1) The expansion of fluid is subject to the conservation
of energy and momentum. This is reflected in continuity
equation

𝜕𝑇𝜇]𝜕𝑥] = 0, 𝜇, ] = 0, 1, (1)

where𝑇𝜇] is the energy-momentum tensor. For a perfect fluid

𝑇𝜇] = (𝜀 + 𝑝) 𝑢𝜇𝑢] − 𝑝𝑔𝜇], (2)

where

𝑢𝜇 = (𝑢0, 𝑢1) = (cosh𝑦𝐹, sinh𝑦𝐹) , 𝑢𝜇𝑢𝜇 = 1, (3)

is the 4-velocity of fluid and 𝑦𝐹 is its rapidity. 𝜀 and 𝑝 in (2)
are the energy density and pressure of fluid, which meet the
thermodynamical relations

𝜀 + 𝑝 = 𝑇𝑠,
d𝜀 = 𝑇d𝑠,
d𝑝 = 𝑠d𝑇,

(4)
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where 𝑇 and 𝑠 are the temperature and entropy density of
fluid, respectively. To close (1), another relation, namely, the
equation of state

d𝑝
d𝜀 = 𝑠d𝑇𝑇d𝑠 = 𝑐2𝑠 , (5)

is needed, where 𝑐𝑠 is the sound speed of fluid, which takes
different values in sQGP and in hadronic phase.(2) Project (1) to the direction of 𝑢𝜇 and the direction
perpendicular to 𝑢𝜇, respectively. This leads to equations

𝜕 (𝑠𝑢])𝜕𝑥] = 0, (6)

𝜕 (𝑇 sinh𝑦𝐹)𝜕𝑡 + 𝜕 (𝑇 cosh𝑦𝐹)𝜕𝑧 = 0. (7)

Equation (6) is the continuity equation for entropy conserva-
tion. Equation (7) means the existence of a scalar function 𝜙
satisfying relations

𝜕𝜙𝜕𝑡 = 𝑇 cosh𝑦𝐹,
𝜕𝜙𝜕𝑧 = −𝑇 sinh𝑦𝐹.

(8)

From 𝜙 and Legendre transformation, Khalatnikov potential𝜒 is introduced via relation

𝜒 = 𝜙 − 𝑡𝑇 cosh𝑦𝐹 + 𝑧𝑇 sinh𝑦𝐹. (9)

In terms of 𝜒, the variables 𝑡 and 𝑧 can be expressed as

𝑡 = 𝑒𝜃𝑇0 (
𝜕𝜒𝜕𝜃 cosh𝑦𝐹 + 𝜕𝜒𝜕𝑦𝐹 sinh𝑦𝐹) ,

𝑧 = 𝑒𝜃𝑇0 (
𝜕𝜒𝜕𝜃 sinh𝑦𝐹 + 𝜕𝜒𝜕𝑦𝐹 cosh𝑦𝐹) ,

(10)

where 𝑇0 is the initial temperature of fluid and 𝜃 = ln(𝑇0/𝑇).
Through the above equations, the coordinate base of (𝑡, 𝑧) is
transformed to that of (𝜃, 𝑦𝐹), and (6) is translated into the
so-called telegraphy equation

𝜕2𝜒𝜕𝜃2 − 2𝛽𝜕𝜒𝜕𝜃 − 1𝑐2𝑠
𝜕2𝜒𝜕𝑦2𝐹 = 0, 𝛽 = 1 − 𝑐2𝑠2𝑐2𝑠 . (11)

(3) Along with the expansions of matter created in
collisions, it becomes cooler and cooler. As its temperature
drops from the initial 𝑇0 to the critical 𝑇𝑐, phase transition
occurs. The matter transforms from sQGP state to hadronic
state. The produced hadrons are initially in the violent and
frequent collisions. The major part of these collisions is
inelastic. Hence, the abundances of identified hadrons are
changing. Furthermore, the mean free paths of these primary
hadrons are very short.Themovement of them is still like that
of a fluid meeting (11) with only difference being the value
of 𝑐𝑠. In sQGP, 𝑐𝑠 = 𝑐0 = 1/√3, which is the sound speed
of a massless perfect fluid, being the maximum of 𝑐𝑠. In the

hadronic state, 𝑐𝑠 = 𝑐ℎ < 𝑐0. At the point of phase transition,
that is, as 𝑇 = 𝑇𝑐, 𝑐𝑠 is discontinuous.(4)The solution of (11) for the sector of sQGP is [10]

𝜒0 (𝜃, 𝑦𝐹) = 𝑞0𝑐02 𝑒𝛽0𝜃𝐼0 (𝛽0𝑐0√𝑦20 (𝜃) − 𝑦2𝐹) , (12)

where 𝑞0 is a constant determined by tuning the theoretical
results to experimental data and 𝐼0 is the 0th-order modified
Bessel function of the first kind, and

𝛽0 = 1 − 𝑐202𝑐20 = 1,
𝑦0 (𝜃) = 𝜃𝑐0 .

(13)

In the sector of hadrons, the solution of (11) is [10]

𝜒ℎ (𝜃, 𝑦𝐹) = 𝑞0𝑐02 𝐵 (𝜃) 𝐼0 [𝜆 (𝜃, 𝑦𝐹)] , (14)

where

𝐵 (𝜃) = 𝑒𝛽ℎ(𝜃−𝜃𝑐)+𝛽0𝜃𝑐 ,
𝜆 (𝜃, 𝑦𝐹) = 𝛽ℎ𝑐ℎ√𝑦2ℎ (𝜃) − 𝑦2𝐹,

𝛽ℎ = 1 − 𝑐2ℎ2𝑐2
ℎ

,
𝑦ℎ (𝜃) = 𝜃 − 𝜃𝑐𝑐ℎ + 𝜃𝑐𝑐0 ,

𝜃𝑐 = ln(𝑇0𝑇𝑐 ) .

(15)

3. The Pseudorapidity Distributions of
Charged Particles

(1) The Invariant Multiplicity Distributions of Charged Parti-
cles Frozen Out from sQGP. From Khalatnikov potential 𝜒,
the rapidity distributions of charged particles frozen out from
fluid-like sQGP read [34]

d𝑁sQGP

d𝑦𝐹 = 𝑞0𝑐02 𝐴 (𝑏) (cosh𝑦 d𝑧
d𝑦𝐹 − sinh𝑦 d𝑡

d𝑦𝐹) , (16)

where𝐴(𝑏) is the area of overlap region of collisions, being the
function of impact parameter 𝑏 or centrality cuts. Inserting
(10) into the above equation, the part in the round brackets
becomes

cosh𝑦 d𝑧
d𝑦𝐹 − sinh𝑦 d𝑡

d𝑦𝐹
= 1𝑇𝑐2 𝜕𝜕𝜃 (𝜒 + 𝜕𝜒𝜕𝜃) cosh (𝑦 − 𝑦𝐹)
− 1𝑇 𝜕𝜕𝑦𝐹 (𝜒 +

𝜕𝜒𝜕𝜃) sinh (𝑦 − 𝑦𝐹) .
(17)
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With the expansions of hadronic matter, it continues
becoming cooler. According to the prescription of Cooper-
Frye [34], as the temperature drops to the freeze-out temper-
ature 𝑇FO, the inelastic collisions among hadrons cease. The
yields of identified hadrons remain unchanged becoming the
measured results in experiments. The invariant multiplicity
distributions of charged particles equal [10, 15, 34]

d2𝑁sQGP2𝜋𝑝𝑇d𝑦d𝑝𝑇 =
1

(2𝜋)3 ∫
d𝑁sQGP

d𝑦𝐹
⋅ 𝑚𝑇 cosh (𝑦 − 𝑦𝐹)
exp {[𝑚𝑇 cosh (𝑦 − 𝑦𝐹) − 𝜇𝐵] /𝑇} + 𝛿

𝑇=𝑇FO d𝑦𝐹,
(18)

where 𝑚𝑇 = √𝑚2 + 𝑝2𝑇 is the transverse mass of produced
charged particle with rest mass 𝑚. 𝜇𝐵 in (18) is the bary-
ochemical potential. For Fermi charged particles, 𝛿 = 1 in the
denominator of (18), and for Bosons, 𝛿 = −1. The meaning of
(18) is evident. It is the convolution of d𝑁sQGP/d𝑦𝐹 with the
energy of the charged particles in the state with temperature𝑇.

The integral interval of 𝑦𝐹 in (18) is [−𝑦ℎ(𝜃𝑓), 𝑦ℎ(𝜃𝑓)].The
integrand is evaluated with 𝑇 = 𝑇FO. At this moment, the
fluid freezes out into the charged particles. Replacing 𝜒 in (17)
by 𝜒ℎ of (14), it becomes

(cosh𝑦 d𝑧
d𝑦𝐹 − sinh𝑦 d𝑡

d𝑦𝐹)
𝑇=𝑇FO =

1𝑇FO (𝛽ℎ𝑐ℎ)2
⋅ 𝐵 (𝜃FO) [𝑆 (𝜃FO, 𝑦𝐹) sinh (𝑦 − 𝑦𝐹)
+ 𝐶 (𝜃FO, 𝑦𝐹) cosh (𝑦 − 𝑦𝐹)] ,

(19)

where

𝑆 (𝜃FO, 𝑦𝐹)
= 𝛽ℎ𝑦𝐹𝜆 (𝜃FO, 𝑦𝐹) {

𝛽ℎ𝑐ℎ𝑦ℎ (𝜃FO)𝜆 (𝜃FO, 𝑦𝐹) 𝐼0 [𝜆 (𝜃FO, 𝑦𝐹)]
+ [𝛽ℎ + 1𝛽ℎ − 2𝛽ℎ𝑐ℎ𝑦ℎ (𝜃FO)𝜆2 (𝜃FO, 𝑦𝐹) ] 𝐼1 [𝜆 (𝜃FO, 𝑦𝐹)]} ,

𝐶 (𝜃FO, 𝑦𝐹) = {𝛽ℎ + 1𝛽ℎ + [𝛽ℎ𝑐ℎ𝑦ℎ (𝜃FO)]2𝜆2 (𝜃FO, 𝑦𝐹) }

⋅ 𝐼0 [𝜆 (𝜃FO, 𝑦𝐹)] + 1𝜆 (𝜃FO, 𝑦𝐹) {
𝑦ℎ (𝜃FO)𝑐ℎ + 1

− 2 [𝛽ℎ𝑐ℎ𝑦ℎ (𝜃FO)]2𝜆2 (𝜃FO, 𝑦𝐹) } 𝐼1 [𝜆 (𝜃FO, 𝑦𝐹)] ,

(20)

where 𝐼1 is the 1st-order modified Bessel function of the first
kind.

(2) The Invariant Multiplicity Distributions of Leading Parti-
cles. Investigations have shown that the leading particles are
formed outside the overlap region of collisions [35, 36]. The

generation and movement of them are therefore beyond the
scope of hydrodynamic description and should be treated
separately.

In our previous work [24–26], we once argued that the
rapidity distributions of leading particles take the Gaussian
form

d𝑁Lead (𝑏, √𝑠NN, 𝑦)
d𝑦

= 𝑁Lead (𝑏, √𝑠NN)√2𝜋𝜎 exp{−[𝑦 − 𝑦0 (𝑏, √𝑠NN)]22𝜎2 } ,
(21)

where𝑦0(𝑏, √𝑠NN) and𝜎 are, respectively, the central position
andwidth of distributions. It can be expected that𝑦0(𝑏, √𝑠NN)
should increase with increasing energies and centrality cuts,
while 𝜎 should not, at least not apparently, depend on the
energies, centrality cuts, and even colliding systems. The
specific values of them can be determined by comparing the
theoretical results with experimental data.𝑁Lead(𝑏, √𝑠NN) in
(21) represents the number of leading particles, which, for an
identical nucleus-nucleus collision, equals half of the number
of participants.

