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Computational intelligence (CI) has emerged as a power-
ful tool for information processing, decision-making, and
knowledge management. CI approaches, in general, are use-
ful for designing advanced computerized systems that possess
useful characteristics mimicking human behaviors and capa-
bilities in solving complex tasks, for example, learning, adap-
tation, and evolution. Examples of some popular CI models
include fuzzy systems, artificial neural networks, evolution-
ary algorithms, multiagent systems, decision trees, rough
set theory, knowledge-based systems, and hybrid of these
models.

On the other hand, images have always played an essential
role in human life. In the past theywere, today they are, and in
the future they will continue to be one of our most important
information carriers. Recent advances in digital imaging and
computer hardware technology have led to an explosion in
the use of digital images in a variety of scientific and engineer-
ing applications. Therefore, each new approach that is devel-
oped by engineers, mathematicians, and computer scientists
is quickly identified, understood, and assimilated in order to
be applied to image processing problems.

Classical image processing methods often face great diffi-
culties while dealingwith images containing noise and distor-
tions.Under such conditions, the use of computational intelli-
gence approaches has been recently extended to address chal-
lenging real-world image processing problems. The interest
on the subject among researchers anddevelopers is increasing
day by day as it is branded by huge volumes of research
works that get published in leading international journals and
international conference proceedings.

The main objective of this special issue is to bridge
the gap between computational intelligence techniques and
challenging image processing applications. Since this idea
was first conceived, the goal has aimed at exposing the readers
to the cutting-edge research and applications that are going
on across the domain of image processing, particularly those
whose contemporary computational intelligence techniques
can be or have been successfully employed.

The special issue received several high-quality submis-
sions from different countries all over the world. All sub-
mitted papers have followed the same standard of peer-
reviewing by at least three independent reviewers, just as
it is applied to regular submissions to the Mathematical
Problems in Engineering journal. Due to the limited space, a
very short number of papers have been finally included. The
primary guideline has been to demonstrate the wide scope of
computational intelligence algorithms and their applications
to image processing problems.

The paper authored by T. Wu and L. Zhang presents an
uncertainty algorithm based on cloud model for the genera-
tion of image-guided Voronoi aesthetic patterns. As a com-
putational intelligence tool, cloud model handles the uncer-
tainty more completely and more freely, and it cannot be
considered as randomness compensated by fuzziness, fuzzi-
ness compensated by randomness, second-order fuzziness,
or second-order randomness. To obtain the default parame-
ters, authors conduct seven groups of experiments to test
the proposed method. Using both visual and quantitative
comparisons, T. Wu and L. Zhang prove the efficacy of the
proposed method using two groups of experiments. Com-
pared with the related methods, experimental results show
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that the Voronoi-based aesthetic patterns with soft borders
can be successfully generated by using the new technique.

K. Zeng et al. introduced a rankingmodel by understand-
ing the complex relations within product visual and textual
information in visual search systems. To understand their
complex relations, authors focused on using graph-based
paradigms to model the relations among product images,
product category labels, and product names and descriptions.
K. Zeng et al. developed a unified probabilistic hypergraph
ranking algorithm, which, modeling the correlations among
product visual features and textual features, extensively
enriches the description of the image.The authors conducted
experiments on the proposed ranking algorithm on a data
set collected from a real e-commerce website. The results of
their comparison demonstrate that the proposed algorithm
extensively improves the retrieval performance over the
visual distance based ranking.

N. R. Soora and P. S. Deshpande present a novel License
Plate (LP) detection method using different clustering tech-
niques, based on geometrical properties of the LP characters.
In the paper, authors also propose a new character extraction
method, for noisy/missed character components of the LP
due to the presence of noise between LP characters and LP
border. The proposed method detects the LP of any type of
vehicle (including vans, cars, trucks, and motorcycles), hav-
ing different plate variations, under different environmental
andweather conditions because of the geometrical properties
of the set of characters in the LP. The proposed method
is independent of color, rotation, size, and scale variances
of the LP. The concept is tested using standard media-lab
and Application Oriented License Plate (AOLP) benchmark
LP recognition databases. The success rate of the proposed
approach for LP detection using media-lab database is 97.3%
and using AOLP database is 93.7%. Results clearly indicate
that the proposed approach is comparable to the previously
published papers, which evaluated their performance on
publicly available benchmark LP databases.

The paper authored byC.Nyirarugira et al. presents a ges-
ture recognition method derived from particle swarm move-
ment for free-air hand gesture recognition. Under such con-
ditions, authors suggest an automated process of segmenting
meaningful gesture trajectories based on particle swarm
movement. A subgesture detection and reasoning method is
incorporated in the proposed recognizer to avoid premature
gesture spotting. Evaluation of the proposed method shows
promising recognition results: 97.6% on preisolated gestures,
94.9% on stream gestures with assistive boundary indicators,
and 94.2% for blind gesture spotting on digit gesture vocab-
ulary. The proposed recognizer requires fewer computation
resources; thus it is a good candidate for real-time applica-
tions.

R. Al Shehhi et al. present a hierarchical graph-based
segmentation for blood vessel detection in digital retinal
images. This segmentation method employs some of per-
ceptual Gestalt principles: similarity, closure, continuity, and
proximity tomerge segments into coherent connected vessel-
like patterns. The integration of Gestalt principles is based
on object-based features (e.g., color, black top-hat (BTH)
morphology, and context) and graph-analysis algorithms

(e.g., Dijkstra path). The segmentation framework consists
of two main steps: preprocessing and multiscale graph-based
segmentation. Preprocessing is to enhance lighting condition,
due to low illumination contrast, and to construct necessary
features to enhance vessel structure due to sensitivity of
vessel-patterns to multiscale/orientation structure. Graph-
based segmentation is to decrease computational processing
required for region of interest into most semantic objects.
The segmentation was evaluated on three publicly avail-
able datasets. Experimental results show that preprocessing
stage achieves better results compared to the state-of-the-
art enhancement methods.The performance of the proposed
graph-based segmentation is found to be consistent and com-
parable to other existing methods, with improved capability
in detecting small/thin vessels.

The paper authored by G. Niu et al. proposes a
multikernel-like learning algorithmbased on data probability
distribution (MKDPD) for classification proposes. In the
approach, the parameters of a kernel function are locally
adjusted according to the data probability distribution and
thus produce different kernel functions. These different
kernel functions will generate different Reproducing Kernel
Hilbert Spaces (RKHS). The direct sum of the subspaces of
these RKHS constitutes the solution space of the learning
problem. Furthermore, based on the proposed MKDPD
algorithm, an algorithm for labeling new coming data is
also introduced, in which the basic functions are retrained
according to the new coming data, while the coefficients of
the retrained basic functions remainedunchanged to label the
new coming data. The experimental results presented in this
paper show the effectiveness of the proposed algorithms.

H. Yang et al. introduce a new general TV regular-
izer, namely, generalized TV regularization, to study image
denoising and nonblind image deblurring problems. In
order to discuss the generalized TV image restoration with
solution-driven adaptivity, authors consider the existence
and uniqueness of the solution for mixed quasivariational
inequality. Moreover, the convergence of a modified projec-
tion algorithm for solvingmixed quasivariational inequalities
is also shown. The corresponding experimental results sup-
port our theoretical findings.

C.-L. Cocianu and A. Stan propose a new method that
combines the decorrelation and shrinkage techniques to neu-
ral network-based approaches for noise removal purposes.
The images are represented as sequences of equal sized blocks,
each block being distorted by a stationary statistical corre-
lated noise. Some significant amount of the induced noise in
the blocks is removed in a preprocessing step, using a decor-
relation method combined with a standard shrinkage-based
technique. The preprocessing step provides for each initial
image a sequence of blocks that are further compressed at a
certain rate, each component of the resulted sequence being
supplied as inputs to a feed-forward neural architecture. The
local memories of the neurons of the layers are generated
through a supervised learning process based on the com-
pressed versions of blocks of the same index value supplied
as inputs and the compressed versions of them resulted
as the mean of their preprocessed versions. Finally, using
the standard decompression technique, the sequence of the
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decompressed blocks is the cleaned representation of the
initial image. The performance of the proposed method is
evaluated by a long series of tests, the results being very
encouraging as compared to similar developments for noise
removal purposes.

The paper authored by L. Chang et al. introduces a
method to solve the problems which basic Vibe algorithm
cannot effectively eliminate such as the influence of back-
ground noise, follower shadow, and ghost under complex
background.Therefore, considering the basic Vibe algorithm,
this paper puts forward some improvement measures in
threshold setting, shadow eliminating, and ghost suppres-
sion. Firstly, judgment threshold takes adjustment with the
changes of background. Secondly, a fast eliminating ghost
algorithm depending on adaptive threshold is introduced.
Finally, follower shadow is detected and inhibited effectively
through the gray properties and texture characteristics.
Experiments show that the proposed algorithm works well
in complex environment without affecting computing speed
and has stronger robustness and better adaptability than the
basic algorithm. Meanwhile, the ghost and follower shadow
can be absorbed quickly as well. Therefore, the accuracy of
target detection is effectively improved.

L. Zeng et al. propose an image enhancement algorithm
to solve the well-known problems that involve the detection
methods for 3D nondestructive testing of printed circuit
boards (PCBs). Therefore, considering the characteristics of
3D CT images of PCBs, the proposed algorithm uses gray
and its distance double-weighting strategy to change the
form of the original image histogram distribution, suppresses
the grayscale of a nonmetallic substrate, and expands the
grayscale of wires and other metals. The proposed algorithm
also enhances the gray difference between a substrate and
a metal and highlights metallic materials. The proposed
algorithm can enhance the gray value of wires and other
metals in 3D CT images of PCBs. It applies enhancement
strategies of changing gray and its distance double-weighting
mechanism to adapt to this particular purpose.The flexibility
and advantages of the proposed algorithm are confirmed by
analyses and experimental results.

The paper authored by H. Xiang et al. presents a pixel-
value-ordering hybrid algorithm for error prediction in
images. The proposed method predicts pixel in both positive
andnegative orientation. Assisted by expansion bins selection
technique, this hybrid predictor presents an optimized pre-
diction-error expansion strategy including bin 0. Further-
more, a novel field-biased context pixel selection is already
developed, with which detailed correlations of around
pixels are better exploited more than equalizing scheme
merely. Experiment results show that the proposed approach
improves embedding capacity and enhances marked image
fidelity. It also outperforms some other state-of-the-art meth-
ods of reversible data hiding, especially for moderate and
large payloads.

J. Jia et al. introduce a novel normal inverse Gaussian
model-based method that uses a Bayesian estimator to carry
out image denoising in the nonsubsampled contourlet trans-
form (NSCT) domain. In the proposed method, the model is
first used to describe the distributions of the image transform

coefficients of each subband in the NSCT domain. Then, the
corresponding threshold function is derived from the model
using Bayesian maximum a posteriori probability estimation
theory. Finally, optimal linear interpolation thresholding
algorithm (OLI-Shrink) is employed to guarantee a gentler
thresholding effect. The results of comparative experiments
conducted indicate that the denoising performance of our
proposed method in terms of peak signal-to-noise ratio is
superior to that of several state-of-the-art methods, includ-
ing BLS-GSM, K-SVD, BivShrink, and BM3D. Further, the
proposedmethod achieves structural similarity (SSIM) index
values that are comparable to those of the block-matching 3D
transformation (BM3D) method.

Thepaper authored byB. Li et al. develops a new approach
for solving the problem of single image superresolution by
generalizing this property. The main idea of this approach
takes advantage of a generic prior that assumes a randomly
selected patch in the underlying high resolution (HR) image
should visually resemble asmuch as possible with some patch
extracted from the input low resolution (LR) image. Under
such conditions, this approach deploys a cost function and
applies an iterative scheme to estimate the optimal HR image.
For solving the cost function, authors introduce Gaussian
mixture model (GMM) to train upon a sampled data set
for approximating the joint probability density function
(PDF) of input image with different scales.Through extensive
comparative experiments, this paper demonstrates that the
visual fidelity of our proposed method is often superior to
those generated by other state-of-the-art algorithms as deter-
mined through both perceptual judgment and quantitative
measures.
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Tessellation-based art is an important technique for computer aided aesthetic patterns generation, and Voronoi diagram plays a key
role in the preprocessing, whose uncertaintymechanism is still a challenge. However, the existing techniques handle the uncertainty
incompletely and unevenly, and the corresponding algorithms are not of high efficiency; thus it is impossible for users to obtain
the results in real time. For a reference image, a Voronoi aesthetic pattern generation algorithm with uncertainty based on cloud
model is proposed, including uncertain line representation using an extended cloud model and Voronoi polygon approximation
filling with uncertainty. In view of the different parameters, seven groups of experiments and various experimental analyses are
conducted. Comparedwith the related algorithms, the proposed technique performs better on running time, and its time complexity
is approximatively linear related to the size of the input image. The experimental results show that it can produce visually similar
effect with the frayed or cracked soil and has three advantages, that is, uncertainty, simplicity, and efficiency. The proposal can be
a powerful alternative to the traditional methods and has a prospect of applications in the digital entertainment, home decoration,
clothing design, and various fields.

1. Introduction

Computational aesthetics is a major unsolved problem in
computer science and engineering [1, 2]. Over the last decade,
there has been increasing interest in using computational
intelligence approaches to solve this problem [3–8]. Of those,
tessellation-based Voronoi art is an important technique and
can be widely applied in various fields, that is, architecture,
jewellery design, fashion design, and so forth, and Voronoi
diagram plays a key role in its preprocessing [9]. In fact,
tessellation-based or area-based visual representations are
common to many artistic works or computer-based visual-
ization systems. Also, it would be beneficial to researchers
to develop and test the computational intelligence algorithms
for creating interesting and aesthetic images and videos based
on Voronoi diagram.

In recent years, several approaches to create nicely look-
ing patterns have been described in literature. For example,
Kaplan first proposed Voronoi-based art and applied it to

decorative design [10]; the similar style includes portrait styl-
ization [11], image filer [12], and inscribed curve [13]. These
above methods fall into Voronoi generation with an accurate
perspective. More recently, some uncertain methods with
computational intelligence algorithms have been surfaced
and received some attentions, such as the fuzzy border of
Voronoi polygon [14] and the probabilistic Voronoi model
[15, 16]. In addition, the uncertain Voronoi structure also
exists in other techniques for computational aesthetics, and
Isenberg [17] and Kim et al. [7] proposed the abstraction
method, respectively. Based on this, Michael et al. provided
a random method for Voronoi art [8].

Nonetheless, each method has its own advantages, disad-
vantages, and applied situations. The existing methods with
uncertainty are based on fuzzy set or probability statistics,
and there are some drawbacks of the processing, and their
results are unsatisfactory or even questionable in some cases.
Firstly, the existing methods cannot completely capture the
uncertainty in the Voronoi generation. The fuzzy Voronoi
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diagram theoretically extends the border as a transition
region, which is still a continuous plane, not applicable to the
image stylization, while the random Voronoi diagram only
adds a shadow to the real boundary. In fact, the uncertainty
includes fuzziness, randomness, and the connection of them.
Thus, any partial solution to only one of these aspects that
does not take the other into account is incomplete. Secondly,
the existing methods with uncertainty are not very efficient.
The rendering is point-based operation, which is simple but
time-consuming and difficult to apply in real-time produc-
tion. We believe that the mathematical representation of a
concept with uncertainty is one of the foundations of com-
putational intelligence, and uncertainty is an inherent part
of Voronoi art in real world applications; then the aesthetic
generation with uncertainty is still a challenge. Therefore, we
should further extend and discuss the traditional approaches
from a developmental point of view. Cloud model, different
from statistical methods and fuzzy set methods, can handle
such uncertainty in a better way, since it provides us with
more design degrees of freedom, at least the second-order
uncertainty.

In this context, we proposed an image-guided Voronoi
aesthetic patterns with an uncertainty algorithm based on
cloud model (iVPC for short). It is noted that what it meant
is not the Virtual Private Cloud, and the cloud model is
completely different from cloud computing. Our intentions
are threefold: (1) how can the image-guided Voronoi art be
produced using a cloud model-based algorithm? (2) What is
a suitable configuration of the cloud model-based algorithm
for image-guided Voronoi art? (3) How different types of
Voronoi decomposition can affect the aesthetic qualities of
the rendered images?

Cloud model, compared to similar techniques, fuzzy
set and rough set, is a cognitive model between a quali-
tative concept and its quantitative instantiations and suc-
cessfully used in various applications [18–22]. The cloud
model-based rendering consists of four main steps, includ-
ing random reference points-based or image reference-
based Voronoi decomposition, uncertain line representation
using the extended cloud model, uncertain Voronoi polygon
approximation filling, and then generating an aesthetic image
with the Voronoi art style.

Our method satisfies the USE property, and it stands
for uncertainty, simplicity, and efficiency: (1) the proposed
method is involved as a novel technique with uncertainty
using cloud model, although there have been some efforts
in using computational intelligence algorithms. (2) The
proposed method is very simple, and only the uncertain
representation step on Voronoi polygon and its border are
introduced into the classical Voronoi-based method. (3)

From the perspective of running time, the proposed method
is efficient, and its time complexity is approximately linear
with the size of the original image for image-guided decom-
position.

The remainder of this paper is organized as follows. We
describe our iVPC algorithm in detail: first uncertain line
using cloud model in Section 2, next uncertain Voronoi
polygon in Section 3, and then cloud model-based algorithm
and its time complexity in Section 4. In Section 5, we

investigate the parameter configuration and show several
examples of the resulting images and then conduct four
groups of experiments, including visual comparisons, time
performance analysis, quantitative comparisons, and the user
study. Finally, we discuss the results and give some ideas for
future improvements in Section 6.

2. Uncertain Line Using Cloud Model

2.1. Cloud Model. Cloud model, proposed by Li et al. [18,
19], is the innovation and development of membership
function in fuzzy theory and uses probability and mathe-
matical statistics to analyse the uncertainty [19]. In theory,
there are several forms of cloud model, successfully used
in various applications, including image processing, data
mining, geological analysis, and knowledge engineering [18–
22]. However, the normal cloud model is commonly used in
practice, and its theoretical foundation is the universality of
normal distribution and bell membership function [18, 21].

Let𝑈 be a universe set described by precise numbers, and
let 𝐶 be a qualitative concept related to 𝑈. Given a number
𝑢 ∈ 𝑈, which randomly realizes the concept 𝐶, 𝑢 satisfies
𝑢 ∼ 𝑁(Ex,En𝑛2), where En𝑛 ∼ 𝑁(En,He2), and the certainty
degree of 𝑢 on 𝑈 is as below:

𝜇 (𝑢) = exp(−
(𝑢 − Ex)2

2En𝑛2
) , (1)

and then the distribution of 𝑢 on 𝑈 is defined as a normal
cloud, and 𝑢 is as a cloud drop.

The overall property of a concept 𝐶(Ex,En,He) can be
represented by three numerical characters of normal cloud
model, expected value Ex, entropy En, and hyper-entropy
He. Ex is the mathematical expectation of the cloud drop
distributed in universal set. En is the uncertainty measure-
ment of the qualitative concept, and it is determined by both
randomness and fuzziness of the concept. He is the uncertain
measurement of entropy,which is determined by randomness
and fuzziness of entropy En [18]. It is worth noting that hyper-
entropy He of a cloud model is a deviation measure from a
normal distribution; hence, the distribution of cloud drops
can be regarded as a generalized normal distribution.

The kernel of normal cloud model is the transform
between qualitative concept and quantitative data [21], and
it is realized by normal cloud generators. On one hand,
forward normal cloud generator is the mapping from qual-
itative concept to quantitative values, and it produces the
cloud drops to describe a concept when three numerical
characters and the number of cloud drops are input. On the
other hand, backward normal cloud generator provides the
transformation from quantitative numerical values to quality
concept, and a normal cloud model with three numerical
characters is defined by computing mean, absolute central
moment with the first order, and variance of sample data.
Essentially, the normal cloud generators are two algorithms
based on probability measure space [18]; these processes are
uncertain and cannot be expressed by a precise function.
More information about normal cloudmodel can be obtained
from [18].
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2.2. Uncertain Line. According to the above idea, a line
segment can also be represented by an extended cloudmodel,
if considering it as a qualitative concept with the numerical
characters. Arbitrary line is a part of a continuous domain
in 2D plane, and an uncertain transformation from the
quantitative value and the qualitative concept can be easily
achieved using a cloud model. Based on the traditional
Gaussian cloud model, we define the uncertain line and set
of sampling points.

Given two endpoints of a line segment, that is, P
1

=

(𝑝𝑥
1
, 𝑝𝑦
1
) and P

2
= (𝑝𝑥

2
, 𝑝𝑦
2
), where 𝑝𝑥

1
, 𝑝𝑦
1
, 𝑝𝑥
2
, 𝑝𝑦
2

are the coordinates, we can take the slope 𝑘 and the vertical
intercept 𝑏 as a key concept to be expressed by cloud model,
which is determined by (Ex

𝑘
,En
𝑘
,He
𝑘
) and (Ex

𝑏
,En
𝑏
,He
𝑏
).

Consequently, a line segment would be defined by the
parameter set {𝑘, 𝑏} as below:

([
Ex
𝑘

Ex
𝑏

] , [
En
𝑘

En
𝑏

] , [
He
𝑘

He
𝑏

]) , (2)

where Ex
𝑘
,Ex
𝑏
are the real values of slope and vertical

intercept can be calculated by the following:

Ex
𝑘
=

𝑝𝑦
2
− 𝑝𝑦
1

𝑝𝑥
2
− 𝑝𝑥
1

,

Ex
𝑏
= 𝑝𝑦
1
− 𝑝𝑥
1

𝑝𝑦
2
− 𝑝𝑦
1

𝑝𝑥
2
− 𝑝𝑥
1

.

(3)

Once a vertical line is involved into the above equation,
that is, 𝑝𝑥

2
= 𝑝𝑥

1
, the slope does not exist, the abscissa

should be swapped with the ordinate, and the only thing
is an if statement using matrix transposition in program
implementation. Even so, the abscissa values of two endpoints
in Voronoi polygons are almost impossibly the same.

Let 𝐷, consisting of quantitative values, be a continuous
domain in the plane, and let a line 𝐿 be the qualitative concept
related to 𝐷. For a line 𝑙 ∈ 𝐿, it randomly realizes the
concept 𝐿, which is determined by the slope 𝑘 and the vertical
intercept 𝑏. In addition, 𝑘, 𝑏 satisfy 𝑘 ∼ 𝑁(Ex

𝑘
,En𝑛2
𝑘
) and

𝑏 ∼ 𝑁(Ex
𝑏
,En𝑛2
𝑏
), where En𝑛

𝑘
∼ 𝑁(En

𝑘
,He2
𝑘
) and En𝑛

𝑏
∼

𝑁(En
𝑏
,He2
𝑏
), and the certainty degree of 𝑙 on 𝐿 is as below:

𝜇 = 𝜇
𝑘
𝜇
𝑏
, 𝜇
𝑘
= 𝑒
−(𝑘−Ex𝑘)2/2En𝑛2𝑘 , 𝜇

𝑏
= 𝑒
−(𝑏−Ex𝑏)2/2En𝑛2𝑏 . (4)

Each random realization 𝑙 of a concept 𝐿 is expressed by
a set of points; then the distribution of 𝑙 on 𝐷 is defined as
an extended Gaussian cloud model, and 𝜇 is as the certainty
degree. For simplicity, we only take one point instead of a
set of points. (𝑙𝑥

𝑖
, 𝑙𝑦
𝑖
) (𝑖 = 1, 2, . . . , 𝑛) denotes the selected

point on the 𝑖th random realization, corresponding to the
line 𝑙
𝑖
, and 𝑛 is the number of random process. The point set

{(𝑙𝑥
1
, 𝑙𝑦
1
), (𝑙𝑥
2
, 𝑙𝑦
2
), . . . , (𝑙𝑥

𝑛
, 𝑙𝑦
𝑛
)}, corresponding to all the

cloud drops, constitutes a cloud concept on the line, and the
approximate entity can be called uncertain line.

Different cloud drops, with various parameters and from
a Gaussian cloud model, correspond to different slope and
intercept, and all of these cloud drops are one of forms on

the line segment in 2D space. A given line segment can be
approximated by 𝑛 discrete cloud drops using a generation
algorithm, and then the quantitative value and the qualitative
concept can be transformed to each other uncertainly. The
detailed algorithm is as follows.

Step 1. Given P
1
and P

2
, swap the abscissa with the ordinate

if 𝑝𝑥
2
= 𝑝𝑥
1
.

Step 2. According to (3), calculate the expected values
[Ex
𝑘
,Ex
𝑏
]𝑇, and set the entropy [En

𝑘
,En
𝑏
]𝑇 and hyper-

entropy [He
𝑘
,He
𝑏
]𝑇.

Step 3. Generate a normal random number En𝑛
𝑘
using the

expectation En
𝑘
and the variance He2

𝑘
and another random

number 𝑘
𝑖
using the expectation E𝑥

𝑘
and the variance En𝑛2

𝑘
.

Step 4. Generate a normal random number En𝑛
𝑏
using the

expectation En
𝑏
and the variance He2

𝑏
and another random

number 𝑏
𝑖
using the expectation Ex

𝑏
and the variance En𝑛2

𝑏
.

Step 5. For the selected point on the 𝑖th random realization
𝑙
𝑖
, obtain the abscissa value 𝑙𝑥

𝑖
= rand(1)(𝑝𝑥

2
− 𝑝𝑥
1
) + 𝑝𝑥

1
,

where rand(1) denotes a random number in [0, 1], and then
calculate the ordinate value 𝑙𝑦

𝑖
= 𝑘
𝑖
𝑙𝑥
𝑖
+ 𝑏
𝑖
.

Step 6. Calculate the certainty degree 𝜇
𝑖
using (4) and then

take this line 𝑙
𝑖
with certainty degree 𝜇

𝑖
as a cloud drop on the

concept 𝐿, and (𝑙𝑥
𝑖
, 𝑙𝑦
𝑖
) is one of the discrete random samples.

Of course, the number of cloud drops increases by 1.

Step 7. Repeat Steps 3 to 6 until the number of cloud drops
reaches the predefined value 𝑛.

Given the endpoints P
1

= (0, 1) and P
2

= (4, 9), the
expected values are calculated as Ex

𝑘
= 2 and Ex

𝑏
= 1, and

the other numerical characters are fixed as En
𝑘
= 0.1 Ex

𝑘
=

10He
𝑘
and En

𝑏
= 0.1 Ex

𝑏
= 10He

𝑏
. We can generate 50

cloud drops, and the location relations between the sample
points and the line are drawn on the coordinate system. As
shown in Figure 1(a), these sample points are around the line
segment with a nonuniform distribution. Intuitively, most of
offset values between the sample points and the line segment
are acceptable, and then a concept “near or around the line
segment” is achieved. In this point of view, an uncertain
representation of a line segment is feasible and reasonable
using the extended cloud model.

Next, we generate 500 cloud drops, and the relations
among𝜇

𝑘
,𝜇
𝑏
, and𝜇 are listed in Figure 1(b).With the increase

of 𝜇
𝑘
and 𝜇

𝑏
, 𝜇 is also increased. The distribution of cloud

drops near the peak is more intensive, and these cloud drops
contribute more to representing the concept. It is noted that
the certainty degree is a fuzzymeasure on the concept, whose
calculation itself is a fuzzy process (as Step 6), and this fuzzy
measure characterizes the membership degree of sampling
and reflects the value ranges of the accepted sample points on
the domain space. But other than the pure fuzzy problems,
randomness is also involved, since the sample points depend
on the abscissa values of random sampling, as Step 5,
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Figure 1: Uncertain line and its cloud drops: (a) a line with the sample points, (b) the joint distribution of certainty degree for 𝜇
𝑘
, 𝜇
𝑏
, and (c)

the joint distribution of certainty degree 𝑘, 𝑏.

the random measure indicates the dispersion of cloud drops
representing a line concept.

Furthermore, the relations among 𝑘, 𝑏, and 𝜇 are listed
in Figure 1(c). Different groups of cloud drops play the
different roles to the same concept, and there is a thick
and dense distribution around the peak. With the slope 𝑘

and the intercept 𝑏 closing to the expected values Ex
𝑘
,Ex
𝑏
,

the certainty degree of cloud drop is also larger, and it is
coincidentwith the result in Figure 1(b). In fact,𝜇

𝑘
→ 1,𝜇

𝑏
→

1 with 𝑘 → Ex
𝑘
, 𝑏 → Ex

𝑏
, and there is a close correlation

between these two according to (4).The determination on the
slope and the intercept is a random process, characterizing
the dispersion degree of the line sampling, but it is not just a
pure randomproblem; the associated certainty degree reflects
the fuzziness.

In general, cloud model studies the randomness of mem-
bership grade, which is considered as fuzziness, randomness,
and the connection of them. The proposed processing of
randomness and fuzziness is not independent, and then
it would take into account the correlation of them. The
probabilistic Voronoi methods used expectation, variance,
and other statistical characteristics, which reflected the ran-
domness, but did not touch the fuzziness. While the fuzzy
Voronoi theory calculated the membership degree using an
accurate method, it failed to capture the randomness. We
represent an uncertain line using cloud model and take into
account the fuzziness, the randomness, and the relationship
in between. Cloud model-based method can describe the
concept “near a line segment,” which is more in accord with
human cognition.

There is not a simple line processing in the Voronoi
boundaries, and then an intuitive idea is to process and draw
each boundary sequentially. Given a Voronoi polygon with
four vertexes, P

1
= (0, 1), P

2
= (4, 9), P

3
= (2, −15), and

P
4
= (−1, −5), the uncertain expression is shown in Figure 2,

and the sample points approximate the four lines.
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Figure 2: Uncertain polygon and its points.

3. Uncertain Voronoi Polygon Using
Cloud Model

3.1. Image-Guided Voronoi Decomposition. For image-guided
Voronoi art, the generation of Voronoi diagram is com-
pletely dependent on the image content. There exist various
techniques, including image segmentation [23] and half-tone
processing [24]. In the following, we use the Floyd-Steinberg
dithering algorithm [25] since it is a simple, popular, and
efficient method based on error diffusion. If involving the
user interaction, Photoshop and other popular software can
also be used to obtain a half-tone image.
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Figure 3: Voronoi decomposition: (a) the dithered IE logo image, (b) Voronoi decomposition for (a), and (c) an unsupervised decomposition.

As shown in Figure 3(a), the IE logo is processed by
Floyd-Steinberg dithering algorithm.Thepixels with nonzero
grayscale values are selected and their coordinate values are
as the reference points to generate Voronoi polygons. The
number of the reference points is denoted by 𝑁, which is
automatically determined by the Floyd-Steinberg algorithm.
Then the Voronoi decomposition is generated with an outer-
boundary constraint, and we use the VoronoiLimit method
proposed by Jakob [26]. The decomposition result is shown
in Figure 3(b), where the dot represents a reference point, and
the dotted line represents a new constrained boundary.

We call the above decomposition supervised decom-
position, which is image-guided. Moreover, the reference
point can be also produced by a random method, that is,
unsupervised decomposition.

Given the width 𝑤, the height ℎ, and the density factor 𝜌,
the reference points are randomly generated, and the Voronoi
decomposition result is varied for each different running.The
number of the reference points is𝑁 = round(ℎ𝑤𝜌).

Figure 3(c) shows an example of unsupervised decompo-
sition; there is a rectangular area containing an internal hole.
Also for simplicity, we investigate the parameters with the
unsupervised decomposition in Section 5.

3.2. Uncertain Voronoi Aesthetic Patterns. After the Voronoi
polygons are determined by Voronoi decomposition, the
rendering can be done in a natural way. A line from each
reference point to each sample point is drawn and filled one
by one, and all lines in each polygon are drawn with the same
color, while different polygons are rendered with various
colors. Then the aesthetic patterns with different styles can
be produced.

Taking the quadrilateral in Figure 2 as an example, the ref-
erence point is the centroid of the polygon Pr = (5/4, −5/2);
the filling result is shown in Figure 4(a). The lines mainly
cover the triangular region determined by the endpoints of
the line and the reference point. But the distribution of lines

is not uniform, and some are sparse and some are intensive.
In other words, the number of cloud drops may affect the
aesthetic patterns.

In the case of enough number of cloud drops, we add
an extra parameter related with the certainty degree, that is,
intensity factor 𝜏, and the aesthetic pattern can be controlled
by removing the cloud drops and their sample points, whose
certainty degree is less than 𝜏.

Similarly, all uncertain lines are processed one by one, and
the polygons are rendered with various styles. Although the
method is very simple, there are two problems not solved:
(1) near the vertices of polygons, the sample points from the
adjacent borders are different; then the filling would cause the
cross or overlap of lines. (2) The iterative rendering is of low
efficiency and is time-consuming. To avoid the weaknesses
and improve the algorithm performance, we provide the
following method to process the uncertain polygon, which is
an improved version of the uncertain line.

Given the 𝑡-sided polygon of a Voronoi decomposition,
the vertex set {P

1
,P
2
, . . . ,P

𝑡
} (𝑡 ≥ 3), and its centroid

Pr = (𝑝𝑥
𝑟
, 𝑝𝑦
𝑟
) (also as the reference point), the sides are

determined by P
1
P
2
,P
2
P
3
, . . . ,P

𝑡−1
P
𝑡
,P
𝑡
P
1
, and each side

is represented by 𝑛 cloud drops according to the previous
section; then the polygon corresponds to 𝑛𝑡 sample points.
Consequently, all the cloud drops are determined by a point
set {(𝑙𝑥

1
, 𝑙𝑦
1
), (𝑙𝑥
2
, 𝑙𝑦
2
), . . . , (𝑙𝑥

𝑛𝑡
, 𝑙𝑦
𝑛𝑡
)}, and their polar angles

can be calculated as below:

𝜃
𝑗
= arg tan (𝑝𝑦

𝑟
− 𝑙𝑦
𝑗
, 𝑝𝑥
𝑟
− 𝑙𝑥
𝑗
) , (5)

where 𝑗 = 1, 2, . . . , 𝑛𝑡.
Once the polar angles are obtained, all sampling points

are ordered and reorganized clockwise, taking the reference
point as the center, and the duplicate samples are removed;
then a polygon is simultaneously filled by the fill() function
in Matlab.

Following this step, the aforementioned quadrilateral is
filled, and 200 cloud drops are generated.The result is shown
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Figure 4: Filling uncertain polygon: (a) lines from the reference points and the sample points, (b) the filled polygon, and (c) the detail with
an enlarged scale for (b).

in Figure 4(b); there are rough boundaries instead of the
original accurate ones. As shown in Figure 4(c), there is the
detail with an enlarged scale nearP

4
.The number of sampling

points is enough, but the fill result is delicate, without halting
and with no overlapping.

4. The Proposed Algorithm

4.1. The Overview of iVPC Algorithm. To sum up, the pro-
posed iVPC algorithm includes five main steps, and it is
described as the following.

Step 1 (initialization). The parameters include the type of
Voronoi decomposition, the numerical characteristics of
cloud model [𝐸𝑛

𝑘
, 𝐸𝑛
𝑏
]
𝑇 and [𝐻𝑒

𝑘
, 𝐻𝑒
𝑏
]
𝑇, the number of

cloud drops 𝑛, the number of the reference points which
is denoted by 𝑁, the intensity factor 𝜏, the colormap, and
the selected background color. It should be noted that 𝑁 is
determined by the width 𝑤, the height ℎ, and the density
factor 𝜌 for unsupervised decomposition, while, for super-
vised decomposition, 𝑁 is autoset by the Floyd-Steinberg
algorithm.

Step 2 (Voronoi decomposition). For image-guided decom-
position, the reference points are produced by Floyd-
Steinberg dithering algorithm. For unsupervised decompo-
sition, the reference points are produced randomly. Then 𝑁

Voronoi polygons are obtained.

Step 3 (uncertain line). For the 𝑐th Voronoi polygon, the
cloud drops and sample points for 𝑡 sides are generated by
the method in Section 2.

Step 4 (uncertain Voronoi polygon). Voronoi polygon is
approximated and filled using the method in Section 3.

Step 5 (loop). The counter 𝑐 is incremented by 𝑐 = 𝑐 +

1. Repeat Steps 3 and 4 until all the Voronoi polygons are
processed; that is, 𝑐 = 𝑁.

4.2. Time Complexity. Step 1 is a simple initialization; the
time complexity is 𝑂(1), and it is not the key step when
analysing the time performance. Step 2 is the necessary time
cost for all of algorithms on Voronoi art generation, which
depends on the decomposition technique. Theoretically, this
step can be as a preprocessing. In Step 3, 𝑛 cloud drops
consume the time of order 𝑂(𝑛), and for a 𝑡-sides polygon,
the iteration takes time 𝑂(𝑛𝑡). In Step 4, the time cost in a
single loop is mainly the sort of polar angle; the average time
is 𝑂((𝑛𝑡) log(𝑛𝑡)), and the other operations take time 𝑂(𝑛𝑡)

in the worst case, and𝑂(1) in the best case. In addition, Steps
3 and 4 are repeated 𝑁 times. Thus, the time complexity of
these two steps would approximatively be 𝑂(𝑁𝑛𝑡). Although
𝑡 is different for all the Voronoi polygons, it is not very large,
generally less than 6. That is to say, 𝑡 ≪ 𝑁𝑛.

In general, our algorithm costs time 𝑂(𝑁𝑛). More accu-
rately, it is 𝑂(ℎ𝑤𝜌𝑛) in the case of unsupervised decom-
position, and 𝜌𝑛 ≪ ℎ𝑤 is necessary for aesthetic reason;
we will further investigate this point. A similar condition is
also necessary for image-guided decomposition; that is, 𝑁
cannot be too large. Therefore, the time complexity of the
proposed algorithm is approximately linear with the size of
the original image for image-guided decomposition, and the
time complexity analysis indicates that our method is of high
efficiency.

5. Experimental Results

5.1. Parameter Configuration. In order to investigate the
parameter configuration of the proposed algorithm, both
image-guided decomposition and unsupervised decompo-
sition are considered, and we conduct seven groups of
experiments.

5.1.1. Group 1. In this group, we test the density factor 𝜌 for
unsupervised decomposition. Given ℎ = 𝑤 = 128, three
aesthetic patterns are generated using 𝜌 = 0.001, 0.01, 0.05,
respectively. As shown in Figure 5(a), it is indicated that the
lower the density factor, the larger the area of the Voronoi
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Figure 5: Voronoi decomposition with various densities: (a) 𝜌 = 0.001, (b) 𝜌 = 0.01, (c) 𝜌 = 0.05, (d) the detail with an enlarged scale for
(b), (e) average area of each Voronoi polygon varied with the height and the width, and (f) average area of each Voronoi polygon varied with
the image size.

polygon and the less aesthetics the result pattern.While when
the density factor is too high, the area of Voronoi polygon
should be too small and an inordinate number of the ref-
erence points and extremely time-consuming performance
would be inevitable, an example is shown in Figure 5(c).

Therefore, a moderate density factor is beneficial to the
aesthetic effect.

The whole image is as Figure 5(b), which is with a proper
density of reference points, a reasonable number of polygons,
and better aesthetics. For detailed analysis, a subimage from
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Table 1: Statistical results on cloud drops and their contribution with various cloud models.

Cloud models Mean and standard deviation
Ex En He [Ex − 0.67En, Ex + 0.67En] [Ex − En, Ex + En] [Ex − 2En, Ex + 2En] [Ex − 3En, Ex + 3En]

0 0.1 0.01 49.957 1.629 68.479 1.554 95.248 0.661 99.646 0.183
2 0.1 0.01 50.035 1.573 68.475 1.484 95.267 0.676 99.630 0.185
4 0.5 0.1 51.095 1.568 69.127 1.457 94.661 0.683 99.392 0.252
8 10 1 50.203 1.550 68.560 1.509 95.261 0.669 99.638 0.189
0 0.1 1 16.261 1.174 21.764 1.309 34.810 1.538 44.679 1.584
2 2 5 39.922 1.543 50.523 1.578 70.709 1.428 81.879 1.197
4 0.5 2 30.340 1.457 39.234 1.577 58.077 1.549 70.096 1.452
8 0.1 0.5 26.271 1.373 34.324 1.489 51.940 1.541 63.768 1.502

Figure 5(b) is listed in Figure 5(c), which is with an enlarged
scale. As can be seen from Figure 5(c), the edge or border is
soft or uncertain as well as frayed (referred to in [8]). In the
proposed method, the default value of density factor is fixed
as 𝜌 = 0.01.

Furthermore, we analyse the reason to fix the parameter
in detail. Given the desired height ℎ and width 𝑤, the
number of reference points can be determined according
to the density factor 𝜌, and then the average area of each
Voronoi polygon can be calculated. We set the related
parameters as ℎ ∈ {32, 64, 128, 256, 512, 1024, 1440, 1920},
𝑤 ∈ {32, 64, 128, 256, 512, 768, 900, 1080}, and 𝜌 ∈

{0.001, 0.005, 0.01, 0.1, 0.5}. As can be seen from Figure 5(e),
for each 𝜌, the average area of Voronoi polygon is increased
with a larger ℎ or 𝑤, and it shows a tendency toward
stabilization. Also, we investigate the combined influence of
image size (ℎ𝑤 as one index) in log-log scale coordinates
system; the similar result can be obtained from Figure 5(f).
With image size varying from 1 to 10

4, the average area of
Voronoi polygon is increased with a lower 𝜌. However, too
large polygon would result in less aesthetic effect. According
to the following groups, we generate a result image with
default size of 128 × 128, then the area of Voronoi polygon
is about 100 dots with the total area 16384 dots, and the
proportion of each polygon shares about 6%. Therefore, we
fix the density factor 𝜌 = 0.01 by keeping a good balance
between aesthetic effect and time complexity. Certainly, the
density factor 𝜌 is still an open parameter. For a given image
size, one can estimate and obtain the optimal 𝜌 according to
Figures 5(e) and 5(f).

5.1.2. Group 2. In this group, we investigate the intensity
factor 𝜏, which determines the number of the removed cloud
drops. Two aesthetic patterns with unsupervised decompo-
sition are generated using 𝜏 = 0.0, 0.9406, respectively. The
results and the corresponding details are shown in Figure 6.
With 𝜏 = 0.0, none of cloud drops are removed from
the set of sample points; the result image in Figure 6(a) is
very delicate and with very few black backgrounds, and the
Voronoi borders in Figure 6(b) show a similar effect of frosted
glass. With 𝜏 = 0.9406, majority of cloud drops are removed;

the result in Figure 6(c) is relatively rough, and there are
several cavities near the boundaries, as shown in Figure 6(d).

In the normal cloud model, each cloud drop contributes
the concept differently. In Figure 6(e), we present a visual
result from a statistical view. Given Ex = 0,En = 0.1,He =

0.01, we generate 1000 cloud drops, and the procedure runs
1000 times. We count the number of cloud drops falling into
a given interval, such as [Ex − 0.67En,Ex + 0.67En], [Ex −

En,Ex+En], [Ex− 2En,Ex+ 2En], and [Ex− 3En,Ex+ 3En].
The overall result is listed in Figure 6(e). Although there is
a little difference on the results of 1000 runs between each
other, the statistical feature of each run is absolutely similar.
One can observe that about 50% cloud drops lie in the interval
[Ex−0.67En,Ex+0.67En], andmost of cloud drops (with the
proportion of about 70%) are in the interval [Ex−En,Ex+En].

In addition, we repeat this procedure with three other
cloud models, Ex = 2,En = 0.1,He = 0.01, Ex = 4,En =

0.5,He = 0.1, and Ex = 8,En = 10,He = 1. The
statistical results are listed in Table 1. With a proper He/En,
the distributing proportion of cloud drops in each interval is
generally the same.

In fact, the Gaussian function satisfies three-sigma rule,
and, as a consequence, normal cloud model has 3En rule.
The majority of cloud drops lie within the interval [Ex −

3En,Ex + 3En], and, specifically, cloud drops within the
interval [Ex − 0.67En,Ex + 0.67En], called the backbone
elements, only account for 22.33% of the universe set but
contribute 50% of the cloud model.Then, cloud drops within
the interval [Ex−En,Ex+En]make up 33.33% of the universe
and contribute 68.26% of the cloud concept. For these cloud
drops, the threshold of the certainty degree is 0.6065, that is,
the intensity factor in the proposed algorithm. Additionally,
about 11.11% of cloud drops are within 0.33En away from
Ex and contribute 25.86% of the cloud concept; then the
intensity factor is 0.9406. Similarly, other cases can be also
calculated. To obtain the universal aesthetics, the default
value of intensity factor is fixed as 𝜏 = 0.6065 in the proposed
method.

While with an extreme He/En, the distributing propor-
tion of cloud drops is quite different, as shown in the latter
four rows of Table 1. In this condition, the corresponding
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Figure 6: Rendering with various degrees: (a) 𝜏 = 0.0, (b) the detail with an enlarged scale for (a), (c) 𝜏 = 0.9406, (d) the detail with an
enlarged scale for (c), and (e) statistical result on cloud drops and their contribution.

cloud model is atomized. In Group 5, we will further discuss
this condition.

5.1.3. Group 3. In this group, we try to provide a study on the
color schemas for the proposed method. All the above results
used the color schema of the Jet colormap and the black

background, which is default for the unsupervised decompo-
sition. Besides that, the summer colormap, the gray colormap,
and the white background are also tested.Three aesthetic pat-
terns are generated, as shown in Figure 7, and the other three
results (EPS results) are attached in the SupplementaryMate-
rial available online at http://dx.doi.org/10.1155/2016/9837123.
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(a) (b) (c)

Figure 7: Rendering with different color schemes: (a) the summer colormap, (b) the gray colormap, and (c) the summer colormap with white
background.

In most cases of image-guided decomposition, the distribu-
tion of Voronoi polygons is dense, and a too bright color
is not conducive to the rendering of image objects; then
the color schema is with the summer colormap and the
black background, which is the default for the image-guided
decomposition. In general, the experimental results suggest
that the color schema is more important to image-guided
decomposition than unsupervised decomposition. Certainly,
any other color schemas are also optional, and it is an open
problem.

5.1.4. Group 4. In this group, we investigate the number of
the cloud drops 𝑛, which is also very important to the time
performance of the proposed method, as mentioned above.
Two aesthetic patterns with unsupervised decomposition are
generated using 𝑛 = 10, 5000, respectively.The results and the
corresponding details are shown in Figure 8. With 𝑛 = 10,
sample points cannot well approximate the lines; the filling
result in Figure 8(a) is too rough, and there are larger void
spaces near the border, as the black patches in Figure 8(b).
With 𝑛 = 5000, the number of sample points in Figure 8(c) is
excessive, the overlapping between each couple of polygons
is very common, and then the uncertainty of the lines and
polygons is weaken, as shown in Figure 8(d). The uncertain
line and polygon would become the thick and “hard” one in
the case of very large 𝑛.

Comparing Figure 8(b) with Figure 6(d), they are similar
in aesthetics effect, although the former is used with a less
number of the cloud drops and the latter is with a higher
intensity factor. In fact, most of the cloud drops and the
sample points are still removed even given a higher intensity
factor and a larger number of the cloud drops, and it is
equivalent to the case of a less number of the cloud drops.

Taking the above endpoints of a line segment as an
example, that is, P

1
= (0, 1) and P

2
= (4, 9), the reference

point is Pr = (5/4, −5/2), and we generate cloud drops
with varied cloud model (the entropy [1/𝑝𝑥

𝑟
, 1/𝑝𝑦

𝑟
]𝑇 and

the hyper-entropy [0.1/𝑝𝑥
𝑟
, 0.1/𝑝𝑦

𝑟
]
𝑇). The procedure is

repeated 1000 times, and the number of cloud drops increases
5 iteration by iteration. In other words, the number of cloud
drops is varied from 1 to 5000. For each iteration, we record

the mean squared error (MSE) between the cloud drops
and the real values in the line P

1
P
2
. The results are shown

in Figure 8(e), and for the reference, the average MSE is
also drawn. With the number of cloud drops less than 500,
the MSE values are fluctuated violently, which leaves the
uncertain process in an unstable state. Meanwhile, a larger
number of cloud drops would result in to be more time-
consuming according to the time complexity. Thus, a modest
𝑛 about 500 to 1000 is beneficial. In the proposedmethod, the
default value of the number of cloud drops is fixed as 𝑛 = 500.

5.1.5. Group 5. In this group, we investigate the numerical
characteristics of the cloud model, and an improvement is
added into the proposed algorithm. Two aesthetic patterns
with unsupervised decomposition are generated; the results
are shown in Figure 9. Given both the entropy and the
hyper-entropy [0, 0]𝑇, the cloudmodel has degenerated into a
normal distribution; the uncertainty is completely evaporated
and equivalent to the certain and accurate processing, as
the traditional method does. From Figure 9(a), the aesthetic
effect is identical with the classical Voronoi art.

From another perspective, cloud drops present a general-
ized Gaussian distribution when He < En/3; the correspond-
ing cloud model is generally suitable for the representation
of qualitative concept. Conversely, cloud drops appear in
atomized state in case of He > En/3, the samples seriously
deviate fromGaussian distribution, and then a cloud concept
is difficult to reach and achieve. As shown in the latter four
rows of Table 1, the distributing proportion of cloud drops is
quite different from a normal cloud model. Thus, we should
avoid this condition using parameter setting.

We present an example with both the entropy and
the hyper-entropy [5, 5]

𝑇, the cloud model has satisfied
the atomized condition, and the result image has none of
aesthetics. Sample points cannot effectively approximate the
Voronoi polygons, and it fails to represent lines and fill
polygons with uncertainty, as shown in Figure 9(b). From this
perspective, an additional step should be introduced into Step
4 in Section 4, besides the intensity factor of the certainty
degree, that is, filtering cloud drops and sample points outside
the polygons. This step ensures that the proposed algorithm
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Figure 8: Rendering with various number of cloud drops: (a) 𝑛 = 10, (b) the detail with an enlarged scale for (a), (c) 𝑛 = 5000, (d) the detail
with an enlarged scale for (c), and (e) mean squared error of cloud drops.

is robust even if involving invalid values of the entropy
or the hyper-entropy. As a result, another aesthetic style is
generated.

Furthermore, we generate another aesthetic pattern with
the entropy [0.1, 0.1]

𝑇 and the hyper-entropy [0.01, 0.01]
𝑇;

the result is shown in Figure 9(c). With the constant and

nonzero values of entropy and hyper-entropy, the render-
ing result is low-aesthetic, although the condition of the
generalized Gaussian distribution is satisfied. Obviously, the
result image is asymmetric, and its left is more delicate. This
is because 𝑘

𝑖
and 𝑏

𝑖
are generated by constant numerical

characteristics of cloud model, and these two parameters
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Figure 9: Rendering with various parameters of cloudmodel: (a) the degradation of cloudmodel, (b) the atomization of cloudmodel, (c) the
constant and nonzero values for En,He, (d) uncertain line with fixed and variable cloud models, and (e) average MSE of fixed and variable
cloud models.

approximate the real values at different levels, and then the left
sample points with smaller 𝑙𝑥

𝑖
would be the lower deviation

from the real line, according to 𝑙𝑦
𝑖
= 𝑘
𝑖
𝑙𝑥
𝑖
+ 𝑏
𝑖
. Otherwise,

the right sample points would be the higher deviation. Thus,
the right half plane appears rougher than the left. To void this
problem, at least one of entropy and hyper-entropy is fixed
as a reduction function related to the positions of reference
points.

Considering P
1

= (0, 1) and P
2

= (4, 9) with the
reference point Pr = (5/4, −5/2) as the starting, the expected
values are calculated by (2), and then we generate 1000 cloud
drops; half of them are from fixed cloud models with the
entropy [0.1, 0.1]

𝑇 and the hyper-entropy [0.01, 0.01]
𝑇, and

the other half are fromvariable cloudmodelswith the entropy
[1/𝑝𝑥

𝑟
, 1/𝑝𝑦

𝑟
]
𝑇 and the hyper-entropy [0.1/𝑝𝑥

𝑟
, 0.1/𝑝𝑦

𝑟
]
𝑇.

This procedure is repeated 10 times with an incremental
position, and the increment of one step is 10 on both 𝑥-
and 𝑦-axis. Then, from left to right and from bottom to top,
there are ten lines by ten runs. The positions of cloud drops

are drawn in Figure 9(d) as well as the lines. Only the lines
and the drops from fixed cloud models are visible, while the
drops from variable cloud models are generally not visible.
For further observation, we also show an enlarged scale for
the 8th line, and, in this state, we could vaguely see the drops
from variable cloud models. That is to say, the drops from
variable cloud models cluster around the represented line,
and they are covered by those fromfixed cloudmodels, which
seriously spread along the line. With the increment of 𝑋

and 𝑌 position, the distribution on drops from fixed cloud
models is more dispersed. Additionally, we list the average
MSE values between cloud drops and real values of lines.
As can be seen from the 𝑌-log system in Figure 9(e), with
a smaller coordinate values, the average MSE value of fixed
cloud model seems to be less than that of variable cloud
model, while, with the increase of coordinate values, variable
cloud models achieve absolutely smaller average MSE values.
When the 𝑋 and 𝑌 position is about 500, the fixed cloud
models produce 1000 times average MSE value as much as
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Figure 10: Rendering with various shapes: (a) the rectangle with an inside hole, (b) the area with a parabolic outer boundary, and (c) a circular
region.

that of variable cloud model. Therefore, the default setting in
the proposedmethod is with the entropy [1/𝑝𝑥

𝑟
, 1/𝑝𝑦

𝑟
]
𝑇 and

the hyper-entropy [0.1/𝑝𝑥
𝑟
, 0.1/𝑝𝑦

𝑟
]
𝑇.

5.1.6. Group 6. In this group, we render three Voronoi-
based images with various shapes. For all of the patterns,
the size is as ℎ = 𝑤 = 128. The first one is a
rectangle and its central part is blown-up, determined by
(40, 70), (40, 50), (60, 50), (60, 70). The decomposition result
is listed in Figure 3(c), and the final pattern is shown in
Figure 10(a), with a high and aesthetical quality. The second
is an irregular area surrounded by the parabola 𝑦 = 0.05(𝑥 −

64)
2
+ 1 and the line 𝑦 = 128. The output in Figure 10(b)

remains generally satisfactory, with only fewer faulty borders
because of the shape constraint. The last is a disk determined
by (𝑥−64)

2
+(𝑦−64)

2
≤ 642, and the result is also acceptable,

as shown in Figure 10(c). In summary, these aesthetic patterns
indicate that the proposed algorithm can tolerate various
shape constraints and generate a relatively comfortable visual
effect. In theory, any area with any shape constraint can
obtain similar stylized image through the proposed method,
which provides possible applications in various fields, such
as tessellation-based image stylization, image mosaic, and
Voronoi art.

5.1.7. Group 7. Using the proposed algorithm, four images
are processed, and the result images are listed in Figure 11,
attached by the original images. As shown in Figures 11(a)
and 11(d), the positions of the background pixels are as the
coordinates of the reference points, while those of the object
pixels are in Figures 11(c) and 11(b). To be clear, there is the
result of the IE logo image in Figure 11(a), whose half-tone
image is as mentioned above in Figure 3(b), and another
result is attached in the Supplementary Material. Summarily,
these results are favourable, and all of them demonstrate the
high aesthetics effect, which is similar to the stroke based
painterly rendering, but different from the existing methods.

5.2. Visual Comparisons. This subsection provides a qualita-
tive comparison of our output against the relative methods.
All of methods, including the traditional method, the FCD

Table 2: Average running times for various image sizes.

Size Running times (s)
ℎ 𝑤 Ours Classical method FCD
32 32 0.386 0.245 7.533
64 64 0.765 0.295 34.209
128 128 2.412 0.418 265.404
256 256 8.351 1.006 2478.647
512 512 34.199 4.416 >14400
1024 768 109.572 22.586 >14400
1440 900 199.271 51.778 >14400
1920 1080 352.121 115.754 >14400

method [8], and ours, are implemented in Matlab and per-
formed on a 2.4GHzCore i7 PCwith 8GBRAM.As shown in
Figures 12(b) and 12(e), the Voronoi-based rendering by the
classical method is very crisp, but without uncertainty, while
the results by our method and the FCD method are soft and
rough, as shown in Figures 12(a) and 12(c). Even so, there is
the obvious difference between them. Result in Figure 12(f)
by the FCD method appears in rotational symmetry, where
each reference point is the center of symmetry. Although it
is regular and organized, the handling of the uncertainty is
too rigid, and there are signs that the result is man-made and
artificial. Compared with the FCD method, our method in
Figure 12(d) handles the uncertainty using cloud model and
makes the result closer andmore harmoniouswith the nature.
In fact, the user study in the following is also indicating
that our results are more like an effect with the frayed or
cracked soil. However, we do not mainly focus on evaluating
aesthetics of the generated patterns, and our method still
captures the uncertainty better than the existing methods.

5.3. Time Performance Analysis. In this subsection, we inves-
tigate the running time of the proposed method. We run
10 times to get mean values for each group of parameters.
The running times are listed in Table 2. With the increase
of the size of the input image, the generation time of all
methods have increased. From the time cost’s point of view,
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Figure 11: Voronoi stylization for images: (a) the IE logo, (b) the Beijing Olympic logo, (c) the Olympic cycling logo, and (d) a cartoon picture.

the classical method is the fastest, but noneffective, and none
of the uncertainty is handled, which can be seen from the
above sections. For a novel visual effect, our method and
the FCD method spend much time to replace the rendering
operation in the traditional method, and the running time
increases inevitably. The FCD method is the most time-
consuming, even its time cost is about 50 times as much
as the cost of the proposed method. With a larger size of
the input image, our method is more time-saving than the
FCDmethod. Specifically, the FCDmethod cannot obtain the
output spanning 4 hours in the case of 512×512 and we label
the time > 14400 seconds as shown in Table 2.

The results of Table 2 are also supported by the theoretical
analysis on the time complexity. The FCD method takes the
pixel as the basic processing unit, the outer loop iterates ℎ𝑤
times, and the innermost loop to find the reference point for
each pixel scans each Voronoi polygon, which costs the time
𝑂(𝑁) at least.Thus, the time cost of the FCDmethod is about
𝑂(𝑁ℎ𝑤) (𝑂(𝜌ℎ

2𝑤2) for the unsupervised decomposition),
which is the quadratic complexity of the size of the input
image, and more time-consuming than ours 𝑂(ℎ𝑤).

To further investigate the time performance, we provide
an analysis on the change of time costs varied with image size
(i.e., ℎ𝑤).The original data is fromTable 2. Using the polyfit()
function in Matlab, we try to construct a straight line that
has the best fit to these data points. The results are shown in
Figure 13, and the fitting result of the FCD method has been
moved since it is far from a straight line, suffers a startling
deviation, and seriously influences the illustration of the
results by ours and the classical method. Clearly, our method
shows a good performance to line fitting. Theoretically, in
some extension, it has a significant linear correlation with the
image size.

It would be speciallymentioned that ℎ𝑤 here corresponds
to the size of the input image for image-guided decomposi-
tion, but not the image resolution or size of the generated
result. Our method uses the technique of vector drawing
and can be saved as various vector format, which can be
chosen by users; for example, the scanning precision of EPS
(Encapsulated PostScript) reaches 600 DPI (Dots Per Inch).
In a way, the proposed method is efficient from the view
of running time and can be approximatively satisfied by
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(a) (b) (c)

(d) (e) (f)

Figure 12: Results by various methods: (a) ours, (b) the classical method, (c) the FCD method, (d) the detail with an enlarged scale for (a),
(e) the detail with an enlarged scale for (b), and (f) the detail with an enlarged scale for (c).
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Figure 13: Line fitting on time performance of our method and the
classical method.

the need of the real-time applications, because our method
runs with less time cost and the generated visual results are
acceptable.

5.4. Quantitative Comparisons. In this subsection, we use
five indexes to provide a quantitative comparison, including

Table 3: Quantitative evaluation results.

Index Ours Classical method FCD
Index

𝐵
0.8638 0.6696 0.7265

Index
𝐹

0.7006 0.8673 0.9276
Index

𝑆
0.8775 0.7166 0.7634

Index
𝐺

0.6881 0.3863 0.6383
Index

𝐾
0.7581 0.6693 0.5565

Benford’s law index
𝐵
[27], fractal dimension index

𝐹
[28],

Shannon entropy index
𝑆
[29], global contrast factor index

𝐺

[30], and Kolmogorov complexity index
𝐾

[31]. The result
images in Section 5.2 are involved, and the total number is
200, in which our method, the classical method, and the
FCD method account for 40%, 40%, and 20%, respectively.
Because of randomness, we record the score of each image
and then average them according to the used method. For
comparison purposes, each row of the score of each measure
is normalized.

The quantitative evaluation results are listed in Table 3.
Benford’s law index

𝐵
is the measure of the distribution

of intensity of pixels. The index
𝐵
score gradually reduces

in the order of the classical method, the FCD method,
and our method, and the corresponding average deviation
becomes larger and larger. Images with a higher index

𝐹
were

considered complex, and images with a lower one were more
uncertain. Our results show the uncertainty with the lowest
index
𝐹
. The Shannon entropy index

𝑆
rewards images with
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Figure 14: User survey results: (a) the scores from user survey and (b) the screenshot using the proposed aesthetic image.

a uniform distribution of brightness values, and our results
obtain the highest of all, while the classical results are the
lowest. From this perspective, our method generates the
patterns with more uncertainty. The global contrast factor
calculates and values contrast on various resolutions of an
image, and a lower contrast index

𝐺
reflects a lower aesthetic

effect. The index
𝐺
score of the proposed method ranks first,

followed by the FCD method and the classical method, and
it is indicated that our method generates the results with the
highest aesthetics. The Kolmogorov complexity index

𝐾
and

the Shannon entropy index
𝑆
complement each other; their

results reflect the similar meaning. Overall, our method is
certainly more efficient from the perspective of uncertain
or frayed visual effect, since it achieves a higher index

𝐵

(the distribution of intensity of pixels is more deviated from
Benford’s law), a lower index

𝐹
(more uncertain), a higher

index
𝑆
and index

𝐾
(nonuniform distribution of brightness

values), and a higher index
𝐺
(higher aesthetic effect).

However, quantitative measure of aesthetics remains a
challenging task, although for specific image applications
some recent progress has been made in this direction. Still,
the main purpose by the quantitative comparison in Table 3
is to assess the difference between pair of the aesthetic
patterns generated by different methods, and it should not be
strictly limited to scores of the various styles. In other words,
the quantitative measure of aesthetics is a necessary and
beneficial complement to the visual comparison and the user
study. For a full evaluation of the new artistic preprocessing
technique, we design a user study involving both amateur
users with some art knowledge and professional art students,
as the following subsection.

5.5. The User Study. Humans are an integral part of defining
what is aesthetic; thus we employ a user study to assess the

performance in this subsection. Using the provided GUI,
the users control the type of Voronoi decomposition and fix
the parameters. Each user is required to obtain 50 images
independently. Then, the study asked the users to score each
image according to a sliding scale of measure value, using a
Likert scale in the range [0 10], and 10 means a perfect result.
A total of 100 users participated in this investigation; they
volunteered from our university, and there are 87 computer
majors, 5 undergraduates in digital media, 5 professional
teachers of artistic design, and 3 digital media enthusiasts.
The evaluation covers threefold: (1) visual effect: we asked the
user to score the aesthetic feeling of each result, and 10 means
the most aesthetic. (2) Response time: each participant is
asked to score the satisfaction of running time, and 10 means
the most satisfied. (3) Usability: the users choose a score to
measure the possibility of the generated patterns used in real
applications, and 10 means the most possible.

Figure 14(a) shows a summary of the survey results,
and Figure 14(b) shows two most pleased results, used in
computer background and mobile wallpaper. The computer
majors score the highest visual effect, and the average score
of the visual effect is more than 7.5. For the subjectivity of the
aesthetics problem, our work is only based on the opinions
of our colleges and students who have seen our patterns.
The users are generally satisfied with the performance of the
proposed method, and majority of them said that our results
were looking nicely and more like an effect with the frayed
or cracked soil. The response time cannot perfectly meet
the most demanding of the computer majors, that mark the
lowest for this measure. The average score of the response
time is more than 6.5, and the professional teachers of artistic
design show that the response time of the proposed iVPC
method is acceptable, since they often encountered the longer
wait at work. The average score of the usability is above 8,
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and the computer majors are pleased to take these results
as wallpapers (see Figure 14(b)), and the others also think
the generated patterns are helpful to their daily designs. In
summary, the user study shows a good performance of the
proposed method.

6. Summary and Conclusion

In this paper, an uncertainty algorithm based on cloud
model for image-guided Voronoi aesthetic patterns has been
proposed. As a computational intelligence tool, cloud model
handles the uncertaintymore completely andmore freely, and
it cannot be considered as randomness compensated by fuzzi-
ness, fuzziness compensated by randomness, second-order
fuzziness, or second-order randomness. To obtain the default
parameters, we conduct seven groups of experiments to test
the proposed method. Using both visual and quantitative
comparisons, we prove the efficacy of the proposed method
using two groups of experiments. Compared with the related
methods, experimental results show that the Voronoi-based
aesthetic patterns with soft borders can be generated by using
the new technique. Also, the proposed iVPC algorithm has
better performance on running time, and its time complexity
is approximatively linear related to the size of the input
image. The real engineering applications using the proposed
algorithm, such as home decoration and clothing design,
are under the investigation and implementation and would
be reported in the future. Nevertheless, we still see a good
potential that the soft rendering technique could be applied
to diagrams from computer-based visualization and graphics.

There are a couple of issues that should be considered in
the proposal: (1) the proposed method used a considerable
number of line drawing, and the vector output consumes
more file storage space. For the input image with size of 256×
256, the output file needs about 30MB.Thus, how to generate
other formats, for example, SVG (Scalable Vector Graphics),
and reduce the file space is one of the useful extensions. (2)
The proposed method is implemented in Matlab, and other
languages for engineering applications should be employed,
for example, C++ and Java. Then, how to integrate with the
existing software is another feasible direction. The extension
of the technique is currently under investigation and will be
reported later.
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In visual search systems, it is important to address the issue of how to leverage the rich contextual information in a visual
computational model to build more robust visual search systems and to better satisfy the user’s need and intention. In this paper,
we introduced a ranking model by understanding the complex relations within product visual and textual information in visual
search systems. To understand their complex relations, we focused on using graph-based paradigms to model the relations among
product images, product category labels, and product names and descriptions. We developed a unified probabilistic hypergraph
ranking algorithm, which, modeling the correlations among product visual features and textual features, extensively enriches the
description of the image. We conducted experiments on the proposed ranking algorithm on a dataset collected from a real e-
commerce website. The results of our comparison demonstrate that our proposed algorithm extensively improves the retrieval
performance over the visual distance based ranking.

1. Introduction

Ranking plays an essential role in a product search sys-
tem. Given a query, candidate products should be ranked
according to their distance to the query. The effectiveness of
the product search system is evaluated by its ranked search
results, for example, in the form of precision or recall. In
addition, the efficiency of a system is evaluated by its running
time of a query. The best scenario is that the system returns
a series of relevant products at the top of retrieved results.
However, in certain cases, even if a system finds the particular
relevant product, it is still considered as ineffective for the
reason that the retrieved product is not present in the top
list but is buried in a number of irrelevant results. In order
to compensate for this rank inversion issue, the automated
learning techniques and the skills of users are utilized to
improve the representation of the query product.

