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Nonlinear control is without doubt a very popular research
field in modern control theory. Compared with linear sys-
tems, nonlinear control has more applications in practice,
and the related problems of nonlinear control exhibit more
complexity. Although nonlinear control theory and applica-
tion have made great progress in recent years, there are still
a lot of new and challenging problems existing in the areas
of theory analysis and applications, which cover the fields
of multiobjective control, design of regulating and tracking
systems, fault estimation, nonlinear robust 𝐻

∞
control and

filtering, stability and stabilization, etc.These problems merit
further study by using more advanced theories and tools.

This special issue will focus on nonlinear control sys-
tems together with their applications to control, filtering,
communication, manufacturing, fault detection, and systems
biology. The collection of papers with different areas of non-
linear systems clearly points to the need for communication
between researches of these areas.

The paper entitled “A Time-Replacement Policy for Mul-
tistate Systems with Aging Components under Maintenance,
from a Component Perspective” by C.-H. Huang and C.-H.
Wang studiesmultistate systems (MSSs)with agingmultistate
components (MSCs) to construct a time-replacement policy
and determine the optimal time. Traditional mathematics
cannot acquire accurate explicit expressions. To overcome
this difficulty, this paper uses Markov reward models and the
bound approximation approach to assess rewards of MSSs
with MSCs, including such things as total maintenance costs
and the benefits of the system staying in acceptable working
states.

R. Li et al. in the paper entitled “Research on Instabil-
ity Boundaries of Control Force for Trajectory Correction
Projectiles” propose a novel method to derive instability
boundaries for the control force magnitude. By introducing
the concept of angular compensation matrix, the exterior
ballistic linearized equations considering control force are
established. The necessary prerequisite for a stable flight
under control is given by the Routh stability criterion. The
instability boundaries for the control force magnitude are
derived.

The paper by G. Liu et al. entitled “Dynamical Analysis
and Optimal Harvesting Strategy for a Stochastic Delayed
Predator-Prey Competitive System with Lévy Jumps” devel-
ops a theoretical framework to investigate optimal harvesting
control for stochastic delay differential systems. The authors
first propose a novel stochastic two-predator and one-prey
competitive system subject to time delays and Lévy jumps.
Some sufficient conditions for persistence in mean and
extinction of three species are obtained by using the stochas-
tic qualitative analysis method. The optimal harvesting effort
and the maximum of expectation of sustainable yield are
derived from the Hessian matrix method and optimal har-
vesting theory of delay differential equations.

The paper entitled “Nonlinear Hybrid Multipoint Model
of High-Speed Train with Traction/Braking Dynamic and
Speed Estimation Law” by C. Jia et al. establishes a nonlin-
ear hybrid multipoint model (NHMPM) for a high-speed
train (HST) with the traction/braking dynamic and speed
estimation law. A full-order flux observer is designed by
using regional pole assignment theory to calculate the
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electromagnetic torque. The basic running resistance force
is reformulated by considering the aerodynamic drag distri-
bution characteristics, and the nonlinear coupling force is
analyzed as well.

F. Ma et al. in the paper entitled “Start-Up Process
Modelling of Sediment Microbial Fuel Cells Based on Data
Driven” study a typical microbial fuel cell, called sediment
microbial fuel cells (SMFCs). This paper uses online mon-
itoring technology to accurately measure the temperature,
pH, and voltage of the microbial fuel cell during the start-up
process. Experimental results show that the purpose of
rapid growth of power production can be achieved at the
initial stage of SMFC. At the beginning of SMFC, when the
temperature changes drastically, pH will change the same
first, and then there will be a certain degree of rebound. In the
middle stage of SMFC start-up, even if the temperature will
return to normal after the change, a continuous temperature
drop in a short time will lead to a continuous decrease in pH
value.

The paper by H. Kong and B. Yu entitled “A Moving
Object Indoor Tracking Model Based on Semiactive RFID”
studies the weak anti-interference and low accuracy problem
of moving object indoor tracking based radio frequency
identification devices (RFID) and presents a moving object
indoor tracking model based on semiactive RFID. This
model acquires scene location information through RFID
low frequency triggers preinstalled and adopts an improved
particle filter algorithm, which can increase the diversity of
the particles, overcome the particle impoverishment, and
reduce the tracking error.

J. An et al. in the paper entitled “Iterative Learning
Control for Nonlinear Weighing and Feeding Process” use
a piecewise linearization method for the nonlinear problem
and discuss the application of iterative learning control in the
weighing and feeding process. The nonlinear problem and
the repeatability are discussed based on dynamic analysis of
the weighing and feeding process. A linear state space model
is established with a piecewise linearization method, and
iterative learning controller is presented by utilizing repetitive
characteristics.

The paper by Y. Sun et al. entitled “A High-Precision
Rotor Position and Displacement Prediction Method
Specially for Bearingless Permanent Magnet Synchronous
Motor” studies a rotor displacement and position prediction
method based on a kernel extreme learning machine. The
high performance sensorless performance of the bearingless
permanent magnet synchronous motor (BPMSM) is the
main direction to improve the reliability of the drive system
and reduce the cost of the system. On the basis of the
mathematical model of BPMSM, this method predicts the
position and displacement of the rotor according to the
current and flux linkage of suspension windings and torque
windings by a kernel extreme learning machine (KELM).

E. Köse and A. Mühürcü in the paper entitled “Compara-
tive Controlling of the Lorenz Chaotic SystemUsing the SMC
and APP Methods” provide two different controller models
for the Lorenz chaotic system. Adaptive pole placement
and sliding mode control (SMC) methods are proposed for
the establishment of the continuous time Lorenz chaotic

system. An improved controller structure is developed first
theoretically for both the controller methods and then
tested practically using the numerical samples. During the
establishment of the adaptive pole placement method for
the Lorenz chaotic system, various stages were applied. The
chaotic system reached an equilibrium point by using both
the SMC and adaptive pole placement methods.

The paper entitled “On an Application of the Absolute
Stability Theory to Sampled-Data Stabilization” by A. N.
Churilov considers a nonlinear Lur’e-type plant with a sector
bound nonlinearity. The plant is stabilized by a discrete-time
feedback signal with a nonperiodic uncertain sampling. The
sampling control function is nonlinear and also obeys some
sectoral constraints at discrete (sampling) times. The linear
matrix inequality (LMI) conditions for the stability of the
closed-loop system are obtained.

H.-M. Lee et al. in the paper entitled “Further Results
on Sampled-Data Synchronization for Complex Dynamical
Networks with Time-Varying Coupling Delay” deal with the
sampled-data synchronization problem for complex dynam-
ical networks (CDNs) with time-varying coupling delay.
The two-sided free-weighting stabilization method is utilized
with a novel looped functional by taking the information of
the present sampled states and next sampled states, which
can more precisely account for the sawtooth shape of the
sampling delay. The quadratic generalized free-weighting
matrix inequality (QGFWMI) is utilized to calculate the
upper limit of the integral term. Based on the novel looped
functional and QGFWMI, improved conditions of stabil-
ity are derived from forms of linear matrix inequalities
(LMIs).

The paper by G. Zhao entitled “Modeling and Stability
Analysis for Markov Jump Networked Evolutionary Games”
investigates the algebraic formulation and stability analysis
for a class of Markov jump networked evolutionary games by
using the semitensor productmethod and presents a number
of new results. A proper algorithm is constructed to convert
the given networked evolutionary games into an algebraic
expression. Based on the algebraic expression, the stability
of the given game is analyzed and an equivalent criterion is
given.

X. Li et al. in the paper entitled “Exponential Stability
of Antiperiodic Solution for BAM Neural Networks with
Time-Varying Delays” consider a kind of BAM neural net-
works with leakage delays in the negative feedback terms
and time-varying delays in activation functions. By con-
structing a suitable Lyapunov function and using inequality
techniques, some sufficient conditions to ensure the existence
and exponential stability of antiperiodic solutions of these
neural networks are derived.

Y. Sun et al. entitled in the paper “Maximum Power
Point Tracking of DFIG with DC-Based Converter System
Using Coordinated Feedback Linearization Control” present
a coordinated feedback linearization strategy (CFLS) for a
DC-based doubly fed induction generator (DFIG) system
to track the maximum power point. The stator and rotor
of the DFIG are connected to the DC grid directly by two
voltage source converters. Compared with a traditional DFIG
system, the DC-based DFIG system has more system inputs
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and coupling, which increases the difficulty of vector control
strategy.

The paper by Y. Wang et al. entitled “Fractional-Order
Adaptive Backstepping Control of a Noncommensurate
Fractional-Order Ferroresonance System” applies fractional
calculus to establish a novel fractional-order ferroresonance
model with fractional-order magnetizing inductance and
capacitance. A novel fractional-order adaptive controller
is designed in terms of the fractional Lyapunov stability
theorem. The proposed control strategy requires only one
control input and can force the output of the chaotic system
to track the reference signal asymptotically.

The paper entitled “Hot Spot Data Prediction Model
Based on Wavelet Neural Network” by M. Zhang and W.
Chen improves the performance of data migration between
a solid-state hard disk and hard disk. The novel hybrid
multilevel storage system will be popular with SSD being
integrated into traditional storage systems.Thehot data block
prediction model based on a wavelet neural network is built
and trained by using historical data. Experimental results
show that the proposed model has better accuracy and faster
learning speed than the BP neural network model. It has
better generalization ability and robustness. This model can
be applied to the data migration of distributed hybrid storage
systems to improve performance.

X. Zhao et al. in the paper entitled “Optimization Problem
of Insurance Investment Based on Spectral RiskMeasure and
RAROC Criterion” introduce spectral risk measure (SRM)
into the optimization problem of insurance investment. The
authors establish an optimization model aiming at maximiz-
ing risk-adjusted return of capital (RAROC) involved with
spectral risk measure. The theoretical result is derived and
empirical study is displayed under different riskmeasures and
different confidence levels comparatively. The result shows
that risk attitude has a significant impact on investment strat-
egy. With the increase of risk aversion factor, the investment
ratio of risk asset correspondingly reduces.

The paper entitled “Optimal Control Based on the Poly-
nomial Least Squares Method” by C. Bota et al. presents an
approach for computing an optimal control law based on
the Polynomial Least Squares Method (PLSM). The initial
optimal control problem is reformulated as a variational
problem whose corresponding Euler-Lagrange equation is
solved by using the PLSM. A couple of examples emphasize
the accuracy of the method.

The paper by Y. Ren et al. entitled “Research on Time-
Space Fractional Model for Gravity Waves in Baroclinic
Atmosphere” derives the integer order mKdV equation to
describe the gravity solitary waves which occur in the baro-
clinic atmosphere. By employing the semi-inverse and vari-
ational method, a new model under the Riemann-Liouville
derivative definition is obtained. The symmetry analysis and
the nonlinear self-adjointness of the space-time fractional
mKdV (STFmKdV) equation are carried out and the con-
servation laws are analyzed. By adopting the exp(−Φ(𝜉))
method, five different solutions of the STFmKdVequation are
obtained.

S. Kong et al. in the paper entitled “Estimation and
Fault Diagnosis of Lithium-Ion Batteries: A Fractional-Order

System Approach” investigate the estimation and fault diag-
nosis of a fractional-order lithium-ion battery system. Two
simple and common types of observers are designed to
address the design of fault diagnosis and estimation for
the fractional-order systems. Fractional-order Luenberger
observers are employed to generate residuals which are used
to investigate the feasibility of model based fault detec-
tion and isolation. The notion of stability in the sense of
Mittag-Leffler is first introduced to discuss the state estima-
tion error dynamics. The design of the Luenberger observer
as well as the sliding mode observer can accomplish fault
detection, fault isolation, and estimation. The effectiveness of
the proposed strategy on a three-cell battery string system is
demonstrated.

The paper by C.-Q. Ma and W.-G. Sun entitled “Bipartite
Consensus for Multiagent Systems via Event-Based Control”
studies bipartite consensus for first-ordermultiagent systems.
To improve resource utilization, event-based protocols are
considered for bipartite consensus. A new type of control gain
is designed in the proposed protocols. By appropriate selec-
tion of control gains, the convergence rate of the closed-loop
system can be adjusted. It can be found that the system will
not show Zeno behavior.

The paper entitled “𝐻
∞

Control for Nonlinear Infinite
Markov Jump Systems” by Y. Liu and T. Hou discusses the
infinite horizon 𝐻

∞
control problem for a class of nonlin-

ear stochastic systems with state, control, and disturbance
dependent noise. The jumping parameters are modeled as an
infinite-stateMarkov chain. Based on the solvability of a set of
coupled Hamilton-Jacobi inequalities (HJIs), the exponential
mean square 𝐻

∞
controller for the considered nonlinear

stochastic systems is obtained.
Y. Chen et al. in the paper entitled “A New Robust Non-

fragile Controller Design Scheme for a Class of Hybrid Sys-
tems through Piecewise AffineModels” investigate the robust
𝐻
∞

nonfragile control problem for a class of discrete-time
hybrid systems based on piecewise affine models. By employ-
ing a state-control augmentation methodology, some new
sufficient conditions for the controller synthesis are for-
mulated based on piecewise Lyapunov functions (PLFs).
Controller gains can be obtained via solving a set of linear
matrix inequalities.

W. Hu in the paper entitled “ANew Stability Criterion for
Neutral Stochastic Delay Differential Equations with Marko-
vian Switching” investigates a new stability theorem for
neutral stochastic delay differential equations with Marko-
vian switching. By applying the stochastic analysis technique
and Razumikhin stability approach, a novel criterion of the
𝑝th moment exponential stability is derived for the related
systems. The feature of the criterion shows that the estimated
upper bound for the diffusion operator of the Lyapunov
function is allowed to be indefinite, even if it is unbounded,
which can loosen the constraints of the existing results.

Based on the adaptive sliding mode control technique, J.
Zhao et al. in the paper entitled “A Novel Nonlinear Fault
Tolerant Control for Manipulator under Actuator Fault” pro-
pose a fault tolerant control (FTC) scheme for a manipulator
with actuator fault. The dynamic model of the manipulator is
introduced and its actuator faultymodel is established. A fault
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tolerant controller is designed, in which both the parameters
of actuator fault and external disturbance are estimated and
updated by online adaptive technology.

The paper entitled “Finite-Time Stabilization for Stochas-
tic Inertial Neural Networks with Time-Delay via Nonlinear
Delay Controller” by D. Li et al. pays close attention to
the problem of finite-time stabilization related to stochastic
inertial neural networks with or without time delay. By
establishing a proper Lyapunov-Krasovskii functional and
making use of matrix inequalities, some sufficient con-
ditions on finite-time stabilization are obtained and the
stochastic settling-time function is also estimated. In order
to achieve the finite-time stabilization, both delayed and
nondelayed nonlinear feedback controllers are designed,
respectively.

J. A. Colunga et al. in the paper entitled “Predefined-Time
Consensus of Nonlinear First-Order Systems Using a Time
Base Generator” propose a couple of consensus algorithms
formultiagent systems.Theproposed consensus protocols are
based on the so-called time base generators (TBGs), which
are time-dependent functions used to build time-varying
control laws. One of the proposed protocols is based on
the super-twisting controller, providing robustness against
disturbances while maintaining the predefined-time conver-
gence property. It is shown that the proposed TBG protocols
represent an advantage not only in the possibility to define
a settling time but also in providing smoother and smaller
control actions than existing finite-time, fixed-time, and
predefined-time consensus.

The paper entitled “On Leaderless and Leader-Following
Consensus for Heterogeneous Nonlinear Multiagent Systems
via Discontinuous Distributed Control Protocol” by F. Wang
and Y. Yang concerns the consensus of heterogeneous non-
linear multiagent systems via distributed control. Both the
cases of leaderless and leader-following consensus are sys-
tematically investigated. Different from some existing results,
completed consensus can be reached in this paper among
heterogeneous multiagent network instead of bounded con-
sensus. A novel distributed control protocol is proposed, and
some general consensus criteria are derived for multiagent
systems without a leader.

The paper by X. Lin et al. entitled “𝐻
∞

Robust Tracking
Control of Stochastic T-S Fuzzy Systems with Poisson Jumps”
designs a robust adaptive 𝐻

∞
tracking control for nonlinear

stochastic systems with both Brownian motion and Poisson
jumps, which is based on Takagi-Sugeno (T-S) type fuzzy
techniques. By using the fuzzy systems to approximate the
nonlinear systems, an adaptive fuzzy control is employed to
achieve the desired 𝐻

∞
tracking performance for stochastic

systems with exogenous disturbance.
The paper by C. Guo and K. Zhang entitled “Global

Output Feedback Stabilization of Nonlinear Systems with
a Time-Varying Power and Unknown Output Function”
studies the problem of global output feedback stabilization
for a class of nonlinear systems with a time-varying power
and unknown output function. For nonlinear systems with
a time-varying power and unknown continuous output
function, by constructing a new nonlinear reduced-order
observer together with adding a power integrator method,

a new function to determine the maximal open sector Ω
of output function is given. As long as the output function
belongs to any closed sector included in Ω, it is shown
that the equilibrium point of the closed-loop system can be
guaranteed to be globally uniformly asymptotically stable by
an output feedback controller.

Y. Guan and X. Song in the paper entitled “Unbiased
Minimum Variance Estimation for Discrete-Time Systems
with Measurement Delay and Unknown Measurement Dis-
turbance” address the state estimation problem for stochastic
systems with unknown measurement disturbances any prior
information of which is unknown and which has mea-
surement delay resulting from the inherent limited band-
width. For such complex systems, the Kalman-like one-step
predictor independent of unknown measurement distur-
bances is designed based on the linear unbiased minimum
variance criterion and the reorganized innovation analysis
approach.

The paper entitled “Trajectory Design and Tracking
Control for Nonlinear Underactuated Wheeled Inverted
Pendulum” by S. Gong et al. studies an underactuated
wheeled inverted pendulum (UWIP) system. The motion
planning problem for this nonlinear system is difficult to
solve because of the existence of an uncontrollable manifold
in the configuration space. A method of designing motion
trajectory for this underactuated system is presented. The
tracking control of the UWIP for the constructed trajectory
is also studied.

H. Wang and L. Zhao in the paper entitled “A Nonho-
mogeneous Multivariable Grey Prediction NMGM Model-
ing Mechanism and Its Application” propose a novel non-
homogeneous multivariable grey prediction model termed
NMGM(𝑎, 𝑚, 𝑘𝛼) to deal with those data sequences that
are not in accord with homogeneous index trend. Based
on grey prediction theory, by the least squares method and
solutions of differential equations, the modeling mechanism
and time response function of the proposed model are
expounded. A case study demonstrates that the novel model
provides preferable prediction performance compared with
the traditional MGM(1, 𝑚)model.

The paper by L. Wang et al. entitled “Adaptive Fuzzy
Command Filtered Control for Chua’s Chaotic System” pro-
poses the command filtered adaptive fuzzy backstepping
control (AFBC) approach for Chua’s chaotic system with
external disturbance. Based on two proposed first-order
command filters, the convergence of tracking errors as well
as the problem of “explosion of complexity” in the traditional
backstepping design procedure is solved. Fuzzy logic systems
(FLSs) are used to identify the system uncertainties in real
time.The proposed controller can guarantee that all signals in
the closed-loop system remain bounded, and tracking errors
converge to a small region eventually.

The paper entitled “A New Approach to Adaptive Stabi-
lization of Stochastic High-Order Nonholonomic Systems”
by G. Li and K. Zhang studies the problem of adaptive
stabilization for a class of stochastic high-order nonholo-
nomic systems. Under the weaker assumptions, by con-
structing the appropriate Lyapunov function and combining
the sign function technique, an adaptive state feedback
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controller is designed to guarantee global asymptotic sta-
bility in probability of the closed-loop system. The effec-
tiveness of the controller is demonstrated by a mechanical
system.

D. Liu et al. in the paper entitled “Stochastic Stability
Analysis of Coupled Viscoelastic Systems with Nonviscously
Damping Driven by White Noise” investigate stochastic
stability of a coupled viscoelastic system with nonviscous
damping driven by white noise through moment Lyapunov
exponents. By using the coordinate transformation, coupled
Itô stochastic differential equations are obtained. The prob-
lem of the moment Lyapunov exponent is transformed to
the eigenvalue problem, and then the second-perturbation
method is used to derive the moment Lyapunov exponent of
the coupled stochastic system.

The paper by X. Qin entitled “The Adaptive Neural
Control for a Class of High-Order Uncertain Stochastic
Nonlinear Systems” studies the problem of the adaptive
neural control for a class of high-order uncertain stochastic
nonlinear systems. By using some techniques such as the
backstepping recursive technique, Young’s inequality, and
approximation capability, a novel adaptive neural control
scheme is constructed. The proposed control method can
guarantee that the signals of the closed-loop system are
bounded in probability, and only one parameter needs to be
updated online.

The paper entitled “Adaptive Parallel Simultaneous Sta-
bilization of a Class of Nonlinear Descriptor Systems via
Dissipative Matrix Method” by L. Sun and R. Yang inves-
tigates the adaptive parallel simultaneous stabilization and
robust adaptive parallel simultaneous stabilization problems
of a class of nonlinear descriptor systems via the dissipative
matrix method. Under an output feedback law, two non-
linear descriptor systems are transformed into two nonlin-
ear differential-algebraic systems by nonsingular transfor-
mations, and a sufficient impulse-free condition is given
for the two resulting closed-loop systems. Based on the
dissipative system, an adaptive parallel simultaneous stabi-
lization controller and a robust adaptive parallel simultaneous
stabilization controller are designed for the two systems.

Motivated by the quorum-sensing mechanism of bac-
teria, J. Zhang et al. in the paper entitled “Outer Syn-
chronization of a Modified Quorum-Sensing Network via
Adaptive Control” modify the network model by adding
unknown parameters and noise disturbances. There exist
three unknown parameters, and updating laws are pre-
sented to identify the unknown parameters with help of
the Lyapunov stability theory. The negative effects of noise
disturbances are also compensated for by designing adaptive
controllers.

The paper by X. Gao et al. entitled “A Common Value
Experimentation with Multiarmed Bandits” studies value
common experimentationwithmultiarmed bandits and gives
an application about the experimentation.The second deriva-
tive of value functions at cutoffs is investigated when an agent
switches action withmultiarmed bandits.TheMarkov perfect
equilibrium and the socially effective allocation in K-armed
markets are also discussed.

L. Wang et al. in the paper entitled “Adaptive Fuzzy Out-
put FeedbackControl for Partial State ConstrainedNonlinear
Pure Feedback Systems” address the adaptive fuzzy output
feedback control problem for a class of pure feedback systems
with partial state constraints. The fuzzy state observers are
designed to estimate the unmeasured state while the fuzzy
logic systems are used to approximate the unknown nonlin-
ear functions. The proposed adaptive fuzzy output feedback
controller can guarantee that the partial state constraints are
not violated, and all closed-loop signals remain bounded by
use of Barrier Lyapunov Functions (BLFs).

The paper entitled “Adaptive Synchronization for Uncer-
tain Delayed Fractional-Order Hopfield Neural Networks
via Fractional-Order Sliding Mode Control” by B. Meng
and X. Wang studies adaptive synchronization for a class
of uncertain delayed fractional-order Hopfield neural net-
works (FOHNNs) with external disturbances. For the
unknown parameters and external disturbances of the
delayed FOHNNs, some adaptive estimations are designed. A
fractional-order switched sliding surface is proposed for the
delayed FOHNNs. According to the fractional-order exten-
sion of the Lyapunov stability criterion, a fractional-order
sliding mode controller is constructed to guarantee that the
synchronization error of the two uncertain delayed FOHNNs
converges to an arbitrary small region of the origin.

The paper by J. Zhao and F. Meng entitled “Stability
Analysis of Solutions for a Kind of Integro-Differential Equa-
tions with a Delay” analyzes the stability of the zero solution
for second-order integrodifferential equations with a delay.
By constructing the Lyapunov functional, the corresponding
sufficient conditions on stability of the zero solution for two
integrodifferential equations are provided.

D. Zhu and C. Yin in the paper entitled “Stochastic Opti-
mal Control of Investment and Dividend Payment Model
under Debt Control with Time-Inconsistency” consider the
optimal debt ratio, investment, and dividend payment poli-
cies for insurers with time-inconsistency. The asset can be
invested in a financial market which contains a risky asset
and a risk-free asset. The objective is to maximize the
expected nonconstant discounted utility of dividend payment
until a determinate time. This is a time-inconsistent control
problem.

The paper entitled “Strong Solutions and Global Attrac-
tors for Kirchhoff Type Equation” by X. Chen studies the
long-time behavior of the Kirchhoff type equation with linear
damping and proves the existence of a strong solution and
the semigroup associated with the solution possesses a global
attractor in the higher phase space.

C. Guo and K. Zhang in the paper entitled “Dis-
turbance Attenuation via Output Feedback for Nonlinear
Time-Delay Systems with InputMatching Uncertainty” study
the problem of output feedback disturbance attenuation
for a class of uncertain nonlinear systems with input
matching uncertainty and unknown multiple time-varying
delays, whose nonlinearities are bounded by unmeasured
states multiplying unknown polynomial-of-output growth
rate. By skillfully combining the extended state observer,
dynamic gain technique, and Lyapunov-Krasovskii theorem,
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a delay-independent output feedback controller can be devel-
oped with only one dynamic gain to guarantee the bound-
edness of closed-loop system states and the achievement of
global disturbance attenuation in the 𝐿

2
-gain sense.

The paper by H. Wang and W.Y. Huang entitled “The
Dynamic Properties of a Nonlinear Economic Model with
Extreme Financial Frictions” investigates a generalized eco-
nomic model with two kinds of agents (farmers and land-
lords). Farmers produce grains by renting lands from land-
lords. The economy is assumed to be with extreme frictions
so that there are no markets for agents to trade grains. The
rental rate is determined by the equilibrium of the supply
and demand. The psychological anticipation is taken into
account in the setting of this model. By using the optimal
control theory, the dynamic properties of the rental rate and
its influence to the endogenous volatility are analyzed.

The paper entitled “Global Output Feedback Stabilization
for a Class of Nonlinear Cascade Systems” by C.-Y. Liu
et al. focuses on the problem of global output feedback
stabilization for a class of nonlinear cascade systems with
time-varying output function. By using the double-domina-
tion approach, an output feedback controller is developed to
guarantee the global asymptotic stability of the closed-loop
system. The novel control strategy successfully constructs
a unified Lyapunov function, which is suitable for both
upper-triangular and lower-triangular systems.

Q.Wang et al. in the paper entitled “Consensus Control of
Multiagent Systems with High-Order Nonlinear Inaccurate
Dynamics and Dynamically Switching Undirected Topolo-
gies” investigate the consensus control of a class of high-order
nonlinearmultiagent systems, whose topology is dynamically
switching directed graph. The high-order nonlinear dynam-
ics is transformed into the one-order dynamics by structuring
a sliding mode plane. Two consensus control protocols of the
one-order dynamics are designed by feedback linearization.
Under these control protocols, it is proved that the consensus
of new variable only requires a weaker topology condition.

The paper by J. Yogambigai et al. entitled “Exponential
Lagrange Stability for Markovian Jump Uncertain Neural
Networks with Leakage Delay and Mixed Time-Varying
Delays via Impulsive Control” studies the problem of expo-
nential Lagrange stability analysis of Markovian jump neural
networks with leakage delay and mixed time-varying delays.
By utilizing the Lyapunov functional method, employing the
free-weighting matrix approach and inequality techniques in
matrix form, the novel stability criteria are established such
that the suggested neural network is exponentially stable in
Lagrange sense.

The paper entitled “Adaptive Tracking Control for a Class
of Manipulator Systems with State Constraints and Stochas-
tic Disturbances” by W. Sun et al. constructs an adaptive
controller for a class of stochastic manipulator nonlinear
systems. A tan-type Barrier Lyapunov Function (BLF) is
employed to deal with state constraints. The proposed control
scheme guarantees the output error convergence to a small
neighborhood of zero. All the signals in the closed-loop
system are bounded.

Z. Li et al. in the paper entitled “A Novel Fifth-
Degree Strong Tracking Cubature Kalman Filter for

Two-Dimensional Maneuvering Target Tracking” present
a novel fifth-degree strong tracking cubature Kalman
filter to improve the two-dimensional maneuvering target
tracking accuracy. A new fifth-degree cubature rule is used
to approximate the intractable nonlinear Gaussian weighted
integral in the nonlinear Kalman filtering framework, and a
novel fifth-degree cubature Kalman filter is proposed. The
suboptimal fading factor is designed for the filter to adjust the
filtering gain matrix online and force the residual sequences
mutually orthogonal, thus improving the ability of the filter
to track the mutation state, and the fifth-degree strong
tracking cubature Kalman filter is derived. The suboptimal
fading factor is calculated in a new method, which reduces
the number of calculations for the cubature points from
three times to twice without calculating the Jacobian matrix.

Conflicts of Interest

The editors declare that they have no conflicts of interest
regarding the publication of this special issue.

Acknowledgments

The guest editorial team would like to express gratitude to
all the authors for their interest in selecting this special
issue as a venue for disseminating their scholarly work. The
editors also wish to thank the anonymous reviewers for their
careful reading of the manuscripts submitted to this special
issue collection and their many insightful comments and
suggestions.

Xue-Jun Xie
Ju H. Park

Hiroaki Mukaidani
Weihai Zhang



Research Article
A Simplified Fractional Order Equivalent Circuit Model
and Adaptive Online Parameter Identification Method for
Lithium-Ion Batteries

JianlinWang,1,2 Le Zhang,1 Dan Xu ,1 Peng Zhang,2 and Gairu Zhang2

1School of Mechanical Engineering, Xi'an Jiaotong University, Xi'an, Shaanxi, China
2Department of College of Science, Ningxia Medical University, Yinchuan, NingXia, China

Correspondence should be addressed to Dan Xu; xudan@xjtu.edu.cn

Received 10 September 2018; Revised 25 February 2019; Accepted 19 March 2019; Published 3 April 2019

Academic Editor: Francesc Pozo

Copyright © 2019 Jianlin Wang et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In order to improve the battery management system performance and enhance the adaptability of the system, a fractional order
equivalent circuit model of lithium-ion battery based on electrochemical test was established. The parameters of the fractional
order equivalent circuit model are identified by the least squares parameter identification method. The least squares parameter
identification method needs to rely on the harsh test conditions of the laboratory, and the parameter identification result is static;
it cannot adapt to the characteristics of the lithium battery under dynamic conditions. Taking into account the dynamic changes of
lithium batteries, a parameter adaptive online estimation algorithm for fractional equivalent circuit model is proposed. Based on
the theory of fractional order calculus and indirect Lyapunov method, the stability and convergence of the estimator are analyzed.
Finally, simulation experiments show that this method can continuously estimate the parameters of the fractional order equivalent
circuit under UDDS conditions.

1. Introduction

The battery management system (BMS) is one of the most
important technologies in the electric vehicle systems. A
good battery management system can fully utilize the battery
energy, which can not only prolong the mileage but also
improve the performance of the electric vehicle [1–3]. The
current electric vehicle’s power system is mainly based on
lithium batteries, because of their high safety, long life, and
high energy density. But the electrochemical reaction of
lithium-ion battery is highly nonlinear and uncertain, and
conversion of electric energy, chemical energy, and thermal
energy is very complex [4, 5]. Therefore, it is impossible to
build an accurate, intuitive, and efficient battery model for
EVs. As a result, it is difficult to design a battery management
system.

According to different modeling mechanism, the com-
monly used battery models at present are mainly including
electrochemical model and equivalent circuit model. The
electrochemical model describes the battery characteristics

with high accuracy, but its calculation process is complicated
and often contains many complex partial differential equa-
tions [6].The equivalent circuitmodel is not accurate enough,
but it is simple, intuitive, and suitable for electrical design
and simulation [7–9]. In [10], GaoPeng and his partners
designed an equivalent circuit model for lithium batteries
based on electrochemical impedance spectroscopy, which is
more accurate but still not simple enough.

In the traditional equivalent circuit model, the integer-
order RC networks are used to describe the battery con-
centration effects based on the electrochemical reaction of
lithium-ion catteries. First-order RC equivalent circuit model
is the simplest model, and it is suitable for engineering
application. However the first-order RC equivalent circuit
model cannot accurately simulate the static and dynamic
characteristics of the battery in the begining and the end of
charge and discharge. Although the accuracy of the battery
model can be improved by increasing the series number of RC
networks, it will become difficult to get the model parameters
and greatly increase computing tasks. Therefore, satisfying
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the engineering requirements and improving the accuracy
of the model is mutually restrictive, and we should try to
improve the accuracy of the model as much as possible when
the RC network is limited [11, 12].

A capacitor is a fractional reactance component with frac-
tional characteristics, and fractional derivatives and integrals
can better describe the dynamic behavior of RC networks in
a circuit system [13, 14]. Some researchers have established
fractional equivalent circuits for the electrochemical perfor-
mance of lithium batteries, but they mainly consider model
accuracy and neglect engineering applications. Such as in
[15], the author designed a fractional equivalent circuit model
containing 2-RC networks, and there are seven parameters in
the circuit that need to be identified so that it is difficult to
realize online identification.

In order to balance the accuracy of the fractional
equivalent circuit model and the practical application of
engineering, a simplified fractional equivalent circuit model
is proposed by electrochemical test of lithium battery and
combined with equivalent circuit modeling method. This
simplified fractional equivalent circuit model contains only
one RC network, except that the capacitance is described by
a fractional order.

Parameter identification is very important in the model-
ing and analysis of lithium batteries. The general parameter
identification method is based on collecting a large amount
of laboratory data and using the fitting method to find
the optimal parameter value in an offline situation [16–18].
In practical engineering applications, this offline parameter
identification method cannot reflect the influence of operat-
ing current, state of charge, temperature, and self-discharge
on the battery internal characteristics. Although algorithms
such as sliding mode and Kalman filter can compensate a
certainmodel system error by feedback, they do not eliminate
the state-of-charge estimation error from the root cause [19,
20].

Therefore, in order to improve the battery management
system performance and enhance the adaptability of the
system, the battery model parameters need to be esti-
mated online to update the battery models. In [21], the
authors propose an adaptive battery model based on online
identification of battery parameters to account for changes
in the internal characteristics of the battery under vari-
able conditions. The first-order RC integer-order dynamic
equivalent model established by this method has good
results. In addition, many researchers have given some
methods in the field of online identification of fractional
parameters, such as [22]. However, online parameter iden-
tification of fractional equivalent circuit models is rarely
reported.

In this paper, a simplified fractional order equivalent
circuit model for lithium-ion batteries and adaptive online
parameter identificationmethod are presented.The rest of the
paper is organized as follows: Section 2 introduces the elec-
trochemical impedance spectroscopy (EIS) and hybrid pulse
power characteristic (HPPC) test and the fractional order
equivalent circuit model. Section 3 discusses the parameter
identification of fractional equivalent circuit model by least
squares method under offline condition. Section 4 deals
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Figure 1: EIS curves of lithium-ion batterieswith different SOC [15].

with the design of an adaptive online parameter identifica-
tion method for fractional order equivalent circuit model.
Section 5 shows simulation results. Section 6 states some
conclusions and guidelines for further works.

2. Problem Statement and Fractional
Impedance Model

In this study, the NCR18650 lithium-ion battery was applied
and tested. It has a rated voltage of 3.7V and a cutoff
voltage of 2.8V and 2.9Ah capacity. In order to establish
a precise battery model, the battery characterization tests
include electrochemical impedance spectroscopy (EIS) and
mixed pulse power characteristics (HPPC) [23–25].

The state of health (SOH) of the test battery is 98%.
In this case, the EIS test of battery was measured using a
Princeton electrochemical workstation, and the battery was
under different state of charge (SOC). In the EIS test, the test
signal amplitude was set to 5mV and the frequency range was
set to 0.005 Hz to 5000 Hz. Results of the EIS test are shown
in Figure 1, and the four curves represent the different test
results when the SOC of battery is 20%, 40%, 60%, and 80%,
respectively.

Considering the characteristics of ternary lithium-ion
battery, the pulse charging current of batterywas set to 2C, the
discharge current of battery was set to 2.5C, and the sample
time of battery current and voltage was set to 0.1S in the
hybrid pulse power characteristic (HPPC) test. In order to
measure the open circuit voltage of the battery, the battery
was left standing for one hour after each pulse test, and the
voltage after standing is considered as the open circuit voltage
of the battery. Results of the HPPC test are shown in Figure 2.

It can be seen fromFigure 1 that the four curves of EIS test
have similar shapes when the SOC of battery is different, and
the Zre and –Zim values also approximately unchanged at the
same frequency. When the test frequency exceeds 0.05HZ,
the impedance spectrum shows an irregular semicircle that
can be modeled by several parallel combinations of a resistor
and a CPE. The parallel combination may represent the
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charge-transfer reaction on the solid electrolyte interphase
layer described by the Butler-Volmer equation.

It can be seen from Figure 2 that the HPPC test includes
a rapid voltage rise phase and a voltage ramp stabilization
phase. Regarding the battery in the impulse response test volt-
age rise phase and electrochemical impedance spectroscopy
of the high-frequency phase combination analysis, at this
stage, the battery voltage is rapidly rising; the main reason for
this phenomenon is the battery internal ohmic polarization.
In other words, the battery is in the ohmic polarization stage
at this stage. When building the battery equivalent model,
a resistance element can be used to simulate the battery
response to this stage. Combining the cell’s ramp stabilization
phase of the impulse response test to the mid-frequency and
low-frequency sections of the electrochemical impedance
spectroscopy, several parallel combinations can be simplified
as a parallel representation of one resistor and one CPE
element.

On the basis of the EIS analysis and HPPC test, the
fractional order equivalent circuit model of lithium-ion
battery could be simplified as shown in Figure 3. 𝑉1 denotes
the voltage for 𝑅1, which represents the ohmic voltage. 𝑉2
denotes the voltage for 𝑅2, which represents the concentra-
tion polarization voltage. 𝐸𝑂 is open circuit voltage of the
battery and 𝐶𝐶𝑃𝐸2 is a constant phase element.

The 𝐶𝐶𝑃𝐸2in Figure 3 could be deciphered by fractional
order elements

𝑍𝐶𝑃𝐸2 (𝑠) = 1𝐶2 ⋅ 𝑠𝛼 (1)

where 𝛼 ∈ 𝑅 and 0 < 𝛼 < 1, 𝐶2 ∈ 𝑅 and is coefficient as same
as capacitance. When 𝛼 = 1, 𝐶𝐶𝑃𝐸2 correspond to capacitor
with capacitance 𝐶2; (1) can be written as

𝑍𝐶𝑃𝐸2 (𝑠)𝛼=1 = 1𝐶2 ⋅ 𝑠 (2)

The total impedance of the fractional equivalent circuitmodel
is

𝑍 (𝑠) = 𝑅1 + 𝑅21 + 𝑅2𝐶2 ⋅ 𝑠𝛼 (3)

3. Parameter Identification of Least
Squares for Fractional Order Equivalent
Circuit Model

In the field of parameter identification, since the principle of
least squares (LS) is simple and the estimation performance is
good, it is considered to be themost basic estimation method.
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Table 1: Fitting data of every SOC case in fractional equivalent circuit model.

SOC 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
𝑅1/Ω 0.0495 0.0498 0.0489 0.0494 0.0491 0.0489 0.0498 0.0512 0.0501
𝑅2/Ω 0.0092 0.0089 0.0102 0.0097 0.0103 0.0114 0.0121 0.0089 0.0086
𝐶2/KF 0.8031 0.8347 0.8890 0.8912 0.9121 0.9330 0.8062 0.9241 0.9364
𝛼 0.7034 0.7002 0.6997 0.0731 0.0726 0.0703 0.0691 0.0701 0.7102

However, it is still difficult to apply the least squares method
to the parameter estimation of the fractional order system
[15]. Based on the fractional equivalent circuit model, the
parameter identification process of the least squares method
in the fractional order system is derived, and the parameter
identification of the fractional equivalent circuit is completed.

The fractional order equivalent circuit is analyzed based
on Kirchhoff ’s law, available

𝑉𝑜 = 𝐸𝑜 + 𝐼𝑅1 + 𝑉2
𝐷𝛼𝑉2 = − 𝑉2𝑅2𝐶2 +

𝐼𝐶2
(4)

Performing a Laplace transform on (4) yields an S-
domain expression

𝑉𝑜 (𝑠) = 𝐸𝑜 (𝑠) + 𝐼 (𝑠) ⋅ 𝑅1 + 𝑉2 (𝑠)
𝑉2 (𝑠) = 𝑅2𝑅2𝐶2𝑠𝛼 + 1𝐼 (𝑠)

(5)

Defining the input of the fractional order system as 𝐼 and
the output as 𝑉2, it means 𝑌(𝑠) = 𝑉2(𝑠) and 𝑈(𝑠) = 𝐼(𝑠). The
transfer function of the S-domain is

𝑌 (𝑠)𝑈 (𝑠) =
𝑅2𝑅2𝐶2𝑠𝛼 + 1 (6)

The bilinear transformation relationship of fractional
order systems is

𝑠𝛼 = ( 2𝑇 1 − 𝑧
−1

1 + 𝑧−1)
𝛼 , |𝑧| > 1 (7)

The bilinear transformation relationship of the fractional
order system described by (7) corresponds to the convolution
of two binomial sequences corresponding to the numerator
and the denominator, as

𝑠𝛼 = ( 2𝑇)
𝛼 𝑛∑
𝑘=0

(−𝑎)𝑘𝑘!
(−1)𝑛−𝑘 (𝑎)𝑛−𝑘(𝑛 − 𝑘)! (8)

where 𝑛! = (−1)𝑘(−𝑛)𝑘(𝑛 − 𝑘)! 𝑘 ≤ 𝑛, (𝛼)𝑛 = (−1)𝑘(−𝛼 −𝑛 + 1)𝑘(𝛼)𝑛−𝑘. So (7) can be rewritten as

𝑠𝛼 = ( 2𝑇)
𝛼 (−1)𝑛−𝑘 (𝛼)𝑛𝑛!

𝑛∑
𝑘=0

(−𝛼)𝑘 (−𝑛)𝑘 (−1)𝑘𝑘! (−𝛼 − 𝑛 + 1)𝑘
= ( 2𝑇)

𝛼 (−1)𝑛−𝑘 (𝛼)𝑛𝑛! 𝐹 (−𝛼, −𝑛; −𝛼 − 𝑛 + 1, −1)
(9)

where 𝐹(−𝛼, −𝑛; −𝛼 − 𝑛 + 1, −1) is a Gaussian hypergeo-
metric equation obeying the second-order recursive formula.

Using (9), the difference equation of the Z-domain of (5)
can be approximated as

𝑦 (𝑘) = −𝑇𝛼 − 2𝑅2𝐶2𝑇𝛼 + 2𝑅2𝐶2 𝑦 (𝑘 − 1) +
2𝑅2𝑇𝛼𝑇𝛼 + 2𝑅2𝐶2 𝑢 (𝑘)

+ 𝑅2𝑇𝛼𝑇𝛼 + 2𝑅2𝐶2 𝑢 (𝑘 − 1)
(10)

Define 𝜃 = [−(𝑇𝛼 − 2𝑅2𝐶2)/(𝑇𝛼 + 2𝑅2𝐶2), 2𝑅2𝑇𝛼/(𝑇𝛼 +2𝑅2𝐶2), 𝑅2𝑇𝛼/(𝑇𝛼+2𝑅2𝐶2)] andΦ = [𝑦(𝑘−1), 𝑢(𝑘), 𝑢(𝑘−1)],
the least squares vector expression is

𝑦 = Φ𝜃 + 𝜀 (11)

where 𝑦 is the output vector at time 𝑘,Φ is a known input
and output vector, 𝜃 is a parameter estimation matrix vector,
and 𝜀 is a residual vector.

By using the least squares method to minimize the sum
of the squares of the residuals, the optimal estimate of the
parameter matrix can be obtained, as

𝜃 = [Φ𝑇Φ]−1Φ𝑇𝑦 (12)

Since the lithium battery changes at the moment of
current change, the voltage change at the battery terminal
is equivalent to pure resistance, and the influence of polar-
ization resistance is small enough and can be approximately
zero. Therefore, the estimation of the internal resistance of a
lithium battery can be equivalent to

𝑅1 = Δ𝑉𝑜Δ𝑡 (13)

The fractional equivalent circuit model parameters of the
lithium battery are identified by the least squares method
under different SOC from HPPC test, and the parameter
estimation of the whole discharge interval can be obtained.
The parameter identification results are shown in Table 1.

4. Adaptive Online Parameter
Identification Method

Although the fractional order equivalent circuits have a more
accurate battery performance description, the battery has
obvious nonlinear, time-varying characteristics in the actual
working condition. In other words, the accurate batterymode
is suitable for static performance description, but not for
dynamic performance description.
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Therefore, in order to improve the estimation accuracy of
the state of charge and enhance the adaptability of the system,
the batterymodel parameters need to be estimated online and
the battery model should be updated.

According to the fractional order equivalent circuit
model, the fractional order is set as 𝛼 = 0.7 from the
contents of the previous section. The model parameters that
the internal resistance unit and the polarization impedance
unit need to recognize include 𝑅1, 𝑅2, and 𝐶2. Under normal
operating conditions, the battery charge and discharge rate
is not high, so the charge state changes slowly. Open circuit
voltage (𝐸𝑜) is a function of state of charge (SOC), so the
battery open circuit voltage change is relatively slow, in order
to obtain amore accurate parameter model, the 𝐸𝑜 also needs
to be identified online.

The system of fractional equivalent circuits can be
described as a fractional differential equation of (3) and (4).
And the derivative of (4) can be rewritten

𝐷𝛼𝑉𝑜 = 𝐷𝛼𝐸𝑜 + 𝐷𝛼𝐼𝑅1 + 𝐷𝛼𝑉2
= 𝑅1𝐷𝛼𝐼 + 𝑅1 + 𝑅2𝑅2𝐶2 𝐼 −

𝑉𝑜𝑅2𝐶2 +
𝐸𝑜𝑅2𝐶2

= [𝑅1 𝑅1 + 𝑅2𝑅2𝐶2
1𝑅2𝐶2

𝐸𝑜𝑅2𝐶2 ] [𝐷𝛼𝐼 𝐼 −𝑉𝑜 1]
= 𝜃𝜇T

(14)

where

𝜃 = [𝑅1 𝑅1 + 𝑅2𝑅2𝐶2
1𝑅2𝐶2

𝐸𝑜𝑅2𝐶2 ] ∈ R,
𝜇 = [𝐷𝛼𝐼 𝐼 −𝑉𝑜 1]T ∈ R

(15)

Since the system parameters are unknown to scene 𝜃,
using its estimation 𝜃 instead, the corresponding estimated
output is

𝐷𝛼�̂�𝑜 = 𝜃𝜇T (16)

Set the output voltage prediction error and the parameter
vector estimation error respectively as

𝑒 (𝑡) = 𝑉𝑜 − �̂�𝑜 (17)

𝜃 (𝑡) = 𝜃 − 𝜃 (18)

Thus, amodel for estimation of parameters is constructed

[[[[[[
[

𝐷𝛽𝜃1
𝐷𝛽𝜃2
𝐷𝛽𝜃3
𝐷𝛽𝜃4

]]]]]]
]
=
[[[[[
[

𝜌1𝐷𝛼𝐼
𝜌2𝐼
−𝜌3𝑉𝑜
𝜌4

]]]]]
]
𝑒 (𝑡) (19)

where 𝛽 is the parameter update order limited by inequality0 < 𝛽 < 1, and 𝜌1, 𝜌2, 𝜌3, 𝜌4 are positive constants.

In order to reduce the 𝜃(𝑡), the parameter update law
is designed and the normalized quadratic cost function is
defined as

𝐽 (𝜃) = 𝑒2 (𝑡)2𝜛2 (𝑡) (20)

where 𝜛2(𝑡) = 1 + 𝜇𝑇Λ𝜇, and Λ is blamed for the positive
definite matrices and it is called the normalizing weighting
coefficient matrix.

Design system parameters update law as

𝐷𝛽𝜃 = −Γ∇𝐽 (21)

where Γ is the positive definite matrix of the appropriate
dimension.

Take (17) and (20) into (21), we can obtain

𝐷𝛽𝜃 (𝑡) = −Γ 𝜇
1 + 𝜇𝑇Λ𝜇𝑒 (𝑡) (22)

Define Θ(𝑡) = 𝜇𝜇𝑇/𝜛2(𝑡) ≥ 0, so (22) is rewritten as

𝐷𝛽𝜃 (𝑡) = −ΓΘ (𝑡) 𝜃 (𝑡) (23)

According to Lemma 2.1 in [22], the corresponding
frequency distributed model of the system can be described
by

𝜕𝑧 (𝜔, 𝑡)𝜕𝑡 = −𝜔𝑧 (𝜔, 𝑡) − ΓΘ (𝑡) 𝜃 (𝑡)
𝜃 (𝑡) = ∫∞

0
𝜙𝛽 (𝜔) 𝑧 (𝜔, 𝑡) 𝑑𝜔

(24)

where 𝑧(𝜔, 𝑡) ∉ R, 𝜙𝛽(𝜔) = sin 𝛽𝜋/𝜋𝜔𝛽.
Define the Lyapunov function as

𝑉 = 12 ∫
∞

0
𝜙𝛽 (𝜔) 𝑧𝑇 (𝜔, 𝑡) Γ−1𝑧 (𝜔, 𝑡) 𝑑𝜔 (25)

The time derivative of (24) can be written as

�̇� = ∫∞
0
𝜙𝛽 (𝜔) 𝑧𝑇 (𝜔, 𝑡) Γ−1 𝜕𝑧 (𝜔, 𝑡)𝜕𝑡 𝑑𝜔 = ∫∞

0
𝜙𝛽 (𝜔)

⋅ 𝑧𝑇 (𝜔, 𝑡) Γ−1 (−𝜔𝑧 (𝜔, 𝑡) − ΓΘ (𝑡) 𝜃 (𝑡)) 𝑑𝜔
= −∫∞
0
𝜔𝜙𝛽 (𝜔) 𝑧𝑇 (𝜔, 𝑡) Γ−1𝑧 (𝜔, 𝑡) 𝑑𝜔 − 𝜃𝑇 (𝑡)

⋅ Θ (𝑡) 𝜃 (𝑡)

(26)

It is obvious that �̇� < 0, which means that it satisfies
the Lyapunov stability criterion, so the adaptive parameter
estimation algorithm is asymptotically stable.

Based on LaSalle Lemma, one can conclude that such a
fractional order gradient estimator is asymptotically stable
when 0 < 𝛽 < 1. In other words, 𝜃(𝑡) can converge to zero

lim
𝑡→∞

𝜃 = 0 (27)
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Figure 4: Parameter online simulation mode.

Further, the equivalent circuit parameters can be ex-
pressed as

[[[[[[
[

�̂�1
�̂�2
𝐸𝑜
𝐶2

]]]]]]
]
=

[[[[[[[[[[[[[
[

𝜃1
𝜃2𝜃3 − 𝜃1𝜃4𝜃3(�̂�1 + �̂�2) 𝐼 − 𝑉𝑜 + 𝐸𝑜

(�̇�𝑜 − �̂�1𝐷𝛼𝐼) �̂�2

]]]]]]]]]]]]]
]

(28)

5. Simulation and Experimental Verification

In order to verify the accuracy of the adaptive online
parameter identification, a Simulink model is designed in
MATLAB/Simulink, as shown in Figure 4. The battery
current and voltage data is collected in real time on the
battery test platform, according to the discharge requirements
of the UDDS driving cycle. The simulation model is used
to continuously evaluate the ohmic resistance, polarization
resistance, and polarization capacitance of the battery under
this condition.

The initial parameters and feedback coefficients of adap-
tive online parameter identification algorithm are set as
follows: 𝜃1(0) = 0.2, 𝜃2(0) = 0.01, 𝜃3(0) = 0.2, 𝜃4(0) = 1,𝜌1 = 0.01, 𝜌2 = 0.002, 𝜌3 = 0.02, and 𝜌4 = 0.005. The results
of the adaptive online estimation of fractional equivalent
circuit parameters are shown in Figure 5. The blue curves
represent the results of the adaptive online identification
of the equivalent circuit parameters, and the red curves
represent the results of the parameter identification shown in
Table 1 under offline conditions.

It can be seen that, under the condition of randomly given
initial values, the estimated curve of each parameter quickly
converges to the reference curve, and then the fluctuation

tends to be stable.This shows that the proposed algorithmcan
quickly correct the initial capacity deviation under dynamic
conditions, accurately estimate the internal parameters of the
battery, and have good rapidity, robustness, and stability.

6. Conclusions

In this paper, we analyzed the EIS and the HPPC data of
lithium-ion batteries and proposed a simplified fractional
order RC equivalent circuit impedance model. By offline
identification of fractional order circuit model parameters
based on HPPC data, it can be seen that the fractional
order equivalent circuit model is more accurate than the
integer-order equivalent circuit model. However, there still
exists the problem that static battery models cannot match
dynamic conditions. In order to solve this problem, an online
parameter estimation method for the simplified fractional
equivalent circuit model is proposed. Using the Lyapunov
stability theorem, the stability and convergence of themethod
is proved. This method can realize real-time collection of the
battery current and voltage data and continuously estimate
the ohmic resistance, polarization resistance, and polariza-
tion capacitance of the battery under working conditions.
Simulation results show that the adaptive online parameter
estimation method can be used for parameter identification
and parameter updating of the fractional order equivalent
circuit model and can well reflect the dynamic characteristics
of the battery.
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This study aims for multistate systems (MSSs) with aging multistate components (MSCs) to construct a time-replacement policy
and thereby determine the optimal time to replace the entire system. The nonhomogeneous continuous time Markov models
(NHCTMMs) quantify the transition intensities among the degradation states of each component. The dynamic system state
probabilities are therefore assessed using the established NHCTMMs. Solving NHCTMMs is rather complicated compared
to homogeneous continuous time Markov models (HCTMMs) in determining reliability related performance indexes. Often,
traditional mathematics cannot acquire accurate explicit expressions, in particular, for multiple components that are involved in
designed system configuration. To overcome this difficulty, this study uses Markov reward models and the bound approximation
approach to assess rewards of MSSs with MSCs, including such things as total maintenance costs and the benefits of the system
staying in acceptable working states. Accordingly, we established a long-run expected benefit (LREB) per unit time, representing
overall MSS performance through a lifetime, to determine the optimal time to replace the entire system, at which time the LREB
values are maximized. Finally, a simulated case illustrates the practicability of the proposed approach.

1. Introduction

Conventional binary-state systems assume that component
constituted system configurations involve either only per-
fect functioning or complete failure. The optimal system
reliability design, maintenance policy, and repairing man-
agement are thereby determined. However, the design of
modern devices tends to be of large scale and complicated;
these devices normally confront different kinds of faults
and errors, including damage, impacts, and aging factors,
throughout their lifetimes. Various systems, such as com-
puter server, telecommunication, and electricity distribution
systems, become tolerant to these faults and errors. Even
if a fault occurs, these systems continue working at an
acceptable or degraded performance level. Accordingly, from
being perfectly functioning, systems normally experience
multiple intermediate states during the degradation process,
before complete failure occurs. Confining systems to binary

states can ignore the intrinsic multistate property of these
systems and result in a biased evaluation of actual system
performance. Therefore, constructing a multistate reliability
theory can provide further insight into the complicated fail-
ure theory, lifetime prediction, and improvement of system
reliability, which is an essential issue in both practical and
theoretical aspects.

Multistate systems (MSSs) are regarded as failures when
they degrade into unacceptable performance levels and can-
not meet operational requirements. Preventive maintenance
(PM) implementation is beneficial to sustain or improve sys-
temperformance during the planning horizon. Incorporating
imperfect maintenance theories into the stochastic process
[1, 2] can properly imitate the status of MSS degradation.
Although components can exhibit better performance after
maintenance, satisfying system performance requirements as
these components gradually age is usually necessary. Overly
frequent maintenance not only consumes a tremendous
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amount of cost but also decreases the marginal effectiveness
of system performance improvements and increases mainte-
nance time. This phenomenon induces the essential issue of
determining the time-replacement policy for MSSs.

This study extends the work of Wang and Huang [3]
which aims for MSSs with aging multistate components
(MSCs) to establish an optimal time-replacement policy,
given the PM policy from the component perspective.
Determining a PM policy from the component perspective
has practical applications because the component can be
monitored in real time, and its degradation or failure can
cause the sudden failure of the system, resulting in catas-
trophic consequences. A recent case of this occurred when
General Motors developed the On Star system, which can
monitor car parts and alert drivers before the system needs
to be repaired [4]. A performance index regarding the long-
run expected benefit (LREB) per unit time for an MSS
with aging MSCs was established to evaluate its long-run
benefits. The optimal time to replace all the components
in MSSs can be determined easily by maximizing the long-
run expected benefit (LREB) values. Mathematically, the
nonhomogeneous continuous time Markov reward models
(NHCTMRMs) [5, 6] for all components and the system are
established to evaluate the maintenance costs and benefits of
awell-maintained system. Similarly, establishingNHCTMMs
mainly calculates the instantaneous state probability distri-
bution of MSSs and thereby determines system availability
for MSSs with aging MSCs. Solving the NHCTMMs and
NHCTMRMs is more complicated than solving the HCT-
MMs. This solving difficulty is significantly increased along
with the system augmentations, such as the extension of
components and their degradation states. Under this con-
sideration, conventional mathematics cannot obtain explicit
expressions of NHCTMMandNHCTMRM solutions. Often,
using calculators as common mathematical tools, such as
MATLABorMathcad, may induce the problem of inaccuracy
[7–10]. Ding et al. [9] developed the bound approximation
approach that can solve the NHCTMMs efficiently. The
bound approximation approach partitions the system lifetime
into multiple tiny intervals and sets the transition intensities
within intervals as constant. The HCTMMs then find the
instantaneous probability at the end of each time interval; via
iterative procedure, the NHCTMMs can be solved efficiently.
This study uses the bound approximation approach [9] to
solve the nonlinear simultaneous differential equations corre-
sponding to the established NHCTMMs and NHCTMRMs.
The time-dependent LREB index values are then determined
throughout lifetime. Maximizing the LREB index values
can allow engineers to find the optimal time to replace an
MSS given a specified PM policy that is implemented from
the component perspective [11]. A simulated case involving
execution of sensitivity analysis verifies the efficacy of the
proposed approach.

2. Literature Review

In general, some indices were proposed in evaluation of
dynamic system over time mainly related with system
availability; these indices can fall into two categories with

expense-oriented and benefit-oriented indices. These two
categories commonly refer to index like “long-run aver-
age cost” [12, 13] and “long-run expected profit” [14, 15],
respectively, despite other similar measures. Zhang andWang
[12] proposed a replacement policy for a deteriorating sys-
tem with multifailure modes including nonrepairable failure
(catastrophic failure) and 𝑘 repairable failure modes. On the
basis of a geometric process model to evaluate the aging
effect and accumulative wear for a deteriorating system, they
established an explicit expression of the long-run average cost
(LRAC) per unit time of a system. The system is replaced
whenever the number of system failures reaches 𝑁 or a
nonrepairable failure occurs. The optimal 𝑁∗ is determined
by minimizing the LRAC. Although the property of system
deterioration is considered in the proposed replacement
policy [11], their study is confined to a binary system. Wang
and Zhang [16] extended the study of Zhang and Wang [12],
except that the repair times after failure are assumed to be
independent and identically distributed. Two replacement
models were proposed: one is based on the limiting availabil-
ity and the other is based on the LRAC rate of the system.
Bymaximizing the limiting availability A(N) andminimizing
the LRAC rate C(N), the optimal replacement policies 𝑁
in both cases are determined. Chang et al. [17] proposed a
replacement model given the system experiences including
a type-I failure (minor), rectified by a minimal repair, and a
type-II failure (catastrophic) that calls for a replacement. A
long-run expected cost per unit time in operating the system,
incorporating costs due tominimal repair and different forms
of the replacement state derived, is a determinant to decide
whether to repair or replace the system. The maintenance
model for replacement policy in Chang et al. [17] is from
the perspective of a binary system. Jain and Gupta [18]
proposed an optimal replacement policy for a repairable
system with multiple vacations and imperfect fault coverage.
The reliability analysis of a repairable system consists of
a single repair person who can take multiple vacations. A
repair system considers two types of failuremodes: major and
minor. Maintenance policy involves perfect recovery of the
system after a minor fault, whereas imperfect recovery with
some probability occurs after a major fault. System lifetime
and vacation time of the repair person are assumed to be
exponentially distributed, whereas the repair time follows a
general distribution. By assuming a geometric process for
system working/vacation time, the supplementary variable
technique and Laplace transform approach derive the relia-
bility indices of the system. Accordingly, a replacement policy
to maximize the expected profit after a long run time was
proposed.

Liu and Huang [19] constructed an optimal replacement
policy for a system consisting of a single multistate ele-
ment. This study mainly considers scenarios in which the
performance rate and transition intensities cannot be crisply
determined because of a lack of accuracy or fluctuation of
collected data. The optimal threshold value of degradation
states related to replacing an element is determined to
maximize its objective value of average benefit per unit time.
Zhang et al. [20] studied a degenerately simple system with
k + 1 states, including 𝑘 failure states and one working
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state. A replacement policy 𝑁 based on the number of sys-
tem failures was applied given implementation of imperfect
maintenance. The objective was to maximize the long-run
expected profit per unit time. The explicit expression of
the long-run expected profit per unit time was derived and
the corresponding optimal solution was determined. Zhang
and Wang [13] extended the study of Zhang et al. [20] and
proposed a new replacement policy, T, based on the system
age for a multistate degenerative simple system. The model
assumes that the system after repair is not “as good as new,”
and the degeneration of the system is stochastic. The explicit
expression of the long-run average cost per unit time is
derived and minimized to determine an optimal replacement
policy T∗. The long-run average cost is mathematically the
same measure as the long-run expected cost referred to in
Chang et al. [17]. Liu and Huang [14] developed an optimal
replacement policy for an MSS with imperfect maintenance
from the system perspective. There are some efforts aiming
at determining the PM policy from the system perspective
[9, 21, 22]. Once the system falls into an unacceptable
state, the system fails and imperfect maintenance for all
components is implemented without considering the states
of the components. The established corrective maintenance
model assumes that the components recover back to a perfect
functioning state after maintenance, whereas degradation
intensities increase with the amount of maintenance to
characterize the impact of aging factors on components
using a quasi-renewal process [15]. An LREB index per unit
time associated with the number of MSS failures, denoted
as N, was developed to determine the optimal MSS failure
number 𝑁 to replace a whole system. Liu and Huang [14]
used the NHCTMMs to evaluate the instantaneous multistate
probability distribution of aging components. Then, the
stochastic process of MSSs was elucidated in terms of their
multistate probability distribution, derived by a universal
generating function [23]. The maintenance costs of compo-
nents accounted for in Liu and Huang [14] are independent of
their performances levels: nomatter the degradation states of
the components, maintenance costs are identical. Normally,
components at low degradation states cost much more to be
restored to perfect functioning than those at high degradation
states inmaintenance. Furthermore, the componentsmay not
need to be restored to perfect status. A rather simple system
configuration was illustrated to obtain explicit expressions of
system performances in the study.

Much of the previously discussed literatures aimed at
binary systems to address the problem of replacement pol-
icy given imperfect maintenance from the system imple-
mentation perspective. Although some works address the
replacement policy problems for multistate systems, the PM
from the perspective of a system with binary components is
given. Furthermore, in order to deduce the explicit expression
of the MSS performance measure, a rather simple system
configuration is given to illustrate the theoretical results.
Practically, for a safety system, the PM policy from the
component perspective can prevent a sudden system failure
due to component degradation or failure, avoiding possi-
ble catastrophic consequences. In this regard, this study
aims at MSSs with aging MSCs to establish an optimal

time-replacement policy, given the implementation of a
PM policy from a component perspective. The PM policy
involves maintenance actions in the degradation states for
aging MSCs. A performance index regarding the long-run
expected benefit (LREB) per unit time for MSSs with aging
MSCs determined the optimal time to replace an MSS by
maximizing the LREB values throughout the lifetime. The
term “benefit,” a general designate, corresponds to the profit
making with system staying at acceptable states capable
of functioning properly with distinct performances in this
paper. Alternatively, given other considerations, the term
“benefit” could relate to other measures such as productivity
and delivery rate in a manufacturing system.

3. NHCTMMs

3.1. NHCTMMfor an AgingMSC. TheLisnianski and Levitin
[24, 25] use the homogeneous continuous time Markov
model to characterize the degradation process of individual
MSC. This approach assumes that the transition intensity
to the next state has no age effect only depending on the
current state. It is inapplicable for cases that a component’s
degradation process does not only rely on the current
state but also the age of the component. Taking the aging
factors, theNHCTMMs are employed to obtain the stochastic
behavior of individual aging components by transition inten-
sities enhanced with age. For a repairable aging MSC, the
component degrades to states with lower performance rate
from the states with higher performance rate; conversely, it
is restored to states with higher performance rate from the
states with lower performance rate after appropriate mainte-
nances. Figure 1 shows a typical state-transition diagram of a
repairable aging MSC.

For component 𝑙, 𝑙 = 1, 2, . . . , 𝑚, the performance
degradation is characterized by the stochastic process {𝐺𝑙(𝑡) |
𝑡 ≥ 0}. The intensity 𝜆𝑙𝑖𝑗(𝑡) of any transition from state
𝑖 to state 𝑗, 𝑗 ∈ {𝑖 − 1, 𝑖 − 2, . . . , 1}, is a monotonically
increasing function associated with component age, while 𝜇𝑙𝑗𝑖
of any transition from state 𝑗 to state 𝑖 is a repairing rate
indicating the repair time is exponentially distributed. The
corresponding Chapman-Kolmogorov differential equation
of NHCTMM for this repairable aging MSC is expressed as

𝑑
𝑑𝑡
𝑝𝑙𝑗 (𝑡) =

𝐾𝑙

∑
𝑖=1
𝑖 ̸=𝑗

𝑝𝑙𝑖 (𝑡) 𝛼
𝑙
𝑖𝑗 (𝑡) − 𝑝

𝑙
𝑗 (𝑡)
𝐾𝑙

∑
𝑖=1
𝑖 ̸=𝑗

𝛼𝑙𝑗𝑖 (𝑡) ,

𝑗 = 1, 2, . . . , 𝐾𝑙

(1)

where 𝑝𝑙𝑖(𝑡) and 𝑝𝑙𝑗(𝑡) are the instantaneous probabilities
of states 𝑖 and 𝑗 occurring at instant 𝑡, respectively, for
component l. 𝛼𝑙𝑖𝑗(𝑡) and 𝛼𝑙𝑗𝑖(𝑡) are time-varying transition
intensities from state 𝑖 to 𝑗 and from 𝑗 to 𝑖 in terms of
𝜆𝑙𝑖𝑗(t) and 𝜇

𝑙
𝑗𝑖, respectively. Equation (1) contains 𝐾𝑙 nonlinear

differential equations. Ideally, given the initial probability
values of all states, the distribution of states for a component
at instant 𝑡 can be determined by solving the NHCTMM.
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Figure 1: State-transition diagram of a component.

However, solving the NHCTMM is a complicated challenge
[7–10].

3.2. �e NHCTMM and NHCTMRM for the MSS with Aging
MSCs. When the MSS consists of 𝑛 aging MSCs, its perfor-
mance rate is clearly determined by the performance rates
of these MSCs. The state of the entire system is determined
by the states of MSCs configured in the system. Let 𝐿𝑛 =
{𝑔11, . . . , 𝑔

1

𝐾1

}× {𝑔21, . . . , 𝑔
2

𝐾2

}× . . . × {𝑔𝑛1 , . . . , 𝑔
𝑛

𝐾𝑛

} be the space
of possible combinations of performance rates for all the
MSCs. Mapping the space of the components performance
rate into the system’s performance rate according to MSS
structure function can derive the space of possible values of
performance rates for the entire system 𝑀 = {𝑔1, . . . , 𝑔𝐾}.
Mathematically, the space of performance rates for a MSS
significantly increases with the augmentation of a MSS such
as extension of components and their degradation states.
Technically, the MSS states with identical performance rate
are united into one state and thereby establish the Markov
model to reduce the solving complexity of the established
NHCTMMswithout calculation inaccuracy. Accordingly, the
MSS performance measures are determined. The Chapman-
Kolmogorov differential equation of NHCTMM for a MSS is
expressed as

𝑑
𝑑𝑡
𝑝𝑗 (𝑡) =

𝐾

∑
𝑖=1
𝑖 ̸=𝑗

𝑝𝑖 (𝑡) 𝛼𝑖𝑗 (𝑡) − 𝑝𝑗 (𝑡)
𝐾

∑
𝑖=1
𝑖 ̸=𝑗

𝛼𝑗𝑖 (𝑡) ,

𝑗 = 1, 2, . . . , 𝐾

(2)

where 𝑝𝑖(𝑡) and 𝑝𝑗(𝑡) are the instantaneous probabilities of
states 𝑖 and 𝑗 occurring at instant 𝑡, respectively. 𝛼𝑖𝑗(𝑡) and
𝛼𝑗𝑖(𝑡) are time-varying transition intensities from state 𝑖 to 𝑗
and from state 𝑗 to 𝑖 in terms of 𝜆𝑙𝑖𝑗(𝑡) and 𝜇

𝑙
𝑗𝑖, respectively,

for a MSS. Equation (2) contains 𝐾 nonlinear differential
equations. Ideally, given the initial probability values of all

MSS states, theMSS states probabilities distribution at instant
𝑡 can be determined.

The nonhomogeneous Markov reward model [24, 26]
can be used to effectively assess the reliability performances
and cost associated measures for an aging MSC/MSS over its
lifetime. Basically, the NHCTMRM is a Markov process with
rewards; the reward matrix r = [𝑟𝑖𝑗] must be constructed
according to varied indicators such as maintenance costs,
revenue staying at the acceptable states, availability, andmean
time to failure. The Chapman-Kolmogorov differential equa-
tion corresponding to NHCTMRM for a MSS is expressed as

𝑑𝑉𝑖 (𝑡)
𝑑𝑡

= 𝑟𝑖𝑖 +
𝐾

∑
𝑗=1
𝑗 ̸=𝑖

𝛼𝑖𝑗 (𝑡) 𝑟𝑖𝑗 +
𝐾

∑
𝑗=1

𝛼𝑖𝑗 (𝑡) 𝑉𝑗 (𝑡) ,

𝑖 = 1, 2, . . . , 𝐾

(3)

where 𝑉𝑖(𝑡) and 𝑉𝑗(𝑡) are the total expected reward (TER)
values accumulated until time 𝑡 while in states 𝑖 and 𝑗,
respectively. Substituting the initial value 𝑉𝑖(0) = 0 into
(3), the simultaneous nonlinear differential equations can be
solved to derive the TER value for a MSS.

4. Bound Approximation Approach

Solving the NHCTMM to obtain the aging MSC/MSS per-
formance indicators requires a lot of time. Often, the use of
calculators embedded in the common mathematical tools,
such as MATLAB or MATHCAD, may induce the problem
of inaccuracy [8, 13].The bound approximation approach [9]
allows the determination of instantaneous state probabilities
for an aging MSC/MSS. This approach divides the lifetime
into multiple intervals and sets the failure rate during each
interval to be a constant. The HCTMM is then used to
find the instantaneous probability at the end of each time
interval. As an example of an aging MSC, this numerical
approach initially divides the component lifetime 𝑇 into
𝑁 time intervals. The duration of each time interval is
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Δ𝑡 = 𝑇/𝑁. Then, two constants 𝜆𝑙(𝑛−)𝑖𝑗 and 𝜆𝑙(𝑛+)𝑖𝑗 are used
to approximate the failure rate 𝜆𝑙𝑖𝑗(𝑡) in each time interval
𝑡𝑛 = [Δ𝑡 ⋅ (𝑛 − 1), Δ𝑡 ⋅ 𝑛], 1 ≤ 𝑛 ≤ 𝑁, using the following
equations:

𝜆𝑙(𝑛−)𝑖𝑗 = 𝜆𝑙𝑖𝑗 (Δ𝑡 ⋅ (𝑛 − 1)) (4)

𝜆𝑙(𝑛+)𝑖𝑗 = 𝜆𝑙𝑖𝑗 (Δ𝑡 ⋅ (𝑛)) (5)

where 𝜆𝑙(𝑛−)𝑖𝑗 and 𝜆𝑙(𝑛+)𝑖𝑗 represent the failure rate of the 𝑙𝑡ℎ

component at the beginning and end of the 𝑛𝑡ℎ time interval.
Equations (4) and (5) also give the lower and upper bounds of
𝜆𝑙𝑖𝑗(𝑡) in the 𝑛𝑡ℎ time interval. Using 𝜆𝑙(𝑛−)𝑖𝑗 and 𝜆𝑙(𝑛+)𝑖𝑗 to solve
the component’s NHCTMM, the state probabilities 𝑃𝑙(𝑛−)𝑗 (Δ𝑡 ⋅
𝑛) and 𝑃𝑙(𝑛+)𝑗 (Δ𝑡 ⋅ 𝑛) at the end of time interval 𝑡𝑛 = [Δ𝑡 ⋅
(𝑛 − 1), Δ𝑡 ⋅ 𝑛], 1 ≤ 𝑛 ≤ 𝑁, can be derived. These differential
equations [24] are

𝑑𝑃𝑙(𝑛−)𝑗 (𝑡)
𝑑𝑡

=
𝐾𝑙

∑
𝑖=1
𝑖 ̸=𝑗

𝑃𝑙(𝑛−)𝑖 (𝑡) 𝛼𝑙(𝑛−)𝑖𝑗 (𝑡)

− 𝑃𝑙(𝑛−)𝑗 (𝑡)
𝐾𝑙

∑
𝑖=1
𝑖 ̸=𝑗

𝛼𝑙(𝑛−)𝑗𝑖 (𝑡) ,

𝑗 = 1, . . . , 𝐾𝑙

(6)

𝑑𝑃𝑙(𝑛+)𝑗 (𝑡)
𝑑𝑡

=
𝐾𝑙

∑
𝑖=1
𝑖 ̸=𝑗

𝑃𝑙(𝑛+)𝑖 (t) 𝛼𝑙(𝑛+)𝑖𝑗 (𝑡)

− 𝑃𝑙(𝑛+)𝑗 (𝑡)
𝐾𝑙

∑
𝑖=1
𝑖 ̸=𝑗

𝛼𝑙(𝑛+)𝑗𝑖 (𝑡) ,

𝑗 = 1, . . . , 𝐾𝑙

(7)

At each time interval 𝑡𝑛, the lower bound 𝜆𝑙(𝑛−)𝑖𝑗 and upper
bound 𝜆𝑙(𝑛+)𝑖𝑗 of the failure rate are utilized to determine
the lower bound and upper bound intensities 𝛼𝑙(𝑛−)𝑖𝑗 (𝑡) and
𝛼𝑙(𝑛+)𝑖𝑗 (𝑡) for transitions from state 𝑖 to 𝑗. During the first time
interval, the initial condition of the component is already
known.Hence, given that the component is in state𝐾 at 𝑡 = 0,
the initial conditions for (6) and (7) during the first time
interval 𝑛 = 1 are as follows:

𝑃𝑙(1−)𝐾𝑙 (0) = 1,

𝑃𝑙(1−)𝐾𝑙−1 (0) = . . . 𝑃
𝑙(1−)
1 (0) = 0

(8)

𝑃𝑙(1+)𝐾𝑙 (0) = 1,

𝑃𝑙(1+)𝐾𝑙−1 (0) = . . . 𝑃
𝑙(1+)
1 (0) = 0

(9)

The initial conditions for 𝑡𝑛, 𝑛 = 2, 3, . . . , 𝑁, are defined by
the following recurrence relations:

𝑃𝑙(𝑛−)𝑗 (Δ𝑡 ⋅ (𝑛 − 1)) = 𝑃𝑙((𝑛−1)−)𝑗 (Δ𝑡 ⋅ (𝑛 − 1)) ,

𝑗 = 1, 2, . . . , 𝐾𝑙 𝑛 = 1, 2, . . . , 𝑁
(10)

𝑃𝑙(𝑛+)𝑗 (Δ𝑡 ⋅ (𝑛 − 1)) = 𝑃𝑙((𝑛−1)+)𝑗 (Δ𝑡 ⋅ (𝑛 − 1)) ,

𝑗 = 1, 2, . . . , 𝐾𝑙 𝑛 = 1, 2, . . . , 𝑁
(11)

This means that the initial conditions for the next interval are
defined by the solutions at the end of preceding time interval.
By solving the NHCTMRM using the bound approximation
approach, the lower bound 𝑉𝑙(𝑛−)𝑖 and upper bound 𝑉𝑙(𝑛+)𝑖 of
the TER accumulated at each time interval [Δ𝑡 ⋅ (𝑛 − 1), Δ𝑡 ⋅
𝑛] can be obtained from any state. The equations for the
NHCTMRM are

𝑑𝑉𝑙(𝑛−)𝑖 (𝑡)
𝑑𝑡

= 𝑟𝑙𝑖𝑖 +
𝐾𝑙

∑
𝑗=1
𝑗 ̸=𝑖

𝛼𝑙(𝑛−)𝑖𝑗 (𝑡) 𝑟𝑙𝑖𝑗

+
𝐾𝑙

∑
𝑗=1

𝑎𝑙(𝑛−)𝑖𝑗 (𝑡) 𝑉𝑙(𝑛−)𝑗 (𝑡) ,

𝑖 = 1, 2, . . . , 𝐾𝑙, 𝑛 = 1, . . . ,𝑁

(12)

𝑑𝑉𝑙(𝑛+)𝑖 (𝑡)
𝑑𝑡

= 𝑟𝑙𝑖𝑖 +
𝐾𝑙

∑
𝑗=1
𝑗 ̸=𝑖

𝛼𝑙(𝑛+)𝑖𝑗 (𝑡) 𝑟𝑙𝑖𝑗

+
𝐾𝑙

∑
𝑗=1

𝑎𝑙(𝑛+)𝑖𝑗 (𝑡) 𝑉𝑙(𝑛+)𝑗 (𝑡) ,

𝑖 = 1, 2, . . . , 𝐾𝑙, 𝑛 = 1, . . . ,𝑁

(13)

For any state during each time interval, the initial reward is 0;
that is,

𝑉𝑙(𝑛−)𝑖 (0) = 𝑉𝑙(𝑛+)𝑖 (0) = 0,

𝑖 = 1, 2, . . . , 𝐾𝑙, 𝑛 = 1, . . . , 𝑁
(14)

Solving (12) and (13) under the initial condition (14) gives
the lower and upper bounds of TER accumulated during
each time interval for all states. Multiplying 𝑉𝑙(𝑛−)𝑖 (Δ𝑡) and
𝑉𝑙(𝑛+)𝑖 (Δ𝑡) by their corresponding state probabilities𝑃𝑙(𝑛−)𝑖 (Δ𝑡⋅
(𝑛−1)) and𝑃𝑙(𝑛+)𝑖 (Δ𝑡⋅(𝑛−1)) gives the system’s upper and lower
mean reward values for any state during each time interval.
The sum of all mean reward values for all states gives the
component’s overall lower reward bound 𝑉𝑙(𝑛−) and upper



6 Mathematical Problems in Engineering

reward bound 𝑉𝑙(𝑛+) for any time interval. These bounds are
calculated as

𝑉𝑙(𝑛−) (𝑡) =
𝑘𝑙

∑
𝑖=1

𝑉𝑙(𝑛−)𝑖 (Δ𝑡) ⋅ 𝑃𝑙(𝑛−)𝑖 (Δ𝑡 ⋅ (𝑛 − 1)) ,

𝑛 = 1, . . . , 𝑁

(15)

𝑉𝑙(𝑛+) (𝑡) =
𝑘𝑙

∑
𝑖=1

𝑉𝑙(𝑛+)𝑖 (Δ𝑡) ⋅ 𝑃𝑙(𝑛+)𝑖 (Δ𝑡 ⋅ (𝑛 − 1)) ,

𝑛 = 1, . . . , 𝑁

(16)

where 𝑡 = Δ𝑡 ⋅ (𝑛− 1). Finally, summing the TER over𝑁 time
intervals gives the lower and upper bounds of TER over the
component’s lifetime:

𝑇𝐸𝑅𝑙(−) (𝑡) =
𝑁

∑
𝑛=1

𝑉𝑙(𝑛−) (𝑡) (17)

𝑇𝐸𝑅𝑙(+) (𝑡) =
𝑁

∑
𝑛=1

𝑉𝑙(𝑛+) (𝑡) (18)

The exact 𝑇𝐸𝑅𝑙(𝑡) value falls somewhere between the lower
and upper bound; that is, 𝑇𝐸𝑅𝑙(−)(𝑡) ≤ 𝑇𝐸𝑅𝑙(𝑡) ≤ 𝑇𝐸𝑅𝑙(+)(𝑡).
A more accurate 𝑇𝐸𝑅𝑙(𝑡) value can be obtained by dividing 𝑇
into smaller intervals.

5. Proposed Approach

This study aims for MSSs with aging MSCs to determine the
time-replacement policy in which a PM from the compo-
nent perspective is implemented. The calculation procedure
integrates the multiple states of all components to obtain
the distinctive states for MSSs and, therefore, to determine
MSS performances that are established on the basis of
nonhomogeneous Markov models. As mentioned previously,
the bound approximation approach [9] can solve the simul-
taneous Chapman-Kolmogorov differential equations related
to the established NHCTMMs. This study develops an LREB
per unit time for MSSs with MSCs, taking into consideration
maintenance costs, the benefits of a well-maintained system,
and system loss due tomaintenance. The establishment of the
LREB index is as follows:

𝐿𝑅𝐸𝐵 (𝑡) =
𝑉𝑎 (𝑡) − 𝑉𝑟 (𝑡) − 𝐶𝑟 ⋅ 𝑡𝑟𝑒𝑝 − 𝐶𝑟𝑒𝑝

𝑡 + 𝑡𝑟𝑒𝑝
(19)

where 𝐿𝑅𝐸𝐵(𝑡) represents the LREB of a system during 𝑡
period; 𝑉𝑎(𝑡) represents the system benefit for staying at
acceptable states during 𝑡 period. The benefit mainly relates
to the production rate of a system. 𝑉𝑟(𝑡) represents the
total maintenance cost of a system during 𝑡 time period. 𝐶𝑟
represents the replacement expense per unit time; 𝑡𝑟𝑒𝑝 repre-
sents the time required to replace a system; 𝐶𝑟𝑒𝑝 represents
material expense related to system replacement. Accordingly,
the optimal replacement time is determined by maximizing
the LREB values throughout a lifetime. A simulated system

configuration with two distinctive PM policies elucidates
the proposed approach. The following sections illustrate the
model assumptions and calculation procedures.

5.1. Model Assumptions

(1) The aging MSCs of the system degrade from perfectly
functioning to complete failure over multiple states of
degradation.

(2) The failure rate of an individual component is an
increasing function of time.

(3) Components at degradation states can be restored to
previous better states by appropriate maintenance.

(4) Real-time monitoring of the system can identify the
performance of individual components within the
system.

(5) A specific PM policy is implemented on the aging
MSCs.

(6) There are five maintenance activities:

(1) No service or repair.
(2) Minor service: enables restoration to state 𝑗 + 1

from state 𝑗.
(3) Major service: enables restoration to state 𝑗 + 2

from state 𝑗.
(4) Minor repair: enables restoration to state 𝑗 + 3

from state 𝑗.
(5) Major repair: enables restoration to state 𝑗 + 4

from state 𝑗.

5.2. Calculation Procedure of LREB for Numerical Cases.
The proposed approach is elucidated on the basis of a
series-parallel system [11]. The structural function of flow
transmission is used to model series and parallel links in the
system. This simulated system contains three components.
Components 1 and 2 are connected in parallel: both are
connected to component 3 in series. Each component has five
states possessing distinctive output performance, with state 5
being perfectly functioning and state 1 being complete failure.
For example, in component 1, the output performances of its
five states in descending order are 150, 100, 80, 50, and 0. Each
individual component is initially in a perfectly functioning
state. Hence, the initial probability of all the states is 0,
except for state 5, which has a probability of 1. The minimum
acceptable system performance (user demand) is set as 100.
Figure 2 shows the system configuration with possible PM
implementations at degradation states (the dotted lines) in
state-space diagrams of MSCs. Table 1 lists the failure-rate
functions of aging MSCs, whereas Table 2 presents the repair
rates. Table 3 lists maintenance costs related to PM actions
of components, whereas Table 4 presents the replacement-
related parameters. Table 5 lists the benefits corresponding to
system states with distinct performances.

The calculation procedure involved in the proposed
approach has five steps.
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Figure 2: MSS configuration with MSC state-space diagrams.

Table 1: Failure-rate function of each component between states.

Failure rate Component
1 2 3

𝜆5,4(𝑡) 0.24+0.07 t 0.24+0.07 t 0.34+0.14 t
𝜆5,3(𝑡) 0.18+0.04 t 0.18+0.04 t 0.28+0.08 t
𝜆5,2(𝑡) 0.14+0.02 t 0.14+0.02 t 0.24+0.04 t
𝜆5,1(𝑡) 0.12+0.01 t 0.12+0.01 t 0.22+0.02 t
𝜆4,3(𝑡) 0.26+0.08 t 0.26+0.08 t 0.36+0.16 t
𝜆4,2(𝑡) 0.20+0.05 t 0.20+0.05 t 0.30+0.10 t
𝜆4,1(𝑡) 0.16+0.03 t 0.16+0.03 t 0.26+0.06 t
𝜆3,2(𝑡) 0.28+0.09 t 0.28+0.09 t 0.38+0.18 t
𝜆3,1(𝑡) 0.22+0.06 t 0.22+0.06 t 0.32+0.12 t
𝜆2,1(𝑡) 0.30+0.10 t 0.30+0.10 t 0.40+0.20 t
Note: 𝜆𝑖,𝑗(t) is the failure rate at time 𝑡 (hrs) of each component from state 𝑖
to state 𝑗.

Step 1. Generate the possible states of the MSSs.
The proposed approach initially combines the multistate

components constituting the system to form an MSS. For the
simulated case, in total, 125 possible states are determined
for this system, configuring three components each with five
distinctive states with different performances.

Step 2. Obtain the reduced MSS.
Uniting the systems states with an identical performance

from step 1 can obtain the reduced MSS.This process can sig-
nificantly reduce the subsequent calculation complex without
loss of system performance information. Accordingly, a total
of ten distinctive performance states for this system are
determined; the state-transition diagram of this reduced
MSS is also constructed. Figure 3 displays the corresponding
diagram.

Step 3. Determine the total maintenance cost of the system.
According to the state-transition diagrams for compo-

nents 1–3 shown in Figure 2, the NHCTMMs and NHCTM-
RMs of three components are established, respectively. The
reward matrix of NHCTMRMs is determined from Table 5.
The bound approximation approach [9] then solves the
nonlinear simultaneous differential equations related to the
established NHCTMMs and NHCTMRMs. Solving NHCT-
MMs obtains instantaneous state probability distributions
of three components, whereas solving NHCTMRMs obtains
the total maintenance cost for five states regarding three
components. The expected total maintenance costs for these
three components are accordingly calculated. Summing up
the total maintenance cost of three components derives the
total maintenance cost for this system.

Step 4. Determine the MSS benefit.
Initially, the NHCTMMs and NHCTMRMs related to the

reduced MSS are established, respectively, on the basis of
the state-transition diagrams shown in Figure 3. The reward
matrix of NHCTMRMs is determined from the benefit
parameters in Table 5. The bound approximation approach
[9] again solved the established NHCTMMs and NHCTM-
RMs; solving NHCTMMs obtains instantaneous probability
distributions of ten states for reduced MSS. By using the
obtained probability distributions, the expected total system
benefit for this system is obtained after complete calculations
of the NHCTMRMs.

Step 5. Determine the optimal time to replace the system.
First, using (19), the LREB values over the time horizon

can be determined given that specific time can be obtained.
Then the optimal time to replace the system is therefore
determined by maximizing the LREB value. This study uses
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Table 2: Repair rate of each component between states (per hour).

Component Repair rate
𝜇1,5 𝜇1,4 𝜇2,5 𝜇1,3 𝜇2,4 𝜇3,5 𝜇1,2 𝜇2,3 𝜇3,4 𝜇4,5

1 0.125 0.320 0.335 0.410 0.425 0.440 0.455 0.470 0.485 0.500
2 0.080 0.245 0.260 0.275 0.290 0.305 0.350 0.365 0.380 0.395
3 0.065 0.095 0.110 0.140 0.155 0.170 0.185 0.200 0.215 0.230
Note: 𝜇𝑗,𝑖 is the repair rate of each component from state 𝑗 to state 𝑖.
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Figure 3: State-transition diagram of reduced MSS.

Table 3: Cost parameters of maintenance activities.

Maintenance
activities

Cost
Component 1 Component 2 Component 3

Minor service 54 72 120
Major service 72 96 160
Minor repair 90 120 200
Major repair 180 240 400

MATLABprograms to execute the mathematical calculations
involved in the proposed approach.

According to the previously mentioned parameter set-
tings, this study mimics two PM policies to illustrate the
ramifications of the proposed approach. The first PM policy

Table 4: Replacement parameters.

𝐶𝑟 ($/day) 𝑡𝑟𝑒𝑝 (day) 𝐶𝑟𝑒𝑝 ($)
50 2 200

Table 5: MSS performance and benefits.

State 10 9 8 7 6 5 4 3 2 1
Performance 140 120 110 100 90 80 50 40 30 0
Benefit ($) 1000 800 700 600 500 400 300 200 100 0

is derived from Huang and Wang [11]. Figures 4–6 show
the state-transition diagrams for the three components.
Apparently, minor services are implemented in component
1 when this PM policy reaches states 4 and 1; minor repair
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Figure 7: State-transition diagram of component 1 with PM policy 2.

is implemented when this policy reaches state 2. However, no
maintenance activity is implemented in state 3. In component
2, minor services are undertaken in states 4, 3, and 1; major
service is implemented when the PM policy reaches state 2.
For component 3, nomaintenance activity is performed until
states 3 and 2 are reached, at which points minor services are
implemented. Figures 7–9 show the state-transition diagrams
of the three components for the second PM policy. This PM
policy involves restoring the system to the best statewhenever
a component falls into a degradation state.

Figure 10 shows a trend diagram of the LREB values with
time at the continuous time horizon for PM policy 1 and PM
policy 2. The time interval for calculation of LREB values is 1
day, which is obtained by dividing the time of 1000 days into

1000 time intervals. Obviously, for policy 1, at the onset of this
system’s operation, the LREB values increase with time until
the 818th day, reaching a maximum average LREB value of
36,046with lower bound and upper bound 35,501 and 36,590,
respectively, and then falling with time dramatically. The gap
between lower bound and upper bound of LREB dwindles as
the number of intervals 𝑁 increases. In this case, the lower
bound and upper bond of LREB for the 818th day are 32,724
and 39,368 with N=100, revealing the difference of 16.88%,
while given N=1000, the difference considerably reduces to
2.88% which is rather small and can be negligible. We can see
a similar trend for PM policy 2, which takes until the 635th
day to reach its maximum average LREB value of 34,933 with
lower bound and upper bound being 34,485 and 35,380, given
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Figure 10: LREB trend diagrams through lifetime with two PM
policies.

N=1000, respectively. Certainly, Figure 10 reveals that the best
time to replace this system is the 818th day and the 635th
day for PM policy 1 and PM policy 2, respectively. Both trend
diagrams show that more frequent maintenance is necessary
for the system to satisfy the performance requirements as
the system ages and induces a large maintenance cost. For
comparison, PM policy 1 obtains a higher LREB value at a

longer replacement time than does PM policy 2. The main
reason is that PMpolicy 1, derived fromHuang andWang [11],
is the result of an optimizing procedure, whereas PM policy
2 mainly characterizes implementing the best maintenance
alternative that restores the system to the best state after an
MSC falls into any degradation state. From the viewpoint of
the PM establishment, PM policy 1 outperforms PM policy
2 in maintenance costs and benefits; excessive maintenance
may not be necessary for economic consideration. Certainly,
the superiority of the PM policy directly affects the results of
the proposed time-replacement policy.

To verify the proposed approach further, a sensitivity
analysis with multiple increases in the failure rates for
component 3 was performed by a given PMpolicy 1. Figure 11
shows the corresponding LREB trend diagrams. As expected,
the time to replace the MSS decreases with the multiple
increases in the failure rates. Furthermore, in contrast, we
increase the repair ratesmultiple times for component 3 given
PM policy 1. Figure 12 shows the corresponding trend dia-
grams. Noticeably, the system requires conducting this MSS
replacement a short time after starting the operation with
multiple additions of repair rates. We select component 3 to
conduct sensitivity analysis because of its importance, being
connected in series in the MSS. Additionally, a sensitivity
analysis with varied system demands was performed. Table 6
summarizes the ramifications of this analysis. For PM policy
1, the optimal replacement time remains the same at the
818th day for all demands, but the corresponding LREB values
decrease when demand for system performance increases.
For PMpolicy 2, the result of the sensitivity analysis is similar
to PM policy 1: the optimal replacement time is the same at
the 632nd day, except for demand 100.The desktop computing
and executing the proposed approach involves operation
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Table 6: Optimal replacement time T and LREB versus demand w.

PM policy Demand w T (days) LREB ($/day)

1

100 818 36,046
110 818 35,913
120 818 35,824
140 818 35,795

2

100 635 34,933
110 632 34,678
120 632 34,490
140 632 34,283

system of Windows 7 (64 bits), Intel i5 CPU of 2.3GHz, and
8GB RAMwith R2014a version ofMATLAB coded.The time
is between 600 and 900 seconds.

6. Conclusions and Discussions

This study aims at the PM model from the component
perspective for the MSS with aging MSCs, in which the
maintenance alternatives are implemented when the MSCs
fall into degradation states, to propose a time-replacement
policy. A time-dependent LREB index of system performance
was developed on the basis of the continuous time Markov
theory. By maximizing the LREB values throughout the
system’s lifetime, we determined the optimal time to replace
this type of MSS economically. The proposed approach pro-
vides further insight into the relationship between PM policy
setting and long-term system benefits; it also verifies a time-
replacement policy. For future study, the ramifications of the
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Figure 12: LREB trend diagrams with multiple increases in repair
rates for component 3 given PM policy 1.

current study can be extended to situations that consider the
repair difficulties as MSCs age. Namely, the repair rate is a
decreasing function of time. Using this method, the analyzed
PM models more adequately fulfill the practical require-
ments. However, the mathematical calculation involved is a
difficult challenge in striving to obtain precise results.
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Copyright © 2019 Rupeng Li et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The balance of stability and maneuverability is the foundation of the trajectory correction projectile. For the terminal correction
projectile without an attitude feedback loop, a larger control force is expected which may cause an instability. This paper proposes
a novel method to derive instability boundaries for the control force magnitude. No additional coordinate system is needed in
this method. By introducing the concept of angular compensation matrix, the exterior ballistic linearized equations considering
control force are established.The necessary prerequisite for a stable flight under control is given by the Routh stability criterion.The
instability boundaries for the control force magnitude are derived. The results of example flights are 13.5%more accurate compared
with that in relevant research. Numerical simulations demonstrate that if the control force magnitude lies in the unstable scope
derived in this paper, the projectile loses its stability. Furthermore, the effects of the projectile pitch, velocity, and roll rate on flight
stability during correction are investigated using the proposed instability boundaries.

1. Introduction

Trajectory correction projectiles/fuzes can meet the require-
ment of low collateral damage and higher delivery accuracy
in modern warfare. Moreover, existing stockpiles can be
retrofitted and upgraded by just replacing a trajectory correc-
tion fuzewith a low cost [1–3]. So it is no doubt that trajectory
correction technologies have received much attention from
researchers. Numerous correction models such as impact
point prediction [4–7] and model trajectory prediction [8–
10] can be found in the literature. For the pursuit of further
improvements in accuracy, the guidance law based on target
imager feedback is proposed and becomes a tendency in
the future [11, 12]. Unlike the scheme mentioned above, this
correction strategy can be used only during the terminal
phase with a limited time-to-go. Therefore, a larger control
force is expected. However, that may cause an instability
for the projectile under control. For a successful terminal
correction, the balance between the maneuverability and
stability for the projectile under control is studied in this
paper.

Many efforts related to stability for ballistic flight have
been explored in the literature. McCoy, R. L. [13], and

Murphy [14–16] proposed the stability criteria for flight
without control. Costello M [17] extended the gyro stability
factor and dynamic stability factor to dual-spin projectile
by linearization. In the area of flight stability with control,
Wernert [18, 19] found that the control force induced by
canards exerted an influence on steady angle of attack com-
pared with conventional projectile without control. Cooper
G and Fresconi F [20] regarded the projectile with activat-
ing canards asymmetric and investigated its flight stability
under control. They established dynamic equations in the
body reference frame. The research illustrated that flight
instability would be caused when the control frequencies
of actuator are close to fast epicyclic motion frequencies or
slow epicyclic motion frequencies. Murphy [21] derived the
stability boundaries for the maximum trim angles induced by
control force. D Zhu [22] extended Murphy’s work through
Hurwitz stability criterion and derived an analytic solutions
of stability boundaries.

The corresponding research made a significant contribu-
tion in the field of flight stability for controlled projectile.
However, they did not reveal the relationship between control
force magnitude and flight stability. Unlike missiles, the
trajectory correction projectiles are not provided with a
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feedback loop for flight attitude. The investigation of force
magnitude influence on the stability is more urgent for such
projectiles and is beneficial to the design of actuator (such as
the canard deflection or reference area). Lloyd K.H [23] made
some efforts in this aspect. By proposing the non-spinning
coordinate originally, the research investigated the influence
of force magnitude on the flight stability and derived the
analytic damping rate expression of the projectile under
control by an analogy to non-controlled projectile. However,
such an analogy can only get a rough scope of the control
force for flight stability.

This paper continues to bridge the gap in the area of
controlled projectile stability and extend LloydK.H’s research
without utilizing the non-spinning coordinate. Exterior
ballistic differential equations for controlled projectile are
expressed in fixed-plane coordinate and rewritten as the form
of coefficient matrix. The items of control force are retained
in these equations by a novel angular compensation matrix.
Routh stability criterion is applied to the coefficient matrix.
The magnitude boundaries of the control force that result in
flight instability are derived and analyzed.

In Section 2, dynamical equations for projectile under
control are established by the proposed compensationmatrix.
In Section 3, the instability boundaries of the control force
are presented on the basis of the Routh stability criterion.
In Section 4, an example controlled flight is calculated and 6
DOF numerical simulations are implemented. The results are
favorable. The influence of flight parameters on the stability
is analyzed by the instability boundaries.

2. Projectile Flight Dynamic Model

This section introduces the concept of the trajectory cor-
rection projectile, establishes the equations of motion in
fixed plane coordinate, and demonstrates the invalidity of
the classical linearization in stability research. The cause is
analyzed in deep and a novel linearized method based on
compensation matrix that is proposed.

2.1. Concept of the Trajectory Correction Projectile. The tra-
jectory correction projectile discussed in this paper is used
to improve the operational capability of the artillery when
attacking the ground targets. The correction actuator is inte-
grated into the projectile fuze in our design. Its appearance
is shown in Figure 1. The fuze consists of two parts defined
as the forward part and aft part, respectively. The aft part is
shown in green. It is fixedly connected with the projectile
body by threaded connection. The projectile body is not
illustrated here to highlight the fuze appearance. The forward
part is shown in purple. It can rotate relative to the aft part
of the fuze and the projectile body.The white nose represents
the imager and is used for target detection. The blue part is
the canard of a waffle style, in which each inner grid has a
fixed deflection. It is strapdown with the forward fuze. When
the projectile is in its ballistic flight, the canard is attached to
the fuze surface. Once the correction is needed, the canard
should be unfolded. Because of the oncoming flow and the
deflection angle, the canard can produce an aerodynamic

Figure 1: Appearance of the projectile fuze.

Figure 2: Internal structure of the projectile fuze.

force which is used for projectile control.The direction of this
control force is determined by roll angel of the forward fuze.
Figure 2 illustrates the internal structure of the fuze. The red
part represents a pair of bearings, which are used in providing
a prerequisite for the relative rotation between the forward
and aft part. The yellow part represents the motor shaft and
gears, which are used to transfer the motor torque for the
rotation.

When the projectile enters its descent trajectory, the
detector starts to seek the target. The deviation between the
target and the optical axis of detector is presented in detector
imaging plane. The target orientation can be directly used
to determine the roll angle of the forward fuze and as the
input of the control system.The unfolding time of the canard
depends on themagnitude of the deviation and the trajectory
response under control. It can be seen that the correction
actuator can complete the two-dimensional correction by a
single motor.

In general, conventional projectiles for artillery can be
equipped with the proposed fuze and subsequently obtain a
correction capability. Such trajectory correction projectiles
work during the terminal trajectory because of the limited
detection distance. So the left flight time for correction is
constrained. Therefore, a sufficient control force is more
necessary here for an effective correction. That is why the
canard has a waffle configuration for more frontal area. For
stability that is no less important than maneuverability for
such projectiles, the balance between them is investigated in
this paper.

2.2. Flight Model of the Projectile. The projectile flight model
is expressed by differential equations in fixed plane coordi-
nate which is defined as follows: the origin of coordinate
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system is located at the projectile centroid. X axis is aligned
with the longitudinal axis of projectile, positive direction
points to the projectile nose. Y axis is perpendicular to
the longitudinal axis and lies in horizontal plane, positive
direction points to right. Z axis is perpendicular to XY
plane, positive direction points down. Projectile translational
motion is written as follows:

{{{{{

�̇�
V̇

�̇�
}}}}}
=
{{{{{{{{{{{{{

𝐹𝑥𝑚𝐹𝑦
𝑚𝐹𝑧𝑚

}}}}}}}}}}}}}
+ 𝑔{{{{{

− sin 𝜃
0

cos 𝜃
}}}}}
+
{{{{{{{{{{{{{

𝐹𝑥𝑐𝑚𝐹𝑦𝑐
𝑚𝐹𝑧𝑐𝑚

}}}}}}}}}}}}}

+{{{{{

0 𝑟 −𝑞
−𝑟 0 −𝑟 tan 𝜃
𝑞 𝑟 tan 𝜃 0

}}}}}
{{{{{

𝑢
V

𝑤
}}}}}

(1)

Projectile angular motion is written as (2). Fyc and Fzc
represent the horizontal and vertical components of the con-
trol force. MC and NC represent the corresponding control
moments. While the canard is producing the control force,
a drag force is also generated due to the canard deflection
[18]. The induced drag force is denoted as Fxc. Generally, a
small deflection angle is considered for trajectory correction
projectiles with canard. In this situation, the induced drag
force is far less than the induced control force. So it is always
ignored. For the drag force induced by canard that is along
the longitudinal axis and through projectile centroid, the
corresponding moment is zero.

When the projectile is in a ballistic trajectory, the terms
of control force and control moment are set to zero. And
when the projectile needs a trajectory correction, these terms
would have specific values according to operational require-
ments.

{{{{{

�̇�
̇𝑞
̇𝑟
}}}}}
= [𝐼−1]{{{{{

{{{{{

𝐿
𝑀
𝑁
}}}}}
+{{{{{

0
𝑀𝑐
𝑁𝑐

}}}}}

− [[
[

0 −𝑟 𝑞
𝑟 0 𝑟 tan 𝜃
−𝑞 −𝑟 tan 𝜃 0

]]
]
[𝐼]{{{{{

𝑝
𝑞
𝑟
}}}}}
}}}}}

(2)

Angle of attack 𝛼 and sideslip 𝛽 are introduced and
treated as small quantities. The expressions are shown as fol-
lows:

𝛼 = arctan−1 (𝑤𝑉) ≈
𝑤
𝑉 (3)

𝛽 = arctan−1 ( 𝑢𝑉) ≈
𝑢
𝑉 (4)

Combining the latter two formulas in (1) and (2) with
(3) and (4), a new equation set is completed. It is shown as
follows:

̇𝛽 = 𝐹𝑦
𝑚V

+ 𝐹𝑦𝑐
𝑚V

− 𝑟 − 𝑟�̇� tan 𝜃
�̇� = 𝐹𝑧𝑚V

+ 𝐹𝑧𝑐𝑚V
+ 𝑔
V
cos 𝜃 + 𝑞 + 𝑟 ̇𝛽 tan 𝜃

̇𝑞 = 𝑀 +𝑀𝑐𝐼𝑌 − 𝑝𝑟𝐼𝑋𝐼𝑌 − 𝑟
2 tan 𝜃

̇𝑟 = 𝑁 + 𝑁𝑐𝐼𝑌 + 𝑝𝑞𝐼𝑋𝐼𝑌 + 𝑞𝑟 tan 𝜃

(5)

The projectile body forces in (1) are composed of drag,
lift, and Magnus force (always treated as small quantity and
ignored). The projectile body moments in (2) are composed
of static moment, pitch/yaw damping moment, and Magnus
moment. The specific expressions for projectile body forces
and moments are shown as follows:

𝐹𝑦 = −12𝜌𝑆𝑉2𝐶𝑙𝛽 −
1
2𝜌𝑆𝑉2𝐶𝐷𝛽 −

1
2𝜌𝑆𝑉2𝐶𝑦𝑝𝛼

𝑝𝑙
𝑉 𝛼

𝐹𝑧 = −12𝜌𝑆𝑉2𝐶𝑙𝛼 −
1
2𝜌𝑆𝑉2𝐶𝐷𝛼 +

1
2𝜌𝑆𝑉2𝐶𝑦𝑝𝛼

𝑝𝑙
𝑉 𝛼

𝑀 = 1
2𝜌𝑆𝑙𝑉2𝐶𝑀𝛼𝛼 +

1
2𝜌𝑆𝑙𝑉2𝐶𝑀𝑝𝛼

𝑝𝑙
𝑉 𝛽

+ 1
2𝜌𝑆𝑙𝑉2𝐶𝑀𝑞

𝑙
𝑉𝑞

𝑁 = −12𝜌𝑆𝑙𝑉2𝐶𝑀𝛼𝛽 +
1
2𝜌𝑆𝑙𝑉2𝐶𝑀𝑝𝛼

𝑝𝑙
𝑉 𝛼

+ 1
2𝜌𝑆𝑙𝑉2𝐶𝑀𝑞

𝑙
𝑉𝑟

(6)

By comparing with the total projectile velocity V and
the projectile roll rate p, the magnitude of projectile yaw
rate r and pitch tangent tan 𝜃 are several orders inferior. The
product of r and tan 𝜃 is a smaller value in (5). Therefore, the
neglect of 𝑟 tan 𝜃 is a reasonable simplification. In addition,
the total velocity and the roll rate change slowly compared
with other parameters and are regarded as constant here.
With the simplifications above, the four equations of (5)
are largely linearized and uncoupled. Such simplifications
and linearized methods are frequently used and helpful in
exterior ballistics research. More details can be found in
[17, 24].

Based on the linearization, we rewrote (5) in the following
form: �̇� = 𝐾𝑋+𝑄, in wihch the specific expression is shown
as (7). K is the coefficient matrix, which is used to depict the
projectile state. Because of the linearization, (7) becomes a
set of differential equations with constant coefficients. And
each unit in matrix K is invariable, which makes sure that
the coefficients of corresponding eigenvalue equation are
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constant and provide a prerequisite for the future analysis of
stability.

[[[[[
[

̇𝛽
�̇�
̇𝑞
̇𝑟

]]]]]
]
=
[[[[[[[[
[

𝐴 𝐵 0 −1
−𝐵 𝐴 1 0
𝐷 𝐶 𝐸 −𝑝𝐼𝑋𝐼𝑌
−𝐶 𝐷 𝑝𝐼𝑋𝐼𝑌 𝐸

]]]]]]]]
]

[[[[[
[

𝛽
𝛼
𝑞
𝑟

]]]]]
]

+

[[[[[[[[[[[
[

𝐹𝑦𝑐
𝑚𝑉

𝑚𝑔 cos 𝜃 + 𝐹𝑧𝑐𝑚𝑉𝑀𝐶𝐼𝑌𝑁𝐶𝐼𝑋

]]]]]]]]]]]
]

(7)

where

𝐴 = −𝜌𝑆𝑉𝐶𝑙𝛼2𝑚 − 𝜌𝑆𝑉𝐶𝐷2𝑚
𝐵 = −𝜌𝑆𝐶𝑦𝑝𝛼𝑝𝑙2𝑚
𝐶 = 𝜌𝑆𝑙𝑉2𝐶𝑀𝛼2𝐼𝑌
𝐷 = 𝜌𝑆𝑙2𝑉𝐶𝑀𝑃𝛼𝑝2𝐼𝑌
𝐸 = 𝜌𝑆𝑙2𝑉𝐶𝑀𝑞

2𝐼𝑌

(8)

It is remarkable that terms related to control force in
(7) consist in matrix Q and its mathematical implications
mean that the control force will cause a steady-state trim
angle. This is in line with Wernert’s research [18]. However,
these terms would not appear in the coefficient matrix K.
The phenomenon is caused by the linearization according
to the definition of the fixed plane coordinate. The fixed
plane coordinate should have a roll rate-𝑟 tan 𝜃 relative to the
inertial coordinate and it is the prerequisite to ensure that
the y axis is located in the horizontal plane all the time. For
ballistic trajectory without control force, the neglect of 𝑟 tan 𝜃
is a good assumption for linearization. But when control
force is considered, the situation is different. Because once the
target orientation relative to the projectile is determined, the
control force direction would not vary. However, ignoring the
item -𝑟 tan 𝜃 forces the fixed plane coordinate rotate around
its longitudinal axis at the roll rate 𝑟 tan 𝜃. This implies the
direction of the control force and is changing along with
the fixed plane coordinate constantly. So a contradiction
is caused. When it is reflected by the coefficient matrix,
there would be no difference in K between the ballistic
and controlled trajectory, and the control force would not
appear in matrix K. Therefore, for further study of controlled

trajectory, the effect of the neglect of -𝑟 tan 𝜃 should be
compensated before linearization.

2.3. Compensation Matrix for Control Force. Based on the
analysis in Section 2.1, the paper introduces an angular
compensationmatrix for control force and gravity to solve the
problem above.We define the control force roll angle induced
by linearization as Φ and express it as (9). The expression
for roll angle induced by gravity has the same expression as
follows:

Φ̇ = 𝑟 tan 𝜃 (9)

The compensation matrix for control force and gravity is
written as follows:

𝑇𝑚 = [[
[

1 0 0
0 cosΦ sinΦ
0 − sinΦ cosΦ

]]
]

(10)

With the compensation matrix, the projectile translational
motion is rewritten as follows:

{{{{{

�̇�
V̇

�̇�
}}}}}
=
{{{{{{{{{{{{{

𝐹𝑥𝑚𝐹𝑦
𝑚𝐹𝑧𝑚

}}}}}}}}}}}}}
+ 𝑔[[

[

1 0 0
0 cosΦ sinΦ
0 − sinΦ cosΦ

]]
]
[[
[

− sin 𝜃
0

cos 𝜃
]]
]

+ [[
[

1 0 0
0 cosΦ sinΦ
0 − sinΦ cosΦ

]]
]

[[[[[[
[

𝐹𝑥𝑐𝑚𝐹𝑦𝑐
𝑚𝐹𝑧𝑐𝑚

]]]]]]
]

+ {{{{{

0 𝑟 −𝑞
−𝑟 0 −𝑟 tan 𝜃
𝑞 𝑟 tan 𝜃 0

}}}}}
{{{{{

𝑢
V

𝑤
}}}}}

(11)

The projectile angular motion is rewritten as follows:

{{{{{

�̇�
̇𝑞
̇𝑟
}}}}}
= [𝐼−1]{{{{{

{{{{{

𝐿
𝑀
𝑁
}}}}}
+ [[
[

1 0 0
0 cosΦ sinΦ
0 − sinΦ cosΦ

]]
]
[[
[

𝐿 𝑐
𝑀𝑐
𝑁𝑐

]]
]

− [[
[

0 −𝑟 𝑞
𝑟 0 𝑟 tan 𝜃
−𝑞 −𝑟 tan 𝜃 0

]]
]
[𝐼]{{{{{

𝑝
𝑞
𝑟
}}}}}
}}}}}

(12)

Then the latter two formulas in (11) and (12) can be
linearized with the control force retained after the compen-
sation. The projectile velocity V and roll rate p are regarded
as constant in a sufficiently short time interval regarding
the velocity component u equal to V. The pitch angle 𝜃 is
substituted by 𝜃0+𝜃d. 𝜃0 is the initial pitch angle. 𝜃d is a small
departure from 𝜃0. It should be noted that this method is
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applicable within a few seconds of the selected feature point.
Fortunately, the time-to-go for terminal correction is limited
to several seconds. The linear ballistic differential equations
are eventually expressed as (13)-(16).

̇𝛽 = 𝐹𝑦
𝑚𝑉 + ( 𝐹𝑧𝑐𝑚𝑉 + 𝑔

𝑉 cos 𝜃0)Φ − 𝑟 + 𝐹𝑦𝑐
𝑚𝑉 (13)

�̇� = 𝐹𝑧𝑚𝑉 + 𝐹𝑧𝑐𝑚𝑉 + 𝑔
𝑉 cos 𝜃0 + 𝑞 − 𝐹𝑦𝑐

𝑚𝑉Φ
− ( 𝑔𝑉 sin 𝜃0) 𝜃𝑑

(14)

̇𝑞 = 𝑀
𝐼𝑌 − 𝑝𝑟

𝐼𝑋𝐼𝑌 +
𝑀𝑐𝐼𝑌 + 𝑁𝑐𝐼𝑌 Φ (15)

̇𝑟 = 𝑁
𝐼𝑌 + 𝑝𝑞

𝐼𝑋𝐼𝑌 +
𝑁𝑐𝐼𝑌 −

𝑀𝑐𝐼𝑌 Φ (16)

Combining the four equations above with (9) and supple-
mental equation (17), the set of equations are completed.

̇𝜃𝑑 = 𝑞 (17)

3. The Instability Boundary for Control Force

The purpose of this section is to derive the boundary for
control force that causes an instability and makes some
efforts to build the balance between the maneuverability and
stability for the projectile under control.

We rewrite the set of equations (13)-(17) as matrix form:�̇� = 𝐾𝑋 + 𝑄:

[[[[[[[[[[[
[

̇𝛽
�̇�
̇𝑞
̇𝑟

Φ̇
̇𝜃𝑑

]]]]]]]]]]]
]

=

[[[[[[[[[[[[[
[

𝐴 𝐵 0 −1 𝐹 0
𝐵 𝐴 1 0 𝐺 𝐻
𝐷 𝐶 𝐸 −𝑝𝐼𝑋𝐼𝑌 𝑅 0
−𝐶 𝐷 𝑝𝐼𝑋𝐼𝑌 𝐸 𝑆 0
0 0 0 tan 𝜃0 0 0
0 0 1 0 0 0

]]]]]]]]]]]]]
]

[[[[[[[[[[[
[

𝛽
𝛼
𝑞
𝑟
Φ
𝜃𝑑

]]]]]]]]]]]
]

+

[[[[[[[[[[[[[[[[
[

𝐹𝑦𝑐
𝑚𝑉𝐹𝑧𝑐𝑚𝑉 + 𝑔
𝑉 cos 𝜃0
𝑀𝐶𝐼𝑌𝑁𝐶𝐼𝑋0
0

]]]]]]]]]]]]]]]]
]

(18)

where the new notations are as follows:

𝐹 = 𝐹𝑍𝐶𝑚𝑉 + 𝑔
𝑉 cos 𝜃0

𝐺 = −𝐹𝑌𝐶𝑚𝑉
𝐻 = − 𝑔𝑉 sin 𝜃0
𝑅 = 𝑁𝐶𝐼𝑌
𝑆 = −𝑀𝐶𝐼𝑌
𝑇 = 𝑝𝐼𝑋𝐼𝑌

(19)

Terms related to control force are now involved in the coeffi-
cient matrix K with the compensation matrix.The eigenvalue
equation for the coefficient matrix in (18) is established as
follows:

det (𝜆E − A) = 𝑎6𝜆6 + 𝑎5𝜆5 + 𝑎4𝜆4 + 𝑎3𝜆3 + 𝑎2𝜆2
+ 𝑎1𝜆 + 𝑎0

(20)

where a0-a6 are consisted of the terms A, B, C, etc. These
terms are the combination of physical parameters, state
parameters, and aerodynamic coefficients of the projectile.
The physical parameters represent the inherent properties
of a projectile. So they are constant. State parameters and
aerodynamic coefficients could be regarded as constant as
well in a short time interval. When a long-duration flight is
considered, they should be updated periodically. Each con-
stituent is complex and brings difficulties to calculation and
analysis. However, the dominant terms are limited relatively.
For simplicity, secondary factors are ignored. The feasibility
of this simplification will be verified later. The expres-
sions for a0-a6 after simplification are written here direct-
ly.

𝑎6 = 1
𝑎5 = −2𝐴 − 2𝐸
𝑎4 = 𝑇2 − 2𝐶 − 𝑆 tan 𝜃0
𝑎3 = −2𝐴𝑇2 + 2𝐴𝐶 + 2𝐶𝐸 + 2𝐷𝑇 − 𝑅𝑇 tan 𝜃0
𝑎2 = 𝐶2 + 𝐶𝑆 tan 𝜃0 − 𝐷𝑅 tan 𝜃0 + 2𝐴𝑅𝑇 tan 𝜃0
𝑎1 = 𝐶2𝐻 − 𝐶2𝐹 tan 𝜃0 − 𝐴𝐶𝑆 tan 𝜃0 + 𝐶𝐻𝑆 tan 𝜃0
𝑎0 = −𝐴𝐶𝐻𝑆 tan 𝜃0 − 𝐶2𝐹𝐻 tan 𝜃0

(21)
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Table 1: Initial states and meteorological conditions.

Initial states Meteorological conditions
Velocity 250m/s Ground pressure 1000hPa
Elevation -43∘ Virtual temperature 288.9
Direction 0∘ Longitudinal wind 0m/s
Spin-rate 1050rad/s Lateral wind 0m/s

The Routh matrix corresponding to the eigenvalue equation
(20) is established.

𝑇𝑅𝑂𝑈𝑇𝐻

=

[[[[[[[[[[[[[[[[[[[[
[

𝑎6 𝑎4 𝑎2 𝑎0
𝑎5 𝑎3 𝑎1

𝑏1 = −1
𝑎5 (𝑎6𝑎3 − 𝑎5𝑎4) 𝑏2 = −1

𝑎5 (𝑎6𝑎1 − 𝑎2𝑎5) 𝑏3 = 𝑎0
𝑐1 = −1

𝑏1 (𝑎5𝑏2 − 𝑎3𝑏1) 𝑐2 = −1
𝑏1 (𝑎5𝑏3 − 𝑎1𝑏1)

𝑑1 = −1
𝑐1 (𝑏1𝑐2 − 𝑏2𝑐1) 𝑑2 = 𝑎0

𝑒1 = −1
𝑑1 (𝑐1𝑑2 − 𝑐2𝑑1)𝑓1 = 𝑎0

]]]]]]]]]]]]]]]]]]]]
]

(22)

Thenecessary prerequisite for a stable flight under control
is given according to the Routh stability criterion: The
coefficients a0-a6 in (20) are positive and the first column
elements of the Routh matrix are positive. Furthermore, if
the control force magnitude cannot meet (23), the projectile
will lose its stability. Then the control force is defined as
an unstable force. The set of all unstable forces is called
unstable scope. The boundaries of the scope are denoted as
the instability boundary. A conclusion is derived evidently
that if a control force magnitude belongs to the unstable
scope, the flight is definitely unstable.

𝑎5 > 0,
𝑎4 > 0,
𝑎3 > 0,
𝑎2 > 0,
𝑎1 > 0,
𝑎0 > 0
𝑏1 > 0,
𝑐1 > 0,
𝑑1 > 0,
𝑒1 > 0

(23)

4. Verification and Results

This section demonstrates the feasibility and liability of the
theory derived in Section 3. Generally, the flight instability

Table 2: Aerodynamic coefficients of the example projectile.

Aerodynamic coefficients
lift force coefficient 1.7
drag force coefficient 0.13
Magnus force coefficient derivative -1.5
static moment coefficient derivative 3.8
Magnus moment coefficient derivative 0.2
damping moment coefficient derivative -8.0

can be clearly shown by numerical simulation. According
to the research of Lloyd C.H [23], projectiles under control
are the most sensitive to horizontal forces. Therefore, the
simulations in this section pay emphasis on the effect of
horizontal control force Fyc.

The example projectile massm is 15kg, moment of inertia
for longitudinal axis Ix is 0.023kg⋅m2, moment of inertia for
projectile transverse axis Iy is 0.22kg⋅m2, the reference area S
is 0.0087m2, and the projectile diameter d is 0.105m. Initial
states and meteorological conditions are shown in Table 1.
The aerodynamic coefficients of the example projectile are
shown in Table 2

We take the example projectile to calculate the instability
boundaries for the flight under control. The result of this
unstable scope is [−∞,−35.48] ∪ [58.33, +∞]. According
to the theory in Section 3, when control force magnitude
belongs to the unstable scope (𝐹𝑦𝑐 ∈ [−∞,−35.48] ∪[58.33, +∞]), the projectile will lose its stability.

Before the verification by simulation, the simplification
in Section 3 is recalled. It has been mentioned above that the
result is derived from simplified a0-a6. To demonstrate the
practicability of this simplification, the instability boundaries
are calculated again without any simplification. The result is𝐹𝑦𝑐 ∈ [−∞,−35.63] ∪ [58.00, +∞]. It can be seen that the
result varies a little compared with that of simplified model.

The projectile angular motion without control force is
presented as Figure 3.The angle of attack motion and sideslip
motion along with time are presented in Figure 4.

These two figures illustrate that the angular motions for
the flight without control force are converging gradually
along with time and represent a stable flight.

The projectile angular motion with a -55N force to left is
presented as Figure 5. In the same case, the angle of attack
motion and sideslip motion along with time are presented in
Figure 6.
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Figure 4: Angle of attack and sideslip for the flight without control
force.

In Figures 5 and 6, the fast epicyclic motion of the projec-
tile is stable. However, the slow epicyclic motion is diverging
along with time obviously.The results have illustrated that the
slow epicyclic motion of the projectile is unstable when a -
55N control force is exerted to left. The simulation results for𝐹𝑦𝑐 = −55 ∈ [−∞,−35.63] ∪ [58.00, +∞] are in conformity
to the negative part of the analytic instability boundaries.

Figures 7 and 8 present the numerical simulation results
for the flight under an 80N control force. They illustrate that
the slow epicyclic motion of the projectile is stable. However,
the angle of attack and sideslip are diverging along with
time obviously, and the fast epicyclic motion is unstable. For
the control force 80N belonging to the unstable scope, the
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Figure 5: Angular motion for the flight with -55N control force.
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Figure 6: Angle of attack and sideslip for the flight with -55N control
force.

simulation results demonstrate the validity of the positive
part of instability boundaries.

Additionally, the instability boundaries for the flight
under control derived in this paper are compared with
Lloyd’s research. With the same example projectile, initial
and meteorological conditions and the instability boundaries
under horizontal control force by Lloyd are written as 𝐹𝑦𝑐 ∈[−∞,−44.61] ∪ [66.91, +∞]. As is shown in Figure 9, the
blue slash represents the scope of horizontal control force
that causes an instability derived by Lloyd, and the red slash
represents the same scope derived in this paper.

The figure indicates that the instability boundaries in
this paper extend the scope by 13.5% compared with Lloyd’s
research. To further demonstrate the reliability of this
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Figure 7: Angular motion for the flight with 80N control force.
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Figure 8: Angle of attack and sideslip for the flight with 80N control
force.

method, another two simulations are implemented. The
control force magnitude is chosen from the extended scope
by comparison.

Figures 10 and 11 exhibit the angular motion, angle of
attack, and sideslip for the flightwith a -40N control force (the
value -40 is in the negative extended scope by comparison).
The numerical simulation result illustrates clearly that the
flight is unstable (specifically, the fast epicyclic motion is
stable, while the slow epicyclic motion is unstable).

Similarly, Figures 12 and 13 exhibit the angular motion,
angle of attack, and sideslip for the flight with a 60N control
force (the value 60 is in the positive extended scope by
comparison). The numerical simulation result indicates that
the flight is unstable (specifically, the slow epicyclic motion is
stable, while the fast epicyclic motion is unstable).

The two simulation results give a further demonstration
for the instability boundaries of the flight under control
derived in this paper. In addition, it is 13.5% more accurate
than Lloyd’s research.

5. The Effect of Projectile Parameters on
Instability Boundaries

The effects of the projectile parameters during flight on
stability are analyzed and discussed, respectively, utilizing the
instability boundaries when a control force is exerted.

5.1. The Initial Pitch 𝜃0. Figure 14 dictates the effect of initial
pitch on the instability boundaries. The line of red triangle
represents the lower instability boundary variation of the
positive control force (denoted as lower boundary for short).
The line of blue diamond represents the upper instability
boundary variation of the negative control force (denoted
as upper boundary for short). As presented in Figure 14,
the lower boundary increases progressively as the initial
pitch angle decreases in descending flight, while the upper
boundary decreases.

The instability boundary variation in this case dictates a
decreasing control force unstable scope. That is to say, the
increase of the pitch angle in descending flight improves
the projectile stability. The reason is that the pitch angle
represents the curvature of the trajectory which will induce
an aerodynamic trim angle. During the descending flight, the
small pitch angle implies a severe trajectory curvature and
a large trim angle. Therefore, the flight stability is weakened
with the extra aerodynamic drag and lift forces induced by
large trim angle.

5.2. The Projectile Velocity V. Figure 15 dictates the effect of
projectile velocity on the instability boundaries. The lines of
red triangle and blue diamond represent the lower bound-
ary and upper boundary variation, respectively, along with
projectile velocity. As illustrated in Figure 15, the increase
of projectile velocity causes an increase in lower boundary
and a decrease in upper boundary. As discussed in Figure 14,
the result illustrates that the flight stability increases as the
projectile velocity increases. The conclusion of the analysis is
in line with the literature [25].

5.3. The Projectile Roll Rate 𝑝. The effect of projectile roll
rate on the instability boundaries is illustrated in Figure 16.
The expression is almost identical to Figure 15 and to avoid
repetition; it is not described here. The increase of projectile
velocity causes a lower boundary increase and an upper
boundary decrease. That is to say, the flight stability is
positively associated with the projectile roll rate. The result
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Figure 11: Angle of attack and sideslip for the flight with -40N
control force.

is in line with the classical ballistic theory: the increase
of projectile roll rate will directly improve the gyroscopic
stability factor of projectiles.

This section shows the effects of projectile parameters on
instability boundaries. The results illustrate that the proposed
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Figure 12: Angular motion for the flight with 60N control force.
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Figure 13:Angle of attack and sideslip for the flightwith 60Ncontrol
force.
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instability boundaries can be used to predict the stability vari-
ation under various flight parameters. The prediction results
are in line with the relevant research or theory. Therefore, the
validity of instability boundaries is demonstrated once again
in this respect.

6. Conclusion

Thisworkmainly focuses on the balance between themaneu-
verability and stability for the projectile under control. With
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Figure 16: The effect of projectile velocity on the instability
boundaries.

a deep investigation, this paper indicates the invalidity of
classical linearization in stability analysis and reveals the
reason. Based on that, the exterior ballistic equations are
established with the unique proposed compensation matrix
and no additional coordinate system is needed.Thenecessary
prerequisite for a stable flight under control is given by
Routh stability criterion and the instability boundaries for
the control force are derived. Numerical simulations demon-
strate the validity of the analytic relationship between the
flight instability boundaries and the control force magnitude.
Additionally, the instability boundaries derived in this paper
are compared with Lloyd’s research. The comparison results
dictate that the former is more accurate and extends the
scope by 13.5%. The results are also verified by simulations.
The effects of the projectile pitch, velocity, and roll rate on
the instability boundaries are analyzed, respectively, when a
control force is exerted.The results illustrate that the unstable
scope is negatively associated with the all the three projectile
parameters during the descending flight, while the projectile
stability is positively associated.

Nomenclature

𝐶𝑙: Lift force coefficient𝐶𝐷: Drag force coefficient𝐶𝑦𝑝𝛼: Magnus force coefficient derivative
𝐶𝑀𝛼: Static moment coefficient derivative𝐶𝑀𝑝𝛼: Magnus moment coefficient derivative𝐶𝑀𝑞: Damping moment coefficient derivative

induced by pitch and yaw rate𝑢, V, 𝑤: Projectile velocity component of 𝑥, 𝑦, 𝑧
axis in fixed plane coordinate, m/s𝐹𝑥, 𝐹𝑦, 𝐹𝑧: Aerodynamic forces component on
projectile body of 𝑥, 𝑦, 𝑧 axis in fixed plane
coordinate, N
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𝐹𝑦𝑐, 𝐹𝑧𝑐: Control forces component on projectile
body of 𝑦, 𝑧 axis in fixed plane coordinate,
N𝑝, 𝑞, 𝑟: Projectile roll rate, pitch rate, yaw rate in
fixed plane coordinate, rad/s

L,M,N: Aerodynamic moments component on
projectile body of 𝑥, 𝑦, 𝑧 axis in fixed plane
coordinate, Nm𝑀𝑐, 𝑁𝑐: Control moments component on
projectile body of 𝑦, 𝑧 axis in fixed plane
coordinate, Nm𝑉: Projectile velocity, m/s𝜃: Projectile pitch angle, rad

𝑔: Gravitational acceleration, m/s2
𝜌: Atmospheric density, kg/m3
𝑆: Projectile reference area, m2𝐼𝑋: Moment of inertia for projectile

longitudinal axis, kg⋅m2𝐼𝑌: Moment of inertia for projectile transverse
axis, kg⋅m2[𝐼] : Diagonal inertia matrix𝑙: Projectile reference length, m.
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This paper develops a theoretical framework to investigate optimal harvesting control for stochastic delay differential systems.
We first propose a novel stochastic two-predator and one-prey competitive system subject to time delays and Lévy jumps. Then
we obtain sufficient conditions for persistence in mean and extinction of three species by using the stochastic qualitative analysis
method. Finally, the optimal harvesting effort and themaximum of expectation of sustainable yield (ESY) are derived fromHessian
matrix method and optimal harvesting theory of delay differential equations. Moreover, some numerical simulations are given to
illustrate the theoretical results.

1. Introduction

Optimal control problem in the field of biological mathe-
matics has been widely concerned by researchers. Resource
exploitation always aims to maximum sustainable yield
(MSY) or the profit associated with the maximum economic
yield (MEY) [1]. How to obtain MSY or MEY involves
the optimal harvesting control problem. Therefore, it is
interesting and meaningful to investigate optimal harvesting
control strategies for biological populationmodels, especially
stochastic population models. A number of researchers
have investigated single-species or two-species population
models [2–4]. However, the above two classes of models
can not describe some natural phenomena completely and
it is believed that models with three or more species can
explain the dynamical behaviors of the population accurately
[5–8]. Predator-prey models are arguably known as the
most fundamental building blocks of the biosystems and
ecosystems as the biomasses are grown out of their resource,
which have been widely investigated [9–17]. As we all know,
after a predator catches and feeds on a prey, the number of the
predators will not increase at once, which needs the processes
of digestion and absorption. Therefore, the time delays were

considered in many differential systems [18–21], especially
stochastic delay models [22–29].

The basic model we consider is based on the delay Lotka-
Volterra model with two competitive predators and one
prey. We propose the following model by assuming that the
random perturbations of intrinsic growth rate are subjected
to Gaussian white noise [30]:

d𝑥 (𝑡) = 𝑥 (𝑡) [𝑟1 − 𝑎11𝑥 (𝑡) − 𝑎12𝑦1 (𝑡 − 𝜏12)
− 𝑎13𝑦2 (𝑡 − 𝜏13)] d𝑡 + 𝜎1𝑥 (𝑡) d𝐵1 (𝑡) ,

d𝑦1 (𝑡) = 𝑦1 (𝑡) [𝑟2 − 𝑎21𝑒−𝑑21𝜏21𝑥 (𝑡 − 𝜏21) − 𝑎22𝑦1 (𝑡)
− 𝑎23𝑒−𝑑23𝜏23𝑦2 (𝑡 − 𝜏23)] d𝑡 + 𝜎2𝑦1 (𝑡) d𝐵2 (𝑡) ,

d𝑦2 (𝑡) = 𝑦2 (𝑡) [𝑟3 − 𝑎31𝑒−𝑑31𝜏31𝑥 (𝑡 − 𝜏31)
− 𝑎32𝑒−𝑑32𝜏32𝑦1 (𝑡 − 𝜏32) − 𝑎33𝑦2 (𝑡)] d𝑡
+ 𝜎3𝑦2 (𝑡) d𝐵3 (𝑡) ,

(1)

with initial value
𝑥 (𝜃) = 𝜑0 (𝜃) ,
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𝑦1 (𝜃) = 𝜑1 (𝜃) ,
𝑦2 (𝜃) = 𝜑2 (𝜃) ,

𝜃 ∈ [−𝜏0, 0] ,
𝜏0 = max
𝑖,𝑗=1,2,3

{𝜏𝑖𝑗} ,
(2)

where 𝑥(𝑡) denotes the number of the prey species at time 𝑡
and 𝑦𝑖(𝑡) (𝑖=1, 2) denote the predator species at time 𝑡. 𝑟1 > 0
stands for the growth rate of prey. 𝑟2 < 0 and 𝑟3 < 0 stand
for the death rates of the two predators, respectively. 𝑎𝑖𝑖 > 0 is
the interspecific competition rate of species 𝑖, 𝑖 = 1, 2, 3, and𝑎23𝑒−𝑑23𝜏23 > 0 and 𝑎32𝑒−𝑑32𝜏32 > 0 are the competition rates of
two predators. 𝑎12 and 𝑎13 are positive representing capture
rates, and 𝑎21𝑒−𝑑21𝜏21 and 𝑎31𝑒−𝑑31𝜏31 are negative representing
the growth rates from prey relatively. 𝜏𝑖𝑗 ≥ 0 signifies the time
delay, and 𝜑𝑖(𝜃) > 0 (𝑖 = 0, 1, 2) are continuous functions on[−𝜏0, 0]. 𝐵𝑖(𝑡) (i=1,2,3) are mutually independent Brownian
motion with 𝐵𝑖(0) = 0 defined on a complete probability
space (Ω,F,P) with a filtration {F𝑡}𝑡≥0 that satisfies that it
is right continuous and increasing with F0 that contains all
P-null sets.

Various harvesting models have been used to investigate
the optimal harvesting policies of renewable resources (e.g.,
Beddington and May [30], Neubert [31]). Recently, many
authors explored the optimal harvesting models [32–37].
According to the catch-per-unit-effort (CPUE) hypothesis,
we consider that predators 𝑦1 and 𝑦2 are subject to exploita-
tion with harvesting effort rates ℎ1 > 0 and ℎ2 > 0, respec-
tively.

However, in some cases, models just perturbed by the
Gaussian white noise can not effectively and efficiently
describe the circumstance when the species suffer sudden
catastrophic disturbance in nature. The sudden environ-
mental change can affect the dynamical behavior of the
species significantly. Therefore, it is necessary to use the
discontinuous stochastic process (e.g., Lévy jump) to model
the abrupt nature phenomenon in ecosystem [38–43].

To introduce the Lévy jump into the underlying stochastic
model (1), we first give some facts about the Lévy jump
[33]. Generally, a Lévy process 𝐿 𝑖(𝑡) can be decomposed
into the sum of a linear drift, a Brownian motion 𝐵𝑖(𝑡),
and a superposition of centered Poisson processes with
different jump sizes 𝜆(dV) which is the rate of arrival of the
Poisson process with jump of size V. According to the Lévy
decomposition theorem [44], we know that

𝐿 𝑖 (𝑡) = 𝑎𝑖𝑡 + �̃�𝑖𝐵𝑖 (𝑡) + ∫
Y

V�̃� (𝑡, dV) , 𝑖 = 1, 2, . . . , 𝑛, (3)

where 𝑎𝑖 ∈ 𝑅, �̃�𝑖 > 0, �̃�(𝑡, dV) = 𝑁(𝑡, 𝑑V) − 𝜆(dV)𝑡 is a
compensated Poisson process, and 𝑁 is a Poisson measure
with characteristic measure 𝜆 on a measurable subset Y of(0, +∞) with 𝜆(Y ) < ∞. The distribution of a Lévy process𝐿 𝑖(𝑡) has the property of infinite divisibility and is charac-
terized by its characteristic function 𝜙𝐿 𝑖(𝑡), which is given
by the following Lévy-Khintchine formula [45]:

𝜙𝐿 𝑖 (𝑡) fl E [𝑒𝜄𝑡𝐿 𝑖]
= exp {𝑎𝑖𝜄𝑡 − 12 �̃�2𝑖 𝑡2 + ∫

Y

[𝑒𝜄𝑡V − 1 − 𝜄𝑡V𝐼|V|<1] 𝜆 (dV)} , (4)

where 𝐼𝐺 is the indicator function of set 𝐺 and 𝜄 is the
imaginary unit. The distribution of Lévy jump 𝐿 𝑖(𝑡) can be
completely parameterized by (𝑎𝑖, �̃�𝑖, 𝜆).

Motivated by the above discussion, we can assume that
the intrinsic growth rate 𝑟1 and the death rates 𝑟2 and 𝑟3 of
model (1) perturbed by the Lévy jump to signify the sudden
climate change, 𝑟𝑖 → 𝑟𝑖 + 𝛾𝑖d𝐿 𝑖(𝑡) [42, 46], and then we
can obtain the following stochasticmodel incorporating Lévy
jump:

d𝑥 (𝑡) = 𝑥 (𝑡) [𝑟1 − 𝑎11𝑥 (𝑡) − 𝑎12𝑦1 (𝑡 − 𝜏12)
− 𝑎13𝑦2 (𝑡 − 𝜏13)] d𝑡 + 𝜎1𝑥 (𝑡) d𝐵1 (𝑡) + 𝑥 (𝑡)
⋅ ∫

Y

𝛾1 (V) �̃� (d𝑡, dV) ,
d𝑥2 (𝑡) = 𝑦1 (𝑡) [𝑟2 − ℎ1 − 𝑎21e−𝑑21𝜏21𝑥 (𝑡 − 𝜏21) − 𝑎22𝑦1 (𝑡)

− 𝑎23𝑒−𝑑23𝜏23𝑦2 (𝑡 − 𝜏23)] d𝑡 + 𝜎2𝑦1 (𝑡) d𝐵2 (𝑡) + 𝑦1 (𝑡)
⋅ ∫

Y

𝛾2 (V) �̃� (d𝑡, dV) ,
d𝑥3 (𝑡) = 𝑦2 (𝑡) [𝑟3 − ℎ2 − 𝑎31𝑒−𝑑31𝜏31𝑥 (𝑡 − 𝜏31)

− 𝑎32𝑒−𝑑32𝜏32𝑦1 (𝑡 − 𝜏32) − 𝑎33𝑦2 (𝑡)] d𝑡
+ 𝜎3𝑦2 (𝑡) d𝐵3 (𝑡) + 𝑦2 (𝑡) ∫

Y

𝛾3 (V) �̃� (d𝑡, dV) ,

(5)

here 𝑟𝑖 = 𝑟𝑖 + 𝛾𝑖𝑎𝑖, 𝜎𝑖 = 𝜎𝑖 + 𝛾𝑖�̃�𝑖, 𝛾𝑖(V) = 𝛾𝑖(V), 𝑖 = 1, 2, 3, and
with initial value (2).

In this paper, we devote our main attention to obtain
the optimal harvesting control strategy of system (5). To this
end, we firstly investigate the dynamical behavior of the three
species including persistence in mean and extinction and
asymptotically stable distribution. Then we explore how the
time delay, sudden environmental shock expressed by Lévy
jump, and other factors affect the optimal harvesting policy
and the maximum expectation of sustainable yield.

This paper is organized as follows. We discuss the persis-
tence inmean and extinction of the three species in Section 2.
Based on the conclusion of Section 2, we consider the optimal
harvesting policy in Section 3. Finally, we conclude our
results by numerical simulations and discussions in the last
section.

2. Persistence in Mean and Extinction

For convenience, we give some notations which will be used
for analyzing our main results. Let 𝑅3+ = {𝑎 = (𝑎1, 𝑎2, 𝑎3) ∈𝑅3 | 𝑎𝑖 > 0, 𝑖 = 1, 2, 3} and let 𝐶([−𝜏0, 0]; 𝑅3+) stand for all
continuous functions from [−𝜏0, 0] to 𝑅3+, where 𝑅3 is a 3-
dimensional Euclidean space and 𝑅3+ is the positive cone in𝑅3. Correspondingly, 𝑅+ = (0, +∞). Denote 𝑑1 = 𝑟1, 𝑑2 =
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𝑟2 − ℎ1, and 𝑑3 = 𝑟3 − ℎ2. To make it more convenient, let𝑐11 = 𝑎11, 𝑐12 = 𝑎12, 𝑐13 = 𝑎13, 𝑐21 = 𝑎21𝑒−𝑑21𝜏21 , 𝑐22 = 𝑎22,𝑐23 = 𝑎23𝑒−𝑑23𝜏23 , 𝑐31 = 𝑎31𝑒−𝑑31𝜏31 , 𝑐32 = 𝑎32𝑒−𝑑32𝜏32 , and𝑐33 = 𝑎33. Additionally, denote 𝛼1 = (𝑐11, 𝑐21, 𝑐31)T, 𝛼2 =(𝑐12, 𝑐22, 𝑐32)T, 𝛼3 = (𝑐13, 𝑐23, 𝑐33)T and 𝛽 = (𝑑1, 𝑑2, 𝑑3)T, and𝛾 = (1/2)(𝜎21 , 𝜎22 , 𝜎23)T. Accordingly, we define
Φ = det (𝛼1, 𝛼2, 𝛼3) ,
Υ = det (𝛼1, 𝛽, 𝛾) ,
Φ1 = det (𝛽, 𝛼2, 𝛼3) ,
Φ̃1 = det (𝛾, 𝛼2, 𝛼3) ,
Φ2 = det (𝛼1, 𝛽, 𝛼3) ,
Φ̃2 = det (𝛼1, 𝛾, 𝛼3) ,
Φ3 = det (𝛼1, 𝛼2, 𝛽) ,
Φ̃3 = det (𝛼1, 𝛼2, 𝛾) ,
Δ 1 = 𝑐22𝑑1 − 𝑐12𝑑2,
Δ 2 = 𝑐11𝑑2 − 𝑐21𝑑1,
Δ 3 = 𝑐11𝑑3 − 𝑐31𝑑1,
Δ̃ 1 = 𝑐22𝜎212 − 𝑐12𝜎222 ,
Δ̃ 2 = 𝑐11𝜎222 − 𝑐21𝜎212 ,
Δ̃ 3 = 𝑐11𝜎232 − 𝑐31𝜎222 ,

⟨𝑓 (𝑡)⟩ = 𝑡−1 ∫𝑡
0
𝑓 (s) d𝑠,

⟨𝑓⟩∗ = lim sup
𝑡→+∞

𝑡−1 ∫𝑡
0
𝑓 (𝑠) d𝑠,

⟨𝑓⟩∗ = lim inf
𝑡→+∞

𝑡−1 ∫𝑡
0
𝑓 (𝑠) d𝑠.

(6)

Φ𝑖𝑗 is the complement minor of 𝑐𝑖𝑗 in the deterministic Φ,𝑖, 𝑗 = 1, 2, 3. Now we give a fundamental assumption of Lévy
jump.

Assumption 1. Assume that 𝛾𝑖(V) > −1, and there exists a
constant 𝐾 such that

∫
Y

ln (1 + 𝛾𝑖 (V))2 𝜆 (dV) ≤ 𝐾 < ∞. (7)

Assumption 1 implies that the intensity of Lévy jump can
not be sufficiently large.

Lemma 2. For any given initial value 𝜑(𝜃) = (𝜑0(𝜃), 𝜑1(𝜃),𝜑2(𝜃))T ∈ 𝐶([−𝜏0, 0]; 𝑅3+), model (5) has a unique global
positive solution𝑋(𝑡) = (𝑥(𝑡), 𝑦1(𝑡), 𝑦2(𝑡))T on 𝑡 ≥ 0 𝑎.𝑠.

Proof. Firstly, we consider the following stochastic model:

d ln𝑥 (𝑡) = [𝑑1 − 12𝜎21 − 𝑐11𝑥 (𝑡) − 𝑐12𝑦1 (𝑡 − 𝜏12)
− 𝑐13𝑦2 (𝑡 − 𝜏13) − ∫

Y

[𝛾1 − ln (1 + 𝛾1)] 𝜆 (dV)] d𝑡
+ 𝜎1d𝐵1 (𝑡) + ∫

Y

ln (1 + 𝛾1) �̃� (d𝑡, dV) ,
d ln𝑦1 (𝑡) = [𝑑2 − 12𝜎22 − 𝑐21𝑥 (𝑡 − 𝜏21) − 𝑐22𝑦1 (𝑡)

− 𝑐23𝑦2 (𝑡 − 𝜏23) − ∫
Y

[𝛾2 − ln (1 + 𝛾2)] 𝜆 (dV)] d𝑡
+ 𝜎2d𝐵2 (𝑡) + ∫

Y

ln (1 + 𝛾2) �̃� (d𝑡, dV) ,
d ln𝑦2 (𝑡) = [𝑑3 − 12𝜎23 − 𝑐31𝑥 (𝑡 − 𝜏31) − 𝑐32𝑦1 (𝑡 − 𝜏32)

− 𝑐33𝑦2 (𝑡) − ∫
Y

[𝛾3 − ln (1 + 𝛾3)] 𝜆 (dV)] d𝑡
+ 𝜎1d𝐵1 (𝑡) + ∫

Y

ln (1 + 𝛾1) �̃� (d𝑡, dV)

(8)

with initial value (2). It is easy to see that the coefficients
of model (8) satisfy the local Lipschitz condition; therefore
model (8) has a unique local solution 𝑋(𝑡) on [0, 𝜏𝑒], where𝜏𝑒 is the explosion time. According to Itô’s formula, we can
find that

𝑋 (𝑡) = (𝑥 (𝑡) , 𝑦1 (𝑡) , 𝑦2 (𝑡))T (9)

is the unique positive local solution to model (5). Now let us
prove 𝜏𝑒 = +∞. Thus, we introduce the following auxiliary
model:

d𝑢 (𝑡) = 𝑢 (𝑡) [𝑑1 − 𝑐11𝑢 (𝑡)] d𝑡 + 𝜎1𝑢 (𝑡) d𝐵1 (𝑡)
+ 𝑢 (𝑡) ∫

Y

𝛾1 (V) �̃� (d𝑡, dV) ,
dV1 (𝑡) = V1 (𝑡) [𝑑2 − 𝑐21𝑢 (𝑡 − 𝜏21) − 𝑐22V1 (𝑡)] d𝑡

+ 𝜎2V1 (𝑡) d𝐵2 (𝑡)
+ V1 (𝑡) ∫

Y

𝛾2 (V) �̃� (d𝑡, dV) ,
dV2 (𝑡) = V2 (𝑡) [𝑑3 − 𝑐31𝑢 (𝑡 − 𝜏31) − 𝑐33V2 (𝑡)] d𝑡

+ 𝜎3V2 (𝑡) d𝐵3 (𝑡) + V2 (𝑡) ∫
Y

𝛾3 (V) �̃� (d𝑡, dV)

(10)

with initial value

𝑢 (𝜃) = 𝜑0 (𝜃) ,
V1 (𝜃) = 𝜑1 (𝜃) ,
V2 (𝜃) = 𝜑2 (𝜃) ,

𝜃 ∈ [−𝜏0, 0] .
(11)
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Taking advantage of the comparison theorem for stochastic
equation [47] yields that, for 𝑡 ∈ [0, 𝜏𝑒],

𝑥 (𝜃) < 𝑢 (𝜃) ,
𝑦𝑖 (𝜃) < V𝑖 (𝜃) a.s., 𝑖 = 1, 2. (12)

According to Theorem 4.2 in Jiang and Shi [48], the explicit
solution of model (10) is

𝑢 (𝑡) = exp {𝑏1𝑡 + 𝜎1𝐵1 (𝑡) + 𝑀1 (𝑡)}
𝑢−1 (0) + 𝑐11 ∫𝑡0 exp {𝑏1𝑠 + 𝜎1𝐵1 (𝑠) + 𝑀1 (𝑠)} d𝑠 ,

V1 (𝑡)
= exp {𝑏2𝑡 + 𝑐21 ∫𝑡0 𝑢 (𝑡 − 𝜏21) d𝑠 + 𝜎2𝐵2 (𝑡) + 𝑀2 (𝑡)}
V−11 (0) + 𝑐22 ∫𝑡0 exp {𝑏2𝑠 − ∫𝑠

0
𝑐21𝑢 (𝜍 − 𝜏21) d𝜍 + 𝜎2𝐵2 (𝑠) + 𝑀2 (𝑠)} ,

V2 (𝑡)
= exp {𝑏3𝑡 + 𝑐31 ∫𝑡0 𝑢 (𝑡 − 𝜏31) d𝑠 + 𝜎3𝐵3 (𝑡) + 𝑀3 (𝑡)}
V−12 (0) + 𝑐33 ∫𝑡0 exp {𝑏3𝑠 − ∫𝑠

0
𝑐31𝑢 (𝜍 − 𝜏31) d𝜍 + 𝜎3𝐵3 (𝑠) + 𝑀2 (𝑠)} ,

(13)

where 𝜂𝑖 = ∫
Y
[𝛾𝑖(V)− ln(1+𝛾𝑖(V))]𝜆(dV), 𝑏𝑖 = 𝑑𝑖−(1/2)𝜎2𝑖 −𝜂𝑖,

and 𝑀𝑖(𝑡) = ∫𝑡
0
∫
Y
ln(1 + 𝛾𝑖(V))�̃�(d𝑠, dV), 𝑖 = 1, 2, 3 [33]. It is

not difficult to see that 𝑦1(𝑡), 𝑦2(𝑡), and 𝑦3(𝑡) are existent on𝑡 ≥ 0; thereby 𝜏𝑒 = +∞.This completes the proof of Lemma 2.

Lemma 3 (see [22]). Suppose that 𝜙(𝑡) ∈ 𝐶[Ω×[0, +∞); 𝑅+].
(i) If there exist three constants 𝜆0, 𝜆, and 𝑇 ≥ 0, such that

ln𝜙 (𝑡) ≤ 𝜆𝑡 − 𝜆0 ∫𝑡
0
𝜙 (𝑠) d𝑠 + 𝛼 3∑

𝑖=1

𝐵𝑖 (𝑡)

+ 3∑
𝑖=1

𝛿𝑖 ∫𝑡
0
∫
Y

ln (1 + 𝛾𝑖 (V)) �̃� (d𝑠, dV) , a.s.,
(14)

for all 𝑡 ≥ 𝑇, where 𝛼 and 𝛿𝑖 are constants; then
⟨𝜙⟩∗ ≤ 𝜆𝜆0 a.s., 𝑖𝑓 𝜆 ≥ 0,

lim
𝑡→∞

𝜙 (𝑡) = 0 a.s., 𝑖𝑓 𝜆 ≤ 0. (15)

(ii) If there exist three constants 𝜆0, 𝜆, and 𝑇 ≥ 0, such that
ln𝜙 (𝑡) ≥ 𝜆𝑡 − 𝜆0 ∫𝑡

0
𝜙 (𝑠) d𝑠 + 𝛼 3∑

𝑖=1

𝐵𝑖 (𝑡)

+ 3∑
𝑖=1

𝛿𝑖 ∫𝑡
0
∫
Y

ln (1 + 𝛾𝑖 (V)) �̃� (d𝑠, dV) , a.s.,
(16)

for all 𝑡 ≥ 𝑇; then ⟨𝜙⟩∗ ≥ 𝜆/𝜆0 a.s.
Lemma 4. For model (10), consider the following:

(a) If 𝑏1 < 0, then
lim
𝑡→+∞

𝑢 (𝑡) = 0,
lim
𝑡→+∞

V𝑖 (𝑡) = 0, a.s., 𝑖 = 1, 2. (17)

(b) If 𝑏1 ≥ 0, 𝑏2 − 𝑐21𝑏1/𝑐11 ≥ 0, and 𝑏3 − 𝑐31𝑏1/𝑐11 ≥ 0, then
lim
𝑡→+∞

⟨𝑢 (𝑡)⟩ = 𝑏1𝑐11 ,
lim
𝑡→+∞

⟨V1 (𝑡)⟩ = 𝑏2 − 𝑐21𝑏1/𝑐11𝑐22 ,
lim
𝑡→+∞

⟨V2 (𝑡)⟩ = 𝑏3 − 𝑐31𝑏1/𝑐11𝑐33 ,
a.s.;

(18)

(c) If 𝑏1 ≥ 0, 𝑏2 − 𝑐21𝑏1/𝑐11 < 0, and 𝑏3 − 𝑐31𝑏1/𝑐11 < 0, then
lim
𝑡→+∞

⟨𝑢 (𝑡)⟩ = 𝑏1𝑐11 ,
lim
𝑡→+∞

V1 (𝑡) = 0,
lim
𝑡→+∞

V2 (𝑡) = 0,
a.s..

(19)

(d) If 𝑏1 ≥ 0, 𝑏2 − 𝑐21𝑏1/𝑐11 ≥ 0, and 𝑏3 − 𝑐31𝑏1/𝑐11 < 0, then
lim
𝑡→+∞

⟨𝑢 (𝑡)⟩ = 𝑏1𝑐11 ,
lim
𝑡→+∞

⟨V1 (𝑡)⟩ = 𝑏2 − 𝑐21𝑏1/𝑐11𝑐22 ,
lim
𝑡→+∞

V2 (𝑡) = 0,
a.s..

(20)

(e) If 𝑏1 ≥ 0, 𝑏2 − 𝑐21𝑏1/𝑐11 < 0, and 𝑏3 − 𝑐31𝑏1/𝑐11 ≥ 0, then
lim
𝑡→+∞

⟨𝑢 (𝑡)⟩ = 𝑏1𝑐11 ,
lim
𝑡→+∞

V1 (𝑡) = 0,
lim
𝑡→+∞

⟨V2 (𝑡)⟩ = 𝑏3 − 𝑐31𝑏1/𝑐11𝑐33 ,
𝑎.𝑠.

(21)

Proof. Firstly, we prove (𝑎). Applying Itô’s formula to model
(10), we can get that

ln 𝑢 (𝑡) − ln 𝑢 (0) = 𝑏1𝑡 − 𝑐11 ∫𝑡
0
𝑢 (𝑠) d𝑠 + 𝜎1𝐵1 (𝑡)

+ 𝑀1 (𝑡) ,
(22)

ln V1 (𝑡) − ln V1 (0) = 𝑏2𝑡 − 𝑐21 ∫𝑡
0
𝑢 (𝑠 − 𝜏21) d𝑠

− 𝑐22 ∫𝑡
0
V1 (𝑠) d𝑠 + 𝜎2𝐵2 (𝑡)

+ 𝑀2 (𝑡) ,
(23)
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ln V2 (𝑡) − ln V2 (0) = 𝑏3𝑡 − 𝑐31 ∫𝑡
0
𝑢 (𝑠 − 𝜏31) d𝑠

− 𝑐33 ∫𝑡
0
V2 (𝑠) d𝑠 + 𝜎3𝐵3 (𝑡)

+ 𝑀3 (𝑡) .
(24)

It follows from (22) that

𝑡−1 ln 𝑢 (𝑡)𝑢 (0) ≤ 𝑏1 + 𝜎1𝐵1 (𝑡)𝑡 + 𝑀1 (𝑡)𝑡 . (25)

By Assumption 1, the quadratic variation of𝑀1(𝑡) is
⟨𝑀1 (𝑡) ,𝑀1 (𝑡)⟩ (𝑡) = ∫𝑡

0
∫
Y

(ln (1 + 𝛾1 (V)))2 𝜆 (dV) d𝑠
≤ 𝑡 ∫

Y

(ln (1 + 𝛾1 (V)))2 𝜆 (dV) < 𝑐𝑡,
(26)

where ⟨𝑀1(𝑡),𝑀1(𝑡)⟩(𝑡) is Meyer’s angle bracket process.
Utilizing the strong lawof large numbers for localmartingales
gives that lim𝑡→∞(𝐵1(𝑡)/𝑡) = 0 and lim𝑡→∞(𝑀1(𝑡)/𝑡) = 0.
Since 𝑏1 < 0,

lim
𝑡→+∞

𝑢 (𝑡) = 0, 𝑎.𝑠. (27)

Substituting (27) into (23) gives that

ln V1 (𝑡) − ln V1 (0) ≤ 𝑏2𝑡 + 𝜀𝑡 − 𝑐22 ∫𝑡
0
V1 (𝑠) d𝑠 + 𝜎2𝐵2 (𝑡)

+ 𝑀2 (𝑡) ,
(28)

where 𝜀 is small enough satisfying 𝑏2 + 𝜀 < 0. Applying (i) in
Lemma 3 gives

lim
𝑡→+∞

V1 (𝑡) = 0, 𝑎.𝑠. (29)

Similarly, we can get that

lim
𝑡→+∞

V2 (𝑡) = 0, 𝑎.𝑠. (30)

Secondly, we prove (b). Since 𝑏1 ≥ 0, applying Lemma 3
to (22) yields that

lim
𝑡→+∞

⟨𝑢 (𝑡)⟩ = 𝑏1𝑐11 , 𝑎.𝑠. (31)

We know that

𝑡−1 ln 𝑢 (𝑡)𝑢 (0) = 𝑏1 − 𝑐11 ⟨𝑢 (𝑡)⟩ + 𝜎1𝐵1 (𝑡)𝑡 + 𝑀1 (𝑡)𝑡 , (32)

𝑡−1 ln V1 (𝑡)
V1 (0) − 𝑡−1𝑐21 (∫𝑡

𝑡−𝜏21

𝑢 (𝑠) d𝑠 − ∫0
−𝜏21

𝑢 (𝑠) d𝑠)
= 𝑏2 − 𝑐21 ⟨𝑢 (𝑡)⟩ − 𝑐22 ⟨V1 (𝑡)⟩ + 𝜎2𝐵2 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 ,

(33)

𝑡−1 ln V2 (𝑡)
V2 (0) − 𝑡−1𝑐31 (∫𝑡

𝑡−𝜏31

𝑢 (𝑠) d𝑠 − ∫0
−𝜏31

𝑢 (𝑠) d𝑠)
= 𝑏3 − 𝑐31 ⟨𝑢 (𝑡)⟩ − 𝑐33 ⟨V2 (𝑡)⟩ + 𝜎3𝐵3 (𝑡)𝑡 + 𝑀3 (𝑡)𝑡 .

(34)

Using (31) in (32) gives that

lim
𝑡→+∞

𝑡−1 ln 𝑢 (0) = 0, 𝑎.𝑠. (35)

Multiplying (32) and (33) by −𝑐21 and 𝑐11, respectively, and,
adding them, we can derive that

𝑡−1𝑐11 ln V1 (𝑡)
V1 (0) − 𝑡−1𝑐11𝑐21 (∫𝑡

𝑡−𝜏21

𝑢 (𝑠) d𝑠 − ∫0
−𝜏21

𝑢 (𝑠) d𝑠)
− 𝑡−1 ln 𝑢 (𝑡)𝑢 (0)

= 𝑏2𝑐11 − 𝑐11𝑐22 ⟨V1 (𝑡)⟩ + 𝑡−1𝑐11𝜎2𝐵2 (𝑡) − 𝑏1𝑐21
− 𝑡−1𝑐21𝜎1𝐵1 (𝑡) − 𝑡−1𝑐21𝑀1 (𝑡) + 𝑡−1𝑐11𝑀2 (𝑡) .

(36)

An application of (31) gives that

lim
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏21

𝑢 (𝑠) d𝑠
= lim
𝑡→+∞

(𝑡−1 ∫𝑡
0
𝑢 (𝑠) d𝑠 − 𝑡−1 ∫𝑡−𝜏21

0
𝑢 (𝑠)) d𝑠 = 0,

𝑎.𝑠.
(37)

Consequently, utilizing (35), (36), (37), and Lemma 3 yields
that

lim
𝑡→+∞

⟨V1 (𝑡)⟩ = 𝑏2 − 𝑐21𝑏1/𝑐11𝑐22 , 𝑎.𝑠. (38)

Similarly, we can get when 𝑏3 − 𝑐31𝑏1/𝑐11 ≥ 0,
lim
𝑡→+∞

⟨V2 (𝑡)⟩ = 𝑏3 − 𝑐31𝑏1/𝑐11𝑐33 , 𝑎.𝑠. (39)

Thirdly, we prove (c). If 𝑏2 − 𝑐21𝑏1/𝑐11 < 0, according to
(35), (36), (37), and Lemma 3, one can obtain that

lim
𝑡→+∞

V1 (𝑡) = 0, 𝑎.𝑠. (40)

Similarly, if 𝑏3 − 𝑐31𝑏1/𝑐11 < 0, we can obtain

lim
𝑡→+∞

V2 (𝑡) = 0, 𝑎.𝑠. (41)

The proofs of (d) and (e) are similar to that of (b) and (c),
respectively, and hence are omitted.

Lemma 5. The solution of model (5) obeys

lim sup
𝑡→+∞

ln𝑥 (𝑡)𝑡 ≤ 0,
lim sup
𝑡→+∞

ln𝑦𝑖 (𝑡)𝑡 ≤ 0, a.s., 𝑖 = 1, 2.
(42)

Proof. Since 𝑥(𝑡) ≤ 𝑢(𝑡), 𝑦𝑖(𝑡) ≤ V𝑖(𝑡), 𝑖 = 1, 2, we only need
to prove

lim sup
𝑡→+∞

ln 𝑢 (𝑡)𝑡 ≤ 0,
lim sup
𝑡→+∞

ln V𝑖 (𝑡)𝑡 ≤ 0, a.s., 𝑖 = 1, 2.
(43)

According to the proof of Lemma 4, with the samemethod of
[22], we can get (43). Therefore, (42) is obtained.
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Theorem 6. For system (5), if Φ > 0, Φ𝑖 > 0, 𝑖 = 1, 2, 3, andΥ > 0, we set 𝜌1 = 2𝑑1/𝜎21 , 𝜌2 = Δ 2/Δ̃ 2, and 𝜌3 = Φ3/Φ̃3, and
then 𝜌1 > 𝜌2 > 𝜌3; moreover,

(i) if 𝜌1 < 1, then prey species and predator species go to
extinction a.s.; i.e.,

lim
𝑡→+∞

𝑥 (𝑡) = 0,
lim
𝑡→+∞

𝑦𝑖 (𝑡) = 0, 𝑖 = 1, 2, a.s.; (44)

(ii) if 𝜌1 > 1 > 𝜌2, then two predators go to extinction a.s.,
and prey is persistent in mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = 𝑏1𝑐11 , a.s.; (45)

(iii) if 𝜌2 > 1 > 𝜌3, then predator species 𝑦2 goes to
extinction, while prey species 𝑥 and predator species 𝑦1
are persistent in mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Δ 1 − Δ̃ 1Φ33 ,
lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Δ 2 − Δ̃ 2Φ33
a.s.;

(46)

(iv) if 𝜌3 > 1, then three species are persistent in mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Φ1 − Φ̃1Φ ,
lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Φ2 − Φ̃2Φ ,
lim
𝑡→+∞

⟨𝑦2 (𝑡)⟩ = Φ3 − Φ̃3Φ ,
𝑎.𝑠.

(47)

Proof. It is easy to prove 𝜌1 > 𝜌2 > 𝜌3. Applying Itô’s formula
to model (5) yields that

ln𝑥 (𝑡) − ln𝑥 (0) = 𝑏1𝑡 − 𝑐11 ∫𝑡
0
𝑥 (𝑠) d𝑠

− 𝑐12 ∫𝑡
0
𝑦1 (𝑠 − 𝜏12) d𝑠

− 𝑐13 ∫𝑡
0
𝑦2 (𝑠 − 𝜏13) d𝑠

+ 𝜎1𝐵1 (𝑡) + 𝑀1 (𝑡) ,

(48)

ln𝑦1 (𝑡) − ln𝑦1 (0) = 𝑏2𝑡 − 𝑐22 ∫𝑡
0
𝑦1 (𝑠) d𝑠

− 𝑐21 ∫𝑡
0
𝑥 (𝑠 − 𝜏21) d𝑠

− 𝑐23 ∫𝑡
0
𝑦2 (𝑠 − 𝜏23) d𝑠

+ 𝜎2𝐵2 (𝑡) + 𝑀2 (𝑡) ,
(49)

ln𝑦2 (𝑡) − ln𝑦2 (0) = 𝑏3𝑡 − 𝑐33 ∫𝑡
0
𝑦2 (𝑠) d𝑠

− 𝑐31 ∫𝑡
0
𝑥 (𝑠 − 𝜏31) d𝑠

− 𝑐32 ∫𝑡
0
𝑦1 (𝑠 − 𝜏32) d𝑠

+ 𝜎3𝐵3 (𝑡) + 𝑀3 (𝑡) .

(50)

Firstly, we prove (i). Since 𝑐11, 𝑐12, and 𝑐13 are positive, we
can get

𝑡−1 ln 𝑥 (𝑡)𝑥 (0) ≤ 𝑏1 + 𝜎1𝐵1 (𝑡)𝑡 + 𝑀1 (𝑡)𝑡 . (51)

Note that 𝜌1 = 2𝑑1/𝜎21 < 1; then 𝑏1 < 0. By Lemma 3, we get

lim
𝑡→+∞

𝑥 (𝑡) = 0, 𝑎.𝑠. (52)

Substituting this identity into (49), we can observe that, for
sufficiently large 𝑡,
ln𝑦1 (𝑡) − ln𝑦1 (0) ≤ 𝑏2𝑡 + 𝜀𝑡 − 𝑐22 ∫𝑡

0
𝑦1 (𝑠) d𝑠 + 𝜎2𝐵2 (𝑡)

+ 𝑀2 (𝑡) ,
(53)

where 𝜀 is small enough such that 𝑏2 + 𝜀 < 0. By Lemma 3, we
can get

lim
𝑡→+∞

𝑦1 (𝑡) = 0, 𝑎.𝑠. (54)

Similarly, we have

lim
𝑡→+∞

𝑦2 (𝑡) = 0, 𝑎.𝑠. (55)

Secondly, we prove (ii). Since 1 > 𝜌2 > Δ 3/Δ̃ 3, we know
Δ 3Δ̃ 3 < 1,

i.e., 𝑐11𝑑3 − 𝑐31𝑑1𝑐11𝜎23/2 − 𝑐31𝜎21/2 < 1.
(56)

Simplifying the above inequality gives that 𝑐11𝑏3 < 𝑐31𝑏1,
which means 𝑏3 − 𝑐31𝑏1/𝑐11 < 0. Furthermore, from 𝜌2 < 1,
we have 𝑏2 − 𝑐21𝑏1/𝑐11 < 0. According to (c) in Lemma 3 and
(12), one can observe that

lim
𝑡→+∞

𝑦𝑖 (𝑡) = 0, a.s., 𝑖 = 1, 2. (57)

Substituting the above identity into (48) and using Lemma 3,
we can get

lim
𝑡→+∞

𝑥 (𝑡) = 𝑏1𝑐11 . (58)
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Thirdly, we prove (iii). Dividing (48), (49), and (50) by t,
we can derive the following equations:

𝑡−1 ln 𝑥 (𝑡)𝑥 (0) = 𝑏1 − 𝑐11 ⟨𝑥 (𝑡)⟩ − 𝑐12 ⟨𝑦1 (𝑡)⟩ − 𝑐13 ⟨𝑦2 (𝑡)⟩
+ 𝑡−1𝑐12 (∫𝑡

𝑡−𝜏12

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏12

𝑦1 (𝑠) d𝑠)
+ 𝑡−1𝑐13 (∫𝑡

𝑡−𝜏13

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏13

𝑦2 (𝑠) d𝑠)
+ 𝑡−1𝜎1𝐵1 (𝑡) + 𝑡−1𝑀1 (𝑡) ,

(59)

𝑡−1 ln 𝑦1 (𝑡)𝑦1 (0) = 𝑏2 − 𝑐22 ⟨𝑦1 (𝑡)⟩ − 𝑐21 ⟨𝑥 (𝑡)⟩ − 𝑐23 ⟨𝑦2 (𝑡)⟩
+ 𝑡−1𝑐21 (∫𝑡

𝑡−𝜏21

𝑥 (𝑠) d𝑠 − ∫0
−𝜏21

𝑥 (𝑠) d𝑠)
+ 𝑡−1𝑐23 (∫𝑡

𝑡−𝜏23

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏23

𝑦2 (𝑠) d𝑠)
+ 𝑡−1𝜎2𝐵2 (𝑡) + 𝑡−1𝑀2 (𝑡) ,

(60)

𝑡−1 ln 𝑦2 (𝑡)𝑦2 (0) = 𝑏3 − 𝑐33 ⟨𝑦2 (𝑡)⟩ − 𝑐31 ⟨𝑥 (𝑡)⟩ − 𝑐32 ⟨𝑦1 (𝑡)⟩
+ 𝑡−1𝑐31 (∫𝑡

𝑡−𝜏31

𝑥 (𝑠) d𝑠 − ∫0
−𝜏31

𝑥 (𝑠) d𝑠)
+ 𝑡−1𝑐32 (∫𝑡

𝑡−𝜏32

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏32

𝑦1 (𝑠) d𝑠)
+ 𝑡−1𝜎3𝐵3 (𝑡) + 𝑡−1𝑀3 (𝑡) .

(61)

Denote𝑚, 𝑛 as the solution of the following equations:

𝑐11𝑚 + 𝑐21𝑛 = 𝑐31,
𝑐12𝑚 + 𝑐22𝑛 = 𝑐32. (62)

Consequently,

𝑚 = −Φ13Φ33 > 0,
𝑛 = Φ23Φ33 > 0.

(63)

By (12), (43), and Lemma 5, we have

lim sup
𝑡→+∞

ln𝑥 (𝑡) ≤ 0,
lim sup
𝑡→+∞

ln𝑦𝑖 (𝑡) ≤ 0, 𝑖 = 1, 2. (64)

In addition,

lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏21

𝑥 (𝑠) d𝑠 = lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏31

𝑥 (𝑠) d𝑠 = 0,
lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏12

𝑦1 (𝑠) d𝑠 = lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏32

𝑦1 (𝑠) d𝑠
= 0,

lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏13

𝑦2 (𝑠) d𝑠 = lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏23

𝑦2 (𝑠) d𝑠
= 0.

(65)

According to Lemma 5, for arbitrarily given 𝜀 > 0, there exists
a 𝑇1 > 0 such that when 𝑡 > 𝑇1

𝑡−1 (𝑚 ln 𝑥 (𝑡)𝑥 (0) + 𝑛 ln 𝑦1 (𝑡)𝑦1 (0)) ≤ 𝜀. (66)

Multiplying (59), (60), and (61) by −𝑚, −𝑛, and 1, respectively,
and adding them, one can observe that, for sufficiently large𝑡 such that 𝑡 > 𝑇1,

𝑡−1 ln 𝑦2 (𝑡)𝑦2 (0) − 𝑡−1 (𝑚 ln 𝑥 (𝑡)𝑥 (0) + ln
𝑦1 (𝑡)𝑦1 (0))

= Φ3 − Φ̃3Φ33 − ΦΦ33 ⟨𝑦2 (𝑡)⟩
− 𝑚𝑡−1𝑐12 (∫𝑡

𝑡−𝜏12

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏12

𝑦1 (𝑠) d𝑠)
− 𝑚𝑡−1𝑐13 (∫𝑡

𝑡−𝜏13

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏13

𝑦2 (𝑠) d𝑠)
− 𝑛𝑡−1𝑐21 (∫𝑡

𝑡−𝜏21

𝑥 (𝑠) d𝑠 − ∫0
−𝜏21

𝑥 (𝑠) d𝑠)
− 𝑛𝑡−1𝑐23 (∫𝑡

𝑡−𝜏23

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏23

𝑦2 (𝑠) d𝑠)
+ 𝑡−1𝑐31 (∫𝑡

𝑡−𝜏31

𝑥 (𝑠) d𝑠 − ∫0
−𝜏31

𝑥 (𝑠) d𝑠)
+ 𝑡−1𝑐32 (∫𝑡

𝑡−𝜏32

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏32

𝑦1 (𝑠) d𝑠)
− 𝑡−1 (𝑚𝜎1𝐵1 (𝑡) + 𝑛𝜎2𝐵2 (𝑡) − 𝜎3𝐵3 (𝑡))
− 𝑡−1 (𝑚𝑀1 (𝑡) + 𝑛𝑀2 (𝑡) − 𝑀3 (𝑡)) .

(67)

Using (43) in (81) yields that

𝑡−1 ln 𝑦2 (𝑡)𝑦2 (0) ≤
Φ3 − Φ̃3Φ33 + 2𝜀 − ΦΦ33 ⟨𝑦2 (𝑡)⟩
− 𝑡−1 (𝑚𝜎1𝐵1 (𝑡) + 𝑛𝜎2𝐵2 (𝑡) − 𝜎3𝐵3 (𝑡))
− 𝑡−1 (𝑚𝑀1 (𝑡) + 𝑛𝑀2 (𝑡) − 𝑀3 (𝑡)) .

(68)

Since 𝜌3 = Φ3/Φ̃3 < 1, we can choose 𝜀 > 0 to be sufficiently
small such that (Φ3 − Φ̃(3))/Φ33 + 2𝜀 < 0. Making use of the
arbitrariness 𝜀 and Lemma 3 gives that

lim
𝑡→+∞

𝑦2 (𝑡) = 0, 𝑎.𝑠. (69)
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Consequently, model (5) reduces to the following model:

d𝑥 (𝑡) = 𝑥 (𝑡) [𝑑1 − 𝑐11𝑥 (𝑡) − 𝑐12𝑦1 (𝑡 − 𝜏12)] d𝑡
+ 𝜎1𝑥 (𝑡) d𝐵1 (𝑡) + 𝑥 (𝑡) ∫

Y

𝛾1 (V) �̃� (d𝑡, dV) ,
d𝑦1 (𝑡) = 𝑦1 (𝑡) [𝑑2 − 𝑐21𝑥 (𝑡 − 𝜏21) − 𝑐22𝑦1 (𝑡)] d𝑡

+ 𝜎2𝑦1 (𝑡) d𝐵2 (𝑡)
+ 𝑦1 (𝑡) ∫

Y

𝛾2 (V) �̃� (d𝑡, dV) .

(70)

For system (70), similarly to the proof of Theorem 1 in [49],
the following identities can be derived:

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Δ 1 − Δ̃ 1Φ33 ,
lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Δ 2 − Δ̃ 2Φ33 ,
𝑎.𝑠.

(71)

Fourthly, we prove (iv). By (68), since 𝜌3 > 1, we know
from the arbitrariness of 𝜀 and Lemma 3 that

⟨𝑦2⟩∗ ≤ Φ3 − Φ̃3Φ , 𝑎.𝑠. (72)

Denote 𝑝, 𝑞 as the solution of the following equations:

𝑐11𝑝 + 𝑐31𝑞 = 𝑐21,
𝑐13𝑝 + 𝑐33𝑞 = 𝑐23. (73)

Then we have

𝑝 = −Φ12Φ22 > 0,
𝑞 = Φ32Φ22 > 0.

(74)

According to Lemma 5, for arbitrarily given 𝜀 > 0, there exists
a 𝑇2 > 0, such that

𝑡−1 (𝑝 ln 𝑥 (𝑡)𝑥 (0) + 𝑞 ln 𝑦2 (𝑡)𝑦2 (0)) ≤ 𝜀. (75)

Multiplying (59), (60), and (61) by −𝑝, 1, and –𝑞, respectively,
and, adding them, we can obtain that, for 𝑡 > 𝑇2,

𝑡−1 ln 𝑦1 (𝑡)𝑦1 (0) − 𝑡−1 (𝑝 ln 𝑥 (𝑡)𝑥 (0) + 𝑞 ln 𝑦2 (𝑡)𝑦2 (0))
= Φ2 − Φ̃2Φ22 − ΦΦ22 ⟨𝑦1 (𝑡)⟩

− 𝑝𝑡−1𝑐12 (∫𝑡
𝑡−𝜏12

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏12

𝑦1 (𝑠) d𝑠)
− 𝑝𝑡−1𝑐13 (∫𝑡

𝑡−𝜏13

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏13

𝑦2 (𝑠) d𝑠)

− 𝑞𝑡−1𝑐31 (∫𝑡
𝑡−𝜏31

𝑥 (𝑠) d𝑠 − ∫0
−𝜏31

𝑥 (𝑠) d𝑠)
− 𝑞𝑡−1𝑐32 (∫𝑡

𝑡−𝜏32

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏32

𝑦1 (𝑠) d𝑠)
+ 𝑡−1𝑐23 (∫𝑡

𝑡−𝜏23

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏23

𝑦2 (𝑠) d𝑠)
+ 𝑡−1𝑐21 (∫𝑡

𝑡−𝜏21

𝑥 (𝑠) d𝑠 − ∫0
−𝜏21

𝑥 (𝑠) d𝑠)
− 𝑡−1 (𝑝𝜎1𝐵1 (𝑡) − 𝜎2𝐵2 (𝑡) + 𝑞𝜎3𝐵3 (𝑡))
− 𝑡−1 (𝑝𝑀1 (𝑡) − 𝑀2 (𝑡) + 𝑞𝑀3 (𝑡)) .

(76)

Using (43) in (76) yields that

𝑡−1 ln 𝑦1 (𝑡)𝑦1 (0) ≤
Φ2 − Φ̃2Φ22 + 2𝜀 − ΦΦ22 ⟨𝑥2 (𝑡)⟩
− 𝑡−1 (𝑝𝜎1𝐵1 (𝑡) − 𝜎2𝐵2 (𝑡) + 𝑞𝜎3𝐵3 (𝑡))
− 𝑡−1 (𝑝𝑀1 (𝑡) − 𝑀2 (𝑡) + 𝑞𝑀3 (𝑡)) .

(77)

Note thatΦ2/Φ̃2 > Φ3/Φ̃3 > 1. According to the arbitrariness
of 𝜀 and Lemma 3, we have

⟨𝑦1⟩∗ ≤ Φ2 − Φ̃2Φ , 𝑎.𝑠. (78)

It follows that, for any sufficiently small 𝜀, there exist 𝑇3 and𝑇4 such that

𝑐12 ⟨𝑦1 (𝑡)⟩ ≤ 𝑐12 ⟨𝑦1⟩∗ + 𝜀 ≤ 𝑐12 (Φ2 − Φ̃2)Φ + 𝜀,
𝑡 > 𝑇3,

𝑐13 ⟨𝑦2 (𝑡)⟩ ≤ 𝑐13 ⟨𝑦2⟩∗ + 𝜀 ≤ 𝑐13 (Φ3 − Φ̃3)Φ + 𝜀,
𝑡 > 𝑇4.

(79)

Substituting (79) into (59) results in that, for sufficiently large𝑡,
𝑡−1 ln 𝑥 (𝑡)𝑥 (0) ≥ 𝑏1 − 𝑐11 ⟨𝑥 (𝑡)⟩ − 𝑐12 (Φ2 − Φ̃2)Φ

− 𝑐13 (Φ3 − Φ̃3)Φ − 3𝜀 + 𝑡−1𝜎1𝐵1 (𝑡)
+ 𝑡−1𝑀1 (𝑡)

= 𝑐11 (Φ1 − Φ̃1)Φ − 𝑐11 ⟨𝑥 (𝑡)⟩ − 3𝜀
+ 𝑡−1𝜎1𝐵1 (𝑡) + 𝑡−1𝑀1 (𝑡) .

(80)
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According to the arbitrariness of 𝜀 and Lemma 3, we have

⟨𝑥⟩∗ ≥ Φ1 − Φ̃1Φ , 𝑎.𝑠. (81)

By 𝑐31 < 0, 𝑐32 > 0, one can observe that, for every sufficiently
small 𝜀, there exist 𝑇5 and 𝑇6, such that

𝑐31 ⟨𝑥 (𝑡)⟩ ≤ 𝑐31 ⟨𝑥⟩∗ + 𝜀 ≤ 𝑐31 (Φ1 − Φ̃1)Φ + 𝜀, 𝑡 > 𝑇5,
𝑐32 ⟨𝑦1 (𝑡)⟩ ≤ 𝑐32 ⟨𝑦1⟩∗ + 𝜀 ≤ 𝑐32 (Φ3 − Φ̃3)Φ + 𝜀,

𝑡 > 𝑇6.
(82)

Using (82) in (61) yields for 𝑡 large enough
𝑡−1 ln 𝑦2 (𝑡)𝑦2 (0) ≥ 𝑏3 − 𝑐33 ⟨𝑦2 (𝑡)⟩ − 𝑐31 (Φ1 − Φ̃1)Φ

− 𝑐32 (Φ2 − Φ̃2)Φ − 3𝜀 + 𝑡−1𝜎3𝐵3 (𝑡)
+ 𝑡−1𝑀3 (𝑡)

= 𝑐33 (Φ3 − Φ̃3)Φ − 𝑐33 ⟨𝑦2 (𝑡)⟩ − 3𝜀
+ 𝑡−1𝜎3𝐵3 (𝑡) + 𝑡−1𝑀3 (𝑡) .

(83)

According to the arbitrariness of 𝜀 and Lemma 3, we have

⟨𝑦2⟩∗ ≥ Φ3 − Φ̃3Φ , 𝑎.𝑠. (84)

Combining (72) with (84), one can observe that

lim
𝑡→+∞

⟨𝑦2 (𝑡)⟩ = Φ3 − Φ̃3Φ , 𝑎.𝑠. (85)

In the similar way, using (72), (81), and (60) and then
combining them with (78) yield that

lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Φ2 − Φ̃2Φ , 𝑎.𝑠. (86)

Subsequently, we can observe that

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Φ1 − Φ̃1Φ , 𝑎.𝑠. (87)

This completes the proof of Theorem 6.

3. Optimal Harvesting

Lemma 7. For any 𝑝 > 1, there exists a constant 𝐾 = 𝐾(𝑝)
which makes the solution𝑋(𝑡) of model (5) satisfy the property
that

lim sup
𝑡→+∞

E [𝑥𝑝 (𝑡)] ≤ 𝐾,
lim sup
𝑡→+∞

E [𝑦𝑝𝑖 (𝑡)] ≤ 𝐾, 𝑖 = 1, 2. (88)

Proof. Theproof is rather standard and hence is omitted.

From Lemma 7, there is a 𝑇 > 0 such that, for 𝑡 ≥ 𝑇,
E[𝑥𝑝(𝑡)] ≤ 2𝐾 and E[𝑦𝑝𝑖 (𝑡)] ≤ 2𝐾. Note that E[𝑥(𝑡)] and
E[𝑦𝑖(𝑡)] (𝑖 = 1, 2) are continuous; thus there is a constant𝐾1 > 0 such that E[𝑥𝑝(𝑡)] < 𝐾1 and E[𝑦𝑝𝑖 (𝑡)] < 𝐾1 when−𝜏0 ≤ 𝑡 < 𝑇. Denote 𝐿 = max{2𝐾,𝐾1}; then we have

E [𝑥𝑝 (𝑡)] ≤ 𝐿 = 𝐿 (𝑝)
and E [𝑦𝑝𝑖 (𝑡)] ≤ 𝐿 = 𝐿 (𝑝) ,

𝑡 ≥ 𝜏0, 𝑝 > 0, 𝑖 = 1, 2.
(89)

Lemma 8. If 𝑎11 > 𝑎12 + 𝑎13, 𝑎22 > −𝑎21𝑒−𝑑21𝜏21 + 𝑎23𝑒−𝑑23𝜏23 ,
and 𝑎33 > −𝑎31𝑒−𝑑31𝜏31 + 𝑎32𝑒−𝑑32𝜏32 , then model (5) will be
asymptotically stable in distribution; i.e., when 𝑡 → +∞, there
is a unique probability measure 𝜇(⋅) such that the transition
probability density 𝑝(𝑡, 𝜉, ⋅) of 𝑋(𝑡) converges weakly to 𝜇(⋅)
with any given initial value 𝜉(𝜃) ∈ 𝐶([−𝜏, 0]; 𝑅3+).
Proof. Since the proof of Lemma 8 is rather standard and
hence is omitted. The similar proof can be found in [22].

We give the following extra notions to get the optimal
harvesting policy:

𝑃 = ( 𝑎22 𝑎23𝑒−𝑑23𝜏23
𝑎32𝑒−𝑑32𝜏32 𝑎33 ) ,

Λ = (𝜆1, 𝜆2)T = [𝑃 (𝑃−1)T + 𝐼]−1 𝑄,
(90)

where𝑄 = (𝑄1, 𝑄2)T,𝑄𝑖 = 𝑟𝑖+1 −(1/2)𝜎2𝑖+1 −𝜂𝑖+1, 𝑖 = 1, 2, and𝐼 is the unit matrix.

Theorem 9. Suppose that 𝑎22 > 𝑎23𝑒−𝑑23𝜏23 , 𝑎33 > 𝑎32𝑒−𝑑32𝜏32 ,Φ > 0, and 𝑃−1 + (𝑃−1)T is positive definite.

(i) If 𝜆𝑖 ≥ 0 and when ℎ𝑖 = 𝜆𝑖, 𝑖 = 1, 2, we have Γ2 > 0,Γ3 > 0, and then the optimal harvesting effort is𝐻∗ =Λ = [𝑃(𝑃−1)T + 𝐼]−1𝑄 and the maximum of ESY is

𝑌∗ = ΛT𝑃−1 (𝑄 − Λ) , (91)

where Γ𝑖 = Φ𝑖 − Φ̃𝑖, 𝑖 = 2, 3.
(ii) When ℎ𝑖 = 𝜆𝑖, 𝑖 = 1, 2, there is a Γ𝑖 ≤ 0 or 𝜆𝑖 < 0, and

then the optimal harvesting strategy does not exist.

Proof. Define𝐺 = {𝐻 = (ℎ1, ℎ2)T ∈ 𝑅2 | Γ𝑖+1 > 0, ℎ𝑖 > 0, 𝑖 =1, 2}. Therefore, the harvesting effort 𝐻 ∈ 𝐺. If the optimal
harvesting effort𝐻∗ exists, it must belong to 𝐺.

Firstly, we prove (i). Obviously, 𝐺 is not empty, since Λ ∈𝐺. By (iv) of Theorem 6, for any𝐻 ∈ 𝐺, we have
lim
𝑡→+∞

𝑡−1 ∫𝑡
0
𝐻T𝑋(𝑠) d𝑠 = 2∑

𝑖=1

ℎ𝑖 lim
𝑡→+∞

𝑡−1 ∫𝑡
0
𝑦𝑖 (𝑠) d𝑠

= 𝐻T𝑃−1 (𝑄 − 𝐻) .
(92)

According to Lemma 8, we obtain thatmodel (5) has a unique
invariant measure 𝜇(⋅) which is strong mixing and ergodic
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by Corollary 3.4.3 and Theorem 3.2.6 in [50], respectively.
Hence, it can be derived from (3.3.2) in [50] that

lim
𝑡→+∞

𝑡−1 ∫𝑡
0
𝐻T𝑋 (𝑠) d𝑠 = ∫

𝑅2
+

𝐻T𝑋𝜇 (d𝑋) . (93)

Let (𝑋) represent the stationary probability density ofmodel
(5). Since the invariant measure of model (5) is unique, and
then, by the one-to-one correspondence between (𝑥) and its
corresponding invariant measure 𝜇(⋅), we obtain

𝑌 (𝐻) = lim
𝑡→+∞

2∑
𝑖=1

E (ℎ𝑖𝑦𝑖 (𝑡)) = lim
𝑡→+∞

E (𝐻T𝑋(𝑡))
= ∫
𝑅2
+

𝐻T𝑋 (𝑋) d𝑋 = ∫
𝑅2
+

𝐻T𝑋𝜇 (d𝑋) .
(94)

Combining (92) with (94), we can get

𝑌 (𝐻) = 𝐻T𝑃−1 (𝑄 − 𝐻) . (95)

Let Λ = (𝜆1, 𝜆2)T be the unique solution of the following
equation:

d𝑌 (𝐻)
d𝐻 = d𝐻T

d𝐻 𝑃−1 (𝑄 − 𝐻)
+ d
d𝐻 [(𝑄 − 𝐻)T (𝑃−1)T]𝐻

= 𝑃−1𝑄 − [𝑃−1 + (𝑃−1)T]𝐻 = 0.
(96)

Hence Λ = [𝑃(𝑃−1)T + 𝐼]−1𝑄. Obviously, the following
Hessian matrix

d
d𝐻T [d𝑌 (𝐻)

d𝐻 ] = ( d
d𝐻 [(d𝑌 (𝐻)

d𝐻 )T])T

= ( d
d𝐻 [𝑄T (P−1)T − 𝐻T [𝑃−1 + (𝑃−1)T]])T

= −𝑃−1 − (𝑃−1)T
(97)

is negative definite, so Λ is the global maximum point of𝑌(𝐻). In other words, if Λ ∈ 𝐺, i.e., 𝜆𝑖 ≥ 0 and Γ𝑖+1 > 0,𝑖 = 1, 2, then the optimal harvesting effort is𝐻∗ = Λ and 𝑌∗
is the maximum value of ESY.

Secondly, we prove (ii). Obviously, if there is an 𝑖 (𝑖 =1, 2) such that ℎ𝑖 < 0, the optimal harvesting strategy does
not exist. Then we suppose that the optimal harvesting effort𝐻∗ = (ℎ∗1 , ℎ∗2 )T exists. So𝐻∗ ∈ 𝐺, i.e., Γ𝑖+1|ℎ𝑖=ℎ∗𝑖 > 0, ℎ∗𝑖 ≥ 0,
𝑖 = 1, 2. That is to say, 𝐻∗ is the unique solution of (96). On
the other hand, Λ = (𝜆1, 𝜆2)T is also the solution of (96).
Hence, 𝜆𝑖 = ℎ∗𝑖 ≥ 0, and Γ𝑖+1|ℎ𝑖=𝜆𝑖 = Γ𝑖+1|ℎ𝑖=ℎ∗𝑖 > 0, i=1,2. It
is in contradiction with the condition, which implies that the
optimal harvesting strategy does not exist.

This completes the proof of Theorem 9.

4. Numerical Simulations and Discussions

It is imperative to understand the influence of environmental
perturbations on the coexistence and extinction of species.
In this paper, we consider a stochastic competitive delay
model of two predators and one prey, taking both Gaussian
white noise and Lévy jump into account. Compared with
[24], we consider a model where the prey species predated
by two different predators and also we introduce harvesting
efforts into the two predator species, which is novel and
more realistic. This relationship can be found in Yangtze
river. There are two kinds of fishes, sturgeon and siniperca
chuatsi, which feed on some shrimps. The two fishes are
harvested on spring and ourmodel reflects this phenomenon.
Additionally, our main purpose is not only to investigate the
dynamical behavior, but also to obtain the optimal harvesting
strategy of model (5). How to deal with time delay and jump
are two key points. The work [51] used the graph-theoretic
approach to deal with the delay and jump in network. In this
paper, we utilize variable substitution to eliminate the delay.
Quardratic variation and the strong law of large numbers for
local martingales are applied to deal with the jump.

Theorem 6 describes sufficient conditions for persistence
in mean and extinction of three species, which are derived
from the comparison theorem of stochastic differential
equations and limit superior theory. When it comes to
the harvesting of predators, it is essential to consider the
optimal harvesting policy and the maximum expectation
of sustainable yield (ESY). Theorem 9 gives the optimal
harvesting effort and the maximum of ESY by using Hessian
Matrix method and optimal harvesting theory of differential
equations.

The authors of [33] have investigated the influence of
competition of two species on the optimal harvesting strategy.
In contrast to [33], the dynamical behaviors of a three species
model are analyzedmore sufficiently.Not only dowe consider
the competition of the species, we also take the predation
into account. Our results show that the capture rates can
affect the persistence in mean and extinction of the species.
Correspondingly, the capture rates also influence the optimal
harvesting strategy and themaximum expectation of sustain-
able yield. To sum up, our main results are summarized as
follows:

(I) Extinction and persistence

Define 𝜌1 = 2𝑑1/𝜎21 , 𝜌2 = Δ 2/Δ̃ 2, and 𝜌3 = Φ3/Φ̃3.
(i) If 𝜌1 < 1, then three species go to extinction a.s.;
i.e.,

lim
𝑡→+∞

𝑥 (𝑡) = 0,
lim
𝑡→+∞

𝑦𝑖 (𝑡) = 0, 𝑖 = 1, 2, a.s.. (98)

(ii) If 𝜌1 > 1 > 𝜌2, then two predators go to extinction
a.s., and prey is persistent in mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = 𝑏1𝑐11 , a.s.. (99)
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Figure 1:The persistence inmean and extinction of three species are given inTheorem 6.The densities of white noises are taken: (a) 𝜎1 = 0.77,𝜎2 = 0.32, and 𝜎3 = 0.32, (b) 𝜎1 = 0.77, 𝜎2 = 0.32, and 𝜎3 = 5, (c) 𝜎1 = 0.6, 𝜎2 = 10, and 𝜎3 = 8, (d) 𝜎1 = 15, 𝜎2 = 8, and 𝜎3 = 10.

(iii) If 𝜌2 > 1 > 𝜌3, then predator species 𝑦2 goes to
extinction, while prey species 𝑥 and predator species𝑦1 are persistent in mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Δ 1 − Δ̃ 1Φ33 ,
lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Δ 2 − Δ̃ 2Φ33
a.s..

(100)

(iv) If 𝜌3 > 1, then three species are persistent in
mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Φ1 − Φ̃1Φ ,
lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Φ2 − Φ̃2Φ ,
lim
𝑡→+∞

⟨𝑦2 (𝑡)⟩ = Φ3 − Φ̃3Φ ,
𝑎.𝑠.

(101)

(II) Optimal harvesting strategy
Define Λ = (𝜆1, 𝜆2)T = [𝑃(𝑃−1)T + 𝐼]−1𝑄.
(i) If 𝜆𝑖 ≥ 0 and when ℎ𝑖 = 𝜆𝑖, 𝑖 = 1, 2, we have Γ2 >0, Γ3 > 0, then the optimal harvesting effort is 𝐻∗ =Λ = [𝑃(𝑃−1)T + 𝐼]−1𝑄, and the maximum of ESY is

𝑌∗ = ΛT𝑃−1 (𝑄 − Λ) , (102)

where Γ𝑖 = Φ𝑖 − Φ̃𝑖, 𝑖 = 2, 3.
(ii) If 𝜆𝑖 < 0, then the optimal harvesting strategy
does not exist.

Next, we give some numerical simulations to illustrate the
biological significance of the results. We choose 𝑟1 = 1.2, 𝑟2 =−0.05, 𝑟3 = −0.005, ℎ1 = 0.1, ℎ2 = 0.005, 𝑎11 = 1.6, 𝑎12 = 1.2,𝑎13 = 0.3, 𝑎21𝑒−𝑑21𝜏21 = −0.85, 𝑎22 = 1.9, 𝑎23𝑒−𝑑23𝜏23 = 0.6,𝑎31𝑒−𝑑31𝜏31 = −0.4, 𝑎32𝑒−𝑑32𝜏32 = 1, 𝑎33 = 2.1, 𝜏12 = 3, 𝜏13 = 7,𝜏21 = 1, 𝜏23 = 5, 𝜏31 = 4, 𝜏32 = 10, and 𝛾1 = 𝛾2 = 𝛾3 = 1.
Additionally, we denote 𝑥(𝜃) = 0.5 + 0.1 sin 𝜃, 𝑦1(𝜃) = 0.1 +0.05 sin 𝜃, and 𝑦2(𝜃) = 0.05+0.03 sin 𝜃.The densities of white
noises will be given in Figures 1(a)–1(d).

Figure 1(a) shows that all three species are persistent in
mean when 𝜌3 > 1. Figure 1(b) shows that the prey and
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Figure 2: The optimal harvesting effort and the maximum of ESY
are given in Theorem 9. Red line is with ℎ1 = 0.4452, ℎ2 = 0.3307,
blue line is with ℎ1 = 0.35, ℎ2 = 0.4 and green line is with ℎ1 = 0.1,ℎ2 = 0.6.

one predator are persistent in mean while another predator
is extinct when 𝜌2 > 1 > 𝜌3. We can find that only the prey
is persistent in mean and the two predators are extinct when𝜌1 > 1 > 𝜌2; see Figure 1(c). It is obvious that all three species
are extinct when 𝜌1 < 1; see Figure 1(d).

Regarding the optimal harvesting effort, when 𝑎22 = 1.9 >𝑎23𝑒−𝑑23𝜏23 = 0.6, 𝑎33 = 2.1 > 𝑎32𝑒−𝑑32𝜏32 = 1, it is not difficult
to estimate that 𝑃−1 + (𝑃−1)T is positive definite. Note thatΛ = [𝑃(𝑃−1)T + 𝐼]−1𝑄, and we can observe Λ = (𝜆1, 𝜆2)T =(0.4452, 0.3307)T. Then we can find Γ2 > 0, Γ3 > 0. The
conditions in Theorem 9 hold; therefore, we have ℎ1 = 𝜆1 =0.4452, ℎ2 = 𝜆2 = 0.3307, and 𝑌∗ = ΛT𝑃−1(𝑄 − Λ) = 0.31.
Thus the optimal harvesting policy exists (see Figure 2).

In Figure 2, we illustrate not only the optimal harvesting
policy but also another two harvesting policies. It is conspicu-
ous that the optimal harvesting policy leads to the maximum
of expectation of sustainable yield.

Based on the theoretical analysis and numerical simula-
tions, we present themain biological and ecologicalmeanings
of our results.(1) The perturbations we considered are not only Gaus-
sian white noises but also Lévy jump. The results reveal that
the Lévy jumpmay significantly affect the optimal harvesting
effort and the maximum of ESY.(2) Time delay is imperative in the ecological environ-
ment. It has significant relationship with the persistence in
mean and optimal harvesting policy of model (5).(3) We have investigated not only environmental distur-
bance on the species but harvesting effort affected by human
and social factors. The results provide theoretical references
for some modern fields, such as fishery management. It is
beneficial for people to make a rational exploitation and
derive maximum profit.

As a matter of fact, with the environmental pollution
continually becoming worse, it is significant to consider the
species in the polluted environment [4, 33]. There is no
exaggeration that plenty of interesting topics deserve further

investigations, for example, nonautonomous system, Markov
process, impulsive effect, and partial differential system [40,
52–56]. We leave these for future investigations.
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This paper establishes a NHMPM (Nonlinear Hybrid Multipoint Model) for HST (High-Speed Train) with the traction/braking
dynamic and speed estimation law. Firstly, a full-order flux observer is designed using regional pole assignment theory to calculate
the electromagnetic torque. The traction and braking forces are obtained according to this electromagnetic torque. Then the basic
running resistance force is reformulated by considering the aerodynamic drag distribution characteristics, and the nonlinear in-
train coupling force is analyzed as well. Next, the NHMPM including integer variables of running status and car types is built,
where an adaptive parameter estimation algorithm and a speed estimation law are proposed to estimate unknown resistance
coefficients and train speed, respectively. The effectiveness of the proposed algorithm, law, and NHMPM is verified through
numerical simulations last.

1. Introduction

HST can operate safely and efficiently mainly depending
on the performance of ATO (Automatic Train Operation)
system, and the accurate dynamic model is the first step-
stone for designing ATO control law [1]; therefore, many
researchers have paid more attention to it during the past
few decades [2–13]. There are mainly two types of models:
single-point model and multipoint model.The former model
ignores in-train dynamics and considers the train as a single
mass point [2], which is widely used in energy saving
optimization [3], automatic driving [4], and precise stopping
[5]. However, the train is connected by couplers to transmit
large traction and braking force, and this nonlinear force
has a strong effect on the longitudinal motion of HST [6].
Therefore, it is necessary to consider the in-train dynamics
that leads to the latter one.

Themultipoint model was first introduced in 1990 [7] and
then several scholars began to research on it [8–11]. In [8],
a longitudinal multipoint model was established, in which
the couplers were modelled as nonlinear springs, and the
aerodynamic drag was assumed to act on the first car only.
Reference [9] proposed a longitudinal model for heavy-haul

trains, which took the coupler system as a linear spring with
damping to simplify the calculation, and the aerodynamic
drag was processed in the same manner as [8]. Reference
[10] proposed a single coordinate model to solve the problem
that the in-train coupling force was difficult to measure and
directly control. In [11], a hybrid integer train model that
includes running status integer variable was proposed after
piecewise linearization of the train running resistance force.

It is noted that in most existing work, the traction and
braking force are treated as control variables; the dynamics
of these two forces are ignored, and therefore, the actual
dynamic characteristics of the train cannot be accurately
reflected [12]. In a recent work, an attempt has been made
in accounting for these two forces, where the traction and
braking force are linked with the motor current by non-
linear relations and two single-point models about traction
and braking dynamics are proposed, respectively, in [13].
It is worth noting that the traction motor is a high-order,
strong coupling,multivariable nonlinear system, and a simply
nonlinear function cannot describe the traction and braking
dynamics comprehensively. In addition, the basic resistance
force is obtained by DAVIS formula and the resistance
coefficients are available inmost existingworks. Also, in order
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to facilitate the design of the controller, the basic resistance
force is linearized. However, the resistance coefficients are
variable and unknown due to the change of the line condition
and the external environment [14], and the aerodynamic drag
is related not only to the speed and resistance coefficients of
the train, but also to the location of the car in practice [15].

Furthermore, train speed is the premise of completing
ATO control. However, the installation of speed sensors
increases the system cost, reduces the reliability of the system,
and is not suitable for operating in a harsh environment
[16]. By contrast, speed sensorless technology can identify the
motor speed from easily measured physical quantities (stator
voltage or stator current, for example) [17] and the train speed
is obtained through the linear relation between these two
speeds. In recent years, full-order flux observer method has
received the widespread attention [18–22]. Generally, in order
to make the observer converge faster than the traction motor,
the observer gainmatrix is designed such that the poles of the
observer are 𝑘 times more than the motor model. Reference
[18] presented amethod to estimate themotor speed based on
adaptive flux observer, and let 𝑘 = 1, but it caused the system
to be unstable in low-speed range. Thus, [19] linearized the
observer at the equilibrium point and increased the speed
term; the range of 𝑘 that can guarantee the stability of the
system was obtained using the Routh stability criterion. An
adaptive speed identification scheme for induction motor
based on the hyperstability theory was proposed and 𝑘 = 1.2
was chosen in [20]. In [21], the adaptive speed estimation
for IM was analyzed, the necessary and sufficient conditions
for stability of the speed estimation system were derived as
well. And, furthermore, a novel observer gain was designed
to guarantee the stability over the whole speed range by
Lyapunov theory in [22]. However, if the observer gain is
designed by traditional exact pole assignment method, it
will limit the damping speed, deteriorate robustness, and
be hard to satisfy multiple performances in some practical
applications [23], such as robotic arm movement model [24],
uniform damping control of low-frequency oscillations in
power system [25], aircraft carrier landing control system
[26], and flexible buildings [27].Therefore, circularly regional
pole assignment can be adopted to design the observer gain,
which can make the observer have more degrees of freedom.

In this paper, traction and braking dynamics are
described in detail, the basic resistance force is reformulated
by considering aerodynamic drag distribution characteris-
tics, and the nonlinear in-train coupling force is analyzed
as well; the NHMPM including integer variables of running
status and car types (locomotives or carriages) is built.
An adaptive parameter estimation algorithm and a speed
estimated law are proposed to provide unknown resistance
coefficients and train speed required in the model, respec-
tively.

The rest of this paper is organized as follows. In Section 2,
traction and braking dynamics are discussed. Section 3 refor-
mulates the basic resistance force and analyzes the nonlinear
in-train coupling force. In Section 4, integer variables are
introduced to represent running status and car types, and the
NHMPM is derived, where an adaptive parameter estimation
algorithm and speed estimation law are proposed to provide

unknown resistance coefficients and train speed required in
the model, respectively. Simulation is conducted in Section 5,
and Section 6 draws the conclusion.

2. Traction and Braking Dynamics

2.1. Full-Order Flux Observer. The traction motor nominal
model is described as the following equation in the stationary
reference frame.

�̇�
𝑠
= 𝐴
𝑚0
𝑥
𝑠
+ 𝐵
𝑚
𝑢
𝑠
,

𝑦
𝑠
= 𝑖
𝑠
= 𝐶
𝑚
𝑥
𝑠
.

𝐴
𝑚0

= [−𝜆 (𝑅𝑠0𝐿𝑟 + 𝑅𝑟0𝐿 𝑠) 𝐼 + 𝜔𝑟0𝐽 𝜆𝑅𝑟0𝐼 − 𝜆𝐿𝑟𝜔𝑟0𝐽−𝑅𝑠0𝐼 0
]

= [𝐴11 𝐴12
𝐴21 0

] = [𝑎11𝐼 + 𝑎11𝐽 𝑎12𝐼 + 𝑎12𝐽𝑎21𝐼 0
] ,

𝐵𝑚 = [𝑏1𝐼
𝐼
] = [𝜆𝐿𝑟𝐼
𝐼
] ,

𝐶𝑚 = [𝐼 0] ,
𝐼 = [1 00 1] ,

𝐽 = [0 −11 0 ] ,

0 = [0 00 0] .

(1)

Here, 𝑥
𝑠
= [𝑖
𝑠
𝜓
𝑠
]𝑇; 𝑖
𝑠
= [𝑖𝑠𝛼 𝑖𝑠𝛽]𝑇 is stator current; 𝜓

𝑠
=

[𝜓𝑠𝛼 𝜓𝑠𝛽]𝑇 is stator flux; 𝑢
𝑠
= [𝑢𝑠𝛼 𝑢𝑠𝛽]𝑇 is stator voltage;𝑅𝑠 is stator resistance; 𝑅𝑟 is rotor resistance; 𝐿 𝑠 is stator

inductance; 𝐿𝑟 is rotor inductance; 𝐿𝑚 is mutual inductance;𝜆 = 1/(𝐿 𝑠𝐿𝑟 − 𝐿2𝑚); 𝜔𝑟 is motor angular speed.

2.2. Observer Gain Matrix

Definition 1. For the sake of simplicity, let us introduce the
following notations.

𝐴𝑚𝑎 = (𝐴𝑚0 − 𝑐𝐼)𝑟 ,
𝐶
𝑚𝑟
= 𝐶𝑚𝑟 .

(2)

𝐴
𝑚𝑎𝑒

= (𝐴𝑚0 +𝐺𝐶𝑚 − 𝑐𝐼)𝑟 . (3)

Here, (𝑐, 0) is the center of𝐷(𝑐, 𝑟) and 𝑟 is radius of𝐷(𝑐, 𝑟) as
shown in Figure 1. 𝐺 is observer gain matrix.
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Figure 1: Circular region𝐷(𝑐, 𝑟).

Take �̂�𝑠 = [̂𝑖𝑠 �̂�𝑠]𝑇 as the state variable of the observer;
the full-order flux observer of traction motor can be written
as

̇̂𝑥𝑠 = 𝐴𝑚0�̂�𝑠 + 𝐵𝑚𝑢𝑠 +𝐺 (�̂�𝑠 − 𝑦𝑠) (4)

where “̂” denotes observed quantities; �̂�
𝑠
= �̂�
𝑠
= 𝐶
𝑚
�̂�
𝑠
.

Using (1) and (4), the actual state estimation error system is

�̇� = (𝐴
𝑚0
+ 𝐺𝐶
𝑚
) 𝑒. (5)

Here, 𝑒 = �̂�
𝑠
− 𝑥
𝑠
.𝐺 is designed such that all the poles of the

observer are assigned in circular region 𝐷(𝑐, 𝑟); the circular
region can be expressed as

(𝑘𝑚𝑎𝑥𝜎𝑖 + 1𝑇)
2 + (𝑘𝑚𝑎𝑥Ω𝑖)2 ≤ ( 1𝑇)

2 . (6)

Here, 𝜎𝑖,Ω𝑖 are the real part and the imaginary part of the 𝑖𝑡ℎ
pole of the motor model, and they satisfy

𝑠𝑖 = {𝜎𝑖 + 𝑗Ω𝑖 | Ω𝑖 = max (Ω1 , Ω3)} , 𝑖 = 1, 3. (7)

𝑇 is the sampling period, and it satisfies the following
inequality.

𝑇 ≤ 𝑇𝑐 ≤ −2𝜎𝑖𝜎𝑖2 + Ω𝑖2 . (8)

And 𝑘max = −2𝜎𝑖/𝑇𝑐(𝜎𝑖2 + Ω𝑖2).
Theorem 2. Let 𝑅 be a positive definite symmetric matrix of
appropriate dimensions. All the eigenvalues of 𝐴

𝑚0 + 𝐺𝐶𝑚
belong to 𝐷(𝑐, 𝑟) and the state estimation error system (5) is
stable under an observer gainmatrix𝐺 if and only if there exists
a positive 𝑃 satisfying the following inequality

[ −𝑃 𝑃𝐴
𝑚𝑎

𝐴𝑇
𝑚𝑎
𝑃 −𝑃 − 𝐶𝑇

𝑚𝑟
𝑅−1𝐶𝑚𝑟

] < 0. (9)

Then the observer gain matrix 𝐺 is given by

𝐺 = −𝐴𝑚𝑎 (𝑃 + 𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟)−1𝐶𝑇𝑚𝑟𝑅−1. (10)

Proof. By Schur Complement Lemma in [28], (9) implies

𝑃𝐴𝑚𝑎 (𝑃 + 𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟)−1𝐴𝑇𝑚𝑎𝑃 − 𝑃 < 0. (11)

Multiplying 𝑃−1 by both sides of inequality (11), we can get

𝐴𝑚𝑎 (𝑃 + 𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟)−1𝐴𝑇𝑚𝑎 − 𝑃−1 < 0. (12)

And there exists a positive definite symmetric matrix 𝑄 such
that

𝐴𝑚𝑎 (𝑃 + 𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟)−1𝐴𝑇𝑚𝑎 − 𝑃−1 +𝑄 = 0. (13)

Let

𝑉 = 𝐴𝑚𝑎𝑒𝑃−1𝐴𝑇𝑚𝑎𝑒 − 𝑃−1. (14)

According to (13), we have

𝑃
−1 = 𝐴𝑚𝑎 (𝑃 + 𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟)−1𝐴𝑇𝑚𝑎 +𝑄. (15)

Substituting (15) into (14) leads to

𝑉 = 𝐴𝑚𝑎𝑒𝑃−1𝐴𝑇𝑚𝑎𝑒 −𝐴𝑚𝑎 (𝑃 + 𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟)−1𝐴𝑇𝑚𝑎
− 𝑄. (16)

Now denote𝑈 = 𝐴𝑚𝑎(𝑃 + 𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟)−1 and notice that

𝐴𝑚𝑎 (𝑃 + 𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟)−1𝐴𝑇𝑚𝑎
= 𝑈𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟𝑈𝑇 +𝑈𝑃𝑈𝑇.

(17)

Equation (16) is now given by

𝑉 = 𝐴𝑚𝑎𝑒𝑃−1𝐴𝑇𝑚𝑎𝑒 −𝑈𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟𝑈𝑇 −𝑈𝑃𝑈𝑇 − 𝑄. (18)

When (19) is satisfied,

𝐺 = −𝐴𝑚𝑎 (𝑃 + 𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟)−1𝐶𝑇𝑚𝑟𝑅−1
= −𝑈𝐶𝑇𝑚𝑟𝑅−1,

(19)

we have

𝐴𝑚𝑎𝑒𝑃
−1
𝐴
𝑇
𝑚𝑎𝑒 = 𝑈𝑃𝑈𝑇. (20)

And then

𝑉 = 𝑈𝑃𝑈𝑇 −𝑈𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟𝑈𝑇 −𝑈𝑃𝑈𝑇 −𝑄
= −𝑈𝐶𝑇𝑚𝑟𝑅−1𝐶𝑚𝑟𝑈𝑇 −𝑄 = − (𝐺𝑅𝐺𝑇 +𝑄) < 0. (21)

That is,

𝑉 = 𝐴𝑚𝑎𝑒𝑃−1𝐴𝑇𝑚𝑎𝑒 − 𝑃−1 < 0. (22)

Or equivalently

𝐴
𝑇
𝑚𝑎𝑒𝑃𝐴𝑚𝑎𝑒 − 𝑃 < 0. (23)

That is, by Lemma 1 of [23], all the eigenvalues of𝐴
𝑚0 +𝐺𝐶𝑚

belong to 𝐷(𝑐, 𝑟), the error system is stable, and the proof is
completed.
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Then the electromagnetic torque is obtained by the
following equation.

𝑇𝑒 = 𝑛𝑝 (�̂�𝑠𝑇𝐽 𝑖𝑠) = 𝑛𝑝 (�̂�𝑠𝛽𝑖𝑠𝛼 − �̂�𝑠𝛼𝑖𝑠𝛽) . (24)

Here, 𝑛𝑝 denotes the number of pole-pairs of traction motor;
the electromagnetic torque is different when the train run in
traction mode or braking mode, and we denote them as 𝑇𝑒𝑡
and 𝑇𝑒𝑏, respectively.
2.3. Traction Force and Braking Force. In this paper, we
assume that the traction force and braking force of HST are
all from the electromagnetic torque of traction motor, and
they are linked with the motor stator voltage by a nonlinear
relation. This nonlinear relation can be written as

𝐹𝑡𝑖 = 2𝑁𝑚𝑎𝜂𝐷 𝑇𝑒𝑡𝑖 = 𝐾𝑡𝑖𝑛𝑝 (�̂�𝑠𝛽𝑖𝑠𝛼 − �̂�𝑠𝛼𝑖𝑠𝛽)
= 𝐾𝑡𝑖 ⋅ ℎ𝑡 (𝑢𝑠𝑖) ,

𝐹𝑏𝑖 = 2𝑁𝑚𝑎𝜂𝐷 𝑇𝑒𝑏𝑖 = 𝐾𝑏𝑖𝑛𝑝 (�̂�𝑠𝛽𝑖𝑠𝛼 − �̂�𝑠𝛼𝑖𝑠𝛽)
= 𝐾𝑏𝑖 ⋅ ℎ𝑏 (𝑢𝑠𝑖) , 𝑖 = 1, 2, 3 . . . 𝑝.

(25)

Here, 𝐹𝑡𝑖, 𝐹𝑏𝑖 are traction force and braking force of 𝑖𝑡ℎ car,
respectively; 𝑁𝑚 is the number of traction motors; 𝑎 is gear
ratio; 𝜂 is transmission efficiency; 𝑝 is the number of the
locomotives; 𝐷 is the diameter of half-worn wheel rolling
circle.

3. Running Resistance Force and In-Train
Coupling Force

In this section, the basic running resistance force is refor-
mulated by analyzing the aerodynamic drag distribution
characteristics, and the nonlinear in-train coupling force of
each car is described simultaneously.

3.1. Running Resistance Force with Aerodynamic Resistance
Distribution. The running resistance force 𝑓𝑟𝑖 of each car
consists of the basic running resistance force 𝑓𝑏𝑖 and addi-
tional running resistance force 𝑓𝑎𝑖; the empirical formula
(DAVIS formula) is

𝑓𝑟𝑖 = 𝑓𝑏𝑖 + 𝑓𝑎𝑖
= 𝑚𝑖 (𝑐0 + 𝑐VV𝑖)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

rolling resistance force

+ 𝑚𝑖𝑐𝑎V𝑖2⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
aerodynamic drag

+ 𝑓𝑎𝑖,
𝑖 = 1, 2, 3 . . . 𝑛.

(26)

Here,𝑚𝑖, V𝑖 are the mass and speed of the 𝑖𝑡ℎ car, respectively;𝑐0, 𝑐V, 𝑐𝑎 denote the resistance coefficients, which are related
to the HST type; 𝑓𝑎𝑖 includes gradient, tunnel, and curve
resistance force. The rolling resistance force is dominant in
low-speed range and as the speed increases, the aerodynamic
drag becomes dominant.

In fact, the aerodynamic drag consists of friction drag
and pressure drag, which account for 24.7% and 75.3%

Table 1: The parameters of CRH3.

Symbol Value Unit
𝑚1 − 𝑚8 67.2,69.6,68.8,63.2, 60.8,68.8,69.6,68 t𝑘1 − 𝑘8 16.1, 19.7, 7.5,9.6, 10.6,7.0,14.1,15.4 %𝑐0, 𝑐V, 𝑐𝑎 0.42,0.0016,0.000132 -
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Figure 2: Basic running resistance force for CRH3.

of the total aerodynamic drag, respectively. Moreover, the
aerodynamic drag of each car is not only related to its own
mass and speed, but also related to the location of the car
(the first car, the middle car, or the last car, for example)
and whether to install air conditioning fairing, pantograph,
and compartment connections, bogies, or other parts [15].
Therefore, the running resistance force can be reformulated
as

𝑓𝑟𝑖 = 𝑓𝑏𝑖 + 𝑓𝑎𝑖 = 𝑚𝑖 (𝑐0 + 𝑐VV𝑖) + 𝑘𝑚𝑖𝑀𝑐𝑎V2𝑖 + 𝑓𝑎𝑖. (27)

Here,𝑀 is the total mass of the train; 𝑘𝑚𝑖 is the percentage of
aerodynamic drag of 𝑖𝑡ℎ car in the total aerodynamic drag.

Take CRH3 (China Railway High-Speed 3 series Electric
Multiple Unit) as an example; the parameters of CRH3 are
shown in Table 1. The basic running resistance force of each
car is shown in Figure 2 when the speed varies from 0 m/s to
100m/s (it is equivalent to the actual train speed from 0 km/h
to 350 km/h). The dotted and solid lines represent the forces
calculated by the first two items of (26) and (27), respectively.

In addition, the force deviation between these two for-
mulas is shown in Figure 3. From Figure 3, we know that the
basic running resistance force of each car has a large deviation
before and after the formula modification, and the greater the
speed, the larger the deviation. Moreover, the second car has
themaximumdeviation. Since the second and the seventh car
are equipped with pantographs (see Figure 4), the pressure
drag of these two cars is relatively greater than other cars
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Figure 3: Basic running resistance force deviation between (26) and
(27) of each car for CRH3.

without pantographs. Moreover, these two pantographs are
installed opposite to each other, which results in two different
wake flow fields; the intensity of the tail vortex induced by the
second car’s pantograph is stronger, which leads to the greater
pressure drag than the seventh [15]. Thus, the second car has
the largest aerodynamic drag and maximum deviation.

3.2. In-Train Coupling Force. A train is made up of many cars
through springs; the coupling force is divided into two parts:
spring part and damping part, and its dynamic equation can
be written as

𝑓𝑖𝑛(𝑖)(𝑖+1) = 𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑖+1)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑠𝑝𝑟𝑖𝑛𝑔 𝑝𝑎𝑟𝑡

+ 𝑘𝑑 (V𝑖 − V𝑖+1)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑑𝑎𝑚𝑝𝑖𝑛𝑔 𝑝𝑎𝑟𝑡

. (28)

Here,𝑓𝑖𝑛(𝑖)(𝑖+1) is the coupling force between the 𝑖𝑡ℎ car and the(𝑖+1)𝑡ℎ car; 𝑥𝑖, 𝑥𝑖+1 are displacement of the 𝑖𝑡ℎ car and (𝑖+1)𝑡ℎ
car, respectively; 𝑘𝑠𝑖, 𝑘𝑑 are elastic coupling coefficient and
damping coupling coefficient, respectively. 𝑘𝑠𝑖 is the nonlinear
function of displacement deviation, that is,

𝑘𝑠𝑖 = 𝑘0 [1 + 𝜇 (𝑥𝑖 − 𝑥𝑖+1)2] 𝑖 = 1, 2, . . . , 𝑛 − 1. (29)

Here, 𝑘0 is constant; 𝜇 = 0 denotes linear spring, that is, 𝑘𝑠𝑖 =𝑘0, which does not exist in practice; 𝜇 < 0 and 𝜇 > 0 denote
softening spring and hardening spring, respectively [8].

4. Nonlinear Multipoint Model of HST

In this section, NHMPM including integer variables of
running status and car types is established, where an adaptive
parameter estimation algorithm for estimating the unknown
resistance coefficients is proposed and a train speed estimated
law is derived to get train speed.

4.1. Nonlinear Hybrid Multipoint Model of HST. Take CRH3
as an example; it consists of four locomotives equipped with
traction units (see Figure 4, the black wheels) and four
carriages, and we define the output of traction units as 𝑢𝑒.
Let 𝛾 = 1 and 𝛾 = 0 denote locomotives and carriages,
respectively. In addition, we define “traction and cruise”
states as “traction mode” because both of these two states
require traction force; let 𝛿 = 1 denote this mode; define
“coasting” and “braking” states as “coast mode” and “braking
mode”; let 𝛿 = 0 and 𝛿 = −1 denote these two modes,
respectively.Therefore, the output of the execution unit of the𝑖𝑡ℎ car is described as

𝑢𝑒𝑖 = 𝛾 {|𝛿| (𝐹𝑡𝑖 + 𝐹𝑏𝑖) + 𝛿 (𝐹𝑡𝑖 − 𝐹𝑏𝑖)}2 = 𝛾 {|𝛿| [𝐾𝑡𝑖ℎ𝑡 (𝑢𝑠𝑖) + 𝐾𝑏𝑖ℎ𝑏 (𝑢𝑠𝑖)] + 𝛿 [𝐾𝑡𝑖ℎ𝑡 (𝑢𝑠𝑖) − 𝐾𝑏𝑖ℎ𝑏 (𝑢𝑠𝑖)]}2
𝑖 = 1, 2, 3, . . . , 𝑛; 𝛿 = −1, 0, 1.

(30)

Nowwe assume that the displacement of each car is the same
when the coupler is not stressed. The force analysis of the
other cars is the same except the first and the last car which

lack coupling force; the force analysis is shown for the fifth car
in Figure 4. According to the Newton’s second law, NHMPM
can be expressed as (31).

𝑚1V̇1 = 𝑢𝑒1 − 𝑓𝑖𝑛12 − 𝑓𝑟1
= 𝛾 {|𝛿| [𝐾𝑡1ℎ𝑡 (𝑢𝑠1) + 𝐾𝑏1ℎ𝑏 (𝑢𝑠1)] + 𝛿 [𝐾𝑡1ℎ𝑡 (𝑢𝑠1) − 𝐾𝑏1ℎ𝑏 (𝑢𝑠1)]}2 − 𝑘0 (𝑥1 − 𝑥2) − 𝑘0𝜇 (𝑥1 − 𝑥2)3
− 𝑘𝑑 (V1 − V2) − 𝑚1 (𝑐0 + 𝑐VV1) − 𝑘𝑚1𝑀𝑐𝑎V12 − 𝑓𝑎1,

𝑚𝑖V̇𝑖 = 𝑢𝑒𝑖 + 𝑓𝑖𝑛(𝑖−1)𝑖 − 𝑓𝑖𝑛(𝑖)(𝑖+1) − 𝑓𝑟𝑖
= 𝛾 {|𝛿| [𝐾𝑡𝑖ℎ𝑡 (𝑢𝑠𝑖) + 𝐾𝑏𝑖ℎ𝑏 (𝑢𝑠𝑖)] + 𝛿 [𝐾𝑡𝑖ℎ𝑡 (𝑢𝑠𝑖) − 𝐾𝑏𝑖ℎ𝑏 (𝑢𝑠𝑖)]}2 + 𝑘0 (𝑥𝑖−1 − 𝑥𝑖) + 𝑘0𝜇 (𝑥𝑖−1 − 𝑥𝑖)3
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Figure 4: The framework of CRH3 series EMU and force analysis for one car.

+ 𝑘𝑑 (V𝑖−1 − V𝑖) − 𝑘0 (𝑥𝑖 − 𝑥𝑖+1) − 𝑘0𝜇 (𝑥𝑖 − 𝑥𝑖+1)3 − 𝑘𝑑 (V𝑖 − V𝑖+1) − 𝑚𝑖 (𝑐0 + 𝑐VV𝑖) − 𝑘𝑚𝑖𝑀𝑐𝑎V𝑖2 − 𝑓𝑎𝑖,
(𝑖 = 2, 3, . . . , 𝑛 − 1; )

𝑚𝑛V̇𝑛 = 𝑢𝑒𝑛 + 𝑓𝑖𝑛(𝑛−1)𝑛 − 𝑓𝑟𝑛
= 𝛾 {|𝛿| [𝐾𝑡𝑛ℎ𝑡 (𝑢𝑠𝑛) + 𝐾𝑏𝑛ℎ𝑏 (𝑢𝑠𝑛)] + 𝛿 [𝐾𝑡𝑛ℎ𝑡 (𝑢𝑠𝑛) − 𝐾𝑏𝑛ℎ𝑏 (𝑢𝑠𝑛)]}2 + 𝑘0 (𝑥𝑛−1 − 𝑥𝑛) + 𝑘0𝜇 (𝑥𝑛−1 − 𝑥𝑛)3
+ 𝑘𝑑 (V𝑛−1 − V𝑛) − 𝑚𝑛 (𝑐0 + 𝑐VV𝑛) − 𝑘𝑚𝑛𝑀𝑐𝑎V𝑛2 − 𝑓𝑎𝑛 (𝛾 = 0, 1; 𝛿 = −1, 0, 1)

�̇�𝑖 = V𝑖 (𝑖 = 1, 2, 3, . . . , 𝑛)
(31)

Sequentially, input variable 𝑢 fl [𝑢𝑠1, 𝑢𝑠2 . . . 𝑢𝑠𝑛]𝑇2𝑛×1 and state
variable 𝑥 fl [V1, V2 . . . V𝑛, 𝑥1, 𝑥2 . . . 𝑥𝑛]𝑇2𝑛×1 are defined for
transforming (31) to a nonlinear function form, where 𝑢𝑠𝑖 =[𝑢𝑠𝛼𝑖 𝑢𝑠𝛽𝑖]𝑇 is traction motor stator voltage of the 𝑖𝑡ℎ car. In
addition, the additional resistance force of the train is not
easy to describe in a mathematical form such that it will be
regarded as an unknown and bounded disturbance term 𝑑;
furthermore the speed and displacement of the first car are
taken as the output variable 𝑦 fl [V1 𝑥1]𝑇. Therefore, (31)
can be rewritten as the nonlinear function form.

�̇� = 𝑓 (𝑥, 𝑢, 𝑑) ,
𝑦 = 𝐶𝑥. (32)

Here, 𝐶 = [ 1 0...0 0 0...00 0...0 1 0...0 ]2×2𝑛 .
4.2. Adaptive Parameter Estimation. Resistance coefficients
are unknown and time varying, which will affect the accu-
racy of the model in practice. In this section, an adaptive
parameter estimation algorithm is proposed to estimate these
coefficients online for NHMPM, and the algorithm is based
on the idea of [29].

The nonlinear model (32) is modified as the following
form.

�̇� = 𝑓0 (𝑥, 𝑢, 𝑑) + 𝐶0 + 𝐶V𝑥 + 𝐶𝑎𝑥2. (33)

Here, 𝐾𝑚 = [ 𝑘𝑚1 𝑘𝑚2 ...
𝑘𝑚𝑛

], 𝑀Λ = [𝑚1 𝑚2 ...
𝑚𝑛

], 𝐶0 =
[ 𝐶𝑝0
0𝑛×𝑛
], 𝐶V = [ 𝐶𝑝V 0𝑛×𝑛

0𝑛×𝑛 0𝑛×𝑛
], 𝐶𝑎 = [ (𝐾𝑚𝑀/𝑀Λ)𝐶𝑝𝑎 0𝑛×𝑛0𝑛×𝑛 0𝑛×𝑛

], 𝐶𝑝0 =
−[𝑐0 𝑐0 . . . 𝑐0]𝑇, 𝐶𝑝V = −diag(𝑐V, 𝑐V, . . . 𝑐V), 𝐶𝑝𝑎 = −diag(𝑐𝑎,𝑐𝑎, . . . 𝑐𝑎).

Now, we define the following vector.

O fl [𝐶0, 𝐶V, 𝐶𝑎]𝑇 . (34)

Φ fl [1, 𝑥, 𝑥2]𝑇 . (35)

Then (33) can be rewritten as

�̇� = 𝑓0 (𝑥, 𝑢, 𝑑) + Φ𝑇O. (36)

In order to simplify the adaptive parameter estimated algo-
rithm and improve the engineering practicability, the resis-
tance coefficients of each car are assumed to be equal as the
train is in the same environment most of the time. Thus,
we use the equivalent single-point model to estimate the
resistance coefficients. It can be described as

V̇𝑒 = 𝑓0 (𝑢𝑠, 𝑑0) + 𝜑𝑇𝜃 (37a)

�̇�𝑒 = V𝑒. (37b)

Here, 𝑑0 is bounded disturbance term; 𝜑 = [1, V𝑒, V𝑒2]𝑇; 𝜃 =[𝑐0, 𝑐V, 𝑐𝑎]𝑇, 𝜃 ∈ R𝑛𝜃 is an unknown time-varying parameter.
However, we can obtain a rough range from wind tunnel
testing. In addition, we give the following assumptions.

Assumption 3. There exists an initially known nominal com-
pact set Θ0 ≜ 𝐵(𝜃0, 𝑧0𝜃), which is described by an initial
nominal estimate 𝜃0 and associated error bound 𝑧0𝜃 =
sup𝑠∈Θ0‖𝑠 − 𝜃0‖ such that 𝜃 ∈ Θ0.

Let the state predictor for (37a) be denoted as V̇𝑒 and
define

V̇𝑒 = 𝑓0 (𝑢𝑠, 𝑑0) + 𝜑𝑇𝜃 + 𝑘𝑎𝑒V + 𝑦𝜔�̇�. (38)

Here, 𝜃 fl [𝑐0, 𝑐V, 𝑐𝑎]𝑇 is parameter estimate vector; 𝑘𝑎 > 0
is constant matrix; 𝑒V = V𝑒 − V𝑒 is prediction error; 𝑦𝜔 is the
output of the filter and it can be expressed as

�̇�𝜔 = 𝜑 − 𝑘𝑎𝑦𝜔, 𝑦𝜔 (𝑡0) = 0. (39)
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Let �̃� = 𝜃 − 𝜃; from (37a) and (38),

�̇�V = 𝜑𝑇�̃� − 𝑘𝑎𝑒V − 𝑦𝜔�̇�. (40)

Define

𝜍 = 𝑒V − 𝑦𝜔�̃�. (41)

From (40) and (41), we can get

̇𝜍 = −𝑘𝑎𝜍,
𝜍 (𝑡0) = 𝑒V (𝑡0) . (42)

The adaptive estimation law of parameter 𝜃 is given by (43).

�̇� = 𝜅𝑦𝑇𝜔 (𝑒V − 𝜍) ,
𝜃 (𝑡0) = 𝜃0

(43)

with 𝜅 = 𝜅𝑇 > 0.
Definition 4.

(1) 𝑌 ∈ R𝑛𝜃×𝑛𝜃 is generated from

𝑌 = 𝑦𝑇𝜔𝑦𝜔,
𝑌 (𝑡0) = 0. (44)

(2) 𝜅 = 𝜛(𝜅); excitation index 𝜀(𝑡) = 𝜛(𝑌(𝑡)); and
contraction factor is

0 < 𝛼 (𝑡) = 11 + 𝜅𝜀 (𝑡) ⩽ 1. (45)

The uncertainty set Θ ≜ 𝐵(𝜃, 𝑧𝜃) is updated as the updating
of the parameter estimate 𝜃 and its associated error bound𝑧𝜃 = sup𝑠∈Θ‖𝑠 − 𝜃‖. And 𝑧𝜃 is given as

𝑧𝜃 = 𝑧𝜀𝜃 = √𝑉𝜀. (46)

Here, 𝑉𝜀(𝑡) = 𝛼(𝑡)𝑉𝜀(𝑡0), 𝑉𝜀(𝑡0) = (1/2)(𝑧0𝜃)2.
Algorithm 5 (adaptive estimation algorithm of the parameter𝜃).
Step 1. Initialize 𝑘𝑎, 𝜑, 𝜅, 𝜃0, V𝑒(𝑡0), 𝑦𝜔(𝑡0), 𝜍(𝑡0), and 𝑧𝜃(𝑡0) =𝑧0𝜃, 𝜃(𝑡0) = 𝜃0, Θ0 ≜ 𝐵(𝜃0, 𝑧0𝜃) at time 𝑡0.
Step 2.Measure (or estimate, see Section 4.3) the current value
of V𝑒(𝑡𝑖), and obtain 𝑦𝜔, 𝑒V, 𝜍 by (39)-(42).
Step 3. Update 𝜃(𝑡𝑖) and 𝑧𝜃(𝑡𝑖) according to (43) and (46).

If the following conditions are met,

𝑧𝜃 (𝑡𝑖) ⩽ 𝑧𝜃 (𝑡𝑖−1) − 𝜃 (𝑡𝑖) − 𝜃 (𝑡𝑖−1) . (47)

Otherwise, keep the value of the last time, which is

(𝜃 (𝑡𝑖) , 𝑧𝜃 (𝑡𝑖)) = (𝜃 (𝑡𝑖−1) , 𝑧𝜃 (𝑡𝑖−1)) . (48)

Step 4. Iterate back to Step 2, incrementing 𝑖 = 𝑖 + 1.

4.3. Train Speed Estimation. In this section, an adaptive speed
estimated law for HST is proposed to get the train speed
information instead of speed sensors.

Assumption 6. 𝜔𝑟0 is constant in the control period; that is,𝑑𝜔𝑟0/𝑑𝑡 = 0.
In this paper, we assume that the motor parameters

are constant except motor speed. Thus, the full-order flux
observer of traction motor can be rewritten as
̇̂𝑥
𝑠
= �̂�
𝑚
�̂�

𝑠
+ 𝐵
𝑚
𝑢
𝑠
+𝐺(�̂�

𝑠
− 𝑦
𝑠
)

= (𝐴𝑚0 + Δ𝐴𝑚) �̂�𝑠 + 𝐵𝑚𝑢𝑠 +𝐺(�̂�𝑠 − 𝑦𝑠)
�̂�𝑚 = [[
�̂�


11 �̂�


12

�̂�


21 0
]
]
= [𝑎11𝐼 + �̂�11𝐽 𝑎12𝐼 + �̂�12𝐽𝑎21𝐼 0

]

= [−𝜆 (𝑅𝑠0𝐿𝑟 + 𝑅𝑟0𝐿 𝑠) 𝐼 + �̂�𝑟𝐽 𝜆𝑅𝑟0𝐼 − 𝜆𝐿𝑟�̂�𝑟𝐽−𝑅𝑠0𝐼 0
]

Δ𝐴
𝑚
= [Δ𝜔𝑟𝐽 −𝑏1Δ𝜔𝑟𝐽0 0 ]

(49)

where �̂�
𝑠
= [̂𝑖
𝑠
�̂�

𝑠
]𝑇; �̂�
𝑠
= �̂�
𝑠
= 𝐶
𝑚
�̂�

𝑠
; Δ𝜔𝑟 = �̂�𝑟 − 𝜔𝑟0.

According to (49) and (1), the state estimation error
system is

�̇�1 = (𝐴𝑚0 +𝐺𝐶𝑚) 𝑒1 + Δ𝐴𝑚�̂�𝑠. (50)

Here, 𝑒1 = �̂�𝑠 − 𝑥𝑠.
Now we define a Lyapunov function candidate.

𝑉1 = 𝑒𝑇1 𝑒1 + (�̂�𝑟 − 𝜔𝑟0)
2

𝜆1 . (51)

Here, 𝜆1 is a positive constant. The time derivative of 𝑉1 by
Assumption 6 becomes

𝑑𝑉1𝑑𝑡 = 𝑒𝑇1 [(𝐴𝑚0 + 𝐺𝐶𝑚) 𝑒1 + Δ𝐴𝑚�̂�𝑠]
+ [(𝐴

𝑚0 + 𝐺𝐶𝑚) 𝑒1 + Δ𝐴𝑚�̂�𝑠]𝑇 𝑒1
+ 2Δ𝜔𝑟𝜆1

𝑑�̂�𝑟𝑑𝑡
= 𝑒𝑇1 [(𝐴𝑚0 + 𝐺𝐶𝑚)𝑇 + (𝐴𝑚0 +𝐺𝐶𝑚)] 𝑒1
+ 2𝑒𝑇1Δ𝐴𝑚�̂�𝑠 + 2Δ𝜔𝑟𝜆1

𝑑�̂�𝑟𝑑𝑡
= 𝑒𝑇1 [(𝐴𝑚0 + 𝐺𝐶𝑚)𝑇 + (𝐴𝑚0 +𝐺𝐶𝑚)] 𝑒1
+ 2Δ𝜔𝑟 [Δ𝑖𝑠𝑇𝐽 (̂𝑖𝑠 − 𝑏1�̂�𝑠)] + 2Δ𝜔𝑟𝜆1

𝑑�̂�𝑟𝑑𝑡 .

(52)

By Theorem 2, the first term on the right side of (52) is a
seminegative matrix. When (53) is satisfied,

𝑑�̂�𝑟𝑑𝑡 = 𝜆1 [Δ𝑖𝑠𝑇𝐽 (𝑏1�̂�𝑠 − �̂�𝑠)] . (53)
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Table 2: The simulation parameters.

Symbol Value Unit
𝑈𝑑, 𝑈𝐿, 𝑃𝑚, 𝑓, 𝑛𝑝 3200, 2750, 560, 138, 2 𝑉,𝑉, 𝑘𝑊,𝐻𝑧, −
𝑁𝑚, 𝐷, 𝑅𝑠0, 𝑅𝑟0 16, 0.875, 0.1065, 0.0663 −,𝑚,Ω,Ω𝐿𝑠, 𝐿𝑟, 𝐿𝑚, 𝑐0, 𝑐V, 𝑐𝑎, 1.31, 1.93, 53.6, 0.42, 0.0016, 0.000132 𝑚𝐻,𝑚𝐻,𝑚𝐻,−, −, −𝑘𝑑, 𝑘0, 𝜇, 𝑎, 𝜂 5 × 106, 2 × 107, −0.1, 2.788, 0.975 N⋅s/𝑚,𝑁/𝑚, −, −, −𝑘1, 𝑘2, 𝑘3, 𝑚1, 𝑚2, 𝑚3 31.4, 38.5, 30.1, 67.2, 69.6, 68 %,%,%, 𝑡, 𝑡, 𝑡

The last two terms on the right side of (52) are equal,
which leads to 𝑑𝑉1/𝑑𝑡 ≤ 0. Therefore, it satisfies the
Lyapunov stability law and guarantees the stability of the
speed estimation system. And (53) is the angular speed
identification adaptive law; then, PI adaptive law is adopted
to satisfy the rapidity of identification, and it can be expressed
as

�̂�𝑟 = (𝑘𝑤𝑝 + 𝑘𝑤𝐼∫𝑑𝑡) (Δ𝑖𝑠𝑇𝐽 (𝑏1�̂�𝑠 − �̂�𝑠)) . (54)

Here, 𝑘𝑤𝑝, 𝑘𝑤𝐼 are PI parameters, respectively. Then HST
speed is obtained by (55).

V̂ = 60𝜋𝐷1000𝑎 ⋅ 30𝜋 �̂�𝑟
= 1.8𝐷𝑎 (𝑘𝑤𝑝 + 𝑘𝑤𝐼∫𝑑𝑡) (Δ𝑖𝑠𝑇𝐽 (𝑏1�̂�𝑠 − �̂�𝑠)) .

(55)

Here, V̂ is the speed of HST.

5. Numerical Simulation

In this section, CRH3 is chosen for the simulation to verify
the validity of speed estimation law, adaptive parameters
estimation algorithm, and NHMPM. In order to simplify the
simulation and not to lose the generality as well, three cars
are chosen (the first and last are locomotives and the middle
is carriage). The simulation parameters are shown in Table 2
[15, 16, 30, 31].

In Table 2, 𝑈𝐿 is rated line voltage, 𝑃𝑚 is rated power of
traction motor, and 𝑓 is rated frequency of traction motor.

The verification framework is shown in Figure 5, and the
detailed process is as follows.

Firstly, the target speed (see black line in Figure 8) is given
which is 15m/s (0-1s), 70 m/s (1-2s), 30 m/s (2-3s), 3 m/s (3-
4s). The real speed (see blue line in Figure 8) and the stator
current are measured by sensors after traction motor vector
control. In addition, the estimated speed is obtained by (55)
(see red line in Figure 8). Compare the estimated speed and
real speed to verify the validity of the speed estimation law.

Secondly, according to measured stator current and
observed stator flux by full-order flux observer, the electro-
magnetic torque is obtained by (24), so we can get traction
force and braking force by (25) and these forces are also taken
as input for TMPM (Traditional Multipoint Model).

Lastly, the calculated speed of NHMPM is obtained by
(31). Compare the real speed and calculated speed to prove the
validity of NHMPM. And determine whether the calculated

speed of NHMPM is closer to the real speed than TMPM to
verify the accuracy of NHMPM.

In addition, determine whether the resistance coefficients
estimated by Algorithm 5 converge to the real values to
verify the effectiveness of the adaptive parameter estimation
algorithm.

5.1. The Validity of Speed Estimation Law. According to
Table 2, we can get

𝐴𝑚0

= [[[[[
[

−54.23 −650.31 380 2.0496 × 105
−650.31 −54.23 −2.0496 × 105 380
−0.1065 0 0 0
0 −0.1065 0 0

]]]]]
]
,

𝐵𝑚 =
[[[[[
[

315.167 0
0 315.167
1 0
0 1

]]]]]
]
.

(56)

When 𝜔𝑟 = 1.5𝑝.𝑢., the poles of the motor model are(−20.64+649.3𝑖), (−20.64−649.3𝑖), (−33.59−1.01𝑖), (−33.59+1.01𝑖). We can get 𝑇 ≤ 9.78 × 10−5 by (8); let 𝑇 = 9 × 10−5
and then 𝑘max = 1.08. Therefore, the circular region 𝐷(𝑐, 𝑟)
is obtained by (6) with center (𝑐, 0) = (−1/9 × 105, 0) and𝑟 = 1/9×105. Figure 6 shows the trajectories of observer poles
when 𝜔𝑟 changes from 0 to1.5𝑝.𝑢. and the circular region𝐷(𝑐, 𝑟). From the figure, we know that all of the poles of
observer belong to the circular region 𝐷(𝑐, 𝑟). The poles of
the motor model and observer are shown in Figure 7 when𝜔𝑟 = 1.5𝑝.𝑢.

According to the simulation parameter, solving the linear
matrix inequality (9), the feasible solution of 𝑃 and observer
gain matrix 𝐺 are

𝑃 = 10−6

× [[[[[
[

0.0065 0 −2.0561 −0.2392
0 0.0065 0.2392 −2.0561

−2.0561 0.2392 1832.8 −2.87487 × 10−9
−0.2392 −2.0561 −2.87487 × 10−9 1832.8

]]]]]
]
,
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Figure 5: The verification framework.
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Figure 6: The trajectories of observer poles and circular region𝐷(𝑐, 𝑟).

𝐺 = [[[[[
[

−0.0215 0.0008
−0.0008 0.0215

−2.3978 × 10−5 2.8138 × 10−6
2.8138 × 10−6 −2.3978 × 10−5

]]]]]
]
.

(57)

And then the train speed can be estimated by (55). Figure 8
displays the estimated result which indicates that the esti-
mated speed can converge to real speed after 0.3s at each
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The poles of observer
Circular region D(c,r)

−33.59 −33.56
−2
−1

0
1

−36.28 −36.24
−2
−1

0
1

−1500

−1000

−500

0

500

1000

1500

Im

0−30 −20 −10−40−50
 Re

Figure 7: The poles of the motor model and observer.

period, and the speed estimation system is stable. The error
curve between real speed and estimated speed is shown in
Figure 9; the max, min, and mean error value are given
in Table 3. From Figure 9 and Table 3, we know that the
proposed speed estimation law in this paper can estimate
the train speed accurately; the mean error is less than 0.1m/s
at each period. In addition, the max error is 2.32m/s and
the error rate is 3.32% (the target speed is 70m/s at this
period).

5.2. The Validity of NHMPM and Adaptive Parameter Esti-
mation Algorithm. Figure 10 shows the estimated resistance
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Figure 9: The error between real speed and estimated speed.

coefficients using the proposed adaptive parameter estima-
tion algorithm. The unknown resistance parameters can
converge to the real value accurately even when the real value
changes from 𝑐0 = 0.42, 𝑐V = 0.0016, 𝑐𝑎 = 0.000132 to𝑐0 = 0.47, 𝑐V = 0.0026, 𝑐𝑎 = 0.001132. It verifies the validity of
the adaptive estimation algorithm.

Figure 11 and Table 4 show the verification results of
NHMPM; it can be seen that the speed of NHMPM (green
line) is basically consistent with the real speed that verifies
the effectiveness of NHMPM. Moreover, compared with the
TMPM, the NHMPM speed is closer to the real speed at the
same traction and braking force. And themean error between
real speed and NHMPM speed is smaller than the mean
error between real speed and TMPM speed at all periods

especially at the periods of 2s-3s and 3s-4s, which indicates
that NHMPM is more accurate than TMPM.

The traction motor stator voltage 𝑢𝑠𝛼, 𝑢𝑠𝛽 and the electro-
magnetic torque of the first car are shown in Figures 12 and 13,
respectively. Figure 14 displays the traction and braking force
of three cars. As the second car is a carriage, its traction and
braking force are zero. In contrast, the first and the third car
are equipped with traction motor; therefore, they can supply
traction and braking force in all modes.

6. Conclusions

This paper established a NHMPM including the integer
variables of running status and car types for HST. As the basis
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Figure 11: Train speed trajectory.

Table 3: The error value between real speed and estimated speed.

Value (m/s) Period (s)
0s-1s 1s-2s 2s-3s 3s-4s

Max 0.1394 1.3407 2.3227 0.6965
Min -0.4277 -0.1374 -0.8565 -1.0835
Mean -0.0015 0.0910 -0.0128 -0.0378
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Figure 12: Traction motor stator voltage of the first car. (a) 𝑢𝑠𝛼, (b) 𝑢𝑠𝛽.
Table 4: The max, min, and mean error between real speed and TMPM speed, real speed and NHMPM speed.

Period 0s-1s 1s-2s 2s-3s 3s-4s

Value (m/s) Types
TMPM NHMPM TMPM NHMPM TMPM NHMPM TMPM NHMPM

Max 0.1561 0.1550 0. 6063 0. 5372 0.9741 0.6317 -0.1487 0.2647
Min -0.5214 -0.5214 -0.7588 -0.7434 -0.8481 -0.4356 -1.2354 -0.8210
Mean 0.0763 0.0325 0.2871 0.2658 0.714 -0.2734 1.1202 -0.7064
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Figure 13:The tractionmotor electromagnetic torque of the first car.

of research, the traction/braking dynamics was discussed and
the running resistance force was reformulated. The author
also analyzed the nonlinear in-train coupling force. Besides,
an adaptive parameters estimation algorithm and a train
speed estimation lawwere proposed.The proposed algorithm
and lawprovide the unknown resistance coefficients and train
speed required in the model, respectively. At last, numerical
simulations are conducted to verify the effectiveness of the
proposed algorithm, law, and NHMPM. The results of the
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Figure 14: Traction and braking force of each car.

verification are shown as follows. (1) The estimated speed
using the proposed estimation law can converge to the real
speed accurately. The mean error between real speed and
estimated speed is less than 0.1m/s at each period, and the
maximum error is 2.32m/s (the target speed is 70m/s at this
period). (2) The estimated unknown resistance coefficients
can converge to the real value accurately even when the
real value changes. (3) The speed of NHMPM is basically
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consistent with the real speed. Compared with TMPM, it is
closer to the real speed at all periods especially at the periods
of 2s-3s and 3s-4s.
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Sediment microbial fuel cells (SMFCs) are a typical microbial fuel cell without membranes. They are a device developed on the
basis of electrochemistry and use microbes as catalysts to convert chemical energy stored in organic matter into electrical energy.
This study selected a single-chamber SMFC as a research object, using online monitoring technology to accurately measure the
temperature, pH, and voltage of the microbial fuel cell during the start-up process. In the process of microbial fuel cell start-up, the
relationship between temperature, pH, and voltage was analysed in detail, and the correlation between them was calculated using
SPSS software. The experimental results show that, at the initial stage of SMFC, the purpose of rapid growth of power production
can be achieved by a large increase in temperature, but once the temperature is reduced, the power production of SMFC will
soon recover to the state before the temperature change. At the beginning of SMFC, when the temperature changes drastically, pH
will change the same first, and then there will be a certain degree of rebound. In the middle stage of SMFC start-up, even if the
temperature will return to normal after the change, a continuous temperature drop in a short time will lead to a continuous decrease
in pH value.The RBF neural network and ELM neural network were used to perform nonlinear system regression in the later stage
of SMFC start-up and using the regression network to forecast part of the data.The experimental results show that the ELM neural
network is more excellent in forecasting SMFC system. This article will provide important guidance for shortening start-up time
and increasing power output.

1. Introduction

Microbial fuel cell (MFC) is being viewed as a potential
bio-electrochemical device capable of producing energy in
the form bioelectricity apart from wastewater treatment
[1–3] which has been widely investigated in recent years.
Ramanavicius et al. [4] described enzymatic biofuel cell based
on enzyme modified anode and cathode electrodes are both
powered by ethanol and operate at ambient temperature.
Nastro et al. [5] reviewed recent articles about the application
of MFCs to solid substrates treatment and valorisation
and the contribution that BESs and MFC could give to
the development of a more sustainable waste management.
Gambino et al. [6] investigated the influence of microelec-
trogenesis on PAHs degradation and detoxification operated
by Pseudomonadaceae, Bacillaceae, Staphylococcaceae, and
Enterobacteriaceae in water environment. Compared with
MFC, Sediment microbial fuel cells (SMFCs) are a special

application of MFCs for sustainable electricity production
[7] and are also the most common membrane free microbial
fuel cells which are considered as alternative renewable
energy sources for remote environmental monitoring via an
energy conversion system. SMFC generates electrical energy
through the oxidation of organic matter in the presence of
fermentative bacteria under mild operating conditions [8].
The potential (biologically mediated) developed between the
bacterial metabolic activity (series of oxidation-reduction
reactions generating electrons (e−) and protons (H+)) and
the electron acceptor conditions generate potential to make
bioelectricity [9]. Microorganisms extract energy required
to build biomass (anabolic process) from redox reactions
(catabolism) through electron do- nor/acceptor conditions
[10]. However, the low output power density of MFC is
generally not enough to drive common electronic devices
continuously and extremely hinder its practical application
[11, 12].
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In recent years, researchers in various countries have
studiedMFC in terms of microorganisms, electrodes, config-
urations,matrices, operating conditions, and electrochemical
properties and found that although microorganisms are the
core of MFC, nonbiological factors are more important
than biological factors in the production of electricity [13].
The cathode operating conditions play an important part
in the overall performance of the MFC [14]. Cathodic pH
microenvironment is one of the crucial factors affecting the
metabolic activity of the substrate, affecting the electron and
H+ reaction mechanism. Depending on the organism and
growth conditions, changes in the external pH can bring
about alterations in several primary physiological parame-
ters, including internal pH, concentration of ions, membrane
potential, and proton-motive force [15, 16]. Mohan’s studies
have shown that, under acidic conditions, the MFC system
has a smaller internal resistance and a large amount of
electricity, but neutral conditions are more suited to matrix
degradation [17]. Zhang’s research shows that the single-
chamber MFC’s power generation performance is strongly
influenced by temperature, and the operation of a single-
chamber MFC should be controlled primarily by temper-
ature [18]. Jannelli et al. [19] assessed the performance
of air cathode, single-chambered, Tubular Microbial Fuel
Cells (TMFCs) provided with Nafion membrane, according
to different operating conditions. Ramanavicius et al. [20]
studied the application of heme-c containing enzymes in
biofuel cell design. As the principal factor affecting the power
generation of SMFC, no one has studied the comprehensive
relationship between them and electricity generation. There
is also no advanced monitoring method to monitor the
minute changes of the parameters in the start-up process
on-line. This will lead to the loss of important data in the
detection process and will consume a lot of manpower and
material resources which will bring inconvenience to the
intensive study of SMFC. For the SMFC system, due to its
more complex environmental conditions, stronger coupling,
and nonlinear characteristics than MFC [21], sometimes it
is inconvenient for online detection of certain parameters.
Computational methods play a critical role in developing fuel
cells with optimum performance in a wide range of operating
conditions. Krastev et al. [22] developed algorithms for the
simulation of reactive flows through micro- and nanoscale
porous media via the Lattice Boltzmann method are pre-
sented and for the first time used in the field of microbial
fuel cells. Zhang et al. used EKF algorithm to estimate battery
parameters in real time [23, 24]. Liu et al. [25] used Gause-
Newton algorithm to solve the parameters iteratively. Liu et
al. studied particle filter-based parameter estimation method
[26]. Sun et al. Identified the battery parameters through
recursive least square method [27, 28]. But due to the lack of
precise mathematical models of MFC and the above method
only applicable to the condition of constant parameter and
slow transformation, it is difficult to apply them to SMFC.
The neural network has strong nonlinear fitting ability, can
map arbitrarily complex nonlinear relations, and has strong
robustness, memory ability, nonlinear mapping ability, and
strong self-learning ability [29]. Therefore, it is necessary to

find a suitable neural network to fit the nonlinear model
between various parameters in the start-up phase.

As far as we know, there is no study on the relationship
between pH, power generation and temperature during the
start-up of microbial fuel cells. Therefore, we will focus
on the relationship between cathode pH, temperature, and
voltage during the start-up of a microbial fuel cell. Due to
the successful application of RBF neural network and ELM
neural network in other biochemistry fields, we choose them
to regress the nonlinear system in the later stage of SMFC
start-up, and the regression network was used to predict the
pH of that period.

2. Data Acquisition and Processing

2.1. SMFC Configuration and Operation. The single-chamber
microbial fuel cell was employed in this experimental device
and a control experiment was conducted. Mixed culture
(anaerobic sludge) was collected from Daming Lake (Ji’nan,
China) which was at 5 cm under the water. The single-
chamber SMFC consisted of an anode and cathode placed in
a Plexiglas cylindrical chamber (purchased from Ji’nan lanyo
Technology Ltd.) with a length of 49 cm and a diameter of 9
cm (empty bed volume of 2000 mL). The anode and cathode
electrodes were made of plain carbon felts (purchased from
Beijing Jinglong Special Carbon Technology Co. Ltd.) and
pierced in several places, forming holes ∼1 mm in diameter,
so that water motion in the chamber was not blocked when
the cathode was placed in the distilled water. Prior to use
electrodes were soaked in distilled water and tested for
conductivity.Wires were used for contact with electrodes and
the contact area was sealed carefully with “epoxy” material.
600 mL of anaerobic sludge was used as the deposit in the
anode area and 1400 mL of distilled water was used as the
cathode buffer. The anode is buried 8m below the surface
of the sediment, and the cathode is located 10 cm below
the water level (to prevent evaporation of water), 30 cm
from the surface of the sediment. The entire experiment was
performed by connecting a 1 mm diameter titaniumwire and
an external 1000 Ω resistor to form a loop. A sediment fuel
cell was built in the lab as can be seen in Figure 1.

Use data real-time acquisition device to record the SMFC
voltage every 1 second through the LabVIEW interface and
filter the data. During the one-month test, the voltage of
SMFC ascends until it arrives at a stable value. During the
entire test period, the system was not supplemented with any
buffers and other substrates. The temperature was measured
using a LM35DZ temperature sensor (LM35 is a temperature
sensor produced by NS company. It has high working accu-
racy and a wide linear working range). The output voltage is
linearly proportional to the Celsius temperature, and it can
provide a common room temperature accuracy of ±1/4∘C
without external calibration or fine tuning. The pH was
measured using the Industrial Online pH and Redox sensors.

2.2. Correlation Analysis and Neural Network Modelling.
There are various abiotic factors affecting MFC power gener-
ation, including pH, temperature, dissolved oxygen, cathode
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Figure 1: Schematic of laboratory SMFC configuration with sensors and data acquisition cards.

liquid and so on. During the experiment, we chose aeration
device to support SMFC, but we found that the effect of
dissolved oxygen concentration on SMFC power generation
ismuch less than that of temperature.The difference of power
generation performance between SMFC in cathode chamber
in aeration and natural reoxygenation is not obvious. The
initial pH of SMFC is different for diverse cathode fluid, so it
is impossible to compare the change trend of pH in the start-
up process. To sum up, we chose the pH, temperature and
voltage for correlation analysis, and studied the relationship
between them during the start-up process. Statistical analysis
software SPSS is utilized to analyse the correlation between
temperature, pH and electricity generation performance
during MFC start-up. This analysis uses Pearson product-
moment correlation coefficient as a measure of correlation
analysis. The Pearson product-moment correlation coeffi-
cient is commonly used in academic research to measure the
strength of the linear correlation of two variables and the
value is between -1 and 1. The formula is shown in

𝑟 = ∑𝑛𝑖=1 (𝑋𝑖 − 𝑋) (𝑌𝑖 − 𝑌)
√∑𝑛𝑖=1 (𝑋𝑖 − 𝑋)2√∑𝑛𝑖=1 (𝑌𝑖 − 𝑌)2

(1)

In the formula, 𝑋𝑖 and 𝑌𝑖 represent two different sets of
variables, 𝑋 represents the average value of 𝑋𝑖, and 𝑌
represents the average value of 𝑌𝑖.

It can be seen from the Table 1 that the correlation
coefficient between voltage and pH is 0.347, the correlation
coefficient between pH and temperature is 0.327, and the
correlation coefficient between voltage and temperature is

0.797, which can be regarded as highly correlated, and
between any two parameters correlation is significant at the
0.01 level.

MFC is a complex nonlinear model, many variables and
parameters in the model will affect the performance of the
system. Zeng et al. [30] developed an MFCmodel based on a
two-chamber configuration by integrating biochemical reac-
tions, Butler-Volmer expressions and mass/charge balance.
However, this method is based on the ideal state of two-
chamber MFC fuelled by acetate, and it doesn’t apply to a
more complicated SMFC system. Compared to MFC, it is
more difficult to establish the model in the start-up process.

Data-drivenmodellingmethod is based on process acqui-
sition data. It is widely used in process industry modelling
and optimization because it does not need to understand the
process mechanism deeply and has strong generality of the
algorithm. Neural networks have the ability to approximate
arbitrary nonlinear mappings, parallel distributed compu-
tations, self-learning capabilities, and fault tolerance, and
are therefore commonly used in the modelling and con-
trol of nonlinear systems. At present, there is no article
modelling, simulation and prediction of the relationship
between temperature, pH and voltage in the SMFC start-
up process. In this paper, we choose Radical Basis Function
(RBF) neural network andExtreme LearningMachine (ELM)
neural network respectively to regression and prediction of
the system.

2.3. Problem Formulation and Preliminaries. RBF neural
network has the characteristics of simple structure, simple
training and fast learning convergence, and can approximate
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Table 1: Correlation analysis between voltage, pH, and temperature.

Voltage [mV] pH Temperature [∘C]

Voltage [mV]
Pearson Correlation 1 .347∗∗ .797∗∗

Sig. (2-tailed) .000 .000
N 628999 628999 628999

pH
Pearson Correlation .347∗∗ 1 .327∗∗

Sig. (2-tailed) .000 .000
N 628999 628999 628999

Temperature [∘C]
Pearson Correlation .797∗∗ .327∗ 1

Sig. (2-tailed) .000 .000
N 628999 628999 628999

Note.∗∗Correlation is significant at the 0.01 level (2-tailed).
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Figure 2: Radial basis neuron model.
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Figure 3: Structure diagram of single hidden layer feedforward
neural network.

any nonlinear function, this paper selects the RBF neural
network to achieve the regression of the nonlinear function
of the last 10 days of the SMFC start-up phase.The radial basis
neuron model is shown in Figure 2.

In this paper, Gaussian function is used as the radial basis
function, so the activation function of radial basis neural
network as

R (𝑥𝑝 − 𝑐𝑖) = exp(− 1
2𝜎2

𝑥𝑝 − 𝑐𝑖
2) (2)

In the formula, ‖𝑥𝑝 − 𝑐𝑖‖ is a European norm, 𝑐𝑖 is a Gaussian
function centre, and 𝜎 is a Gaussian function variance. 𝑥𝑝 =(𝑥𝑝1 , 𝑥𝑝2 ⋅ ⋅ ⋅ 𝑥𝑝𝑚) is the 𝑝th output sample. 𝑝 = 1, 2, 3, . . . ,P, P

is the number of sample points. 𝑐𝑖 is the centre of network
hidden layer nodes.

The mean square error (MSE) was used to evaluate
the prediction accuracy of the model. The mathematical
expression is as

MSE = 1
𝑃 ∑(𝑦 − 𝑦)2 (3)

where 𝑦 is the actual value, 𝑦 is the prediction model
prediction value, and 𝑃 is the number of sample points. The
specific steps of the learning algorithm are as follows.

Step one: get the centre of the Radical Base Function.

(1) Randomly selected h training samples as cluster
centre and expressed by 𝑐𝑖(𝑖 = 1, 2, . . . , h).

(2) The input samples are grouped according to the Near-
est Neighbor rule. According to Euclidean distance
between 𝑥𝑝 and 𝑐𝑖 to assign 𝑥𝑝 to each cluster set𝜗𝑝(𝑝 = 1, 2, 3, . . . ,P) of the input samples.

(3) Adjust cluster centre. If the cluster centre no longer
changes, 𝑐𝑖 is the final cluster centre; otherwise recal-
culate.

Step two: Solving the variance of Gauss function accord-
ing to

𝜎𝑖 = 𝑐𝑚𝑎𝑥√2ℎ (4)

In the formula, 𝜎𝑖 is the variance of Gauss function, 𝑖 =1, 2, 3, . . . , h. 𝑐𝑚𝑎𝑥 is the maximum distance between the
selected centers.

Step three: Calculate theweights between the hidden layer
and the output layer according to

𝜔 = exp( ℎ
𝑐2𝑚𝑎𝑥

𝑥𝑝 − 𝑐𝑖2) (5)

In the formula, 𝑖 = 1, 2, 3, . . . , h and 𝑝 = 1, 2, 3, . . . ,P.
ELM is an algorithm proposed by Huang et al for

solving single hidden layer neural networks. Compared with
the traditional neural network, especially the single hidden
layer feedforward neural network (SLFN), ELM is faster
than the traditional learning algorithm on the premise of
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Figure 4: The curve of voltage and power density at start-up phase of SMFC.

guaranteeing the learning accuracy. For single hidden layer
neural networks, ELM can initialize input weights and offsets
randomly to obtain corresponding output weights. Structure
diagram of single hidden layer feedforward neural network is
given in Figure 3.

The steps of the learning algorithm are as follows:
Step one: Determine the number of hidden layer
neurons and randomly set the weight 𝜔 between the
input layer and the hidden layer and the bias b of
hidden layer neurons.
Step two: Select activation function and calculate
hidden layer output matrix H.
Step three: Calculate output layer weights 𝛽.

3. Results and Discussion

3.1. Changes in Voltage and Power Density. The SMFC starts
after the installation of the experimental equipment. Contin-
uous operation of the system for 30 days when the power
generation tends to stabilize which is considered to be the
end of the start-up phase. From the analysis of Figure 4, it can
be concluded that, during the start-up of SMFC, the voltage
does not continuously increase, but rather it has considerable
volatility, and this volatility persists. With the increase of
time, under the influence of some external factors, electricity
production can be increased or decreased rapidly in a short
period of time. However, the changes in the production of
electricity by the two MFCs are generally in the same trend.
The SMFC1 had amaximum electricity production of 170.994𝑚𝑉 and appeared on the third day after the start of the fuel
cell (17:57:08).Thepower density of the SMFCat thatmoment
is 6.89 𝑚𝑊/𝑚2. At the same time point, MFC2 also reached
the maximum value of 119.972𝑚𝑉 at the beginning of power
generation, and the power density was 3.39 𝑚𝑊/𝑚2. This
shows that, in the early stage of SMFC start-up, the purpose
of rapid increase of electricity production can be achieved

through the change of external factors, but once it loses the
external field affecting it, SMFC will soon return to what it
was before external factors affected it.