The investigations have shown that [37], for certain
rapidity, the invariant multiplicity distributions of leading
particles possess the form

d2𝑁Lead2𝜋𝑝𝑇d𝑦d𝑝𝑇 ∝ exp (−𝑎𝑝2𝑇) , (22)

where 𝑎 is a constant. Then, as a function of rapidity, the
invariant multiplicity distributions of leading particles can be
written as

d2𝑁Lead2𝜋𝑝𝑇d𝑦d𝑝𝑇 =
d𝑁Lead
d𝑦 𝑎𝜋 exp (−𝑎𝑝2𝑇) , (23)

which is normalized to𝑁Lead.

(3) The Pseudorapidity Distributions of Charged Particles.
Writing invariant multiplicity distributions in terms of pseu-
dorapidity, we have

d2𝑁2𝜋𝑝𝑇d𝜂d𝑝𝑇 = √1 −
𝑚2𝑚2𝑇cosh2𝑦

d2𝑁2𝜋𝑝𝑇d𝑦d𝑝𝑇 , (24)

where

d2𝑁2𝜋𝑝𝑇d𝑦d𝑝𝑇 =
d2𝑁sQGP2𝜋𝑝𝑇d𝑦d𝑝𝑇 +

d2𝑁Lead2𝜋𝑝𝑇d𝑦d𝑝𝑇 . (25)

To fulfill the transformation of (24), another relation

𝑦 = 12 ln[[[
√𝑝2𝑇cosh2𝜂 + 𝑚2 + 𝑝𝑇 sinh 𝜂
√𝑝2𝑇cosh2𝜂 + 𝑚2 − 𝑝𝑇 sinh 𝜂

]]
]

(26)

is in order.
Substituting (18) and (23) into (24) and carrying out the

integration of 𝑝𝑇, we can get the pseudorapidity distributions
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Figure 1: The pseudorapidity distributions of charged particles produced in different centrality Au+Au collisions at √𝑠NN = 200GeV. The
solid dots are the experimental measurements [5]. The dashed, dashed-dotted, and dotted curves are, respectively, the contribution from
pions, kaons, and protons got from the hydrodynamic result of (18). The dotted-star curves are the components of leading particles obtained
from (23). The solid curves are the sums of the four types of curves.

of charged particles produced in high energy heavy ion
collisions. Figures 1 and 2 show such distributions in Au+Au
collisions at√𝑠NN = 200 and 62.4GeV, respectively.The solid
dots in the figures are the experimental measurements [5].
The dashed, dashed-dotted, and dotted curves are, respec-
tively, the contribution from pions, kaons, and protons got
from the hydrodynamic result of (18). The dotted-star curves
are the components of leading particles obtained from (23).
The solid curves are the sums of the four types of curves.𝜒2/NDF for each curve is listed in Table 1. It can be seen that
the combined contribution from both hydrodynamics and
leading particles matches up well with experimental data.

Experiments have shown that the overwhelming major-
ity of charged particles produced in Au+Au collisions at√𝑠NN = 200GeV consists of pions, kaons, and protons with
proportions of about 84%, 12%, and 4%, respectively [38],
which are roughly independent of energies, centrality cuts,

and colliding systems. In calculations, the ratios of these three
kinds of particles take about the same as these values. 𝑐ℎ in
(15) takes the values of 𝑐ℎ = 0.45 and 0.42 for √𝑠NN = 200
and 62.4GeV from the investigations of [15, 39–41]. 𝑇𝑐 in (15)
takes the well-recognized value of 𝑇𝑐 = 180MeV. The freeze-
out temperature 𝑇FO takes the values of 𝑇FO = 120MeV from
the studies of [6], which also shows that the baryochemical
potential 𝜇𝐵 in (18) is about equal to 20 and 50MeV for√𝑠NN = 200 and 62.4GeV, respectively. For the most central
collisions at these two different energies, 𝑇0 in (15) takes the
values of 𝑇0 = 0.95 and 0.68GeV referring to those given in
[15]. This allows us to determine the constant 𝑞0 in (16) to be𝑞0 = 7.38×10−4, 6.01×10−4, and 4.50×10−3 for pions, kaons,
and protons, respectively. Keeping 𝑞0 unchanged, 𝑇0 is fixed
for the rest centrality cuts by making theoretical results fit in
with experimental data.The results are listed in Table 1. It can
be seen that 𝑇0 decreases slowly with increasing centralities
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Figure 2: The pseudorapidity distributions of charged particles produced in different centrality Au+Au collisions at √𝑠NN = 62.4GeV. The
solid dots are the experimental measurements [5]. The dashed, dashed-dotted, and dotted curves are, respectively, the contribution from
pions, kaons, and protons got from the hydrodynamic result of (18). The dotted-star curves are the components of leading particles obtained
from (23). The solid curves are the sums of the four types of curves.

Table 1: 𝜒2/NDF, initial temperature 𝑇0, and central position 𝑦0 in different centrality Au+Au collisions at √𝑠NN = 200, 62.4, and 19.6GeV,
respectively.

Centrality cuts (%) 0–3 3–6 6–10 10–15 15–20 20–25 25–30 30–35 35–40 40–45 45–50𝜒2/NDF
200GeV 0.496 0.693 0.402 0.260 0.310 0.217 0.354 0.151 0.161 0.123 0.089
62.4GeV 0.696 0.519 0.300 0.192 0.188 0.079 0.266 0.376 0.444 0.481 0.405
19.6GeV 0.816 0.533 0.359 0.614 0.802 0.309 0.559 0.496 0.229 0.577 —𝑇0 (GeV)
200GeV 0.950 0.949 0.948 0.947 0.945 0.941 0.922 0.909 0.885 0.874 0.860
62.4GeV 0.680 0.676 0.675 0.671 0.660 0.650 0.623 0.607 0.599 0.593 0.585
19.6GeV 0.551 0.549 0.547 0.543 0.539 0.533 0.529 0.518 0.510 0.493 —𝑦0
200GeV 2.86 3.03 3.13 3.23 3.46 3.54 3.55 3.57 3.58 3.59 3.60
62.4GeV 2.80 2.88 3.05 3.21 3.35 3.39 3.42 3.46 3.50 3.51 3.54
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Figure 3: The pseudorapidity distributions of charged particles produced in different centrality Au+Au collisions at √𝑠NN = 19.6GeV. The
solid dots are the experimental measurements [5]. The dashed, dashed-dotted, and dotted curves are, respectively, the contribution from
pions, kaons, and protons got from the hydrodynamic results of (18). The solid curves are the sums of the three types of curves.

especially in the first four cuts. Table 1 also lists the central
position 𝑦0 in (21). As addressed above, it increases with
increasing energies and centralities. The width parameter 𝜎
in (21) takes the value of a constant of 𝜎 = 0.90, being
independent of energies and centrality cuts. The parameter𝑎 in (23) takes the value of 𝑎 = 0.92 for the two different
energies.

Figure 3 shows the pseudorapidity distributions of
charged particles produced in Au+Au collisions at √𝑠NN =19.6GeV. 𝜒2/NDF for each curve is listed in Table 1. The
meanings of different types of curves are the same as those in
Figures 1 and 2. It can be seen that, in the absence of leading
particles, the hydrodynamics alone can give a good descrip-
tion to the experimental observations. This is different from
Figures 1 and 2, where leading particles are essential in fitting

experimental data. This difference might be caused by the
different transparencies of nuclei in different energies. As the
analyses given in [42], in central Au+Au collisions at√𝑠NN =200GeV, the leading particles are located at about 𝑦0 = 2.91.
This position is far away from themid-rapidity region, where,
relative to the low yields of charged particles frozen out from
sQGP, the effect of leading particles is evident which should
be considered separately. On the contrary, in case of Au+Au
collisions at √𝑠NN = 19.6GeV, 𝑦0 = 1.28. This position is so
close to the mid-rapidity region that the effect of leading par-
ticles is hidden by the large yields of charged particles gener-
ated from the freeze-out of sQGP.Therefore, there is no need
to consider the contribution of leading particles separately.

In drawing Figure 3, 𝑇0 takes the values as those listed in
Table 1. 𝑐ℎ = 0.40 and 𝜇𝐵 = 210MeV. The other parameters,
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such as 𝑇𝑐, 𝑇FO, and 𝑞0, are the same as those used in drawing
Figures 1 and 2.

4. Conclusions

By taking into consideration the effect of leading particles,
the hydrodynamic model incorporating the phase transi-
tion is used to analyze the pseudorapidity distributions of
charged particles produced in Au+Au collisions at RHIC
energies.

The hydrodynamic model contains rich information
about transport coefficients of sQGP, such as the sound
speed 𝑐0 in sQGP, the sound speed 𝑐ℎ in hadronic phase,
the phase transition temperature 𝑇𝑐, the chemical freeze-out
temperature 𝑇FO, the baryochemical potential 𝜇𝐵, and the
initial temperature 𝑇0. With the exception of 𝑇0, the other
five coefficients take the values either from the well-known
theoretical results or from experimental measurements. As
for 𝑇0, there are no widely accepted results so far. In our
calculations, 𝑇0 in the most central Au+Au collisions at√𝑠NN = 200 and 62.4GeV takes the value referring to those
given by other investigations, which enables us to ascertain
the constant 𝑞0 in (16). In the rest centrality cuts and in
Au+Au collisions at √𝑠NN = 19.6GeV, 𝑇0 is determined
by maintaining 𝑞0 unchanged and comparing the theoretical
results with experimental data.

The leading particles, by conventional definition, are the
particles carrying on the quantum numbers of colliding
nucleons and taking away the most part of incident energy.
They are separately in projectile and target fragmentation
region. The present investigations show that the impor-
tance of leading particles in describing the pseudorapidity
distributions of charged particles produced in heavy ion
collisions is related to the incident energy. At high energy,
owing to the high transparency of nuclei, the contribution
of leading particles is evident and indispensable, while, at
low energy, as a result of poor transparency of nuclei the
effect of leading particles is integrated with the results of
freeze-out of sQCD. It does not need to be dealt with
separately.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

This work is supported by the Shanghai Key Lab of Modern
Optical System.

References

[1] C. Adler and STAR Collaboration, “Measurement of inclusive
antiprotons fromAu+Au collisions at√𝑠NN = 130 GeV,” Physical
Review Letters, vol. 87, Article ID 262302, 2001.

[2] K. Adcox and PHENIX Collaboration, “Centrality dependence
of 𝜋+/−, 𝐾+/−, 𝑝, and 𝑝 production from √𝑠NN = 130 GeV
Au+Au collisions at RHIC,” Physical Review Letters, vol. 88,
Article ID 242301, 2002.

[3] S. S. Adler and PHENIX collaboration, “Elliptic flow of identi-
fied hadrons in Au+Au collisions at √𝑠NN = 200 GeV,” Physical
Review Letters, vol. 91, Article ID 182301, 2003.

[4] K.Adcox andPHENIXCollaboration, “Single identified hadron
spectra from √𝑠NN = 130 GeV Au+Au collisions,” Physical
Review C, vol. 69, Article ID 024904, 2004.

[5] B. Alver and PHOBOS Collaboration, “Charged-particle mul-
tiplicity and pseudorapidity distributions measured with the
PHOBOS detector in Au+Au, Cu+Cu, d+Au, and p+p collisions
at ultrarelativistic energies,” Physical Review C, vol. 83, Article
ID 024913, 2011.

[6] B. I. Abelev and STAR Collaboration, “Systematic measure-
ments of identified particle spectra in p + p, d + Au, and Au+Au
collisions at the STAR detector,” Physical Review C, vol. 79,
Article ID 034909, 2009.

[7] A. Adare and PHENIX Collaboration, “Spectra and ratios of
identified particles inAu+Auandd+Au collisions at√𝑠NN = 200
GeV,” Physical Review C, vol. 88, Article ID 024906, 2013.

[8] L. C. Arsene and BRAHMS collaboration, “Rapidity and cen-
trality dependence of particle production for identified hadrons
in Cu+Cu collisions at√𝑠NN = 200 GeV,” Physical Review C, vol.
94, Article ID 014907, 2016.