A natural extension of such add-value process is to
request users to label the returned results as relevant or
irrelevant, which is called relevance feedback (RF). However,
in reality users are neither willing to initialize a query
by labeling retrieval metadata and samples nor willing to

give feedback of the retrieved results, since these methods
make the retrieval procedure inconvenient. Therefore, the
insufficient user-labeled images undermine the prospect of
supervised learning methods in the visual content-based
image retrieval (CBIR) field. A promising and relatively
unexplored research direction is to exploit transductive or
semisupervised learning, among which graph-based meth-
ods [1–4] have demonstrated their effectiveness in image
retrieval and therefore received increasing attention. In the
graph-based methods, a graph is built on the image dataset
and each image is considered as a vertex in the graph. An
edge and its weight are defined between two images according
to a certain relationship definition. For example, the edge
can be defined as the images visual similarity. The weight
is formulated by the visual distance between any two image
vertices. Then, the ranking can be formulated as a random
walk on the graph [1, 5], or an optimization problem [2].
However, these graphs, created in pairs, cannot sufficiently
show the relations among images. Hypergraph is introduced
to the CBIR field. Hypergraph is a generalization of a simple
graph. In a hypergraph, an edge, called hyperedge, can con-
nect any number of vertices; it is a nonempty set of vertices.
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A probabilistic hypergraph is proposed in [3] for image
retrieval ranking. The hyperedge is formed by a centroid
image and its 𝑘-nearest neighbors based on their visual simi-
larity. Gao et al. [4] propose a hypergraph learning algorithm
for the social image search, where the weight of hyperedges,
representing the impact of different tags and visual words,
is automatically learned with a set of pseudopositive images.
Their research [3, 4] proves the effectiveness of hypergraph
learning in solving ranking problems. However, they fail
to establish correlations between images visual content and
textual content. They both built the hypergraph model on
images visual content or textual content independently. As a
result, the search must start with a user assigned keyword. In
order to solve this issue and minimize user’s efforts in query,
we take the product rich textual information into the visual
model of image retrieval and propose a novel hypergraph-
based transductive algorithm for ranking of visual product
search.Wedesign a unified probabilistic hypergraph tomodel
multiple types of features of the products and explore the
implicit relations among various visual and textual features.

The contributions of this paper are summarized in three
aspects as follows. First, hypergraph is proposed to rep-
resent a commercial product image dataset. The relations
between visual and textual features of these images have been
explored. Second, a new product retrieval framework for the
product search is designed.Third, a novel strategy of starting
a query is created. Since relations between visual features and
textual features have been established in a specific unified
probabilistic hypergraph, problems that lack user-labeled
query keywords can be solved via transductive inference on
the hypergraph.

The paper is organized as the following outline. In
Section 2, we have a literature review of recent ranking
techniques. Section 3 discusses the design of the proposed
unified hypergraph ranking algorithm. In Section 4, several
retrieval experiments are conducted on an apparel dataset
and compared with conventional CBIR ranking methods.
Finally, we conclude with the proposed ranking scheme and
discuss future works in Section 5.

2. Related Work

Ranking and hypergraph learning are the two research fields
related to our work. These two topics have received intensive
attention in information retrieval and machine learning.
The conventional image ranking is developed from textual
retrieval. The ranking model is defined based on the bag
of words, for example, Best Match 25 [6], the Vector Space
Model [7], and the Language Modeling for Information
Retrieval [8]. Another type of ranking model is based on
hyperlink analysis, such as Hyperlink-Induced Topic Search
[9], PageRank [10], and its variations [11–13].

In the CBIR systems, the ranking is commonly obtained
from the similarity measure of adopted visual features. One
type of similarity measures is calculated from Minkowski
distance, City-block distance, infinity distance, and cosine
distance. They are usually called Minkowski and standard

measures. Statistical measure, for example, Pearson corre-
lation coefficient and Chi-square dissimilarity, is another
type of similarity or dissimilarity measure methods. The
third type of similarity measures is divergence measure,
which includes Kullback-Leibler divergence, Jeffrey diver-
gence, Kolmogorov-Smirnov divergence, and Cramer-von
Mises divergence. There are some other measures, such as
Earth Mover’s distance and diffusion distance [14, 15].

The learning to rank model has gained increasing atten-
tion in recent years, utilizing machine learning algorithms
to optimize the ranking function by tuning some of the
parameters and incorporating relevance features [16, 17].
Manifold ranking [18], a graph-based semisupervised learn-
ing method, ranks the data through exploiting their intrinsic
manifold structure. Manifold ranking was firstly applied
to CBIR in [19] and significantly improved image retrieval
performance. Liu et al. [20] proposed a graph-based approach
for tag ranking, by which a tag graph was built to mine
the correlations among tags, and the relevance scores were
obtained through a random walk over the similarity graph.
These researches demonstrated the effectiveness of graph-
based semisupervised learning techniques in solving different
ranking problems. However, they are inadequate for the rela-
tions in images via pairwise graphs solely. It would be of great
benefit to take into consideration the relationship among 3 or
more vertices. Such a model capturing higher-order relations
is called hypergraph. In a hypergraph, a nonempty set of
vertices is defined as a weighted or unweighted hyperedge;
the magnitude of the weight represents the degree that
the vertices in the hyperedge belong to the same cluster.
Agarwal et al. [21] firstly introduced hypergraph to computer
vision and proposed a clique averaging graph approximation
scheme to solve the clustering problems. Literature [22]
formulated the probabilistic interpretation based image-
matching problem as the hypergraph convex optimization
and achieved a global optimum of the matching criteria.
However, they set up three restrictions that are the same
degree of all hyperedges, the same number of vertices in
two graphs, and a complete match. Sun et al. [23] employed
the hypergraph to capture the correlations among different
labels for multilabel classification. The proposed hypergraph
learning formulation showed the effectiveness on large-
scale benchmark datasets, and its approximate least squares
formulation maintained efficiency, as well as competitive
classification performance. One shortage of their work is
that they limited the target applications to linear models
and thus did not have a general performance evaluation
on other multilabel applications, such as the kernel-induced
multilabels. In [24] the spatiotemporal relationship among
different patches is captured by the hypergraph structure,
and the video object segmentation is modeled as hypergraph
partition. Furthermore, weights are added on important
hyperedges. The experimental results have shown good seg-
mentation performance on nature scenes. In the case that
there are several different types of vertices or hyperedges,
the hypergraph is called unified hypergraph. L. Li and T. Li
[25] proposed a unified hypergraph model for the personal-
ized news recommendation where users and multiple news
entities are involved as different types of vertices, and their
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implicit correlations are captured. The recommendation is
modeled as a hypergraph ranking problem. The hypergraph
learning algorithms have demonstrated their capability of
capturing complex high-order relations.Their applications in
image retrieval are also promising [3, 4].

3. Ranking on Unified Probabilistic
Hypergraph

In this research, we employ a unified probabilistic hypergraph
to represent the relations of commercial product images, its
textual descriptions, and its categorization labels.We propose
a model for searching and ranking images based on hyper-
graph learning. Conventional visual search systems sort and
search images based on the similarity of their visual content.
The idea of this model is to learn the relevance of different
product features, images visual feature, textual feature, and
the hybrid visual-textual feature, and then combine them
with the results of visual similarity based retrieval.

3.1. Notation and Problem Definition. Let𝑉 represent a finite
set of vertices. 𝐸 represents a family of hyperedges on 𝑉, and
each hyperedge 𝑒 ∈ 𝐸 contains a list of vertices that belong
to 𝑉. The hypergraph can be denoted as 𝐺 = (𝑉, 𝐸, 𝑤) with a
weight function 𝑤. The degree of a hyperedge 𝑒 is defined by
𝑑(𝑒) = |𝑒|, that is, the number of vertices in 𝑒. The degree of
a vertex V is defined by 𝑑(V) = ∑

𝑒∈𝐸
𝑤(𝑒), where 𝑤(𝑒) is the

weight of the hyperedge 𝑒.The hypergraph can be formulated
to a vertex-hyperedge incidence matrix 𝐻 ∈ 𝑅

|𝑉|×|𝐸|, where
each entry ℎ(V, 𝑒) is defined as

ℎ (V, 𝑒) = {
1 if V ∈ 𝑒
0 otherwise.

(1)

Then we have 𝑑(V) = ∑
𝑒∈𝐸

𝑤(𝑒)ℎ(V, 𝑒), and 𝑑(𝑒) =

∑V∈𝑉 ℎ(V, 𝑒). Let 𝐷V and 𝐷
𝑒
denote the diagonal matrices

containing the vertex and hyperedge degrees, respectively,
and let 𝑊 be the |𝐸| × |𝐸| diagonal matrix containing the
weights of hyperedges.

Consider a simple example of hypergraph 𝐺 = (𝑉, 𝐸),
built as shown in Figure 1. Consider 𝑉 = {V

1
, V
2
, V
3
, V
4
, V
5
,

V
6
, V
7
, V
8
, V
9
, V
10
, V
11
, V
12
} and 𝐸 = {𝑒

1
, 𝑒
2
, 𝑒
3
, 𝑒
4
, 𝑒
5
, 𝑒
6
}. The

incidence matrix𝐻 is defined as

𝐻 =

𝑒
1
𝑒
2
𝑒
3
𝑒
4
𝑒
5
𝑒
6

V
1

1 0 0 0 0 0

V
2

1 0 0 0 0 0

V
3

1 1 0 0 0 1

V
4

0 0 0 0 0 1

V
5

0 1 0 0 0 0

V
6

0 1 1 0 0 0

V
7

0 1 1 0 0 0

V
8

0 0 1 0 0 0

V
9

0 0 0 0 1 0

V
10

0 0 0 1 0 0

V
11

0 0 0 1 0 0

V
12

0 0 0 1 0 0

(2)
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Figure 1: An example of a hypergraph.

The problem of ranking on the hypergraph is formulated
as follows: given a query vector 𝑦, a subset of vertices in
the hypergraph 𝐺 = (𝑉, 𝐸, 𝑤), a ranking score vector 𝑓 is
produced according to the relevance among vertices in the
hypergraph and the query. We define the cost function of 𝑓
as follows [4]:

Ω(𝑓)

=
1

2

|𝑉|

∑

𝑖=1,𝑗=1

∑

𝑒∈𝐸

1

𝑑 (𝑒)
∑

{V𝑖 ,V𝑗}∈𝑒
𝑤 (𝑒)



𝑓
𝑖

√𝑑 (V
𝑖
)

−
𝑓
𝑗

√𝑑 (V
𝑗
)



2

+ 𝜇

|𝑉|

∑

𝑖=1

𝑓𝑖 − 𝑦𝑖

2

,

(3)

where 𝜇 > 0 is the regulation factor. The first term, known
as the normalized hypergraph Laplacian, is a constraint that
vertices sharing many incidental hyperedges are supposed to
obtain similar ranking scores.The second term is a constraint
of the variation between the final ranking score and the initial
score.

In order to obtain the optimal solution of the ranking
problem, we seek to minimize the cost function:

𝑓
∗

= arg minΩ(𝑓) . (4)

With the derivations in [4], we can rewrite the cost function
as

Ω(𝑓) = 𝑓
𝑇

(𝐼 − Θ)𝑓 + 𝜇 (𝑓 − 𝑦)
𝑇

(𝑓 − 𝑦) , (5)

where Θ = 𝐷
−1/2

V 𝐻𝑊𝐷
−1

𝑒
𝐻
𝑇

𝐷
−1/2

V . Then the optimal 𝑓∗ can
be obtained by differentiatingΩ(𝑓) with respect to 𝑓:

𝜕Ω

𝜕𝑓

𝑓=𝑓∗
= (𝐼 − Θ)𝑓

∗

+ 𝜇 (𝑓 − 𝑦)
∗

= 0, (6)

𝑓
∗

= (𝐼 −
1

1 + 𝜇
Θ)

−1

𝑦. (7)

3.2. Unified Probabilistic Hypergraph Ranking Model. In the
following we will explain our improved hypergraph formu-
lation for the product retrieval and ranking. In a typical
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online shopping system there are three different types of
information representing a product. They are product image,
product name and description, and product labels, which are
discussed in detail in Section 4. With these three types of
information we design 6 types of hyperedges. Each image in
the product image dataset is considered as a vertex in the
unified hypergraph. Let 𝑋 denote the product image pool,
and 𝑥

𝑖
∈ 𝑋 is a particular product image. Let F denote the

visual feature description of the images or, say, visual words,
let S denote the set of product styles, and let N be the name
and description of the product.Theunified hypergraph𝐺 that
contains 6 different types of hyperedge could represent the
following implicit relations:

(1) 𝐸FSN (the set of images feature-style-name hyper-
edges): the products share the same product name,
product style, and visual feature word.

(2) 𝐸FS (the set of images feature-style hyperedges): the
products, which belong to a certain product style,
contain the same visual feature word.

(3) 𝐸FN (the set of images feature-name hyperedges): the
products, containing the same visual feature word,
share a common keyword in name.

(4) 𝐸F (the set of images visual feature hyperedges): the
product images might contain the same visual feature
word.

(5) 𝐸S (the set of images style hyperedges): the products
belong to the same product style.

(6) 𝐸N (the set of images name hyperedges): the products
have similar keywords in their name and description.

Typically we assign 1 to the weights of these hyperedges.
Rather than traditional hypergraph structure, in which an
image vertex 𝑥

𝑖
is assigned to a hyperedge 𝑒

𝑗
in a binary

way (i.e., ℎ(𝑥, 𝑒) is either 1 or 0), we propose a probabilistic
hypergraph to describe the relation between vertex and
hyperedge. For hyperedge𝐸F, each image vertex is treated as a
centroid, and the hyperedge is formed by the centroid image
and its 𝑘-nearest neighbors. The incidence matrix 𝐻 of the
probabilistic hypergraph is defined as follows:

ℎ (𝑥
𝑖
, 𝑒
𝑗
) =

{

{

{

Sim (𝑥
𝑗
, 𝑥
𝑖
) if 𝑥

𝑖
∈ 𝑒
𝑗

0 otherwise,
(8)

where 𝑥
𝑗
is the centroid of 𝑒

𝑗
. In the proposed formulation,

a vertex 𝑥
𝑖
is softly assigned to a hyperedge 𝑒

𝑗
based on the

similarity between 𝑥
𝑗
and 𝑥

𝑖
, which overcomes the limitation

of truncation loss with the binary assignment. Besides, we use
a parameter to set the desired similarity.

Figure 2 demonstrates an example of constructing such
hyperedges. Each vertex and its top 3 similar neighbors
form a hyperedge. We set a constraint that only the vertices
with a pair similarity larger than 0.4 would be connected
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Figure 2: An example of probabilistic hypergraph.

into a hyperedge. The incidence matrix 𝐻 of the proposed
probabilistic hypergraph is

𝐻 =

𝑒
1

𝑒
2

𝑒
3

𝑒
4

𝑒
5

𝑒
6

𝑥
1

1 0.81 0 0.63 0.45 0

𝑥
2
0.81 1 0.43 0.52 0 0

𝑥
3

0 0.43 1 0.83 0.62 0

𝑥
4
0.63 0.52 0.83 1 0 0

𝑥
5
0.45 0 0.62 0 1 0.8

𝑥
6

0 0 0 0 0.8 1

(9)

With the hyperedges as designed above we can form the
6 types of unified weight matrix 𝑊 and have the vertex-
hyperedge incidence matrix 𝐻. The size of both matrices
depends on the cardinality of product image dataset involved,
and they are all sparse matrices. As a result, the computation
of the proposed hypergraph ranking algorithm is fast. It
is implemented in two stages: offline training and online
ranking. In the offline training stage, we construct the
unified hypergraph with matrices 𝐻 and 𝑊 derived from
above. Then based on the matrices, we calculate the vertex
degree matrix 𝐷V and the hyperedge degree matrix 𝐷

𝑒
.

Finally (𝐼 − (1/(1 + 𝜇))Θ)−1 can be computed, where Θ =

𝐷
−1/2

V 𝐻𝑊𝐷
−1

𝑒
𝐻
𝑇

𝐷
−1/2

V . Note that 𝐼−(1/(1+𝜇))Θ is invertible,
since the hyperedge𝐸𝑘NN ensures that𝐻 is full rank.Then the
online ranking procedure can be described as follows: firstly
build the query vector 𝑦, and secondly compute the ranking
score vector 𝑓∗. The elements of the preranked relevant
images are set to 1, and the others are 0. The procedures are
described in Algorithm 1.

Algorithm 1 (the unified probabilistic hypergraph ranking
algorithm description).

Input. The inputs are initial query vector of ranked vertices
𝑦, similarity matrix Sim, matrix of textual features S, N, and
matrix of visual features F for all products vertices.

Output. The output is vector of optimal ranked product
vertices 𝑓∗:

(1) Construct the vertex-hyperedge incidence matrix𝐻
1

of hyperedge 𝐸F based on (8).
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Table 1: A typical product representation in a system.

Product image Product name and short
description Product labels

(i) BCBGMAXAZRIA
Dress, Leyla Sleeveless
Keyhole Lace Fit and

Flare
(ii) Round neck,

sleeveless, keyhole front,
contrast lace bodice,

contrast waistband, drop
waist

Occasion:
cocktail

Type: fit and
flare

Type: lace
Length: short
Sleeve length:
sleeveless

(2) Construct the vertex-hyperedge incidence matrix𝐻
2

of hyperedges𝐸S,𝐸N,𝐸FS,𝐸FN, and𝐸FSN based on (1).
(3) Form the incidence matrix𝐻 by concatenating𝐻

1
to

𝐻
2
.

(4) Calculate the vertex degree matrix𝐷V and the hyper-
edge degree matrix 𝐷

𝑒
using 𝑑(𝑒

𝑖
) = ∑V∈𝑉 ℎ(V𝑗, 𝑒𝑖)

and 𝑑(V
𝑖
) = ∑
𝑒∈𝐸

𝑤(𝑒
𝑗
)ℎ(V
𝑖
, 𝑒
𝑗
), respectively.

(5) Compute (𝐼 − (1/(1 + 𝜇))Θ)
−1, where Θ =

𝐷
−1/2

V 𝐻𝑊𝐷
−1

𝑒
𝐻
𝑇

𝐷
−1/2

V .
(6) Compute the optimal 𝑓∗ by (7).

4. Experimental Results

In the experiment, we build the unified images hypergraph
using different combinations of hyperedges to test the effect
of different factors on the ranking performance. We then
investigate the performance of different hypergraphs. The
superiority of the transductive inference is demonstrated
in handling the queries that lack user labels. We use the
visual similarity based ranking as a baseline. We compare the
different hypergraph-based ranking models with the visual
similarity ranking. Also we use the visual similarity ranking
score to deduce the preranked score in hypergraph ranking.

For an online shopping system, a product is represented
by three types of information, as shown in Table 1: (1) images,
which demonstrate the product visually (this usually has
several photos taken from different viewpoint); (2) name,
which is the nameof the product or gives a brief description of
the product; (3) labels, which are the textual tags that classify
the product into different categories according to the sorting
rules. For example, for apparel products, we could have
different categories like style, length, sleeve length, occasions,
and so forth.

The product image dataset used in the experiment is
obtained from a list of prominent brands of women apparel. It
contains 3 product categories, 58 brands, and 4210 images.We
use different dress categories such as type, length, and sleeve
length to form the set of product styles, which contains 7
types, 3 lengths, and 6 sleeve lengths.The product name is the
product brand, its style name, and a short description. Here
we generate a bag of words to represent it. For visual features,
we first extract a color boosted SIFT feature [26], which
captures the product color feature and its local patterns, and

then quantize the visual feature descriptors into 65 visual
words. For parameters 𝑘 and 𝜇, we follow the setting in
literature [4], where they are empirically set to 100 and
0.001. We choose Normalized Discounted Cumulative Gain
(NDCG) [27] to evaluate the ranking performance. NDCG is
widely adopted inmachine learning approaches to ranking. It
is designed for situations of nonbinary notions of relevance.
In our research, an experiment participant is asked to judge
the relevance of each retrieval result to the query. Each
returned image is to be judged on a scale of 0–3 with rel = 0
meaning irrelevant, rel = 3 meaning completely relevant, and
rel = 1 and rel = 2 meaning “somewhere in between.” NDCG
at position 𝑘 is defined as

NDCG@𝑘 =
∑
𝑘

𝑖−1
((2

rel𝑖 − 1) /log
2
(𝑖 + 1))

IDCG
. (10)

In our experiment, the relevance is assessed over a subset
of the collection that is formed from the top 𝑘 results
returned by different ranking methods. Human’s judgments
are subjective, idiosyncratic, and variable. Thus, we employ
kappa statistic [28] to evaluate the degree of agreement
between judges:

kappa =
𝑝 (𝐴) − 𝑝 (𝐸)

1 − 𝑝 (𝐸)
, (11)

where 𝑝(𝐴) is the proportion of the times the judges agreed
and 𝑝(𝐸) is the proportion of the times they should agree by
chance.

In our proposedmethod, we integrate 7 different relations
and hyperedges into constructing product hypergraph so that
it effectively represents the product image dataset.The hyper-
graph also encloses multiple correlations among different
visual words and text features. To evaluate the effectiveness
of such a representation in product search, we consider
different hypergraph constructions with different hyperedge
integration. Figure 3 illustrates the ranking performance in
terms of average NDCG at different depths of 10, 20, and
30. It is evident that the hybrid hypergraph (FSN, FN, and
FS) outperforms the simple construction of hypergraph (F)
and the visual similarity based ranking (𝑘NN). And the
proposed unified hybrid hypergraph FSN achieves the best
performance. The reason for this is quite straightforward:
high-order correlations among product visual features and
its textual labels are well captured in our unified hypergraph
model. The representation and description of a product are
extensively enhanced in database.

In Figure 4, an example of a query is demonstrated, in
which the system cannot find the best match at the top
10. With the similarity ranking, a black tuxedo jumpsuit is
recognized as dress, pants, and coats, while with the proposed
unified probabilistic hypergraph learning ranking, the system
provides a series of products with similar styles, which is
meaningful for the online shoppers.The reason is that we not
only capture the visual feature and textual feature separately,
but also model the correlations between them. In this way,
improved search results are produced.

Then, we use kappa statistics to assess relevance. Here rel
= 1 and rel = 2 are considered as agreed. If two judges agree
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Figure 3: Performance comparison of different hypergraph constructions.

Query

(a)

(b)

Figure 4: Top 10 retrieval results with different ranking methods. (a) Visual similarity based ranking. (b) Proposed unified probabilistic
hypergraph learning ranking.

on relevance for all results, kappa = 1. If they agree at the
probability of agreement by chance, kappa = 0. kappa < 0, if
they agree at a rate below random probability. Table 2 gives
an example of relevance rating data by two judges on our
experiment results. The kappa statistic value between judge 1
and judge 2 is calculated with (11) as 0.7740.The kappa values
for all pairs of judges are evaluated in the same way, and their
average pairwise kappa value is 0.7483.The level of agreement
in our experiments falls in the range of “fair” (0.67–0.8). As
a result, the evaluation results of our experiments are proved
to be valid.

5. Conclusion

In this paper, we address the problem of ranking in product
search by image. We focus on integration of various types
of product textual information and visual image. We intro-
duce a hypergraph learning approach to the visual prod-
uct search and propose a more comprehensive and robust
ranking model. In this way the supervised classification and

Table 2: An example of relevance rating data by two judges.

Judge 1
Relevant Between Nonrelevant Total

Judge 2
Relevant 132 11 0 143
Between 21 207 21 249
Nonrelevant 0 14 74 88

Total 153 232 95 480

unsupervised visual search are well balanced. Specifically,
we construct the hypergraph by combining three types of
product information that embed the relevance among textual
features and visual images. Experimental results show that
the proposed hypergraph learning framework is a promising
ranking scheme for product search. In future work we will
consider exploring the adaptive feature weight and other
hypergraph learning operators.
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Most of the existing license plate (LP) detection systems have shown significant development in the processing of the images,
with restrictions related to environmental conditions and plate variations. With increased mobility and internationalization, there
is a need to develop a universal LP detection system, which can handle multiple LPs of many countries and any vehicle, in
an open environment and all weather conditions, having different plate variations. This paper presents a novel LP detection
method using different clustering techniques based on geometrical properties of the LP characters and proposed a new character
extraction method, for noisy/missed character components of the LP due to the presence of noise between LP characters and LP
border. The proposed method detects multiple LPs from an input image or video, having different plate variations, under different
environmental and weather conditions because of the geometrical properties of the set of characters in the LP. The proposed
method is tested using standard media-lab and Application Oriented License Plate (AOLP) benchmark LP recognition databases
and achieved the success rates of 97.3% and 93.7%, respectively. Results clearly indicate that the proposed approach is comparable
to the previously published papers, which evaluated their performance on publicly available benchmark LP databases.

1. Introduction

License plate recognition (LPR) system plays a key role in
intelligent transportation systems, such as traffic control,
parking lot access control, electronic toll collection, and
information management. Typical LPR system contains four
processing steps. The first step is to get the image or video
from the camera. The second step is LP detection from
the input image. The third step is to extract the characters
from the LP and the final step is to recognize the extracted
characters using different classifiers. These four steps can be
achieved by the combination of different techniques of image
processing and pattern recognition. Out of these four steps,
the LP detection and character recognition steps are very
crucial for the success of LPR systems.

LP detection systems have shown significant develop-
ment for more than a decade with good performance reports,
but most of these systems’ evaluation is carried on propri-
etary data sets, having controlled conditions on environment
and plate variations. To assess the performance of the LP

detection methods, there is a need for a common publicly
available benchmark LPdata set, which should contain videos
and images taken in an open environment and with different
plate variations. A common publicly available benchmark LP
data set, for performance evaluation of LPR systems, which is
initiated by Anagnostopoulos et al. in paper [1] and contains
741 still images of Greek LPs with several open environmental
conditions and different plate variations is present at [2].
For evaluation of the proposed approach, we have used 741
still images of media-lab Greek LP database, 159 Indian, and
Israeli LPs from videos and still images. As media-lab Greek
LP database missed motorcycles, vehicles with rotated LPs,
the combination of different types of vehicles, and more than
onemotorcycle in a single image, an appropriate care is taken
while selecting Indian and Israeli LP images, to achieve all the
combinations of plate variations which are missed by media-
lab Greek LP database.

In this paper, we have proposed a new approach for
finding the LP/LPs in an image using various clustering tech-
niques on geometrical properties of the LP characters, and
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a new approach for finding and extracting the noisy/missed
characters of the LP/LPs, due to the presence of noise such
as dirt or screw or stamp between LP characters and LP
border. The clustering techniques proposed in this paper use
geometrical properties of the components of LP characters,
such as the distance between the components, the angle
between the components, and the height of the components,
to find the probable LP/LPs.This is the first time that different
clustering techniques are applied on geometrical properties
of the components of an input image for finding the probable
LP/LPs.The proposed geometry-based clusteringmethod for
finding the vehicle LP/LPs is scale and rotational invariant
and is suitable for many countries LP detection, for any type
of vehicles and motorcycles having different plate variations.

The performance of the proposed LP detection method
is more prominent when compared with other competitive
LP detection methods from the literature, by taking into
consideration publicly available benchmark LP databases. It
is inappropriate to declare which methods are better because
inmost of the previously publishedmethods the performance
evaluations were carried on proprietary data sets having
restricted conditions and were not revealed to the public, to
assess their performance. In this paper, we are proposing new
methods for LP detection, noisy/missed character extraction,
and LP characters rotation correction. New findings in this
paper are as follows:

(i) Proposing a new method for LP detection, using
distance-based, line-based, and height-based cluster-
ing techniques, on geometrical properties of the LP
components.

(ii) Proposing a new method to remove unwanted clus-
tered components, using the thinning and resizing
technique.

(iii) Proposing a new method for correcting LP rotation
of the probable LP cluster components, using the
average angle amongst successive probable LP cluster
components’ left-top coordinates and 𝑥-axis.

(iv) Proposing a new method to extract the noisy/missed
characters of the probable LP, because of the presence
of noise between LP characters and LP border.

The remaining sections of this paper are planned as follows.
Section 2 exhibits the existing similar research. Section 3
describes the proposed approach for multiple LPs detection.
Section 4 elaborates on the proposed methodology for
multiple LPs detection. Section 5 describes the extraction of
noisy/missed characters due to the presence of noise between
LP characters and LP border. This section also describes a
method for probable LP characters rotation if the vehicle LP
is rotated. Experimental results are discussed in Section 6 and
Conclusion in Section 7.

2. Existing Similar Research

Many LPR algorithms have been proposed in the literature
for the past ten years and even today LP detection remains
the challenging area due to different environmental condi-
tions and plate variations. In the literature, there is no LP

detection method which will work for many countries, for
all types of vehicles and motorcycles, without any constraint.
LP detection is challenging and crucial in LPR systems,
which influences the recognition rate. Most of the existing
LP detection papers from the literature are based on edge
information, morphological operations, template matching,
and color information of the LP.

Lee et al. in paper [3] proposed a color image processing
(CIP) method to extract the LP of Korean car’s, based on LP
background and LP characters color using the color histo-
gram. A Neural Network (NN) classifier is used to classify
a color. This paper used the aspect ratio of the LP region
to select the most probable LP and reported 91.25% success
rate for LP detection over 80 car images. The drawback of
paper [3] is that the LP detection will not work properly
if the vehicle color matches either background color of the
LP or color of the LP characters. A hybrid LP localization
scheme is presented by Bai and Liu in paper [4], based on
the edge statistics and morphology (ESM). The proposed
approach had four sections. Section 1 handles the vertical
edge detection, Section 2 takes care of the edge statistical
analysis, Section 3 finds the hierarchical-based LP location,
and Section 4 finds the morphology-based LP extraction.
This paper reported 99.6% overall success rate for detecting
the LP out of 9825 images. The drawback of paper [4] is that
it uses edge information and morphology-based approaches
to detect the LP. Some LPs are not so easy to detect using
edge information andmorphology-based approaches have to
define Structuring Element (SE) to perform morphological
operations to find the probable LP/LPs from an input image.
Defining a particular SE to perform morphology-based
operations to detect the probable LP/LPs is a nongeneric
approach and will fail to detect the LP/LPs from the input
images under various characteristics of LP/LPs in the images.

Yang et al. in paper [5] proposed a new method based on
fixed color collocation (FCC) to locate the LP. This method
used the color collocation of the plate’s background and
characters, to recognize the LPs. This paper reported 95%
success rate for LP detection. The drawback of paper [5] is
also similar to the drawback of paper [3]. Anagnostopoulos et
al. in paper [6] proposed a new image segmentation method
called sliding concentric windows (SCW) for LP detection.
The SCW method works based on local irregularities in the
image. The method uses statistics such as standard deviation
and mean value, for possible LP location. SCW uses two
concentric windows A and B with different sizes, to scan
the image from left to right and top to bottom to find the
mean and standard deviation of the regions of the concentric
windows. If the ratio of the statistical measurements exceeds
a threshold value set by the user, then the central pixel of the
two concentric windows is considered to be the part of LP.
This paper reported a success rate of 96.5% for LP detection
using media-lab proprietary LP data set. The limitation of
paper [6] is that the statistical measurement threshold value
set by the user has to be decided according to the application
after a trial-and-error procedure, which is not a generic
solution.

Faradji et al. in paper [7] proposed a real-time and robust
(RTR) method to find LP location. Finding LP location has
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several stages, with the combination of Sobelmask, histogram
analysis, and morphological operations. The overall success
rate for detecting the LP by this paper was 83.5%.The limita-
tion of paper [7] is the same as that in paper [4]. Huang et al.
in paper [8] proposed LPR strategy formotorcycles for check-
ing annual inspection status. The LP data set considered by
this paper contains onlymotorcycles having the LP characters
falling in only one line. The method proposed in this paper
finds the LP using search window with the help of horizontal
and vertical projections (SWHVP) and reported an average
LP detection rate of 97.55%.The drawback of paper [8] is that
it is not mentioned how to get the initial size of the search
window to perform horizontal and vertical projections. It
also used morphology-based dilation operation which is
not a generic solution to detect the LP/LPs as explained in
paper [4] drawback. Wen et al. in paper [9] proposed two
methods to find the LP from an input image (two pass).
These two methods are based on Connected Component
Analysis (CCA) model. Before applying these methods, the
input image is binarized using improved Bernsen algorithm,
to remove shadows and uneven illumination. Method 1 is
used to find the candidate regions based on prior knowledge
of the LP. The frame is detected using CCA methodology.
If the frame is broken, the LP cannot be detected correctly.
When the LP is not detected using Method 1, then Method 2
is adopted. Method 2 extracts the LP using large numeral
extraction technique. This paper reported a success rate of
97.16%. The drawback of paper [9] is that the proposed
Method 1 fails to detect the LP/LPs from the input image if
the LP frame is broken.The drawback of theMethod 2 is that
it will fail to detect the LP/LPs from the input image if the
LP/LPs are not in horizontal position.

Haneda and Hanaizumi in paper [10] proposed RELIP
algorithm, which performs a global search for the probable
LP using multiple templates, 3D cross-correlation function,
and Principal Component Expansion.This paper uses corner
detection to remove deformation of LPs. RELIP reported 97%
LP detection success rate. The drawback of paper [10] is that
it uses spatial similarity with an LP/LPs template to detect the
LP which is not a generic solution in the real world context
as the LPs having various deformations such as tilt, rotation,
and pan from various viewpoints. Zhou et al. in paper [11]
proposed a new approach for LP detection based on Principal
Visual Word (PVW) discovering and visual word matching.
In visual word matching, it will compare the extracted SIFT
features of the test image with all discovered PVW and locate
the LP based on matching results. This method published
93.2% success rate on the proprietary data set and 84.8%
success rate on Caltech dataset. The drawback of paper [11]
is that it works based on the prior knowledge of the LP.

Al-Ghaili et al. in paper [12] proposed a new approach
in which a color image is converted to grayscale and then
the adaptive threshold is applied on the grayscale image to
convert it into a binary image. ULEA method is applied
to the grayscale image to enhance the quality, by removing
the noise. Next, VEDA is applied to detect the LP from the
input image. In order to detect the true LP, some statistical
and logical operations are applied. The success rate reported
by this paper was 91.65% for LP detection. The drawback

of paper [12] is that it extracts the LP/LPs from the input
image based on extracting vertical edges, which is the same
as the drawback of paper [4]. Hsu et al. in paper [13] pro-
posed a new approach (AOLP) for detecting LP candidates,
using Expectation-Maximization clustering method on ver-
tical edges of grayscale images. This paper reported 93.33%
success rate on AOLP proprietary benchmark LP data set and
reported 92.1% success rate onmedia-lab benchmark LP data
set, for LP detection. It ismentioned in the paper that the LPR
solution is designed primarily based on LPs of Taiwan and is
not optimal for other countries.The drawback of paper [13] is
the same as that in paper [4] because its LP detection is based
on extracting vertical edges.

Abo Samra and Khalefah in paper [14] proposed a new
LP localization algorithm using dynamic image processing
techniques and genetic algorithms (GA) (DIP-GA). CCA
technique is used to detect the candidate objects of the input
image and improved the CCA technique with the help of
modifiedGA.The system ismade adaptable to any country by
introducing a scale-invariant geometric relationship matrix
to model the LP symbols. The speed of the LP detection is
improved by introducing two new crossover operators. The
system reported 97.61% success rate using publicly available
media-lab benchmark LP database by considering only 335
images out of 741 images. This paper also reported 98.75%
success rate using proprietary data set having 800 image
samples and reported 98.41% overall accuracy.The drawback
of paper [14] is that it is not able to detect multiple LPs in an
image.

The LP detection methods which use edge information
and morphological operations mainly focus on finding the
components which are rectangular in shape with specific
aspect ratio. Such type of LP extraction methods will fail
to identify the LP if the LP does not follow a rectangular
shape with proper aspect ratio. The problem with template
matching LP detection methods is that it will not work for
all types of plate variations. The color based LP extraction
methods use the background color of the LP, to identify the
probable LP candidate region because some countries use a
particular background color in their LPs. Such type of LPR
systems will fail to detect the LP properly if the body color of
the vehicle matches with the LP background color.The above
categorized LP detection methods used the features of LP in
an image, to extract the LP location from an input image.
These categories of LP detection methods have limitations in
extracting LP/LPs from an image because of the features they
adopted to extract LP/LPs.

In this paper, we are proposing for the first time a
new LP detection method, which will work for the LP
detection of many countries, having any shape, which uses
different clustering techniques on geometrical properties
of the character components of the LP/LPs in the input
image.The advantage of using different clustering techniques
on geometrical properties of the character components of
the LP is that they are independent of scale, rotation, tilt,
and orientation. There are very few techniques/publications
in the literature which talk about LP detection methods
under various environmental conditions and plate variations
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mentioned, which will work for any type of vehicle and
motorcycle having any LP shape.

3. Proposed Approach for Multiple License
Plates Detection

This paper proposes a new method for LP/LPs detection
and noisy characters extraction, for any type of vehicle and
motorcycle, having different plate variations, under different
environmental and weather conditions. The environmental
conditions include different illumination, weather, and back-
ground conditions. The plate variations include location of
the plate anywhere on the vehicle, many plates in single
image, different combination of vehicles with different plate
orientations, different sizes of plates, background color of
plates, plates with dirt, rotated plates, LPs having two lines
of characters and each line of characters are of different size,
and tilted LPs. The proposed method can be articulated as
a generalized method for identifying the LP/LPs, because it
is independent of plate variations under different environ-
mental andweather conditions and can be applicable tomany
countries and for any vehicle having multiple lines in the LP.
In the proposed approach, we have not used any type of edge
detection, templatematching,morphological operations, and
color information of the LPs, which are extensively used by
previously published papers, to detect the LP.

The proposed method uses CCA to label the components
and applies different clustering techniques on geometrical
properties of the labelled components such as the location of
the components, the angle between the components, and the
height of the components, to extract the probable LP/LPs. In
most of the countries, the LP characters are near to each other,
are positioned along one or multiple lines, and are similar in
height. Based on these properties of LP characters, clustering
techniques can be applied on geometrical properties of LP
characters to identify the LP/LPs from an input image. Most
of these properties are followed by many nations while
designing their LPs. That is why the proposed approach can
be applicable to detect the LP of many nations which follow
the properties of the LP characters mentioned in this paper
while designing their LPs.The proposedmethod contains the
following steps.

(i) Apply preprocessing steps on the input image. If it is
a video, convert the video into different frames and
then apply preprocessing steps. After completing the
preprocessing steps, label the components of the input
image to find the number of components 𝑁

𝐼
and to

extract the geometrical properties of the each of 𝑁
𝐼

components such as left-top coordinates, width, and
height.

(ii) Apply newly proposed distance-based clustering
algorithm on each of𝑁

𝐼
components’ left-top coordi-

nates. This algorithm divides the image components
into various distance-based clusters, which are close
to each other. Let𝑁

𝑑
be the number of clusters formed

after distance-based clustering from 𝑁
𝐼
components

of the preprocessed input image.

(iii) Recluster each 𝑁
𝑑
distance-based cluster into dif-

ferent line-based clusters. If the components of
the distance-based clusters subtend a similar angle
between the lines joining left-top coordinates of the
components with the 𝑥-axis, then construct line-
based clusters from such components. Line-based
clustering algorithm reclusters 𝑁

𝑑
distance-based

cluster components into𝑁
𝑙
line-based clusters, which

are in line and close to each other.
(iv) Recluster each 𝑁

𝑙
line-based cluster, based on the

cluster components height. This is height-based clus-
tering, which reclusters𝑁

𝑙
line-based clusters into𝑁

ℎ

height-based clusters.
(v) After the distance, line, and height-based clustering

techniques, the resultant clustered components have
the properties such as near to each other, positioned
along a line, and being similar in height. These
properties belong to the characters of LP of any
vehicle and motorcycle in the world.

(vi) In the resultant 𝑁
ℎ
clusters, there may be a few

non-LP clusters in which all the components follow
the properties of LP characters. In order to remove
such non-LP clusters, apply the thinning and resizing
technique on𝑁

ℎ
height-based clusters. Let𝑁tr be the

number of probable LP clusters in the image, after
applying thinning and resizing technique.

(vii) Refine 𝑁tr clusters further by finding the border of
the cluster components. If the border percentage for
each cluster is less than predefined threshold, remove
such clusters from the list of probable LP cluster (𝑁tr).
After this step, let 𝑁 be the number of probable LP
clusters.

(viii) Now, apply the newly proposed character extraction
method to extract noisy/missed characters of the LP,
on each of “𝑁” probable LPs, due to the presence
of noise such as screw or dirt or stamps between LP
characters and border of the LP.

(ix) After extracting the noisy/missed characters, rotate
the probable LP characters using the average angle
between the lines joining adjacent components’ left-
top coordinates and the𝑥-axis, so that all the probable
LP characters will be horizontal to the 𝑥-axis.

The above mentioned outlined procedures are explained in
detail in the following sections.

4. Detailed Description of the Proposed
Approach for Multiple License Plates
Detection from Videos and Still Images

This section describes in detail the proposed approach to find
the probable LP/LPs in an image with the help of various
clustering, thinning, and resizing techniques. This section
also explains the method and the need to further refine the
probable LP/LPs by finding the border of the LP/LPs.
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Input image 1

(a)

Complemented binary image

(b)

Binarized image after removing
small components

(c)

Figure 1: Results of preprocessing stage.

4.1. Preprocessing Stage

Steps
(1) Due to the effect of illumination in an open envi-

ronment and the presence of shadows, it is very
difficult to process an input image with the help of
traditional threshold binarization methods and will
not give satisfactory results. In this paper, we are using
Bernsen algorithm to overcome the illumination and
shadowproblems in an image. Let𝑓(𝑥, 𝑦) denote gray
value at a point (𝑥, 𝑦) of an image. Let (𝑥, 𝑦) be the
centre of a block of size (2𝑤+1)×(2𝑤+1) in the image,
where 𝑤 is the number of pixels. Threshold 𝑇(𝑥, 𝑦) at
the point (𝑥, 𝑦) can be computed using

𝑇 (𝑥, 𝑦)

=

(max
−𝑤≤𝑘,𝑙≤𝑤
𝑓 (𝑥 + 𝑙, 𝑦 + 𝑘) +min

−𝑤≤𝑘,𝑙≤𝑤
𝑓 (𝑥 + 𝑙, 𝑦 + 𝑘))

2

.

(1)

(2) Convert the input image 1 (shown in Figure 1) into
grayscale. If it is video, convert it into frames and then
convert each frame into grayscale. Apply the Bernsen
algorithm to overcome from uneven illuminations
or shadows present in the grayscale image. Comple-
ment the binarized image, whose output is shown in
Figure 1 second column. Remove the components,
whose height is less than three pixels from the com-
plemented binary image, because no LP character is
less than three pixels in height. The image in Figure 1,
third column, shows the output after removing the
components that are less than three pixels in height.

(3) To implement the rest of the operations on individual
components, such distance-based clustering, line-
based clustering, and height-based clustering extract
the geometrical properties of individual components
such as left-top coordinates, width, and height.

(4) Geometrical properties of the individual components
described in Step 3 can be extracted using the follow-
ing procedure:

(a) To find the number of components present in
an image, use CCA method to apply labelling
to preprocessed image. Let𝑁

𝐼
be the number of

components present in the input image at this
stage.

(b) After labelling, find left-top coordinates, width,
and height of𝑁

𝐼
components.

(c) Crop each individual component from the
preprocessed image using left-top coordinates,
width, and height.

(d) Save the cropped components of the input
image as separate image components.

4.2. Clustering Stage. The purpose of the clustering stage is
to prepare the probable LP clusters from 𝑁

𝐼
components of

the preprocessed input image. In this stage, the proposed
system performs three types of clustering techniques, one
after the other. The first clustering technique is the distance-
based clustering, whose purpose is to divide𝑁

𝐼
components

of the preprocessed input image into groups which are
near to each other. The second clustering technique is the
line-based clustering, whose significance is to divide each
distance-based cluster into an array of line-based clusters.The
components of the line-based clusters are in line and close
to each other from the viewpoint of left-top coordinates of
the components.The third clustering technique is the height-
based clustering, whose significance is to regroup the line-
based cluster components which are similar in their height.
After all these clustering techniques, the resultant cluster
components in each cluster are close to each other, positioned
in a line and alike in their heights which are the probable
LP/LPs of the input image.

Context dependent variables are cluster size and max
distance. The first context dependent variable cluster size
indicates the minimum number of characters in a row of the
LP and can be tuned to satisfy country specific LP constraints.
In our experiments, we have considered cluster size as 4.
The next context dependent variable max distance is used
during various clustering stages which explain the maximum
distance that is allowed between the successive components
of the LP clusters. The value of the variable max distance is
computed as one-third of the columns of the input image.The
proposed geometry-based clustering method has following
steps.

Steps

(1) After preprocessing stage, cluster all the compo-
nents of the image, based on the distance between
left-top coordinates of each individual component,
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C1 C2 C3 C4 C5

C6
C7

C8
C9

C10 C11
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C13

Figure 2: An example image showing the components after dis-
tance-based clustering.

using distance-based clustering algorithm which is
explained in detail in the following steps.

(2) Distance-based clustering algorithm prepares a ma-
trix (distance matrix) of size [𝑁

𝐼
, 𝑁
𝐼
], where𝑁

𝐼
indi-

cates the number of components of the input image
after the preprocessing stage. In the distance matrix,
the 1st row indicates the distance between the 1st
label component and rest of the components’ left-top
coordinates, 2nd row indicates the distance between
2nd label component and rest of the components’ left-
top coordinates, and so on. Distance-based clustering
algorithm prepares maximum 𝑁

𝐼
clusters, one for

each component with the help of distance matrix.

(3) Remove those distance-based clusters whose size is
less than cluster size andwhich are the subset of other
distance-based clusters. Retain those distance-based
clusters with a large number of components in it when
performing the subset removal operation. At this
stage, the 𝑁

𝐼
components of the image are clustered

into groups, based on the distance between the left-
top coordinates of each individual component.

(4) Figure 2 shows an example image with the com-
ponents C1 ⋅ ⋅ ⋅C13, which are clustered into two
distance-based clusters highlighted with rectangular
border (in red color). The components C1 ⋅ ⋅ ⋅C9
formed as first distance-based cluster and C10 ⋅ ⋅ ⋅C13
as second distance-based cluster.

(5) Figure 3 shows the resultant image after distance-
based clustering. Let 𝑁

𝑑
be the number of distance-

based clusters at this stage, which are shown as ellipses
in Figure 3. As most of the components of the input
image are very small in size, it is not possible to
observewith the naked eye the components formed as
distance-based clusters from the input image. Hence,
the same is explained by taking an example as shown
in Figure 2.

Figure 3: Resultant image after distance-based clustering.

(6) Now, apply line-based clustering technique on each of
𝑁
𝑑
distance-based clusters, to find those components

which are in line with each other.
(7) In the line-based clustering, consider individual

distance-based cluster and take each component from
the cluster and draw a line from left-top coordinates
(𝑥
1
, 𝑦
1
) of one component to the left-top coordinates

(𝑥
2
, 𝑦
2
) of the next component in the current cluster.

Find the angle 𝜃 between 𝑥-axis and the line that
is drawn between two left-top coordinates of com-
ponents as shown in (2). In the same way, find the
angle between rest of the components and 𝑥-axis,
as a matrix (angle matrix) of size [𝑁,𝑁], where 𝑁
indicates the number of individual components in
each distance-based cluster:

𝜃 = (

180

𝜋

) ∗ tan−1 (
(𝑦
2
− 𝑦
1
)

(𝑥
2
− 𝑥
1
)

) . (2)

(8) Cluster those components as line-based clusters,
which subtend similar angle with the 𝑥-axis and
which are close to each other (based on max dis-
tance), for each row of the angle matrix. Now,
remove those line-based clusters, which are less than
cluster size and which are subsets to other line-based
clusters. This is the line-based clustering technique.

(9) Line-based clustering is used to recluster the distance-
based cluster components, based on the property
of having similar angle and closeness of the cluster
components. After this stage, the components of
an input image are clustered, using distance-based
clustering and line-based clustering techniques.

(10) Figure 4 shows an example image in which the dis-
tance-based clusters (shown in the red border) are
divided into line-based clusters (shown in the green
border). In Figure 4, the first distance-based cluster
with the components C1 ⋅ ⋅ ⋅C9 is divided into two
line-based clusters with the components C1 ⋅ ⋅ ⋅C5
and C6 ⋅ ⋅ ⋅C9, indicated with rectangular (green in
color) boxes. The second distance-based cluster with
the components C10 ⋅ ⋅ ⋅C13 resulted into a line-based
cluster with the components C10, C11, and C13 and
the component C12 is removed from the resultant list,
because C12 is not in line with other components.The
resultant image after line-based clustering is shown in
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C10 C11
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C13

Figure 4: An example image showing how the distance-based
clusters are divided into the line-based clusters.

Figure 5: Resultant image after line-based clustering.

Figure 5 in which the line-based clusters are marked
in rectangular boxes.

(11) There is no difference between Figures 3 and 5 based
on the number of components and positions of the
components are concerned. The resultant distance-
based clusters are shown in the ellipse shape with
various colors in Figure 3. The resultant line-based
clusters are shown in the rectangular shape with
various colors in Figure 5.

(12) After line-based clustering, apply height-based clus-
tering technique, to remove few unwanted/junk com-
ponents, which are very close to and in line with the
components, but shows much difference in height as
compared with other components in each line-based
cluster.Now, remove those clusterswhich are less than
cluster size and which are subsets to other clusters.
This is height-based clustering.

(13) Figure 6 shows an example image in which the
component C3 (indicated with the arrow) is showing
much difference in height as compared to the rest of
the components; it will be removed from the line-
based cluster and will result in height-based cluster
with the components C1, C2, C4, and C5. Figure 7
shows the image after height-based clustering and the
resultant height-based clusters are shown in ellipses.

C1 C2 C3 C4 C5

C6
C7

C8
C9

C10 C11
C12

C13

Figure 6: An example image showing the height-based clustering.

Figure 7: Resultant image after height-based clustering.

At this stage, let 𝑁
ℎ
be the number of height-based

clusters.
(14) After height-based clustering, few of the clusters

from the final cluster list may contain all unwanted
components, which obey all the characteristics based
on distance, line, and height-based clustering. Such
junk component clusters can be removed by thinning
and resizing technique.

(15) Apply infinite thinning and resizing technique on
each 𝑁

ℎ
height-based cluster of the image. Thinning

is a morphological operation used for skeletonization
of the binary image components. When we apply
thinning and resizing operations, junk components
will retain its shape, but the LP characters will fade
away completely. Remove those clusters from the
cluster list, which retain its shape after thinning and
resizing operations. This technique removes all junk
cluster components from the final cluster list. Let 𝑁

1

be the number of clusters after removing junk clusters
using the thinning and resizing technique. Figure 8
shows image after thinning and resizing technique
and the resultant clusters are shown in ellipses shape.

4.3. Finding Border of the License Plate. Contrasting to
a typical LPR system, the proposed system first finds
the probable LP characters and then finds the border of
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Figure 8: Resultant image after thinning and resizing technique.

the components. The reason for finding the border of LP is
that there can be a group of non-LP characters in the image
with similar properties of LP characters without the border.
In order to avoid such type of characters, the system proposes
to find the border of the LP.

Predefined Border Percentage: Beta. Beta is a user defined
variable, which decides the border percentage that an LP
can have. After rigorous experimentations with the help of
many datasets from multiple countries, we have come to a
conclusion to decide the value of Beta as 70%.

Steps

(1) Let 𝑁
1
be the number of probable LP clusters at

this stage. Take each individual component from
the cluster and traverse from left-top coordinates
of each individual component towards the upward
direction, till the traversal reaches the border point
or three times the height of each individual character
component.

(2) Apply the same procedure towards the downward
direction, to find the bottom border point for each
individual component.

(3) Save the top and bottom border points for all the
components of each cluster.

(4) Find the border percentage for each cluster using
the top and bottom border points. Retain a cluster
only when the percentage is greater than or equal
to the predefined border percentage “Beta.” Retained
clusters indicate the LP/LPs of an image and its
components indicate the individual characters of the
LP.

(5) Remove those clusters which fall below predefined
border percentage “Beta.” This is another way to
further refine the cluster list to get the required LP
region. Figure 9 shows the image after LP border
identification.

5. Noisy Characters Extraction and License
Plate Characters Rotation

Noisy/missed characters extraction stage is to extract few of
the LP characters, which may be missed during the previous

Figure 9: Resultant image after license plate border identification.

stages, because of the presence of noise such as screw or
dirt or stamps between the LP border and LP characters.
This section proposes a new approach to extract such type
of noisy/missed characters.The proposed noisy/missed char-
acters extraction algorithm can be applied after Section 4.3.

Steps

(1) The proposed algorithm uses (3) to find the noisy LP
characters’ left-top coordinates (𝑥

2
, 𝑦
2
) at a distance

𝑑 from the leftmost cluster component’s left-top
coordinates (𝑥

1
, 𝑦
1
) and the average slope𝑚 amongst

the cluster components:

𝑥
2
= 𝑥
1
± (

𝑑

√ (1 + 𝑚
2
)

) ,

𝑦
2
= 𝑦
1
± (

𝑚 ∗ 𝑑

√ (1 + 𝑚
2
)

) .

(3)

(2) At this stage, we have few probable LP clusters. Take
each probable LP cluster and find the average height
and average slope (𝑚) amongst the subsequent cluster
components’ left-top coordinates and the 𝑥-axis.

(3) From each probable LP cluster, take left-top coordi-
nates of the first component (𝑥

1
, 𝑦
1
) and move in the

downward direction to (1/4)th of the average height
of probable LP cluster. Now, traverse the image right
side, one pixel at a time, using (3) mentioned above,
to find any noisy/missed LP character components.

(4) If any noisy/missed LP character component is found,
which is not part of the probable LP cluster com-
ponent and is not a background pixel, then find
the left-top coordinates (𝑥

2
, 𝑦
2
) and the width of

the noisy/missed component. To find the left-top
coordinates (𝑥

2
, 𝑦
2
) and thewidth of the noisy/missed

component, we have to perform three traversals as
described as follows:

(i) The first traversal is towards the top side of
the noisy/missed character component to com-
pensate the left-top coordinate’s slope with the
average slope.The second traversal is to traverse
towards the left side of themissed component in
the direction of the average slope, till it reaches
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leftmost pixel of the noisy/missed component,
within the average height, using (3). After reach-
ing the left most side of the noisy/missed com-
ponent, fix it as left-top coordinates (𝑥

2
, 𝑦
2
) of

the noisy/missed component.
(ii) Take the newly found left-top coordinates of

the noisy/missed LP character component and
move towards the right side (third traversal)
in the direction of the average slope, till it
reaches the right most point of the missed
component, within the average height, using (3).
The difference between the 𝑥-coordinates of the
newly found left-top coordinate point (𝑥

1
, 𝑦
1
)

and the right most point is the width of the
noisy/missed component.

(iii) Crop the noisy/missed component using left-
top coordinates, width, and the average height
of the cluster components.

(5) Repeat the same procedure, till the traversal reaches
the last component of the probable LP cluster com-
ponent. Repeat the same procedure, for all probable
LP clusters.

(6) Rotate each individual component of the probable
LP cluster by using average angle 𝜃, which can be
calculated from the average slope (𝑚) amongst the
probable LP cluster components using (4). Con-
sider each component of the binary image as 𝐹 =
{𝐹(𝑖, 𝑗), 𝑖 = 1, 2, . . . , 𝐼, 𝑗 = 1, 2, . . . , 𝐽} and can be
defined as shown in (5). One has

𝜃 = (

180

𝜋

) ∗ tan−1 (𝑚) , (4)

𝐹 (𝑖, 𝑗) =

{

{

{

1, white pixel,

0, black pixel.
(5)

(7) Let 𝐹(𝑥, 𝑦) be the image component before rota-
tion and let 𝐹(𝑥, 𝑦) be the image component after
rotation. Use average angle 𝜃 to rotate 𝐹(𝑥, 𝑦). The
equation for each individual pixel of 𝐹(𝑥, 𝑦) can be
obtained by using

𝑥

= 𝑥 ∗ cos (𝜃) + 𝑦 ∗ sin (𝜃) ,

𝑦

= −𝑥 ∗ sin (𝜃) + 𝑦 ∗ cos (𝜃) .

(6)

(8) In a rotated image, if the average angle of the probable
cluster components is above a certain threshold, then
there is a chance that the other part of the character
component will be present in the target component.
In such a case, retain the bigger component from
the target component and remove the rest of the
components.

6. Experimental Results

The above described concepts are implemented using MAT-
LAB on Intel core i3 processor machine, having 4GB RAM.

The performance of the proposed LP detection method
is compared with some of the competitive LP detection
methods, by taking into consideration publicly available
media-lab benchmark LP database, Israeli LP images from
the web, and proprietary Indian LPs, having different plate
variations and weather conditions in an open environment.
Total images from all these data sets are 900. To further
assess the performance of the proposed LP detectionmethod,
we have considered AOLP benchmark LP database having
2049 imageswith three subsets. For experimentation, we have
considered Indian, Israeli, and media-lab Greek benchmark
LPs as single data set having different characteristics of the
LPs in images as described in Table 1.

In an open environment, there are many possible ways
by which we can capture an image from cameras. The
proposed geometry-based clustering techniques in this paper
are invariant to size, tilt, pan, and rotation. That is why the
proposed approach works properly with extreme observation
views. There is no restriction on the size of LP characters to
detect the LP, which can be observed from Figures 10(a23)
and 10(b23). There are very few methods in the literature,
which talks about the LP detection of motorcycles, where LP
characters fall in two lines and each line of characters are
of different size. The proposed method works for any type
of vehicles, motorcycles, vans, and trucks having multiple
lines of LP characters and also each line of characters having
different sizes. The proposed approach will fail to detect the
LP/LPs from an input image if the LP characters touch the
border of the LP or there are less than cluster size characters
in the LP or there are no characters present in LP at all. Table 1
shows the summarization of the various characteristics of
LPs in the images described in Figure 10. For example,
Figure 10(a1) (S. number 1 in Table 1) indicates an LP in
an input image from Greek in an open environment. In all
images, we have assumed neither fixed number of characters
in the LP nor the number of lines. We assumed that the sizes
of the LP characters may be different due to different view
conditions.

Figure 10 shows the sample results for all categories of
the LPs, which include images of different plate variations,
environmental, and weather conditions from media-lab,
Israeli, and proprietary Indian LP databases whose summary
is given in Table 1. The odd column of Figure 10 shows the
actual image and the even column shows the binarized image.
Red border in the binary image of Figure 10 indicates the
identification of the LP and without a red border belongs to a
failed case. Most of the vehicles in many countries including
motorcycles will have only a single line of characters in their
LPs, but there may be a chance that few countries like India
will have LP characters that will fall into more than one line
and there may be a chance that the characters in each line of
LP may vary in size as shown in Figures 10(a8), 10(a18), and
10(a19). From such type of the LPs, most of the existing LPR
systems detect only the line of characters, which are bigger in
size. Hence, such type of LP detection systems will not satisfy
the real-time requirements.The proposed approachwill work
in all such conditions.

Figures 10(a21), 10(b21), 10(a22), and 10(b22) show images
with failed LP detection, due to overlapping of LP characters
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Table 1: Summarization of the characteristics of LPs in the images described in Figure 10.

S. number Figure number Country Characteristics of the image
Recognized by the
proposed approach

(yes/no)
1 Figure 10(a1) Greek Image in open environment Yes
2 Figure 10(a2) Greek Image with blur Yes
3 Figure 10(a3) Greek Image with shadow Yes
4 Figure 10(a4) Greek Image with reflectance and illumination Yes
5 Figure 10(a5) Greek Image with dirt and screw in the LP Yes
6 Figure 10(a6) Greek Image with distorted LP Yes
7 Figure 10(a7) Greek Image with LP at a different place Yes
8 Figure 10(a8) Greek Image taken at night Yes
9 Figure 10(a9) Greek Image with dirt and shadows taken on difficult tracks Yes
10 Figure 10(a10) Israel Image with different tilt Yes
11 Figure 10(a11) Israel Image with different tilt Yes
12 Figure 10(a12) Greek Image with an extreme pan Yes
13 Figure 10(a13) Indian Image with multiple LPs (two cars) Yes
14 Figure 10(a14) Indian Image with multiple LPs (three motorcycles) Yes
15 Figure 10(a15) Indian Image with multiple LPs and different combination of vehicles Yes

16 Figure 10(a16) Indian Image with rotation (an image containing car with left
diagonally rotated LP) Yes

17 Figure 10(a17) Indian Image with rotation (an image containing car with right
diagonally rotated LP) Yes

18 Figure 10(a18) Indian Image with rotation (an image containing motorcycle with left
diagonally rotated LP) Yes

19 Figure 10(a19) Indian Image with rotation (an image containing motorcycle with right
diagonally rotated LP) Yes

20 Figure 10(a20) Urdu lingual country Image from different country Yes
21 Figure 10(a21) Greek Image with lot of dirt in the LP No
22 Figure 10(a22) Greek Image with lot of dirt in the LP No
23 Figure 10(a23) Israel Image with close view of LP Yes
24 Figure 10(a24) Greek Image with few noisy characters in the LP Yes

with LP border because of the presence of lot of dirt between
LP characters and LP border. Figures 10(a24) and 10(b24)
show images with LPs 2nd (character “K”) and 6th (character
“7”) characters touching the border of the LP due to the
presence of noise such as screw or dirt or stamp between
LP characters and border of the LP. These characters are
extracted successfully using the proposed noisy/missed char-
acters extraction algorithm from Section 5. Figures 10(a1)–
10(a9), 10(a12), 10(a21), 10(a22), and 10(a24) show Greek LPs,
Figures 10(a13)–10(a19) show Indian LPs, Figures 10(a10),
10(a11), and 10(a23) show Israeli LPs, and Figure 10(a20)
shows an LP from Urdu lingual country.

From Table 1 and Figure 10 we can conclude that the
images are considered from four different countries and
we have also considered AOLP benchmark database for
performance evaluation which contains images from Taiwan
country. With these results, we can claim that the proposed
approach will work successfully to identify LP/LPs from an
image, whose individual character properties are near to each
other, in line with each other, and similar in height in a
particular line. There is no restriction on the number of lines

present in the LP of the vehicle and the characters in each line
of the LP can be of different size.

The performance comparison amongst few of the promi-
nent LP detection methods and the proposed approach is
shown in Table 2. The method proposed by Bai and Liu
in paper [4] is superior to the proposed approach with
a remarkable LP detection success rate of 99.6%, which
supersedes all other methods. The methods proposed by
Huang et al. in paper [8], Wen et al. in paper [9], Yang et
al. in paper [5], Haneda and Hanaizumi in paper [10], and
Anagnostopoulos et al. in paper [6] reported 97.55%, 97.16%,
95.3%, 97%, and 96.5% LP detection rates, respectively, which
are less than the proposed method’s success rate of 98.74%.
Lee et al. in paper [3] and Al-Ghaili et al. in paper [12]
reported 91.25% and 91.65% success rates, but their data set
contains only cars. Faradji et al. in paper [7] reported lower
success rate, as compared to others. Zhou et al. in paper [11]
reported 93.2% success rate on the proprietary data set and
84.8% on Caltech data set. Abo Samra and Khalefah in paper
[14] reported 98.75% success rate which is equivalent to the
proposed methods success rate of 98.74%. The success rates
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(a3) (b3) (a4) (b4)
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(a23) (b23) (a24) (b24)

Figure 10: Examples of images with all categories of LPs showing LPs detection.
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Table 2: Performance comparison of the proposed LP detectionmethodwith few of the competitive LP detectionmethods from the literature.

Algorithm and references Data set
Number of
images in
data set

Types of vehicles
present in data set LP detection rate

CIP [3] Proprietary 80 Cars 91.25%
ESM [4] Proprietary 9825 Vans, trucks, cars 99.6%
FCC [5] Proprietary 150 Not reported 95.3%
SCW [6] Media-lab (proprietary) 1334 Vans, trucks, cars 96.5%
RTR [7] Proprietary 400 Not reported 83.5%
RTR [7] Caltech 1999 Cars 84.8%
SWHVP [8] Proprietary 522 Motorcycles 97.55%
Two pass [9] Proprietary 9026 Cars, trucks 97.16%
RELIP [10] Proprietary 100 Not reported 97%
PVW [11] Proprietary 410 Not reported 93.2%
VEDA [12] Proprietary 664 Cars 91.65%
AOLP [13] Media-lab 741 Vans, trucks, cars 92.1%
AOLP [13] AOLP (proprietary) 2049 Cars and vans 93.33%
DIP-GA [14] Proprietary 800 Vans, trucks, cars 98.75%
DIP-GA [14] Media-lab 335 Vans, trucks, cars 97.61%
Proposed geometry-based clustering method Media-lab 741 Vans, trucks, cars 97.3%

Proposed geometry-based clustering method Proprietary 159 Cars, trucks,
motorcycles 98.74%

Proposed geometry-based clustering method Media-lab and proprietary 900 Vans, trucks, cars,
motorcycles 97.56%

Proposed geometry-based clustering method AOLP 2049 Cars and vans 93.7%

Table 3: Performance comparison of the proposed method with SCW and AOLP methods using media-lab and AOLP benchmark LP
databases.

Benchmark LP database LP database details Conditions SCWmethod AOLP method
Proposed

geometry-based
clustering method

Media-lab benchmark LP
database

741 images having vans,
trucks, and cars

Open environment,
different plate variations 96.5% 92.1% 97.3%

AOLP benchmark LP database 2049 images having
vans, trucks, and cars

Open environment,
different plate variations 81.67% 93.33% 93.7%

Average of success rates 89.09% 92.72% 94.66%

of the above mentioned LP detection systems are based on
proprietary data sets.

It is impractical to compare the performances of different
LP detection systems which evaluated their performances
using proprietary LP data sets. There should be a common,
true benchmark LP database, openly available to assess the
performance of the proposed LP detection systems. A com-
mon, publicly available media-lab benchmark LP database,
for the research community, is initiated by Anagnostopoulos
et al. in paper [1], which contains Greek vehicle LP images.
As the media-lab benchmark LP database is not satisfying
all plate variations mentioned in this paper, we coupled the
images of Israeli and Indian LPs having cars, vans, trucks,
and motorcycles, with media-lab benchmark LP database,
to attain all plate variations mentioned. Table 3 shows the
performance comparison between SCW method [6], AOLP

method [13], and the proposed approach usingmedia-lab and
AOLP benchmark LP databases. Usingmedia-lab benchmark
LP database, the proposed method’s success rate of 97.3%
is better when compared to SCW method’s success rate of
96.5% (number of images taken by SCW method is 1334)
and is more than AOLP method’s success rate of 92.1%.
Using AOLP benchmark LP database, the success rate of the
proposed approach is 93.7%, which is close to the success
rate of 93.33% of the AOLP approach and better than 81.67%,
which is the success rate of SCWmethod.The average success
rate of the proposed approach which is based on both the
benchmark LP databases is 94.66% and is a bit more than
AOLP’s average success rate of 92.72% and is better than
SCW’s average success rate of 89.09% as shown in Table 3.
Abo Samra and Khalefah in paper [14] also tested their
proposed methods performance using media-lab benchmark
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LP database and reported a success rate of 97.61% using 335
images only (instead of 741 images), whereas the proposed
method used 741 images frommedia-lab benchmark LP data
set and reported 97.3% success rate which is almost equivalent
to the success rate reported in paper [14].

The success rate of the proposed approach using media-
lab benchmark LP data set and the proprietary LP data set
is 97.56%, which is a bit more as compared to the success
rate of 96.5% of the SCW approach. The success rate of SCW
method is reported using 1334 images, whereas they made
available only 741 images online, as media-lab benchmark
LP database. We do not have clarification on rest of (1334 −
741) 593 images. During our experimentation, we observed
around 2% of the media-lab LP benchmark database having
noisy/missed characters and we have achieved 100% noisy
characters extraction from the input images using the pro-
posed noisy/missed characters extraction method.

We observed that most of the LP detection papers from
the literature vastly used edge information, template infor-
mation, morphological operations, and color information of
the LPs.These types of methodologies have restrictions when
detecting the LP/LPs from the input images as explained in
Section 2. In order to overcome the shortcomings of the LP
detection methods from the literature which are enlightened
in this paper, we have proposed geometry-based clustering
techniques which are invariant to color, scale, rotation, and
scale variances of the LPs and also proved from Figure 10
that the proposedmultiple LPs detectionmethod successfully
detects the LPs from the input images taken from the open
environment, all weather conditions, and all plate variations
mentioned in this paper. Hence, the proposed method has
the ability to detect multiple LPs from an input image
which follow the properties of the proposed geometry-based
clustering techniques.