3.2. �e Relationship between Temperature, pH, and Voltage.
Because of the high frequency of data recording, this paper
divides the data into three phases and is used to carefully
compare the voltage, pH, and temperature changes. In the
whole process of SMFC starting, the biological and electro-
chemical reaction in the single chamber SMFC changed the
pH of the cathode, while the change trend of temperature and
electricity generation is almost the same.

In the 1.5-2 days of first phase (Figure 5), the temperature
increased significantly (from 1.5 to 1.7 days) then increased
slowly (from 1.7 to 2 days), and the voltage continued
to increase with the increase of temperature, but the pH
increased only during the sudden increase of temperature
(from 8 to 8.3) and then declined slightly and kept steady
(from 8.3 to 8.2). This is the same as the change of pH for
4-5 days. The temperature was reduced greatly (from 4 to
4.3 days) and then decreased slowly (from 4.3 to 5 days),
and the voltage continued to decrease with the decrease
of temperature, but the pH only decreased (from 8.3 to
8.1) during the significant decrease of temperature and then
rebounded to 8.3. After analysis, we think that the change of
temperature will result in the change of microbial activity,
which affects the production of SMFC, but the internal of
SMFC is an independent system, and its pHdoes not continue
to increase or decrease with the temperature change, but to
adjust itself to a stable value after a short change. It is worth
noting that there is a close positive correlation between the
power generation and the temperature change during the
time when the temperature changes in the first stage of the
SMFC start-up. Little or sudden increase in temperature will
be reflected in the production of electricity above.

During the 4-7 days of the second stage in SMFC2 start-
up (Figure 6), the temperature has undergone two large-scale
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Figure 5: The curve of voltage, pH, and temperature at first stage.
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Figure 6: The curve of voltage, pH, and temperature at second stage.

reductions in three days and the change of voltage is almost
the same as the change of temperature, when the temperature
is restored to the value before falling, the voltage also returned
to the value before falling. Extraordinarily, the change in pH
is not the same; in addition to a slight increase in the 5.5
days, the overall trend is decreasing. This means that even
if the temperature will return to normal after the change, a
continuous temperature drop in a short time will lead to a
continuous decrease in pH value.

In the third stage of the SMFC start-up (Figure 7), since
the temperature change is gradually stable, the voltage and the
change in the pHdo not fluctuate toomuch, and it is regarded
as a successful start.

3.3. Prediction of pH Based on Neural Network. From the
data of the third stage, 5000 sets of good quality data were
selected as training and prediction data, 4500 sets of data
were randomly selected for training, and the remaining 500
sets of data were used for prediction. The input variables are
time, voltage, and temperature, while the output variable is
the pH value. For the RBF neural network, expected output
and predictive output are shown in Figure 8. The errors
between expected output and predictive output are presented
in Figure 9.

FromFigures 8 and 9, it can be observed that the pH value
is well predicted, the error of most of the data is maintained
within the range of -0.005 to 0.005, and theMSE is 1.6478e-05.
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Figure 7: The curve of voltage, pH, and temperature at third stage.
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It shows that the RBF neural network can fully approximate
the complicated nonlinear relationship between temperature,
pH, and voltage in SMFC start-up process, and it can be
used to model multiparameters in SMFC’s complex internal
conditions. Nevertheless, in Figure 9 there are still several
absolute errors greater than 0.005. We use the same data to
predict the pH based on the ELM algorithm. Because the
numbers of hidden layer neurons and activation function
have influence on the prediction accuracy of ELM neural
network, we choose “sig” as activation function and made
several groups of experiments according to different number
of neurons in hidden layer. The relationship between the
number of neurons in hidden layer, MSE, and computation
time is shown in Table 2.

Through the Table 2, we found that the number of
neurons in the hidden layer is too big, which will reduce
the accuracy of prediction. Therefore, considering the accu-
racy and computation time of prediction, the most suitable
number of neurons is 500.The comparison between expected

Table 2:The relationship between the number of neurons in hidden
layer, MSE, and computation time.

Number MSE Uptime [s]
100 7.7153e-07 0.128385
200 4.0310e-07 0.169729
500 3.5001e-07 0.678840
800 4.0323e-07 0.714896
1100 3.5874e-07 0.881071
1400 3.5081e-07 2.587683
1700 3.5600e-07 3.019430
2000 3.5780e-07 4.588646

outputs and predictive outputs based on the ELM algorithm
is shown in Figure 10.The prediction error between expected
output and predictive output is given in Figure 11.
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Figure 10: Comparison between expected output and predictive output.
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From Figures 10 and 11, it can be seen that the absolute
error based on the ELM algorithm is far less than the RBF.
This shows that ELM algorithm has better performance
in modelling and forecasting of SFMC system than RBF
algorithm and the MSE achieved 3.5001e-07 which is a great
significance for modelling and simulation of SMFC.

4. Conclusions

There is a significant correlation between pH and voltage
during the start-up of a single-chamber sediment microbial
fuel cell. Changes in temperature at the initial start-up can
greatly affect the change in electricity generation. A sudden
increase in temperature or a sudden dropmay cause a sudden
increase in voltage or cut back. This has important guiding
significance for increasing the efficiency of generating elec-
tricity in the early stage of microbial fuel cell start-up. In the
first stage of the SMFC start-up, the pH of the cathode region
changes in the same trend as the voltage and temperature
change significantly, but after that, pH will rebound to a
certain extent. From the second stage of the SMFC start-
up, we can make a conclusion that a continuous temperature
drop in a short time will lead to a continuous decrease in
pH, even though the temperature will go back to normal.
Although the temperature during the start-up of microbial
fuel cells, pH, and voltage are significantly related to the
0.01 level, the voltage and temperature correlation is much
greater than the other, which also proves that the temperature
plays an important role in improving the initial production of
microbial fuel cells.Microbial fuel cell as a bioelectrochemical
system, SMFC system, has the characteristics of complexity,
strong coupling, and various parameters cannot be obtained
timely and accurately in the process of starting. At this time,
it is very important to realize the regression and prediction of
the system equation. By comparing the two kinds of neural
networks, ELMneural network ismore suitable for regression
and forecasting of SMFC system. The work in this paper has
important guiding significance for deeper understanding and
control of the start-up and operation of microbial fuel cells.
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Aimed at the weak anti-interference and low accuracy problem of moving object indoor tracking based RFID, a moving object
indoor tracking model based on semiactive RFID is presented. This model acquires scene location information through RFID
low frequency triggers preinstalled, which can enhance the anti-interference ability. This model adopts an improved particle filter
algorithm, which can increase the diversity of the particles, overcome the particle impoverishment, and reduce the tracking error.
Simulation results indicate that the model can achieve better tracking performances. Compared with standard particle filter, the
improved algorithm performance is better in the capability of tracking accuracy and robust and is more suitable for indoor tracking
application in the complicated environments.

1. Introduction

According to the difference in obtaining energy of the
electronic tag, RFID technology can be divided into passive,
active, and semiactive technologies.Thepassive electronic tag
does not contain a power supply inside and utilizes beam
power supply technology. Thomas F Bechteler et al. used
passive tags to achieve 2D positioning of indoor targets with
positioning errors within 20 cm [1]. Po Yang et al. achieved
indoor positioning and tracking of targets in a passive RFID
tag environmentwith an error of about 5 cm [2]. PassiveRFID
positioning generally uses signal arrival time, signal arrival
time difference, and signal arrival angle for positioning, hav-
ing the advantages of lowprice and high positioning accuracy.
However, passive RFID positioning is not suitable for long-
distance indoor positioning because the working distance is
relatively close and the positioning accuracy is susceptible to
obstacles. The active electronic tag has a power supply inside
and an automatic answering function.The LANDMARC sys-
tem [3] is an active RFID indoor positioning systemproposed
byNi LM, etc., with a positioning accuracy of 50%probability
of positioning error within 1 meter. The VIRE algorithm
[4] is a positioning method improved by Zhao Yi-yang et
al. based on the LANDMARC algorithm. By introducing a

virtual reference tag, the positioning accuracy of VIRE is
further improved. Active RFID positioning generally uses
signal strength for positioning and has the characteristics of
long positioning distance but has the problems of poor anti-
interference and low positioning accuracy. Semiactive RFID
technology utilizes low-frequency close-range activation of
tags, high-frequency long-distance identification, and data
communication and combines some of the characteristics of
passive and active tags. At present, there are few researches
on semiactive indoor positioning, but the semiactive RFID
technology has the advantages of strong controllability and
good anti-interference. The semiactive indoor positioning
has a long distance, and the positioning accuracy is high,
which has a great development potential.

Mathematically, moving target tracking is defined as the
process that estimates the state of a moving target based on
observations with noise. The state of a target is generally
characterized by one or more of its information such as
position, velocity, and acceleration. The real-time tracking
problem of moving targets is solved by filtering the current
state. The typical filtering algorithm has Bayesian filtering
[5], Kalman filtering [6, 7], extended Kalman filtering [8],
unscented Kalman filtering [9], and particle filtering [10]. For
nonlinear systems with non-Gaussian noise, these methods
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including Kalman filtering, extended Kalman filtering, and
unscented Kalman filtering are difficult to obtain the esti-
mated results that meet the requirements. Particle filtering
is a filtering method that directly estimates the posterior
probability density function sampling and becomes one of
the most important solutions to the estimation problem in
nonlinear non-Gaussian systems.

P Vorst et al. proposed particle filter algorithm to achieve
indoor tracking of moving targets, but the standard particle
filtering algorithm has problems such as particle degradation
and particle sample depletion, which affects the tracking
accuracy of moving targets [11]. Particle swarm optimiza-
tion (PSO) is an optimization algorithm based on swarm
intelligence theory. It is optimized by intelligent information
generated by cooperation and competition among particles
in the group. In [12], the authors give an improved particle
filtering algorithm based on particle swarm optimization and
apply the algorithm to target tracking, which can improve
particle sample impoverishment. The selection of inertial
coefficient, acceleration constant, and other parameters in
the particle swarm optimization algorithm is closely related
to the actual application and is generally determined by
experience or experiment. Improper selection will directly
affect the performances, and the optimization purpose can-
not be achieved. The Gaussian particle swarm optimiza-
tion algorithm [13] is an improved algorithm proposed by
Krohling in 2004. In Gaussian particle swarm optimization,
the Gaussian distribution is used to update the particle
velocity and position information, and only one parameter
of the number of particles needs to be determined. In this
paper, the indoor target tracking system model based on
semiactive RFID is studied. The indoor tracking model of
moving target based on semiactive RFID and particle filter
is given, and a particle filter based on Gaussian particle
swarm optimization is designed to improve indoor tracking
performance of moving targets.

2. The Proposed System Model

The indoor tracking of moving targets can be modeled as
a nonlinear state estimation problem. The moving target
state is estimated according to the moving equation and the
observation equation of the moving target, and the filter is
used to smooth the target state. The proposed model of the
moving target indoor tracking system based on semiactive
RFID technology is shown in Figure 1. It consists of a semi-
active RFID positioning system, an observation equation,

RFID reader
trigger

processing center
moving target

Figure 2: Positioning system based on semiactive RFID.

a state transition equation, and a Gaussian particle swarm
optimization particle filter.

2.1. Semiactive RFID Positioning System. The semiactive
RFID positioning system consists of an RFID reader, trigger,
dual-band RFID card,moving target, and position processing
center, as shown in Figure 2.

The card reader is positioned on the ceiling above the
positioning area to automatically identify the RFID card
information over long distances. The trigger transmits low-
frequency signals in real time and is arranged under the
floor according to a certain density according to the posi-
tioning accuracy, covering the target positioning area, as
shown in Figure 3. The dual-band RFID card integrates two
frequencies, low frequency and high frequency, which can
be pasted to a moving target or carried by a moving target.
The high frequency module of the RFID card is normally in
a dormant state. When the RFID card enters the triggering
area, the low-frequency module can receive the signal sent by
the trigger in the sleep state of the RFID card and activate
the high-frequency module, and the dual-frequency RFID
card transmits high-frequency signal which contains the
identification code and the trigger number information. If
the card reader obtains the identification code of the RFID
card, the trigger number, and the like, the information, are
transmitted to the location processing center through the
network port or the serial port, and the location processing
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center calculates the location information of the mobile
target.

The semiactive RFID positioning acquires the scene
position information by presetting the RFID low-frequency
trigger and uses the reader to locate the sensing result of the
dual-frequencyRFID tag in the positioning area. Assume that𝑁 triggers are evenly placed on the floor, which are presented
with 𝑇𝑅 = {𝑡𝑟𝑖, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑁}, and the corresponding
coordinate positions are {(𝑥𝑖, 𝑦𝑖), 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁}. If the
moving target is activated by 𝑀 triggers at the 𝑘 moment,
which is presented with 𝑅𝐹𝐼𝐷 = {𝑟𝑓𝑖𝑑𝑘, 𝑘 = 1, 2, ⋅ ⋅ ⋅ ,𝑀},
and 𝑟𝑓𝑖𝑑𝑘 ∈ 𝑇𝑅, the corresponding coordinate positions of
triggers are {(𝑥𝑗, 𝑦𝑗), 𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑀}. It can be considered
that the moving target is in the common area of𝑀 triggers
working area; the coordinate position can be estimated by

𝑚𝑅𝐹𝐼𝐷 = (𝑥𝑅𝐹𝐼𝐷, 𝑦𝑅𝐹𝐼𝐷) = ( 1𝑀
𝑀∑
𝑗=1

𝑥𝑗, 1𝑀
𝑀∑
𝑗=1

𝑦𝑗) (1)

2.2. Observation Equation. The semiactive RFID positioning
result is used as the input of the observation equation, but
since the effective working area of the trigger is not a standard
circular shape, there will be measurement errors in the
boundary area. The observation equation can be expressed
as

𝑧𝑘 = 𝑚𝑅𝐹𝐼𝐷 + 𝑞𝑘 (2)

where 𝑧𝑘 is observation value and 𝑞𝑘 is observation noise.

2.3. State Transition Equation. The state transition process of
the moving target in two-dimensional plane coordinates is
shown in Figure 4.

Assume that the moving target reaches point A at the 𝑘
moment, which is presented with 𝑥(𝑘) = (𝑥𝑘, 𝑦𝑘, 𝜃𝑘), and(𝑥𝑘, 𝑦𝑘) are two-dimensional coordinates; 𝜃𝑘 is phase angle.
After Δ𝑘 time interval, the moving target moves to point B,

O X

Y

A

B

Figure 4: The state transition process of a moving object.

which is presented with 𝑥(𝑘 + 1) = (𝑥𝑘+1, 𝑦𝑘+1, 𝜃𝑘+1), whereΔ𝑘 is sampling interval. IfΔ𝑘 is smaller, themoving target can
be regarded as uniform linear motion duringΔ𝑘; the distance
of movement Δ𝑑𝑘 can be expressed as

Δ𝑑𝑘 = √(𝑥𝑘 − 𝑥𝑘−1)2 + (𝑦𝑘 − 𝑦𝑘−1)2 (3)

The state transition equation can be expressed as

𝑥 (𝑘 + 1) = [[[
𝑥𝑘 + Δ𝑑𝑘 cos (𝜃𝑘)𝑦𝑘 + Δ𝑑𝑘 sin (𝜃𝑘)𝜃𝑘 + Δ𝜃𝑘

]]]
+ 𝑟𝑘 (4)

where 𝑟𝑘 is process noise; Δ𝜃𝑘 is the change in phase angle
after Δ𝑘 time interval.

2.4. Gaussian Particle Swarm Optimization Particle Filter.
Standard particle filters are prone to depletion in particle
sampling during the importance sampling process.TheGaus-
sian particle swarm optimization algorithm can be used to
improve the performance of the standard particle filter. The
Gaussian particle swarm optimization particle filter (GPSO-
PF) is obtained by effectively combining the two algorithms.
The flow chart is shown in Box 1. GPSO-PF makes the
particles move toward the high likelihood region before
the weight update, improve the utility of each particle, and
alleviate the degradation of the particle weight.

3. Simulation Experiment and Evaluation

In order to measure the feasibility and effectiveness of
the semiactive RFID based indoor target tracking system
model and to evaluate its tracking performance, MATLAB
simulation was used for analysis and comparison.

3.1. Simulation Scene and Parameter Settings. The simulation
test is carried out by using MATLAB software. It is assumed
that the simulation experiment is in an 8m∗8m hall. The
card reader is deployed on the ceiling above the positioning
area, and the RFID card information can be automatically
recognized by long distance wireless. The trigger transmits
low-frequency signals in real time and is laid on the floor. A
total of 7∗7 triggers are deployed. Each trigger area is a circle
with a radius of 1 meter, and the distance between the two
triggers is 2 meters.

In Figure 5(a), the starting position of the moving target
is A (2, 0.5), moving along a straight line to B (6, 4.5) with an
angle of 45∘ to the x-axis. In Figure 5(b), the starting position
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[{𝑥(𝑖)𝑘 , 𝑤(𝑖)𝑘 }𝑖=1:𝑁 , 𝑥𝑘] = 𝐺𝑃𝑆𝑂𝑃𝐹 [{𝑥(𝑖)𝑘−1, 𝑤(𝑖)𝑘−1}𝑖=1:𝑁 , 𝑧𝑘]
(1) Sequential importance sampling

For 𝑖 = 1 : N𝑧𝑘 = 𝑚𝑅𝐹𝐼𝐷 + 𝑛𝑘𝑥(𝑖)𝑘 ∼ 𝑞 (𝑥(𝑖)𝑘 | 𝑥(𝑖)𝑘−1, 𝑧𝑘)
𝑤(𝑖)𝑘 = 𝑤(𝑖)𝑘−1 𝑝 (𝑧𝑘 | 𝑥(𝑖)𝑘 ) 𝑝 (𝑥(𝑖)𝑘 | 𝑥(𝑖)𝑘−1)𝑞 (𝑥(𝑖)𝑘 | 𝑥(𝑖)𝑘−1, 𝑧𝑘)

End for
(2) Re-sampling

�̂�eff = ( 𝑁∑
𝑖=1

(𝑤(𝑖)𝑘 )2)
−1

If �̂�eff ≤ 𝑁𝑡ℎ𝑟[{𝑥(𝑖)𝑘 , 𝑤(𝑖)𝑘 }𝑁𝑖=1] = Re 𝑠𝑎𝑚𝑝𝑙𝑒[{𝑥(𝑖)𝑘−1, 𝑤(𝑖)𝑘−1}𝑁𝑖=1]
End If

(3) State estimation

𝑤(𝑖)𝑘 = 𝑤(𝑖)𝑘∑𝑁𝑖=1 𝑤(𝑖)𝑘𝑥𝑘 = 𝑁∑
𝑖=1

𝑥(𝑖)𝑘 𝑤(𝑖)𝑘
(4) Particle distribution optimization process[{𝑥(𝑗)𝑘 , 𝑤(𝑗)𝑘 }𝑁𝑗=1] = 𝐺𝑃𝑆𝑂 [{𝑥(𝑖)𝑘 , 𝑤(𝑖)𝑘 }𝑁𝑖=1]

AInitialization[{𝑝𝑥(𝑖), 𝑝V(𝑖), 𝑝𝑓𝑖𝑡(𝑖) , 𝑝𝑏𝑒𝑠𝑡(𝑖), 𝑔𝑏𝑒𝑠𝑡(𝑖)}𝑁
𝑖=1
] ∼ [{𝑥(𝑖)𝑘 , 𝑤(𝑖)𝑘 }𝑁𝑖=1]

BParticle optimization
For𝑚 = 1 : G𝑒𝑛

V𝑚+1𝑖 = rand (⋅) ⋅ (𝑝𝐵𝑒𝑠𝑡𝑚𝑖 − 𝑥𝑚𝑖 ) + rand (⋅) ⋅ (𝑔𝐵𝑒𝑠𝑡 − 𝑥𝑚𝑖 ) , 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁𝑥𝑚+1𝑖 = 𝑥𝑚𝑖 + V𝑚𝑖 , 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁[{𝑝𝑥(𝑚𝑖), 𝑝V(𝑚𝑖), 𝑝𝑓𝑖𝑡(𝑚𝑖), 𝑝𝑏𝑒𝑠𝑡(𝑚𝑖), 𝑔𝑏𝑒𝑠𝑡(𝑚𝑖)}𝑁
𝑖=1
]

End for
C Particle assignment[{𝑥(𝑗)𝑘 , 𝑤(𝑗)𝑘 }𝑁𝑗=1] ∼ [{𝑝𝑥(𝑚𝑖), 𝑝𝑓𝑖𝑡(𝑚𝑖)}𝑁𝑖=1]

Box 1: Flow chart of GPSO-PF.
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Figure 5: Simulation scenario.
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Table 1: Simulation parameter setting.

Simulation parameter Description Setting value𝑁 Number of particles 50𝑅 Process noise variance 0.0025𝑄 Observed noise variance 0.5𝑀 Number of iterations 5𝐿 Number of simulation steps 100
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Figure 6: Moving trajectory and error of rectilinear motion.

of the moving target is O (4, 1), moving counterclockwise
along the circumference of a radius of 2.5 meters.

Both process noise and observed noise areGaussianwhite
noise, and the simulation parameters are set as shown in
Table 1.

3.2. Performance Analysis. Suppose that the actual coordi-
nates and estimated coordinates of an object are (𝑥0, 𝑦0) and(𝑥0, 𝑦0). To measure algorithm performance, estimation
error 𝑒 is defined as

𝑒 = √(𝑥0 − 𝑥0)2 + (𝑦0 − 𝑦0)2 (5)

The simulation running track and estimation error of
linear motion are shown in Figure 6.The simulation running
track and estimation error of circular motion are shown in
Figure 7.

It can be seen from Figures 6 and 7 that the moving
target is linear motion, the maximum error is 2.5545m,
the average error is 0.9414m, and the maximum error is
0.7969m after filtering by GPSO-PF algorithm, and the
average estimation error is 0.2340m.While the moving target
is circular motion, the maximum error is 2.1745m and the
average error is 0.8517m. The maximum error is 0.8166m
and the average estimation error is 0.2345m after filtering
by GPSO-PF algorithm. For semiactive technology for target

positioning and tracking, whether it is linear motion or
circular motion, even though the measurement error is large,
the ideal tracking effect can be achieved by using GPSO-PF
algorithm,which indicates that the proposedmodel is feasible
and effective.

In order to better explain the performance of the GPSO-
PF algorithm, the performance comparisonwith the standard
particle filter PF is performed, and the simulation scene
and configuration parameters remain unchanged. Select Root
Mean Square Error (RMSE) as an indicator to evaluate the
performance of the algorithm; RMSE is defined as

𝑅𝑀𝑆𝐸 = √ 1𝑇 ⋅
𝑇∑
𝑘=1

(𝑥𝑘 − 𝑥𝑘)2 (6)

The average of the RMSE is used to represent the filtering
accuracy of the algorithm, and the variance of the RMSE is
used to measure the stability of the algorithm. For each of
the two algorithms, linear motion and circular motion were
performed for 1000Monte Carlo experiments, and the RMSE
value curve is shown in Figure 8.

Calculate the mean and variance of RMSE, as shown in
Table 2.

It can be seen from Table 1 that, compared with the PF
algorithm, the RMSE mean value of the GPSO-PF algorithm
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Figure 7: Moving trajectory and error of circling motion.
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Figure 8: RMSE of Monte Carlo simulation.

applied to the moving target for linear motion is increased
by 61.8%, and the RMSE mean value of the GPSO-PF
algorithm applied to the circular motion of the moving
target is increased by 61.3%. Tracking filtering accuracy is
greatly improved.TheRMSE variance of GPSO-PF algorithm
applied to moving targets for linear motion is 3.25% of
PF algorithm. The RMSE variance of GPSO-PF algorithm
applied to circular motion of moving targets is 3.37% of
PF algorithm, and the stability of indoor tracking is greatly
improved.

Simulation results indicate that the GPSO-PF algorithm
has better performances than the standard particle filter in
the capability of tracking accuracy and robust; the reason is
that the Gaussian particle swarm optimization algorithm is
introduced into the standard particle filter. To the problem
of particle impoverishment, GPSO-PF algorithm incorpo-
rates the newest observations into sampling process and

also optimizes the particles. Through particles distribution
optimization process, the particles are moved toward regions
where they have larger values of posterior density function.
As a result, the diversity of the particles increases, the particle
impoverishment is solved, and the tracking error is reduced
dramatically.

The proposed model of this paper is compared with
literature [1], literature [3], and literature [11] schemes in
four aspects: RFID technology, positioning error, support for
moving targets, and filtering algorithm, as shown in Table 3.

It can be seen from Table 2 that the general indoor
positioning algorithm is not suitable for tracking of moving
targets, and the indoor tracking requires filtering algorithm.
The filtering algorithm of this model adopts GPSO-PF. The
passive RFID positioning error is small, and the active RFID
positioning error is large. The positioning error of this model
is only 0.23m,which can achieve higher positioning accuracy.
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Table 2: Mean value and variance of two algorithms.

Filtering algorithm Rectilinear motion Circling motion
RMSE mean RMSE variance RMSE mean RMSE variance

PF 0.3300m 0.0708 0.3373m 0.0801
Proposed algorithm 0.1262m 0.0023 0.1304m 0.0027

Table 3: Performance comparison of four schemes.

Scheme [1] [3] [11] Proposed model
RFID technology Passive Active Passive UHF Semiactive
Positioning error 20cm 1m 0.5m 0.23m
Support for moving targets No No Yes Yes
Filtering algorithm - - PF GPSO-PF

4. Conclusions

In view of the shortcomings of current passive RFID tech-
nology and active RFID technology in indoor positioning
in terms of distance and positioning accuracy, a semiactive
RFID based indoor target tracking systemmodel is proposed,
which can achieve higher positioning and tracking accuracy.
It can meet the needs of indoor location tracking in complex
environments and has a good application prospect. The next
research focus is that, due to the limitations of experimental
conditions, the experimental data is obtained through simu-
lation and is not verified in the real environment. The work
that the proposed algorithm is tested and applied in the real
environment will be done.
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Due to the nonlinear dynamics in weighing and feeding process, it is difficult to achieve high accuracy with conventional control
methods. This paper uses a piecewise linearization method for the nonlinear problem and discusses the application of iterative
learning control inweighing and feeding process. First, the nonlinear problem and the repeatability are discussed based on dynamic
analysis of weighing and feeding process. Next, a linear state space model is established with a piecewise linearization method.
Then, an iterative learning controller is presented by utilizing repetitive characteristics, and the controller parameters are obtained
by using a multi-objective optimization method. Finally, simulation results show that the presented control method improves the
control performances and the accuracy of feeding.

1. Introduction

A weighing and feeding process is a process in which a
certain material is weighted and added to a reaction vessel
through an actuator, which repeats many times to get more
products. It is widely used in modern industries, such as
metallurgical industry, pharmaceutical industry, and food
processing industry [1]. Vibratory feeders are the main actu-
ators in weighing and feeding processes, which use vibration
and gravity to feed material to a weighing hopper. The
weight of the material in the weighing hopper is one of the
most important control objectives in a weighing and feeding
process. However, it is difficult to achieve high accuracy of the
weight because of the existence of a nonlinear process of the
vibratory feeder [2].

In the past few years, some good methods were
researched to establish accurate mathematical models for
vibratory feeders. For example, a model of a resonant linear
electromagnetic vibratory feederwas established based on the
kinetic and potential energies, the dissipative function of the
mechanical system, and Lagrangian formulation [3]. Czubak
[4] considered the vibratory feeder as a single degree of

freedom system (SDOF).The relations between the structural
elements of the mode and the vibratory feeder were analyzed
based SDOF [5]. Furthermore, Chandravanshi [6, 7] analyzed
the dynamic characteristics of vibratory feeders and exam-
ined experimentally the vibration behavior of the particles
on the conveying surface. The purposes of these researches
are to dynamically analyze the vibratory feeders and the
vibration behavior of the particles.These researches reveal the
nonlinear relationship between the feed rate and the motor
speed (vibratory motors rotate to generate vibration to make
the vibratory feeder work). It is obvious that vibratory feeders
are nonlinear devices in weighing and feeding processes.

Regarding the control and modeling of weighing and
feeding processes, many results were published for one
feeding batch, which considered the vibrating feeder as a
linear device. For instance, a generalized-predictive-control
(GPC)-based PID controller was presented for a linearweigh-
ing and feeding process, which considered the relationship
between the feed rate and motor speed as a linear model
[8]. This method derived PID parameters based on GPC and
considered a ramp-type signal as the reference signal. The
method presented in [8] was improved in [9], in which the
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Table 1: Some notations used in this paper.

Symbol Definition𝑡, 𝑘 The time and batch index, respectively𝛼, 𝛽 The time period in a batch and the total number of batches, respectively𝑅 The set of real number
I, 0 The identity matrix and the zero matrix with appropriate dimensions, respectively𝑓,𝑈 The output frequency and input voltage of the inverter, respectively𝜔 Themotor speed
V The feeding rate𝑤 The weight of the material in the weighing hopper

estimated plant parameters are updated when the prediction
error increases. A feedback controller was used in the control
of an electromagnetic vibratory feeder, in which the vibratory
feeder is considered as a linear device [10]. And an amplitude-
frequency control method of the vibratory feeder is presented
by using a current-controlled power converter [11]. The
previous researches on the weighing and feeding processes
achieved good results. However, the achieved control accu-
racy can be further improved by considering the nonlinear
characters and the repetitive nature of weighing and feeding
processes.

In summary, previous researches on modeling of vibra-
tory feeders had proven that vibratory feeders are nonlinear
devices. However, previous researches on the control and
modeling of weighing and feeding processes did not consider
the nonlinear characters of the weighing and feeding process.
In our previous paper [12], the repetitive nature of a weighing
and feeding process was considered, and then the feeding
accuracy was improved to some extent. However, this per-
formance improvement is limited because the paper did not
consider the nonlinear characters of vibratory feeders.

Many good methods were presented to solve nonlinear
problems, such as the fixed point index theory in cones
which proved the existence of positive solutions of nonlinear
boundary value problem [13, 14], the method of upper and
lower solutions and different monotone iterative techniques
which analyzed a nonlinear third-order differential equation
[15], a weighted norm method which analyzed nonlinear
Schrodinger equations [16], and using neural networks to
approximate the nonlinear function [17, 18].These researches
provide good references for the nonlinear problem of weigh-
ing and feeding processes. Iterative learning control (ILC)
[19] can improve the control performance with the increasing
number of the batch by taking full advantage of the history
control information to correct control input. With the effec-
tivity of solving the problems with repetitive characteristics,
ILC is widely used in the batch processes [20, 21] and
repetitive processes [22, 23].

For the repeatability and the nonlinear problem of weigh-
ing and feeding processes, this paper presents an ILC and
a piecewise linearization method. The rest of this paper is
organized as follows: Section 2 analyzes the dynamic char-
acteristics and the nonlinear problem of the process and then
establishes an approximate linear model. Section 3 gives a 2D
ILC system based on an improved state space model and a

Replenishing
hopper

Trough

Weighing 
Hopper

Load cell

Vibratory
motorsSpring

Figure 1: Weighing and feeding process.

controller parametrizationmethod by using amulti-objective
optimization method. Section 4 gives the simulation results
to illustrate the effectiveness of the proposedmethod. Finally,
Section 5 draws a conclusion.

Somenotations used in this paper are described inTable 1.

2. Analysis and Modeling of
Weighing and Feeding Process

This section presents the structure of a weighing and feeding
process, analyzes the dynamic characteristic of the weighing
and feeding process, discusses its nonlinear problem, and
presents an approximate linear model by using a piecewise
linearization method.

2.1. Weighing and Feeding Process. The schematic diagram of
a weighing and feeding process is shown in Figure 1. The
vibratory feeder is the main device, which consists of springs
for damping, vibration motors for oscillating, and a trough
for conveying material. The vibration motors are fixed under
the bottom of the trough, which generates an exciting force
by driving a rotating unbalanced mass.The trough is inclined
at an angle which performs sinusoidal vibration caused by the
exciting force. When the trough vibrates due to the exciting
force, materials are shaken into the weighing hopper by
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Figure 2: Weighing and feeding process control system.

the vibrating trough. Weighing hopper measures materials
weight by a load cell. The feed rate of the material is adjusted
by changing the exciting force and the vibration frequency.
In addition, the replenishing hopper replenishes the loss
material on the trough. The spring is installed between the
trough and the support unit to reduce damage to the support
unit caused by the vibration motors.

The block diagram of weighing and feeding process
control system is shown in Figure 2, which consists of a
controller, an inverter, a vibratory feeder, a weighing hopper,
and a load cell. The controller adjusts the speed of the motor
by changing the input voltage of the inverter. When the
weight of material reaches the set value, the vibratory feeder
stops working and prepares for the next batch. In order to
get more products, the feeding process like that repeats many
times.

The dynamic characteristics of the inverter are approxi-
mated as an amplifier [8], which is expressed as

𝑓 = 𝐾𝑖𝑈, (1)

where𝐾𝑖 is the gain of the inverter.𝑓 and𝑈 denote the output
frequency and input voltage of the inverter, respectively.

The trough of the vibratory feeder vibrates under the drive
of double rotating unbalances which produces a periodic
force excitation in a definite direction. The electrical model
of the motor can be written as a first-order system

�̇� + 1𝑇𝜔 = 𝐾𝑚𝑇 𝑓, (2)

where𝐾𝑚 is the gain and 𝑇 is assumed to be the time constant
of the motor.

The exciting forces, 𝐹1 and 𝐹2, are induced by a single
rotating unbalance mass (see Figure 3), 𝑚, respectively. The
values of 𝐹1 and 𝐹2 are both given as

𝐹0 = 𝑚𝐸𝜔2, (3)

where 𝐸 is the eccentricity of the unbalance.
Decomposition of excitation force into horizontal and

vertical directions

𝐹𝑥 = 𝐹0 cos𝜔𝑡 + 𝐹0 cos (𝜋 − 𝜔𝑡) = 0, (4)

𝐹𝑦 = 𝐹0 sin𝜔𝑡 + 𝐹0 sin (𝜋 − 𝜔𝑡) = 2𝐹0 sin𝜔𝑡. (5)

The mechanical model of the vibratory feeder is assumed
as an SDOF which consists of a mass,𝑀, spring with stiffness

x
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−

F2 F1

Figure 3:The exciting force.
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Figure 4: The mechanical model of the vibratory feeder.

coefficient, 𝑘𝑠, and damping with damping coefficient, 𝑐, [5]
as shown in Figure 4.

The equation of the vibration is expressed as

𝑀d2𝑌
d𝑡2 + 𝑐d𝑌

d𝑡 + 𝑘𝑠𝑌 = 𝐹𝑦, (6)

where𝑀 is the equivalent weight which consists of the weight
of the vibratory motor, the trough, and the materials in the
trough.𝑌 denotes the displacement from the balance position
in vertical directions. The damping is the consumption of
vibratory energy as heat and sound. 𝑘𝑠 is the equivalent
stiffness of springs. The exciting force in vertical directions
changes sinusoidally. By analyzing (6) through vibration
theory, the maximum amplitude, 𝑌max, of the vibratory
trough is written as

𝑌max = 2𝐹0
√(𝑘𝑠 − 𝜔2𝑀)2 + (𝜔𝑐)2 . (7)
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The moving distance of the material in the trough is
related to the vibration amplitude in one vibration. During a
certain period of time, all the materials in the trough move
multiple times to form an average feed rate. The average
feed rate, V, and the maximum amplitude of vibration are
approximately proportion

V = 𝐾 𝜔2𝜋𝑌max, (8)

where 𝐾 is the structure coefficient, which depends on the
width of the trough and the angle of inclination of the trough.

Vibratory feeder adds material to the hopper, which can
be approximated as an integrator

𝑤 = ∫ V𝑑𝑡, (9)

where 𝑤 denotes the weight of the material in the weighing
hopper.

2.2. Piecewise Linearization Method. By substituting (7) into
(8), the relationship between the feeding rate and the motor
speed is written as

V = 𝐾𝑚𝐸𝜔3
𝜋√(𝑘𝑠 − 𝜔2𝑀)2 + (𝜔𝑐)2 . (10)

It is obvious that the feed rate increases first and then
decreases when the motor speed increases through mathe-
matic analysis of the relationship between V and 𝜔. And when
the vibration frequency of the vibratory motor is equal to
the natural frequency, 𝜔𝑛, the vibrating feeder reaches the
maximum feeding rate. At this time, the motor speed 𝜔𝑛 is

𝜔𝑛 = √ 𝑘𝑠𝑀. (11)

Through the analysis of the relationship between the feed-
ing rate and the motor speed, the feeding rate is decreasing
when the motor speed is increasing (𝜔 > 𝜔𝑛). It should be
avoided to work in this state because increasing the speed of
the motor reduces the feeding speed, which is an inefficient
production way.

Based on the considerations above, the motor of vibratory
feeder should work in motor speed range 0 < 𝜔 < 𝜔𝑛. Then,
the nonlinear relationship between motor speed and feeding
rate is piecewise linearized into proportional relation

V =
{{{{{{{{{

𝑎1𝜔 + 𝑏1, 0 ≤ 𝜔 < 𝜔1
𝑎2𝜔 + 𝑏2, 𝜔1 ≤ 𝜔 < 𝜔2,
𝑎3𝜔 + 𝑏3, 𝜔2 ≤ 𝜔 < 𝜔3

(12)

which can be written as

V = 𝑎𝑖𝜔 + 𝑏𝑖, 𝜔 ∈ Ω𝑖, 1 ≤ i ≤ 3. (13)

The nonlinear character and the piecewise linearization
result are shown in Figure 5. In this paper, the motor
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Figure 5: The relationship between feeding rate and motor speed.

speed range is divided equally into three intervals. Then
the parameters of (13) are obtained by the corresponding
motor speed and feeding rate. The accuracy of the piecewise
linearized model significantly depends on the number of the
intervals and more intervals can increase the accuracy of the
piecewise linearized model.

Use the following coordinate transformation

V = [V0] , (14)

𝜔 = [𝜔1] . (15)

Then the nonlinear relationship between the feeding rate and
themotor speed transforms into an approximate linearmodel

V = [𝑎𝑖 𝑏𝑖0 0] [𝜔] , 𝜔 ∈ Ω𝑖, 1 ≤ 𝑖 ≤ 3. (16)

2.3. 
e State Space Model of the Weighing and Feeding
Process. According to the previous analysis, the relationship
between motor speed and the input voltage is obtained
from (1) and (2), the relationship between motor speed and
the feeding rate is obtained from (16), and the relationship
between the feeding rate and the weight of the material in
the weighing hopper is obtained from (9). They are used as
parts of (17) and (18). Then the model of the control object is
described as

�̇� = [[
[
�̇�
0
�̇�
]]
]

= [[[
[
− 1𝑇 0 0
0 0 0
𝑎𝑖 𝑏𝑖 0

]]]
]
[[
[
𝜔
1
𝑤
]]
]
+ [[[
[

𝐾𝑚𝐾𝑖𝑇0
0

]]]
]
𝑢,

1 ≤ 𝑖 ≤ 3,
(17)

𝑦 = [0 0 1] 𝑥. (18)
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3. Iterative Learning Control System

This section discusses the batch characteristic of weighing
and feeding process and gives the structure of iterative
learning controller based on an improved state space model.
Then the controller parameters are found through a multi-
objective optimization method.

3.1. 2D SystemRepresentation. Adiscrete state space equation
which is obtained by using the zero-order hold to discrete
(17) and (18) over 1 ≤ 𝑡 ≤ 𝛼, 𝑘 ≥ 1 is

𝑥𝑘 (𝑡 + 1) = 𝐴 𝑖𝑥𝑘 (𝑡) + 𝐵𝑖𝑢𝑘 (𝑡) , 1 ≤ 𝑖 ≤ 3, (19)

𝑦𝑘 (𝑡) = 𝐶𝑥𝑘 (𝑡) , (20)

where 𝑢𝑘(𝑡) ∈ 𝑅 is the control input, 𝑦𝑘(𝑡) ∈ 𝑅 is the output,𝑥𝑘(𝑡) ∈ 𝑅2 is the state vector, including the motor speed 𝜔,
and the discharged mass 𝑤 at time t in kth batch.

The discrete dynamic model in the kth batch is described
as above. However, this process will be repeated many times
to get more products in practice. Based on the above con-
siderations, define 𝑥(𝑡, 𝑘), and 𝑦(𝑡, 𝑘) as the state and output
of the process at time 𝑡 in kth batch. The following discrete
model can be established from (19) and (20) to describe the
relationship between batches:

𝑥 (𝑡 + 1, 𝑘) = 𝐴 𝑖𝑥 (𝑡, 𝑘) + 𝐵𝑖𝑢 (𝑡, 𝑘) , 1 ≤ 𝑖 ≤ 3, (21)

𝑦 (𝑡, 𝑘) = 𝐶𝑥 (𝑡, 𝑘) . (22)

Let 𝑦𝑟𝑒𝑓(𝑡) be a vector-valued reference representing
desired output behavior. Then the error in the kth batch is

𝑒 (𝑡, 𝑘) ≜ 𝑦𝑟𝑒𝑓 (𝑡) − 𝑦 (𝑡, 𝑘) . (23)

In ILC, a general form of the control law is

Σ𝑖𝑙𝑐 : {{{
𝑢 (𝑡, 𝑘) = 𝑢 (𝑡, 𝑘 − 1) + 𝑢𝑒 (𝑡, 𝑘)
𝑢 (𝑡, 0) = 0, (24)

where 𝑢(𝑡, 𝑘) is constructed from the control in previous
batch and a correction term 𝑢𝑒(𝑡, 𝑘) from the history control
information and 𝑢(𝑡, 0) denotes the initial control. 𝑢𝑒(𝑡, 𝑘) is
the updating law to be determined.

Define 𝑓𝑒(𝑡, 𝑘 + 1) as the difference of 𝑓 between two
consecutive batches

𝑓𝑒 (𝑡, 𝑘 + 1) ≜ 𝑓 (𝑡, 𝑘 + 1) − 𝑓 (𝑡, 𝑘) , (25)

where 𝑓may be state 𝑥 or output 𝑦 and thus is in accordance
with the ILC updating law shown in (24).

The tracking error integral ∑𝑒(𝑡, 𝑘 + 1) is an additional
state variable in ILC design, which is defined as

∑𝑒 (𝑡, 𝑘 + 1) ≜ 𝑡∑
𝑖=0

𝑒 (𝑖, 𝑘 + 1) . (26)

It follows from (21), (22) and (25) that

𝑥𝑒 (𝑡 + 1, 𝑘 + 1) = 𝐴 𝑖𝑥𝑒 (𝑡, 𝑘 + 1) + 𝐵𝑖𝑢𝑒 (𝑡, 𝑘 + 1) ,
1 ≤ 𝑖 ≤ 3. (27)

Equation (23) can be written as

𝑒 (𝑡 + 1, 𝑘 + 1) = 𝑦𝑟𝑒𝑓 (𝑡 + 1) − 𝑦 (𝑡 + 1, 𝑘 + 1)
+ 𝑦 (𝑡 + 1, 𝑘) − 𝑦 (𝑡 + 1, 𝑘)

= 𝑒 (𝑡 + 1, 𝑘) − 𝑦𝑒 (𝑡 + 1, 𝑘 + 1) .
(28)

It follows from (21), (22), (25), and (27) that

𝑦𝑒 (𝑡 + 1, 𝑘 + 1) = 𝐶𝐴 𝑖𝑥𝑒 (𝑡, 𝑘 + 1) + 𝐶𝐵𝑖𝑢𝑒 (𝑡, 𝑘 + 1) ,
1 ≤ 𝑖 ≤ 3. (29)

According to (29), (28) can be written as

𝑒 (𝑡 + 1, 𝑘 + 1) = 𝑒 (𝑡 + 1, 𝑘) − 𝐶𝐴𝑥𝑒 (𝑡, 𝑘 + 1)
− 𝐶𝐵𝑢𝑒 (𝑡, 𝑘 + 1) . (30)

It follows from (26) and (30) that

∑𝑒 (𝑡 + 1, 𝑘 + 1) = ∑𝑒 (𝑡, 𝑘 + 1) + 𝑒 (𝑡 + 1, 𝑘)
− 𝐶𝐴 𝑖𝑥𝑒 (𝑡, 𝑘 + 1)
− 𝐶𝐵𝑖𝑢𝑒 (𝑡, 𝑘 + 1) , 1 ≤ 𝑖 ≤ 3.

(31)

Introduce a new state variable as

𝑥 (𝑡 + 1, 𝑘 + 1) = [[
[
𝑥𝑒 (𝑡 + 1, 𝑘 + 1)
𝑒 (𝑡 + 1, 𝑘 + 1)
∑ 𝑒 (𝑡 + 1, 𝑘 + 1)

]]
]
. (32)

Then the corresponding state space model is derived as

𝑥 (𝑡 + 1, 𝑘 + 1) = 𝐴 𝑖,1𝑥 (𝑡, 𝑘 + 1) + 𝐴 𝑖,2𝑥 (𝑡 + 1, 𝑘)
+ 𝐵𝑖𝑢𝑒 (𝑡, 𝑘 + 1) , 1 ≤ 𝑖 ≤ 3, (33)

where

𝐴 𝑖,1 = [[
[

𝐴 𝑖 0 0
−𝐶𝐴 𝑖 0 0
−𝐶𝐴 𝑖 0 I

]]
]
, (34)

𝐴2 = [[
[
0 0 0
0 I 0
0 I 0

]]
]
, (35)

𝐵𝑖 = [[
[

𝐵𝑖−𝐶𝐵𝑖−𝐶𝐵𝑖
]]
]
. (36)

3.2. Controller Design. Design an updating law as

𝑢𝑒 (𝑡, 𝑘 + 1) = 𝐾𝑖,1𝑥 (𝑡, 𝑘 + 1) + 𝐾𝑖,2𝑥 (𝑡 + 1, 𝑘) ,
1 ≤ 𝑖 ≤ 3, (37)
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where

𝐾𝑖,1 = [𝐾𝑖,11 𝐾𝑖,12 𝐾𝑖,13] , (38)

𝐾𝑖,2 = [𝐾𝑖,21 𝐾𝑖,22 𝐾𝑖,23] . (39)

Then an improved 2D system of (21) and (22) is given by

𝑥 (𝑡 + 1, 𝑘 + 1) = 𝐴 𝑖,1𝑥 (𝑡, 𝑘 + 1) + 𝐴 𝑖,2𝑥 (𝑡 + 1, 𝑘) ,
1 ≤ 𝑖 ≤ 3, (40)

where

𝐴 𝑖,1 = [[
[

𝐴 𝑖 + 𝐵𝑖𝐾𝑖,11 𝐵𝑖𝐾𝑖,12 𝐵𝑖𝐾𝑖,13−𝐶𝐴 𝑖 − 𝐶𝐵𝑖𝐾𝑖,11 −𝐶𝐵𝑖𝐾𝑖,12 −𝐶𝐵𝑖𝐾𝑖,13−𝐶𝐴 𝑖 − 𝐶𝐵𝑖𝐾𝑖,11 −𝐶𝐵𝑖𝐾𝑖,12 I − 𝐶𝐵𝑖𝐾𝑖,13
]]
]
, (41)

𝐴 𝑖,2 = [[
[

𝐵𝑖𝐾𝑖,21 𝐵𝑖𝐾𝑖,22 𝐵𝑖𝐾𝑖,23−𝐶𝐵𝑖𝐾𝑖,21 I − 𝐶𝐵𝑖𝐾𝑖,22 −𝐶𝐵𝑖𝐾𝑖,23−𝐶𝐵𝑖𝐾𝑖,21 I − 𝐶𝐵𝑖𝐾𝑖,22 −𝐶𝐵𝑖𝐾𝑖,23
]]
]
. (42)

More states information of (21) and (22) is considered,
and the control law (37) contains control information of the
current and historical batches. The appropriate controller
parameters, 𝐾𝑖,1, 𝐾𝑖,2, will give the system a better control
performance.

3.3. Stability Analysis

Theorem 1. 
e closed-loop 2D system in (40) is asymptoti-
cally stable and if symmetric positive matrices 𝑃 > 𝑄 exist, the
following linear matrix inequality holds

𝜓𝑖 = [[
[
−𝑃 𝑃𝐴 𝑖,1 + 𝑌1 𝑃𝐴 𝑖,2 + 𝑌2∗ −𝑄 0
∗ ∗ −𝑃 + 𝑄

]]
]

≺ 0, (43)

where

𝑌1 = 𝑃𝐵𝑖𝐾𝑖,1, (44)

𝑌2 = 𝑃𝐵𝑖𝐾𝑖,2. (45)

And the controller parameters 𝐾𝑖,1, 𝐾𝑖,2 can be solved as

𝐾𝑖,1 = 𝐵−1𝑖 𝑃−1𝑌1, 1 ≤ 𝑖 ≤ 3, (46)

𝐾𝑖,2 = 𝐵−1𝑖 𝑃−1𝑌2, 1 ≤ 𝑖 ≤ 3. (47)

Proof. Inspired by [20], the following Lyapunov functions are
considered

𝑉1,1 = 𝑥 (𝑡 + 1, 𝑘 + 1)𝑇 𝑃𝑥 (𝑡 + 1, 𝑘 + 1) , (48)

𝑉0,1 = 𝑥 (𝑡, 𝑘 + 1)𝑇𝑄𝑥 (𝑡, 𝑘 + 1) , (49)

𝑉1,0 = 𝑥 (𝑡 + 1, 𝑘)𝑇 (𝑃 − 𝑄) 𝑥 (𝑡 + 1, 𝑘) , (50)

where 𝑃 and 𝑄 are symmetric positive matrices to be
determined, and 𝑃 > 𝑄.

The state energy increment in both time and batch
directions is

Δ𝑉 = 𝑉1,1 − 𝑉0,1 − 𝑉1,0. (51)

It follows from (40) and (51) that

Δ𝑉 = 𝜉𝑇�̂�𝜉, (52)

where

𝜉 = [𝑥 (𝑡, 𝑘 + 1)𝑇 , 𝑥 (𝑡 + 1, 𝑘)𝑇]𝑇 , (53)

�̂�𝑖 = [𝐴𝑇𝑖,1𝑃𝐴 𝑖,1 − 𝑄 𝐴𝑇𝑖,1𝑃𝐴 𝑖,2
𝐴𝑇𝑖,2𝑃𝐴 𝑖,1 𝐴𝑇𝑖,2𝑃𝐴 𝑖,2 − 𝑃 + 𝑄] . (54)

Therefore, Δ𝑉 ≺ 0 guarantees asymptotic stability of closed-
loop 2D system in (40).

Applying Schur’s complement Δ𝑉 ≺ 0 is equivalent to
[[[
[

−𝑃 𝑃𝐴 𝑖,1 𝑃𝐴 𝑖,2∗ −𝑄 0
∗ ∗ −𝑃 + 𝑄

]]]
]

≺ 0. (55)

Replace𝐴 𝑖,1,𝐴 𝑖,2 with𝐴 𝑖,1+𝐵𝑖𝐾𝑖,1,𝐴 𝑖,2+𝐵𝑖𝐾𝑖,2, and defining𝑃𝐵𝑖𝐾𝑖,1 = 𝑌1, 𝑃𝐵𝑖𝐾𝑖,2 = 𝑌2, LMI constraints in (43) can be
obtained.

3.4. Controller Parametrization. Theorem 1 is a sufficient and
unnecessary condition for system stability, and there are
solutions to the LMI Equation (43).The controller with them
as parameters stabilizes the system but has different con-
trol performance. An efficient combination of linear matrix
inequalities and single-objective optimization algorithmswas
proposed to develop a control law parametrization that guar-
antees performance [23]. Based on this research, this paper
proposes a method of controller parametrization, which
combines LMI and multi-objective optimization algorithms.

For the convenience of writing, 𝐾𝑖,1, 𝐾𝑖,2 are described as𝐾1, 𝐾2 in this section.
In order to measure the control performance of the

system, the first function is chosen as

𝑓1 (𝐾1, 𝐾2) =
𝛽∑
𝑘=1

𝛼∑
𝑡=1

(𝑦 − 𝑦𝑟𝑒𝑓)2 , (56)

which is the sum of squares of the output error for all samples
in all batches. 𝑓1(𝐾1, 𝐾2) contains all the system output error
information, and the smaller the 𝑓1(𝐾1, 𝐾2) is, the better the
system’s dynamic performance and steady-state performance
are.

In order to measure the deviation of the output from the
reference signal, the second function is chosen as

𝑓2 (𝐾1, 𝐾2) =
𝛽∑
𝑘=1

max {𝑦 (𝑡, 𝑘) − 𝑦𝑟𝑒𝑓 (𝑡)𝑡∈[1,𝛼]} . (57)
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Table 2: The plant parameters.

Plant parameter Abbreviation Value
The coefficient of the inverter 𝑘𝑖 5
The weight of the unbalanced mass 𝑚 3.5
The eccentricity of weight from the shaft 𝐸 0.06
The structure coefficient 𝐾 0.882
The equivalent stiffness of springs 𝑘𝑠 76520
Weight of trough 𝑀 60
The coefficient damping 𝑐 752
The gain of the motor 𝑘𝑚 0.6
The time-constant of the motor 𝑇 1

Table 3: The parameters of the controller.

Controller parameter Value𝐾1,1 [-1.862, -0.050, 0.150, -0.027, -0.605]𝐾1,2 [0.035, 0.055, 0.020, 0.081, 0.206]𝐾2,1 [-1.959, 0.054, -0.087,0.052, -0.192]𝐾2,2 [0.034, 0.060, -0.072, -0.124, 0.282]𝐾3,1 [-1.757, 0.005, -0.082, -0.033, 0.015]𝐾3,2 [0.076, 0.052, 0.020, 0.029, 0.291]

After the above discussion, the controller parametrization
problem is transformed into the following multi-objective
optimization problem:

min [𝑓1 (𝐾1, 𝐾2) , 𝑓2 (𝐾1, 𝐾2)] ,
s.t. 𝜓𝑖 ≺ 0, 1 ≤ 𝑖 ≤ 3. (58)

Based on multi-objective simulated annealing [24], the
following steps are proposed.

Step 1. Initialize parameters, the initial temperature, 𝑇, and
the lowest temperature, 𝑇𝑙.
Step 2. Solve the LMI 𝜓𝑖 ≺ 0, apply (46) and (47) to calculate𝐾1, 𝐾2, set 𝐾1,𝑜𝑝𝑡 = 𝐾1, 𝐾2,𝑜𝑝𝑡 = 𝐾2, simulate (21) and (22)
and the nonlinear system with the control law (37), and
calculate and set 𝑓1,𝑜𝑝𝑡 = 𝑓1(𝐾1, 𝐾2), 𝑓2,𝑜𝑝𝑡 = 𝑓2(𝐾1, 𝐾2).
Step 3. Alter the controller matrices 𝐾1,𝑜𝑝𝑡, 𝐾2,𝑜𝑝𝑡, obtain the
newmatrices𝐾1 , 𝐾2, simulate (21) and (22) and the nonlinear
system with the control law (37), and calculate the 𝑓1,𝑛𝑒𝑤 =𝑓1(𝐾1, 𝐾2),𝑓2,𝑛𝑒𝑤 = 𝑓2(𝐾1, 𝐾2).
Step 4. If 𝑓1,𝑛𝑒𝑤 < 𝑓1,𝑜𝑝𝑡, and 𝑓2,𝑛𝑒𝑤 < 𝑓2,𝑜𝑝𝑡, set 𝐾1,𝑜𝑝𝑡 = 𝐾1,𝐾2,𝑜𝑝𝑡 = 𝐾2, 𝑓1,𝑜𝑝𝑡 = 𝑓1,𝑛𝑒𝑤, 𝑓2,𝑜𝑝𝑡 = 𝑓2,𝑛𝑒𝑤. If it does not,
calculate 𝜇 = (1 − 𝛼) ⋅ (𝑓1,𝑛𝑒𝑤 − 𝑓1,𝑜𝑝𝑡)/(𝑓1,𝑛𝑒𝑤 + 𝑓1,𝑜𝑝𝑡) + 𝛼 ⋅(𝑓2,𝑛𝑒𝑤 − 𝑓2,𝑜𝑝𝑡)/(𝑓2,𝑛𝑒𝑤 + 𝑓2,𝑜𝑝𝑡), and set 𝐾1,𝑜𝑝𝑡 = 𝐾1, 𝐾2,𝑜𝑝𝑡 =𝐾2,𝑓1,𝑜𝑝𝑡 = 𝑓1,𝑛𝑒𝑤,𝑓2,𝑜𝑝𝑡 = 𝑓2,𝑛𝑒𝑤 with the probability 𝑃𝑎𝑐𝑐𝑒𝑝𝑡 =
exp(−(1 − 𝜇)/𝑇).
Step 5. Reduce the temperature 𝑇. If 𝑇 > 𝑇𝑙, go to Step 3. If it
does not, go to Step 6.

Step 6. Verify 𝐾1,𝑜𝑝𝑡, 𝐾2,𝑜𝑝𝑡 subject to 𝜓𝑖 ≺ 0, 1 ≤ 𝑖 ≤ 3, using𝐾1,𝑜𝑝𝑡, 𝐾2,𝑜𝑝𝑡.

4. Simulation

This section gives numerical simulation results, which show
that more accurate feed accuracy is obtained after several
feeding batches.

The plant parameters are set in Table 2. The discrete state
space model is obtained with a sampling period of 𝑇𝑠 = 1
s. And the weight of material in one batch is set: 20 kg.
The duration of a batch is set to 200 s. Then the reference
trajectory is obtained

𝑦𝑟𝑒𝑡 = 0.1𝑡, 1 ≤ 𝑡 ≤ 200. (59)

The controller parameters 𝐾𝑖,1 and 𝐾𝑖,2 are obtained by
using the controller parameterization method presented in
Section 3.4, which is shown as Table 3.

The updating law is obtained by substituting the con-
troller parameters into (37). Then the input voltage is cal-
culated based on (24) and (37), which is the control input
applied to the inverter. Then the output response and the
process state are obtained in this sampling time. The output
responses in all batches are shown in Figure 6.

Figure 6 shows that the output response curve has large
fluctuations in the first batch, which means the feeding
performance is not good enough. However, the feeding
performance is improved. Figure 6 shows that the fluctuation
of the output response curve in the latter batch is smaller than
the previous.

Figure 7 shows the output response in the first, fourth,
and eighth batches, which shows that the errors between the
output responses and the reference signal are decreased with
the number of batch increasing.

Two performance indicators, the squared error, and the
maximum error are presented to evaluate the control perfor-
mance of the ILC for the weighing and feeding process. The
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Table 4: Two performance indicators in first 9 batches.

𝑘 1 2 3 4 5 6 7 8 9
Squared error 555 276 123 53 40 35 36 39 34
Maximum error 2.34 2.21 1.56 1.38 1.26 1.17 1.09 1.03 0.98
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Figure 6: Output responses (all batches).
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Figure 7: Output responses (𝑘 = 1, 4, 8).

squared error denotes the output error in all sampling time
in one batch. The small squared error means good steady-
state performance. The maximum error denotes the maxi-
mum output error in one batch. The small maximum error
means good dynamic state performance. Two performance
indicators in the first 9 batches are shown in Table 4. Two
values of performance indicators decrease with the number
of batch increasing.

Figure 8 shows the change of two performance indicators
in the first 9 batches, which demonstrates intuitively that
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Figure 8: Changes in performance indicators.

the two performance indicators decrease with the number
of batch increasing. It means that the control performances
and the accuracy of feeding are improved with the number of
batches increasing, and the accuracy of feeding is acceptable
after 3-4 batches.

5. Conclusions

This paper presented an ILC method and a piecewise lin-
earization method for a weighing and feeding process with
the nonlinear problem. A piecewise linearization method was
presented to establish an approximate linear model. Then an
iterative learning controller was designed and the controller
parametrization method was given. The simulation result
showed that ILC and piecewise linearization effectively solved
the control problem of weighing and control process.

Our future work will design a new control method con-
sidering the changes in the parameters of the weighing and
feeding process model, caused by changes in the properties
of the material. And we plan to develop a control system
to apply the control method in a real-world weighing and
feeding process.
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The high performance sensorless performance of the bearingless permanent magnet synchronous motor is the main direction to
improve the reliability of the drive system and reduce the cost of the system, and the high-precision rotor position and displacement
prediction method is the key technology to realize the high performance sensorless operation. In view of the above problems, a
rotor displacement and position prediction method based on kernel extreme learning machine is studied in this paper. On the
basis of the mathematical model of BPMSM, this method predicted the position and displacement of the rotor according to the
current and flux linkage of suspension windings and torque windings by KELM. The construction method of rotor position and
displacement prediction model was described; meanwhile the implementation steps of offline training and online prediction were
given. Finally, the error between the method and the actual value was compared by simulation and experiment.The results showed
that the proposed method had high accuracy and could achieve real-time rotor position and displacement and then provides the
basis for realizing sensorless operation control of BPMSM.

1. Introduction

Bearingless motors have a wide application prospect because
of its low energy consumption, high speed and no lubri-
cation. Among all kinds of bearingless motors, bearingless
permanent magnet synchronous motor [1] (BPMSM) has
been highly influenced by domestic and foreign scholars
because of its high power factor, low heat generation, and
high reliability. The key to the stable rotation and suspension
of BPMSM is to accurately detect the position and radial
displacement of the rotor in real time. Generally, sensors
such as eddy current and Hall type are used for detecting
the position and displacement of the BPMSM rotor, and
the detection method increases the cost of the motor. The
complexity of the system hardware makes the installation and
maintenance cumbersome and the failure rate is high and,
evenworse, the critical speed of themotor is reduced. Because
sensors are susceptible to the environment, they seriously
affect the reliability of the system. Therefore, the research
of BPMSM’s high-performance sensorless control system has
high practical significance.

At present, the global researches on sensorless oper-
ation of bearingless motors have achieved initial results.
For instance, with the linear relationship between the self-
inductance of suspension windings and the displacement
of the rotor, an extra high frequency excitation signal was
injected into the suspension windings to detect the high fre-
quency differential voltage signal of the suspension windings
to track the radial displacement of the rotor in literature [2–
4]. However, the extraction and processing of high frequency
signal were complex; furthermore, dynamic performancewas
poor, so it was not suitable for high-speed operation. In
literatures [5–7], sensorless control technology establishes a
series of state observers to detect rotor position and velocity
by detecting relevant electrical signals in the motor windings.
This type of method relies on the back EMF of PMSM for
position and speed estimation. Since the motor operates at
zero speed and low speed, the useful signal-to-noise ratio is
very low and is often difficult to extract.

In recent years, with the rise of machine learning algo-
rithm, it shows certain superiority in modeling complex
systems. As literatures [8, 9], the support vector machine
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Figure 1: Principle of alpha axis radial force production.

(SVM) was used to obtain the prediction model among
the rotor position, displacement and the magnetic levitation
switched reluctance motor parameters. In literature [10], the
author adopts a novel windowed least algorithm to estimate
the parameters with fixed value or the parameter with time
varying characteristic.

In this regard, a rotor position and displacement predic-
tion model for bearingless permanent magnet synchronous
motor based on kernel extreme learning machine is pro-
posed in the paper. According to the mathematical model
of BPMSM, it can be known that there is a nonlinear
relationship among the current, flux linkage, rotor position
and displacement. Therefore the stability and generalization
ability of the kernel extreme learningmachine (KELM) can be
used to predict the rotor position 𝜃r and radial displacement
x and y. Based on the simulation data, the feasibility and
effectiveness of KELM for BPMSM position and displace-
ment prediction are analyzed. Meanwhile, the parameters
of KELM are optimized by the particle swarm optimization
(PSO) algorithm [11]. The method does not depend on
the mathematical model of the motor. Compared with the
traditional limit learning machine, it uses the kernel function
mapping instead of the hidden layer random mapping. It
improves the linear degree of the data and does not need
to adjust the parameters of the hidden layer repeatedly. The
traditional parameter training problem is converted into a
linear equation group to solve the problem, so the training
and prediction time are greatly shortened.

2. Bearingless Permanent Magnet
Synchronous Motor

The BPMSMs stator adopts 24 slots, and the rotor adopts 4
poles surface mounted structure. The stator slot is embedded

with two sets of windings with the polar logarithm difference
of 1, which are torque windings and suspension windings
respectively. The rotating magnetic field is generated in the
torque windings, which drives the permanent magnet on the
rotor surface to rotate along the tangent direction. The rotor
of the motor is rotated. After the suspension windings are
energized, a floating magnetic field is generated in the air gap,
which is superposed with the rotating magnetic field and the
bias magnetic field generated by the permanent magnet. The
synthetic magnetic field generates radial forces of a certain
direction and magnitude on the rotor, which achieves the
suspension of the motor rotor.

The suspension forces generation principle of the bearing
permanent magnet synchronous motor in the static two
phase coordinate system is shown in Figure 1, in which 𝑁s𝛼
and 𝑁s𝛽 are 2 pole suspension windings, and 𝑁m𝛼 and 𝑁m𝛽
are 4 pole torque windings.

When the BPMSM windings 𝑁s𝛼 and 𝑁s𝛽 are not ener-
gized, the internal flux of the motor is balanced with no
levitation force. At this time, the motor is similar to the
common permanent magnet synchronous motor. When the
suspension winding 𝑁s𝛼 is connected to the corresponding
polarity current as shown in Figure 1, the controlled fluxBs𝛼
produced by the𝑁s𝛼 in the air gap 2 is in the same direction as
theBf produced by the permanent magnet, and the magnetic
flux density in the air gap 2 increases. While the flux Bs𝛼 is
opposite to the Bf of the permanent magnet in the air gap 1,
the flux density decreases in the air gap 1. The flux density on
both sides is different, resulting in the suspension force 𝐹𝛼 in
the direction shown in Figure 1, causing radial displacement
of the motor rotor. Similarly, the suspension of the motor
rotor in the beta direction can be adjusted by adjusting the
current in the Ns beta. By controlling the current in 𝑁s𝛼
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and 𝑁s𝛽, the suspension force in the radial direction can
be synthesized; thus the stable suspension control of the
bearingless permanent magnet synchronous motor can be
realized.

3. Design of Position Displacement and
Prediction System Based on Kelm

3.1. Principle of Rotor Position Estimation. BPMSM is essen-
tially PMSM, so rotor field oriented control (𝑖m𝑑∗=0) can
also be used. Under the control method, the example is
the surface-mounted BPMSM with 2 pairs of pole torque
windings and 1 pairs of pole suspension windings. The
electromagnetic torque equation of themotor is as follows [1]:

𝑇e = 𝑃1𝜓𝑓𝑖m𝑞 = 2𝜓𝑓𝑖m𝑞 = 2𝜓m𝑑𝑖m𝑞 (1)

According to the dynamic equation of the rotor of
BPMSM, it can be obtained [1, 12]:

𝑇e = 𝐽
2
𝑑𝜔
𝑑𝑡 + 𝑇L

̇𝜃𝑟 = 𝜔 (𝑡)
(2)

Combined with (1) and (2), the expression of rotor
position angle can be obtained [1]:

𝐽
2 ̈𝜃𝑟 = 2𝜓m𝑑𝑖m𝑞 − 𝑇L (3)

where 𝑇e is the electromagnetic torque of the motor. When𝑖m𝑑∗=0, permanent-magnet magnetic flux linkage 𝜓f is equal
tomagnetic flux linkage d axis component of torquewindings𝜓m𝑑. 𝑖m𝑞 is the current d axis component of torque windings.𝑢m𝑑 is the voltage d axis component of torque windings.𝜓m𝑑(0) is the initial d axis magnetic flux linkage component
of torque windings (its value is 0). 𝜃r is the angle of the rotor
position. 𝑇L is the load torque; J is the moment of inertia.

In order to get the relationship between the rotor position
angle 𝜃r and the direct acquisition of the motor parameters,
(3) could be represented in the static coordinate system as
follows:
𝐽
2 ̈𝜃𝑟
= 2 (𝜓m𝛼 cos 𝜃𝑟 + 𝜓m𝛽 sin 𝜃𝑟) (𝑖m𝛼 cos 𝜃𝑟 + 𝑖m𝛽 sin 𝜃𝑟)
− 𝑇L

(4)

where 𝜓m𝛼 and 𝜓m𝛽 are the 𝛼 and 𝛽 axis components of the
torque windings flux linkage. 𝑖m𝛼 and 𝑖m𝛽 are the 𝛼 and 𝛽 axis
components of the torque windings current.

According to the principle of electromechanics, the
torque windings flux linkage 𝜓m𝛼, 𝜓m𝛽 can be obtained by U
–I flux linkage identification [6]:

𝜓m𝛼 = ∫𝑡
0
(𝑢m𝛼 − 𝑅m𝑖m𝛼) + 𝜓m𝛼 (0)

𝜓m𝛽 = ∫𝑡
0
(𝑢m𝛽 − 𝑅m𝑖m𝛽) + 𝜓m𝛽 (0)

(5)

where 𝑢m𝛼 and 𝑢m𝛽 are the 𝛼 and 𝛽 axis components of
the torque windings voltage; 𝑅m is the torque windings
resistance; 𝜓m𝛼(0) and 𝜓m𝛽(0) are the initial values of the flux
linkage of the torque windings.

When the motor model is determined, the load torque𝑇L and the moment of inertia J in (4) can be regarded as
constants. Therefore, the rotor position prediction system can
be {𝜓m𝛼, 𝜓m𝛽, 𝑖m𝛼, 𝑖m𝛽} as input and the rotor position angle{𝜃𝑟} as output. KELM is used to train the rotor position angle
model to realize the real-time prediction of rotor position 𝜃r.
Equation (4) ensures the feasibility of the KELM prediction
rotor position angle model.

3.2. Principle of Rotor Displacement Estimation. The flux
linkage of the bearingless permanent magnet synchronous
motor in the 𝛼-𝛽 coordinate system can be expressed as
[13, 14]:

[[[[[
[

𝜓m𝛼

𝜓m𝛽

𝜓s𝛼

𝜓s𝛽

]]]]]
]

=
[[[[[
[

𝐿m𝛼 0 𝑀𝛼𝛼 −𝑀𝛼𝛽
0 𝐿m𝛽 𝑀𝛽𝛽 𝑀𝛽𝛼

𝑀𝛼𝛼 𝑀𝛽𝛽 𝐿 s𝛼 0
−𝑀𝛼𝛽 𝑀𝛽𝛼 0 𝐿 s𝛽

]]]]]
]

[[[[[
[

𝑖m𝛼 + 𝑖𝑓𝛼
𝑖m𝛽 + 𝑖𝑓𝛽

𝑖s𝛼
𝑖s𝛽

]]]]]
]

(6)

where 𝛼 and 𝛽 are the radial displacement components of the
rotor in the stationary coordinate system.𝜓m𝛼and𝜓m𝛽 are the𝛼 and 𝛽 axis components of the torque windings flux linkage.𝜓s𝛼 and𝜓s𝛽 are the𝛼 and𝛽 axis components of the suspension
windings flux linkage. 𝐿m𝛼 and 𝐿m𝛽 are the self-inductance
coefficients 𝛼 and 𝛽 axis components of the torque windings.𝐿 s𝛼 and 𝐿 s𝛽 are the self-inductance coefficients 𝛼 and 𝛽
axis components of the suspension windings. 𝑀𝛼, 𝑀𝛽 are
the mutual inductance coefficients 𝛼 and 𝛽 axis components
of the suspension windings. 𝑖m𝛼 and 𝑖m𝛽 are 𝛼 and 𝛽 axis
components of the torquewindings current. 𝑖s𝛼 and 𝑖s𝛽 are the𝛼 and 𝛽 axis components of the floating windings current. ifa
and 𝑖𝑓𝛽 are the 𝛼 and 𝛽 axis components of the permanent
magnet equivalent excitation current.

From the third and fourth lines of (6), the rotor radial
displacement expression can be derived as [13, 14]

𝛼
= 𝑀𝛼 (𝑖m𝛼 + 𝑖𝑓𝛼) (𝜓s𝛼 − 𝐿 s𝛼𝑖s𝛼) +𝑀𝛽 (𝑖m𝛽 + 𝑖𝑓𝛽) (𝜓s𝛽 − 𝐿 s𝛽𝑖s𝛽)

𝑀2𝛼 (𝑖m𝛼 + 𝑖𝑓𝛼)2 +𝑀2𝛽 (𝑖m𝛽 + 𝑖𝑓𝛽)2
𝛽
= 𝑀𝛽 (𝑖m𝛽 + 𝑖𝑓𝛽) (𝜓s𝛼 − 𝐿 s𝛼𝑖s𝛼) − 𝑀𝛼 (𝑖m𝛼 + 𝑖𝑓𝛼) (𝜓s𝛽 − 𝐿 s𝛽𝑖s𝛽)

𝑀2𝛼 (𝑖m𝛼 + 𝑖𝑓𝛼)2 +𝑀2𝛽 (𝑖m𝛽 + 𝑖𝑓𝛽)2

(7)

where the suspension windings flux linkages 𝜓s𝛼 and 𝜓s𝛽
are obtained by the U–I flux linkage identification method
similar to (5).
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It can be known from (7) that the rotor radial displace-
ment of BPMSM can be represented nonlinearly by the
suspension windings currents 𝑖s𝛼 and 𝑖s𝛽, the suspension
windings flux linkages 𝜓s𝛼 and 𝜓s𝛽, the torque windings
currents 𝑖m𝛼 and 𝑖m𝛽, and the permanent magnet equivalent
current if.Therefore, the rotor radial displacement prediction
system can be {𝜓𝑠𝛼, 𝜓𝑠𝛽, 𝑖𝑠𝛼, 𝑖𝑠𝛽, 𝑖𝑚𝛼, 𝑖𝑚𝛽, 𝑖𝑓} as the input, and
the rotor radial displacement {𝛼, 𝛽} is the output. Real-
time prediction of rotor displacement can be achieved by
using KELM to train the rotor displacement model. Equation
(7) guarantees the feasibility of KELM predicting the rotor
displacement model.

3.3. Principle of Kernel Extreme Learning Machine. Extreme
learning machine [15] (ELM) is a training method for a
single-hidden layer feedforward neural network. Given a
training sample T={(𝑥𝑛, 𝑦𝑛), 𝑛 = 1, 2 . . .𝑁}, its input data is
xn and its target output value is yn. For K hidden nodes, the
ELM network model with activation function gn(xn) can be
expressed as [15]

𝑦𝑗 =
𝐾∑
𝑛=1

𝜎𝑛𝑔𝑛 (𝜔n ∙ 𝑥𝑗 + 𝑏𝑖) , 𝑗 = 1, 2, . . . , 𝑁 (8)

where 𝜔n is the weight between the n-th hidden layer node
and input node. bn is the offset of the n-th hidden layer of
the network. 𝜎n is the n-th output weight of the connection
hidden layer and output layer. yj is the network output value.

When the activation function gn(xn) can approximate the
target output value of anyN samples, namely,∑𝐾𝑛=1 ‖𝑦n−𝑡n‖ =0, with zero error, at this time there are [15]

𝑡𝑗 =
𝐾∑
𝑛=1

𝜎𝑛𝑔𝑛 (𝜔𝑛𝑥𝑗 + 𝑏𝑛) , 𝑗 = 1, 2, . . . ,𝑁 (9)

The matrix form of the above N equations can be
expressed as [15]

𝐻𝜎 = 𝑇 (10)

Among them [15]

𝐻 = [[[[
[

𝑔𝑛 (𝜔1𝑥1 + 𝑏1) ⋅ ⋅ ⋅ 𝑔𝑛 (𝜔𝐾𝑥1 + 𝑏𝐾)
... ⋅ ⋅ ⋅ ...

𝑔𝑛 (𝜔𝑛𝑥𝑗 + 𝑏1) ⋅ ⋅ ⋅ 𝑔𝑛 (𝜔𝐾𝑥𝑁 + 𝑏𝐾)
]]]]
]𝑁×𝐾

(11)

where H is he hidden layer output matrix of ELM. T is the
desired output vector.

The above equation is equivalent to finding the least
squares solution of the linear system, that is, to find the
optimal weight 𝜎∗, which makes the sum of the squares of
the difference between the actual and the expected value
minimum. According to the theory of generalized inverse
matrix, the solution is as follows [15]:

𝜎∗ = 𝐻+𝑇 (12)

where 𝐻+, which can be obtained by orthogonal projection
method or singular value decomposition, represents the

generalized inverse matrix of the hidden layer output matrix
H.

When the number of hidden layer nodes and the number
of samples in the ELM model are equal, the network can
approach the trained samples with zero error, but in actual
use, the calculation time is lengthy in the fitting of larger
samples. Therefore, the number of hidden nodes is often set
less than the number of training samples, but the data samples
may have complex collinear problems at this time, which will
make the output of the ELM model fluctuate randomly. The
stability and generalization ability of ELM are deteriorated.

In the ELM research process, due to the introduction
of the kernel function, ELM can obtain the performance
of the least squares support vector machine. The use of
kernel mapping to replace the hidden layer feature random
mapping, which makes that KELM not only has the superior
performance of SVM, but also has a very high operating
speed.

Given a training sample T={(𝑥𝑛, 𝑦𝑛), 𝑛 = 1, 2 . . . 𝑁}, its
regression function and the link weights between the hidden
layer and the output layer are as follows [16, 17]:

𝑦 = 𝑓 (𝑥) = h (𝑥) 𝛿 = 𝐻𝛿
𝛿 = 𝐻𝑇 ( 𝐼𝐶 + 𝐻𝐻𝑇)−1𝐺 (13)

where 𝑦=f (x) is the network output. x is the sample input.
is a hidden layer random feature mapping matrix. 𝛿 is
the connection weight between the hidden layer and the
output layer, and the 𝛿 value can be solved according to the
generalized inverse matrix. I is a diagonal matrix. C is the
regularization coefficient. G is the output of target value.

Huang combined kernel learning with ELM in literature
[16] and proposed the KELMalgorithm. KELMkernel matrixΩELM is defined as follows [16, 17]:

ΩELM = 𝐻𝐻T

ΩELM𝑖,𝑗 = ℎ (𝑥𝑖) ℎ (𝑥𝑗) = 𝐾 (𝑥𝑖, 𝑥𝑗)
(14)

where xi, xj is the sample input vector, where i and j are any
integers in [1,N].K(xi,xj) is a kernel function, which is usually
replaced by a radial basis function (RBF), namely [16, 17],

𝐾(𝑥𝑖, 𝑥𝑗) = exp (−𝛾 𝑥𝑖, 𝑥𝑗2) (15)

where ‖𝑥𝑖, 𝑥𝑗‖ is the Euclidean norm between samples. 𝛾>0,
which is the kernel parameter.

Combining (13), (14), and (15) gives the output and output
weight of the KELM network as follows [17]:

𝑦 = 𝑓 (𝑥) = [[[[
[

𝐾(𝑥, 𝑥1)
...

𝐾 (𝑥, 𝑥𝑁)
]]]]
]
( 𝐼𝐶 + ΩELM)

−1 𝐺

𝛿 = ( 𝐼𝐶 + ΩELM)
−1 𝐺

(16)

According to (16), KELM transforms the random feature
mappingmatrixH in ELM to a stable kernel functionK(xi,xj)
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mapping. Compared with the traditional ELM, the function
output value can be obtained without setting the number
of nodes in the hidden layer, and the generalization ability
and stability of the model are enhanced. Considering the
advantages of KELM, this paper proposes a BPMSM rotor
position and displacement predictionmodel based onKELM.

3.4. Particle Swarm Optimization Algorithm for Optimizing
KELM Parameters. The kernel parameter and the regular-
ization coefficient of KELM have been selected by random
or experience, which makes KELM very complicated and
inefficient in fitting some complex networks. At present,
the optimization of kernel parameter by particle swarm
optimization is the main research direction in the KELM
field.The PSO algorithm can globally optimize, ensuring that
the KELMnetwork parameters are in the optimal state, which
makes the robustness and prediction accuracy of KELM
improved.

3.4.1. Principle of PSO Algorithm. PSO algorithm is a
lightweight algorithm with fewer parameters, faster conver-
gence speed and easy to find global optimal solution. It has
been applied in the parameter optimization and training of
KELM in literatures [17–19].

In the optimization process, all particles are determined
by a fitness-function to judge the good or bad of the current
position, meanwhile each particle has two attributes: position
and speed. The initial cluster size is N. In a D-dimensional
target search space, the position of the particle i is represented
as 𝑋𝑖 = (𝑋𝑖1, 𝑋𝑖2, . . . , 𝑋𝑖𝐷)T and the velocity is expressed as
V𝑖 = (V𝑖1, V𝑖2, . . . , V𝑖𝐷)T.The best position that the particle cur-
rently searches for is represented as pbesti= (𝑝𝑖1, 𝑝𝑖2, . . . 𝑝𝑖𝐷)T,
and the global optimal position of the current population is
represented as gbest=(𝑝𝑔1, 𝑝𝑔2, . . . 𝑝𝑔𝐷)T. Then the following
equations are used to simulate the change of particle velocity
and position [11, 19]:

V𝑡+1𝑖𝐷 = V𝑡𝑖𝐷 + 𝑐1𝑟1𝐷 (𝑝𝑡𝑖𝐷 − 𝑋𝑡𝑖𝐷)
+ 𝑐2𝐷𝑟2𝐷 (𝑝𝑡𝑔𝐷 − 𝑋𝑡𝑔𝐷)

(17)

𝑋𝑡+1𝑖𝐷 = 𝑋𝑡𝑖𝐷 + V𝑡+1𝑖𝐷 (18)

where 1≤i≤N. T represents the number of iterations. c1 and c2
are acceleration constants that determine the particle velocity
change, where c1 acts on the particle’s individual optimal
solution and c2 affects the particle’s global optimal solution.
r1D and r2D are two independent 0∼1 random coefficients
used to constrain the velocity of the particles. In order to
balance the global search ability and local search ability of the
particle swarm algorithm, the inertia weight coefficient𝑤[20]
is introduced.The particle velocity changes after introduction
are as follows [11, 19]:

V𝑡+1𝑖𝐷 = 𝑤V𝑡𝑖𝐷 + 𝑐1𝑟1𝐷 (𝑝𝑡𝑖𝐷 − 𝑋𝑡𝑖𝐷)
+ 𝑐2𝐷𝑟2𝐷 (𝑝𝑡𝑔𝐷 − 𝑋𝑡𝑔𝐷)

(19)

When 𝑤 > 1, the global search ability of the particle is
increased. When 𝑤 < 1, the particle performs deceleration

Get and process data

Get the initial parameters

by training data

The initial position of the particle
swarm is determined based on the

initial parameters of the KELM,
and other parameters are given.

The fitness value of each particle is
calculated to determine the

individual optimal position and the
global optimal position

Calculate the individual optimal position and
the global optimal position of the new particle

and compare the new particle individual
optimal value and the global optimal value

with the previous particle.

Update
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position

and
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Satisfy the
output condition

Output the current particle
location and plug it into KELM
to calculate its predicted output.

N

Y

CＣＨＮ and ＣＨＮ of KELM model

Figure 2:The flow chart of PSO optimizing KELM.

motion, the search range of the particle reduces, and the local
search ability of the particle increases.

3.4.2. Steps to Optimize KELM Parameters with PSO Algo-
rithm. The flowchart of particle swarm optimization KELM
is shown in Figure 2.

Step 1. The diachronic data obtained by the BPMSM simula-
tion model is selected and divided into training set and test
set, and then the training set and test set are normalized to[-1, 1].
Step 2. Thekernel function of theKELMmodel is RBF kernel,
and it is taken into further processing the training set data to
get the initial regularization coefficient and kernel parameter.

Step 3. Initialize the particle swarm parameters, including
setting the population number to N, the initial particle
position to (𝛾int, 𝐶int), and setting the search range. When
the particle crosses the boundary, the position of the particle
is set to the boundary value and its velocity is set in the
opposite direction. Set the upper limit of the iteration. The
mean square error (MSE) of rotor position and displacement
prediction by KELM is set as fitness function. The smaller
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Table 1: Simulation parameters of BPMSM.

Motor parameters Values Motor parameters Values
Rated voltage 242 V Rated torque 5 N⋅m
Rated speed 3000 r/min Moment of inertia 1.5×10−3 kg⋅m2
Torque windings resistance 7.136 Ω Pole number of torque windings 4
Suspension windings resistance 1.85 Ω Pole number of suspension windings 2
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Figure 3: Rotor alpha axis radial displacement training function flow.

the MSE value, the better the fitness. Meanwhile the initial
velocity, the optimal location, and the global optimal location
are given randomly.

Step 4. The particle swarm optimization is carried out.
According to the objective function, the fitness of each
particle is calculated in each iteration. Then the speed and
individual and global optimal position are updated.

Step 5. The individual and global optimum values of the new
particles are compared with the previous ones. If they are
better, they are updated. Otherwise they will not be updated.

Step 6. If the number of iterations exceeds the upper limit of
iteration, the algorithm is terminated. Otherwise Steps 4 and
5 are repeated.

Step 7. Theglobal optimal position (𝛾best,𝐶best) of the particle
is outputted, and the fitness value corresponding to the global
optimal position is saved.

3.5. Design Steps of Position and Displacement Prediction
Models. In order to verify the effectiveness of the designed
prediction model, simulation study is carried out in Mat-
lab/Simulink, and the BPMSM simulation parameters in
simulation are shown in Table 1. The sampling time is 0.15s,
and the sampling mode is variable step ode45, which can
obtain the simulation data.

The torque windings current 𝛼, 𝛽 axis component data,
the torque windings flux 𝛼, 𝛽 axis component data, the
suspension windings current 𝛼, 𝛽 axis component data, the
suspension windings flux 𝛼, 𝛽 axis component data, and
the permanent magnet equivalent excitation current data are
used to simulate actual rotor position and displacement data.
1000 sets of training samples are selected as rotor position and
displacement prediction models at equal time interval, and
1000 groups are selected as rotor position and displacement
test samples. Since the single-kernel KELM can only be used

for the fitting problem of a single output function, in order to
achieve multioutput prediction of rotor position and radial
displacement, three prediction models based on KELM are
established.

Respectively, the rotor position angle prediction model
is {𝜓m𝛼, 𝜓m𝛽, 𝑖m𝛼, 𝑖m𝛽} as the input set and {𝜃𝑟} is the output
set. The rotor 𝛼-axis radial displacement prediction model is{𝜓s𝛼, 𝜓s𝛽, 𝑖s𝛼, 𝑖s𝛽, 𝑖m𝛼, 𝑖m𝛽, 𝑖𝑓} as the input set, and {𝛼} is the
output set. The rotor 𝛽-axis radial displacement prediction
model is {𝜓s𝛼, 𝜓s𝛽, 𝑖s𝛼, 𝑖s𝛽, 𝑖m𝛼, 𝑖m𝛽, 𝑖𝑓} as the input set, and {𝛽}
is the output set.

3.5.1. Optimization of KELM Kernel Parameters. Given the
parameters of PSO algorithm, the MSE of training samples
is set as fitness function. For the rotor position angle 𝜃r
training model, the acceleration factors c1 and c2 are set to
2, w is set to 0.5, the population number is set to 25, and the
maximum iteration number 𝑡max is 100, Finally, the parameter
optimization result can be obtained as (𝛾best, 𝐶best) = (0.001,
10000).

For the rotor𝛼-axis radial displacement 𝛼 training model,
the acceleration factors c1 and c2 are set to 2,w is set to 0.6, the
population number is set to 25, and the maximum iteration
number 𝑡max is 100, Finally, the parameter optimization result
can be obtained as (𝛾best, 𝐶best) = (0.008, 200000).

For the rotor𝛽-axis radial displacement𝛼 trainingmodel,
the acceleration factors c1 and c2 are set to 2,w is set to 0.6, the
population number is set to 25, and the maximum iteration
number 𝑡max is 100, Finally, the parameter optimization result
can be obtained as (𝛾best, 𝐶best) = (0.002, 20000).

3.5.2. Training Model Offline. As shown in Figure 3, the
establishment process of the radial displacement training
model of the rotor 𝛼-axis is taken as an example.

During the training process of themodel, according to the
training sample input {𝜓s𝛼

∗, 𝜓s𝛽
∗, 𝑖s𝛼∗, 𝑖s𝛽∗, 𝑖m𝛼∗, 𝑖m𝛽∗, 𝑖𝑓∗},

the samples are trained offline by Matlab. After the training
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Figure 4: Rotor position/displacement prediction process based on KELM.

kernel matrix ΩELM train is obtained, a matrix I/C is added,
which is substituted into the output weight matrix function
together with the output {𝛼∗} of the training sample, and
finally an output weight matrix 𝛿 is obtained. Among them,
I is the unit matrix with the same order of training kernel
matrix. Multiplication of ΩELM train and 𝛿 is the predicted
output of training samples {𝛼}. After obtaining the mean
square error, it is trained several times to get the minimum
mean square error and finally get the most suitable output
weightmatrix 𝛿.The establishment of the rotor position angle𝜃r and the rotor 𝛽-axis radial displacement training model is
similar to the rotor 𝛼-axis radial displacement. It will not be
described in detail here.

3.5.3. Prediction of Rotor Position and Displacement Online.
According to Figure 4, the Matlab/Simulink simulation
model is built. The current and voltage signals obtained by
real-time simulation are firstly identified to obtain the torque
and the floating flux linkage, and then the flux linkage signal
and the current signal are used as the corresponding inputs
of the three prediction models; finally the predictions are
obtained.

In the online prediction, the offline trained weight matrix𝛿 is stored in advance in an external data file. The construc-
tion of the predictive model is written in theMatlab Function
module.The real-time sampling of current and flux signals is
stored in a variable array. Then the predicted kernel matrixΩELM predict corresponds to the input at this time, and finally
the Matlab Function module calls the external weight matrix𝛿directly.Theproducts of the two are the real-time prediction
output under the sampling time point.

4. Analysis of Simulation Results

Figures 5 and 6 show the actual value, predicted value, and
prediction error of the rotor position and displacement when
BPMSM is unloaded and given a constant speed of 3000
r/min.

It can be seen from Figure 5(a) that the rotor position
prediction value is basically consistent with the measured
value when the motor no-load constant speed was 3000
r/min. It can be seen from Figure 5(b) that the maximum
position angle 𝜃r prediction error of the rotor position
prediction model based on KELM is 3.48e-03 rad, which is
within an acceptable range.

It can be seen from Figures 6(a) and 6(c) that, during
the motor starting phase, the rotor suspension state of the
motor fluctuates because the operating conditions of the
motor are not stable enough. In the 𝛽 direction, it is greatly
affected by gravity. When the motor starts, the rotor position
starts from -3×10-4 m, and the suspension control accuracy
is slightly lower too, which is 10-4 m. The prediction error
of the rotor displacement prediction model based on KELM
is more obvious in the motor starting stage. When the
operating condition of the motor is stable, the prediction
error was gradually reduced to close to 0. When the no-load
constant speed was 3000 r/min, the displacement error in the
maximum 𝛼 direction is 4.99×10-9 m, and the displacement
error in the maximum 𝛽 direction is 4.94×10-7 m, which are
much smaller than the set allowable value.

Figure 7shows the change of the rotational speed and the
rotor position prediction error at the time when the BPMSM
is given a constant speed of 3000 r/min under the condition
of a load torque 𝑇L=5 N⋅m at 0.1 s.

It can be seen from Figure 7(b) that, in the case of sudden
load, although the rotor position prediction stability was
slightly lower than before the load torque was added, the
overall error was within the acceptable range, so the rotor
position prediction model based on KELM still had good
reliability.

When the BPMSM is given a constant speed of 3000
r/min, Figures 8(a) and 8(b) exert interference forces on the𝛼-axis at 0.12s and Figures 8(c) and 8(d) exert interference
forces on the 𝛽-axis at 0.08s.

It can be seen from Figure 8 that the accuracy of the rotor
displacement prediction model decreased slightly when the
disturbance is added, but the overall predicted displacement
accuracy is within an acceptable range. When the rotor



8 Mathematical Problems in Engineering

Actual position
angle

Predicted
position angle

com
parison


r /(rad)

0

1

2

3

4

5

6

7

Rotor position angle

0.025 0.05 0.075 0.1 0.125 0.150
Time t (s)

(a) Position angle 𝜃r contrast

error
e_


r (rad)

−4

−2

0

2

4

Position angle prediction

× 10-3

0.025 0.05 0.075 0.1 0.125 0.150
Time t (s)

(b) Position angle 𝜃r prediction error

Figure 5: Rotor position and predicted error at 3 000 r/min.

position returns to the equilibriumposition, the accuracywill
increase accordingly.

The comprehensive simulation results show that the
rotor position and displacement prediction models based
on KELM can meet the high-precision requirements of the
BPMSMcontrol system andhave certain robustnesswhen the
BPMSM is running with load or displacement disturbance at
a given speed.

5. Comparison of Algorithm Performance

In order to test the performance of KELM algorithm, ELM
and LS-SVM are used as comparison algorithms to establish
BPMSM rotor position and displacement offline training
models for three algorithms. According to the original train-
ing set data, the maximum error and the mean square error
of the prediction model are used as indicators to compare the
algorithms.

In the ELM training models, “sawtooth” is used as all
the activation functions. The number of hidden neurons is
adjusted with the establishment of different models, but they

are basically adjusted within the range of 2500∼3000. When
the LS-SVM training models are used, “RBF” is used as all the
kernel functions. Under different training models, the sigma
kernel parameters of the RBF kernel function are different.

Because it is only to test the superiority of the KELM
algorithm in rotor position and displacement prediction
accuracy, this section collects the correlation quantities of the
Matlab/Simulink model after simulation into the “.mat” files
and only calculates the predicted output under each algo-
rithm offline. The training samples and prediction samples
of each algorithm are completely consistent. After selecting
the optimal parameters of eachmodel, the computer program
is programmed by Matlab, and the simulation is performed
on the PC. The final results of each algorithm are shown in
Table 2.

Comparing the algorithms, it can be seen that KELM is
slightly higher than LS-SVM in terms of prediction accuracy,
but both aremuch higher than ELMprediction accuracy.This
is because ELM is a random given parameter of the algorithm
hidden layer, which leads to its poor generalization ability
and stability. KELM replaces the random mapping in ELM
with nuclear mapping, which effectively solves such problems
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Table 2: Comparison of prediction results of various algorithms at 3 000 r/min.

Algorithm Maximum error Mean square error Calculating time /s

Rotor position angle 𝜃r
prediction /rad

KELM 3.48e-03 1.56e-04 0.575
ELM 0.0368 0.0033 2.734

LS-SVM 6.96e-03 5.09e-04 0.781

Displacement 𝛼
prediction /m

KELM 4.99e-09 5.52e-10 0.531
ELM 7.62e-08 4.03e-09 2.653

LS-SVM 7.27e-09 8.58e-10 0.688

Displacement 𝛽
prediction /m

KELM 4.94e-07 4.34e-08 0.609
ELM 4.02e-06 5.49e-07 2.375

LS-SVM 6.57e-07 7.01e-08 0.719

and obtains the least squares optimal solution. At the same
time, KELM has relatively weak optimization constraints
compared with LS-SVM.

In the prediction time, the difference between KELM and
LS-SVM is not significant, which is obviously better than that
of ELM.The time of calculation of ELM is not only limited by
the size of the sample size but also influenced by the number
of neurons in the hidden layer. KELM does not need to
input the number of hidden layer neurons and only needs to

adjust the kernel parameters and regularization coefficients.
Its calculation time is only related to the number of samples,
so KELM has an advantage in system response.

6. Conclusion

In this paper, a high-precision prediction method based
on KELM is proposed for the prediction of rotor position
and displacement of BPMSM. The mathematical model of
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Figure 8: Prediction and error of rotor displacement under external displacement disturbance.

BPMSM is used to determine the input required by the
prediction method. KELM prediction models are established
by the data obtained in the simulation model. Finally, in
order to prove the superiority of KELM algorithm, the

performance index of KELM algorithm is compared with
other algorithms.

Simulation results show that (1) the KELM-based pre-
dictive model design method is efficient and convenient
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and can well fit the nonlinear relationship between various
parameters of the motor; (2) the designed prediction model
can accurately predict the position and displacement of the
rotor, which provides the basis for the realization of BPMSM
sensorless operation control; (3) compared to traditional
ELM, KELMhas a shorter prediction time andmore stability.
Compared to LS-SVM, KELM has better generalization
performance. In summary, the BPMSM rotor position and
displacement high-precision prediction method based on
KELM provide a reliable and key technology for sensorless
operation control of BPMSM.
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The Lorenz chaotic system is based on a nonlinear behavior and this causes the system to be unstable. Therefore, two different
controller models were developed and named as the adaptive pole placement and sliding mode control (SMC) methods for the
establishment of continuous time nonlinear Lorenz chaotic system. In order to achieve this, an improved controller structure was
developed first theoretically for both the controller methods and then tested practically using the numerical samples. During the
establishment of adaptive pole placementmethod for the Lorenz chaotic system, various stages were applied.The nonlinear chaotic
system was also linearized by means of Taylor Series expansion processes. In addition, the feedback matrix of the adaptive pole
placement method was determined using linear Jacobian matrix. The chaotic system reached an equilibrium point by using both
the SMC and adaptive pole placement methods; however the simulation results of the SMC had better success than adaptive pole
placement control technique.

1. Introduction

Several studies have been conducted to analyze and control
the chaotic structure since it has been found [1–4]. These
studies are mainly focused on obtaining different chaotic
structures, development process in the fields of applications
on chaotic structures, and controlling the chaos with different
procedures [5].

Lorenz, Chua, Rössler, Rikitake, Rucklidge, Chen, Lü,
and Genesio developed the most important chaotic systems.
These systems were applied to many control methods, such
as OGY [6], nonlinear feedback control [7], delay feedback
control [8], sliding mode control [9], switching control [10],
fuzzy sliding mode control [11], and adaptive backstepping
control [12].

Chaos is illustrated by nonlinear behaviors; therefore
SMC technique can be used to control of the chaotic systems.
SMC technique has been used by many different system con-
trols, such as robotic, mechatronic, machine driver, chemical
processes, wind turbine systems, and DC/DC converter [13].

The structure of the SMC must be known in order to
understand the applications of the SMC technology. SMC
has two different stages known as reaching and sliding
phase. Firstly, a proper slip surface is the choice for the
sliding mode technique. Switching technique forms the basic
structure of SMC. In contrast to the switching ratio ideal,
SMC is limited by physical reasons. The most important
problem in these systems is chattering which is caused by
fast switching. Switching functions such as relay, sigmoid,
saturation, hysteresis-saturation, and hyperbolic functions
could be used to reduce the chattering level [13, 14].

Abundant literature is available regarding the lineariza-
tion considered as an important method for controlling
of nonlinear systems. One of the most important studies
about time-invariant systems linearization was conducted
by Khalil [15]. Another study also addressed the problem
of approximate linearization of a nonlinear control system
[16].

The adaptive pole placement-based controller tech-
nique is another important method used in this work. A
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zero equilibrium point was selected for APPM. The sys-
tem which is nonlinear is linearized around this point,
and required feedback vector is obtained from Taylor’s
series.

The applications of the pole placement-based con-
troller techniques were examined in literature. Some of
important applications related to this topic are as follows.
Chilali and Gahinet have presented a novel LMI char-
acterization for general convex subregions of the com-
plex plane and proved its practicality for H∞ synthesis
with closed-loop pole clustering constraints [17]. Another
study presented a PPM using both the improved Jacobian
and the corresponding system transfer function matrices
[18].

On the other hand, the control of chaotic systems with
nonlinear behavior has become an important engineering
problem recently. At the same time, chaotic systems have
been widely used to explain the events and systems involving
nonlinear behaviors such as Lorenz’s description of weather
events. In addition, chaotic systems provide a very important
infrastructure for encrypting and sending electronic data
that are widely used in communication systems. The aim of
this study is to present a different approach to control the
chaotic system of Lorenz, which is one of the basic studies for
chaotic systems. The performances of two different control
methods to accomplish this aim have been compared. The
results of such comparisons would be a good example of the
application of new control techniques on chaotic systems. It
will also give a different approach to the chaotic structures
used industrially.

This paper has been organized as follows. First, a
brief definition of a Lorenz chaos system is given in
Section 2. Then, design of sliding mode controller is given
in Section 3. Afterward, numerical simulations for chaos
control by way of sliding mode control and adaptive pole
placement methods are given. Finally, conclusion is given in
Section 5.

2. The Modeling of the Lorenz Chaotic System

The Lorenz system with a nonlinear structure is described
by (1) given below. While positive constant parameters are a,
b, and c, state variables are x, y, and z. The typical literature
parameter values of the a, b, and c constants are a=10, b=8/3,
and c=28, respectively.

̇𝑥 = 𝑎. (−𝑥 + 𝑦)
̇𝑦 = (𝑐 − 𝑧) .𝑥 − 𝑦
�̇� = 𝑥.𝑦 − 𝑏.𝑧

(1)

TheLorenz chaotic systemof the xy, xz, yz, and xyz phase por-
traits were obtained by using a MATLAB/Simulink program
as indicated in Figure 1, when 𝑥0 = 0.001, 𝑦0 = 0.001, and𝑧0 = 0. The initial values of the chaotic system were selected
as values close or similar to the values in the literature. The
choice of initial values is very important because of the change
in all dynamic behavior.

3. SMC Design for Lorenz Chaotic System

SMCmay be practiced for the Lorenz chaotic system. Stability
of the Lorenz systemwas improved using only one controller.
The system can be presented with

�̇� = 𝑎. (𝑦 − 𝑥)
̇𝑦 = 𝑥. (𝑐 − 𝑧) − 𝑦 + 𝑢
�̇� = 𝑥.𝑦 − 𝑏.𝑧

(2)

where 𝑢 is the control input.
After choosing of a sliding surface like (3), equations

indicated below might be established:

𝑠 = ̇𝑒 + 𝜆.𝑒 (3)

̇𝑠 = ̈𝑒 + 𝜆. ̇𝑒 (4)

The trajectory error state could be selected like 𝑒 = 𝑦𝑟 − 𝑦,
where 𝑦𝑟 is constant, so ̇𝑦𝑟 = ̈𝑦𝑟 = 0. ̇𝑦𝑟 and ̈𝑦𝑟 are obtained
as ̇𝑒 = �̇�𝑟 − �̇� = 0 − ̇𝑦 = − ̇𝑦 and ̈𝑒 = �̈�𝑟 − �̈� = 0 − ̈𝑦 = − ̈𝑦.

̇𝑠 = −𝜌. sign (𝑠) (5)

After a proportional reachability rule as (5) is selected,
equations below may be inscribed.

̇𝑠 = ̈𝑒 + 𝜆. ̇𝑒 = �̈�𝑟 − �̈� + 𝜆. ( ̇𝑦𝑟 − ̇𝑦)
= −𝜌. sign (𝑠)

− ̈𝑦 − 𝜆.�̇� = −𝜌. sign (𝑠)
̇𝑦𝑛𝑒𝑤 = �̇� + 𝑢

− ̈𝑦 − 𝜆. ̇𝑦 − 𝜆.𝑢 = −𝜌. sign (𝑠)

(6)

The control input is provided like

𝑢 = − ̈𝑦𝜆 − �̇� +
𝜌. sign (𝑠)
𝜆 (7)

The stability analysis is significant for evaluating the design of
nonlinear controller. Therefore, Lyapunov stability analysis is
selected and applied to SMC stability analysis. The stability is
guaranteed, after the derivation of the Lyapunov function is
negative definite [17].

V̇ (𝑡) = 𝑠. ̇𝑠 ≤ 0, 𝑠 (𝑡) ̸= 0
𝑠. ̇𝑠 = 𝑠. (−𝜌. sign (𝑠)) ≤ |𝑠| . (−𝜌. sign (𝑠)) < 0

(8)

According to the Lyapunov 2nd method, 𝑛 to be constant, if
lim𝑡→∞𝑦(𝑡) = 𝑛 is provided, then the systems is considered
to be stable [19].

4. Adaptive Pole Placement
Method Definitions

In the modern control theory and design, pole placement
control techniques have been widely used. Firstly, the non-
linear Lorenz chaotic system is linearized by means of using
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Figure 1: Phase portrait of the Lorenz systems in (a) xy, (b) xz, (c) yz, and (d) xyz.

Jacobian matrix, and then the feedback vector K[k1 k2 k3]
is determined by using embedded programming including
linearmatrix.The feedback linearized systemmay be defined:

u (t) = −Kx (t) (9)

Modifying the system equation too:

ẋ (t) = (A − BK) x (t) + B𝑟 (𝑡) (10)

The desired eigenvalues are to be at

|sI − A + BK| = (𝑠 − 𝛾1) (𝑠 − 𝛾2) . . . (𝑠 − 𝛾𝑛) (11)

5. Numerical Simulation

The control input signal is obtained by using (9), where ̈𝑦 =
−1, �̇� = 28𝑥−𝑥.𝑧+𝑦, and SMCgains have been selected as𝜆 =
3, 𝜌 = 0.01 with the initial conditions 𝑥0 = 0.001, 𝑦0 = 0.001,
and 𝑧0 = 0.The controllers are activated at t= 40 seconds in all
simulations. The system was linearized by means of Taylor’s

series and then the Jacobian matrix was obtained by using
the first terms of linear elements. A function is expressed in
a great ratio by the first terms of the expansion. Therefore,
higher degree terms can be ignored.

𝑢 = − 1𝜆 − 28𝑥 + 𝑥𝑧 + 𝑦 +
𝜌. sign (𝑠)
𝜆

𝑢 = −13 − 28𝑥 + 𝑥𝑧 + 𝑦 +
0.01. sign (𝑠)
3

(12)

𝑓1 = �̇� = 𝑎. (𝑦 − 𝑥)
𝑓2 = �̇� = 𝑥. (𝑐 − 𝑧) − 𝑦
𝑓3 = �̇� = 𝑥.𝑦 − 𝑏.𝑧

(13)

𝑓 (𝑥) = 𝑓 (𝑥)

= 𝑑𝑓𝑑𝑥
𝑥=𝑥 (𝑥 − 𝑥) +Higher degree terms

(14)
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The eigenvalues are calculated by means of solving the
characteristic equation:

A = |𝜆I − J| =



𝜆 − (−10) −10 0
𝑧 − 28 1 + 𝜆 𝑥
−𝑦 −𝑥 𝜆 + (83)


= 0 (15)

Initial eigenvalues of 𝜆1 = 22.8277, 𝜆2 = −11.8277, 𝜆3 =2.6667 for 𝑥0 = 0.001, 𝑦0 = 0.001, and 𝑧0 = 0.
A suggested control model based on the equivalent

control 𝑢𝑒𝑞(𝑡) and switching control 𝑢𝑠𝑤(𝑡) is indicated in
Figure 2 and (16), (17), and (18), where 𝜌𝑠𝑤 is a positive
constant.

𝑢 (𝑡) = 𝑢𝑒𝑞 (𝑡) + 𝑢𝑠𝑤 (𝑡) (16)

𝑢𝑠𝑤 (𝑡) = −𝜌𝑠𝑤sign (s (𝑡)) (17)

𝑢𝑒𝑞 (𝑡) = 𝑢 (𝑡) − 𝑢𝑠𝑤 (𝑡) (18)

In Figure 3, the phase system controlling sliding mode
reached the third region from second region at fourth second.
Then, the error of system reached the equilibrium point (zero
point) after sliding phase.
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Figure 5: The time variation of the sliding surface.

High frequency control signal was applied to input of
chaos system as shown in Figures 4, 5, and 6.

After the controller enters the system at 40th second as
shown in Figure 7, the state variables reached an equilibrium
point 𝐸0(0, 0, 0). This phenomenon is clearer in Figure 8 of
the phase portrait.
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In Figure 9, the eigenvalues of 𝐸0(0, 0, 0) are 22.83, 2.667,
and -11.83, which are given respectively. The same values can
also be reached at the equilibrium point due to the existence
of the controller at 40th second. According to Lyapunov
stability theorem, the criterion of 𝑠. ̇𝑠 ≤ 0 was applied at
fourth second and the system reached the stability. Initial
eigenvalues of 𝛾1 = 22.8277, 𝛾2 = −11.8277, and 𝛾3 = 2.6667
were chosen for the adaptive pole placement system design.
Using (14) adaptive pole placement method was improved as
shown in Figure 10.

In Figure 11, the state variables reached the equilibrium
point 𝐸0(0, 0, 0) quickly with an error. These conditions were
also confirmed in both Figures 12 and 13 with attained eigen-
values, 22.81, 2.667, and -11.81, respectively. Also, k1, k2, and
k3 are adaptive controller gains as shown in Figure 14. While
the k2 feedback vector was fixed, the feedback vectors k1
and k3 varied intensively with the existence of the controller
especially at 40th second.

6. Conclusion

In this study, the controllers were developed by way of
the SMC and APP methods for continuous time nonlinear
Lorenz chaotic system. The simulation results of the SMC
technique are more influential than APP technique. While
the SMCmethod reached an equilibrium point, adaptive pole
placement method reached an equilibrium point with greater
error. According to SMC, the signal responses given byAPPM
are quite noisy and the steady-state errors have quite high
values. Moreover, the results of the study showed that the
system behaviors based on Lyapunov stability analysis were
unstable and nonlinear at 0th to 40th second. The SMC,
which iswidely preferred in the literature, has performed very
well in the control of the Lorenz chaotic system. Another
recommended control method is APPM.This method can be
used to control the Lorenz chaotic systembut has a lower level
of performance.
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[9] U. E. Kocamaz, Y. Uyaroğlu, and H. Kızmaz, “Controlling
hyperchaotic Rabinovich system with single state controllers:
Comparison of linear feedback, sliding mode, and passive
control methods,” Optik - International Journal for Light and
Electron Optics, vol. 130, pp. 914–921, 2017.

[10] S.-J. Cho, M. Jin, T.-Y. Kuc, and J. S. Lee, “Control and
synchronization of chaos systems using time-delay estimation
and supervising switching control,” Nonlinear Dynamics, vol.
75, no. 3, pp. 549–560, 2014.

[11] M. M. Fateh, A. Alfi, M. Moradi, and H. Modarres, “Sliding
mode control of lorenz chaotic system on a moving fuzzy sur-
face,” in Proceedings of the IEEE EUROCON 2009, EUROCON
2009, pp. 964–970, Russia, May 2009.

[12] J. H. Park, “Synchronization of Genesio chaotic system via
backstepping approach,” Chaos, Solitons & Fractals, vol. 27, no.
5, pp. 1369–1375, 2006.

[13] I. Eker, “Sliding mode control with PID sliding surface and
experimental application to an electromechanical plant,” ISA
Transactions�, vol. 45, no. 1, pp. 109–118, 2006.

[14] E. Kose, H. Kizmaz, K. Abaci et al., “Control of SVC based on
the sliding mode control method,” Turkısh Journal Of Electrıcal
Engıneerıng Computer, vol. 22, pp. 605–619, 2014.

[15] K. H. Khalil, Nonlinear Systems, Prentice Hall, 1996.
[16] W. Kang, “Approximate linearization of nonlinear control sys-

tems,” System & Control Letters, vol. 23, pp. 43–52, 1994.
[17] M. Chilali and P. Gahinet, “H∞ design with pole placement

constraints: an LMI approach,” IEEE Transactions on Automatic
Control, vol. 41, no. 3, pp. 358–367, 1996.

[18] P. Bueno De Araujo and L. C. Zanetta Jr., “Pole placement
method using the systemmatrix transfer function and sparsity,”

International Journal of Electrical Power & Energy Systems, vol.
23, no. 3, pp. 173–178, 2001.
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A nonlinear Lur’e-type plant with a sector bound nonlinearity is considered. The plant is stabilized by a discrete-time feedback
signal with a nonperiodic uncertain sampling. The sampling control function is nonlinear and also obeys some sectoral constraints
at discrete (sampling) times. The linear matrix inequality (LMI) conditions for the stability of the closed-loop system are obtained.

1. Introduction

Absolute stability theory of nonlinear systems with sectoral
constraints goes back to works of A. I. Lur’e (see [1], some
historical reviews can be found in [2, 3]). In [4] and subse-
quent papers the Lur’e problem was reduced to feasibility of
a special system of Linear Matrix Inequalities (LMIs). Later,
the advantage of the LMI approach to different problems
of applied mathematics was comprehensively discussed in
monograph [5] that launched a broad development of a
specific computer software for exploring LMIs. In [6–8] the
Lur’e theory was extended to multiple nonlinearities.

We will mention two basic concepts put forward by V.
A. Yakubovich in 1960s–1970s. The first one is 𝑆-procedure
[2, 9, 10] that is especially useful when we have to deal with
several nonlinearities. The second one is integral-quadratic
constraint (IQC), the concept that was initially introduced by
V. A. Yakubovich in connection with the study of pulse-width
modulated systems (a special class of sampled-data systems)
[11]. Regrettably, the last paper was never translated and is
almost unknown for a non-Russian reader. Notice that the
impact of the early works of V. A. Yakubovich on the modern
IQC theory was recognized in the review part of a widely
known paper [12]. Sectoral constraints and IQCs proved to
be instrumental for stability analysis of various classes of
nonlinear control systems (see, e.g., [2]).

The third type of constrains, that can be named discrete-
time constraints, was put forward by A. Kh. Gelig for
nonlinear sampled-data systems [13]. Unlike the usual sec-
toral constraints, discrete-time constraints are valid not at
all times, by only at some discrete-time instants lying in
the sampling interval. The exact position of these instants
depends on the type of a pulse modulation. In the further
development of this approach it was proposed to exploit a
Lyapunov–Krasovskii functional [14], but later it was found
that for the stability analysis it is more convenient to combine
discrete-time constraints with IQCs. Namely, in [15] it was
proposed to employ the IQC based on Wirtinger integral
inequality [16]. Since that time, the Wirtinger-based IQCs
were used in a great number of publications for various
types of sampled-data systems [17–26]. In particular, the
problem of stabilization of a linear plant by means of a pulse-
modulated signal was considered [21, 22]. The statements
of the above works were formulated in terms of frequency-
domain inequalities, but later some of them were restated in
terms of LMIs [23–26].

The main idea of the Gelig’s approach is a substitution of
the initial train of pulses for a sequence of the average values
of these pulses, with a supposition that these averages satisfy
some instant constraints. The errors of such a substitution
are estimated with the help of IQCs. Unlike other averaging
theorems, the results of Gelig were not asymptotical, but
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could be used for an estimation of the sampling frequency
from below. For sufficiently high sampling frequencies the
Gelig-type stability conditions reduce to the conventional
absolute stability criteria (the circle criterion, the Popov
criterion, and some others).

The problem of stabilization of a continuous-time plant
by a sampled-data signal attractedmuch attention last decade;
see a reviewpaper [27]where the existingmodern approaches
are outlined. We can distinguish two main competing meth-
ods.The input delay approach was contributed by E. Fridman
[28, 29] who considered a sampled-data signal as a special
case of delayed signal. If 𝑡𝑛, 𝑛 ⩾ 0, are sampling times,
then a sampled signal 𝑥(𝑡𝑛) can be reformulated as a delayed
signal 𝑥(𝑡 − 𝜏(𝑡)) with 𝜏(𝑡) = 𝑡 − 𝑡𝑛, 𝑡𝑛 < 𝑡 < 𝑡𝑛+1, then
Lyapunov–Krasovskii functionals can be applied.

An alternative is the IQCs approach that is more closely
related to the absolute stability theory [30–33]. In [30]
it was firstly proved that specially chosen IQCs give the
same results as those previously obtained by the input delay
method. In [31] it was demonstrated that by extending the
IQC approach these results can be refined. Notice that the
estimate for a 𝐿2-gain used in [30] can be considered as a
reformulated Wirtinger inequality. In [32, 33] the stability
problem was reduced to feasibility of an infinite number of
LMIs with coefficients depending on time 𝑡. It was shown
that under certain assumptions they can be checked only at
a finite number of points. Though being more laborious, this
approach leads to improvements of the previous results.

Themost publications on sampled-data stabilization treat
the case when the plant is linear and the discrete-time
control implements the zero-order hold strategy. As for
nonlinear plants (with single ormultiple nonlinearities), their
stabilization problem by a linear zero-order hold sampled-
data control was considered in [34–37]. The technique used
in these papers was based on the method of input delays and
on constructing special Lyapunov–Krasovskii functionals.
The paper [38] considered a multiple nonlinearity Lur’e
system stabilized by a multirate discrete-data control. The
consideration was based on the integral estimate from [39];
the result was formulated in the form of a frequency-domain
inequality.

This paper aims to demonstrate how the classical absolute
stability technique (Yakubovich’s 𝑆-procedure, Lur’e sectoral
constraints, IQCs, and Gelig’s discrete-time constraints) can
be applied to stability analysis of a nonlinear Lur’e-type plant
under a sampled-data nonlinear stabilizing signal.The results
thus obtained are parsimonious and easily verifiable, but they
are compatible with those obtained by more sophisticated
mathematical methods.

The paper is organized as follows. Firstly we describe a
model that consists of a Lur’e-type nonlinear plant under a
sampled-data nonlinear control. The sampling is supposed
to be nonuniform, with a known upper bound of dwell-
times. Further, we demonstrate how the sampled-data sta-
bilization problem for a Lur’e system can be treated in the
frame of the Gelig–Yakubovich approach to the absolute
stability theory. The key role is played by the Yakubovich’s𝑆-procedure that in fact provides an alternative technique to
using Lyapunov–Krasovski functionals. It is proved that for

a sufficiently high sampling frequency the stability criterion
obtained is reduced to the circle criterion for absolute
stability of continuous-time systems. Thus for high sampling
frequencies the conservatism of the considered method is
the same as that of the classical absolute stability criteria.
Finally the main result is illustrated by an application to a
simple first-order problem and to a sampled-data control of
a mathematical pendulum.

2. System Model

Here we address a sampling-data counterpart of the circle
stability criterion (see, e.g., [2, 40, 41]).

Consider a nonlinear Lur’e-type plant with a sectoral
bound uncertainty

�̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝐵V (𝑡) ,
𝜎 (𝑡) = 𝐶𝑥 (𝑡) ,
V (𝑡) = 𝜑 (𝜎 (𝑡) , 𝑡) .

(1)

Here the nonlinearity 𝜑(⋅, ⋅) describes an intrinsic nonlinear
feedback; it is continuous and obeys the sectoral bound

𝜇1 ⩽ 𝜑 (𝑦, 𝑡)𝑦 ⩽ 𝜇2 (2)

for all real 𝑦, 𝑡. In other words, V(𝑡) satisfies a quadratic
constraint [2]

(𝜇2𝜎 (𝑡) − V (𝑡)) (V (𝑡) − 𝜇1𝜎 (𝑡)) ⩾ 0 (3)

for all 𝑡. Here 𝜇1, 𝜇2 are scalars, and 𝐴, 𝐵, 𝐶 are constant
matrices of sizes 𝑝 × 𝑝, 𝑝 × 1, 1 × 𝑝, respectively. Obviously,
system (1) has a zero equilibrium 𝑥(𝑡) ≡ 0, whose stability can
be investigated with the help of the circle criterion of absolute
stability [2]. However, we will be interested in the case when
the zero equilibrium is unstable, so a sampled-data external
feedback is used for its stabilization.

Let plant (1) be governed by a sampled-data external
signal. Assume that we have a strictly increasing sequence of
sampling times 𝑡0 < 𝑡1 < 𝑡2 < . . . with the lengths of the
sampling intervals (dwell-times) 𝑇𝑛 = 𝑡𝑛+1 − 𝑡𝑛 estimated as

𝛿0𝑇 ⩽ 𝑇𝑛 ⩽ 𝑇, ∀𝑛 ⩾ 0, (4)

where 𝛿0, 𝑇 are some positive constants. The sequence {𝑡𝑛}
is uncertain, and it does not need to be periodic, and only
estimates (4) matter. The ratio 1/𝑇𝑛 can be considered as an
instant sampling frequency. Let plant (1) be controlled by a
zero-order hold signal 𝑢(𝑡):

̇𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐵V (𝑡) + 𝐵𝑢𝑢 (𝑡) ,
𝜎𝑢 (𝑡) = 𝐾𝑥 (𝑡) , (5)

𝑢 (𝑡) = 𝑢𝑛, 𝑡𝑛 ⩽ 𝑡 < 𝑡𝑛+1, (6)

𝑢𝑛 = 𝐹 (𝜎𝑢 (𝑡𝑛)) . (7)
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Here 𝐵𝑢, 𝐾 are vectors of sizes 𝑝 × 1, 1 × 𝑝, respectively, and𝐹(⋅) is a nonlinear function (amodulation characteristic) that
satisfies a sectoral constraint

]1 ⩽ 𝐹 (𝑦)𝑦 ⩽ ]2 (8)

for all real 𝑦 and some scalars ]1, ]2, hence

(]2𝜎𝑢 (𝑡𝑛) − 𝑢𝑛) (𝑢𝑛 − ]1𝜎𝑢 (𝑡𝑛)) ⩾ 0 (9)

for all 𝑛 ⩾ 0. Thus the quadratic constraint (9) holds not for
all times 𝑡, but only for discrete times 𝑡𝑛 (see [13]).

The zero-order hold signal 𝑢(𝑡) defined by (6), (7) can be
considered as a special case of a square (rectangular) pulse

𝑢 (𝑡) = {{{
𝑢𝑛, 𝑡𝑛 ⩽ 𝑡 < 𝑡𝑛 + 𝜏𝑛,
0, 𝑡𝑛 + 𝜏𝑛 ⩽ 𝑡 < 𝑡𝑛+1, (10)

where 𝑢𝑛, 𝜏𝑛, and 1/𝑇𝑛 (with 𝑇𝑛 = 𝑡𝑛+1 − 𝑡𝑛) are the
amplitude, the width and the instant frequency, respectively.
The specific of the zero-order hold is that 𝜏𝑛 ≡ 𝑇𝑛; thus all the
three impulse parameters, the amplitude, the width, and the
frequency, are modulated.The average of the pulse signal 𝑢(𝑡)
considered on the 𝑛th sampling interval is

𝑢𝑛 = 1𝑇𝑛 ∫
𝑡𝑛+1

𝑡𝑛

𝑢 (𝑡) 𝑑𝑡 = 𝑢𝑛. (11)

Hence 𝑢(𝑡) = 𝑢𝑛, 𝑡𝑛 < 𝑡 < 𝑡𝑛+1; i.e., the error of a substitution
of a pulse for its average is equal to zero.

Formula (7) reads that the amplitude modulation is of the
first kind [20, 42], so discrete constraints can be imposed at
the points 𝑡 = 𝑡𝑛. (In the theory of hybrid systems this type
of modulation is termed as self-triggered control [43, 44].)
Notice that for more elaborate types of pulse modulation
the averaging method considers discrete constraints at some
intermediate points 𝑡 = �̃�𝑛, 𝑡𝑛 < �̃�𝑛 < 𝑡𝑛+1. Then the value𝜎𝑢(�̃�𝑛) can be interpreted as a signal with a deviating argument
that can be not only delayed, but also advanced: 𝜎𝑢(𝑡 − 𝜏(𝑡))
with 𝜏(𝑡) = 𝑡 − �̃�𝑛, 𝑡𝑛 < 𝑡 < 𝑡𝑛+1.

Here we will demonstrate how the approach developed in
Theorem 3.3 [20] can be reformulated for this special case.We
will use not the frequency-domain inequalities (as in [20]),
but LMIs. The result will be augmented by an additional IQC
taken from [31].

3. The Main Statement

Let us make an additional assumption on the nonlinearity𝜑0(𝜎, 𝑡). Suppose that there exists a scalar 𝜇 such that the
function

𝜑0 (𝜎, 𝑡) = 𝜑 (𝜎, 𝑡) − 𝜇𝜎 (12)

is bounded for all 𝜎, 𝑡. The following theorem presents LMI
conditions for the zero asymptotic of the closed-loop system
(5), (6), (7).

Theorem 1. Consider a nonlinear system (5), (6), (7) with
a nonlinearity V(𝑡) = 𝜑(𝜎(𝑡), 𝑡) satisfying (3) and with a
sampled-data control satisfying (4) and (9). Assume that there
exist a symmetric𝑝×𝑝matrix𝐻 and scalars 𝜏 ⩾ 0, 𝜀 ⩾ 0, 𝜗 ⩾ 0
such that the following set of matrix inequalities is feasible:

𝐻 > 0, (13)

Π =
[[[[[
[

Π11 Π12 Π13 Π14
∗ Π22 Π23 Π24
∗ ∗ Π33 Π34
∗ ∗ ∗ Π44

]]]]]
]
< 0 (14)

with

Π11 = 𝐻𝐴 + 𝐴⊤𝐻 − 𝜀𝜇1𝜇2𝐶⊤𝐶 − 𝜏]1]2𝐾⊤𝐾
+ 𝐴⊤𝐾⊤𝐾𝐴,

Π12 = 𝐻𝐵𝑢 + 12𝜏 (]1 + ]2)𝐾⊤ + 𝐴⊤𝐾⊤𝐾𝐵𝑢,
Π13 = 𝐻𝐵 + 12𝜀 (𝜇1 + 𝜇2) 𝐶⊤ + 𝐴⊤𝐾⊤𝐾𝐵,
Π14 = 𝜏]1]2𝐾⊤ + 𝜗𝐴⊤𝐾⊤,
Π22 = −𝜏 + (𝐾𝐵𝑢)2 ,
Π23 = 𝐾𝐵𝐾𝐵𝑢,
Π24 = −12𝜏 (]1 + ]2) + 𝜗𝐾𝐵𝑢,
Π33 = −𝜀 + (𝐾𝐵)2 ,
Π34 = 𝜗𝐾𝐵,
Π44 = −𝜏]1]2 − 𝛾.

(15)

Here 𝛾 = 𝜋2/(4𝑇2), ⊤ denotes matrix transpose and asterisks
stand for the matrix blocks symmetric with respect to the main
diagonal. Inequalities (13), (14) are understood in the sense of
positive and negative definiteness of quadratic forms. Then any
solution of (5), (6), (7) is asymptotically zero: 𝑥(𝑡) → 0 as𝑡 → +∞ and 𝑢𝑛 → 0 as 𝑛 → +∞.

Notice that if we abandon the above assumption on the
function 𝜑0(𝜎, 𝑡) we can assert only that any solution 𝑥(𝑡)
is square integrable that is a weaker property than the zero
asymptotic.

If the control gains vector 𝐾 is given and fixed, inequal-
ities (14), (15) present LMIs with respect to variables 𝐻, 𝜏, 𝜀,𝜗, 𝛾. However, if 𝐾 is considered as a design parameter and
needs to be chosen, then we get a problem with nonlinear
constraints.

4. Proof of the Main Statement

Let us introduce an auxiliary function

𝜉 (𝑡) = 𝜎𝑢 (𝑡) − 𝜎𝑢 (𝑡𝑛) = 𝐾 (𝑥 (𝑡) − 𝑥 (𝑡𝑛)) (16)
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for 𝑡𝑛 ⩽ 𝑡 < 𝑡𝑛+1. As well as 𝑢(𝑡), the function 𝜉(𝑡) is
discontinuous with jumps at the points 𝑡 = 𝑡𝑛, 𝑛 ⩾ 0.

The proof follows the mathematical technique conven-
tional for the absolute stability theory (see, e.g., [2]). The
three types of constraints will be used. Firstly, we will use a
quadratic (Lur’e-type) constraint (3) that can be rewritten as

(𝜇2𝐶𝑥 (𝑡) − V (𝑡)) (V (𝑡) − 𝜇1𝐶𝑥 (𝑡)) ⩾ 0 (17)

for all 𝑡. Secondly, consider a discrete-time (Gelig-type)
constraint (9). With the help of (16) it can be rewritten as

(]2𝜎𝑢 (𝑡𝑛) − 𝑢 (𝑡)) (𝑢 (𝑡) − ]1𝜎𝑢 (𝑡𝑛))
= (]2𝜎𝑢 (𝑡) − ]2𝜉 (𝑡) − 𝑢 (𝑡))
⋅ (𝑢 (𝑡) − ]1𝜎𝑢 (𝑡) − ]1𝜉 (𝑡)) = (]2𝜎𝑢 (𝑡) − 𝑢 (𝑡))
⋅ (𝑢 (𝑡) − ]1𝜎𝑢 (𝑡)) − (]1 + ]2) 𝑢 (𝑡) 𝜉 (𝑡)
+ 2]1]2𝜎𝑢 (𝑡) 𝜉 (𝑡) − ]1]2𝜉2 (𝑡) ⩾ 0

(18)

for 𝑡𝑛 < 𝑡 < 𝑡𝑛+1, 𝑛 ⩾ 0. Recall that 𝜎𝑢(𝑡) = 𝐾𝑥(𝑡).
Thirdly, let us take two integral-quadratic (Yakubovich

type) constraints. The first one is based on the Wirtinger
integral inequality (see [15, 17, 19, 20])

∫𝑡𝑛+1
𝑡𝑛

(𝜎𝑢 (𝑡) − 𝜎𝑢 (𝑡𝑛))2 𝑑𝑡 ⩽ 4𝑇
2
𝑛𝜋2 ∫
𝑡𝑛+1

𝑡𝑛

�̇�2𝑢 (𝑡) 𝑑𝑡 (19)

for all 𝑛 ⩾ 0. From (4) the last inequality implies

∫𝑡𝑛+1
𝑡𝑛

(𝜎𝑢 (𝑡) − 𝜎𝑢 (𝑡𝑛))2 (𝑡) 𝑑𝑡 ⩽ Δ∫𝑡𝑛+1
𝑡𝑛

�̇�2𝑢 (𝑡) 𝑑𝑡 (20)

with Δ = 4𝑇2/𝜋2.
The second IQC can be extracted from [31]. Since �̇�𝑢(𝑡) =̇𝜉(𝑡), 𝑡𝑛 < 𝑡 < 𝑡𝑛+1, and 𝜉(𝑡+𝑛 ) = 0, we get

∫𝑡
𝑡𝑛

�̇�𝑢 (𝑠) 𝜉 (𝑠) 𝑑𝑠 = ∫𝑡
𝑡𝑛

̇𝜉 (𝑠) 𝜉 (𝑠) 𝑑𝑠 = 12𝜉2 (𝑡) (21)

for 𝑡𝑛 < 𝑡 < 𝑡𝑛+1. Thus

∫𝑡𝑛+1
𝑡𝑛

�̇�𝑢 (𝑠) 𝜉 (𝑠) 𝑑𝑠 = 12𝜉2 (𝑡−𝑛+1) ⩾ 0. (22)

Following the 𝑆-procedure (see [2, 9]), let us define a
quadratic form

𝐺 (𝑥, 𝑢, V, 𝜉) = 𝜀 (𝜇2𝐶𝑥 − V) (V − 𝜇1𝐶𝑥)
+ 𝜏 [(]2𝐾𝑥 − 𝑢) (𝑢 − ]1𝐾𝑥) − (]1 + ]2) 𝑢𝜉
+ 2]1]2𝐾𝑥𝜉 − ]1]2𝜉2] + [(𝐾𝐴𝑥 + 𝐾𝐵V + 𝐾𝐵𝑢𝑢)2

− 𝜉2Δ ] + 2𝜗 (𝐾𝐴𝑥 + 𝐾𝐵V + 𝐾𝐵𝑢𝑢) 𝜉,

(23)

where 𝜏, 𝜀, 𝜗 are some nonnegative parameters. From (17),
(18), (20), (22) it follows that

∫𝑡𝑛+1
𝑡𝑛

𝐺 (𝑥 (𝑡) , 𝑢 (𝑡) , V (𝑡) , 𝜉 (𝑡)) 𝑑𝑡 ⩾ 0 (24)

for any solution of (5), (6), (7) and any 𝑛 ⩾ 0 (see also [11]).
Let us define a quadratic Lyapunov function 𝑉(𝑥) =𝑥⊤𝐻𝑥, where𝐻 is a symmetric matrix satisfying (14). Denote𝑋 = col{𝑥, 𝑢, V, 𝜉}. Since
2𝑥⊤𝐻(𝐴𝑥 + 𝐵V + 𝐵𝑢𝑢) + 𝐺 (𝑥, 𝑢, V, 𝜉) = 𝑋⊤Π𝑋, (25)

linear matrix inequality (14) can be rewritten in terms of
quadratic forms as

2𝑥⊤𝐻(𝐴𝑥 + 𝐵V + 𝐵𝑢𝑢) + 𝐺 (𝑥, 𝑢, V, 𝜉)
⩽ −𝜀0 (‖𝑥‖2 + 𝑢2 + V2 + 𝜉2) (26)

for all vectors 𝑥 and scalars 𝑢, V, 𝜉, where 𝜀0 is some
(sufficiently small) positive number and ‖ ⋅ ‖ is the Euclidean
vector norm. Along the solutions of (5), (6), (7) inequality
(26) implies

�̇� (𝑥 (𝑡)) + 𝐺 (𝑥 (𝑡) , 𝑢 (𝑡) , V (𝑡) , 𝜉 (𝑡))
⩽ −𝜀0 (‖𝑥 (𝑡)‖2 + 𝑢 (𝑡)2) (27)

for all 𝑡𝑛 < 𝑡 < 𝑡𝑛+1, 𝑛 ⩾ 0. Notice the vector function 𝑥(𝑡) is
continuous in 𝑡; hence𝑉(𝑥(𝑡)) is also continuous for all 𝑡 ⩾ 𝑡0.
Integrating (27) and using (24) we get

𝑉 (𝑥 (𝑡𝑛)) − 𝑉(𝑥 (𝑡0) ⩽ −𝜀0 ∫𝑡𝑛
𝑡0

‖𝑥 (𝑠)‖2 𝑑𝑠

− 𝜀0
𝑛−1∑
𝑘=0

𝑇𝑘𝑢2𝑘
(28)

for all 𝑛 ⩾ 1. Since𝐻 > 0, (28) implies

∫𝑡𝑛
𝑡0

‖𝑥 (𝑠)‖2 𝑑𝑠 + 𝑛−1∑
𝑘=0

𝑇𝑘𝑢2𝑘 ⩽ 1𝜀0𝑉(𝑥 (𝑡0) . (29)

From (29) and (4) it follows that

∫+∞
𝑡0

‖𝑥 (𝑠)‖2 𝑑𝑠 < +∞,
∞∑
𝑘=0

𝑢2𝑘 < +∞
(30)

that implies 𝑢𝑛 → 0 as 𝑛 → ∞.
Let us prove that 𝑥(𝑡) is asymptotically zero. From (28) we

get 𝑉(𝑥(𝑡𝑛)) ⩽ 𝑉(𝑥(𝑡0) for 𝑛 ⩾ 0. Since 𝐻 > 0, we conclude
that the sequence ‖𝑥(𝑡𝑛)‖ is bounded for 𝑛 ⩾ 0. The sequence𝑢𝑛 vanishes as 𝑛 → ∞, thus it is bounded, and the function𝑢(𝑡) is also bounded for 𝑡 ⩾ 𝑡0. Introduce the matrix 𝐴𝜇 =𝐴 + 𝜇𝐵𝐶. Then the first equation (5) can be rewritten as

�̇� = 𝐴𝜇𝑥 (𝑡) + 𝐵V0 (𝑡) + 𝐵𝑢𝑢 (𝑡) (31)
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where 𝐴𝜇 = 𝐴 + 𝜇𝐵𝐶, V0(𝑡) = V(𝑡) − 𝜇𝜎(𝑡) and the function
V0(𝑡) is bounded for 𝑡 ⩾ 𝑡0. Integrating (31), we get

𝑥 (𝑡) = e𝐴𝜇(𝑡−𝑡𝑛)𝑥 (𝑡𝑛)
+ ∫𝑡
𝑡𝑛

e𝐴𝜇(𝑡−𝑠) (𝐵V0 (𝑠) + 𝐵𝑢𝑢 (𝑠)) 𝑑𝑠 (32)

for 𝑡𝑛 ⩽ 𝑡 ⩽ 𝑡𝑛+1. Hence
‖𝑥 (𝑡)‖ ⩽ e‖𝐴𝜇‖𝑇 𝑥 (𝑡𝑛)

+ 𝑇e‖𝐴𝜇‖𝑇sup
𝑡⩾𝑡0

𝐵V0 (𝑡) + 𝐵𝑢𝑢 (𝑡) (33)

for 𝑡𝑛 ⩽ 𝑡 ⩽ 𝑡𝑛+1. Because ‖𝑥(𝑡𝑛)‖ is bounded, estimate (33)
implies that ‖𝑥(𝑡)‖ is bounded for 𝑡 ⩾ 𝑡0. Thus the right-hand
side of (31) is also bounded, and so the function ‖𝑥(𝑡)‖2 is
uniformly continuous. Applying Barbalat’s lemma (see, e.g.,
[8]) we conclude that 𝑥(𝑡) → 0 as 𝑡 → +∞.

5. Some Remarks to Theorem 1

Remark 2. Let us multiply formulas (15) elementwise by 𝑇
and change the variables

𝐻0 = 𝑇𝐻,
𝜏0 = 𝑇𝜏,
𝜀0 = 𝑇𝜀,
𝜗0 = 𝑇𝜗,
𝛾0 = 𝑇𝛾.

(34)

Using the Schur complement [5] inequality (14) can be
rewritten as

Π̃ + 𝑇𝐿⊤1𝐿1 + 1𝜏0]1]2 + 𝛾0𝐿
⊤
2𝐿2 < 0 (35)

with

𝐿1 = [[[
[

𝐴⊤𝐾⊤
𝐾𝐵𝑢
𝐾𝐵

]]]
]
,

𝐿2 = [[[
[

𝜏0]1]2𝐾⊤ + 𝜗0𝐴⊤𝐾⊤
−12𝜏0 (]1 + ]2) + 𝜗0𝐾𝐵𝑢

𝜗0𝐾𝐵
]]]
]
,

Π̃ = [[[
[

Π̃11 Π̃12 Π̃13
∗ Π̃22 Π̃23
∗ ∗ Π̃33

]]]
]
,

(36)

where

Π̃11 = 𝐻0𝐴 + 𝐴⊤𝐻0 − 𝜀0𝜇1𝜇2𝐶⊤𝐶 − 𝜏0]1]2𝐾⊤𝐾,
Π̃12 = 𝐻0𝐵𝑢 + 12𝜏0 (]1 + ]2)𝐾⊤,
Π̃13 = 𝐻0𝐵 + 12𝜀0 (𝜇1 + 𝜇2) 𝐶⊤,
Π̃22 = −𝜏0,
Π̃23 = 0,
Π̃33 = −𝜀0.

(37)

Assume that the sampling frequency is sufficiently high;
i.e.

𝑇 → +0,
𝛾0 = 𝜋24𝑇 → +∞. (38)

Then (35) can be reduced to Π̃ < 0.The last inequality ensures
the fulfillment of the circle criterion of absolute stability for a
continuous-time system

�̇� = 𝐴𝑥 (𝑡) + 𝐵V (𝑡) + 𝐵𝑢𝑢 (𝑡) ,
V (𝑡) = 𝜑 (𝐶𝑥 (𝑡)) ,
𝑢 (𝑡) = 𝐹 (𝐾𝑥 (𝑡))

(39)

with quadratic constraints (17) and

(]2𝐾𝑥 (𝑡) − 𝑢 (𝑡)) (𝑢 (𝑡) − 𝜇1𝐾𝑥 (𝑡)) ⩾ 0 (40)

for all 𝑡.
Remark 3. Let the conditions of Theorem 1 be satisfied. As
it was shown above, this implies inequality (26). Let us set
V = 𝜇𝐶𝑥,𝑢 = ]̂𝐾𝑥, 𝜉 = 0 in (26), where𝜇, ]̂ are somenumbers
such that

𝜇1 ⩽ 𝜇 ⩽ 𝜇2,
]1 ⩽ ]̂ ⩽ ]2. (41)

Then from (26) we obtain𝐻𝐴𝐿 + 𝐴⊤𝐿𝐻 < 0 with
𝐴𝐿 = 𝐴 + 𝜇𝐵𝐶 + ]̂𝐵𝑢𝐾. (42)

Since𝐻 > 0, we conclude that the matrix 𝐴𝐿 defined by (42)
is Hurwitz stable for any numbers 𝜇, ]̂ satisfying (41). This
gives necessary conditions for the fulfillment of Theorem 1.

Remark 4. Let us discuss a relation of Theorem 1 of this
paper to Theorem 3.2 [38]. The difference of the problem
setting in Theorem 3.2 with that considered in this paper is
threefold. Firstly, Theorem 3.2 studies not zero asymptotic,
but a stronger property of exponential stability. Secondly,
Theorem 3.2 considers a more general case of multiple
nonlinearities and a multirate control. Thirdly, Theorem 3.2
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is formulated not as an LMI, but as a frequency-domain
inequality. However, a reformulation of Theorem 1 to this
more general case presents no problem. (Frequency-domain
counterparts of the LMI problem given here can be found in
Chapter 3 [20].) The more interesting is to compare integral
estimates used in both works. The proof of Theorem 3.2 is
based on an inequality from Lemma 1 [39] that can be written
as

(𝜎𝑢 (𝑡) − 𝜎𝑢 (𝑡 − 𝜏 (𝑡)))2 ⩽ 𝑇∫𝑡
𝑡−𝜏(𝑡)

�̇�2𝑢 (𝑠) 𝑑𝑠, (43)

where 𝜏(𝑡) ⩽ 𝑇. The advantage of estimate (43) is that it is
valid for any function 𝜏(𝑡), 0 ⩽ 𝜏(𝑡) ⩽ 𝑇. However, for a
special type of delay 𝜏(𝑡) = 𝑡 − 𝑡𝑛, 𝑡𝑛 ⩽ 𝑡 < 𝑡𝑛+1, the estimate
based on (43) can be refined. Integrating (43) with this special
delay we obtain

∫𝑡𝑛+1
𝑡𝑛

(𝜎𝑢 (𝑠) − 𝜎𝑢 (𝑡𝑛))2 ⩽ 𝑇2 ∫𝑡𝑛+1
𝑡𝑛

�̇�2𝑢 (𝑠) 𝑑𝑠. (44)

Obviously, (44) is more conservative that the Wirtinger
inequality (20) with the multiplier 4𝑇2/𝜋2 in the right-hand
side.

6. Example: First-Order System

Consider a simplest first-order model

�̇� (𝑡) = −𝐹 (𝑥 (𝑡𝑛)) , 𝑡𝑛 ⩽ 𝑡 < 𝑡𝑛+1, (45)

where 𝑥(𝑡) is a scalar function and the nonlinearity 𝐹(⋅)
satisfies the sectoral bounds (8) with some scalars ]1, ]2, 0 <
]1 < ]2.

Let us applyTheorem 1. Equation (45) can be rewritten in
the form (5) with 𝐴 = 0, 𝐵 = 0, 𝐶 = 0, 𝐵𝑢 = −1,𝐾 = 1. Let us
take 𝜗 = 0. Then inequality (14) takes the form

[[[[[[[
[

−𝜏]1]2 −𝐻 + 12𝜏 (]1 + ]2) 0 𝜏]1]2
∗ 1 − 𝜏 0 −12𝜏 (]1 + ]2)
0 0 −𝜀 0
∗ ∗ 0 −𝜏]1]2 − 𝛾

]]]]]]]
]

< 0,

(46)

where the asterisks stand for the symmetric entries with
respect to the main diagonal. Take any positive number for𝜀 and

𝐻 = ]2,
𝜏 = 2]2

]2 − ]1
. (47)

Then 𝐻 − (1/2)𝜏(]1 + ]2) = −𝜏]1, and inequality (46) is
reduced to

[[[
[

]1]2 −]1 −]1]2
∗ 1 − 𝛼 12 (]1 + ]2)
∗ ∗ ]1]2 + 𝛾𝛼

]]]
]
> 0, (48)

where 𝛼 = 1/𝜏. By applying Sylvester’s criterion we conclude
that (48) is satisfied provided that 𝛾 > ]22.The latter inequality
can be rewritten as

𝑇 < 𝜋2]2 ≈
1.57
]2

. (49)

Let us estimate the conservatism of estimate (49). Introduce
notation 𝑥𝑛 = 𝑥(𝑡𝑛). Integrating (45) we come to a discrete-
time map

𝑥𝑛+1 = (1 − 𝐹 (𝑥𝑛)𝑥𝑛 𝑇𝑛)𝑥𝑛. (50)

Map (50) is contracting if

1 −
𝐹 (𝑥𝑛)𝑥𝑛 𝑇𝑛

 < 1 (51)

that is guaranteed if 𝑇 < 2/]2.
The case when the function 𝐹(⋅) is linear was considered

previously in [29, 30]. Assume 𝐹(𝑥) = 𝑥, then we can apply
Theorem 1 with ]2 = 1, ]1 → 1 − 0, then we come to the
estimate 𝑇 < 𝜋/2. This inequality is consistent with the result
obtained in [30] (with the help of IQCs), but Proposition 1 of
[29] gives the more accurate estimate 𝑇 < 1.99 (with the help
of Lyapunov–Krasovskii functionals).

Notice that unlike the linear case, themodel considered in
Theorem 1 is much more general. Observe also that from the
practical standpoint the systems’ stability is not the only issue
that should be taken into account. If a sampling frequency is
close to the boundary of the stability region, the decay rate of
solutions may decrease dramatically. On the other hand, (50)
reduces to

𝑥𝑛+1 = (1 − 𝑇𝑛) 𝑥𝑛 (52)

for the linear system considered. Thus if the sampling period
is chosen 𝑇𝑛 = 1, the zero equilibrium is attained in one
iteration.

7. Numerical Example:
Mathematical Pendulum

Following [34], consider an equation of a computer con-
trolled pendulum

̈𝜃 (𝑡) = −𝑔𝑙 sin 𝜃 (𝑡) + 1𝑚𝑙2 𝑢 (𝑡) ,
𝑢 (𝑡) = 𝐹 (𝑘1𝜃 (𝑡𝑛) + 𝑘2 ̇𝜃 (𝑡𝑛)) , 𝑡𝑛 ⩽ 𝑡 < 𝑡𝑛+1,

(53)

for 𝑛 ⩾ 0. Let the sampling times satisfy the bound |𝑡𝑛+1−𝑡𝑛| ⩽𝑇, 𝑛 ⩾ 0. The parameters of (53) are 𝑔 = 9.8 m/s2, 𝑙 = 1 m,𝑚 = 2 kg. The function 𝜑(𝜎) = sin 𝜎 is bounded and satisfies
a sectoral constraint (2) with 𝜇1 = −0.2173, 𝜇2 = 1 (see [34]).
Assume that the function 𝐹(⋅) obeys (8) with ]1 = 0.95, ]2 =1.05 (i.e., its slope can deviate as 1 ± 5%.
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Define 𝑥1 = 𝜃, 𝑥2 = ̇𝜃. Then we have

𝐴 = [0 1
0 0] ,

𝐵 = [ 0
−𝑏1] ,

𝐵𝑢 = [0𝑏2] ,
𝐶 = [1 0] ,
𝐾 = [𝑘1 𝑘2] ,

(54)

where 𝑏1 = 𝑔/𝑙, 𝑏2 = 1/(𝑚𝑙2). With the help of Remark 3 let
us obtain upper bounds for feasible values of feedback gains𝑘1, 𝑘2. Suppose that numbers 𝜇, ]̂ satisfy (41).Then thematrix𝐴𝐿 defined by (42) must be Hurwitz stable. Since

𝐴𝐿 = [ 0 1
−𝜇𝑏1 + ]̂𝑏2𝑘1 ]̂𝑏2𝑘2] . (55)

The conditions for Hurwitz stability of the matrix 𝐴𝐿 are
𝑘1 < 𝜇1 𝑔𝑚𝑙]2

≈ −4.056,
𝑘2 < 0.

(56)

Let us applyMATLAB softwarewithYALMIPpackage for
interface and SeDuMi solver for semidefinite programming
[45, 46]. Feasible values of 𝑘1, 𝑘2 were found by a manual
search within region (56), then 𝑘1, 𝑘2 were fixed while 𝛾
was minimized. It was discovered that the conditions of
Theorem 1 are fulfilled for

𝑇 = 0.2336,
𝑘1 = −23.6,
𝑘2 = −11.4

(57)

with

𝐻 = [12731 2034
2034 554 ] ,

𝜀 = 78496,
𝜏 = 1002.7,
𝜗 = 0,
𝛾 = 45.1981.

(58)

Thus the lower bound for the sampling frequency is 1/𝑇 =4.28Hz.
Let us compare the above result with Example 4.1 of [34],

where the linear discrete-time control of (53) was treated (in
our notation 𝐹(𝜎𝑢) = 𝜎𝑢, so ]1 = ]2 = 1). We are primarily

interested in the case of a nonuniform sampling which was
considered inTheorem 1 [34]. From that theorem itwas found
that the pendulum system is stable with 𝑇 = 0.191 and𝑘1 = −23.6, 𝑘2 = −6. It is seen that even for this special
case the lower bound for the sampling frequency provided in
[34] is 1/𝑇 = 5.23 Hz, which is greater than ours. However,
for the case of a periodic sampling and a linear discrete-
time control the estimate given in [34] is better than ours:1/0.302 = 3.31Hz. Notice that the simulation for the case of a
periodic sampling and a linear discrete-time control gave the
minimal sampling rate 1/0.432 = 2.31Hz (see Table 1 [34]).

8. Conclusion

The paper discusses an application of the absolute stabil-
ity theory to a sampled-data stabilization of a nonlinear
Lur’e-type system. The design of the stabilizing feedback is
reduced to optimization problem for some system of matrix
inequalities. The mathematical considerations are based on
the Gelig–Yakubovich approach to the stability of sampled-
data systems, including 𝑆-procedure and specific integral-
quadratic constraints. When the sampling frequency is suf-
ficiently high, the main statement of this paper reduces to the
circle criterion of absolute stability with two nonlinearities.
Illustrative examples demonstrate sufficiently good agree-
ment with the previously known results on linear sampled-
data control.
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This paper deals with the sampled-data synchronization problem for complex dynamical networks (CDNs) with time-varying
coupling delay. To get improved results, two-sided free-weighting stabilization method is utilized with a novel looped functional
taking the information of the present sampled states and next sampled states, which can more precisely account for the sawtooth
shape of the sampling delay. Also, the quadratic generalized free-weighting matrix inequality (QGFWMI), which provides
additional degree of freedom (DoF), is utilized to calculate the upper limit of the integral term. Based on the novel looped functional
and QGFWMI, improved conditions of stability are derived from forms of linear matrix inequalities (LMIs). The numerical
examples show the validity and effectiveness.

1. Introduction

Complex dynamical networks (CDNs) are an attempt to
model a set of interconnected dynamic properties of nodes
with specific contents. For example, there are human interac-
tionnetworks, ad hoc networks, secure communications, har-
monic oscillations, biological systems, and chaotic systems,
financial systems, social networks, and neural networks.
CDNs are faced with the problems of expressing struc-
tural complexity and connection diversity at the same time.
Furthermore, the dynamic characteristics of the network
make it difficult to provide a solution to the real world
because modeling should be done with the node’s insufficient
information from the network. Nevertheless, CDNs have
attracted lots of attention in various fields of engineering
[1–4]. Especially, the problem of synchronization has been
focused by many researchers [5–7], as the synchronization
of CDNs is a fundamental phenomenon. In nature, complex
networks in the synchronization encounter time delay in
biological and physical networks, because of the limited speed
of network transmission, traffic jams, and signal propagation.
The time delay is a source of degradation synchronization
performance and instability, and thus complex networks with
time-varying delay are of importance and generality [8, 9].

The design of control has been developed including pin-
ning control [10], impulsive control [11], hybrid control [12],
fuzzy adaptive output feedback control [13], and sampled-
data control [5] to accomplish stable synchronization. Among
these methods, sampled-data control for the synchronization
of CDNs has been studied extensively with the develop-
ment of digital communication since sampled-data offers
many benefits in modern control systems. The advantages
of sampled-data control are as follows: Firstly, the sampled-
data control is more realistic than continuous control in
that it can be implemented in practical systems. Secondly,
in the case of the signal in the form of pulse data, the
information is supplied immediately with a small outlay.
Lastly, the control system for better performance is generally
achieved by a sampled-data control. For continuous systems,
the differentiator not only improves the existing noise but also
generate additional noise. In the sampled-data system, the
differential operation can be implemented without increas-
ing noise problem. For that reason, sampled-data control
was used because of these benefits: practicality, immediacy,
economics, and accuracy. In sampled-data control systems,
it is the main issue to design controllers that can get larger
sampling interval. Increasing maximum sampling interval is
very important because it not only enlarges the stable region
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but also improves performance when considered with other
aspects:𝐻∞ [14] and dissipativity [15].

Several criteria for CDNs with time delay are developed
to derive stability conditions on sampled-data intervals.
Sampled-data signals which are discontinuous at every sam-
pling time can be treated as continuous time-varying delayed
signals. In [5], the problem of sampled-data synchroniza-
tion control for a class of general complex networks with
time-varying coupling delay is firstly handled using Jensen’s
inequality found in the input delay approach. The time-
dependent Lyapunov functional and convex combination
techniques are used in [16] to derive a less conservative
condition for the sampled-data synchronization. The syn-
chronization in memory neural networks with time-varying
delays was studied in [2, 17, 18]. In [17], a sampled-data
feedback controller was proposed by using the Lyapunov
function theory and Jensen’s inequality method to guarantee
the synchronization of memristive Bidirectional Associative
Memory (BAM) neural networks with leakage and two
additive time-varying delays. The authors in [18] obtained
less conservative results by constructing a Lyapunov function
and using the stochastic differential inclusions and some
inequality techniques. Recently, Wirtinger’s inequality is
used in [19, 20]. Also, the augmented Lyapunov function
approach and Lyapunov function with triple integral have
been reported in the literature [15, 21, 22]. In [23], a looped-
functional-based approach was proposed for the stability
analysis of linear impulsive systems. This approach easily
formulates sampling interval result for discrete time sta-
bility using a continuous time’s approach. In [24], a new
looped-functional for stability analysis was proposed. This
functional entirely uses the information on both interval
t𝑘 and t𝑘+1, which improved stability condition. However,
there are still more rooms for improvement, which motivates
our research. To consider the information of sampling time
at t𝑘 and t𝑘+1, the modified looped-functional is proposed
by using the augmented vector for two-sided sampling
time.

In this paper, enhanced results on sampled-data syn-
chronization criteria and controller design are given for the
complex dynamical networks with time-varying coupling
delay. The stability and stabilization criteria are presented in
forms of linear matrix inequalities (LMIs).The superiority of
the proposed scheme is shown through numerical examples.
The main contribution of this note is summarized as follows:

(i) Free-weighing matrices at time sequence t𝑘 and t𝑘+1
are separately employed with an additional scalar
parameter in consideration of system dynamics in
CDN satisfying convexity.

(ii) In order to fully consider the information of sawtooth
shape sampling pattern at t𝑘 and t𝑘+1, novel looped
functional is employedwith augmented vectorswhich
become zero by constructing the vector crossly
aligned at each sampling time t𝑘 or t𝑘+1. Namely, the
dimension of the LMI variable extends from 𝑅2×2 (2× 2 dimensional Euclidean space) to 𝑅4×4. Therefore,
augmented vectors provide an increased degrees of
freedom (DoF) and improved results.

(iii) QGFMI is firstly applied to sampled-data synchro-
nization. QGFMI estimates the upper limit of the
integral term more tightly. Thus it contributes to
deriving a less conservative result.

2. Preliminaries

CDNs composed of N identical coupled nodes with n-
dimensional dynamics are described as follows:

�̇�𝑖 (𝑡) = 𝑓 (𝑥𝑖 (𝑡)) + c
𝑁∑
𝑗=1

𝐺𝑖𝑗𝐷𝑥𝑗 (𝑡)

+ c
𝑁∑
𝑗=1

𝐺𝑖𝑗𝐴𝑥𝑗 (𝑡 − 𝜏 (𝑡)) + 𝑢𝑖 (𝑡) ,
𝑓𝑜𝑟 𝑖 = 1, 2, . . . , 𝑁

(1)

where 𝑓(⋅) is the continuous vector-valued nonlinear func-
tion, 𝐺𝑖𝑗 is the outer coupling matrix from node 𝑖 to 𝑗 with
weight, A and 𝐷 are the inner coupling matrix, 𝑥𝑖(t) is the
state variable of node 𝑖, 𝑢𝑖(𝑡) is input variable e of node 𝑖, and𝑐 > 0 is the coupling strength. 𝐺𝑖𝑗 is defined as follows:

𝐺𝑖𝑗 > 0
𝑖𝑓 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑛𝑜𝑑𝑒 𝑖 𝑎𝑛𝑑 𝑗

𝐺𝑖𝑗 = 0
𝑖𝑓 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑜 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑛𝑜𝑑𝑒 𝑖 𝑎𝑛𝑑 𝑗

(2)

The diagonal elements of 𝐺𝑖𝑗 are denoted as 𝐺𝑖𝑗 =
−∑𝑁𝑖=1,𝑗=𝑖𝐺𝑖𝑗 for 𝑖 = 1, 2, . . . , 𝑁. The bounded time-varying
delay 𝜏(𝑡) satisfies

0 ≤ 𝜏 (𝑡) ≤ 𝜏𝑀,
−𝜇 ≤ �̇� (𝑡) ≤ 𝜇, (3)

where 𝜏𝑀 and 𝜇 are positive known constants. Without loss
of generality, the nonlinear function 𝑓(⋅) is assumed to satisfy
a sector-bounded condition as

[𝑓 (𝑥) − 𝑓 (𝑦) −𝑊1 (𝑥 − 𝑦)]𝑇
⋅ [𝑓 (𝑥) − 𝑓 (𝑦) −𝑊2 (𝑥 − 𝑦)] ≤ 0, (4)

where𝑊1 and𝑊2 are matrices with appropriate dimensions.
Let 𝑟(𝑡) be an unforced isolated node, ̇𝑟(𝑡) = 𝑓(𝑟(𝑡)), then the
error dynamics of each dynamical system is derived as

̇𝑒𝑖 (𝑡) = 𝑔 (𝑒𝑖 (𝑡) , 𝑟 (𝑡)) + 𝑐 𝑁∑
𝑗=1

𝐺𝑖𝑗𝐷𝑥𝑗 (𝑡)

+ 𝑐 𝑁∑
𝑗=1

𝐺𝑖𝑗𝐴𝑥𝑗 (𝑡 − 𝜏 (𝑡)) + 𝑢𝑖 (𝑡) ,
𝑓𝑜𝑟 𝑖 = 1, 2, . . . , 𝑁,

(5)
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where 𝑒𝑖(𝑡) = 𝑥𝑖 − 𝑟(𝑡) and 𝑔(𝑒𝑖(𝑡), 𝑟(𝑡)) = 𝑓(𝑥𝑖(𝑡)) − 𝑓(𝑟(𝑡)).
Utilizing Kronecker product, the whole CDN is represented
as

̇𝑒𝑖 (𝑡) = 𝑔 (𝑒 (𝑡) , 𝑟 (𝑡)) + 𝑐 (𝐺 ⊗ 𝐷) 𝑒 (𝑡)
+ 𝑐 (𝐺 ⊗ 𝐴) 𝑒 (𝑡 − 𝜏 (𝑡)) + 𝑢 (𝑡) (6)

where

𝑒 (𝑡) =
[[[[[[[
[

𝑒1 (𝑡)
𝑒2 (𝑡)
. . .

𝑒𝑁 (𝑡)

]]]]]]]
]
,

𝑒 (𝑡 − 𝜏 (𝑡)) =
[[[[[[[
[

𝑒1 (𝑡 − 𝜏 (𝑡))
𝑒2 (𝑡 − 𝜏 (𝑡))

. . .
𝑒𝑁 (𝑡 − 𝜏 (𝑡))

]]]]]]]
]
,

𝑔 (𝑒 (𝑡) , 𝑟 (𝑡)) =
[[[[[[[
[

𝑔 (𝑒1 (𝑡) , 𝑟 (𝑡))
𝑔 (𝑒2 (𝑡) , 𝑟 (𝑡))

. . .
𝑔 (𝑒𝑁 (𝑡) , 𝑟 (𝑡))

]]]]]]]
]
,

𝑢 (𝑡) =
[[[[[[[
[

𝑢1 (𝑡)
𝑢2 (𝑡)
. . .

𝑢𝑁 (𝑡)

]]]]]]]
]
.

(7)

For the given system, our objective is to design a sampled-
data controller which makes the error systems converge
to zero. When considering that the measurement sensor
generates a signal, discretized sampled signals are only sent to
the controller through the network in system topology, and

the control input can be utilized using zero order function.
The control input signals using sampler are generated with a
sequence of hold time 0 = 𝑡0 < 𝑡1 < . . . < 𝑡𝑘 < . . . where
lim𝑘→∞𝑡𝑘 = ∞ and k is a positive integer. The sampling
intervals are represented as

𝑡𝑘+1 − 𝑡𝑘 ≤ ℎ𝑘 ≤ ℎ𝑀 (8)

where ℎ𝑀 is the maximum sampling instant. Then, the
sampled-data controller is designed as

𝑢 (𝑡) = 𝑢 (𝑡𝑘) = 𝐾 (𝑒 (𝑡𝑘)) , 𝑓𝑜𝑟 𝑡𝑘 ≤ 𝑡 ≤ 𝑡𝑘+1. (9)
where 𝑘 = diag{𝐾1, 𝐾2, . . . , 𝐾𝑁} is the control gain matrix
and 𝑒(𝑡𝑘) is the sampled error signal. The closed-loop error
systems with sampled-data control are rewritten as

̇𝑒𝑖 (𝑡) = 𝑔 (𝑒 (𝑡) , 𝑟 (𝑡)) + 𝑐 (𝐺 ⊗ 𝐷) 𝑒 (𝑡)
+ 𝑐 (𝐺 ⊗ 𝐴) 𝑒 (𝑡 − 𝜏 (𝑡)) + 𝐾𝑢 (𝑡𝑘) (10)

To develop main results, useful lemmas are introduced.

Lemma 1 (Wirtinger’s inequalities; [25]). For given a matrix𝑅 > 0 and a continuous differentiable function 𝜔(𝑡) in [𝑎, 𝑏],
the following inequality holds:

∫𝑏
𝑎
𝜔𝑇 (𝑠) 𝑅𝜔 (𝑠) 𝑑𝑠 ≥ 1𝑏 − 𝑎𝜂𝑇1𝑅𝜂1 + 3𝑏 − 𝑎𝜂𝑇2𝑅𝜂2 (11)

where 𝜂1 = ∫𝑏
𝑎
𝜔(𝑠)𝑑𝑠 and 𝜂2 = ∫𝑏

𝑎
𝜔(𝑠)𝑑𝑠 − (2/(𝑏 −

𝑎)) ∫𝑏
𝑎
∫𝑏
𝑠
𝜔(𝑢)𝑑𝑢𝑑𝑠.

Lemma 2 (reciprocally convex combination method; [26]�).
For a given scalar 0 < 𝜃 < 1, vectors 𝜔1, 𝜔2, and matrices𝑀 > 0, N satisfying [𝑀 𝑁𝑁 𝑀 ] > 0, then the following holds:

1𝜃𝜔𝑇1𝑀𝜔1 + 11 − 𝜃𝜔𝑇2𝑀𝜔2 ≤ [[
𝜔1
𝜔2
]
]
𝑇

[
[
𝑀 𝑁
𝑁 𝑀]

]
[
[
𝜔1
𝜔2
]
]
. (12)

Lemma 3 (QGFMI). Given matrices X,Y and positive semi-
definite matrix R, the inequality is given by

∫𝑏
𝑎
𝜔𝑇 (𝑠) 𝑅𝜔 (𝑠) 𝑑𝑠 ≥ −[

[
𝜂0
𝜂3
]
]
𝑇[[
[
(𝑏 − 𝑎)𝑋𝑅−1𝑋𝑇 𝑋 [𝐼 0]

∗ (𝑏 − 𝑎)3 𝑌𝑅−1𝑌𝑇 + sym (𝑌 [−𝐼 2𝐼])
]]
]
[
[
𝜂0
𝜂3
]
]

(13)

where 𝜂0 is any vector and 𝜂3 = [∫𝑏
𝑎
𝜔𝑇(𝑠)𝑑𝑠, (1/(𝑏

−𝑎)) ∫𝑏
𝑎
∫𝑏
𝑠
𝜔(𝑢)𝑇𝑑𝑢𝑑𝑠]𝑇, and 𝜔(𝑡) is a differentiable function

which is a continuous on [a, b].
Proof. The proof of Lemma 3 is omitted as it is similar to that
of [27].

Remark 4. The QGFMI is used to calculate the upper limit
of integral term in the derivative of Lyapunov-Krasovskii
function, which increases freedom to choose a free-selectable
vector [27]. Furthermore, the new free-weighting matrix
plays a vital role in filling in the diagonal element and
corresponding augmented vector provides additional flexi-
bility.
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Remark 5. The control technique using the sample value
data in (9) can be applied to systems such as event-triggered
communication as in [28, 29].

3. Main Results

The matrices 𝐼𝑖 = 𝑅11𝑛×𝑛 for 𝑖 = 1, 2, . . . , 11 are denoted
to represent matrices composed of (𝑛 − 1) zero elements
matrices with 𝑖𝑡ℎ identity matrix. For example, 𝐼1 =[𝐼 0 0 0 0 0 0 0 0 0 0]𝑇and 𝐼5 = [0 0 0 0 𝐼 0 0 0 0 0 0]𝑇.
Moreover, the following are declared:

𝜁 (t) = [𝑒 (t) , ̇𝑒 (t) , 𝑒 (𝑡𝑘) , 1(𝑡 − 𝑡𝑘)
⋅ ∫𝑡
𝑡𝑘

𝑒𝑇 (𝛼) 𝑑𝛼, 𝑒 (𝑡𝑘+1) , 1(𝑡𝑘+1 − 𝑡)
⋅ ∫𝑡𝑘+1
𝑡

𝑒𝑇 (𝛼) 𝑑𝛼, e (𝑡 − 𝜏 (𝑡)) , 𝑒 (𝑡 − 𝜏𝑀) , 1𝜏 (𝑡)
⋅ ∫𝑡

t−𝜏(𝑡)
𝑒𝑇 (𝛼) 𝑑𝛼, 1(𝜏𝑀 − 𝜏 (𝑡))

⋅ ∫t−𝜏(𝑡)

𝑡−𝜏𝑀

𝑒𝑇 (𝛼) 𝑑𝛼, 𝑔𝑇 (𝑒 (𝑡) , 𝑠 (𝑡))] ,
𝜅1 = [𝐼1, 𝐼3 + 𝐼5, 𝐼4 + 𝐼6, 𝐼2] ,
𝜅2 = [𝐼1 − 𝐼3, 𝐼1 − 𝐼4] ,
𝜅3 = [𝐼5 − 𝐼1, 𝐼5 − 𝐼6] ,
𝜅4 = [𝐼1 − 𝐼7, 𝐼1 + 𝐼7 − 𝐼9, 𝐼7 − 𝐼8, 𝐼7 + 𝐼8 − 𝐼10] ,
𝜂1 = [𝐼1 − 𝐼3, (𝑡 − 𝑡𝑘) 𝐼5, (𝑡 − 𝑡𝑘) 𝐼3, (𝑡 − 𝑡𝑘) 𝐼4] ,
𝜂2 = [𝐼5 − 𝐼1, (𝑡𝑘+1 − 𝑡) 𝐼3, (𝑡𝑘+1 − 𝑡) 𝐼5, (𝑡𝑘+1 − 𝑡) 𝐼6] ,
𝜂1𝑑 = [𝐼2, 𝐼5, 𝐼3, 𝐼1] ,
𝜂2𝑑 = [−𝐼2, −𝐼3, −𝐼5, −𝐼1] ,
𝑆1 (𝑡) = [(𝑡 − 𝑡𝑘) 𝑆10 − (𝑡𝑘+1 − 𝑡) 𝑆11 𝑆12𝑆𝑇12 𝑆13] ∈ 𝑅

4𝑛×4𝑛,
𝑆10 ∈ 𝑅𝑛×𝑛,
𝑆11 ∈ 𝑅𝑛×𝑛,
𝑆12 ∈ 𝑅𝑛×3𝑛,
𝑆13 ∈ 𝑅3𝑛×3𝑛,
𝑆1𝑑 = [𝑆10 − 𝑆11 0𝑛×𝑛0𝑛×𝑛 0𝑛×𝑛] ,

�̂� = [𝑅 0
0 𝑅] .

(14)

Theorem 6. For a given scalar parameter ℎ𝑀 and a gain
matrix K, if there exist a positive scalar 𝛿, symmetric matrices
P > 0, Q1 > 0, Q2 > 0, R > 0, T1 > 0, and T2 > 0, any
matrices 𝐺1, 𝐺2, 𝐺3, 𝐺4, 𝑆1(𝑡), 𝑆2, 𝑋1, 𝑋2, 𝑌1, 𝑌2, and �̂�, and
a scalar 𝛿 > 0 satisfying the inequalities

[[
[
Π1,ℎ(𝑡)=0 𝜅1𝑋2 𝜅3𝑌2∗ −ℎ𝑀𝑇2 0

∗ 0 −3ℎ𝑀𝑇2
]]
]
≤ 0 (15)

[[
[
Π1,ℎ(𝑡)=h 𝜅1𝑋1 𝜅2𝑌1∗ −ℎ𝑀𝑇1 0

∗ 0 −3ℎ𝑀𝑇1
]]
]
≤ 0 (16)

[ �̂� 𝑀
�̂� �̂� ] ≥ 0 (17)

where

Π1,ℎ(𝑡) = sym {𝐼1𝑃𝐼𝑇2 } + 𝐼1𝑄1𝐼𝑇1 − (1 − 𝜇) 𝐼7𝑄1𝐼𝑇7
+ 𝐼1𝑄2𝐼𝑇1 − 𝐼8𝑄2𝐼𝑇8 + 𝜏𝑀𝐼2𝑅𝐼𝑇2 − 𝜅4 [ �̂� �̂�

𝑀 �̂� ]𝜅𝑇4
+ sym {𝜂1𝑆1 (𝑡) 𝜂𝑇2𝑑 + 𝜂1𝑑𝑆1 (𝑡) 𝜂𝑇2 + 𝜂1𝑆1𝑑𝜂𝑇2 }
+ sym{[𝐼1 − 𝐼3 (𝑡 − 𝑡𝑘) 𝐼4] 𝑆2 [−𝐼

𝑇
2

−𝐼𝑇1 ]

+ [𝐼2 𝐼1] 𝑆2 [ 𝐼𝑇5 − 𝐼𝑇1(𝑡𝑘+1 − 𝑡) 𝐼6]} + (𝑡𝑘+1 − 𝑡) 𝐼2𝑇1𝐼𝑇2
+ (𝑡 − 𝑡𝑘) 𝐼2𝑇2𝐼𝑇2 + sym {𝜅1𝑋1 [𝐼 0] 𝜅𝑇2
+ 𝜅2𝑌1 [−𝐼 2𝐼] 𝜅𝑇2 } + sym {𝜅1𝑋2 [𝐼 0] 𝜅𝑇3
+ 𝜅1𝑌2 [−𝐼 2𝐼] 𝜅𝑇3 } − 𝛿 [𝐼1 𝐼11] [�̃�1 �̃�2∗ 2𝐼][

𝐼𝑇1
𝐼𝑇11]

+ (𝑡 − 𝑡𝑘) sym {(𝐼1𝐺1 + 𝐼2𝐺2)
⋅ (𝑐 (𝐶 ⊗ 𝐷) 𝐼𝑇1 + 𝑐 (𝐶 ⊗ 𝐴) 𝐼𝑇7 + 𝐾𝐼𝑇3 − 𝐼𝑇2 + 𝐼𝑇11)}
+ (𝑡𝑘+1 − 𝑡) sym {(𝐼1𝐺3 + 𝐼2𝐺4)
⋅ (𝑐 (𝐶 ⊗ 𝐷) 𝐼𝑇1 + 𝑐 (𝐶 ⊗ 𝐴) 𝐼𝑇7 + 𝐾𝐼𝑇3 − 𝐼𝑇2 + 𝐼𝑇11)}

(18)

and𝑊1 = (I ⊗𝑊1𝑊2) + (𝑊1𝑊2 ⊗ I),𝑊2 = −𝐼 ⊗ (𝑊𝑇1 +𝑊𝑇2 ),
then CDNs are asymptotically stable.

Proof. Construct the following Lyapunov-Krasovskii func-
tion for t ∈ [t𝑘, t𝑘+1):

V (𝑥𝑡) = 𝑉1 (𝑡) + 𝑉2 (𝑡) + 𝑉3 (𝑡) + 𝑉𝑙1 (𝑡) + 𝑉𝑙2 (𝑡)
+ 𝑉𝑙3 (𝑡) + 𝑉𝑙4 (𝑡) , (19)
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where

𝑉1 (𝑡) = 𝑒𝑇 (𝑡) 𝑃𝑒 (𝑡) ,
𝑉2 (𝑡) = ∫𝑡

𝑡−𝜏(𝑡)
𝑒𝑇 (𝛼) 𝑄1𝑒 (𝛼) 𝑑𝛼 + ∫𝑡

𝑡−𝜏𝑀

𝑒𝑇 (𝛼) 𝑄2𝑒 (𝛼) 𝑑𝛼,

𝑉3 (𝑡) = ∫𝑡
𝑡−𝜏𝑀

∫𝑡
𝛽
̇𝑒𝑇 (𝛼) 𝑅 ̇𝑒 (𝛼) 𝑑𝛼𝑑𝛽,

𝑉𝑙1 (𝑡) = 2
[[[[[[[[
[

𝑒 (𝑡) − 𝑒 (𝑡𝑘)
(𝑡 − 𝑡𝑘) 𝑒 (𝑡𝑘+1)
(𝑡 − 𝑡𝑘) 𝑒 (𝑡𝑘)
∫𝑡
𝑡𝑘
𝑒 (𝛼) 𝑑𝛼

]]]]]]]]
]

𝑇

𝑆1
[[[[[[[[[
[

𝑒 (𝑡𝑘+1) − 𝑒 (𝑡)
(𝑡𝑘+1 − 𝑡) 𝑒 (𝑡𝑘)
(𝑡𝑘+1 − 𝑡) 𝑒 (𝑡𝑘+1)
∫𝑡𝑘+1
𝑡

𝑒 (𝛼) 𝑑𝛼

]]]]]]]]]
]

,

𝑉𝑙2 (𝑡) = 2[[
𝑒 (𝑡) − 𝑒 (𝑡𝑘)
∫𝑡
𝑡𝑘
𝑒 (𝛼) 𝑑𝛼 ]]

𝑇

𝑆2 [[
[
𝑒 (𝑡𝑘+1) − 𝑒 (𝑡)
∫𝑡𝑘+1
𝑡

𝑒 (𝛼) 𝑑𝛼
]]
]
,

𝑉𝑙3 (𝑡) = (𝑡𝑘+1 − 𝑡) ∫𝑡
𝑡𝑘

̇𝑒𝑇 (𝛼) 𝑇1 ̇𝑒 (𝛼) 𝑑𝛼,

𝑉𝑙4 (𝑡) = − (𝑡 − 𝑡𝑘) ∫𝑡𝑘+1
𝑡

̇𝑒𝑇 (𝛼) 𝑇2 ̇𝑒 (𝛼) 𝑑𝛼.

(20)

Differentiating each LKF in equation (20) provides

V̇ (𝑥𝑡) = �̇�1 (𝑡) + �̇�2 (𝑡) + �̇�3 (𝑡) + �̇�𝑙1 (𝑡) + �̇�𝑙2 (𝑡)
+ �̇�𝑙3 (𝑡) + �̇�𝑙4 (𝑡) ,

(21)

where

�̇�1 (𝑡) = 2𝑒 (𝑡) 𝑃 ̇𝑒 (𝑡) = sym {𝐼𝑇1 𝑃𝐼2} ,
�̇�2 (𝑡) = 𝑒𝑇 (𝑡) 𝑄1𝑒 (𝑡) − (1 − 𝜇) 𝑒𝑇 (𝑡 − 𝜏 (𝑡)) 𝑄1𝑒 (𝑡

− 𝜏 (𝑡)) + 𝑒𝑇 (𝑡) 𝑄2𝑒 (𝑡) − 𝑒𝑇 (𝑡 − 𝜏𝑀) 𝑄2𝑒 (𝑡 − 𝜏𝑀)
= 𝐼1𝑄1𝐼𝑇1 − (1 − 𝜇) 𝐼7𝑄1𝐼𝑇7 + 𝐼1𝑄2𝐼𝑇1 − 𝐼8𝑄2𝐼𝑇8 ,

�̇�3 (𝑡) = 𝜏𝑀 ̇𝑒𝑇 (𝑡) 𝑅 ̇𝑒 (𝑡) − ∫𝑡
𝑡−𝜏𝑀

̇𝑒𝑇 (𝛼) 𝑅 ̇𝑒 (𝛼) 𝑑𝛼

= 𝜏𝑀𝐼2𝑅𝐼𝑇2 − ∫𝑡
𝑡−𝜏𝑀

̇𝑒𝑇 (𝛼) 𝑅 ̇𝑒 (𝛼) 𝑑𝛼,

�̇�𝑙1 (𝑡) = 2
[[[[[[[[
[

𝑒 (𝑡) − 𝑒 (𝑡𝑘)
(𝑡 − 𝑡𝑘) 𝑒 (𝑡𝑘+1)
(𝑡 − 𝑡𝑘) 𝑒 (𝑡𝑘)
∫𝑡
𝑡𝑘
𝑒 (𝛼) 𝑑𝛼

]]]]]]]]
]

𝑇

𝑆1 (𝑡)
[[[[[[[
[

− ̇𝑒 (𝑡)
−𝑒 (𝑡𝑘)
−𝑒 (𝑡𝑘+1)
−𝑒 (𝑡)

]]]]]]]
]

+ 2
[[[[[[
[

̇𝑒 (𝑡)
𝑒 (𝑡𝑘+1)
𝑒 (𝑡𝑘)
𝑒 (𝑡)

]]]]]]
]

𝑇

𝑆1 (𝑡)
[[[[[[[[
[

𝑒 (𝑡𝑘+1) − 𝑒 (𝑡)
(𝑡𝑘+1 − 𝑡) 𝑒 (𝑡𝑘)
(𝑡𝑘+1 − 𝑡) 𝑒 (𝑡𝑘+1)
∫𝑡𝑘+1
𝑡

𝑒 (𝛼) 𝑑𝛼

]]]]]]]]
]

+ 2
[[[[[[[
[

𝑒 (𝑡) − 𝑒 (𝑡𝑘)
(𝑡 − 𝑡𝑘) 𝑒 (𝑡𝑘+1)
(𝑡 − 𝑡𝑘) 𝑒 (𝑡𝑘)
∫𝑡
𝑡𝑘
𝑒 (𝛼) 𝑑𝛼

]]]]]]]
]

𝑇

⋅ 𝑆1𝑑
[[[[[[[[
[

𝑒 (𝑡𝑘+1) − 𝑒 (𝑡)
(𝑡𝑘+1 − 𝑡) 𝑒 (𝑡𝑘)
(𝑡𝑘+1 − 𝑡) 𝑒 (𝑡𝑘+1)
∫𝑡𝑘+1
𝑡

𝑒 (𝛼) 𝑑𝛼

]]]]]]]]
]
= sym {𝜂1𝑆1 (𝑡) 𝜂𝑇2𝑑

+ 𝜂1𝑑𝑆1 (𝑡) 𝜂𝑇2 + 𝜂1𝑆1𝑑𝜂𝑇2 } ,

�̇�𝑙2 (𝑡) = 2[[
𝑒 (𝑡) − 𝑒 (𝑡𝑘)
∫𝑡
𝑡𝑘
𝑒 (𝛼) 𝑑𝛼 ]]

𝑇

𝑆2 [− ̇𝑒 (𝑡)
−𝑒 (𝑡)] + 2 [

̇𝑒 (𝑡)
𝑒 (𝑡)]
𝑇

⋅ 𝑆2 [[
[
𝑒 (𝑡𝑘+1) − 𝑒 (𝑡)
∫𝑡𝑘+1
𝑡

𝑒 (𝛼) 𝑑𝛼
]]
]

= sym
{{{
[𝐼2 − 𝐼3 (𝑡 − 𝑡𝑘) 𝐼4] 𝑆2 [[

−𝐼𝑇2
−𝐼𝑇1

]
]

+ [𝐼2 𝐼1] 𝑆2 [[
𝐼𝑇5 − 𝐼𝑇1

(𝑡𝑘+1 − 𝑡) 𝐼𝑇6
]
]
}}}
,

�̇�𝑙3 (𝑡) = (𝑡𝑘+1 − 𝑡) ̇𝑒𝑇 (𝑡) 𝑇1 ̇𝑒 (𝑡) − ∫𝑡
𝑡𝑘

̇𝑒𝑇 (𝛼)
⋅ 𝑇1 ̇𝑒 (𝛼) 𝑑𝛼 = (𝑡𝑘+1 − 𝑡) 𝐼2𝑇1𝐼𝑇2 − ∫𝑡

𝑡𝑘

̇𝑒𝑇 (𝛼)
⋅ 𝑇1 ̇𝑒 (𝛼) 𝑑𝛼,

�̇�𝑙4 (𝑡) = (𝑡 − 𝑡𝑘) ̇𝑒𝑇 (𝑡) 𝑇2 ̇𝑒 (𝑡) − ∫𝑡𝑘+1
𝑡

̇𝑒𝑇 (𝛼)
⋅ 𝑇2 ̇𝑒 (𝛼) 𝑑𝛼 = (𝑡 − 𝑡𝑘) 𝐼2𝑇2𝐼𝑇2 − ∫𝑡𝑘+1

𝑡
̇𝑒𝑇 (𝛼)

⋅ 𝑇2 ̇𝑒 (𝛼) 𝑑𝛼.
(22)
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Separating the integral in �̇�2 for two sides and applying
Lemmas 1 and 2, we have

− ∫𝑡
𝑡−𝜏𝑀

̇𝑒𝑇 (𝛼) 𝑅 ̇𝑒 (𝛼) 𝑑𝛼

= −∫𝑡
𝑡−𝜏(𝑡)

̇𝑒𝑇 (𝛼) 𝑅 ̇𝑒 (𝛼) 𝑑𝛼

− ∫𝑡−𝜏(𝑡)
𝑡−𝜏𝑀

̇𝑒𝑇 (𝛼) 𝑅 ̇𝑒 (𝛼) 𝑑𝛼

≤ −𝜁𝑇 (𝑡) Σ [ �̂� �̂�
�̂� �̂� ]Σ𝑇𝜁 (𝑡)

= −𝜁𝑇 (𝑡) 𝜅4 [ �̂� �̂�
�̂� �̂� ] 𝜅𝑇4 𝜁 (𝑡)

(23)

where Σ = [𝐼1 − 𝐼6 𝐼1 + 𝐼6 − 𝐼8 𝐼1 − 𝐼7 𝐼1 + 𝐼7 − 𝐼9], �̂� =[ 𝑅 00 𝑅 ] .
Using Lemma 3, the upper bound of each integrals in�̇�𝑙3(𝑡), �̇�𝑙4(𝑡) is estimated as follows:

−∫𝑡
𝑡𝑘

̇𝑒𝑇 (𝛼) 𝑇1 ̇𝑒 (𝛼) 𝑑𝛼 ≤ 𝜁𝑇 (𝑡) [𝜅
𝑇
1

𝜅𝑇2 ]
𝑇[[
[
(𝑡 − 𝑡𝑘)𝑋1𝑇−11 𝑋𝑇1 𝑋1 [1 0]

∗ (𝑡 − 𝑡𝑘)3 𝑌1𝑇−11 𝑌𝑇1 + sym (𝑌1 [−𝐼 2𝐼])
]]
]
[𝜅𝑇1𝜅𝑇2 ] 𝜁 (𝑡) , (24)

−∫𝑡𝑘+1
𝑡

̇𝑒𝑇 (𝛼) 𝑇2 ̇𝑒 (𝛼) 𝑑𝛼 ≤ 𝜁𝑇 (𝑡) [𝜅
𝑇
1

𝜅𝑇3 ]
𝑇[[
[
(𝑡𝑘+1 − 𝑡)𝑋2𝑇−12 𝑋𝑇2 𝑋2 [1 0]

∗ (𝑡𝑘+1 − 𝑡)3 𝑌2𝑇−12 𝑌𝑇2 + sym (𝑌2 [−𝐼 2𝐼])
]]
]
[𝜅𝑇1𝜅𝑇3] 𝜁 (𝑡) , (25)

Then, the following is satisfied with the given nonlinear
function as

[𝑔 (𝑒𝑖 (𝑡) , 𝑠𝑖 (𝑡)) − 𝑊1𝑒𝑖 (𝑡)]𝑇
⋅ [𝑔 (𝑒𝑖 (𝑡) , 𝑠𝑖 (𝑡)) − 𝑊2𝑒𝑖 (𝑡)] ≤ 0. (26)

Equation (13) is equivalent to

−𝛿 [ 𝑒 (𝑡)
𝑔 (𝑒 (𝑡) , 𝑟 (𝑡))]

𝑇 [𝑊1 𝑊2∗ 2𝐼][
𝑒 (𝑡)

𝑔 (𝑒 (𝑡) , 𝑟 (𝑡))] ≥ 0 (27)

where𝑊1 = (I⊗𝑊1𝑊2) + (𝑊1𝑊2 ⊗ I),𝑊2 = −𝐼⊗ (𝑊𝑇1 +𝑊𝑇2 ),
and 𝛿 is a constant scalar. Considering the dynamic equations
(6)with auxiliarymatrices𝐺1 ,𝐺2,𝐺3,𝐺4, the following holds:

2 (((t − 𝑡𝑘) 𝐺1 + (𝑡𝑘+1 − 𝑡) 𝐺2) 𝐼1
+ ((t − 𝑡𝑘) 𝐺3 + (𝑡𝑘+1 − 𝑡) 𝐺4) 𝐼2) ⋅ (𝑐 (𝐶 ⊗ D) 𝐼1
+ 𝑐 (𝐶 ⊗ A) 𝐼7 + K𝐼3 − 𝐼2 + 𝐼11) = 0,

(28)

Summing up (21), (24), (25), (27), and (28), the derivative of
LKF is expressed as

�̇� (𝑥𝑡) = 𝜁𝑇 (𝑡) Λ ℎ(𝑡)𝜁 (𝑡) (29)

where

Λ ℎ(𝑡) = Π1,ℎ(𝑡) + (t − 𝑡𝑘) Π2 + (𝑡𝑘+1 − 𝑡)Π3
Π1,ℎ(𝑡) = sym {𝐼1𝑃𝐼𝑇2 } + 𝐼1𝑄1𝐼𝑇1 − (1 − 𝜇) 𝐼7𝑄1𝐼𝑇7

+ 𝐼1𝑄2𝐼𝑇1 − 𝐼8𝑄2𝐼𝑇8 + 𝜏𝑀𝐼2𝑅𝐼𝑇2 − 𝜅4 [ �̂� 𝑀
�̂� �̂� ] 𝜅𝑇4

+ sym {𝜂1𝑆1 (𝑡) 𝜂𝑇2𝑑 + 𝜂1𝑑𝑆1 (𝑡) 𝜂𝑇2 + 𝜂1𝑆1𝑑 (𝑡) 𝜂𝑇2 }
+ sym{[𝐼1 − 𝐼3 (𝑡 − 𝑡𝑘) 𝐼4] 𝑆2 [−𝐼

𝑇
2

−𝐼𝑇1 ]

+ [𝐼2 𝐼1] 𝑆2 [ 𝐼𝑇5 − 𝐼𝑇1
(𝑡𝑘+1 − 𝑡) 𝐼𝑇6 ]} + (𝑡𝑘+1 − 𝑡) 𝐼2𝑇1𝐼𝑇2

+ (𝑡 − 𝑡𝑘) 𝐼2𝑇2𝐼𝑇2 + sym {𝜅1𝑋1 [𝐼 0] 𝜅𝑇2
+ 𝜅2𝑌1 [−𝐼 2𝐼] 𝜅𝑇2 } + sym {𝜅1𝑋2 [𝐼 0] 𝜅𝑇3
+ 𝜅1𝑌2 [−𝐼 2𝐼] 𝜅𝑇3 } − 𝛿 [𝐼1 𝐼11] [�̃�1 �̃�2∗ 2𝐼][

𝐼𝑇1
𝐼𝑇11]

+ sym {(𝐼1𝐺1 + 𝐼2𝐺2)
⋅ (𝑐 (𝐶 ⊗ 𝐷) 𝐼𝑇1 + 𝑐 (𝐶 ⊗ 𝐴) 𝐼𝑇7 + 𝐾𝐼𝑇3 − 𝐼𝑇2 + 𝐼𝑇11)}

Π2 = 𝜅1𝑋1𝑇−11 𝑋𝑇1 𝜅𝑇1 + 13𝜅2𝑌1𝑇−11 𝑌𝑇1 𝜅𝑇2
Π3 = 𝜅1𝑋2𝑇−12 𝑋𝑇2 𝜅𝑇1 + 13𝜅3𝑌2𝑇−12 𝑌𝑇2 𝜅𝑇3

(30)
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Therefore, the conditions 𝜁𝑇(𝑡)Λ ℎ(𝑡)𝜁(𝑡) < 0 implies that �̇� <0 for 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1). From the convex combination method,Λ ℎ(𝑡) < 0 for ℎ(𝑡) ∈ [0, ℎ𝑀) is equivalent to the conditions
in Theorem 6 using Schur complements, and thus the syn-
chronization error system is asymptotically stable for given
sampling time ℎ𝑀. This is the end of the proof.

Remark 7. The constructed Lyapunov functionals include
novel looped functionals, which are V𝑙1, V𝑙2,V𝑙3, and V𝑙4.
Those functionals satisfy V𝑙1= V𝑙2 = V𝑙3 = 0 at every
sampling instances 𝑡𝑘 , 𝑡𝑘+1 so it is looped functional as defined
in [23].

Remark 8. The additional consideration of 𝑡𝑘+1 in Lyapunov-
Krasovskii functional (LKF) results in deriving less con-
servative results, which reflect more information for sam-
pling time. The idea is motivated by the two-sided looped-
functional [24], which is applied to CDNs with time-
varying coupling delay to achieve more stable synchroniza-
tion between two or more nodes. In the stability analysis
of the sampled-data system using looped-functional, it is
important to take into account the sampled-time-dependent
vectorswhich become zero at each end point of each sampling
time. However, in [24], the product term between the vectors
x(t) − x(𝑡𝑘) and x(𝑡𝑘+1) − x(t) and the product term between𝑥(𝑡𝑘) and 𝑥(𝑡𝑘+1) are separately considered. In this paper,
more generalized results are derived by defining the vector
as 𝜂 which provides each cross terms at the same time.

Remark 9. The novelty of the proposed looped functional
is in the formation of V𝑙1. In V𝑙1, the variables are chosen
as 𝜂1, 𝜂2 and 𝑆(𝑡) is composed of sampled-time-dependent
matrix. The dimension of the LMI variable 𝑆1(𝑡) is extended
to 𝑅4×4. Therefore, augmented vectors provide an increased
degrees of freedom (DoF) and improved results compared
with the existing results. Herein, the DoF is the number of
independent variables or equations that must be specified
to solve the problem uniquely. It extends the range of the
solution and provides less conservative conditions.

Remark 10. In Theorem 6, a sufficient condition for the
synchronization is derived in terms of LMIswhich is obtained
by constructing new looped functional. The results are
sufficient conditions, which imply that there is still room
for further improvement. Some approaches to reducing the
conservatism are available. The conservativeness will be
reduced by augmented vector or segmenting formulas. Also,
new Lyapunov functions such as Lyapunov-Krasovskii or
discontinuous Lyapunov [30]may play an essential role in the
further reduction of the conservativeness.

Based on Theorem 6, the following corollary is con-
structed for the stabilization problem.

Corollary 11. For given scalars 𝛼, 0 ≤ 𝛽 ≤ 1, and ℎ𝑀, if there
exist a positive scalar 𝛿, symmetric matrices 𝑃 > 0, 𝑄1 > 0,𝑄2 > 0, 𝑅 > 0, 𝑇1 > 0, and 𝑇2 > 0, and any matrices 𝑆1(𝑡),𝑆2, 𝑋1, 𝑋2, 𝑌1, 𝑌2, �̂�, 𝐻𝑎, 𝐻𝑏, 𝐺𝑎 = diag{𝐺𝑎1, 𝐺𝑎2, . . . , 𝐺𝑎𝑛},𝐺𝑏 = diag{𝐺𝑏1, 𝐺𝑏2, . . . , 𝐺𝑏𝑛},

[[[
[

Π̂1,ℎ(𝑡)=0 𝜅1𝑋2 𝜅3𝑌2∗ −ℎ𝑀𝑇2 0
∗ 0 −3ℎ𝑀𝑇2

]]]
]
≤ 0, (31)

[[[
[

Π̂1,ℎ(𝑡)=h 𝜅1𝑋1 𝜅2𝑌1∗ −ℎ𝑀𝑇1 0
∗ 0 −3ℎ𝑀𝑇1

]]]
]
≤ 0, (32)

[ �̂� �̂�
�̂� �̂� ] ≥ 0, (33)

where

Π̂1,ℎ(𝑡) = sym {𝐼1𝑃1𝐼𝑇2 } + 𝐼1𝑄1𝐼𝑇1 − (1 − 𝜇) 𝐼7𝑄1𝐼𝑇7
+ 𝐼1𝑄2𝐼𝑇1 − 𝐼8𝑄2𝐼𝑇8 + 𝜏𝑀𝐼2𝑅𝐼𝑇2 − 𝜅4 [ �̂� �̂�

�̂� �̂� ] 𝜅𝑇4
+ sym {𝜂1𝑆1 (𝑡) 𝜂𝑇2𝑑 + 𝜂1𝑑𝑆1 (𝑡) 𝜂𝑇2 + 𝜂1𝑆1𝑑 (𝑡) 𝜂𝑇2 }
+ sym{[𝐼1 − 𝐼3 (𝑡 − 𝑡𝑘) 𝐼4] 𝑆2 [−𝐼

𝑇
2

−𝐼𝑇1 ]

+ [𝐼2 𝐼1] 𝑆2 [ 𝐼𝑇5 − 𝐼𝑇1
(𝑡𝑘+1 − 𝑡) 𝐼𝑇6 ]} + (𝑡𝑘+1 − 𝑡) 𝐼2𝑇1𝐼𝑇2

+ (𝑡 − 𝑡𝑘) 𝐼2𝑇2𝐼𝑇2 + sym {𝜅1𝑋1 [𝐼 0] 𝜅𝑇2
+ 𝜅2𝑌1 [−𝐼 2𝐼] 𝜅𝑇2 } + sym {𝜅1𝑋2 [𝐼 0] 𝜅𝑇3
+ 𝜅1𝑌2 [−𝐼 2𝐼] 𝜅𝑇3 } − 𝛿 [𝐼1 𝐼11] [�̃�1 �̃�2∗ 2𝐼][

𝐼𝑇1
𝐼𝑇11]

+ (𝑡 − 𝑡𝑘) sym {(𝛽1𝐼1 + 𝛼𝐼2) ⋅ (𝐺𝑎𝐼𝑇11
+ 𝑐𝐺𝑎 (𝐶 ⊗ 𝐷) 𝐼𝑇1 + 𝑐𝐺𝑎 (𝐶 ⊗ 𝐴) 𝐼𝑇7 + 𝐻𝑎𝐼𝑇3
− 𝐺𝐼𝑇2 )} + (𝑡𝑘+1 − 𝑡) sym {(𝛽2𝐼1 + 𝛼𝐼2) ⋅ (𝐺𝑎𝐼𝑇11
+ 𝑐𝐺𝑏 (𝐶 ⊗ 𝐷) 𝐼𝑇1 + 𝑐𝐺𝑏 (𝐶 ⊗ 𝐴) 𝐼𝑇7 + 𝐻𝑏𝐼𝑇3
− 𝐺𝑏𝐼𝑇2 )} ,

(34)

then the control gain is given by h = 𝐺−1𝑎 𝐻𝑎 which stabilizes
the error dynamics.

Proof. Substituting the variables 𝐺1, 𝐺2, 𝐺3, and 𝐺4 in
the zero equation (28) into 𝛽1𝐺𝑎, 𝛽2𝐺𝑏, 𝛼𝐺𝑎, and 𝛼𝐺𝑏,
respectively, the following are obtained:

2 (𝑡 − 𝑡𝑘) [(𝛽1𝐼1 + 𝛼𝐼2) ⋅ (𝑐𝐺𝑎 (𝐶 ⊗ 𝐷) 𝐼𝑇1
+ 𝑐𝐺𝑎 (𝐶 ⊗ 𝐴) 𝐼𝑇7 + 𝐻𝑎𝐼𝑇3 − 𝐺𝑎𝐼𝑇2 + 𝐺𝑎𝐼𝑇11)] = 0, (35)
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2 (𝑡𝑘+1 − 𝑡) [(𝛽2𝐼1 + 𝛼𝐼2) ⋅ (𝑐𝐺𝑏 (𝐶 ⊗ 𝐷) 𝐼𝑇1
+ 𝑐𝐺𝑏 (𝐶 ⊗ 𝐴) 𝐼𝑇7 + 𝐻𝑏𝐼𝑇3 − 𝐺𝑏𝐼𝑇2 + 𝐺𝑏𝐼𝑇11)] = 0.

(36)

where𝐻𝑎 = 𝐺𝑎𝐾 and𝐻𝑏 = 𝐺𝑏𝐾. The other part of the proof
is omitted for brevity as it is similar to that ofTheorem 6.

4. Numerical Examples

In this section, two examples are revisited from literature [5].

Example 12. Let us consider the CDNs composed of 3 nodes
with the following matrices and parameters:

A = [1 0
0 1] ,

𝐷 = [0 0
0 0] ,

𝐺 = [[
[
−1 0 1
0 −1 1
1 1 2

]]
]
,

𝑐 = 0.5,
𝜏𝑀 = 0.5,
𝜇 = 0.25.

(37)

The nonlinear function is defined as

𝑓 (𝑥𝑖 (𝑡)) = [−0.5𝑥𝑖1 + tanh (0.2𝑥𝑖1) + 0.2𝑥𝑖10.95𝑥𝑖2 − tanh (0.75𝑥𝑖2) ] , (38)

satisfying the condition in (3) by the following matrices:

𝑊1 = [−0.5 0.2
0 0.95] ,

𝑊2 = [−0.3 0.2
0 0.2] .

(39)

For 𝛼 = 1.2, ℎ𝑀 = 2.01, the corresponding gain matrices are
given by

𝐾1 = [ 0.1117 −0.1514
−0.0761 −0.8361] ,

𝐾2 = [ 0.1117 −0.1514
−0.0761 −0.8361] ,

𝐾3 = [ 0.2682 −0.1716
−0.0949 −0.8335] .

(40)

𝐾 are designed using the toolbox YALMIP 3.0 and SeDuMi
1.3 of MATLAB. The time-varying delay is chosen as 𝜏(𝑡) =0.25+0.1 sin2 (5𝑡). The initial state is𝑥(0) = [4,−3,−2, 1, 2, −5]𝑇.
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Figure 1:The state trajectories of the system (38) with 𝑐 = 0.5, 𝜏𝑀 =0.5, and 𝜇 = 0.25.
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Figure 2:The input signals of the system (38)with 𝑐 = 0.5, 𝜏𝑀 = 0.5,
and 𝜇 = 0.25.

The state trajectories of error system and the sampled-
data input signals are, respectively, presented in Figures 1
and 2, which show stable convergence. Figure 1 shows the
trajectories of error dynamics which is controlled by using
the gainmatrices at the simulation time from0 to 30 seconds.
The input signals (u1, u2, and u3) converge, respectively, to 0
in Figure 2.

Example 13. Consider Chua’s circuit composed of 4 nodes.
The dynamics of Chua’s circuit is represented as

̇𝑥1 (𝑡) = 𝜖1 (−𝑥1 (𝑡) + 𝑥2 (𝑡) − ℎ (𝑥1 (𝑡)))
̇𝑥2 (𝑡) = −𝑥1 (𝑡) − 𝑥2 (𝑡) + 𝑥3 (𝑡)
̇𝑥3 (𝑡) = −𝜖2𝑥2 (𝑡)

(41)

where h(𝑥1(𝑡)) = 𝑚2𝑥1(𝑡)+0.5(𝑚1+𝑚2)(‖𝑥1(𝑡)+1‖−‖𝑥1(𝑡)−1‖) with the parameters 𝜖1 = 10, 𝜖2 = 14.87, 𝑚1 = −1.27,



Mathematical Problems in Engineering 9

and 𝑚2 = −0.68. Then, the nonlinear function is denoted
as

𝑓 (𝑥𝑖 (𝑡))

= [[
[
−𝜖1 (1 + 𝑚2) 𝜖1 0

1 −1 1
0 −𝜖2 0

]]
]
𝑥𝑖 (𝑡)

+ [[
[
−𝜖1 (𝑚1 + 𝑚2) (𝑥𝑖1 (𝑡) + 1 − 𝑥𝑖1 (𝑡) − 1)0

0
]]
]

(42)

From (4), the matrices are given as

𝑊1 = [[
[
2.7 10 0
1 −1 0
0 −14.87 0

]]
]
,

𝑊2 = [[
[
−3.2 10 0
1 −1 1
0 −14.87 0

]]
]
.

(43)

For given systems, the inner coupling matrix 𝐴, the outer
coupling 𝐷, and parameters are chosen as

𝐴 = 𝐼𝑁,
𝐷 = 0𝑛,

𝐺 = [[[[[
[

−3 1 1 1
1 −2 1 0
1 1 −2 0
1 0 0 −1

]]]]]
]
,

𝑐 = 0.5,
𝜏𝑀 = 0.5,
𝜇 = 0.1.

(44)

The controller gain of Example 13 was calculated using
toolboxYALMIP 3.0 and SeDuMi 1.3 ofMATLAB in the same
manner of Example 12. The corresponding gain with 𝛼 = 0.7,ℎ𝑀 = 0.2138 is given as

𝐾1 = [[
[
−6.7314 −4.1356 1.0795
−0.0834 −1.1048 −0.7895
6.6711 7.6457 −2.1652

]]
]
,

𝐾2 = [[
[
−7.7827 −3.5618 1.0721
−0.1367 −2.0333 −0.5521
6.6458 7.3950 −3.0248

]]
]
,
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Figure 3:The error trajectories of system (41) with 𝑐 = 0.5, 𝜏𝑀 = 0.5,
and 𝜇 = 0.1.
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Figure 4:The sampled-data input signals of system (41)with 𝑐 = 0.5,𝜏𝑀 = 0.5, and 𝜇 = 0.1.

𝐾3 = [[
[
−7.7821 −3.5679 1.0678
−0.1372 −2.0340 −0.5508
6.6346 7.4183 −3.0214

]]
]
,

𝐾4 = [[
[
−7.8447 −3.4030 1.1874
−0.0468 −2.3492 −0.5990
6.4107 7.2538 −3.3484

]]
]
.

(45)

The trajectories of error dynamics and the sampled-data
input signals are represented in Figures 3 and 4, respectively.

The maximum allowable sampling time is computed; the
result using Corollary 11 is compared with existing results
in Table 1. The results show that Corollary 11 provides more
considerable maximum sampling period. It means that the
synchronized error system guarantees stability in the broader
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Table 1: The allowable maximum sampling time for Examples 12 and 13.

ref. [5] ref. [31] ref. [16] ref. [19] Corollary 11ℎ𝑀 0.5409 0.5573 0.9016 1.3756 1.9789ℎ𝑀 0.0790 0.0793 0.1607 0.1833 0.2138
Nov 3𝜄2 + (4 + 𝑛)𝜄 + 1 3.5𝜄2 + 3.5𝜄 + 1 11.5𝜄2 + 3.5𝜄 + 1 7𝜄2 + (4 + 𝑛)𝜄 + 1 34𝜄2 + 5𝜄 + 1

sampling region. The last line of Table 1 represents a number
of decision variables (NoV). It can be expressed as the product
of the number of node and dimension of the node, which is
defined as 𝜄 = N × n. Our method has higher complexity
due to a larger NoV than ones of other methods. However,
the proposed method is efficient on offline work with a more
considerable allowable maximum sampling time.

5. Conclusions

This paper provides the new stabilization criteria to increase
the maximum sampling interval for the synchronization of
CDN with time-varying coupling delay. Novel two-sided
looped functional and QGFWI are presented to obtain the
enhanced results. The two-sided stabilization method is for-
mulated by additional freematrices for present and next sam-
pling time. The proposed looped functional, which vanishes
at current sampling time and the next one, is constructed by
using the augmented states to consider the information of
sawtooth shape sampling pattern. Finally, simulation results
show that the proposed synchronization approach provides a
larger maximum sampling interval than one of the existing
results. In other words, the proposed method contributes to
extending the stable region and deriving a less conservative
result. Also, the effectiveness of the proposed sampled-
data control scheme has been demonstrated by numerical
examples.

In future work, practical situations will be considered in
sampled-data control for CDNs. For example, the proposed
scheme could be applied to the synchronization of CDN
systems with heterogeneous time-varying delay or with
asynchronous and aperiodic sampling characteristics.
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This paper investigates the algebraic formulation and stability analysis for a class of Markov jump networked evolutionary games
by using the semitensor productmethod and presents a number of new results. Firstly, a proper algorithm is constructed to convert
the given networked evolutionary games into an algebraic expression. Secondly, based on the algebraic expression, the stability of
the given game is analyzed and an equivalent criterion is given. Finally, an example works out to support the new results.

1. Introduction

The importance of networked evolutionary games (NEGs)
[1] has been recognized many scholars recently. Unlike
traditional 𝑛-player game, an NEG consists of a network
graph and a basic game. The nodes in the network represent
players and the edges in the network represent interaction
relationship among players. Every player in the given game
only plays with its neighbors. Furthermore, in the given
game, players have the specialized strategy updating rules
to adjust their own strategy choices. They are only affected
by their neighbors. It coincides with an obvious fact that, in
many practical economic activities, each individual is only in
contract with its trade partners. This distinguishing feature
makes NEGs theory be a very appealing research topic in
recent years [2].

In the last decades, a very useful mathematical tool,
called the semitensor product method (STP) of matrices,
has been proposed by [3]. With this tool, [3] proposed a
method to transform Boolean networks, Boolean control
networks, and mix-valued logical networks into some kinds
of difference equations. Then, one could investigate them by
using mathematical tools in control theory.

Up to now, this method has been successfully applied
to the analysis and control of Boolean networks and mix-
valued logical networks, andmany essential results have been
obtained, such as the calculation of fixed points and cycles
and the controllability and observability of Booleannetworks;

see [3–19] for details. References [17, 20] presented the
recent applications for STPmethod in engineering and finite-
valued systems, respectively. See [20–29] for more recent
developments about the application of STPmethod in logical
networks.

In recent years, many scholars have attempted to study
NEGs via STP method. For many specific NEGs, they trans-
formed the given NEGs into some proper algebraic expres-
sions, logical networks, for example. Based on “the myopic
best response adjustment rule”, [30] designed a proper
algorithm to construct the structuralmatrices of the updating
laws for every players in the given NEG. Reference [31] gave
the description of the NEG and investigated the relationship
between the givenNEG and the given logical networks. NEGs
defined on finite networks were considered by [32], which
converted the given NEGs to a kind of logical networks
and solved the optimization problem when one player was
regarded as a control. Reference [33] investigated evolution-
ary game theoretic demand-sidemanagement and control for
a class of networked smart grid. A class of event-triggered
control for finite evolutionary networked games was studied
by [34]. Reference [16] studied stochastic set stabilization
of 𝑛-person random evolutionary Boolean games and its
applications.

It is worth noting that all of the above results are con-
centrated on NEGs with pure strategy dynamics except [16].
However, the fact that most evolutionary games are related
to random dynamics more or less cannot be neglected. The
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work [35] considered an interesting evolutionary game. In the
game,major player is with infinite time horizon and the other
players, called minor players, are with finite time horizons.
At any time, when some new players enter the evolutionary
game, the number of them is a random variable, which
has a distribution depending on the number of the players
who have entered the game at that moment. This situation
is called random entrance, which is modeled as a Markov
chain. In random entrance, there exists a long living player
which has interaction relationshipswith the other players and
the interactions are existing for a certain period. This situ-
ation is very common, University-Student Games [36], for
example.

Actually, we can model the above evolutionary games
with random entrance as a kind of networked evolutionary
defined onfinite networks. For every time, the entered players
make up a network. The given game evolves on these finite
networks. Thus, this paper considers this kind of networked
evolutionary games as Markov jump networked evolutionary
games (MJNEGs). In this paper, we would give the formal
description of MJNEGs and analyze the stability of MJNEGs.

The main works of this paper are as follows: (1) The
STP method is firstly applied to the study of MJNEGs. (2)
The method to formulate the given MJNEGs as an algebraic
expression is proposed. (3)The stability analysis of MJNEGs
is presented in this paper, and an equivalent test criterion is
given.

Notations: R𝑚×𝑛 denotes the set of 𝑚 × 𝑛 real matrices.
R+𝑚×𝑛 denotes the set of 𝑚 × 𝑛 nonnegative real matrices.Δ 𝑛 fl {𝛿𝑖𝑛 | 𝑖 = 1, 2, . . . , 𝑛}, where 𝛿𝑖𝑛 is the 𝑖-th column of
the identity matrix 𝐼𝑛. An 𝑛 × 𝑡 matrix 𝑀 is called a logical
matrix, if 𝑀 = [𝛿𝑖1𝑛 𝛿𝑖2𝑛 ⋅ ⋅ ⋅ 𝛿𝑖𝑡𝑛 ] and denote 𝑀 briefly by𝑀 = 𝛿𝑛[𝑖1 𝑖2 ⋅ ⋅ ⋅ 𝑖𝑡]. Define the set of 𝑛 × 𝑡 logical matrices
asL𝑛×𝑡. 𝐶𝑜𝑙𝑖(𝐿)(𝑅𝑜𝑤𝑖(𝐿)) is the 𝑖-th column (row) of matrix𝐿. 𝑟 = (𝑟1, . . . , 𝑟𝑘)𝑇 ∈ R𝑘 is a probabilistic vector, if 𝑟𝑖 ≥ 0, 𝑖 =1, . . . , 𝑘, and ∑𝑘𝑖=1 𝑟𝑖 = 1. Υ𝑘 denotes the set of 𝑘 dimensional
probabilistic vectors. If𝑀 ∈ R+𝑚×𝑛 and 𝐶𝑜𝑙(𝑀) ⊂ Υ𝑚,𝑀 is
called a probabilistic matrix. Υ𝑚×𝑛 denotes the set of 𝑚 × 𝑛
probabilistic matrices. ⋉ denotes the default matrix product
throughout this paper. Please refer to [3] for the definition
and properties of STP. Because ⋉ is a generalization of the
ordinarymatrix product.We omit “⋉” without confusion and
call it “product”.𝑀∗𝑁 denotes Khatri-Rao product of𝑀 and𝑁.

2. Preliminaries

This section gives some necessary mathematic tools, which
will be used in this paper.

Lemma 1 (see [3]).

(1) Consider 𝑋 ∈ R𝑚 and 𝑌 ∈ R𝑛 as two column vectors.
Then, 𝑊[𝑚,𝑛]𝑋𝑌 = 𝑌𝑋, where 𝑊[𝑚,𝑛] is the swap
matrix. Especially𝑊[𝑛,𝑛] fl𝑊[𝑛].

(2) Define 𝑋 ∈ R𝑡 and 𝐴 ∈ R𝑚×𝑛. Then, one gets 𝑋𝐴 =(𝐼𝑡 ⊗ 𝐴)𝑋.

Lemma 2 (see [31]). Consider 𝑋 ∈ Υ𝑝 and 𝑌 ∈ Υ𝑞.
Define dummy matrices, called “front-maintaining operator”
and “rear-maintaining operator”, respectively, as

𝐷𝑝,𝑞𝑓 = 𝛿𝑝 [1 1 ⋅ ⋅ ⋅ 1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑞

2 2 ⋅ ⋅ ⋅ 2⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑞

⋅ ⋅ ⋅ 𝑝 𝑝 ⋅ ⋅ ⋅ 𝑝⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑞

] ,
𝐷𝑝,𝑞𝑟 = 𝛿𝑞 [[[1 2 ⋅ ⋅ ⋅ 𝑞⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟ 1 2 ⋅ ⋅ ⋅ 𝑞⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟ ⋅ ⋅ ⋅ 1 2 ⋅ ⋅ ⋅ 𝑞⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑝

]]] .
(1)

Then𝐷𝑝,𝑞𝑓 𝑋𝑌 = 𝑋,𝐷𝑝,𝑞𝑟 𝑋𝑌 = 𝑌.
Lemma 3 (see [37]). Consider 𝑓 : Δ𝑛𝑘 → R (or 𝑓 : Δ𝑛𝑘 →Δ𝑚) as a pseudological (or logical) function. Then, there exists
a unique matrix 𝑀𝑓 ∈ R1×𝑘𝑛 (or 𝑀𝑓 ∈ L𝑚×𝑘𝑛), called the
structural matrix of 𝑓, such that𝑓 (𝑥1, 𝑥2, . . . , 𝑥𝑛) = 𝑀𝑓⋉𝑛𝑖=1𝑥𝑖, (2)

where 𝑥𝑖 ∈ Δ 𝑘, 𝑖 = 1, 2, . . . , 𝑛, 𝐶𝑜𝑙𝑗(𝑀𝑓) = 𝑓(𝛿𝑗𝑘𝑛), and 𝑗 =1, 2, . . . , 𝑘𝑛.
In the rest of this section, we present some basic concepts

in networked evolutionary games.

Definition 4 (see [31]). A normal game with two players is
a fundamental network game (FNG), if the strategy set is{1, 2, . . . , 𝑘} and player’s payoff function is 𝑐 = 𝑐(𝑥, 𝑦).
3. Main Results

This section firstly gives the description of MJNEGs. Then,
the method to formulate the given MJNEGs is given. Finally,
this section analyzes the stability of the MJNEG based on its
corresponding algebraic expression.

3.1. Description of MJNEGs. At first, we give the description
of an MJNEG as follows:

(a) A set of finite networks M fl {1, 2, . . . , 𝑚}: the
topological structure of each network is a connected
undirected graph (𝑁𝑧,E𝑧), where 0 ̸= 𝑁𝑧 ⊂{1, 2, . . . , 𝑛} is the set of nodes in network 𝑧, E𝑧 ={(𝑖, 𝑗) | there exists interaction between node 𝑖 and
node 𝑗 in network 𝑧} is the set of edges, and 𝑧 ∈M.

(b) An FNG: if (𝑖, 𝑗) ∈ E𝑧, then node 𝑖 and node 𝑗 play
the FNG in network 𝑧 with strategies 𝑥𝑖(𝑡) and 𝑥𝑗(𝑡)
at time 𝑡, respectively.

(c) Players’ strategy updating rule: in network 𝑧, the rule
can be expressed as𝑥𝑖 (𝑡) = 𝑓𝑖,𝑧 (𝑥𝑖 (0) , 𝑥𝑖 (1) , . . . , 𝑥𝑖 (𝑡 − 1) , 𝑥𝑗 (0) , 𝑥𝑗 (1) , . . . ,𝑥𝑗 (𝑡 − 1) | 𝑗 ∈N𝑖,𝑧) , (3)

where 𝑥𝑗(𝜏) ∈ 𝑆0 is the strategy of player 𝑗 at time 𝜏,𝜏 = 0, 1, . . . , 𝑡 − 1, and N𝑖,𝑧 is the neighborhood of
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player 𝑖 in the network 𝑧, that is, 𝑗 ∈ N𝑖,𝑧 if and only
if (𝑖, 𝑗) ∈ E𝑧, 𝑖 ∈ 𝑁, and 𝑧 ∈ M. Obviously, 𝑖 ∉ N𝑖,𝑧
and 𝑗 ∈N𝑖,𝑧 ⇐⇒ 𝑖 ∈N𝑗,𝑧.

(d) Network evolve process: {𝜃(𝑡) : 𝑡 ∈ N} represents
the discrete-time homogeneous Markov chain taking
values in a finite set M with a transition probability
matrix 𝑃 = (𝑝𝑖𝑗)𝑚×𝑚 as𝑝𝑖𝑗 = 𝑃𝑟 {𝜃 (𝑡 + 1) = 𝑗 | 𝜃 (𝑡) = 𝑖} , (4)

where 𝑝𝑖𝑗 ≥ 0, for ∀𝑖, 𝑗 ∈ M, ∑𝑚𝑗=1 𝑝𝑖𝑗 = 1 for any 𝑖 ∈
M, and 𝜃(𝑡) = 𝑘 represents that the MJNEG evolves
on network 𝑘 at time 𝑡.

In network 𝑧, at each time, node 𝑖 only plays with its
neighbors, and its aggregate payoff 𝑝𝑖,𝑧 : 𝑆|N𝑖,𝑧 |+10 → R is
the sum of payoffs gained by playing with all its neighbors,
i.e., 𝑝𝑖,𝑧 (𝑥𝑖, 𝑥𝑗 | 𝑗 ∈N𝑖,𝑧) = ∑

𝑗∈N𝑖,𝑧

𝑐 (𝑥𝑖, 𝑥𝑗) (5)

inwhich 𝑐 is the payoff function of the given FNGand 𝑥𝑖, 𝑥𝑗 ∈𝑆0.
In this paper, we adopt the myopic best response adjust-

ment rule [38], that is, every player forecasts that its neighbors
will repeat their last-step strategy choice, and the strategy
choice at present time is the best response against its neigh-
bors’ strategies choice of the last one. Based on that, one has𝑥𝑖 (𝑡) ∈ 𝑄𝑖,𝑧 fl argmax

𝑥𝑖∈𝑆
𝑝𝑖,𝑧 (𝑥𝑖, 𝑥−𝑖 (𝑡 − 1)) ,𝑖 ∈N𝑖,𝑧, 𝑧 ∈M. (6)

When player 𝑖 may have more than one best strategies to
choose, define a priority for the strategy choice as follows:𝑥 ∈ 𝑆0 has priority over 𝑦 ∈ 𝑆0, if and only if 𝑥 > 𝑦.
Thus, player 𝑖 updates its strategy according to the following
expression:𝑥𝑖 (𝑡) = max {𝑥 | 𝑥 ∈ 𝑄𝑖,𝑧} , 𝑖 ∈ 𝑁𝑧, 𝑧 ∈M. (7)

We let the initial state 𝑥0 for nodes 𝑗 ∉ 𝑁𝑧, which are not
activated at that moment in the network 𝑧; i.e., 𝑥𝑗(𝑡) = 𝑥0
holds.

Remark 5. Weassign the initial state 𝑥0 for the new participa-
tors. It implies an obvious fact that every new participator has
the same conditions when they enter the evolutionary game.

In addition to the evolution of strategies for players, the
Markov chain {𝜃(𝑡) | 𝑡 ∈ N} decides the probability with
which network the given MJNEG stays at a specific time 𝑡.

The aim of this paper is to study the algebraic formulation
and stability analysis of the given MJNEG as a 𝑘-valued
switched logical system with a given switching signal as a
Markov chain.

3.2. Algebraic Expression of the Given MJNEG. This subsec-
tion algebraically formulates the given MJNEG as Markov
jump 𝑘-valued logical system. To achieve it, we can take the
following steps: (𝑖) Find the proper structural matrices of
the payoff function for every node in each networks. (𝑖𝑖)
Find the proper structural matrix of the updating law for
every node in each networks. (𝑖𝑖𝑖)Via the obtained structural
matrices and the transition probability matrix of Markov
chain {𝜃(𝑡), 𝑡 ∈ N}, we construct the algebraic formulation
for the given MJNEGs.

Step (𝑖), using the vector form of logical variables, we
identify 𝑆0 ∼ Δ 𝑘, where |𝑆0| = 𝑘, “∼” denotes that the strategy𝑗 ∈ 𝑆0 is equivalent to 𝛿𝑗𝑘 ∈ Δ 𝑘, 𝑗 = 1, 2, . . . , 𝑘. Then, when𝑖 ∈ 𝑁𝑧 holds, by Lemmas 1, 2, and 3, and (5), the payoff
function of player 𝑖 in network 𝑧 can be rewritten as𝑝𝑖,𝑧 (𝑥𝑖 (𝑡) , 𝑥𝑗 (𝑡) | 𝑗 ∈N𝑖,𝑧) = 𝑀𝑐 ∑

𝑗∈N𝑖,𝑧

𝑥𝑖 (𝑡) 𝑥𝑗 (𝑡)
= 𝑀𝑐 ∑
𝑗∈N𝑖,𝑧

𝑊[𝑘]𝑥𝑗 (𝑡) 𝑥𝑖 (𝑡)
= 𝑀𝑐𝑊[𝑘]( ∑

𝑗<𝑖,𝑗∈N𝑖,𝑧

𝑥𝑗 (𝑡) 𝑥𝑖 (𝑡)
+ ∑
𝑗>𝑖,𝑗∈N𝑖,𝑧

𝑥𝑗 (𝑡) 𝑥𝑖 (𝑡))
= 𝑀𝑐𝑊[𝑘]𝐷𝑘𝑛−2,𝑘2𝑟 ( ∑

𝑗<𝑖,𝑗∈N𝑖,𝑧

𝑊[𝑘𝑗,𝑘𝑛−𝑗−1]
+ ∑
𝑗>𝑖,𝑗∈N𝑖,𝑧

𝑊[𝑘𝑗−1 ,𝑘𝑛−𝑗])𝑥−𝑖 (𝑡) 𝑥𝑖 (𝑡) fl𝑀𝑖,𝑧𝑥−𝑖 (𝑡)
⋅ 𝑥𝑖 (𝑡) ,

(8)

where𝑀𝑐 ∈ R1×𝑘2 is the structural matrix of the FNG’s payoff
function and 𝑀𝑖,𝑧 ∈ R1×𝑘𝑛 is the structural matrix of 𝑝𝑖,𝑧,𝑥𝑖(𝑡) ∈ Δ 𝑘 is the strategy of player 𝑖 at time 𝑡, 𝑥−𝑖(𝑡) fl𝑥1(𝑡) ⋉ 𝑥2(𝑡) ⋉ ⋅ ⋅ ⋅ ⋉ 𝑥𝑖−1(𝑡) ⋉ 𝑥𝑖+1(𝑡) ⋉ ⋅ ⋅ ⋅ ⋉ 𝑥𝑛(𝑡) ∈ Δ 𝑘𝑛−1 ,
and 𝑧 ∈M.

In Step (𝑖𝑖), we consider the following two cases.
Case I. If 𝑖 ∈ 𝑁𝑧, divide𝑀𝑖,𝑧 into 𝑘𝑛−1 equal blocks as𝑀𝑖,𝑧 = [𝐵𝑙𝑘1 (𝑀𝑖,𝑧) , 𝐵𝑙𝑘2 (𝑀𝑖,𝑧) , . . . , 𝐵𝑙𝑘𝑘𝑛−1 (𝑀𝑖,𝑧)] , (9)

where 𝐵𝑙𝑘𝑙(𝑀𝑖,𝑧) is all possible benefits of player 𝑖 with other
players’ strategy 𝑥−𝑖(𝑡) = 𝛿𝑙𝑘𝑛−1 , 𝑙 = 1, 2, . . . , 𝑘𝑛−1.

Next, we find the best response of player 𝑖 to make its
benefit maximum. For all 𝑙 = 1, 2, . . . , 𝑘𝑛−1, let the column
index set Ξ𝑖,𝑙,𝑧, such thatΞ𝑖,𝑙,𝑧 = {𝜉𝑙 | 𝐶𝑜𝑙𝜉𝑙 (𝐵𝑙𝑘𝑙 (𝑀𝑖,𝑧))

= max
1⩽𝜉⩽𝑘

𝐶𝑜𝑙𝜉 (𝐵𝑙𝑘𝑙 (𝑀𝑖,𝑧))} . (10)
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If there aremore than onemaximum columns, i.e., |Ξ𝑖,𝑙,𝑧| > 1,
one can choose the unique column index 𝜉𝑖,𝑙,𝑧 with the help
of the priority of strategy choice given in (7).

By Lemma 2, letting �̃� 𝑖,𝑧 = 𝛿𝑘[𝜉𝑖,1,𝑧, . . . , 𝜉𝑖,𝑘𝑛−1 ,𝑧], we can
construct the algebraic form of the updating law for node 𝑖 in
network 𝑧 as𝑥𝑖 (𝑡 + 1) = �̃� 𝑖,𝑧𝑥−𝑖 (𝑡) = �̃� 𝑖,𝑧𝐷𝑘,𝑘𝑛−1𝑟 𝑊[𝑘𝑖−1 ,𝑘]𝑥 (𝑡)

fl 𝐿 𝑖,𝑧𝑥 (𝑡) . (11)

Case II. If 𝑖 ∉ 𝑁𝑧, by Lemma 2, we define𝑥𝑗 (𝑡 + 1) = 𝑥0 = 𝐷𝑘,𝑘𝑛𝑓 𝑥0𝑥1 (𝑡) 𝑥2 (𝑡) ⋅ ⋅ ⋅ 𝑥𝑛 (𝑡)
fl 𝐿𝑗,𝑧𝑥 (𝑡) , (12)

where 𝑥(𝑡) = 𝑥1(𝑡)𝑥2(𝑡) ⋅ ⋅ ⋅ 𝑥𝑛(𝑡). Then, each new player
entering the MJNEG would have the initial state 𝑥0.

Thus, by (11) and (12), one gets the MJNEGs evolving on
fixed network 𝑧 as follows:𝑥 (𝑡 + 1) = 𝐿𝑧𝑥 (𝑡) , (13)

where 𝑥(𝑡) = 𝑥1(𝑡)𝑥2(𝑡) ⋅ ⋅ ⋅ 𝑥𝑛(𝑡) and 𝐿𝑧 = 𝐿1,𝑧 ∗ 𝐿2,𝑧 ∗ ⋅ ⋅ ⋅ ∗𝐿𝑛,𝑧.
In Step (𝑖𝑖𝑖), by the aforementioned analysis, we formulate

the given MJNEG as follows:𝑥 (𝑘 + 1) = 𝐿𝜃(𝑡)𝑥 (𝑘) , (14)

where {𝜃(𝑡) : 𝑡 ∈ N} is the discrete-time Markov chain and𝑥(𝑘) = 𝑥1(𝑘)𝑥2(𝑘) ⋅ ⋅ ⋅ 𝑥𝑛(𝑘).
Based on the aforementioned analysis, the following

algorithm is constructed to formulate the MJNEG.

Algorithm 6. This algorithm contains four steps:

(1) Calculate the structural matrix, 𝑀𝑖,𝑧, of the payoff
functions of the player in node 𝑖, when N𝑖,𝑧 ̸= 0, for
each network 𝑧 by
𝑀𝑖,𝑧 = 𝑀𝑐𝑊[𝑘]𝐷𝑘𝑛−2,𝑘2𝑟 ( ∑

𝑗<𝑖,𝑗∈N𝑖,𝑧

𝑊[𝑘𝑗,𝑘𝑛−𝑗−1]
+ ∑
𝑗>𝑖,𝑗∈N𝑖,𝑧

𝑊[𝑘𝑗−1 ,𝑘𝑛−𝑗]) . (15)

(2) For each network 𝑧, divide the matrices𝑀𝑖,𝑧 into 𝑘𝑛−1
equal blocks as𝑀𝑖,𝑧 = [𝐵𝑙𝑘1 (𝑀𝑖,𝑧) , 𝐵𝑙𝑘2 (𝑀𝑖,𝑧) , . . . , 𝐵𝑙𝑘𝑘𝑛−1 (𝑀𝑖,𝑧)] , (16)

and for all 𝑙 = 1, 2, . . . , 𝑘𝑛−1, find the column index𝜉𝑖,𝑙,𝑧, such that 𝜉𝑖,𝑙,𝑧 = max{𝑗 | 𝐶𝑜𝑙𝑗(𝐵𝑙𝑘𝑙(𝑀𝑖,𝑧)) =
max1⩽𝜉⩽𝑘𝐶𝑜𝑙𝜉(𝐵𝑙𝑘𝑙(𝑀𝑖,𝑧))};

(3) Formulate the MJNEG evolving on network 𝑧 under
study as 𝑥 (𝑡 + 1) = 𝐿𝑧𝑥 (𝑡) , (17)

where 𝐿𝑧 = 𝐿1,𝑧 ∗ 𝐿2,𝑧 ∗ ⋅ ⋅ ⋅ ∗ 𝐿𝑛,𝑧, �̃� 𝑖,𝑧 =𝛿𝑘[𝜉𝑖,1,𝑧, 𝜉𝑖,2,𝑧, . . . , 𝜉𝑖,𝑘𝑛−1 ,𝑧], 𝑖 ∈ 𝑁𝑧, 𝐿𝑗,𝑧 = 𝐷𝑘,𝑘𝑛𝑓 𝑥0, and𝑗 ∉ 𝑁𝑧.
(4) Finally, one has the algebraic formulation as follows:𝑥 (𝑘 + 1) = 𝐿𝜃(𝑡)𝑥 (𝑘) , (18)

where 𝑥(𝑘) = 𝑥1(𝑘)𝑥2(𝑘) ⋅ ⋅ ⋅ 𝑥𝑛(𝑘).
3.3. Stability Analysis. This subsection investigates the
stochastic global stability of the given MJNEG as𝑥 (𝑡 + 1) = 𝐿𝜃(𝑡)𝑥 (𝑡) , (19)

where 𝑥(𝑡) = ⋉𝑛𝑖=1𝑥𝑖(𝑡) and {𝜃(𝑡) : 𝑡 ∈ N} denotes the given
Markov chain. In an evolutionary game, some strategy profile𝑥𝑒 has specific meaning, Nash equilibrium, for example. This
subsection analyzes the globally stability at 𝑥𝑒 in stochastic
sense. In addition, because of transformation of coordinates,
we assume that 𝑥𝑒 = 𝛿𝑘𝑛𝑘𝑛 ∈ Δ 𝑘𝑛 holds.

In the following, we give the definition for MJNEG of
global stability in stochastic sense.

Definition 7. The given MJNEG with algebraic form (19) is
said to be globally stable in stochastic sense at 𝑥𝑒 = 𝛿𝑘𝑛𝑘𝑛 ∈ Δ 𝑘𝑛 ,
if, for ∀𝑥(0) and ∀𝜃(𝑡), lim𝑡→+∞E{𝑥(𝑡) | 𝑥(0), 𝜃(0)} = 𝛿𝑘𝑛𝑘𝑛
holds.

Denote 𝑧𝑗(𝑡) = 𝐸{𝑥(𝑡)1{𝜃(𝑡)=𝑗}}, where 1{𝜃(𝑡)=𝑗} represents
the Dirac measure ever the set {𝜃(𝑡) = 𝑗} with 𝑗 ∈ M. Since{𝜃(𝑡) = 𝑗} is independent from {𝑥(𝑡) = 𝛿𝑖𝑘𝑛}, one has𝐸 {𝑥 (𝑡)} = 𝑘𝑛∑

𝑖=1

𝛿𝑖𝑘𝑛𝑃 {𝑥 (𝑡) = 𝛿𝑖𝑘𝑛}
= 𝑘𝑛∑
𝑖=1

𝛿𝑖𝑘𝑛 𝑚∑
𝑗=1

𝑃 {𝑥 (𝑡) = 𝛿𝑖𝑘𝑛 | 𝜃 (𝑡) = 𝑗} 𝑃 {𝜃 (𝑡) = 𝑗}
= 𝑚∑
𝑗=1

𝑘𝑛∑
𝑖=1

𝛿𝑖𝑘𝑛𝑃 {𝑥 (𝑡) = 𝛿𝑖𝑘𝑛} 𝑃 {𝜃 (𝑡) = 𝑗} = 𝑚∑
𝑗=1

𝑧𝑗 (𝑡) .
(20)

Then, we have𝑧𝑗 (𝑡 + 1) = 𝐸 {𝑥 (𝑡 + 1) 1{𝜃(𝑡+1)=𝑗}}= 𝑚∑
𝑖=1

𝐸 {𝑥 (𝑡 + 1) 1{𝜃(𝑡+1)=𝑗}1{𝜃(𝑡)=𝑖}}
= 𝑚∑
𝑖=1

𝑝𝑖𝑗𝐿 𝑖𝑧𝑖 (𝑡) .
(21)

Rewrite 𝑧𝑗(𝑡) as 𝑧𝑗(𝑡) = (𝑤𝑇𝑗 (𝑡), 𝜇𝑗(𝑡))𝑇, where 𝑤𝑗(𝑡) ∈
R𝑘𝑛−1,1, 𝜇𝑗(𝑡) ∈ R and 𝑗 ∈M; one has𝑤𝑗 (𝑡 + 1) = 𝑚∑

𝑖=1

𝑝𝑖,𝑗𝐿1,1𝑖 𝑤𝑖 (𝑡) + 𝑚∑
𝑖=1

𝑝𝑖,𝑗𝐿1,2𝑖 𝜇𝑖 (𝑡) ,
𝜇𝑗 (𝑡 + 1) = 𝑚∑

𝑖=1

𝑝𝑖,𝑗𝐿2,1𝑖 𝑤𝑖 (𝑡) + 𝑚∑
𝑖=1

𝑝𝑖,𝑗𝐿2,2𝑖 𝜇𝑖 (𝑡) , (22)
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where 𝑗 ∈M and

(𝐿1,1𝑖 𝐿1,2𝑖𝐿2,1𝑖 𝐿2,2𝑖 ) = 𝐿 𝑖, 𝐿1,1𝑖 ∈ Υ(𝑘𝑛−1)×(𝑘𝑛−1), 𝑖 ∈M. (23)

Thus, via (22), the following result reveals some property
for the given MJNEG.

Theorem 8. The given MJNEG with algebraic form (19) is
globally stable at 𝑥𝑒 = 𝛿𝑘𝑛𝑘𝑛 in stochastic sense if and only if,∀𝑥(0) and ∀𝜃(𝑡),

lim
𝑡→+∞

𝑤𝑖 (𝑡) = 0𝑘𝑛−1, ∀𝑖 ∈M. (24)

Proof. Sufficient. If, ∀𝑥(0) and ∀𝜃(𝑡), (24) holds, then
lim𝑡→+∞∑𝑚𝑖=1 𝜇𝑖(𝑡) = 1 according to that 1 = 1𝑇𝑘𝑛𝐸{𝑥(𝑡)} =
1𝑇𝑘𝑛 ∑𝑚𝑗=1 𝑧𝑗(𝑡). It is easy to see that lim𝑡→+∞𝐸{𝑥(𝑡)} =
lim𝑡→+∞∑𝑚𝑗=1 𝑧𝑗(𝑡) = 𝛿𝑘𝑛𝑘𝑛 .

Necessity. If system (19) is globally stable in stochastic
sense at𝑥𝑒 = 𝛿𝑘𝑛𝑘𝑛 , thenusingDefinition 7, for∀𝑥(0) and initial
distribution of 𝜃(𝑡), lim𝑡→+∞E{𝑥(𝑡)} = 𝛿𝑘𝑛𝑘𝑛 , which yields that
lim𝑡→+∞∑𝑚𝑖=1𝑤𝑖(𝑡) = 0𝑘𝑛−1. Note that 𝑤𝑖(𝑡) ≥ 0, then one
has, for every 𝑖 ∈M, lim𝑡→+∞𝑤𝑖(𝑡) = 0𝑘𝑛−1.

With the help of the above theorem, we can get the main
result in this paper.The following theoremgives an equivalent
criterion for the stability of the given NEG.

Theorem 9. The given system with algebraic form (19) is
globally stable in stochastic sense at 𝑥𝑒 = 𝛿𝑘𝑛𝑘𝑛 if and only if there
exist vectors 𝜆𝑖 ∈ R𝑘𝑛 , 𝑖 ∈M such that the following conditions
hold: 𝜆𝑇𝑖 𝛿𝑘𝑛𝑘𝑛 = 0,𝜆𝑇𝑖 𝛿𝑡𝑘𝑛 > 0,

𝑚∑
𝑗=1

𝑝𝑖,𝑗𝜆𝑇𝑗𝐿 𝑖𝛿𝑘𝑛𝑘𝑛 = 0,
( 𝑚∑
𝑗=1

𝑝𝑖,𝑗𝜆𝑇𝑗𝐿 𝑖 − 𝜆𝑇𝑖 )𝛿𝑡𝑘𝑛 < 0,
(25)

for 𝑖 = 1, 2, . . . , 𝑚, and 𝑡 = 1, 2, . . . , 𝑘𝑛 − 1.
Proof. Sufficient. To prove the part of sufficient, we need first
prove the fact that each network has a common fixed point as𝑥𝑒 under conditions (25).

Assume that 𝑥𝑒 is not a fixed point of network 𝑖0, then𝐿𝑖0𝑥𝑒 ̸= 𝑥𝑒, i.e., 𝐶𝑜𝑙𝑘𝑛(𝐿𝑖0) = 𝛿𝑠𝑘𝑛 , for some 𝑠 ̸= 𝑘𝑛.
Subsequently, by the second equation in (25), one has that for
every 𝑗 ∈M, 𝜆𝑇𝑗𝐿𝑖0𝛿𝑘𝑛𝑘𝑛 = 𝜆𝑇𝑗 𝛿𝑠𝑘𝑛 > 0. Note that ∑𝑚𝑗=1 𝑝𝑖0,𝑗 ≥ 0,
then there exists at least one integer 𝑗∗ such that 𝑝𝑖0 ,𝑗∗ > 0.
Therefore,
𝑚∑
𝑗=1

𝑝𝑖0 ,𝑗𝜆𝑇𝑗𝐿𝑖0𝛿𝑘𝑛𝑘𝑛 = 𝑚∑
𝑗=1

𝜆𝑇𝑗𝛿𝑠𝑘𝑛 ≥ 𝑝𝑖0 ,𝑗 ∗ 𝜆𝑇𝑗 ∗ 𝛿𝑠𝑘𝑛 > 0, (26)

which is contradictory to the third equation in (25). Thus, 𝑥𝑒
is a common fixed point of each network, which implies that𝐶𝑜𝑙𝑘𝑛(𝐿𝑖) = 𝛿𝑘𝑛𝑘𝑛 , for ∀𝑖 ∈ M. Therefore, 𝐿1,2𝑖 = 0𝑘𝑛−1 and𝐿2,2𝑖 = 1 for ∀𝑖 ∈ M in (23). Then, the first equation of (22)
can be rewritten as𝑤𝑗 (𝑡 + 1) = 𝑚∑

𝑖=1

𝑝𝑖,𝑗𝐿1,1𝑖 𝑤𝑖 (𝑡) , 𝑗 ∈M. (27)

Let 𝑤(𝑡) = (𝑤𝑇1 (𝑡), 𝑤𝑇2 (𝑡), . . . , 𝑤𝑇𝑚(𝑡)) ∈ R𝑚(𝑘𝑛−1), then𝑤 (𝑡 + 1) = 𝑄𝑤 (𝑘) , (28)

where

𝑄 = (𝑃𝑇 ⊗ 𝐼2𝑛−1)(
(
𝐿111 0 ⋅ ⋅ ⋅ 0
0 𝐿112 ⋅ ⋅ ⋅ 0... ... d

...
0 0 ⋅ ⋅ ⋅ 𝐿11𝑚

)
)∈ Υ𝑚(2𝑛−1)×𝑚(2𝑛−1).

(29)

It is worth noting that 𝑄 ≥≥ 0. Thus, from Lemma 1 in [39]
system, (28) is a positive system. Rewrite 𝜆𝑖 as 𝜆𝑖 = (�̂�𝑇𝑖 , 0)𝑇,
where �̂�𝑖 ∈ R𝑘

𝑛−1, 𝑖 ∈ M, then by (25) and denoting �̂� =(�̂�𝑇1 , �̂�𝑇2 , . . . , �̂�𝑇𝑠 )T ∈ R𝑘𝑛−1, one has �̂� >> 0 and �̂�𝑇(𝑄 −𝐼𝑠(𝑘𝑛−1)) << 0. Therefore, system (28) is stable by Proposition
1 in [39]. ByTheorem 8, network (19) is stochastically globally
stable.

Necessity. Because system (19) is stochastically globally
stable. From Theorem 8, we have (24). For Markov process{𝜃(𝑘), 𝑘 ≥ 0} is ergodic, one get that there exists 𝐾 ∈ N+

such that the probability of reaching every mode 𝑖 ∈ M is
positive after time 𝐾. Thus, for all networks, 𝑥𝑒 is a common
fixed point. Otherwise, if 𝑥𝑒 is not a fixed point of network 𝑖0,
then 𝐿22𝑖0 = 0 and 𝐿22𝑖 = 1 for 𝑖 ̸= 𝑖0. By (22) and (24), one has

lim
𝑘→+∞

𝑠∑
𝑗=1

𝜇𝑗 (𝑘 + 1) = lim
𝑘→+∞

𝑠∑
𝑗=1

𝑠∑
𝑖=1

𝑝𝑖𝑗𝐹𝑖22𝜇𝑖 (𝑘)
= lim
𝑘→+∞

𝑠∑
𝑗=1

𝑠∑
𝑖=1,𝑖 ̸=𝑖0

𝑝𝑖𝑗𝐹𝑖22𝜇𝑖 (𝑘)
= lim
𝑘→+∞

𝑠∑
𝑖=1,𝑖 ̸=𝑖0

𝑠∑
𝑗=1

𝑝𝑖𝑗𝐹𝑖22𝜇𝑖 (𝑘)
= lim
𝑘→+∞

𝑠∑
𝑖=1,𝑖 ̸=𝑖0

𝜇𝑖 (𝑘) .
(30)

With lim𝑘→+∞𝜇𝑖(𝑘) = 1 in hands, one obtains that
lim𝑘→+∞𝜇0(𝑘) = 0, which implies that lim𝑘→+∞𝑧𝑖0(𝑘) = 0𝑘𝑛
holds. It is contrary to that the probability of every reaching
mode 𝑖 ∈ M is positive after time 𝐾. Therefore, for each𝑖 ∈M, 𝐹𝑖22 = 1 and 𝐹𝑖12 = 0𝑘𝑛−1. So,𝑤(𝑘) satisfies (28). System
(28) is a positive and stable system. Then, by Proposition 1 in
[39], there exists a vector �̂� = (�̂�𝑇1 , �̂�𝑇2 , . . . , �̂�𝑇𝑚)𝑇 ∈ R𝑚(𝑘

𝑛−1),
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Table 1: Payoff bimatrix.𝑃𝑙𝑎𝑦𝑒𝑟1\𝑃𝑙𝑎𝑦𝑒𝑟2 M F
M (2, 2) (1, 0)
F (0, 1) (3, 3)

where �̂�𝑖 ∈ R𝑘
𝑛−1 and �̂�𝑖 >> 0, 𝑖 ∈ M such that �̂�𝑇(𝑄 −𝐼𝑚(𝑘𝑛−1)) << 0. Define 𝜆𝑖 = (�̂�𝑇𝑖 , 0)𝑇, 𝑖 ∈ M, then (25) holds.

The proof is completed.

Remark 10. It worth noting that this manuscript consists
of two important part: (1) The modeling and algebraic
formulation of the given MJNEGs; (2) Based on the obtained
algebraic expressions, we investigate the stability analysis for
the given MJNEGs. Actually, this paper can be considered as
a further research of [40]. Compared with the model adopted
in [40], the description of MJNEGs is more general, i.e., the
MJNEGs given in this paper can include the research target in
[40] as a special case. In addition to that, the stability analysis
for the MJNEGs in this paper is deeper than the stability
analysis in [40]. We obtain better results in this paper.

4. An Illustrative Example

In this section, we use a classical example University-students
game [36] to show the effective of our results.

Example 1. In an evolutionary game G with random
entrance, minor players have time horizon 2. 𝑛𝑚 = 2 denotes
the maximum possible number of active players in Ξ. At the
time 𝑡, the number of the minor players is modelled by the
vector 𝑦 (𝑡) = (𝑛0 (𝑡) , 𝑛1 (𝑡)) , (31)

where 𝑛𝑙(𝑡) = |𝐼𝑙(𝑡)|, 𝐼𝑙(𝑡) is the set of players with entrance
time 𝑡 − 𝑙, 𝑙 = 0, 1. Furthermore, major player plays game
with minor players and minor players do not player game
with each other. Thus, the random entrance is denoted by a
Markov chain with states: (0, 1), (1, 0), and (1, 1).

Define an MJNEG as follows:

(i) Network topological structures, denote by (𝑁𝑧,E𝑧),
where 𝑁1 = {1, 3}, 𝑁2 = {2, 3}, 𝑁3 = {1, 2, 3},
E1 = {(1, 3)}, E2 = {(2, 3)}, E3 = {(1, 3), (2, 3)} node
3 represents the major player, and 𝑧 ∈ M = {1, 2, 3}.
See in Figure 1.

(ii) The FNG’s payoff is shown in Table 1.

(iii) The updating rule is MBRA.

(iv) Network evolve process: {𝜃(𝑡) : 𝑡 ∈ N} with a
transition probability matrix

𝑃 = ( 0 0 10.4 0 0.60 0 1 ) . (32)

Firstly, we rewrite the MJNEG into an algebraic expres-
sion. Denote𝑀 ∼ 𝛿12, 𝐹 ∼ 𝛿22, (0, 1) ∼ 𝛿13 , network 𝑗 ∼ 𝛿𝑗3, and𝑗 = 1, 2, 3. Using the vector form of logical variables, we have𝑝𝑖,𝑧 = 𝑀𝑖,𝑧𝑥−𝑖(𝑡)𝑥𝑖(𝑡), 𝑥(𝑡) = (𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡)), 𝑥𝑖(𝑡) ∈ Δ 2,
and 𝑧 ∈M.

With (11), one obtains𝑀3,1 = [2 0 2 0 1 3 1 3] ,𝑀3,2 = [2 0 1 3 2 0 1 3] ,𝑀3,3 = [4 0 3 3 3 3 2 6] ,𝑀𝑐 = [2 0 1 3] , 𝑖 ∈ {1, 2} , 𝑧 ∈M.
(33)

Then, by (11) and (12), we have𝐿3,1 = 𝛿2 [1 1 1 1 2 2 2 2] ,𝐿3,2 = 𝛿2 [1 1 2 2 1 1 2 2] ,𝐿3,3 = 𝛿2 [1 1 2 2 2 2 2 2] ,𝐿 𝑖,𝑧 = 𝛿2 [1 2 1 2 1 2 1 2] ,𝐿𝑗,𝑧 = 𝛿2 [2 2 2 2 2 2 2 2] .
(34)

where 𝑖 ∈ 𝑁𝑧⋂{1, 2}, 𝑗 ∉ 𝑁𝑧⋂{1, 2}, and 𝑧 ∈M.
Thus, by (13), one has𝐿1 = 𝛿8 [3 7 3 7 4 8 4 8] ,𝐿2 = 𝛿8 [5 7 6 8 5 7 6 8] ,𝐿3 = 𝛿8 [1 7 2 8 2 8 2 8] . (35)

Solving (25), we have

𝜆1 = [156.5833 93.8453 130.6051 87.0810 103.0636 51.2119 69.1398 0]𝑇 ,𝜆2 = [154.2605 96.0248 107.3501 56.5912 154.3603 118.9928 79.4038 0]𝑇 ,𝜆3 = [186.6039 89.6133 120.7651 45.4087 121.5054 51.2119 93.5792 0]𝑇 (36)

Therefore, it follows fromTheorem 9 that the given game
is globally stable at 𝑥𝑒 = 𝛿88 in stochastic sense. Figure 2

demonstrates the effective of the calculation of 𝜆1, 𝜆2, and𝜆3.
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Figure 2: The trajectory of the given game.

5. Conclusion

This paper has investigated the algebraic formulation and
stability analysis for a class of MJNEG. A proper algorithm
has been constructed to convert the given MJNEG into an
algebraic expression. Based on the above results, the stability
of the given game has been analyzed and an equivalent
criterion is given. Finally, an interesting example has proved
the effectiveness of our results.

In the future work, we could consider the given MJNEG
with time delay. Actually, time delay is a very common
situation. Many great works in the community of control and
engineering have reached towards this kind of systems. See
[41–60] for details.
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In this paper, a kind of BAM neural networks with leakage delays in the negative feedback terms and time-varying delays in
activation functions was considered. By constructing a suitable Lyapunov function and using inequality techniques, some sufficient
conditions to ensure the existence and exponential stability of antiperiodic solutions of these neural networks were derived. These
conditions extend some results recently appearing in recent papers. Lastly, an example is given to show the feasibility of these
conditions.

1. Introduction

It is known that neural networks have been applied in
numerous fields, such as pattern recognition, classification,
associative memory, optimization, signal and image pro-
cessing, parallel computation, and nonlinear optimization
problems. Up to now, there are many works focusing on
the dynamical nature of various kinds of neural networks,
such as stability, periodic solution, almost periodic solution,
bifurcation, and chaos (see [1–11]). However, since significant
time delays are ubiquitous, it is necessary to introduce delays
into communication channels which leads to delayed neural
networks models. Kosko [12] proposed a new kind of neural
networks named bidirectional associative memory (BAM)
neural networks with time delays which was given by the
following:

𝑑𝑥𝑖 (𝑡)𝑑𝑡 = −𝑎𝑖𝑥𝑖 (𝑡) + 𝑚∑
𝑗=1

𝑎𝑗𝑖𝑓𝑗 (𝑦𝑗 (𝑡 − 𝜎𝑗𝑖 (𝑡))) + 𝐼𝑖,
𝑑𝑦𝑖 (𝑡)𝑑𝑡 = −𝑏𝑖𝑦𝑖 (𝑡) + 𝑚∑

𝑗=1

𝑏𝑗𝑖𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏𝑗𝑖 (𝑡))) + 𝐽𝑖,
(1)

where 𝑖 = 1, . . . , 𝑚,𝑚 is the number of neurons in layers. In
model (1), 𝑥𝑖 and 𝑦𝑖 stand for the activations of 𝑖th neurons;

positive constants 𝑎𝑖 and 𝑏𝑖 represent the rate with which
the 𝑖th neuron will reset its potential to the resting state
in isolation when they are disconnected from the network
and the external inputs at time 𝑡; time delays 𝜏𝑗𝑖(𝑡) and𝜎𝑗𝑖(𝑡) are nonnegative functions; and 𝐼𝑖 and 𝐽𝑖 denote the
components of external input source introduced fromoutside
the network. The authors in this paper applied this model to
image processing.

There are many papers about BAM neural networks
and stochastic BAM neural networks; for details, see [13–
18]. It is known that the existence-uniqueness and stability
is an important theoretical problem in the field of dynamics
systems and one can find this topic in these papers [19–22].
Always, leakage delays appear in the negative feedback term
of neural networks. Based on this, Gopalsmay [23] proposed
the following BAM neural networks and studied the stability
of the equilibrium and periodic solutions

𝑑𝑥𝑖 (𝑡)𝑑𝑡 = −𝑎𝑖𝑥𝑖 (𝑡 − 𝛿1𝑖) + 𝑚∑
𝑗=1

𝑎𝑗𝑖𝑓𝑗 (𝑦𝑗 (𝑡 − 𝜎𝑗𝑖)) + 𝐼𝑖,
𝑑𝑦𝑖 (𝑡)𝑑𝑡 = −𝑏𝑖𝑦𝑖 (𝑡 − 𝛿2𝑖) + 𝑚∑

𝑗=1

𝑏𝑗𝑖𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏𝑗𝑖)) + 𝐽𝑖.
(2)
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In this system, time delays 𝛿1𝑖 and 𝛿2𝑖 are positive constants,
where 𝑖 = 1, . . . , 𝑚. By constructing Lyapunov-Kravsovskii
functionals, using inequalities and 𝑀-matrices technology,
the author gave two sets of delay dependent sufficient con-
ditions on the existence of a unique equilibrium as well as its
asymptotic and exponential stability to system (2). Because
of time-varying delays in the real world, Liu [24] proposed
the following BAM neural networks and discussed the global
exponential stability of the network:

𝑑𝑥𝑖 (𝑡)𝑑𝑡 = −𝑎𝑖𝑥𝑖 (𝑡 − 𝛿1𝑖) + 𝑚∑
𝑗=1

𝑎𝑖𝑗𝑓𝑗 (𝑦𝑗 (𝑡 − 𝜎𝑗𝑖 (𝑡)))
+ 𝐼𝑖,

𝑑𝑦𝑖 (𝑡)𝑑𝑡 = −𝑏𝑖𝑦𝑖 (𝑡 − 𝛿2𝑖) + 𝑚∑
𝑗=1

𝑏𝑖𝑗𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏𝑗𝑖) (𝑡))
+ 𝐽𝑖.

(3)

By constructing a Lyapunov functional, some sufficient con-
ditions on the global exponential stability of the equilibrium
for system (3) were established. There are few papers consid-
ering the variable external input. It is significative to consider
time-varying delays and external input in neural networks.

Recently, Li et al. [25] considered the following BAM
neural networks with time-varying external input:

𝑑𝑥𝑖 (𝑡)𝑑𝑡 = −𝑎𝑖𝑥𝑖 (𝑡) + 𝑚∑
𝑗=1

𝑠𝑗𝑖 (𝑡) 𝑓𝑗 [𝑥𝑗 (𝑡) , 𝑦𝑗 (𝑡 − 𝜏𝑗𝑖)]
+ 𝐼𝑖 (𝑡)

𝑑𝑦𝑖 (𝑡)𝑑𝑡 = −𝑏𝑖𝑦𝑖 (𝑡) + 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑡) 𝑔𝑗 [𝑥𝑗 (𝑡 − 𝛿𝑗𝑖) , 𝑦𝑗 (𝑡)]
+ 𝐽𝑖 (𝑡) .

(4)

To the best of our knowledge, there are few papers focusing
on the existence and stability of antiperiodic solution to
BAMneural networkswith time-varying delays in the leakage
terms in the negative feedback term. Motivated by the above
discussions, in this paper, we propose a kind of BAM neural
networks with time-varying delays and external input as
follows:

𝑑𝑥𝑖 (𝑡)𝑑𝑡 = −𝑎𝑖𝑥𝑖 (𝑡 − 𝛿𝑖 (𝑡)) + 𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑡) 𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑡) 𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏𝑗𝑖 (𝑡))) + 𝐼𝑖 (𝑡) ,
𝑑𝑦𝑖 (𝑡)𝑑𝑡 = −𝑏𝑖𝑦𝑖 (𝑡 − 𝜎𝑖 (𝑡)) + 𝑚∑

𝑗=1

𝑠𝑗𝑖 (𝑡) ℎ𝑗 (𝑦𝑗 (𝑡))
+ 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑡) 𝜑𝑗 (𝑥𝑗 (𝑡 − 𝜉𝑗𝑖 (𝑡)) + 𝐽𝑖 (𝑡) .

(5)

We can easily find that model (5) extends the above models.
In model (5), we consider the time-varying leakage delays in
negative feedback terms and time-varying delays in activation
functions. And the activation functions inmodel (5) aremore
general. If the parameters 𝛿𝑖(𝑡) are all equal to 0, then model
(5) will deduce to special model in (4). And if 𝛿𝑖(𝑡) are all
constants, then model (5) will extend the models in (2) and
(3). Therefore, it is important to investigate the stability of
model (5). In this paper, by constructing a suitable Lyapunov
functional, we give some sufficient conditions to ensure the
existence and global exponential stability of antiperiodic
solutions of system (5).

The rest of this paper is organized as follows. In Section 2,
we introduce some notations and give some lemmas. In Sec-
tion 3, we obtain some sufficient conditions on the existence
and global exponential stability of antiperiodic solution of
system (5). In Section 4, we give some examples to illustrate
the efficiency. In Section 5, some conclusions are given.

2. Notations and Preliminary Results

First, we give some notations. We denote

𝛿+𝑖 = sup
𝑡∈𝑅
𝛿𝑖 (𝑡) ,

𝑎+𝑗𝑖 = sup
𝑡∈𝑅
𝑎𝑗𝑖 (𝑡) ,

𝑏+𝑗𝑖 = sup
𝑡∈𝑅
𝑏𝑗𝑖 (𝑡) ,

𝜏+𝑗𝑖 = sup
𝑡∈𝑅
𝜏𝑗𝑖 (𝑡) ,

𝐼+𝑖 = sup
𝑡∈𝑅
𝐼𝑖 (𝑡) ,

𝜎+𝑖 = sup
𝑡∈𝑅
𝜎𝑖 (𝑡) ,

𝑠+𝑗𝑖 = sup
𝑡∈𝑅
𝑠𝑗𝑖 (𝑡) ,

𝑡+𝑗𝑖 = sup
𝑡∈𝑅
𝑡𝑗𝑖 (𝑡) ,

𝜉+𝑗𝑖 = sup
𝑡∈𝑅
𝜉𝑗𝑖 (𝑡) ,

𝐽+𝑖 = sup
𝑡∈𝑅
𝐽𝑖 (𝑡) .

(6)

For vector 𝑈 = (𝑢1, . . . , 𝑢𝑚)T and matrix𝑀 = (𝑚𝑖𝑗)𝑚×𝑚, we
define the following norms:

‖𝑈‖ = ( 𝑚∑
𝑖=1

𝑢2𝑖)
1/2 ,

‖𝑀‖ = ( 𝑚∑
𝑖,𝑗=1

𝑚2𝑖𝑗)
1/2

,
(7)
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respectively. For

𝜙 (𝑠) = (𝜙1 (𝑠) , . . . , 𝜙𝑚 (𝑠))T ,
𝜙𝑖 (𝑠) ∈ 𝐶 ([−𝛿, 0] , 𝑅) , 𝑖 = 1, . . . , 𝑚,

𝜓 (𝑠) = (𝜓1 (𝑠) , . . . , 𝜓𝑚 (𝑠))T ,
𝜓𝑖 (𝑠) ∈ 𝐶 ([−𝜏, 0] , 𝑅) , 𝑖 = 1, . . . , 𝑚,

(8)

where 𝛿 = max1≤𝑖,𝑗≤𝑚{𝛿+𝑖 , 𝜉+𝑗𝑖}, 𝜏 = max1≤𝑖,𝑗≤𝑚{𝜎+𝑖 , 𝜏+𝑗𝑖}, we
denote

𝜙 = sup
−𝛿≤𝑠≤0

( 𝑚∑
𝑖=1

𝜙𝑖 (𝑠)2)
1/2 ,

𝜓 = sup
−𝜏≤𝑠≤0

( 𝑚∑
𝑖=1

𝜓𝑖 (𝑠)2)
1/2 .

(9)

The initial conditions of the system (5) are given by

𝑥𝑖0 (𝑠) = 𝜙𝑖 (𝑠) , − 𝛿 ≤ 𝑠 ≤ 0,
𝑦𝑖0 (𝑠) = 𝜓𝑖 (𝑠) , − 𝜏 ≤ 𝑠 ≤ 0. (10)

Let (𝑥(𝑡), 𝑦(𝑡))T be the solution of system (5) with initial
conditions (10), where 𝑥(𝑡) = (𝑥1(𝑡), . . . , 𝑥𝑚(𝑡))T, 𝑦(𝑡) =(𝑦1(𝑡), . . . , 𝑦𝑚(𝑡))T. We say the solution (𝑥(𝑡), 𝑦(𝑡))T is 𝑇-
antiperiodic if 𝑥𝑖(𝑡 + 𝑇) = −𝑥𝑖(𝑡), 𝑦𝑖(𝑡 + 𝑇) = −𝑦𝑖(𝑡)(𝑖 =1, . . . , 𝑚) for all 𝑡 ∈ 𝑅, where 𝑇 is a positive constant.

Throughout this paper, we assume that the following
conditions hold.

(H1) For 𝑓𝑗, 𝑔𝑗, ℎ𝑗, 𝜑𝑗 ∈ 𝐶(𝑅, 𝑅), 𝑗 = 1, . . . , 𝑚, there exist
positive constants 𝐿𝑗𝑓, 𝐿𝑗𝑔, 𝐿𝑗ℎ, 𝐿𝑗𝜑 and𝑀𝑗𝑓,𝑀𝑗𝑔,𝑀𝑗ℎ,𝑀𝑗𝜑
such that

𝑓𝑗 (𝑢) − 𝑓𝑗 (V) ≤ 𝐿𝑗𝑓 |𝑢 − V| ,𝑓𝑗 (𝑢) ≤ 𝑀𝑗𝑓,𝑔𝑗 (𝑢) − 𝑔𝑗 (V) ≤ 𝐿𝑗𝑔 |𝑢 − V| ,𝑔𝑗 (𝑢) ≤ 𝑀𝑗𝑔,ℎ𝑗 (𝑢) − ℎ𝑗 (V) ≤ 𝐿𝑗ℎ |𝑢 − V| ,ℎ𝑗 (𝑢) ≤ 𝑀𝑗ℎ,𝜑𝑗 (𝑢) − 𝜑𝑗 (V) ≤ 𝐿𝑗𝜑 |𝑢 − V| ,𝜑𝑗 (𝑢) ≤ 𝑀𝑗𝜑.

(11)

for all 𝑢, V ∈ 𝑅.

(H2) For all 𝑡, 𝑢 ∈ 𝑅,
𝑎𝑗𝑖 (𝑡 + 𝑇) 𝑓𝑗 (𝑢) = −𝑎𝑗𝑖 (𝑡) 𝑓𝑗 (−𝑢) ,
𝑏𝑗𝑖 (𝑡 + 𝑇) 𝑔𝑗 (𝑢) = −𝑏𝑗𝑖 (𝑡) 𝑔𝑖 (−𝑢) ,
𝑠𝑗𝑖 (𝑡 + 𝑇) ℎ𝑖 (𝑢) = −𝑠𝑗𝑖 (𝑡) ℎ𝑖 (−𝑢) ,
𝑡𝑗𝑖 (𝑡 + 𝑇) 𝜑𝑖 (𝑢) = −𝑡𝑗𝑖 (𝑡) 𝜑𝑖 (−𝑢) ,

𝐼𝑖 (𝑡 + 𝑇) = −𝐼𝑖 (𝑡) ,
𝐽𝑖 (𝑡 + 𝑇) = −𝐽𝑖 (𝑡) ,
𝛿𝑖 (𝑡 + 𝑇) = 𝛿𝑖 (𝑡) ,
𝜎𝑖 (𝑡 + 𝑇) = 𝜎𝑖 (𝑡) ,

(12)

where 𝑖, 𝑗 = 1, . . . , 𝑚 and 𝑇 is a positive constant.

Definition 1. The solution (𝑥∗(𝑡), 𝑦∗(𝑡))𝑇 of system (5) is said
to be globally exponentially stable if there exist constants 𝛽 >0 and𝑀 > 1 such that

𝑚∑
𝑖=1

𝑥𝑖 (𝑡) − 𝑥∗𝑖 (𝑡)2 + 𝑚∑
𝑖=1

𝑦𝑖 (𝑡) − 𝑦∗𝑖 (𝑡)2
≤ 𝑀𝑒−𝛽𝑡 [𝜙 − 𝜙∗2 + 𝜓 − 𝜓∗2]

(13)

for each solution (𝑥(𝑡), 𝑦(𝑡))T of system (5).