[9] L. Adamczyk and STAR Collaboration, “Centrality dependence
of identified particle elliptic flow in relativistic heavy ion
collisions at √𝑠NN = 7.7–62.4GeV,” Physical Review C, vol. 93,
Article ID 014907, 2016.

[10] N. Suzuki, “One-dimensional hydrodynamicalmodel including
phase transition,” Physical Review C nuclear physics, vol. 81, no.
4, Article ID 044911, 2010.

[11] A. Bialas, R. A. Janik, and R. Peschanski, “Unified description
of Bjorken and Landau 1+1 hydrodynamics,” Physical Review C
nuclear physics, vol. 76, no. 5, Article ID 054901, 2007.

[12] G. Beuf, R. Peschanski, and E. N. Saridakis, “Entropy flow of
a perfect fluid in (1 + 1) hydrodynamics,” Physical Review C:
Nuclear Physics, vol. 78, no. 6, Article ID 064909, 2008.

[13] T. Csörgo, M. I. Nagy, and M. Csanád, “New family of simple
solutions of relativistic perfect fluid hydrodynamics,” Physics
Letters B, vol. 663, no. 4, pp. 306–311, 2008.

[14] M. Csanád, M. I. Nagy, and S. Lökös, “Exact solutions of
relativistic perfect fluid hydrodynamics for a QCD Equation of
State,”The European Physical Journal A, vol. 48, no. 11, pp. 173–
178, 2012.

[15] T. Mizoguchi, H. Miyazawa, and M. Biyajima, “A potential
including the Heaviside function in the 1 + 1 dimensional
hydrodynamics by Landau : IIts basic properties and application
to data at RHIC energies,”The European Physical Journal A, vol.
40, no. 1, pp. 99–108, 2009.

[16] T. R. Taylor and C. Vafa, “Analytic solution for relativistic trans-
verse flow at the softest point,” Physics Letters B, vol. 474, no. 1-2,
pp. 21–26, 2000.
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A detailed study of energy dependence of 𝐾+/𝜋+, 𝐾−/𝜋− and total kaon to pion multiplicity ratio ((𝐾+ + 𝐾−)/(𝜋+ + 𝜋−) = 𝐾/𝜋)
has been carried out in proton-proton (pp) collisions at√𝑠 = 6.3, 17.3, 62.4, 200, and 900GeV and also at√𝑠 = 2.76TeV and 7 TeV
in the framework of UrQMD and DPMJET III model. Dependence of 𝐾+/𝜋+ and 𝐾−/𝜋− on energy shows different behavior for
UrQMD and DPMJET III model. The presence of the horn-like structure in the variation of𝐾+/𝜋+ and𝐾−/𝜋− with energy for the
experimental data is supported by the DPMJET III model. Experimentally it has been observed that as energy increases, the total
kaon to pionmultiplicity ratio ((𝐾++𝐾−)/(𝜋++𝜋−) = 𝐾/𝜋) increases systematically for pp collisions at lower energies and becomes
independent of energy in LHC energy regime. Our analysis on total kaon to pion multiplicity ratio ((𝐾+ + 𝐾−)/(𝜋+ + 𝜋−) = 𝐾/𝜋)
with UrQMD data is well supported by the experimental results obtained by different collaborations in different times. In case of
DPMJET III data, the saturation of 𝐾/𝜋 ratio at LHC region has not been observed.

1. Introduction

The study of nucleus-nucleus interactions at high energies
has been a subject of major interest to the theoretical and
experimental physicists. The nucleus-nucleus interaction can
provide valuable information on the spatiotemporal devel-
opment of multiparticle production process, which is one
of the prime interests in view of recent developments of
quantum chromodynamics. Along with the study of nucleus-
nucleus collisions, a thorough understanding of proton-
proton (pp) collisions is also necessary both as input to
detailed theoretical models of strong interactions and as a
baseline for understanding the nucleus-nucleus collisions at
relativistic and ultrarelativistic energies. Soft particle produc-
tion from ultrarelativistic pp collisions is also sensitive to the
flavor distribution within the proton, quark hadronization,
and baryon number transport. The measurement of charged
particle transverse momentum spectra in pp collisions serves
as a crucial reference for particle spectra in nucleus-nucleus

collisions. A proton-proton reference spectrum is needed
for nucleus-nucleus collisions to investigate possible initial-
state effects in the collision. The multiplicity distribution of
particles produced in proton-proton (pp) collisions and the
multiplicity dependence of other global event characteristics
represent fundamental observables reflecting the properties
of the underlying particle production mechanisms. In high-
energy collisions along with the pions, kaons are also impor-
tant as the strange particle production is a powerful probe
into the hadronic interaction and the hadronization process
in pp and heavy-ion collisions at relativistic energies. The
study of 𝐾/𝜋 ratio in high-energy collisions is an important
observable to be studied not only to address questions of the
phase transition but also to obtain a better understanding of
the pre-equilibrium dynamics, the hadronization processes,
and dynamics of hadrons in themedium. It is well known that
the strangeness enhancement in relativistic nucleus-nucleus
collisions has been proposed as a signature of the Quark-
Gluon Plasma (QGP) formation in the relativistic heavy-ion
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collisions.The study of𝐾/𝜋 ratio in pp collisions can provide
a baseline to investigate the strangeness enhancement.

In this paper, we are presenting an analysis of energy
dependence of 𝐾+/𝜋+, 𝐾−/𝜋− and total kaon to pion mul-
tiplicity ratio ((𝐾+ + 𝐾−)/(𝜋+ + 𝜋−) = 𝐾/𝜋) at √𝑠 = 6.3,
17.3, 62.4, 200, and 900GeV and also at √𝑠 = 2.76TeV and
7 TeV in the framework of UrQMD and DPMJET III model
in proton-proton (pp) collisions. We have also compared
our results with available experimental results obtained so
far. Before going into the details of the analysis it will be
convenient for the readers to have brief introductions about
the two models.

2. UrQMD and DPMJET III Model:
A Brief Introduction

UrQMD model is a microscopic transport theory, based
on the covariant propagation of all the hadrons on the
classical trajectories in combination with stochastic binary
scattering, colour string formation, and resonance decay. It
represents a Monte Carlo solution of a large set of coupled
partial integrodifferential equations for the time evolution of
various phase space densities. The main ingredients of the
model are the cross sections of binary reactions, the two-
body potentials and decay widths of resonances.TheUrQMD
collision term contains 55 different baryon species (including
nucleon, delta, and hyperon resonances with masses up
to 2.25GeV/c2) and 32 different meson species (including
strange meson resonances), which are supplemented by their
corresponding antiparticle and all isospin-projected states.
The states can either be produced in string decays, 𝑠-channel
collisions, or resonance decays. This model can be used in
the entire available range of energies from the Bevalac region
to RHIC. For more details about this model, readers are
requested to consult [1–3].

The Monte Carlo event generator DPMJET can be used
to study particle production in high-energy nuclear collisions
including photoproduction and deep inelastic scattering
off the nuclei. It is a code system based on the Dual
Parton Model and unifies all features of the DTUNUC-
2, DPMJET-II, and PHOJET 1.12 event generators. DPM-
JET III allows the simulation of hadron-hadron, hadron-
nucleus, nucleus-nucleus, photon-hadron, photon-photon,
and photon-nucleus interactions from a few GeV up to the
highest cosmic ray energies. DPMJET is an implementation
of the two-component Dual PartonModel for the description
of interactions involving nuclei. This model is based on
the Gribov-Glauber [4–6] approach. Gribov theory of high-
energy interactions of hadrons and nuclei is based on general
properties of amplitudes in relativistic quantum theory and
provides a unified approach to a broad class of processes.
According to this theory, the Glauber approximation [6]
to nuclear dynamics is valid in the region of not too high
energies and should be modified at energies of RHIC and
LHC. Gribov theory then allows determining the corrections
to the Glauber approximation [6] for inclusive particle
spectra by relating them to cross sections of large-mass
diffraction. The technique has been applied to calculation
of shadowing effects for structure functions of nuclei and

a good agreement with experimental data on these pro-
cesses has been obtained. The same approach predicts a
strong reduction of particle densities at superhigh energies
as compared to predictions of the Glauber approximation
[6]. Since its first implementations [7, 8] DPMJET model
uses the Monte Carlo realization of the Gribov-Glauber
multiple scattering formalism according to the algorithms of
[9] and allows the calculation of total, elastic, quasielastic,
and production cross sections for any high-energy nuclear
collision.DPMJET III is a stringmodel and the generalization
of the string model to hadron-nucleus and nucleus-nucleus
collisions was done by the Glauber-Gribov theory [4–6].
DPMJET III model treats both soft and hard scattering
processes in a unified way. Soft processes are parametrized
according to Regge-phenomenology whereas lowest order
perturbative QCD is used to simulate the hard component.
In DPMJET III model multiple parton interactions in each
individual hadron/nucleon/photon-nucleon interaction have
been described by the PHOJET event generator and the
fragmentation of parton configurations is treated by the Lund
model PYTHIA. For more details about the model, one can
consult [10, 11].

3. Analysis and Results

We have generated ten thousand events using the UrQMD
(UrQMD-3.3p1) [1–3] and DPMJET III (DPMJET 3.06) [10,
11] model in pp collisions at √𝑠 = 6.3, 17.3, 62.4, 200, and
900GeV and also at √𝑠 = 2.76TeV and 7 TeV. However, as
we are dealing with the RHIC and LHC data, these numbers
cannot be taken as large. We have calculated the number of
positive and negative kaons and the number of positive and
negative pions from the generated output of the UrQMD and
DPMJET III model for all the energies.

3.1. Energy Dependence Study of 𝐾+/𝜋+ Ratio. The values of
𝐾+/𝜋+ ratio have been calculated from the generated output
of both UrQMD and DPMJET III model. Table 1 represents
the values of 𝐾+/𝜋+ ratio in pp collisions at √𝑠 = 6.3, 17.3,
62.4, 200, and 900GeV and also at √𝑠 = 2.76TeV and
7 TeV. From Table 1 it is reflected that DPMJET III model
simulated values of𝐾+/𝜋+ ratio are higher than theirUrQMD
counterparts up to √𝑠 = 62.4GeV. From √𝑠 = 200GeV,
UrQMD simulated values of 𝐾+/𝜋+ ratio overestimate the
DPMJET III simulated values.

For comparison in Table 1 we have shown the experimen-
tal values of𝐾+/𝜋+ ratio obtained from different experimen-
tal works at √𝑠 = 6.3GeV [12], √𝑠 = 17.3GeV [13], √𝑠 =
62.4GeV [14], √𝑠 = 200GeV [15], and √𝑠 = 7000GeV [16].
Pulawski presented [12] the experimental values of 𝐾+/𝜋+
ratio at mid rapidity at √𝑠 = 6.3GeV [12] in case of inelastic
pp collisions for the data of NA61/SHINE collaboration. The
study of NA61/SHINE collaboration [12] reflected that the
energy dependence of 𝐾+/𝜋+ ratio exhibits rapid changes
in the SPS energy range. Pulawski pointed out that [12]
the EPOS, UrQMD, Pythia 8, and HSD model failed to
describe the NA61/SHINE experimental results satisfactorily.
The values of 𝐾+/𝜋+ ratio √𝑠 = 62.4GeV and 7 TeV have
been calculated from the 𝑑𝑁/𝑑𝑦 values at mid rapidity. The
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Table 1: It represents the values of𝐾+/𝜋+ ratio in pp collisions at√𝑠 = 6.3GeV to 7 TeV in the framework of UrQMD, DPMJET III, and the
experimental values.