7. Conclusion

In this paper, we have proposed a new method for LP/LPs
detection and noisy/missed characters extraction due to the
presence of noise between LP characters and LP border. The
proposed method’s performance is evaluated on media-lab
and AOLP benchmark LP data sets and reported success
rates of 97.3% and 93.7%, respectively, which are shown in
performance comparison Table 2. The average success rate
of the proposed approach (94.66%) is more as compared to
SCW (89.09%) and AOLP (92.72%) approaches using both
benchmark LP data sets which are shown in Table 3. The
proposed approach can detect multiple LPs in an image and
is not specific to any country; there is no restriction on the
number of characters present in the LPs, the number of lines
present in the LPs, and the size of the characters in each
line of the LP. As demonstrated in the results, the proposed
approach is less restrictive as compared with most of the
previously published work and it works for many countries
having different plate variations, under different environmen-
tal and weather conditions. The proposed approach fails to
identify the LP/LPs, if the LP characters are missed, due to

the presence of noise such as extremely dirty or blur or
characters of LP touches the LP border.
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In the machine learning based on kernel tricks, people often put one variable of a kernel function on the given samples to produce
the basic functions of a solution space of learning problem. If the collection of the given samples deviates from the data distribution,
the solution space spanned by these basic functions will also deviate from the real solution space of learning problem. In this paper
a multikernel-like learning algorithm based on data probability distribution (MKDPD) is proposed, in which the parameters of
a kernel function are locally adjusted according to the data probability distribution, and thus produces different kernel functions.
These different kernel functions will generate different Reproducing Kernel Hilbert Spaces (RKHS).The direct sum of the subspaces
of these RKHS constitutes the solution space of learning problem. Furthermore, based on the proposed MKDPD algorithm, a new
algorithm for labeling new coming data is proposed, in which the basic functions are retrained according to the new coming data,
while the coefficients of the retrained basic functions remained unchanged to label the new coming data. The experimental results
presented in this paper show the effectiveness of the proposed algorithms.

1. Introduction

(a) Data Spaces and Data Distributions. Let 𝑋 represent the
data and Ω the data space. In mathematics, the data 𝑋 can
be regarded as a random variable/vector/matrix defined on
the data space Ω. There will be different kinds of data on a
data space. For example, the data space Ω can be the one
consisting of all images of 512 × 512 pixels, while the data
𝑋𝑓 represents all face images of 512 × 512 pixels and the data
𝑋𝑙 represents all landscape images of 512×512 pixels; both of
them are defined on the data space Ω but subject to different
probability distributions.

If the data is regarded as a random variable, the samples
of data can be then regarded as the concrete realization of the
random variable. In machine learning, the samples of data
can be exploited to estimate the probability distribution of
data (the probabilistic modeling of data). There are a lots of
researches on the probabilistic modeling of data [1–3].

(b) Classification/Labels and Classifiers/Label Functions. The
classification of the data may be different when the data are

used in different applications. For example, let the data be the
face images. In the application of identification recognition,
the face images of the same person are all grouped into
the same class, even though the expressions and postures
of these face images may be different. However, in the
application of expression recognition, the face images of the
same expression are all grouped into the same class, even
though these face images belong to different persons.

The classifier of data is a machine indicating the class to
which a data point belongs. The classifiers of data are trained
with the data samples [4, 5]. The classes of data are also
called the labels of data and the classifiers of data are also
called the label functions of data. In this paper, we adopt the
terminology of labels and label functions of data.

(c) Kernel Tricks in Machine Learning. The applications of
kernel tricks in machine learning can be roughly divided into
two categories: the transformation of data spaces and the
construction of label functions. In the transformation of data
spaces, the kernel functions are used to transform data spaces
into other spaces where the data can be linearly separated.
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The famous Kernel PCA [6] and kernel Fisher discriminant
(KFD) [7] belong to this category. In the construction of
label functions, the kernel functions are used to serve as
the basic functions of label functions. The famous manifold
regularization learning [8, 9] belongs to this category. In this
paper we address the problems involved in the construction
of label functions.

In the construction of label functions, the label functions
are expressed as 𝑓(𝑥) = ∑

𝑏+𝑢
𝑖=1 𝛼𝑖𝑘(𝑥, 𝑥𝑖), where 𝑘(𝑥, V)

represents a kernel function, {𝑥1 ⋅ ⋅ ⋅ 𝑥𝑏} the labeled samples,
and {𝑥𝑏+1 ⋅ ⋅ ⋅ 𝑥𝑏+𝑢} the unlabeled samples. The coefficients
�⃗� = [𝛼1 ⋅ ⋅ ⋅ 𝛼𝑏+𝑢] can be derived from solving the following
learning problem:

�⃗�
∗
= arg min
𝑓∈𝐻𝑋

𝑏

∑

𝑖=1

𝑉 (𝑦𝑖, 𝑓 (𝑥𝑖)) + 𝜅
𝑓


2

𝐻𝑋

= arg min
�⃗�∈𝑅𝑏+𝑢

𝑏

∑

𝑖=1

𝑉(𝑦𝑖,

𝑏+𝑢

∑

𝑗=1

𝛼𝑖𝑘 (𝑥𝑖, 𝑥𝑗)) + 𝜅�⃗�
𝑇
𝐾𝑋�⃗�.

(1)

In the above equation, 𝐻𝑋 = span{𝑘(𝑥, 𝑥𝑖) | 𝑖 = 1, . . .,
𝑏 + 𝑢} represents the solution space of the learning prob-
lem; {𝑦1 ⋅ ⋅ ⋅ 𝑦𝑏} represents the labels of the labeled samples
{𝑥1 ⋅ ⋅ ⋅ 𝑥𝑏};

𝐾𝑋 =

[
[
[
[

[

𝑘 (𝑥1, 𝑥1) ⋅ ⋅ ⋅ 𝑘 (𝑥1, 𝑥𝑏+𝑢)

.

.

. d
.
.
.

𝑘 (𝑥𝑏+𝑢, 𝑥1) ⋅ ⋅ ⋅ 𝑘 (𝑥𝑏+𝑢, 𝑥𝑏+𝑢)

]
]
]
]

]

(2)

represents the kernel matrix; and 𝑉(𝑦𝑖, 𝑓(𝑥𝑖)) represents the
cost function. We want to find a label function 𝑓(𝑥) which
will make the cost as small as possible.

There are two kinds of properties about the data. The
first kind of properties is the natural properties of data.
The probability distributions of data are the examples of
natural properties of data. The second kind of properties
is the semantic properties of data. The data labels are the
examples of semantic properties of data. It is clear that,
in the framework of learning problem shown in (1), the
semantic properties hidden in the data labels have been
fully utilized, while the natural properties hidden in data
probability distributions seem not to be deeply exploited. At
present, the usual way to learn more information other than
the data labels is to add various regularization terms to the
cost function. For example, in the manifold regularization
learning [8–11], amanifold regularization term is added to the
cost function:

𝑓
∗
= arg min
𝑓∈𝐻𝑋

𝑏

∑

𝑖=1

𝑉 (𝑦𝑖, 𝑓 (𝑥𝑖)) + 𝜅
𝑓


2

𝐻𝑋
+ 𝜆

𝑓


2

𝑀 ,
(3)

where ‖𝑓‖2𝑀 = �⃗�
𝑇

𝑋𝐿𝑋�⃗�𝑋 is the so-called manifold regular-
ization term, in which �⃗�𝑋 = [𝑓(𝑥1) ⋅ ⋅ ⋅ 𝑓(𝑥𝑏+𝑢)] and 𝐿𝑋 is
the Laplacianmatrix reflecting the adjacency relations of data
samples [12].

However, the addition of too many regularization terms
to the cost function will make the learning problem com-
plicated and difficult to solve. In this paper, rather than

adding regularization terms, an alternative way to exploit
the data probability distribution in the learning problem is
proposed. For the convenience of description, let us denote
the kernel function as 𝑘(𝑥, 𝑧 | 𝜃), where 𝜃 represents the
parameter of the kernel function. In the proposed algorithm,
the parameters of the basic functions 𝑘(𝑥, 𝑥𝑖 | 𝜃𝑖) are adjusted
based on the data distribution sample-by-sample; that is, 𝜃𝑖 =
𝜃(𝑝(𝑥𝑖)), where 𝑝(𝑥) is the probability distribution of data,
𝑖 = 1, . . . , 𝑏+𝑢.These basic functions are then used to span the
solution space of the learning problem: 𝐻𝐷 = span{𝑘(𝑥, 𝑥𝑖 |
𝜃𝑖) | 𝑖 = 1, . . . , 𝑏+𝑢}. It is clear that the probability distribution
of data is integrated into the basic functions.

According to the theory of kernel functions, if 𝜃𝑖 ̸=

𝜃𝑗, then 𝑘(𝑥, 𝑧 | 𝜃𝑖) and 𝑘(𝑥, 𝑧 | 𝜃𝑗) are two different
kernel functions and will generate two different RKHS. Now
let 𝐻𝑖 denote the RKHS generated by the kernel function
𝑘(𝑥, 𝑧 | 𝜃𝑖), 𝑖 = 1, . . . , 𝑏 + 𝑢; then, theoretically speaking,
the solution space 𝐻𝐷 can be regarded as a subspace of the
direct sum space 𝐻1 ⊕ ⋅ ⋅ ⋅ ⊕ 𝐻𝑏+𝑢. Therefore, the proposed
algorithm can be regarded as a kind of multikernel learning
algorithm, but quite different from the commonly used
multikernel learning algorithm [13–16].Therefore, we call the
proposed algorithm the multikernel-like learning algorithm
based on data probability distribution, referred to asMKDPD
algorithm.

How to label the new coming data (the out-of-samples) 𝑥
is the key topic in machine learning [12, 17, 18]. There are two
extreme algorithms. One algorithm uses the original label
function𝑓old to label the new coming data 𝑥; that is, the labels
of the new coming data 𝑥 are given by 𝑓old(𝑥). This algorithm
is best in efficiency, but worst in accuracy. Another algorithm
regards the new coming data 𝑥 as the unlabeled samples
and mixes the new coming data 𝑥 with the original samples
to retrain a new label function 𝑓new. The labels of the new
coming data 𝑥 are then given by𝑓new(𝑥).This latter algorithm
is best in accuracy, but worst in efficiency. Various algorithms
for labeling new coming data are the trade-off between these
two extreme algorithms. In the proposedMKDPD algorithm,
there are two learning processes. In the first learning process,
the basic functions of label function are trained. In the second
learning process, the weights of basic functions in the label
function are solved. Accordingly, a new algorithm for labeling
the new coming data is proposed. In the proposed algorithm,
the new coming data will be exploited in the first learning
process to retrain the basic functions, but the weights of
basic functions remained unchanged and combined with
the retrained basic functions to label new coming data.
The proposed labeling algorithm achieves a better trade-off
between the computational efficiency and accuracy.

The rest of the paper is arranged as follows: in Section 2,
the literatures related to our work are reviewed briefly. In
Section 3, the main theories of kernel functions and RKHS
are introduced. In Section 4, the MKDPD algorithm is pro-
posed. In Section 5, anMKDPD-based algorithm for labeling
new coming data is proposed. In Section 6, the experimental
results on toy and real-world data are presented to show the
performance of the MKDPD algorithms. In Section 7, some
conclusions are presented for reference.
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2. Related Works

Learning from the given data is the main process to machine
learning. So how to fully make use of the given samples
is the key to the successful learning. In general, supervised
learning has sufficient labeled samples and these kinds of
algorithms are suitable for classification problems, such as
the representative linear discriminant analysis (LDA) [19]
and KFD [7]. In practice, a large number of samples are
unlabeled, only a small number of samples are labeled. In
this case, supervised learning algorithms do not effectively
make use of the information hidden in unlabeled samples.
To tackle the issue, semisupervised learning [18] is proposed
and a wide range of semisupervised learning algorithms have
been proposed and widely applied in many areas of machine
learning.

In recent years, the study of semisupervised learning is
not limited to the simple introduction of unlabeled data.
Many researchers pay attention to exploit the intrinsic geom-
etry of data and introduce the kernel learning to semisu-
pervised methods. For example, manifold regularization
learning proposed by Belkin et al. [8] exploits the underlying
data structure by adding amanifold regular term to a general-
purpose learner. And following it, a serious of algorithms
are proposed. Sindhwani et al. [20] proposed a linear MR
(LMR) algorithm, in which a global linear mapping between
the samples and their labels is constructed for labeling novel
samples. Inspired by Gaussian fields and harmonic functions
(GFHF) [21], local and global consistency (LGC) [22], and
LMR [20], Nie et al. [23] extended LMR algorithm to flexible
manifold embedding algorithm (FMA). FMA relaxes the
hard linear constraint in LMR by adding a flexible regression
residue. Geng et al. [10] proposed the ensemble manifold reg-
ularization (EMR) to deal with the aforementioned problems
by learning an optimal graph Laplacian based on a set of given
candidate graph Laplacian. With the spare assumption, Fan
et al. [24] replaced the manifold regularizer with a sparse
regularizer under the MR framework. Luo et al. [11] applied
MR framework to solve the problem of multilabel image
classification by learning a discriminative subspace.

Introducing kernel trick to semisupervised learning
methods is an important progress in machine learning. The
kernel function [17] is either used to map input sample
into a high dimensional kernel space for learning problem
nonlinearization, or used to span a RKHS for the learning
of label function. Take the MR learning as example, the label
function (classifier function) inMR is a linear combination of
single kernel function on labeled and unlabeled samples and
the performance of MR algorithms strongly depends on this
label function.

The theory of RKHS plays an important role in kernel
methods and RKHS has found a wide range of applications
such as minimum variance unbiased estimation of regression
coefficients, least squares estimation of random variables,
detection of signals in Gaussian noise, problems in optimal
approximation [25]. Some RKHS-based learning algorithms
appearing recently find applications to online learning with
the problem of classification or regression [26–28], while
others find applications to the classification of hyperspectral

images [29, 30]. Gurram and Kwon [29] achieved the weights
for SVM separating hyperplanes by combining both local
spectral and spatial information. Gu et al. [30] introduced
the conception of Multiple-Kernel Hilbert Space (MKHS)
to analyze spectral unmixing problems, and the resultant
algorithm performs well in solving nonlinear problems.

In theory, RKHS can be generated with some specific
functions called kernel functions such asGaussian, Laplacian,
and polynomial [31]. Modifying kernel functions is a way of
improving the performance of kernel methods; for example,
Wu and Amari [32] extended conformal transformation of
kernel functions to improve the performance of Support
Vector Machine classifiers, Gurram and Kwon [33] defined a
new inner product to warp the RKHS structure to reflect the
intrinsic geometry of the given samples, and the literatures
[33, 34] obtained the best kernel parameters by calculating the
derivatives of objective functions.The application of multiple
kernels is hot topic in kernel methods and multikernel
learning (MKL) [35] is a successful method, which enhances
the interpretability of the classifier with a combination of base
kernels and improves the performances of kernel methods.
MKL algorithms have been widely investigated [13–16, 35–
37] and the reviews of MKL algorithms can be found in
[13, 14]. MKL offers a feasible scheme to ensemble multiple
kernels, but high computational cost raised by optimization
procedure is a bad limitation when it is used to process large-
scale data and a number of kernels. Therefore, one main
research direction inMKL is how to effectively solve theMKL
problem. Lots of MKL algorithms have been proposed; for
example, SimpleMKL [36] proposed by Rakotomamonjy et
al. is one of the state-of-the-art algorithms used to solveMKL
problem which is addressed by a simple subgradient descent
method. However, theMKL task is still challenging because it
must on one hand learn an optimal combination of multiple
kernels and determine the optimal classifier in each iteration
and on the other hand make sure that the two optimization
procedures are feasible.

3. RKHS and Its Application to
Machine Learning

3.1. RKHS. In machine learning RKHS are often used as the
solution spaces of learning problems.The definition of RKHS
is as follows.

Definition 1. Let𝐻 = (𝑆(Ω), ⟨⋅, ⋅⟩) be a Hilbert space; if there
is a function 𝑘 : Ω × Ω → 𝑅, such that

(a) ∀V ∈ Ω, 𝑘(𝑥, V) = 𝑘V(𝑥) ∈ 𝑆(Ω);
(b) ∀𝑓 ∈ 𝑆(Ω), 𝑓(𝑥) = ⟨𝑓, 𝑘𝑥⟩ = ⟨𝑓(⋅), 𝑘(⋅, 𝑥)⟩,

then, 𝐻 is said to be a Reproducing Kernel Hilbert Space
(RKHS) and the function 𝑘(𝑥, 𝑧) is called the reproducing
kernel of𝐻.

Note that in𝐻 = (𝑆(Ω), ⟨⋅, ⋅⟩),Ω is a data space, 𝑆(Ω) is a
linear space of functions defined on the data spaceΩ, and ⟨⋅, ⋅⟩
is an inner product defined on 𝑆(Ω). According to the theory
of RKHS, RKHS can be generated from a kernel function.The
kernel function is defined as follows.
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Definition 2. Let 𝑘 : Ω × Ω → 𝑅 be a function such that

(a) symmetric: ∀𝑥, V ∈ Ω, 𝑘(𝑥, V) = 𝑘(V, 𝑥);
(b) positive definite: for all the positive integer 𝑛 and all

data V1, . . . , V𝑛 ∈ Ω, the following matrix 𝐾 ∈ 𝑅
𝑛×𝑛 is

positive definite:

[
[
[
[

[

𝑘 (V1, V1) ⋅ ⋅ ⋅ 𝑘 (V1, V𝑛)
.
.
. d

.

.

.

𝑘 (V𝑛, V1) ⋅ ⋅ ⋅ 𝑘 (V𝑛, V𝑛)

]
]
]
]

]

; (4)

then the function 𝑘(𝑥, V) is called a kernel function.

A kernel function 𝑘(𝑥, V) can be used to generate a RKHS
such that the kernel function is the reproducing kernel of
RKHS. The generating procedure is as follows.

First, a linear space can be generated from the kernel
function 𝑘(𝑥, V),

𝑆𝑘 (Ω) = span {𝑘V (𝑥) | 𝑘V (𝑥) = 𝑘 (𝑥, V) , V ∈ Ω}

= {𝑓 (𝑥) | 𝑓 (𝑥) =

𝑛

∑

𝑖=1

𝛼𝑖𝑘 (𝑥, V𝑖) , 𝛼𝑖 ∈ 𝑅, V𝑖 ∈ Ω, 𝑖

= 1, . . . , 𝑛, 𝑛 ∈ 𝑁} ,

(5)

where𝑁 is the set of all positive integers.
Second, an inner product ⟨⋅, ⋅⟩𝑘 is defined on 𝑆𝑘(Ω); that

is, for all𝑓, 𝑔 ∈ 𝑆𝑘(Ω), since𝑓(𝑥) = ∑
𝑛
𝑖=1 𝛼𝑖𝑘(𝑥, V𝑖) and𝑔(𝑥) =

∑
𝑛
𝑗=1 𝛽𝑗𝑘(𝑥, 𝑢𝑗), the inner product of 𝑓 and 𝑔 is then defined

as

⟨𝑓, 𝑔⟩𝑘 =

𝑛

∑

𝑖=1

𝑛

∑

𝑗=1

𝛼𝑖𝛽𝑗𝑘 (V𝑖, 𝑢𝑗) . (6)

It is easy to prove that the definition of ⟨⋅, ⋅⟩𝑘 meets the
requirements of the inner product and, therefore, 𝐻𝑘 =

(𝑆𝑘(Ω), ⟨⋅, ⋅⟩𝑘) is an inner product space.
It is worth noting that for all 𝑓 ∈ 𝑆𝑘(Ω), since 𝑓(𝑥) =

∑
𝑛
𝑖=1 𝛼𝑖𝑘(𝑥, V𝑖)

⟨𝑓 (⋅) , 𝑘 (⋅, 𝑥)⟩𝑘 = ⟨

𝑛

∑

𝑖=1

𝛼𝑖𝑘 (⋅, V𝑖) , 𝑘 (⋅, 𝑥)⟩
𝑘

=

𝑛

∑

𝑖=1

𝛼𝑖 ⟨𝑘 (⋅, V𝑖) , 𝑘 (⋅, 𝑥)⟩𝑘

=

𝑛

∑

𝑖=1

𝛼𝑖𝑘 (𝑥, V𝑖) = 𝑓 (𝑥) .

(7)

That is to say, the functions in the inner space𝐻𝑘 can be
reproduced with the kernel function 𝑘(𝑥, V).

Third, the inner space 𝐻𝑘 can be completed if it is not
completed. The completion of 𝐻𝑘, denoted by 𝐻𝑘, is then
a RKHS and the kernel function 𝑘(𝑥, V) is the reproducing
kernel of𝐻𝑘. By the way, it can be seen from the completion
that the inner space𝐻𝑘 is dense in the RKHS𝐻𝑘.

3.2. Solution Spaces of Machine Learning Problems. In prac-
tice, it is impossible to take the space𝐻𝑘 as the solution space
of learning problem because it is infinite-dimensional. It is
reasonable to require that the solution space be both finite-
dimensional and sample-dependent. Thus, for the given
samples {𝑥1, . . . , 𝑥𝑏, 𝑥𝑏+1, . . . , 𝑥𝑏+𝑢}, a linear space can be
generated as follows:

𝑆𝑋 (Ω) = span {𝑘 (𝑥, 𝑥𝑖) | 𝑖 = 1, . . . , 𝑏 + 𝑢}

= {

𝑏+𝑢

∑

𝑖=1

𝛼𝑖𝑘 (𝑥, 𝑥𝑖) | 𝛼𝑖 ∈ 𝑅, 𝑖 = 1, . . . , 𝑏 + 𝑢} .

(8)

It is clear that 𝑆𝑋(Ω) is both finite-dimensional and sample-
dependent. Furthermore, 𝑆𝑋(Ω) is exactly a subspace of
𝑆𝑘(Ω) and therefore𝐻𝑋 = (𝑆𝑋(Ω), ⟨⋅, ⋅⟩𝑘) is a subspace of𝐻𝑘.
Since𝐻𝑋 is finite-dimensional, then it is complete; that is,𝐻𝑋
is a Hilbert space. However,𝐻𝑋 is no longer a RKHS.

For all functions 𝑓, 𝑔 ∈ 𝑆𝑋(Ω), since 𝑓(𝑥) =

∑
𝑏+𝑢
𝑖=1 𝛼𝑖𝑘(𝑥, 𝑥𝑖) and 𝑔(𝑥) = ∑

𝑏+𝑢
𝑖=1 𝛽𝑖𝑘(𝑥, 𝑥𝑖), then, according

to (6), we have

⟨𝑓, 𝑔⟩𝑘 =

𝑏+𝑢

∑

𝑖=1

𝑏+𝑢

∑

𝑗=1

𝛼𝑖𝛽𝑗𝑘 (𝑥𝑖, 𝑥𝑗) = �⃗�
𝑇
𝐾𝑋�⃗�, (9)

where �⃗� = [𝛼1 ⋅ ⋅ ⋅ 𝛼𝑏+𝑢]
𝑇, �⃗� = [𝛽1 ⋅ ⋅ ⋅ 𝛽𝑏+𝑢]

𝑇, and

𝐾𝑋 =

[
[
[
[

[

𝑘 (𝑥1, 𝑥1) ⋅ ⋅ ⋅ 𝑘 (𝑥1, 𝑥𝑏+𝑢)

.

.

. d
.
.
.

𝑘 (𝑥𝑏+𝑢, 𝑥1) ⋅ ⋅ ⋅ 𝑘 (𝑥𝑏+𝑢, 𝑥𝑏+𝑢)

]
]
]
]

]

. (10)

Since the matrix 𝐾𝑋 is symmetric and positive definite,
the inner product on 𝑆𝑋(Ω) can be defined by itself, not
necessarily inherited from ⟨⋅, ⋅⟩𝑘. In fact, for all 𝑓, 𝑔 ∈ 𝑆𝑋(Ω),
the inner product can be defined as

⟨𝑓, 𝑔⟩𝑋 = �⃗�
𝑇
𝐾𝑋�⃗�. (11)

It can be easily proven that the definition of ⟨⋅, ⋅⟩𝑋 meets
the requirements of inner product and therefore 𝐻𝑋 =

(𝑆𝑋(Ω), ⟨⋅, ⋅⟩𝑋) is an inner space. Again, since 𝑆𝑋(Ω) is finite-
dimensional, 𝐻𝑋 is complete. In machine learning, it is the
space 𝐻𝑋 that is taken as the solution space of learning
problem.

4. A Multikernel-Like Learning
Algorithm Based on Data Probability
Distribution MKDPD

4.1. Motivation. As shown in (5), the space of label functions
is as follows:

𝑆𝑋 (Ω) = span {𝑘 (𝑥, 𝑥𝑖) | 𝑖 = 1, . . . , 𝑏 + 𝑢} . (12)

This means that the functions {𝑘(𝑥, 𝑥𝑖) | 𝑖 = 1, . . . , 𝑏 + 𝑢}

play the role of basic functions of 𝑆𝑋(Ω). Obviously, these
basic functions are only dependent on the locations of given
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samples and seem too simple to adapt to various probability
distributions of data. Take Gaussian kernel function 𝑘(𝑢, V) =
exp−‖𝑢−V‖

2/2𝜎2 as an example, the basic functions {𝑘(𝑥, 𝑥𝑖) |
𝑖 = 1, . . . , 𝑏 + 𝑢} generated from Gaussian kernel function
are identical with each other, only different in the locations
of data space. A basic function can be derived from another
basic function only by translation in the data spaceΩ. In fact,
if 𝑖 ̸= 𝑗, then

𝑘𝑖 (𝑥 − 𝑥𝑗 + 𝑥𝑖) = exp−‖𝑥−𝑥𝑗+𝑥𝑖−𝑥𝑖‖
2/2𝜎2

= 𝑘 (𝑥, 𝑥𝑗)

= 𝑘𝑗 (𝑥) .

(13)

Furthermore, since 𝑓(𝑥) = ∑𝑏+𝑢𝑖=1 𝛼𝑖𝑘(𝑥, 𝑥𝑖), then for all 𝑥 ∈ Ω
with𝑝(𝑥) ̸= 0,𝑓(𝑥) should give the label of𝑥.Thismeans that
sup𝑝(𝑝) ⊆ ∪𝑏+𝑢𝑖=1 sup𝑝(𝑘(⋅, 𝑥𝑖)), where sup𝑝(𝑝) is the support
of 𝑝(𝑥) and sup𝑝(𝑘(⋅, 𝑥𝑖)) is the support of 𝑘(𝑥, 𝑥𝑖); that is,

sup𝑝 (𝑝) = {𝑥 | 𝑥 ∈ Ω, 𝑝 (𝑥) ̸= 0} ,

sup𝑝 (𝑘 (⋅, 𝑥𝑖)) = {𝑥 | 𝑥 ∈ Ω, 𝑘 (𝑥, 𝑥𝑖) ̸= 0} .

(14)

If the relation sup𝑝(𝑝) ⊆ ∪
𝑏+𝑢
𝑖=1 sup𝑝(𝑘(⋅, 𝑥𝑖)) is not true,

there would be 𝑥 ∈ Ω such that 𝑝(𝑥) ̸= 0, but 𝑓(𝑥) =
∑
𝑏+𝑢
𝑖=1 𝛼𝑖𝑘(𝑥, 𝑥𝑖) = 0; that is, 𝑓(𝑥) cannot give the label of 𝑥.
However, the union ∪𝑏+𝑢𝑖=1 sup𝑝(𝑘(⋅, 𝑥𝑖)) is dependent on

the locations of the given data samples {𝑥1 ⋅ ⋅ ⋅ 𝑥𝑏+𝑢}, not
dependent on the data probability distribution 𝑝(𝑥). In
practice, kernel functions are often compactly supported and
the data are not evenly distributed over the data space. In
these cases, label function 𝑓(𝑥) will be overfitted in the areas
where too many data samples are collected, or underfitted in
the areas where there are too few data samples collected, or
not fitted at all in the area where the union∪𝑏+𝑢𝑖=1 sup𝑝(𝑘(⋅, 𝑥𝑖))
fails to cover.

Based on the above considerations, a learning algorithm
based on the data probability distribution is proposed in
this paper. In the proposed algorithm, the union is not only
dependent on the locations of the given samples, but also
dependent on the data probability distribution.

4.2. Construction of Solution Spaces. For the convenience
of description, let 𝑘(𝑥, V | 𝜃) denote the kernel function,
where 𝜃 represents the parameter of the kernel function.
Thus, for the given data samples {𝑥1 ⋅ ⋅ ⋅ 𝑥𝑏+𝑢} and data
probability distribution 𝑝(𝑥), the basic functions of solution
space generated from the kernel function 𝑘(𝑥, V | 𝜃) are
expressed as 𝑘(𝑥, 𝑥𝑖 | 𝜃𝑖), where 𝜃𝑖 = 𝜃𝑝(𝑖), 𝑖 = 1 ⋅ ⋅ ⋅ 𝑏 + 𝑢.

With these basic functions, we can span a linear space
𝑆𝐷(Ω) as follows:

𝑆𝐷 (Ω) = span {𝑘 (𝑥, 𝑥𝑖 | 𝜃𝑖) | 𝑖 = 1, . . . , 𝑏 + 𝑢}

= {

𝑏+𝑢

∑

𝑖=1

𝛼𝑖𝑘 (𝑥, 𝑥𝑖 | 𝜃𝑖) | 𝑖 = 1, . . . , 𝑏 + 𝑢} .

(15)

It is clear that 𝑆𝐷(Ω) is a finite-dimensional linear space.
Further, in order to define an inner product on 𝑆𝐷(Ω), we
need to define a symmetric and positive definite matrix first:

𝑀𝐷 = 𝐾
𝑇
𝐷𝐾𝐷 + 𝜌𝐼,

(16)

where 𝜌, 𝐼 ∈ 𝑅(𝑏+𝑢)×(𝑏+𝑢) is a unit matrix and

𝐾𝐷 =

[
[
[
[

[

𝑘 (𝑥1, 𝑥1 | 𝜃1) ⋅ ⋅ ⋅ 𝑘 (𝑥1, 𝑥𝑏+𝑢 | 𝜃𝑏+𝑢)

.

.

. d
.
.
.

𝑘 (𝑥𝑏+𝑢, 𝑥1 | 𝜃1) ⋅ ⋅ ⋅ 𝑘 (𝑥𝑏+𝑢, 𝑥𝑏+𝑢 | 𝜃𝑏+𝑢)

]
]
]
]

]

. (17)

Note that, since 𝑘(𝑥𝑖, 𝑥𝑗 | 𝜃𝑗) ̸= 𝑘(𝑥𝑗, 𝑥𝑖 | 𝜃𝑖), 𝑖 ̸= 𝑗,
𝐾𝐷 is not symmetric and positive definite. However, 𝑀𝐷 is
symmetric and definite positive and can be used to define an
inner product ⟨⋅, ⋅⟩𝐷 on 𝑆𝐷(Ω): for all 𝑓, 𝑔 ∈ 𝑆𝐷(Ω), since
𝑓(𝑥) = ∑

𝑏+𝑢
𝑖=1 𝛼𝑖𝑘(𝑥, 𝑥𝑖 | 𝜃𝑖) and 𝑔(𝑥) = ∑

𝑏+𝑢
𝑗=1 𝛽𝑗𝑘(𝑥, 𝑥𝑗 | 𝜃𝑗),

then

⟨𝑓, 𝑔⟩𝐷 = �⃗�
𝑇
𝑀𝐷�⃗�, (18)

where �⃗� = [𝛼1 ⋅ ⋅ ⋅ 𝛼𝑏+𝑢]
𝑇, �⃗� = [𝛽1 ⋅ ⋅ ⋅ 𝛽𝑏+𝑢]

𝑇.
It can be easily proven that ⟨⋅, ⋅⟩𝐷meets the requirements

of inner product and therefore 𝐻𝐷 = (𝑆𝐷(Ω), ⟨⋅, ⋅⟩𝐷) is
an inner product space. Furthermore, since 𝑆𝐷(Ω) is finite-
dimensional, 𝐻𝐷 is then complete; that is, 𝐻𝐷 is a Hilbert
space. However, it is worth noting that𝐻𝐷 is neither a RKHS,
nor a subspace of𝐻𝑘. Recall that although𝐻𝑋 is not RKHS,
𝐻𝑋 is a subspace of𝐻𝑘.

In the proposed algorithm, 𝐻𝐷 is taken as the solution
space of learning problem:

𝑓
∗
= arg min
𝑓∈𝐻𝐷

𝑏

∑

𝑖=1

𝑉 (𝑦𝑖, 𝑓 (𝑥𝑖)) + 𝜅
𝑓


2

𝐻𝐷
+ 𝜆

𝑓


2

𝑀 .
(19)

Below we explain the rationality of the definition ⟨⋅, ⋅⟩𝐷:

(1) If ⟨⋅, ⋅⟩𝐷 is an inner product of 𝑆𝐷(Ω), according to
the linearity of inner product, for all 𝑓, 𝑔 ∈ 𝑆𝐷(Ω), we
have

⟨𝑓, 𝑔⟩ = ⟨

𝑏+𝑢

∑

𝑖=1

𝛼𝑖𝑘 (⋅, 𝑥𝑖 | 𝜃𝑖) ,

𝑏+𝑢

∑

𝑗=1

𝛽𝑗𝑘 (⋅, 𝑥𝑗 | 𝜃𝑗)⟩

=

𝑏+𝑢

∑

𝑖=1

𝑏+𝑢

∑

𝑗=1

𝛼𝑖𝛽𝑗 ⟨𝑘 (⋅, 𝑥𝑖 | 𝜃𝑖) , 𝑘 (⋅, 𝑥𝑗 | 𝜃𝑗)⟩ .

(20)

Usually, the inner product of functional space is
often defined as the integral of product of functions;
therefore we have

⟨𝑘 (⋅, 𝑥𝑖 | 𝜃𝑖) , 𝑘 (⋅, 𝑥𝑗 | 𝜃𝑗)⟩

= ∫
Ω
𝑘 (𝑥, 𝑥𝑖 | 𝜃𝑖) 𝑘 (𝑥, 𝑥𝑗 | 𝜃𝑗) 𝑑𝑥

≈

𝑏+𝑢

∑

ℎ=1

𝑘 (𝑥ℎ, 𝑥𝑖 | 𝜃𝑖) 𝑘 (𝑥ℎ, 𝑥𝑗 | 𝜃𝑗) .

(21)
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Substituting (21) into (20) gives

⟨𝑓, 𝑔⟩ ≈

𝑏+𝑢

∑

𝑖=1

𝑏+𝑢

∑

𝑗=1

𝑏+𝑢

∑

ℎ=1

𝛼𝑖𝛽𝑗𝑘 (𝑥ℎ, 𝑥𝑖 | 𝜃𝑖) 𝑘𝑗 (𝑥ℎ, 𝑥𝑗 | 𝜃𝑗)

= �⃗�
𝑇
𝐾
𝑇
𝐷𝐾𝐷�⃗�.

(22)

However the matrix 𝐾𝑇𝐷𝐾𝐷 is only positive semidef-
inite and cannot be used to define an inner product.
This problem can be easily solved by adding a regu-
larization term 𝜌𝐼, where 𝐼 ∈ 𝑅(𝑏+𝑢)×(𝑏+𝑢) is the unit
matrix and 𝜌 is the regularization parameter:𝑀𝐷 =
𝐾
𝑇
𝐷𝐾𝐷 + 𝜌𝐼.

The matrix 𝑀D is now symmetric and positive def-
inite and can be used to define an inner product on
𝑆𝐷(Ω):

⟨𝑓, 𝑔⟩𝐷 = �⃗�
𝑇
𝑀𝐷�⃗� = �⃗�

𝑇
𝐾
𝑇
𝐷𝐾𝐷�⃗� + 𝜌�⃗�

𝑇
�⃗�

≈ �⃗�
𝑇
𝐾
𝑇
𝐷𝐾𝐷�⃗� = ⟨𝑓, 𝑔⟩ .

(23)

The regularization parameter 𝜌 can also alleviate the
ill-condition of the matrix 𝐾𝑇𝐷𝐾𝐷 and reduce the
error stemming from the substitution of integral with
summation in (29).

(2) If the data probability distribution 𝑝(𝑥) is uniform,
that is, 𝑝(𝑥) is constant on the support sup𝑝(𝑝), then
𝜃𝑖 = 𝜃(𝑝(𝑥𝑖)), 𝑖 = 1, . . . , 𝑏 + 𝑢. In this case, we have

⟨𝑘 (⋅, 𝑥𝑖 | 𝜃𝑖) , 𝑘 (⋅, 𝑥𝑗 | 𝜃𝑗)⟩ = 𝑘 (𝑥𝑖, 𝑥𝑗 | 𝜃) , (24)

⟨𝑓, 𝑔⟩ = ⟨𝑓, 𝑔⟩𝑋 . (25)

Combining (23) and (25)will give the following result:

⟨𝑓, 𝑔⟩𝐷 ≈ ⟨𝑓, 𝑔⟩ = ⟨𝑓, 𝑔⟩𝑋 . (26)

This means that if the parameter 𝜃 of the kernel
function 𝑘(𝑥, 𝑥𝑖 | 𝜃) does not adjuste sample by
sample, then𝐻𝐷 = 𝐻𝑋.

4.3. Analytic Solutions to Learning Problems

4.3.1. Analytic Solutions to Two-Class Learning Problems. In
the proposed algorithm, the Hilbert space𝐻𝐷 is taken as the
solution space of learning problems. Then for all 𝑓 ∈ 𝐻𝐷,
𝑓(𝑥) = ∑

𝑏+𝑢
𝑖=1 𝛼𝑖𝑘(𝑥, 𝑥𝑖 | 𝜃𝑖), we have

�⃗�𝐷 = [𝑓 (𝑥1) ⋅ ⋅ ⋅ 𝑓 (𝑥𝑏+𝑢)]
𝑇
= 𝐾𝐷�⃗�, (27)

‖𝑓‖
2
𝐷 = �⃗�

𝑇
𝑀�⃗�, ‖𝑓‖2𝑀 = �⃗�

𝑇
𝐾
𝑇
𝐷𝐿𝑋𝐾𝐷�⃗�. Based on the

above results, the problem shown in (19) can be simplified as
follows:

�⃗�
∗
= arg min
�⃗�∈𝑅𝑏+𝑢

{

𝑏

∑

𝑖=1

𝑉(𝑦𝑖,

𝑏+𝑢

∑

𝑖=1

𝛼𝑖𝑘 (𝑥𝑖, 𝑥𝑗 | 𝜃𝑗))

+ �⃗�
𝑇
(𝜅𝑀𝐷 + 𝜆𝐾

𝑇
𝐷𝐿𝑋𝐾𝐷) �⃗�} .

(28)

Furthermore, if the cost function 𝑉(𝑦, 𝑓(𝑥)) is set to be the
square error function, that is, 𝑉(𝑦, 𝑓(𝑥)) = (𝑦 − 𝑓(𝑥))2, we
have

�⃗�
∗
= arg min
�⃗�∈𝑅𝑏+𝑢

�⃗�
𝑇
�⃗� − 2�⃗�

𝑇
𝑆𝐾𝐷�⃗�

+ �⃗�
𝑇
(𝐾
𝑇
𝐷𝑆
𝑇
𝑆𝐾𝐷 + 𝜅𝑀𝐷 + 𝜆𝐾

𝑇
𝐷𝐿𝑋𝐾𝐷) �⃗�

= arg min
�⃗�∈𝑅𝑏+𝑢

�⃗�
𝑇
�⃗� − 2�⃗�

𝑇

𝐷�⃗� + �⃗�
𝑇
𝐴𝐷�⃗� = 𝐴

−1
𝐷 �⃗�𝐷,

(29)

where 𝑆 is the selection matrix, �⃗�𝐷 = 𝐾
𝑇
𝐷𝑆
𝑇
�⃗�, and 𝐴𝐷 =

𝐾
𝑇
𝐷𝑆
𝑇
𝑆𝐾𝐷 + 𝜅𝑀𝐷 + 𝜆𝐾

𝑇
𝐷𝐿𝑋𝐾𝐷. Note that the matrix 𝐴𝐷 is a

symmetric and positive definite matrix.

4.3.2. Analytic Solutions to Multiclass Learning Problems. In
principle, the deduction shown above is also suitable for the
multiclass learning problems. In fact, for the data sample 𝑥𝑖,
its label 𝑦𝑖 can take different values to indicate the different
classes to which the data sample 𝑥𝑖 belongs. However, in
practice, the different values of𝑦𝑖may be too close to facilitate
the optimization calculation. Therefore, for the multiclass
problems, we adopt another way to indicate the data labels.

For the data sample 𝑥𝑖, let its label �⃗�𝑖 be a 𝐶-dimensional
vector, where 𝐶 is the number of classes. If the data sample
𝑥𝑖 belongs to the 𝑐th class, then the 𝑐th component of �⃗�𝑖 is
set to be 1 while the other components of �⃗�𝑖 are set to zero,
where 𝑐 = 1, . . . , 𝐶. Furthermore, a label function 𝑓𝑐(𝑥) is set
to describe the probability that the data 𝑥 belongs to the 𝑐th
class. Based on these notations, themulticlass problem can be
expressed as follows:

𝑓
∗
= arg min

𝑓

𝑏

∑

𝑖=1

�⃗�𝑖 − �⃗�𝑖


2
+ 𝜅

𝐶

∑

𝑐=1


�⃗�𝑐



2

𝐻𝐷

+ 𝜆

𝐶

∑

𝑐=1

�⃗�𝑐

𝑇
𝐿𝑋�⃗�𝑐,

(30)

where
𝑓 = (𝑓1, . . . , 𝑓𝐶) ,

�⃗�𝑖 =

[
[
[
[

[

𝑓1 (𝑥𝑖)

.

.

.

𝑓𝐶 (𝑥𝑖)

]
]
]
]

]

,

�⃗�𝑐 =

[
[
[
[

[

𝑓𝑐 (𝑥1)

.

.

.

𝑓𝑐 (𝑥𝑙)

]
]
]
]

]

,

𝑖 = 1, . . . , 𝑙.

(31)

We first calculate the term ∑
𝐶
𝑐=1 ‖�⃗�𝑐‖

2
𝐻𝐷

. Since 𝑓𝑐(𝑥) ∈
𝑆𝐷(Ω), then 𝑓𝑐(𝑥) = ∑

𝑏+𝑢
𝑖=1 𝛼
𝑐
𝑖 𝑘(𝑥, 𝑥𝑖 | 𝜃𝑖) and

𝐶

∑

𝑐=1


�⃗�𝑐



2

𝐻𝐷
=

𝐶

∑

𝑐=1

�⃗�
𝑇
𝑐𝑀𝐷�⃗�𝑐 = Tr (𝐴𝑇𝑀𝐷𝐴) , (32)

where �⃗�𝑐 = [𝛼
𝑐
1, . . . , 𝛼

𝑐
𝑏+𝑢]
𝑇 and 𝐴 = [�⃗�1, . . . , �⃗�𝐶].
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Secondly, we calculate the term∑𝐶𝑐=1 �⃗�𝑐
𝑇
𝐿𝑋�⃗�𝑐. Since �⃗�𝑐 =

𝐾𝐷�⃗�𝑐 then

𝐶

∑

𝑐=1

�⃗�𝑐

𝑇
𝐿𝑋�⃗�𝑐 = trace (𝐴𝑇𝐾𝑇𝐷𝐿𝑋𝐾𝐷𝐴) . (33)

Thirdly, we calculate the term ∑
𝑏
𝑖=1 ‖�⃗�𝑖 − �⃗�𝑖‖

2. Let 𝑌 =

[�⃗�1, . . . , �⃗�𝑏], 𝐺 = [�⃗�1, . . . , �⃗�𝑏], and 𝐹 = [�⃗�1, . . . , �⃗�𝐶] = 𝐾𝐷𝐴;
then
𝑏

∑

𝑖=1

�⃗�𝑖 − �⃗�𝑖


2
= ‖𝑌 − 𝐺‖

2

= trace (𝑌𝑇𝑌 − 2𝑌𝑆𝐾𝐷𝐴 + 𝐴
𝑇
𝐾
𝑇
𝐷𝑆
𝑇
𝑆𝐾𝐷𝐴) .

(34)

Again, the matrix 𝑆 is a selection matrix such that 𝐺 = 𝐹𝑇𝑆𝑇.
At last, substituting (32), (33), and (34) into (30) will give

the following result:

𝐴
∗
= arg min
𝐴

trace (𝑌𝑌𝑇 − 2𝑌𝑆𝐾𝐷𝐴

+ 𝐴
𝑇
(𝐾
𝑇
𝐷𝑆
𝑇
𝐾𝐷 + 𝜅𝑀𝐷 + 𝜆𝐾

𝑇
𝐷𝐿𝐾𝐷)𝐴)

= (𝐾
𝑇
𝐷 (𝑆
𝑇
𝑆 + 𝜆𝐿 + 𝜅𝐼)𝐾𝐷 + 𝜌𝐼)

−1
𝐾
𝑇
𝐷𝑆
𝑇
𝑌
𝑇
.

(35)

4.4. The Framework of Multikernel-Like Learning Algorithms.
In the algorithm proposed in this paper, the label function
𝑓(𝑥) is set to be 𝑓(𝑥) = ∑

𝑏+𝑢
𝑖=1 𝛼𝑖𝑘(𝑥, 𝑥𝑖 | 𝜃𝑖), where the

parameter 𝜃𝑖 is adjusted according to the data probability
distribution 𝑝(𝑥) on the data sample 𝑥𝑖. In general, the data
probability distribution is not uniform and therefore the
parameter 𝜃𝑖 will be different sample by sample. As a result,
the functions 𝑘(𝑥, V | 𝜃1), . . . , 𝑘(𝑥, V | 𝜃𝑏+𝑢) are different
kernel functions and will produce different RKHS. In this
sense, the algorithmproposed in this paper can be regarded as
a kind of multikernel learning algorithms, but quite different
from the commonly used multikernel learning algorithm.

In the commonly used multikernel learning algorithms,
the multikernel function is a linear combination of multiple
basic kernel functions: 𝑘MK(𝑥, V) = ∑

𝑀
𝑗=1 𝛽𝑗𝑘𝑗(𝑥, V), where the

functions 𝑘1, . . . , 𝑘𝑀 are called basic kernel functions, while
the function 𝑘MK(𝑥, V) is called the multikernel function.
Since the basic kernel functions are symmetric and positive
definite, it can be easily proven that the multikernel function
is also symmetric and positive definite. Therefore the label
function 𝑓MK(𝑥) based on the multikernel function can be
expressed as

𝑓MK (𝑥) =
𝑏+𝑢

∑

𝑖=1

𝛼𝑖𝑘MK (𝑥, 𝑥𝑖) =
𝑏+𝑢

∑

𝑖=1

𝛼𝑖

𝑀

∑

𝑗=1

𝛽𝑗𝑘𝑗 (𝑥, 𝑥𝑖)

=

𝑏+𝑢

∑

𝑖=1

𝑀

∑

𝑗=1

𝛼𝑖𝛽𝑗𝑘𝑗 (𝑥, 𝑥𝑖) ,

(36)

where the coefficients 𝛼1, . . . , 𝛼𝑏+𝑢 and 𝛽1, . . . , 𝛽𝑀 are deter-
mined through machine learning.

If we follow the ideas of the commonly used multiker-
nel learning algorithms and regard the functions 𝑘(𝑥, V |

𝜃1), . . . , 𝑘(𝑥, V | 𝜃𝑏+𝑢) as the basic kernel functions, then the
multikernel function becomes 𝑘MK(𝑥, V) = ∑

𝑀
𝑗=1 𝛽𝑗𝑘(𝑥, V |

𝜃𝑗). Thus, according to (36), the label function 𝑓MK(𝑥) based
on the multikernel function becomes

𝑓MK (𝑥) =
𝑏+𝑢

∑

𝑖=1

𝛼𝑖𝑘MK (𝑥, 𝑥𝑖) =
𝑏+𝑢

∑

𝑖=1

𝛼𝑖

𝑀

∑

𝑗=1

𝛽𝑗𝑘 (𝑥, 𝑥𝑖 | 𝜃𝑗)

̸=

𝑏+𝑢

∑

𝑖=1

𝛼𝑖𝑘 (𝑥, 𝑥𝑖 | 𝜃𝑖) = 𝑓 (𝑥) .

(37)

It can be seen from (37) that, nomatter how to adjust the coef-
ficients 𝛽1, . . . , 𝛽𝑀, it is impossible to make 𝑓MK(𝑥) ̸= 𝑓(𝑥).
From the perspective of solution spaces, in the solution space
of 𝑓MK(𝑥), there are 𝑏 + 𝑢 functions 𝑘(𝑥, 𝑥𝑖 | 𝜃1), . . . , 𝑘(𝑥, 𝑥𝑖 |
𝜃𝑏+𝑢) around the data sample 𝑥𝑖, while in the solution space of
𝑓(𝑥), there is only one function 𝑘(𝑥, 𝑥𝑖 | 𝜃𝑖) around the data
sample 𝑥𝑖. Therefore the algorithm proposed in this paper is
quite different from the commonly usedmultikernel learning
algorithm.

Nevertheless, the algorithm proposed in this paper still
belongs to the realm of multikernel learning. As stated
above, the functions 𝑘(𝑥, 𝑥𝑖 | 𝜃1), . . . , 𝑘(𝑥, 𝑥𝑖 | 𝜃𝑏+𝑢) are
different kernel functions and can produce different RKHS:
𝐻1, . . . , 𝐻𝑏+𝑢. Now let 𝑉𝑖 = {𝛼𝑘(𝑥, 𝑥𝑖 | 𝜃𝑖) | 𝛼 ∈ 𝑅}, as
stated in Section 3.1; 𝑉𝑖 is then a 1-dimensional subspace of
𝐻𝑖. Furthermore, the direct sum of these subspaces turns out
to be

𝑉 = 𝑉1 ⊕ ⋅ ⋅ ⋅ ⊕ 𝑉𝑏+𝑢 = {

𝑏+𝑢

∑

𝑖=1

𝛼𝑖 (𝑥, 𝑥𝑖 | 𝜃𝑖) | 𝛼𝑖 ∈ 𝑅} . (38)

Obviously the direct sum of these subspaces is the solution
space𝐻𝐷.

Due to the fact that our algorithm is different from
the commonly used multikernel learning algorithm, but still
involved in multiple kernel functions, our algorithm is called
multikernel-like algorithm.

5. An MKDPD-Based Algorithm for Labeling
New Coming Data

5.1. Problems. How to label new coming data {𝑥new1 , . . . , 𝑥
new
𝑛 }

has been a hot topic in machine learning, where 𝑛 ≥

1 represents the number of new coming data. Generally
speaking, there are two extreme methods for labeling new
coming data: relearning methods and unlearning methods.

The relearning methods regard the new coming data as
unlabeled data samples and mixe them with the original data
samples to form new data samples: {𝑥1, . . . , 𝑥𝑏+𝑢, 𝑥𝑏+𝑢+1, . . .,
𝑥𝑏+𝑢+𝑛}, where 𝑥𝑏+𝑢+𝑗 = 𝑥

new
𝑗 , 𝑗 = 1, . . . , 𝑛. Based on these

new data samples, the methods relearn the new coefficients
{𝛼

new
1 , . . . , 𝛼

new
𝑏+𝑢+𝑛} of the label function 𝑓. The label of the

new coming data 𝑥
new
𝑗 is then given by 𝑓

re
MR(𝑥

new
𝑗 ) =

∑
𝑏+𝑢+𝑛
𝑖=1 𝛼

new
𝑖 𝑘(𝑥

new
𝑗 , 𝑥𝑖).
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The unlearning methods make use of the original coeffi-
cients {𝛼old1 , . . . , 𝛼

old
𝑏+𝑢} of label function𝑓 to label new coming

data: 𝑓un
MR(𝑥

new
𝑗 ) = ∑

𝑏+𝑢
𝑖=1 𝛼

old
𝑖 𝑘(𝑥

new
𝑗 , 𝑥𝑖).

Obviously, in terms of accuracy, the relearning methods
perform best, whiles the unlearning methods perform worst.
In terms of efficiency, the unlearning methods perform best,
while the relearning methods perform worst. For years the
researchers have been hovering between these two extreme
methods and try to find the trade-offs between accuracy and
efficiency.

5.2. A MKDPD-Based Algorithm for Labeling New Coming
Data. As stated in Section 4, there are two times of learning
in the MKDPD algorithm. In the first time of learning, the
MKDPD algorithm has to adjust the parameters of kernel
functions according to data probability distribution. In the
second time of learning, the MKDPD algorithm has to
determine the coefficients of label functions.Therefore, in the
framework of the MKDPD algorithm, there are at least three
ways to label new coming data:

(1) The MKDPD-based relearning method:
𝑓
re
MKDPD(𝑥

new
𝑗 ) = ∑

𝑏+𝑢+𝑛
𝑖=1 𝛼

new
𝑖 𝑘(𝑥

new
𝑗 , 𝑥𝑖 | 𝜃

new
𝑖 ), 𝑗 =

1, . . . , 𝑛. Obviously, the MKDPD-based relearning
method can achieve the best accuracy but perform
worst in efficiency because the MKDPD-based
relearning method has to calculate both the
parameters 𝜃new and coefficients 𝛼new.

(2) The MKDPD-based unlearning method:
𝑓
un
MKDPD(𝑥

new
𝑗 ) = ∑

𝑏+𝑢
𝑖=1 𝛼

old
𝑖 𝑘(𝑥

new
𝑗 , 𝑥𝑖 | 𝜃

old
𝑖 ).

Obviously, the MKDPD-based unlearning method
can achieve the best efficiency but perform worst in
accuracy because the unlearning method does not
calculate the parameters 𝜃new and coefficients 𝛼new
either.

(3) The MKDPD-based semilearning method:
𝑓
semi
MKDPD(𝑥

new
𝑗 ) = ∑

𝑏+𝑢
𝑖=1 𝛼

old
𝑖 𝑘(𝑥

new
𝑗 , 𝑥𝑖 | 𝜃

new
𝑖 ). The

MKDPD-based semilearning method regards the
new coming data as unlabeled data samples andmixes
themwith the original data samples to retrain the new
parameters 𝜃new of kernel functions. However, the
coefficients 𝛼old remained unchanged and combined
with the retrained kernel functions to label the
new coming data. The MKDPD-based semilearning
method takes full advantage of two times of learning
in theMKDPD algorithm and achieves a better trade-
off between computational accuracy and efficiency.

5.3. Error and Efficiency Analysis

5.3.1. Experimental Data and Experimental Settings. We test
our algorithm in the framework of manifold regularization
and therefore the experimental data are downloaded from the
website of manifold regularization (http://manifold.cs.uchic-
ago.edu/manifold regularization/manifold.html).There are a
total of 400 sets of data collected from two half-moons, 200

Table 1: Average error rates (%) of four algorithms on testing
samples with different number of tests.

Algorithm Train times
𝑁 = 30 𝑁 = 50 𝑁 = 70 𝑁 = 90

𝑓
un
MR 0.8500 0.8800 0.7286 1.0167
𝑓
un
MKDPD 0.2333 0.2700 0.2786 0.2722
𝑓
semi
MKDPD 0.1667 0.2200 0.19297 0.2000
𝑓
re
MKDPD 0 0 0 0.0333

sets of data from one half-moon, and another 200 sets of data
from another half-moon.

We randomly take 1 set of datum as labeled sample and 99
sets of data as unlabeled samples from each half-moon. The
remaining 200 sets of data are taken as new coming data for
labeling.

In order to alleviate the effect of random sampling
on the objectivity of the experimental results, the random
sampling has been done for 𝑁 times and each random
sampling will produce an experimental result. The average of
𝑁 experimental results is taken as the end result. 𝑁 is set to
be 30, 50, 70, and 90, respectively (Table 1).

5.3.2. Error Analysis. Table 1 lists the error rates of various
algorithms for labeling new coming data. Not surprisingly,
the order of error rates is 𝑓re

MKDPD ≤ 𝑓
semi
MKDPD ≤ 𝑓

un
MKDPD. This

order coincides with the amount of information exploited by
these algorithms from the new coming data.

In addition, the error rate of 𝑓un
MKDPD is smaller than

that of 𝑓un
MR, where 𝑓

un
MKDPD = ∑

𝑏+𝑢
𝑖=1 𝛼

old
𝑖 𝑘(𝑥, 𝑥𝑖 | 𝜃

old
𝑖 ) and

𝑓
un
MR = ∑

𝑏+𝑢
𝑖=1 𝛼

old
𝑖 𝑘(𝑥, 𝑥𝑖). It can be seen from the formulae of

𝑓
un
MKDPD and 𝑓un

MR that the basic functions 𝑘(𝑥, 𝑥𝑖 | 𝜃
old
𝑖 ) of

𝑓
un
MKDPD exploit not only the locations of samples, but also the

probabilities of data on the samples, while the basic functions
𝑘(𝑥, 𝑥𝑖) of 𝑓

un
MR exploit only the locations of samples.

Figure 1(a) shows the error rates of various algorithms
change alongwith the number of new coming data. Again, the
error rate of𝑓semi

MKDPD is between those of𝑓un
MKDPD and𝑓re

MKDPD.

5.3.3. Efficiency Analysis. Figure 1(b) shows the runtime of
various algorithms in labeling the new coming data. It can be
seen from Figure 1(b) that the runtime of 𝑓re

MKDPD increases
exponentially along with the number of new coming data,
while the runtime of 𝑓un

MKDPD, 𝑓
semi
MKDPD, and 𝑓

un
MR almost

remains unchanged.
Since both 𝑓un

MKDPD and 𝑓un
MR make use of the original

parameters 𝜃old and 𝛼old to label the new coming data, the
runtime of 𝑓un

MKDPD and 𝑓un
MR will not change no matter how

many new coming data are coming.However, in the proposed
algorithm 𝑓

semi
MKDPD, although the parameters 𝜃 are retrained

from 𝜃
old to 𝜃new according to the new coming data, the

runtime of𝑓semi
MKDPD almost remains unchanged alongwith the

number of new coming data.Themeans that𝑓semi
MKDPD achieves

a certain amount of accuracy without increasing its runtime.
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Figure 1: (a) shows the error rates of the four algorithms (𝑓un
MR, 𝑓

un
MKDPD, 𝑓

semi
MKDPD, and 𝑓

re
MKDPD) on the testing set, and the number of new

coming samples is 50, 100, 150, and 200, respectively. (b) reports the computation time of the four algorithms with the increasing of the new
coming sample (from 50 to 200).

6. Experiments

6.1. Adjustment of Parameters of Kernel Functions. In the
proposed MKDPD algorithm, the basic functions of label
function 𝑓(𝑥) are set to be 𝑘(𝑥, 𝑥𝑖 | 𝜃𝑖), where 𝜃𝑖 = 𝜃(𝑝(𝑥𝑖)),
𝑖 = 1, . . . , 𝑏 + 𝑢. The schemes of how to adjust the parameters
𝜃𝑖 are open. People can adopt various schemes according
to their specific applications. No matter how to adjust the
parameters 𝜃𝑖, the structures of analytic solutions shown
in (19) will not change in the framework of the proposed
MKDPD algorithm. In the experiments presented in this
paper, the scheme of adjusting the parameters is based on the
following considerations;

(1) The parameters 𝜃𝑖 should be adjusted so as to make
sup𝑝(𝑝) ⊆ ∪𝑏+𝑢𝑖=1 sup𝑝(𝑘(⋅, 𝑥𝑖 | 𝜃𝑖)). In this way, for all
𝑥 ∈ Ω with 𝑝(𝑥) ̸= 0, the label function 𝑓(𝑥) can give
the label of 𝑥.

(2) If the value of 𝑝(𝑥𝑖) is large, the number of samples
gathering in the neighborhood of 𝑥𝑖 will be large too
because they are more likely to be collected. In order
to prevent data overfitting in the area, it is reasonable
to adjust the parameter 𝜃𝑖 to reduce the scope of the
support sup𝑝(𝑘(⋅, 𝑥𝑖 | 𝜃𝑖)). Conversely, if the value
of 𝑝(𝑥𝑖) is small, the number of samples will be small
too because they are more unlikely to be collected.
In order to prevent data underfitting in the area, it
is reasonable to adjust the parameter to expand the
scope of the support sup𝑝(𝑘(⋅, 𝑥𝑖 | 𝜃𝑖)). This means

that the probability 𝑝(𝑥𝑖) is inversely proportional to
the scope of the support.

(3) In the following experiments, we adopt Gaussian
kernel functions 𝑘(𝑥, 𝑥𝑖 | 𝜃𝑖) = exp−‖𝑥−𝑥𝑖‖

2/2𝜃2
𝑖 .

The Gaussian kernel function can be regarded as
a compactly support function, the sample 𝑥𝑖 is its
center, and 3𝜃𝑖 is often regarded as its effective radius.
Therefore, the parameter 𝜃𝑖 is proportional to the
scope of the support sup𝑝(𝑘(⋅, 𝑥𝑖 | 𝜃𝑖)), or inversely
proportional to the probability 𝑝(𝑥𝑖); that is, 𝜃𝑖 =
𝜂𝑖/𝑝(𝑥𝑖), where 𝜂𝑖 is an adjustable parameter. In our
experiments, the probability 𝑝(𝑥𝑖) of sample 𝑥𝑖 is set
to 𝑝(𝑥𝑖) = 𝑝𝑖(𝑥𝑖)/∑𝑖 𝑝𝑖(𝑥𝑖), where 𝑝𝑖(𝑥𝑖) = 𝜀(𝑥𝑖)/(𝑏 +
𝑢) and 𝜀(𝑥𝑖) is the number of neighbors of 𝑥𝑖.

6.2. Experiments on Synthetic Dataset (Two Moons Dataset).
The synthetic dataset is the Two Moons Dataset, which has
already been used in the experiments in Section 5.

The Two Moons dataset contains 400 sets of data non-
evenly collected from two half-moons, where 200 sets of data
are collected from one half-moon and the other 200 sets of
data are collected from the other half-moon. We randomly
take 100 sets of data from each half-moon as samples, where
1 sample is labeled and the other samples are unlabelled. The
remaining 200 sets of data in theTwoMoons dataset are taken
as the test data (i.e., new coming data in Section 5).

Figure 2 shows the experimental results of the proposed
MKDPD algorithm and MR algorithm. In Figures 2(a) and
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Figure 2: Two Moons Dataset: separating planes of MKDPD (see (a) and (c)) and MR (see (b) and (d)); the red and blue color points are
labeled samples; the rest of the points are unlabeled samples.

2(b), although the labeled sample in the upper half-moon
is badly located, the proposed MKDPD algorithm can still
separate the upper half-moon from the lower half-moon,
while MR algorithm fails at the one corner of the upper
half-moon. In Figures 2(c) and 2(d), the labeled sample in
the upper half-moon is located much near the center of
the upper half-moon and accordingly the performance of
MR algorithm becomes much better. However, the proposed
MKDPD algorithm still outperforms MR algorithm in this
circumstance.

The labeled samples are randomly taken for𝑁 times and
each time will produce an experimental result.The average of
experimental results is listed in Table 2. It can be seen from
Table 2 that the proposed MKDPD algorithm outperforms
MR algorithm under all circumstances.

There are two regularization terms in the proposed
MKDPD algorithm and MR algorithm: manifold regulariza-
tion 𝜆‖𝑓‖2𝑀 and function regularization 𝜅‖𝑓‖2𝐻, where 𝐻 =

𝐻𝐷 in MKDPD or 𝐻 = 𝐻𝑋 in MR. We keep 𝜆 unchanged,
while letting 𝜅 change from 0 to 0.2 and comparing their
performances (see Figure 3). As shown in Figure 3, the error
rates of the proposed MKDPD algorithm and MR algorithm

Table 2: Average error rates (%) of MKDPD and MR on unlabeled
samples of two moons set with different number of tests.

Algorithm Train times
𝑁 = 30 𝑁 = 50 𝑁 = 70 𝑁 = 90

MKDPD 0 0 0 0.0112
MR 0.8586 0.9293 0.7720 1.0325

decrease where the parameter 𝜅 decreases, but the error rate
of the proposed MKDPD decreases much faster than that of
MR algorithm.

6.3. Recognition of Handwritten Digits

6.3.1. USPS and MNIST Datasets. USPS (United States
Postal) Dataset (http://www.cs.nyu.edu/∼roweis/data.html)
is a very popular dataset of handwritten digits, which contains
10 handwritten digits from “0” to “9”; each digit has 1100
images and each image is sized as 16×16 and can be converted
into a 256-dimensional vector.We take the first 400 images of
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Figure 3: Error rates (%) of MKDPD and MR on unlabeled and testing samples of two moons set with the regular parameter 𝜅 varied from
0 to 0.2.

each digit as the samples and the remaining images as the test
data (new coming data).

The MNIST (http://yann.lecun.com/exdb/mnist/) is
another popular handwritten digits dataset, which contains
a training set of 60000 images and a test set of 10000 images.
Each image in MNIST is of size 28 × 28 and can be converted
into a 784-dimensional vector. We select 400 sets of data
from the training set as the samples for each digit and all
data in the test set as the test data (new coming data).

6.3.2. The Two-Class Experiments. We randomly select two
different digits from the ten digits to construct a binary clas-
sification problem, and then there is a total of 45 classification
problems. For each binary classification problem, a sample is
taken as the labeled sample for each digit and the remaining
samples are taken as the unlabeled samples. To avoid the
randomness, the labeled samples are randomly selected for
ten times and each time will produce an experimental result.
The average of ten experimental results is presented as the
final experiment result.

The experimental results of the proposed MKDPD algo-
rithm andMR algorithm are presented in Figure 4. In Figures
4(a), 4(b), 4(c), and 4(d), the 𝑥-axis represents the 45 binary
classification problems, and the 𝑦-axis represents the error
rates. The error rates on the unlabeled samples are shown
in Figures 4(a) and 4(c), and the error rates on the test data
are shown in Figures 4(b) and 4(d). As can be seen, the
error rates of the proposedMKDPD algorithm are lower than
those of the MR algorithm. Furthermore, the averages of the
results of 45 binary classifications are listed in Table 3. It can

Table 3: Average error rates (%) of the two-class experiments on
USPS, MNIST, and ISOLET datasets.

Dataset Algorithm Unlabeled samples Testing samples

USPS MKDPD 2.5494 2.4723
MR 3.1541 3.5774

MNIST MKDPD 5.4213 6.0654
MR 6.8557 8.1182

ISOLET MKDPD 15.4067 17.7037
MR 17.6039 24.9947

be seen from Table 3 that the proposed MKDPD algorithm
outperforms the MR algorithm.

In Figures 4(e), 4(f), 4(g), and 4(h), the 𝑥-axis represents
the error rates of labeling the unlabeled samples and the 𝑦-
axis represents the error rates of labeling the test data. For
a good learning algorithm, its error rates on the unlabeled
samples and on the test data should be close to each other;
that is, the scatter points in Figures 4(e), 4(f), 4(g), and 4(h)
should be close to the diagonal line. Again, in this respect,
the proposedMKDPDalgorithmperforms theMR algorithm
better.