Lemma 2 (see [25]). Let

𝐴 = (−𝑎𝑖 0
0 −𝑏𝑗) ,

𝛼 = min
1≤𝑖,𝑗≤𝑚

{𝑎𝑖, 𝑏𝑗} ,
(14)

and then
exp𝐴𝑡 ≤ √2𝑒−𝛼𝑡, ∀𝑡 ≥ 0. (15)

Lemma 3. Suppose that (H3)

− 2𝑎𝑖 + 2𝑎2𝑖 𝛿+𝑖 + 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑

+ (𝑎𝑖𝛿+𝑖 + 1)( 𝑚∑
𝑗=1

𝑏+𝑗𝑖𝐿2𝜉𝑗𝑗𝑔 + 𝑚∑
𝑗=1

𝑎+𝑗𝑖 (𝐿2𝜉𝑗𝑗𝑓 + 𝐿2(1−𝜉𝑗)𝑗𝑓 ))
+ 𝑚∑
𝑗=1

𝑏𝑖𝜎+𝑖 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 < 0,
− 2𝑏𝑖 + 2𝑏2𝑖 𝜎+𝑖 + 𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔

+ (𝑏𝑖𝜎+𝑖 + 1)( 𝑚∑
𝑗=1

𝑡+𝑗𝑖𝐿2𝜍𝑗𝑗𝜑 + 𝑚∑
𝑗=1

𝑠+𝑗𝑖 (𝐿2𝜍𝑗𝑗ℎ + 𝐿2(1−𝜍𝑗)𝑗ℎ
))

+ 𝑚∑
𝑗=1

𝑎𝑖𝛿+𝑖 𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 < 0,

(16)
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where 0 ≤ 𝜉𝑗, 𝜍𝑗 < 1(𝑗 = 1, . . . , 𝑚) are any constants. Then
there exists 𝛽 > 0 such that
𝛽 − 2𝑎𝑖 + 𝑎2𝑖 𝛿+𝑖 (𝑒𝛽𝛿+𝑖 + 1) + 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜉+𝑗𝑖
+ (𝑎𝑖𝛿+𝑖 + 1)( 𝑚∑

j=1
𝑏+𝑗𝑖𝐿2𝜉𝑗𝑗𝑔 + 𝑚∑

𝑗=1

𝑎+𝑗𝑖 (𝐿2𝜉𝑗𝑗𝑓 + 𝐿2(1−𝜉𝑗)𝑗𝑓 ))
+ 𝑚∑
𝑗=1

𝑏𝑖𝜎+𝑖 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜉+𝑗𝑖 ≤ 0,
𝛽 − 2𝑏𝑖 + 𝑏2𝑖 𝜎+𝑖 (𝑒𝛽𝜎+𝑖 + 1) + 𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖
+ (𝑏𝑖𝜎+𝑖 + 1)( 𝑚∑

𝑗=1

𝑡+𝑗𝑖𝐿2𝜍𝑗𝑗𝜑 + 𝑚∑
𝑗=1

𝑠+𝑗𝑖 (𝐿2𝜍𝑗𝑗ℎ + 𝐿2(1−𝜍𝑗)𝑗ℎ
))

+ 𝑚∑
𝑗=1

𝑎𝑖𝛿+𝑖 𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖 ≤ 0.

(17)

Proof. Let

1𝑖 (𝛽)
= 𝛽 − 2𝑎𝑖 + 𝑎2𝑖 𝛿+𝑖 (𝑒𝛽𝛿+𝑖 + 1) + 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜉+𝑗𝑖
+ (𝑎𝑖𝛿+𝑖 + 1)( 𝑚∑

𝑗=1

𝑏+𝑗𝑖𝐿2𝜉𝑗𝑗𝑔 + 𝑚∑
𝑗=1

𝑎+𝑗𝑖 (𝐿2𝜉𝑗𝑗𝑓 + 𝐿2(1−𝜉𝑗)𝑗𝑓
))

+ 𝑚∑
𝑗=1

𝑏𝑖𝜎+𝑖 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜉+𝑗𝑖 ,
2𝑖 (𝛽)
= 𝛽 − 2𝑏𝑖 + 𝑏2𝑖 𝜎+𝑖 (𝑒𝛽𝜎+𝑖 + 1) + 𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖
+ (𝑏𝑖𝜎+𝑖 + 1)( 𝑚∑

𝑗=1

𝑡+𝑗𝑖𝐿2𝜍𝑗𝑗𝜑 + 𝑚∑
𝑗=1

𝑠+𝑗𝑖 (𝐿2𝜍𝑗𝑗ℎ + 𝐿2(1−𝜍𝑗)𝑗ℎ
))

+ 𝑚∑
𝑗=1

𝑎𝑖𝜎+𝑖 𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖 .

(18)

Clearly, 1𝑖(𝛽), 2𝑖(𝛽)(𝑖 = 1, . . . , 𝑚) are continuously differen-
tial functions and satisfy that

𝑑1𝑖 (𝛽)𝑑𝛽 > 0,
lim
𝛽→+∞

1𝑖 (𝛽) = +∞,

1𝑖 (0) < 0,
𝑑2𝑖 (𝛽)𝑑𝛽 > 0,

lim
𝛽→+∞

2𝑖 (𝛽) = +∞,
2𝑗 (0) < 0.

(19)

According to the intermediate value theorem, it is clear that
there exist constants 𝛽𝑖 > 0, 𝛽∗𝑖 > 0 such that

1𝑖 (𝛽𝑖) = 0,
2𝑖 (𝛽∗𝑖 ) = 0,

𝑖 = 1, . . . , 𝑚.
(20)

Let 𝛽0 = min{𝛽1, . . . , 𝛽𝑚, 𝛽∗1 , . . . , 𝛽∗𝑚}; then it follows that𝛽0 > 0 and
1𝑖 (𝛽0) ≤ 0,
2𝑖 (𝛽0) ≤ 0,

𝑖 = 1, . . . , 𝑚.
(21)

The proof of Lemma 3 is complete.

Lemma4. Suppose that (H1) holds true.Then, for any solution(𝑥(𝑡), 𝑦(𝑡))T of system (5), there exists a constant

𝛾 = [1 − √2𝛼 (𝑎2𝑖 𝛿+𝑖 + 𝑏2𝑖 𝜎+𝑖 )]
−1 [
[
√2 (𝜙2 + 𝜓2)

+ √2𝛼 (𝑎𝑖𝛿+𝑖 𝑚∑
𝑗=1

𝑎+𝑗𝑖𝑀𝑗𝑓 + 𝑎𝑖𝛿+𝑖 𝑚∑
𝑗=1

𝑏+𝑗𝑖𝑀𝑗𝑔 + 𝑎𝑖𝛿+𝑖 𝐼+𝑖

+ 𝑚∑
𝑗=1

𝑎+𝑗𝑖𝑀𝑗𝑓 + 𝑚∑
𝑗=1

𝑏+𝑗𝑖𝑀𝑗𝑔 + 𝐼+𝑖 + 𝑏𝑖𝜎+𝑖 𝑚∑
𝑗=1

𝑠+𝑗𝑖𝑀𝑗ℎ

+ 𝑏𝑖𝜎+𝑖 𝑚∑
𝑗=1

𝑡+𝑗𝑖𝑀𝑗𝜙 + 𝑏𝑖𝜎+𝑖 𝐽+𝑖 + 𝑚∑
𝑗=1

𝑠+𝑗𝑖𝑀𝑗ℎ + 𝑚∑
𝑗=1

𝑡+𝑗𝑖𝑀𝑗𝜙

+ 𝐽+𝑖 )]] ,

(22)
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such that

𝑥𝑖 (𝑡) ≤ 𝛾,
𝑦𝑖 (𝑡) ≤ 𝛾,

𝑖 = 1, . . . , 𝑚, ∀𝑡 > 0.
(23)

Proof. From system (5), we conclude that

𝑑𝑥𝑖 (𝑡)𝑑𝑡 = −𝑎𝑖𝑥𝑖 (𝑡) + 𝑎𝑖 ∫𝑡
𝑡−𝛿𝑖(𝑡)

[
[−𝑎𝑖𝑥𝑖 (𝑠 − 𝛿𝑖 (𝑠))

+ 𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑠) 𝑓𝑗 (𝑥𝑗 (𝑠))

+ 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑠) 𝑔𝑗 (𝑦𝑗 (𝑠 − 𝜏𝑗𝑖 (𝑠))) + 𝐼𝑖 (𝑠)]]𝑑𝑠

+ 𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑡) 𝑓𝑗 (𝑥𝑗 (𝑡)) + 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑡)
⋅ 𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏𝑗𝑖 (𝑡))) + 𝐼𝑖 (𝑡) ,

𝑑𝑦𝑖 (𝑡)𝑑𝑡 = −𝑏𝑖𝑦𝑖 (𝑡) + 𝑏𝑖 ∫𝑡
𝑡−𝜎𝑖(𝑡)

[
[−𝑏𝑖𝑦𝑖 (𝑠 − 𝜎𝑖 (𝑠))

+ 𝑚∑
𝑗=1

𝑠𝑗𝑖 (𝑠) ℎ𝑗 (𝑦𝑗 (𝑠))

+ 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑠) 𝜑𝑗 (𝑥𝑗 (𝑠 − 𝜎𝑗𝑖 (𝑠))) + 𝐽𝑖 (𝑠)]]𝑑𝑠

+ 𝑚∑
𝑗=1

𝑠𝑗𝑖 (𝑡) ℎ𝑗 (𝑦𝑗 (𝑡)) + 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑡)
⋅ 𝜑𝑗 (𝑥𝑗 (𝑡 − 𝜉𝑗𝑖 (𝑡))) + 𝐽𝑖 (𝑡) .

(24)

Let

𝑧𝑖𝑖 (𝑡) = (𝑥𝑖 (𝑡)𝑦𝑖 (𝑡)) ,

𝐴 = (−𝑎𝑖 0
0 −𝑏𝑖) ,

𝐵𝑖𝑖 (𝑡) = (𝐼𝑖 (𝑡)𝐽𝑖 (𝑡)) ,

𝐹 (𝑥𝑖 (𝑡) , 𝑦𝑖 (𝑡)) = (𝑓1 (𝑥𝑖 (𝑡) , 𝑦𝑖 (𝑡))𝑓2 (𝑥𝑖 (𝑡) , 𝑦𝑖 (𝑡))) ,
(25)

where

𝑓1 (𝑥𝑖 (𝑡) , 𝑦𝑖 (𝑡)) = 𝑎𝑖 ∫𝑡
𝑡−𝛿𝑖(𝑡)

[
[−𝑎𝑖𝑥𝑖 (𝑠 − 𝛿𝑖 (𝑠))

+ 𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑠) 𝑓𝑗 (𝑥𝑗 (𝑠))

+ 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑠) 𝑔𝑗 (𝑦𝑗 (𝑠 − 𝜏𝑗𝑖 (𝑠))) + 𝐼𝑖 (𝑠)]]𝑑𝑠

+ 𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑡) 𝑓𝑗 (𝑥𝑗 (𝑡)) + 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑡)
⋅ 𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏𝑗𝑖 (𝑡))) ,

𝑓2 (𝑥𝑖 (𝑡) , 𝑦𝑖 (𝑡)) = 𝑏𝑖 ∫𝑡
𝑡−𝜎𝑖(𝑡)

[
[−𝑏𝑖𝑦𝑖 (𝑠 − 𝜎𝑖 (𝑠))

+ 𝑚∑
𝑗=1

𝑠𝑗𝑖 (𝑠) ℎ𝑗 (𝑦𝑗 (𝑠))

+ 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑠) 𝜑𝑗 (𝑥𝑗 (𝑠 − 𝜎𝑗𝑖 (𝑠))) + 𝐽𝑖 (𝑠)]]𝑑𝑠

+ 𝑚∑
𝑗=1

𝑠𝑗𝑖 (𝑡) ℎ𝑗 (𝑦𝑗 (𝑡)) + 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑡)
⋅ 𝜑𝑗 (𝑥𝑗 (𝑡 − 𝜉𝑗𝑖 (𝑡))) ,

(26)

and then system (5) has the following form:

𝑧𝑖𝑖 (𝑡) ≤ 𝐴𝑧𝑖𝑖 (𝑡) + 𝐹 (𝑥𝑖 (𝑡) , 𝑦𝑖 (𝑡)) + 𝐵𝑖𝑖 (𝑡) . (27)

By (27), we get

𝑧𝑖𝑖 (𝑡) ≤ 𝑒𝐴𝑡𝑧𝑖𝑖 (0)
+ ∫𝑡
0
𝑒𝐴(𝑡−𝑠) [𝐹 (𝑥i (𝑠) , 𝑦𝑗 (𝑠)) + 𝐵𝑖𝑖 (𝑠)] 𝑑𝑠.

(28)
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In view of Lemma 2, we have

𝑧𝑖𝑖 (𝑡) ≤ √2𝑒−𝛼𝑡 𝑧𝑖𝑖 (0)
+ √2∫𝑡

0
𝑒−𝛼(𝑡−𝑠) [𝐹 (𝑥𝑖 (𝑠) , 𝑦𝑖 (𝑠))

+ 𝐵𝑖𝑖 (𝑠)] 𝑑𝑠 ≤ √2 (𝜙2 + 𝜓2) + √2𝛼 (1
− 𝑒−𝛼𝑡)[[𝑎𝑖𝛿

+
𝑖 (𝑎𝑖 𝑥𝑖 (𝑡 − 𝛿𝑖 (𝑡) + 𝑚∑

𝑗=1

𝑎+𝑗𝑖𝑀𝑗𝑓
+ 𝑚∑
𝑗=1

𝑏+𝑗𝑖𝑀𝑗𝑔 + 𝐼+𝑖 ) + 𝑚∑
𝑗=1

𝑎+𝑗𝑖𝑀𝑗𝑓 + 𝑚∑
𝑗=1

𝑏+𝑗𝑖𝑀𝑗𝑔 + 𝐼+𝑖
+ 𝑏𝑖𝜎+𝑖 (𝑏𝑖 𝑦𝑖 (𝑡 − 𝜎𝑖 (𝑡) + 𝑚∑

𝑗=1

𝑠+𝑗𝑖𝑀𝑗ℎ + 𝑚∑
𝑗=1

𝑡+𝑗𝑖𝑀𝑗𝜑
+ 𝐽+𝑖 ) + 𝑚∑

𝑗=1

𝑠+𝑗𝑖𝑀𝑗ℎ + 𝑚∑
𝑗=1

𝑡+𝑗𝑖𝑀𝑗𝜑 + 𝐽+𝑖 ]] ≤
√2 (𝜙2

+ 𝜓2) + √2𝛼 [
[𝑎
2
𝑖 𝛿+𝑖 𝑧𝑖𝑖 (𝑡) + 𝑎𝑖𝛿+𝑖 𝑚∑

𝑗=1

𝑎+𝑗𝑖𝑀𝑗𝑓
+ 𝑎𝑖𝛿+𝑖 𝑚∑

𝑗=1

𝑏+𝑗𝑖𝑀𝑗𝑔 + 𝑎𝑖𝛿+𝑖 𝐼+𝑖 + 𝑚∑
𝑗=1

𝑎+𝑗𝑖𝑀𝑗𝑓 + 𝑚∑
𝑗=1

𝑏+𝑗𝑖𝑀𝑗𝑔
+ 𝐼+𝑖 + 𝑏2𝑖 𝜎+𝑖 𝑧𝑖𝑖 (𝑡) + 𝑏𝑖𝜎+𝑖 𝑚∑

𝑗=1

𝑠+j𝑖𝑀𝑗ℎ
+ 𝑏𝑖𝜎+𝑖 𝑚∑

𝑗=1

𝑡+𝑗𝑖𝑀𝑗𝜑 + 𝑏𝑖𝜎+𝑖 𝐽+𝑖 + 𝑚∑
𝑗=1

𝑠+𝑗𝑖𝑀𝑗ℎ + 𝑚∑
𝑗=1

𝑡+𝑗𝑖𝑀𝑗𝜑
+ 𝐽+𝑖 ]] .

(29)

Let

𝛾 = [1 − √2𝛼 (𝑎2𝑖 𝛿+𝑖 + 𝑏2𝑖 𝜎+𝑖 )]
−1 [
[
√2 (𝜙2 + 𝜓2)

+ √2𝛼 (𝑎𝑖𝛿+𝑖 𝑚∑
𝑗=1

𝑎+𝑗𝑖𝑀𝑗𝑓 + 𝑎𝑖𝛿+𝑖 𝑚∑
𝑗=1

𝑏+𝑗𝑖𝑀𝑗𝑔 + 𝑎𝑖𝛿+𝑖 𝐼+𝑖
+ 𝑚∑
𝑗=1

𝑎+𝑗𝑖𝑀𝑗𝑓 + 𝑚∑
𝑗=1

𝑏+𝑗𝑖𝑀𝑗𝑔 + 𝐼+𝑖 + 𝑏𝑖𝜎+𝑖 𝑚∑
𝑗=1

𝑠+𝑗𝑖𝑀𝑗ℎ
+ 𝑏𝑖𝜎+𝑖 𝑚∑

𝑗=1

𝑡+𝑗𝑖𝑀𝑗𝜑 + 𝑏𝑖𝜎+𝑖 𝐽+𝑖 + 𝑚∑
𝑗=1

𝑠+𝑗𝑖𝑀𝑗ℎ + 𝑚∑
𝑗=1

𝑡+𝑗𝑖𝑀𝑗𝜑
+ 𝐽+𝑖 )]] ,

(30)

and it follows from (29) that ‖𝑧𝑖𝑖(𝑡)‖ ≤ 𝛾. That is, |𝑥𝑖(𝑡)| ≤ 𝛾
and |𝑦𝑖(𝑡)| ≤ 𝛾.This completes the proof of Lemma 4.

3. Main Results

In this section, we give our main results for system (5).

Theorem 5. Suppose that (H1)-(H3) are satisfied. Then any
solution (𝑥∗(𝑡), 𝑦∗(𝑡))𝑇 of system (5) is globally exponentially
stable.

Proof. First, we denote 𝑢𝑖(𝑡) = 𝑥𝑖(𝑡) − 𝑥∗𝑖 (𝑡), V𝑖(𝑡) = 𝑦𝑖(𝑡) −𝑦∗𝑖 (𝑡), 𝑖 = 1, . . . , 𝑚. By system (5), we have

𝑑𝑢𝑖 (𝑡)𝑑𝑡 = −𝑎𝑖𝑢𝑖 (𝑡) + 𝑎𝑖 ∫𝑡
𝑡−𝛿𝑖(𝑡)

[
[−𝑎𝑖𝑢𝑖 (𝑠 − 𝛿𝑖 (𝑠))

+ 𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑠) (𝑓𝑗 (𝑥𝑗 (𝑠)) − 𝑓𝑗 (𝑥∗𝑗 (𝑠))) + 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑠)
⋅ (𝑔𝑗 (𝑦𝑗 (𝑠 − 𝜏𝑗𝑖 (𝑠)))
− 𝑔𝑗 (𝑦∗𝑗 (𝑠 − 𝜏𝑗𝑖 (𝑠))))]]𝑑𝑠 +

𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑡)

⋅ (𝑓𝑗 (𝑥𝑗 (𝑡)) − 𝑓𝑗 (𝑥∗𝑗 (𝑡))) + 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑡) (𝑔𝑗 (𝑦𝑗 (𝑠
− 𝜏𝑗𝑖 (𝑠))) − 𝑔𝑗 (𝑦∗𝑗 (𝑠 − 𝜏𝑗𝑖 (𝑠)))) ,

𝑑V𝑖 (𝑡)𝑑𝑡 = −𝑏𝑖V𝑖 (𝑡) + 𝑏𝑖 ∫𝑡
𝑡−𝜎𝑖(𝑡)

[
[−𝑏𝑖V𝑖 (𝑠 − 𝜎𝑖 (𝑠))

+ 𝑚∑
𝑗=1

𝑠𝑗𝑖 (𝑠) (ℎ𝑗 (𝑦𝑗 (𝑠)) − ℎ𝑗 (𝑦∗𝑗 (𝑠))) + 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑠)
⋅ (𝜑𝑗 (𝑥𝑗 (𝑠 − 𝜉𝑗𝑖 (𝑠)))
− 𝜑𝑗 (𝑥∗𝑗 (𝑠 − 𝜉𝑗𝑖 (𝑠))))]]𝑑𝑠 +

𝑚∑
𝑗=1

𝑠𝑗𝑖 (𝑡)

⋅ (ℎ𝑗 (𝑦𝑗 (𝑡)) − ℎ𝑗 (𝑦∗𝑗 (𝑡))) + 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑡) (𝜑𝑗 (𝑥𝑗 (𝑡
− 𝜉𝑗𝑖 (𝑡))) − 𝜑𝑗 (𝑥∗𝑗 (𝑡 − 𝜉𝑗𝑖 (𝑡)))) ,

(31)

which leads to

12 𝑑𝑢
2
𝑖 (𝑡)𝑑𝑡 = −𝑎𝑖𝑢2𝑖 (𝑡) + 𝑎𝑖𝑢𝑖 (𝑡) ∫𝑡

𝑡−𝛿𝑖(𝑡)

[
[−𝑎𝑖𝑢𝑖 (𝑠

− 𝛿𝑖 (𝑠)) + 𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑠) (𝑓𝑗 (𝑥𝑗 (𝑠)) − 𝑓𝑗 (𝑥∗𝑗 (𝑠)))
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+ 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑠) (𝑔𝑗 (𝑦𝑗 (𝑠 − 𝜏𝑗𝑖 (𝑠)))

− 𝑔𝑗 (𝑦∗𝑗 (𝑠 − 𝜏𝑗𝑖 (𝑠))))]]𝑑𝑠 + 𝑢𝑖 (𝑡)
𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑡)

⋅ (𝑓𝑗 (𝑥𝑗 (𝑡)) − 𝑓𝑗 (𝑥∗𝑗 (𝑡))) + 𝑢𝑖 (𝑡) 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑡)
⋅ (𝑔𝑗 (𝑦𝑗 (𝑠 − 𝜏𝑗𝑖 (𝑠))) − 𝑔𝑗 (𝑦∗𝑗 (𝑠 − 𝜏𝑗𝑖 (𝑠)))) ,

12 𝑑V
2
𝑖 (𝑡)𝑑𝑡 = −𝑏𝑖V2𝑖 (𝑡) + 𝑏𝑖V𝑖 (𝑡) ∫𝑡

𝑡−𝜎𝑖(𝑡)

[
[−𝑏𝑖V𝑖 (𝑠

− 𝜎𝑖 (𝑠)) + 𝑚∑
𝑗=1

𝑠𝑗𝑖 (𝑠) (ℎ𝑗 (𝑦𝑗 (𝑠)) − ℎ𝑗 (𝑦∗𝑗 (𝑠)))
+ 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑠) (𝜑𝑗 (𝑥𝑗 (𝑠 − 𝜉𝑗𝑖 (𝑠)))

− 𝜑𝑗 (𝑥∗𝑗 (𝑠 − 𝜉𝑗𝑖 (𝑠))))]]𝑑𝑠 + V𝑖 (𝑡)
𝑚∑
𝑗=1

𝑠𝑗𝑖 (𝑡)

⋅ (ℎ𝑗 (𝑦𝑗 (𝑡)) − ℎ𝑗 (𝑦∗𝑗 (𝑡))) + V𝑖 (𝑡) 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑡)
⋅ (𝜑𝑗 (𝑥𝑗 (𝑡 − 𝜉𝑗𝑖 (𝑡))) − 𝜑𝑗 (𝑥∗𝑗 (𝑡 − 𝜉𝑗𝑖 (𝑡)))) .

(32)

Then

𝑑𝑢2𝑖 (𝑡)𝑑𝑡 ≤ −2𝑎𝑖𝑢2𝑖 (𝑡) + 2𝑎𝑖𝑢𝑖 (𝑡) 𝛿+𝑖 [[𝑎𝑖
𝑢𝑖 (𝑡 − 𝛿𝑖 (𝑡))

+ 𝑚∑
𝑗=1

𝑎+𝑗𝑖𝐿𝑗𝑓𝑢𝑗 (𝑡) + 𝑚∑
𝑗=1

𝑏+𝑗𝑖𝐿𝑗𝑔V𝑗 (𝑡 − 𝜏𝑗𝑖 (𝑡))]]
+ 2𝑢𝑖 (𝑡) 𝑚∑

𝑗=1

𝑎+𝑗𝑖𝐿𝑗𝑓𝑢𝑗 (𝑡) + 2𝑢𝑖 (𝑡) 𝑚∑
𝑗=1

𝑏+𝑗𝑖𝐿𝑗𝑔V𝑗 (𝑡
− 𝜏𝑗𝑖 (𝑡)) ≤ −2𝑎𝑖𝑢2𝑖 (𝑡)
+ 𝑎𝑖𝛿+𝑖 [[𝑎𝑖 (𝑢

2
𝑖 + 𝑢2𝑖 (𝑡 − 𝛿𝑖 (𝑡)))

+ 𝑚∑
𝑗=1

𝑎+𝑗𝑖 (𝐿2𝜉𝑗𝑗𝑓 𝑢2𝑖 (𝑡) + 𝐿2(1−𝜉𝑗)𝑗𝑓
𝑢2𝑗 (𝑡))

+ 𝑚∑
𝑗=1

𝑏+𝑗𝑖 (𝐿2𝜉𝑗𝑗𝑔 𝑢2𝑖 (𝑡) + 𝐿2(1−𝜉𝑗)𝑗𝑔 V2𝑗 (𝑡 − 𝜏𝑗𝑖 (𝑡)))]]

+ 𝑚∑
𝑗=1

𝑎+𝑗𝑖 (𝐿2𝜉𝑗𝑗𝑓 𝑢2𝑖 (𝑡) + 𝐿2(1−𝜉𝑗)𝑗𝑓
𝑢2𝑗 (𝑡)) + 𝑚∑

𝑗=1

𝑏+𝑗𝑖
⋅ (𝐿2𝜉𝑗𝑗𝑔 𝑢2𝑖 (𝑡) + 𝐿2(1−𝜉𝑗)𝑗𝑔 V2𝑗 (𝑡 − 𝜏𝑗𝑖 (𝑡))) .

(33)

With the same method, we have

𝑑V2𝑖 (𝑡)𝑑𝑡 ≤ −2𝑏𝑖V2𝑖 (𝑡) + 𝑏𝑖𝜎+𝑖 [[𝑏𝑖 (V
2
𝑖 + V2𝑖 (𝑡 − 𝜎𝑖 (𝑡)))

+ 𝑚∑
𝑗=1

𝑠+𝑗𝑖 (𝐿2𝜍𝑗𝑗ℎ V2𝑖 (𝑡) + 𝐿2(1−𝜍𝑗)𝑗ℎ
V2𝑗 (𝑡))

+ 𝑚∑
𝑗=1

𝑡+𝑗𝑖 (𝐿2𝜍𝑗𝑗𝜑V2𝑖 (𝑡) + 𝐿2(1−𝜍𝑗)𝑗𝜑 𝑢2𝑗 (𝑡 − 𝜉𝑗𝑖 (𝑡)))]]
+ 𝑚∑
𝑗=1

𝑠+𝑗𝑖 (𝐿2𝜍𝑗𝑗ℎ V2𝑖 (𝑡) + 𝐿2(1−𝜍𝑗)𝑗ℎ
V2𝑗 (𝑡)) + 𝑚∑

𝑗=1

𝑡+𝑗𝑖
⋅ (𝐿2𝜍𝑗𝑗𝜑V2𝑖 (𝑡) + 𝐿2(1−𝜍𝑗)𝑗𝜑 𝑢2𝑗 (𝑡 − 𝜉𝑗𝑖 (𝑡))) ,

(34)

where 0 ≤ 𝜉𝑗, 𝜍𝑗 < 1, 𝑗 = 1, . . . , 𝑚.Now we define a Lyapunov
function as follows:

𝑉 (𝑡)
= 𝑒𝛽𝑡 ( 𝑚∑

𝑖=1

𝑢2𝑖 (𝑡) + 𝑚∑
𝑖=1

V2𝑖 (𝑡))

+ 𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑎𝑖𝛿+𝑖 𝑏+𝑖𝑗𝐿2(1−𝜉𝑗)𝑗𝑔 ∫𝑡
𝑡−𝜏𝑗𝑖(𝑡)

𝑒𝛽(𝑠+𝜏𝑗𝑖(𝑡))V2𝑗 (𝑠) 𝑑𝑠

+ 𝑚∑
𝑖=1

𝑎2𝑖 𝛿+𝑖 ∫𝑡
𝑡−𝛿𝑖(𝑡)

𝑒𝛽(𝑠+𝛿𝑖(𝑡))𝑢2𝑖 (𝑠) 𝑑𝑠

+ 𝑚∑
𝑖=1

𝑏+𝑖𝑗𝐿2(1−𝜉𝑗)𝑗𝑔 ∫𝑡
𝑡−𝜏𝑗𝑖(𝑡)

𝑒𝛽(𝑠+𝜏𝑗𝑖(𝑡))V2𝑗 (𝑠) 𝑑𝑠

+ 𝑚∑
𝑖=1

𝑏2𝑖 𝜎+𝑖 ∫𝑡
𝑡−𝜎𝑖(𝑡)

𝑒𝛽(𝑠+𝜎𝑖(𝑡))V2𝑖 (𝑠) 𝑑𝑠

+ 𝑚∑
𝑖=1

𝑡+𝑖𝑗𝐿2(1−𝜍𝑗)𝑗𝜑 ∫𝑡
𝑡−𝜉𝑗𝑖(𝑡)

𝑒𝛽(𝑠+𝜉𝑗𝑖(𝑡))𝑢2𝑗 (𝑠) 𝑑𝑠

+ 𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑏𝑖𝜎+𝑖 𝑡+𝑖𝑗𝐿2(1−𝜍𝑗)𝑗𝜑 ∫𝑡
𝑡−𝜉𝑗𝑖(𝑡)

𝑒𝛽(𝑠+𝜉𝑗𝑖(𝑡))𝑢2𝑗 (𝑠) 𝑑𝑠,

(35)
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where 𝛽 is defined by Lemma 3. Differentiating 𝑉(𝑡) along
solutions to system (5), together with (33) and (34), we have

𝑑𝑉 (𝑡)𝑑𝑡 ≤ 𝛽𝑒𝛽𝑡 ( 𝑚∑
𝑖=1

𝑢2𝑖 (𝑡) + 𝑚∑
𝑖=1

V2𝑖 (𝑡))

+ 𝑒𝛽𝑡 𝑚∑
𝑖=1

{{{−2𝑎𝑖𝑢
2
𝑖 (𝑡) + 𝑎𝑖𝛿+𝑖 [[𝑎𝑖𝑢

2
𝑖 (𝑡) + 𝑎𝑖𝑢2𝑖 (𝑡

− 𝛿𝑖 (𝑡) + 𝑚∑
𝑗=1

𝑎+𝑗𝑖 (𝐿2𝜉𝑗𝑗𝑓 𝑢2𝑖 (𝑡) + 𝐿2(1−𝜉𝑗)𝑗𝑓
𝑢2𝑗 (𝑡))

+ 𝑚∑
𝑗=1

𝑏+𝑗𝑖 (𝐿2𝜉𝑗𝑗𝑔 𝑢2𝑖 (𝑡) + 𝐿2(1−𝜉𝑗)𝑗𝑔 V2𝑗 (𝑡 − 𝜏𝑗𝑖 (𝑡))]]
+ 𝑚∑
𝑗=1

𝑎+𝑗𝑖 (𝐿2𝜉𝑗𝑗𝑓 𝑢2𝑖 (𝑡) + 𝐿2(1−𝜉𝑗)𝑗𝑓 𝑢2𝑗 (𝑡)) + 𝑚∑
𝑗=1

𝑏+𝑗𝑖

⋅ (𝐿2𝜉𝑗𝑗𝑔 𝑢2𝑖 (𝑡) + 𝐿2(1−𝜉𝑗)𝑗𝑔 V2𝑗 (𝑡 − 𝜏𝑗𝑖 (𝑡))}}}
+ 𝑒𝛽𝑡 𝑚∑
𝑖=1

{{{−2𝑏𝑖V𝑖 (𝑡) + 𝑏𝑖𝜎
+
𝑖 [𝑏𝑖V2𝑖 (𝑡 − 𝜎𝑖 (𝑡)) + 𝑚∑

𝑗=1

𝑠+𝑗𝑖
⋅ (𝐿2𝜍𝑗
𝑗ℎ
V2𝑖 (𝑡) + 𝐿2(1−𝜍𝑗)𝑗ℎ

V2𝑗 (𝑡)) + 𝑚∑
𝑗=1

𝑡+𝑗𝑖 (𝐿2𝜍𝑗𝑗𝜑V2𝑖 (𝑡)

+ 𝐿2(1−𝜍𝑗)
𝑗ℎ

𝑢2𝑗 (𝑡 − 𝜉𝑗𝑖 (𝑡)))}}} +
𝑚∑
𝑖=1

𝑎2𝑖 𝛿+𝑖
⋅ (𝑒𝛽𝑡+𝛽𝛿𝑖(𝑡)𝑢𝑖 (𝑡) − 𝑒𝛽𝑡𝑢𝑖 (𝑡 − 𝛿𝑖 (𝑡))) + 𝑚∑

𝑖=1

𝑏+𝑖𝑗
⋅ 𝐿2(1−𝜉𝑗)𝑗𝑔 (𝑒𝛽𝑡+𝛽𝜏𝑗𝑖(𝑡)V𝑗 (𝑡) − 𝑒𝛽𝑡V2𝑗 (𝑡 − 𝛿𝑖 (𝑡)))
+ 𝑚∑
𝑖=1

𝑏2𝑖 𝜎+𝑖 (𝑒𝛽𝑡+𝛽𝜎𝑖(𝑡)V2𝑖 (𝑡) − 𝑒𝛽𝑡V2𝑖 (𝑡 − 𝜎𝑖 (𝑡)))
+ 𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑏𝑖𝜎+𝑖 𝑡+𝑖𝑗𝐿2(1−𝜍𝑗)𝑗𝜑 (𝑒𝛽𝑡+𝛽𝜉𝑗𝑖(𝑡)𝑢2𝑗 (𝑡) − 𝑒𝛽𝑡𝑢2𝑗 (𝑡
− 𝜉𝑗𝑖 (𝑡))) + 𝑚∑

𝑖=1

𝑡+𝑖𝑗𝐿2(1−𝜍𝑗)𝑗𝜑 (𝑒𝛽𝑡+𝛽𝜉𝑗𝑖(𝑡)𝑢2𝑗 (𝑡) − 𝑒𝛽𝑡𝑢2𝑗 (𝑡
− 𝜉𝑗𝑖 (𝑡))) + 𝑚∑

𝑖=1

𝑚∑
𝑗=1

𝑎𝑖𝛿+𝑖 𝑏+𝑖𝑗𝐿2(1−𝜉𝑗)𝑗𝑔 (𝑒𝛽𝑡+𝛽𝜏𝑗𝑖(𝑡)V𝑗 (𝑡)

− 𝑒𝛽𝑡V𝑗 (𝑡 − 𝜏𝑗𝑖 (𝑡))) = 𝑒𝛽𝑡 𝑚∑
𝑖=1

[
[𝛽 − 2𝑎𝑖

+ 𝑎2𝑖 𝛿+𝑖 (𝑒𝛽𝛿+𝑖 + 1) + 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜉+𝑗𝑖 + (𝑎𝑖𝛿+𝑖 + 1)

⋅ 𝑚∑
𝑗=1

𝑏+𝑗𝑖𝐿2𝜉𝑗𝑗𝑔 + (𝑎𝑖𝛿+𝑖 + 1) 𝑚∑
𝑗=1

𝑎+𝑗𝑖 (𝐿2𝜉𝑗𝑗𝑓 + 𝐿2(1−𝜉𝑗)𝑗𝑓
)

+ 𝑚∑
𝑗=1

𝑏𝑖𝜎+𝑖 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜉+𝑗𝑖]]𝑢
2
𝑖 (𝑡) + 𝑒𝛽𝑡 𝑚∑

𝑖=1

[
[𝛽 − 2𝑏𝑖

+ 𝑏2𝑖 𝜎+𝑖 (𝑒𝛽𝜎+𝑖 + 1) + 𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖 + (𝑏𝑖𝜎+𝑖 + 1)
⋅ 𝑚∑
𝑗=1

𝑡+𝑗𝑖𝐿2𝜍𝑗𝑗𝜑 + (𝑏𝑖𝜎+𝑖 + 1) 𝑚∑
𝑗=1

𝑠+𝑗𝑖 (𝐿2𝜍𝑗𝑗ℎ + 𝐿2(1−𝜍𝑗)𝑗ℎ
)

+ 𝑚∑
𝑗=1

𝑎𝑖𝛿+𝑖 𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖]] V2𝑖 (𝑡) .
(36)

In view of Lemma 3, we have 𝑑𝑉(𝑡)/𝑑𝑡 ≤ 0. That is to say,𝑉(𝑡) ≤ 𝑉(0) for all 𝑡 > 0. Thus

𝑒𝛽𝑡 [[
𝑚∑
𝑖=1

𝑢2𝑖 (𝑡) + 𝑚∑
𝑗=1

V2𝑗 (𝑡)]] ≤ 𝑉 (𝑡) ≤ 𝑉 (0) ≤
𝜙

− 𝜙∗2 + 𝜓 − 𝜓∗2 + 1𝛽
𝑚∑
𝑖=1

𝑎2𝑖 𝛿+𝑖 𝑒𝛽𝛿+𝑖 𝜙 − 𝜙∗2

+ 1𝛽
𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑎𝑖𝛿+𝑖 𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖 𝜓 − 𝜓∗2 + 1𝛽
⋅ 𝑚∑
𝑖=1

𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖 𝜓 − 𝜓∗2 + 1𝛽
𝑚∑
𝑖=1

𝑏2𝑖 𝜎+𝑖 𝑒𝛽𝜎+𝑖 𝜓

− 𝜓∗2 + 1𝛽
𝑚∑
𝑖=1

𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜏+𝑗𝑖 𝜙 − 𝜙∗2 + 1𝛽
𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑏𝑖

⋅ 𝜎+𝑖 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜉+𝑗𝑖 𝜙 − 𝜙∗2 = [[1 +
1𝛽
𝑚∑
𝑖=1

𝑎2𝑖 𝛿+𝑖 𝑒𝛽𝛿+𝑖

+ 1𝛽
𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑏𝑖𝜎+𝑖 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜉+𝑗𝑖

+ 1𝛽
𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑏𝑖𝜎+𝑖 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜉+𝑗𝑖]]
𝜙 − 𝜙∗2 + [[1

+ 1𝛽
𝑚∑
𝑖=1

𝑏2𝑖 𝜎+𝑖 𝑒𝛽𝜎+𝑖 + 1𝛽
𝑚∑
𝑖=1

𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖

+ 1𝛽
𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑎𝑖𝛿+𝑖 𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖]]
𝜓 − 𝜓∗2 .

(37)
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Let

𝑀 = max
{{{1 +

1𝛽
𝑚∑
𝑖=1

𝑎2𝑖 𝛿+𝑖 𝑒𝛽𝛿+𝑖

+ 1𝛽
𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑏𝑖𝜎+𝑖 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜉+𝑗𝑖

+ 1𝛽
𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑏𝑖𝜎+𝑖 𝑡+𝑗𝑖𝐿2(1−𝜍𝑗)𝑗𝜑 𝑒𝛽𝜉+𝑗𝑖 , 1 + 1𝛽
𝑚∑
𝑖=1

𝑏2𝑖 𝜎+𝑖 𝑒𝛽𝜎+𝑖

+ 1𝛽
𝑚∑
𝑖=1

𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖

+ 1𝛽
𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑎𝑖𝛿+𝑖 𝑏+𝑗𝑖𝐿2(1−𝜉𝑗)𝑗𝑔 𝑒𝛽𝜏+𝑗𝑖}}} > 1.

(38)

By (37), one has

𝑚∑
𝑖=1

𝑢2𝑖 (𝑡) + 𝑚∑
𝑖=1

V2𝑖 (𝑡) ≤ 𝑀𝑒−𝛽𝑡 [𝜑 − 𝜑∗2 + 𝜓 − 𝜓∗2] (39)

for all 𝑡 > 0. Then
𝑚∑
𝑖=1

𝑥𝑖 (𝑡) − 𝑥∗𝑖 (𝑡)2 + 𝑚∑
𝑖=1

𝑦𝑖 (𝑡) − 𝑦∗𝑖 (𝑡)2
≤ 𝑀𝑒−𝛽𝑡 [𝜙 − 𝜙∗2 + 𝜓 − 𝜓∗2]

(40)

for all 𝑡 > 0. Thus the solution (𝑥∗(𝑡), 𝑦∗(𝑡))T of system (5) is
globally exponentially stable.

Theorem6. Suppose that (H1)–(H3) hold.Then system (5) has
exactly one 𝑇-antiperiodic solution which is globally stable.

Proof. By system (5) and (H2), for each 𝑘 ∈ 𝑁, we get

𝑑𝑑𝑡 [(−1)𝑘+1 𝑥𝑖 (𝑡 + (𝑘 + 1) 𝑇)] = (−1)𝑘+1

⋅ [[−𝑎𝑖𝑥𝑖 (𝑡 + (𝑘 + 1) 𝑇 − 𝛿𝑖 (𝑡 + (𝑘 + 1) 𝑇)) +
𝑚∑
𝑗=1

𝑎𝑗𝑖
⋅ (𝑡 + (𝑘 + 1) 𝑇)𝑓𝑗 (𝑥𝑖 (𝑡 + (𝑘 + 1) 𝑇)) + 𝑚∑

𝑗=1

𝑏𝑗𝑖
⋅ (𝑡 + (𝑘 + 1) 𝑇)
⋅ 𝑔𝑗 (𝑦𝑖 (𝑡 + (𝑘 + 1) 𝑇 − 𝜏𝑗𝑖 (𝑡 + (𝑘 + 1) 𝑇)))
+ 𝐼𝑖 (𝑡 + (𝑘 + 1) 𝑇)]] = −𝑎𝑖 (−1)

𝑘+1 𝑥𝑖 (𝑡 + (𝑘 + 1) 𝑇

− 𝛿𝑖 (𝑡)) + 𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑡) 𝑓𝑗 ((−1)𝑘+1 𝑥𝑗 (𝑡 + (𝑘 + 1) 𝑇))

+ 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑡) 𝑔𝑗 ((−1)𝑘+1 𝑦𝑗 (𝑡 + (𝑘 + 1) 𝑇 − 𝜏𝑗𝑖 (𝑡))
+ 𝐼𝑖 (𝑡) .

(41)

In a similar way, we have
𝑑𝑑𝑡 [(−1)𝑘+1 𝑦𝑖 (𝑡 + (𝑘 + 1) 𝑇)]
= −𝑏𝑖 (−1)𝑘+1 𝑦𝑖 (𝑡 + (𝑘 + 1) 𝑇 − 𝜎𝑖 (𝑡))
+ 𝑚∑
𝑗=1

𝑠𝑗𝑖 (𝑡) ℎ𝑗 ((−1)𝑘+1 𝑦𝑗 (𝑡 + (𝑘 + 1) 𝑇))
+ 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑡) 𝜑𝑗 ((−1)𝑘+1 𝑥𝑗 (𝑡 + (𝑘 + 1) 𝑇 − 𝜉𝑗𝑖 (𝑡)))
+ 𝐽𝑖 (𝑡) .

(42)

Let
𝑥 (𝑡) = ((−1)𝑘+1 𝑥1 (𝑡 + (𝑘 + 1) 𝑇) , . . . , (−1)𝑘+1
⋅ 𝑥𝑚 (𝑡 + (𝑘 + 1) 𝑇))T ,

𝑦 (𝑡) = ((−1)𝑘+1 𝑦1 (𝑡 + (𝑘 + 1) 𝑇) , . . . , (−1)𝑘+1
⋅ 𝑦𝑚 (𝑡 + (𝑘 + 1) 𝑇))T .

(43)

It follows that, for any 𝑘 ∈ 𝑁, (𝑥T(𝑡), 𝑦T(𝑡))T is also the
solution of system (5). If the initial functions 𝜙𝑖(𝑠), 𝜓𝑖(𝑠), 𝑖 =1, . . . , 𝑚, are bounded, we conclude from Theorem 5 that
there exists a constant 𝛾 > 1 such that(−1)𝑘+1 𝑥𝑖 (𝑡 + (𝑘 + 1) 𝑇) − (−1)𝑘 𝑥i (𝑡 + 𝑘𝑇)

≤ 𝑀𝑒−𝛽(𝑡+𝑘𝑇) sup
−𝜏≤𝑠≤0

𝑚∑
𝑖=1

𝑥𝑖 (𝑡 + 𝑇) + 𝑥𝑖 (𝑠)2
≤ 𝛾𝑒−𝛽(𝑡+𝑘𝑇),

(44)

where 𝑡 + 𝑘𝑇 > 0, 𝑖 = 1, . . . , 𝑚, and 𝛽 is a positive constant.
For any 𝑘 ∈ 𝑁 we have

(−1)𝑘+1 𝑥𝑖 (𝑡 + (𝑘 + 1) 𝑇) = 𝑥𝑖 (𝑡)
+ 𝑘∑
𝑗=0

[(−1)𝑗+1 𝑥𝑖 (𝑡 + (𝑗 + 1)𝑇)
− (−1)𝑗 𝑥𝑖 (𝑡 + 𝑗𝑇)] .

(45)

Then
(−1)𝑘+1 𝑥𝑖 (𝑡 + (𝑘 + 1) 𝑇) ≤ 𝑥𝑖 (𝑡)
+ 𝑘∑
𝑗=0

(−1)𝑗+1 𝑥𝑗 (𝑡 + (𝑗 + 1) 𝑇)
− (−1)𝑗 𝑥𝑗 (𝑡 + 𝑗𝑇) .

(46)
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In view of Lemma 4, we know that the solutions of system (5)
are bounded. In view of (4) and (5), we can easily know that{(−1)𝑘+1𝑥𝑖(𝑡+ (𝑘+1)𝑇)} uniformly converges to a continuous
function 𝑥∗(𝑡) = (𝑥∗1 (𝑡), . . . , 𝑥∗𝑚(𝑡))T on any compact set of𝑅. In a similar way, we can easily prove that {(−1)𝑘+1𝑦𝑖(𝑡 +(𝑘 + 1)𝑇)} uniformly converges to a continuous function𝑦∗(𝑡) = (𝑦∗1 (𝑡), . . . , 𝑦∗𝑚(𝑡))T on any compact set of 𝑅. Now
we will show that (𝑥∗(𝑡), 𝑦∗(𝑡))T is 𝑇-antiperiodic solution of
system (5). Since

𝑥∗ (𝑡 + 𝑇) = lim
𝑘→∞

(−1)𝑘 𝑥 (𝑡 + 𝑇 + 𝑘𝑇)
= − lim
(𝑘+1)→∞

(−1)𝑘+1 𝑥 (𝑡 + (𝑘 + 1) 𝑇)
= −𝑥∗ (𝑡) .

(47)

thus 𝑥∗(𝑡) is 𝑇-antiperiodic solution. Similarly, 𝑦∗(𝑡) is also𝑇-antiperiodic solution. Thus we know that (𝑥∗(𝑡), 𝑦∗(𝑡))T is
a solution of system (5). In fact, together with the continuity
of the right side of system (5), letting 𝑘 → ∞, we can easily
get

𝑑𝑥∗𝑖 (𝑡)𝑑𝑡 = −𝑎𝑖𝑥∗𝑖 (𝑡 − 𝛿𝑖 (𝑡)) + 𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑡) 𝑓𝑗 (𝑥∗𝑗 (𝑡))
+ 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑡) 𝑔𝑗 (𝑦∗𝑗 (𝑡 − 𝜏𝑗𝑖 (𝑡))) + 𝐼𝑖 (𝑡) ,
𝑑𝑦∗𝑖 (𝑡)𝑑𝑡 = −𝑏𝑖𝑦∗𝑖 (𝑡 − 𝜎𝑖 (𝑡)) + 𝑚∑

𝑗=1

𝑠𝑗𝑖 (𝑡) ℎ𝑗 (𝑦∗𝑗 (𝑡))
+ 𝑚∑
𝑗=1

𝑡𝑗𝑖 (𝑡) 𝜑𝑗 (𝑥∗𝑗 (𝑡 − 𝜉𝑗𝑖 (𝑡)) + 𝐽𝑖 (𝑡) .

(48)

Therefore, (𝑥∗(𝑡), 𝑦∗(𝑡))T is the 𝑇-periodic solution of system
(5). Finally, by applying Theorem 5, it is easy to check that(𝑥∗(𝑡), 𝑦∗(𝑡))T is globally exponentially stable. The proof of
Theorem 6 is completed.

Remark 7. There are a large number of papers about neural
networks with delays. The main topic of these papers is
exponential stability. For example, the authors in [26–28]
considered the exponential stability of neural networks with
constants delays. The authors in [29–31] considered the
exponential stability of neural networks with time-varying
delays and [32–35] with distributed delays. But these are few
results on stability of BAM neural networks with leakage
terms. This paper constructs a kind of BAM neural networks
with time-varying delay and leakage terms and the results in
our paper extend the results in the above papers.

4. An Example

In this section, to illustrate the efficiency of our results
obtained in Section 3, we give an example. Consider the

following BAM neural networks with time-varying delays
and external input:

𝑑𝑥1 (𝑡)𝑑𝑡 = −𝑎1𝑥1 (𝑡 − 𝛿1 (𝑡)) + 2∑
𝑗=1

𝑎𝑗1 (𝑡) 𝑓𝑗 (𝑥𝑗 (𝑡))

+ 2∑
𝑗=1

𝑏𝑗1 (𝑡) 𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏𝑗1 (𝑡))) + 𝐼1 (𝑡) ,
𝑑𝑥2 (𝑡)𝑑𝑡 = −𝑎2𝑥2 (𝑡 − 𝛿2 (𝑡)) + 2∑

𝑗=1

𝑎𝑗2 (𝑡) 𝑓𝑗 (𝑥𝑗 (𝑡))

+ 2∑
𝑗=1

𝑏𝑗2 (𝑡) 𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏𝑗2 (𝑡))) + 𝐼2 (𝑡) ,
𝑑𝑦1 (𝑡)𝑑𝑡 = −𝑏1𝑦1 (𝑡 − 𝜎1 (𝑡)) + 2∑

𝑗=1

𝑠𝑗1 (𝑡) ℎ𝑗 (𝑦𝑗 (𝑡))

+ 2∑
𝑗=1

𝑡𝑗1 (𝑡) 𝜑𝑗 (𝑥𝑗 (𝑡 − 𝜉𝑗1 (𝑡)) + 𝐽1 (𝑡) ,
𝑑𝑦2 (𝑡)𝑑𝑡 = −𝑏2𝑦2 (𝑡 − 𝜎2 (𝑡)) + 𝑚∑

𝑗=1

𝑠𝑗2 (𝑡) ℎ𝑗 (𝑦𝑗 (𝑡))

+ 2∑
𝑗=1

𝑡𝑗2 (𝑡) 𝜑𝑗 (𝑥𝑗 (𝑡 − 𝜉𝑗2 (𝑡)) + 𝐽2 (𝑡) ,

(49)

where

(𝑎1 𝑎2𝑏1 𝑏2) = (
2 2
2 2) ,

(𝛿1 (𝑡) 𝛿2 (𝑡)𝜎1 (𝑡) 𝜎2 (𝑡)) = (
0.04 |sin 𝑡| 0.04 |sin 𝑡|
0.03 |cos 𝑡| 0.03 |cos 𝑡|) ,

(𝑎11 (𝑡) 𝑎12 (𝑡)𝑎21 (𝑡) 𝑎22 (𝑡)) = (
0.2 |cos 𝑡| 0.3 |sin 𝑡|
0.2 |cos 𝑡| 0.3 |sin 𝑡|) ,

(𝑏11 (𝑡) 𝑏12 (𝑡)𝑏21 (𝑡) 𝑏22 (𝑡)) = (
0.1 |cos 𝑡| 0.2 |sin 𝑡|
0.1 |cos 𝑡| 0.2 |sin 𝑡|) ,

(𝑠11 (𝑡) 𝑠12 (𝑡)𝑠21 (𝑡) 𝑠22 (𝑡)) = (
0.2 |sin 𝑡| 0.3 |cos 𝑡|
0.2 |sin 𝑡| 0.3 |cos 𝑡|) ,

(𝐼1 𝐼2𝐽1 𝐽2) = (
0.3 sin 𝑡 0.3 sin 𝑡
0.4 cos 𝑡 0.4 cos 𝑡) .

(50)

We also set

𝑓𝑗 (𝑢) = 𝑔𝑗 (𝑢) = ℎ𝑗 (𝑢) = 𝜑𝑗 (𝑢)
= 12 (|𝑢 + 1| − |𝑢 − 1|) , 𝑗 = 1, 2. (51)



Mathematical Problems in Engineering 11

Then we find that 𝐿𝑗𝑓 = 𝐿𝑗𝑔 = 𝐿𝑗ℎ = 𝐿𝑗𝜑 = 1, and𝑀𝑗𝑓 =𝑀𝑗𝑔 = 𝑀𝑗ℎ = 𝑀𝑗𝜑 = 1, 𝑗 = 1, 2. Also we have
(𝛿+1 𝛿+2𝜎+1 𝜎+2) = (

0.04 0.04
0.03 0.03) ,

(𝑎+𝑗1 𝑎+𝑗2𝑏+𝑗1 𝑏+𝑗2) = (
0.2 0.3
0.1 0.2) ,

(𝑠+𝑗1 𝑠+𝑗2𝑡+𝑗1 𝑡+𝑗2) = (
0.2 0.3
0.1 0.2) .

(52)

for 𝑗 = 1, 2.
It is easy to verify that

− 2𝑎1 + 2𝑎21𝛿+1 + 𝑡+𝑗1𝐿2(1−𝜍𝑗)𝑗𝜑 + (𝑎1𝛿+1 + 1)
⋅ ( 2∑
𝑗=1

𝑏+𝑗1𝐿2𝜉𝑗𝑗𝑔 + 2∑
𝑗=1

𝑎+𝑗1 (𝐿2𝜉𝑗𝑗𝑓 + 𝐿2(1−𝜉𝑗)𝑗𝑓
)) + 2∑

𝑗=1

𝑏1𝜎+1
⋅ 𝑡+𝑗1𝐿2(1−𝜍𝑗)𝑗𝜑 = −2.488 < 0,

− 2𝑎2 + 2𝑎22𝛿+2 + 𝑡+𝑗2𝐿2(1−𝜍𝑗)𝑗𝜑 + (𝑎2𝛿+2 + 1)
⋅ ( 2∑
𝑗=1

𝑏+𝑗2𝐿2𝜉𝑗𝑗𝑔 + 2∑
𝑗=1

𝑎+𝑗2 (𝐿2𝜉𝑗𝑗𝑓 + 𝐿2(1−𝜉𝑗)𝑗𝑓 )) + 2∑
𝑗=1

𝑏2𝜎+2
⋅ 𝑡+𝑗2L2(1−𝜍𝑗)𝑗𝜑 = −1.728 < 0,

− 2𝑏1 + 2𝑏21𝜎+1 + 𝑏+𝑗1𝐿2(1−𝜉𝑗)𝑗𝑔 + (𝑏1𝜎+1 + 1)
⋅ ( 2∑
𝑗=1

𝑡+𝑗1𝐿2𝜍𝑗𝑗𝜑 + 2∑
𝑗=1

𝑠+𝑗1 (𝐿2𝜍𝑗𝑗ℎ + 𝐿2(1−𝜍𝑗)𝑗ℎ
)) + 2∑

𝑗=1

𝑎1𝛿+1
⋅ 𝑏+𝑗1𝐿2(1−𝜉𝑗)𝑗𝑔 = −2.584 < 0,

− 2𝑏2 + 2𝑏22𝜎+2 + 𝑏+𝑗2𝐿2(1−𝜉𝑗)𝑗𝑔 + (𝑏2𝜎+2 + 1)
⋅ ( 2∑
𝑗=1

𝑡+𝑗2𝐿2𝜍𝑗𝑗𝜑 + 2∑
𝑗=1

𝑠+𝑗2 (𝐿2𝜍𝑗𝑗ℎ + 𝐿2(1−𝜍𝑗)𝑗ℎ
)) + 2∑

𝑗=1

𝑎2𝛿+2
⋅ 𝑏+𝑗2𝐿2(1−𝜉𝑗)𝑗𝑔 = −1.832 < 0.

(53)

Then all the conditions (H1)–(H3) hold. Thus system (49)
has exactly one 𝜋-antiperiodic solution which is globally
exponentially stable.The numerical result is shown in Figure 1.
And system (49) is exponentially stable when all inputs are
equal to 0, which can also be seen from Figure 2.

5. Conclusions

In this paper, a kind of BAM neural networks with time-
varying delays and external input has been dealt with.
By constructing a suitable Lyapunov-Kravsovskii functional
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Figure 1: The state response of BAM neural network in (49).
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Figure 2: The state response of BAM neural network with inputs
equal to 0 in (49).

and using matrix theory and inequality technique, a series
of sufficient criteria to guarantee the existence and global
exponential stability of antiperiodic solutions for this system
have been established. And the criteria are easy to check in
practice. We also give an example to illustrate the feasibility
and effectiveness. In real life, many BAM neural networks
are affected by external perturbation. There are many papers
concerned with stochastic BAM neural networks, e.g., [36–41].
In the future, we will give our research on these networks.
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This paper presents a coordinated feedback linearization strategy (CFLS) for DC-based doubly-fed induction generator (DFIG)
system to track the maximum power point. The stator and rotor of DFIG are connected to DC grid directly by two voltage source
converters. Compared with a traditional DFIG system, the DC-based DFIG system has more system inputs and coupling, which
increases the difficulty of vector control strategy. Accordingly, CFLS is proposed to make DFIG operate at the maximum power
point (MPP), and two aspects are improved: first a single-loop control is adopted to make DFIG operate steady and accurate under
coordinated the control ofRSCandSSC. Second systemcontrol laws are obtainedby the feedback linearization strategy that achieves
DC-basedDFIG system decoupling fully during theMPPT and system control. Simulations are carried out the comparison between
CFLS and conventional vector control (VC), and it shows that the control performance of CFLS is superior.

1. Introduction

In recent years, the technology of wind power generation
has developed rapidly, due to its freely available and renew-
able resource. Variable speed constant frequency doubly
fed induction generator (DFIG) is often selected in wind
power generation [1]. Compared with the traditional AC
transmission, the DC transmission is more economical and
stable for the long distance high voltage transmission [2].The
traditional DFIG stator windings are connected to anAC grid
by transformer, and the rotor windings is connected to the
AC grid by back to back converters.Therefore, the traditional
DFIG is used into the DC grid and additional converter will
be needed, which is bound to increase the cost [3].

Accordingly, the new converter system is adopted for
DFIG in DC grid. A diode-based stator converter interfaces
a DFIG with a DC grid, which has the advantages of low
cost and simple structure [4–7]. But harmonic may reach
from 5.97% to 11.66% [8]. An IGBT-based converters system
consisting of a rotor side converter (RSC) and a stator side
converter (SSC) connects rotor and stator with DC grid,

respectively [9–13]. This structure has the advantages that it
can reduce the current harmonic effectively and regulate the
stator flux and current flexibly according to the needs of the
system, not limited to AC grid.

However, the above improved structure results in that
the state variables and the system outputs of DFIG with
DC-based converters system are twice that of the traditional
system, which greatly increases the complexity and coupling
of the system and also increases the control difficulty of
the system. Therefore, the traditional vector control (VC),
which is based on approximate linear model, is difficult to
achieve the global optimal control requirements of the new
system [14]. Reference [9] adopts indirect air gap flux linkage
orientation strategy to control DFIG in a DC grid, but air gap
flux linkage is not suitable formeasurement.Model predictive
control for DFIG in a DC grid is adopted by [13], which
requires high precision of system model.

Nowadays, Feedback linearization control (FLC) has been
widely used in power electronics and power systems [15–
21]. It adopts a dual-loop control strategy of FLC and PI
to control DFIG in an AC grid in [22]. The advantage of
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Figure 4: Performance response to the ramp-change wind speed.



4 Mathematical Problems in Engineering

time (s)
5 10 15 20

CFLS
ref

VC

＃
Ｊ

(p
u)

0.6

0.5

0.4

0.3

0.2
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Figure 6: 𝑉𝑑𝑐 at the ramp-change wind speed.

this method is simple to calculate, but the disadvantage
is that could not achieve full system decoupling. Arti-
cle [23] adopts rotor speed and stator reactive power of
DFIG in an AC grid as state variables for FLC, which
computationally complex and does not select direct sys-
tem parameters to controller which affects control accuracy
[24].

This paper designs a CFLS for DC-based DFIG to achieve
maximum power point tracking (MPPT). This control strat-
egy employs stator flux, rotor speed, and rotor current as
system inputs, applies FLC to make up a single-loop control,
and achieves complete decoupling of the system, which
attains coordinated optimal control performance between the
SSC and the RSC. This proposed control strategy has better
control accuracy and tracking speed than the traditional VC
strategy.

The paper is organized as follows. In Section 2, the model
of DFIG based on DC grid is introduced. In Section 3,
the maximum wind power is achieved by designing CFLS.

In Section 4, simulation studies are evaluate the control
performance of the proposed control strategy on a DC-
based DFIG system. Finally there is conclusion of this
paper.

2. Modeling of DFIG System

2.1. System Configuration. DFIG with its DC-based con-
verters system in a DC grid is shown in Figure 1 [12].
The stator and the rotor of DFIG are connected to a DC
grid through SSC and RSC. The stator voltage and fre-
quency are completely unrestricted by the power grid. SSC
can adjust stator voltage and frequency to control stator
current and compensate stator reactive power. RSC can
adjust rotor voltage to control rotor flux. The du/dt filter
inductors are connected to stator and rotor, respectively,
to prevent sharp voltage caused by converters and smooth
currents.
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Figure 7: Performance response to the ramp-change wind speed.

2.2. DFIG Model Description. In this paper, DFIG model
is adopted according to the motor direction in a d-q syn-
chronous frame that can be expressed as [24, 25]

𝑢𝑠𝑑 = d𝜓𝑠𝑑
d𝑡 − 𝜔1𝜓𝑠𝑞 + 𝑅𝑠𝑖𝑠𝑑

𝑢𝑠𝑞 = d𝜓𝑠𝑞
d𝑡 + 𝜔1𝜓𝑠𝑑 + 𝑅𝑠𝑖𝑠𝑞

𝑢𝑟𝑑 = d𝜓𝑟𝑑
d𝑡 − 𝜔𝑠𝜓𝑟𝑞 + 𝑅𝑟𝑖𝑟𝑑

𝑢𝑟𝑞 = d𝜓𝑟𝑞
d𝑡 + 𝜔𝑠𝜓𝑟𝑑 + 𝑅𝑟𝑖𝑟𝑞

(1)

𝜓𝑠𝑑 = 𝐿 𝑠𝑖𝑠𝑑 + 𝐿𝑚𝑖𝑟𝑑
𝜓𝑠𝑞 = 𝐿 𝑠𝑖𝑠𝑞 + 𝐿𝑚𝑖𝑟𝑞
𝜓𝑟𝑑 = 𝐿𝑟𝑖𝑟𝑑 + 𝐿𝑚𝑖𝑠𝑑
𝜓𝑟𝑞 = 𝐿𝑟𝑖𝑟𝑞 + 𝐿𝑚𝑖𝑠𝑞

(2)

𝑇𝑒 − 𝑇𝑚 = 𝐽d𝜔𝑚
d𝑡 = 𝐽𝑛𝑝

d𝜔𝑟
d𝑡

𝑇𝑒 = 3𝐿𝑚𝑛𝑝2𝐿 𝑠 (𝜓𝑠𝑑𝑖𝑟𝑞 − 𝜓𝑠𝑞𝑖𝑟𝑑)
(3)

where 𝑢𝑠𝑑, 𝑢𝑠𝑞, 𝑖𝑠𝑑, 𝑖𝑠𝑞, 𝜓𝑠𝑑, and 𝜓𝑠𝑞 are the d-q components
of stator voltage, current, and flux, respectively; 𝑢𝑟𝑑, 𝑢𝑟𝑞,𝑖𝑟𝑑, 𝑖𝑟𝑞, 𝜓𝑟𝑑, and 𝜓𝑟𝑞 are the d-q components of rotor
voltage, current, and flux, respectively; 𝜔1, 𝜔𝑠, 𝜔𝑟, and 𝜔𝑚 are
synchronous, slip, rotor, and mechanical angular frequency,
respectively; 𝐿 𝑠, 𝐿𝑟, and 𝐿𝑚 are the stator, rotor, and mutual
inductance respectively; 𝑅𝑟 and 𝑅𝑠 are the rotor and stator
resistance, respectively; 𝑇𝑒 is electromagnetic torque; 𝐽 is
generator rotational inertia; and 𝑛𝑝 is the number of pairs of
poles.

3. Control Strategy Description

3.1. MPPT Control Strategy. Usually the maximum kinetic
power captured from the wind by a wind turbine is expressed
as follows [26]:

𝑃𝑤𝑡𝑚𝑎𝑥 = 12𝜌𝜋𝑅𝑤𝑡𝐶𝑝𝑚𝑎𝑥𝑉3𝑤𝑖𝑛𝑑 (4)

where 𝜌 is air density, 𝑅𝑤𝑡 is radius of wind turbine, 𝑉𝑤𝑖𝑛𝑑 is
wind speed, and 𝐶𝑝𝑚𝑎𝑥 is maximum power coefficient.

To capture the maximum wind power, the power coeffi-
cient 𝐶𝑝 should maintain maximum𝐶𝑝𝑚𝑎𝑥 at any wind speed
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Figure 8: Performance response to the random-change wind speed.
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within the operating range. Maximum 𝐶𝑝𝑚𝑎𝑥 is achieved by
maintaining the tip speed ratio 𝜆 equal to optimal value 𝜆𝑜𝑝𝑡
and the pitch angle 𝛽 at a fixed value.

𝐶𝑝𝑚𝑎𝑥 = 𝐶𝑝 (𝜆𝑜𝑝𝑡)
= 0.5176(116𝜆𝑖 − 0.4𝛽 − 5) 𝑒−21/𝜆𝑖

+ 0.0068𝜆𝑜𝑝𝑡
1𝜆𝑖 =

1𝜆𝑜𝑝𝑡 + 0.08𝛽 − 0.035𝛽3 + 1

(5)

The tip speed ratio 𝜆 indicates the state of the wind wheel
under different wind speeds, as

𝜆 = 𝜔𝑟𝑅𝑤𝑡𝐾1𝑉𝑤𝑖𝑛𝑑 (6)

When 𝜆 is equal to 𝜆𝑜𝑝𝑡, the optimal reference 𝜔∗𝑟 is

𝜔∗𝑟 = 𝐾1𝜆𝑜𝑝𝑡𝑅𝑤𝑡 𝑉𝑤𝑖𝑛𝑑 (7)

In this paper, the pitch angle is 𝛽 = 0∘, the optimal tip speed
ratio is 𝜆𝑜𝑝𝑡 = 9.7, and the maximum power coefficient is𝐶𝑝𝑚𝑎𝑥 = 0.4642. 𝑃𝑤𝑡𝑚𝑎𝑥 is shown in the Figure 2.

3.2. CFLS of DFIG. From (1)-(3), the DFIG model can be
derived in the form

�̇� = 𝑓 (𝑥) + 𝑔 (𝑥) 𝑢
𝑦 = ℎ (𝑥) (8)

where

𝑥 = [𝑥1 𝑥2 𝑥3 𝑥4 𝑥5]𝑇

= [𝜓𝑠𝑑 𝜓𝑠𝑞 𝑖𝑟𝑑 𝑖𝑟𝑞 𝜔𝑟]𝑇

𝑢 = [𝑢1 𝑢2 𝑢3 𝑢4]𝑇 = [𝑢𝑠𝑑 𝑢𝑠𝑞 𝑢𝑟𝑑 𝑢𝑟𝑞]𝑇

𝑦 = [ℎ1 (𝑥) ℎ2 (𝑥) ℎ3 (𝑥) ℎ4 (𝑥)]𝑇
= [𝑥1 𝑥2 𝑥4 𝑥5]𝑇 = [𝜓𝑠𝑑 𝜓𝑠𝑞 𝑖𝑟𝑞 𝜔𝑟]𝑇

𝑓 (𝑥) =
[[[[[[[[
[

𝑓1 (𝑥)
𝑓2 (𝑥)
𝑓3 (𝑥)
𝑓4 (𝑥)
𝑓5 (𝑥)

]]]]]]]]
]

=

[[[[[[[[[[[[[[[[[[[[[
[

−𝑅𝑠𝐿 𝑠𝑥1 + 𝜔1𝑥2 + 𝛽𝑅𝑠𝑥3
−𝜔1𝑥1 − 𝑅𝑠𝐿 𝑠𝑥2 + 𝛽𝑅𝑠𝑥4

𝛽𝑅𝑠𝛼𝐿 𝑠𝑥1 −
𝛽
𝛼𝑥2𝑥5 − 𝑅𝑟 + 𝛽2𝑅𝑠𝛼 𝑥3 + 𝜔𝑠𝑥4

𝛽
𝛼𝑥1𝑥5 + 𝛽𝑅𝑠𝛼𝐿 𝑠 𝑥2 − 𝜔𝑠𝑥3 − 𝑅𝑟 + 𝛽2𝑅𝑠𝛼 𝑥4

3𝐿𝑚𝑛2𝑝2𝐽𝐿 𝑠 (𝑥1𝑥4 − 𝑥2𝑥3) − 𝑛𝑝𝐽 𝑇𝑚

]]]]]]]]]]]]]]]]]]]]]
]
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𝑔 (𝑥) =
[[[[[[
[

𝑔1 (𝑥)
𝑔2 (𝑥)
𝑔3 (𝑥)𝑔4 (𝑥)

]]]]]]
]

𝑇

=

[[[[[[[[[[[[
[

1 0 0 0
0 1 0 0

−𝛽
𝛼 0 1𝛼 0
0 −𝛽

𝛼 0 1𝛼
0 0 0 0

]]]]]]]]]]]]
]

{{{{{{{
𝛼 = (𝐿𝑟𝐿 𝑠 − 𝐿2𝑚)𝐿 𝑠𝛽 = 𝐿𝑚𝐿 𝑠

(9)

This is a multi-input multioutput (MIMO) system. An
approach to obtain the inputCoutput linearization of the

MIMO system is to differentiate the output 𝑦𝑖 of the system
until the inputs 𝑢𝑗 appear, assuming that the corresponding
relation degree 𝑟𝑖 is the smallest integer such that at least one
of the inputs explicitly appears in [27]

𝑦(𝑟𝑖)𝑖 = 𝐿𝑟𝑖
𝑓
ℎ𝑖 +
𝑚∑
𝑗=1

𝐿𝑔𝑗𝐿𝑟𝑖−1𝑓 ℎ𝑖𝑢𝑗 (10)

where 𝑦(𝑟𝑖)𝑖 denotes the 𝑟𝑖th-order derivative of 𝑦𝑖.
In (8), 𝑥 is 5 dimensional state phase quantity, 𝑓𝑖(𝑥) (𝑖 =1, 2, . . . , 5) is 5𝑑 smooth vector field, and 𝑔𝑖(𝑥) (𝑖 = 1, 2, 3, 4)

is 4𝑑 smooth vector field. Each output 𝑦𝑖 has a 𝑟𝑖, and by
calculating that is 1, 1, 1 and 2. The system relation degree
is 𝑟 = 1 + 1 + 1 + 2 = 5 = 𝑛; therefore, the system
has no nontrivial zero dynamics, which can be linearized by
feedback linearization. According to (10) and 𝑟𝑖 of each output𝑦𝑖, the Lie Derivative of ℎwith along 𝑓 and the Lie Derivative
of 𝐿𝑓ℎ(𝑥) with along 𝑔(𝑥) are obtained, and they are

[[[[[[[[
[

̇𝑦1
̇𝑦2
̇𝑦3
̈𝑦4

]]]]]]]]
]

=
[[[[[[[[
[

𝐿𝑓ℎ1 (𝑥)
𝐿𝑓ℎ2 (𝑥)
𝐿𝑓ℎ3 (𝑥)
𝐿2𝑓ℎ4 (𝑥)

]]]]]]]]
]

+
[[[[[[[[
[

𝐿𝑔1𝐿0𝑓ℎ1 (𝑥) 𝐿𝑔2𝐿0𝑓ℎ1 (𝑥) 𝐿𝑔3𝐿0𝑓ℎ1 (𝑥) 𝐿𝑔4𝐿0𝑓ℎ1 (𝑥)
𝐿𝑔1𝐿0𝑓ℎ2 (𝑥) 𝐿𝑔2𝐿0𝑓ℎ2 (𝑥) 𝐿𝑔−3𝐿0𝑓ℎ2 (𝑥) 𝐿𝑔4𝐿0𝑓ℎ2 (𝑥)
𝐿𝑔1𝐿0𝑓ℎ3 (𝑥) 𝐿𝑔2𝐿0𝑓ℎ3 (𝑥) 𝐿𝑔3𝐿0𝑓ℎ3 (𝑥) 𝐿𝑔4𝐿0𝑓ℎ3 (𝑥)𝐿𝑔1𝐿1𝑓ℎ4 (𝑥) 𝐿𝑔2𝐿1𝑓ℎ4 (𝑥) 𝐿𝑔3𝐿1𝑓ℎ4 (𝑥) 𝐿𝑔4𝐿1𝑓ℎ4 (𝑥)

]]]]]]]]
]

[[[[[[
[

𝑢1
𝑢2
𝑢3
𝑢4

]]]]]]
]

(11)

According to (8) and (11), the system can be described in the
following matrix form:

[�̇�1 ̇𝑦2 ̇𝑦3 ̈𝑦4]𝑇 = 𝐴 (𝑥) + 𝐸 (𝑥) 𝑢 (12)

where

𝐴 (𝑥)

=

[[[[[[[[[[[[[[[[[[[[[[[[[[[
[

−𝑅𝑠𝐿 𝑠 𝑥1 + 𝜔1𝑥2 + 𝛽𝑅𝑠𝑥3
−𝜔1𝑥1 − 𝑅𝑠𝐿 𝑠𝑥2 + 𝛽𝑅𝑠𝑥4

𝛽
𝛼𝑥1𝑥5 + 𝛽𝑅𝑠𝛼𝐿 𝑠𝑥2 − 𝜔𝑠𝑥3 − 𝑅𝑟 + 𝛽2𝑅𝑠𝛼 𝑥4

𝜉 [(−𝑅𝑠𝐿 𝑠 −
𝑅𝑟 + 𝛽2𝑅𝑠𝛼 )𝑥1𝑥4 + (𝜔1 − 𝜔𝑠) (𝑥2𝑥4 + 𝑥1𝑥3)

+(𝑅𝑠𝐿 𝑠 +
𝑅𝑟 + 𝛽2𝑅𝑠𝛼 )𝑥2𝑥3 + 𝛽

𝛼𝑥5 (𝑥21 + 𝑥22)]

]]]]]]]]]]]]]]]]]]]]]]]]]]]
]

𝐸 (𝑥)

=
[[[[[[[[[
[

1 0 0 0
0 1 0 0
0 −𝛽

𝛼 0 1𝛼
2𝜉 (𝑥4 + 𝛽

𝛼𝑥2) −2𝜉(𝑥3 + 𝛽
𝛼𝑥1) −2𝜉 ( 1𝛼𝑥2) 2𝜉 ( 1𝛼𝑥1)

]]]]]]]]]
]

𝜉 = 3𝐿𝑚𝑛2𝑝2𝐽𝐿 𝑠
(13)

There is det(𝐸(𝑥)) = 2𝜉𝑥2/𝛼2 ̸= 0, so the inverse matrix𝐸(𝑥)−1 exists. Anew input variable is defined for input-output
feedback linearization, as V = [V1 V2 V3 V4].The conversion
relation between the original input variable and the new input
variable is as follows:

𝑢 = 𝐸 (𝑥)−1 (−𝐴 (𝑥) + V) (14)

where [ ̇𝑦1 ̇𝑦2 ̇𝑦3 ̈𝑦4]𝑇 = [V1 V2 V3 V4]𝑇. Thus, the input-
outputmapping of (8) can be simplified as (14), which realizes
the linear decoupling between the system output and input
variables. According to the MTTP control strategy, and the
output is stabilized at 𝜎∗ = [𝜓∗𝑠𝑑 𝜓∗𝑠𝑞 𝑖∗𝑟𝑞 𝜔∗𝑟 ]𝑇, where𝜓∗𝑠𝑑 𝜓∗𝑠𝑞 𝑖∗𝑟𝑞 𝜔∗𝑟 are the MPP reference value of the system.
Through variable substitution 𝑒 = 𝜎∗ − 𝑦 the equilibrium
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Figure 10: 𝑉𝑑𝑐 at the random-change wind speed.

point is moved to the origin, and the input variable can be
redesigned into (14)

[[[[[
[

V1
V2
V3
V4

]]]]]
]

=
[[[[[[[[[
[

�̇�∗𝑠𝑑 − 𝑘𝑝1𝑒1 − 𝑘𝑖1 ∫𝑒1𝑑𝑡
�̇�∗𝑠𝑞 − 𝑘𝑝2𝑒2 − 𝑘𝑖2 ∫𝑒2𝑑𝑡
̇𝑖∗𝑟𝑞 − 𝑘𝑝3𝑒3 − 𝑘𝑖3 ∫𝑒3𝑑𝑡

�̈�∗𝑟 − 𝑘𝑝4𝑒4 − 𝑘𝑖4 ∫𝑒4𝑑𝑡

]]]]]]]]]
]

(15)

̈𝑒𝑖 + 𝑘𝑝𝑖 ̇𝑒𝑖 + 𝑘𝑖𝑖𝑒𝑖 = 0 (16)

In the controller design we can choice the parameters 𝑘𝑝𝑖 and𝑘𝑖𝑖 (𝑖 = 1, 2, 3, 4) in (15) and (16) to ensure the convergence
and stability of the 𝑒𝑖 (𝑖 = 1, 2, 3, 4). Now we have derived
that the partial states 𝑥1 𝑥2 𝑥3 𝑥4 track the setting reference
points.

Therefore, from the above analysis, the whole control
scheme is shown in Figure 3.

3.3. Reference Points of Controller. The rotor flux and stator
current are the control targets; themethod determined in this
paper is that, when a stator-oriented flux frame is adopted
with its vector direction aligned with the q-axis, from (2), the
stator flux reference value (𝜓∗𝑠 ) and its d-q components are
given by

𝜓∗𝑠𝑑 = 0
𝜓∗𝑠𝑞 = 𝜓∗𝑠 = −𝑉𝑆𝜔1 = −1 (17)

where 𝑉𝑠 is generator rated voltage amplitude, 𝜔1 is syn-
chronous speed. In this paper, 𝑉𝑠 = 1.0 pu, 𝜔1 = 1.0 pu.
Substituting (17) into (2), the rotor current are obtained:

𝑖∗𝑟𝑞 = −𝜓∗𝑠𝐿𝑚 = −0.34 (18)

3.4. Stability Analysis of State Variable 𝑥3. From the error
equation (16), we obtain that the partial states 𝑥1 𝑥2 𝑥4 𝑥5
are bounded are converge to the reference point. Next we
will analyze the boundedness of the state 𝑥3. From (8), the
equation about 𝑥3 is extracted

�̇�3 = 𝛽𝑅𝑠𝛼𝐿 𝑠𝑥1 −
𝛽
𝛼𝑥2𝑥5 − 𝑅𝑟 + 𝛽2𝑅𝑠𝛼 𝑥3 + 𝜔𝑠𝑥4 − 𝛽

𝛼𝑢𝑠𝑑
+ 1𝛼𝑢𝑟𝑑

(19)

Substituting (14) into (19), that can be derived as

�̇�3 = (3𝛽2𝑅𝑠 − 𝑅𝑟2𝛼 + 2𝑅𝑠2𝐿 𝑠
+ 2𝜔1𝑥1 − (𝛽𝑅𝑠 + 1) 𝑥4 + V2𝑥2 − 𝑥5𝑥12𝑥2 )𝑥3
− 𝛽𝑥2𝑥52𝛼 + (𝑅𝑠𝐿 𝑠 +

𝑅𝑟 + 𝛽2𝑅𝑠𝛼 ) 𝑥1𝑥42𝑥2 − 𝑥5𝑥42
− 𝛽𝑥5𝑥212𝛼𝑥2 + 𝑥4V1 + 𝑥1V3𝑥2 − 12𝜉𝑥2 V4

(20)

From (15), the states 𝑥1 𝑥2 𝑥4 𝑥5 are convergent to𝜓∗𝑠𝑑 𝜓∗𝑠𝑞 𝑖∗𝑟𝑞 𝜔∗𝑟 , and further from (17), (18), and (7) know that
their values are 0 − 1 − 0.34 0.09𝑉𝑤𝑖𝑛𝑑, so that dynamics
(20) can be approximated as

�̇�3 = −0.0588𝑥3 + 0.14355𝑉𝑤𝑖𝑛𝑑 + 0.0243�̈�𝑤𝑖𝑛𝑑 (21)

In this paper, the rated wind speed of wind turbine is𝑉𝑤𝑖𝑛𝑑 𝑛𝑜𝑚 = 13 m/s, and the variable wind speed range is
focus on 6-14m/s. And the high frequency components in the
wind speed measurement 𝑉𝑤𝑖𝑛𝑑 may cause undesired noise;
therefore the measured wind speed is passed through low-
pass filter to attenuate its effect [28]. It is assumed that the
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(d) 𝑢𝑠𝑞 under the CFLS

Figure 11: The output control signals response to the random-change wind speed.

magnitude of its derivative |�̈�𝑤𝑖𝑛𝑑| is bounded as |�̈�𝑤𝑖𝑛𝑑| ≤ 5;
it becomes

�̇�3 = −0.0588𝑥3 + 𝑀 0.7385 ≤ 𝑀 ≤ 2.1215 (22)

The above can be known, the state variable𝑥3 (𝑖𝑟𝑑) is bounded,
when 𝑡 → ∞.

4. Simulation Results

In this section, simulation results are carried out in MAT-
LAB/SIMULINK, to verify the coordinated optimal control
performance in a wide range operating conditions. There
are two tests performed: case one shows the accuracy of
CFLS compare with the VC under the ramp-change wind
and case two is the system that operates at random-change
wind to show the tracking speed of controller. The DFIG
system parameters in the following simulation are listed in
Appendix A.

4.1. Ramp-ChangeWind. Figures 4–7 shows the performance
of a DFIG in DC-grid controlled by the VC and CFLS under
the ramp-change wind.The wind speed condition is depicted
in Figure 4(a).The wind speed rises from 7m/s to 14 m/s and
then remains 14 m/s. It can be seen from Figure 4(b) that the
optimal reference rotor speed 𝜔∗𝑟 is well tracked by the CFLS,

while the response of the VCwith larger overshoots is slower.
Figures 4(c), 4(e), and 4(f) show that the tracking references
performance of VC and CFLS and the tracking accuracy of
CFLS are better than that of VC. The state variable 𝑥3(𝑖𝑟𝑑) is
shown in Figure 4(d), as it keep stable in both VC and CFLS
under ramp-change wind.

As shown in Figure 5, the CFLS can well capture the
maximum power coefficient 𝐶𝑝𝑚𝑎𝑥 value, but the VC needs
long time to catch 𝐶𝑝𝑚𝑎𝑥. It means that the wind turbine
maintains the maximum output power under the proposed
control strategy.

Figure 6 shows the system output DC-voltage 𝑉𝑑𝑐 that
connected to a stable DC-grid. It can be seen that the DC
voltage remains stable under the control of CFLS and VC,
when the wind ramp changes.

The rotor currents and voltages (𝑖𝑟𝑎𝑏𝑐 , 𝑢𝑟𝑎𝑏𝑐), and the stator
currents and voltages (𝑖𝑠𝑎𝑏𝑐, 𝑢𝑠𝑎𝑏𝑐) can be seen that the DFIG is
operated at the rated value while under the CFLS in Figure 7.𝑖𝑠𝑎𝑏𝑐 and 𝑢𝑠𝑎𝑏𝑐 are sine wave with frequency of 60 Hz, and
their amplitudes are 1.0 pu and 0.8 pu. 𝑖𝑟𝑎𝑏𝑐 is sine wave with
amplitude of 0.85 pu. 𝑢𝑟𝑎𝑏𝑐 is the RSC output pulse wave, and
its amplitude is 0.7 pu.

4.2. Random-ChangeWind. The performance of a DC-based
DFIG system controlled by the VC and CFLS under random-
change wind is shown in Figures 8–11. The wind speed
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condition is depicted in Figure 8(a), which fluctuates between
6.8m/s and 13.4m/s. As shown in Figures 8(b), 8(c), 8(d), and
8(e), the tracking speed and accuracy of CFLS are obviously
better than VC when the wind speed is time-varying. The
state variable 𝑥3(𝑖𝑟𝑑) in the CFLS is shown in Figure 8(f), as it
can stay mostly stable under the influence of random-change
wind.

When the wind speed changes at any time, the power
coefficient 𝐶𝑝 should be kept at the maximum value in order
to extract the maximum wind power. As shown in Figure 9,
the maximum power coefficient 𝐶𝑝𝑚𝑎𝑥 can be well captured
by the CFLS. However, the change of the wind speed will
affect the maximum power coefficient 𝐶𝑝𝑚𝑎𝑥 obtained by
the VC strategy. This means that the CFLS maximum power
tracking performance is much better than VC in a wide range
operating conditions.

System output DC-voltage 𝑉𝑑𝑐 connected to a stable DC-
grid in the random-change wind speed is shown in Figure 10;
it remains stable under the control of CFLS and VC.

The output control signals 𝑢𝑟𝑑 𝑢𝑟𝑞 𝑢𝑠𝑑 𝑢𝑠𝑞 of controllers
are listed in Figure 11. Under the CFLS, because of the
rotor speed 𝜔𝑟 tracking the optimal reference rotor speed 𝜔∗𝑟
that fluctuates follow the random-change wind, so the rotor
side output signals 𝑢𝑟𝑑 𝑢𝑟𝑞 are fluctuated near the working
point. But the stator side output signals 𝑢𝑠𝑑 𝑢𝑠𝑞 less fluctuant
and operate steadily at working point. This shows that the
proposed control strategy achieves the complete decoupling
of DC-based DFIG system and that the stator side and rotor
side have each performs its own functions, and coordinate the
work.

5. Conclusion

From the simulation results and analysis, the following
conclusions may be drawn out:

(1) A coordinated feedback linearization strategy is
applied to achieve the complete decoupling and linearization
for the DFIG with DC-based converter system.

(2) This paper gives up the traditional indirect dual-loop
control method of power and current and selects stator flux
(𝜓𝑠𝑑 𝜓𝑠𝑞), rotor speed (𝜔𝑟), and rotor current (𝑖𝑟𝑞) as state
variables. A direct single-loop coordinated control method
is implemented, which achieves the division cooperation
between stator side and rotor side, and enhances the robust-
ness of the system.

(3) The maximum power point tracking performance of
the proposed control strategy is better than traditional VC.
The CFLS kept power coefficient (𝐶𝑝) at its maximum, to
make DFIG operate at the maximum power point (MPP).

In further study, this experiment will be extended to
verify the effectiveness of the system in case of failure.

Appendix

A.

A.1. DFIG Parameters [29]. 𝑃𝑟𝑎𝑡𝑒𝑑 = 1.5 𝑀𝑊, 𝑓𝑛𝑜𝑚 = 60 𝐻𝑧,
V𝑠 𝑛𝑜𝑚 = 1.0 𝑝𝑢, 𝜔𝑠 = 1.0 𝑝𝑢, 𝑅𝑠 = 0.00706 𝑝𝑢,𝑅𝑟 = 0.005 𝑝𝑢, 𝐿 𝑙𝑠 = 0.171 𝑝𝑢, 𝐿𝑚𝑠 = 2.9 𝑝𝑢, 𝑛𝑝 = 3.

A.2. Wind Turbine Parameters. 𝜌 = 1.225 𝑘𝑔/𝑚3, 𝑅𝑤𝑡 =40 𝑚2, 𝑘1 = 3.711 , 𝐻 = 5.04 𝑆, 𝑉𝑤𝑖𝑛𝑑 𝑛𝑜𝑚 = 13 𝑚/𝑠.
A.3. VC Parameters [11]. RSC:

Outer-loop: 𝑘𝑝𝑝 = 4, 𝑘𝑝𝑖 = 0.1;
Inner-loop: 𝑘𝑟𝑝 = 0.496, 𝑘𝑟𝑖 = 0.0128.

SSC:

Outer-loop:𝑘𝑢𝑝 = 4, 𝑘𝑢𝑖 = 0.1;
Inner-loop: 𝑘𝑠𝑝 = 0.496, 𝑘𝑠𝑖 = 0.0128.
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In this paper, fractional calculus is applied to establish a novel fractional-order ferroresonance model with fractional-order
magnetizing inductance and capacitance. Some basic dynamic behaviors of this fractional-order ferroresonance system are
investigated. And then, considering noncommensurate orders of inductance and capacitance and unknown parameters in an
actual ferroresonance system, this paper presents a novel fractional-order adaptive backstepping control strategy for a class of
noncommensurate fractional-order systems with multiple unknown parameters. The virtual control laws and parameter update
laws are designed in each step. Thereafter, a novel fractional-order adaptive controller is designed in terms of the fractional
Lyapunov stability theorem. The proposed control strategy requires only one control input and can force the output of the
chaotic system to track the reference signal asymptotically. Finally, the proposed method is applied to a noncommensurate
fractional-order ferroresonance systemwithmultiple unknown parameters. Numerical simulation confirms the effectiveness of the
proposed method. In addition, the proposed control strategy also applies to commensurate fractional-order systems with unknown
parameters.

1. Introduction

Fractional calculus is a generalization of ordinary integration
and differentiation to arbitrary order [1]. In recent years,
some scholars pointed out that there exist a large number
of fractal phenomena in nature [2], which should not be
modeled and analyzed by the classical calculus but fractional
calculus. Two main outstanding advantages of fractional
calculus have drawn great attention of scholars. The first
advantage is that fractional calculus has unlimited memory
and can take into account the previous responses up to
the present time. Fractional calculus can provide clearer
and more accurate description than the classical calculus
methods without memory which is only a particular case.
Furthermore, with the help of fractional-order calculus,
we can obtain more accurate descriptions of the physical
phenomena, such as electrical circuit [3, 4], power system
[5, 6], signal processing [7], secure communication [8],
bioengineering [9], and image encryption [10]. Second, the

fractional-order 𝛼 can enhance the flexibility of parameters
and reveal various unusual characteristics of the fractional-
order system and fractional-order controllers which remain
concealed in the integer-ordermethod. It has been confirmed
that the controller based on fractional calculus leads to better
closed-loop performance by improving transient and steady-
state responses than integer-order approaches [11, 12]. One
of the most striking applications of fractional calculus is
fractional-order controllers. In recent years, some excellent
fractional-order controllers have been investigated, such as
fractional-order PID control [13], fractional-order sliding
mode control [5], fractional fuzzy control [14], and fractional-
order backstepping control [15].

As a complex nonlinear phenomenon in a power system,
ferroresonance can result in chaotic oscillation and push
the power system to instability, which may cause overvolt-
age and overcurrent, voltage collapse, and even large-scale
blackout [16–18]. At present, the trend of establishing a
large-scale power grid, which may cause more uncertainties

Hindawi
Mathematical Problems in Engineering
Volume 2018, Article ID 8091757, 10 pages
https://doi.org/10.1155/2018/8091757

http://orcid.org/0000-0003-1722-2032
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/8091757


2 Mathematical Problems in Engineering

and disturbances in the power system, results in some
ferroresonance incidents. Thus, it is necessary to suppress
the chaotic oscillation caused by ferroresonance and many
scholars have studied some excellent methods [19–21] to
eliminate ferroresonance. In fact, the actual inductance and
capacitance modeled by fractional calculus are more accu-
rate than the classical integer method [3, 4]. In addition,
the fractional-order model can provide clear description
of real systems with unmodeled dynamics, uncertainties,
and noise, which the integer-order model fails to do. Many
real dynamical circuits, like RLC circuit, resonance circuits
with ultracapacitors, fractional-order Chua’s circuit, and so
on, have been investigated by the fractional-order model
[22–26]. However, to the best of our knowledge, there are
almost no reports about the fractional-order ferroresonance
system, especially the more general noncommensurate case.
Thus, it is necessary to investigate, study, and suppress
ferroresonance by the novel and interesting fractional-order
method.

Within the aforementioned fractional-order control
method, the backstepping control strategy, which can sim-
plify the controller, is an effective control technique for
the systems with strict-feedback structure. Various excellent
fractional-order backstepping strategies have been investi-
gated and proposed in recent studies. In [15], a fractional-
order backstepping controller to realize the stabilization of
a fractional-order chaotic system was proposed via frac-
tional Lyapunov functions. In [27], an adaptive backstepping
controller to stabilize fractional-order Chua’s circuit was
designed. Ref. [28] promoted the adaptive backstepping
technique to the system which does not have strict-feedback
structure and avoided singularity effectively in the proposed
controller. In [14], an adaptive fuzzy backstepping controller
was designed for the fractional-order system with unknown
external disturbances. In [29], an adaptive backstepping
controller was designed for the noncommensurate fractional-
order system via the fractional-order Lyapunov indirect
method. In [12], a finite time fractional-order adaptive back-
stepping controller was applied to robotic manipulators with
uncertainties and external disturbances.

In fact, the orders of actual inductance and capacitance
of the ferroresonance system are not all the same which
means that the fractional-order ferroresonance system is
a noncommensurate fractional-order system. Nevertheless,
most of the aforementioned fractional-order backstepping
methods only apply to the commensurate fractional-order
systems. Though the fractional-order extension of the Lya-
punov direct method proposed in [30] has been used in
some present works, designing an excellent controller for
noncommensurate fractional-order systems is still an open
and challenging problem [31]. To the best of our knowl-
edge, there are almost no reports about noncommensurate
fractional-order backstepping control for noncommensurate
fractional-order via the fractional-order Lyapunov direct
method. Furthermore, considering the uncertainties of a real
ferroresonance system in practice, investigation of fractional-
order adaptive backstepping control for noncommensurate
fractional-order systems with unknown parameters is neces-
sary.

Motivated by the above considerations, we establish
a novel noncommensurate fractional-order ferroresonance
model. And then, to suppress undesirable chaotic behaviors
of the proposed system, a novel fractional-order adaptive
controller is designed for the noncommensurate fractional-
order system with unknown parameters via the fractional-
order Lyapunov direct method. Virtual control laws and
parameter update laws are designed in terms of the back-
stepping procedures. The stability of the system under
control is guaranteed by the fractional Lyapunov stability
theorem. Finally, chaotic behaviors of the noncommensurate
and commensurate fractional-order ferroresonance systems
with multiple unknown parameters are eliminated, which
illustrates the effectiveness and feasibility of the proposed
method.

The rest of this paper is organized as follows. Sec-
tion 2 contains preliminary knowledge throughout this
paper. Dynamic analysis and the adaptive controller of
the fractional-order ferroresonance system are presented in
Section 3. Section 4 contains the simulation results. Finally,
the conclusion is drawn in Section 5.

2. Preliminary

In the development of fractional calculus theory, many
kinds of definitions were proposed. At present, the widely
accepted fractional definitions are the Riemann-Liouville
definition and Caputo definition. The initial value condi-
tions of the Caputo fractional-order differential equations
are clearer than the Riemann-Liouville definition. Thus,
in this paper, the Caputo fractional calculus definition is
employed.

Definition 1 (see [11]). The 𝛼th-order Caputo fractional
derivative of function 𝑓(𝑡) is defined as

𝐶
𝑡0
𝐷𝛼𝑡 𝑓 (𝑡)

=
{{{
{{{
{

1
Γ (𝑚 − 𝛼) ∫

𝑡

𝑡0

𝑓𝑚 (𝜏)
(𝑡 − 𝜏)𝛼−𝑚+1d𝜏, 𝑚 − 1 < 𝛼 < 𝑚

d𝑚𝑓 (𝑡)
d𝑡𝑚 , 𝛼 = 𝑚,

(1)

where 𝑚 is the smallest integer number larger than or equal
to𝛼, Γ(⋅) is the Gamma function, and𝐶 represents the Caputo
definition. In this paper, 𝐶𝑡0𝐷𝛼𝑡 is abbreviated as 𝐷𝛼 when 𝑡0 =0.

Properties 2 and 3 hold for both theCaputo derivative and
Riemann-Liouville derivative.

Property 2 (see [2]). For 𝛼 = 0, it has

0𝐷0𝑡𝑓 (𝑡) = 𝑓 (𝑡) . (2)

Property 3 (see [2]). The additive index law:

0𝐷𝛼𝑡 0𝐷𝛽𝑡 𝑓 (𝑡) = 0𝐷𝛽𝑡 0𝐷𝛼𝑡 𝑓 (𝑡) = 0𝐷𝛼+𝛽𝑡 𝑓 (𝑡) . (3)
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Figure 1: The simplified ferroresonance system circuit model.

Lemma 4 (see [32]). Let 𝑥(𝑡) ∈ R be a continuous and
derivable function. Then, for any 𝑡 ≥ 𝑡0, it has

1
2
𝐶
𝑡0
𝐷𝛼𝑡 𝑥2 (𝑡) ≤ 𝑥 (𝑡) 𝐶𝑡0𝐷𝛼𝑡 𝑥 (𝑡) , ∀𝛼 ∈ (0, 1) . (4)

Lemma 5 (see [33]). Let 𝑥 = 0 be an equilibrium point of the
following nonautonomous fractional-order system:

0𝐷𝛼𝑡 𝑥 = 𝑓 (𝑡,𝑥) , (5)

where 𝛼 ∈ (0, 1], the symbol 𝐷 can denote both the Caputo
and Riemann-Liouville fractional operators, and 𝑓(𝑡) satisfies
the Lipschitz condition. Assume that there exists a Lyapunov
function 𝑉(𝑡,𝑥(𝑡)) which satisfies

𝛼1 (‖𝑥‖) ≤ 𝑉 (𝑡,𝑥 (𝑡)) ≤ 𝛼2 (‖𝑥‖) (6)

𝐷𝛽𝑉 (𝑡,𝑥 (𝑡)) ≤ −𝛼3 (‖𝑥‖) , (7)

where 𝛽 ∈ (0, 1) and there exists three class K functions 𝛼𝑖, 𝑖 =1, 2, 3. Then system (5) is Mittag-Leffler stable, asymptotically.

3. Main Results

3.1. Dynamic Analysis. A classic two-order nonautonomous
ferroresonance chaotic circuit model [17, 18] is shown in
Figure 1. The circuit is derived by a sinusoidal voltage source
𝑢𝑒𝑞 = (𝐶𝑔/(𝐶𝑏+𝐶𝑔))𝑢𝑆𝑌, where𝐶𝑏 is the grading capacitance
of circuit breaker, 𝐶𝑔 is the bus-to-ground capacitance, and
note 𝐶 = 𝐶𝑏 + 𝐶𝑔 as equivalent capacitance. 𝑢𝑆𝑌 is the
system voltage and it has 𝑢𝑆𝑌 = 𝑈𝑚 sin𝜔𝑡, 𝐿 is magnetizing
inductance, and 𝑅 is the equivalent resistance corresponding
to the system losses. For very high currents, the transformer
coil is saturated and the flux-current characteristic 𝜓 −
𝑖 of the transformer becomes highly nonlinear which is
approximated by 𝑖 = 𝑎𝜓+ 𝑏𝜓𝑛, where 𝜓 represents the flux of
the nonlinear inductance and 𝑛 is the index of nonlinearity of
the curve.

With the help of fractional calculus, losses of actual
magnetizing inductance and capacitance can be described
more accurately [3, 4]. Therefore, we try to investigate some
dynamic behaviors of the ferroresonance system with non-
commensurate fractional-order magnetizing inductance and

capacitance. The system shown in Figure 1 can be described
as

d𝑞1𝜓
d𝑡𝑞1 = 𝑢𝑅

d𝑞2𝑢𝑅
d𝑡𝑞2 = 𝜔𝑈𝑚𝐶b

𝐶 cos𝜔𝑡 − 𝑢𝑅
𝑅𝐶 − 𝑎𝜓 + 𝑏𝜓𝑛

𝐶 ,
(8)

where 𝑞1 is the order of fractional-order magnetizing induc-
tance 𝐿 and 𝑞2 is the order of fractional-order capacitance 𝐶.
For the general case, it usually has 𝑞1 ̸= 𝑞2 and 𝑞1, 𝑞2 ∈ (0, 1).
Let 𝑥1 = 𝜓, 𝑥2 = 𝑢𝑅/𝜔, and 𝜏 = 𝜔𝑡.Then, (8) can be rewritten
as

d𝑞1𝑥1
d𝜏𝑞1 = 𝑥2
d𝑞2𝑥2
d𝜏𝑞2 = 𝑞 cos (𝜏) − 𝑝𝑥2 − 𝑝1𝑥 − 𝑝2𝑥𝑛,

(9)

where 𝑞 = 𝑈𝑚𝐶b/𝜔𝐶, 𝑝 = 1/𝜔𝐶𝑅, 𝑝1 = 𝑎/𝜔2𝐶, and
𝑝2 = 𝑏/𝜔2𝐶. According to most actual 110kV transformer
substations in China, set 𝑝 = 1.155 × 10−2, 𝑝1 = 1.94 × 10−4,
𝑝2 = 4.99 × 10−4, and 𝑛 = 11. The simulation in this paper is
based on the Adams–Bashforth–Moulton method.

Remark 6. The fractional-order magnetizing inductance 𝐿
and fractional-order capacitance 𝐶 are fractance devices
which can be approximately equivalent to the tree or chain
structure of ideal inductance, capacitance, and resistance
[34–36]. Due to the resistance of the equivalent tree or chain
structure, impedance and capacitance of fractance devices
contain both real and imaginary parts. The real parts will
increase the loss of the fractional-order system. Furthermore,
the fractance devices will result inmore complicated dynamic
behaviors than the integer-order model.

To investigate dynamic behaviors with different orders of
the proposed system, set 𝑞1 = 0.99 and 𝑞2 = 0.98. As the
bifurcation diagram with 𝑞 varying from 0 to 10 shown in
Figure 2, the periodic and chaotic states appear alternately.
Phase portraits and time series of states of 𝑞 = 5.85 shown in
Figures 3–5 indicate that the noncommensurate fractional-
order ferroresonance system exhibits chaotic oscillation. For
the integer-order case 𝑞1 = 𝑞2 = 1, the bifurcation
diagram with 𝑞 varying from 0 to 10 is shown in Figure 6
which indicates that the integer-order ferroresonance system
exhibits chaotic oscillation with 𝑞 > 0.841. As the phase
portraits and time series of states of 𝑞 = 5.85 shown in
Figures 7–9, the system also exhibits chaotic oscillation.
Although there exists some difference of bifurcation behav-
iors between Figures 2 and 6, serious overvoltage occurs
in both the integer-order and noncommensurate fractional-
order case.

3.2. Controller Design. In an actual ferroresonance system,
it is difficult to obtain accurate values of bus-to-ground
capacitance 𝐶𝑔 and parameters 𝑎 and 𝑏 which results in that
parameters 𝑞, 𝑝, 𝑝1, and 𝑝2 are actually unknown parameters.
To suppress undesirable chaotic behaviors in the power
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Figure 2: Bifurcation diagram with 𝑞.
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Figure 4: Time series with 𝑥1.

system and design an effective controller for such noncom-
mensurate fractional-order systems with multiple unknown
parameters, let us consider the following strict-feedback
noncommensurate fractional-order system with unknown
parameters:

𝐷𝛼𝑖𝑥𝑖 = 𝑐𝑖𝑥𝑖+1 + 𝜃𝑖T𝐹𝑖 (𝑥1 ⋅ ⋅ ⋅ 𝑥𝑖, 𝑡) + 𝑓𝑖 (𝑥1 ⋅ ⋅ ⋅ 𝑥𝑖, 𝑡)
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Figure 5: Time series with 𝑥2.
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Figure 6: Bifurcation diagram with 𝑞.
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Figure 7: The phase portraits.

𝐷𝛼𝑛𝑥𝑛 = 𝑐𝑛𝑢 + 𝜃𝑛T𝐹𝑛 (𝑥1 ⋅ ⋅ ⋅ 𝑥𝑛, 𝑡) + 𝑓𝑛 (𝑥1 ⋅ ⋅ ⋅ 𝑥𝑛, 𝑡)
𝑦 = 𝑥1, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛 − 1,

(10)

where system orders 𝛼𝑖 ∈ (0, 1) are not all the same. 𝑥 =
[𝑥1, ⋅ ⋅ ⋅ , 𝑥𝑛]T is the state vector, 𝑢 is controller input, and 𝑦
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Figure 9: Time series with 𝑥2.

is the output of system (10). 𝜃𝑖 ∈ R𝑞 (𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛 − 1) is the
vector of unknown constant parameters. 𝑐𝑖 ∈ R (𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛)
is a known constant. 𝐹𝑖(𝑥1 ⋅ ⋅ ⋅ 𝑥𝑖, 𝑡) and 𝑓𝑖(𝑥1 ⋅ ⋅ ⋅ 𝑥𝑖, 𝑡) are
known smooth nonlinear or linear functions and they are
abbreviated as 𝐹𝑖 and 𝑓𝑖 in this paper.

Obviously, noncommensurate fractional-order ferrores-
onance system (8) is a particular case of the strict-feedback
noncommensurate fractional-order system with unknown
parameters (10). To design an excellent adaptive backstepping
controller for system (10), in each step, a virtual controller
and parameter update law are designed systematically until
the last equation which contains the controller.

The result is stated by the following theorem.

Theorem 7. For system (10), let the following designs:
The tracking error variables:

𝑒𝑖 = 𝑟𝑖 − 𝑥𝑖, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑛. (11)

The virtual control laws:

𝑟2 = 1
𝑐1 [𝐷
𝛼1𝑟1 − �̂�T1𝐹1 − 𝑓1 + 𝑘1𝐷𝛼1−𝛼𝜉𝑒1]

𝑟𝑖+1 = 1
𝑐𝑖 [𝐷
𝛼𝑖𝑟𝑖 − �̂�T𝑖 𝐹𝑖 − 𝑓1 + 𝑘𝑖𝐷𝛼𝑖−𝛼𝜉𝑒𝑖

+ 𝑐𝑖−1𝑒𝑖 sign (𝐷𝛼𝑖−1−𝛼𝜉𝑒𝑖−1) sign (𝐷𝛼𝑖−𝛼𝜉𝑒𝑖)]
𝑖 = 2, ⋅ ⋅ ⋅ , 𝑛 − 1.

(12)

The parameter update laws:

𝐷𝛼𝜉 �̂�T𝑖 = −Λ ⋅ 𝐹𝑖 sign (𝐷𝛼𝑖−𝛼𝜉𝑒𝑖) , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛. (13)

The adaptive control law:

𝑢 = 1
𝑐𝑛 [𝐷
𝛼𝑛𝑟𝑛 − �̂�T𝑛𝐹𝑛 − 𝑓𝑛 + 𝑘𝑛𝐷𝛼𝑛−𝛼𝜉𝑒𝑛

+ 𝑐𝑛−1𝑒𝑛 sign (𝐷𝛼𝑛−1−𝛼𝜉𝑒𝑛−1) sign (𝐷𝛼𝑛−𝛼𝜉𝑒𝑛)] .
(14)

Then the tracking error is stable asymptotically and globally as

lim
𝑡→∞

(𝑦 − 𝑟1) = 0, (15)

where 𝛼𝜉 is the smallest order of 𝛼𝑖. 𝑟1 is a smooth refer-
ence signal and its (𝛼1, ⋅ ⋅ ⋅ , ∑𝑛𝑖=1 𝛼𝑖)th-order derivatives are
bounded and continuous. 𝑘𝑖 is a positive constant and Λ =
diag(𝑘, 𝑘, ⋅ ⋅ ⋅ , 𝑘), 𝑘 > 0.
Proof.

Step 1. Find the smallest order 𝛼𝜉 of noncommensurate
fractional-order system (10); let 𝑒1 = 𝑟1 − 𝑥1, 𝑒2 = 𝑟2 − 𝑥2.
�̃�1 = �̂�1 − 𝜃1 is the adaptive parameter tracking error and 𝑟2
is the first virtual controller. The first subsystem is given as

𝐷𝛼1𝑥1 = 𝑐1 (𝑟2 − 𝑒2) + 𝜃T1𝐹1 + 𝑓1. (16)

Choose the Lyapunov function candidate as

𝑉1 = 𝐷𝛼1−𝛼𝜉𝑒1 + 1
2 �̃�

T
1Λ
−1
�̃�1. (17)

Note zT = [𝐷𝛼1−𝛼𝜉𝑒1, �̃�T1 ] and the K-class functions 𝛼1 and
𝛼2 are selected as 𝛼1(z) = min(|z|, (1/2)zTΛ−1z), 𝛼2(z) =
|z|+(1/2)zTΛ−1z.Thus, (17) satisfies condition (6). And then,
take the 𝛼𝜉 order derivative of Lyapunov function (17) and use
Lemma 4; we obtain

𝐷𝛼𝜉𝑉1 = 𝐷𝛼1𝑒1 ⋅ sign (𝐷𝛼1−𝛼𝜉𝑒1) + 𝐷𝛼𝜉 (12 �̃�
T
1Λ
−1
�̃�1)

≤ 𝐷𝛼1 (𝑟1 − 𝑥1) sign (𝐷𝛼1−𝛼𝜉𝑒1) + �̃�T1Λ−1𝐷𝛼𝜉 �̂�1
≤ (𝐷𝛼1𝑟1 + 𝑐1𝑒2 − 𝑐1𝑟2 − 𝜃T1𝐹1 − 𝑓1)

× sign (𝐷𝛼1−𝛼𝜉𝑒1) + �̃�T1Λ−1𝐷𝛼𝜉 �̂�1.

(18)

Then choose the first virtual control law 𝑟2 as
𝑟2 = 1

𝑐1 (𝐷
𝛼1𝑟1 − �̂�T1𝐹1 − 𝑓1 + 𝑘1𝐷𝛼1−𝛼𝜉𝑒1) (19)

which leads to

𝐷𝛼𝜉𝑉1 ≤ (𝑐1𝑒2 + �̃�T1𝐹1 − 𝑘1𝐷𝛼1−𝛼𝜉𝑒1)

× sign (𝐷𝛼1−𝛼𝜉𝑒1) + �̃�T1Λ−1𝐷𝛼𝜉 �̂�1
≤ −𝑘1 𝐷𝛼1−𝛼𝜉𝑒1 + (𝑐1𝑒2 + �̃�T1𝐹1)

× sign (𝐷𝛼1−𝛼𝜉𝑒1) + �̃�T1Λ−1𝐷𝛼𝜉 �̂�1.

(20)
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Choose the first parameter update law �̂�1 as

𝐷𝛼𝜉 �̂�1 = −Λ ⋅ 𝐹1 sign (𝐷𝛼1−𝛼𝜉𝑒1) . (21)

Substitute (21) into (20), which leads to

𝐷𝛼𝜉𝑉1 ≤ −𝑘1 𝐷𝛼1−𝛼𝜉𝑒1 + 𝑐1𝑒2 sign (𝐷𝛼1−𝛼𝜉𝑒1) . (22)

Step 2. For the second subsystem given as

𝐷𝛼2𝑥2 = 𝑐2 (𝑟3 − 𝑒3) + 𝜃T2𝐹2 + 𝑓2, (23)

choose the second Lyapunov function candidate which is
similar to (17) as

𝑉2 = 𝑉1 + 𝐷𝛼2−𝛼𝜉𝑒2 + 1
2 �̃�

T
2Λ
−1
�̃�2. (24)

Similarly, take the 𝛼𝜉 order derivative of Lyapunov function
(24) and use Lemma 4, which leads to

𝐷𝛼𝜉𝑉2 = 𝐷𝛼𝜉𝑉1 + 𝐷𝛼2𝑒2 ⋅ sign (𝐷𝛼2−𝛼𝜉𝑒2)
+ 𝐷𝛼𝜉 (12 �̃�

T
2Λ
−1
�̃�2)

≤ −𝑘1 𝐷𝛼1−𝛼𝜉𝑒1 + 𝑐1𝑒2 sign (𝐷𝛼1−𝛼𝜉𝑒1)
+ 𝐷𝛼2 (𝑟2 − 𝑥2) sign (𝐷𝛼2−𝛼𝜉𝑒2)
+ �̃�T2Λ−1𝐷𝛼𝜉 �̂�2

≤ −𝑘1 𝐷𝛼1−𝛼𝜉𝑒1 + 𝑐1𝑒2 sign (𝐷𝛼1−𝛼𝜉𝑒1)
+ (𝐷𝛼2𝑟2 + 𝑐2𝑒3 − 𝑐2𝑟3 − 𝜃T2𝐹2 − 𝑓2)
× sign (𝐷𝛼2−𝛼𝜉𝑒2) + �̃�T2Λ−1𝐷𝛼𝜉 �̂�2.

(25)

Choose the second virtual control law 𝑟3 as

𝑟3 = 1
𝑐2 [𝐷
𝛼2𝑟2 − �̂�T2𝐹2 − 𝑓2 + 𝑘2𝐷𝛼2−𝛼𝜉𝑒2

+ 𝑐1𝑒2 sign (𝐷𝛼1−𝛼𝜉𝑒1) sign (𝐷𝛼2−𝛼𝜉𝑒2)] .
(26)

Substituting (26) into (25), we obtain

𝐷𝛼𝜉𝑉2 ≤ −𝑘1 𝐷𝛼1−𝛼𝜉𝑒1 + 𝑐1𝑒2 sign (𝐷𝛼1−𝛼𝜉𝑒1) + [𝑐2𝑒3
+ �̃�T2𝐹2 − 𝑘2𝐷𝛼2−𝛼𝜉𝑒2
− 𝑐1𝑒2 sign (𝐷𝛼1−𝛼𝜉𝑒1) sign (𝐷𝛼2−𝛼𝜉𝑒2)]

× sign (𝐷𝛼2−𝛼𝜉𝑒2) + �̃�T2Λ−1𝐷𝛼𝜉 �̂�2 ≤ −𝑘1 𝐷𝛼1−𝛼𝜉𝑒1
− 𝑘2 𝐷𝛼2−𝛼𝜉𝑒2 + (𝑐2𝑒3 + �̃�T2𝐹2) sign (𝐷𝛼2−𝛼𝜉𝑒2)

+ �̃�T2Λ−1𝐷𝛼𝜉 �̂�2.

(27)

Choose the second parameter update law �̂�2 as

𝐷𝛼𝜉 �̂�T2 = −Λ ⋅ 𝐹2 sign (𝐷𝛼2−𝛼𝜉𝑒2) . (28)

Substituting (28) into (27), we obtain

𝐷𝛼𝜉𝑉2 ≤ −𝑘1 𝐷𝛼1−𝛼𝜉𝑒1 − 𝑘2 𝐷𝛼2−𝛼𝜉𝑒2
+ 𝑐2𝑒3 sign (𝐷𝛼2−𝛼𝜉𝑒2) .

(29)

Step 𝑖 = (2, ⋅ ⋅ ⋅ , 𝑛 − 1). Consider the 𝑖th subsystem given as

𝐷𝛼𝑖𝑥𝑖 = 𝑐𝑖 (𝑟𝑖+1 − 𝑒𝑖+1) + 𝜃T𝑖 𝐹𝑖 + 𝑓𝑖. (30)

Similarly, select the 𝑖th Lyapunov function candidate as

𝑉𝑖 = 𝑉𝑖−1 + 𝐷𝛼𝑖−𝛼𝜉𝑒𝑖 + 1
2 �̃�

T
𝑖 Λ
−1
�̃�𝑖. (31)

Take the 𝛼𝜉 order derivative of Lyapunov function (31) and
use Lemma 4, which leads to

𝐷𝛼𝜉𝑉𝑖 = 𝐷𝛼𝜉𝑉𝑖−1 + 𝐷𝛼𝑖𝑒𝑖 sign (𝐷𝛼𝑖−𝛼𝜉𝑒𝑖)
+ 𝐷𝛼𝜉 (12 �̃�

T
𝑖 Λ
−1
�̃�𝑖)

≤ −
𝑖−1

∑
𝑗=1

(𝑘𝑗 𝐷𝛼𝑗−𝛼𝜉𝑒𝑗
)

+ 𝑐𝑖−1𝑒𝑖 sign (𝐷𝛼𝑖−1−𝛼𝜉𝑒𝑖−1)
+ 𝐷𝛼𝑖 (𝑟𝑖 − 𝑥𝑖) sign (𝐷𝛼𝑖−𝛼𝜉𝑒𝑖) + �̃�T𝑖 Λ−1𝐷𝛼𝜉 �̂�𝑖

≤ −
𝑖−1

∑
𝑗=1

(𝑘𝑗 𝐷𝛼𝑗−𝛼𝜉𝑒𝑗
)

+ 𝑐𝑖−1𝑒𝑖 sign (𝐷𝛼𝑖−1−𝛼𝜉𝑒𝑖−1)
+ (𝐷𝛼𝜉𝑟𝑖 + 𝑐𝑖𝑒𝑖+1 − 𝑐𝑖𝑟𝑖+1 − 𝜃T𝑖 𝐹𝑖 − 𝑓𝑖)
× sign (𝐷𝛼𝑖−𝛼𝜉𝑒𝑖) + �̃�T𝑖 Λ−1𝐷𝛼𝜉 �̂�𝑖.

(32)

Choose the 𝑖th virtual control law 𝑟𝑖+1 as

𝑟𝑖+1 = 1
𝑐𝑖 [𝐷
𝛼𝑖𝑟𝑖 − �̂�T𝑖 𝐹𝑖 − 𝑓𝑖 + 𝑘𝑖𝐷𝛼𝑖−𝛼𝜉𝑒𝑖

+ 𝑐𝑖−1𝑒𝑖 sign (𝐷𝛼𝑖−1−𝛼𝜉𝑒𝑖−1) sign (𝐷𝛼𝑖−𝛼𝜉𝑒𝑖)] .
(33)

Substituting (33) into (32), we obtain

𝐷𝛼𝜉𝑉𝑖 ≤ −
𝑖

∑
𝑗=1

(𝑘𝑗 𝐷𝛼𝑗−𝛼𝜉𝑒𝑗
)

+ (𝑐𝑖𝑒𝑖+1 + �̃�T𝑖 𝐹𝑖) sign (𝐷𝛼𝑖−𝛼𝜉𝑒𝑖)

+ �̃�T𝑖 Λ−1𝐷𝛼𝜉 �̂�𝑖.

(34)
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In a similar way, the 𝑖th parameter update law is chosen as

𝐷𝛼𝜉 �̂�T𝑖 = −Λ ⋅ 𝐹𝑖 sign (𝐷𝛼𝑖−𝛼𝜉𝑒𝑖) , 𝑖 = 2, ⋅ ⋅ ⋅ , 𝑛 − 1. (35)

Substituting (35) into (34), we obtain

𝐷𝛼𝜉𝑉𝑖 ≤ −
𝑖

∑
𝑗=1

(𝑘𝑗 𝐷𝛼𝑗−𝛼𝜉𝑒𝑗
) + 𝑐𝑖𝑒𝑖+1 sign (𝐷𝛼𝑖−𝛼𝜉𝑒𝑖)

𝑖 = 2, ⋅ ⋅ ⋅ , 𝑛 − 1.
(36)

Step n. Finally, the overall Lyapunov function for system (10)
is chosen as

𝑉𝑛 = 𝑉𝑛−1 + 𝐷𝛼𝑛−𝛼𝜉𝑒𝑛 + 1
2 �̃�

T
𝑛Λ
−1
�̃�𝑛. (37)

Take the 𝛼𝜉 order derivative of Lyapunov function (37) and
use Lemma 4, which leads to

𝐷𝛼𝜉𝑉𝑛 = 𝐷𝛼𝜉𝑉𝑛−1 + 𝐷𝛼𝑛𝑒𝑛 sign (𝐷𝛼𝑛−𝛼𝜉𝑒𝑛)
+ 𝐷𝛼𝜉 (12 �̃�

T
𝑛Λ
−1
�̃�𝑛)

≤ −
𝑛−1

∑
𝑗=1

(𝑘𝑗 𝐷𝛼𝑗−𝛼𝜉𝑒𝑗
)

+ 𝑐𝑛−1𝑒𝑛 sign (𝐷𝛼𝑛−1−𝛼𝜉𝑒𝑛−1)
+ 𝐷𝛼𝑛 (𝑟𝑛 − 𝑥𝑛) sign (𝐷𝛼𝑛−𝛼𝜉𝑒𝑛)
+ �̃�T𝑛Λ−1𝐷𝛼𝜉 �̂�𝑛

≤ −
𝑛−1

∑
𝑗=1

(𝑘𝑗 𝐷𝛼𝑗−𝛼𝜉𝑒𝑗
)

+ 𝑐𝑛−1𝑒𝑛 sign (𝐷𝛼𝑛−1−𝛼𝜉𝑒𝑛−1)
+ (𝐷𝛼𝜉𝑟𝑛 − 𝑐𝑛𝑢 − 𝜃T𝑛𝐹𝑛 − 𝑓𝑛)
× sign (𝐷𝛼𝑛−𝛼𝜉𝑒𝑛) + �̃�T𝑛Λ−1𝐷𝛼𝜉 �̂�𝑛.

(38)

If the parameter update law and adaptive control law are
designed as (13) and (14), the negative terms in (38) can be
left, which leads to

𝐷𝛼𝜉𝑉𝑛 ≤ −
𝑛

∑
𝑗=1

(𝑘𝑗 𝐷𝛼𝑗−𝛼𝜉𝑒𝑗
) . (39)

Therefore, according to Lemma 5, all the states of system (10)
are globally and asymptotically stable, and tracking errors
𝑒𝑖 (𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛) will converge to zero asymptotically under
the proposed control scheme. The proof is completed.

Remark 8. The unsmooth Lyapunov function 𝑉 = ‖𝑥‖1 is
selected to analyze the stability of fractional-order systems
in recent literature [5, 12, 37]. In this paper, the unsmooth
Lyapunov function candidate is selected as 𝑉𝑖 = 𝑉𝑖−1 +

|𝐷𝛼𝑖−𝛼𝜉𝑒𝑖| + (1/2)�̃�T𝑖 Λ−1�̃�𝑖. The term |𝐷𝛼𝑖−𝛼𝜉𝑒𝑖| is used to solve
the problem brought by the noncommensurate orders, and
the term (1/2)�̃�T𝑖 Λ−1�̃�𝑖 can simplify the forms of parameter
update laws effectively.

Remark 9. When system orders satisfy 𝛼𝑖 = 𝛼 (𝑖 = 1, ⋅ ⋅ ⋅ ,
𝑛), system (10) becomes a strict-feedback commensurate
fractional-order system with unknown parameters. It can be
described as

𝐷𝛼𝑥𝑖 = 𝑐𝑖𝑥𝑖+1 + 𝜃𝑖T𝐹𝑖 (𝑥1 ⋅ ⋅ ⋅ 𝑥𝑖, 𝑡) + 𝑓𝑖 (𝑥1 ⋅ ⋅ ⋅ 𝑥𝑖, 𝑡) .
𝐷𝛼𝑥𝑛 = 𝑐𝑛𝑢 + 𝜃𝑛T𝐹𝑛 (𝑥1 ⋅ ⋅ ⋅ 𝑥𝑛, 𝑡) + 𝑓𝑛 (𝑥1 ⋅ ⋅ ⋅ 𝑥𝑛, 𝑡)

𝑦 = 𝑥1, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛 − 1
(40)

For system (40), according to Property 2, adaptive control law
(14), and parameter update laws, (13) can be rewritten as

𝑢 = 1
𝑐𝑛 [𝐷

𝛼𝑟𝑛 − �̂�T𝑛𝐹𝑛 − 𝑓𝑛 + 𝑘𝑛𝑒𝑛

+ 𝑐𝑛−1𝑒𝑛 sign (𝑒𝑛−1) sign (𝑒𝑛)]
(41)

𝐷𝛼�̂�T𝑖 = −Λ ⋅ 𝐹𝑖 sign (𝑒𝑖) , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛. (42)

For system (40), in each step, the Lyapunov function candi-
date is selected as

𝑉𝑖 = 𝑉𝑖−1 + 𝑒𝑖 + 1
2 �̃�

T
𝑖 Λ
−1
�̃�𝑖, 𝑖 = 2, ⋅ ⋅ ⋅ , 𝑛. (43)

Similar to the noncommensurate case, consider system (40)
with adaptive control law (41) and parameter update law
(42), and take the 𝛼 order derivative of the overall Lyapunov
function 𝑉𝑛. Finally, it concludes as

𝐷𝛼𝑉𝑛 ≤ −
𝑛

∑
𝑗=1

(𝑘𝑗 𝑒𝑗
) . (44)

For the commensurate fractional-order system with
unknown parameters, according to Lemma 5, all the states
are stable globally and tracking errors 𝑒𝑖 (𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛) will
converge to zero asymptotically under the proposed control
method.

Remark 10. To illustrate the advantages of the proposed
control method, the main contributions of our work are
presented here as follows:

(1)More common conditions for the strict-feedback sys-
tem are considered, including the noncommensurate orders,
nonautonomous system, and multiple unknown parameters

(2) A novel Lyapunov function candidate 𝑉𝑖 = 𝑉𝑖−1 +
|𝐷𝛼𝑖−𝛼𝜉𝑒𝑖|+ (1/2)�̃�T𝑖 Λ−1�̃�𝑖 for the noncommensurate fraction-
al-order system with unknown parameters is presented and
the proposed Lyapunov function also applies to the commen-
surate fractional-order system

(3)Compared with existing methods, the proposed adap-
tive control strategy requires only one controller input which
reduces the complexity and eases the implementation
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Figure 10: The tracking performance 𝑥1 − 𝑟1 of 𝑞1 = 0.99 and 𝑞2 =0.98.

4. Simulation Results

In this section, the proposed control strategy is applied to
both the noncommensurate and commensurate fractional-
order ferroresonance system with unknown parameters. The
system is described as

d𝑞1𝑥1
d𝜏𝑞1 = 𝑥2
d𝑞2𝑥2
d𝜏𝑞2 = 𝑞 cos (𝜏) − 𝑝𝑥2 − 𝑝1𝑥 − 𝑝2𝑥11 + 𝑢,

(45)

where 𝑝, 𝑝1, 𝑝2, and 𝑞 are unknown parameters and 𝑢 is
the controller. Applying the control strategy proposed in
Section 3, adaptive control law is selected as

𝑢 = 𝐷𝑞2𝑟2 + 𝑘2𝐷𝑞2−𝛿𝑒2
+ 𝑒2 sign (𝐷𝑞1−𝛿𝑒1) sign (𝐷𝑞2−𝛿𝑒2)
− (𝑝𝑥2 + 𝑝1𝑥1 + 𝑝2𝑥111 + 𝑞 cos 𝜏) .

(46)

The parameter update laws are selected as

𝐷𝛿𝑝 = −𝑘𝑥2 sign (𝐷𝑞2−𝛿𝑒2)
𝐷𝛿𝑝1 = −𝑘𝑥2 sign (𝐷𝑞2−𝛿𝑒2)
𝐷𝛿𝑝2 = −𝑘𝑥111 sign (𝐷𝑞2−𝛿𝑒2)
𝐷𝛿𝑞 = −𝑘 cos (𝜏) sign (𝐷𝑞2−𝛿𝑒2) ,

(47)

where 𝛿 is the smallest order between 𝑞1 and 𝑞2, 𝑟1 = cos 𝑡
is the reference signal, 𝑟2 = 𝐷𝑞1𝑟1 + 𝑘1𝐷𝑞1−𝛿𝑒1 is the virtual
control law, and 𝑒1 = 𝑟1 − 𝑥1 and 𝑒2 = 𝑟2 − 𝑥2 are the tracking
errors. The constants are selected as 𝑘1 = 1.5, 𝑘2 = 8, and
𝑘 = 3. The initial condition is selected as(𝑥1(0), 𝑥2(0)) =
(0, 0).Case 1: Tracking performance of the noncommensurate
fractional-order ferroresonance system of 𝑞1 = 0.99 and
𝑞2 = 0.98 under control is shown in Figures 10 and 11. Case 2:
Tracking performance of the commensurate fractional-order
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Figure 11: The tracking performance 𝑥2 − 𝑟2 of 𝑞1 = 0.99 and 𝑞2 =0.98.
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Figure 12: The tracking performance 𝑥1 − 𝑟1 of 𝑞1 = 𝑞2 = 0.99.
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Figure 13: The tracking performance 𝑥2 − 𝑟2 of 𝑞1 = 𝑞2 = 0.99.

ferroresonance system of 𝑞1 = 𝑞2 = 0.99 under control is
shown in Figures 12 and 13.

From Figures 10–13, it can be seen that the state 𝑥1
can track the reference signal 𝑟1 = cos 𝑡 within 2 s.
Under the proposed control method, the system voltage
and flux are restored to the normal level gradually. In
addition, the proposed control method applies to both the
noncommensurate case and commensurate fractional-order
ferroresonance systemwithmultiple unknown parameters by
just one control input.
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5. Conclusions

In this paper, fractional calculus is applied to investigate
the dynamic behaviors of a ferroresonance system with
noncommensurate fractional-order magnetizing inductance
and capacitance. The simulations illustrate that chaotic oscil-
lation could occur in both the integer-order and noncom-
mensurate fractional-order case. Considering the unknown
parameters of a real system and the different orders of
actual magnetizing inductance and capacitance, a novel
fractional-order adaptive backstepping control method is
proposed to suppress chaotic behaviors of noncommensu-
rate fractional-order strict-feedback chaotic systems with
unknown parameters via the fractional-order Lyapunov
direct method. Parameter update laws and virtual control
laws are designed in each step. And then, a novel adaptive
backstepping controller is designed to force the systemoutput
to track the reference signal. Asymptotic stability of the
fractional-order chaotic system under control is guaranteed
by the fractional Lyapunov stability theorem. Compared with
existing methods, the proposed control scheme not only
applies to the noncommensurate case, but also requires just
one control inputwhich can simplify implementation in prac-
tice. Finally, the proposed control strategy is applied to the
noncommensurate fractional-order ferroresonance system
with unknown parameters. Simulation results demonstrate
the effectiveness of the proposed method. In addition, it is
worth noting that the proposed method also applies to the
commensurate fractional-order ferroresonance system with
unknown parameters.
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The novel hybrid multilevel storage system will be popular with SSD being integrated into traditional storage systems. To improve
the performance of data migration between solid-state hard disk and hard disk according to the characteristics of each storage
device, identifying the hot data block is significant issue. The hot data block prediction model based on wavelet neural network
is built and trained by using historical data. This prediction model can overcome the cumulative effect of traditional statistical
methods and has strong sensitivity to I/O loads with random variations. The experimental results show that the proposed model
has better accuracy and faster learning speed than BP neural network model. In addition, it has less dependence on sample data
and has better generalization ability and robustness. This model can be applied to the data migration of distributed hybrid storage
systems to improve performance.

1. Introduction

The hybrid storage system with traditional hard disk drive
(HDD) and solid-state drive (SSD) has become a significant
storage system in large-scale data processing [1]. HDD have
been broadly used as the primary storage medium in the past
decades due to their relatively low cost per gigabyte and large
storage capacities. However, the access performance of HDD
has been improving slowly and the performance gap between
HDD and CPU has been becoming bigger. The HDD has
become the performance bottleneck of the computer system,
even in the datacenter [2, 3].The SSD is flash-based electronic
storage device with low read delay and high writing delay
[4]. So the SSDs are installed into the traditional HDD-based
storage systems to build the HDD/SSD hybrid storage system
[5]. To exploit the high random read performance owned
by SSD, the hybrid storage systems focus on identifying hot
data from cold data accurately. These systems perform data
migration operation to copy hot data from HDD to SSD
and cold ones from SSD into HDD for improving the access
performance. Several authors analyzed the convergence and
oscillatory properties of data using differential equations and

dynamic equations on time scales; see, e.g., [6–9]. So the
identification of data status in hybrid storage is a significant
issue. Here we proposed a prediction model to identify the
hot data in hybrid storage system and this model can be
used in data migration in cloud storage system or distribution
storage systems [10].

To identify the hot data in storage system, the current
researches focus on statisticalmethod that logs and counts the
number of accessing for each data block. Kgil [11] and Kolt-
sidas [12] proposed data block classification model based on
data page I/O statistics to guide data migration strategy. Yang
put forward to a novel method for increasing intermediate
state to reduce occasional read tendency page classification
error and the caused false migration in order to reduce the
error in the classification of data pages [1]. Chai et al. used
data block temperature to qualify the data block status and
identify hot data block by sorting data block temperature [13].
However, the above mentioned models belong to statistical
method that has a congenital deficiency. This is because these
statistical models calculate the accessing requests from the
data block creation. It has a certain time accumulation effect,
which will cause classification model to be insensitive to the
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change of random access load.There is a large number of I/O
random access loads in complex application environments
where large data is stored and calculated. This statistical
classification model cannot respond quickly to changes in
storage load and inevitably affects the accuracy and cost
of data migration in hybrid storage systems. To solve the
cumulative effect of statistical method and improve the
response for random access workloads, we build a prediction
model based on wavelet neural network to identify the hot
and cold data block. Our contributions can be summarized
as follows.(1) We predict the data block status based on the
wavelet neural network that has better nonlinear learning and
generalization capacity. This model is very suitable for the
small training data set and can learn with high resolution in
sparse training data set. Additionally, the prediction model
generates the thermal degree of data block, which is a
continuous value within [0, 1]. So it is more flexible for data
migration mechanism than previous models.(2) The prediction model can solve the shortcoming
of statistical method and response of the variation of hot
data faster than those statistical models. This model is more
suitable to deal with the uncertain workloads in distribution
storage system.

This paper is organized as follows: in Section 2 we briefly
describe the problem of identifying hot data. Section 3
introduces the features and qualifying model. Section 4
provides the detailed prediction model. Section 5 we evaluate
the prediction model by experiments and analyze the results.
Finally, Section 6 concludes this paper with discussion of
future work.

2. Problem Description

In this section, we introduce the problem firstly. Accessing
Data block rules are very complex in large-scale data dis-
tributed storage environment. According to historical data
access trends, the current data block read operation heat
degree is predicted to provide basic basis for datamigration in
hybrid storage system. Distributed big data storage system is
a multitenant computing platform. On the platform a large
number of users launch random computing tasks, so a lot
of data’s reading and writing requests will be produced. For
the convenience of later discussion, some of the important
concepts are defined as follows.

Definition 1. Data block B. A data block is a triple: B =⟨F, S, P⟩, where F is the file that the data block belongs to. S
is the size of the attached file. P is the set of data block access
rule attributes.

Definition 2. Data block access attribute set P. Data block
access attribute set P = (𝛿, 𝜃, 𝑇, 𝜍), where 𝛿 is the data block
unit time access frequency. 𝜃 is the access density in statistical
period. 𝑇 is the data block inertia; 𝜍 is the data block
concurrency.

Definition 3. Theaccess frequency per unit time𝛿 is the access
frequency per unit time in a statistical cycle. For example, the

statistical period for a data block is 30 days and 240 times of
access happens in this statistical cycle.Theyhappens in 3 days,
respectively, and then 𝛿 = 240/3.

Definition 4. 𝜃 is the access density in statistical period. The
ratio of the number of unit times of data access in a statistical
period to the length of the statistical period. It reflects the
distribution of data block access. For example, a month is
calculated by 30 days, a total of 240 times of access happen,
they happen in different 3 days respectively, then 𝜃= 3/30; if
happen in 18 days, then 𝜃= 18/30.

Definition 5. The recent data block inertia 𝑇. In distributed
storage system, from the beginning of the creation of data
block, the set of time for each access is ⟨t1, t2, . . . , tn⟩. The
time interval for each access is t2-t1, t3-t2, tn-tn-1. For easy
measurement and use, this paper uses the most recent access
interval of data block as the inertia value of data block. For
example, if current time is ti, data inertia is T= ti-ti-1.

Definition 6. Data block concurrency 𝜍 is the number of
processes which access data block. This index reflects the
degree of concurrent access to data block to a certain extent.

Definition 7. Life of data blocks L. Time interval between
current time and the time of data block creation. Usually the
longer the life of the data block is, the lower the probability of
being accessed is.

In this case, the future access probability of data block is
predicted according to the access characteristics and laws of
large number of data blocks.The data blocks with high access
probability are hot data. On the contrary, the data blocks with
low access probability are cold data. Then whether the data
state is hot or cold is determined to prepare for further data
migration.

3. Data Heat and Eigenvector

First, create an index to quantify data block heat degree, and
this index can express the frequency that a data block is
accessed.

Definition 8. Data heat degree ℎ. Using data block access
frequency and access density, two important access attributes
and weighting them to build data heat degree index, as shown
in

ℎ = 𝑤𝛿 + (1 − 𝑤) 𝜃, ℎ ∈ [0, 1] . (1)

In Equation (1), 𝛿 and 𝜃 are the two dimensionless indexes
with same direction. The larger the value is, the greater the
heat of data block is. In addition, the maximum method is
used to normalize 𝛿, that is 𝛿 = 𝛿𝑐𝑢𝑟/𝛿max, 𝛿 ∈ [0, 1]. 𝜃 is a
real number in interval [0, 1].This method of describing data
block heat mainly focuses on the main indexes of data block
access. It has advantages of simpleness and intuitiveness.
Because the weight is assigned value with subjective method,𝑤 = 0.7, this weight identification has a certain subjective
shortcomings.
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In order to establish the predictionmodel of thermal data,
we need to construct training data set from large number
of data block access history data. First, we select eigenvalues
which can reflect access rule and is easy to measure from
sample data, and construct eigenvector for each data sample.
The following lists the specific eigenvectors ⟨𝑇, 𝜍, 𝑆, 𝐿⟩: the
recent data block inertia 𝑇, concurrency 𝜍, data block life,
etc.They are indexes which have more significant correlation
with data block heat. Data block inertia is normalized by
maximum value method, that is, 𝑇 = 𝑇𝑐𝑢𝑟/𝑇max, 𝑇 ∈ [0, 1].
Then the method is used to perform co-oriented treatment
for characteristic indexes, 𝑇 = 𝑇max/𝑇𝑐𝑢𝑟. Data block
concurrency also needs to be normalized with maximum
value, that is, 𝜍 = 𝜍𝑐𝑢𝑟/𝜍max, 𝜍 ∈ [0, 1]. S the size of the
file associated by data block is looked as a supplementary
eigenvalue, after normalization, 𝑆 = 𝑆𝑐𝑢𝑟/𝑆max, 𝜍 ∈ [0, 1]. Data
block life value is also normalized with maximum value. 𝐿 =𝐿𝑐𝑢𝑟/𝐿max, 𝐿 ∈ [0, 1]. Then this method is used to co-orient
index value. According to the observation on training data
set, the maximum value of the above eigenvalues is selected
by artificial experience for normalization, where 𝛿max = 500,𝑇max = 200 statistical time points, 𝜍max = 30 concurrent users,𝑆max = 500MB, and 𝑇max = 1 year.

4. Data Block Heat Degree Prediction Model

Data heat degree prediction model is a nonlinear function
relationship 𝑓(T, 𝜍, 𝑆, 𝐿) = ℎ. The input of the prediction
model is a quarternary real number vector.Themodel output
is the heat state of data block ℎ ∈ [0, 1]. By training the
prediction model, the nonlinear function relation between
the features vector of data block access and the heat degree
is fitted. We choose wavelet neural network (WNN) to
construct the prediction model. The wavelet neural network
integrates the advantages of wavelet analysis and artificial
neural network, and has excellent nonlinear mapping ability
and generalization ability [14]. In addition, the experimental
observation data show that the training sample data has
obvious sparsity. A large number of sample data show similar
access characteristics. A small number of sample character-
istics has diversity. Therefore, the wavelet neural network
has obvious advantages in learning. Due to the multiscale
time-frequency analysis capability of the wavelet function in
wavelet neural network, the local singularity function can be
studied with high accuracy by adjusting the expansion and
translation of the wavelet function in training data-intensive
region. In training data sparse area, low-scale parameters are
used to learn smooth function.The characteristics of training
data are the main reason to select wavelet neural network
for fitting nonlinear prediction model. WNN has better
adaptability and better prediction accuracy than traditional
BP neural network [15].

4.1. Fuzzy Preprocessing Eigenvalues. In feature vector⟨𝑇, 𝜍, 𝑆, 𝐿⟩, relevant file size S and data block life L have
obvious uncertainty. The value difference of various sample
data is larger. So if using themeans of standard quantification,
the value of two indexes will affect the proportion of other

indexes and reduce the accuracy of training model. In order
to solve this problem, these two indexes are quantified by
fuzzy evaluation method, and the output of fuzzy processing
is taken as the input of wavelet neural network [16].

The concrete method is as follows: Firstly, we define the
fuzzy set𝐴 = {(𝑎, 𝜇𝐴(𝑎)), 𝑎 ∈ 𝑅, 𝜇𝐴(𝑎) ∈ [0, 1])}, where 𝜇𝐴(𝑎)
is the appurtenant degree function of the fuzzy set, which
reflects the degree of the element 𝑎 belonging to the fuzzy set𝐴. For example, the data block-related file size is set to three
levels: small, medium, and large. The appurtenant degree
function of large file is 𝜇𝑔𝑟𝑒𝑎𝑡(𝑒(𝑠)), {(𝑒(𝑠), 𝜇𝑔𝑟𝑒𝑎𝑡(𝑒(𝑠))), 𝑒(𝑠) ∈[0, 1], 𝜇𝑔𝑟𝑒𝑎𝑡(𝑒(𝑠)) ∈ [0, 1])}, and it is expressed as the extent
that the data block size e (s) belongs to the fuzzy set large
file. In order to blur file size index, we use fuzzy appurtenant
function as in

𝜇𝐴 (𝑎) =
{{{{{{{{{{{{{{{{{{{

0, 𝑎 < 𝑙𝑎 − 𝑙𝑏 − 𝑙 , 𝑙 ≤ 𝑎 < 𝑏
1, 𝑏 ≤ 𝑎 < 𝑐ℎ − 𝑎ℎ − 𝑐 , 𝑐 ≤ 𝑎 < ℎ.

(2)

First normalize file size with maximum method, normalize
it into [0, 1]. Then use Equation (2) to process. For example,
if 𝑒(𝑠) = 0.47, then 𝜇𝑠𝑚𝑎𝑙𝑙(0.47) = 0.12, 𝜇𝑚𝑒𝑑𝑖𝑎𝑛(0.47) =0.72, 𝜇𝑔𝑟𝑒𝑎𝑡(0.47) = 0.16; therefore E (s) = 0.47 repre-
sents the fuzzy set {(0.47, 𝜇𝑠𝑚𝑎𝑙𝑙(0.47)), (0.47, 𝜇𝑚𝑒𝑑𝑖𝑎𝑛(0.47)),(0.47, 𝜇𝑔𝑟𝑒𝑎𝑡(0.47))} = {(0.47, 0.12), (0.47, 0.72), (0.47, 0.16)}.
Design three fuzzy sets Us, Um, and Ug for data block
association file size index; they represent small files, medium
files, and large files, respectively (denoted as Small, Median,
and Great). Then, the same method is used to define three
fuzzy sets (old data, middle-aged data, and new data) for data
block life index, so as to solve the fuzzy processing of this
index.

4.2. Wavelet Neural Network Structure. The main idea of
wavelet neural network is to combine wavelet function with
traditional BP neural network, replace the sigmoid function
in BP neural network with nonlinear wavelet basis function,
and use the linear superposition of nonlinear wavelet basis
to fit the nonlinear function [14]. In this paper, the wavelet
neural network structure is shown in Figure 1.

The wavelet neural network in Figure 1 consists of input
layer, fuzzy layer, inference layer, wavelet layer, and output
layer. The number of neuron nodes in each layer is n, n ×M,
M, M, and 1, respectively.(1) Input layer (Layer 1): Each node of this layer is directly
connected to each input component xj of the eigenvector, and
passes the input value X=[x1,x2,x3,. . .,xn] to the next layer.
Here the eigenvector is ⟨𝑇, 𝜍, 𝑆, 𝐿⟩, n=4;(2) Fuzzy layer (Layer 2): Through the fuzzy rules, the
input vector is transformed into fuzzy values. Here Gaussian
function is used to complete the work of the fuzzy appur-
tenant function, as shown in
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Figure 1: Architecture of wavelet neural networks.

𝐹𝑗 (𝑥𝑖) = exp(−(𝑥𝑖 − 𝑐𝑖𝑗)22𝜎𝑖𝑗2 )
(𝑗 = 1, 2, . . . , 𝑛, 𝑖 = 1, 2, . . . , 𝑚) ,

(3)

where 𝑖 is the component of input vector, 𝑗 is the ordinal
number of fuzzy rule, 𝑐𝑖𝑗 and 𝜎𝑖𝑗 are the center position and
distribution parameter of Gaussian function, respectively. In
addition, the fuzzy rule can be described as Ri: if x1 is Ai1 then
yi = Bi1.(3) Rule layer (Layer 3): Rule layer is also known as
inference layer. Each neuron corresponds to a fuzzy rule.
Then we use the following formula to calculate the fitness
degree of fuzzy rules.

𝜇𝑗 (𝑥) = 𝑛∏
𝑗=1

𝐹𝑗 (𝑥𝑖) (𝑖 = 1, . . . , 𝑚) . (4)

In (4), n is the rule ordinal number and 𝜇𝑗(𝑥) is the input
value of next layer.(4) Wavelet layer (Layer 4): The wavelet network layer
output is mainly used for output compensation. The output
of the neurons of this layer is calculated by using

𝑤𝑜𝑗 = 𝑤𝑗Ψ𝑗 (𝑧)
Ψ𝑗 (𝑧) = 𝑚∑

𝑖=1

1
√𝑎𝑖𝑗 (1 − 𝑧𝑖𝑗

2) 𝑒−𝑧𝑖𝑗2/2, (5)

where 𝑧
𝑖 𝑗
= (𝑥𝑖 − 𝑏𝑖𝑗)/𝑎𝑖𝑗 is the weight of the connection from

the ith node of input layer to the jth node of wavelet layer; wj

is the weight of the connection from the jth node of wavelet
layer to output layer; aij is the extension and contraction
parameter of wavelet function; bij is the translation parameter
of wavelet function.(5) Output layer (Layer 5): This layer is the final output
layer of wavelet neural network. It will produce prediction
results of predictive model. As a result of using fuzzy rules
to quantify eigenvector index, this layer also perform defuzzy
calculation, so it is also known as anti-fuzzy layer.

4.3. Training Algorithm. The wavelet neural network model
in the previous section can be expressed as follows:

𝑄 (𝑋) = 𝑁∑
𝑗=1

𝑊𝑖𝑗(𝐽)Ψ𝑗 (𝑧) + 𝜃, (6)

where 𝑋 = [𝑥1, 𝑥2, 𝑥3, . . . , 𝑥M]T is input vector; as shown
in (5) and Ψ𝑗(𝑧) is the neuron wavelet activation function of
wavelet layer; Wij is the weight of the connection from the
jth node of wavelet layer to output layer and 𝜃 is the average
estimated value of output sequence; Q(X) is the output value
of wavelet neural network. The purpose of wavelet neural
network training is to use sample data to determine the
important parameters. This model parameters to be trained
are Zij, Wj, aj, bj, and 𝜃. We do not use the batch approach
of traditional BP for training. Here we use genetic algorithm
for repeated approximation to actual measurement data in
sample space to obtain. Firstly, the parameters to be trained
in model are constructed into parameter vector with string
structure by their order. Each vector is a chromosome for
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genetic operation. Each chromosome is encoded with a real
number. The initial value of the parameter is determined by
the following method:

(1) Determination of Stretching and Translation Parameters.
According to the nature of wavelet function, the window
center position and width of the wavelet function are fixed
values. Given that the initial center of the wavelet window is
x0j and the window width is Δ𝑥0𝑗, then the scaling factor aj is
given by the following formula:

𝑎𝑗 = ∑𝑀𝑗=1 𝑥𝑗max − ∑𝑀𝑗=1 𝑥𝑗minΔ𝑥0𝑗 . (7)

The translation factor 𝑏j is determined by Equation (8):

𝑏𝑗 = 0.5 × (𝑀∑
𝑗=1

𝑥𝑗max + 𝑀∑
𝑗=1

𝑥𝑗min) − 𝑎𝑗 × 𝑥0𝑗, (8)

M in (7) and (8) are the number of input vectors. 𝑥𝑗max and𝑥𝑗min are the maximum and minimum sample values of the
j-th neuron of the input layer, respectively.

(2) Determination of NetworkWeights.The initial value of the
weight from input layer to wavelet layer Zij and the weight
from wavelet layer to output layer Wj is to select a uniformly
distributed random number in [−1, 1] and to ensure that the
various values are not zero.

(3) Determination of the Parameter 𝜃. It is obtained according
to the calculated mean of partial sample data.Then it is
constantly updated and corrected during calculation.

Before the start of wavelet neural network training, the
genetic population size was set to L = 200, the maximum
number of iterations was J = 300, the network convergence
accuracy was = 𝜀=3×10−3, the probability of selection was 𝑝s =
0.65, the crossover probabilitywas𝑝c=0.8, and the probability
of variation is 𝑝m=0.03. The specific training algorithm is as
follows [17]:

Step 1. Set the initial value of the iteration variable, J = 0, and
then base on the determination method of parameter initial
value to create L initial parent classes T1

(0), T2
(0), . . ., TL

(0);

Step 2. Calculate fitness function, as shown in (9). When the
smaller the value of the adaptive function is, it means the
better the network training effect is [18].

𝐸 (𝑇𝑙(𝐽)) = 1
2∑𝐾𝑘=1 [𝑄(𝑋𝑘, 𝑇𝑙(𝐽) − 𝑄𝑘]2 , (9)

where 𝑄(𝑋𝑘, 𝑇𝑙(𝐽) is the wavelet neural network output
value calculated by (6), 𝑄𝑘 is the expected output value of
predictionmodel, andK is the number of elements in training
sample set.

Step 3. Cross andmutate the jth generation of chromosomes,
and select N individuals to enter the next generation of
evolution.

Step 4 (determine convergence). When the condition (𝐸max−𝐸min)/𝐸𝑎V𝑔 ≤ 𝜀 or 𝐽 > 𝐽max is satisfied, the training
algorithm ends; otherwise update the variable J, J = J +1
and then return to Step 3. 𝐸max, 𝐸min, and 𝐸avg represent the
maximum, minimum, and average value of the calculated
fitness function, respectively.

Step 5. Select the best combination of parameters that has
reached best fitness accuracy in the previous step and then
perform real-time prediction.

By now, the data block hotspot prediction model with
wavelet neural network as core has been completed. The
training and learning of the predictive model is described in a
concrete example. First, the eigenvector 𝑑1 = ⟨𝑇, 𝜍, 𝑆, 𝐿⟩ of a
data block is obtained by measuring, d1= (0.47,0.38,0.6,0.3)
after normalization. Then the heat degree of data block
is calculated by the heat degree equation, h = 0.45. The
calculated heat degree value is the expected output value
of the sample. The sample data is denoted as 𝑑1 =⟨(0.47, 0.38, 0.6, 0.3), 0.45⟩. After selecting 1000 such sample
data, the training algorithm is used to obtain the main
parameters of wavelet neural network. The constructed
wavelet neural networkmodel is used to predict. For example,
the input vector of the data block to be predicted is d2=
(0.37,0.18,0.3,0.3); then the model output value ℎ̃=0.39 is the
predicted heat degree of the data block.

5. Experiment and Analysis

Since the existing disk load dataset does not provide detailed
I/O information, we use the disk access data in actual
production environment to train the prediction model and
perform performance analysis. The experimental environ-
ment is Linux operating system, and the file system is ext2,
each data block is 4KB. The following methods are used to
measure the access character data of data blocks in disk:
Blktrace is used to collect I/Odata of disk data blocks in Linux
system. Blktrace can monitor the I/O events of a particular
disk block device, capture and record events such as reading,
writing, and synchronous operations [19]. Then blkparse is
used to analyze blktrace log data, and we can obtain the
attributes such as the processes which accessed the data
block, the associated file node, and timestamp. Writing script
analysis program based on this tool software, access feature
attributes of any one data block of the monitored disk such
as access frequency, access density, associated file size, and
concurrent program number can be obtained.

5.1. Performance Analysis. In this section, we mainly validate
the advantages of the prediction model constructed by
wavelet neural network. In this paper, we use traditional BP
neural network as the benchmark model to compare. First
observe the distribution of access attributes of sample data
block, as shown in Figure 2.
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Figure 2: Sample data attribute distribution diagram.

In Figure 2,𝑥,𝑦 and 𝑧 denotes the access frequency, access
density and data block inertia within unit time in data block
respectively, and the data range is [0, 1] after normalization.
It can be seen from the figure that the access property has
a certain extent of regularity. There is obvious aggregation
phenomenon. In BPmodel, the excitation function of neuron
is S function. The common sample data of two models is
used to train the batch model. The weights and coefficients
in BP network are adjusted adaptively. The minimum mean
square error energy function is used to optimize network
parameters. The error is as follows:

𝐸 = 12∑𝐿𝑙=1 (𝑦𝑙 − 𝑦𝑙)2 , (10)

where 𝑙 is the number of samples and 𝑦𝑙 and 𝑦𝑙 are the
actual value and the predicted value, respectively. The gra-
dient descent method is used to calculate the instantaneous
gradient vector. The learning rate parameter in the reverse
propagation process 𝜂 = 0.05. In order to facilitate dis-
tinction, the proposed model is denoted as WNN and the
benchmark model is BP neural network. The two models use
same sample data to train and test. The training speed of the
two predictive models is compared. Firstly, 300 sample data
are randomly selected to train the two predictionmodels.The
data preprocessing modes are same. The error of WNN and
BP model is shown in Figure 3. The error accuracy of WNN
is lower than the pre-set value after 57 iterations. BP is not
lower than the preset value until after 217 iterations.

In addition to adjusting network weights, the WNN
model can adjust the scaling factor and translation factor of
wavelet function. It has better adaptability and elasticity than
BP model and has more sensitive nonlinear fitting ability.

5.2. Comparison of Prediction Accuracy. In this section, we
use the trained prediction model in previous section for

identifying hot data block The main purpose is to compare
prediction accuracy of the two models. The accuracy of
wavelet neural network and BP is compared by selecting
10 actual measured data, as shown in Table 1. Table 1 lists
the predicted values (average values) and the variance of
predicted values generated by the two models.

The experimental results show that the prediction error
of WNN is 1.6%, while the prediction error of BP is 3.1%.
This indicates thatWNNhas better nonlinear fitting ability. In
addition, the variance of the predicted value ofWNN is 3.3%,
while the variance of BP is 7.1%. This indicates that WNN
prediction model has better fault tolerance capacity. This
is because that BP neural network excitation function uses
conventional S function. This excitation function is relatively
smooth. It cannot quickly respond to those sample datawhich
changes rapidly from wave peak to wave trough, resulting
in that the trained model is not stable enough in real-time
prediction.

5.3. Model Robustness. In this section, we can verify that
WNNhas multi-dimensional learning ability, train the learn-
ing with high frequency by adjusting scaling and translation
factors in data dense area and train the learning with low
frequency in data sparse area. So it has the ability to automat-
ically adapt to sample data. Here 300 samples of sample data
intensive area are selected to train the two prediction models.
Then 10 testing data of previous section are used to verify
prediction accuracy. Training and comparison is shown in
Figure 4.

As shown in Figure 4, theWNNmodel reaches the preset
error value after 56 iterations. The BP model is lower than
the pre-set error after 75th iteration. Comparing Figure 4 and
Figure 3, it can be found that the convergence rate of BP
model is greatly improved. This is mainly due to the better
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Table 1: Comparison of predicted results.

ID measured value WNN BP
predicted variance predicted variance

1 0.592 0.583 0.019 0.610 0.044
2 0.081 0.082 0.003 0.010 0.001
3 0.453 0.446 0.015 0.467 0.034
4 0.403 0.409 0.013 0.415 0.03
5 0.102 0.103 0.003 0.098 0.007
6 0.073 0.071 0.002 0.075 0.005
7 0.415 0.421 0.014 0.402 0.029
8 0.524 0.515 0.017 0.540 0.039
9 0.173 0.175 0.006 0.167 0.012
10 0.393 0.386 0.013 0.380 0.027
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Figure 3: Training comparisons of WNN and BP.
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Figure 4: Training comparisons of dense sample data of WNN and BP.
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Table 2: Comparison of predictive results of dense area data after training.

ID Measured value WNN BP
predicted variance predicted variance

1 0.592 0.581 0.019 0.580 0.020
2 0.081 0.083 0.003 0.079 0.003
3 0.453 0.447 0.015 0.463 0.016
4 0.403 0.406 0.013 0.395 0.014
5 0.102 0.104 0.003 0.104 0.004
6 0.073 0.074 0.002 0.071 0.002
7 0.415 0.422 0.014 0.424 0.015
8 0.524 0.517 0.017 0.513 0.018
9 0.173 0.174 0.006 0.177 0.006
10 0.393 0.387 0.013 0.385 0.013
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Figure 5: Training comparisons of sparse sample data of WNN and BP.

training effect of dense sample. The prediction accuracy
comparison is shown in Table 2.

As shown in Table 2, the prediction error of WNN is
basically the same, while the prediction error of BP is reduced
to 2.1%. This indicates that BP model is better trained in the
dense data area. So the prediction accuracy is improved. In
addition, the predicted variance of BP model decreases from
7.1% in previous section to 3.5%, which is basically similar to
the predicted variance of WNN.The above results show that
the training effect of BP is improved and the prediction ability
is enhanced in the area with dense sample data. In order to
highlight the advantages thatWNNhas better adaptive ability
to sample data, another 100 data are selected from the sparse
area of sample data to retrain the two prediction models.
Finally, the verification data is used to compare the prediction
accuracy and stability.

As shown in Figure 5, when using sparse area sample data
to train the prediction model, WNN converges into the pre-
set error range at the 61st iteration, while BP model is just
lower than the pre-set error at 225th iteration. This indicates
that BP model has a poorer adaptive ability to sparse area

sample data.The comparison of prediction accuracy is shown
in Table 3.

In prediction accuracy, the predicted mean value and
variance of WNN are kept stable. The prediction accuracy
of BP is reduced from 3.1% to 3.3%. Especially, the variance
of the predicted value is reduced to 9.7%. This indicates that
the prediction robustness of BP is lower than that of WNN.
The dependence on sample data is stronger. It indicates that
the generalized learning ability of WNN prediction model is
better than that of the prediction model constructed with BP
neural network.

5.4. Comparisonwith StatisticalMethod. In literature [13], the
identifying hot data block is used as aData-block temperature
model. This model called EESDC was applied to reducing
data migration overhead and improving energy-efficient of
large-scale streaming media storage systems. Note that we
used the identifying hot data method as benchmark model,
which belongs to the statistical model. To compare with
EESDC, we further demonstrate that our proposed model is
better than the traditional statistical models.This experiment
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Table 3: Comparison of predicted results of sparse area data after training.

ID Measured value WNN BP
predicted variance predicted variance

1 0.592 0.584 0.019 0.612 0.057
2 0.081 0.083 0.003 0.078 0.007
3 0.453 0.444 0.015 0.468 0.044
4 0.403 0.408 0.013 0.390 0.036
5 0.102 0.104 0.003 0.105 0.010
6 0.073 0.070 0.002 0.071 0.007
7 0.415 0.422 0.014 0.429 0.040
8 0.524 0.514 0.017 0.507 0.047
9 0.173 0.175 0.006 0.179 0.017
10 0.393 0.385 0.013 0.380 0.035
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Figure 6: Prediction accuracy comparison of WNN and traditional statistical model.

is designed on a video learning website of campus.The hybrid
storage system of website has large-scale stream video files for
students. These video files have different hot degree for users.
Such as some videos may be popular for one or two hours,
some videos even keep hot for many days. Here we select
different kind’s videos to verify our model and benchmark
model.

As shown in Figure 6, x axis represents the data block
frequency period. As x equals 4, this means that this kind
video files are accessed frequently in four hours. Here 100
file of each kind of stream video is selected and used two
prediction models to identify the data block status. 𝑦 axis
shows the prediction accuracy. The WNN prediction model
is stable for different kinds of video files. However, EESDC is
not well in handling video files, whose hot degree change fast
in short period.The prediction accuracy of EESDC gradually
increases while increasing the frequency access period. This
comparison shows that our proposed model overcomes the
cumulative effect of traditional statistical methods and is
suitable to prediction short-term variation data block.

6. Conclusion

To handle the large-scale data migration in distribution
storage system and improve the performance of migration,
a novel prediction model of data block status was provided to
judge the heat degree of data block. We extracted the access
features of data block and used those features as input vector
to train the prediction model.The kernel of prediction model
is wavelet neural network that has better capacity than other
models. Additionally, we used the fuzzy rule to deal with
the uncertain of sampling data. Compared with BP neural
network, our proposed predictionmodel has better nonlinear
fitting capacity due to the fact that wavelet neural network
can learn with low frequency in sparse sample area and
with high frequency in dense sample area. The experimental
results show that our proposed prediction model has better
generalization capacity and robustness than BP model and
relevant model. In the future, we will integrate this prediction
model into the data migration model and verify the predic-
tion accuracy in the production environment.
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This paper introduces spectral risk measure (SRM) into optimization problem of insurance investment. Spectral risk measure
could describe the degree of risk aversion, so the underlying strategy might take the investor's risk attitude into account. We
establish an optimizationmodel aiming atmaximizing risk-adjusted return of capital (RAROC) involvedwith spectral riskmeasure.
The theoretical result is derived and empirical study is displayed under different risk measures and different confidence levels
comparatively.The result shows that risk attitude has a significant impact on investment strategy.With the increase of risk aversion
factor, the investment ratio of risk asset correspondingly reduces. When the aversive level increases to a certain extent, the impact
on investment strategies disappears because of the marginal effect of risk aversion. In the case of VaR and CVaR without regard for
risk aversion, the investment ratio of risk asset is increasing significantly.

1. Introduction

Underwriting business and investment business are two
main fund sources of an insurance company. In recent
years, more and more insurers have paid attention to the
efficiency of investment business because of increasing com-
petition among insurance companies, continuing decline in
underwriting profits and gradual relaxation of insurance
investment policies.

The relationship between return and risk needs to be
fully balanced in insurance investment, in which mean-risk
optimization is the most commonly used criterion. For the
measurement of risk, variance is a common choice. Early
studies, for example, Lambert and Hofflander [1], Kahane
and Nye [2], and Briys [3], established optimal portfolio
model for property insurance undermean-variance criterion.
Later, due to the limitation of variance, new risk measures
were proposed constantly and mean-risk models were also
extended in various backgrounds; see [4–9]. In particular,
ruin probability and some down-side risk measures such as
VaR and CaR were introduced into insurance business to
find the optimal investment strategy. Guo and Li [10] used

mean-VaR model to analyze the choice of optimal portfolios
for insurers. Chen et al. [11] investigated an investment-
reinsurance problem under dynamic Value-at-Risk (VaR)
constraint. Zeng et al. [12] established twomean-CaR models
to study reinsurance-investment problem of insurers and
obtained the explicit expressions of the optimal deterministic
rebalance reinsurance-investment strategies and mean-CaR
efficient frontiers.

Risk measures used in the above literatures indeed
describe different risk characteristics of the assets, but they
do not take investors’ risk attitude into account. Spectral risk
measures (SRM) proposed by Acerbi et al. [13] characterize
investors’ risk aversion and have been applied to fields of
banks and securities, for example, Adam et al. [14] and Diao
et al. [15] and the references therein. However, to the best of
our knowledge, there is no literature which studied optimal
investment problem in insurance business based on SRM.On
the other hand, mean is generally used to describe the return,
but the insurer needs to determine the amount of capital
based on entire risk situation of company. The risk-adjusted
return on capital (RAROC) takes into account the capital
return adjusted by risk, whichmakes up for the shortcomings
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from average-return principle; see [16–18] and the references
therein.

This paper will introduce spectral risk measure into
optimal investment model with RAROC as optimization
target, construct optimization model, and give its theoretical
and empirical study. The rest of this paper is organized
as follows. Section 2 illustrates spectral risk measure and
insurance returnmodel used here. Section 3 finds the solution
of the optimization problem. The empirical application is
displayed in Section 4. Section 5 concludes the paper.

2. Spectral Risk Measure and Insurance
Return Model

2.1. Spectral Risk Measure

Definition 1 (see [19]). Suppose that random variable X
represents the loss of assets, and its distribution function can
be denoted as 𝐹(𝑥) = 𝑃𝑟(𝑋 ≤ 𝑥). Spectral risk measure with
confidence level 𝑝 = 1 − 𝛼 (𝛼𝜖(0, 1)) is defined as follows:

𝜌 = ∫1
0
𝜙 (𝑝) 𝑞𝑝𝑑𝑝, (1)

where 𝜙(𝑝) : (0, 1) → R is a weight function or risk
spectral function and 𝑞𝑝 = inf{𝑥 | 𝐹(𝑥) ≥ 𝑝} is 𝑝-
quantile of distribution function. SRM is a coherent risk
measure when 𝜙(𝑝) satisfies nonnegativity, normalization,
and increasingness.

Specially, 𝜌 is Value at Risk (VaR) if 𝜙(𝑝) = {0, 𝑝 ̸=1 − 𝛼; ∞,𝑝 = 1 − 𝛼}. 𝜌 corresponds to Conditional Value
at Risk (CVaR) if 𝜙(𝑝) = (1/𝛼)𝐼{𝑝≥1−𝛼}. If 𝜙(𝑝) =
(𝛾𝑒−(1−𝑝)𝛾/𝛼/𝛼(1−𝑒−𝛾))𝐼{1−𝛼≤𝑝≤1}, 𝜌 is exponential spectral risk
measure; if 𝜙(𝑝) = {(𝛽(𝛼 − 1 + 𝑝)𝛽−1/𝛼𝛽)𝐼{1−𝛼≤𝑝≤1}, 𝛽 > 1;
(𝛽(1 − 𝑝)𝛽−1/𝛼𝛽)𝐼{1−𝛼≤𝑝≤1}, 0 < 𝛽 < 1}, 𝜌 is power spectral
risk measure, where 𝛾 > 0 is the coefficient of absolute risk
aversion and 𝛽 > 0 is the coefficient of relative risk aversion.

Proposition 2 (see [20]). Suppose that 𝑅 denotes income
variable, and then𝑋 = −𝑅 denotes the loss variable. If𝑅 follows
normal distribution assumption, we can get

𝑆𝑅𝑀(𝑅) = −𝐸 (𝑅) + 𝑇 (𝛼) 𝜎 (𝑅) . (2)

Specially: 𝑉𝑎𝑅 (𝑅) = −𝐸 (𝑅) + Φ−1 (𝑝) 𝜎 (𝑅) (3)

and 𝐶𝑉𝑎𝑅 (𝑅) = −𝐸 (𝑅) + 𝑓 (Φ−1 (𝑝))𝛼 𝜎 (𝑅) , (4)

where 𝑇(𝛼) = ∫1
0
Φ−1(𝑝)𝜙(𝑝)𝑑𝑝, Φ−1(𝑝) is 𝑝-quantile of

standard normal distribution and 𝑓(.) is probability density
function of standard normal distribution.

2.2. Insurance Return Model. Suppose that insurers invest in
N assets, one of which is risk-free asset, and others are risk
assets. Therefore, the total profit is given as

𝑅𝑝 = 𝑟𝑏𝑅0 + g𝑅0(1 − 𝑁−1∑
𝑖=1

𝑘𝑖)𝑟0 + g𝑅0𝑁−1∑
𝑖=1

𝑘𝑖𝑟𝑖, (5)

where R0, rb, g denote premium charged by insurers, the
rate of underwriting profit, and investment ratio, respectively.
Constant r0 denotes the rate of risk-free asset return. And
randomvariable ri (i = 1, 2, ⋅ ⋅ ⋅ ,N−1) denotes the rate of risk
asset return with N(𝜇i, 𝜎2i ) assumption. ki is the investment
weight of the i-th risk asset and we assume that 0 < ∑N−1

i=1 ki <1.
Let K = (R0, gR0k1, gR0k2, ⋅ ⋅ ⋅ , gR0kN−1)T and r =(rb + gr0, r1 − r0, ⋅ ⋅ ⋅ , rN−1 − r0)T with mean 𝜇 and covariance

matrix Σ. Then we have R = rTK, and E(R) = 𝜇TK, 𝜎(R) =√KTΣK. 𝜌c is the upper limit of risk the insurer can bear, that
is, SRM(Rp) ≤ 𝜌c.
3. Optimal Investment Strategy for Insurers
Based on SRM-RAROC Criterion

In this section, we establish SRM-RAROC optimization
model and derive the optimal solution under normal distri-
bution assumption.

3.1. Optimization Model. Here the investment performance
evaluation is measured by risk-adjusted return on capital
(RAROC) instead of the absolute amount of income as
follows:

𝑅𝐴𝑅𝑂𝐶 = 𝐸 (𝑅𝑝)
𝑆𝑅𝑀(𝑅𝑝) . (6)

Thus, the optimization model can be formulated as

max 𝑅𝐴𝑅𝑂𝐶 = 𝐸 (𝑅𝑝)
𝑆𝑅𝑀(𝑅𝑝)

s.t. 0 < 𝑁−1∑
𝑖=1

𝑘𝑖 < 1
𝑆𝑅𝑀(𝑅𝑝) = −𝐸 (𝑅𝑝) + 𝑇 (𝛼) 𝜎 (𝑅𝑝) ≤ 𝜌𝑐
𝐸 (𝑅𝑝) = 𝜇𝑇𝐾
𝜎 (𝑅𝑝) = √𝐾𝑇Σ𝐾.

(7)

3.2. Solution of Optimization Model

Step 1 (simplifying optimization model). Define 𝜃 as n-
dimension vector, 𝜃 = (𝜃1, 𝜃2, ⋅ ⋅ ⋅ , 𝜃𝑛)𝑇, where 𝜃1 = 1/(1 +
g∑𝑁−1𝐽=1 𝑘𝑗)𝜃𝑖 = g𝑘𝑖−1/(1 + g∑𝑁−1𝐽=1 𝑘𝑗), 𝑖 = 2, 3, ⋅ ⋅ ⋅ , 𝑛. And
then𝐾 can be rewritten as𝐾 = 𝑅0(1 + g∑𝑁−1𝐽=1 𝑘𝑗)𝜃, 𝐼𝑇𝜃 = 1,
where 𝐼 is n-dimension vector, 𝐼 = (1, 1, ⋅ ⋅ ⋅ , 1)𝑇.

Let 𝑟𝑝 = 𝑟𝑇𝜃, then 𝜇𝑝 = 𝐸(𝑟𝑝) = 𝜇𝑇𝜃, 𝜎𝑝 = V𝑎𝑟(𝑟𝑝) =√𝜃𝑇Σ𝜃. With 1 − 𝛼 confidence level, SRM(𝑟𝑝) = −𝜇𝑇𝜃 +
𝑇(𝛼)√𝜃𝑇Σ𝜃. Then we have
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𝐸 (𝑅𝑝) = 𝜇𝑇𝐾 = 𝜇𝑇𝑅0(1 + g
𝑁−1∑
𝐽=1

𝑘𝑗)𝜃

= 𝑅0(1 + g
𝑁−1∑
𝐽=1

𝑘𝑗)𝐸 (𝑟𝑝)
(8)

and 𝑆𝑅𝑀(𝑅𝑝) = −𝐸 (𝑅𝑝) + 𝑇 (𝛼) 𝜎 (𝑅𝑝)
= 𝑅0(1 + g

𝑁−1∑
𝐽=1

𝑘𝑗)𝑆𝑅𝑀(𝑟𝑝) . (9)

So RAROC can be rewritten as

𝑅𝐴𝑅𝑂𝐶 = 𝐸 (𝑅𝑝)
𝑆𝑅𝑀(𝑅𝑝)

= 𝑅0 (1 + g∑𝑁−1𝐽=1 𝑘𝑗) 𝐸 (𝑟𝑝)
𝑅0 (1 + g∑𝑁−1𝐽=1 𝑘𝑗) 𝑆𝑅𝑀(𝑟𝑝)

= 𝐸 (𝑟𝑝)
𝑆𝑅𝑀(𝑟𝑝)

(10)

And model (7) can be transformed as

max 𝑅𝐴𝑅𝑂𝐶 = 𝐸 (𝑟𝑝)
𝑆𝑅𝑀(𝑟𝑝)

s.t. 𝐼𝑇𝜃 = 1
𝑆𝑅𝑀(𝑟𝑝) = −𝜇𝑝 + 𝑇 (𝛼) 𝜎𝑝 ≤ 𝜌𝑐
𝜇𝑝 = 𝐸 (𝑟𝑝) = 𝜇𝑇𝜃
𝜎𝑝 = 𝜎 (𝑟𝑝) = √𝜃𝑇Σ𝜃

(11)

Step 2 (effective frontier curve equation of mean-SRM space).
Effective frontier in mean-risk space refers to the portfolio
that maximizes the return at a certain level of risk or
minimizes the risk at a certain level of return. Therefore,
mathematical expression of curve equation of effective fron-
tier can be given as

min (−𝜇T𝜃 + T (𝛼)√𝜃𝑇Σ𝜃)
s.t. 𝜇𝑝 = 𝜇𝑇𝜃

𝐼𝑇𝜃 = 1.
(12)

Solving model (12) by Lagrange multiplier method yields

𝜃 = 1𝑑Σ−1 ((𝑐𝜇𝑝 − 𝑏) 𝜇 + (𝑎 − 𝑏𝜇𝑝) 𝐼) , (13)

where 𝑎 = 𝜇𝑇Σ−1𝜇, 𝑏 = 𝜇𝑇Σ−1𝐼 = 𝐼𝑇Σ−1𝜇, 𝑐 = 𝐼𝑇Σ−1𝐼, 𝑑 =𝑎𝑐 − 𝑏2.

So then, 𝜎p2 = 𝜃TΣ𝜃 = (c𝜇p2 − 2b𝜇p + a)/d.
Therefore the effective frontier curve equation is

𝑆𝑅𝑀(𝑟𝑝) = −𝜇𝑝 + 𝑇 (𝛼)√ 1𝑑 (𝑐𝜇𝑝2 − 2𝑏𝜇𝑝 + 𝑎). (14)

Assume that 𝜇𝑜𝑝𝑡 be the optimal return for a given risk 𝜌
based on formula (14); the corresponding optimal portfolio
weights on effective frontier curve can be solved as

𝜃𝑜𝑝𝑡 = 1𝑑Σ−1 ((𝑐𝜇𝑜𝑝𝑡 − 𝑏) 𝜇 + (𝑎 − 𝑏𝜇𝑜𝑝𝑡) 𝐼) . (15)

Step 3 (RAROC maximized portfolio under SRM con-
straints). Let 𝑅𝐴𝑅𝑂𝐶 = 𝜇𝑝/𝑆𝑅𝑀(𝑟𝑝) = 𝑢; that is, the
slope 𝑢 of line 𝜇𝑝 = 𝑢𝑆𝑅𝑀(𝑟𝑝) will be maximized in the
processing of optimization. From portfolio theory in finance,
we know that maximum value is obtained when the line is
tangent to the effective leading edge. The tangent point is the
optimal portfolio when the tangent point is on the left of the
constraint line while the intersection of the constraint line
and the effective frontier is the optimal portfolio when the
tangent point is on the right of the constraint line.

Let (SRMT, 𝜇T) denote the intersection portfolio. It is
obvious that SRMT = 𝜌c at the intersection point. From
effective frontier curve equation, we can find that

𝜇T = (bT2 + d𝜌c) + T√d (2b𝜌c + c𝜌c2 + a − T2)
cT2 − d

. (16)

Let (SRMtg, 𝜇tg) denote tangent portfolio. The formula𝜕SRM/𝜕𝜇p = 1/u is true for tangent point when the line is
tangent to the effective frontier. So it follows that

− 1 + T (𝛼) (c𝜇p − b)
d√(1/d) (c𝜇p2 − 2b𝜇p + a)

= −𝜇p + T (𝛼)√(1/d) (c𝜇p2 − 2b𝜇p + a)
𝜇p ,

(17)

which results in the following tangent point portfolio:

(SRMtg, 𝜇tg) = (√ab (T − √a) , a
b
) . (18)

Summarily, the optimal solution of optimization model
can be expressed as

(SRMopt, 𝜇opt) = {{{
(SRMtg, 𝜇tg) if 𝜌tg ≤ 𝜌c
(SRMT, 𝜇T) if 𝜌tg > 𝜌c, (19)

and the optimal portfolio weight is

𝜃opt = 1
d
Σ−1 ((c𝜇opt − b) 𝜇 + (a − b𝜇opt) I) . (20)

Therefore, the optimal investment ratio of each risk asset is

ki−1 = 𝜃i
g𝜃1 i = 2, 3, ⋅ ⋅ ⋅ ,N, (21)
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Table 1: Descriptive statistical analysis of risk assets.

Chang’an Vehicle (000625) JoinTo Energy (000600) Yili (600887)
Median 0.196729 0.005992 -0.070959
Maximum 1.341006 1.124433 1.299169
Minimum -1.631535 -1.184555 -1.196948
Standard deviation 0.866075 0.632811 0.698381
Skewness -0.545350 -0.132884 0.049686
Kurtosis 2.653994 2.993299 2.709674
J-B statistic 0.545562 0.034779 0.039235
p value 0.761260 0.982761 0.980574
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Figure 1: QQ chart of each risky asset’s return.

and the corresponding proportion of investment in risk-free
assets is

1 − N−1∑
i=1

ki = 1 − 1 − 𝜃1g𝜃1 = g𝜃1 + 𝜃1 − 1
g𝜃1 . (22)

4. Data Analysis

4.1. Data Selection. In this section, we assume that insurers
invest in one risk-free asset and three security risk assets.
Bank deposit is regarded as risk-free asset and the selected
risk assets are JoinTo Energy (000600), Chang’an Vehicle
(000625), and Yili (600887). Yearly data is chosen from
January 1, 2006, to December 31, 2016. The data for China
Life InsuranceCompany Ltd is calculated from the company’s
annual report and semi-annual report. Data of risk assets
is obtained from Guotai An CSMAR series of research
databases.

4.2. Descriptive Statistics of Risk Asset Data. We conduct
descriptive statistical analysis of risk assets; see Table 1 and
Figure 1.

It can be found fromTable 1 that the distribution of return
for three risk assets presents a certain degree of skewness and
flatter peak than normal distribution. FromQQ chart and the
fact that JB statistic of each risky asset return rate is less than
5.99, which is 95% quantile of 𝜒2(2), we can conclude that the
return of each risky asset is subject to a normal distribution
approximately.

4.3. Calculation of Related Variables

(1) Investment Ratio and Rate of Underwriting Profit. The
investment ratio is an important indicator to measure the
level of capital utilization of an insurance company, which
can be calculated by investment assets divided by total assets.
The rate of underwriting profit can be calculated by the
difference between total profit and investment profit divided
by underwriting income. Based on investment data and
underwriting data of China Life Insurance Company Ltd, we
obtain that g = 94.08% and rb = −0.1776 here.
(2) Rate of Return for Risk-Free Asset and Risky Asset. From
China Life Insurance Company Ltd’s data of the amount of
bank deposit and bank deposit return in 2006–2016, we can
calculate the mean of the return rate E(r0) = 0.0428 as risk-
free return rate. Each risky asset return is calculated by ri =
ln(Pit/Pit−1), where Pit and Pit−1 denote i-th asset’s price at
time t and t-1, respectively. So it can be calculated fromGuotai
An CSMAR Series Research Database that the average return
of JoinTo Energy (000600), Chang’an Vehicle (000625), and
Yili (600887) are 0.0580, 0.0516 and 0.0409, respectively.
4.4. Optimal Insurance Investment Strategy Based on SRM-
RAROC Criterion. In this section, we conduct empirical
analysis for optimal insurance investment strategy. The con-
fidence level is set to 90% and 95% and the upper limit of
risk is assumed to be 0.02. Based on formulas in Section 2,
we calculate the optimal weights of the assets under different
confidence levels. The results are displayed in Table 2.
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From Table 2, we can obtain the following conclusion.(1) Generally, the optimal investment proportion in risk
asset is decreasing as the factor of risk aversion increases,
which reflects the effect of risk attitude on investment
strategy. When the factor of risk aversion reaches some fix
value, the optimal investment proportion stays in a roughly
identical level, which shows the existence of marginal effect
from risk aversion extent.(2) Compared with the results under different risk mea-
sures, risk aversion attitude shows a significant effect on the
choice and assignment among risk assets and risk-free asset;
and hence the risk attitude should not be ignored.(3) As confidence level becomes bigger, the optimal
investment proportion in risky asset increases and the one
in risk-free asset decreases. This is a natural conclusion since
bigger confidence level will make the value of risk be smaller,
which results in the increasing trend of investing in risk
assets.

5. Conclusions

This paper constructed an insurance optimization model
including spectral risk measure and risk-adjusted return of
capital and conducted theoretical and empirical analysis. The
main innovation of this paper is introduction of spectral risk
measure in insurance business, which makes the risk attitude
of the investor be considered in decision-making. The result
tells us that more risk aversion will decrease the investment
ratio in risk asset and increase the interest of investing in
risk-free asset. However, the impact on investment strategies
will disappear when the level of risk aversion increases to a
certain extent. Furthermore, both confidence level and the
threshold of risk play a significant role on optimal strategy.
For convenience, here we suppose that the underwriting
insurance return follows a deterministic process and the pol-
icy constraints for insurance investment are not involved. It
may be also of interest to extend the research to the case with
stochastic insurance surplus process and/or the government
policy constraint. We will explore these problems in the
following studies.
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In this paper an approach for computing anoptimal control lawbasedon thePolynomial Least SquaresMethod (PLSM) is presented.
The initial optimal control problem is reformulated as a variational problemwhose correspondingEuler-Lagrange equation is solved
by using PLSM. A couple of examples emphasize the accuracy of the method.

1. Introduction

Optimal control problems occur inmany areas of science and
engineering such as system mechanics, hydrodynamics, elas-
ticity theory, geometrical optics, and aerospace engineering,
and they are one of the several applications and extensions of
the calculus of variations.

The beginning of optimal control is represented by the
Brachistochrone problem formulated by Galileo in 1683: A
massmaterial pointmmoves without friction along a vertical
curve joining the points (𝑥0, 𝑦0) and (𝑥1, 𝑦1). There is the
question of finding such a curve for which the scroll time
is minimal, curve called brachistochrone. Galileo’s attempts
to resolve it were incorrect [1, 2]. The problem raised great
interest at that time and solutions were proposed by many
mathematicians like Bernoulli, Leibnitz, l’Hopital, and New-
ton [1]. These results were published by Euler in 1744, who
concluded “nothing at all takes place in the universe in which
some rule of maximum or minimum does not appear.” Euler
also formulated the problem in general terms as the problem
of finding the curve 𝑦(𝑡) over the interval [𝑎, 𝑏] (with 𝑦(𝑎)
and 𝑦(𝑏) known) which minimizes:

𝐽 = ∫𝑏
𝑎

𝐹 (𝑡, 𝑦 (𝑡) , 𝑦 (𝑡)) 𝑑𝑡 (1)

for some given function 𝐹(𝑡, 𝑦(𝑡), 𝑦(𝑡)), where 𝑦 = 𝑑𝑦/𝑑𝑡.
Euler presented a necessary condition of optimality for

the curve 𝑦(𝑡):
𝑑𝑑𝑡𝐹𝑦 (𝑡, 𝑦 (𝑡) , 𝑦 (𝑡)) = 𝐹𝑦 (𝑡, 𝑦 (𝑡) , 𝑦 (𝑡)) (2)

where𝐹𝑦 and𝐹𝑦 represent the partial derivatives with respect
to 𝑦 and 𝑦, respectively.

The solution techniques proposed initially had been of
a geometric nature until 1755 when Lagrange described an
analytical approach, based on perturbations or “variations” of
the optimal curve and using his “undetermined multipliers,”
which led directly to Euler’s necessary condition, now known
as the “Euler-Lagrange equation.” Euler also adopted this
approach and renamed the subject “the calculus of variations”
[3].

In the years to come, considerable efforts have been made
to develop optimal control techniques. A classification of
methods for solving optimal control problems is presented by
Berkani et al. in [3]. Among the most used ones we mention
the following.

(i) The Dynamic Programming method, based on the
principle of optimality, was first formulated by Bellman [4]
and often used in the analysis and design of automatic
control systems. Bellman’s partial differential equation and
the boundary conditions included are necessary conditions
for obtaining the minimum of the optimal control problem.

(ii) The Pontryagin Minimum Principle [5] is built on
defining the Hamiltonian function by introducing adjoint
variables. The optimal control law is obtained by solving the
canonical differential equations (the Hamilton equations)
which are the necessary conditions of optimality according
to the minimum principle [6]. The optimality conditions
are in general not able to provide the exact optimum since
the resulting two-point boundary value problem (Bellman
partial differential equation) is not easy to be solved
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analytically and usually computational methods are
employed [7–9].

In this paper we apply the Polynomial Least Squares
Method (PLSM) in order to compute approximate analytical
polynomial solutions for a optimal control problems. This
method was used by C. Bota and B. Căruntu in 2014 to
compute approximate analytical solutions for the Brusselator
system which is a fractional-order system of nonlinear
differential equations [10]. In the following years the accuracy
of themethod is emphasized by its use in solving several types
of differential equations [11–13].

The optimal control problem approached in this paper is
the computation of the optimal control law 𝑢(𝑡) : [0, 𝑡𝑓] ⊂
R → R which minimizes the performance index:

𝐽 = ∫𝑡𝑓
0

𝐹 (𝑦 (𝑡) , 𝑢 (𝑡) , 𝑡) 𝑑𝑡 (3)

where the state equation is

𝑦 (𝑡) = 𝑓 (𝑦 (𝑡) , 𝑢 (𝑡) , 𝑡) (4)

and the state variable 𝑦(𝑡) satisfies the constraints 𝑦(0) = 𝑦0
and 𝑦(𝑡𝑓) = 𝑦𝑓.

We will assume that F is of class 𝐶1, so the solution of
the optimal control problem exists and is unique for the
given conditions. The state equation (4) may be linear or
nonlinear but we also assume that 𝑢(𝑡) can be explicitly
obtained from (4) as a function of 𝑦(𝑡). In this case solving
the optimal control problem is equivalent to solving the
variational problem of finding the minimum of functional:

𝐽 = ∫𝑡𝑓
0

𝐺 (𝑡, 𝑦 (𝑡) , 𝑦 (𝑡)) 𝑑𝑡 (5)

with

𝑦 (0) = 𝑦0,
𝑦 (𝑡𝑓) = 𝑦𝑓 (6)

where the relation (5) is obtained from (3) by substituting the
expression for 𝑢(𝑡) as a function of 𝑦(𝑡) (4).

The necessary condition for the uniqueness of the solu-
tion to the problem (5)-(6) is that 𝑦(𝑡) satisfies the conditions
(6) and the Euler-Lagrange equation:

𝜕𝐺 (𝑡, 𝑦 (𝑡) , 𝑦 (𝑡))
𝜕𝑦 (𝑡) = 𝑑𝑑𝑡 (𝜕𝐺 (𝑡, 𝑦 (𝑡) , 𝑦 (𝑡))

𝜕𝑦 (𝑡) ) . (7)

2. Approximate Solution for an Optimal
Control Problem Using the Polynomial
Least Squares Method

2.1. The Polynomial Least Squares Method. The Euler-
Lagrange equation associated with the optimal problem (5)-
(6) may have the expression:

𝑦 (𝑡) = F (𝑦 (𝑡) , 𝑦 (𝑡) , 𝑡) (8)

where F may be linear or nonlinear. We associate with this
equation the following operator:

𝐷 (𝑦 (𝑡)) = 𝑦 (𝑡) − F (𝑦 (𝑡) , 𝑦 (𝑡) , 𝑡) (9)

If we denote by 𝑦(𝑡) an approximate solution of (8), the
error obtained by replacing the exact solution 𝑦(𝑡) with the
approximation 𝑦(𝑡) is given by the remainder:

R (𝑡, 𝑦 (𝑡)) = 𝐷 (𝑦 (𝑡)) , 𝑡 ∈ [0, 𝑡𝑓] . (10)

Taking into account the boundary conditions (6), for 𝜖 ∈ 𝑅+,
we will compute approximate polynomial solutions 𝑦 of the
problem (8), (6) on the interval [0, 𝑡𝑓] as follows.
Definition 1. We call an 𝜖-approximate polynomial solution
of the problem (8), (6) an approximate polynomial solution𝑦 satisfying the relationsR (𝑡, 𝑦) < 𝜖 (11)

𝑦 (0) = 𝑦0,
𝑦 (𝑡𝑓) = 𝑦𝑓 (12)

We call a weak 𝜖-approximate polynomial solution of
the problem (8), (6) an approximate polynomial solution 𝑦
satisfying the relation

∫𝑡𝑓
0

R (𝑡, 𝑦) 𝑑𝑡 ≤ 𝜖 (13)

together with the initial conditions (6)

Definition 2. Let 𝑃𝑚(𝑡) = 𝑐0 + 𝑐1𝑡 + 𝑐2𝑡2 + ⋅ ⋅ ⋅ + 𝑐𝑚𝑡𝑚, 𝑐𝑖 ∈ R,𝑖 = 0, 1, . . . , 𝑚, be a sequence of polynomials satisfying the
conditions 𝑃𝑚(0) = 𝑦0, 𝑃𝑚(𝑡𝑓) = 𝑦𝑓.

We call the sequence of polynomials 𝑃𝑚(𝑡) convergent to
the solution of the problem (8), (6) if lim𝑚→∞𝐷(𝑃𝑚(𝑡)) = 0.

We observe that from the hypothesis of the initial
problem (8), (6) it follows that there exists a sequence of
polynomials 𝑃𝑚(𝑡) which converges to the solution of the
problem.We will compute a weak 𝜖-approximate polynomial
solution, in the sense of the Definition 1, of the type

𝑦 (𝑡) = 𝑚∑
𝑘=0

𝑑𝑘𝑡𝑘 (14)

where 𝑑0, 𝑑1, . . . , 𝑑𝑚 are constants which are calculated using
the following steps:

(i) By substituting the approximate solution (14) in (8)
we obtain the remainder:

R (𝑡, 𝑦) = 𝑦 (𝑡) − F (𝑦 (𝑡) , 𝑦 (𝑡) , 𝑡) (15)

We remark that if we could find 𝑑0, 𝑑1, . . . , 𝑑𝑚 such
that R(𝑡, 𝑦) = 0, 𝑦(0) = 𝑦0, 𝑦(𝑡𝑓) = 𝑦𝑓, then
by substituting 𝑑0, 𝑑1, . . . , 𝑑𝑚 in (14) we would obtain
the exact solution of the problem (8), (6). This is not
generally possible, unless the exact solution is actually
a polynomial
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(ii) We attach to the problem (8), (6) the following
functional:

J (𝑑2, 𝑑3 ⋅ ⋅ ⋅ , 𝑑𝑚) = ∫𝑡𝑓
0

R
2 (𝑡, 𝑦 (𝑡)) 𝑑𝑡 (16)

where 𝑑0, 𝑑1 are computed as functions of 𝑑2,𝑑3 ⋅ ⋅ ⋅ 𝑑𝑚 using the conditions (6).
(iii) We compute the values 𝑑02, 𝑑03, ⋅ ⋅ ⋅ 𝑑0𝑚 as the values

which give the minimum of the functional J and the
values of 𝑑00 and 𝑑01 as functions of 𝑑02, 𝑑03, ⋅ ⋅ ⋅ 𝑑0𝑚 using
the conditions (6).

(iv) Using the constants 𝑑02, 𝑑03, ⋅ ⋅ ⋅ 𝑑0𝑚 previously deter-
mined we compute the polynomial

𝑀𝑚 (𝑡) = 𝑚∑
𝑘=0

𝑑0𝑘𝑡𝑘 (17)

Theorem 3. The sequence of polynomials 𝑀𝑚(𝑡) from (17)
satisfies the property

lim
𝑡→∞

∫𝑡𝑓
0

R
2 (𝑡, 𝑀𝑚 (𝑡)) 𝑑𝑡 = 0 (18)

Moreover, if ∀𝜖 > 0, ∃𝑚𝑜 ∈ N, 𝑚 > 𝑚0, it follows that 𝑀𝑚(𝑡)
is a weak 𝜖-approximate polynomial solution of the problem
(8), (6)

Proof. Based on the way the polynomials 𝑀𝑚(𝑡) are com-
puted and taking into account the relations (15)-(17), the
following inequalities are satisfied:

0 ≤ ∫𝑡f
0
R
2 (𝑡, 𝑀𝑚 (𝑡)) 𝑑𝑡 ≤ ∫𝑡𝑓

0
R
2 (𝑡, 𝑃𝑚 (𝑡)) 𝑑𝑡,

∀𝑚 ∈ N,
(19)

where 𝑃𝑚(𝑡) is the sequence of polynomials introduced in
Definition 2.

It follows that

0 ≤ lim
𝑡→∞

∫𝑡𝑓
0

R
2 (𝑡, 𝑀𝑚 (𝑡)) 𝑑𝑡

≤ lim
𝑡→∞

∫𝑡𝑓
0

R
2 (𝑡, 𝑃𝑚 (𝑡)) 𝑑𝑡 = 0.

(20)

We obtain

lim
𝑡→∞

∫𝑏
𝑎
R
2 (𝑡, 𝑀𝑚 (𝑡)) 𝑑𝑡 = 0. (21)

From this limit we obtain that ∀𝜖 > 0, ∃𝑚𝑜 ∈ N, 𝑚 > 𝑚0
and it follows that 𝑀𝑚(𝑡) is a weak 𝜖-approximate polynomial
solution of the problem (8), (6).

Remark 4. In order to find 𝜖-approximate polynomial solu-
tions of the problem (8), (6) by using the Polynomial Least
Squares Method we will first determine weak approximate
polynomial solutions, 𝑦. If |R(𝑡, 𝑦)| < 𝜖 then 𝑦 is also an 𝜖-
approximate polynomial solution of the problem.

2.2. Application of the Polynomial Least Squares Method for
an Optimal Control Problem. We will find the approximate
solution of the optimal control problem (3)-(4) using the
following steps:

(i) We transform the optimal control problem (3)-(4)
in a variational problem (5)-(6) as described in the
introduction.

(ii) We attach to the variational problem (5)-(6) the
corresponding Euler-Lagrange equation (7), (8).

(iii) We compute the approximate solution 𝑦(𝑡) of the
Euler-Lagrange equation using PLSM as described in
the previous section.Thus 𝑦(𝑡) is an approximation of
the state variable 𝑦(𝑡) of the optimal control problem.

(iv) Finally we compute an approximation𝑢(𝑡) of the opti-
mal control law 𝑢(𝑡) by means of the state equation
(4).

3. Applications

In this sectionwe apply the Polynomial Least SquaresMethod
in order to compute analytical approximate optimal control
laws for three optimal control problems.

3.1. Application 1. We consider the following optimal control
problem [3]:

min
𝑢(𝑡)

∫1
0

[(2 − 𝑦 (𝑡))2 + 𝑢2 (𝑡)] 𝑑𝑡 (22)

where the state equation is

𝑦 (𝑡) = 𝑢 (𝑡) − 14√𝑦 (𝑡) (23)

and the boundary conditions are

𝑦 (0) = 0,
𝑦 (1) = 2 (24)

The exact solution of this problem is [3]

𝑦 (𝑡)
= 𝑒−𝑡 (−𝑒 − 63𝑒2 − 63𝑒𝑡 + 63𝑒2𝑡 + 63𝑒2+𝑡 + 𝑒1+2𝑡)

32 (−1 + 𝑒2)
(25)

In order to apply PLSM we follow the steps presented in
the previous section:

(i) From the state equation (23) we obtain the optimal
control law 𝑢(𝑡) as a function of the state variable 𝑦(𝑡):

𝑢 (𝑡) = 𝑦 (𝑡) + 14√𝑦 (𝑡) (26)

Replacing this expression of 𝑢(𝑡) in the performance
index (22) we transform the initial optimal control
problem into the following variational problem:
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(a) Find the minimum of the functional

∫1
0

[(2 − 𝑦 (𝑡))2 + (𝑦 (𝑡) + 14√𝑦 (𝑡))2 (𝑡)] 𝑑𝑡 (27)

subject to the boundary conditions (24).
(ii) The corresponding Euler-Lagrange equation is

𝑦 (𝑡) − 𝑦 (𝑡) + 6332 = 0 (28)

(iii) We compute using PLSM an approximate analytical
solution of the type

𝑦 (𝑡) = 𝑑0 + 𝑑1 ⋅ 𝑡 + 𝑑2 ⋅ 𝑡2 + 𝑑3 ⋅ 𝑡3 + 𝑑4 ⋅ 𝑡4 + 𝑑5 ⋅ 𝑡5
+ 𝑑6 ⋅ 𝑡6 + 𝑑7 ⋅ 𝑡7 + 𝑑8 ⋅ 𝑡8 + 𝑑9 ⋅ 𝑡9. (29)

From the boundary conditions (24) we obtain 𝑑0 = 0
and 𝑑1 = 2 − 𝑑2 − 𝑑3 − 𝑑4 − 𝑑5 − 𝑑6 − 𝑑7 − 𝑑8 − 𝑑9.
The corresponding remainder (15) is

R (𝑡) = −6316 − 2 ⋅ (2 ⋅ 𝑑2 + 6 ⋅ 𝑑3 ⋅ 𝑡 + 12 ⋅ 𝑑4 ⋅ 𝑡2 + 20
⋅ 𝑑5 ⋅ 𝑡3 + 30 ⋅ 𝑑6 ⋅ 𝑡4 + 42 ⋅ 𝑑7 ⋅ 𝑡5 + 56 ⋅ 𝑑8 ⋅ 𝑡6
+ 72 ⋅ 𝑑9 ⋅ 𝑡7) + 2
⋅ ((2 − 𝑑2 − 𝑑3 − 𝑑4 − 𝑑5 − 𝑑6 − 𝑑7 − 𝑑8 − 𝑑9) ⋅ 𝑡
+ 𝑑2 ⋅ 𝑡2 + 𝑑3 ⋅ 𝑡3 + 𝑑4 ⋅ 𝑡4 + 𝑑5 ⋅ 𝑡5 + 𝑑6 ⋅ 𝑡6 + 𝑑7
⋅ 𝑡7 + 𝑑8 ⋅ 𝑡8 + 𝑑9 ⋅ 𝑡9) .

(30)

By minimizing the functional (16) J(𝑑2, 𝑑3 ⋅ ⋅ ⋅ , 𝑑9)
(too large to be included here)we obtain the values for𝑑2, 𝑑3 ⋅ ⋅ ⋅ , 𝑑9. We compute the corresponding values
of 𝑑0 and 𝑑1 using again the conditions (24) and
we replace all these values in 𝑦(𝑡) to obtain our
approximation:

𝑦 (𝑡) = 2.6116294098342876 ⋅ 𝑡
+ 0.9843749991096482 ⋅ 𝑡2
+ 0.43527154661696676 ⋅ 𝑡3
+ 0.08203105649571096 ⋅ 𝑡4
+ 0.021762704663334236 ⋅ 𝑡5
+ 0.0027321111314777993 ⋅ 𝑡6
+ 0.0005146366961518619 ⋅ 𝑡7
+ 0.0000454584242327247 ⋅ 𝑡8
+ 0.000005327350329483319 ⋅ 𝑡9.

(31)

Table 1: Absolute errors of the approximations of the state variable𝑦(𝑡) and the optimal control law �̃�(𝑡) obtained by using PLSM for
Application 1.

𝑡 𝑦(𝑡) �̃�(𝑡)
0 0 4.440892099 ⋅ 10−16
0.1 2.317035452 ⋅ 10−13 2.194910920 ⋅ 10−11
0.2 6.393774399 ⋅ 10−13 1.921662829 ⋅ 10−11
0.3 1.423638984 ⋅ 10−12 7.726264073 ⋅ 10−12
0.4 7.804867863 ⋅ 10−14 2.682920552 ⋅ 10−11
0.5 1.620037438 ⋅ 10−12 1.299405028 ⋅ 10−12
0.6 2.264854970 ⋅ 10−13 2.589484183 ⋅ 10−11
0.7 1.334266031 ⋅ 10−12 9.465761508 ⋅ 10−12
0.8 6.727951529 ⋅ 10−13 1.677147310 ⋅ 10−11
0.9 1.718625242 ⋅ 10−13 2.004618693 ⋅ 10−11
1.0 2.220446049 ⋅ 10−16 0
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Error of y PLSM

0.2 0.4 0.6 0.8 1.0

Figure 1: The absolute errors corresponding to the approximations
of the state variable 𝑦(𝑡) in Application 1: approximate solution from
[3] given by VIM (red curve) and approximate solution given by
PLSM (blue curve).

(iv) Finally we can easily compute an approximation for�̃�(𝑡) (also not included here because of its large size)
by means of (26):

�̃� (𝑡) = 𝑦 (𝑡) + 14√𝑦 (𝑡) (32)

Table 1 presents the absolute errors (as differences in
absolute value between the exact value and the approximate
one) corresponding to our approximations of the state vari-
able𝑦(𝑡) and of the optimal control law𝑢(𝑡) obtained by using
PLSM.

Figures 1 and 2 present the comparison between our
results and previous ones computed in [3] by using the
Variational Iteration Method (VIM). It can be easily observed
that not only is our approximation more precise, but while
the error function corresponding to the VIM approximations
shows a sizeable increase with 𝑡, the error function corre-
sponding to PLSM does not. Moreover, another advantage of
PLSM is the fact that, evidently, the approximation has the
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Figure 2: The absolute errors corresponding to the approximations
of the optimal control law �̃�(𝑡) in Application 1: approximate
solution from [3] given by VIM (red curve) and approximate
solution given by PLSM (blue curve).

simplest possible form, namely, a polynomial, and thus is very
easy to use in any further computations. Finally, we mention
the fact that by increasing the degree of the polynomial 𝑦(𝑡)
we can obtain higher accuracy: for example, using a 10-th
degree polynomial we obtain an overall error of 10−14.
3.2. Application 2. Our second application is the optimal
control problem:

min
𝑢(𝑡)

∫1
0

1 + 𝑦2 (𝑡)𝑢2 (𝑡) 𝑑𝑡 (33)

where there state equation is

𝑦 (𝑡) = 𝑢 (𝑡) (34)

and the boundary conditions are

𝑦 (0) = 0,
𝑦 (1) = 0.5 (35)

(i) Replacing the expression of 𝑢(𝑡) from (34) in the
performance index (33) we obtain the variational
problem [6]:

min
𝑦(𝑡)

∫1
0

1 + 𝑦2 (𝑡)𝑦2 (𝑡) 𝑑𝑡 (36)

with the same boundary conditions 𝑦(0) = 0, 𝑦(1) =0.5.
The exact solution of this problem is [6]

𝑦 (𝑡) = sinh (𝑡 ⋅ sinh−1 (12)) (37)

We apply the same steps as in the previous application:

2.×10−12

1.5×10
−12

1.×10−12

5.×10−13

0.2 0.4 0.6 0.8 1.0

Error of y PLSM

Figure 3:The absolute error corresponding to the approximation of
the state variable 𝑦(𝑡) in Application 2: approximate solution given
by PLSM.

(ii) The corresponding nonlinear Euler Lagrange equa-
tion is

𝑦 (𝑡) (1 + 𝑦2 (𝑡)) − 𝑦 (𝑡) 𝑦 (𝑡) = 0 (38)

(iii) We compute using PLSM an approximate analytical
solution of the type

𝑦 (𝑡) = 𝑑0 + 𝑑1 ⋅ 𝑡 + 𝑑2 ⋅ 𝑡2 + 𝑑3 ⋅ 𝑡3 + 𝑑4 ⋅ 𝑡4 + 𝑑5 ⋅ 𝑡5
+ 𝑑6 ⋅ 𝑡6 + 𝑑7 ⋅ 𝑡7. (39)

From the boundary conditions (35) we obtain 𝑑0 = 0
and 𝑑1 = 1/2 − 𝑑2 − 𝑑3 − 𝑑4 − 𝑑5 − 𝑑6 − 𝑑7.
We compute again the corresponding reminder
(15) and by minimizing the functional (16) J(𝑑2,𝑑3 ⋅ ⋅ ⋅ , 𝑑7)we obtain the values for 𝑑2 ⋅ ⋅ ⋅ 𝑑7. Using the
conditions (35) and replacing all the values in 𝑦, our
approximation of the state variable is

𝑦 = 0.4812118250596084 ⋅ 𝑡 − 5.310800720418878
⋅ 10−10 ⋅ 𝑡2 + 0.018571962082159076 ⋅ 𝑡3
− 3.347040175284603 ⋅ 10−8 ⋅ 𝑡4
+ 0.00021510474426296038 ⋅ 𝑡5
− 8.131321771683893 ⋅ 10−8 ⋅ 𝑡6
+ 1.2234286690670117 ⋅ 10−6 ⋅ 𝑡7

(40)

(iv) Using the state equation (34) we compute an approx-
imation for the optimal control law �̃�(𝑡).

In Figures 3 and 4 we present the absolute errors cor-
responding to our approximations of the state variable 𝑦(𝑡)
and of the optimal control law �̃�(𝑡) for the problem (33)-(35)
obtained by using PLSM.
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Figure 4:The absolute error corresponding to the approximation of
the optimal control law �̃�(𝑡) in Application 2: approximate solution
given by PLSM.

3.3. Application 3. Our third application is the well-known
linear quadratic regulator (LQR), more precisely the finite-
horizon, continuous-time LQR. LQRs have a wide range of
applications in engineering such as trajectory tracking and
optimization in robotics, control system design for various
types of vehicles, automatic voltage regulators in electrical
generators, and optimal controls for various types of motors.

The corresponding optimal control problem may be
formulated as

𝐽 = 12𝑥 (𝑡𝑓)𝑇 𝑆𝑥 (𝑡𝑓)
+ 12 ∫𝑡𝑓
𝑡0

(𝑥𝑇𝑃𝑥 + 2𝑥𝑇𝑄𝑢 + 𝑢𝑇𝑅𝑢) 𝑑𝑡
(41)

𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) (42)

𝑥 (𝑡0) = 𝑥0,
𝑥 (𝑡𝑓) = 𝑥𝑓,

𝑡 ∈ [𝑡0, 𝑡𝑓] .
(43)

We consider the following particular case of the problem
(41)-(43) corresponding to the values A=1, B=1, S=8, P=3,
Q=0, R=1, and 𝑡𝑓=1 [14, 15]:

The performance index is

𝐽 = 4 ⋅ 𝑦2 (1) + 12 ∫1
0

(3 ⋅ 𝑦2 (𝑡) + 𝑢2 (𝑡)) 𝑑𝑡 (44)

the state equation is

𝑦 (𝑡) = 𝑢 (𝑡) (45)

and the boundary conditions are

𝑦 (0) = 3 + 209𝑒4 − 5,
𝑦 (1) = 8

(46)

Approximate solutions for this problemwere proposed in
[14] using the Homotopy Analysis Method and in [15] using
the Optimal Homotopy Analysis Method. The exact solution
of the problem is

𝑦 (𝑡)
= 𝑒−2𝑡 ((5 + 45𝑒2 + 72𝑒4) 𝑒4𝑡 + 𝑒2 (−40 − 45𝑒2 + 27𝑒4))

(1 + 𝑒2) (9𝑒4 − 5)
(47)

The corresponding expression of the control is

𝑢 (𝑡)
= 𝑒−2𝑡 ((5 + 45𝑒2 + 72𝑒4) 𝑒4𝑡 + 3𝑒2 (40 + 45𝑒2 − 27𝑒4))

(1 + 𝑒2) (9𝑒4 − 5)
(48)

Using the same steps presented in the previous examples
we computed the following approximation of the state vari-
able:

𝑦 (𝑡) = 3.041119828603783 − 1.8976676950657474
⋅ 𝑡 + 6.08223965125759 ⋅ 𝑡2
− 1.2651116099552036 ⋅ 𝑡3
+ 2.027411010322069 ⋅ 𝑡4
− 0.2530087549866359 ⋅ 𝑡5
+ 0.2702720790557366 ⋅ 𝑡6
− 0.02398312502575098
⋅ 𝑡70.01913989850290996 ⋅ 𝑡8
− 0.0011806615481455588 ⋅ 𝑡9
+ 0.0007696532612724977 ⋅ 𝑡10
− 0.00002286154490479068 ⋅ 𝑡11
+ 0.000022587123028528187 ⋅ 𝑡12.

(49)

In Figures 5 and 6 we present the absolute errors cor-
responding to our approximations of the state variable 𝑦(𝑡)
and of the optimal control law �̃�(𝑡) for the problem (44)-(46)
obtained by using PLSM.

The accuracy of our method is emphasized by a compar-
ison with approximate solutions for Application 3 previously
computed by means of other well-known methods. Table 2
presents a comparison of the absolute errors corresponding
to the approximations of the state variable 𝑦(𝑡) obtained
by using the Homotopy Analysis Method (HAM [14]) and
by using the Optimal Homotopy Analysis Method (OHAM
[15]).

4. Conclusion

In this paper the application of the Polynomial Least Squares
Method to optimal control problems is presented.
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Table 2: Comparison of the absolute errors corresponding to the approximations of the state variable 𝑦(𝑡) obtained by using HAM, OHAM,
and PLSM for Application 3.

𝑡 𝑦(𝑡)𝐻𝐴𝑀 𝑦(𝑡)𝑂𝐻𝐴𝑀 𝑦(𝑡)𝑃𝐿𝑆𝑀
0 3.8034 ⋅ 10−4 2.2926 ⋅ 10−7 4.4409 ⋅ 10−16
0.2 3.7677 ⋅ 10−4 8.7067 ⋅ 10−7 1.7306 ⋅ 10−12
0.4 1.2227 ⋅ 10−4 3.1004 ⋅ 10−7 3.8681 ⋅ 10−12
0.6 1.5453 ⋅ 10−4 6.0923 ⋅ 10−8 9.6811 ⋅ 10−13
0.8 2.1309 ⋅ 10−4 7.4523 ⋅ 10−9 1.6227 ⋅ 10−12
1.0 0 3.7303 ⋅ 10−14 0

0.2 0.4 0.6 0.8 1.0

Error of y PLSM

3.×10−12

4.×10−12

2.×10−12

1.×10−12

Figure 5:The absolute error corresponding to the approximation of
the state variable 𝑦(𝑡) in Application 3: approximate solution given
by PLSM.

Figure 6:The absolute error corresponding to the approximation of
the optimal control law �̃�(𝑡) in Application 3: approximate solution
given by PLSM.

In order to apply PLSM the optimal problem is trans-
formed to a variational problem by substituting in the per-
formance index the expression of the control variable given
by the state equation. PLSM is able to find accurate approx-
imations of the state variable by computing approximate
analytical polynomial solutions of the Euler-Lagrange equa-
tion corresponding to the variational problem. The optimal
control law is then computed by using the state equation.

The numerical examples included clearly illustrate the
accuracy of the method by means of a comparison with
solutions previously computed by other methods.
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The research of gravity solitarywavesmovement is of great significance to the study of ocean and atmosphere. Baroclinic atmosphere
is a complex atmosphere, and it is closer to the real atmosphere. Thus, the study of gravity waves in complex atmosphere
motion is becoming increasingly essential. Deriving fractional partial differential equation models to describe various waves in
the atmosphere and ocean can open up a new window for us to understand the fluid movement more deeply. Generally, the
time fractional equations are obtained to reflect the nonlinear waves and few space-time fractional equations are involved. In this
paper, using multiscale analysis and perturbation method, from the basic dynamic multivariable equations under the baroclinic
atmosphere, the integer order mKdV equation is derived to describe the gravity solitary waves which occur in the baroclinic
atmosphere.Next, employing the semi-inverse and variationalmethod, we get a newmodel under the Riemann-Liouville derivative
definition, i.e., space-time fractional mKdV (STFmKdV) equation. Furthermore, the symmetry analysis and the nonlinear self-
adjointness of STFmKdV equation are carried out and the conservation laws are analyzed. Finally, adopting the exp(−Φ(𝜉))method,
we obtain five different solutions of STFmKdV equation by considering the different cases of the parameters (𝜂, 𝜎). Particularly, we
study the formation and evolution of gravity solitary waves by considering the fractional derivatives of nonlinear terms.

1. Introduction

With the intercross and penetration of different knowledge,
Rossby solitary waves have been applied to many fields
successfully, such as physical oceanography, atmospheric
science, hydraulic engineering, and communication engi-
neering. Particularly, Rossby solitary waves have important
theoretical significance and research value in marine atmo-
spheric science. They have largely determined the impact
of the oceans on the atmosphere and other climate change.
On the time scale, the energy of Rossby waves determines
the ocean energy spectrum, which makes the energy spread
from east to west to form and maintain a strong ocean
boundary flow, such as Kuroshio, Gulfstream, and East
Australian flow. Great achievements have been made in this
regard.

As we know, Rossby solitary waves in the westerly shear
flowwere first found by Long [1]. He found that the amplitude

of the Rossby waves satisfied KdV equation by the 𝛽-plane
approximation

𝑢𝑡 + 𝜇𝑢𝑢𝑥 + 𝛿𝑢𝑥𝑥𝑥 = 0. (1)

With the development of Rossby waves theory, Wadati [2]
derived the modified KdV equation

𝑢𝑡 + 𝜇𝑢2𝑢𝑥 + 𝛿𝑢𝑥𝑥𝑥 = 0. (2)

In view of the barotropic fluid and stratified fluid model,
the KdV model and the mKdV model are also generated
to describe the generation and evolution of Rossby solitary
waves by Redekopp [3]. Apart from the KdV model and
the mKdV model, for other initial disturbance, employing
a different time and space stretching transform, Boussinesq
equation was derived by Meng and Lv [4]. Afterwards, the
Rossby parameters 𝛽 along with the changes of latitude were
discussed by Luo [5] and generalized 𝛽-plane approximation
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was obtained. In recent years, in the theoretical study of
Rossby waves, many new wave equations were obtained
to describe the generation and evolution of various types
of fluctuations in the ocean [6, 7], such as NLS equation,
ILW-Burgers equation, and ZK-Burgers equation. In the
past, predecessors studied wave equations in the barotropic
atmospheric environment by using the 𝛽-plane approxima-
tion. But we know that the basic dynamic equations for
describing the baroclinic atmospheric movement are more
in line with the actual situation and are very complicated.
And the baroclinic problem in real atmosphere is inevitable
[8]. In this paper, starting with the basic equations adopting
the Bousinesq approximation [9] and under the baroclinic
atmospheric environment, using multiscale analysis and
turbulence method, we get a new model (mKdV) to describe
the Rossby solitary waves. The advantages of basic equations
are as follows:(1) The equations are multivariate, and the physical
meaning of each variable is clear;(2) The baroclinic atmosphere problem is considered to
help us understand the generation and evolution of isolated
waves in the ocean.

In recent years, the study of integer partial differential
equations has yielded many brilliant achievements [10–15].
Simultaneously, it has been found that fractional order partial
differential equations also play an important role in many
fields [16–22]. The fractional differentiation calculus [23, 24]
was first developed by Liouville primary. Liouville expands
the function into an exponential form and defines the 𝑞-
order derivatives of this expanded form term by term.
Afterwards, Riemann proposed a different definition that can
be implemented to a power series with a negative power
term. Finally, Ross and Oldham [25, 26] unified the two
definitions, so that the application of fractional differential
was further developed. Subsequently, a version of the Euler-
Lagrange equations for problems of calculus of variation with
fractional derivatives was formulated by Riewe in 1990s [27,
28]. Recently, Agrawal [29, 30] studied the fractional Euler-
Lagrange equation deeper and a series of new methods have
been put forward in his research, which provide a new idea
for us to study fractional partial differential equations [31, 32].
The fact has shown that the new fractional equation is more
suitable than the integer order equation due to the precise
description of the nonlinear phenomena[33, 34]. At the same
time, in the field of oceanography, the fractional partial
differential equation can better describe the generation and
evolution of solitary waves, which is more favorable for us to
study the theory of fluctuation.

Similar to the study of integer order differential equation,
the conservation laws of the fractional differential equation
are an important branch. As we know, if the fractional
differential equation is an Euler-Lagrange equation, then
conservation laws can be found using Noethem’s theorem by
variational Lie point symmetries of this equation [35–37]. Lie
symmetry analysis was proposed by Sophus Lie. The main
idea of this method is that the infinitesimal transformation
keeps the solution set of the partial differential equation
unchanged. The Lie symmetry analysis offers an efficient and
powerful tool for the study of conservation laws of fractional

partial differential equation [38–42]. For this reason, the
researchers are very interested in studying the symmetry
analysis of fractional differential equations. As far as we
know, in the past, the symmetric method was only used for
time fraction partial differential equations (TFPDE), but has
not been used to analyze space and time fraction partial
differential equations (STFPDE) [43, 44]. In this paper, the
Lie symmetry analysis was used to study the conservation law
of the STFmKdV equation [45, 46].

By studying the work of predecessors, we can find that
several methods have been used to solve nonlinear partial
differential equations, such as the trial equation method [47,
48], Hirota bilinear method [49], binary nonlinearization
method [50], Darboux transformation method [51], Jacobi
iteration method [52], (𝐺/𝐺)-expansion method [53–55],
exp-function method [48], sub-equation method [56], and
others [57, 58]. Therefore, it is an important task to find
an accurate and effective method to solve the fractional
differential equation.

This paper is organized as follows: In Section 2, using
multiscale analysis and turbulence method, from the basic
dynamic multivariable equations under the baroclinic atmo-
sphere [59, 60], the integer order mKdV equation is derived.
In Section 3, we use the semi-inverse method to derive
the Lagrangian form of the mKdV equation [61, 62] firstly.
Then the Lagrangian space and time operator of the mKdV
equation have been transformed into the fractional domain
of the left Riemann-Liouville fractional differential operator.
Finally, applying the variational method, we derive the
STFmKdV from this Euler-Lagrangian equation. In Section 4,
we first study the symmetry analysis of the fractional equation
to obtain the corresponding infinitesimal generator of the
equation. Then we discuss the nonlinear self-adjointness of
the STFmKdV equation and finally get the conservation
vectors of the equation. In Section 5, based on the STFmKdV
equation, employing the exp(−Φ(𝜉)) method, and consider-
ing the different cases of the parameters(𝜂, 𝜎), we obtain five
different solutions of the equation.

2. Derivation of the mKdV Equation

Using the sum of disturbance pressure gradient force and
buoyancy force expressing the vertical pressure gradient force
and gravity force, and adopting the Bousinesq approximation
[60], the dimensionless basic dynamic equations of atmo-
spheric motion are as follows [59]:

𝜕𝑢𝜕𝑡 + 𝑈𝑓𝐿 (𝑢 𝜕𝑢𝜕𝑥 + V
𝜕𝑢𝜕𝑦 + 𝑤 𝜕𝑢𝜕𝑧 ) = − 1𝜌𝑠

𝜕𝑝𝜕𝑥 + V,
𝜕V𝜕𝑡 + 𝑈𝑓𝐿 (𝑢 𝜕V𝜕𝑥 + V

𝜕V𝜕𝑦 + 𝑤 𝜕V𝜕𝑧) = − 1𝜌𝑠
𝜕𝑝𝜕𝑦 − 𝑢,

𝜕𝑤𝜕𝑡 + 𝑈𝑓𝐿 (𝑢 𝜕𝑤𝜕𝑥 + V
𝜕𝑤𝜕𝑦 + 𝑤 𝜕𝑤𝜕𝑧 )

= 𝑔𝐿𝛿𝜃𝐷𝑓𝑈𝜃0 (− 1𝜌𝑠
𝜕𝑝𝜕𝑧 + 𝜃) ,
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𝜕𝜃𝜕𝑡 + 𝑈𝑓𝐿 (𝑢 𝜕𝜃𝜕𝑥 + V
𝜕𝜃𝜕𝑦) + 𝜎𝑈𝐷𝑓𝐿𝛿𝜃𝑤 = 0,

𝜕 (𝜌𝑠𝑢)𝜕𝑥 + 𝜕 (𝜌𝑠V)𝜕𝑦 + 𝜕 (𝜌𝑠𝑤)𝜕𝑧 = 0.
(3)

where 𝑢, V are the level of the air speed, 𝑤 is the vertical
velocity, 𝑝 is the atmospheric pressure, 𝜃 is the temperature
field, and 𝑓 is the Coriolis parameter. 𝜃0 is the potential of
environmental flow field and 𝜌𝑠 is the density of environmen-
tal flow field; they are both the height functions.

Because the second term of the fourth formula in the left
side is lesser, we get the following approximation:

𝛿𝜃 ∼ 𝜎𝑈𝐷𝑓𝐿 ,
𝑈𝑓𝐿 ∼ 𝑜 (1) . (4)

Let the parameter 𝜀 = 𝑓2/𝑁2(𝜀 ≪ 1), 𝑁2 = 𝑔𝜎/𝜃0. By
varying, (3) transforms to

𝜕𝑢𝜕𝑡 + 𝑢 𝜕𝑢𝜕𝑥 + V
𝜕𝑢𝜕𝑦 + 𝑤 𝜕𝑢𝜕𝑧 = − 1𝜌𝑠

𝜕𝑝𝜕𝑥 + V,
𝜕V𝜕𝑡 + 𝑢 𝜕V𝜕𝑥 + V

𝜕V𝜕𝑦 + 𝑤 𝜕V𝜕𝑧 = − 1𝜌𝑠
𝜕𝑝𝜕𝑦 − 𝑢,

𝜕𝑤𝜕𝑡 + 𝑢 𝜕𝑤𝜕𝑥 + V
𝜕𝑤𝜕𝑦 + 𝑤 𝜕𝑤𝜕𝑧

= 𝜀−1 (− 1𝜌𝑠
𝜕𝑝𝜕𝑥 + 𝜃) ,

𝜕𝜃𝜕𝑡 + 𝑢 𝜕𝜃𝜕𝑥 + V
𝜕𝜃𝜕𝑦 + 𝑤 = 0,

𝜕 (𝜌𝑠𝑢)𝜕𝑥 + 𝜕 (𝜌𝑠V)𝜕𝑦 + 𝜕 (𝜌𝑠𝑤)𝜕𝑧 = 0.

(5)

We introduce the multiscale variables (omitting the sign
at the top right corner of the variables)

𝑡 = 𝜀3/2𝑡,
𝑥 = 𝜀1/2𝑥,
𝑦 = 𝑦,
𝑧 = 𝑧,

(6)

so long time and space scales are defined as

𝜕𝜕𝑡 = 𝜀3/2 𝜕𝜕𝑡 ,
𝜕𝜕𝑥 = 𝜀1/2 𝜕𝜕𝑥 ,

𝜕𝜕𝑦 = 𝜕𝜕𝑦 ,
𝜕𝜕𝑧 = 𝜕𝜕𝑧 .

(7)

Further, according to the small parameter 𝜀, 𝑢, V, 𝑤, 𝑝, 𝜃
in (5) can be expended:

𝑢 = −∫𝑦
0
(𝑈 (𝜍, 𝑧) − 𝑐 + 𝜀𝜆) 𝑑𝜍 + 𝜀1/2𝑢0 + 𝜀𝑢1

+ 𝜀3/2𝑢2 + 𝜀2𝑢3 + ⋅ ⋅ ⋅ ,
V = 𝜀V0 + 𝜀3/2V1 + 𝜀2V2 + 𝜀5/2V3 + ⋅ ⋅ ⋅ ,
𝑤 = 𝜀𝑤0 + 𝜀3/2𝑤1 + 𝜀2𝑤2 + 𝜀5/2𝑤3 + ⋅ ⋅ ⋅ ,
𝜃 = Θ (𝑦, 𝑧) + 𝜀1/2𝜃0 + 𝜀𝜃1 + 𝜀3/2𝜃2 + 𝜀2𝜃3 + ⋅ ⋅ ⋅ ,
𝑝 = 𝑃 (𝑦, 𝑧) + 𝜀1/2𝑝0 + 𝜀𝑝1 + 𝜀3/2𝑝2 + 𝜀2𝑝3 + ⋅ ⋅ ⋅ ,

(8)

where 𝑈, 𝑃, Θ are the function of 𝑦, 𝑧. 𝑈 is the speed of the
basic flow,𝑃 is the air pressure, andΘ is the temperature field.
Obviously, the zonal flow is in the following forms:

𝑈 = {{{
𝑈𝑦 = 0, as 0 ≤ 𝑦 < 𝑦0,
costant, as 𝑦 ≥ 𝑦0, (9)

and the boundary conditions of (3) are

𝑝 = 0,
as 𝑦 = 0,
𝑝 → 0,

as 𝑦 → ∞.
(10)

Substituting (7) and (8) into (3), we get each order form for 𝜀
as follows:

𝑂(𝜖0) : {{{{{{{

1𝜌𝑠
𝜕𝑝𝜕𝑦 − ∫𝑦

0
(𝑈 − 𝑐) 𝑑𝜍 = 0,

1𝜌𝑠
𝜕𝑝𝜕𝑧 − Θ = 0. (11)

Assuming |1/𝜌2𝑠 | ≪ 1, we have
𝜕𝜕𝑧 (∫𝑦
0

𝑈𝑑𝜍) = Θ𝑦. (12)

Next, wewrite the first-, second-, and third-order approxima-
tion for 𝜀 as the following form:

∫𝑦
0
(𝑈 − 𝑐) 𝑑𝜍𝜕𝑢𝑖𝜕𝑥 + (𝑈 − 𝑐 + 1) V𝑖 + Θ𝑦𝑤𝑖 − 1𝜌𝑠

𝜕𝑝𝑖𝜕𝑥
= 𝐴𝑢𝑖,
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1𝜌𝑠
𝜕𝑝𝑖𝜕𝑦 + 𝑢𝑖 = 𝐴V𝑖,

1𝜌𝑠
𝜕𝑝𝑖𝜕𝑧 − 𝜃𝑖 = 𝐴𝑤𝑖,

∫𝑦
0
(𝑈 − 𝑐) 𝑑𝜍𝜕𝜃𝑖𝜕𝑥 − Θ𝑦V𝑖 − 𝑤𝑖 = 𝐴𝜃𝑖,

𝜕𝜌𝑠𝑢𝑖𝜕𝑥 + 𝜕𝜌𝑠V𝑖𝜕𝑦 + 𝜕𝜌𝑠𝑤𝑖𝜕𝑧 = 0,
𝑖 = 0, 1, 2, 3 ⋅ ⋅ ⋅

(13)

where

𝐴𝑢0 = 𝐴V0 = 𝐴𝑤0 = 𝐴𝜃0 = 0. (14)

By eliminating 𝑢0,V0,𝑤0,𝜃0 in (13), we can obtain the equation
for 𝑝0

𝐿𝑦,𝑧 (𝜕𝑝0𝜕𝑥 ) = 0, (15)

where

Ω = 𝑈𝑦 − 1 + 𝑈2𝑧 ,
Ω𝑦 = 𝜕Ω𝜕𝑦 ,
Ω𝑧 = 𝜕Ω𝜕𝑧 ,

𝐿𝑦,𝑧 = 𝜕2𝜕𝑦2 − (𝑈𝑦 − 1) 𝜕2𝜕𝑧2 + 2𝑈𝑧 𝜕2𝜕𝑦𝜕𝑧
+ [𝑈𝑧𝑧 − Ω𝑦Ω − 𝑈𝑧Ω𝑧Ω ] 𝜕𝜕𝑦
+ [(𝑈𝑦 − 1) Ω𝑧Ω − 𝑈𝑧Ω𝑦Ω ] 𝜕𝜕𝑧
− 1𝑈 [𝑈𝑧𝑧 − Ω𝑦Ω − 𝑈𝑧Ω𝑧Ω ] .

(16)

Clearly, (15) is a variable separable equation. Assume its
solution is

𝑝0 = 𝑝0 (𝑦, 𝑧) 𝐴 (𝑡, 𝑥) , (17)

and under a certain definite solution condition, we can get𝑝0.
Further, all the solutions of (15) can be obtained:

𝑢0 = 𝑢0 (𝑦, 𝑧) 𝐴 (𝑡, 𝑥) ,
V0 = Ṽ0 (𝑦, 𝑧) 𝐴𝑥 (𝑡, 𝑥) ,
𝑤0 = 𝑤0 (𝑦, 𝑧) 𝐴𝑥 (𝑡, 𝑥) ,
𝜃0 = 𝜃0 (𝑦, 𝑧) 𝐴 (𝑡, 𝑥) .

(18)

Further, we know that

𝐴𝑢1 = 𝑢0 𝜕𝑢0𝜕𝑥 + V0
𝜕𝑢0𝜕𝑦 + 𝑤0 𝜕𝑢0𝜕𝑧 ,

𝐴V1 = 0,
𝐴𝑤1 = 0,
𝐴𝜃1 = 𝑢0 𝜕𝜃0𝜕𝑥 + V0

𝜕𝜃0𝜕𝑦 .
(19)

Similarly, we cannot get the equation for 𝐴(𝑥, 𝑡). So, we
eliminate 𝑢1,V1,𝑤1,𝜃1 in (13) and (19), and we can obtain the
equation of 𝑝1

𝐿𝑦,𝑧 (𝜕𝑝1𝜕𝑥 ) = ℓ1𝑦,𝑧 (𝐴𝑢1) + ℓ2𝑦,𝑧 (𝐴𝜃1) , (20)

where

ℓ1𝑦,𝑧 = −[− 𝜕𝜕𝑦 − 𝑈𝑧𝑧 − 𝑈𝑧 𝜕𝜕𝑧 − 1𝑈 − 𝑐
− 1△ (△𝑦 + 𝑈𝑧△𝑧)] ,

ℓ2𝑦,𝑧 = −1𝑈 − 𝑐 [ 𝜕𝜕𝑦 + 𝑈𝑧𝑧 + 𝑈𝑧 𝜕𝜕𝑧
− 1△ (△𝑦 + 𝑈𝑧△𝑧)]

(21)

Substituting (19) into (20) and observing both ends of (20),
we can get the solutions for the variables as follows:

𝑢1 = 𝑢1 (𝑦, 𝑧) 𝐴2 (𝑡, 𝑥) ,
V1 = Ṽ1 (𝑦, 𝑧) 𝐴 (𝑡, 𝑥) 𝐴𝑥 (𝑡, 𝑥) ,
𝑤1 = 𝑤1 (𝑦, 𝑧) 𝐴 (𝑥, 𝑡) 𝐴𝑥 (𝑡, 𝑥) ,
𝜃1 = 𝜃1 (𝑦, 𝑧) 𝐴2 (𝑡, 𝑥) ,
𝑝1 = 𝑝1 (𝑦, 𝑧) 𝐴2 (𝑡, 𝑥) .

(22)

Next, we have a further discussion,

𝐴𝑢2 = 𝜕𝑢0𝜕𝑡 + 𝛼𝜕𝑢0𝜕𝑥 + 𝑢0 𝜕𝑢1𝜕𝑥 + 𝑢1 𝜕𝑢0𝜕𝑥 + V0
𝜕𝑢1𝜕𝑦

+ V1
𝜕𝑢0𝜕𝑦 + 𝑤0 𝜕𝑢1𝜕𝑧 + 𝑤1 𝜕𝑢0𝜕𝑧 ,

𝐴V2 = ∫𝑦
0

(𝑈 − 𝑐) 𝑑𝜍𝜕V0𝜕𝑥 ,
𝐴𝑤2 = 0,
𝐴𝜃2 = 𝜕𝜃0𝜕𝑡 + 𝑢0 𝜕𝜃1𝜕𝑥 + 𝑢1 𝜕𝜃2𝜕𝑥 + V0

𝜕𝜃1𝜕𝑦 + V1
𝜕𝜃0𝜕𝑦 ,

(23)
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Simplify (13) and (23) to the following form:

𝐿𝑦,𝑧 (𝜕𝑝2𝜕𝑥 ) ≡ ℓ3𝑦,𝑧 (𝜕𝐴V2𝜕𝑥 ) + ℓ1𝑦,𝑧 (𝐴𝑢2)
+ ℓ2𝑦,𝑧 (𝐴𝜃2) ,

(24)

where

ℓ1𝑦,𝑧 = −[− 𝜕𝜕𝑦 − 𝑈𝑧𝑧 − 𝑈𝑧 𝜕𝜕𝑧 − 1𝑈 − 𝑐
− 1△ (△𝑦 + 𝑈𝑧△𝑧)]

ℓ2𝑦,𝑧 = −1𝑈 − 𝑐 [ 𝜕𝜕𝑦 + 𝑈𝑧𝑧 + 𝑈𝑧 𝜕𝜕𝑧
− 1△ (△𝑦 + 𝑈𝑧△𝑧)]

ℓ3𝑦,𝑧 = −1𝑈 − 𝑐 [−𝑈𝑧 𝜕𝜕𝑦 + (𝑈𝑦 − 1) 𝜕𝜕𝑧
+ 1△ (𝑈𝑧△𝑦 + (𝑈𝑦 − 1)△𝑧)] .

(25)

We know that the homogeneous part in (24) is the same
as (15). Substituting (18) and (22) into (19) and (23), and
according to (13)×𝜕𝑝0/𝜕𝑥-(20)×𝜕𝑝2/𝜕𝑥, we can get

𝐴𝑢2 = 𝑢0𝐴 𝑡 + 𝜆𝐴𝑥 + (3𝑢0𝑢1 + Ṽ0𝑢1𝑦 + Ṽ1𝑢0𝑦
+ 𝑤0𝑢1𝑧 + 𝑤1𝑢0𝑧)𝐴2𝐴𝑥,

𝐴V2 = ∫𝑦
0
(𝑈 − 𝑐) 𝑑𝜍Ṽ0𝐴𝑥𝑥,

𝐴𝑤2 = 0,
𝐴𝜃2 = 𝜃0𝐴 𝑡 + (2𝑢0𝜃1 + 𝑢1𝜃0 + Ṽ0𝜃1𝑦 + Ṽ1𝜃0𝑦)𝐴2𝐴𝑥,

(26)

𝑑𝑑𝑦 [𝜕𝑝2𝜕𝑥 𝑑𝑝0𝑑𝑦 − 𝑝0 𝑑𝑑𝑦 (𝜕𝑝2𝜕𝑥 )] − [𝐿𝑦,𝑧 (𝑝0) 𝜕𝑝2𝜕𝑥
− 𝐿𝑦,𝑧 (𝜕𝑝2𝜕𝑥 ) 𝑝0] = −𝑝0 {[ℓ1𝑦,𝑧 (𝑢0) + ℓ2𝑦,𝑧 (𝜃0)]
⋅ 𝐴 𝑡 + ℓ1𝑦,𝑧𝜆𝐴𝑥 + [ℓ1𝑦,𝑧 (3𝑢0𝑢1 + Ṽ0𝑢1𝑦 + Ṽ1𝑢0𝑦
+ 𝑤0𝑢1𝑧 + 𝑤1𝑢0𝑧) + ℓ2𝑦,𝑧 (2𝑢0𝜃1 + 𝑢1𝜃0 + Ṽ0𝜃1𝑦
+ Ṽ1𝜃0𝑦)]𝐴2𝐴𝑥 + [ℓ3𝑦,𝑧 (𝑈 − 𝑐) Ṽ0] 𝐴𝑥𝑥𝑥} .

(27)

Integrating (27) over the domain [0, 𝑦0) leads to

∫[𝑝0 (𝑦0, 𝑧) 𝑑𝑑𝑦 (𝜕𝑝2𝜕𝑥 ) − (𝜕𝑝2𝜕𝑥 ) 𝑑𝑝0 (𝑦0, 𝑧)𝑑𝑦 ]𝑑𝑧 + ∫∫𝑦0
0

[𝐿 (𝑝0 (𝑦0, 𝑧)) (𝜕𝑝2𝜕𝑥 ) − 𝐿(𝜕𝑝2𝜕𝑥 ) 𝑝0 (𝑦0, 𝑧)] 𝑑𝑦𝑑𝑧
= ∫∫𝑦0
0

−𝑝0 {[ℓ1𝑦,𝑧 (𝑢0) + ℓ2𝑦,𝑧 (𝜃0)]𝐴 𝑡 + ℓ1𝑦,𝑧 (𝑢0) 𝜆𝐴𝑥
+ [ℓ1𝑦,𝑧 (3𝑢0𝑢1 + Ṽ0𝑢1𝑦 + Ṽ1𝑢0𝑦 + 𝑤0𝑢1𝑧 + 𝑤1𝑢0𝑧) + ℓ2𝑦,𝑧 (2𝑢0𝜃1 + 𝑢1𝜃0 + Ṽ0𝜃1𝑦 + Ṽ1𝜃0𝑦)]𝐴2𝐴𝑥
+ [ℓ3𝑦,𝑧 (𝑈 − 𝑐) Ṽ0] 𝐴𝑥𝑥𝑥} 𝑑𝑦𝑑𝑧.

(28)

We know that the two ends of (28) are identically zero, so we
can write the simple form as the following form:

𝐴 𝑡 + 𝑎0𝜆𝐴𝑥 + 𝑎1𝐴2𝐴𝑥 + 𝑎2𝐴𝑥𝑥𝑥 = 0, (29)

where

𝑎0 = ℓ1𝑦,𝑧 (𝑢0)ℓ1𝑦,𝑧 (𝑢0) + ℓ2𝑦,𝑧 (𝜃0) ,
𝑎1 = ℓ1𝑦,𝑧 (3𝑢0𝑢1 + Ṽ0𝑢1𝑦 + Ṽ1𝑢0𝑦 + 𝑤0𝑢1𝑧 + 𝑤1𝑢0𝑧) + ℓ2𝑦,𝑧 (2𝑢0𝜃1 + 𝑢1𝜃0 + Ṽ0𝜃1𝑦 + Ṽ1𝜃0𝑦)ℓ1𝑦,𝑧 (𝑢0) + ℓ2𝑦,𝑧 (𝜃0) ,
𝑎2 = ℓ3𝑦,𝑧 (𝑈 − 𝑐) Ṽ0ℓ1𝑦,𝑧 (𝑢0) + ℓ2𝑦,𝑧 (𝜃0)

(30)

Remark. According to the above study, we obtain a new
model in baroclinic atmosphere. Based on the nonlinear

term 𝐴2𝐴𝑥, the new model is called the generalized mKdV
equation. Compared to the model which is obtained in the
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barotropic atmosphere, the new mKdV equation is more
likely to describe the movement of solitary waves.

3. Formulation of the STFmKdV Equation

First we introduce the definition of Riemann-Liouville frac-
tional derivatives and Caputo fractional derivatives[41, 63].

Definition 1 (Riemann-Liouville fractional derivative [41,
63]). 𝑓(𝑡) is a function defined in the [𝑎, 𝑏], for any nonneg-
ative real 𝛼, satisfying 𝑛 − 1 ≤ 𝛼 < 𝑛,
𝑅
𝑎𝐷𝛼𝑡 𝑓 (𝑡) fl 𝐷𝑛 𝑅𝑎𝐷𝛼−𝑛𝑡 𝑓 (𝑡)

= 1Γ (𝑛 − 𝛼) 𝑑𝑛𝑑𝑡𝑛 ∫
𝑡

𝑎

𝑓 (𝜏)(𝑡 − 𝜏)𝛼+1−𝑛𝑑𝜏,
∀𝑡 ∈ [𝑎, 𝑏] ,

(31)

and this formula is called the 𝛼-order left Riemann-Liouville
fractional derivative. And
𝑅
𝑡 𝐷𝛼𝑏𝑓 (𝑡) fl (−1)𝑛𝐷𝑛 𝑅𝑡 𝐷𝛼−𝑛𝑏 𝑓 (𝑡)

= (−1𝑛)Γ (𝑛 − 𝛼) 𝑑𝑛𝑑𝑡𝑛 ∫
𝑏

𝑡

𝑓 (𝜏)(𝜏 − 𝑡)𝛼+1−𝑛𝑑𝜏,
∀𝑡 ∈ [𝑎, 𝑏] ,

(32)

and this formula is the 𝛼-order right Riemann-Liouville
fractional derivative.

Remark 2. We note that if the function 𝑓(𝑡) is 𝑛-order
continuous derivable on the interval of [𝑎, 𝑏], when 𝛼 tends
to 𝑛, the left fractional derivative is the traditional 𝑛-order
derivative. In addition, if the function 𝑓(𝑡) is 𝑛-order con-
tinuous derivable on the interval of [𝑎, 𝑏], when 𝛼 tends to 𝑛,
the right fractional derivative is the traditional 𝑛(𝑛−1)-order
derivative multiplied by (−1)𝑛.
Definition 3 (Caputo fractional derivative [41, 63]). 𝑓(𝑡) is
a function defined in the [𝑎, 𝑏], for any nonnegative real 𝛼,
satisfying 𝑛 − 1 ≤ 𝛼 < 𝑛,
𝐶
𝑎𝐷𝛼𝑡 𝑓 (𝑡) fl 𝑅𝑎𝐷𝛼−𝑛𝑡 𝐷𝑛𝑓 (𝑡)

= 1Γ (𝑛 − 𝛼) ∫𝑡
𝑎

𝑓(𝑛) (𝜏)(𝑡 − 𝜏)𝛼+1−𝑛𝑑𝜏,
∀𝑡 ∈ [𝑎, 𝑏] ,

(33)

and this formula is the 𝛼-order left Caputo fractional deriva-
tive.
𝐶
𝑡 𝐷𝛼𝑏𝑓 (𝑡) fl (−1)𝑛 𝑅𝑡 𝐷(𝛼−𝑛)𝑏 𝐷𝑛𝑓 (𝑡)

= (−1)𝑛Γ (𝑛 − 𝛼) ∫𝑏
𝑡

𝑓(𝑛) (𝜏)(𝜏 − 𝑡)𝛼+1−𝑛𝑑𝜏,
∀𝑡 ∈ [𝑎, 𝑏] ,

(34)

and this formula is the 𝛼-order right Caputo fractional
derivative.

Lemma 4 (see [61, 62]). Riemann-Liouville fractional deriva-
tive and Caputo fractional derivative have the following rela-
tionship:

𝑅
𝑎𝐷𝛼𝑡 𝑓 (𝑡) = 𝐶𝑎𝐷𝛼𝑡 𝑓 (𝑡) + 𝑛−1∑

𝑗=0

𝑓𝑖 (𝑎) (𝑡 − 𝑎)𝑖−𝛼Γ (1 + 𝑖 − 𝛼) . (35)

In this section, based on the generalized mKdV equation
obtained in Section 2, we use semi-inverse method and vari-
ational method[63] to construct the generalized STFmKdV
equation under the Riemann-Liouville derivative definition.
Let 𝑎0,3 = 1, so that (29) transforms to the following form:

𝐴 𝑡 + 𝜆𝐴𝑥 + 𝑎1𝐴2𝐴𝑥 + 𝑎2𝐴𝑥𝑥𝑥 = 0, (36)

where 𝑎1, 𝑎2 are arbitrary constants, 𝐴(𝑥, 𝑡) denotes the
amplitude of the Rossby waves, 𝑥 ∈ 𝑅 is the space variable
in the propagation of the field, and 𝑡 ∈ 𝑇(= [0, 𝑇0]) is the
time variable. The main steps are arranged as follows[62].

First of all, we introduce 𝑢(𝑥, 𝑡) as a potential function.
Let 𝐴(𝑥, 𝑡) = 𝑢𝑥(𝑥, 𝑡), so that (36) can be written as

𝑢𝑥𝑡 + 𝜆𝑢𝑥𝑥 + 𝑎1𝑢2𝑥𝑢𝑥𝑥 + 𝑎2𝑢𝑥𝑥𝑥 = 0. (37)

The Lagrangian form of (36) can be defined using the semi-
inverse method. 𝜇𝐴 is considered as a fixed function. The
functional of the potential equation (37) can be represented
by

𝐽 (𝑢) = ∫
𝑅
𝑑𝑥∫
𝑇
𝑑𝑡 {𝑢 (𝑥, 𝑡)

⋅ [𝑐1𝑢𝑥𝑡 + 𝑐2𝜆𝑢𝑥𝑥 + 𝑐3𝑎1𝑢2𝑥𝑢𝑥𝑥 + 𝑐4𝑎2𝑢𝑥𝑥𝑥𝑥]} ,
(38)

where 𝑐1, 𝑐2, 𝑐3, and 𝑐4 are Lagrangian multipliers to be
determined later. Integrating (38) by parts and taking 𝑢𝑡|𝑅 =𝑢𝑥|𝑅 = 𝑢𝑥|𝑇 = 𝑢𝑥𝑥|𝑅 = 𝑢𝑥𝑥𝑥|𝑅 = 0 lead to

𝐽 (𝑢) = ∫
𝑅
𝑑𝑥∫
𝑇
𝑑𝑡 {−𝑐1𝑢𝑥𝑢𝑡 − 𝑐2𝜆𝑢2𝑥 − 13𝑐3𝑎1𝑢4𝑥

+ 𝑐4𝑎2𝑢2𝑥𝑥} . (39)

Secondly, by applying the variation of this functional
with respect to 𝑢(𝑥, 𝑡), and integrating each term by parts,
optimizing the variation 𝛿𝐽(𝑢) = 0, we have

2𝑐1𝑢𝑥𝑡 + 2𝑐2𝜆𝑢𝑥𝑥 + 4𝑐3𝑎1𝑢2𝑥𝑢𝑥𝑥 + 2𝑐4𝑎2𝑢𝑥𝑥𝑥𝑥 = 0. (40)

Equation (40) is equivalent to (37), so we can get

𝑐1 = 12 ,
𝑐2 = 12 ,
𝑐3 = 14 ,
𝑐4 = 12 .

(41)
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A functional relation (39) is given to produce the direct
Lagrange form of the mKdV equation.

𝐿 (𝑢𝑡, 𝑢𝑥, 𝑢𝑥𝑥, ⋅ ⋅ ⋅) = −12𝑢𝑥𝑢𝑡 − 12𝜆𝑢2𝑥 − 112𝑎1𝑢4𝑥
+ 12𝑎2𝑢2𝑥𝑥.

(42)

Thirdly, according to the Lagrangian form of the integer
order, we can obtain the Lagrangian form of the space-time
fractional order similarly.

𝐹 (𝐷𝛼𝑡 ∗ 𝐷𝛽𝑥𝑢,𝐷𝛽𝑥𝑢,𝐷2𝛽𝑥 𝑢, ⋅ ⋅ ⋅)
= −12𝐷𝛼𝑡 𝑢 ∗ 𝐷𝛽𝑥𝑢 − 12𝜆 (𝐷𝛽𝑥𝑢)2 − 112𝑎1 (𝐷𝛽𝑥𝑢)4

+ 12𝑎2 (𝐷2𝛽𝑥 𝑢)2 ,
(43)

where 0 ≤ 𝛼, 𝛽 < 1. The fractional derivative 𝐷𝛼𝑡 𝑢(𝑥, 𝑡) or𝐷𝛽𝑥𝑢(𝑥, 𝑡) in terms of the left Riemann-Liouville fractional
derivative is defined by

𝐷𝛾𝜍𝑓 (𝜍) = 1Γ (𝑘 − 𝛾) 𝑑𝑘𝑑𝜍𝑘 [∫𝑑𝑠 (𝜍 − 𝑠)𝑘−𝛾−1 𝑓 (𝑠)] ,
𝑘 − 1 ≤ 𝛾 ≤ 𝑘, 𝜍 = 𝜍 (𝑡, 𝑥) .

(44)

Then, the STFmKdV-Burgers equation takes the follow-
ing form:

𝐽𝐹 (𝑢)
= ∫
𝑅
(𝑑𝑥)𝛽 ∫

𝑇
(𝑑𝑡)𝛼 𝐹∗ (𝐷𝛼𝑡 ∗ 𝐷𝛽𝑥𝑢,𝐷𝛽𝑥𝑢,𝐷2𝛽𝑥 𝑢) . (45)

The variation of (45) with respect to 𝑢(𝑥, 𝑡) leads to
𝛿𝐽𝐹 (𝑢) = ∫

𝑅
(𝑑𝑥)𝛽 ∫

𝑇
(𝑑𝑡)𝛼 [𝜕𝐹∗𝜕𝑢 𝛿𝑢 + 𝜕𝐹∗𝜕𝐷𝛼𝑡 𝑢𝛿𝐷𝛼𝑡 𝑢

+ 𝜕𝐹∗
𝜕𝐷𝛽𝑥𝑢𝛿𝐷𝛽𝑥𝑢 + 𝜕𝐹∗

𝜕𝐷2𝛽𝑥 𝑢𝛿𝐷2𝛽𝑥 𝑢] .
(46)

Adopting the fractional integration rule and the right
Riemann-Liouville fractional derivative, 𝛿𝐽𝐹∗(𝑢) is written as

𝛿𝐽𝐹 (𝑢) = ∫
𝑅
(𝑑𝑥)𝛽 ∫

𝑇
(𝑑𝑡)𝛼 [𝜕𝐹𝜕𝑢 − 𝐷𝛼𝑡 ( 𝜕𝐹𝜕𝐷𝛼𝑡 𝑢)

− 𝐷𝛽𝑥 ( 𝜕𝐹
𝜕𝐷𝛽𝑥𝑢) + 𝐷2𝛽𝑥 ( 𝜕𝐹

𝜕𝐷2𝛽𝑥 𝑢)]𝛿𝑢.
(47)

Optimizing the variation of the functional, i.e., 𝛿𝐽𝐹∗(𝑢) =0, the Euler-Lagrange form for the STFmKdV equation leads
to

𝜕𝐹𝜕𝑢 − 𝐷𝛼𝑡 ( 𝜕𝐹𝜕𝐷𝛼𝑡 𝑢) − 𝐷𝛽𝑥 ( 𝜕𝐹
𝜕𝐷𝛽𝑥𝑢) + 𝐷2𝛽𝑥 ( 𝜕𝐹

𝜕𝐷2𝛽𝑥 𝑢)
= 0.

(48)

Substituting (43) into (48), we have

𝐷𝛼𝑡𝐷𝛽𝑥𝑢 + 𝜆𝐷𝛽𝑥 (𝐷𝛽𝑥𝑢) + 𝑎1 (𝐷𝛽𝑥𝑢)2𝐷2𝛽𝑥 𝑢
+ 𝑎2𝐷2𝛽𝑥 (𝐷2𝛽𝑥 𝑢) = 0. (49)

Substituting 𝐷𝛽𝑥𝑢(𝑥, 𝑡) = 𝐴(𝑥, 𝑡) into (49), we have the
STFmKdV equation

𝐷𝛼𝑡 𝐴 + 𝜆𝐷𝛽𝑥𝐴 + 𝑎1𝐴2𝐷𝛽𝑥𝐴 + 𝑎2𝐷3𝛽𝑥 𝐴 = 0. (50)

In this paper, in order to make the content more complete,
then we will study the conservation laws and the solutions of
the STFmKdV equation.

4. Lie Symmetry Analysis and Conservation
Laws of the STFmKdV Equation

In this section, we employ Lie symmetry analysis to discuss
the conservation laws[64, 65] of STFmKdV equaiton which
does not contain dissipation item. The details are as follows.

4.1. Lie Symmetry Analysis. TheSTFPDE of a function𝑓(𝑥, 𝑡)
with two independent variables considered in the Riemann-
Liouville sense is defined as the following form:

𝐷𝛼𝑡 𝑢 = 𝜕𝛼𝑢𝜕𝑡𝛼

= {{{{{{{

1Γ (𝑛 − 𝛼) 𝜕𝑛𝜕𝑡𝑛 ∫
𝑡

0
(𝑡 − 𝑠)𝑛−𝛼−1𝑓 (𝑥, 𝑠) 𝑑𝑠, 𝑛 − 1 < 𝛼 < 𝑛 ∈ 𝑁,

𝜕𝑛𝑓 (𝑥, 𝑡)𝜕𝑡𝑛 , 𝛼 = 𝑛 ∈ 𝑁.
(51)

First, we define a Lie group of point transformations under
one parameter

𝑥∗ = 𝑥 + 𝜀𝜉 (𝑥, 𝑡, 𝐴) + 𝑜 (𝜀2) ,
𝑡∗ = 𝑡 + 𝜀𝜏 (𝑥, 𝑡, 𝐴) + 𝑜 (𝜀2) ,
𝑢∗ = 𝑢 + 𝜀𝜂 (𝑥, 𝑡, 𝐴) + 𝑜 (𝜀2) ,

(52)

where 𝜉, 𝜏, 𝜂 are infinitesimal functions and 𝜀 is a small
continuous parameter. The associated Lie algebra is spanned
by

𝑋 = 𝜉 (𝑥, 𝑡, 𝐴) 𝜕𝛽𝜕𝑥𝛽 + 𝜏 (𝑥, 𝑡, 𝐴) 𝜕𝛼𝜕𝑡𝛼 + 𝜂 (𝑥, 𝑡, 𝐴) 𝜕𝜕𝐴. (53)

The prolonged generator can be defined

𝑃𝑟(𝛼,𝛽,2)𝑋 = 𝜉 (𝑥, 𝑡, 𝐴) 𝜕𝛽𝜕𝑥𝛽 + 𝜏 (𝑥, 𝑡, 𝐴) 𝜕𝛼𝜕𝑡𝛼
+ 𝜂 (𝑥, 𝑡, 𝐴) 𝜕𝜕𝐴 + 𝜂𝛼,𝑡 𝜕𝜕 (𝐷𝛼𝑡𝐴)
+ 𝜂𝛽,𝑥 𝜕

𝜕 (𝐷𝛽𝑥𝐴) + 𝜂𝛽,𝑥𝑥 𝜕
𝜕 (𝐷2𝛽𝑥 𝐴) .

(54)
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On the basis of the infinitesimal invariance criterion, one can
get

𝑃𝑟(𝑛)𝑋[𝐹]𝐹=0 = 0, (55)

where

𝐹 = 𝐷𝛼𝑡 𝐴 + 𝜆𝐷𝛽𝑥𝐴 + 𝑎1𝐴2𝐷𝛽𝑥𝐴 + 𝑎2𝐷3𝛽𝑥 𝐴. (56)

The operators 𝜂𝛼,𝑡, 𝜂𝛽,𝑥, 𝜂𝛽,𝑥𝑥 are fractional extended symme-
try operators defined as follows[64]:

𝜂𝛼,𝑡 = 𝐷𝛼𝑡 (𝜂) + 𝜉𝐷𝛼𝑡 (𝐴𝑥) − 𝐷𝛼𝑡 (𝜉𝐴𝑥)
+ 𝐷𝛼𝑡 (𝐴 (𝐷𝑡𝜏)) − 𝐷𝛼+1𝑡 (𝜏𝐴) + 𝜏𝐷𝛼+1𝑡 𝐴,

𝜂𝛽,𝑥 = 𝐷𝛽𝑥 (𝜂) + 𝐷𝛽𝑥 (𝐴 (𝐷𝑥𝜉)) − 𝐷𝛽+1𝑥 (𝜉𝐴)
+ 𝜉𝐷𝛽+1𝑥 (𝐴) + 𝜏𝐷𝛽𝑥 (𝐴 𝑡) − 𝐷𝛽𝑥 (𝜏𝐴 𝑡) ,

𝜂𝛽,𝑥𝑥 = 𝐷𝛽𝑥 (𝜂𝛽,𝑥) − 𝐴𝑥𝑥𝐷𝛽𝑥 (𝜉) − 𝐴𝑥𝑡𝐷𝛽𝑥 (𝜏) ,

(57)

where the symbols 𝐷𝑡, 𝐷𝑥 represent the total derivative
operators defined by

𝐷𝑡 = 𝜕𝑡 + 𝐴 𝑡𝜕𝐴 + 𝐴 𝑡𝑡𝜕𝐴𝑡 + 𝐴𝑥𝑡𝜕𝐴𝑥 + ⋅ ⋅ ⋅ ,
𝐷𝑥 = 𝜕𝑥 + 𝐴𝑥𝜕𝐴 + 𝐴𝑥𝑥𝜕𝐴𝑥 + 𝐴𝑥𝑡𝜕𝐴𝑡 + ⋅ ⋅ ⋅ . (58)

Second, the conserved vectors of the STFmKdV equation
are investigated as follows. Applying the second prolongation𝑃𝑟(𝛼,𝛽,2)𝑋, we get

𝜂𝛼,𝑡 + 𝜆𝜂𝛽,𝑥 + 2𝑎1𝐴𝜂𝐷𝛽𝑥𝐴 + 𝑎1𝐴2𝜂𝛽,𝑥 + 𝑎2𝜂𝛽,𝑥𝑥𝑥 = 0 (59)

Substituting (57) and (58) into (59), and equating the coef-
ficients of alike partial derivatives of 𝑢, we can obtain the
determining equations

𝜉𝑡 = 𝜉𝐴 = 𝜏𝑥 = 𝜏𝐴 = 𝜂𝐴𝐴 = 0,
𝛼𝜏𝑡 − 3𝛽𝜉𝑥 = 0,
(𝛼
𝑛) 𝜕𝛼𝑡 𝜂𝐴 − ( 𝛼

𝑛 + 1)𝐷𝑛+1𝑡 𝜏 = 0,
(𝛽
𝑛) 𝜕𝛽𝑥𝜂𝐴 − ( 𝛽

𝑛 + 1)𝐷𝑛+1𝑡 𝜉 = 0,
𝜕𝛼𝑡 𝜂 − 𝐴𝜕𝛼𝑡 𝜂𝐴 + 𝜆 (𝜕𝛼𝑡 𝜂 − 𝐴) 𝜕𝛼𝑡 𝜂𝐴 + 𝑎0𝐴2𝜂𝑥 + 𝑎1𝜂𝑥𝑥𝑥

= 0.

(60)

Solving these equations, the infinitesimals can be derived in
the following form:

𝜉 = 𝑐1𝛽 𝑥 + 𝑐2,
𝜏 = 3𝑐1𝛼 𝑡 + 𝑐3,
𝜂 = 3𝑐1 (𝛽 − 1)𝛽 𝐴.

(61)

where 𝑐1, 𝑐2, 𝑐3 are arbitrary constants. Thus, the correspond-
ing infinitesimal generator can be written

𝑋 = 𝑥𝛽 𝜕𝜕𝑥 + 3𝑡𝛼 𝜕𝜕𝑡 + 3𝐴 (𝛽 − 1)𝛽 𝜕𝜕𝐴 (62)

4.2. Nonlinear Self-Adjointness. The concept of nonlinear self
adjoint is proposed in the application of new conservation
theorem to the conservation laws of equations. This concept
is extended to the space-time fractional partial differential
equations. The lagrangian form of nondissipative STFmKdV
equation is given by

L = V (𝑥, 𝑡) [𝐷𝛼𝑡𝐴 + 𝜆𝐷𝛽𝑥𝐴 + 𝑎1𝐴2𝐷𝛽𝑥𝐴 + 𝑎2𝐷3𝛽𝑥 𝐴] , (63)

where V(𝑥, 𝑡) is a new dependent variable. The adjoint
equation of the STFmKdV equation is defined by

𝐹∗ ≡ 𝛿L𝛿𝐴 = 0, (64)

where𝛿/𝛿𝐴 is the Euler-Lagrange operator. According to (63)
and (64), the adjoint equation of STFmKdV equation can be
obtained as follows:

𝐹∗ = (𝐷𝛼𝑡 )∗ V + (𝑎1𝐴2 − 𝜆) (𝐷𝛽𝑥)∗ V − 𝑎2 (𝐷3𝛽𝑥 )∗ V
= 0. (65)

Here, (𝐷𝛼𝑡 )∗, (𝐷𝛽𝑥)∗ are the adjoint operators of 𝐷𝛼𝑡 , 𝐷𝛽𝑥. For
the Riemann-Liouville fractional differential operators, the
corresponding adjoint operators[41] have the following form:

(0𝐷𝛼𝑡 )∗ = (−1)𝑛𝑡 𝐼𝑛−𝛼𝑇 (𝐷𝑛𝑡 ) = 𝐶𝑡𝐷𝛼𝑇,
(0𝐷𝛽𝑥)∗ = (−1)𝑚𝑥 𝐼𝑚−𝛽𝑅 (𝐷𝑚𝑥 ) = 𝐶𝑥𝐷𝛽𝑅, (66)

where 𝐼𝑛−𝛼𝑇 , 𝐼𝑚−𝛽𝑅 are the right fractional integral operators of
order 𝑛 − 𝛼,𝑚 − 𝛽, defined by

𝐼𝑛−𝛼𝑇 𝑓 (𝑥, 𝑡) = 1Γ (𝑛 − 𝛼) ∫𝑇
𝑡

𝑓 (𝑥, 𝜏)(𝜏 − 𝑡)𝛼+1−𝑛𝑑𝜏,
𝑛 = [𝛼] + 1,

𝐼𝑚−𝛽𝑅 𝑓 (𝑥, 𝑡) = 1Γ (𝑚 − 𝛽) ∫𝑅
𝑥

𝑓 (𝜍, 𝑡)
(𝜍 − 𝑥)𝛽+1−𝑚 𝑑𝜍,

𝑚 = [𝛽] + 1.

(67)

For nonlinear self-adjointness, let us assume V = 𝜓(𝑥, 𝑡, 𝐴),
where 𝜓(𝑥, 𝑡, 𝐴) ̸= 0.

Substituting V = 𝜓(𝑥, 𝑡, 𝐴) into (65)
(𝐷𝛼𝑡 )∗ 𝜓 + (𝑎1𝐴2 − 𝜆) (𝐷𝛽𝑥)∗ 𝜓 − 𝑎2 [(𝐷3𝛽𝑥 )∗ 𝜓

+ 3 (𝐷2𝛽𝑥 )∗ 𝜓𝐴𝐴𝑥 + 3 (𝐷𝛽𝑥)∗ 𝜓𝐴𝐴 (𝐴𝑥)2
+ 3 (𝐷𝛽𝑥)∗ 𝜓𝐴𝑥𝐴𝑥𝑥 + 3𝜓𝐴𝐴𝐴𝑥𝐴𝑥𝑥 + 𝜓𝐴𝐴𝑥𝑥𝑥
+ 𝜓𝐴𝐴𝐴𝐴𝑥3] ≡ 𝐹∗.

(68)
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By using the method of undetermined coefficients, we obtain
the following cases[64, 65]:

case 1: 0 < 𝛽 < 1,
V (𝑥, 𝑡) = 𝐶0

for 𝐷𝛼𝑡 = 0𝐷𝛼𝑡 ,
case 2: 0 < 𝛽 < 1,

V (𝑥, 𝑡) = 𝐶1𝑥 + 𝐶2
for 𝐷𝛼𝑡 = 𝑐0𝐷𝛼𝑡 .

(69)

Here, 𝐶0, 𝐶1, 𝐶2 are arbitrary constants. These solutions
of V(𝑥, 𝑡) are introduced in the Lagrangian form for the
construction of conserved vectors in the next subsection.

4.3. Conservation Laws. It is well known that 𝐶 = (𝐶𝑡, 𝐶𝑥)
is called the conserved vector that satisfies the conservation
equation

𝐷𝑡 (𝐶𝑡) + 𝐷𝑥 (𝐶𝑥) = 0, (70)

Noether’s theorem iswidely adopted to construct the con-
served vectors. Using this method, the conserved vectors are
obtained by using the Noether operators for the Lagrangian
form. According to[40], the fractional Noether operator for
the variable 𝑥, 𝑡 has been given.