Energy
√𝑠 GeV

UrQMD
simulated value of
𝐾+/𝜋+ ratio

DPMJET III model
simulated value of
𝐾+/𝜋+ ratio

Experimental values of
𝐾+/𝜋+ ratio

Reference for the
experimental values of
𝐾+/𝜋+ ratio

6.3 .049 ± .001 .065 ± .002 .081 ± .002 [12]
17.3 .083 ± .003 .095 ± .003 .109 ± .003 [13]
62.4 .101 ± .002 .105 ± .002 .097 ± .002 [14]
200 .110 ± .008 .099 ± .005 .104 ± .008 [15]
900 .122 ± .004 .115 ± .006 ......... .........
2760 .124 ± .004 .116 ± .006 ........... .................
7000 .124 ± .005 .120 ± .007 .126 ± .006 [16]
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Figure 1: It represents the energy dependence of 𝐾+/𝜋+ ratio in pp
collisions at√𝑠 = 6.3GeV to 7 TeV of theUrQMD,DPMJET III, and
experimental analysis.

𝑑𝑁/𝑑𝑦 values at mid rapidity at √𝑠 = 62.4GeV and at√𝑠 =
7TeV are |𝑦| < 0.35 and |𝑦| < 0.5, respectively. 𝐾+/𝜋+ ratios
at other energies have been estimated with the help of a high
accuracy digitized plot analyzer.

In Figure 1 we have presented the variation of𝐾+/𝜋+ ratio
with energy for pp collisions in case of UrQMD simulated,
DPMJET III simulated, and the experimental values. From
the figure it can be seen that for UrQMD simulation the
values of𝐾+/𝜋+ ratio increase smoothlywith energy and after
reaching at √𝑠 = 900GeV the ratio almost saturates, while
in case of DPMJET III simulation the value of 𝐾+/𝜋+ ratio
shows a sudden decrease at √𝑠 = 200GeV. After the sudden
decrease the 𝐾+/𝜋+ values begin to increase with energy.
No prominent saturation of 𝐾+/𝜋+ ratio has been observed

at LHC regime for DPMJET III model. The dependence of
𝐾+/𝜋+ values with energy shows the presence of the horn-
like structure in case of DPMJET III simulated events. The
observed suddendecrease of𝐾+/𝜋+ ratio is completely absent
in case of UrQMD simulation. The experimental studies of
energy dependence of 𝐾+/𝜋+ ratio also indicate that the
𝐾+/𝜋+ values increase initially with energy, get a sudden drop
at √𝑠 = 62.4GeV, and go on increasing again signifying the
presence of the horn-like structure.

3.2. Energy Dependence Study of 𝐾−/𝜋− Ratio. In order to
study the energy dependence of 𝐾−/𝜋− ratio in pp collisions
we have calculated the values of 𝐾−/𝜋− ratio obtained from
the simulation of pp collisions at √𝑠 = 6.3GeV–7TeV by
UrQMD andDPMJET III model. Calculated values of𝐾−/𝜋−
ratio for UrQMD and DPMJET III simulation have been
presented in Table 2. From Table 2 it is seen that, from
√𝑠 = 900GeV, UrQMD simulated values of 𝐾−/𝜋− ratio
overestimate the DPMJET III simulated values. In the same
table the values of 𝐾−/𝜋− ratio calculated from the different
publications at √𝑠 = 6.3GeV [12], √𝑠 = 17.3GeV [13],
√𝑠 = 62.4GeV [14], √𝑠 = 200GeV [15], √𝑠 = 900GeV
[17], and √𝑠 = 7000GeV [16] have also been presented. As
in the case of 𝐾+/𝜋+ ratio, the values of 𝐾−/𝜋− ratio have
been calculated from the values of 𝑑𝑁/𝑑𝑦 at mid rapidity at
√𝑠 = 62.4GeV (|𝑦| < 0.35) and√𝑠 = 7TeV (|𝑦| < 0.5).

In Figure 2 we have depicted the variation of𝐾−/𝜋− ratio
with energy for UrQMD simulated, DPMJET III simulated,
and the experimental values. From Figure 2 it may be noted
that the values of 𝐾−/𝜋− ratio for the UrQMD simulated
events are found to increase smoothly with energy and after
reaching √𝑠 = 900GeV, saturation of 𝐾−/𝜋− ratio occurs.
However in case of DPMJET III model a sudden drop of
𝐾−/𝜋− ratio occurs at√𝑠 = 900GeV.The ratio then begins to
rise again presenting a horn-like structure as observed in case
of the energy dependence of𝐾+/𝜋+ values.The experimental
values of𝐾−/𝜋− ratio also get a sudden drop at√𝑠 = 62.4GeV
and increase again to construct a horn-like structure in the
energy dependence of 𝐾−/𝜋− values in pp collisions.

Thus it may be pointed out that the experimental study of
energy dependence of both 𝐾+/𝜋+ and 𝐾−/𝜋− ratio shows
a horn-like structure which is also shown by the DPMJET
III model but UrQMDmodel fails to reproduce the horn-like
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Table 2: It represents the values of𝐾−/𝜋− ratio in pp collisions at√𝑠 = 6.3GeV to 7 TeV in the framework of UrQMD, DPMJET III, and the
experimental values.

Energy
√𝑠 GeV

UrQMD
simulated value of
𝐾−/𝜋− ratio

DPMJET III model
simulated value of
𝐾−/𝜋− ratio

Experimental values of
𝐾−/𝜋− ratio

Reference for the
experimental values of
𝐾−/𝜋− ratio

6.3 .026 ± .001 .031 ± .002 .038 ± .001 [12]
17.3 .066 ± .003 .077 ± .003 .092 ± .003 [13]
62.4 .093 ± .004 .097 ± .002 .081 ± .005 [14]
200 .105 ± .005 .116 ± .005 .102 ± .005 [15]
900 .120 ± .007 .113 ± .006 .121 ± .013 [17]
2760 .123 ± .005 .115 ± .006 ............ .................
7000 .124 ± .006 .119 ± .007 .128 ± .004 [16]
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Figure 2: It represents the energy dependence of𝐾−/𝜋− ratio in pp
collisions at√𝑠 = 6.3GeV to 7 TeV of theUrQMD,DPMJET III, and
experimental analysis.

structure. The observed difference in the energy dependence
of 𝐾+/𝜋+ and 𝐾−/𝜋− ratio between UrQMD and DPMJET
III model is due to the basic difference between the two
models. It may be mentioned here that both UrQMD and
DPMJET III are microscopic Monte Carlo models. UrQMD
is a hadronic transport model and DPMJET III is based
on string interaction. String models describe the collision
through the exchange of colour or momentum between
partons in the projectile and target. As a consequence of
these exchanges, these partons become joined by colour-
less objects which are called string, ropes, or flux tubes.
UrQMD is a semiclassical hadronic transport model based
on the concepts of kinetic theory, in which the evolution
of a heavy-ion collision is described by the propagation of

on-shell particles on relativistic trajectories in combination
with a stochastic treatment of the individual particle scat-
tering processes. The model offers an effective solution for
the relativistic Boltzmann equation, where the collision term
includes elastic and inelastic scatterings as well as resonance
decays. To account for the quantum statistics, the hadrons
are represented by Gaussian wave packets and effects such as
Pauli blocking are included in this model.

It may be mentioned here that the horn-like structure of
the experimental data occurs at different energy in compar-
ison to the DPMJET III model for both 𝐾+/𝜋+ and 𝐾−/𝜋−
ratio. In DPMJET III model at SPS energies two long strings
with valence quarks at the end and SCET-soft sea quarks in
the produced particles having a low𝐾±/𝜋± ratio are given by
a parameter in PYTHIA. The cross section fits dictate how at
higher energies the additional strings enter.Their partons are
considered as something like a minijet extension of pQCD
events at large transverse momentum 𝑃𝑇. There should be
something like a continuous transition at a cutoff𝑃𝑇. It means
the particles at the sea string ends have a larger𝑃𝑇 and a larger
K±/𝜋± ratio. At an energy where the new strings just come
in, they are short and the fraction of particles containing the
string end partons is sizable. With increasing energies the
strings get longer and their influence gets diluted (i.e.,K±/𝜋±

gets again lower). In heavy-ion scattering the production of
new chains is enhanced as each projectile nucleon meets
several target nucleons and vice versa. The new typically
shorter strings now lead to an increase in the K±/𝜋± ratio.
The string fusion (available in DPMJET III) and rescattering
effects (presumably necessary) do not have a significant effect.
There is some uncertainty in the parameterization of sea
strings energies and the position of the horn is not a firm
prediction.

Comparing Tables 1 and 2 it may be said that significant
differences between the values of 𝐾+/𝜋+ and 𝐾−/𝜋− exist
for both the models up to √𝑠 = 200GeV. However, at the
higher energy regime (√𝑠 = 900GeV–7TeV), no significant
difference occurs between the values of 𝐾+/𝜋+ and 𝐾−/𝜋−
for both UrQMD and DPMJET III model. In case of the
experimental data it can be seen that from√𝑠 = 200GeV the
difference between the values of 𝐾+/𝜋+ and 𝐾−/𝜋− becomes
insignificant. The difference between the 𝐾+/𝜋+ and 𝐾−/𝜋−
values can be explained from the underlying physics of
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Table 3: It represents the values oftotal kaon to pion multiplicity ratio ((𝐾+ +𝐾−)/(𝜋+ +𝜋−) = 𝐾/𝜋) in pp collisions at√𝑠 = 6.3GeV to 7 TeV
in the framework of UrQMD and DPMJET III model along with the experimentally obtained values.

Energy
√𝑠 GeV

Experimental value of
𝐾/𝜋 ratio

UrQMDmodel
simulated Value of
𝐾/𝜋 ratio

DPMJET III model
simulated value of
𝐾/𝜋 ratio

Reference for the
experimental value

6.3 .045 ± .001 .046 ± .001 .052 ± .002 [18]
17.3 .082 ± .003 .075 ± .003 .087 ± .003 [13, 19, 20]
62.4 .094 ± .002 .097 ± .004 .101 ± .002 [14]
200 .103 ± .008 .108 ± .005 .109 ± .005 [15, 21]
900 .123 ± .004 .121 ± .007 .114 ± .006 [21]
2760 .124 ± .004 .123 ± .005 .116 ± .006 [16]
7000 .124 ± .005 .124 ± .006 .119 ± .007 [16]

kaon and antikaon production mechanism. Here it should
be mentioned that there are two possible mechanisms of
kaon production, the associated production mechanism and
the pair production mechanism. According to the associated
production mechanism only𝐾+ mesons are produced by the
following two interactions: 𝑁 + 𝑁 → 𝑁 + 𝑋 + 𝐾+ and
𝜋 + 𝑁 → 𝑋 + 𝐾+, where 𝑁 is the nucleon and 𝑋 is either
Λhyperons orΞ hyperons. On the other hand pair production
mechanism produces𝐾+ and𝐾− according to the interaction
given by 𝑁 + 𝑁 → 𝑁 + 𝑁 + 𝐾+ + 𝐾−. At the lower
energy, the associated production mechanism dominates. As
the energy increases, the pair production, which produces the
same number of 𝐾+ and 𝐾− becomes more significant. At
higher energy the antikaon excitation function is steeper than
that of the kaon because of a higher threshold. So at higher
energy the antikaon production cross section increases faster
than that of kaon and the 𝐾−/𝜋− ratio increases.

3.3. Energy Dependence Studies of Total Kaon to Pion Multi-
plicity Ratio. We have also calculated the total kaon to pion
multiplicity ratio ((𝐾+ + 𝐾−)/(𝜋+ + 𝜋−) = 𝐾/𝜋) at these
different collision energies for the proton-proton collisions
and presented the values in Table 3 for both UrQMD and
DPMJET III simulated events. It can be noticed from the table
that as energy increases, the 𝐾/𝜋 ratio increases initially for
both UrQMD and DPMJET III model. At higher energy in
the LHC range the kaon to pion ratio becomes almost inde-
pendent of energy in case ofUrQMDmodel. But forDPMJET
III simulation the values of 𝐾/𝜋 go on increasing slowly
with energy. No clear energy independency is observed
for DPMJET III model in LHC energy regime. Moreover,
the observed sudden decrease of 𝐾+/𝜋+ and 𝐾−/𝜋− values
vanishes in case of total kaon to pionmultiplicity ratio ((𝐾++
𝐾−)/(𝜋+ + 𝜋−) = 𝐾/𝜋) in DPMJET III simulation. From
Table 3 it can be noted that the UrQMD simulated values of
kaon to pion ratio are higher than the DPMJET III simulated
values as energy increases from√𝑠 = 200GeV. At energy less
than 200GeV, however, DPMJET III model calculated values
of kaon to pion ratio are higher in comparison to theUrQMD
simulated values.