6.3.3. The Multiclass Experiments. In the multiclass experi-
ments, there are 10 classes and each class corresponds to a
digit.The labeled samples of each digit are randomly selected
from its samples for 10 times and each time will produce an
experimental result. The average of 10 experimental results
is taken as the final result and listed in the first and second
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Figure 4: Continued.
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Figure 4: Two-class problem experiments: in (a, b, c, and d), (a) and (b) report the error rates (%) of MKDPD and MR on unlabeled and
test samples of the USPS set, respectively, and (a) and (b) report the error rates (%) of MKDPD and MR on unlabeled and test samples of the
MNIST set, respectively, where the 𝑦-axis is the 45 binary classification problems; in (e, f, g, and h), we report the scatter plots of error rate
on unlabeled samples versus test samples. (e) and (g) are the scatter plots of error rates of MKDPD on USPS and MNIST, respectively, and
(f) and (h) are the scatter plots of error rates of MR on USPS and MNIST, respectively.

column of Table 5. The number of labeled samples is set
to be 1, 3, and 5, respectively. It can be seen from Table 5
that the proposed MKDPD algorithm outperforms the MR
algorithm.

6.4. Recognition of Spoken Letters

6.4.1. ISOLET Dataset. ISOLET is a dataset of spoken let-
ters and can be downloaded from UCI machine learning
repository. ISOLET contains the utterances of 150 speakers
who spoke 26 English letters twice, and then each speaker
has 52 utterances. In the experiment, two subsets of ISOLET,
whose names are ISOLET1 and ISOLET5 respectively, are
directly download from (http://manifold.cs.uchicago.edu/
manifold regularization/manifold.html). Each subset con-
tains the utterances of 30 speakers. We take the data in
ISOLET1 as the samples and the data in ISOLET5 as the test
data (new coming data).

6.4.2. The Two-Class Experiments. In the two-class exper-
iments, the utterances of the first 13 English letters are
classified as one class and the utterances of the last 13 English
letters are classified as another class.We take the 52 utterances
of one speaker from ISOLET1 as the labels samples and the
utterances of the other speakers in ISOLET1 as the unlabeled
samples. Since there are 30 speakers in ISOLET1, we can
construct 30 two-class experiments this way and the 30
experimental results are presented in Figure 5. As can be seen
from Figure 5, the proposedMKDPD algorithm outperforms
the MR algorithm. The averages of 30 experimental results
experiments are listed in Table 4, which also shows that the
proposed MKDPD performs better than the MR algorithm.

6.4.3. The Multiclass Experiments. In the multiclass experi-
ments, the utterances of each English letter are classified as
a class, and then there are 26 classes. We randomly select
𝑁 speakers from ISOLET1 and take their utterances as the
labeled samples. The utterances of the other speakers in
ISOLET1 are then taken as the unlabeled samples. In order to
alleviate the effect of randomness, the selection of𝑁 speakers
is performed for 10 times and each time will produce an
experimental result. The averages of 10 experimental results
are taken as the final results and listed in the third column
of Table 5. It can be observed from Table 5 that the proposed
MKDPD algorithm achieves about 1%∼3% improvements
over the MR algorithm.

6.5. Face Recognition

6.5.1. YALE-B and CMU-PIE Datasets. YALE-B (http://www
.cad.zju.edu.cn/home/dengcai/Data/FaceData.html) is a dat-
aset of face images which consists of the face images of 10
persons; each person is photographed under 9 poses and 64
illuminations. In the experiment, we select the face images
of 8 persons of 64 illuminations as the experimental dataset.
Each image is cropped and resized to an image of 32 × 32
pixels. For each person, 50% of his face images are taken as
the samples, while his other face images are taken as the test
data (new coming data). CMU-PIE [38] is another dataset of
face images which consists of more than 40000 images of 68
persons; each person is photographed under 4 expressions,
24 Illuminations, and 13 poses. In the experiment, we select
the face images of 8 persons of 3 poses and 24 illuminations as
the experimental dataset. Each image is cropped and resized
to an image of 32 × 32 pixels. Again, for each person, 50% of
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Table 4: Average error rates (%) of the two-class experiments on Yale-B and CMU-PIE datasets with different number of labeled samples.

Dataset Algorithm 3 labeled samples 5 labeled samples 7 labeled samples
Unlabeled Test Unlabeled Test Unlabeled Test

Yale-B MKDPD 35.2279 31.4955 30.4664 25.1786 27.3871 20.7087
MR 36.7658 32.7455 31.7899 26.8136 28.8743 22.7087

CMU-PIE MKDPD 23.9889 20.4167 13.6962 10.1042 8.5904 5.5754
MR 26.0776 22.9712 15.9315 12.3611 10.0515 6.8452

Table 5: Error rates (%) of the multiclass problem experiments on five datasets: USPS, MNIST, ISOLET, Yale-B, and CMU-PIE, where the
value in bracket is the number of labeled sample in each class.

Dataset Algorithm Unlabeled (labeled samples) Test (labeled samples)

USPS MKDPD 19.8241 (1) 12.7056 (3) 10.3949 (5) 18.1100 (1) 10.9359 (3) 8.5658 (5)
MR 23.5377 (1) 14.5279 (3) 11.2359 (5) 21.2428 (1) 13.3242 (3) 10.2856 (5)

MNIST MKDPD 31.8342 (1) 20.5939 (3) 16.0872 (5) 38.5650 (1) 27.2950 (3) 23.0300 (5)
MR 35.1206 (1) 21.2741 (3) 17.9026 (5) 44.6050 (1) 31.3800 (3) 26.7300 (5)

ISOLET MKDPD 18.5743 (2) 12.7060 (4) 10.3704 (6) 29.9469 (2) 24.4297 (4) 21.7241 (6)
MR 20.6300 (2) 15.1305 (4) 13.0057 (6) 30.1790 (2) 25.4111 (4) 22.4801 (6)

Yale-B MKDPD 36.4440 (3) 26.6991 (5) 18.4750 (7) 35.3516 (3) 26.8203 (5) 17.2070 (7)
MR 45.5172 (3) 36.9676 (5) 31.3500 (7) 41.9531 (3) 36.1406 (5) 25.5078 (7)

CMU-PIE MKDPD 23.9773 (3) 11.5591 (5) 5.6034 (7) 20.1968 (3) 9.3056 (5) 4.1551 (7)
MR 25.2904 (3) 12.2715 (5) 6.3793 (7) 21.0532 (3) 11.0069 (5) 5.7292 (7)
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Figure 5: Two-class problem experiments: (a) is the error rates (%) of MKDPD and MR on unlabeled samples of ISOLET set, where the
𝑦-axis is the 30 binary classification problems; (b) is the error rates of MKDPD and MR on test samples of ISOLET set.

his face images are taken as the samples, while his other face
images are taken as the test data (new coming data).

6.5.2. The Two-Class Experiments. We select the face images
of two persons to construct a binary classification problem
and then there are a total of 28 binary classification problems.
For each binary classification problem, 𝑁 samples of each
person are taken as the labeled samples and the remaining
samples are taken as the unlabeled samples. To avoid the

randomness, the𝑁 samples are randomly taken for 10 times
and each time will produce an experimental result. The
average of 10 experimental results is presented as the final
results (see Figures 6 and 7), where the number of labeled
samples is set to be𝑁 = 3, 5, and 7, respectively. The average
of 28 binary classification results is listed in Table 4. It can
be seen that, compared with the MR algorithm, the pro-
posed MKDPD algorithm achieves about 1%∼5% improve-
ments.



Mathematical Problems in Engineering 15

MKDPD versus MR (unlabeled samples) MKDPD versus MR (unlabeled samples) MKDPD versus MR (unlabeled samples)
80

60

40

20

0

80

60 60

40

20

0

80

40

20

0

Er
ro

r r
at

es

Er
ro

r r
at

es

Er
ro

r r
at

es

5 10 15 20 25
28 classification problems

(labeled samples b = 3)

5 10 15 20 25
28 classification problems

(labeled samples b = 5)

5 10 15 20 25
28 classification problems

(labeled samples b = 7)
MKDPD
MR

MKDPD
MR

MKDPD
MR

(a)

Er
ro

r r
at

es

Er
ro

r r
at

es

Er
ro

r r
at

es

5 10 15 20 25
28 classification problems

(labeled samples b = 3)

5 10 15 20 25
28 classification problems

(labeled samples b = 5)

5 10 15 20 25
28 classification problems

(labeled samples b = 7)

MKDPD versus MR (test samples) MKDPD versus MR (test samples) MKDPD versus MR (test samples)80

60 60 60

40

20

0

80

40

20

0

80

40

20

0

MKDPD
MR

MKDPD
MR

MKDPD
MR

(b)

Figure 6: Two-class problem experiments: (a) is the error rates (%) of MKDPD and MR on unlabeled samples of the Yale-B set; (b) is the
error rates (%) of MKDPD and MR on test samples of the Yale-B set. And the 𝑦-axis of each figure is the 28 binary classification problems
and the value in bracket is the number of labeled samples in each class.

6.5.3. The Multiclass Experiments. In the multiclassification
experiments, we take the face images of a person as one
class and then there are 8 classes. 𝑁 samples of each person
are taken as the labeled samples and the remaining samples
as the unlabeled samples. Again, the 𝑁 labeled samples are
randomly taken for 10 times and each time will produce an
experimental result. The average of 10 experimental results is
presented as the final result and listed in the last four columns
of Table 5, where the number of labeled samples is set to be
𝑁 = 3, 5, and 7, respectively. As can be seen, the proposed
MKDPD algorithm achieves about 1%∼12% improvements to
the MR algorithm.

7. Conclusion

In machine learning, one variable of a kernel function is
often anchored on each given sample and thus derives a
number of basic functions of the label function. The weights
of basic functions in the label function are then trained by
exploiting the labels of labeled samples. The basic functions
derived this way are the same in shape, only different in the
positions of data space. Obviously, these basic functions seem
too simple to adapt to the changes of data distribution. For
example, if the given samples are distributed unevenly, then
in the area where there are too many samples are given, there
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Figure 7: Two-class problem experiments: (a) is the error rates (%) of MKDPD andMR on unlabeled samples of the CMU-PIE set; (b) is the
error rates (%) of MKDPD andMR on test samples of the CMU-PIE set. And the 𝑦-axis of each figure is the 28 binary classification problems
and the value in bracket is the number of labeled sample in each class.

will be too many basic functions located in this area and
maybe overlapped toomuch,while in the areawhere there are
too few samples given, there will be too few basic functions
located in this region and maybe overlapped too little or not
overlapped at all.

In the MKDPD algorithm proposed in this paper, we
adjust the basic functions according to the probabilities of
data on the given samples. If the probability of data on a
sample is large, then the number of samples in the vicinity of
the sample will be large too and we can reduce the support of
the basic function located on the sample accordingly to avoid
overlapping too much with other basic functions. Likewise,
if the probability of data on a sample is small, the number of
samples in the vicinity of the sample will be small too and we
can expand the support of the basic function located on the

sample accordingly to avoid overlapping too little with other
basic functions.The experimental results justify the proposed
MKDPD algorithm.

From the perspective of the applications of data classi-
fication, the aim of machine learning is to label the new
coming data. Usually, there are three methods: unlearning,
relearning, and semilearning. In the MKDPD algorithm
proposed in this paper, there are two learning processes:
learning the basic functions and learning the weights of basic
functions. In this paper we propose a semilearning method
based on theMKDPD algorithm.The proposed semilearning
method regards the new coming data as unlabeled samples
and mixes them with the original samples to relearn the
basic functions, but still the original weights to combine
the new basic functions to label the new coming data.
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The proposedMKDPD-based method for labeling new com-
ing data achieves a better trade-off between the computa-
tional accuracy and efficiency.
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We present a gesture recognition method derived from particle swarm movement for free-air hand gesture recognition. Online
gesture recognition remains a difficult problem due to uncertainty in vision-based gesture boundary detectionmethods.We suggest
an automated process of segmenting meaningful gesture trajectories based on particle swarm movement. A subgesture detection
and reasoning method is incorporated in the proposed recognizer to avoid premature gesture spotting. Evaluation of the proposed
method shows promising recognition results: 97.6% on preisolated gestures, 94.9% on stream gestures with assistive boundary
indicators, and 94.2% for blind gesture spotting on digit gesture vocabulary. The proposed recognizer requires fewer computation
resources; thus it is a good candidate for real-time applications.

1. Introduction

Hand gestures are a powerful human to human communica-
tion channel that forms a major part of information transfer
in our daily life. Incorporating hand gestures into the human
computer interface is becoming an important research area.
The usage of vision-based hand gesture is often preferred
for its noncumbersome interaction [1, 2]. To interact with
a device using hands, computers should be able to visually
detect the hand and recognize its gestures from video input
[3–5].

The latest computer vision technologies make real-time
hand detection and gesture recognition promising [6]. Many
different approaches that use hand as an interface device
have been proposed [1, 2]. To support gestures interaction,
a recognizer must be integrated into the system and trained
to the specific gestures the system will support. However,
most of recognizers have inherent limitations in the types
of gestures they can efficiently discriminate [7], which often
results from high intergesture categories correlation.

In addition, online hand gesture recognition brings more
challenges, as gestures are often characterized by unpre-
dictable boundary noise (see Figure 1(a)), due to the lack of
perfect vision-based gesture segmentationmethods, between
gestures (when gestures are coarticulated) (see Figure 1(b)),
leading to ambiguous recognition [8].

In online hand gesture recognition systems, often two
assumptions are made: the existence of gesture boundary
indicators or blind gesture spotting, the latter being more
difficult. Each approach has different implications and the
preference of one over the other is application-dependent.
Few attempts have been made in blind spotting [9, 10] that
are predominant in real-world applications. Blind gesture
recognition makes the classification ambiguous and more
difficult, as less information is presented to the recognizer.

One of the challenges is that gestures vocabularies often
contain highly correlated gestures that lead to ambiguous
recognition [8, 11]. For instance, in the digit gesture vocabu-
lary the handmotion performed to gesticulate the digit two is
a part of the one performed for the digit three. To avoid ambi-
guity in recognition, additional actions are often required.
Alon et al. [10] proposed a template matching method with
subgesture detection and reasoning method, which avoid
premature gesture spotting. In [9], the gestures boundaries
are detected prior to gesture recognition using Hidden
Markov Models (HMM). These methods produce promising
recognition rates; however, the computation resources are
still high.

In this paper, we adapt particle swarm optimization
(PSO) to the problem of gesture recognition. PSO is a pattern
search method [12]. In general, a PSO algorithm is initialized
with a group of 𝑁 particles. Each particle is characterized
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Figure 1: Distorted gestures: (a) boundary noise that may lead to classify 5 as 8 and (b) connecting segment that lead to classify 4 as 9.

by its personal best position, which is updated according to
its fitness value (likelihood). Within the gesture recognition
context, the search/solution space is composed of gesture
templates to which we assign particles and allow them to
evolve through a deterministic matching process, guided
by observed data. The recognized gesture category is the
one whose particle has the highest matching score and has
reached or is closest to the end of the template. Gesture
detection under PSO matching offers a more efficient way of
gesture segmentation as gesture boundaries can be inferred
directly from the matching process, that is, the particle’s per-
sonal best positions; thus, there is no need for backtracking.
The contribution of this paper can be summarized as follows:

(1) An automated process of segmentingmeaningful ges-
ture trajectories based on particle swarmmovement is
proposed.

(2) To avoid premature gesture spotting, a subgesture
detection and reasoning method is incorporated
within the proposed recognizer.

(3) Reduce considerably the processing time of ges-
ture spotting, as gesture boundaries can be inferred
directly from particle’s personal best position.

We evaluate the performance of the proposed method
under three gesture spotting and recognition assumptions,
that is, manually spotted (with consistent boundaries), pre-
segmented with boundary indicators (with possible bound-
ary noise), and blind gesture spotting [8]. The remainder of
this paper is organized as follows; Section 2 discusses recent
related works in dynamic hand gesture recognition. Section 3
gives details on the proposed method, followed by Section 4
that discusses a series of experiments to evaluate the proposed
methods. Finally, Section 5 concludes this work.

2. Hand Gesture Recognition

Hand gesture recognition is a difficult and challenging
problem that has been addressed in many ways. A widely
used approach is the Hidden Markov Model (HMM) [9, 13–
16]. HMMbased gesture recognitionmethods represent each
gesture by a set of states associated with probabilities (ini-
tial, transition, and observation) learned from the training
examples. HMM recognizers choose a model with the best
likelihood and classify a given gesture to the correspond-
ing gesture category. Although HMM recognition systems
choose a model with the best likelihood, it is not guaranteed
that the pattern is really similar to the reference gesture unless
the likelihood value is high enough, above some threshold. In
the case a simple threshold does notworkwell, a sophisticated
threshold model can be derived as done in [14] or other
verification mechanisms are applied as done in [4].

To produce good results, HMM need to be well trained
to get good representative models [9]. Rule based trajectory
segmentation for modeling the hand motion trajectory has
been proposed [13], to provide a robust initialization. The
authors did an extensive study on good initialization of the
HMM, which is often of primary concern in HMM based
recognition method. They derived an automated process for
determining the number of states and a robust initialization
of HMM. The proposed method can separate each angular
state of the training data at the initialization step, thus pro-
viding a solution to mitigate the ambiguities on initializing
the HMM and increase the recognition of the HMM.

An automatic system that handles hand gesture spotting
and recognition simultaneously based on a generative model
as HMM has been proposed in [9]. To spot meaningful (key)
gestures of numbers (0–9) accurately, a stochastic method
for designing a nongesture model with HMM was proposed
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Figure 2: Flowchart of the proposed recognizer.

without training data. The nongesture model provides a
confidence measure that is used as an adaptive threshold to
find the start and the end point ofmeaningful gestures, which
are embedded in the input video stream. Threshold model
approach is often computationally expensive, as one has to
create a big size nongesture model [4]. To filter out garbage
gesture, in [4], authors appeal to a simple Gaussian model
threshold based on a single Gaussian probability density,
learned during the training process. The main disadvantages
of HMM based recognition methods are that they require a
large number of samples and long training time to calibrate
the models [14]. When there are not enough training exam-
ples, template matching methods such as Dynamic Time
Warping (DTW) are preferred.

DTW is another approach often used for dynamic gesture
recognition task [3, 17, 18]. The DTW based recognition
methods attempt to line up a given sequence to gestures
templates. To produce good results, many templates may be
required to take into account variation of a given gesture
category as it may be the case for other template matching
methods. Moreover, DTW is shown, in time series, to be
sensitive to noise and outliers. Different distance metrics
have been derived to improve DTW results. Probability-
based DTW and bag-of-visual-and-depth-words for human
gesture recognition in RGB-D (Red Green Blue-Depth) used
a soft distance based on the probabilistic similarity measure
[17].The aforementioned derived distance measure improves
the recognition rate of classical DTW that uses Euclidean
distance as a cost function. In [19], a comparative evaluation
of six trajectory distance measures was performed. The
longest common subsequence (LCS) measure outperforms
the others on datasets with varying characteristics. The LCS
is a string matching algorithm that focuses on the matched
subsequence. This makes it robust to noise. The LCS has
recently gainedmore attention andhas been successfully used
in dynamic hand gesture recognition systems.

Stratified hand gesture using normalized longest com-
mon subsequence with rough sets [8] aimed to increase
LCS discrimination capabilities, as LCS is a global align-
ment method. The authors achieved good performance
through the normalization of LCS and pairing the LCS with
rough sets theory. Gestures are represented using rough set

approximations, through which discriminative information
was generated and used to resolve ambiguous recognition.

The success of a gesture recognition system does not
only rely on recognition but also should run in real time.
Vision-based gesture segmentation is difficult and gesture
boundary detection is often computationally expensive. Most
approaches rely on the usage of sliding windows. However,
without constraining users to perform gestures at nearly the
same speed, window management is challenging which may
result from high variation in gesture size and speed. The
failure to predict the window size leads to a recomputation
of the likelihood at every window size update, with delay.
It also may lead to premature gesture recognition. To avoid
uncertainty in the choice of the sliding windows, differ-
ent approaches are followed such as the usage of gesture
boundary indicators or classification of motion primitive.
The aforementioned boundary indicators increase gesture
detection rates; however, users have to bear them inmind and
apply them for a successful interaction. This might be tiring
based on application, such as string recognition system [8].

The following section introduces gestures detection using
particle swarm movement, which does not require explicit
gesture boundary detection, nor the usage of sliding win-
dows, as gesture boundary detection is inferred from PSO
matching process.

3. PSO Based Gesture Recognition

PSO is a computational method that optimizes a problem by
iteratively trying to improve a candidate solution. In general,
a PSO algorithm is initialized with a group of 𝑁 particles.
Each particle is characterized by its personal best position,
which is updated according to its fitness value (likelihood).
The flowchart of the proposed recognizer is depicted in
Figure 2.

3.1. Gesture Representation. Given a sequence of images
(video file) in which a hand gesture is being performed,
the gesturing hand is first detected and its trajectory 𝑝

𝑠
is

acquired; 𝑝𝑠 = [𝑝
1
, 𝑝
2
, . . . , 𝑝

𝑡
𝑠], with length 𝑡𝑠.



4 Mathematical Problems in Engineering

Each point is represented in 2D, that is, 𝑝𝑠(𝑡) = [𝑥(𝑡),

𝑦(𝑡)].

(1) We first computed the Euclidean distance from the
start and end of the gesture trajectory to infer the
shape of a gesture, in the sense of being either closed
or open, as follows:

Euclid𝑠
𝑝
= 𝑑 (𝑝

𝑠

𝑛
− 𝑝
𝑠

1
) . (1)

This will become handy in recognizing gestures with
the same motion, but different shapes, such as digit 0
and digit 6.

(2) Gesture trajectory is then mapped into the motion
orientation segments:

𝜃
𝑠

= [𝜃
1
, 𝜃
2
, . . . , 𝜃

𝑡
𝑠
−1
] , (2)

where 𝜃𝑠(𝑡) = atan2(Δ𝑦(𝑡), Δ𝑥(𝑡)). Orientation seg-
ments are created as detailed in [8].
A gesture is then represented by [𝜃𝑠,Euclid𝑠

𝑝
].

3.2. Gesture Recognition Using Particle Swarm Movement.
PSO was originally developed for continuous problems.
Adapting it to discrete domains is somehow tricky, approx-
imations need to be made, and some concepts may lose
some of their meaning. In our gesture recognition setting,
the search space is composed of gesture templates, to which
particles are assigned.The solution space is defined as follows:

Ψ = {𝜃
𝑖

= [𝜃
𝑖

1
, 𝜃
𝑖

2
, . . . , 𝜃

𝑖

𝑛𝑖
]}
𝐿

𝑖=1

, (3)

where 𝐿 ← 1, . . . , |𝜓| is number of particles, 𝜃𝑖 is the 𝑖th
template, and 𝑛

𝑖
is the length of the 𝑖th template.

Gestures recognition using particles swarm is performed
as follows.

(1) Initialize particles in the search (templates) space,

{𝑥
𝑖

𝑗
= 0; 𝑝

𝑖

best = 𝑥
𝑖

𝑗
}
𝐿

𝑖=1

, (4)

where 𝑥𝑖
𝑗
represent the 𝑗th position of the 𝑖th particle,

in the 𝑖th template, and 𝑝
𝑖

best is the personal best
position of the 𝑖th particle, to simplify notation 𝑥𝑖

𝑗
= 𝑗

when used as an index.
(2) Evaluate the particles’ fitness function.

For each motion orientation segment 𝜃
𝑡
, a matching

score is calculated and the particle’s fitness value is
computed as follows:

𝛾 = 𝑓 (𝜃
𝑖

𝑗
, 𝜃
𝑡

) ; 𝛾 ∈ [−1, 0, 1] ;

𝐹
𝑡
(𝜃
𝑖

) = 𝐹
𝑡−1

(𝜃
𝑖

) +
𝜃𝑡
 ∗ 𝑓 (𝜃

𝑖

𝑗
, 𝜃
𝑡

) ,

(5)

where 𝛾 = −1 when 𝜃𝑖
𝑗

̸= 𝜃
𝑡 and 𝑝𝑖best ̸= 0, 𝛾 = 0 when

𝜃
𝑖

𝑗
̸= 𝜃
𝑡, and 𝛾 = 1 when 𝜃𝑖

𝑗
= 𝜃
𝑡.

(3) The personal best position is updated only when the
current fitness value is greater than the previous one:

𝑝
𝑖

best = 𝑝
𝑖

best + 1,

if 𝐹
𝑡
(𝜃
𝑖

) > 𝐹
𝑡−1

(𝜃
𝑖

) .

(6)

In our gesture recognition setting each particle moves
locally towards a more likely position in the search
space:

𝑥
𝑖

𝑗
= 𝑥
𝑖

𝑗
+ 1. (7)

(4) Compute a subset of possible solution:

𝜓sol = {𝜃
𝑖

}

such that 𝑝𝑖best ≥ 𝛽
𝑖

,

(8)

where 𝛽𝑖 is a threshold for the 𝑖th gesture category.
(5) If Ψsol ̸= Φ, the recognized gesture category 𝑖

0
is

determined as follows:

𝑖
0
= argmax
𝜃
𝑖
∈Ψsol

(

𝐹
𝑡
(𝜃
𝑖

)

𝜃
𝑖
 + |𝜃|

) . (9)

3.3. Blind Gestures Spotting through PSO Matching. Given
a set of templates Ψ representing gesture categories within
a gesture vocabulary, a list of subgestures-super gestures
relationship is generated by cross matching all templates and
populating their personal best position in the matrix 𝐺, 𝐺 ←

𝑇 × 𝑇:

𝐺
𝑛,𝑛

=(

𝑔
1,1

𝑔
1,2

⋅ ⋅ ⋅ 𝑔
1,𝑛

𝑔
2,1

𝑔
2,2

⋅ ⋅ ⋅ 𝑔
2,𝑛

.

.

.
.
.
. d

.

.

.

𝑔
𝑛,1

𝑔
𝑛,2

⋅ ⋅ ⋅ 𝑔
𝑛,𝑛

), (10)

where𝐺
𝑖,𝑗
represents the personal best position of the particle

𝑗 when matched with particle 𝑖, that is, the number of their
common segments. A super gesture category is the one
that has a part that overlaps with another whole gesture
within the same gesture vocabulary. The list of subgesture or
super gesture will be checked during gesture blind spotting
to avoid premature gesture spotting. The sub super gesture
relationship is detected as follows:

𝐺 ← 𝑇 × 𝑇: created using PSO matching
for 𝑖 = 1: 𝑛

for 𝑗 = 1: 𝑛
if (𝐺
𝑖,𝑗
= |𝑇
𝑖

|)

Υ
⟨sub,sup⟩ ← ⟨𝑖, 𝑗⟩

end if
end for

end for
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Table 1: Confusion matrix of recognition of gesture with known boundaries.

0 1 2 3 4 5 6 7 8 9
0 98.1% 1.9%
1 100%
2 93.3% 5.3%
3 100%
4 100%
5 100%
6 6.1% 94.9%
7 100%
8 92.3%
9 97.1%

Gesture spotting is the process of detecting a meaningful
gesture in a continuous gesture stream. The following are
gestures spotting rules used with particle swarm movement
matching. Given a list of sub-super gesture relationship,
Υ
⟨sub,sup⟩, a gesture is detected as follows:

(1) To spot a gesture, we first check if there is a particle
that has already reached the end of its corresponding
template:

𝑖
0
← 𝑝

𝑖

best ==

𝑇
𝑖

, ∀𝑖 ∈ 𝐿. (11)

(2) Detection of nonsubgesture: if the detected gesture 𝑖
0

is not a subgesture, 𝑖
0
∉ Υ
⟨sub⟩, that is, it could be a

super gesture or normal gesture, then it is reported.
(3) Spotting subgestures: if the detected gesture is sub-

gesture, that is, ⟨𝑖0sub, 𝑖
0

sup⟩ relationship exists, and
the following condition checks out, a subgesture is
reported:

Δ𝐹(𝑝
𝑖
0

sup
best) == 0. (12)

Otherwise, a delay is observed when (12) is not
true, that is, waiting for the next segment to avoid
premature gesture spotting.

Gesture spotting with PSO matching does not require a
traceback as gesture boundaries (start and end points) can be
directly inferred from the 𝑝best.

4. Experimental Results

To evaluate the performance of the proposed method, we
collected gestures video clips at 30 FPS using Kinect v1, from
five people, drawing in the air digits “0–9.” There was no
restriction made on gesturing speed or size. Implementation
was done using C++ and OpenCV libraries. PSO algorithm
is implemented based on a discrete version [20], which is
modified to track gestures and to accommodate the blind
gesture spotting, and parameters for PSO are tuned by the
speed of a gesturing hand. In the first round, each video
contains ten or more gestures with pause between gestures,

Figure 3: Gesture vocabulary.

Figure 4: Coarticulated gestures (left to right): 93, 58, 88, 34, and 81.

mounting to 50 gestures for each gesture category as shown
in Figure 3. In the second round, each video file contained
more than 2 random coarticulated gestures with possible
connecting segments; see Figure 4. The evaluation of the
effectiveness of the recognitionmethod was performed using
the following expression:

recognition rate = (1 − (𝐼 + 𝐷 + 𝑆

𝑁
)) × 100, (13)

where 𝐼 stand for the number of inserted gestures, 𝐷missed
gestures, and 𝑆 substitution errors. The computed rate shows
the prediction of the right response when these gestures are
used in control systems or gaming.

The first evaluation was done on manually spotted ges-
tures. An average recognition rate of 97.5% was obtained on
524 gestures, as shown in Table 1. The recognition rate shows
that template matching based on the particle’s personal best
positions performs well.

In the recognition on stream gestures with assistive
boundary indicators, we perform temporal gesture segmenta-
tion as a preprocessing step; depth profile is used as temporal
segmentation indicator, as the hand pull-back at the end of
a gesture. The start of a gesture is detected when a hand is
extended and starts tomove. Similarly the endof the gesture is
detected when a hand is retracted.The resulting gestures may
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Table 2: Confusion matrix recognition of gesture with unknown boundaries.

0 1 2 3 4 5 6 7 8 9
0 95.7% 4.3%
1 92.6% 6.8%
2 93.5%
3 95.7%
4 93.1% 6.9%
5 97.9%
6 4.2% 95.8%
7 2.9% 96%
8 3.6% 91.5%
9 98.1%

Table 3: Blind gesture spotting.

Single gestures Paired gestures
Number of gestures 130 45
Recognition rate 94.2% 86.36%

contain additional parts, pre- and postgestures considered
as boundary noise, since they are not a part of the gesture;
see Figure 1. Table 2 shows the confusion matrix; the average
recognition rate on stream digits is 94.9%. The recognition
rate dropped by almost 3%. Due to boundary noise, digit one
is confusedwith four, fourwith nine, and sevenwith two.This
can be explained by the sub-super gesture relations existing
between confused gestures and the presence of boundary
noise.

We evaluate blind gesture spotting on continuous ges-
tures, without gesture boundary indicator or special treat-
ment of connecting segments. Each video file contains two
or more random gestures. For paired gestures, a pair is
recognized, only if both gestures are correctly recognized. As
shown in Table 3, the recognition rate of single gesture shows
good performance despite coarticulation with the others.
However, the recognition rate on paired gestures drops as
gestures are recognized together.

We compare the proposed recognizer to the state-of-the-
art methods in dynamic hand gesture recognition, based
on the recognition accuracy and the processing time, on
the same gesture vocabulary. Note that the experimental
environmentmay be different; thus the following comparison
is to be understood as the ability of the methods under
consideration to discriminate a given gesture vocabulary and
relative processing time, in general.

Table 4 summarizes performance of some implementa-
tion of gesture recognizers. As shown in Table 4, in their
experiments, the authors of [13] evaluated their method,
which models lines and curves using Von Mise Distribution
(VMD) and realigns them according to gesture structures, by
comparing it to a fixed number of states. The method pro-
duced good recognition rate, 97.1%, on preisolated gestures.

In [9], a recognition rate of 98.3% was achieved on
training samples and 97.7% on test samples, showing that
a well-trained HMM produces better rate, as reported in
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Figure 5: Processing time comparison.

different studies.Themain contribution of [9] was to provide
a gesture spotting mechanism, through the start and end
points detection, under the HMM. A nongesture model
was constructed by combining all HMM models of the
gesture vocabulary and used as a threshold. They achieved
a recognition rate of 93.3% on stream digits. The Most
Probable Longest Common Subsequence (MPLCS) in [11]
modeled different intragesture variations through the use of
Mixture of Gaussian Models (GMM). Recognition rates of
98.7% and 94% were achieved on preisolated and stream
gestures, respectively. In this work, we achieved on average,
the recognition rates of 97.56% and 94.5%, on manually
segmented and stream gestures with unknown boundaries,
respectively.

Figure 5 shows comparative processing time of HMM,
LCS, and PSO based gesture recognition on digit gesture
vocabulary. Point matching LCS has the highest processing
time. In our evaluation, the HMM requires approximately
16.8% of LCS, the normalized longest common subsequence
(NLCS) with segment matching requires 8.1%, and the pro-
posed PSO based matching method requires only 2.3% of the
highest processing time.

5. Conclusion

An online gesture recognition method based on particle
swarm optimization has been derived through this work.
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Table 4: Dynamic gesture recognition with HMM, LCS, and PSO.

Paper Representation Isolated Stream Vocabulary Method
[13], 2014 VMD 97.1% — Alpha number HMM
[9], 2014 Codewords 97.7% 93.3% Number HMM
[8], 2015 Codewords 88.7% — Number HMM
[11], 2013 GMM 98.7% 94.0% Number LCS
This work, 2016 Codewords 97.5% 94.2% Number PSO

Gesture vocabularies often contain highly correlated gestures
which reduce the accuracy ofmost recognizers. Furthermore,
the choice of assistive temporal segmentation cues is chal-
lenging and their usage may not be the right approach in
the systems that need a string input such as word search
or recognition. In this paper, we integrated a subgesture
reasoningmechanism into the proposed PSObasedmatching
method, to avoid premature gesture spotting.

The proposed recognizer showed promising recognition
rate under different assumptions: a recognition rate of 97.5%
was obtained on gestures with known boundaries, 94.9%
on gesture with boundary noise, and 94.2% on continuous
gesture without assistive boundary detection. A pairwise
gesture recognition evaluation achieved a rate of 86.3%. The
processing time was reduced to 2.3% of LCS point matching
method. In the comparison to existing gesture recognition
method, the proposed recognizer shows similar recognition
rate and requires less processing time.

In the future work, we plan a further analysis on paired
gestures, as some intergesture categories relationship cannot
be detected from single gesture analysis basis.
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This paper presents a hierarchical graph-based segmentation for blood vessel detection in digital retinal images.This segmentation
employs some of perceptual Gestalt principles: similarity, closure, continuity, and proximity to merge segments into coherent
connected vessel-like patterns. The integration of Gestalt principles is based on object-based features (e.g., color and black top-
hat (BTH) morphology and context) and graph-analysis algorithms (e.g., Dijkstra path). The segmentation framework consists
of two main steps: preprocessing and multiscale graph-based segmentation. Preprocessing is to enhance lighting condition, due
to low illumination contrast, and to construct necessary features to enhance vessel structure due to sensitivity of vessel patterns
to multiscale/multiorientation structure. Graph-based segmentation is to decrease computational processing required for region
of interest into most semantic objects. The segmentation was evaluated on three publicly available datasets. Experimental results
show that preprocessing stage achieves better results compared to state-of-the-art enhancement methods. The performance of the
proposed graph-based segmentation is found to be consistent and comparable to other existing methods, with improved capability
of detecting small/thin vessels.

1. Introduction

Retinal vessel segmentation is a crucial step in analyzing
fundus images of the eye for detection and diagnosis of
many eye diseases. Some diseases such as glaucoma, diabetic
retinopathy, and macular degeneration are very serious and
might lead to blindness if they are not detected in time
[1, 2].The information about blood vessels, such as tortuosity
and branching patterns, can not only provide information
on pathological changes but also help to grade the disease
severity and automatically diagnose the disease.

Although retinal vessel segmentation has been widely
studied, it is still a challenging problem because of threemain
reasons. First, the quality of retinal images is highly variable
and the segmentation methods face the challenge of low con-
trast or high homogeneity of illumination conditions [3–6].
Second, the complexity of vascular structures (different scales
and orientations) means that most existing methods find
it difficult to enhance multiscale vessel-like structures with
various linear orientations [5–12]. Third, finding the most

optimummodel or method which is the most appropriate for
variety of data is very difficult [13–15].

The studies of retinal images can be classified into pat-
tern recognition (machine learning/model-based) [6, 16, 17],
mathematical morphology [6, 18], kernel-based analysis [10,
11, 17] and tracking-based/path-based (Artificial Intelligent,
AI)methods [5, 19, 20]. Here, morphological andAImethods
are further discussed because they are more related to
presented work in this paper.

Morphological methods examine the geometric vessel-
like structure of retinal image by probing it with small
patterns called structuring elements (SE) of predefined size
and shape. Due to sensitivity of vessel-like patterns to dif-
ferent scales and orientations, most methods use multiscale
or/and multiorientation structuring elements [18, 21, 22],
such as multistructure morphological operators [8, 12], and
multiscale white top-hat with linear structuring elements [9].
One of the challenges is that there are several structures
in retinal images such as optical disk, exudates, microa-
neurysms, and hemorrhages, which degrade the performance
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of vessel detection methods. To overcome this problem,
a number of approaches have been proposed in order to
decompose components in retinal images. In [6], Morpho-
logical Component Analysis (MCA) has been proposed to
separate some components such as lesions from vessels.

Tracking-based/path-based methods use regional infor-
mation (a single vessel rather than the entire vasculature) to
find the shortest/cheapest path that matches a vessel profile.
The main advantage of this approach is that it provides
precise vessel width, unlike other methods. Nowadays, there
are many studies which follow this approach, for example,
Dijkstra shortest path for vessel patterns [19], graph-cut [5],
Bayesian-based tracking [20], and graph-analysis [23].

In this work, we propose a perceptual graph-based seg-
mentation method. The complete framework consists of two
stages. The first stage (preprocessing) removes noise as well
as unwanted regions such as optical disk and surrounded
darker background and produces a higher contrast vessel
image. The second stage (segmentation) converts an image
into connected graphical layer where each pixel is presented
as a node and its spatial/spectral properties are used to merge
pixels (nodes) to construct more semantic objects in higher-
connected graphical layers. Gestalt perceptual principles,
that is, similarity, closure, continuity, and proximity of spa-
tial/spectral properties of nodes, are employed to assemble
smaller parts that are most likely to represent a coherent
connected vessel-like pattern.

The experimental evaluation is carried out to test the
behavior of segmentation algorithm using the standard
datasets such as DRIVE, ARIA, and STARE (details of these
datasets are given in Section 4.1) using the following major
criteria: sensitivity (Se), specificity (Sp), accuracy (Acc), and
area under curve (AUC).

In the following, the idea of perceptual Gestalt principles
in image segmentation is introduced in Section 2. Section 3
illustrates the proposed hierarchical graph-based segmen-
tation framework in detail. First, it presents the prepro-
cessing part, which includes filtering-based inhomogeneity
correction using Gaussian filter, followed by morphology-
based illumination enhancement method. Second, it shows
the segmentation part, which is based on integrating the idea
of perceptual Gestalt principles into object-based features
to merge segments. Then, Section 4 presents the datasets,
experimental metrics, and results of segmentation. Finally,
the conclusions are drawn and some ideas for future work are
presented in Section 5.

2. Contribution of Current Work

Themain contribution of this work is to introduce perceptual
Gestalt (form, grouping) principles [24–28] of some middle-
level image features into graph-based segmentation to dis-
criminate the connected coherent vessel-like patterns from
background.

Four Gestalt principles are proposed, inspired from sim-
ilarity, closure, continuity, and proximity. The theory behind
Gestalt grouping is based on how human vision performs
perceptual grouping to assemble parts of an image that most

likely represent a single object in the scene. Similarity can
be used to group segments into one object depending on
the number of similar factors such as color, size, and shape.
Proximity rule is employed by assembling different parts
which are close to each other to present one object. Good
continuity is the tendency of elements to be grouped to form
smooth contours depending on the number of factors such as
orientation of local elements, contour length, and curvature
properties. The principle of closure refers to tendency to see
an element/object as a complete form or figure, ignoring
gaps and incomplete contour lines. It is not necessary to
create triangles, circle, and so forth, but it fills the missing
information to create familiar shapes [25, 26, 28].

The integration of perceptual Gestalt principles into
graph-based segmentation, from computational view, is an
important stage to reduce required visual processes to inter-
pret an input image by converting a fully connected layer into
locally connected layer [29].Moreover, such integration helps
to cope with undersegmentation/oversegmentation in image
layer(s) or between layers.

In this work, the perceptual principles are employed as
follows. The first level, defined as color-layer, is built by
grouping pixels based on similarity of color between each
pixel and its 8-connected neighborhood (Gestalt similarity in
illumination characteristics).The second layer, called as black
top-hat (BTH) layer, is constructed by grouping adjacent
objects, which most likely represent vessel-like shape after
applying BTH morphological operator (Gestalt closure in
connected components ofmost common label in BTH-layer).
The final Dijkstra-layer is created by conjunction of adjacent
objects which have a high probability of constructing con-
nected objects (Gestalt continuity in Dijkstra tracking path).
Gestalt proximity is employed by considering 8-connected
neighborhood as a Gestalt connectivity patch in all layers.

3. The Proposed Method

Theproposed framework (Figure 1) comprises twomajor sta-
ges: preprocessing and segmentation. Preprocessing (green
rectangles: A–C) consists of filtering-based inhomogeneity
correction and morphology-based illumination enhance-
ment (Section 3.1). Hierarchical graph-based segmentation
(red rectangles: 1D–3D) is based on construction of five layers
based on the number of objects in retinal images: original
RGB image (largest), ROI (region of interest), color, followed
by black top-hat (BTH), and finally Dijkstra-layers (smallest)
(Section 3.2).

3.1. Preprocessing. Preprocessing involves two main steps to
produce more effective feature image which shows a high
contrast between vessel and nonvessel objects to facilitate
the segmentation. The first step is to remove the effect
of background variations by nonuniform illumination and
the second step is to eliminate the complexity of vascular
structure because of multiple scales and orientations.

In this work, we choose the green channel image for
preprocessing, as it exhibits the best vessel/no-vessel contrast
in retinal images. The red channel can be saturated and blue
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RGB input image

Minimum thresholding and erosion

RGB ROI-layer

Spectral differences and segmentation

Color-layer

Green image

Filtering-based inhomogeneity correction

Corrected green image

Morphology-based illumination enhancement

Multiscale (multiorientation) image

Graph-cut and segmentation Connected component labeling

BTH-layer

Dijkstra shortest path and segmentation

Dijkstra-layer
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C
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Figure 1: Framework of perceptual hierarchical graph-based segmentation. Preprocessing stage is presented in green rectangles. Multiscale
graph-based segmentation is shown in red rectangles.

channel has poor dynamic ranges [16]. In addition, using
only the green channel decreases the computational time
compared to processing all RGB channels. We first extract
the region of interest (ROI) representing the fundus, which
is a circle-like shape/nonblack region at the center of retinal
images without including the surrounding black background.
We eliminate the influence of the background by masking it
to accelerate further processing stages by focusing only on
pixels/objects in ROIs. To find ROI, simple minimum thresh-
old for all red, green, and blue channels is applied to remove
unwanted background from RGB channel. However, some
missed labeled pixels are created on retinal foreground and
background. These noises are eliminated by morphological
erosion [30–32], where ROI is shrunk into center of retinal
images (Figure 1(A)).

3.1.1. Filtering-Based Inhomogeneity Correction (Figure 1(B)).
Due to inhomogeneous light conditions, retinal images may
contain background (nonvessels) with high similarity to
foreground (vessels), which will degrade the performance
of the segmentation method. Therefore, it is important to
remove effects of the varying illumination conditions. Zhao
et al. [5] applied Retinex theory, adapted from the field of
computer vision, to remove unwanted illumination effects by
component-wise multiplication of reflected green with green
illumination channel (𝑅

𝐺
× 𝐺). 𝑅

𝐺
is component-wise log-

subtraction bilateral blurring of green channel 𝑙(𝐵
𝐺
) from

green channel (𝐺). Imani et al. [6] used reflectance compo-
nent of Retinex theory to reduce illumination differences,
but with component-wise subtraction of median blurring of
green channel. Some other studies used Contrast-Limited
Adaptive Histogram Equalization (CLAHE) method instead
of global enhancement methods such as histogram equaliza-
tion and gamma correction; however, its local enhancement is
uniform regardless of whether it is foreground or background
[3, 4].

In this work, we use the component-wise subtraction
of background from the selected channel to remove the
light variations. Let 𝑥 be a pixel of a green channel. The
retinal image background (𝑓𝐵) is created by applying low-pass
Gaussian blurring of green channel (𝑓𝐺) with a reasonable
filter size (e.g., 𝑤 = 61 × 61) to eliminate the effect of
the brightest region from retinal images (optical disk). The
corrected image (𝑓𝐶) is computed by subtracting 𝑓𝐵 from 𝑓𝐺.
This is given as

𝑓
𝐶 (𝑥) = 𝑓𝐺 (𝑥) − 𝑓𝐵 (𝑥) . (1)

Figure 2 illustrates a comparison between previously
mentioned correctionmethods using selected examples from
DRIVE, ARIA, and STARE datasets. In general, all meth-
ods enhance image contrast, but there are still large areas
of homogeneity. Component-wise subtraction of Gaussian
blurring is not the best method; however, it has succeeded in
eliminating the most noisy part (optical disk) and enhances
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(a) (b) (c) (d) (e)

Figure 2: Inhomogeneity correction results on selected images. (a) shows green channel of randomly chosen images from theDRIVE training,
DRIVE testing, ARIA, and STARE datasets, respectively. (b) shows CLAHE results [3, 4]. (c) shows results of Retinex theory on green channel
[5]. (d) presents difference between green channel and median blurring of green channel [6]. (e) presents results of our correction method.

the contrast between vessels and background. This can be
especially noticed in ARIA and STARE images after applying
morphology enhancement, as depicted in Figure 4. As a
consequence, the vessels can be easily identified from the
background. Component-wise correction of bilateral filtering
has comparable results after applying morphology enhance-
ment, because it is an edge-preserving smoothing filter that
maintains edges of vessels [33].

3.1.2. Morphology-Based Illumination Enhancement (Fig-
ure 1(C)). Mathematical morphology is a nonlinear method
which uses the concepts of set, topology, and geometry
to analyze geometrical structures (e.g., shape and form of
objects) in images. It examines the geometric structure of an
image by probing with structuring elements (B) [30–32].

In this work, black top-hat (BTH) morphological oper-
ator is used. This is because the BTH operator is the most
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applicable method to extract image structure under lower
illumination conditions [30], which is the case in blood vessel
detection application. The BTH is obtained by subtracting
morphological closing image 𝜙(𝑓(𝑥)) of corrected image
from corrected image 𝑓(𝑥), as in (2). The morphological
closing 𝜙(𝑓(𝑥)), which is dilation 𝛿

𝐵
(𝑓) followed by erosion

𝜀𝐵(𝑓), acts as a shape filter and preserves objects having
relevant structure in image (3). This is given as

BTH (𝑓) = 𝜙 (𝑓 (𝑥)) − 𝑓 (𝑥) , (2)

𝜙 (𝑓) = 𝜀
𝐵
(𝑓) (𝛿

𝐵
(𝑓)) . (3)

All vessel-like patterns are components of linear-shape struc-
tures with various horizontal, vertical, and diagonal orienta-
tions. To address these differences, we suggest the following
approaches.

(i) Multiscale Multiorientation BTH. The BTH is adaptively
computed by probing the corrected image with multiple
linear structuring elements which have a variety of angular
orientations. Therefore, a set of linear structuring elements,
where each is a matrix representing a line with 3, 5, 9,
15, and 21 pixels of length and rotated in steps of 𝜋/8,
is used for morphological BTH. As a result, each isolated
BTH along each direction will brighten the vessels in that
direction, providing that the length of 𝐵 is large enough to
extract the vessel with largest diameter. Finally, we consider
the average of the first three maximum BTH results because
the first three BTHs present the highest differences between
vessel/nonvessel patterns, as the following:

BTH =
∑
3

1
maxBTH𝜃

𝑠
(𝑓)

3
, (4)

where 𝑠 and 𝜃 are scale and orientation of linear structuring
elements B.

(ii) Multiscale BTH. Multiscale BTH is defined as an average
of morphological BTHs obtained from probing corrected
image with size of 3, 5, 7, 9, and 11 of elliptical-structuring
elements B, unlike the previous method which uses linear
structuring elements in different directions, given by

BTH =
∑
5

1
BTH𝑠 (𝑓)
5

. (5)

In this paper, two other enhancement methods are selected
for comparison: phase-based method [5] and wavelet-based
method [10]. In order to reproduce results, the parameters
used for these filters are the same as recommended in the
corresponding literature [5, 10]. Figure 3 shows the results of
applying multiscale BTH, multiscale multiorientation BTH,
phase-based method, and wavelet-based method. It can be
seen clearly that illumination contrast using wavelet-based
method is poor compared to phase-based method and the
proposed method, where the vessel-like structure is more
distinguishable. However, multiscale BTH method produces
more consistent results at optical disk and foveal areas com-
pared to other parts of the vessels. Figure 4 shows the result

of applying multiscale BTH and multiscale multiorientation
BTH to different correctionmethods, that is, CLASHA [3, 4],
Retinex [5], difference of green and its median blurring [6],
and proposed correction method. In summary, it seems that
applying morphological operators over all correction images
successfully enhances the contrast of vessels. The results of
multiscale BTH over proposed correction method seem to
be efficient in removing inhomogeneity within the image
including optical disk and fovea regions.

3.2. Hierarchical Graph-Based Segmentation (Figure 1(D)). In
this paper, a cognitive vision approach to graph-based image
segmentation is proposed by employing perceptual knowl-
edge of contextual features to provide semantically vessel-like
patterns. Moreover, it decreases the required computational
cost by processing perceptual features instead of processing
the fully connected image in blood vessel applications.

Graph-based segmentation represents the input image as
a weighted graph𝐺 = {𝑉, 𝐸,𝑊}, where all vertices/nodes V𝑖 ∈
𝑉 correspond to a pixel/region of the image 𝑉 = {V

1
, V
2
, . . .}

and edges 𝑒(V
𝑖
, V
𝑗
) ∈ 𝐸 correspond to pair of neighboring

vertices/nodes. Each edge 𝑒(V
𝑖
, V
𝑗
) ∈ 𝐸 has a corresponding

weight 𝑤(V
𝑖
, V
𝑗
) which represents the dissimilarity between

adjacent vertices/nodes 𝑖 and 𝑗. The dissimilarity between
edges is often defined based on selected properties relevant to
the application (e.g., similarity of color and shape) [34–36].

In thiswork, we build an undirected graphwithmultilevel
layers, where the number of vertices/nodes is hierarchically
reduced from top-layer to the next bottom-layer because
nodes are merged to construct objects with more semantic
interpretation from visual perception view. There are two
most important questions in graph-based algorithms to be
considered in image segmentation. First is the weighting
function that presents spectral or/and spatial relationship
between adjacent nodes. Second is themerging/homogeneity
criteria to group adjacent vertices/nodes to have connected
components. The graph starts with color-layer and BTH-
layer, followed by Dijkstra-layer. The design of each layer is
illustrated in the following sections.

3.2.1. Gestalt Similarity and Proximity in Contextual Color
Features (Figure 1(1D)). In order to build spectral level,
the graph-based framework proposed in [35] is applied.
It translates Gaussian smoothed input image into a graph,
where each pixel V

𝑖
∈ 𝑉 is mapped to vertice/node and each

edge 𝑒𝑘 = (V𝑖, V𝑗) ∈ 𝐸 reflects spectral relationships between
adjacent pixels. We consider 8-connected neighborhood as a
Gestalt connectivity patch. The initial weighting function is
Euclidean distance between red, green, and blue components
between two adjacent vertices/nodes V𝑖 and V𝑗. This is given
as

𝑤(V
𝑖
, V
𝑗
)

= √(𝑅V𝑖 − 𝑅V𝑗)
2

+ (𝐺V𝑖 − 𝐺V𝑗)
2

+ (𝐵V𝑖 − 𝐵V𝑗)
2

.

(6)

The spectral vertices/nodes are hierarchically merged based
on degree of spectral similarity (for more details of the
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(a) (b) (c) (d) (e)

Figure 3: Illustrative comparison of enhancement effects in selected images from the DRIVE training, DRIVE testing, ARIA, and STARE
images. The green channels of selected images are presented in (a). (b) shows the results of applying multiscale BTH. Results of multiscale
multiorientation BTH are presented in (c). (d) shows local-phased enhancement after applying Retinex to green channels [5]. (e) shows results
of applying wavelet-based enhancement results [10].

algorithm, read from [35]). The output of spectral-grouping
is not robust enough to perceptually interpret resulting
segmented regions as semantic components, as depicted in
Figure 5(c). High-level criteriamay efficiently enhance results
by grouping/splitting components into more meaningful
spatial structures starting from spectral components instead
of pixels. Therefore, grouping in higher layers is similar to
the spectral-layer, but with other weighting and merging
criteria for different measures of similarity. At each stage,

components are merged iteratively from small to large until
convergence (no more merging). The stop condition is based
on prior knowledge and it is used to prevent oversegmenta-
tion/undersegmentation.

3.2.2. Gestalt Closure and Proximity Based on Contextual
BTH Features (Figure 1(2D)). A sequential connected com-
ponent labeling approach [37, 38] is employed to separate
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(f) (g) (h) (i) (j)

Figure 4: Enhancement results produced by applying multiscale BTH ((a)–(e)) and BTH of multiscale multiorientation structuring elements
((f)–(j)) to CLAHE channel ((b) and (g)) of green channel [3, 4], Retinex channel ((c) and (h)) [5], median channel ((d) and (i)) [6], and
proposed method ((e) and (j)).

vessel-like components from background components by
scanning all pixels in vessel-layer and consequently labeling
each connected component. For convenience, we consider
the case of 8-connected neighborhood (Gestalt proximity
patch). The suggested labeling threshold is based on ratio
of mean average over standard deviation average of vessel-
layer with 10 homogeneous pixels as the minimum number
of pixels in one component.

We consider the labeled-component with highest number
of pixels as background (label 0) and other components as
foreground components (labels 1, 2, 3, 4, 5, etc.). On the
other hand, nonmasked area is typically left unchanged by the
labeling process. As a result, background label (𝐿

𝐵
) is used

to cut edges of spectral components or vertices from spectral
components (see (7)) to build BTH-layer where the number
of nodes in this layer is lower than the number of nodes in
spectral-layer, as depicted in Figure 5(d):

BTH (V) =
{

{

{

vessel, V ∈ 𝐿
𝐹
,

no-vessel, V ∈ 𝐿
𝐵
.

(7)

3.2.3. Gestalt Continuity and Proximity Based on Contextual
Features (Figure 1(3D)). The BTH-layer is updated by assign-
ing a new weight for edges between BTH-spectral connected
components. The weight is based on the smallest Euclidean
distance between vertices of all adjacent components.

Thedevelopment of our continuity feature ismotivated by
the need for a representation of long contour representation

suitable to visually perceive vessel-like patterns as continuous
irregular lines. In order to apply continuity principle, Dijkstra
algorithm [19, 39] is employedwithinwindow size𝑤 = 50×50
by considering each first component in BTH-layer block as a
source point of the graph-path and each furthest component
in window 𝑤 = 50 × 50 as target point of graph-path. All
vertices in Dijkstra path from source to target are iteratively
merged to be one component, until convergence of vessel and
nonvessel regions (Figure 5(e)).

Figure 5 shows some examples from standard datasets.
The spectral segmentation is not sufficient to obtainmeaning-
ful structures, because lighting contrast of vessel-like/non-
vessel-like patterns is low. Therefore, the results are with
undersegmented/oversegmented regions, so higher-level cri-
teria should be used efficiently to group or split compo-
nents into more meaningful spatial structures (BTH). This
shows the importance of using shape features to eliminate
wrongly labeled vessel-like patterns. On the other hand, other
properties such as asymmetry and length/width [40] help to
decrease the number of nodes in BTH-layer; however, they
are not enough to find connectedness of nonadjacent nodes
in BTH-layer.

As a result, Graph-based characteristics (Dijkstra algo-
rithm) are introduced in image segmentation to deter-
mine connectedness of nonneighbor nodes, which can be
integrated to build a complete contour. Table 1 presents
the number of components in vessel multilayer graph, start-
ing from initial green channel, ROI image, and BTH and
Dijkstra-layers.
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(a)
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(c)
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Figure 5: Demonstrative results of each stage of applying graph-based segmentation. (a) shows some selected images from the DRIVE
training,DRIVE testing, ARIA, and STAREdatasets. Gold standards are shown in (b). (c) presents spectral-layer.TheBTH-layer after applying
graph-cut to vessel-layer (multiscale BTH) is illustrated in (d). (e) shows the final-layer after applying Dijkstra path.
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Table 1: Illustrative study of the number of components from fully connected to locally connected layer of selected examples from the DRIVE
training, DRIVE testing, ARIA, and STARE datasets.

Datasets DRIVE training DRIVE testing ARIA STARE
Initial layer 329960 329960 442368 423500
Initial layer with ROI 210702 208174 350013 288761
Spectral-layer 9874 9816 15094 12917
BTH-layer 3285 3719 3130 4968
Dijkstra-layer 2 2 2 2

4. Experimental Evaluation

Wehave employed three public retinal image datasets to eval-
uate the proposed segmentation framework. In this section, a
brief introduction to these datasets is provided in Section 4.1;
evaluation criteria including preprocessing and segmentation
criteria are defined in Section 4.2, followed by experimental
results in Section 4.3.

4.1. Data. We obtained human retinal images from publicly
available datasets: DRIVE, ARIA, and STARE. All datasets
consist of RGB components of retinal images with their
corresponding ground truth images where blood vessel-like
structures are segmented.These datasets are selected because
of availability of gold standard from manual annotations of
retinal vessels by experts.

DRIVE (Digital Retinal Images for Vessel Extraction). It
consists of training and testing image with 565 × 584 pixels,
which are obtained from a diabetic retinopathy screening
program in the Netherlands. The set of 40 photographic
images have been randomly selected, 33 do not show any sign
of diabetic retinopathy, and 7 show signs ofmild early diabetic
retinopathy. The manual segmentation of set A is used as
ground truth. The DRIVE dataset is available at http://www
.isi.uu.nl/Research/Databases/DRIVE/.

ARIA (Automated Retinal Image Analysis). It consists of
three groups: 92 images of age-related muscular degenera-
tion, 59 images of patients with diabetes, and 61 images of
healthy eyes, collected by St. Paul’s Eye Unit and University
of Liverpool. Each image was captured at a resolution of 768
× 576 pixels. The manual segmentation from observer DGP
is used as ground truth. The ARIA dataset is available at
http://aria.cvs.rochester.edu/#&panel1-1.

STARE (STructural Analysis for the Retina). It consists of
20 images with 10 images showing evidence of pathology,
obtained from University of California. Each image was
captured by 8 bits per plane at 605×700 pixels. Hand-labeled
vessel networks, provided by Adam Hoover (1st manual) and
Valentina Kouznetsova (2nd manual), are used as ground
truth. The STARE datasets are available at http://www.ces
.clemson.edu/∼ahoover/stare/probing/index.html.

4.2. Evaluation Measures

4.2.1. Preprocessing Measures. In order to evaluate contrast
enhancement, several objective methods are proposed: Con-
trast Improvement Index (CII), Peak Signal-to-Noise Ratio
(PSNR), and Mean Structural Similarity (𝑀SSIM) [8, 45, 46].

Th CII is ratio of contrast of the enhanced and original
images. CII is computed as follows:

CII =
𝐶enh
𝐶original

,

𝐶 =
fg − bg
fg + bg

,

(8)

where 𝐶 presents the contrast between foreground (vessel)
and background (retinal regions except vessels). fg and bg
are mean gray-level value of foreground and background,
respectively. The larger 𝐶 and consequently the larger CII,
the more obvious the difference between foreground and
background (higher contrast and better enhancement). The
PSNR measures intensity changes of original and enhanced
images based on Mean Square Error (MSE), as follows:

MSE = 1

𝑚𝑛

𝑚

∑

𝑖=1

𝑛

∑

𝑗=1


𝐼original (𝑖, 𝑗) − 𝐼enh (𝑖, 𝑗)



2

,

PSNR = 10 ∗ log
10
(
max2
𝐼

MSE
) .

(9)

To compute𝑀SSIM, the image is decomposed into 𝑘 blocks of
size 𝑛 × 𝑚 and, for each blok, SSIM is computed as follows:

SSIM =

(2𝑥 𝑦 + 𝐶
1
) (2𝜎
𝑥𝑦
+ 𝐶
2
)

(𝜎2
𝑥
+ 𝜎2
𝑦
+ 𝐶
2
) (𝑥
2
+ 𝑦
2
+ 𝐶
1
)

, (10)

where 𝑥, 𝑦, 𝜎𝑥, and 𝜎𝑦 are means and standard deviations in
original and enhanced blocks. 𝜎𝑥𝑦 corresponds to covariance
measure, 𝐶1 = (0.01 × 255)

2, and 𝐶2 = (0.03 × 255)
2.

4.2.2. Segmentation Measures. Four common metrics are
employed to measure the performance of the proposed
segmentation: sensitivity (Se) or True Positive Rate (TPR),
specificity (Sp) or False Positive Rate (FPR), accuracy (Acc),
and area under curve (AUC). Sensitivity indicates the pro-
portion of vessel pixels identified by the proposed method
that coincide with vessel pixels in ground truth images (11),
while specificity is the proportion of detected pixels by the
proposed method that are not vessels in ground truth images
(12). Accuracy indicates the proportion of vessel/nonvessel
patterns that are correctly identified in terms of the total
number of pixels in retinal images (13). ROC is obtained by
plotting the fraction of Se/TPR versus Sp/FPR (14).The closer
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Table 2: Graph-based segmentation performance without and with correction methods on DRIVE, ARIA, and STARE datasets, respectively.
2nd row: CLAHE (𝑤 = 3 × 3) [3, 4, 41]. 3rd row: Retinex (𝑤 = 3 × 3, spatial spread based on low-pass filter 𝜎

𝑑
= 0.3, and geometric spread

of the image intensity 𝜎
𝑟
= 0.3) [5]. 4th row: subtraction median blurring image of green (𝑤 = 31 × 31) from green image [6]. 5th row:

subtraction low-pass Gaussian blurred image of green (𝑤 = 61×61) from green image. Se: sensitivity, Sp: specificity, Acc: accuracy, and AUC:
area under curve.

Datasets Correction methods Evaluation metrics
Se Sp Acc AUC

DRIVE

Without 0.896 0.779 0.789 0.837
CLAHE 0.841 0.867 0.865 0.806
Retinex 0.804 0.934 0.923 0.854

Green-MF (Green) 0.911 0.619 0.645 0.764
Green-GF (Green) 0.921 0.702 0.931 0.0.869

ARIA

Without 0.743 0.913 0.898 0.828
CLAHE 0.781 0.823 0.819 0.802
Retinex 0.768 0.701 0.707 0.734

Green-MF (Green) 0.794 0.667 0.679 0.731
Green-GF (Green) 0.721 0.944 0.924 0.832

STARE

Without 0.629 0.924 0.850 0.774
CLAHE 0.643 0.902 0.838 0.770
Retinex 0.650 0.894 0.839 0.769

Green-MF (Green) 0.670 0.866 0.821 0.769
Green-GF (Green) 0.563 0.975 0.879 0.774

the curve approaches the top left corner with AUC close to 1,
the better the performance of the proposed method is [47]:

Se = TP
TP + FN

, (11)

Sp = TN
TN + FP

, (12)

Acc = TP + TN
TP + FP + TN + FN

, (13)

AUC = Se + Sp
2

, (14)

where TP is defined as the number of vessel pixels correctly
detected in the retinal images, FP is defined as the number
of nonvessel pixels detected as vessels, TN is the number of
nonvessel pixels correctly detected, and FN is the number of
vessel pixels detected as nonvessel pixels.

4.3. Results. In order to evaluate the efficiency of the pro-
posed segmentation method, we use two approaches. First,
each individual stage of the proposed method is evaluated
by its comparable stages of other methods considered in
this study (i.e., inhomogeneity correction and illumination
enhancement) across all three datasets. Second, the perfor-
mance of the proposed segmentation is compared with other
works across DRIVE and STARE datasets.

4.3.1. Inhomogeneity Correction Assessment. The optical disk
and fovea area contribute to most of the false detection of
vessel pixels in most blood vessel detection frameworks [9,

10, 48]. Subtracting green channel from low-pass Gaussian
blurring of green channel increases the contrast between
optical disk/foveal area and vessel pixels.Therefore, the noisy
area will not be enhanced after morphology enhancement,
especially after multiscale BTH. Figure 6 presents an example
of applying different correction methods, mentioned in
Section 3.1.1, to one of the images fromDRIVE testing dataset.
Our correction method (Figure 6(e)) shows a superior per-
formance for the vessel subtraction and is more similar to
ground truth image, compared to other methods. Table 2
shows that the accuracy of our correction method is the
highest in all three datasets.

4.3.2. Illumination Enhancement Assessment. Figure 7 shows
an example of applying enhancement methods to an image
selected randomly from DRIVE testing dataset. The results
of multiscale BTH outperform other enhancement methods.
The false detection of segmentation method after applying
multiscale multiorientation BTH is because it fails to remove
optical disk and some exudates. Optic disk area, which can
be seen as brightest, round, vertically slightly oval disk,
can be easily preserved by multiscale multiorientation BTH,
which identifies line-shape structures in vertical, horizontal,
or diagonal angularity with varying sizes. Moreover, exudates
can be identified as areas with varying size and shapes, where
it is difficult to be eliminated by multiscale multiorientation
BTH. In contrast, multiscale BTH maintains just all ellipse-
shape structures regardless of their orientations and then
finds magnitude of directional blurring of BTH. As depicted
in Table 3, the accuracy of multiscale BTH is above 90% in all
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(a) (b) (c) (d) (e) (f)

Figure 6: Demonstrative comparison of correction methods on one of the DRIVE testing images. The first row shows the results of
inhomogeneity correction method and its consequence final segmentation in the second row. (a) RGB image and 1st manual. (b) Green
channel without correction. (c) CLAHE correction. (d) Retinex correction. (e) Difference between green and median blurring of green
channels. (f) Difference between green and Gaussian blurring of green channel.

Table 3: Graph-based segmentation performance of four enhancement methods: local phase-based [5], wavelet-based [10], multiscale
multiorientation BTH, and multiscale BTH methods on DRIVE, ARIA, and STARE datasets, respectively. Se: sensitivity, Sp: specificity, Acc:
accuracy, and AUC: area under curve.

Datasets Enhancement methods Evaluation metrics
Se Sp Acc AUC

DRIVE

Phase-based 0.820 0.827 0.826 0.823
Wavelet-based 0.827 0.768 0.773 0.798

Multiscale multiorientation BTH 0.635 0.924 0.945 0.803
Multiscale BTH 0.863 0.930 0.924 0.893

ARIA

Phase-based 0.469 0.818 0.785 0.644
Wavelet-based 0.725 0.683 0.687 0.704

Multiscale multiorientation BTH 0.813 0.893 0.871 0.828
Multiscale BTH 0.746 0.947 0.920 0.841

STARE

Phase-based 0.432 0.776 0.855 0.699
Wavelet-based 0.469 0.773 0.711 0.620

Multiscale multiorientation BTH 0.660 0.944 0.888 0.803
Multiscale BTH 0.606 0.977 0.910 0.800

datasets and consequently their AUC values are most closer
to 1.

The suggested preprocessing enhancement method is
tested by combining it with correction methods and com-
paring it with other enhancement methods, that is, local-
phased and wavelet-basedmethods, in terms of the following
criteria: CII, PSNR, and𝑀SSIM (Table 4).TheCII andPSNRof
multiscale BTH with low-pass Gaussian blurring correction
are relatively largest. On the other hand, 𝑀SSIM of both
median andGaussian corrections are comparable.The reason

is that both filtering methods succeed in efficiently removing
noisy areas by filtering operators of large size.