Before constructing the conserved vectors, we should
consider the Lie characteristic function for the Lie symmetry
infinitesimal generator𝑋 = 𝜉(𝜕𝛽/𝜕𝑥𝛽)+𝜏(𝜕𝛼/𝜕𝑡𝛼)+𝜂(𝜕/𝜕𝐴).
The Lie characteristic function is defined by

𝑊 = 𝜂 − 𝜉𝐴𝑥 − 𝜏𝐴 𝑡 = 3𝐴 (𝛽 − 1)𝛽 − 𝑥𝛽𝐴𝑥 − 3𝑡𝛼 𝐴 𝑡, (71)

Then, the fractional Noether operator for 𝑡 of the
STFmKdV-Burgers equation is

𝐶𝑡 = 𝑛−1∑
𝑘=0

(−1)𝑘𝐷𝛼−1−𝑘𝑡 (𝑊)𝐷𝑘𝑡 ( 𝜕𝐹∗𝜕 (𝐷𝛼𝑡𝐴)) , (72)

Similarly, the fractional Noether operator for 𝑥 of the
STFmKdV-Burgers equation is

𝐶𝑥 = 𝑚−1∑
𝑘=0

(−1)𝑘𝐷𝛽−1−𝑘𝑥 (𝑊)𝐷𝑘𝑥( 𝜕𝐹∗
𝜕 (𝐷𝛽𝑥𝐴)) , (73)

Substituting the Lagrangian form (65) and (71) into (72) with
case 1 in (69), let 𝐶0 = 1; the 𝑡-component of the conserved
vectors can be obtained:

𝐶𝑡 = 3 (𝛽 − 1)𝛽 𝐼1−𝛼𝑡 (𝐴) − 𝑥𝛽𝐼1−𝛼𝑡 (𝐴𝑥) − 3𝛼𝐼1−𝛼𝑡 (𝑡𝐴 𝑡) ,
𝑎𝑠 0 < 𝛼 < 1,

(74)

𝐶𝑡 = 3 (𝛽 − 1)𝛽 𝐷𝛼−1𝑡 (𝐴) − 𝑥𝛽𝐷𝛼−1𝑡 (𝐴𝑥)
− 3𝛼𝐷𝛼−1𝑡 (𝑡𝐴 𝑡) , 𝑎𝑠 1 < 𝛼 < 2,

(75)

The 𝑥-component of the conserved vectors is

𝐶𝑥 = [3 (𝛽 − 1)𝛽 𝐷𝛽−1𝑥 (𝐴) − 1𝛽𝐷𝛽−1𝑥 (𝑥𝐴𝑥)
− 3𝑡𝛼 𝐷𝛽−1𝑥 (𝐴 𝑡)] , 𝑎𝑠 1 < 𝛼 < 2,

(76)

In case 2 in (69), let 𝐶1 = 1, 𝐶2 = 0; the 𝑡-component of
the conserved vectors can be obtained as follows:

𝐶𝑡 = 𝑥 × [3 (𝛽 − 1)𝛽 𝐼1−𝛼𝑡 (𝐴) − 𝑥𝛽𝐼1−𝛼𝑡 (𝐴𝑥)
− 3𝛼𝐼1−𝛼𝑡 (𝑡𝐴 𝑡)] , 𝑎𝑠 0 < 𝛼 < 1,

(77)

𝐶𝑡 = 𝑥 × [3 (𝛽 − 1)𝛽 𝐷𝛼−1𝑡 (𝐴) − 𝑥𝛽𝐷𝛼−1𝑡 (𝐴𝑥)
− 3𝛼𝐷𝛼−1𝑡 (𝑡𝐴 𝑡)] , 𝑎𝑠 1 < 𝛼 < 2,

(78)

The 𝑥-component of the conserved vectors is

𝐶𝑥 = 𝑥 × [3 (𝛽 − 1)𝛽 𝐷𝛽−1𝑥 (𝐴) − 1𝛽𝐷𝛽−1𝑥 (𝑥𝐴𝑥)
− 3𝑡𝛼 𝐷𝛽−1𝑥 (𝐴 𝑡)] − [3 (𝛽 − 1)𝛽 𝐼2−𝛽𝑥 (𝐴)
− 1𝛽𝐼2−𝛽𝑥 (𝑥𝐴𝑥) − 3𝑡𝛼 𝐼2−𝛽𝑥 (𝐴 𝑡)] .

(79)

5. The Exact Solutions of
the STFmKdV Equation

In this part, we deal with the exact solutions [66–68] of (50).
Using exp(−Φ(𝜉)) method, the main steps of this method to
solve the space time fractional partial equation can be given
as follows.

Firstly, we introduce the fractional complex transform:

𝐴 (𝑥.𝑡) = 𝑈 (𝜉) ,
𝜉 = 𝑥𝛽Γ (1 + 𝛽) − ]𝑡𝛼Γ (1 + 𝛼) ,

(80)

where ] is the wave speed. Substitute (80) into the STFmKdV
equation as follows:

𝐷𝛼𝑡𝐴 + 𝜆𝐷𝛽𝑥𝐴 + 𝑎1𝐴2𝐷𝛽𝑥𝐴 + 𝑎2𝐷3𝛽𝑥 𝐴 = 0 (81)

Equation (81) transforms to an ordinary differential equation

−]𝑈 + 𝜆𝑈 + 𝑎1𝑈2𝑈 + 𝑎2𝑈 = 0. (82)

Integrating (82) with respect to 𝜉 and setting the integration
constant to zero, we have the following equation:

(−] + 𝜆)𝑈 + 𝑎13 𝑈3 + 𝑎2𝑈 = 0. (83)
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Secondly, balancing the highest order derivative term and
the highest order nonlinear term in (83), we get the balancing
number 𝑛 = 1. Thus the solution of (83) takes the form

𝑈 (𝜉) = 𝑘0 + 𝑘1𝑒−Φ(𝜉), (84)

where 𝑘0, 𝑘1 are constants to be determined later. And Φ(𝜉)
satisfies the following auxiliary ordinary differential equation:

Φ (𝜉) = exp (−Φ (𝜉)) + 𝜂 exp (Φ (𝜉)) + 𝜎. (85)

Substitute (84) and (81) into (83) and collect all terms
with the same degree of exp(−Φ(𝜉))𝑛 together. Equating each
coefficient of the same degree of exp(−Φ(𝜉))𝑛 to zero, a set of
algebraic equations for 𝑘0, 𝑘1, 𝜂, 𝜎, ] can be obtained.

𝑒0Φ(𝜉): (𝜆 − ]) 𝑎0 + 𝜂𝜎𝑎21 + 𝑎403 = 0,
𝑒−Φ(𝜉): (𝜆 − ]) 𝑎1 + 𝑎30𝑎1 + (𝜎2 + 2𝜂) 𝑎21 = 0,

𝑒−2Φ(𝜉): 𝑎062𝑎21 + 3𝑎21𝜎 = 0,
𝑒−3Φ(𝜉): 𝑎0𝑎313 + 2𝑎21 = 0.

(86)

Solving the algebraic equation system, we can get the solu-
tions. Let 𝜌 = ±√𝜎; the solutions of (86) are expressed by

𝑎0 = √3𝜌,
𝑎1 = 2√3𝜌 ,
] = 𝜆 + √3 (4𝜂 + 𝜌4)

𝜌 ,
(87)

Different solutions of the auxiliary equation (85) have been
given in [68], so we get the solutions of (81). Different cases
are discussed as follows.

Case 1 (hyperbolic function solutions). When 𝜎2 − 4𝜂 >0, 𝜂 ̸= 0,

𝐴1 (𝑥, 𝑡) = √3𝜌 + 2𝜂
√𝜎2 − 4𝜂 tanh {(√𝜎2 − 4𝜂/2) [𝑥𝛽/Γ (1 + 𝛽) − [𝜆 + √3 (4𝜂 + 𝜌4) /𝜌] 𝑡𝛼/Γ (1 + 𝛼) + 𝑐]} + 𝜎 (88)

Case 2 (trigonometric function solutions). When𝜎2−4𝜂 < 0,𝜂 ̸= 0,

𝐴2 (𝑥, 𝑡) = √3𝜌 + 2𝜂
√4𝜂 − 𝜎2tan {(√4𝜂 − 𝜎2/2) [𝑥𝛽/Γ (1 + 𝛽) − [𝜆 + √3 (4𝜂 + 𝜌4) /𝜌] 𝑡𝛼/Γ (1 + 𝛼) + 𝑐]} − 𝜎, (89)

Case 3 (hyperbolic function solutions). When 𝜎2 − 4𝜂 > 0,𝜂 = 0, 𝜎 ̸= 0,

𝐴3 (𝑥, 𝑡) = √3𝜌
+ 𝜎
cosh {𝜎 [𝑥𝛽/Γ (1 + 𝛽) − [𝜆 + √3 (4𝜂 + 𝜌4) /𝜌] 𝑡𝛼/Γ (1 + 𝛼) + 𝑐]} + sinh {𝜎 [𝑥𝛽/Γ (1 + 𝛽) − [𝜆 + √3 (4𝜂 + 𝜌4) /𝜌] 𝑡𝛼/Γ (1 + 𝛼) + 𝑐]} − 1 ,

(90)

Case 4 (rational function solutions). When 𝜎2 − 4𝜂 = 0, 𝜂 ̸=0, 𝜎 ̸= 0,

𝐴4 (𝑥, 𝑡) = √3𝜌 − 𝜎2 {𝑥𝛽/Γ (1 + 𝛽) − [𝜆 + √3 (4𝜂 + 𝜌4) /𝜌] 𝑡𝛼/Γ (1 + 𝛼) + 𝑐}
2𝜎 {𝑥𝛽/Γ (1 + 𝛽) − [𝜆 + √3 (4𝜂 + 𝜌4) /𝜌] 𝑡𝛼/Γ (1 + 𝛼) + 𝑐} + 4 , (91)
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Figure 1: The effect of the variation of the dissipation coefficient on the amplitude if the space and time derivative are determined.

Case 5. When 𝜎2 − 4𝜂 = 0, 𝜂 = 0, 𝜎 = 0,
𝐴5 (𝑥, 𝑡)
= 1𝑥𝛽/Γ (1 + 𝛽) − [𝜆 + √3 (4𝜂 + 𝜌4) /𝜌] 𝑡𝛼/Γ (1 + 𝛼) + 𝑐 .

(92)

We take the solution of Case 1 as an example to discuss
the influence of fractional derivatives 𝛼 and 𝛽 on the wave,
respectively.

Figure 1 shows that when the space and time derivative
are determined, the amplitude of the wave decreases as time
increases.

In Figures 2 and 3, we investigate how the parameters𝛼, 𝛽 affect the nonlinear solitary waves; the corresponding
physical interpretations can be given as follows:(1) From Figure 2, we can see that the amplitude of
solitary wave increases with increase of 𝛽 value, while the
width of the wave decreases.(2) Figure 3 shows that when the values of 𝛼 increase, the
amplitude of solitary waves has an increasing tread; however,
the amplitude of the wave declines more and more quickly.

6. Conclusions

In this paper, using multiscale analysis and turbulence
method, from the basic dynamic multivariable equations
under the baroclinic atmosphere, the integer order mKdV
equation is derived. In Section 3, we use the semi-inverse
method and variational method to derive the STFmKdV
equation under the Riemann-Liouville definition. In Sec-
tion 4, we extend the symmetry analysis of the fractional
equation to obtain the corresponding infinitesimal gener-
ator of the equation. Then we discuss the nonlinear self-
adjointness of the STFmKdV equation and finally get the
conservation vectors of the equation. In Section 5, based on
the STFmKdV equation, employing the exp(−Φ(𝜉))method,
and considering the different cases of the parameters (𝜂, 𝜎),
we obtain five different solutions of the equation.

Note 5. In this paper, we only study the space-time fractional
order equation under the Riemann-Liouville derivative defi-
nition. In future studies, we can also consider the fractional
equation under the Caputo derivative definition.
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Figure 2:The amplitude of solitary wave𝐴(𝑥, 10) at 𝑡 = 10, 𝛽 = 0.5,
for different value of 𝛼.

Note 6. In future studies, we can also consider the conserva-
tion laws of fractional equations under the Caputo derivative
definition.
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sub-equationmethod for nonlinear fractional differential equa-
tions,” in Proceedings of the 2nd International Conference on
Analysis and AppliedMathematics, ICAAM ’14, vol. 1611, pp. 78–
83, 2014.

[58] W.-X. Ma and Y. Zhou, “Lump solutions to nonlinear partial
differential equations via Hirota bilinear forms,” Journal of
Differential Equations, vol. 264, no. 4, pp. 2633–2659, 2018.



14 Mathematical Problems in Engineering

[59] M. McAnally and W.-X. Ma, “An integrable generalization of
the D-Kaup–Newell soliton hierarchy and its bi-Hamiltonian
reduced hierarchy,”Applied Mathematics and Computation, vol.
323, pp. 220–227, 2018.

[60] M. Tao and H. Dong, “Algebro-geometric solutions for a
discrete integrable equation,” Discrete Dynamics in Nature and
Society, pp. 1–9, 2017.

[61] M. C. Li, “Non-linear process of the formation of the squall and
KdV equation,” Scientia Sinica, vol. 3, pp. 341–350, 1981.

[62] S. A. El-Wakil, E. M. Abulwafa, and M. A. Zahran, “Time-
fractional KdV equation: formulation and solution using varia-
tional methods,”Nonlinear Dynamics, vol. 65, no. 1-2, pp. 55–63,
2011.

[63] J. H. He, “A tutorial and heuristic review on Lagrangemultiplier
for optimal problems,” Nonlinear Science Letters A, vol. 2, pp.
121–148, 2017.

[64] W. Rui and X. Zhang, “Lie symmetries and conservation
laws for the time fractional Derrida-Lebowitz-Speer-SPOhn
equation,” Communications in Nonlinear Science and Numerical
Simulation, vol. 34, pp. 38–44, 2016.

[65] X. L. Yong, W. X. Ma, Y. H. Huang, and Y. Liu, “Lump solutions
to the Kadomtsev–Petviashvili I equation with a self-consistent
source,” Computers & Mathematics with Applications, vol. 75,
no. 9, pp. 3414–3419, 2018.

[66] J.-B. Zhang and W.-X. Ma, “Mixed lump-kink solutions to the
BKP equation,”Computers&Mathematics withApplications. An
International Journal, vol. 74, no. 3, pp. 591–596, 2017.

[67] M.Mirzazadeh,M. Ekici, andA. Sonmezoglu, “On the solutions
of the space and time fractional Benjamin-BONa-Mahony
equation,” Iranian Journal of Science & Technology, vol. 41, no.
3, pp. 819–836, 2017.

[68] M. Kaplan and A. Bekir, “A novel analytical method for time-
fractional differential equations,” Optik - International Journal
for Light and Electron Optics, vol. 127, no. 20, pp. 8209–8214,
2016.



Research Article
Estimation and Fault Diagnosis of Lithium-Ion Batteries:
A Fractional-Order System Approach

Shulan Kong ,1 Mehrdad Saif,2 and Guozeng Cui3

1School of Mathematics Science, Qufu Normal University, Qufu 273165, China
2Department of Electrical and Computer Engineering, University of Windsor, Windsor, ON N9B 3P4, Canada
3School of Electronic and Information Engineering, Suzhou University of Science and Technology, Suzhou 215009, China

Correspondence should be addressed to Shulan Kong; shulank@163.com

Received 20 July 2018; Revised 1 October 2018; Accepted 10 October 2018; Published 24 October 2018

Guest Editor: Hiroaki Mukaidani

Copyright © 2018 Shulan Kong et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This study investigates estimation and fault diagnosis of fractional-order Lithium-ion battery system. Two simple and common
types of observers are designed to address the design of fault diagnosis and estimation for the fractional-order systems. Fractional-
order Luenberger observers are employed to generate residuals which are then used to investigate the feasibility ofmodel based fault
detection and isolation. Once a fault is detected and isolated, a fractional-order sliding mode observer is constructed to provide
an estimate of the isolated fault. The paper presents some theoretical results for designing stable observers and fault estimators. In
particular, the notion of stability in the sense of Mittag-Leffler is first introduced to discuss the state estimation error dynamics.
Overall, the design of the Luenberger observer as well as the sliding mode observer can accomplish fault detection, fault isolation,
and estimation.The effectiveness of the proposed strategy on a three-cell battery string system is demonstrated.

1. Introduction

Lithium-ion (Li-ion) batteries are an integral part of electri-
fied vehicles and have found many other areas of applications
in consumer products, space, marine, and other applications.
They however remain a costly and safety critical subsystem in
many areas that they are used in. As a result, reliability, safety,
and efficient operation of Li-ion batteries in high power
applications, such as in electrified vehicles, and challenging
problems such as modeling, state estimation, monitoring,
diagnostics, and pyrognostics capabilities are critical areas for
research [1–8].

With the development of natural science and complex
engineering applications, it has been found that many real-
world physical systems show fractional-order dynamical
behavior. And fractional calculus theories have been increas-
ingly applied to many practical systems of a variety of
scientific and engineering fields. The first application of
the fractional calculus was accomplished by Abel in 1823
while investigating the solution of the famous problem of
tautochrone [9]. For almost two hundred years, fractional-
ordermodels have been used to describe biology systems [10]

in bioengineering, financial markets [11–13] in economics,
and diffusion wave [14–17] and lead-acid battery or Li-ion
battery [18–21] in physical engineering. Due to inherent
properties of fractional-order calculus, fractional-order dif-
ferential systems sometimes have a more appropriate math-
ematical description than integer-order differential systems
for managing lithium-ion batteries. In integer-order models
of Li-ion batteries, constant phase elements are either approx-
imated by ideal capacitors, or a number of resistor-capacitor
networks, or relaxation times [21]. The resulting models are
commonly not capable of predicting battery dynamics in both
the time and frequency domains over the entire operating
range. They can not capture the key and accuracy battery
characteristics. To address the above problems, a fractional-
order model of replacing the ideal capacitor in the first-order
resistor-capacitor networks model to a fractional element is
explored for Li-ion cells. By using experimental data from
time and frequency domains, Alavi et al. [22] found that this
model can reproduce a Li-ion battery’s behavior better than
its integer counterpoint, thanks to an additional degree of
freedom, namely, the fractionation order. A fractional-order
state space model of lithium-ion battery was proposed and
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the experiment results showed that it has a better fitness than
the classical equivalent circuit models based on the integer
differential equations in [20]. In addition, a comprehensive
review of fractional-order techniques for Li-ion batteries was
referred to [21]. Consequently, the fractional-order modeling
methodology may not only improve prediction accuracy
but also preserve some physical meanings underlying model
parameters.

Catastrophic failures and/or explosion of Li-ion batteries
in various applications ranging from cell phones to aircrafts
and automobiles are all familiar new stories of the past few
years. It is therefore imperative that, at the onset of failures,
such events are detected and preventive measures to be taken
[23–25]. Model based fault detection and isolation strategies
could prove invaluable in this direction. For such techniques
to be effective, availability of accurate representative model
of the system is necessary. Accordingly, significant progress
towards fault diagnosis and estimation of Li-ion batteries
modeled as integer-order differential systems have recently
been made in [1–7, 26–28] and the references therein. In
particular a synthesized design of reduced-order Luenberger
observers and Learning observers was presented for the
purpose of simultaneous fault isolation and estimation of a
three-cell battery string in [1]. As discussed in the previous
paragraph, Li-ion battery systems do exhibit the fractional
phenomena. The fractional characteristic could give a better
description of the mathematical model of the battery system
and can potentially lead to more effective fault detection
and estimation strategies. Inspired by the abovementioned
works and observation, a fractional-order system approach
will be considered for estimation and fault diagnosis of
fractional-order Li-ion battery system instead of the integer-
order system [1].

Observer-based fault diagnosis of fractional-order sys-
tems remains problematic due to the lack of well-established
and reliable techniques even though the design of observers
for fractional-order systems has been reported [29–33].
However, little progress on fault detection and estimation
for fractional-order models has been made besides [34,
35]. Reference [35] aims to provide sufficient conditions of
the asymptotical convergence for the fractional-order state
estimation errors and fault estimation errors via a frequency-
distributed fractional integrator equivalent model [36] and
employs an indirect Lyapunov method [30, 37, 38]. Recently
observer-based tracking control of fractional-order systems
is addressed by usingMittag-Leffler function based Lyapunov
methods to prove the boundedness of state estimation error
in [33]. As such, it is of practical and theoretical importance to
focus studies on observer-based fault diagnosis of Li-ion bat-
teries expressed by the fractional-order differential systems.

The main goal of this paper is to propose a strategy for
fault detection, isolation, and estimation via fractional-order
differential models. The goal is not only in detecting, and if
possible isolating and estimating the fault in Li-ion battery
system, but also in theoretical development for designing
stable observers and estimating faults. Firstly, sources of faults
and uncertainties are separated by reorganizing the original
system. Towards this, the system is divided into two subsys-
tems.This will allow us to give detectability conditions under
which a stable fractional-order observer exists for the second

subsystem. A fault-detection residual is then generated by
constructing a fractional-order Luenberger observer. The
residual is used to characterize the feasibility of fault detection
and isolation. Once a fault occurs in the system, it is possible
to detect and isolate it. After that, we attempt to further
explore the isolated fault. In this step, a fractional-order
sliding-mode observer is designed to provide an estimate
of the isolated fault for the first subsystem containing the
isolated fault as well as the systems uncertainties. Mittag-
Leffler stability of fractional-order estimation error system
is defined and the estimation error is proved to be Mittag-
Leffler stable. As a result, the synthesized design of the
fractional-order Luenberger observers and the fractional-
order sliding-mode observer can lead to simultaneous fault
isolation and estimation.

The main contribution of the paper is twofold. On one
hand, two simple and common types of fractional-order
observer-based strategies are derived to satisfactorily accom-
plish the task of fault detection, isolation, and estimation for
the fractional-order Li-ion battery system inspired by the
ideas proposed in [1, 39, 40]. On the other hand, Mittag-
Leffler stability of fractional-order estimation error system is
defined and some other theoretical results are then presented.
It is believed that the obtained results can perfectly embody
accuracy and practicability properties of fractional calculus
describing a real process in physical systems.

The rest of the paper is organized as follows. In Section 2,
a fractional-order system based on a Li-ion battery model
is formulated to achieve fault diagnosis and estimation and
to answer the listed three questions. A strategy for fault
detection and isolation is presented in Section 3 and fault
estimation strategy is given in Section 4. In Section 5 the
proposed strategy is applied to a three-cell battery string
system to show the effectiveness of the proposed approach.
Finally, some conclusions are drawn in Section 6.

2. Problem Formulation

Inspired by the idea of [20], we are ready to present a
fractional-order model for a general system in [1]. Consider
the following fractional-order pseudostate space description
𝐷𝛼𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) + 𝐹𝑓 (𝑡) + 𝐺𝑑 (𝑡) ,

0 < 𝛼 < 1,
𝑦 (𝑡) = 𝐶𝑥 (𝑡)

(1)

where 𝐷𝛼 denotes the Caputo fractional derivative of order𝛼 on [0, 𝑡], 𝛼 is the fractional commensurate order, 𝑥 ∈ 𝑅𝑛
is the pseudostate vector, 𝑢 ∈ 𝑅𝑚 is the input vector, 𝑦 ∈𝑅𝑝 is the measurable output vector, 𝑓(𝑡) is a bounded s-
dimensional fault vector, 𝑑(𝑡) represents bounded uncertain-
ties/disturbances with dimension of 𝑞, and 𝐴, 𝐵, 𝐹, 𝐺, and 𝐶
are 𝑛 × 𝑛, 𝑛 × 𝑚, 𝑛 × 𝑠, 𝑛 × 𝑞, and 𝑝 × 𝑛 constant matrices,
respectively.

Define 𝐹 = [𝐹1 𝐹2 ⋅ ⋅ ⋅ 𝐹𝑠] and 𝐺 = [𝐺1 𝐺2 ⋅ ⋅ ⋅ 𝐺𝑞]
for any 𝑖 ∈ {1, 2, . . . , 𝑠} and 𝑗 ∈ {1, 2, . . . , 𝑞}, and 𝐹𝑖 and 𝐺𝑗
are the 𝑖-th and 𝑗-th column of 𝐹 and 𝐺. Denote also 𝐺𝑖 as
a matrix consisting of 𝐹𝑖 and all columns of 𝐺, that is, 𝐺𝑖 =[𝐹𝑖 𝐺1 𝐺2 ⋅ ⋅ ⋅ 𝐺𝑞] for any 𝑖 ∈ {1, 2, . . . , 𝑠}.
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For the above system, the following assumptions are
made.

Assumption 1. At most a fault occurs at one time in system
(1).

Assumption 2. Matrix 𝐺 is of full column rank, rank(𝐶) = 𝑝,
and rank(𝐶𝐺𝑖 ) = rank(𝐺𝑖 ) = 𝑞 + 1 where rank(⋅) denotes
the rank of a matrix.

Assumption 3. For each 𝑖 = 1, 2, . . . , 𝑠 and for every complex
number 𝜎,

rank [𝜎𝐼𝑛 − 𝐴 𝐺𝑖𝐶 0 ] = 𝑛 + 𝑞 + 1 (2)

with | arg(𝜎)| ≤ 𝛼𝜋/2, 𝐼𝑛 is the 𝑛×𝑛 identitymatrix, and arg(𝜎)
stands for the argument of 𝜎.
Remark 4. Assumption 2 implies that 𝐺𝑖 is of full column
rank and 𝑞 + 1 ≤ 𝑝. Then 𝐹 has no zero columns.

The purpose of this paper is to study the fault diagnosis
problem. The fault diagnosis problem addressed here is to
detect, isolate, and estimate the fault. A systematic study is
performed to answer the three following questions under
Assumptions 1–3:

(1) How can a fault be detected or what are the possible
conditions for detecting a fault when it occurs?

(2) How can the detected fault be isolated?
(3) How can the isolated fault be dealt with or estimated?

3. Fault Detection and Isolation

In the section, we will reorganize system (1) and develop an
approach to fault diagnosis. To present the conditions for
fault detection and isolation, a particular system structure is
presented, which is the structure to be built on the following
results.

Lemma 5. Rank(𝐶𝐺𝑖 ) = 𝑞 + 1 if and only if there exist
nonsingular matrices 𝑇𝑖 and 𝑆𝑖 such that

𝑇𝑖−1𝐺𝑖 = [𝐺
1
𝑖0 ] ,

𝑆𝑖−1𝐶𝑇𝑖 = [𝐶
11
𝑖 0
0 𝐶22𝑖 ] ,

(3)

where𝐺1𝑖 and𝐶11𝑖 are invertible, rank(𝐺1𝑖 ) = rank(𝐶11𝑖 ) = 𝑞+1.
Proof. Based on Lemma 1 presented in [41], it is obtained that
rank(𝐶𝐺𝑖) = rank(𝐺𝑖) if and only if there are nonsingular
matrices 𝑇𝑖 and 𝑆𝑖 such that

𝑇𝑖−1𝐺𝑖 = [𝐺
1
𝑖0 ] ,

𝑆𝑖−1𝐶𝑇𝑖 = [𝐶
11
𝑖 0
0 𝐶22𝑖 ] ,

(4)

where𝐺1𝑖 and 𝐶11𝑖 have the same number of rows,𝐺1𝑖 is of full
row rank, and 𝐶11𝑖 is invertible.

Considering Assumption 2 and

rank (𝐺𝑖) = rank (𝑇𝑖−1𝐺𝑖) = rank [𝐺1𝑖 𝑇 0]𝑇
= rank (𝐺1𝑖 ) ,

(5)

where 𝑇 means the transpose of a matrix, we can obtain
that 𝐺1𝑖 is of full column rank and rank(𝐺1𝑖 ) = 𝑞 + 1. It is
worth noting that 𝐺1𝑖 is also of full row rank, and then 𝐺1𝑖 is
invertible. Because 𝐶11𝑖 is invertible, and 𝐺1𝑖 and 𝐶11𝑖 have the
same number of rows, then rank(𝐶11𝑖 ) = 𝑞 + 1.
Remark 6. Lemma 5 is equivalent to the existence of state
and output transformations. In order to effectively isolate
every fault, the original system (1) can be reorganized using
Lemma 5.

3.1. Bank of Reformulated Systems. This subsection deals with
transformation of the system into a proper form containing
two subsystems. Define 𝑓(𝑡) = [𝑓1(𝑡) 𝑓2(𝑡) ⋅ ⋅ ⋅ 𝑓𝑠(𝑡)]𝑇, 𝐹𝑖 is
defined as the matrix after removing the column 𝐹𝑖 from 𝐹,
and𝑓𝑖(𝑡) is thematrix after deleting the𝑓𝑖(𝑡) from𝑓(𝑡).Then,
system (1) is reformulated as a bank of 𝑠 systems as follows:

𝐷𝛼𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) + 𝐹𝑖𝑓𝑖 (𝑡) + 𝐹𝑖𝑓𝑖 (𝑡)
+ 𝐺𝑑 (𝑡) ,

𝑦 (𝑡) = 𝐶𝑥 (𝑡) , 𝑖 = 1, 2, . . . , 𝑠.
(6)

According to Lemma 5, for 𝑖 ∈ {1, 2, . . . , 𝑠}, there exist
nonsingular matrices 𝑇𝑖 and 𝑆𝑖 such that state and output
transformations are described as

𝑥 = 𝑇𝑖 [𝜉𝑖
1

𝜉𝑖2] ,

𝑦 = 𝑆𝑖 [𝜂𝑖
1

𝜂𝑖2]
(7)

and (6) can be correspondingly transformed as

𝐷𝛼𝜉1𝑖 (𝑡) = 𝐴11𝑖 𝜉1𝑖 (𝑡) + 𝐴12𝑖 𝜉2𝑖 (𝑡) + 𝐵1𝑖 𝑢 (𝑡) + 𝐹1𝑖 𝑓𝑖 (𝑡)
+ 𝐺1𝑖 [𝑓𝑖 (𝑡)𝑑 (𝑡)]

𝐷𝛼𝜉2𝑖 (𝑡) = 𝐴21𝑖 𝜉1𝑖 (𝑡) + 𝐴22𝑖 𝜉2𝑖 (𝑡) + 𝐵2𝑖 𝑢 (𝑡) + 𝐹2𝑖 𝑓𝑖 (𝑡)
𝜂1𝑖 (𝑡) = 𝐶11𝑖 𝜉1𝑖 (𝑡)
𝜂2𝑖 (𝑡) = 𝐶22𝑖 𝜉2𝑖 (𝑡) ,

(8)

where𝐺1𝑖 and 𝐶11𝑖 are (𝑞+1)× (𝑞+1)matrices, 𝜉1𝑖 (𝑡) and 𝜉2𝑖 (𝑡)
are (𝑞 + 1)-dimensional and (𝑛 − 𝑞 − 1)-dimensional vectors,
and
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𝑇𝑖−1𝐴𝑇𝑖 = [𝐴
11
𝑖 𝐴12𝑖𝐴21𝑖 𝐴22𝑖 ] ,

𝑇𝑖−1𝐵 = [𝐵
1
𝑖

𝐵2𝑖 ] ,

𝑇𝑖−1𝐹𝑖 = [[
𝐹1𝑖
𝐹2𝑖
]
]
,

𝑇𝑖−1𝐺𝑖 = [𝐺
1
𝑖

0 ] ,

𝑆𝑖−1𝐶𝑇𝑖 = [𝐶
11
𝑖 0
0 𝐶22𝑖 ] ,

(9)

where the dimensions of matrices are defined as follows: 𝐴11𝑖
is (𝑞+1)×(𝑞+1),𝐴12𝑖 is (𝑞+1)×(𝑛−𝑞−1),𝐴21𝑖 is (𝑛−𝑞−1)×(𝑞+1),𝐴22𝑖 is (𝑛 − 𝑞 − 1) × (𝑛 − 𝑞 − 1), 𝐹1𝑖 is (𝑞 + 1) × (𝑠 − 1), 𝐹2𝑖 is(𝑛 − 𝑞 − 1) × (𝑠 − 1), and 𝐶22𝑖 is (𝑝 − 𝑞 − 1) × (𝑛 − 𝑞 − 1).

System (8) can be rewritten as two subsystems

𝐷𝛼𝜉1𝑖 (𝑡) = 𝐴11𝑖 𝜉1𝑖 (𝑡) + 𝐴12𝑖 𝜉2𝑖 (𝑡) + 𝐵1𝑖 𝑢 (𝑡) + 𝐹1𝑖 𝑓𝑖 (𝑡)
+ 𝐺1𝑖 [𝑓𝑖 (𝑡)𝑑 (𝑡)]

𝜂1𝑖 (𝑡) = 𝐶11𝑖 𝜉1𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑠
(10)

and

𝐷𝛼𝜉2𝑖 (𝑡) = 𝐴21𝑖 𝜉1𝑖 (𝑡) + 𝐴22𝑖 𝜉2𝑖 (𝑡) + 𝐵2𝑖 𝑢 (𝑡) + 𝐹2𝑖𝑓𝑖 (𝑡)
𝜂2𝑖 (𝑡) = 𝐶22𝑖 𝜉2𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑠, (11)

where all variables and matrices here are the same as
before.

Remark 7. It is important to separate a single fault source and
disturbances simultaneously by introducing state and output
transformations. As well known, the key of the fault isolation
is to isolate the single fault source.

3.2. Fault Detection Based on a Luenberger Observer. The
observer technique is used to detect and isolate faults in
this subsection. We propose to construct an observer for the
second subsystem (11) for each 𝑖.
Lemma 8. Consider (11) satisfying Assumptions 2 and 3;
then

rank([𝜎𝐼𝑛−𝑞−1 − 𝐴22𝑖𝐶22𝑖 ]) = 𝑛 − 𝑞 − 1. (12)

Proof. Byperforming elementary columnand rowoperations
on matrix and using Lemma 5, the following equivalence is
shown:

[𝜎𝐼𝑛 − 𝐴 𝐺𝑖𝐶 0 ] ∼
[[[[[[
[

𝐺1𝑖 0 0
0 𝐶11𝑖 0
0 0 𝜎𝐼𝑛−𝑞−1 − 𝐴22𝑖0 0 𝐶22𝑖

]]]]]]
]
, (13)

where “∼” means equivalence. It is worth noting that

rank([𝜎𝐼𝑛 − 𝐴 𝐺𝑖𝐶 0 ])

= rank([𝜎𝐼𝑛−𝑞−1 − 𝐴22𝑖𝐶22𝑖 ]) + 2 (𝑞 + 1) ,
(14)

and

rank([𝜎𝐼𝑛 − 𝐴 𝐺𝑖𝐶 0 ]) = 𝑛 + (𝑞 + 1) , (15)

And then (12) is obtained.
Meanwhile, we can obtain a conclusion in Theorem 9

similar to Lemma 1 presented in [42].

Theorem 9. With Assumptions 2 and 3, the unobservable
polynomial of the pair (𝐴22𝑖 , 𝐶22𝑖 ) is equal to the invariant zero
polynomial of (𝐶, 𝐴, 𝐺𝑖 ).

Following Lemmas 2 and 3 in [31], Theorem 10 can be
stated.

Theorem 10. System (11) satisfying Assumptions 2 and 3 is
detectable or the pair (𝐴22𝑖 , 𝐶22𝑖 ) is detectable.

Considering system (11), 𝜉1𝑖 and 𝜂2𝑖 can be obtained from
the measured output 𝑦. In fact, let

𝑆−1𝑖 = [𝑆1𝑖𝑆2𝑖 ] , (16)

And then they are computed by

𝜉1𝑖 = (𝐶11𝑖 )−1 𝑆1𝑖 𝑦,
𝜂2𝑖 = 𝑆2𝑖 𝑦.

(17)

Moreover, based on Theorem 2 presented in [43] and
Theorem 10 in this work, we are ready to design a Luenberger
observer for system (11) and select 𝐿2𝑖 such that (𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 )
is a stable matrix; that is, the spectrum of (𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 ) can
be assigned anywhere in the complex of region of asymptotic
stability | arg(𝜎)| > 𝛼𝜋/2. A Luenberger observer is designed
as follows:

𝐷𝛼𝜉2𝑖 (𝑡) = 𝐴21𝑖 𝜉1𝑖 (𝑡) + 𝐴22𝑖 𝜉2𝑖 (𝑡) + 𝐵2𝑖 𝑢 (𝑡)
+ 𝐿2𝑖 (𝜂2𝑖 (𝑡) − 𝜂2𝑖 (𝑡)) ,

𝜂2𝑖 (𝑡) = 𝐶22𝑖 𝜉2𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑠,
(18)

where ̂ indicates estimate.
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For each 𝑖 = 1, 2, . . . , 𝑠, the state estimation error
dynamics of the second subsystem (11) can be obtained by
subtracting (18) from (11)

𝐷𝛼𝑡 𝑒2𝑖 (𝑡) = (𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 ) 𝑒2𝑖 (𝑡) + 𝐹2𝑖𝑓𝑖 (𝑡) , (19)

where 𝑒2𝑖 (𝑡) = 𝜉2𝑖 (𝑡) − 𝜉2𝑖 (𝑡).
We now define a fault-detection residual as

𝑟𝑖 (𝑡) = 𝜂2𝑖 (𝑡) − 𝜂2𝑖 (𝑡) = 𝐶22𝑖 𝑒2𝑖 (𝑡) , (20)

and then we have Theorem 11.

Theorem 11. For system (1) satisfying Assumptions 1-3 with a
bank of Luenberger observers in the form of (18), we consider
only one single fault scenario. If there exist 𝑖, 𝑗 and 𝑖 ̸= 𝑗
such that lim𝑡→∞ 𝑟𝑖(𝑡) = 0 and lim𝑡→∞ 𝑟𝑗(𝑡) = 0, 𝑖, 𝑗 ∈{1, 2, . . . , 𝑠}, then the system is healthy. If there are 𝑖, 𝑗 such
that lim𝑡→∞ 𝑟𝑖(𝑡) = 0 and lim𝑡→∞ 𝑟𝑗(𝑡) ̸= 0 for 𝑗 ̸= 𝑖, then𝑓𝑖(𝑡) ̸= 0; that is, 𝑓𝑖(𝑡) is the only one fault.
Proof. If lim𝑡→∞ 𝑟𝑖(𝑡) = 0 and lim𝑡→∞ 𝑟𝑗(𝑡) = 0 when 𝑖 ̸= 𝑗,
it follows that 𝑓𝑖(𝑡) ≡ 0 and 𝑓𝑗(𝑡) ≡ 0 from (20) and the
stability of (𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 ) in (19), it implies that the system is
free from faults, and thus system (1) is healthy.

If lim𝑡→∞ 𝑟𝑖(𝑡) = 0, it holds that 𝑓𝑖(𝑡) ≡ 0 from (20) and
the stability of (𝐴22𝑖 −𝐿2𝑖𝐶22𝑖 ) of (19). If lim𝑡→∞ 𝑟𝑗(𝑡) ̸= 0when
𝑗 ̸= 𝑖, it follows that𝐹2𝑗𝑓𝑗(𝑡) ̸= 0 from (19) and (20).Moreover,
𝑓𝑗(𝑡) has one and only one nonzero element, which is 𝑓𝑖(𝑡).
Thus, 𝑓𝑖(𝑡) ̸= 0 and 𝑓𝑗(𝑡) = 0 for all 𝑗, 𝑗 ̸= 𝑖.
Remark 12. Theorem 11 implies that the residual 𝑟𝑖(𝑡) is not
sensitive to the 𝑖th fault 𝑓𝑖(𝑡) but is sensitive to all other faults.
3.3. Fault Isolation Based on Fault-Detection Residuals. Based
on the analysis presented in the above subsections, the follow-
ing fault-detection and isolation algorithm was suggested.

Step 1. Design a bank of Luenberger observers of the form
(18) for 𝑖 = 1, 2, . . . , 𝑠.
Step 2. Compute the 𝑠 fault-detection residuals 𝑟𝑖(𝑡), 𝑖 =1, 2, . . . , 𝑠.
Step 3. Choose a threshold 𝑟0 (which can be chosen as small
as possible theoretically because lim𝑡→∞ 𝑟𝑖(𝑡) = 0 when𝑓𝑖(𝑡) ̸= 0).
Step 4. If all residuals 𝑟𝑖(𝑡), 𝑖 = 1, 2, . . . , 𝑠 are below the
threshold, then, the system is healthy. If there is only one
residual, say 𝑟𝑖0(𝑡) with 𝑖0 ∈ {1, 2, . . . , 𝑠}, which is below the
threshold, then it is claimed that a fault has been detected and
the fault is isolated as 𝑓𝑖0(𝑡).
Remark 13. Based on Theorem 11, a fault can be detected
when system (1) has only one fault by computing at most𝑠 fault-detection residuals 𝑟𝑖(𝑡) for the bank of Luenberger
observers (18). Performing the above algorithm, the first two
questions listed in Section 2 are addressed.

4. Fault Estimation Based on
Sliding Mode Observers

In this section, fault estimation based on sliding mode
observers is addressed and will address the third question
posed above. It is assumed that a fault has been detected and
isolated as 𝑓𝑖0(𝑡).
4.1. Design of a Sliding Mode Observer for Fault Estimation.
When the fault 𝑓𝑖0(𝑡) occurs, lim𝑡→∞ 𝑟𝑖0(𝑡) = 0 and 𝑓𝑖0(𝑡) =0. For convenience, the isolated fault 𝑓𝑖0(𝑡) is still denoted as𝑓𝑖(𝑡).The 𝑖0−𝑡ℎ is denoted as 𝑖−𝑡ℎ. In fact, the first subsystem
(10) and the state estimation error dynamics (19) with fault𝑓𝑖0(𝑡) can be described as follows:

𝐷𝛼𝜉1𝑖 (𝑡) = 𝐴11𝑖 𝜉1𝑖 (𝑡) + 𝐴12𝑖 𝜉2𝑖 (𝑡) + 𝐵1𝑖 𝑢 (𝑡)
+ 𝐺1𝑖 [𝑓𝑖 (𝑡)𝑑 (𝑡)]

𝜂1𝑖 (𝑡) = 𝐶11𝑖 𝜉1𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑠
(21)

and

𝐷𝛼𝑡 𝑒2𝑖 (𝑡) = (𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 ) 𝑒2𝑖 (𝑡) . (22)

For system (21), the following equations are established:

rank (𝐶11𝑖 𝐺1𝑖 ) = rank (𝐺1𝑖 ) = 𝑞 + 1, (23)

rank([𝜎𝐼𝑞+1 − 𝐴11𝑖 𝐺1𝑖
𝐶11𝑖 0 ]) = 𝑞 + 1 + rank (𝐺1𝑖 ) (24)

based on Lemma 5 and the equivalence of the following two
matrices:

[𝜎𝐼𝑞+1 − 𝐴11𝑖 𝐺1𝑖𝐶11𝑖 0 ] ∼ [ 0 𝐺1𝑖𝐶11𝑖 0 ] . (25)

The stability of the fractional-order observer for subsys-
tem (21) can be formulated by the two conditions (23) and
(24) according to [35]. Parallel to the 𝑖th Luenberger observer
of the form (18), a sliding mode observer can be designed to
estimate the fault for (21) as follows:

𝐷𝛼𝜉1𝑖 (𝑡) = 𝐴11𝑖 𝜉1𝑖 (𝑡) + 𝐴12𝑖 𝜉2𝑖 (𝑡) + 𝐵1𝑖 𝑢 (𝑡)
+ 𝐿1𝑖 (𝜂1𝑖 (𝑡) − 𝜂1𝑖 (𝑡)) + 𝐺1𝑖 V̂𝑖 (𝑡)

𝜂1𝑖 (𝑡) = 𝐶11𝑖 𝜉1𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑠,
(26)

where V̂𝑖(𝑡) is the estimate of V𝑖(𝑡) = [𝑓𝑖(𝑡) 𝑑(𝑡)]𝑇 . It is
defined as

V̂ = {{{{{
𝜌𝑖 𝐾
1
𝑖 𝑒𝜂𝑖𝐾1𝑖 𝑒𝜂𝑖 ,

𝐾1𝑖 𝑒𝜂𝑖 ̸= 0;
0, 𝐾1𝑖 𝑒𝜂𝑖 = 0

(27)

with 𝑒𝜂𝑖 = 𝜂1𝑖 − 𝜂1𝑖 and constant matrix 𝐾1𝑖 ∈ 𝑅(𝑞+1)×(𝑞+1), 𝜌𝑖
should be chosen to be a large enough constant, and 𝐿1𝑖 can
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be selected such that the spectrum of (𝐴11𝑖 −𝐿1𝑖𝐶11𝑖 ) is a stable
matrix.

Let 𝑒1𝑖 (𝑡) = 𝜉1𝑖 (𝑡) − 𝜉1𝑖 (𝑡) be the estimation error of state𝜉1𝑖 (𝑡), then the fractional-order state estimation error can be
described as follows:

𝐷𝛼𝑒1𝑖 = (𝐴11𝑖 − 𝐿1𝑖𝐶11𝑖 ) 𝑒1𝑖 + 𝐴12𝑖 𝑒2𝑖 + 𝐺1𝑖 (V − V̂) , (28)

and 𝑒𝜂𝑖 = 𝜂1𝑖 − 𝜂1𝑖 = 𝐶11𝑖 𝑒1𝑖 .
4.2. Stability of the Designed Sliding Mode Observer. Before
embarking on the fundamental theorem, we first give some
preliminary results on Caputo fractional derivatives.

Definition 14 (see [9]). The two-parameter Mittag-Leffler
function is defined by

𝐸𝛼,𝛽 (𝑧) = ∞∑
𝑘=0

𝑧𝑘Γ (𝛼𝑘 + 𝛽) , 𝛼 > 0, 𝛽 > 0, 𝑧 ∈ 𝐶, (29)

where Γ(⋅) is the Gamma function with

Γ (𝑥) = ∫∞
0
𝑡𝑥−1𝑒−𝑡𝑑𝑡. (30)

When 𝛽 = 1, one has 𝐸𝛼(𝑧) = 𝐸𝛼,1(𝑧).
Let 𝑒𝑖(𝑡) = [𝑒1𝑖 (𝑡) 𝑒2𝑖 (𝑡)]𝑇, 𝑒𝑖(0) = [0 0]𝑇. According to

the definition in [44], [0, 0]𝑇 is the equilibrium point of the
following dynamic system:

𝐷𝛼𝑒1𝑖 (𝑡) = (𝐴11𝑖 − 𝐿1𝑖𝐶11𝑖 ) 𝑒1𝑖 (𝑡) + 𝐴12𝑖 𝑒2𝑖 (𝑡) (31)

𝐷𝛼𝑡 𝑒2𝑖 (𝑡) = (𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 ) 𝑒2𝑖 (𝑡) . (32)

Then we present the definition of stability for the system
formed by (28) and (22) in the sense of Mittag-Leffler similar
to those in [44, 45] as follows.

Definition 15. The solution 𝑒𝑖(𝑡) of the system formed by (28)
and (22) is said to be Mittag-Leffler stable with respect to the
equilibrium point 𝑒𝑖(0) of system (31) if

𝑒𝑖 (𝑡) ≤ {𝑚 [𝑒𝑖 (𝑡0)] 𝐸𝛼 (−𝜆 (𝑡 − 𝑡0)𝛼)}𝑏 ,
𝛼 ∈ (0, 1) , (33)

where 𝑡0 = 0 is the initial time, 𝜆 > 0, 𝑏 > 0, 𝑚(0) =0, 𝑚(𝑒𝑖) ≥ 0, and 𝑚(𝑒𝑖) is locally Lipschitz with Lipschitz
constant.

Lemma 16 (see [46]). Let 𝑥(𝑡) ∈ 𝑅𝑛 be a differentiable vector;
then, for any time instant,

12𝐷𝛼 (𝑥𝑇 (𝑡) 𝑃𝑥 (𝑡)) ≤ 𝑥𝑇 (𝑡) 𝑃𝐷𝛼𝑥 (𝑡) ,
∀𝛼 ∈ (0, 1] , 𝑡 ≥ 0,

(34)

where 𝑃 ∈ 𝑅𝑛×𝑛 is a positive definite constant matrix.

The following theorem is to present the stability of the
designed observers in the sense of Mittag-Leffler.

Theorem 17. Consider (1) satisfying Assumptions 1–3, 𝑓(𝑡)
and 𝑑(𝑡) are bounded, and the Luenberger observers and the
sliding mode observer are designed in (18), (26), and (27). For𝑖 = 1, 2, . . . , 𝑠, if there exist matrices 𝐿1𝑖 , 𝐿2𝑖 , 𝐾1𝑖 and positive
definite matrices 𝑃1, 𝑃2, 𝑄1𝑖 , 𝑄2𝑖 such that

−𝑄1𝑖 = (𝐴11𝑖 − 𝐿1𝑖𝐶11𝑖 )𝑇 𝑃1 + 𝑃1 (𝐴11𝑖 − 𝐿1𝑖𝐶11𝑖 ) + 𝑃21 (35)

−𝑄2𝑖 = (𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 )𝑇 𝑃2 + 𝑃2 (𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 )
+ 𝐴12𝑖 𝑇𝐴12𝑖

(36)

𝑃1𝐺1𝑖 = 𝐶11𝑖 𝑇𝐾1𝑖 𝑇, (37)

then the observers given by (18), (26), and (27) can ensure that
the state estimation error 𝑒𝑖(𝑡) is Mittag-Leffler stable.

Proof. Consider a Lyapunov function candidate as follows:

𝑉𝑖 (𝑡, 𝑒𝑖 (𝑡)) = 𝑒1𝑖 𝑇 (𝑡) 𝑃1𝑒1𝑖 (𝑡) + 𝑒2𝑖 𝑇 (𝑡) 𝑃2𝑒2𝑖 (𝑡) , (38)

where 𝑃1 and 𝑃2 are positive definite matrices.
ApplyingCaputo fractional-order operation𝐷𝛼 to𝑉𝑖with

respect to 𝑡 along (22) and (28), by Lemma 16, it is obtained
that

𝐷𝛼𝑉𝑖 = 𝐷𝛼 (𝑒1𝑖 𝑇𝑃1𝑒1𝑖 ) + 𝐷𝛼 (𝑒2𝑖 𝑇𝑃2𝑒2𝑖 )
≤ 2𝑒1𝑖 𝑇𝑃1 (𝐷𝛼𝑒1𝑖 ) + 2𝑒2𝑖 𝑇𝑃2 (𝐷𝛼𝑒1𝑖 )
= [(𝐴11𝑖 − 𝐿1𝑖𝐶11𝑖 ) 𝑒1𝑖 + 𝐴12𝑖 𝑒2𝑖 + 𝐺1𝑖 𝑒V]𝑇 𝑃1𝑒1𝑖
+ 𝑒1𝑖 𝑇𝑃1 [(𝐴11𝑖 − 𝐿1𝑖𝐶11𝑖 ) 𝑒1𝑖 + 𝐴12𝑖 𝑒2𝑖 + 𝐺1𝑖 𝑒V]
+ 𝑒2𝑖 𝑇 [(𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 )𝑇 𝑃2 + 𝑃2 (𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 )] 𝑒2𝑖
≤ 𝑒1𝑖 𝑇 [(𝐴11𝑖 − 𝐿1𝑖𝐶11𝑖 )𝑇 𝑃1 + 𝑃1 (𝐴11𝑖 − 𝐿1𝑖𝐶11𝑖 )
+ 𝑃21 ] 𝑒1𝑖 + 𝑒2𝑖 𝑇 [(𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 )𝑇 𝑃2
+ 𝑃2 (𝐴22𝑖 − 𝐿2𝑖𝐶22𝑖 ) + 𝐴12𝑖 𝑇𝐴12𝑖 ] 𝑒2𝑖 + 2𝑒1𝑖 𝑇𝑃1𝑖 𝐺1𝑖 𝑒V,

(39)

where 𝑒V = V − V̂.
If 𝐾1𝑖 can be chosen such that 𝑃1𝐺1𝑖 = 𝐶11𝑖 𝑇𝐾1𝑖 𝑇, then

𝑒1𝑖 𝑇𝑃1𝐺1𝑖 V̂ = 𝐾1𝑖 𝐶11𝑖 𝑒1𝑖  𝜌𝑖 = 𝐾1𝑖 𝑒𝜂1 𝜌𝑖,
𝑒1𝑖 𝑇𝑃1𝐺1𝑖 V = (𝐾1𝑖 𝐶11𝑖 𝑒1𝑖 )𝑇 V = (𝐾1𝑖 𝑒𝜂1)𝑇 V.

(40)

Considering the following inequality:

𝑒1𝑖 𝑇𝑃1𝑖 𝐺1𝑖 V ≤ 𝐾1𝑖 𝑒𝜂1 ‖V‖ , (41)
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and applying (35) and (36), (39) can be further manipulated
as follows:

𝐷𝛼𝑉𝑖 ≤ 𝑒1𝑖 𝑇 (−𝑄1𝑖 ) 𝑒1𝑖 + 𝑒2𝑖 𝑇 (−𝑄2𝑖 ) 𝑒2𝑖
− 2 𝐾1𝑖 𝑒𝜂1 (𝜌𝑖 − ‖V‖) .

(42)

Let 𝑄𝑖 = [ 𝑄1𝑖 0
0 𝑄2
𝑖

] and 𝑃 = [ 𝑃1 00 𝑃2 ], 𝜆min(𝑄𝑖) denoted
the minimum eigenvalue of 𝑄𝑖, and 𝜆min(𝑃) and 𝜆max(𝑃)
denoted the minimum and maximum eigenvalues of 𝑃. Then𝜆min(𝑄𝑖) > 0, 𝜆min(𝑃) > 0, and 𝜆max(𝑃) > 0.

Choosing 𝜌𝑖 large enough (this can be performed because
V is bounded), one obtains

𝐷𝛼𝑉𝑖 ≤ −𝜆min (𝑄𝑖) 𝑒𝑖2 . (43)

And the Lyapunov function candidate is satisfied by

𝜆min (𝑃) 𝑒𝑖2 ≤ 𝑉𝑖 ≤ 𝜆max (𝑃) 𝑒𝑖2 . (44)

It follows from (43) and (44) that

𝐷𝛼𝑉𝑖 ≤ −𝜆min (𝑄𝑖)𝜆max (𝑃) 𝑉𝑖. (45)

There exists a nonnegative function𝑀(𝑡) such that

𝐷𝛼𝑉𝑖 +𝑀 (𝑡) = −𝜆min (𝑄𝑖)𝜆max (𝑃) 𝑉𝑖. (46)

Taking Laplace transform on both sides of (46) leads to

𝑠𝛼𝑉𝑖 (𝑠) − 𝑠𝛼−1𝑉𝑖 (0) +𝑀 (𝑠) = −𝜆min (𝑄𝑖)𝜆max (𝑃) 𝑉𝑖 (𝑠) , (47)

where 𝑉𝑖(𝑠) = m{𝑉𝑖(𝑡, 𝑒𝑖(𝑡))} and m is the operator for Laplace
transform. Based on (47), 𝑉𝑖 can be expressed as follows:

𝑉𝑖 (𝑠) = 𝑠𝛼−1𝑉𝑖 (0) −𝑀 (𝑠)𝑠𝛼 + 𝜆min (𝑄𝑖) /𝜆max (𝑃) . (48)

From the existence and uniqueness theorem [9] for
fractional-order differential equations and the inverse
Laplace transform, the unique solution of (46) can be
obtained as follows:

𝑉𝑖 (𝑡) = 𝑉𝑖 (0) 𝐸𝛼 (−𝜆min (𝑄𝑖)𝜆max (𝑃) 𝑡𝛼) −𝑀(𝑡)
∗ [𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆min (𝑄𝑖)𝜆max (𝑃) 𝑡𝛼)] ,

(49)

where ∗ denotes the convolution operator.
Therefore, 𝑉𝑖(𝑡) ≤ 𝑉𝑖(0)𝐸𝛼(−(𝜆min(𝑄𝑖)/𝜆max(𝑃))𝑡𝛼) from

the facts that both 𝑡𝛼−1 and 𝐸𝛼,𝛼(−(𝜆min(𝑄𝑖)/𝜆max(𝑃))𝑡𝛼) are
nonnegative. With the aid of (44), the estimation error 𝑒𝑖(𝑡)
satisfies the following inequality:

𝑒𝑖 (𝑡) ≤ [ 𝑉𝑖 (0)𝜆min (𝑃)𝐸𝛼 (−
𝜆min (𝑄𝑖)𝜆max (𝑃) 𝑡𝛼)]

1/2 , (50)

where 𝑉𝑖(0)/𝜆min(𝑃) ≥ 0.

Let 𝑚 = 𝑉𝑖(0)/𝜆min(𝑃) = 𝑉𝑖(0, 𝑒𝑖(0))/𝜆min(𝑃) ≥ 0, and
then we have

𝑒𝑖 (𝑡) ≤ [𝑚𝐸𝛼 (−𝜆min (𝑄𝑖)𝜆max (𝑃) 𝑡𝛼)]
1/2 , (51)

where𝑚 = 0 holds if and only if 𝑒𝑖(0) = 0. Because 𝑉(𝑡, 𝑒𝑖) is
locally Lipschitz with respect to 𝑒𝑖 and 𝑉(0, 𝑒𝑖(0)) = 0 if and
only if 𝑒𝑖(0) = 0, and it follows that 𝑚 = 𝑉𝑖(0, 𝑒𝑖(0))/𝜆min(𝑃)
is also Lipschitz with respect to 𝑒𝑖(0) and𝑚(0) = 0.Therefore,
the solution 𝑒𝑖(𝑡) of the system formed by (28) and (22) is
Mittag-Leffler stable.

Remark 18. Theorem 17 implies that the state estimation
errors 𝑒1𝑖 and 𝑒2𝑖 are bounded when 𝐸𝛼(−(𝜆𝑚𝑖𝑛(𝑄𝑖)/𝜆𝑚𝑎𝑥(𝑃))𝑡𝛼) is bounded. The conclusion is the same as
that for integer-order systems [1].

Remark 19. The third question in Section 2 has been
addressed. To our knowledge the stability in the sense of
Mittag- Leffler is first introduced here to study the state
estimation error dynamics.

5. Fault Detection and Estimation of the
Three-Cell Battery String

In this section, we apply the proposed method for fault
detection and estimation of a three-cell battery string model
reported in [1] and demonstrate its effectiveness in applica-
tion. Then system (1) is now parameterized as follows:

𝐴 = [[
[
−1.6026 0 0

0 −1.6026 0
0 0 −1.6026

]]
]
,

𝐵 = [[
[
0.1795 5.2484 0.0225
0.1795 5.2484 0.0225
0.1795 5.2484 0.0225

]]
]
,

𝐶 = [[
[
1 0 0
0 1 0
0 0 1

]]
]
,

𝐺 = [[
[
0.1
1

0.05
]]
]
,

𝐹 = [[
[
3 0 0
0 3 0
0 0 3

]]
]
.

(52)

A disturbance is selected as 𝑑(𝑡) = 0.0151 sin(5𝑡). It is
assumed that 𝑓1 = 𝑓3 = 0 for all the time. When 𝑡 ∈ [0, 𝑇),𝑓2 = 0 and when 𝑡 ≥ 𝑇, 𝑓2 = 0.2; that is, fault 𝑓2 occurs at
time 𝑇. Furthermore, a threshold is set as 𝑟0 = 0.015 and take𝑇 = 25𝑠 where 𝑠 stands for “second.”
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Because there are three fault sources, system (1) has three
formulations with each one corresponding to a particular
fault. According to Lemma 5, nonsingular transformmatrices
are selected as

𝑇1 = [[
[
1 0 0
0 1 0
0 0.05 1

]]
]
,

𝑇2 = [[
[
1 0 0
0 1 0
0.5 0 1

]]
]
,

𝑇3 = [[
[
0.1 0 1
1 0 0
0 1 0

]]
]

(53)

and 𝑆𝑖 = 𝑇𝑖, 𝑖 = 1, 2, 3.
Obviously, for each 𝑖-th system, the second subsystem

does not include 𝑖-th fault source 𝑓𝑖 and their observers are
designed as

𝐷𝛼𝜉21 (𝑡) = −1.6026𝜉21 (𝑡) + 0.1705𝑍 + 4.9860
+ 0.0214𝐼 − 0.15𝑓2 + 3𝑓3,

𝜂21 (𝑡) = 𝜉21 (𝑡) ;
𝐷𝛼𝜉21 (𝑡) = −1.6026𝜉21 (𝑡) + 0.1705𝑍 + 4.9860

+ 0.0214𝐼 + 0.6 (𝜂2𝑖 (𝑡) − 𝜂2𝑖 (𝑡)) ,
𝜂21 (𝑡) = 𝜉21 (𝑡) ,

𝐷𝛼𝜉22 (𝑡) = −1.6026𝜉22 (𝑡) + 0.0897𝑍 + 2.6242
+ 0.0113𝐼 − 1.5𝑓1 + 3𝑓3,

𝜂22 (𝑡) = 𝜉22 (𝑡) ;
𝐷𝛼𝜉22 (𝑡) = −1.6026𝜉22 (𝑡) + 0.0897𝑍 + 2.6242

+ 0.0113𝐼 + 0.3 (𝜂22 (𝑡) − 𝜂22 (𝑡)) ,
𝜂22 (𝑡) = 𝜉22 (𝑡) ,

𝐷𝛼𝜉23 (𝑡) = −1.6026𝜉23 (𝑡) + 0.1616𝑍 + 4.7236
+ 0.0203𝐼 + 3𝑓1 − 0.3𝑓2,

𝜂23 (𝑡) = 𝜉23 (𝑡) ;
𝐷𝛼𝜉23 (𝑡) = −1.6026𝜉23 (𝑡) + 0.1616𝑍 + 4.7236

+ 0.0203𝐼 + 0.6 (𝜂23 (𝑡) − 𝜂23 (𝑡)) ,
𝜂23 (𝑡) = 𝜉23 (𝑡) ,

(54)

where 𝐿21 = 𝐿23 = 0.6, 𝐿22 = 0.3.

Then, the 𝑖-th fault-detection residual is designated as

𝑟𝑖 (𝑡) = 𝜂2𝑖 (𝑡) − 𝜂2𝑖 (𝑡) = 𝑒2𝑖 (𝑡) , 𝑖 = 1, 2, 3. (55)

In what follows, we only show the first subsystem and its
observer for 𝑖 = 2. Let

𝜉12 (𝑡) = [𝜉
1
21 (𝑡)𝜉122 (𝑡)] ,

𝜂12 (𝑡) = [𝜂
1
21 (𝑡)𝜂122 (𝑡)] ,

(56)

and then the subsystem and its sliding mode observer are as
follows:

𝐷𝛼𝜉121 (𝑡) = −1.6026𝜉121 (𝑡) + 0.1795𝑍 + 5.2484
+ 0.0225𝐼 + 0.1𝑑 (𝑡) ,

𝐷𝛼𝜉122 (𝑡) = −1.6026𝜉122 (𝑡) + 0.1795𝑍 + 5.2484
+ 0.0225𝐼 + 3𝑓2 + 𝑑 (𝑡) ,

𝜂121 (𝑡) = 𝜉121 (𝑡) ,

(57)

𝜂122 (𝑡) = 𝜉122 (𝑡) , (58)

and

𝐷𝛼𝜉121 (𝑡) = −1.6026𝜉121 (𝑡) + 0.1795𝑍 + 5.2484
+ 0.0225𝐼 + 0.1𝑑 (𝑡)
+ 3.6 (𝜂121 (𝑡) − 𝜂121 (𝑡)) ,

𝐷𝛼𝜉122 (𝑡) = −1.6026𝜉122 (𝑡) + 0.1795𝑍 + 5.2484
+ 0.0225𝐼 + 3𝑓2 + 𝑑 (𝑡)
+ 3.5 (𝜂122 (𝑡) − 𝜂122 (𝑡)) ,

𝜂121 (𝑡) = 𝜉121 (𝑡) ,
𝜂122 (𝑡) = 𝜉122 (𝑡) ,

(59)

where

𝑓2 = {{{
𝜌ℎ1 (𝑡)ℎ (𝑡) , ℎ (𝑡) ̸= 0;
0, ℎ (𝑡) = 0,

𝑑 = {{{
𝜌ℎ2 (𝑡)ℎ (𝑡) , ℎ (𝑡) ̸= 0;
0, ℎ (𝑡) = 0

(60)

and

ℎ1 (𝑡) = 9 (𝜉121 − 𝜉121) + 4 (𝜉122 − 𝜉122) ,
ℎ2 (𝑡) = 4 (𝜉121 − 𝜉121) + (0.3 + 43) (𝜉122 − 𝜉122) ,
ℎ (𝑡) = √ℎ1 (𝑡)2 + ℎ2 (𝑡)2.

(61)
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Figure 1: Fault detection and isolation when 𝜌 = 0.25, 𝛼 = 0.8.

To illustrate the performance of the above strategy, the
Adams-Bashforth-Moulton predictor-corrector method is
used to calculate the fractional system, and the detailed
instructions of this algorithm are available in [47, 48] based
on [49]. Next, the simulations are performedwhile parameter𝜌 and the commensurate order 𝛼 are changed.

Fault 𝑓2(𝑡) is caused by a change of internal resistance of
the battery and occurs at time instant 25 seconds. Figures 1
and 2 show the evolution of fault-detection residuals 𝑟𝑖 (𝑡), 𝑖 =1, 2, 3, and the chosen threshold 𝑟0 where the horizontal bold
lines are thresholds with 𝜌 = 0.25, 𝛼 = 0.8, and 𝜌 = 100, 𝛼 =0.4. It can be seen indeed in the figures that 𝑓2(𝑡) is detected
at 25s because 𝑟1 and 𝑟3 go beyond the threshold 𝑟0 after 25
seconds, and 𝑟2 is well below the threshold 𝑟0. Moreover the
evolution of fault-detection residuals 𝑟1, 𝑟2, and 𝑟3 is the same
when parameters 𝜌 and 𝛼 are changed.

Figures 3 and 4 show the evolution of the system states
(terminal voltage) and their estimations with the fault esti-
mate that is the second subsystem (𝑖 = 2) with 𝜌 = 0.25, 𝛼 =0.8 and 𝜌 = 100, 𝛼 = 0.4. Although parameters 𝜌 and 𝛼
are changed, it is noted that each state estimation error is
Mittag-Leffler stable because the estimation curve is varying
along its own state curve in a small bounded interval and
the evolution of the curves has not been affected by the
changing parameters. At time instant 25 seconds, 𝜉122(𝑡) and
its estimation start to identify the isolated fault accurately in
Figures 3 and 4.

To illustrate the advantages of our proposed method, the
simulations are performed on the integer-order modeling of
the three-cell battery string [1]. Figure 5 shows the evolution
of state and its estimate with the fault estimate system by
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Figure 2: Fault detection and isolation when 𝜌 = 100, 𝛼 = 0.4.
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Figure 3: System state and estimate with the fault estimate when𝜌 = 0.25, 𝛼 = 0.8.

applying the integer-order modeling in [1]. Compared with
our proposed method, it can be found that the state and its
estimation with the fault estimate start to identify the isolated
fault at time instant 25 seconds. But at instant 50 seconds,
dynamic curve of estimation with the fault estimate jumps
again. The estimation value deviates from state value at the
instant too. But the evolution of curves in Figures 3 and 4
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Figure 4: System state and estimate with the fault estimate when𝜌 = 100, 𝛼 = 0.4.
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Figure 5: System state and estimate with the fault estimate of the
integer-order modeling.

is changed smoothly except at time instant 25 seconds when
fault 𝑓2 occurs. It is shown that our proposed method of
fractional-order modeling has even better results than that of
integer-order modeling.

6. Conclusions

Fault diagnosis and estimation problem have been studied for
a fractional-order system with applications to Lithium-ion

battery cell. Sources of fault and system uncertainties are
first separated into two subsystems through a transformation
on the model of the system. A fractional-order Luenberger
observer is designed to generate a fault-detection residual
and faults are then easily detected and isolated. Secondly,
a fractional-order sliding mode observer is constructed to
provide an estimate of the isolated fault; hence, simultaneous
fault detection, isolation, and estimation is accomplished.The
effectiveness of the proposed strategy is demonstrated on a
three-cell battery string. The proposed strategy is completely
built on a new framework. Properties of fractional-order
systems and Mittag-Leffler stability are used to describe
the estimation error of observers by the Lyapunov directed
method.The stability in the sense of Mittag-Leffler embodies
properties of fractional calculus.
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This paper studies bipartite consensus for first-order multiagent systems. To improve resource utilization, event-based protocols
are considered for bipartite consensus. A new type of control gain is designed in the proposed protocols. By appropriate selection
of control gains, the convergence rate of the closed-loop system can be adjusted. Firstly, for structural balance case, necessary
and sufficient conditions are given on communication relations and consensus gains to achieve bipartite consensus. Secondly, for
structural unbalance case, necessary and sufficient conditions are proposed to ensure the stabilizing of the system. It can be found
that the system will not show Zeno behavior. Numerical simulations are used to demonstrate the theoretical results.

1. Introduction

Consensus problem is one of the hot topics in coordination
of multiagent systems (MASs). In the last few years, research
on consensus has received considerable attention [1–9].
Consensus means that agents can reach a common value
through cooperative relations among agents. However, in
real applications, not only cooperative but also competitive
relations among agents exist. In these circumstances, bipartite
consensus is studied [10–20]. Based on the cooperation
and competition among agents, bipartite consensus can be
achieved if agents agree upon a certain value with the same
quantity and different signs. In [10], necessary and sufficient
conditions for bipartite consensus of the single-integrator
MASs are given. In [12], the communication condition is
first reduced to be containing a spanning tree. In [14], the
communication topology is extended to the time-varying
case. In [15–20], bipartite consensus with measurement noise
is considered.

It is worth pointing out that the above literature adopts
a time-driven control pattern, where the state of the agents is
monitored continuously and the control law updates are done
at any moment. In practical implementation, the embedded

processors are often resource-limited and thus an event-
based control fashion is more beneficial in MASs. For con-
ventional consensus ofMASs, an event-based control fashion
was thoroughly studied [21–31]. In the pioneering work [21],
an event-based feedback protocol was proposed. In [23], the
event-based protocols for both fixed and switching topologies
have been considered. In [25], the self-triggered protocol of
MASs was taken into account. Then, in [28], a new event-
based protocol for average consensus of MASs was proposed
and continuous monitoring of agents’ states was not required.
The event-based consensus for general linear MASs can be
found in [29–31]. Despite these productive results, works on
bipartite consensus with event-based control strategy are still
rare.

In this paper, we consider event-based bipartite consensus
for first-order MASs. In contrast to [32, 33], a new function
is introduced into the event-based protocol, such that the
Laplacian-like event-based bipartite consensus protocols in
[32, 33] are special cases of this paper.Due to the new function
gain, the closed-loop system is time-varying. By use of state
transition matrix, the closed-loop system is analyzed. For
structural balance case, necessary and sufficient conditions
are given on communication relations and consensus gains

Hindawi
Mathematical Problems in Engineering
Volume 2018, Article ID 8046576, 8 pages
https://doi.org/10.1155/2018/8046576

http://orcid.org/0000-0003-2521-7065
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/8046576


2 Mathematical Problems in Engineering

to achieve bipartite consensus. For structural unbalance case,
necessary and sufficient conditions are proposed to ensure the
MAS stabilizing.

Organization. In Section 2, we give some basic concepts on
signed graph and formulate the problem. In Section 3, we
prove the main results. In Section 4, we show the validity
of theoretical analysis through the simulation results. In
Section 5, we conclude this paper and put forward further
research directions.

Notation. 𝑅𝑛×𝑚 represents all real matrices of 𝑛 × 𝑚 order. 0
denotes vector or matrix whose elements are 0. 1𝑛 represents
column vector whose elements are 1. sgn(⋅) represents sign
function.

2. Problem Formulation

The communication relations among 𝑁 agents are expressed
by the signed digraph G = (V,E,A), whereV = {1, . . . , 𝑁}
is the node set and E is the edge set. A = (𝑎𝑖𝑗) ∈ 𝑅𝑁×𝑁

is the weighted adjacency matrix of G, where 𝑎𝑖𝑗 > 0 and
𝑎𝑖𝑗 < 0 represent competition relationship and cooperation
relationship between 𝑖 and 𝑗, respectively. Throughout this
paper, we always assume that 𝑎𝑖𝑗 ̸= 0 ⇐⇒ (𝑗, 𝑖) ∈ E,
𝑎𝑖𝑖 = 0, and 𝑎𝑖𝑗𝑎𝑗𝑖 ≥ 0, ∀𝑖, 𝑗 ∈ V. L = C𝑟 − A is the
Laplacian of G, whereC𝑟 = diag(∑𝑁

𝑝=1 |𝑎1𝑝|, . . . , ∑𝑁
𝑝=1 |𝑎𝑁𝑝|).

G = (V,E,A) is structurally balanced if V can be divided
into two subsets V1,V2,V1 ∪ V2 = V,V1 ∩ V2 = ⌀,
satisfying 𝑎𝑖𝑗 ≥ 0 for ∀𝑖, 𝑗 ∈ V𝑡(𝑡 ∈ {1, 2}), and 𝑎𝑖𝑗 ≤ 0 for
∀𝑖 ∈ V𝑡, 𝑗 ∈ V𝑒 (𝑡 ̸= 𝑒 ∈ {1, 2}).G is structurally unbalanced
otherwise.

Consider an MAS with 𝑁 agents, whose dynamics obey
the following equation:

�̇�𝑖 (𝑡) = 𝑢𝑖 (𝑡) , 𝑖 = 1, . . . , 𝑁, (1)

where 𝑥𝑖(𝑡) ∈ 𝑅 and 𝑢𝑖(𝑡) ∈ 𝑅 are the state and control input
of the 𝑖th agent.

We use G = (V,E,A) to express the communication
relations among the 𝑁 agents.

Considering the limit resources, people would like to
reduce the frequency of control law updates. In this case, an
event-based control law is more favorable. Our aim here is to
provide an event-based control in order that all agents’ states
converge to values with the same modulus and different signs
regardless of initial states.

To achieve this goal, we assume that each agent only
updates its control law at discrete times indexed by 𝑡0, 𝑡1, . . ..
We define the event-based control as follows:

𝑢𝑖 (𝑡) = 𝑐 (𝑡)
𝑁

∑
𝑗=1

𝑎𝑖𝑗
 [sgn (𝑎𝑖𝑗) 𝑥𝑗 (𝑡𝑙) − 𝑥𝑖 (𝑡𝑙)] ,

∀𝑡 ∈ [𝑡𝑙, 𝑡𝑙+1) ,
(2)

where 𝑖 = 1, . . . , 𝑁, 𝑙 = 0, 1, . . . , 𝑐(𝑡) > 0 is a piecewise
continuous function.

Remark 1. The control law will be actuated at discrete event
times. A proper function 𝑐(𝑡) will be designed to improve
the convergence performance of the closed-loop system. In
particular, when 𝑐(𝑡) = 1, protocol (2) is reduced to event-
based bipartite consensus protocols in [32, 33].

The statemeasurement error of the 𝑖th agent is denoted by
𝜖𝑖(𝑡) = 𝑥𝑖(𝑡𝑙) − 𝑥𝑖(𝑡), 𝑖 = 1, . . . , 𝑁, 𝑡 ∈ [𝑡𝑙, 𝑡𝑙+1), 𝑙 = 0, 1, . . . .
Let Ω(𝑡) = (𝜖1(𝑡), . . . , 𝜖𝑁(𝑡))𝑇 and, hence,

�̇� (𝑡) = −𝑐 (𝑡)L (𝑋 (𝑡) + Ω (𝑡)) , (3)

where𝑋(𝑡) = (𝑥1(𝑡), . . . , 𝑥𝑁(𝑡))𝑇.
We introduce the following definition to characterize the

behavior of (3).

Definition 2. System (1) is said to achieve bipartite consensus
via event-based protocol U = {𝑢𝑖, 𝑖 = 1, . . . , 𝑁}, if for
system (1) with any given 𝑋(0) ∈ 𝑅𝑁, there exists 𝑓 =
(𝑓1, . . . , 𝑓𝑁)𝑇 ∈ 𝑅𝑁 (𝑓𝑖 ∈ {±1}, 𝑖 = 1, . . . ,𝑁) and 𝜇∗ ∈ 𝑅
such that lim𝑡→∞‖𝑋(𝑡) − 𝜇∗𝑓‖ = 0, where 𝜇∗ ∈ 𝑅 depends
on 𝑋(0) and the communication relations among agents.

We provide the following event triggering conditions:
𝜖𝑖 (𝑡) ≤ 𝑀𝑒−𝛾𝑡, 𝑖 = 1, . . . , 𝑁, (4)

where𝑀 > 0, 0 < 𝛾 < min𝜆(𝐿) ̸=0{Re𝜆(L)}.
When the measurement error 𝜖𝑖(𝑡) is over the threshold,

the controller is triggered and updates itself. To analyze (3),
we introduce assumptions as follows:

(T1) G = (V,E,A) is structurally balanced.
(T2) G = (V,E,A) contains a spanning tree.
(T3) ∫∞

0 𝑐(𝑠)𝑑𝑠 = ∞.

The following lemma is highly related to the subsequent
results.

Lemma 3. If system (1) can achieve bipartite consensus via
event-based protocol (2), then there exist 𝑓 = (𝑓1, . . . , 𝑓𝑁)𝑇 ∈
𝑅𝑁, 𝑓𝑖 ∈ {±1}, 𝑖 = 1, . . . , 𝑁, and 𝜙 = (𝜙1, . . . , 𝜙𝑁)𝑇 ∈ 𝑅𝑁,
such that lim𝑡→∞Θ(𝑡, 0) = 𝑓𝜙𝑇, where Θ(𝑡, 0) is the state
transition matrix of (3).

Proof. The proof is omitted due to space limit.

3. Main Results

The following result is the main result of this section.

Theorem 4. System (1) can achieve bipartite consensus via
event-based protocol (2) if and only if (T1), (T2), and (T3) hold.
Proof.

Sufficiency. Assume Θ(𝑡, 𝑡0) is the state transition matrix of
(3). Then, Θ(𝑡, 𝑡0) = 𝑒−∫

𝑡

𝑡0
𝑐(𝑠)𝑑𝑠L. Since (T1) and (T2) hold,

Lemma 1 of [17] implies that L has exactly one zero
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eigenvalue and all nonzero eigenvalues are in the open right
half plane. Thus, there exists 𝑄 satisfying

𝑄−1
L𝑄 = 𝐵 = diag (0, 𝐵2, . . . , 𝐵𝑤) , (5)

where 𝐵𝑖 (𝑖 = 2, . . . , 𝑤) is 𝑅𝑖 × 𝑅𝑖 dimensional Jordan block
with 𝜍𝑖 on its diagonal, 𝑅2 + ⋅ ⋅ ⋅ + 𝑅𝑤 = 𝑁 − 1. Obviously,
𝜍2, . . . , 𝜍𝑤 are the eigenvalues of L, and Re(𝜍𝑖) > 0, 𝑖 =
2, . . . , 𝑤. Combining this, we can get the state transition
matrix:

Θ(𝑡, 𝑡0) = 𝑄 diag (1,Θ𝐵𝜍22
(𝑡, 𝑡0) , . . . , Θ𝐵𝜍𝑤𝑤 (𝑡, 𝑡0)) 𝑄−1, (6)

where Θ𝐵𝜍𝑘
𝑘
, 𝑘 = 2, . . . , 𝑤, is defined as in Lemma 3 of [17].

Thus, from (T3), we know that lim𝑡→∞Θ(𝑡, 𝑡0) =
𝑄diag(1, 0, . . . , 0)𝑄−1.By (3),𝑋(𝑡) = Θ(𝑡, 0)𝑋(0)−𝑋Ω, where
𝑋Ω = ∫𝑡

0 𝑐(𝑠)Θ(𝑡, 𝑠)LΩ(𝑠)𝑑𝑠. By (6), one has
𝑋Ω

= 𝑄∫𝑡

0
𝑐 (𝑠) diag (1,Θ𝐵𝜍22

(𝑡, 𝑠) , . . . , Θ𝐵𝜍𝑤𝑤 (𝑡, 𝑠))𝑄−1
LΩ (𝑠) d𝑠. (7)

Furthermore, by (5), one gets

𝑄−1
LΩ(𝑠) = diag (0, 𝐵2, . . . , 𝐵𝑤) 𝑄−1Ω(𝑠) . (8)

Assume 𝑄−1 = (𝑄𝑖𝑗). Then, 𝑄−1Ω(𝑠) = (∑𝑁
𝑗=1 𝑄1𝑗𝜖𝑗(𝑠),

. . . , ∑𝑁
𝑗=1 𝑄𝑁𝑗𝜖𝑗(𝑠))𝑇. This together with (8) gives

𝑄−1
LΩ(𝑠) = (0,Ω∗

2 (𝑠) , . . . , Ω∗
𝑁 (𝑠))𝑇 , (9)

where Ω∗
𝑖 (𝑠) (𝑖 = 2, . . . , 𝑁) is the linear combination of

𝜍2, . . . , 𝜍𝑤 and∑𝑁
𝑗=1 𝑄𝑘𝑗𝜖𝑗(𝑠), 𝑘 = 1, . . . , 𝑁.Then, by (4), there

must exist 𝑞∗ > 0, such that
Ω∗

𝑖 (𝑠) ≤ 𝑞∗𝑒−𝛾𝑠, 𝑖 = 2, . . . ,𝑁. (10)

Considering the specific form of Θ𝐵𝜍𝑖𝑖
(𝑡, 𝑠) (𝑖 = 2, . . . , 𝑤)

in Lemma 3 of [17], we get that 𝑋Ω = 𝑄(0, ΛΩ
2 (𝑠), . . . ,ΛΩ

𝑁(𝑠))𝑇, where ΛΩ
𝑝(𝑠)(𝑝 = 2, . . . , 𝑁) is the linear

combination of ∫𝑡
0 𝑐(𝑠)𝑒−𝜍𝑖 ∫

𝑡

𝑠
𝑐(𝜏)d𝜏(∫𝑡

𝑠 𝑐(𝜏)d𝜏)𝑚Ω∗
𝑞 (𝑠)d𝑠, 𝑚 =

0, 1, . . . , 𝑅𝑖 − 1; 𝑖 = 2, . . . , 𝑤; 𝑞 = 2, . . . , 𝑁.
By direct calculation, one obtains that

lim
𝑡→∞

∫𝑡

0
𝑐 (𝑠) 𝑒−𝜍𝑖 ∫

𝑡

𝑠
𝑐(𝜏)d𝜏 (∫𝑡

𝑠
𝑐 (𝜏) d𝜏)

𝑚

𝑒−𝛾𝑠d𝑠

= lim
𝑡→∞

𝑚!
𝜍𝑚+1
𝑖 𝑒𝛾𝑡 = 0, 𝑚 = 0, 1, . . . , 𝑅𝑖 − 1.

(11)

This together with (10) leads to

lim
𝑡→∞

∫𝑡

0
𝑐 (𝑠) 𝑒−𝜍𝑖 ∫

𝑡

𝑠
𝑐(𝜏)d𝜏 (∫𝑡

𝑠
𝑐 (𝜏) d𝜏)

𝑚

Ω∗
𝑞 (𝑠) d𝑠 = 0,

𝑚 = 0, 1, . . . , 𝑅𝑖 − 1.
(12)

Therefore, lim𝑡→∞𝑋Ω = 0, and thus lim𝑡→∞𝑋(𝑡) =
𝑄diag(1, 0, . . . , 0)𝑄−1𝑋(0) = 𝑄𝑐𝑄𝑇

𝑟 𝑋(0), where𝑄𝑐 is the first

column of 𝑄, 𝑄𝑇
𝑟 is the first row of 𝑄−1, and 𝑄𝑇

𝑟 𝑄𝑐 = 1.
By (5), one gets that L𝑄𝑐 = 𝑄𝑇

𝑟 L = 0. From (T1), we
know that there exists 𝑓 such that L𝑓 = 0. Since the
eigenspace corresponding to eigenvalue 0 is 1 dimensional,
𝑄𝑐 = 𝑚0𝑓, where 𝑚0 ̸= 0 is a constant. Denote 𝜇∗ =
𝑚0𝑄𝑇

𝑟 𝑋(0). Then, lim𝑡→∞𝑋(𝑡) = 𝜇∗𝑓 and 𝜇∗ depends on
𝑋(0) and communication relations among agents. Therefore,
Sufficiency holds.

Necessity. Assume by contradiction that (T3) does not hold.
Without loss of generality, let ∫∞

0 𝑐(𝑠)𝑑𝑠 = 𝑐 > 0. Then,
lim𝑡→∞Θ(𝑡, 0) = 𝑒−𝑐L. It is an invertible matrix and thus
rank(lim𝑡→∞Θ(𝑡, 0)) = 𝑁. This contradicts Lemma 3.
Therefore, (T3) holds. Next, we prove that L has exactly
one zero eigenvalue. If 0 is not eigenvalue L, then
lim𝑡→∞Θ(𝑡, 0) = 0. This implies that lim𝑡→∞𝑋(𝑡) is
independent of 𝑋(0). It contradicts Definition 2. Thus, 0 is
eigenvalue L. If the geometric multiplicity of eigenvalue 0
is less than the algebraic multiplicity of 0, then by (T3) and
direct calculation, one has the notion that lim𝑡→∞Θ(𝑡, 0)
does not exist. It is a contradiction with Lemma 3.
So, the geometric multiplicity equals the algebraic
multiplicity of eigenvalue 0. Assume 0 is 𝑝 dimensional
and 𝑝 > 1. Then, with abuse of notation, 𝑄−1L𝑄 =
diag(0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑝
, 𝐵𝑝+1, . . . , 𝐵𝑤). Hence, lim𝑡→∞Θ(𝑡, 0) =

𝑄 diag(1, . . . , 1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑝

, Θ𝐵
𝜍𝑝+1

𝑝+1

(𝑡, 0), . . . , Θ𝐵𝜍𝑤𝑤 (𝑡, 0))𝑄−1 and

rank(lim𝑡→∞Θ(𝑡, 0)) = 𝑝 > 1. This contradicts Lemma 3.
So, 𝑝 = 1; i.e., L has exactly one zero eigenvalue.
With abuse of notation, (5) and (6) hold. Noticing
Lemma 3, one gets 𝑄 diag(1, 0, 0, . . . , 0)𝑄−1 = 𝑓𝜙𝑇.
Therefore, 𝑄𝑐 = 𝑓𝑚1, where 𝑚1 = 𝜙𝑇𝑄𝑐 ̸= 0. Since
L𝑄𝑐 = 0, L𝑓 = 0. By the definition of Laplacian L, for
any 𝑞, one gets 𝑓𝑞 ∑𝑘 ̸=𝑞 |𝑎𝑞𝑘| = 𝑓𝑘𝑎𝑞𝑘, 𝑞 = 1, . . . , 𝑁. Noticing
𝑓𝑞 = ±1, one has 𝑓𝑞𝑓𝑘𝑎𝑞𝑘 = |𝑎𝑞𝑘| ≥ 0. Let 𝑉1 = {𝑞 | 𝑓𝑞 = 1}
and 𝑉2 = {𝑞 | 𝑓𝑞 = −1}; then 𝑉1 ∩ 𝑉2 = ⌀,𝑉1 ∪ 𝑉2 = 𝑉. If
𝑞 ∈ V𝑗, 𝑗 ∈ {1, 2}, 𝑎𝑞𝑘 ≥ 0, 𝑘 ∈ V𝑗 or 𝑎𝑞𝑘 ≤ 0, 𝑘 ∈ V𝑟, 𝑟 ̸=
𝑗, 𝑟 ∈ {1, 2}. By definition, G is structurally balanced; i.e.,
(T1) holds. From Lemma 1 of [17],G has a spanning tree; i.e.,
(T2) holds.
Remark 5. From (11), one obtains that the convergence rate
of the closed-loop system is closely related to eigenvalues of
L and the rate of ∫𝑡

0 𝑐(𝑠)𝑑𝑠 converging to infinity. It follows
that, by appropriate selection of 𝑐(𝑡), the convergence rate of
(3) can be adjusted.

From Theorem 4, we can see that structural balance
is a necessary and sufficient condition to ensure bipartite
consensus.WhenG is structurally unbalanced, we investigate
the evolution of the MAS:

(T
1) G = (V,E,A) is structurally unbalanced.

(T
2) G = (V,E,A) does not contain structurally balanced

input solitary subgraphs.
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Figure 1: The communication relationsG1.
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Figure 2: Evolution of the states for six agents.

An input solitary subgraph of G indicates that agents of
the subgraph cannot obtain information from other agents of
G.

Theorem 6. System (2) can be stabilizing via event-based
protocol (2), i.e., lim𝑡→∞𝑋(𝑡) = 0 if and only if (T

1), (T
2),

and (T3) hold.
Proof.

Necessity. The necessity is similar to the proof of Theorem 4.

Sufficiency. From (T
1), (T

2), and Lemma 2 of [17], we can see
that all eigenvalues of L have positive real parts. Since (T3)
holds, one has lim𝑡→∞𝑋(𝑡) = 0 by repeating the sufficiency
proof of Theorem 4.

4. Numerical Simulation

Example 1. Six agents’ communication relations are
expressed by Figure 1, where G1 = (V,E1,A1), V = {1,
. . . , 6}, 𝑎12 = 𝑎21 = 𝑎36 = 2, 𝑎45 = 𝑎61 = −1, and
𝑎24 = 𝑎53 = 1. Obviously, G1 satisfies assumptions (T1) and(T2). Laplacian L1 has eigenvalues 𝜆1(L1) = 0, 𝜆2(L1) =
4.5698, 𝜆3(L1) = 0.6852 + 0.8449𝜄, 𝜆4(L1) =
0.6852 − 0.8449𝜄, 𝜆5(L1) = 2.0299 + 0.5637𝜄, and
𝜆6(L1) = 2.0299 − 0.5637𝜄 (𝜄2 = −1). It can be seen that
0 is a simple eigenvalue of L1, and min𝜆(L1) ̸=0{Re𝜆(L1)} =
0.6852. Agents’ dynamics satisfy (1). Assume 𝑋(0) =
(1, 2, −1.5, 2.5, −3, −0.5). If we choose 𝑀 = 1.5, 𝛾 = 0.65, and
𝑐(𝑡) = 1 in (2), then 𝑐(𝑡) satisfies (T3) and state trajectories
are given in Figure 2. One can find that agents 1, 2, and 4
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Figure 3: Evolution of control inputs for six agents.

converge to 1.7 while agents 3, 5, and 6 converge to −1.7;
i.e., system (1) achieves bipartite consensus via event-based
protocol (2). From Figure 3, we know that the inputs are
constants between the event triggering time intervals.
Furthermore, as shown in Figure 4, error norm of each agent
converges to zero. This means that the MAS avoids the Zeno
behavior.

Example 2. When communication relationship among the
six agents is given byG2 = (V,E2,A2) as shown in Figure 5,
where 𝑎12 = 𝑎21 = 𝑎32 = 𝑎43 = 𝑎54 = 1, 𝑎13 = 𝑎31 = −2 and
𝑎65 = 2. Eigenvalues of Laplacian L2 are 𝜆1(L2) = 0.7639,
𝜆2(L2) = 𝜆3(L2) = 𝜆4(L2) = 1, 𝜆5(L2) = 2, and
𝜆6(L2) = 5.2316, respectively. G2 satisfies (T

1) and (T
2).

It is easy to know that min𝜆(L2) ̸=0{Re𝜆(L2)} = 0.7639. Let
𝑀 = 1.2, 𝛾 = 0.6, and 𝑐(𝑡) = 1; the state trajectories of the
MAS can be obtained as shown in Figure 6. All states
eventually converge to 0. This is consistent with Theorem 6.
The evolution of control input and error norm are shown in
Figures 7 and 8, respectively.

5. Conclusion

In this paper, event-driven protocols are considered for
bipartite consensus of MASs. Based on them, the num-
ber of controller updates is reduced. Under necessary and
sufficient conditions on protocol gain and communication
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Figure 4: Six agents’ error norms.
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Figure 6: Six agents’ states under G2.
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Figure 7: Six agents’ control inputs underG2.

topology, the MAS is shown to reach event-based bipar-
tite consensus. When the graph is structurally unbalanced,
the MAS is proved to be stabilizing. The further research
is related to MASs with time-varying topology and time
delays.

Data Availability

The MatLab based models used to support the findings of
this study are available from the corresponding author upon
request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This research was supported by Postgraduate Education
Innovation Program of Shandong Province, under
Grant no. SDYY16088, and the Young Teacher Capability
Enhancement Program for Overseas Study, Qufu Normal
University.



Mathematical Problems in Engineering 7

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

Time (sec)
0 2 4 6 8 10

0

0.2

0.4

0.6

0.8

1

Time (sec)

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

Time (sec)
0 2 4 6 8 10

0

0.2

0.4

0.6

0.8

1

Time (sec)

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

Time (sec)
0 2 4 6 8 10

0

0.2

0.4

0.6

0.8

1

Time (sec)

1


－？−Ｎ

2


－？−Ｎ

3


－？−Ｎ

4


－？−Ｎ

5


－？−Ｎ

6


－？−Ｎ

Figure 8: Six agents’ error norms under G2.
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In this paper, we discuss the infinite horizon 𝐻∞ control problem for a class of nonlinear stochastic systems with state, control,
and disturbance dependent noise.The jumping parameters are modelled as an infinite-state Markov chain. Based on the solvability
of a set of coupled Hamilton-Jacobi inequalities (HJIs), the exponential mean square 𝐻∞ controller for the considered nonlinear
stochastic systems is obtained. A numerical example is given to show the effectiveness of the proposed design method.

1. Introduction

During the past decades, as one of the most important robust
control design, 𝐻∞ control has been extensively studied in
both theory and practical applications [1]. From the time-
domain viewpoint, 𝐻∞ control is to find a control law to
eliminate the effect of external disturbance below a given
level [2]. Due to the ability to model many real plants in
practice, stochastic systems has gained much attention. In
particular, stochastic 𝐻∞ control was firstly investigated in
[3] for Itô systems, where a stochastic bounded real lemma
was established in the form of linear matrix inequalities.
References [4, 5], respectively, studied 𝐻∞ filtering and
control for nonlinear stochastic systems via solving second-
order nonlinear HJIs.

Stochastic systems with Markov jumps are powerful tool
to describe physical systems which may encounter abrupt
changes in their dynamics. In the theoretical study of stochas-
tic Markov jump systems, stability and observability [6–11]
and robust control [12–15] have been widely investigated.
Recently, stable and control problems for nonlinear systems
have become ahot research topic [16–22]. It should be pointed
out that most of the aforementioned researches on Markov
jump systems assume that Markov chain takes values in
a finite set. However, Markov jump systems with infinite-
state chains can be used to describe more plants in many
real scenarios [23, 24]. Therefore, infinite Markov jump
systems deserve our consideration. Recently, some papers

on stability [25–27] and control problems [28, 29] of linear
infinite Markov jump systems have appeared. To be specific,
infinite horizon𝐻2/𝐻∞ controller has been obtained by four
coupled algebraic Riccati equations in [30]. Nevertheless, to
the best of our knowledge, 𝐻∞ control problem for a class
of nonlinear stochastic systems with infiniteMarkov jumps is
still unsolved, let alone the case of (𝑥, 𝑢, V)-dependent noise.
This situation motivates us to carry out the present research.

This paper is concerned with the infinite horizon 𝐻∞
control problem for a class of nonlinear stochastic systems
with infinite Markov jumps and (𝑥, 𝑢, V)-dependent noise.
The rest of the paper is organized as follows. Section 2
provides some useful definitions and lemmas. In Section 3,
based on the generalized Itô-type formula and the technique
of squares completion, an exponential mean square stable𝐻∞ controller is designed in terms of a set of coupled
HJIs. And a numerical example is provided to illustrate the
applicability of the proposed design approach. Conclusions
are made in Section 4.

Next, we adopt the following notations.R denotes the set
of all real numbers and R+ is the set of all nonnegative real
numbers. R𝑛 and R𝑚×𝑛 stand for 𝑛-dimensional real vector
space and the vector space of all𝑚× 𝑛matrices, respectively.
For a matrix 𝐴, 𝐴 represents the transpose and we denote𝐴 ≥ 0 (𝐴 > 0) the positive semidefinite (definite) symmetric
matrix. Also, wemake use of the notation ofS𝑛 and 𝐼𝑛 for the
set of all 𝑛 × 𝑛 symmetric and identity matrices, respectively.
The operator norm ofR𝑚×𝑛 or the Euclidean norm ofR𝑛 is
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‖ ⋅‖. By 𝑙2(R+;R𝑚)we define the space ofR𝑚-valued, square
integrable, andF𝑡-measurable processes 𝜁 = {𝜁(𝑡, 𝑤) : R+ ×Ω → R𝑚} satisfying ‖𝜁‖2 = 𝐸∫∞

0
‖𝜁(𝑡)‖2𝑑𝑡 < ∞. The class

of functions 𝑉(𝑥) which are twice continuously differential
with respect to 𝑥 ∈ U, except possibly at the point 𝑥 = 0, will
be denoted by 𝐶2(U).D := {1, 2, . . .}.
2. Preliminaries

Consider the following stochastic nonlinear system with
infinite Markov jumps:

𝑑𝑥 (𝑡) = [𝑓1 (𝑥 (𝑡) , 𝜂𝑡) + 𝑔1 (𝑥 (𝑡) , 𝜂𝑡) 𝑢 (𝑡)
+ ℎ1 (𝑥 (𝑡) , 𝜂𝑡) V (𝑡)] 𝑑𝑡 + [𝑓2 (𝑥 (𝑡) , 𝜂𝑡)
+ 𝑔2 (𝑥 (𝑡) , 𝜂𝑡) 𝑢 (𝑡) + ℎ2 (𝑥 (𝑡) , 𝜂𝑡) V (𝑡)] 𝑑𝑤 (𝑡) ,

𝑧 (𝑡) = [𝑚 (𝑥 (𝑡) , 𝜂𝑡)𝑢 (𝑡) ] ,
𝑥 (0) = 𝑥0 ∈ R

𝑛, 𝑡 ∈ R+,

(1)

where 𝑥(𝑡) ∈ R𝑛, V(𝑡) ∈ R𝑛V , 𝑢(𝑡) ∈ R𝑛𝑢 , and 𝑧(𝑡) ∈
R𝑛𝑧 stand for the system state, exogenous disturbance,
control input, andmeasurement output, respectively.𝑤(𝑡) is a
standard one-dimensional Brownianmotion on a probability
space (Ω,F,P). Assume that F𝑡 := 𝜎(𝑤(𝑠), 0 ≤ 𝑠 ≤ 𝑡) ∨𝜎(𝜂(𝑠), 0 ≤ 𝑠 ≤ 𝑡) ∨ N, where N denotes the totality of P-
null sets and the 𝜎-algebras 𝜎(𝑤(𝑠), 0 ≤ 𝑠 ≤ 𝑡) and 𝜎(𝜂(𝑠), 0 ≤𝑠 ≤ 𝑡) are mutually independent. We denote {𝜂𝑡}𝑡∈R+ the
right continuous, homogeneous Markov process onΩ taking
values in the countably infinite state space D with generator𝑄 = (𝑞𝑖𝑗)𝑖,𝑗∈D given by

𝑃 (𝜂𝑡+𝑠 = 𝑗 | 𝜂𝑡 = 𝑖) = {{{
𝑞𝑖𝑗𝑠 + 𝑜 (𝑠) , 𝑖 ̸= 𝑗,
1 + 𝑞𝑖𝑖𝑠 + 𝑜 (𝑠) , 𝑖 = 𝑗, (2)

where 𝑠 > 0, lim𝑠→0(𝑜(𝑠)/𝑠) = 0, 𝑞𝑖𝑗 ≥ 0(𝑖, 𝑗 ∈ D, 𝑖 ̸= 𝑗) is
the transition rate from mode 𝑖 at time 𝑡 to mode 𝑗 at time𝑡 + 𝑠 and 𝑞𝑖𝑖 = −∑𝑗∈D,𝑗 ̸=𝑖 𝑞𝑖𝑗 < ∞ for all 𝑖 ∈ D. Suppose
that 𝑓1, 𝑔1, ℎ1, 𝑓2, 𝑔2, ℎ2, and 𝑚 satisfy the local Lipschitz
condition and the linear growth condition for any 𝑖 ∈ D,
which guarantee that system (1) has a unique strong solution
[13, 31]. Moreover, assume 𝑓1(0, 𝑖) = 0, 𝑓2(0, 𝑖) = 0, 𝑖 ∈ D.

Denote E𝑚×𝑛1 the Banach space of all sequences {𝐸|𝐸 =(𝐸(1), 𝐸(2), ⋅ ⋅ ⋅ ), 𝐸(𝑖) ∈ R𝑚×𝑛} with the norm ‖𝐸‖1 =∑∞𝑖=1 ‖𝐸(𝑖)‖ < ∞.Likewise, define another Banach spaceE𝑚×𝑛∞
with the norm ‖𝐸‖∞ = sup𝑖∈D‖𝐸(𝑖)‖. Assume all coefficients
of considered systems have a finite norm ‖⋅‖∞. If𝑚 = 𝑛,E𝑚×𝑛1
will be simplified as E𝑛1 and so does E𝑚×𝑛∞ . When 𝐸(𝑖) ∈ 𝑆𝑛
and 𝐸(𝑖) ≥ 0, 𝑖 ∈ D, E𝑛1(E

𝑛
∞) is written as E𝑛+1 (resp., E

𝑛+
∞ ).

For 𝐿, 𝑀 ∈ E𝑛+1 , 𝐿 ≤ 𝑀 implies that L(𝑖) ≤ 𝑀(𝑖), 𝑖 ∈ D.
Therefore, we have ‖𝐿‖1 ≤ ‖𝑀‖1.

For each 𝑉 ∈ 𝐶2(R𝑛 ×D;R), an infinitesimal operator
L𝑉 : R𝑛 ×D → R associated with system (1) is defined as
follows [28, 31]:

L𝑉 (𝑥 (𝑡) , 𝑖) = 𝜕𝑉 (𝑥 (𝑡) , 𝑖)𝜕𝑥 [𝑓1 (𝑥 (𝑡) , 𝑖)
+ 𝑔1 (𝑥 (𝑡) , 𝑖) 𝑢 (𝑡) + ℎ1 (𝑥 (𝑡) , 𝑖) V (𝑡)]
+ ∞∑
𝑗=1

𝑞𝑖𝑗𝑉 (𝑥 (𝑡) , 𝑗) + 12 trace{[𝑓2 (𝑥 (𝑡) , 𝑖)
+ 𝑔2 (𝑥 (𝑡) , 𝑖) 𝑢 (𝑡)
+ ℎ2 (𝑥 (𝑡) , 𝑖) V (𝑡)] 𝜕2𝑉 (𝑥 (𝑡) , 𝑖)𝜕𝑥2
⋅ [𝑓2 (𝑥 (𝑡) , 𝑖) + 𝑔2 (𝑥 (𝑡) , 𝑖) 𝑢 (𝑡)
+ ℎ2 (𝑥 (𝑡) , 𝑖) V (𝑡)]} , 𝑖 ∈ D.

(3)

To study the infinite horizon nonlinear stochastic 𝐻∞
control, the internal stability requirement is needed; thus we
introduce the following definition.

Definition 1 (see [13]). The unforced stochastic system with
infinite Markov jumps,

𝑑𝑥 (𝑡) = 𝑓1 (𝑥 (𝑡) , 𝜂𝑡) 𝑑𝑡 + 𝑓2 (𝑥 (𝑡) , 𝜂𝑡) 𝑑𝑤 (𝑡) ,
𝑡 ∈ R+, (4)

is called exponentially mean square stable (EMSS) if there
exist 𝛼 > 0 and 𝛽 ≥ 1 such that

𝐸 [‖𝑥 (𝑡)‖2] ≤ 𝛽𝑒−𝛼𝑡 𝑥02 (5)

for all 𝑡 ∈ R+, 𝑖 ∈ D and 𝑥0 ∈ R𝑛.
Definition 2. For a given 𝛾 > 0, the control 𝑢∗(𝑡) ∈𝑙2(R+;R𝑛𝑢) is said to be an infinite horizon 𝐻∞ control of
system (1), if

(i) 𝑢∗(𝑡) stabilizes system (1) internally; i.e. when V(𝑡) =0, 𝑢(𝑡) = 𝑢∗(𝑡), the trajectory of system (1) with any
initial value 𝑥(0) = 𝑥0 is EMSS

(ii) For any nonzero V∗(𝑡) ∈ 𝑙2(R+;R𝑛V) and zero initial
state 𝑥0 = 0, we always have

‖𝑧 (𝑡)‖𝑙2(R+ ;R𝑛𝑢 ) ≤ 𝛾 ‖V (𝑡)‖𝑙2(R+ ;R𝑛V ) . (6)

Remark 3. If (6) holds, it is easy to verify that (6) is equivalent
to ‖𝐿𝑢∗∞‖ ≤ 𝛾, where the perturbation operator ‖𝐿𝑢∗∞‖ is
defined by 𝐿𝑢∗∞ : 𝑙2(R+;R𝑛V) → 𝑙2(R+;R𝑛𝑧) subject to
system (1) with

𝐿𝑢∗∞ fl sup
V(⋅)∈𝑙2(R+ ;R

𝑛V ),V ̸=0
𝜂0∈D,𝑥0=0

‖𝑧 (𝑡)‖𝑙2(R+ ;R𝑛𝑧 )‖V (𝑡)‖𝑙2(R+ ;R𝑛V ) . (7)

We provide some lemmas which are absolutely necessary
to derive our main results.
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Lemma 4 (see [32]). For 𝑥, 𝑏 ∈ R𝑛, 𝐴 ∈ S𝑛, 𝐴−1 exists, we
have

𝑥𝐴𝑥 + 𝑥𝑏 + 𝑏𝑥 = (𝑥 + 𝐴−1𝑏) 𝐴(𝑥 + 𝐴−1𝑏)
− 𝑏𝐴−1𝑏. (8)

The following lemma generalizes Theorem 5.8 [31] and
Corollary 3.2.3 [13] to the infiniteMarkov jump andnonlinear
systems, respectively. Its proof can be easily shown by analo-
gous arguments.

Lemma 5. Assume that there are a set of positive functions𝑉(𝑥, 𝜂𝑡) ∈ 𝐶2(R𝑛 × D;R+) and positive constants 𝑐1, 𝑐2, 𝑐3
such that

𝑐1 ‖𝑥‖2 ≤ 𝑉 (𝑥, 𝑖) ≤ 𝑐2 ‖𝑥‖2 (9)

and

L𝑉 (𝑥, 𝑖) ≤ −𝑐3 ‖𝑥‖2 (10)

for all 𝑥 ∈ R𝑛 and 𝑖 ∈ D. 
en system (4) is EMSS.

3. Infinite Horizon Nonlinear
Stochastic𝐻∞ Control

In this subsection, we attempt to obtain the sufficient condi-
tion for the infinite horizon nonlinear stochastic𝐻∞ control
problem of system (1).

Theorem 6. For a given disturbance attenuation level 𝛾 > 0, if
there exist a set of positive functions𝑉(𝑥, 𝑖) ∈ 𝐶2(R𝑛×D;R+),𝑉(0, 𝑖) = 0, and 𝜕2𝑉(𝑥, 𝑖)/𝜕𝑥2 ≥ 0 for all nonzero 𝑥 ∈ R𝑛,𝑖 ∈ D with the properties of

𝑐1 ‖𝑥‖2 ≤ 𝑉 (𝑥, 𝑖) ≤ 𝑐2 ‖𝑥‖2 ,
− ‖𝑚 (𝑥, 𝑖)‖2 ≤ −𝑐3 ‖𝑥‖2 , (11)

for some positive constants 𝑐1, 𝑐2, 𝑐3 such that 𝑉(𝑥, 𝑖) solves the
coupled HJIs,

Υ𝑖 = 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑓1 (𝑥, 𝑖) + 12𝑓2 (𝑥, 𝑖) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)

+ 𝑚 (𝑥, 𝑖)𝑚(𝑥, 𝑖) + ∞∑
𝑗=1

𝑞𝑖𝑗𝑉 (𝑥, 𝑗)

− 14 [𝑓2 (𝑥, 𝑖) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 ℎ2 (𝑥, 𝑖)

+ 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ℎ1 (𝑥, 𝑖)] [−𝛾2𝐼

+ ℎ2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 ℎ2 (𝑥, 𝑖)]
−1

⋅ [ℎ2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ ℎ1 (𝑥, 𝑖) 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ]
− 14 [𝑓2 (𝑥, 𝑖) 𝜕

2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)
+ 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑔1 (𝑥, 𝑖)] [𝐼
+ 𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)]

−1

⋅ [𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ 𝑔1 (𝑥, 𝑖) 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ] ≤ 0,

− 𝛾2𝐼 + ℎ2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 ℎ2 (𝑥, 𝑖) < 0, 𝑖 ∈ D,
(12)

then

𝑢∗ (𝑥, 𝑖) = −12 [𝐼 + 𝑔2 (𝑥, 𝑖) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)]

−1

⋅ [𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ 𝑔1 (𝑥, 𝑖) 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ]

(13)

is an infinite horizon𝐻∞ control of system (1).

Proof. We first verify that (6) holds. For any 𝑇 > 0 and initial
state 𝑥0 = 0, 𝜂0 = 𝑖, note that the generalized Itô-type formula
[28] and (3) yield

𝐸 [𝑉 (𝑥 (𝑇) , 𝜂𝑇) − 𝑉 (𝑥0, 𝜂0) | 𝜂0 = 𝑖] = 𝐸{∫𝑇
0
L𝑉 (𝑥, 𝜂𝑡) 𝑑𝑡 | 𝜂0 = 𝑖}

= 𝐸{{{
∫𝑇
0

[
[
𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 (𝑓1 (𝑥, 𝜂𝑡) + 𝑔1 (𝑥, 𝜂𝑡) 𝑢 + ℎ1 (𝑥, 𝜂𝑡) V) + ∞∑

𝑗=1

𝑞𝑖𝑗𝑉 (𝑥, 𝑗)
+ 12 (𝑓2 (𝑥, 𝜂𝑡) + 𝑔2 (𝑥, 𝜂𝑡) 𝑢 + ℎ2 (𝑥, 𝜂𝑡) V)

𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 (𝑓2 (𝑥, 𝜂𝑡) + 𝑔2 (𝑥, 𝜂𝑡) 𝑢 + ℎ2 (𝑥, 𝜂𝑡) V) + 𝑚 (𝑥, 𝜂𝑡)2 + ‖𝑢‖2
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− ‖𝑧‖2 − 𝛾2 ‖V‖2 + 𝛾2 ‖V‖2]
]
𝑑𝑡 | 𝜂0 = 𝑖}}}

= 𝐸{{{
∫𝑇
0

[
[
Λ 1 (V, 𝑥, 𝜂𝑡) + Λ 2 (𝑥, 𝜂𝑡) + Λ 3 (𝑢, 𝑥, 𝜂𝑡) + ∞∑

𝑗=1

𝑞𝑖𝑗𝑉 (𝑥, 𝑗) − ‖𝑧‖2 + 𝛾2 ‖V‖2

+ 12 (𝑢𝑔2 (𝑥, 𝜂𝑡)
𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡) V + Vℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡) 𝑢)]]

𝑑𝑡 | 𝜂0 = 𝑖}}}
,

(14)

where

Λ 1 (V, 𝑥, 𝜂𝑡) = V (−𝛾2𝐼 + 12
⋅ ℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡)) V

+ 12 (𝑓2 (𝑥, 𝜂𝑡)
𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡)

+ 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 ℎ1 (𝑥, 𝜂𝑡)) V + 12
⋅ V (ℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑓2 (𝑥, 𝜂𝑡)
+ ℎ1 (𝑥, 𝜂𝑡) 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 ) ,

Λ 2 (𝑥, 𝜂𝑡) = 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 𝑓1 (𝑥, 𝜂𝑡) + 12
⋅ 𝑓2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑓2 (𝑥, 𝜂𝑡)
+ 𝑚 (𝑥, 𝜂𝑡)𝑚(𝑥, 𝜂𝑡) ,

Λ 3 (𝑢, 𝑥, 𝜂𝑡) = 𝑢 (𝐼 + 12
⋅ 𝑔2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡)) 𝑢

+ 12 (𝑓2 (𝑥, 𝜂𝑡)
𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡)

+ 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 𝑔1 (𝑥, 𝜂𝑡)) 𝑢 + 12
⋅ 𝑢 (𝑔2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑓2 (𝑥, 𝜂𝑡)
+ 𝑔1 (𝑥, 𝜂𝑡) 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 ) .

(15)

Invoking 𝜕2𝑉(𝑥, 𝑖)/𝜕𝑥2 ≥ 0, 𝑖 ∈ D, we deduce that

12 (−𝑢𝑔2 (𝑥, 𝜂𝑡) + Vℎ2 (𝑥,
𝜂𝑡)) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 (−𝑔2 (𝑥, 𝜂𝑡) 𝑢 + ℎ2 (𝑥, 𝜂𝑡) V)
≥ 0,

(16)

which shows that

12 (𝑢𝑔2 (𝑥, 𝜂𝑡)
𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡) V

+ Vℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡) 𝑢)
≤ 12 (𝑢𝑔2 (𝑥, 𝜂𝑡)

𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡) 𝑢
+ Vℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡) V) .

(17)

Hence,

𝐸 [𝑉 (𝑥 (𝑇) , 𝜂𝑇) − 𝑉 (𝑥0, 𝜂0) | 𝜂0 = 𝑖] ≤ 𝐸{{{
∫𝑇
0

[
[
Λ 1 (V, 𝑥, 𝜂𝑡) + Λ 2 (𝑥, 𝜂𝑡) + Λ 3 (𝑢, 𝑥, 𝜂𝑡) + ∞∑

𝑗=1

𝑞𝑖𝑗𝑉 (𝑥, 𝑗) − ‖𝑧‖2

+ 𝛾2 ‖V‖2 + 12 (𝑢𝑔2 (𝑥, 𝜂𝑡)
𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡) 𝑢 + Vℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡) V)]]

𝑑𝑡 | 𝜂0 = 𝑖}}}
= 𝐸{{{

∫𝑇
0

[
[
Λ1 (V, 𝑥, 𝜂𝑡) + Λ 2 (𝑥, 𝜂𝑡) + Λ3 (𝑢, 𝑥, 𝜂𝑡) + ∞∑

𝑗=1

𝑞𝑖𝑗𝑉 (𝑥, 𝑗) − ‖𝑧‖2 + 𝛾2 ‖V‖2]
]
𝑑𝑡 | 𝜂0 = 𝑖}}}

,

(18)
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where

Λ1 (V, 𝑥, 𝜂𝑡) = V (−𝛾2𝐼
+ ℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡)) V

+ 12 (𝑓2 (𝑥, 𝜂𝑡)
𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡)

+ 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 ℎ1 (𝑥, 𝜂𝑡)) V + 12
⋅ V (ℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑓2 (𝑥, 𝜂𝑡)
+ ℎ1 (𝑥, 𝜂𝑡) 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 ) ,

Λ3 (𝑢, 𝑥, 𝜂𝑡) = 𝑢 (𝐼
+ 𝑔2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡)) 𝑢
+ 12 (𝑓2 (𝑥, 𝜂𝑡)

𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡)

+ 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 𝑔1 (𝑥, 𝜂𝑡)) 𝑢 + 12
⋅ 𝑢 (𝑔2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑓2 (𝑥, 𝜂𝑡)
+ 𝑔1 (𝑥, 𝜂𝑡) 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 ) .

(19)

Applying Lemma 4 to Λ1(V, 𝑥, 𝜂𝑡) and Λ3(𝑢, 𝑥, 𝜂𝑡), we con-
clude that

Λ1 (V, 𝑥, 𝜂𝑡) = (V + 𝐹1) (−𝛾2𝐼
+ ℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡)) (V + 𝐹1) ,
− 14 (𝑓2 (𝑥, 𝜂𝑡)

𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡)
+ 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 ℎ1 (𝑥, 𝜂𝑡)) ⋅ (−𝛾2𝐼
+ ℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡))

−1

⋅ (ℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑓2 (𝑥, 𝜂𝑡)
+ ℎ1 (𝑥, 𝜂𝑡) 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 ) ,

(20)

Λ3 (𝑢, 𝑥, 𝜂𝑡) = (𝑢 + 𝐹2) (𝐼
+ 𝑔2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡)) (𝑢 + 𝐹2)
− 14 (𝑓2 (𝑥, 𝜂𝑡)

𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡)

+ 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 𝑔1 (𝑥, 𝜂𝑡)) ⋅ (𝐼

+ 𝑔2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡))
−1

⋅ (𝑔2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑓2 (𝑥, 𝜂𝑡)
+ 𝑔1 (𝑥, 𝜂𝑡) 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 ) ,

(21)

where

𝐹1 = 12 [−𝛾2𝐼 + ℎ2 (𝑥, 𝜂𝑡)
𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡)]

−1

⋅ [ℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑓2 (𝑥, 𝜂𝑡)
+ ℎ1 (𝑥, 𝜂𝑡) 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 ] ,

(22)

𝐹2 = 12 [𝐼 + 𝑔2 (𝑥, 𝜂𝑡)
𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡)]

−1

⋅ [𝑔2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑓2 (𝑥, 𝜂𝑡)
+ 𝑔1 (𝑥, 𝜂𝑡) 𝜕𝑉 (𝑥, 𝜂𝑡)𝜕𝑥 ] .

(23)

Recalling (12) and substituting (20) and (21) into (18) yield
that

𝐸 [𝑉 (𝑥 (𝑇) , 𝜂𝑇) − 𝑉 (𝑥0, 𝜂0) | 𝜂0 = 𝑖]
≤ 𝐸{∫𝑇

0
[(V + 𝐹1)

⋅ (−𝛾2𝐼 + ℎ2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 ℎ2 (𝑥, 𝜂𝑡))
⋅ (V + 𝐹1) + (𝑢 + 𝐹2)
⋅ (𝐼 + 𝑔2 (𝑥, 𝜂𝑡) 𝜕2𝑉 (𝑥, 𝜂𝑡)𝜕𝑥2 𝑔2 (𝑥, 𝜂𝑡)) (𝑢 + 𝐹2)
− ‖𝑧‖2 + 𝛾2 ‖V‖2]𝑑𝑡 | 𝜂0 = 𝑖} .

(24)
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In view of (12), for 𝑥0 = 0, if we choose 𝑢 = 𝑢∗ = −𝐹2, then it
follows from (24) that

𝐸{∫𝑇
0
‖𝑧‖2 𝑑𝑡 | 𝜂0 = 𝑖} < 𝛾2𝐸{∫𝑇

0
‖V‖2 𝑑𝑡 | 𝜂0 = 𝑖} . (25)

Taking the limit for 𝑇 → ∞ in the above, it is easy to show
(6) by Definition 2.

Next, we remain to show that when V = 0, 𝑢 = 𝑢∗, the
trajectory of system (1) with any initial value 𝑥(0) = 𝑥0 is
EMSS. To this end, for 𝑖 ∈ D, let L𝑢∗ be the infinitesimal
operator of system (1) with V = 0, 𝑢 = 𝑢∗; then

L𝑢∗𝑉 (𝑥, 𝑖)V=0 = 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 (𝑓1 (𝑥, 𝑖) + 𝑔1 (𝑥, 𝑖) 𝑢∗)
+ ∞∑
𝑗=1

𝑞𝑖𝑗𝑉 (𝑥, 𝑗) + 12 (𝑓2 (𝑥, 𝑖) + 𝑔2 (𝑥, 𝑖)

⋅ 𝑢∗) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 (𝑓2 (𝑥, 𝑖) + 𝑔2 (𝑥, 𝑖) 𝑢∗)
= 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑓1 (𝑥, 𝑖) + 12𝑓2 (𝑥, 𝑖) 𝜕

2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ ∞∑
𝑗=1

𝑞𝑖𝑗𝑉 (𝑥, 𝑗) + 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑔1 (𝑥, 𝑖) 𝑢∗ + 12
⋅ 𝑓2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖) 𝑢∗

+ 12 (𝑔2 (𝑥, 𝑖) 𝑢∗) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)

+ 12 (𝑔2 (𝑥, 𝑖) 𝑢∗) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖) 𝑢∗,

= 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑓1 (𝑥, 𝑖) + 12𝑓2 (𝑥, 𝑖) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)

+ ∞∑
𝑗=1

𝑞𝑖𝑗𝑉 (𝑥, 𝑗) + Ψ1𝑖 + Ψ2𝑖,

(26)

where

Ψ1𝑖 = 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑔1 (𝑥, 𝑖) 𝑢∗ + 12𝑓2 (𝑥,
𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖) 𝑢∗ + 12 (𝑔2 (𝑥, 𝑖)
⋅ 𝑢∗) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖) = −12
⋅ 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑔1 (𝑥, 𝑖) [𝐼 + 𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)]

−1

⋅ [𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ 𝑔1 (𝑥, 𝑖) 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ] − 14𝑓2 (𝑥,

𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖) [𝐼 + 𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)]
−1

⋅ [𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖) + 𝑔1 (𝑥, 𝑖) 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ]
− 14 [𝑓2 (𝑥, 𝑖) 𝜕

2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖) + 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑔1 (𝑥, 𝑖)]
⋅ [𝐼

+ 𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)]
−1 𝑔2 (𝑥,

𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖) ,
(27)

and

Ψ2𝑖 = 12 (𝑔2 (𝑥, 𝑖) 𝑢∗) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖) 𝑢∗

= 18 [𝑓2 (𝑥, 𝑖) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖) + 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑔1 (𝑥, 𝑖)]

⋅ [𝐼

+ 𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)]
−1 ⋅ 𝑔2 (𝑥,

𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖) [𝐼 + 𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)]
−1

⋅ [𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖) + 𝑔1 (𝑥, 𝑖) 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ] .

(28)

By direct calculations, one obtains that

Ψ1𝑖 = −12 [𝑓2 (𝑥, 𝑖) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)

+ 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑔1 (𝑥, 𝑖)] [𝐼

+ 𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)]
−1

⋅ [𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ 𝑔1 (𝑥, 𝑖) 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ] ,

(29)

and

Ψ2𝑖 ≤ 18 [𝑓2 (𝑥, 𝑖) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)

+ 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑔1 (𝑥, 𝑖)] [𝐼
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+ 𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)]
−1

⋅ [𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ 𝑔1 (𝑥, 𝑖) 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ] .

(30)

Implementing (29) and (30) into (16) and taking into account
(11) and (12), we have

L𝑢∗𝑉 (𝑥, 𝑖)V=0 ≤ 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑓1 (𝑥, 𝑖) + 12
⋅ 𝑓2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ ∞∑
𝑗=1

𝑞𝑖𝑗𝑉 (𝑥, 𝑗) − 38 [𝑓2 (𝑥, 𝑖) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)

+ 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑔1 (𝑥, 𝑖)] ⋅ [𝐼

+ 𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)]
−1

⋅ [𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ 𝑔1 (𝑥, 𝑖) 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ] ≤ 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑓1 (𝑥, 𝑖) + 12
⋅ 𝑓2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ ∞∑
𝑗=1

𝑞𝑖𝑗𝑉 (𝑥, 𝑗) − 14 [𝑓2 (𝑥, 𝑖) 𝜕
2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)

+ 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 𝑔1 (𝑥, 𝑖)] ⋅ [𝐼

+ 𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑔2 (𝑥, 𝑖)]
−1

⋅ [𝑔2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ 𝑔1 (𝑥, 𝑖) 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ] ≤ −𝑚 (𝑥, 𝑖)𝑚(𝑥, 𝑖)
− 14 [𝑓2 (𝑥, 𝑖) 𝜕

2𝑉 (𝑥, 𝑖)𝜕𝑥2 ℎ2 (𝑥, 𝑖)
+ 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ℎ1 (𝑥, 𝑖)] ⋅ [𝛾2𝐼

− ℎ2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 ℎ2 (𝑥, 𝑖)]
−1

⋅ [ℎ2 (𝑥, 𝑖) 𝜕2𝑉 (𝑥, 𝑖)𝜕𝑥2 𝑓2 (𝑥, 𝑖)
+ ℎ1 (𝑥, 𝑖) 𝜕𝑉 (𝑥, 𝑖)𝜕𝑥 ] ≤ − ‖𝑚 (𝑥, 𝑖)‖2 ≤ −𝑐3 ‖𝑥‖2 .

(31)
Based on Lemma 5, it results that system (1) with V = 0, 𝑢 =𝑢∗ is EMSS. The proof is complete.

Remark 7. It should be pointed that, in Theorem 6, if we
take Υ𝑖 < 0 in (12), system (1) is internally stable (globally
asymptotically stable in probability) even without condition
(11). Then the controller defined in (13) is still an 𝐻∞
controller (globally asymptotically stable in probability).

Below, we will give an example to show the effectiveness
of our above developed𝐻∞ design method.

Example 8. Consider a one-dimensional stochastic nonlinear
system with infinite Markov jumps and the parameters as
follows:

𝑓1 (𝑥, 𝑖) = − 2𝑖𝑥𝑖 + 1 ,
𝑔1 (𝑥, 𝑖) = 1𝑖 + 1 ,
ℎ1 (𝑥, 𝑖) = 14 ,
𝑓2 (𝑥, 𝑖) = 𝑥𝑖 + 1 ,
𝑔2 (𝑥, 𝑖) = 1,
ℎ2 (𝑥, 𝑖) = 1,
𝑚 (𝑥, 𝑖) = 𝑖𝑥2 (𝑖 + 1) .

(32)

Let {𝜂𝑡}𝑡∈R+ be a Poisson process with parameter 𝜆 > 0. It is
obvious that {𝜂𝑡}𝑡∈R+ is a homogeneous Markov process with
the countably infinite state space, and its infinitesimal matrix𝑄 = (𝑞𝑖𝑗) is given by −𝑞𝑖𝑖 = 𝑞𝑖,𝑖+1 = 𝜆 and 𝑞𝑖𝑗 = 0, 𝑖 ∈ D, 𝑗 ∈
D/{𝑖, 𝑖 + 1}.

Assume the disturbance attenuation level 𝛾 = √2 and 𝜆 =1. Then setting 𝑉(𝑥, 𝑖) = 𝑖𝑥2/2(𝑖 + 1), we solve the coupled
HJIs (12), it is easy to verify that the conditions of Theorem 6
are satisfied; thus, via Theorem 6, we have

Υ𝑖 = −15.5𝑖5 − 53.5𝑖4 − 30𝑖3 − 2.75𝑖2 + 8𝑖 + 2
4 (𝑖 + 1)2 (𝑖 + 2) (2𝑖 + 1) < 0. (33)

So the𝐻∞ controller is

𝑢∗ (𝑥, 𝑖) = − 𝑖𝑥(𝑖 + 1) (𝑖 + 2) . (34)

With the initial conditions 𝑥0 = 0.5 and the exogenous
disturbance V(𝑡) = 𝑒−𝑡sin𝑡, Figure 1 shows the state response.
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Figure 1: System state response in Example 8.

4. Conclusion

For a class of nonlinear stochastic systems with infinite
Markov jumps and (𝑥, 𝑢, V)-dependent noise, a sufficient
condition for infinite horizon𝐻∞ control problem has been
obtained in terms of coupled HJIs, and the effectiveness of
the proposed design method is demonstrated by a numer-
ical example. There are some further research directions
including the investigation on𝐻2/𝐻∞ control and𝐻∞ filter
problems for nonlinear infinite Markov jump systems.
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This paper investigates the robustH∞ nonfragile control problem for a class of discrete-time hybrid systems based on piecewise
affine models. The objective is to develop an admissible piecewise affine nonfragile controller such that the resulting closed-loop
system is asymptotically stable with robust H∞ performance 𝛾. By employing a state-control augmentation methodology, some
new sufficient conditions for the controller synthesis are formulated based on piecewise Lyapunov functions (PLFs).The controller
gains can be obtained via solving a set of linear matrix inequalities. Simulation examples are finally presented to demonstrate the
feasibility and effectiveness of the proposed approaches.

1. Introduction

Over the past few decades, hybrid systems have drawn
tremendous attention from the control community, as they
contain the competence to model the interaction between
logic components and continuous dynamics [1–6]. Piecewise
affine (PWA) systems are a rich class of hybrid systems,
which can provide a useful modeling approach for the
stability analysis and controller synthesis of hybrid systems
[7–9]. In addition, the PWAmodels can approximate smooth
nonlinear plants with arbitrary degrees of accuracy [10, 11].

In recent years, many valuable references on the system-
atic analysis and synthesis for the PWA systems have been
published [12–22]. In [12], the stability of continuous-time
PWA systems was analyzed by utilizing discontinuous piece-
wise Lyapunov functions (PLFs). On the basis of the idea in
[12], some algorithms for stability and performance analysis
of discrete-time PWA systems were proposed in [14] and the
continuity of the PLFs was not required for the discrete-time
case. The authors in [20] designed a static output-feedback
controller for discrete-time PWA systems such that the
resulting closed-loop system was asymptotically stable with

robust H∞ performance 𝛾. The authors in [21] developed a
reconfigurable control approach for continuous-time PWA
systems with actuator and sensor faults, and the output track-
ing problem was investigated simultaneously. In [23], the
problem of delay-dependent fixed-order memory piecewise
affine H∞ output-feedback control for a class of nonlinear
systems with time-varying delay was considered. The authors
in [24] have proposed a novel system-augmentation approach
to the delay-dependent reliable piecewise affine H∞ static
output-feedback control for nonlinear systems with time-
varying delay and sensor faults in the piecewise-Markovian-
Lyapunov-functional-based framework.

On the other hand, since 1980s, the robust H∞ control
problem has drawn much attention as it is robust against
the system parameter uncertainties, unmodeled dynamics,
and external disturbances [25, 26]. It is implicitly assumed in
this control approach that the controllers are implemented
precisely. In fact, controllers gains inevitably possess some
degrees of errors or parameter variations due to physical
limitations such as the inherent inaccuracy in analog sys-
tems, finite word length in arbitrary digital systems, and
round-off errors in process of numerical computations [27].
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Numbers of literatures have already shown that relatively
small perturbations in the controller parameters can even
result in instability of the closed-loop system [28–30]. For
this case, it is realistic to synthesize a controller for a given
uncertain system such that the controller is insensitive to
some predefined admissible variations with respect to its
gains. More recently, many efforts have been devoted to the
nonfragile robust H∞ controller design problem [31–40].
For instance, a nonfragileH∞ controller with multiplicative
gain perturbations was proposed for linear time invariant
(LTI) systems in [31]. The author in [32] developed a decen-
tralized robust state-feedback nonfragile control method for
uncertain discrete-time large-scale systems with time-delays
and controller gain variations. In [34], a nonfragile robust
controller with parameter uncertainties was constructed for
a class of nonlinear systems based on T-S fuzzy neural
models.The authors in [40] considered the nonfragile robust
H∞ control problem for fuzzy systems based on output
information. In spite of the attractive features in piecewise
affine systems, the authors in [41] proposed a state-feedback
nonfragile robust controller design method for continuous-
time PWA systems. The results in [41] were derived based
on a common Lyapunov function (CLF), and the matrices𝐵𝑖 are not empowered to have uncertainties. To the best
of the authors’ knowledge, few attempts have been devoted
to the robust nonfragile controller design for discrete-time
piecewise affine systems based on PLFs, which inspires us for
this study.

In this paper, we will consider the piecewise affine
nonfragile control problem for a class of discrete-time hybrid
systems based on piecewise affine models. Via employing
a state-control augmentation approach, a new nonfragile
controller synthesis method is proposed based on piecewise
Lyapunov functions (PLFs), which removes the restrictive
condition that the input matrices do not have uncertainties.
This feature enables one to design the nonfragile controller
for a broader class of industrial systems. It is shown that
the resulting closed-loop PWA system is asymptotically
stable with a prescribed disturbance attenuation level 𝛾,
and the controller gains can be acquired via solving a
set of linear matrix inequalities (LMIs). Finally, two sim-
ulation examples are presented to show the effectiveness
and amenability of the proposed approaches. The main
contributions of this paper are listed as follows: (1) The
controller is designed based on PLFs and piecewise affine
models and the conservation can be reduced. (2) A new
robust piecewise affine nonfragile controller is designed to
deal with the situations that perturbations exist in the con-
troller gains. (3) The input matrices are empowered to have
uncertainties, which is more applicable for some practical
requirements.

The rest of this paper is organized as follows. The
piecewise affine model description and nonfragile controller
design are given in Section 2.The asymptotic stability analysis
for resulting closed-loop system is shown in Section 3.
Simulation examples are shown in Section 4 to verify the
effectiveness of the proposed methods. Section 5 gives the
conclusions.

Notations. The notations employed in this paper are stan-
dard. A real symmetric matrix 𝐴 > 0(≥ 0) indicates𝐴 being positive-definite (positive-semi-definite). sym{𝑋} is
the shorthand notation for 𝑋T + 𝑋.
2. Problem Formulation

2.1. Discrete-Time Piecewise Affine Systems. A discrete-time
piecewise affine system is shown as

𝑥 (𝑡 + 1) = (𝐴 𝑖 + Δ𝐴 𝑖) 𝑥 (𝑡) + 𝑎𝑖 + Δ𝑎𝑖
+ (𝐵𝑖 + Δ𝐵𝑖) 𝑢 (𝑡) + 𝐻𝑖𝑤 (𝑡)

𝑧 (𝑡) = 𝐿 𝑖𝑥 (𝑡) + 𝑁𝑖𝑢 (𝑡) ,
𝑥 (𝑡) ∈ Σ𝑖, 𝑖 ∈ Π fl {1, 2, . . . , 𝜙}

(1)

where 𝑥(𝑡) ∈ R𝑛 is the system state; 𝑢(𝑡) ∈ R𝑚 is the
control input; 𝑧(𝑡) ∈ R𝑝 is the regulated output; 𝑤(𝑡) is the
external nonlinear disturbance belonging to 𝑙2[0,∞); Σ𝑖 is a
polyhedral partition from the state-space and Π is the index
set of these polyhedral regions; Δ𝐴 𝑖, Δ𝑎𝑖, and Δ𝐵𝑖 are the
uncertainty terms of the 𝑙-th local affine model satisfying

[Δ𝐴 𝑖 Δ𝑎𝑖 Δ𝐵𝑖] = 𝑊𝑖1Δ 𝑖 (𝑡) [𝑀𝑖1 𝑀𝑖2 𝑀𝑖3] , 𝑖 ∈ Π (2)

with 𝑊𝑖1, 𝑀𝑖1, 𝑀𝑖2, and 𝑀𝑖3 being known real constant
matrices. Δ 𝑖(𝑡) is unknown time-varying matrix satisfying

ΔT
𝑖 (𝑡) Δ 𝑖 (𝑡) ≤ I. (3)

Remark 1. The system model in (1) is in fact affine systems
rather than linear systems as the offset term (𝑎𝑖 + Δ𝑎𝑖) is
involved. One can easily conclude that this type of models is
more accurate for approximation to nonlinear systems [41].

Following the idea given in [20], define the region indexΠ = Π0 ∪ Π1, where Π1 denotes the index set of subspaces
without the origin andΠ0 refers to the index set of subspaces
containing the origin.

For future use, a new set Ω is introduced to depict all
possible region transitions

Ω fl {(𝑖, 𝑗) | 𝑥 (𝑡) ∈ Σ𝑖, 𝑥 (𝑡 + 1) ∈ Σ𝑗, 𝑖, 𝑗 ∈ Π} . (4)

When (𝑖, 𝑗) ∈ Ω and 𝑖 = 𝑗, the state is involved in the same
region Σ𝑖 at the time 𝑡. Otherwise, the state trajectories will
jump from the region Σ𝑖 to Σ𝑗 at that time.

In this paper, it is assumed that each polyhedral regionsΣ𝑖 can be outer approximated by an ellipsoidΨ𝑖, that is to say,
there exist matrices 𝑄𝑖 and 𝑞𝑖 such that

Σ𝑖 ⊆ Ψ𝑖, Ψ𝑖 fl {𝑥 | 𝑄𝑖𝑥 + 𝑞𝑖 ≤ 1} . (5)

When Σ𝑖 are slab regions, the above covering is useful,
and then the parameters 𝑄𝑖 and 𝑞𝑖 are guaranteed to exist,
and Σ𝑖 ⊆ Ψ𝑖 andΨ𝑖 ⊆ Σ𝑖. If the polyhedral regions Σ𝑖 are slabs
with

Σ𝑖 = {𝑥 | 𝛼𝑖 ≤ 𝑥 ≤ 𝛽𝑖} , 𝑖 ∈ Π, (6)
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where 𝛼𝑖, 𝛽𝑖 ∈ R, 𝜙𝑖 ∈ R𝑛, then each slab can be represented
by a degenerate ellipsoid as in (6) with

𝑄𝑖 = 2𝜙T𝑖𝛽𝑖 − 𝛼𝑖 ,
𝑞𝑖 = 𝛽𝑖 + 𝛼𝑖𝛼𝑖 − 𝛽𝑖 .

(7)

For each ellipsoid region, we have the following relation-
ship:

[ 1
𝑥 (𝑡)]

T [𝑞T𝑖 𝑞𝑖 − 1 𝑞T𝑖 𝑄𝑖
⋆ 𝑄T

𝑖 𝑄𝑖][
1

𝑥 (𝑡)] ≤ 0, 𝑖 ∈ Π. (8)

2.2. Piecewise Affine Nonfragile Controller Design. Borrowing
the idea from [42], define 𝜉(𝑡) = [𝑥T(𝑡) 𝑢T(𝑡)]T. As
the inaccuracies or uncertainties inevitably involved in the
controllers in many practical situations, for the piecewise
affine system (1), a new nonfragile piecewise affine controller
in differential form is designed as

𝑢 (𝑡 + 1) = (𝐾𝑖 + Δ𝐾𝑖) 𝜉 (𝑡) + 𝑘𝑖 + Δ𝑘𝑖, (9)

where 𝐾𝑖 ∈ R𝑛𝑢×(𝑛𝑥+𝑛𝑢) and 𝑘𝑖 ∈ R𝑛𝑢 are the controller
gains to be determined, and 𝑘𝑖 = 0 for 𝑖 ∈ Π0. Δ𝐾𝑖 and Δ𝑘𝑖
are unknown matrices standing for the gain perturbations
satisfying

[Δ𝐾𝑖 Δ𝑘𝑖] = 𝑊𝑖2Δ 𝑢𝑖 (𝑡) [𝑈𝑖1 𝑈𝑖2] , 𝑖 ∈ Π, (10)

where 𝑊𝑖2, 𝑈𝑖1, and 𝑈𝑖2 are known real constant matrices
of appropriate dimensions. The real-valued matrix functionsΔ 𝑢𝑖(𝑡) satisfy

ΔT
𝑢𝑖 (𝑡) Δ 𝑢𝑖 (𝑡) ≤ I. (11)

The parameter uncertainties in (1) and (9) are recognized
to be admissible if (2)-(3) and (10)-(11) hold.

By applying the piecewise affine nonfragile controller (9)
into system (1), the closed-loop system can be formulated as

𝜉 (𝑡 + 1) = (A𝑖 + ΔA𝑖) 𝜉 (𝑡) + a𝑖 + Δa𝑖 + 𝐻𝑖𝑤 (𝑡)
𝑧 (𝑡) = 𝐿𝑖𝜉 (𝑡) ,
𝑥 (𝑡) ∈ Σ𝑖,

𝑖 ∈ Π,
(12)

where A𝑖 = 𝐴𝑖 + 𝑅𝐾𝑖, ΔA𝑖 = Δ𝐴𝑖 + 𝑅Δ𝐾𝑖, a𝑖 = 𝑎𝑖 + 𝑅𝑘𝑖,Δa𝑖 = Δ𝑎𝑖 + 𝑅Δ𝑘𝑖, and
𝐴𝑖 = [𝐴 𝑖 𝐵𝑖0 0

] ,

Δ𝐴𝑖 = [Δ𝐴 𝑖 Δ𝐵𝑖0 0
] ,

𝑎𝑖 = [𝑎𝑖0] ,

Δ𝑎𝑖 = [Δ𝑎𝑖0 ] ,

𝑅 = [ 0
I𝑛𝑢
] ,

𝐻𝑖 = [𝐻𝑖0 ] ,
𝐿𝑖 = [𝐿 𝑖 𝑁𝑖] .

(13)

Based on the augment vector 𝜉(𝑡), the following inequality
implies (8) for each ellipsoid region,

[ 1
𝜉 (𝑡)]

T [
[
𝑞T𝑖 𝑞𝑖 − 1 𝑞T𝑖 𝑄𝑖

⋆ 𝑄T
𝑖 𝑄𝑖

]
]
[ 1
𝜉 (𝑡)] ≤ 0, 𝑖 ∈ Π, (14)

where𝑄i = [𝑄𝑖 0𝑛𝑢×𝑛𝑢].
As practical control systems are always subject to external

disturbance, thus, in this paper, we aim to synthesize an
admissible piecewise affine nonfragile controller in the form
of (9) such that the resulting closed-loop system is asymptot-
ically stable with robustH∞ performance 𝛾 as

‖𝑧‖2 < 𝛾 ‖𝑤‖2 (15)

under zero initial conditions for all nonzero 𝑤(𝑡) ∈ 𝑙2[0,∞].
Before ending this section, the following lemmas will be

employed to prove the main results in this paper.

Lemma 2 (see [22]). Real matrices 𝑄 > 0, 𝑅, Δ(𝑡), and 𝑆
are regular matrices with appropriate dimensions. Δ(𝑡) is time-
varying satisfying ΔT(𝑡)Δ(𝑡) ≤ I. The inequality

𝑄 + 𝑅Δ (𝑡) 𝑆 + 𝑆TΔT (𝑡) 𝑅T < 0 (16)

holds if and only if for some 𝜀 > 0
𝑄 + 𝜀𝑅T𝑅 + 𝜀−1𝑆T𝑆 < 0. (17)

3. Piecewise Affine Nonfragile Controller
Analysis and Design

On the basis of piecewise Lyapunov functions (PLFs), some
new approaches to robust H∞ piecewise affine nonfragile
controller synthesis will be proposed in this section.
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Theorem 3. For a given constant scalar 𝜆, the closed-loop sys-
tem (12) is asymptotically stable with disturbance attenuation
level 𝛾 if there exist matrices 0 < 𝑃𝑖 = 𝑃T

𝑖 ∈ R(𝑛+𝑚)×(𝑛+𝑚),𝐾𝑖 ∈
R𝑚×(𝑛+𝑚), 𝑘𝑖 ∈ R𝑚, 𝑉𝑖1 ∈ R𝑛×𝑛, 𝑉𝑖2 ∈ R𝑚×𝑛, 𝑉𝑖3 ∈ R𝑚×𝑚,
and 𝑖 ∈ Π and two sets of scalars {𝑟𝑖𝑗 < 0, 𝑖 ∈ Π1, (𝑖, 𝑗) ∈ Ω},
and {𝜀𝑖 > 0, 𝑖 ∈ Π}, such that the following LMIs hold:

[[[[
[

Γ𝑖𝑗1 + 𝜀𝑖𝑗ΘT
𝑖1Θ𝑖1 Λ(1)𝑖1 Λ(2)𝑖1

⋆ −𝜀𝑖𝑗I 0

⋆ ⋆ −𝜀𝑖𝑗I
]]]]
]
< 0,

𝑖 ∈ Π0, 𝑗 ∈ Π, (𝑖, 𝑗) ∈ Ω,
(18)

[[[[
[

Γ𝑖𝑗2 + 𝜀𝑖𝑗ΘT
𝑖2Θ𝑖2 Λ(1)𝑖2 Λ(2)𝑖2

⋆ −𝜀𝑖𝑗I 0

⋆ ⋆ −𝜀𝑖𝑗I
]]]]
]
< 0,

𝑖 ∈ Π1, 𝑗 ∈ Π, (𝑖, 𝑗) ∈ Ω,
(19)

where

Γ𝑖𝑗1 =
[[[[[
[

𝑃𝑗 − 𝑉𝑖 − 𝑉T
𝑖 𝑉𝑖𝐴𝑖 + 𝐸𝐾𝑖 𝑉𝑖𝐻𝑖

⋆ −𝑃𝑖 + 𝐿T𝑖 𝐿𝑖 0

⋆ ⋆ −𝛾2I

]]]]]
]
,

Θ𝑖1 = [[[[
[

0 0

𝑀T
𝑖1 𝑈T
𝑖1

0 0

]]]]
]
,

Λ(1)𝑖1 = [[[[
[

𝑉𝑖𝑊𝑖1
0

0

]]]]
]
,

Λ(2)𝑖1 = [[[[
[

𝑉𝑖𝑅𝑊𝑖2
0

0

]]]]
]
,

Γ𝑖𝑗2

=
[[[[[[[[[
[

𝑃𝑗 − 𝑉𝑖 − 𝑉T
i 𝑉𝑖𝑎𝑖 + 𝐸𝑘𝑖 𝑉𝑖𝐴𝑖 + 𝐸𝐾𝑖 𝑉𝑖𝐻𝑖

⋆ −𝑟𝑖𝑗 (1 − 𝑞T𝑖 𝑞𝑖) 𝑟𝑖𝑗𝑞T𝑖 𝑄𝑖 0

⋆ ⋆ −𝑃𝑖 + 𝑟𝑖𝑗𝑄T
𝑖 𝑄𝑖 + 𝐿T𝑖 𝐿𝑖 0

⋆ ⋆ ⋆ −𝛾2I

]]]]]]]]]
]

,

Θ𝑖2 =
[[[[[[[[
[

0 0

𝑀T
𝑖2 𝑈T
𝑖2

𝑀T
𝑖1 𝑈T
𝑖1

0 0

]]]]]]]]
]
,

Λ(1)𝑖2 =
[[[[[
[

𝑉𝑖𝑊𝑖1
0
0
0

]]]]]
]
,

Λ(2)𝑖2 =
[[[[[
[

𝑉𝑖𝑅𝑊𝑖2
0
0
0

]]]]]
]
,

𝑉𝑖 = [𝑉𝑖1 𝜆𝑆𝑉𝑖2𝑉𝑖3 𝑉𝑖2 ] ,

𝐸 = [𝜆𝑆
I𝑚
] ,

𝐴𝑖 = [𝐴 𝑖 𝐵𝑖0 0 ] ,

𝑎𝑖 = [𝑎𝑖0] ,

𝐻𝑖 = [𝐻𝑖0 ] ,

𝑊𝑖1 = [𝑊𝑖10 ] ,
𝑀𝑖1 = [𝑀𝑖1 𝑀𝑖3] ,

(20)

and 𝑆 ∈ R(𝑛+𝑚)×𝑚 is an arbitrary matrix.
Moreover, the controller gains for each subspace can be

determined via

𝐾𝑖 = 𝑉−1𝑖2 𝐾𝑖,
𝑘𝑖 = 𝑉−1𝑖2 𝑘𝑖. (21)

Proof. It is easy to see that condition (18) for 𝑖 ∈ Π0 is a special
case of condition (19) for 𝑖 ∈ Π1. Without loss of generality,
in the following, the proof of the more complex case 𝑖 ∈ Π1 is
to be considered. Take the piecewise Lyapunov function as

𝑉 (𝑡) = 𝜉T (𝑡) 𝑃𝑖𝜉 (𝑡) , 𝑖 ∈ Π. (22)

It is also assumed that 𝑥(𝑡 + 1) ∈ Σ𝑗. Then we have 𝑉(𝑡 +1) = 𝜉T(𝑡 + 1)𝑃𝑗𝜉(𝑡 + 1). The closed-loop system in (12) is
asymptotically stable with robust H∞ performance 𝛾, if the
inequality

𝑉(𝑡 + 1) − 𝑉 (𝑡) + 𝑧T (𝑡) 𝑧 (𝑡) − 𝛾2𝑤T (𝑡) 𝑤 (𝑡) < 0 (23)

holds.
By substituting (22) into (23), it yields that

𝜉T (𝑡 + 1) 𝑃𝑗𝜉 (𝑡 + 1) − 𝜉T (𝑡) 𝑃𝑖𝜉 (𝑡) + 𝑧T (𝑡) 𝑧 (𝑡)
− 𝛾2𝑤T (𝑡) 𝑤 (𝑡) < 0, (𝑖, 𝑗) ∈ Ω. (24)
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Along the trajectories of closed-loop system (12), the
following inequality implies (24) with (𝑖, 𝑗) ∈ Ω,

[[
[

1
𝜉 (𝑡)
𝑤 (𝑡)

]]
]

T{{{{{{{
[[[
[

aT𝑖 + ΔaT𝑖
AT
𝑖 + ΔAT

𝑖

𝐻T
𝑖

]]]
]
𝑃𝑗 (⋆) + [[[

[

0

L
T
𝑖

0

]]]
]
(⋆)

+ [[[
[

0 0 0
⋆ −𝑃𝑖 0
⋆ ⋆ −𝛾2I

]]]
]
}}}}}}}
[[
[

1
𝜉 (𝑡)
𝑤 (𝑡)

]]
]
< 0.

(25)

Noticing the state-space partition (14) and utilizing S-
procedure, the following inequality implies (25) based on
Schur complement:

[[[[[[
[

−𝑃−1𝑗 a𝑖 + Δa𝑖 A𝑖 + ΔA𝑖 𝐻𝑖
⋆ 𝑟𝑖𝑗 (𝑞T𝑖 𝑞𝑖 − 1) 𝑟𝑖𝑗𝑞T𝑖 𝑄𝑖 0

⋆ ⋆ −𝑃𝑖 + 𝑟𝑖𝑗𝑄T
𝑖 𝑄𝑖 + 𝐿T𝑖 𝐿𝑖 0

⋆ ⋆ ⋆ −𝛾2I

]]]]]]
]

< 0, 𝑖 ∈ Π1, (𝑖, 𝑗) ∈ Ω.

(26)

It can be concluded that the Lyapunov matrices 𝑃𝑖 and 𝑃𝑗
are coupled with the system matrices. In order to facilitate

the controller design, we need to handle with the terms𝑃𝑖 and 𝑃−1𝑗 . To this end, for convenience in the controller
synthesis, we make a congruence transformation to (26) by
diag{𝑉𝑖, I, I, I, I} as

[[[[[[
[

−𝑉𝑖𝑃−1𝑗 𝑉T
𝑖 𝑉𝑖 (a𝑖 + Δa𝑖) 𝑉𝑖 (A𝑖 + ΔA𝑖) 𝑉𝑖𝐻𝑖

⋆ 𝑟𝑖𝑗 (𝑞T𝑖 𝑞𝑖 − 1) 𝑟𝑖𝑗𝑞T𝑖 𝑄𝑖 0

⋆ ⋆ −𝑃𝑖 (𝜇) + 𝑟𝑖𝑗𝑄T
𝑖 𝑄𝑖 + 𝐿T𝑖 𝐿𝑖 0

⋆ ⋆ ⋆ −𝛾2I

]]]]]]
]

< 0, 𝑖 ∈ Π1, (𝑖, 𝑗) ∈ Ω.

(27)

Notice that

𝑃𝑗 − 𝑉𝑖 − 𝑉T
𝑖 + 𝑉𝑖𝑃−1𝑗 𝑉T

𝑖 = (𝑃𝑗 − 𝑉𝑖) 𝑃−1𝑗 (𝑃𝑗 − 𝑉𝑖)T
≥ 0, (28)

which indicates that

−𝑉𝑖𝑃−1𝑗 𝑉T
𝑖 ≤ 𝑃𝑗 − 𝑉𝑖 − 𝑉T

𝑖 . (29)

Based on (29), the following inequality implies (27):

[[[[[[
[

𝑃𝑗 − 𝑉𝑖 − 𝑉T
𝑖 𝑉𝑖 (a𝑖 + Δa𝑖) 𝑉𝑖 (A𝑖 + ΔA𝑖) 𝑉𝑖𝐻𝑖

⋆ 𝑟𝑖𝑗 (𝑞T𝑖 𝑞𝑖 − 1) 𝑟𝑖𝑗𝑞T𝑖 𝑄𝑖 0

⋆ ⋆ −𝑃𝑖 (𝜇) + 𝑟𝑖𝑗𝑄T
𝑖 𝑄𝑖 + 𝐿T𝑖 𝐿𝑖 0

⋆ ⋆ ⋆ −𝛾2I

]]]]]]
]
< 0, 𝑖 ∈ Π1, (𝑖, 𝑗) ∈ Ω. (30)

Notice that the controller gains are not involved in the
first row of the matrices A𝑖, ΔA𝑖, a𝑖, and Δa𝑖. For numerical
tractability, we specify 𝑉𝑖 as

𝑉𝑖 = [𝑉𝑖1 𝜆𝑆𝑉𝑖2𝑉𝑖3 𝑉𝑖2 ] , 𝑖 ∈ I1, (31)

where 𝜆 and 𝑆 are defined as in (20).
Based on the matrices defined as in (31), one has that

𝑉𝑖𝑅𝐾𝑖 = [𝑉𝑖1 𝜆𝑆𝑉𝑖2𝑉𝑖3 𝑉𝑖2 ][
0
I𝑛𝑢
]𝐾𝑖 = 𝐸𝐾𝑖,

𝑉𝑖𝑅𝑘𝑖 = [𝑉𝑖1 𝜆𝑆𝑉𝑖2𝑉𝑖3 𝑉𝑖2 ][
0
I𝑛𝑢
] 𝑘𝑖 = 𝐸𝑘𝑖,

(32)

where 𝑅 = [𝜆𝑆T I𝑛𝑢]T, 𝐾𝑖 = 𝑉𝑖2𝐾𝑖, 𝑘𝑖 = 𝑉𝑖2𝑘𝑖.

Substitute (32) into (30), and use Lemma 2 to handle the
uncertainty terms.Then the following inequality implies (30)
for 𝜀𝑖 > 0, 𝑖 ∈ Π,
[[[[[[
[

𝑃𝑗 − 𝑉𝑖 − 𝑉T
𝑖 𝑉𝑖𝑎𝑖 + 𝐸𝑘𝑖 𝑉𝑖𝐴𝑠 + 𝑅𝐾𝑖 𝑉𝑖𝐻𝑖

⋆ 𝑟𝑖𝑗 (𝑞T𝑖 𝑞𝑖 − 1) 𝑟𝑖𝑗𝑞T𝑖 𝑄𝑖 0

⋆ ⋆ −𝑃𝑖 + 𝑟𝑖𝑗𝑄T
𝑖 𝑄𝑖 + 𝐿T𝑖 𝐿𝑖 0

⋆ ⋆ ⋆ −𝛾2I

]]]]]]
]

+ 𝜀−1𝑖
[[[[[
[

𝑉𝑖𝑊𝑖1 𝑉𝑖𝑅𝑊𝑖2
0 0
0 0
0 0

]]]]]
]
(⋆) + 𝜀𝑖

[[[[[[
[

0 0

𝑀T
𝑖2 𝑈T
𝑖2

𝑀T
𝑖1 𝑈T
𝑖1

0 0

]]]]]]
]
< 0

(33)

where

𝑊𝑖1 = [𝑊𝑖10 ] ,
𝑀𝑖1 = [𝑀𝑖1 𝑀𝑖3] .

(34)
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On the basis of Schur complement, it is easy to conclude
that (19) implies (33). The proof is thus completed.

Remark 4. Note that in most existing nonfragile controller
synthesis references for PWA systems, the control input
matrices are not empowered to have uncertainties, which is
restrictive for the control system design. In addition, it is also
difficult to design a nonfragile piecewise affine controller via
the approach proposed in [16], as one needs to develop a
singular value decomposition to the control input matrices.
However, by employing a state-control augmentation strategy
for the nonfragile piecewise affine controller design, then
the controller gains and the control input matrices can be
decoupled from each other. As the state-control augmenta-
tion methodology is exploited, the uncertainty terms Δ𝐾𝑖
and Δ𝑘𝑖 in the controller are decoupled from the system
matrices. This feature makes it possible to design a piecewise
affine nonfragile controller via convexification techniques in
a uniform framework.

If the uncertainty terms, affine terms, and external distur-
bance do not exist, system (1) reduces to a nominal piecewise
system as

𝑥 (𝑡 + 1) = 𝐴 𝑖𝑥 (𝑡) + 𝐵𝑖𝑢 (𝑡) . (35)

For system (35), a piecewise linear nonfragile controller
in a differential form is designed as

𝑢 (𝑡 + 1) = (𝐾𝑖 + Δ𝐾𝑖) 𝜉 (𝑡) (36)

with 𝜉(𝑡) and Δ𝐾𝑖 defined as in (9).
Substituting the controller (36) into system (35), then the

resulting closed-loop system is

𝜉 (𝑡 + 1) = (𝐴𝑖 + 𝑅𝐾𝑖 + 𝑅Δ𝐾𝑖) 𝜉 (𝑡) (37)

where 𝐴𝑖 is denoted as in (13).

Corollary 5. For a given constant scalar 𝜆, the closed-loop
system (37) is asymptotically stable if there exist matrices 0 <𝑃𝑖 = 𝑃T

𝑖 ∈ R(𝑛+𝑚)×(𝑛+𝑚), 𝐾𝑖 ∈ R𝑚×(𝑛+𝑚), 𝑉𝑖1 ∈ R𝑛×𝑛,𝑉𝑖2 ∈ R𝑚×𝑛, 𝑉𝑖3 ∈ R𝑚×𝑚, and 𝑖 ∈ Π and a set of positive
scalar 𝜀𝑖 > 0, 𝑖 ∈ Π, such that
[[[
[

𝑃𝑗 − 𝑉𝑖 − 𝑉T
i 𝑉𝑖𝐴𝑖 + 𝐸𝐾𝑖 𝑉𝑖𝑅𝑊𝑖2

⋆ −𝑃𝑖 + 𝜀𝑖𝑈T
𝑖1𝑈𝑖1 0

⋆ ⋆ −𝜀𝑖I
]]]
]
< 0,

𝑖 ∈ Π.
(38)

Moreover, the controller gain can be obtained by 𝐾𝑖 =𝑉−1𝑖2 𝐾𝑖.
The derivation procedures are similar to that of Theorem 3.

The proof is omitted.

Remark 6. Note that when the uncertainty terms in the form
of (10) in the controller gains do not exist, that is to say,

𝑊𝑖2 = 𝑈𝑖1 = 𝑈𝑖2 = 0, 𝑖 ∈ Π, (39)

then the piecewise affine nonfragile controller reduces to a
regular piecewise affine state-feedback controller as

𝑢 (𝑡 + 1) = 𝐾𝑖𝜉 (𝑡) + 𝑘𝑖, 𝑖 ∈ Π, (40)

where 𝜉(𝑡) = [𝑥T(𝑡) 𝑢T(𝑡)]T.
4. Simulation

In this section, two simulation examples are shown to
illustrate the effectiveness of the proposed approaches.

Example 1. Consider a discrete-time piecewise affine system
in the form of (1) as follows:

𝑥 (𝑡 + 1) = (𝐴 𝑖 + Δ𝐴 𝑖) 𝑥 (𝑡) + 𝑎𝑖 + Δ𝑎𝑖
+ (𝐵𝑖 + Δ𝐵𝑖) 𝑢 (𝑡) + 𝐻𝑖𝑤 (𝑡)

𝑧 (𝑡) = 𝐿 𝑖𝑥 (𝑡) + 𝑁𝑖𝑢 (𝑡) ,
𝑥 (𝑡) ∈ Σ𝑖, 𝑖 ∈ {1, 2, 3} ,

(41)

and the system matrices are given as

𝐴1 = [ 1.2 0
−0.1 0.4] ,

𝐴2 = [0.5 0.1
0 1.1] ,

𝐴3 = [1.1 0.3
0.1 0.2] ,

𝑎1 = [ 0
−0.45] ,

𝑎2 = [00] ,

𝑎3 = [ 0
0.45] ,

𝐵1 = [ 1
0.5] ,

𝐵2 = [ 1
1.5] ,

𝐵3 = [0.91.2] ,

𝐻1 = [0.80.5] ,
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𝐻2 = [0.70.6] ,

𝐻3 = [0.40.4] ,
𝐿1 = [1 0.3] ,
𝐿2 = [1.2 0.5] ,
𝐿3 = [0.5 1] ,
𝑁1 = 1,
𝑁2 = 0.8,
𝑁3 = 1.2,
𝑊11 = [0.10.2] ,

𝑊21 = [0.30.1] ,

𝑊31 = [0.40.1] ,
𝑀11 = [0.01 0.01] ,
𝑀21 = [0.01 0.03] ,
𝑀31 = [0.03 0.02] ,
𝑀12 = 0.1,
𝑀22 = 0.2,
𝑀32 = 0.05,
𝑀𝑖3 = 0.01,

(42)

and the parameter uncertainties in controllers in terms of (10)
are

𝑊𝑖2 = 0.8,
𝑈𝑖1 = [0.8 0.8 0.8] ,
𝑈𝑖2 = 0.8,

𝑖 ∈ {1, 2, 3} .
(43)

The decomposed regions are given as

Σ1 = {𝑥 (𝑡) | −𝛽 < 𝑥1 (𝑡) ≤ −𝛼} ,
Σ2 = {𝑥 (𝑡) | −𝛼 < 𝑥1 (𝑡) ≤ 𝛼} ,
Σ3 = {𝑥 (𝑡) | 𝛼 < 𝑥1 (𝑡) ≤ 𝛽} ,

(44)

where 𝛼 = 40 and 𝛽 = 400.

From the relationship in (7), we can obtain that 𝜙T𝑖 =[1 0], for 𝑖 ∈ Π, and the parameters of the degenerate
ellipsoids are

𝑄1 = 2𝜙T𝑖𝛽 − 𝛼,
𝑞1 = 𝛽 + 𝛼𝛽 − 𝛼,
𝑄2 = 1𝑑1 ,
𝑞2 = 0,
𝑄3 = 2𝜙T𝑖𝛽 − 𝛼,
𝑞3 = 𝛽 + 𝛼𝛼 − 𝛽.

(45)

The objective is to design a piecewise affine nonfragile
controller in the form of (9)-(10) such that the closed-loop
system in (12) is asymptotically stable with a robust H∞
performance 𝛾. Exploiting Theorem 3 with 𝑆 = [1 0]T and𝜆 = 1, the controller gains can be obtained as

𝐾1 = [−1.3002 −0.1249 −1.2656] ,
𝑘1 = 0.2580,
𝐾2 = [−1.5930 −0.1369 −1.5294] ,
𝑘2 = 0,
𝐾3 = [−1.5756 −0.1317 −1.5052] ,
𝑘3 = −0.1308,

(46)

with robustH∞ performance 𝛾min = 1.4222.
It is worth pointing out that when 𝑘𝑖 ≡ 0, the piecewise

affine nonfragile controller (9) is characterized as a piecewise
linear nonfragile controller given in (36). With 𝜆 = 1,
Table 1 compares the robust performance between piecewise
affine nonfragile controllers with piecewise linear nonfragile
controllers with different matrix 𝑆.

It can be seen from Table 1 that the piecewise affine
nonfragile controllers have a better robustH∞ performance
than the piecewise linear nonfragile controllers.

To verify the effectiveness of the designed controllers,
simulations are carried out. With 𝑆 = [1 0]T and 𝜆 = 1,
solving the LMIs in (18)-(19), we obtain the piecewise linear
nonfragile controller gains as

𝐾1 = [−1.3003 −0.1261 −1.2658] ,
𝐾2 = [−1.5903 −0.1367 −1.5266] ,
𝐾3 = [−1.5736 −0.1302 −1.5033] .

(47)

In this simulation example, the initial condition is 𝑥0 =[2 −1.5]T, and the external disturbance is 𝑤(𝑡) = 120𝜋−3.6𝑡 ⋅
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Table 1: Comparison of robustH∞ performance for piecewise-affine/piecewise-linear nonfragile controllers.

Controller form 𝑆 = [1 0]T 𝑆 = [1 1]T 𝑆 = [1 −1]T
piecewise affine controller 1.4222 1.6797 4.6871
piecewise linear controller 1.5924 1.7997 4.7362
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Figure 1: Simulation results in Example 1 by using piecewise affine nonfragile controller (9).

cos(4𝑡). By using the piecewise affine nonfragile controller
in (9), the state response of the closed-loop system is
demonstrated in Figure 1(a), and the control input is shown
in Figure 1(b). It can be seen from Figure 1(a) that the curves
of system states converge to the zero after 20s.

With the same initial conditions and external distur-
bance, use the piecewise linear nonfragile controller as in
(36), and the time responses of the closed-loop system are
demonstrated in Figures 2(a) and 2(b). Figure 2(a) shows that
the curves of the closed-loop system states converge to the
zero after 28s.

Compare Figure 1(a) with Figure 2(a), and one can
conclude that the convergence rate of the closed-loop system
states with using piecewise affine nonfragile controller is
faster than those with using piecewise linear nonfragile
controller.

Under zero initial conditions, Figure 3 presents the H∞
performance. The ratio √∫𝑡𝑓

0
𝑧T(𝑡)𝑧(𝑡)𝑑𝑡/√∫𝑡𝑓

0
𝑤T(𝑡)𝑤(𝑡)𝑑𝑡

with using piecewise affine nonfragile controller is about
1.18, which is lower than 𝛾min = 1.4222. The ratio
√∫𝑡𝑓
0
𝑧T(𝑡)𝑧(𝑡)𝑑𝑡/√∫𝑡𝑓

0
𝑤T(𝑡)𝑤(𝑡)𝑑𝑡with using piecewise lin-

ear nonfragile controller is about 1.3, which is lower than𝛾min = 1.5924. It can also be seen that a better disturbance
attenuation level can be obtained with the piecewise affine
nonfragile controller.

In order to verify the advantages of piecewise affine
nonfragile controller (9) over the piecewise affine state-
feedback controller (40), another simulation is conducted.

Solve the LMIs in (18)-(19) with 𝑊𝑖2 = 0, 𝑈𝑖1 = [0 0 0],
and 𝑈𝑖2 = 0, 𝑖 ∈ {1, 2, 3}. Feasible solutions can be obtained
with 𝜆 = 1 and 𝑆 = [1 0]T, and the controller gains are

𝐾1 = [−1.3202 −0.1148 −1.2689] ,
𝑘1 = 0.2038,
𝐾2 = [−1.4634 −0.1183 −1.3938] ,
𝑘2 = 0,
𝐾3 = [−1.4888 −0.1168 −1.4112] ,
𝑘3 = −0.1174.

(48)

With the same initial conditions, disturbance, and param-
eter variations in the controller gains, apply controller (40)
to system (41), and the trajectories of the closed-loop system
states are shown in Figure 4. It can be seen from Figure 4 that
the piecewise affine state-feedback controller (40) can not
stabilize system (39) with parameter variations existing in the
controller gains. From this case, we can see that the regular
state-feedback controller can not deal with the situations that
parameter variations exist in the controller gains.

This example clearly illustrates the advantages of the
proposed piecewise affine nonfragile controller over the
piecewise linear nonfragile controller and the piecewise affine
state-feedback controller.
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Figure 2: Simulation results in Example 1 by using piecewise linear nonfragile controller (36).
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Figure 3: Response of the ratio√∫𝑡𝑓
0
𝑧T(𝑡)𝑧(𝑡)𝑑𝑡/√∫𝑡𝑓

0
𝑤T(𝑡)𝑤(𝑡)𝑑𝑡 in Example 1.

Example 2. Consider another discrete-time Chuas circuit
system represented by the piecewise affine model as
𝑥 (𝑡 + 1) = 𝐴 𝑖𝑥 (𝑡) + 𝑎𝑖 + 𝐵𝑖𝑢 (𝑡) + 𝐻𝑖𝑤 (𝑡)𝑧 (𝑡) = 𝐿 𝑖𝑥 (𝑡) + 𝑁𝑖𝑢 (𝑡) , 𝑥 (𝑡) ∈ Σ𝑖, 𝑖 ∈ {1, 2, 3}

(49)

where the system matrices are

𝐴1 = [[
0.9955 0.0070 00.0007 0.9993 −0.00110 0.0074 1

]
]
,

𝐴2 = [[
0.9983 0.0070 00.0007 0.9993 −0.00110 0.0074 1

]
]
,

𝐴3 = [[
0.9955 0.0070 00.0007 0.9993 −0.00110 0.0074 1

]
]
,

𝑎1 = [[
0.002800

]
]
,
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Figure 4: State responses in Example 1 by using piecewise affine
state-feedback controller (40).

𝑎2 = [[
[
0
0
0
]]
]
,

𝑎3 = [[
[
−0.0028

0
0

]]
]
,

𝐵1 = 𝐵3 [[
[
−0.00998

0
0

]]
]
,

𝐵2 = [[
[
−0.00999

0
0

]]
]
,

𝐻1 = 𝐻3 = [[
[
0
2
0
]]
]
,

𝐻2 = [[
[
0.5
0
0
]]
]
,

𝐿1 = [1 0 0] ,
𝐿2 = [0.5 0 0] ,
𝐿3 = [1.5 0 0] ,
𝑁𝑖 = 0, 𝑖 ∈ {1, 2, 3} .

(50)

The decomposed regions are given as

Σ1 = {𝑥 (𝑡) | −𝛽 < 𝑥1 (𝑡) ≤ −𝛼} ,
Σ2 = {𝑥 (𝑡) | −𝛼 < 𝑥1 (𝑡) ≤ 𝛼} ,
Σ3 = {𝑥 (𝑡) | 𝛼 < 𝑥1 (𝑡) ≤ 𝛽} ,

(51)

where 𝛼 = 1, 𝛽 = 5.
From (7), we can obtain that 𝜙T𝑖 = [1 0 0], for 𝑖 ∈ Π, and

the parameters of the degenerate ellipsoid are

𝑄1 = [0.5 0 0] ,
𝑞1 = −1.5,
𝑄2 = [1 0 0] ,
𝑞2 = 0,
𝑄3 = [0.5 0 0] ,
𝑞3 = 1.5.

(52)

It is assumed in this example that the perturbations
existing in the controller gains are set as

𝑀𝑖2 = 0.1,
𝑈𝑖1 = [0.1 0.1 0.1 0.1] ,
𝑈𝑖2 = 0.3,

𝑖 ∈ {1, 2, 3} .
(53)

As the controller gains contain parameter perturbations,
we will design a piecewise affine nonfragile controller in (9)
to guarantee that the closed-loop system is asymptotically sta-
bile with a robustH∞ performance 𝛾. Exploiting Theorem 3
with 𝑆 = [1 0]T and 𝜆 = 1, the controller gains can be
obtained as

𝐾1 = [−0.1688 −0.0053 −0.1464 0.0017] ,
𝑘1 = −4.7949 × 10−4,
𝐾2 = [−0.0147 −0.0005 −0.0127 0.0001] ,
𝑘2 = 0,
𝐾3 = [−0.0204 −0.0006 −0.0176 0.0002] ,
𝑘3 = 5.7296 × 10−5,

(54)

with robustH∞ performance 𝛾min = 0.2755.
To present the effectiveness of the designed controllers,

simulations are carried out. With initial conditions 𝑥0 =[3.5 0 −3]T and the external disturbance 𝑤(𝑡) = 120𝜋−3.6𝑡 ⋅
cos(4𝑡), the state trajectories of the closed-loop system are
demonstrated in Figure 5(a).

Solving the LMIs in (18)-(19) with 𝑊𝑖2 = 0, 𝑈𝑖1 =[0 0 0], 𝑈𝑖2 = 0, 𝑖 ∈ {1, 2, 3}, and 𝜆 = 1, 𝑆 = [2 2 1]T, then
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Figure 5: Response of the system states in Example 2.

the gains of the piecewise affine state-feedback controller (40)
are

𝐾1 = [−0.1407 −0.0041 −0.1471 0.0014] ,
𝑘1 = 1.3805 × 10−6,
𝐾2 = [−0.1688 −0.0050 −0.1772 0.0017] ,
𝑘2 = 0,
𝐾3 = [−0.1536 −0.0045 −0.1613 0.0015] × 10−6,
𝑘3 = 4.3196 × 10−10.

(55)

With the same initial conditions and disturbance, we use
controller (40) to system (49), and the closed-loop system
states are demonstrated in Figure 5(b). It can be seen from
Figure 5 that the piecewise affine state-feedback controller
(40) can not stabilize system (49) with parameter variations
existing in the controller gains.

5. Conclusion

In this paper, we have studied the nonfragile control prob-
lem for a class of discrete-time hybrid systems based on
piecewise affine model. Based on PLFs, some new sufficient
conditions for piecewise affine nonfragile controller synthesis
are presented. By virtue of several convexification strategies,
the controller gains can be attained via solving a set of
linear matrix inequalities. Finally, simulation examples are
carried out to demonstrate the advantages of the proposed
methodologies.
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In this short paper, a new stability theorem for neutral stochastic delay differential equations with Markovian switching is
investigated by applying stochastic analysis technique and Razumikhin stability approach. A novel criterion of the 𝑝th moment
exponential stability is derived for the related systems. The feature of the criterion shows that the estimated upper bound for the
diffusion operator of Lyapunov function is allowed to be indefinite, even if to be unbounded, which can loosen the constraints of
the existing results. Last, an example is provided to illustrate the usefulness and significance of the theoretical results.

1. Introduction

As is well-known, the stability is very hot topic in deter-
ministic or stochastic dynamic systems (for instance, see [1–
37] and references therein). Recently, a class of stochastic
hybrid systems (also known as stochastic systems with
Markovian switching) has been used tomodelmany practical
systems where they may experience abrupt changes in their
structure and parameters. In [38], the author explained that
the Markovian switching systems had been emerging as a
convenient mathematical framework for the formulation of
various design problems in different fields such as target
tracking, fault tolerant control, andmanufacturing processes,
which can be seen as the motivation of wide practical use
of the theoretic results for hybrid systems. Owing to their
widely real applications, stochastic systems with Markovian
switching have received a great deal of attention and many
interesting results have been reported in the literature. For
example, [39] considered the stability of stochastic differ-
ential equations with infinite Markovian switchings and
[40] studied the stability for stochastic differential equations
with semi-Markovian switchings. The results of stochas-
tic hybrid systems are applied in feedback controls and
neural networks; please refer to [41–45] and the reference
therein.

As an important class of hybrid stochastic system, neu-
tral stochastic delay differential equations with Markovian
switching (NSDDEwMS) have been applied in practice, such
as traffic control, neutral networks, and chemical process.
Due to itswide applications,more andmore researchers focus
on this system. An important question for such a model
is the stability analysis. Lyapunov-Razumikhin functions
method and Lyapunov-Krasovskii functionals method are
two effective methods that have been exploited for the stabil-
ity analysis. For example,Mao in [46, 47] appliedRazumikhin
approach to derive the exponential stability criteria for
neutral stochastic delay differential systems with Markovian
switching. In [48–53], the authors considered the exponential
stability by using Lyapunov-Krasovskii functionals method.
Reference [54] applied some special techniques to study
the exponential stability. Besides, Zhu in [55, 56] obtained
several novel exponential stability criteria for some more
complex systems with impulse control and Lévy noise. In
addition, [57] considered the stability in distribution of neu-
tral stochastic differential delay equations with Markovian
switching and [58, 59] studied the almost sure stability for the
same system.

Although the above exponential stability criteria can be
used to judge the stability for many NSDDEwMS, neverthe-
less, these conditions in the above literature can be weakened
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to cover a large collection of NSDDEwMS. In other words,
there are some shortcomings in the former criteria. The
main is that all the above criteria for exponential stability
in the related literature imposed some strict conditions on
the diffusion operator of Lyapunov functions. For example,
[46, 47] required the estimated upper bound for the diffusion
operator of Lyapunov functions to be negative constant num-
bers. Reference [48] needed that the estimated upper bound𝜆(𝑡) must be a negative value function. Simply speaking,
the former results all need that the upper bound 𝜆(𝑡) for
the diffusion operator of the Lyapunov function is negative
definite for all 𝑡. This restriction leads to the criteria having
strong conservativeness in practice due to the fact that there
are a large number of time-varying systems not satisfying the
above conditions. As shown by an example in Section 4, the
existing results and methods cannot be applied to analyse the
stability for more general time-varying systems.

Motivated by the above discussion, in this short note,
we focus on the exponential stability for NSDDEwMS. By
using the notions such as uniformly stable function (USF),
overshoot of the USF that dated from [60, 61] and then
combining the stochastic analysis techniques, we obtain a
novel stability criterion for NSDDEwMS. The feature of the
criterion is that the coefficients of the estimated upper bound
for the diffusion operator of Lyapunov functions can be
allowed sign-changing as the time-varying, which can be
used more widely than the existing results.

The rest of the paper is organized as follows. In Section 2,
we introduce the model of NSDDEwMS and some prelim-
inaries. The main result and its proof will be displayed in
Section 3. An example is provided in Section 4. Finally, we
conclude this paper with some general remarks in Section 5.

Throughout this short paper, let (Ω,F, {F𝑡}𝑡≥0,P) be a
complete probability space with a natural filtration {F𝑡}𝑡≥0
satisfying the usual condition (i.e., it is right continuous
and F0 contains all P-null sets). |𝑥| denotes the Euclidean
norm of 𝑥. The symbol 𝐶([−𝜏, 0],R𝑛) denotes the family of
continuous function 𝜑 from [−𝜏, 0] to R𝑛 with the norm‖𝜑‖ = sup−𝜏≤𝜃≤0|𝜑(𝜃)|. We use 𝐶𝑝

F𝑡
([−𝜏, 0],R𝑛) to denote the

family of all F𝑡-measurable, 𝐶([−𝜏, 0],R𝑛) valued random
variables 𝜑 satisfying sup−𝜏≤𝜃≤0E|𝜑(𝜃)|𝑝 < ∞. We use E[⋅] to
denote the expectation operator with respect to the probabil-
ity measure P. Let 𝐵𝑡 = 𝐵(𝑡) = (𝐵1(𝑡), 𝐵2(𝑡), . . . , 𝐵𝑚(𝑡))𝑇 be
an 𝑚-dimensional Brownian motion defined on a complete
probability space. 𝑎 ∨ 𝑏 = max{𝑎, 𝑏}. N denotes the set of
positive integers.

2. Preliminaries

Let {𝑟(𝑡), 𝑡 ≥ 0} be a right-continuous Markov chain on the
probability space (Ω,F,P) taking values in a finite state space
S = {1, 2, . . . ,𝑁} with generator 𝑄 = (𝑞𝑖𝑗)𝑁×𝑁 given by

P (𝑟 (𝑡 + Δ𝑡) = 𝑗 | 𝑟 (𝑡) = 𝑖)

= {{{
𝑞𝑖𝑗Δ𝑡 + 𝑜 (Δ𝑡) , 𝑖𝑓 𝑖 ̸= 𝑗
1 + 𝑞𝑖𝑖Δ𝑡 + 𝑜 (Δ𝑡) , 𝑖𝑓 𝑖 = 𝑗

(1)

where Δ𝑡 > 0. Here 𝑞𝑖𝑗 ≥ 0 is the transition rate from 𝑖 to 𝑗 if𝑖 ̸= 𝑗 while 𝑞𝑖𝑖 = −∑𝑗 ̸=𝑖 𝑞𝑖𝑗 = −𝑞𝑖.
In this short paper, we will consider the following neutral

stochastic delay differential system with Markovian switch-
ing:

𝑑 [𝑥 (𝑡) − 𝑢 (𝑡, 𝑥 (𝑡 − 𝜏) , 𝑟 (𝑡))]
= 𝑓 (𝑡, 𝑥 (𝑡) , 𝑥 (𝑡 − 𝜏) , 𝑟 (𝑡)) 𝑑𝑡

+ 𝑔 (𝑡, 𝑥 (𝑡) , 𝑥 (𝑡 − 𝜏) , 𝑟 (𝑡)) 𝑑𝐵𝑡
(2)

with the initial data 𝑥0 = 𝜙 = {𝜙(𝜃), −𝜏 ≤ 𝜃 ≤0} ∈ 𝐶𝑝
F0

([−𝜏, 0],R𝑛). We assume that 𝑓, 𝑔 satisfy the
local Lipschitz condition and the linear growth condition.
Additionally, we impose the following condition:

𝑢 (𝑡, 𝑥, 𝑖) − 𝑢 (𝑡, 𝑦, 𝑖) ≤ 𝜅 𝑥 − 𝑦 , 𝜅 ∈ (0, 1) , 𝑖 ∈ S (3)

on 𝑢(⋅) to guarantee the existence and uniqueness of solution𝑥(𝑡, 𝜙) for system (2) for all 𝑡 ≥ 0. We also assume that𝑓(𝑡, 0, 0, 𝑖) = 0, 𝑔(𝑡, 0, 0, 𝑖) = 0, and 𝑢(𝑡, 0, 𝑖) = 0, which
implies that the trivial solution of system (2) exists. In order to
use Lyapunov’s method to study the 𝑝th moment exponential
stability, we need the following definitions.

Definition 1. The trivial solution of (2) is said to be 𝑝th
moment exponentially stable if

lim sup
𝑡→∞

lnE 𝑥 (𝑡, 𝜙)𝑝𝑡 < 0 (4)

for all 𝜙 ∈ 𝐶𝑝
F0

([−𝜏, 0],R𝑛). When 𝑝 = 2, 2th moment expo-
nential stability is usually called mean square exponentially
stable.

Definition 2. The function 𝑉(𝑡, 𝑥, 𝑖) : R+ × R𝑛 × S → R+

belongs to class Ψ if it is a continuously twice differentiable
with respect to 𝑥 and once differentiable with respect to 𝑡.

Next, we need an operator L𝑉 from R+ × R𝑛 × R𝑛 × S

to R by

L𝑉(𝑡, 𝑥, 𝑦, 𝑖) = 𝑉𝑡 (𝑡, 𝑥 − 𝑢 (𝑡, 𝑦, 𝑖) , 𝑖) + 𝑉𝑥 (𝑡, 𝑥
− 𝑢 (𝑡, 𝑦, 𝑖) , 𝑖) 𝑓 (𝑡, 𝑥, 𝑦, 𝑖) + 1

2𝑡𝑟𝑎𝑐𝑒 [𝑔𝑇 (𝑡, 𝑥, 𝑦, 𝑖)
⋅ 𝑉𝑥𝑥 (𝑡, 𝑥 − 𝑢 (𝑡, 𝑦, 𝑖) , 𝑖) 𝑔 (𝑡, 𝑥, 𝑦, 𝑖)]

+ 𝑁∑
𝑗=1

𝑞𝑖𝑗𝑉 (𝑡, 𝑥 − 𝑢 (𝑡, 𝑦, 𝑖) , 𝑗) ,

(5)
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where

𝑉𝑥 (𝑡, 𝑥, 𝑖)
= (𝜕𝑉 (𝑡, 𝑥, 𝑖)

𝜕𝑥1 , 𝜕𝑉 (𝑡, 𝑥, 𝑖)
𝜕𝑥2 , . . . , 𝜕𝑉 (𝑡, 𝑥, 𝑖)

𝜕𝑥𝑛 ) ,

𝑉𝑥𝑥 (𝑡, 𝑥, 𝑖) = (𝜕2𝑉(𝑡, 𝑥, 𝑖)
𝜕𝑥𝑖𝜕𝑥𝑗 )

𝑛×𝑛

,

𝑉𝑡 (𝑡, 𝑥, 𝑖) = 𝜕𝑉 (𝑡, 𝑥, 𝑖)
𝜕𝑡 .

(6)

In order to overcome the difficult caused by the neutral
item, we need the following inequality.

Lemma 3. Let 𝑝 ≥ 1. Then

(1 − 𝜅)𝑝−1 |𝑥|𝑝 − 𝜅 (1 − 𝜅)𝑝−1 𝑦𝑝 ≤ 𝑥 − 𝑢 (𝑡, 𝑦, 𝑖)𝑝
≤ (1 + 𝜅)𝑝−1 (|𝑥|𝑝 + 𝜅 𝑦𝑝)

(7)

holds for any (𝑡, 𝑥, 𝑦, 𝑖) ∈ R+ ×R𝑛 ×R𝑛 ×S.

The following lemma, which is important in the proof of
the main result, can be found in Lemma 1 of [62].

Lemma 4. Let 𝑇∗ be a constant. Let a function 𝑤 :[−𝑇∗,∞) → [0,∞) admit a sequence {V𝑖} and positive
constants V𝑎 and V𝑏, such that V0 = 𝑡0, V𝑖+1 − V𝑖 ∈ [V𝑎, V𝑏] for
all 𝑖 ≥ 0. 𝑤 is continuous on [V𝑖, V𝑖+1) for all 𝑖 ≥ 0 and the left
limit lim𝑡→V−𝑖 𝑤(𝑡) exist. Assume that there exists a constant
𝜌 ∈ (0, 1) such that 𝑤(𝑡) ≤ 𝜌 sup𝑠∈[𝑡−𝑇∗ ,𝑡]𝑤(𝑠) holds for all𝑡 ≥ 𝑡0. Then

𝑤 (𝑡) ≤ 𝑒((ln 𝜌)/𝑇∗)(𝑡−𝑡0) sup
𝑠∈[𝑡0−𝑇∗ ,𝑡0]

𝑤 (𝑠) (8)

holds for all 𝑡 ≥ 𝑡0.
The following definitions, which are dated from [60], are

important in the proof of our main result.

Definition 5. A piecewise continuous function 𝜇 is said to be
aUSF if the following linear time-varying equation is globally
uniformly asymptotically stable:

𝑑𝑦 (𝑡) = 𝜇 (𝑡) 𝑦 (𝑡) 𝑑𝑡, ∀𝑡 ≥ 0 (9)

Definition 6. Let 𝜇(𝑡) be a USF. Then the set

Ω𝜇 = {𝑇 > 0 : sup
𝑡≥0

{∫𝑡+𝑇
𝑡

𝜇 (𝑠) 𝑑𝑠} < 0} (10)

is said to be the uniform convergence set of 𝜇(𝑡). For any 𝑇 ≥0, the overshoot 𝜑𝜇(𝑇) fl 𝜑𝜇 of 𝜇(𝑡) is defined as follows:

𝜑𝜇 = sup
𝑡≥0

{ max
𝜃∈[0,𝑇]

{∫𝑡+𝜃
𝑡

𝜇 (𝑠) 𝑑𝑠}} . (11)

3. Main Results

In this section, we will use stochastic analysis theory, Lya-
punov’s method, and Lemmas 3 and 4 to obtain a criterion
for 𝑝th moment exponential stability of system (2). Ourmain
result is the following.

Theorem 7. Let 𝑝, 𝑐1, 𝑐2, 𝜅, 𝜏 be all positive numbers, and 𝜇(𝑡)
is a USF. If there exist a function 𝑉 ∈ Ψ and a constant 𝑇 ∈ Ω𝜇
such that the following conditions hold for all 𝑡 ≥ 0,

(1) for all 𝑥 ∈ R𝑛, 𝑖 ∈ S,

𝑐1 |𝑥|𝑝 ≤ 𝑉 (𝑡, 𝑥, 𝑖) ≤ 𝑐2 |𝑥|𝑝 , (12)

(2) the following Razumikhin-type condition holds:

EL𝑉(𝑡, 𝑥 (𝑡) , 𝑥 (𝑡 − 𝜏) , 𝑟 (𝑡))
≤ 𝜇 (𝑡)E𝑉 (𝑡, 𝑥 (𝑡) , 𝑟 (𝑡))

if min
𝑖∈𝑆

{E𝑉(𝑡 + 𝜃, 𝑥 (𝑡 + 𝜃) , 𝑖)}
≤ 𝑞max
𝑖∈𝑆

{E𝑉(𝑡, 𝑥 (𝑡) , 𝑖)}

∀𝜃 ∈ [−𝜏, 0] , where 𝑞 > 𝑐2𝑐1 𝑒
𝜑𝜇 (1 − 𝜅)−𝑝 .

(13)

Then, system (2) is 𝑝th moment exponentially stable; here𝑥(𝑡) ≜ 𝑥(𝑡) − 𝑢(𝑡, 𝑥(𝑡 − 𝜏), 𝑟(𝑡)).
Proof. First of all, we will prove the following fact: if𝑞−1E𝑉(𝑡 + 𝜃, 𝑥(𝑡 + 𝜃), 𝑟(𝑡)) ≤ E𝑉(𝑡, 𝑥(𝑡), 𝑟(𝑡)) holds for all𝜃 ∈ [−𝜏, 0] which implies EL𝑉(𝑡, 𝑥(𝑡), 𝑥(𝑡 − 𝜏), 𝑟(𝑡)) ≤𝜇(𝑡)E𝑉(𝑡, 𝑥(𝑡), 𝑟(𝑡)), then, for any 𝑡 > 𝑇,
E𝑉 (𝑡, 𝑥 (𝑡) , 𝑟 (𝑡))

≤ max{E𝑉 (𝑡 − 𝑇, 𝑥 (𝑡 − 𝑇) , 𝑟 (𝑡 − 𝑇)) 𝑒∫𝑡𝑡−𝑇 𝜇(𝑠)𝑑𝑠,

𝑞−1 sup
𝑠∈[𝑡−𝑇,𝑡]

sup
𝜃∈[−𝜏,0]

E𝑉 (𝑠 + 𝜃, 𝑥 (𝑠 + 𝜃) , 𝑟 (𝑠 + 𝜃))

⋅ 𝑒𝜑𝜇} .

(14)

In order to prove inequality (14), we consider the following
two cases:

(A): sup𝜃∈[−𝜏,0]E𝑉(𝑠 + 𝜃, 𝑥(𝑠 + 𝜃), 𝑟(𝑠 + 𝜃)) ≤ 𝑞E𝑉(𝑠, 𝑥(𝑠),𝑟(𝑠)) holds for all 𝑠 ∈ [𝑡 − 𝑇, 𝑡].
(B): sup𝜃∈[−𝜏,0]E𝑉(𝑠 + 𝜃, 𝑥(𝑠 + 𝜃), 𝑟(𝑠 + 𝜃)) ≤ 𝑞E𝑉(𝑠, 𝑥(𝑠),𝑟(𝑠)) does not hold for some 𝑠 ∈ [𝑡 − 𝑇, 𝑡].
For (A), we know that EL𝑉(𝑠, 𝑥(𝑠), 𝑥(𝑠 − 𝜏), 𝑟(𝑠)) ≤𝜇(𝑠)E𝑉(𝑠, 𝑥(𝑠), 𝑟(𝑠)) holds for any 𝑠 ∈ [𝑡 − 𝑇, 𝑡]. By using
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Ito’s formula and the standard stopping times technique, we
obtain that

E(𝑒−∫𝑡𝑡−𝑇 𝜇(𝑠)𝑑𝑠𝑉(𝑡, 𝑥 (𝑡) , 𝑟 (𝑡))) = E𝑉(𝑡 − 𝑇, 𝑥 (𝑡
− 𝑇) , 𝑟 (𝑡 − 𝑇))
+ E∫𝑡
𝑡−𝑇

[−𝜇 (𝑠) 𝑒− ∫𝑠𝑡−𝑇 𝜇(V)𝑑V𝑉 (𝑠, 𝑥 (𝑠) , 𝑟 (𝑠))
+ 𝑒− ∫𝑠𝑡−𝑇 𝜇(V)𝑑VL𝑉(𝑠, 𝑥 (𝑠) , 𝑥 (𝑠 − 𝜏) , 𝑟 (𝑠))] 𝑑𝑠
≤ E𝑉(𝑡 − 𝑇, 𝑥 (𝑡 − 𝑇) , 𝑟 (𝑡 − 𝑇)) ,

(15)

which implies that E𝑉(𝑡, 𝑥(𝑡), 𝑟(𝑡)) ≤ E𝑉(𝑡−𝑇, 𝑥(𝑡 −𝑇), 𝑟(𝑡 −
𝑇))𝑒∫𝑡𝑡−𝑇 𝜇(𝑠)𝑑𝑠.

For (B), define 𝑡∗ = sup{𝑠 ∈ [𝑡 − 𝑇, 𝑡] : sup𝜃∈[−𝜏,0]E𝑉(𝑠 +𝜃, 𝑥(𝑠 + 𝜃), 𝑟(𝑠 + 𝜃)) > 𝑞E𝑉(𝑠, 𝑥(𝑠), 𝑟(𝑠))}. Then 𝑡∗ < 𝑡 or𝑡∗ = 𝑡. If 𝑡∗ < 𝑡, then, for all 𝑠 ∈ [𝑡∗, 𝑡], sup𝜃∈[−𝜏,0]E𝑉(𝑠 +𝜃, 𝑥(𝑠 + 𝜃), 𝑟(𝑠 + 𝜃)) ≤ 𝑞E𝑉(𝑠, 𝑥(𝑠), 𝑟(𝑠)). So according to the
result of (A), we obtain that

E𝑉(𝑡, 𝑥 (𝑡) , 𝑟 (𝑡)) ≤ 𝑒∫𝑡𝑡∗ 𝜇(𝑠)𝑑𝑠E𝑉(𝑡∗, 𝑥 (𝑡∗) , 𝑟 (𝑡∗))
= 𝑒∫𝑡𝑡∗ 𝜇(𝑠)𝑑𝑠𝑞−1 sup

𝜃∈[−𝜏,0]
E𝑉(𝑡∗

+ 𝜃, 𝑥 (𝑡∗ + 𝜃) , 𝑟 (𝑡∗ + 𝜃))
≤ 𝑒∫𝑡𝑡∗ 𝜇(𝑠)𝑑𝑠𝑞−1 sup

𝑠∈[𝑡−𝑇,𝑡]
sup
𝜃∈[−𝜏,0]

E𝑉(𝑠
+ 𝜃, 𝑥 (𝑠 + 𝜃) , 𝑟 (𝑠 + 𝜃))
≤ 𝑒𝜑𝜇𝑞−1 sup

𝑠∈[𝑡−𝑇,𝑡]
sup
𝜃∈[−𝜏,0]

E𝑉(𝑠
+ 𝜃, 𝑥 (𝑠 + 𝜃) , 𝑟 (𝑠 + 𝜃)) .

(16)

If 𝑡∗ = 𝑡, from the definition of 𝑡∗, we have
E𝑉(𝑡, 𝑥 (𝑡) , 𝑟 (𝑡)) = E𝑉(𝑡∗, 𝑥 (𝑡∗) , 𝑟 (𝑡∗))
≤ 𝑞−1 sup
𝜃∈[−𝜏,0]

E𝑉 (𝑡∗ + 𝜃, 𝑥 (𝑡∗ + 𝜃) , 𝑟 (𝑡∗ + 𝜃))
≤ 𝑒𝜑𝜇𝑞−1 sup

𝑠∈[𝑡−𝑇,𝑡]
sup
𝜃∈[−𝜏,0]

E𝑉(𝑠 + 𝜃, 𝑥 (𝑠 + 𝜃) , 𝑟 (𝑠 + 𝜃)) .
(17)

Combining the above three inequalities, we can see that
inequality (14) holds.

Assume that 𝑞−1E𝑉(𝑡+𝜃, 𝑥(𝑡+𝜃), 𝑟(𝑡)) ≤ E𝑉(𝑡, 𝑥(𝑡), 𝑟(𝑡))
holds for all 𝜃 ∈ [−𝜏, 0], then 𝑞−1min𝑖∈𝑆{E𝑉(𝑡 + 𝜃, 𝑥(𝑡 +𝜃), 𝑖)} ≤ 𝑞−1E𝑉(𝑡 + 𝜃, 𝑥(𝑡 + 𝜃), 𝑟(𝑡)) ≤ E𝑉(𝑡, 𝑥(𝑡), 𝑟(𝑡)) ≤
max𝑖∈𝑆{E𝑉(𝑡, 𝑥(𝑡), 𝑖)} holds for all 𝜃 ∈ [−𝜏, 0]. According to
condition (2), we know that EL𝑉(𝑡, 𝑥(𝑡), 𝑥(𝑡 − 𝜏), 𝑟(𝑡)) ≤

𝜇(𝑡)E𝑉(𝑡, 𝑥(𝑡), 𝑟(𝑡)).Thus, from inequality (14), condition (1),
and Lemma 3, we conclude that, for any 𝑡 > 𝑇,
E𝑉(𝑡, 𝑥 (𝑡) , 𝑟 (𝑡))

≤ max{E𝑉(𝑡 − 𝑇, 𝑥 (𝑡 − 𝑇) , 𝑟 (𝑡 − 𝑇)) 𝑒∫𝑡𝑡−𝑇 𝜇(𝑠)𝑑𝑠,
𝑞−1 sup
𝑠∈[𝑡−𝑇,𝑡]

sup
𝜃∈[−𝜏,0]

E𝑉(𝑠 + 𝜃, 𝑥 (𝑠 + 𝜃) , 𝑟 (𝑠 + 𝜃))

⋅ 𝑒𝜑𝜇} ≤ max{𝑐2E |𝑥 (𝑡 − 𝑇)|𝑝 𝑒∫𝑡𝑡−𝑇 𝜇(𝑠)𝑑𝑠,
𝑞−1 sup
𝑠∈[𝑡−𝑇,𝑡]

sup
𝜃∈[−𝜏,0]

E𝑉(𝑠 + 𝜃, 𝑥 (𝑠 + 𝜃) , 𝑟 (𝑠 + 𝜃))

⋅ 𝑒𝜑𝜇} ≤ max{𝑐2 (1 + 𝜅)𝑝−1

⋅ (E |𝑥 (𝑡 − 𝑇)|𝑝 + 𝜅E |𝑥 (𝑡 − 𝑇 − 𝜏)|𝑝) 𝑒∫𝑡𝑡−𝑇 𝜇(𝑠)𝑑𝑠,
𝑞−1 sup
𝑠∈[𝑡−𝑇,𝑡]

sup
𝜃∈[−𝜏,0]

E𝑉(𝑠 + 𝜃, 𝑥 (𝑠 + 𝜃) , 𝑟 (𝑠 + 𝜃))

⋅ 𝑒𝜑𝜇} ≤ max{𝑐2𝑐1 (1 + 𝜅)𝑝 𝑒∫𝑡𝑡−𝑇 𝜇(𝑠)𝑑𝑠, 𝑞−1𝑒𝜑𝜇}
⋅ sup
𝑠∈[𝑡−𝑇,𝑡]

sup
𝜃∈[−𝜏,0]

E𝑉(𝑠 + 𝜃,
𝑥 (𝑠 + 𝜃) , 𝑟 (𝑠 + 𝜃)) .

(18)

By condition (1), we can see that

E |𝑥 (𝑡)|𝑝 ≤ 𝑐2𝑐1max{𝑐2𝑐1 (1 + 𝜅)𝑝 𝑒∫𝑡𝑡−𝑇 𝜇(𝑠)𝑑𝑠, 𝑞−1𝑒𝜑𝜇}
⋅ sup
𝑠∈[𝑡−𝑇,𝑡]

sup
𝜃∈[−𝜏,0]

E |𝑥 (𝑠 + 𝜃)|𝑝

fl 𝜂 sup
𝑠∈[𝑡−𝑇,𝑡]

sup
𝜃∈[−𝜏,0]

E |𝑥 (𝑠 + 𝜃)|𝑝 .
(19)

Using Lemma 3 again, we obtain that

E |𝑥 (𝑡)|𝑝
≤ [E |𝑥 (𝑡)|𝑝 + 𝜅 (1 − 𝜅)𝑝−1 E |𝑥 (𝑡 − 𝜏)|𝑝] (1 − 𝜅)1−𝑝
= (1 − 𝜅)1−𝑝 E |𝑥 (𝑡)|𝑝 + 𝜅E |𝑥 (𝑡 − 𝜏)|𝑝
≤ [(1 − 𝜅)1−𝑝 𝜂 + 𝜅] sup

𝑠∈[𝑡−𝑇,𝑡]
sup
𝜃∈[−𝜏,0]

E |𝑥 (𝑠 + 𝜃)|𝑝 .
(20)

In order to use Lemma 4, we need to justify that (1−𝜅)1−𝑝𝜂+𝜅 < 1. In fact, on one hand, due to 𝑞 > (𝑐2/𝑐1)𝑒𝜑𝜇(1 − 𝜅)−𝑝,
there exists a constant 𝜌 ∈ (0, 1) such that (𝑐2/𝑐1)𝑞−1𝑒𝜑𝜇 (1 −𝜅)1−𝑝 ≤ 𝜌 − 𝜅. On the other hand, due to 𝜇(𝑡) being a USF
and 𝑇 ∈ Ω𝜇, there exists a constant 𝜌1 ∈ (0, 1) such that



Mathematical Problems in Engineering 5

𝑒∫𝑡𝑡−𝑇 𝜇(𝑠)𝑑𝑠 < (𝑐1/𝑐2)2((1 − 𝜅)/(1 + 𝜅))𝑝((𝜌1 − 𝜅)/(1 − 𝜅)) < 1.
Thus

E |𝑥 (𝑡)|𝑝 ≤ [(1 − 𝜅)1−𝑝 𝜂 + 𝜅]
⋅ sup
𝑠∈[𝑡−𝑇,𝑡]

sup
𝜃∈[−𝜏,0]

E |𝑥 (𝑠 + 𝜃)|𝑝 = [(1 − 𝜅)1−𝑝 𝑐2𝑐1
⋅max{𝑐2𝑐1 (1 + 𝜅)𝑝 𝑒∫𝑡𝑡−𝑇 𝜇(𝑠)𝑑𝑠, 𝑞−1𝑒𝜑𝜇} + 𝜅]
⋅ sup
𝑠∈[𝑡−𝑇,𝑡]

sup
𝜃∈[−𝜏,0]

E |𝑥 (𝑠 + 𝜃)|𝑝

≤ [max {𝜌1 − 𝜅, 𝜌 − 𝜅} + 𝜅]
⋅ sup
𝑠∈[𝑡−𝑇,𝑡]

sup
𝜃∈[−𝜏,0]

E |𝑥 (𝑠 + 𝜃)|𝑝

≤ 𝜌∗ sup
𝑠∈[𝑡−𝑇,𝑡]

sup
𝜃∈[−𝜏,0]

E |𝑥 (𝑠 + 𝜃)|𝑝

≤ 𝜌∗ sup
𝑠∈[𝑡−𝑇−𝜏,𝑡]

E |𝑥 (𝑠)|𝑝

(21)

where 𝜌∗ = 𝜌 ∨ 𝜌1 ∈ (0, 1). By Lemma 4, we derive that

E |𝑥 (𝑡)|𝑝 ≤ 𝑒((ln 𝜌∗)/(𝑇+𝜏))(𝑡−𝑇) sup
𝑠∈[−𝜏,𝑇]

E |𝑥 (𝑠)|𝑝 , (22)

which implies that

lim sup
𝑡→∞

lnE |𝑥 (𝑡)|𝑝
𝑡 = ln 𝜌∗

𝑇 + 𝜏 < 0. (23)

In other words, we have proved that system (2) is𝑝thmoment
exponentially stable.

Remark 8. Here, by using stochastic analysis theory, some
notions as uniformly stable function (USF), overshoot of
the USF that dated from [60, 61], and some inequality
techniques, we obtain a novel exponential stability criterion
with respect to the related systems. The method we use here
is rather different from the traditional Razumikhin approach.
Thus, we provide a new method to investigate the stability
analysis for neutral stochastic delayed differential equations
with Markovian switchings. In the future, we can develop
this approach to study the stability for impulsive neutral
stochastic delayed differential equations.

Remark 9. If system (2) has no Markovian switching and𝜇(𝑡) ≡ 𝜇 < 0, then 𝑒𝜑𝜇 =; the condition of Theorem 7 𝑞 >(𝑐2/𝑐1)𝑒𝜑𝜇(1 − 𝜅)−𝑝 becomes 𝑞 > (𝑐2/𝑐1)(1 − 𝜅)−𝑝, which is the
same as the conditions in [46, 47]. If the model we considered
has no Markovian switching, stochastic disturbance, and
neutral item, then we can obtain the same result as Theorem
1 in [60]. Thus, our result is the generalization of Theorem 1
in [60] and the main results in [46, 47].

Remark 10. In Theorem 3.1 of [53], the condition (3.3)
ensured that the coefficient of the estimated upper bound
for the diffusion operator of Lyapunov function is a negative

value, and the condition of Theorem 3.1 in [48] required
that the coefficient function of the estimated upper bound
for the diffusion operator of Lyapunov function is a negative
definite function, which are very conservative in the practice
if the system is time-varying system. But our conditions allow
this function to take values on R and even allow it to be
unbounded. Thus, our result can be used more widely and is
less conservative than the existing results. See Example 1 for
more details.

4. An Example

In this section, we will give an example to illustrate the
validity and significance of our result.

Example 1. Now we will consider the following neutral-
type stochastic delay differential system with Markovian
switching:

𝑑 [𝑥 (𝑡) − 0.2𝑥 (𝑡 − 0.5)]
= 𝑓 (𝑡, 𝑥 (𝑡) , 𝑥 (t − 0.5) , 𝑟 (𝑡)) 𝑑𝑡

+ 𝑔 (𝑡, 𝑥 (𝑡) , 𝑥 (𝑡 − 0.5) , 𝑟 (𝑡)) 𝑑𝐵𝑡,
(24)

where
𝑓 (𝑡, 𝑥 (𝑡) , 𝑥 (𝑡 − 0.5) , 𝑖)

=
{{{{{{{

( 1
16𝑡 cos 𝑡2 −

3
2)𝑥 (𝑡 − 0.5) + 1

16𝑡 cos 𝑡2𝑥 (𝑡) , 𝑖 = 1,
(18𝑡 cos 𝑡2 − 1) 𝑥 (𝑡 − 0.5) , 𝑖 = 2,

(25)

and
𝑔 (𝑡, 𝑥 (𝑡) , 𝑥 (𝑡 − 0.5) , 𝑖)

= {{{
(tanh 𝑡) 𝑥 (𝑡 − 0.5) , 𝑖 = 1,
𝑒−𝑡𝑥2(𝑡−0.5)𝑥 (𝑡 − 0.5) , 𝑖 = 2.

(26)

𝑟(𝑡) is a right-continuousMarkov chain on the state spaceS ={1, 2} with the generator

𝑄 = [−1 1
2 −2] . (27)

Theorem3.1 in [48] is void in determining the exponential
stability for such a system. In fact, taking 𝑉(𝑡, 𝑥, 𝑖) = |𝑥|2 and𝑐1 = 𝑐2 = 1, then, by Ito’s formula,

EL𝑉(𝑡, 𝑥 (𝑡) , 𝑥 (𝑡 − 0.5) , 1)
≤ 2E{(𝑥 (𝑡) − 0.2𝑥 (𝑡 − 0.5))
⋅ [( 1

16𝑡 cos 𝑡2 −
3
2)𝑥 (𝑡 − 0.5) + 1

16𝑡 cos 𝑡2𝑥 (𝑡)]}
+ E |𝑥 (𝑡 − 0.5)|2 ≤ ( 7

40𝑡 cos 𝑡2 −
3
4)E |𝑥 (𝑡)|2

+ ( 3
40𝑡 cos 𝑡2 −

1
20)E |𝑥 (𝑡 − 0.5)|2

(28)
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and

EL𝑉(𝑡, 𝑥 (𝑡) , 𝑥 (𝑡 − 0.5) , 2)
≤ 2E [(𝑥 (𝑡) − 0.2𝑥 (𝑡 − 0.5)) (18𝑡 cos 𝑡2 − 1)

⋅ 𝑥 (𝑡 − 0.5)] + E |𝑥 (𝑡 − 0.5)|2 ≤ (18𝑡 cos 𝑡2 − 1)

⋅ E |𝑥 (𝑡)|2 + ( 1
10𝑡 cos 𝑡2 −

2
5)E |𝑥 (𝑡 − 0.5)|2 .

(29)

Obviously, the conditions in Theorem 3.1 [48] do not hold.
But we can judge the exponential stability for such system by
using our result. Take 𝑉(𝑡, 𝑥, 𝑖) = |𝑥|2 and 𝑐1 = 𝑐2 = 1. By Ito’s
formula,

EL𝑉(𝑡, 𝑥 (𝑡) , 𝑥 (𝑡 − 0.5) , 1)
≤ (18𝑡 cos 𝑡2 − 3)E |𝑥 (𝑡) 𝑥 (𝑡 − 0.5)|

+ 1
8𝑡 cos 𝑡2E |𝑥 (𝑡) 𝑥 (𝑡)| + E |𝑥 (𝑡 − 0.5)|2

≤ [(18𝑡 cos 𝑡2 − 3) 𝑞 + 1
2 + 𝑞]E |𝑥 (𝑡)|2

+ 1
8𝑡 cos 𝑡2E |𝑥 (𝑡) 𝑥 (𝑡)|

≤ [(18𝑡 cos 𝑡2 − 3) 𝑞 + 1
2 + 𝑞]E |𝑥 (𝑡)|2

+ 1
8 (𝑞 + 1

2 ) 𝑡 cos 𝑡2E |𝑥 (𝑡)|2

= [18𝑡 cos 𝑡2 (𝑞 + 1) − 3 (𝑞 + 1)
2 + 𝑞]E |𝑥 (𝑡)|2 ,

(30)

and

EL𝑉(𝑡, 𝑥 (𝑡) , 𝑥 (𝑡 − 0.5) , 2)
≤ (18𝑡 cos 𝑡2 − 1)E |𝑥 (𝑡)|2

+ (18𝑡 cos 𝑡2 − 1)E |𝑥 (𝑡 − 0.5)|2

+ E |𝑥 (𝑡 − 0.5)|2

≤ [(14𝑡 cos 𝑡2 − 2) 𝑞 + 1
2 + 𝑞]E |𝑥 (𝑡)|2

= (18𝑡 cos 𝑡2 (𝑞 + 1) + 𝑞)E |𝑥 (𝑡)|2 .

(31)

Choosing 𝑞 = 3, then EL𝑉(𝑡, 𝑥(𝑡), 𝑥(𝑡 − 0.5), 𝑟(𝑡)) ≤𝜇(𝑡)E𝑉(𝑡, 𝑥(𝑡), 𝑟(𝑡)), where 𝜇(𝑡) = (1/2)𝑡 cos 𝑡2 − 1. Here,
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Figure 1: The state response of Example 1.

𝜇(𝑡) is an unbounded function, taking values in R, so we
cannot use any former results to judge the mean-square
exponential stability for such system. But, from our result,
we can determine its stability. In fact, taking 𝑇 = 1, then
∫𝑡+1𝑡 𝜇(𝑠)𝑑𝑠 = −1/2 < 0 holds for all 𝑡 ≥ 0. Thus 𝑇 ∈
Ω𝜇. Additionally, 𝑒𝜑𝜇 ≤ 𝑒0.5, and 𝑞−1𝑒𝜑𝜇(1 − 𝑘)−𝑝 ≤ 3−1 ×
𝑒0.5 × 0.8−2 < 1. By Theorem 7, the system is mean square
exponentially stable. See Figure 1.

5. Conclusion

In this paper, we investigate the stability criterion for neu-
tral stochastic delay differential equations with Markovian
switching. By using stochastic analysis technique and Razu-
mikhin approach, we overcome the difficulty caused by the
neutral item for the related system. Finally, we derive a new
and novel Razumikhin exponential stability criterion. The
feature of the result is that the estimated upper bound for
the diffusion operator of Lyapunov function is allowed to
take values on R, even if it is allowed to be unbounded.
The criterion can reduce some restrictiveness of the related
results that are existing in the previous literature. An example
is provided to show the superiority of the new exponential
stability criterion.
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A fault tolerant control (FTC) scheme based on adaptive sliding mode control technique is proposed for manipulator with actuator
fault. Firstly, the dynamic model of manipulator is introduced and its actuator faulty model is established. Secondly, a fault tolerant
controller is designed, in which both the parameters of actuator fault and external disturbance are estimated and updated by online
adaptive technology. Finally, taking a two-joint manipulator as example, simulation results show that the proposed fault tolerant
control scheme is effective in tolerating actuator fault; meanwhile it has strong robustness for external disturbance.

1. Introduction

With the rapid development of modern science technology,
manipulator has emerged as an important area of research,
and more manipulators are applied in our life to reduce the
burden of work. In [1, 2] two cleaning robots are designed
to help people complete household cleaning tasks better.
Besides, some tasks cannot be completed by a single manip-
ulator, but two more cooperating manipulators are required.
Thus, a control method of dual manipulators is proposed to
replace the human workers to assemble and grasp objects
[3, 4]. Reference [5] addressed a decentralized controller
with constrained error variable and a radial basis function
network for spacemanipulator. Besides the above application,
manipulator also plays an important role in dangerous
environment where people can not directly participate. In
outer space, nobody can stay much long. Therefore, an
advanced mechanical arm system is needed to perform some
exploratory and experimental tasks, especially extravehicular
mission, such as space assembly, spacecraft maintenance,
satellite interaction, and outer space exploration. Thus, it
greatly reduces the risks of the astronauts going out of the

cabin and improves the efficiency and safety of space mission
[6]. In recent years, many researchers have done a great
deal of products on manipulators. The American space robot
remote service system and the lightweight modular space
manipulator system developed by German and Canadian
giant robotic arm have been successfully launched following
the rocket and completed the task. What is more, there are
also some other space manipulators serving in International
Space Station, including Dextre, SSRMS, and ERA [7–9].

In the current industrial application, manipulator has
become increasingly important [10], therefore, the stability
and reliability of manipulator system are crucial factors
[11–15]. Sophisticated and dangerous work such as welding
and space tasks that require high precision are assigned
to robots. The robotic manipulator is a typical complex
underactuated system with redundancy, multivariate, highly
nonlinearities and coupling. On the one hand, as friction
coefficient between joints always changes over time, and
external disturbance is uncertain [16], fault may occur in
manipulator. In particular, in dangerous environment, fault
may occur more easily, such as hard environment conditions,
particle radiation, electromagnetic interference [17], and
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low temperature; consequently the performance will greatly
decrease, even leading mission to fail. On the other hand,
artificial repair is nearly impossible in outer space. In con-
clusion manipulator is needed to tolerate fault and continue
the given operation task. Consequently, fault tolerant control
is vital in security assurance for manipulator. FTC technique
also applies on UAV team, cooperative control, distributed
control, mobile wireless, networks, and communications [18].
The performance of feedback control system depends on
actuators, sensors, and data acquisition/interface compo-
nents. Faulty components will lead to the deterioration of
the overall system stability, which has been a safety problem
in control system [19]. At present, there have been a large
number of FTC schemes. In the FTC literature, different
approaches have been reported, such as robust FTCpresented
in [20], adaptive FTC designed in [21, 22], nonlinear FTC
proposed in [23], and sliding mode FTC proposed in [24, 25].
However, there are not many FTC schemes for manipulator.
In [26] a novel finite time FTC based on adaptive neural
network nonsingular fast terminal sliding mode is addressed
for uncertain robot manipulators with actuator faults, and
it is verified that the system possesses strong robustness, no
singularity, less chattering, and fast finite time convergence by
simulation [27–33]. In [34] a robust LQR/LQI FTCmethod is
developed for a 2DOF unmanned bicycle robot with actuator
fault. Different from [26], [34, 35] proposed a decentralized
FTC for reconfigurable manipulator with sensor fault.

Compared with the above-mentioned methods, sliding
mode control (SMC) has attractive advantages of efficient
characteristics thanks to its insensibility to matched uncer-
tainties and disturbances [36]. Therefore, SMC is adopted to
design the fault tolerant controller in this paper. However,
chattering of the sliding mode control signal has become the
major issue to its actual applications, which can lead to the
deterioration of the overall system. In order to solve such
problem, a novel sliding mode control technology, dynamic
sliding mode control, is designed [37]. In FTC method,
observers are usually designed to estimate disturbances and
fault information; for example, in [38] a fault diagnosis
via higher order sliding mode observers is proposed for
manipulator system; different from [39, 40], observers are not
considered in this paper, in which, the proposed controller is
much easier to realize in practical application.

The main theoretical contributions of this paper can be
briefly outlined as follows.

(1) Compared with the design of traditional sliding
surface, the novel dynamic sliding mode controller
proposed in this paper can reduce the chattering
effectively.

(2) In comparison with traditional method to handle
unknown system parameters and disturbances, adap-
tive algorithm is adopted to update parameters online;
it is not necessary to obtain the accurate value of
disturbances.

(3) In comparison with the conventional FTC method,
there is no need to design a fault diagnosis and
detection observer, and the unknown fault can be
estimated by the proposed adaptive algorithm.

The rest of this paper is organized as follows. In Section 2,
the dynamic model of space manipulator and its actuator
fault model are introduced. Then a fault tolerant controller is
designed, in which parameters of actuator fault and external
disturbance are estimated and updated by online adaptive
method in Section 3. Finally, simulation results demonstrate
the proposed fault tolerant controller is able to tolerate
actuator fault, as well as the strong robustness for external
disturbance.

2. Mathematic Model

2.1. Dynamic model. An articular robot system is a typical
redundant, multivariable nonlinear complex dynamic cou-
pling system [39].Whendealingwithmanipulator, we usually
adopt its simplified model as follows due to the extreme
complexity of its general dynamic model manipulator:

𝐻(𝑞) ̈𝑞 + 𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) + 𝐹 ( ̇𝑞) = 𝜏 + 𝜏𝑑 (1)

where 𝑞 ∈ R𝑛, ̇𝑞 ∈ R𝑛, ̈𝑞 ∈ R𝑛 represent joint position,
velocity, and acceleration vector, respectively; here position
refers to joint angle.𝐻(𝑞) ∈ R𝑛×𝑛 denotes symmetric positive
definite inertia matrix. 𝐶(𝑞, ̇𝑞) ∈ R𝑛×𝑛 represents Coriolis
force and centrifugal force matrix. 𝐺(𝑞) ∈ R𝑛 denotes
gravity torque vector. 𝐹( ̇𝑞) ∈ R𝑛 is friction torque vector.𝜏𝑑 ∈ R𝑛 denotes external disturbance and model parameter
uncertainties torque vector. 𝜏 ∈ R𝑛 denotes control torque
vector.

The above manipulator system (1) has the following
property which is beneficial in subsequent controller design.

Property. �̇�(𝑞)−2𝐶(𝑞, ̇𝑞) is a skew symmetric matrix [41]; i.e.,Γ𝑇(�̇�(𝑞) − 2𝐶(𝑞, ̇𝑞))Γ = 0, ∀Γ ∈ R𝑛.

2.2. Fault Model. Instead of locked-joint fault, loss of effec-
tiveness considered in this paper means the free-swinging
fault; that is, fault joint swings freely without constraints. On
the contrary, locked-joint fault means that fault joint is locked
at its current position and cannot move any more. The move
of manipulator system depends on the rotation of motor,
which ranges from 0 degree to 300 degree.The free-swinging
fault here that may be caused by a hardware or software fault
in a manipulator can lead to the loss of torque (or force) on a
joint [42]. Then the free-swinging fault model is established
as follows:

𝐻(𝑞) ̈𝑞 + 𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) + 𝐹 ( ̇𝑞) = 𝜏𝑓 + 𝜏𝑑 (2)

where 𝜏𝑓 = 𝐸𝜏, 𝐸 = diag {𝑒𝑖}, 𝑖 = 1, 2, . . . , 𝑛, and 𝑒𝑖 ∈ (0, 1)
represents actuator loss of effectiveness factor which refers to
the free-swinging fault in this paper, and the proposed FTC of
manipulator is mainly designed under such case. When 𝑒𝑖 =1, the 𝑖𝑡ℎ joint is normal without fault; when 𝑒𝑖 = 0, the 𝑖𝑡ℎ
joint is with lock in place that means that the joint is locked
at its current position, which is not considered in this paper.
Define Δ𝐸(𝑡) = 𝐼 −𝐸 = diag {1 − 𝑒𝑖(𝑡)}, where I is the identity
matrix and ‖Δ𝐸(𝑡)‖ = 1 −min{𝑒𝑖(𝑡)}; then system (2) can be
transformed as

𝐻 ̈𝑞 = 𝜏 − Δ𝐸 (𝑡) 𝜏 + 𝜏𝑑 + 𝑔 (𝑞, ̇𝑞) (3)
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where 𝑔(𝑞, ̇𝑞) = −𝐶(𝑞, ̇𝑞) ̇𝑞 − 𝐺(𝑞) − 𝐹( ̇𝑞). For convenience,
define 𝐻 ≜ 𝐻(𝑞), 𝐶 ≜ 𝐶(𝑞, ̇𝑞), 𝐺 ≜ 𝐺(𝑞), 𝐹 ≜ 𝐹( ̇𝑞), and𝑔 ≜ 𝑔(𝑞, ̇𝑞).
3. Fault Tolerant Controller Design

3.1. Problem Statement. In this paper, we are absorbed in
investigating an FTC method for manipulator with actuator
fault. The trajectory tracking problem of fault system (2)
is considered. The control objective can be described as
that for a manipulator control system with actuator fault,
an FTC method is proposed to ensure that the closed-loop
system is stable, i.e., when 𝑡 → ∞, 𝑞 → 𝑞𝑑, where 𝑞𝑑
denotes the desired position signal. For this purpose, an FTC
method based on adaptive dynamic sliding mode technology
is proposed. Firstly, an assumption is given as follows.

Assumption 1. The external disturbance 𝜏𝑑 is assumed to be
norm-bounded. 𝜏𝑑 ≤ 𝐾 (4)

where𝐾 is an unknown positive constant and ‖ ⋅ ‖ represents𝐿∞ norm in this paper.

3.2. Controller Design. As mentioned in the above section,
the desired position signal is defined as 𝑞𝑑, so the tracking
error is 𝑧 = 𝑞−𝑞𝑑.Then the conventional slidingmode surface
is selected as

𝑆 = �̇� + 𝑙𝑧 (5)

where 𝑙 ∈ R𝑛×𝑛 is a positive matrix; further,

̇𝑆 = �̈� + 𝑙�̇� = ̈𝑞 − ̈𝑞𝑑 + 𝑙 ( ̇𝑞 − ̇𝑞𝑑) . (6)

Next, the dynamic sliding mode surface is selected as

𝐽 = 𝑆 + 𝜒 (7)

where 𝜒 can be considered as the error between 𝐽 and 𝑆 and
its derivative of time is ̇𝜒 = 𝜌1‖𝑆‖0.5sgn (𝑆) − 𝜌2‖𝐽‖0.5sgn (𝐽),
where sgn(𝑆) = [sgn (𝑆1), sgn (𝑆2), ..., sgn (𝑆𝑛)]𝑇, sgn (𝐽) =[sgn (𝐽1), sgn (𝐽2), . . . , sgn (𝐽𝑛)]𝑇, 𝜌1 is the sliding mode gain
of conventional sliding mode surface 𝑆, and 𝜌2 is the sliding
mode gain of dynamic sliding mode surface 𝐽. They are two
positive constants satisfying 𝜌1 > 0, 𝜌2 > 0, 𝜌1 ̸= 𝜌2, and for
more details please refer to Remark 6.

Theorem 2. Considering manipulator system with free-
swinging fault and external disturbance (2) under Assump-
tion 1, a fault tolerant control input based on adaptive sliding
mode controller (8) and adaptive law (9) can guarantee asymp-
totic output tracking of manipulator control system in both
cases of no fault and fault, which guarantees the boundedness
of all the closed-loop signals and asymptotic output tracking.

𝜏 = −𝑔 − 𝐻𝑓 − 𝐶𝐽 − 𝜙sgn (𝐽) − �̂�sgn (𝐽) (8)

̇̂𝐾 = 𝜇 𝑛∑
𝑖=1

𝐽𝑖 (9)

where �̂� is the estimated value of 𝐾, 𝜀 is a positive constant,𝑓 = − ̈𝑞𝑑 + 𝑙( ̇𝑞 − ̇𝑞𝑑) + ̇𝜒, 𝜙 = (𝑏/(1 − 𝑏))[‖𝑔 + 𝐻𝑓 + 𝐶𝐽‖ +�̂�sgn (𝐽) + 𝜀], and 𝑏 = ‖Δ𝐸‖. To satisfy the stability of the
system, achieve a good tracking effectiveness, and estimate the
value of disturbances, (9) is obtained to put an integral action
in the definition of (8).

Proof. Define a Lyapunov function as follows:

𝑉 = 12𝐽𝑇𝐻𝐽 + 12𝜇�̃�2 (10)

where �̃� denotes the estimated error of disturbance; that is,�̃� = 𝐾 − �̂� and 𝜇 is a positive constant. The time derivative
of 𝑉 is obtained.

�̇� = 12𝐽𝑇�̇�𝐽 + 𝐽𝑇𝐻 ̇𝐽 − 1𝜇�̃� ̇̂𝐾
= 12𝐽𝑇 (�̇� − 2𝐶) 𝐽 + 𝐽𝑇𝐶𝐽 + 𝐽𝑇𝐻 ̇𝐽 − 1𝜇�̃� ̇̂𝐾
= 𝐽𝑇 (𝐶𝐽 + 𝐻 ̇𝐽) − 1𝜇�̃� ̇̂𝐾
= 𝐽𝑇 (𝐶𝐽 + 𝐻 ̈𝑞 + 𝐻𝑓) − 1𝜇�̃� ̇̂𝐾

(11)

Substituting (3) into the above equation, one can obtain the
following.

�̇� = 𝐽𝑇 (𝐶𝐽 + 𝜏 − △𝐸 (𝑡) 𝜏 + 𝜏𝑑 + 𝑔 + 𝐻𝑓) − 1𝜇�̃� ̇̂𝐾 (12)

Applying controller (8) and adaptive law (9) into the above
equation, one can obtain

�̇� = 𝐽𝑇 [− △ 𝐸 (𝑡) 𝜏 − 𝜙sgn (𝐽) − �̂�sgn (𝐽) + 𝜏𝑑]
− 1𝜇�̃� ̇̂𝐾

= 𝐽𝑇 [− △ 𝐸 (𝑡) 𝜏 − 𝜙sgn (𝐽)] − �̂�𝐽𝑇sgn (𝐽) + 𝐽𝑇𝜏𝑑
− 1𝜇�̃� ̇̂𝐾

≤ 𝐽𝑇 [− △ 𝐸 (𝑡) 𝜏 − 𝜙sgn (𝐽)] − �̂� 𝑛∑
𝑖=1

𝐽𝑖 + 𝐾
𝑛∑
𝑖=1

𝐽𝑖
− 1𝜇�̃� ̇̂𝐾

= 𝐽𝑇 [− △ 𝐸 (𝑡) 𝜏 − 𝜙sgn (𝐽)] + �̃�( 𝑛∑
𝑖=1

𝐽𝑖 − 1𝜇 ̇̂𝐾)

(13)
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Further simplify

�̇� = 𝐽𝑇 [− △ 𝐸 (𝑡) 𝜏 − 𝜙sgn (𝐽)]
= 𝐽𝑇 △ 𝐸 (𝑡) [𝑔 + 𝐻𝑓 + 𝐶𝐽 + 𝜙sgn (𝐽) + �̂�sgn (𝐽)]
− 𝐽𝑇𝜙sgn (𝐽)

≤ 𝑏 ‖𝐽‖ [𝑔 + 𝐻𝑓 + 𝐶𝐽 + �̂�sgn (𝐽)] + 𝑏𝜙
𝑛∑
𝑖=1

𝐽𝑖
− 𝜙 𝑛∑
𝑖=1

𝐽𝑖
≤ 𝑏 𝑛∑
𝑖=1

𝐽𝑖 [𝑔 + 𝐻𝑓 + 𝐶𝐽 + �̂�sgn (𝐽)]

− 𝜙 (1 − 𝑏) 𝑛∑
𝑖=1

𝐽𝑖 = −𝑏𝜀 𝑛∑
𝑖=1

𝐽𝑖 ≤ 0

(14)

and, thus, the stability of the closed-loop system is verified.

Remark 3. In practical application, the smallest valuable
of actuator fault min{𝑒𝑖(𝑡)} is usually unknown; therefore
it is necessary to design an adaptive law to estimate fault
information. To solve this problem, an adaptive fault tolerant
controller will be designed in the following, inwhich adaptive
scheme is adopted to estimate both the actuator fault and
external disturbance.

When dealing with the faulty term, define 𝑏 = ‖Δ𝐸(𝑡)‖,𝜉 = 1/(1 − 𝑏), and then adaptive algorithm is adopted
to estimate 𝜉, which can compensate for the existent fault.
Regarding the disturbance, based on Assumption 1, �̂� is
used to compensate for the existent disturbance by adaptive
technique.

Theorem 4. Based on �eorem 2, considering manipulator
system with free-swinging fault and external disturbance (2)
under Assumption 1, the minimum boundary value of actuator
fault min{𝑒𝑖(𝑡)} is unknown, and an FTC input based on
adaptive sliding mode controller (15) and adaptive laws (16)-
(17) can guarantee asymptotic output tracking of manipulator
control system in both cases, i.e., no fault and fault, which
guarantees the boundedness of all the closed-loop signals and
asymptotic output tracking.

𝜏 = −𝑔 − 𝐻𝑓 − 𝐶𝐽 − 𝛾 (𝑡) sgn (𝐽) − �̂�sgn (𝐽) (15)

̇̂𝐾 = 𝜇 𝑛∑
𝑖=1

𝐽𝑖 (16)

̇̂𝜉 = 𝛽𝛿 𝑛∑
𝑖=1

𝐽𝑖 (17)

where �̂� is the estimated value of 𝐾, 𝛿 = ‖𝑔 + 𝐻𝑓 + 𝐶𝐽‖ +�̂� + 𝜀, and 𝜀 is a positive constant. 𝛾(𝑡) = −𝛿 + 𝜉𝛿, and 𝜉 is the
estimated value of 𝜉.

Proof. In order to prove the stability of the overall system, the
Lyapunov function is selected as

𝑉 = 𝑉1 + 𝑉2 + 𝑉3 (18)

where 𝑉1, 𝑉2 𝑉3 represent three Lyapunov functions which
will be elaborated in the following 3 steps; further,

�̇� = �̇�1 + �̇�2 + �̇�3. (19)

The process of proof is divided into three steps.

Step 1 (adaptive law analysis). To obtain the adaptive laws of
fault and disturbance, the Lyapunov function is chosen as

𝑉1 = 12𝐽𝑇𝐻𝐽 + 12𝜇�̃�2 + 1 − 𝑏2𝛽 𝜉2 (20)

where �̃� denotes the estimated error of disturbance, 𝜉 denotes
the estimated error of fault, �̃� = 𝐾 − �̂�, 𝜉 = 𝜉 − 𝜉, and 𝜇
and 𝛽 are both positive constants. The time derivative of𝑉1 is
obtained.

�̇�1 = 12𝐽𝑇�̇�𝐽 + 𝐽𝑇𝐻 ̇𝐽 − 1𝜇�̃� ̇̂𝐾 − 1 − 𝑏𝛽 𝜉 ̇̂𝜉
= 12𝐽𝑇 (�̇� − 2𝐶) 𝐽 + 𝐽𝑇𝐶𝐽 + 𝐽𝑇𝐻 ̇𝐽 − 1𝜇�̃� ̇̂𝐾
− 1 − 𝑏𝛽 𝜉 ̇̂𝜉

= 𝐽𝑇 (𝐶𝐽 + 𝐻 ̈𝑞 + 𝐻𝑓) − 1𝜇�̃� ̇̂𝐾 − 1 − 𝑏𝛽 𝜉 ̇̂𝜉

(21)

Substituting (3) into the above equation, one obtains the
following.

�̇�1 = 𝐽𝑇 (𝐶𝐽 + 𝜏 − △𝐸 (𝑡) 𝜏 + 𝜏𝑑 + 𝑔 + 𝐻𝑓) − 1𝜇�̃� ̇̂𝐾
− 1 − 𝑏𝛽 𝜉 ̇̂𝜉

(22)

Applying controller (15) into the above equation yields the
following.

�̇�1 = 𝐽𝑇 [− △ 𝐸 (𝑡) 𝜏 − 𝛾 (𝑡) sgn (𝐽) − �̂�sgn (𝐽) + 𝜏𝑑]
− 1𝜇�̃� ̇̂𝐾 − 1 − 𝑏𝛽 𝜉 ̇̂𝜉

= 𝐽𝑇 [− △ 𝐸 (𝑡) 𝜏 − 𝛾 (𝑡) sgn (𝐽)] + �̃� 𝑛∑
𝑖=1

𝐽𝑖
− 1𝜇�̃� ̇̂𝐾 − 1 − 𝑏𝛽 𝜉 ̇̂𝜉

= 𝐽𝑇 [− △ 𝐸 (𝑡) 𝜏 − 𝛾 (𝑡) sgn (𝐽)]
+ �̃�( 𝑛∑

𝑖=1

𝐽𝑖 − 1𝜇 ̇̂𝐾) − 1 − 𝑏𝛽 𝜉 ̇̂𝜉

(23)
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Substituting adaptive law (16) into the above equation yields
the following.

�̇�1 ≤ 𝐽𝑇 [− △ 𝐸 (𝑡) 𝜏 − 𝛾 (𝑡) sgn (𝐽)] − 1 − 𝑏𝛽 𝜉 ̇̂𝜉
= −𝛾 (𝑡) 𝑛∑

𝑖=1

𝐽𝑖 − 1 − 𝑏𝛽 𝜉 ̇̂𝜉 + 𝐽𝑇
△ 𝐸 (𝑡) [𝑔 + 𝐻𝑓 + 𝐶𝐽 + 𝛾 (𝑡) sgn (𝐽) + �̂�sgn (𝐽)]

≤ (1 − 𝜉) 𝛿 𝑛∑
𝑖=1

𝐽𝑖 − 1 − 𝑏𝛽 𝜉 ̇̂𝜉
+ 𝑏 𝐽𝑇 [𝑔 + 𝐻𝑓 + 𝐶𝐽 + 𝛾 (𝑡) + �̂�]

≤ (1 − 𝜉) 𝛿 𝑛∑
𝑖=1

𝐽𝑖 − 1 − 𝑏𝛽 𝜉 ̇̂𝜉 + 𝑏 𝑛∑
𝑖=1

𝐽𝑖 (−𝜀 + 𝜉𝛿)

= (1 − 𝜉 + 𝑏𝜉) 𝛿 𝑛∑
𝑖=1

𝐽𝑖 − 1 − 𝑏𝛽 𝜉 ̇̂𝜉 − 𝜀𝑏 𝑛∑
𝑖=1

𝐽𝑖
= (1 − 𝑏) (𝜉 − 𝜉) 𝛿 𝑛∑

𝑖=1

𝐽𝑖 − 1 − 𝑏𝛽 𝜉 ̇̂𝜉 − 𝜀𝑏 𝑛∑
𝑖=1

𝐽𝑖
= (1 − 𝑏) 𝜉(𝛿 𝑛∑

𝑖=1

𝐽𝑖 − 1𝛽 ̇̂𝜉) − 𝜀𝑏 𝑛∑
𝑖=1

𝐽𝑖

(24)

As a result, applying adaptive law (17) into the above equation,
one can obtain the following.

�̇�1 = −𝜀𝑏 𝑛∑
𝑖=1

𝐽𝑖 ≤ 0 (25)

Step 2 (reach time analysis). Before analysis, a lemma is
proposed as follows to obtain the convergence time.

Lemma 5.�e dynamic sliding mode function 𝐽 exists and can
converge within finite time 𝑡𝐽; please see [43] for more details.

A�er time 𝑡𝐽, the surface 𝐽 = 0; from (7), one can obtain
the following.

̇𝑆 = − ̇𝜒 = −𝜌1 ‖𝑆‖0.5 sgn (𝑆) (26)

Further, a Lyapunov function is selected as follows to obtain the
convergence time of system.

𝑉2 = 12𝑆𝑇𝑆 (27)

Further,

�̇�2 = 𝑆𝑇 ̇𝑆 = 𝑆𝑇 (−𝜌1 ‖𝑆‖0.5 sgn (𝑆)) ≤ −𝜌1 ‖𝑆‖1.5 ≤ 0. (28)

To solve the above differential equation, the following equation
can be obtained by (27).

𝑉2 = 12 ‖𝑆‖2 (29)

Further,

‖𝑆‖ = 2𝑉21/2 (30)

Substituting (30) to (28) yields the following.

�̇�2 ≤ −𝜌1 2𝑉23/4 . (31)

�us

𝑉−3/42 𝑑𝑉2 ≤ −23/4𝜌1𝑑𝑡∫𝑡
𝑡𝐽

𝑉−3/42 𝑑𝑉2
≤ ∫𝑡
𝑡𝐽

−23/4𝜌1𝑑𝑡4 [𝑉2 (𝑡)1/4 − 𝑉2 (𝑡𝐽)1/4]
≤ −23/4𝜌1 (𝑡 − 𝑡𝐽) .

(32)

As time 𝑡 reaches 𝑡𝑆 , the conventional slidingmode surface 𝑆will
converge to zero; i.e., when 𝑡 = 𝑡𝑆, 𝑆 = 0; that is,𝑉2(𝑡) = 𝑉2(𝑡𝑆);
thus

−4𝑉2 (𝑡𝐽)1/4 ≤ −23/4𝜌1 (𝑡𝑆 − 𝑡𝐽) (33)

�us, one can obtain the following.

𝑡𝑆 ≤ 4𝑉2 (𝑡𝐽)1/4 + 23/4𝜌1𝑡𝐽23/4𝜌1 (34)

Consequently, sliding mode surface 𝑆 will converge to zero
within finite time.

𝑡𝑆 ≤ 4𝑉2 (𝑡𝐽)1/4 + 23/4𝜌1𝑡𝐽23/4𝜌1 (35)

Now, it is verified that conventional sliding mode surface 𝑆
and dynamic sliding mode surface 𝐽 can both converge to zero
within finite time, and dynamic surface converges faster than
conventional surface; i.e., lim𝑡≥𝑡𝐽(𝐽/𝑆) = 0. As 𝑡 → 𝑡𝑆 is
reached, 𝑆 = 0; substituting this into (5), one can obtain the
following.

�̇� = −𝑙𝑧 (36)

Step 3 (tracking error analysis). To prove the convergence
of the tracking error 𝑧, the Lyapunov function is defined as
follows.

𝑉3 = 12𝑧𝑇𝑧 (37)

Thus

�̇�3 = 𝑧𝑇�̇� ≤ −𝑙 ‖𝑧‖2 ≤ 0 (38)

and, therefore, tracking error 𝑧 is convergent, which means
that when 𝑡 → ∞, 𝑞 → 𝑞𝑑, 𝑧 → 0. Therefore, according
to the above three steps, it is easy to be seen that �̇� < 0 in
(19), which means that the overall system can be stable with
the proposed controller. The proof is completed.
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Remark 5. Practically, due to the hysteresis of nonlinear and
switching, ‖𝐽‖ cannot converge to zero accurately within a
finite time; therefore, the adaptive parameters �̂� and 𝜉 of the
estimated values for 𝐾 and 𝜉 may increase boundlessly. In
the other words, �̂� and 𝜉 obtained by the proposed adaptive
algorithm will be not accurate, which may increase towards
infinity. In practical engineering, it is difficult to apply (16)-
(17) directly. Consequently, to solve such a problem, dead
zone technique is used [44] and adaptive laws (16) and (17)
are modified as

̇̂𝐾 = {{{{{
𝜇 𝑛∑
𝑖=1

𝐽𝑖 , 𝐽𝑖 ≥ 𝜆1
0, 𝐽𝑖 < 𝜆1

(39)

̇̂𝜉 = {{{{{
𝛽𝛿 𝑛∑
𝑖=1

𝐽𝑖 , 𝐽𝑖 ≥ 𝜆2
0, 𝐽𝑖 < 𝜆2

(40)

where 𝜆1 and 𝜆1 are both small positive constants.

Remark 6. The dynamic sliding function 𝐽 reaches and
remains on the sliding surface 𝐽 = 0 before the conventional
sliding function 𝑆 gets to the sliding surface 𝑆 = 0 if and only
if 𝜌1, 𝜌2 satisfy [45]

|𝐽 (0)| ≤ (𝜌2𝜌1)
2 |𝑆 (0)| . (41)

4. Simulation

In order to verify the validity of control method proposed
in this paper, we applied it to two-joint manipulator model.
In this section, four cases with considering signal fault and
double joints faults, respectively, will be simulated to present
the tracking effectiveness of manipulator.

4.1. Simulation Cases

Case 1. Link 1 and link 2 are both healthy without fault; i.e.,𝐸 = 𝐼, where 𝐼 is the identity matrix.

Case 2. Link 1 is healthy, and actuator fault occurs in link 2 at
10s; i.e.,

𝑒1 = 1
𝑒2 = {{{

1, 𝑡 < 10𝑠
0.2, 𝑡 ≥ 10𝑠.

(42)

Case 3. Actuator fault occurs in link 1 at 10s, and link 2 is
healthy; i.e.,

𝑒1 = {{{
1, 𝑡 < 10𝑠
0.6, 𝑡 ≥ 10𝑠.

𝑒2 = 1
(43)

Case 4. Actuator fault occurs in link 1 and link 2 at 10s; i.e.,

𝑒1 = {{{
1, 𝑡 < 10𝑠
0.6, 𝑡 ≥ 10𝑠

𝑒2 = {{{
1, 𝑡 < 10𝑠
0.2, 𝑡 ≥ 10𝑠.

(44)

Simulation Parameters. The parameters of simulation are
designed as follows.

𝐻(𝑞) = [3.66 + 1.74 cos 𝑞2 0.76 + 0.87 cos 𝑞20.76 + 0.87 cos 𝑞2 0.76 ]

𝐺 (𝑞) = [3.04𝑔 cos 𝑞1 + 0.87𝑔 cos (𝑞1 + 𝑞2)0.87𝑔 cos (𝑞1 + 𝑞2) ]

𝜏𝑑 = [0.2 sin ̇𝑞10.2 sin ̇𝑞2]

(45)

The initial state of manipulator system is selected as 𝑞0 =(0, 0)𝑇𝑟𝑎𝑑/𝑠, ̇𝑞0 = (0, 0)𝑇𝑟𝑎𝑑/𝑠.
Tracked objective trajectory is 𝑞𝑑1 = 0.7 sin (𝜋𝑡)𝑟𝑎𝑑, 𝑞𝑑2 =

sin (𝜋𝑡)𝑟𝑎𝑑, respectively.
To make the overall system stable, equipped with strong

robustness and fault tolerance, the parameters of the pro-
posed controller are selected as 𝜀 = 1, and the learning gains
of adaptive laws are adopted as 𝜇 = 0.5, 𝛽 = 0.1. To realize
fast convergence of the sliding mode surface, sliding mode
parameters are designed as 𝑙 = diag {0.001, 0.001}, 𝜌1 = 0.3,𝜌2 = 5 𝜆1 = 𝜆2 = 0.05.
Simulation Results and Analysis. In the simulation, according
to the designed control law (15) and adaptive laws (39), (40),
the time of fault tolerance in each case is shown in Table 1, and
the corresponding simulation results are depicted in Figures
1–8, which show time responses of link position tracking,
velocity tracking.

Figure 1 shows the tracking responses in Case 1. From
Figure 1, we can see that the position and speed signal of
link 1 can track the corresponding desired signal within
5s. Meanwhile, Figure 1 shows that tracking trajectories of
position and speed of link 2 between actual signal and desired
signal can converge to zero in 5s and then reach stability.
From Figure 5, it is easy to be seen that the control torque
can converge within 4 seconds without actuator fault in this
case.

Figure 2 depicts the time responses of trajectory tracking
in Case 2. FromFigure 2, it can be easily seen that the position
and speed tracking errors of link 1 between actual signal and
desired signal can converge to zero in 5s without actuator
fault. Also, Figure 2 shows that tracking error of two links
can converge to zero in 5s; after actuator fault occurs in link
2 at 10s, system can rapidly deal with the fault and realize
trajectory tracking within 5 seconds. From Figure 6, we can
see that when actuator fault occurs in link 2, the control
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Figure 1: Tracking responses of links 1 and 2 in Case 1.
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Figure 2: Tracking responses of links 1 and 2 in Case 2.
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Figure 3: Tracking responses of links 1 and 2 in Case 3.
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Table 1: Time of fault tolerance.

CASES
Position

tracking of
link1(s)

Speed
tracking of
link1(s)

Control
torque of
link1(s)

Position
tracking of
link2(s)

Speed
tracking of
link2(s)

Control
torque of
link2(s)

1 / / / / / /
2 / / / 5 5 3
3 7 7 3 / / /
4 7 7 3 5 5 3
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Figure 4: Tracking responses of links 1 and 2 in Case 4.
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Figure 5: Time responses of control torque in Case 1.

torque of link 2 can handle the fault within 3 seconds, but a
little chattering phenomenon appears.

The tracking responses in Case 3 are shown in Figure 3,
from which, it can be easily seen that link position can deal
with fault by itself and basically track the desired position
signal in 7s when actuator fault appears in link 1 at 10s.
Compared with other cases, the error between actual signal
and desired signal is a little high, but is still in an acceptable
range. Figure 3 also provides the actual speed of link 1 with
actuator fault being able to track expected signal within 7s.
From Figure 3 we can, respectively, see position and speed of
link 2 with no fault being able to easily realize the trajectory

tracking in 5s. Figure 7 shows the time response of control
torque, from which we can see that the amplitude of link 1
increases and control torque can reconvergewithin 3 seconds.

Figure 4 provides the trajectory tracking responses of two
links in this case. The tracking response of link 1 is shown in
Figure 4, from which, it is easy to see that when actuator of
link 1 failed at 10s, position signal and speed signal of link 1
can deal with fault and basically track the desired signals in 7
seconds. Although there exists a certain error in both position
and speed tracking, the error is acceptable in programming.
Figure 4 also depicts the tracking response of link 2, from
which, we can see that it takes 5 seconds for position and
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Figure 6: Time responses of control torque in Case 2.
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Figure 7: Time responses of control torque in Case 3.
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Figure 8: Time responses of control torque in Case 4.

speed signal to track the corresponding desired signals when
actuator fault occurs in link 2 at 10s. Figure 8 depicts the time
response of control torque in this case, from which it can be
easily seen that the amplitudes of 2 links increase, and control
torque can reconverge within 3 seconds but a little chattering
phenomenon appears.

From Table 1 and Figures 1–8, we can see that when both
actuators are healthy without fault, the overall system can
realize trajectory tracking within 5 seconds; when actuator
fault occurs in link 2, tracking responses of link 2 can
reconverge to desired signal within 5 seconds; when actuator

fault occurs in link 1, tracking responses of link 1 can
reconverge to desired signal within 7 seconds; when actuator
fault occurs in two links, tracking responses of links 1 and
2 can reconverge to desired signal within 7 and 5 seconds,
respectively.Therefore, the trajectory tracking effectiveness of
the FTC method proposed in this paper is verified.

5. Conclusions

In this paper, a novel FTC scheme based on adaptive sliding
mode method is investigated for manipulator with actuator
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fault and external disturbance. Firstly the general dynamic
model of space manipulator is introduced and further its
actuator faulty model is established. Secondly, an adaptive
fault tolerant controller is designed for manipulator with
actuator fault. Parameters of fault and disturbance are esti-
mated and updated by online adaptive method. Finally the
proposed controller is applied to two-joint manipulator; from
the simulation results it is shown that the controller proposed
in this paper can not only realize a good trajectory tracking,
but also tolerate actuator fault and present strong robustness
for external disturbance, while effectively reducing the chat-
tering phenomenon of sliding mode control.
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This paper pays close attention to the problem of finite-time stabilization related to stochastic inertial neural networks with or
without time-delay. By establishing proper Lyapunov-Krasovskii functional and making use of matrix inequalities, some sufficient
conditions on finite-time stabilization are obtained and the stochastic settling-time function is also estimated. Furthermore, in order
to achieve the finite-time stabilization, both delayed and nondelayed nonlinear feedback controllers are designed, respectively,
in terms of solutions to a set of linear matrix inequalities (LMIs). Finally, a numerical example is provided to demonstrate the
correction of the theoretical results and the effectiveness of the proposed control design method.

1. Introduction

In recent years, more and more scholars have been attracted
by neural networks due to their successful applications
in associative memory [1, 2], pattern recognition [3], sig-
nal processing, optimization problems, and so forth [4].
These applications always rely on the dynamic behaviors
of neural networks. Therefore, the investigation of dynamic
trajectories is necessary for applied designation of neural
networks. Hence, a large number of studies on stability [5–
8], stabilization [9, 10], passivity [11], dissipativity [12, 13],
synchronization [14, 15], and state estimation [16, 17] for
neural networks have been reported.

On the other hand, many researchers have studied
Hopfield neural networks [18], cell neural networks, recur-
rent neural networks [9, 19], Cohen-Grossberg neural net-
works, bidirectional associative memory neural networks,
and Lotka-Volterra neural networks, as well as inertial neural
networks [12, 14, 15, 20], which are more intricate than all
kinds of prementioned neural networks with the standard
resistor-capacitor variety [21]. The inertial term is taken as a
critical tool to bring complex bifurcation behavior and chaos.

It has been confirmed that stochastic disturbances, which
are unavoidable in actual applications of artificial neural

networks, are probably one of the main sources leading to
undesirable behaviors of dynamical systems, especially when
a neural network is implemented for applications. Therefore,
it is of great significance to study the stability and stabilization
problems of neural networks with stochastic disturbances
[22–24]. However, to the best of authors’ knowledge, most
of the researchers have either investigated the stability for
stochastic neural networks with time-delay [25–28] or stud-
ied the stability for inertial neural networks with time-delay
[20]. There are rare literatures that considered the finite-
time stabilization for stochastic inertial neural networks with
time-delay.

Inspired by the above comprehensive analysis, in this
paper, we are devoted to investigating the finite-time sta-
bilization for stochastic inertial neural networks with time-
delay. First, by utilizing an appropriate variable substitu-
tion, a stochastic inertial neural network can be trans-
formed into a first-order stochastic differential system.
Then, some sufficient conditions on finite-time stability
in probability are derived by means of establishing an
appropriate Lyapunov function and applying inequality tech-
niques. Moreover, the stochastic settling-time function is also
given.
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2. Problem Formulation and Preliminaries

2.1. Systems Description. Firstly, the inertial neural networks
(INNs)without time-delay are considered, which is described
as follows:

d2𝑥𝑖 (𝑡)
d𝑡2 = −𝑎𝑖 d𝑥𝑖 (𝑡)d𝑡 − 𝑏𝑖𝑥𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑐𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝐼𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛 (1)

where 𝑥𝑖(𝑡) is the state of the 𝑖-th neuron; the second
derivative d2𝑥𝑖(𝑡)/d𝑡2 is the inertial term of INNs (1). 𝑎𝑖 >0, 𝑏𝑖 > 0 are constants. 𝑐𝑖𝑗 denotes the connection weight
between the 𝑖-th neuron and the 𝑗-th neuron. 𝑓𝑗(⋅) stands for
activation function of the 𝑗-th neuron with 𝑓𝑗(0) = 0(𝑗 =1, 2, . . . , 𝑛). 𝐼𝑖(𝑡) is the external input on the 𝑖-th neuron.

The initial conditions of INNs (1) are𝑥𝑖 (0) = 𝜑𝑖 (0) ,
d𝑥𝑖 (0)
d𝑡 = 𝜓𝑖 (0) ,𝑖 = 1, 2, . . . , 𝑛,

(2)

where 𝜑𝑖(0) and 𝜓𝑖(0) are real-valued continuous functions.
Suppose that the external input 𝐼𝑖(𝑡) is subject to the

environmental noise and is described by 𝐼𝑖(𝑡) = 𝑢𝑖(𝑡) +𝛽𝑖(𝑡, 𝑥𝑖(𝑡))�̇�𝑖(𝑡), where 𝑢𝑖(𝑡) is known as the control input
and 𝜔𝑖(𝑡) is a one-dimensional white noise, which is also
called Brownmotion defined on a complete probability space(Ω,F, 𝑃) and satisfied with

E [𝜔𝑖 (𝑡)] = 0,
E [𝜔2𝑖 (𝑡)] = d𝑡,

E [𝜔𝑖 (𝑡) 𝜔𝑗 (𝑡)] = 0 (𝑖 ̸= 𝑗) , (3)

and 𝛽𝑖(𝑡, 𝑥𝑖(𝑡)) is the intensity function of the noise.
Then INNs (1) can be written the following stochastic

inertial neural networks (SINNs):

d2𝑥𝑖 (𝑡)
d𝑡2 = −𝑎𝑖 d𝑥𝑖 (𝑡)d𝑡 − 𝑏𝑖𝑥𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑐𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑢𝑖 (𝑡) + 𝛽𝑖 (𝑡, 𝑥𝑖 (𝑡)) �̇�𝑖 (𝑡) . (4)

2.2. Problems Formulation. In general, making use of the
variable transformation,

𝑦𝑖 (𝑡) = d𝑥𝑖 (𝑡)
d𝑡 + 𝜉𝑖𝑥𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛, (5)

then the SINNs (4) can be rewritten as

d𝑥𝑖 (𝑡) = [−𝜉𝑖𝑥𝑖 (𝑡) + 𝑦𝑖 (𝑡)] d𝑡,
d𝑦𝑖 (𝑡)

= [[−𝑎𝑖𝑦𝑖 (𝑡) − �̃�𝑖𝑥𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡)) + 𝑢𝑖 (𝑡)]] d𝑡
+ 𝛽𝑖 (𝑡, 𝑥𝑖 (𝑡)) d𝜔𝑖 (𝑡) ,

(6)

and the initial conditions are given as𝑥𝑖 (0) = 𝜑𝑖 (0) ,𝑦𝑖 (0) = −𝜉𝑖 (0) 𝜑𝑖 (0) + 𝜓𝑖 (0) ,𝑖 = 1, 2, . . . , 𝑛, (7)

where 𝑎𝑖 = 𝑎𝑖 − 𝜉𝑖, �̃�𝑖 = 𝑏𝑖 + 𝜉𝑖(𝜉𝑖 − 𝑎𝑖).
Moreover, the controller ]𝑖(𝑡) is considered; we have the

following SINNs:

d𝑥𝑖 (𝑡) = [−𝜉𝑖𝑥𝑖 (𝑡) + 𝑦𝑖 (𝑡) + ]𝑖 (𝑡)]d𝑡,
d𝑦𝑖 (𝑡)

= [[−𝑎𝑖𝑦𝑖 (𝑡) − �̃�𝑖𝑥𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡)) + 𝑢𝑖 (𝑡)]] d𝑡
+ 𝛽𝑖 (𝑡, 𝑥𝑖 (𝑡)) d𝜔𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛.

(8)

Denote𝑥 (𝑡) = (𝑥1 (𝑡) , 𝑥2 (𝑡) , . . . , 𝑥𝑛 (𝑡))𝑇 ,𝑦 (𝑡) = (𝑦1 (𝑡) , 𝑦2 (𝑡) , . . . , 𝑦𝑛 (𝑡))𝑇 ,Ξ = diag {𝜉1, 𝜉2, . . . , 𝜉𝑛} ,
] (𝑡) = (]1 (𝑡) , ]2 (𝑡) , . . . , ]𝑛 (𝑡))𝑇 ,𝐴 = diag {𝑎1, 𝑎2, . . . , 𝑎𝑛} ,𝐵 = diag {�̃�1, �̃�2, . . . , �̃�𝑛} ,𝐶 = (𝑐𝑖𝑗)𝑛×𝑛 ,𝛽 (𝑡, 𝑥 (𝑡))= (𝛽1 (𝑡, 𝑥1 (𝑡)) , 𝛽2 (𝑡, 𝑥2 (𝑡)) , . . . , 𝛽𝑛 (𝑡, 𝑥𝑛 (𝑡)))𝑇 ,𝜔 (𝑡) = (𝜔1 (𝑡) , 𝜔2 (𝑡) , . . . , 𝜔𝑛 (𝑡)) ,𝑢 (𝑡) = (𝑢1 (𝑡) , 𝑢2 (𝑡) , . . . , 𝑢𝑛 (𝑡))𝑇 .

(9)

Thus, the SINNs (8) can be written in vector form as

d𝑥 (𝑡) = [−Ξ𝑥 (𝑡) + 𝑦 (𝑡) + ] (𝑡)] d𝑡,
d𝑦 (𝑡) = [−𝐴𝑦 (𝑡) − 𝐵𝑥 (𝑡) + 𝐶𝑓 (𝑥 (𝑡)) + 𝑢 (𝑡)] d𝑡+ 𝛽 (𝑡, 𝑥 (𝑡)) d𝜔 (𝑡) . (10)
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The control inputs to be designed are of the following
form:

] (𝑡) = −𝐾1𝑥 (𝑡) − 𝐾2 sign (𝑥 (𝑡)) |𝑥 (𝑡)|𝜇 ,𝑢 (𝑡) = −𝐾3𝑦 (𝑡) − 𝐾4 sign (𝑦 (𝑡)) 𝑦 (𝑡)𝜇 , (11)

where sign(𝑥(𝑡))= (sign(𝑥1(𝑡)), sign(𝑥2(𝑡)), . . ., sign(𝑥𝑛(𝑡)))𝑇,
sign(𝑦(𝑡)) = (sign(𝑦1(𝑡)), sign(𝑦2(𝑡)), . . ., sign(𝑦𝑛(𝑡)))𝑇, and𝐾1,𝐾2, 𝐾3,𝐾4 are the control gainmatrices to be determined.𝜇 is a positive constant with 0 < 𝜇 < 1.
Remark 1. There are three cases for the value of 𝜇. If 0 <𝜇 < 1, the controllers 𝑢(𝑡), ](𝑡) are continuous functions
with respect to 𝑥 and 𝑦, respectively, which bring about the
continuity of SINNs (10) with respect to the systems state
[29, 30], but the local Lipschitz condition is dissatisfied. If𝜇 = 0, 𝑢(𝑡), ](𝑡) turn to be discontinuous ones, which have
been studied in [31, 32]. If 𝜇 = 1, then they become the typical
stabilization issues which only can realize an asymptotical
stabilization in infinite time [33, 34] due to the local Lipschitz
conditions.

Remark 2. In fact, the control gain matrices 𝐾1, 𝐾2, 𝐾3, 𝐾4
in the controllers ](𝑡) and 𝑢(𝑡) play different roles in ensuring
the finite-time stability of the SINNs (10) with (11), where𝐾1
and 𝐾3 are used to guarantee the Lyapunov stability of the
SINNs (10). And the convergence to zero of the SINNs (10) is
determined by 𝐾2 and 𝐾4.

To achieve our main results, some assumptions, lemmas,
and definitions are necessary to introduce firstly.

Assumption 3. The nonlinear activation function 𝑓 satisfies𝑓(0) = 0, and there exist some constants 𝑚−1𝑖, 𝑚+1𝑖(𝑖 =1, 2, . . . , 𝑛), such that

𝑀−1 ≤ 𝑓 (𝑥1) − 𝑓 (𝑥2)𝑥1 − 𝑥2 ≤ 𝑀+1 (12)

hold for all 𝑥1, 𝑥2 ∈ R and 𝑥1 ̸= 𝑥2, where 𝑀−1 =
diag{𝑚−11, 𝑚−12, . . . , 𝑚−1𝑛},𝑀+1 = diag{𝑚+11, 𝑚+12, . . .,𝑚+1𝑛}.
Remark 4. If we choose 𝑚1𝑖 = max{|𝑚−1𝑖|, |𝑚+1𝑖|}, the inequal-
ities in Assumption 3 can be written as𝑓 (𝑥1) − 𝑓 (𝑥2)𝑥1 − 𝑥2  ≤ 𝑀1, (13)

where𝑀1 = diag{𝑚11, 𝑚12, . . . , 𝑚1𝑛}, which has been consid-
erably studied.

Assumption 5. The intensity function 𝛽(𝑡, 𝑥(𝑡)) is a continu-
ous function and is supposed to satisfy that

trace [𝛽𝑇 (𝑡, 𝑥 (𝑡)) 𝛽 (𝑡, 𝑥 (𝑡))] ≤ 𝑥𝑇 (𝑡)𝑀𝑇2𝑀2𝑥 (𝑡) , (14)

where𝑀2 is a known matrix with appropriate dimensions.

Definition 6. The SINNs (10) are said to be finite-time
stabilizable by the controller (11); that is, the SINNs (10) are

finite-time stable if, for any initial state 𝑥(0), 𝑦(0), there exists
a finite-time function 𝑇0 such that

E ‖𝑥 (𝑡)‖ = E
𝑦 (𝑡) = 0, ∀𝑡 ≥ 𝑇0, (15)

where 𝑇0 = 𝑇0(𝑥(0), 𝑦(0), 𝜔) = inf{𝑇 ≥ 0 : 𝑥(𝑡) = 𝑦(𝑡) =0, ∀𝑡 ≥ 𝑇} is called the stochastic settling time function
satisfying 𝐸[𝑇0] < ∞.

Lemma 7 (see [35]). Suppose that SINNs (10) admit a unique
solution. If there exist a 𝐶2 function 𝑉 : R𝑛 → R+,K∞ class
functions 𝜇1 and 𝜇2, and positive real constant 𝜂 > 0 and 0 <𝛾 < 1, such that for all 𝑥 ∈ R𝑛 and 𝑡 ≥ 0,

𝜇1 (|𝑥|) ≤ 𝑉 (𝑥) ≤ 𝜇2 (|𝑥|) ,
L𝑉(𝑥) ≤ −𝜂 (𝑉 (𝑥))𝛾 , (16)

then the origin of SINNs (10) are stochastically finite-time
stable, and E[𝑇0] < E(𝑉(𝑥0))1−𝛾/𝜂(1 − 𝛾).
Lemma 8 (see [9]). If 𝑎1, 𝑎2, . . . , 𝑎𝑛 are positive number and0 < 𝑟 < 𝑝, then

( 𝑛∑
𝑖=1

𝑎𝑝𝑖 )1/𝑝 ≤ ( 𝑛∑
𝑖=1

𝑎𝑟𝑖)1/𝑟 . (17)

3. Main Results

3.1. Finite-Time Stabilization Feedback Controller Design
without Time-Delay

Theorem 9. 
e controlled systems (10) with (11) are finite-
time stable, if there exist some positive-definite matrices𝑃1, 𝑃2,𝑀3 ∈ R𝑛×𝑛 and some known constant matrices 𝑀1,𝑀2
with compatible dimensions, such that

(Θ11 Θ12∗ Θ22) < 0, (18)

Moreover, the upper bound of the stochastic settling time for
stabilization can be estimated as E{𝑇0} ≤ (𝜆2(𝐸‖𝑥(0)‖1−𝜇 +𝐸‖𝑦(0)‖1−𝜇))/𝜆1(1 − 𝜇),

where

Θ11 = −𝑃1Ξ − Ξ𝑇𝑃1 − 𝑃1𝐾1 − 𝐾𝑇1 𝑃1 +𝑀𝑇1𝑀−13 𝑀1+𝑀𝑇2 𝑃2𝑀2,Θ12 = 𝑃1 − 𝐵𝑇𝑃2,Θ22 = −𝑃2𝐴 − 𝐴𝑇𝑃2 − 𝑃2𝐾3 − 𝐾𝑇3 𝑃2 + 𝑃2𝐶𝑀3𝐶𝑇𝑃2,𝜆1 = min {𝜆𝑚𝑖𝑛 (𝑃1𝐾2) , 𝜆𝑚𝑖𝑛 (𝑃2𝐾4)} ,𝜆2 = max {𝜆𝑚𝑎𝑥 (𝑃1) , 𝜆𝑚𝑎𝑥 (𝑃2)} .
(19)
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Proof. Taking controller (11) into SINNs (10), it follows that

d𝑥 (𝑡) = [− (Ξ + 𝐾1) 𝑥 (𝑡) + 𝑦 (𝑡)− 𝐾2 sign |𝑥 (𝑡)|𝜇] d𝑡,
d𝑦 (𝑡) = [− (𝐴 + 𝐾3) 𝑦 (𝑡) − 𝐵𝑥 (𝑡) + 𝐶𝑓 (𝑥 (𝑡))− 𝐾4 sign (𝑦 (𝑡)) 𝑦 (𝑡)𝜇] d𝑡 + 𝛽 (𝑡, 𝑥 (𝑡)) d𝜔 (𝑡) .

(20)

Next, we will prove that system (20) is finite-time stable
in the sense of Definition 6.

Construct a Lyapunov function as𝑉(𝑡) = 𝑥𝑇 (𝑡) 𝑃1𝑥 (𝑡) + 𝑦𝑇 (𝑡) 𝑃2𝑦 (𝑡) , (21)

where𝑃1 and 𝑃2 are positive definite matrices.Then, calculate
the time derivative of 𝑉(𝑡) along the trajectories of systems
(20); we get

d𝑉 (𝑡) = L𝑉(𝑡) d𝑡 + 2𝑦𝑇 (𝑡) 𝑃2𝛽 (𝑡, 𝑥 (𝑡)) d𝜔 (𝑡) , (22)

where

L𝑉 (𝑡) = 2𝑥𝑇 (𝑡) 𝑃1 [− (Ξ + 𝐾1) 𝑥 (𝑡) + 𝑦 (𝑡)− 𝐾2 sign (𝑥 (𝑡)) |𝑥 (𝑡)|𝜇] + 2𝑦𝑇 (𝑡)⋅ 𝑃2 [− (𝐴 + 𝐾3) 𝑦 (𝑡) − 𝐵𝑥 (𝑡) + 𝐶𝑓 (𝑥 (𝑡))− 𝐾4 sign (𝑦 (𝑡)) 𝑦 (𝑡)𝜇]+ trace [𝛽𝑇 (𝑡, 𝑥 (𝑡)) 𝑃2𝛽 (𝑡, 𝑥 (𝑡))] = −2𝑥𝑇 (𝑡) 𝑃1 (Ξ+ 𝐾1) 𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃1𝑦 (𝑡) − 2𝑦𝑇 (𝑡) 𝑃2𝐵𝑥 (𝑡)− 2𝑥𝑇 (𝑡) 𝑃1𝐾2 sign (𝑥 (𝑡)) |𝑥 (𝑡)|𝜇 − 2𝑦𝑇 (𝑡) 𝑃2𝐾4⋅ sign (𝑦 (𝑡)) 𝑦 (𝑡)𝜇 − 2𝑦𝑇 (𝑡) 𝑃2 (𝐴 + 𝐾3) 𝑦 (𝑡)+ 2𝑌𝑇𝑃2𝐶𝑓 (𝑥 (𝑡))+ trace [𝛽𝑇 (𝑡, 𝑥 (𝑡)) 𝑃2𝛽 (𝑡, 𝑥 (𝑡))] .