Experimental studies of total pion to kaon multiplicity
ratio ((𝐾+ + 𝐾−)/(𝜋+ + 𝜋−) = 𝐾/𝜋) in pp collisions have
been reported by different collaborators in different times

over a wide range of energy. From the report of the NA61
collaboration [18] we have calculated the values of 𝐾/𝜋
ratio in pp collisions at √𝑠 = 6.3GeV and presented the
value in Table 3 along with the values obtained from our
simulated analysis. From the study of NA49 collaboration
[13, 19, 20] on pp collisions at √𝑠 = 17.3GeV, we have
calculated the values of 𝐾/𝜋 ratio. In the regime of RHIC
data, we extracted the values of 𝐾/𝜋 ratio from the analysis
of PHENIX collaboration [14] at √𝑠 = 62.4GeV and from
the analysis of STAR collaboration at √𝑠 = 200GeV [15].
At √𝑠 = 900GeV and √𝑠 = 2.76TeV, the 𝐾/𝜋 ratio has
been calculated from the study of ALICE Collaboration [21].
ALICE Collaboration [17] studied the pion, kaon, and proton
production in pp collisions at √𝑠 = 7TeV also. In that paper
they calculated the values of 𝐾/𝜋 ratio in pp collisions. They
have mentioned the values of 𝐾/𝜋 ratio in pp collisions at
different energies studied earlier and presented a study of
energy dependence. In [21] the values of 𝐾/𝜋 ratio at √𝑠 =
200GeV and√𝑠 = 900GeV have been mentioned in the text
with proper references. The experimental values of𝐾/𝜋 ratio
at different energies have been calculated from the plot given
in [16] with the help of a high accuracy digitized graphical
software as mentioned earlier.

Experimentally calculated values of 𝐾/𝜋 ratio in pp
collisions at √𝑠 = 6.3, 17.3, 62.4, 200, and 900GeV and also
at √𝑠 = 2.76TeV and 7 TeV have been taken from these
literatures and presented in Table 3. From Table 3 it can be
seen that the experimentally obtained values of 𝐾/𝜋 ratio
increase initially with the increase of energy up to 200GeV.
At energy greater than 200GeV the 𝐾/𝜋 ratio becomes
independent of energy. Moreover, Table 3 reflects that the
experimentally obtained total kaon to pion multiplicity ratio
agrees well with their UrQMD counterpart qualitatively and
quantitatively over the entire energy range.

In comparison to the UrQMD analysis, DPMJET III
model calculated values of 𝐾/𝜋 ratio are higher than the
experimental data up to 200GeV. As we enter in the LHC
region (900GeV to 7 TeV) DPMJET III simulated values of
𝐾/𝜋 ratio are found to be lower than the corresponding
experimental values. We have also studied the variation
of 𝐾/𝜋 ratio with energy graphically for the experimental
events, UrQMD simulated events, andDPMJET III simulated
events. Figure 3 depicts the variation of kaon to pion ratio
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with energy in case of pp collisions from 6.3GeV to 7 TeV for
experimental, UrQMDsimulated, andDPMJET III simulated
events. From Figure 3 it can be noticed that no horn-like
structure is observed for the experimental data when the
energy dependence of total kaon to pion multiplicity ratio is
studied.

It may be mentioned here that Long et al. [22] utilized
the parton and hadron cascade model PACIAE based on
PYTHIA to investigate the kaon to pion ratio in pp collisions
at RHIC andLHCenergy.They found that the PACIAEmodel
calculated values of𝐾/𝜋 at√𝑠 = 17.2, 200, and 900GeVagree
with theNA49 [13, 19, 20], STAR [15], andALICEdata [21, 23].
With the inclusion of the results for√𝑠 = 2.36, 7 and 14 TeV, it
was found that the𝐾/𝜋 ratio increases slightly from√𝑠 = 0.2
to 0.9 TeV and then saturates. Our study with UrQMDmodel
predicts the same result. It should be mentioned here that
ALICE Collaboration also in their published papers [21, 23]
studied the energy dependence of𝐾/𝜋 ratio in pp collisions.

4. Conclusions

To summarize we recall that we have presented a systematic
study of 𝐾+/𝜋+, 𝐾−/𝜋−, and ((𝐾+ + 𝐾−)/(𝜋+ + 𝜋−) =
𝐾/𝜋) ratio in proton-proton collisions as a function of the
bombarding energy from 6.3GeV to 7 TeV using UrQMD
model andDPMJET IIImodel. Comparisons of the simulated
results with the available experimental data have also been
presented. Important findings of this analysis are given as
follows:

(1) Values of 𝐾+/𝜋+ and 𝐾−/𝜋− differ from each other
in the lower energy regime (√𝑠 = 6.3GeV–√𝑠 =
200GeV) for both UrQMD and DPMJET III model
simulation. The difference becomes insignificant in
the LHC energy range (√𝑠 = 900GeV–√𝑠 = 7TeV).
Experimental study also supports this observation.
This observation can be explained on the basis of
Kaon production mechanism.

(2) In case ofUrQMDmodel the values of𝐾+/𝜋+,𝐾−/𝜋−,
and ((𝐾++𝐾−)/(𝜋++𝜋−) = 𝐾/𝜋) increasewith energy
initially and then saturate in the LHC energy regime.
DPMJET III simulated ratio of 𝐾+/𝜋+, 𝐾−/𝜋−, and
((𝐾+ + 𝐾−)/(𝜋+ + 𝜋−) = 𝐾/𝜋) do not show any
saturation at LHC region.

(3) A horn-like structure is observed in case of DPMJET
III simulation during the variation of 𝐾+/𝜋+ and
𝐾−/𝜋− with energy. The horn-like structure is found
to be wiped out when the total kaon to pionmultiplic-
ity ratio ((𝐾++𝐾−)/(𝜋++𝜋−) = 𝐾/𝜋)was considered.
No horn-like structure has been observed in case of
UrQMD simulation.

(4) Comparison of our results with the experimental
data of 𝐾+/𝜋+, 𝐾−/𝜋−, and total multiplicity ratio
((𝐾+ + 𝐾−)/(𝜋+ + 𝜋−) = 𝐾/𝜋) has also been
presented whenever available. Experimental study
of energy dependence of 𝐾+/𝜋+ and 𝐾−/𝜋− shows
the presence of horn-like structure. No horn-like
structure is observed in case of energy dependence of
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Figure 3: Variation of total kaon to pion multiplicity ratio ((𝐾+ +
𝐾−)/(𝜋+ + 𝜋−) = 𝐾/𝜋) with energy √𝑠 in pp collisions at √𝑠 =
6.3GeV to 7 TeV for the experimental data extracted from the papers
of different collaborators, UrQMD model simulated values, and
DPMJET III model simulated values.

total kaon to pion multiplicity ratio ((𝐾+ +𝐾−)/(𝜋+ +
𝜋−) = 𝐾/𝜋) for the experimental data.

(5) The experimental data was found to exhibit energy
dependence at the lower energy regime but the values
of 𝐾+/𝜋+, 𝐾−/𝜋−, and the 𝐾/𝜋 ratio become inde-
pendent of energy as energy goes to the LHC range
(900GeV to 7 TeV). We have demonstrated that the
experimentally obtained values of kaon to pion total
multiplicity ratio (𝐾/𝜋 values) are well reproduced
by the UrQMDmodel. DPMJET III model simulated
values of 𝐾/𝜋 ratio are little different from the
experimental values of𝐾/𝜋 ratio.
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We consider in this note themean field approximation for the description of the probe charged particle in a dense charged drop.We
solve the corresponding Schrödinger equation for the drop with spherical symmetry in the first order of mean field approximation
and discuss the obtained results.

1. Introduction

Collisions of relativistic nuclei in the RHIC and LHC experi-
ments at very high energies led to the discovery of a new state
of matter named quark-gluon plasma (QGP). At the initial
stages of the scattering, this plasma resembles almost an ideal
liquidwhosemicroscopic structure is not yet well understood
[1–11]. The data obtained in the RHIC experiments is in good
agreement with the predictions of the ideal relativistic fluid
dynamics [12–32], which establishes fluid dynamics as the
main theoretical tool to describe collective flow in collisions.
As an input to the hydrodynamical evolution of the particles,
it is assumed that, after a very short time, 𝜏 < 1 fm/s [31, 32],
the matter reaches a thermal equilibrium and expands with a
very small shear viscosity [33–35].

In this paper, we continue to develop the model proposed
in [36–39]. Namely, we assume that, at the local energy
density fluctuations, hot drops [40–42] are created at the
very initial stage of interactions at times 𝜏 < 0.5 fm. These
fireballs (hot drops) are very dense and small, their size is
much smaller than the proton size (see [36–39]), and their
energy density is much larger than the density achieved in
high-energy interactions at the energies√𝑠 < 100GeV. In our
model, we assume that the fireballs consist of particles with
weak interparticle interactions and have a nonzero charge.
We consider this drop of charged particles from the point
of view of quantum statistical physics. The most general
Hamiltonian for this system can be written in the formwhich

describes all possible interactions between the particles in the
drop:

𝐻 = 𝐻0 + 𝑉1 + 𝑉2 + ⋅ ⋅ ⋅ + 𝑉𝑖 + ⋅ ⋅ ⋅ (1)

(see [43]), where as usual 𝑉1 is the energy of interaction of
the particle with an external field, 𝑉2 is the energy of pair-
like interactions, and so forth. The mean field approximation
for the probe particle in the system of charged particles,
therefore, can be introduced by the following perturbative
scheme. First of all, we can consider the motion of only one
probe particle in the mean field of all other particles, which
corresponds to preserving only the𝑉1 term in the expression
of (1). This approximation will lead to the modification of the
propagator of the particle, namely, from a free propagator to
some “dressed” one. At the next step, we can take two probe
particles, each of which will propagate in themean field of the
other charges of the system, similar to the first approximation,
but additionally we can introduce the interaction of these two
particles one with another in the mean field of the remaining
charges in the drop, which requires introduction of one 𝑉2
term in the expression of (1) in themean field approximation.
Further, we can increase the number of the probe particles in
the system, considering, in addition to pair interactions, the
interactions of free probe particles and so on.

In the present calculations, we limit ourselves to the first
order of themean field approach; namely, wewill consider the
motion of one nonrelativistic probe particle in the external
mean field created by all other particles in the charged drop.
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2. Mean Field Approximation for the
Hamiltonian of the System

In the absence of the external field, we write the Hamiltonian
of the system of charged particles as

𝐻 = − 12𝑚 ∫Ψ+𝛼 (𝑡, →𝑟 )ΔΨ𝛼 (𝑡, →𝑟 ) 𝑑3𝑥 − 𝜇𝑁 + 12
⋅ ∫Ψ+𝛽 (𝑡, →𝑟 )Ψ+𝛼 (𝑡, →𝑟 )𝑈(→𝑟 − →𝑟 )Ψ𝛼 (𝑡, →𝑟 )
⋅ Ψ𝛽 (𝑡, →𝑟 ) 𝑑3𝑥 𝑑3𝑥.