4.3.3. Comparison between Proposed Segmentation and State-
of-the-Art Methods. The segmentation performance of the
proposedmethod in terms of sensitivity, specificity, accuracy,
and area under curve is compared with other state-of-the-
art methods (matched filtering, supervised, unsupervised,
and artificial methods) in the most public datasets: DRIVE
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(a) (b) (c) (d) (e)

Figure 7: Comparison between illumination enhancement methods and their consequent graph-based segmentation results on one of the
selected images fromDRIVE testing. (a) Green channels of selected image and their 1st-manual images. (b) Local-phase-based enhancement
after applying Retinex to green channel. (c) Wavelet-based enhancement method. (d) Multiscale multiorientation BTH. (e) Multiscale BTH.

Table 4: Illustrative comparison between all possible combinations of inhomogeneity correction and illumination enhancement methods.
1st row: local phase-based method [5]. 2nd row: wavelet-based method [10]. 3rd/7th row: CLAHE correction [3, 4, 41] with multiscale
multiorientation BTH/multiscale BTH. 4th/8th row: retinex correction [5] with multiscale multiorientation BTH/multiscale BTH. 5th/9th
row: median blurring correction [6] with multiscale multiorientation BTH/multiscale BTH. 6th/10th row: low-pass Gaussian blurring
correction with multiscale multiorientation BTH/multiscale BTH.

Method CII PSNR 𝑀SSIM

Phase-based 0.412 42.46 0.797
Wavelet-based 0.701 42.76 0.018
CLAHE + multiscale multiorientation BTH 0.528 42.79 0.802
Retinex + multiscale multiorientation BTH 0.475 42.18 0.621
Median + multiscale multiorientation BTH 0.552 43.37 0.818
Gaussian + multiscale multiorientation BTH 0.554 44.18 0.818
CLAHE + multiscale BTH 0.679 44.28 0.816
Retinex + multiscale BTH 0.643 42.71 0.816
Median + multiscale BTH 0.669 44.59 0.818
Gaussian + multiscale BTH 0.714 44.63 0.818

and STARE, as depicted in Table 5. ARIVE dataset is not
used because only a few studies used ARIVE dataset. The
comparison shows that the proposed method is comparable
to most of blood vessel detection frameworks. The slightly
lower value is due to the fact that the proposed segmentation
shows smaller and thinner vascular structures which are not
generally annotated in the ground truth images. This can be
clearly seen in Figure 8 which shows examples from STARE
andARIAdatasets where the proposed segmentationmethod
succeeds in detecting small and thin vessel-like patterns. It
is also due to overestimated vessel width, which is a result

of initial spectral segmentation (Section 3.2.1), ignoring all
spatial properties to build initial regions.

5. Discussion and Conclusion

In this paper, we proposed a new method to detect blood
vessels in fundus images, which is based on three main
steps: filtering-based correction,morphological-illumination
enhancement, and graph-based segmentation.

Low-pass Gaussian blurring (filtering-based correction)
is suggested to removemost noisy areas in retinal images, that
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Table 5: Performance of segmentation methods based on sensitivity (Se), specificity (Sp), accuracy (Acc), and area under curve (AUC) on
DRIVE and STARE datasets.The hand segmented images from first-manual observers are used as benchmarks (1st STAREmanual is selected
because all works used it).

Methods DRIVE STARE
Sensitivity Specificity Accuracy Sensitivity Specificity Accuracy

Bankhead et al. [10] 0.703 0.028 0.9371 — — —
Estrada et al. [19] — — 0.934 — — —
Wang et al. [11] — — 0.946 — — 0.952
Nguyen et al. [42] — — — — — —
Orlando and Blaschko [43] 0.785 0.967 — — — —
Salazar-Gonzalez et al. [44] 0.7512 0.0316 0.941 0.789 0.037 0.944
Mithun et al. [18] 0.471 0.970 0.936 — — —
Azzopardi et al. [4] 0.744 0.978 0.953 0.786 0.975 0.951
Zhao et al. [5] 0.744 0.978 0.953 0.786 0.975 0.951
Imani et al. [6] 0.752 0.975 0.952 0.750 0.975 0.959
Proposed method 0.850 0.944 0.934 0.633 0.950 0.924

(a) (b) (c)

Figure 8: Illustrative comparison between results obtained from manual observers and the proposed segmentation on selected sample from
STARE and ARIA datasets. (a) Selected sample. (b) 2nd manual sample (selected because it presents most small/thin blood vessels). (c)
Segmented sample.

is, optical disk and fovea.This correction method may not be
the best method; however, it has succeeded in detecting the
most noisy areas from retinal images.

Due to high sensitivity of multistructure elements to
edges in all directions, multiscale/multiorientation and mul-
tiscale morphological BTHs (morphological-illumination
enhancement) are proposed which are capable of detecting
most of the blood vessel edges which are thin and small. The
deficiency ofmissing some thin vessels is due to theminimum
threshold of connected component labeling of BTH-layer.
Therefore, the need for appropriate thresholding method
to find thin vessel and avoid false-edge pixel is important.
Hence, one of our future works is to find more suitable
connected component thresholding method to increase the
accuracy of the proposed method.

Hierarchical graph-based segmentation is based on
applying perceptual Gestalt principles (e.g., similarity, clo-
sure, proximity, and continuity) of spectral/spatial features
between nodes in graphical multilayers. For instance, sim-
ilarity of spectral characteristics between adjacent nodes is
used to group small nodes.These characteristics are informa-
tive; however, semantic ambiguity still exists because of the
appearance, shape, or other higher-level features’ similarity.
Moreover, closure principle is applied by combining nodes if
their connected component labels are not part of the common
connected component label of BTH-layer. From authors’
viewpoint, there are other laws behind this closure principle
which are similar in size and similar in orientation because
BTH operator preserves multistructure which has variety in
size and orientation.
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Thiswork solved the problemof the priority of the highest
importance principle, unlike other works [28].Themajor law
in this work is proximity (connectedness). This is because
the adjacent nodes in each layer are taken into account to
make vessel-like pattern stand out from its background as a
separate object by grouping small subobjects together with
their surroundings based on other principles.

The quantitative performance of enhancement as well as
segmentation shows that the proposed method works well
on healthy retinal image with accuracy 93.4%. However, a
main drawback is that it tends to produce false detection
in overlapping areas. This has lowered the overall accuracy
of the proposed method, especially on STARE images. To
solve this problem, two-label graph-cut step will help to
reduce incorrect detection and improve performance of the
proposed segmentation.

In this paper, the proposed method is objectively eval-
uated. From the view of cognitive psychology, subjective
evaluation is an efficient method to test the performance of
perceptual segmentation. Therefore, we aim to investigate
human visual perception for segmenting and consequently
detecting blood vessels (new ground truth) and comparing
with segmentation results.

Algorithm run-time is an issue of concern to assess the
algorithm performance. In this paper, the computation time
of the proposed method is 10 minutes and 3 seconds. The
preprocessing part takes around 3 s and segmentation part
takes about 10m to analyze graph algorithms. The proposed
algorithm is quite slow because of sequential connected
component labeling and Dijkstra algorithms in graph-based
segmentation. Therefore, in the future, we aim to parallelize
connected component labeling and Dijkstra algorithms by
translating our graph-based segmentation into parallel seg-
mentation using massively parallel GPU [49].
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To solve the problems that basic Vibe algorithm cannot effectively eliminate the influence of background noise, follower shadow,
and ghost under complex background effectively, an adaptive threshold algorithm,AdaVibe, based on the framework of basicVibe is
proposed. Aiming at the shortage of the basic algorithm, this paper puts forward some improvement measures in threshold setting,
shadow eliminating, and ghost suppression. Firstly, judgment threshold takes adjustmentwith the changes of background. Secondly,
a fast eliminating ghost algorithmdepending on adaptive threshold is introduced. Finally, follower shadow is detected and inhibited
effectively through the gray properties and texture characteristics. Experiments show that the proposed AdaVibe algorithm works
well in complex environment without affecting computing speed and has stronger robustness and better adaptability than the basic
algorithm. Meanwhile, the ghost and follower shadow can be absorbed quickly as well. Therefore, the accuracy of target detection
is effectively improved.

1. Introduction

As the basis of the research on target tracking and behavior
identification,moving target detection is one of themost pop-
ular directions in the field of computer vision [1–4]. Moving
target detection algorithms can be divided into the following
categories, frame difference method [5], optical flow method
[6], and background subtraction method, which can further
be divided into the Gaussian mixture model background
subtraction method [7, 8], codebook model background
subtraction method [9], pixel-level Vibe algorithm [10–12],
and so on. Among the methods mentioned above, frame dif-
ference method with less computational complexity is easy to
design but tends tomisjudge slowmoving target. Optical flow
method has high accuracy, but it is not suitable for real-time
detection because of large computation. The Gaussian mix-
ture model with the slow parameter estimation has difficulty
achieving real-time performance requirements. The fixed
threshold value of codebookmodel can easily lead the code to
diverge. Vibe algorithm can extract the target in the initial few
frames, with good adaptability and real-time performance.

However, the basic Vibe algorithm also has a series of
problems in practice. (1)The threshold set up by experience
is a fixed value and it has no adaptive adjustment during the
running process of the algorithm, so the result is not robust
enough. (2) It is easy to create ghost and the suppression of
the ghost is slow [13]. (3) Vibe algorithm does not deal with
the follower shadow and directly recognizes the shadow as
a part of the target [10]. The detection accuracy is reduced
due to follower shadow. To solve these problems, this paper
puts forward an improved algorithm combining adaptive
algorithm with Vibe algorithm. A new suppression strategy
of ghost that depends on the Vibe mode is introduced. At the
same time, follower shadow is effectively detected through the
gray properties and texture characteristics.

2. Fundamental Principle of
Basic Vibe Algorithm

The Visual Background Extractor (Vibe) algorithm was
proposed by Barnich and Van Droogenbroeck of Belgium in
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Figure 1: Vibe background model.

2009 for quick background subtraction and themoving target
detection [14].

Vibe algorithm uses the first frame to initialize the
background model. It introduces the randomization into
modeling for the first time and proposes a strategy to
randomly update the background model. At the same time,
according to the spatial consistency principle, each pixel of
the background will be randomly updated into the neighbor
model. The steps of the algorithm are pixel background
modeling, model matching, and model updating.

As shown in Figure 1, each background pixel 𝑥 ismodeled
by a collection of 𝑁 background sample values. The back-
ground model formula is shown as

𝑀(𝑥) = {𝑉
1
, 𝑉
2
, 𝑉
3
, . . . , 𝑉

𝑁
} . (1)

All of the 𝑁 samples have been judged as background
pixels. As shown in Figure 2, these samples are randomly
chosen from the eight pixels marked with 𝑘 for𝑁 times.

In the next new frame, for the current pixel value 𝑉(𝑥)
of 𝑥, set threshold 𝑅, and calculate the number of common
samples of the {𝑉(𝑥) − 𝑅, 𝑉(𝑥) + 𝑅} and𝑀(𝑥):

# {{𝑉 (𝑥) − 𝑅, 𝑉 (𝑥) + 𝑅} ∩𝑀 (𝑥)} . (2)

If the result is greater than value #min, 𝑥 will be treated
as a member of foreground. Otherwise, it will be treated as a
member of background.

Usually, we need a certain length of video sequences
to complete the initialization and build background model.
However, Vibe algorithm only uses the first frame to initialize
the background model. As one frame could not contain 𝑁
samples of a specific pixel, according to the spatial consis-
tency principle of neighbor pixels, we can fill the background
model for 𝑁 times with its neighbor pixels. These neighbor
pixels are randomly chosen according to a uniform law:

𝑀
0
(𝑥) = {𝑉

0
(𝑦 | 𝑦 ∈ 𝑁

𝐺
(𝑥))} . (3)

In formula (3), 0 represents the initial time, and 𝑁
𝐺
(𝑥)

represents the eight-neighbor pixels. Vibe adopts a conser-
vative model update policy. Foreground pixels will never be

k k k

k x k

k k k

Figure 2: Eight-neighbor model.

used to fill the background model. When𝑉(𝑥) is determined
as a background pixel, it has a probability of 1/𝜙 to update
its own background model. At the same time, it also has the
probability of 1/𝜙 to update the background model of its
neighbor pixels, which are selected randomly from its eight-
neighbor pixels.

The present time is 𝑡; in further time (𝑡 + 𝑑𝑡), the
probability that a specific sample is still in the background
model is equal to

𝑃 (𝑡, 𝑡 + 𝑑𝑡) = 𝑒
− ln(𝑁/(𝑁−1))𝑑𝑡

. (4)

3. Adaptive Threshold Strategy

In basic Vibe algorithm, model matching always uses a fixed
global threshold𝑅. Experiments show that the simple thresh-
old policy ignores the complexity of the local environment
and the uncertainty of changes. So it is difficult to detect the
target effectively in complex environment.

For complex dynamic background, the threshold 𝑅

should be increased appropriately, so that the background
cannot be easily detected as foreground. On the other hand,
for simple static background, 𝑅 should be decreased to detect
small changes of the foreground. In order to improve the
robustness of basic Vibe algorithm, an improved method of
adaptive threshold is proposed in this section.

Define a set of distances𝐷(𝑥):

𝐷 (𝑥) = {𝐷
1
(𝑥) , . . . , 𝐷

𝑖
(𝑥) , . . . , 𝐷

𝑁
(𝑥)} . (5)

In formula (5),𝐷
𝑖
(𝑥) is the minimum Euclidean distance

between current pixel𝑉(𝑥) and its background samples𝑉
𝑖
(𝑥)

and 𝑁 represents the number of samples. In this paper,𝑁 is
set to be 20.The average value 𝑑mean(𝑥) is used to characterize
the complex situation of background change:

𝑑mean (𝑥) =
𝑁

∑
𝑖=1

𝐷
𝑖
(𝑥) . (6)

A new 𝑑mean(𝑥) is recorded after each successful match
between 𝑉(𝑥) and 𝑉

𝑖
(𝑥). For static background, 𝑑mean(𝑥)

tends to be steady, while 𝑑mean(𝑥) increases gradually for
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complex dynamic background. So, the threshold𝑅 is updated
adaptively according to the value of 𝑑mean(𝑥):

𝑅 =
{

{

{

𝑅 ∗ (1 + 𝜀
𝑐
) , if 𝑅 < 𝑑mean (𝑥) ∗ 𝛿,

𝑅 ∗ (1 − 𝜀
𝑑
) , else.

(7)

In formula (7), 𝜀
𝑐
, 𝜀
𝑑
, and 𝛿 are the fixed parameters;

set 𝜀
𝑐
= 0.06, 𝜀

𝑑
= 0.4, and 𝛿 = 5. It can be shown

that 𝑅 tends to be steady for static background. When the
interference generated by dynamic background appears, 𝑅
increases gradually to improve adaptability of the algorithm.

The upper and lower limits are set to prevent 𝑅 from
becoming too large or too small:

𝑅min = 10,

𝑅max = 30.
(8)

4. The Adaptive Algorithm of
Ghost Suppression

Different from other algorithms, Vibe algorithm initializes
the backgroundmodel from the first frame of the video, so the
initialization is very quick.The drawback is that the presence
of a moving object in the first frame will introduce an artifact
commonly called a ghost. While initializing model, the mov-
ing target of the foreground in the first frame is considered
as background pixels incorrectly. When the moving target in
the following frames leaves the original position, the sampled
real background grayscale values cannot match the initial
background model. As a result, the background pixels are
considered as foreground by mistake, and the ghost appears.
Although in following frames the ghost can be eliminated by
refreshing background models, this process is still relatively
slow. Meanwhile, if the moving target goes through the ghost
area, the detection accuracy will be decreased.

Considering the existence of the ghost, this paper deals
with the detected foreground pixels according to properties
of ghost to eliminate the ghost quickly.

4.1. Fundamental Idea. It can be seen from above that
ghost pixels are background pixels, which are detected as
foreground pixels incorrectly. According to the consistency
principle of neighbor space, the grayscale values of ghost area
are close to its neighbor pixels. So, a pixel can be treated as the
ghost if this pixel and the background model of its neighbor
pixels canmatch well. Usually, when we deal with a frame, we
scan the frame from left to right and from top to bottom. As
shown in Figure 3, following the left-right-top-bottom order,
𝑥 stands for the suspicious ghost pixel to be judged, pixels
markedwith 𝑘 are the background or treated ghost pixels, and
pixels marked with 𝑢 are the pixels to be dealt with.

When dealing with ghost, as the pixels marked with 𝑘
𝑖

have been scanned and dealt with, the background models
of these four pixels are reliable. If pixel 𝑥 is detected as
a ghost pixel, update the background model of 𝑥 in time.
So background model of 𝑥 is reliable and the ghost can
be eliminated from outside to inside gradually to achieve
the goal of quickly eliminating ghost. When updating the

k4

k3k2k1

u

uu u

x

Figure 3: Ghost processing pattern.

background model of 𝑥, we only choose its value from
background models of four reliable neighbor pixels.

4.2. Detailed Process. Steps to deal with ghost are listed below.

(1) Calculate the Euclidean distances in RGB space
between 𝑥 and pixels {𝐼

1
, 𝐼
2
, 𝐼
3
, 𝐼
4
} in positions

{𝑘
1
, 𝑘
2
, 𝑘
3
, 𝑘
4
}. Keep the distances as {𝑑

1
, 𝑑
2
, 𝑑
3
, 𝑑
4
},

and get the minimum value of the four distances:

𝑑
𝑖
= √(𝑟

𝑖
− 𝑟
𝑥
)
2

+ (𝑔
𝑖
− 𝑔
𝑥
)
2

+ (𝑏
𝑖
− 𝑏
𝑥
)
2

,

𝑑
𝑚
= min (𝑑

1
, 𝑑
2
, 𝑑
3
, 𝑑
4
) .

(9)

(2) Using the corresponding pixel of 𝑑
𝑚

as reference
pixel (i.e., 𝑑

𝑚
= 𝑑
1
), calculate distances between the

other three pixels and the reference. Find the largest
distance 𝐷

𝑚
among the three distances following

formula (10), and get the threshold by formula (11):

𝐷
𝑚
= max (𝐷

1,2
, 𝐷
1,3
, 𝐷
1,4
) (10)

th = min (𝐷
𝑚
, 𝐷) . (11)

In formula (10), 𝐷
1,𝑥

represents the distance between
pixel on 𝑘

1
and pixels on {𝑘

2
, 𝑘
3
, 𝑘
4
}, respectively. It

is to be noted that 𝐷 in formula (11) is a fixed value
to prevent the incidental fluctuations of threshold
caused by occasional disturbances, and it is set to be
25 in this paper.

(3) Use the threshold th to judge ghost pixels. When
𝑑
𝑚
< th, the pixel 𝑥 can easily match the background

model of its neighbor pixels, so 𝑥 is considered to
be a ghost pixel. Classify the pixel 𝑥 as background,
randomly sample the pixel again, and establish a
new background model. The background models of
its neighbor pixels are updated at the same time.
Otherwise, the pixel 𝑥 belongs to foreground target
indeed.

To reduce the computation cost, not all detected fore-
ground pixels are judged whether they are ghost using the
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Calculate th Whether within the
scope of th

Get rid of this pixel
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No

Figure 4: Flow chart of ghost suppression.

method above. Instead, a kind of classification strategy is used
to filter the pixels before judging. In this paper, we count
the times, 𝑁

𝑔
, that a pixel is continuously detected to be a

foreground pixel. A pixel is determined to be a suspicious
ghost pixel only when𝑁

𝑔
exceeds a specific range.Then, take

the method above to judge it again.
Figure 4 shows the flow chart of ghost suppression.

5. The Algorithm of Eliminating Shadow
Based on Texture Characteristics

In general, shadow usually does not affect detection results.
However, the follower shadow, which accompanies the target,
is recognized as a part of the target by most algorithms. Basic
Vibe algorithm does not take account of the follower shadow.
That is to say, the follower shadow may be mixed into the
detected foreground, which affects the result. To enhance the
accuracy of the detected result, a new method of follower
shadow eliminating is proposed.

Due to the characteristics of shadow, when a pixel is
covered by shadow, its grayscale value is linear with that when
not covered:

𝑝 (𝑖, 𝑗) =
𝐵 (𝑖, 𝑗)

𝑂 (𝑖, 𝑗)
(0.2 < 𝑝 < 0.8) . (12)

According to the theory above, if the relationship between
grayscale value of a foreground pixel and its original grayscale
value satisfies formula (12), the pixel could locate in shadow
area. In formula (12), 𝑂(𝑖, 𝑗) is the original grayscale value
and 𝐵(𝑖, 𝑗) is the grayscale value when a pixel is covered by
shadow. The whole formula is named proportion constraint
formula.

Further experiments show that eliminating the shadow
only with grayscale value may exaggerate the shadow area.
That is, some parts of the target are also recognized as shadow.
To solve this drawback, SILTP texture characteristics operator
is used as additional constraint condition.The research shows
that SILTP characteristics operator of a pixel cannot be
changed a lot when covered by shadow.

Suppose the pixel location of a graph is (𝑥
𝑐
, 𝑦
𝑐
); SILTP

encoding is shown as

SILRP𝜏
𝑁,𝑅
(𝑥
𝑐
, 𝑦
𝑐
) =

𝑁−1

⨁
𝑘=0

𝑠
𝜏
(𝐼
𝑐
, 𝐼
𝑘
) . (13)
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Figure 5: SILTP encoding.

In the formula, 𝐼
𝑐
is the grayscale value of the region

center and 𝐼
𝑘
are the grayscale values of pixels in the𝑁 neigh-

bor area whose radius is 𝑅.⨁ means connecting all binary
values to strings. 𝜏 is the variable threshold range. Piece-
wise function of 𝑠

𝜏
(𝐼
𝑐
, 𝐼
𝑘
) is shown as

𝑠
𝜏
(𝐼
𝑐
, 𝐼
𝑘
) =

{{{{

{{{{

{

01, 𝐼
𝑘
> (1 + 𝜏) 𝐼

𝑐
,

10, 𝐼
𝑘
< (1 − 𝜏) 𝐼

𝑐
,

00, other.

(14)

In this paper, region 𝑅 is taken as the eight-neighbor area
of the center pixel, and 𝜏 is taken as 0.1. Figure 5 is an example
of SILTP encoding.

Take out codes clockwise, and then the eight binary values
generated by four 2-bit binary values of four directions (top,
left, bottom, and right) can be recognized as the character-
istics operator of this window’s center pixel. The eight binary
values are also the texture information of this window's
center pixel. In Figure 5, the SILTP characteristics operator
is 00100100. SILTP characteristics operator has stronger
robustness against brightness changes. In addition, the weak
shadow area can also be detected well:

𝑁
𝑠
= num (→𝑜SILTP −

→
𝑏SILTP) . (15)

Take the foreground pixel which satisfies formula (12) as
the foreground pixel to be detected. In formula (15), →𝑜SILTP
stands for the original characteristics operator of the pixel,
and

→
𝑏SILTP is the updated SILTP characteristic operator of

the pixel. 𝑁
𝑠
is the number of positions whose →𝑜SILTP and

→
𝑏SILTP values are different among the eight positions:

𝑁
𝑠
< 𝑁max. (16)

Compare 𝑁
𝑠
and 𝑁max; if formula (16) works, the pixel

locates in follower shadow area. Set𝑁max = 5 in this paper.
In summary, the whole process of eliminating shadow is

shown as below.

(1) Calculate initial characteristic operator →𝑜SILTP.
(2) Get foreground pixels by AdaVibe algorithm.
(3) Test grayscale proportion on foreground pixels.
(4) Test if the proportion satisfies formula (12). If it

satisfies it, go to Step (5). Otherwise, the pixel is
foreground.
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Figure 6: Flow chart of adaptive Vibe algorithm.

(a) (b)
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(g) (h)

Figure 7: The effect figure by using Vibe and added adaptive 𝑅.

(5) Calculate
→
𝑏SILTP and𝑁

𝑠
.

(6) If 𝑁
𝑠
satisfies formula (16), the pixel is shadow and

can be removed from the foreground. Otherwise, it is
foreground.

If the video background varies greatly, to ensure the
robustness of the algorithm, SILTP characteristic operators
of background pixels should be refreshed every 𝑇 cycles to
create new →𝑜SILTP. Usually, the foreground only occupies a
small part of the whole area. Consequently, adding SILTP

characteristic operators does not affect the speed of the
algorithm.

Above all, the flow chart of adaptive Vibe algorithm
proposed in this paper is shown in Figure 6.

6. Simulations and Analyses

The experiment was done on a Lenovo PC, withWindows XP
and Intel Celeron E3400 2.60GHzCPU.The resolution of the
video is 320 ∗ 240, and frame rate is 24 pfs, #min = 3, 𝜙 = 16.
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(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 8: Effect figure of shadow eliminating.

Table 1: Performance of the algorithms.

Calculation speed/frames Error rate/%
Vibe (RGB) 20.24 18.3
AdaVibe 19.68 11.2
Calculation speed: average number of frames treated per second.
Error rate: percentage of error against ground truth.
Vibe (RGB): Vibe algorithm in RGB space.
AdaVibe: AdaVibe algorithm proposed in this paper.

6.1. Test of Adaptive Threshold. Figure 7 is the effect diagram
of the first test video clip. Left to right are frames 20 and
968, and top to bottom are original graph, ground-truth, Vibe
(RGB), and AdaVibe proposed in this paper. In this video, the
interference is water fluctuations.

Comparison between the two algorithms is shown as
Table 1.

It can be seen that, with the adaptive threshold adjustment
strategy, the influence of water ripple on the foreground
detection is reduced. AdaVibe algorithm is better suitable for
the dynamic background. So AdaVibe has stronger robust-
ness and better adaptability than the basic algorithm. Besides,
AdaVibe has the same speed as Vibe (RGB).

Table 2: Comparison of shadow eliminating.

Calculation speed/frames Accuracy rate/%
Vibe (RGB) 19.56 N/A
SEGP 19.07 68.4
AdaVibe 18.98 94.5
Accuracy rate: percentage of correct shadow pixels detected by algorithm
against practical shadow pixels.

6.2. Test of Follower Shadow Elimination Added Adaptive
Threshold. Figure 8 is the treated result of the second video
clip. In this video, there is interference such as overlaps,
vibrations of leaves, and light changes. Besides, there is a
shadow accompanying the moving target. Left to right are
frames 132, 296, and 333, and top to bottomare original graph,
ground-truth, the shadow eliminating algorithm based on
grayscale properties (SEGP), and AdaVibe. Area inside the
red rectangle is the follower shadow.

Comparison of shadow eliminating among these algo-
rithms is shown as in Table 2.

FromTable 2, AdaVibe gains a good result. It can suppress
the follower shadow, without lowering algorithm speed and
oversuppression (marked by yellow circle in Figure 8).
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Figure 9: Effect figure of ghost and follower shadow suppression.

6.3. Test of Ghost and Follower Shadow Elimination Added
Adaptive Threshold. In the third tested video, the moving
target emerges from the first frame and there is follower
shadow accompanying the target.Thatmeans ghostmay exist
in the basic Vibe algorithm. Apply different algorithms to the
video, and compare the results.

Figure 9 is the effect diagram of ghost and follower
shadow suppression. Left to right are frames 22, 117, and 303,
and top to bottom are original graph, ground-truth, Vibe
(RGB), algorithm proposed in [11], and AdaVibe. Area sur-
rounded by red circle is ghost. The comparison of ghost sup-
pression among three methods motioned above is listed in
Table 3. Figure 10 shows the error rate of each frame.

From the test result, AdaVibe algorithm can eliminate
ghost in less frames, which improves the computing speed.

What ismore, elimination of ghost and shadow also improves
the accuracy and robustness greatly.

7. Conclusion

To solve the drawbacks in basic Vibe algorithm, the adaptive
threshold is proposed in this paper to cover the shortage
of fixed threshold, reduce the interference with test results,
and then take actions to eliminate ghost. Finally, grayscale
and texture information are introduced to suppress follower
shadow effectively.

The results show that AdaVibe algorithm can effectively
eliminate background noise, follower shadow, and ghost in
complex background and improve the accuracy and robust-
ness as well as stableness without affecting the computing
speed.
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Figure 10: The error rate of each frame.

Table 3: Comparison of ghost inhibition.

Frames needed
for ghost

suppression
Calculation speed/frames

Vibe (RGB) 763 19.58
Algorithm of [11] 125 18.60
AdaVibe 28 18.83
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Cone beam computed tomography (CBCT) is a new detection method for 3D nondestructive testing of printed circuit boards
(PCBs). However, the obtained 3D image of PCBs exhibits low contrast because of several factors, such as the occurrence of metal
artifacts and beam hardening, during the process of CBCT imaging. Histogram equalization (HE) algorithms cannot effectively
extend the gray difference between a substrate and ametal in 3DCT images of PCBs, and the reinforcing effects are insignificant. To
address this shortcoming, this study proposes an image enhancement algorithm based on gray and its distance double-weighting
HE. Considering the characteristics of 3D CT images of PCBs, the proposed algorithm uses gray and its distance double-weighting
strategy to change the form of the original image histogram distribution, suppresses the grayscale of a nonmetallic substrate, and
expands the grayscale of wires and other metals.The proposed algorithm also enhances the gray difference between a substrate and
a metal and highlights metallic materials. The proposed algorithm can enhance the gray value of wires and other metals in 3D CT
images of PCBs. It applies enhancement strategies of changing gray and its distance double-weighting mechanism to adapt to this
particular purpose. The flexibility and advantages of the proposed algorithm are confirmed by analyses and experimental results.

1. Introduction

A printed circuit board (PCB) is an important part of
electronic products. PCBs have played crucial roles in nearly
every electronic product, such as electronic watches, cell
phones, personal computers, digital machine tools, aerospace
equipment, and medical instruments. Defects during the
production process, as well as aging and wear during usage,
will damage the entire board, thereby leading to abnormal
operation, malfunction, and function invalidation in the
circuit. These situations may eventually paralyze the entire
working system.Therefore,monitoring the condition of PCBs
is important. 3D imaging of PCBs via cone beam computed
tomography (CBCT) can isotropically show the internal
structure of PCBs in 3D space at micron-level resolution
[1]. All information on internal defects, including cracks,
incomplete welds, and welding faults, can be tested in a
nondestructive manner [2].

PCBs consist of a nonmetallic substrate and metallic
materials, such as wires, vias, pads, and copper. The metallic
materials in PCBs provide the information of circuit connec-
tivity. Therefore, we are concerned more about the metallic
materials than about the nonmetallic materials. However,
given the considerable amounts ofmetallicmaterials in PCBs,
numerous factors, including the occurrence of metal artifacts
and beam hardening, affect image quality in the CBCT imag-
ing process [3, 4]. These harmful factors will result in low-
contrast 3DCT images of PCBs.Thus, an image enhancement
technology should be applied to highlight metallic materials.
Histogram enhancement technology is the most basic image
contrast enhancementmethod [5]. A histogram is the statistic
probabilistic distribution of each gray level in a digital image.
It can provide a general overview of the characteristics of
an image, such as grayscale, gray level distribution and
its density, the average luminance of an image, and image
contrast [6]. Histogram enhancement can improve the gray
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dynamic distribution of an image by changing the gray
mapping relationship [7]. Histogram equalization (HE) is
one of the most significant and commonly used histogram
enhancement methods [8].

HE changes the input image into a new image with a
uniform distribution of pixel gray values. It enhances the
contrast of an image by increasing and adjusting the dynamic
distribution range of gray. Given its simplicity and compar-
atively good performance in nearly all types of images, HE
has become a popular image contrast enhancement technique
[9]. However, HE also has several disadvantages. First, theHE
algorithm uses global histogram information, which limits
the intensity of image contrast stretching in some local areas.
Consequently, this algorithm cannot effectively enhance the
contrast between the background and a number of interesting
details and has difficulty controlling the reinforcing effect.
Second, saturation artifacts may occur in the result. Third,
the grayscale of the output image may be overcombined,
which may lead to the loss or discontinuity of the gray level;
consequently, some detailed information of the image is lost.

To address these problems, several researchers [10–12]
have enhanced images in subgray space. This strategy par-
tially relieves the issues encountered in traditional HE and
retains the details of an image as much as possible. These
methods first separate the original global gray histogram
into several subspaces. Then, the original image is divided
into several subimages, and HE enhancement is performed
on each subimage. Finally, all subimages are merged into a
single image on the global grayscale histogram.The improved
algorithms include brightness-preserving bi-HE (BBHE) [13,
14], recursive mean-separate HE (RMSHE) [15–17], dualistic
subimage HE (DSIHE) [18, 19], minimum mean brightness
error bi-HE (MMBEBHE) [20, 21], and weighting mean-
separated sub-HE (WMSHE) [22, 23].

In BBHE, the input image histogram is divided into two
subimages according to the mean value of the input. Then,
both parts are merged again after the histogram is equalized.
The result maintains the mean of the original image.The idea
of preserving brightness is also adopted in the literature [24–
27].

RMSHE follows the principle of BBHE. It iteratively
divides the original image histogram into two parts at mean
points. Then, 2𝑟 subspaces are obtained after 𝑟 partition
times. HE is applied on each part. Evidently, as the number
of partition times for the image histogram increases, the
obtained result becomes increasingly closer to the original
image. RMSHE is the same as BBHE if 𝑟 = 1.

DSIHE selects the partition points of an image histogram,
in which both parts have equal proportion. That is, both
subimages have the same number of pixels after DSIHE
partition.

MMBEBHE follows the basic principle of BBHE and
DSIHE in decomposing an image and then applies HE
to equalize the resulting subimages independently. How-
ever, MMBEBHE searches for a threshold 𝑇 that decom-
poses the image 𝐼 into two subimages, 𝐼[0, 𝑇] and 𝐼[𝑇 +

1, 𝐿 − 1]. Consequently, minimum brightness difference is
achieved between the mean of the input image and that of

the output image. This threshold is essentially selected
through enumeration.

WMSHE is similar to RMSHE. The only difference is
that the former uses the gray-weighted mean as a partition
rather than the original subimage. Compared with RMSHE,
WMSHE can maintain more details of the image and reduce
overenhancement.

Compared with the traditional HE algorithm, all the
aforementioned algorithms can maintain more detailed
information and can partially solve the overenhancement
problem. However, these algorithms are not free from side
effects [28].

Only two types of information are available in 3D CT
images of PCBs. The first is nonmetallic materials, such
as substrates, and the second is metallic materials, such as
tracks, vias, and pads.However, various factors in the imaging
process easily lead to the characteristic of a single peak in
the image histogram. The gray of nonmetallic materials is
smaller than that of metallic materials; thus, the gray of
nonmetallic materials typically appears on the left side of
the peak, whereas the gray of metallic materials appears on
the opposite side. Metallic materials that provide electrical
and signal connections for PCBs are of utmost concern.
Hence, a good strategy should compress the grayscale of
nonmetallic materials on the left side of the peak and extend
the grayscale of the metallic materials on the right side. Such
strategy enhances PCB images. However, traditional HE and
its improved algorithms cannot change the gray probability
density function (PDF) of the original image. They can only
enhance an image by using the cumulative density function
(CDF) of its gray probability density. Gray PDF or histogram
determines the final enhancement directly. To solve this
problem, several researchers have proposed to change the
gray histogram of an original image before enhancing it. The
representative algorithms include recursively separated and
weighted HE (RSWHE) [29] and weighted thresholded HE
(WTHE) [30, 31]. RSWHE achieves weighted HE by applying
the strategy that considers the mean value or a value of
equal volume as the partition point. It changes the original
histogrambased on the power of the sumof gray probabilities
in each subsection. This strategy increases the gray of low
probability in the new histogram. However, because of
the insignificant capability of the algorithm to change the
amplitude of the original histogram, the enhancement effect
is only slightly improved.WTHEdefines an upper limit of the
maximum probability of gray and weakens the probability of
the gray with high probability in the original histogram. By
using a power function,WTHE also increases the probability
of the gray that has low probability in the original histogram.
The main aim is to maintain the low probability gray and
reduce the high probability gray, thereby avoiding overen-
hancement.However, this algorithm is slightly flexible. For all
image histograms, the algorithm only blindly reduces “high
probability” and increases “low probability.” By contrast,
maintaining the grayscale range with high probability is
necessary to enhance PCB images because of the existence
of PCB metals in this zone. Accordingly, this study presents
an algorithm called image enhancement based on gray and
its distance double-weighting HE (GDDWHE). As the name



Mathematical Problems in Engineering 3

suggests, GDDWHE introduces gray and its distance double-
weightingmechanism to change the original gray distribution
of the histogram, thereby satisfying the strategies and objec-
tives of specific enhancements, as well as improving target
enhancement.

2. HE Algorithm

The HE algorithm has been extensively used because it
provides simple and fast calculation.This algorithmprocesses
an input image to ensure that the gray histogramof the output
image follows a uniform distribution. It increases and adjusts
the distribution of the gray dynamic range to enhance the
contrast of the image, thereby achieving image enhancement.

Assume that a 3D image 𝐼(𝑥, 𝑦, 𝑧) has𝑁 voxels and 𝐿 gray
levels {𝐼

0
, 𝐼
1
, . . . , 𝐼

𝐿−1
}. The number 𝑛

𝑘
represents the number

of voxels with a gray level of 𝐼
𝑘
. The occurrence probability of

the gray level 𝐼
𝑘
is

𝑝 (𝐼
𝑘
) =

𝑛
𝑘

𝑁
, (1)

where 𝑘 = 0, 1, . . . , 𝐿 − 1. 𝑝(𝐼
𝑘
) is also known as the PDF,

which defines the CDF

𝐶 (𝐼
𝑘
) =

𝑘

∑

𝑖=0

𝑝 (𝐼
𝑖
) , (2)

where 𝑘 = 0, 1, . . . , 𝐿 − 1. And 𝐶(𝐼
𝐿−1

) = 1 is obtained by
definition.

The main objective of the HE algorithm is to change the
original image histogram from a concentrated distribution
to a uniform distribution over the entire grayscale range.
The HE algorithm uses CDF as a transfer mapping function.
The grayscale of the original image is mapped in the entire
grayscale dynamic range to achieve a uniform distribution.
The transfer mapping function is achieved as follows:

𝑓 (𝐼
𝑘
) = 𝐼
0
+ (𝐼
𝐿−1

− 𝐼
0
) 𝐶 (𝐼
𝑘
) . (3)

If �̃� = {�̃�(𝑥, 𝑦, 𝑧)} is defined as the image after HE, then

�̃� = 𝑓 (𝐼) = {𝑓 (𝐼 (𝑥, 𝑦, 𝑧)) | ∀𝐼 (𝑥, 𝑦, 𝑧) ∈ 𝐼} . (4)

3. GDDWHE Algorithm

3.1. Design and Analysis of the Algorithm. In accordance
with the characteristic of 3D CT images of PCBs, this
paper proposes an image enhancement algorithm based on
GDDWHE. The proposed algorithm focuses on the feature
of a 3D image, modifies the probability distribution of the
grayscale in the histogram that has a single peak, and obtains
an advantageous enhancement effect. In the HE algorithm,
the CDF is defined by (2). In this paper, however, a new
cumulative density function 𝐶(𝐼

𝑘
) is defined as follows:

𝐶 (𝐼
𝑘
) =

𝑘

∑

𝑖=0

(

𝐼
𝛼

𝑖
× ∑
𝑖

𝑗=0
(𝑝 (𝐼
𝑗
) × 𝑑 (𝐼

𝑖
, 𝐼
𝑗
))

CONT
) , (5)

where CONT = ∑
𝐿−1

𝑖=0
(𝐼
𝛼

𝑖
× ∑
𝑖

𝑗=0
(𝑝(𝐼
𝑗
) × 𝑑(𝐼

𝑖
, 𝐼
𝑗
))) and

is a constant for normalization to calculate the probability.
𝐶(𝐼
𝐿−1

) = 1 is obtained by the upper definition. 𝛼 is a pa-
rameter that controls the degree of the gray value 𝐼

𝑖
involved

in the weighting process. 𝑑(𝐼
𝑖
, 𝐼
𝑗
) represents the distance

between grayscales 𝐼
𝑖
and 𝐼
𝑗
. The subscripts 𝑖 and 𝑗 satisfy

the following requirement: 0 ≤ 𝑗 ≤ 𝑖 ≤ 𝐿 − 1. 𝐼
𝑗
satisfies

the following requirement: 𝐼
0
≤ 𝐼
𝑗
≤ 𝐼
𝑖
. If 𝐼
𝑖
= 𝐼
𝑗
, then

𝑑(𝐼
𝑖
, 𝐼
𝑗
) = 1. In other cases, 0 < 𝑑(𝐼

𝑖
, 𝐼
𝑗
) < 1. A great distance

between 𝐼
𝑖
and 𝐼
𝑗
corresponds to small 𝑑(𝐼

𝑖
, 𝐼
𝑗
). Similar to the

summation in (2), the role of the first summation in (5) is to
calculate the cumulative density function. As for the second
summation in (5), we define the following expression:

�̂� (𝐼
𝑖
) =

𝑖

∑

𝑗=0

(𝑝 (𝐼
𝑗
) × 𝑑 (𝐼

𝑖
, 𝐼
𝑗
)) . (6)

Thus, (5) is transformed into

𝐶 (𝐼
𝑘
) =

𝑘

∑

𝑖=0

𝐼
𝛼

𝑖
× �̂� (𝐼

𝑖
)

CONT
. (7)

In fact, (5) uses (𝐼𝛼
𝑖
× �̂�(𝐼
𝑖
))/CONT to replace 𝑝(𝐼

𝑖
) in (2).

The functions of �̂�(𝐼
𝑖
) and 𝐼𝛼

𝑖
are analyzed as follows: CONT

is a constant. Thus, it is set aside temporarily in the following
analyses.

In (2), 𝑝(𝐼
𝑖
) can be denoted by the following expressions:

𝑝 (𝐼
𝑖
) = 0 × 𝑝 (𝐼

0
) + 0 × 𝑝 (𝐼

1
) + ⋅ ⋅ ⋅ + 0 × 𝑝 (𝐼

𝑖−1
) + 1

× 𝑝 (𝐼
𝑖
) =

𝑖

∑

𝑗=0

𝑤
𝑖𝑗
× 𝑝 (𝐼

𝑗
) ,

(8)

where the weight 𝑤
𝑖𝑗
is denoted by the following expression:

𝑤
𝑖𝑗
=

{

{

{

0, 𝑗 < 𝑖,

1, 𝑗 = 𝑖.

(9)

The upper analysis indicates that 𝑝(𝐼
𝑖
) includes only the

probability of gray level 𝐼
𝑖
and it does not consider the

probability of gray level 𝐼
𝑗
when 𝑗 < 𝑖 because the weight 𝑤

𝑖𝑗

equals zero under this circumstance.
In (6), �̂�(𝐼

𝑖
) can be denoted by the following expressions:

�̂� (𝐼
𝑖
) =

𝑖

∑

𝑗=0

(𝑝 (𝐼
𝑗
) × 𝑑 (𝐼

𝑖
, 𝐼
𝑗
))

= 𝑑 (𝐼
𝑖
, 𝐼
0
) × 𝑝 (𝐼

0
) + 𝑑 (𝐼

𝑖
, 𝐼
1
) × 𝑝 (𝐼

1
) + ⋅ ⋅ ⋅

+ 𝑑 (𝐼
𝑖
, 𝐼
𝑖−1
) × 𝑝 (𝐼

𝑖−1
) + 𝑑 (𝐼

𝑖
, 𝐼
𝑖
) × 𝑝 (𝐼

𝑖
)

=

𝑖

∑

𝑗=0

𝑤
𝑖𝑗
× 𝑝 (𝐼

𝑗
) ,

(10)

where the weight 𝑤
𝑖𝑗
is denoted by the following expression:

𝑤
𝑖𝑗
=

{

{

{

𝑑(𝐼
𝑖
, 𝐼
𝑗
) , 𝑗 < 𝑖,

𝑑 (𝐼
𝑖
, 𝐼
𝑗
) = 𝑑 (𝐼

𝑖
, 𝐼
𝑖
) = 1, 𝑗 = 𝑖.

(11)
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The distance 𝑑(𝐼
𝑖
, 𝐼
𝑗
) is used as the weight in the sum-

mation. The definition in (5) indicates that 𝑑(𝐼
𝑖
, 𝐼
𝑗
) is larger

than zero. Unlike 𝑝(𝐼
𝑖
) in (2), �̂�(𝐼

𝑖
) in (6) uses weight 𝑑(𝐼

𝑖
, 𝐼
𝑗
)

to replace zero when the subscript 𝑗 is smaller than 𝑖. Thus,
the summation in �̂�(𝐼

𝑖
) takes into account all the probabilities

of the grayscale that is smaller than or equal to grayscale 𝐼
𝑖
.

�̂�(𝐼
𝑖
) includes not only the probability of gray level 𝐼

𝑖
but

also that of gray level 𝐼
𝑗
, which is smaller than 𝐼

𝑖
. In general,

the weight will be small if the distance is far. Accordingly,
the probability of the gray level close to 𝐼

𝑖
will have a larger

contribution to �̂�(𝐼
𝑖
). The gray histogram of 3D CT images of

PCBs usually has a single peak, and the histogram exhibits an
increasing trend on the left side of the peak. The probability
of the latter gray in particular will be higher than that of the
former. The probability 𝑝(𝐼

𝑗
) is smaller than 𝑝(𝐼

𝑖
) when 𝐼

𝑗

is smaller than 𝐼
𝑖
. After being weighted by 𝑑(𝐼

𝑖
, 𝐼
𝑗
), which

is smaller than 1, the contribution of 𝑝(𝐼
𝑗
) will decrease in

the function �̂�(𝑥) compared with that in the function 𝑝(𝑥).
Thus, (6) can compress the gray located on the left side of
the peak. The gray histogram exhibits a decreasing trend
on the right side of the peak. The probability of the latter
gray is lower than that of the former. The probability 𝑝(𝐼

𝑗
) is

larger than 𝑝(𝐼
𝑖
) when 𝐼

𝑗
is larger than 𝐼

𝑖
. All the weighted

cumulative probabilities of the gray before 𝐼
𝑖
improve the

final enhancement performance of the gray 𝐼
𝑖
in the function

�̂�(𝑥) compared with that in the function 𝑝(𝑥). Thus, (6) can
upgrade the gray located on the right side of the peak. The
previous analysis indicates a low value of the gray on the
left side of the peak in the histogram of the 3D image of
a PCB; this low value corresponds to nonmetallic materials
that should be suppressed in the enhancement result. The
gray on the right side of the peak has a high value, which
corresponds to metallic materials that should be enhanced
in the enhancement result. The function �̂�(𝑥) can attain this
goal through the preceding analysis of (6). Figure 1 shows the
above analysis.

When 𝛼 > 0, 𝐼𝛼
𝑖
is a monotonically increasing function

defined by 𝐼
𝑖
. When 𝐼

𝑖
increases, the product 𝐼𝛼

𝑖
× �̂�(𝐼
𝑖
) will

enlarge �̂�(𝐼
𝑖
) in gray value 𝐼

𝑖
. That is, 𝐼𝛼

𝑖
× �̂�(𝐼

𝑖
) magnifies

the large gray value more clearly than the small gray value.
The preceding analysis indicates that, for 3D CT images of
PCB histograms with a single peak, the controls of 𝐼𝛼

𝑖
can

suppress the nonmetallic materials on the left side of the peak
and enhance the metallic materials, such as wires, on its right
side. Figure 5 shows the above analysis.

The proposed GDDWHE algorithm introduces a new
cumulative density function using gray and its distance
double-weighting strategy.The algorithm can flexibly change
the original gray histogram or gray probability distribution
into different forms by using differentweightingmechanisms,
such as selecting a different gray distance function and
altering the value of 𝛼. For the gray histogram with a single
peak, the algorithm can depress the histogram on the left side
of the peak and raise the histogram on the right side of the
peak. It is especially effective in enhancing the 3D CT images
of PCBs that usually have a single peak in gray histograms.
For the 3D CT images of PCBs, the proposed algorithm can
compress the gray of nonmetallic substrates whose grays are
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Figure 1: Modifications of the original histogram with different
values of 𝜎 (𝛼 = 0).

located on the left side of the peak and upgrade the gray of
wires and metallic materials whose grays are located on the
right side of the peak. The experimental results prove the
advantage of the proposed algorithm.

The proposed algorithm proceeds as follows.

Step 1. The original image histogram 𝑝(𝐼) is calculated.

Step 2. The original histogram is weighted according to 𝐼𝛼
𝑖
×

∑
𝑖

𝑗=0
(𝑝(𝐼
𝑗
) × 𝑑(𝐼

𝑖
, 𝐼
𝑗
)), and a new histogram and a new CDF

are obtained.

Step 3. The new gray histogram is mapped according to
𝑓(𝐼
𝑘
) = 𝐼
0
+(𝐼
𝐿−1

−𝐼
0
)𝐶(𝐼
𝑘
), and the final image enhancement

results are obtained.

3.2. Discussion and Analysis of Parameter Selection. This
section discusses the selection of different parameters of
GDDWHE, including the distance function, the value of
𝛼, and their influences on the transformation of the gray
histogram in a 3D CT image of a PCB with a single peak.
Accordingly, we can select the optimum combination of
parameters to enhance overall performance and achieve an
improved enhancement result for 3D CT images of PCBs.

3.2.1. Selecting the Distance Function. Different distance
functions 𝑑(𝐼

𝑖
, 𝐼
𝑗
) will obtain different enhancement effects.

This study selects the squared Euclidean distance deforma-
tion form as follows:

𝑑 (𝐼
𝑖
, 𝐼
𝑗
) = 𝑒
−(𝐼𝑖−𝐼𝑗)

2
/2𝜎
2

, (12)

where 𝜎 is used to control the range of gray levels that
participate in the operations.
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Figure 2: Modifications of the CDF of the original histogram with
different values of 𝜎 (𝛼 = 0).

3.2.2. Effects of Different Gray Variances on the Algorithm.
The following analysis discusses the influence of different
control parameters of the gray variance value 𝜎 on the
enhancement effect. Figure 1 shows the modifications in the
original histogram caused by different gray variances 𝜎. To
avoid the effect of the weighting of gray on the results, 𝛼 is
set to zero. The figure also shows that the single peak of the
original histogram is widened and its amplitude decreases
with the increase in 𝜎. The decreasing trend on the right
side of the peak and the increasing trend on the left side
of the peak both slow down. Large values of 𝜎 indicate that
the transformed peak is far from the original peak. Figure 2
shows the CDF generated by the changed gray histogram.
This figure also indicates that the repression of the gray in
the low gray value zone is highly evident with increasing 𝜎,
but the stretch of magnitude in the high gray value zone is
weakened. This result is not conducive to the enhancement
of metal PCBs. According to the preceding analysis, the gray
values that correspond to wires and other metals will appear
after the peak of the original histogram.Therefore, for 3D CT
images of PCBs, large values of 𝜎 do not necessarily indicate
good results. The stretching capability within the range of a
large gray value should be considered. Evidently, small 𝜎 will
improve the enhancement result. We choose 𝜎 = 5 on the
basis of the actual gray value distribution feature of the image
and the preceding comprehensive analysis. The selected
experimental PCB image has two circuit layers, and the center
position of each circuit layer is located on the 6th slice and
the 43rd slice. Figure 3 shows the original images of both
slices. Figure 4 shows the image of the 6th slice enhanced by
different values of 𝜎. We apply some statistical measurement
indicators to assess the performance of the enhancement
method. These indicators include the intensity distribution
variance (𝛿2), contrast (𝐶), EME, Michelson law-based EME

(EME Michelson), EME using entropy (EME entropy), and
AME [32–34].

The size of a 3D image 𝐼(𝑥, 𝑦, 𝑧) is 𝐿 × 𝑊 × 𝐻 and the
image is broken up into 𝑘

1
×𝑘
2
×𝑘
3
nonoverlapped subblocks.

𝐼
𝑤

max;𝑙,𝑚,𝑛 and 𝐼
𝑤

min;𝑙,𝑚,𝑛 are the maximum and minimum of
every subblock, respectively. In this paper, we set the subblock
size to 3 × 3 × 3 voxels. These aforementioned indicators are
calculated by the following equations:

𝛿
2

=
1

𝐿𝑊𝐻

𝐿

∑

𝑥=1

𝑊

∑

𝑦=1

𝐻

∑

𝑧=1

(𝐼 (𝑥, 𝑦, 𝑧) − 𝜇)
2

, (13)

where 𝜇 = (1/𝐿𝑊𝐻)∑
𝐿

𝑥=1
∑
𝑊

𝑦=1
∑
𝐻

𝑧=1
𝐼(𝑥, 𝑦, 𝑧), which is the

gray mean of the image;

𝐶 =

𝐿

∑

𝑥=1

𝑊

∑

𝑦=1

𝐻

∑

𝑧=1

255

∑

𝛿=0

𝛿 (𝑥, 𝑦, 𝑧)
2

𝑃
𝛿
(𝑥, 𝑦, 𝑧) , (14)

where 𝛿(𝑥, 𝑦, 𝑧) = |𝐼(𝑥, 𝑦, 𝑧) − 𝐼(𝑚, 𝑛, 𝑘)|, 𝐼(𝑚, 𝑛, 𝑘) is one
of the six neighborhoods of 𝐼(𝑥, 𝑦, 𝑧) in 3D space, and
𝑃
𝛿
(𝑥, 𝑦, 𝑧) is the probability of 𝛿(𝑥, 𝑦, 𝑧);

EME = 1
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, (15)

where 𝑐 is a small constant equal to 0.000001 to avoid dividing
by 0;

EME Michelson
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(16)

EME entropy = max⏟⏟⏟⏟⏟⏟⏟

𝛼

{EME
𝑘1 ,𝑘2 ,𝑘3

(𝛼)} , (17)

where EME
𝑘1 ,𝑘2 ,𝑘3

(𝛼) = (1/𝑘
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2
𝑘
3
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AME = max⏟⏟⏟⏟⏟⏟⏟
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{AME
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(𝛼)} , (18)

where AME
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𝑘
2
𝑘
3
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In (17) and (18), 𝛼 is set from 0.1 to 1 at intervals of 0.1.
The intensity distribution variance 𝛿

2 and contrast 𝐶
reflect the overall enhancement result of the image. Notably,
large values indicate good overall enhancement. The other
indicators, namely, EME, EME Michelson, EME entropy,
and AME, reflect the enhancement effect on the local area
of the image [32] or the capability to preserve local details.
Large values indicate good capability tomaintain local details.
The indicators 𝛿

2 and 𝐶 have an order of priority that
should be considered for their representations in the overall
enhancement performance. The capability to stretch the gray
in the local area is also considered. Table 1 presents the
measurement indicators of the enhancement performance
using different values of 𝜎. We will select the appropriate
parameter 𝜎 from Table 1. As shown in Table 1, improved
enhancement is achieved when 𝜎 = 5.
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(a) 6th slice image (b) 43rd slice image

Figure 3: Two slice images of the original 3D CT image of the PCB.

(a) 𝜎 = 5 (b) 𝜎 = 10

(c) 𝜎 = 15 (d) 𝜎 = 20

(e) 𝜎 = 25 (f) 𝜎 = 30

Figure 4: 6th slice images of the different enhancement results of the original 3D CT image of the PCB with different values of 𝜎 (𝛼 = 0).

Table 1: Results of the enhancement indicators with different values of 𝜎 (𝛼 = 0).

𝛿
2

𝐶 EME EME Michelson EME entropy AME
𝜎 = 5 5301.4 113.3032 48.6657 −182.0618 1.6361 −1.1349
𝜎 = 10 4476.2 78.8758 50.7792 −171.4402 1.8711 −1.1121
𝜎 = 15 3707.7 60.0761 52.3497 −165.7646 2.0425 −1.0985
𝜎 = 20 3060.1 47.6518 54.3363 −161.2780 2.2999 −1.0839
𝜎 = 25 2532.7 38.5262 56.0590 −159.5976 2.6441 −1.0795
𝜎 = 30 2114.4 31.7885 57.3516 −157.5428 2.8432 −1.0694



Mathematical Problems in Engineering 7

0 50 100 150 200 250
0

0.02

0.04

0.06

0.08

0.1

0.12

HE
𝛼 = 0.1

𝛼 = 0.2

𝛼 = 0.3

𝛼 = 0.4

𝛼 = 0.5

𝛼 = 0.6

𝛼 = 0.7

(a) Modifications of the original histogram with different values of 𝛼

38 40 42 44 46 48 50
0

0.5

1

1.5

2

2.5

HE
𝛼 = 0.1

𝛼 = 0.2

𝛼 = 0.3

𝛼 = 0.4

𝛼 = 0.5

𝛼 = 0.6

𝛼 = 0.7

×10
−3

(b) Local enlargement of the left side of (a)

70 75 80 85 90
2.5

3

3.5

4

4.5

5

5.5

6

6.5

7

7.5

HE
𝛼 = 0.1

𝛼 = 0.2

𝛼 = 0.3

𝛼 = 0.4

𝛼 = 0.5

𝛼 = 0.6

𝛼 = 0.7

×10
−3

(c) Local enlargement of the right side of (a)

Figure 5: Modifications of the original histogram with different values of 𝛼 (𝜎 = 5).

3.2.3. Effects of the Different Weights of the Gray Value on the
Algorithm. In the following analysis, we discuss the influence
of the different values of the weight control parameter 𝛼
on the enhancement result. On the basis of the preceding
analysis, the parameter of the gray value variance 𝜎 is set to
5 (𝜎 = 5). Figure 5 shows the modifications of the original
histogramwith different values of 𝛼. As shown in Figure 5(a),
the results of different values of 𝛼 are nearly the same. Figures
5(b) and 5(c) present the enlarged local histograms of the
image in Figure 5(a). These enlarged histograms show that
the results of different values of 𝛼 are not highly evident.
However, Figure 5(b) illustrates that the capability to depress
the gray histogram increases within a small gray value range

with the increase in 𝛼. Figure 5(c) shows that the capability
to upgrade the gray histogram increases within a large gray
value range with the increase in 𝛼. Consequently, the overall
effect will still improve. These results verify the previous
analysis of the algorithm. Given the slight differences among
the gray histogram results obtained using different values of
𝛼, we do not present the corresponding gray CDFs. Figure 6
presents the different enhancement results of the 43rd slice
image obtained using different values of 𝛼. Table 2 provides
the enhanced performance results of different values of 𝛼.
We will select the appropriate parameter 𝛼 from Table 2. On
the basis of Figure 6 and Table 2, we select 𝛼 = 0.5 for the
experimental 3D image when 𝜎 = 5.
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(a) 𝛼 = 0.1 (b) 𝛼 = 0.2

(c) 𝛼 = 0.3 (d) 𝛼 = 0.5

(e) 𝛼 = 0.6 (f) 𝛼 = 0.7

Figure 6: 43rd slice images of the different enhancement results of the original 3D CT image of the PCB with different values of 𝛼 (𝜎 = 5).
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Figure 7: Gray transformation curves of different algorithms.
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(a) Original slice image (b) HE

(c) BBHE (d) DSIHE

(e) MMBEBHE (f) RMSHE

(g) RSWHE (h) WTHE

(i) WMSHE (j) GDDWHE (𝜎 = 5, 𝛼 = 0.5)

Figure 8: 6th slice images of the enhancement results of different algorithms for the original 3D CT image of the PCB.
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(a) Original slice image (b) HE

(c) BBHE (d) DSIHE

(e) MMBEBHE (f) RMSHE

(g) RSWHE (h) WTHE

(i) WMSHE (j) GDDWHE (𝜎 = 5, 𝛼 = 0.5)

Figure 9: 43rd slice images of the enhancement results of different algorithms for the original 3D CT image of the PCB.
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Table 2: Results of the enhancement indicators with different values of 𝛼 (𝜎 = 5).

𝛿
2

𝐶 EME EME Michelson EME entropy AME
𝛼 = 0.1 5300.1 113.1104 50.2641 −180.2698 1.8186 −1.1266
𝛼 = 0.2 5261.7 111.3227 50.8808 −179.5898 1.9254 −1.1247
𝛼 = 0.3 5238.4 110.4491 51.7547 −178.4670 2.0297 −1.1203
𝛼 = 0.5 5190.0 108.5125 53.8177 −176.2185 2.3154 −1.1113
𝛼 = 0.6 5165.7 107.6472 55.1504 −174.9075 2.4976 −1.1057
𝛼 = 0.7 5126.3 106.3441 55.2525 −174.3375 2.4789 −1.1041

Table 3: Results of the enhancement indicators of different algorithms.

𝛿
2

𝐶 EME EME Michelson EME entropy AME
BBHE 4099.3 78.3485 44.5323 −177.4295 0.5607 −1.1293
HE 5186.8 159.0364 37.5031 −215.8138 0.4681 −1.2302
DSIHE 4992.2 107.1096 46.3229 −175.5208 0.5863 −1.1136
MMBEBHE 1178.6 35.4638 36.9988 −211.7172 0.4566 −1.2245
RMSHE 1581.6 44.8693 29.8655 −253.1355 0.3690 −1.2820
WMSHE 2002.2 61.5583 37.1405 −214.1648 0.4613 −1.2254
RSWHE 227.1 3.8843 8.0991 −341.4916 0.0864 −1.6056
WTHE 2587.0 49.9144 30.1331 −235.8318 2.2706 −1.3675
GDDWHE 5190.0 108.5125 53.8177 −176.2185 2.3154 −1.1113

3.3. Experimental Results and Analysis. In this section, the
results of different enhancement algorithms for the selected
3D CT image of a PCB are tested and compared. The single
peak of the gray histogram is located at the gray value equal
to 59. The gray transformation curve reflects the ability to
extend the contrast. Figure 7 shows the gray transformation
curves of the different algorithms. Figure 7(b) demonstrates
the local enlargement of the image in Figure 7(a). Figure 7(b)
indicates that the proposedmethod stretches the gray rapidly
when the gray value is larger than the peak in the histogram,
and thus metals are enhanced more clearly. Figures 8 and
9 present the enhancement results of the 6th and 43rd
slice images using different algorithms. Table 3 provides the
enhancement performance results of different algorithms.
Some parameters in the algorithms are set as follows: in
GDDWHE, 𝜎 = 5, 𝛼 = 0.5; in WTHE, 𝛼 = 0.5; in RSWHE
and RMSHE, 𝑟 = 2; in WMSHE, 𝑟 = 1. As shown in
Table 3, the proposed method achieves the best performance
among all the indicators. However, the indicators 𝐶 and
EME Michelson are slightly smaller than those for HE and
DSIHE, respectively.This finding indicates that the proposed
method exhibits a strong advantage in enhancement and
can achieve better enhancement results for 3D CT images of
PCBs.

4. Summary

This study proposes an image enhancement algorithm based
on GDDWHE according to the characteristics of 3D CT
images of PCBs. The method changes the distribution form
of the original histogram by using the gray and its distance
double-weighting strategy.The gray of nonmetallic substrates
is compressed in the histogram of 3D CT images of PCBs,
whereas the gray of wires and metallic materials is elevated.

This approach further enhances the appearance of wires
and other metals in 3D CT images of PCBs. Results of the
algorithm analysis and the experiment indicate the effective-
ness of the proposed method. Compared with other existing
image enhancement algorithms, the proposed algorithm can
more effectively extend the gray difference between substrates
and metals in 3D CT images of PCBs and achieve better
enhancement performance.
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The paper proposes a new method that combines the decorrelation and shrinkage techniques to neural network-based approaches
for noise removal purposes.The images are represented as sequences of equal sized blocks, each block being distorted by a stationary
statistical correlated noise. Some significant amount of the induced noise in the blocks is removed in a preprocessing step, using a
decorrelationmethod combined with a standard shrinkage-based technique.The preprocessing step provides for each initial image
a sequence of blocks that are further compressed at a certain rate, each component of the resulting sequence being supplied as inputs
to a feed-forward neural architecture 𝐹

𝑋
→ 𝐹
𝐻
→ 𝐹
𝑌
. The local memories of the neurons of the layers 𝐹

𝐻
and 𝐹

𝑌
are generated

through a supervised learning process based on the compressed versions of blocks of the same index value supplied as inputs and
the compressed versions of them resulting as the mean of their preprocessed versions. Finally, using the standard decompression
technique, the sequence of the decompressed blocks is the cleaned representation of the initial image. The performance of the
proposed method is evaluated by a long series of tests, the results being very encouraging as compared to similar developments for
noise removal purposes.

1. Introduction

There have been proposed a long series of digital image
manipulation techniques, general and special tailored ones
for different particular purposes. Digital image processing
involves procedures including the acquisition and codifi-
cation of images in digital files and the transmission of
the resulting digital files of some communication channels,
usually affected by noise [1, 2]. Consequently, a significant
part of digital image procedures are devoted to noise removal
and image reconstruction, most of them being developed
in the framework represented by the assumptions that the
superimposed noise is uncorrelated and normally distributed
[3, 4]. Our approach is somehow different, keeping the
assumption about normality but relaxing the constraint that
the superimposed noise affects neighbor image pixels in a
correlated way.

There are two basic mathematical characterizations of
images, deterministic and statistical. In deterministic image

representation, the image pixels are defined in terms of
a certain function, possibly unknown, while, in statistical
image representation, the images are specified in probabilistic
terms as means, covariances, and higher degree moments
[5–7]. In the past years, a series of techniques have been
developed in order to involve neural architectures in image
compression and denoising processes [8–13].

A neural network is a massively parallel-distributed
processor made up of simple processing units, which has
a natural propensity for storing experiential knowledge
and making it available for use [14]. The neural networks
methodology is of biological inspiration, a neural network
resembling the biological brain in two respects; on one
hand the knowledge is acquired by the network for its
environment through a learning process, and on the other
hand the interneuron connection strengths are used to store
the acquired knowledge.

The “shrinkage” is amethod for reducing the uncorrelated
Gaussian noise affecting additively a signal image by soft
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thresholding applied to the sparse components [15–17]. Its
use in neural network-based approach is intuitively explained
by the fact that when only a few of the neurons are simul-
taneously active, it makes sense to assume that the activities
of neurons with small absolute values correspond to noise;
therefore they should be set to zero, and only the neurons
whose absolute values of their activities are relatively large
contain relevant information about the signal.

Recently, a series of correlated noise removal techniques
have been reported. Some approaches focus on estimat-
ing spatial correlation characteristics of noise for a given
image either when noise type and statistics like variance
are known [18] or in case the noise variance and spatial
spectrum have to be estimated [19] and then use a DCT-
based method for noise removal. Wavelet-based approaches
mainly include noise prewhitening technique followed by the
wavelet-based thresholding [20], additive stationary corre-
lated noise removal by modeling the noise-free coefficients
using a multivariate Gaussian Scale Mixture [21], and image
denoising using HMM in the wavelet domain based on the
concept of signal of interest [22, 23]. Since the sparsity of
signals can be exploited for noise removal purpose when
different representations are used (Fourier, wavelet, principal
components, independent components, etc.), a series of
results concerning this property could be of interest in image
denoising [24–26] and artifact (noise) removal in magnetic
resonance imaging [27].

The outline of the paper is as follows. The general model
of image transmission through a noisy corrupted channel
is described in Section 2. Each image is transmitted several
times as a sequence of equal sized blocks, each block being
disturbed by a correlated Gaussian noise whose statistical
properties are not known. All variants of each block are
submitted to a sequence of transforms that decorrelate,
shrink, and average the pixel values.

A special tailored family of feed-forward single-hidden-
layer neural networks is described in Section 3, their memo-
ries being generated using a supervised learning algorithm of
gradient descent type.

A suitable methodology aiming to implement a noise
removal method on neural network for image processing
purposes is then described in the fourth section of the
paper. The proposed methodology was applied to process
images from different standard databases, the conclusions
experimentally derived from the tests performed on two
standard databases, the former containing images of human
faces and the latter containing images of landscapes being
reported in the next section.

The final section of the paper contains a series of conclu-
sive remarks.