(23)

From (13), we have2𝑦𝑇 (𝑡) 𝑃2𝐶𝑓 (𝑥 (𝑡)) = 𝑦𝑇 (𝑡) 𝑃2𝐶𝑓 (𝑥 (𝑡))+ 𝑓𝑇 (𝑥 (𝑡)) 𝐶𝑇𝑃2𝑦 (𝑡)≤ 𝑦𝑇 (𝑡) 𝑃2𝐶𝑀3𝐶𝑇𝑃2𝑦 (𝑡)+ 𝑓𝑇 (𝑥 (𝑡))𝑀−13 𝑓 (𝑥 (𝑡))≤ 𝑦𝑇 (𝑡) 𝑃2𝐶𝑀3𝐶𝑇𝑃2𝑦 (𝑡)+ 𝑥𝑇 (𝑡)𝑀𝑇1𝑀−13 𝑀1𝑥 (𝑡) .
(24)

From (14), we have

trace [𝛽𝑇 (𝑡, 𝑥 (𝑡)) 𝑃2𝛽 (𝑡, 𝑥 (𝑡))]≤ 𝑥𝑇 (𝑡)𝑀𝑇2 𝑃2𝑀2𝑥 (𝑡) . (25)

Combining (23)-(25) and condition (18), one can follow that

L𝑉(𝑡) ≤ 𝑥𝑇 (𝑡)⋅ [−2𝑃1 (Ξ + 𝐾1) +𝑀𝑇1𝑀−13 𝑀1 + 𝑀𝑇2 𝑃2𝑀2] 𝑥 (𝑡)+ 2𝑥𝑇 (𝑡) [𝑃1 − 𝐵𝑇𝑃2] 𝑦 (𝑡) + 𝑦𝑇 (𝑡)⋅ [−2𝑃2 (𝐴 + 𝐾3) + 𝑃2𝐶𝑀3𝐶𝑇𝑃2] 𝑦 (𝑡) − 2𝑥𝑇 (𝑡)⋅ 𝑃1𝐾2 sign (𝑥 (𝑡)) |𝑥 (𝑡)|𝜇 − 2𝑦𝑇 (𝑡) 𝑃2𝐾4⋅ sign (𝑦 (𝑡)) 𝑦 (𝑡)𝜇
≤ (𝑥𝑇 (𝑡) 𝑦𝑇 (𝑡)) (Θ11 Θ12∗ Θ22)( 𝑥 (𝑡)𝑦 (𝑡) ) − 2𝑥𝑇 (𝑡)
⋅ 𝑃1𝐾2 sign (𝑥 (𝑡)) |𝑥 (𝑡)|𝜇 − 2𝑦𝑇 (𝑡) 𝑃2𝐾4⋅ sign (𝑦 (𝑡)) 𝑦 (𝑡)𝜇 ≤ −2𝑥𝑇 (𝑡) 𝑃1𝐾2 sign (𝑥 (𝑡))⋅ |𝑥 (𝑡)|𝜇 − 2𝑦𝑇 (𝑡) 𝑃2𝐾4 sign (𝑦 (𝑡)) 𝑦 (𝑡)𝜇
≤ −𝜆𝑚𝑖𝑛 (𝑃1𝐾2 + 𝐾𝑇2 𝑃1) 𝑛∑

𝑖=1

𝑥𝑖 (𝑡)𝜇+1
− 𝜆𝑚𝑖𝑛 (𝑃2𝐾4 + 𝐾𝑇4 𝑃2) 𝑛∑

𝑖=1

𝑦𝑖 (𝑡)𝜇+1 .

(26)

Due to 0 < 𝜇 < 1, together with Lemma 8, one has

( 𝑛∑
𝑖=1

𝑥𝑖 (𝑡)𝜇+1)1/(𝜇+1) ≥ ( 𝑛∑
𝑖=1

𝑥𝑖 (𝑡)2)1/2 , (27)

and then

𝑛∑
𝑖=1

𝑥𝑖 (𝑡)𝜇+1 ≥ ( 𝑛∑
𝑖=1

𝑥𝑖 (𝑡)2)(𝜇+1)/2
= [𝑥𝑇 (𝑡) 𝑥 (𝑡)](𝜇+1)/2 . (28)

Similarly, we have

𝑛∑
𝑖=1

𝑦𝑖 (𝑡)𝜇+1 ≥ ( 𝑛∑
𝑖=1

𝑦𝑖 (𝑡)2)(𝜇+1)/2
= [𝑦𝑇 (𝑡) 𝑦 (𝑡)](𝜇+1)/2 . (29)

So, we have

L𝑉(𝑡)
≤ −𝜆𝑚𝑖𝑛 (𝑃1𝐾2 + 𝐾𝑇2 𝑃1) [𝑥𝑇 (𝑡) 𝑥 (𝑡)](𝜇+1)/2

− 𝜆𝑚𝑖𝑛 (𝑃2𝐾4 + 𝐾𝑇4 𝑃2) [𝑦𝑇 (𝑡) 𝑦 (𝑡)](𝜇+1)/2 .
(30)
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Now, taking the expectations on both sides of (22),
and letting 𝜆1 = min{𝜆𝑚𝑖𝑛(𝑃1𝐾2), 𝜆𝑚𝑖𝑛(𝑃2𝐾4)}, 𝜆2 =
max{𝜆𝑚𝑎𝑥(𝑃1), 𝜆𝑚𝑎𝑥(𝑃2)}, we can get

E {d𝑉 (𝑡)}
≤ −2𝜆1E{[𝑥𝑇 (𝑡) 𝑥 (𝑡)](𝜇+1)/2 + [𝑦𝑇 (𝑡) 𝑦 (𝑡)](𝜇+1)/2}
≤ −2𝜆1𝜆−(𝜇+1)/22 E {𝑉 (𝑡)(𝜇+1)/2} ,

E {𝑉(𝜇+1)/2 (0)} = (E {𝑉 (0)})(𝜇+1)/2 .
(31)

From Lemma 7, we get that the controlled systems (20)
are finite-time stable, and the upper bounded stochastic
settling time can be estimated by

E {𝑇0} = 𝜆(𝜇+1)/22 E [𝑉 (0)](1−𝜇)/22𝜆1 ((1 − 𝜇) /2)
≤ 𝜆(𝜇+1)/22 𝜆(1−𝜇)/22 (E ‖𝑥 (0)‖1−𝜇2 + E

𝑦 (0)1−𝜇2 )𝜆1 (1 − 𝜇)
= 𝜆2 (E ‖𝑥 (0)‖1−𝜇 + E

𝑦 (0)1−𝜇)𝜆1 (1 − 𝜇) .
(32)

This completes the proof.

Summing up the above analysis, some sufficient condi-
tions on finite-time stability for the SINNs (10) with (11) are
obtained. In the following, we mainly focus on the design
of finite-time stabilizing controllers by transforming the
sufficient conditions into solvable linear matrix inequalities.

Theorem 10. If there exist some positive define matrices 𝑋1,𝑋2,𝑀3, matrices 𝑌1,𝑌2 with appropriate dimensions, for fixed
control gain matrices 𝐾2 and 𝐾4, such that

((
(

Φ11 Φ12 𝑋1𝑀𝑇1 𝑋1𝑀𝑇2 0∗ Φ22 0 0 𝐶𝑀3∗ ∗ −𝑀3 0 0∗ ∗ ∗ −𝑋2 0∗ ∗ ∗ ∗ −𝑀3
))
)

< 0, (33)

where Φ11 = −Ξ𝑋1 − 𝑋1Ξ𝑇 − 𝑌1 − 𝑌𝑇1 ,Φ12 = 𝑋2 − 𝑋1𝐵𝑇,Φ22 = −𝐴𝑋2 − 𝑋2𝐴𝑇 − 𝑌2 − 𝑌𝑇2 ,
(34)

then the finite-time stabilization problem is solvable for the
stochastic inertial neural networks (4) and the control gain
matrices 𝐾1 = 𝑌1𝑋−11 ,𝐾3 = 𝑌2𝑋−12 .
Proof. Setting 𝑃−11 = 𝑋1, 𝑃−12 = 𝑋2, 𝐾1𝑋1 = 𝑌1, 𝐾3𝑋2 = 𝑌2,
(18) can be written as

(Θ111 Θ112∗ Θ122) < 0, (35)

where Θ111 = −𝑋−11 Ξ − Ξ𝑇𝑋−11 − 𝑋−11 𝐾1 − 𝐾𝑇1𝑋−11+ 𝑀𝑇1𝑀−13 𝑀1 +𝑀𝑇2𝑋−12 𝑀2,Θ112 = 𝑋−11 − 𝐵𝑇𝑋−12 ,Θ122 = −𝑋−12 𝐴 − 𝐴𝑇𝑋−12 − 𝑋−12 𝐾3 − 𝐾𝑇3𝑋−12+ 𝑋−12 𝐶𝑀3𝐶𝑇𝑋−12 .
(36)

Then, left- and right-multiplying inequality (35) by the block-
diagonal matrix diag{𝑋1, 𝐼}, which follows

(𝑋1 00 𝐼)(Θ111 Θ112∗ Θ122)(𝑋1 00 𝐼) = (Θ211 Θ212∗ Θ222)< 0, (37)

whereΘ211 = −Ξ𝑋1 − 𝑋1Ξ𝑇 − 𝐾1𝑋1 − 𝑋1𝐾𝑇1+ 𝑋1𝑀𝑇1𝑀−13 𝑀1𝑋1 + 𝑋1𝑀𝑇2𝑋−12 𝑀2𝑋1,Θ212 = 𝐼 − 𝑋1𝐵𝑇𝑋−12 ,Θ222 = −𝑋−12 𝐴 − 𝐴𝑇𝑋−12 − 𝑋−12 𝐾3 − 𝐾𝑇3𝑋−12+ 𝑋−12 𝐶𝑀3𝐶𝑇𝑋−12 ,
(38)

and left- and right-multiplying inequality (37) by the block-
diagonal matrix diag{𝐼, 𝑋1}, we can obtain

(𝐼 00 𝑋1)(Θ211 Θ212∗ Θ222)(𝐼 00 𝑋1) = (Θ311 Θ312∗ Θ322)< 0, (39)

whereΘ311 = −Ξ𝑋1 − 𝑋1Ξ𝑇 − 𝐾1𝑋1 − 𝑋1𝐾𝑇1+ 𝑋1𝑀𝑇1𝑀−13 𝑀1𝑋1 + 𝑋1𝑀𝑇2𝑋−12 𝑀2𝑋1,Θ312 = 𝑋2 − 𝑋1𝐵𝑇,Θ322 = −𝐴𝑋2 − 𝑋2𝐴𝑇 − 𝐾3𝑋2 − 𝑋2𝐾𝑇3 + 𝐶𝑀3𝐶𝑇,
(40)

By Schur complement, (33) implies the above inequality (39)
holds. This completes the proof.

3.2. Finite-Time Stabilization Feedback Controller Design with
Time-Delay. In the above section, we discussed the finite-
time stabilization for stochastic inertial neural networks
without time-delay. However, when designing a neural net-
work or implementing it, the occurrence of time-delay is
unavoidable. It may cause instability and oscillation [36–
38]. Therefore, in order to reduce the conservatism, in
this section, we will study the finite-time stabilization for
stochastic inertial neural networks with time-delay.
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Consider the following SINNs with time-delay,

d2𝑥𝑖 (𝑡)
d𝑡2 = −𝑎𝑖 d𝑥𝑖 (𝑡)d𝑡 − 𝑏𝑖𝑥𝑖 (𝑡)

+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡)) + 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑑𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡 − ℎ𝑗 (𝑡))) + 𝑢𝑖 (𝑡)
+ 𝛽𝑖 (𝑡, 𝑥𝑖 (𝑡)) �̇�𝑖 (𝑡) ,

(41)

where ℎ𝑗(𝑡) is the time-varying delay of 𝑗-th neuron with 0 ≤ℎ𝑗(𝑡) ≤ ℎ.
Denote 𝐷 = (𝑑𝑖𝑗)𝑛×𝑛 ,ℎ (𝑡) = (ℎ1 (𝑡) , ℎ2 (𝑡) , . . . , ℎ𝑛 (𝑡))𝑇 . (42)

Then we have
d𝑥 (𝑡) = [−Ξ𝑥 (𝑡) + 𝑦 (𝑡) + ] (𝑡)] d𝑡,
d𝑦 (𝑡) = [−𝐴𝑦 (𝑡) − 𝐵𝑥 (𝑡) + 𝐶𝑓 (𝑥 (𝑡))+ 𝐷𝑓 (𝑥 (𝑡 − ℎ (𝑡))) + 𝑢 (𝑡)] d𝑡+ 𝛽 (𝑡, 𝑥 (𝑡)) d𝜔 (𝑡) .

(43)

The nonlinear delay-feedback controller is designed as
the following form:

] (𝑡) = −𝐾1𝑥 (𝑡) − 𝐾2sign (𝑥 (𝑡)) |𝑥 (𝑡)|𝜇 ,𝑢 (𝑡) = −𝐾3𝑦 (𝑡) − 𝐾4sign (𝑦 (𝑡)) 𝑦 (𝑡)𝜇− 𝐷𝑀1sign (𝑥 (𝑡)) |𝑥 (𝑡 − ℎ (𝑡))| , (44)

where𝐾1,𝐾2,𝐾3,𝐾4 are gain matrices to be determined, and𝑀1 = diag{𝑚11, 𝑚12, . . . , 𝑚1𝑛},𝑚1𝑖 = max{|𝑚−1𝑖|, |𝑚+1𝑖|}.
Theorem 11. 
e SINNs with time-delay (43) with (44) are
finite-time stable, if there exist some positive-definite matrices𝑃1, 𝑃2 ∈ R𝑛×𝑛 such that

(Θ11 Θ12∗ Θ22) < 0, (45)

whereΘ11 = −𝑃1Ξ − Ξ𝑇𝑃1 − 𝑃1𝐾1 − 𝐾𝑇1 𝑃1 +𝑀𝑇1𝑀−13 𝑀1+𝑀𝑇2 𝑃2𝑀2,Θ12 = 𝑃1 − 𝐵𝑇𝑃2,Θ22 = −𝑃2𝐴 − 𝐴𝑇𝑃2 − 𝑃2𝐾3 − 𝐾𝑇3 𝑃2 + 𝑃2𝐶𝑀3𝐶𝑇𝑃2.
(46)

Moreover, the upper bound of the stochastic setting
time for stabilization can be estimated as E{𝑇0} ≤(𝜆2(E{‖𝑥(0)‖}1−𝜇 + E{‖𝑦(0)‖}1−𝜇))/𝜆1(1 − 𝜇) with 𝜆1 =
min{𝜆min(𝑃1𝐾2), 𝜆min(𝑃2𝐾4)} and 𝜆2 = max{𝜆max(𝑃1),𝜆max(𝑃2)}.

Proof. Construct a Lyapunov function:

𝑉 (𝑡) = 𝑥𝑇 (𝑡) 𝑃1𝑥 (𝑡) + 𝑦𝑇 (𝑡) 𝑃2𝑦 (𝑡) . (47)

Calculating the It𝑜 differential of𝑉(𝑡) along with (43), we can
obtain

L𝑉(𝑡) = 2𝑥𝑇 (𝑡) 𝑃1 [− (Ξ + 𝐾1) 𝑥 (𝑡) + 𝑦 (𝑡)− 𝐾2 sign (𝑥 (𝑡)) |𝑥 (𝑡)|𝜇] + 2𝑦𝑇 (𝑡)⋅ 𝑃2 [− (𝐴 + 𝐾3) 𝑦 (𝑡) − 𝐵𝑥 (𝑡) + 𝐶𝑓 (𝑥 (𝑡))− 𝐾4 sign (𝑦 (𝑡)) 𝑦 (𝑡)𝜇]+ trace [𝛽𝑇 (𝑡, 𝑥 (𝑡)) 𝑃2𝛽 (𝑡, 𝑥 (𝑡))] = −2𝑥𝑇 (𝑡)⋅ 𝑃1 (Ξ + 𝐾1) 𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃1𝑦 (𝑡) − 2𝑦𝑇 (𝑡)⋅ 𝑃2𝐵𝑥 (𝑡) − 2𝑥𝑇 (𝑡) 𝑃1𝐾2 sign (𝑥 (𝑡)) |𝑥 (𝑡)|𝜇− 2𝑦𝑇 (𝑡) 𝑃2𝐾4sign (𝑦 (𝑡)) 𝑦 (𝑡)𝜇 − 2𝑦𝑇 (𝑡) 𝑃2 (𝐴+ 𝐾3) 𝑦 (𝑡) + 2𝑌𝑇𝑃2𝐶𝑓 (𝑥 (𝑡)) + 2𝑦𝑇𝑃2𝐷× [𝑓 (𝑥 (𝑡 − ℎ (𝑡)))− 𝑀1sign (𝑥 (𝑡)) |𝑥 (𝑡 − ℎ (𝑡))|]+ trace [𝛽𝑇 (𝑡, 𝑥 (𝑡)) 𝑃2𝛽 (𝑡, 𝑥 (𝑡))] ≤ −2𝑥𝑇 (𝑡)⋅ 𝑃1 (Ξ + 𝐾1) 𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃1𝑦 (𝑡) − 2𝑦𝑇 (𝑡)⋅ 𝑃2𝐵𝑥 (𝑡) − 2𝑥𝑇 (𝑡) 𝑃1𝐾2sign (𝑥 (𝑡)) |𝑥 (𝑡)|𝜇− 2𝑦𝑇 (𝑡) 𝑃2𝐾4sign (𝑦 (𝑡)) 𝑦 (𝑡)𝜇 − 2𝑦𝑇 (𝑡) 𝑃2 (𝐴+ 𝐾3) 𝑦 (𝑡) + 2𝑌𝑇𝑃2𝐶𝑓 (𝑥 (𝑡))+ trace [𝛽𝑇 (𝑡, 𝑥 (𝑡)) 𝑃2𝛽 (𝑡, 𝑥 (𝑡))] .

(48)

We can see that the right of inequality (48) equals (23).
Hence, the rest of the proof is the same as that of Theorem 9
and it is omitted here.

Similar to the proof ofTheorem 10, we have the following
result.

Theorem 12. If there exist some positive define matrices 𝑋1,𝑋2, matrices 𝑌1, 𝑌2 with appropriate dimensions, for fixed
control gain matrices 𝐾2 and𝐾4, such that

((
(

Φ11 Φ12 𝑋1𝑀𝑇1 𝑋1𝑀𝑇2 0∗ Φ22 0 0 𝐶𝑀3∗ ∗ −𝑀3 0 0∗ ∗ ∗ −𝑋2 0∗ ∗ ∗ ∗ −𝑀3
))
)

< 0, (49)
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where Φ11 = −Ξ𝑋1 − 𝑋1Ξ𝑇 − 𝑌1 − 𝑌𝑇1 ,Φ12 = 𝑋2 − 𝑋1𝐵𝑇,Φ22 = −𝐴𝑋2 − 𝑋2𝐴𝑇 − 𝑌2 − 𝑌𝑇2 ,
(50)

then the finite-time stabilization problem is solvable for the
stochastic inertial neural networks (41) and the control gain
matrices 𝐾1 = 𝑌1𝑋−11 ,𝐾3 = 𝑌2𝑋−12 .
4. Illustrative Example

Consider the following stochastic inertial neural networks
with time-delay:

d2𝑥𝑖 (𝑡)
d𝑡2 = −𝑎𝑖 d𝑥𝑖 (𝑡)d𝑡 − 𝑏𝑖𝑥𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑐𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑑𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡 − ℎj (𝑡)))
+ 𝛽𝑖 (𝑡, 𝑥𝑖 (𝑡)) �̇�𝑖 (𝑡) ,

(51)

which are equivalent to the following vector form:
d𝑥 (𝑡) = [−Ξ𝑥 (𝑡) + 𝑦 (𝑡) + ] (𝑡)] d𝑡,
d𝑦 (𝑡) = [−𝐴𝑦 (𝑡) − 𝐵𝑥 (𝑡) + 𝐶𝑓 (𝑥 (𝑡))+ 𝐷𝑓 (𝑥 (𝑡 − ℎ (𝑡))) + 𝑢 (𝑡)] d𝑡+ 𝛽 (𝑡, 𝑥 (𝑡)) d𝜔 (𝑡) ,

(52)

where Ξ = (1 00 3) ,
𝐴 = (2 00 3) ,
𝐵 = (4 00 6) ,
𝐶 = ( 2 −5−1 −3) ,
𝐷 = ( 1 −1−1 −2) ,

𝛽 (𝑡, 𝑥 (𝑡)) = (sin (𝑥1 + 𝑥2) 00 2 cos 2 (𝑥1 − 𝑥2)) ,
𝑓 (𝑥 (𝑡)) = (tanh (𝑥1)

tanh (𝑥2)) ,
ℎ (𝑡) = (0.25 sin (𝑡) + 0.750.25 sin (𝑡) + 0.75) ,

open−loop case

1 2 3 4 5 6 7 80
t (seconds)
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0
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0.15

0.2

x(
t)

Figure 1:The state trajectories for open-loop SINNs (52) with initial
condition 𝑥(0) = (−0.15, 0.2)𝑇, 𝑦(0) = (0.3, 0.3)𝑇.

0

open−loop case

−0.05

0.05

0.1

0.15

0.2
x2

−0.14 −0.12 −0.1 −0.08 −0.06 −0.04 −0.02 0 0.02−0.16
x1

Figure 2: The phrase trajectories for open-loop SINNs (52) with
initial condition 𝑥(0) = (−0.15, 0.2)𝑇, 𝑦(0) = (0.3, 0.3)𝑇.

𝑀1 = (1 00 1) ,
𝑀2 = (1 12 −2) .

(53)

Setting the initial values 𝑥(0) = (−0.15, 0.2)𝑇, 𝑦(0) =(0.3, 0.3)𝑇, the state trajectories and phrase trajectories of the
open-loop system are shown in Figures 1 and 2, respectively.
Moreover, take 10 sets of numbers randomly as the initial
values of 𝑥(0) and 𝑦(0) and satisfy 𝑥(0) ∈ (−1, 1), 𝑦(0) ∈(−3, 3). Then the corresponding state trajectories and phrase
trajectories of the open-loop system are shown in Figures 3
and 4, respectively. Obviously, the stochastic inertial neural
networks with time-delay (51) are not finite-time stabiliza-
tion.
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open−loop case
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Figure 3: The state trajectories for open-loop SINNs (52) with 10
different initial conditions 𝑥(0) ∈ (−1, 1), 𝑦(0) ∈ (−3, 3).

open−loop case
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Figure 4: The phrase trajectories for open-loop SINNs (52) with 10
different initial conditions 𝑥(0) ∈ (−1, 1), 𝑦(0) ∈ (−3, 3).

Hence, we need to design the delay-feedback controller as
(44) for system (51), where the parameter 𝜇 is chosen as 0.6,
and the initial values 𝑥(0) = (−1, 1)𝑇, 𝑦(0) = (3, −3)𝑇,𝐾2 =( 5 22 1 ),𝐾4 = ( 3 22 4 ). The solution of (49) is derived by resorting
to Matlab LMI Control Toolbox:

𝑋1 = (0.0793 0.02420.0242 0.0712) ,
𝑋2 = (0.5705 0.04920.0492 0.6263) ,
𝑀3 = (0.2766 0.05850.0585 0.0399) ,

closed−loop case
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Figure 5: The state trajectories for closed-loop SINNs (52) with
initial condition 𝑥(0) = (−1, 1)𝑇, 𝑦(0) = (−3, 3)𝑇.

closed−loop case
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Figure 6: The phrase trajectories for closed-loop SINNs (52) with
initial condition 𝑥(0) = (−1, 1)𝑇, 𝑦(0) = (−3, 3)𝑇.

𝑌1 = (0.3609 −9.91999.8791 0.2501 ) ,
𝑌2 = (−0.5432 −5.94695.4102 −1.0974) ,
𝐾1 = ( 52.5297 152.1518137.7642 −43.3383) ,
𝐾3 = (−0.1341 −9.48519.6993 −2.5141) .

(54)

We can get 𝑃1 = ( 14.0697 −4.7821−4.7821 15.6703 ), 𝑃2 = ( 1.7648 −0.1386−0.1386 1.6076 ),𝑇0 ≤ 3.2211. The state trajectories and phrase trajectories of
close-loop system are shown in Figures 5 and 6, respectively.
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closed−loop case
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Figure 7:The state trajectories for closed-loop SINNs (52) with 100
different initial conditions 𝑥(0) ∈ (−1, 1), 𝑦(0) ∈ (−3, 3).
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Figure 8: The phrase trajectories for closed-loop SINNs (52) with
100 different initial conditions 𝑥(0) ∈ (−1, 1), 𝑦(0) ∈ (−3, 3).

In order to make the result of the simulation more
convincing, we take 100 sets of numbers randomly as the
initial values of 𝑥(0) and 𝑦(0) and satisfy 𝑥(0) ∈ (−1, 1),𝑦(0) ∈ (−3, 3). Then the corresponding state trajectories
are shown in Figure 7 and the corresponding phrase tra-
jectories are shown in Figure 8. Obviously, the stochastic
inertial neural networks with time-delay (51) are finite-time
stabilization. Moreover, when 𝑥(0) ∈ (−10, 10), 𝑦(0) ∈(−30, 30), we have state trajectories in Figure 9 and phrase
trajectories in Figure 10, which also figure out that the
stochastic inertial neural networks with time-delay (51) are
finite-time stabilization.

5. Conclusions

In this work, by constructing a proper Lyapunov function,
the finite-time stabilization problem has been addressed for

closed−loop case
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Figure 9: The state trajectories for closed-loop SINNs (52) with 100
different initial conditions 𝑥(0) ∈ (−10, 10), 𝑦(0) ∈ (−30, 30).

closed−loop case
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Figure 10: The phrase trajectories for closed-loop SINNs (52) with
100 different initial conditions 𝑥(0) ∈ (−10, 10), 𝑦(0) ∈ (−30, 30).
stochastic inertial neural networks with or without time-
delay. Provided that a set of LMIs are feasible, a suitable
delayed or nondelayed nonlinear feedback controller can be
designed such that finite-time stability in probability can be
ensured for the system under study. An example has been
given to demonstrate the correctness of the theoretical results
and the effectiveness of the proposed methods.
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This paper proposes a couple of consensus algorithms for multiagent systems in which agents have first-order nonlinear dynamics,
reaching the consensus state at a predefined time independently of the initial conditions. The proposed consensus protocols are
based on the so-called time base generators (TBGs), which are time-dependent functions used to build time-varying control
laws. Predefined-time convergence to the consensus is proved for connected undirected communication topologies and directed
topologies having a spanning tree. Furthermore, one of the proposed protocols is based on the super-twisting controller, providing
robustness against disturbances while maintaining the predefined-time convergence property. The performance of the proposed
methods is illustrated in simulations, and it is compared with finite-time, fixed-time, and predefined-time consensus protocols. It
is shown that the proposed TBG protocols represent an advantage not only in the possibility to define a settling time but also in
providing smoother and smaller control actions than existing finite-time, fixed-time, and predefined-time consensus.

1. Introduction

Recent years have seen an increasing interest in algorithms
allowing a group of systems to reach a common value for
its internal state through local interaction. This problem has
been addressed, from different viewpoints, in the consensus
of multiagent systems (MASs) [1, 2] and in the synchroniza-
tion of complex dynamical networks [3–5]. On the one hand,
consensus protocols have been applied to flocking [6], forma-
tion control [7, 8], and distributed resource allocation [9, 10].
On the other hand, the results on synchronization of complex
dynamical networks have been applied to neuroscience [3],
power-grids [3], and the chaotic synchronization for secure
communication in swarms [11].

Several works have been published proposing consensus
and synchronization algorithms for different types of systems,
considering static [12–14] and dynamic networks [4, 5].
Regarding first-order agents, the standard protocol (the input

of an agent is a linear combination of the errors between the
agent’s state and those of its neighbors) achieves consensus
if the graph topology is strongly connected [15, 16]. This
algorithm achieves consensus also for dynamic topologies,
switching among connected graphs [15, 17]. For directed
graphs topologies, a common requirement is that the graph
contains a spanning-tree (e.g., [18]). All these algorithms
are based on linear protocols and achieve consensus in an
asymptotic fashion, where convergence rate is a function of
the algebraic connectivity of the graph.

With the aim of developing consensus protocols satisfy-
ing real-time constraints, finite-time consensus has received
a great deal of attention.The main focus has been in defining
nonlinear protocols evaluated either on each of the neighbors’
errors or on the sum of the neighbors’ errors. For finite-
time convergence, binary protocols based on the sign(∙)
function have been proposed to achieve consensus to the
average value [19, 20], the average-min-max value [21], the
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median value [22], and the maximum or minimum value
[23] of the agent’s initial conditions. Continuous finite-time
protocols, based on the | ∙ |𝛼sign(∙) function, with 0 < 𝛼 <1, have been introduced in [12, 24]. Some algorithms have
been extended to achieve finite-time consensus for strongly
connected dynamic topologies [20, 25]. Fixed-time protocols
have also been proposed in [26, 27]. In these, there exists a
bound for the convergence time that is independent of the
initial conditions [28, 29]. The protocols are mainly based
on functions of the form | ∙ |𝑝sign(∙) + | ∙ |𝑞sign(∙), with0 < 𝑞 < 1 < 𝑝.

The methods mentioned above cannot be used in appli-
cations where real-time constraints have to be accomplished,
since in both finite-time and fixed-time consensus, the
relationship between the protocol parameters and the conver-
gence time is not straightforward.Thus it is difficult to define
the convergence time bound as a function of the protocol
parameters. Moreover, the convergence time bound is often
overestimated.

To address the consensus design problem with real-time
constraints, predefined-time convergence has to be investi-
gated. In this, the time at which consensus is achieved is
predefined a priori as a parameter of the consensus protocol,
being independent of the initial conditions. Few works have
addressed the predefined-time consensus problem. In [30,
31], linear protocols that use time-varying control gains
were proposed for reaching network consensus at a preset
time. By using a motion planning strategy, predefined-
time consensus protocols based on a time-varying sampling
sequence convergent to a specified settling time are proposed
in [32, 33]. Preliminary versions of a couple of predefined-
time protocols were proposed in [34], taking advantage of
time base generators (TBGs), which are parametric time
signals that converge to zero in a specified time [35], and can
be tracked using feedback controllers.

In this work, a couple of consensus algorithms based on
TBGs are proposed as an extension to [34]. One algorithm
is based on a linear-feedback, and the other is based on
the super-twisting controller for the tracking of the TBG
signal. The proposed approach can be applied to systems in
which agents belong to the class of first-order controllable
linear systems and nonlinear systems that can be linearized
by state feedback [36]. Comparisons between the proposed
protocols and finite-time, fixed-time, and predefined-time
protocols are provided through simulations, showing the
advantages of the proposed approach. In contrast with works
on predefined-time consensus [30–32], the contribution of
this paper is threefold: First, the proposed controllers yield
smoother auxiliary control signals (without considering the
linearization terms) with smaller magnitudes. Second, there
are no parameters in the proposed consensus protocols
depending on the algebraic connectivity of the graph con-
sidered. Third, a super-twisting controller is presented to
deal with perturbed dynamics in the network’s agents. With
respect to our preliminary conference version [34], two main
extensions are reported herein: (1) the new linear-feedback
protocol drives the agents towards the initial conditions
average (for undirected graphs) or the weighted sum of
the initial conditions (for directed graphs), whereas in our
previous work the consensus value was artificially specified;

(2) convergence to the consensus value in predefined time
is demonstrated even if uncertainty in the knowledge of the
initial state is introduced in the controller, at difference of our
previous results, where it was assumed that the initial state
was perfectly known.

It is known that second-order systems can represent
a broader class of real systems than first-order systems.
However, the last class of systems has also broad applicability,
for instance, in robotics for kinematic control of holonomic
robots.We are very interested in generalizing our results even
for systems of a higher order than two, taking into account
existing results like the ones in [37, 38].

The rest of this paper is organized as follows. Section 2
introduces some background in algebraic graph theory,
defines the class of systems for which the proposed method
is applicable, and formulates the problem to be solved in this
paper. Section 3 presents the proposed consensus protocols:
a linear-feedback and a super-twisting controller for the
tracking of the TBG signal. Section 4 presents simulation
results and a comparison of the proposed controllers with
existing approaches. Section 5 provides conclusions.

2. Preliminaries and Problem Definition

2.1. Algebraic Graph Theory. Agents’ communication is rep-
resented by a graph G = (𝑉,𝐸,𝐴), which consists of a set
of vertices (nodes or agents in this work) 𝑉 = {1, . . . , 𝑁}, a
set of edges 𝐸 ⊆ 𝑉 × 𝑉, and a weighted adjacency matrix
𝐴 = [𝑎𝑖𝑗]with nonnegative adjacency elements 𝑎𝑖𝑗, i.e., 𝑎𝑖𝑗 > 0
iff (𝑖, 𝑗) ∈ 𝐸. The set of neighbors of agent 𝑖 is denoted by
𝑁𝑖 = {𝑗 ∈ 𝑉 : (𝑗, 𝑖) ∈ 𝐸}.
Definition 1 (see [39, 40]). A graphG is called directed if there
is an entry of 𝐴 that fulfills 𝑎𝑖𝑗 > 0; i.e., (𝑖, 𝑗) ∈ 𝐸 represents
that agent 𝑗 receives the information of the state value𝑥𝑖 of the
agent 𝑖; otherwise, 𝑎𝑖𝑗 = 0, i.e., (𝑗, 𝑖) ∉ 𝐸. A graphG is called
undirected if the pairs of nodes are not ordered 𝑎𝑖𝑗 = 𝑎𝑗𝑖 > 0;
otherwise, 𝑎𝑖𝑗 = 𝑎𝑗𝑖 = 0, i.e., (𝑖, 𝑗), (𝑗, 𝑖) ∉ 𝐸.
Definition 2 (see [39, 40]). A directed path (respectively,
undirected path) from nodes V𝑗 to V𝑖 is a sequence of distinct
edges of the form (V𝑖, V𝑖1), (V𝑖1 , V𝑖2), . . . , (V𝑖𝑙 , V𝑗) in a directed
graph (respectively, undirected graph). A graph is strongly
connected (respectively, connected) if there exists a directed
path (respectively, undirected path) between any two distinct
vertices V𝑖 and V𝑗 inG.

Definition 3 (see [16, 18]). A directed graphG has a directed
spanning tree if there exists a node V𝑖 (a root) such that all
other nodes can be linked to V𝑖 via a directed path.

If an undirected graph has a directed spanning tree, then
the graph is connected. A strongly connected directed graph
contains at least one directed spanning tree [16, 18].

Definition 4 (see [16]). LetG be a graph on𝑁 vertices labelled
as 1, . . . , 𝑁.The Laplacianmatrix ofG is defined as the𝑁×𝑁
matrix 𝐿 = [𝑙𝑖𝑗], where

𝑙𝑖𝑗 =
{{{{{{{

−𝑎𝑖𝑗, if 𝑖 ̸= 𝑗,
𝑁∑
𝑘=1,𝑘 ̸=𝑖

𝑎𝑖𝑘, if 𝑖 = 𝑗. (1)
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In this work, we will propose and analyze consensus
protocols for two kinds of networks: connected undirected
graphs and directed graphs with a directed spanning tree
[2, 16, 18].

Lemma 5 ([2, 16, 18]). 𝐿 has at most one zero eigenvalue𝜆1(𝐿) with 1𝑁 as the corresponding right eigenvector, where
1𝑁 denotes a column vector with all entries equal to one, i.e.,𝜆1(𝐿) = 0, Re(𝜆𝑖(𝐿)) > 0, ∀𝑖 = {2, . . . , 𝑁} and 𝐿1𝑁 = 0𝑁.
Furthermore, if the graph is undirected and connected, 𝐿 has a
left eigenvector 𝛾 that satisfies 𝛾𝑇𝐿 = 0𝑇𝑁 and 𝛾 = 1𝑁, where
0𝑁 represents a column vector of zeros. If the graph is directed
and has a spanning tree then 𝛾𝑇𝐿 = 0𝑇𝑁 and 𝛾

𝑇1𝑁 = 1.
Finally, let us introduce a matrix transformation that will

be useful later on. Let 𝐽 ∈ C𝑁×𝑁 be the Jordan formassociated
with 𝐿. Then, there exists a nonsingular matrix 𝑆 ∈ C𝑁×𝑁

such that

𝑆−1𝐿𝑆 = 𝐽 = [ 0 0𝑇𝑁−1
0𝑁−1 �̂�

] (2)

where �̂� ∈ C(𝑁−1)×(𝑁−1) is the Jordan matrix associated with
the nonzero eigenvalues of 𝐿 [39, 41] and 0𝑁−1 represents a
column vector of zeros of size𝑁 − 1.
2.2. Problem Definition. In this paper, we will consider a set
of𝑁 agents connected through a network, which aremodeled
as first-order nonlinear systems as follows

�̇�𝑖 (𝑡) = 𝑓𝑖 (𝑥𝑖) + 𝑔𝑖 (𝑥𝑖) 𝑢𝑖 (𝑡) + 𝜌𝑖 (𝑡) , 𝑖 ∈ {1, . . . , 𝑁} (3)

Where, for the agent 𝑖, 𝑥𝑖(𝑡) ∈ R is the system’s state, 𝑢𝑖(𝑡) ∈
R is the control input, 𝑓𝑖(𝑥𝑖) and 𝑔𝑖(𝑥𝑖) are smooth nonlinear
functions, and 𝜌𝑖(𝑡) ∈ R is a bounded disturbance. In order
to represent the multiagent system (MAS) dynamics, denote
𝑥 = [𝑥1, . . . , 𝑥𝑁]𝑇, 𝑢 = [𝑢1, . . . , 𝑢𝑁]𝑇, 𝑓 = [𝑓1, . . . , 𝑓𝑁]𝑇,
𝑔 = [𝑔1, . . . , 𝑔𝑁]𝑇, and 𝜌 = [𝜌1, . . . , 𝜌𝑁]𝑇 ∈ R𝑁. Then, the
complete dynamics (3) can be written as

�̇� (𝑡) = 𝑓 (𝑥) + 𝑔 (𝑥) 𝑢 (𝑡) + 𝜌 (𝑡) . (4)

Let us propose a linearizing control law of the form 𝑢𝑖 =(−𝑓𝑖(𝑥𝑖)+V𝑖)/𝑔𝑖(𝑥𝑖) for each agent (3), where V𝑖 is an auxiliary
control input and it is assumed that𝑔𝑖(𝑥𝑖) ̸= 0, i.e., the relative
degree is well defined [36] and the agent is controllable. The
closed-loop dynamics for the 𝑖-th agent are now linear and
given by

�̇�𝑖 (𝑡) = V𝑖 (𝑡) + 𝜌𝑖 (𝑡) , 𝑖 ∈ {1, . . . , 𝑁} . (5)

The complete closed-loop dynamics for all the agents can
be written as

�̇� (𝑡) = 𝑣 (𝑡) + 𝜌 (𝑡) (6)

where 𝑣 = [V1, . . . , V𝑁]𝑇 ∈ R𝑁.
In a MAS, the consensus error of agent 𝑖 with respect to

its neighbors is defined as [2]

𝑒𝑖 (𝑡) = ∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)) , 𝑖 ∈ {1, . . . , 𝑁} . (7)

The consensus error for the complete MAS can be
expressed in a compact form as [2]

𝑒 (𝑡) = [𝑒1 (𝑡) , . . . , 𝑒𝑁 (𝑡)]𝑇 = −𝐿𝑥 (𝑡) . (8)

Problem statement: given a MAS with agents modeled as
first-order nonlinear systems (3) andwith an associated graph
G, design a consensus protocol for each agent in the form𝑢𝑖 = 𝛾(𝑒𝑖, 𝑥𝑖, 𝑡), such that the state of all the agents reaches
a consensus value 𝑥∗ in a predefined time 𝑡𝑓 from any initial
state 𝑥(0), i.e., 𝑥𝑖(𝑡) → 𝑥∗, ∀𝑖 = {1, . . . , 𝑁}, as 𝑡 → 𝑡𝑓.
Therefore, the consensus error (8) converges to zero at time𝑡𝑓.
Remark 6. The consensus problem in MASs is closely related
to the synchronization problem in complex dynamical net-
works, but they have been addressed from different view-
points [42]. In fact, the consensus problem can be posed
as a complete-synchronization problem. In the former, the
analysis is often based on the matrix Laplacian approach
[2] and the agents have simple dynamics such as single
integrator dynamics, a chain of integrators, or linear systems.
The recent focus has been on defining finite-time, fixed-time,
and predefined-time protocols for fixed and dynamic net-
works. In the synchronization problem in complex networks
the analysis is often based in the Master stability function
formalism [3, 42] and addresses interconnected systems with
complex dynamics, for instance, chaotic attractors. Although
recently some works have addressed synchronization in
dynamic networks, e.g., Markov jump topologies [4, 5], most
of the work has been focused on static topologies. For further
details on the synchronization problem, we refer the reader
to [3].

2.3. Time Base Generator (TBG). Time base generators are
parametric functions of time, particularly designed to sta-
bilize a system in such a way that its state describes a
convenient transient profile. TBGs have been previously used
to achieve predefined-time convergence of first and higher
order dynamics for single systems in [35]. For the case of
single first-order systems, TBGs have been used for the
control of robots at kinematic level [43].

A time base generator (TBG) is a continuous and differen-
tiable time-dependent polynomial function ℎ(𝑡) described as
[35]

ℎ (𝑡) = {{{
𝜏 (𝑡) ⋅C if 𝑡 ∈ [0, 𝑡𝑓]
0 otherwise

(9)

where 𝜏(𝑡) = [𝑡𝑟 𝑡𝑟−1 . . . 𝑡 1] is the time basis vector and
C is a vector of coefficients of proper dimensions. For first-
order systems, it is required to compute a TBG fulfilling the
following conditions at initial time and final time 𝑡𝑓,

ℎ (𝑡) = {{{
1, if 𝑡 = 0
0, if 𝑡 ≥ 𝑡𝑓

ℎ̇ (𝑡) = 0, if 𝑡 = 0 or 𝑡 ≥ 𝑡𝑓.
(10)
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In [35], a couple of procedures for calculating the coef-
ficients C, fulfilling the required constraints, have been
introduced. In particular, when a high degree polynomial is
used, an optimization procedure can be applied to find the
best coefficients.

3. Consensus Protocols Using the TBG

In this section, we present consensus protocols that take
advantage of the TBG to enforce convergence of a MAS
in predefined time. In the first two subsections, we present
results for unperturbed systems, i.e., for 𝜌 = 0𝑁, while in
Section 3.3 we consider perturbed systems.

3.1. Previous Results. In [34], a consensus protocol was
proposed for the MAS (4) by introducing a time-varying
control gain in order to drive the system to a neighborhood
about a given consensus value 𝑥∗ in a predefined time 𝑡𝑓,
from any initial state 𝑥(0). Consequently, the consensus error
(8) converges to a neighborhood about the origin at 𝑡𝑓. Such
consensus protocol is similar in nature to those in [30, 31].

In the same preliminary work [34], we have proposed the
following open-loop controller to enforce predefined-time
convergence to a desired consensus value 𝑥, provided that the
MAS (4) is not perturbed and the initial state is known,

𝑢𝑖 (𝑡) = 1𝑔𝑖 (𝑥𝑖) (−𝑓𝑖 (𝑥𝑖) + V𝑖) , 𝑖 ∈ {1, . . . , 𝑁}
V𝑖 = ℎ̇ (𝑡) (𝑥𝑖 (0) − 𝑥)

(11)

where ℎ(𝑡) fulfills (10). In that work, it was demonstrated
that consensus to 𝑥 is achieved in time 𝑡𝑓 and the resulting
consensus error trajectory in the interval 𝑡 ∈ [0, 𝑡𝑓] is given
by

�̂� (𝑡) = ℎ (𝑡) 𝑒0 = −ℎ (𝑡)𝐿𝑥0 (12)

where 𝑒(0) = 𝑒0 = [𝑒1(0), . . . , 𝑒𝑁(0)]𝑇 is the consensus
error vector (8) at the initial condition 𝑥(0) = 𝑥0 =[𝑥1(0), . . . , 𝑥𝑁(0)]𝑇.

To provide closed-loop stability of the tracking error,
a different protocol was proposed in [34] to address the
predefined-time consensus problem as a trajectory tracking
problem, where the reference trajectory depends on the TBG.
Such protocol is described as follows,

𝑢𝑖 (𝑡) = 1𝑔𝑖 (𝑥𝑖) (−𝑓𝑖 (𝑥𝑖) + V𝑖) , 𝑖 ∈ {1, . . . , 𝑁}
V𝑖 = ℎ̇ (𝑡) (𝑥𝑖 (0) − 𝑥) + 𝑘𝑓 (𝑒𝑖 (𝑡) − ℎ (𝑡) 𝑒𝑖 (0)) .

(13)

This protocol guarantees stability during the transient
behavior and also after the settling time, i.e., for any 𝑡 ≥ 𝑡𝑓.
The controller for each agent in (13) consists of two terms:
the first one is a feed-forward term that yields the evolution
of each agent’s error from the initial value 𝑒𝑖(0) to the origin
at time 𝑡𝑓, following a transient profile defined by the TBG
as 𝑒𝑖(𝑡) = ℎ(𝑡)𝑒𝑖(0); the second term is a feedback term that
corrects any deviation of 𝑒𝑖(𝑡) from the transient profile 𝑒𝑖(𝑡),
providing global stability of the error dynamics.

3.2. Consensus Based on the Error Feedback. In the confer-
ence paper [34], whose main results were summarized above,
consensus protocols were proposed achieving predefined-
time convergence to a consensus value 𝑥, which must be
specified in the control law. Moreover, it was assumed that
the initial state is accurately known since this value is used in
the protocols.

Nevertheless, in most of the protocols proposed in the
literature, the consensus value is a quantity that inherently
results from the initial states and the connectivity of the graph
model [15]. The consensus value may represent important
information to be recovered, as in a network of sensors.
For this reason, in this paper, we propose a new consensus
protocol that yields predefined-time convergence of the
unperturbed MAS (4) without the need of specifying a
consensus value. Moreover, we consider uncertainties in the
knowledge of the initial conditions.

In the sequel, consider that the consensus protocol
has an estimate of the initial state, denoted as �̂�0 =[𝑥1(0), . . . , 𝑥𝑁(0)]𝑇, instead of the real initial state 𝑥0. In this
way,

�̂�0 = 𝑥0 + 𝑑 (14)

where 𝑑 = [𝑑1, . . . , 𝑑𝑁]𝑇 is a vector of uncertainty in the
initial state. From (14), the uncertain initial consensus error
can be computed as

�̂�0 = [𝑒1 (𝑡) , . . . , 𝑒𝑁 (𝑡)]𝑇 = −𝐿�̂�0. (15)

The following theorem introduces one of the main results
of this paper, a feedback-based consensus protocol able
to achieve consensus without the need of specifying the
consensus value and able to track the trajectories given by
the TBG when there is uncertainty in the initial state �̂�0
introduced in the controller.

Theorem 7. Consider a MAS with a connected undirected
communication topology or directed topology having a span-
ning tree modeled as in (4). Let 𝑘𝑓 ∈ R+ be a constant state-
feedback gain. Then, the time-varying feedback control law

𝑢𝑖 (𝑡) = 1𝑔𝑖 (𝑥𝑖) (−𝑓𝑖 (𝑥𝑖) + V𝑖) , 𝑖 ∈ {1, . . . , 𝑁}
V𝑖 = −ℎ̇ (𝑡) 𝑒𝑖 (0) + 𝑘𝑓 (𝑒𝑖 (𝑡) − ℎ (𝑡) 𝑒𝑖 (0)) ,

(16)

with ℎ(𝑡) as in (10) and 𝑒𝑖(0) computed from the initial state
estimate �̂�0, provides global asymptotic stability of the tracking
error 𝜉(𝑡) = 𝑒(𝑡) − ℎ(𝑡)�̂�0. Therefore, assuming 𝜌(𝑡) = 0𝑁,
predefined-time convergence of the MAS (4) to a consensus
value 𝑥∗ is achieved at 𝑡𝑓 from any initial state 𝑥0.

Proof. First, let us demonstrate the stability of the tracking
error.Thedynamics (3)with𝜌𝑖(𝑡) = 0, ∀𝑖 = {1, . . . , 𝑁}, under
the control action (16), can be written in vector notation as

�̇� (𝑡) = −ℎ̇ (𝑡) �̂�0 + 𝑘𝑓 (𝑒 (𝑡) − ℎ (𝑡) �̂�0) . (17)
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Computing �̇�(𝑡) from (8) and using the linearized dynam-
ics (17), we have

�̇� (𝑡) = �̇� (𝑡) − ℎ̇ (𝑡) �̂�0 = −𝐿�̇� (𝑡) − ℎ̇ (𝑡) �̂�0
= −𝐿�̇� (𝑡) + ℎ̇ (𝑡)𝐿�̂�0
= −ℎ̇ (𝑡)𝐿2�̂�0 − 𝑘𝑓𝐿𝜉 (𝑡) + ℎ̇ (𝑡)𝐿�̂�0
= −𝑘𝑓𝐿𝜉 (𝑡) + ℎ̇ (𝑡)𝐿 (�̂�0 − 𝐿�̂�0) .

(18)

By using ℎ(0) = 1, the initial tracking error is computed
as

𝜉 (0) = 𝑒0 − ℎ (0) �̂�0 = −𝐿𝑥0 + 𝐿 (𝑥0 + 𝑑) = 𝐿𝑑
= 𝑆𝐽𝑆−1𝑑, (19)

with 𝐿 = 𝑆𝐽𝑆−1, where 𝐽 ∈ C𝑁×𝑁 is the Jordan form
associated with 𝐿 and 𝑆 ∈ C𝑁×𝑁 is a nonsingular matrix [39].

Let 𝜁(𝑡) = 𝑆−1𝜁(𝑡), then 𝜁(0) = 𝐽𝑆−1𝑑, and according to
(2), it follows that the first entry of 𝜁(0) is null, i.e., 𝜁1(0) = 0.
Now, taking the time derivative of 𝜁(𝑡) and using (18), we have
�̇� (𝑡) ≜ [ ̇𝜁1 (𝑡) , . . . , ̇𝜁𝑁 (𝑡)]𝑇 = 𝑆−1�̇� (𝑡)

= 𝑆−1 (−𝑘𝑓𝐿𝜉 (𝑡) + ℎ̇ (𝑡)𝐿 (�̂�0 − 𝐿�̂�0))
= −𝑘𝑓𝑆−1 (𝑆𝐽𝑆−1) 𝑆𝜁 (𝑡)

+ ℎ̇ (𝑡) 𝑆−1 (𝑆𝐽𝑆−1) (�̂�0 − (𝑆𝐽𝑆−1) �̂�0)
= −𝑘𝑓𝐽𝜁 (𝑡) + ℎ̇ (𝑡) 𝐽 (𝑆−1 − 𝐽𝑆−1) �̂�0.

(20)

Let 𝜙(𝑡) = [𝜁2(𝑡), . . . , 𝜁𝑁(𝑡)]𝑇, and 𝑆−1 = [ 𝑟𝑌 ], where 𝑟 ∈
R1×𝑁 and 𝑌 ∈ C(𝑁−1)×𝑁. Then, we can verify that (20) can be
written as

̇𝜁1 (𝑡) = 0
�̇� (𝑡) = −𝑘𝑓�̂�𝜙 (𝑡) + 𝐹 (𝑡) (21)

where 𝐹(𝑡) = ℎ̇(𝑡)�̂�(𝑌 − �̂�𝑌)�̂�(0) and �̂� ∈ C(𝑁−1)×(𝑁−1) is the
Jordanmatrix associated with 𝐿 for {𝜆2, . . . , 𝜆𝑁}, Re(𝜆𝑖(𝐿)) >0, ∀𝑖 = {2, . . . , 𝑁}.

It can be shown that the solutions of the differential
equations (21) are the following [44]:

𝜁1 (𝑡) = 𝜁1 (0) = 0
𝜙 (𝑡) = 𝑒−𝑘𝑓�̂�𝑡 (𝜙 (0) + ∫𝑡

0
𝑒𝑘𝑓�̂�𝑠𝐹 (𝑠) 𝑑𝑠) ,

𝑡 ∈ [0, 𝑡𝑓]
(22)

where 𝑒−𝑘𝑓�̂�𝑡 ∈ C(𝑁−1)×(𝑁−1) is the exponential matrix. Then,
it follows that

lim
𝑡→+∞
𝜙 (𝑡) = lim

𝑡→+∞
[𝜁2 (𝑡) , . . . , 𝜁𝑁 (𝑡)]𝑇 = 0𝑁−1, (23)

since the integral is a finite value due to ℎ̇(𝑡) = 0, ∀𝑡 ≥ 𝑡𝑓, and−𝑘𝑓�̂� has eigenvalues with negative real parts [18, 45]. Notice
that the convergence speed is determined by the dominant
eigenvalue 𝜆2 of 𝐿 ([15]) and the control gain 𝑘𝑓.

Since lim𝑡→+∞𝜁𝑖(𝑡) = 0, ∀𝑖 ∈ {1, . . . , 𝑁}, then
lim
𝑡→+∞
𝜉 (𝑡) = 𝑆 lim

𝑡→+∞
𝜁 (𝑡)

= 𝑆 lim
𝑡→+∞

[𝜁1 (𝑡) , . . . , 𝜁𝑁 (𝑡)]𝑇
= 𝑆 [0, . . . , 0]𝑇 = 0𝑁.

(24)

Therefore, the tracking error converges to the origin. In
fact, from (21) it can be seen that the tracking error is globally
asymptotically stable, since the real part of the eigenvalues
of −𝑘𝑓�̂� is negative, 𝜁1(𝑡) = 0, and 𝐹(𝑡) can be seen as a
disturbance that becomes null for 𝑡 ≥ 𝑡𝑓. The stability of
the tracking error implies that 𝑒(𝑡) follows ℎ(𝑡)�̂�0; thus 𝑒(𝑡)
converges to the origin at the predefined-time 𝑡𝑓. Any small
final error in time 𝑡 ≥ 𝑡𝑓 is corrected by the control input𝑢𝑖 = (1/𝑔𝑖(𝑥𝑖))(−𝑓𝑖(𝑥𝑖) + 𝑘𝑓𝑒𝑖(𝑡)), which is applied to each
agent for 𝑡 ≥ 𝑡𝑓.

By using the property 𝐿1𝑁 = 0𝑁 (in accordance to
Lemma 5), the converge of the consensus error (8) to the
origin implies

𝑥 (𝑡) → 𝑥 (𝑡𝑓) = 𝑥∗1𝑁 as 𝑡 → 𝑡𝑓, (25)

i.e.,

𝑥𝑖 (𝑡) → 𝑥∗ as 𝑡 → 𝑡𝑓, ∀𝑖 = {1, . . . , 𝑁} . (26)

That is, the system (4) achieves predefined-time conver-
gence to a consensus value 𝑥∗ at 𝑡𝑓 using the consensus
protocol (16).

Now, let us compute the final consensus value. First,
define 𝑦(𝑡) = 𝛾𝑇𝑥(𝑡), where 𝛾 is defined in Lemma 5. For the
two types of considered graphs, 𝑦(𝑡) is an invariant quantity,
since

̇𝑦 (𝑡) = 𝛾𝑇�̇� (𝑡) = 𝛾𝑇 (−ℎ̇ (𝑡) �̂�0 + 𝑘𝑓 (𝑒 (𝑡) − ℎ (𝑡) �̂�0))
= 𝛾𝑇𝐿 (ℎ̇ (𝑡) �̂�0 − 𝑘𝑓 (𝑥 (𝑡) − ℎ (𝑡) �̂�0)) = 0,

∀𝑥 (𝑡)
(27)

where 𝛾𝑇𝐿 = 0𝑇𝑁 by Lemma 5. Thus,

lim
𝑡→𝑡𝑓

𝑦 (𝑡) = 𝑦 (0) = 𝛾𝑇𝑥 (0) (28)

Moreover, from (25) it follows that

lim
𝑡→𝑡𝑓

𝑦 (𝑡) = 𝛾𝑇 lim
𝑡→𝑡𝑓
𝑥 (𝑡) = 𝛾𝑇 (𝑥∗1𝑁) . (29)

Then, for a connected undirected graph and by Lemma 5
(𝛾 = 1𝑁), it is obtained that

𝛾𝑇𝑥∗1𝑁 = 𝛾𝑇𝑥0,
𝑥∗ (1𝑁)𝑇 1𝑁 = (1𝑁)𝑇 𝑥0,

(30)
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and solving for 𝑥∗, one has
𝑥∗ = ∑𝑁𝑖=1 𝑥𝑖 (0)𝑁 = 𝐴V𝑒 (𝑥0) . (31)

Hence, the consensus value 𝑥∗ is the average of the initial
state 𝑥0 for connected undirected graphs. Now, for a directed
graphwith a directed spanning tree and by Lemma 5 (𝛾𝑇1𝑁 =1), it results in

𝑥∗ = 𝛾𝑇𝑥0
𝛾𝑇1𝑁

= 𝛾𝑇𝑥0. (32)

Therefore, the consensus value is given by (32) for a
directed graph with a directed spanning tree.

Thus, system (4) with𝜌(𝑡) = 0𝑁 achieves predefined-time
convergence to a consensus value 𝑥∗ at 𝑡𝑓 in the presence of
uncertainty in the initial state𝑥0 using the consensus protocol
(16).

Remark 8. It is worth noting that, in contrast to the use of
the consensus protocol (13), the feed-forward term of V𝑖 in
(16) is not sufficient to drive the consensus error trajectory to
the TBG reference trajectory �̂�(𝑡) = ℎ(𝑡)�̂�0 even for 𝑑 = 0𝑁;
consequently, system (4) under the first term of (16) does not
reach predefined-time convergence to a consensus value 𝑥∗
at 𝑡𝑓. In such a case, the final state is given by 𝑥(𝑡𝑓) = (𝐼𝑁 −
𝐿)𝑥0 − 𝐿𝑑, where 𝐼𝑁 denotes the identity matrix of size 𝑁.
Therefore, the use of the feedback term in (16) is required in
any case.

It can be seen that the consensus protocol (16) can
solve the problem of predefined-time consensus stated in
Section 2.2 by tracking the trajectories given by the TBG even
when considering uncertainty 𝑑 in the initial state. In this
sense, the compensation term for tracking must guarantee
reaching the TBG trajectories before the desired convergence
time 𝑡𝑓. This means that the tracking control gain 𝑘𝑓 must
be higher for a larger uncertainty in the initial state. Then,
there is a limit on the values of 𝑑 that can be managed by the
consensus protocol.

Remark 9. Theorem 7 represents a novel contribution on
consensus for nonlinear MAS: First, the predefined-time
consensus is solved for nonlinear first-order systems. Second,
the auxiliary control inputs V𝑖(𝑡) in (16) are smooth signals
even at 𝑡 = 0, which is not the case of other approaches
reported in the literature. Third, the proposed consensus
protocols do not have parameters depending on the algebraic
connectivity of the graph considered. Finally, the stability
analysis is performed by using standard techniques for linear
systems (upon feedback linearization of the original systems),
while most of the works regarding finite-time and fixed-
time and even the few existing works on predefined-time
convergence adopt more sophisticated techniques such as
homogeneity theory and Lyapunov functions.

Remark 10. The result introduced by Theorem 7, compared
to our previous conference work [34], is twofold: (1) a new
consensus protocol is proposed, achieving predefined-time

convergence of the unperturbed MAS (4) without the need
of specifying a consensus value; (2) the effect of considering
uncertainty in the knowledge of the initial conditions is
analyzed, demonstrating that convergence to a consensus
value can still be achieved.

3.3. Robust Predefined-Time Consensus. In the previous con-
sensus protocol, we have considered unperturbed dynamics
(i.e., 𝜌(𝑡) = 0𝑁). To effectively deal with disturbances, a
robust protocol is introduced in this section, by combining
the super-twisting controller (STC), which can compensate
for matched uncertainties/disturbances [46], with the TBG,
leading to a robust predefined-time controller.

In this scheme, it is assumed that there exits a leader𝑥𝑙(𝑡) ∈ R in the network system, whose dynamics can be
modeled as in [47] by

�̇�𝑙 (𝑡) = 𝑢𝑙 (𝑡) (33)

where 𝑢𝑙(𝑡) ∈ R is the leader’s control input. In this case,𝑁 agents are now the followers with dynamics (3). The
consensus error for each follower is defined as [47]

𝑒𝑓𝑖 (𝑡) = ∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗 (𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)) − 𝑏𝑖 (𝑥𝑖 (𝑡) − 𝑥𝑙 (𝑡)) (34)

where 𝑏𝑖 ∈ R represents the leader’s adjacency with 𝑏𝑖 > 0
if agent 𝑖 is a neighbor of the leader; otherwise 𝑏𝑖 = 0, ∀𝑖 ={1, . . . , 𝑁}.

The tracking error is given by

𝜉𝑖 (𝑡) = 𝑒𝑓𝑖 (𝑡) − ℎ (𝑡) 𝑒𝑖 (0) (35)

where ℎ(𝑡)𝑒𝑖(0) is the TBG reference trajectory for the 𝑖-th
and 𝑒𝑖(0) is computed from the initial state estimate �̂�0 as in
(15).The tracking errorwill be used as the sliding surface; thus

𝑠𝑖 (𝑡) = 𝜉𝑖 (𝑡) = 𝑒𝑓𝑖 (𝑡) − ℎ (𝑡) 𝑒𝑖 (0) . (36)

Theorem 11. Consider a MAS modeled as in (4) with a leader
(33). For each agent 𝑖, define 𝛽𝑖 = (∑𝑗∈𝑁𝑖 𝑎𝑖𝑗+𝑏𝑖) and the sliding
surface (36). Consider a function ℎ(𝑡) as in (10). There exist
gains 𝑘1 > 0 and 𝑘2 > (𝑀), for some function (∙) and a
constant 𝑀 > 0, such that the following nonlinear controller
defined for each agent

𝑢𝑖 (𝑡) = (𝛽𝑖𝑔𝑖)−1 (V𝑖 + V𝑖) , 𝑖 ∈ {1, . . . , 𝑁}
V𝑖 = 𝑏𝑖𝑢𝑙 + ∑

𝑗∈𝑁𝑖

𝑎𝑖𝑗 (𝑓𝑗 + 𝑔𝑗𝑢𝑗) − 𝛽𝑖𝑓𝑖 − ℎ̇ (𝑡) 𝑒𝑖 (0)
V𝑖 = 𝑘1 𝑠𝑖1/2 sign (𝑠𝑖) − 𝑤𝑖
�̇�𝑖 = −𝑘2 sign (𝑠𝑖)

(37)

achieves predefined-time convergence to the leader’s state 𝑥𝑙 at𝑡𝑓, allowing 𝜌𝑖(𝑡) ̸= 0, from any initial state 𝑥𝑖(0).
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Proof. First, taking the time derivative of the tracking error
(35) andusing the dynamics of the followers (3) and the leader
(33), it is obtained that

̇𝜉𝑖 (𝑡) = ̇𝑒𝑓𝑖 (𝑡) − ℎ̇ (𝑡) 𝑒𝑖 (0)
= ∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗 (�̇�𝑗 (𝑡) − �̇�𝑖 (𝑡)) − 𝑏𝑖 (�̇�𝑖 (𝑡) − �̇�𝑙 (𝑡))
− ℎ̇ (𝑡) 𝑒𝑖 (0)

= −𝛽𝑖 (𝑓𝑖 + 𝑔𝑖𝑢𝑖) + ∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗 (𝑓𝑗 + 𝑔𝑗𝑢𝑗) + 𝑏𝑖𝑢𝑙
− 𝛽𝑖𝜌𝑖 + ∑

𝑗∈𝑁𝑖

𝑎𝑖𝑗𝜌𝑗 − ℎ̇ (𝑡) 𝑒𝑖 (0) .

(38)

Now, using (38) and plugging the control law (37) in the
time derivative of the sliding surface (36), it results in

̇𝑠𝑖 = ̇𝜉𝑖 (𝑡) = −𝑘1 𝑠𝑖1/2 sign (𝑠𝑖) + 𝑤𝑖 + 𝜌𝑑𝑖
�̇�𝑖 = −𝑘2 sign (𝑠𝑖) , (39)

where 𝜌𝑑𝑖 = ∑𝑗∈𝑁𝑖 𝑎𝑖𝑗𝜌𝑗 − 𝛽𝑖𝜌𝑖. Let 𝑧𝑖 = 𝑤𝑖 + 𝜌𝑑𝑖 ; then the
previous expression can be rewritten as

̇𝑠𝑖 = −𝑘1 𝑠𝑖1/2 sign (𝑠𝑖) + 𝑧𝑖
�̇�𝑖 = −𝑘2 sign (𝑠𝑖) + ̇𝜌𝑑𝑖 .

(40)

It has been proven in [46] that, for a bounded con-
tinuously differentiable disturbance, i.e., if |𝜌𝑑𝑖 | < 𝐿 and| ̇𝜌𝑑𝑖 | < 𝑀 for some constants 𝐿 > 0, 𝑀 > 0, the
second-order dynamics (40) converge globally to the origin
(𝑠𝑖 = 0, 𝑧𝑖 = 0) in finite time in spite of the disturbance,
if adequate positive control gains 𝑘1 > 0 and 𝑘2 > (𝑀)
are used. Moreover, the remaining dynamics of the tracking
error system are constrained to the sliding surface, such that𝑠𝑖 = ̇𝑠𝑖 = 0, meaning that each agent 𝑒𝑓𝑖 (𝑡) follows ℎ(𝑡)𝑒𝑖(0).
Consequently, the consensus error converges to zero in the
predefined-time 𝑡𝑓 and the consensus value is given by the
leader’s state 𝑥𝑙 [47].
Remark 12. To the best of our knowledge, the only works
that propose predefined-time consensus protocols by other
authors are [30–32]. The consensus control law (37) has
the advantage, over those protocols, of providing robustness
against large matched perturbations.

Some important issues to be considered during real-
world applications of the proposed distributed control pro-
tocols are threefold: First, all the clocks of the agents in
the network must be synchronized to achieve predefined-
time convergence. Second, physical constraints of the systems
must be taken into account to set 𝑡𝑓, considering that a small𝑡𝑓 will result in large control inputs. Thus the maximum
allowable input of each agent must be taken into consider-
ation to set 𝑡𝑓. Third, we are currently assuming no time
delay in the agent’s communication; however, timedelaysmay
exist in some systems and may affect the convergence to the
consensus.
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Figure 1: Communication graphs. Left: undirected graphG1. Right:
directed graphG2.

4. Simulation Results

In this section, simulation results are shown to illustrate the
advantages of the proposed protocols. All the simulations
consider a MAS of 8 agents, described by (3) with 𝑓𝑖(𝑥𝑖) = 𝑥2𝑖
for agents 1 to 4, 𝑓𝑖(𝑥𝑖) = sin(𝑥𝑖) for agents 5 to 8, and𝑔𝑖(𝑥𝑖) = 5 for all the 8 agents. The convergence time is
preset to 𝑡𝑓 = 5 seconds. For this, the TBG is described by
the function ℎ(𝑡) = 2(𝑡/𝑡𝑓)3 − 3(𝑡/𝑡𝑓)2 + 1, which fulfills
(9), i.e., ℎ(0) = 1, ℎ(5) = 0, and ℎ̇(0) = ℎ̇(5) = 0. Both
proposed distributed control laws are implemented as defined
in (16) and (37). The implementation essentially requires the
computation of the TGB reference and its time derivative,
which means to evaluate the functions ℎ(𝑡) and ℎ̇(𝑡) at each
iteration and compute the consensus error for each agent
depending on the neighbors state as given by (7).

We use the communication topologies shown in Figure 1
(obtained from [30]), denoted as G1 and G2, where G1
is a connected undirected graph and G2 is a directed
graph having a directed spanning tree. The simulations were
implemented inMATLABusing the Euler forwardmethod to
approximate the time derivatives with a time step of 0.1ms.

The initial states of the eight agents are 𝑥0 = [−0.61, 3.52,−1.07, 0.73, 1.48, 0.19, 1.97, 0.72]𝑇. The uncertainties in the
initial states are set to be 𝑑 = [0.22, 0.15, −0.39, 0.27, 0.34,0.21, −0.36, −0.09]𝑇.
4.1. Simulation of the Consensus Protocol Based on the Error
Feedback. This subsection is devoted to showing the perfor-
mance of the TBG protocol (16). Figures 2 and 3 show the
transient behavior of the MAS under (16) with 𝑘𝑓 = 100,
for G1 and G2, respectively. For the case shown in Figure 2,
perfect knowledge of the initial conditions is assumed, while
in Figure 3, there exists uncertainty in the initial condition
knowledge, given by 𝑑. In both cases the agent’s state (top
graphs in the figures) reaches consensus at the predefined 5
seconds.

It can be seen in Figure 2 (middle) that the auxiliary
control inputs V𝑖(𝑡) generated by the control protocol (16) are
smooth signals even at 𝑡 = 0. This is due to the properties of
the TBG, which yields that each V𝑖 starts at zero and returns
to zero at time 𝑡𝑓.This is not the case for the control inputs 𝑢𝑖,
since they include the nonlinearities that must be cancelled.
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Figure 2: Predefined-time TBG-tracking controller (16) for G1.
The convergence time is preset to 5 sec., and the consensus value is∑𝑁𝑖=1 𝑥𝑖(0)/𝑁 = 0.8676.
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Figure 3: Predefined-time TBG-tracking controller (16) for G2
and uncertainty in the initial state. In the error trajectories, the
continuous lines represent the evolution of the errors whereas the
TBG reference is drawn with dash line. The convergence time is
preset to 5 sec., and the consensus value is 𝛾𝑇𝑥0 = 0.0946.

In the case where the uncertainty 𝑑 in the initial state is
considered (Figure 3), the second term of V𝑖 in (16) is not
initially null to compensate the deviation from the reference
given by the TBG. It can be seen in Figure 3 (middle and
bottom) that the consensus errors do not initiate over the
references and consequently the auxiliary controls are not
null at 𝑡 = 0.
4.2. Comparison with Others Approaches. In this subsection,
first, we compare the proposed control law (16) with other
predefined-time control protocols [30–32]. As described in
Section 1, to the authors’ knowledge, these are the existing
approaches that solve the problemof predefined-time conver-
gence. Each one of these works refers to their proposal with
a different adjective: preset-time consensus [30], prescribed-
time consensus [31], and specified-time consensus [32]. We
can see in Figures 4–6 that consensus is achieved by using
any of these approaches. We have to say that the control
protocols of [30, 31] are very similar; both of them are based
on the use of a time-varying control gain. Between their
similarities, we can see in Figures 4 and 5 the large initial
value of the auxiliary control inputs. This is also the case for
the specified-time consensus [32] of Figure 6. Notice that the
auxiliary control inputs of the TBG-based controller, shown
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Figure 4: Preset-time controller [30] forG1. The convergence time
is preset to 5 sec., and the consensus value is∑𝑁𝑖=1 𝑥𝑖(0)/𝑁 = 0.8676.
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Figure 5: Prescribed-time controller [31] for G2. The convergence
time is present to 5 sec., and the consensus value is 0.0946.
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Figure 6: Specified-time controller [32] for G1. The convergence
time is present to 5 sec., and the consensus value is 0.5196.

in Figure 2, started in zero and were smoother and of lower
magnitude compared to the large initial auxiliary control
effort of the other predefined-time consensus approaches.

Additionally, we can see that the specified-time consensus
protocol in Figure 6 generates discontinuities in the auxiliary
inputs along the time, according to its planned switching
strategy. Moreover, although this consensus approach was
tested on the undirected graphG1, the consensus value is not
the average of the initial state as one could expect.

Following the comparison, we evaluate the TBG
controller (16) and different finite-time, fixed-time, and
predefined-time consensus protocols reported in the
literature, by applying the protocols to the MAS with the
communication topologies G1 and G2. In particular, the
protocols in [20, 48] ensure finite-time convergence, and the
one proposed in [27] guarantees fixed-time convergence.
The predefined-time protocols [30–32] and the proposed
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TBG-tracking controller (16) achieve predefined-time
convergence. The finite-time and fixed-time controllers were
tuned to achieve a similar convergence time around the 5
seconds of predefined time, from the initial condition 𝑥0.
Then, several simulations were performed for different initial
states of the form 𝛼𝑥0, where 𝛼 was varying in such a way
that themean of 𝛼𝑥0 ranges from −50 to 50.The same control
gains were used in all the experiments. Finally, for every
experiment, the convergence time of the system, defined as
the time at which ‖𝑒‖ < 1 × 10−4, was measured; similarly,
the maximum absolute value of the auxiliary control input 𝑣
was recorded.

The results are shown in Figures 7 and 8, where it
can be observed that the proposed TBG-based control (16)
and the other predefined-time controllers [30–32] are able
to maintain the same convergence time for all the initial
conditions. Furthermore, note that the maximum auxiliary
control efforts were lower for both the TBG-based control
and the finite-time control [20]. The last control law is of the
form 𝑘 sign(∙). In particular, the consensus protocols [30, 31]
explicitly include a parameter that must be set accordingly
to an eigenvalue of the Laplacian matrix, which depends on
the connectivity of the graph considered. This is not the case
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Figure 9: Predefined-time TBG-tracking controller (16), which is
not robust for perturbed dynamics andG2.
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Figure 10: Robust predefined-time TBG controller (37) for per-
turbed systems andG1. In the error trajectories, the continuous lines
represent the evolution of the errors whereas the TBG reference is
drawn with dash line. The convergence time is preset to 5 sec.

for the proposed control protocols.Therefore, the simulations
show that the proposed TBG protocol (16) represents an
advantage not only in the possibility to define a settling time
but also in providing smooth and efficient control actions.

4.3. Robust Predefined-Time Consensus. All the previous sim-
ulations considered ideal dynamics in (3), i.e., 𝜌𝑖(𝑡) = 0 for all
the agents. In fact, the TBG-tracking controller (16) is not able
to deal with matched bounded disturbances. For instance,
Figure 9 shows the MAS with the topology G2 under this
protocol andmatching perturbations 𝜌𝑖(𝑡) = 𝛼𝑖(1+1 sin(5𝑡)),
with 𝛼𝑖 randomly selected in (0, 0.5). It can be observed that
the state of the MAS does not establish in a consensus value
due to the perturbation. A similar behavior can be obtained
with the other existing predefined-time consensus protocols
[30–32].

In order to deal with the described matching perturba-
tions 𝜌𝑖(𝑡) = 𝛼𝑖(1+1 sin(5𝑡)), the proposed robust predefined-
time TBG controller (37) has to be used. For this, a leader
is defined with dynamics (33), having communication only
with the first follower agent, i.e., 𝑏1 = 1 and 𝑏𝑖 = 0, ∀𝑖 ={2, . . . , 8}. The gains of the robust controller (37) were set as𝑘1 = 5 and 𝑘2 = 5; and the leader’s state was maintained
constant and equal to 𝑥𝑙(𝑡) = −5 by setting its control input
as 𝑢𝑙 = 0. Figures 10 and 11 show the results obtainedwhen the
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Figure 11: Robust predefined-time TBG controller (37) for per-
turbed systems andG2. In the error trajectories, the continuous lines
represent the evolution of the errors whereas the TBG reference is
drawn with dash line. The convergence time is preset to 5 sec.

communication between the followers is described byG1 and
G2, respectively. Notice that the error trajectories are driven
to zero in the predefined time 𝑡𝑓 = 5, while the control input
keeps oscillating after 𝑡𝑓 in order to reject the disturbance
𝜌(𝑡).
5. Conclusions

In this paper, a couple of predefined-time consensus proto-
cols for first-order nonlinearMASunder both undirected and
directed communication topologies have been proposed. In
these protocols, the convergence time to achieve consensus
can be set by the user, and it is independent of the initial
state conditions. For this, the TBG (time base generator)
is combined with feedback controllers to achieve closed-
loop stability and robustness. In particular, one protocol uses
the super-twisting controller to deal with perturbations. The
performance of the proposed controllers has been compared
with existing finite-time, fixed-time, and predefined-time
controllers through simulations. The results have shown that
the proposed protocols achieve consensus in the predefined
time, independently of the initial conditions, and exhibit
closed-loop stability. Moreover, a benefit of the proposed
controllers is that they yield smoother control signals with
smaller magnitude than the existing approaches reported
in the literature. Furthermore, the proposed schemes can
reach predefined-time consensus even when there exists
uncertainty in the knowledge of the initial conditions, and the
super-twisting protocol is robust against matching perturba-
tions.

Future works will focus on extending the results pre-
sented in this paper to the case of high-order nonlinear
MAS, as well as in considering the predefined-time consensus
problem in Markovian jump topologies [4, 5].

Data Availability

The paper is a theoretical result on consensus with
predefined-time convergence. All proofs are presented,
and simulations are provided to illustrate the result. In the
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experiments; simulations can be provided andmade available
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This paper is concerned with consensus of heterogeneous nonlinear multiagent systems via distributed control. Both the cases of
leaderless and leader-following are systematically investigated. Different from some existing results, completed consensus can be
reached in this paper among heterogeneous multiagent network instead of bounded-consensus. First, a novel distributed control
protocol is proposed, and some general consensus criterions are derived formultiagent systemswithout leader. Second, a leaderwith
unknown but bounded input for the heterogeneous multiagent network is considered; aperiodically intermittent communications
among followers are considered to avoid channel blocking in this case. Finally, two simulation examples are presented to verify the
effectiveness of the main results.

1. Introduction

In recent years, distributed coordinated control of multiagent
systems has been widely studied due to its easy imple-
mentation, strong robustness, and high self-organizability.
There were many applications of multiagent systems in the
field of robotic systems, UAVs (unmanned air vehicles),
wireless sensor networks, and so on [1–4]. As a hot topic of
multiagent systems, consensus has attracted great attention
in systems and control theory. Many papers have been
concerned with consensus problem of multiagent systems, in
which, consensus can be reached among multiagent systems
via sufficient local information exchanges between agents and
their neighbors; one can see [5–11] and references therein.

There were two kinds of consensus named leaderless
consensus and leader-following consensus, respectively. It is
called leaderless consensus problem if there is no specified
leader in the multiagent systems; it is called leader-following
consensus problem otherwise. Both leaderless consensus and
leader-following consensus have gottenmany results recently.
For example, distributed leaderless consensus algorithms for
networked Euler-Lagrange systems have been investigated

in [12]. Reference [13] has studied leaderless consensus prob-
lem of a group of mobile agents interconnected by a star-like
topology. On the other hand, leader-following consensus of
multiagent systems has been considered in [14], inwhich both
fixed and switching topologies have been considered. Based
on𝑀-matrix strategies, pinning-controlled leader-following
consensus in multiagent systems has been discussed in [15].
More results about leaderless consensus or leader-following
consensus can be seen in [16–20] and references therein. In
general, the leader-following consensus problem could be
translated into the stability problem of error systems. There
were many theoretical tools and results about the analysis
of the stability of dynamical systems [21–24]. To deal with
the leaderless consensus problem, a virtual leader is often
introduced or some matrix analysis techniques are used.

Note that the majority of above publications were
concerned with identical systems. However, heterogeneous
dynamic networks widely existed in real world, in which,
each agent may have different parameters. A heterogeneous
multiagent network cannot force consensus by static linear
controllers.Thus, more results about heterogeneous dynamic
networks were concerned with quasi-consensus (also named
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bounded-consensus). For example, [25] investigates the
bounded-consensus problem for cooperative heterogeneous
agents with nonlinear dynamics in a directed communication
network. Quasi-synchronization of heterogeneous dynamic
networks via distributed impulsive control have been studied
in [26]. More recently, quasi-synchronization is investigated
for heterogeneous complex networks with switching sequen-
tially disconnected topology in [27]. To the best of our
knowledge, few literature works have appeared concerning
the problems of complete consensus among heterogeneous
multiagent systems, which provides the motivation of the
current study. Note that nonlinearity is inescapable in real
world systems [28–30]. The dynamics analysis of nonlin-
ear systems has gotten many results [31–36], even to the
nonlinear fractional order systems [37, 38]. Thus, nonlinear
multiagent systems would be considered in this paper.

In this paper, we investigated both leaderless and leader-
following consensus in a heterogenous network environ-
ment. The contributions of this paper are as follows: First,
based a novel discontinuous distributed control protocol,
the leaderless consensus has been reached under some
simple conditions. Then, under the analysis method, the
leader-following consensus also has been studied, in which
case, the communication among followers is aperiodically
intermittent. Most of the existing results about consensus
for the heterogeneous multiagent systems have adopted the
adaptive strategy; one can see [39–42] and references therein.
Compared with some existing results, the control protocol in
this paper is static, which may be easier to implement.

The rest of the paper is organized as follows: In Section 2,
we introduce some definitions and some lemmas which are
necessary for presenting our results in the following. The
main results about leaderless consensus and leader-following
consensus of heterogenous multiagents are presented in
Section 3. Then, some examples are given to demonstrate
the effectiveness of our results in Section 4. Conclusions are
finally drawn in Section 5.

Notations. In this paper, R𝑛 denotes the set of all 𝑛-
dimensional column vectors. Let 𝐼𝑛 be 𝑛-dimensional identity
matrix. For any 𝑥 ∈ R𝑛, ‖𝑥‖1 = ∑𝑛𝑖=1 |𝑥𝑖|, ‖𝑥‖ = √∑𝑛𝑖=1 𝑥2𝑖 ,
sign(𝑥) = [sign(𝑥1), sign(𝑥2), . . . , sign(𝑥𝑛)]𝑇 ∈ R𝑛, where
sign(𝑥𝑖) = 1 when 𝑥𝑖 > 0, sign(𝑥𝑖) = −1 when 𝑥𝑖 < 0;
otherwise sign(𝑥𝑖) = 0. For a square matrix 𝐴 ∈ R𝑚×𝑛, let
‖𝐴‖ = √∑𝑚𝑖=1∑𝑛𝑗=1 𝑎2𝑖𝑗, 𝐴𝑇 be its transpose, and 𝜆𝑚𝑎𝑥(𝐴) and𝜆𝑚𝑎𝑥(𝐴) be the maximum and minimum eigenvalues of 𝐴,
respectively. ⊗ denotes Kronecker product.

2. Preliminaries

Considering the following heterogeneous multiagent system
consisting of𝑁 agents, the dynamical behavior of 𝑖th agent is
described as

�̇�𝑖 (𝑡) = 𝐴 𝑖𝑥𝑖 (𝑡) + 𝐵𝑖𝑓 (𝑥𝑖 (𝑡)) + 𝑢𝑖 (𝑡) , (1)

where 𝑥𝑖(𝑡) ∈ R𝑛 denotes the state of 𝑖th agent, 𝑓(𝑥𝑖(𝑡)) =[𝑓1(𝑥𝑖(𝑡)), 𝑓2(𝑥𝑖(𝑡)), . . . , 𝑓𝑛(𝑥𝑖(𝑡))]𝑇 ∈ R𝑛 is a nonlinear

function, 𝑢𝑖(𝑡) is control input would be given later, and 𝐴 𝑖
and 𝐵𝑖 are constant matrix.

Throughout this paper, the following assumption of
nonlinear function 𝑓(⋅) should be satisfied for the system.

Assumption 1. For the nonlinear function 𝑓(⋅), there exist
constants 𝑙𝑓𝑖𝑗 ≥ 0, 𝑖, 𝑗 = 1, 2, . . . , 𝑛, such that, for any 𝑥, 𝑦 ∈ R𝑛,

𝑓𝑖 (𝑥) − 𝑓𝑖 (𝑦) ≤
𝑛∑
𝑗=1

𝑙𝑓𝑖𝑗 𝑥𝑗 − 𝑦𝑗 . (2)

Remark 2. Let 𝐿𝑓 = (𝑙𝑓𝑖𝑗)𝑛×𝑛. Then, for any diagonal matrices
Λ 𝑓 > 0, this assumption implies that (𝑥 − 𝑦)𝑇𝐿𝑇𝑓Λ 𝑓𝐿𝑓(𝑥 −𝑦) ≥ (𝑓(𝑥) − 𝑓(𝑦))𝑇Λ 𝑓(𝑓(𝑥) − 𝑓(𝑦)). And note that a lot
of systems can be satisfied, such as Chua’s circuit and some
chaotic neural networks.

To get our main results, some preliminaries of graph
would be given. Let G = {Δ, 𝐸,𝑊} be a undirected graph
of order 𝑁, where Δ = {V1, V2, . . . , V𝑁}, 𝐸 ⊆ Δ × Δ denote
the set of nodes and edges, respectively. For any 𝑖, 𝑎𝑖𝑖 = 0.𝑒𝑖𝑗 = (V𝑖, V𝑗) ∈ 𝐸 is an edge from 𝑖 to 𝑗, where 𝑖 ̸= 𝑗, which
means that V𝑗 can receive message from V𝑖. V𝑖 is a neighbor
of V𝑗 if 𝑒𝑖𝑗 ∈ 𝐸. The set of all neighbors of V𝑖 can be denoted
as N𝑖 = {V𝑗 : 𝑒𝑖𝑗 ∈ 𝐸, 𝑗 = 1, 2, . . . , 𝑁}. 𝐴 = {𝑎𝑖𝑗} ∈ R𝑁×𝑁

denotes weighted adjacencymatrix, where 𝑎𝑖𝑗 is weight which
is satisfied 𝑎𝑖𝑗 = 𝑎𝑗𝑖 ̸= 0 if 𝑒𝑖𝑗 ∈ 𝐸 and 𝑎𝑖𝑗 = 0 otherwise. We
assume 𝑎𝑖𝑖 = 0 for all 𝑖 = 1, 2, . . . , 𝑁.

Assumption 3. The topological structure is undirected in
this paper, and the undirected communication graph is
connected.

3. Main Results

3.1. Leaderless Consensus of HeterogeneousMultiagent System.
This subsection considers the leaderless case; without loss of
generality, define the sate error as 𝑒𝑖(𝑡) = 𝑥𝑖+1(𝑡) − 𝑥1(𝑡), for𝑖 = 1, 2, . . . , 𝑁 − 1; then, one has

̇𝑒𝑖 (𝑡) = 𝐴 𝑖+1𝑥𝑖+1 (𝑡) − 𝐴1𝑥1 (𝑡) + 𝐵𝑖+1𝑓 (𝑥𝑖+1 (𝑡))
− 𝐵1𝑓 (𝑥1 (𝑡)) + 𝑢𝑖+1 (𝑡) − 𝑢1 (𝑡) . (3)

In this case, 𝑢𝑖(𝑡) is designed as

𝑢𝑖 (𝑡) = −𝑐 𝑁∑
𝑗=1

𝑙𝑖𝑗𝑥𝑗 (𝑡) − 𝑐𝑑𝑖 sign (𝑥𝑖 (𝑡) − 𝑥1 (𝑡)) , (4)

where the Laplacian matrix 𝐿 = (𝑙𝑖𝑗)𝑁×𝑁 is associated with
the adjacency matrixA = (𝑎𝑖𝑗)𝑁×𝑁 defined by the following.

𝑙𝑖𝑗 = {{{{{
−𝑎𝑖𝑗 𝑓𝑜𝑟 𝑖 ̸= 𝑗
∑
𝑗=1,𝑗 ̸=𝑖

𝑎𝑖𝑗 𝑓𝑜𝑟 𝑖 = 𝑗 (5)
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By some simple derivations, one can get the following error
dynamic equation for 𝑖 = 1, 2, . . . , 𝑁 − 1:

̇𝑒𝑖 (𝑡) = 𝐴 𝑖+1𝑒𝑖 (𝑡) + 𝐵𝑖+1ℎ (𝑒𝑖 (𝑡)) + 𝑤𝑖+1 (𝑥1 (𝑡))
− 𝑐 𝑁∑
𝑗=1

(𝑙𝑖+1,𝑗 − 𝑙1𝑗) 𝑥𝑗 (𝑡) − 𝑐𝑑𝑖+1 sign (𝑒𝑖 (𝑡)) , (6)

where ℎ(𝑒𝑖(𝑡)) = 𝑓(𝑥𝑖+1(𝑡)) − 𝑓(𝑥1(𝑡)), 𝑤𝑖(𝑥1(𝑡)) = (𝐴 𝑖 −𝐴1)𝑥1(𝑡)+(𝐵𝑖−𝐵1)𝑓(𝑥1(𝑡)). Let �̂� = (̂𝑙𝑖𝑗)𝑁×𝑁 and �̂�𝑖𝑗 = 𝑙𝑖+1,𝑗+1−𝑙1,𝑗+1 for 𝑖, 𝑗 = 1, 2, . . . , 𝑁 − 1; one has ∑𝑁−1𝑗=1 �̂�𝑖𝑗 = 𝑙11 − 𝑙𝑖+1,1
for 𝑖 = 1, 2, . . . , 𝑁 − 1; then, we have ∑𝑁𝑗=1(𝑙𝑖+1,𝑗 − 𝑙1𝑗)𝑥𝑗(𝑡) =∑𝑁−1𝑗=1 �̂�𝑖𝑗𝑒𝑗(𝑡) and thus the error equation can be rewritten as

̇𝑒𝑖 (𝑡) = 𝐴 𝑖+1𝑒𝑖 (𝑡) + 𝐵𝑖+1ℎ (𝑒𝑖 (𝑡)) + 𝑤𝑖+1 (𝑥1 (𝑡))
− 𝑐𝑁−1∑
𝑗=1

�̂�𝑖𝑗𝑒𝑗 (𝑡) − 𝑐𝑑𝑖+1 sign (𝑒𝑖 (𝑡)) . (7)

The following assumption needs to be satisfied in this subsec-
tion.

Assumption 4. The𝑥1(𝑡) is bounded; i.e., for any initial𝑥1(𝑡0),
there exists 𝑇, such that ‖𝑥1(𝑡)‖ ≤ 𝛿, 𝑡 ≥ 𝑇, where 𝛿 is a
positive constant. Furthermore, with Assumption 1, one has
that 𝑤𝑖(𝑥1(𝑡)) is also bounded; i.e., ‖𝑤𝑖(𝑥1(𝑡))‖ ≤ 𝜀𝑖, 𝑡 ≥ 𝑇,
where 𝜀𝑖 is a positive constant.
Theorem 5. Under Assumptions 1, 3, and 4, the leaderless
consensus of the heterogeneous multiagent system could be
achieved if there exist positive definite diagonal matrix 𝑃 and
constants 𝛼 > 0, 𝛽 > 0 such that

𝑑𝑖+1 ≥ ‖𝑃‖ (𝜀𝑖+1)𝑐𝜆𝑚𝑖𝑛 (𝑃) ; (8)

[𝑃𝐴 𝑖+1 + 𝐴𝑇𝑖+1𝑃 + 𝐿𝑇𝑓Λ 𝑓𝐿𝑓 𝑃𝐵𝑖+1𝑃𝐵𝑖+1 −Λ 𝑓] < [
𝛼𝑃 0
0 0] ; (9)

(𝛼 + 𝛽) 𝐼𝑁−1 < 2𝑐�̂�; (10)
for 𝑖 = 1, 2, . . . , 𝑁 − 1, where matrices Λ 𝑓 and 𝐿𝑓 have been
mentioned in Remark 2.

Proof. Choose a Lyapunov function as 𝑉(𝑡) = (1/2)∑𝑁−1𝑖=1 𝑒𝑇𝑖 (𝑡)𝑃𝑒𝑖(𝑡); taking the time derivative of 𝑉(𝑡) along
the trajectories of (7), one obtains the following.

�̇� (𝑡) = 𝑁−1∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃 ̇𝑒𝑖 (𝑡) = 𝑁−1∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃{{{
𝐴 𝑖+1𝑒𝑖 (𝑡)

+ 𝐵𝑖+1ℎ (𝑒𝑖 (𝑡)) + 𝑤𝑖+1 (𝑥1 (𝑡)) − 𝑐𝑁−1∑
𝑗=1

�̂�𝑖𝑗𝑒𝑗 (𝑡)

− 𝑐𝑑𝑖+1 sign (𝑒𝑖 (𝑡))}}}
≤ 12

⋅ 𝑁−1∑
𝑖=1

𝑒𝑇𝑖 (𝑡) (𝑃𝐴 𝑖+1 + 𝐴𝑇𝑖+1𝑃) 𝑒𝑖 (𝑡)

+ 𝑁−1∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃𝐵𝑖+1ℎ (𝑒𝑖 (𝑡))

+ 𝑁−1∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃𝑤𝑖+1 (𝑥1 (𝑡)) − 𝑐𝑁−1∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃𝑁−1∑
𝑗=1

�̂�𝑖𝑗𝑒𝑗 (𝑡)

− 𝑐𝑁−1∑
𝑖=1

𝑑𝑖+1𝑒𝑇𝑖 (𝑡) 𝑃 sign (𝑒𝑖 (𝑡))
(11)

Based on cauchy inequality (i.e., (∑𝑛𝑖=1 𝑎𝑘𝑏𝑘)2 ≤∑𝑛𝑖=1 𝑎2𝑘 ∑𝑛𝑖=1 𝑏2𝑘 ) and the definition of the function sign(⋅),
noting that 𝑃 is a positive definite diagonal matrix, it is easy
to get

− 𝑐𝑑𝑖+1𝑒𝑇𝑖 (𝑡) 𝑃 sign (𝑒𝑖 (𝑡)) = −𝑐𝑑𝑖+1 𝑛∑
𝑗=1

𝑝𝑗 𝑒𝑖𝑗 (𝑡)
≤ −𝑐𝑑𝑖+1𝜆𝑚𝑖𝑛 (𝑃) 𝑒𝑖 (𝑡)1
≤ −𝑐𝑑𝑖+1𝜆𝑚𝑖𝑛 (𝑃) 𝑒𝑖 (𝑡) ,

𝑒𝑇𝑖 (𝑡) 𝑃𝑤𝑖+1 (𝑥1 (𝑡)) ≤ 𝜀𝑖+1 ‖𝑃‖ 𝑒𝑖 (𝑡) .

(12)

According to Remark 2 and (12), we have

�̇� (𝑡) ≤ 12
⋅ 𝑁−1∑
𝑖=1

𝑒𝑇𝑖 (𝑡) (𝑃𝐴 𝑖+1 + 𝐴𝑇𝑖+1𝑃 + 𝐿𝑇𝑓Λ 𝑓𝐿𝑓) 𝑒𝑖 (𝑡) − 12
⋅ 𝑁−1∑
𝑖=1

ℎ𝑇 (𝑒𝑖 (𝑡)) Λ 𝑓ℎ (𝑒𝑖 (𝑡))

+ 𝑁−1∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃𝐵𝑖+1ℎ (𝑒𝑖 (𝑡))

+ 𝑁−1∑
𝑖=1

(𝜀𝑖+1 − 𝑐𝑑𝑖+1 𝜆𝑚𝑖𝑛 (𝑃)‖𝑃‖ ) ‖𝑃‖ 𝑒𝑖 (𝑡) − 𝑐𝑒𝑇 (𝑡)

⋅ (�̂� ⊗ 𝑃) 𝑒 (𝑡) = 12
𝑁−1∑
𝑖=1

[𝑒𝑇𝑖 (𝑡) , ℎ𝑇 (𝑒𝑖 (𝑡))]

⋅ [𝑃𝐴 𝑖+1 + 𝐴𝑇𝑖+1𝑃 + 𝐿𝑇𝑓Λ 𝑓𝐿𝑓 𝑃𝐵𝑖+1𝑃𝐵𝑖+1 −Λ 𝑓][
𝑒𝑖 (𝑡)ℎ (𝑒𝑖 (𝑡)) ]

+ 𝑁−1∑
𝑖=1

(𝜀𝑖+1 − 𝑐𝑑𝑖+1 𝜆𝑚𝑖𝑛 (𝑃)‖𝑃‖ ) ‖𝑃‖ 𝑒𝑖 (𝑡) − 𝑐𝑒𝑇 (𝑡)
⋅ (�̂� ⊗ 𝑃) 𝑒 (𝑡) ,

(13)

where 𝑒(𝑡) = [𝑒𝑇1 (𝑡), 𝑒𝑇2 (𝑡), .., 𝑒𝑇𝑁−1(𝑡)]𝑇.Then, according to (8),
(9), and (10), we have

�̇� (𝑡) ≤ 𝑒𝑇 (𝑡) ((𝛼2 𝐼𝑁−1 − 𝑐�̂�) ⊗ 𝑃) 𝑒 (𝑡) ≤ −𝛽𝑉 (𝑡) . (14)

This completes the proof.
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3.2. Leader-Following Consensus with Aperiodically Intermit-
tent Communication. The leader with unknown input is
described as

�̇�0 (𝑡) = 𝐴0𝑥0 (𝑡) + 𝐵0𝑓 (𝑥0 (𝑡)) + 𝑢0 (𝑡) , (15)

where 𝑢0(𝑡) is unknown input. 𝑢𝑖(𝑡) in this case is designed as

𝑢𝑖 (𝑡) = {{{{{
−𝑐 𝑁∑
𝑗=1

𝑙𝑖𝑗𝑥𝑗 (𝑡) − 𝑐𝑑𝑖 (𝑥𝑖 (𝑡) − 𝑥0 (𝑡)) − 𝑐𝑑𝑖 sign (𝑥𝑖 (𝑡) − 𝑥0 (𝑡)) 𝑓𝑜𝑟 𝑡 ∈ [𝑡𝑘, 𝑠𝑘]
−𝑐𝑑𝑖 sign (𝑥𝑖 (𝑡) − 𝑥0 (𝑡)) 𝑓𝑜𝑟 𝑡 ∈ (𝑠𝑘, 𝑡𝑘+1)

(16)

where 0 = 𝑡0 ≤ 𝑠0 ≤ 𝑡1 ≤ 𝑠1 ≤ ⋅ ⋅ ⋅ ≤ 𝑡𝑘 ≤𝑠𝑘 ≤ 𝑡𝑘+1 ≤ ⋅ ⋅ ⋅ ; time interval [𝑡𝑘, 𝑠𝑘] is called the
communication time, i.e., every agent can interact with its
neighbors in this time interval, while (𝑠𝑘, 𝑡𝑘+1) is called rest
time, in which, every agent can communicate only with

leader but not its neighbors. Denote by 𝑐𝑘 = 𝑠𝑘 − 𝑡𝑘 and𝑟𝑘 = 𝑡𝑘+1 − 𝑠𝑘 the communication width and the rest width,
respectively. Let error signal 𝑒𝑖(𝑡) = 𝑥𝑖(𝑡) − 𝑠(𝑡); by some
simple derivation, one can get the following error dynamic
equation:

̇𝑒𝑖 (𝑡) = {{{{{
𝐴 𝑖𝑒𝑖 (𝑡) + 𝐵𝑖𝑔 (𝑒𝑖 (𝑡)) + 𝑤𝑖 (𝑠 (𝑡)) − 𝑢0 (𝑡) − 𝑐 𝑁∑

𝑗=1

𝑙𝑖𝑗𝑒𝑗 (𝑡) − 𝑐𝑑𝑖 (𝑔𝑖 (𝑡)) − 𝑐𝑑𝑖 sign (𝑒𝑖 (𝑡)) 𝑓𝑜𝑟 𝑡 ∈ [𝑡𝑘, 𝑠𝑘]
𝐴 𝑖𝑒𝑖 (𝑡) + 𝐵𝑖𝑔 (𝑒𝑖 (𝑡)) + 𝑤𝑖 (𝑠 (𝑡)) − 𝑢0 (𝑡) − 𝑐𝑑𝑖 sign (𝑒𝑖 (𝑡)) 𝑓𝑜𝑟 𝑡 ∈ (𝑠𝑘, 𝑡𝑘+1)

(17)

where 𝑔(𝑒𝑖(𝑡)) = 𝑓(𝑥𝑖(𝑡)) −𝑓(𝑠(𝑡)),𝑤𝑖(𝑠(𝑡)) = (𝐴 𝑖 −𝐴0)𝑠(𝑡) +(𝐵𝑖 − 𝐵0)𝑓(𝑠(𝑡)).
Assumption 6. The 𝑠(𝑡) is bounded; i.e., for any initial 𝑠(𝑡0),
there exists𝑇, such that ‖𝑠(𝑡)‖ ≤ 𝛿, 𝑡 ≥ 𝑇, where 𝛿 is a positive
constant. That is, 𝑠(𝑡) also could be an equilibrium point, a
periodic orbit, or even a chaotic orbit throughout this paper.
Furthermore, with Assumption 1, one has that𝑤𝑖(𝑠(𝑡)) is also
bounded; i.e., ‖𝑤𝑖(𝑠(𝑡))‖ ≤ 𝜀𝑖, 𝑡 ≥ 𝑇, where 𝜀𝑖 is a positive
constant.

Assumption 7. The unknown input of leader 𝑢0(𝑡) in this
paper is assumed bounded; let ‖𝑢0(𝑡)‖ ≤ 𝜀0.
Remark 8. There were many results about heterogeneous
dynamic networks recently []; however, most of which have
investigated quasi-synchronization or bounded-consensus of
them. This paper would study the complete consensus for a
heterogeneous multiagent network; furthermore, the leader
in this paper has an unknown but bounded input, which has
not been seen yet. The results in this paper can be applied for
tracking an unknown target by a heterogeneous multiagent
network. Note that communications among agents and their
neighbors are aperiodic intermittent, which could prevent
blocking the communication channel.

Theorem 9. Under Assumptions 1, 3, 6, and 7, consensus of
the heterogeneous multiagent system could be achieved if there
exist positive definite diagonal matrix 𝑃 and constants 𝛼 > 0,𝛽 > 0 such that

𝑑𝑖 ≥ ‖𝑃‖ (𝜀0 + 𝜀𝑖)𝑐𝜆𝑚𝑖𝑛 (𝑃) ; (18)

[𝑃𝐴 𝑖 + 𝐴𝑇𝑖 𝑃 + 𝐿𝑇𝑓Λ 𝑓𝐿𝑓 𝑃𝐵𝑖𝑃𝐵𝑖 −Λ 𝑓] < [
𝛼𝑃 0
0 0] ; (19)

(𝛼 + 𝛽) 𝐼𝑁 < 2𝑐 (𝐿 + 𝐷) ; (20)

lim
𝑘→+∞

𝑘−1∑
𝑚=0

(𝛽𝑐𝑚 − 𝛼𝑟𝑚) = +∞; (21)

where𝐷 = diag{𝑑1, 𝑑2, . . . , 𝑑𝑁} and 𝑐𝑘 = 𝑠𝑘−𝑡𝑘, 𝑟𝑘 = 𝑡𝑘+1−𝑠𝑘,𝑘 = 0, 1, 2, . . .,, matrices Λ 𝑓 and 𝐿𝑓 have been mentioned in
Remark 2.

Proof. Choose a Lyapunov function as 𝑉(𝑡) = (1/2)∑𝑁𝑖=1 𝑒𝑇𝑖 (𝑡)𝑃𝑒𝑖(𝑡); for 𝑡 ∈ [𝑡𝑘, 𝑠𝑘], 𝑘 = 0, 1, 2 . . ., taking
the time derivative of 𝑉(𝑡) along the trajectories of (17), one
obtains the following.

�̇� (𝑡) = 𝑁∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃 ̇𝑒𝑖 (𝑡) = 𝑁∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃{{{
𝐴 𝑖𝑒𝑖 (𝑡)

+ 𝐵𝑖𝑔 (𝑒𝑖 (𝑡)) + 𝑤𝑖 (𝑠 (𝑡)) − 𝑢0 (𝑡) − 𝑐 𝑁∑
𝑗=1

𝑙𝑖𝑗𝑒𝑗 (𝑡)

− 𝑐𝑑𝑖 (𝑔𝑖 (𝑡)) − 𝑐𝑑𝑖 sign (𝑒𝑖 (𝑡))}}}
= 12

⋅ 𝑁∑
𝑖=1

𝑒𝑇𝑖 (𝑡) (𝑃𝐴 𝑖 + 𝐴𝑇𝑖 𝑃) 𝑒𝑖 (𝑡)
+ 𝑁∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃𝐵𝑖𝑔 (𝑒𝑖 (𝑡)) + 𝑁∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃𝑤𝑖 (𝑠 (𝑡))
+ 𝑁∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃𝑢0 (𝑡) − 𝑐 𝑁∑
𝑖=1

𝑑𝑖𝑒𝑇𝑖 (𝑡) 𝑃 sign (𝑒𝑖 (𝑡))
− 𝑐 𝑁∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃 𝑁∑
𝑗=1

𝑙𝑖𝑗𝑒𝑗 (𝑡) − 𝑐𝑑𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 (𝑡) 𝑃𝑒𝑖 (𝑡)

(22)
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Similar to the proof of Theorem 5, one has

𝑒𝑇𝑖 (𝑡) 𝑃𝑤𝑖 (𝑠 (𝑡)) ≤ 𝜀𝑖 ‖𝑃‖ 𝑒𝑖 (𝑡) ,
𝑒𝑇𝑖 (𝑡) 𝑃𝑢0 (𝑡) ≤ 𝜀0 ‖𝑃‖ 𝑒𝑖 (𝑡)

−𝑐𝑑𝑖𝑒𝑇𝑖 (𝑡) 𝑃 sign (𝑒𝑖 (𝑡)) ≤ −𝑐𝑑𝑖𝜆𝑚𝑖𝑛 (𝑃) 𝑒𝑖 (𝑡) .
(23)

Then, from (23), (18), (19), and (20) and Remark 2, we have

�̇� (𝑡) ≤ −𝛽𝑉 (𝑡) , 𝑡 ∈ [𝑡𝑘, 𝑠𝑘] . (24)

On the other hand, when 𝑡 ∈ (𝑠𝑘, 𝑡𝑘+1), 𝑘 = 0, 1, 2, . . .,
taking the time derivative of𝑉(𝑡) along the trajectories of (17),
similarly, one can obtain

�̇� (𝑡) ≤ 𝛼𝑉 (𝑡) , 𝑡 ∈ (𝑠𝑘, 𝑡𝑘+1) . (25)

Now, we estimate 𝑉(𝑡) based on the above two inequations.
For 𝑡 ∈ [𝑡0, 𝑠0], it is easy to get 𝑉(𝑡) ≤ 𝑉(𝑡0)𝑒−𝛽(𝑡−𝑡0) and𝑉(𝑠0) ≤ 𝑉(𝑡0)𝑒−𝛽𝑐0 .
For 𝑡 ∈ (𝑠0, 𝑡1), it is easy to get 𝑉(𝑡) ≤ 𝑉(𝑠0)𝑒𝛼(𝑡−𝑠0) ≤𝑉(𝑡0)𝑒−𝛽𝑐0+𝛼(𝑡−𝑠0) and 𝑉(𝑡1) ≤ 𝑉(𝑡0)𝑒−𝛽𝑐0+𝛼𝑟0 .
For 𝑡 ∈ [𝑡1, 𝑠1], one has 𝑉(𝑡) ≤ 𝑉(𝑡1)𝑒−𝛽(𝑡−𝑡1) ≤𝑉(𝑡0)𝑒−𝛽𝑐0+𝛼𝑟0−𝛽(𝑡−𝑡1) and 𝑉(𝑠1) ≤ 𝑉(𝑡0)𝑒−𝛽(𝑐0+𝑐1)+𝛼𝑟0 .
For 𝑡 ∈ (𝑠1, 𝑡2), one has 𝑉(𝑡) ≤ 𝑉(𝑠1)𝑒𝛼(𝑡−𝑠1) ≤𝑉(𝑡0)𝑒−𝛽(𝑐0+𝑐1)+𝛼𝑟0+𝛼(𝑡−𝑠1) and 𝑉(𝑡2) ≤ 𝑉(𝑡0)𝑒−𝛽(𝑐0+𝑐1)+𝛼(𝑟0+𝑟1).
Generally, when 𝑡 ∈ [𝑡𝑘, 𝑠𝑘],

𝑉 (𝑡) ≤ 𝑉 (𝑡0) 𝑒−𝛽∑𝑘−1𝑚=0 𝑐𝑚+𝛼∑𝑘−1𝑚=0 𝑟𝑚−𝛽(𝑡−𝑡𝑘)
≤ 𝑉 (𝑡0) 𝑒−∑𝑘−1𝑚=0(𝛽𝑐𝑚−𝛼𝑟𝑚),

(26)

and when 𝑡 ∈ (𝑠𝑘, 𝑡𝑘+1),
𝑉 (𝑡) ≤ 𝑉 (𝑡0) 𝑒−𝛽∑𝑘𝑚=0 𝑐𝑚+𝛼∑𝑘−1𝑚=0 𝑟𝑚−𝛼(𝑡−𝑠𝑘)

≤ 𝑉 (𝑡0) 𝑒−∑𝑘−1𝑚=0(𝛽𝑐𝑚−𝛼𝑟𝑚)−(𝛼+𝛽)𝑐𝑘
≤ 𝑉 (𝑡0) 𝑒−∑𝑘−1𝑚=0(𝛽𝑐𝑚−𝛼𝑟𝑚).

(27)

Thus, for any 𝑡 > 0, we have 𝑉(𝑡) ≤ 𝑉(𝑡0)𝑒−∑𝑘−1𝑚=0(𝛽𝑐𝑚−𝛼𝑟𝑚),
combined with (21), lim𝑡→+∞𝑉(𝑡) = 0, which implies that
lim𝑡→+∞‖𝑒𝑖(𝑡)‖ = 0; i.e., the consensus could be achieved;
this completes our proof.

Note that condition (21) in Theorem 5 is difficult to
check due to its infinity. The following results could be
checked easily based on a higher request for the intermittent
communication.

Corollary 10. Under Assumptions 1, 3, 6, and 7, consensus of
the heterogeneous multiagent system could be achieved if there
exist positive definite diagonal matrix 𝑃 and constants 𝛼 > 0,𝛽 > 0 such that (18)-(20) and the following condition holds:

̌𝑐
𝑇 > 𝛼𝛼 + 𝛽, (28)

where ̆𝑐 = min{𝑐1, 𝑐2, . . .}, �̂� = min{𝑡1 − 𝑡0, 𝑡2 − 𝑡1, . . .}.

Proof. It is obviously that (29) implies (21) based on the
definition of notations ̆𝑐 and �̂�. Consequently, the result can
be obtained.

The periodically intermittent communication is obvi-
ously a special case of Theorem 5; in periodical case, let 𝑇 ≡𝑡𝑘+1 − 𝑡𝑘, and 𝑐 ≡ 𝑠𝑘 − 𝑡𝑘 for any 𝑘 = 0, 1, 2, . . .; the following
corollary could be obtained naturally.

Corollary 11. Under Assumptions 1, 3, 6, and 7, consensus of
the heterogeneous multiagent system could be achieved if there
exist positive definite diagonal matrix 𝑃 and constants 𝛼 > 0,𝛽 > 0 such that (18)-(20) and the following condition holds:

𝑐𝑇 > 𝛼𝛼 + 𝛽. (29)

4. Numerical Simulations

In this section, two examples are given to check our theorem
results above.

4.1. Leaderless Consensus. In this subsection, we have a
multiagent system consisting of four heterogeneous agents.
The Laplacian matrix 𝐿 is given as

𝐿 = [[[[[
[

2 −1 −1 0
−1 3 −1 −1
−1 −1 3 −1
0 −1 −1 2

]]]]]
]
. (30)

In this example, let 𝑛 = 3, 𝑥𝑖(𝑡) = [𝑥𝑖1(𝑡), 𝑥𝑖2(𝑡), 𝑥𝑖3(𝑡)]𝑇,𝑓𝑗(𝑥𝑖𝑗(𝑡)) = 0.5(|𝑥𝑖𝑗(𝑡) + 1| − |𝑥𝑖𝑗(𝑡) − 1|), 𝑖 = 1, 2, 3, 4. The
matrices 𝐴 𝑖 and 𝐵𝑖 are given as

𝐴1 = [[
[
−1 0 0
0 −1 0
0 0 −1

]]
]
,

𝐴2 = [[
[
−0.2 0 0
0 −0.2 0
0 0 −0.2

]]
]
,

𝐴3 = [[
[
−0.1 0 0
0 −1 0
0 0 −1

]]
]
,

𝐴4 = [[
[
−2 0 0
0 −2 0
0 0 −2

]]
]
,

𝐵1 = [[
[
1.25 −3.2 −3.2
−3.2 1.1 −4.4
−3.2 4.4 1

]]
]
,
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Figure 1: Trajectory of the [𝑥11(𝑡), 𝑥12(𝑡), 𝑥13(𝑡)] with initial values[0.1, 0.1, 0.1].
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Figure 2: Trajectory of the [𝑥21(𝑡), 𝑥22(𝑡), 𝑥23(𝑡)] with initial values[4, −6, 8].

𝐵2 = [[
[
1.25 3 −3.2
−3.2 1.1 −4.4
−3.2 4.4 1

]]
]
,

𝐵3 = [[
[
1.5 −2.2 −3
−3.2 1 −4.4
−3.2 4.4 1

]]
]
,

𝐵4 = [[
[
−1.25 −3.2 −3
−3.2 1 −4.4
−1 4.4 1

]]
]
.

(31)

Without control, the trajectories of these four agents are
shown as Figures 1–4 with corresponding initial values. It is
obviously that they have different dynamics, the first agent has
a chaotic behavior, the second agent may have a convergent
trajectory, the third agent has a periodic orbit, etc. According
to the simulation, we have 𝜀2 = 5.7084, 𝜀3 = 2.5655, 𝜀4 =7.6434, and based on the analysis of Section 3.1, the �̂� could
be obtained as
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Figure 3: Trajectory of the [𝑥31(𝑡), 𝑥32(𝑡), 𝑥33(𝑡)] with initial values[6, −2, 12].
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Figure 4: Trajectory of the [𝑥41(𝑡), 𝑥42(𝑡), 𝑥43(𝑡)] with initial values[2, −4, 10].

�̂� = [[
[
4 0 −1
0 4 −1
0 0 2

]]
]
. (32)

In order to reach consensus for the heterogeneousmultiagent
system, let 𝑐 = 10. The 𝐿𝑓 can be selected as 𝐼3. To solve
(9) and (10), we set 𝛼 = 20; then, by using MATLAB LMI
Toolbox one has 𝛽 = 9.8989 and 𝑃 = 0.3136𝐼3. By some
simple computations about (8), 𝑑𝑖 can be selected as 𝑑1 = 0.6,𝑑2 = 0.3, 𝑑3 = 0.8. Then, all conditions of Theorem 5 can
be satisfied. Figures 5 and 6 give the simulations for the state
variables 𝑥𝑖𝑗(𝑡) and error variables 𝑒𝑖𝑗(𝑡) = 𝑥𝑖+1,𝑗(𝑡) − 𝑥1𝑗(𝑡),
respectively.

4.2. Leader-Following Consensus. In this example, the coeffi-
cient matrices 𝐴, 𝐵, 𝐴 𝑖, 𝐵𝑖 are given as

𝐴 = [[
[
−2.5 10 0
1 −1 1
0 −18 0

]]
]
,

𝐴1 = [[
[
−2.5 10 0
1 −1 1
0 −18 −0.5

]]
]
,
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Figure 5: Time evolution of state variables of four heterogeneous
agents with control.
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Figure 6: Time evolution of error variables 𝑒𝑖(𝑡) with control.

𝐴2 = [[
[
−2.5 10 0
1 1 1
0 −18 0.3

]]
]
,

𝐴3 = [[
[
−2.6 10 0
1 −0.9 1
0 −23 0

]]
]
,

𝐵 = [[[
[

356 0 0
0 0 0
0 0 0

]]]
]
,

𝐵2 = [[[
[

356 0 0
0 0 0
0 0 0

]]]
]
,
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Figure 7: Trajectory of the [𝑠1(𝑡), 𝑠2(𝑡), 𝑠3(𝑡)] with initial values[0.1, 0.1, 0.1].
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Figure 8: Trajectory of the [𝑥11(𝑡), 𝑥12(𝑡), 𝑥13(𝑡)] with initial values[4, −2, 1].

𝐵3 = [[[
[

296 0 0
0 0 0
0.1 0 0

]]]
]
,

𝐵4 = [[[
[

356 0 0
0 0 0
0 0 0

]]]
]
.

(33)

Meanwhile, let 𝑛 = 3, 𝑥𝑖(𝑡) = [𝑥𝑖1(𝑡), 𝑥𝑖2(𝑡), 𝑥𝑖3(𝑡)]𝑇,𝑓𝑗(𝑥𝑖𝑗(𝑡)) = 0.5(|𝑥𝑖𝑗(𝑡) + 1| − |𝑥𝑖𝑗(𝑡) − 1|), 𝑖 = 1, 2, 3, 𝑗 = 1, 2, 3.
Without control, the different trajectories of the leader and
three followers are shown as Figures 7–10 with corresponding
initial values. According to the simulation, we have 𝜀1 =3.1291, 𝜀2 = 2.0604, 𝜀3 = 4.0596. Assume that the network
is connected and the Laplacian matrix 𝐿 is

𝐿 = [[
[
1 −1 0
−1 2 −1
0 −1 1

]]
]
. (34)

Let 𝐷 = diag{2, 4, 6} and 𝑢0(𝑡) = 1.1 sin(𝑡). Then, choosing𝛼 = 30, 𝑐 = 20 and solving (19) and (20) yield 𝛽 =
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31.7071 and 𝑃 = 0.0048𝐼3. From (18), one can let 𝑑1 =0.25, 𝑑2 = 0.36, 𝑑3 = 0.37. For the sake of convenience,
in this simulation, the period intermittent strategy will be
considered. By Corollary 11, one can choose 𝑐/𝑇 = 0.7. Thus,
one can conclude that the leader-follower consensus can be
achieved according to Corollary 11. Figures 11 and 12 give
the simulations for the state variables 𝑥𝑖𝑗(𝑡), 𝑠𝑗(𝑡) and error
variables 𝑒𝑖𝑗(𝑡) = 𝑥𝑖𝑗(𝑡) − 𝑠𝑗(𝑡), respectively.
5. Conclusion

The leaderless consensus and leader-follower consensus of
heterogeneous multiagent network have been studied in this
paper. By utilizing a discontinuous communication proto-
col, leaderless consensus criterions formed as LMIs have
been derived at first. Then, an unknown leader has been
considered; under our discontinuous control protocol, the
consensus could be obtained based on some conditions. The
results in this paper could be applied to tracking control
problem for an unknown target. In the leader-follower
case, the communication among followers was aperiodically
intermittent, which could prevent blocking the ways of signal
transmission. Finally, simulation results have also been given
to check the obtained theory results. Noting that this paper
just considered an undirected topology of the network, future

0 0.5 1 1.5 2
−8

−6

−4

−2

0

2

4

6

t

Ｍ Ｄ
(t)

 an
d
Ｒ Ｃ

Ｄ(t
),i

=1
,2

,3
,;j

=1
,2

,3

Figure 11: Time evolution of state variables of leader and three
followers with control.
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Figure 12: Time evolution of error variables 𝑒𝑖(𝑡) with control.

works include the study of directed structure and even
switching topologies, which are more suitable to the real
world. Time-delays are also inescapable in real world systems
[16, 43–45]; however, this paper has not considered the time-
delay, which would be a significant topic in our future work.
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A robust adaptive 𝐻∞ tracking control design for nonlinear stochastic systems with both Brownian motion and Poisson jumps
is proposed, which is based on Takagi–Sugeno (T-S) type fuzzy techniques. Because the state of to-be-controlled systems cannot
be known exactly, to overcome this difficulty, the state estimation systems and error estimation systems are introduced to obtain
an augmented system. By using the fuzzy systems to approximate the nonlinear systems, an adaptive fuzzy control is employed to
achieve the desired𝐻∞ tracking performance for stochastic systemswith exogenous disturbance. A simulation example is presented
to illustrate the tracking performance of the proposed design method.

1. Introduction

Adaptive control theory is a powerful methodology which
has been widely applied to design feedback control for
systems with parametric uncertainties or for plants with
unknown structure or changing operating conditions [1, 2].
Because there are uncertainties in the systems, the laws of
adaptive control design schemes nomore depend on the fixed
description of input-output relationships but are related to the
estimation of the system’s state or output and those estimating
errors [3–6].

The robust 𝐻∞ tracking control theory is a powerful
methodology to design feedback controllers where the sys-
tem parametric uncertainties are seen as the exogenous
disturbance [7–9]. This methodology is widely applied in
networked control systems [10], mobile robots [11], etc.
The objective of the robust 𝐻∞ tracking control design is
to construct an adaptive controller which guarantees the𝐻∞ tracking control performance. Based on the system’s
structure, the robust𝐻∞ tracking control designing methods
include linear 𝐻∞ control and nonlinear 𝐻∞ control. Linear𝐻∞ control design problems are based on solving a kind
of algebra Riccati inequalities which can be solved by the

LMI’smethod. And the nonlinear𝐻∞ control design involves
solving a nonlinear Hamilton-Jacobi inequality(HJI) [12].
However, it is very difficult to solve the Hamilton-Jacobi
equalities or inequalities [13, 14]. In practice, to overcome
this difficulty, the fuzzy methods have been applied to the𝐻∞ robust control design of nonlinear systems where the
Takagi–Sugeno (T-S) type fuzzy is widely used [15–17].

Stochastic systems are applied in economics [18], biology
[19], and natural science to describe the randomness in
models [20–23]. Based on the distribution properties of the
inserted random variables, stochastic systems include Itô-
type systems driven by Brownian motion [24, 25], systems
driven by Markovian jumps [26], systems driven by Poisson
jumps or Lévy process [27], and their compound forms [28–
30]. The linear stochastic 𝐻∞ theory has been developed
since 1990s via the linear matrix inequalities (LMI) approach
[31]. The nonlinear stochastic 𝐻∞ problems are solved by
means of Hamilton-Jacobi equations [25]. In practice, there
exist sudden shifts in the systems. In order to describe such
phenomenon, Poisson jumps are inserted in the model, so the
stochastic systems are driven not only by Brownian motion
but also by Poisson jumps or Lévy process [27, 28].Themain
complication in the 𝐻∞ tracking control design problem
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studied here is due to the presence of both deterministic,
stochastic perturbations and Poisson jumps terms in the
system. Nonlinear 𝐻∞ tracking theory and fuzzy control
design are combined together to construct the adaptive fuzzy-
based controller which guarantees the 𝐻∞ tracking control
performance.

This paper is organized as follows: In Section 2, some
lemmas about stochastic differential equations with Poisson
jumps are reviewed, which will be used in the latter the-
oretical analysis and deductions. In Section 3, the theories
of 𝐻∞ tracking control are extended to the case of linear
stochastic systems with Poisson jumps. In Section 4, the𝐻∞
tracking control designmethods based on the Takagi–Sugeno
type fuzzy techniques are applied to the nonlinear stochastic
systems with Poisson jumps, and the𝐻∞ tracking controller
is obtained. In Section 5, the air-to-air missile pursuit systems
are presented to show the effectiveness of the proposed
method.

Notation. For convenience, we adopt the following notations:
R𝑚×𝑛: the set of all real 𝑚 × 𝑛 matrices. R𝑛: the set of
all 𝑛−dimensional real vectors. 𝐴 > 0(𝐴 ≥ 0): the
positive definite(semidefinite) matrix 𝐴.𝐴𝑇: the transpose of
matrix 𝐴. 𝐼: the identity matrix with proper order. E[𝜉]: the
expectation of random variable 𝜉. |𝑥|: the Euclidean norm of
vector 𝑥 ∈ R𝑛𝑥 .

2. Preliminaries

Let (Ω,F, F , Pr) be a complete probability space where F ={F𝑡 : 𝑡 ≥ 0} is a filtration generated by Brownian motion
(Wiener process) {𝑊(𝑡), 𝑡 ≥ 0} and Poisson process {𝑁(𝑡), 𝑡 ≥0} which are two mutually independent stochastic processes:

(i) 𝑊(𝑡) is a 𝑑−dimensional standard Brownian motion
with 𝐸[𝑊(𝑡)] = 0 and 𝐸[𝑊(𝑡)𝑊(𝑡)𝑇] = 𝐼𝑑;

(ii) 𝑁(𝑡) is a Poisson jump process with rate 𝜆 > 0 and
E[𝑁(𝑡)] = 𝜆𝑡.

Let

F𝑡 = 𝜎 (𝑁 (𝑠) : 𝑠 ≤ 𝑡) ∨ 𝜎 (𝑊 (𝑠) : 𝑠 ≤ 𝑡) ∨N, (1)

where N denotes the totality of 𝑃−null sets. Then the
filtration F = {F𝑡}𝑡≥0. We firstly review some basic theories
of stochastic differential equations driven by both Brownian
motion and Poisson jumps:

𝑑𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) 𝑑𝑡 + 𝜎 (𝑡, 𝑥 (𝑡)) 𝑑𝑊 (𝑡)
+ 𝛾 (𝑡, 𝑥 (𝑡)) 𝑑𝑁 (𝑡) ,

𝑥 (0) = 𝑥0 ∈ R
𝑛.

(2)

Lemma 1. Let 𝑓(𝑡, 𝑥), 𝜎(𝑡, 𝑥), 𝛾(𝑡, 𝑥) be R𝑛−valued functions
on [0, 𝑇] × R𝑛 and, for some positive constant 𝐾, satisfy the
Lipschitz condition

𝑓 (𝑡, 𝑥) − 𝑓 (𝑡, 𝑦) + 𝜎 (𝑡, 𝑥) − 𝜎 (𝑡, 𝑦)
+ 𝛾 (𝑡, 𝑥) − 𝛾 (𝑡, 𝑦) ≤ 𝐾 𝑥 − 𝑦 , (3)

and linear growth condition

𝑓 (𝑡, 𝑥) + |𝜎 (𝑡, 𝑥)| + 𝛾 (𝑡, 𝑥) ≤ 𝐾 |𝑥| (4)

for all 𝑥, 𝑦 ∈ R𝑛, 𝑡 ∈ [0, 𝑇]. Then the stochastic differential
equation (2) has a unique adapted solution with right continu-
ation and left limitation.

Under the conditions of Lemma 1, we then review the Itô’s
formula of (2) (see [32], Chapter 4, Rule 4.24).

Lemma 2. Let 𝑉(𝑡, 𝑥) be twice continuously differentiable in𝑥 and once in 𝑡; 𝑥(𝑡) is the solution of stochastic differential
equation (2). Then

𝑑𝑉 (𝑡, 𝑥 (𝑡)) = [𝑉𝑡 (𝑡, 𝑥 (𝑡)) + 𝑉𝑇𝑥 (𝑡, 𝑥 (𝑡)) 𝑓 (𝑡, 𝑥 (𝑡))
+ 12𝜎𝑇 (𝑡, 𝑥 (𝑡)) 𝑉𝑥𝑥 (𝑡, 𝑥 (𝑡)) 𝜎 (𝑡, 𝑥 (𝑡))] 𝑑𝑡
+ 𝑉𝑥 (𝑡, 𝑥 (𝑡)) 𝜎 (𝑡, 𝑥 (𝑡)) 𝑑𝑊 (𝑡)
+ [𝑉 (𝑡, 𝑥 (𝑡) + 𝛾 (𝑡, 𝑥 (𝑡))) − 𝑉 (𝑡, 𝑥 (𝑡))] 𝑑𝑁 (𝑡) .

(5)

The following lemma is a kind of martingale inequality;
see Proposition 7.15 in [33].

Lemma 3. For a finite 𝑇𝑓 > 0, let {𝑋𝑡}0≤𝑡≤𝑇𝑓 be a sub-
martingale (or martingale, or supermartingale) with respect to
filtrations F = {F𝑡}0≤𝑡≤𝑇𝑓 . Then for any 𝑟 > 0, there exists

Pr{ sup
0≤𝑡≤𝑇𝑓

𝑋𝑡 ≥ 𝑟} ≤ 3𝑟 sup
0≤𝑡≤𝑇𝑓

E
𝑋𝑡 . (6)

Remark 4. Because Brownian motion 𝑊(𝑡) is a martingale
with respect to filtration F , and Poisson process 𝑁(𝑡) is a
submartingale, by Lemma 3, for every finite 𝑇𝑓 > 0, there
exist

Pr{ sup
0≤𝑡≤𝑇𝑓

|𝑊 (𝑡)| ≥ 𝑟} ≤ 3𝑟 sup
0≤𝑡≤𝑇𝑓

E |𝑊 (𝑡)|

= 3𝑟 sup
0≤𝑡≤𝑇𝑓

√2𝑡𝜋 = 3𝑟√
2𝑇𝑓𝜋 ,

(7)

and

Pr{ sup
0≤𝑡≤𝑇𝑓

|𝑁 (𝑡)| ≥ 𝑟} ≤ 3𝑟 sup
0≤𝑡≤𝑇𝑓

E |𝑁 (𝑡)| = 3𝑟 sup
0≤𝑡≤𝑇𝑓

𝜆𝑡

= 3𝜆𝑇𝑓𝑟 ,
(8)

or equivalently,

Pr{ sup
0≤𝑡≤𝑇𝑓

|𝑊 (𝑡)| < 𝑟} ≥ 1 − 3𝑟√
2𝑇𝑓𝜋 , (9)
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and

Pr{ sup
0≤𝑡≤𝑇𝑓

|𝑁 (𝑡)| < 𝑟} ≥ 1 − 3𝜆𝑇𝑓𝑟 . (10)

Therefore, when 𝑟 is large enough, |𝑊(𝑡)| and 𝑁(𝑡) have
upper bound with probability 𝑝1(𝑟) = 1 − (3/𝑟)√2𝑇𝑓/𝜋 and𝑝2(𝑟) = 1 − 3𝜆𝑇𝑓/𝑟, respectively. Furthermore, 𝑝1(𝑟) → 1
and 𝑝2(𝑟) → 1 when 𝑟 → +∞.

3. 𝐻∞ Robust Tracking Control of
Linear Systems

Consider the linear control system with the following forms:

𝑑𝑥 (𝑡) = [𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) + 𝐸𝑤 (𝑡)] 𝑑𝑡
+ [𝐴1𝑥 (𝑡) + 𝐸1𝑤 (𝑡)] 𝑑𝑊1 (𝑡)
+ [𝐴2𝑥 (𝑡) + 𝐸2𝑤 (𝑡)] 𝑑𝑁1 (𝑡) ,

𝑦 (𝑡) = 𝐶𝑥 (𝑡) + V,
(11)

where 𝐴 ∈ R𝑛×𝑛, 𝐵 ∈ R𝑛×𝑛𝑢 , 𝐸, 𝐸1, 𝐸2 ∈ R𝑛×𝑛𝑤 , 𝐶 ∈ R𝑛𝑦×𝑛,
and 𝐷 ∈ R𝑛𝑦×𝑛V are the system’s coefficient matrices; 𝑥(𝑡) ∈
R𝑛 is the state, 𝑦(𝑡) ∈ R𝑛𝑦 is the measurement, 𝑤(𝑡) ∈ R𝑛𝑤

and V(𝑡) ∈ R𝑛V are the exogenous disturbances; and𝑊1(𝑡) is
the standard 1−dimensional Wiener process and𝑁1(𝑡) is the
Poisson process with Poisson intensity 𝜆 > 0.

Now, we review the basic theory of stochastic differential
equations driven by both martingale and Poisson jumps. In
order to design the tracking control of system (11), a reference
model is suggested as follows:

𝑑𝑥𝑟 (𝑡) = [𝐴𝑟𝑥𝑟 (𝑡) + 𝑟 (𝑡)] 𝑑𝑡, (12)

where 𝑥𝑟(𝑡) ∈ R𝑛 is the desired reference state to be tracked
by 𝑥(𝑡),𝐴𝑟 ∈ R𝑛×𝑛 is a specified asymptotically stable matrix,
and 𝑟(𝑡) is a bounded reference input at the steady state,𝑥𝑟(𝑡) = −𝐴−1𝑟 𝑟(𝑡). In practice, 𝑟(𝑡) and 𝐴𝑟 are given by user
or designer to specify the transient and the steady state of
reference signal 𝑥𝑟(𝑡) to be tracked.

Denote the tracking errors as

𝑒𝑟 (𝑡) = 𝑥 (𝑡) − 𝑥𝑟 (𝑡) . (13)

For the tracking error 𝑒𝑟(𝑡), we consider the 𝐻∞ robust
tracking performance as follows:

∫𝑡𝑓
0
E {𝑒𝑇𝑟 (𝑡) 𝑄𝑒𝑟 (𝑡)} 𝑑𝑡

∫𝑡𝑓
0
E [𝑤𝑇 (𝑡) 𝑤 (𝑡)] 𝑑𝑡 ≤ 𝜌

2. (14)

Here 𝑄 is a positive definite matrix, 𝑡𝑓 > 0 is the terminal
time of control, and 𝑤(𝑡) = [V(𝑡)𝑇𝑤(𝑡)𝑇𝑟(𝑡)𝑇]𝑇. The physical
meaning of (14) is that the effect of any 𝑤 on tracking error𝑒𝑟(𝑡)must be attenuated below a desired level 𝜌 > 0 from the
viewpoint of energy. The following observer is proposed to
deal with the state estimation of linear system (11):

𝑑𝑥 (𝑡) = [𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) + 𝐿 (𝑦 (𝑡) − 𝑦 (𝑡))] 𝑑𝑡,
𝑦 (𝑡) = 𝐶𝑥 (𝑡) . (15)

Denote the estimation errors as

𝑒 (𝑡) = 𝑥 (𝑡) − 𝑥 (𝑡) . (16)

Combining (11) and (15), we get

𝑑𝑒 (𝑡) = [(𝐴 − 𝐿𝐶) 𝑒 (𝑡) − 𝐿V (𝑡)] 𝑑𝑡
+ [𝐴1𝑥 (𝑡) + 𝑤 (𝑡)] 𝑑𝑊1 (𝑡)
+ [𝐴2𝑥 (𝑡) + 𝑤 (𝑡)] 𝑑𝑁1 (𝑡) .

(17)

Suppose the controller 𝑢(𝑡) has the form as

𝑢 (𝑡) = 𝐾 [𝑥 (𝑡) − 𝑥𝑟 (𝑡)] . (18)

The performance (14) considering control effort is revised as

∫𝑡𝑓
0
E {𝑒𝑇𝑟 (𝑡)𝑄𝑒𝑟 (𝑡) + 𝑢𝑇 (𝑡) 𝑅𝑢 (𝑡)} 𝑑𝑡

∫𝑡𝑓
0
E [𝑤𝑇 (𝑡) 𝑤 (𝑡)] 𝑑𝑡 ≤ 𝜌2, (19)

where 𝑅 is a positive definite matrix. Let 𝑥 = [𝑒𝑇, 𝑥𝑇, 𝑥𝑇𝑟 ]𝑇
and substitute (18) into (11); then system (11) and (17) can be
augmented as the following form

𝑑𝑥 (𝑡) = [𝐴𝑥 (𝑡) + 𝐸𝑤 (𝑡)] 𝑑𝑡
+ [𝐴1𝑥 (𝑡) + 𝐸1𝑤 (𝑡)] 𝑑𝑊1 (𝑡)
+ [𝐴2𝑥 (𝑡) + 𝐸2𝑤 (𝑡)] 𝑑𝑁1 (𝑡) ,

(20)

and the𝐻∞ performance of (19) equals

∫𝑡𝑓
0
𝑥𝑇 (𝑡) 𝑄𝑥 (𝑡) 𝑑𝑡 ≤ 𝜌2 ∫𝑡𝑓

0
𝑤𝑇 (𝑡) 𝑤 (𝑡) 𝑑𝑡 (21)

where

𝐴 = [[
[
𝐴 − 𝐿𝐶 0 0
−𝐵𝐾 𝐴 + 𝐵𝐾 −𝐵𝐾
0 0 𝐴𝑟

]]
]
,

𝐴1 = [[
[
0 𝐴1 00 𝐴1 00 0 0

]]
]
,

𝐴2 = [[
[
0 𝐴2 00 𝐴2 00 0 0

]]
]
,
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𝐸 = [[
[
−𝐿 𝐸 0
0 𝐸 0
0 0 𝐼

]]
]
,

𝐸1 = [[
[
0 𝐸1 00 𝐸1 00 0 0

]]
]
,

𝐸2 = [[
[
0 𝐸2 00 𝐸2 00 0 0

]]
]
,

𝑄 = [[[
[

𝐾𝑇𝑅𝐾 −𝐾𝑇𝑅𝐾 𝐾𝑇𝑅𝐾
−𝐾𝑇𝑅𝐾 𝐾𝑇𝑅𝐾 + 𝑄 −𝐾𝑇𝑅𝐾 − 𝑄
𝐾𝑇𝑅𝐾 −𝐾𝑇𝑅𝐾 − 𝑄 𝐾𝑇𝑅𝐾 + 𝑄

]]]
]
.

(22)

In order to achieve the 𝐻∞ tracking performance (19) with
a prescribed attenuation level 𝜌, an auxiliary symmetric
positive definite matrix �̃� is suggested. The matrices of 𝐴
and 𝐸 include the to-be-designed matrices 𝐾 and 𝐿. If the
initial state 𝑥(0), 𝑥𝑟(0) and the estimation error 𝑒(0) are
also considered, the performance of (19) can be described as
follows.

∫𝑡𝑓
0

E {𝑒𝑇𝑟 (𝑡) 𝑄𝑒𝑟 (𝑡) + 𝑢𝑇 (𝑡) 𝑅𝑢 (𝑡)} 𝑑𝑡
≤ 𝑥 (0)𝑇 �̃�𝑥 (0) + 𝜌2 ∫𝑡𝑓

0
E [𝑤𝑇 (𝑡) 𝑤 (𝑡)] 𝑑𝑡

(23)

Theorem 5. Suppose �̃� ∈ S3𝑛+ (R), 𝐾 ∈ R𝑛𝑢×𝑛, 𝐿 ∈
R𝑛×𝑛𝑦 constitute the solution of the following Riccati matrix
inequality:

H̃ (�̃�) ≤ 0, (24)

𝜌2𝐼 − 𝐸𝑇1 �̃�𝐸1 − 𝜆𝐸𝑇2 �̃�𝐸2 > 0 (25)

where

H̃ (�̃�) = 𝐴𝑇�̃� + �̃�𝐴 + 𝐴𝑇1�̃�𝐴1 + 𝜆𝐴𝑇2�̃�𝐴2 + 𝑄
+ (�̃�𝐸 + 𝐴𝑇1�̃�𝐸1 + 𝜆𝐴𝑇2�̃�𝐸2)
× (𝜌2𝐼 − 𝐸𝑇1 �̃�𝐸1 − 𝜆𝐸𝑇2 �̃�𝐸2)−1
⋅ (�̃�𝐸 + 𝐴𝑇1�̃�𝐸1 + 𝜆𝐴𝑇2�̃�𝐸2)𝑇 .

(26)

Then the 𝐻∞ tracking control performance in (24) is guaran-
teed for a prescribed 𝜌2.

Proof. Let �̃�(𝑥) = 𝑥𝑇�̃�𝑥, 𝑥 ∈ R3𝑛. By Itô formula, we get

�̃� (𝑥 (𝑡𝑓)) − �̃� (𝑥 (0)) = ∫𝑡𝑓
0
{𝑥𝑇 (𝑡)

⋅ [𝐴𝑇�̃� + �̃�𝐴 + 𝐴𝑇1�̃�𝐴1 + 𝜆𝐴𝑇2�̃�𝐴2] 𝑥 (𝑡) + 2𝑥𝑇 (𝑡)
⋅ [�̃�𝐸 + 𝐴𝑇1�̃�𝐸1 + 𝜆𝐴𝑇2�̃�𝐸2]𝑤 (𝑡)
+ 𝑤𝑇 [𝐸𝑇1 �̃�𝐸1 + 𝜆𝐸𝑇2 �̃�𝐸2]𝑤} 𝑑𝑡 + 2∫𝑡𝑓

0
𝑥𝑇 (𝑡)

⋅ �̃� [𝐴1𝑥 (𝑡) + 𝐸1𝑤 (𝑡)] 𝑑𝑊1 (𝑡)
+ 2∫𝑡𝑓
0
𝑥𝑇 (𝑡) �̃� [𝐴2𝑥 (𝑡) + 𝐸2𝑤 (𝑡)] 𝑑�̃�1 (𝑡) .

(27)

Taking expectation on the both sides, we obtain

E [�̃� (𝑥 (𝑡𝑓))] = �̃� (𝑥 (0)) + ∫𝑡𝑓
0

E {𝑥𝑇 (𝑡)
⋅ [𝐴𝑇�̃� + �̃�𝐴 + 𝐴𝑇1�̃�𝐴1 + 𝜆𝐴𝑇2�̃�𝐴2] 𝑥 (𝑡) + 2𝑥𝑇 (𝑡)
⋅ [�̃�𝐸 + 𝐴𝑇1�̃�𝐸1 + 𝜆𝐴𝑇2�̃�𝐸2]𝑤 (𝑡)
+ 𝑤𝑇 [𝐸𝑇1 �̃�𝐸1 + 𝜆𝐸𝑇2 �̃�𝐸2]𝑤} 𝑑𝑡.

(28)

Thus, we have

∫𝑡𝑓
0

E [𝑥𝑇 (𝑡) 𝑄𝑥 (𝑡)] 𝑑𝑡 = �̃� (𝑥 (0)) − E [�̃� (𝑥 (𝑡𝑓))]
+ ∫𝑡𝑓
0

E {𝑥𝑇 (𝑡)
⋅ [𝐴𝑇�̃� + �̃�𝐴 + 𝐴𝑇1�̃�𝐴1 + 𝜆𝐴𝑇2�̃�𝐴2 + 𝑄] 𝑥 (𝑡)
+ 2𝑥𝑇 (𝑡) [�̃�𝐸 + 𝐴𝑇1�̃�𝐸1 + 𝜆𝐴𝑇2�̃�𝐸2]𝑤 (𝑡)
− 𝑤𝑇 [𝜌2𝐼 − 𝐸𝑇1 �̃�𝐸1 − 𝜆𝐸𝑇2 �̃�𝐸2]𝑤 + 𝜌2𝑤𝑇 (𝑡)
⋅ 𝑤 (𝑡)} 𝑑𝑡.

(29)

Completing the square for 𝑤, we have
∫𝑡𝑓
0

E [𝑥𝑇 (𝑡) 𝑄𝑥 (𝑡)] 𝑑𝑡
= �̃� (𝑥 (0)) + 𝜌2 ∫𝑡𝑓

0
E [𝑤𝑇 (𝑡) 𝑤 (𝑡)] 𝑑𝑡

+ ∫𝑡𝑓
0

E {𝑥𝑇 (𝑡) H̃ (�̃�) 𝑥 (𝑡)} 𝑑𝑡
− E [�̃� (𝑥 (𝑡𝑓))]
− ∫𝑡𝑓
0

E [𝑤 (𝑡) − �̃�−1�̃�𝑇1 𝑥 (𝑡)2�̃�] 𝑑𝑡

(30)

where �̃� = 𝜌2𝐼 − 𝐸𝑇1 �̃�𝐸1 − 𝜆𝐸𝑇2 �̃�𝐸2 and �̃�1 = �̃�𝐸+𝐴𝑇1�̃�𝐸1 +𝜆𝐴𝑇2�̃�𝐸2. Together with (24), inequality (24) is proved. This
ends the proof.
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In order to find a solution for matrix inequality (24),
suppose �̃� has the following block form

�̃� = [[
[
𝑃11 0 0
0 𝑃22 0
0 0 𝑃33

]]
]
, (31)

and then

H̃ (�̃�) = [[[
[

H̃11 H̃12 H̃13

∗ H̃22 H̃23

∗ ∗ H̃33

]]]
]
, (32)

where

H̃11 = 𝐴𝑇𝑃11 + 𝑃11𝐴 − 𝐶𝑇𝐿𝑇𝑃11 − 𝑃11𝐿𝐶 + 𝐾𝑇𝑅𝐾
+ 1𝜌2𝑃11𝐿𝐿𝑇𝑃11 + 𝑃11𝐸𝑀−1𝐸𝑇𝑃11,

H̃12 = −𝐾𝑇𝐵𝑇𝑃22 + 𝑃11𝐸𝑀−1 [𝐸𝑇𝑃22
+ 𝐸𝑇1 (𝑃11 + 𝑃22) 𝐴1 + 𝜆𝐸𝑇2 (𝑃11 + 𝑃22) 𝐴2]
− 𝐾𝑇𝑅𝐾,

H̃13 = 𝐾𝑇𝑅𝐾,
H̃22 = (𝐴𝑇 + 𝐾𝑇𝐵𝑇) 𝑃22 + 𝑃22 (𝐴 + 𝐵𝐾) + 𝑄
+ 𝐾𝑇𝑅𝐾 + 𝐴𝑇1 (𝑃11 + 𝑃22) 𝐴1 + 𝜆𝐴𝑇2 (𝑃11 + 𝑃22)
⋅ 𝐴2 + [𝑃22𝐸 + 𝐴𝑇1 (𝑃11 + 𝑃22) 𝐸1
+ 𝜆𝐴𝑇2 (𝑃11 + 𝑃22) 𝐸2]𝑀−1 [𝐸𝑇𝑃22
+ 𝐸𝑇1 (𝑃11 + 𝑃22) 𝐴1 + 𝜆𝐸𝑇2 (𝑃11 + 𝑃22) 𝐴2] ,

H̃23 = −𝑃22𝐵𝐾 − 𝐾𝑇𝑅𝐾 − 𝑄,
H̃33 = 𝐴𝑇𝑟𝑃33 + 𝑃33𝐴𝑟 + 𝑄 + 𝐾𝑇𝑅𝐾 + 1𝜌2𝑃33𝑃33,

(33)

and

𝑀 = 𝜌2𝐼 − 𝐸𝑇1 (𝑃11 + 𝑃22) 𝐸1 − 𝜆𝐸𝑇2 (𝑃11 + 𝑃22) 𝐸2. (34)

Because

H̃11 = 𝐴𝑇𝑃11 + 𝑃11𝐴 + 𝐾𝑇𝑅𝐾 + 𝑃11𝐸𝑀−1𝐸𝑇𝑃11
− 𝜌2𝐶𝑇𝐶
+ 1𝜌2 (𝑃11𝐿 − 𝜌2𝐶𝑇) (𝑃11𝐿 − 𝜌2𝐶𝑇)𝑇 ,

(35)

and

H̃22 = 𝐴𝑇𝑃22 + 𝑃22𝐴 − 𝑃22𝐵𝑅−1𝐵𝑇𝑃22 + 𝑄 + 𝐴𝑇1 (𝑃11
+ 𝑃22) 𝐴1 + 𝜆𝐴𝑇2 (𝑃11 + 𝑃22) 𝐴2 + [𝑃22𝐸
+ 𝐴𝑇1 (𝑃11 + 𝑃22) 𝐸1 + 𝜆𝐴𝑇2 (𝑃11 + 𝑃22) 𝐸2]
⋅ 𝑀−1 [𝐸𝑇𝑃22 + 𝐸𝑇1 (𝑃11 + 𝑃22)𝐴1
+ 𝜆𝐸𝑇2 (𝑃11 + 𝑃22) 𝐴2] + (𝐾 + 𝑅−1𝐵𝑇𝑃22)𝑇 𝑅(𝐾
+ 𝑅−1𝐵𝑇𝑃22) ,

(36)

we take 𝐿 = 𝜌2𝑃−111 𝐶𝑇 and 𝐾 = −𝑅−1𝐵𝑇𝑃22. Then

H̃11 = 𝐴𝑇𝑃11 + 𝑃11𝐴 + 𝑃22𝐵𝑅−1𝐵𝑇𝑃22 − 𝜌2𝐶𝑇𝐶
+ 𝑃11𝐸𝑀−1𝐸𝑇𝑃11 ,

H̃12 = 𝑃11𝐸𝑀−1 [𝐸𝑇𝑃22 + 𝐸𝑇1 (𝑃11 + 𝑃22) 𝐴1
+ 𝜆𝐸𝑇2 (𝑃11 + 𝑃22) 𝐴2] ,

H̃13 = 𝑃22𝐵𝑅−1𝐵𝑇𝑃22,
H̃22 = 𝐴𝑇𝑃22 + 𝑃22𝐴 − 𝑃22𝐵𝑅−1𝐵𝑇𝑃22 + 𝑄 + 𝐴𝑇1 (𝑃11
+ 𝑃22) 𝐴1 + 𝜆𝐴𝑇2 (𝑃11 + 𝑃22) 𝐴2 + [𝑃22𝐸
+ 𝐴𝑇1 (𝑃11 + 𝑃22) 𝐸1 + 𝜆𝐴𝑇2 (𝑃11 + 𝑃22) 𝐸2]𝑀−1
× [𝐸𝑇𝑃22 + 𝐸𝑇1 (𝑃11 + 𝑃22) 𝐴1
+ 𝜆𝐸𝑇2 (𝑃11 + 𝑃22) 𝐴2] ,

H̃23 = −𝑄,
H̃33 = 𝐴𝑇𝑟𝑃33 + 𝑃33𝐴𝑟 + 𝑄 + 𝑃22𝐵𝑅−1𝐵𝑇𝑃22 + 1𝜌2
⋅ 𝑃33𝑃33.

(37)

Proposition 6. Suppose 𝑃11 ∈ S+(R), 𝑃22 ∈ S+(R), and𝑃33 ∈ S+(R) are the solution of the following block matrix
inequality:

𝐻 fl

[[[[[[[[[[[
[

𝐻11 0 0 𝑃11𝐸 0 𝑃22𝐵∗ 𝐻22 −𝑄 𝐻24 0 0
∗ ∗ 𝐻33 0 𝑃33 0
∗ ∗ ∗ −𝑀 0 0
∗ ∗ ∗ ∗ −𝜌2𝐼 0
∗ ∗ ∗ ∗ ∗ −𝑅

]]]]]]]]]]]
]

≤ 0, (38)

and

𝑀 < 0, (39)
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where

𝐻11 = 𝐴𝑇𝑃11 + 𝑃11𝐴 − 𝜌2𝐶𝑇𝐶,
𝐻22 = 𝐴𝑇𝑃22 + 𝑃22𝐴 − 𝑃22𝐵𝑅−1𝐵𝑇𝑃22 + 𝑄,
𝐻23 = −𝑄,
𝐻24 = 𝑃22𝐸 + 𝐴𝑇1 (𝑃11 + 𝑃22) 𝐸1

+ 𝜆𝐴𝑇2 (𝑃11 + 𝑃22) 𝐸2,
𝐻33 = 𝐴𝑇𝑟𝑃33 + 𝑃33𝐴𝑟 + 𝑄.

(40)

Then �̃� with form of (31), 𝐿 = 𝜌2𝑃−111 𝐶𝑇 and 𝐾 = −𝑅−1𝐵𝑇𝑃22
are the solutions of (24) and (25). Moreover, the 𝐻∞ tracking
control performance in (24) is guaranteed for a prescribed 𝜌2.
Proof. Applying the well-known Schur definiteness criterion
to symmetric block matrix 𝐻, together with 𝐿 = 𝜌2𝑃−111 𝐶𝑇
and𝐾 = −𝑅−1𝐵𝑇𝑃22, it is easy to see that (38) is equivalent to
(24). As far as the 𝐻∞ tracking control performance in (24)
is guaranteed, it can be directly obtained byTheorem 5.

Remark 7. In equation (32) and (37), if there exists 𝑃11 > 0
such that H̃11 ≤ 0, this implies

𝐴𝑇𝑃11 + 𝑃11𝐴 − 𝐶𝑇𝐿𝑇𝑃11 − 𝑃11𝐿𝐶 ≤ 0, (41)

i.e.,

(𝐴 − 𝐿𝐶)𝑇 𝑃11 + 𝑃11 (𝐴 − 𝐿𝐶) ≤ 0. (42)

Thus, the following system

𝑑𝑒 (𝑡) = (𝐴 − 𝐿𝐶) 𝑒 (𝑡) 𝑑𝑡 (43)

is stable. Furthermore, if there exists 𝑃11 > 0 such that H̃11 <0, this implies

(𝐴 − 𝐿𝐶)𝑇 𝑃11 + 𝑃11 (𝐴 − 𝐿𝐶) < 0. (44)

Therefore, system (43) is asymptotically stable; i.e., 𝐴 − 𝐿𝐶
is stable. In this paper, the estimation error system (17)
can be seen as the extension of (43) where (17) presents
the differences between 𝑥(𝑡) and 𝑥(𝑡). Furthermore, in (38),𝐻11 < 0; i.e.,

𝐴𝑇𝑃11 + 𝑃11𝐴 − 𝜌2𝐶𝑇𝐶 < 0, (45)

and if 𝐶 = 0, then 𝐴 is stable. However, in general, 𝐶 ̸= 0; the
matrix 𝐴 is not necessarily stable.

4. Nonlinear Systems and Corresponding
Fuzzy Systems

For nonlinear system as in the following forms

𝑑𝑥 (𝑡) = [𝑓 (𝑥 (𝑡)) + 𝑔 (𝑥 (𝑡)) 𝑢 (𝑡) + 𝐸 (𝑥) 𝑤 (𝑡)] 𝑑𝑡
+ [𝑓1 (𝑥 (𝑡)) + 𝐸1 (𝑥) 𝑤 (𝑡)] 𝑑𝑊1 (𝑡)
+ [𝑓2 (𝑥 (𝑡)) + 𝐸2 (𝑥) 𝑤 (𝑡)] 𝑑𝑁1 (𝑡) ,

𝑦 (𝑡) = 𝑚 (𝑥 (𝑡)) + V, 𝑖 = 1, 2, . . . , 𝑟,
(46)

the reference model is suggested as follows:
𝑑𝑥𝑟 (𝑡) = [𝑓𝑟 (𝑥𝑟 (𝑡)) + 𝑟 (𝑡)] 𝑑𝑡. (47)

The observer is proposed to deal with the state estimation of
system (46)

𝑑𝑥 (𝑡) = [𝑓 (𝑥 (𝑡)) + 𝑔 (𝑥 (𝑡)) 𝑢 (𝑡)
+ 𝐿 (𝑥) (𝑦 (𝑡) − 𝑦 (𝑡))] 𝑑𝑡, 𝑦 (𝑡) = 𝑚 (𝑥 (𝑡)) . (48)

Let
𝑒 (𝑡) = 𝑥 (𝑡) − 𝑥 (𝑡) , (49)

and denote 𝑥 = [𝑒𝑇, 𝑥𝑇, 𝑥𝑇𝑟 ]𝑇, 𝑤 = [V𝑇, 𝑤𝑇, 𝑟𝑇]𝑇. Design the
control 𝑢 with form of

𝑢 (𝑡) = 𝐾 (𝑥 (𝑡)) [𝑥 (𝑡) − 𝑥𝑟 (𝑡)] , (50)

and then
𝑑𝑥 (𝑡) = [𝑓 (𝑥 (𝑡)) + 𝐸 (𝑥 (𝑡)) 𝑤 (𝑡)] 𝑑𝑡

+ [𝑓1 (𝑥 (𝑡)) + 𝐸1 (𝑥 (𝑡)) 𝑤 (𝑡)] 𝑑𝑊1 (𝑡)
+ [𝑓2 (𝑥 (𝑡)) + 𝐸2 (𝑥 (𝑡)) 𝑤 (𝑡)] 𝑑𝑁1 (𝑡) ,

(51)

where

𝑓 (𝑥) = [(𝑓 (𝑥) − 𝑓 (𝑥)
+ (𝑔 (𝑥) − 𝑔 (𝑥))𝐾 (𝑥) (𝑥 − 𝑥𝑟)
− 𝐿 (𝑥) (𝑚 (𝑥) − 𝑚 (𝑥)))𝑇 , (𝑓 (𝑥)
+ 𝑔 (𝑥)𝐾 (𝑥) (𝑥 − 𝑥𝑟))𝑇 , 𝑓𝑟 (𝑥𝑟)𝑇]𝑇 ,

𝑓1 (𝑥) = [𝑓1 (𝑥)𝑇 , 𝑓1 (𝑥)𝑇 , 0𝑇]𝑇 ,
𝑓2 (𝑥) = [𝑓2 (𝑥)𝑇 , 𝑓2 (𝑥)𝑇 , 0𝑇]𝑇 ,

𝐸 (𝑥) = [[
[
−𝐿 (𝑥) 𝐸 (𝑥) 0
0 𝐸 (𝑥) 0
0 0 𝐼

]]
]
,

𝐸1 (𝑥) = [[
[
0 𝐸1 (𝑥) 00 𝐸1 (𝑥) 00 0 0

]]
]
,

𝐸2 (𝑥) = [[
[
0 𝐸2 (𝑥) 00 𝐸2 (𝑥) 00 0 0

]]
]
.

(52)

For a positive function �̃�(𝑥), an auxiliary positive function �̃�
is suggested. The 𝐻∞ tracking performance considering the
initial condition is given by

∫𝑡𝑓
0

E [�̃� (𝑥 (𝑡))] 𝑑𝑡 ≤ �̃� (𝑥 (0))
+ 𝜌2 ∫𝑡𝑓

0
E [𝑤𝑇 (𝑡) 𝑤 (𝑡)] 𝑑𝑡.

(53)
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Theorem 8. Suppose �̃� : R3𝑛 → R+, 𝐾(𝑥), Ł(𝑥) constitute
the solution of the following Hamilton-Jacobi inequality:

H̃1 (�̃�) (𝑥) ≤ 0, (54)

𝜌2𝐼 − 12𝐸𝑇1 �̃�𝑥𝑥𝐸1 − 𝜆2𝐸𝑇2 𝑆𝐸2 > 0, (55)

where (variable 𝑥 is omitted)

H̃1 (�̃�) (𝑥) fl �̃�𝑇𝑥 (𝑓 + 𝜆𝑓2) + 12𝑓𝑇1 �̃�𝑥𝑥𝑓1 + 𝜆2𝑓𝑇2 𝑆𝑓2
+ �̃� + 14 (𝑉𝑇𝑥 𝐸 + 𝑓𝑇1 �̃�𝑥𝑥𝐸1 + 𝜆�̃�𝑇𝑥 𝐸2 + 𝜆𝑓𝑇2 𝑆𝐸2)
× (𝜌2𝐼 − 12𝐸𝑇1 �̃�𝑥𝑥𝐸1 − 𝜆2𝐸𝑇2 𝑆𝐸2)

−1

⋅ (�̃�𝑇𝑥 𝐸 + 𝑓𝑇1 �̃�𝑥𝑥𝐸1 + 𝜆�̃�𝑇𝑥 𝐸2 + 𝜆𝑓𝑇2 𝑆𝐸2)𝑇 ,

(56)

and 𝑆 ∈ S+(R) is a fixed positive definite matrix with

�̃�𝑥𝑥 (𝑥) ≤ 𝑆. (57)

Then the 𝐻∞ tracking control performance in (53) is guaran-
teed for a prescribed 𝜌2 > 0.
Proof. Applying Itô’s formula to �̃�(𝑥(𝑡)), there exist
∫𝑡𝑓
0

E [̃𝑙 (𝑥 (𝑡))] 𝑑𝑡
= �̃� (𝑥0) − E [𝑉 (𝑥𝑡𝑓)]
+ 𝜌2 ∫𝑡𝑓

0
E [𝑤𝑇 (𝑡) 𝑤 (𝑡)] 𝑑𝑡

+ ∫𝑡𝑓
0

E [H̃1 (𝑉) (𝑥 (𝑡)) − 𝑤 (𝑡) − 𝜉 (𝑡)2Ξ] 𝑑𝑡,

(58)

where

Ξ = 𝜌2𝐼 − 12𝐸𝑇1 (𝑥 (𝑡)) �̃�𝑥𝑥 (𝑥 (𝑡)) 𝐸1 (𝑥 (𝑡)) − 𝜆2
⋅ 𝐸𝑇2 (𝑥 (𝑡)) 𝑆𝐸2 (𝑥 (𝑡))

𝜉 (𝑡) = 12Ξ−1 [�̃�𝑇𝑥 (𝑥 (𝑡)) 𝐸 (𝑥 (𝑡))
+ 𝑓𝑇1 (𝑥 (𝑡)) �̃�𝑥𝑥 (𝑥 (𝑡)) 𝐸1 (𝑥 (𝑡))
+ 𝜆�̃�𝑇𝑥 (𝑥 (𝑡)) 𝐸2 (𝑥 (𝑡)) + 𝜆𝑓𝑇2 (𝑥 (𝑡)) 𝑆𝐸2 (𝑥 (𝑡))]𝑇 .

(59)

Keeping in mind that �̃� is positive and applying (54), we
prove that

∫𝑡𝑓
0

E [�̃� (𝑥 (𝑡))] 𝑑𝑡 ≤ 𝜌2 ∫𝑡𝑓
0

E [𝑤𝑇 (𝑡) 𝑤 (𝑡)] 𝑑𝑡. (60)

This ends the proof.

The nonlinear system (46), (47), (48), (50), and (51) can
be described by T-S fuzzy model as follows.

Model Rule 𝑖
ïĆů IF 𝜁(𝑡) is 𝑀𝑖1, and⋅ ⋅ ⋅ and 𝜁𝑝(𝑡) is 𝑀𝑖𝑝, THEN

𝑑𝑥 (𝑡) = [𝐴(𝑖)𝑥 (𝑡) + 𝐵(𝑖)𝑢 (𝑡) + 𝑤 (𝑡)] 𝑑𝑡
+ [𝐴(𝑖)1 𝑥 (𝑡) + 𝑤 (𝑡)] 𝑑𝑊1 (𝑡)
+ [𝐴(𝑖)2 𝑥 (𝑡) + 𝑤 (𝑡)] 𝑑𝑁1 (𝑡) ,

𝑦 (𝑡) = 𝐶(𝑖)𝑥 (𝑡) + V, 𝑖 = 1, 2, . . . , 𝑟.
(61)

Corresponding reference model is suggested as follows:

𝑑𝑥𝑟 (𝑡) = [𝐴(𝑖)𝑟 𝑥𝑟 (𝑡) + 𝑟 (𝑡)] 𝑑𝑡, (62)

where 𝜁(𝑡) = (𝜁(𝑡), . . . , 𝜁𝑝(𝑡)) are the premise variables,𝑀𝑖𝑗 is
the fuzzy set, and 𝑟 is the number of model rules.

The following observer is proposed to deal with the state
estimation of fuzzy system (61)

𝑑𝑥 (𝑡) = [𝐴(𝑖)𝑥 (𝑡) + 𝐵(𝑖)𝑢 (𝑡) + 𝐿(𝑖) (𝑦 (𝑡) − 𝑦 (𝑡))] 𝑑𝑡,
𝑦 (𝑡) = 𝐶(𝑖)𝑥 (𝑡) . (63)

Then the controller 𝑢(𝑡) has the form as

𝑢 (𝑡) = 𝐾(𝑖) [𝑥 (𝑡) − 𝑥𝑟 (𝑡)] . (64)

Let𝑀𝑖𝑗(𝜁𝑗(𝑡)) be the grade of membership of 𝜁𝑗(𝑡) in𝑀𝑖𝑗;
then the membership function of 𝜁(𝑡) for the 𝑖’th rule is

𝜇𝑖 (𝜁 (𝑡)) = 𝑀𝑖1�̃�𝑖2 ⋅ ⋅ ⋅ �̃�𝑖𝑝 ≥ 0, (65)

with ∑𝑟𝑖=1 𝜇𝑖(𝜁(𝑡)) > 0. The standard membership function is
defined by

ℎ𝑖 (𝜁 (𝑡)) = 𝜇𝑖 (𝜁 (𝑡))∑𝑟𝑖=1 𝜇𝑖 (𝜁 (𝑡)) . (66)

Then the fuzzy system is inferred as

𝑑𝑥 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖 (𝜁 (𝑡)) {[𝐴(𝑖)𝑥 (𝑡) + 𝐵(𝑖)𝑢 (𝑡) + 𝑤 (𝑡)] 𝑑𝑡
+ [𝐴(𝑖)1 𝑥 (𝑡) + 𝑤 (𝑡)] 𝑑𝑊1 (𝑡)
+ [𝐴(𝑖)2 𝑥 (𝑡) + 𝑤 (𝑡)] 𝑑𝑁1 (𝑡)} ,

𝑦 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖 (𝜁 (𝑡)) {𝐶(𝑖)𝑥 (𝑡) + V} ,

(67)

and

𝑑𝑥 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖 (𝜁 (𝑡))
⋅ {[𝐴(𝑖)𝑥 (𝑡) + 𝐵(𝑖)𝑢 (𝑡) + 𝐿(𝑖) (𝑦 (𝑡) − 𝑦 (𝑡))] 𝑑𝑡} ,

𝑦 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖 (𝜁 (𝑡)) {𝐶(𝑖)𝑥 (𝑡)} ,
(68)
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with estimation errors

𝑑𝑒 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖 (𝜁 (𝑡))
⋅ {[𝐴(𝑖)𝑒 (𝑡) − 𝐿(𝑖) (𝑦 (𝑡) − 𝑦 (𝑡)) + 𝑤 (𝑡)] 𝑑𝑡
+ [𝐴(𝑖)1 𝑥 (𝑡) + 𝑤 (𝑡)] 𝑑𝑊1 (𝑡)
+ [𝐴(𝑖)2 𝑥 (𝑡) + 𝑤 (𝑡)] 𝑑𝑁1 (𝑡)} .

(69)

Then the controller 𝑢(𝑡) has the form as

𝑢 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖 (𝜁 (𝑡)) {𝐾(𝑖) [𝑥 (𝑡) − 𝑥𝑟 (𝑡)]} . (70)

and

𝑙 (𝑒𝑟 (𝑡) , 𝑢 (𝑡))
= 𝑟∑
𝑖=1

ℎ𝑖 (𝜁 (𝑡)) {𝑒𝑇𝑟 (𝑡) 𝑄(𝑖)𝑒𝑟 (𝑡) + 𝑢𝑇 (𝑡) 𝑅(𝑖)𝑢 (𝑡)} . (71)

5. Simulation Examples

As the application of tracking system, the air-to-air missile
pursuit systems are discussed, which are used to shot down
escaping target such as aircraft, fighter, ormissile [34, 35].The
relative dynamic motion between a homing-missile and the
escaping target is described by the following system driven
by both Wiener process and Poisson process.

𝑑𝑥1 (𝑡) = 𝑥2 (𝑡) 𝑑𝑡 + 𝑐1𝑥2 (𝑡) 𝑑𝑊 (𝑡) ,
𝑑𝑥2 (𝑡) = [𝑥23 (𝑡)𝑥1 (𝑡) + 𝑢1 (𝑡) + V1 (𝑡)] 𝑑𝑡

+ [𝑐2𝑥23 (𝑡)𝑥1 (𝑡) + V1 (𝑡)] 𝑑𝑊(𝑡) ,
𝑑𝑥3 (𝑡) = [−𝑥2 (𝑡) 𝑥3 (𝑡)𝑥1 (𝑡) + 𝑢2 (𝑡) + V2 (𝑡)] 𝑑𝑡

+ [𝑐3𝑥2 (𝑡) 𝑥3 (𝑡)𝑥1 (𝑡) + V2 (𝑡)] 𝑑𝑊 (𝑡)
+ [𝑐4𝑥3 (𝑡)𝑥1 (𝑡) + V2 (𝑡)] 𝑑𝑁 (𝑡) ,

𝑦 (𝑡) = [𝑥1 (𝑡)𝑥3 (𝑡)] , 𝑥 (0) = 𝑥0 ∈ 𝐷, 𝑡 ∈ [0, 𝑡𝑓] .

(72)

Here 𝑥(𝑡) = (𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡))𝑇 is the system state which
describes the trajectory of missile, concretely; 𝑥1(𝑡) is the
relative distance between the missile and target; see Figure 1;𝑥2(𝑡) is the radial relative velocity; 𝑥3(𝑡) is the tangential
relative velocity; see Figure 2; and 𝑢(𝑡) = (𝑢1(𝑡), 𝑢2(𝑡))𝑇 is the
input control with 𝑢1 and 𝑢2 being the missiles acceleration
components along the 𝑥1 and 𝑥2 axes. 𝑊(𝑡) denotes the

x1(t0)
x1(t1)

x1(t2)

Figure 1: Pursuit guidance course at time 𝑡0 < 𝑡1 < 𝑡2 < 𝑡𝑓.

x1x2

x3

Figure 2:The geometric relationship between the target andmissile.

continuous noise of the system such as the air friction caused
by air resistance and the inner thermal noise caused bymissile
operating system. Poisson process 𝑁(𝑡) denotes the sudden
discrete noise of the system such as directional trimming, or
deceptive behavior of the missile to avoid being shot down by
shooting out gas from two side jets. 𝑦(𝑡) is the measurement
and 𝑡𝑓 is the fighting timewhich denotes themissile’s effective
working time, and 𝐶 = [1 0 1]𝑇.

Take 𝑡𝑓 = 25(sec), 𝑥1(0) = 7875(m), 𝑥2(0) = −343(m/s),𝑥3(0) = −10(rad/s), 𝑐1 = 𝑐2 = 𝑐3 = 0.11, 𝑐4 = 0.3, 𝑄 =
diag(0, 1, 1) × 10−2, 𝑅 = 𝐼2, and the density of Poisson jump𝑁(𝑡) is 0.02; i.e., 𝜆 = 0.02, 𝜌2 = 0.49, and

𝐸 = 𝐸1 = [[
[
0 0
1 0
0 1

]]
]
× 10−3,

𝐸2 = [[
[
0 0
0 0
0 1

]]
]
× 10−3.

(73)
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Let 𝑟(𝑡) the trajectory of the target’s motion which is embed-
ded in a reference model as follows:

𝑑𝑥𝑟 = [𝐴𝑟𝑥𝑟 + 𝑟 (𝑡)] 𝑑𝑡,
𝑥𝑟 (0) = 𝑥0, (74)

where 𝐴𝑟 = −𝐼3 which implies the steady state 𝑥𝑟(𝑡) = 𝑟(𝑡).
Let 𝑟(𝑡) be the reference trajectories with

𝑟 (𝑡) = [[[
[

𝑡2 − 362.6𝑡 + 7987.6
1.3𝑡2 − 24.1𝑡 − 274.4

−0.9𝑡2 + 0.0149𝑡 − 0.0509
]]]
]
,

𝑡 ∈ [0, 25] ,
(75)

𝑑𝑥1 (𝑡) = [𝑥2 (𝑡) + 𝐿1 (𝑦 (𝑡) − 𝑦 (𝑡))] 𝑑𝑡,
𝑑𝑥2 (𝑡) = 𝑥23 (𝑡)𝑥1 (𝑡)𝑑𝑡,
𝑑𝑥3 (𝑡) = −𝑥2 (𝑡) 𝑥3 (𝑡)𝑥1 (𝑡) 𝑑𝑡,

𝑦 (𝑡) = 𝑥1 (𝑡) , 𝑡 ∈ [0, 𝑡𝑓] .

(76)

Choose the fuzzy variable 𝜁 = 𝑥3/𝑥1 and the fuzzy rules as
follows:

Rule 1 (𝜁 about −0.45).

𝐴(1) = [[
[
0 1 0
0 0 −0.45
0 0.45 0

]]
]
,

𝐴(1)1 = [[
[
0 0.3 0
0 0 −0.135
0 0.135 0

]]
]

𝐴(1)2 = [[
[
0 0 0
0 0 0
0 0.135 0

]]
]
,

𝑃(1)1 = [[
[
0.3564 −1.584 −0.792
−1.584 7.4571 1.76
−0.792 1.76 9.2171

]]
]
,

𝑃(1)2 = [[
[
0 0 0
0 0.43 0
0 0 0.43

]]
]
,

𝑃(1)3 = [[
[
0.49 0 0
0 0.49 0
0 0 0.49

]]
]

(77)

Rule 2 (𝜁 about −0.3).

𝐴(2) = [[
[
0 1 0
0 0 −0.3
0 0.3 0

]]
]
,

𝐴(2)1 = [[
[
0 0.3 0
0 0 −0.09
0 0.09 0

]]
]

𝐴(2)2 = [[
[
0 0 0
0 0 0
0 −0.09 0

]]
]
,

𝑃(2)1 = [[
[
0.2376 −1.584 −0.792
−1.584 11.1857 2.64
−0.792 2.64 13.8257

]]
]
,

𝑃(2)2 = [[
[
0 0 0
0 0.35 0
0 0 0.35

]]
]
,

𝑃(2)3 = [[
[
0.49 0 0
0 0.49 0
0 0 0.49

]]
]

(78)

Rule 3 (𝜁 about −0.15).

𝐴(3) = [[
[
0 1 0
0 0 −0.15
0 0.15 0

]]
]
,

𝐴(3)1 = [[
[
0 0.3 0
0 0 −0.045
0 0.045 0

]]
]

𝐴(3)2 = [[
[
0 0 0
0 0 0
0 −0.045 0

]]
]
,

𝑃(3)1 = [[
[
0.1188 −1.584 −0.792
−1.584 22.3714 5.28
−0.792 5.28 27.6514

]]
]
,

𝑃(3)2 = [[
[
0 0 0
0 0.25 0
0 0 0.25

]]
]
,

𝑃(3)3 = [[
[
0.49 0 0
0 0.49 0
0 0 0.49

]]
]

(79)
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Rule 4 (𝜁 about −0.07).

𝐴(4) = [[
[
0 1 0
0 0 −0.07
0 0.07 0

]]
]
,

𝐴(4)1 = [[
[
0 0.3 0
0 0 −0.021
0 0.021 0

]]
]

𝐴(4)2 = [[
[
0 0 0
0 0 0
0 −0.021 0

]]
]
,

𝑃(4)1 = [[
[
0.055468 −1.5848 −0.7924
−1.5848 47.9628 11.32
−0.7924 11.32 59.2828

]]
]
,

𝑃(4)2 = [[
[
0 0 0
0 0.17 0
0 0 0.17

]]
]
,

𝑃(4)3 = [[
[
0.49 0 0
0 0.49 0
0 0 0.49

]]
]

(80)

Rule 5 (𝜁 about −0.04).

𝐴(5) = [[
[
0 1 0
0 0 −0.04
0 0.04 0

]]
]
,

𝐴(5)1 = [[
[
0 0.3 0
0 0 −0.012
0 0.012 0

]]
]

𝐴(5)2 = [[
[
0 0 0
0 0 0
0 −0.012 0

]]
]

𝑃(5)1 = [[
[
0.031712 −1.5856 −0.7928
−1.5856 83.9773 19.82
−0.7928 19.82 103.7973

]]
]
,

𝑃(5)2 = [[
[
0 0 0
0 0.13 0
0 0 0.13

]]
]
,

𝑃(5)3 = [[
[
0.49 0 0
0 0.49 0
0 0 0.49

]]
]

(81)

Rule 6 (𝜁 about −0.012).

𝐴(6) = [[
[
0 1 0
0 0 −0.012
0 0.012 0

]]
]

𝐴(6)1 = [[
[
0 0.3 0
0 0 −0.0036
0 0.0036 0

]]
]
,

𝐴(6)2 = [[
[
0 0 0
0 0 0
0 −0.0036 0

]]
]

𝑃(6)1 = [[
[
0.0095126 −1.5854 −0.79272
−1.5854 279.8962 66.06
−0.79272 66.06 345.9562

]]
]
,

𝑃(6)2 = [[
[
0 0 0
0 0.07 0
0 0 0.07

]]
]
,

𝑃(6)3 = [[
[
0.49 0 0
0 0.49 0
0 0 0.49

]]
]

(82)

Rule 7 (𝜁 about −0.008).

𝐴(7) = [[
[
0 1 0
0 0 −0.008
0 0.008 0

]]
]

𝐴(7)1 = [[
[
0 0.3 0
0 0 −0.0024
0 0.0024 0

]]
]
,

𝐴(7)2 = [[
[
0 0 0
0 0 0
0 0.0024 0

]]
]

𝑃(7)1 = [[
[
0.0063424 −1.5856 −0.7928
−1.5856 419.8867 99.1
−0.7928 99.1 518.9867

]]
]
,

𝑃(7)2 = [[
[
0 0 0
0 0.06 0
0 0 0.06

]]
]
,

𝑃(7)3 = [[
[
0.49 0 0
0 0.49 0
0 0 0.49

]]
]
.

(83)
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Remark 9. We find that, in the fuzzy rules, the coefficients of𝐴(𝑖) have the form with

𝐴 = [[
[
0 1 0
0 0 −𝑏
0 𝑏 0

]]
]
, (84)

where 𝑏 > 0. For every rule 𝑖, 𝑃11 , 𝑃22 , and 𝑃33 are solved by
the following steps:

Step 1. Solve 𝑃∗11 > 0 such that

𝑃∗11 = argmax
𝑃11>0

𝛼 (85)

subject to

𝐴𝑇𝑃11 + 𝑃11𝐴 − 𝜌2𝐶𝑇𝐶 ≤ −𝛼𝐼, (86)

𝛼 > 0. (87)

The above optimal 𝑃∗11 could be solved by increasing 𝛼 until𝑃11 cannot be found in LMIs (86) and (87).

Step 2. Fix 𝑃11 = 𝑃∗11 solved by Step 1. Suppose 𝑃22 has the
form of

𝑃22 = [[
[
0 0 0
0 𝑝 𝑞
0 𝑞 𝑝

]]
]
, (88)

where 𝑝 > 0, 𝑞 ≥ 0. Solve 𝑝, 𝑞 such that

H̃2 fl [H̃11 H̃12

∗ H̃22

] ≤ 0, (89)

where H̃𝑖𝑗 is determined by (37), 𝑖, 𝑗 = 1, 2. Under the
conditions of 𝑝 > 0, 𝑝2 > 𝑞2, for a fixed 𝑞, 𝑃22 can be solved
by increasing 𝑝 until matrix inequality (89) can be true.

Step 3. Fix 𝑃11 and 𝑃22 which are determined by Steps 1 and
2. The positive definite matrix 𝑃33 > 0 can be obtained by
solving the LMIs (38) in which 𝑃11 and 𝑃22 are fixed matrices.

The weighted function ℎ𝑖(𝜁) is given by

ℎ1 (𝜁) =
{{{{{{{{{

1 − 𝜁 − 𝜁1𝜁2 − 𝜁1 , 𝜁1 ≤ 𝜁 < 𝜁2
1, 𝜁 < 𝜁1
0, others

(90)

ℎ𝑖 (𝜁) =
{{{{{{{{{{{{{

1 − 𝜁 − 𝜁𝑖𝜁𝑖+1 − 𝜁𝑖 , 𝜁𝑖 ≤ 𝜁 < 𝜁𝑖+1
1 − 𝜁𝑖 − 𝜁𝜁𝑖 − 𝜁𝑖−1 , 𝜁𝑖−1 ≤ 𝜁 < 𝜁𝑖
0, others

(91)

ℎ7 (𝜁) =
{{{{{{{{{

1 − 𝜁 − 𝜁6𝜁7 − 𝜁6 , 𝜁6 ≤ 𝜁 < 𝜁7
1, 𝜁7 ≤ 𝜁
0, others

(92)
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Figure 3: Fuzzy rules based on weighted functions ℎ𝑖(𝜁) defined by
(90)–(92).
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Figure 4: The sample trajectories of the fuzzy system (67) with
coefficient matrices provided by Rules 1–7 and the original system
(72).

where 𝜁1 = −0.45, 𝜁2 = −0.07, 𝜁3 = −0.012, 𝜁4 = −0.008, 𝑖 =2, 3, 4, 5, 6. Figure 3 shows the profiles of ℎ𝑖(𝜁), 𝑖 = 1, 2, . . . , 7.
Figure 4 shows the sample trajectories of the original

system (72) and the corresponding fuzzy system (67) with𝑢 = 0 and V = 0. This illustrates that the T-S fuzzy method
can be used to approximate the stochastic nonlinear systems
via the fuzzy systems with proper coefficients given by Rule 𝑖,𝑖 = 1, 2, . . . , 7.
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Figure 5: The sample trajectories of fuzzy control 𝑢1(𝑡), 𝑢2(𝑡) for
fuzzy system (67) with coefficient matrices provided by Rules 1–7
corresponding to nonlinear system (72) under Poisson process.

By (70), the 𝐻∞ tracking fuzzy control 𝑢(𝑡) = [𝑢1(𝑡),𝑢2(𝑡)]𝑇 is obtained by

𝑢 (𝑡) = 7∑
𝑖=1

ℎ𝑖 (𝜁 (𝑡)) {𝐾(𝑖) [𝑥 (𝑡) − 𝑥𝑟 (𝑡)]} . (93)

Here 𝐾(𝑖) = −𝑃(𝑖)22 , 𝑖 = 1, 2, . . . , 7. Figure 5 illustrates the
sample trajectories of fuzzy control 𝑢(𝑡) for system (72) with
Poisson process. It shows that the values of control change
violently when Poisson jumps occur.

Figures 6, 7, and 8 show the sample trajectories of the
components of the state 𝑥(𝑡), the reference 𝑥𝑟(𝑡), and the
estimation state 𝑥(𝑡). These show that, under the proposed𝐻∞ tracking fuzzy control (93), the state 𝑥(𝑡) and its esti-
mation 𝑥(𝑡) of fuzzy system (67) with coefficient matrices
provided by Rules 1–7 corresponding to (72) take values
around the reference trajectory 𝑥𝑟(𝑡). Figure 9 shows the
estimation error |𝑒(𝑡)|2 = |𝑥(𝑡) − 𝑥(𝑡)|2 which illustrates
the performance difference between the state estimation 𝑥(𝑡)
and the state 𝑥(𝑡). The four figures confirm that the control
defined by (93) can achieve the desired performance (53) with�̃�(𝑥(𝑡)) = 𝑙(𝑒𝑟(𝑡), 𝑢(𝑡)), where 𝑙(𝑒𝑟(𝑡), 𝑢(𝑡)) is defined by (71).

Now, we compare our results with that in [35]. In [35], the
guidance law uses the information for the target acceleration
bound, and the guidance command is derived based on the
nonlinear planar engagement kinematics. In our guidance
law design, we consider the nonlinear model of the system
with fuzzy method. Some comparisons are given as follows:(1) In the control algorithm of [35], the sliding mode
control scheme is used to obtain the guidance law. In our
control design, an adaptive fuzzy scheme is employed to
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Figure 6:The sample trajectories of 𝑥1(𝑡) and 𝑥𝑟1(𝑡) of fuzzy system
(67) with coefficient matrices provided by Rules 1–7 under fuzzy
control (93) corresponding to nonlinear system (72).
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Figure 7: Trajectories of 𝑥2(𝑡) and 𝑥𝑟2(𝑡) of fuzzy system (67) with
coefficient matrices provided by Rules 1–7 under fuzzy control (93)
corresponding to nonlinear system (72).

cancel the exogenous disturbance V(𝑡) in the stochastic
system with Brownian motion and Poisson jumps.(2)The controller obtained in [35] is based on solving a
nonlinear function 𝑉(𝑥). In our paper, the robust tracking
controller is given with fuzzy forms in (70) which is only
based on the locally linear approximation.(3)The controller in [35] depends on the sliding surface
and the state. Our controller 𝑢(𝑡) in (70) depends on the
difference between the state 𝑥(𝑡) and the reference trajectory𝑥𝑟(𝑡) and the estimation errors 𝑒(𝑡).
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Figure 8: Trajectories of 𝑥3(𝑡) and 𝑥𝑟3(𝑡) of fuzzy system (67) with
coefficient matrices provided by Rules 1–7 under fuzzy control (93)
corresponding to nonlinear system (72).
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Figure 9: The estimation errors |𝑒(𝑡)|2 of fuzzy system (67) with
coefficient matrices provided by Rules 1–7 under fuzzy control (93)
corresponding to nonlinear system (72).

6. Conclusion

The𝐻∞ tracking control technique combining with adaptive
control algorithm and T-S fuzzy method has been studied
to design the 𝐻∞ tracking control to achieve the desired
performance for nonlinear stochastic systems driven by both
Brownian motion and Poisson jumps. By using adaptive
fuzzy control algorithms, the corresponding adaptive fuzzy
control laws are derived, which have been employed to treat
the 𝐻∞ design problem. A real-world example is used to
show the effectiveness of the proposed method. Simulation
results illustrate that the proposed adaptive T-S fuzzy control
algorithms are practically useful to achieve the 𝐻∞ tracking
performance.
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This paper studies the problem of global output feedback stabilization for a class of nonlinear systems with a time-varying power
and unknown output function. For nonlinear systems with a time-varying power and unknown continuous output function, by
constructing a newnonlinear reduced-order observer togetherwith adding a power integratormethod, a new function to determine
the maximal open sector Ω of output function is given. As long as output function belongs to any closed sector included in Ω, it
is shown that the equilibrium point of the closed-loop system can be guaranteed globally uniformly asymptotically stable by an
output feedback controller.

1. Introduction

Consider nonlinear systems with the unknown output func-
tion

�̇�𝑖 (𝑡) = [𝑥𝑖+1 (𝑡)]𝑝(𝑡) + 𝜙𝑖 (𝑡, 𝑥1 (𝑡) , . . . , 𝑥𝑖 (𝑡)) ,
𝑖 = 1, . . . , 𝑛 − 1,

�̇�𝑛 (𝑡) = [𝑢 (𝑡)]𝑝(𝑡) + 𝜙𝑛 (𝑡, 𝑥1 (𝑡) , . . . , 𝑥𝑛 (𝑡)) ,
𝑦 (𝑡) = ℎ (𝑥1 (𝑡)) ,

(1)

where 𝑥 = (𝑥1, . . . , 𝑥𝑛)⊤ ∈ 𝑅𝑛, 𝑢 ∈ 𝑅, and 𝑦 ∈ 𝑅 are the
unmeasurable state, control input, and output, respectively.
For a real constant  > 0, [⋅] is defined as [⋅] = sgn(⋅)| ⋅ |.
The time-varying power 𝑝(𝑡) : 𝑅+ → 𝑅+ is a continuous
bounded function satisfying 1 ≤ 𝑝 ≤ 𝑝(𝑡) ≤ 𝑝 with two
constants 𝑝 and 𝑝. For 𝑖 = 1, . . . , 𝑛, 𝜙𝑖(⋅) : 𝑅+ × 𝑅𝑖 → 𝑅 are
continuous in the first argument and locally Lipschitz with
respect to the rest variables with 𝜙𝑖(𝑡, 0) = 0. Output functionℎ(⋅) is an unknown continuous function with ℎ(0) = 0.

Over the past decade, with the help of adding a power
integrator method, homogeneous domination method, and
recursive observer design, there exist some interesting results
on state/output feedback design of high-order nonlinear
systems, whose powers are known constant ratios of odd
integers; see [1–16] and the references therein.

In recent years, some interesting results have been
achieved on output feedback design of nonlinear systems
with known constant powers and unknown output function.
For the nonlinear systems (1) with 𝑝(𝑡) = 1, when ℎ(⋅)
is a continuous differentiable function and its derivative
with known upper and lower bounds, global output feed-
back stabilization and finite-time output feedback stabi-
lization have been achieved in [17–19] and [20], respec-
tively. When the derivative of ℎ(⋅) is with unknown upper
bound, [21] achieved semi-global output feedback control.
Furthermore, when ℎ(⋅) is extended to be only a contin-
uous function, with the help of the given maximal sector
region of output function, [22] achieved output feedback
stabilization. Lately, in [23], a new design and analysis
method for high-order nonlinear systems with unknown
continuous output function was proposed based on adding
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a power integrator method and homogeneous domination
method.

According to some practice [24–26], it is well-known that
the timely deteriorated performance of systemoften results in
different running data, which usually identify the powers of
system. Therefore, the powers of system are usually not fixed
and can be varying with a suitable bound even in the same
working condition. For example, as a practical second-order
dynamic model of reduced-order boiler-turbine unit, two
typical different powers 𝑝(𝑡) = 1.072 and 𝑝(𝑡) = 1.031 have
been identified in [25] and [26], respectively. For nonlinear
systems with a time-varying power, [27, 28] achieved global
state feedback stabilization based on interval homogeneous
domination approach. As far as we know, [29] is the first
paper to study the output feedback stabilization of nonlinear
systems (1) with ℎ(𝑥1) = 𝑥1 by the revamped method
of adding a power integrator together with the recursive
nonlinear observer design. Naturally, an interesting problem
is put forward: For more general nonlinear systems (1) withℎ(𝑥1) being an unknown continuous function, can we design
an output feedback controller?

In this paper, wemake an attempt to handle this problem.
Some essential technical difficulties in control design will be
inevitably produced: (i) Compared with [29], since output
function is unknown, we construct a new nonlinear reduced-
order observer without using the unmeasurable state 𝑥1.
(ii) Compared with [23], a new function to determine the
maximal open sector Ω of output function is given since the
power of system is time-varying. As long as output function
belongs to any closed sector included in Ω, the equilib-
rium point of the closed-loop system is globally uniformly
asymptotically stable under the constructed output feedback
controller.

This paper is organized as follows. Section 2 gives some
preliminaries. The design and analysis of output feedback
controller are given in Section 3, following a simulation
example in Section 4. Section 5 concludes this paper.

2. Mathematical Preliminaries

Some notations, definitions, and lemmas are to be used
throughout this paper.

In this paper, the argument of function will be omitted
whenever no confusion can arise from the context.𝑅,𝑅+, and𝑅𝑛 denote the set of real numbers, the set of all nonnegative
real numbers, and the real 𝑛-dimensional space. For constant𝛽𝑖, 𝑖 = 1, . . . , 𝑛, let 𝛽𝑖∼𝑗 = ∏𝑗

𝑘=𝑖
𝛽𝑘, 1 ≤ 𝑖 < 𝑗 ≤ 𝑛, and 𝛽𝑖∼𝑖 =𝛽𝑖, 𝛽𝑖∼(𝑖−1) = 1, 𝛽0∼𝑖 = 0. For integers a, 𝑏 and constant Λ 𝑖,∑𝑏𝑖=𝑎 Λ 𝑖 = 0 when 𝑎 > 𝑏.

Definition 1 (see [30]). A function ℎ(⋅) : 𝑅 → 𝑅 is said to
belong to the sector [𝜌1, 𝜌2] if (ℎ(𝑠) − 𝜌1𝑠)(ℎ(𝑠) − 𝜌2𝑠) ≤ 0,
where 𝜌1 and 𝜌2 are constants with 𝜌1 < 𝜌2. If the inequality
is strict, we write the sector as (𝜌1, 𝜌2).

The following lemmas will serve as the basis for the
development of output feedback controller. Lemmas 2–5 are
used to enlarge inequalities. Lemmas 6 and 7 are Lyapunov

stability theorem for the global uniformly asymptotically
stable of the closed-loop system.

Lemma 2 (see [31]). Let 𝑝(𝑡) be a real-valued function of 𝑡 ∈𝑅+ satisfying 0 < 𝑝(𝑡) < +∞. For any 𝑥𝑖 ∈ 𝑅, 𝑖 = 1, . . . , 𝑛,
(𝑥1 + ⋅ ⋅ ⋅ + 𝑥𝑛)𝑝(𝑡)

≤ max {𝑛𝑝(𝑡)−1, 1} (𝑥1𝑝(𝑡) + ⋅ ⋅ ⋅ + 𝑥𝑛𝑝(𝑡)) . (2)

Lemma 3 (see [32]). Let 𝑝(𝑡), 𝑞(𝑡) be positive real-valued
functions of 𝑡 ∈ 𝑅+ and 𝛾(𝑥, 𝑦) be a positive real-valued
function of 𝑥, 𝑦 ∈ 𝑅. For any 𝑥, 𝑦 ∈ 𝑅,

|𝑥|𝑝(𝑡) 𝑦𝑞(𝑡)
≤ 𝑝 (𝑡)𝑝 (𝑡) + 𝑞 (𝑡)𝛾 (𝑥, 𝑦) |𝑥|𝑝(𝑡)+𝑞(𝑡)

+ 𝑞 (𝑡)𝑝 (𝑡) + 𝑞 (𝑡)𝛾−𝑝(𝑡)/𝑞(𝑡) (𝑥, 𝑦) 𝑦𝑝(𝑡)+𝑞(𝑡) .
(3)

Lemma 4 (see [33]). Let 𝑝(𝑡) be a real-valued function of 𝑡 ∈𝑅+ satisfying 𝑝(𝑡) ≥ 1. For any 𝑥, 𝑦 ∈ 𝑅,
[𝑥]𝑝(𝑡) − [𝑦]𝑝(𝑡)

≤ 𝑝 (𝑡) (2𝑝(𝑡)−3 + 1) (𝑥 − 𝑦𝑝(𝑡) + 𝑥 − 𝑦 𝑦𝑝(𝑡)−1) , (4)

where |𝑦𝑝(𝑡)−1| fl 0 if 𝑦 = 0 and 𝑝(𝑡) = 1.
Lemma 5 (see [33]). Let 𝑝(𝑡) be a real-valued function of 𝑡 ∈𝑅+ satisfying 𝑝(𝑡) ≥ 1. For any 𝑥, 𝑦 ∈ 𝑅,

− (𝑥 − 𝑦) ([𝑥]𝑝(𝑡) − [𝑦]𝑝(𝑡)) ≤ −21−𝑝(𝑡) 𝑥 − 𝑦𝑝(𝑡)+1 . (5)

Lemma6 (see [30]). Let𝑉 : 𝑅𝑛 → 𝑅 be a continuous positive
definite and radially unbounded function defined on 𝑅𝑛; then
there exist class K∞ functions 𝜋1 and 𝜋2 defined on [0, +∞)
such that 𝜋1(‖𝑥‖) ≤ 𝑉(𝑥) ≤ 𝜋2(‖𝑥‖) for all 𝑥 ∈ 𝑅𝑛.
Lemma 7 (see [30]). For the nonautonomous system �̇� =𝑓(𝑡, 𝑥), let 𝑥 = 0 be an equilibrium point of system and𝑉 : 𝑅+ × 𝑅𝑛 → 𝑅+ be a continuously differentiable
function such that 𝑊1(𝑥) ≤ 𝑉(𝑡, 𝑥) ≤ 𝑊2(𝑥) and 𝜕𝑉/𝜕𝑡 +(𝜕𝑉/𝜕𝑥)𝑓(𝑡, 𝑥) ≤ −𝑊3(𝑥) hold for any 𝑡 ≥ 0 and 𝑥 ∈𝑅𝑛, where𝑊1(𝑥),𝑊2(𝑥),𝑊3(𝑥) are continuous positive definite
functions on 𝑅𝑛 and 𝑊1(𝑥) is radially unbounded. Then 𝑥 = 0
is globally uniformly asymptotically stable.

3. Output Feedback Controller Design and
Stability Analysis

3.1. Control Objective of This Paper. The objective of this
paper is to construct an output feedback controller for system
(1) such that the equilibrium point of the closed-loop system
is globally uniformly asymptotically stable when themaximal
open sector of output function is given.
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Assumption 8. There is a known constant 𝑐 ≥ 0 such that for𝑖 = 1, . . . , 𝑛,𝜙𝑖 (𝑡, 𝑥) − 𝜙𝑖 (𝑡, 𝑦)
≤ 𝑐 𝑁∑
𝑗=1

( 𝑖∑
𝑘=1

(𝑥𝑘 − 𝑦𝑘𝑎𝑘,𝑗(𝑡) 𝑖∑
𝑞=1

(𝑥𝑞𝑏𝑘,𝑗(𝑡) + 𝑦𝑞𝑏𝑘,𝑗(𝑡)))) , (6)

for all 𝑥, 𝑦 ∈ 𝑅𝑛, where 𝑁 is an arbitrary positive integer
and the real-valued functions 𝑎𝑘,𝑗(𝑡) and 𝑏𝑘,𝑗(𝑡) satisfy the
following relations:

𝑎𝑘,𝑗 (𝑡) + 𝑏𝑘,𝑗 (𝑡) = 𝑝 (𝑡) ,
𝑎𝑘,𝑗 ≤ 𝑎𝑘,𝑗 (𝑡) ≤ 𝑎𝑘,𝑗, 𝑏𝑘,𝑗 ≤ 𝑏𝑘,𝑗 (𝑡) ≤ 𝑏𝑘,𝑗, (7)

for all 𝑗 = 1, . . . , 𝑁 and 𝑘 = 1, . . . , 𝑖, with 0 < 𝑎𝑘,𝑗 ≤ 𝑎𝑘,𝑗 and0 < 𝑏𝑘,𝑗 ≤ 𝑏𝑘,𝑗. By Lemma 3 and Assumption 8, there exists a
constant 𝑐 ≥ 0 such that𝜙𝑖 (𝑡, 𝑥1, . . . , 𝑥𝑖) ≤ 𝑐 (𝑥1𝑝(𝑡) + ⋅ ⋅ ⋅ + 𝑥𝑖𝑝(𝑡)) ,

𝑖 = 1, . . . , 𝑛. (8)

Remark 9. As far as we know, under Assumption 8, [29] is the
first paper to study output feedback stabilization of nonlinear
system (1) with ℎ(𝑥1) = 𝑥1. In this paper, we will consider
system (1)withℎ(𝑥1)being anunknown continuous function.
3.2. State Feedback Controller Design of System (1)

Step 1. Taking 𝜉1 = 𝑥1, 𝑉1(𝑥1) = (1/2)𝑥21, it follows from (1)
and (8) that

�̇�1 = 𝑥1 [𝑥2]𝑝(𝑡) + 𝑥1𝜙1
≤ 𝑥1 ([𝑥2]𝑝(𝑡) − [𝑥∗2 ]𝑝(𝑡)) + 𝑥1 [𝑥∗2 ]𝑝(𝑡)

+ 𝑐 𝑥1𝑝(𝑡)+1 .
(9)

Choose the virtual controller 𝑥∗2 = −𝛽1𝑥1 with 𝛽1 = (𝑟1,1 +𝑐)1/𝑝, where 𝑟1,1 ≥ 1 is a constant to be designed. Due to (𝑟1,1+𝑐)𝑝(𝑡)/𝑝 ≥ (𝑟1,1 + 𝑐), (9) becomes

�̇�1 ≤ −𝑟1,1 𝜉1𝑝(𝑡)+1 + 𝜉1 ([𝑥2]𝑝(𝑡) − [𝑥∗2 ]𝑝(𝑡)) . (10)

Inductive Step. Suppose that at step 𝑘 − 1 (𝑘 ≥ 2), there is a
positive definite and radially unbounded Lyapunov function𝑉𝑘−1(𝜉1, . . . , 𝜉𝑘−1) = 𝑉𝑘−2(𝜉1, . . . , 𝜉𝑘−2) + (1/2)𝜉2𝑘−1 and a set of
virtual controllers 𝑥∗2 , . . . , 𝑥∗𝑘 defined by

𝜉1 = 𝑥1,
𝑥∗𝑖 = −𝛽𝑖−1𝜉𝑖−1,
𝜉𝑖 = 𝑥𝑖 − 𝑥∗𝑖 ,

𝑖 = 2, . . . , 𝑘,
(11)

such that

�̇�𝑘−1 ≤ −𝑘−2∑
𝑖=1

(𝑟𝑖,𝑖 − 𝑟𝑖+1,1 − 𝑘−1∑
𝑗=𝑖+1

𝑟𝑗,𝑖) 𝜉𝑖𝑝(𝑡)+1
− 𝑟𝑘−1,𝑘−1 𝜉𝑘−1𝑝(𝑡)+1
+ 𝜉𝑘−1 ([𝑥𝑘]𝑝(𝑡) − [𝑥∗𝑘 ]𝑝(𝑡)) ,

(12)

where 𝑟𝑖+1,1, 𝑟𝑗,𝑖, 𝑗 = 𝑖 + 1, . . . , 𝑘 − 1, 𝑖 = 1, . . . , 𝑘 − 2, are
positive constants, 𝑟1,1, . . . , 𝑟𝑘−1,𝑘−1 ≥ 1 are constants to be
designed, and 𝛽1, . . . , 𝛽𝑘−1 are positive constants dependent
on 𝑟1,1, . . . , 𝑟𝑘−1,𝑘−1. In what follows, wewill show that (12) still
holds at step 𝑘.

By (11), one has 𝑥∗𝑘 = −∑𝑘−1𝑖=1 𝛽𝑖∼(𝑘−1)𝑥𝑖, which together
with (1) lead to

̇𝜉𝑘 = [𝑥𝑘+1]𝑝(𝑡) + 𝜙𝑘 + 𝑘−1∑
𝑖=1

𝛽𝑖∼(𝑘−1) ([𝑥𝑖+1]𝑝(𝑡) + 𝜙𝑖) . (13)

Constructing 𝑉𝑘(𝜉1, . . . , 𝜉𝑘) = 𝑉𝑘−1(𝜉1, . . . , 𝜉𝑘−1) + (1/2)𝜉2𝑘, it
follows from (12) and (13) that

�̇�𝑘 ≤ −𝑘−2∑
𝑖=1

(𝑟𝑖,𝑖 − 𝑟𝑖+1,1 − 𝑘−1∑
𝑗=𝑖+1

𝑟𝑗,𝑖) 𝜉𝑖𝑝(𝑡)+1

− 𝑟𝑘−1,𝑘−1 𝜉𝑘−1𝑝(𝑡)+1 + 𝜉𝑘−1 ([𝑥𝑘]𝑝(𝑡) − [𝑥∗𝑘 ]𝑝(𝑡))
+ 𝜉𝑘([𝑥𝑘+1]𝑝(𝑡) + 𝜙𝑘
+ 𝑘−1∑
𝑖=1

𝛽𝑖∼(𝑘−1) ([𝑥𝑖+1]𝑝(𝑡) + 𝜙𝑖)) .

(14)

By (8), (11), and Lemmas 2–4, we derive

𝜉𝑘−1 ([𝑥𝑘]𝑝(𝑡) − [𝑥∗𝑘 ]𝑝(𝑡))
≤ 𝜉𝑘−1 ⋅ 𝑝 (2𝑝−3 + 1) (𝜉𝑘𝑝(𝑡) + 𝜉𝑘 𝑥∗𝑘 𝑝(𝑡)−1)
≤ 𝑟𝑘,1 𝜉𝑘−1𝑝(𝑡)+1 + 𝜆𝑘,1 𝜉𝑘𝑝(𝑡)+1 ,

(15)

𝜉𝑘(𝜙𝑘 + 𝑘−1∑
𝑖=1

𝛽𝑖∼(𝑘−1) ([𝑥𝑖+1]𝑝(𝑡) + 𝜙𝑖))
≤ 𝜉𝑘 (𝛽1 𝜉1𝑝(𝑡) + 𝛽2 𝑥2𝑝(𝑡) + ⋅ ⋅ ⋅ + 𝛽𝑘 𝑥𝑘𝑝(𝑡))
≤ 𝑘−1∑
𝑖=1

𝑟𝑘,𝑖 𝜉𝑖𝑝(𝑡)+1 + 𝜆𝑘,2 𝜉𝑘𝑝(𝑡)+1 ,
(16)

where𝛽𝑖 = 𝛽(𝑖−1)∼(𝑘−1)+𝑐(1+∑𝑘−1𝑗=𝑖 𝛽𝑗∼(𝑘−1)), 𝑟𝑘,1, 𝑟𝑘,1, . . . , 𝑟𝑘,𝑘−1
are positive constants, and 𝜆𝑘,1 and 𝜆𝑘,2 are positive constants
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dependent on 𝑟𝑘,1 and 𝑟𝑘,1, . . . , 𝑟𝑘,𝑘−1, respectively. Substitut-
ing (15) and (16) into (14) leads to

�̇�𝑘 ≤ −𝑘−1∑
𝑖=1

(𝑟𝑖,𝑖 − 𝑟𝑖+1,1 − 𝑘∑
𝑗=𝑖+1

𝑟𝑗,𝑖) 𝜉𝑖𝑝(𝑡)+1

+ 𝜉𝑘 ([𝑥𝑘+1]𝑝(𝑡) − [𝑥∗𝑘+1]𝑝(𝑡)) + 𝜉𝑘 [𝑥∗𝑘+1]𝑝(𝑡)
+ (𝜆𝑘,1 + 𝜆𝑘,2) 𝜉𝑘𝑝(𝑡)+1 .

(17)

Choose the virtual controller 𝑥∗𝑘+1 = −𝛽𝑘𝜉𝑘 with 𝛽𝑘 = (𝑟𝑘,𝑘 +𝜆𝑘,1+𝜆𝑘,2)1/𝑝, where 𝑟𝑘,𝑘 ≥ 1 is a constant to be designed. Due
to (𝑟𝑘,𝑘 + 𝜆𝑘,1 + 𝜆𝑘,2)𝑝(𝑡)/𝑝 ≥ (𝑟𝑘,𝑘 + 𝜆𝑘,1 + 𝜆𝑘,2), (17) becomes

�̇�𝑘 ≤ −𝑘−1∑
𝑖=1

(𝑟𝑖,𝑖 − 𝑟𝑖+1,1 − 𝑘∑
𝑗=𝑖+1

𝑟𝑗,𝑖) 𝜉𝑖𝑝(𝑡)+1

− 𝑟𝑘,𝑘 𝜉𝑘𝑝(𝑡)+1 + 𝜉𝑘 ([𝑥𝑘+1]𝑝(𝑡) − [𝑥∗𝑘+1]𝑝(𝑡)) .
(18)

This completes the inductive step.

Step n. The Lyapunov function 𝑉𝑛(𝜉) = 𝑉𝑛−1(𝜉1, . . . , 𝜉𝑛−1) +(1/2)𝜉2𝑛 = ∑𝑛𝑖=1(1/2)𝜉2𝑖 and a positive constant 𝜆 give

�̇�𝑛 ≤ −𝑛−1∑
𝑖=1

(𝑟𝑖,𝑖 − 𝑟𝑖+1,1 − 𝑛∑
𝑗=𝑖+1

𝑟𝑗,𝑖) 𝜉𝑖𝑝(𝑡)+1

+ 𝜆 𝜉𝑛𝑝(𝑡)+1 + 𝜉𝑛 ([𝑢]𝑝(𝑡) − [𝑥∗𝑛+1]𝑝(𝑡))
+ 𝜉𝑛 [𝑥∗𝑛+1]𝑝(𝑡) ,

(19)

where 𝜉𝑖 is defined as in (11) for 𝑖 = 1, . . . , 𝑛. Choose virtual
controller 𝑥∗𝑛+1 = −𝛽𝑛𝜉𝑛 with 𝛽𝑛 = (𝑟𝑛,𝑛+𝜆)1/𝑝, where 𝑟𝑛,𝑛 ≥ 1
is a constant to be designed. Due to (𝑟𝑛,𝑛+𝜆)𝑝(𝑡)/𝑝 ≥ (𝑟𝑛,𝑛+𝜆),
(19) becomes

�̇�𝑛 ≤ −𝑛−1∑
𝑖=1

(𝑟𝑖,𝑖 − 𝑟𝑖+1,1 − 𝑛∑
𝑗=𝑖+1

𝑟𝑗,𝑖) 𝜉𝑖𝑝(𝑡)+1

− 𝑟𝑛,𝑛 𝜉𝑛𝑝(𝑡)+1 + 𝜉𝑛 ([𝑢]𝑝(𝑡) − [𝑥∗𝑛+1]𝑝(𝑡)) .
(20)

3.3. Output Feedback Controller Design of System (1). For
system (1), since output function is unknown, the state 𝑥1 is
exactly unknown. We construct the output-driven nonlinear
reduced-order observer

̇̂𝑧𝑖 = −𝑙𝑖 ([𝑥𝑖]𝑝(𝑡) + 𝜙𝑖−1) ,
𝑥𝑖 = �̂�𝑖 + 𝑙𝑖𝑥𝑖−1, 𝑖 = 2, . . . , 𝑛, (21)

where 𝑥1 = 𝑦, 𝜙𝑖−1 fl 𝜙𝑖−1(𝑡, 𝑥1, . . . , 𝑥𝑖−1), 𝑖 = 2, . . . , 𝑛, and
the observer gains 𝑙𝑖 ≥ 1, 𝑖 = 2, . . . , 𝑛, are constants to be
determined.

Remark 10. Compared with the observer in [29], since
the unknown output function ℎ(⋅) causes 𝑥1 to be exactly

unknown, a new output-driven nonlinear reduced-order
observer (21) is designed without using 𝑥1 but 𝑦 to rebuild
unmeasured states. Moreover, not all but the first 𝑛 − 1
nonlinearities are used in the design of observer. For a
second-order system Example 4.1 in [29], we can design
an observer without using nonlinearity; see the simulation
example in this paper for the details.

Based on 𝑥∗𝑛+1 = −𝛽𝑛𝜉𝑛 = −∑𝑛𝑖=1 𝛽𝑖∼𝑛𝑥𝑖, an output
feedback controller is designed as

𝑢 = − 𝑛∑
𝑖=1

𝛽𝑖∼𝑛𝑥𝑖 = −𝛽1∼𝑛𝑦 − 𝑛∑
𝑖=2

𝛽𝑖∼𝑛𝑥𝑖. (22)

Define the error

𝑒𝑖 = 𝑧𝑖 − �̂�𝑖, 𝑧𝑖 = 𝑥𝑖 − 𝑙𝑖𝑥𝑖−1, 𝑖 = 2, . . . , 𝑛. (23)

By (1), (21), and (23), one has

̇𝑒𝑖 = −𝑙𝑖 ([𝑥𝑖]𝑝(𝑡) − [𝑥𝑖]𝑝(𝑡)) + [𝑥𝑖+1]𝑝(𝑡) + 𝜙𝑖
− 𝑙𝑖 (𝜙𝑖−1 − 𝜙𝑖−1) , 𝑖 = 2, . . . , 𝑛 − 1,

̇𝑒𝑛 = −𝑙𝑛 ([𝑥𝑛]𝑝(𝑡) − [𝑥𝑛]𝑝(𝑡)) + [𝑢]𝑝(𝑡) + 𝜙𝑛
− 𝑙𝑛 (𝜙𝑛−1 − 𝜙𝑛−1) .

(24)

For the Lyapunov function 𝑈(𝑒) = ∑𝑛𝑖=2(1/2)𝑒2𝑖 , it follows
from (21), (23), and (24) that

�̇� = − 𝑛∑
𝑖=2

𝑙𝑖𝑒𝑖 ([𝑧𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡) − [�̂�𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡))
− 𝑛∑
𝑖=2

𝑙𝑖𝑒𝑖 ([�̂�𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡) − [�̂�𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡))
+ 𝑛−1∑
𝑖=2

𝑒𝑖 [𝑥𝑖+1]𝑝(𝑡) + 𝑒𝑛 [𝑢]𝑝(𝑡) + 𝑛∑
𝑖=2

𝑒𝑖𝜙𝑖
− 𝑛∑
𝑖=2

𝑙𝑖𝑒𝑖 (𝜙𝑖−1 − 𝜙𝑖−1) .

(25)

By (23), Lemma 5, and the fact that 1 ≤ 𝑝 ≤ 𝑝(𝑡) ≤ 𝑝, we
obtain for 𝑖 = 2, . . . , 𝑛,

− 𝑙𝑖𝑒𝑖 ([𝑧𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡) − [�̂�𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡))
= −𝑙𝑖 ((𝑧𝑖 + 𝑙𝑖𝑥𝑖−1) − (�̂�𝑖 + 𝑙𝑖𝑥𝑖−1))
⋅ ([𝑧𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡) − [�̂�𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡))
≤ −21−𝑝𝑙𝑖 𝑒𝑖𝑝(𝑡)+1 .

(26)

Next, we give the estimate of the others on the right-hand side
of (25) by Propositions 11–14, whose proofs are included in the
Appendix.



Mathematical Problems in Engineering 5

Proposition 11. There is a positive constant 𝑏1, and positive
constants 𝑐1,𝑖, 𝑖 = 2, . . . , 𝑛, dependent on 𝑏1 such that

𝑛−1∑
𝑖=2

𝑒𝑖 [𝑥𝑖+1]𝑝(𝑡) + 𝑛∑
𝑖=2

𝑒𝑖𝜙𝑖
≤ 𝑏1 𝑛∑
𝑖=1

𝜉𝑖𝑝(𝑡)+1 + 𝑛∑
𝑖=2

𝑐1,𝑖 𝑒𝑖𝑝(𝑡)+1 .
(27)

Proposition 12. There is a positive constant 𝑏2, a positive
constant 𝛼𝑛 dependent on 𝑏2, and positive constants 𝛼𝑖, 𝑖 =1, . . . , 𝑛 − 1, dependent on 𝑏2, 𝑙𝑖+1, . . . , 𝑙𝑛 such that

− 𝑛∑
𝑖=2

𝑙𝑖𝑒𝑖 ([�̂�𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡) − [�̂�𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡))
≤ 𝑏2 𝑛∑
𝑖=1

𝜉𝑖𝑝(𝑡)+1 + 𝛼𝑛 𝑒𝑛𝑝(𝑡)+1

+ 𝑛−1∑
𝑖=2

𝛼𝑖 (𝑙𝑖+1, . . . , 𝑙𝑛) 𝑒𝑖𝑝(𝑡)+1
+ 𝛼1 (𝑙2, . . . , 𝑙𝑛) 𝑥1 − 𝑥1𝑝(𝑡)+1 .

(28)

Proposition 13. There is a positive constant 𝑏3, a positive
constant 𝛾𝑛 dependent on 𝑏3, and positive constants 𝛾𝑖, 𝑖 =1, . . . , 𝑛 − 1, dependent on 𝑏3, 𝑙𝑖+1, . . . , 𝑙𝑛 such that

− 𝑛∑
𝑖=2

𝑙𝑖𝑒𝑖 (𝜙𝑖−1 − 𝜙𝑖−1)
≤ 𝑏3 𝑛∑
𝑖=1

𝜉𝑖𝑝(𝑡)+1 + 𝛾𝑛 𝑒𝑛𝑝(𝑡)+1

+ 𝑛−1∑
𝑖=2

𝛾𝑖 (𝑙𝑖+1, . . . , 𝑙𝑛) 𝑒𝑖𝑝(𝑡)+1
+ 𝛾1 (𝑙2, . . . , 𝑙𝑛) 𝑥1 − 𝑥1𝑝(𝑡)+1 .

(29)

Proposition 14. There is a positive constant 𝑏4, a positive
constant 𝜎𝑛 dependent on 𝑏4, and positive constants 𝜎𝑖, 𝑖 =1, . . . , 𝑛 − 1, dependent on 𝑙𝑖+1, . . . , 𝑙𝑛 such that

𝑒𝑛 [𝑢]𝑝(𝑡) ≤ 𝑏4 𝜉𝑛𝑝(𝑡)+1 + 𝜎𝑛 𝑒𝑛𝑝(𝑡)+1
+ 𝑛−1∑
𝑖=2

𝜎𝑖 (𝑙𝑖+1, . . . , 𝑙𝑛) 𝑒𝑖𝑝(𝑡)+1
+ 𝜎1 (𝑙2, . . . , 𝑙𝑛) 𝑥1 − 𝑥1𝑝(𝑡)+1 .

(30)

To estimate the term 𝜉𝑛([𝑢]𝑝(𝑡)−[𝑥∗𝑛+1]𝑝(𝑡)) in (20), we give
the following proposition whose proof is also included in the
Appendix.

Proposition 15. There is a positive constant 𝑏5, a positive
constant 𝜔𝑛 dependent on 𝑏5, and positive constants 𝜔𝑖, 𝑖 =1, . . . , 𝑛 − 1, dependent on 𝑏5, 𝑙𝑖+1, . . . , 𝑙𝑛 such that

𝜉𝑛 ([𝑢]𝑝(𝑡) − [𝑥∗𝑛+1]𝑝(𝑡))
≤ 𝑏5 𝜉𝑛𝑝(𝑡)+1 + 𝜔𝑛 𝑒𝑛𝑝(𝑡)+1

+ 𝑛−1∑
𝑖=2

𝜔𝑖 (𝑙𝑖+1, . . . , 𝑙𝑛) 𝑒𝑖𝑝(𝑡)+1
+ 𝜔1 (𝑙2, . . . , 𝑙𝑛) 𝑥1 − 𝑥1𝑝(𝑡)+1 .

(31)

Define𝑇(𝜉, 𝑒) = 𝑉𝑛(𝜉)+𝑈(𝑒) = ∑𝑛𝑖=1(1/2)𝜉2𝑖 +∑𝑛𝑖=2(1/2)𝑒2𝑖 .
By (20), (25), (26), and Propositions 11–15, one obtains

�̇� ≤ −𝑛−1∑
𝑖=1

(𝑟𝑖,𝑖 − 𝑟𝑖+1,1 − 𝑛∑
𝑗=𝑖+1

𝑟𝑗,𝑖 − (𝑏1 + 𝑏2 + 𝑏3))
⋅ 𝜉𝑖𝑝(𝑡)+1 − (𝑟𝑛,𝑛 − (𝑏1 + 𝑏2 + 𝑏3 + 𝑏4 + 𝑏5))
⋅ 𝜉𝑛𝑝(𝑡)+1 − (21−𝑝𝑙𝑛 − 𝜃𝑛) 𝑒𝑛𝑝(𝑡)+1
− 𝑛−1∑
𝑖=2

(21−𝑝𝑙𝑖 − 𝜃𝑖 (𝑙𝑖+1, . . . , 𝑙𝑛)) 𝑒𝑖𝑝(𝑡)+1
+ 𝜃1 (𝑙2, . . . , 𝑙𝑛) 𝑥1 − 𝑥1𝑝(𝑡)+1 ,

(32)

where 𝜃𝑖 = 𝛼𝑖 + 𝛾𝑖 +𝜎𝑖 +𝜔𝑖 + 𝑐1,𝑖 with 𝑐1,1 = 0, 𝑖 = 1, . . . , 𝑛, it is
easy to see that 𝜃𝑛 is a positive constant, and 𝜃𝑖, 𝑖 = 1, . . . , 𝑛 −1, are positive constants dependent on 𝑙𝑖+1, . . . , 𝑙𝑛. For some
positive constants 𝑏0, �̃�1, . . . , �̃�𝑛, design 𝑟1,1, . . . , 𝑟𝑛,𝑛 such that

𝑟1,1 ≥ max
{{{𝑟2,1 + 𝑛∑

𝑗=2

𝑟𝑗,1 + 𝑏1 + 𝑏2 + 𝑏3 + 𝑏0 + �̃�1, 1}}} ,

𝑟𝑖,𝑖 ≥ max
{{{𝑟𝑖+1,1 + 𝑛∑

𝑗=𝑖+1

𝑟𝑗,𝑖 + 𝑏1 + 𝑏2 + 𝑏3 + �̃�𝑖, 1}}} ,
𝑖 = 2, . . . , 𝑛 − 1,

𝑟𝑛,𝑛 ≥ max {𝑏1 + 𝑏2 + 𝑏3 + 𝑏4 + 𝑏5 + �̃�𝑛, 1} ,

(33)

and for some positive constants 𝑑2, . . . , 𝑑𝑛, choose 𝑙2, . . . , 𝑙𝑛 as
𝑙𝑛 ≥ max {2𝑝−1 (𝑑𝑛 + 𝜃𝑛) , 1} ,
𝑙𝑖 ≥ max {2𝑝−1 (𝑑𝑖 + 𝜃𝑖 (𝑙𝑖+1, . . . , 𝑙𝑛)) , 1} ,

𝑖 = 𝑛 − 1, . . . , 2.
(34)
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By (33) and (34), (32) becomes

�̇� ≤ −𝑏0 𝜉1𝑝(𝑡)+1 − 𝑛∑
𝑖=1

�̃�𝑖 𝜉𝑖𝑝(𝑡)+1 − 𝑛∑
𝑖=2

𝑑𝑖 𝑒𝑖𝑝(𝑡)+1
+ 𝜃1 (𝑙2, . . . , 𝑙𝑛) 𝑥1 − 𝑥1𝑝(𝑡)+1 .

(35)

3.4. Stability and Convergence Analysis

Theorem 16. If Assumption 8 holds for system (1), there is a
maximal open sectorΩ = (1 − 𝜌, 1 + 𝜌) with 𝜌 being a positive
constant, as long as the unknown output function ℎ(⋅) belongs
to any closed sector included in Ω, under the output feedback
controller (21) and (22):

(i) the solutions of the closed-loop system (1), (21), (22) are
well-defined on [0, +∞),

(ii) the equilibrium point 𝑥 = 0 is globally uniformly
asymptotically stable.

Proof. (i) We firstly give the choice of 𝑟1,1, . . . , 𝑟𝑛,𝑛, 𝛽1, . . . , 𝛽𝑛.
At Step 1, for any given 𝑟2,1, 𝑟2,1, . . . , 𝑟𝑛,1, 𝑏1, 𝑏2, 𝑏3, 𝑏0, �̃�1, by
(33), we can choose 𝑟1,1; then 𝛽1 can be calculated. At step
2, for any given 𝑟3,1, 𝑟3,2, . . . , 𝑟𝑛,2, 𝑏1, 𝑏2, 𝑏3, �̃�2, by (33), we can
choose 𝑟2,2; then 𝛽2 can be calculated when 𝜆2,1, 𝜆2,2 have
been obtained by (15) and (16). One by one, at Step n, for any
given 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, �̃�𝑛, by (33), we can choose 𝑟𝑛,𝑛; then 𝛽𝑛
can be calculated.

Secondly, we give the choice of 𝑙𝑛, . . . , 𝑙2. For the given𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, we can get 𝑐1,𝑛, 𝛼𝑛, 𝛾𝑛, 𝜎𝑛, 𝜔𝑛. Then for any
given 𝑑𝑛, by (34), we can choose 𝑙𝑛. Next, for the given𝑏1, 𝑏2, 𝑏3, 𝑏5, one get 𝑐1,𝑛−1, 𝛼𝑛−1(𝑙𝑛), 𝛾𝑛−1(𝑙𝑛), 𝜎𝑛−1(𝑙𝑛), 𝜔𝑛−1(𝑙𝑛).
Then for any given 𝑑𝑛−1, 𝑙𝑛−1 can be chosen by (34). In turn,
we can get 𝑙𝑛−2, . . . , 𝑙2.

Finally, we give the sector of output function. Denote 𝜅 =(𝑟2,1, . . . , 𝑟𝑛,1, 𝑟2,1, . . . , 𝑟𝑛,1, . . . , 𝑟𝑛,𝑛−2, 𝑟𝑛,𝑛−1, 𝑏1, . . . , 𝑏5, 𝑏0, �̃�1,. . . , �̃�𝑛, 𝑑2, . . . , 𝑑𝑛), Ω𝑙 = {𝑙 = (𝑙2, . . . , 𝑙𝑛) | 𝑟1,1 ≥
max{𝑟2,1 + ∑𝑛𝑗=2 𝑟𝑗,1 + 𝑏1 + 𝑏2 + 𝑏3 + 𝑏0 + �̃�1, 1}, 𝑟𝑖,𝑖 ≥
max{𝑟𝑖+1,1+∑𝑛𝑗=𝑖+1 𝑟𝑗,𝑖+𝑏1+𝑏2+𝑏3+�̃�𝑖, 1}, 𝑖 = 2, . . . , 𝑛−1, 𝑟𝑛,𝑛 ≥
max{𝑏1+𝑏2+𝑏3+𝑏4+𝑏5+�̃�𝑛, 1}, 𝑙𝑛 ≥ max{2𝑝−1(𝑑𝑛+𝜃𝑛), 1}, 𝑙𝑖 ≥
max{2𝑝−1(𝑑𝑖 + 𝜃𝑖(𝑙𝑖+1, . . . , 𝑙𝑛)), 1}, 𝑖 = 𝑛 − 1, . . . , 2}, and

𝜌 = 𝜌 (𝑙2, . . . , 𝑙𝑛) = min{( 𝑏02𝜃1 (𝑙2, . . . , 𝑙𝑛))
1/(𝑝+1) ,

( 𝑏02𝜃1 (𝑙2, . . . , 𝑙𝑛))
1/(𝑝+1)} .

(36)

In fact, one can determine the supremum of 𝜌; that is, select
constant

𝜌 = sup
𝜅∈𝑅+ ,𝑙∈Ω𝑙

𝜌 (𝑙2, . . . , 𝑙𝑛) , (37)

as the supremum of 𝜌. Hence, the maximal open sector of
output function is Ω = (1 − 𝜌, 1 + 𝜌). When output function

ℎ(𝑥1) in (1) belongs to any closed sector [1−𝜌+𝜖, 1+𝜌−𝜖] ⊂ Ω
with 0 < 𝜖 < 𝜌, by Definition 1,

(ℎ (𝑥1) − (1 − 𝜌 + 𝜖) 𝑥1) (ℎ (𝑥1) − (1 + 𝜌 − 𝜖) 𝑥1)
≤ 0 ⇒

(ℎ (𝑥1) − (1 + 𝜌 − 𝜖) 𝑥1) 𝑥1 ≤ 0
≤ (ℎ (𝑥1) − (1 − 𝜌 + 𝜖) 𝑥1) 𝑥1 ⇒

(1 − 𝜌 + 𝜖) 𝑥21 ≤ ℎ (𝑥1) 𝑥1 ≤ (1 + 𝜌 − 𝜖) 𝑥21 ⇒
− (𝜌 − 𝜖) 𝑥21 ≤ (ℎ (𝑥1) − 𝑥1) 𝑥1 ≤ (𝜌 − 𝜖) 𝑥21 ⇒𝑥1 − ℎ (𝑥1) ≤ (𝜌 − 𝜖) 𝑥1 ,

(38)

from which one has

𝑥1 − 𝑥1𝑝(𝑡)+1 = 𝜉1 − ℎ (𝜉1)𝑝(𝑡)+1
≤ (𝜌 − 𝜖)𝑝(𝑡)+1 𝜉1𝑝(𝑡)+1 .

(39)

With the help of 𝑝 + 1 ≤ 𝑝(𝑡) + 1 ≤ 𝑝 + 1, (36), and (37), we
derive

(𝜌 − 𝜖)𝑝(𝑡)+1 < 𝜌𝑝(𝑡)+1 ≤ 𝜌𝑝+1 + 𝜌𝑝+1 ≤ 𝑏0𝜃1 (𝑙2, . . . , 𝑙𝑛) . (40)

From (39) and (40), (35) becomes

�̇� ≤ − 𝑛∑
𝑖=1

�̃�𝑖 𝜉𝑖𝑝(𝑡)+1 − 𝑛∑
𝑖=2

𝑑𝑖 𝑒𝑖𝑝(𝑡)+1 . (41)

Motivated by [29], with the help of 𝑝 + 𝑝(𝑡) + 1 ≤ 𝑝 + 𝑝 + 1 ≤𝑝(𝑡) + 1 + 𝑝, one obtains
𝜉𝑖𝑝+𝑝+1 ≤ 𝜉𝑖𝑝(𝑡)+1 (𝜉𝑖𝑝 + 𝜉𝑖𝑝) ⇒
𝜉𝑖𝑝(𝑡)+1 ≥

𝜉𝑖𝑝+11 + 𝜉𝑖𝑝−𝑝 ,
𝑖 = 1, . . . , 𝑛,

𝑒𝑖𝑝+𝑝+1 ≤ 𝑒𝑖𝑝(𝑡)+1 (𝑒𝑖𝑝 + 𝑒𝑖𝑝) ⇒
𝑒𝑖𝑝(𝑡)+1 ≥

𝑒𝑖𝑝+11 + 𝜉𝑖𝑝−𝑝 ,
𝑖 = 2, . . . , 𝑛,

(42)

from which (41) becomes

�̇� ≤ −( 𝑛∑
𝑖=1

�̃�𝑖 𝜉𝑖𝑝+11 + 𝜉𝑖𝑝−𝑝 + 𝑛∑
𝑖=2

𝑑𝑖 𝑒𝑖𝑝+11 + 𝑒𝑖𝑝−𝑝) š −𝑊(𝜉, 𝑒) . (43)

It is easy to see that 𝑊(𝜉, 𝑒) is a continuous and positive
function with respect to (𝜉, 𝑒).
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Figure 1: The responses of the closed-loop system (46), (47) with ℎ(𝑥1) = 𝑥1.

By the transformations (11), system (1) can be transformed
into a 𝜉-system:

̇𝜉𝑖 (𝑡) = 𝑓𝑖 (𝑡, 𝜉 (𝑡) , 𝑢 (𝑡)) , 𝑖 = 1, . . . , 𝑛, (44)

where 𝑓𝑖(⋅) is a continuous function with 𝑓𝑖(𝑡, 0) = 0.
Denote 𝜛 = (𝜉1, . . . , 𝜉𝑛, 𝑒2, . . . , 𝑒𝑛)⊤, by the existence and
continuation of the solution, the solution 𝜛(𝑡) of 𝜛-system
(24), (44) is defined on [0, 𝑡𝑚) with 0 < 𝑡𝑚 ≤ +∞.

Due to 𝑇(𝜛) = ∑𝑛𝑖=1(1/2)𝜉2𝑖 + ∑𝑛𝑖=2(1/2)𝑒2𝑖 , it is obvious
that 𝑇(𝜛) is a continuously differentiable, positive definite,
and radially unbounded function. By Lemma6, there are class
K∞ functions 𝜋1(⋅) and 𝜋2(⋅) such that

𝜋1 (‖𝜛‖) ≤ 𝑇 (𝜛) ≤ 𝜋2 (‖𝜛‖) , ∀𝜛 ∈ 𝑅2𝑛−1. (45)

Since 𝜋1(⋅) is a class K∞ function, then for any 𝜀 > 0, one
can always find a 𝛿 = 𝛿(𝜀) with 𝛿 > 𝜀 > 0 such that 𝜋2(𝜀) ≤𝜋1(𝛿). If ‖𝜛(0)‖ < 𝜀, by (43) and (45), 𝜋1(‖𝜛(𝑡)‖) ≤ 𝑇(𝜛(𝑡)) ≤𝑇(𝜛(0)) ≤ 𝜋2(‖𝜛(0)‖) ≤ 𝜋2(𝜀) ≤ 𝜋1(𝛿) for all 𝑡 ∈ [0, 𝑡𝑚),
which means that ‖𝜛(𝑡)‖ ≤ 𝛿 for all 𝑡 ∈ [0, 𝑡𝑚). Hence, 𝑡𝑚 is
not an escape time; that is,𝜛(𝑡) is well-defined on [0, +∞), so
is 𝑥(𝑡).

(ii) Since 𝑡𝑚 = +∞, from (43), (45), and Lemma 7, we
know that the equilibrium point𝜛 = 0 of𝜛-system (24), (44)
is globally uniformly asymptotically stable. By the continuity
of𝑥∗𝑖 (𝜉𝑖−1) on 𝜉𝑖−1 and𝑥∗𝑖 (0) = 0, it is easy to recursively prove
that the equilibriumpoint𝑥 = 0 of the closed-loop system (1),
(21), (22) is globally uniformly asymptotically stable.

Remark 17. Since the power of system is time-varying, a new
function (36) is given to acquire its supremum, which is used
to determine the maximal open sector of output function.
Moreover, a rigorous analysis is given to establish the stability
of the closed-loop system.

4. Simulation Example

Consider the second-order nonlinear system in [29]

�̇�1 = [𝑥2]2+cos(𝑡) ,
�̇�2 = [𝑢]2+cos(𝑡) + 𝑥1/31 𝑥2cos(𝑡)+5/3 ,
𝑦 = ℎ (𝑥1) .

(46)

As discussed in [29], Assumption 8 holds and 𝑝 = 1, 𝑝 =3. Following the design process as in Section 3 in this paper,
we can design output feedback controller without using the
nonlinearity 𝑥1/31 |𝑥2|cos(𝑡)+5/3,

̇̂𝑧2 = −𝑙2 [𝑥2]𝑝(𝑡) , 𝑥2 = �̂�2 + 𝑙2𝑦,
𝑢 = −𝛽1𝛽2𝑦 − 𝛽2𝑥2. (47)

Choose 𝜅 = (𝑟2,1, 𝑟2,1, 𝑏1, 𝑏2, 𝑏4, 𝑏5, 𝑏0, �̃�1, �̃�2, 𝑑2) =(0.1, 0.1, 0.1, 0.1, 0.1, 0.1, 0.4, 0.1, 0.1, 0.4). By choosing𝑟1,1 = 1, 𝑟2,2 = 1, we obtain 𝛽1 = 1, 𝛽2 = 9.63, and choose𝑙 = 𝑙2 = 12.
When ℎ(𝑥1) = 𝑥1 as in [29], it means that we do not need

to give the sector of the output function. In simulation, under
the output feedback controller (47), by selecting the initial
conditions 𝑥1(0) = −0.1, 𝑥2(0) = 0.3, �̂�2(0) = 0, Figure 1
demonstrates the effectiveness of control scheme.

When ℎ(𝑥1) ̸= 𝑥1, the design method in [29] is inapplica-
ble. Following the design process as in Section 3 in this paper,
we can get a sector of output function, that is, [1 − 𝜌, 1 + 𝜌]
with 𝜌 = 𝜌(𝑙2) = min{(𝑏0/2𝜃1(𝑙2))1/(𝑝+1), (𝑏0/2𝜃1(𝑙2))1/(𝑝+1)} =0.0131. In simulation, we choose ℎ(𝑥1) = 𝑥1 + 0.01|𝑥1|
which is only continuous but not differentiable; ℎ(𝑥1) belongs
to sector [0.9869, 1.0131] obviously. By selecting the initial
conditions 𝑥1(0) = 0.1, 𝑥2(0) = −0.3, �̂�2(0) = 0.01, Figure 2
illustrates the validness of control scheme.
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Figure 2: The responses of the closed-loop system (46), (47) with ℎ(𝑥1) = 𝑥1 + 0.01|𝑥1|.

5. Conclusions

In this paper, output feedback stabilization of nonlinear
systems with a time-varying power and unknown continuous
output function is studied. By constructing a new nonlinear
reduced-order observer together with adding a power inte-
grator method, a new function to determine the maximal
open sector Ω of output function is given. As long as output
function belongs to any closed sector included in Ω, an
output feedback controller is constructed to guarantee that
the equilibrium point of the closed-loop system is globally
uniformly asymptotically stable.

For the future work, an interesting problem is for more
general nonlinear systems with time-varying powers, that
is, nonlinear systems with different time-varying powers or
under the weaker condition on nonlinearities, can we design
a stable output feedback controller?

Appendix

Proof of Proposition 11 . By (8), (11), and Lemmas 2 and 3, we
obtain

𝑛−1∑
𝑖=2

𝑒𝑖 [𝑥𝑖+1]𝑝(𝑡) + 𝑛∑
𝑖=2

𝑒𝑖𝜙𝑖
≤ 𝑛−1∑
𝑖=2

𝑒𝑖 𝑥𝑖+1𝑝(𝑡)

+ 𝑛∑
𝑖=2

𝑐 𝑒𝑖 (𝑥1𝑝(𝑡) + ⋅ ⋅ ⋅ + 𝑥𝑖𝑝(𝑡))
≤ 𝑏1 𝑛∑
𝑖=1

𝜉𝑖𝑝(𝑡)+1 + 𝑛∑
𝑖=2

𝑐1,𝑖 𝑒𝑖𝑝(𝑡)+1 ,
(A.1)

where 𝑏1 > 0 is a constant, and 𝑐1,𝑖 > 0, 𝑖 = 2, . . . , 𝑛, are
constants dependent on 𝑏1.
Proof of Proposition 12 . By (11), (21), and (23), one has for𝑖 = 2, . . . , 𝑛,

𝑥𝑖 − 𝑥𝑖 = 𝑒𝑖 + 𝑙𝑖 (𝑥𝑖−1 − 𝑥𝑖−1)
= 𝑒𝑖 + 𝑖−1∑

𝑗=2

𝑙(𝑗+1)∼𝑖𝑒𝑗 + 𝑙2∼𝑖 (𝑥1 − 𝑥1) , (A.2)

�̂�𝑖 + 𝑙𝑖𝑥𝑖−1 = 𝑥𝑖 − 𝑒𝑖 = 𝜉𝑖 − 𝛽𝑖−1𝜉𝑖−1 − 𝑒𝑖, (A.3)

from which, by Lemmas 2–4, we derive

− 𝑙𝑖𝑒𝑖 ([�̂�𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡) − [�̂�𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡)) ≤ 𝑙𝑖 𝑒𝑖
⋅ 𝑝 (2𝑝−3 + 1) (𝑙𝑖 (𝑥𝑖−1 − 𝑥𝑖−1)𝑝(𝑡)
+ 𝑙𝑖 (𝑥𝑖−1 − 𝑥𝑖−1) �̂�𝑖 + 𝑙𝑖𝑥𝑖−1𝑝(𝑡)−1) ≤ 𝑙𝑖 𝑒𝑖
⋅ 𝑝 (2𝑝−3 + 1) (𝑙𝑖𝑒𝑖−1 + 𝑙(𝑖−1)∼𝑖𝑒𝑖−2 + ⋅ ⋅ ⋅ + 𝑙3∼𝑖𝑒2
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+ 𝑙2∼𝑖 (𝑥1 − 𝑥1)𝑝(𝑡) + 𝑙𝑖𝑒𝑖−1 + 𝑙(𝑖−1)∼𝑖𝑒𝑖−2 + ⋅ ⋅ ⋅
+ 𝑙3∼𝑖𝑒2 + 𝑙2∼𝑖 (𝑥1 − 𝑥1) 𝜉𝑖 − 𝛽𝑖−1𝜉𝑖−1 − 𝑒𝑖𝑝(𝑡)−1)
≤ 𝑏22 (𝜉𝑖−1𝑝(𝑡)+1 + 𝜉𝑖𝑝(𝑡)+1) + 𝑐2,𝑖 𝑒𝑖𝑝(𝑡)+1
+ 𝑖−1∑
𝑗=2

𝛼𝑖,𝑗 (𝑙𝑗+1, . . . , 𝑙𝑖) 𝑒𝑗𝑝(𝑡)+1 + 𝛼𝑖,1 (𝑙2, . . . , 𝑙𝑖) 𝑥1
− 𝑥1𝑝(𝑡)+1 ,

(A.4)

where 𝑒1 = 0, 𝑏2 > 0 is a constant, 𝑐2,𝑖 > 0 is a constant
dependent on 𝑏2, and 𝛼𝑖,𝑗 > 0, 𝑗 = 1, . . . , 𝑖 − 1, are constants
dependent on 𝑏2, 𝑙𝑗+1, . . . , 𝑙𝑖. From (A.4), it follows that

− 𝑛∑
𝑖=2

𝑙𝑖𝑒𝑖( [�̂�𝑖 + 𝑙𝑖𝑥𝑖−1]𝑝(𝑡)

≤ 𝑏2 𝑛∑
𝑖=1

𝜉𝑖𝑝(𝑡)+1 + 𝛼𝑛 𝑒𝑛𝑝(𝑡)+1

+ 𝑛−1∑
𝑗=2

𝛼𝑗 (𝑙𝑗+1, . . . , 𝑙𝑛) 𝑒𝑗𝑝(𝑡)+1

+ 𝛼1 (𝑙2, . . . , 𝑙𝑛) 𝑥1 − 𝑥1𝑝(𝑡)+1 ,
(A.5)

where 𝛼𝑗 = ∑𝑛𝑖=𝑗+1 𝛼𝑖,𝑗(𝑙𝑗+1, . . . , 𝑙𝑖) + 𝑐2,𝑗 with 𝑐2,1 = 0, 𝑗 =1, . . . , 𝑛, that is, 𝛼𝑛 > 0 is a constant dependent on 𝑏2, and 𝛼𝑗 >0, 𝑗 = 1, . . . , 𝑛 − 1, are constants dependent on 𝑏2, 𝑙𝑗+1, . . . , 𝑙𝑛.
Proof of Proposition 13 . By (A.2), Assumption 8, and Lemmas
2 and 3, one has

𝜙1 (𝑡, 𝑥1) − 𝜙1 (𝑡, 𝑥1) ≤ 𝑐 𝑁∑
𝑗=1

(𝑥1 − 𝑥1𝑎1,𝑗(𝑡)

⋅ (𝑥1𝑏1,𝑗(𝑡) + 𝑥1 − (𝑥1 − 𝑥1)𝑏1,𝑗(𝑡)))
≤ 𝑐 𝑁∑
𝑗=1

(𝑥1 − 𝑥1𝑎1,𝑗(𝑡) 𝑥1𝑏1,𝑗(𝑡) + 𝑥1 − 𝑥1𝑝(𝑡)) ,
(A.6)

and for 𝑖 = 2, . . . , 𝑛,

𝜙𝑖 (𝑡, 𝑥1, . . . , 𝑥𝑖) − 𝜙𝑖 (𝑡, 𝑥1, . . . , 𝑥𝑖) ≤ 𝑐 𝑁∑
𝑗=1

( 𝑖∑
𝑘=1

(𝑥𝑘 − 𝑥𝑘𝑎𝑘,𝑗(𝑡) 𝑖∑
𝑞=1

(𝑥𝑞𝑏𝑘,𝑗(𝑡) + 𝑥𝑞𝑏𝑘,𝑗(𝑡)))) ≤ 𝑐 𝑁∑
𝑗=1

(𝑥1 − 𝑥1𝑎1,𝑗(𝑡)

⋅ (𝑥1𝑏1,𝑗(𝑡) + 𝑥1 − (𝑥1 − 𝑥1)𝑏1,𝑗(𝑡)) + 𝑥1 − 𝑥1𝑎1,𝑗(𝑡) 𝑖∑
𝑞=2

(𝑥𝑞𝑏1,𝑗(𝑡)

+ 𝑥𝑞 − (𝑒𝑞 + 𝑙𝑞𝑒𝑞−1 + 𝑙(𝑞−1)∼𝑞𝑒𝑞−2 + ⋅ ⋅ ⋅ + 𝑙3∼𝑞𝑒2 + 𝑙2∼𝑞 (𝑥1 − 𝑥1))𝑏1,𝑗(𝑡))

+ 𝑖∑
𝑘=2

(𝑒𝑘 + 𝑙𝑘𝑒𝑘−1 + 𝑙(𝑘−1)∼𝑘𝑒𝑘−2 + ⋅ ⋅ ⋅ + 𝑙3∼𝑘𝑒2 + 𝑙2∼𝑘 (𝑥1 − 𝑥1)𝑎𝑘,𝑗(𝑡) (𝑥1𝑏𝑘,𝑗(𝑡) + 𝑥1 − (𝑥1 − 𝑥1)𝑏𝑘,𝑗(𝑡))

+ 𝑒𝑘 + 𝑙𝑘𝑒𝑘−1 + 𝑙(𝑘−1)∼𝑘𝑒𝑘−2 + ⋅ ⋅ ⋅ + 𝑙3∼𝑘𝑒2 + 𝑙2∼𝑘 (𝑥1 − 𝑥1)𝑎𝑘,𝑗(𝑡)

⋅ 𝑖∑
𝑞=2

(𝑥𝑞𝑏𝑘,𝑗(𝑡) + 𝑥𝑞 − (𝑒𝑞 + 𝑙𝑞𝑒𝑞−1 + 𝑙(𝑞−1)∼𝑞𝑒𝑞−2 + ⋅ ⋅ ⋅ + 𝑙3∼𝑞𝑒2 + 𝑙2∼𝑞 (𝑥1 − 𝑥1))𝑏𝑘,𝑗(𝑡)))) ≤ 𝑐 𝑁∑
𝑗=1

(𝑥1 − 𝑥1𝑎1,𝑗(𝑡)

⋅ 𝑖∑
𝑞=1

𝑥𝑞𝑏1,𝑗(𝑡) + 𝛾𝑖,𝑖 𝑒𝑖𝑝(𝑡) + 𝑖−1∑
𝑘=2

𝛾𝑖,𝑘 (𝑙𝑘+1, . . . , 𝑙𝑖) 𝑒𝑘𝑝(𝑡) + 𝛾𝑖,1 (𝑙2, . . . , 𝑙𝑖) 𝑥1 − 𝑥1𝑝(𝑡)

+ 𝑖∑
𝑘=2

(𝑒𝑘 + 𝑙𝑘𝑒𝑘−1 + 𝑙(𝑘−1)∼𝑘𝑒𝑘−2 + ⋅ ⋅ ⋅ + 𝑙3∼𝑘𝑒2 + 𝑙2∼𝑘 (𝑥1 − 𝑥1)𝑎𝑘,𝑗(𝑡) 𝑖∑
𝑞=1

𝑥𝑞𝑏𝑘,𝑗(𝑡))) ,

(A.7)
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where 𝑐 > 0 is a constant, 𝛾𝑖,𝑖 is a positive constant, and𝛾𝑖,𝑘, 𝑘 = 1, . . . , 𝑖 − 1, are positive constants dependent on𝑙𝑘+1, . . . , 𝑙𝑖. From (11), (A.6), (A.7), and Lemmas 2 and 3, it
follows that for 𝑖 = 2, . . . , 𝑛,

− 𝑙𝑖𝑒𝑖 (𝜙𝑖−1 − 𝜙𝑖−1)
≤ 𝑙𝑖 𝑒𝑖 𝜙𝑖−1 (𝑡, 𝑥1, . . . , 𝑥𝑖−1) − 𝜙𝑖−1 (𝑡, 𝑥1, . . . , 𝑥𝑖−1)
≤ 𝑏3𝑛
𝑖−1∑
𝑗=1

𝜉𝑗𝑝(𝑡)+1 + 𝑐3,𝑖 𝑒𝑖𝑝(𝑡)+1

+ 𝑖−1∑
𝑗=2

𝛾𝑖,𝑗 (𝑙𝑗+1, . . . , 𝑙𝑖) 𝑒𝑗𝑝(𝑡)+1

+ 𝛾𝑖,1 (𝑙2, . . . , 𝑙𝑖) 𝑥1 − 𝑥1𝑝(𝑡)+1 ,

(A.8)

where 𝑏3 > 0 is a constant, 𝑐3,𝑖 > 0 is a constant dependent on𝑏3, and 𝛾𝑖,𝑗 > 0, 𝑗 = 1, . . . , 𝑖 − 1, are constants dependent on𝑏3, 𝑙𝑗+1, . . . , 𝑙𝑖. Similar to (A.6), it follows from (A.8) that

− 𝑛∑
𝑖=2

𝑙𝑖𝑒𝑖 (𝜙𝑖−1 − 𝜙𝑖−1)
≤ 𝑏3 𝑛∑
𝑖=1

𝜉𝑖𝑝(𝑡)+1 + 𝛾𝑛 𝑒𝑛𝑝(𝑡)+1

+ 𝑛−1∑
𝑗=2

𝛾𝑗 (𝑙𝑗+1, . . . , 𝑙𝑛) 𝑒𝑗𝑝(𝑡)+1

+ 𝛾1 (𝑙2, . . . , 𝑙𝑛) 𝑥1 − 𝑥1𝑝(𝑡)+1 ,

(A.9)

where 𝛾𝑗 = ∑𝑛𝑖=𝑗+1 𝛾𝑖,𝑗(𝑙𝑗+1, . . . , 𝑙𝑖) + 𝑐3,𝑗 with 𝑐2,1 = 0, 𝑗 =1, . . . , 𝑛, that is, 𝛾𝑛 > 0 is a constant dependent on 𝑏3,
and 𝛾𝑗 > 0, 𝑗 = 1, . . . , 𝑛 − 1, are constants dependent on𝑏3, 𝑙𝑗+1, . . . , 𝑙𝑛.

Proof of Proposition 14 . By (11), (22), and (A.2), one has

𝑢 = 𝑛∑
𝑖=1

𝛽𝑖∼𝑛 (𝑥𝑖 − 𝑥𝑖) − 𝑛∑
𝑖=1

𝛽𝑖∼𝑛𝑥𝑖
= −𝛽𝑛𝜉𝑛 + 𝜎1 (𝑙2, . . . , 𝑙𝑛) (𝑥1 − 𝑥1)

+ 𝑛−1∑
𝑖=2

𝜎𝑖 (𝑙𝑖+1, . . . , 𝑙𝑛) 𝑒𝑖 + 𝜎𝑛𝑒𝑛,
(A.10)

where 𝜎𝑖 = ∑𝑛𝑗=𝑖 𝛽𝑗∼𝑛𝑙(𝑖+1)∼𝑗, 𝑖 = 1, . . . , 𝑛, that is, 𝜎𝑛 is
a positive constant, and 𝜎𝑖, 𝑖 = 1, . . . , 𝑛 − 1, are positive
constants dependent on 𝑙𝑖+1, . . . , 𝑙𝑛. By (A.10) and Lemmas 2
and 3, we derive

𝑒𝑛 [𝑢]𝑝(𝑡) ≤ 𝑒𝑛 |𝑢|𝑝(𝑡)
≤ 𝑏4 𝜉𝑛𝑝(𝑡)+1 + 𝜎𝑛 𝑒𝑛𝑝(𝑡)+1

+ 𝑛−1∑
𝑖=2

𝜎𝑖 (𝑙𝑖+1, . . . , 𝑙𝑛) 𝑒𝑖𝑝(𝑡)+1
+ 𝜎1 (𝑙2, . . . , 𝑙𝑛) 𝑥1 − 𝑥1𝑝(𝑡)+1 ,

(A.11)

where 𝑏4 > 0 is a constant, 𝜎𝑛 > 0 is a constant dependent on𝑏4, and 𝜎𝑖 > 0, 𝑖 = 1, . . . , 𝑛 − 1, are constants dependent on𝑙𝑖+1, . . . , 𝑙𝑛.
Proof of Proposition 15 . By 𝑥∗𝑛+1 = 𝛽𝑛𝜉𝑛 and (A.10), one has

𝑢 − 𝑥∗𝑛+1 = 𝜎1 (𝑙2, . . . , 𝑙𝑛) (𝑥1 − 𝑥1)
+ 𝑛−1∑
𝑖=2

𝜎𝑖 (𝑙𝑖+1, . . . , 𝑙𝑛) 𝑒𝑖 + 𝜎𝑛𝑒𝑛, (A.12)

from which, by Lemmas 2–4, we derive

𝜉𝑛 ([𝑢]𝑝(𝑡) − [𝑥∗𝑛+1]𝑝(𝑡)) ≤ 𝜉𝑛 ⋅ 𝑝 (2𝑝−3 + 1)
⋅ (𝑢 − 𝑥∗𝑛+1𝑝(𝑡) + 𝑢 − 𝑥∗𝑛+1 𝑥∗𝑛+1𝑝(𝑡)−1)
≤ 𝑏5 𝜉𝑛𝑝(𝑡)+1 + 𝜔𝑛 𝑒𝑛𝑝(𝑡)+1
+ 𝑛−1∑
𝑖=2

𝜔𝑖 (𝑙𝑖+1, . . . , 𝑙𝑛) 𝑒𝑖𝑝(𝑡)+1 + 𝜔1 (𝑙2, . . . , 𝑙𝑛)
⋅ 𝑥1 − 𝑥1𝑝(𝑡)+1 ,

(A.13)

where 𝑏5 > 0 is a constant, 𝜔𝑛 > 0 is a constant dependent on𝑏5, and 𝜔𝑖 > 0, 𝑖 = 1, . . . , 𝑛 − 1, are constants dependent on𝑏5, 𝑙𝑖+1, . . . , 𝑙𝑛.
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This paper addresses the state estimation problem for stochastic systems with unknown measurement disturbances whose any
prior information is unknown and measurement delay resulting from the inherent limited bandwidth. For such complex systems,
the Kalman-like one-step predictor independent of unknown measurement disturbances is designed based on the linear unbiased
minimum variance criterion and the reorganized innovation analysis approach. One simulation example shows the effectiveness
of the proposed algorithms.

1. Introduction

In recent years, networked control systems have attracted
much attention and much work has been done due to the
wide applications in communication systems [1, 2], fault
detection [3, 4], and sensor [5]. However, these networks are
usually unreliable andmay lead tomeasurement delays due to
inherent limited bandwidth. According to different kinds of
time delay,many results have sprung up, such as control input
delay [6, 7], state-dependent delay [8], state-independent
delay [9–11], output delay [12, 13], communication delay [14],
distributed-delay [15–17], and time-varying delay [18, 19]. In
addition, the unknown disturbances in system modeling or
external environment are ubiquitous feature in the piratical
systems. The measurement delays and unknown observation
disturbances can influence the performance or even results
in systems instability. For these reasons, it is not surprising
that the study of the state estimation problem for systemswith
time-delays and unknown observation disturbances has been
an enthusiasm for a large number of scholars.

The early work on the discrete-time systems with time
delay has been investigated by system augmentation [20]

or partial difference Riccati equation approach [21]. In [21],
the partial difference Riccati equation approach is used to
settle the measurement delay problem for linear systems.
In order to lessen the computational cost (compared with
state augmentation approach and partial difference Riccati
equation approach), [22] proposes the reorganized innova-
tion approach, by calculating two standard Riccati difference
equations of the same dimension as the original system;
the authors solve the finite horizon estimation problem for
measurement delayed systems. In [23], the linear minimum
mean square estimation filter for systems with measurement
delay is calculated in terms of twoRiccati difference equations
and one Lyapunov difference equation. It should be pointed
that all the aforementioned estimators do not consider the
disturbance in observation.

In practice, the unknown disturbances in system model-
ing or external environment are another ubiquitous feature
[24–26]. The early works on unbiased minimum variance
problems with observation disturbances can be traced back
to [27]. For these unknown disturbances without any prior
knowledge, unbiased minimum variance filter instead of
Kalman filter is more effective in tracing the true state.
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Reference [28] obtains a more general unbiased estimator
using the approach in [27] and presents the convergence
analysis of the estimator. In [29], the authors considers
global optimality of unbiased estimator based on [27, 28].
In [30], the authors considers event-based state estimation
of linear dynamic systems with unknown inputs. Different
from the aforementioned methods about linear discrete-
time systems with observation disturbance, [31, 32] solve
the state estimation with partially observed inputs problem
without adding unbiased constraint. However, [28–33] only
consider the state estimation problem of the state equation
with unknown input. It should be pointed that measure-
ment disturbances are ubiquitous feature in practical sys-
tems and the estimation problems for discrete-time systems
with unknown measurement disturbance are also important.
Motivated by the preceding works about measurement delay
and unknown measurement disturbance, we study linear
unbiased estimation for discrete-time systems with measure-
ment delay and unknown measurement disturbance in this
paper. By employing the linear unbiased minimum variance
approach and the reorganized innovation analysis approach,
one Kalman-like one-step ahead predictor is derived in terms
of two Riccati difference equations of the same dimension
with the state model, which may reduce the computation
when delay is large, compared with the classic state augmen-
tation approach [20] and partial difference Riccati equation
approach [21, 34]. Further, just like the stability of the classical
Kalman filter [35] and the mean square stability analysis [36],
we develop a parallel to obtain the stability properties of the
proposed unbiased estimator under standard conditions.

The organization of this paper is as follows. In Section 2,
we present the problem statement, some assumptions and
remarks. In Section 3, we deduce the state estimation accord-
ing to the reorganized innovation analysis approach, then
we obtain the finite and infinite horizon filter based on the
linear unbiased minimum variance criterion, respectively.
In Section 4, a numerical example is given to illustrate the
effectiveness of the proposed approach. In Section 5, we
provide some concluding remarks.

Notation. Throughout this paper, the superscripts “−1” and
“𝑇” represent the inverse and transpose of a matrix. R𝑛
denotes the n-dimensional Euclidean space. R𝑛×𝑚 is the
set of all 𝑛 × 𝑚 real matrices. 𝛿𝑖𝑗 = 0 for 𝑖 ̸= 𝑗 and
𝛿𝑖𝑖 = 1.L{{𝑦(𝑠)}𝑘𝑠=0} denotes the linear subspace spanned by
the measurement sequence {𝑦(0), . . . , 𝑦(𝑘)}. 𝜆𝑖(𝑋) denotes
the ith eigenvalue of a square matrix 𝑋. Furthermore, the
mathematical expectation operator is denoted by 𝐸.
2. Problems Statement and Preliminary

Consider the following linear system:

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝑛 (𝑘) (1)

𝑦0 (𝑘) = 𝐵0𝑥 (𝑘) + 𝐶0𝑢0 (𝑘) + V0 (𝑘) (2)

𝑦1 (𝑘) = 𝐵1𝑥 (𝑘 − 𝑑) + 𝐶1𝑢1 (𝑘) + V1 (𝑘) , 𝑘 ≥ 𝑑 (3)

where 𝑥(𝑘) ∈ R𝑛, 𝑦0(𝑘) ∈ R𝑚0 , and 𝑦1(𝑘) ∈ R𝑚1 are the
state, current, and delayed measurement, respectively. 𝑛(𝑘) is
the process noise, V0(𝑘) and V1(𝑘) are themeasurement noises.𝑢0(𝑘) ∈ R𝑝0 and 𝑢1(𝑘) ∈ R𝑝1 are the unknownmeasurement
disturbances without any prior knowledge. For simplicity
of presentation, we assume that 𝐴, 𝐵0, 𝐵1, 𝐶0, and 𝐶1 are
constant matrices with suitable dimensions even though the
later development and results can be easily adapted to the
time-varying case.

Assumption 1. 𝑛(𝑘), V0(𝑘), and V1(𝑘) are uncorrelated white
noises of zero mean and covariance as

𝐸 {𝑛 (𝑘) 𝑛𝑇 (𝑗)} = 𝑄𝛿𝑘𝑗,
𝐸 {V0 (𝑘) V𝑇0 (𝑗)} = 𝑅0𝛿𝑘𝑗,
𝐸 {V1 (𝑘) V𝑇1 (𝑗)} = 𝑅1𝛿𝑘𝑗

(4)

Assumption 2. The initial state 𝑥(0) is uncorrelated with 𝑛(𝑘),
V0(𝑘), and V1(𝑘) and satisfies

𝐸 {𝑥 (0)} = 𝜇0,
𝐸 {[𝑥 (0) − 𝜇0] [𝑥 (0) − 𝜇0]𝑇} = 𝑃0 (5)

Assumption 3. rank[𝐶0] = 𝑝0 < 𝑚0; rank[𝐶1] = 𝑝1 < 𝑚1.
To the estimation problems of stochastic systems, As-

sumptions 1 and 2 are general. Assumption 3 guarantees the
existence of the following predictors designed.

For convenience, the measurement 𝑦(𝑘) can be rewritten
as follows:

𝑦 (𝑘) =
{{{{{{{{{

𝑦0 (𝑘) , 0 ≤ 𝑘 < 𝑑
[
[
𝑦0 (𝑘)
𝑦1 (𝑘)

]
]
, 𝑘 ≥ 𝑑 (6)

Problem. For the given measurements {𝑦(𝑘)}𝑀𝑘=0, our aim is
to design a minimum variance unbiased Kalman-like one-
step predictor 𝑥(𝑘 + 1). Further, we will consider the infinite
horizon predictor design 𝑥(𝑘 + 1).
Remark 4. As for time delay systems, we can settle the esti-
mation problem by using the state augmentation approach
or partial difference Riccati equation approach. However the
augmented approach or partial difference Riccati equation
approach may bring expensive computational cost when the
delay 𝑑 is large [22]. In the following, we will deduce the
estimation problem based on the reorganized innovation
approach and linear minimum variance unbiased criterion
instead of the augmented approach.

3. Main Results

3.1. Finite Horizon Estimation. We note that 𝑦1(𝑘) is an
additionalmeasurement of the state𝑥(𝑘−𝑑)which is obtained
at time instant 𝑘 with time delay 𝑑, so the measurement
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𝑦(𝑘) consists of time delay when 𝑘 ≥ 𝑑. Apparently, the
linear space L{{𝑦(𝑠)}𝑘𝑠=0} contains the same information
asL{{𝑌1(𝑠)}𝑘−𝑑𝑠=0 , {𝑌0(𝑠)}𝑘𝑠=𝑘−𝑑+1}, where the new observations𝑌1(𝑠) and 𝑌0(𝑠) are provided as follows:

𝑌1 (𝑠) = [ 𝑦0 (𝑠)𝑦1 (𝑠 + 𝑑)] , 0 ≤ 𝑠 ≤ 𝑘 − 𝑑 (7)

𝑌0 (𝑠) = 𝑦0 (𝑠) , 𝑘 − 𝑑 < 𝑠 ≤ 𝑘 (8)

Obviously, 𝑌1(𝑠) and 𝑌0(𝑠) satisfy
𝑌1 (𝑠) = 𝐵𝑥 (𝑠) + 𝐶𝑈 (𝑠) + 𝑉 (𝑠) (9)

𝑌0 (𝑠) = 𝐵0𝑥 (𝑠) + 𝐶1𝑢0 (𝑠) + 𝑉0 (𝑠) (10)

where

𝐵 = [𝐵0𝐵1] ,

𝐶 = [𝐶0 0
0 𝐶1] ,

𝑈 (𝑠) = [ 𝑢0 (𝑠)𝑢1 (𝑠 + 𝑑)] ,

𝑉 (𝑠) = [ V0 (𝑠)
V1 (𝑠 + 𝑑)] ,

𝑉0 (𝑠) = V0 (𝑠)

(11)

It is obvious that the new measurements 𝑌0(𝑠) and 𝑌1(𝑠) are
delay-free and the associated measurement noises 𝑉0(𝑠) and𝑉(𝑠) are white noises with zeromean and covariance matrices𝑅𝑉0(𝑠) = 𝑅0, 𝑅𝑉(𝑠) = 𝑅 = diag{𝑅0, 𝑅1}.
Theorem 5. When 𝑘 ≥ 𝑑, based on linear minimum variance
unbiased criterion, we produce a recursive state estimator
decoupling with the disturbance for system (1), (7), and (8) in
the Kalman-like form:

𝑥 (𝑠 + 1, 0) = 𝐴𝑥 (𝑠, 0)
+ 𝐾0 (𝑠) [𝑌0 (𝑠) − 𝐵0𝑥 (𝑠, 0)] ,

𝑘 − 𝑑 < 𝑠 < 𝑘
𝑥 (𝑘 − 𝑑 + 1, 0) = 𝑥 (𝑘 − 𝑑 + 1, 1)

(12)

where

𝐾0 (𝑠) = [𝐺0 (𝑠) − Λ𝑇0 (𝑠) 𝐶𝑇0 ]𝐷−10 (𝑠)
𝐷0 (𝑠) = 𝐵0𝑃0 (𝑠) 𝐵𝑇0 + 𝑅0
𝐺0 (𝑠) = 𝐴𝑃0 (𝑠) 𝐵𝑇0
Λ𝑇0 (𝑠) = [𝐶𝑇0𝐷−10 (𝑠) 𝐶0]−1 𝐶𝑇0𝐷−10 (𝑠) 𝐺𝑇0 (𝑠)

(13)

The prediction error covariance matrix 𝑃0(𝑠 + 1) is computed
by

𝑃0 (𝑠 + 1) = 𝐾0 (𝑠)𝐷0 (𝑠)𝐾𝑇0 (𝑠) − 𝐺0 (𝑠) 𝐾𝑇0 (𝑠)
− 𝐾0 (𝑠) 𝐺𝑇0 (𝑠) + 𝐴𝑃0 (𝑠) 𝐴𝑇 + 𝑄

(14)

𝑃0 (𝑘 − 𝑑 + 1) = 𝑃1 (𝑘 − 𝑑 + 1) (15)

As for 𝑥(𝑘 − 𝑑 + 1, 1) and 𝑃1(𝑘 − 𝑑 + 1), they are obtained by
𝑥 (𝑠 + 1, 1) = 𝐴𝑥 (𝑠, 1) + 𝐾1 (𝑠) [𝑌1 (𝑠) − 𝐵𝑥 (𝑠, 1)] ,

0 ≤ 𝑠 ≤ 𝑘 − 𝑑 (16)

𝑥 (0, 1) = 𝜇0, (17)

where

𝐾1 (𝑠) = [𝐺1 (𝑠) − Λ𝑇1 (𝑠) 𝐶𝑇]𝐷−11 (𝑠) (18)

𝐷1 (𝑠) = 𝐵𝑃1 (𝑠) 𝐵𝑇 + 𝑅 (19)

𝐺1 (𝑠) = 𝐴𝑃1 (𝑠) 𝐵𝑇 (20)

Λ𝑇1 (𝑠) = [𝐶𝑇𝐷−11 (𝑠) 𝐶]−1 𝐶𝑇𝐷−11 (𝑠) 𝐺𝑇1 (𝑠) (21)

The prediction error covariance matrix 𝑃1(𝑠 + 1) is computed
by

𝑃1 (𝑠 + 1) = 𝐾1 (𝑠)𝐷1 (𝑠)𝐾𝑇1 (𝑠) − 𝐺1 (𝑠) 𝐾𝑇1 (𝑠)
− 𝐾1 (𝑠) 𝐺𝑇1 (𝑠) + 𝐴𝑃1 (𝑠) 𝐴𝑇 + 𝑄

(22)

𝑃1 (0) = 𝑃0. (23)

Proof. When 0 < 𝑠 ≤ 𝑘 − 𝑑, from (1) and (16), we have the
prediction error equation as follows:

𝑥 (𝑠 + 1, 1) = 𝑥 (𝑠 + 1) − 𝑥 (𝑠 + 1, 1)
= 𝐴𝑥 (𝑠) + 𝑛 (𝑠) − 𝐴𝑥 (𝑠, 1)
− 𝐾1 (𝑠) [𝑌1 (𝑠) − 𝐵𝑥 (𝑠, 1)]

= [𝐴 − 𝐾1 (𝑠) 𝐵] 𝑥 (𝑠, 1) + 𝑛 (𝑠)
− 𝐾1 (𝑠) 𝑉 (𝑠) − 𝐾1 (𝑠) 𝐶𝑈 (𝑠)

(24)

Assume𝑥(𝑠, 1) to be unbiased; in order to guarantee that𝑥(𝑠+1, 1) be an unbiased estimate of 𝑥(𝑠+1), we must have 𝐸[𝑥(𝑠+1, 1)] = 0, then we have

𝐾1 (𝑠) 𝐶 = 0 (25)

Substituting (25) into (24), (24) can be rewritten as

𝑥 (𝑠 + 1, 1) = [𝐴 − 𝐾1 (𝑠) 𝐵] 𝑥 (𝑠, 1) + 𝑛 (𝑠)
− 𝐾1 (𝑠) 𝑉 (𝑠) (26)
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From (26), the prediction error covariance matrix 𝑃1(𝑠 + 1) is
computed by

𝑃1 (𝑠 + 1) = 𝐸 [𝑥 (𝑠 + 1, 1) 𝑥𝑇 (𝑠 + 1, 1)]
= [𝐴 − 𝐾1 (𝑠) 𝐵] 𝑃1 (𝑠) [𝐴 − 𝐾1 (𝑠) 𝐵]𝑇 + 𝑄
+ 𝐾1 (𝑠) 𝑅𝐾𝑇1 (𝑠)

= 𝐾1 (𝑠)𝐷1 (𝑠)𝐾𝑇1 (𝑠) − 𝐺1 (𝑠) 𝐾𝑇1 (𝑠)
− 𝐾1 (𝑠) 𝐺𝑇1 (𝑠) + 𝐴𝑃1 (𝑠) 𝐴𝑇 + 𝑄

(27)

where 𝐷1(𝑠) and 𝐺1(𝑠) are given by (19) and (20). In order
to minimize the estimation error variance (27) under the
constraint (25), we introduce an auxiliary equation

𝐽 (𝑠) = 𝑡𝑟 {𝑃1 (𝑠 + 1)} + 𝑡𝑟 {𝐾1 (𝑠) 𝐶Λ (𝑠)}
+ 𝑡𝑟 {Λ𝑇 (𝑠) 𝐶𝑇𝐾𝑇1 (𝑠)} (28)

whereΛ(𝑠) is the Lagrange multipliers. Taking the derivatives
with respect to𝐾1(𝑠) equal to zero yields

𝐾1 (𝑠) 𝐷1 (𝑠) + Λ (𝑠) 𝐶𝑇 − 𝐺1 (𝑠) = 0 (29)

Combining (25) and (29) gives the matrix equation

[𝐷1 (𝑠) 𝐶
𝐶𝑇 0][

𝐾𝑇1 (𝑠)Λ (𝑠) ] = [
𝐺𝑇1 (𝑠)0 ] (30)

Equation (30) has a unique solution if and only if the
coefficients is nonsingular. Due to Assumption 3 and the fact
that 𝐷1(𝑠) is nonsingular, the coefficient matrix of (30) is
nonsingular. Obviously, premultiplying left- and right-hand
sides of (30) by the inverse of coefficient matrix yields (19)
and (21). When 𝑘 − 𝑑 < 𝑠 ≤ 𝑘, the proof is similar to the case0 ≤ 𝑠 ≤ 𝑘 − 𝑑, so we omit it here.