(2)

Here,

𝑁 = ∫Ψ+𝛼 (𝑡, →𝑟 )Ψ𝛼 (𝑡, →𝑟 ) 𝑑3𝑥 (3)

is a particle number operator. Considering the mean field
approximation for a spherically symmetrical system, we
introduce

Ψ+𝛼 (𝑡, →𝑟 )Ψ𝛽 (𝑡, →𝑟 ) ≈ ⟨Ψ+𝛼 (𝑡, →𝑟 )Ψ𝛽 (𝑡, →𝑟 )⟩
= 𝛿𝛼𝛽𝑓 (𝑟, 𝑟, 𝑟0) (4)

as some particles density for the droplet with characteristic
size 𝑟0; here, 𝑟 = |→𝑟 |. The 𝑓(𝑟, 𝑟, 𝑟0) function is a distribution
function of the system of interest; it can be correctly deter-
mined by writing the corresponding Vlasov or Boltzmann
equations coupled to system (1). In our case, we will not
consider a particular formof this function, but insteadwewill
discuss its form based on some physical assumptions only.
Therefore, we obtain the following for the Hamiltonian:

𝐻 = − 12𝑚 ∫Ψ+𝛼 (𝑡, →𝑟 )ΔΨ𝛼 (𝑡, →𝑟 ) 𝑑3𝑥 − 𝜇𝑁 + 12
⋅ ∫Ψ+𝛼 (𝑡, →𝑟 )𝑈(→𝑟 − →𝑟 )𝑓 (𝑟, 𝑟, 𝑟0)
⋅ Ψ𝛼 (𝑡, →𝑟 ) 𝑑3𝑥 𝑑3𝑥,

(5)

which represents now the energy of the probe particle in
the mean field created by the other particles of the system.
Due to the spherical symmetry of the problem, we expand
all the operators in the Hamiltonian expression in terms of
spherical harmonic functions. We have the following for the
two-particle interaction potential:

𝑈(→𝑟 − →𝑟 ) = ∞∑
𝑙=0

𝑙∑
𝑚=−𝑙

4𝜋𝑞22𝑙 + 1 (𝜃 (𝑟 − 𝑟) 𝑟𝑙
(𝑟)𝑙+1

+ 𝜃 (𝑟 − 𝑟) 𝑟𝑙𝑟𝑙+1)𝑌∗𝑙𝑚 (Ψ,Φ) 𝑌𝑙𝑚 (𝜓, 𝜙)
(6)

with Ψ, Φ as spherical angles of 𝑟 vector, 𝜓, 𝜙 as spherical
angles of 𝑟 vector in some spherical coordinate system, and𝜃(𝑟) as the step function. Correspondingly, we write the
particle-field operator as

Ψ𝛼 (𝑡, →𝑟 ) = ∞∑
𝑙=0

𝑙∑
𝑚=−𝑙

𝜓𝛼𝑙𝑚 (𝑡, 𝑟) 𝑌𝑙𝑚 (𝜓, 𝜙) . (7)

Using the orthogonality property of the harmonic functions

∫𝑌𝑙𝑚 (𝜓, 𝜙) 𝑌∗𝑙𝑚 (𝜓, 𝜙) 𝑑Ω = 𝛿𝑙𝑙𝛿𝑚𝑚 , (8)

with 𝑑3𝑥 = 𝑟2𝑑𝑟 𝑑Ω, we rewrite theHamiltonian equation (5)
in a one-dimensional form as a function of 𝑟 and 𝑟 only:

𝐻 = − 12𝑚
∞∑
𝑙=0

𝑙∑
𝑚=−𝑙

∫∞
0

(𝜓+𝛼𝑙𝑚 (𝑡, 𝑟) Δ 𝑟𝜓𝛼𝑙𝑚 (𝑡, 𝑟) − 𝑙 (𝑙 + 1)𝑟2 𝜓+𝛼𝑙𝑚 (𝑡, 𝑟) 𝜓𝛼𝑙𝑚 (𝑡, 𝑟)) 𝑟2𝑑𝑟

− 𝜇∞∑
𝑙=0

𝑙∑
𝑚=−𝑙

∫∞
0

𝜓+𝛼𝑙𝑚 (𝑡, 𝑟) 𝜓𝛼𝑙𝑚 (𝑡, 𝑟) 𝑟2𝑑𝑟 +
∞∑
𝑙=0

𝑙∑
𝑚=−𝑙

4𝜋𝑞22𝑙 + 1

⋅ ∫∞
0

𝑟2𝑑𝑟(∫∞
𝑟

𝑟𝑙𝑟(𝑙+1)𝑓 (𝑟, 𝑟, 𝑟0) 𝜓+𝛼𝑙𝑚 (𝑡, 𝑟) 𝜓𝛼𝑙𝑚 (𝑡, 𝑟) 𝑟2𝑑𝑟 + ∫𝑟
0

𝑟𝑙𝑟(𝑙+1)𝑓 (𝑟, 𝑟, 𝑟0) 𝜓+𝛼𝑙𝑚 (𝑡, 𝑟) 𝜓𝛼𝑙𝑚 (𝑡, 𝑟) 𝑟2𝑑𝑟) .

(9)

In the next section, we solve Schrödinger’s equation corre-
sponding to this Hamiltonian.

3. Equations of Motion

We introduce the usual commutation relations for the fields
of interest (see (7)):

{Ψ𝛼 (𝑡, →𝑟 ) , Ψ+𝛽 (𝑡, →𝑟 )} = 𝛿𝛼𝛽𝛿3 (→𝑡 − →𝑟 ) . (10)

Using the property of (8), we correspondingly obtain one-
dimensional commutation relations for the new fields:

{𝜓𝛼𝑙𝑚 (𝑡, 𝑟) , 𝜓+𝛽𝑙𝑚 (𝑡, 𝑟)} = 1𝑟2 𝛿𝛼𝛽𝛿𝑙𝑙𝛿𝑚𝑚𝛿 (𝑟 − 𝑟) . (11)
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The Schrödinger equation for 𝜓𝛼𝑙𝑚(𝑡, 𝑟) field, therefore, has
the following form:

𝜄 𝜕𝜕𝑡𝜓𝛼𝑙𝑚 (𝑡, 𝑟) = (− 12𝑚 (Δ 𝑟 − 𝑙 (𝑙 + 1)𝑟2 ) − 𝜇)
⋅ 𝜓𝛼𝑙𝑚 (𝑡, 𝑟)
+ 4𝜋𝑞22𝑙 + 1 (∫∞

𝑟

𝑟𝑙𝑟(𝑙+1)𝑓 (𝑟, 𝑟, 𝑟0) 𝜓𝛼𝑙𝑚 (𝑡, 𝑟) 𝑟2𝑑𝑟

+ ∫𝑟
0

𝑟𝑙𝑟(𝑙+1)𝑓 (𝑟, 𝑟, 𝑟0) 𝜓𝛼𝑙𝑚 (𝑡, 𝑟) 𝑟2𝑑𝑟) .

(12)

Rescaling the drop’s density function and rewriting it in the
dimensionless form as

𝑓 (𝑟, 𝑟, 𝑟0) → 1
𝑟3/2 (𝑟)3/2𝑓 (𝑟, 𝑟, 𝑟0) , (13)

introducing a new variable in integrals in (12),

𝑟 = 𝑥𝑟, (14)

we rewrite the integrals in (12) finally as

4𝜋𝑟 (2𝑙 + 1) (∫
∞

1

𝑑𝑥𝑥𝑙+1/2𝑓 (𝑟, 𝑥, 𝑟0) 𝜓𝛼𝑙𝑚 (𝑡, 𝑥)
+ ∫1
0
𝑑𝑥𝑥𝑙+1/2𝑓 (𝑟, 𝑥, 𝑟0) 𝜓𝛼𝑙𝑚 (𝑡, 𝑥)) .

(15)

For the case of the drop of small size, we can expand our 𝜓
function in (15) around 𝑥 = 1 in both terms; this point gives
themain contribution to both integrals.Therefore, in the first
approximation, we have the following for (15):

4𝜋𝑟 (2𝑙 + 1) (∫
∞

1

𝑑𝑥𝑥𝑙+1/2𝑓 (𝑟, 𝑥, 𝑟0) 𝜓𝛼𝑙𝑚 (𝑡, 𝑥𝑟)
+ ∫1
0
𝑑𝑥𝑥𝑙+1/2𝑓 (𝑟, 𝑥, 𝑟0) 𝜓𝛼𝑙𝑚 (𝑡, 𝑥𝑟))

≈ 𝜓𝛼𝑙𝑚 (𝑡, 𝑟) 4𝜋𝑟 (2𝑙 + 1) (∫
∞

1

𝑑𝑥𝑥𝑙+1/2𝑓 (𝑟, 𝑥, 𝑟0)
+ ∫1
0
𝑑𝑥𝑥𝑙+1/2𝑓 (𝑟, 𝑥, 𝑟0)) = 𝑄𝑙 (𝑟)𝑟 𝜓𝛼𝑙𝑚 (𝑡, 𝑟) ,

(16)

with 𝑄𝑙 as an 𝑙 multipole moment of the drop. The
Schrödinger equation (12) now acquires the following form:

𝜄 𝜕𝜕𝑡𝜓𝛼𝑙𝑚 (𝑡, 𝑟)
= (− 12𝑚 (Δ 𝑟 − 𝑙 (𝑙 + 1)𝑟2 ) − 𝜇 + 𝑞2𝑟 𝑄𝑙 (𝑟))
⋅ 𝜓𝛼𝑙𝑚 (𝑡, 𝑟) .

(17)

Representing the wave function as

𝜓𝛼𝑙𝑚 (𝑡, 𝑟) = 𝑢𝛼𝑙𝑚 (𝑟) 𝑒−𝜄𝑡(𝐸−𝜇), (18)

we obtain the Schrödinger equation for the particle in the
following form:

( 12𝑚Δ 𝑟 − 12𝑚 𝑙 (𝑙 + 1)𝑟2 + 𝐸 − 𝑞2𝑟 𝑄𝑙 (𝑟)) 𝑢𝛼𝑙𝑚 (𝑟) = 0. (19)

In general, we cannot solve this equation without knowledge
of the form of 𝑓(𝑟, 𝑥, 𝑟0) particles distribution function in
integrals of (15). Nevertheless, we can guess the form of the
function in the 𝑟 ≤ 𝑟0 region of the drop, mostly interesting
for us. Indeed, at 𝑟 ≫ 𝑟0, which is outside the drop region, the
potential equation (16) is the usual Coulomb potential, but
in the 𝑟 ≤ 𝑟0 region, the situation is different. The existence
of the drop requires the presence of some potential well at𝑟 ≤ 𝑟0 which will keep particles inside the drop for some
(very short) time and, therefore, it must be the potential’s
minimum present somewhere between 𝑟 = 0 and 𝑟 ∝ 𝑟0.
Hence, this minimum is the indication of the creation of the
dense drop of finite size in the interaction system of interest
and, consequently, we canwrite the potential energy from (19)
in this region as

12𝑚 𝑙 (𝑙 + 1)𝑟2 + 𝑄𝑙 (𝑟) 𝑞2𝑟
≈ 12𝑚 𝑙 (𝑙 + 1)𝑟2min

+ 𝑄𝑙 (𝑟min) 𝑞2𝑟min

+ 𝐴 𝑙 (𝑟min) 𝑞22𝑟30 (𝑟 − 𝑟min)2 ,
(20)

where we assumed that the potential energy acquires its min-
imum at 𝑟min;𝐴 𝑙(𝑟min) here are the positive coefficients of the
potential’s expansion around this minimum. This situation,
in fact, is similar to the situation in the system of two-atom
molecules (see [44] and the references therein), where two
atoms are kept inside some mutual potential well. Inserting
the expansion of (20) in (19), we obtain the following
equation:

( 12𝑚Δ 𝑟 + 𝐸 − 12𝑚 𝑙 (𝑙 + 1)𝑟2min
− 𝑄𝑙 (𝑟min) 𝑞2𝑟𝑚𝑖𝑛

− 𝐴 𝑙 (𝑟min) 𝑞2
2𝑟30 (𝑟 − 𝑟min)2)𝑢𝛼𝑙𝑚 (𝑟) = 0.