2. Image Preprocessing Based on
Decorrelation and Shrinkage Techniques

We assume that the images are transmitted through a noisy
channel, each image 𝐼 being transmitted as a sequence of
𝑚 𝑑-dimensional blocks,𝐵

1
, 𝐵
2
, . . . , 𝐵

𝑚
, 𝐼 = (𝐵

1
, 𝐵
2
, . . . , 𝐵

𝑚
),

and we denote by �̃� = (�̃�
1
, �̃�
2
, . . . , �̃�

𝑚
) the received image.

Aworking assumption of ourmodel is that the noisemodeled
by the 𝑑-dimensional random vectors 𝜂

𝑖
, 1 ≤ 𝑖 ≤ 𝑚,

affects the blocks in a similar way, where 𝜂
1
, 𝜂
2
, . . . , 𝜂

𝑚
are

independent identically distributed; 𝜂
𝑖
∼ 𝑁(0, Σ), 1 ≤ 𝑖 ≤ 𝑚.

In case 𝑁 images, 𝐼
1
, 𝐼
2
, . . . , 𝐼

𝑁, are transmitted
sequentially through the channel we denote by
(�̃�
𝑖

= (�̃�
𝑖

1
, �̃�
𝑖

2
, . . . , �̃�

𝑖

𝑚
), 1 ≤ 𝑖 ≤ 𝑁) the sequence of

received disturbed variants. In our model, we adopt the
additional working assumption that, for each 1 ≤ 𝑗 ≤ 𝑚,
(�̃�
1

𝑗
, �̃�
2

𝑗
, . . . , �̃�

𝑁

𝑗
) is a realization of a 𝑑-dimensional random

vector �̃�0
𝑗
= 𝐵
0

𝑗
+ 𝜂
𝑗
, where 𝐵0

𝑗
is a random vector of mean 𝜇0

𝑗

and covariancematrixΣ0
𝑗
, and that𝐵0

𝑗
and 𝜂
𝑗
are independent;

therefore the covariance matrix of �̃�0
𝑗
is Σ̃0
𝑗
= Σ
0

𝑗
+ Σ. The

working assumptions included in our model seem to be
quite realistic according to the currently used information
transmission frameworks. According to the second working
assumption, for each index value 𝑗, the sequence of blocks
(𝐵
1

𝑗
, 𝐵
2

𝑗
, . . . , 𝐵

𝑁

𝑗
) could represent fragments of possibly

different images taken at the counterpart positions, as, for
instance, in case of face images the areas of eyes or mouths
and so on.Therefore the assumption that each 𝐵0

𝑗
is a random

vector corresponds to a model for each particular block, the
parameters 𝜇0

𝑗
and Σ

0

𝑗
expressing the variability existing in

the sequence of images 𝐼1, 𝐼2, . . . , 𝐼𝑁 at the level of 𝑗th block.
On one hand, the maximum likelihood estimates (MLE)

of the parameters 𝜇0
𝑗
and Σ̃0

𝑗
are given by

�̂�
0

𝑗
=
1

𝑁

𝑁

∑

𝑖=1

�̃�
𝑖

𝑗
, (1)

�̂�
0

𝑗
=

1

𝑁 − 1

𝑁

∑

𝑖=1

(�̃�
𝑖

𝑗
− �̂�
0

𝑗
) (�̃�
𝑖

𝑗
− �̂�
0

𝑗
)

𝑇

, (2)

respectively. On the other hand, the values of the parameters
𝜇
0

𝑗
and Σ

0

𝑗
are also unknown and moreover it is quite

inconvenient to estimate them before the transmission of the
sequence of images is over.

The covariance matrix corresponding to the noise com-
ponent can be estimated before the transmission is performed
by different methods, as, for instance, the white wall method;
therefore, without loss of generality, the matrix Σ can be
assumed to be known; therefore, Σ̂0

𝑗
= �̂�
0

𝑗
− Σ can be taken

as an estimate of Σ0
𝑗
.

Also, in case each sequence (�̃�1
𝑗
, �̃�
2

𝑗
, . . . , �̃�

𝑁

𝑗
) is processed

separately, we can assume that the data are centered; that is,
�̂�
0

𝑗
= 0, 1 ≤ 𝑗 ≤ 𝑚.
Consequently, the available information in developing

a denoising procedure is represented by the sequences
(�̃�
1

𝑗
, �̃�
2

𝑗
, . . . , �̃�

𝑁

𝑗
), the estimates Σ̂0

𝑗
, 1 ≤ 𝑗 ≤ 𝑚, and Σ.

In our work we consider the following shrinkage type
denoising method.

For each 1 ≤ 𝑗 ≤ 𝑚, we denote by 𝐴
𝑗
a matrix

that diagonalizes simultaneously the matrices Σ̂
0

𝑗
and Σ.
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According to the celebratedW theorem [28, 29], the columns
of𝐴
𝑗
are eigenvectors of (Σ̂0

𝑗
)
−1
Σ and the following equations

hold:

(𝐴
𝑗
)
𝑇

Σ̂
0

𝑗
𝐴
𝑗
= 𝐼
𝑑
, (3)

(𝐴
𝑗
)
𝑇

Σ𝐴
𝑗
= Λ
𝑗
= diag (𝜆𝑗

1
, 𝜆
𝑗

2
, . . . , 𝜆

𝑗

𝑑
) , (4)

where 𝜆
𝑗

1
, 𝜆
𝑗

2
, . . . , 𝜆

𝑗

𝑑
are the eigenvalues of the matrix

(Σ̂
0

𝑗
)
−1
Σ. Note that although (Σ̂

0

𝑗
)
−1
Σ is not a symmetric

matrix, its eigenvalues are proved to be real positive numbers
[29].

Let �̃�𝑖
𝑗
, 1 ≤ 𝑖 ≤ 𝑁, be the random vectors:

�̃�
𝑖

𝑗
= (𝐴
𝑗
)
𝑇

�̃�
𝑖

𝑗
= (𝐴
𝑗
)
𝑇

𝐵
𝑖

𝑗
+ (𝐴
𝑗
)
𝑇

𝜂
𝑗
. (5)

Note that the linear transform of matrix (𝐴
𝑗
)
𝑇 allows obtain-

ing the representation �̃�𝑖
𝑗
, where the most amount of noise is

contained in the second term. Moreover, since

Cov((𝐴
𝑗
)
𝑇

𝜂
𝑗
, ((𝐴
𝑗
)
𝑇

𝜂
𝑗
)

𝑇

) = (𝐴
𝑗
)
𝑇

Σ𝐴
𝑗
= Λ
𝑗
, (6)

the linear transform of matrix (𝐴
𝑗
)
𝑇 decorrelates the noise

components.
Let �̃�𝑖

𝑗
, 1 ≤ 𝑖 ≤ 𝑁, be the sequence of variants of �̃�𝑖

𝑗
using

the code shrinkage method [16], where each entry 𝑝, 1 ≤ 𝑝 ≤
𝑑, of �̃�𝑖

𝑗
is

�̃�
𝑖

𝑗
(𝑝) = sgn (�̃�𝑖

𝑗
(𝑝))max {0,


�̃�
𝑖

𝑗
(𝑝)


− √2𝜆

𝑗

𝑝
} . (7)

Then �̃�
𝑖

𝑗
is a variant of �̃�𝑖

𝑗
where the noise distributed

𝑁(0, Λ
𝑗
) is partially removed. Since �̃�𝑖

𝑗
= ((𝐴

𝑗
)
𝑇
)
−1
�̃�
𝑖

𝑗
a

variant of �̃�𝑖
𝑗
where the noise was partially removed can be

taken as

�̂�
𝑖

𝑗
= ((𝐴

𝑗
)
𝑇

)

−1

�̃�
𝑖

𝑗
. (8)

Obviously, from (3) we get ((𝐴
𝑗
)
𝑇
)
−1
= Σ̂
0

𝑗
𝐴
𝑗
; that is,

�̂�
𝑖

𝑗
= Σ̂
0

𝑗
𝐴
𝑗
�̃�
𝑖

𝑗
. (9)

Note that, although the eigenvalues of (Σ̂0
𝑗
)
−1
Σ are theo-

retically guaranteed to be positive numbers, in real world
applications frequently arise situations when this matrix is ill

conditioned. In order to overpass this difficulty, in our tests
we implemented the code shrinkage method using

�̃�
𝑖

𝑗
(𝑝)

=

{{{

{{{

{

sgn (�̃�𝑖
𝑗
(𝑝))max {0,


�̃�
𝑖

𝑗
(𝑝)


− √2𝜆

𝑗

𝑝} , 𝜆
𝑗

𝑝 > 𝜀,

�̃�
𝑖

𝑗
(𝑝) , otherwise,

(10)

where 𝜀 is a conventionally selected positive threshold value.
Also, instead of (8) we use

�̂�
𝑖

𝑗
= ((𝐴

𝑗
)
𝑇

)

+

�̃�
𝑖

𝑗
, (11)

where ((𝐴
𝑗
)
𝑇
)
+ is the generalized inverse (Penrose pseudoin-

verse) of (𝐴
𝑗
)
𝑇 [30].

In our approach we assumed the source of noise (namely,
the communication channel used to transmit the image)
can be observed. This hypothesis is frequently used in
image restauration techniques [26]. In preprocessing and
training stages, undisturbed original versions of the images
transmitted are not available; instead, a series of perturbed
versions are available and also through white wall technique
noise component characteristics may be estimated. Work-
ing hypothesis includes the fact that images come from a
common probability repartition (maybe a mixture); that is,
they share the same statistical characteristics.This hypothesis
is frequently used when sets of images are captured and
processed [16]. The purpose of this method is, on one hand,
to eliminate correlated noise, and, on the other hand, to
eliminate the noise from new images transmitted through
a communication channel, when they come from the same
probability distribution as the images in the initially observed
set.

3. Neural Networks Based
Approach to Image Denoising

The aim of this section is to present an image denoising
method in the framework described in the previous section
implemented on a family of standard feed-forward neural
architectures NN

𝑗
: (𝐹
𝑋
)
𝑗
→ (𝐹

𝐻
)
𝑗
→ (𝐹

𝑌
)
𝑗
, 1 ≤ 𝑗 ≤ 𝑚,

working in parallel.
Let us assume that �̃� = (�̃�

1
, �̃�
2
, . . . , �̃�

𝑚
) is the noisy

received version of the image 𝐼 = (𝐵
1
, 𝐵
2
, . . . , 𝐵

𝑚
) transmitted

through the channel.The training process of the architectures
NN
𝑗
, 1 ≤ 𝑗 ≤ 𝑚, is organized such that the resulting

memories encode the associations of the type (input block,
samplemean), the purpose being the noise removal according
to the method presented in the previous section.

In order to reduce in some extent the computational com-
plexity, a preprocessing step aiming dimensionality reduction
is required. In our work we use 𝐿

2
-PCAmethod to compress

the blocks. Since the particular positions of the blocks
correspond to different models, their compressed versions
could be of different sizes. Indeed, according to (2), the
estimates of the autocorrelation matrices �̂�0

𝑗
+ �̂�
0

𝑗
(�̂�
0

𝑗
)
𝑇, 1 ≤

𝑗 ≤ 𝑚, are different for different values of the index 𝑗;
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therefore, the numbers of the most significant directions are
different for different values of index 𝑗; that is, the sizes of
the compressed variants of blocks are, in general, different.
Consequently, the sizes of (𝐹

𝑋
)
𝑗
and (𝐹

𝑌
)
𝑗
depend on 𝑗, these

sizes resulting in the preprocessing step by applying the 𝐿
2
-

PCA method [31, 32].
The hidden neurons influence the error on the nodes to

which their output is connected.The use of too many hidden
neurons could cause the so-called overfitting effect which
means the overestimate of the complexity corresponding to
the target problem. Maybe the most unpleasant consequence
is that this way the generalization capability is decreased;
therefore, the capacity of prediction is degraded too. On the
other hand, at least in image processing, the use of fewer
hidden neurons implies that less information extracted from
the inputs is processed and consequently less accuracy should
be expected. Consequently, the determining of the right size
of the hidden layer results as a trade-off between accuracy and
generalization capacity.

There have been proposed several expressions to compute
the number of neurons in the hidden layers [33, 34]. Denoting
by | ⋅ | the number of elements of the argument, the sizes of
the hidden layers (𝐹

𝐻
)
𝑗
can be computedmany ways, some of

the most frequent expressions being [34]


(𝐹
𝐻
)
𝑗


= 2 [√(


(𝐹
𝑌
)
𝑗


+ 2)


(𝐹
𝑋
)
𝑗


] , (12a)


(𝐹
𝐻
)
𝑗



=
[
[

[

√(

(𝐹
𝑌
)
𝑗


+ 2)


(𝐹
𝑋
)
𝑗


+ 2√


(𝐹
𝑋
)
𝑗



(

(𝐹
𝑌
)
𝑗


+ 2)

]
]

]

.

(12b)

The aim of the training is that, for each value of the index
𝑗 to obtain on the output on the layer (𝐹

𝑌
)
𝑗
, a compressed

cleaned version of the input applied to the layer (𝐹
𝑋
)
𝑗
, the

output being computed according to the method presented
in the previous section.

According to the approach described in the previous
section, all blocks of the same index say 𝑗 are processed by the
same compression method yielding to compressed variants,
the size of compressed variants being the same for all these
blocks. The compressed variants corresponding to the blocks
of index 𝑗 are next fed as inputs to 𝑗th neural architecture.
Consequently, the denoising process of an image consisting of
𝑚 blocks is implemented on a family of𝑚neural architectures
operating in parallel (NN

𝑗
, 1 ≤ 𝑗 ≤ 𝑚), where NN

𝑗
: (𝐹
𝑋
)
𝑗
→

(𝐹
𝐻
)
𝑗
→ (𝐹

𝑌
)
𝑗
; the sequence of denoised variants resulted

as outputs of the layers (𝐹
𝑌
)
𝑗
being next decompressed. The

cleaned variant of each input image is taken as the sequence
of the decompressed cleaned variants of its blocks.

The preprocessing step producing the compressed vari-
ants fed as input blocks is described as follows. For each index
value 𝑗, the sequence of compressed versions of the blocks
(�̃�
1

𝑗
, �̃�
2

𝑗
, . . . , �̃�

𝑁

𝑗
) denoted by (𝐶𝐵

1

𝑗
, 𝐶𝐵
2

𝑗
, . . . , 𝐶𝐵

𝑁

𝑗
) is

𝐶𝐵
𝑖

𝑗
= 𝑊
𝑇

𝑗
�̃�
𝑖

𝑗
, 𝑖 = 1, . . . , 𝑁, (13)

where the columns of the matrix𝑊
𝑗
are the most significant

unit eigenvectors of �̂�0
𝑗
+ �̂�
0

𝑗
(�̂�
0

𝑗
)
𝑇. The most significant unit

eigenvectors of �̂�0
𝑗
+ �̂�
0

𝑗
(�̂�
0

𝑗
)
𝑇 are computed as follows. Let

𝜃
(𝑗)

1
≥ 𝜃
(𝑗)

2
≥ ⋅ ⋅ ⋅ ≥ 𝜃

(𝑗)

𝑑
be the eigenvalues of �̂�0

𝑗
+ �̂�
0

𝑗
(�̂�
0

𝑗
)
𝑇

and 𝜀
1
∈ (0, 1) a conventionally selected threshold value. If 𝑡

is the smallest value such that (14) holds, then the columns of
𝑊
𝑗
are unit eigenvectors of �̂�0

𝑗
+�̂�
0

𝑗
(�̂�
0

𝑗
)
𝑇 corresponding to the

largest 𝑡 eigenvalues:

1

∑
𝑑

𝑘=1
𝜃
(𝑗)

𝑘

𝑑

∑

𝑘=𝑡+1

𝜃
(𝑗)

𝑘
< 𝜀
1
; (14)

therefore, |(𝐹
𝑋
)
𝑗
| = 𝑡.

Assuming that the sequence of blocks (�̂�1
𝑗
, . . . , �̂�

𝑁

𝑗
) are

cleaned versions of (�̃�1
𝑗
, �̃�
2

𝑗
, . . . , �̃�

𝑁

𝑗
) computed according to

(11), we denote by (𝐶𝐵
1

𝑗
, . . . , 𝐶𝐵

𝑁

𝑗
) their compressed variants:

𝐶𝐵
𝑖

𝑗
= 𝑉
𝑇

𝑗
�̂�
𝑖

𝑗
, 𝑖 = 1, . . . , 𝑁, (15)

where the columns of the matrix 𝑉
𝑗
are the most sig-

nificant unit eigenvectors of the autocorrelation matrix
(1/𝑁)∑

𝑁

𝑖=1
�̂�
𝑖

𝑗
(�̂�
𝑖

𝑗
)
𝑇. The most significant eigenvectors of

(1/𝑁)∑
𝑁

𝑖=1
�̂�
𝑖

𝑗
(�̂�
𝑖

𝑗
)
𝑇 are computed in a similar way as in the

compression step applied to input blocks using possibly a
different threshold value 𝜀

2
∈ (0, 1). Note that, in tests,

the threshold values 𝜀
1
, 𝜀
2
are experimentally tuned to the

particular sequence of images.
To summarize, the preprocessing scheme consists of

applying 𝐿
2
-PCA method to both noisy sequence of blocks

(�̃�
1

𝑗
, �̃�
2

𝑗
, . . . , �̃�

𝑁

𝑗
) and their cleaned versions (�̂�1

𝑗
, . . . , �̂�

𝑁

𝑗
) caus-

ing the sequence of inputs to be applied to the input
layer (𝐹

𝑋
)
𝑗

and to their compressed cleaned versions
(𝐶𝐵
1

𝑗
, . . . , 𝐶𝐵

𝑁

𝑗
):

(�̃�
1

𝑗
, �̃�
2

𝑗
, . . . , �̃�

𝑁

𝑗
) →
𝑊
𝑇

𝑗

(𝐶𝐵
1

𝑗
, 𝐶𝐵
2

𝑗
, . . . , 𝐶𝐵

𝑁

𝑗
)

→ (𝐹
𝑋
)
𝑗
.

(16)

The aim of the training is to produce on each output layer
the sequence (𝐶𝐵

1

𝑗
, . . . , 𝐶𝐵

𝑁

𝑗
), the decompressed versions of

its blocks being (𝑉
𝑗
𝐶𝐵
1

𝑗
, . . . , 𝑉

𝑗
𝐶𝐵
𝑁

𝑗
):

(𝐹
𝑌
)
𝑗
→ (𝐶𝐵

1

𝑗
, . . . , 𝐶𝐵

𝑁

𝑗
)

→
𝑉𝑗

(𝑉
𝑗
𝐶𝐵
1

𝑗
, . . . , 𝑉

𝑗
𝐶𝐵
𝑁

𝑗
) ;

(17)

therefore, the blocks of (𝑉
𝑗
𝐶𝐵
1

𝑗
, . . . , 𝑉

𝑗
𝐶𝐵
𝑁

𝑗
) are denoised

versions of (�̃�1
𝑗
, �̃�
2

𝑗
, . . . , �̃�

𝑁

𝑗
), respectively.
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The training of each neural architecture NN
𝑗
is of

supervised type using a gradient descent approach, the
local memories of (𝐹

𝐻
)
𝑗
and (𝐹

𝑌
)
𝑗
being determined using

the Levenberg-Marquardt variant of the backpropagation
learning algorithm (LM-BP algorithm) [35].

We organized the training process for the m neural
networks by transmitting through the channel each available
image several times, say 𝑝 times; the reason of doing that
is that this way better estimates of the covariance matrices
Σ
0

𝑗
, 1 ≤ 𝑗 ≤ 𝑚, of the proposed stochasticmodels are expected

to be obtained.
Consequently, the whole available data is the collection

(�̃�𝑖,𝑙 = (�̃�
𝑖,𝑙

1
, �̃�
𝑖,𝑙

2
, . . . , �̃�

𝑖,𝑙

𝑚
), 1 ≤ 𝑖 ≤ 𝑁, 1 ≤ 𝑙 ≤ 𝑝);

therefore, for each index value 𝑗, the inputs applied to the
𝑗th neural network are the sequence (𝐶𝐵

1,1

𝑗
, 𝐶𝐵
1,2

𝑗
, . . . , 𝐶𝐵

1,𝑝

𝑗
,

. . . 𝐶𝐵
𝑁,1

𝑗
, . . . , 𝐶𝐵

𝑁,𝑝

𝑗
) of compressed versions of the blocks

(�̃�
1,1

𝑗
, �̃�
1,2

𝑗
, . . . , �̃�

1,𝑝

𝑗
, . . . �̃�
𝑁,1

𝑗
, . . . , �̃�

𝑁,𝑝

𝑗
):

𝐶𝐵
𝑖,𝑙

𝑗
= 𝑊
𝑇

𝑗
�̃�
𝑖,𝑙

𝑗
, 𝑖 = 1, . . . , 𝑁, 𝑙 = 1, . . . , 𝑝. (18)

The linear compression filter 𝑊
𝑗
is a matrix whose columns

are the most significant unit eigenvectors of the matrix
(1/𝑁𝑝)∑

𝑁

𝑖=1
∑
𝑝

𝑙=1
�̃�
𝑖,𝑙

𝑗
(�̃�
𝑖,𝑙

𝑗
)
𝑇.

Let (�̂�1,1
𝑗
, . . . , �̂�

1,𝑝

𝑗
, . . . , �̂�

𝑁,1

𝑗
, . . . , �̂�

𝑁,𝑝

𝑗
) be the sequence of

the cleaned variants of (�̃�1,1
𝑗
, �̃�
1,2

𝑗
, . . . , �̃�

1,𝑝

𝑗
, . . . �̃�
𝑁,1

𝑗
, . . . , �̃�

𝑁,𝑝

𝑗
)

computed using (11) and, for each 1 ≤ 𝑖 ≤ 𝑁, let 𝑀𝑖
𝑗
be the

sample mean of cleaned blocks (�̂�𝑖,1
𝑗
, . . . , �̂�

𝑖,𝑝

𝑗
):

𝑀
𝑖

𝑗
=
1

𝑝

𝑝

∑

𝑙=1

�̂�
𝑖,𝑙

𝑗
. (19)

We denote by 𝑉
𝑗
a linear compression filter whose columns

are the most significant unit eigenvectors of the matrix
(1/𝑁)∑

𝑁

𝑖=1
𝑀
𝑖

𝑗
(𝑀
𝑖

𝑗
)
𝑇 computed in a similar way as (15) using

a threshold value 𝜀
2
∈ (0, 1) and let 𝐶𝑀𝑖

𝑗
= 𝑉
𝑇

𝑗
𝑀
𝑖

𝑗
.

The learning process for each neural architecture NN
𝑗
,

1 ≤ 𝑗 ≤ 𝑚, is developed to encode the associations
(𝐶𝐵
𝑘,1

𝑗
, . . . , 𝐶𝐵

𝑘,𝑝

𝑗
) → 𝐶𝑀

𝑘

𝑗
, 1 ≤ 𝑘 ≤ 𝑁. The reason

of using the means 𝑀𝑘
𝑗
, 1 ≤ 𝑘 ≤ 𝑁, and their corre-

sponding compressed versions instead of the associations
(𝐶𝐵
𝑘,1

𝑗
, . . . , 𝐶𝐵

𝑘,𝑝

𝑗
) → (𝐶𝐵

𝑘,1

𝑗
, . . . , 𝐶𝐵

𝑘,𝑝

𝑗
), 1 ≤ 𝑘 ≤ 𝑁,

resides in the fact that taking themeans and their compressed
versions some amount of noise is expected to be removed, for
each value of the index 𝑗; that is, the compressed versions of
the means are expected to be better cleaned variants of the
compressed blocks.

Summarizing, the memory of each neural architecture
NN
𝑗
is computed by the Levenberg-Marquardt algorithm

applied to the input/output sequence {(𝐶𝐵
1,1

𝑗
, 𝐶𝑀
1

𝑗
), . . . ,

(𝐶𝐵
1,𝑝

𝑗
, 𝐶𝑀
1

𝑗
), . . . , (𝐶𝐵

𝑁,1

𝑗
, 𝐶𝑀
𝑁

𝑗
), . . . , (𝐶𝐵

𝑁,𝑝

𝑗
, 𝐶𝑀
𝑁

𝑗
)}, 1 ≤

𝑗 ≤ 𝑚.

Once the training phase is over, the family of NN
𝑗
’s

is used to remove the noise from a noisy version of an
image �̃� = (�̃�

1
, �̃�
2
, . . . , �̃�

𝑚
) received through the channel

according to the following scheme. Let 𝐼 = (𝐵
1
, 𝐵
2
, . . . , 𝐵

𝑚
)

be the initial image transmitted through the channel and
�̃� = (�̃�

1
, �̃�
2
, . . . , �̃�

𝑚
) the received noisy version.

Step 1. Compress each block �̃�
𝑗
of �̃� using the filter 𝑊

𝑗
and

get its compressed version 𝐶𝐵
𝑗
; that is, (𝐶𝐵

1
, 𝐶𝐵
2
, . . . , 𝐶𝐵

𝑚
)

is a dynamically block-compressed version of �̃�.

Step 2. Apply (𝐶𝐵
1
, 𝐶𝐵
2
, . . . , 𝐶𝐵

𝑚
) as inputs to the architec-

tures NN
𝑗
’s, 𝐶𝐵

𝑗
applied as input to the layer (𝐹

𝑋
)
𝑗
, 1 ≤ 𝑗 ≤

𝑚, and get the outputs 𝑅𝐵
𝑗
’s.

Step 3. Decompress each block 𝑅𝐵
𝑗
using the decompression

filter 𝑉
𝑗
, 1 ≤ 𝑗 ≤ 𝑚.

Step 4. Get �̂� = (𝑉
1
⋅ 𝑅𝐵
1
, . . . , 𝑉

𝑚
⋅ 𝑅𝐵
𝑚
) the cleaned version

of �̃�.

4. Description of the Methodology Applied
in the Implementations of the Proposed
Method on Neural Architectures

The aim of this section is to describe the methodology
followed in implementing the neural network-based noise
removal method for image processing purposes. The pro-
posed methodology was applied to process images from
different standard databases, the conclusions experimentally
derived from the tests performed on two standard databases,
the former containing images of human faces and the latter
containing images of landscapes being reported in the next
section.

We performed the experiments according to the follow-
ing methodology.

(1) The quality of the a certain test image 𝑇 = (𝑡(𝑥, 𝑦))

versus a reference image𝑅 = (𝑟(𝑥, 𝑦)) of the same size (𝑛
𝑥
, 𝑛
𝑦
)

is evaluated in terms of the Signal-to-Noise Ratio (SNR), Peak
Signal-to-Noise Ratio (PSNR), RootMean Squared Signal-to-
Noise Ratio (SNR RMS) indicators [36], and the Structural
Similarity Metric (SSIM) [37], where

SNR (𝑅, 𝑇) = 10 ∗ log
10
[

[

∑
𝑛𝑥

𝑥=1
∑
𝑛𝑦

𝑦=1
(𝑟 (𝑥, 𝑦))

2

∑
𝑛𝑥

𝑥=1
∑
𝑛𝑦

𝑦=1
(𝑟 (𝑥, 𝑦) − 𝑡 (𝑥, 𝑦))

2

]

]

,

PSNR (𝑅, 𝑇) = 10

∗ log
10
[

[

max (𝑟 (𝑥, 𝑦))2

(1/ (𝑛
𝑥
∗ 𝑛
𝑦
))∑
𝑛𝑥

𝑥=1
∑
𝑛𝑦

𝑦=1
(𝑟 (𝑥, 𝑦) − 𝑡 (𝑥, 𝑦))

2

]

]

,

SNR RMS (𝑅, 𝑇) = √
∑
𝑛𝑥

𝑥=1
∑
𝑛𝑦

𝑦=1
(𝑟 (𝑥, 𝑦))

2

∑
𝑛𝑥

𝑥=1
∑
𝑛𝑦

𝑦=1
(𝑟 (𝑥, 𝑦) − 𝑡 (𝑥, 𝑦))

2
.

(20)

Let 𝑥 and 𝑦 be spatial patches extracted from the images 𝑅
and 𝑇, respectively. The two patches correspond to the same
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spatial window of the images 𝑅 and 𝑇. The original standard
SSIM value computed for the patches 𝑥 and 𝑦 is defined by

SSIM (𝑥, 𝑦) =

2𝜇
𝑥
𝜇
𝑦
+ 𝐶
1

𝜇2
𝑥
+ 𝜇2
𝑦
+ 𝐶
1

⋅

2𝜎
𝑥𝑦
+ 𝐶
2

𝜎2
𝑥
+ 𝜎2
𝑦
+ 𝐶
2

, (21)

where 𝜇
𝑥
denotes the mean value of 𝑥, 𝜎

𝑥
is the standard

deviation of 𝑥, and 𝜎
𝑥𝑦

represents the cross-correlation of
the mean shifted patches 𝑥 − 𝜇

𝑥
and 𝑦 − 𝜇

𝑦
. The constants

𝐶
1
and 𝐶

2
are small positive numbers included to avoid

instability when either 𝜇2
𝑥
+ 𝜇
2

𝑦
or 𝜎2
𝑥
+ 𝜎
2

𝑦
is very close to zero,

respectively.The overall SSIM index for the images𝑅 and𝑇 is
computed as the mean value of the SSIMmeasures computed
for all pairs of patches 𝑥 and 𝑦 of 𝑅 and 𝑇, respectively.

(2) The size of the blocks and the model of noise in
transmitting data through the channel are selected for each
database. The size of the blocks is established by taking
into account the size of the available images in order to
assure reasonable complexity to the noise removal process.
In our tests the size of input blocks is about 150 and the
sizes of images are 135 × 100 in case of the database
containing images of human faces and 154 × 154 in case of
the database containing images of landscapes. We assumed
that the components of the noise 𝜂 induced by the channel
are possibly correlated; in our tests, the noise model is of
Gaussian type, 𝜂 ∼ 𝑁(0, Σ), where Σ is a symmetric positive
defined matrix.

(3) The compression thresholds 𝜀
1
, 𝜀
2
in (14) and (15) are

established in order to assure some desired accuracy. In our
tests we used 𝜀

1
= 𝑐
1
∗ 10
−4, 𝜀
2
= 𝑐
2
∗ 10
−4, where 𝑐

1
,

𝑐
2
are positive constants. The reason for selecting different

magnitude orders of these thresholds stems from the fact that
𝜀
1
is used in compressing noise affected images, while 𝜀

2
is

used for compressing noise cleaned images [32]. The sizes of
the input and output layers (𝐹

𝑋
)
𝑗
, (𝐹
𝑌
)
𝑗
of the neural network

NN
𝑗
result in terms of the established values of 𝜀

1
and 𝜀

2

accordingly.
(4) The quality evaluation of the preprocessing step

consisting in noise cleaning data is performed in terms of
the indicators (20) and (21), by comparing the initial data
𝐼 = (𝐵

1
, 𝐵
2
, . . . , 𝐵

𝑚
) against the noisy transmitted images �̃� =

(�̃�
1
, �̃�
2
, . . . , �̃�

𝑚
) through the channel and 𝐼 = (𝐵

1
, 𝐵
2
, . . . , 𝐵

𝑚
)

against their corresponding cleaned versions �̂� = (𝑉
1
⋅

𝑅𝐵
1
, . . . , 𝑉

𝑚
⋅ 𝑅𝐵
𝑚
), respectively.

(5) In order to implement the noise removal method on
a family of neural networks NN

𝑗
: (𝐹
𝑋
)
𝑗
→ (𝐹

𝐻
)
𝑗
→

(𝐹
𝑌
)
𝑗
, 1 ≤ 𝑗 ≤ 𝑚, the sizes of the input (𝐹

𝑋
)
𝑗
and

the output layers (𝐹
𝑌
)
𝑗
are determined by 𝐿

2
-PCA com-

pression/decompression method and the established values
of 𝜀
1
, 𝜀
2
. The sizes of the layers (𝐹

𝐻
)
𝑗
are determined as

approximations of the recommended values cited in the
published literature (12a) and (12b). In order to assure a
reasonable tractability of the data, in our tests we were forced
to use a less number of neurons than it is recommended, on
the hidden layers (𝐹

𝐻
)
𝑗
.

For fixed values of 𝜀
1
, 𝜀
2
, the use of the recommended

number of neurons as in (12a) and (12b) usually yields to

either the impossibility of implementing the learning process
or to too lengthy training processes. Therefore, in such case
we are forced to reconsider the values of 𝜀

1
, 𝜀
2
by increasing

them, therefore decreasing the numbers of neurons on the
input and the output layers and consequently the number of
neurons on the hidden layers too.Obviously, by reconsidering
this way the values of 𝜀

1
, 𝜀
2
, inherently imply that some larger

amount of information about data is lost.The effects of losing
information are manifold, one of them being that the cleaned
versions resulted from decompressing the outputs of NN

𝑗
’s

yield to poorer approximation �̂� of the initial image 𝐼.
This way we arrive at the conclusion that, in practice,

we have to solve a trade-off problem between the magnitude
of the compression rates and the number of neurons on the
hidden layers (𝐹

𝐻
)
𝑗
’s. In order to solve this trade-off, in our

testswe used smaller numbers of neurons than recommended
on the hidden layers and developed a comparative analysis on
the quality of the resulting cleaned images.

(6) The activation functions of the neurons belonging to
the hidden and output layers can be selected from very large
family. In our tests, we considered the logistic type to model
the activation functions of the neurons belonging to the
hidden layers and the unit functions to model the outputs of
the neurons belonging to the output layers. Also, the learning
process involved the task of splitting the available data into
training, validation, and test data. In our tests the sizes of the
subcollections were 80%, 10%, and 10%, respectively.

(7) The evaluation of the overall quality of the noise
removal process implemented on the set of neural networks,
as previously described, is performed in terms of the indi-
cators (20) and (21), on one hand by comparing the initial
data 𝐼 = (𝐵

1
, 𝐵
2
, . . . , 𝐵

𝑚
) to the noisy transmitted images

�̃� = (�̃�
1
, �̃�
2
, . . . , �̃�

𝑚
) through the channel and on the other

hand by comparing 𝐼 = (𝐵
1
, 𝐵
2
, . . . , 𝐵

𝑚
) to their cleaned

versions �̂� = (𝑉
1
⋅ 𝑅𝐵
1
, . . . , 𝑉

𝑚
⋅ 𝑅𝐵
𝑚
).

(8) The comparative analysis between the performances
corresponding to the decorrelation and shrinkage method
and its implementation on neural networks is developed in
terms of the indicators (20) and (21).

5. Experimentally Derived Conclusions on the
Performance of the Proposed Method

In this section we present the results in evaluating both the
quality of the proposed decorrelation and shrinkage method
and the power of the neural network-based approach in
simulating it for noise removal purposes. The tests were
performed in a similar way on two standard databases, the
former, referred to as Senthil, containing images of 5 human
faces and 16 images for each person [38] and the latter
containing 42 images of landscapes [39]. In case of the Senthil
database, the preprocessing step used 75 images; for each
human face 15 of its available versions are being used. The
tests performed in order to evaluate the quality of the trained
family of neural networks used the rest of 5 images, one for
each person. In case of the database containing images of
landscapes, we identified three types of quite similar images,
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Table 1

The maximum
number of epochs

The minimum value of
the performance

(Jacobian computation)

The maximum
validation failures

The minimum
performance gradient

The initial/maximum 𝜇 factor (in
the LM adaptive learning rule)

1000 0 5 10
−5

10
−3
/10
10

and we used 13 images of each type in the training process,
the tests being performed on the rest of three ones.

The sizes of hidden layers were set to smaller values than
recommended by (12a) and (12b). For instance, when 𝜀

1
≈

10
−4 and 𝜀

2
≈ 10
−4 the resulting sizes of the layers |(𝐹

𝑋
)
𝑗
| and

|(𝐹
𝑌
)
𝑗
| are about 115 and 30, respectively, the recommended

sizes of the layers |(𝐹
𝐻
)
𝑗
| being about 65.

The results of a long series of tests pointed out that one
can use hidden layers of smaller sizes than recommended
without decreasing dramatically the accuracy. For instance,
in this work, we used only half of recommended sizes; that is,


(𝐹
𝐻
)
𝑗



=

[
[
[

[

√(

(𝐹
𝑌
)
𝑗


+ 2)


(𝐹
𝑋
)
𝑗


+ 2√


(𝐹
𝑋
)
𝑗


/ (

(𝐹
𝑌
)
𝑗


+ 2)

2

]
]
]

]

.

(22)

In our test, the memory of each neural architecture is com-
puted by the LM-BP algorithm, often the fastest variant of the
backpropagation algorithm and one of the most commonly
used in supervised learning. The available data was split
into training set, validation set, and test set, the sizes of the
subcollections being 80%, 10%, and 10%, respectively. The
main parameters of the LM-BP training process are specified
in Table 1.

In order to experimentally establish the quality of the
proposed method, a comparative analysis against three
of the most used and suitable algorithms for correlated
noise removal, namely, BM3D (block-matching and 3D
filtering [25]), NLMF (Nonlocal Means Noise Filtering [40]),
and ProbShrink (correlated noise removal algorithm using
nondecimated wavelet transform and generalized Laplacian
[22]), was conducted. The reported results include both
quantitative and qualitative comparisons.

In the following, we summarize some of our results.

(a) The quality evaluation of the preprocessing step in
terms of the indicators (20) and (21) is as follows:

(1) In Figure 1(a), a sample of five face images
belonging to the Senthil database is presented,
their cleaned versions resulted from applying
the decorrelation and shrinkage method being
shown in Figure 1(e), where each image was
transmitted 30 times through the channel. In
Figures 1(b), 1(c), and 1(d) the restored versions
resulting from applying the NLMF algorithm,
ProbShrink algorithm, and BM3D method,
respectively, are depicted. Table 2 contains the

values of the indicators (20) and (21) corre-
sponding to these five pairs of noisy-cleaned
versions of these images.
Note that, on average, the best results were
obtained when our method was used.

(2) A sample of three images of landscapes, one
from each class, is presented in Figure 2(a)
together with their cleaned versions resulting
from applying the decorrelation and shrinkage
method shown in Figure 2(e), where each image
was transmitted 30 times through the channel.
In Figure 2(b) the restored variants usingNLMF
algorithm are exhibited, while in Figure 2(c) the
restored variants using ProbShrink method are
shown. The cleaned version using the BM3D
algorithm is presented in Figure 2(d).The values
of the indicators (20) and (21) are given in
Table 3.
Note that, on average, the best results were
obtained when our method was used.

(b) As it was previously described, the images resulting
from the preprocessing step are used in the supervised
training of the family of neural networks. Once
the training process is over, the family of neural
networks are used to remove noise from new unseen-
yet images. Obviously, it is impossible to guarantee
that the new test images share the same statistical
properties with the images used during the training
process, the unique criterion being that they are
visually enough similar. In order to take into account
this constraint, we split each of these two databases
containing similar images into training and testing
subsets, the sizes being 75/5 for Senthil dataset and
39/3 for the second database.

(1) The test images from the Senthil database
and their versions resulting from applying the
preprocessing step are shown in Figures 3(a)
and 3(b), respectively. Their cleaned versions
computed by the resulting family of trained
neural networks are shown in Figure 3(f), while
their restored versions when NLMF algorithm,
ProbShrink method, and BM3D method are
used are presented in Figures 3(c), 3(d), and
3(e), respectively. In terms of the indicators (20)
and (21), the results are summarized in Table 4.
Note that in this case our method, ProbShrink
algorithm, and BM3D method produce similar
results, according to both SNR measure and
SSIM metric.
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(a)

(b)

(c)

(d)

(e)

Figure 1

(2) Similar tests were performed on the database
containing images of landscapes. The tests were
performed on three new images shown in Fig-
ure 4(a), the results of the preprocessing step
being given in Figure 4(b).The cleaned versions
computed by the resulting family of trained neu-
ral networks are shown in Figure 4(f) and the
clean versions given by the BM3D algorithm are
presented in Figure 4(e). The results obtained
when the NLMF algorithm and ProbShrink
method are used are displayed in Figures 4(c)

and 4(d), respectively.The numerical evaluation
in terms of the indicators (20) and (21) is
summarized in Table 5.

Note that, in this case, the BM3D algorithm
proved to smooth the results too much. Also,
the images obtainedwhenNLMF algorithmwas
used are of poor visual quality. The ProbShrink
algorithm performed better than BM3D and
NLMF, but, on average, the best results were
obtained when our method was used.
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Table 2

SNR-RMS (the
mean value) SNR (the mean value) Mean Peak SNR

(the mean value) SSIM (the mean value)

Noisy images versus original
images 7.3128 17.2193 26.3217 0.5838

Cleaned images versus original
images (NLMF) 12.1367 21.6369 30.8944 0.8377

Cleaned images versus original
images (ProbShrink) 15.3787 23.7071 33.1043 0.8782

Cleaned images versus original
images (BM3D) 15.0573 23.5242 33.3160 0.8867

Cleaned images versus original
images (the proposed method) 19.5967 25.8067 35.0112 0.9163

Table 3

SNR-RMS (the
mean value)

SNR (the mean
value)

Mean Peak SNR
(the mean value) SSIM (the mean value)

Noisy images versus original images 7.1013 17.0083 24.6427 0.6868
Cleaned images versus original
images (NLMF) 7.5050 17.4992 25.8548 0.6503

Cleaned images versus original
images (ProbShrink) 9.6534 19.7858 27.7324 0.8002

Cleaned images versus original
images (BM3D) 8.7304 18.8084 27.6967 0.7389

Cleaned images versus original
images (the proposed method) 20.8267 26.2779 34.0215 0.9341

(a) (b)

(c) (d)

(e)

Figure 2
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3
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Table 4

SNR-RMS/new image SNR/new image Mean Peak SNR/new
image SSIM/new image

Noisy images versus original images

7.1352
7.7979
6.7452
9.0387
6.1524

17.0681
17.8395
16.5800
19.1221
15.7809

26.3356
26.4804
26.2165
26.4122
26.5486

0.5700
0.5693
0.5733
0.6410
0.5513

Cleaned images (using the
preprocessing step) versus original
images

8.4056
9.6450
8.3065
9.5696
7.4780

18.4914
19.6860
18.3883
19.6179
17.4758

27.8057
28.3873
28.0880
26.9517
28.2541

0.6328
0.6411
0.6392
0.6643
0.6308

Cleaned images versus original images
(NLMF)

12.1067
13.6918
11.9228
14.5670
10.8248

21.6605
22.7292
21.5275
23.2674
20.6884

31.0955
31.5051
31.3547
30.6666
31.6597

0.8474
0.8448
0.8424
0.8588
0.8619

Cleaned images versus original images
(ProbShrink)

15.6521
15.5453
14.6064
17.5242
13.2653

23.8914
23.8320
23.2909
24.8728
22.1486

33.2490
32.5356
33.0326
32.2178
33.5365

0.8834
0.8648
0.8705
0.8836
0.8812

Cleaned images versus original images
(BM3D)

14.8333
16.3388
14.7108
17.7965
13.4046

23.4248
24.2644
23.3527
25.0067
22.4632

33.34
33.59
33.68
33.00
33.63

0.8824
0.8854
0.8991
0.8525
0.9074

Cleaned images (using NN’s) versus
original images (the proposed method)

13.7982
16.9576
16.5712
12.6325
13.4488

22.7964
24.5873
24.3871
22.0298
22.5737

32.2178
33.0786
33.8409
29.6259
33.6427

0.8850
0.8781
0.8968
0.8454
0.8939

Table 5

SNR-RMS/new image SNR/new image Mean Peak SNR/new
image SSIM/new image

Noisy images versus original images
6.7603
6.5259
7.7468

16.5994
16.2928
17.7824

24.6606
24.6103
24.7497

0.6564
0.6796
0.6157

Cleaned images versus original images
6.8194
7.8383
7.3444

16.6749
17.8845
17.3191

24.7947
26.2810
24.3228

0.6590
0.7203
0.6990

Cleaned images versus original images
(NLMF)

7.7084
6.9041
8.2267

17.7393
16.7822
18.3045

26.0425
25.3903
25.4729

0.6773
0.6025
0.6830

Cleaned images versus original images
(ProbShrink)

9.5398
9.0598
10.0007

19.6813
19.1423
20.0039

27.7907
27.6171
27.5228

0.8060
0.7732
0.8218

Cleaned images versus original images
(BM3D)

9.0589
7.8517
9.7064

19.1415
17.8993
19.7412

27.95
26.99
27.89

0.7265
0.6969
0.7688

Cleaned images (using NN’s) versus original
images (the proposed method)

9.4599
13.1507
10.0606

19.5177
22.3790
20.0525

27.6939
30.8164
27.1269

0.8090
0.8770
0.8412
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(a) (b)

(c) (d)

(e) (f)

Figure 4

6. Conclusive Remarks and
Suggestions for Further Work

The proposed method combines the decorrelation and
shrinkage techniques to neural network-based approaches
for noise removal purposes. The images are assumed to be
transmitted as sequences of blocks of equal sizes, each block
being distorted by a stationary statistical correlated noise
and some amount of the noise being partially removed using
the method that combines noise decorrelation and standard
shrinkage technique. The preprocessing step provides, for
each initial image, a sequence of blocks that are further PCA-
compressed at a certain rate, each component of the resulting
sequence being supplied as inputs to a feed-forward neural
architecture 𝐹

𝑋
→ 𝐹

𝐻
→ 𝐹

𝑌
. Therefore, each indexed

block is processed by a neural network corresponding to
that index value. The local memories of the neurons of the
layers 𝐹

𝐻
and 𝐹
𝑌
are generated through a supervised learning

process based on the compressed versions of blocks of the
same index value supplied as inputs and the compressed
versions of them resulting as the mean of their preprocessed
versions. Finally, using the standard PCA-decompression
technique, the sequence of the decompressed blocks is the
cleaned representation of the initial image. The performance
of the proposed method is evaluated by a long series of tests,
the results being very encouraging as compared to similar
developments for noise removal purposes. The evaluation of
the amount of the noise removed is done in terms of some
of the most frequently used similarity indicators, SNR, SNR-
RMS, Peak SNR, and SSIM.

The results produced by applying the proposed method
were compared to those produced by applying three of the
most widely used algorithms for eliminating correlated noise.
NLMF algorithm consistently produces weaker results than
the proposedmethod.UsingProbShrink orBM3D, the results
are similar to or weaker than those yielded by the proposed
method, in both quality and quantity.

The long series of tests proved good results of the above-
described methodology entailing the hope that further and
possibly more sophisticated extensions can be expected to
improve it. Among several possible extensions, some work
is still in progress concerning the use of different output
functions for the hidden and output neurons and the use
of more hidden layers in the neural architectures. Also,
some other compression techniques combined with new
techniques for feature extraction as well as the use of other
learning schemes to generate the local memories of the
neurons are expected to allow the removal of a larger amount
of noise.
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We introduce a new general TV regularizer, namely, generalized TV regularization, to study image denoising and nonblind image
deblurring problems. In order to discuss the generalized TV image restoration with solution-driven adaptivity, we consider the
existence and uniqueness of the solution formixed quasi-variational inequality.Moreover, the convergence of amodified projection
algorithm for solving mixed quasi-variational inequalities is also shown. The corresponding experimental results support our
theoretical findings.

1. Introduction

Digital image restoration plays an important role in many
applications of sciences and engineering such as medical
and astronomical imaging, film restoration, and image and
video coding. Recovering an image from a degraded image
is usually an ill-posed inverse problem and it should be
dealt with through selecting a suitable regularizer. Since
the work of Rudin, Osher, and Fatemi (ROF) in [1], the
regularization methods based on total variation (TV) have
known a success, mostly due to their ability to preserve edges
in the image. In recent years, a number of researchworks have
been proposed in the field of TV regularization approaches,
which are used for the task of image denoising and nonblind
image deblurring. Aujol et al. [2] replaced 𝐿

2
norm of the

data fidelity term by 𝐿
1
norm to modify the ROF functional

model. The TV regularization approaches in [3, 4] can be
described by means of locally dependent constraint sets; that
is, the functional is adaptive to the input data. Another class
of approaches are the nonlocal methods [5, 6] including
nonlocal variants of TV regularization. [7–9] extended TV
regularization to second- or higher-order cases. These works

mentioned above considered TV regularization approaches
for solving the image denoising problems. In addition, these
approaches can also be utilized for the image deblurring;
see, for example, [10–12]. Chambolle [10] proposed algorithm
for minimizing the TV model and applied the algorithm to
image zooming. A TV deblurring approach with adaptive
choice of the regularization parameter was presented in [12].
In all these literatures, the image restoration problem is
always regarded as optimization problem using discrete TV
regularization. How to solve such optimization problem with
a TV regularization, which is fundamental and crucial, is the
core problem in our discussion.

It is well known that the theory of variational inequality
has been developed as a class of important tools for the study
of minimization problems; see, for example, [13]. Among
such variational inequalities, inverse variational inequalities,
mixed variational inequalities, and quasi-variational inequal-
ities are very significant generalizations, which have been
applied to a wide range of problems, such as mechanics,
economics, finance, optimal control, and transportation.
References [14, 15] proposedTikhonov regularizationmethod
and a general regularization method for solving inverse
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variational inequality problems. Luo and Yang [16, 17] further
extended the results of [14, 15] to the inverse mixed varia-
tional inequality problems.The generalized quasi-variational
inequality problem was introduced in [18]. However, to
our knowledge, a few works implemented quasi-variational
inequality to deal with image restoration problem. Recently,
Lenzen et al. [19–21] firstly considered a class of quasi-
variational inequalities for studying adaptive image restora-
tion, where adaptivity is solution-driven adaptivity. More-
over, they showed that a lot of experimental results support
their theoretical findings.

Inspired and motivated by the works of [19, 20], in
this paper, we introduce a general TV regularization which
includes TV regularization of the classical ROF model [1] as
its special case. For solving the minimization problem with
generalized TV regularization, we discuss its dual problem,
which is like the following formulation:

min
𝑝∈D

{𝐹 (𝑝) + Φ (𝑝)} , (1)

where D is a convex constraint set. For generalizing the
regularization approach to solution-driven adaptivity, we find
a fixed point of the following mapping:

𝑝
0
→ 𝑝 fl argmin

𝑝∈D(𝑝0)

{𝐹 (𝑝) + Φ (𝑝)} . (2)

The above fixed point problem is equivalent to solving
a mixed quasi-variational inequality [22]. We provide the
existence and uniqueness of a fixed point for the mixed
quasi-variational inequality for adaptive image restoration.
Thus, our theoretical results generalize the research works of
[19]. Meanwhile, we propose amodified projection algorithm
for solving mixed quasi-variational inequality and prove its
convergence. Finally, we give improved experimental results
compared to the experiments presented in [19]. Moreover,
our experimental results show that the solution-driven adap-
tive generalized TV model produces excellent restoration
effects for different test images.

The rest of this paper is organized as follows. In Section 2,
we recall some notations concerned with generalized Φ-
projection operator. In Section 3, we introduce the general-
ized TV regularization which covers other TV regularizers
given in literature. Our model of solution-driven adaptivity
described by means of mixed quasi-variational inequalities
is shown in Section 4. We consider the theoretical results
in Section 5, where we prove the existence and uniqueness
of the solution for mixed quasi-variational inequality. In
Section 6, we present a modified projection algorithm and
its convergence. We give a lot of numerical experiments
supporting our theoretical results and showing our better
improvement in Section 7. Finally, we conclude this paper in
Section 8.

2. Preliminaries

In this section, we recall the concept of the generalized Φ-
projection operator, together with its properties.

Let Ω be a nonempty closed convex subset of R𝑛. Let 𝐺 :

R𝑛 × Ω → R ∪ {+∞} be a function defined as follows:

𝐺 (𝑥, 𝜉) = ‖𝑥‖
2
− 2 ⟨𝑥, 𝜉⟩ +

𝜉


2

+ 2𝜌Φ (𝜉) , (3)

where 𝜉 ∈ Ω, 𝑥 ∈ R𝑛, 𝜌 is a positive number, and Φ : Ω →

R ∪ {+∞} is a proper, convex, and lower semicontinuous
function.

Definition 1. The generalized Φ-projection operator ΠΦ
Ω

:

R𝑛  Ω is defined as

Π
Φ

Ω
(𝑥) = {𝑢 ∈ Ω : 𝐺 (𝑥, 𝑢) = inf

𝜉∈Ω

𝐺 (𝑥, 𝜉)} ,

∀𝑥 ∈ R
𝑛
.

(4)

From Lemmas 3.1 and 3.2 of [25], we know that ΠΦ
Ω
is a

single valued and nonexpansive mapping and 𝑥∗ = Π
Φ

Ω
(𝑥) if

and only if

⟨𝑥
∗
− 𝑥, 𝑦 − 𝑥

∗
⟩ + 𝜌Φ (𝑦) − 𝜌Φ (𝑥

∗
) ≥ 0, ∀𝑦 ∈ Ω. (5)

3. Generalized TV Regularization

In this section, we introduce a new variational approach
for image denoising and nonblind image deblurring that is
based on total variation regularization. Our general approach
covers various adaptive and anisotropic types of TV regular-
ization approaches.

The image deblurring problem formulation is as follows.
Let 𝑓 ∈ R𝑛 be a degraded noisy image, which is obtained
from a noise-free image 𝑢 ∈ R𝑛 by convolution with a
blurring kernel𝑀, followed by an addition of Gaussian noise;
that is,

𝑓 = 𝑀𝑢 + 𝛿, (6)

where𝑀 is 𝑛×𝑛 invertiblematrix and 𝛿 is a Gaussian random
variable with zero mean. The above problem is a typical
inverse problem. In order to recover 𝑢 from 𝑓, assuming
that 𝑢 → 𝑀 ∗ 𝑢 is a mapping from R𝑛 → R𝑛, we aim at
considering the following optimization problem:

argmin
𝑢∈R𝑛

𝐸 (𝑢) =
1

2

𝑀𝑢 − 𝑓


2

𝐿
2 + 𝛼TV (𝑢) , 𝛼 > 0. (7)

In particular, if 𝑀 fl Id, the minimization problem (7)
reduces to image denoising problem, where Id denotes an
identity mapping.

Now we denote by 𝐿 : R𝑛𝑑 → R𝑛 the discretization of the
divergence operator div and denote by ‖ ⋅ ‖

2
𝐿
2
norm. Let us

define the following generalized total variation regularizer:

𝛼TV (𝑢) fl sup
𝑝∈D

{⟨𝐿𝑝, 𝑢⟩
𝐿2
−

𝑀
−⊤
𝐿𝑝
2
} , (8)

where

D = {𝑝 ∈ R
𝑛𝑑
, 𝑝
𝑖
∈ 𝐵
𝛼
(0) , 𝑖 = 1, . . . , 𝑛} (9)
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for 𝑝 = (𝑝
1
, 𝑝
2
, . . . , 𝑝

𝑛
)
⊤ with 𝑝

𝑖
∈ R𝑑 and 𝐵

𝛼
(0) is 𝑑-

dimensional closed ball with radius 𝛼 centered at 0. Then the
optimization problem is given as

argmin
𝑢∈R𝑛

𝐸 (𝑢) =
1

2

𝑀𝑢 − 𝑓


2

2

+ sup
𝑝∈D

{⟨𝐿𝑝, 𝑢⟩
𝐿2
−

𝑀
−⊤
𝐿𝑝
2
} .

(10)

Problem (10) includes a large variety of problems as its special
cases:

(i) If ‖𝑀−⊤𝐿𝑝‖
2
= 0, then (10) reduces to problem (2.12)

of [19].
(ii) If ‖𝑀−⊤𝐿𝑝‖

2
= 0 and 𝑀 fl Id, then (10) reduces to

the classical ROF model of [1].

We derive the corresponding dual problem of (10) as
follows. The optimality condition for 𝑢 reads

𝑀
⊤
(𝑀𝑢 − 𝑓) + 𝐿𝑝 = 0. (11)

It follows from (11) that

𝑢 = 𝑀
−1
(𝑓 −𝑀

−⊤
𝐿𝑝) , (12)

𝑀𝑢 = 𝑓 −𝑀
−⊤
𝐿𝑝, (13)

where 𝑀−⊤ fl (𝑀
⊤
)
−1
. Using the abbreviation 𝐴 fl 𝑀

−⊤
𝐿,

from (11) and (12) we obtain the dual problem

𝐸
∗
(𝑝) =

1

2

𝑀𝑢 − 𝑓


2

2
+ ⟨𝐿𝑝, 𝑢⟩

𝐿2
−

𝑀
−⊤
𝐿𝑝
2

=
1

2


𝑀
−⊤
𝐿𝑝


2

2
+ 𝑓
⊤
𝑀
−⊤
𝐿𝑝

− (𝑀
−1
𝑀
−⊤
𝐿𝑝)
⊤

𝐿𝑝 −

𝑀
−⊤
𝐿𝑝
2

=
1

2

𝐴𝑝


2

2
+ 𝑓𝐴𝑝 − (𝐴𝑝)

⊤

𝐴𝑝 −
𝐴𝑝

2

= −
1

2
(
𝐴𝑝



2

2
− 2𝑓𝐴𝑝) −

𝐴𝑝
2

= −
1

2
(⟨𝐴𝑝 − 𝑓,𝐴𝑝 − 𝑓⟩

𝐿2
−
𝑓


2

2
) −

𝐴𝑝
2

= −
1

2

𝐴𝑝 − 𝑓


2

2
+
1

2

𝑓


2

2
−
𝐴𝑝

2
.

(14)

When maximizing 𝐸
∗
(𝑝) over D, the constant term

(1/2)‖𝑓‖
2

2
can be omitted without changing the optimum.

Moreover, the maximization of 𝐸∗ equals the minimization
of 𝐺(𝑝) fl −𝐸

∗
(𝑝), and we can formulate the dual problem

of (10) as

argmin
𝑝∈D

𝐺 (𝑝) = 𝐹 (𝑝) + Φ (𝑝)

=
1

2

𝐴𝑝 − 𝑓


2

2
+
𝐴𝑝

2

(15)

withD fl D1loc×D
2

loc×⋅ ⋅ ⋅×D
𝑛

loc, where each local constraint
setD𝑖loc is a 𝑑-dimensional closed ball.

From a solution 𝑝 of the dual problem, we can retrieve
the solution 𝑢 of the primal problem by 𝑢 = 𝑀

−1
(𝑓 − 𝐴𝑝).

Therefore, the key issue in our discussion of generalized TV
image restoration problem is to solve the aboveminimization
problem (15).

4. Solution-Driven Adaptivity

In [20], Lenzen et al. proposed a kind of adaptivity, where the
constraint set D depends on the unknown solution 𝑝 of the
problem. Naturally, the adaptivity is determined by the noise-
free image 𝑢, which can be obtained by 𝑢 = 𝑀

−1
(𝑓 − 𝐴𝑝).

Moreover, the experimental results of [19] showed that the
adaptivity was improved by solution-driven model. In the
following, in order to study generalized TV image restoration
with solution-driven adaptivity, we generalize problem (15)
by introducing a dependency ofD on the dual variable: find
a fixed point 𝑝∗ of the mapping

𝑝
0
→ 𝑝 fl argmin

𝑝∈D(𝑝0)

𝐺 (𝑝) = 𝐹 (𝑝) + Φ (𝑝) . (16)

Having found a fixed point 𝑝∗, the corresponding constraint
set isD(𝑝

∗
); that is, the adaptivity is solution-driven. Solving

problem (16) is equivalent to considering the followingmixed
quasi-variational inequality (MQVI):

find 𝑝
∗
∈ D (𝑝

∗
) such that ⟨∇𝐹 (𝑝∗) , 𝑝 − 𝑝∗⟩

+ Φ (𝑝) − Φ (𝑝
∗
) ≥ 0, ∀𝑝 ∈ D (𝑝

∗
) ,

(17)

where 𝐹(𝑝) = (1/2)‖𝐴𝑝 − 𝑓‖2
2
and Φ(𝑝) = ‖𝐴𝑝‖

2
.

From (5), it is easy to see that theMQVI (17) is equivalent
to the following projection equation:

𝑝
∗
= Π
Φ

D(𝑝∗) (𝑝
∗
− 𝜌∇𝐹 (𝑝

∗
)) , ∀𝜌 > 0. (18)

5. Theory for MQVI

In this section, we provide the existence and uniqueness
results for the MQVI (17).

5.1. Existence of Solutions

Theorem 2. Let 𝐹(𝑝) fl (1/2)‖𝐴𝑝 − 𝑓‖
2

2
and Φ(𝑝) fl ‖𝐴𝑝‖

2
,

where 𝐴 : R𝑚𝑛 → R𝑛 is a linear operator. LetD(𝑝) be defined
as follows:

D : 𝑝  D (𝑝) fl {𝑝 ∈ R
𝑚𝑛

: 𝑝
𝑖
∈ D
𝑖

loc (𝑝) ⊂ R
𝑚𝑛
, 𝑖 = 1, . . . , 𝑛} , (19)

where eachD𝑖loc : R
𝑚𝑛

 R𝑚𝑛, 𝑖 = 1, . . . , 𝑛, has the following
properties:

(i) For fixed 𝑝 the set D𝑖loc(𝑝) is a closed convex subset of
R𝑚𝑛.

(ii) There exists 𝐶 > 0 such that, for all 𝑖, 𝑝, one has
D𝑖loc(𝑝) ⊂ 𝐵𝐶(0).
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(iii) There exists 𝑐 > 0 such that, for every 𝑝 and every
𝑖, one has 𝐵

𝑐
(0) ⊂ D𝑖loc(𝑝). In particular, D𝑖loc(𝑝) is

nonempty.
(iv) The generalized Φ-projection operator ΠΦ

D𝑖loc(𝑝)
(𝑞) of 𝑞

ontoD𝑖loc(𝑝) for a fixed 𝑞 is continuous with respect to
𝑝.

Then mixed quasi-variational inequality (17) has a solution.

Proof. Firstly, we know from the definition ofD(𝑝) that

D (𝑝) fl D
1

loc (𝑝) ×D
2

loc (𝑝) × ⋅ ⋅ ⋅ ×D
𝑛

loc (𝑝) . (20)

Thus, from assumption (ii), we immediately derive that

D (𝑝) ⊂ (𝐵
𝐶
(0))
𝑛

⊂ 𝐵
√𝑛𝐶

(0) , 𝑝 ∈ R
𝑚𝑛
. (21)

Since 𝐵
√𝑛𝐶

(0) is a bounded closed convex ball, 𝐵
√𝑛𝐶

(0) is
compact convex.

Assumptions (i) and (iii) imply that D is a nonempty
closed convex valuedmapping on𝐵

√𝑛𝐶
(0).Moreover,Φ(𝑝) =

‖𝐴𝑝‖
2
is a proper, convex, and lower semicontinuous func-

tion. Hence the generalized Φ-projection operator ΠΦD(𝑝) is
well defined. By ΠΦD(𝑝)(𝑞) = (Π

Φ

D1loc(𝑝)
(𝑞
1
), . . . , Π

Φ

D𝑛loc(𝑝)
(𝑞
𝑛
))
⊤

and (iv), we obtain that ΠΦD(𝑝) is continuous with respect to
𝑝.

Now we define the mapping 𝑆 : 𝐵
√𝑛𝐶

(0) → 𝐵
√𝑛𝐶

(0) by

𝑆 (𝑝) fl Π
Φ

D(𝑝) (𝑝 − 𝜌∇𝐹 (𝑝)) , ∀𝜌 > 0. (22)

It follows from the continuity of ∇𝐹(𝑝) = 𝐴
⊤
(𝐴𝑝 − 𝑓) and

Π
Φ

D(𝑝) that 𝑆 is continuous. Hence by (18) and the Brouwer
fixed point theorem, we have that problem (17) has a solution.

In the case that Φ ≡ 0, a similar result of Theorem 2 was
obtained (see Proposition 4.2 of [19]). Therefore, Theorem 2
can also be considered as a generalization of Proposition 4.2
of [19].

5.2. Uniqueness Result of the Proposed Approach. In this
subsection, let us consider the uniqueness results for MQVI
(17). In [19], Lenzen et al. discussed the uniqueness of solution
of quasi-variational inequality on only a subspace of R𝑚𝑛,
because ∇𝐹 is not strongly monotone on the null spaceN(𝐴)

of 𝐴 (N(𝐴) fl {𝑥 ∈ R𝑛 : 𝐴𝑥 = 0}). On the other
hand, our main aim is to find 𝑢 = 𝑀

−1
(𝑓 − 𝐴𝑝), which

does not depend on the component of 𝑝 in N(𝐴). In view
of these reasons mentioned, [19] restricted the problem of
quasi-variational inequality to the complement N⊥(𝐴) of
N(𝐴). Now we utilize similar method to study problem (17).
Firstly, we give the following search model that is restricted
toN⊥(𝐴):

Find 𝑝
∗
∈ ΠN⊥(𝐴)D (𝑝

∗
) (23)

such that ⟨∇𝐹 (𝑝∗) , 𝑝 − 𝑝∗⟩ + Φ (𝑝) − Φ (𝑝
∗
) ≥ 0,

∀𝑝 ∈ ΠN⊥(𝐴)D (𝑝
∗
) .

(24)

Theorem 3. Assume that the setD(𝑝) depends only on 𝑝res fl
ΠN⊥(𝐴)(𝑝).

(i) Let 𝑝∗res be a solution to the restricted problem (23), and
then any 𝑝∗ ∈ Π

−1

N⊥(𝐴)(𝑝
∗

res) ∩D(𝑝
∗

res) is a solution to
the original problem (17).

(ii) Let 𝑝∗ be a solution to the unrestricted problem (17),
and then any 𝑝∗res ∈ Π

−1

N⊥(𝐴)(𝑝
∗
) is a solution to the

restricted problem (23).

Proof. Let 𝑝∗res ∈ ΠN⊥(𝐴)(D(𝑝
∗

res)) be a solution to the
restricted problem (23); that is,

⟨∇𝐹 (𝑝
∗

res) , 𝑝 − 𝑝
∗

res⟩ + Φ (𝑝) − Φ (𝑝
∗

res) ≥ 0,

∀𝑝 ∈ ΠN⊥(𝐴) (D (𝑝
∗

res)) .
(25)

For any 𝑝∗ ∈ D(𝑝
∗

res) such that 𝑝∗res = ΠN⊥(𝐴)𝑝
∗
= 𝑝
∗
−

ΠN(𝐴)𝑝
∗, it holds that 𝑝∗ ∈ D(𝑝

∗
) = D(𝑝

∗

res). Now let 𝑝 ∈

D(𝑝
∗

res) = D(𝑝
∗
) be arbitrary. We decompose 𝑝 into 𝑝 =

𝑝res + 𝑝N, where 𝑝res fl ΠN⊥(𝐴)𝑝 and 𝑝N fl ΠN(𝐴)𝑝.Then it
follows from (25) and 𝐴𝑝 = 𝐴𝑝res and 𝐴𝑝

∗
= 𝐴𝑝
∗

res that

⟨∇𝐹 (𝑝
∗
) , 𝑝 − 𝑝

∗
⟩ + Φ (𝑝) − Φ (𝑝

∗
)

= ⟨𝐴
⊤
(𝐴𝑝
∗
− 𝑓) , 𝑝 − 𝑝

∗
⟩ +

𝐴𝑝
2
−
𝐴𝑝
∗2

= ⟨𝐴𝑝
∗
− 𝑓,𝐴 (𝑝 − 𝑝

∗
)⟩ +

𝐴𝑝
2
−
𝐴𝑝
∗2

= ⟨𝐴𝑝
∗

res − 𝑓,𝐴 (𝑝res − 𝑝
∗

res)⟩ +
𝐴𝑝res

2

−
𝐴𝑝
∗

res
2

= ⟨𝐴
⊤
(𝐴𝑝
∗

res − 𝑓) , 𝑝res − 𝑝
∗

res⟩ +
𝐴𝑝res

2

−
𝐴𝑝
∗

res
2
≥ 0.