Remark 6. The system dimension will get more and more
higher with the increase of time delay d; thus, computational
complexity will get higher when using the classical state
augmentation approach. But when we adopt the reorganized
innovation analysis approach, we only need to solve two
Riccati equationswhich have the sameorder of the state equa-
tion, so it can greatly reduce the computational complexity
compared with the classical augmentation approach when
time delay d is large.

3.2. Infinite Horizon Estimation. In this subsection, we con-
sider the steady unbiased estimator design. First, let us
present the lemma below as the initial step for the conver-
gence analysis.

Lemma 7. If there exist 𝐾 ∈ 𝑅𝑛×(𝑚0+𝑚1) such that
𝐾𝐶 = 0,

𝜆𝑖 [𝐴 − 𝐾𝐵] < 1 (31)

for 𝑖 = 1, 2, . . . , 𝑛, then the sequence {𝑃1(𝑠+1)} abided by (22) is
bounded for any 𝑠 given any initial condition 0 ≤ {𝑃1(0)} ≤ ∞.

Proof. Let us consider a suboptimal unbiased filter as follows:

𝑥𝑠𝑢𝑏 (𝑠 + 1, 1) = 𝐴𝑥 (𝑠, 1) + 𝐾𝑠𝑢𝑏 [𝑌1 (𝑠) − 𝐵𝑥 (𝑠, 1)] ,
0 ≤ 𝑠 ≤ 𝑘 − 𝑑 (32)

where 𝐾𝑠𝑢𝑏𝐶 = 0, 𝜆𝑖[𝐴 − 𝐾𝑠𝑢𝑏𝐵] < 1. Then the following
state estimation error 𝑥𝑠𝑢𝑏(𝑠 + 1, 1) = 𝑥(𝑠 + 1) − 𝑥𝑠𝑢𝑏(𝑠 + 1, 1)
is given by

𝑥𝑠𝑢𝑏 (𝑠 + 1, 1) = [𝐴 − 𝐾𝑠𝑢𝑏𝐵] 𝑥𝑠𝑢𝑏 (𝑠, 1) + 𝑛 (𝑠)
− 𝐾𝑠𝑢𝑏𝑉 (𝑠) (33)

with the associated covariance matrix 𝑃𝑠𝑢𝑏1 (𝑠 + 1) being given
by

𝑃𝑠𝑢𝑏1 (𝑠 + 1) = [𝐴 − 𝐾𝑠𝑢𝑏𝐵]𝑃𝑠𝑢𝑏1 (𝑠) [𝐴 − 𝐾𝑠𝑢𝑏𝐵]𝑇
+ 𝑄 + 𝐾𝑠𝑢𝑏𝑅𝐾𝑠𝑢𝑏𝑇 (34)

Thus 𝑃𝑠𝑢𝑏1 (𝑠 + 1) is bounded for any nonnegative initial
condition due to the fact that 𝜆𝑖[𝐴 − 𝐾𝑠𝑢𝑏𝐵] < 1. Comparing
the above suboptimal estimator to the designed optimal
estimator, the optimality tell us that 𝑃1(𝑠 + 1) ≤ 𝑃𝑠𝑢𝑏1 (𝑠 + 1)
for the same initial value. This proves the boundedness of𝑃𝑠𝑢𝑏1 (𝑠 + 1).
Theorem 8. If there exist 𝐾 ∈ 𝑅𝑛×(𝑚0+𝑚1) such that 𝐾𝐶 =0, 𝜆𝑖[𝐴−𝐾𝐵] < 1, and𝐴,𝑄1/2 is stabilizable, then {𝑃1(𝑠 + 1)}
abided by (22) converges to a unique fixed point 𝑃1 for any
initial condition, where 𝑃1 is computed by

𝑃1 = 𝐾1𝐷1𝐾𝑇1 − 𝐺1𝐾𝑇1 − 𝐾1𝐺𝑇1 + 𝐴𝑃1𝐴𝑇 + 𝑄 (35)

and

𝐾1 = [𝐺1 − Λ𝑇1𝐶𝑇]𝐷−11 (36)

𝐷1 = 𝐵𝑃1𝐵𝑇 + 𝑅 (37)

𝐺1 = 𝐴𝑃1𝐵𝑇 (38)

Λ𝑇1 = [𝐶𝑇𝐷−11 𝐶]−1 𝐶𝑇𝐷−11 𝐺𝑇1 . (39)

When 0 < 𝑠 ≤ 𝑘 − 𝑑, we have the state predictor as follows:
𝑥 (𝑠 + 1, 1) = 𝐴𝑥 (𝑠, 1) + 𝐾1 [𝑌1 (𝑠) − 𝐵𝑥 (𝑠, 1)] (40)

𝑥 (0, 1) = 𝜇0 (41)

When 𝑘 − 𝑑 < 𝑠 ≤ 𝑘, the state predictor is as follows:
𝑥 (𝑠 + 1, 0) = 𝐴𝑥 (𝑠, 0)

+ 𝐾0 (𝑠) [𝑌0 (𝑠) − 𝐵0𝑥 (𝑠, 0)] (42)

𝑥 (𝑘 − 𝑑 + 1, 0) = 𝑥 (𝑘 − 𝑑 + 1, 1) , (43)
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where

𝐾0 (𝑠) = [𝐷−10 (𝑠) (𝐺𝑇0 (𝑠) − 𝐶0Λ𝑇0 (𝑠))]𝑇
𝐷0 (𝑠) = 𝐵0𝑃0 (𝑠) 𝐵𝑇0 + 𝑅0
𝐺0 (𝑠) = 𝐴𝑃0 (𝑠) 𝐵𝑇0
Λ𝑇0 (𝑠) = [𝐶𝑇0𝐷−10 (𝑠) 𝐶0]−1 𝐶𝑇0𝐷−10 (𝑠) 𝐺𝑇0 (𝑠)

(44)

The prediction error covariance matrix 𝑃0(𝑠 + 1) is computed
by

𝑃0 (𝑠 + 1) = 𝐾0 (𝑠) 𝐷0 (𝑠) 𝐾𝑇0 (𝑠) − 𝐺0 (𝑠)𝐾𝑇0 (𝑠)
− 𝐾0 (𝑠) 𝐺𝑇0 (𝑠) + 𝐴𝑃0 (𝑠) 𝐴𝑇 + 𝑄

(45)

𝑃0 (𝑘 − 𝑑 + 1) = 𝑃1. (46)

Proof. By simple calculation, the Riccati equation in (22) can
be formulated as

𝑃1 (𝑠 + 1) = [𝐴 − 𝐾1 (𝑠) 𝐵] 𝑃1 (𝑠) [𝐴 − 𝐾1 (𝑠) 𝐵]𝑇 + 𝑄
+ 𝐾1 (𝑠) 𝑅𝐾𝑇1 (𝑠) .

(47)

Then according to [35, 37] and Lemma 7, the convergence
analysis can be readily obtained and we omitted here.

Remark 9. Under the condition that 𝐾𝐶 = 0, 𝜆𝑖[𝐴 − 𝐾𝐵] <1, and 𝐴,𝑄1/2 is stabilizable, we have obtained the steady-
state filter (40).This is important when one desires to replace
the time-varying filter with the corresponding steady-state
version to reduce estimator complexity. On the other hand,
the filter in (42) only iterates 𝑑 − 1 steps; hence we can
implement the estimator in finite horizon on the basis of the
steady-state filter (40).

4. Numerical Example

In this section, we present a numerical example to manifest
the proposed approach about linear optimal estimation.
Consider the linear discrete-time system with measurement
delay and unknown observation disturbance

𝑥 (𝑘 + 1) = [0.78 0.40
0.30 0.60] 𝑥 (𝑘) + 𝑛 (𝑘) ,

𝑦0 (𝑘) = [1 2
2 1] 𝑥 (𝑘) + [

1
1] 𝑢0 (𝑘) + V0 (𝑘) ,

𝑦1 (𝑘) = [2 1
1 2] 𝑥 (𝑘 − 10) + [

1 0
0 1] 𝑢1 (𝑘)

+ V1 (𝑘) ,

(48)

where 𝑥(0) = [ −22 ], 𝑥(0, 1) = [ 00 ], 𝑄 = [ 1 00 1 ], 𝑢0(𝑘) = 0.2,𝑢1(𝑘) = [ 0.250.3 ] , 𝑅0 = 𝑅1 = 𝐼2×2, 𝑛(𝑘), V0(𝑘), and V1(𝑘) are
whites noises with zero mean and covariances 𝑄, 𝑅1 and 𝑅2,
respectively.
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Figure 1:The first state component𝑥1(𝑘) and the filter 𝑥1(𝑘) for two
channels.
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Figure 2:The second state component𝑥2(𝑘) and the predictor𝑥2(𝑘)
for two channels.

According toTheorem 5, the simulation results are given
in Figures 1 and 2, respectively. From the simulation results,
we observe that the estimator can track the true state 𝑥(𝑘)
well, which proves that our proposed approach in this paper
is effective. According toTheorem 8, we obtain the following
steady estimator:

𝑥 (𝑠 + 1, 1) = 𝐴𝑥 (𝑠, 1) + 𝐾1 [𝑌1 (𝑠) − 𝐵𝑥 (𝑠, 1)]
𝑥 (0, 1) = 𝜇0, (49)

where

𝑃 = [10.7546 7.0447
7.0447 6.1737] . (50)

5. Conclusion

In this paper, we have proposed a linear minimum unbiased
predictor for discrete-time systems with measurement delay
and unknown measurement disturbance. Firstly, we have
used the reorganized innovation analysis approach to deal
with the measurement delay. In this way, one has avoided
the giant computation brought by the augmentation approach
or partial difference Riccati equation approach. Then based
on the linear unbiased minimum variance criterion, we have
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calculated the minimum variance unbiased predictor, which
is designed by calculating twoRiccati equationswith the same
dimension as the state model. The future study direction is
to consider the linear unbiased estimation for discrete-time
systems with packet dropping and unknown disturbance,
where the unknown disturbance appears in both the state
equation and the measurement equation.
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An underactuated wheeled inverted pendulum (UWIP) is a nonlinear mechanical system that has two degrees of freedom and
has only one control input. The motion planning problem for this nonlinear system is difficult to solve because of the existence of
an uncontrollable manifold in the configuration space. In this paper, we present a method of designing motion trajectory for this
underactuated system.The design of trajectory is based on the dynamic properties of the UWIP system. Furthermore, the tracking
control of the UWIP for the constructed trajectory is also studied. A tracking control law is designed by using quadratic optimal
control theory. Numerical simulation results verify the effectiveness of the presented theoretical results.

1. Introduction

There aremany complex dynamic systems in nature.Thenon-
linear system is an important type of natural system. Since
this kind of system can more accurately reflect the essential
characteristics of natural systems, they have been attracting
more andmore attention in the past few decades. Researchers
have carried out intensively study on the dynamic analysis
and control problem for the nonlinear systems [1–8].

Recently, the control of the nonlinear underactuated
mechanical system (UMS) is a hot issue in the engineering
area. A UMS has fewer actuators than degrees of freedom
(DOF) [9].There are many examples of the UMS in our daily
life.Those include a surface vessel [10], a VTOL aircraft [11], a
bridge crane [12], an underwater vehicle [13], and a helicopter
[14]. The reduction of actuators makes the UMS have light
weight, low energy consumption, flexible movement, and
other features. It has wide application prospects in many
fields.

However, the control problems presented by the UMS are
not easy to solve because of the following two reasons. First,
the UMS usually has complex nonlinear dynamics and does

not be strict feedback linearized [15]. Second, the UMS has
nonholonomic constraints due to the reduction of actuators
[16].This means that the state variables of UMS are located in
an uncontrollable manifold in the configuration space. The
control of the UMS is a challenging problem in the nonlinear
control area.

In order to conveniently study the control theory of the
UMS, some experimental models of the UMS have been built
in a lab environment (e.g., Acrobot [17], Furuta pendulum
[18], Beam-ball [19], and TORA [20]). Based on these models,
many nonlinear control methods have been developed, for
example, an equivalent input disturbance (EID) method in
[21], an energy-based and nonsmooth Lyapunov function
method in [22], a reduced-order control method in [23], and
a PID passivity-based method in [24].

An underactuated wheeled inverted pendulum (UWIP)
is a recent presented lab model of the UMS [25]. This
mechanical system has a wheel and an inverted pendulum
(see Figure 1). An actuator drives the wheel to move in
a horizontal plane. And the inverted pendulum can freely
rotate in a vertical plane. The UWIP is a 2-DOF complex
nonlinear system that is not strict feedback linearizable. It
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Figure 1: Underactuated wheeled inverted pendulum (UWIP).

has a second-order nonholonomic constraint and has an
uncontrollable passive DOF. All these make the motion
control of the UWIP system be difficult to solve. So far,
there are no research results about the motion planning
of the system. This inspires the study in this paper. We
solve this difficult problem in this study. First, the dynamic
properties of the UWIP system are analyzed. Based on these
properties, a method of constructing a motion trajectory for
this mechanical system is developed. The trajectory starts
from the straight-down equilibrium point and ends at the
straight-up equilibrium point. After that, a tracking control
law is designed to quickly track the constructed trajectory.
This enables the stabilizing control of the UWIP between
two equilibrium points to be achieved along a reference
trajectory. Compared to a local stabilizing control method
for the UWIP in [25], our presented strategy uses a single
control law to achieve the stabilizing control of the UWIP
in its whole motion space. Moreover, we can predict the
movement process and transient characteristics of the UWIP
in advance. It is very useful to guarantee the operation of the
control system to be safe.The validity of the theoretical results
is demonstrated by numerical simulation experiment.

2. Model of Underactuated Wheeled
Inverted Pendulum

The model of the UWIP is shown in Figure 1, where 𝑚1, 𝐽1,𝐿1, and 𝜃1(𝑡) are the mass, the moment of inertia, the radius,
and the rotational angle of the wheel, respectively;𝑚2, 𝐽2, 𝐿2,
and 𝜃2(𝑡) are the mass, the moment of inertia, the distance
from the endpoint to the center of mass, and the rotational
angle of the pendulum, respectively; 𝐹(𝑡) is the input torque
applied on the wheel; 𝑔 = 9.80665𝑚/𝑠2 is the gravitational
acceleration.

It follows from the derivations in [25] that the kinetic and
potential energy of the UWIP system is

𝐾(𝜃, �̇�) = 12 �̇� (𝑡)⊤𝐷(𝜃2) �̇� (𝑡) ,
𝑃 (𝜃) = 𝛼4 cos 𝜃2 (𝑡) ,

(1)

where 𝜃(𝑡) = [𝜃1(𝑡), 𝜃2(𝑡)]⊤, �̇�(𝑡) = 𝑑𝜃(𝑡)/𝑑𝑡,
𝐷(𝜃2) = [ 𝛼1 𝛼2 cos 𝜃2 (𝑡)𝛼2 cos 𝜃2 (𝑡) 𝛼3 ] ,

𝛼1 = (𝑚1 + 𝑚2) 𝐿21 + 𝐽1,
𝛼2 = 𝑚2𝐿1𝐿2,
𝛼3 = 𝑚2𝐿22 + 𝐽2,
𝛼4 = 𝑚2𝐿2𝑔.

(2)

The Euler-Lagrange motion equations of the system are

𝑑𝑑𝑡 [
𝜕𝐿 (𝜃, �̇�)
𝜕 ̇𝜃1 ] − 𝜕𝐿 (𝜃, �̇�)𝜕𝜃1 = 𝐹 (𝑡) ,

𝑑𝑑𝑡 [
𝜕𝐿 (𝜃, �̇�)
𝜕 ̇𝜃2 ] − 𝜕𝐿 (𝜃, �̇�)𝜕𝜃2 = 0,

(3)

where𝐿(𝜃, �̇�) = 𝐾(𝜃, �̇�)−𝑃(𝜃) is the Lagrangian of the system.
Equation (3) is equivalent to

𝐷(𝜃2) [ ̈𝜃1 (𝑡)̈𝜃2 (𝑡)] + [
−𝛼2 ̇𝜃22 (𝑡) sin 𝜃2 (𝑡)−𝛼4 sin 𝜃2 (𝑡) ] = [𝐹 (𝑡)0 ] . (4)

The state variables of (4) are selected to be

𝑥1 (𝑡) = 𝜃1 (𝑡) ,
𝑥2 (𝑡) = 𝜃2 (𝑡) ,
𝑥3 (𝑡) = ̇𝜃1 (𝑡) ,
𝑥4 (𝑡) = ̇𝜃2 (𝑡) .

(5)

This gives the state-space form of (4) as

�̇�1 (𝑡) = 𝑥3 (𝑡) ,
�̇�2 (𝑡) = 𝑥4 (𝑡) ,

[�̇�3 (𝑡)�̇�4 (𝑡)] = 𝐷
−1 (𝑥2) [𝛼2𝑥

2
4 (𝑡) sin 𝑥2 (𝑡) + 𝐹 (𝑡)𝛼4 sin 𝑥2 (𝑡) ] .

(6)

3. Dynamic Properties of the UWIP System

TheUWIP system (6) has the following dynamic properties.

Theorem 1. If the control law for (6) is designed to be

𝐹 (𝑡) = −𝜇𝑥3 (𝑡) , 𝜇 > 0, (7)

then the closed-loop control system has two equilibrium points

𝑥
∗
𝑈 = [𝑥∗1 , 0, 0, 0]⊤ ,
𝑥
∗
𝐷 = [𝑥∗1 , 𝜋, 0, 0]⊤ ,

(8)

where 𝜇 and 𝑥∗1 are constants. Moreover, 𝑥∗𝐷 is a stable
equilibrium point while 𝑥∗𝑈 is not.
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Proof. Substituting (7) into (6) yields the closed-loop control
system

[[[[[
[

�̇�1 (𝑡)�̇�2 (𝑡)�̇�3 (𝑡)�̇�4 (𝑡)

]]]]]
]
= [[[[[
[

𝑥3 (𝑡)𝑥4 (𝑡)
𝐷−1 (𝑥2) [𝛼2𝑥

2
4 (𝑡) sin 𝑥2 (𝑡) − 𝜇𝑥3 (𝑡)𝛼4 sin 𝑥2 (𝑡) ]

]]]]]
]

(9)

The equilibrium points of the system (9) satisfy

𝑥3 (𝑡) = 0,
𝑥4 (𝑡) = 0,

[𝛼2𝑥24 (𝑡) sin 𝑥2 (𝑡) − 𝜇𝑥3 (𝑡)𝛼4 sin 𝑥2 (𝑡) ] = [00] .
(10)

It follows from (5) and (10) that 𝑥3(𝑡) = 𝑥4(𝑡) = 0, 𝑥1(𝑡) = 𝑥∗1 ,
and sin 𝑥2(𝑡) = 0. By considering the fact that 𝑥2(𝑡) = 𝜃2(𝑡) is
a cyclic variable with a period 2𝜋, it is easy to get 𝑥2(𝑡) = 0 or𝜋 from sin 𝑥2(𝑡) = 0. So, the equilibrium points of the closed-
loop control system are 𝑥∗𝑈 and 𝑥

∗
𝐷.

In order to determine the stability of the equilibrium
points 𝑥∗𝑈 and 𝑥

∗
𝐷, we approximately linearize the nonlinear

system (9) around them. It gives the following two approxi-
mate linearization matrices:

𝐴∗𝑈 =
[[[[[[[[
[

0 0 1 0
0 0 0 1
0 − 𝛼2𝛼4𝛼1𝛼3 − 𝛼22 −

𝜇𝛼3𝛼1𝛼3 − 𝛼22 00 𝛼1𝛼4𝛼1𝛼3 − 𝛼22
𝜇𝛼2𝛼1𝛼3 − 𝛼22 0

]]]]]]]]
]
,

𝐴∗𝐷 =
[[[[[[[[
[

0 0 1 0
0 0 0 1
0 − 𝛼2𝛼4𝛼1𝛼3 − 𝛼22 −

𝜇𝛼3𝛼1𝛼3 − 𝛼22 00 − 𝛼1𝛼4𝛼1𝛼3 − 𝛼22 −
𝜇𝛼2𝛼1𝛼3 − 𝛼22 0

]]]]]]]]
]
.

(11)

Both 𝐴∗𝑈 and 𝐴∗𝐷 have the same form

𝐴∗ = [[[[[
[

0 0 1 0
0 0 0 1
0 𝐴32 𝐴33 00 𝐴42 𝐴43 0

]]]]]
]
, (12)

where𝐴 𝑖𝑗 (𝑖 = 3, 4, 𝑗 = 2, 3) are constants. The characteristic
polynomial of the matrix 𝐴∗ is

𝑠𝐼4 − 𝐴∗
= 𝑠 [𝑠3 − 𝐴33𝑠2 − 𝐴42𝑠 + 𝐴42𝐴33 − 𝐴32𝐴43] , (13)

where 𝑠 is a variable symbol and 𝐼4 is a 4×4 identity matrix. By
using Routh-Hurwitz stability criterion [26], it is not difficult
to obtain the stability conditions for 𝐴∗ as

𝐴33 < 0,
𝐴32𝐴43 > 0,

𝐴42𝐴33 − 𝐴32𝐴43 > 0.
(14)

Since 𝛼𝑖 > 0 (𝑖 = 1, 2, 3, 4) and 𝛼1𝛼3 − 𝛼22 > 0, a simple
verification gives that 𝐴∗𝐷 satisfies (14) and 𝐴∗𝑈 does not. So,
the equilibrium point 𝑥∗𝐷 is stable and 𝑥∗𝑈 is unstable. The
proof is completed.

Theorem2. The closed-loop control system (6) and (7) asymp-
totically converges to the equilibrium point 𝑥∗𝐷 if the initial
condition 𝑥∗0 is different from 𝑥

∗
𝑈.

Proof. For the closed-loop control system (6) and (7), a
Lyapunov function is designed to be

𝑉 (𝑥) = 12 [𝑥3, 𝑥4] [
𝛼1 𝛼2 cos 𝑥2𝛼2 cos 𝑥2 𝛼3 ] [𝑥3𝑥4]

+ 𝛼4 (1 + cos 𝑥2) .
(15)

Then, we get

d𝑉 (𝑥)𝑑𝑡
= [𝑥3, 𝑥4] [ 𝛼1 𝛼2 cos𝑥2𝛼2 cos 𝑥2 𝛼3 ][�̇�3�̇�4]

+ 12 [𝑥3, 𝑥4] [
0 −𝛼2𝑥4 sin 𝑥2−𝛼2𝑥4 sin 𝑥2 0 ] [𝑥3𝑥4]

− 𝛼4𝑥4 sin 𝑥2
= [𝑥3, 𝑥4] [𝛼2𝑥

2
4 sin 𝑥2 − 𝜇𝑥3𝛼4 sin 𝑥2 ]

− (𝛼2𝑥3𝑥4 + 𝛼4) 𝑥4 sin 𝑥2 = −𝜇𝑥23 (𝑡) ≤ 0.

(16)

Letting �̇�(𝑥) = 0 gives 𝑥3(𝑡) = 0. Combining 𝑥3(𝑡) = 0
and the third equation of (4) yields

(𝛼3𝑥24 (𝑡) − 𝛼4 cos 𝑥2 (𝑡)) sin 𝑥2 (𝑡) = 0. (17)

In addition, �̇�(𝑥) = 0 means that 𝑉(𝑥) = 𝐶 is a constant. It
follows from 𝑥3(𝑡) = 0 and 𝑉(𝑥) = 𝐶 that

𝛼3𝑥24 (𝑡) + 𝛼4 cos 𝑥2 (𝑡) = 𝐶 − 𝛼4. (18)

Note that (17) means

𝛼3𝑥24 (𝑡) − 𝛼4 cos 𝑥2 (𝑡) = 0 (19)

or

sin 𝑥2 (𝑡) = 0. (20)
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Figure 2: Physical models of 𝑥∗𝑈 and 𝑥
∗
𝐷.

Combining (18) and (19) yields that 𝑥2(𝑡) is a constant. The
second equation of (6) gives 𝑥4(𝑡) = 0. From (19), we get
cos𝑥2(𝑡) = 0. Furthermore, it follows from 𝑥3(𝑡) = 𝑥4(𝑡) = 0
and (6) that sin 𝑥2(𝑡) = 0. It is in conflict with cos 𝑥2(𝑡) = 0.
So, (19) does not hold.

The above analysis results tell us that 𝑥3(𝑡) = 𝑥4(𝑡) = 0
and sin 𝑥2(𝑡) = 0 from �̇�(𝑥) = 0. By using LaSalle’s theorem
[15], we know that the closed-loop control system (6) and (7)
asymptotically converges to the largest invariant set in

Ω = {𝑥 (𝑡) | 𝑥3 (𝑡) = 𝑥4 (𝑡) = 0, sin 𝑥2 (𝑡) = 0}
= {𝑥∗𝐷,𝑥∗𝑈} . (21)

Since 𝑥∗𝑈 is an unstable equilibrium point of the closed-loop
system (6) and (7), the system asymptotically converges to 𝑥∗𝐷
when 𝑥∗0 ̸= 𝑥∗𝑈. The proof is completed.

Remark 3. The point 𝑥∗𝑈 means that the pendulum of the
UWIP is stabilized at the straight-up position while the
wheel does not spin. Similarly, the meaning of 𝑥∗𝐷 is that the
pendulum is stabilized at the straight-down position while
the wheel does not spin. The physical models of 𝑥∗𝑈 and 𝑥

∗
𝐷

are shown in Figure 2. Note that 𝑥3(𝑡) = ̇𝜃1(𝑡) is the velocity
variable of the wheel. So, the control law 𝐹(𝑡) designed in
(7) can be considered as a virtual friction torque for the
UWIP system. Under the operation of this torque, the UWIP
asymptotically converges to 𝑥∗𝐷 from any initial position 𝑥∗0 ̸=
𝑥
∗
𝑈. This property will be used to design a trajectory for the

UWIP in its whole motion space below.

4. Design of Motion Trajectory

In this section, a motion trajectory of the UWIP between the
equilibrium points 𝑥∗𝐷 and 𝑥

∗
𝑈 is designed.The design process

of the trajectory has the following three steps.

Step 1. The initial condition of the closed-loop system (6) and
(7) is selected to be

𝑥
∗
0 = [𝑥∗1 , 0, 𝜔, 0]⊤ , (22)

where 𝜔 > 0 is a very small constant. The physical meaning
for (22) is that the UWIP starts to move from the position 𝑥∗𝑈
with a small velocity in the wheel. Since 𝑥∗0 ̸= 𝑥∗𝑈, it follows
from theTheorem 2 that the UWIP asymptotically converges
to the equilibrium point 𝑥∗𝐷. This motion trajectory and its
accompanied control input are denoted to be

𝑥𝐷 (𝑡) = [𝑥𝐷1 (𝑡) , 𝑥𝐷2 (𝑡) , 𝑥𝐷3 (𝑡) , 𝑥𝐷4 (𝑡)]⊤ ,
𝐹𝐷 (𝑡) = −𝜇𝑥𝐷3 (𝑡) , 𝑡 ∈ [0, 𝑇] , (23)

where 𝑇 is the stabilization time that is defined to be

𝑥𝐷 (𝑡) − 𝑥∗𝐷2 ≤ 0.05, 𝑡 ≥ 𝑇. (24)

Equation (24) means that 𝑥𝐷(𝑡) = 𝑥∗𝐷 approximately holds
when 𝑡 ≥ 𝑇.
Step 2. Based on 𝑥𝐷(𝑡) and 𝐹𝐷(𝑡), we construct

𝑥𝑈 (𝑡) = [𝑥𝑈1 (𝑡) , 𝑥𝑈2 (𝑡) , 𝑥𝑈3 (𝑡) , 𝑥𝑈4 (𝑡)]⊤ ,
𝑥𝑈1 (𝑡) = 𝑥𝐷1 (𝑇 − 𝑡) ,
𝑥𝑈2 (𝑡) = 𝑥𝐷2 (𝑇 − 𝑡) ,
𝑥𝑈3 (𝑡) = −𝑥𝐷3 (𝑇 − 𝑡) ,
𝑥𝑈4 (𝑡) = −𝑥𝐷4 (𝑇 − 𝑡) ,
𝐹𝑈 (𝑡) = 𝐹𝐷 (𝑇 − 𝑡) , 𝑡 ∈ [0, 𝑇] .

(25)

Note that 𝑥𝐷1(𝑡) and 𝑥𝐷2(𝑡) are the position variables, and𝑥𝐷3(𝑡) and 𝑥𝐷4(𝑡) are the velocity variables of the UWIP
system. Thus, 𝑥𝑈(𝑡) is a reverse trajectory of 𝑥𝐷(𝑡) during𝑡 ∈ [0, 𝑇]. And the initial and final positions of 𝑥𝑈(𝑡) are

𝑥𝑈 (0) = [𝑥𝐷1 (𝑇) , 𝑥𝐷2 (𝑇) , −𝑥𝐷3 (𝑇) , −𝑥𝐷4 (𝑇)]⊤
≈ 𝑥∗𝐷,

𝑥𝑈 (𝑇) = [𝑥𝐷1 (0) , 𝑥𝐷2 (0) , −𝑥𝐷3 (0) , −𝑥𝐷4 (0)]⊤
= [𝑥∗1 , 0, −𝜔, 0]⊤ ≜ �̃�∗0 .

(26)
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Figure 3: The diagram of the trajectory 𝑥𝑅(𝑡).

Let V = 𝑇 − 𝑡. Since 𝑥𝐷(𝑡) and 𝐹𝐷(𝑡) satisfy (6), we get
𝑑𝑥𝑈1 (𝑡)𝑑𝑡 = 𝑑𝑥𝑈1 (𝑡)𝑑V 𝑑V𝑑𝑡 = −𝑑𝑥𝐷1 (V)𝑑V = −𝑥𝐷3 (V)
= 𝑥𝑈3 (𝑡) ,

𝑑𝑥𝑈2 (𝑡)𝑑𝑡 = 𝑑𝑥𝑈2 (𝑡)𝑑V 𝑑V𝑑𝑡 = −𝑑𝑥𝐷2 (V)𝑑V = −𝑥𝐷4 (V)
= 𝑥𝑈4 (𝑡) ,

[[
[
𝑑𝑥𝑈3 (𝑡)𝑑𝑡𝑑𝑥𝑈4 (𝑡)𝑑𝑡

]]
]
= [[
[
𝑑𝑥𝑈3 (𝑡)𝑑V 𝑑V𝑑𝑡𝑑𝑥𝑈4 (𝑡)𝑑V 𝑑V𝑑𝑡

]]
]
= [[
[
𝑑𝑥𝐷3 (V)𝑑V𝑑𝑥𝐷4 (V)𝑑V

]]
]

= 𝐷−1 (𝑥𝐷2 (V)) [𝛼2𝑥
2
𝐷4 (V) sin 𝑥𝐷2 (V) + 𝐹𝐷 (V)𝛼4 sin 𝑥𝐷2 (V) ]

= 𝐷−1 (𝑥𝑈2 (𝑡)) [𝛼2𝑥
2
𝑈4 (𝑡) sin 𝑥𝑈2 (𝑡) + 𝐹𝑈 (𝑡)𝛼4 sin 𝑥𝑈2 (𝑡) ] .

(27)

This means that 𝑥𝑈(𝑡) and 𝐹𝑈(𝑡) satisfy (6).
Step 3. Since the constant 𝜔 is very small, �̃�∗0 is very close to
the equilibrium point 𝑥∗𝑈. It enables us to introduce a time
period Δ𝑇 and to define

𝑥𝑅 (𝑡) = [𝑥𝑅1 (𝑡) , 𝑥𝑅2 (𝑡) , 𝑥𝑅3 (𝑡) , 𝑥𝑅4 (𝑡)]⊤ ,
𝑥𝑅 (𝑡) = {{{

𝑥𝑈 (𝑡) , 𝑡 ∈ [0, 𝑇] ,
𝑥
∗
𝑈, 𝑡 ∈ (𝑇, 𝑇 + Δ𝑇] ,

𝐹𝑅 (𝑡) = {{{
𝐹𝑈 (𝑡) , 𝑡 ∈ [0, 𝑇] ,
0, 𝑡 ∈ (𝑇, 𝑇 + Δ𝑇] .

(28)

The diagram of the trajectory 𝑥𝑅(𝑡) is shown in Figure 3. Note
that 𝑥𝑅(𝑡) is a motion trajectory of the UWIP between the
equilibrium points 𝑥∗𝐷 and 𝑥

∗
𝑈. By comparing 𝑥𝑈(𝑇) to 𝑥∗𝑈,

we find that the element 𝑥𝑅3(𝑡) in 𝑥𝑅(𝑡) suffers from a very
small step change at 𝑡 = 𝑇. Furthermore, it is not difficult to
verify that 𝑥𝑅(𝑡) and 𝐹𝑅(𝑡) also satisfy (6) because 𝑥𝑈(𝑡) and𝐹𝑈(𝑡) satisfy (6).

5. Design of Tracking Control Law

The design of tracking control law for the trajectory 𝑥𝑅(𝑡) is
concerned in this section. Denote the error variables to be

𝑒 (𝑡) = [𝑒1 (𝑡) , 𝑒2 (𝑡) , 𝑒3 (𝑡) , 𝑒4 (𝑡)]⊤ ,
𝑒1 (𝑡) = 𝑥1 (𝑡) − 𝑥𝑅1 (𝑡) ,
𝑒2 (𝑡) = 𝑥2 (𝑡) − 𝑥𝑅2 (𝑡) ,
𝑒3 (𝑡) = 𝑥3 (𝑡) − 𝑥𝑅3 (𝑡) ,
𝑒4 (𝑡) = 𝑥4 (𝑡) − 𝑥𝑅4 (𝑡) ,
𝜏 (𝑡) = 𝐹 (𝑡) − 𝐹𝑅 (𝑡) .

(29)

From (6), we get the nonlinear error dynamic equations as

[[[[[
[

̇𝑒1 (𝑡)̇𝑒2 (𝑡)̇𝑒3 (𝑡)̇𝑒4 (𝑡)

]]]]]
]
= [[[[[
[

𝑒3 (𝑡)𝑒4 (𝑡)𝑓1 (𝑒)𝑓2 (𝑒)

]]]]]
]
+ [[[[[
[

0
0

𝑔1 (𝑒)𝑔2 (𝑒)

]]]]]
]
𝜏 (𝑡) , (30)
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where

[𝑓1 (𝑒)𝑓2 (𝑒)] = Φ
−1 (𝑒2) (𝜙1 (𝑒2) + 𝜙2 (𝑒)) ,

[𝑔1 (𝑒)𝑔2 (𝑒)] = Φ
−1 (𝑒2) [10] ,

𝜙1 (𝑒2) = [−𝛼2�̇�𝑅4 (cos (𝑒2 + 𝑥𝑅2) − cos 𝑥𝑅2)−𝛼2�̇�𝑅3 (cos (𝑒2 + 𝑥𝑅2) − cos 𝑥𝑅2)] ,
𝜙2 (𝑒)
= [𝛼2 ((𝑒4 + 𝑥𝑅4)2 sin (𝑒2 + 𝑥𝑅2) − 𝑥2𝑅4 sin 𝑥𝑅2)𝛼4 (sin (𝑒2 + 𝑥𝑅2) − sin 𝑥𝑅2) ] ,

Φ (𝑒2) = [ 𝛼1 𝛼2 cos (𝑒2 + 𝑥𝑅2)𝛼2 cos (𝑒2 + 𝑥𝑅2) 𝛼3 ] .

(31)

In order to make the UWIP track the trajectory 𝑥𝑅(𝑡), we
need to design a stabilizing control law 𝜏(𝑡) for (30) such that
𝑒(𝑡) converges to the origin quickly.

Note that (30) is a complex nonlinear control system for
𝑒(𝑡). An approximate linearization method is used to design
the stabilizing control law here. Linearizing (30) around
𝑒(𝑡) = 0 gives the following linear approximation model:

�̇� (𝑡) = 𝐴 (𝑡) 𝑒 (𝑡) + 𝐵 (𝑡) 𝜏 (𝑡) , (32)

where

𝐴 (𝑡) = [[[[[
[

0 0 1 0
0 0 0 1
0 Ψ1 (𝑡) Ψ2 (𝑡) 00 Ψ3 (𝑡) Ψ4 (𝑡) 0

]]]]]
]
,

𝐵 (𝑡) = [[[[[
[

0
0

Ψ5 (𝑡)Ψ6 (𝑡)

]]]]]
]
,

Ψ1 (𝑡) = 𝛼2𝛼3𝜑1 (𝑡) − 𝛼2 cos 𝑥𝑅2 (𝑡) 𝜑2 (𝑡)𝛼1𝛼3 − 𝛼22cos2𝑥𝑅2 (𝑡) ,
Ψ2 (𝑡) = 2𝛼2𝛼3𝑥𝑅4 (𝑡) sin 𝑥𝑅2 (𝑡)𝛼1𝛼3 − 𝛼22cos2𝑥𝑅2 (𝑡) ,
Ψ3 (𝑡) = −𝛼22 cos 𝑥𝑅2 (𝑡) 𝜑1 (𝑡) + 𝛼1𝜑2 (𝑡)𝛼1𝛼3 − 𝛼22cos2𝑥𝑅2 (𝑡) ,
Ψ4 (𝑡) = −2𝛼22𝑥𝑅4 (𝑡) sin 𝑥𝑅2 (𝑡) cos 𝑥𝑅2 (𝑡)𝛼1𝛼3 − 𝛼22cos2𝑥𝑅2 (𝑡) ,

Ψ5 (𝑡) = 𝛼3𝛼1𝛼3 − 𝛼22cos2𝑥𝑅2 (𝑡) ,
Ψ6 (𝑡) = − 𝛼2 cos 𝑥𝑅2 (𝑡)𝛼1𝛼3 − 𝛼22cos2𝑥𝑅2 (𝑡) ,
𝜑1 (𝑡) = �̇�𝑅4 (𝑡) sin 𝑥𝑅2 (𝑡) + 𝑥2𝑅4 (𝑡) cos 𝑥𝑅2 (𝑡) ,
𝜑2 (𝑡) = 𝛼2�̇�𝑅3 (𝑡) sin 𝑥𝑅2 (𝑡) + 𝛼4 cos 𝑥𝑅2 (𝑡) .

(33)

Assume that (𝐴(𝑡), 𝐵(𝑡)) is controllable. So, the time-variant
Ricatti matrix equation

�̇� (𝑡) + 𝐴⊤ (𝑡) 𝑃 (𝑡) + 𝑃 (𝑡) 𝐴 (𝑡)
− 𝑃 (𝑡) 𝐵 (𝑡) 𝑅−1𝐵⊤ (𝑡) 𝑃 (𝑡) + 𝑄 = 0 (34)

has a positive definite solution 𝑃(𝑡), where 𝑄 ∈ R4×4 is a
positive definite matrix and 𝑅 is a positive constant. Based
on the quadratic optimal control theory, the control law

𝜏 (𝑡) = −𝑅−1𝐵⊤ (𝑡) 𝑃 (𝑡) (35)

stabilizes the error dynamic equation (32) at the origin
quickly. As a result, the control law 𝐹(𝑡) = 𝜏(𝑡) + 𝐹𝑅(𝑡)
enables the UWIP quickly to track the trajectory 𝑥𝑅(𝑡). This
guarantees the control objective of swing the UWIP up from
𝑥
∗
𝐷 and stabilizing it at 𝑥∗𝑈 to be achieved.

6. Numerical Example

This section presents a numerical example to verify the
validity of the above theoretical analysis results.

The physical parameters of the UWIP in [25] were chosen
for simulations

𝑚1 = 1 kg,
𝑚2 = 2 kg,
𝐿1 = 0.1m,
𝐿2 = 0.2m,
𝐽1 = 0.01 kg ⋅m2,
𝐽2 = 0.0267 kg ⋅m2.

(36)

And the parameters in (7) and (22) were selected to be

𝜇 = 0.25,
𝑥∗1 = 0,
𝜔 = 0.001.

(37)

The sampling period for simulations was chosen to be 0.001
s. From the design process in Step 1 of Section 4, we got the
trajectory 𝑥𝐷(𝑡) (see Figure 4). The simulation result shows
that the UWIP starts to move from the position 𝑥∗0 in (22)
and is stabilized at the position 𝑥∗𝐷 in (8). The stabilizing
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Figure 4: Simulation result of the trajectory 𝑥𝐷(𝑡).
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Figure 5: Time response of the trajectory 𝑥𝑅(𝑡).

motion process of the UWIP is smooth. And the stabilization
time is 𝑇 = 10 s. This demonstrates the effectiveness of the
Theorem 2.

The time period Δ𝑇 in (28) was taken to be 1 s. From the
design process in Steps 2 and 3 of Section 4, the trajectory
𝑥𝑅(𝑡)was obtained in Figure 5 based on 𝑥𝐷(𝑡), (25), and (28).
The simulation results in Figure 5 show that 𝑥𝑅(𝑡) is a motion
trajectory of theUWIP from𝑥∗𝐷 to𝑥

∗
𝑈. To design a control law

of tracking this trajectory, the parameters in (34) were chosen
to be 𝑄 = 0.5𝐼4 and 𝑅 = 5. And the MATLAB function 𝐿𝑄𝑅
was used to solve (34). The tracking control results for the
desired trajectory 𝑥𝑅(𝑡) are shown in Figure 6. Note that the
UWIP quickly and exactly tracks the𝑥𝑅(𝑡) by the operation of
our designed tracking control law. As a result, the stabilizing
control of the UWIP from 𝑥∗𝐷 to 𝑥∗𝑈 is achieved along the
trajectory 𝑥𝑅(𝑡).
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Figure 6: Tracking control of the UWIP for the trajectory 𝑥𝑅(𝑡).
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Figure 7: Simulation results of tracking 𝑥𝑅(𝑡) when considering parameter uncertainties, external disturbances, and input saturation.

In order to show the applicability of the presented strategy
under realistic conditions, its robustness needs to be verified.
To do that, we took the parameter 𝐽1 to be 5% smaller and 𝐽2
to be 5% larger than their nominal values, added white noise
disturbances to the measured variable (peak value: ±0.1), and
set the saturation range of input to be [-3.5, 3]. Simulation
results show that our developed method is still effective in
that case (see Figure 7).

7. Conclusion

This paper addressed the trajectory design and tracking
control problems for an underactuated wheeled inverted
pendulum (UWIP). A new motion planning strategy was
developed for this underactuated system. First, the dynamic
properties of the UWIP system were analyzed. And then, the
analysis properties were used to construct a trajectory of the
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UWIP between two equilibrium points. After that, a control
law was designed to make the UWIP track the constructed
trajectory. This ensured the motion control of the UWIP
between two equilibrium points to be achieved. Finally,
numerical simulation results demonstrated the validity of
our theoretical results. In the future, we will further explore
how to extend the main idea of our presented method to the
control of other nonlinear systems.
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The purpose of this paper is to explore modeling mechanism of a nonhomogeneous multivariable grey prediction NMGM(1, 𝑚,𝑘𝛼) model and its application. Although multi-variable grey prediction MGM(1, 𝑚) model has been employed in many fields,
its prediction results are not always satisfactory. Traditional MGM(1, 𝑚) model is constructed on the hypothesis that original data
sequences are in accordwith homogeneous index trend; however, the nonhomogeneous index data sequences are themost common
data existing in all systems, and how to handle multivariable nonhomogeneous index data sequences is an urgent problem. This
paper proposes a novel nonhomogeneous multivariable grey prediction model termed NMGM(1, 𝑚, 𝑘𝛼) to deal with those data
sequences that are not in accord with homogeneous index trend. Based on grey prediction theory, by least square method and
solutions of differential equations, the modeling mechanism and time response function of the proposed model are expounded. A
case study demonstrates that the novel model provides preferable prediction performance compared with traditional MGM(1, 𝑚)
model. This work is an extension of the multivariable grey prediction model and enriches the study of grey prediction theory.

1. Introduction

Grey system theory (GST), with the superiority of dealing
with uncertain problems that have partially unknown param-
eters, has been developed greatly since it was applied to
system theory [1]. Traditional system analysis theory such
as the qualitative theory of dynamic systems [2–18] is built
on the assumption of acknowledging the system structure.
However, with the rapid development of science and technol-
ogy, it is impossible to completely master system structure as
the system is becoming more complex and uncertain. Grey
system theory has been adopted to various aspects of fields
including systems analysis, forecasting, and decision-making
due to its advantages in tackling semicomplex uncertainty
problems.

Forecasting a future development is always of significant
importance in energy [19], science and technology [20],
and some other fields. A large number of studies on fore-
casting models and applications have been reported, such
as garch-types models needing plenty of data, and sample
size would limit the predictive accuracy of those methods

[21]. Nevertheless, searching enough effective data is almost
impossible either in physical system or in generalized system.
Grey prediction models show excellent ability in dealing with
small data problems since they were proposed by Professor
Deng [22].

Grey forecasting models can be divided into two cate-
gories according to the number of variables, single-variable
grey forecasting models where GM(1, 1) is the core [23–26]
and multivariable grey forecasting models, represented by
GM(1, 𝑛) [27–29] and MGM(1, 𝑚) [30]. Zeng et al. [27]
pointed out that there were some structure deficiencies in
GM(1, 𝑛), which may lead to greater errors. The MGM(1,𝑚) model can reflect mutual relationship among systematic
variables and performed better prediction accuracy com-
pared with single variable prediction models. Compared to
signal grey prediction models, multivariable grey prediction
model MGM(1, 𝑚) is a distinct grey model being adequate
for considering the mutual interactions of multiple variables
in a system, and it is of vital importance in simulating and
forecasting the multivariable data sequences.
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The nonhomogeneous index data sequences are the most
common data existing in all systems, Cui et al. [31] put
forward a novel NGM(1, 1, 𝑘)model in order to solve the non-
homogeneous index function and established the foundation
of our study. This grey model (NGM) is a novel tool to tackle
the nonhomogeneous data sequence, which attracted consid-
erable interest of research [32]. How to handle multivariable
nonhomogeneous data sequences is an urgent problem; this
paper expounds a novel nonhomogeneous multivariable grey
prediction model termed NMGM(1, 𝑚, 𝑘𝛼) to tackle the
multivariable nonhomogeneous index data sequences.

In recent years, great attention has been devoted to
optimizing and expanding applications of MGM(1,𝑚) model
[33–38]. Xiong et al. [33] provided background values to
improve the original MGM model, which can be used to
eliminate the random fluctuations and errors of the obser-
vational data. Guo et al. [37] constructed SMGM through
coupling self-memory principle of dynamic system toMGM;
the example showed that SMGM had superior predictive
performance over other traditional grey prediction models.
Karaaslan and �̈�zden [38] analyzed Turkey’s ratings credit
by multivariable grey prediction model and expanded the
application scope of multivariable grey prediction model.
Those studies illustrated that multivariable grey prediction
model is widely used in many fields.

Through analyzing the existing research on MGM(1, 𝑚)
model, we find that most of scholars optimized the model
from the view of modeling parameters to better fit data
sequences with index law rather than optimizing the model
from modeling structure of MGM(1, 𝑚) model. Traditional
MGM(1, 𝑚) model was constructed on the hypothesis that
data sequences are suitable for grey exponential law resulted
from accumulated generation operation. The simulated orig-
inal data sequences are usually in the form of𝑋(0) (𝑘) = 𝑒𝐵𝑘𝐴, 𝑘 ≥ 2. (1)

However, in multivariable system analysis, there are only a
few data with characteristic of this hypothesis but more for
other hypotheses that original data sequences are in accord
with nonhomogeneous index trend.Therefore, it is necessary
to propose a novel multivariable grey prediction model that
is proper for data sequences that are not in accord with
homogeneous index trend. This paper presents the novel
model NMGM(1, 𝑚, 𝑘𝛼) to handle the nonhomogeneous
index data sequences in the form of𝑋(0) (𝑘) = 𝑒𝐵𝑘𝐴 + 𝐶, 𝑘 ≥ 2. (2)

By least square method and differential equations, we obtain
parameters identification values and time response function
of the novel model. The prediction accuracy is theoretically
analyzed and a case study is presented to illustrate the effec-
tiveness of the proposedmodel.The remainder of this paper is
organized as follows. Anovel nonhomogeneousmultivariable
grey prediction model and its modeling mechanism are
presented in Section 2.Theprecision analysis and a case study
are adopted to demonstrate the effectiveness and practicality
of the novel model in Section 3. Our conclusions and future
work are given in Section 4.

2. Grey NMGM(1, 𝑚, 𝑘𝛼) Model

Multivariable grey prediction model is one of the frequently
used grey forecasting models. In this section, we present
the modeling mechanism and time response function of the
novel model NMGM(1, 𝑚, 𝑘𝛼). The constructing process of
NMGM(1, 𝑚, 𝑘𝛼) is presented below.

Definition 1. Assume that 𝑋(0) = (𝑋(0)1 , 𝑋(0)2 , . . . , 𝑋(0)𝑚 )𝑇 is a
nonnegative original data matrix and the original nonnega-
tive data vector 𝑋(0)𝑗 is𝑋(0)𝑗 = (𝑥(0)𝑗 (1) , 𝑥(0)𝑗 (2) , . . . , 𝑥(0)𝑗 (𝑛)) , 𝑗 = 1, 2, . . . , 𝑚. (3)

The data matrix 𝑋(1) = (𝑋(1)1 , 𝑋(1)2 , . . . , 𝑋(1)𝑚 )𝑇 is called the
first-order accumulated generation vector, where𝑋(1)𝑗 = (𝑥(1)𝑗 (1) , 𝑥(1)𝑗 (2) , . . . , 𝑥(1)𝑗 (𝑛)) , 𝑗 = 1, 2, . . . , 𝑚 (4)

and 𝑥(1)𝑗 (𝑘) = 𝑘∑
𝑖=1

𝑥(0)𝑗 (𝑖) , 𝑘 = 1, 2, . . . , 𝑛. (5)

The adjacent neighbour average sequence is𝑍(1) = (𝑍(1)1 , 𝑍(1)2 ,. . . , 𝑍(1)𝑚 )𝑇 and𝑍(1)𝑗 = (𝑧(1)𝑗 (1) , 𝑧(1)𝑗 (2) , . . . , 𝑧(1)𝑗 (𝑛)) , 𝑗 = 1, 2, . . . , 𝑚, (6)

where𝑧(1)𝑗 (𝑘) = 0.5 (𝑥(1)𝑗 (𝑘) + 𝑥(1)𝑗 (𝑘 − 1)) , 𝑘 = 2, 3, . . . , 𝑛. (7)

The original form of nonhomogeneousmultivariable grey
prediction model abbreviated NMGM(1, 𝑚, 𝑘𝛼) is defined as
follows:𝑑𝑥(1)1 (𝑡)𝑑𝑡 = 𝑎11𝑥(1)1 (𝑡) + 𝑎12𝑥(1)2 (𝑡) + ⋅ ⋅ ⋅ + 𝑎1𝑚𝑥(1)𝑚 (𝑡)+ 𝑏1𝑡𝛼,𝑑𝑥(1)2 (𝑡)𝑑𝑡 = 𝑎21𝑥(1)1 (𝑡) + 𝑎22𝑥(1)2 (𝑡) + ⋅ ⋅ ⋅ + 𝑎2𝑚𝑥(1)𝑚 (𝑡)+ 𝑏2𝑡𝛼, ...𝑑𝑥(1)𝑚 (𝑡)𝑑𝑡 = 𝑎𝑚1𝑥(1)1 (𝑡) + 𝑎𝑚2𝑥(1)2 (𝑡) + ⋅ ⋅ ⋅ + 𝑎𝑚𝑚𝑥(1)𝑚 (𝑡)+ 𝑏𝑚𝑡𝛼,

(8)
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where 𝛼 ≥ 0. We denote the notation

𝐴 = (𝑎11 𝑎12 ⋅ ⋅ ⋅ 𝑎1𝑚𝑎21 𝑎22 ⋅ ⋅ ⋅ 𝑎2𝑚... ... d
...𝑎𝑚1 𝑎𝑚2 ⋅ ⋅ ⋅ 𝑎𝑚𝑚) and

𝐵 = (𝑏1...𝑏𝑚).
(9)

For the convenience of the reader, (8) can be written in
matrix, which is 𝑑𝑋(1) (𝑡)𝑑𝑡 = 𝐴𝑋(1) (𝑡) + 𝐵𝑡𝛼. (10)

Definition 2. Assume that 𝑋(0) is nonnegative original
data matrix, 𝑋(1) is the first-order accumulated generation
sequences, and𝑍(1) is adjacent neighbour average sequences.
The differential equation𝑑𝑋(1) (𝑡)𝑑𝑡 = 𝐴𝑍(1) (𝑡) + 𝐵𝑡𝛼 (11)

is said to be basic form of nonhomogeneous multivariable
grey prediction model abbreviated as NMGM(1, 𝑚, 𝑘𝛼). The
differential equation𝑑𝑋(1) (𝑡)𝑑𝑡 = 𝐴𝑋(1) (𝑡) + 𝐵𝑡𝛼 (12)

is said to be whitening differential equation of greyNMGM(1,𝑚, 𝑘𝛼) model. The discrete form of NMGM(1, 𝑚, 𝑘𝛼) model
is𝑥(0)𝑗 (𝑘) = 𝑚∑

𝑙=1

𝑎𝑗𝑙𝑧(1)𝑙 (𝑘) + 𝑏𝑗𝑘𝛼,𝑗 = 1, 2, . . . , 𝑚, 𝑘 = 1, 2, . . . , 𝑛. (13)

The novel model NMGM(1, 𝑚, 𝑘𝛼) contains a nonlinear
correction term 𝐵𝑘𝛼, and 𝐵𝑘𝛼 is said to be time term of the
model. The restored values of original data sequences can
be adjusted through their coefficients 𝐵𝑘𝛼, which is more
suitable for time series prediction. It is easy to see that
MGM(1,𝑚)model is a special case ofNMGM(1,𝑚, 𝑘𝛼 )model
when 𝛼 = 0.

In the following, we illustrate the modeling mechanism
of NMGM(1, 𝑚, 𝑘𝛼) model.

Theorem 3. Assume that 𝑋(0) is nonnegative original data
matrix, 𝑋(1) is first-order accumulated generation sequences,
and 𝑍(1) is adjacent neighbour average sequences. If 𝑎𝑗 =(𝑎𝑗1, . . . , 𝑎𝑗𝑚, 𝑏𝑗)𝑇, then(𝑎1, 𝑎2, . . . , 𝑎𝑚) = (𝑃𝑇𝑃)−1 𝑃𝑇 (𝑄1, 𝑄2, . . . , 𝑄𝑚) , (14)

where

𝑃 = (
(

𝑧(1)1 (2) 𝑧(1)2 (2) . . . 𝑧(1)𝑚 (2) 2𝛼𝑧(1)1 (3) 𝑧(1)2 (3) . . . 𝑧(1)𝑚 (3) 3𝛼... ... d
... ...𝑧(1)1 (𝑛) 𝑧(1)2 (𝑛) . . . 𝑧(1)𝑚 (𝑛) 𝑛𝛼

)
)

(15)

and𝑄𝑗 = (𝑥(0)𝑗 (2) , 𝑥(0)𝑗 (3) , . . . , 𝑥(0)𝑗 (𝑛))𝑇 ,𝑗 = 1, 2, . . . , 𝑚. (16)

Proof. Substituting all data values into the discrete formof the
model, we obtain𝑥(0)1 (𝑘) = 𝑎11𝑧(1)1 (𝑘) + 𝑎12𝑧(1)2 (𝑘) + ⋅ ⋅ ⋅ + 𝑎1𝑚𝑧(1)𝑚 (𝑘)+ 𝑏1𝑘𝛼,𝑥(0)2 (𝑘) = 𝑎21𝑧(1)1 (𝑘) + 𝑎22𝑧(1)2 (𝑘) + ⋅ ⋅ ⋅ + 𝑎2𝑚𝑧(1)𝑚 (𝑘)+ 𝑏2𝑘𝛼, ...𝑥(0)𝑚 (𝑘) = 𝑎𝑚1𝑧(1)1 (𝑘) + 𝑎𝑚2𝑧(1)2 (𝑘) + ⋅ ⋅ ⋅ + 𝑎𝑚𝑚𝑧(1)𝑚 (𝑘)+ 𝑏𝑚𝑘𝛼.

(17)

For one of the fixed equations 𝑗, setting 𝑘 = 2, 3, . . . , 𝑛, we
have𝑥(0)𝑗 (2) = 𝑎𝑗1𝑧(1)1 (2) + 𝑎𝑗2𝑧(1)2 (2) + ⋅ ⋅ ⋅ + 𝑎𝑗𝑚𝑧(1)𝑚 (2)+ 2𝛼𝑏𝑗,𝑥(0)𝑗 (3) = 𝑎𝑗1𝑧(1)1 (3) + 𝑎𝑗2𝑧(1)2 (3) + ⋅ ⋅ ⋅ + 𝑎𝑗𝑚𝑧(1)𝑚 (3)+ 3𝛼𝑏𝑗, ...𝑥(0)𝑗 (𝑛) = 𝑎𝑗1𝑧(1)1 (𝑛) + 𝑎𝑗2𝑧(1)2 (𝑛) + ⋅ ⋅ ⋅ + 𝑎𝑗𝑚𝑧(1)𝑚 (𝑛)+ 𝑛𝛼𝑏𝑗.

(18)

The matrix form of the above equations is 𝑄𝑗 = 𝑃𝑎𝑗, 𝑗 =1, 2, . . . , 𝑚.
In order to get parameters vector 𝑎𝑗 = (𝑎𝑗1, . . . , 𝑎𝑗𝑚,�̂�𝑗)𝑇 (𝑗 = 1, 2, . . . , 𝑚), substituting ∑𝑚𝑙=1 𝑎𝑗𝑙𝑧(1)𝑙 (𝑘) + 𝑏𝑗𝑘𝛼 with∑𝑚𝑙=1 𝑎𝑗𝑙𝑧(1)𝑙 (𝑘) + �̂�𝑗𝑘𝛼 (𝑘 = 2, 3, . . . , 𝑛, 𝑗 = 1, 2, . . . , 𝑚), we

obtain the error sequence 𝜀𝑗 = 𝑄𝑗 − 𝑃𝑎𝑗. Let𝑆𝑗 = 𝜀𝑇𝑗 𝜀𝑗 = (𝑄𝑗 − 𝑃𝑎𝑗)𝑇 (𝑄𝑗 − 𝑃𝑎𝑗)= 𝑛∑
𝑘=2

[𝑥(0)𝑗 (𝑘) − 𝑚∑
𝑙=1

𝑎𝑗𝑙𝑧(1)𝑙 (𝑘) − �̂�𝑗𝑘𝛼]2 . (19)
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Then the parameters vector 𝑎𝑗 = (𝑎𝑗1, . . . , 𝑎𝑗𝑚, �̂�𝑗)𝑇making 𝑆𝑗
minimum should satisfy𝜕𝑆𝑗𝜕𝑎𝑗1 = 𝑛∑

𝑘=2

[�̂�𝑗𝑘𝛼 + 𝑚∑
𝑙=1

𝑎𝑗𝑙𝑧(1)𝑙 (𝑘) − 𝑥(0)𝑗 (𝑘)] 𝑧(1)1 (𝑘)= 0,𝜕𝑆𝑗𝜕𝑎𝑗2 = 𝑛∑
𝑘=2

[�̂�𝑗𝑘𝛼 + 𝑚∑
𝑙=1

𝑎𝑗𝑙𝑧(1)𝑙 (𝑘) − 𝑥(0)𝑗 (𝑘)] 𝑧(1)2 (𝑘)= 0, ...𝜕𝑆𝑗𝜕�̂�𝑗 = 𝑛∑
𝑘=2

[�̂�𝑗𝑘𝛼 + 𝑚∑
𝑙=1

𝑎𝑗𝑙𝑧(1)𝑙 (𝑘) − 𝑥(0)𝑗 (𝑘)] 𝑘𝛼 = 0.
(20)

Hence, we deduce that

((
(
𝑛∑
𝑘=2

(𝑧(1)1 (𝑘))2 ⋅ ⋅ ⋅ 𝑛∑
𝑘=2

𝑘𝛼𝑧(1)1 (𝑘)... d
...

𝑛∑
𝑘=2

𝑘𝛼𝑧(1)1 (𝑘) ⋅ ⋅ ⋅ 𝑛∑
𝑘=2

𝑘2𝛼 ))
)

(
(

𝑎𝑗1...𝑎𝑗𝑚�̂�𝑗
)
)

= (
(

𝑧(1)1 (2) ⋅ ⋅ ⋅ 𝑧(1)1 (𝑛)... d
...𝑧(1)𝑚 (2) ⋅ ⋅ ⋅ 𝑧(1)𝑚 (𝑛)2𝛼 ⋅ ⋅ ⋅ 𝑛𝛼 )

)
(𝑥(0)𝑗 (2)...𝑥(0)𝑗 (𝑛)) .

(21)

Thus, we obtain the desired solution𝑎𝑗 = (𝑃𝑇𝑃)−1 𝑃𝑇𝑄𝑗, (22)

where 𝑃 and 𝑄𝑗 are defined in Theorem 3. We can get the
results of 𝐴 and 𝐵 by letting 𝑗 = 1, 2, . . . , 𝑚.

TheNMGM(1,𝑚, 𝑘𝛼)model reduces toMGM(1,𝑚) when𝛼 = 0, and NMGM(1,𝑚, 𝑘𝛼) model becomes NMGM(1,𝑚, 𝑘)
modelwhen𝛼 = 1. In the following, we give the time response
function of MGM(1, 𝑚), NMGM(1, 𝑚, 𝑘), and NMGM(1, 𝑚,𝑘𝛼), respectively.
Theorem 4. Suppose that 𝑋(0) is nonnegative original data
matrix, 𝑋(1) is first-order accumulated generation sequences
and 𝑍(1) is adjacent neighbour average sequences. The param-
eters 𝐴 and 𝐵 are obtained by Theorem 3. Then

(1) The time response function of MGM(1,𝑚) model is𝑋(1) (𝑘) = 𝑒𝐴(𝑘−1) (𝑋(1) (1) + 𝐴−1𝐵) − 𝐴−1𝐵, 𝑘 ≥ 2. (23)

(2) The inverse accumulated generation is𝑋(0) (𝑘) = 𝑋(1) (𝑘) − 𝑋(1) (𝑘 − 1) , 𝑘 ≥ 2. (24)

Theorem 5. Assume that 𝑋(0), 𝑋(1), and 𝑍(1) are defined as
Theorem4.Theparameters𝐴 and𝐵 are obtained byTheorem3.
Then

(1) The time response sequence of discrete NMGM(1,𝑚, 𝑘)
model is𝑋(1) (𝑘) = (𝑥(1)1 (𝑘) , 𝑥(1)2 (𝑘) , . . . , 𝑥(1)𝑚 (𝑘))𝑇= 𝑒𝐴(𝑘−1) (𝑋(0) (1) + 𝐴−1𝐵 + (𝐴−1)2 𝐵)− (𝐴−1𝐵𝑘 + (𝐴−1)2 𝐵) , 𝑘 ≥ 2. (25)

(2) The inverse accumulated generation is𝑋(0) (𝑘) = 𝑋(1) (𝑘) − 𝑋(1) (𝑘 − 1) , 𝑘 ≥ 2. (26)

Proof. (1) Multiplying the whitening differential equation of
NMGM(1, 𝑚, 𝑘) model by 𝑒−𝐴𝑡 we have𝑒−𝐴𝑡 𝑑𝑋(1) (𝑡)𝑑𝑡 − 𝑒−𝐴𝑡𝐴𝑋(1) (𝑡) = 𝑒−𝐴𝑡𝐵𝑡, (27)

which is equivalent to𝑑 (𝑒−𝐴𝑡𝑋(1) (𝑡))𝑑𝑡 = 𝑒−𝐴𝑡𝐵𝑡. (28)

Integrating the above equation from 𝑡0 to 𝑡, we get𝑒−𝐴𝑡𝑋(1) (𝑡) − 𝑒−𝐴𝑡0𝑋(1) (𝑡0)= −𝑒−𝐴𝑡𝐴−1𝐵𝑡 − 𝑒−𝐴𝑡 (𝐴−1)2 𝐵 + 𝑒−𝐴𝑡0𝐴−1𝐵𝑡0+ 𝑒−𝐴𝑡0 (𝐴−1)2 𝐵. (29)

Multiplying the equation by 𝑒𝐴𝑡, we obtain𝑋(1) (𝑡) = 𝑒𝐴(𝑡−𝑡0) (𝑋(0) (𝑡0) + 𝐴−1𝐵𝑡0 + (𝐴−1)2 𝐵)− (𝐴−1𝐵𝑡 + (𝐴−1)2 𝐵) . (30)

Set 𝑡0 = 1 and 𝑡 = 𝑘.We get time response function of discrete
NMGM(1, 𝑚, 𝑘) model𝑋(1) (𝑘) = (𝑥(1)1 (𝑘) , 𝑥(1)2 (𝑘) , . . . , 𝑥(1)𝑚 (𝑘))𝑇= 𝑒𝐴(𝑘−1) (𝑋(0) (1) + 𝐴−1𝐵 + (𝐴−1)2 𝐵)− (𝐴−1𝐵𝑘 + (𝐴−1)2 𝐵) , 𝑘 ≥ 2. (31)

(2)The restored data is easy to obtain by the definition of first-
order accumulated data sequences and so is omitted.

Theorem 6. Assume that 𝑋(0), 𝑋(1), and 𝑍(1) are defined as
Theorem4.Theparameters𝐴 and𝐵 are obtained byTheorem3.
The time response function of NMGM(1,𝑚, 𝑘𝛼) model is𝑋(1) (𝑡) = 𝑒𝐴𝑡 (∫ 𝑡𝛼𝑒−𝐴𝑡𝑑𝑡) 𝐵. (32)
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Table 1: The original data of 𝑋1 and𝑋2 (unit: yuan).
Time

Variable 𝑘 = 1 𝑘 = 2 𝑘 = 3 𝑘 = 4 𝑘 = 5 𝑘 = 6 𝑘 = 7𝑋(0)1 7375 8178 9262 10482 12319 14084 16378𝑋(0)2 3785 3996 4239 4754 5276 5813 6561

3. Precision Analysis

In this part, we compare the precision of MGM(1, 𝑚) and
NMGM(1, 𝑚, 𝑘) model to illustrate the practicality of our
results.

3.1. Theoretical Analysis. The predictive performance is of
great importance in multivariable grey prediction when
constructing a newmodel.Thoughmany scholars conducted
much research to improve the precision ofMGM(1,𝑚)model
and obtained some progress, their findings are not always
satisfactory. Most researchers investigated MGM(1,𝑚)model
based on the hypothesis that original data sequences are
in accord with homogeneous sequences. The time response
function ofMGM(1,𝑚)model indicates that the restored data
of MGM(1, 𝑚) model is𝑋(0) (𝑘) = 𝑋(1) (𝑘) − 𝑋(1) (𝑘 − 1)= 𝑒𝐴(𝑘−2) (𝑒𝐴 − 𝐼) (𝑋(1) (1) + 𝐴−1𝐵) , 𝑘 ≥ 2, (33)

where 𝐼 is unit matrix. Similarly, we obtain the restored values
of NMGM (1, 𝑚, 𝑘) model𝑋(0) (𝑘) = 𝑋(1) (𝑘) − 𝑋(1) (𝑘 − 1)= 𝑒𝐴(𝑘−2) (𝑒𝐴 − 𝐼) (𝑋(0) (1) + 𝐴−1𝐵 + (𝐴−1)2 𝐵)− 𝐴−1𝐵, 𝑘 ≥ 2. (34)

Comparedwith restored data functions ofMGMandNMGM
model, we find that the restored function of MGM(1, 𝑚)
model is a data sequence with pure exponential growth
law. The simulation and prediction function of NMGM(1,𝑚, 𝑘) model is in accordance with nonhomogeneous grey
exponential law.

To demonstrate the practicability and maneuverability
of nonhomogeneous multivariable grey prediction NMGM
model, a case study is employed to compare the predictive
performance of MGM and NMGMmodel.

3.2. Case Study. Per-capita net income of rural households
and per-capita disposable income of urban residents are
considered to be two important indicators that can reflect
people’s living standard and economic level. Therefore, it
is necessary and helpful to control the variation trend of
per-capita income. However, making such a prediction is
challenging because per-capita net income of rural house-
holds and per-capita disposable incomeof urban residents are
influenced by many factors. Grey prediction model is fairly

appropriate for this problem and shows excellent ability in
solving such problems [39, 40]. Zhao et al. [39] forecasted
per-capita annual net income of rural households in China
by optimized grey GM(1, 1) model, which demonstrated
that grey prediction model can be used effectively. In the
following, the per-capita net income of rural households and
per-capita disposable income of urban residents of Jiangsu
province are forecasted by multivariable grey prediction
model.

Jiangsu is a representative province of urban development
in China, which enters into a new phase of economic
development and undergoes a rapid development. Per-capita
net income of rural households and per-capita disposable
income of urban residents from 2001 to 2013 in Jiangsu
province are chosen [41], which are obtained from Jiangsu
Province Statistical Yearbook.The average annual growth rate
of per-capita net income of rural households is 13.7%, and the
average annual growth rate of per-capita disposable incomeof
urban residents is only 11.25%. The per-capita net income of
rural households and per-capita disposable income of urban
residents are all affected by some certain factors, and there
exist interaction and interrelation between them.The data set
2001–2013 is stable, which is suitable for constructing grey
prediction model.

The data is divided into two groups: the data set
2001–2007 are used as original data while those 2008–2013
as test. Assume that 2001 is 𝑘 = 1 and so on as shown in
Table 1. The input data sequence is the per-capita net income
of rural households and per-capita disposable income of
urban residents from 2001 to 2007 of Jiangsu province; then
parameters of MGM and NMGMmodel can be determined.
On the basis of this, the forecasting results of 2008–2013 can
be calculated byTheorems 4 and 5.

In the following, we construct MGM(1, 𝑚) model and
NMGM(1, 𝑚, 𝑘) model to compare the prediction accuracy.
Let𝑋1 be the per-capita disposable income of urban residents
and 𝑋2 be the per-capita net income of rural households.

By traditional MGM(1, 𝑚) model, we construct MGM(1,
2) model 𝑑𝑥(1)1 (𝑘)𝑑𝑘 = 0.2732𝑥(1)1 (𝑘) − 0.3044𝑥(1)2 (𝑘)+ 6772.164,𝑑𝑥(1)2 (𝑘)𝑑𝑘 = 0.08618𝑥(1)1 (𝑘) − 0.096𝑥(1)2 (𝑘)+ 3526.2495.

(35)

By NMGM(1, 𝑚, 𝑘) proposed in this paper, we construct
NMGM(1, 2, 𝑘) model



6 Mathematical Problems in Engineering

Table 2: The actual and prediction values of 𝑋1 and𝑋2 (unit: yuan).
Actual values MGM NMGM

Time 𝑋(0)1 𝑋(0)2 𝑋(0)1 𝑋(0)2 𝑋(0)1 �̂�(0)2𝑘 = 8 18680 7357 19011.8 7385.7 10547.9 4025.6𝑘 = 9 20965 8108 22235.2 8402.1 20863.7 7974.6𝑘 = 10 23217 8980 26083.5 9615.7 24427.2 9100𝑘 = 11 26341 10805 30677.9 11064.5 28672.5 10441.5𝑘 = 12 29677 12202 36163.4 12794.3 33730 12039𝑘 = 13 32538 13598 42712.4 14859.5 39755.1 13942.7

Table 3: The relative errors of MGM and NMGM (unit: %).𝑋1 𝑋2
Time MGM NMGM MGM NMGM𝑘 = 8 1.78 4.32 0.39 4.44𝑘 = 9 6.06 0.48 3.62 1.65𝑘 = 10 12.34 5.2 7.07 1.34𝑘 = 11 16.46 8.8 2.4 3.36𝑘 = 12 21.86 12.01 4.85 1.33𝑘 = 13 31.27 22.18 9.27 2.53
MRE 14.96 8.83 4.6 2.44

𝑑𝑥(1)1 (𝑘)𝑑𝑘 = 3.7136𝑥(1)1 (𝑘) − 11.2009𝑥(1)2 (𝑘)+ 15103.6306𝑘,𝑑𝑥(1)2 (𝑘)𝑑𝑘 = 1.8827𝑥(1)1 (𝑘) − 5.7843𝑥(1)2 (𝑘)+ 7878.2759𝑘.
(36)

Actual values and prediction values of MGM(1, 𝑚) and
NMGM(1, 𝑚, 𝑘) model are presented in Table 2. As can be
seen from Table 2, the prediction values of NMGM(1, 2, 𝑘)
are more close to actual values compared with MGM(1, 2)
prediction values.

To analyze reliability of the model, the accuracy ofmodels
should be tested. Two criteria are employed to measure the
model, including relative error (RE) and mean relative error
(MRE), by which we can investigate the effectiveness of the
proposed model, where

RE = 𝑥𝑖 (𝑘) − 𝑥𝑖 (𝑘)𝑥𝑖 (𝑘)  × 100%,
MRE = 1𝑛 𝑛∑

𝑘=1

𝑥𝑖 (𝑘) − 𝑥𝑖 (𝑘)𝑥𝑖 (𝑘)  × 100%. (37)

The relative errors of per-capita disposable income of
urban residents and per-capita net income of rural house-
holds predicted by MGM(1, 2) and NMGM(1, 2, 𝑘) model
are listed in Table 3.The mean relative error (MRE) indicates
that NMGM(1, 2, 𝑘) model is more accurate than traditional
MGM(1, 2) model. From the comparative analysis, we know
that NMGM(1, 𝑚, 𝑘) model can better follow the tendency
of per-capita disposable income of urban residents and per-
capita net income of rural households. The case study shows

that the novel nonhomogeneous NMGM(1,𝑚, 𝑘𝛼) model has
certain advantages compared with traditional multiple grey
prediction model.

4. Conclusions and Future Research

Forecasting a future development is always an important
issue in system analysis; however, because of the limita-
tion of information and knowledge, only part of system
structure could be fully realized. Grey forecasting mod-
els demonstrated its superiority in dealing with problems
that partial information known and partial information
unknown.

This paper put forward a novel model named NMGM(1,𝑚, 𝑘𝛼) to tackle the nonhomogeneous multivariable data
sequences, and the novel model makes up the deficiency of
traditional MGM(1, 𝑚) model. By least square method and
differential equations, we present the modeling mechanism
and time response function of the proposed model. The case
study shows that the improved model is more accurately than
traditional MGM(1, 𝑚) model.

The proposed NMGM(1, 𝑚, 𝑘𝛼) model is fairly appropri-
ate for the systems that are affected by other relative factors
and their characteristic values are not in accordance with
exponential law completely, and the novel NMGM(1, 𝑚, 𝑘𝛼)
model can improve the adaptability of the traditional grey
model.

There are also some problems needed to be solved in
our future work, such as the optimization of background
value, properties of novel model, finding the best 𝛼 for some
specific cases, and integrating other kinds of optimization
techniques with the novel model in order to further improve
the prediction accuracy. This work is an extension of the
multivariable grey prediction MGM(1, 𝑚) model and a
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great contribution to the development of multivariable grey
prediction theory.
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In this paper, we propose the command filtered adaptive fuzzy backstepping control (AFBC) approach for Chua’s chaotic system
with external disturbance. Based on two proposed first-order command filters, the convergence of tracking errors as well as the
problemof “explosion of complexity” in traditional backstepping design procedure is solved. In the commandfilteredAFBCdesign,
we do not need to calculate the complicated partial derivatives of the virtual control inputs. Fuzzy logic systems (FLSs) are used to
identify the system uncertainties in real time. Based on Lyapunov stability criterion, the proposed controller can guarantee that all
signals in the closed-loop system keep bounded, and the tracking errors converge to a small region eventually. Finally, simulation
studies have been provided to verify the effectiveness of the proposed method.

1. Introduction

It is well known that adaptive backstepping control (ABC)
is an effective technique for controlling nonlinear systems
in parameter strict-feedback form [1]. For ABC of strict-
feedback nonlinear systemswithout system uncertainties and
external disturbances, this issue has been studied by using
many control approaches [2–4]. Based on the sliding mode
filters, [5, 6] estimated the command derivatives in the design
of ABC. Linear filters for derivative generation were con-
sidered in [7]. Then, Farrell et al. in [8] introduced a
command filtered backstepping control (CFBC) method, in
which some new approaches were given to indicate that the
virtual tracking errors between the signals of the command
filtered and standard ABCmethods were of ∘(1/𝑊), where𝑊
represented the frequency of the command filter. Up to now,
many command filter control methods have been reported
[9–11]. The above literature only addressed the nonadaptive
case for nonlinear feedback systems. Design of ABC with
complicated situations was given in, for instance, [12–20].
It should be mentioned that the dimension of the input
variables of the estimated systemmust be extended to include
the reference trajectory and its first derivatives. However, the
aforementioned works studied the approximation problem of

the command derivatives, but the resulting implementation
does not achieve the theoretical guarantees of the ABC
design. That is to say, new approaches are expected to solve
this problem.

It has been shown that modeling of plant systems is badly
affected by systemuncertainties, i.e., parameter uncertainties,
modeling errors, external disturbances, etc. This strongly
motivates the study to design a robust, flexible, and effective
controller, which can suppress complexities that demean the
exhibition of the plants [21–37]. For backstepping control of
nonlinear systems subject to system uncertainties, some con-
trol methods have been proposed, for example, in [38–43].
On the other hand, to tackle system uncertainties, scientists
and researchers have proposed a lot of intelligent methods
such as fuzzy logic systems (FLSs), neural networks, and
neurofuzzy systems. In these methods, FLSs have been shown
to be most successful and popular [44–48]. Following later
advancement in intelligent control techniques, adaptive fuzzy
controllers were developed such as fuzzy gain scheduled PID
controller, fuzzy model reference adaptive controller, and
self-organizing fuzzy controller. Adaptive fuzzy backstepping
control (AFBC)methods also have been reported recently, for
example, in [2, 4, 38, 45, 49, 50]. In [4], AFBC has been estab-
lished for fractional-order strict-feedback systems. In [45],
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AFBC has been given for uncertain nonlinear systems with
input saturation. Wang et al. introduced a command filtered
AFBC approach for uncertain nonlinear systems, where the
“explosion of complexity” problem in backstepping design
and chartering phenomenon were solved [49]. However, in
their work, external disturbance was not considered, and a
complicated second-order filter was used in the controller
design.

Motivated by above discussion, this paper will investigate
the control uncertain Chua’s chaotic systemwith external dis-
turbance by means of command filtered AFBC. Combining
the ABCmethod and command filter, a robust command fil-
ter AFBC is established. The proposedmethod can guarantee
that all signals in the closed-loop system remain bounded,
and the tracking errors converge to a small neighborhood of
the origin eventually. The main contributions of this paper
can be summarized as follows.

(1) The proposed command filter AFBC method works
well even in the presence of full unknown system structure
and external disturbance. A simple first-order filter has been
introduced. Compared with the filter introduced in [49], our
method is simpler and easier to be established. The proposed
command filter guarantees that the commanded tracking
error as well as its first derivative satisfies our control
objective.

(2) By using the proposed command filter, the conven-
tional “explosion of complexity” problem can be avoided.
That is to say, the complicated calculation of partial derivative
of the virtual control input is unnecessary. Our controller and
adaptation laws are more concise compared with dynamic
surface control approach, for example, in [51, 52].

The structure of this paper is arranged as follows.
Section 2 gives the description of FLSs. The description of
the problem and the controller design as well as the stability
analysis are included in Section 3. The simulation results
are indicated in Section 4. Finally, Section 5 gives a brief
conclusion of this paper.

2. Description of FLS

A FLS contains four parts, i.e., the knowledge base, fuzzifier,
fuzzy inference engine basing on the fuzzy rules, and defuzzi-
fier. The 𝑗-th fuzzy rule is written as

R(𝑗): if 𝑥1 is 𝐸𝑗1, 𝑥2 is 𝐸𝑗2, . . . , 𝑥𝑛 is 𝐸𝑗𝑛, then 𝑓(x(𝑡)) is𝐶𝑗 (𝑗 = 1, 2, . . . , 𝑁)

where x(𝑡) = [𝑥1(𝑡), 𝑥2(𝑡), . . . , 𝑥𝑛(𝑡)]𝑇 ∈ R𝑛 and 𝑓(x(𝑡)) ∈
R are, respectively, the input and the output of fuzzy logic
systems. 𝐸𝑗𝑖 and 𝐶𝑗 (𝑖 = 1, 2, . . . , 𝑛) are fuzzy sets belonging
to R. The output of fuzzy logic systems can be expressed
by

𝑓 (x (𝑡)) = ∑𝑁𝑗=1 𝜃𝑗 (𝑡) [∏𝑛𝑖=1𝜇𝐸𝑗
𝑖

(𝑥𝑖 (𝑡))]
∑𝑁𝑗=1 [∏𝑛𝑖=1𝜇𝐸𝑗

𝑖

(𝑥𝑖 (𝑡))]
, (1)

where 𝜃𝑗(𝑡) is a value where fuzzy membership function
𝜇𝐶𝑗 is maximum. Generally, we can consider that 𝜇𝐶𝑗(𝜃𝑗(𝑡)) =1, and fuzzy basic function is 𝜑𝑗(x(𝑡)) = ∏𝑛𝑖=1𝜇𝐸𝑗𝑖 (𝑥𝑖(𝑡))/∑𝑁𝑗=1[∏𝑛𝑖=1𝜇𝐸𝑗

𝑖

(𝑥𝑖(𝑡))]. Let 𝜑(x(𝑡)) = [𝜑1(x(𝑡)), 𝜑2(x(𝑡)), . . . ,
𝜑𝑁(x(𝑡))]𝑇, 𝜃(𝑡) = [𝜃1(𝑡), 𝜃2(𝑡), . . . , 𝜃𝑁(𝑡)]𝑇, and then output
of fuzzy logic systems can be written as

𝑓 (x (𝑡)) = 𝜃𝑇 (𝑡)𝜑 (x (𝑡)) . (2)

Lemma 1. Suppose that ℎ(x) is a continuous function defined
on compact set Ω; for any constants 𝜀 > 0, there exists a fuzzy
logic system approximating function𝑓(x) forming (2) such that

sup
Ω

ℎ (x (𝑡)) − �̂�
𝑇 (𝑡)𝜑 (x (𝑡)) ≤ 𝜀, (3)

where �̂�(𝑡) is an estimator of optimal vector 𝜃∗.

3. Main Results

3.1. Problem Description. The controlled Chua’s system is
described as

�̇�1 (𝑡) = 𝛼𝑥2 (𝑡) − 𝛼𝑥1 (𝑡) − 𝑓 (𝑥1 (𝑡)) + 𝑔1 (𝑥1 (𝑡)) ,
�̇�2 (𝑡) = 𝑥3 (𝑡) + 𝑥1 (𝑡) − 𝑥2 (𝑡) + 𝑔2 (x2 (𝑡)) ,
�̇�3 (𝑡) = 𝛽𝑥2 (𝑡) − 𝛾𝑥3 (𝑡) + 𝑔3 (x (𝑡)) + 𝑑 (𝑡) + 𝑢 (𝑡) ,
𝑦 (𝑡) = 𝑥1 (𝑡) ,

(4)

with

𝑓 (𝑥1 (𝑡)) = 𝑎𝑥1 (𝑡) + 𝑏 (𝑥1 (𝑡) + 1 − 𝑥1 (𝑡) − 1) (5)

where 𝛼, 𝛽, 𝛾, 𝑎, and 𝑏 are system parameters, 𝑦 ∈ R

represents the system output, 𝑔1(𝑥1(𝑡)), 𝑔2(x2(𝑡)), and 𝑔(x(𝑡))
are the system uncertainties with x2(𝑡) = [𝑥1(𝑡), 𝑥2(𝑡)]𝑇 ∈
R2, x(𝑡) = [𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡)]𝑇 ∈ R3, 𝑑(𝑡) ∈ R is an
unknown external disturbance, and 𝑢(𝑡) ∈ R denotes the
control input.

Define the output tracking error 𝑒1(𝑡) = 𝑥1(𝑡) − 𝑥𝑐1(𝑡)
where 𝑥𝑐1(𝑡) ∈ R is a known smooth enough referenced
signal. The paper aims to design a proper controller 𝑢(𝑡) such
that the tracking error 𝑒1(𝑡) tends to an arbitrary small region.

3.2. Controller Design. Tomeet the control objective, a robust
command filtered backstepping controller that contains three
steps will be constructed.

Step 1. Consider the first dynamical equation in system (4):

�̇�1 (𝑡) = 𝛼𝑥2 (𝑡) + Δ𝑔1 (𝑥1 (𝑡)) , (6)

where Δ𝑔1(𝑥1(𝑡)) = −𝛼𝑥1(𝑡) − 𝑓(𝑥1(𝑡)) + 𝑔1(𝑥1(𝑡)) is
an unknown nonlinear function. Thus, Δ𝑔1(𝑥1(𝑡)) can be
approximated through FLS (2) as

Δ𝑔1 (𝑥1 (𝑡)) = 𝜃𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡))
= 𝜃∗𝑇1 𝜑1 (𝑥1 (𝑡)) + 𝜀1 (𝑡)

(7)
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where 𝜃∗𝑇1 represents the optimal fuzzy parameter and 𝜀1(𝑡) is
the optimal approximation error. Then, the virtual input can
be designed as

𝑧2 (𝑡) = − 1𝛼 [𝑘1𝑒1 (𝑡) + 𝜃
𝑇
1 (𝑡)𝜑1 (𝑥1 (𝑡))

+ 𝜀1 (𝑡) arctan (𝑒1 (𝑡)𝜆1 ) − �̇�𝑐1 (𝑡)]
(8)

where 𝜀1(𝑡) is the estimation of the upper bound of the fuzzy
approximation error 𝜀1(𝑡), 𝑘1 and 𝜆1 are two positive design
parameters, and 𝑒1(𝑡) is the compensated tracking error that
will be defined later.Then, it follows from (6), (7), and (8) that

̇𝑒1 (𝑡) = 𝛼𝑥2 (𝑡) + Δ𝑔1 (𝑥1 (𝑡)) − �̇�𝑐1 (𝑡)
= 𝛼 (𝑥2 (𝑡) − 𝑧2 (𝑡)) + Δ𝑔1 (𝑥1 (𝑡)) − �̇�𝑐1 (𝑡)
+ 𝛼𝑧2 (𝑡)

= −𝑘1𝑒1 (𝑡) + 𝛼 (𝑥2 (𝑡) − 𝑧2 (𝑡)) + 𝜃∗𝑇1 𝜑1 (𝑥1 (𝑡))
+ 𝜀1 (𝑡) − 𝜃𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡))
− 𝜀1 (𝑡) arctan (𝑒1 (𝑡)𝜆1 )

= −𝑘1𝑒1 (𝑡) + 𝛼 (𝑥𝑐2 (𝑡) − 𝑧2 (𝑡))
− �̃�𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡)) + 𝜀1 (𝑡)
− 𝜀1 (𝑡) arctan (𝑒1 (𝑡)𝜆1 ) + 𝛼𝑒2 (𝑡)

(9)

where �̃�
𝑇

1 (𝑡) = 𝜃𝑇1 (𝑡) − 𝜃∗𝑇1 is the fuzzy parameter estimation
error, 𝑒2(𝑡) = 𝑥2(𝑡) − 𝑥𝑐2(𝑡) is the command filtered tracking
error, and 𝑥𝑐2 will be given later. The compensated tracking
error signal can be defined as

𝑒1 (𝑡) = 𝑒1 (𝑡) − 𝜁1 (𝑡) (10)

where 𝜁1(𝑡) is an added term which is the solution of the
following filter:

̇𝜁1 (𝑡) = −𝑘1𝜁1 (𝑡) + 𝛼 (𝑥𝑐2 (𝑡) − 𝑧2 (𝑡)) + 𝛼𝜁2 (𝑡) (11)

where 𝜁2(𝑡)will be given in Step 2 and 𝑥𝑐2(𝑡) is obtained by the
filter

�̇�𝑐2 (𝑡) = −𝜛2 (𝑥𝑐2 (𝑡) − 𝑧2 (𝑡)) (12)

with 𝜛2 > 0 being a design parameter. The initial condition
for 𝑥𝑐2(𝑡) is 𝑥𝑐2(0) = 0.Thus, adaptation laws for 𝜃1(𝑡) and 𝜀1(𝑡)
are designed as

�̇�1 (𝑡) = 𝑐11𝑒1 (𝑡)𝜑1 (𝑥1 (𝑡)) − 𝑐11𝑐12𝜃1 (𝑡) (13)

and

̇̂𝜀1 (𝑡) = 𝑐41𝑒1 (𝑡) tanh (𝑒1 (𝑡)𝜆1 ) − 𝑐41𝑐42𝜀1 (𝑡) , (14)

respectively, where 𝑐11, 𝑐12, 𝑐41, and 𝑐42 are all positive design
parameters.

Step 2. It follows from (4) that

�̇�2 (𝑡) = 𝑥3 (𝑡) + Δ𝑔2 (x2 (𝑡)) (15)

where Δ𝑔2(x2(𝑡)) = 𝑥1(𝑡) − 𝑥2(𝑡) + 𝑔2(x2(𝑡)) is an unknown
nonlinear function, which can be approximated through FLS
(2) by

Δ𝑔2 (x2 (𝑡)) = 𝜃𝑇2 (𝑡)𝜑2 (x2 (𝑡))
= 𝜃∗𝑇2 𝜑2 (x2 (𝑡)) + 𝜀2 (𝑡) .

(16)

The virtual tracking errors, similar to that in Step 1, are
defined as

𝑒2 (𝑡) = 𝑥2 (𝑡) − 𝑥𝑐2 (𝑡) ,
𝑒2 (𝑡) = 𝑒2 (𝑡) − 𝜁2 (𝑡) ,

(17)

with

̇𝜁2 (𝑡) = −𝑘2𝜁2 (𝑡) + 𝑥𝑐3 (𝑡) − 𝑧3 (𝑡) + 𝜁3 (𝑡) (18)

where 𝜁2(0) = 0, 𝜁3(𝑡) will be given in Step 3,

�̇�𝑐3 (𝑡) = −𝜛3 (𝑥𝑐3 (𝑡) − 𝑧3 (𝑡)) , (19)

𝑧3(𝑡) is the virtual control input designed as

𝑧3 (𝑡) = −𝑘2𝑒2 (𝑡) − 𝜃𝑇2 (𝑡)𝜑2 (x2 (𝑡))
− 𝜀2 (𝑡) arctan (𝑒2 (𝑡)𝜆2 ) + �̇�𝑐2 (𝑡) − 𝛼𝑒1 (𝑡)

(20)

with 𝑘2 and 𝜆2 being positive design parameters. Adaptation
laws for 𝜃2(𝑡) and 𝜀2(𝑡) can be given as

�̇�2 (𝑡) = 𝑐21𝑒2 (𝑡)𝜑2 (x2 (𝑡)) − 𝑐21𝑐22𝜃2 (𝑡) (21)

and

̇̂𝜀2 (𝑡) = 𝑐51𝑒2 (𝑡) tanh (𝑒2 (𝑡)𝜆1 ) − 𝑐51𝑐52𝜀2 (𝑡) (22)

where 𝑐21, 𝑐22, 𝑐51, and 𝑐52 are all positive design parameters.
Based on above discussion, we have

̇𝑒2 (𝑡) = 𝑥3 (𝑡) + Δ𝑔2 (x2 (𝑡)) − �̇�𝑐2 (𝑡)
= 𝑥3 (𝑡) − 𝑧3 (𝑡) + Δ𝑔3 (x2 (𝑡)) − �̇�𝑐2 (𝑡) + 𝑧3 (𝑡)
= −𝑘2𝑒2 (𝑡) + 𝑥3 (𝑡) − 𝑧3 (𝑡) + 𝜃∗𝑇2 𝜑2 (x2 (𝑡))
+ 𝜀2 (𝑡) − 𝜃𝑇2 (𝑡)𝜑2 (x2 (𝑡))
− 𝜀2 (𝑡) arctan (𝑒2 (𝑡)𝜆2 ) − 𝛼𝑒1 (𝑡)

= −𝑘2𝑒2 (𝑡) + 𝑥𝑐3 (𝑡) − 𝑧3 (𝑡) − �̃�𝑇2 (𝑡)𝜑2 (x2 (𝑡))
+ 𝜀2 (𝑡) − 𝜀2 (𝑡) arctan (𝑒2 (𝑡)𝜆2 ) − 𝛼𝑒1 (𝑡)
+ 𝑒3 (𝑡) .

(23)
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Step 3. According to (4), we have

�̇�3 (𝑡) = Δ𝑔3 (x (𝑡)) + 𝑑 (𝑡) + 𝑢 (𝑡) (24)

withΔ𝑔3(x(𝑡)) = 𝛽𝑥2(𝑡)−𝛾𝑥3(𝑡)+𝑔3(x(𝑡)) being an unknown
nonlinear function that can be approximated by

Δ𝑔3 (x (𝑡)) = 𝜃𝑇3 (𝑡)𝜑3 (x (𝑡)) = 𝜃∗𝑇3 𝜑3 (x (𝑡)) + 𝜀3 (𝑡) . (25)

The control input is designed as

𝑢 (𝑡) = −𝑘3𝑒3 (𝑡) − 𝜃𝑇3 (𝑡)𝜑3 (x (𝑡))
− (𝜀2 (𝑡) + 𝑑 (𝑡)) arctan (𝑒3 (𝑡)𝜆3 ) + ̇𝑥𝑐3 (𝑡)
− 𝑒2 (𝑡)

(26)

where 𝑘3, 𝜆3 are two positive design parameters and 𝑑(𝑡) is
the estimation of external disturbance 𝑑(𝑡).The compensated
tracking errors are defined by

𝑒3 (𝑡) = 𝑥3 (𝑡) − 𝑥𝑐3 (𝑡) ,
𝑒3 (𝑡) = 𝑒3 (𝑡) − 𝜁3 (𝑡) ,

(27)

where

̇𝜁3 (𝑡) = −𝑘3𝜁3 (𝑡) − 𝜁2 (𝑡) . (28)

We design the following adaptation laws:

�̇�3 (𝑡) = 𝑐31𝑒3 (𝑡)𝜑2 (x (𝑡)) − 𝑐31𝑐32𝜃3 (𝑡) , (29)

̇̂𝜀3 (𝑡) = 𝑐61𝑒3 (𝑡) tanh (𝑒3 (𝑡)𝜆3 ) − 𝑐61𝑐62𝜀3 (𝑡) (30)

and

̇̂𝑑 (𝑡) = 𝑐71𝑒3 (𝑡) tanh (𝑒3 (𝑡)𝜆3 ) − 𝑐71𝑐72𝑑 (𝑡) (31)

where 𝑐31, 𝑐32, 𝑐61, 𝑐62, 𝑐71, and 𝑐72 are all positive design
parameters. Thus,

̇𝑒3 (𝑡) = Δ𝑔3 (x (𝑡)) − ̇𝑥𝑐3 (𝑡) + 𝑑 (𝑡) + 𝑢 (𝑡)
= −𝑘3𝑒3 (𝑡) + 𝜃∗𝑇3 𝜑3 (x (𝑡)) + 𝜀3 (𝑡) + 𝑑 (𝑡)
− 𝑑 (𝑡) arctan (𝑒3 (𝑡)𝜆3 ) − 𝜃𝑇3 (𝑡)𝜑3 (x (𝑡))

− 𝜀3 (𝑡) arctan (𝑒3 (𝑡)𝜆3 ) − 𝑒2 (𝑡)

= −𝑘3𝑒3 (𝑡) − �̃�𝑇3 (𝑡)𝜑3 (x (𝑡)) + 𝜀3 (𝑡) + 𝑑 (𝑡)
− 𝑑 (𝑡) arctan (𝑒3 (𝑡)𝜆3 )

− 𝜀3 (𝑡) arctan (𝑒3 (𝑡)𝜆3 ) − 𝑒2 (𝑡) .

(32)

Here 𝑑(𝑡) = 𝑑(𝑡) − 𝑑(𝑡) is the estimation error of 𝑑(𝑡).

To proceed, we need the following assumption and
lemma.

Assumption 2. The external disturbance and the fuzzy
approximate errors are bounded; i.e., there exist somepositive
constants 𝑑∗ and 𝜀∗𝑖 such that |𝑑(𝑡)| ≤ 𝑑∗ and 𝜀𝑖(𝑡) ≤ 𝜀∗𝑖 .
Lemma 3 (see [49]). Suppose that 𝜆 > 0; then it holds that

𝑦 − 𝑦 tanh (𝑦𝜆) ≤ 𝜅𝜆 (33)

where 𝜅 = 0.2785 is a constant.

3.3. Stability Analysis. According to the above analysis, the
dynamical equations for the tracking errors are obtained as

̇̃𝑒1 (𝑡) = ̇𝑒1 (𝑡) − ̇𝜁1 (𝑡)
= −𝑘1𝑒1 (𝑡) + 𝛼 (𝑥𝑐2 (𝑡) − 𝑧2 (𝑡))
− �̃�𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡)) + 𝜀1 (𝑡)
− 𝜀1 (𝑡) arctan (𝑒1 (𝑡)𝜆1 ) + 𝛼𝑒2 (𝑡) − ̇𝜁1 (𝑡)

= −𝑘1𝑒1 (𝑡) − �̃�𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡)) + 𝜀1 (𝑡)
− 𝑘1𝜁1 (𝑡) − 𝜀1 (𝑡) arctan (𝑒1 (𝑡)𝜆1 ) + 𝛼𝑒2 (𝑡)
− 𝛼𝜁2 (𝑡)

= −𝑘1𝑒1 (𝑡) + 𝛼𝑒2 (𝑡) − �̃�𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡)) + 𝜀1 (𝑡)
− 𝜀1 (𝑡) arctan (𝑒1 (𝑡)𝜆1 ) ,

(34)

̇̃𝑒2 (𝑡) = ̇𝑒2 (𝑡) − ̇𝜁2 (𝑡)
= −𝑘2𝑒2 (𝑡) + 𝑥𝑐3 (𝑡) − 𝑧3 (𝑡) − �̃�𝑇2 (𝑡)𝜑2 (x2 (𝑡))
+ 𝜀2 (𝑡) − 𝜀2 (𝑡) arctan(𝑒2 (𝑡)𝜆2 ) − 𝛼𝑒1 (𝑡)
+ 𝑒3 (𝑡) − ̇𝜁2 (𝑡)

= −𝑘2𝑒2 (𝑡) − �̃�𝑇2 (𝑡)𝜑2 (x2 (𝑡)) + 𝜀2 (𝑡) − 𝜁3 (𝑡)
− 𝜀2 (𝑡) arctan (𝑒2 (𝑡)𝜆2 ) − 𝛼𝑒1 (𝑡) + 𝑒3 (𝑡)
− 𝑘2𝜁2 (𝑡)

= −𝑘2𝑒2 (𝑡) − �̃�𝑇2 (𝑡)𝜑2 (x2 (𝑡)) + 𝜀2 (𝑡) + 𝑒3 (𝑡)
− 𝜀2 (𝑡) arctan (𝑒2 (𝑡)𝜆2 ) − 𝛼𝑒1 (𝑡) ,

(35)
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̇̃𝑒3 (𝑡) = ̇𝑒3 (𝑡) − ̇𝜁3 (𝑡)
= −𝑘3𝑒3 (𝑡) − �̃�𝑇3 (𝑡)𝜑3 (x (𝑡)) + 𝜀3 (𝑡)
− 𝑑 (𝑡) arctan (𝑒3 (𝑡)𝜆3 ) − ̇𝜁3 (𝑡) − 𝑒2 (𝑡)

− 𝜀3 (𝑡) arctan (𝑒3 (𝑡)𝜆3 ) + 𝑑 (𝑡)

= −𝑘3𝑒3 (𝑡) − �̃�𝑇3 (𝑡)𝜑3 (x (𝑡)) + 𝜀3 (𝑡) + 𝑑 (𝑡)
− 𝑑 (𝑡) arctan (𝑒3 (𝑡)𝜆3 ) − 𝑒2 (𝑡)

− 𝜀3 (𝑡) arctan (𝑒3 (𝑡)𝜆3 ) .

(36)

Remark 4. In this paper, to cancel the effect of the signals
𝑥𝑐𝑖 (𝑡) − 𝑧𝑖(𝑡), 𝑖 = 1, 2, 3, three filters, i.e., (11), (18), and
(28) have been introduced. It should be pointed out that the
proposed filters can guarantee the boundedness of the added
signals 𝜁1(𝑡), 𝜁2(𝑡), 𝜁3(𝑡).The stability analysis for these signals
is presented inTheorem 5.

Theorem 5. If the input signals 𝑥𝑐𝑖 (𝑡) − 𝑧𝑖(𝑡), 𝑖 = 1, 2, 3, satisfy|𝑥𝑐𝑖 (𝑡)−𝑧𝑖(𝑡)| ≤ 𝐵where 𝐵 is a positive constant, then the filters
defined as (11), (18), and (28) have state variables bounded by

‖𝜁 (𝑡)‖ ≤ 𝐴
2𝑘 (1 − 𝑒

−2𝑘𝑡) (37)

where 𝜁(𝑡) = [𝜁1(𝑡), 𝜁2(𝑡), 𝜁3(𝑡)]𝑇 ∈ R3, 𝑘 = (1/2)min{𝑘1,𝑘2, 𝑘3}, and 𝐴 = 𝐵 + 𝛼.
Proof. The Lyapunov function candidate is chosen as 𝑉1(𝑡) =(1/2)‖𝜁(𝑡)‖2. According to (11), (18), and (28), the derivative
of 𝑉1(𝑡) with respect to time can be given as

�̇�1 (𝑡) =
3

∑
𝑖=1

𝜁𝑖 (𝑡) ̇𝜁𝑖 (𝑡)

= −
3

∑
𝑖=1

𝑘𝑖𝜁2𝑖 (𝑡) + 𝛼𝜁1 (𝑡) (𝑥𝑐2 (𝑡) − 𝑧2 (𝑡))

+ 𝜁2 (𝑡) (𝑥𝑐3 (𝑡) − 𝑧3 (𝑡))
≤ −2𝑘 ‖𝜁 (𝑡)‖2 + 𝐴 ‖𝜁 (𝑡)‖
≤ −4𝑘𝑉1 (𝑡) + √2𝐴√𝑉1 (𝑡).

(38)

Thus, (38) implies that (37) holds.

The main results of this section are included in the
following theorem.

Theorem 6. Consider system (4) under Assumption 2. The
virtual control inputs are chosen as (8) and (20). The filters are
given as (11), (12), (18), (19), and (28). The fuzzy parameters
are updated by (13), (21), and (29). The estimation of the fuzzy

approximation errors is updated by (14), (22), and (30). The
estimation of 𝑑(𝑡) is given as (31). Then, the control input
(26) guarantees that the tracking errors 𝑒1(𝑡), 𝑒2(𝑡), and 𝑒3(𝑡)
converge to a small region of zero if proper design parameters
are chosen.

Proof. Let the Lyapunov function candidate be

𝑉 (𝑡) = 1
2
3

∑
𝑖=1

𝑒2𝑖 (𝑡) +
3

∑
𝑖=1

1
2𝑐𝑖1 �̃�
𝑇

𝑖 (𝑡) �̃�𝑖 (𝑡)

+
3

∑
𝑖=1

1
2𝑐𝑖+3,1 𝜀

2
𝑖 (𝑡) + 1

2𝑐71 𝑑
2 (𝑡)

(39)

where 𝜀𝑖(𝑡) = 𝜀𝑖(𝑡)− 𝜀∗𝑖 , 𝑑(𝑡) = 𝑑(𝑡)−𝑑∗ are estimation errors.
It follows from (34), (35), (36), Assumption 2, and Lemma 3
that

3

∑
𝑖=1

𝑒𝑖 (𝑡) ̇̃𝑒𝑖 (𝑡) =
3

∑
𝑖=1

𝑒𝑖 (𝑡) [𝜀𝑖 (𝑡) − 𝜀𝑖 (𝑡) arctan (𝑒𝑖 (𝑡)𝜆𝑖 )]

− 𝑒1 (𝑡) �̃�𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡)) − 𝑒2 (𝑡) �̃�𝑇2 (𝑡)𝜑2 (x2 (𝑡))

− 𝑒3 (𝑡) �̃�𝑇3 (𝑡)𝜑3 (x (𝑡)) −
3

∑
𝑖=1

𝑘𝑖𝑒2𝑖 (𝑡) + 𝑒3 (𝑡) [𝑑 (𝑡)

− 𝑑 (𝑡) arctan (𝑒3 (𝑡)𝜆3 )] ≤
3

∑
𝑖=1

[𝑒𝑖 (𝑡) 𝜀∗𝑖

− 𝑒𝑖 (𝑡) 𝜀𝑖 (𝑡) arctan (𝑒𝑖 (𝑡)𝜆𝑖 )] − 𝑒1 (𝑡) �̃�
𝑇

1 (𝑡)

⋅ 𝜑1 (𝑥1 (𝑡)) − 𝑒2 (𝑡) �̃�𝑇2 (𝑡)𝜑2 (x2 (𝑡)) − 𝑒3 (𝑡) �̃�𝑇3 (𝑡)

⋅ 𝜑3 (x (𝑡)) −
3

∑
𝑖=1

𝑘𝑖𝑒2𝑖 (𝑡) + 𝑒3 (𝑡) 𝑑∗ − 𝑒3 (𝑡) 𝑑 (𝑡)

⋅ arctan (𝑒3 (𝑡)𝜆3 ) =
3

∑
𝑖=1

[𝑒𝑖 (𝑡) 𝜀∗𝑖

− 𝑒𝑖 (𝑡) 𝜀𝑖 (𝑡) arctan (𝑒𝑖 (𝑡)𝜆𝑖 )

− 𝑒𝑖 (𝑡) 𝜀∗𝑖 arctan (𝑒𝑖 (𝑡)𝜆𝑖 )] − 𝑒2 (𝑡) �̃�
𝑇

2 (𝑡)𝜑2 (x2 (𝑡))

− 𝑒3 (𝑡) �̃�𝑇3 (𝑡)𝜑3 (x (𝑡)) − 𝑒1 (𝑡) �̃�𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡))
+ 𝑒3 (𝑡) 𝑑∗ − 𝑒3 (𝑡) 𝑑 (𝑡) arctan (𝑒3 (𝑡)𝜆3 )

+
3

∑
𝑖=1

𝑒𝑖 (𝑡) 𝜀∗𝑖 arctan (𝑒𝑖 (𝑡)𝜆𝑖 ) −
3

∑
𝑖=1

𝑘𝑖𝑒2𝑖 (𝑡)

− 𝑒3 (𝑡) 𝑑∗arctan (𝑒3 (𝑡)𝜆3 )
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+ 𝑒3 (𝑡) 𝑑∗arctan (𝑒3 (𝑡)𝜆3 )

≤
3

∑
𝑖=1

[−𝑒𝑖 (𝑡) 𝜀𝑖 (𝑡) arctan (𝑒𝑖 (𝑡)𝜆𝑖 )

+ 𝑒𝑖 (𝑡) 𝜀∗𝑖 arctan (𝑒𝑖 (𝑡)𝜆𝑖 )] −
3

∑
𝑖=1

𝑘𝑖𝑒2𝑖 (𝑡) − 𝑒2 (𝑡)

⋅ �̃�𝑇2 (𝑡)𝜑2 (x2 (𝑡)) − 𝑒3 (𝑡) �̃�𝑇3 (𝑡)𝜑3 (x (𝑡)) − 𝑒1 (𝑡)
⋅ �̃�𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡)) − 𝑒3 (𝑡) 𝑑 (𝑡) arctan (𝑒3 (𝑡)𝜆3 )

+ 𝜅
3

∑
𝑖=1

𝜆𝑖𝜀∗𝑖 + 𝜅𝜆3𝑑∗ + 𝑒3 (𝑡) 𝑑∗arctan (𝑒3 (𝑡)𝜆3 )

= −
3

∑
𝑖=1

𝑒𝑖 (𝑡) 𝜀𝑖 (𝑡) arctan (𝑒𝑖 (𝑡)𝜆𝑖 ) −
3

∑
𝑖=1

𝑘𝑖𝑒2𝑖 (𝑡)

− 𝑒3 (𝑡) 𝑑 (𝑡) arctan (𝑒3 (𝑡)𝜆3 ) − 𝑒2 (𝑡) �̃�𝑇2 (𝑡)

⋅ 𝜑2 (x2 (𝑡)) − 𝑒3 (𝑡) �̃�𝑇3 (𝑡)𝜑3 (x (𝑡)) − 𝑒1 (𝑡) �̃�𝑇1 (𝑡)

⋅ 𝜑1 (𝑥1 (𝑡)) + 𝜅𝜆3𝑑∗ + 𝜅
3

∑
𝑖=1

𝜆𝑖𝜀∗𝑖 .
(40)

By using the adaptations laws (13), (14), (21), (22), (29),
(30), and (31), we have

3

∑
𝑖=1

1
𝑐𝑖1 �̃�
𝑇

𝑖 (𝑡) ̇̃
𝜃𝑖 (𝑡) =

3

∑
𝑖=1

1
𝑐𝑖1 �̃�
𝑇

𝑖 (𝑡) �̇�𝑖 (𝑡)

= 𝑒2 (𝑡) �̃�𝑇2 (𝑡)𝜑2 (x2 (𝑡)) + 𝑒3 (𝑡) �̃�𝑇3 (𝑡)𝜑3 (x (𝑡))

+ 𝑒1 (𝑡) �̃�𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡)) −
3

∑
𝑖=1

𝑐𝑖2�̃�𝑇𝑖 (𝑡) 𝜃𝑖 (𝑡)

= 𝑒2 (𝑡) �̃�𝑇2 (𝑡)𝜑2 (x2 (𝑡)) + 𝑒3 (𝑡) �̃�𝑇3 (𝑡)𝜑3 (x (𝑡))
+ 𝑒1 (𝑡) �̃�𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡))

−
3

∑
𝑖=1

𝑐𝑖2�̃�𝑇𝑖 (𝑡) (�̃�𝑖 (𝑡) + 𝜃∗𝑖 )

≤ 𝑒2 (𝑡) �̃�𝑇2 (𝑡)𝜑2 (x2 (𝑡)) + 𝑒3 (𝑡) �̃�𝑇3 (𝑡)𝜑3 (x (𝑡))

+ 𝑒1 (𝑡) �̃�𝑇1 (𝑡)𝜑1 (𝑥1 (𝑡)) −
3

∑
𝑖=1

𝑐𝑖2
2 �̃�
𝑇

𝑖 (𝑡) �̃�𝑖 (𝑡)

+
3

∑
𝑖=1

𝑐𝑖2
2 𝜃
∗𝑇
𝑖 𝜃
∗
𝑖 ,

(41)

3

∑
𝑖=1

1
2𝑐𝑖+3,1 𝜀𝑖 (𝑡)

̇̃𝜀𝑖 (𝑡) =
3

∑
𝑖=1

1
2𝑐𝑖+3,1 𝜀𝑖 (𝑡)

̇̂𝜀𝑖 (𝑡)

=
3

∑
𝑖=1

𝜀𝑖 (𝑡) [𝑒𝑖 (𝑡) tanh (𝑒𝑖 (𝑡)𝜆𝑖 ) − 𝑐𝑖+3,2𝜀𝑖 (𝑡)]

=
3

∑
𝑖=1

𝜀𝑖 (𝑡) 𝑒𝑖 (𝑡) tanh (𝑒𝑖 (𝑡)𝜆𝑖 )

−
3

∑
𝑖=1

𝑐𝑖+3,2𝜀𝑖 (𝑡) (𝜀𝑖 (𝑡) + 𝜀∗𝑖 )

≤
3

∑
𝑖=1

𝜀𝑖 (𝑡) 𝑒𝑖 (𝑡) tanh (𝑒𝑖 (𝑡)𝜆𝑖 ) −
3

∑
𝑖=1

𝑐𝑖+3,2
2 𝜀2𝑖 (𝑡)

+
3

∑
𝑖=1

𝑐𝑖+3,2
2 𝜀∗2𝑖 ,

(42)

1
𝑐71𝑑 (𝑡)

̇̂𝑑 (𝑡)

= 𝑑 (𝑡) 𝑒3 (𝑡) tanh (𝑒3 (𝑡)𝜆3 ) − 𝑐72𝑑 (𝑡) (𝑑 (𝑡) + 𝑑∗)

≤ 𝑑 (𝑡) 𝑒3 (𝑡) tanh (𝑒3 (𝑡)𝜆3 ) − 𝑐72
2 𝑑2 (𝑡) + 𝑐72

2 𝑑∗2.

(43)

According to (40), (41), (42), and (43), the derivative of
Lyapunov function (39) can be obtained as

�̇� (𝑡) ≤ −
3

∑
𝑖=1

𝑘𝑖𝑒2𝑖 (𝑡) + 𝜅𝜆3𝑑∗ + 𝜅
3

∑
𝑖=1

𝜆𝑖𝜀∗𝑖

−
3

∑
𝑖=1

𝑐𝑖+3,2
2 𝜀2𝑖 (𝑡) +

3

∑
𝑖=1

𝑐𝑖+3,2
2 𝜀∗2𝑖

−
3

∑
𝑖=1

𝑐𝑖2
2 �̃�
𝑇

𝑖 (𝑡) �̃�𝑖 (𝑡) +
3

∑
𝑖=1

𝑐𝑖2
2 𝜃
∗𝑇
𝑖 𝜃
∗
𝑖 − 𝑐72

2 𝑑2 (𝑡)

+ 𝑐72
2 𝑑∗2

= −
3

∑
𝑖=1

𝑘𝑖𝑒2𝑖 (𝑡) −
3

∑
𝑖=1

𝑐𝑖+3,2
2 𝜀2𝑖 (𝑡)

−
3

∑
𝑖=1

𝑐𝑖2
2 �̃�
𝑇

𝑖 (𝑡) �̃�𝑖 (𝑡) − 𝑐72
2 𝑑2 (𝑡) + 𝜅𝜆3𝑑∗

+ 𝜅
3

∑
𝑖=1

𝜆𝑖𝜀∗𝑖 +
3

∑
𝑖=1

𝑐𝑖+3,2
2 𝜀∗2𝑖 +

3

∑
𝑖=1

𝑐𝑖2
2 𝜃
∗𝑇
𝑖 𝜃
∗
𝑖

+ 𝑐72
2 𝑑∗2

≤ −𝐶12
3

∑
𝑖=1

𝑒2𝑖 (𝑡) − 𝐶2
3

∑
𝑖=1

1
2𝑐𝑖1 �̃�
𝑇

𝑖 (𝑡) �̃�𝑖 (𝑡)

− 𝐶3
3

∑
𝑖=1

1
2𝑐𝑖+3,1 𝜀

2
𝑖 (𝑡) − 𝐶4

2𝑐71 𝑑
2 (𝑡) + 𝐶5

(44)
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Figure 1: Dynamical behavior of system (4) in (a) 𝑥1 − 𝑥2 − 𝑥3, (b) 𝑥1 − 𝑥2 plane, (c) 𝑥1 − 𝑥3 plane, and (d) 𝑥2 − 𝑥3 plane.

where 𝐶1 = 2min{𝑘1, 𝑘2, 𝑘3}, 𝐶2 = min{𝑐11𝑐12, 𝑐21𝑐22, 𝑐31𝑐32},𝐶3 = min{𝑐41𝑐42, 𝑐51𝑐52, 𝑐61𝑐62}, 𝐶4 = 𝑐71𝑐72, and 𝐶5 = 𝜅𝜆3𝑑∗ +𝜅∑3𝑖=1 𝜆𝑖𝜀∗𝑖 + ∑3𝑖=1(𝑐𝑖+3,2/2)𝜀∗2𝑖 + ∑3𝑖=1(𝑐𝑖2/2)𝜃∗𝑇𝑖 𝜃∗𝑖 + 𝑐72/2 are
positive constants.

According to (44) one knows that when 𝑡 → ∞,
(1/2)∑3𝑖=1 𝑒2𝑖 (𝑡) ≤ 𝐶5/𝐶1, ∑3𝑖=1(1/2𝑐𝑖1)�̃�𝑇𝑖 (𝑡)�̃�𝑖(𝑡) ≤ 𝐶5/𝐶2,
∑3𝑖=1(1/2𝑐𝑖+3,1)𝜀2𝑖 (𝑡) ≤ 𝐶5/𝐶3, and (1/2𝑐71)𝑑2(𝑡) ≤ 𝐶5/𝐶4.
That is to say, all signals in the closed-loop system will
keep bounded. The tracking errors 𝑒1(𝑡), 𝑒2(𝑡), and 𝑒3(𝑡) will
eventually converge to a small region of zero if proper design
parameters are chosen (small 𝐶5 and large 𝐶1).
4. Simulation Example

Let the system parameters be 𝛼 = 11.25, 𝛽 = 18.6, 𝛾 =
0, 𝑎 = −0.68, 𝑏 = −0.545, and the initial condition be x(0) =
[1.5, −1, 0.5]𝑇. Then, the uncontrolled system (4) (i.e., 𝑔𝑖(⋅) ≡𝑑(𝑡) ≡ 𝑢(𝑡) ≡ 0, 𝑖 = 1, 2, 3) shows complicated behavior,
which is depicted in Figure 1.

In simulation, the system uncertainties are chosen as
𝑔1(𝑥1(𝑡)) = sin(𝑥1(𝑡)), 𝑔2(x2(𝑡)) = sin√𝑥21(𝑡) + 𝑥22(𝑡), and

𝑔3(x(𝑡)) = cos√𝑥21(𝑡) + 𝑥22(𝑡) + 𝑥23(𝑡). The disturbance is
selected as 𝑑(𝑡) = 0.2 sin 𝑡 + 0.1 cos 𝑡. The referenced signal
𝑥𝑐1(𝑡) is defined by

𝑥𝑐1 (𝑡) = {{{
0 𝑡 ∈ [0, 6] ,
1.5 𝑡 > 6. (45)

There are three FLSs used. For the first FLS, the input
variable is 𝑥1(𝑡), and we define 5 Gaussian membership func-
tion distributed on interval [-5 5]. For the second one, the
input variables are 𝑥1(𝑡) and 𝑥2(𝑡). For each input, we define
5 Gaussian membership functions distributed on interval
[-5 5]. For the last one, the input variables are 𝑥1(𝑡), 𝑥2(𝑡),
and 𝑥3(𝑡). For inputs 𝑥1(𝑡) and 𝑥2(𝑡), we define 5 Gaussian
membership functions distributed on interval [-5 5], and
for input 𝑥3(𝑡), we define 5 Gaussian membership functions
distributed on interval [-10 10]. The initial conditions for
FLSs are 𝜃1(0) = 05×1, 𝜃2(0) = 025×1, and 𝜃3(0) = 0125×1.

The simulation results are presented in Figures 2–5. It
has been shown that in Figure 2, the state 𝑥1(𝑡) tracks the
referenced signal 𝑥𝑐1(𝑡) = 0 for 𝑡 ≤ 5 in about 2.5 seconds
and tends to 𝑥𝑐1(𝑡) = 1.5 for 𝑡 > 5 in a short time. The
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Figure 2: 𝑥1(𝑡) and 𝑒1(𝑡).
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Figure 3: Control input 𝑢(𝑡).
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Figure 4: 𝑒2(𝑡) and 𝑒3(𝑡).

tracking error tends to zero rapidly. Figure 3 shows the time
response of the control input 𝑢(𝑡). It should be pointed out
that the proposed controller, the commonly used term sign(⋅),
is not used in this paper. That is to say, our controller is
smooth and bounded, just as indicated in Figure 3. Tracking
errors 𝑒2(𝑡) and 𝑒3(𝑡) are presented in Figure 4. The fuzzy
systems parameters are given in Figure 5. It is to know that
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Figure 5: 𝜃1(𝑡)‖, 𝜃2(𝑡)‖, and 𝜃3(𝑡)‖.

these simulation results are matched withTheorem 6, and the
proposed method has good robustness.

5. Conclusions

In this paper, a command filtered AFBC method has been
proposed for Chua’s chaotic system with system uncertain-
ties and external disturbances. It has been shown that the
proposed method works well without the knowledge of
any explicit uncertainty detection. One of the distinctive
features of the proposed control approach consists in the fact
that the problem of “explosion of complexity” in traditional
backstepping design procedure is solved by the proposed
first-order filter. In the stability analysis, Lyapunov stability
criteria are used. The proposed command filtered AFBC
can guarantee the convergence of tracking errors. Simulation
results have verified our methods.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

The authors do not have a direct financial relation with any
commercial identity mentioned in their paper that might lead
to conflicts of interest for any of the authors.

Acknowledgments

This work is supported by the National Natural Science
Foundation of China under Grant no. 11771263 and the
Natural Science Foundation of Anhui Province of China
under Grant no. 1808085MF181.

References

[1] M. Krstic, I. Kanellakopoulos, and P. V. Kokotovic, Nonlinear
and Adaptive Control Design, vol. 222, Wiley, New York, NY,
USA, 1995.



Mathematical Problems in Engineering 9

[2] H. Li, L. Wang, H. Du, and A. Boulkroune, “Adaptive fuzzy
backstepping tracking control for strict-feedback systems with
input delay,” IEEE Transactions on Fuzzy Systems, vol. 25, no. 3,
pp. 642–652, 2017.

[3] J.-M. Coron, L. Hu, and G. Olive, “Finite-time boundary stabi-
lization of general linear hyperbolic balance laws via Fredholm
backstepping transformation,” Automatica, vol. 84, pp. 95–100,
2017.

[4] H. Liu, Y. Pan, S. Li, and Y. Chen, “Adaptive Fuzzy Backstepping
Control of Fractional-OrderNonlinear Systems,” IEEE Transac-
tions on Systems, Man, and Cybernetics: Systems, vol. 47, no. 8,
pp. 2209–2217, 2017.

[5] C. L. P. Chen, G.-X. Wen, Y.-J. Liu, and Z. Liu, “Observer-
based adaptive backstepping consensus tracking control for
high-order nonlinear semi-strict-feedbackmultiagent systems,”
IEEE Transactions on Cybernetics, vol. 46, no. 7, pp. 1591–1601,
2016.

[6] A. Stotsky, J. K. Hedrick, and P. P. Yip, “Theuse of slidingmodes
to simplify the backstepping control method,” in Proceedings of
the American Control Conference, vol. 3, pp. 1703–1708, IEEE,
June 1997.

[7] D. Swaroop, J. K. Hedrick, P. P. Yip, and J. C. Gerdes, “Dynamic
surface control for a class of nonlinear systems,” IEEE Transac-
tions on Automatic Control, vol. 45, no. 10, pp. 1893–1899, 2000.

[8] J. A. Farrell, M. Polycarpou, M. Sharma, and W. Dong, “Com-
mand filtered backstepping,” IEEE Transactions on Automatic
Control, vol. 54, no. 6, pp. 1391–1395, 2008.

[9] M.Wang andC.Wang, “Learning from adaptive neural dynam-
ic surface control of strict-feedback systems,” IEEE Transactions
on Neural Networks and Learning Systems, vol. 26, no. 6, pp.
1247–1259, 2015.

[10] L. Wang, W. Sun, and Y. Wu, “Adaptive fuzzy output feedback
control for partial state constrained nonlinear pure feedback
systems,” Mathematical Problems in Engineering, vol. 2018,
Article ID 9624938, 12 pages, 2018.

[11] Y. Li, H. Li, and W. Sun, “Event-triggered control for robust set
stabilization of logical control networks,” Automatica, vol. 95,
pp. 556–560, 2018.

[12] J. Gu and F. Meng, “Some new nonlinear Volterra-Fredholm
type dynamic integral inequalities on time scales,” Applied
Mathematics and Computation, vol. 245, pp. 235–242, 2014.

[13] L. Gao, D.Wang, and G. Wang, “Further results on exponential
stability for impulsive switched nonlinear time-delay systems
with delayed impulse effects,” Applied Mathematics and Com-
putation, vol. 268, pp. 186–200, 2015.

[14] C. Ma, T. Li, and J. Zhang, “Consensus control for leader-
following multi-agent systems with measurement noises,” Jour-
nal of Systems Science and Complexity, vol. 23, no. 1, pp. 35–49,
2010.

[15] W. Sun and L. Peng, “Observer-based robust adaptive control
for uncertain stochastic Hamiltonian systems with state and
input delays,” Lithuanian Association of Nonlinear Analysts.
Nonlinear Analysis: Modelling and Control, vol. 19, no. 4, pp.
626–645, 2014.

[16] H. Qin, J. Liu, X. Zuo, and L. Liu, “Approximate controllability
and optimal controls of fractional evolution systems in abstract
spaces,” Advances in Difference Equations, p. 322, 2014.

[17] F. Li andY.Bao, “Uniformstability of the solution for amemory-
type elasticity system with nonhomogeneous boundary control
condition,” Journal of Dynamical and Control Systems, vol. 23,
no. 2, pp. 301–315, 2017.

[18] Y. Guo, “Globally robust stability analysis for stochastic Cohen-
Grossberg neural networks with impulse and time-varying
delays,”UkrainianMathematical Journal, vol. 69, no. 8, pp. 1220–
1233, 2018.

[19] F. Li andQ. Gao, “Blow-up of solution for a nonlinear Petrovsky
type equation with memory,”Applied Mathematics and Compu-
tation, vol. 274, pp. 383–392, 2016.

[20] X. Lin and Z. Zhao, “Existence and uniqueness of symmetric
positive solutions of 2n-order nonlinear singular boundary
value problems,” Applied Mathematics Letters, vol. 26, no. 7, pp.
692–698, 2013.

[21] H. Wu, “Liouville-type theorem for a nonlinear degenerate
parabolic system of inequalities,” Mathematical Notes, vol. 103,
no. 1-2, pp. 155–163, 2018.

[22] L. Liu, F. Sun, X. Zhang, and Y. Wu, “Bifurcation analysis for a
singular differential systemwith two parameters via to topolog-
ical degree theory,” Nonlinear Analysis: Modelling and Control,
vol. 22, no. 1, pp. 31–50, 2017.

[23] Y. Sun, L. Liu, andY.Wu, “The existence and uniqueness of pos-
itive monotone solutions for a class of nonlinear Schrödinger
equations on infinite domains,” Journal of Computational and
Applied Mathematics, vol. 321, pp. 478–486, 2017.

[24] R. Xu and X. Ma, “Some new retarded nonlinear Volterra-
Fredholm type integral inequalities with maxima in two
variables and their applications,” Journal of Inequalities and
Applications, vol. 2017, article no. 187, 2017.

[25] X. Peng, Y. Shang, and X. Zheng, “Lower bounds for the blow-
up time to a nonlinear viscoelastic wave equation with strong
damping,” Applied Mathematics Letters, vol. 76, pp. 66–73, 2018.

[26] Y. Sun and F. Meng, “Reachable set estimation for a class of
nonlinear time-varying systems,” Complexity, vol. 2017, Article
ID 5876371, 6 pages, 2017.

[27] D. Feng, M. Sun, and X. Wang, “A family of conjugate gra-
dient methods for large-scale nonlinear equations,” Journal of
Inequalities and Applications, vol. 236, 2017.

[28] X. Du and A. Mao, “Existence and multiplicity of nontrivial
solutions for a class of semilinear fractional schrödinger equa-
tions,” Journal of Function Spaces, vol. 2017, Article ID 3793872,
7 pages, 2017.

[29] H. Liu and F.Meng, “Some new generalized Volterra-Fredholm
type discrete fractional sum inequalities and their applications,”
Journal of Inequalities and Applications, vol. 2016, no. 1, article
213, 2016.

[30] J. Zhang, Z. Lou, Y. Ji, and W. Shao, “Ground state of Kirchhoff
type fractional Schrödinger equations with critical growth,”
Journal of Mathematical Analysis and Applications, vol. 462, no.
1, pp. 57–83, 2018.

[31] M. Li and J. Wang, “Exploring delayed Mittag-Leffler type
matrix functions to study finite time stability of fractional delay
differential equations,” Applied Mathematics and Computation,
vol. 324, pp. 254–265, 2018.

[32] T. Shen, J. Xin, and J. Huang, “Time-space fractional stochastic
Ginzburg-Landau equation driven by gaussian white noise,”
Stochastic Analysis and Applications, vol. 36, no. 1, pp. 103–113,
2018.

[33] J. Wang, Y. Yuan, and S. Zhao, “Fractional factorial split-
plot designs with two- and four-level factors containing clear
effects,”Communications in Statistics—Theory andMethods, vol.
44, no. 4, pp. 671–682, 2015.

[34] R. Xu and Y. Zhang, “Generalized Gronwall fractional summa-
tion inequalities and their applications,” Journal of Inequalities
and Applications, vol. 2015, no. 42, 2015.



10 Mathematical Problems in Engineering

[35] Y. Yuan and S.-l. Zhao, “Mixed two- and eight-level fractional
factorial split-plot designs containing clear effects,” Acta Math-
ematicae Applicatae Sinica, vol. 32, no. 4, pp. 995–1004, 2016.

[36] L. Zhang and Z. Zheng, “Lyapunov type inequalities for the
Riemann-Liouville fractional differential equations of higher
order,” Advances in Difference Equations, vol. 2017, no. 1, p. 270,
2017.

[37] Y. Pan and H. Yu, “Biomimetic hybrid feedback feedforward
neural-network learning control,” IEEE Transactions on Neural
Networks and Learning Systems, vol. 28, no. 6, pp. 1481–1487,
2017.

[38] T.Wang,Y. Zhang, J.Qiu, andH.Gao, “Adaptive fuzzy backstep-
ping control for a class of nonlinear systems with sampled and
delayed measurements,” IEEE Transactions on Fuzzy Systems,
vol. 23, no. 2, pp. 302–312, 2015.

[39] Y.-J. Liu, Y. Gao, S. Tong, andY. Li, “Fuzzy approximation-based
adaptive backstepping optimal control for a class of nonlinear
discrete-time systems with dead-zone,” IEEE Transactions on
Fuzzy Systems, vol. 24, no. 1, pp. 16–28, 2016.

[40] H. K. Khalil, Nonlinear Control, Pearson, New York, NY, USA,
2015.

[41] Z. Liu, B. Chen, and C. Lin, “Adaptive neural backstepping for
a class of switched nonlinear system without strict-feedback
form,” IEEE Transactions on Systems, Man, and Cybernetics:
Systems, vol. 47, no. 7, pp. 1315–1320, 2017.

[42] H. Gao, Y. Song, and C. Wen, “Backstepping design of adaptive
neural fault-tolerant control for MIMO nonlinear systems,”
IEEE Transactions on Neural Networks and Learning Systems,
vol. 28, no. 11, pp. 2605–2613, 2017.

[43] J. Yu, P. Shi, and L. Zhao, “Finite-time command filtered back-
stepping control for a class of nonlinear systems,” Automatica,
vol. 92, pp. 173–180, 2018.

[44] H. Liu, S. Li, J. D. Cao, A. G. Alsaedi, and F. E. Alsaadi,
“Adaptive fuzzy prescribed performance controller design for
a class of uncertain fractional-order nonlinear systems with
external disturbances,” Neurocomputing, vol. 219, pp. 422–430,
2017.

[45] Y. Li, S. Sui, and S. Tong, “Adaptive fuzzy control design for
stochastic nonlinear switched systems with arbitrary switchings
and unmodeled dynamics,” IEEE Transactions on Cybernetics,
vol. 47, no. 2, pp. 403–414, 2017.

[46] N.Wang, J.-C. Sun, andM. J. Er, “Tracking-error-based univer-
sal adaptive fuzzy control for output tracking of nonlinear sys-
tems with completely unknown dynamics,” IEEE Transactions
on Fuzzy Systems, vol. 26, no. 2, pp. 869–883, 2018.

[47] H. Liu, S. Li, G. Li, and H. Wang, “Adaptive controller design
for a class of uncertain fractional-order nonlinear systems:
an adaptive fuzzy approach,” International Journal of Fuzzy
Systems, vol. 20, no. 2, pp. 366–379, 2018.

[48] H. Liu, S. Li, H. Wang, and Y. Sun, “Adaptive fuzzy control for
a class of unknown fractional-order neural networks subject to
input nonlinearities and dead-zones,” Information Sciences, vol.
454-455, pp. 30–45, 2018.

[49] Y.Wang, L. Cao, S. Zhang, X. Hu, and F. Yu, “Command filtered
adaptive fuzzy backstepping control method of uncertain non-
linear systems,” IET Control Theory & Applications, vol. 10, no.
10, pp. 1134–1141, 2016.
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This paper studies the problem of adaptive stabilization for a class of stochastic high-order nonholonomic systems. Under the
weaker assumptions, by constructing the appropriate Lyapunov function and combining sign function technique, an adaptive state
feedback controller is designed to guarantee global asymptotic stability in probability of the closed-loop system. The effectiveness
of the controller is demonstrated by a mechanical system.

1. Introduction

Ever since the stochastic stability theory was established by
[1, 2], the design and analysis of backstepping controller
for stochastic nonlinear systems has achieved remarkable
development in recent years; see [1, 3–12] and the references
therein. But these papers do not consider stochastic nonholo-
nomic systems.

In this paper, we consider stochastic high-order nonholo-
nomic systems

d𝑥0 = 𝑑0 (𝑡, 𝜃) 𝑢𝑝00 d𝑡 + 𝑓0 (𝑥0, 𝜃) d𝑡 + 𝑔⊤0 (𝑥0, 𝜃) d𝜔,
d𝑥𝑖 = 𝑑𝑖 (𝑡, 𝜃) 𝑢𝑞𝑖0 𝑥𝑝𝑖𝑖+1d𝑡 + 𝑓𝑖 (𝑥0, 𝑥, 𝜃) d𝑡

+ 𝑔⊤𝑖 (𝑥0, 𝑥, 𝜃) d𝜔,
d𝑥𝑛 = 𝑑𝑛 (𝑡, 𝜃) 𝑢𝑞𝑛0 𝑢𝑝𝑛d𝑡 + 𝑓𝑛 (𝑥0, 𝑥, 𝜃) d𝑡+ 𝑔⊤𝑛 (𝑥0, 𝑥, 𝜃) d𝜔,

(1)

where 𝑥0 ∈ 𝑅 and 𝑥 = (𝑥1, . . . , 𝑥𝑛)⊤ ∈ 𝑅𝑛 are
system states, 𝑢0 and 𝑢 are control inputs, 𝑝𝑖 ∈ 𝑅≥1𝑜𝑑𝑑 ≜{𝑝/𝑞|𝑝 and 𝑞 are positive odd integers, and𝑝 ≥ 𝑞} are odd
integers, and 𝑞𝑖 ≥ 0 are constants, 𝑖 = 1, . . . , 𝑛. 𝜃 ∈ 𝑅𝑚 is
an unknown constant vector. 𝜔 is a 𝑟-dimensional standard
Wiener process defined on a probability space (Ω,F, 𝑃)with

Ω being a sample space, F being a filtration, and 𝑃 being a
probability measure. 𝑓0(𝑥0, 𝜃) : 𝑅 × 𝑅𝑚 → 𝑅, 𝑔0(𝑥0, 𝜃) :𝑅 × 𝑅𝑚 → 𝑅𝑟, 𝑓𝑖(𝑥0, 𝑥, 𝜃) : 𝑅 × 𝑅𝑛 × 𝑅𝑟 → 𝑅, 𝑔𝑖(𝑥0, 𝑥, 𝜃) :𝑅×𝑅𝑛×𝑅𝑟 → 𝑅𝑟, 𝑖 = 1, . . . , 𝑛, are locally Lipschitz functions.𝑑𝑖(𝑡, 𝜃), 𝑖 = 0, . . . , 𝑛, are nonlinear control coefficients.

Since many mechanical systems can be modeled by sys-
tem (1), a series of theoretical results have been obtained. To
mention a few, [13–16] investigated the deterministic case of𝑔𝑖 = 0. Speciallywhen𝑑𝑖 = 𝑝𝑖 = 𝑞𝑖 = 1 and𝑓𝑖 = 0, the authors
designed a continuous controller by proposing a slidingmode
control approach in [13]. When systems contain nonlinear
drifts and unknown time-varying coefficients, [15] presented
an adaptive control approach to achieve sate-feedback sta-
bilization. High-order nonholonomic systems, that is, 𝑝𝑖 ≥1, were introduced in [16]. The design procedure in [16]
combined the idea of a discontinuous change of coordinate
and adding a power integrator. However, it did not consider
nonlinear parameterizations. Because many practical control
systems such as biochemical processes and machines with
friction often contain unknown parameters, [14] studied the
problem of adaptive stabilization control design for a class
of high-order nonholonomic systems with strong nonlinear
drifts. Since stochastic noise frequently arises and is inevitable
in practical control systems, how to extend these approaches
to stochastic high-order nonholonomic systems is a very
interesting problem.When𝑔𝑖 ̸= 0, [17] studied the problemof
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state feedback stabilization for a class of high-order stochastic
nonholonomic systems with disturbed control directions and
more general nonlinear drifts. However, nonlinear param-
eterization and nonlinear drift term in 𝑥0-subsystem were
not discussed in [17]. Unfortunately, all these mentioned
results require that the nonlinearities 𝑓𝑖(⋅) are dependent on(𝑥1, . . . , 𝑥𝑖). Naturally, an interesting problem is put forward:
For system (1), under weaker assumptions, can a stabilizable
state feedback controller be designed?

In this paper, we will provide a satisfactory answer to this
problem. By constructing the appropriate Lyapunov function,
skillfully combining parameter separation, sign function, and
backstepping design approach, an adaptive state feedback
controller is designed to guarantee global asymptotic stability
in probability of the closed-loop system. Finally, a simulation
example is used to demonstrate the effectiveness of this
approach.

The contributions and difficulties of this paper are high-
lighted from three aspects.

(i) The system under consideration is more general than
those investigated in [13–17]. System (1) has unknown con-
trol coefficients and permits unknown parameters to enter
nonlinear equations. Nonlinear functions𝑓𝑖(⋅) are dependent
on (𝑥1, . . . , 𝑥𝑖+1), which makes discontinuous change of
coordinates be inapplicable to the adaptive state feedback
control of systems (1). In this paper, we propose a novel design
approach to solve this obstacle.

(ii) The unknown growth rates of the upper bounds
of 𝑓𝑖(⋅) and 𝑔𝑖(⋅) are extended; see Remark 13. Therefore,
some new mathematical tools, such as sign function and
transformation technique, are introduced to simplify the
construction of Lyapunov function.

(iii) An practical example for mobile robot with small
angle measurement error is modeled and solved by the
proposed approach.

This paper is organized as follows. Section 2 gives some
preliminaries. Section 3 presents the design and analysis
of the adaptive controller, following a practical example in
Section 4. Section 5 concludes this paper. The proofs of
Propositions 16–19 are given in Appendix.

2. Mathematical Preliminaries

Some notations and definitions will be used throughout this
paper. 𝑅+ stands for the set of all nonnegative real numbers
and 𝑅𝑛 denotes real 𝑛-dimensional space. For vector 𝜒 =(𝜒1, . . . , 𝜒𝑛)⊤, 𝜒𝑖 represents (𝜒1, . . . , 𝜒𝑖)⊤. For a given vector or
matrix 𝑥, 𝑥⊤ denotes its transpose, |𝑥| is the Euclidean norm
of a vector 𝑥, and Tr{𝑥} denotes its trace when 𝑥 is square.
C𝑖 denotes the set of all functions with continuous 𝑖th partial
derivatives. K denotes the set of all functions: 𝑅+ → 𝑅+
that are continuous, strictly increasing, and vanishing at zero;
K∞ denotes the set of all functions that are of class K and
unbounded. For any 𝑦 ∈ 𝑅, sign function sgn(𝑦) is defined
as sgn(𝑦) = 1 if 𝑦 > 0; sgn(𝑦) = 0 if 𝑦 = 0 and sgn(𝑦) = −1
if 𝑦 < 0. For simplicity, we denote ⌈𝑦⌉𝑝 = |𝑦|𝑝sgn(𝑦). The
arguments of functions are sometimes omitted or simplified,
for example, a function 𝑓(𝑥(𝑡)) is denoted by 𝑓(𝑥) or𝑓.

In what follows, we present some definitions and lemmas
which will be frequently used in the design and analysis of
controller. Consider stochastic nonlinear system

d𝑥 = 𝑓 (𝑥, 𝜃) d𝑡 + 𝑔 (𝑥, 𝜃) d𝜔,𝑥 (𝑡0) = 𝑥0 ∈ 𝑅𝑛, (2)

where 𝜔 is a 𝑟-dimensional standard Wiener process defined
on a probability space (Ω,F, 𝑃), 𝑥 ∈ 𝑅𝑛 is system state, 𝜃 ∈𝑅𝑚 is an unknown constant vector and the functions 𝑓 : 𝑅𝑛 ×𝑅𝑚 → 𝑅𝑛, and 𝑔 : 𝑅𝑛 × 𝑅𝑚 → 𝑅𝑛×𝑟 are locally bounded
and locally Lipschitz with respect to 𝑥.
Definition 1 (see [1]). The equilibrium 𝑥(𝑡) = 0 of system (2)
with 𝑓(0, 𝜃) = 0, 𝑔(0, 𝜃) = 0 is

(i) globally stable in probability if for any 𝜀 > 0, there
exists a class K function 𝑟(⋅) such that 𝑃{|𝑥(𝑡)| < 𝑟(𝑥0)} ≥1 − 𝜀, for any 𝑡 ≥ 0, 𝑥0 ∈ 𝑅𝑛 \ {0}

(ii) globally asymptotically stable in probability if it is
globally stable in probability and 𝑃{lim𝑡→∞|𝑥(𝑡) = 0|} = 1,
for any 𝑥0 ∈ 𝑅𝑛
Lemma 2 (see [1]). For system (2), if there exists aC2 function𝑉(𝑥) : 𝑅𝑛 → 𝑅+ and classK∞ functions 𝛼1(⋅) and 𝛼2(⋅), such
that 𝛼1 (|𝑥|) ≤ 𝑉 (𝑥) ≤ 𝛼2 (|𝑥|) ,

L𝑉 (𝑥) = 𝜕𝑉 (𝑥)𝜕𝑥 𝑓 (𝑥, 𝜃)
+ 12Tr{𝑔𝑇 (𝑥, 𝜃) 𝜕2𝑉 (𝑥)𝜕𝑥2 𝑔 (𝑥, 𝜃)}

≤ −𝑊(𝑥) ,
(3)

where𝑊(𝑥) is a nonnegative continuous function, then, for any𝑥(𝑡0) ∈ 𝑅𝑛,
(i) there exists an almost surely unique solution on [𝑡0,∞)
(ii) the equilibrium 𝑥 = 0 is globally stable in probability,

and the solution 𝑥(𝑡) satisfies 𝑃{lim𝑡→∞𝑊(𝑥(𝑡)) = 0} = 1
Lemma 3 (see [18]). For any real-valued continuous functionℎ(𝑥, 𝑦), where 𝑥 ∈ 𝑅𝑚, 𝑦 ∈ 𝑅𝑛, there are smooth scalar
functions 𝑐(𝑥) ≥ 1 and 𝑑(𝑦) ≥ 1, such that |ℎ(𝑥, 𝑦)| ≤𝑐(𝑥)𝑑(𝑦).
Lemma 4 (see [19]). Let 𝑥, 𝑦 be real variables, then for
any positive real numbers 𝑏, 𝑐, 𝑑 and continuous function𝑎(⋅) ≥ 0, one has 𝑎(⋅)|𝑥|𝑐|𝑦|𝑑 ≤ 𝑏|𝑥|𝑐+𝑑 + (𝑑/(𝑐 + 𝑑))((𝑐 +𝑑)/𝑐)−𝑐/𝑑𝑎(⋅)(𝑐+𝑑)/𝑑𝑏−𝑐/𝑑|𝑦|𝑐+𝑑.
Lemma 5 (see [20]). 𝑓(𝑥) = ⌈𝑥⌉𝑎 is continuously differen-
tiable and ̇𝑓(𝑥) = 𝑎|𝑥|𝑎−1, where 𝑎 ≥ 1, 𝑥 ∈ 𝑅. Moreover,𝑑𝑓(𝑥(𝑡))/𝑑𝑡 = 𝑎|𝑥(𝑡)|𝑎−1�̇�(𝑡).
Lemma6 (see [20]). If𝑝 = 𝑎/𝑏 ∈ 𝑅≥1𝑜𝑑𝑑, 𝑏 ≥ 1, then |𝑥𝑝−𝑦𝑝| ≤21−1/𝑏|⌈𝑥⌉𝑎 − ⌈𝑦⌉𝑎|1/𝑏 for any 𝑥, 𝑦 ∈ 𝑅.
Lemma 7 (see [20]). For given 𝑟 ≥ 0 and every 𝑥 ∈ 𝑅, 𝑦 ∈ 𝑅,|𝑥 + 𝑦|𝑟 ≤ 𝐶𝑟(|𝑥|𝑟 + |𝑦|𝑟) holds, where 𝐶𝑟 = 2𝑟−1 if 𝑟 ≥ 1 and𝐶𝑟 = 1 if 0 ≤ 𝑟 < 1.
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Lemma 8 (see [20]). Let 𝑓 : [𝑎, 𝑏] → 𝑅 be a continuous
monotone function with 𝑓(𝑎) = 0; then | ∫𝑏

𝑎
𝑓(𝑥)𝑑𝑥| ≤|𝑓(𝑏)||𝑏 − 𝑎|.

3. Design and Analysis of Adaptive Controller

3.1. Problem Formulation and Assumptions. The aim of this
paper is to design an adaptive state feedback controller
for system (1) to guarantee global asymptotic stability in
probability of the closed-loop system. We need the following
assumptions to achieve this aim.

Assumption 9. The sign of 𝑑𝑖(𝑡, 𝜃), 𝑖 = 0, . . . , 𝑛, is assumed to
be positive, and there exist smooth functions 0 < 𝜆𝑖,1(𝑡) ≤𝜆𝑖,2(𝑡, 𝜃), such that

0 < 𝜆𝑖,1 (𝑡) ≤ 𝑑𝑖 (𝑡, 𝜃) ≤ 𝜆𝑖,2 (𝑡, 𝜃) . (4)

Assumption 10. For smooth functions𝑓0(𝑥0, 𝜃) and 𝑔0(𝑥0, 𝜃),
there exist bounded smooth functions 𝛼0(𝑥0, 𝜃), 𝛽0(𝑥0, 𝜃)
such that 𝑓0 (𝑥0, 𝜃) = 𝑥0𝛼0 (𝑥0, 𝜃) ,𝑔0 (𝑥0, 𝜃) = 𝑥0𝛽0 (𝑥0, 𝜃) . (5)

Assumption 11. For 𝑖 = 1, . . . , 𝑛, there exist nonnegative
continuous functions 𝛼𝑖(𝑥0, 𝑥𝑖, 𝜃), 𝛽𝑖(𝑥0, 𝑥𝑖, 𝜃) and a constant𝜏 satisfying −𝑟𝑛 < 𝜏 < 0 such that𝑓𝑖 (𝑥0, 𝑥, 𝜃)

≤ (𝑥1(𝑟𝑖+𝜏)/𝑟1 + ⋅ ⋅ ⋅ + 𝑥𝑖(𝑟𝑖+𝜏)/𝑟𝑖) 𝛼𝑖 (𝑥0, 𝑥𝑖, 𝜃)
+ 𝑐𝑖𝑢𝑞𝑖0 𝑑𝑖 (𝑡, 𝜃) 𝑥𝑖+1(𝑟𝑖+𝜏)/𝑟𝑖+1 ,𝑔𝑖 (𝑥0, 𝑥, 𝜃)

≤ (𝑥1(2𝑟𝑖+𝜏)/2𝑟1 + ⋅ ⋅ ⋅ + 𝑥𝑖(2𝑟𝑖+𝜏)/2𝑟𝑖) 𝛽𝑖 (𝑥0, 𝑥𝑖, 𝜃) ,
(6)

where 𝑟𝑛+1 is a given positive constant and 𝑟1,⋅ ⋅ ⋅ , 𝑟𝑛 are
recursively defined by 𝑟𝑖 = 𝑝𝑖𝑟𝑖+1 − 𝜏 and nonnegative
constants 𝑐𝑖 < 1/2𝑝𝑖−1.
Remark 12. Assumptions 10-11 imply that 𝑓0(0, 𝜃) = 0,𝑔0(0, 𝜃) = 0, 𝑓𝑖(0, 0, 𝜃) = 0, 𝑔𝑖(0, 0, 𝜃) = 0, 𝑖 = 1, . . . , 𝑛; that is,
origin is the equilibrium of system (1).

Remark 13. Assumption 11 enlarges the scope of nonholo-
nomic systems. Specifically, if state 𝑥𝑖+1 does not appear in the
nonlinear function 𝑓𝑖(⋅), Assumption 11 is degenerated into
the following form:𝑓𝑖 (𝑥0, 𝑥, 𝜃)

≤ (𝑥1(𝑟𝑖+𝜏)/𝑟1 + ⋅ ⋅ ⋅ + 𝑥𝑖(𝑟𝑖+𝜏)/𝑟𝑖) 𝛼𝑖 (𝑥0, 𝑥𝑖, 𝜃) ,𝑔𝑖 (𝑥0, 𝑥, 𝜃)
≤ (𝑥1(2𝑟𝑖+𝜏)/2𝑟1 + ⋅ ⋅ ⋅ + 𝑥𝑖(2𝑟𝑖+𝜏)/2𝑟𝑖) 𝛽𝑖 (𝑥0, 𝑥𝑖, 𝜃) ,

(7)

where 𝑟1 = 1, 𝑟𝑖 = 1 + (𝑖 − 1)𝜏 with 𝜏 being a constant for
each 𝑖 = 1, . . . , 𝑛. Particularly, when 𝜏 = 0, (7) becomes the
following growth condition:𝑓𝑖 (𝑥0, 𝑥, 𝜃) ≤ (𝑥1 + ⋅ ⋅ ⋅ + 𝑥𝑖) 𝛼𝑖 (𝑥0, 𝑥𝑖, 𝜃) ,𝑔𝑖 (𝑥0, 𝑥, 𝜃) ≤ (𝑥1 + ⋅ ⋅ ⋅ + 𝑥𝑖) 𝛽𝑖 (𝑥0, 𝑥𝑖, 𝜃) . (8)

If 𝛼𝑖(𝑥0, 𝑥𝑖, 𝜃) and 𝛽𝑖(𝑥0, 𝑥𝑖, 𝜃) are constants, (8) becomes the
linear growth condition in [21]. If 𝛼𝑖(𝑥0, 𝑥𝑖, 𝜃) and𝛽𝑖(𝑥0, 𝑥𝑖, 𝜃)
are smooth nonnegative functions, (8) becomes the linear
growth condition in [22, 23]. When 𝜏 = −𝑝/𝑞 ∈ (−2/(4𝑛 +1), 0)with𝑝 being an even integer and 𝑞 being an odd integer,
condition (7) becomes the low-order growth condition in
[24, 25]. Assumption 11 extends the value of 𝜏 to an explicit
interval rather than a ratio of an even integer over an odd
integer.

Remark 14. By Lemma 3, there are smooth scalar functions�̃�𝑖,2(𝑡) ≥ 1, 𝛼𝑖(𝑥0, 𝑥𝑖) ≥ 1, 𝛽𝑖(𝑥0, 𝑥𝑖) ≥ 1, 𝑖 = 0, . . . , 𝑛, andΘ(𝜃) ≥ 1 such that𝜆𝑖,1 (𝑡) ≤ 𝑑𝑖 (𝑡, 𝜃) ≤ �̃�𝑖,2 (𝑡) Θ,𝑓0 (𝑥0, 𝜃) ≤ 𝑥0 𝛼0 (𝑥0)Θ,𝑔0 (𝑥0, 𝜃) ≤ 𝑥0 𝛽0 (𝑥0)Θ,𝑓𝑖 (𝑥0, 𝑥, 𝜃)≤ (𝑥1(𝑟𝑖+𝜏)/𝑟1 + ⋅ ⋅ ⋅ + 𝑥𝑖(𝑟𝑖+𝜏)/𝑟𝑖) 𝛼𝑖 (𝑥0, 𝑥𝑖)Θ
+ 𝑐𝑖𝑢𝑞𝑖0 𝑑𝑖 (𝑡, 𝜃) 𝑥𝑖+1(𝑟𝑖+𝜏)/𝑟𝑖+1 ,𝑔𝑖 (𝑥0, 𝑥, 𝜃)≤ (𝑥1(2𝑟𝑖+𝜏)/2𝑟1 + ⋅ ⋅ ⋅ + 𝑥𝑖(2𝑟𝑖+𝜏)/2𝑟𝑖) 𝛽𝑖 (𝑥0, 𝑥𝑖)Θ.

(9)

3.2. Stability and Convergence Analysis. We state the main
result in this paper.

Theorem 15. If Assumptions 9–11 hold for system (1), under
an appropriate controller, the origin of the closed-loop system
is globally asymptotically stable in probability for any initial
condition.

Proof. The proof is based on inductive argument. Firstly,
we design an adaptive controller by considering two cases:𝑥0(𝑡0) ̸= 0 and 𝑥0(𝑡0) = 0.
Case I (𝑥0(𝑡0) ̸= 0).The structure of system (1) means that the
design procedure is divided into two separate parts.

Part I (design of controller 𝑢0). Let us consider 𝑥0-subsystem
in system (1), define Θ0 = 𝜆−10,1max{𝜆−10,1, Θ, Θ2}, and choose𝑉0 = 𝑥40/4+(𝜆0,1/2)Θ̃20, where Θ̃0 = Θ0−Θ̂0. FromRemark 14,
it follows that

L𝑉0 = 𝑥30 (𝑑0𝑢𝑝00 + 𝑓0) + 32Tr {𝑔0𝑥20𝑔⊤0 } − 𝜆0,1Θ̃0 ̇̂Θ0≤ − 𝑎𝜆0,1 𝑥40 + 𝑎𝜆0,1 𝑥40 + 𝑥30𝑑0𝑢𝑝00 + Θ𝛼0 (𝑥0) 𝑥40
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+ 32Θ2𝛽20 (𝑥0) 𝑥40 − 𝜆0,1Θ̃0 ̇̂Θ0
≤ − 𝑎𝜆0,1 𝑥40 + 𝜆0,1𝑥30 ( 𝑑0𝜆0,1 𝑢𝑝00 + ℎ (𝑥0) Θ̂0𝑥0)
− 𝜆0,1Θ̃0 ( ̇̂Θ0 − 𝑥40ℎ (𝑥0)) ,

(10)

where 𝑎 is a positive constant and ℎ(𝑥0) = 𝑎 + 𝛼0(𝑥0) +(3/2)𝛽20(𝑥0) is a positive smooth function. Substituting the
adaptive controller

𝑢0 = −(𝑥0ℎ (𝑥0)√Θ̂20 + 1)1/𝑝0 ,
̇̂Θ0 = 𝑥40ℎ (𝑥0)

(11)

into (10) leads to

L𝑉0 ≤ − 𝑎𝜆0,1 𝑥40. (12)

The succeeding proposition characterizes the features of 𝑥0-
subsystem.

Proposition 16. If Assumptions 9-10 hold for 𝑥0-subsystem,
controller (11) guarantees that

(i) 𝑥0-subsystem has an almost surely unique solution on[𝑡0,∞) for any 𝑥0(𝑡0) ̸= 0
(ii) the equilibrium 𝑥0 = 0 of 𝑥0-subsystem is globally

asymptotically stable in probability
(iii) the solution of 𝑥0-subsystem and 𝑢0 does not cross zero

for any 𝑥0(𝑡0) ̸= 0
Proof. See Appendix.

Part II (design of controller 𝑢). In this part, we need
to consider 𝑥𝑖-subsystem in system (1). With the help of
Proposition 16, controller 𝑢will be recursively constructed by
applying the adding a power integrator approach. Before the
beginning of recursive design, we define Θ1 = max{1, Θ,Θ2}
and state transformation

𝜉1 = ⌈𝑥1⌉𝜎/𝑟1 − ⌈𝑥∗1 ⌉𝜎/𝑟1 , 𝑥∗1 = 0,
𝜉2 = ⌈𝑥2⌉𝜎/𝑟2 − ⌈𝑥∗2 ⌉𝜎/𝑟2 ,

𝑥∗2 = −𝜙1 (𝑥0, 𝑥1, Θ̂1) ⌈𝜉1⌉𝑟2/𝜎 ,...
𝜉𝑘 = ⌈𝑥𝑘⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ,

𝑥∗𝑘 = −𝜙𝑘−1 (𝑥0, 𝑥𝑘−1, Θ̂1) ⌈𝜉𝑘−1⌉𝑟𝑘/𝜎 ,

(13)

where 𝜎 is a positive constant satisfying the relationship 𝜎 ≥
max{𝑝1𝑟2, . . . , 𝑝𝑛𝑟𝑛+1}, Θ̂1 is the estimate ofΘ1, and functions𝜙𝑘(⋅) satisfying sgn(𝜙𝑘) = sgn(𝑢𝑞𝑘0 ) will be determined later.

To solve the problem caused by sign function, the definition
of𝑊𝑘(𝑥0, 𝑥𝑘, Θ̂1) is given by

𝑊𝑘 (𝑥0, 𝑥𝑘, Θ̂1)
= ∫𝑥𝑘
𝑥∗
𝑘

⌈⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘⌉(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠, (14)

where 𝑘 = 1, . . . , 𝑛 and 4𝑙 is an even number and satisfies(4𝑙 − 2)𝜎 ≥ 𝜏 + 𝑟𝑘.
Proposition 17. 𝑊𝑘 is C2 function and satisfies 𝐶𝑘1|𝑥𝑘 −𝑥∗𝑘 |(4𝑙𝜎−𝜏)/𝑟𝑘 ≤ 𝑊𝑘 ≤ 𝐶𝑘2|𝜉𝑘|(4𝑙𝜎−𝜏)/𝜎, where 𝐶𝑘1 =2(𝜎−𝑟𝑘)(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎𝑟𝑘(𝑟𝑘/(4𝑙𝜎 − 𝜏)), 𝐶𝑘2 = 21−𝑟𝑘/𝜎, 𝑘 = 1, . . . , 𝑛.
Proof. See Appendix.

To obtain the expression of 𝑢, we determine 𝜙1,⋅ ⋅ ⋅ , 𝜙𝑛 by
induction, the design procedure is implemented as follows.

Step 1. Let𝑉1 = 𝑊1 + (1/2)Θ̃21, where Θ̃1 = Θ1 − Θ̂1. By using
(13), (A.3), (A.7), and Lemma 7, we get

L𝑉1 ≤ ⌈𝜉1⌉(4𝑙𝜎−𝜏−𝑟1)/𝜎 (𝑑1𝑢𝑞10 𝑥𝑝12 + 𝑓1)
+ 4𝑙𝜎 − 𝜏 − 𝑟12𝑟1 𝜉1((4𝑙−1)𝜎−𝜏−𝑟1)/𝜎 𝑥1(𝜎−𝑟1)/𝑟1 𝑔12
− Θ̃1 ̇̂Θ1 ≤ −𝑛𝜉4𝑙1 + 𝑛𝜉4𝑙1
+ ⌈𝜉1⌉(4𝑙𝜎−𝜏−𝑟1)/𝜎 𝑑1𝑢𝑞10 (𝑥𝑝12 − 𝑥∗2 𝑝1)
+ ⌈𝜉1⌉(4𝑙𝜎−𝜏−𝑟1)/𝜎 𝑑1𝑢𝑞10 𝑥∗2 𝑝1 − Θ̃1 ̇̂Θ1
+ 4𝑙𝜎 − 𝜏 − 𝑟12𝑟1 𝜉1((4𝑙−1)𝜎−𝜏−𝑟1)/𝜎 𝑥1(𝜎+𝑟1+𝜏)/𝑟1 𝛽21Θ2
+ ⌈𝜉1⌉(4𝑙𝜎−𝜏−𝑟1)/𝜎
⋅ (𝑥1(𝑟1+𝜏)/𝑟1 𝛼1Θ + 𝑐1𝑑1𝑢𝑞10 𝑥2𝑝1) .

(15)

Clearly, the application of the fact ⌈𝜉1⌉(4𝑙𝜎−𝜏−𝑟1)/𝜎𝑑1𝑢𝑞10 𝑥∗𝑝12 ≤0 implies

⌈𝜉1⌉(4𝑙𝜎−𝜏−𝑟1)/𝜎 𝑢𝑞10 𝑑1𝑥∗𝑝12
+ ⌈𝜉1⌉(4𝑙𝜎−𝜏−𝑟1)/𝜎 𝑐1𝑑1𝑢𝑞10 𝑥2𝑝1
≤ ⌈𝜉1⌉(4𝑙𝜎−𝜏−𝑟1)/𝜎 𝑢𝑞10 𝑑1𝑥∗𝑝12
+ 𝜉1(4𝑙𝜎−𝜏−𝑟1)/𝜎 𝑐1𝑑1 𝑢0𝑞1 𝑥∗2 𝑝1
+ 𝜉1(4𝑙𝜎−𝜏−𝑟1)/𝜎 𝑐1𝑑1 𝑢0𝑞1 𝜉2(𝑟1+𝜏)/𝜎
≤ ⌈𝜉1⌉(4𝑙𝜎−𝜏−𝑟1)/𝜎 𝑑1𝑢𝑞10 (1 − 𝑐1) 𝑥∗𝑝12
+ 𝜉1(4𝑙𝜎−𝜏−𝑟1)/𝜎 𝑐1𝑑1 𝑢0𝑞1 𝜉2(𝑟1+𝜏)/𝜎 ,

(16)
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where 𝑐1 = 2𝑝1−1𝑐1 is a positive constant. Substituting (16) into
(15) and choosing

𝑥∗2 = −( 1𝜆1,1𝑢𝑞10 (1 − 𝑐1)
⋅ Θ̂1 (𝛼1 + 𝑛 + 4𝑙𝜎 − 𝜏 − 𝑟12𝑟1 𝛽21))1/𝑝1 ⌈𝜉1⌉𝑟2/𝜎
≜ −𝜙1 (𝑥0, 𝑥1, Θ̂1) ⌈𝜉1⌉𝑟2/𝜎 ,

(17)

one has

L𝑉1 ≤ −𝑛𝜉4𝑙1 + ⌈𝜉1⌉(4𝑙𝜎−𝜏−𝑟1)/𝜎 𝑑1𝑢𝑞10 (𝑥𝑝12 − 𝑥∗2 𝑝1)
+ (Ψ1 − ̇̂Θ1) (Θ̃1 + 𝜂1)
+ 𝑐1𝑑1 𝑢0𝑞1 𝜉1(4𝑙𝜎−𝜏−𝑟1)/𝜎 𝜉2(𝑟1+𝜏)/𝜎 ,

(18)

whereΨ1 = 𝜉4𝑙1 (𝛼1+𝑛+((4𝑙𝜎−𝜏−𝑟1)/2𝑟1)𝛽21) ≥ 0 and 𝜂1 = 0.
Step k (𝑘 = 2, . . . , 𝑛). At Step 𝑘 − 1, assume that there exists a
C2 function 𝑉𝑘−1 and virtual controllers 𝑥∗2 ,⋅ ⋅ ⋅ , 𝑥∗𝑘 such that

L𝑉𝑘−1
≤ − (𝑛 − 𝑘 + 2) 𝑘−1∑

𝑖=1

𝜉4𝑙𝑖
+ ⌈𝜉𝑘−1⌉(4𝑙𝜎−𝜏−𝑟𝑘−1)/𝜎 𝑑𝑘−1𝑢𝑞𝑘−10 (𝑥𝑝𝑘−1

𝑘
− 𝑥∗𝑘 𝑝𝑘−1)

+ (Ψ𝑘−1 − ̇̂Θ1) (Θ̃1 + 𝜂𝑘−1)
+ 𝑐𝑘−1𝑑𝑘−1 𝑢0𝑞𝑘−1 𝜉𝑘−1(4𝑙𝜎−𝜏−𝑟𝑘−1)/𝜎 𝜉𝑘(𝑟𝑘−1+𝜏)/𝜎 ,

(19)

where 𝑐𝑘−1 = 2𝑝𝑘−1−1𝑐𝑘−1 is a nonnegative constant and
0 ≤ Ψ𝑘−1 ≤ (𝜉4𝑙1 + ⋅ ⋅ ⋅ + 𝜉4𝑙𝑘−1) 𝜑𝑘−1, (20)

for a C∞ function 𝜑𝑘−1 ≥ 0. In what follows, we prove that
(19) also holds at Step 𝑘. To prove this point, considering𝑉𝑘 =𝑉𝑘−1 +𝑊𝑘, we deduce from (19) and (A.3)-(A.13) that

L𝑉𝑘
≤ − (𝑛 − 𝑘 + 2) 𝑘−1∑

𝑖=1

𝜉4𝑙𝑖
+ ⌈𝜉𝑘−1⌉(4𝑙𝜎−𝜏−𝑟𝑘−1)/𝜎 𝑑𝑘−1𝑢𝑞𝑘−10 (𝑥𝑝𝑘−1

𝑘
− 𝑥∗𝑘 𝑝𝑘−1)

+ 𝜕𝑊𝑘𝜕Θ̂1 ̇̂Θ1 + (Ψ𝑘−1 − ̇̂Θ1) (Θ̃1 + 𝜂𝑘−1)
+ 𝑐𝑘−1𝑑𝑘−1 𝑢0𝑞𝑘−1 𝜉𝑘−1(4𝑙𝜎−𝜏−𝑟𝑘−1)/𝜎 𝜉𝑘(𝑟𝑘−1+𝜏)/𝜎
+ 𝜕𝑊𝑘𝜕𝑥0 (𝑑0𝑢𝑝00 + 𝑓0) + 𝜕𝑊𝑘𝜕𝑥𝑘 (𝑑𝑘𝑢𝑞𝑘0 𝑥𝑝𝑘𝑘+1 + 𝑓𝑘)

+ 12  𝜕
2𝑊𝑘𝜕𝑥20

 𝑔02 +
𝑘−1∑
𝑖=1

𝜕𝑊𝑘𝜕𝑥𝑖 (𝑑𝑖𝑢𝑞𝑖0 𝑥𝑝𝑖𝑖+1 + 𝑓𝑖)
+ 12  𝜕

2𝑊𝑘𝜕𝑥2
𝑘

 𝑔𝑘2 + 12
𝑘−1∑
𝑖=1

 𝜕
2𝑊𝑘𝜕𝑥2𝑖

 𝑔𝑖2
+ 12  𝜕

2𝑊𝑘𝜕𝑥𝑘𝜕𝑥0
 𝑔𝑘 𝑔⊤0  + 12

𝑘−1∑
𝑖=1

 𝜕
2𝑊𝑘𝜕𝑥𝑖𝜕𝑥0

 𝑔𝑖 𝑔⊤0 
+ 12 𝑘−1∑
𝑖=1

 𝜕
2𝑊𝑘𝜕𝑥𝑖𝜕𝑥𝑘

 𝑔𝑖 𝑔⊤𝑘 
+ 12 𝑘−1∑
𝑖,𝑗=1,𝑖 ̸=𝑗

 𝜕
2𝑊𝑘𝜕𝑥𝑖𝜕𝑥𝑗

 𝑔𝑖 𝑔⊤𝑗  .
(21)

We give the following proposition, whose proof is placed in
the Appendix.

Proposition 18. There is a smooth function 𝜎𝑘 such that⌈𝜉𝑘−1⌉(4𝑙𝜎−𝜏−𝑟𝑘−1)/𝜎 𝑑𝑘−1𝑢𝑞𝑘−10 (𝑥𝑝𝑘−1
𝑘

− 𝑥∗𝑘 𝑝𝑘−1)
+ 𝜕𝑊𝑘𝜕𝑥0 (𝑑0𝑢𝑞00 + 𝑓0) +

𝑘−1∑
𝑖=1

𝜕𝑊𝑘𝜕𝑥𝑖 (𝑑𝑖𝑢𝑞𝑖0 𝑥𝑝𝑖𝑖+1 + 𝑓𝑖)
+ 𝜕𝑊𝑘𝜕𝑥𝑘 𝑓𝑘 + 12

 𝜕
2𝑊𝑘𝜕𝑥20

 𝑔02 + 12
 𝜕
2𝑊𝑘𝜕𝑥2
𝑘

 𝑔𝑘2
+ 12 𝑘−1∑
𝑖=1

 𝜕
2𝑊𝑘𝜕𝑥𝑖𝜕𝑥𝑘

 𝑔𝑖 𝑔⊤𝑘  + 12
𝑘−1∑
𝑖=1

 𝜕
2𝑊𝑘𝜕𝑥2𝑖

 𝑔𝑖2
+ 12  𝜕

2𝑊𝑘𝜕𝑥𝑘𝜕𝑥0
 𝑔𝑘 𝑔⊤0  + 12

𝑘−1∑
𝑖=1

 𝜕
2𝑊𝑘𝜕𝑥𝑖𝜕𝑥0

 𝑔𝑖 𝑔⊤0 
+ 12 𝑘−1∑
𝑖,𝑗=1,𝑖 ̸=𝑗

 𝜕
2𝑊𝑘𝜕𝑥𝑖𝜕𝑥𝑗

 𝑔𝑖 𝑔⊤𝑗 
+ 𝑐𝑘−1𝑑𝑘−1 𝑢0𝑞𝑘−1 𝜉𝑘−1(4𝑙𝜎−𝜏−𝑟𝑘−1)/𝜎 𝜉𝑘(𝑟𝑘−1+𝜏)/𝜎

≤ 1213 𝑘−1∑
𝑖=1

𝜉4𝑙𝑖 + 𝜎𝑘Θ1𝜉4𝑙𝑘
+ 𝑐𝑘𝑑𝑘 𝑢0𝑞𝑘 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 𝜉𝑘+1(𝑟𝑘+𝜏)/𝜎
+ 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 𝑑𝑘𝑐𝑘 𝑢0𝑞𝑘 𝑥∗𝑘+1𝑝𝑘 ,

(22)

where 𝑐𝑘 = 2𝑝𝑘−1𝑐𝑘 is a nonnegative constant. Substituting (22)
into (21), we arrive at

L𝑉𝑘 ≤ −(𝑛 − 𝑘 + 1413) 𝑘−1∑
𝑖=1

𝜉4𝑙𝑖
+ (Ψ𝑘−1 − ̇̂Θ1) (Θ̃1 + 𝜂𝑘−1) + 𝜕𝑊𝑘𝜕𝑥𝑘 𝑑𝑘𝑢𝑞𝑘0 𝑥𝑝𝑘𝑘+1
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+ 𝜎𝑘𝜉4𝑙𝑘 Θ1 + 𝜕𝑊𝑘𝜕Θ̂1 ̇̂Θ1+ 𝑐𝑘𝑑𝑘 𝑢0𝑞𝑘 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 𝜉𝑘+1(𝑟𝑘+𝜏)/𝜎+ 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 𝑑𝑘𝑐𝑘 𝑢0𝑞𝑘 𝑥∗𝑘+1𝑝𝑘 .
(23)

Obviously, defining Ψ𝑘 = Ψ𝑘−1 + 𝜉4𝑙𝑘 (𝜎𝑘 + 𝑛 − 𝑘 + 14/13) and𝜂𝑘 = 𝜂𝑘−1 − 𝜕𝑊𝑘/𝜕Θ̂1, it follows from (20) that 0 ≤ Ψ𝑘 ≤(𝜉4𝑙1 + ⋅ ⋅ ⋅ + 𝜉4𝑙𝑘 )𝜑𝑘, where 𝜑𝑘 = max{𝜑𝑘−1, 𝜎𝑘 + 𝑛 − 𝑘 + 14/13} is
a nonnegative smooth function. With this in mind, (23) can be
rewritten as

L𝑉𝑘 ≤ −(𝑛 − 𝑘 + 1413) 𝑘∑
𝑖=1

𝜉4𝑙𝑖 + (Ψ𝑘 − ̇̂Θ1) (Θ̃1 + 𝜂𝑘)
+ 𝜕𝑊𝑘𝜕𝑥𝑘 𝑑𝑘𝑢𝑞𝑘0 𝑥𝑝𝑘𝑘+1+ 𝑐𝑘𝑑𝑘 𝑢0𝑞𝑘 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 𝜉𝑘+1(𝑟𝑘+𝜏)/𝜎+ 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 𝑑𝑘𝑐𝑘 𝑢0𝑞𝑘 𝑥∗𝑘+1𝑝𝑘
+ 𝜉4𝑙𝑘 Θ̂1 (𝜎𝑘 + 𝑛 − 𝑘 + 1413) + 𝜂𝑘−1Ψ𝑘−1− 𝜂𝑘Ψ𝑘.

(24)

With the help of Lemma 4, one has

𝜂𝑘−1Ψ𝑘−1 − 𝜂𝑘Ψ𝑘 ≤ 𝜂𝑘−1𝜉4𝑙𝑘 Θ̂1 (𝜎𝑘 + 𝑛 − 𝑘 + 1413)
+  𝜕𝑊𝑘𝜕Θ̂1 Ψ𝑘


≤ 113 𝑘∑
𝑖=1

𝜉4𝑙𝑖 + 𝜑𝑘Θ̂1𝜉4𝑙𝑘 ,
(25)

which, together with (24), implies that

L𝑉𝑘 ≤ − (𝑛 − 𝑘 + 1) 𝑘∑
𝑖=1

𝜉4𝑙𝑖 + (Ψ𝑘 − ̇̂Θ1) (Θ̃1 + 𝜂𝑘)
+ ⌈𝜉𝑘⌉(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 𝑑𝑘𝑢𝑞𝑘0 (𝑥𝑝𝑘𝑘+1 − 𝑥∗𝑝𝑘𝑘+1)
+ ⌈𝜉𝑘⌉(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 (𝑑𝑘𝑢𝑞𝑘0 (1 − 𝑐𝑘) 𝑥∗𝑝𝑘𝑘+1 + ⌈𝜉𝑘⌉(𝑟𝑘+𝜏)/𝜎
⋅ Θ̂1 (𝜑𝑘 + 𝜎𝑘 + 𝑛 − 𝑘 + 1413)) + 𝑐𝑘𝑑𝑘 𝑢0𝑞𝑘⋅ 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 𝜉𝑘+1(𝑟𝑘+𝜏)/𝜎 ,

(26)

where 𝜑𝑘 ≥ 0 is a smooth function. It is easy to see that the
virtual controller

𝑥∗𝑘+1 = −( 1𝜆𝑘,1𝑢𝑞𝑘0 (1 − 𝑐𝑘)

⋅ Θ̂1 (𝜑𝑘 + 𝜎𝑘 + 𝑛 − 𝑘 + 1413))
1/𝑝𝑘 ⌈𝜉𝑘⌉𝑟𝑘+1/𝜎

≜ −𝜙𝑘 (𝑥0, 𝑥𝑘, Θ̂1) ⌈𝜉𝑘⌉𝑟𝑘+1/𝜎 ,
(27)

renders

L𝑉𝑘 ≤ − (𝑛 − 𝑘 + 1) 𝑘∑
𝑖=1

𝜉4𝑙𝑖
+ ⌈𝜉𝑘⌉(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 𝑑𝑘𝑢𝑞𝑘0 (𝑥𝑝𝑘𝑘+1 − 𝑥∗𝑝𝑘𝑘+1)+ (Ψ𝑘 − ̇̂Θ1) (Θ̃1 + 𝜂𝑘)
+ 𝑐𝑘𝑑𝑘 𝑢0𝑞𝑘 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 𝜉𝑘+1(𝑟𝑘+𝜏)/𝜎 ,

(28)

which still holds for 𝑘 = 𝑛. Hence at last step, we can explicitly
construct a positive-definite and proper Lyapunov function𝑉𝑛 = 𝑉𝑛−1 + 𝑊𝑛 and a smooth controller 𝑥∗𝑛+1 with form (27)
such that

L𝑉𝑛 ≤ − 𝑛∑
𝑖=1

𝜉4𝑙𝑖 + (Ψ𝑛 − ̇̂Θ1) (Θ̃1 + 𝜂𝑛)
+ ⌈𝜉𝑛⌉(4𝑙𝜎−𝜏−𝑟𝑛)/𝜎 𝑑𝑛𝑢𝑞𝑛0 (𝑢𝑝𝑛 − 𝑥∗𝑝𝑛𝑛+1)
+ 𝑐𝑛𝑑𝑛 𝑢0𝑞𝑛 𝜉𝑛(4𝑙𝜎−𝜏−𝑟𝑛)/𝜎 𝜉𝑛+1(𝑟𝑛+𝜏)/𝜎 .

(29)

Noting 𝜉𝑛+1 = 0, by choosing the smooth actual controller 𝑢 and
the adaptive law for Θ̂1,

𝑢 = 𝑥∗𝑛+1 = −𝜙𝑛 (𝑥0, 𝑥𝑛, Θ̂1) ⌈𝜉𝑛⌉𝑟𝑛+1/𝜎 , ̇̂Θ1 = Ψ𝑛, (30)

we get

L𝑉𝑛 ≤ − 𝑛∑
𝑖=1

𝜉4𝑙𝑖 . (31)

The succeeding proposition characterizes the features of 𝑥𝑖-
subsystem.

Proposition 19. If Assumptions 9–11 hold for system (1),
controllers (11) and (30) guarantee that

(i) the closed-loop system has an almost surely unique
solution on [𝑡0,∞) for each (𝑥1(𝑡0), . . ., 𝑥𝑛(𝑡0), Θ̂1(𝑡0))

(ii) the equilibrium of the closed-loop system is glob-
ally asymptotically stable in probability, 𝑃{lim𝑡→∞|𝑥(𝑡)| =0} = 1, 𝑃{lim𝑡→∞Θ̂1(𝑡) exist and is finite} = 1 for each(𝑥1(𝑡0), . . . , 𝑥𝑛(𝑡0), Θ̂1(𝑡0))
Proof. See Appendix.

Case II (𝑥0(𝑡0) = 0). When 𝑥0(𝑡0) = 0, how to select the
controllers 𝑢0 and 𝑢 is an interesting topic. If the initial state
is zero, one chooses an open loop controller 𝑢0 = 𝑢∗0 ̸= 0
to drive the state 𝑥0 away from zero; a novel controller 𝑢 =𝑢∗ can be obtained by the above procedure of original 𝑥𝑖-
subsystem in (1). So there exists 𝑡𝑠 > 0 such that 𝑥0(𝑡𝑠) ̸= 0;
after that, controllers 𝑢0 in (11) and 𝑢 in (30) can be used.
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In view of the argument above, there exists an adaptive
controller, such that the equilibrium of the closed-loop
system is globally asymptotically stable in probability for any
initial condition. The proof of Theorem 15 is completed.

4. Simulation Example

Consider the bilinear model of a mobile robot with small
angle measurement error [26], which is described by

̇𝑥𝑐 = (1 − 𝜀22 ) ],
̇𝑦𝑐 = 𝜃] + 𝜀],̇𝜃 = 𝜔,

(32)

where 𝜀 is a small bias in orientation. ] and 𝜔 are two control
inputs to denote the linear velocity and angular velocity,
respectively. Since stochastic disturbance frequently arises
in practical control systems, when the angular velocity 𝜔 is
subject to some stochastic disturbances, 𝜔 can be expressed
as 𝜔(𝑥𝑐, 𝑦𝑐, 𝜃) = 𝜔1(𝑥𝑐, 𝑦𝑐, 𝜃) +𝜔2(𝑥𝑐, 𝑦𝑐, 𝜃)�̇�(𝑡), where 𝐵(𝑡) is
the so-called white noise [2].Then system (32) is transformed
into

d𝑥𝑐 = (1 − 𝜀22 ) ]d𝑡,
d𝑦𝑐 = (𝜃] + 𝜀]) d𝑡,
d𝜃 = 𝜔1d𝑡 + 𝜔2d𝐵.

(33)

For system (33), by taking the state and input transformation𝑥0 = 𝑥𝑐, 𝑥1 = 𝑦𝑐, 𝑥2 = 𝜃 + 𝜀, 𝑢0 = ], 𝑢1 = 𝜔1, one has
d𝑥0 = (1 − 𝜀22 ) 𝑢0d𝑡,
d𝑥1 = 𝑥2𝑢0d𝑡,
d𝑥2 = 𝑢1d𝑡 + 𝜔2d𝐵.

(34)

System (34) is a special case of system (1). For simplicity,
we assume 1 − 𝜀2/2 > 0, 𝜔2 = 𝑥2 sin𝑥1, and 𝑥0(0) ̸= 0.

Following the above design process, an adaptive controller
can be explicitly given

𝑢0 = −𝑥0,
𝑢1 = −Θ̂1 (𝜑2 + 𝜎 + 1413) ⌈𝜉1⌉ ,̇̂Θ1 = 2𝜉41 + 𝜉42 (𝜎 + 1413) ,

(35)

where 𝜉1 = ⌈𝑥1⌉, 𝜉2 = ⌈𝑥2⌉ − 2Θ̂1𝑢−10 ⌈𝜉1⌉, 𝜑2 =12|𝑢0|−4/3(𝜎 + 14/13)−4/3(𝜉41 + 𝜉42), 𝜎 = 231.7𝑢40Θ̂31 +6Θ̂1 + 12Θ̂4/31 + 231.7. By choosing 𝜀 = 1 and initial
values (𝑥0(0), 𝑥1(0), 𝑥2(0), Θ̂1(0)) = (2, −0.25, 2, 1), Figure 1
demonstrates the effectiveness of the control scheme.

5. Conclusions

This paper investigates adaptive state feedback stabilization
for more general stochastic high-order nonholonomic sys-
tems. There still exist some problems to be investigated; for
instance, we have the following. (1)The result in this paper
can be applied to the case of 𝑝𝑖 ∈ 𝑅≥1𝑜𝑑𝑑. However, if 𝑝𝑖 is an
even number or a ratio of odd integer and even integer, it is
unclear whether the control strategy can be applied or not. (2)
Recently, some results on stochastic nonlinear systems with
SiISS dynamic uncertainty have been obtained [27–35]. An
important problem is how to solve adaptive feedback control
for stochastic nonholonomic nonlinear systems with SiISS
dynamic and parametric uncertainties.

Appendix

Proof of Proposition 16 . It is not hard to prove that Θ̃0
is bounded. By using (12) and Lemma 2, the equilibrium𝑥0(𝑡) = 0 of 𝑥0-subsystem is globally stable in probability
and 𝑃{lim𝑡→∞|𝑥0(𝑡) = 0|} = 1 for any 𝑥0(𝑡0) ̸= 0. By
Definition 1, the equilibrium 𝑥0(𝑡) = 0 of 𝑥0-subsystem is
globally asymptotically stable in probability. Substituting (11)
into (1), it is easy to obtain

d𝑥0 = (−𝑑0ℎ (𝑥0)√Θ̂20 + 1 + 𝛼0 (𝑥0, 𝜃)) 𝑥0d𝑡
+ 𝛽⊤0 (𝑥0, 𝜃) 𝑥0d𝜔, (A.1)

whose solution is

𝑥0 (𝑡) = 𝑥0 (𝑡0) exp(∫𝑡
𝑡0

(−𝑑0 (𝑠, 𝜃) ℎ (𝑥0 (𝑠))√Θ̂20 + 1 + 𝛼0 (𝑥0 (𝑠) , 𝜃) − 12𝛽⊤0 (𝑥0 (𝑠) , 𝜃) 𝛽0 (𝑥0 (𝑠) , 𝜃)) d𝑠
+ ∫𝑡
𝑡0

𝛽⊤0 (𝑥0 (𝑠) , 𝜃) d𝜔) . (A.2)

By using Lemma 2.3 in [2], for any 𝑥0(𝑡0) ̸= 0, there
holds 𝑥0(𝑡) ̸= 0 for any 𝑡 ≥ 𝑡0, which implies that

𝑢0 does not cross zero. The proof of Proposition 16 is
completed.
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Figure 1: Trajectories of 𝑥0, 𝑥1, 𝑥2, Θ̂1, 𝑢0 𝑢1.
Proof of Proposition 17 . From (14) and Lemma 5, we obtain𝜕𝑊𝑘𝜕𝑥𝑘 = ⌈𝜉𝑘⌉(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 , (A.3)

𝜕𝑊𝑘𝜕𝑥𝑖 = −4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖
⋅ ∫𝑥𝑘
𝑥∗
𝑘

⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠,
(A.4)

where 𝑖 = 1, . . . , 𝑘 − 1. Exactly following the same procedure
as in the proof of (A.4), we get

𝜕𝑊𝑘𝜕Θ̂1 = −4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕Θ̂1
⋅ ∫𝑥𝑘
𝑥∗
𝑘

⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠,
(A.5)

𝜕𝑊𝑘𝜕𝑥0 = −4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥0
⋅ ∫𝑥𝑘
𝑥∗
𝑘

⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠.
(A.6)

By using (A.3), (A.4), and Lemma 5,

𝜕2𝑊𝑘𝜕𝑥2
𝑘

= 4𝑙𝜎 − 𝜏 − 𝑟𝑘𝑟𝑘 𝜉𝑘((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎 𝑥𝑘(𝜎−𝑟𝑘)/𝑟𝑘 , (A.7)

𝜕2𝑊𝑘𝜕𝑥2𝑖 = ((4𝑙 − 1) 𝜎 − 𝜏 − 𝑟𝑘𝜎
⋅ ∫𝑥𝑘
𝑥∗
𝑘

⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ((4𝑙−2)𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠(𝜕 (⌈𝑥
∗
𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖 )2

− ∫𝑥𝑘
𝑥∗
𝑘

⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠𝜕
2 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥2𝑖 )

⋅ 4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 .

(A.8)

Similar to (A.8), it follows that

𝜕2𝑊𝑘𝜕𝑥20 = ((4𝑙 − 1) 𝜎 − 𝜏 − 𝑟𝑘𝜎
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⋅ ∫𝑥𝑘
𝑥∗
𝑘

⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ((4𝑙−2)𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠(𝜕 (⌈𝑥
∗
𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥0 )2

− ∫𝑥𝑘
𝑥∗
𝑘

⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠𝜕
2 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥20 )

⋅ 4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 .
(A.9)

Moreover, it is clear that

𝜕2𝑊𝑘𝜕𝑥𝑖𝜕𝑥𝑘 = 𝜕2𝑊𝑘𝜕𝑥𝑘𝜕𝑥𝑖 = −4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 𝜉𝑘 (4𝑙 − 1)𝜎 − 𝜏 − 𝑟𝑘𝜎 𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖 , (A.10)

𝜕2𝑊𝑘𝜕𝑥0𝜕𝑥𝑘 = 𝜕2𝑊𝑘𝜕𝑥𝑘𝜕𝑥0 = −4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 𝜉𝑘((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎 𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥0 , (A.11)

𝜕2𝑊𝑘𝜕𝑥𝑖𝜕𝑥0 = 𝜕2𝑊𝑘𝜕𝑥0𝜕𝑥𝑖 = ((4𝑙 − 1) 𝜎 − 𝜏 − 𝑟𝑘𝜎 ∫𝑥𝑘
𝑥∗k

⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ((4𝑙−2)𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠𝜕 (⌈𝑥
∗
𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖 𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥0

− ∫𝑥𝑘
𝑥∗
𝑘

⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠𝜕
2 (⌈𝑥∗𝑘 ⌉(𝜎/𝑟𝑘))𝜕𝑥𝑖𝜕𝑥0 ) 4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 ,

(A.12)

𝜕2𝑊𝑘𝜕𝑥𝑖𝜕𝑥𝑗 = 𝜕2𝑊𝑘𝜕𝑥𝑗𝜕𝑥𝑖 = ((4𝑙 − 1) 𝜎 − 𝜏 − 𝑟𝑘𝜎 ∫𝑥𝑘
𝑥∗
𝑘

⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ((4𝑙−2)𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠𝜕 (⌈𝑥
∗
𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖 𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑗

− ∫𝑥𝑘
𝑥∗
𝑘

⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎 d𝑠𝜕
2 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖𝜕𝑥𝑗 ) 4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 ,

(A.13)

where 𝑗 = 1, . . . , 𝑘 − 1 and 𝑗 ̸= 𝑖. From the expression
of 𝑥∗𝑘 , we know that 𝜕(⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)/𝜕𝑥𝑖, 𝜕2(⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)/𝜕𝑥2𝑖 ,𝜕2(⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)/𝜕𝑥𝑖𝜕𝑥𝑗, 𝜕2(⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)/𝜕𝑥𝑖𝜕𝑥0, 𝜕(⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)/𝜕𝑥0,𝜕(⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)/𝜕Θ̂1 are continuous functions. It is straight-
forward to deduce the conclusion that 𝑊𝑘(𝑥0, 𝑥𝑘, Θ̂1) is C2
function.

The rest of proof is divided into two steps. Firstly, we
prove the right side of inequality in Proposition 17. In view
of Lemmas 6 and 8, one concludes that𝑊𝑘 (𝑥0, 𝑥𝑘, Θ̂1)

≤ 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 21−𝑟𝑘/𝜎 ⌈𝑥𝑘⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 𝑟𝑘/𝜎= 21−𝑟𝑘/𝜎 𝜉𝑘(4𝑙𝜎−𝜏)/𝜎 .
(A.14)

The next work is to prove the left side of inequality. The issue
can be solved by considering two different cases. If 𝑥𝑘 ≥ 𝑥∗𝑘 ,
then ⌈𝑠⌉𝜎/𝑟𝑘 − ⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘 ≥ 0, where 𝑥𝑘 ≥ 𝑠 ≥ 𝑥∗𝑘 . By Lemma 6,
we obtain𝑊𝑘 (𝑥0, 𝑥𝑘, Θ̂1)

≥ ∫𝑥𝑘
𝑥∗
𝑘

(2𝑟𝑘/𝜎−1 (𝑠 − 𝑥∗𝑘 ))(4𝑙𝜎−𝜏−𝑟𝑘)/𝑟𝑘 d𝑠
= 2(𝑟𝑘−𝜎)(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎𝑟𝑘 𝑟𝑘4𝑙𝜎 + 𝑞𝑘 (𝑥𝑘 − 𝑥∗𝑘 )(4𝑙𝜎−𝜏)/𝑟𝑘 .

(A.15)

If 𝑥𝑘 < 𝑥∗𝑘 , in a similar way,

𝑊𝑘 (𝑥0, 𝑥𝑘, Θ̂1)
≥ 2(𝑟𝑘−𝜎)(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎𝑟𝑘 𝑟𝑘4𝑙𝜎 − 𝜏 (𝑥∗𝑘 − 𝑥𝑘)(4𝑙𝜎−𝜏)/𝑟𝑘 . (A.16)

Combining (A.15) with (A.16), the proof of Proposition 17 is
completed.

Proof of Proposition 18 . Since 𝑝𝑘−1, 𝑘 = 2, 3, . . . , 𝑛 + 1 are odd
integers, by using Lemma 6,𝑥𝑝𝑘−1𝑘 − 𝑥∗𝑘 𝑝𝑘−1  ≤ 21−𝑟𝑘𝑝𝑘−1/𝜎 𝜉𝑘𝑟𝑘𝑝𝑘−1/𝜎 . (A.17)

According to (A.17), Remark 14, and Lemma 4, it follows that

⌈𝜉𝑘−1⌉(4𝑙𝜎−𝜏−𝑟𝑘−1)/𝜎 𝑑𝑘−1𝑢𝑞𝑘−10 (𝑥𝑝𝑘−1
𝑘

− 𝑥∗𝑘 𝑝𝑘−1)
≤ 113𝜉4𝑙𝑘−1 + 𝜎𝑘1Θ1𝜉4𝑙𝑘 , (A.18)

where 𝜎𝑘1 is a positive constant. It is easy to deduce from (13)
that 

𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥0
 ≤
𝜉𝑘−1 

𝜕𝜙𝜎/𝑟𝑘
𝑘−1𝜕𝑥0
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+ 𝜙𝑘−1𝜎/𝑟𝑘

𝜕 (− ⌈𝑥∗𝑘−1⌉𝜎/𝑟𝑘−1)𝜕𝑥0

...
≤ 𝑘−2∑
𝑗=1

𝑘−1∏
𝑙=𝑗+1

𝜙𝑙𝜎/𝑟𝑙+1 
𝜕𝜙𝜎/𝑟𝑗+1𝑗𝜕𝑥0


𝜉𝑗 + 𝜉𝑘−1 

𝜕𝜙𝜎/𝑟𝑘
𝑘−1𝜕𝑥0


≤ 𝑘−1∑
𝑗=1

𝜓𝑗,1 𝜉𝑗 ,
(A.19)

where𝜓𝑗,1 = max{(∏𝑘−1𝑙=𝑗 |𝜙𝑙|𝜎/𝑟𝑙+1)|𝜕𝜙𝜎/𝑟𝑗+1𝑗 /𝜕𝑥0|, |𝜕𝜙𝜎/𝑟𝑘𝑘−1 /𝜕𝑥0|},𝑗 = 1, . . . , 𝑘 − 1, are continuous functions. It follows from
(A.6), (A.19), Remark 14, and Lemmas 4 and 8 that𝜕𝑊𝑘𝜕𝑥0 (𝑑0𝑢𝑝00 + 𝑓0) ≤ (𝑑0𝑢𝑝00  + 𝑓0) 𝜉𝑘−𝜏/𝜎 21−𝑟𝑘/𝜎

⋅ 4l𝜎 − 𝜏 − 𝑟𝑘𝜎 𝜉𝑘(4𝑙−1)𝜎/𝜎 𝑘−1∑
𝑗=1

𝜓𝑗,1 𝜉𝑗 ≤ 113𝜉4𝑙𝑘−1
+ 𝜎𝑘2Θ1𝜉4𝑙𝑘 ,

(A.20)

where 𝜎𝑘2 ≥ 0 is a smooth function. According to (13) and
(A.19), we arrive at

𝜕2 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥20


≤ 
𝜕2𝜙𝜎/𝑟𝑘
𝑘−1𝜕𝑥20

 𝜉𝑘−1 +

𝜕𝜙𝜎/𝑟𝑘
𝑘−1𝜕𝑥0



𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥0


+ 𝑘−2∑
𝑗=1

𝜕 (∏𝑘−1𝑙=𝑗+1 𝜙𝑙𝜎/𝑟𝑙+1 𝜕𝜙𝜎/𝑟𝑗+1𝑗 /𝜕𝑥0)𝜕𝑥0 𝜉𝑗
+ 𝑘−2∑
𝑗=1

𝑘−1∏
𝑙=𝑗+1

𝜙𝑙𝜎/𝑟𝑙+1 
𝜕𝜙𝜎/𝑟𝑗+1𝑗𝜕𝑥0



𝜕 (⌈𝑥∗𝑗 ⌉𝜎/𝑟𝑗)𝜕𝑥0


≤ 𝑘−1∑

j=1
𝜓𝑗,2 𝜉𝑗 ,

(A.21)

where 𝜓𝑗,2 ≥ 0, 𝑗 = 1, . . . , 𝑘 − 1, are continuous functions. By
using (A.9), (A.19), (A.21), Remark 14, and Lemmas 4 and 8,
one has12  𝜕

2𝑊𝑘𝜕𝑥20
 𝑔02 ≤ 2−𝑟𝑘/𝜎 4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎

⋅ 𝛽20Θ1𝑥20(𝜉𝑘−𝜏/𝜎 (4𝑙 − 1) 𝜎 − 𝜏 − 𝑟𝑘𝜎 𝜉𝑘(4𝑙−2)𝜎/𝜎

⋅ (𝑘−1∑
𝑗=1

𝜓𝑗,1 𝜉𝑗)
2 + 𝜉𝑘−𝜏/𝜎 𝜉𝑘(4𝑙−1)𝜎/𝜎

⋅ 𝑘−1∑
𝑗=1

𝜓𝑗,3 𝜉𝑗) ≤ 113𝜉4𝑙𝑘−1 + 𝜎𝑘3Θ1𝜉4𝑙𝑘 ,
(A.22)

where 𝜎𝑘3 ≥ 0 is a smooth function. From (13) and Lemma 7,
one arrives at

𝑘∑
𝑖=1

𝑥𝑖(𝑟𝑘+𝜏)/𝑟𝑖
≤ 𝑘∑
𝑖=1

(𝜉𝑖(𝑟𝑘+𝜏)/𝜎 + 𝜙(𝑟𝑘+𝜏)/𝑟𝑖𝑖−1
𝜉𝑖−1(𝑟𝑘+𝜏)/𝜎) ,

(A.23)

𝑘∑
𝑖=1

𝑥𝑖(2𝑟𝑘+𝜏)/2𝑟𝑖
≤ 𝑘∑
𝑖=1

(𝜉𝑖(2𝑟𝑘+𝜏)/2𝜎 + 𝜙(2𝑟𝑘+𝜏)/2𝑟𝑖𝑖−1
𝜉𝑖−1(2𝑟𝑘+𝜏)/2𝜎) ,

(A.24)

where 𝜙0 = 0 and 𝜉0 = 0. By (A.3), (A.23) and Lemma 4, it is
easy to verify that

𝜕𝑊𝑘𝜕𝑥𝑘 𝑓𝑘 ≤ ⌈𝜉𝑘⌉(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎
⋅ 𝑘∑
𝑖=1

(𝜉𝑖(𝑟𝑘+𝜏)/𝜎 + 𝜙(𝑟𝑘+𝜏)/𝑟𝑖𝑖−1
𝜉𝑖−1(𝑟𝑘+𝜏)/𝜎)Θ1𝛼𝑘

+ 𝑐𝑘𝑑𝑘 𝑢0𝑞𝑘 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎 𝑥𝑘+1𝑝𝑘 ≤ 113 𝑘−1∑
𝑖=1

𝜉4𝑙𝑖
+ 𝜎𝑘4Θ1𝜉4𝑙𝑘 + 𝑐𝑘𝑑𝑘 𝑢0𝑞𝑘 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎⋅ 𝜉𝑘+1(𝑟𝑘+𝜏)/𝜎 + 𝑐𝑘𝑑𝑘 𝑢0𝑞𝑘 𝜉𝑘(4𝑙𝜎−𝜏−𝑟𝑘)/𝜎⋅ 𝑥∗𝑘+1𝑝𝑘 ,

(A.25)

where 𝜎𝑘4 ≥ 0 is a smooth function. Based on (13), one has


𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖

 ≤

𝜕 (∑𝑘−1𝑙=1 ∏𝑘−1𝑗=𝑙 𝜙𝜎/𝑟𝑗+1𝑗 ⌈𝑥𝑙⌉𝜎/𝑟𝑙)𝜕𝑥𝑖


≤ 𝑘−1∏
𝑗=𝑖

𝜙𝜎/𝑟𝑗+1𝑗 𝜎𝑟𝑖 (𝜉𝑖(𝜎−𝑟𝑖)/𝜎 + 𝜙(𝜎−𝑟𝑖)/𝑟𝑖𝑖−1
𝜉𝑖−1(𝜎−𝑟𝑖)/𝜎)

+ 𝑘−1∑
𝑙=1


𝜕 (∏𝑘−1𝑗=𝑖 𝜙𝜎/𝑟𝑗+1𝑗 )𝜕𝑥𝑖

 (
𝜉𝑙 + 𝜙𝜎/𝑟𝑙𝑙−1 𝜉𝑙−1) .

(A.26)
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Similarly, by using (13), (A.4), (A.23), (A.26), Remark 14, and
Lemma 4,
𝑘−1∑
𝑖=1

𝜕𝑊𝑘𝜕𝑥𝑖 (𝑑𝑖𝑢𝑞𝑖0 𝑥𝑝𝑖𝑖+1 + 𝑓𝑖)
≤ 𝑘−1∑
𝑖=1

𝑖+1∑
𝑗=1

Θ1 (𝜉𝑗(𝑟𝑖+𝜏)/𝜎 + 𝜙(𝑟𝑖+𝜏)/𝑟𝑖𝑗−1

𝜉𝑗−1(𝑟𝑖+𝜏)/𝜎)
⋅ 𝐹 × 4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 21−𝑟𝑘/𝜎 

𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖


⋅ 𝜉𝑘((4𝑙−1)𝜎−𝜏)/𝜎 ≤ 113 𝑘−1∑
𝑖=1

𝜉4𝑙𝑖 + 𝜎𝑘5Θ1𝜉4𝑙𝑘 ,

(A.27)

where 𝜎𝑘5 ≥ 0 is a smooth function and 𝐹 ≜ max{𝑢𝑞𝑖0 (1 −𝑐𝑖)𝜆𝑖,2, 𝛼𝑖}. Because of (A.11), (A.19), (A.24), Remark 14, and
Lemma 4, the following always holds:12  𝜕

2𝑊𝑘𝜕𝑥𝑘𝜕𝑥0
 𝑔𝑘 𝑔⊤0  ≤

𝑘∑
𝑖=1

𝛽0𝛽𝑘 𝑥0 Θ1
⋅ 4𝑙𝜎 − 𝜏 − 𝑟𝑘2𝜎 𝜉𝑘((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎


𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥0


⋅ (𝜉𝑖(2𝑟𝑘+𝜏)/2𝜎 + 𝜙(2𝑟𝑘+𝜏)/2𝑟𝑖𝑖−1

𝜉𝑖−1(2𝑟𝑘+𝜏)/2𝜎) ≤ 113
⋅ 𝑘−1∑
𝑖=1

𝜉4𝑙𝑖 + 𝜎𝑘6Θ1𝜉4𝑙𝑘 ,

(A.28)

where 𝜎𝑘6 ≥ 0 is a smooth function. Using (A.7), (A.10),
(A.24), (A.26), and Lemma 4, one has12 𝑘−1∑
𝑖=1

 𝜕
2𝑊𝑘𝜕𝑥𝑘𝜕𝑥𝑖

 𝑔𝑘 𝑔⊤𝑖  ≤ 12
⋅ 𝑘−1∑
𝑖=1

𝑘∑
𝑙=1

𝑖∑
𝑗=1

𝛽𝑖𝛽𝑘Θ1 4𝑙𝜎 − 𝜏 − 𝑟𝑘2𝜎 𝜉𝑘((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎
× 
𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖

 (
𝜉𝑙(2𝑟𝑘+𝜏)/2𝜎

+ 𝜙(2𝑟𝑘+𝜏)/2𝑟𝑘
𝑙−1

𝜉𝑙−1(2𝑟𝑘+𝜏)/2𝜎) × (𝜉𝑗(2𝑟𝑖+𝜏)/2𝜎
+ 𝜙(2𝑟𝑖+𝜏)/2𝑟𝑖𝑗−1

𝜉𝑗−1(2𝑟𝑖+𝜏)/2𝜎) ≤ 113 𝑘−1∑
𝑖=1

𝜉4𝑙𝑖
+ 𝜎𝑘7Θ1𝜉4𝑙𝑘 ,

(A.29)

12  𝜕
2𝑊𝑘𝜕𝑥2
𝑘

 𝑔𝑘2 ≤
𝑘∑
𝑖=1

𝛽2𝑘Θ1
⋅ 4𝑙𝜎 + 𝑞𝑘 − 𝑟𝑘2𝜎 𝜉𝑘((4𝑙−1)𝜎−𝜏−𝑟𝑘)/𝜎 𝑥𝑘(𝜎+𝜏)/𝑟𝑘

× (𝜉𝑖(2𝑟𝑘+𝜏)/2𝜎 + 𝜙(2𝑟𝑘+𝜏)/2𝑟𝑘𝑖−1
𝜉𝑖−1(2𝑟𝑘+𝜏)/2𝜎)2

≤ 113 𝑘−1∑
𝑖=1

𝜉4𝑙𝑖 + 𝜎𝑘8Θ1𝜉4𝑙𝑘 ,
(A.30)

where 𝜎𝑘7 ≥ 0 and 𝜎𝑘8 ≥ 0 are smooth functions. In terms of
(13) and (A.19), it follows that

𝜕2 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖𝜕𝑥0


≤ 
𝜕2𝜙𝜎/𝑟𝑘
𝑘−1𝜕𝑥𝑖𝜕𝑥0

 𝜉𝑘−1
+ 𝑘−2∑
𝑗=1

𝜕 (∏𝑘−1𝑙=𝑗+1 𝜙𝑙𝜎/𝑟𝑙+1 𝜕𝜙𝜎/𝑟𝑗+1𝑗 /𝜕𝑥0)𝜕𝑥𝑖 𝜉𝑗
+ 𝑘−2∑
𝑗=1

𝑘−1∏
𝑙=𝑗+1

𝜙𝑙𝜎/𝑟𝑙+1 
𝜕𝜙𝜎/𝑟𝑗+1𝑗𝜕𝑥0


 𝜕𝜉𝑗𝜕𝑥𝑖


+  𝜕𝜉𝑘−1𝜕𝑥𝑖



𝜕𝜙𝜎/𝑟𝑘
𝑘−1𝜕𝑥0


≤ 
𝜕2𝜙𝜎/𝑟𝑘
𝑘−1𝜕𝑥𝑖𝜕𝑥0

 𝜉𝑘−1
+ 𝑘−2∑
𝑗=1

𝜕 (∏𝑘−1𝑙=𝑗+1 𝜙𝑙𝜎/𝑟𝑙+1 𝜕𝜙𝜎/𝑟𝑗+1𝑗 /𝜕𝑥0)𝜕𝑥𝑖 𝜉𝑗
+ 𝑘−2∑
𝑗=1

𝑘−1∏
𝑙=𝑗+1

𝜙𝑙𝜎/𝑟𝑙+1 
𝜕𝜙𝜎/𝑟𝑗+1𝑗𝜕𝑥0



𝜕 (⌈𝑥∗𝑗 ⌉𝜎/𝑟𝑗)𝜕𝑥𝑖


+ 
𝜕 (⌈𝑥∗𝑘−1⌉𝜎/𝑟𝑘−1)𝜕𝑥𝑖



𝜕𝜙𝜎/𝑟𝑘
𝑘−1𝜕𝑥0

 .

(A.31)

Combining (A.12), (A.24), (A.26), (A.31), Remark 14, and
Lemma 4 yields

12 𝑘−1∑
𝑖=1

 𝜕
2𝑊𝑘𝜕𝑥𝑖𝜕𝑥0

 𝑔𝑖 𝑔⊤0  ≤
𝑘−1∑
𝑖=1

𝑖∑
𝑗=1

2−𝑟𝑘/𝜎𝛽0𝛽𝑖 𝑥0 Θ1
⋅ 4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 𝜉𝑘((4𝑙−2)𝜎−𝜏)/𝜎
⋅ (𝜉𝑗(2𝑟𝑖+𝜏)/2𝜎 + 𝜙(2𝑟𝑖+𝜏)/2𝜎𝑗−1

𝜉𝑗−1(2𝑟𝑖+𝜏)/2𝑟𝑖)
× ((4𝑙 − 1) 𝜎 − 𝜏 − 𝑟𝑘𝜎


𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖


𝑘−1∑
𝑙=1

𝜓𝑙,1 𝜉𝑗
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+ 
𝜕2 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖𝜕𝑥0


𝜉𝑘) ≤ 113 𝑘−1∑

𝑖=1

𝜉4𝑙𝑖 + 𝜎𝑘9Θ1𝜉4𝑙𝑘 ,
(A.32)

where 𝜎𝑘9 ≥ 0 is a smooth function. Exactly following the
same procedure, tedious calculations conclude that

12 𝑘−1∑
𝑖=1

𝑖∑
𝑗=1

 𝜕
2𝑊𝑘𝜕𝑥2𝑖

 𝑔𝑖2
≤ 𝑘−1∑
𝑖=1

𝑖∑
𝑗=1

𝛽2𝑖Θ12−𝑟𝑘/𝜎 𝜉𝑘((4𝑙−2)𝜎−𝜏)/𝜎

⋅ 4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 ((𝜕(⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖 )2

× (4𝑙 − 1) 𝜎 − 𝜏 − 𝑟𝑘𝜎 + 
𝜕2 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥2𝑖


𝜉𝑘)

× (𝜉𝑗(2𝑟𝑖+𝜏)/2𝜎 + 𝜙(2𝑟𝑖+𝜏)/2𝑟𝑖𝑗−1

𝜉𝑗−1(2𝑟𝑖+𝜏)/2𝜎)2
≤ 113 𝑘−1∑
𝑖=1

𝜉4𝑙𝑖 + 𝜎𝑘10Θ1𝜉4𝑙𝑘 ,

(A.33)

𝑘−1∑
𝑖,𝑗=1,𝑖 ̸=𝑗

12
 𝜕
2𝑊𝑘𝜕𝑥𝑖𝜕𝑥𝑗

 𝑔𝑖 𝑔⊤𝑗  ≤
𝑘−1∑
𝑖,𝑗=1,𝑖 ̸=𝑗

𝑖∑
𝑙=1

𝑗∑
ℎ=1

2−𝑟𝑘/𝜎
⋅ 4𝑙𝜎 − 𝜏 − 𝑟𝑘𝜎 𝛽𝑖𝛽𝑗Θ1 𝜉𝑘((4𝑙−2)𝜎−𝜏)/𝜎
× ((4𝑙 − 1) 𝜎 − 𝜏 − 𝑟𝑘𝜎


𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖


⋅ 
𝜕 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑗

 +

𝜕2 (⌈𝑥∗𝑘 ⌉𝜎/𝑟𝑘)𝜕𝑥𝑖𝜕𝑥𝑗


𝜉𝑘)

⋅ (𝜉𝑙(2𝑟𝑖+𝜏)/2𝜎 + 𝜙(2𝑟𝑖+𝜏)/2𝑟𝑖𝑙−1

𝜉𝑙−1(2𝑟𝑖+𝜏)/2𝜎)
× (𝜉ℎ(2𝑟𝑗+𝜏)/2𝜎 + 𝜙(2𝑟𝑗+𝜏)/2𝑟𝑗ℎ−1

𝜉ℎ−1(2𝑟𝑗+𝜏)/2𝜎)
≤ 113 𝑘−1∑
𝑖=1

𝜉4𝑙𝑖 + 𝜎𝑘11Θ1𝜉4𝑙𝑘 ,

(A.34)

where 𝜎𝑘10 ≥ 0 and 𝜎𝑘11 ≥ 0 are smooth functions. At last, by
using Lemma 4,

𝑐𝑘−1𝑑𝑘−1 𝑢0𝑞𝑘−1 𝜉𝑘−1(4𝑙𝜎−𝜏−𝑟𝑘−1)/𝜎 𝜉𝑘(𝑟𝑘−1+𝜏)/𝜎
≤ 113𝜉4𝑙𝑘−1 + 𝜎𝑘12Θ1𝜉4𝑙𝑘 , (A.35)

where 𝜎𝑘12 is a position constant. Define the nonnegative
smooth function𝜎𝑘 = ∑12𝑖=1 𝜎𝑘𝑖, and put (A.18), (A.20), (A.22),
(A.25), (A.27)-(A.30), and (A.32)-(A.35) together, the proof
of Proposition 18 is completed.

Proof of Proposition 19 . By (31), Proposition 17, and Lemma 2,
Proposition 19 is proved.
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Nonviscously damped structural system has been raised in many engineering fields, in which the damping forces depend on the
past time history of velocities via convolution integrals over some kernel functions. This paper investigates stochastic stability of
coupled viscoelastic systemwith nonviscously damping driven by white noise throughmoment Lyapunov exponents and Lyapunov
exponents. Using the coordinate transformation, the coupled Itô stochastic differential equations of the norm of the response and
angles process are obtained. Then the problem of the moment Lyapunov exponent is transformed to the eigenvalue problem, and
then the second-perturbation method is used to derive the moment Lyapunov exponent of coupled stochastic system. Lyapunov
exponent also can be obtained according to the relationship betweenmoment Lyapunov exponent and Lyapunov exponent. Finally,
the effects of various physical quantities of stochastic coupled system on the stochastic stability are discussed in detail. These results
are validated by the direct Monte Carlo simulation technique.

1. Introduction

Viscoelastic materials are widely used in aerospace, construc-
tion, textile, and other industries, because they have a series
of excellent properties, including light weight, high strength,
wide source, and good shock absorption. These materials’
stress depends on the past time history of stain; that is, the
stress will increase correspondingly with the increase of time
and the bucking will be more likely to occur. Therefore, the
research of dynamical behavior of viscoelastic system has
received a lot of interests in recent years [1–4].

To better understand the dynamical behavior of the
viscoelastic system, many methods had been put forward.
McTavish et al. [5] presentedGHMmethod to analyze the lin-
ear multiple degree of freedom viscoelastic damping systems.
Li et al. [6] studied the decay rate of energy functional of non-
linear viscoelastic full Marguerre-von Kármán shallow shell
system. Later, Li [7] also showed the existence and uniqueness
of weak solution of this system by applying the Galerkin finite
element method. Nieto and Ahmad [8] used the generalized
quasi-linearizationmethod to obtain the explicit approximate
solutions of an initial and terminal value problem for the

forced Duffing equation with nonviscous damping. Recently,
Li and Du [9] studied general energy decay of a degenerate
viscoelastic Petrovsky-type plate equation with boundary
feedback through a priori estimate and analysis of Lyapunov-
like functional.

The dynamic stability as an important field of nonlinear
dynamics has attached increasing attention in recent years.
Guo et al. [10] derived a new simple sufficient condition of the
global asymptotic stability of the integrodifferential systems
with delay through constructing suitable Lyapunov func-
tionals combined with the analytical technique. And then
Meng et al. [11, 12] obtained a sufficient condition of uniform
stability for nonlinear integrodifferential system. However,
when we consider the dynamical behavior of the system in
a real environment, the stochastic excitation cannot be ruled
out, such as wind gusts, earthquakes, and ocean waves [13–
15]. Stochastic stability of the system under the stochastic
excitation has attracted more and more attention [16–20].
The Lyapunov exponent specially has been researched by
many scholars as an important indication for judging the
stability of stochastic system. For example, Potapov [21]
derived the sufficient condition of the almost-sure asymptotic
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stability of elastic and viscoelastic systems by the Lyapunov’s
direct method. He [22] also studied the stability of elastic
and viscoelastic systems under the non-Gaussian excitation.
For stochastic stability of high dimensional coupled system,
Pavlović et al. [23] proposed the direct Lyapunov method
to investigate the almost-sure stochastic stability of a vis-
coelastic double-beam system under parametric excitation.
Then they used the same method to analyze the instability
of coupled nanobeam systems subject to compressive axial
loading [24]. These works only indicate that the system is
almost-surely stable.

According to the theory of large deviation, which was first
proposed by Baxendale and Stroock [25], the almost-sure sta-
bility of stochastic system does not mean the moment stabil-
ity. Therefore, it is necessary to study the moment Lyapunov
exponent of a stochastic system. The moment Lyapunov
exponent can judge not only almost-sure stability but also the
moment stability [26]. Nevertheless, analytic solutions of the
moment Lyapunov exponent are very difficult to derive. To
overcome this,many scholars developed different approxima-
tion methods to study the moment Lyapunov exponents of
the stochastic system. For example, Sri Namachchivaya and
Van Roessel [27] studied the moment Lyapunov exponents of
two-degrees-of-freedomcoupled elastic oscillators under real
noise excitation by combining an asymptotic approximation
for themoment Lyapunov exponents. Kozić and his associates
[28–30] developed the first-order perturbation approach to
obtainweak noise expansion ofmoment Lyapunov exponents
and Lyapunov exponents for a stochastically coupled double-
beam system and Timoshenko beam system, respectively.
Subsequently, Stojanović and Petković [31] used a perturba-
tion method to study the moment Lyapunov exponents and
the Lyapunov exponents of the three elastically connected
Euler beams. More recently, Deng [32] applied the averaging
method to establish the moment Lyapunov exponent of
coupled gyroscopic stochastic system under bounded noise
excitation. But it is rare to see studies of the moment
Lyapunov exponent of a viscoelastic coupled system with
nonviscous damping. Deng [33] investigated stochastic sta-
bility of two-degrees-of-freedom coupled viscoelastic system
under white noise through moment Lyapunov exponent, but
its damping term is viscous.

The purpose of this paper is to study stochastic stability
of a viscoelastic coupled system with nonviscous damping
subject to Gaussian white noise excitation through moment
Lyapunov exponents and Lyapunov exponents, in which
the nonviscous damping term is expressed by Boltzmanns
superposition integral with a hereditary relaxation kernel.
The paper is organized as follows. Section 2 derives the
governing equations of motion of a stochastic viscoelastic
system with a nonviscous damping. And then solving the
problem of the moment Lyapunov exponent is changed
into the eigenvalue and eigenfunction problem through a
suitable transformation. In Section 3, the zeroth-order and
the first-order and second-order perturbation solutions of
the moment Lyapunov exponents are derived, respectively,
based on the second-order perturbation method. The effects
of different physical quantities on the stochastic stability of
the coupled system are discussed under the given parameters.

Correspondingly, the results are verified by means of the
direct Monte Carlo simulation in Section 4. Finally, conclu-
sions will be drawn in Section 5.

2. Problem Formulation

Considering a coupled viscoelastic system with nonviscous
damped structure driven by white noise excitation, the
governing equations can be expressed as

̈𝑞1 + 𝜔21𝑞1 + 𝜖𝛽1 ∫𝑡
0
𝛾 (𝑡 − 𝜏) ̇𝑞1 (𝜏) 𝑑𝜏 + 𝜖𝐻1 (𝑞1 − 𝑞2)

− √𝜖𝐾1𝜉 (𝑡) 𝑞1 = 0,
̈𝑞2 + 𝜔22𝑞2 + 𝜖𝛽2 ∫𝑡

0
𝛾 (𝑡 − 𝜏) ̇𝑞2 (𝜏) 𝑑𝜏 + 𝜖𝐻2 (𝑞2 − 𝑞1)

− √𝜖𝐾2𝜉 (𝑡) 𝑞2 = 0,

(1)

where 𝑞1 and 𝑞2 are generalized displacements. 𝜔1 and 𝜔2
are natural frequencies. 𝜖 is a small parameter. 𝛽1 and 𝛽2 are
nonviscous damping coefficients. 𝐻𝑖 and 𝐾𝑖 are constants.𝜉(𝑡) is a Gaussian white noise with zero mean and noise
intensity 𝜎2. 𝛾(𝑡) is a relaxation function of nonviscous
damping, which can be expressed by

𝛾 (𝑡) = 1𝛼exp {− 𝑡𝛼} (2)

inwhich𝛼 is the relaxation parameter. Note that the limit case𝛼 → 0, the nonviscous damping force reduces to classical
viscous damping.

Let 𝑞1 = 𝑥1, ̇𝑞1 = 𝜔1𝑥2, 𝑞2 = 𝑥3, ̇𝑞2 = 𝜔2𝑥4; system (1) can
be represented as
�̇�1 = 𝜔1𝑥2,
�̇�2 = −𝜔1𝑥1 − 𝜖ℎ1 (𝑥1 − 𝑥3) − 𝜖𝜁1 ∫𝑡

0
𝛾 (𝑡 − 𝜏) �̇�1 (𝜏) 𝑑𝜏

+ √𝜖𝑘1𝑥1𝜉 (𝑡) ,�̇�3 = 𝜔2𝑥4,
�̇�4 = −𝜔2𝑥3 − 𝜖ℎ2 (𝑥3 − 𝑥1) − 𝜖𝜁2 ∫𝑡

0
𝛾 (𝑡 − 𝜏) �̇�3 (𝜏) 𝑑𝜏

+ √𝜖𝑘2𝑥3𝜉 (𝑡) ,

(3)

where

ℎ1 = 𝐻1𝜔1 ,
ℎ2 = 𝐻2𝜔2 ,
𝑘1 = 𝐾1𝜔1 ,
𝑘2 = 𝐾2𝜔2 ,
𝜁1 = 𝛽1𝜔1 ,
𝜁2 = 𝛽2𝜔2

(4)
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Using a coordinate transformation,

𝑥1 = 𝑎 cos𝜑 cos 𝜃1,
𝑥2 = −𝑎 cos𝜑 sin 𝜃1,
𝑥3 = 𝑎 sin 𝜑 cos 𝜃2,
𝑥4 = −𝑎 sin 𝜑 sin 𝜃2.

(5)

where 𝑎 represents the norm of the response. 0 ≤ 𝜃1 ≤ 2𝜋 and0 ≤ 𝜃2 ≤ 2𝜋 are the angles process of the coupled stochastic
system. 0 ≤ 𝜑 ≤ 𝜋/2 denotes the coupling or exchange
of energy between the coupled system. Equation (3) can be
rewritten as

̇𝜃1 = 𝜔1 + 𝜖𝜁1𝑎 1
cos𝜑 cos 𝜃1 ∫𝑡

0
𝛾 (𝑡 − 𝜏) ̇𝑥1 (𝜏) d𝜏

+ 𝜖ℎ12 (1 + cos 2𝜃1 − 2 cos 𝜃1 cos 𝜃2 tan 𝜑)
− √𝜖𝑘1cos2𝜃1𝜉 (𝑡) ,

̇𝜃2 = 𝜔2 + 𝜖𝜁2𝑎 1
sin 𝜑 cos 𝜃2 ∫𝑡

0
𝛾 (𝑡 − 𝜏) �̇�3 (𝜏) d𝜏

+ 𝜖ℎ22 (1 + cos 2𝜃2 − 2 cos 𝜃1 cos 𝜃2 cot 𝜑)
− √𝜖𝑘2cos2𝜃2𝜉 (𝑡) ,

�̇� = 𝜖 {ℎ14 [2 (1 − cos 2𝜑) sin 𝜃1 cos 𝜃2
− sin 2𝜑 sin 2𝜃1] − 𝜁1𝑎 sin 𝜑 sin 𝜃1 ∫𝑡

0
𝛾 (𝑡 − 𝜏)

⋅ �̇�1 (𝜏) d𝜏 + ℎ24 [−2 (1 + cos 2𝜑) cos 𝜃1 sin 𝜃2
+ sin 2𝜑 sin 2𝜃2] + 𝜁2𝑎 sin 𝜑 sin 𝜃2 ∫𝑡

0
𝛾 (𝑡 − 𝜏)

⋅ �̇�3 (𝜏) d𝜏} + √𝜖4 (𝑘1 sin 2𝜃1 − 𝑘2 sin 2𝜃2)
⋅ sin 2𝜑𝜉 (𝑡) ,

̇𝑎 = 𝜖𝑎4 {ℎ1 [(1 + cos 2𝜑) sin 2𝜃1
− 2 sin 2𝜑 sin 𝜃1 cos 𝜃2] + 𝜁1𝑎 cos𝜑 sin 𝜃1 ∫𝑡

0
𝛾 (𝑡 − 𝜏)

⋅ �̇�1 (𝜏) d𝜏 + ℎ2 [(1 − cos 2𝜑) sin 2𝜃2
− 2 sin 2𝜑 cos 𝜃1 sin 𝜃2] + 𝜁2𝑎 cos𝜑 sin 𝜃2 ∫𝑡

0
𝛾 (𝑡 − 𝜏)

⋅ �̇�3 (𝜏) d𝜏} − √𝜖4 𝑎 [𝑘1 (1 + cos 2𝜑) sin 2𝜃1
+ 𝑘2 (1 − cos 2𝜑) sin 2𝜃2] 𝜉 (𝑡)

(6)

Therefore, the solution forms of 𝜃𝑖 can be expressed as 𝜃𝑖 =𝜔𝑖𝑡 + 𝜙𝑖(𝑡) from (6), where 𝜃𝑖(𝑡) is quickly varying process
relative to the process 𝜙𝑖 due to 𝜖 ≪ 1. Therefore, the
following approximations will be obtained:

𝜃𝑖 (𝑡 − 𝑠) = 𝜔𝑖 (𝑡 − 𝑠) + 𝜙𝑖 (𝑡 − 𝑠) ≈ 𝜃𝑖 (𝑡) − 𝜔𝑖𝑠,
�̇�1 (𝑡 − 𝑠) = 𝜔1𝑥2 (𝑡 − 𝑠) = −𝑎𝜔1 cos𝜑 sin 𝜃1 (𝑡 − 𝑠)

≈ −𝑎𝜔1 cos𝜑 sin (𝜃1 − 𝜔1𝑠)
= 𝜔1𝑥2 cos𝜔1𝑠 + 𝜔1𝑥1 sin𝜔1𝑠,

�̇�3 (𝑡 − 𝑠) = 𝜔2𝑥4 (𝑡 − 𝑠) = −𝑎𝜔2 cos𝜑 sin 𝜃2 (𝑡 − 𝑠)
≈ −𝑎𝜔2 cos𝜑 sin (𝜃2 − 𝜔2𝑠)
= 𝜔2𝑥4 cos𝜔2𝑠 + 𝜔2𝑥3 sin𝜔2𝑠.

(7)

Substituting (7) into the nonviscous damping, one obtains

∫𝑡
0
𝛾 (𝑡 − 𝜏) ̇𝑥1 (𝜏) 𝑑𝜏 = 1𝛼 ∫

𝑡

0
exp {− 1𝛼𝑠} �̇�1 (𝑡 − 𝑠) 𝑑𝑠

= 𝑀1𝑥2 + 𝑁1𝑥1.
(8)

Similarly, the following results also can be derived:

∫𝑡
0
𝛾 (𝑡 − 𝜏) �̇�3 (𝜏) 𝑑𝜏 = 𝑀2𝑥4 + 𝑁2𝑥3, (9)

where

𝑀1 = 𝜔11 + 𝛼2𝜔21 ,
𝑁1 = 𝛼𝜔211 + 𝛼2𝜔21 ,
𝑀2 = 𝜔21 + 𝛼2𝜔22 ,
𝑁2 = 𝛼𝜔221 + 𝛼2𝜔22 .

(10)

Substituting (8) and (9) into (6) and letting 𝑃 = 𝑎𝑝 = (𝑥21 +𝑥22 + 𝑥23 + 𝑥24)𝑝/2(−∞ < 𝑝 < +∞), (6) can be written as the
following Itô stochastic differential equations:

𝑑𝜃1 = 𝑚1 (𝜃1, 𝜃2, 𝜑) 𝑑𝑡 + 𝜎11 (𝜃1, 𝜃2, 𝜑) 𝑑𝑊 (𝑡) ,
𝑑𝜃2 = 𝑚2 (𝜃1, 𝜃2, 𝜑) 𝑑𝑡 + 𝜎21 (𝜃1, 𝜃2, 𝜑) 𝑑𝑊 (𝑡) ,
𝑑𝜑 = 𝑚3 (𝜃1, 𝜃2, 𝜑) 𝑑𝑡 + 𝜎31 (𝜃1, 𝜃2, 𝜑) 𝑑𝑊 (𝑡) ,
𝑑𝑃 = 𝑃𝑚4 (𝜃1, 𝜃2, 𝜑) 𝑑𝑡 + 𝑃𝜎41 (𝜃1, 𝜃2, 𝜑) 𝑑𝑊 (𝑡) ,

(11)
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where 𝑊(𝑡) is the standard Wiener process; the drift and
diffusion coefficients can be rewritten as

𝑚1 (𝜃1, 𝜃2, 𝜑) = 𝜔1 − 𝜖𝜁12 [𝑀1 sin 2𝜃1 − 𝑁1 (1
+ cos 2𝜃1)] + 𝜖ℎ12 (1 + cos 2𝜃1 − 2 cos 𝜃1 cos 𝜃2
⋅ tan 𝜑) − 𝜖𝑘21𝜎28 (2 sin 2𝜃1 + sin 4𝜃1) ,

𝑚2 (𝜃1, 𝜃2, 𝜑) = 𝜔2 − 𝜖𝜁22 [𝑀2 sin 2𝜃2 − 𝑁2 (1
+ cos 2𝜃2)] + 𝜖ℎ22 (1 + cos 2𝜃2 − 2 cos 𝜃1 cos 𝜃2
⋅ cot 𝜑) − 𝜖𝑘22𝜎28 (2 sin 2𝜃2 + sin 4𝜃2) ,

𝑚3 (𝜃1, 𝜃2, 𝜑) = 𝜖 {ℎ14 [2 (1 − cos 2𝜑) sin 𝜃1 cos 𝜃2
− sin 2𝜑 sin 2𝜃1] + 𝜁14 sin 2𝜑 [𝑀1 (1 − cos 2𝜃1)
− 𝑁1 sin 2𝜃1] − ℎ24 [2 (1 + cos 2𝜑) cos 𝜃1 sin 𝜃2
− sin 2𝜑 sin 2𝜃2] − 𝜁24 sin 2𝜑 × [𝑀2 (1 − cos 2𝜃2)
− 𝑁2 sin 2𝜃2] + 𝜎264 [−4𝑘21 (1 + 2 cos 2𝜃1 + cos 4𝜃1)
⋅ sin 2𝜑 + 𝑘21 (1 − cos 4𝜃1) sin 4𝜑 − 4𝑘1𝑘2 sin 2𝜃1
⋅ sin 2𝜃2 sin 4𝜑 + 4𝑘22 (1 + 2 cos 2𝜃2 + cos 4𝜃2)
⋅ sin 2𝜑 + 𝑘22 (1 − cos 4𝜃2) sin 4𝜑]} ,

𝑚4 (𝜃1, 𝜃2, 𝜑) = 𝜖𝑝4 ⟨ℎ1 [(1 + cos 2𝜑) sin 2𝜃1 − 2
⋅ sin 2𝜑 cos 𝜃2 sin 𝜃1] − 𝜁1 (1 + cos 2𝜑) × [𝑀1 (1
− cos 2𝜃1) − 𝑁1 sin 2𝜃1] + ℎ2 [(1 − cos 2𝜑) sin 2𝜃2
− 2 sin 2𝜑 cos 𝜃1 sin 𝜃2] − 𝜁2 (1 − cos 2𝜑) [𝑀2 (1
− cos 2𝜃2) − 𝑁2 sin 2𝜃2] + 𝜎2𝑘2132 {[10 + 3𝑝
+ 16 cos 2𝜃1 − 3 (𝑝 − 2) cos 4𝜃1] + [8 + 4𝑝
+ 16 cos 2𝜃1 − 4 (𝑝 − 2) cos 4𝜃1] cos 2𝜑 + (𝑝 − 2)
⋅ (1 − cos 4𝜃1) cos 4𝜑} + 𝜎2𝑘1𝑘28 (𝑝 − 2) × (1
− cos 4𝜑) sin 2𝜃1 sin 2𝜃2 + 𝜎2𝑘2232 {[10 + 3𝑝
+ 16 cos 2𝜃2 − 3 (𝑝 − 2) cos 4𝜃2] − [8 + 4𝑝

+ 16 cos 2𝜃2 − 4 (𝑝 − 2) cos 4𝜃2] cos 2𝜑 + (𝑝 − 2)
⋅ (1 − cos 4𝜃2) cos 4𝜑}⟩ ,

𝜎11 (𝜃1, 𝜃2, 𝜑) = −√𝜖𝑘1𝜎 cos2𝜃1,
𝜎21 (𝜃1, 𝜃2, 𝜑) = −√𝜖𝑘2𝜎 cos2𝜃2,
𝜎31 (𝜃1, 𝜃2, 𝜑) = √𝜖𝜎4 (𝑘1 sin 2𝜃1 − 𝑘2 sin 2𝜃2) sin 2𝜑,
𝜎41 (𝜃1, 𝜃2, 𝜑) = −√𝜖𝑝𝜎4 [𝑘1 (1 + cos 2𝜑) sin 2𝜃1

+ 𝑘2 (1 − cos 2𝜑) sin 2𝜃2] .
(12)

To obtain the eigenvalue problem for the 𝑝th moment
Lyapunov exponents of a four-dimensional linear Itô stochas-
tic system, a linear stochastic transformation [34] is intro-
duced

𝑆 = 𝑇 (𝜃1, 𝜃2, 𝜑) 𝑃, 𝑃 = 𝑇−1 (𝜃1, 𝜃2, 𝜑) 𝑆, (13)

where 𝑆 is a new norm process depending on the trans-
formation function 𝑇(𝜃1, 𝜃2, 𝜑). The transformation function𝑇(𝜃1, 𝜃2, 𝜑) is defined on the independent stationary phase
processes 𝜃1, 𝜃2, and 𝜑 in the ranges 0 ≤ 𝜃1 ≤ 2𝜋, 0 ≤ 𝜃2 ≤ 2𝜋,0 ≤ 𝜑 ≤ 𝜋/2. Applying Itô formula, one can obtain

𝑑𝑆 = 𝑃 [12𝜎211𝑇𝜃1𝜃1 + 𝜎11𝜎21𝑇𝜃1𝜃2 + 𝜎11𝜎31𝑇𝜃1𝜑
+ 12𝜎221𝑇𝜃2𝜃2 + 𝜎21𝜎31𝑇𝜃2𝜑 + 12𝜎231𝑇𝜑𝜑
+ (𝑚1 + 𝜎11𝜎41) 𝑇𝜃1 + (𝑚2 + 𝜎21𝜎41) 𝑇𝜃2
+ (𝑚3 + 𝜎31𝜎41) 𝑇𝜑 + 𝑚4𝑇] 𝑑𝑡 + 𝑃 (𝜎11𝑇𝜃1
+ 𝜎21𝑇𝜃2 + 𝜎31𝑇𝜑 + 𝜎41𝑇) 𝑑𝑊(𝑡) .

(14)

If the transformation function𝑇(𝜃1 , 𝜃2, 𝜑) is bounded and
nonsingular, both processes 𝑃 and 𝑆 have the same stability
behavior. Therefore, transformation function 𝑇(𝜃1, 𝜃2, 𝜑) is
chosen so that the drift term of the Itô differential equation
(14) does not depend on the phase processes 𝜃1, 𝜃2, and 𝜑, so
one can obtain

𝑑𝑆
= Λ (𝑝) 𝑆𝑑𝑡
+ 𝑆𝑇−1 (𝜎11𝑇𝜃1 + 𝜎21𝑇𝜃2 + 𝜎31𝑇𝜑 + 𝜎41𝑇) 𝑑𝑊 (𝑡) .

(15)

Comparing (14) and (15), such transformation function𝑇(𝜃1, 𝜃2, 𝜑) can be written by the following equation:

[𝐿0 + 𝜖𝐿1] 𝑇 (𝜃1, 𝜃2, 𝜑) = Λ (𝑝) 𝑇 (𝜃1, 𝜃2, 𝜑) . (16)



Mathematical Problems in Engineering 5

where 𝐿0 and 𝐿1 are the following first-order and second-
order differential operators:

𝐿0 = 𝜔1 𝜕𝜕𝜃1 + 𝜔2
𝜕𝜕𝜃2 ,

𝐿1 = 𝑎1 (𝜃1, 𝜃2, 𝜑) 𝜕2𝜕𝜃21 + 𝑎2 (𝜃1, 𝜃2, 𝜑)
𝜕2𝜕𝜃1𝜕𝜃2

+ 𝑎3 (𝜃1, 𝜃2, 𝜑) 𝜕2𝜕𝜃1𝜕𝜑 + 𝑎4 (𝜃1, 𝜃2, 𝜑) 𝜕2𝜕𝜃22
+ 𝑎5 (𝜃1, 𝜃2, 𝜑) 𝜕2𝜕𝜃2𝜕𝜑 + 𝑎6 (𝜃1, 𝜃2, 𝜑) 𝜕2𝜕𝜑2
+ 𝑏1 (𝜃1, 𝜃2, 𝜑) 𝜕𝜕𝜃1 + 𝑏2 (𝜃1, 𝜃2, 𝜑)

𝜕𝜕𝜃2
+ 𝑏3 (𝜃1, 𝜃2, 𝜑) 𝜕𝜕𝜑 + 𝑐 (𝜃1, 𝜃2, 𝜑) ,

(17)

in which

𝑎1 (𝜃1, 𝜃2, 𝜑) = 12𝑘21𝜎2cos4𝜃1,
𝑎2 (𝜃1, 𝜃2, 𝜑) = 𝜎2𝑘1𝑘2cos2𝜃1cos2𝜃2,
𝑎3 (𝜃1, 𝜃2, 𝜑) = −𝑘1𝜎24 (𝑘1 sin 2𝜃1 − 𝑘2 sin 2𝜃2) cos2𝜃1

⋅ sin 2𝜑,
𝑎4 (𝜃1, 𝜃2, 𝜑) = 12𝑘22𝜎2cos4𝜃2,
𝑎5 (𝜃1, 𝜃2, 𝜑) = −𝑘2𝜎24 (𝑘1 sin 2𝜃1 − 𝑘2 sin 2𝜃2) cos2𝜃2

⋅ sin 2𝜑,
𝑎6 (𝜃1, 𝜃2, 𝜑) = 𝜎232 (𝑘1 sin 2𝜃1 − 𝑘2 sin 2𝜃2)2 sin22𝜑,
𝑏1 (𝜃1, 𝜃2, 𝜑) = −𝜁12 [𝑀1 sin 2𝜃1 − 𝑁1 (1 + cos 2𝜃1)]

+ 12ℎ1 (1 + cos 2𝜃1 − 2 cos 𝜃1 cos 𝜃2 tan 𝜑) − 𝑘21𝜎28
× (2 sin 2𝜃1 + sin 4𝜃1) + 𝑘1𝜎2𝑝4 [𝑘1 (1 + cos 2𝜑)
⋅ sin 2𝜃1 + 𝑘2 (1 − cos 2𝜑) sin 2𝜃2] cos2𝜃1,

𝑏2 (𝜃1, 𝜃2, 𝜑) = −𝜁22 [𝑀2 sin 2𝜃2 − 𝑁2 (1 + cos 2𝜃2)]
+ 12ℎ2 (1 + cos 2𝜃2 − 2 cos 𝜃1 cos 𝜃2 cot𝜑) − 𝑘22𝜎28
× (2 sin 2𝜃2 + sin 4𝜃2) + 𝑘2𝜎2𝑝4 [𝑘1 (1 + cos 2𝜑)

⋅ sin 2𝜃1 + 𝑘2 (1 − cos 2𝜑) sin 2𝜃2] cos2𝜃2,
𝑏3 (𝜃1, 𝜃2, 𝜑) = ℎ14 [2 (1 − cos 2𝜑) sin 𝜃1 cos 𝜃2

− sin 2𝜑 sin 2𝜃1] + 𝜁14 sin 2𝜑 [𝑀1 (1 − cos 2𝜃1)
− 𝑁1 sin 2𝜃1] + ℎ24 [−2 (1 + cos 2𝜑) cos 𝜃1 sin 𝜃2
+ sin 2𝜑 sin 2𝜃2] − 𝜁24 sin 2𝜑 [𝑀2 (1 − cos 2𝜃2)
− 𝑁2 sin 2𝜃2] + 𝜎264 [−4𝑘21 (1 + 2 cos 2𝜃1 + cos 4𝜃1)
× sin 2𝜑 + 𝑘21 (1 − cos 4𝜃1) sin 4𝜑 − 4𝑘1𝑘2 sin 2𝜃1
⋅ sin 2𝜃2 sin 4𝜑 + 4𝑘22 (1 + 2 cos 2𝜃2 + cos 4𝜃2)
⋅ sin 2𝜑 + 𝑘22 (1 − cos 4𝜃2) sin 4𝜑] − 𝜎2𝑝16 (𝑘1 sin 2𝜃1
− 𝑘2 sin 2𝜃2) × [𝑘1 (1 + cos 2𝜑) sin 2𝜃1 + 𝑘2 (1
− cos 2𝜑) sin 2𝜃2] sin 2𝜑,

𝑐 (𝜃1, 𝜃2, 𝜑) = 𝑝4 ⟨ℎ1 [(1 + cos 2𝜑) sin 2𝜃1 − 2 sin 2𝜑
⋅ cos 𝜃2 sin 𝜃1] − 𝜁1 (1 + cos 2𝜑) [𝑀1 (1 − cos 2𝜃1)
− 𝑁1 sin 2𝜃1] + ℎ2 [(1 − cos 2𝜑) sin 2𝜃2 − 2 sin 2𝜑
⋅ cos 𝜃1 sin 𝜃2] − 𝜁2 (1 − cos 2𝜑) [𝑀2 (1 − cos 2𝜃2)
− 𝑁2 sin 2𝜃2] + 𝜎2𝑘2132 × {[10 + 3𝑝 + 16 cos 2𝜃1
− 3 (𝑝 − 2) cos 4𝜃1] + [8 + 4𝑝 + 16 cos 2𝜃1
− 4 (𝑝 − 2) cos 4𝜃1] × cos 2𝜑 + (𝑝 − 2) (1
− cos 4𝜃1) cos 4𝜑} + 𝜎2𝑘1𝑘28 (𝑝 − 2) (1 − cos 4𝜑)

⋅ sin 2𝜃1 sin 2𝜃2 + 𝜎2𝑘2232 {[10 + 3𝑝 + 16 cos 2𝜃2
− 3 (𝑝 − 2) cos 4𝜃2] − [8 + 4𝑝 + 16 cos 2𝜃2
− 4 (𝑝 − 2) cos 4𝜃2] cos 2𝜑 + (𝑝 − 2) (1 − cos 4𝜃2)
⋅ cos 4𝜑}⟩ .

(18)
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In the following investigation, the perturbation theory
will be used to obtain the solution Λ(𝑝) of (16).
3. Moment Lyapunov Exponents

The method of deriving the eigenvalue problem for the
moment Lyapunov exponents of a two-dimensional linear
Itô stochastic system was first applied by Wedig [34]. The
eigenvalue problem for a differential operator of three inde-
pendent variables 𝜃1, 𝜃2, and 𝜑 will be identified from (16), in
whichΛ(𝑝) is the eigenvalue and 𝑇(𝜃1, 𝜃2, 𝜑) is the associated
eigenfunction. Meanwhile, the eigenvalue Λ(𝑝) is seen to be
the Lyapunov exponent of the 𝑝th moment of system (1) from
(15). Applying the perturbation theory, both the moment
Lyapunov exponent Λ(𝑝) and the eigenfunction 𝑇(𝜃1, 𝜃2, 𝜑)
are expanded in power series of 𝜖; that is,

Λ (𝑝) = Λ 0 (𝑝) + 𝜖Λ 1 (𝑝) + 𝜖2Λ 2 (𝑝) + ⋅ ⋅ ⋅
+ 𝜖𝑛Λ 𝑛 (𝑝) + ⋅ ⋅ ⋅ ,

𝑇 (𝜃1, 𝜃2, 𝜑) = 𝑇0 (𝜃1, 𝜃2, 𝜑) + 𝜖𝑇1 (𝜃1, 𝜃2, 𝜑)
+ 𝜖2𝑇2 (𝜃1, 𝜃2, 𝜑) + ⋅ ⋅ ⋅
+ 𝜖𝑛𝑇𝑛 (𝜃1, 𝜃2, 𝜑) + ⋅ ⋅ ⋅ .

(19)

Substituting (19) into (16) and equating terms of the equal
powers of 𝜖 lead to the following equations:

𝜖0: 𝐿0𝑇0 (𝜃1, 𝜃2, 𝜑) = Λ 0 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) ,
𝜖1: 𝐿0𝑇1 (𝜃1, 𝜃2, 𝜑)

+ 𝐿1𝑇0 (𝜃1, 𝜃2, 𝜑) = Λ 0 (𝑝) 𝑇1 (𝜃1, 𝜃2, 𝜑)
+ Λ 1 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) ,

⋅ ⋅ ⋅
𝜖𝑛: 𝐿0𝑇𝑛 (𝜃1, 𝜃2, 𝜑)

+ 𝐿1𝑇𝑛−1 (𝜃1, 𝜃2, 𝜑) = Λ 0 (𝑝) 𝑇𝑛 (𝜃1, 𝜃2, 𝜑)
+ Λ 1 (𝑝) 𝑇𝑛−1 (𝜃1, 𝜃2, 𝜑) + ⋅ ⋅ ⋅
+ Λ 𝑛 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) ,

(20)

where 𝑇𝑖(𝜃1, 𝜃2, 𝜑)must be positive and periodic in the range0 ≤ 𝜃1 ≤ 2𝜋, 0 ≤ 𝜃2 ≤ 2𝜋.
3.1. The Zeroth-Order Perturbation. Substituting (17) into
(20), the zeroth-order perturbation equation is

𝜔1 𝜕𝑇0 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1 + 𝜔2 𝜕𝑇0 (𝜃1, 𝜃2, 𝜑)𝜕𝜃2
= Λ 0 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) .

(21)

ThroughΛ(0) = Λ 0(0)+𝜖Λ 1(0)+𝜖2Λ 2(0)+⋅ ⋅ ⋅+𝜖𝑛Λ 𝑛(0) = 0,
thus, Λ 𝑛(0) = 0, 𝑛 = 1, 2 . . . will be obtained. Then (21) does

not contain 𝑝, and the eigenvalue Λ 0(𝑝) is independent of 𝑝.
Therefore, Λ 0(0) = 0 will lead to Λ 0(𝑝) = 0 for arbitrary 𝑝.
At this point, (21) will be reduced to

𝜔1 𝜕𝑇0 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1 + 𝜔2 𝜕𝑇0 (𝜃1, 𝜃2, 𝜑)𝜕𝜃2 = 0. (22)

Using themethod of separation of variables, sowe can express𝑇0(𝜃1, 𝜃2, 𝜑)as
𝑇0 (𝜃1, 𝜃2, 𝜑) = Θ1 (𝜃1) Θ2 (𝜃2) 𝜓 (𝜑) , (23)

where Θ1(𝜃1), Θ2(𝜃2), and 𝜓(𝜑) are functions about 𝜃1, 𝜃2,
and 𝜑, respectively.

Substituting (23) into (22), (22) will become

𝜔1Θ1
𝜕Θ1𝜕𝜃1 +

𝜔2Θ2
𝜕Θ2𝜕𝜃2 = 0. (24)

Solving the above differential equation (24), one can easily
obtain

Θ1 (𝜃1) = 𝐶1𝑒𝑐1𝜃1 ,
Θ2 (𝜃2) = 𝐶2𝑒𝑐2𝜃2 . (25)

In addition, since function 𝑇0(𝜃1, 𝜃2, 𝜑) is periodic about 𝜃1
and 𝜃2, the following boundary conditions can be obtained:

𝑇0 (𝜃1 + 2𝜋, 𝜃2, 𝜑) = 𝑇0 (𝜃1, 𝜃2 + 2𝜋, 𝜑)
= 𝑇0 (𝜃1, 𝜃2, 𝜑) . (26)

Substituting (23) and (25) into (26), we can determine the
constants 𝑐1 = 𝑐2 = 0. Therefore, 𝑇0(𝜃1, 𝜃2, 𝜑) is a function
about only 𝜑 to be determined; that is, 𝑇0(𝜃1, 𝜃2, 𝜑) = 𝑇0(𝜑).

The adjoint equation of (22) is

−𝜔1 𝜕𝑇0∗ (𝜃1, 𝜃2, 𝜑)𝜕𝜃1 − 𝜔2 𝜕𝑇0∗ (𝜃1, 𝜃2, 𝜑)𝜕𝜃2 = 0. (27)

Applying the method of separation of variables to solve (27),
one obtains

𝑇∗0 = 𝐹 (𝜑)
4𝜋2 , 𝜑 ∈ (0, 2𝜋) , (28)

where 𝐹(𝜑) is an arbitrary function.

3.2. The First-Order Perturbation. From (20), the first-order
perturbation equation is

𝐿0𝑇1 (𝜃1, 𝜃2, 𝜑) + 𝐿1𝑇0 (𝜃1, 𝜃2, 𝜑)
= Λ 0 (𝑝) 𝑇1 (𝜃1, 𝜃2, 𝜑) + Λ 1 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) , (29)

Based on the analysis results in Section 3.1, one obtains

𝐿0𝑇1 (𝜃1, 𝜃2, 𝜑) = Λ 1 (𝑝) 𝑇0 (𝜑) − 𝐿1𝑇0 (𝜃1, 𝜃2, 𝜑) . (30)
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Then the solvability condition of (30) is

⟨Λ 1 (𝑝) 𝑇0 (𝜑) − 𝐿1𝑇0 (𝜑) , 𝑇∗0 ⟩ = 14𝜋2 ∫
𝜋/2

0
𝐹 (𝜑)

⋅ ∫2𝜋
0

∫2𝜋
0

[Λ 1 (𝑝) 𝑇0 (𝜑) − 𝐿1𝑇0 (𝜑)] 𝑑𝜃1𝑑𝜃2𝑑𝜑
= 0,

𝐿1𝑇0 (𝜑) = 𝑐𝑇0 (𝜑) + 𝑏3 𝜕𝑇0 (𝜑)𝜕𝜑 + 𝑎6 𝜕2𝑇0 (𝜑)𝜕𝜑2 .

(31)

Applying the sense of the arbitrary of function 𝐹(𝜑), (31) will
become

∫𝜋/2
0

[(Λ 1 (𝑝) − 𝑝𝑄 (𝜑)) 𝑇0 (𝜑)
− (𝜇 (𝜑) + 𝑝𝜇 (𝜑)) 𝜕𝑇0 (𝜑)𝜕𝜑
− 12𝑅2 (𝜑)

𝜕2𝑇0 (𝜑)𝜕𝜑2 ]𝑑𝜑 = 0,
(32)

where

𝑄(𝜑) = 132 {12 (6 + 𝑝) (𝑘21 + 𝑘22) 𝜎2
− 8 (𝑀1𝜁1 +𝑀2𝜁2)
+ [(𝑝 + 2) (𝑘21 − 𝑘22) 𝜎2 − 8 (𝑀1𝜁1 −𝑀2𝜁2)]
× cos 2𝜑 + 12 (−2 + 𝑝) (𝑘21 + 𝑘22) 𝜎2cos22𝜑} ,

𝜇 (𝜑) = − 132 {[2 (𝑘21 − 𝑘22) 𝜎2 − 8 (𝑀1𝜁1 −𝑀2𝜁2)]
⋅ sin 2𝜑 − (𝑘21 + 𝑘22) 𝜎2 sin 2𝜑 cos 2𝜑} ,

𝜇 (𝜑) = − 132 [(𝑘21 − 𝑘22) 𝜎2 sin 2𝜑 + (𝑘21 + 𝑘22) 𝜎2
⋅ sin 2𝜑 cos 2𝜑] ,

𝑅2 (𝜑) = 164 (𝑘21 + 𝑘22) 𝜎2sin22𝜑;

(33)

then (32) is simplified as the following equation:

𝐿 (𝑝) 𝑇0 (𝜑) = Λ 1 (𝑝) 𝑇0 (𝜑) ,
𝐿 (𝑝) = 12𝑅2 (𝜑) 𝜕𝜕𝜑2 + [𝜇 (𝜑) + 𝑝𝜇 (𝜑)] 𝜕𝜕𝜑 + 𝑝𝑄 (𝜑) . (34)

Then the boundary conditions of (34) are determined by
considering the adjoint equation for the case of 𝑝 = 0,

𝐿∗�̃� (𝜑) = 0, 𝐿∗ = 12 𝜕𝜕𝜑2𝑅2 (𝜑) − 𝜕𝜕𝜑𝜇 (𝜑) , (35)

where 𝐿∗ is the Fokker-Planck operator and 𝜑 = 0 and𝜑 = 𝜋/2 are the entrance boundaries [27]. The eigenfunction𝑇0(𝜑) satisfies zeroNeumannboundary condition, andΛ 1 (𝑝)
is the largest eigenvalue of (34) with zeros Neumann bound-
ary. Therefore, the solution of (34) can be calculated from an
orthogonal expansion [34]. Under zeros Neumann boundary
conditions, 𝑇0(𝜑) can be expressed by a Fourier cosine series
[27]; that is,

𝑇0 (𝜑) = ∞∑
𝑛=0

𝑧𝑛 cos 2𝑛𝜑. (36)

Substituting (36) into (34), multiplying by cos 2𝑛𝜑 in both
sides and integrating for 𝜑, we can obtain

∞∑
𝑚=0

𝑎𝑚0𝑧𝑚 = 2Λ 1 (𝑝) 𝑧0,
∞∑
𝑚=0

𝑎𝑚𝑛𝑧𝑚 = Λ 1 (𝑝) 𝑧𝑛. 𝑛 = 1, 2, . . . ,
(37)

where

𝑎𝑚𝑛 = 4𝜋 ∫
𝜋/2

0
𝐿 (𝑝) (cos 2𝑚𝜑) cos 2𝑛𝜑𝑑𝜑,

𝑚, 𝑛 = 0, 1, 2 . . . ,
(38)

In order to guarantee the existence of the nontrivial solution
for each 𝑧𝑛, the coefficient matrix 𝐴 = (𝑎𝑚𝑛) must equal
zero.Therefore, the problemof calculatingΛ 1 (𝑝) is translated
into calculating the leading eigenvalue of 𝐴. The sequence of
approximations will be constructed by the eigenvalues of a
sequence of the following submatrices:

[12𝑎00] ,
[[
[
12𝑎00 𝑎0112𝑎10 𝑎11

]]
]
,

⋅ ⋅ ⋅ ,
[[[[[[[[[
[

12𝑎00 𝑎01 𝑎02 ⋅ ⋅ ⋅12𝑎10 𝑎11 𝑎12 ⋅ ⋅ ⋅12𝑎20 𝑎21 𝑎22 ⋅ ⋅ ⋅... ... ... d

]]]]]]]]]
]

.

(39)

Obviously, the set of approximate eigenvalues obtained
by this method converges to the associated true eigenvalues
as 𝑛 → ∞. In general, we can obtain the approximate
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Figure 1: Variation of moment Lyapunov exponent with 𝑝. Solid-
line in the analytical results of truncation of 𝑛, circle in the numerical
results by Monte Carlo.

eigenvalues by truncating 𝑛, which can be written asΛ 1(𝑝) =𝑎00/2 and
Λ (𝑝) = 𝜖Λ 1 (𝑝) + 𝑂 (𝜖2) = 1128

⋅ 𝜖𝑝 [(10 + 3𝑝) (𝑘21 + 𝑘22) 𝜎2 − 32 (𝑀1𝜁1 +𝑀2𝜁2)]
+ 𝑂(𝜖2) .

(40)

The comparison results of approximate analytical
moment Lyapunov exponents obtained by truncating 𝑛
and the direct Monte Carlo simulation results are shown in
Figure 1. It is easily found that the approximate results agree
well with the simulation results. Therefore, the first-order
perturbation will be reduced to

𝜔1 𝜕𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1 + 𝜔2 𝜕𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃2 + 𝑐 (𝜃1, 𝜃2, 𝜑)
= Λ 1 (𝑝) .

(41)

Without loss of generality, there is a relationship between two
frequencies of the form 𝑚1𝜔1 = 𝑚2𝜔2, in which 𝑚1 and 𝑚2
are integers. The second frequency can be rewritten as 𝜔2 =𝑘𝜔1. Then the function 𝑐(𝜃1, 𝜃2, 𝜑) in (41) can be rewritten as

𝑐 (𝜃1, 𝜃2, 𝜑) = Λ 1 (𝑝) + 𝑓0 (𝜃1, 𝜃2)
+ 𝑓1 (𝜃1, 𝜃2) cos 2𝜑
+ 𝑓2 (𝜃1, 𝜃2) cos 4𝜑
+ 𝑓3 (𝜃1, 𝜃2) sin 2𝜑,

(42)

where function 𝑓𝑟(𝜃1, 𝜃2) is the periodic function on 𝜃1, 𝜃2
and given as

𝑓0 (𝜃1, 𝜃2)
= 𝑝4 (ℎ1 + 𝜁1𝑁1) sin 2𝜃1
+ 𝑝8 (2𝜁1𝑀1 + 𝑘21𝜎2) cos 2𝜃1
+ 𝑝4 (ℎ2 + 𝜁2𝑁2) sin 2𝜃2
+ 𝑝8 (2𝜁2𝑀2 + 𝑘22𝜎2) cos 2𝜃2
+ 3𝑘21𝜎2128 𝑝 (2 − 𝑝) cos 4𝜃1
+ 3𝑘22𝜎2128 𝑝 (2 − 𝑝) cos 4𝜃2
− 𝑘1𝑘2𝜎232 𝑝 (2 − 𝑝) sin 2𝜃1 sin 2𝜃2,

𝑓1 (𝜃1, 𝜃2)
= 𝑝4 (ℎ1 + 𝜁1𝑁1) sin 2𝜃1
+ 𝑝8 (2𝜁1𝑀1 + 𝑘21𝜎2) cos 2𝜃1
− 𝑝4 (ℎ2 + 𝜁2𝑁2) sin 2𝜃2
− 𝑝8 (2𝜁2𝑀2 + 𝑘22𝜎2) cos 2𝜃2
+ 𝑘21𝜎232 𝑝 (2 − 𝑝) cos 4𝜃1 − 𝑘22𝜎232 𝑝 (2 − 𝑝) cos 4𝜃2
+ 𝑝32 [8 (−𝜁1𝑀1 + 𝜁2𝑀2) + (𝑘21 − 𝑘22) 𝜎2 (2 + 𝑝)] ,

𝑓2 (𝜃1, 𝜃2)
= −𝑝 (2 − 𝑝) 𝜎2128 (𝑘21 + 𝑘22)
+ 𝑝 (2 − 𝑝) 𝜎2

32 sin 2𝜃1 sin 2𝜃2
+ 𝑝 (2 − 𝑝) 𝜎2

128 𝑘21 cos 4𝜃1
+ 𝑝 (2 − 𝑝) 𝜎2

128 𝑘22 cos 4𝜃2,
𝑓3 (𝜃1, 𝜃2)
= −ℎ1𝑝2 sin 2𝜃1 cos 2𝜃2 − ℎ2𝑝2 sin 2𝜃2 cos 2𝜃1.

(43)

Note that the general solution 𝑇1(𝜃1, 𝜃2, 𝜑) of (41) can not be
obtained except in some special cases. Considering the nature
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of the coefficients of (41), the series expansion of function𝑇1(𝜃1, 𝜃2, 𝜑) can be presented in the following form:

𝑇1 (𝜃1, 𝜃2, 𝜑) = 𝑇10 (𝜃1, 𝜃2) + 𝑇11 (𝜃1, 𝜃2) cos 2𝜑
+ 𝑇12 (𝜃1, 𝜃2) cos 4𝜑
+ 𝑇13 (𝜃1, 𝜃2) sin 2𝜑.