(21)

The solution of this equation is similar to the solution of the
Schrödinger equation for the harmonic oscillator with energy
levels defined by

𝐸 = 𝐸 − 12𝑚 𝑙 (𝑙 + 1)𝑟2min
− 𝑄𝑙 (𝑟min) 𝑞2𝑟min

, (22)

and consequently the energy levels of the system are given by

𝐸𝑛𝑙 = 12𝑚 𝑙 (𝑙 + 1)𝑟2min
+ 𝑄𝑙 (𝑟min) 𝑞2𝑟min

+ 𝑞(𝐴 𝑙 (𝑟min)𝑚𝑟30 )1/2 (𝑛 + 12) 𝑛 = 0, 1, 2, . . . ,
(23)
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with the wave functions

𝑢𝛼𝑙𝑚 (𝑟) = 𝑐𝛼𝑙𝑚 𝑒−(𝑟−𝑟min)
2/(2𝑅2)

𝑟√𝑅 𝐻𝑛 ((𝑟 − 𝑟min)𝑅 ) , (24)

where

𝑅 = ( 𝑟30𝑚𝐴 𝑙 (𝑟min) 𝑞2)
1/4 . (25)

We note that the obtained solution is indeed similar to
the solution of the Schrödinger equation for the two-atom
molecules (see, e.g., [44]).

4. Conclusion

In this note, we demonstrated that the spectrum of the
charged nonrelativistic particle in the dense charged drop has
a quantum structure (see (23)), and it is determined by three
terms in the first mean field approximation. The first term in
(23) can be considered as the quantized rotation energy of the
drop; the second one is the quantized electrostatic energy due
to themultipolemoments of the charged drop.The third term
in the expression of (23) is the usual quantum corrections to
the energy due to the oscillation of the particle inside the drop
with eigenfrequencies determined by the form of the distri-
bution function of the particles in the drop. The presence of
this minimum is a necessary condition of the drop’s creation
(see also [36–39]). The values of these corrections have an
additional degeneracy of energy levels defined by 𝑙 quantum
number in comparison to the ordinary quantum oscillator.
In this formulation, the considered problem is similar to the
problem of the description of the system of the two-atom
molecule (see [44]) (we note that the proposed approach can
be used also for the description of bound states created at low
energy interactions, and we plan to investigate this subject in
a separate publication). Further development of the approach
can include the consideration of higher orders of mean field
approximation for the system and introduction of the kinetic
equation for the distribution function of (4) coupled to the
Hamiltonian; we plan to consider these problems in the
following publications.

We conclude that our model can be useful for the
clarification of the spectrum of the produced particles, which
is influenced by the quantum-mechanical properties of the
QCD fireball. We believe that this approach will provide
the connection between the data, obtained in high-energy
collisions of protons and nuclei in the LHC and RHIC
experiments [12–32, 45–49], andmicroscopic fields inside the
collision region.
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From the nonextensive statistical mechanics, we investigate the chiral phase transition at finite temperature 𝑇 and baryon chemical
potential 𝜇𝐵 in the framework of the linear sigmamodel.The corresponding nonextensive distribution, based on Tsallis’ statistics, is
characterized by a dimensionless nonextensive parameter, 𝑞, and the results in the usual Boltzmann-Gibbs case are recovered when𝑞 → 1. The thermodynamics of the linear sigma model and its corresponding phase diagram are analysed. At high temperature
region, the critical temperature 𝑇𝑐 is shown to decrease with increasing 𝑞 from the phase diagram in the (𝑇, 𝜇) plane. However,
larger values of 𝑞 cause the rise of𝑇𝑐 at low temperature but high chemical potential. Moreover, it is found that 𝜇 different from zero
corresponds to a first-order phase transition while 𝜇 = 0 to a crossover one. The critical endpoint (CEP) carries higher chemical
potential but lower temperature with 𝑞 increasing due to the nonextensive effects.

1. Introduction

Quantum Chromodynamics (QCD) is a basic theory of
describing the strong interactions among quarks and gluons,
the fundamental constituents of matter. More and more
attentions have already been attracted to theQCDphase tran-
sition both theoretically and experimentally [1–8]. Though
experimental studies and lattice Monte-Carlo simulations
have made it possible to research on the phase diagram
quantitatively, there still remains uncertainty at high baryon
density region [9]. Consequently, the phase transition is
also a vital topic in high-energy physics, where the thermal
vacuum created by heavy-ion collisions differs from the one
at zero temperature and chemical potential [7]. In order to
study certain essential features of it, the linear sigma model
has been proposed to illuminate the restoration of chiral
symmetry and its spontaneous breaking [8].

Near the phase transition boundary, one should be cau-
tious when using the Boltzmann-Gibbs (BG) statistics for the
appearance of critical fluctuations due to a large correlation
length [10]. It is of interest to investigate the phase transition

in the formalism beyond conventional BG statisticalmechan-
ics. Recently nonextensive statistics firstly proposed in [11]
has attracted a lot of attention and discussions [12]. In this
formalism, instead of the exponential function, a generalized𝑞-exponential function is defined as [11, 12]

exp𝑞 (𝑥) fl [1 + (1 − 𝑞) 𝑥]1/(1−𝑞) , (1)

where the parameter 𝑞 is called the nonextensive parameter,
which accounts for all possible factors violating assumptions
of the usual BG case. Its inverse function is also listed [11, 12]

ln𝑞 (𝑥) fl 𝑥1−𝑞 − 11 − 𝑞 . (2)

Both of them return to the usual exponential and logarithm
function with 𝑞 → 1.

The purpose of this paper is to clarify the nonextensive
effects on physical quantities of the chiral phase transition
in the generalized linear sigma model. We focus on the
situations where both of temperature and chemical potential
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are not vanished, which then indicates the influence of
the Tsallis distribution on the whole phase diagram in the(𝑇, 𝜇) plane. Whereas the nonextensive parameter 𝑞 is still
a phenomenological parameter [12], not only the case of𝑞 > 1 but also 𝑞 < 1, in this work, is computed. For
comparisons, we have presented discussions on this issue for
finite temperature but vanishing chemical potential [13, 14].
Given the consistency of nonextensive generalizations with
the initial BG approaches, we also list the results of 𝑞 = 1
whichwere investigated [15].We close our researcheswith the
comparisons to the nonextensive Nambu Jona-Lasiniomodel
(𝑞-NJL model) [16, 17] of the critical endpoint (CEP), whose
location is still the hot topic for experiments as well as its
theoretical researches [3, 5].

This paper is organized as follows. In Section 2 we
introduce the theoretical framework, where the nonextensive𝑞-linear sigma model is stated. Their consequences for var-
ious thermodynamic quantities with different nonextensive
parameters, 𝑞, are explored in Section 3; more detailed
discussions on the results are also contained. Section 4 is our
brief summary and outlook.

2. Theoretical Framework

Within the linear sigma model, the chiral effective
Lagrangian with quark degrees of freedom reads [15, 18, 19]

L = 𝜓 [𝑖𝛾𝜇𝜕𝜇 − 𝑔 (𝜎 + 𝑖𝛾5→𝜏 ⋅ →𝜋)]𝜓
+ 12 (𝜕𝜇𝜎𝜕𝜇𝜎 + 𝜕𝜇→𝜋 ⋅ 𝜕𝜇→𝜋) − 𝑈 (𝜎, →𝜋) ,

(3)

where 𝜓 = (𝑢, 𝑑) stands for the spin-1/2 two flavors’ light
quark fields and the scalar field 𝜎 and the pion field →𝜋 =(𝜋1, 𝜋2, 𝜋3) together form a chiral field Φ = (𝜎, →𝜋), with its
potential

𝑈(𝜎, →𝜋) = 𝜆24 (𝜎2 + →𝜋 2 − V2)
2 − 𝐻𝜎. (4)

Considering the obvious symmetry breaking term 𝐻𝜎 = 0,
L is invariant under chiral SU(2)𝐿×SU(2)𝑅 transformations.
The chiral symmetry is spontaneously broken in the vacuum
with the expectation values: ⟨𝜎⟩ = 𝑓𝜋 and ⟨→𝜋⟩ = 0,
where 𝑓𝜋 = 93MeV is the pion decay constant. By the
partially conserved axial vector current (PCAC) relation [15],
the quantity V2 = 𝑓2𝜋 − 𝑚2𝜋/𝜆2 with the constant 𝐻 = 𝑓𝜋𝑚2𝜋,
where𝑚𝜋 = 138MeV is the pionmass.The coupling constant𝜆2 is fixed as 20 by 𝑚2𝜎 = 2𝜆2𝑓2𝜋 + 𝑚2𝜋, where 𝑚𝜎 = 600MeV
is the sigma mass. Another coupling constant 𝑔 is usually
determined by the requirement of the constituent quarkmass
in vacuum, 𝑀vac = 𝑔𝑓𝜋, which is about 1/3 of the nucleon
mass, leading to 𝑔 ≈ 3.3. [15]

In order to investigate the temperature𝑇 and the chemical
potential𝜇 dependence in thismodel, let us consider a system
of both quarks and antiquarks in the thermodynamical

equilibrium. Here quark chemical potential 𝜇 ≡ 𝜇𝐵/3. And
the grand partition function goes like

Z = 𝑇𝑟 exp [−H − 𝜇N
T

]
= ∫D𝜓D𝜓D𝜎D→𝜋 exp [∫

𝑥
(L + 𝜇𝜓𝛾0𝜓)] ,

(5)

where ∫
𝑥
≡ 𝑖 ∫1/𝑇
0
𝑑𝑡 ∫
𝑉
𝑑3→𝑥 with 𝑉 being the volume of the

system.
Thus the grand canonical potential can be obtained

Ω(𝑇, 𝜇) = −𝑇𝑉 lnZ = 𝑈 (𝜎, →𝜋) + Ω𝜓𝜓 (6)

with the (anti)quark contribution being

Ω𝜓𝜓 (𝑇, 𝜇) = −]∫ 𝑑3→𝑝(2𝜋)3 {𝐸 + 𝑇 ln [1 + 𝑒−(−𝜇+𝐸)/𝑇]
+ 𝑇 ln [1 + 𝑒−(𝜇+𝐸)/𝑇]} ,

(7)

where ] = 12 is the internal degrees of freedom of quarks and
𝐸 = √𝑝2 +𝑀2 is the valence (anti)quark energy, with the
mass of constituent (anti)quark defined as

𝑀2 = 𝑔2 (𝜎2 + →𝜋 2) . (8)

Here the first divergent term of 𝐸 is absorbed in the coupling
constant in the results which comes from the negative energy
states of the Dirac sea.

It is inadequate to apply naively the BG statistics in
such a system; critical fluctuations of energy and particle
numbers will appear as well as a large correlation. In order
to investigate the phase transition of systems departing from
the classical thermal equilibrium, the nonextensive statistics
[11] are introduced. The so-called Tsallis entropy and density
matrix are given, respectively, as 𝑆𝑞 = 𝑘𝐵𝑇𝑟(𝜌 − 𝜌𝑞)/(𝑞 −1) and 𝜌 = exp𝑞(−𝐸/𝑇)/𝑍𝑞, where 𝑘𝐵 is the Boltzmann
constant (set to 1 for simplicity next), 𝑞 describes the degree
of nonextensivity, and 𝑍𝑞 is the corresponding generalized
partition function.

Recently these generalized statistics have been of great
interest theoretically [20–22] and widely applied in many
fields [23–26]. In the following, we investigate the linear
sigma model within the nonextensive statistics. Firstly we
rewrite the partition function of (5) as

Z𝑞 = 𝑇𝑟 exp𝑞 [−H − 𝜇N𝑇 ]
= ∫D𝜓D𝜓D𝜎D→𝜋exp𝑞 [∫

𝑥
(L + 𝜇𝜓𝛾0𝜓)] ,

(9)
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where the 𝑞-exponential is seen in (1). Considering the 𝑞-
thermodynamics [27], we have

Ω𝜓𝜓 (𝑇, 𝜇, 𝑞) = −𝑇𝑉 ln𝑞Z𝑞 − 𝑈 (𝜎, →𝜋)
= ∑
𝑛

∑
𝑝

{ln𝑞 [𝛽2 (𝐸2𝑛 + (𝐸 − 𝜇)2)]
+ ln𝑞 [𝛽2 (𝐸2𝑛 + (𝐸 + 𝜇)2)]} .