(26)

Thus, 𝑝∗ is a solution of (17).
Let 𝑝∗ be a solution of problem (17). In particular, 𝑝∗ ∈

D(𝑝
∗
).Weconsider the decomposition𝑝∗ = 𝑝∗res+𝑝

∗

N, where
𝑝
∗

res fl ΠN⊥(𝐴)𝑝
∗ and 𝑝∗N fl ΠN(𝐴)𝑝

∗
.Then

𝑝
∗

res ∈ ΠN⊥(𝐴) (D (𝑝
∗
)) = ΠN⊥(𝐴) (D (𝑝

∗

res)) . (27)

Let 𝑝res ∈ ΠN⊥(𝐴)(D(𝑝
∗

res)) be arbitrary. There exists 𝑝 ∈

D(𝑝
∗

res) such that

𝑝res = ΠN⊥(𝐴)𝑝 = 𝑝 − ΠN(𝐴)𝑝. (28)

It follows from (28) that
⟨∇𝐹 (𝑝

∗

res) , 𝑝res − 𝑝
∗

res⟩ + Φ (𝑝res) − Φ (𝑝
∗

res)

= ⟨𝐴𝑝
∗

res − 𝑓,𝐴 (𝑝res − 𝑝
∗

res)⟩ +
𝐴𝑝res

2

−
𝐴𝑝
∗

res
2

= ⟨𝐴𝑝
∗
− 𝑓,𝐴 (𝑝 − 𝑝

∗
)⟩ +

𝐴𝑝
2
−
𝐴𝑝
∗2

= ⟨𝐴
⊤
(𝐴𝑝
∗
− 𝑓) , 𝑝 − 𝑝

∗
⟩ +

𝐴𝑝
2
−
𝐴𝑝
∗2

≥ 0,

(29)

where the last inequality holds since 𝑝 ∈ D(𝑝
∗
) due to

D(𝑝
∗
) = D(𝑝

∗

res) and 𝑝
∗ solves (17). Thus 𝑝∗res is a solution

of (23).
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From Section 3, we can see that the final purpose of
finding the existence and uniqueness of 𝑝∗ is to solve the
optimal problem (10), because 𝑢∗ = 𝑀

−1
(𝑓 − 𝐴𝑝

∗
) which

does not depend on 𝑝
∗

N. We therefore focus on V∗ = 𝐴𝑝
∗,

which depends only on the component 𝑝∗res of 𝑝
∗ inN⊥(𝐴);

that is, we only need to consider the restricted problem (23).
Based on Theorem 3, the restricted problem has a solution
if and only if the original problem has a solution. Here we
specify ‖V∗‖

2
= ‖𝑝
∗
‖
𝐵
fl √(𝑝∗)

⊤
𝐴⊤𝐴𝑝∗. In the following

discussion, D̃(V) denotes a nonempty, closed, convex set such
that D̃(V) = D(𝑝) = D̃(𝐴𝑝).

Before showing the uniqueness, let us define 𝑇 : R𝑛 

R𝑚𝑛 such that 𝑝 ∈ 𝑇(V) if and only if 𝑝 ∈ D̃(V) and 𝑝 is a
solution to the following MQVI:

⟨∇𝐹 (𝑝) , 𝑝 − 𝑝⟩ + Φ (𝑝) − Φ (𝑝) ≥ 0, ∀𝑝 ∈ D̃ (V) . (30)

Theorem4. Under all the assumption conditions ofTheorem 2
and the assumptions

(i) ∇𝐹 is Lipschitz continuouswith Lipschitz constant𝜇
2
fl

‖𝐴
⊤
𝐴‖
2
> 0, that is,

∇𝐹 (𝑥) − ∇𝐹 (𝑦)
2
≤ 𝜇
2

𝑥 − 𝑦
2
, ∀𝑥, 𝑦 ∈ R

𝑚𝑛
, (31)

(ii) the generalized Φ-projection operator ΠΦ
D̃(V)𝑞 is Lips-

chitz continuous with respect to V with the variation
rate �̃� > 0, that is,


Π
Φ

D̃(V)𝑞 − Π
Φ

D̃(V)𝑞
2
≤ �̃�


V − V

2
, ∀𝑞 ∈ R

𝑚𝑛
, (32)

(iii) �̃� < 1/√𝜇2,
if 𝑝∗ is a solution of mixed quasi-variational inequality (17),
then V∗ = 𝐴𝑝∗ is unique.

Proof. Fix V
1
, V
2
∈ Im(𝐴). LetD

𝑖
fl D̃(V

𝑖
), 𝑝
𝑖
∈ 𝑇(V
𝑖
) :

(i) If 𝐴(𝑝
1
− 𝑝
2
) = 0, we obtain

𝐴𝑇 (V1) − 𝐴𝑇 (V2)
2
=
𝐴𝑝1 − 𝐴𝑝2

2
= 0

<
V1 − V

2

2
.

(33)

(ii) If 𝐴(𝑝
1
− 𝑝
2
) ̸= 0, since 𝑝

𝑖
, 𝑖 = 1, 2, solve

argmin
𝑝∈D̃(V𝑖)

(1/2)‖𝐴𝑝 − 𝑓‖
2

2
+ ‖𝐴𝑝‖

2
, the following

MQVI

⟨∇𝐹 (𝑝
𝑖
) , 𝑞 − 𝑝

𝑖
⟩ + Φ (𝑞) − Φ (𝑝

𝑖
) ≥ 0, ∀𝑞 ∈ D

𝑖
, (34)

holds; that is, for any 𝜌 ≥ 0,

𝑝
𝑖
= Π
Φ

D𝑖
(𝑝
𝑖
− 𝜌∇𝐹 (𝑝

𝑖
)) . (35)

In particular, 𝑞 fl Π
Φ

D2
(𝑝
1
− 𝜌∇𝐹(𝑝

1
)), and it follows from

(35) and (ii) that
𝑝1 − 𝑞

2

=

Π
Φ

D1
(𝑝
1
− 𝜌∇𝐹 (𝑝

1
)) − Π

Φ

D2
(𝑝
1
− 𝜌∇𝐹 (𝑝

1
))
2

≤ �̃�
V1 − V

2

2
.

(36)

On the other hand, 𝑝
2
∈ D
2
implies that

⟨𝑞 − (𝑝
1
− 𝜌∇𝐹 (𝑝

1
)) , 𝑝
2
− 𝑞⟩ + Φ (𝑝

2
) − Φ (𝑞) ≥ 0. (37)

Therefore, from (34) and (37), we have

⟨𝑞 − 𝑝
1
, 𝑝
2
− 𝑞⟩ ≥ 𝜌 ⟨∇𝐹 (𝑝

1
) , 𝑞 − 𝑝

2
⟩ − Φ (𝑝

2
)

+ Φ (𝑞)

= 𝜌 ⟨∇𝐹 (𝑝
1
) , 𝑞 − 𝑝

1
⟩

+ 𝜌 ⟨∇𝐹 (𝑝
2
) , 𝑝
1
− 𝑞⟩

+ 𝜌 ⟨∇𝐹 (𝑝
2
) , 𝑞 − 𝑝

2
⟩ + Φ (𝑞)

− Φ (𝑝
2
)

+ 𝜌 ⟨∇𝐹 (𝑝
1
) − ∇𝐹 (𝑝

2
) , 𝑝
1
− 𝑝
2
⟩

≥ 𝜌 ⟨∇𝐹 (𝑝
1
) − ∇𝐹 (𝑝

2
) , 𝑞 − 𝑝

1
⟩

+ 𝜌 ⟨∇𝐹 (𝑝
1
) − ∇𝐹 (𝑝

2
) , 𝑝
1
− 𝑝
2
⟩

= 𝜌 ⟨𝐴
⊤
𝐴 (𝑝
1
− 𝑝
2
) , 𝑞 − 𝑝

1
⟩

+ 𝜌
𝐴𝑝1 − 𝐴𝑝2



2

2
;

(38)

that is,

𝜌
𝐴𝑝1 − 𝐴𝑝2



2

2
≤ ⟨𝑞 − 𝑝

1
, 𝑝
2
− 𝑞⟩

+ 𝜌 ⟨𝐴
⊤
𝐴 (𝑝
1
− 𝑝
2
) , 𝑝
1
− 𝑞⟩

≤
𝑞 − 𝑝1

2
⋅
𝑞 − 𝑝2

2

+ 𝜌
𝐴𝑝1 − 𝐴𝑝2

2
⋅
𝐴𝑝1 − 𝐴𝑞

2

(39)

and, by dividing by𝜌‖𝐴𝑝
1
−𝐴𝑝
2
‖
2
> 0, because𝐴𝑝

1
−𝐴𝑝
2

̸= 0,

𝐴𝑝1 − 𝐴𝑝2
2
≤

𝑞 − 𝑝1
2
⋅
𝑞 − 𝑝2

2

𝜌
𝐴𝑝1 − 𝐴𝑝2

2

+
𝐴𝑝1 − 𝐴𝑞

2
.

(40)

Since 𝜌 is arbitrarily large, we find
𝐴𝑝1 − 𝐴𝑝2

2
≤
𝐴𝑝1 − 𝐴𝑞

2
. (41)

By (i), we have ‖𝐴‖
2
= √𝜇2.Thus, it follows from (36) that

𝐴𝑝1 − 𝐴𝑞
2
≤ ‖𝐴‖2

𝑝1 − 𝑞
2
≤ √𝜇2�̃�

V1 − V
2

2
; (42)

that is,
𝐴𝑇 (V1) − 𝐴𝑇 (V2)

2
≤ √𝜇2�̃�

V1 − V
2

2
. (43)

Therefore, we can see from (iii) that 𝐴 ∘ 𝑇 : R𝑛 → R𝑛

is a contractive mapping. Moreover, the Banach fixed point
theorem implies that there exists a unique fixed point V∗ =
𝐴𝑝
∗ of 𝐴 ∘ 𝑇 in R𝑛.

We already mentioned that, in the considered applica-
tions for image restoration, we are actually interested in the
variable 𝑢 fl 𝑀

−1
(𝑓 − 𝐴𝑝). Obviously, it follows from

Theorem 4 that 𝑢 is unique.
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Input: The maximal number of iterations𝑁; the constraint setD(𝑝
0
); the starting point

𝑝
0
∈ D(𝑝

0
) ⊂ 𝐵
√𝑛𝐶

(0); the parameter number 𝜌 and such that 0 < 𝜌 < 1/𝜇
2
.

Output: 𝑝𝑁.
begin

for 𝑘 = 0 to𝑁 − 1 do
Step 1. 𝑝𝑘−1 fl Π

Φ

D(𝑝𝑘−1)
(𝑝
𝑘−1

− 𝜌∇𝐹(𝑝
𝑘−1
));

Step 2. 𝑝𝑘 fl Π
Φ

D(𝑝
𝑘−1
)
(𝑝
𝑘−1

− 𝜌∇𝐹(𝑝
𝑘−1

));
Step 3. If |𝑝𝑘 − 𝑝𝑘−1| ≤ 𝜀, for all 𝜀 > 0, then, stop; otherwise, 𝑘 = 𝑘 + 1 and go the Step 1.

end
end

Algorithm 1: Modified projection method for solving the MQVI (17).

(a) (b) (c)

Figure 1: (a) Noisy input data, MSSIM = 0.327. (b) Solution-driven adaptive TV, MSSIM = 0.812. (c) Solution-driven adaptive generalized
TV, MSSIM = 0.822.

6. Numerics

Throughout this section, assume that all the assumption
conditions ofTheorems 2 and 4 are satisfied.Next, we propose
an iterative algorithm to solve the MQVI (17) and show
convergence of the proposed algorithm.

6.1. Proposed Iterative Algorithm. See Algorithm 1.

6.2. Convergence of Algorithm 1

Theorem 5. Let all the assumptions of Theorems 2 and 4 be
satisfied. Moreover, assume that ∇𝐹 is monotone; that is,

⟨∇𝐹 (𝑥) − ∇𝐹 (𝑦) , 𝑥 − 𝑦⟩ ≥ 0, ∀𝑥, 𝑦 ∈ R
𝑚𝑛
. (44)

Then the sequence {𝑝𝑘} generated by Algorithm 1 converges to
the unique solution 𝑝∗ of MQVI (17).

Proof. For the proof, see Theorem 2.5 in [26].

7. Experiment Results

7.1. Improvement of Solution-Driven Adaptive TV Regulariza-
tion. In this section, we show that the adaptivity is improved
by switching from a solution-driven adaptive TV regulariza-
tion to a solution-driven adaptive generalized TV model. To

this end, we consider the imageCameraman.We generate test
data for the denoising problemby addingGaussian noisewith
zero mean and standard deviation 0.1 and for the deblurring
problemby applying a blurring operator and addingGaussian
noise with zero mean and standard deviation 0.01. For
comparison, we make use of a mean SSIM (MSSIM) index
[27] to evaluate the restored image quality in Figures 1 and 2.
The definitions of the similarity measures SSIM and MSSIM
are given as follows:

SSIM (𝑥, 𝑦) =

(2𝜇
𝑥
𝜇
𝑦
+ 𝑐
1
) (2𝜎
𝑥
𝜎
𝑦
+ 𝑐
2
)

(𝜇2
𝑥
+ 𝜇2
𝑦
+ 𝑐
1
) (𝜎2
𝑥
+ 𝜎2
𝑦
+ 𝑐
2
)

, (45)

where 𝜇
𝑥
, 𝜇
𝑦
are the average values of two signals 𝑥 and 𝑦, 𝜎2

𝑥

and 𝜎2
𝑦
are the variances of 𝑥 and 𝑦, and 𝑐

1
, 𝑐
2
are variables to

stabilize the division with weak denominator

MSSIM (𝑋, 𝑌) =
1

𝑀

𝑀

∑

𝑗=1

SSIM (𝑥
𝑗
, 𝑦
𝑗
) , (46)

where 𝑋 and 𝑌 are the reference and the distorted images,
respectively; 𝑥

𝑗
and 𝑦

𝑗
are the image contents at the 𝑗th local

window; and𝑀 is the number of local windows of the image.
In Figure 1, we give the close-up of the results of

denoising the image Cameraman with TV regularization
and generalized TV regularization approaches. The values
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(a) (b) (c)

Figure 2: (a) Blurred input data, MSSIM = 0.032. (b) Solution-driven adaptive TV, MSSIM = 0.866. (c) Solution-driven adaptive generalized
TV, MSSIM = 0.868.

(a) (b)

(c) (d)

Figure 3: Test images. (a) Cameraman. (b) Lena. (c) Pepper. (d) Building.

for similarity given show that generalized TV regularization
approach enhances the reconstruction compared to the TV
regularization.

In Figure 2, close-up of the results of deblurring the image
Cameraman with TV regularization and generalized TV reg-
ularization approaches is shown. In terms of similarity to the
original data, we can see that generalized TV regularization

approach improves the reconstruction compared to the TV
regularization.

7.2. Comparison of Image Restoration for Different Test Images.
In this subsection, we report that our method can remove
Gaussian noise efficiently while preserving details very well.
For noise removal, we compare our method with some
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(a) (b) (c)

(d) (e) (f)

Figure 4: (a) Noisy image (PSNR = 8.748 dB). (b) Local TV, Split Bregman (PSNR = 28.18 dB). (c) Nonlocal TV, Split Bregman (PSNR =
30.35 dB). (d) Anisotropic TV, Split Bregman (PSNR = 27.687 dB). (e) Isotropic TV, Split Bregman (PSNR = 28.594 dB). (f) Solution-driven
adaptive generalized TV, modified projection (PSNR = 30.56 dB).

recently developed models, namely, the local TV [28], the
NLTV [29], the anisotropic TV [30], and the isotropic TV
[30], when the Split Bregman method is considered. The
quality of our restoration is measured by the peak signal-to-
noise ratio (PSNR) in decibels (dB):

PSNR = 10 log
10
(

𝑀×𝑁

∑
𝑀

𝑖=1
∑
𝑁

𝑗=1
(𝑢
𝑖,𝑗
− �̃�
𝑖,𝑗
)
2
) , (47)

where𝑀×𝑁 indicates the image size and 𝑢 and �̃� denote the
original image and the restored one, respectively. Generally,
the higher PSNR values indicate better quality of the restored
images.

The test images are shown in Figure 3.
In Figure 4, wemake use of the local TVmodel, theNLTV

model, the anisotropic TV model, the isotropic TV model,
and the solution-driven adaptive generalized TV model to
display the restoration results for the test image (a) corrupted
by 8% Gaussian noise. Here, our proposed model performs
significantly better and can suppress the Gaussian noise
successfully.

Table 1 lists the restoration results in the PSNRof different
methods for test images Cameraman, Lena, Pepper, and
Building corrupted by Gaussian noise.

Table 1: Comparison of restoration results in PSNR (dB) for images
corrupted by Gaussian noise.

Methods Cameraman Lena Pepper Building
Local TV 28.18 27.68 26.68 27.55
NLTV 30.35 29.87 30.86 29.23
Anisotropic TV 27.687 26.1 26.591 29.3
Isotropic TV 28.594 27.902 27.661 26.603
Proposed 30.56 30.21 30.98 29.5

From Table 1, it is apparent that our proposed method
generates the best restoration results for all the test images.
Actually, in Table 1, the proposed method obtains the highest
PSNR values for all the test images. This demonstrated that
our method is more robust for images corrupted by Gaussian
noise.

7.3. Expanded Experiments. Remote sensing very often deals
with inverting a forward model. To this aim, one has
to produce an accurate and robust model able to predict
physical, chemical, geological, or atmospheric parameters
from spectra, such as surface temperature, water vapour, and
ozone; see, for example, [31]. Denoising images could be part
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(a) (b)

(c) (d)

Figure 5: (a) Original satellite image. (b) Gaussian noise (𝜎 = 0.02) image. (c) Fourth-order PDE model. (d) Proposed method.

of the accurate and robust model. In particular, our image
restoration method could be used to remove noises in the
class of satellite images.

In Figure 5,we give the close-up of the results of denoising
the satellite image adding Gaussian noise with the standard
derivation 𝜎 = 0.02. Though the fourth-order PDE model
removes noise more thoroughly, texture detail also had been
changed. Comparing rivers and streets with those in the
original image, some information was lost. Our method not
only suppresses the noise very well but also keeps a lot of
detail and texture information of the original image.

From Table 2, we can see that our method has better
denoising effects than pure anisotropic diffusion and fourth-
order PDE.

8. Conclusion

In this paper, our main contribution is to introduce the
generalized TV regularization which includes various types
of TV regularization as special cases.We studied the existence
and uniqueness of the solution for mixed quasi-variational

Table 2: Comparison of restoration results in PSNR (dB) for satellite
images.

Methods 𝜎 = 0.01 𝜎 = 0.02 𝜎 = 0.05 𝜎 = 1

Pure anisotropic diffusion [23] 30.16 23.68 15.36 6.10
Fourth-order PDE [24] 31.64 25.40 17.40 11.36
Proposed 34.32 27.68 19.54 13.28

inequality for solution-driven adaptive image denoising and
image deblurring with generalized TV regularization. The
convergence of proposed algorithm forMQVI was proposed.
Moreover, our experimental results showed that we improve
the image restoration quality and apply the proposed model
to deal with the images in many different fields. Our further
work will consider utilizing the theory of other variational
inequalities for solving optimization problems with other
kinds of generalized TV regularizations.
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Most pixel-value-ordering (PVO) predictors generated prediction-errors including −1 and 1 in a block-by-block manner. Pixel-
based PVO (PPVO) method provided a novel pixel scan strategy in a pixel-by-pixel way. Prediction-error bin 0 is expanded for
embedding with the help of equalizing context pixels for prediction. In this paper, a PPVO-based hybrid predictor (HPPVO) is
proposed as an extension. HPPVO predicts pixel in both positive and negative orientations. Assisted by expansion bins selection
technique, this hybrid predictor presents an optimized prediction-error expansion strategy including bin 0. Furthermore, a novel
field-biased context pixel selection is already developed, with which detailed correlations of around pixels are better exploited more
than equalizing scheme merely. Experiment results show that the proposed HPPVO improves embedding capacity and enhances
marked image fidelity. It also outperforms some other state-of-the-art methods of reversible data hiding, especially for moderate
and large payloads.

1. Introduction

Digital watermarking has been used for copyright protection
[1, 2], integrity check [3, 4], and self-identity [5]. Important
and secret data as watermark was embedded into the host
image. However, in some sensitive scenarios, such as medical
images, remote sensing images, and military images, even a
small amount of deviation is highly detrimental. Reversible
data hiding has improved to this demand [6, 7]. Reversibility
here means that pixels in marked image can be perfectly
recovered to the original ones in the host image.

Three categories of solutions can be summarized to
this problem, difference expansion (DE) [8–10], histogram
shifting (HS) [11–14], and integer transformation [15–19].
Difference expansion computes and expands the differences
between pixels rather than the pixel itself to embed data.
This method has considerable capacity and little distortion.
However, difference relies on locations on themap occupying
spaces large enough for the payload. Histogram shifting
uses the peak point bin to carry data and shifts other bins
to guarantee reversibility. The peak bin contains the most
common pixels. Residual images composed of the difference
of adjacent pixels or various neighboring pixels can also be

used tomodify the histogram [20]. In this way, gray values are
modified at most by 1. In this way, this method achieves high
fidelity. However, it can only be used to hide limited amounts
of information. To remedy the above shortages, sorting [21,
22] and prediction-error expansion (PEE) [23] were incor-
porated into existing methods. Pixel-value-ordering (PVO)
in [24] connected these two new stages together. PVO-K
in [25] used equivalent multiextreme pixels overlooked by
PVO to carry data bits with identical value. Improved PVO
(IPVO) in [26] strengthened integrated behavior using a new
predictor different from PVO. Notice that all the three afore-
mentioned methods hunt embedding pixels within artificial
separated nonoverlapped image blocks. Pixel-based pixel-
value-ordering (PPVO) in [27] predictors provided a novel
pixel search strategy in a pixel-by-pixel manner. Proximate
pixels were selected to form a context pixel vector and predict
objective pixel. Experimental results demonstrated markedly
higher image quality and larger embedding capacity (EC)
than PVO, PVO-K, and IPVO. Nevertheless, only prediction-
error 0 was expanded and only some of the context pixel
selection strategies have been brought into use. PPVO takes
more practical value as an outstanding pixel hunting mode.
In this paper, a hybrid predictor is proposed including errors
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0 and 1 expanded rather than only error 0 in the previous
work of PPVO. Meanwhile, a novel field-biased context pixel
selection scheme is here incorporated in for more accu-
rate prediction than equalizing type merely. Furthermore,
prediction-error expansion bins selection (EBS) develops an
effectivemechanism for optimized performance. Experiment
results show that the proposed HPPVO may provide higher
embedding capacity and better marked image fidelity than
conventional PPVO.

The rest of this paper is organized as follows. In Section 2,
some related works are briefly described and the primary
motivation for improving PPVO is also stated. In Section 3,
the concrete scheme of the proposed HPPVO is analyzed
in detail. Section 4 lists extensive experiments compared to
state-of-the-art studies. Section 5 concludes this paper.

2. Related Work

2.1. Prediction-Error Expansion. Thodi and Rodriguez [23]
first proposed PEE method, which predicted pixels and
embedded data employing the produced errors instead of
pixel differences. This new technique exploited the potential
of the correlation inherent in neighborhood pixels. Thus, EC
of PEEdoubles that ofDE-basedmethod.What ismore, com-
plex predictors can make much smaller prediction-error for
higher fidelity. Afterwards, Li et al. [28] combined adaptive
embedding and pixel selection for significant improvement.
They tried to adaptively embed data into expanded pixels in
the light of different complexity. This technique guaranteed
only those small prediction-errors to be applied for expansion
and embedding. Experimental results demonstrated that it
was an effective way and outperformed some other state-of-
the-art methods.

Optimal expansion bins selection was described in some
previous works. Wang et al. [29] selected prediction-error
expansion in a dynamical way. Embedding distortion was
precalculated for all possible embedding pixels and deter-
mined by minimal distortion. Hwang et al. [30] upgraded
histogram shifting by sorting predicted-errors. This strategy
was able to search the optimal threshold values effectively.
Wu and Huang [31] modified a pair of histogram bins
in the way of selecting histogram bins in sequence. Four
prediction modes produced a large amount of prediction-
errors from cover image. Ultimately, a number of histogram
pairs were enumerated to obtain the best performance after
synthesis combination of those four modes. Xuan et al. [32]
expanded prediction-errors using histogram pair according
to embedding threshold, fluctuation threshold, and left-

and right-histogram shrinking thresholds. The embedding
threshold was for selecting prediction-errors not larger than
the threshold value. The fluctuation threshold was applied
to select prediction-errors, whose associated neighbor fluc-
tuation not exceeding this threshold. The left- and right-
histogram shrinking thresholds were used to find the left
and right possibly shrink histogram. Just for the condition of
satisfied four thresholds, embedding data was carried out.

2.2. PVO-Based Predictors. Recently, based on PEE method,
Li et al. [24] presented a high-fidelity data hiding method
incorporating a new prediction strategy using pixel-value-
ordering. Cover image was partitioned to be equal-sized
but nonoverlapped pixel blocks. Pixels in each block were
then ordered by gray-scale values. In this pixel sequence,
the maximum and minimum pixels were assigned to predict
the submaximum and subminimum pixels. Hence, this pixel
selectionmechanism reduced the number of shifted pixels for
depredating embedding distortion.

Peng et al. [26] pointed that 0 bin was usually the peak in
image histogram and took the relative location relationships
of pixels in a block. Improved PVO was raised by expanding
error 0 for embedding other than positive 1 and negative error
−1 in the previous work of PVO. PVO-K came up and Ou
et al. [25] took equivalent pixels of all maximum-valued or
minimum-valued ones as unit for embedding. Comparing
with PVO, in which only two bits can be embedded into each
block at most, PVO-K exploited image redundancy better for
more allowable bits.

2.3. PPVO Predictor. All aforementioned predictors pre-
dicted pixel in a block-by-block manner. To some extent,
this mechanism limited the improvement of EC with high
PSNR. Qu and Kim [27] raised a novel pixel-based PVO
method, with which pixel is predicted in pixel-by-pixel
way. This method exploded block constraint and predicted
more pixels than the above block-based predictors. Beyond
question, PPVO promoted embedding capacity sufficiently.
Right here, context pixels, defined to be neighboring pixels
inside some scope, assisted to predict the current pixel.
Sorting and orderingmust be executed first before prediction.
Each prediction value was determined by max(C) or min(C),
the maximum or minimum of context pixel vector 𝐶. When
max(C) is different from min(C), pixel can get prediction if
its gray-scale value 𝑥 is more than max(C) or smaller than
min(C). When max(C) is the same as min(C), equaling a
constant number VC, prediction worked only if pixel value is
equal to or less thanVC.The following formula here is applied
to describe this predictor:

�̂� =

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

max (𝐶) , if max (𝐶) ̸= min (𝐶) , 𝑥 ≥ max (𝐶) ,

min (𝐶) , if max (𝐶) ̸= min (𝐶) , 𝑥 ≤ min (𝐶) ,

254, if max (𝐶) = min (𝐶) = VC, VC = 254,

VC, if max (𝐶) = min (𝐶) = VC, 1 ≤ VC ≤ 253, 𝑥 ≤ VC.

(1)
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With (1), some conclusions can be drawn as follows:

(a) Pixels in smooth blocks tend to be predicted. After
sorting and ordering, the actual objective becomes
to search equivalent or approximate pixels in context
pixel vector.

(b) Different number of context pixels leads to different
predicting accuracy, concerned with image distor-
tion. For better embedding performance, as many as
possible context pixels should be selected.

(c) Context pixels locate inside square blocks. Besides
the number, context pixel distribution may cause
influences on prediction accuracy.

After intensive investigation, we find that when context
pixels are the same ones, prediction probability is on the
low side for two reasons. Conventional PPVO took 254 as
a typical pixel when VC = 254, which cut down nearly a
half of possible pixel values. Only pixels equal to or smaller
than VC can be predicted. The second feature is that only
prediction-error 0 can be expanded for carrying data, which
wastes some useful errors for expansion and embedding
data. Furthermore, there are still some other optimal context
pixel selecting strategies which may strengthen data hiding
performance in both EC and PSNR. Hence, in next section, a
hybrid predictor based on PPVO is proposed.

3. Proposed Method

PPVO generates predictions in a pixel-by-pixel manner. It
breaks through block constraints in PVO, PVO-K, and IPVO.
Each pixel is predicted by a context vector that containsmany
sorted neighboring pixels.Huge amounts of pixel redundancy

in smooth image regions that are ignored in other PVO-based
methods can be used to embed data. Unfortunately, only
prediction-error 0 is involved in prediction. This addresses
smooth image region pixels but it does not address common
region pixels. Using more prediction values should improve
embedding capacity.

3.1. Hybrid Predictor Based on PPVO

3.1.1. Pixel Prediction. For clarity, the same notations used
in PPVO were used in this section. In PPVO, pixels other
than the current pixel in a dynamic block are considered
context pixels for prediction. After sorting in ascending order,
a context pixel vector consisting in such neighboring pixels
is defined and noted as 𝐶 = (𝑐

1
, . . . , 𝑐CN). Here, CN is the

number of referenced pixels. The current pixel 𝑥 can be
predicted by the maximum max(C) and minimum min(C).
Pixels are predicted in two different scenarios. One case is
that context pixels have distinct numerical values, and if the
gray-scale value of the current pixel 𝑥 ≥ max(C), then the
prediction value is max(C). Similarly, if the current pixel
𝑥 ≤ min(C), then prediction value is min(C). If the current
pixel value is greater than min(C) and less than max(C),
no prediction can be made. Another condition is that all
the pixels are identical with a constant number VC; then
the number just makes prediction. To prevent overflow and
underflow, preprogress must be conducted before prediction.
If pixel value is 255 or 0, it must be modified to 254 or 1
accordingly. These pixels should be recorded by a location
map preparing for revision at decoder. Hence, this constant
number VC is constrained in the range of [1, 254]. Obviously,
prediction value of the current pixel 𝑥 is determined by
reference pixels in context pixel vector.

The current pixel 𝑥 acquires prediction value �̂� as follows:

�̂� =
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{

max (𝐶) , if max (𝐶) ̸= min (𝐶) , 𝑥 ≥ max (𝐶) ,

min (𝐶) , if max (𝐶) ̸= min (𝐶) , 𝑥 ≤ min (𝐶) ,

VC + 1, if max (𝐶) = min (𝐶) = VC, 1 ≤ VC ≤ 254, 𝑥 ≥ VC + 1,

VC, if max (𝐶) = min (𝐶) = VC, 1 ≤ VC ≤ 254, 𝑥 ≤ VC.

(2)

This makes great differences from prediction algorithm
in [27] when all the context pixels take the same value.
Differences are produced when max(C) is equal to min(C),
denoted by VC, as illustrated in Figure 1. (a) shows that when
VC = 254, PPVO predicts the current pixel only if it is 254,
and otherwise it is skipped. However, based on that first step
of prediction,HPPVO tries further to discover the lower pixel
value than 254 and makes prediction. These two steps cover
all the possible scenarios. (b) describes that when VC is less
than 254 and is more than zero, PPVO employs only one step
to estimate the current pixel just using the sole baseline of
VC. Meanwhile, HPPVO takes two baselines, VC + 1 in the
first step and VC in the second step. Obviously, the proposed

hybrid predictor of HPPVO provides more opportunities to
get prediction.

Referring to Figure 2, in (𝑎
1
)∼(𝑎
5
), PPVO predicts the

current pixel only in (𝑎
1
) while HPPVO makes predictions

in all these five cases. In fact, according to this algorithm,
the other 253 cases of the current pixel can all be predicted
in HPPVO. In this light, prediction capacity of HPPVO
is 254 times that of PPVO. Referring to Figure 2, in (𝑏

1
)∼

(𝑏
5
), HPPVO still predicts the current pixel in all the cases.

Yet, when the current pixel is more than VC, prediction
is invalid and has to be skipped in that previous work
of PPVO. In this sense, the smaller the VC, the less the
prediction cases. So, HPPVO improves obviously prediction
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x̂ = 254
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(a) VC = 254

Skip
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(b) 1 ≤ VC < 254

Figure 1: The figure puts forward some typical examples and Table 1 illustrates predictions accordingly. Four colors including red, green,
yellow, and gray are filled into flowcharts for a straightforward explanation. They, respectively, indicate skip, making prediction, judging
conditions, and inexistence.

Table 1: Prediction difference of PPVO and the proposed HPPVO.

Types/prediction 𝑎

1
𝑎

2
𝑎

3
𝑎

4
𝑎

5
𝑏

1
𝑏

2
𝑏

3
𝑏

4
𝑏

5

PPVO/𝑥 254 Skip Skip Skip Skip Skip Skip 230 230 230
HPPVO/𝑥 254 254 254 254 254 231 231 230 230 230

performance compared to that of PPVO. Consistent with (2),
VC and VC + 1 are probably taken as the prediction value
in all possible cases. Conspicuously, this pivotal prediction
modification may explore amazing pixel redundancy.

3.1.2. Data Embedding. Accordingly, the derived prediction-
error is noted as follows:

𝑒 = 𝑥 − �̂�. (3)

For predicted pixels, prediction-error can be expanded
and validated to embed one bit data 𝑏 or shift for lossless
recovery. For nonpredicted pixel, skip it over right away.
When context pixel vector possesses unequal values, only
those pixels which is equal to their prediction values can be
used for embedding. If a pixel is predicted by the maximum
of referenced vector, it remains unchanged when data bit is 0
and it is increased by 1 when data bit is 1. However, if a pixel is
predicted by theminimumof referenced vector, it will remain
unchanged when data bit is 0 and it will be decreased by 1
when data bit is 1. Otherwise, if prediction-error is unequal
to zero, the pixel demands of the unit shift.

Thus, when inequality max(C) ̸= min(C) is satisfied, the
original prediction-error 𝑒 is expanded to be �̃� as follows:

�̃� =

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

𝑒 + 𝑏 if �̂� = max (𝐶) , 𝑒 = 0,

𝑒 + 1 if �̂� = max (𝐶) , 𝑒 > 0,

𝑒 − 𝑏 if �̂� = min (𝐶) , 𝑒 = 0,

𝑒 − 1 if �̂� = min (𝐶) , 𝑒 < 0.

(4)

Here, 𝑏 is the to-be-embedded data bit, 𝑏 ∈ {0, 1}.
Different from the previous work in PPVO, when context

pixel vectors contain equivalent values, data may be embed-
ded in two situations. First, if the current pixel is predicted
by VC + 1, prediction-error zero is expanded. One-bit data
0 or 1 can be embedded and pixel value may remain the
same or be increased by 1 at most. It is worth noting that
VC + 1 but not VC is the baseline for prediction. So, actual
expanded prediction-error amounts to +1. Second, if context
pixels are 254, all the possible current pixel can be predicted
by 254 and prediction-error zero will be expanded for data
embedding.This is contained by the prediction VC.When bit
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Figure 2: The top-left pixel is the current pixel 𝑥 up for being
predicted. Other ones in certain blocks are context pixels. The
number of used context pixels is 3. (𝑎

1
)∼(𝑎
5
) are mapped from (a)

in Figure 1. (𝑏
1
)∼(𝑏
5
) are mapped from (b) in Figure 1.

0 is embedded, the pixel remains unchanging and when bit 1
is embedded, the pixel is decreased by 1. Note that though
VC is the baseline for judgment, if prediction-error is not
equal to 0, the pixel is shifted. When the pixel is greater than
predicted value, it is increased by 1 and when pixel is smaller
than prediction by 1 or even less, it will be decreased by 1.

When equationmax(C) =min(C) =VC is established, the
initial prediction-error 𝑒 is expanded to be �̃� as follows:

�̃� =

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

𝑒 + 𝑏 if �̂� = VC + 1, 𝑒 = 0,

𝑒 + 1 if �̂� = VC + 1, 𝑒 > 0,

𝑒 − 𝑏 if �̂� = VC, 𝑒 = 0,

𝑒 − 1 if �̂� = VC, 𝑒 < 0.

(5)

After embedding, pixel is modified as follows:

�̃� = �̂� + �̃�. (6)

So, in the case of max(C) ̸= min(C), marked pixels are
defined as follows:

�̃� =

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

𝑥 + 𝑏 if 𝑥 = max (𝐶) ,

𝑥 + 1 if 𝑥 > max (𝐶) ,

𝑥 − 𝑏 if 𝑥 = min (𝐶) ,

𝑥 − 1 if 𝑥 < min (𝐶) .

(7)

In the case of max(C) = min(C) = VC, marked pixels are
defined as follows:

�̃� =

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

𝑥 + 𝑏 if 𝑥 = VC + 1,

𝑥 + 1 if 𝑥 > VC + 1,

𝑥 − 𝑏 if 𝑥 = VC,

𝑥 − 1 if 𝑥 < VC.

(8)

In Figure 3(a), both the current pixel and context pixel are
equal to 254 in the first case. Data bit can be embedded on the
basis of expanded prediction-error zero. But note that PPVO
implements increasing modification �̃� = 𝑥 + 𝑏 and HPPVO
carries decreasing transformation �̃� = 𝑥 − 𝑏. When context

pixels become 253 or other numbers less than 254, the current
pixel has to be skippedwithout prediction in PPVO.However,
HPPVO provides a chance for embedding. It takes VC +
1 = 254 as the judgment baseline and gets prediction-error
zero. After being expanded, this error carries one-bit data.
This just makes great difference from PPVO and improves
embedding capacity sufficiently. Subsequently, if the current
pixel is equal to or less than VC, PPVO and HPPVO execute
same arithmetic operations. In Figure 3(b), HPPVO predicts
current pixels larger than context pixels. If the current pixel
has the value larger by 2 than VC, it will be shifted in HPPVO
while being skipped even without prediction in PPVO.

Totally, HPPVO predicts current pixels by two baselines
in the case of equivalent context pixels, which is called double
prediction mechanism (DPM). This scheme is able to gain
predictions not only for pixels equal to or fewer than VC
but also for larger ones. Comparatively speaking, PPVO
offers a single prediction mechanism (SPM), which cannot
predict pixels larger than VC. Thus, more chances stand
for prediction in HPPVO rather than in PPVO. This means
embedding capacitywill be improved by this hybrid predictor
in HPPVO.

3.1.3. Error Expansion. To testify the advantage of the new
proposed hybrid prediction and embedding method, error
expansion is offered some contrast in Figure 4. Integer dotted
errors are distributed on coordinate axis with finite extension
in both the plus and minus directions. Red arrow denotes
error expansion and blue arrow indicates error shift. For (a),
nonpositive errors are limited in [−253, 0] existing. If VC is
254, only error 0 is expanded. If VC is not equal to 254, error
0 is expanded and errors less than 0 are shifted in negative-
going. For (b), integer errors are in the region of [−253, 253].
If prediction value is equal to VC + 1, error 0 is expanded
and other positive errors are shifted in forward direction.
If pixel is predicted by VC, error 0 is expanded and other
negative errors are shifted in inverse way. Due to the above,
zero error here Contains abundant significance. In fact, error
0 produced byVC+ 1 amounts to error 1 judged byVC. 0+ and
0

− are used tomake these two errors 0 with differentmeaning
distinct.

3.1.4. Bit Extraction and Pixel Recovery. In view of the
above-mentioned procedure for hiding data, the embedded
data and the host image must be perfectly restored from
the marked image. Mathematically, inverse calculation of
embedding should be implemented. The same prediction
logic as embedding is needed first. All the context pixels
for prediction must be the same as the embedded pixels, so
searching for pixels must involve an anti-raster-scan order.

To predict the current marked pixel �̃�, prediction-error is
noted as follows:

�̃� = �̃� − �̂�. (9)

Referring to (4), in the case of different values in the
context pixel vector, the maximum max(C) or the minimum
min(C) is taken as prediction. In the first case, when error
�̃� is zero, one-bit 0 is extracted and the according original
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Figure 3: PPVOandHPPVOembedding schemes in the case of equivalent context pixels.The top-left pixel is the current pixel to be predicted.
There are three context pixels and the pixel values are equal to a constant VC. The red solid lines indicate embedded data bits. The blue solid
lines indicate shifts. The black solid lines indicate skipping. Rows indicate pixel transformation.
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(b)

Figure 4: Error expansions. Red arrow stands for expanded errors. Blue arrow is shifted. 𝑏 is the data bit to be embedded. (a) shows two cases
in PPVO; (b) stands for the corresponding cases in HPPVO.

pixel is just the same as the current marked pixel. When
error �̃� equals one, one-bit 1 is drawn and subtracting 1 from
the current pixel makes the original value. When error �̃� is
larger than 1, no bit will be extracted, but one unit must be
shifted by subtraction. In the second case, if error �̃� = 0, the
extracted bit 𝑏 = 0 and the pixel holds unchanged. If error
�̃� = −1, the extracted bit 𝑏 = 1 and the pixel is increased
by 1. If error �̃� < −1, no bit can be drawn and the pixel is
shifted by increasing it by 1. As shown in Section 3.2, only
prediction-error 0 is operated. In other cases, no prediction
can be obtained and skip this pixel.

Thus, when max(C) ̸= min(C), error �̃� is decoded as
follows:

𝑒 =

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

�̃�, 𝑏 = 0 if �̂� = max (𝐶) , �̃� = 0,

�̃� − 1, 𝑏 = 1 if �̂� = max (𝐶) , �̃� = 1,

�̃� − 1 if �̂� = max (𝐶) , �̃� > 1,

�̃�, 𝑏 = 0 if �̂� = min (𝐶) , �̃� = 0,

�̃� + 1, 𝑏 = 1 if �̂� = min (𝐶) , �̃� = −1,

�̃� + 1 if �̂� = min (𝐶) , �̃� < −1.

(10)

Referring to (5), in the condition of all the context pixels
equal to a certain number VC, both VC + 1 and VC are
candidate prediction baselines. Errors 0 and −1 are already
decoded for hybrid extraction. When pixel is predicted by
VC + 1, three cases have to be considered. If error is 0, data
bit is 0 and pixel is the same without any modification. If
error is 1, 𝑏 = 1 is extracted. Otherwise, error is larger than
1, pixel is shifted, and no bit can be decoded. In the last two
cases, pixel will be decreased by 1 for lossless recovery. When
pixel is predicted by VC, similar three cases demand for
consideration. If error is 0, data bit is 0 and pixel is the same
without any modification. If error is −1, 𝑏 = 1 is extracted.
Otherwise, error is less than −1, pixel is shifted, and no bit can
be decoded. For the last two scenarios, pixel will be increased
by 1 for image recovery.

When max(C) = min(C) = VC, error �̃� is restored as
follows:

𝑒 =

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

�̃�, 𝑏 = 0 if �̂� = VC + 1, �̃� = 0,

�̃� − 1, 𝑏 = 1 if �̂� = VC + 1, �̃� = 1,

�̃� − 1 if �̂� = VC + 1, �̃� > 1,

�̃�, 𝑏 = 0 if �̂� = VC, �̃� = 0,

�̃� + 1, 𝑏 = 1 if �̂� = VC, �̃� = −1,

�̃� + 1 if �̂� = VC, �̃� < −1.

(11)

Recovered pixels are as follows:

𝑥 = �̂� + 𝑒. (12)

Under the condition of max(C) ̸= min(C), the current
pixel is recovered as follows:

𝑥

=

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

�̃�, 𝑏 = 0 if �̃� = max (𝐶) ,

�̃� − 1, 𝑏 = 1 if �̃� = max (𝐶) + 1,

�̃� − 1, no bit is extracted if �̃� > max (𝐶) + 1,

�̃�, 𝑏 = 0 if �̃� = min (𝐶) ,

�̃� + 1, 𝑏 = 1 if �̃� = min (𝐶) − 1,

�̃� + 1, no bit is extracted if �̃� < min (𝐶) − 1.

(13)

Under the condition of max(C) = min(C) = VC, the
current pixel is recovered as follows:

𝑥 =

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

�̃�, 𝑏 = 0 if �̃� = VC + 1,

�̃� − 1, 𝑏 = 1 if �̃� = VC + 2,

�̃� − 1, no bit is extracted if �̃� > VC + 2,

�̃�, 𝑏 = 0 if �̃� = VC,

�̃� + 1, 𝑏 = 1 if �̃� = VC − 1,

�̃� + 1, no bit is extracted if �̃� < VC − 1.

(14)
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Figure 5: Histogram modification mechanism for Lena image without EBS. Red bins stand for expanded errors. Blue bins are shifted. Red
arrow stands for expanded errors. Blue arrow is shifted. 𝑏 is the data bit to be embedded. (a) The left is the PEH before and the right is the
according one after embedding. (b) Mapping of bins.

3.2. Expansion Bins Selection. Prediction-error histogram
(PEH) is usually to demonstrate the frequencies of
prediction-errors for certain image. Suppose that 𝑁 cover
pixels denoted by (𝑥

1
, . . . , 𝑥

𝑁
) are collected for embedding.

With (3), prediction-error is calculated by

𝑒

𝑖
= 𝑥

𝑖
− �̂�

𝑖
, (15)

where 𝑖 ∈ [1,𝑁]. PEH can be derived as

ℎ (𝑒) = # {1 ≤ 𝑖 ≤ 𝑁 : 𝑒

𝑖
= 𝑒} , ∀𝑒 ∈ Z, (16)

where # means a cardinal number set. Consider here a PEH
for Lena image illustrated by Figure 5, which is generated
from the above proposed HPPVO.

Figure 5 describes prediction-error bins in common.
With (4) and (5), only error 0 bin is expanded and other
bins are shifted to make vacancies for lossless reversibility.
For the left figure in (a), 0 bin forms a rather sharp peak
before embedding. In line with (16), note histogram bin ℎ(𝑒

𝑖
)

for error 𝑒

𝑖
in (𝑒
1
, . . . , 𝑒

𝑁
). For the right figure in (a), it is

partitioned into three parts after embedding. One part will
remain in original post for 𝑏 = 0 and the other two parts
will shift towards the right and left for 𝑏 = 1, which is
caused by (3), (4), and (5). Positive error bins pass on their
right locations and negative bins move to adjacent left places.
(b) shows error expansion using red arrow and shift by blue
arrow. On this occasion, the expected embedding distortion
in 𝑙

2-norm can be computed by

Ε

𝑑

(0,0)
= Ε (











̃

𝐼 − 𝐼











2

2
) =

𝑁

∑

𝑖=1

Ε ((�̃�

𝑖
− 𝑥

𝑖
)

2

)

=

2

3

ℎ (0) + ∑

𝑒∉{0},

𝑒∈{−253,...,253}

ℎ (𝑒) = 𝑁 −

ℎ (0)

3

,

(17)

where 𝐼 and ̃

𝐼 denote cover and marked images, respectively.
However, one can select the other bin or bins for expansion
rather than 0.

From the above, data bit can be embedded for both
positive and negative prediction-error either for error 0.
Figures 6, 7, and 8 display cases for several distinct coupled
expansion bins (𝑒

𝑙
, 𝑒

𝑟
). 𝑒

𝑙
and 𝑒

𝑟
indicate one side of a

pair of expansion bins satisfying 𝑒

𝑙
∈ [−253, 0] and 𝑒

𝑟
∈

[0, 253]. Therefore, histogram modification mechanism for
Lena image without EBS in Figure 5 can be considered to
be a typical case (0, 0). When (𝑒

𝑙
, 𝑒

𝑟
) = (−1, 0) illustrated in

Figure 6, −1 bin can be employed to carry data bits. Parts of
error −1 are unchanged for embedding 𝑏 = 0 and the others
are shifted to error −2 for carrying 𝑏 = 1. In this situation, the
likely embedding distortion can be formulated as

Ε

𝑑

(−1,0)
= Ε (











̃

𝐼 − 𝐼











2

2
) =

𝑁

∑

𝑖=1

Ε ((�̃�

𝑖
− 𝑥

𝑖
)

2

)

=

2

3

ℎ (0) +

1

2

ℎ (−1) + ∑

𝑒∉{−1,0},

𝑒∈{−253,...,253}

ℎ (𝑒)

= 𝑁 −

ℎ (0)

3

−

1

2

ℎ (−1) .

(18)

When (𝑒

𝑙
, 𝑒

𝑟
) = (0, 1) showed in Figure 7, 1 bin can be

employed to carry data bits. Parts of error 1 are unmodified
for embedding 𝑏 = 0 and the others are moved to the place
of error 2 for carrying 𝑏 = 1. This declares more embedding
capacity than that in Figure 5. In this case, the conceivable
distortion will be counted as

Ε

𝑑

(0,1)
= Ε (











̃

𝐼 − 𝐼











2

2
) =

𝑁

∑

𝑖=1

Ε ((�̃�

𝑖
− 𝑥

𝑖
)

2

)

=

2

3

ℎ (0) +

1

2

ℎ (1) + ∑

𝑒∉{0,1},

𝑒∈{−253,...,253}

ℎ (𝑒)

= 𝑁 −

ℎ (0)

3

−

1

2

ℎ (1) .

(19)

When (𝑒

𝑙
, 𝑒

𝑟
) = (−1, 1) showed in Figure 8, both −1

and 1 bins can be used to carry data bits. Parts of them are
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Figure 6: Histogram modification mechanism for Lena image with coupled expansion bins (−1, 0). (a) The left is the PEH before and the
right is the according one after embedding. (b) Mapping of bins.
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Figure 7: Histogrammodification mechanism for Lena image with coupled expansion bins (0, 1). (a)The left is the PEH before and the right
is the according one after embedding. (b) Mapping of bins.

unmodified for embedding 𝑏 = 0. But −1 has to move to
left and 1 must shift towards right for adjacent post to embed
a bit 𝑏 = 1. It is a remarkable fact that 0 bin occupying
overwhelming pixels is skipped.Thiswill improve embedding
performance sufficiently for the following expression:

Ε

𝑑

(−1,1)
= Ε (











̃

𝐼 − 𝐼











2

2
) =

𝑁

∑

𝑖=1

Ε ((�̃�

𝑖
− 𝑥

𝑖
)

2

)

=

1

2

(ℎ (−1) + ℎ (−1)) + ∑

𝑒∉{−1,0,1},

𝑒∈{−253,...,253}

ℎ (𝑒)

= 𝑁 − ℎ (0) −

1

2

ℎ (−1) −

1

2

ℎ (1) .

(20)

On the whole, EBS will improve embedding capacity
shown in Figures 5–8. In addition, taking a comparison
with (17) by (18), (19), and (20), the inequation denoted
by (21) comes into being. So, it can be concluded that
expansion bins selecting strategy contributes to bringing

down embedding distortion. Thus, it is probable for better
embedding performance using EBS that

𝑁 −

ℎ (0)

3

≤ min((𝑁 −

ℎ (0)

3

−

1

2
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ℎ (0)

3

−

1

2

ℎ (1)))

≤ max((𝑁 −

ℎ (0)

3

−

1

2

ℎ (−1)) ,

(𝑁 −

ℎ (0)

3

−

1

2

ℎ (1))) ≤ 𝑁 − ℎ (0) −

1

2

ℎ (−1)

−

1

2

ℎ (1) .

(21)

3.3. Field-Biased Context Pixel Selection (FCPS). According
to different functions, pixels can be categorized into two
types. One is to-be-predicted type and the other one is
auxiliary prediction type. The latter pixels are also known
as context pixels. For simplicity, we call the to-be-predicted
pixel the current pixel. Weighted example introduced in [27]
will be analyzed further. To be more intuitive, the different
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Figure 8: Histogrammodification mechanism for Lena image with coupled expansion bins (−1, 1). Red bins stand for expanded errors. Blue
bins are shifted. Black bins are skipped. (a)The left is the PEH before and the right is the according one after embedding. (b) Mapping of bins.
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Figure 9: Equalizing distribution of context pixels in PPVO (CN =
3, 5, 8, 12, and 15).

distribution of context pixels is given which is illustrated
in Figure 9 for different number denoted by CN. When
CN = 3, 8, and 15, context pixels locate in the inner and
marginal regions of a square, laid at the top-left vertex by the
current pixel and lengthened by pixel intervals of 1, 2, and
3 times unit pixel intervals, respectively. While CN = 5 or
12, context pixels are distributed in the inner and marginal
regions of a right angle sector, whose radii are 2 or 3 times
unit pixel intervals. In the sight of pixel locations, context
pixels dot certain organized areas, such as squares and right-
angle sectors. So, this is called well-balanced distribution or
equalizing distribution.

Actually, the number and distribution of context pixels
represent some correlation information about the current
pixel. It can be interpreted as gray value variation of image
pixels. Difference 𝑒

𝑖
= 𝑥

𝑖
− 𝑥

𝑜
may be employed to represents

this changing process, where 𝑥

𝑖
is the current pixel and 𝑥

𝑜

is a selected context pixel. This difference value stands for

the similarity degree of twopixels. If 𝑒
𝑖
tends to zero stillmore,

the according two pixels are more similar. Otherwise, similar
degree declines. The larger CN is, the more the specifically
rounded pixels evolve.

In terms of pixel similarity, distance potential can be
defined as follows.

Definition. Based on a certain baseline pixel, distance poten-
tial of another pixel is measured by

𝐸 = 𝜀

√

𝑘

2

ℎ
+ 𝑘

2

V ⋅ 𝑑𝑢, (22)

where 𝜀 is pixel value gradient, 𝑑
𝑢
indicates the unit horizon-

tal or vertical pixel distance, and 𝑘

ℎ
, 𝑘V are unit distance times.

Assuming that image resolution is𝑊×𝐻, a set is so denoted
as 𝐾 = {1, 2, . . . ,max(𝑊,𝐻)}. Obviously, 𝑘

ℎ
∈ 𝐾

ℎ
, 𝑘V ∈ 𝐾V,

and𝐾

ℎ
= 𝐾V = 𝐾.

Inspecting the right previous example, the current pixel is
the baseline pixel. For a specified CN, here is ∀𝑘

ℎ
∈ 𝐾

ℎ
, ∃𝑘V ∈

𝐾V satisfying 𝑘

ℎ
= 𝑘V. Of course, max(𝑘

ℎ
) = max(𝑘V) and

min(𝑘
ℎ
) = min(𝑘V). Considering different CN, when CN = 3,

→

𝑘

ℎ
=
→

𝑘V = [1]

𝑇. When CN = 5 and 8,
→

𝑘

ℎ
=
→

𝑘V = [
1 2

]

𝑇. When
CN = 12 and 15,

→

𝑘

ℎ
=
→

𝑘V = [
1 2 3

]

𝑇. Thus, context pixels not
only depict the similarity between surrounding pixels versus
the current pixel, but also demonstrate according distance
potential for a certain similar degree.

Comparing with equalizing schemes, field-biased context
pixels, shown in Figure 10, have different distance potential.
In other words, ∀𝑘

ℎ
∈ 𝐾

ℎ
, ∃𝑘V ∈ 𝐾V is not always tenable. As

far as different CN, 𝑘
ℎ
and 𝑘V take distinct rules. When CN =

5,
→

𝑘

ℎ
= [

1 2
]

𝑇 and
→

𝑘V = [1]

𝑇. When CN = 7,
→

𝑘

ℎ
= [

1 2 3
]

𝑇

and
→

𝑘V = [1]

𝑇. When CN= 11,
→

𝑘

ℎ
= [

1 2 3
]

𝑇 and
→

𝑘V = [
1 2

]

𝑇.
These six aforementioned schemes discriminatively compress
and amplify the variation region of similarity between the
current pixel and context pixels in the two dimensions of
horizontal and vertical orientation to some extent. These
pixels associate some zonal features and therefore we called
them field-biased context pixels. From distribution, field-
biased context pixels collected difference of horizontal or ver-
tical pixel transformation, which is conducive for describing
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Figure 10: Optional field-biased context pixels (CN = 5, 7, and 11).

the image gray value changes in different directions. After
introducing offset type context pixels, the current pixel tends
to be able to predict more accuracy than only equalizing
schemes.

4. Experimental Results

Considering the embedding capacity and the peak signal-to-
noise ratio (PSNR) value, the performance of the proposed
HPPVO is tested with four previous works in [10, 24, 27, 33].
Standard formatted images of eight-bit gray-scale pictures in
the size of 512× 512 are selected from the SIPI image database.
In Figure 11, Lena, Airplane (F16), Baboon, Barbara, Boat,
and Peppersmeet this demand. Certainly, randombit streams
make the payloads for objective test.

4.1. PSNR Performance. Regarding PSNR value, HPPVO
outperforms other four involved schemes in most cases,
which is shown in Figure 12. Two methods in two previous
works in [10, 33] were both found to be capable of embedding
large amounts of data. However, PVO and its evolution
methods provided much higher PSNR values. PPVO had
considerable superiority in both embedding capacity and
fidelity relative to three algorithms given above. In all the
tested images, HPPVO increases the embedding capacity
without decreasing the PSNR value regardless of small or
large payload. Especially in smooth and very smooth images,
Lena, Barbara, and Airplane (F16) show relatively obvious
improvements in moderate and large payload sizes.

4.2. Embedding Capacity Performance. In terms of embed-
ding capacity, Table 2 shows the results in different context
pixels. Generally speaking, HPPVO obtains higher EC than

PPVO in most cases. For a certain image, context pixel
number has effect on capacity improvement. As shown in
Figure 13, Lena is improved in embedding capacity by 446
bits, 15 bits, 1 bit, 4017 bits, and 0 bits and F16 receives capacity
gains by 2032 bits, 291 bits, 26 bits, 3325 bits, and 0 bits when
the number of context pixels was 3, 5, 8, 12, and 15. This
indicates that more data can be embedded into images with
HPPVO than that with conventional PPVO. Yet, different
CN causes different EC improvement. For more detailed
comparison, the same and the adjacent numbers of context
pixels are taken together. Here, 3, 5, 8, 12, and 15 are defined
as central points. Accordingly, comparisons are drawn by
maximum capacity of 𝐶

5ℎ
and 𝐶

5V with that of 𝐶5, maximum
capacity of 𝐶

7ℎ
and 𝐶

7V with that of 𝐶

8
, and maximum

capacity of 𝐶
11ℎ

and 𝐶

11V with that of 𝐶
12
. Blue marked lines

and circles in Figure 13 show that Lena increases by 446 bits,
1991 bits, 1974 bit, 6004 bits, and 0 bits, and F16 image gains
improvements of 2032 bits, 3332 bits, 3320 bits, 11948 bits,
and 3 bits’ capacity. This demonstrates that the proposed
hybrid works strikingly with similar context numbers. It is
a remarkable fact that when CN is near to 12, prominent
improvement can be achieved. And so, in Figure 14, this item
will help us to analyze how notable results will be obtained
from images with different complexity.

We define the improvement ratio by

𝑟IEC =

EC
ℎ
− EC
𝑐

EC
𝑐

, (23)

where the subscript ℎ indicates the new proposed hybrid
predictor and 𝑐 denotes the conventional predictor. Based on
Table 2, we drafted Figure 14. Clearly, the improved EC ratio
to CN = 12 is outstanding among other cases. On this occa-
sion, all images appear well. Lena, Barbara, Boat, and Peppers
obtain 0.33, 0.25, 0.26, and 0.26 improvements in common
complexity. F16, the smoothest one, gets the maximum ratio
value of 0.44. Even the most rough image, Baboon, takes
the minimum 0.18. These splendid performances make good
annotation for EC improvement of the proposed HPPVO.

From above, some conclusions can be drawn as follows:

(a) The number of context pixels has an effect on
capacity increases. Moderate and large number, here
CN = 12, obtain the most prominent performance.
This is because nearly half of predictable opportu-
nities from the two-way hybrid predictor will be
appended for pixel vacancies. Simultaneously, capac-
ity can be improved for neighboring pixels in field-
biased schemes to a greater extent than in equalizing
schemes.

(b) Image complexity takes influence on embedding
capacity. Smooth images receive higher capacitymore
than that of rough ones. This mainly relies on the
sound hybrid prediction strategy. Just like the above
simulated examples, F16 and Lena, the most and the
second-rate smooth images, acquire the best and the
suboptimal capacity improvement, respectively.

(c) Texture feature produces distinct capacity gains. The
texture is more visible, the better enhancement in
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(a) (b) (c)

(d) (e) (f)

Figure 11: Test images of SIPI image data set. (a) Lena. (b) Airplane (F16). (c) Baboon. (d) Barbara. (e) Boat. (f) Peppers.

Table 2: Comparisons of embedding capacity (/bit) in terms of different context pixels between PPVO and HPPVO.

Image 𝐶

3

𝐶

5
𝐶

8
𝐶

12
𝐶

15

𝐶

5ℎ
/𝐶

5V 𝐶

7ℎ
/𝐶

7V 𝐶

11ℎ
/𝐶

11V

Lena 44,118/44,564 34,210/34,226 28,561/28,562 18,195/22,212 20,175/20,175
35,825/36,201 30,535/30,452 24,199/23,806

Baboon 13,548/13,576 10,361/10,361 8,367/8,367 5,995/6,532 5,779/5,779
10,830/10,630 9,172/8,876 7,047/6,958

Barbara 34,930/35,266 27,013/27,024 23,127/23,127 16,036/18,429 17,147/17,147
28,416/29,056 24,480/25,174 19,873/19,982

Boat 29,194/29,369 22,930/22,937 18,946/18,946 12,622/14,575 13,126/13,126
24,005/23,741 20,151/20,096 15,827/15,891

Peppers 33,439/33,628 26,341/26,344 21,524/21,524 14,469/16,865 15,435/15,435
27,311/27,368 23,267/23,265 18,226/18,249

F16 66,923/68,955 53,372/53,663 45,455/45,518 26,888/35,540 32,411/32,414
56,643/56,704 48,319/48,775 38,170/38,836

Cluster Average 37,025/37,560 29,021/29,093 24,330/24,356 15,701/19,026 17,346/17,346
30,505/30,617 25,987/26,106 20,557/20,620
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Figure 12: The performance comparison of proposed scheme and four state-of-the-art methods in [10, 24, 27, 33]. All the test images are
from the SIPI image data set.
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Figure 13: Improved capacity comparison for different numbers of context pixels. All the test images are from SIPI image data set.
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Figure 14: Comparison of improvedEC ratios to images for different
CN.

field-biased context pixel selections. This is because
of the variation describing for texture pixels. Pixels
in the zonal massif region in F16 image and the
diagonal headwear area in Lena image contribute vast
expandable prediction-errors.

Totally, HPPVO is more suitable for marked images
claiming for high fidelity and large embedding capacity.

5. Conclusion

HPPVO, which is designed to create large embedding capac-
ity without reducing the PSNR value, combines hybrid
prediction and field-biased context pixel selections. New
embedding logic enhances embedding data, and new context
pixel scheme is found to improve PSNR values. Experimental
results show that HPPVO takes outstanding advantages in
smooth and very smooth images. This suggests that field-
biased context pixel schemes merit further research.
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The objective of image denoising is to retain useful details while removing as much noise as possible to recover an original image
from its noisy version. This paper proposes a novel normal inverse Gaussian (NIG) model-based method that uses a Bayesian
estimator to carry out image denoising in the nonsubsampled contourlet transform (NSCT) domain. In the proposed method,
the NIG model is first used to describe the distributions of the image transform coefficients of each subband in the NSCT domain.
Then, the corresponding threshold function is derived from themodel using Bayesianmaximum a posteriori probability estimation
theory. Finally, optimal linear interpolation thresholding algorithm (OLI-Shrink) is employed to guarantee a gentler thresholding
effect. The results of comparative experiments conducted indicate that the denoising performance of our proposed method in
terms of peak signal-to-noise ratio is superior to that of several state-of-the-art methods, including BLS-GSM, K-SVD, BivShrink,
and BM3D. Further, the proposed method achieves structural similarity (SSIM) index values that are comparable to those of the
block-matching 3D transformation (BM3D) method.

1. Introduction

The objective of image denoising, a classical but still very
active area in image processing, is to retain useful details
while removing as much noise as possible to recover the
original image from a noisy image [1]. Following the devel-
opment of the fast wavelet decomposition method by Mallat
[2], wavelet transform has been used extensively in various
fields. Its use rapidly extended from mathematics and signal
processing to other fields, such as image denoising, an
important image processing technique that has developed
rapidly with the introduction of wavelets.

The threshold method, developed by Donoho [3] in
1995, provides a viable treatment option for the wavelet
coefficients of nonlinear processing and, consequently, signif-
icantly advanced the field of image denoising. Other feasible
wavelet-based approaches have also been developed. Hard
and soft thresholds emerged first, followed by Bayesian
threshold [4, 5] methods that significantly enhanced the

denoised results. Recently, various intrascale correlation coef-
ficient thresholdmethods and a coefficient thresholdmethod
under high-dimensional space [6] have also been developed.
Through continuous improvement of the threshold method,
wavelet denoising methods have achieved increasingly bet-
ter denoised results. These methods are supported by the
underlying wavelet theory. Further, the denoising effect of
the wavelet continues to improve with active research being
carried out on the scaling relation in the transform domain.

In general, there are two key questions associated with
image denoising based on wavelet domain statistical models:
(1) how to choose the prior distribution model of the
wavelet coefficients and (2) how to determine the appropriate
denoising algorithm with respect to the distribution model.
The most important topic in wavelet denoising is the wavelet
coefficients statistical model. The objective of the research
being conducted in this area is to make an accurate model
of the wavelet coefficients, which are non-Gaussian and
related to each other. Chang et al. [7] modelled the prior
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distribution model of the wavelet coefficients of the original
image using a generalized Gaussianmodel and developed the
Bayes-Shrink denoising algorithm. Crouse et al. [8] carried
out denoising using a hidden Markov tree model, whereas
Portilla et al. [9] used a Gaussian scale mixtures model.
Şendur and Selesnick [10] proposed a Bivariate model and a
corresponding Bishrink algorithm that achieved good image
denoising performance. Achim et al. [11] proposed an 𝛼-
distribution that approximates the distribution of the wavelet
coefficients of SAR images. Xie et al. [12] used a finite
Gaussian mixture model to approximate the distribution of
wavelet coefficients. Although each of these models reflects
only a portion of the feature information of the wavelet
coefficients, they have contributed to improvements in the
denoising of images.

Sparse representation based on an overcomplete dic-
tionary is a novel image representation theory. Various
structural features of an image can be effectively captured
by using the redundancy of the overcomplete dictionary,
ultimately resulting in the image being effectively repre-
sented. The K-SVD algorithm [13], which adaptively updates
the dictionary based on 𝐾-means clustering, has exhibited
goodperformance in image compression and restoration.The
SA-DCT approach [14] exploits a shape-adaptive transform
on neighbourhoods whose shapes are adaptive to salient
image details and thus predominantly contain homogeneous
signals. The shape-adaptive transform can achieve a very
sparse representation of the true signal in these adaptive
neighbourhoods. Dabov et al. developed a block-matching
3D transformation (BM3D) iterative image reconstruction
algorithm [15] that is considered one of the best image
denoising algorithms in the literature.

This paper combines current multiscale, multiresolu-
tion analysis to propose a novel nonsubsampled contourlet
transform (NSCT) denoising scheme based on the normal
inverse Gaussian (NIG) probability density function (PDF).
This proposed scheme uses the NIG distribution to gain
the Bayesian maximum a posteriori estimator of NSCT
coefficients, which are heavy-tailed in nature. First, the
parameters of the NIG model are adaptively estimated via a
local window thatmodels the intrascale dependency between
coefficients. Then, optimal linear interpolation thresholding
algorithm named OLI-shrink [16] is utilised. Because the
NSCT is translation invariant and has sufficient redundant
information, the proposed algorithm can effectively extract
the image orientation information and better meet human
visual requirements. Experimental results show that the
proposed algorithm has better performance than other image
denoising methods, including nonsubsampled contourlet
transform domain denoising and BLS-GSM [9]. Even though
the proposed scheme is a probability-based algorithm, it
nevertheless achieves outstanding denoising performance
in terms of both peak signal-to-noise ratio (PSNR) and
subjective visual quality. We explore the use of the proposed
scheme for image denoising and show that it achieves better
results than the K-SVD algorithm [13] for all noise levels and
performs better than the BM3D algorithm [15] for most noise
levels.