(44)

Substituting (44) into (41) and equating terms of the equal
trigonometry function to give a set of partial differential
equations, one obtains

𝜔1 𝜕𝑇1𝑟 (𝜃1, 𝜃2)𝜕𝜃1 + 𝜔2 𝜕𝑇1𝑟 (𝜃1, 𝜃2)𝜕𝜃2 + 𝑓𝑟 (𝜃1, 𝜃2) = 0,
𝑟 = 0, 1, 2, 3,

(45)

where the function 𝑇1𝑟(𝜃1, 𝜃2) can be written as

𝑇10 (𝜃1, 𝜃2)
= −𝑝 (2𝜁1𝑀1 + 𝑘21𝜎2)16𝜔1 sin 2𝜃1
+ 𝑝 (ℎ1 + 𝜁1𝑁1)8𝜔1 cos 2𝜃1
− 𝑝 (2𝜁2𝑀2 + 𝑘22𝜎2)16𝑘𝜔1 sin 2𝜃2
+ 𝑝 (ℎ2 + 𝜁2𝑁2)8𝑘𝜔1 cos 2𝜃2
− 3𝑘21𝑝 (2 − 𝑝) 𝜎2512𝜔1 sin 4𝜃1
− 3𝑘22𝑝 (2 − 𝑝) 𝜎2512𝑘𝜔1 sin 4𝜃2
+ 𝑘𝑘1𝑘2𝑝 (2 − 𝑝) 𝜎264 (1 − 𝑘2) 𝜔1 sin 2𝜃1 cos 2𝜃2
− 𝑘1𝑘2𝑝 (2 − 𝑝) 𝜎264 (1 − 𝑘2) 𝜔1 sin 2𝜃2 cos 2𝜃1
+ 𝐶0 (𝜃2 − 𝑘𝜃1) ,

𝑇11 (𝜃1, 𝜃2)
= −𝑝 [8 (−𝜁1𝑀1 + 𝜁2𝑀2) + (𝑘21 − 𝑘22) (2 + 𝑝) 𝜎2]32𝜔1 𝜃1
− 𝑝 (2𝜁1𝑀1 + 𝑘21𝜎2)16𝜔1 sin 2𝜃1
+ 𝑝 (ℎ1 + 𝜁1𝑁1)8𝜔1 cos 2𝜃1
+ 𝑝 (2𝜁2𝑀2 + 𝑘22𝜎2)16𝑘𝜔1 sin 2𝜃2

− 𝑝 (ℎ2 + 𝜁2𝑁2)8𝑘𝜔1 cos 2𝜃2 − 𝑘21𝑝 (2 − 𝑝) 𝜎2128𝜔1 sin 4𝜃1
+ 𝑘22𝑝 (2 − 𝑝) 𝜎2128𝑘𝜔1 sin 4𝜃2 + 𝐶1 (𝜃2 − 𝑘𝜃1) ,

𝑇12 (𝜃1, 𝜃2)
= 𝑝 (2 − 𝑝) (𝑘21 + 𝑘22)128𝜔1 𝜃1 − 𝑘21𝑝 (2 − 𝑝) 𝜎2512𝜔1 sin 4𝜃1
− 𝑘22𝑝 (2 − 𝑝) 𝜎2512𝑘𝜔1 sin 4𝜃2
− 𝑘𝑘1𝑘2𝑝 (2 − 𝑝) 𝜎264 (1 − 𝑘2) 𝜔1 sin 2𝜃1 cos 2𝜃2
+ 𝑘1𝑘2𝑝 (2 − 𝑝) 𝜎264 (1 − 𝑘2) 𝜔1 sin 2𝜃2 cos 2𝜃1
+ 𝐶2 (𝜃2 − 𝑘𝜃1) ,

𝑇13 (𝜃1, 𝜃2)
= 𝑝 (ℎ2 − ℎ1𝑘)2 (1 − 𝑘2) 𝜔1 sin 𝜃1 sin 𝜃2
− 𝑝 (ℎ1 − ℎ2𝑘)2 (1 − 𝑘2) 𝜔1 cos 𝜃1 cos 𝜃2 + 𝐶3 (𝜃2 − 𝑘𝜃1) ,

(46)

in which𝐶𝑟(𝜃2−𝑘𝜃1) are arbitrary functions of two variables,
and we make assumptions as follows:

𝐶𝑟 (𝜃2 − 𝑘𝜃1) = 𝐴1𝑟 + 𝐵1𝑟sin (2𝜃2 − 2𝑘𝜃1)
+ 𝐶1𝑟sin (4𝜃2 − 4𝑘𝜃1) ,

𝑟 = 0, 1, 2, 3.
(47)

Here, the unknown constants 𝐴1𝑟, 𝐵1𝑟,𝐶1𝑟 (𝑟 = 0, 1, 2, 3)will
be determined by using the following conditions:

𝑇1𝑟 (0, 0) = 𝑇1𝑟 (0, 2𝜋) = 𝑇1𝑟 (2𝜋, 0) = 𝑇1𝑟 (2𝜋, 2𝜋)
= 0,

𝜕𝑇1𝑟 (0, 0)𝜕𝜃1 = 𝜕𝑇1𝑟 (2𝜋, 0)𝜕𝜃1 ,
𝜕𝑇1𝑟 (0, 0)𝜕𝜃2 = 𝜕𝑇1𝑟 (0, 2𝜋)𝜕𝜃2 ,

𝑟 = 0, 1, 2, 3.

(48)
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That is,

𝐴10 = −𝑝 (ℎ2 + 𝜁2𝑁2 + ℎ1𝑘 + 𝑘𝜁1𝑁1)8𝑘𝜔1 ,
𝐴11 = 𝑝 (ℎ2 + 𝜁2𝑁2 − ℎ1𝑘 − 𝑘𝜁1𝑁1)8𝑘𝜔1 ,
𝐴12 = 0,
𝐴13 = 𝑝 (ℎ1 − ℎ2𝑘)2 (1 − 𝑘2) 𝜔1 ,
𝐵10 = 0,
𝐵11
= −𝑝𝜋 [8 (−𝜁1𝑀1 + 𝜁2𝑀2) + (𝑘21 − 𝑘22) (2 + 𝑝) 𝜎2] cos22𝑘𝜋4 sin 2𝑘𝜋 (5 cos 2𝑘𝜋 + cos 6𝑘𝜋)𝜔1 ,

𝐵12 = 𝑝𝜋 (𝑘21 + 𝑘22) (2 − 𝑝) 𝜎2 cos 2𝑘𝜋16 (3 sin 2𝑘𝜋 + sin 6𝑘𝜋)𝜔1 ,
𝐵13 = 0,
𝐶10 = 0,
𝐶13 = 0
𝐶11 = 𝑝𝜋 [8 (−𝜁1𝑀1 + 𝜁2𝑀2) + (𝑘21 − 𝑘22) (2 + 𝑝) 𝜎2]32 sin 2𝑘𝜋 (5 cos 2𝑘𝜋 + cos 6𝑘𝜋)𝜔1 ,

𝐶12 = − 𝑝𝜋 (𝑘21 + 𝑘22) (2 − 𝑝) 𝜎264 (4 sin 4𝑘𝜋 + sin 8𝑘𝜋)𝜔1 ,

(49)

3.3. The Second-Order Perturbation. To further investigate
the effects of parameter 𝐻2 on stochastic stability of system,
the second-order perturbation equation of (20) will be used;
that is,

𝐿0𝑇2 (𝜃1, 𝜃2, 𝜑) + 𝐿1𝑇1 (𝜃1, 𝜃2, 𝜑)
= Λ 1 (𝑝) 𝑇1 (𝜃1, 𝜃2, 𝜑) + Λ 2 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) . (50)

Based on the solvability condition, one obtains

Λ 2 (𝑝)
= 12𝜋3 ∫

𝜋/2

0
∫2𝜋
0
∫2𝜋
0
𝑎1 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃21

+ 𝑎2 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1𝜕𝜃2
+ 𝑎3 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1𝜕𝜑
+ 𝑎4 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃22

+ 𝑎5 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃2𝜕𝜑
+ 𝑎6 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜑2
+ 𝑏1 (𝜃1, 𝜃2, 𝜑) 𝜕𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1
+ 𝑏2 (𝜃1, 𝜃2, 𝜑) 𝜕𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃2
+ 𝑏3 (𝜃1, 𝜃2, 𝜑) 𝜕𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜑
+ [𝑐 (𝜃1, 𝜃2, 𝜑) − Λ 1 (𝑝)] 𝑇1 (𝜃1, 𝜃2, 𝜑) 𝑑𝜃1𝑑𝜃2𝑑𝜑.

(51)

The solution has the following form:

Λ 2 (𝑝) = Λ 21 (𝑝) sin 4𝑘𝜋2 + cos 4𝑘𝜋
+ Λ 22 (𝑝) cos 4𝑘𝜋2 + cos 4𝑘𝜋
+ Λ 23 (𝑝) 12 + cos 4𝑘𝜋 ,

(52)

where the values Λ 21(𝑝), Λ 22(𝑝), Λ 23(𝑝) are given in
Appendix A.

Substituting (40) and (52) into (19), the second-order
approximate solution of the moment Lyapunov exponent is
obtained as

Λ (𝑝) = 𝜖Λ 1 (𝑝) + 𝜖2Λ 2 (𝑝) + 𝑂 (𝜖3)
= 𝜖 [(𝑘21 + 𝑘22) 𝜎2128 𝑝 (3𝑝 + 10) − 𝑝4 (𝜁1𝑀1 + 𝜁2𝑀2)]
+ 𝜖2Λ 2 (𝑝) + 𝑂 (𝜖3) .

(53)

The corresponding Lyapunov exponents can be expressed as

𝜆 = 𝑑Λ (𝑝)
𝑑𝑝

𝑝=0 = 𝜖𝜆1 + 𝜖
2𝜆2 + 𝑂 (𝜖3)

= 𝜖 [ 564 (𝑘21 + 𝑘22) 𝜎2 − 14 (𝜁1𝑀1 + 𝜁2𝑀2)]
+ 𝜖2 (𝜆21 sin 4𝑘𝜋2 + cos 4𝑘𝜋 + 𝜆22 cos 4𝑘𝜋2 + cos 4𝑘𝜋
+ 𝜆23 12 + cos 4𝑘𝜋) + 𝑂 (𝜖3) ,

(54)

where the values 𝜆21, 𝜆22, and 𝜆23 are given in Appendix B.

4. Stochastic Stability Analysis

Through the above-mentioned analysis, the analytic expres-
sions of moment Lyapunov exponents Λ(𝑝) and Lyapunov
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Figure 2: Stability regions for almost-sure stability and 𝑝thmoment
stability with respect to nonviscous damping parameter 𝛽1, 𝛽2.

exponents 𝜆 have been derived. Next, we use two indices to
go on stochastic stability analysis. The 𝑝th moment Lyapunov
exponent is defined as

Λ (𝑝) = lim
𝑡→∞

1𝑡 logΕ [‖𝑥‖𝑝] , (55)

where Ε[⋅] denotes the expected value and ‖𝑥‖𝑝 is a solution
process of a random system. If Λ(𝑝) < 0, Ε[‖𝑥‖𝑝] → 0
as 𝑡 → ∞, and it means that the 𝑝th moment is stable.
Lyapunov exponent is the slope of Λ(𝑝) at the origin; that is,

𝜆 = 𝑑Λ (𝑝)
𝑑𝑝

𝑝=0 = lim
𝑡→∞

1𝑡 log ‖𝑥‖ , (56)

If 𝜆 < 0, it indicates that the system is almost-surely stable.
The 𝑝th moment and almost-sure stability boundary can

be determined from Λ(𝑝) = 0 and 𝜆 = 0, respectively. By
comparing the second-order perturbationwith the first-order
perturbation, we find that the moment Lyapunov exponentsΛ(𝑝) and the Lyapunov exponents 𝜆 under the second-order
perturbation contain all the parameter information of the
coupled stochastic system. Therefore, we only consider the
second-order perturbation in the subsequent research.

The boundaries of the 𝑝th moment and the almost-sure
stability with respect to nonviscous damping parameters 𝛽1
and 𝛽2 are shown in Figure 2. We find that the moment sta-
bility boundaries are more conservative than the almost-sure
stability boundaries.Thismeans that the almost-sure stability
cannot assure the moment stability. And the boundaries of
stability for 𝑝th moment would increase with the increase of
the order 𝑝.

The effects of relaxation parameter 𝛼 on moment Lya-
punov exponents are shown in Figure 3. It describes that the
stability index and the root 𝑝 of Λ(𝑝) = 0 will decrease
and the system becomes more unstable. Correspondingly,
the analytical results and the direct Monte Carlo results are
shown in Figure 3(b) for the given𝛼. And Lyapunov exponent
is negative; it means the system is almost-surely stable.

The moment Lyapunov exponents Λ(𝑝) for different
nonviscous damping parameter 𝛽2 are discussed in Figure 4.
It is clear that the bigger values of 𝛽2 can enhance the system's
stability for 𝑝 > 0. Correspondingly, the analytical results
and the direct Monte Carlo results are shown in Figure 4(b)
for the given different 𝛽2. It illustrates that the system also is
almost-surely stable. However, when 𝑝 becomes sufficiently
large, Λ(𝑝) > 0, the system becomes more unstable.

Next, the effects of 𝜖 on the moment Lyapunov exponents
are studied in Figure 5. One easily finds the system ismoment
stability when 0 < 𝑝 < 3, and the stability of the system
increases with the increase of 𝜖 from 0.01 to 0.1. Afterward,
the moment Lyapunov exponents are changed from negative
to positive; the system is varied from moment stability to
moment instability with the increase of 𝑝. Numerical results
are verified by the direct Monte Carlo in Figure 5(b).

Then, in order to discuss the influences of the noise inten-
sity 𝜎 on stochastic stability of coupled stochastic system, the
moment Lyapunov exponents Λ(𝑝) are shown in Figure 6
with change of values of 𝜎. They describe that the coupled
stochastic system could be almost-surely stable. Meanwhile,
themoment stability of the coupled systemwould reducewith
the increase of the noise intensity 𝜎.

The variations of the moment Lyapunov exponents for
different𝐻2 are also analyzed. From Figure 7, we find that the
coupled stochastic system may be almost-surely stable due to
the value of slope Λ(𝑝) less than 0 at the origin. However,
the moment stability of system is not assured for 𝑝 < 0 or 𝑝
is sufficiently large due to the moment Lyapunov exponents
greater than 0. Besides, one can easily see that the moment
stability of the system enhances with the increase of𝐻2.

Finally, the effects of 𝐾2 on the moment Lyapunov
exponents are investigated and shown in Figure 8. From those
figures, the systemmay be almost-surely stable in terms of the
Lyapunov exponents. It is also indicated that the system has
the characteristic of the moment stability. And the moment
stability of the coupled system will increase with the increase
of 𝐾2 under given parameters. The approximate analytical
results agree well with numerical simulation results by the
direct Monte Carlo.

5. Conclusions

In this paper, the moment stability and almost-sure stability
of coupled viscoelastic system with nonviscous damping
subject to Gaussian white noise excitation are investigated.
The nonviscously damped structure is assumed to follow the
exponential integral relation, which is possible to model the
rate of energy dissipation. Motion equations are transformed
into the coupled Itô stochastic differential equations bymeans
of the method of stochastic averaging. Then the linear trans-
formation is introduced to derive the eigenvalue problem. In
order to obtain the analytical expressions of eigenvalue, the
second-order perturbationmethod is used. Finally, the effects
of Gaussian noise, the relaxation parameter, the nonviscous
damping coefficient, and two physical quantities, that is 𝐻2,𝐾2, on the moment stability are discussed in detail. Then the
corresponding results are verified through the direct Monte
Carlo simulation technique. Based on the results above, the
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appropriate parameters will help to strengthen the stability of
the coupled viscoelastic system with nonviscous damping.

Appendix

A. Values of Λ 21(𝑝), Λ 22(𝑝), and Λ 23(𝑝)

Λ 21 (𝑝) = − 𝑝 (2 + 𝑝)
262144 (−1 + 𝑘2) 𝑘𝜔1 ⟨−4096 (−1

+ 𝑘2)𝑀2𝜁2 (𝑀1𝜁1 −𝑀2𝜁2) − 128 (−1 + 𝑘2)
× {64𝑘𝑘1𝑘2 (𝑀1𝜁1 −𝑀2𝜁2) − 4𝑘21 (2 + 𝑝)𝑀2𝜁2
+ 𝑘22 [(−10 + 𝑝)𝑀1𝜁1 + 3 (6 + 𝑝)𝑀2𝜁2]} 𝜎2
+ {1024𝑘3𝑘1𝑘2 (𝑘21 − 𝑘22) (2 + 𝑝)
+ 16𝑘𝑘1𝑘2 [𝑘21 (−136 − 62𝑝 + 𝑝2)
+ 𝑘22 (120 + 66𝑝 + 𝑝2)] + 𝑘22 (−1 + 𝑘2)
⋅ [𝑘21 (−312 − 130𝑝 + 15𝑝2)
+ 𝑘22 (328 + 126𝑝 − 17𝑝2)]} 𝜎4⟩

Λ 22 (𝑝) = 𝑝98304 (−1 + 𝑘2) 𝑘𝜔1𝜋 ⟨−3072 (−1 + 𝑘
2)

⋅ (2 + 𝑝) 𝜋 (𝑀1𝜁1 −𝑀2𝜁2) × [ℎ2 + 𝑁2𝜁2
+ 𝑘𝜋 (𝑀1𝜁1 −𝑀2𝜁2)] + {256𝑘 (𝑘21 + 𝑘22) (2 + 𝑝)
⋅ (4 + 𝑝) (ℎ1 − 𝑘ℎ2) − 768𝑘𝜋 (−1 + 𝑘2) 𝑘21 (10
+ 3𝑝) (ℎ1 + 𝑁1𝜁1) + 384𝜋 (−1 + 𝑘2) (ℎ2 + 𝑁2𝜁2)
⋅ [𝑘21 (2 + 𝑝)2 − 𝑘22 (4 + 𝑝) (6 + 𝑝)] + 768𝑘𝜋2 (−1
+ 𝑘2) (2 + 𝑝)2 (𝑘21 − 𝑘22) (𝑀1𝜁1 −𝑀2𝜁2) − 3𝑘 (−1
+ 𝑘2) (−2 + 𝑝) (2 + 𝑝) (4 + 𝑝) 𝜋2 (𝑘21 + 𝑘22)} 𝜎2
− 48𝑘 (−1 + 𝑘2) (2 + 𝑝)3 𝜋2 (𝑘21 − 𝑘22)2 𝜎4⟩

Λ 23 (𝑝) = 𝑝49152 (−1 + 𝑘2) 𝑘𝜔1𝜋 ⟨−768 (−1 + 𝑘
2)

⋅ (2 + 𝑝) 𝜋 (𝑀1𝜁1 −𝑀2𝜁2) × [3 (ℎ2 + 𝑁2𝜁2)
+ 4𝑘𝜋 (𝑀1𝜁1 −𝑀2𝜁2)] + {256𝑘 (𝑘21 + 𝑘22) (2 + 𝑝)
⋅ (4 + 𝑝) × (ℎ1 − 𝑘ℎ2) + 96𝜋 (−1 + 𝑘2) (ℎ2
+ 𝑁2𝜁2) [−3𝑘21 (2 + 𝑝)2 − 𝑘22 (92 + 36𝑝 + 3𝑝2)]
− 768𝑘𝜋 (−1 + 𝑘2) 𝑘21 (10 + 3𝑝) (ℎ1 + 𝑁1𝜁1)
+ 768𝑘𝜋2 (−1 + 𝑘2) (2 + 𝑝)2 × (𝑘21 − 𝑘22) (𝑀1𝜁1
−𝑀2𝜁2) − 3𝑘 (−1 + 𝑘2) (−2 + 𝑝) (2 + 𝑝) (4 + 𝑝)
⋅ 𝜋2 (𝑘21 + 𝑘22)} 𝜎2 − 48𝑘 (−1 + 𝑘2) (2 + 𝑝)3 𝜋2 (𝑘21
− 𝑘22)2 𝜎4⟩

(A.1)

B. Values of 𝜆21, 𝜆22, and 𝜆23
𝜆21 = − 116384 (−1 + 𝑘2) 𝑘𝜔1 {−512 (−1 + 𝑘

2)
⋅ 𝑀2𝜁2 (𝑀1𝜁1 −𝑀2𝜁2) − 32 (−1 + 𝑘2)
× [32𝑘𝑘1𝑘2 (𝑀1𝜁1 −𝑀2𝜁2) − 4𝑘21𝑀2𝜁2
+ 𝑘22 (−5𝑀1𝜁1 + 9𝑀2𝜁2)] 𝜎2 + 𝑘2 [16𝑘𝑘31 (−17
+ 16𝑘2) − 39𝑘21𝑘2 (−1 + 𝑘2) + 16𝑘𝑘1𝑘22 (15
− 16𝑘2) + 41𝑘32 (−1 + 𝑘2)] 𝜎4}

(B.1)

𝜆22 = 16144 (−1 + 𝑘2) 𝑘𝜔1𝜋 ⟨−384𝜋 (−1 + 𝑘
2)

⋅ (𝑀1𝜁1 −𝑀2𝜁2) × [(ℎ2 + 𝑁2𝜁2) + 𝑘𝜋 (𝑀1𝜁1
−𝑀2𝜁2)] − {128ℎ2𝑘2 (𝑘21 + 𝑘22) − 96𝜋 (−1 + 𝑘2)
⋅ (𝑘21 − 6𝑘22) (ℎ2 + 𝑁2𝜁2) + 32𝑘 [−4ℎ1 (𝑘21 + 𝑘22)
+ 15𝑘21𝜋 (−1 + 𝑘2) (ℎ1 + 𝑁1𝜁1)] − 192𝑘𝜋2 (−1
+ 𝑘2) (𝑘21 − 𝑘22) (𝑀1𝜁1 −𝑀2𝜁2) − 3𝑘 (−1 + 𝑘2)
⋅ 𝜋2 (𝑘21 + 𝑘22)2}𝜎2 − 24𝑘 (−1 + 𝑘2) 𝜋2 (𝑘21 − 𝑘22)2
⋅ 𝜎4⟩

𝜆23 = 13072 (−1 + 𝑘2) 𝑘𝜔1𝜋 ⟨−96𝜋 (−1 + 𝑘
2) (𝑀1𝜁1

−𝑀2𝜁2) × [3 (ℎ2 + 𝑁2𝜁2) + 4𝑘𝜋 (𝑀1𝜁1 −𝑀2𝜁2)]
− {128ℎ2𝑘2 (𝑘21 + 𝑘22) − 24𝜋 (−1 + 𝑘2) (3𝑘21
− 23𝑘22) (ℎ2 + 𝑁2𝜁2) + 32𝑘 [−4ℎ1 (𝑘21 + 𝑘22)
+ 15𝑘21𝜋 (−1 + 𝑘2) (ℎ1 + 𝑁1𝜁1)] − 192𝑘𝜋2 (−1
+ 𝑘2) (𝑘21 − 𝑘22) × (𝑀1𝜁1 −𝑀2𝜁2) − 3𝑘 (−1 + 𝑘2)
⋅ 𝜋2 (𝑘21 + 𝑘22)2}𝜎2 − 24𝑘 (−1 + 𝑘2) 𝜋2 (𝑘21 − 𝑘22)2
⋅ 𝜎4⟩

(B.2)

Data Availability
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the paper, and the white noise is generated randomly. The
codes used in this paper are available from the corresponding
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and stochastic stability of a three-dimensional system on elastic
foundation using a perturbation approach,” Journal of Applied
Mechanics, vol. 80, no. 5, 2013.



16 Mathematical Problems in Engineering

[32] J. Deng, “Stochastic stability of gyroscopic systems under
bounded noise excitation,” International Journal of Structural
Stability and Dynamics, vol. 18, no. 2, 1850022, 22 pages, 2018.

[33] J. Deng,W.-C. Xie, andM.D. Pandey, “Moment lyapunov expo-
nents and stochastic stability of coupled viscoelastic systems
driven by white noise,” Journal of Mechanics of Materials and
Structures, vol. 9, no. 1, pp. 27–50, 2014.

[34] W. V. Wedig, “Lyapunov Exponents of Stochastic Systems and
Related Bifurcation Problems,” in Stochastic Structural Dynam-
ics: Progress in Theory and Applications, Elsevier, London, 1988.



Research Article
The Adaptive Neural Control for a Class of High-Order
Uncertain Stochastic Nonlinear Systems

Xiaoyan Qin

School of Mathematics and Statistics, Zaozhuang University, Zaozhuang 277160, China

Correspondence should be addressed to Xiaoyan Qin; qin-xiaoyan@163.com

Received 23 May 2018; Accepted 11 July 2018; Published 9 September 2018

Academic Editor: Weihai Zhang

Copyright © 2018 Xiaoyan Qin.This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper studies the problem of the adaptive neural control for a class of high-order uncertain stochastic nonlinear systems.
By using some techniques such as the backstepping recursive technique, Young’s inequality, and approximation capability, a novel
adaptive neural control scheme is constructed. The proposed control method can guarantee that the signals of the closed-loop
system are bounded in probability, and only one parameter needs to be updated online. One example is given to show the
effectiveness of the proposed control method.

1. Introduction

Ever since the stochastic stability theory was established by
[1–3], the design and analysis of backstepping controller for
stochastic nonlinear systemshave achieved remarkable devel-
opment in recent years; see [4–20] and the references therein.
Based on the backstepping technique, Pan and Basar [8]
firstly studied a class of stochastic nonlinear systems under
a risk-sensitive cost criterion. Then, by combining backstep-
ping technique with different nonlinear control methods,
[9–13] obtained the state-feedback stabilization results of
stochastic nonlinear systems in various structures. In the
case of system states being unmeasurable, [14–19] further
studied the problem of the output-feedback stabilization
for stochastic nonlinear systems with the help of observer
design. In addition, by applying the backstepping design and
Lyapunov stability analysis, the finite-time control with fast
convergence rate has been achieved for stochastic nonlinear
systems in [10, 20, 21].

Note that when stochastic nonlinear system is of high-
order, it may be nonsmooth and in general not stabilizable.
How to deal with this problem is difficult. To handle this
case, [9–13, 17, 20] have done remarkable work on stochas-
tic high-order nonlinear systems and obtained different
control results. Particularly, the homogeneous domination
approach was extended to stochastic nonlinear system in [17],
which provides an effective design methods for high-order

stochastic nonlinear systems. However, the above-mentioned
results were subjected to the nonlinear dynamics models
which are known exactly or unknown parameters existing
linearly. Thus, these results cannot be used for the stochastic
systems with structured uncertainties. Naturally, one raises
the problemof how to design the controller for the high-order
stochastic nonlinear systems with structured uncertainties.

To handle the structured uncertainties for the stochastic
nonlinear systems, the radial basis function neural network
(RBF NN) or the fuzzy logic is used to approximate the
uncertain functions, which ensures the growth assumptions
can be weakened or removed. Based on these methods
and some useful adaptive backstepping control approaches,
fruitful results have been introduced and obtained in [22–
30] and the references therein. Reference [22] studied the
problem of fuzzy backstepping control for a class of stochastic
nonlinear strict-feedback systems. Reference [23] considered
the adaptive neural network output-feedback control for non-
linear systems with dynamical uncertainties. Reference [25]
considered NN output-feedback control for stochastic non-
linear systems with unknown control coefficients. Reference
[24] studied NN output-feedback control for stochastic time-
delay nonlinear systems with unknown control coefficients.
Furthermore, more problems of stochastic nonlinear systems
with unmodeled dynamics were studied in [26–30].

Motivated by the aforementioned literatures, one raises
the following meaningful problem: how to relax or remove the
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matching conditions on drift and diffusion terms by RBF NN?
And how to design the adaptive NN state-feedback controller
for a class of high-order stochastic nonlinear systems with
unknown control directions?

In this paper, we will discuss the problem of adaptive
neural control for a class of high-order stochastic nonlinear
systems with structured uncertainties. By using backstepping
recursive approach, Young’s inequality, etc., the restrictions
on systems nonlinearities are removed and the procedure
of the design is simpler. A novel adaptive neural controller
is constructed, which assures that the closed-loop system is
bounded in probability. In addition, in the design progress,
there is only one parameter that needs to be updated online.

The rest of this paper is organized as follows. The
notations and some preliminaries are provided in Section 2.
In Section 3, we present themain results. In Section 4, we give
the simulation example to illustrate the effectiveness of the
proposed results, and the conclusion is drawn in Section 5.

2. Preliminaries and Problem Formulation

Notations. 𝑅 denotes the set of all real numbers, 𝑅+ denotes
the set of all nonnegative real numbers, and 𝑅𝑛 denotes the
real 𝑛-dimensional space. 𝐶𝑖 stands for the family of the
functions with 𝑖th continuous partial derivations. For a given
vector or matrix 𝑋, 𝑋𝑇 denotes its transpose, 𝑇𝑟{𝑋} denotes
its trance when 𝑋 is square, and |𝑋| is the Euclidean norm
of a vector 𝑋. For simplicity, the smooth function (⋅) is
sometimes denoted by .

Consider a class of high-order stochastic nonlinear sys-
tems as follows:

𝑑𝑥𝑖 = ℎ𝑖 (𝑡) 𝑥𝑃𝑖𝑖+1𝑑𝑡 + 𝜑𝑖 (𝑡, 𝑥𝑖) 𝑑𝑡 + 𝑔𝑖 (𝑥𝑖)∑ (𝑡) 𝑑𝜔,
𝑖 = 1, . . . , 𝑛 − 1,

𝑑𝑥𝑛 = ℎ𝑛 (𝑡) 𝑢𝑃𝑛𝑑𝑡 + 𝜑𝑛 (𝑡, 𝑥𝑛) 𝑑𝑡 + 𝑔𝑛 (𝑥𝑛)∑ (𝑡) 𝑑𝜔
(1)

where 𝑥 = [𝑥1, . . . , 𝑥𝑛]𝑇 ∈ 𝑅𝑛 and 𝑢 ∈ 𝑅 are the system
states and the control input, respectively. 𝑥𝑖 = [𝑥1, . . . , 𝑥𝑖]𝑇 ∈𝑅𝑖, 𝑖 = 1, 2, . . . , 𝑛 and 𝑥𝑛 = 𝑥. 𝜔 ∈ 𝑅𝑟 is an 𝑟-dimensional
standard Wiener process defined on the complete probability
space (Ω, 𝐹, 𝑃) with Ω being a sample space, 𝐹 being a
filtration, and 𝑃 being measure. 𝜑𝑖(⋅) and 𝑔𝑖(⋅) are unknown
smooth functions, with 𝜑𝑖(0, 0) = 0, 𝑔𝑖(0) = 0 for 𝑖 =1, 2, . . . , 𝑛. The disturbed virtual control coefficients ℎ𝑖(𝑡) :𝑅 → 𝑅 (𝑖 = 1, 2, . . . , 𝑛) are unknown and continuous
functions, respectively; ∑(𝑡) : 𝑅+ → 𝑅𝑟×𝑟 is the Borel
bounded measurable functions.

2.1. Preliminary Results. Next we introduce several technical
lemmas which will play an important role in our later control
design.

Consider the following stochastic nonlinear system:

𝑑𝑥 = 𝑓 (𝑡, 𝑥) 𝑑𝑡 + ℎ (𝑡, 𝑥) 𝑑𝜔 (2)

where 𝑓 and 𝑔 are the Borel measurable functions. 𝑓 : 𝑅+ ×𝑅𝑛+1 → 𝑅𝑛 and 𝑔 : 𝑅+ ×𝑅𝑛+1 → 𝑅𝑛×𝑟 are assumed to be 𝐶1
in their arguments.

Definition 1 (see [2]). Given 𝑉(𝑥, 𝑡) ∈ 𝐶1,2 for stochastic
nonlinear system (2), the differential operator 𝐿 is defined as
follows:

𝐿𝑉 (𝑥, 𝑡) = 𝜕𝑉𝜕𝑡 + 𝜕𝑉𝜕𝑥 𝑓 + 12𝑇𝑟(ℎ𝑇𝜕
2𝑉𝜕𝑥2 ℎ) (3)

where 𝐶1,2(𝑅𝑛 × 𝑅+; 𝑅+) denotes all nonnegative functions𝑉(𝑥, 𝑡) on 𝑅𝑛 × 𝑅+; i.e., 𝑉(𝑥, 𝑡) satisfies 𝐶1 in 𝑡 and 𝐶2 in 𝑥.
Simply, the smooth function 𝑓(⋅) is denoted by 𝑓.
Definition 2 (see [15]). The solution of stochastic system (2)
is said to be bounded in probability if it satisfies

lim
𝑐→∞

sup
0≤𝑡≤∞

𝑃 {|𝑥 (𝑡)| > 𝑐} = 0. (4)

Definition 3 (see [15]). Consider system (2) with 𝑓(𝑡, 0) = 0
and ℎ(𝑡, 0) = 0; the equilibrium 𝑥 = 0 is globally stable in
probability if, for any 𝜀 > 0, there exists a class 𝐾∞ function𝛾(⋅) such that

𝑃 {|𝑥 (𝑡)| < 𝛾 (𝑥0)} ≥ 1 − 𝜀, ∀𝑡 ≥ 0, 𝑥0 ∈ 𝑅𝑛 \ {0} . (5)

Lemma 4 (Young’s inequality [4]). For any (𝑥, 𝑦) ∈ 𝑅2, the
following inequality holds:

𝑥𝑦 ≤ 𝜀𝑝𝑝 |𝑥|𝑝 + 1𝑞𝜀𝑞 𝑦𝑞 . (6)

Lemma 5 (see [15]). Consider the stochastic system (2).
Assume that 𝑓(𝑥, 𝑡) and ℎ(𝑥, 𝑡) are 𝐶1 in their arguments, and𝑓(0, 𝑡) and ℎ(0, 𝑡) are bounded uniformly in 𝑡 if there exist
functions 𝑉(𝑥, 𝑡) ∈ 𝐶1,2(𝑅𝑛 × 𝑅+, 𝑅+), 𝑢1(⋅), 𝑢2(⋅) ∈ 𝐾∞ and
constants 𝑎0 > 0, 𝑏0 > 0 such that

𝑢1 |𝑥| ≤ 𝑉 (𝑥, 𝑡) ≤ 𝑢2 |𝑥| ,
𝐿𝑉 ≤ −𝑎0𝑉 (𝑥, 𝑡) + 𝑏0. (7)

Then the solution of (2) is bounded in probability.

The purpose of this paper is to construct a smooth adap-
tive neural state-feedback controller such that the solution
process of system (1) is bounded in probability.

To design the controller for system (1), the following
assumptions are needed:

(𝐴1) 𝑝1 = 𝑝2 = ⋅ ⋅ ⋅ 𝑝𝑛 = 𝑝 ≥ 1 are odd integers.
(𝐴2) For any 𝑌 ∈ Ω𝑌, there exists an ideal constant
weight vector 𝑊∗ such that 0 < ‖𝑊∗‖∞ ≤ 𝑊𝑚𝑎𝑥 and0 < |𝛿| ≤ 𝛿𝑚𝑎𝑥.
(𝐴3) For 𝑖 = 1, . . . , 𝑛, there are positive constants 𝛾𝑖1
and 𝛾𝑖2, such that 𝛾𝑖1 ≤ |ℎ𝑖(𝑡)| ≤ 𝛾𝑖2.
(𝐴4) There exists constant 𝑀 > 0 such that‖∑𝑇(𝑡)∑(𝑡)‖2𝐹 ≤ 𝑀.

Remark 6. If 𝑝1 = 𝑝2 = ⋅ ⋅ ⋅ 𝑝𝑛 = 1, system (1) becomes the
strict-feedback form. The problem of the feedback control
has been studied in [22–24, 26, 27]. However, they did not
consider 𝑝1 = 𝑝2 = ⋅ ⋅ ⋅ 𝑝𝑛 > 1. In this paper, we will
consider the problem of the feedback control under the case𝑝1 = 𝑝2 = ⋅ ⋅ ⋅ 𝑝𝑛 > 1.
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The following radial basis function neural network
(RBFNN) will be considered and used to approximate
unknown continuous functions:

Ψ (𝑌) : 𝑅𝑛 → 𝑅,
Ψ𝑛𝑛 (𝑌) = 𝑊𝑇𝑆 (𝑌) (8)

where 𝑌 ∈ Ω𝑌 ⊂ 𝑅𝑞 is the input vector with 𝑞 being the
neural networks input dimension. 𝑊 = [𝑤1, 𝑤2, . . . , 𝑤𝑙]𝑇 ∈𝑅𝑙 denotes the weight vector. 𝑙 > 1 is the neural network
mode number. 𝑆(𝑌) = [𝑠1(𝑌), 𝑠2(𝑌), . . . , 𝑠𝑙(𝑌)]𝑇 and 𝑠𝑖(𝑌) =
exp[−‖𝑌 − 𝑢𝑖‖2/𝛿𝑖], 𝑖 = 1, 2, . . . , 𝑙 are the basis function
vectors. Here 𝑢𝑖 = [𝑢𝑖1, 𝑢𝑖2, . . . , 𝑢𝑖𝑞]𝑇 is the center of the
receptive field, and 𝛿𝑖 is the width of the Gaussian function.
Equation (8) can approximate any unknown continuous
function over the compact set Ω𝑌 ⊂ 𝑅𝑞 with arbitrary
accuracy. Namely,

Ψ (𝑌) = 𝑊∗𝑇𝑆 (𝑌) + 𝛿 (𝑌) , ∀𝑌 ∈ Ω𝑌. (9)

The ideal constant weight vector 𝑊∗ is defined as 𝑊∗ fl
argmin𝑊∈𝑅𝑙{sup𝑌∈Ω𝑌|Ψ(𝑌) − 𝑊𝑇𝑆(𝑌)|}, and 𝛿(𝑌) is the
approximation error.

From (9), we can easily get

𝑊∗𝑇𝑆 (𝑌) + 𝛿 ≤ 𝑊∗𝑇𝑆 (𝑌) + |𝛿|
≤ 𝑙∑
𝑖=1

𝑆𝑖 (𝑌)𝑊𝑚𝑎𝑥 + 𝛿𝑚𝑎𝑥 ≤ Θ𝜋 (𝑌) (10)

where 𝜋(𝑌) = √(𝑙 + 1)(∑𝑙𝑖=1 𝑆2𝑖 (𝑌) + 1), Θ = max(𝑊𝑚𝑎𝑥,𝛿𝑚𝑎𝑥).
To design a state-feedback controller, we first introduce

the following transformation:

𝜂𝑖 = 𝑥𝑖 − 𝛼𝑖 (𝑥𝑖, Θ̂) ,
𝛼𝑖 = −𝜂𝑖−1𝛽𝑖−1 (⋅) . 𝑖 = 1, 2, . . . , 𝑛 (11)

where 𝛼1 = 0, 𝛼𝑖(⋅) is the virtual control law and 𝛽𝑖(⋅) > 0 can
be designed in the following form.

Using (11), we have

𝑑𝜂1 = 𝑑𝑥1 = ℎ1𝑥𝑝2𝑑𝑡 + 𝜑1𝑑𝑡 + 𝐺1∑(𝑡) 𝑑𝜔
𝑑𝜂𝑖 = 𝑑 (𝑥𝑖 − 𝛼𝑖)

= ℎ𝑖𝑥𝑝𝑖+1𝑑𝑡 + 𝜑𝑖𝑑𝑡 − 𝜕𝛼𝑖𝜕Θ̂ ̇̂Θ𝑑𝑡 + 𝐺𝑖∑(𝑡) 𝑑𝜔
𝑖 = 2, . . . , 𝑛,

(12)

where 𝑥𝑛+1 = 𝑢, 𝜑𝑖 = 𝜑𝑖 − ∑𝑖−1𝑙=1(𝜕𝛼𝑖/𝜕𝑥𝑙)𝜑𝑙 − ∑𝑖−1𝑙=1(𝜕𝛼𝑖/𝜕𝑥𝑙)𝑥𝑝𝑙+1 − (1/2)∑𝑖−1𝑘,𝑚=1(𝜕2𝛼𝑖/𝜕𝑥𝑘𝜕𝑥𝑚)𝑔𝑘∑(𝑡) ∑𝑇(𝑡)𝑔𝑇𝑚, and𝐺𝑖 = 𝑔𝑖 − ∑𝑖−1𝑙=1(𝜕𝛼𝑖/𝜕𝑥𝑙)𝑔𝑙.

3. Controller Design and Stability Analysis

3.1. Controller Design. In this section, by using the back-
stepping method and the BRFNN, we construct the adaptive
neural controller and approximate the unknown nonlinear
functions, respectively.

Step 1. Consider the Lyapunov function 𝑉1 = (1/4)𝜂41 +(1/2)Θ̃2, where Θ̃ = Θ − Θ̂ is the parameter error. By (3) and
(12), we have

𝐿𝑉1 = 𝜂31 (ℎ1𝑥𝑝2 + 𝜑1) + 32𝜂21𝑇𝑟(𝐺𝑇1
𝑇∑(𝑡)∑(𝑡) 𝐺1)

− Θ̃ ̇̂Θ.
(13)

From Lemma 4 and assumptions (𝐴2) − (𝐴4), there exists
constant 𝑎1𝑗 > 0, 𝑗 = 1, 2, such that

𝜂31𝜑1 ≤ 𝜂𝑝+31 3𝑝 + 3𝑎113/(𝑝+3)𝜑1(𝑝+3)/3 + 1𝑝 + 3𝑎11𝑝+3 (14)

and

32𝜂21𝑇𝑟(𝐺𝑇1
𝑇∑(𝑡)∑(𝑡) 𝐺1)

≤ 32𝜂21 𝐺12

𝑇∑(𝑡)∑ (𝑡)

2

𝐹

≤ 2𝑝 + 3𝑎122/(𝑝+3)𝜂𝑝+31 𝐺1𝑝+3𝑀
+ 1𝑝 + 3𝑎12𝑝+3𝑀.

(15)

Substituting (14) and (15) into (13), we obtain

𝐿𝑉1 ≤ 𝜂31ℎ1𝑥𝑝2 + 𝑎1 − Θ̃ ̇̂Θ + 𝜂𝑝+31 Ψ1 (16)

where Ψ1 = (3/(𝑝 + 3))𝑎113/(𝑝+3)𝜑1(𝑝+3)/3 + (2/(𝑝 +3))𝑎122/(𝑝+3)‖𝐺1‖𝑝+3𝑀, 𝑎1 = (1/(𝑝 + 3))𝑎11𝑝+3 + (2/(𝑝 +3))𝑎12𝑝+3𝑀. Obviously, Ψ1 is an unknown function since
it has unknown function 𝜑1 and 𝑔1. In practice, it cannot
be used directly. Moreover, there exists a neural network𝑊∗𝑇1 𝑆1(𝑌1), 𝑌1 = 𝑥1 ∈ Ω𝑌1 ⊂ 𝑅1, such that

Ψ1 = 𝑊∗𝑇1 𝑆1 (𝑌1) + 𝛿1 (𝑌1) ≤ Θ𝜋1 (⋅) (17)

where 𝜋1(⋅) = √(𝑙 + 1)∑𝑙𝑘=1 𝑆21𝑘 + 1. In the view of (16) and
(17), we can get

𝐿𝑉1 ≤ −Θ̃ ̇̂Θ + 𝜂31ℎ1 (𝑥𝑝2 − 𝛼𝑝2 ) + 𝜂𝑝+31 Θ𝜋1 + 𝜂31ℎ1𝛼𝑝2
+ 𝑎1. (18)
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Now we choose the virtual control laws

𝛼2 = (−𝑐1 − Θ̂𝜋1𝛾11 )1/𝑝 𝜂1 = −𝛽1𝜂1,
𝛽1 = (𝑐1 + Θ̂𝜋1𝛾11 )1/𝑝 > 0

(19)

where 𝑐1 > 0 is a constant to be chosen.
Substituting 𝛼2 into (18), it can be rewritten as

𝐿𝑉1 ≤ Θ̃ (𝜂𝑝+31 𝜋1 − ̇̂Θ) + 𝜂31ℎ1 (𝑥𝑝2 − 𝛼𝑝2 ) − 𝑐1𝜂𝑝+31
+ 𝑎1. (20)

By (11), Lemma 4, assumptions (𝐴2), (𝐴3), and (𝑎 + 𝑏)𝑛 =∑𝑛𝑖=0 𝐶𝑘𝑛𝑎𝑘𝑏𝑛−𝑘, we obtain
𝜂31ℎ1 (𝑥𝑝2 − 𝛼𝑝2 ) = 𝜂31ℎ1 {(𝜂2 + 𝛼2)𝑝 − 𝛼𝑝2 }

= 𝜂31ℎ1𝑝−1∑
𝑘=0

𝐶𝑘𝑝𝛼𝑘2𝜂𝑝−𝑘2 = 𝜂31ℎ1𝑝−1∑
𝑘=0

𝐶𝑘𝑝 (−𝜂1𝛽1)𝑘 𝜂𝑝−𝑘2
≤ 𝛾12(𝑝−1)/2∑

𝑘=0

𝐶2𝑘𝑝 𝜂3+2𝑘1  𝜂𝑝−2𝑘2  𝛽2𝑘1
≤ (𝑝−1)/2∑
𝑘=0

3 + 2𝑘𝑝 + 3 𝜖(𝑝+3)/(3+2𝑘)
1𝑘

𝜂3+𝑝1
+ (𝑝−1)/2∑
𝑘=0

𝑝 − 2𝑘𝑝 + 3 𝜖(𝑝−2𝑘)/(𝑝+3)1𝑘 (𝐶2𝑘𝑝 𝛽2𝑘1 𝛾12)(𝑝+3)/(𝑝−2𝑘)
⋅ 𝜂3+𝑝2 ≤ 𝜖1𝜂𝑝+31 + 𝛾20𝜂𝑝+32

(21)

where 𝜖1 ≥ ∑(𝑝−1)/2
𝑘=0

((3 + 2𝑘)/(𝑝 + 3))𝜖(𝑝+3)/(3+2𝑘)
1𝑘

, 𝛾20 ≥∑(𝑝−1)/2
𝑘=0

((𝑝 − 2𝑘)/(𝑝 + 3))𝜖(𝑝−2𝑘)/(𝑝+3)
1𝑘

(𝐶2𝑘𝑝 𝛽2𝑘1 𝛾12)(𝑝+3)/(𝑝−2𝑘),
and 𝜖1𝑘 > 0(𝑘 = 0, 1, ⋅ ⋅ ⋅ (𝑝 − 1)/2) are constants.

Substituting (21) into (20), we can get

𝐿𝑉1 ≤ Θ̃ (𝜂𝑝+31 𝜋1 − ̇̂Θ) − (𝑐1 − 𝜖1) 𝜂𝑝+31 + 𝛾20𝜂𝑝+32
+ 𝑎1. (22)

Step 2. We choose the Lyapunov function 𝑉2 = 𝑉1 + (1/4)𝜂42
to design the control law 𝛼3. From (11), (12), and (22), we have

𝐿𝑉2 = 𝐿𝑉1 + 𝜂32 (ℎ2𝑥𝑝3 + 𝜑2 − 𝜕𝛼2𝜕Θ̂ ̇̂Θ)
+ 32𝜂22𝑇𝑟(𝐺2𝑇

𝑇∑(𝑡)∑ (𝑡) 𝐺2)

= 𝜂32 {ℎ2𝑥𝑝3 + 𝜑2 − 𝜕𝛼2𝜕Θ̂ ̇̂Θ}
+ 32𝜂22𝑇𝑟(𝐺2𝑇

𝑇∑(𝑡)∑ (𝑡) 𝐺2)
+ Θ̃ (𝜂𝑝+31 𝜋1 − ̇̂Θ) − (𝑐1 − 𝜖1) 𝜂𝑝+31 + 𝛾20𝜂𝑝+32
+ 𝑎1.

(23)

From the definition of 𝜑2 and Lemma 4, there exist constants𝑎2𝑗 > 0, 𝑗 = 1, 2, such that

𝜂32𝜑2 ≤ 𝜂𝑝+32 3𝑝 + 3𝑎3/(𝑝+3)21
𝜑2(𝑝+3)/3 + 1𝑝 + 3𝑎𝑝+321 (24)

and

32𝜂22𝑇𝑟(𝐺2𝑇
𝑇∑(𝑡)∑(𝑡) 𝐺2)

= 32𝜂22 𝐺22

𝑇∑(𝑡)∑ (𝑡)

2

𝐹

≤ 𝜂𝑝+32 2𝑝 + 3𝑎222/(𝑝+3) 𝐺2𝑝+3𝑀+ 1𝑝 + 3𝑎𝑝+322 𝑀.
(25)

By (23), (24), and (25), we can obtain

𝐿𝑉2 ≤ 𝜂32 (ℎ2𝑥𝑝3 − 𝜕𝛼2𝜕Θ̂ ̇̂Θ) + Θ̃ (𝜂𝑝+31 𝜋1 − ̇̂Θ) − (𝑐1
− 𝜖1) 𝜂𝑝+31 + 𝛾20𝜂𝑝+32 + 𝑎1
+ 𝜂𝑝+32 { 2𝑝 + 3𝑎222/(𝑝+3) 𝐺2𝑝+3𝑀
+ 3𝑝 + 3𝑎3/(𝑝+3)21

𝜑2(𝑝+3)/3} + 1𝑝 + 3𝑎𝑝+321 + 1𝑝 + 3
⋅ 𝑎𝑝+322 𝑀.

(26)

Further, adding and subtracting 𝜂32𝑓2 in the first bracket in
(26) and using Lemma 4, there exists a constant 𝑎23 > 0, such
that

−𝜂32𝑓2 ≤ 𝜂𝑝+32 3𝑝 + 3𝑎3/(𝑝+3)23
𝑓2(𝑝+3)/3 + 1𝑝 + 3𝑎𝑝+323 . (27)

Then, substituting (27) into (26), we get

𝐿𝑉2 ≤ 𝜂32 (ℎ2𝑥𝑝3 − 𝜕𝛼2𝜕Θ̂ ̇̂Θ + 𝑓2) + Θ̃ (𝜂𝑝+31 𝜋1 − ̇̂Θ)
− (𝑐1 − 𝜖1) 𝜂𝑝+31 𝜂𝑝+32 3𝑝 + 3𝑎3/(𝑝+3)23

𝑓2(𝑝+3)/3

+ 1𝑝 + 3𝑎𝑝+323 + 𝛾20𝜂𝑝+32 + 𝜂𝑝+32 Ψ2 + 2∑
𝑖=1

𝑎𝑖
(28)
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where 𝑎2 = (1/(𝑝 + 3))𝑎𝑝+321 + (1/(𝑝 + 3))𝑎𝑝+323 + (1/(𝑝 +3))𝑎𝑝+322 𝑀, Ψ2 = (2/(𝑝 + 3))𝑎222/(𝑝+3)‖𝐺2‖𝑝+3𝑀 + (3/(𝑝 +3))𝑎−3/(𝑝+3)21 |𝜑2|(𝑝+3)/3 + (3/(𝑝+ 3))𝑎3/(𝑝+3)23 |𝑓2|(𝑝+3)/3, and 𝑓2 =−(𝜕𝛼2/𝜕Θ̂)𝑐0Θ̂ + (𝜕𝛼2/𝜕Θ̂)𝜂𝑝+31 𝜋1 − |𝜕𝛼2/𝜕Θ̂|𝜂𝑝+32 𝜋2.
Similar to Step 1, obviously Ψ2 is an unknown function.

Hence there exist the neural networks 𝑊∗𝑇2 S2(𝑌2) and 𝑌2 =[𝑥2, Θ̂] ∈ Ω𝑌2 ⊂ 𝑅3 such that

Ψ2 = 𝑊∗𝑇2 𝑆2 (𝑌2) + 𝛿2 (𝑌2) ≤ Θ𝜋2 (⋅) (29)

where 𝜋2(⋅) = √(𝑙 + 1)∑𝑙𝑘=1 𝑆22𝑘 + 1.
We add and subtract ℎ2𝜂32𝛼𝑝3 in the formula (26), respec-

tively, and, substituting (29) into (26), we can get

𝐿𝑉2 ≤ 𝜂32ℎ2 (𝑥𝑝3 − 𝛼𝑝3 ) + 𝜂32 (𝑓2 − 𝜕𝛼2𝜕Θ̂ ̇̂Θ)
+ Θ̃ (𝜂𝑝+31 𝜋1 − ̇̂Θ) + ℎ2𝜂𝑝2𝛼𝑝3 − (𝑐1 − 𝜖1) 𝜂𝑝+31
+ 𝛾20𝜂𝑝+32 + 2∑

𝑖=1

𝑎𝑖 + 𝜂𝑝+32 Θ𝜋2.
(30)

Now we choose the virtual control law 𝛼3 = ((−𝑐2 − Θ̂𝜋2 −𝛾20)/𝛾11)1/𝑝𝜂2 = −𝛽2𝜂2 and 𝛽2 = ((𝑐2+Θ̂𝜋2 +𝛾20)/𝛾11)1/𝑝 > 0,
where 𝑐2 > 0 is a constant to be chosen. Substitution 𝛼3 into
(30), (30) can be calculated as

𝐿𝑉2 ≤ 𝜂32ℎ2 (𝑥𝑝3 − 𝛼𝑝3 ) + 𝜂32 (𝑓2 − 𝜕𝛼2𝜕Θ̂ ̇̂Θ)
+ Θ̃( 2∑

𝑘=1

𝜂𝑝+3
𝑘

𝜋𝑘 − ̇̂Θ) − (𝑐1 − 𝜖1) 𝜂𝑝+31 + 2∑
𝑖=1

𝑎𝑖
− 𝑐2𝜂𝑝+32 .

(31)

By (11), Lemma 4, assumptions (𝐴2) − (𝐴4), and (𝑎 + 𝑏)𝑛 =∑𝑛𝑖=0 𝐶𝑘𝑛𝑎𝑘𝑏𝑛−𝑘, we have
𝜂32ℎ2 (𝑥𝑝3 − 𝛼𝑝3 ) = 𝜂32ℎ2 {(𝜂3 + 𝛼3)𝑝 − 𝛼𝑝3 }

= 𝜂32ℎ2𝑝−1∑
𝑘=0

𝐶𝑘𝑝𝛼𝑘3𝜂𝑝−𝑘3 = 𝜂32ℎ2𝑝−1∑
𝑘=0

𝐶𝑘𝑝 (−𝜂2𝛽2)𝑘 𝜂𝑝−𝑘3
≤ (𝑝−1)/2∑
𝑘=0

𝐶2𝑘𝑝 𝜂3+2𝑘2  𝜂𝑝−2𝑘3  𝛽2𝑘2
≤ (𝑝−1)/2∑
𝑘=0

3 + 2𝑘𝑝 + 3 𝜖(𝑝+3)/(3+2𝑘)
2𝑘

𝜂3+𝑝2
+ (𝑝−1)/2∑
𝑘=0

𝑝 − 2𝑘𝑝 + 3 𝜖(𝑝−2𝑘)/(𝑝+3)
2𝑘

(𝐶2𝑘𝑝 𝛽2𝑘2 𝛾22)(𝑝+3)/(𝑝−2𝑘)
⋅ 𝜂3+𝑝3 ≤ 𝜖2𝜂𝑝+32 + 𝛾30𝜂𝑝+32

(32)

where 𝜖2 ≥ ∑(𝑝−1)/2𝑘=0 ((3 + 2𝑘)/(𝑝 + 3))𝜖(𝑝+3)/(3+2𝑘)2𝑘 , 𝛾30 ≥∑(𝑝−1)/2
𝑘=0

((𝑝 − 2𝑘)/(𝑝 + 3))𝜖(𝑝−2𝑘)/(𝑝+3)
2𝑘

(𝐶2𝑘𝑝 𝛽2𝑘2 𝛾22)(𝑝+3)/(𝑝−2𝑘),𝜖2𝑘 > 0, 𝑘 = 0, 1, . . . , (𝑝 − 1)/2.

Substituting (32) into (31), we get

𝐿𝑉2 ≤ Θ̃( 2∑
𝑖=1

𝜂𝑝+3𝑖 𝜋𝑖 − ̇̂Θ) − 2∑
𝑖=1

(𝑐𝑖 − 𝜖𝑖) 𝜂𝑝+3𝑖
+ 𝛾30𝜂𝑝+33 + 𝜂32 (𝑓2 − 𝜕𝛼2𝜕Θ̂ ̇̂Θ) + 2∑

𝑖=1

𝑎𝑖.
(33)

Remark 7. Since ̇̂Θ contains 𝜂1, 𝜂2, the term (𝜕𝛼2/𝜕Θ) ̇̂Θ
cannot be used directly to design the virtual control law𝛼2. And the function 𝑓2 will be used to compensate for(𝜕𝛼2/𝜕Θ) ̇̂Θ. As a result, the term 𝜂32(𝑓2 − (𝜕𝛼2/𝜕Θ) ̇̂Θ) will be
considered in the later section.

Step i (3 ≤ 𝑖 ≤ 𝑛). We choose the following Lyapunov
function 𝑉𝑖 = 𝑉𝑖−1 + (1/4)𝜂4𝑖 . From (3) and (12), we have

𝐿𝑉𝑖 = 𝐿𝑉𝑖−1 + 𝜂3𝑖 ℎ𝑖𝑥𝑝𝑖+1 + 𝜂3𝑖 𝜑𝑖
+ 32𝜂2𝑖 𝑇𝑟(𝐺𝑇𝑖

𝑇∑(𝑡)∑ (𝑡) 𝐺𝑖) + 𝜂3𝑖 𝜕𝛼𝑖𝜕Θ̂ ̇̂Θ (34)

where 𝑉𝑖−1 = (1/4)∑𝑖−1𝑗=1 𝜂4𝑗 + (1/2)Θ̃2, and
𝐿𝑉𝑖−1 ≤ −𝑖−1∑

𝑗=1

(𝑐𝑗 − 𝜖𝑗) 𝜂𝑝+3𝑗 + Θ̃(𝑖−1∑
𝑗=1

𝜂𝑝+3𝑗 𝜋𝑗 − ̇̂Θ)

+ 𝑖−1∑
𝑗=2

𝜂3𝑗 (𝑓𝑗 − 𝜕𝛼𝑗𝜕Θ̂ ̇̂Θ) + 𝛾𝑖𝑜𝜂𝑝+3𝑖 + 𝑖−1∑
𝑗=1

𝑎𝑗
(35)

where

𝑓𝑗 = −𝜕𝛼𝑗𝜕Θ̂ 𝑐0Θ̂ + 𝜕𝛼𝑗𝜕Θ̂
𝑖−1∑
𝑘=1

𝜂𝑝+3
𝑘

𝜋𝑘 − 𝜂𝑝𝑗 𝜋𝑗 𝑗∑
𝑙=2


𝜕𝛼𝑙𝜕Θ̂ 𝜂3𝑙  . (36)

Similar to the Steps 1 and 2, from the definition of 𝜑𝑖,
Lemma 4, and assumptions (𝐴2)− (𝐴4), there exist constants𝑎𝑖𝑗 > 0, 𝑗 = 1, 2, such that

𝜂3𝑖 𝜑𝑖 ≤ 𝜂𝑝+3𝑖 3𝑝 + 3𝑎3/(𝑝+3)𝑖1
𝜑𝑖(𝑝+3)/3 + 1𝑝 + 3𝑎𝑝+3𝑖1 (37)

and

32𝜂2𝑖 𝑇𝑟(𝐺𝑖𝑇
𝑇∑(𝑡)∑ (𝑡)𝐺𝑖)

= 32𝜂2𝑖 𝐺𝑖2

𝑇∑(𝑡)∑(𝑡)

2

𝐹

≤ 𝜂𝑝+3𝑖 2𝑝 + 3𝑎𝑖22/(𝑝+3) 𝐺𝑖𝑝+3𝑀+ 1𝑝 + 3𝑎𝑝+3𝑖2 𝑀.
(38)
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Substituting 𝐿𝑉𝑖−1, (37), and (38) into (34), we can get

𝐿𝑉𝑖 ≤ 𝜂3𝑖 (ℎ𝑖𝑥𝑝𝑖+1 − 𝜕𝛼𝑖𝜕Θ̂ ̇̂Θ) + Θ̃(𝑖−1∑
𝑗=2

𝜂𝑝+3𝑗 𝜋𝑗 − ̇̂Θ)

− 𝑖−1∑
𝑗=1

(𝑐𝑗 − 𝜖𝑗) 𝜂𝑝+3𝑗 + 𝛾𝑖0𝜂𝑝+3𝑖 + 𝑖−1∑
𝑗=1

𝑎𝑗 + 𝜂𝑝+3𝑖
⋅ { 2𝑝 + 3𝑎𝑖22/(𝑝+3) 𝐺𝑖𝑝+3𝑀
+ 3(𝑝 + 3)𝑎3/(𝑝+3)𝑖1

𝜑𝑖(𝑝+3)/3} + 𝑎𝑖
+ 𝑖−1∑
𝑗=2

𝜂3𝑗 (𝑓𝑗 − 𝜕𝛼𝑗𝜕Θ̂ ̇̂Θ) + 1𝑝 + 3𝑎𝑝+3𝑖1 + 1𝑝 + 3
⋅ 𝑎𝑝+3𝑖2 𝑀.

(39)

Further, add and subtract 𝜂3𝑖 𝑓𝑖 in the first bracket in (39), and,
using the Lemma 4, there exists a constant 𝑎𝑖3 > 0, such that

−𝜂3𝑖 𝑓𝑖 ≤ 𝜂𝑝+3𝑖 3𝑝 + 3𝑎3/(𝑝+3)𝑖3
𝑓𝑖(𝑝+3)/3 + 1𝑝 + 3𝑎𝑝+3𝑖3 (40)

Then, substituting (40) into (39), we get

𝐿𝑉𝑖 ≤ 𝜂3𝑖 (ℎ𝑖𝑥𝑝𝑖+1 − 𝜕𝛼2𝜕Θ̂ ̇̂Θ + 𝑓𝑖) + Θ̃(𝑖−1∑
𝑗=2

𝜂𝑝+3𝑗 𝜋𝑗
− ̇̂Θ) − 𝑖−1∑

𝑗=1

(𝑐𝑗 − 𝜖𝑗) 𝜂𝑝+3𝑗 + 𝛾𝑖0𝜂𝑝+3𝑖 + 𝑖−1∑
𝑗=1

𝑎𝑗
+ 𝜂𝑝+3𝑖 { 2𝑝 + 3𝑎𝑖22/(𝑝+3) 𝐺𝑖𝑝+3𝑀
+ 3(𝑝 + 3)𝑎3/(𝑝+3)𝑖1

𝜑𝑖(𝑝+3)/3} + 𝑎𝑖
+ 𝑖−1∑
𝑗=2

𝜂3𝑗 (𝑓𝑗 − 𝜕𝛼𝑗𝜕Θ̂ ̇̂Θ) + 1𝑝 + 3𝑎𝑝+3𝑖1 + 1𝑝 + 3𝑎𝑝+3𝑖2 𝑀
+ 𝜂𝑝+3𝑖 3𝑝 + 3𝑎3/(𝑝+3)𝑖3

𝑓𝑖(𝑝+3)/3 + 1𝑝 + 3𝑎𝑝+3𝑖3
= 𝜂3𝑖 ℎ𝑖𝑥𝑝𝑖+1 + Θ̃(𝑖−1∑

𝑗=2

𝜂𝑝+3𝑗 𝜋𝑗 − ̇̂Θ)

− 𝑖−1∑
𝑗=1

(𝑐𝑗 − 𝜖𝑗) 𝜂𝑝+3𝑗 + 𝛾𝑖0𝜂𝑝+3𝑖 + 𝑖∑
𝑗=1

𝑎𝑗 + 𝜂𝑝+3𝑖 Ψ𝑖
+ 𝑖∑
𝑗=2

𝜂3𝑗 (𝑓𝑗 − 𝜕𝛼𝑗𝜕Θ̂ ̇̂Θ) + 𝛾𝑖0𝜂𝑝+3𝑖 .

(41)

where

𝑎𝑖 = 1𝑝 + 3𝑎𝑝+3𝑖1 + 1𝑝 + 3𝑎𝑝+3𝑖2 𝑀+ 1𝑝 + 3𝑎𝑝+3𝑖3 ,
Ψ𝑖 = 2𝑝 + 3𝑎𝑖22/(𝑝+3) 𝐺𝑖𝑝+3𝑀

+ 3(𝑝 + 3)𝑎3/(𝑝+3)𝑖1
𝜑𝑖(𝑝+3)/3

+ 3𝑝 + 3𝑎3/(𝑝+3)𝑖3
𝑓𝑖(𝑝+3)/3

(42)

and

𝑓𝑖 = −𝜕𝛼𝑖𝜕Θ̂ 𝑐0Θ̂ + 𝜕𝛼𝑖𝜕Θ̂
𝑖−1∑
𝑗=1

𝜂𝑝+3𝑗 𝜋𝑗 − 𝜂𝑝𝑖 𝜋𝑖 𝑖∑
𝑗=2


𝜕𝛼𝑗𝜕Θ̂ 𝜂3𝑗  . (43)

Since the unknown functions 𝜑𝑖 and 𝑔𝑖 can be derived byΨ𝑖, it cannot be used to design the control law directly. Thus
there exist the neural networks 𝑊∗𝑇𝑖 𝑆𝑖(𝑌𝑖) and 𝑌𝑖 = [𝑥𝑖, Θ̂] ∈Ω𝑌𝑖 ⊂ 𝑅𝑖+1 such that

Ψ𝑖 = 𝑊∗𝑇𝑖 𝑆𝑖 (𝑌𝑖) + 𝛿𝑖 (𝑌𝑖) ≤ Θ𝜋𝑖 (⋅) (44)

where 𝜋𝑖(⋅) = √(𝑙 + 1)∑𝑙𝑘=1 𝑆2𝑖𝑘 + 1, 𝑓𝑖 = −(𝜕𝛼𝑖/𝜕Θ̂)𝑐0Θ̂ +(𝜕𝛼𝑖/𝜕Θ̂)∑𝑖−1𝑗=1 𝜂𝑝+3𝑗 𝜋𝑗 − 𝜂𝑝𝑖 𝜋𝑖∑𝑖𝑗=2 |(𝜕𝛼𝑗/𝜕Θ̂)𝜂3𝑗 |.
We add and subtract ℎ𝑖𝜂3𝑖 𝛼𝑝𝑖+1 in the formula (39), respec-

tively, and, substituting (44) into (39), it has

𝐿𝑉𝑖 ≤ 𝜂3𝑖 ℎ𝑖 (𝑥𝑝𝑖+1 − 𝛼𝑝𝑖+1) + 𝜂3𝑖 ℎ𝑖𝛼𝑝𝑖+1
+ Θ̃(𝑖−1∑

𝑗=2

𝜂𝑝+3𝑗 𝜋𝑗 − ̇̂Θ) − 𝑖−1∑
𝑗=1

(𝑐𝑗 − 𝜖𝑗) 𝜂𝑝+3𝑗
+ 𝛾𝑖0𝜂𝑝+3𝑖 + 𝑖∑

𝑖=1

𝑎𝑗 + 𝜂𝑝+3𝑖 𝜋𝑖Θ
+ 𝑖∑
𝑗=2

𝜂3𝑗 (𝑓𝑗 − 𝜕𝛼𝑗−1𝜕Θ̂ ̇̂Θ) .

(45)

Choose the virtual control law

𝛼𝑖+1 = (−𝑐𝑖 − Θ̂𝜋𝑖 − 𝛾𝑖0𝛾𝑖1 )1/𝑝 𝜂𝑖 = −𝛽𝑖𝜂𝑖,
𝛽𝑖 = (𝑐𝑖 + Θ̂𝜋𝑖 + 𝛾𝑖0𝛾𝑖1 )1/𝑝 > 0,

(46)

where 𝑐𝑖 > 0 is a constant to be chosen. Then, by substituting𝛼𝑖+1 into (45) and using (11), Lemma 5, and (𝑎 + 𝑏)𝑛 =∑𝑛𝑖=0 𝐶𝑘𝑛𝑎𝑘𝑏𝑛−𝑘, one yields
𝜂3𝑖 ℎ𝑖 (𝑥𝑝𝑖+1 − 𝛼𝑝𝑖+1) = 𝜂3𝑖 ℎ𝑖 {(𝜂𝑖+1 + 𝛼𝑖+1)𝑝 − 𝛼𝑝𝑖+1}

= 𝜂3𝑖 ℎ𝑖𝑝−1∑
𝑘=0

𝐶𝑘𝑝𝛼𝑘𝑖+1𝜂𝑝−𝑘𝑖+1 = 𝜂3𝑖 ℎ𝑖𝑝−1∑
𝑘=0

𝐶𝑘𝑝 (−𝜂𝑖𝛽𝑖)𝑘 𝜂𝑝−𝑘𝑖+1
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≤ (𝑝−1)/2∑
𝑘=0

𝐶2𝑘𝑝 𝜂3+2𝑘𝑖  𝜂𝑝−2𝑘𝑖+1  𝛽2𝑘𝑖
≤ (𝑝−1)/2∑
𝑘=0

3 + 2𝑘𝑝 + 3 𝜖(𝑝+3)/(3+2𝑘)
𝑖𝑘

𝜂3+𝑝𝑖
+ (𝑝−1)/2∑
𝑘=0

𝑝 − 2𝑘𝑝 + 3 𝜖(𝑝−2𝑘)/(𝑝+3)𝑖𝑘 (𝐶2𝑘𝑝 𝛽2𝑘𝑖 𝛾𝑖2)(𝑝+3)/(𝑝−2𝑘)
⋅ 𝜂3+𝑝𝑖+1 ≤ 𝜖𝑖𝜂𝑝+3𝑖 + 𝛾𝑖+10𝜂𝑝+3𝑖+1

(47)

where 𝜖𝑖 ≥ ∑(𝑝−1)/2
𝑘=0

((3 + 2𝑘)/(𝑝 + 3))𝜖(𝑝+3)/(3+2𝑘)
𝑖𝑘

, 𝛾𝑖+10 ≥∑(𝑝−1)/2𝑘=0 ((𝑝 − 2𝑘)/(𝑝 + 3))𝜖(𝑝−2𝑘)/(𝑝+3)𝑖𝑘 (𝐶2𝑘𝑝 𝛽2𝑘𝑖 𝛾𝑖2)(𝑝+3)/(𝑝−2𝑘),𝜖𝑖𝑘 > 0, 𝑘 = 0, 1, . . . , (𝑝 − 1)/2.
In the view of (47), (45) can be calculated as

𝐿𝑉𝑖 ≤ Θ̃( 𝑖∑
𝑗=2

𝜂𝑝+3𝑗 𝜋𝑗 − ̇̂Θ) − 𝑖∑
𝑗=1

(𝑐𝑗 − 𝜖𝑗) 𝜂𝑝+3𝑗
+ 𝛾𝑖+10𝜂𝑝+3𝑖+1 + 𝑖∑

𝑗=1

𝑎𝑗 + 𝑖∑
𝑗=2

𝜂3𝑗 (𝑓𝑗 − 𝜕𝛼𝑗𝜕Θ̂ ̇̂Θ) .
(48)

Remark 8. Since ̇̂Θ contains 𝜂𝑗, 𝑗 = 1, 2, . . . , 𝑖, the term
(𝜕𝛼𝑗/𝜕Θ) ̇̂Θ cannot be used directly to design the virtual
control law𝛼𝑖 . And the function𝑓𝑗 will be used to compensate
for (𝜕𝛼𝑗/𝜕Θ) ̇̂Θ. As a result, the term 𝜂3𝑗 (𝑓𝑗 − (𝜕𝛼𝑗/𝜕Θ) ̇̂Θ) will
be considered in the later section.

Finally, when 𝑖 = 𝑛, 𝜂𝑛+1 = 𝑢 is the actual control. Choose
the actual controller

𝑢 = −𝜂𝑛𝛽𝑛,
𝛽𝑛 = (𝑐𝑛 + 𝛾𝑛0 + 𝜋𝑛Θ̂𝛾𝑛1 )1/𝑝 > 0 (49)

where 𝑐𝑛 > 0 is a design parameter to be chosen. It can be
deduced that

𝐿𝑉𝑛 ≤ − 𝑛∑
𝑗=1

(𝑐𝑗 − 𝜀𝑗) 𝜂𝑝+3𝑗 + 𝑛∑
𝑗=1

𝑎𝑗
+ Θ̃( 𝑛∑

𝑗=2

𝜂𝑝+3𝑗 𝜋𝑗 − ̇̂Θ) + 𝑛∑
𝑗=2

𝜂3𝑗 (𝑓𝑗 − 𝜕𝛼𝑗𝜕Θ̂ ̇̂Θ)
(50)

where 𝑉𝑛(𝜂, Θ̂) = ∑𝑛𝑘=1(1/4)𝜂4𝑘 + (1/2)(Θ̂ − Θ)2, 𝜂 =(𝜂1, ⋅ ⋅ ⋅ 𝜂𝑛). We finish the controller design procedure.

3.2. Analysis of Stability. We have obtained the main result in
the following theorem.

Theorem 9. Suppose that assumptions (𝐴1) − (𝐴4) hold for
the stochastic nonlinear system (1). Furthermore, suppose that
the unknown functions Ψ𝑖 (1 ≤ 𝑖 ≤ 𝑛) can be approximated by
the RBF neural networks. Given a control law with the virtual
control signals 𝛼𝑖, it is constructed in (49), and the adaptive law
satisfies

̇̂Θ = 𝑛∑
𝑘=1

𝜂𝑝+3𝑘 𝜋𝑘 − 𝑐0Θ̂ (51)

where the design parameter 𝑐0 > 0. Then the signals of the
closed-loop system are bounded in probability.

Proof. Choose the Lyapunov function 𝑉 = 𝑉𝑛 such that

𝐿𝑉 ≤ − 𝑛∑
𝑗=1

(𝑐𝑗 − 𝜀𝑗) 𝜂𝑝+3𝑗 + 𝑛∑
𝑗=1

𝑎𝑗
+ Θ̃( 𝑛∑

𝑗=2

𝜂𝑝+3𝑗 𝜋𝑗 − ̇̂Θ) + 𝑛∑
𝑗=2

𝜂3𝑗 (𝑓𝑗 − 𝜕𝛼𝑗𝜕Θ̂ ̇̂Θ) .
(52)

Substituting the adaptive law (51) into the penultimate term
in (52) results in

𝐿𝑉 ≤ − 𝑛∑
𝑗=1

(𝑐𝑗 − 𝜀𝑗) 𝜂𝑝+3𝑗 + 𝑛∑
𝑗=1

𝑎𝑗 + 𝑐0Θ̃Θ̂
+ 𝑛∑
𝑗=2

𝜂3𝑗 (𝑓𝑗 − 𝜕𝛼𝑗𝜕Θ̂ ̇̂Θ) .
(53)

In the following, we will prove that the last term∑𝑛𝑗=2 𝜂3𝑗 (𝑓𝑗 − (𝜕𝛼𝑗/𝜕Θ̂) ̇̂Θ) in (53) is negative. It is clear that

− 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂ ̇̂Θ = 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂ 𝑐0Θ̂ − 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂
𝑛∑
𝑖=1

𝜂𝑝+3𝑖 𝜋𝑖
= 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂ 𝑐0Θ̂ − 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂
𝑛∑
𝑖=1

𝜂𝑝+3𝑖 𝜋𝑖
(54)

and

− 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂
𝑛∑
𝑖=1

𝜂𝑝+3𝑖 𝜋𝑖 = − 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂
𝑗−1∑
𝑖=1

𝜂𝑝+3𝑖 𝜋𝑖
− 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂
𝑛∑
𝑖=𝑗

𝜂𝑝+3𝑖 𝜋𝑖
≤ − 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂
𝑗−1∑
𝑖=1

𝜂𝑝+3𝑖 𝜋𝑖
+ 𝑛∑
𝑗=2

𝜂𝑝+3𝑗 𝜋𝑗 𝑗∑
𝑖=2

𝜂3𝑖 𝜕𝛼𝑖𝜕Θ̂
 .

(55)
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Figure 1: The responses of states 𝑥1 and 𝑥2 relative to time.

Substituting (55) into (54), one arrives at

− 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂ ̇̂Θ = 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂ (𝑐0Θ̂ − 𝑛∑
𝑖=1

𝜂𝑝+3𝑖 𝜋𝑖)

≤ 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂ 𝑐0Θ̂ − 𝑛∑
𝑗=2

𝜂3𝑗 𝜕𝛼𝑗𝜕Θ̂
𝑗−1∑
𝑖=1

𝜂𝑝+3𝑖 𝜋𝑖 + 𝑛∑
𝑗=2

𝜂𝑝+3𝑗 𝜋𝑗
⋅ 𝑗∑
𝑖=2

𝜂3𝑖
𝜕𝛼𝑖𝜕Θ̂

 = − 𝑛∑
𝑗=2

𝜂3𝑗
⋅ {−𝜕𝛼𝑗𝜕Θ̂ 𝑐0Θ̂ + 𝜕𝛼𝑗𝜕Θ̂

𝑗−1∑
𝑖=1

𝜂𝑝+3𝑖 𝜋𝑖 − 𝜂𝑝𝑗 𝜋𝑗 𝑗∑
𝑖=2

𝜂3𝑖 𝜕𝛼𝑖𝜕Θ̂
}

= − 𝑛∑
𝑗=2

𝜂3𝑗𝑓𝑗.

(56)

By the definition of 𝑓𝑖, which implies that
𝑛∑
𝑗=2

𝜂3𝑗 (𝑓𝑗 − 𝜕𝛼𝑗𝜕Θ̂ ̇̂Θ) ≤ 0 (57)

and

𝑐0Θ̃Θ̂ = 𝑐0Θ̃ (Θ − Θ̃) = 𝑐0Θ̃Θ − 𝑐0Θ̃2 ≤ 𝑐02 Θ2 − 𝑐02 Θ̃2 (58)

substituting (57) and (58) into (53) yields

𝐿𝑉 ≤ − 𝑛∑
𝑗=1

(𝑐𝑗 − 𝜀𝑗) 𝜂𝑝+3𝑗 + 𝑛∑
𝑗=1

𝑎𝑗 + 𝑐02 Θ2 − 𝑐02 Θ̃2. (59)

Furthermore, let 𝑎0 = min{4(𝑐𝑗 − 𝜖𝑗), 𝑐0}, 𝑗 = 1, 2, ⋅ ⋅ ⋅ 𝑛, and𝑏0 = ∑𝑛𝑗=1 𝑎𝑗 + (𝑐0/2)Θ2, and it follows that

𝐿𝑉 ≤ −𝑎0𝑉 + 𝑏0, 𝑡 ≥ 0. (60)

Therefore, according to Lemma 5, 𝜂𝑖, 𝑖 = 1, 2, . . . , 𝑛, andΘ̃ are bounded in probability. Since Θ is a constant, Θ̂ is
bounded in probability. It can be obtained that the control
law 𝛼𝑗, 𝑗 = 1, 2, . . . , 𝑛, is also bounded in probability because𝛼𝑗 is the function of 𝜂𝑗 and Θ̂. So far we get that all the states
of the closed-loop system (1) are bounded in probability.

4. Simulation Example

In this section, we will give an example to show the effective-
ness of the proposed control method in this paper.

Example 1. Consider the following stochastic nonlinear sys-
tem:

𝑑𝑥1 = (1 + 12 sin 𝑡) 𝑥32𝑑𝑡 + 𝑥31 sin 𝑥1𝑡𝑑𝑡
+ 3𝑥1 sin 𝑥1 (1 + 14 sin 𝑡) 𝑑𝜔

𝑑𝑥2 = (1 − 14 sin 𝑡) 𝑢3𝑑𝑡.
(61)

Obviously, the system satisfies (𝐴1) − (𝐴4) and 𝑝1 =𝑝2 = 3 > 1. Now according to Theorem 9, the virtual control
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Figure 2: The responses of the adaptive law Θ̂ and the controller 𝑢 relative to time.

function 𝛼2, the control law 𝑢, and the adaptive law ̇̂Θ are
chosen, respectively, as

𝛼2 = −𝜂1𝛽1 = −𝜂1 (𝑐1 + Θ̂𝜋1)1/3 ,
𝑢 = −𝜂2𝛽2 = −𝜂2 (𝑐2 + Θ̂𝜋2 + 𝛾20)1/3 ,
̇̂Θ = 2∑
𝑖=1

𝜂6𝑖 𝜋𝑖 − 𝑐0Θ̂,
(62)

where 𝜂1 = 𝑥1, 𝜂2 = 𝑥2 − 𝛼2, 𝑌1 = 𝜂1, 𝑌2 = [𝜂1, 𝜂2, Θ̂]𝑇.
In the simulation, neural network 𝑊∗𝑇1 𝑆1(𝑌1) includes 7
nodes with centers spaced evenly in [−3, −3], neural network𝑊∗𝑇2 𝑆2(𝑌2) includes 81 nodes with centers spaced evenly in[−3, −3] × [−3, −3] × [0, 3], and all the widths are chosen as
2. The design parameters are chosen as 𝑐1 = 2, 𝑐2 = 0.5,𝑐0 = 0.1. 𝛾20 = ∑1𝑘=0((3 − 2𝑘)/4)𝜖(3−2𝑘)/4

1𝑘
(𝑐2𝑘3 𝛽2𝑘1 )4/(3−2𝑘), and𝜖10 = 𝜖11 = 1/4. The initial condition [𝑥1(0), 𝑥2(0), Θ̂(0)] =[0.05, −0.13, −0.25]. Figures 1 and 2 show the simulation

results. From the figures, we can see that the proposed
adaptive control method can guarantee that all the variables
for the closed-loop system are bounded.

5. Conclusions

This paper has investigated the adaptive neural control for a
class of high-order uncertain stochastic nonlinear systems.
With the help of backstepping technique and separation
technique, a smooth adaptive controller is constructed, and
it ensures the closed-loop system is the global bounded in

probability. Only one adaptive learning parameter needed
to be updated online. One example has been given to show
the effectiveness of the proposed analytical results. A further
work is how to design the output-feedback tracking control
for more high-order stochastic systems.
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This paper investigates the adaptive parallel simultaneous stabilization and robust adaptive parallel simultaneous stabilization
problems of a class of nonlinear descriptor systems via dissipative matrix method. Firstly, under an output feedback law, two
nonlinear descriptor systems are transformed into two nonlinear differential-algebraic systems by nonsingular transformations,
and a sufficient condition of impulse-free is given for two resulting closed-loop systems. Then, the two systems are combined to
generate an augmented dissipative Hamiltonian differential-algebraic system by using the system-augmentation technique. Based
on the dissipative system, an adaptive parallel simultaneous stabilization controller and a robust adaptive parallel simultaneous
stabilization controller are designed for the two systems. Furthermore, the case of more than two nonlinear descriptor systems is
investigated. Finally, an illustrative example is studied by using the results proposed in this paper, and simulations show that the
adaptive parallel simultaneous stabilization controllers obtained in this paper work very well.

1. Introduction

In practical control designs, a commonly encountered prob-
lem is to design feedback controller(s) to stabilize a given
family of parallel systems. It is straightforward to consider
each system individually and design a stabilization controller
for each system. However, a more economical approach to
the problem is to design a single controller, which may take
measurements/signals from all members of the family, to
stabilize all the systems simultaneously [1, 2]. In this way, the
controller implementation cost will be greatly reduced. This
control is referred to the parallel simultaneous stabilization.
It is noted that this kind of stabilization is different from
the traditional simultaneous stabilization problem [3, 4].
The traditional simultaneous stabilization is concerned with
designing a control law such that any individual system
within the collection of systems can be stabilized by the
control law. In other words, the resulting closed-loop system
which consists of an individual system and its corresponding
controller via its state or output feedback based on that
control law is asymptotically stable. It is also noted that the

traditional simultaneous stabilization problem is one of the
important research topics in the area of robust control and
has received a considerable attention in the past few decades
[3–8].

The descriptor system is a natural representation of
dynamic systems and describes a larger class of systems than
the normal system model [9–16]. In the last three decades,
manynice results have been obtained for the controller design
of linear descriptor systems; see [9, 10, 13, 14] and references
therein. In general, it is not an easy task to design a controller
for nonlinear descriptor systems (NDSs) and, accordingly,
there are fewer works on NDSs except several special case
studies [11, 12, 15, 16]; particularly, it is more difficult to
design a parallel simultaneous stabilization controller for a
class of nonlinear descriptor systems; the pertinent results
were proposed for this case in [1]. For nonlinear differential-
algebraic systems, an 𝐻∞ controller was designed in [15]
based on the condition for the existence of 𝐻∞ controller
of nonlinear systems, while the stabilization and robust
stabilization of the systems were considered by the feedback
linearization approach in [11] and the Hamiltonian function
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method in [12], respectively. In [16], based on the linear
matrix inequality method, the generalized absolute stability
was studied for linear descriptor systems with feedback-
connected nonlinearities. Using a nonlinear performance
index to the nominal system, a robust adaptive control
scheme was presented in [17] for a class of nonlinear uncer-
tain descriptor systems. For the case in which the singular
matrix 𝐸𝑖 = 𝑀𝑖 diag{𝐼𝑟, 0}𝑀𝑖 with 𝑀𝑖 being an orthogonal
matrix, the parallel simultaneous stabilization and robust
adaptive parallel simultaneous stabilization problems were,
respectively, studied in [1, 18] for two or a family of nonlinear
descriptor systems via the Hamiltonian function method.
It should be pointed out that there are, to the best of the
authors’ knowledge, fewer works on the robust adaptive
parallel simultaneous stabilization of NDSs [18].

In this paper, motivated by the Hamiltonian function
method [2, 19–29], we apply the structural properties of
dissipative matrices to investigate the adaptive parallel simul-
taneous stabilization and robust adaptive parallel simulta-
neous stabilization problems for a class of NDSs via output
feedback law [30, 31], and propose a new approach, called
the dissipative matrix method, to study NDSs. Firstly, under
an output feedback law, two NDSs are transformed into
two nonlinear differential-algebraic systems by nonsingular
transformations, and a sufficient condition of impulse-free
is given for two closed-loop systems. Then, the two systems
are combined to generate an augmented dissipative Hamil-
tonian differential-algebraic system by using the system-
augmentation technique. Based on the dissipative system, an
adaptive parallel simultaneous stabilization controller and a
robust adaptive parallel simultaneous stabilization controller
are designed for two NDSs, in which the singular matrix𝐸𝑖 ≥ 0(≤ 0). Furthermore, the case of more than two NDSs
is investigated. Finally, an illustrative example is studied by
using the results proposed in this paper, and simulations
show that the adaptive parallel simultaneous stabilization
controllers obtained in this paper work very well.

The paper is organized as follows. In Section 2, we
study the adaptive parallel simultaneous stabilization of two
NDSs based on an augmented dissipative Hamiltonian form.
Section 3 presents the robust adaptive parallel simultaneous
stabilization controller for two NDSs with external distur-
bances and investigates the case of more than two NDSs.
In Section 4, an illustrative example is provided, which is
followed by the conclusion in Section 5.

2. Adaptive Parallel Simultaneous
Stabilization of Two NDSs

This section investigates adaptive parallel simultaneous stabi-
lization problem for twoNDSs via dissipative matrix method.
Firstly, based on suitable output feedback, two NDSs are
transformed into twononlinear differential-algebraic systems
by new coordinate transformations, and then the two systems
are combined to generate an augmented dissipative Hamil-
tonian differential-algebraic system by using the system-
augmentation technique, based on which an adaptive parallel
simultaneous stabilization controller is designed for the two
systems.

Consider the following two NDSs:

𝐸1�̇� = 𝑓1 (𝑥, 𝑝1) + 𝑔1 (𝑥) 𝑢,
𝐸1𝑥 (0) = 𝐸1𝑥0,

𝑓1 (0, 𝑝1) = 𝑓𝑝1 (𝑝1) ,
𝑓1 (0, 0) = 0,

𝑦 = 𝑔𝑇1 (𝑥) 𝑥,

(1)

𝐸2 ̇𝜉 = 𝑓2 (𝜉, 𝑝2) + 𝑔2 (𝜉) 𝑢,
𝐸2𝜉 (0) = 𝐸2𝜉0,

𝑓2 (0, 𝑝2) = 𝑓𝑝2 (𝑝2) ,
𝑓2 (0, 0) = 0,

𝜂 = 𝑔𝑇2 (𝜉) 𝜉,

(2)

where 𝑥 = [𝑥1, 𝑥2, ⋅ ⋅ ⋅ , 𝑥𝑛]𝑇, 𝜉 = [𝜉1, 𝜉2, ⋅ ⋅ ⋅ , 𝜉𝑛]𝑇 ∈ R𝑛 and𝑦, 𝜂 ∈ R𝑚 are the states and outputs of the two systems,
respectively; 𝑢 ∈ R𝑚 is the control input; 𝑝𝑖 ∈ R𝑠 is an
unknown parameter perturbation vector and is assumed to
be small enough to keep the dissipative structure unchanged;
i.e., if𝑅(𝑥) > 0, then𝑅(𝑥, 𝑝𝑖) > 0;𝑓𝑖(𝑥, 𝑝𝑖) ∈ R𝑛 is sufficiently
smooth vector fields, 𝑔1(𝑥), 𝑔2(𝜉) ∈ R𝑛×𝑚; 𝐸𝑖 ∈ R𝑛×𝑛, 0 <
rank(𝐸i) = 𝑟 < 𝑛, and 𝐸𝑖 ≥ 0 or 𝐸𝑖 ≤ 0, 𝑖 = 1, 2. Without loss
of generality, we discuss 𝐸𝑖 ≥ 0, 𝑖 = 1, 2.
Definition 1 (see [32]). A control law 𝑢 = 𝑢(𝑥) is called
an admissible control law if, for any initial condition 𝐸𝑥0,
the resulting closed-loop descriptor system has no impulsive
solution.

Lemma 2 (see [33]). If a vector function ℎ(𝑥) with ℎ(0) =0 (𝑥 ∈ R𝑛) has continuous nth-order partial derivatives, thenℎ(𝑥) can be expressed as

ℎ (𝑥) = 𝑎1 (𝑥) 𝑥1 + ⋅ ⋅ ⋅ + 𝑎𝑛 (𝑥) 𝑥𝑛, (3)

where 𝑎𝑖(𝑥), 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑛, are vector functions.
According to Lemma 2, systems (1) and (2) can be

transformed into the following form:

𝐸1�̇� = 𝐴1 (𝑥, 𝑝1) 𝛼1 (𝑥, 𝑝1) + 𝑔1 (𝑥) 𝑢,
𝑦 = 𝑔𝑇1 (𝑥) 𝑥, (4)

𝐸2 ̇𝜉 = 𝐴2 (𝜉, 𝑝2) 𝛼2 (𝜉, 𝑝2) + 𝑔2 (𝜉) 𝑢,
𝜂 = 𝑔𝑇2 (𝜉) 𝜉,

(5)

where the structural matrix 𝐴 𝑖(𝑥, 𝑝𝑖) ∈ R𝑛×𝑛, 𝛼𝑖(𝑥, 𝑝𝑖) ∈ R𝑛

is some vector of 𝑥 and 𝑝𝑖 satisfying 𝛼𝑖(𝑥, 0) = 𝑥, 𝑖 = 1, 2.
To study the adaptive parallel simultaneous stabilization

problem of systems (4) and (5), the following assumptions are
given:

(A1) rank [𝐸𝑖, 𝑔𝑖(𝑥)] = rank(𝐸𝑖), ∀𝑥 ∈ R𝑛, 𝑖 = 1, 2;
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(A2) assume there exists Φ ∈ R𝑙×𝑚 such that

𝐴 𝑖 (𝑥, 𝑝𝑖) (𝛼𝑖 (𝑥, 𝑝𝑖) − 𝑥) = 𝑔𝑖 (𝑥)Φ𝑇𝜃,
∀𝑥 ∈ R

𝑛, 𝑖 = 1, 2, (6)

where 𝜃 ∈ R𝑙 is an unknown constant vector related
to 𝑝𝑖.

Assumption (A1) implies that fast subsystems of the
descriptor systems (1) and (2) have no control 𝑢. Assumption
(A2) is the so-calledmatched condition. Inmost cases, we can
find Φ and 𝜃 such that (6) holds.

Under assumption (A2), systems (4) and (5) are changed
as

𝐸1�̇� = 𝐴1 (𝑥, 𝑝1) 𝑥 + 𝑔1 (𝑥) 𝑢 + 𝑔1 (𝑥)Φ𝑇𝜃,
𝑦 = 𝑔𝑇1 (𝑥) 𝑥,

(7)

𝐸2 ̇𝜉 = 𝐴2 (𝜉, 𝑝2) 𝜉 + 𝑔2 (𝜉) 𝑢 + 𝑔2 (𝜉) Φ𝑇𝜃,
𝜂 = 𝑔𝑇2 (𝜉) 𝜉.

(8)

Definition 3. System (4) is called (strictly) dissipative if the
structural matrix 𝐴(𝑥) is (strictly) dissipative; i.e., 𝐴(𝑥) can
be expressed as 𝐴(𝑥) = 𝐽(𝑥) − 𝑅(𝑥), where 𝐽(𝑥) is skew-
symmetric and 𝑅(𝑥) ≥ 0 (𝑅(𝑥) > 0); system (4) is called
feedback (strictly) dissipative if there exists suitable state
feedback 𝑢(𝑥) = 𝛼(𝑥) + V such that the resulting closed-loop
descriptor system is (strictly) dissipative.

Remark 4. If 𝐸1 ≤ 0, then systems (7) can be rewritten as

𝐸1�̇� = 𝐴1 (𝑥, 𝑝1) 𝑥 + 𝑔1 (𝑥) 𝑢 + 𝑔1 (𝑥)Φ𝑇𝜃,
𝑦 = 𝑔𝑇1 (𝑥) 𝑥,

(9)

where 𝐸1 = −𝐸1 ≥ 0, 𝐴1(𝑥, 𝑝1) = −𝐴1(𝑥, 𝑝1), and 𝑔1(𝑥) =−𝑔1(𝑥), 𝑦 = −𝑦.
We can always express 𝐴 𝑖(𝑥, 𝑝𝑖) as 𝐴 𝑖(𝑥, 𝑝𝑖) = 𝐽𝑖(𝑥, 𝑝𝑖) −𝑅𝑖0(𝑥, 𝑝𝑖), where 𝐽𝑖(𝑥, 𝑝𝑖) = (1/2)(𝐴 𝑖(𝑥, 𝑝𝑖) − 𝐴𝑇𝑖 (𝑥, 𝑝𝑖))

is skew-symmetric and 𝑅𝑖0(𝑥, 𝑝𝑖) = −(1/2)(𝐴 𝑖(𝑥, 𝑝𝑖) +𝐴𝑇𝑖 (𝑥, 𝑝𝑖)) is symmetric, 𝑖 = 1, 2. In order to investigate
adaptive parallel simultaneous stabilization of systems (4)
and (5), we design an output feedback law such that the
symmetric part of structural matrix of the closed-loop system
can be transformed into positive definite one. Based on this,
we have the following result.

Lemma 5. Assume that there exists a symmetric matrix 𝐾 ∈
R𝑚×𝑚 such that

−12 (𝐴1 (𝑥, 𝑝1) + 𝐴𝑇1 (𝑥, 𝑝1)) + 𝐾11 (𝑥, 𝑥) > 0,
−12 (𝐴2 (𝜉, 𝑝2) + 𝐴𝑇2 (𝜉, 𝑝2)) − 𝐾22 (𝜉, 𝜉) > 0,

(10)

where 𝐾𝑖𝑗(𝑥, 𝜉) = 𝑔𝑖(𝑥)𝐾𝑔𝑇𝑗 (𝜉), 𝑖, 𝑗 = 1, 2. Then, under the
following adaptive output feedback law

𝑢 = −𝐾 (𝑦 − 𝜂) − Φ𝑇𝜃 + V,
̇̂𝜃 = 𝑄Φ (𝑦 + 𝜂) , (11)

systems (4) and (5) can be expressed in the following forms:

𝐸1 ̇𝑥 = (𝐽1 (𝑥, 𝑝1) − 𝑅1 (𝑥, 𝑝1)) 𝑥 + 𝑔1 (𝑥)𝐾𝑔𝑇2 (𝜉) 𝜉
+ 𝑔1 (𝑥) V + 𝑔1 (𝑥)Φ𝑇 (𝜃 − 𝜃) ,

̇̂𝜃 = 𝑄Φ(𝑔𝑇1 (𝑥) 𝑥 + 𝑔𝑇2 (𝜉) 𝜉) ,
𝑦 = 𝑔𝑇1 (𝑥) 𝑥,

(12)

𝐸2 ̇𝜉 = (𝐽2 (𝜉, 𝑝2) − 𝑅2 (𝜉, 𝑝2)) 𝜉 − 𝑔2 (𝜉) 𝐾𝑔𝑇1 (𝑥) 𝑥
+ 𝑔2 (𝜉) V + 𝑔2 (𝜉) Φ𝑇 (𝜃 − 𝜃) ,

̇̂𝜃 = 𝑄Φ(𝑔𝑇1 (𝑥) 𝑥 + 𝑔𝑇2 (𝜉) 𝜉) ,
𝜂 = 𝑔𝑇2 (𝜉) 𝜉,

(13)

where 𝐽𝑖(𝑥, 𝑝𝑖) is skew-symmetric, 𝑅𝑖(𝑥, 𝑝𝑖) ∈ R𝑛×𝑛 is positive
definite, 𝑖 = 1, 2, 𝜃 is an estimate of 𝜃, 𝑄 > 0 is the adaptive
gain constant matrix, and V is a new reference input.

Proof. Substituting (11) into systems (7) and (8), respectively,
we can obtain systems (12) and (13), where 𝑅1(𝑥, 𝑝1) =−(1/2)(𝐴1(𝑥, 𝑝1)+𝐴𝑇1(𝑥, 𝑝1))+𝑔1(𝑥)𝐾𝑔𝑇1 (𝑥) and 𝑅2(𝜉, 𝑝2) =−(1/2)(𝐴2(𝜉, 𝑝2) + 𝐴𝑇2(𝜉, 𝑝2)) − 𝑔2(𝜉)𝐾𝑔𝑇2 (𝜉). According to
(10), we know that 𝑅𝑖(𝑥, 𝑝𝑖) > 0. The proof is completed.

Since 𝐸𝑖 ≥ 0 and 0 < rank(𝐸𝑖) = 𝑟 < 𝑛, there exists a
nonsingular matrix𝑀𝑖 ∈ R𝑛×𝑛 such that

𝑀𝑇𝑖 𝐸𝑖𝑀𝑖 = [𝐼𝑟 00 0] , 𝑖 = 1, 2. (14)

Denote

𝑥 = 𝑀𝑖𝑥,
𝑥 = [𝑥1𝑥2] , 𝑀𝑖 = [

𝑀𝑖11 𝑀𝑖12𝑀𝑖21 𝑀𝑖22] ,

𝑀𝑇𝑖 𝑔𝑖 (𝑥) = [𝑔𝑖1 (𝑥)𝑔𝑖2 (𝑥)] = [𝑔𝑖1 (𝑥)𝑔𝑖2 (𝑥)] ,

𝑀𝑇𝑖 𝐽𝑖 (𝑥, 𝑝𝑖)𝑀𝑖 = [ 𝐽𝑖11 (𝑥, 𝑝𝑖) 𝐽𝑖12 (𝑥, 𝑝𝑖)
−𝐽𝑇𝑖12 (𝑥, 𝑝𝑖) 𝐽𝑖22 (𝑥, 𝑝𝑖)]

= [
[
𝐽𝑖11 (𝑥, 𝑝𝑖) 𝐽𝑖12 (𝑥, 𝑝𝑖)
−𝐽𝑇𝑖12 (𝑥, 𝑝𝑖) 𝐽𝑖22 (𝑥, 𝑝𝑖)

]
]
,
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𝑀𝑇𝑖 𝑅𝑖 (𝑥, 𝑝𝑖)𝑀𝑖 = [�̃�𝑖11 (𝑥, 𝑝𝑖) �̃�𝑖12 (𝑥, 𝑝𝑖)
�̃�𝑇𝑖12 (𝑥, 𝑝𝑖) �̃�𝑖22 (𝑥, 𝑝𝑖)]

= [
[
𝑅𝑖11 (𝑥, 𝑝𝑖) 𝑅𝑖12 (𝑥, 𝑝𝑖)
𝑅𝑇𝑖12 (𝑥, 𝑝𝑖) 𝑅𝑖22 (𝑥, 𝑝𝑖)

]
]
,

∇𝑥𝐻𝑖 (𝑥) = 𝜕𝐻𝑖 (𝑥)𝜕𝑥 ,
𝑖 = 1, 2,

(15)

where 𝑥1 ∈ R𝑟, 𝑥2 ∈ R𝑛−𝑟, 𝐽𝑖11(𝑥, 𝑝𝑖) = 𝐽𝑖11(𝑥, 𝑝𝑖) and𝐽𝑖22(𝑥, 𝑝𝑖) = 𝐽𝑖22(𝑥, 𝑝𝑖) are skew-symmetric matrices, and𝑅𝑖11(𝑥, 𝑝𝑖) = �̃�𝑖11(𝑥, 𝑝𝑖) > 0, 𝑅𝑖22(𝑥, 𝑝𝑖) = �̃�𝑖22(𝑥, 𝑝𝑖) =[𝑀𝑇𝑖12 𝑀𝑇𝑖22] 𝑅𝑖(𝑥, 𝑝𝑖) [𝑀𝑖12𝑀𝑖22 ], which implies that 𝑅𝑖22(𝑥, 𝑝𝑖) =�̃�𝑖22(𝑥, 𝑝𝑖) > 0, 𝑖 = 1, 2.
Remark 6. That 𝑅𝑖(𝑥, 𝑝𝑖) > 0 is a sufficient not necessary
condition of �̃�𝑖22(𝑥, 𝑝𝑖) > 0. In this paper, �̃�𝑖22(𝑥, 𝑝𝑖) > 0 can
guarantee that the closed-loop descriptor systems (12) and
(13) have no impulsive solution. Therefore, (10) is a sufficient
condition of systems (12) and (13) to be impulse-free.

From (A1), we have

rank [𝐸𝑖, 𝑔𝑖 (𝑥)] = rank𝑀𝑇𝑖 [𝐸𝑖, 𝑔𝑖 (𝑥)] [𝑀𝑖 00 𝐼]

= rank [𝐼𝑟 0 𝑔𝑖1 (𝑥)0 0 𝑔𝑖2 (𝑥)]

= rank [𝐼𝑟 0
0 𝑔𝑖2 (𝑥) ] = rank (𝐸𝑖)

= 𝑟,

(16)

that is, 𝑔𝑖2(𝑥) = 𝑔𝑖2(𝑥) = 0. Thus, according to (15) and
assumption (A1), systems (12) and (13) can be transformed
into the following differential-algebraic systems:

�̇�1 = (𝐽111 (𝑥, 𝑝1) − 𝑅111 (𝑥, 𝑝1)) 𝑥1
+ (𝐽112 (𝑥, 𝑝1) − 𝑅112 (𝑥, 𝑝1)) 𝑥2
+ 𝑔11 (𝑥)𝐾𝑔𝑇21 (𝜉) 𝜉1 + 𝑔11 (𝑥) V
+ 𝑔11 (𝑥)Φ𝑇 (𝜃 − 𝜃) ,

0 = − (𝐽𝑇112 (𝑥, 𝑝1) + 𝑅𝑇112 (𝑥, 𝑝1)) 𝑥1
+ (𝐽122 (𝑥, 𝑝1) − 𝑅122 (𝑥, 𝑝1)) 𝑥2

š 𝜑 (𝑥1, 𝑥2, 𝑝1) ,
̇̂𝜃 = 𝑄Φ(𝑔𝑇11 (𝑥) 𝑥1 + 𝑔𝑇21 (𝜉) 𝜉1) ,
𝑦 = 𝑔𝑇11 (𝑥) 𝑥1,

(17)

̇𝜉1 = (𝐽211 (𝜉, 𝑝2) − 𝑅211 (𝜉, 𝑝2)) 𝜉1
+ (𝐽212 (𝜉, 𝑝2) − 𝑅212 (𝜉, 𝑝2)) 𝜉2
− 𝑔21 (𝜉)𝐾𝑔𝑇11 (𝑥) 𝑥1 + 𝑔21 (𝜉) V
+ 𝑔21 (𝜉)Φ𝑇 (𝜃 − 𝜃) ,

0 = − (𝐽𝑇212 (𝜉, 𝑝2) + 𝑅𝑇212 (𝜉, 𝑝2)) 𝜉1
+ (𝐽222 (𝜉, 𝑝2) − 𝑅222 (𝜉, 𝑝2)) 𝜉2,

̇̂𝜃 = 𝑄Φ (𝑔𝑇11 (𝑥) 𝑥1 + 𝑔𝑇21 (𝜉) 𝜉1) ,
𝜂 = 𝑔𝑇21 (𝜉) 𝜉1.

(18)

Since 𝐽𝑖22(𝑥, 𝑝𝑖) = −𝐽𝑇𝑖22(𝑥, 𝑝𝑖) and 𝑅𝑖22(𝑥, 𝑝𝑖) > 0, we
know that 𝐽𝑖22(𝑥, 𝑝𝑖) − 𝑅𝑖22(𝑥, 𝑝𝑖) is invertible [34], 𝑖 = 1, 2.
Therefore, systems (17) and (18) can be expressed in the
following forms:

�̇�1 = (𝐽11 (𝑥, 𝑝1) − 𝑅11 (𝑥, 𝑝1)) 𝑥1
+ 𝑔11 (𝑥)𝐾𝑔𝑇21 (𝜉) 𝜉1 + 𝑔11 (𝑥) V
+ 𝑔11 (𝑥)Φ𝑇 (𝜃 − 𝜃) ,

0 = − (𝐽𝑇112 (𝑥, 𝑝1) + 𝑅𝑇112 (𝑥, 𝑝1)) 𝑥1
+ (𝐽122 (𝑥, 𝑝1) − 𝑅122 (𝑥, 𝑝1)) 𝑥2,

̇̂𝜃 = 𝑄Φ (𝑔𝑇11 (𝑥) 𝑥1 + 𝑔𝑇21 (𝜉) 𝜉1) ,
𝑦 = 𝑔𝑇11 (𝑥) 𝑥1,

(19)

̇𝜉1 = (𝐽21 (𝜉, 𝑝2) − 𝑅21 (𝜉, 𝑝2)) 𝜉1
− 𝑔21 (𝜉)𝐾𝑔𝑇11 (𝑥) 𝑥1 + 𝑔21 (𝜉) V
+ 𝑔21 (𝜉)Φ𝑇 (𝜃 − 𝜃) ,

0 = − (𝐽𝑇212 (𝜉, 𝑝2) + 𝑅𝑇212 (𝜉, 𝑝2)) 𝜉1
+ (𝐽222 (𝜉, 𝑝2) − 𝑅222 (𝜉, 𝑝2)) 𝜉2,

̇̂𝜃 = 𝑄Φ (𝑔𝑇11 (𝑥) 𝑥1 + 𝑔𝑇21 (𝜉) 𝜉1) ,
𝜂 = 𝑔𝑇21 (𝜉) 𝜉1,

(20)

where 𝐽𝑖1(𝑥, 𝑝𝑖)−𝑅𝑖1(𝑥, 𝑝𝑖) = 𝐽𝑖11(𝑥, 𝑝𝑖)−𝑅𝑖11(𝑥, 𝑝𝑖)+ (𝐽𝑖12(𝑥,𝑝𝑖)−𝑅𝑖12(𝑥, 𝑝𝑖))(𝐽𝑖22(𝑥, 𝑝𝑖)−𝑅𝑖22(𝑥, 𝑝𝑖))−1 ⋅(𝐽𝑇𝑖12(𝑥, 𝑝𝑖)+𝑅𝑇𝑖12(𝑥,𝑝𝑖)), 𝑖 = 1, 2. 𝐽𝑖1(𝑥, 𝑝𝑖) is skew-symmetric, and 𝑅𝑖1(𝑥, 𝑝𝑖) is
positive definite, because

𝑁[
[

𝐽𝑖11 − 𝑅𝑖11 𝐽𝑖12 − 𝑅𝑖12
− (𝐽𝑇𝑖12 + 𝑅𝑇𝑖12) 𝐽𝑖22 − 𝑅𝑖22]]

𝑁𝑇
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= [𝐽𝑖1 − 𝑅𝑖1 0
∗ 𝐽𝑖22 − 𝑅𝑖22] ,

(21)

where

𝑁 = [𝐼 − (𝐽𝑖12 − 𝑅𝑖12) (𝐽𝑖22 − 𝑅𝑖22)−10 𝐼 ] . (22)

With assumptions (A1) and (A2), we have the following
result.

Theorem7. Consider systems (1) and (2) with their equivalent
forms (4) and (5). Assume assumptions (A1) and (A2) hold;
if there exist symmetric matrices 𝐾 ∈ R𝑚×𝑚 and Φ ∈ R𝑙×𝑚

such that (10) and (6) hold, respectively, then the admissible
adaptive parallel controller (11) (V = 0) can simultaneously
stabilize systems (1) and (2).

Proof. If assumptions (A1) and (A2) hold, then systems (4)
and (5) can be transformed into systems (19) and (20) by
the adaptive feedback law (11), which are of index one at
the equilibrium point 0 ( system (12) is said to have index
one at the equilibrium point 0 if 𝜕𝜑(𝑥1, 𝑥2, 𝑝1)/𝜕𝑥2 in (17)
is nonsingular in a neighborhood of 0); i.e., systems (19)
and (20) are impulse-free. According to the implicit function
theorem, there exist continuous functions 𝑞𝑖(⋅) such that 𝑥2 =𝑞1(𝑥1), 𝜉2 = 𝑞2(𝜉1), 𝑞𝑖(0) = 0. Thus, systems (19) and (20)
can be rewritten as (V = 0)

�̇� = (𝐽 (𝑋, 𝑝) − 𝑅 (𝑋, 𝑝)) 𝜕𝐻 (𝑋)𝜕𝑋 ,
0 = − (𝐽𝑇112 (𝑥, 𝑝1) + 𝑅𝑇112 (𝑥, 𝑝1)) 𝑥1

+ (𝐽122 (𝑥, 𝑝1) − 𝑅122 (𝑥, 𝑝1)) 𝑥2,
0 = − (𝐽𝑇212 (𝜉, 𝑝2) + 𝑅𝑇212 (𝜉, 𝑝2)) 𝜉1

+ (𝐽222 (𝜉, 𝑝2) − 𝑅222 (𝜉, 𝑝2)) 𝜉2,

(23)

where

𝑋 = [[[
[

𝑥1𝜉1
𝜃
]]]
]
,

𝑝 = [𝑝1𝑝2] ,

𝑅 (𝑋, 𝑝) = [[
[
𝑅11 (𝑥1, 𝑞1 (𝑥1) , 𝑝1) 0 0

0 𝑅21 (𝜉1, 𝑞2 (𝜉1) , 𝑝2) 0
0 0 0

]]
]
,

𝐽 (𝑋, 𝑝) = [[[[
[

𝐽11 (𝑥1, 𝑞1 (𝑥1) , 𝑝1) 𝑔11 (𝑥1, 𝑞1 (𝑥1))𝐾𝑔𝑇21 (𝜉1, 𝑞2 (𝜉1)) −𝑔11 (𝑥1, 𝑞1 (𝑥1))Φ𝑇𝑄
− (𝑔11 (𝑥1, 𝑞1 (𝑥1))𝐾𝑔𝑇21 (𝜉1, 𝑞2 (𝜉1)))𝑇 𝐽21 (𝜉1, 𝑞2 (𝜉1) , 𝑝2) −𝑔21 (𝜉1, 𝑞2 (𝜉1))Φ𝑇𝑄

(𝑔11 (𝑥1, 𝑞1 (𝑥1))Φ𝑇𝑄)𝑇 (𝑔21 (𝜉1, 𝑞2 (𝜉1))Φ𝑇𝑄)𝑇 0
]]]]
]
,

𝐻 (𝑋) = 12 (𝑥𝑇1𝑥1 + 𝜉𝑇1 𝜉1) + 12 (𝜃 − 𝜃)𝑇𝑄−1 (𝜃 − 𝜃) .

(24)

Obviously, 𝐽(𝑋,𝑝) = −𝐽𝑇(𝑋, 𝑝), 𝑅(𝑋, 𝑝) ≥ 0, 𝐻(𝑋) ≥ 0.
Therefore, system (23) is a dissipative Hamiltonian system.
Choosing 𝑉(𝑋) = 𝐻(𝑋), then𝐻(𝑋) has a local minimum at𝑋0 = (0𝑇, 0𝑇, 𝜃𝑇0 )𝑇. Then, based on system (23) we have

�̇� (𝑋) = 𝜕𝑇𝐻(𝑋)𝜕𝑋 �̇�
= 𝜕𝑇𝐻(𝑋)𝜕𝑋 (𝐽 (𝑋, 𝑝) − 𝑅 (𝑋, 𝑝)) 𝜕𝐻 (𝑋)𝜕𝑋
= −𝜕𝑇𝐻(𝑋)𝜕𝑋 𝑅 (𝑋, 𝑝) 𝜕𝐻 (𝑋)𝜕𝑋

= −𝑥𝑇1𝑅11 (𝑥1, 𝑞1 (𝑥1) , 𝑝1) 𝑥1
− 𝜉𝑇1 𝑅21 (𝜉1, 𝑞2 (𝜉1) , 𝑝2) 𝜉1 ≤ 0.

(25)
Thus, system (23) converges to the largest invariant set
contained in

{𝑋 : �̇� (𝑋) = 0} ⊂ {𝑋 : 𝑅1/211 (𝑥1, 𝑞1 (𝑥1) , 𝑝1) 𝑥1
= 0, 𝑅1/221 (𝜉1, 𝑞2 (𝜉1) , 𝑝2) 𝜉1 = 0, ∀𝑡 ≥ 0} fl 𝑆. (26)

From systems (19) and (20), we know that both 𝑅1/211 (𝑥1,𝑞1(𝑥1), 𝑝1) and 𝑅1/221 (𝜉1, 𝑞2(𝜉1), 𝑝2) are nonsingular, which
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implies that 𝑅1/211 (𝑥1, 𝑞1(𝑥1), 𝑝1)𝑥1 = 0 ⇒ 𝑥1 = 0 and𝑅1/221 (𝜉1, 𝑞2(𝜉1), 𝑝2)𝜉1 = 0 ⇒ 𝜉1 = 0. That is, the largest
invariant set only contains one point, i.e., 𝑆 = {[0𝑇, 0𝑇, 𝜃𝑇0 ]𝑇},
with which it is easy to see that 𝑥1 → 0 and 𝜉1 → 0, as𝑡 → ∞. Moreover, according to systems (19) and (20), it is
clear that 𝑥2 → 0 and 𝜉2 → 0, as 𝑡 → ∞. Thus, 𝑥 =𝑀1𝑥 → 0, 𝜉 = 𝑀2𝜉 → 0, as 𝑡 → ∞. Therefore, under
the admissible adaptive parallel control law (11), systems (1)
and (2) can be simultaneously stabilized.

3. Robust Adaptive Parallel Simultaneous
Stabilization of Two NDSs and More Than
Two NDSs

In this section, we investigate the robust adaptive parallel
simultaneous stabilization problem of two NDSs with exter-
nal disturbances and parameters perturbation and discuss the
case of more than two NDSs. Firstly, for a given disturbance
attenuation level 𝛾 > 0, we design an adaptive parallel 𝐿2 dis-
turbance attenuation output feedback law such that under the
law the 𝐿2 gain (from 𝑤 to 𝑧) of the closed-loop system is
less than 𝛾. Then, we show that the two systems are simul-
taneously asymptotically stable when 𝑤 = 0.

To design the robust adaptive parallel simultaneous sta-
bilization controller, the following lemma is recalled, first.

Lemma 8 (see [34]). Consider a dissipative Hamiltonian
system as follows:

�̇� = [𝐽 (𝑥) − 𝑅 (𝑥)] ∇𝐻 + 𝑔1 (𝑥) 𝑢 + 𝑔2 (𝑥) 𝑤,
𝑧 = ℎ (𝑥) 𝑔𝑇1 (𝑥) ∇𝐻, (27)

where𝑥 ∈ R𝑛 is the state, 𝑢 ∈ R𝑚 is the control input,𝑤 ∈ R𝑞 is
the disturbance, 𝐽(𝑥) is skew-symmetric, 𝑅(𝑥) ⩾ 0,𝐻(𝑥) has a
strict localminimumat the system’s equilibrium, 𝑧 is the penalty
function, and ℎ(𝑥) is a weighting matrix. Given a disturbance
attenuation level 𝛾 > 0, if

𝑅 (𝑥) + 12𝛾2 [𝑔1 (𝑥) 𝑔𝑇1 (𝑥) − 𝑔2 (𝑥) 𝑔𝑇2 (𝑥)] ≥ 0, (28)

then an 𝐿2 disturbance attenuation controller of system (27)
can be given as

𝑢 = −[12ℎ𝑇 (𝑥) ℎ (𝑥) + 12𝛾2 𝐼𝑚] 𝑔𝑇1 (𝑥) ∇𝐻, (29)

and the 𝛾-dissipation inequality

�̇� + ∇𝑇𝐻[𝑅 (𝑥)
+ 12𝛾2 (𝑔1 (𝑥) 𝑔𝑇1 (𝑥) − 𝑔2 (𝑥) 𝑔𝑇2 (𝑥))] ∇𝐻
≤ 12 {𝛾2 ‖𝑤‖2 − ‖𝑧‖2}

(30)

holds along the trajectories of the closed-loop system consisting
of (27) and (29).

Now, we consider the following NDSs (1) and (2) with
external disturbances:

𝐸1 ̇𝑥 = 𝑓1 (𝑥, 𝑝1) + 𝑔1 (𝑥) 𝑢 + 𝑑1𝑤,
𝐸1𝑥 (0) = 𝐸1𝑥0,

𝑓1 (0, 𝑝1) = 𝑓𝑝1 (𝑝1) ,
𝑓1 (0, 0) = 0,

𝑦 = 𝑔𝑇1 (𝑥) 𝑥,

(31)

𝐸2 ̇𝜉 = 𝑓2 (𝜉, 𝑝2) + 𝑔2 (𝜉) 𝑢 + 𝑑2𝑤,
𝐸2𝜉 (0) = 𝐸2𝜉0,

𝑓2 (0, 𝑝2) = 𝑓𝑝2 (𝑝2) ,
𝑓2 (0, 0) = 0,

𝜂 = 𝑔𝑇2 (𝜉) 𝜉,

(32)

where𝑤 ∈ R𝑞 is the disturbance, 𝑑𝑖(𝑥) ∈ R𝑛×𝑞, 𝑖 = 1, 2, other
variables are the same as those in systems (1) and (2), and

𝑀𝑇𝑖 𝑑𝑖 (𝑥) = [𝑑𝑖1 (𝑥)𝑑𝑖2 (𝑥)] = [𝑑𝑖1 (𝑥)𝑑𝑖2 (𝑥)] . (33)

Given a disturbance attenuation level 𝛾 > 0, choose
𝑧 = Λ (𝑦 + 𝜂) (34)

as the penalty function, where Λ ∈ R𝑠×𝑚 is a weighting
matrix.

To design the adaptive parallel𝐿2 disturbance attenuation
output feedback control law for systems (31) and (32), the
following assumption is given:

(A3) rank [𝐸𝑖, 𝑑𝑖(𝑥)] = rank(𝐸𝑖), ∀𝑥 ∈ R𝑛, 𝑖 = 1, 2.
Assumption (A3) implies that fast subsystems of the

descriptor systems (31) and (32) have not been disturbed.
Similar to (A1), from (A3) we can obtain that 𝑑𝑖2(𝑥) =𝑑𝑖2(𝑥) = 0.

Based on Section 2, systems (31) and (32) can be trans-
formed into the following forms:

𝐸1�̇� = 𝐴1 (𝑥, 𝑝1) 𝛼1 (𝑥, 𝑝1) + 𝑔1 (𝑥) 𝑢 + 𝑑1 (𝑥) 𝑤,
𝑦 = 𝑔𝑇1 (𝑥) 𝑥, (35)

𝐸2 ̇𝜉 = 𝐴2 (𝜉, 𝑝2) 𝛼2 (𝜉, 𝑝2) + 𝑔2 (𝜉) 𝑢 + 𝑑2 (𝑥) 𝑤,
𝜂 = 𝑔𝑇2 (𝜉) 𝜉.

(36)

Next, we design an adaptive parallel 𝐿2 disturbance
attenuation controller for systems (31) and (32).

Theorem 9. Consider systems (31) and (32) with their equiv-
alent forms (35) and (36), the penalty function (34), and the
disturbance attenuation level 𝛾 > 0. Assume that assumptions
(A1)∼ (A3) hold for systems (35) and (36). If
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(1) there exists a symmetric matrix 𝐾 ∈ R𝑚×𝑚 such that
(10) holds,

(2) 𝑔𝑖 = 𝑑𝑖, 𝑖 = 1, 2,
then, the following admissible adaptive parallel feedback law

𝑢 = −𝐾 (𝑦 − 𝜂) − [12Λ𝑇Λ + 12𝛾2 𝐼𝑚] (𝑦 + 𝜂) − Φ𝑇𝜃,
̇̂𝜃 = 𝑄Φ (𝑦 + 𝜂)

(37)

can simultaneously stabilize systems (31) and (32).

Proof. Rewrite (37) as follows

𝑢 = −𝐾 (𝑦 − 𝜂) − Φ𝑇𝜃 + V,
̇̂𝜃 = 𝑄Φ (𝑦 + 𝜂) ,
V = −[12Λ𝑇Λ + 12𝛾2 𝐼𝑚] (𝑦 + 𝜂) .

(38)

Substituting the first part of (38) into systems (35) and
(36), according to the proof of Theorem 7 and assumption
(A2), we know that systems (35) and (36) are impulse
controllable and can be expressed as the following dissipative
Hamiltonian form:

�̇� = [𝐽 (𝑋, 𝑝) − 𝑅 (𝑋, 𝑝)] 𝜕𝐻 (𝑋)𝜕𝑋 + 𝐺 (𝑋) V
+ 𝐷 (𝑋)𝑤,

0 = − (𝐽𝑇112 (𝑥, 𝑝1) + 𝑅𝑇112 (𝑥, 𝑝1)) 𝑥1
+ (𝐽122 (𝑥, 𝑝1) − 𝑅122 (𝑥, 𝑝1)) 𝑥2,

0 = − (𝐽𝑇212 (𝜉, 𝑝2) + 𝑅𝑇212 (𝜉, 𝑝2)) 𝜉1
+ (𝐽222 (𝜉, 𝑝2) − 𝑅222 (𝜉, 𝑝2)) 𝜉2,

(39)

and

𝑧 = Λ𝐺𝑇 (𝑋) 𝜕𝐻 (𝑋)𝜕𝑋 , (40)

where 𝑋, 𝐽(𝑋,𝑝), 𝑅(𝑋, 𝑝), and 𝐻(𝑋) are given in (23),
𝐺(𝑋) = [𝑔𝑇11(𝑥1, 𝑞1(𝑥1)) 𝑔𝑇21(𝜉1, 𝑞2(𝜉1)) 0]𝑇 and 𝐷(𝑋) =
[𝑑𝑇11(𝑥1, 𝑞1(𝑥1)) 𝑑𝑇21(𝜉1, 𝑞2(𝜉1)) 0]𝑇.

Because 𝑔𝑖 = 𝑑𝑖, 𝑖 = 1, 2, it is easy to show
𝑅 (𝑋, 𝑝) + 12𝛾2 [𝐺 (𝑋)𝐺𝑇 (𝑋) − 𝐷 (𝑋)𝐷𝑇 (𝑋)]

= 𝑅 (𝑋, 𝑝) ≥ 0.
(41)

Thus, system (39) with the penalty function (40) satisfies
all the conditions of Lemma 8. From Lemma 8, an 𝐿2

disturbance attenuation controller of system (39) can be
designed as

V = − [12Λ𝑇Λ + 12𝛾2 𝐼𝑚] (𝑦 + 𝜂) , (42)

which is the second part of (38), and, furthermore, the 𝛾-
dissipation inequality

�̇� + 𝜕𝑇𝐻𝜕𝑋 𝑅 (𝑋, 𝑝) 𝜕𝐻𝜕𝑋 ≤ 12 {𝛾2 ‖𝑤‖2 − ‖𝑧‖2} (43)

holds along the trajectories of the closed-loop system consist-
ing of (39) and (42).

Therefore, the feedback law (37) is an 𝐿2 disturbance
attenuation controller of systems (31) and (32). Accord-
ing to [34], the 𝐿2 gain from 𝑤 to 𝑧 is less than 𝛾.
On the other hand, because (𝜕𝑇𝐻/𝜕𝑋)𝑅(𝑋,𝑝)(𝜕𝐻/𝜕𝑋) =𝑥𝑇1𝑅11(𝑥1, 𝑞1(𝑥1), 𝑝1)𝑥1 + 𝜉𝑇1 𝑅21(𝜉1, 𝑞2(𝜉1), 𝑝2)𝜉1 > 0, from
(43), we know that system (39) is asymptotically stable when𝑤 = 0; that is, 𝑥1 → 0 and 𝜉1 → 0 (as 𝑡 → ∞). Moreover,
it is clear that 𝑥2 = 𝑞1(𝑥1) → 0, 𝜉2 = 𝑞2(𝜉1) → 0 (as𝑡 → ∞). Therefore, 𝑥 = 𝑀1𝑥 → 0 and 𝜉 = 𝑀2𝜉 → 0 (as𝑡 → ∞). Thus, the admissible adaptive parallel control law
(37) can simultaneously stabilize systems (31) and (32).

Theorem 10. Consider systems (31) and (32) with their equiv-
alent forms (35) and (36), the penalty function (34), and the
disturbance attenuation level 𝛾 > 0. Assume that assumptions
(A1) ∼ (A3) hold for systems (35) and (36). If

(1) there exists a symmetric matrix 𝐾 ∈ R𝑚×𝑚 such that
(10) holds, and

− 12 (𝐴1 (𝑥, 𝑝1) + 𝐴1 (𝑥, 𝑝1)𝑇) + 𝐾11 (𝑥, 𝑥)
+ 12𝛾2 [𝑔1 (𝑥) 𝑔𝑇1 (𝑥) − 𝑑1 (𝑥) 𝑑𝑇1 (𝑥)] > 0,

− 12 (𝐴2 (𝜉, 𝑝2) + 𝐴2 (𝜉, 𝑝2)𝑇) − 𝐾22 (𝜉, 𝜉)
+ 12𝛾2 [𝑔2 (𝜉) 𝑔𝑇2 (𝜉) − 𝑑2 (𝜉) 𝑑𝑇2 (𝜉)] > 0,

(44)

where 𝐾𝑖𝑗(𝑥, 𝜉) = 𝑔𝑖(𝑥)𝐾𝑔𝑇𝑗 (𝜉), 𝑖, 𝑗 = 1, 2;
(2) 𝑔1𝑔𝑇2 = 0 and 𝑑1𝑑𝑇2 = 0,

then, the admissible adaptive parallel 𝐿2 disturbance attenu-
ation controller (37) can simultaneously stabilize systems (31)
and (32).

Proof. From the proof ofTheorem 9, we know that under the
controller (37), systems (35) and (36) are impulse controllable
and can be expressed as (39). From condition (2), it can be
seen that

𝑀𝑇1 𝑔1𝑔𝑇2𝑀2 = [𝑔11 (𝑥)0 ] [𝑔𝑇21 (𝑥) 0]

= [𝑔11 (𝑥) 𝑔𝑇21 (𝑥) 0
0 0] = 0,

(45)
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that is, 𝑔11(𝑥)𝑔𝑇21(𝑥) = 0, and in a similar way, we can obtain
𝑑11(𝑥)𝑑𝑇21(𝑥) = 0. Moreover, according to condition (1), we
have

𝑀𝑇1 (−12 (𝐴1 (𝑥, 𝑝1) + 𝐴𝑇1 (𝑥, 𝑝1))
+ 𝑔1 (𝑥)𝐾𝑔𝑇1 (𝑥))𝑀1 + 12𝛾2𝑀𝑇1 [𝑔1 (𝑥) 𝑔𝑇1 (𝑥)
− 𝑑1 (𝑥) 𝑑𝑇1 (𝑥)]𝑀1
= [
[
𝑅111 (𝑥, 𝑝1) 𝑅112 (𝑥, 𝑝1)
𝑅𝑇112 (𝑥, 𝑝1) 𝑅122 (𝑥, 𝑝1)

]
]
+ 12𝛾2

⋅ [
[
𝑔11 (𝑥) 𝑔𝑇11 (𝑥) − 𝑑11 (𝑥) 𝑑𝑇11 (𝑥) 0

0 0]]
> 0.

(46)

Thus,

𝑅111 (𝑥, 𝑝1) + 12𝛾2 [𝑔11 (𝑥) 𝑔𝑇11 (𝑥) − 𝑑11 (𝑥) 𝑑𝑇11 (𝑥)]
fl 𝑅111 (𝑥, 𝑝1) + 𝐶 (𝑥) > 0.

(47)

Since

𝑁[
[
𝐽111 − 𝑅111 − 𝐶 𝐽112 − 𝑅112
−(𝐽𝑇112 + 𝑅𝑇112) 𝐽122 − 𝑅122]]

𝑁𝑇

= [𝐽11 − 𝑅11 − 𝐶 0
∗ 𝐽22 − 𝑅22] ,

(48)

where 𝐽111 is skew-symmetric and 𝑁 is the same as that in
(22), we have

�̂�1 (𝑥, 𝑝1)
fl 𝑅11 (𝑥, 𝑝1)

+ 12𝛾2 [𝑔11 (𝑥) 𝑔𝑇11 (𝑥) − 𝑑11 (𝑥) 𝑑𝑇11 (𝑥)] > 0.
(49)

In a similar way,

�̂�2 (𝜉, 𝑝2)
fl 𝑅21 (𝜉, 𝑝2)

+ 12𝛾2 [𝑔21 (𝜉) 𝑔𝑇21 (𝜉) − 𝑑21 (𝜉) 𝑑𝑇21 (𝜉)] > 0.
(50)

Therefore,

𝑅 (𝑋, 𝑝) + 12𝛾2 [𝐺 (𝑋)𝐺𝑇 (𝑋) − 𝐷 (𝑋)𝐷𝑇 (𝑋)]

= [[[
[

�̂�1 (𝑥1, 𝑞1 (𝑥1) , 𝑝1) 0 0
0 �̂�2 (𝜉1, 𝑞2 (𝜉1) , 𝑝2) 0
0 0 0

]]]
]

≥ 0.

(51)

Thus, system (39) with the penalty function (40) satisfies all
the conditions of Lemma 8. From Lemma 8, an adaptive
parallel 𝐿2 disturbance attenuation controller of system (39)
can be designed as (42), and, furthermore, the 𝛾-dissipation
inequality

�̇� + 𝜕𝑇𝐻𝜕𝑋 {𝑅 (𝑋, 𝑝)
+ 12𝛾2 [𝐺 (𝑋)𝐺𝑇 (𝑋) − 𝐷 (𝑋)𝐷𝑇 (𝑋)]} 𝜕𝐻𝜕𝑋
≤ 12 {𝛾2 ‖𝑤‖2 − ‖𝑧‖2}

(52)

holds along the trajectories of the closed-loop system con-
sisting of (39) and (42). Therefore, according to the proof of
Theorem 9, the admissible controller (37) can simultaneously
stabilize systems (31) and (32).

Remark 11. We can utilize the results obtained on adaptive
parallel simultaneous stabilization and robust adaptive par-
allel simultaneous stabilization problems for two NDSs to
investigate the same problems of more than two NDSs.

Consider the following 𝑁 NDSs:

𝐸𝑖�̇�𝑖 = 𝑓𝑖 (𝑥𝑖, 𝑝𝑖) + 𝑔𝑖 (𝑥𝑖) 𝑢 + 𝑑𝑖 (𝑥𝑖)𝑤,
𝐸𝑖𝑥𝑖 (0) = 𝐸𝑖𝑥𝑖0,
𝑓𝑖 (0, 𝑝𝑖) = 𝑓𝑝𝑖 (𝑝𝑖) ,
𝑓𝑖 (0, 0) = 0,

𝑦𝑖 = 𝑔𝑇𝑖 (𝑥𝑖) 𝑥𝑖,
𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁,

(53)

where 𝑥𝑖 ∈ R𝑛𝑖 , 𝑢 ∈ R𝑚, 𝑤 ∈ R𝑞, and 𝑦𝑖 ∈ R𝑚 are the states,
control input, external disturbances, and outputs of the 𝑁
systems, respectively; 𝑝𝑖 is an unknown parameter perturba-
tion vector and is assumed to be small enough to keep the
dissipative structure unchanged; 𝑔𝑖(𝑥𝑖) ∈ R𝑛𝑖×𝑚, 0 ≤ 𝐸𝑖 ∈
R𝑛𝑖×𝑛𝑖 , and 0 < rank(𝐸𝑖) = 𝑟𝑖 < 𝑛𝑖, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑁.

Given a disturbance attenuation level 𝛾 > 0, choose
𝑧 = Λ 𝑁∑

𝑖=1

𝑦𝑖, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁 (54)

as the penalty function, where Λ ∈ R𝑠×𝑚 is a weighting
matrix.

Similar to Section 2, we obtain the following forms:

𝐸𝑖 ̇𝑥𝑖 = 𝐴 𝑖 (𝑥𝑖, 𝑝𝑖) 𝛼𝑖 (𝑥𝑖, 𝑝𝑖) + 𝑔𝑖 (𝑥𝑖) 𝑢 + 𝑑𝑖 (𝑥𝑖)𝑤,
𝑦𝑖 = 𝑔𝑇𝑖 (𝑥𝑖) 𝑥𝑖,

(55)

where 𝛼𝑖(𝑥𝑖, 𝑝𝑖) ∈ R𝑛𝑖 is some vector of 𝑥𝑖 and 𝑝𝑖 satisfying𝛼𝑖(𝑥𝑖, 0) = 𝑥𝑖, 𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑁.
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Assume that (𝑖1, 𝑖2, ⋅ ⋅ ⋅ , 𝑖𝑁) is an arbitrary permutation of{1, 2, ⋅ ⋅ ⋅ , 𝑁} and that 𝐿 is a positive integer satisfying 1 ⩽ 𝐿 ⩽𝑁 − 1. Let 𝑇1 = 𝑛𝑖1 + ⋅ ⋅ ⋅ + 𝑛𝑖𝐿 and 𝑇2 = 𝑛𝑖𝐿+1 + ⋅ ⋅ ⋅ + 𝑛𝑖𝑁 .
Now, we divide the𝑁 systems into two sets as follows:

𝐸𝑎�̇�𝑎 = 𝐴𝑎 (𝑋𝑎, 𝑝𝑎) Γ𝑎 (𝑋𝑎, 𝑝𝑎) + 𝐺𝑎 (𝑋𝑎) 𝑢
+ 𝐷𝑎 (𝑋𝑎) 𝑤,

𝑌𝑎 = 𝐺𝑇𝑎 (𝑋𝑎)𝑋𝑎,
(56)

𝐸𝑏�̇�𝑏 = 𝐴𝑏 (𝑋𝑏, 𝑝𝑏) Γ𝑏 (𝑋𝑏, 𝑝𝑏) + 𝐺𝑏 (𝑋𝑏) 𝑢
+ 𝐷𝑏 (𝑋𝑏)𝑤,

𝑌𝑏 = 𝐺𝑇𝑏 (𝑋𝑏)𝑋𝑏,
(57)

where 𝑋𝑎 = [(𝑥𝑖1)𝑇, ⋅ ⋅ ⋅ , (𝑥𝑖𝐿)𝑇]𝑇 ∈ R𝑇1 , 𝑋𝑏 = [(𝑥𝑖𝐿+1)𝑇, ⋅ ⋅ ⋅ ,(𝑥𝑖𝑁)𝑇]𝑇 ∈ R𝑇2 , 𝑝𝑎 = [𝑝𝑇𝑖1 , ⋅ ⋅ ⋅ , 𝑝𝑇𝑖𝐿]𝑇, 𝑝𝑏 = [𝑝𝑇𝑖𝐿+1 , ⋅ ⋅ ⋅ , 𝑝𝑇𝑖𝑁]𝑇,
𝐸𝑎 = diag {𝐸𝑖1 , ⋅ ⋅ ⋅ , 𝐸𝑖𝐿} ,
𝐸𝑏 = diag {𝐸𝑖𝐿+1 , ⋅ ⋅ ⋅ , 𝐸𝑖𝑁} ,
𝐴𝑎 (𝑋𝑎, 𝑝𝑎)

= diag {𝐴 𝑖1 (𝑥𝑖1 , 𝑝𝑖1) , ⋅ ⋅ ⋅ , 𝐴 𝑖𝐿 (𝑥𝑖𝐿 , 𝑝𝑖𝐿)} ,
𝐴𝑏 (𝑋𝑏, 𝑝𝑏)

= diag {𝐴 𝑖𝐿+1 (𝑥𝑖𝐿+1 , 𝑝𝑖𝐿+1) , ⋅ ⋅ ⋅ , 𝐴 𝑖𝑁 (𝑥𝑖𝑁 , 𝑝𝑖𝑁)} ,
Γ𝑎 (𝑋𝑎, 𝑝𝑎) = diag {𝛼𝑖1 (𝑥𝑖1 , 𝑝𝑖1) , ⋅ ⋅ ⋅ , 𝛼𝑖𝐿 (𝑥𝑖𝐿 , 𝑝𝑖𝐿)} ,
Γ𝑏 (𝑋𝑏, 𝑝𝑏)

= diag {𝛼𝑖𝐿+1 (𝑥𝑖𝐿+1 , 𝑝𝑖𝐿+1) , ⋅ ⋅ ⋅ , 𝛼𝑖𝑁 (𝑥𝑖𝑁 , 𝑝𝑖𝑁)} ,
𝑌𝑎 = 𝑦𝑖1 + ⋅ ⋅ ⋅ + 𝑦𝑖𝐿 ,
𝑌𝑏 = 𝑦𝑖𝐿+1 + ⋅ ⋅ ⋅ + 𝑦𝑖𝑁 ,
𝐺𝑎 (𝑋𝑎) = [𝑔𝑇𝑖1 (𝑥𝑖1) , ⋅ ⋅ ⋅ , 𝑔𝑇𝑖𝐿 (𝑥𝑖𝐿)]𝑇 ,
𝐺𝑏 (𝑋𝑏) = [𝑔𝑇𝑖𝐿+1 (𝑥𝑖𝐿+1) , ⋅ ⋅ ⋅ , 𝑔𝑇𝑖𝑁 (𝑥𝑖𝑁)]𝑇 ,
𝐷𝑎 (𝑋𝑎) = [𝑑𝑇𝑖1 (𝑥𝑖1) , ⋅ ⋅ ⋅ , 𝑑𝑇𝑖𝐿 (𝑥𝑖𝐿)]𝑇 ,
𝐷𝑏 (𝑋𝑏) = [𝑑𝑇𝑖𝐿+1 (𝑥𝑖𝐿+1) , ⋅ ⋅ ⋅ , 𝑑𝑇𝑖𝑁 (𝑥𝑖𝑁)]𝑇 .

(58)

According to Section 2, (56), (57), and Theorems 9 and
10, we can easily obtain an adaptive parallel simultaneous
stabilization controller (w=0) and a robust adaptive parallel
simultaneous stabilization controller of systems (53).

Theorem 12. Consider systems (53) (𝑤=0) with their equiva-
lent forms (55) (𝑤=0), and assume that assumptions (A1) and
(A2) hold (𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁). If there exist a symmetric matrix

𝐾 ∈ R𝑚×𝑚, a permutation (𝑖1, 𝑖2, ⋅ ⋅ ⋅ , 𝑖𝑁) of {1, 2, ⋅ ⋅ ⋅ , 𝑁}, and
a positive integer 𝐿 (1 ⩽ 𝐿 ⩽ 𝑁 − 1) such that

𝑅𝑎 (𝑋𝑎, 𝑝𝑎) fl −12 (𝐴𝑎 (𝑋𝑎, 𝑝𝑎) + 𝐴𝑎 (𝑋𝑎, 𝑝𝑎)𝑇)
+ 𝐾𝑎𝑎 (𝑋𝑎, 𝑋𝑎) > 0,

𝑅𝑏 (𝑋𝑏, 𝑝𝑏) fl −12 (𝐴𝑏 (𝑋𝑏, 𝑝𝑏) + 𝐴𝑏 (𝑋𝑏, 𝑝𝑏)
𝑇)

− 𝐾𝑏𝑏 (𝑋𝑏, 𝑋𝑏) > 0,

(59)

where

𝐾𝑖𝑗 (𝑋𝑖, 𝑋𝑗) = 𝐺𝑖 (𝑋𝑖)𝐾𝐺𝑇𝑗 (𝑋𝑗) , 𝑖, 𝑗 = 𝑎, 𝑏, (60)

then, the adaptive control law

𝑢 = −𝐾(𝑦𝑖1 + ⋅ ⋅ ⋅ + 𝑦𝑖𝐿 − 𝑦𝑖𝐿+1 − ⋅ ⋅ ⋅ − 𝑦𝑖𝑁) − Φ𝑇𝜃 + V,
̇̂𝜃 = 𝑄Φ 𝑁∑

𝑖=1

𝑦𝑖 (61)

can simultaneously stabilize the N systems given by (53) (𝑤=0),
where v is a new reference input and 𝜃 and 𝑄 are the same as
those in (11).

Theorem 13. Consider systems (53), the penalty function (54),
and the disturbance attenuation level 𝛾 > 0. Assume that
assumptions (A1) ∼ (A3) (𝑖 = 1, 2, ⋅ ⋅ ⋅ ,𝑁) hold. If

(1) there exist a symmetric matrix 𝐾 ∈ R𝑚×𝑚, a per-
mutation (𝑖1, 𝑖2, ⋅ ⋅ ⋅ , 𝑖𝑁) of {1, 2, ⋅ ⋅ ⋅ ,N}, and a positive
integer 𝐿 (1 ⩽ 𝐿 ⩽ 𝑁 − 1) such that (59) holds,

(2) 𝑔𝑖 = 𝑑𝑖, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁,

then, the following robust adaptive parallel controller

𝑢 = −𝐾 (𝑦𝑖1 + ⋅ ⋅ ⋅ + 𝑦𝑖𝐿 − 𝑦𝑖𝐿+1 − ⋅ ⋅ ⋅ − 𝑦𝑖𝑁)
− [12Λ𝑇Λ + 12𝛾2 𝐼𝑚]

𝑁∑
𝑖=1

𝑦𝑖 − Φ𝑇𝜃,
̇̂𝜃 = 𝑄Φ 𝑁∑

𝑖=1

𝑦𝑖
(62)

can simultaneously stabilize the𝑁 systems given by (53).

4. An Illustrative Example

In the following, we give an illustrative example to show how
to apply Theorem 9 to investigate robust adaptive parallel
simultaneous stabilization for two NDSs.
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Example 14. Consider the following two NDSs:

𝐸1�̇� = 𝑓1 (𝑥, 𝑝) + 𝑔1 (𝑥) 𝑢 + 𝑑1𝑤,
𝐸1𝑥 (0) = 𝐸1𝑥0,
𝑓1 (0, 𝑝) = 𝑓1,𝑝 (𝑝) ,
𝑓1 (0, 0) = 0,

𝑦 = 𝑔𝑇1 (𝑥) 𝑥,

(63)

𝐸2 ̇𝜉 = 𝑓2 (𝜉, 𝑝) + 𝑔2 (𝜉) 𝑢 + 𝑑2𝑤,
𝐸2𝜉 (0) = 𝐸2𝜉0,
𝑓2 (0, 𝑝) = 𝑓2,𝑝 (𝑝) ,
𝑓2 (0, 0) = 0,

𝜂 = 𝑔𝑇2 (𝜉) 𝜉,

(64)

where 𝑥 = [𝑥1, 𝑥2, 𝑥3]𝑇 ∈ R3, 𝜉 = [𝜉1, 𝜉2, 𝜉3]𝑇 ∈ R3, 𝑢 ∈
R2, 𝑤 ∈ R2,

𝐸1 = [[[
[

0 0 0
0 5 0
0 0 1

]]]
]
,

𝐸2 = [[[
[

2 0 0
0 2 0
0 0 0

]]]
]
,

𝑓1 (𝑥, 𝑝) = [[[
[

−𝑥1 + 2𝑥2
−2𝑥1 − 𝑥32 − 𝑥2 − 2𝑥3 − 2𝑝

2𝑥3 + 2𝑝
]]]
]
,

𝑓2 (𝜉, 𝑝) = [[[[
[

𝜉31 − 2𝜉1 − 𝜉2 − 𝑝 − 2𝜉3
−𝜉1 − 𝜉2 − 𝑝
2𝜉1 − 2𝜉3

]]]]
]
,

𝑔1 (𝑥) = 𝑑1 (𝑥) = [[[
[

0 0
2 𝑥2
−2 0

]]]
]
,

𝑔2 (𝜉) = 𝑑2 (𝜉) = [[[
[

1 𝜉1
1 0
0 0

]]]
]
.

(65)

Choose the penalty function 𝑧 = Λ(𝑦 + 𝜂), where Λ is a
weighting matrix.

Noticing that 𝑓1(0, 0) = 𝑓2(0, 0) = 0, we obtain 𝛼1(𝑥, 𝑝) =(𝑥1, 𝑥2, 𝑥3 + 𝑝)𝑇, 𝛼2(𝜉, 𝑝) = (𝜉1, 𝜉2 + 𝑝, 𝜉3)𝑇, and

𝐴1 (𝑥, 𝑝) = [[[
[

−1 2 0
−2 −1 − 𝑥22 −2
0 0 2

]]]
]
,

𝐴2 (𝜉, 𝑝) = [[[
[

𝜉21 − 2 −1 −2
−1 −1 0
2 0 −2

]]]
]
.

(66)

It is easy to check that assumption (A2) is satisfied, whereΦ = [−1, 0] and 𝜃 = 𝑝. According to Theorem 9, we obtain
the following forms of systems (63) and (64) by the output
feedback 𝑢 = −𝐾(𝑦 − 𝜂) + V:

𝐸1�̇� = (𝐽1 (𝑥, 𝑝) − 𝑅1 (𝑥, 𝑝)) 𝑥 + 𝑔1 (𝑥)𝐾𝑔𝑇2 (𝜉) 𝜉
+ 𝑔1 (𝑥) V + 𝑑1 (𝑥) 𝑤 + 𝑔1 (𝑥)Φ𝑇 (𝜃 − 𝜃) ,

𝑦 = 𝑔𝑇1 (𝑥) 𝑥,
(67)

𝐸2 ̇𝜉 = (𝐽2 (𝜉, 𝑝) − 𝑅2 (𝜉, 𝑝)) 𝜉 − 𝑔2 (𝜉) 𝐾𝑔𝑇1 (𝑥) 𝑥
+ 𝑔2 (𝜉) V + 𝑑2 (𝜉) 𝑤 + 𝑔2 (𝜉) Φ𝑇 (𝜃 − 𝜃) ,

𝜂 = 𝑔𝑇2 (𝜉) 𝜉,
(68)

where

𝐾 = [0.8 0
0 −1] ,

𝐽1 (𝑥, 𝑝) = [[
[
0 2 0
−2 0 −1
0 1 0

]]
]
,

𝑅1 (𝑥, 𝑝) = [[
[
1 0 0
0 4.2 −2.2
0 −2.2 1.2

]]
]
,

𝐽2 (𝜉, 𝑝) = [[
[
0 0 −2
0 0 0
2 0 0

]]
]
,

𝑅2 (𝜉, 𝑝) = [[
[
1.2 0.2 0
0.2 0.2 0
0 0 2

]]
]
.

(69)

Since 𝐸1 ≥ 0 and 𝐸2 ≥ 0, we can give nonsingular
matrices

𝑀1 = [[[[
[

0 0 1
0 √55 0
1 0 0

]]]]
]
,
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Figure 1: Response of the state 𝑥.

𝑀2 =
[[[[[
[

√22 0 0
0 √22 0
0 0 1

]]]]]
]
.

(70)

Moreover, it is clear that (A1) and (A3) are also satisfied.
Thus, all the conditions of Theorem 9 hold. Therefore,
an admissible adaptive parallel simultaneous stabilization
controller of systems (63) and (64) can be designed as

𝑢 = −𝐾 (𝑦 − 𝜂) − [12Λ𝑇Λ + 12𝛾2 𝐼𝑚] (𝑦 + 𝜂) − Φ𝑇𝜃,
̇̂𝜃 = 𝑄Φ (𝑦 + 𝜂) .

(71)

In order to test the effectiveness of the controller (71),
we carry out some numerical simulations with the following
choices: initial condition: 𝐸1𝑥(0) = [0, −5, 2]𝑇, 𝐸2𝜉(0) = [2,−4, 0]𝑇, 𝜃0 = −0.5; parameter: 𝛾 = 1, 𝑝 = 0.5, 𝑄 = 1,
and weighting matrix Λ = 𝐼2. To test the robustness of the
controller with respect to external disturbances, we add a
square-wave disturbance of amplitude [2, −4]𝑇 to the systems
in the time duration [1𝑠 ∼ 2𝑠]. The responses of the states,
control signal, and 𝜃 are shown in Figures 1–3, respectively.

It can be observed from Figures 1–3 that the states quickly
converge to the origin after the disturbance is removed.
The simulation results show that the controller (71) is very
effective in simultaneously stabilizing the two systems and
has strong robustness against external disturbances and
parameters perturbation.

5. Conclusion

This paper has investigated the (robust) adaptive parallel
simultaneous stabilization problems of a class of nonlinear
descriptor systems via dissipative matrix method. Firstly,
under a suitable output feedback law, two nonlinear descrip-
tor systems have been changed as two equivalent nonlinear
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Figure 3: The control 𝑢 and estimate 𝜃.

differential-algebraic systems by nonsingular transforms, and
a sufficient condition of impulse-free has been given for two
closed-loop systems. Then, the two systems are combined to
generate an augmented dissipative Hamiltonian differential-
algebraic system, with which an adaptive parallel simul-
taneous stabilization controller has been designed for the
two systems via the Hamiltonian function method. When
there are external disturbances in the two systems, a robust
adaptive parallel simultaneous stabilization controller has
been presented. Finally, the case of more than two nonlinear
descriptor systems has also been investigated in this paper.
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Motivated by the quorum-sensing mechanism of bacteria, this paper modifies the network model by adding unknown parameters
and noise disturbances and investigates the problemof outer synchronization via adaptive control. In case there exist three unknown
parameters, updating laws are presented to identify the unknown parameters with help of Lyapunov stability theory, and the
negative effects of noise disturbances are also compensated by designing adaptive controllers. In addition, we simplify the obtained
conditions and carry out two succinct and utilitarian corollaries. Finally, numerical simulations are provided to show the validity
of the obtained results.

1. Introduction

During the past decades, it has been discovered that bacteria,
such as Escherichia coli, could communicate with each other
through producing and monitoring one kind of signaling
molecules [1, 2]. The signaling molecules could diffuse into
different bacteria or the environment, and the bacteria could
coordinate their gene expression and activities in response to
the concentration of the signalingmolecules.Then, the bacte-
ria are coupled with each other by the intercellular signaling
molecules [3] and display various social behaviors such as
behaving synchronously [4].Obviously, the related researches
have wide application prospects in biopharmaceutical indus-
try and human health. Now, the mechanism of bacterial
communication is widely known as quorum sensing, and
more andmore researchers began to study collective behavior
caused by quorum sensing [5, 6]. In this paper, we modify
one of the previous networkmodels coupled through quorum
sensing and discuss a typical kind of collective behavior based

on several recent methods developed in the fields of complex
networks and nonlinear dynamics.

Recent years have witnessed the great development in the
study of complex networks and its collective dynamics [7, 8].
Synchronization is one of the most typical and most exten-
sively studied kinds of collective dynamics, which implies the
stability of zero solution of the synchronization error systems.
Therefore, from the point of research methods, there are two
main effective theoretical methods, i.e., the famous master
stability function method [9, 10] and Lyapunov function
method [11–13]. The former can be employed to discuss local
stability of the synchronous state, and the latter can be used
to explore global stability of the synchronous state. Up to
now, dozens of different types of synchronization states have
been proposed such as complete synchronization [14], cluster
synchronization [15, 16], lag synchronization [17, 18], pro-
jection synchronization [19, 20], and outer synchronization
[21–23].Thereinto, outer synchronization has attracted many
researchers’ interest, which describes the synchronization
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between two or more networks. For instances, in a model
of predator-prey interactions in ecological communities, all
the predators form a network system and all the preys
form another, and the two networks influence one another’s
evolution to keep the two species in check [24]. Recently,
outer synchronization of the fractional order node dynamics
was considered in [21], and outer synchronization under
aperiodically adaptive intermittent control was considered
in [22]. In many cases, networks can not realize a certain
expected synchronization relying on just coupling interaction
between different nodes [23].Therefore, many different kinds
of output control methods have been introduced, such as
pinning control [25], sliding mode control [26, 27], adaptive
control [28, 29], and state feedback control [30]. Thereinto,
adaptive control could be used to design controllers for
systems with uncertain parameters. Due to great demands
from wide applications, many researches have been carried
out to investigate synchronization induced by adaptive con-
trollers [31]. It is worth pointing out that there are few
researches focused on outer synchronization of networks
coupled through quorum sensing.

Motivated by the above discussions, this paper investi-
gates outer synchronization induced by adaptive controllers
in quorum-sensing network. At first, we present a modified
model of previous quorum-sensing network by adding noise
disturbances in case there exist three unknown parameter
vectors and the network topology is also unknown. Then,
effective adaptive controllers are designed to realize outer
synchronization, parameter estimations are designed to iden-
tify the unknown parameter vectors, and topology estima-
tions are designed to identify unknown network topology.
Based on Lyapunov function method and matrix theory,
this paper proves that adaptive outer synchronization is
achieved in the quorum-sensing network. To the best of our
knowledge, there are few researches focused on this subject
by a similar method. In our opinion, there is a certain degree
of values both in theory and in practice.

The rest of this paper is organized as follows. In Section 2,
the synthetic gene network model coupled through quorum
sensing is introduced. In Section 3, several criteria are
derived for outer synchronization including the construction
of adaptive controllers and parameter estimations. In Sec-
tion 4, some numerical examples are provided to illustrate
the effectiveness of the obtained results. Finally, conclusions
are given to summarize the contributions of the paper in
Section 5.

2. Problem Formulation

The synthetic gene network in Escherichia coli was first
proposed by Garcia-Ojalvo J et al. [3]. Consider the network
consisting of𝑁 cells coupled through quorum sensing. Each
cell consists of two basic parts illustrated in Figure 1. The
first part is composed of three genes 𝑎, 𝑏, 𝑐 that express their
respective proteins 𝐴, 𝐵, 𝐶, which inhibit the transcription
of the three genes 𝑏, 𝑐, 𝑎, in a cyclic way. The second part
of each cell is another gene regulated by protein A, which
produces a protein and synthesizes a small molecule known
as an autoinducer 𝑆𝑖. The autoinducer 𝑆𝑖 can diffuse freely

through the cell membrane, which activates the transcription
of the genes in first part. For more detailed description, the
reader is referred to previous articles [32, 33].

Now, we introduce the quorum-sensing network model.
The dynamics of each node consists of the concentrations of
three genes and their respective proteins, assume that the 𝑖th
cell is described by the following equations:

̇𝑎𝑖 (𝑡) = −𝑑1𝑎𝑖 (𝑡) + 𝛽6 [𝜇6 + 𝐶𝑚𝑖 (𝑡)]−1 ,�̇�𝑖 (𝑡) = −𝑑2𝑏𝑖 (𝑡) + 𝛽4 [𝜇4 + 𝐴𝑚𝑖 (𝑡)]−1 ,̇𝑐𝑖 (𝑡) = −𝑑3𝑐𝑖 (𝑡) + 𝛽5 [𝜇5 + 𝐵𝑚𝑖 (𝑡)]−1+ 𝛽8𝑆𝑖 (𝑡) [𝜇7 + 𝑆𝑖 (𝑡)]−1 ,�̇� 𝑖 (𝑡) = −𝑑4𝐴 𝑖 (𝑡) + 𝛽1𝑎𝑖 (𝑡) ,�̇�𝑖 (𝑡) = −𝑑5𝐵𝑖 (𝑡) + 𝛽2𝑏𝑖 (𝑡) ,�̇�𝑖 (𝑡) = −𝑑6𝐶𝑖 (𝑡) + 𝛽3𝑐𝑖 (𝑡) ,

(1)

where 𝑎𝑖(𝑡), 𝑏𝑖(𝑡), and 𝑐𝑖(𝑡) are the concentrations of mRNA
transcribed from genes 𝑎, 𝑏, 𝑐 in the 𝑖th cell, respectively;𝐴 𝑖(𝑡), 𝐵𝑖(𝑡), and 𝐶𝑖(𝑡) are the concentrations of the cor-
responding proteins, respectively; 𝑆𝑖(𝑡) and 𝑆𝑒(𝑡) are the
concentrations of the autoinducer 𝐴𝐼 inside the 𝑖th cell
and in the environment. The concentration dynamics of the
autoinducer are governed bẏ𝑆𝑖 (𝑡) = −𝑑7𝑆𝑖 (𝑡) + 𝛽7𝐴 𝑖 (𝑡) − 𝜂 (𝑆𝑖 (𝑡) − 𝑆𝑒 (𝑡)) ,

̇𝑆𝑒 (𝑡) = −𝑑𝑒𝑆𝑒 (𝑡) + 𝜂𝑒𝑁 𝑁∑
𝑗=1

(𝑆𝑗 (𝑡) − 𝑆𝑒 (𝑡)) , (2)

where 𝑖 = 1, 2, . . . , 𝑁. In the multicell system (1)-(2),
the parameters 𝑑1, 𝑑2, . . . , 𝑑7 and 𝑑𝑒 are the dimensionless
degradation rates of the chemical molecules; 𝛽1, 𝛽2, 𝛽3 are the
translation rates of the proteins from the mRNAs; 𝛽4, 𝛽5, 𝛽6
are the dimensionless transcription rates in the absence of
repressor; 𝛽7 is the synthesis rate of AI; 𝑚 = 4 is the Hill
coefficient; 𝛽8 is the maximal contribution to the gene c tran-
scription in the presence of saturating amounts of 𝐴𝐼; 𝜂 and𝜂𝑒 measure the diffusion rate of 𝐴𝐼 inward and outward the
cell membrane. With the help of the quasi-steady state
approximation ̇𝑆𝑒(𝑡) = 0, one gets that the extracellular 𝐴𝐼
concentration can be approximated as

𝑆𝑒 (𝑡) = 𝑞𝑁 𝑁∑
𝑗=1

𝑆𝑗 (𝑡) , 𝑞 = 𝜂𝑒𝑑 + 𝜂𝑒 , (3)

which reduces (2) to the following form:

̇𝑆𝑖 (𝑡) = − (𝑑7 + 𝜂) 𝑆𝑖 (𝑡) + 𝛽7𝐴 𝑖 (𝑡) + 𝜂𝑞𝑁 𝑁∑
𝑗=1

𝑆𝑗 (𝑡) . (4)

Equations (1)-(4) describe the concentration state of the 𝑖th
cell in the synthetic gene network model coupled through
quorum sensing.
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Figure 1: Scheme of the repressilator network coupled through signaling molecules, termed quorum sensing. The synchronization scheme
of quorum sensing is based on the diffusion of autoinducers (AI) to and from the cells.

Motivated by the quorum-sensing network (1)-(4), we
build up a network with three unknown parameter vectors
and unknown network topology. The state dynamics are
described by the following equations:

�̇�𝑖 (𝑡) = 𝑓1 (𝑥𝑖 (𝑡)) 𝛼1 + 𝑓2 (𝑥𝑖 (𝑡)) 𝛼2 + 𝛽8ℎ (𝑆𝑖 (𝑡)) ,
̇𝑆𝑖 (𝑡) = −𝛼3𝑆𝑖 (𝑡) + 𝛽7𝐴 𝑖 (𝑡) + 𝑁∑

𝑗=1

𝑐𝑖𝑗𝑆𝑗 (𝑡) , (5)

where 𝑥𝑖(𝑡) = (𝑎𝑖(𝑡), 𝑏𝑖(𝑡), 𝑐𝑖(𝑡), 𝐴 𝑖(𝑡), 𝐵𝑖(𝑡), 𝐶𝑖(𝑡))⊤, 𝛼1 =(𝑑1, 𝑑2, 𝑑3, 𝑑4, 𝑑5, 𝑑6)⊤, 𝛼2 = (𝛽6, 𝛽4, 𝛽5, 𝛽1, 𝛽2, 𝛽3)⊤, and𝛼3 = 𝑑7 + 𝜂, and the diagonal matrix functions

𝑓1 (𝑥𝑖 (𝑡)) = − diag (𝑎𝑖 (𝑡) , 𝑏𝑖 (𝑡) , 𝑐𝑖 (𝑡) , 𝐴 𝑖 (𝑡) , 𝐵𝑖 (𝑡) ,𝐶𝑖 (𝑡)) ,𝑓2 (𝑥𝑖 (𝑡)) = diag ([𝜇6 + 𝐶𝑚𝑖 (𝑡)]−1 , [𝜇4 + 𝐴𝑚𝑖 (𝑡)]−1 ,
[𝜇5 + 𝐵𝑚𝑖 (𝑡)]−1 , 𝑎𝑖 (𝑡) , 𝑏𝑖 (𝑡) , 𝑐𝑖 (𝑡)) ,

ℎ (𝑆𝑖 (𝑡)) = (0, 0, 𝑆𝑖 (𝑡) [𝜇7 + 𝑆𝑖 (𝑡)]−1 , 0, 0, 0)⊤ ,
(6)

where 𝑖 = 1, 2, . . . , 𝑁. To meet the demands of broad
applications, the matrix 𝐶 = (𝑐𝑖𝑗)𝑁×𝑁 is a coupling matrix
denoting the network topology. The matrix element 𝑐𝑖𝑗 is
defined as follows: if there is a connection from node 𝑖 to
node 𝑗(𝑖 ̸= 𝑗), then define the coupling strength as 𝑐𝑖𝑗 ̸= 0;
otherwise, 𝑐𝑖𝑗 = 0. Let us assume that there are three unknown
parameter vectors existing in the node dynamics, 𝛼1, 𝛼2, and𝛼3, and the network topology matrix 𝐶 = (𝑐𝑖𝑗)𝑁×𝑁 is also
unknown.

In order to identify the unknown network topology and
parameter vectors, we carry out another network model
described by the following equations:

�̇�𝑖 (𝑡) = 𝑓1 (𝑥𝑖 (𝑡)) 𝛼1 (𝑡) + 𝑓2 (𝑥𝑖 (𝑡)) 𝛼2 (𝑡)+ 𝛽8ℎ (𝑆𝑖 (𝑡)) + Δ 1 (𝑡) + 𝑢1𝑖 (𝑡) ,
�̇�𝑖 (𝑡) = −𝛼3 (𝑡) 𝑆𝑖 (𝑡) + 𝛽7𝐴𝑖 (𝑡) + 𝑁∑

𝑗=1

𝑐𝑖𝑗𝑆𝑗 + Δ 2 (𝑡)
+ 𝑢2𝑖 (𝑡) ,

(7)

where 𝑥𝑖(𝑡) = (𝑎𝑖(𝑡), 𝑏𝑖(𝑡), 𝑐𝑖(𝑡), 𝐴𝑖(𝑡), 𝐵𝑖(𝑡), 𝐶𝑖(𝑡))⊤, 𝛼1(𝑡),𝛼2(𝑡), and 𝛼3(𝑡) are the estimations of the unknown parame-
ter vectors 𝛼1, 𝛼2, and 𝛼3 in the network (5), Δ 1(𝑡), Δ 2(𝑡) are
the disturbances, and 𝑢1𝑖(𝑡), 𝑢2𝑖(𝑡) are the controllers left to be
designed later, 𝑖 = 1, 2, . . . , 𝑁.

3. Adaptive Control Schemes for
Outer Synchronization

In this section, several criteria are derived for outer synchro-
nization induced by adaptive control schemes. At first, we
need to introduce the following two assumptions.

Assumption 1. For any 𝑥 = (𝑥(1), 𝑥(2), . . . , 𝑥(6))⊤ ∈ 𝑅6 and𝑆 ∈ 𝑅, denote
𝐹 (𝑋, 𝛼1, 𝛼2, 𝛼3) = [(𝑓1 (𝑥) 𝛼1 + 𝑓2 (𝑥) 𝛼2 + 𝛽8ℎ (𝑆))⊤ ,

− 𝛼3𝑆 + 𝛽7𝑥(4)]⊤ ∈ 𝑅7, (8)

where 𝑋 = (𝑥⊤, 𝑆)⊤ ∈ 𝑅7. There exists a positive constant 𝐿
such that the vector function 𝐹(𝑋, 𝛼1, 𝛼2, 𝛼3) satisfies that

(𝑌 − 𝑋)⊤ [𝐹 (𝑌, 𝛼1, 𝛼2, 𝛼3) − 𝐹 (𝑋, 𝛼1, 𝛼2, 𝛼3)]≤ 𝐿 (𝑌 − 𝑋)⊤ (𝑌 − 𝑋) (9)

for any𝑋,𝑌 ∈ 𝑅7.
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Assumption 2. The disturbances Δ 1(𝑡) and Δ 2(𝑡) are
bounded; i.e., there exist two positive constants 𝜌1, 𝜌2 such
that

Δ 1 (𝑡) ≤ 𝜌1,Δ 2 (𝑡) ≤ 𝜌2. (10)

Now, we design the state feedback controllers of the
following form:

𝑢1𝑖 (𝑡) = −𝛿1𝑖 (𝑡) 𝑒1𝑖 (𝑡) − 𝛾1𝑖 (𝑡) sign [𝑒1𝑖 (𝑡)] ,̇𝛿1𝑖 (𝑡) = 𝑘1𝑖𝑒⊤1𝑖 (𝑡) 𝑒1𝑖 (𝑡) , 𝑘1𝑖 > 0,
̇𝛾1𝑖 (𝑡) = 𝜉1𝑖𝑒⊤1𝑖 (𝑡) sign [𝑒1𝑖 (𝑡)] , 𝜉1𝑖 > 0,

𝑢2𝑖 (𝑡) = −𝛿2𝑖 (𝑡) 𝑒2𝑖 (𝑡) − 𝛾2𝑖 (𝑡) sign [𝑒2𝑖 (𝑡)]
+ 𝑁∑
𝑗=1

𝑝𝑖𝑗 (𝑡) 𝑆𝑗 (𝑡) ,
̇𝛿2𝑖 (𝑡) = 𝑘2𝑖𝑒22𝑖 (𝑡) , 𝑘2𝑖 > 0,
̇𝛾2𝑖 (𝑡) = 𝜉2𝑖 sign [𝑒2𝑖 (𝑡)] 𝑒2𝑖 (𝑡) , 𝜉2𝑖 > 0,

�̇�𝑖𝑗 (𝑡) = −𝑆𝑗 (𝑡) 𝑒2𝑖 (𝑡) ,

(11)

where 𝑒1𝑖(𝑡) = 𝑥𝑖(𝑡) − 𝑥𝑖(𝑡), 𝑒2𝑖(𝑡) = 𝑆𝑖(𝑡) − 𝑆𝑖(𝑡), and 𝑖 =1, 2, . . . , 𝑁. Then, one can prove the following theorem based
on Lyapunov function method and matrix theory.

Theorem 3. Suppose that Assumptions 1 and 2 hold, and
the parameter estimations 𝛼1(𝑡), 𝛼2(𝑡), 𝛼3(𝑡) are designed as
follows:

�̇�1 (𝑡) = − 𝑁∑
𝑗=1

𝑓1 (𝑥𝑗 (𝑡)) 𝑒1𝑗 (𝑡) ,
�̇�2 (𝑡) = − 𝑁∑

𝑗=1

𝑓2 (𝑥𝑗 (𝑡)) 𝑒1𝑗 (𝑡) ,
�̇�3 (𝑡) = 𝑁∑

𝑗=1

𝑆𝑗 (𝑡) 𝑒2𝑗 (𝑡) ,
(12)

and then the synthetic gene network (5)-(7) with controllers (11)
and estimations (12) can achieve outer synchronization.

Proof. Denote 𝑋𝑖(𝑡) = (𝑥⊤𝑖 (𝑡), 𝑆𝑖(𝑡))⊤, 𝑋𝑖(𝑡) = (𝑥⊤𝑖 (𝑡),𝑆𝑖(𝑡))⊤, Δ(𝑡) = (Δ⊤1(𝑡), Δ 2(𝑡))⊤, and 𝑈𝑖(𝑡) = (𝑢⊤1𝑖(𝑡), 𝑢2𝑖(𝑡))⊤,
and Γ ∈ 𝑅7×7 is the inner matrix implying the nodes are
coupling through the 7th component, and then the synthetic
gene network (5)-(7) can be rewritten as follows:

�̇�𝑖 (𝑡) = 𝐹 (𝑋𝑖 (𝑡) , 𝛼1, 𝛼2, 𝛼3) + 𝑁∑
𝑗=1

𝑐𝑖𝑗Γ𝑋𝑗 (𝑡) ,
�̇�𝑖 (𝑡) = 𝐹 (𝑋𝑖 (𝑡) , 𝛼1 (𝑡) , 𝛼2 (𝑡) , 𝛼3 (𝑡))

+ 𝑁∑
𝑗=1

𝑐𝑖𝑗Γ𝑋𝑗 (𝑡) + Δ (𝑡) + 𝑈𝑖 (𝑡) ,
(13)

Let 𝐸𝑖(𝑡) = 𝑋𝑖(𝑡) − 𝑋𝑖(𝑡), and the following error system can
be obtained:

�̇�𝑖 (𝑡) = 𝐹 (𝑋𝑖 (𝑡) , 𝛼1 (𝑡) , 𝛼2 (𝑡) , 𝛼3 (𝑡))− 𝐹 (𝑋𝑖 (𝑡) , 𝛼1, 𝛼2, 𝛼3)
+ 𝑁∑
𝑗=1

[𝑐𝑖𝑗Γ𝑋𝑗 − 𝑐𝑖𝑗Γ𝑋𝑗] + Δ (𝑡) + 𝑈𝑖 (𝑡) .
(14)

Using Assumption 1, one has

𝐸⊤𝑖 (𝑡) [𝐹 (𝑋𝑖 (𝑡) , 𝛼1 (𝑡) , 𝛼2 (𝑡) , 𝛼3 (𝑡))
− 𝐹 (𝑋𝑖 (𝑡) , 𝛼1, 𝛼2, 𝛼3)] ≤ 𝐸⊤𝑖 (𝑡)⋅ [𝐹 (𝑋𝑖 (𝑡) , 𝛼1 (𝑡) , 𝛼2 (𝑡) , 𝛼3 (𝑡))
− 𝐹 (𝑋𝑖 (𝑡) , 𝛼1, 𝛼2, 𝛼3) + 𝐿𝐸𝑖 (𝑡)] = 𝐸⊤𝑖 (𝑡)
⋅ [((𝑓1 (𝑥𝑖 (𝑡)) �̃�1 (𝑡) + 𝑓2 (𝑥𝑖 (𝑡)) �̃�2 (𝑡))⊤ ,
− �̃�3 (𝑡) 𝑆𝑖 (𝑡))⊤ + 𝐿𝐸𝑖 (𝑡)] = 2∑

𝑝=1

𝑒⊤1𝑖 (𝑡) 𝑓𝑝 (𝑥𝑖 (𝑡))
⋅ �̃�𝑝 (𝑡) − �̃�3 (𝑡) 𝑆𝑖 (𝑡) 𝑒2𝑖 (𝑡) + 𝐿 2∑

𝑝=1

𝑒⊤𝑝𝑖 (𝑡) 𝑒𝑝𝑖 (𝑡) .

(15)

Consider the following Lyapunov function:

𝑉 (𝑡) = 12 {{{
𝑁∑
𝑖=1

𝐸⊤𝑖 (𝑡) 𝐸𝑖 (𝑡) + 3∑
𝑝=1

�̃�⊤𝑝 (𝑡) �̃�𝑝 (𝑡)
+ 2∑
𝑝=1

𝑁∑
𝑖=1

1𝑘𝑝𝑖 [𝛿𝑝𝑖 (𝑡) − 𝛿∗𝑝]2
+ 2∑
𝑝=1

𝑁∑
𝑖=1

1𝜉𝑝𝑖 [𝛾𝑝𝑖 (𝑡) − 𝛾∗𝑝 ]2
+ 𝑁∑
𝑗=1

𝑁∑
𝑖=1

[𝑝𝑖𝑗 (𝑡) + 𝑐𝑖𝑗 − 𝑐𝑖𝑗]2}}} ,

(16)

where �̃�𝑝(𝑡) = 𝛼𝑝(𝑡) − 𝛼𝑝, 𝑝 = 1, 2, 3, where 𝛿∗𝑝 , 𝛾∗𝑝 , 𝑝 =1, 2, are positive constants chosen arbitrarily. With the help
of controllers (11) and estimations (12), the derivative of 𝑉(𝑡)
along the trajectories of (5)-(7) can be calculated as follows:
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�̇� (𝑡) = 𝑁∑
𝑖=1

𝐸⊤𝑖 (𝑡) �̇�𝑖 (𝑡) − 2∑
𝑝=1

�̃�⊤𝑝 (𝑡) 𝑁∑
𝑗=1

𝑓𝑝 (𝑥𝑗 (𝑡)) 𝑒1𝑗 (𝑡)
+ �̃�⊤3 (𝑡) 𝑁∑

𝑗=1

𝑆𝑗 (𝑡) 𝑒2𝑗 (𝑡)
+ 2∑
𝑝=1

𝑁∑
𝑖=1

[𝛿𝑝𝑖 (𝑡) − 𝛿∗𝑝] 𝑒⊤𝑝𝑖 (𝑡) 𝑒𝑝𝑖 (𝑡)
+ 2∑
𝑝=1

𝑁∑
𝑖=1

[𝛾𝑝𝑖 (𝑡) − 𝛾∗𝑝 ] 𝑒⊤𝑝𝑖 (𝑡) sign [𝑒𝑝𝑖 (𝑡)]
− 𝑁∑
𝑗=1

𝑁∑
𝑖=1

[𝑝𝑖𝑗 (𝑡) + 𝑐𝑖𝑗 − 𝑐𝑖𝑗] 𝑆𝑗 (𝑡) 𝑒2𝑖 (𝑡) .

(17)

Noticing (14) and inequality (15), one has

�̇� (𝑡) ≤ 𝐿 2∑
𝑝=1

𝑁∑
𝑖=1

𝑒⊤𝑝𝑖 (𝑡) 𝑒𝑝𝑖 (𝑡)
+ 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒2𝑖 (𝑡) [𝑐𝑖𝑗𝑆𝑗 (𝑡) − 𝑐𝑖𝑗𝑆𝑗 (𝑡)]
+ 𝑁∑
𝑖=1

𝐸⊤𝑖 (𝑡) [Δ (𝑡) + 𝑈𝑖 (𝑡)]
+ 2∑
𝑝=1

𝑁∑
𝑖=1

[𝛿𝑝𝑖 (𝑡) − 𝛿∗𝑝] 𝑒⊤𝑝𝑖 (𝑡) 𝑒𝑝𝑖 (𝑡)
+ 2∑
𝑝=1

𝑁∑
𝑖=1

[𝛾𝑝𝑖 (𝑡) − 𝛾∗𝑝 ] 𝑒⊤𝑝𝑖 (𝑡) sign [𝑒𝑝𝑖 (𝑡)]
− 𝑁∑
𝑗=1

𝑁∑
𝑖=1

[𝑝𝑖𝑗 (𝑡) + 𝑐𝑖𝑗 − 𝑐𝑖𝑗] 𝑒2𝑖 (𝑡) 𝑆𝑗 (𝑡)
≤ 𝐿 2∑
𝑝=1

𝑁∑
𝑖=1

𝑒⊤𝑝𝑖 (𝑡) 𝑒𝑝𝑖 (𝑡) + 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑐𝑖𝑗𝑒2𝑖 (𝑡) 𝑒2𝑗 (𝑡)
+ 𝑁∑
𝑖=1

𝐸⊤𝑖 (𝑡) Δ (𝑡) − 2∑
𝑝=1

𝑁∑
𝑖=1

𝛿∗𝑝𝑒⊤𝑝𝑖 (𝑡) 𝑒𝑝𝑖 (𝑡)
− 2∑
𝑝=1

𝑁∑
𝑖=1

𝛾∗𝑝 𝑒⊤𝑝𝑖 (𝑡) sign [𝑒𝑝𝑖 (𝑡)] .

(18)

Denoting 𝑒2(𝑡) = (𝑒21(𝑡), 𝑒22(𝑡), . . . , 𝑒2𝑁(𝑡))⊤ ∈ 𝑅𝑁, one
gets

�̇� (𝑡)
≤ (𝐿 − 𝛿∗1 ) 𝑁∑

𝑖=1

𝑒⊤1𝑖 (𝑡) 𝑒1𝑖 (𝑡)
+ 𝑒⊤2 (𝑡) [(𝐿 − 𝛿∗2 ) 𝐼𝑁 + 𝐶] 𝑒2 (𝑡)
+ 2∑
𝑝=1

𝑁∑
𝑖=1

[𝑒⊤𝑝𝑖 (𝑡) Δ𝑝 (𝑡) − 𝛾∗𝑝𝑒⊤𝑝𝑖 (𝑡) sign [𝑒𝑝𝑖 (𝑡)]]

≤ (𝐿 − 𝛿∗1 ) 𝑁∑
𝑖=1

𝑒⊤1𝑖 (𝑡) 𝑒1𝑖 (𝑡)
+ 𝑒⊤2 (𝑡) [(𝐿 − 𝛿∗2 ) 𝐼𝑁 + 𝐶] 𝑒2 (𝑡)
+ 2∑
𝑝=1

𝑁∑
𝑖=1

(𝜌𝑝 − 𝛾∗𝑝) 𝑒𝑝𝑖 (𝑡)1 ,
(19)

where ‖𝑒𝑝𝑖(𝑡)‖1 = 𝑒⊤𝑝𝑖(𝑡) sign[𝑒𝑝𝑖(𝑡)]. Notice that the constants𝛿∗1 , 𝛿∗2 , 𝛾∗1 , 𝛾∗2 are chosen arbitrarily, and we can choose them
sufficiently large such that 𝐿 − 𝛿∗1 < 0, 𝜌𝑝 − 𝛾∗𝑝 < 0, 𝑝 =1, 2, and the matrix (𝐿 − 𝛿∗2 )𝐼𝑁 + 𝐶 is negative semidefinite.
According to this, we have

�̇� (𝑡) < 0. (20)

Thus, based on Lyapunov stabilitymethods, the error dynam-
ical system (14) is globally asymptotically stable. Therefore,
the synthetic gene network (5)-(7) with controllers (11) and
estimations (12) achieves outer synchronization.

The proof is completed.

If one or two of the unknown parameter vectors in the
network (5) are given constants, Theorem 3 still holds after
modifying the conditions slightly. For instance, supposing
that the parameter vectors 𝛼1 and 𝛼2 are given, we modify
network (7) as follows:

�̇�𝑖 (𝑡) = 𝑓1 (𝑥𝑖 (𝑡)) 𝛼1 + 𝑓2 (𝑥𝑖 (𝑡)) 𝛼2 + 𝛽8ℎ (𝑆𝑖 (𝑡))+ Δ 1 (𝑡) + 𝑢1𝑖 (𝑡) ,
�̇�𝑖 (𝑡) = −𝛼3 (𝑡) 𝑆𝑖 (𝑡) + 𝛽7𝐴𝑖 (𝑡) + 𝑁∑

𝑗=1

𝑐𝑖𝑗𝑆𝑗 + Δ 2 (𝑡)
+ 𝑢2𝑖 (𝑡) .

(21)

Then the following corollary holds.

Corollary 4. Suppose that Assumptions 1 and 2 hold. If the
parameter estimation 𝛼3(𝑡) is designed as follows:

�̇�3 (𝑡) = 𝑁∑
𝑗=1

𝑆𝑗 (𝑡) 𝑒2𝑗 (𝑡) , (22)

then the synthetic gene network (5)-(21) with controllers (11)
and estimations (22) can achieve outer synchronization.

If we do not consider the disturbances Δ 1(𝑡) and Δ 2(𝑡) in
network (7),Theorem 3 still holds aftermodifying controllers
(11) slightly. Then, we obtain the following corollary.

Corollary 5. Suppose that Assumptions 1 and 2 hold, and the
disturbances in network (7) satisfy that Δ 1(𝑡) = 0 and Δ 2(𝑡) =0. If the controllers 𝑢1𝑖(𝑡), 𝑢2𝑖(𝑡) are designed as follows:
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𝑢1𝑖 (𝑡) = −𝛿1𝑖 (𝑡) 𝑒1𝑖 (𝑡) ,̇𝛿1𝑖 (𝑡) = 𝑘1𝑖𝑒⊤1𝑖 (𝑡) 𝑒1𝑖 (𝑡) , 𝑘1𝑖 > 0,
𝑢2𝑖 (𝑡) = −𝛿2𝑖 (𝑡) 𝑒2𝑖 (𝑡) + 𝑁∑

𝑗=1

𝑝𝑖𝑗 (𝑡) 𝑆𝑗 (𝑡) ,
̇𝛿2𝑖 (𝑡) = 𝑘2𝑖𝑒22𝑖 (𝑡) , 𝑘2𝑖 > 0,
̇𝑝𝑖𝑗 (𝑡) = −𝑆𝑗 (𝑡) 𝑒2𝑖 (𝑡) ,

(23)

where 𝑖 = 1, 2, . . . , 𝑁, then the synthetic gene network (5)-
(7) with controllers (23) and estimations (12) can achieve outer
synchronization.

The proof of Corollaries 4 and 5 is similar to that of
Theorem 3; therefore, it is omitted here.

4. Numerical Simulations

In this section, we carry out some numerical simulations on
the following synthetic gene network consisting of 6 cells:�̇�𝑖 (𝑡) = 𝑓1 (𝑥𝑖 (𝑡)) 𝛼1 + 𝑓2 (𝑥𝑖 (𝑡)) 𝛼2 + 𝛽8ℎ (𝑆𝑖 (𝑡)) ,�̇�𝑖 (𝑡) = 𝑓1 (𝑥𝑖 (𝑡)) 𝛼1 (𝑡) + 𝑓2 (𝑥𝑖 (𝑡)) 𝛼2 (𝑡)+ 𝛽8ℎ (𝑆𝑖 (𝑡)) + Δ 1 (𝑡) + 𝑢1𝑖 (𝑡) ,

̇𝑆𝑖 (𝑡) = −𝛼3𝑆𝑖 (𝑡) + 𝛽7𝐴 𝑖 (𝑡) + 6∑
𝑗=1

𝑐𝑖𝑗𝑆𝑗 (𝑡) ,
�̇�𝑖 (𝑡) = −𝛼3 (𝑡) 𝑆𝑖 (𝑡) + 𝛽7𝐴𝑖 (𝑡) + 6∑

𝑗=1

𝑐𝑖𝑗𝑆𝑗 + Δ 2 (𝑡)
+ 𝑢2𝑖 (𝑡) ,

(24)

where the functions 𝑓1(𝑥𝑖(𝑡)), 𝑓2(𝑥𝑖(𝑡)), ℎ(𝑆𝑖(𝑡)) are defined
in network (5), the parameters are given as (𝜇4, 𝜇5, 𝜇6, 𝜇7) =(0.2, 0.2, 0.2, 0.2), 𝑚 = 4, 𝛽7 = 0.018, 𝛽8 = 1, Δ 1(𝑡), Δ 2(𝑡)
are the disturbances, and the coupling matrices are given as

𝐶 = (((((
(

−5 1 2 0 1 11 −4 0 1 2 02 0 −6 2 0 20 1 2 −4 1 01 2 0 1 −4 01 0 2 0 0 −3

)))))
)

,

𝐶 = (((((
(

−6 2 0 1 1 22 −6 1 2 1 00 1 −5 1 2 11 2 1 −5 0 11 1 2 0 −5 12 0 1 1 1 −5

)))))
)

.

(25)
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Figure 2: Time evolutions of synchronization errors ‖𝑒1𝑖(𝑡)‖ and‖𝑒2(𝑡)‖, 𝑖 = 1, 2, . . . , 6.
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Figure 3: Time evolutions of the parameter estimations 𝛼1(𝑡) =(𝑑1(𝑡), 𝑑2(𝑡), . . . , 𝑑6(𝑡))⊤ in (12).

Consider the actual meaning of the network, the true values
of the unknown parameters are

𝛼1 = (0.1, 0.3, 0.4, 0.6, 0.7, 0.9)⊤ ,
𝛼2 = (2, 1.9, 1.5, 0.2, 0.6, 0.9)⊤ ,𝛼3 = 0.42,

(26)

estimations (12) are adopted for 𝛼1(𝑡), 𝛼2(𝑡), 𝛼3(𝑡), and con-
trollers (11) are adopted for 𝑢1𝑖(𝑡), 𝑢2𝑖(𝑡).

By setting the initial values of network (24) randomly
in [0, 1] and with the feedback gain taken as 𝑘1𝑖 = 𝑘2𝑖 =1, we plot Figure 2 to show the time evolutions of outer
synchronization errors ‖𝑒1𝑖(𝑡)‖ = ‖𝑥𝑖(𝑡)−𝑥𝑖(𝑡)‖ and ‖𝑒2𝑖(𝑡)‖ =‖𝑆𝑖(𝑡)−𝑆𝑖(𝑡)‖, 𝑖 = 1, 2, . . . , 6. It can be seen that the two errors
both go to zero quickly after a short transient period, and
network (24) reaches outer synchronization. Figure 3 depicts
the time evolutions of the parameter estimations 𝛼1(𝑡), which
displays the perfect identification performance. Figure 4
shows the time evolutions of the parameter estimations
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Figure 4: Time evolutions of the parameter estimations 𝛼2(𝑡) =(𝛽1(𝑡), 𝛽2(𝑡), . . . , 𝛽6(𝑡))⊤ and 𝛼3(𝑡) = 𝑑7(𝑡) + 𝜂(𝑡) in (12).

𝛼2(𝑡), 𝛼3(𝑡), and further illustrates the effectiveness of the
parameter estimations (12). From the three figures, it is clearly
observed that the unknown parameters of the network is
estimated successfully by the control schemes of Theorem 3.

5. Conclusions

This paper builds a model of quorum-sensing network with
disturbances, unknownparameter vector, and network topol-
ogy and investigates the problem of outer synchronization
between two quorum-sensing networks. In case that some
systems’ parameters are unknown in actual applications,
adaptive parameter updating laws are designed to estimate
the true values of those unknown parameters. Similarly,
updating laws are also presented for the unknown elements
of the network coupling matrix. Finally, some adaptive
controllers are adopted to realize outer synchronization
between two quorum-sensing networks. The validity of the
proposed control schemes and updating laws is demonstrated
by several numerical simulations.
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We study a value common experimentationwithmultiarmed bandits and give an application about the experimentation.The second
derivative of value functions at cutoffs is investigated when an agent switches action with multiarmed bandits. If consumers have
identical preference which is unknown and purchase products from only two sellers amongmultiple sellers, we obtain the necessary
and sufficient conditions about the common experimentation.TheMarkov perfect equilibrium and the socially effective allocation
in 𝐾-armed markets are discussed.

1. Introduction

A financial debate has arisen when we need to choose the
best goods among multiple products. In Robbins [1], this
problem is described as a decision maker facing 𝑁 slot
machines (called arms) and the maker has to choose one of
them at each instantaneous time. Gittins and Jones [2] and
Michael et al. [3] calculate the value of pulling an arm, i.e.,
Gittins index, in discrete time. Comparing the value to the
Gittins index of all other arms, Michael et al. [3] present
that the optimal strategy for an 𝑁-armed problem is an 𝑁-
dimensional discountedMarkov decision chain and the value
pulling each arm itself is independent of the cutoff. Karatzas
[4], Kaspi, and Mandelbaum [5] transform the problem into
a standard optimal stopping problem. Bolton and Harris [6]
and Bergemann and Välimäki [7] show that when there are𝐾 ≥ 2 sellers who sell different products and 𝑁 consumers
whose preferences are identical (but unknown) in themarket,
the optimal strategies of consumers are to buy the products
from the same seller; i.e., it is symmetric equilibria. Cohen
and Solan [8] study two-armed bandit problems in the
continuous time with the property of Lévy processes and
obtain the Hamilton-Jacobi-Bellman (HJB) equation for the
problem. They conclude that the optimal strategy is a cutoff
strategy when the arms have two types. For other optimal
strategies and control approaches, the reader is referred to [9–
11] and the references therein.

Jan and Xi [12] investigate that second derivatives of value
functions are equal at the cutoff with value matching and

smooth pasting (assume that the value function is 𝑉(𝑥) ∈𝐶2(𝑅+) and the cutoff is 𝑥∗ ∈ 𝑅+. Value matching: 𝑉(𝑥∗−) =𝑉(𝑥∗+) and smooth pasting: 𝑉�耠(𝑥∗−) = 𝑉�耠(𝑥∗+) which is
discussed in [13, 14], where 𝑉(𝑥−) fl lim�푥�㨀→�푥−𝑉(𝑥) and𝑉(𝑥+) fl lim�푥�㨀→�푥+𝑉(𝑥)), when there are two arms with
different types, and conclude that the optimal strategy is
an interval strategy in the market. In [12], an application is
given about strategic pricing of two vendors in a competitive
market. There are𝑁 ≥ 2 consumers who have the same type
either 𝐻 or 𝐿. Two vendors produce two different kinds of
goods for the two types, respectively. Jan and Xi [12] describe
the socially efficient allocation and pricing strategies of two
vendors in the market. Moreover, they use value matching,
smooth pasting, and second derivatives of value functions
to discuss the Markov perfect equilibrium and the socially
efficient allocation.

In this article, we investigate multiarmed bandits, while
two-armed bandits are studied in [12]. We consider multiple
sellers instead of two sellers. In general, there are multiple
sellers to sell the same type of goods in the market, but the
quality, utilities, and the prices of goods sold by each seller
are different. Therefore, changing the number of arms from
two to 𝐾 ≥ 2 is reasonable in the market. People believe that
purchasing two products has the best effects to type𝐻 or 𝐿 in
themarket. For example, the first seller is the highest utility to
type𝐻 but is the lowest utility to type 𝐿. On the contrary, the
second seller is the highest utility to type 𝐿 but is the lowest
utility to type𝐻 and other utilities are between about the two
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sellers to types𝐻 and 𝐿. Instinctively, we think that a rational
consumer chooses goods only from the first two sellers but
this is not perfect or this strategy needs some conditions.
We discuss the necessary and sufficient conditions for this
strategy.

In order to obtain our conclusions under certain assump-
tions of themodel formultiarmed bandits, using themethods
used in [12], we calculate the optimal cutoff points by solving
the corresponding ordinary differential equations. Then, we
obtain the necessary and sufficient conditions for the strategy
of which consumers purchase products from only two sellers
among multiple sellers.

The rest of the paper is as follows. In Section 2, we
introduce a multiarmed model under certain assumptions
and show a conclusion about the model. In Section 3, we
give an application for the model. In Section 3.1, we discuss
optimal choice of consumers in the case of market equilib-
rium. Based on the optimal choice of consumers, we derive
HJB equations for their utilities functions. Using solutions
of the HJB equations, value matching, and smooth pasting,
we get the cutoff point at Markov perfect equilibrium and
the necessary and sufficient conditions about the common
experimentation. In Section 3.2, we get the cutoff point at
socially efficient allocation with the same way in Section 3.1.
The relationship between the Markov perfect equilibrium
and the socially efficient allocation in 𝐾-armed markets is
discussed.

2. The Model

Jin and Xi [12] consider one agent and a bandit with 2 arms.
We study multiarmed bandits and consider the case where
there is only one real-valued state 𝑥(𝑡) ∈ Υ and Υ ∈ 𝑅 is
a connect set. The instantaneous flow payoff of each arm is𝑓�푗(𝑥) at state 𝑥, 𝑗 = 1, 2, . . . , 𝐾. Let 𝑟 > 0 be the discount
rate. For each arm 𝑗, there is a probability space {Ω�푗,F�푗, 𝑃�푗}
endowed with filtration {F�푗�푡 , 𝑡 ≥ 0} and 𝑇�푗(𝑡) is the total
measure of time to time 𝑡when arm 𝑗 has been chosen. From
[12], we know that the updating of 𝑥 in arm 𝑗, when there are𝐾 arms in the market, satisfies

𝑑𝑥�푗 (𝑡) = 𝜇�푗 (𝑥 (𝑡−)) 𝑑𝑇�푗 (𝑡) + 𝜎�푗 (𝑥 (𝑡−)) 𝑑𝑊�푗 (𝑇�푗 (𝑡))
+∑
�푖 ̸=�푗

∫
R−{0}

𝐽�푗 (𝑥 (𝑡−) , 𝑥�푖)N�푗 (𝑑𝑇�푗 (𝑡) , 𝑑𝑥�푖) , (1)

where 𝑊�푗(𝑡) is a standard Brownian motion, 𝑊�푗(𝑡) is inde-
pendent of𝑊�푖(𝑡) (𝑖 ̸= 𝑗), andN�푗 is a Poisson randommeasure
that is independent of 𝑊�푗. The state 𝑥 is updated from arm
𝑖, 𝑖 = 1, 2, . . . , 𝐾 and 𝑑𝑥(𝑡) = ∑�퐾�푖=1 𝑑𝑥�푖(𝑡). Let 𝐽�푗(𝑥(𝑡−), 𝑥�푖) be
the change of the state when there is a Poisson jump. Equation
(1) shows that the state changes from 𝑥�푗 to 𝑥�푖 (𝑖 ̸= 𝑗).Thus, (1)
does not contain the case that state 𝑥�푗 jump from other states.
Because state 𝑥�푗 can jump to any other states and any other
states can jump back to𝑥�푗, (1) contains all jump processes that
describe the changes of state.

Inmultiarmed bandit problem, the stochastic process {𝑥�푡}
is constructed on the product space {Ω,F} fl {Ω1,F1} ×

{Ω2,F2} × ⋅ ⋅ ⋅ × {Ω�퐾,F�퐾} with filtrationF�푡 = ⋁�퐾�푖=1F�푖�푇𝑖(�푡). If𝑥 = 𝑥0, the agent chooses an allocation rule𝑚�푡 = {1, 2, . . . , 𝐾}
adapted to filtration {F�푡}�푡≥0 to solve the following optimal
control problem:

V (𝑥) = sup
�푚𝑡

{E∫∞
�푡=0

𝑒−�푟�푡𝑓�푚𝑡 (𝑥�푡) 𝑑𝑡} , (2)

s.t 𝑑𝑥�푡
= 𝜇�푚𝑡 (𝑥�푡) 𝑑𝑡 + 𝜎�푚𝑡 (𝑥�푡) 𝑑𝑊�푡

+ ∑
�푖 ̸=�푚𝑡

∫
R−{0}

𝐽�푚𝑡 (𝑥 (𝑡−) , 𝑥�푖)N�푚𝑡 (𝑑𝑡, 𝑑𝑥�푖) .
(3)

Assumption 1 (see [12]). LetΥ be a connected set. Assume that𝑓�푗(𝑥), 𝜇�푗(𝑥), 𝜎�푗(𝑥), and 𝐽�푗(𝑥, 𝑥�푖) for 𝑖 ̸= 𝑗 are 𝐶2 functions of𝑥 ∈ Υ.
Assumption 2 (see [12]). Assume that the first derivatives of𝑓�푗(𝑥), 𝜇�푗(𝑥), 𝜎�푗(𝑥), and 𝐽�푗(𝑥, ⋅)with respect to 𝑥 are bounded.
Namely, there exists𝑀 > 0 such that for any 𝑥 ∈ Υ, |𝑓�耠�푗 (𝑥)| ≤𝑀, |𝜇�耠�푗(𝑥)| ≤ 𝑀, |𝜎�耠�푗(𝑥)| ≤ 𝑀, and |𝜕𝐽�푗(𝑥, 𝑥�푖)/𝜕𝑥| ≤ 𝑀 for
each 𝑖 ̸= 𝑗. Using (2) and the dynamic programming principle
(the detailed process is in [15]), for any ℎ > 0, we obtain

V (𝑥) = sup
�푚𝑡

{E∫ℎ
�푡=0

𝑒−�푟�푡𝑓�푚𝑡 (𝑥�푡) 𝑑𝑡 + 𝑒−�푟ℎV (𝑥ℎ)} . (4)

Using Ito’s lemma for 𝑒−�푟�푡V(𝑥�푡) and property of Poisson
random measure (the property of Poisson random measure
is in [13]), we get

𝑑𝑒−�푟�푡V (𝑥�푡) = −𝑟𝑒−�푟�푡V (𝑥�푡) 𝑑𝑡 + 𝑒−�푟�푡V�耠 (𝑥�푡) 𝑑𝑥�푐�푡 + 12
⋅ 𝑒−�푟�푡V�耠�耠 (𝑥�푡) 𝑑 [𝑥, 𝑥]�푡 = −𝑟𝑒−�푟�푡V (𝑥�푡) 𝑑𝑡
+ 𝑒−�푟�푡V�耠 (𝑥�푡) 𝑑𝑥�푐�푡 + 12𝑒−�푟�푡𝜎2�푚𝑡 (𝑥�푡) V�耠�耠 (𝑥�푡) 𝑑𝑡
+ �퐾−1∑
�푖=1,�푖 ̸=�푚𝑡

[∫
R−{0}

𝐽�푚𝑡 (𝑥 (𝑡−) , 𝑥�푖)N�푚𝑡 (𝑑𝑡, 𝑑𝑥�푖)]
2

+ 2 ∑
1≤�푝<�푞≤�퐾−1

∫
R−{0}

𝐽�푚𝑡 (𝑥 (𝑡−) , 𝑥�푝)N�푚𝑡 (𝑑𝑡, 𝑑𝑥�푝)
× ∫

R−{0}
𝐽�푚𝑡 (𝑥 (𝑡−) , 𝑥�푞)N�푚𝑡 (𝑑𝑡, 𝑑𝑥�푞)

= −𝑟𝑒−�푟�푡V (𝑥�푡) 𝑑𝑡 + 𝑒−�푟�푡V�耠 (𝑥�푡) 𝑑𝑥�푐�푡 + 12
⋅ 𝑒−�푟�푡𝜎2�푚𝑡 (𝑥�푡) V�耠�耠 (𝑥�푡) 𝑑𝑡
+ �퐾−1∑
�푖=1,�푖 ̸=�푚𝑡

∫
R−{0}

[V (𝑥 + 𝐽�푚𝑡 (𝑥 (𝑡−) , 𝑥�푚𝑡)) − V (𝑥)]
⋅ N�푚𝑡 (𝑑𝑡, 𝑑𝑥�푖) ,

(5)

where 𝑑𝑥�푐�푡 = 𝜇�푚𝑡(𝑥�푡)𝑑𝑡 + 𝜎�푚𝑡(𝑥�푡)𝑑𝑊�푡.
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Then, we have

𝑒−�푟ℎV (𝑥ℎ) = V (𝑥) + ∫ℎ
�푡=0

−𝑟𝑒−�푟�푡V (𝑥�푡) 𝑑𝑡
+ 𝑒−�푟�푡V�耠 (𝑥�푡) 𝑑𝑥�푐�푡 + ∫ℎ

�푡=0

12𝑒−�푟�푡𝜎2�푚𝑡 (𝑥�푡) V�耠�耠 (𝑥�푡) 𝑑𝑡
+ �퐾−1∑
�푖=1,�푖 ̸=�푚𝑡

∫ℎ
�푡=0

[V (𝑥 + 𝐽�푚𝑡 (𝑥 (𝑡−) , 𝑥�푚𝑡)) − V (𝑥)]
⋅ N�푚𝑡 (𝑑𝑡, 𝑑𝑥�푖) .

(6)

Substituting (6) into (4), using the mean value theorem of
integrals and sending ℎ → 0, we get the HJB equation

𝑟V (𝑥) = sup
�푚𝑡

{𝑓�푚𝑡 (𝑥) + 𝜇�푚𝑡 (𝑥) V�耠 (𝑥) + 12𝜎2�푚𝑡 (𝑥) V�耠�耠 (𝑥)

+ �퐾−1∑
�푖=1,�푖 ̸=�푚𝑡

∫
R−{0}

[V (𝑥 + 𝐽�푚𝑡 (𝑥 (𝑡−) , 𝑥�푖)) − V (𝑥)] ]�푚𝑡 (𝑑𝑥�푖)} ,
(7)

where ]�푚𝑡 is the finite intensity measure ofN�푚𝑡 . From [13], we
know that there exists a unique solution to (1).

We assume that optimal strategy of consumers is an
interval strategy (see [14]). Namely, there exists 𝐾 − 1 points
(cutoffs) 𝑥1, 𝑥2, . . . , 𝑥�푘−1 to partition the space Υ into 𝐾 − 1
intervals, where 𝑥1 ≤ 𝑥2 ≤ ⋅ ⋅ ⋅ ≤ 𝑥�푘−1. When 𝑖, 𝑗 =1, 2, . . . , 𝐾 − 2 and 𝑖 ̸= 𝑗, (𝑥�푖, 𝑥�푖+1) ∩ (𝑥�푗, 𝑥�푗+1) = 𝜙, we
assume that if 𝑥 ∈ (𝑥�푗−1, 𝑥�푗), the agent chooses arm 𝑗, where𝑗 = 1, 2, . . . , 𝐾 and 𝑥0 fl inf{𝑥}, 𝑥�퐾 fl sup{𝑥}. Thus, we have

𝑟V (𝑥) = 𝑓�푗 (𝑥) + 𝜇�푗 (𝑥) V�耠 (𝑥) + 12𝜎2�푗 (𝑥) V�耠�耠 (𝑥)
+ �퐾−1∑
�푖=1,�푖 ̸=�푗

∫
R−{0}

[V (𝑥 + 𝐽�푗 (𝑥 (𝑡−) , 𝑥�푖)) − V (𝑥)]
⋅ ]�푗 (𝑑𝑥�푖) .

(8)

Using the conclusions in [12, 14], we have the value
matching

V (𝑥�푗−) = V (𝑥�푗+) (9)

and the smooth pasting

V�耠 (𝑥�푗−) = V�耠 (𝑥�푗+) . (10)

Now, in the light of the value matching and smooth
pasting, we have the following conclusion.

Theorem 3. If 𝜎�푗(𝑥) > 0 for all 𝑥 ∈ Υ, 𝑗 = 1, 2, . . . , 𝐾,
a necessary condition for optimal solution 𝑥�푗 is that V�耠�耠(𝑥)
satisfies V�耠�耠(𝑥�푗−) = V�耠�耠(𝑥�푗+) for any possible cutoffs 𝑥�푗.

Proof. On the basis of assumption 𝑥 ∈ (𝑥�푗−1, 𝑥�푗), an agent
chooses arm 𝑗, 𝑗 = 1, 2, . . . , 𝐾. It derives that

𝑓�푗 (𝑥) + 𝜇�푗 (𝑥) V�耠 (𝑥) + 12𝜎2�푗 (𝑥) V�耠�耠 (𝑥)
+ �퐾−1∑
�푖=1,�푖 ̸=�푗

∫
R−{0}

[V (𝑥 + 𝐽�푗 (𝑥 (𝑡−) , 𝑥�푖)) − V (𝑥)] ]�푗 (𝑑𝑥�푖)
≤ 𝑟V (𝑥) .

(11)

For 𝑥 → 𝑥�푗 and 𝑥 > 𝑥�푗, inequality (11) becomes

𝑓�푗 (𝑥�푗) + 𝜇�푗 (𝑥�푗) V�耠 (𝑥�푗+) + 12𝜎2�푗 (𝑥�푗) V�耠�耠 (𝑥�푗+)
+ �퐾−1∑
�푖=1,�푖 ̸=�푗

∫
R−{0}

[V (𝑥�푗 + 𝐽�푗 (𝑥�푗, 𝑥�푖)) − V (𝑥�푗+)]
⋅ ]�푗 (𝑑𝑥�푖) ≤ 𝑟V (𝑥�푗+) .

(12)

Due to the value matching, we have

𝑓�푗 (𝑥�푗) + 𝜇�푗 (𝑥�푗) V�耠 (𝑥�푗+) + 12𝜎2�푗 (𝑥�푗) V�耠�耠 (𝑥�푗+)
+ �퐾−1∑
�푖=1,�푖 ̸=�푗

∫
R−{0}

[V (𝑥�푗 + 𝐽�푗 (𝑥�푗, 𝑥�푖)) − V (𝑥�푗+)]
⋅ ]�푗 (𝑑𝑥�푖) ≤ 𝑟V (𝑥�푗−)

(13)

and

𝑟V (𝑥�푗−) = 𝑓�푗 (𝑥�푗) + 𝜇�푗 (𝑥�푗) V�耠 (𝑥�푗−) + 12𝜎2�푗 (𝑥�푗)
⋅ V�耠�耠 (𝑥�푗−)
+ �퐾−1∑
�푖=1,�푖 ̸=�푗

∫
R−{0}

[V (𝑥�푗 + 𝐽�푗 (𝑥�푗, 𝑥�푖)) − V (𝑥�푗−)]
⋅ ]�푗 (𝑑𝑥�푖) .

(14)

From the smooth pasting, we obtain V�耠�耠(𝑥�푗+) ≤ V�耠�耠(𝑥�푗−).
In the same way, we get V�耠�耠(𝑥�푗−) ≤ V�耠�耠(𝑥�푗+). Thus, we have
V�耠�耠(𝑥�푗−) = V�耠�耠(𝑥�푗+) for any 𝑗 = 1, 2, . . . , 𝐾.

Theorem 3 gives a necessary condition under which
second derivatives of value functions are equal at every cutoff
when there are 𝐾 arms in the market.

When 𝐾 = 2, i.e., there are two arms in the market; the
agent has two states 𝑥1 and 𝑥2 in the model. In this case, we
only need to consider that an agent jumps between the two
states, i.e., 𝑚�푡 = {1, 2}. Thus, there is one cutoff, which is
discussed in [12].

3. Application

The application of Theorem 3 is similar to that in [12]. The
difference is that there are 𝐾 ≥ 2 sellers offering different
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products in the market. We index these sellers with 𝑗 =1, 2, . . . , 𝐾. We assume that all consumers have the same type𝑖, either𝐻 or 𝐿. Let 𝛽�푗�퐻 and 𝛽�푗�퐿 be the utilities of consumers
who buy good 𝑗 with type 𝐻 or 𝐿, respectively. We assume𝛽1�퐻 > 𝛽2�퐻 > ⋅ ⋅ ⋅ > 𝛽�퐾�퐻 and 𝛽1�퐿 < 𝛽2�퐿 < ⋅ ⋅ ⋅ < 𝛽�퐾�퐿,
i.e., the more likely the consumers are to buy type 𝐻, the
more tendency they choose the previous sellers. Therefore,
we denote that 𝑥 ∈ [0, 1] is the common belief that the type
is high and then the expected utility of controlling the seller𝑗 is 𝑓�푗(𝑥) fl 𝑥𝛽�푗�퐻 + (1 − 𝑥)𝛽�푗�퐿. If we denote 𝑎�푗 fl 𝛽�푗�퐻 − 𝛽�푗�퐿
and 𝑏�푗 fl 𝛽�푗�퐿, the utility is represented by

𝑓�푗 (𝑥) = 𝑎�푗𝑥 + 𝑏�푗, (15)

where 𝑎�푗 + 𝑏�푗 < 𝑎�푗+1 + 𝑏�푗+1 and 𝑏�푗 > 𝑏�푗+1.
At any time, all market participants observe all previous

outcomes. Because of the influence caused by uncertain
external factors, the flow utility 𝑢�푗�푖(𝑡) has a noisy signal of the
true value (the detailed introduction can be found in [12]).

𝑑𝑢�푗�푖 (𝑡) = 𝜉�푗�푖𝑑𝑡 + 𝜎�푗𝑑�̃��푗 (𝑡) , (16)

where �̃��푗(𝑡) is independent of �̃��푖(𝑡) (𝑖 ̸= 𝑗).𝑥 is related to time and it is described as a learning process
in [16], denoted by 𝑥�푡. Without loss of generality, we assume

that there are 𝑛�푗 consumers choosing seller 𝑗 and ∑�퐾�푗=1 𝑛�푗 =𝑁 ≥ 2. From the statements in [6, 7], we have that 𝑥�푡 satisfies
𝑑𝑥�푡 = �퐾∑

�푗=1

𝑛�푗Ξ�푗 (𝑥) 𝑑𝑊�푗 (𝑡) , (17)

where 𝑊�푗(𝑡) is independent of 𝑊�푖(𝑡) (𝑖 ̸= 𝑗) and Ξ�푗(𝑥) fl
𝑥2(1 − 𝑥)2(𝑎�푗/𝜎�푗). We denote 𝑠�푗 fl 𝑎�푗/𝜎�푗.

In the next subsection, the Markov perfect equilibrium
and the socially efficient allocation in 𝐾-armed market are
discussed.

3.1. Markov Perfect Equilibrium. Let 𝑝�푗 denote the price of
goods of seller 𝑗.Theprice is related to𝑥 at instantaneous time𝑡. So 𝑝�푗 is a mapping [0, 1] → R, 𝑗 = 1, 2, . . . , 𝐾. We denote𝛼�푖 as the choice of 𝑖th consumer which is related not only
to his common belief 𝑥, but also to the prices of the sellers’
goods, i.e., 𝛼�푖 : [0, 1] × R ×R × ⋅ ⋅ ⋅ ×R⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

The number of R is�퐾
→ {1, 2, . . . , 𝐾}. A

symmetric Markov perfect equilibrium is {𝛼, 𝑝1, 𝑝2, . . . , 𝑝�퐾}.
When the choice of the previous 𝑁 − 1 consumers is

observed, the utility of the 𝑁th consumer is maximized.
Let 𝑈(𝑥) denote the maximum utility of this consumer and𝑛�耠�푗 denote the number of choosing the 𝑗th seller. We have
∑�퐾�푗=1 𝑛�耠�푗 = 𝑁 − 1. There exists 𝑑 ∈ {1, 2, . . . , 𝐾} subject to
𝑛�耠�푑 = 𝑛�푑 − 1 and 𝑛�耠�푖 = 𝑛�푖, 𝑖 ̸= 𝑑. Then, we have

𝑟𝑈 (𝑥) = max

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

𝑓1 (𝑥) − 𝑝1 (𝑥) + 12 [ �퐾∑
�푖=1

𝑛�푖Ξ�푖 (𝑥) + Ξ1 (𝑥) − Ξ�푑 (𝑥)]𝑈�耠�耠 (𝑥)
...

𝑓�푑−1 (𝑥) − 𝑝�푑−1 (𝑥) + 12 [ �퐾∑
�푖=1

𝑛�푖Ξ�푖 (𝑥) + Ξ�푑−1 (𝑥) − Ξ�푑 (𝑥)]𝑈�耠�耠 (𝑥)
𝑓�푑 (𝑥) − 𝑝�푑 (𝑥) + 12 [ �퐾∑

�푖=1

𝑛�푖Ξ�푖 (𝑥)]𝑈�耠�耠 (𝑥)
𝑓�푑+1 (𝑥) − 𝑝�푑+1 (𝑥) + 12 [ �퐾∑

�푖=1

𝑛�푖Ξ�푖 (𝑥) + Ξ�푑+1 (𝑥) − Ξ�푑 (𝑥)]𝑈�耠�耠 (𝑥)
...

𝑓�퐾 (𝑥) − 𝑝�퐾 (𝑥) + 12 [ �퐾∑
�푖=1

𝑛�푖Ξ�푖 (𝑥) + Ξ�퐾 (𝑥) − Ξ�푑 (𝑥)]𝑈�耠�耠 (𝑥)

}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}

. (18)

Due to the price competition, the consumer chooses equal
utility for other sellers. Thus, we get

𝑓1 (𝑥) − 𝑝1 (𝑥)
+ 12 [ �퐾∑

�푖=1

𝑛�푖Ξ�푖 (𝑥) + Ξ1 (𝑥) − Ξ�푑 (𝑥)]𝑈�耠�耠 (𝑥) = ⋅ ⋅ ⋅
= 𝑓�푑−1 (𝑥) − 𝑝�푑−1 (𝑥)

+ 12 [ �퐾∑
�푖=1

𝑛�푖Ξ�푖 (𝑥) + Ξ�푑−1 (𝑥) − Ξ�푑 (𝑥)]𝑈�耠�耠 (𝑥)
= 𝑓�푑 (𝑥) − 𝑝�푑 (𝑥) + 12 [ �퐾∑

�푖=1

𝑛�푖Ξ�푖 (𝑥)]𝑈�耠�耠 (𝑥)
= 𝑓�푑+1 (𝑥) − 𝑝�푑+1 (𝑥)
+ 12 [ �퐾∑

�푖=1

𝑛�푖Ξ�푖 (𝑥) + Ξ�푑+1 (𝑥) − Ξ�푑 (𝑥)]𝑈�耠�耠 (𝑥) = ⋅ ⋅ ⋅
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= 𝑓�퐾 (𝑥) − 𝑝�퐾 (𝑥)
+ 12 [ �퐾∑

�푖=1

𝑛�푖Ξ�푖 (𝑥) + Ξ�퐾 (𝑥) − Ξ�푑 (𝑥)]𝑈�耠�耠 (𝑥) .
(19)

Therefore, we obtain

𝑓�푖 (𝑥) − 𝑝�푖 (𝑥) + 12Ξ�푖 (𝑥)𝑈�耠�耠 (𝑥)
= 𝑓�푗 (𝑥) − 𝑝�푗 (𝑥) + 12Ξ�푗 (𝑥)𝑈�耠�耠 (𝑥) ,

(20)

where 𝑖, 𝑗 = 1, 2, . . . , 𝐾 and 𝑖 ̸= 𝑗.
Now, we discuss the pricing of goods of sellers. Denote𝑉�푗(𝑥) as the 𝑗th seller’s utility. If there are 𝑛�푗 consumers

buying goods 𝑗 when the price is 𝑝�푗, we have
𝑉�푗 (𝑥) = E [∫∞

0
𝑒−�푟�푡𝑛�푗𝑝�푗 (𝑥�푡) 𝑑𝑡] , (21)

where 𝑑𝑥�푡 = ∑�퐾�푗=1√𝑛�푗𝑥�푡(1 − 𝑥�푡)𝑠�푗𝑑𝑊�푗(𝑡).
From (21), we derive that

𝑟𝑉�푗 (𝑥) = 𝑛�푗𝑝�푗 (𝑥) + 12 ( �퐾∑
�푖=1

𝑛�푖Ξ�푖 (𝑥))𝑉�耠�耠�푗 (𝑥) . (22)

We get 𝑛�푗 = 0 or 𝑁 because all consumers choose only
one seller (see [6, 7]). When 𝑛�푗 = 0, the utility of seller 𝑗 is
presented in the form

𝑟𝑉�푗 (𝑥) = 𝑁2 Ξ�푑 (𝑥) 𝑉�耠�耠�푗 (𝑥) , (23)

where we assume that all consumers choose seller 𝑑, i.e., 𝑗 ∈{1, 2, . . . , 𝐾} − {𝑑} and 𝑛�푑 = 𝑁.
When only one consumer chooses seller 𝑗, i.e., 𝑛�푗 = 1, the

utility of seller 𝑗 is
𝑟𝑉�푗 (𝑥) = 𝑝�푗 (𝑥)

+ 12 [(𝑁 − 1) Ξ�푑 (𝑥) + Ξ�푗 (𝑥)] 𝑉�耠�耠�푗 (𝑥) . (24)

As a rational market participant, when no consumer buys
goods, the seller adjusts the price so that the payoff in this case
is equal to the payoff when only one consumer chooses this
seller. We obtain the price of goods of seller 𝑗 in the form

𝑝�푗 (𝑥) = 12 (Ξ�푑 (𝑥) − Ξ�푗 (𝑥))𝑉�耠�耠�푗 (𝑥) . (25)

From (20), we get the price of seller 𝑑 in the form

𝑝�푑 (𝑥) = 𝑓�푑 (𝑥) − 𝑓�푗 (𝑥)
+ 12 (Ξ�푑 (𝑥) − Ξ�푗 (𝑥)) (𝑈�耠�耠 (𝑥) + 𝑉�耠�耠�푗 (𝑥)) . (26)

We have 𝑁 − 1 cutoffs 𝑥�푗, 𝑗 = 1, 2, . . . , 𝑁 − 1, where 0 <𝑥1 ≤ 𝑥2 ≤ ⋅ ⋅ ⋅ ≤ 𝑥�푗−1 < 1.When commonbelief𝑥 ∈ (𝑥�푖−1, 𝑥�푖),
consumer chooses seller 𝑖, 𝑖 = 1, 2, . . . , 𝐾 ( 𝑥0 fl 0, 𝑥�퐾 fl 1).
If 𝑥 = 𝑥�푖, the utilities of consumers are indifferent when they
choose seller 𝑖 or 𝑖 + 1 due to value matching. When 𝑥 ̸= 𝑥�푖,
we have the conclusion

Theorem4. All consumers only choose the first seller or the last
seller in the market if and only if cutoffs 𝑥�푗, 𝑗 = 1, 2, . . . , 𝑁− 1,
are the same and equal to (𝑟𝐷0 − (𝑏1 − 𝑏�푘))/((𝑎1 − 𝑎�퐾) − 𝑟𝐷1),
where

𝐷0 fl (𝛾1 + 12 𝑠21 + 𝛾�퐾 − 12 𝑠2�퐾) 𝑏1 − 𝑏�퐾𝑟 𝐶1 + 𝐶�퐾𝐶1 ⋅ 𝐶�퐾 ,
𝐷1

fl (𝑠2�퐾 − 𝑠21) 𝑏1 − 𝑏�퐾𝑟
+ (𝑠21 𝛾1 − 12 + 𝑠2�퐾 𝛾�퐾 + 12 ) 𝑎1 − 𝑎�퐾𝑟 𝐶1 + 𝐶�퐾𝐶1 ⋅ 𝐶�퐾 ,

𝐶1 fl 12 (𝑁 − 1) 𝑠21 (𝜆1 − 𝛾1) + 12𝑠2�퐾 (𝜆1 + 𝛾�퐾) ,
𝐶�퐾 fl 12 (𝑁 − 1) 𝑠2�퐾 (𝜆�퐾 − 𝛾�퐾) + 12𝑠21 (𝜆�퐾 + 𝛾1) ,
𝛾�푗 fl √1 + 8𝑟𝑁𝑠2�푗 ,

𝜆1 fl √1 + 8𝑟(𝑁 − 1) 𝑠21 + 𝑠2�퐾
and 𝜆�퐾 fl √1 + 8𝑟(𝑁 − 1) 𝑠2�퐾 + 𝑠21 .

(27)

Proof. Firstly, we prove the sufficiency. When all cutoffs are
equivalent and equal to (𝑟𝐷0 − (𝑏1 −𝑏�푘))/((𝑎1 −𝑎�퐾) − 𝑟𝐷0), all
consumers only choose the first seller or the last seller in the
market.

Letting 𝑥∗ fl 𝑥1 = ⋅ ⋅ ⋅ = 𝑥�퐾−1, we have 𝑥∗ = 𝑥1 = 𝑥�퐾−1.
When 𝑥 ∈ (0, 𝑥1), all consumers choose the first seller. From
(25) and (26), we have

𝑝�퐾 (𝑥) = 12 (Ξ1 (𝑥) − Ξ�퐾 (𝑥)) 𝑉�耠�耠�퐾 (𝑥) (28)

and

𝑝1 (𝑥) = 𝑓1 (𝑥) − 𝑓�퐾 (𝑥)
+ 12 (Ξ1 (𝑥) − Ξ�퐾 (𝑥)) (𝑈�耠�耠 (𝑥) + 𝑉�耠�耠�퐾 (𝑥)) . (29)

Substituting (29) into (22) yields

𝑟𝑉1 (𝑥) = 𝑁[𝑓1 (𝑥) − 𝑓�퐾 (𝑥)
+ 12 (Ξ1 (𝑥) − Ξ�퐾 (𝑥)) (𝑉�耠�耠�퐾 (𝑥) − 𝑈�耠�耠 (𝑥))] + 𝑁2
⋅ Ξ1𝑉�耠�耠1 (𝑥)

(30)
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Substituting (28) and (29) into (22) gives rise to

𝑟𝑈 (𝑥) = 𝑓�퐾 (𝑥)
− 12 (Ξ1 (𝑥) − Ξ�퐾 (𝑥)) (𝑉�耠�耠�퐾 (𝑥) + 𝑈�耠�耠 (𝑥))
+ 𝑁2 Ξ1𝑈�耠�耠 (𝑥) .

(31)

From (23), (30), and (31), for 𝑥 ∈ (0, 𝑥1), we have

𝑉1 (𝑥) = 𝑁𝑓1 (𝑥) − 𝑓�퐾 (𝑥)𝑟
+ 𝑃3𝑥(�훾1+1)/2 (1 − 𝑥)−(�훾1−1)/2
− 𝑁𝑃2𝑥(�휆1+1)/2 (1 − 𝑥)−(�휆1−1)/2

𝑉�퐾 (𝑥) = 𝑃1𝑥(�훾1+1)/2 (1 − 𝑥)−(�훾1−1)/2
𝑈 (𝑥) = 𝑓�퐾 (𝑥)𝑟 + 𝑃2𝑥((�휆1+1)/2)(1−�푥)−(𝜆1−1)/2

− 𝑃1𝑥(�훾1+1)/2 (1 − 𝑥)−(�훾1−1)/2 .

(32)

Similarly, for 𝑥 ∈ (𝑥�퐾−1, 1), it has

𝑉1 (𝑥) = 𝑄1𝑥−(�훾𝐾−1)/2 (1 − 𝑥)(�훾𝐾+1)/2
𝑉�퐾 (𝑥) = 𝑁𝑓�퐾 (𝑥) − 𝑓1 (𝑥)𝑟

+ 𝑄3𝑥−(�훾𝐾−1)/2 (1 − 𝑥)(�훾𝐾+1)/2
− 𝑁𝑄2𝑥−(�휆𝐾−1)/2 (1 − 𝑥)(�휆𝐾+1)/2

𝑈 (𝑥) = 𝑓1 (𝑥)𝑟 + 𝑄2𝑥((�휆+1)/2)(1−�푥)−(𝜆−1)/2
− 𝑄1𝑥(�훾𝐾+1)/2 (1 − 𝑥)−(�훾𝐾−1)/2 ,

(33)

where 𝛾�푗 fl √1 + 8𝑟/𝑁𝑠2�푗 , 𝜆1 fl √1 + 8𝑟/((𝑁 − 1)𝑠21 + 𝑠2�퐾),
𝜆�퐾 fl √1 + 8𝑟/((𝑁 − 1)𝑠2�퐾 + 𝑠21), and𝑃�휉 and𝑄�휉 are constants,𝜉 = 1, 2, 3.

Using value matching, smooth pasting, the second
derivative condition, and 𝑥∗ = 𝑥1 = 𝑥�퐾−1, we have𝑉1(𝑥∗−) =𝑉�퐾(𝑥∗+), 𝑉�耠1 (𝑥∗−) = 𝑉�耠�퐾(𝑥∗+), 𝑉�耠�耠1 (𝑥∗−) = 𝑉�耠�耠�퐾 (𝑥∗+), and𝑈(𝑥∗−) = 𝑈(𝑥∗+). Therefore, we obtain

𝑓1 (𝑥∗) − 𝑓�퐾 (𝑥∗)𝑟 = 𝜑 (𝑥∗)
𝐶1 + 𝜑 (𝑥∗)

𝐶�퐾 , (34)

where

𝜑 (𝑥) fl (𝛾1 + 12 𝑠21 + 𝛾�퐾 − 12 𝑠2�퐾) 𝑏1 − 𝑏�퐾𝑟
+ [(𝑠2�퐾 − 𝑠21) 𝑏1 − 𝑏�퐾𝑟
+ (𝑠21 𝛾1 − 12 + 𝑠2�퐾 𝛾�퐾 + 12 ) 𝑎1 − 𝑎�퐾𝑟 ] 𝑥,

𝐶1 fl 12 (𝑁 − 1) 𝑠21 (𝜆1 − 𝛾1) + 12𝑠2�퐾 (𝜆1 + 𝛾�퐾)

(35)

and

𝐶�퐾 fl 12 (𝑁 − 1) 𝑠2�퐾 (𝜆�퐾 − 𝛾�퐾) + 12𝑠21 (𝜆�퐾 + 𝛾1) . (36)

Define

𝐷0 fl (𝛾1 + 12 𝑠21 + 𝛾�퐾 − 12 𝑠2�퐾) 𝑏1 − 𝑏�퐾𝑟 𝐶1 + 𝐶�퐾𝐶1 ⋅ 𝐶�퐾 (37)

and

𝐷1 fl (𝑠2�퐾 − 𝑠21) 𝑏1 − 𝑏�퐾𝑟
+ (𝑠21 𝛾1 − 12 + 𝑠2�퐾 𝛾�퐾 + 12 ) 𝑎1 − 𝑎�퐾𝑟 𝐶1 + 𝐶�퐾𝐶1 ⋅ 𝐶�퐾 .

(38)

Thus, we get

𝑓1 (𝑥∗) − 𝑓�퐾 (𝑥∗)𝑟 = 𝐷�표 + 𝐷1𝑥∗ (39)

and

𝑥∗ = 𝑟𝐷0 − (𝑏1 − 𝑏�푘)(𝑎1 − 𝑎�퐾) − 𝑟𝐷0 . (40)

When 𝑥∗ fl 𝑥1 = ⋅ ⋅ ⋅ = 𝑥�퐾−1, (𝑥�푖, 𝑥�푖+1) = 𝜙, 𝑖 =1, 2, . . . , 𝐾 − 2, all consumers only choose the first seller or
the last seller in the market.

The sufficiency of Theorem 4 is proved.
Now, we prove the necessity. That all consumers choose

only the first seller or the last seller in the market means that
these cutoffs are the same and equal to (𝑟𝐷0−(𝑏1−𝑏�푘))/((𝑎1−𝑎�퐾) − 𝑟𝐷0), 𝑥 ̸= 𝑥∗. We prove it by contradiction.

Assuming 𝑥�푖 ̸= 𝑥�푖+1, we get 𝑥�푖 < 𝑥�푖+1, 𝑖 = 1, 2, . . . , 𝐾 − 2.
So (𝑥�푖, 𝑥�푖+1) ∩ {[0, 𝑥∗) ∪ (𝑥∗, 1]} ̸= 𝜙, i.e., ∃𝑥0 ̸= 𝑥∗, 𝑥0 ∈(𝑥�푖, 𝑥�푖+1). When the common belief is 𝑥0, the optimal choice
is the (𝑖+1)th and 𝑖+1 ̸= 1 and 𝑖+1 ̸= 𝐾.This is contradiction
to the proposition of which all consumers choose only the
first seller or the last seller. So 𝑥�푖 = 𝑥�푖+1, 𝑖 = 1, 2, . . . , 𝐾 − 2.
According to the proof of the sufficiency, we have 𝑥∗ = 𝑥1 =𝑥�퐾−1 = (𝑟𝐷0 − (𝑏1 − 𝑏�푘))/((𝑎1 − 𝑎�퐾) − 𝑟𝐷0). The necessity of
Theorem 4 is proved.

Theorem 4 shows the necessary and sufficient conditions
for the consumers’ choice. We find that when the consumers
only choose the first seller and the last seller, the multiarmed
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bandits problem would be attributed to the two-armed
bandits. In other words, other sellers gradually disappear in
themarket because they have no sales.Themultiarmedbandit
problem is transformed into the two-armed bandits in the
situation discussed in [12].

3.2. Socially Efficient Allocation. We consider the optimal
choice of planners when they face multiarmed bandit prob-
lem. Let the total social surplus function be 𝑤(𝑥). We have

𝑤 (𝑥) = sup
�푛1 ,�푛2,...,�푛𝐾

{{{
E∫∞
0

𝑒−�푟�푡 �퐾∑
�푗=1

𝑛�푗�푡𝑓�푗 (𝑥�푡) 𝑑𝑡}}}
(41)

s.t. 𝑑𝑥�푡 = �퐾∑
�푗=1

√𝑛�푗�푡𝑥�푡 (1 − 𝑥�푡) 𝑠�푗𝑑𝑊�푗 (𝑡) . (42)

Assume that Π�푗(𝑥) is the total social surplus in a neigh-
borhood of 𝑥 if a planner choose seller 𝑗. From (41), we have

𝑟Π�푗 (𝑥) = 𝑁[𝑓�푗 (𝑥) + 12Ξ�푗 (𝑥)Π�耠�耠�푗 (𝑥)] , (43)

where 𝑗 = 1, 2, . . . , 𝐾.
Solving the ordinary differential equation (43), we get

Π1 (𝑥) = 𝑁𝑓1 (𝑥)𝑟 + 𝐶11𝑥(�훾1+1)/2 (1 − 𝑥)−(�훾1−1)/2 ,
Π�푗 (𝑥) = 𝑁𝑓�푗 (𝑥)𝑟 + 𝐶1�푗𝑥(�훾𝑗+1)/2 (1 − 𝑥)−(�훾𝑗−1)/2

+ 𝐶2�푗𝑥−(�훾𝑗−1)/2 (1 − 𝑥)(�훾𝑗+1)/2
𝑗 = 2, . . . , 𝐾 − 1,

Π�퐾 (𝑥) = 𝑁𝑓�퐾 (𝑥)𝑟 + 𝐶2�퐾𝑥−(�훾𝐾−1)/2 (1 − 𝑥)(�훾𝐾+1)/2 ,
(44)

where 𝐶1�푖 and 𝐶2�푖 , 𝑖 = 1, 2, . . . , 𝐾, are constants.
We denote 𝑥1, 𝑥2, . . . , 𝑥�퐾−1 subjecting to 0 < 𝑥1 ≤ 𝑥2 ≤⋅ ⋅ ⋅ ≤ 𝑥�퐾−1 < 1 as the cutoffs of the choice for the planner.

When 𝑥 ∈ (𝑥�푖−1, 𝑥�푖), the optimal choice is the 𝑖th seller,𝑖 = 1, 2, . . . , 𝐾 and 𝑥0 = 0, 𝑥�퐾 = 1. Due to value matching,
smooth pasting, and the second derivative conditions, one
has

Π�푗 (𝑥�푗−) = Π�푗+1 (𝑥�푗+) ,
Π�耠�푗 (𝑥�푗−) = Π�耠�푗+1 (𝑥�푗+) ,
Π�耠�耠�푗 (𝑥�푗−) = Π�耠�耠�푗+1 (𝑥�푗+) ,

(45)

where 𝑗 = 1, 2, . . . , 𝐾 − 1.
There are (3𝐾 − 3) unknown parameters and (3𝐾 − 3)

equations in system (45) with [𝑥�훽(1 − 𝑥)1−�훽]�耠 ̸= 𝑥�훽(1 − 𝑥)1−�훽,
for all 𝛽 > 1, i.e., the coefficient matrix of system (45) is
nonsingular. Thus, system (45) has a unique solution.

The planner chooses from the first seller or the 𝐾 − 𝑡ℎ
seller when 𝑥1 = 𝑥2 = ⋅ ⋅ ⋅ = 𝑥�퐾−1. Let 𝑥† fl 𝑥1 = 𝑥2 = ⋅ ⋅ ⋅ =𝑥�퐾−1. System (45) becomes

Π1 (𝑥†) = Π�퐾 (𝑥†) ,
Π�耠1 (𝑥†) = Π�耠�퐾 (𝑥†) ,
Π�耠�耠1 (𝑥†) = Π�耠�耠�퐾 (𝑥†) .

(46)

We obtain

𝑥† = (𝑏1 − 𝑏�푘) (((𝛾1 + 1) /2) 𝑠21 + ((𝛾�퐾 − 1) /2) 𝑠2�퐾)(𝑎�퐾 − 𝑎1) (𝑠21 ((𝛾1 − 1) /2) + 𝑠2�퐾 ((𝛾�퐾 + 1) /2)) + (𝑏1 − 𝑏�퐾) (𝑠21 − 𝑠2�퐾) . (47)

The results in [12] introduce the necessary and sufficient
condition under which the Markov perfect equilibrium with
cautious strategies is socially efficient with two-armed ban-
dits.

Corollary 5. When 𝐾 ≥ 2, 𝑁 ≥ 2, the consumers’ cutoffs
are 𝑥∗, and the planner’s cutoffs are 𝑥†, the Markov perfect
equilibrium with cautious strategies is socially efficient if and
only if 𝑠1 = 𝑠�퐾. Moreover, 𝑥∗ > 𝑥† (𝑥∗ < 𝑥†) when 𝑠1 >𝑠�퐾 (𝑠1 < 𝑠�퐾).

The proof of Corollary 5 is similar to that ofTheorem 2 in
[12]. We omit its proof.

Corollary 5 shows that the necessary and sufficient
conditions under which theMarkov perfect equilibriumwith
cautious strategies is socially efficient when the cutoffs are
multiarmed bandits. Jin and Xi [12] present the conditions in

the case of two-armedmarket.Thus,Theorem 4 extends parts
of results in [12].

According to the condition in Corollary 5, when (𝛽1�퐻 −𝛽1�퐿)/𝜎1 = (𝛽�퐾�퐻−𝛽�퐾�퐿)/𝜎�퐾, we obtain that theMarkov perfect
equilibrium with cautious strategies is socially efficient. If𝜎1 = 𝜎�푘, we obtain 𝛽1�퐻 − 𝛽�퐾�퐻 = 𝛽1�퐿 − 𝛽�퐾�퐿. In the light of
our initial hypothesis, we have 𝛽1�퐻 = 𝛽�퐾�퐻 and 𝛽1�퐿 = 𝛽�퐾�퐿;
i.e., all sellers are identical in the market.

4. Conclusion

We study a common value experimentation with multiarmed
bandits and present its application. This extends two-armed
bandits in [12] to multiarmed bandits. We derive the HJB
equation with multiarmed bandits. In the application, we
get the necessary and sufficient conditions for the choices
of consumers from two sellers. The necessary and sufficient
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conditions guarantee that the Markov perfect equilibrium
with cautious strategies is socially efficient. In future, we need
to solve all the cutoffs in system (45) when these cutoffs are
different and give general solutions about these cutoffs.
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The adaptive fuzzy output feedback control problem for a class of pure feedback systems with partial state constraints is addressed
in this paper. The fuzzy state observers are designed to estimate the unmeasured state while the fuzzy logic systems are used to
approximate the unknown nonlinear functions. The proposed adaptive fuzzy output feedback controller can guarantee that the
partial state constraints are not violated, and all closed-loop signals remain bounded by use of Barrier Lyapunov Functions (BLFs).
A numerical example is presented to illustrate the effectiveness of the results in this paper.

1. Introduction

During the last decades, control design of nonlinear sys-
tems has attracted increasing interests. All kinds of control
techniques have been proposed for both theoretical analysis
and practical applications [1–6]. Many practical systems are
inherently nonlinear and subject tomany forms of constraints
such as saturation and physical stoppages. Violation of the
constraints may degrade the control performance and even
make the system unstable. Therefore, the constraints han-
dling in control design has attracted considerable attention
[6–15]. There exist various techniques to tackle the con-
straints for nonlinear systems like nonlinear reference gov-
ernor [7], invariance control [9], nonlinear model predictive
control [11], etc.

Backstepping methodology is more effective in synthesis
of robust and adaptive nonlinear controllers for various
systems with parametric or dynamic nonlinearities and
uncertainties [16–22].Thework in [20] constructs an adaptive
tracking controller by introducing an auxiliary integrator
subsystem and using the improved backstepping method
such that the closed-loop system has a unique solution that
is globally bounded in probability. The concept of Barrier
Lyapunov Function (BLF), which is developed via Con-
trol Lyapunov Function (CLF) [23] in backstepping design

method, was first proposed in [24]. The characteristic of
BLF is that it will approach infinity whenever its arguments
approach some limits. Transgression of constraints can be
prevented through keeping BLF bounded in the closed-loop
system. BLF-based backstepping control has been applied
to many constrained nonlinear systems control synthesis
[25–29]. Therein, [24, 30, 31] have solved the BLF-based
control problem of strict feedback nonlinear systems. The
work [27] investigates the output tracking control problem
of constrained nonlinear switch systems.The work [29] deals
with the problem of adaptive dynamic surface control of
nonlinear systems with unknown dead zone in pure feedback
form. And the problem with respect to full state constraints
is solved in [32, 33].

As we all know, the adaptive fuzzy control has an
automatic learning capability which can adjust the adap-
tive parameters to deal with the uncertainty. Using the
approximation property, fuzzy logic systems (FLSs) have
been employed to tackle unknown nonlinear systems [26,
28, 34–36]. A control for nonlinear sampled systems with
the guaranteed suboptimal performance achieved robust
tracking by using fuzzy disturbance observer approach
[26]. The work [34] studied an adaptive fuzzy dynamic
surface control for nonlinear systems with fuzzy dead
zone, unmodeled dynamics, dynamical disturbances, and
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unknown control gain functions. And the unknown system
functions are approximated by the Takagi-Sugeno-type fuzzy
logic systems. The work [36] addressed the adaptive control
problem for nonlinear pure feedback systems based on
fuzzy backstepping approach.Moreover, [28] constructed the
approximation-based adaptive fuzzy tracking controller for
non-strict-feedback stochastic nonlinear time-delay systems.
As for the adaptive fuzzy observer design, to the best of the
authors’ knowledge, the existing results consider only the
influence of full state constraints, and there is no further
discussion about partial state constraints. There is seldom
adaptive control method subject to partial state constraints
and unmeasured state.

In this paper, we present an adaptive fuzzy backstepping
tracking controller for a class of pure feedback nonlinear sys-
tems subject to unmeasured states and unknown nonlinear
function. Firstly, the fuzzy state observers are designed to
estimate the unmeasured state while the fuzzy logic systems
are used to approximate the unknown nonlinear functions.
Secondly, the proposed adaptive fuzzy output feedback con-
troller can guarantee that the partial state constraints are not
exceeded, and all closed-loop signals remain bounded with
the using of BLF while the adaptive law for the estimations
on uncertain parameters is constructed. A new coordinate
transform is introduced during the process. Finally, a numer-
ical example is given to validate our results presented in this
paper.

The paper is organized as follows. Section 2 presents
the problem formulation and some preliminaries. The main
results are proposed in Section 3. Section 4 illustrates the
effectiveness of the results by a numerical example.

2. Problem Statement and Preliminaries

2.1. Systems Description. Consider the following nonlinear
pure feedback systems:

�̇�𝑖 = 𝑥𝑖+1 + 𝑓𝑖 (𝑥𝑖, 𝑥𝑖+1) ,
�̇�𝑛 = 𝑢 + 𝑓𝑛 (𝑥𝑛, 𝑢) ,
𝑦 = 𝑥1,

(1)

where 𝑥𝑖 = [𝑥1, 𝑥2, . . . , 𝑥𝑖]T ∈ R𝑖, 𝑖 = 1, 2, . . . , 𝑛, are the
state vectors of the systems, 𝑢 and 𝑦 are the input and output,
respectively. The partition of the full states is constrained,
i.e., constrained states 𝑥𝑠 = [𝑥1, 𝑥2, . . . , 𝑥𝑛𝑠]T and free states𝑥𝑟 = [𝑥𝑛𝑠+1 , 𝑥𝑛𝑠+2 , . . . , 𝑥𝑛]T. And the number sequences,{1, 2, . . . , 𝑛𝑠} and {𝑛𝑠+1, 𝑛𝑠+2, . . . , 𝑛}, are both ascending. The
states 𝑥𝑖(𝑡), 𝑖 = 1, . . . , 𝑛𝑠 are required to remain in the
set |𝑥𝑖| < 𝑘𝑐𝑖 with 𝑘𝑐𝑖 being positive constant, ∀𝑡 ≥ 0.
The nonlinear functions 𝑓𝑖(𝑥𝑖, 𝑥𝑖+1), 𝑖 = 1, 2, . . . , 𝑛 − 1
and 𝑓𝑛(𝑥𝑛, 𝑢) are unknown nonlinear smooth functions,
supposing that only the output signal is measured and other
states are unmeasurable.

This paper is concerned with the problem of adaptive
fuzzy output feedback control for system (1). Because of
the existing unknown nonlinear functions, the fuzzy logic
systems are employed to approximate the unknownnonlinear

functions, and the fuzzy state observers are designed to
handle the unmeasurable states. The following lemmas and
assumptions related to backstepping design are given which
will be used in the further analysis in the sequel.

Lemma 1 (see [24]). For any positive constants 𝑘𝑏𝑖 , let Z :=
{𝑧 ∈ R𝑙 : |𝑧𝑖| < 𝑘𝑏𝑖 , 𝑖 = 1, 2, . . . , 𝑛} ⊂ R𝑛 andN := R𝑙 × Z ⊂
R𝑛+𝑙 be open sets. Consider the system

̇𝜂 = ℎ (𝑡, 𝜂) , (2)

where 𝜂 := [𝑤, 𝑧]T ∈ N is the state, and the function ℎ : R+ ×
N → R𝑛+𝑙 is piecewise continuous in 𝑡 and locally Lipschitz
in 𝜂, uniformly in 𝑡, on R+ × N. Let Z𝑖 := {𝑧𝑖 ∈ R : |𝑧𝑖| <𝑘𝑏𝑖} ⊂ R. Suppose that there exist positive definite functions𝑈 :
R𝑙 → R+ and 𝑉𝑖 : Z𝑖 → R+ (𝑖 = 1, 2, . . . , 𝑛), both of which
are also continuously differentiable on R𝑙 andZ𝑖, respectively,
such that

𝑉𝑖 (𝑧𝑖) → ∞ 𝑎𝑠 𝑧𝑖 → ±𝑘𝑏𝑖 . (3)

Let𝑉(𝜂) := ∑𝑛𝑖=1 𝑉𝑖(𝑧𝑖) +𝑈(𝑤) and 𝑧(0) ∈ Z. If the inequality

�̇� = 𝜕𝑉𝜕𝜂 ℎ ≤ −𝜌𝑉 + 𝑐, (4)

with constants 𝜌 > 0, 𝑐 > 0, holds in the set 𝑧 ∈ Z, then𝑧(𝑡) ∈ Z, ∀𝑡 ∈ [0,∞).
Lemma 2 (see [30]). For any positive constants 𝑘𝑏, positive
integer 𝑝, and any 𝑧 ∈ R satisfying |𝑧| < 𝑘𝑏, one has

log
𝑘2𝑝
𝑏𝑘2𝑝

𝑏
− 𝑧2𝑝 ≤ 𝑧2𝑝

𝑘2𝑝
𝑏

− 𝑧2𝑝 . (5)

Proof. We define

𝑞 = 𝑧2𝑝
𝑘2𝑝
𝑏

− 𝑧2𝑝 − log
𝑘2𝑝
𝑏𝑘2𝑝

𝑏
− 𝑧2𝑝

= 𝑧2𝑝
𝑘2𝑝
𝑏

− 𝑧2𝑝 − log(1 − 𝑧2𝑝
𝑘2𝑝
𝑏

− 𝑧2𝑝) .
(6)

As |𝑧| < 𝑘𝑏, we have |𝑧|2𝑝 < 𝑘2𝑝
𝑏
. Then, we can get the

inequalities 0 ≤ 𝑧2𝑝/(𝑘2𝑝
𝑏

− 𝑧2𝑝) < 𝑘2𝑝
𝑏

/(𝑘2𝑝
𝑏

− 𝑧2𝑝) =1 − 𝑧2𝑝/(𝑘2𝑝
𝑏

− 𝑧2𝑝) and 0 ≤ 𝑧2𝑝/(𝑘2𝑝
𝑏

− 𝑧2𝑝) < 1/2. Let𝜍 = 𝑧2𝑝/(𝑘2𝑝
𝑏

−𝑧2𝑝) and then 𝑞 = − log(1−𝜍)+𝜍.The derivative
of 𝑞 is given as ̇𝑞 = (2 − 𝜍)/(1 − 𝜍) > 0. It shows that 𝑞 is
continuously increasing and the minimum of 𝑞 is 𝑞min = 0.
Thus, we get log(𝑘2𝑝

𝑏
/(𝑘2𝑝

𝑏
− 𝑧2𝑝)) ≤ 𝑧2𝑝/(𝑘2𝑝

𝑏
− 𝑧2𝑝), and

log(𝑘2𝑝
𝑏

/(𝑘2𝑝
𝑏

−𝑧2𝑝)) = 𝑧2𝑝/(𝑘2𝑝
𝑏

−𝑧2𝑝) if and only if 𝑧 = 0.
Lemma3 (see [37]). Let𝑓(𝑥) be a continuous function defined
on a compact set Ω, and, for any constant 𝜀 > 0, there exists
fuzzy logic system (12) such as

𝑓 (𝑥) = 𝑓 (𝑥 | 𝜃) + 𝜀 (𝑥) , |𝜀 (𝑥)| ≤ 𝜀. (7)
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Lemma 4 (see [31]). For any 𝛽 ∈ R𝑛 and 𝜗 > 0, the following
inequality holds:

0 < 𝛽 − 𝛽 tanh(𝛽𝜗) ≤ 𝜇𝜗, 𝜇 = 0.2785. (8)

Assumption 5 (see [24]). For any 𝑘𝑐1 > 0, there exist positive
constants 𝐴0, 𝑌1, 𝑌2, . . . , 𝑌𝑛 such that the desired trajectory𝑦𝑑(𝑡) and its time derivatives satisfy |𝑦𝑑(𝑡)| ≤ 𝐴0 < 𝑘𝑐1 and|𝑦(𝑖)
𝑑
(𝑡)| < 𝑌𝑖, 𝑖 = 1, 2, . . . , 𝑛, for all 𝑡 ≥ 0.

Assumption 6. There exist known constants𝑚𝑖 > 0 such that𝑓𝑖 (𝑥1) − 𝑓𝑖 (𝑥2) ≤ 𝑚𝑖 𝑥1 − 𝑥2 , 𝑖 = 1, 2, . . . , 𝑛. (9)
Rewrite (1) as

�̇�𝑖 = 𝑥𝑖+1 + 𝑓𝑖 (�̂�𝑖, 𝑥𝑖+1,𝑓) + 𝑓𝑖,
�̇�𝑛 = 𝑢 + 𝑓𝑛 (�̂�𝑛, 𝑢𝑓) + 𝑓𝑛,
𝑦 = 𝑥1,

(10)

where 𝑓𝑖 = 𝑓𝑖(𝑥𝑖, 𝑥𝑖+1) − 𝑓𝑖(�̂�𝑖, 𝑥𝑖+1,𝑓), 𝑖 = 1, 2, . . . , 𝑛 −
1, 𝑓𝑛 = 𝑓𝑛(𝑥𝑛, 𝑢) − 𝑓𝑛(�̂�𝑛, 𝑢𝑓). �̂�𝑖 are the estimates of𝑥𝑖, which will be obtained by the state observer designed
later; 𝑥𝑖+1,𝑓 and 𝑢𝑓 are the filtered signals for 𝑥𝑖+1 and 𝑢,
respectively. There exist known constants 𝜏𝑖, 𝑖 = 1, 2, . . . , 𝑛,
such that |𝑥𝑖+1 − 𝑥𝑖+1,𝑓| ≤ 𝜏i+1 (𝜏1 = 0). The filtered signals
are defined as follows: 𝑥𝑖,𝑓 = 𝐻𝐿 (𝑠) 𝑥𝑖,

𝑢𝑓 = 𝐻𝐿 (𝑠) 𝑢, (11)

where𝐻𝐿(𝑠) is a Butterworth low-pass filter (LPF) [26, 36, 38]
with the cutoff frequency 𝜔𝑐 = 1 rad/s for different values of𝑛.
Remark 7. The filtered signals 𝑥𝑖+1,𝑓 and 𝑢𝑓 are employed to
avoid the so-called algebraic loop problem existing in [29, 39]
and to design the state observer and controller for nonlinear
pure feedback systems.

Remark 8. Based on the statements in [26, 36, 38], most
actuators have low-pass property and the replacements 𝑥𝑖,𝑓 ≈𝑥𝑖 and 𝑢𝑓 ≈ 𝑢 are reasonable in the controller design.
Therefore, assume that |𝑥𝑖 − 𝑥𝑖,𝑓| ≤ 𝜏𝑖 with 𝜏𝑖 being known
constants.

Then (10) can be further rewritten into the following state
space form:

�̇� = 𝐴𝑥 + 𝐾𝑦 + 𝑛−1∑
𝑖=1

𝐵𝑖 (𝑓𝑖 (�̂�𝑖, �̂�𝑖+1,𝑓) + 𝑓𝑖)
+ 𝐵𝑛 (𝑓𝑛 (�̂�𝑛, 𝑢𝑓) + 𝑓𝑛 + 𝑢) ,

(12)

where 𝑥 = [ 𝑥1...
𝑥𝑛

] , 𝐴 = [ −𝑘1... 𝐼
−𝑘𝑛 0 ⋅⋅⋅ 0

] ,𝐾 = [ 𝑘1...
𝑘𝑛

] , 𝐵𝑖 =
[[
[

0
...
1
...
0

]]
]

, 𝐵𝑛 = [ 0...
1

] .The vector𝐾 is chosen tomakematrix𝐴 to

be a strict Hurwitz matrix; i.e., for given a matrix𝑄 = 𝑄T > 0
there exists a matrix 𝑃 = 𝑃T > 0 satisfying

𝐴T𝑃 + 𝑃𝐴 = −2𝑄. (13)

2.2. Design of FLSs and State Observer. To tackle the
unknown nonlinear functions, the fuzzy logic systems are
introduced as follows.

Rule 𝑗: if 𝑥1 is 𝑁𝑗1 , and 𝑥2 is 𝑁𝑗2 and ⋅ ⋅ ⋅ and 𝑥𝑛 is 𝑁𝑗𝑛 ,
then

𝑦 (𝑥) is 𝑀𝑗, 𝑗 = 1, 2, . . . , 𝑚, (14)

where 𝑦 is the output of the system,𝑁𝑗1 and𝑀𝑗 denote fuzzy
sets, and𝑚 represents the number of fuzzy rules.

By using the singleton fuzzifier, center average defuzzifi-
cation and product inference [25, 28], the final output can be
expressed as follows:

𝑦 (𝑥) = ∑𝑚𝑗=1 𝑦𝑗∏𝑛
𝑙=1𝜇𝑁𝑗1 (𝑥𝑙)∑𝑚𝑗=1∏𝑛
𝑙=1𝜇𝑁𝑗1 (𝑥𝑙) , (15)

where 𝑦𝑗 = max𝑦∈𝑅𝜇𝑀𝑗(𝑦); 𝜇𝑁𝑗1 (𝑥𝑙) and 𝜇𝑀𝑗(𝑦) stand for
membership functions with respect to fuzzy sets𝑁𝑗1 and𝑀𝑗,
respectively.

Define

𝜑 (𝑥) = ∏𝑛
𝑙=1𝜇𝑁𝑗1 (𝑥𝑙)∑𝑚𝑗=1∏𝑛
𝑙=1𝜇𝑁𝑗1 (𝑥𝑙) (16)

as the basis function vector. The ideal constant weight
vector is = [𝑦1, 𝑦2, . . . , 𝑦𝑚]T = [𝜃1, 𝜃2, . . . , 𝜃𝑚]T, 𝜑(𝑥) =[𝜑1(𝑥), 𝜑2(𝑥), . . . , 𝜑𝑚(𝑥)]T, and 𝜑𝑖(𝑥) is chosen as Gaussian
function; i.e., for 𝑖 = 1, 2, . . . , 𝑚,

𝜑𝑖 (𝑥) = exp[− (𝑥 − 𝜇𝑖)T (𝑥 − 𝜇𝑖)𝜂2𝑖 ] , (17)

where 𝜇𝑖 = [𝜇𝑖1 , 𝜇𝑖2 , . . . , 𝜇𝑖𝑛]T is the center vector, and 𝜂𝑖 is the
width of the Gaussian function.

Then, the fuzzy output 𝑦 in (15) is described as

𝑦 (𝑥) = 𝜃T𝜑 (𝑥) . (18)

Accordingly, assume that the unknown nonlinear func-
tions in (1) are approximated by the following fuzzy logic
systems:

𝑓𝑖 (�̂�𝑖, 𝑥𝑖+1,𝑓 | 𝜃𝑖) = 𝜃T𝑖 𝜑𝑖 (�̂�𝑖, 𝑥𝑖+1,𝑓) , 1 ≤ 𝑖 ≤ 𝑛, (19)

where 𝑥𝑛+1,𝑓 = 𝑢𝑓.The optimal weight vector 𝜃∗𝑖 is defined as
𝜃∗𝑖 = arg min

𝜃𝑖∈Ω𝑖

[
[

sup
(�̂�𝑖 ,𝑥𝑖+1,𝑓)∈𝑈𝑖1×𝑈𝑖2

[𝑓𝑖 (�̂�𝑖, 𝑥𝑖+1,𝑓 | 𝜃𝑖)

− 𝑓𝑖 (�̂�𝑖, 𝑥𝑖+1,𝑓 | 𝜃∗𝑖 )]]]
,

(20)
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where Ω𝑖 and 𝑈𝑖1 × 𝑈𝑖2 are compact regions for 𝜃𝑖 and(�̂�𝑖, 𝑥𝑖+1,𝑓), respectively.
Define

𝑓𝑖 (𝑥) = 𝜃∗𝑇𝑖 𝜑𝑖 (𝑥) + 𝜀𝑖 (𝑥) = 𝜃𝑇𝑖 𝜑𝑖 (𝑥) + 𝛿𝑖 (𝑥) , (21)

where 𝜀∗𝑖 and 𝛿∗𝑖 (𝑖 = 1, 2, . . . , 𝑛) are known constants
satisfying |𝜀𝑖| ≤ 𝜀∗𝑖 and |𝛿𝑖| ≤ 𝛿∗𝑖 . Letting 𝑤𝑖 = 𝜀𝑖 − 𝛿𝑖, 𝑖 =1, 2, . . . , 𝑛, it is clear that there is an unknown constant𝑤∗𝑖 > 0
such that |𝑤𝑖| ≤ 𝑤∗𝑖 = 𝜀∗𝑖 + 𝛿∗𝑖 .

Based on (12), design a fuzzy state observer as

̇̂𝑥𝑖 = 𝑥𝑖+1 + 𝑓𝑖 (�̂�𝑖, 𝑥𝑖+1,𝑓) + 𝑘𝑖 (𝑦 − 𝑥1) ,
̇̂𝑥𝑛 = 𝑢 + 𝑓𝑛 (�̂�𝑛, 𝑢𝑓) + 𝑘𝑛 (𝑦 − 𝑥1) ,
𝑦 = 𝑥1.

(22)

Let 𝑒𝑖 = 𝑥𝑖 − 𝑥𝑖 be an observer error vector. Then from (12)
and (22), we have

̇𝑒 = 𝐴𝑒 + 𝛿 + 𝐹, (23)

where 𝛿 = [𝛿1, 𝛿2, . . . , 𝛿𝑛]T and 𝐹 = [𝑓1, 𝑓2, . . . , 𝑓𝑛]T.
Substituting (23) into (22), we have

̇𝑒𝑖 = 𝐴𝑒 + 𝛿 + 𝐹,
̇̂𝑥𝑖 = 𝑥𝑖+1 + 𝑓𝑖 (�̂�𝑖, 𝑥𝑖+1,𝑓) + 𝑘𝑖𝑒1,
̇̂𝑥𝑛 = 𝑢 + 𝑓𝑛 (�̂�𝑛, 𝑢𝑓) + 𝑘𝑛𝑒1,
𝑦 = 𝑥1.

(24)

Consider the following Lyapunov function candidate:

𝑉0 = 12𝑒T𝑃𝑒. (25)

Computing the time derivative of 𝑉0, one has
�̇�0 = 𝑒T𝑃 ̇𝑒 = 𝑒T𝑃 (𝐴𝑒 + 𝛿 + 𝐹) . (26)

According to Assumption 6, we get

𝑓𝑖 = 𝑓𝑖 (𝑥𝑖, 𝑥𝑖+1) − 𝑓𝑖 (�̂�𝑖, 𝑥𝑖+1,𝑓)
≤ 𝑚𝑖 ‖𝑒‖2 + 𝑚𝑖 𝑥𝑖+1 − 𝑥𝑖+1,𝑓 ≤ 𝑚𝑖 ‖𝑒‖2 + 𝑚𝑖𝜏𝑖+1
= 𝑚𝑖 ‖𝑒‖2 + 𝜏𝑖+1,

(27)

where 𝜏𝑖+1 = 𝑚𝑖𝜏𝑖+1. It is clear that

‖𝐹‖2 ≤ 𝑛𝑚2 ‖𝑒‖2 + (𝑛+1∑
𝑖=2

𝜏𝑖)
2

,
𝑒T𝑃𝐹 ≤ 𝜂 ‖𝑃‖2 ‖𝑒‖2 + 14𝜂𝑛𝑚2 ‖𝑒‖2 + 𝜂 ‖𝑃‖2 ‖𝑒‖2

+ 14𝜂 (𝑛+1∑
𝑖=2

𝜏𝑖)
2

≤ 2𝜂 ‖𝑃‖2 ‖𝑒‖2 + 14𝜂𝑛𝑚2 ‖𝑒‖2

+ 14𝜂 (𝑛+1∑
𝑖=2

𝜏𝑖)
2

.

(28)

Using Young’s inequality and (28), we get

�̇�0 ≤ −𝜆min (𝑄) ‖𝑒‖2 + 𝜉 ‖𝑃‖2 ‖𝑒‖2 + 14𝜉 𝛿∗2

+ 2𝜂 ‖𝑃‖2 ‖𝑒‖2 + 14𝜂𝑛𝑚2 ‖𝑒‖2 + 14𝜂 (𝑛+1∑
𝑖=2

𝜏𝑖)
2

.
(29)

To simplify the notation, let �̇�0 ≜ −𝑝0‖𝑒‖2 + 𝐸0, where −𝑝0 =−𝜆min(𝑄)+ 𝜉‖𝑃‖2 +2𝜂‖𝑃‖2 + (1/4𝜂)𝑛𝑚2, 𝐸0 = (1/4𝜉)‖𝛿∗‖2 +(1/4𝜂)(∑𝑛+1𝑖=2 𝜏𝑖 )2.
3. Main Results

In this section, we propose a generalised design to deal with
partial state constraint and the adaptive fuzzy output feed-
back controller which based on the backstepping technique
and fuzzy state observer will be proposed. To guarantee the
system performance, the virtual control signals and adaptive
laws are designed.Anewdesign procedure is presentedwhich
may cover some results related to the full state constraint
[37]. To ensure that 𝑥𝑖 remains in the constrained region,
we give the feasibility conditions with respect to the design
parameters and an initial state region, i.e.,𝑥(0) ∈ Ω𝑥(0), whereΩ𝑥(0) := {𝑥 ∈ R𝑛 : −𝑎𝑖 ≤ 𝑥𝑖 ≤ 𝑏𝑖, 𝑖 = 1, 2, . . . , 𝑛} with 𝑎𝑖 < 𝑘𝑐𝑖
and 𝑏𝑖 < 𝑘𝑐𝑖 .

Let the tracking error

𝑧1 = 𝑦 − 𝑦𝑑 (30)

and the variables

𝑧𝑖 = 𝑥𝑖 − 𝛼𝑖−1, 𝑖 = 2, . . . , 𝑛, (31)

where 𝛼𝑖−1 is a virtual controller to be designed in Step 𝑖.



Mathematical Problems in Engineering 5

Define𝐾𝑧𝑖 = 𝑧𝑖/(𝑘2𝑏𝑖 −𝑧2𝑖 ), 𝑘𝑏1 = 𝑘𝑐1 −𝑌0 andΩ𝑧𝑖 = {|𝑧𝑖| <𝑘𝑏𝑖 , 𝑖 = 1, 2, . . . , 𝑛}. Consider the BLF candidate combined
with quadratic Lyapunov function as

𝑉𝑛 = 𝑉0 +
𝑛𝑠∑
𝑖=1

12 log
𝑘2𝑏𝑖𝑘2
𝑏𝑖
− 𝑧2𝑖 + 𝑛∑

𝑖=1

12𝛾𝑖 𝜃T𝑖 𝜃𝑖 +
12𝛾1 𝜀21

+ 𝑛∑
𝑖=2

12𝛾𝑖𝑤2𝑖 + 𝑈,
(32)

where 𝑈 = ∑𝑛𝑗=𝑛𝑠+1(1/2)𝑧2𝑗 , 𝑗 = 𝑛𝑠 + 1, . . . , 𝑛, and log(∗)
stands for the natural logarithm of ∗. 𝛾1, 𝛾𝑖, 𝛾1, and 𝛾𝑖 are
positive constants. It can be proved that 𝑉𝑛 is continuously
differentiable and positive definite onΩ𝑧𝑖 .

The detailed design procedures are given below.

Step 1. According to (19), (21), (24), and (30), the derivative of𝑧1 is calculated as follows:

�̇�1 = ̇𝑦 − ̇𝑦𝑑 = 𝑧2 + 𝛼1 + 𝜃∗1𝜑1 + 𝜀1 (𝑥) + 𝐹1 − ̇𝑦𝑑. (33)

The Lyapunov function is defined as

𝑉1 = 𝑉0 + 12 log
𝑘2𝑏1𝑘2
𝑏1

− 𝑧21 + 12𝛾1 𝜃T1 𝜃1 +
12𝛾1 𝜀

2
1 . (34)

Then, substituting (33) into (34), one can have

�̇�1 = �̇�0 + 𝑧1�̇�1𝑘2
𝑏1

− 𝑧21 − 1𝛾1 𝜃T1
̇̂𝜃1 − 1𝛾1 𝜀1 ̇̂𝜀1

= �̇�0 + 𝐾𝑧1 (𝑧2 + 𝛼1 + 𝜃∗T1 𝜑1 + 𝜀1 (𝑥) + 𝐹1 − ̇𝑦𝑑)
− 1𝛾1 𝜃T1

̇̂𝜃1 − 1𝛾1 𝜀1 ̇̂𝜀1.
(35)

Design a virtual controller 𝛼1, adaptive law ̇̂𝜃1, and ̇̂𝜀1 as

𝛼1 = −𝜆1𝑧1 − 𝜃T1𝜑1 + ̇𝑦𝑑 − 𝜀1 tanh(𝐾𝑧1𝑘 ) − 12𝐾𝑧1 ,
̇̂𝜃1 = −𝜎1𝜃1 + 𝛾1𝐾𝑧1𝜑1,
̇̂𝜀1 = −𝜎1𝜀1 + 𝛾1𝐾𝑧1 tanh(𝐾𝑧1𝑘 ) ,

(36)

where 𝜃1 is the estimation of 𝜃∗1 and 𝜃𝑗 = 𝜃∗𝑗 − 𝜃𝑗, 𝜀1 =𝜀∗1 −𝜀1, 𝜎1, 𝜎1, and 𝑘 are the positive constants to be designed,
respectively. Substituting (36) into (35), it yields

�̇�1 = �̇�0 + 𝐾𝑧1 (𝑧2 + 𝛼1 + 𝜃∗𝑇1 𝜑1 + 𝜀1 (𝑥) + 𝐹1 − ̇𝑦𝑑)
− 1𝛾1 𝜃T1 (−𝜎1𝜃1 + 𝛾1𝐾𝑧1𝜑1)
− 1𝛾1 𝜀1 (−𝜎1𝜀1 + 𝛾1𝐾𝑧1 tanh(𝐾𝑧1𝑘 ))

= �̇�0 + 𝐾𝑧1 (𝑧2 − 𝜆1𝑧1 − 12𝐾𝑧1 + 𝐹1)
+ 𝜀1 (𝑥)𝐾𝑧1 − 𝜀∗1𝐾𝑧1 tanh(𝐾𝑧1𝑘 ) + 𝜎1𝛾1 𝜃T1 𝜃1
+ 𝜎1𝛾1 𝜀1𝜀1

≤ �̇�0 + 𝐾𝑧1 (𝑧2 − 𝜆1𝑧1 − 12𝐾𝑧1 + 𝐹1)
+ 0.2785𝑘𝜀∗1 + 𝜎1𝛾1 𝜃T1 𝜃1 +

𝜎1𝛾1 𝜀1𝜀1.

(37)

𝑆𝑡𝑒𝑝 𝑖 (𝑖 = 2, 3, . . . , 𝑛𝑠). The derivative of 𝑧𝑖 is calculated as
follows:

�̇�𝑖 = ̇̂𝑥𝑖 − �̇�𝑖−1
= 𝑧𝑖+1 + 𝛼𝑖 + 𝜃∗𝑖 𝜑𝑖 + 𝑤𝑖 (𝑥) + 𝑘𝑖𝑒1 − �̇�𝑖−1. (38)

Choose the following Lyapunov function candidates:

𝑉𝑖 = 𝑉𝑖−1 + 12 log
𝑘2𝑏𝑖𝑘2
𝑏𝑖
− 𝑧2𝑖 + 12𝛾𝑖 𝜃T𝑖 𝜃𝑖 +

12𝛾𝑖𝑤
2
𝑖 , (39)

where 𝑤𝑖 = 𝑤∗𝑖 − 𝑤𝑖. Similar to (35), one can have

�̇�𝑖 = �̇�𝑖−1 + 𝑧𝑖�̇�𝑖𝑘2
𝑏𝑖
− 𝑧2𝑖 − 1𝛾𝑖 𝜃T𝑖

̇̂𝜃𝑖 − 1𝛾𝑖𝑤𝑖 ̇̂𝑤𝑖
= �̇�𝑖−1 − 1𝛾𝑖 𝜃T𝑖

̇̂𝜃𝑖 − 1𝛾𝑖𝑤𝑖 ̇̂𝑤𝑖
+ 𝐾𝑧𝑖 (𝑧𝑖+1 + 𝛼𝑖 + 𝜃∗𝑖 𝜑𝑖 + 𝑤𝑖 (𝑥) + 𝑘𝑖𝑒1 − �̇�𝑖−1) .