(10)

Before carrying it out, we give out the generalized identities
with respect to 𝑞-sums and integrals

ln𝑞 [𝛽2 (𝐸2𝑛 + (𝐸 ± 𝜇)2)]
= ∫𝛽2(𝐸±𝜇)2
1

𝑑𝜃2
(𝜃2 + (2𝑛 + 1)2 𝜋2)𝑞

+ ln𝑞 [1 + (2𝑛 + 1)2 𝜋2]
(11)

and the generalized sum over 𝑛, in our assumptions,

∑
𝑛

1
(𝜃2 + (2𝑛 + 1)2 𝜋2)𝑞
≈ 1𝜃 (12 − 1

(exp2−𝑞 (𝜃) + 1)𝑞) ,
(12)

where 𝐸𝑛 = (2𝑛 + 1)𝜋𝑇 is used and the index 2 − 𝑞 appears
because of the duality

exp𝑞 (−𝑥) ⋅ exp2−𝑞 (𝑥)
= [1 − (1 − 𝑞) 𝑥]1/(1−𝑞) ⋅ [1 + (𝑞 − 1) 𝑥]1/(𝑞−1) = 1. (13)

Integrating over 𝜃 and dropping terms that are independent
of 𝛽 and 𝜇, we finally obtain

Ω𝜓𝜓 (𝑇, 𝜇, 𝑞) = −]∫ 𝑑3→𝑝(2𝜋)3 {𝐸
+ 𝑇 ln𝑞 [1 + exp𝑞 (−𝐸 − 𝜇𝑇 )]
+ 𝑇 ln𝑞 [1 + exp𝑞 (−𝐸 + 𝜇𝑇 )]} .

(14)

In our calculations within the mean-field approximation,
we follow [15, 28] where the expectation value of the pion field
is set to zero; →𝜋 = 0. By solving the gap equation

𝜕𝜕𝜎Ω𝜓𝜓 (𝑇, 𝜇, 𝑞)𝜎=𝜎𝑉 = 0, (15)

the value for constituent (anti)quark mass 𝑀 = 𝑔𝜎𝑉
can be determined, which will be also affected by different
nonextensive parameters, 𝑞. Here we have replaced 𝜎 and →𝜋
in the exponent by their expectation values in the mean-field
approximation.

With such a 𝑞-thermal effective potential, we then explore
the nonextensive effects on the physical quantities, as well as
the phase transition, in the linear sigmamodel.Thenumerical
results will be shown in the next section.

3. Results and Discussion

In virtue of the fact that there still exist fierce controversies
over the possible interpretations of the nonextensive param-
eter 𝑞, we shall discuss the nonextensive effects in the 𝑞-linear
sigma model for both the 𝑞 > 1 and 𝑞 < 1 case. Meanwhile,
we give out the result of 𝑞 = 1 as the baseline for better
understanding.

It is worthy to note that the value of nonextensive
parameter 𝑞 cannot be much smaller than 1 since, in the
expression of (14), the corresponding generalized exponential

exp𝑞 (−𝐸 + 𝜇𝑇 ) fl [1 − (1 − 𝑞) (𝐸 + 𝜇)𝑇 ]1/(1−𝑞) , (16)

where the part of the base should be larger than 0: 1 − (1 −𝑞)((𝐸 + 𝜇)/𝑇) > 0; namely,

𝑞 > 1 − 𝑇(𝐸 + 𝜇) . (17)

Thus some upper limitation of energy of the integral in (7)
should be given in case of divergence when 𝑞 < 1. On the
other hand, too much smaller values of 𝑞 are not necessary
to be computed physically during our investigation on the
nonextensive effects on the phase transition. Therefore, here
we just list the results of 𝑞 = 1.1, 1.05, 0.95 and 𝑞 = 1 as
baseline.

We start our discussions with presenting in Figure 1 the
resulting thermodynamical potential Ω as a function of 𝑀,
the constituent (anti)quarkmass. Different 𝑞 evidently results
in a large change of the thermodynamical potential which
shows that the effects caused by nonextensivity are quite
strong whether the quark chemical potential vanishes or not.

In Figure 1(a), the potentials with different 𝑞 are shown
for 𝑇 = 148MeV and 𝜇 = 0. Locations of its minimum
become smaller when 𝑞 gets larger. This means that, in
the case of high temperature and low density, correlations
with the nonextensive 𝑞-version shift the chiral condensation
toward smaller 𝑀. On the other hand (in Figure 1(b)), at
low temperature but high density (𝑇 = 40MeV and 𝜇 =286.8MeV), the gap of potential between local (near𝑀 = 0)
and global (far from 𝑀 = 0) vacuum also increases as 𝑞
increases. It is worthy to note that, as seen in Figure 1(b),
different 𝑞 nearly does not affect the position of global
vacuum which should have nothing to do with the model
itself.

It is instructive to plot the 𝑞-effects on the constituent
(anti)quark mass 𝑀 under the temperature dependencies
as well as the chemical potential dependencies, which are
clearly shown in Figure 2. For the 𝑇-dependence (𝜇 = 0),
the values of 𝑀 change continuously with the temperature𝑇, which describes a typical crossover transition, while, for
the 𝜇-dependence (where we set 𝑇 = 40MeV), it shows a
jump over the values of𝑀, demonstrating a first-order phase
transition.

Figure 2(a), at low density, indicates that the temperature
dependence of𝑀 for 𝑞 ̸= 1 is quite similar to the case of 𝑞 = 1,
the usual BG situation. Both the minimum and maximum
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Figure 1: The thermodynamical potentials Ω (cf. (14) and (7)), with respect to the constituent (anti)quark mass𝑀. (a) 𝑇 = 148MeV and𝜇 = 0. (b) 𝑇 = 40MeV and 𝜇 = 286.8MeV. We compare our results using the parameters near the phase boundaries. Both of them are
analysed for 𝑞 = 1.1, 𝑞 = 1.05, and 𝑞 = 0.95 with the case of 𝑞 = 1 as comparisons.

 = 0MeV
q = 1.1

q = 1.05

q = 1

q = 0.95

80 100 120 140 160 180 20060
T (MeV)

0

50

100

150

200

250

300

M
(M

eV
)

(a)

q = 1.1

q = 1.05

q = 1

q = 0.95

50

100

150

200

250

300

M
(M

eV
)

T = 40MeV

282 284 286 288 290280
 (MeV)

(b)

Figure 2: The constituent (anti)quark mass𝑀 as functions of the temperature 𝑇 at 𝜇 = 0 (a) and the chemical potential 𝜇 at 𝑇 = 40MeV (b)
for different 𝑞as follows: q = 1.1, q = 1.05, and q = 0.95 as well as q = 1.

of 𝑀 keep the same values for different 𝑞. Nevertheless,
the behaviour of all curves tells us that high temperature is
required to restore the chiral symmetry for small 𝑞, which
agrees with the results of [13, 14].

At the same time, for the low temperature case, Fig-
ure 2(b) illustrates the 𝜇-dependence of the constituent
(anti)quark mass in the nonextensive linear sigma model for
different nonextensive parameter 𝑞, which is not done in [13,
14]. One easily observes an analogous pattern characteristic
to the above, while, for the 𝜇-dependence, increasing 𝑞 will
also increase the value of phase transition chemical potential
when 𝑇 = 40MeV is fixed. Moreover, for both of the cases,
it is deserved to be mentioned that only the system near

the chiral phase transition is well affected by nonextensive
statistics.

In statistical physics, the critical properties of a thermo-
dynamic system can be explored by studying the fluctuations
of various observables. Particularly, the fluctuations of the
order parameter probe the order of the phase transition and
the position of a possible critical end point.

Then the negative partial derivative of 𝑀 with respect
to temperature 𝑇 holding chemical potential 𝜇 constant, the
susceptibility𝜒, is also investigated in this nonextensive linear
sigma model, which describes the fluctuation of constituent
(anti)quark mass. From the results seen in Figure 3, one can
expect that, at the low density (𝜇 = 0), the location of peak
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of susceptibility 𝜒, as well as its own value, moves to the
lower values of temperature𝑇 for larger 𝑞.This indicates that,
with larger 𝑞, the critical temperature 𝑇𝑐 gets smaller, which
supports the fact that the nonextensive parameter 𝑞 describes
the departure of system from the conditions of BG situation.

Here we add a few remarks to better understand the
results. Nonextensive dynamics develop the linear sigma
model through the (anti)quark number distribution func-
tions.These functions are connected with the thermal poten-
tial Ω𝜓𝜓(𝑇, 𝜇, 𝑞) of (14), which modifies the fluctuations
of fermions. The 𝑞-dependent chiral condensation can be
obtained after solving out the gap equation in (15). From
Figure 2(a), we can see that its shape with respect to 𝑇

is strongly affected by the nonextensive parameter 𝑞. More
specifically, 𝑞 introduces differences of system itself from
the usual BG one which decrease the values of critical
temperature 𝑇𝑐, seen in Figure 3.

In order to explore the chiral phase transition in the 𝑞-
linear sigma model more specifically, we also present the
phase diagrams (seen in Figure 4) based upon the analysis
above. It is easily seen that, indeed, at high temperature
and low density region, it exhibits a crossover transition
in the (𝑇 − 𝜇) plane for different nonextensive parameters
of 𝑞, with smaller nonextensive parameter 𝑞 expanding the
relative values of critical temperature and chemical potential.
Meanwhile, a first-order phase transition is shown at low
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temperature but high density region. And all the critical lines
correspondingly develop differently, where larger 𝑞 increases
the position of 𝑇𝑐 at the same 𝜇𝑐.

As for the critical endpoint (CEP), which is located
between the two kinds of phase transition, larger 𝑞 occurs
at higher chemical potential but lower temperature, which is
also seen in the results of 𝑞-NJLmodel [16, 17].This is because
systems from fewer particles will encounter a larger value of𝑞, whose phase transition takes place with higher number
density in turn.

4. Summary and Outlook

To summarize, we have calculated the nonextensive ther-
modynamics of the chiral phase transition in the linear
sigma model, to account for the sensitivity of the mean-
field theory of the linear sigma model to the departure from
the usual BG statistics. By the 𝑞-version, we have obtained
generalized relations of the grand canonical potential Ω, the
chiral condensation𝑀, and susceptibility 𝜒. Before that, we
also analysed the values of nonextensive parameter 𝑞 and
reasonably considered the cases of 𝑞 = 1.1, 1.05, 0.95 as well
as 𝑞 = 1.

Furthermore, we have investigated two scenarios, 𝜇 ̸= 0
and 𝜇 = 0, respectively, which, as mentioned, correspond
to different physical situations: a first-order and a crossover
transition. For the studies of 𝜇 = 0, it is found to be in
agreement with the results obtained in [13, 14]. Besides, we
discover that different values of 𝑞 only influence the quantities
near the phase boundary. This also proves that it is valuable
and desirable to discuss the nonextensive effects on the chiral
phase transition.

As expected, the observed nonextensive effects of both
the potential Ω and the mass 𝑀 lead to the fact that
higher values of 𝑞 shift all to an earlier state with other
parameters fixed. In other words, the internal divergence
from the classical thermal equilibrium really impacts the
chiral phase transition. This is more illuminated in the phase
diagrams of (𝑇, 𝜇) plane correspondingly. The CEP (see
Figure 4) reveals a clear variation with different nonextensive
parameters of 𝑞, namely, holding higher chemical potential
but lower temperature with 𝑞 increasing, which agrees with
[16, 17]. As for the critical line in the diagram, as shown
in Figure 4, 𝑞-effects derive different trends of it on the
first-order and crossover phase transitions, whose physical
mechanism needs from us more attention and investigations
next.

Finally, it is worthy to mention that since CEP is still
indistinct experimentally, our work may provide a possible
intensive study of locating the CEP in high-energy physics
[6]. Meanwhile, by comparing the results with experimental
data, our researches could be of help to deeply understand the
physical explanation of the Tsallis nonextensive parameter 𝑞,
which is also what we will pay attention to in the future.
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