The remainder of this paper is organized as follows.
Section 2 outlines the basic idea underlying NSCT and the
basic image processing scheme. Section 3 discusses the edge
coefficient of NSCT statistics modelling and imparts basic
knowledge necessary to develop the proposed denoising
algorithms, includingNIG prior,maximum a posteriori prob-
ability, parameter estimation, and OLI-Shrink. Experimental
results are presented and discussed in Section 4. Finally,
concluding remarks are given in Section 5.

2. Nonsubsampled Contourlet
Transform (NSCT)

2.1. Overview of NSCT. Wavelet transform is used extensively
in image and voice signal processing fields because of its
frequency localisation and multiscale and multiresolution
properties. However, it only represents point-singularities
efficiently in a one-dimensional domain and is less efficient
for line-singularities and curve-singularities (edges) in a
two-dimensional domain. Wavelet transform also suffers
from several fundamental shortcomings, including poor
directional selectivity for the anisotropy of its basis func-
tion and lack of invariance in shift and orientation [17].
Thus, wavelet transform does not possess optimal properties
for two-dimensional signals such as natural images. These
two drawbacks of wavelet transform limit its ability to
fully capture the directional information in natural images.
Consequently, many researchers have begun to focus on
methods of expressing image geometry structures more
effectively in order to overcome the inability of wavelet
transformation to adequately represent the geometric struc-
ture information of images. These activities have led to the
introduction of ridgelet transform [18], curvelet transform
[19], and contourlet transform [20] for singular analysis of
two-dimensional or higher images, techniques which can
achieve good sparsity for spatially localised details, such as
edges and singularities. Because such details are typically
abundant in natural images and convey a significant portion
of the information embedded therein, these transforms have
become useful in image processing [21, 22].

NSCT, proposed by da Cunha et al. in 2006, outper-
forms the abovementioned transforms [23] in image pro-
cessing. Its main properties are multiresolution, localisation,
directionality, and anisotropy. The directionality property,
in particular, permits NSCT to resolve intrinsic directional
features that characterise the analysed image. NSCT is based
on a nonsubsampled pyramid structure and nonsubsampled
directional filter banks, which enables it to realise anddevelop
a flexible, multiscale, multidirectional, and shift-invariable
image decomposition that can be efficiently implemented via
the à trous algorithm. At the core of the NSCT scheme is
the nonseparable, two-channel, nonsubsampled filter bank.
The nonsubsampled pyramid decomposition structure is
realised via a multistage iterative process. An image is
decomposed into a two-dimensional, low-frequency subband
and a two-dimensional, high-frequency subbandusing filters.
The multistructure can be realised by performing iterative
filtering on the low-frequency subband. Compared to the
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Figure 1: NSCT flow graph.

contourlet transformation, the filters of NSCT have better
frequency selectivity and regularity, which can better perform
subband direction decomposition. In contrast to wavelet
decomposition, NSCT is a multiscale, multiresolution, and
multidirectional analysis method. Because of the flexibility
of the direction decomposition achievable using NSCT, more
detailed information about the image can be obtained during
the image decomposition process. The resulting transform
not only has the multiscale and time-frequency-localisation
properties of wavelets but also offers a high degree of
directionality and anisotropy. Figure 1 illustrates the NSCT
processing scheme [24].

2.2. Image Denoising Method Based on NSCT. The objective
of image denoising is to recover an image from its noisy
version. In general, a denoising problem can be described as
follows. Let𝑋

𝑖,𝑗
be the original image of size 𝐼×𝐽 and let𝑌

𝑖,𝑗
be

the observation image which has been corrupted by additive
white Gaussian noise 𝜀

𝑖,𝑗
with zero mean and variance 𝜎2. Let

(𝑖, 𝑗) be the pixel position in the image.Then, assume that the
corrupted image satisfies

𝑌
𝑖,𝑗
= 𝑋
𝑖,𝑗
+ 𝜀
𝑖,𝑗
,

𝑖 = 1, 2, . . . , 𝐼, 𝑗 = 1, 2, . . . , 𝐽, 𝜀
𝑖,𝑗
∼ 𝑁(0, 𝜎

2
) .

(1)

The goal of denoising is to construct the optimal approxi-
mation of𝑋

𝑖,𝑗
using the observation data𝑌

𝑖,𝑗
to minimize the

mean square error (MSE) between the optimal approxima-
tion𝑋

𝑖,𝑗
and the original signal𝑋

𝑖,𝑗
:

MSE = 1

𝑁
𝐸

𝑋 − 𝑋



2

=
1

𝑁

𝐼

∑

𝑖=1

𝐽

∑

𝑗=1

𝐸 (𝑋
𝑖,𝑗
− 𝑋
𝑖,𝑗
)
2

,

𝑁 = 𝐼 × 𝐽.

(2)

The basic steps in the threshold denoising algorithm are
as follows:

(1) Determine the decomposition level, 𝐾, of NSCT and
perform NSCT on the noisy image, 𝑌, to obtain the
high and low-frequency coefficients of the decompo-
sition.

(2) Determine the correct threshold value and perform
threshold processing on the high-frequency coeffi-
cients in the NSCT domain to obtain the new trans-
form coefficients, while leaving the low-frequency
coefficients unchanged. The threshold processing
includes soft and hard threshold processing.

(3) Perform inverse NSCT on the processed high-
frequency coefficients and low-frequency coefficients
to obtain the denoised image estimation, 𝑋, which is
the estimation of the original image,𝑋.

The key issue in threshold denoising is selection of the
threshold value, which directly determines the denoising
effect. A relatively small threshold value may retain the
decomposition coefficients as much as possible and thus
retain more detailed information about the image. However,
a small threshold value may retain an undesired amount of
noise in the denoised result. Conversely, a relatively large
threshold value may destroy the high-frequency information
of the image and produce a false Gibbs phenomenon in the
denoised image.

3. Marginal Statistical Modelling on the NSCT
Subband Coefficients

3.1. Normal Inverse Gaussian Distribution. The important
features of the image statistics in the NSCT domain is that
they are non-Gaussian, have a high kurtosis, sharp central
peak, and heavy tails. These features are expected because
images often primarily comprise homogeneous regions with
some important details such as edges; the homogeneous
regions provide coefficients that are close to zero, and the
edges provide a small number of coefficients with large
magnitudes.TheNIGmodel developed by Barndorff-Nielsen
[25] is a normal variance-mean mixture distribution, in
which the inverse Gaussian PDF is used as the mixing
distribution. In theory, the hybrid model can overcome the
disadvantages of the traditional model, which cannot meet
the needs of modelling. Because of the flexibility with which
parameters can be selected, the hybrid model can describe
curves of any shape. Consequently, we chose the NIG model



4 Mathematical Problems in Engineering

to describe the distribution of the NSCT coefficients of an
image. The probability density function can be defined as

𝑓
𝑥 (𝑥) =

𝛼𝛿

𝜋𝑞 (𝑥)
⋅ exp [𝑝 (𝑥)] ⋅ 𝐾1 [𝛼𝑞 (𝑥)] , (3)

where 𝑝(𝑥) = 𝛿√𝛼2 − 𝛽2 + 𝛽(𝑥 − 𝜇), 𝑞(𝑥) = √𝛿2 + (𝑥2 − 𝜇2),
and 𝐾

1
(⋅) denotes a modified Bessel function of the second

kind with index one. As can be seen, the distribution of NIG
is specified by the four parameters (𝛼, 𝛽, 𝜇, 𝛿). The flexibility
of the values of the four parameters makes the NIG density
a suitable model for a variety of unimodal, positive, kurtotic
data. Parameter 𝛼 is the feature factor which controls the
steepness of the density; a smaller value for 𝛼 indicates a
slower decay rate with heavier tails. Parameter 𝛽 controls
skewness: for 𝛽 < 0, the density is skewed to the left; for
𝛽 > 0, the density is skewed to the right; and 𝛽 = 0

implies a symmetric density around 𝜇, which is a translation
parameter. The 𝛿 parameter is scale-like.

For most images, the corresponding decomposition coef-
ficients are generally symmetrical distributions; thus, 𝛽 =

𝜇 = 0 is assumed to correspond to NIG. Consequently, the
probability density function corresponding to NIG can be
simplified as follows:

𝑓
𝑥 (𝑥) =

𝛼𝛿 exp (𝛼𝛿)
𝜋

𝐾
1
(𝛼√𝑥

2
+ 𝛿
2
)

√𝑥
2
+ 𝛿
2

. (4)

3.2. Marginal Distribution of the NSCT Coefficients. In recent
years, the Bayes denoising algorithm, which is based on a
coefficient’s statistical model in the transform domain, has
become a hot topic in the field of image denoising. By
establishing a reasonable prior probability distributionmodel
for the edge of the coefficients, it estimates the original image
using Bayesian theory and balances suppression of noise and
retention of signals better than other denoising algorithms.
Bayes’ algorithm is more flexible than conventional threshold
algorithms. Its key to success is to accurately model the prior
marginal distribution of coefficients firstly. The main area of
research in this case is the marginal distribution statistical
models of image NSCT coefficients.

For flexible selection of model parameters, the NIG
distribution can accurately model the data with different tails
[26]. This paper uses the NIG distribution to fit the marginal
statistical distribution of the NSCT coefficients. Because an
image typically comprises a smooth area and details such as
edges, decomposition coefficients corresponding to smooth
regions are, for the most part, close to zero. Only some
edges correspond to the high-magnitude transform coeffi-
cient. Thus, in the NSCT domain, the image decomposition
coefficients show highly non-Gaussian features such as high
kurtosis, sharp central peaks, and heavy tails.

We used an image of Barbara, which includes texture
and structure, to test how well the NIG distribution fits the
NSCT coefficients. Figure 2 shows the results obtained. The
histogram distribution (solid line) of the third layer subband
of NSCT coefficients in the first direction is shown in the
figure, with the NIG PDF (dashed line) and Gaussian PDF
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Figure 2: Probability density of the NSCT coefficients in a specific
subband of a 512 × 512 pixel Barbara image and the NIG PDF and
Gaussian PDF fitted to this density.

(dotted line) fitted to this density. As shown in the figure, the
NIG PDF can accurately model the coefficient distribution,
especially the heavy tail. The distribution demonstrates a
sharp peak near to zero and long tails to both sides of the
peak, whichmore closely fit the coefficient’s histogram. It also
fits the degree of the distribution of the coefficients on the
other subbands well. Similar statistical characteristics of the
histograms of other test images still hold.

3.3. Bayesian Estimation. Assume that an original image 𝑋
has been corrupted by additive white Gaussian noise:

𝑌 = 𝑋 + 𝑁, (5)

where𝑌 denotes the observed noisy image and𝑁 denotes the
white Gaussian noise. Given 𝑌, denoising attempts to return
𝑋 as accurately as possible. After NSCT transformation of the
observed image, the transformed decomposition coefficients
are

𝑦 = 𝑥 + 𝑛, (6)

where 𝑦, 𝑥, and 𝑛 denote NSCT coefficients of the noisy
image, noise-free original image, and noise, respectively. The
purpose of Bayesian denoising is to obtain 𝑥(𝑦), which is the
estimation of 𝑥. Bayesian maximum a posteriori estimation
can be denoted as follows:

𝑥 (𝑦) = argmax
𝑥

{𝑓
𝑥|𝑦
(𝑥 | 𝑦)} , (7)

where𝑓
𝑥|𝑦
(𝑥 | 𝑦) is the conditional density of the observation

𝑦 given 𝑥.
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𝑥(𝑦) can be calculated using the Bayesian rule:

𝑥 (𝑦) = argmax
𝑥

{𝑓
𝑥|𝑦
(𝑥 | 𝑦)}

= argmax
𝑥

{𝑓
𝑦|𝑥
(𝑦 | 𝑥) ⋅ 𝑓

𝑥 (𝑥)}

= argmax
𝑥

{𝑓
𝑛
(𝑦 − 𝑥) ⋅ 𝑓

𝑥 (𝑥)} .

(8)

These equations allow us to write this estimation in terms
of 𝑓
𝑛
(⋅) and 𝑓

𝑥
(⋅), which are the probability distribution of

noise coefficients and the prior distribution of the noise-free
image coefficients, respectively. From the assumption on the
noise, 𝑓

𝑛
(⋅) is a zero-mean Gaussian function with variance

𝜎
2

𝑛
; that is,

𝑓
𝑛 (𝑛) =

1

√2𝜋𝜎
𝑛

⋅ exp(− 𝑛
2

2𝜎
2

𝑛

) . (9)

Solving (8) by using (9) and performing a logarithm on
the independent variable, (8) can be written as

𝑥 (𝑦) = argmax
𝑥

[−
(𝑦 − 𝑥)

2

2𝜎
2

𝑛

+ 𝜁 (𝑥)] , (10)

where 𝜁(𝑥) = ln𝑓
𝑥
(𝑥) is a convex, differentiable function. Let

the first derivative of −(𝑦−𝑥)2/2𝜎2
𝑛
+𝜁(𝑥) be zero.Then, 𝑥(𝑦)

can be computed to obtain the maximum a posteriori; thus

𝑦 − 𝑥

𝜎
2

𝑛

+ 𝜁

(𝑥) = 0. (11)

Because 𝜁(𝑥) is discontinuous and singular in the vicinity
of zero and the symbol of 𝑥(𝑦) is different from 𝑦, (11) cannot
be solved in closed form. Bhuiyan et al. [27] developed an
estimated solution that overcomes this drawback. It is defined
as

𝑥 (𝑦) = sign (𝑦) ⋅max (𝑦
 − 𝜎
2

𝑛
𝐵, 0) , (12)

where

𝐵 =



2𝑦

𝛿
2
+ 𝑦
2
+

𝛼𝑦

√𝛿
2
+ 𝑦
2

⋅

𝐾
0
(𝛼√𝛿

2
+ 𝑦
2
)

𝐾
1
(𝛼√𝛿

2
+ 𝑦
2
)



. (13)

Parameters 𝛼 and 𝛿 are estimated from every subband.
As a result, (12) is adaptive to every subband and can remove
noise from all the subbands adaptively. Equation (12) is also
similar to the classical soft threshold function. The threshold
value is 𝜎2

𝑛
𝐵 and can be changed depending on the values

of the coefficients. The noise-based coefficient is greater
with larger threshold values. Conversely, the signal-based
coefficient is larger with smaller threshold values.

3.4. Parameter Estimation. Image denoising via (12) needs to
estimate the NIG distribution parameters 𝛼 and 𝛿 and the
noise variance 𝜎2

𝑛
. The parameters used in the experiments

can be estimated according to the actual distribution of
different subband coefficients. For different noise levels, these
parameters can be used to obtain different degrees of thresh-
old processing given different decomposition coefficients.

Let �̂�
1
, �̂�
2
, �̂�
3
, and �̂�

4
denote the one to four-order

cumulants of the noisy coefficients, respectively. Thence, the
skewness and kurtosis of the coefficients of the clear image are
𝛾
3
= �̂�
3
/(�̂�
2
)
3/2

and 𝛾
4
= �̂�
4
/(�̂�
2
)
2

, respectively. At this time,
the parameters 𝛼 and 𝛿 can be estimated using the following
two equations:

𝛿 = √𝜉 ⋅ �̂�
2
(1 − 𝜌

2
),

𝛼 =
𝜉

(𝛿√1 − 𝜌
2
)

,

(14)

where 𝜉 = 3 ⋅ (𝛾
4
− 4𝛾
2

3
/3)
−1 and 𝜌 = 𝛾

3
√𝜉/3.

3.5. Thresholding Algorithm. Denoising by wavelet is per-
formed by the thresholding algorithm, in which coefficients
smaller than a specific value, or threshold, are cancelled. It
can also be utilised in other transform domains, such as the
NSCT domain. Hard and soft thresholding are two popular
methods. In hard thresholding algorithms, any coefficient, 𝑦,
less than or equal to the threshold, 𝜆, is replaced with zero.
That is,

𝛿
𝐻

𝜆
(𝑦) =

{

{

{

0,
𝑦
 ≤ 𝜆

𝑦,
𝑦
 > 𝜆.

(15)

In soft thresholding algorithms, however, any coefficient,
𝑦, less than the threshold 𝜆 is replaced with zero, and the
others are modified by subtracting the threshold value 𝜆 in
accordance with the following equation:

𝛿
𝑆

𝜆
(𝑦) =

{

{

{

0,
𝑦
 ≤ 𝜆

sign (𝑦) (𝑦
 − 𝜆) ,

𝑦
 > 𝜆.

(16)

Soft thresholding is more efficient and yields more
visually pleasing images than hard thresholding, but soft
thresholding does not use the optimal value for modification
of large coefficients. In order to overcome this limitation,
Fathi and Naghsh-Nilchi [16] developed a new thresholding
algorithm (OLI-Shrink) which uses optimal linear interpola-
tion between each coefficient and its corresponding subband
mean to modify dominant coefficients:

𝛿
OLI
𝜆
(𝑦) =

{

{

{

0,
𝑦
 ≤ 𝜆

𝑦 − 𝜂 (𝑦 − 𝜇) ,
𝑦
 > 𝜆,

(17)

where𝜇 is themean value of the coefficient of the correspond-
ing subband, 𝜆 = 𝜎2𝐵 as in (12), and 𝜂 is computed as follows:

𝜂 =
𝜎
2

𝑛

𝜎
2

𝑥
+ 𝜎
2

𝑛

≅
𝜎
2

𝑛

𝜎
2

𝑦

. (18)
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Here, the true value 𝑥 is estimated by a weighted
linear interpolation of the unconditional mean of 𝑥 and
the observed value 𝑦. Even if this formula is derived on
the assumption that the transform domain coefficients in a
subband of a natural image have Gaussian PDFs, it can still
function efficiently.

3.6.Monte-Carlo Estimates of NSCTDomain Noise Coefficient
Variance. The nonorthogonal nature of NSCT may lead to
different noise variances in different directional subbands.
Thus, the Monte-Carlo method is used to obtain the noise
coefficient variance 𝜎2

𝑛
(𝑘) of NSCT, which corresponds to

each subband at each scale. In some image denoising appli-
cations, the value of the input noise variance is known or can
be measured based on information other than the corrupted
image. In other cases, we can estimate the noise variance by
applying the robust median estimator on the HH1 subband’s
coefficients (𝑌HH1

𝑖,𝑗
), as outlined by Donoho [3]:

�̂�
𝑛
=

median (𝑌
HH1
𝑖,𝑗


)

0.6745
. (19)

The specific steps are as follows.

Step 1. Perform orthogonal wavelet transform on the noisy
image and estimate the noise standard deviation, �̂�

𝑛
, using

(19).

Step 2. Construct a white Gaussian noise image the same size
as the original image with mean zero and variance �̂�2

𝑛
.

Step 3. Perform NSCT transformation on the noise image
and obtain the noiseNSCT coefficients variance �̂�2

𝑛
(𝑘) in each

high-frequency subband.

Step 4. Go to Step 2 and repeat the above steps five times.The
final coefficient variance, 𝜎2

𝑛
(𝑘), is obtained by averaging the

coefficient variances obtained.

3.7. Detailed Implementation. In summary, we apply the NIG
model as a prior model of NSCT coefficients to estimate
denoised NSCT coefficients and employ OLI-Shrink to guar-
antee a more gently thresholded effect.The proposedmethod
can be summarized as follows.

Step 1. Perform NSCT decomposition to obtain a series of
NSCT coefficients, 𝑦.

Step 2. Estimate the noise variance in each high-frequency
subband using the method outlined in Section 3.6.

Step 3. For each subband in each level higher than two,
compute the threshold value and statistical parameters:

(a) the terms 𝛿 and 𝛼 using (14);
(b) the threshold value 𝜆 = 𝜎

2

𝑛
𝐵 using (13), where

the 𝜎2
𝑛
used here is equal to 𝜎2

𝑛
(𝑘) in corresponding

subbands;
(c) the subband’s variance (𝜎2

𝑦
);

(d) the subband’s mean (𝜇);
(e) the term 𝜂 using (18).

Step 4. Threshold the coefficients of all subbands using (17);

Step 5. Perform inverse NSCT to reconstruct the denoised
image.

4. Experimental Results

To investigate the feasibility and the effectiveness of the
proposed image denoising method in removing additive
Gaussian white noise, we first conducted experiments on the
grayscale images Lena andBarbara, eachmeasuring 512×512
pixels. The images were obtained from http://www.cs.tut.fi/
∼foi/GCF-BM3D, and we verified that they were the same as
the images used by Dabov et al. [15]. Using these images, we
redid Dabov et al.’s entire denoising experiment. The original
images were corrupted with zero mean and Gaussian white
noise, with the standard deviation,𝜎, of the noise varying over
the range 5 to 100. For comparison, we also applied several
existing methods to denoise the same images. BivShrink [10]
was implemented using software obtained from http://eeweb
.poly.edu/iselesni/WaveletSoftware/denoise2.html, which
describes the implementation of this algorithmusing both the
separable DWT and the complex dual-tree DWT. We chose
the complex dual-tree DWT method because it gives better
denoised results. The BLS-GSM denoising method [9] was
implemented using software obtained from http://decsai.ugr
.es/∼javier/denoise/index.html. The SA-DCT denoising
method [14] was implemented using software obtained from
http://www.cs.tut.fi/∼foi/SA-DCT. The K-SVD [13] denois-
ing method was implemented using software obtained from
http://www.cs.technion.ac.il/∼elad/software/, and the image
reconstruction algorithm [15] based on block matching and
3D filtering was implemented using software obtained from
http://www.cs.tut.fi/∼foi/GCF-BM3D. Ram et al. [28] recent-
ly proposed an image processing scheme based on reordering
of patches. They applied their proposed approach to image
denoising and showed that it generally performs better
than the BM3D algorithm for high noise levels. Thus, we
implemented this denoising method using software obtained
from http://www.cs.technion.ac.il/∼elad/software/.

The decomposition level of the proposed method was set
at five and the decomposed direction from coarse scale to
fine scale ranged over the values 4, 8, 8, 16, and 16. The local
window size was 11 × 11 when estimating local parameters.
The quantitative analysis results obtained are listed in Table 1.
Each denoising method outlined above was quantitatively
measured in terms of peak signal-to-noise ratio (PSNR). The
details of the denoised images are given in Figures 3 and 5
to help the reader observe the qualitative differences between
the different methods.

As shown in Table 1, the proposed method achieved the
best results among all the denoisingmethods, except for some
of the results from BM3D and Ram’s method, with an average
increase in PSNR of approximately 0.29 dB compared to
Ram’s method and 0.17 dB compared to BM3D. In particular,
when compared with denoised results obtained by K-SVD
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Table 1: Denoising results (PSNR in dB) of the various denoising methods with different noise standard deviations, 𝜎. The best result for
each image and setting is displayed in boldface.

Image Method 𝜎/PSNR
5/34.16 10/28.14 15/24.61 20/22.11 25/20.18 50/14.16 75/10.63 100/8.14

Lena

BivShrink 38.05 35.32 33.59 32.33 31.36 28.24 26.44 25.21
BLS-GSM 38.56 35.68 33.96 32.72 31.75 28.69 26.96 25.83
SA-DCT 38.54 35.58 33.87 32.63 31.66 28.60 26.76 25.51
K-SVD 38.61 35.51 33.71 32.40 31.37 27.85 25.82 24.55
Ram’s 38.33 35.39 33.81 32.68 31.78 29.01 27.24 26.00
BM3D 38.72 35.93 34.27 33.05 32.08 28.86 27.02 25.57

Proposed 39.13 36.18 34.52 33.32 32.37 29.37 27.57 26.26

Barbara

BivShrink 36.74 33.38 31.27 29.75 28.61 25.23 23.53 22.48
BLS-GSM 37.85 34.10 31.93 30.38 29.19 25.50 23.67 22.65
SA-DCT 37.49 33.50 31.39 30.00 28.95 25.43 23.52 22.49
K-SVD 38.10 34.45 32.42 30.85 29.57 25.48 22.97 21.87
Ram’s 37.75 34.41 32.70 31.50 30.54 27.39 25.54 24.24
BM3D 38.31 34.98 33.11 31.78 30.72 27.17 25.10 23.49

Proposed 38.36 34.82 32.84 31.45 30.38 27.10 25.26 24.01
Bold number indicates best performing method in separate column.

(a) Noise-free image (b) BivShrink (c) BLS-GSM (d) SA-DCT

(e) K-SVD (f) Ram’s (g) BM3D (h) Proposed

Figure 3: Fragments of noisy (𝜎 = 25, PSNR = 20.18 dB) Barbara image and corresponding estimates with different methods.

method, the average PSNR increase for the proposedmethod
was 1.09 dB. For image Barbara, Ram’s method actually
performed better than the BM3D algorithm for high noise
levels. Ram’s method also had a higher PSNR value than
BM3D for the Lena image at high noise levels, but it was
inferior to our proposed method for all noise levels.

The denoising performance of our proposed algorithm is
illustrated in Figure 3, which depicts fragments of a few noisy
(𝜎 = 25) modifications of the original Barbara image and
fragments of various image denoising results.

In Figure 3, it can be seen that our proposed method
exhibits outstanding performance which is superior to the
other methods, especially in terms of retaining the image
details, such as the small stripes in the tablecloth. BM3D
and the proposed method produce fewer artefacts and better
preserve the edges and other details than the other methods.
The homogeneous region is smoother and the texture line
on the tablecloth and trousers is clearer than the results
from the other methods. The denoised images in Figures
3(g) and 3(h) are relatively mild, have fewer scratch effects,
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Figure 4: Performance gain in terms of PSNR values attained by various schemes versus the proposed scheme.

show most of the texture features clearly, and retain their
original geometric features, such as the clear checkerboard
tablecloth pattern. The resulting image following denoising
by BLS-GSM (Figure 3(c)) appears to have better overall
effects; however, close inspection shows that the image
has been smoothed too much and, as a consequence, has
lost much detailed information, information which is very
important in image denoising. Figures 3(d) and 3(e), obtained
from SA-DCT and K-SVD, have excessive smoothing and
insufficient contrast, and some small details are missing.
Ram’smethod appears to be efficient in homogeneous regions
but is less effective in the detailed regions. The evaluation
values in Table 1 show that the methods applied to produce
Figures 3(b)–3(f) are significantly worse than BM3D and the
proposed method. In conclusion, it is clear that our denoised
method exhibits outstanding performance and preserves
detailed information, especially texture information.

In order to better understand the numerical results, we
further compared the gain of BivShrink, BLS-GSM, SA-
DCT, K-SVD, Ram’s method, and the proposed method,
normalised with respect to BM3D, as shown in Figure 4. In
the figure, the superiority of the proposed method is clear. In
the case of imageLena, the proposedmethod outperforms the
other methods and provides significant improvements over
BM3D. Compared with BM3D, the performance of Ram’s
method is slightly inferior when the standard deviation is
small. BLS-GSM and SA-DCT have similar results, which
are better than that of BivShrink. The performance of the
proposed method is as expected. Image Barbara comprises
similar image textures and can therefore provide more infor-
mation to BM3D and Ram’smethod to train their datasets. As
a result, their output is a bit better than that of the proposed
method at the start (Figure 4(b)).

BM3D is based on block structure [29], which tends
to oversmooth edge pixels after denoising. As a result, its
reconstructed image shows obvious blocking artefacts under
certain conditions, especially when the noise variance is
relatively large. Figures 5(a) and 5(b) show fragments of the
reconstructed Barbara images obtained using BM3D and
the proposed scheme, respectively. When the noise standard
deviation is 50 for the Barbara image, the denoised results
with BM3D and the proposed scheme have virtually the same
PSNR value. However, it is clear that the stripe information
in Figure 5(a) has essentially been replaced by smooth areas,
whereas the stripe is still clearly visible in Figure 5(b).

From the above results, it is clear that the more compet-
itive denoising methods are Ram’s method, BM3D, and the
proposed method. To provide a more thorough comparison
of these three methods, we assessed their performance on a
test set containing noisy versions of seven images with eight
different noise levels. For the proposed method, four-level
decomposition and the decomposed direction from coarse
scale to fine scale were 4, 8, 16, and 16 for the images House
and Peppers, with sizes 256 × 256 pixels. The PSNR values
for the results obtained using the three schemes are listed in
Table 2.

The results obtained by our scheme are inferior to those
of Ram’s method for the imagesHouse, Peppers, andMontage
in most cases. The PSNR values for the images Fingerprint,
Man, and Couple are significantly better than those obtained
by BM3D and Ram’s method. Our method performed as
expected for Boats and Hill, providing the highest PSNR
values. Further, our results are better than those achieved
by Ram’s algorithm by approximately 0.31 dB on average for
the entire number lists belonging to Ram’s algorithm and
our scheme, respectively, in Table 2. Further, our scheme



Mathematical Problems in Engineering 9

Table 2: Denoising results (PSNR in dB) for noisy versions of seven images, obtained with BM3D, Ram’s method, and the proposed scheme.
The best result for each image and noise level is displayed in boldface.

Image Method 𝜎/PSNR
5/34.16 10/28.14 15/24.61 20/22.11 25/20.18 50/14.16 75/10.63 100/8.14

Boats
Ram’s 37.07 33.68 31.91 30.69 29.72 26.72 25.03 23.92
BM3D 37.28 33.92 32.14 30.88 29.91 26.64 24.96 23.74

Proposed 37.50 34.07 32.25 31.00 30.05 27.23 25.67 24.57

Fingerprint
Ram’s 36.17 32.00 29.83 28.37 27.33 24.10 22.44 21.46
BM3D 36.51 32.46 30.28 28.81 27.70 24.36 22.68 21.33

Proposed 36.36 32.62 30.58 29.16 28.10 24.91 23.12 21.87

Man
Ram’s 37.38 33.67 31.77 30.48 29.55 26.74 25.17 24.15
BM3D 37.82 33.98 31.93 30.59 29.62 26.59 25.10 23.97

Proposed 37.78 34.17 32.29 31.04 30.11 27.42 25.90 24.82

Couple
Ram’s 37.12 33.60 31.74 30.46 29.42 26.39 24.69 23.50
BM3D 37.52 34.04 32.11 30.76 29.72 26.38 24.63 23.37

Proposed 37.36 33.80 31.90 30.62 29.66 26.83 25.27 24.19

Hill
Ram’s 36.92 33.48 31.77 30.64 29.76 27.17 25.61 24.58
BM3D 37.14 33.62 31.86 30.72 29.85 27.08 25.58 24.45

Proposed 37.31 33.93 32.21 31.07 30.22 27.72 26.31 25.29

House
Ram’s 38.76 35.82 34.38 33.33 32.55 29.77 27.68 26.20
BM3D 39.83 36.71 34.94 33.77 32.86 29.37 27.20 25.50

Proposed 39.44 36.13 34.27 32.98 32.00 28.88 27.00 25.64

Peppers
Ram’s 37.62 34.22 32.33 31.02 29.92 26.72 24.75 23.32
BM3D 38.12 34.68 32.70 31.29 30.16 26.41 24.48 22.91

Proposed 37.64 34.12 32.18 30.83 29.80 26.65 24.81 23.51
Bold number indicates best performing method in separate column.

(a) BM3D, PSNR = 27.17 dB (b) Proposed, PSNR = 27.10 dB

Figure 5: Fragments of the grayscale Barbara image denoised by BM3D and our proposed algorithm for noise with 𝜎 = 50.

outperforms BM3D by more than 0.85 dB (Man, 𝜎 = 100)
and 0.16 dB on average for all results obtained by the BM3D
method as listed in Table 2. In order to facilitate a more
comprehensive comparison, the noisy and denoised images
obtained with our proposed scheme for 𝜎 = 25 are shown in
Figures 6 and 7.

An image has a specific structure and its pixels have
strong affiliations. These affiliations reflect the configuration

information in the visual scene. In order to better reflect the
structural similarity between two images, Wang et al. [30]
developed an image quality assessment method based on
structural distortion called the structural similarity (SSIM)
index. There are also several similar structural informa-
tion based image quality metrics (IQMs), including low-
level feature similarity induced full reference image quality
assessment metric, namely FSIM [31] and sparse feature
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Lena Barbara Boats House
(a)

PSNR = 31.78dB PSNR = 30.54dB PSNR = 29.72dB PSNR = 32.55dB
(b)

PSNR = 32.08 dB PSNR = 30.72 dB PSNR = 29.91dB PSNR = 32.86 dB
(c)

PSNR = 32.37 dB PSNR = 30.38dB PSNR = 30.05 dB PSNR = 32.00 dB
(d)

Figure 6: Denoising results (PSNR) for the images Lena, Barbara, Boat, and House (𝜎 = 25, PSNR = 20.18 dB): (a) noisy images; (b) Ram’s
results; (c) BM3D results; and (d) our proposed scheme’s results (PSNR scores are given below each image).

fidelity (SFF) [32]. The closer the IQMs are to one, the
higher the structural similarity between the two images is.
In image denoising, the IQMs indicate the ability of the
denoising algorithm to maintain the image structure. Table 3
shows the SSIM, FSIM, and SFF index values for image

Barbara following denoised processing by BM3D and the
proposed method. The average PSNR value for the proposed
method is smaller than that of BM3D for image Barbara by
approximately 0.06 dB in Table 1. However, as the SSIM index
listed in Table 3 shows, the denoising results for the proposed
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Fingerprint Man Couple Hill Peppers

(a)

PSNR = 27.33dB PSNR = 29.55dB PSNR = 29.42dB PSNR = 29.76dB PSNR = 29.92dB
(b)

PSNR = 27.70dB PSNR = 29.62dB PSNR = 29.72 dB PSNR = 29.85dB PSNR = 30.16 dB
(c)

PSNR = 28.10 dB PSNR = 30.11 dB PSNR = 29.66dB PSNR = 30.22 dB PSNR = 29.80dB
(d)

Figure 7: Fragments of noisy (𝜎 = 25, PSNR = 20.18 dB) grayscale images and their corresponding estimates: (a) noisy images; (b) Ram’s
results; (c) BM3D results; and (d) our proposed scheme’s results (PSNR scores are given below each image).
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Table 3: Image quality metrics for image Barbara following denoising by BM3D and the proposed method.

𝜎 2 5 10 15 20 25 30 35 50 75 100 Average

SSIM BM3D 0.9970 0.9891 0.9767 0.9650 0.9530 0.9406 0.9272 0.9123 0.8706 0.8013 0.7364 0.9154
Proposed 0.9971 0.9899 0.9771 0.9644 0.9517 0.9391 0.9264 0.9140 0.8773 0.8204 0.7695 0.9206

FSIM BM3D 0.9983 0.9932 0.9840 0.9757 0.9676 0.9600 0.9526 0.9446 0.9244 0.8917 0.8618 0.9504
Proposed 0.9983 0.9932 0.9836 0.9741 0.9652 0.9569 0.9491 0.9418 0.9217 0.8933 0.8697 0.9497

SSF BM3D 0.9997 0.9987 0.9965 0.9943 0.9921 0.9899 0.9876 0.9851 0.9787 0.9675 0.9553 0.9859
Proposed 0.9997 0.9988 0.9966 0.9943 0.9920 0.9896 0.9874 0.9852 0.9786 0.9678 0.9569 0.9861

Bold number indicates best performing method in separate column for each image quality metrics.

method are superior to those for BM3D in maintaining the
original image structure when the value of 𝜎 is below 15 or
above 30, and it outperforms the average for 𝜎 in the range 2–
100. For FSIM and SFF index, familiar results can be given in
Table 3. Sometimes they are equal to each other; sometimes
they alternately outperform the other side.

5. Conclusion

In this paper, we proposed a new image processing method
based on the Bayesian framework that uses the key facets
of the Bayesian denoising method to correctly estimate the
distribution model of the decomposition coefficients. The
proposed method comprises a nonsubsampled contourlet
transform denoising algorithm based on the normal inverse
Gaussian prior model, which has parameters that can be
selected flexibly and changed adaptively. The model can
accurately describe the sharp peak of the NSCT decom-
position coefficients at zero and heavy-tailed characteris-
tics distributed on both sides symmetrically; consequently,
Bayesian denoising can be used to effectively remove noise
from images. The results of experiments conducted indicate
that the proposed method can effectively eliminate Gaussian
white noise. Further, visual and quantitative evaluations show
that it performs significantly better than existing state-of-the-
art image denoising methods.

The NSCT’s high redundancy consequentially leads to an
overloading computational cost of proposedmethod, and this
high computational cost may limit proposed method’s real
time application in practice. Even if quantitative comparison
of various denoising methods’ computation efficiency is not
our study emphasis, how to reduce the complexity of the
algorithm and improve the operational efficiency becomes
the next focus of the study. In future, we will try to transplant
proposed method on other programming platforms such as
C++ and adopt parallel compiling technique to improve run-
ning efficiency. This proposed method also can be naturally
extended in other image processing fields, such as image
impainting, image restoration, and image fusion.
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Single image superresolution (SISR) requires only one low-resolution (LR) image as its input which thus strongly motivates
researchers to improve the technology. The property that small image patches tend to recur themselves across different scales is
very important and widely used in image processing and computer vision community. In this paper, we develop a new approach
for solving the problem of SISR by generalizing this property.Themain idea of our approach takes advantage of a generic prior that
assumes that a randomly selected patch in the underlying high-resolution (HR) image should visually resemble as much as possible
with some patch extracted from the input low-resolution (LR) image. Observing the proposed prior, our approach deploys a cost
function and applies an iterative scheme to estimate the optimal HR image. For solving the cost function, we introduce Gaussian
mixturemodel (GMM) to train on a sampled data set for approximating the joint probability density function (PDF) of input image
with different scales. Through extensive comparative experiments, this paper demonstrates that the visual fidelity of our proposed
method is often superior to those generated by other state-of-the-art algorithms as determined through both perceptual judgment
and quantitative measures.

1. Introduction

The task of single image superresolution (SISR) is concerned
with generating a high-resolution (HR) image from an input
image of low resolution (LR). Since the same LR image
may hypothetically correspond to multiple HR images, the
solution space is inherently ambiguous. To resolve the ambi-
guity, existing methods often rely on certain image priors for
selecting the preferred HR reconstruction result.

Existing SISRmethods can be broadly classified into three
main categories: interpolation-based methods [1–4], recon-
struction-based methods [5–9], and learning-based methods
[10–16]. Interpolation-based methods usually apply some
basic function or interpolation kernel to determine the
unknownpixels in theHRversion.Overall, thesemethods are
relatively easy to implement. However, they tend to perform
inefficiently near image edges and produce blurring artifacts.

Reconstruction-based methods derive HR images via impos-
ing constraints according to prior knowledge of the inverse
problem [6, 7]. Shan et al. [6] design a feedback control
framework, which uses a continuous function to fit a gradient
density distribution for the input image as a prior for the
HR reconstruction process. However, these methods often
produce undesirable artifacts in the HR results, especially
along salient edges.

The basic assumption of the learning-based methods is
that the high-frequency details lost in a reconstructed HR
image can be learnt from a set of low- and high-resolution
image pairs. This category of methods generates an HR
image from a single LR image by referring to pairs of low-
and high-resolution images as the training data. Extensive
research results have demonstrated the promising potential
of the approach. Freeman et al. [11, 15] proposed a learning
basedmethod applicable for processing generic images where
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the mapping from LR to HR versions of an image is captured
by a Markov random field inferred through belief propaga-
tion. Chang et al. [17] extended their method by applying the
manifold learning theory onto the correspondence between
the HR image patch space and the LR image patch space.
The method generates HR patches as a linear combination of
its nearest neighboring patches. However, the fixed number
of nearest neighbors could cause over- or underfitting. To
conquer this shortcoming, Yang et al. [13, 18, 19] proposed
an approach that generates sparse linear combinations using
a compact dictionary. The computed sparse representation
adaptively selects the relevant patches in the dictionary to
represent each patch. It is noted that constructing a compact
dictionary suitable for the application is a time-consuming
process. These methods severely depend on the quality and
relevance of the image training data set. It tends to produce
obvious artifacts and generate unwanted noise in its HR
generation results.

Some recent studies show that natural images generally
possess a great amount of self-similarities [14, 20–22], that is,
local image structures tend to recur within and across differ-
ent image scales [14, 20–22], and image superresolution can
be regularized taken into account these self-similar examples
instead of some external database [20–22]. Particularly, Yang
et al. [14] use self-examples within and across multiple image
scales to regularize the ill-posed classical superresolution
problem. The method extends the example-based superres-
olution framework with self-examples and iteratively upscale
the image.They show that the local self-similarity assumption
for natural images holds better for small upscaling factors
and the patch search can be conducted in a restricted local
region, allowing very fast practical implementation.However,
the main problem rests with the fact that the reconstructed
edges are usually too sharp to look natural.

Our work is inspired by the observation that almost all
small image patches usually reappear themselves at other
positions in natural images or its different scales. In con-
formity with the above observation, the basic assumption
we design in this study is that there should at least exit one
resemble patch in the input low resolution image for a patch
randomly extracted from the well-reconstructed HR image.

The main contributions of this paper include the follow-
ing:

(1) Inspired by the idea that each patch in the recon-
structed SR result should resemble patches in the
original input image, we propose a new algorithm
that infers HR images from their LR versions through
multiresolution self-similarity maximization. The
results of the new method outperform those gener-
ated by the state-of-the-art algorithms through com-
parative experiments.

(2) For finding the optimal HR image, we introduce
GMM to train on a patch set for approximating
the joint probability density function of input image
with different scales and uses an iterative scheme to
resolve the cost function.This framework is easy to be
adapted to other problems such as image deblurring
and image denoising.

The rest of this paper is organized as follows.We first state
the study motivation in Section 2. Section 3 then introduces
the proposed algorithm, including how to design the cost
function, how to construct and train the reconstruction
model, and how to solve the cost function. Section 4 presents
the results of our approach as well as comparing them with
those produced by the peer methods. Finally, we conclude
this paper with discussions on future work directions.

2. Motivation

Recently, expected patch log likelihood (EPLL) framework
[23] using GMM prior for image denoising was proposed
with its performance comparable to the state-of-the-art
algorithms. EPLL trains a GMMusing external natural image
patches and, for each patch extracted from the unclean image,
finds its highest probability solution in the model by the
iterative splitting algorithm (for more details, the reader can
refer to [23]). GMM prior shows its powerful denoising
ability. However, this scheme is unsuitable for solving SISR
problem, except for the time consuming during training
phrase, also because there is only one-scale image patches
in the training data; thus it cannot introduce high frequency
in the SR result and adopt the Wiener filter solution leading
to damaging the fine details. We design a simple experiment
to illustrate this point which was displayed in Figure 1. In
this experiment, first, we upsample the small natural image
“bear” with bicubic interpolation method as the input one
(but adding no noise in it). Processing it with EPLL (the
result in Figure 1(c)), we can notice that the salient edges are
preserved very well, but the texture and details are almost
erased. The result of EPLL is in agreement with our analysis.
Processing the small natural image “bear” with our method,
the result (Figure 1(d)) is sharper than the results of bicubic
interpolation and EPLLmethods.The algorithm of EPLL [23]
is specialized for image denoising, which can preserve edge
and erase the noise, and, however, it cannot add any correct
high-frequency content in the results. So if the input is an
image without high frequency, the result of EPLL algorithm
is undesirable and ourmethod can refine the result by finding
some high frequency in the input image itself. Obviously, it is
unfair for the specific denoising algorithm EPLL to be used
for finding high frequency; we just use this experiment to
illustrate the function of our algorithm.

Inspired by EPLL work, and also due to the image prop-
erty of self-similarity between different scales, thus the input
LR image and its filtering version can serve as a sufficient
training data set for learning the model of the image scene.
We propose a SISR method which trains GMM on the train-
ing data constructed by concatenating the different scales of
the input image and can introduce the correct high-frequency
component and protect the details in the HR result.

3. Our Approach

We first explain the notations appearing in our SISR scheme
with the help of Figure 2. In Figure 2, the input image is
denoted by 𝑌 ∈ 𝑅√𝑛×√𝑛, from which we obtain its low-fre-
quency component image 𝑌0 ∈ 𝑅

√𝑛×√𝑛 by low pass Gaussian
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(a) Ground truth of “bear” (b) Bicubic (c) EPLL [23] (d) Ours

Figure 1: The comparison between the results of EPLL and the proposed method. (a) The ground truth image. Through downsampling and
upsampling the image by the bicubic method, we derive (b), which is used as the input for producing (c) and (d) using the EPLL and the
proposed method, respectively. From (c), we can see that EPLL fails to capture the image texture and its fine details. In comparison, the result
of the proposed method (d) appears more natural and realistic; in particular the edges and textures regions are better preserved.
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Figure 2: The framework of our approach. For a random patch 𝑥𝑖
in 𝑋, we wish there exists at least one very similar patch 𝑦𝑝 in 𝑌.
We find the joint PDF of the data pair {𝑦𝑖, 𝑦

𝑖
0}
𝑛
𝑖=1 and thus solve the

optimal 𝑥𝑖 when the data pair (𝑥𝑖, 𝑥𝑖0) substitute into the joint PDF.

filtering. We upsample 𝑌 using bicubic interpolation by a
factor of 𝑠 to get𝑋0 ∈ 𝑅

√𝑁×√𝑁, 𝑁 = 𝑠2𝑛, and 𝑠 is the upsam-
pling factor. We use 𝑋0 to approximate the low-frequency
component version of the unknown high-resolution image
𝑋 ∈ 𝑅

√𝑁×√𝑁. From𝑌,𝑌0, and𝑋0, the target is to estimate the
HR image𝑋. We use 𝑦𝑖 and 𝑦𝑖0 to denote 𝑖th 𝑎×𝑎 image patch
sampled from 𝑌 and 𝑌0, respectively, and 𝑥

𝑖 and 𝑥𝑖0 to denote
𝑖th 𝑎 × 𝑎 image patch sampled from 𝑋 and 𝑋0, respectively.
{𝑦
𝑖
0}
𝑛
𝑖=1 and {𝑥

𝑖
0}
𝑁
𝑖=1 are thus referred to as the low-resolution

image patches because they aremissing high-frequency com-
ponents, while {𝑦𝑖}𝑛𝑖=1 and {𝑥

𝑖
}
𝑁
𝑖=1 are referred to as their high-

resolution counterparts separately. 𝑖 represents the location of
the patch in the corresponding images, and, in our scheme,
the overlapped pixels between two neighbored patches are
(𝑎 − 1); for the boundary pixels, we extend the image by sym-
metrical method. So the number of total patches extracted
from one image is the same as the pixels of the image.

3.1. The Cost Function Based on Maximizing Self-Similarity
Prior. For SISR problem, the generation of an LR image from
the underlying HR image is expressed as

𝑌 = 𝐷𝐻𝑋 + 𝑤, (1)

where 𝑌 ∈ 𝑅𝑛 is the observed LR image and 𝑋 ∈ 𝑅𝑁 is the
original HR image, 𝑠 = √𝑁/𝑛 is the up-sampling factor, and
𝑤 ∈ 𝑅

𝑛 is assumed to be an additiveGaussian noise.𝑌, 𝑋, and
𝑤 are all represented in vectorial form.𝐷 ∈ 𝑅𝑛×𝑁, 𝐻 ∈ 𝑅𝑁×𝑁
are downsampling and filtering matrix, respectively.

For a random patch 𝑥𝑖 in𝑋, Freeman et al. [11, 15], Chang
et al. [17], Yang et al. [14], and Dong et al. [12] all want to
find one nearest neighbor patch 𝑦𝑝 in 𝑌, by approximating
the distance between 𝑥𝑖 in 𝑋 and 𝑦𝑝 in 𝑌 to the distance
between 𝑥𝑖0 in 𝑋0 and 𝑦

𝑝
0 in 𝑌0. However, the approximation

is not accurate, since the correspondence between the LR
image patches and their counterparts (HR image patches) and
the neighborhood relationship cannot be preserved perfectly
due to the “one-to-many” mapping existing between one LR
image and many HR images.

If we have already got the reconstructed HR image 𝑋,
according to the self-similarity property, a random patch 𝑥𝑖
in 𝑋 should at least have one nearest neighbor patch 𝑦𝑝 in
𝑌, and for another random patch 𝑥𝑗 in 𝑋, being not afraid
of the overlapping situation in the low resolution image 𝑌,
it should also at least have one nearest neighbor patch 𝑦𝑞 in
𝑌. We use 𝑝(𝑃𝑖𝑋) to measure the similarity between 𝑥𝑖 and
𝑦
𝑝. 𝑃𝑖 is a matrix to extract the patch 𝑥𝑖 from 𝑋. The larger

the probability value𝑝(𝑃𝑖𝑋), themore similar the appearance
between 𝑥𝑖 and 𝑦𝑝. For any patch 𝑥𝑖 extracted from the
reconstructed HR image, we hope the probability 𝑝(𝑥𝑖) of the
patch obtains themaximizing value. Andwe call the property
of the reconstructed HR image Maximizing Self-Similarity
Prior (MSSP). So, for the whole reconstructed HR image, we
can write out the cost function as

argmin
𝑋

‖𝐷𝐻𝑋 − 𝑌‖
2
2 − 𝜆

𝑁

∏

𝑖=1

𝑝 (𝑃𝑖𝑋) , (2)

where 𝜆 is the parameter for balancing the effect of the fidelity
term ‖𝐷𝐻𝑋 − 𝑌‖22 and the regularization prior∏𝑁𝑖=1𝑝(𝑃𝑖𝑋).

3.2. Solving. Since there are so many multiple operations in
the second term of (2), it is difficult to solve, and 𝑝(𝑃𝑖𝑋)
represents probability which is always positive real value; thus
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we can use log functionwith the second term in this equation,
and the cost function is changed as follows:

argmin
𝑋

‖𝐷𝐻𝑋 − 𝑌‖
2
2 − 𝜆

𝑁

∑

𝑖=1

log𝑝 (𝑃𝑖𝑋) . (3)

The cost function is nonconvex and difficult to solve. For find-
ing the optimization solution, we introduce a set of auxiliary
variables {𝑧𝑖}

𝑁
𝑖=1, the overlapped patch 𝑃𝑖𝑋 corresponding to

𝑧𝑖. Thus the cost function is changed to

argmin
𝑋,{𝑧𝑖}

𝑁

𝑖=1

‖𝐷𝐻𝑋 − 𝑌‖
2
2 − 𝜆

𝑁

∑

𝑖=1

log𝑝 (𝑧𝑖)

+ 𝛽

𝑁

∑

𝑗=1


𝑃𝑗𝑋 − 𝑧𝑗



2

2
.

(4)

Note thatwhen𝛽 → +∞, sincewewant to find theminimize
solution of (4), 𝑃𝑗𝑋 is equal to 𝑧𝑗, and the solution of the
equation will be converged. We solve this equation by taking
an iterative way. Firstly, while we keep 𝑧𝑖 fixed, solve for 𝑋.
This can be solved by setting the derivative of this equation
about𝑋 to zero and we can get the result

𝑋 = (𝐻
𝑇
𝐷
𝑇
𝐷𝐻 + 𝛽

𝑁

∑

𝑗=1

𝑃
𝑇
𝑗 𝑃𝑗)

−1

⋅ (𝐻
𝑇
𝐷
𝑇
𝑌 + 𝛽

𝑁

∑

𝑗=1

𝑃
𝑇
𝑗 𝑧𝑖) ,

(5)

where (𝐴)𝑇 represents transposing matrix𝐴, (𝐴)−1 solves the
inverse matrix of 𝐴, and 𝑗 is for all overlapping patches in𝑋.
And then solving for {𝑧𝑖}

𝑁
𝑖=1 gives 𝑋. After each iteration, we

increase 𝛽 and continue to do the next iteration. In next two
following subsections, we will elaborate how to solve {𝑧𝑖}

𝑁
𝑖=1.

3.2.1. Training. For solving each auxiliary variable 𝑧𝑖, it just
means estimating the most likely image patch under prior of
MSSP. However, we have noHR image𝑋 in practice; thus it is
difficult to resolve directly. Here, we consider the relationship
between 𝑌 and 𝑌0 and extract patches {𝑦𝑝}𝑛𝑝=1 and {𝑦

𝑝
0 }
𝑛
𝑝=1

from the input image 𝑌 and the Gaussian filtering version 𝑌0
separately. For representing patch textures and details rather
than absolute intensities, we subtract the mean value for each
patch.And then constructing the training data set𝐷, inwhich
each element 𝑑𝑝 ∈ 𝑅2𝑎

2

is formed by concatenating 𝑦𝑝 and 𝑦𝑝0
in vectorial form,

𝑑
𝑝
= [
𝑦
𝑝
0

𝑦
𝑝
] , 𝑝 = 1, . . . , 𝑁. (6)

Gaussian mixture model (GMM) is a parametric prob-
ability density function (PDF) that is represented as a
weighted sum of Gaussian densities. GMM can approximate
an arbitrary probability density function accurately [24]. For

a random variable 𝑑 ∈ 𝑅2𝑎
2

, we learn a GMM over these con-
catenated vectors and write its PDF by GMM as

𝑝 (𝑑) =

𝐾

∑

𝑘=1

𝛼𝑘𝑁(𝑑 | 𝜇𝑘, Σ𝑘) , (7)

where𝐾 is the number of Gaussian mixture components and
𝛼𝑘, 𝜇𝑘, and Σ𝑘 are the parameters of weight, mean vector,
and covariance matrix of 𝑘th Gaussian mixture component
separately. Using EM algorithm to estimate these parameters
is not hard.

3.2.2. Predicting. We consider the parameters {𝛼𝑘, 𝜇𝑘, Σ𝑘} and
can rewrite 𝜇𝑘 = [𝜇

𝑦0
𝑘
, 𝜇
𝑦

𝑘
]
𝑇, where 𝑢𝑦0

𝑘
and 𝜇𝑦

𝑘
are the mean

vectors of image patches {𝑦𝑝0 }
𝑁
𝑝=1 and {𝑦

𝑝
}
𝑁
𝑝=1 separately; let

us also introduce the notation Σ𝑘 = [
Σ
𝑦0

𝑘
Σ
𝑦0𝑦

𝑘

Σ
𝑦𝑦0

𝑘
Σ
𝑦

𝑘

] for the cova-
riance matrix of the model component densities. According
to the self-similarity between the different scales of one
image, for a random patch 𝑧𝑖 in the reconstructed HR image,
we can predict the occurrence probability in the original
input image as

𝑝 (𝑧
𝑖
| 𝑥
𝑖
0, {𝛼𝑘, 𝜇𝑘, Σ𝑘}

𝐾

𝑘=1
) = 𝑁(𝑧

𝑖
| 𝜇, Σ̂) , (8)

where

𝜇 =

𝐾

∑

𝑘=1

𝜑𝑘 (𝑥
𝑖
0) [𝜇
𝑦

𝑘
+ Σ
𝑦𝑦0
𝑘
(Σ
𝑦0
𝑘
)
−1
(𝑥
𝑖
0 − 𝜇
𝑦0
𝑘
)] ,

Σ̂ =

𝐾

∑

𝑘=1

𝜑
2
𝑘 (𝑥
𝑖
0) [Σ
𝑦

𝑘
+ Σ
𝑦𝑦0
𝑘
(Σ
𝑦0
𝑘
)
−1
Σ
𝑦0𝑦

𝑘
] ,

𝜑𝑘 (𝑥
𝑖
0) =

𝛼𝑘𝑁(𝑥
𝑖
0 | 𝜇
𝑦

𝑘
, Σ
𝑦

𝑘
)

∑
𝐾
𝑘=1 𝛼𝑘𝑁(𝑥

𝑖
0 | 𝜇
𝑦

𝑘
, Σ
𝑦

𝑘
)

.

(9)

Based on (3), prediction can be obtained by taking the
expectation result:

𝑧
𝑖
= 𝐸 (𝑧

𝑖
| 𝑥
𝑖
0, {𝛼𝑘, 𝜇𝑘, Σ𝑘}

𝐾

𝑘=1
) = 𝜇. (10)

At last, the algorithm for SISR using maximizing self-sim-
ilarity prior is summarized as in Algorithm 1.

4. Experiments and Analysis

4.1. Parameter Setting. Experiments have been conducted
to evaluate the result of our method in comparison with
several state-of-the-art algorithms. We start by using the
original image as LR input and upsample it with a scale
factor of 2. For further upsampling, we used the previous
output as the input and solved its HR image. Note that, for
a color image, it is first transformed from RGB to 𝑌𝐼𝑄. Then,
the 𝑌 channel (intensity) is upsampled by our algorithm
because human vision is more sensitive to brightness change.
𝐼 and 𝑄 channels are interpolated to the desired size by
the bicubic interpolation method. Finally, the three channels
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Input: LR image 𝑌
(1)𝑋0 = Bicubic(𝑌);
(2) 𝑌0 = 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 ⊗ 𝑌
(3) Extract patches {𝑦𝑝}𝑛𝑝=1 and {𝑦

𝑝
0 }
𝑛
𝑝=1, {𝑥

𝑖
0}
𝑁
𝑝=1;

(4) construct training data 𝑑𝑝 = [𝑦𝑝0 , 𝑦
𝑝
]
𝑇;

(5) train GMM;
(6) initialize𝑋 with𝑋0;
(7) for 𝑖 = 1 : t //t represents the number of the iterative times

Solve𝑋 with (5), keeping {𝑧𝑖}𝑁𝑖=1 fixed;
Update𝑋;
Solve {𝑧𝑖}𝑁𝑖=1 with (10), keeping𝑋 fixed;
Update {𝑧𝑖}𝑁𝑖=1;

end
Output: HR reconstructed Image𝑋

Algorithm 1: SISR using MSSP.

are combined to form the final HR result. The input LR
image 𝑌 is generated from the original HR image by a down-
sampling and filtering process, the low-frequency band 𝑋0
of the unknown HR image is approximated by bicubic
interpolation from 𝑌, and the low-frequency band of the
input LR image 𝑌0 is obtained by low pass Gaussian filtering
with a standard deviation of 0.5. In all experiments, the size
of all patches is 5 × 5 (𝑎 = 5), 𝜆 = 0.5, 𝛽 = (𝑡 × 10)2, and 𝑡
represents the 𝑡th iteration. 𝑇 represents the number of the
iterative times; in this paper, we set 𝑇 = 5. As we know,
the amount of GMM component densities 𝐾 is important
to the performance of the joint PDF learning. However, the
accuracy and the efficiency should be trade-off in practical
implementation. In our experiments, we apply a Bayesian-
basedmodel selection criterion [25] to determine the number
of GMM components by minimizing the following metric:

𝐾 = −2

𝑁

∑

𝑖=1

log (𝑝 ({𝑑𝑝}𝑁
𝑝=1
) | {𝛼𝑘, 𝜇𝑘, Σ𝑘}) + 𝛿 log𝑁, (11)

where 𝛿 is the total number of model parameters.

4.2. Visual Analysis. Subjective visual effect is a significant
evaluation to superresolutionmodels, which could reflect the
advantages and disadvantages intuitively. In this section, we
test our model and make some comparisons to the state-of-
the-art models.

As mentioned before, Glasner et al. [20] emphasized the
importance of image self-similarity to superresolution prob-
lem. Therefore, in Figure 3, we present a comparison with
respect to Glasner’s patch recurrence (PR) model, our model,
and the ground truth. As observed in Figure 3(b), Glasner’s
patch has some artifacts along the sharp edges and tends to
be smoother. By contrast, our model could obtain an output
closer to the ground truth. The difference between both of
the results could be observed clearly by the close-up and its
corresponding pseudocolor version.

In Figure 4, we adopt the natural images which have
obvious self-similarity texture and structure components to

evaluate ourmodel. For objectiveness, we select theGaussian-
type model to compare. Figure 4 presents the results which
produced by He’s Gaussian process regression (GPR) model
[22] and ours. In the texture case, we note that our result has
better detail performance rather than blurring. And in the
structure case, we could see that some artifacts appear inGPR
result but not in ours.

Furthermore, in 2x upsampling, we compare between
Shan’s method [6], Glasner’s patch recurrence method [20],
Yang’s SCSR method [13], Peleg’s statistical prediction model
[26], and ours.The tested images include such characteristics
of sharp edges, complicated textures, and repeated structures.
In Figure 5, by the close-up, we observe that Shan’s, Glasner’s,
and Peleg’s results would yield some artifacts along the sharp
edges, for example, the wheel image in the second line.
And Yang’s SCSR model would generate a relative blurred
result. Generally speaking, our model could obtain a series
of satisfactory results in these conventional tested images.

4.3. Objective Evaluation. Peak single-to-noise ratio (PSNR)
and structure similarity (SSIM) index are used as the objec-
tive measures. PSNR is defined as

PSNR = 10 log10
𝑚 × 255

2

∑𝑖 𝑥𝑖 − 𝑥𝑖

, (12)

where𝑥 is the originalHR image,𝑥 is the SR result we approx-
imated, and𝑚 is the total number of pixels in the image.

SSIM is more consistent with human eye than PSNR.The
SSIM metric is calculated on various windows of an image
and the measure between two windows 𝑥 and 𝑦 of common
size𝑁 ×𝑁 is

SSIM (𝑥, 𝑦) =
(2𝜇𝑥𝜇𝑦 + 𝑐1) (2𝜎𝑥𝜎𝑦 + 𝑐2)

(𝜇2𝑥 + 𝜇
2
𝑢 + 𝑐1) (𝜎

2
𝑥 + 𝜎
2
𝑦 + 𝑐2)

, (13)

where 𝜇𝑥, 𝜇𝑦 are the average values of 𝑥 and 𝑦, 𝜎
2
𝑥, 𝜎
2
𝑦 are the

variances of𝑥 and𝑦, and 𝑐1, 𝑐2 are two variables to stabilize the
division with weak denominator. From the definition, we can
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(a) (b) (c)

Figure 3: Comparisons with the self-similarity measurement. (a) Ground truth. (b) Glasner’s PR [20]. (c) Our proposed method. Note the
artifacts in (b) and ours are very close to the ground truth.
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Figure 4: Texture and structure cases analysis. He’s Gaussian process regression model [22] is compared with ours.
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(a) (b) (c) (d) (e)

Figure 5: Comparisons with 2x magnification. (a) Shan’s method [6]. (b) Glasner’s patch recurrence method [20]. (c) Yang’s SCSR [13]. (d)
Peleg’s SPM [26]. (e) Ours.

see that SR results with better quality should provide larger
PSNR and SSIM values.

In our experiments, fifteen images are randomly selected
from RetargetMe benchmark (http://people.csail.mit.edu/
mrub/retargetme/), as illustrated in Figure 6. We first apply
the Lanczos resampling to yield the low-resolution version
(0.5x) and then recover to the original size to compare with
the ground truth. Five state-of-the-art models are tested,
including Glasner’s patch recurrence method [20], SCSR
[13], KRR [27], GPR [22], and SPM [26]. The PSNR and
SSIM metrics are used to evaluate these results, and the cor-
responding scores are, respectively, recorded in Table 1. Note

that our method could obtain the best or the second-best
performance in most of the test images.

For saving the computing time, we can compute
(𝐻
𝑇
𝐷
𝑇
𝐷𝐻 + 𝛽 ⋅ Σ

𝑁
𝑘=1𝑃
𝑇
𝑖 𝑃𝑖)
−1, (𝐷𝐻)𝑇 previously, compute

Σ
𝑦𝑦0
𝑘
(Σ
𝑦0
𝑘
)
−1, 𝜑𝑘(𝑥

𝑖
0), and (𝐷𝐻)

𝑇
𝑌 after finishing the GMM

training phrase, and use it directly in the iterative process.
Figure 7 provides the numerical comparison on executing
time with the state-of-the-art algorithms. The images are
upscaled from 256 × 256 to 768 × 768 with the conventional
images.The hardware configuration of ourmodern computer
is Intel CPU 1.7GHZ, 4GB memory, and the software
platform is Matlab 7.1.
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Figure 6: Fifteen test images for effectiveness validation. From left to right: bells, bike, Buddha, butterfly, child, eagle, face, family, Fatem, fish,
surfer, tiger, trees, two birds, and waterfall. All the test image are extracted from RetargetMe data set. And the validation data are recorded in
Table 1.

Table 1: PSNR and SSIM for scale factor of 2.

PR [20] SCSR [13] KRR [27] GPR [22] SPM [26] Ours

Bells 25.401 29.477 29.527 28.213 29.568 29.511
0.838 0.904 0.904 0.889 0.907 0.905

Bike 21.602 25.801 25.801 24.110 25.803 25.884
0.713 0.845 0.847 0.779 0.846 0.848

Buddha 28.170 32.033 32.187 28.338 32.168 32.194
0.851 0.915 0.919 0.844 0.918 0.916

Butterfly 27.337 31.743 32.128 26.352 31.883 31.983
0.940 0.969 0.974 0.931 0.97 0.973

Child 26.435 29.941 30.154 26.392 30.021 30.248
0.893 0.941 0.945 0.882 0.943 0.944

Eagle 27.715 30.293 30.676 27.740 30.280 30.339
0.848 0.909 0.911 0.837 0.912 0.908

Face 30.307 37.054 36.953 30.453 37.209 37.381
0.920 0.967 0.970 0.920 0.971 0.970

Family 25.767 30.307 30.295 25.972 30.443 30.465
0.803 0.908 0.907 0.793 0.910 0.911

Fatem 29.091 35.384 35.620 28.701 35.788 35.857
0.882 0.953 0.956 0.875 0.957 0.956

Fish 27.304 34.609 35.160 27.204 34.372 34.934
0.859 0.950 0.954 0.860 0.950 0.952

Surfer 25.294 28.178 28.199 25.357 28.176 28.236
0.736 0.820 0.820 0.712 0.818 0.822

Tiger 23.727 29.103 29.143 23.643 29.248 29.321
0.883 0.946 0.948 0.880 0.949 0.948

Trees 27.848 30.678 30.651 27.928 30.794 30.780
0.734 0.851 0.850 0.752 0.850 0.854

Two birds 21.112 26.262 27.024 21.525 26.309 26.487
0.687 0.756 0.767 0.688 0.756 0.757

Waterfall 23.876 26.329 26.421 25.201 26.390 26.360
0.771 0.838 0.841 0.794 0.840 0.840
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Figure 7: Comparison of the averaged CPU time between different
methods.

4.4. Analysis. By analyzing (8) and (10), we can notice that 𝑧𝑖
is decomposed into 𝐾 layers, and, for each layer, the weight
is 𝜑𝑘(𝑥

𝑖
0). This operation can avoid the influence of different

frequencies. In each layer, we can see that if Σ𝑦𝑦0
𝑘
(Σ
𝑦0
𝑘
)
−1
= 𝐼,

the result of 𝑧𝑖 is degenerated into the result of the bicubic
interpolation method. In fact, we can consider Σ𝑦𝑦0

𝑘
(Σ
𝑦0
𝑘
)
−1 as

transforming matrix in which Σ𝑦𝑦0
𝑘
(Σ
𝑦0
𝑘
)
−1
𝑦
𝑖
0 = 𝑦

𝑖. We can
assume that the relationship between {𝑦𝑖0}

𝑛
𝑖=1 and {𝑦

𝑖
}
𝑛
𝑖=1 is

similar to the relationship between {𝑥𝑖0}
𝑁
𝑖=1 and {𝑥

𝑖
}
𝑁
𝑖=1. Thus

𝑥
𝑖
≈ Σ
𝑦𝑦0
𝑘
(Σ
𝑦0
𝑘
)
−1
𝑥
𝑖
0. So our approach is often superior to those

generated by other state-of-the-art algorithms.

5. Conclusion
In this paper, a novel algorithm is proposed for SISR based on
the concept of image self-similarity maximization. The pro-
posed method carefully observes and leverages a pair of local
and global image constraints between different resolutions of
an image.The local constraint dictates that a random patch in
the reconstructed HR image should exhibit visual similarity
with its corresponding image region in the LR image; the
global constraints state that the reconstructed HR image
should perceptually resemble the input LR image through
downsampling and filtering. The comparative experimental
results show that the results generated by the new method
preserve details of image more realistically, as determined
both perceptually through subjective evaluation and quan-
titatively via numeric measurements. In the future, we plan
to adapt and migrate the method for the problem of video
superresolution.
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