(40)

The virtual controller 𝛼𝑖, adaptive law ̇̂𝜃𝑖, and ̇̂𝜀𝑖 are designed
as

𝛼𝑖 = −𝜆𝑖𝑧𝑖 − 𝜃T𝑖 𝜑𝑖 − 𝑘𝑖𝑒1 + �̇�𝑖−1 − 𝑤𝑖 tanh(𝐾𝑧𝑖𝑘 )
− 𝐾𝑧𝑖−1𝑧𝑖𝐾𝑧𝑖 ,

̇̂𝜃𝑖 = −𝜎𝑖𝜃𝑖 + 𝛾𝑖𝐾𝑧𝑖𝜑𝑖,
̇̂𝑤𝑖 = −𝜎𝑖𝑤𝑖 + 𝛾𝑖𝐾𝑧𝑖 tanh(𝐾𝑧𝑖𝑘 ) ,

(41)
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where 𝜎𝑖 and 𝜎𝑖 are positive constants. Substituting (41) into
(40), the following inequality can be obtained:

�̇�𝑖 = �̇�𝑖−1 − 1𝛾𝑖𝑤𝑖 (−𝜎𝑖𝑤𝑖 + 𝛾𝑖𝐾𝑧𝑖 tanh(𝐾𝑧𝑖𝑘 ))
+ 𝐾𝑧𝑖 (𝑧𝑖+1 + 𝛼𝑖 + 𝜃∗𝑖 𝜑𝑖 + 𝑤𝑖 (𝑥) + 𝑘𝑖𝑒1 − �̇�𝑖−1)
− 1𝛾𝑖 𝜃T𝑖 (−𝜎𝑖𝜃𝑖 + 𝛾𝑖𝐾𝑧𝑖𝜑𝑖)

≤ �̇�0 + 𝐾𝑧𝑖𝑧𝑖+1 −
𝑖∑
𝑟=1

𝜆𝑟𝐾𝑧𝑟𝑧𝑟 + 12𝐹21 + 0.2785𝑘𝜀∗1
+ 0.2785𝑘 𝑖∑

𝑟=2

𝑤∗𝑟 + 𝑖∑
𝑟=1

𝜎𝑟𝛾𝑟 𝜃T𝑟 𝜃𝑟 +
𝜎1𝛾1 𝜀1𝜀1

+ 𝑖∑
𝑟=2

𝜎𝑟𝛾𝑟𝑤𝑟𝑤𝑟.

(42)

Step 𝑛𝑠 + 1. The derivative of 𝑧𝑛𝑠+1 is calculated as follows:

�̇�𝑛𝑠+1 = ̇̂𝑥𝑛𝑠+1 − �̇�𝑛𝑠
= 𝑧𝑛𝑠+2 + 𝛼𝑛𝑠+1 + 𝜃∗𝑛𝑠+1𝜑𝑛𝑠+1 + 𝑤𝑛𝑠+1 (𝑥)

+ 𝑘𝑛𝑠+1𝑒1 − �̇�𝑛𝑠 .
(43)

The Lyapunov function is chosen as

𝑉𝑛𝑠+1 = 𝑉𝑛𝑠 + 12𝑧2𝑛𝑠+1 + 12𝛾𝑛𝑠+1 𝜃
T
𝑛𝑠+1

𝜃𝑛𝑠+1
+ 12𝛾𝑛𝑠+1𝑤

2
𝑛𝑠+1

.
(44)

Then, we have

�̇�𝑛𝑠+1 = �̇�𝑛𝑠 + 𝑧𝑛𝑠+1�̇�𝑛𝑠+1 − 1𝛾𝑛𝑠+1 𝜃
T
𝑛𝑠+1

̇̂𝜃𝑛𝑠+1 − 1𝛾𝑛𝑠+1
⋅ 𝑤𝑛𝑠+1 ̇̂𝑤𝑛𝑠+1 = �̇�𝑛𝑠 + 𝑧𝑛𝑠+1 (𝑧𝑛𝑠+2 + 𝛼𝑛𝑠+1
+ 𝜃∗𝑛𝑠+1𝜑𝑛𝑠+1 + 𝑤𝑛𝑠+1 (𝑥) + 𝑘𝑛𝑠+1𝑒1 − �̇�𝑛𝑠) − 1𝛾𝑛𝑠+1
⋅ 𝜃T𝑛𝑠+1 ̇̂𝜃𝑛𝑠+1 − 1𝛾𝑛𝑠+1𝑤𝑛𝑠+1 ̇̂𝑤𝑛𝑠+1.

(45)

Design a virtual controller 𝛼𝑛𝑠+1, adaptive law ̇̂𝜃𝑛𝑠+1, and ̇̂𝜀𝑛𝑠+1
as

𝛼𝑛𝑠+1 = −𝜆𝑛𝑠+1𝑧𝑛𝑠+1 − 𝜃T𝑛𝑠+1𝜑𝑛𝑠+1 − 𝑘𝑛𝑠+1𝑒1 + �̇�𝑛𝑠
− 𝑤𝑛𝑠+1 tanh(𝑧𝑛𝑠+1𝑘 ) − 𝐾𝑧𝑛𝑠 ,

̇̂𝜃𝑛𝑠+1 = −𝜎𝑛𝑠+1𝜃𝑛𝑠+1 + 𝛾𝑛𝑠+1𝑧𝑛𝑠+1𝜑𝑛𝑠+1,
̇̂𝑤𝑛𝑠+1 = −𝜎𝑛𝑠+1𝑤𝑛𝑠+1 + 𝛾𝑛𝑠+1𝑧𝑛𝑠+1tanh(𝑧𝑛𝑠+1𝑘 ) .

(46)

Substituting (46) into (45), the following inequality is
obtained:

�̇�𝑛𝑠+1 = �̇�𝑛𝑠 + 𝑧𝑛𝑠+1 (𝑧𝑛𝑠+2 + 𝛼𝑛𝑠+1 + 𝜃∗𝑛𝑠+1𝜑𝑛𝑠+1
+ 𝑤𝑛𝑠+1 (𝑥) + 𝑘𝑛𝑠+1𝑒1 − �̇�𝑛𝑠) − 1𝛾𝑛𝑠+1
⋅ 𝑤𝑛𝑠+1 (−𝜎𝑛𝑠+1𝑤𝑛𝑠+1 + 𝛾𝑛𝑠+1𝑧𝑛𝑠+1tanh(𝑧𝑛𝑠+1𝑘 ))
− 1𝛾𝑛𝑠+1 𝜃

T
𝑛𝑠+1

(−𝜎𝑛𝑠+1𝜃𝑛𝑠+1 + 𝛾𝑛𝑠+1𝑧𝑛𝑠+1𝜑𝑛𝑠+1) ≤ �̇�0
+ 𝑧𝑛𝑠+1𝑧𝑛𝑠+2 −

𝑛𝑠∑
𝑟=1

𝜆𝑟𝐾𝑧𝑟𝑧𝑟 − 𝜆𝑛𝑠+1𝑧2𝑛𝑠+1 + 12𝐹21
+ 0.2785𝑘𝜀∗1 + 0.2785𝑘𝑛𝑠+1∑

𝑟=2

𝑤∗𝑟 + 𝑛𝑠+1∑
𝑟=1

𝜎𝑟𝛾𝑟 𝜃T𝑟 𝜃𝑟 +
𝜎1𝛾1

⋅ 𝜀1𝜀1 +
𝑛𝑠+1∑
𝑟=2

𝜎𝑟𝛾𝑟𝑤𝑟𝑤𝑟.

(47)

𝑆𝑡𝑒𝑝 j (𝑗 = 𝑛𝑠 +2, . . . , 𝑛 − 1).The derivative of 𝑧𝑗 is calculated
as follows:

�̇�𝑗 = ̇̂𝑥𝑗 − �̇�𝑗−1
= 𝑧𝑗+1 + 𝛼𝑗 + 𝜃∗𝑗 𝜑𝑗 + 𝑤𝑗 (𝑥) + 𝑘𝑗𝑒1 − �̇�𝑗−1. (48)

The Lyapunov function is defined as

𝑉𝑗 = 𝑉𝑗−1 + 12𝑧2𝑗 + 12𝛾𝑗 𝜃T𝑗 𝜃𝑗 +
12𝛾𝑗𝑤

2
𝑗 . (49)

Then, one can have

�̇�𝑗 = �̇�𝑗−1 + 𝑧𝑗�̇�𝑗 − 1𝛾𝑗 𝜃T𝑗
̇̂𝜃𝑗 − 1𝛾𝑗𝑤𝑗 ̇̂𝑤𝑗

= �̇�𝑗−1 − 1𝛾𝑗 𝜃T𝑗
̇̂𝜃𝑗 − 1𝛾𝑗𝑤𝑗 ̇̂𝑤𝑗

+ 𝑧𝑗 (𝑧𝑗+1 + 𝛼𝑗 + 𝜃∗𝑗 𝜑𝑗 + 𝑤𝑗 (𝑥) + 𝑘𝑗𝑒1 − �̇�𝑗−1) .
(50)

Design a virtual controller 𝛼𝑠+1, adaptive law ̇̂𝜃𝑠+1, and ̇̂𝜀𝑠+1 as
𝛼𝑗 = −𝜆𝑗𝑧𝑗 − 𝜃T𝑗 𝜑𝑗 − 𝑘𝑗𝑒1 + �̇�𝑗−1 − 𝑤𝑗 tanh(𝑧𝑗𝑘 )

− 𝑧𝑗−1,
̇̂𝜃𝑗 = −𝜎𝑗𝜃𝑗 + 𝛾𝑗𝑧𝑗𝜑𝑗,
̇̂𝑤𝑗 = −𝜎𝑗𝑤𝑗 + 𝛾𝑗𝑧𝑗tanh(𝑧𝑛𝑗𝑘 ) .

(51)
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Substituting (51) into (50), the following inequality can be
obtained:

�̇�𝑗 = �̇�𝑗−1 − 1𝛾𝑗 𝜃T𝑗 (−𝜎𝑗𝜃𝑗 + 𝛾𝑗𝑧𝑗𝜑𝑗)
+ 𝑧𝑗 (𝑧𝑗+1 + 𝛼𝑗 + 𝜃∗𝑗 𝜑𝑗 + 𝑤𝑗 (𝑥) + 𝑘𝑗𝑒1 − �̇�𝑗−1)
− 1𝛾𝑗𝑤𝑗 (−𝜎𝑗𝑤𝑗 + 𝛾𝑗𝑧𝑗tanh(𝑧𝑗𝑘 ))

≤ �̇�0 + 𝑧𝑗𝑧𝑗+1 −
𝑛𝑠∑
𝑟=1

𝜆𝑟𝐾𝑧𝑟𝑧𝑟 −
𝑗∑

𝑟=𝑛𝑠+1

𝜆𝑟𝑧2𝑟 + 12𝐹21

+ 0.2785𝑘𝜀∗1 + 0.2785𝑘 𝑗∑
𝑟=2

𝑤∗𝑟 + 𝑗∑
𝑟=1

𝜎𝑟𝛾𝑟 𝜃T𝑟 𝜃𝑟

+ 𝜎1𝛾1 𝜀1𝜀1 +
𝑗∑
𝑟=2

𝜎𝑟𝛾𝑟𝑤𝑟𝑤𝑟.

(52)

Step 𝑛.The derivative of 𝑧𝑛 is calculated as follows:

�̇�𝑛 = ̇̂𝑥𝑛 − �̇�𝑛−1 = 𝑢 + 𝜃∗𝑛𝜑𝑛 + 𝑤𝑛 (𝑥) + 𝑘𝑛𝑒1 − �̇�𝑛−1. (53)

Define the Lyapunov function as

𝑉𝑛 = 𝑉𝑛−1 + 12𝑧2𝑛 + 12𝛾𝑛 𝜃T𝑛 𝜃𝑛 +
12𝛾𝑛𝑤

2
𝑛. (54)

Then, one can have

�̇�𝑛 = �̇�𝑛−1 + 𝑧𝑛�̇�𝑛 − 1𝛾𝑛 𝜃T𝑛
̇̂𝜃𝑛 − 1𝛾𝑛𝑤𝑛 ̇̂𝑤𝑛

= �̇�𝑛−1 + 𝑧𝑛 (𝑢 + 𝜃∗𝑛𝜑𝑛 + 𝑤𝑛 (𝑥) + 𝑘𝑛𝑒1 − �̇�𝑛−1)
− 1𝛾𝑛 𝜃T𝑛

̇̂𝜃𝑛 − 1𝛾𝑛𝑤𝑛 ̇̂𝑤𝑛.
(55)

We choose the control law and the adaptive laws as

𝑢 = −𝜆𝑛𝑧𝑛 − 𝜃T𝑛𝜑𝑛 − 𝑘𝑛𝑒1 + �̇�𝑛−1 − 𝑤𝑛 tanh(𝑧𝑛𝑘 )
− 𝑧𝑛−1,

̇̂𝜃𝑛 = −𝜎𝑛𝜃𝑛 + 𝛾𝑛𝑧𝑛𝜑𝑛,
̇̂𝑤𝑛 = −𝜎𝑛𝑤𝑛 + 𝛾𝑛𝑧𝑛 tanh(𝑧𝑛𝑘 ) .

(56)

Substituting (56) into (55), the following equality can be
obtained:

�̇�𝑛 = �̇�𝑛−1 + 𝑧𝑛 (𝑢 + 𝜃∗𝑛𝜑𝑛 + 𝑤𝑛 (𝑥) + 𝑘𝑛𝑒1 − �̇�𝑛−1)
− 1𝛾𝑛𝑤𝑛 (−𝜎𝑛𝑤𝑛 + 𝛾𝑛𝑧𝑛 tanh(𝑧𝑛𝑘 ))
− 1𝛾𝑛 𝜃T𝑛 (−𝜎𝑛𝜃𝑛 + 𝛾𝑛𝑧𝑛𝜑𝑛)

≤ �̇�0 −
𝑛𝑠∑
𝑟=1

𝜆𝑟𝐾𝑧𝑟𝑧𝑟 −
𝑛∑

𝑟=𝑛𝑠+1

𝜆𝑟𝑧2𝑟 + 12𝐹21
+ 0.2785𝑘𝜀∗1 + 0.2785𝑘 𝑛∑

𝑟=2

𝑤∗𝑟 + 𝑛∑
𝑟=1

𝜎𝑟𝛾𝑟 𝜃T𝑟 𝜃𝑟
+ 𝜎1𝛾1 𝜀1𝜀1 +

𝑛∑
𝑟=2

𝜎𝑟𝛾𝑟𝑤𝑟𝑤𝑟.

(57)

According to Young’s inequality, we have
𝜎𝑖𝛾𝑖 𝜃T𝑖 𝜃𝑖 =

𝜎𝑖𝛾𝑖 𝜃T𝑖 (𝜃∗𝑖 − 𝜃𝑖) ≤ 𝜎𝑖2𝛾𝑖 (𝜃∗𝑇𝑖 𝜃∗𝑖 − 𝜃T𝑖 𝜃𝑖) . (58)

Then, the derivative of 𝑉𝑛 is given by

�̇�𝑛 ≤ �̇�0 −
𝑛𝑠∑
𝑟=1

𝜆𝑟𝐾𝑧𝑟𝑧𝑟 −
𝑛∑

𝑟=𝑛𝑠+1

𝜆𝑟𝑧2𝑟 + 12𝐹21
+ 0.2785𝑘𝜀∗1 + 0.2785𝑘 𝑛∑

𝑟=2

𝑤∗𝑟
+ 𝑛∑
𝑟=1

𝜎𝑟2𝛾𝑟 (𝜃∗
T

𝑟 𝜃∗𝑟 − 𝜃T𝑟 𝜃𝑟) + 𝜎12𝛾1 (𝜀∗T1 𝜀∗1 − 𝜀T1 𝜀1)

+ 𝑛∑
𝑟=2

𝜎𝑟2𝛾𝑟 (𝑤
∗T

𝑟 𝑤∗𝑟 − 𝑤T
𝑟 𝑤𝑟) .

(59)

Combined with the above analysis, we have come to the
following conclusions.

Theorem 9. Consider system (1). Assumptions 5 and 6 hold
on the setsΩ𝑧𝑖 . For the virtual controller 𝛼𝑖, 𝑖 = 1, 2, . . . , 𝑛 − 1,
in (36), (41), and (51) and the actual controller 𝑢 in (56) and
the adaptive laws in (36), (41), (51), and (56), the following
properties hold:

(i) The proposed adaptive control scheme can guarantee
that the tracking error converges to a bounded compact setΩ𝐷 = {|𝑧1| < 𝐷}.

(ii) All the signals in the closed-loop systems are bounded.
(iii) The partial state constraints are not violated.

Proof. (i) From Lemma 1, (59) can be rearranged into the
form

�̇� ≤ −𝜌𝑉 + 𝑐, (60)

where 𝜌 = min{(4𝜂 + (1/𝜂)‖𝑃‖2)/8(𝜆min(𝑄) − (𝜉 + 2𝜂)‖𝑃‖2 −(1/4𝜂)𝑛𝑚2 − (1/2)𝑚21), 1/2𝜆𝑖, 1/𝜎𝑗, 1/𝜎1, 1/𝜎𝑗}, 𝑐 = 𝐸𝑛 +
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∑𝑛𝑗=1(𝜎𝑗/𝛾𝑗)𝜃∗𝑇𝑗 𝜃∗𝑗 + (𝜎1/𝛾1)𝜀∗21 +∑𝑛𝑗=2(𝜎𝑗/𝛾𝑗)𝑤∗2𝑗 , 𝐸𝑛 = 𝐸0 +(1/2)𝜏22 + 𝑘𝜀∗1 + ∑𝑛𝑗=1 𝑘𝑤∗2𝑗 , and 𝑘 = 0.2785𝑘. Adding 𝑒𝜌𝑡
to both sides of the above inequality and integrating it over[0, 𝑡], it has

𝑉 (𝑡) ≤ [𝑉 (0) − 𝑐𝜌] 𝑒−𝜌𝑡 + 𝑐𝜌 ≤ 𝑉 (0) + 𝑐𝜌
≜ 𝑉 (0) + 𝐶.

(61)

From the preceding inequality and𝑉(𝑡), we can conclude
that log(𝑘2𝑏𝑗/(𝑘2𝑏𝑗 − 𝑧2𝑗 )), 𝑒𝑖, 𝜃𝑗, 𝜀1, 𝑤𝑗 and 𝑧𝑗 are bounded, and𝐾𝑧𝑖 is bounded. Due to the boundedness of 𝜃∗𝑗 , 𝜀∗1 , 𝑤∗𝑗 and
𝜃𝑗 = 𝜃∗𝑗 −𝜃𝑗, 𝜀1 = 𝜀∗1 −𝜀1,𝑤𝑗 = 𝑤∗𝑗 −𝑤𝑗, then 𝜃𝑗, 𝜀1, and𝑤𝑗 are
bounded. It is easy to see that the tracking error converges to
a bounded compact set.

(ii) According to (61), we define 𝐵 =√2(𝑉(0) + 𝐶)/𝜆min(𝑃). From the form of 𝑉(𝑡), we have|𝑒𝑖| ≤ ‖𝑒‖ ≤ 𝐵. Since 𝑥1 = 𝑧1 + 𝑦𝑑(𝑡) and |𝑦𝑑(𝑡)| ≤ 𝑌0, it
can be shown that |𝑥1| ≤ |𝑧1| + |𝑦𝑑(𝑡)| < 𝑘𝑏1 + 𝑌0. Suppose𝑘𝑐1 = 𝑘𝑏1 +𝑌0, and then |𝑥1| < 𝑘𝑐1 . To show |𝑥2| < 𝑘𝑐2 , it needs
to confirm that there exists a positive constant 𝛼1 such that|𝛼1| ≤ 𝛼1. The boundedness of 𝑥1, 𝑦𝑑, ̇𝑦𝑑, 𝜃1, 𝜀1, 𝐾𝑧1 can be
guaranteed because𝛼1 = 𝛼1(𝑥1, 𝑦𝑑, ̇𝑦𝑑, 𝜃1, 𝜀1, 𝐾𝑧1). It is easy to
know from the definition of𝛼1 that the supremumof𝛼1 exists.
In view of |𝑧2| < 𝑘𝑏2 and𝑥2 = 𝑧2+𝛼1, it has |𝑥2| < 𝑘𝑏2+𝛼1. Due
to 𝑥2 = 𝑥2 + 𝑒2, the inequality |𝑥2| ≤ |𝑥2| + |𝑒2| < 𝑘𝑏2 + 𝛼1 + 𝐵
holds. Let 𝑘𝑐2 = 𝑘𝑏2 + 𝛼1 + 𝐵, and then |𝑥2| < 𝑘𝑐2 . Similarly, it
can show that |𝑥𝑖+1| < 𝑘𝑐𝑖+1 , 𝑖 = 2, 3, . . . , 𝑛𝑠 −1, after verifying|𝛼𝑖| ≤ 𝛼𝑖. Since (41), (51), and |𝛼𝑖−1| ≤ 𝛼𝑖−1, then the controller𝑢 is bounded. From the above analysis, we conclude that all
the signals of the closed-loop system 𝑥, 𝛼𝑖, 𝑢, 𝑧, 𝜃𝑗, 𝜀1, 𝑤𝑗
are bounded.

(iii) From the construction of (61), we get

log
𝑘2𝑏1𝑘2
𝑏1

− 𝑧21 ≤ 2 [𝑉 (0) − 𝐶] 𝑒−𝜌𝑡 + 2𝐶. (62)

Taking exponentials on both sides, one has

𝑘2𝑏1𝑘2
𝑏1

− 𝑧21 ≤ 𝑒2[𝑉(0)−𝐶]𝑒−𝜌𝑡+2𝐶. (63)

Define

𝐷 = 𝑘𝑏1√1 − 𝑒−2[𝑉(0)−𝐶]𝑒−𝜌𝑡−2𝐶. (64)

Because 𝑘2𝑏1 − 𝑧21 > 0, it is easy to get |𝑧1| ≤ 𝐷. If 𝑉(0) = 𝐶
then |𝑧1| ≤ 𝑘𝑏1√1 − 𝑒−2𝐶 = 𝐷 holds. If 𝑉(0) ̸= 𝐶, it can be
concluded that, given any 𝐷 > 𝑘𝑏1√1 − 𝑒−2𝐶, there exists 𝑇
such that, for any 𝑡 > 𝑇, it has |𝑧1| ≤ 𝐷. This implies that|𝑧1| ≤ 𝑘𝑏1√1 − 𝑒−2𝐶 as 𝑡 → ∞. That means 𝑧1 can be made
arbitrarily small. From above analysis, we can get that |𝑥𝑖+1| <𝑘𝑐𝑖+1 (𝑖 = 2, 3, . . . , 𝑛𝑠 − 1), |𝛼𝑖−1| ≤ 𝛼𝑖−1, and the controller𝑢 is bounded. The variables 𝑧𝑖 = 𝑥𝑖 − 𝛼𝑖−1, so that 𝑧𝑖 (𝑖 =1, 2, . . . , 𝑛) is bound, and the systems states are not violated.
This completes the proof.

4. Illustrative Example

In this section, we give an example to show how to apply the
results proposed in this paper to investigate the stabilization
of nonlinear pure feedback systems subject to partial state
constraints.

Let us consider the following nonlinear systems:

�̇�1 = 𝑥1 cos (𝑥1) + (2𝑥21 + 0.6) 𝑥2,
�̇�2 = 𝑥1𝑥2 + 𝑢 + 0.4 sin (𝑢) ,
𝑦 = 𝑥1,

(65)

where the state constraints are |𝑥1| < 0.5; the reference signal
is given as 𝑦𝑑 = 0.1sin(𝜋𝑡/3) + 0.1 cos(𝑡/3) for the tracking
problem. It is unnecessary to give precise knowledge of the
initial state 𝑥(0). In this simulation, the figures are specific
cases. Let 𝑥1 = 0.05, 𝑥2 = 0.2, 𝑥1 = 0, 𝑥2 = 0. Fuzzy
membership functions for the variables 𝑥1, 𝑥2, 𝑥2𝑓, and 𝑢𝑓
are given as follows:

𝜇𝐹1 (𝑥1) = exp[−(𝑥1 − 5 + 2𝑙)2
2 ] ,

𝜇𝐹2 (𝑥2) = exp[−(𝑥2 − 3 + 𝑙)2
5 ] ,

𝜇𝐹3 (𝑥2𝑓) = exp[
[
−(𝑥2𝑓 − 3 + 𝑙)2

5 ]
]

,

𝜇𝐹4 (𝑢𝑓) = exp[
[
−(𝑢𝑓 − 5 + 3𝑙)2

7 ]
]

,
(𝑙 = 1, 2, . . . , 5) .

(66)

From [35], the fuzzy logic systems can be represented as

𝑓1 (𝑥1, 𝑥2𝑓 | 𝜃1) = 𝜃T1𝜑 (𝑥1, 𝑥2𝑓) ,
𝑓2 (𝑥1, 𝑥2, 𝑢𝑓 | 𝜃2) = 𝜃T2𝜑 (𝑥1, 𝑥2, 𝑢𝑓) . (67)

Letting 𝑘1 = 5 and 𝑘2 = 5, then the state observer can be
constructed as

̇̂𝑥1 = 𝑥2 + 𝑓1 (𝑥1, 𝑥2𝑓 | 𝜃1) + 5 (𝑦 − 𝑥1) ,
̇̂𝑥2 = 𝑢 + 𝑓2 (𝑥1, 𝑥2, 𝑢𝑓 | 𝜃2) + 5 (𝑦 − 𝑥1) . (68)
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The virtual control function 𝛼1 and controller 𝑢 as well as the
adaptive laws 𝜃1, 𝜃2, 𝜀1 and 𝑤2 are as follows:

𝛼1 = −𝜆1𝑧1 − 𝜃T1𝜑1 + ̇𝑦𝑑 − 𝜀1 tanh(𝐾𝑧1𝑘 ) − 12𝐾𝑧1 ,
𝑢 = −𝜆2𝑧2 − 𝜃T2𝜑2 − 𝑘2𝑒1 + �̇�1 − 𝑤2 tanh(𝑧2𝑘 )

− 𝑧1,
̇̂𝜃1 = −𝜎1𝜃1 + 𝛾1𝐾𝑧1𝜑1,
̇̂𝜀1 = −𝜎1𝜀1 + 𝛾1𝐾𝑧1 tanh(𝐾𝑧1𝑘 ) ,
̇̂𝜃2 = −𝜎2𝜃2 + 𝛾2𝑧2𝜑2,
̇̂𝑤2 = −𝜎2𝑤2 + 𝛾2𝑧2 tanh(𝑧2𝑘 ) .

(69)

Set the design parameters in the above control scheme as

𝜆1 = 1,
𝜆2 = 2,
𝛾1 = 1,
𝛾2 = 1,
𝛾1 = 1,
𝛾2 = 1;
𝜎1 = 1,
𝜎2 = 1,
𝜎1 = 1.5,
𝜎2 = 0.5,
𝑘 = 0.2.

(70)

Let 𝑘𝑏1 = 0.2, and from calculation we know it is valid.
Choose the initial conditions of adaptive parameters as 𝜃1 =(1, 1, 1, 1, 1), 𝜀1 = 1, 𝜃2 = (1, 1, 1, 1, 1), 𝑤2 = 1.

The simulation is given in Figures 1–8. Figure 1 shows the
trajectory of the state 𝑥. Figure 2 is the swing curve of the
control signal 𝑢. Figure 3 is the state 𝑥1 which remains in
the constraint region; it shows the trajectory of the state 𝑥.
Figure 4 stands for the variables of 𝑧1 and 𝑧2, and these error
variables can not violate their bounds. Figures 5 and 6 are
used to illustrate the trajectories of the system states 𝑥1, 𝑥2
and the observer states 𝑥1, 𝑥2. Figures 7 and 8 show that all
the signals in the closed-loop system are bounded. It is clear
that the nonlinear pure feedback system subject to partial
constraints under the output feedback law is bounded. From
the simulation, we can conclude that the results proposed
in Theorem 9 are very practicable in stability of nonlinear
pure feedback systems with partial constraints. Meanwhile,
it is a good tool in analyzing the stability problems of some
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classes of nonlinear pure feedback systems in the presence of
constraint.

5. Conclusions

In this paper, the tracking control problem of a class of
nonlinear pure feedback systems subject to partial state con-
straints and adaptive fuzzy output feedback controls has been
investigated by use of BLFs and backstepping. The output
feedback control law, by which the stability of the closed-
loop system is guaranteed, is determined by constraints.
Simulations show that the results obtained in this paper are
very practicable in analyzing the stability of some classes of
nonlinear pure feedback systems.
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Adaptive synchronization for a class of uncertain delayed fractional-order Hopfield neural networks (FOHNNs) with external
disturbances is addressed in this paper. For the unknown parameters and external disturbances of the delayed FOHNNs, some
adaptive estimations are designed. Firstly, a fractional-order switched sliding surface is proposed for the delayed FOHNNs.
Then, according to the fractional-order extension of the Lyapunov stability criterion, a fractional-order sliding mode controller
is constructed to guarantee that the synchronization error of the two uncertain delayed FOHNNs converges to an arbitrary small
region of the origin. Finally, a numerical example of two-dimensional uncertain delayed FOHNNs is given to verify the effectiveness
of the proposed method.

1. Introduction

The research of neural networks (NNs) is quite extensive,
reflecting the characteristics of multidisciplinary technology.
NNs have many successful applications in the fields of
associative memories and image processing. Recently, the
discussion onNNs has become a hot topic [1–3]. Guo et al. [4]
studied the exponential stability analysis for complex-valued
memristor-based bidirectional associative memory (BAM)
NNs with time delays. Lv et al. [5] used NNs to discuss the
adaptive tracking control for a class of uncertain nonlinear
systems. Li et al. [6] studied Hopf bifurcation analysis of
complex-valued neural networks model.

Fractional calculus (FC) has a long history. As early as
1695, the concept of fractional differential was mentioned in
Leibnitz’s letter to L’Hospital. For a long time, FC continues
to grow. Podlubny’s book [7] systematically introduced the
concepts and properties of FC. Bai et al. (see [8–13], and the
references therein) studied the existence and uniqueness of
solutions for fractional differential equations (FDE). Wang
et al. [14–16] studied the numerical analysis of FDE. In
recent years, fractional-order systems (FOS) have attracted

wide attentions. The control problems of all kinds of FOS
were studied recently [17–21]. Many researchers focused on
fractional-order neural networks (FONNs) [22–27]. Cao et
al. [28] investigated the existence and uniqueness of the
nontrivial solution of NNs and the uniform stability of the
FONNs.

The researches on the stability of NNs, FOS, and stochas-
tic systems have attracted the attention of a large number
of researchers, and many achievements have been made
[29–41]. The sliding mode control (SMC) is a very popular
strategy for a general class of nonlinear uncertain systems,
with a very large frame of applications fields. Due to the
use of the discontinuous function, its main features are
the robustness of closed-loop system and the finite-time
convergence. Utkin et al. [42] studied the minimum possible
value of control based on adaptation SMC methodology.
Efe. et al. [43] discussed the fractional fuzzy adaptive SMC.
Aghababa [44] designed a chatter-free terminal sliding mode
controller for nonlinear fractional-order dynamical systems.
The synchronization problems of FOHNNs have captured
more and more researchers’ attention [45–48]. Xi et al.
[22] have discussed SMC for uncertain FOHNNs. Liu et al.
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[24] have researched adaptive synchronization of a class of
FONNs. It is well known that time delay is unavoidable due
to finite switching speeds of the amplifiers, and it may cause
oscillations or instability of dynamic systems.Wang et al. [26]
have discussed the stability analysis of FOHNNs with time
delay.

However, to the best of our knowledge, there are few
attentions to adaptive synchronization for a class of uncertain
delayed FOHNNs subject to external disturbances. The SMC
technologywas used to solve the above problems in the paper.
The rest of this paper is organized as follows: some necessary
definitions and lemmas are given in Section 2. The main
works including the introduction of fractional-order network
model, the fractional-order switched sliding mode surface
(SMS), the design of adaptive synchronization controller,
and stability analysis are included in Section 3. Section 4
presents a simulation example. Finally, the paper is concluded
in Section 5.

2. Preliminaries

There are several kinds of definitions for fractional-order
derivatives. The definitions of more frequency of use in
literatures are Grünwald-Letnikov, Riemann-Liouville, and
Caputo definitions [7]. These definitions are generally not
equivalent with each other. The Caputo’s derivative’s Laplace
transform requires integer-order derivatives for the initial
conditions, which was used in engineering applications
frequently. But, the Riemann-Liouville definition’s Laplace
transform involved fractional-order derivatives for the initial
conditions. It was hard to use physically. In the following
parts, the Caputo’s derivative will be used [24]. Firstly, we give
some definitions and lemmas.

Definition 1 (Riemann-Liouville fractional-order integral
[7]). The Riemann-Liouville fractional integral of order 𝛼 for
a function 𝑓(𝑡) is defined as

𝑡0
𝐷−𝛼
𝑡
𝑓 (𝑡) = 1Γ (𝛼) ∫

𝑡

𝑡0

𝑓 (𝜏)(𝑡 − 𝜏)1−𝛼 𝑑𝜏. (1)

where 𝛼 > 0, 𝑡 ≥ 𝑡0. Γ(𝛼) is Euler’s gamma function.

The gamma function Γ(𝛼) is defined for all complex num-
bers except the nonpositive integers. For complex numbers
with a positive real part, it is defined via a convergent infinite
integral:

Γ (𝛼) = ∫+∞
0

𝜏𝛼−1𝑒−𝜏𝑑𝜏. (2)

Definition 2 (Caputo fractional-order derivative [7]). The
Caputo fractional derivative of order 𝛼 for a function 𝑓(𝑡) is
defined as

𝐶
𝑡0
𝐷𝛼
𝑡
𝑓 (𝑡) = 1Γ (𝑛 − 𝛼) ∫

𝑡

𝑡0

(𝑡 − 𝜏)𝑛−𝛼−1 𝑓(𝑛) (𝜏) 𝑑𝜏. (3)

where 𝛼 > 0, 𝑛 is an integer satisfying 𝑛 − 1 ≤ 𝛼 < 𝑛.
Particularly, for 0 < 𝛼 < 1 case, one can get

𝐶
𝑡0
𝐷𝛼
𝑡
𝑓 (𝑡) = 1Γ (1 − 𝛼) ∫

𝑡

𝑡0

(𝑡 − 𝜏)−𝛼 𝑓 (𝜏) 𝑑𝜏. (4)

According to Definition 2, for any constants 𝐿1 ∈ R
and 𝐿2 ∈ R, the linearity of Caputo’s fractional derivative is
described by

𝐶
𝑡0
𝐷𝛼
𝑡
(𝐿1𝑓 (𝑡) + 𝐿2𝑔 (𝑡)) = 𝐿1𝐶𝑡0𝐷𝛼t 𝑓 (𝑡) + 𝐿2𝐶𝑡0𝐷𝛼𝑡 𝑔 (𝑡) . (5)

In nonlinear control systems, Lyapunov second method
gives a way to analyze the stability of the system without
explicitly solving the differential equations. The Lyapunov
stability theory for FOS has been developed by Li et al. [33].
One of themain contributions of [33] is the following lemma.

Consider the fractional-order nonlinear system:

𝐶
𝑡0
𝐷𝛼
𝑡
𝑥 (𝑡) = 𝑓 (𝑥, 𝑡) ,
𝑥 (𝑡0) = 𝑥𝑡0 ,

(6)

where 𝑥(𝑡) ∈ R𝑛 is the state vector and 𝑓(𝑥, 𝑡) ∈ R𝑛 is a
Lipschitz continuous nonlinear function.

Lemma 3 (see [49]). Let 𝐺(𝑡) be a continuous function on[0, +∞), if there exist constants 𝜅1 > 0 and 𝜅2 > 0, such that
𝐶
𝑡0
𝐷𝛼
𝑡
𝐺 (𝑡) ≤ −𝜅1𝐺 (𝑡) + 𝜅2, 𝑡 ≥ 0. (7)

Then,

𝐺 (𝑡) ≤ 𝐺 (0) 𝐸𝛼 (−𝜅1𝑡𝛼) + 𝜅2𝑡𝛼𝐸𝛼,𝛼+1 (−𝜅1𝑡𝛼) , 𝑡 ≥ 0. (8)

where 0 < 𝛼 < 1, 𝐸𝛼(⋅) and 𝐸𝛼,𝛼+1(⋅) are one-parame-
ter Mittag-Leffler function and two-parameter Mittag-Leffler
function, respectively.

Remark 4. Mittag-Leffler stability means asymptotical stabil-
ity [32].

Lemma 5 (see [7]). If 𝑥(𝑡) ∈ 𝐶1[0, 𝑇], for 𝛼 > 0 and 𝑇 > 0,
then the following equations hold:

𝐶
0𝐷𝛼𝑡 ( 0𝐷−𝛼𝑡 𝑥 (𝑡)) = 𝑥 (𝑡) . (9)

and

0𝐷−𝛼𝑡 (𝐶0𝐷𝛼𝑡 𝑥 (𝑡)) = 𝑥 (𝑡) − 𝑛−1∑
𝑘=0

𝑥(𝑘) (𝑡)𝑘! 𝑡𝑘. (10)

In particular, for 0 < 𝛼 < 1,
0𝐷−𝛼𝑡 (𝐶0𝐷𝛼𝑡 𝑥 (𝑡)) = 𝑥 (𝑡) − 𝑥 (0) . (11)

Lemma 6 (see [21]). Let 𝑥(𝑡) ⊂ R𝑛 be a continuous and
derivable function. Then for any 𝑡 > 0 the following inequality
holds:

12𝐶0𝐷𝛼𝑡 𝑥𝑇 (𝑡) 𝑥 (𝑡) ≤ 𝑥𝑇 (𝑡)𝐶0 𝐷𝛼𝑡 𝑥 (𝑡) (12)
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3. Main Results

In this section, considering a system of the uncertain
FOHNNs with delay (as a master system)

𝐶
0𝐷𝛼𝑡 𝑥𝑖 (𝑡) = −𝑎𝑖 (𝑡) 𝑥𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑏𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏)) + 𝐼𝑖.
(13)

where 𝑖 = 1, 2, . . . , 𝑛, 0 < 𝛼 < 1, 𝑛 is the number of
units in a neural network, 𝑥𝑖(𝑡) is the state of the 𝑖th unit
at time 𝑡, 𝑓𝑗, 𝑔𝑗 denotes the activation function of the 𝑗th
neuron, 𝑏𝑖𝑗, 𝑐𝑖𝑗 denotes the constant connection weight of the𝑗th neuron on the 𝑖th neuron, 𝑎𝑖 > 0 represents the rate
with which the 𝑖th neuron resets its potential to the resting
state when disconnected from the network and 𝑎𝑖 > 0 is
unknown, 𝐼𝑖 denotes the constant external inputs, and 𝜏 is the
transmission constant delay.

Let us discuss the synchronization results, assuming that
(13) is a master system and the slave system is defined by the
following equation:

𝐶
0𝐷𝛼𝑡 𝑦𝑖 (𝑡) = −𝑎𝑖 (𝑡) 𝑦𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑏𝑖𝑗𝑓𝑗 (𝑦𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏)) + 𝐼𝑖 + 𝑑𝑖 (𝑡)
+ 𝑢𝑖 (𝑡) .

(14)

where 𝑦𝑖(𝑡) is the state of the 𝑖th unit at time 𝑡, 𝑑𝑖(𝑡) is the
unknown external disturbance, and 𝑢𝑖(𝑡) is the control input
which will be given later.

Defining the synchronization error 𝑒𝑖(𝑡) as𝑒𝑖 (𝑡) = 𝑦𝑖 (𝑡) − 𝑥𝑖 (𝑡) (15)

then the error dynamics between the master system (13) and
the slave system (14) can be written as
𝐶
0𝐷𝛼𝑡 𝑒𝑖 (𝑡) = −𝑎𝑖 (𝑡) 𝑒𝑖 (𝑡)

+ 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑓𝑗 (𝑦𝑗 (𝑡)) − 𝑓𝑗 (𝑥𝑗 (𝑡)))
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏)) − 𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏)))
+ 𝑑𝑖 (𝑡) + 𝑢𝑖 (𝑡) .

(16)

Assumption 7. Assuming that the nonlinear functions 𝑓𝑗 and𝑔𝑗 (𝑗 = 1, 2, . . . , 𝑛) satisfy local Lipschitz conditions, and
existing positive constants 𝐿1𝑗 and 𝐿2𝑗 such that𝑓𝑗 (𝑦𝑗 (𝑡)) − 𝑓𝑗 (𝑥𝑗 (𝑡)) ≤ 𝐿1𝑗 𝑦𝑗 (𝑡) − 𝑥𝑗 (𝑡) ,𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏)) − 𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏))

≤ 𝐿2𝑗 𝑦𝑗 (𝑡 − 𝜏) − 𝑥𝑗 (𝑡 − 𝜏) .
(17)

Assumption 8. Let the external disturbance 𝑑𝑖(𝑡) (𝑖 = 1, 2,. . . , 𝑛) be a bounded continuous function, so there exists an
unknown positive constant 𝜌𝑖 such that𝑑𝑖 (𝑡) ≤ 𝜌𝑖 (18)

For the sake of simplicity, this article only discusses the
constant unknown disturbance.

3.1. Controller Design. Generally, designing the process of
SMC has two steps. Firstly, an appropriate SMS is designed,
which represents the required system dynamic characteris-
tics. In this paper, a switching fractional-order SMS is given
as

𝑠𝑖 (𝑡) = 0𝐷−1𝑡 (𝐶0𝐷𝛼𝑡 𝑒𝑖 (𝑡) + 𝑝𝑖𝑒𝑖 (𝑡) + 𝑞𝑖sign (𝑒𝑖 (𝑡))) , (19)

where 𝑖 = 1, 2, . . . , 𝑛, 𝑒𝑖(𝑡) is the state of the error system (16),
and 𝑝𝑖 and 𝑞𝑖 are positive constants. sign(⋅) is the symbolic
function.

sign (𝑒𝑖 (𝑡)) =
{{{{{{{{{

1 𝑒𝑖 (𝑡) > 0,
−1 𝑒𝑖 (𝑡) < 0,
∈ [−1, 1] 𝑒𝑖 (𝑡) = 0.

(20)

According to the SMC theory, when the system operates
in SMS, the SMS and its derivative must satisfy

𝑠𝑖 (𝑡) = 0,
̇𝑠𝑖 (𝑡) = 0. (21)

As a result, considering ((19)-(21)), one obtains

̇𝑠𝑖 (𝑡) = 𝐶0𝐷𝛼𝑡 𝑒𝑖 (𝑡) + 𝑝𝑖𝑒𝑖 (𝑡) + 𝑞𝑖sign (𝑒𝑖 (𝑡)) = 0. (22)

Then, we have the sliding mode equation (SME)
𝐶
0𝐷𝛼𝑡 𝑒𝑖 (𝑡) = − (𝑝𝑖𝑒𝑖 (𝑡) + 𝑞𝑖sign (𝑒𝑖 (𝑡))) . (23)

In the next parts, we construct the SMC law 𝑢𝑖(𝑡) tomake sure
the state trajectories of system (16) reach the SMS 𝑠𝑖(𝑡) = 0
and keep on it forever by the SMC method. The fractional-
order SMC law is presented as

𝑢𝑖 (𝑡) = − (−𝑎𝑖 (𝑡) + 𝑝𝑖) 𝑒𝑖 (𝑡) − 𝑑𝑖 (𝑡) − 𝑠𝑖 (𝑡)
⋅ ( 𝑛∑
𝑗=1

𝑏𝑖𝑗 𝐿𝑓𝑗 𝑒𝑗 (𝑡) +
𝑛∑
𝑗=1

𝑐𝑖𝑗 𝐿𝑔𝑗 𝑒𝑗 (𝑡 − 𝜏))
− 𝑞𝑖sign (𝑒𝑖 (𝑡)) − 𝜁𝑎𝑖 𝑠𝑖 (𝑡) − 𝜁𝑏𝑖 sign (𝑠𝑖 (𝑡)) ,

(24)

where 𝜁𝑎𝑖 > 0 and 𝜁𝑏𝑖 > 0 are constant gains, 𝑎𝑖(𝑡) is the
estimation of 𝑎𝑖(𝑡), 𝑑𝑖(𝑡) is the estimation of 𝑑𝑖(𝑡), and the
unknown parameters 𝑎𝑖(𝑡) and 𝑑𝑖(𝑡) are estimated as

̇̂𝑎𝑖 (𝑡) = −𝜂𝑎𝑖 𝑠𝑖 (𝑡) 𝑒𝑖 (𝑡) ,
̇̂𝑑𝑖 (𝑡) = 𝜂𝑑𝑖 𝑠𝑖 (𝑡) . (25)

where 𝑖 = 1, 2, . . . , 𝑛, 𝜂𝑎𝑖 > 0 and 𝜂𝑑𝑖 > 0 are adaptation gains.
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In order to realize SMC, two steps are required. Firstly, the
system trajectories are controlled to reach the SMS 𝑠𝑖(𝑡) = 0,
which is shown in Theorem 9. Secondly, once the system
operates in SMS, we should get the stability of the error
system (16) and make sure SMS converge to zero in finite
time, which is shown inTheorem 12.

Theorem 9. For the uncertain delayed FOHNNs (16), if the
system is controlled by the SMC law (24) and (25), then the
system trajectories will converge to the SMS 𝑠𝑖(𝑡) = 0 in finite
time.

Proof. Choose the positive definite Lyapunov function candi-
date

𝑉𝑖 (𝑡) = 12𝑠𝑖 (𝑡)2 + 12𝜂𝑎𝑖 (𝑎𝑖 (𝑡) − 𝑎𝑖 (𝑡))2
+ 12𝜂𝑑𝑖 (𝑑𝑖 (𝑡) − 𝑑𝑖)2 .

(26)

Taking the integer-order derivative of 𝑉𝑖(𝑡), we have
�̇�𝑖 (𝑡) = 𝑠𝑖 (𝑡) ̇𝑠𝑖 (𝑡) + 1𝜂𝑎𝑖 (𝑎𝑖 (𝑡) − 𝑎𝑖) ̇̂𝑎𝑖 (𝑡)

+ 1𝜂𝑑𝑖 (𝑑𝑖 (𝑡) − 𝑑𝑖) ̇̂𝑑𝑖 (𝑡) .
(27)

Inserting ̇𝑠𝑖(𝑡) from (22) into the above equation, one has

�̇�𝑖 (𝑡) = 𝑠𝑖 (𝑡) (𝐶0𝐷𝛼𝑡 𝑒𝑖 + 𝑝𝑖𝑒𝑖 + 𝑞𝑖sign (𝑒𝑖))
+ 1𝜂𝑎𝑖 (𝑎𝑖 (𝑡) − 𝑎𝑖) ̇̂𝑎𝑖 (𝑡)
+ 1𝜂𝑑𝑖 (𝑑𝑖 (𝑡) − 𝑑𝑖) ̇̂𝑑𝑖 (𝑡) .

(28)

Based on (16), we get

�̇�𝑖 (𝑡) = 𝑠𝑖 (𝑡)(−𝑎𝑖𝑒𝑖 (𝑡)
+ 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑓𝑗 (𝑦𝑗 (𝑡)) − 𝑓𝑗 (𝑥𝑗 (𝑡)))
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏)) − 𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏))) + 𝑑𝑖
+ 𝑢𝑖 (𝑡) + 𝑝𝑖𝑒𝑖 (𝑡) + 𝑞𝑖sign (𝑒𝑖 (𝑡))) + 1𝜂𝑎𝑖 (𝑎𝑖 (𝑡)
− 𝑎𝑖) ̇̂𝑎𝑖 (𝑡) + 1𝜂𝑑𝑖 (𝑑𝑖 (𝑡) − 𝑑𝑖 (𝑡)) ̇̂𝑑𝑖 (𝑡) .

(29)

According to Assumption 7, we will obtain

𝑠𝑖 (𝑡) 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑓𝑗 (𝑦𝑗 (𝑡)) − 𝑓𝑗 (𝑥𝑗 (𝑡)))
≤ s𝑖 (𝑡) 𝑛∑

𝑗=1

𝑏𝑖𝑗 𝑓𝑗 (𝑦𝑗 (𝑡)) − 𝑓𝑗 (𝑥𝑗 (𝑡))
≤ 𝑠𝑖 (𝑡) 𝑛∑

𝑗=1

𝑏𝑖𝑗 𝐿𝑓𝑗 𝑒𝑗 (𝑡)

(30)

Correspondingly, we have

𝑠𝑖 (𝑡) 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏)) − 𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏)))
≤ 𝑠𝑖 (𝑡) 𝑛∑

𝑗=1

𝑐𝑖𝑗 𝐿𝑔𝑗 𝑒𝑗 (𝑡 − 𝜏)
(31)

Combining ((29)-(31)), we can get the following conclusion:

�̇�𝑖 (𝑡)
≤ 𝑠𝑖 (𝑡) ((−𝑎𝑖 + 𝑝𝑖) 𝑒𝑖 (𝑡) + 𝑞𝑖sign (𝑒𝑖 (𝑡)) + 𝑑𝑖 + 𝑢𝑖 (𝑡))

+ 𝑠𝑖 (𝑡) 𝑛∑
𝑗=1

𝑏𝑖𝑗 𝐿𝑓𝑗 𝑒𝑗 (𝑡)
+ 𝑠𝑖 (𝑡) 𝑛∑

𝑗=1

𝑐𝑖𝑗 𝐿𝑔𝑗 𝑒𝑗 (𝑡 − 𝜏)
+ 1𝜂𝑎𝑖 (𝑎𝑖 (𝑡) − 𝑎𝑖) ̇̂𝑎𝑖 (𝑡) + 1𝜂𝑑𝑖 (𝑑𝑖 (𝑡) − 𝑑𝑖) ̇̂𝑑𝑖 (𝑡) .

(32)

Substituting 𝑢𝑖(𝑡) from (24) into (32), it yields

�̇�𝑖 (𝑡) ≤ 𝑠𝑖 (𝑡)((−𝑎𝑖 + 𝑝𝑖) 𝑒𝑖 (𝑡) + 𝑞𝑖sign (𝑒𝑖 (𝑡)) + 𝑑𝑖
− (−𝑎𝑖 + 𝑝𝑖) 𝑒𝑖 (𝑡) − 𝑑𝑖 (𝑡) − 𝑠𝑖 (𝑡)
⋅ ( 𝑛∑
𝑗=1

𝑏𝑖𝑗 𝐿𝑓𝑗 𝑒𝑗 (𝑡) +
𝑛∑
𝑗=1

𝑐𝑖𝑗 𝐿𝑔𝑗 𝑒𝑗 (𝑡 − 𝜏))
− 𝑞𝑖sign (𝑒𝑖 (𝑡)) − 𝜁𝑎𝑖 𝑠𝑖 (𝑡) − 𝜁𝑏𝑖 sign (𝑠𝑖 (𝑡)) + 𝑠𝑖 (𝑡)
⋅ 𝑛∑
𝑗=1

𝑏𝑖𝑗 𝐿𝑓𝑗 𝑒𝑗 (𝑡) + 𝑠𝑖 (𝑡) 𝑛∑
𝑗=1

𝑐𝑖𝑗 𝐿𝑔𝑗 𝑒𝑗 (𝑡 − 𝜏))
+ 1𝜂𝑎𝑖 (𝑎𝑖 (𝑡) − 𝑎𝑖) ̇̂𝑎𝑖 (𝑡) + 1𝜂𝑑𝑖 (𝑑𝑖 (𝑡) − 𝑑𝑖) ̇̂𝑑𝑖 (𝑡) .

(33)
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Through operation, we get

�̇�𝑖 (𝑡) ≤ 𝑠𝑖 (𝑡) ((𝑎𝑖 (𝑡) − 𝑎𝑖) 𝑒𝑖 (𝑡) − (𝑑𝑖 (𝑡) − 𝑑𝑖)
− 𝜁𝑎𝑖 𝑠𝑖 (𝑡) − 𝜁𝑏𝑖 sign (𝑠𝑖 (𝑡))) + 1𝜂𝑎𝑖 (𝑎𝑖 (𝑡) − 𝑎𝑖) ̇̂𝑎𝑖 (𝑡)
+ 1𝜂𝑑𝑖 (𝑑𝑖 (𝑡) − 𝑑𝑖) ̇̂𝑑𝑖 (𝑡) .

(34)

Insert (25)

�̇�𝑖 (𝑡) ≤ 𝑠𝑖 (𝑡) ((𝑎𝑖 (𝑡) − 𝑎𝑖) 𝑒𝑖 (𝑡) − (𝑑𝑖 (𝑡) − 𝑑𝑖)
− 𝜁𝑎𝑖 𝑠𝑖 (𝑡) − 𝜁𝑏𝑖 sign (𝑠𝑖 (𝑡))) − 1𝜂𝑎𝑖 (𝑎𝑖 (𝑡) − 𝑎𝑖) 𝜂𝑎𝑖 𝑠𝑖 (𝑡)
⋅ 𝑒𝑖 (𝑡) + 1𝜂𝑑𝑖 (𝑑𝑖 (𝑡) − 𝑑𝑖) 𝜂𝑑𝑖 𝑠𝑖 (𝑡) .

(35)

Then, one obtains

�̇�𝑖 (𝑡) ≤ −𝜁𝑎𝑖 𝑠2𝑖 (𝑡) − 𝜁𝑏𝑖 sign (𝑠𝑖 (𝑡)) 𝑠𝑖 (𝑡) . (36)

Using sign(𝑠𝑖(𝑡))𝑠𝑖(𝑡) = |𝑠𝑖(𝑡)| and property of inequality, we
get

�̇�𝑖 (𝑡) ≤ −𝜁𝑏𝑖 𝑠𝑖 (𝑡) < 0, (37)

where 𝜁𝑏𝑖 > 0. Therefore, according to Lyapunov theory, the
system states will converge to SMS 𝑠𝑖(𝑡) = 0. Hence, the proof
is achieved completely.

Remark 10. Theorem 9 gets the error systems trajectories to
reach the sliding surface 𝑠𝑖(𝑡) = 0 in finite time.

Remark 11. Time delay and external disturbance have little
influence on the error system (16).

3.2. Stability of Sliding Mode. For the SME (23), we choose
the positive definite Lyapunov function

𝑉𝑖 (𝑡) = 12𝑒2𝑖 (𝑡) . (38)

Taking the fractional-order derivative of 𝑉𝑖(𝑡) and using
Lemma 6, we get

𝐶
0𝐷𝛼𝑡 𝑉𝑖 (𝑡) ≤ 𝑒𝑖 (𝑡) 𝐶0𝐷𝛼𝑡 𝑒𝑖 (𝑡)

= 𝑒𝑖 (𝑡) (−𝑝𝑖𝑒𝑖 − 𝑞𝑖sign (𝑒𝑖 (𝑡)))
= −𝑝𝑖𝑒2𝑖 (𝑡) − 𝑞𝑖𝑒𝑖 (𝑡) sign (𝑒𝑖 (𝑡))
= −𝑝𝑖𝑒2𝑖 (𝑡) − 𝑞𝑖 𝑒𝑖 (𝑡) ≤ −𝑞𝑖 𝑒𝑖 (𝑡)
= −√2𝑞𝑖𝑉1/2𝑖 (𝑡) ,

(39)

where 𝑞𝑖 > 0. As a result, according to Lemma 3 and
Remark 4, 𝑒𝑖 will converge to 0 asymptotically.

Therefore, the state trajectories of system (23) will con-
verge to 0, so one has the following conclusion.

Theorem 12. The slidingmode dynamics system (23) is asymp-
totically stable, and its states 𝑒𝑖(𝑡) converge to 0.
Corollary 13. By Theorems 9 and 12, system (16) is asymp-
totically stable, which means that system (14) can synchronize
system (13).

4. Numerical Simulations

The effectiveness of the obtained theoretical results is shown
by the example. Considering the two-dimensional uncertain
delayed FOHNNs (as the Master system)

𝐶
0𝐷𝛼𝑡 𝑥1 (𝑡) = −𝑥1 + 0.5 sin (𝑥1 (𝑡)) + sin (𝑥2 (𝑡))

+ 0.5 tanh (𝑥1 (𝑡 − 0.8))
+ tanh (𝑥2 (𝑡 − 0.8)) + 0.2,

𝐶
0𝐷𝛼𝑡 𝑥2 (𝑡) = −0.5𝑥2 + sin (𝑥1 (𝑡)) − 0.5 sin (𝑥2 (𝑡))

− 0.5 tanh (𝑥1 (𝑡 − 0.8))
− tanh (𝑥2 (𝑡 − 0.8)) + 0.3

(40)

where 𝛼 = 0.9, the initial conditions are 𝑥1(0) = −5, 𝑥2(0) =5.
The form of the slave system is given by

𝐶
0𝐷𝛼𝑡 𝑦1 (𝑡) = −𝑦1 + 0.5 sin (𝑦1 (𝑡))

+ sin (𝑦2 (𝑡)) 0.5 tanh (𝑦1 (𝑡 − 0.8))
+ tanh (𝑦2 (𝑡 − 0.8)) + 0.2 + 0.1
+ 𝑢1 (𝑡) ,

𝐶
0𝐷𝛼𝑡 𝑦2 (𝑡) = −0.5𝑦2 − sin (𝑦1 (𝑡)) − 0.5 sin (𝑦2 (𝑡))

− 0.5 tanh (𝑦1 (𝑡 − 0.8))
− tanh (𝑦2 (𝑡 − 0.8)) + 0.3 + 0.15
+ 𝑢2 (𝑡)

(41)

Assume that the initial conditions are 𝑦1(0) = −3, 𝑦2(0) = 3,
and 𝛼 = 0.9.

Choosing 𝑝1 = 𝑝2 = 0.5, 𝑞1 = 𝑞2 = 1.5, 𝐿𝑓1 = 𝐿𝑓2 = 𝐿𝑔1 =𝐿𝑔1 = 1, 𝜂𝑎1 = 𝜂𝑎2 = 1.1, 𝜂𝑑1 = 𝜂𝑑2 = 1.2, 𝜁𝑎1 = 𝜁𝑎2 = 1.1, 𝜁𝑏1 = 𝜁𝑏2 =1.2, one gets
̇̂𝑎1 (𝑡) = −1.1𝑒1 (𝑡) 𝑠1 (𝑡)
̇̂𝑎2 (𝑡) = −1.1𝑒2 (𝑡) 𝑠2 (𝑡) (42)

and

̇̂𝑑1 (𝑡) = 1.2𝑠1 (𝑡)
̇̂𝑑2 (𝑡) = 1.2𝑠2 (𝑡)

(43)
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Figure 1: Synchronization between 𝑥1(𝑡) (blue line) and𝑦1(𝑡) (green
line).

We use (19) and design the SMS

𝑠1 (𝑡)
= 0𝐷−1𝑡 (𝐶0𝐷0.9𝑡 𝑒1 (𝑡) + 0.5𝑒1 (𝑡) + 1.5sign (𝑒1 (𝑡)))

𝑠2 (𝑡)
= 0𝐷−1𝑡 (𝐶0𝐷0.9𝑡 𝑒2 (𝑡) + 0.5𝑒2 (𝑡) + 1.5sign (𝑒2 (𝑡))) .

(44)

Thus, according to (24), the control inputs are obtained as

𝑢1 (𝑡) = (𝑎1 (𝑡) − 0.5) 𝑒1 (𝑡) − 𝑑1 (𝑡) − 1.5sign (𝑒1 (𝑡))
− 1.1𝑠1 (𝑡) − 1.2sign (𝑠1 (𝑡)) − 𝑠1 (𝑡) (0.5 𝑒1 (𝑡)
+ 𝑒2 (𝑡) + 0.5 𝑒1 (𝑡 − 0.8) + 𝑒2 (𝑡 − 0.8)) ,

𝑢2 (𝑡) = (𝑎2 (𝑡) − 0.5) 𝑒2 (𝑡) − 𝑑2 (𝑡) − 1.5sign (𝑒2 (𝑡))
− 1.1𝑠2 (𝑡) − 1.2sign (𝑠2 (𝑡)) − 𝑠2 (𝑡) (− 𝑒1 (𝑡)
− 0.5 𝑒2 (𝑡) − 0.5 𝑒1 (𝑡 − 0.8) − 1 𝑒2 (𝑡 − 0.8)) .

(45)

The simulation results are depicted in Figures 1–6. Figures
1–3 show the synchronization between two fractional-order
neural networks and the time response of the synchronization
errors. The time response of the updated parameters and
the sliding surfaces are included in Figures 4, 5, and 6,
respectively. From the results, we can see that the synchro-
nization errors converge to origin rapidly, and favorable
synchronization performance has been achieved.

5. Conclusion

The adaptive synchronization problem for FOHNNs with
system uncertainties, time delay, and external disturbances
has been studied by SMC. Some estimations for system
uncertainties and external disturbances are made. Firstly,
establishing a switched SMS, the finite-time stability of the
SMS to origin is proved according to the fractional-order
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Figure 2: Synchronization between 𝑥2(𝑡) (blue line) and 𝑦2(𝑡)
(green line).
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Figure 3: Synchronization errors 𝑒1(𝑡) (blue line), 𝑒2(𝑡) (green line).
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Figure 4: The time response of control parameters: 𝑎1 (blue line)
and 𝑎2(green line).

Lyapunov theory. Secondly, an adaptive synchronization
fractional-order sliding mode controller is designed to force
the error systems trajectories to reach the switching SMS
and remain on it forever. The effectiveness and feasibility of
theoretical results are verified by the numerical simulations.
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Figure 5: The time response of control parameters: 𝑑1 (blue line)
and 𝑑2 (green line).
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Figure 6:The sliding surfaces: 𝑠1(𝑡) (blue line) and 𝑠2(𝑡) (green line).

Furthermore, taking advantage of the SMC theory, the stabil-
ity problems of FOHNNs with both multiple time delays and
impulses will be discussed in future works.
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Stability of zero solution for second-order integro-differential equationswith a delay is analyzed and some new results are presented.
Through constructing Lyapunov functional, we give the corresponding sufficient conditions on stability of zero solution for two
integro-differential equations. Moreover, an illustrative example is considered to support our new results.

1. Introduction

Stability and the existence of solutions for nonlinear differ-
ential equations have been studied by many scholars [1–20]
due to their many applications to problems in information
theory, control theory, mechanics, chemistry, physics, and so
on. In [5], the authors considered a second-order functional
integro-differential equation with multiple delays

𝑥 (𝑡) + 𝑎 (𝑡) 𝑓 (𝑡, 𝑥 (𝑡) , 𝑥 (𝑡)) 𝑥 (𝑡)

+ 𝑔 (𝑡, 𝑥 (𝑡) , 𝑥 (𝑡)) + 𝑛∑
𝑖=1

ℎ𝑖 (𝑥 (𝑡 − 𝜏𝑖))

= ∫𝑡
0
𝐶 (𝑡, 𝜉) 𝑥 (𝜉) 𝑑𝜉,

(1)

and they gave some new conditions on the continuability and
boundedness of solutions. Li [6] studied Ψ-stability of the
trivial solutions of the following three nonlinear systems with
time delay,

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 𝑔 (𝑡, 𝑥 (𝑡 − 𝜏 (𝑡))) , (2)

and two Volterra integro-differential equations

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 𝑔 (𝑡, 𝑥 (𝑡 − 𝜏 (𝑡)))
+ 𝑝 (𝑡, 𝑥 (𝑡)) ∫𝑡

0
𝑞 (𝑠, 𝑥 (𝑠 − 𝜏 (𝑠))) 𝑑𝑠,

(3)

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 𝑔 (𝑡, 𝑥 (𝑡 − 𝜏 (𝑡)))
+ 𝑝 (𝑡, 𝑥 (𝑡 − 𝜏 (𝑡))) ∫𝑡

0
𝑞 (𝑠, 𝑥 (𝑠)) 𝑑𝑠.

(4)

In [1], Afuwape studied the asymptotic stability and the
uniformly ultimate boundedness of the solutions for a kind
of third-order delay differential equations and gave some
sufficient conditions.

This paper investigates second-order integro-differential
equations with a delay and obtains some new results on the
stability of zero solution. By constructing Lyapunov func-
tional, the corresponding sufficient conditions are present
on stability of zero solution for two integro-differential
equations. Moreover, an illustrative example is considered to
show that our results are effective.
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The rest of this paper is organized as follows. Section 2
presents the main results of this paper. In Section 3, an
illustrative example is given to support our new results.

2. Main Results

Consider the following integro-differential equation with a
delay:

𝑥 + 𝑓 (𝑡, 𝑥, 𝑥) 𝑥 + 𝑔 (𝑡, 𝑥, 𝑥) + ℎ (𝑥 (𝑡 − 𝜏))
= 𝑝 (𝑡, 𝑥 (𝑡)) ∫𝑡

0
𝑞 (𝑠, 𝑥 (𝑠)) 𝑑𝑠,

(5)

whereR+ = [0, +∞), 𝜏 > 0 is a constant,𝑓,𝑔 : R+×R2 → R

and ℎ : R+ → R are continuous with ℎ(0) = 0, and 𝑝, 𝑞 :
R+ ×R → R with 𝑝(𝑡, 0) = 0 and 𝑞(𝑡, 0) = 0.

We can rewrite (5) as the system

𝑥 = 𝑦,
𝑦 = −𝑓 (𝑡, 𝑥, 𝑦) 𝑦 − 𝑔 (𝑡, 𝑥, 𝑦) − ℎ (𝑥)

+ ∫𝑡
𝑡−𝜏

ℎ (𝑥 (𝑠)) 𝑦 (𝑠) 𝑑𝑠

+ 𝑝 (𝑡, 𝑥) ∫𝑡
0
𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠.

(6)

Theorem 1. Consider system (6). There exist nonnegative
constants 𝐾∗, 𝑅, 𝑏, 𝑀, and 𝑁, a positive number 𝑙, and
functions 𝑃(𝑡), 𝑄(𝑡) : R+ → R+, such that the following
conditions hold:

(𝐶1 ) ℎ(𝑥)𝑥−1 ≥ 𝑙 when 𝑥 ̸= 0, |ℎ(𝑥)| ≤ 𝐾∗.
(𝐶2 ) 𝑔(𝑡, 𝑥, 0) = 0, 𝑔(𝑡, 𝑥, 𝑦)𝑦−1 ≥ 𝑏 when 𝑦 ̸= 0.
(𝐶3 ) |𝑝(𝑡, 𝑥)| ≤ 𝑃(𝑡) ≤ 𝑀, |𝑞(𝑡, 𝑦)| ≤ 𝑄(𝑡)|𝑦|, 𝑄(𝑡) ≤ 𝑁.

(𝐶4 ) 𝑁∫∞
0
𝑃(𝑠)𝑑𝑠 + 𝑀∫∞

0
𝑄(𝑠)𝑑𝑠 + 𝐾∗(𝜏 + 1) ≤2𝑓(𝑡, 𝑥, 𝑦) + 2𝑏.

Then the zero solution of system (6) is stable.

Proof. Define a Lyapunov functional 𝑉(𝑡) = 𝑉(𝑡, 𝑥, 𝑦) as

𝑉(𝑡) = 1
2𝑦2 + ∫

𝑥

0
ℎ (𝜂) 𝑑𝜂 + 𝜆∫0

−𝜏
𝑑𝑠 ∫𝑡
𝑡+𝑠
𝑦2 (𝜃) 𝑑𝜃

+ 1
2 ∫
𝑡

0
𝑑𝑠∫∞
𝑡

𝑝 (𝜃, 𝑥 (𝜃)) 𝑄 (𝑠) 𝑦2 (𝑠) 𝑑𝜃,
(7)

where 𝜆 is a positive constant to be determined. Using
condition (𝐶1), we have

∫𝑥
0
ℎ (𝜂) 𝑑𝜂 = ∫𝑥

0

ℎ (𝜂)
𝜂 𝜂 𝑑𝜂 ≥ ∫𝑥

0
𝑙𝜂 𝑑𝜂 = 𝑙

2𝑥2 > 0, (8)

and 𝑉(𝑡) ≥ (𝑙/2)𝑥2 + (1/2)𝑦2.
Suppose that (𝑥(𝑡), 𝑦(𝑡)) is a solution of (6). Then

𝑑𝑉
𝑑𝑡 = 𝑦𝑦 + ℎ (𝑥) 𝑦 + 𝜆∫0

−𝜏
[𝑦2 (𝑡) − 𝑦2 (𝑡 + 𝑠)] 𝑑𝑠

+ 1
2𝑄 (𝑡) 𝑦2 (𝑡) ∫

∞

𝑡

𝑝 (𝜃, 𝑥 (𝜃)) 𝑑𝜃

− 1
2 𝑝 (𝑡, 𝑥 (𝑡)) ∫

𝑡

0
𝑄 (𝑠) 𝑦2 (𝑠) 𝑑𝑠

= −𝑓 (𝑡, 𝑥, 𝑦) 𝑦2 − 𝑔 (𝑡, 𝑥, 𝑦) 𝑦 + 𝜆𝜏𝑦2

+ 𝑦 (𝑡) ∫𝑡
𝑡−𝜏

ℎ (𝑥 (𝑠)) 𝑦 (𝑠) 𝑑𝑠

+ 𝑦 (𝑡) 𝑝 (𝑡, 𝑥 (𝑡)) ∫𝑡
0
𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠

− 𝜆∫𝑡
𝑡−𝜏

𝑦2 (𝑠) 𝑑𝑠

+ 1
2𝑄 (𝑡) 𝑦2 (𝑡) ∫

∞

𝑡

𝑝 (𝜃, 𝑥 (𝜃)) 𝑑𝜃

− 1
2 𝑝 (𝑡, 𝑥 (𝑡)) ∫

𝑡

0
𝑄 (𝑠) 𝑦2 (𝑠) 𝑑𝑠.

(9)

By conditions (𝐶1) and (𝐶3) and 2𝑎𝑏 ≤ 𝑎2 + 𝑏2, we have

𝑦 (𝑡) ∫𝑡
𝑡−𝜏
ℎ (𝑥 (𝑠)) 𝑦 (𝑠) 𝑑𝑠

≤ 𝑦 (𝑡) ∫
𝑡

𝑡−𝜏

ℎ (𝑥 (𝑠)) 𝑦 (𝑠) 𝑑𝑠

≤ 𝐾∗
2 ∫𝑡
𝑡−𝜏

[𝑦2 (𝑡) + 𝑦2 (𝑠)] 𝑑𝑠

= 𝐾∗
2 𝜏𝑦2 + 𝐾∗

2 ∫𝑡
𝑡−𝜏

𝑦2 (𝑠) 𝑑𝑠,

(10)

𝑦 (𝑡) 𝑝 (𝑡, 𝑥 (𝑡)) ∫𝑡
0
𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠

≤ 𝑦 (𝑡) 𝑝 (𝑡, 𝑥 (𝑡)) ∫
𝑡

0

𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠



Mathematical Problems in Engineering 3

≤ 𝑝 (𝑡, 𝑥 (𝑡)) 𝑦 (𝑡) ∫
𝑡

0
𝑄(𝑠) 𝑦 (𝑠) 𝑑𝑠

≤ 1
2 𝑝 (𝑡, 𝑥 (𝑡)) ∫

𝑡

0
𝑄 (𝑠) [𝑦2 (𝑡) + 𝑦2 (𝑠)] 𝑑𝑠

≤ 𝑀𝑦2
2 ∫∞
0
𝑄 (𝑠) 𝑑𝑠

+ 1
2 𝑝 (𝑡, 𝑥 (𝑡)) ∫

𝑡

0
𝑄 (𝑠) 𝑦2 (𝑠) 𝑑𝑠.

(11)

Then,

𝑑𝑉
𝑑𝑡 ≤ [−𝑓 (𝑡, 𝑥, 𝑦) − 𝑏 + 𝜆𝜏 + 𝐾∗

2 𝜏] 𝑦2

+ (𝐾∗2 − 𝜆)∫𝑡
𝑡−𝜏

𝑦2 (𝑠) 𝑑𝑠

+ 𝑁∫∞
0
𝑃 (𝑠) 𝑑𝑠 +𝑀∫∞

0
𝑄 (𝑠) 𝑑𝑠

2 𝑦2.

(12)

Choosing 𝜆 = 𝐾∗/2, we have

𝑑𝑉
𝑑𝑡 ≤ −2𝑓 (𝑡, 𝑥, 𝑦) − 2𝑏 + 𝐾∗ (𝜏 + 1) + 𝑁∫∞

0
𝑃 (𝑠) 𝑑𝑠 +𝑀∫∞

0
𝑄(𝑠) 𝑑𝑠

2 𝑦2 ≤ 0. (13)

Therefore, the zero solution of system (6) is stable and the
proof is completed.

Theorem 1 can be generalized to the form with a variable
delay 𝜏(𝑡). It only needs a new condition. Then, the following
result is obtained.

Corollary 2. Consider system (6) with a variable delay 𝜏(𝑡).
Conditions (1)-(3) of Theorem 1 are satisfied. Moreover,

(𝐶4 )𝑁∫∞
0
𝑃(𝑠)𝑑𝑠+𝑀∫∞

0
𝑄(𝑠)𝑑𝑠+((2−𝛽)/(1−𝛽))𝐾∗𝜏 ≤2𝑓(𝑡, 𝑥, 𝑦) + 2𝑏,

(𝐶5 ) there are 𝜏 > 0 and 0 < 𝛽 < 1, such that 0 ≤ 𝜏(𝑡) ≤ 𝜏
and 𝜏(𝑡) ≤ 1.

Then the zero solution of system (6) with a variable delay 𝜏(𝑡)
is stable.

Proof. The proof is similar to that of Theorem 1. But

𝑑𝑉
𝑑𝑡 ≤ [−𝑓 (𝑡, 𝑥, 𝑦) − 𝑏 + 𝜆𝜏 (𝑡) + 𝐾∗

2 𝜏 (𝑡)] 𝑦2

+ [𝐾∗2 − 𝜆 (1 − 𝛽)]∫𝑡
𝑡−𝜏(𝑡)

𝑦2 (𝑠) 𝑑𝑠

+ 𝑁∫∞
0
𝑃 (𝑠) 𝑑𝑠 +𝑀∫∞

0
𝑄 (𝑠) 𝑑𝑠

2 𝑦2.

(14)

Thus, choosing 𝜆 = 𝐾∗/2(1 − 𝛽), we have

𝑑𝑉
𝑑𝑡 ≤ −2𝑓 (𝑡, 𝑥, 𝑦) − 2𝑏 + ((2 − 𝛽) / (1 − 𝛽))𝐾∗𝜏 + 𝑁∫∞

0
𝑃 (𝑠) 𝑑𝑠 +𝑀∫∞

0
𝑄 (𝑠) 𝑑𝑠

2 𝑦2 ≤ 0. (15)

Therefore, the zero solution of system (6) with a variable delay𝜏(𝑡) is stable and the proof is completed.

Next, we consider another second-order integro-differ-
ential system with time delay

𝑥 + 𝑓 (𝑡, 𝑥, 𝑥) 𝑥 + 𝑔 (𝑡, 𝑥, 𝑥) + ℎ (𝑥 (𝑡))
= 𝑝 (𝑥 (𝑡 − 𝜏)) ∫𝑡

0
𝑞 (𝑠, 𝑥 (𝑠)) 𝑑𝑠, (16)

System (16) can be rewritten as follows:

𝑥 = 𝑦
𝑦 = −𝑓 (𝑡, 𝑥, 𝑦) 𝑦 − 𝑔 (𝑡, 𝑥, 𝑦) − ℎ (𝑥 (𝑡))

− 𝑝 (𝑥) ∫𝑡
0
𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠

+ ∫𝑡
𝑡−𝜏

𝑝 (𝑥 (𝑠)) 𝑦 (𝑠) 𝑑𝑠 ∫𝑡
0
𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠,

(17)

Theorem 3. Consider system (17). There are nonnegative
constants𝐾, 𝑅, 𝐿1, 𝐿2, and𝑁, positive numbers 𝑙,𝑀, and𝑀1,
and functions 𝑃(𝑡) and 𝑄(𝑡), such that the conditions hold:

(𝐷1 ) ℎ(𝑥)𝑥−1 ≥ 𝑙 when 𝑥 ̸= 0, |𝑝(𝑥)| ≤ 𝐾.
(𝐷2 ) 𝑓(𝑡, 𝑥, 0) = 0, 𝑔(𝑡, 𝑥, 0) = 0, 𝑓(𝑡, 𝑥, 𝑦)𝑦−2 ≥ 𝐿1,𝑔(𝑡, 𝑥, 𝑦)𝑦−1 ≥ 𝐿2 when 𝑦 ̸= 0.
(𝐷3 ) |𝑝(𝑥)| ≤ 𝑃(𝑡), 𝑀1 ≤ 𝑃(𝑡) ≤ 𝑀, |𝑞(𝑡, 𝑦)| ≤ 𝑄(𝑡)𝑦,𝑄(𝑡) ≤ 𝑁.

(𝐷4 )𝑀∫∞
0
𝑄(𝑠)𝑑𝑠 + ((𝑀+𝐾𝜏)𝑁/𝑀1) ∫∞0 𝑃(𝑠)𝑑𝑠 ≤ 2𝐿2.

(𝐷5 )𝐾𝜏∫∞0 𝑄(𝑠)𝑑𝑠 ≤ 2𝐿1.
Then the zero solution of system (17) is stable.
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Proof. Define a Lyapunov functional 𝑉(𝑡) = 𝑉(𝑡, 𝑥, 𝑦) as
𝑉 (𝑡) = 1

2𝑦2 + ∫
𝑥

0
ℎ (𝜂) 𝑑𝜂 + 𝜆∫0

−𝜏
𝑑𝑠∫𝑡
𝑡+𝑠
𝑦4 (𝜃) 𝑑𝜃

+ 𝜇∫𝑡
0
𝑑𝑠∫∞
𝑡

𝑝 (𝑥 (𝜃)) 𝑄 (𝑠) 𝑦2 (𝑠) 𝑑𝜃,
(18)

where 𝜆 and 𝜇 are two positive constants to be determined.
Using condition (𝐷1), we have

∫𝑥
0
ℎ (𝜂) 𝑑𝜂 = ∫𝑥

0

ℎ (𝜂)
𝜂 𝜂 𝑑𝜂 ≥ ∫𝑥

0
𝑙𝜂 𝑑𝜂 = 𝑙

2𝑥2, (19)

and then 𝑉(𝑡) ≥ (𝑙/2)𝑥2 + (𝑙/2)𝑦2.
Let (𝑥(𝑡), 𝑦(𝑡)) be a solution of (17). Then,

𝑑𝑉
𝑑𝑡 = 𝑦𝑦 + ℎ (𝑥) 𝑦 + 𝜆∫0

−𝜏
[𝑦4 (𝑡) − 𝑦4 (𝑡 + 𝑠)] 𝑑𝑠

+ 𝜇𝑄 (𝑡) 𝑦2 (𝑡) ∫∞
𝑡

𝑝 (𝑥 (𝜃)) 𝑑𝜃

− 𝜇 𝑝 (𝑥 (𝑡)) ∫
𝑡

0
𝑄 (𝑠) 𝑦2 (𝑠) 𝑑𝑠

= −𝑓 (𝑡, 𝑥, 𝑦) 𝑦2 − 𝑔 (𝑡, 𝑥, 𝑦) 𝑦
− 𝑦𝑝 (𝑥) ∫𝑡

0
𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠

+ 𝑦∫𝑡
𝑡−𝜏
𝑝 (𝑥 (𝑠)) 𝑦 (𝑠) 𝑑𝑠 ∫𝑡

0
𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠

+ 𝜆𝜏𝑦4 − 𝜆∫𝑡
𝑡−𝜏

𝑦4 (𝑠) 𝑑𝑠
+ 𝜇𝑄 (𝑡) 𝑦2 ∫∞

𝑡

𝑝 (𝑥 (𝜃)) 𝑑𝜃

− 𝜇 𝑝 (𝑥 (𝑡)) ∫
𝑡

0
𝑄 (𝑠) 𝑦2 (𝑠) 𝑑𝑠.

(20)

Applying conditions (𝐷1) and (𝐷3) and 2𝑎𝑏 ≤ 𝑎2 + 𝑏2, we
have

𝑦∫𝑡
𝑡−𝜏

𝑝 (𝑥 (𝑠)) 𝑦 (𝑠) 𝑑𝑠 ∫𝑡
0
𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠

≤ 𝑦 ∫
𝑡

𝑡−𝜏

𝑝 (𝑥 (𝑠)) 𝑦 (𝑠) 𝑑𝑠 ∫
𝑡

0

𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠

≤ 𝐾
2 ∫
𝑡

𝑡−𝜏
[𝑦2 (𝑡) + 𝑦2 (𝑠)] 𝑑𝑠 ∫𝑡

0
𝑄 (𝜃) 𝑦 (𝜃) 𝑑𝜃

≤ 𝐾𝜏
2 𝑦2 (𝑡) ∫𝑡

0
𝑄 (𝜃) 𝑦 (𝜃) 𝑑𝜃

+ 𝐾
2 ∫
𝑡

𝑡−𝜏
𝑦2 (𝑠) ∫𝑡

0
𝑄(𝜃) 𝑦 (𝜃) 𝑑𝜃 𝑑𝑠

≤ 𝐾𝜏
4 ∫𝑡
0
𝑄 (𝜃) [𝑦4 (𝑡) + 𝑦2 (𝜃)] 𝑑𝜃

+ 𝐾
4 ∫
𝑡

𝑡−𝜏
∫𝑡
0
𝑄 (𝜃) [𝑦4 (𝑠) + 𝑦2 (𝜃)] 𝑑𝜃 𝑑𝑠

≤ 𝐾𝜏
4 𝑦4 ∫∞

0
𝑄 (𝑠) 𝑑𝑠 + 𝐾𝜏

2 ∫𝑡
0
𝑄(𝑠) 𝑦2 (𝑠) 𝑑𝑠

+ 𝐾
4 ∫
∞

0
𝑄 (𝑠) 𝑑𝑠 ∫𝑡

𝑡−𝜏
𝑦4 (𝑠) 𝑑𝑠,

(21)

− 𝑦 (𝑡) 𝑝 (𝑥 (𝑡)) ∫𝑡
0
𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠

≤ 𝑦 (𝑡) 𝑝 (𝑡, 𝑥 (𝑡)) ∫
𝑡

0

𝑞 (𝑠, 𝑦 (𝑠)) 𝑑𝑠

≤ 𝑝 (𝑥 (𝑡)) 𝑦 (𝑡) ∫
𝑡

0
𝑄 (𝑠) 𝑦 (𝑠) 𝑑𝑠

≤ 1
2 𝑝 (𝑥 (𝑡)) ∫

𝑡

0
𝑄 (𝑠) [𝑦2 (𝑡) + 𝑦2 (𝑠)] 𝑑𝑠

≤ 𝑀𝑦2
2 ∫∞
0
𝑄 (𝑠) 𝑑𝑠 + 𝑀

2 ∫𝑡
0
𝑄 (𝑠) 𝑦2 (𝑠) 𝑑𝑠.

(22)

By condition (𝐷2), we have
𝑑𝑉
𝑑𝑡
≤ −[𝐿1 − 𝐾𝜏

4 ∫∞
0
𝑄 (𝑠) 𝑑𝑠 − 𝜆𝜏] 𝑦4

− [𝐿2 − 𝑀
2 ∫∞
0
𝑄 (𝑠) 𝑑𝑠 − 𝜇𝑁∫∞

0
𝑃 (𝑠) 𝑑𝑠] 𝑦2

+ [𝐾4 ∫
∞

0
𝑄 (𝑠) 𝑑𝑠 − 𝜆]∫𝑡

𝑡−𝜏
𝑦4 (𝑠) 𝑑𝑠

+ [𝑀 + 𝐾𝜏
2 − 𝜇𝑀1]∫

𝑡

0
𝑄 (𝑠) 𝑦2 (𝑠) 𝑑𝑠.

(23)

Thus, we choose 𝜆 = (𝐾/4) ∫∞
0
𝑄(𝑠)𝑑𝑠 and 𝜇 = (𝑀 +𝐾𝜏)/2𝑀1. Using conditions (𝐷4) and (𝐷5), we have

𝑑𝑉
𝑑𝑡 ≤ −[𝐿1 − 𝐾𝜏

2 ∫∞
0
𝑄 (𝑠) 𝑑𝑠] 𝑦4 − [𝐿2

− 𝑀
2 ∫∞
0
𝑄(𝑠) 𝑑𝑠 − (𝑀 + 𝐾𝜏)𝑁

2𝑀1 ∫∞
0
𝑃 (𝑠) 𝑑𝑠] 𝑦2

≤ 0.

(24)

Therefore, the zero solution of system (17) is stable and
the proof is completed.

Corollary 4. Consider system (17) with a variable delay 𝜏(𝑡).
Conditions (1)-(3) of Theorem 3 are satisfied. Moreover,

(𝐷5 ) (2 − 𝛽)𝐾𝜏∫∞0 𝑄(𝑠)𝑑𝑠 ≤ 4(1 − 𝛽)𝐿1,
(𝐷6 ) there are 𝜏 > 0 and 0 < 𝛽 < 1, such that 0 ≤ 𝜏(𝑡) ≤ 𝜏

and 𝜏(𝑡) ≤ 1.
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Then the zero solution of system (17) with a variable delay 𝜏(𝑡)
is stable.

Proof. The proof is similar to that of Theorem 3. But

𝑑𝑉
𝑑𝑡 ≤ − [𝐿1 − 𝐾𝜏 (𝑡)

4 ∫∞
0
𝑄 (𝑠) 𝑑𝑠 − 𝜆𝜏 (𝑡)] 𝑦4

− [𝐿2 − 𝑀
2 ∫∞
0
𝑄 (𝑠) 𝑑𝑠 − 𝜇𝑁∫∞

0
𝑃 (𝑠) 𝑑𝑠] 𝑦2

+ [𝐾4 ∫
∞

0
𝑄(𝑠) 𝑑𝑠 − 𝜆 (1 − 𝜏 (𝑡))]∫𝑡

𝑡−𝜏(𝑡)
𝑦4 (𝑠) 𝑑𝑠

+ [𝑀 + 𝐾𝜏 (𝑡)
2 − 𝜇𝑃 (𝑡)] ∫𝑡

0
𝑄(𝑠) 𝑦2 (𝑠) 𝑑𝑠

≤ − [𝐿1 − 𝐾𝜏
4 ∫∞
0
𝑄(𝑠) 𝑑𝑠 − 𝜆𝜏] 𝑦4

− [𝐿2 − 𝑀
2 ∫∞
0
𝑄 (𝑠) 𝑑𝑠 − 𝜇𝑁∫∞

0
𝑃 (𝑠) 𝑑𝑠] 𝑦2

+ [𝐾4 ∫
∞

0
𝑄(𝑠) 𝑑𝑠 − 𝜆 (1 − 𝛽)]∫𝑡

𝑡−𝜏(𝑡)
𝑦4 (𝑠) 𝑑𝑠

+ [𝑀 + 𝐾𝜏
2 − 𝜇𝑀1]∫

𝑡

0
𝑄(𝑠) 𝑦2 (𝑠) 𝑑𝑠.

(25)

Thus, choosing 𝜆 = (𝐾/4(1 − 𝛽)) ∫∞
0
𝑄(𝑠)𝑑𝑠 and 𝜇 = (𝑀 +𝐾𝜏)/2𝑀1, we have

𝑑𝑉
𝑑𝑡 ≤ − [𝐿1 − (2 − 𝛽)𝐾𝜏

4 (1 − 𝛽) ∫∞
0
𝑄 (𝑠) 𝑑𝑠] 𝑦4 − [𝐿2

− 𝑀
2 ∫∞
0
𝑄 (𝑠) 𝑑𝑠 − (𝑀 + 𝐾𝜏)𝑁

2𝑀1 ∫∞
0
𝑃 (𝑠) 𝑑𝑠] 𝑦2

≤ 0.

(26)

Then, the zero solution of system (6)with a variable delay 𝜏(𝑡)
is stable and the proof is completed.

3. An Illustrative Example

In this section, we give an illustrative example to the effec-
tiveness of results obtained in this paper. Moreover, we list a
graph of solutions of an integral-differential equation with a
delay to verify the correctness of the conclusion.

Example 1. Consider the following example:

𝑥 (𝑡) + 2𝑒𝑡+𝑥2(𝑡)+𝑥2(𝑡)𝑥 (𝑡) + 1
4𝑥 (𝑡) +

1
2𝑥 (𝑡 − 2)

= 𝑒−2𝑡 ∫𝑡
0
𝑒−𝑠𝑥 (𝑠) 𝑑𝑠.

(27)

In the example, 𝑓(𝑡, 𝑥, 𝑦) = 2𝑒𝑡+𝑥2+𝑦2 , 𝑔(𝑡, 𝑥, 𝑦) = (1/4)𝑦,
ℎ(𝑥) = (1/2)𝑥, 𝑝(𝑡, 𝑥) = 𝑒−2𝑡, 𝑞(𝑡, 𝑦) = ∫𝑡

0
𝑒−𝑠𝑦(𝑠)𝑑𝑠, and a

delay 𝜏 = 2. Obvious, this system is the same form as (5).
Moreover,

0 2 4 6 8 10 12
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−0.06
−0.05
−0.04
−0.03
−0.02
−0.01

0
0.01

Time−t

x(
t)

×10
4

Figure 1: Stability of solutions for system (27).

(𝐶1 ) ℎ(𝑥)𝑥−1 ≥ 𝑙 = 1/2, |ℎ(𝑥)| = 1/2 ≤ 𝐾∗ = 1/2;
(𝐶2 ) 𝑔(𝑡, 𝑥, 0) = 0, 𝑔(𝑡, 𝑥, 𝑦)𝑦−1 ≥ 𝑏 = 1/4;
(𝐶3 ) |𝑝(𝑡, 𝑥)| = 𝑃(𝑡) ≤ 𝑀 = 1, |𝑞(𝑡, 𝑦)| ≤ 𝑄(𝑡)|𝑦|, 𝑄(𝑡) =𝑒−𝑡 ≤ 1;
(𝐶4 )𝑁∫∞

0
𝑃(𝑠)𝑑𝑠+𝑀∫∞

0
𝑄(𝑠)𝑑𝑠+𝐾∗(𝜏+1)=∫∞

0
𝑒−2𝑡𝑑𝑡+

∫∞
0
𝑒−𝑡𝑑𝑡+1/2×2 = 7/2, 2𝑓(𝑡, 𝑥, 𝑦)+2𝑏 ≥ 4+2×1/4 ≥7/2.

Thus, all conditions ofTheorem 1 are satisfied and the zero
solution of system (27) is stable by the obtained result. To
show the effectiveness of the result, we carry out a simulation
result with the following choices. Initial Condition: 𝑥(𝑡) =𝑥(𝑡) = 0 for 𝑡 ∈ [−2, 0). The simulation result is shown in
Figure 1, which is the stability of solutions for system (27).
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This paper considers the optimal debt ratio, investment, and dividend payment policies for insurers with time-inconsistency. The
surplus process of an insurance company is determined by the change of asset value and the change of liabilities. The asset can be
invested in financial market which contains a risky asset and a risk-free asset, and when the insurer incurs a liability, he/she earns
some premium.The objective is to maximize the expected nonconstant discounted utility of dividend payment until a determinate
time. This is a time-inconsistent control problem. We obtain the modified HJB equation and the closed-form expressions for the
optimal debt ratio, investment, and dividend payment policies under logarithmic utility.

1. Introduction

In recent decades, the actuarial science has shown a trend
of diversified development. We can see that the relationships
betweenmathematics and risk theory are becomingmore and
more close; furthermore, a lot of optimal control research
problems are becoming very interesting and increasingly
important. As a result, some scholars have already studied the
optimal investment, optimal reinsurance, optimal dividend,
and risk control problems for decades. Specially, as an impor-
tant way of profit, the optimal investment problems have
been widely investigated for many years in literatures. For
example, [1] considered an insurance firm that is faced with
a stochastic cash flow or random risk process and studied
the optimal investment policies with considering exponential
utility and minimizing the probability of ruin; for other
investment problems also see [2, 3] and so on. The optimal
dividend payment has been studied for many years since it
was put forward by [4]. For example, [5, 6] investigated the
optimal dividend strategies with Brownian motion and the
compound Poissonmodel, respectively, [7, 8] investigated the
optimal dividend strategies under spectrally negative Lévy
processes and spectrally positive Lévy processes, respectively,
[9] studied optimal dividends under nonlinear insurance risk

processes, [10] considered the optimal dividend strategies
with capital injections and proportional transaction costs
under a jump-diffusion model, and the reader can see
more optimal dividend problem in a review about dividend
[11]. In addition, researchers not only consider the optimal
investment policies or optimal dividends individually but also
combine with other optimal control problems. For example,
[12–16] considered the optimal investment problems combin-
ing with reinsurance. Some researchers also investigated the
investment problems with the optimal dividends policies, for
example, [17–19].

Recently, the debt management problem has drawn more
and more attention by many researchers. In particular, the
occurrence of a global financial crisis in 2008 which was
brought out by the collapse of US housing market in 2007
had drawn increasing attention to the debt ratio. It is now
widely believed that excessive leveraging, and an excessive
debt ratio, at key financial institutions helped convert the
initial subprime turmoil in 2007 into a full blown financial
crisis of 2008. In addition, the failure of AIG (American
International Group) told us that the proper debt ratio in an
insurance company is very important. Then, many scholars
have investigated the optimal debt ratio under different risk
models. For example, [20] derived the optimal debt ratio and
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dividend payment strategies with reinsurance for an insurer.
The paper [21] studied the optimal investment and dividend
payment strategies with debt management and reinsurance.

In this paper, we consider the optimal debt ratio, invest-
ment, and dividend payment policies for insurers with time-
inconsistency. For a very rich number of scholars, they
assume that the discount is constant so that the discount
function is exponential. However, some scholars argue that
the assumption of constant discount rate which means the
unchanging of human behavior is unrealistic. Hence, many
researchers have studied the so-called time-inconsistent
control problems for many years. For example, [22] used
Nash equilibrium points to seek the equilibrium policy
in dynamic utility maximization under inconsistency; [23]
discussed the consumption and portfolio rules for time-
inconsistent investors; they derived a modified HJB equation
and compared the different styles of investors which are
called naive and sophisticated agents. Other studies about
time-inconsistency can be seen in [24, 25] and so on. This
paper assumes that the discount rate is nonconstant but
that a function of time is a nonincreasing function. We
assume that the surplus process of an insurance company is
determined by the change of asset value and the change of
liabilities.The asset can be invested in financial market which
contains a risky asset and a risk-free asset, when the insurer
incurs a liability, he/she earns some premium. The objective
is to maximize the expected nonconstant discounted utility
of dividend payment until a determinate time. Then we
obtain the closed-form expressions for the optimal debt ratio,
investment, and dividend payment policies under logarith-
mic utility. The model is a generalization of [21] in which the
optimal policies with a fixed discount rate are considered.We
investigate the optimal policies with a nonconstant discount
rate but a nonincreasing function of time.

The remainder of this paper is as follows. Section 2
describes the model and gives the objective function and
other basic foundations. In Section 3, we obtain the dynamic
equation which so-called modified HJB equation. Finally, we
obtain the optimal policies in Section 4.

2. The Model

We first give a complete probability space (Ω,F, 𝑃) with
filtration {F𝑡}𝑡∈[0,𝑇] satisfying the usual condition generated
by a standard Brownianmotion {𝑊(𝑡), 𝑡 ≥ 0}. Let𝑋(𝑡) denote
the surplus of a large insurer. The asset value and liabilities
are represented by 𝐾(𝑡) and 𝐿(𝑡), respectively. The change of
surplus process, which is the difference between the change
of asset value 𝐾(𝑡) and the change of liabilities 𝐿(𝑡), can be
written as

d𝑋 (𝑡) = d𝐾 (𝑡) − d𝐿 (𝑡) ,
𝑋 (0) = 𝑥. (1)

Obviously, when the insurer incurs a liability, he earns some
premium. Hence, in this paper, we assume the premium rate
is 𝜃 which means that the insurer can collect 𝜃 dollar when
he/she provides a dollar insurance protection. Furthermore,
the asset value increasing from the insurance sales during

[𝑡, 𝑡 + d𝑡] is denoted by 𝜃𝐿(𝑡)d𝑡. Naturally, the insurer wants
to know that howmuch 𝐿(𝑡) he can provided. In other words,
he wants to know how much of the debt ratio is suitable
to the company. Let 𝜋𝑡 = 𝐿(𝑡)/𝑋(𝑡) denote the debt ratio
of the insurance company and 𝜋𝑡 also serves as a control
variable in this paper. Then, the leverage is described as the
ratio between asset values and surplus can be represented as1 + 𝜋𝑡 = 𝐾(𝑡)/𝑋(𝑡). With some assumption, we will give the
optimal debt ratio in the following.

For the sake of simplicity, we assume there are only a risk-
free asset 𝑃0(𝑡) and a risky asset 𝑃1(𝑡) in the financial market
with prices satisfying

d𝑃0 (𝑡)𝑃0 (𝑡) = 𝑟d𝑡, (2)

d𝑃1 (𝑡)
P1 (𝑡) = 𝜇d𝑡 + 𝜎d𝑊(𝑡) , (3)

where 𝑟, 𝜇, and 𝜎 are some positive real numbers satisfying𝑟 < 𝜇. Assume that the asset is invested in financial market,
and the proportional of the asset value is invested in the risky
asset at time 𝑡 is denoted as 𝑓𝑡, the rest of the asset is invested
in risk-free asset. Intuitively, without considering claims and
dividend payment, the surplus process can be denoted by

d𝑋1 (𝑡) = [𝜃𝐿 (𝑡) + 𝐾 (𝑡)] 𝑓𝑡 d𝑃1 (𝑡)𝑃1 (𝑡)
+ [𝜃𝐿 (𝑡) + 𝐾 (𝑡)] (1 − 𝑓𝑡) d𝑃0 (𝑡)𝑃0 (𝑡) .

(4)

Substituting (2) and (3) into (4), we have

d𝑋1 (𝑡)
= [𝜃𝐿 (𝑡) + 𝐾 (𝑡)] {[𝑟 + (𝜇 − 𝑟) 𝑓𝑡] d𝑡 + 𝜎𝑓𝑡d𝑊(𝑡)} ,

𝑋1 (0) = 𝑥.
(5)

Furthermore, we consider the future claims. We denoted by𝑆(𝑡) the accumulated claims up to time 𝑡. We have that

𝑆 (𝑡) = ∫𝑡
0
𝑐 (𝑠) 𝐿 (𝑠) d𝑠,

𝑆 (0) = 0,
(6)

where 𝑐(𝑠) is claim rate. This means the claims are propor-
tional to the amount of insurance liabilities. Let 𝐷(𝑡) be a
nonnegative andnondecreasing process representing the sum
of the dividends distributed over the time interval [0, 𝑡]. In
this paper, our purpose is to investigate the optimal dividend
strategy where the dividend payment is proportional to
amount of the surplus. Hence, the accumulate dividends can
be represented by

𝐷 (𝑡) = ∫𝑡
0
𝑧𝑠𝑋 (𝑠) d𝑠,

𝐷 (0−) = 0,
(7)
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where 𝑧𝑡 is a dividend payment rate and is an F𝑡 adapted
process. Combining with (5) and considering claims and
dividends, the surplus of insurance company is given by

d𝑋 (𝑡) = d𝑋1 (𝑡) − d𝑆 (𝑡) − d𝐷 (𝑡) = [𝜃𝐿 (𝑡) + 𝐾 (𝑡)]
⋅ {[𝑟 + (𝜇 − 𝑟) 𝑓𝑡] d𝑡 + 𝜎𝑓𝑡d𝑊(𝑡)} − 𝑐 (𝑡) 𝐿 (𝑡) d𝑡
− 𝑧𝑡𝑋 (𝑡) d𝑡 = {[𝜃𝐿 (𝑡) + 𝐾 (𝑡)] [𝑟 + (𝜇 − 𝑟) 𝑓𝑡]
− 𝑐 (𝑡) 𝐿 (𝑡) − 𝑧𝑡𝑋(𝑡)} d𝑡 + 𝜎𝑓𝑡 [𝜃𝐿 (𝑡)
+ 𝐾 (𝑡)] d𝑊(𝑡) , with 𝑋 (0−) = 𝑥.

(8)

Naturally, we have

d𝑋 (𝑡)
𝑋 (𝑡)
= {[(1 + 𝜃) 𝜋𝑡 + 1] [𝑟 + (𝜇 − 𝑟) 𝑓𝑡] − 𝑐 (𝑡) 𝜋𝑡 − 𝑧𝑡} d𝑡
+ [(1 + 𝜃) 𝜋𝑡 + 1] 𝜎𝑓𝑡d𝑊(𝑡) .

(9)

Recall that 𝜋𝑡 denotes the debt ratio, the insurer wants to
determine the optimal liabilities ratio. Thus, in our paper, 𝜋𝑡
serve as a control variable. LetΠ = [0,𝑀], 0 < 𝑀 < ∞.Then,
we give the following definition.

Definition 1. We say that V = {𝜋𝑡, 𝑓𝑡, 𝑧𝑡}𝑡∈[0,𝑇] is an admissible
set, if

(i) the process {𝜋𝑡, 0 ≤ 𝑡 ≤ 𝑇} is a predictable and satisfies
that 𝜋𝑡 ∈ Π;

(ii) the process {𝑓𝑡, 0 ≤ 𝑡 ≤ 𝑇} is a predictable and satisfies
that

𝐸∫𝑇
0
𝑓2𝑠 d𝑠 < ∞, 𝑇 < ∞; (10)

(iii) the process {𝑧𝑡, 0 ≤ 𝑡 ≤ 𝑇} is a predictable and satisfy
that 0 ≤ 𝑧𝑡 < ∞.

We also say a policy (𝜋𝑡, 𝑓𝑡, 𝑧𝑡) is admissible, if (𝜋𝑡, 𝑓𝑡,𝑧𝑡) ∈ V .
In traditional optimal strategies research, the scholars

also assume that the insurer preferences at time 𝑡 take the
form

𝐽1 (𝑡, 𝑥) = 𝐸𝑡,𝑥 {∫
𝑇

𝑡
[𝑒−𝜌(𝑠−𝑡)𝑈 (𝑧𝑠𝑋 (𝑠))] d𝑠

+ 𝑒−𝜌(𝑇−𝑡)𝑈 (𝑋 (𝑇))} ,
(11)

where 𝐸𝑡,𝑥 denotes condition expectation 𝐸[⋅ | 𝑋(𝑡) = 𝑥],
𝑈(⋅) is a utility function satisfying that 𝑈 > 0, 𝑈 < 0, 𝜌
is a discount rate. The insurer wants to choose the optimal
policies to maximize 𝐽1(𝑡, 𝑥), 𝑖.𝑒.,
𝑉1 (𝑡, 𝑥) = max

{𝜋𝑡,𝑓𝑡,𝑧𝑡}∈V
𝐽1 (𝑡, 𝑥) ,

with 𝑉1 (𝑇, 𝑥) = 𝑈 (𝑥) .
(12)

For the purpose of obtaining optimal policies, we ought to
solve a stochastic control problem, and since the discount
rate is constant, the solution is time consistent. However,
some scholars argue that the assumption of constant discount
rate is unrealistic. Hence, in this paper, we assume that the
discount rate is nonconstant, but a function of time ](𝑠) that
is a nonincreasing function for 𝑠 ∈ [0, 𝑇]. So the discount
factor at time 𝑠 used to evaluate a payoff at time 𝑠 + 𝑡, 𝑡 ≥ 0,
is 𝜍(𝑡) = exp[− ∫𝑡

0
](𝑠)d𝑠]. Consequently, we assume that the

insurer’s preference at time 𝑡 takes the form of

𝐽 (𝑡, 𝑥) = 𝐸𝑡,𝑥 {∫
𝑇

𝑡
[𝜍 (𝑠 − 𝑡) 𝑈 (𝑧𝑠𝑋(𝑠))] d𝑠

+ 𝜍 (𝑇 − 𝑡)𝑈 (𝑋 (𝑇))} ,
(13)

which means the insurer’s preference is not immutable. The
optimal debt ratio, investment, and dividend payment poli-
cies consist of solving the following stochastic control prob-
lem:

𝑉 (𝑡, 𝑥) = max
{𝜋𝑡,𝑓𝑡 ,𝑧𝑡}∈V

𝐽 (𝑡, 𝑥) , with 𝑉 (𝑇, 𝑥) = 𝑈 (𝑥) . (14)

3. Dynamic Equation

For any {𝜋𝑡, 𝑓𝑡, 𝑧𝑡} ∈ V and any real function𝑔(𝑡, 𝑥) ∈ C1,2([0,∞) × [0,∞)), we define a generatorA about (9) as

A𝑔 (𝑡, 𝑥) = 12 [(1 + 𝜃) 𝜋𝑡 + 1]
2 𝜎2𝑓2𝑡 𝑥2 𝜕

2

𝜕𝑥2𝑔 (𝑡, 𝑥)
+ {[(1 + 𝜃) 𝜋𝑡 + 1] [𝑟 + (𝜇 − 𝑟) 𝑓𝑡] − 𝑐 (𝑡) 𝜋𝑡 − 𝑧𝑡}
⋅ 𝑥 𝜕𝜕𝑥𝑔 (𝑡, 𝑥) .

(15)

For problem (12), in the conventional methods, by dynamic
programming principle, the value function satisfies HJB
(Hamilton-Jacobi-Bellman) equation (see [21])

max
{𝜋𝑡,𝑓𝑡,𝑧𝑡}∈V

{ 𝜕𝜕𝑡𝑉 (𝑡, 𝑥) +A𝑉 (𝑡, 𝑥) + 𝑒−𝜌𝑡𝑈 (𝑧𝑥)} = 0,
with terminal condition 𝑉 (𝑇, 𝑥) = 𝑈 (𝑥) .

(16)

For time-inconsistent problem (14), the standard HJB equa-
tion cannot be used to obtain the solution. In what follows,
we use a modified HJB equation which was used in Maŕın-
Solano and Navas [23] to deal with (14).

We begin with a special discretized version of (14). We
divide the [0, 𝑇] into 𝑁 periods of constant length 𝜀; in this
way we identify 𝑑𝑠 = 𝜀; therefore the objective of insurer in
time 𝑡 = 𝑗𝜀 (𝑗 = 0, 1, 2, . . . , 𝑁) will be
𝑉 (𝑗𝜀, 𝑋 (𝑗𝜀))
= max
{𝜋𝑘𝜀,𝑓𝑘𝜀,𝑧𝑘𝜀}

𝐸 [Σ𝑁−𝑗−1𝑖=0 𝜍 (𝑖𝜀) 𝑈 (𝑧(𝑖+𝑗)𝜀𝑋((𝑖 + 𝑗) 𝜀)) 𝜀
+ 𝜍 ((𝑁 − 𝑗) 𝜀)𝑈 (𝑋 (𝑇))] ,

(17)
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From (9), if the surplus is served as discrete, the surplus will
have the following form:

𝑋(𝑘𝜀 + 𝜀) = 𝑋 (𝑘𝜀)
⋅ {{[(1 + 𝜃) 𝜋𝑘𝜀 + 1] [𝑟 + (𝜇 − 𝑟) 𝑓𝑘𝜀] − 𝑐 (𝑡) 𝜋𝑘𝜀
− 𝑧𝑘𝜀} 𝜀 + [(1 + 𝜃) 𝜋𝑘𝜀 + 1] 𝜎𝑓𝑘𝜀 [𝑊 ((𝑘 + 1) 𝜀)
− 𝑊 (𝑘𝜀)]} ,

(18)

with 𝑋(𝑘𝜀) is given and where 𝑘 = 𝑗, . . . , 𝑁 − 1. For (17), in
the final period, 𝑖.𝑒., 𝑗 = 𝑁, we have V(T,X(T)) = U(X(T)).
For 𝑗 = 𝑁 − 1, we have
𝑉 ((𝑁 − 1) 𝜀, 𝑋 ((𝑁 − 1) 𝜀))
= max
{𝜋(𝑁−1)𝜀,𝑓(𝑁−1)𝜀,𝑧(𝑁−1)𝜀}

𝐸 [𝑈 (𝑧(𝑁−1)𝜀𝑋((𝑁 − 1) 𝜀)) 𝜀
+ 𝜍 (𝜀) 𝑉 (𝑇,𝑋 (𝑇))]
= 𝐸 [𝑈 (𝑧∗(𝑁−1)𝜀𝑋((𝑁 − 1) 𝜀)) 𝜀
+ 𝜍 (𝜀) 𝑉 (𝑇,𝑋 (𝑇))]

{𝜋∗
(𝑁−1)𝜀
,𝑓∗
(𝑁−1)𝜀
,𝑧∗
(𝑁−1)𝜀
}
,

(19)

with

𝑋 (𝑁𝜀) = 𝑋 ((𝑁 − 1) 𝜀)
⋅ {{[(1 + 𝜃) 𝜋(𝑁−1)𝜀 + 1] [𝑟 + (𝜇 − 𝑟) 𝑓(𝑁−1)𝜀]
− 𝑐 (𝑡) 𝜋(𝑁−1)𝜀 − 𝑧(𝑁−1)𝜀} 𝜀 + [(1 + 𝜃) 𝜋(𝑁−1)𝜀 + 1]
⋅ 𝜎𝑓(𝑁−1)𝜀 [𝑊 (𝑁𝜀) −𝑊 ((𝑁 − 1) 𝜀)]} ,

(20)

where {𝜋∗(𝑁−1)𝜀, 𝑓∗(𝑁−1)𝜀, 𝑧∗(𝑁−1)𝜀} is the maximizer of the right
hand term of the (19). We denote

𝐺 ((𝑁 − 1) 𝜀, 𝑋 ((𝑁 − 1) 𝜀))
= 𝑈 (𝑧∗(𝑁−1)𝜀𝑋 ((𝑁 − 1) 𝜀)) 𝜀{𝜋∗

(𝑁−1)𝜀
,𝑓∗
(𝑁−1)𝜀
}
. (21)

Therefore, the optimal value of (17) can be represented as

𝑉 (𝑗𝜀, 𝑋 (𝑗𝜀))
= max
{𝜋𝑗𝜀,𝑓𝑗𝜀,𝑧𝑗𝜀}

𝐸 [𝑈 (𝑧𝑗𝜀𝑋(𝑗𝜀)) 𝜀 + 𝐻 (𝑗, 𝜀)] , (22)

𝑉 ((𝑗 + 1) 𝜀, 𝑋 ((𝑗 + 1) 𝜀))
= 𝐸 [𝐺 ((𝑗 + 1) 𝜀, 𝑋 ((𝑗 + 1) 𝜀)) 𝜀 + 𝐻 (𝑗 + 1, 𝜀)] , (23)

where

𝐻(𝑗, 𝜀) = Σ𝑁−𝑗−1𝑖=1 𝜍 (𝑖𝜀) 𝐺 ((𝑖 + 𝑗) 𝜀, 𝑋 ((𝑖 + 𝑗) 𝜀)) 𝜀
+ 𝜍 ((𝑁 − 𝑗) 𝜀)𝑉 (𝑇,𝑋 (𝑇)) . (24)

Solving 𝑉(𝑇,𝑋(𝑇)) in (22) and (23), then using some
mathematical techniques to simplify it, we have the lemma
as follows.

Lemma 2. For initial wealth 𝑥, the equilibrium value 𝑉(𝑗𝜀,𝑋(𝑗𝜀)) of (17) and (18) can be obtained as

𝜍 ((𝑁 − 𝑗 − 1) 𝜀)𝑉 (𝑗𝜀, 𝑋 (𝑗𝜀))
= max
{𝜋𝑗𝜀,𝑓𝑗𝜀,𝑧𝑗𝜀}

𝐸 {𝜍 ((𝑁 − 𝑗 − 1) 𝜀)𝑈 (𝑧𝑗𝜀𝑋(𝑗𝜀)) 𝜀
+ Σ𝑁−𝑗−1
𝑘=1

[𝜍 ((𝑁 − 𝑗 − 1) 𝜀) 𝜍 (𝑘𝜀)
− 𝜍 ((𝑁 − 𝑗) 𝜀) 𝜍 ((𝑘 − 1) 𝜀)]
⋅ 𝐺 ((𝑘 + 𝑗) 𝜀, 𝑋 ((𝑘 + 𝑗) 𝜀)) 𝜀 + 𝜍 ((𝑁 − 𝑗) 𝜀)
⋅ 𝑉 ((𝑗 + 1) 𝜀, 𝑋 ((𝑗 + 1) 𝜀))}

(25)

with 𝑉(𝑇,𝑋(𝑇)) = 𝑈(𝑋(𝑇)) and
𝑋((𝑗 + 1) 𝜀) = 𝑋 (𝑗𝜀)
⋅ {[(1 + 𝜃) 𝜋𝑗𝜀 + 1] [𝑟 + (𝜇 − 𝑟) 𝑓𝑗𝜀] − 𝑐 (𝑡) 𝜋𝑗𝜀
− 𝑧𝑗𝜀} 𝜀 + 𝑋 (𝑗𝜀)
⋅ {[(1 + 𝜃) 𝜋𝑗𝜀 + 1] 𝜎𝑓𝑗𝜀 [𝑊 ((𝑗 + 1) 𝜀) − 𝑊(𝑗𝜀)]} ,

(26)

for 𝑗 = 1, 2, . . . , 𝑁−1. Equation (25) is the equilibrium dynam-
ic programming equation in discrete time, and we can obtain
the solutions by proceeding backward in time from period𝑁−1
to period 0.

For the continuous time problemof (14), we also derive an
equilibriumdynamic programming equation calledmodified
HJB equation. Inspired by the discrete case, the equilibrium
value of (14) is defined as the limit when 𝜀 → 0 of discrete
time equilibriumdynamic programming equation (25). Since𝑡 = 𝑗𝜀, 𝑇 = 𝑁𝜀, with initial wealth 𝑋(𝑡) = 𝑥, then 𝑉(𝑡, 𝑥) =𝑉(𝑗𝜀, 𝑋(𝑗𝜀)), and by the 𝐼𝑡𝑜 formula, we have

𝑉 (𝑡 + 𝜀, 𝑋 (𝑡 + 𝜀)) = 𝑉 (𝑡, 𝑋 (𝑡))
+ [ 𝜕𝜕𝑡𝑉 (𝑡, 𝑋 (𝑡)) +A𝑉 (𝑡, 𝑋 (𝑡))] 𝜀
+ [(1 + 𝜃) 𝜋𝑡 + 1] 𝜎𝑓𝑡 𝜕𝜕𝑥𝑉 (𝑡, 𝑋 (𝑡))
⋅ [𝑊 (𝑡 + 𝜀) − 𝑊 (𝑡)] + 𝑜 (𝜀) .

(27)

Since 𝜍(𝑘𝜀) = exp[− ∫𝑘𝜀
0

](𝑠)d𝑠], by Taylor’s theorem, then

𝜍 ((𝑁 − 𝑗) 𝜀) = exp[−∫(𝑁−𝑗)𝜀
0

] (𝑠) d𝑠]
= 𝜍 ((𝑁 − 𝑗 − 1) 𝜀) [1 − ] ((𝑁 − 𝑗 − 1) 𝜀) 𝜀]
+ 𝑜 (𝜀) ,

(28)

𝜍 ((𝑘 − 1) 𝜀) = exp[−∫(𝑘−1)𝜀
0

] (𝑠) d𝑠]
= 𝜍 (𝑘𝜀) [1 + ] (𝑘𝜀) 𝜀] + 𝑜 (𝜀) .

(29)
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Substituting (27), (28) and (29) into (25), we have

0 = max
{𝜋𝑡,𝑓𝑡 ,𝑧𝑡}

𝐸{𝑈 (𝑧𝑡𝑋(𝑡)) + 𝜕𝜕𝑡𝑉 (𝑡, 𝑋 (𝑡))
+A𝑉 (𝑡, 𝑋 (𝑡)) − ] (𝑇 − 𝑡) 𝑉 (𝑡, 𝑋 (𝑡))
− 𝐻 (𝑡, 𝑋 (𝑡))} 𝜀 + [(1 + 𝜃) 𝜋𝑡 + 1] 𝜎𝑓𝑡 𝜕𝜕𝑥
⋅ 𝑉 (𝑡, 𝑋 (𝑡)) [𝑊 (𝑡 + 𝜀) − 𝑊 (𝑡)] + 𝑜 (𝜀) ,

(30)

where

𝐻(𝑡, 𝑋 (𝑡)) = 𝐸 [Σ𝑁−𝑗−1𝑘=1
𝜍 (𝑘𝜉)

⋅ (] (𝑘𝜀) − ] ((𝑁 − 𝑗 − 1) 𝜀)) 𝐺 (𝑡 + 𝑘𝜀, 𝑋 (𝑡 + 𝑘𝜀))
⋅ 𝜀] .

(31)

Dividing (30) by 𝜀, and letting 𝜀 → 0 in (30) and (31), we
derive the modified HJB equation as

] (𝑇 − 𝑡) 𝑉 (𝑡, 𝑥) − 𝜕𝜕𝑡𝑉 (𝑡, 𝑥) + 𝐻 (𝑡, 𝑥)
= max
{𝜋𝑡,𝑓𝑡 ,𝑧𝑡}

{𝑈 (𝑧𝑡𝑥) +A𝑉 (𝑡, 𝑥)} ,
(32)

where

𝐻(𝑡, 𝑥) = 𝐸 [∫𝑇−𝑡
0
𝜍 (𝑠) [] (𝑠) − ] (𝑇 − 𝑡)]

⋅ 𝐺 (𝑡 + 𝑠, 𝑋 (𝑡 + 𝑠))] 𝑑𝑠 = 𝐸 [∫𝑇
𝑡
𝜍 (𝑠 − 𝑡)

⋅ [] (𝑠 − 𝑡) − ] (𝑇 − 𝑡)] 𝐺 (𝑠, 𝑋 (𝑠))] 𝑑𝑠.
(33)

Therefore, we have the following theorem.

Theorem 3. If V(𝑡, 𝑥) ∈ C1,2 is the solution to modified HJB
equation (32) with 𝐻 satisfying (33) and with the bound-
ary condition V(𝑇,𝑋(𝑇)) = 𝑈(𝑋(𝑇)), and there exists an
admissible {𝜋𝑡, 𝑓𝑡, 𝑧𝑡} that solves the right side of (32), then
V(𝑡, 𝑥) = 𝑉(𝑡, 𝑥).
Proof. From Dynkin’s formula, we have

𝐸𝑡,𝑥 [V (𝑇,𝑋 (𝑇)) − V (𝑡, 𝑋 (𝑡))]
= 𝐸𝑡,𝑥 {∫

𝑇

𝑡
[ 𝜕𝜕𝑡V (𝑠, 𝑋 (𝑠)) +AV (𝑠, 𝑋 (𝑠))] 𝑑𝑠} , (34)

and combining with V(𝑇,𝑋(𝑇)) = 𝑈(𝑋(𝑇)), we obtain
V (𝑡, 𝑥)
= 𝐸𝑡,𝑥 {∫

𝑇

𝑡
[− 𝜕𝜕𝑠V (𝑠, 𝑋 (𝑠)) −AV (𝑠, 𝑋 (𝑠))] 𝑑𝑠

+ 𝑈 (𝑋 (𝑇))} .
(35)

Assuming that {𝜋∗𝑡 , 𝑓∗𝑡 , 𝑧∗𝑡 } satisfies the condition in Defini-
tion 1 and solving the right side of (32), then

V (𝑡, 𝑥) = 𝐸𝑡,𝑥 {∫
𝑇

𝑡
[𝑈 (𝑧𝑠𝑋 (𝑠)) − ] (𝑇 − 𝑠) V (𝑠, 𝑋 (𝑠)) − 𝐻 (𝑠, 𝑋 (𝑠))] 𝑑𝑠 + 𝑈 (𝑋 (𝑇))}

{𝜋∗𝑡 ,𝑓∗𝑡 ,𝑧∗𝑡 } , (36)

where

𝐸𝑡,𝑥 {∫
𝑇

𝑡
𝐻(𝑠,𝑋 (𝑠)) 𝑑𝑠}{𝜋∗𝑡 ,𝑓∗𝑡 ,𝑧∗𝑡 } = 𝐸𝑡,𝑥 {∫

𝑇

𝑡
∫𝑇
𝑠
𝜍 (𝜅 − 𝑠) [] (𝜅 − 𝑠) − ] (𝑇 − 𝑠)] 𝐺 (𝜅, 𝑋 (𝜅)) 𝑑𝜅 𝑑𝑠}{𝜋∗𝑡 ,𝑓∗𝑡 ,𝑧∗𝑡 } . (37)

We know that

𝐸𝑡,𝑥 {∫
𝑇

𝑡
] (𝑇 − 𝑠)

⋅ ∫𝑇
𝑠
𝜍 (𝜅 − 𝑠) 𝐺 (𝜅,𝑋 (𝜅)) 𝑑𝜅 𝑑𝑠}{𝜋∗𝑡 ,𝑓∗𝑡 ,𝑧∗𝑡 }

= 𝐸𝑡,𝑥 {∫
𝑇

𝑡
] (𝑇 − 𝑠)

⋅ [V (𝑠, 𝑋 (𝑠)) − 𝜍 (𝑇 − 𝑠)𝑈 (𝑋 (𝑇)) 𝑑𝑠]}{𝜋∗𝑡 ,𝑓∗𝑡 ,𝑧∗𝑡 }
= 𝐸𝑡,𝑥 {∫

𝑇

𝑡
] (𝑇 − 𝑠) V (𝑠, 𝑋 (𝑠)) 𝑑𝑠 − 𝑈 (𝑋 (𝑇))

+ 𝜍 (𝑇 − 𝑡)𝑈 (𝑋 (𝑇))}{𝜋∗𝑡 ,𝑓∗𝑡 ,𝑧∗𝑡 } ,
(38)
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and

𝐸𝑡,𝑥 {∫
𝑇

𝑡
∫𝑇
𝑠
𝜍 (𝜅 − 𝑠) ] (𝜅 − 𝑠) 𝐺 (𝜅, 𝑋 (𝜅)) 𝑑𝜅 𝑑𝑠}{𝜋∗𝑡 ,𝑓∗𝑡 ,𝑧∗𝑡 }

= 𝐸𝑡,𝑥 {∫
𝑇

𝑡
𝐺 (𝜅,𝑋 (𝜅)) ∫𝜅

𝑡
𝜍 (𝜅 − 𝑠) ] (𝜅 − 𝑠) 𝑑𝑠 𝑑𝜅}{𝜋∗𝑡 ,𝑓∗𝑡 ,𝑧∗𝑡 }

= 𝐸𝑡,𝑥 {∫
𝑇

𝑡
𝐺 (𝜅,𝑋 (𝜅)) [1 − 𝜍 (𝜅 − 𝑡)] 𝑑𝜅}{𝜋∗𝑡 ,𝑓∗𝑡 ,𝑧∗𝑡 } .

(39)

Substituting (37), (38), and (39) into (36), we obtain

V (𝑡, 𝑥) = 𝐸𝑡,𝑥 {∫
𝑇

𝑡
[𝑈 (𝑧𝑠𝑋 (𝑠)) − 𝐺 (𝑠, 𝑋 (𝑠)) (1 − 𝜍 (𝑠 − 𝑡))] 𝑑𝑠 + 𝜍 (𝑇 − 𝑡)𝑈 (𝑋 (𝑇))}

{𝜋∗𝑡 ,𝑓∗𝑡 ,𝑧∗𝑡 }
= 𝐸𝑡,𝑥 {∫

𝑇

𝑡
𝜍 (𝑠 − 𝑡) 𝑈 (𝑧𝑠𝑋 (𝑠)) 𝑑𝑠 + 𝜍 (𝑇 − 𝑡)𝑈 (𝑋 (𝑇))}

{𝜋∗𝑡 ,𝑓∗𝑡 ,𝑧∗𝑡 } = 𝑉 (𝑡, 𝑥) .
(40)

This ends the proof of Theorem 3.

4. Optimal Policies

Suppose that the insurer has a log-utility

𝑈 (𝑥) = ln (𝑥) , (41)

Then the modified HJB equation (32) can be rewritten as

] (𝑇 − 𝑡) 𝑉 (𝑡, 𝑥) − 𝜕𝜕𝑡𝑉 (𝑡, 𝑥) + 𝐻 (𝑡, 𝑥)
= max
{𝜋𝑡 ,𝑓𝑡,𝑧𝑡}

{ln (𝑧𝑡𝑥) + 12 [(1 + 𝜃) 𝜋𝑡 + 1]
2

⋅ 𝜎2𝑓2𝑡 𝑥2 𝜕
2

𝜕𝑥2𝑉 (𝑡, 𝑥)
+ {[(1 + 𝜃) 𝜋𝑡 + 1] [𝑟 + (𝜇 − 𝑟) 𝑓𝑡] − 𝑐 (𝑡) 𝜋𝑡 − 𝑧𝑡}
⋅ 𝑥 𝜕𝜕𝑥𝑉 (𝑡, 𝑥)} ,

(42)

with boundary conditions 𝑉(𝑇, 𝑥) = ln(𝑥).
With the log-utility function, we speculate that the value

function has the following form:

𝑉 (𝑡, 𝑥) = 𝐴 (𝑡) ln (𝑥) + 𝐵 (𝑡) . (43)

Then

𝜕
𝜕𝑡𝑉 (𝑡, 𝑥) = 𝐴 (𝑡) ln (𝑥) + 𝐵 (𝑡) ,
𝜕
𝜕𝑥𝑉 (𝑡, 𝑥) =

𝐴 (𝑡)
𝑥 ,

𝜕2
𝜕𝑡2𝑉 (𝑡, 𝑥) = −

𝐴 (𝑡)
𝑥2 .

(44)

Substituting (43) and (44) into (42), we have

] (𝑇 − 𝑡) [𝐴 (𝑡) ln (𝑥) + 𝐵 (𝑡)] − [𝐴 (𝑡) ln (𝑥) + 𝐵 (𝑡)]
+ 𝐻 (𝑡, 𝑥) = max

{𝜋𝑡,𝑓𝑡 ,𝑧𝑡}
{ln (𝑧𝑡𝑥) − 12 [(1 + 𝜃) 𝜋𝑡 + 1]

2

⋅ 𝜎2𝑓2𝑡 𝐴 (𝑡)
+ {[(1 + 𝜃) 𝜋𝑡 + 1] [𝑟 + (𝜇 − 𝑟) 𝑓𝑡] − 𝑐 (𝑡) 𝜋𝑡 − 𝑧𝑡}
⋅ 𝐴 (𝑡)} .

(45)

For simplicity, we denote Π𝑡 fl (1 + 𝜃)𝜋𝑡 + 1, intuitively 𝜋𝑡 =(Π𝑡 − 1)/(1 + 𝜃); hence,
] (𝑇 − 𝑡) [𝐴 (𝑡) ln (𝑥) + 𝐵 (𝑡)] − [𝐴 (𝑡) ln (𝑥) + 𝐵 (𝑡)]
+ 𝐻 (𝑡, 𝑥) = max

{𝜋𝑡,𝑓𝑡 ,𝑧𝑡}
{ln (𝑧𝑡𝑥) − 12Π2𝑡𝜎2𝑓2𝑡 𝐴 (𝑡)

+ {Π𝑡 [𝑟 + (𝜇 − 𝑟) 𝑓𝑡] − 𝑐 (𝑡) (Π𝑡 − 1)1 + 𝜃 − 𝑧𝑡}

⋅ 𝐴 (𝑡)} = max
{𝜋𝑡,𝑓𝑡}

{−12Π2𝑡𝜎2 (𝑓𝑡 −
𝜇 − 𝑟
Π𝑡𝜎2)

2

+ Π𝑡 (𝑟 − 𝑐 (𝑡)1 + 𝜃)}𝐴 (𝑡) +max
{𝑧𝑡}
{ln (𝑧𝑡𝑥)

− 𝑧𝑡𝐴 (𝑡)} + [𝜇 − 𝑟2𝜎2 +
𝑐 (𝑡)
1 + 𝜃]𝐴 (𝑡) .

(46)

From (46), we can obtain that

𝑓∗𝑡 = 𝜇 − 𝑟Π𝑡𝜎2 , (47)

𝑧∗𝑡 = 1
𝐴 (𝑡) . (48)

Moreover, if 𝑟 > 𝑐(𝑡)/(1 + 𝜃), then
𝜋∗𝑡 = 𝑀,
Π∗𝑡 = (1 + 𝜃)𝑀 + 1;

(49)
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if 𝑟 < 𝑐(𝑡)/(1 + 𝜃), then
𝜋∗𝑡 = 0,
Π∗𝑡 = 1;

(50)

if 𝑟 = 𝑐(𝑡)/(1 + 𝜃), then 𝜋∗𝑡 can take any value in [0,𝑀].
By (48),

𝐻(𝑡, 𝑥) = 𝐸 [∫𝑇
𝑡
𝜍 (𝑠 − 𝑡) [] (𝑠 − 𝑡) − ] (𝑇 − 𝑡)]

⋅ ln (𝑧∗𝑠 𝑋 (𝑠))] 𝑑𝑠 = 𝐸 [∫
𝑇

𝑡
𝜍 (𝑠 − 𝑡)

⋅ [] (𝑠 − 𝑡) − ] (𝑇 − 𝑡)] ln(𝑋 (𝑠)𝐴 (𝑠) )] 𝑑𝑠.

(51)

From (9), we know that

𝑋(𝑠) = 𝑋 (𝑡) exp {△𝑡 (𝑠)} (52)

with

△𝑡 (𝑠) = ∫
𝑠

𝑡
{[(1 + 𝜃) 𝜋∗𝜄 + 1] [𝑟 + (𝜇 − 𝑟) 𝑓∗𝜄 ]

− 𝑐 (𝑡) 𝜋𝜄 − 𝑧∗𝜄 − 12 [(1 + 𝜃) 𝜋∗𝜄 + 1]
2 𝜎2𝑓∗𝜄 2} d𝜄

+ ∫𝑠
𝑡
[(1 + 𝜃) 𝜋∗𝜄 + 1] 𝜎𝑓∗𝜄 d𝑊(𝜄) .

(53)

Combining (52) and (51), we have

𝐻(𝑡, 𝑥) = 𝐸∫𝑇
𝑡
𝜍 (𝑠 − 𝑡) [] (𝑠 − 𝑡) − ] (𝑇 − 𝑡)]

⋅ (ln𝑋(𝑡) + △𝑡 (𝑠) − ln𝐴 (𝑠)) 𝑑𝑠.
(54)

Inserting (54) into (46), we obtain that

{] (𝑇 − 𝑡) 𝐴 (𝑡) − 𝐴 (𝑡) − 1

+ ∫𝑇
𝑡
𝜍 (𝑠 − 𝑡) [] (𝑠 − 𝑡) − ] (𝑇 − 𝑡)] 𝑑𝑠} ln𝑥

= −] (𝑇 − 𝑡) 𝐵 (𝑡) − 𝐵 (𝑡)
− ∫𝑇
𝑡
𝜍 (𝑠 − 𝑡) [] (𝑠 − 𝑡) − ] (𝑇 − 𝑡)] (△𝑡 (𝑠)

− ln𝐴 (𝑠)) 𝑑𝑠 + Π∗𝑡 (𝑟 − 𝑐 (𝑡)1 + 𝜃)𝐴 (𝑡) − ln𝐴 (𝑡)
− 1 + [𝜇 − 𝑟2𝜎2 +

𝑐 (𝑡)
1 + 𝜃]𝐴 (𝑡) .

(55)

Equation (55) should be satisfied for any 𝑥; therefore,
] (𝑇 − 𝑡) 𝐴 (𝑡) − 𝐴 (𝑡) − 1

+ ∫𝑇
𝑡
𝜍 (𝑠 − 𝑡) [] (𝑠 − 𝑡) − ] (𝑇 − 𝑡)] 𝑑𝑠 = 0, (56)

and using the boundary condition 𝐴(𝑇) = 1, we get
𝐴 (𝑡) = 𝜍 (𝑇 − 𝑡) + ∫𝑇

𝑡
𝜍 (𝑠 − 𝑡) 𝑑𝑠. (57)

So far, we have proved the following theorem.

Theorem 4. For problem (14), if the insurer has a log-utility
function (41), we can obtain the optimal policies as follows:

𝑓∗𝑡 = 𝜇 − 𝑟Π∗𝑡 𝜎2 , (58)

𝑧∗𝑡 = 1
𝜍 (𝑇 − 𝑡) + ∫𝑇

𝑡
𝜍 (𝑠 − 𝑡) 𝑑𝑠 . (59)

Moreover, if 𝑟 > 𝑐(𝑡)/(1 + 𝜃), then
𝜋∗𝑡 = 𝑀,
Π∗𝑡 = (1 + 𝜃)𝑀 + 1;

(60)

if 𝑟 < 𝑐(𝑡)/(1 + 𝜃), then
𝜋∗𝑡 = 0,
Π∗𝑡 = 1;

(61)

if 𝑟 = 𝑐(𝑡)/(1 + 𝜃), then 𝜋∗𝑡 can take any value in [0,𝑀].
Remark 5. The optimal investment and debt ratio policies
are verified the same as the corresponding part in [21]
without considering reinsurance. So, we can see that it is the
same between time-inconsistency and time-consistency for
optimal investment and debt ratio policies. This is because
that the investment and debt ratio policies are independent
with discount rate in this model.

Remark 6. We can see that the optimal dividend payment is
the same as [21] without considering reinsurance when the
discount rate function ](𝑠) = 𝜌.
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We study the long-time behavior of the Kirchhoff type equation with linear damping. We prove the existence of strong solution and
the semigroup associated with the solution possesses a global attractor in the higher phase space.

1. Introduction

We consider the following nonlinear Kirchhoff type equation
with the initial-boundary conditions:

𝑢𝑡𝑡 + 𝑢𝑡 + △2𝑢 + 𝜑 (𝑢) = 𝑓 (𝑥) ,
𝑢 (0) = 𝑢0,

𝑢𝑡 (0) = 𝑢1,
𝑢|𝜕Ω = △𝑢|𝜕Ω = 0,

(1)

where Ω is a bounded domain in 𝑅𝑛 with smooth boundary,△ denotes the Laplace operator, 𝑓 is a given function lying
in 𝐿2(Ω), independent of time, and 𝜑 ∈ 𝐶1(𝑅) with 𝜑(0) = 0
fulfills the dissipation inequality

lim inf
|𝑢|→∞

𝜑 (𝑢)𝑢 > −𝜆21, (2)

and

𝜑 ≥ −𝑙, (3)

where 𝑙 > 0 is a real number and 𝜆1 is the first eigenvalue of−△ on 𝐿2(Ω) with Dirichlet boundary conditions

− △ 𝑤 = 𝜆𝑤,
𝑤|𝜕Ω = 0. (4)

When 𝑛 = 1, this problem describes, for instance, the
motion of a vibrating string with fixed boundary in a viscous
medium. In particular, the function represents the displace-
ment from equilibrium, 𝑢𝑡 is the velocity, and the term 𝜑(𝑢)−𝑓 may correspond to a (nonlinear) elastic force. For more
details on the model of Kirchhoff, one can refer to [1–3] and
the reference therein.

When the coefficient of 𝑢𝑡 is a positive function 𝑔(𝑢),
which depends on 𝑢, then the term𝑔(𝑢)𝑢𝑡 is a resistance force
and themodel impresses that the viscousmediumembedding
the string is stratified. In this case, the existence of the global
and exponential attractors has been proven by S. Kolbasin in
[4].The attractor is in the phase space 𝐻20 (Ω)×𝐿2(Ω) and it is
bounded in [𝐻4(Ω)∩𝐻20(Ω)]×𝐻20(Ω), whereΩ is a bounded
domain in 𝑅3 with smooth boundary.

Similar models have been considered in [5–9], such as
plate equation

𝑢𝑡𝑡 + 𝜎 (𝑢) 𝑢𝑡 + △2𝑢 + 𝜆𝑢 + 𝑓 (𝑢) = 𝑔 (𝑥) , (5)

when 𝜎(𝑢) = 𝛼(𝑥), the existence, regularity, and finite dimen-
sionality of a global attractor in 𝐻22 (𝑅𝑛) × 𝐿2(𝑅𝑛) with a loca-
lized damping and a critical exponent were proven in [5].
For Ω a three-dimensional unbounded domain and under
suitable conditions on 𝜎(𝑢) and 𝑓(𝑢), A.Kh. Khanmamedov
in [6] showed that this equation possesses a global attractor
in 𝐻2(𝑅3) × 𝐿2(𝑅3). About Kirchhoff models, long-time dy-
namics properties were studied by Yang and I. Chueshov in
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[7–9] and their references. For example, Yang et al. discussed
the long-time behavior of solutions to the Cauchy problem
of some Kirchhoff type equations with a strong dissipation in
[7, 8] and proved that the dynamical systempossesses a global
attractor under suitable conditions in the phase space 𝑋1+𝛿,
where 𝑋1+𝛿 = 𝑉1+𝛿 × 𝑉𝛿, 0 < 𝛿 ≤ 1.

Thus, to the best of our knowledge, the research about
global attractors of the weak solutions for problem (1) with
respect to the norm of 𝐻2 × 𝐿2 is much more; however, the
results about the existence of the strong solutions and strong
global attractors for (1) are relatively fewer. The purpose of
this paper is to supplement some conclusions for the above
problem. In particular, we do not demand the function 𝜑(𝑢)
to be bounded by polynomials and present here a method
different from [9–14]. Furthermore, the global attractor is
established in the higher energy space in 𝐻4(Ω) ∩ 𝐻20 (Ω).

The paper is organized as follows. In Section 2, we recall
some notations and some general facts about the dynamical
systems theory. In Section 3, we prove well-posedness and the
existence of a bounded absorbing set for problem (1). Sections
4 and 5 contain our main results, and we prove the existence
of strong solution and a global attractor in the space of higher
order.

2. Preliminaries

Throughout the paper we will denote

𝐻 = 𝐿2 (Ω) ,
𝑉 = 𝐻10 (Ω) ,
𝑉1 = 𝐻2 (Ω) ∩ 𝐻10 (Ω) ,
𝑉2 = 𝐷 (𝐴) = {𝑢 ∈ 𝐻2 (Ω) | 𝐴𝑢 ∈ 𝐿2 (Ω)} ,

where 𝐴 = △2.

(6)

The norm and the scalar product in 𝐿2(Ω) is denoted by‖⋅‖ and (, ), respectively, the norm in𝑉𝑖 is denoted by ‖⋅‖𝑉𝑖 , (𝑖 =0, 1, 2), and the Hilbert spaces 𝐸1, 𝐸2 are
𝐸1 = 𝑉1 × 𝐻,
𝐸2 = 𝑉2 × 𝑉1. (7)

For any given function 𝑢(𝑡), we will write for short 𝜉(𝑡) =(𝑢(𝑡), 𝑢𝑡(𝑡)) and endow space 𝐸1, 𝐸2 with the standard inner
product and norm ‖𝜉𝑢‖2𝐸1 = ‖𝑢‖2𝑉1 + ‖𝑢𝑡‖2𝐿2 , ‖𝜉𝑢‖2𝐸2 = ‖𝑢‖2𝑉2 +‖𝑢𝑡‖2𝑉1 .

For convenience, the letters 𝐶 and 𝑄 present different
positive constants and different positive increasing functions,
respectively.

We collect some basic concepts and general theorems,
which are important for getting our main results. We refer
to [14–18] and the references therein for more details.

Definition 1 (see [16, 18]). Let 𝑋 be a Banach space and{𝑆(𝑡)}𝑡≥0 be a family operator on 𝑋. We say that {𝑆(𝑡)}𝑡≥0

is a norm-to-weak continuous semigroup on 𝑋, if {𝑆(𝑡)}𝑡≥0
satisfies

(i) 𝑆(0) = Id (the identity);
(ii) 𝑆(𝑡)𝑆(𝑠) = 𝑆(𝑡 + 𝑠), ∀𝑡, 𝑠 ≥ 0;
(iii) 𝑆(𝑡𝑛)𝑥𝑛 ⇀ 𝑆(𝑡)𝑥, if 𝑡𝑛 → 𝑡, 𝑥𝑛 → 𝑥 in 𝑋.

Definition 2 (see [15]). A 𝐶0 semigroup {𝑆(𝑡)}𝑡≥0 in a Banach
space𝑋 is said to satisfy the condition (𝐶) if, for any 𝜀 > 0 and
for any bounded set 𝐵 of 𝑋, there exists 𝑡(𝐵) > 0 and a finite
dimensional subspace 𝑋1 of 𝑋, such that {‖𝑃𝑆(𝑡)𝑥‖𝑋, 𝑥 ∈𝐵, 𝑡 ≥ 𝑡(𝐵)} is bounded and

‖(𝐼 − 𝑃) 𝑆 (𝑡) 𝑥‖𝑋 < 𝜀, 𝑡 ≥ 𝑡 (𝐵) , 𝑥 ∈ 𝐵, (8)

where 𝑃 : 𝑋 → 𝑋1 is a bounded projector.

Theorem3 (see [14]). Let X be a Banach space and {𝑆(𝑡)}𝑡≥0 be
a norm-to-weak continuous semigroup onX.Then {𝑆(𝑡)}𝑡≥0 has
a global attractor in X provided that the following conditions
hold true:

(i) {𝑆(𝑡)}𝑡≥0 has a bounded absorbing set 𝐵0 in X.
(ii) {𝑆(𝑡)}𝑡≥0 satisfies the condition (C).

Theorem 4 (see [16, 18]). Let X and Y be two Banach spaces
such that 𝑋 ⊂ 𝑌 with a continuous injection. If a function 𝜑
belongs to 𝐿∞(0, 𝑇; 𝑋) and is weakly continuous with values in
Y, then 𝜑 is weakly continuous with values in X.

Theorem 5 (see [16, 18]). Let X, Y be two Banach spaces and𝑋∗, 𝑌∗ be their dual spaces, respectively, such that
𝑋 → 𝑌,

𝑌∗ → 𝑋∗ (9)

where the injection 𝑖 : 𝑋 → 𝑌 is continuous and its adjoint,𝑖∗ : 𝑌∗ → 𝑋∗, is a densely injective. Let {𝑆(𝑡)}𝑡≥0 be a semi-
group on X and Y, respectively, and be a continuous semigroup
or a weak continuous semigroup on Y. Then for any bounded
subset B of X, {𝑆(𝑡)}𝑡≥0 is norm-to-weak continuous on 𝑆(𝐵).
Theorem6 (see [16–18]). Assume that {𝑆(𝑡)}𝑡≥0 is a semigroup
on Banach space X and satisfies that

(i) {𝑆(𝑡)}𝑡≥0 has a bounded absorbing set 𝐵0 in X;
(ii) {𝑆(𝑡)}𝑡≥0 satisfies condition (C) or {𝑆(𝑡)}𝑡≥0 is 𝜔-limit

compact in X.
And assume furthermore that {𝑆(𝑡)}𝑡≥0 is norm-to-weak

continuous on 𝑆(𝐵0). Then {𝑆(𝑡)}𝑡≥0 has a global attractor A
in X; i.e.,A is nonempty, invariant, compact in X and attracts
every bounded subset of X in the norm topology of X.

3. A Priori Estimate

Next we iterate somemain results in [4], which are important
for getting a priori estimate.

For any initial data 𝑢0 ∈ V1, 𝑢1 ∈ 𝐻, problem (1) possesses
a unique weak solution 𝑢, which satisfies 𝑢 ∈ 𝐶(𝑅+; 𝑉1), 𝑢𝑡 ∈𝐶(𝑅+; 𝐻), and, for any 𝑡 ≥ 0,

𝜉𝑢2𝐸1 ≤ 𝑄 (𝜉𝑢 (0)𝐸1) + 𝑄 (𝑓) . (10)
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Furthermore problem (1) generates a dynamical system
of solution within the space 𝐻20 (Ω) × 𝐿2(Ω). This system
possesses a compact global attractor A, which is bounded in[𝐻4(Ω) ∩ 𝐻20 (Ω)] × 𝐻20 (Ω).

Choosing 0 < 𝜀 < 2/3, taking the scalar product in 𝐻 of
the first equation of (1) with 𝐴V = 𝐴𝑢𝑡 + 𝜀𝐴𝑢, we find

𝑑𝑑𝑡 [𝜉𝑢2𝐸2 + 2𝜀 (𝑢𝑡, 𝐴𝑢) − 2 (𝑓, 𝐴𝑢) + 2 (𝜑 (𝑢) , 𝐴𝑢)]
+ 2 𝑢𝑡2𝑉1 − 2𝜀 (𝑢𝑡, 𝐴𝑢𝑡) + 2𝜀 (𝑢𝑡, 𝐴𝑢) + 2𝜀 ‖𝑢‖2𝑉2
+ 2𝜀 (𝜑 (𝑢) , 𝐴𝑢) − 2𝜀 (𝑓, 𝐴𝑢) − 2 (𝜑 (𝑢) 𝑢𝑡, 𝐴𝑢)
= 0.

(11)

Owing to [4] and 𝐻 ̈𝑜𝑙𝑑𝑒𝑟 inequality, we obtain
2 (𝜑 (𝑢) 𝑢𝑡, 𝐴𝑢) ≤ 𝜑 (𝑢) 𝑢𝑡 ‖𝐴𝑢‖

≤ 𝜀 ‖𝑢‖2𝑉2 + 𝑄 (𝑅) , (12)

where 𝑅 = 𝑄(‖𝜉𝑢(0)‖𝐸1) + 𝑄(‖𝑓‖). Furthermore we see from
(11) that

𝑑𝑑𝑡 [𝜉𝑢2𝐸2 + 2𝜀 (𝑢𝑡, 𝐴𝑢) − 2 (𝑓, 𝐴𝑢) + 2 (𝜑 (𝑢) , 𝐴𝑢)]
+ (2 − 2𝜀) 𝑢𝑡2𝑉1 + 2𝜀 (𝑢𝑡, 𝐴𝑢) + 𝜀 ‖𝑢‖2𝑉2
+ 2𝜀 (𝜑 (𝑢) , 𝐴𝑢) − 2𝜀 (𝑓, 𝐴𝑢) ≤ 𝑄 (𝑅) .

(13)

We denote the energy functions as follows:

𝐸 = 𝜉𝑢2𝐸2 + 2𝜀 (𝑢𝑡, 𝐴𝑢) − 2 (𝑓, 𝐴𝑢) + 2 (𝜑 (𝑢) , 𝐴𝑢) . (14)

Combining with (13), (12), and 0 < 𝜀 < 2/3, we get
𝑑𝐸𝑑𝑡 + 𝜀𝐸 ≤ 𝑄 (𝑅) . (15)

By the Gronwall inequality, it follows that

𝐸 ≤ 𝐸 (𝜉 (𝑡0)) 𝑒−𝜀(𝑡−𝑡0) + 𝐹 (𝑅)𝜀 (1 − 𝑒−𝜀(𝑡−𝑡0)) ,
∀𝑡 ≥ 𝑡0.

(16)

Next, we show that

12 𝜉𝑢2𝐸2 − 𝑄 (𝑅, 𝜀) ≤ 𝐸 ≤ 32 𝜉𝑢2𝐸2 + 𝑄 (𝑅, 𝜀) . (17)

By𝐻 ̈𝑜𝑙𝑑𝑒𝑟 inequality, Young’s inequality, Poincaré inequality,
and [4], we conclude that

𝐸 ≤ 𝜉𝑢2𝐸2 + 2𝜀 𝑢𝑡𝑉1 ‖𝑢‖𝑉1 + 2 𝑓 ‖𝑢‖𝑉2
+ 2 𝜑 (𝑢) ‖𝑢‖𝑉2 ≤ 𝜉𝑢2𝐸2 + 12 𝜉𝑢2𝐸2 + 𝑄 (𝑅, 𝜀)

= 32 𝜉𝑢2𝐸2 + 𝑄 (𝑅, 𝜀) ,
(18)

and

𝐸 ≥ 𝜉𝑢2𝐸2 − 2𝜀𝑐 𝑢𝑡𝑉1 ‖𝐴𝑢‖ − 2 𝑓 ‖𝐴𝑢‖
− 2 𝜑 (𝑢) ‖𝐴𝑢‖𝐿2

= 𝜉𝑢2𝐸2 − 2𝜀𝑐 (14 ‖𝐴𝑢‖2 + 𝑢𝑡2𝑉1) − 2𝜀𝑐38 ‖𝐴𝑢‖2
− 2𝜀𝑐38 ‖𝐴𝑢‖2 − 𝑄 (𝑅, 𝜀) .

= (1 − 2𝜀𝑐) 𝜉𝑢2𝐸2 − 𝑄 (𝑅, 𝜀) > 12 𝜉𝑢2𝐸2 − 𝑄 (𝑅, 𝜀) .

(19)

Select 𝜀 small enough to verify that

1 − 2𝜀𝑐 > 12 . (20)

From (16) and (17), we have

𝜉𝑢2𝐸2 ≤ 2𝐸 + 𝑄 (𝑅, 𝜀)
≤ 2𝐸 (𝜉 (𝑡0)) 𝑒−𝜀(𝑡−𝑡0) + 𝐹 (𝑅)𝜀 (1 − 𝑒−𝜀(𝑡−𝑡0))

+ 𝑄 (𝑅, 𝜀)
≤ 2 (32 𝜉𝑢 (𝑡0)2𝐸2 + 𝑄 (𝑅, 𝜀)) 𝑒−𝜀(𝑡−𝑡0) + 𝐹 (𝑅)𝜀

+ 𝑄 (𝑅, 𝜀) ≤ 3 𝜉𝑢 (𝑡0)2𝐸2 𝑒−𝜀(𝑡−𝑡0) + 𝑄 (𝑅, 𝜀) .

(21)

Now if 𝐵 ⊂ 𝐵𝐸2(𝑃0 ,𝜌), the ball of 𝐸2, center at 𝑃0 of radius𝜌, then ‖𝜉𝑢(𝑡0)‖𝐸2 ≤ 𝜌, provided
𝑡 − 𝑡0 > 1𝜀 ln 3𝜌2. (22)

So

𝜉𝑢2𝐸2 ≤ 1 + 𝑄 (𝑅) = 𝜇. (23)

We denote 𝜇 = 1 + 𝑄(𝑅).
4. Existence of the Strong Solution

Theorem 7. Suppose 𝑓 ∈ 𝐿2(Ω), 𝜑 is a 𝐶2(𝑅) function from
R into R satisfying (2)-(3) and 𝜑(0) = 0. Then given 𝑇 > 0,
problem (1) has a unique solution 𝑢(𝑥, 𝑡) with

𝑢 ∈ 𝐿∞ (0, 𝑇; 𝐷 (𝐴)) ,
𝑢𝑡 ∈ 𝐿∞ (0, 𝑇; 𝑉1) (24)

for 𝑢0 ∈ 𝐷(𝐴), 𝑢1 ∈ 𝑉1. Moreover(𝑢, 𝑢𝑡) is a weakly continuous
function from [0, 𝑇] to 𝐸2.
Proof. We prove the existence of strong solutions by using
the Faedo-Galerkin schemes. Assume that there exists an
orthonormal basis of 𝐷(𝐴) consisting of eigenvectors 𝜔𝑖 of 𝐴
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in𝐷(𝐴); simultaneously they are also orthonormal basis of𝑉.
The corresponding eigenvalues are 𝜆𝑖, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , satisfying

𝐴𝜔𝑖 = 𝜆𝑖𝜔𝑖, ∀𝑖 ∈ 𝑁. (25)

For this purpose, according to the basis theory of ordinary
differential equations, we build the sequence of Galerkin
approximate solutions. They are smooth functions of the
form

𝑢𝑁 = 𝑁∑
𝑖=1

𝜇𝑁𝑖𝜔𝑖, (26)

and it satisfies

𝜕𝑡𝑡𝑢𝑁 + 𝑃𝑁 (𝜕𝑡𝑢𝑁) + 𝐴𝑢𝑁 + 𝑃𝑁 (𝜑 (𝑢𝑁)) = 𝑃𝑁𝑓,
𝑢𝑁 (0) = 𝑃𝑁𝑢0,

𝜕𝑡𝑢𝑁 (0) = 𝑃𝑁𝑢1,
(27)

where 𝑃𝑚 : 𝐷(𝐴) → 𝑉𝑚 is the orthogonal projector in 𝑉𝑚,
and 𝑉𝑚 = span{𝜔1, 𝜔2 ⋅ ⋅ ⋅ 𝜔𝑚}. Of course for every 𝑁 there is
the unique solution 𝑢𝑁 to (27).

Choosing 0 < 𝜀 < 1, after multiplying (27) by 𝐴𝑉𝑚 =𝐴𝑢𝑚 + 𝜀0𝐴𝑢𝑚, the similar process of (11) leads to

𝑑𝑑𝑡 [𝜉𝑢𝑁2𝐸2 + 2𝜀 (𝑢𝑁𝑡, 𝐴𝑢𝑁) − 2 (𝑓, 𝐴𝑢𝑁)
+ 2 (𝜑 (𝑢𝑁) , 𝐴𝑢)] + 2 𝑢𝑁𝑡2𝑉1 − 2𝜀 (𝑢𝑁𝑡, 𝐴𝑢𝑁𝑡)
+ 2𝜀 (𝑢𝑁𝑡, 𝐴𝑢𝑁) + 2𝜀 𝑢𝑁2𝑉2 + 2𝜀 (𝜑 (𝑢𝑁) , 𝐴𝑢𝑁)
− 2 (𝑓, 𝐴𝑢𝑁) − 2 (𝜑 (𝑢𝑁) 𝑢𝑁𝑡, 𝐴𝑢𝑁) = 0.

(28)

Like the estimates of (12)-(21), we have

𝜉𝑢𝑁2𝐸2 ≤ 1 + 𝑄 (𝑅) . (29)

It means that the sequence {𝜉𝑢𝑁(𝑡)} is bounded in the
space 𝐿∞(0, 𝑇; 𝐷(𝐴)) for an arbitrary fixed 𝑇 > 0. From (27)
we know that

𝑑2𝑢𝑁𝑑𝑡 = −𝑃𝑁𝑑𝑢𝑁𝑑𝑡 − 𝐴𝑢𝑁 − 𝑃𝑁 (𝜑 (𝑢𝑁)) + 𝑃𝑁𝑓. (30)

So {𝜕𝑡𝑡𝑢𝑁} is uniformly bounded in 𝐿∞(0, 𝑇; 𝐻); then we
can extract a subsequences, still denoted by 𝑢𝑁, such that

𝑢𝑁 ⇀ 𝑢 𝑖𝑛 𝐿2 (0, 𝑇; 𝐷 (𝐴)) ,
𝑢𝑁 ⇀ 𝑢 𝑖𝑛 𝐿2 (0, 𝑇; 𝐻2) ,
𝑢𝑁 ⇀ 𝑢 𝑖𝑛 𝐿2 (0, 𝑇; 𝐻) ,

𝜑 (𝑢𝑁) ⇀ 𝜑 (𝑢) 𝑖𝑛 𝐿2 (0, 𝑇; 𝐻) ,
𝑃𝑁𝑓 ⇀ 𝑓 𝑖𝑛 𝐿2 (0, 𝑇; 𝐻) , 𝑎𝑠 𝑁 → ∞.

(31)

It is easy to pass the limit in (27) and we obtain that 𝑢 is a
solution of (1), such that

𝑢 (𝑡) ∈ 𝐿∞ (0, 𝑇; 𝐷 (𝐴)) ,
𝑢𝑡 (𝑡) ∈ 𝐿∞ (0, 𝑇; 𝑉1) . (32)

Furthermore, fromTheorem 4 and [4], we know that 𝑢 is
a weakly continuous function from [0, 𝑇] to 𝐸2.

Finally, uniqueness is followed from [4], since any strong
solution would be a weak solution.

Thus, the dynamical system generated by (1) can be
defined in the phase space𝐸2 , and the corresponding solution
semigroup is {𝑠(𝑡)}𝑡>0. By Theorem 7, we have the following
results.

Theorem 8. Suppose the conditions of Theorem 7 hold; then
there exists a bounded absorbing set 𝐵 in 𝐸2 for the semigroup{𝑆(𝑡)}𝑡>0.
5. Global Attractors in 𝐸2
We first prove the following compactness results and the
norm-to-weak continuity of semigroup.

Lemma 9. Suppose that (2) and (3) hold; 𝜑(0) = 0, 𝜑(𝑢) :𝐷(𝐴) → 𝑉1 is defined by
((𝜑 (𝑢) , V)) = ∫

Ω
△𝜑 (𝑢) △ V𝑑𝑥, (33)

∀𝑢 ∈ 𝐷(𝐴), V ∈ 𝐻20 (Ω). Then 𝜑 is continuous compact.

Proof. Suppose that 𝑢𝑛 is bounded sequences in 𝐷(𝐴); with-
out lose of generality, we assume that 𝑢𝑛 weakly converge
to 𝑢0 in 𝐷(𝐴). By the Sobolev embedding theorem, we
know that 𝑢𝑛 is bounded and converges to 𝑢0 in 𝐿𝑃(0, 𝑇),𝑊1,𝑃(0, 𝑇), 𝑊2,𝑃(0, 𝑇), ∀𝑃 ≥ 1, ∀𝑇 > 0. Denote 𝑢𝑛 − 𝑢0 = 𝜔𝑛;
by the results of [4] and the Sobolev embedding theorem, we
show that 𝜑(𝑢), 𝜑(𝑢), 𝜑(𝑢) are uniformly bounded in 𝐿∞;
that is, there exists a constant 𝑀 > 0, such that𝜑 (𝑢)𝐿∞ ≤ 𝑀,𝜑 (𝑢)𝐿∞ ≤ 𝑀,𝜑 (𝑢)𝐿∞ ≤ 𝑀,

(34)

since there exists constant 0 < 𝜃 < 1, such that

(∫𝐿
0


𝜕2 (𝜑 (𝑢𝑛) − 𝜑 (𝑢))𝜕𝑥2


2 𝑑𝑥)

1/2

≤ (∫𝐿
0

𝜑 (𝑢0 + 𝜃𝜔𝑛) 𝜕2 (𝑢0 + 𝜃𝜔𝑛)𝜕𝑥2 𝜔𝑛
2 𝑑𝑥)

1/2

+ (∫𝐿
0

𝜑
 (𝑢0 + 𝜃𝜔𝑛) (𝜕 (𝑢0 + 𝜃𝜔𝑛)𝜕𝑥 )2

⋅ 𝜔𝑛

2 𝑑𝑥)

1/2
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+ (∫L

0

𝜑 (𝑢0 + 𝜃𝜔𝑛) 𝜕2𝜔𝑛𝜕𝑥2

2 𝑑𝑥)1/2

+ 2 (∫𝐿
0

𝜑 (𝑢0 + 𝜃𝜔𝑛)

⋅ (𝜕 (𝑢0 + 𝜃𝜔𝑛)𝜕𝑥 ) 𝜕𝜔𝑛𝜕𝑥

2 𝑑𝑥)1/2

≤ 𝑀 (∫𝐿
0


𝜕2 (𝑢0 + 𝜃𝜔𝑛)𝜕𝑥2 𝜔𝑛

2 𝑑𝑥)
1/2

+ 𝑀 (∫𝐿
0

(
𝜕 (𝑢0 + 𝜃𝜔𝑛)𝜕𝑥 )2 𝜔𝑛


2 𝑑𝑥)

1/2

+ 𝑀 (∫𝐿
0


𝜕2𝜔𝑛𝜕𝑥2


2 𝑑𝑥)1/2

+ 2𝑀 (∫𝐿
0

(
𝜕 (𝑢0 + 𝜃𝜔𝑛)𝜕𝑥 ) 𝜕𝜔𝑛𝜕𝑥


2 𝑑𝑥)1/2

(35)

Because 𝑢𝑛 converges to 𝑢0 in 𝐿𝑃(0, 𝑇), 𝑊1,𝑃(0, 𝑇),𝑊2,𝑃(0, 𝑇), ∀𝑃 ≥ 1, ∀𝑇 > 0, we have
lim
𝑛→∞

(∫𝐿
0


𝜕2𝜕𝑥2 (𝜑 (𝑢𝑛) − 𝜑 (𝑢0))

2 𝑑𝑥)1/2 = 0 (36)

The proof is completed.

Similarly, we can prove the following Lemma.

Lemma 10. Let 𝑔(𝑢, 𝑢𝑡) = 𝜑(𝑢)𝑢𝑡 and (2) and (3) hold,𝜑(0) = 0.Then 𝑔 : 𝐷(𝐴)×𝑉1 → 𝐻) and 𝜑(𝑢) : 𝐷(𝐴) → 𝐻
are continuous compact.

Since 𝐷(𝐴) × 𝑉1 → 𝑉1 × 𝐿2, fromTheorem 5 and [4], we
can immediately obtain the following result.

Lemma 11. The semigroup {𝑆(𝑡)}𝑡≥0 associated with (1) is
norm-to weak continuous on 𝑆(𝐵), where 𝐵 is abounded ab-
sorbing set of {𝑠(𝑡)}𝑡≥0 in 𝐸2 and 𝑆(𝐵) is the stationary set of 𝐵
defined by

𝑆 (𝐵) = {𝑥 ∈ 𝐵 | 𝑆 (𝑡) 𝑥 ∈ 𝐵, ∀𝑡 ≥ 0} . (37)

Now we give our main results of the paper.

Theorem 12. Suppose that𝑓 ∈ 𝐿2(Ω), 𝜑 ∈ 𝐶3(𝑅, 𝑅), 𝜑(0) = 0,
and (2) and (3) hold. Then the solution semigroup {𝑠(𝑡)}𝑡≥0 of
problem (1) has global attractorA in 𝐸2; it attracts all bounded
subset of 𝐸2 in the norm of 𝐸2.
Proof. ApplyingTheorems 7 and 8, we only need to verify that{𝑆(𝑡)}𝑡≥0 satisfies condition (𝐶) in 𝐸2.

Let 𝜆1, 𝜆2, ⋅ ⋅ ⋅ be the eigenvalues of 𝐴 in 𝐷(𝐴) and𝜔1, 𝜔2, ⋅ ⋅ ⋅ be the corresponding eigenvectors such that

0 < 𝜆1 ≤ 𝜆2 ≤ ⋅ ⋅ ⋅ ≤ 𝜆𝑛 ≤ ⋅ ⋅ ⋅ , (38)

where 𝜆𝑛 → ∞, as 𝑛 → ∞ and {𝜔1, 𝜔2, ⋅ ⋅ ⋅ } forms an
orthogonal basis in 𝐷(A) and 𝐻20 (Ω).

Let 𝑉𝑚 = span{𝜔1, 𝜔2, ⋅ ⋅ ⋅ 𝜔𝑚} and 𝑃𝑚 be the canonical
projector on 𝑉𝑚 and 𝐼 be the identity. Then, for any (𝑢, 𝑢𝑡) ∈𝐸2, it has a unique decomposition (𝑢, 𝑢𝑡) = (𝑢1, 𝑢1𝑡) +(𝑢2, 𝑢2𝑡), where

(𝑢, 𝑢𝑡) = (𝑃𝑚𝑢, 𝑃𝑚𝑢𝑡) ,
(𝑢2, 𝑢2𝑡) = (𝐼 − 𝑃𝑚) (𝑢, 𝑢𝑡) . (39)

Since 𝑓 ∈ 𝐿2(Ω) and 𝜑 : 𝐷(𝐴) → 𝐻(Ω) are compact
continuously verified by Lemma 10, then, for any 𝜀 > 0, there
exists 𝑁 > 0, such that, for any 𝑚 > 𝑁, we have

(𝐼 − 𝑃𝑚) 𝑓 < 𝜀8 ,
(𝐼 − 𝑃𝑚) 𝑓 < 𝜀8 ,

(𝐼 − 𝑃𝑚) 𝜑 (𝑢) < 𝜀8 , ∀𝑢 ∈ 𝐵𝑉2 (0, 𝜇) ,
(40)

where 𝜇 is given by (23).
Multiplying (1) by 𝐴V = 𝐴𝑢2𝑡 + 𝛼𝐴𝑢2, we can get

𝑑𝑑𝑡 [𝜉𝑢22𝐸2 + 2𝛼 (𝑢2𝑡, 𝐴𝑢2) + 2 (𝜑 (𝑢) , 𝐴𝑢2)]
+ 2 𝑢2𝑡2𝑉1 − 2𝛼 (𝑢2𝑡, 𝐴𝑢2𝑡) + 2𝛼 (𝑢2𝑡, 𝐴𝑢2)
+ 2𝛼 𝑢22𝑉2 + 2𝛼 (𝜑 (𝑢) , 𝐴𝑢2)

= 2 (𝑓, 𝐴𝑢2𝑡) + 2 (𝜑 (𝑢) 𝑢2𝑡, 𝐴𝑢2) + 2𝛼 (𝑓, 𝐴𝑢2) .

(41)

Applying the Young inequality, 𝐻 ̈𝑜𝑙𝑑𝑒𝑟 inequality, Sobo-
lev embedding theorem, and (40) and (41), the three terms in
the right-hand side of (41) can be estimated as follows:

2 (𝑓, 𝐴𝑢2𝑡) ≤ 2 (𝑓, 𝐴𝑢2𝑡) ≤ 2 (𝑓)2𝑉1 𝑢2𝑡𝑉1
≤ 𝜀4 𝑢2𝑡𝐻2 ≤ 𝑢2𝑡2𝐻2 + 𝐶2𝜀2;

2 (𝜑 (𝑢) , 𝐴𝑢2) ≤ 2 (𝜑 (𝑢) 𝑢𝑡, 𝐴𝑢2) ≤ 2 ⋅ 𝜀8 𝑢2𝑉2
≤ 𝛼2 𝑢22𝑉2 + 𝐶1𝜀2;

2𝛼 (𝑓, 𝐴𝑢2) ≤ 2𝛼 (𝑓, 𝐴𝑢2) ≤ 2 (𝑓)2𝑉1 𝑢2𝑉1
≤ 2𝐶𝛼 ⋅ 𝜀8 𝑢2𝑉2 ≤ 𝛼2 𝑢22𝑉2 + 𝐶3𝜀2.

(42)
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Using the above estimates, we transform (41) as follows:

𝑑𝑑𝑡 [𝜉𝑢22𝐸2 + 2𝛼 (𝑢2𝑡, 𝐴𝑢2) + 2 (𝜑 (𝑢) , 𝐴𝑢2)]
+ 2𝛼 (𝑢2𝑡, 𝐴𝑢2) + 𝛼 𝑢22𝑉2 + (1 − 2𝛼) 𝑢2𝑡2𝑉1
+ 2𝛼 ((𝜑 (𝑢))2 , 𝐴𝑢2) ≤ 𝐶𝜀2,

𝐶 = 𝐶1 + 𝐶2 + 𝐶3.
(43)

Choose𝛼 small enough such that 1−2𝛼 > 𝛼 and 2𝛼 > 2𝛼2.
Hence (43) can be rewritten as

𝑑𝑑𝑡 [𝜉𝑢22𝐸2 + 2𝛼 (𝑢2𝑡, 𝐴𝑢2) + 2 (𝜑 (𝑢) , 𝐴𝑢2)]
+ 𝛼[ 𝜉𝑢22 + 2𝛼 (𝑢2𝑡, 𝐴𝑢2) + 2 ((𝜑 (𝑢))2 , 𝐴𝑢2)

≤ 𝐶𝜀2.
(44)

Denote 𝑌(𝑡) = ‖𝜉𝑢2‖2𝐸2 + 2𝛼(𝑢2𝑡, 𝐴𝑢2) + 2(𝜑(𝑢), 𝐴𝑢2) we
arrive at

𝑑𝑌 (𝑡)𝑑𝑡 + 𝛼𝑌 (𝑡) ≤ 𝐶𝜀2. (45)

By Gronwall inequality

𝑌 (𝑡) ≤ 𝑌 (𝑡1) 𝑒−𝛼(𝑡−𝑡1) + 𝐶𝜀2𝛼 (1 − 𝑒−𝛼(𝑡−𝑡1))
≤ 𝑌 (𝑡1) 𝑒−𝛼(𝑡−𝑡1) + 𝐶𝜀2𝛼 .

(46)

Next, we show that
12 𝜉𝑢22𝐸2 − 𝐶4𝜀2 ≤ 𝑌 (𝑡) ≤ 32 𝜉𝑢22𝐸2 + 𝐶4𝜀2. (47)

Indeed, the right inequality is obtained using 𝐻 ̈𝑜𝑙𝑑𝑒𝑟
inequality, Young inequality, and Lemma 9:

𝑌 (𝑡) ≤ 𝜉𝑢22𝐸2 + 2𝛼 𝑢2𝑡𝑉1 𝑢2𝑉1
+ 2 (𝜑 (𝑢))2 𝐴𝑢2

≤ 𝜉𝑢22𝐸2 + 2𝛼𝜀 𝑢2𝑡2𝑉1 + 2𝜀 𝐴𝑢2
≤ 𝜉𝑢22𝐸2 + 12 𝑢2𝑡2𝑉1 + 12 𝐴𝑢2 + 2𝛼2𝜀2 + 2𝜀2
≤ 32 𝜉𝑢22𝐸2 + 𝐶4𝜀2.

(48)

and the left one is the same, where 𝐶4 = 2(1 + 𝛼2).
Thus, combining (46) and (47) andTheorem 8, we deduce

𝜉𝑢22𝐸2 ≤ 2𝑌 (𝑡) + 2𝐶4𝜀2
≤ 2 (32𝑅23 + 𝐶4𝜀2) 𝑒−𝛼(𝑡−𝑡1) + 2𝐶𝜀2𝛼 + 2𝐶4𝜀2
≤ 3𝑅23𝑒−𝛼(𝑡−𝑡1) + 𝐶5𝜀2.

(49)

Taking 𝑡 − 𝑡1 > 𝑡(𝑅3), it follows that
𝜉𝑢22𝐸2 ≤ (1 + 𝐶5𝜀2) , (50)

where, by (29), we denote 𝑅3 = 1 + 𝑄(𝑅), 𝐶5 = 𝐶/𝛼 +𝐶4, 𝑡(𝑅3) = 𝑡1 + (1/𝛼) ln 3𝑅23.
Together with Theorems 5, 7, and 8, the proof is finished.

Remark 13. If we transform the first equation of (1) to the
following form,

𝑢𝑡𝑡 + 𝜎 (𝑢) 𝑢𝑡 + △2𝑢 + 𝜑 (𝑢) = 𝑓, (51)

then the term 𝜎(𝑢)𝑢𝑡 accounts for dynamical friction, and
we only need to assume the damping coefficient 𝜎(𝑢) is a
positive function and by adding some appropriate conditions
of continuity, conclusions ofTheorem 12 remain valid and the
proof ’s process has no essential difference.
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This paper studies the problem of output feedback disturbance attenuation for a class of uncertain nonlinear systems with
input matching uncertainty and unknown multiple time-varying delays, whose nonlinearities are bounded by unmeasured states
multiplying unknown polynomial-of-output growth rate. By skillfully combining extended state observer, dynamic gain technique,
and Lyapunov-Krasovskii theorem, a delay-independent output feedback controller can be developedwith only one dynamic gain to
guarantee the boundedness of closed-loop system states and the achievement of global disturbance attenuation in the 𝐿2-gain sense.

1. Introduction

The problem of disturbance attenuation via output feedback
for nonlinear systems is a relatively meaningful problem
in control theory and applications. Compared with the
stabilization control and tracking control, fewer results on
output feedback disturbance attenuation design have been
obtained until now, such as [1–5] and the references therein. It
is worth mentioning that, for nonlinear systems with known
polynomial-of-output growth rate, the problem of output
feedback disturbance attenuation was studied in [5].

In this paper, we consider output feedback disturbance
attenuation problem of uncertain nonlinear systems as fol-
lows:

�̇�𝑖 (𝑡) = 𝑥𝑖+1 (𝑡) + 𝑓𝑖 (𝜃∗ (𝑡) , 𝑥 (𝑡) , 𝑥 (𝑡 − 𝜏𝑖 (𝑡)))
+ 𝜑𝑖 (𝜃∗ (𝑡) , 𝑥 (𝑡))⊤ 𝜔 (𝑡) ,

𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛 − 1,
�̇�𝑛 (𝑡) = 𝑢 (𝑡) + ] + 𝑓𝑛 (𝜃∗ (𝑡) , 𝑥 (𝑡) , 𝑥 (𝑡 − 𝜏𝑛 (𝑡)))

+ 𝜑𝑛 (𝜃∗ (𝑡) , 𝑥 (𝑡))⊤ 𝜔 (𝑡) ,
𝑦 (𝑡) = 𝑥1 (𝑡) ,

(1)

where 𝑥 = [𝑥1, ⋅ ⋅ ⋅ , 𝑥𝑛]⊤ ∈ 𝑅𝑛, 𝑢 ∈ 𝑅, and 𝑦 ∈ 𝑅 are the sys-
tem state, control input, and output, respectively. ] ∈ 𝑅 is an
unknown constant, representing the input matching uncer-
tainty, and let 𝑥𝑛+1 = ] for notational convenience. 𝜃∗(𝑡) :𝑅+ → 𝑅𝑚 is a vector of continuous time-varying para-
meters belonging to an unknown bounded set. 𝜏𝑖(𝑡) : 𝑅+ →𝑅+, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛, represent the bounded time-varying delays
satisfying ̇𝜏𝑖(𝑡) ≤ 𝜅 < 1 for an unknown positive constant𝜅, and the initial condition is 𝑥(𝑡0) = Ψ(𝑡0), 𝑡0 ∈ [−𝜏, 0]
with 𝜏 = max𝑖=1,⋅⋅⋅ ,𝑛{𝜏𝑖(𝑡), 𝑡 ≥ 0} and Ψ being a continuous
function vector defined on [−𝜏, 0]. 𝜔(𝑡) : 𝑅+ → 𝑅𝑠 is
disturbance satisfying 𝜔(𝑡) ∈ 𝐿2[0, +∞). For 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛,
functions 𝑓𝑖(⋅) and function vectors 𝜑𝑖(⋅) are continuous in
the first argument and locally Lipschitz with respect to the
rest of variables.

Assumption 1. For 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛, there is an unknown positive
constant 𝜃 and a known positive integer 𝑝 ≥ 1 such that

𝑓𝑖 (⋅) ≤ 𝜃 (1 + 𝑦 (𝑡)𝑝) 𝑖∑
𝑗=1

𝑥𝑗 (𝑡)
+ 𝜃 (1 + 𝑦 (𝑡 − 𝜏𝑖 (𝑡))𝑝) 𝑖∑

𝑗=1

𝑥𝑗 (𝑡 − 𝜏𝑖 (𝑡)) ,
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𝜑𝑖 (⋅) ≤ 𝜃 (1 + 𝑦 (𝑡)𝑝) .
(2)

During the past decade years, the problem of global
output feedback control for uncertain nonlinear or non-
linear time-delay systems with unknown growth rate has
been extensively studied with the aid of the dynamic gain
technique, and a series of interesting results have been
obtained; see [6–11] and the references therein. Specifically,
for nonlinear time-delay systems with unknown polynomial-
of-output growth rate, [10] achieved the global output feed-
back stabilization based on only one dynamic gain.

However, these results donot consider the inputmatching
uncertainty. In many practical control systems, since input
matching uncertainty often causes instability or serious
deterioration in the performance of systems, output feedback
control of nonlinear systemswith inputmatching uncertainty
is an attractive topic in recent years; see [12–17] and the
references therein. Reference [12] achieved global output
feedback regulation of nonlinear systems with zero dynamics
and input matching uncertainty, whose nonlinearities are
bounded by unmeasured states multiplying known function
of output growth rate. References [13, 14] investigated the
problem of global adaptive output feedback stabilization of
nonlinear systems with input matching uncertainty, whose
uncertain nonlinearities only depend on system output. For
a class of uncertain time-varying nonlinear systems with
input matching uncertainty, whose nonlinearities are strictly
restricted, [15] achieved global output feedback stabilization
based on two dynamic gains. Lately, a compact design scheme
for nonlinear systems with unknown polynomial-of-output
growth rate and input matching uncertainty was proposed in
[16] based on only one dynamic gain. Reference [17] studied
the output tracking problem for a class of stochastic nonlinear
systems with unstable modes.

As far as we know, the problem of output feedback distur-
bance attenuation of uncertain nonlinear systems with input
matching uncertainty and unknown multiple time-varying
delays, whose nonlinearities are bounded by unmeasured
states multiplying unknown constant and polynomial-of-
output growth rates, has not yet been considered until now.
In this paper, we make an attempt to handle this interesting
problem by skillfully combining extended state observer,
dynamic gain technique, and Lyapunov-Krasovskii theorem.

Since there simultaneously exist three types of uncertain-
ties in system (1) for the problem of disturbance attenua-
tion, input matching uncertainty, two types of growth rates
(unknown constant and polynomial-of-output growth rates),
and unknown multiple time-varying delays, some essential
technical difficulties to control design will be inevitably pro-
duced. (i) The observer in [5, 10] is inapplicable to systems of
this paper due to the existence of input matching uncertainty,
so a rather difficult work is how to construct a feasible
observer. (ii) The analysis method in [16] is unsuitable due
to the existence of unknown multiple time-varying delays;
hence, another difficulty is how to give a new analysismethod.
This paper will focus on solving these two difficulties.

This paper is organized as follows. Section 2 gives pre-
liminaries. In Section 3, the design and analysis of output

feedback controller are presented, following a simulation
example in Section 4. Section 5 concludes this paper.

2. Mathematical Preliminaries

In this paper, the argument of function will be omitted
whenever no confusion can arise from the context.𝑅,𝑅+, and𝑅𝑛 denote the set of real numbers, the set of all nonnegative
real numbers, and the real 𝑛-dimensional space, respectively.
For any real vector or matrix 𝐴, 𝐴⊤ denotes its transpose;𝐴 > 0 denotes that matrix 𝐴 is a positive definite matrix;𝜆min(𝐴) denotes the minimal eigenvalue of the symmetric
matrix 𝐴. For any vector 𝑥, ‖𝑥‖1 and ‖𝑥‖ denote its 1-norm
and 2-norm, respectively. Clearly, ‖𝑥‖ ≤ ‖𝑥‖1 ≤ √𝑛‖𝑥‖,
where 𝑛 is the dimension of 𝑥. diag{𝑎1, ⋅ ⋅ ⋅ , 𝑎𝑛} denotes 𝑛 × 𝑛
diagonalmatrixwhose element (𝑘, 𝑘) is 𝑎𝑘 and others are zero.𝐼𝑛 denotes the 𝑛-dimensional identity matrix. 𝐿2[0, 𝑇) and𝐿∞[0, 𝑇) denote the appropriate dimension space of square
integrable functions and the appropriate dimension space of
uniformly bounded functions on [0, 𝑇), respectively, where0 < 𝑇 ≤ +∞.

Lemma 2 (see [12]). For any positive real number 𝜇, there
exist real number 𝜎1 > 0, symmetric positive definite matrices𝑃 and 𝑄, and column vectors 𝑎 = [𝑎1, ⋅ ⋅ ⋅ , 𝑎𝑛+1]⊤ and 𝑘 =[𝑘1, ⋅ ⋅ ⋅ , 𝑘𝑛]⊤ satisfying the following set of inequalities:

𝐴⊤𝑃 + 𝑃𝐴 ≤ −𝜎1𝐼𝑛+1,
𝐷𝑛+1𝑃 + 𝑃𝐷𝑛+1 ≥ 𝜇𝑃,

𝐾⊤𝑄 + 𝑄𝐾 ≤ −2𝜎1𝐼𝑛,
𝐷𝑛𝑄 + 𝑄𝐷𝑛 ≥ 𝜇𝑄,

(3)

where𝐷𝑖 = diag{𝜇, 1 + 𝜇, ⋅ ⋅ ⋅ , 𝑖 − 1 + 𝜇}, 𝑖 = 𝑛, 𝑛 + 1, and

𝐴 =
[[[[[[[[[
[

−𝑎1 1 ⋅ ⋅ ⋅ 0... ... d
...

−𝑎𝑛 0 ⋅ ⋅ ⋅ 1
−𝑎𝑛+1 0 ⋅ ⋅ ⋅ 0

]]]]]]]]]
]

,

𝐾 =
[[[[[[[[[
[

0 1 ⋅ ⋅ ⋅ 0... ... d
...

0 0 ⋅ ⋅ ⋅ 1
−𝑘1 −𝑘2 ⋅ ⋅ ⋅ −𝑘𝑛

]]]]]]]]]
]

.

(4)

Lemma 3 (Young’s inequality). Let real numbers 𝑝 ≥ 1 and𝑞 ≥ 1 satisfy 1/𝑝 + 1/𝑞 = 1, then for any 𝑥, 𝑦 ∈ 𝑅 and any
given positive number 𝛾 > 0, 𝑥𝑦 ≤ 𝛾‖𝑥‖𝑝 + (1/𝑞)(𝑝𝛾)−𝑞/𝑝‖𝑦‖𝑞.
Lemma 4 (see [18]). For 𝑥, 𝑦 ∈ 𝑅 and 𝑝 ≥ 1 is a constant,
then |𝑥 + 𝑦|𝑝 ≤ 2𝑝−1|𝑥𝑝 + 𝑦𝑝|.
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Lemma 5 (Barbalat’s lemma, see [19]). For a continuously
differentiable function 𝑥(𝑡) : 𝑅+ → 𝑅, if 𝑥(𝑡), �̇�(𝑡) ∈ 𝐿∞
and 𝑥(𝑡) ∈ 𝐿𝑝 for some 𝑝 ∈ [1, +∞), then lim𝑡→∞𝑥(𝑡) = 0.
3. Design and Analysis of Output
Feedback Controller

3.1. Control Objective of This Paper. The objective of this
paper is to construct an output feedback controller for system
(1) under Assumption 1 such that, by suitably choosing the
design parameters,

(i) when 𝜔(𝑡) = 0 or 𝜔(𝑡) ∈ 𝐿2[0, +∞) ∩ 𝐿∞[0, +∞),
all the states of the closed-loop system are bounded and the
original system states and their corresponding observer states
all converge to zero, and the estimation of the input matching
uncertainty converges to its actual value.

(ii) when 𝜔(𝑡) ∈ 𝐿2[0, +∞), for any pregiven small
real number 𝜋 > 0, the system output 𝑦 has the following
property:

∫𝑡
0
𝑦2 (𝑠) d𝑠 ≤ 𝜋2 ∫𝑡

0
‖𝜔 (𝑠)‖2 d𝑠 + 𝜌 (⋅) , (5)

where 𝜌(⋅) is a nonnegative bounded function.

Remark 6. Compared with the problem of disturbance atten-
uation of free-delay systems in [5],

𝜓𝑖 (⋅) ≤ 𝜃 (1 + 𝑦 (𝑡)𝑝) 𝑖∑
𝑗=1

𝑥𝑗 (𝑡) ,
𝜑𝑖 (⋅) ≤ 𝜃 (1 + 𝑦 (𝑡)𝑝) ,

(6)

where 𝜃 is a known constant, and compared with the problem
of stabilization control of time-delay systems in [10],

𝜙𝑖 (⋅) ≤ 𝜃 (1 + 𝑦 (𝑡)𝑝) 𝑖∑
𝑗=1

𝑥𝑗 (𝑡)
+ 𝜃 (1 + 𝑦 (𝑡 − 𝑑 (𝑡))𝑝) 𝑖∑

𝑗=1

𝑥𝑗 (𝑡 − 𝑑 (𝑡)) ,
(7)

where 𝑑(𝑡) is an unknown time-varying delay; it is worth
mentioning that none of the systems in [5, 10] take into
account the inputmatch uncertainty. Furthermore, compared
with the problemof stabilization control of free-delay systems
in [16] with input matching uncertainty,

𝑓𝑖 (⋅) ≤ 𝜃 (1 + 𝑦 (𝑡)𝑝) 𝑖∑
𝑗=1

𝑥𝑗 (𝑡) , (8)

where 𝜃 is an unknown constant. This paper considers
the problem of disturbance attenuation for the case in
which there simultaneously exist inputmatching uncertainty,
unknown polynomial-of-output growth rate, and unknown
multiple time-varying delays; all these factors lead to some
essential technical difficulties to control design of the more
general systems in this paper.

3.2. The Design of Observer and Controller for System (1).
Motivated by [14–16], we design the following extended state
observer to rebuild the unmeasured states and estimate the
input matching uncertainty and construct a coupled con-
troller: ̇̂𝑥𝑖 = 𝑥𝑖+1 + 𝑎𝑖𝐿𝑖 (𝑥1 − 𝑥1) , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛 − 1,

̇̂𝑥𝑛 = 𝑢 + 𝑥𝑛+1 + 𝑎𝑛𝐿𝑛 (𝑥1 − 𝑥1) ,
̇̂𝑥𝑛+1 = 𝑎𝑛+1𝐿𝑛+1 (𝑥1 − 𝑥1) ,
𝑢 = −𝐿𝑛𝑘1𝑥1 − 𝐿𝑛−1𝑘2𝑥2 − ⋅ ⋅ ⋅ − 𝐿𝑘𝑛𝑥𝑛 − 𝑥𝑛+1,

(9)

with 𝐿 being a dynamic gain updated by

�̇� (𝑡) = max {−𝜌1𝐿2 (𝑡) + 𝜌2𝐿 (𝑡)
⋅ (1 + 𝑦 (𝑡)𝑝)2 , 𝐿1−2𝜇 (𝑡) (𝑥1 (𝑡) − 𝑥1 (𝑡))2} ,

𝐿 (0) = 1,
(10)

where 𝑥 = [𝑥1, ⋅ ⋅ ⋅ , 𝑥𝑛]⊤ ∈ 𝑅𝑛 and 𝑥𝑛+1 ∈ 𝑅 are the observer
states. 𝜇 > 0 is a design parameter and will be first selected
such that 0 < 𝜇 < 1/2𝑝, 𝑝 is the same as in Assumption 1.
Then, according to Lemma 2, a set (𝜎1, 𝑃, 𝑄, 𝑎, 𝑘) can be
determined to satisfy the inequalities in Lemma 2, and the
vectors 𝑎 and 𝑘 are selected as the gains of the extended state
observer and controller, respectively. 𝜌1 and 𝜌2 are positive
design parameters to be determined. The dynamic gain 𝐿(𝑡)
has the following properties for all 𝑡 ≥ 0:

�̇� (𝑡) ≥ 0,
𝐿 (𝑡) ≥ 1,
𝐿 (𝑡) ≥ 𝐿 (𝑡 − 𝜏𝑖 (𝑡)) , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛,
�̇� (𝑡) ≥ −𝜌1𝐿2 (𝑡) + 𝜌2𝐿 (𝑡) (1 + 𝑦 (𝑡)𝑝)2 ,
�̇� (𝑡) ≥ 𝐿1−2𝜇 (𝑡) (𝑥1 (𝑡) − 𝑥1 (𝑡))2 .

(11)

Remark 7. Since the existence of the input matching uncer-
tainty ] in system (1), the introduction of 𝑥𝑛+1 in the observer
(9) is indispensable to compensate the input matching uncer-
tainty ]. In Theorem 8, we will prove that 𝑥𝑛+1 ultimately
converge to the actual value of the inputmatching uncertainty
].

Introduce coordinate transformation

𝜀𝑖 = 𝑥𝑖 − 𝑥𝑖𝐿𝑖−1+𝜇 , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛 + 1,
𝑧𝑖 = 𝑥𝑖𝐿𝑖−1+𝜇 , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛.

(12)

By (1), (9), and (12), we obtain

̇𝜀 = 𝐿𝐴𝜀 + 𝐹 − �̇�𝐿𝐷𝑛+1𝜀,
�̇� = 𝐿𝐾𝑧 + 𝐿𝑎∗𝜀1 − �̇�𝐿𝐷𝑛𝑧,

(13)
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where 𝜀 = [𝜀1, ⋅ ⋅ ⋅ , 𝜀𝑛+1]⊤, 𝑧 = [𝑧1, ⋅ ⋅ ⋅ , 𝑧𝑛]⊤, 𝐹 = [(𝑓1 +𝜑⊤1 𝜔)/𝐿𝜇, ⋅ ⋅ ⋅ , (𝑓𝑛 + 𝜑⊤𝑛 𝜔)/𝐿𝑛−1+𝜇, 0]⊤, 𝑎∗ = [𝑎1, ⋅ ⋅ ⋅ , 𝑎𝑛]⊤. Let𝑉𝜀 = 𝑚𝜀⊤𝑃𝜀 and 𝑉𝑧 = 𝑧⊤𝑄𝑧 with 𝑚 = 1 + ‖𝑄𝑎∗‖2/𝜎21 . By
(11), (13), Lemma 2, and the fact that 𝜆𝑚𝑖𝑛(𝑃)‖𝜀‖2 ≤ 𝜀⊤𝑃𝜀 and𝜆𝑚𝑖𝑛(𝑄)‖𝑧‖2 ≤ 𝑧⊤𝑄𝑧, we have

�̇�𝜀 ≤ −𝜎1𝑚𝐿 ‖𝜀‖2 + 2𝑚𝜀⊤𝑃𝐹 + 𝑚𝜌1𝜇𝜆𝑚𝑖𝑛 (𝑃) 𝐿 ‖𝜀‖2
− 𝑚𝜌2𝜇𝜆𝑚𝑖𝑛 (𝑃) (1 + 𝑦𝑝)2 ‖𝜀‖2 , (14)

�̇�𝑧 ≤ −2𝜎1𝐿 ‖𝑧‖2 + 2𝐿𝑧⊤𝑄𝑎∗𝜀1 + 𝜌1𝜇𝜆𝑚𝑖𝑛 (𝑄) 𝐿 ‖𝑧‖2
− 𝜌2𝜇𝜆𝑚𝑖𝑛 (𝑄) (1 + 𝑦𝑝)2 ‖𝑧‖2 . (15)

By Lemma 3, it is easy to get

2𝐿𝑧⊤𝑄𝑎∗𝜀1 ≤ 𝜎1𝐿 ‖𝑧‖2 + 𝑄𝑎∗2𝜎1 𝐿𝜀21 . (16)

By (2), (12), and the fact that 𝐿(𝑡) ≥ 1 is a monotone
nondecreasing function for 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛,


𝑓𝑖 + 𝜑⊤𝑖 𝜔𝐿𝑖−1+𝜇

 ≤
𝜃 (1 + 𝑦𝑝)𝐿𝑖−1+𝜇 ( 𝑖∑

𝑗=1

𝑥𝑗 + ‖𝜔‖)

+ 𝜃 (1 + 𝑦 (𝑡 − 𝜏𝑖 (𝑡))𝑝)𝐿𝑖−1+𝜇
𝑖∑
𝑗=1

𝑥𝑗 (𝑡 − 𝜏𝑖 (𝑡))
≤ 𝜃 (1 + 𝑦𝑝)√𝑛 (‖𝜀‖ + ‖𝑧‖) + 𝜃 (1 + 𝑦𝑝) ‖𝜔‖
+ 𝜃 (1 + 𝑦 (𝑡 − 𝜏𝑖 (𝑡))𝑝)
⋅ √𝑛 (𝜀 (𝑡 − 𝜏𝑖 (𝑡)) + 𝑧 (𝑡 − 𝜏𝑖 (𝑡))) .

(17)

Using (17) and Lemma 3, it follows that

2𝑚𝜀⊤𝑃𝐹 ≤ 2𝑚 ‖𝑃‖ ‖𝜀‖ 𝑛∑
𝑖=1


𝑓𝑖 + 𝜑⊤𝑖 𝜔𝐿𝑖−1+𝜇

 ≤ (1 + 𝑦𝑝)2

⋅ (‖𝜀‖2 + ‖𝑧‖2) + 𝑑0 ‖𝜀‖2 + 𝑔0 ‖𝜔‖2 + 𝑛∑
𝑖=1

1 − 𝜅𝑛
⋅ (1 + 𝑦 (𝑡 − 𝜏𝑖 (𝑡))𝑝)2
⋅ (𝜀 (𝑡 − 𝜏𝑖 (𝑡))2 + 𝑧 (𝑡 − 𝜏𝑖 (𝑡))2) ,

(18)

where 𝑑0 = (2+2/(1−𝜅))𝑛3𝑚2𝜃2‖𝑃‖2 and 𝑔0 = 2𝑛2𝑚2𝜃2‖𝑃‖2
are unknown positive constants related to 𝜃 and 𝜅.

Choose the Lyapunov-Krasovskii functional

𝑉 = 𝑉𝜀 + 𝑉𝑧 + 𝑛∑
𝑖=1

∫𝑡
𝑡−𝜏𝑖(𝑡)

1𝑛 (1 + 𝑦 (𝑠)𝑝)2
⋅ (‖𝜀 (𝑠)‖2 + ‖𝑧 (𝑠)‖2) d𝑠,

(19)

and select the design parameters 𝜌1 and 𝜌2 to satisfy
𝜌1 ≤ min{ 𝜎12𝑚𝜇𝜆𝑚𝑖𝑛 (𝑃) , 𝜎12𝜇𝜆𝑚𝑖𝑛 (𝑄)} ,
𝜌2 ≥ max{ 2𝑚𝜇𝜆𝑚𝑖𝑛 (𝑃) , 2𝜇𝜆𝑚𝑖𝑛 (𝑄)} .

(20)

Then, using (14)-(16), (18)-(20), and ̇𝜏𝑖(𝑡) ≤ 𝜅 < 1, 𝑖 =1, ⋅ ⋅ ⋅ , 𝑛, we arrive at
�̇� ≤ −𝜎12 𝐿 (‖𝜀‖2 + ‖𝑧‖2) + 𝑑0 ‖𝜀‖2 + 𝑔0 ‖𝜔‖2 . (21)

3.3. Stability and Convergence Analysis. We state the main
result in this paper.

Theorem 8. Consider system (1) satisfying Assumption 1,
and under the output feedback controller (9) and (10), the
closed-loop system consisting of (1), (9), and (10) achieves
global disturbance attenuation in the 𝐿2-gain sense. Moreover,
if 𝜔(𝑡) = 0 or 𝜔(𝑡) ∈ 𝐿2[0, +∞) ∩ 𝐿∞[0, +∞), then
lim𝑡→+∞(𝑥(𝑡), 𝑥(𝑡), 𝑥𝑛+1, 𝑢(𝑡)) = (0, 0, ], −]).
Proof. It is observed that the right-hand side of the closed-
loop system consisting of (1), (9), and (10) is continuous
and locally Lipschitz in (𝑥, 𝑥, 𝑥𝑛+1, 𝑢); hence, the closed-loop
system has a unique solution on the maximal interval [0, 𝑡𝑓)
with 0 < 𝑡𝑓 ≤ +∞. Next, we divide the proof into two steps.

Step I (the boundedness of 𝐿(𝑡), 𝜀(𝑡), and 𝑧(𝑡) on [0, 𝑡𝑓))
(i) Boundedness of 𝐿(𝑡) on [0, 𝑡𝑓). We prove the boundedness
of 𝐿(𝑡) on [0, 𝑡𝑓) by a contradiction argument. Suppose that𝐿(𝑡) is unbounded on [0, 𝑡𝑓); note the monotone nonde-
creasing property of 𝐿(𝑡); there holds lim𝑡→𝑡𝑓𝐿(𝑡) = +∞.
Hence, there is a finite time 𝑡1 ∈ [0, 𝑡𝑓) such that 𝐿(𝑡) ≥
max{1, 4𝑑0/𝜎1}, ∀𝑡 ∈ [𝑡1, 𝑡𝑓). Then, from (21), it follows that

�̇� (𝑡) ≤ −𝜎14 𝐿 (𝑡) ‖𝜀 (𝑡)‖2 − 𝜎12 𝐿 (𝑡) ‖𝑧 (𝑡)‖2
+ 𝑔0 ‖𝜔 (𝑡)‖2 , ∀𝑡 ∈ [𝑡1, 𝑡𝑓) ,

(22)

which, together with 𝜔(𝑡) ∈ 𝐿2[0, +∞), implies that 𝜀(𝑡) and𝑧(𝑡) are bounded on [𝑡1, 𝑡𝑓) and
𝜎14 ∫𝑡𝑓
𝑡1

𝐿 (𝑠) ‖𝜀 (𝑠)‖2 d𝑠 ≤ 𝑉 (𝑡1) + 𝑔0 ∫𝑡𝑓
𝑡1

‖𝜔 (𝑠)‖2 d𝑠
< +∞.

(23)

By (12), Lemma 4, and the fact that 𝐿(𝑡) ≥ 1, it is obvious that
− 𝜌1𝐿2 (𝑡) + 𝜌2𝐿 (𝑡) (1 + 𝑦 (𝑡)𝑝)2

≤ −𝜌1𝐿2 (𝑡)
+ 2𝜌2 (1 + 𝜀1 (𝑡) + 𝑧1 (𝑡)2𝑝) 𝐿1+2𝜇𝑝 (𝑡) .

(24)

Then, by 0 < 𝜇 < 1/2𝑝 and the boundedness of 𝜀(𝑡) and𝑧(𝑡) on [𝑡1, 𝑡𝑓), there is a finite time 𝑡2 ∈ [𝑡1, 𝑡𝑓), such that
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−𝜌1𝐿2(𝑡)+𝜌2𝐿(𝑡)(1+ |𝑦(𝑡)|𝑝)2 ≤ 0 on [𝑡2, 𝑡𝑓), which, together
with (10) and (12), implies that

+∞ = 𝐿 (𝑡𝑓) − 𝐿 (𝑡2) = ∫𝑡𝑓
𝑡2

�̇� (𝑠) d𝑠
= ∫𝑡𝑓
𝑡2

𝐿 (𝑠) 𝜀21 (𝑠) d𝑠 ≤ ∫𝑡𝑓
𝑡1

𝐿 (𝑠) ‖𝜀 (𝑠)‖2 d𝑠.
(25)

This contradicts with (23). Thus, 𝐿(𝑡) is bounded on [0, 𝑡𝑓)
and suppose lim𝑡→𝑡𝑓𝐿(𝑡) = 𝐿 with 𝐿 ≥ 1 being a constant.
(ii) Boundedness of 𝑧(𝑡) on [0, 𝑡𝑓). By (11)-(12), (15)-(16), and
(20), we obtain

�̇�𝑧 ≤ −𝜎12 ‖𝑧‖2 + 𝑄𝑎∗2𝜎1 �̇�
− 𝜌2𝜇𝜆𝑚𝑖𝑛 (𝑄) (1 + 𝑦𝑝)2 ‖𝑧‖2 .

(26)

Integrating both sides of (26) with 𝐿(𝑡) ≥ 1 being amonotone
nondecreasing function and 𝐿(0) = 1, lim𝑡→𝑡𝑓𝐿(𝑡) = 𝐿 leads
to, on [0, 𝑡𝑓),

𝜆min (𝑄) ‖𝑧 (𝑡)‖2 ≤ 𝑉𝑧 (𝑡)
≤ 𝑉𝑧 (0) − 𝜎12 ∫𝑡

0
‖𝑧 (𝑠)‖2 d𝑠

+ 𝑄𝑎∗2𝜎1 (𝐿 − 1) ,
(27)

from which it follows that, ∀𝑡 ∈ [0, 𝑡𝑓),
‖𝑧 (𝑡)‖2 ≤ 1𝜆min (𝑄) (𝑉𝑧 (0) + 𝑄𝑎∗2𝜎1 𝐿) ,

∫𝑡
0
‖𝑧 (𝑠)‖2 d𝑠 ≤ 2𝜎1 (𝑉𝑧 (0) + 𝑄𝑎∗2𝜎1 𝐿) ,

(28)

which implies that 𝑧(𝑡) and ∫𝑡
0
‖𝑧(𝑠)‖2d𝑠 are bounded on[0, 𝑡𝑓).

(iii) Boundedness of 𝜀(𝑡) on [0, 𝑡𝑓). To prove the boundedness
of 𝜀(𝑡) on [0, 𝑡𝑓), we introduce a new change of coordinate

𝜖𝑖 = 𝜀𝑖(𝐿∗)𝑖−1+𝜇 , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛 + 1, (29)

where the constant is 𝐿∗ ≥ 1/𝑚+2𝑑1/𝜎1+1 > 1with 𝑑1 being
a positive constant to be defined. By (13) and (29), we arrive
at

̇𝜖 = 𝐿𝐿∗𝐴𝜖 + 𝐿𝐿∗𝑎𝜖1 − 𝐿Γ𝑎𝜖1 + 𝐹∗ − �̇�𝐿𝐷𝑛+1𝜖, (30)

where 𝜖 = [𝜖1, ⋅ ⋅ ⋅ , 𝜖𝑛+1]⊤, Γ = diag{1, 1/𝐿∗, ⋅ ⋅ ⋅ , 1/(𝐿∗)𝑛},
and𝐹∗ = [(𝑓1+𝜑⊤1 𝜔)/(𝐿𝐿∗)𝜇, ⋅ ⋅ ⋅ , (𝑓𝑛+𝜑⊤𝑛 𝜔)/(𝐿𝐿∗)𝑛−1+𝜇, 0]⊤.

Choose the Lyapunov function 𝑉𝜖 = 𝜖⊤𝑃𝜖. By (11), (30),
Lemma 2, and the fact that 𝜆𝑚𝑖𝑛(𝑃)‖𝜖‖2 ≤ 𝜖⊤𝑃𝜖,

�̇�𝜖 ≤ −𝜎1𝐿𝐿∗ ‖𝜖‖2 + 2𝐿𝐿∗𝜖⊤𝑃𝑎𝜖1 − 2𝐿𝜖⊤𝑃Γ𝑎𝜖1
+ 2𝜖⊤𝑃𝐹∗ + 𝐿𝜌1𝜇𝜆𝑚𝑖𝑛 (𝑃) ‖𝜖‖2
− 𝜌2𝜇𝜆𝑚𝑖𝑛 (𝑃) (1 + 𝑦𝑝)2 ‖𝜖‖2 .

(31)

Using (11), (12), (29), and Lemma 3, we obtain

2𝐿𝐿∗𝜖⊤𝑃𝑎𝜖1 ≤ 𝜎1𝐿𝐿∗4 ‖𝜖‖2 + 4 (𝐿∗)1−2𝜇 ‖𝑃𝑎‖2𝜎1 �̇�,
−2𝐿𝜖⊤𝑃Γ𝑎𝜖1 ≤ 𝜎1𝐿𝐿∗4 ‖𝜖‖2 + 4 ‖𝑃Γ𝑎‖2𝜎1 (𝐿∗)1+2𝜇 �̇�.

(32)

Similar to the proof of (18) with 𝐿∗ ≥ 1, one gets
2𝜖⊤𝑃𝐹∗ ≤ (1 + 𝑦𝑝)2 ( 1𝑚 ‖𝜖‖2 + ‖𝑧‖2) + 𝑑1 ‖𝜖‖2

+ 𝑔1 ‖𝜔‖2 + 𝑛∑
𝑖=1

1 − 𝜅𝑛 (1 + 𝑦 (𝑡 − 𝜏𝑖 (𝑡))𝑝)2

⋅ ( 1𝑚 𝜖 (𝑡 − 𝜏𝑖 (𝑡))2 + 𝑧 (𝑡 − 𝜏𝑖 (𝑡))2) ,
(33)

where 𝑑1 = 𝑛3𝜃2‖𝑃‖2(2𝑚 + 1 + (𝑚 + 1)/(1 − 𝜅)), 𝑔1 =2𝑚𝑛2𝜃2‖𝑃‖2 are unknown positive constants related to 𝜃 and𝜅.
Choose the Lyapunov-Krasovskii functional

𝑉∗ = 𝑉𝜖 + 𝑉𝑧 + 𝑛∑
𝑖=1

∫𝑡
𝑡−𝜏𝑖(𝑡)

1𝑛 (1 + 𝑦 (𝑠)𝑝)2

⋅ ( 1𝑚 ‖𝜖 (𝑠)‖2 + ‖𝑧 (𝑠)‖2) d𝑠.
(34)

By (20), (26), (31)-(34), the definition of 𝐿∗, and the fact that𝐿(𝑡) ≥ 1, we derive
�̇�∗ ≤ −𝜎12 𝐿𝐿∗ ‖𝜖‖2 + 𝐿𝜌1𝜇𝜆𝑚𝑖𝑛 (𝑃) ‖𝜖‖2

− 𝜌2𝜇𝜆𝑚𝑖𝑛 (𝑃) (1 + 𝑦𝑝)2 ‖𝜖‖2
+ 2𝑚 (1 + 𝑦𝑝)2 ‖𝜀‖2 + 𝜂�̇� + 2 (1 + 𝑦𝑝)2 ‖𝑧‖2
+ 𝑑1 ‖𝜖‖2 + 𝑔1 ‖𝜔‖2
− 𝜌2𝜇𝜆𝑚𝑖𝑛 (𝑄) (1 + 𝑦𝑝)2 ‖𝑧‖2 + 𝜎12𝑚𝐿 ‖𝜖‖2
− 𝜎12𝑚𝐿 ‖𝜖‖2

≤ −𝜎12 𝐿(𝐿∗ − 1𝑚 − 2𝑑1𝜎1 ) ‖𝜖‖2 + 𝜂�̇� + 𝑔1 ‖𝜔‖2
≤ −𝜎12 ‖𝜖‖2 + 𝜂�̇� + 𝑔1 ‖𝜔‖2 ,

(35)
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where 𝜂 = ‖𝑄𝑎∗‖2/𝜎1 + 4(𝐿∗)1−2𝜇‖𝑃𝑎‖2/𝜎1 + 4‖𝑃Γ𝑎‖2/𝜎1(𝐿∗)1+2𝜇 is a positive constant. Similar to the proof of (27),
integrating both sides of (35) yields, on [0, 𝑡𝑓),

𝜆min (𝑃) ‖𝜖 (𝑡)‖2 ≤ 𝑉∗ (𝑡)
≤ 𝑉∗ (0) − 𝜎12 ∫𝑡

0
‖𝜖 (𝑠)‖2 d𝑠

+ 𝜂 (𝐿 − 1) + 𝑔1 ∫𝑡
0
‖𝜔 (𝑠)‖2 d𝑠,

(36)

from which it follows that, ∀𝑡 ∈ [0, 𝑡𝑓),
‖𝜖 (𝑡)‖2

≤ 1𝜆min (𝑃) (𝑉∗ (0) + 𝜂𝐿 + 𝑔1 ∫𝑡
0
‖𝜔 (𝑠)‖2 d𝑠) ,

∫𝑡
0
‖𝜖 (𝑠)‖2 d𝑠
≤ 2𝜎1 (𝑉∗ (0) + 𝜂𝐿 + 𝑔1 ∫𝑡

0
‖𝜔 (𝑠)‖2 d𝑠) ,

(37)

which together with 𝜔(𝑡) ∈ 𝐿2[0, +∞) implies that 𝜖(𝑡) and∫𝑡
0
‖𝜖(𝑠)‖2d𝑠 are bounded on [0, 𝑡𝑓). From (29) with the fact

that 𝐿∗ is a constant, we obtain 𝜀(𝑡) and ∫𝑡
0
‖𝜀(𝑠)‖2d𝑠 are

bounded on [0, 𝑡𝑓).
Step II (we prove that the closed-loop system consisting of
(1), (9), and (10) achieves global disturbance attenuation in
the 𝐿2-gain sense). From (12), it is easy to get

𝑥𝑖 = 𝐿𝑖−1+𝜇 (𝜀𝑖 + 𝑧𝑖) , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛,
𝑥𝑖 = 𝐿𝑖−1+𝜇𝑧𝑖, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛,

𝑥𝑛+1 = ] − 𝐿𝑛+𝜇𝜀𝑛+1.
(38)

When 𝜔(𝑡) ∈ 𝐿2[0, +∞), by the boundedness of 𝐿(𝑡), 𝑧(𝑡),𝜀(𝑡) on [0, 𝑡𝑓) and the fact that ] is a constant, it can be derived
from (38) that 𝑥(𝑡), 𝑥(𝑡), and 𝑥𝑛+1(𝑡) are bounded on [0, 𝑡𝑓).
By (9), it follows that 𝑢(𝑡) is also bounded on [0, 𝑡𝑓).

Then, we prove that 𝑡𝑓 = +∞. The conclusion follows
again by a contradiction argument. Suppose 𝑡𝑓 < +∞, then𝑡𝑓 would be the finite-escape time of the closed-loop system,
whichmeans that at least one component of𝑥(𝑡),𝑥(𝑡),𝑥𝑛+1(𝑡),
and 𝐿(𝑡) would tend to infinity at 𝑡 = 𝑡𝑓. However, 𝑥(𝑡), 𝑥(𝑡),𝑥𝑛+1(𝑡), and 𝐿(𝑡) are bounded on the maximal interval [0, 𝑡𝑓)
and hence also bounded at 𝑡 = 𝑡𝑓 due to the continuity of the
solution; this is a contradiction.𝑡𝑓 = +∞ means that 𝐿(𝑡), 𝑧(𝑡), 𝜀(𝑡), ∫𝑡

0
‖𝑧(𝑠)‖2d𝑠,

∫𝑡
0
‖𝜀(𝑠)‖2d𝑠 are bounded on [0, +∞), which indicates that𝑥(𝑡), 𝑥(𝑡), 𝑥𝑛+1(𝑡), and 𝑢(𝑡) are bounded on [0, +∞), and∫+∞
0

‖𝑧(𝑠)‖2d𝑠 < +∞, ∫+∞
0

‖𝜀(𝑠)‖2d𝑠 < +∞. Meanwhile,
from (38) with 𝑦 = 𝑥1, we obtain ∫+∞

0
𝑦2(𝑠)d𝑠 < +∞.

Using (21), for any pregiven small real number 𝜋 > 0,
�̇� + 𝑔0𝜋2𝑦2 ≤ 𝑑0 ‖𝜀‖2 + 𝑔0 ‖𝜔‖2 + 𝑔0𝜋2𝑦2. (39)

Integrating both sides of (39) leads to, ∀𝑡 ≥ 0,
∫𝑡
0
𝑦2 (𝑠) d𝑠 ≤ 𝜋2 ∫𝑡

0
‖𝜔 (𝑠)‖2 d𝑠 + 𝜋2𝑔0𝑉 (0)

+ 𝜋2𝑑0𝑔0 ∫𝑡
0
‖𝜀 (𝑠)‖2 d𝑠 + ∫𝑡

0
𝑦2 (𝑠) d𝑠;

(40)

choose 𝜌(⋅) = (𝜋2/𝑔0)𝑉(0) + (𝜋2𝑑0/𝑔0) ∫𝑡0 ‖𝜀(𝑠)‖2d𝑠 +
∫𝑡
0
𝑦2(𝑠)d𝑠. Obviously, 𝜌(⋅) is a nonnegative bounded func-

tion. Then the global disturbance attenuation of the closed-
loop system is achieved in the 𝐿2-gain sense.

Moreover, if 𝜔(𝑡) = 0 or 𝜔(𝑡) ∈ 𝐿2[0, +∞) ∩ 𝐿∞[0, +∞),
by the boundedness of all signals on [0, +∞), from (13), it is
obvious that ̇𝜀(𝑡) and �̇�(𝑡) are also bounded on [0, +∞).Then,
by Lemma 5, we conclude that lim𝑡→+∞(𝜀(𝑡), 𝑧(𝑡)) = (0, 0).
Therefore, from (9) and (38) with the boundedness of 𝐿(𝑡), we
deduce lim𝑡→+∞(𝑥(𝑡), 𝑥(𝑡), 𝑥𝑛+1(𝑡), 𝑢(𝑡)) = (0, 0, ], −]).
4. Simulation Example

Consider a simple system

�̇�1 = 𝑥2 + 𝑐1𝑥31 (𝑡 − 𝜏1 (𝑡)) + 𝑐2 ln (1 + 𝑥21) 𝜔,
�̇�2 = 𝑢 + ] + 𝑐3𝑥21𝑥2

+ 𝑐4 ln (1 + 𝑥21 (𝑡 − 𝜏2 (𝑡))) 𝑥2 (𝑡 − 𝜏2 (𝑡))
+ 𝑐5𝜔,

𝑦 = 𝑥1,

(41)

where ] is an unknown constant representing the input
matching uncertainty, and let 𝑥3 = ]. 𝑐𝑖, 𝑖 = 1, ⋅ ⋅ ⋅ , 5, are
unknown constants, and 𝜏1(𝑡) = 1 + 𝑙1 sin(𝑡) and 𝜏2(𝑡) =(1/2)𝑙2cos2 (𝑡) represent unknown time-varying delays with|𝑙1| < 1, 0 < 𝑙2 < 1 being unknown constants. The system
disturbance is 𝜔(𝑡) = 1/(1 + 𝑡); obviously, 𝜔(𝑡) ∈ 𝐿2[0, +∞).
Since ln(1 + 𝑥21) ≤ 1 + 𝑥21, Assumption 1 holds with 𝜃 =
max{|𝑐𝑖|, 𝑖 = 1, ⋅ ⋅ ⋅ , 5}, 𝑝 = 2.

From Lemma 2, we choose 𝜇 = 0.2 < 1/4, 𝑎 = [3, 3, 1]⊤,𝑘 = [3, 3]⊤, 𝜎1 = 18. Then, by (20), select 𝜌1 = 0.9 and𝜌2 = 12.8. According to Section 3, we get the output feedback
controlleṙ̂𝑥1 = 𝑥2 + 3𝐿 (𝑥1 − 𝑥1) ,

̇̂𝑥2 = 𝑥3 + 𝑢 + 3𝐿2 (𝑥1 − 𝑥1) ,
̇̂𝑥3 = 𝐿3 (𝑥1 − 𝑥1) ,

𝑢 = −3𝐿2𝑥1 − 3𝐿𝑥2 − 𝑥3,
�̇� = max {−0.9𝐿2

+ 12.8𝐿 (1 + 𝑦2)2 , 𝐿0.6 (𝑥1 − 𝑥1)2} , 𝐿 (0) = 1.

(42)

In the simulation, we choose 𝑐𝑖 = 1, 𝑖 = 1, ⋅ ⋅ ⋅ , 5, ] = −8,𝑙1 = 𝑙2 = 0.5 and the initial values [𝑥1(𝑡0), 𝑥2(𝑡0)] = [0.5, 0.8]
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Figure 1: The responses of the closed-loop system (41)-(42).

for 𝑡0 ∈ [−1.5, 0], [𝑥1(0), 𝑥2(0), 𝑥3(0)] = [0.2, 0.5, 4]. Figure 1
demonstrates the effectiveness of the control scheme.

5. Conclusions

By skillfully combining extended state observer, dynamic
gain technique, and Lyapunov-Krasovskii theorem, the prob-
lem of output feedback disturbance attenuation for nonlinear
systems with input matching uncertainty and unknown
multiple time-varying delays is solved in this paper based on
only one dynamic gain.

Some interesting problems still remained; e.g., (i) for
system (1) with the unknown output function [20–24], can
we design an output feedback controller? (ii) Another work
is to consider more general input matching uncertainty such
as an uncertain harmonic signal.
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A generalized economic model with two kinds of agents (farmers and landlords) is investigated. Farmers produce grains by renting
lands from landlords. The land which is not rented is cultivated by less productive landlords. The economy is assumed to be with
extreme frictions so that there are no markets for agents to trade grains. The rental rate is determined by the equilibrium of the
supply and demand.We consider the situation that farmers are likely to takemore risk when the rental rate is low and havemore risk
aversion if the rate goes high. The psychological anticipation is taken into account in the setting of our model. Using the optimal
control theory, the dynamic properties of the rental rate and its influence to the endogenous volatility are analyzed. Besides, we
clarify that the rental market has an instinctive ability to dominate the anticipation of agents.

1. Introduction

Since the Great Depression in 1933,many famous economists,
such as Fisher and Keynes, have devoted themselves to the
research of the failure of financial markets. Kindleberger
[1] clarifies that financial crises are common in history. It
seems that the financial frictions for business cycles play
an important role in the crisis. Therefore, the desire to give
more insight into the financial instability prompts scholars to
set up new generalized continuous time equilibrium models.
Earlier, Bernanke and Gerter [2] together with Kiyotaki and
Moore [3] elaborate several important ways of how financial
frictions influence the macroeconomy. One of their main
conclusions is that small temporary shocks can have a great
impact on the economy.

After the works of [3], He and Krishnamurthy [4, 5] build
a kind of typical equilibrium models which allow us to give a
research in the full-scale macroeconomic dynamics. Mean-
while, Brunnermeier and Sannikov [6] study the macroe-
conomic models and get further conclusions. Specifically,
Brunnermeier and Sannikov show that the behaviour of the
economy with aggregate shocks and financial frictions can be
trapped in a less productive level for a long time. In Brunner-
meier and Sannikov’s model, the endogenous stochastic risks

are set to discuss the behaviour of the economy.The feedback
control techniques of stochastic nonlinear systems are found
in [7–9].

Although Brunnermeier and Sannikov’s work inspires
us to study the behaviour of the macroeconomy in a new
different way, there are also some drawbacks. Brunnermeier
and Sannikov’s model can only be solved in a numerical way
and some of their predictions go somewhat against empirical
evidence. To make up for these drawbacks, Klimenko et al.
[10] have developed a dynamic macroeconomic model in a
simple setting to analyze the significance of the endogenous
risk. With the setting, they get dynamic equations and work
out a quasi-closed form solution. They explicitly track down
the roots of some important features like poverty trap, which
is explained as the paradox of volatility and persistence
of exogenous shocks. The implication of endogenous risk
for welfare analysis is illustrated [10], while, in [10], they
suppose an easy case in which the rental rate has a linear
effect on its process. The assumption does not seem to
be very practical. As will be illustrated carefully, we take
the psychological anticipations of farmers into account and
consider a nonlinear effect case.

Following the works in [10], we adopt two kinds of agents:
risk-neutral landlords and risk-averse farmers. Landlords,
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which are less productive, own the land. Farmers cultivate
grains by renting lands from landlords. In the economy, the
financial friction is so high that there is no market for the
agents to trade. Farmers have to keep the rest of the grains as
their precautionary savings. To get rid of defaulting from their
rent contracts, farmers have to adapt their scale of activity
(the area of lands renting from landlords) to the level of the
rental rate. The equilibrium of demand and supply in the
rental market determines the process of the rental rate.

One of the remarkable settings in [10] is that the authors
suppose there exists a rental market in which the rental
rate follows a Markov stationary process, which takes the
form similar to Geometric Brownian Motion (GBM). With
the equilibrium conditions, Klimenko et al. [10] obtain the
closed form solutions and consequently keep on with further
analysis. The reason why they choose the form like GBM is
that the rental rate is larger than 0 in the real world. Inspired
by the works in [10], we take psychological anticipation of
farmers into account. If the rental rate is low, farmers would
choose to take more risk. On the contrary, farmers would
be more risk averse if the rental rate is high. For this sake,
the rental rate has an effect on the rental market and then
influences its own process. The volatility fluctuates by the
rental rate. We consider a rental rate process which differs
from that in Klimenko et al. [10]. The closed form solution
of the model is obtained. We show that the rental rate market
has the ability to adapt itself even if we do not consider the
psychological anticipation talked about above.

The rest of the paper is organized as follows. Section 2
gives a brief description of the model. Section 3 describes the
equilibrium. Section 4 gives theways to solve the equilibrium.
Section 5 discusses its main properties. Section 6 studies the
long-run average behaviour and analyzes the welfare loss
problem.The conclusions are given in Section 7.

2. Theoretical Framework

2.1. Basic Statement of the Economy. In this section, we give
the basic setting of the economy which is similar to that
in [10]. There are only two types of agents in the economy:
farmers and landlords. The landlords own the land, while
the farmers can only rent it from the landlords. The rental
rate 𝑞𝑡 is endogenously determined in the equilibrium. For
convenience, the area of land in the economy is fixed and
normalized to 1. We assume that farmers are risk averse and
landlords are risk-neutral. Both of the agents have the same
discount rate 𝜌.

In the economy, the land which is cultivated by farmers
yields more crop than that of landlords. More precisely, the
flow of output yielding fromone unit of land that is cultivated
by a representative farmer is described by

𝑑𝑦𝑡 = 𝑎𝑑𝑡 + 𝜎0𝑑𝐵𝑡, (1)
where 𝑎 is the average growth rate of farmers and𝜎0 stands for
the aggregate shocks (like climate conditions) exposed in the
economy. 𝐵𝑡 is a standard Brownian Motion defined on the
probability space (Ω,F ,P) with the filtration F = {F𝑡, 𝑡 ≥ 0}.

It is hard to find a representative landlord. For this,
we introduce a random variable �̃� which is continuously

distributed over [0, 𝑎]. One unit of land cultivated by an �̃�
type of landlord yields the flow of output

𝑑𝑦𝑡 = �̃�𝑑𝑡 + 𝜎0𝑑𝐵𝑡. (2)

In the economy, we assume there exists an extreme finan-
cial friction, whichmeans that it is impossible for farmers and
landlords to engage in any financial activities. The income
of farmers comes from their producing activities and they
have no other assets or resources. For some landlords, their
productivity is so low that theymight be likely to rent the land
to farmers and gain rental rate 𝑞𝑡 from the farmers. For other
landlords, they will cultivate by themselves. For farmers,
they rent lands from landlords with rental rate if it is not
so high. Because of the aggregate volatility, the productivity
of the two agents varies. Hence, the equilibrium rental rent
is fluctuated. In this paper, our goal is to find a Markov
stationary equilibrium, where the rental rate 𝑞𝑡 satisfies the
following Markov stochastic process:

𝑑𝑞𝑡𝑞𝑡 = 𝜇 (𝑞𝑡) 𝑑𝑡 + 𝜎 (𝑞𝑡) 𝑞𝛽−1𝑡 𝑑𝐵𝑡, 1 ≤ 𝛽 < 2, (3)

where the drift 𝜇(𝑞𝑡) and diffusion 𝜎(𝑞𝑡) are determined by
the equilibrium conditions. The parameter 𝛽 is a constant
which takes values between 1 and 2.

As can be seen, the process in (3) is reduced to Klimenko
et al. [10] if the parameter 𝛽 = 1. In Klimenko et al.’s model,
the rental rate 𝑞𝑡 has a linear influence on the volatility 𝜎(𝑞).
Here we suppose that the rental rate process takes a form
of the CEV model. The volatility is magnified when the rate
is low. On the contrary, the volatility is reduced if the rate
goes high. As will be clarified, the economy seems to have
the instinctive ability to adapt itself whether we take the
psychological anticipations into consideration or not.

2.2. Decisions of Agents

Farmers. At time 𝑡, each farmer chooses his scale of produc-
tion 𝑘𝑡 and decides how much crop should be consumed,
which is denoted by 𝑐𝑡. Hence, the saving of a representative
farmer at time 𝑡, which is denoted by 𝑠𝑡, is driven by

𝑑𝑠𝑡 = 𝑘𝑡 (𝑑𝑦𝑡 − 𝑞𝑡𝑑𝑡) − 𝑐𝑡𝑑𝑡. (4)

In fact, both 𝑘𝑡 and 𝑐𝑡 depend on the scale of production
and the rental rate.

All farmers in the economy are homogeneous and their
utility function is logarithmic. Each farmer chooses his opti-
mal consumption 𝑐𝑡 and scale of production 𝑘𝑡 to maximize
his all-life expected discounted value of consumption

𝑉 (𝑠, 𝑞) = max
𝑐𝑡 ,𝑘𝑡≥0

𝐸[∫+∞
0

𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡 | 𝑠0 = 𝑠, 𝑞0 = 𝑞] , (5)

where 𝑠 is the farmer’s initial stock of saving and 𝑞 is the initial
rental rate.

Landlords. At each time 𝑡, every landlord decides whether to
rent out his land or not according to the rental rate. If the
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rental rate is more than his own productivity, i.e., 𝑞𝑡 ≥ �̂�, he
will rent the land out; otherwise he will cultivate by himself.

We assume that all landlords in the economy have infinite
elasticity of intertemporal substitution. Each landlord will
decidewhether to rent the land out or not and consume all his
savings immediately at each time 𝑡. Once given a rental rate 𝑞𝑡 ,
the whole fraction of land leased by landlords is a continuous
and increasing function of the rental rate, which is denoted
by𝐾𝑆(𝑞𝑡).
3. Equilibrium

In this section, we are supposed to find a way to solve the
optimal control problem.Our basic idea is to find the solution
of the HJB equation by dynamic programming principle.

Lemma 1. If 𝑉(𝑠𝑡, 𝑞𝑡) is the maximum expected discounted
value of consumption on (𝑡, +∞), then the following equation

𝑉 (𝑠, 𝑞) = max
𝑐𝑡,𝑘𝑡≥0

𝐸[∫ℎ
0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡

+ 𝑒−𝜌ℎ𝑉(𝑠ℎ, 𝑞ℎ) | 𝑠0 = 𝑠, 𝑞0 = 𝑞]
(6)

holds.

Proof. On the temporal interval of (0, ℎ), we choose a control
process of 𝑐𝑡 and 𝑘𝑡 evolves from (0, 𝑐0, 𝑘0) to (ℎ, 𝑐ℎ, 𝑘ℎ).

(i) For any ℎ > 0, applying the tower property straightfor-
ward, we have

𝐸[∫+∞
0

𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡 | F0]
= 𝐸{𝐸[∫+∞

0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡 | Fℎ] | F0}

= 𝐸{𝐸[∫ℎ
0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡

+ 𝑒−𝜌ℎ ∫+∞
ℎ

𝑒−𝜌(𝑡−ℎ) ln (𝑐𝑡) 𝑑𝑡 | Fℎ] | F0}

= 𝐸{∫ℎ
0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡

+ 𝑒−𝜌ℎ𝐸[∫+∞
ℎ

𝑒−𝜌(𝑡−ℎ) ln (𝑐𝑡) 𝑑𝑡 | Fℎ] | F0}

≤ 𝐸{∫ℎ
0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡 + 𝑒−𝜌ℎ𝑉(𝑠ℎ, 𝑞ℎ) | F0} .

(7)

Taking maximum on both sides, we get

𝑉 (𝑠, 𝑞)
≤ max
𝑐𝑡 ,𝑘𝑡≥0

𝐸[∫ℎ
0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡 + 𝑒−𝜌ℎ𝑉 (𝑠ℎ, 𝑞ℎ) | F0] . (8)

(ii) For any 𝜀 > 0, we can find 𝑐𝜀𝑡 , 𝑘𝜀𝑡 such that

𝑉 (𝑠, 𝑞) − 𝜀 ≤ 𝐸[∫ℎ
0
𝑒−𝜌𝑡 ln (𝑐𝜀𝑡 ) 𝑑𝑡 | F0] . (9)

Denoting

𝑐𝑡 = {{{
𝑐𝑡, 0 < 𝑡 ≤ ℎ
𝑐𝜀𝑡 , 𝑡 > ℎ,

�̂�𝑡 = {{{
𝑘𝑡, 0 < 𝑡 ≤ ℎ
𝑘𝜀𝑡 , 𝑡 > ℎ,

(10)

we have

𝑉(𝑠, 𝑞) ≥ 𝐸 [∫+∞
0

𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡 | F0]
= 𝐸{𝐸[∫+∞

0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡 | Fℎ] | F0}

= 𝐸{𝐸[∫ℎ
0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡

+ 𝑒−𝜌ℎ ∫+∞
ℎ

𝑒−𝜌(𝑡−ℎ) ln (𝑐𝜀𝑡 ) 𝑑𝑡 | Fℎ] | F0}

= 𝐸{∫ℎ
0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡

+ 𝑒−𝜌ℎ𝐸[∫+∞
ℎ

𝑒−𝜌(𝑡−ℎ) ln (𝑐𝜀𝑡 ) 𝑑𝑡 | Fℎ] | F0}
≥ 𝐸[∫ℎ

0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡 + 𝑒−𝜌ℎ (𝑉 (𝑠ℎ, 𝑞ℎ) − 𝜀) | F0]

= 𝐸[∫ℎ
0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡 + 𝑒−𝜌ℎ (𝑉 (𝑠ℎ, 𝑞ℎ)) | F0]

− 𝜀.

(11)

Letting 𝜀 → 0 and taking maximum, we obtain

𝑉 (𝑠, 𝑞)
≥ max

𝑐𝑡 ,𝑘𝑡
𝐸[∫ℎ

0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡 + 𝑒−𝜌ℎ (𝑉 (𝑠ℎ, 𝑞ℎ)) | F0] . (12)

Therefore, we get

𝑉 (𝑠, 𝑞) = max
𝑐𝑡 ,𝑘𝑡

𝐸[∫ℎ
0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡

+ 𝑒−𝜌ℎ (𝑉 (𝑠ℎ, 𝑞ℎ)) | F0] .
(13)
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Theorem 2. Assume 𝑉(𝑠, 𝑞) ∈ C1,2, and then the value func-
tion 𝑉(𝑠, 𝑞) of a representative farmer satisfies the following
Hamilton-Jacobi-Bellman (HJB) equation

𝜌𝑉 = max
𝑐,𝑘≥0

(ln 𝑐 + [𝑘 (𝑎 − 𝑞) − 𝑐]𝑉𝑠 + 𝑞𝜇 (𝑞)𝑉𝑞
+ 12𝜎20𝑘2𝑉𝑠𝑠 + 12𝑞2𝛽𝜎 (𝑞)2 𝑉𝑞𝑞 + 𝜎0𝑘𝑞𝛽𝜎 (𝑞)𝑉𝑠𝑞) .

(14)

Proof. Applying Itô’s formula, we have

𝑑 (𝑒−𝜌𝑡𝑉 (𝑠𝑡, 𝑞𝑡)) = 𝑒−𝜌𝑡 ⋅ (−𝜌) ⋅ 𝑉 (𝑠𝑡, 𝑞𝑡) 𝑑𝑡
+ 𝑒−𝜌𝑡𝑑𝑉 (𝑠𝑡, 𝑞𝑡) = 𝑒−𝜌𝑡 (−𝜌𝑉𝑑𝑡 + 𝜕𝑉𝜕𝑠 𝑑𝑠𝑡
+ 12 𝜕

2𝑉𝜕𝑠2 𝑑 ⟨𝑠⟩𝑡 + 𝜕𝑉𝜕𝑞 𝑑𝑞𝑡 + 12 𝜕
2𝑉𝜕𝑞2 𝑑 ⟨𝑞⟩𝑡

+ 𝜕2𝑉𝜕𝑠𝜕𝑞𝑑 ⟨𝑠, 𝑞⟩𝑡) = 𝑒−𝜌𝑡 ⋅ (−𝜌𝑉𝑑𝑡
+ 𝑉𝑠 (𝑘𝑡 (𝑎𝑑𝑡 + 𝜎0𝑑𝐵𝑡 − 𝑞𝑡𝑑𝑡) − 𝑐𝑡𝑑𝑡)
+ 12𝑉𝑠𝑠𝑘2𝑡𝜎20𝑑𝑡 + 𝑉𝑞 (𝜇 (𝑞𝑡) 𝑞𝑡𝑑𝑡 + 𝜎 (𝑞𝑡) 𝑞𝛽𝑡 𝑑𝐵𝑡)
+ 12𝑉𝑞𝑞𝜎2 (𝑞𝑡) 𝑞2𝛽𝑡 𝑑𝑡 + 𝑉𝑠𝑞𝑘𝑡𝜎0𝑞𝛽𝑡 𝑑𝑡) = 𝑒−𝜌𝑡 (𝐴𝑑𝑡
+ 𝐵𝑑𝐵𝑡) ,

(15)

where 𝐵 = 𝜎0𝑘𝑡𝑉𝑠 + 𝑞𝛽𝑡 𝜎(𝑞𝑡)𝑉𝑞 and
𝐴 = −𝜌𝑉 + [𝑘𝑡 (𝑎 − 𝑞𝑡) − 𝑐𝑡] 𝑉𝑠

+ 𝑞𝑡𝜇 (𝑞𝑡) 𝑉𝑞 + 12𝑘2𝑡𝜎20𝑉𝑠𝑠
+ 12𝑞2𝛽𝑡 𝜎2 (𝑞𝑡) 𝑉𝑞𝑞
+ 𝜎0𝑘𝑡𝑞𝛽𝑡 𝜎 (𝑞𝑡) 𝑉𝑠𝑞,

(16)

𝑒−𝜌ℎ𝑉(𝑠ℎ, 𝑞ℎ) = 𝑉 (𝑠, 𝑞) + ∫ℎ
0
𝑑 (𝑒−𝜌𝑡𝑉 (𝑠𝑡, 𝑞𝑡))

= 𝑉 (𝑠, 𝑞) + ∫ℎ
0
𝑒−𝜌𝑡 (𝐴𝑑𝑡 + 𝐵𝑑𝐵𝑡) .

(17)

Substituting (17) into (6), we obtain

𝑉 (𝑠, 𝑞) = max
𝑐𝑡 ,𝑘𝑡≥0

𝐸[∫ℎ
0
𝑒−𝜌𝑡 ln (𝑐𝑡) 𝑑𝑡 + 𝑉 (𝑠, 𝑞)

+ ∫ℎ
0
𝑒−𝜌𝑡 (𝐴𝑑𝑡 + 𝐵𝑑𝐵𝑡) | F0] .

(18)

Namely,

0 = max
𝑐𝑡 ,𝑘𝑡≥0

𝐸[∫ℎ
0
𝑒−𝜌𝑡 (ln (𝑐𝑡) + 𝐴) 𝑑𝑡 | F0] . (19)

Noticing that (𝑐𝑡, 𝑘𝑡) is procession on [0, ℎ], as ℎ → 0,𝑐𝑡 = 𝑐, and 𝑘𝑡 = 𝑘 (number, not process), dividing by ℎ > 0,
setting ℎ → 0, and using the mean value theorem, we have

𝜌𝑉 = max
𝑐,𝑘≥0

(ln 𝑐 + [𝑘 (𝑎 − 𝑞) − 𝑐]𝑉𝑠 + 𝑞𝜇 (𝑞)𝑉𝑞
+ 12𝜎20𝑘2𝑉𝑠𝑠 + 12𝑞2𝛽𝜎2 (𝑞) 𝑉𝑞𝑞 + 𝜎0𝑘𝑞𝛽𝜎 (𝑞)𝑉𝑠𝑞) ,

(20)

which completes the proof.

4. Solution of the Equilibrium

Note that the utility function is logarithmic and the HJB
solution 𝑉(𝑠, 𝑞) is additively separable. The optimal con-
sumption and scale of productivity are linear functions of the
initial savings. We know that the feasible set of each farmer’s
decision (𝑐𝑡, 𝑘𝑡) is homothetic in his initial savings. Hence, we
assume that the solution takes the form

𝑉(𝑠, 𝑞) = 𝜆 ln 𝑠 + 𝜑 (𝑞) , (21)

where 𝜆 is a constant and 𝜑(𝑞) is a twice differentiable
function of 𝑞. If 𝑉(𝑠, 𝑞) takes the form above, the property𝑉𝑠𝑞 = 0 can be found.

Theorem 3. If 𝑉(𝑠, 𝑞) = 𝜆 ln 𝑠 + 𝜙(𝑞), then the optimal
consumption and scale of productivity of each farmer are

𝑐∗ (𝑠, 𝑞) = 𝜌𝑠,
𝑘∗ (𝑠, 𝑞) = 𝑎 − 𝑞𝜎20 ⋅ (𝑉𝑠𝑠𝑉𝑠 )

−1 = 𝑎 − 𝑞𝜎20 𝑠. (22)

Proof. As the term𝑉𝑠𝑞 is vanished, theHJB equation becomes

𝜌𝑉 = max
𝑐,𝑘≥0

(ln 𝑐 + [𝑘 (𝑎 − 𝑞) − 𝑐] 𝑉𝑠 + 𝑞𝜇 (𝑞)𝑉𝑞
+ 12𝜎20𝑘2𝑉𝑠𝑠 + 12𝑞2𝛽𝜎2 (𝑞)𝑉𝑞𝑞) .

(23)

Our aim is to maximize the function on the right side. To this
end, we use the first-order condition with respect to 𝑐 and 𝑘,
and we get

1𝑐∗ − 𝑉𝑠 = 0,
(𝑎 − 𝑞)𝑉𝑠 + 𝑘∗𝜎20𝑉𝑠𝑠 = 0;

(24)

i.e.,

𝑐∗ = 1𝑉𝑠 =
𝑠𝜆 , (25)

𝑘∗ = 𝑎 − 𝑞𝜎20 ⋅ (− 𝑉𝑠𝑉𝑠𝑠) = 𝑎 − 𝑞𝜎20 𝑠. (26)
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Putting the equations above into (14), we have

𝜌 (𝜆 ln 𝑠 + 𝜑 (𝑞)) = ln 𝑠𝜆 + [(𝑎 − 𝑞)2𝜎20 𝑠 − 𝑠𝜆] ⋅ 𝜆𝑠
+ 𝑞𝜇 (𝑞) 𝜑 (𝑞) + 12𝜎20 (𝑎 − 𝑞)

2

𝜎40 𝑠2

⋅ (− 𝜆𝑠2) + 12𝑞2𝛽𝜎2 (𝑞) 𝜑 (𝑞) .

(27)

Finally, we get

(𝜌𝜆 − 1) ln 𝑠 + 𝜌𝜑 (𝑞) + 𝑞𝜇 (𝑞) 𝜑 (𝑞)
− 12𝑞2𝛽𝜎2 (𝑞) 𝜑 (𝑞) − 12

(𝑎 − 𝑞)2 𝜆
𝜎20 + ln𝜆 + 1

= 0.
(28)

The equation above holds for any 𝑠 and 𝑞. Then we must have

𝜌𝜆 − 1 = 0,
𝜆 = 1𝜌.

(29)

The proof is completed.

As is well known, a representative farmer’s optimal
consumption is a linear function of his saving multiplied
by a discount constant 𝜌. What is more important is that
the farmer’s optimal scale of productivity is also a linear
function with respect to 𝑠, which is his induced risk tolerance(−𝑉𝑠𝑠/𝑉𝑠)−1. So the more saving a farmer has, the more land
he will rent. In other words, if a farmer is out of money, he
will rent less land from the landlord because he has more risk
averseness.

Since the optimal consumption and the scale of rental
land are determined, we can go on with the entire economy
status. The aggregate stock of saving 𝑆𝑡 satisfies

𝑑𝑆𝑡 = 𝐾𝐷 (𝑞𝑡) (𝑑𝑦𝑡 − 𝑞𝑡𝑑𝑡) − 𝜌𝑆𝑡𝑑𝑡, (30)

where 𝐾𝐷(𝑞𝑡) is the demands of lands for all farmers and
follows

𝐾𝐷 (𝑞𝑡) = (𝑎 − 𝑞𝑡)𝜎20 𝑆𝑡. (31)

To proceed, we give the definition of an equilibrium
according to market clearing condition.

Definition 4. For any initial natural endowments and rental
rate 𝑞0, an equilibrium is defined by stochastic process with
filtration generated by the Brownian motion {𝐵𝑡, 𝑡 ≥ 0}: the
rental rate process 𝑞𝑡 and the aggregate saving process 𝑆𝑡 such
that

(i) the land market clears: 𝐾𝐷(𝑞𝑡) = 𝐾𝑆(𝑞𝑡),
(ii) the market for consumption goods clears.

If the equilibrium that is Markovian in the state 𝑞𝑡 exists,
the aggregate stock of savings follows 𝑆𝑡 = 𝑆(𝑞𝑡). Applying
Itô’s formula, we have

𝑑𝑆𝑡 = [𝑆 (𝑞𝑡) 𝑞𝑡𝜇 (𝑞𝑡) + 12𝑞2𝑡𝜎2 (𝑞𝑡) 𝑆 (𝑞𝑡)] 𝑑𝑡
+ 𝑎 − 𝑞𝑡𝜎0 𝑆𝑡𝑑𝐵𝑡.

(32)

Combining (32) with (30) yields

(𝑎 − 𝑞)2
𝜎20 𝑆 (𝑞) − 𝜌𝑆 (𝑞)
= 𝑞𝜇 (𝑞) 𝑆 (𝑞) + 12𝑞2𝛽𝜎2 (𝑞) 𝑆 (𝑞) ,𝑎 − 𝑞𝜎0 𝑆 = 𝜎 (𝑞) 𝑞𝑆 (𝑞) .

(33)

In addition, the clearing condition implies

𝐾𝑆 (𝑞) = (𝑎 − 𝑞)
𝜎20 𝑆 (𝑞) . (34)

Theorem 5. There exists a unique Markov equilibrium in
which the rental rate satisfies the following stochastic process:

𝑑𝑞𝑡𝑞𝑡 = 𝜇 (𝑞𝑡) 𝑑𝑡 + 𝜎 (𝑞𝑡) 𝑞𝛽−1𝑡 𝑑𝐵𝑡, (35)

where

𝜎 (𝑞) = (𝑎 − 𝑞)2
𝑞𝛽−1𝜎0 [(𝑎 − 𝑞) 𝜖1 + 𝑞] , (36)

𝜇 (𝑞) = 𝜎 (𝑞)
⋅ 𝑞𝛽−1{(𝑎 − 𝑞)2 𝜖1 [(𝑎 − 𝑞) (2𝜖1 − 𝜖2) + 2𝑞]2𝜎0 [(𝑎 − 𝑞) 𝜖1 + 𝑞]2
− 𝜌𝜎0𝑎 − 𝑞} .

(37)

Proof. For convenience, we denote 𝜖1 fl 𝑞(𝐾
𝑆(𝑞)/𝐾𝑆(𝑞)) (the

elasticity of land supply), 𝜖2 fl 𝑞(𝐾
𝑆 (𝑞)/𝐾

𝑆(𝑞)). Equations
(34) and (36) are obtained by solving (33) and (34) directly.

We now focus on the properties of (36) and (37). Com-
paring to the work of Klimenko et al. [10], the only difference
is the 𝑞𝛽−1 part that occurred in the denominator of 𝜎(𝑞).
The paradox of the volatility in Brunnermeier and Sannikov
[6] shows up as well. In (37), 𝜎0 has an inverse relationship
with 𝜎(𝑞) so that the high exogenous volatility coexists with
the low endogenous volatility at the same time. Moreover, we
can see that the endogenous volatility 𝜎 is a linear function
of 𝑞2−𝛽; i.e., 𝜎(𝑞) ∝ 𝑞2−𝛽. For comparison, 𝜎(𝑞) is a linear
function of 𝑞; i.e., 𝜎(𝑞) ∝ 𝑞 in [10]. We assume that 𝛽 takes
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value between 1 and 2 to ensure that 2 − 𝛽 is in the interval(0, 1). From the graph of function 𝑓(𝑥) = 𝑥(2−𝛽), we have that
the curve of the endogenous volatility is antrorsely warped
by the rental rate 𝑞. When 𝑞 is low, it has more impacts on𝜎. While 𝑞 is high, the influence will be pulled down. In
Klimenko et al. [10], the influence is linear all the time.

5. Properties of the Dynamics

In this section, we are going to discuss the economy in the
long term. All properties are determined by the dynamics of
the rental rate 𝑞𝑡 . Ourmain goal is to give deep insight into the
process described inTheorem 2.There are only two scenarios
of 𝑞𝑡 that may occur: either the rental rate drops very close to
0 and remains at the state of 0 permanently or it fluctuates
in the range of (0, 𝑎). For the first case, we are supposed to
investigate the attainability of the boundaries of the process𝑞𝑡. For the latter, we will use the ergodic density function to
discuss its main properties.

5.1. ErgodicDensity Functions. If the ergodic density function
of process 𝑞𝑡 does exist, we can derive it by solving a
Kolmogorov’s forward equation. Set

Λ (𝑞) = 2𝜇 (𝑞)
𝜎2 (𝑞) . (38)

As will be clarified, the existence of the ergodic density
function and its properties depend on the parameter

Λ (0) = 2𝜇 (0)𝜎2 (0) = 2 (1 − 𝜌𝜃2 ) 𝜖1 (0) − 𝜖2 (0) , (39)

where 𝜃 = 𝑎/𝜎0 signifies the risk-adjusted productivity of
farmers.

Theorem 6. The properties of the economy depends on Λ(0):
(i) If Λ(0) ≤ 1, the ergodic density function does not exist

and the economy collapses asymptotically.
(ii) If Λ(0) > 1, the process 𝑞𝑡 has the ergodic density

distribution

𝑝 (𝑞) = 𝐶𝑞2𝜎2 (𝑞)𝑒∫
𝑞

0
(2𝜇(𝑠)/𝑠𝜎2(𝑠))𝑑𝑠, (40)

where 𝐶 is a constant such that ∫𝑎0 𝑝(𝑠)𝑑𝑠 = 1. The boundary
behaviour of the ergodic density function is characterized by the
following:

(i) When Λ(0) ≥ 2, lim𝑞→0𝑝(𝑞) is finite and is infinite
otherwise.

(ii) lim𝑞→𝑎𝑝(𝑞) = 0.
Proof. If the process 𝑞𝑡 has a density 𝑝(𝑡, 𝑥), it satisfies the
Kolmogorov differential equation

𝜕𝑝𝜕𝑡 (𝑡, 𝑞) = − 𝜕𝜕𝑞 [𝑞𝜇 (𝑞) 𝑝 (𝑡, 𝑞)]
+ 12 𝜕2𝜕𝑞2 [𝑞2𝜎2 (𝑞) 𝑝 (𝑡, 𝑞)] .

(41)

If the Markov process 𝑞𝑡 is stationary, the stationary
density 𝜓(𝑦)must satisfy

𝜓 (𝑦) = ∫𝜓 (𝑥) 𝑝 (𝑡, 𝑥) 𝑑𝑥, ∀𝑡 > 0. (42)

Mimicking the derivation of (41), we deduce 𝜓(𝑦) to
satisfy

0 = − 𝑑𝑑𝑞 [𝑞𝜇 (𝑞) 𝜓 (𝑞)] + 12 𝑑2𝑑𝑞2 [𝑞2𝜎2 (𝑞)𝜓 (𝑞)] . (43)

By calculation, we have

𝑑𝑑𝑞 [𝑞𝜇 (𝑦)𝜓 (𝑞)] = 12 𝑑2𝑑𝑞2 [𝑞2𝜎2 (𝑞)𝜓 (𝑞)] ,
𝐶1 + 𝑞𝜇 (𝑞)𝜓 (𝑞) = 12 𝑑𝑑𝑞 [𝑞2𝜎2 (𝑞) 𝜓 (𝑞)] .

(44)

Denoting 𝜍(𝜂) = 𝑒− ∫(2𝜇(𝜉)/𝜉𝜎2(𝜉))𝑑𝜉 to be the integrating
factor and 𝜁(𝑞) = ∫𝑞0 𝜍(𝜂)𝑑𝜂, we have

2𝐶1𝜍 (𝑞) + 2𝜍 (𝑞) 𝑞𝜇 (𝑞)𝜓 (𝑞)
= 𝜍 (𝑞) 𝑑𝑑𝑞 [𝑞2𝜎2 (𝑞) 𝜓 (𝑞)] ,

𝜍 (𝑞) 𝑑𝑑𝑞 [𝑞2𝜎2 (𝑞) 𝜓 (𝑞)] − 2𝜍 (𝑞) 𝑞𝜇 (𝑞) 𝜓 (𝑞)
= 𝐶2𝜍 (𝑞) , (𝐶2 = 2𝐶1)

𝑑 [𝜍 (𝑞) 𝑞2𝜎2 (𝑞) 𝜓 (𝑞)] = 𝐶2𝜍 (𝑞) ,
𝜍 (𝑞) 𝑞2𝜎2 (𝑞) 𝜓 (𝑞) = 𝐶2𝜁 (𝑞) + 𝐶3,
𝜓 (𝑞) = 1𝜍 (𝑞) 𝑞2𝜎2 (𝑞) [𝐶2𝜁 (𝑞) + 𝐶3] .

(45)

Setting 𝑚(𝑞) fl 1/𝜍(𝑞)𝑞2𝜎2(𝑞), we get
𝜓 (𝑞) = 𝑚 (𝑞) [𝐶2𝜁 (𝑞) + 𝐶3] , (46)

where 𝐶2 and 𝐶3 are constants to ensure that ∫𝑎0 𝜓(𝑞)𝑑𝑞 = 1.𝐶2 is clarified to be 0 and for 𝑞 = 𝑎 is unattainable in finite
time. Therefore, the stationary density of the process 𝑞𝑡 is

𝑝 (𝑞) = 𝐶𝑞2𝜎2 (𝑞)𝑒∫
𝑞

0
(2𝜇(𝑠)/𝑠𝜎2(𝑠))𝑑𝑠, (47)

where 𝐶 is a constant to guarantee that ∫𝑎0 𝑝(𝑞)𝑑𝑞 = 1.
Now we investigate the properties of 𝑝(𝑞) at both ends of

the support [0, 𝑎]. In the right neighborhood of the state 0:Θ0 = (0, 𝜀], the drift and volatility part of the process 𝑞𝑡 are
approximated by

𝜎 (0) ≈ 𝑎𝜎0𝜖1 (0) ,
𝜇 (0) ≈ 𝜎 (0) {𝑎2 [2𝜖1 (0) − 𝜖2 (0)] − 2𝜌𝜎20𝜖1 (0)2𝑎𝜎0𝜖1 (0) } .

(48)
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For 0 < 𝑞0 < 𝑞 < 𝜀, the ergodic density function of 𝑞𝑡 is
approximated by

𝑝 (𝑞) ≈ 𝐶𝑞2𝜎2 (0)𝑒∫
𝑞

𝑞0
(2𝜇(0)/𝑠𝜎(0))𝑑𝑠

= 𝐶𝑞2𝜎2 (0)𝑒∫
𝑞

𝑞0
(Λ(0)/𝑠)𝑑𝑠 = 𝑁𝑞Λ(0)−2,

(49)

where𝑁 = 𝐶/𝑞Λ(0)0 𝜎2(0) is a constant.
It is seen that lim𝑞→0𝑝(𝑞) < ∞ if and only if Λ(0) ≥ 2.

Moreover, for any 0 < 𝑞0 < 𝑞 < 𝜀, in case that the probability
distribution does not degenerate when 𝑞 → 0, we have

∫𝑞
𝑞0
𝑝 (𝑠) 𝑑𝑠 ≈ 𝑁Λ (0) − 1𝑞Λ(0)−1 < ∞. (50)

This condition holds if and only if Λ(0) > 1. If Λ(0) < 1,
the ergodic distribution degenerates and the process 𝑞𝑡 ends
up in a very close neighborhood of 0 with probability close to
1.

We now talk about the upper boundary behaviour of
process 𝑞𝑡. Consider the left neighborhood of the state 𝑎:Θ0 = [𝑎−𝜀, 𝑎). In this status, the drift and volatility of process𝑞𝑡 are approximated by (see details in Section 5.2)

𝑞𝜇 (𝑞) = −𝜌 (𝑎 − 𝑞) ,
𝑞𝛽𝜎 (𝑞) = (𝑎 − 𝑞)2𝜎0 . (51)

The ergodic density function of 𝑞𝑡 is approximated by

𝑝 (𝑞) ∝ 1
(𝑎 − 𝑞)4 𝑒−1/(𝑎−𝑞)

2 ,

lim
𝑞→𝑎

1
(𝑎 − 𝑞)4 𝑒−1/(𝑎−𝑞)

2 𝑥=1/(𝑎−𝑞)2= lim
𝑥→∞

𝑥2𝑒𝑥 = 0.
(52)

This establishes that the density of 𝑞𝑡 vanishes on the
occasion that the process 𝑞𝑡 goes very close to its upper
boundary 𝑎.
5.2. Attainability of the Boundaries. For two natural bound-
aries: 𝑞 = 0 and 𝑞 = 𝑎, we consider the rental rate to stay in
the neighborhood of 0. If the economy could reach this state,
it means that all farmers have no savings and they choose
to rent no land. The landlords will cultivate all the land by
themselves.Next, we consider the situationwhen 𝑞𝑡 fluctuates
in the neighborhood of 𝑎. In this case, all landlords are happy
to rent their land to farmers. So, the aggregate supply of land
in the economy is 1. In the view of the land market clearing
condition, the demand of land is also 1. Equation (32) implies
that the aggregate saving of farmers is approximated by 1/(𝑎−𝑞). Inserting this approximation into (32), the dynamics of 𝑞𝑡
in the neighborhood of 𝑎 are driven by

𝑑𝑞𝑡 = − (𝑎 − 𝑞𝑡) (𝜌𝑑𝑡 − 𝑎 − 𝑞𝑡𝜎0 𝑑𝐵𝑡) . (53)

For further verification, we denote some functions according
to boundary classification rules in Chapter 15 in [11] the
following:

(i) Scale Function: 𝜁[𝑏, 𝑞] = ∫𝑞𝑏 𝜍(𝜂)𝑑𝜂; 𝜍(𝜂) = 𝑒− ∫𝜂(2𝜇(𝜉)/𝜉𝜎2(𝜉))𝑑𝜉.
(ii) Speed Function: 𝑀[𝑏, 𝑞] = ∫𝑞𝑏 𝑚(𝜂)𝑑𝜂; 𝑚(𝜂) = 1/𝜂2𝜍(𝜂)𝜎2(𝜂).
(iii) ∑(𝜄) = ∫𝑞𝜄 𝑀[𝜂, 𝑞]𝑑𝜁(𝜂).

Definition 7 (see [11]). A boundary 𝑙 is attracting if
lim𝑞→𝑙𝜍[𝑙, 𝑞] < ∞.
Definition 8 (see [11]). A boundary 𝑙 is said to be

(i) attainable if∑(𝑙) < ∞,
(ii) unattainable if ∑(𝑙) = ∞.

Lemma9 (see [11]). Anonattracting boundary is unattainable
in finite time; i.e., lim𝑏→𝑙𝜍[𝑏, 𝑞] = ∞ implies lim𝑏→𝑙∑(𝑏) =∞.

Theorem 10. The states 𝑙 = 0 and 𝑟 = 𝑎 are both unattainable
by process 𝑞𝑡 in finite time.

Proof. (i) For 0 < 𝑞0 < 𝑞 < 𝜀, we have
𝜍 (𝜂) = 𝑒−(Λ(0)/𝜉)𝑑𝜉 = (𝑞0𝜂 )

Λ(0) ,
𝑚 (𝜂) = 𝜂Λ(0)

𝑞Λ(0)0 𝜂2𝜎2 (0) =
1

𝑞Λ(0)0 𝜎2 (0)𝜂Λ(0)−2
= 𝐴0𝜂Λ(0)−2,

𝐴0 = 1
𝑞Λ(0)0 𝜎2 (0) ,

𝑀 [𝑏, 𝑞] = ∫𝑞
𝑏
𝑚(𝜂) 𝑑𝜂 = ∫𝑞

𝑏
𝐴0𝜂Λ(0)−2𝑑𝜂

= 𝐴0Λ (0) − 1 ⋅ (𝑞Λ(0)−1 − 𝑏Λ(0)−1) ,
∑ (𝑙) = ∫𝑞

𝑙
𝑀[𝑏, 𝑞] 𝑑𝜁 (𝑏)

= ∫𝑞
𝑙

𝐴0Λ (0) − 1 ⋅ (𝑞Λ(0)−1 − 𝑏Λ(0)−1) ⋅ (𝑞0𝑏 )
Λ(0) 𝑑𝑏

= 1
[Λ (0) − 1]2 𝜎2 (0)
⋅ [(Λ (0) − 1) ln 𝑙𝑞 + (𝑞𝑙 )

Λ(0)−1 − 1] .

(54)

If Λ(0) > 1, we get
lim
𝑙→0

(𝑞𝑙 )
Λ(0)−1 = ∞ ⇒

lim
𝑙→0

∑(𝑙) = ∞. (55)
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If Λ(0) ≤ 1, we obtain
lim
𝑙→0

(Λ (0) − 1) ln 𝑙𝑞 = ∞ ⇒
lim
𝑙→0

∑(𝑙) = ∞, (56)

which implies that the lower boundary 𝑙 = 0 is unattainable
in finite time.

(ii) For 𝑎 − 𝜀 < 𝑞 < 𝑞0 < 𝑎, we have 𝑞𝜇(𝑞) = −𝜌(𝑎 − 𝑞),𝑞𝜎(𝑞) = (𝑎 − 𝑞)2/𝜎0, and
𝜍 (𝑞) = 𝑒− ∫𝑞𝑞0 (2𝜇(𝜉)/𝜉𝜎2(𝜉))𝑑𝜉 = 𝑒∫𝑞𝑞0 (2𝜌𝜎20 /(𝑎−𝜉)3)𝑑𝜉

= 𝐴0𝑒𝜌𝜎20 /(𝑎−𝑞)2 ,
(57)

where 𝐴0 = [𝜌𝜎20/(𝑎 − 𝑞0)2]−1.
Thus, we have

𝜁 [𝑞, 𝑟] = ∫𝑟
𝑞
𝜍 (𝜂) 𝑑𝜂 = 𝐴0 ∫𝑟

𝑞
𝑒𝜌𝜎20 /(𝑎−𝜂)2𝑑𝜂. (58)

Changing the variable by denoting 𝑥 = √𝜌𝜎0/(𝑎 − 𝜂), 𝑥𝑞 =√𝜌𝜎0/(𝑎 − 𝑞), and 𝑥𝑟 = √𝜌𝜎0/(𝑎 − 𝑟), we get
𝑑𝜂 = √𝜌𝜎0𝑥2 𝑑𝑥,

𝜁 [𝑞, 𝑟] = 𝐴0 ∫𝑥𝑟
𝑥𝑞
√𝜌𝜎0 𝑒𝑥

2

𝑥2 𝑑𝑥

= 𝐴0√𝜌𝜎0 [[
−𝑒𝑥2𝑥


𝑥𝑟

𝑥𝑞

+ ∫𝑥𝑟
𝑥𝑞
2𝑒𝑥2𝑑𝑥]

]
= 𝐴0√𝜌𝜎0(−𝑒𝑥

2

𝑥 + √𝜋𝐸𝑟𝑓𝑖 (𝑥))
𝑥𝑟

𝑥𝑞

,

(59)

where 𝐸𝑟𝑓𝑖(𝑥) is the imaginary error function which has
derivative 𝑑𝐸𝑟𝑓𝑖𝑥/𝑑𝑥 = (2/√𝜋)𝑒𝑥2 .

It can be known that 𝜁[𝑞, 𝑟] goes to ∞ as 𝑟 tends to 𝑎.
From Lemma 1 and Definition 7, the state 𝑎 is unattainable in
finite time.

In this section, we mainly talk about the properties of
the ergodic density function. We get similar results as that
in Klimenko et al. [10]. For the sake of explanation, we are
supposed to track down to the model of process of 𝑞𝑡. The
rental rate 𝑞 has a nonlinear influence on the parameter 𝜎,
which is explicitly described by 𝜎(𝑞) ∝ 𝑞(2−𝛽). If we track
down to the stochastic differential equation of the process 𝑞𝑡,
we find that the influence is counteracted by the SDE itself.
This is why we get the same results. In the rest of our paper,
we will talk about the process of 𝑞𝑡 in detail.

6. Long-Run Average Behaviour,
Welfare Loss, and Poverty Trap

6.1. Long-Run Average Behaviour. When Λ(0) > 1, we
know that there exists an ergodic density function of the

equilibrium rental rate process 𝑞𝑡. As the time goes to
infinity, the time average of the stochastic variable converges.
Therefore, the long-run average of 𝑞𝑡 is computed by

𝑞 = lim
𝑇→∞

∫𝑇
0
𝑝𝑠𝑑𝑠 = ∫𝑎

0
𝑞𝑝 (𝑞) 𝑑𝑞. (60)

If Λ(0) ≤ 1, the ergodic distribution degenerates and the
process 𝑞𝑡 ends up in a very close neighborhood of 0 with
probability near to 1, which indicates 𝑞 = 0.
6.2. Welfare Loss. When the economy is frictionless, all the
land is cultivated by the farmers. While the economy has
extreme friction, we know that only part of lands is rented
by farmers. The welfare loss is clarified to be the difference
between the aggregate output in two cases. We are going to
give an explicit formula of welfare loss and discuss its main
property.

If �̃� > 𝑞𝑡, the landlord will cultivate himself. Otherwise,
he rents the land to farmers. Once the rental rate 𝑞𝑡 is
determined, the total output process is an integral with
respect to the level of �̃�

𝑑𝑌𝑡 = 𝑑𝑦𝑡 ∫𝑞𝑡
0
𝑑 [𝐾𝑆 (�̃�)] + 𝑑𝑦𝑡 ∫𝑎

𝑞𝑡
𝑑 [𝐾𝑆 (�̃�)] . (61)

In a frictionless economy, the rental rate is fixed at 𝑞𝑡 = 𝑎
and all land is cultivated by farmers. The possible maximum
output is

𝑑𝑌𝑃𝑀𝑡 = 𝑑𝑦𝑡 ∫𝑎
0
𝑑 [𝐾𝑆 (�̃�)] = 𝑎𝑑𝑡 + 𝜎0𝑑𝐵𝑡. (62)

The possible maximum output minus the total output is the
welfare loss in the economy

𝑙 (𝑞𝑡) = 𝑑𝑌𝑃𝑀 − 𝑑𝑌𝑡 = ∫𝑎
𝑞𝑡
(𝑎 − �̃�) 𝑑 [𝐾𝑆 (�̃�)] . (63)

Because the ergodic density of 𝑞𝑡 does not exist when Λ(0) ≤1, we only consider the situation when Λ > 1. In this case, we
compute the time average loss by ergodic property

�̃� = lim
𝑇→∞

1𝑇 ∫𝑇
0
𝑙𝑠𝑑𝑠 = ∫𝑎

0
𝑙 (𝑞) 𝑝 (𝑞) 𝑑𝑞. (64)

6.3. Poverty Trap. Following the ideas in [10], we take the
constant-elasticity specification of land supply: 𝐾𝑆(𝑞) =(𝑞/𝑎)𝛾, where 𝛾 > 0. We derive that 𝜖1(𝑞) = 𝑞(𝐾

𝑆(𝑞)/𝐾𝑆(𝑞)) =𝛾 and 𝜖2 = 𝑞(𝐾
𝑆 (𝑞)/𝐾

𝑆(𝑞)) = 𝛾− 1. Substituting the values of𝜖1 and 𝜖2 into (36) and (37), we have

𝜎 (𝑞) = (𝑎 − 𝑞)2
𝑞𝛽−1𝜎0 [(𝑎 − 𝑞) 𝛾 + 𝑞] , (65)

𝜇 (𝑞) = 𝜎 (𝑞)
⋅ 𝑞𝛽−1{𝛾 (𝑎 − 𝑞)2 [(𝑎 − 𝑞) 𝛾 + 𝑎 + 𝑞]2𝜎0 [(𝑎 − 𝑞) 𝛾 + 𝑞]2 − 𝜌𝜎0𝑎 − 𝑞} , (66)

Λ (0) = (1 − 2𝜌𝜃2 ) 𝛾 + 1. (67)
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The poverty trap is mainly caused by the inverse relation-
ship between the endogenous and the exogenous volatility.
This occurs in our result as well. When the exogenous
volatility 𝜎0 is low, a small shock in the economy gives

rise to the big change of endogenous volatility 𝜎. As a
result, the economy will be trapped in a less productive level
permanently (see details in Section 4.2 in [10]).

The process of 𝑞𝑡 is
𝑑𝑞𝑡𝑞𝑡 = 𝛾 (𝑎 − 𝑞𝑡)4 [(𝑎 − 𝑞𝑡) 𝛾 + 𝑎 + 𝑞𝑡] − 2𝜌𝜎20 (𝑎 − 𝑞𝑡) [𝛾 (𝑎 − 𝑞𝑡) + 𝑞𝑡]22𝜎20 [𝛾 (𝑎 − 𝑞𝑡) + 𝑞𝑡]3 𝑑𝑡 + (𝑎 − 𝑞𝑡)2𝜎0 [𝛾 (𝑎 − 𝑞𝑡) + 𝑞𝑡]𝑑𝐵𝑡. (68)

In (68), the parameter 𝛽 no longer exists. We are inspired
whether people determine behaviour of the market or are
controlled by it. Even if we take the agents’ psychological
anticipation (with parameter 𝛽) into consideration in our
model, the rental market always runs in its own way (without𝛽). This is very meaningful.

7. Conclusion

In this paper, we investigate an economy model with extreme
friction. In the economy, farmers have to choose their optimal
scale of productivity to gain the maximum utility. We obtain
conclusions similar to those in Klimenko et al. [10], such
as poverty trap, existence conditions of the ergodic density
function, and welfare loss. We take the farmers’ psychological
anticipations into account and adopt a different model of the
rental rate process.The closed formof the endogenous volatil-
ity is obtained. We analyze how the rental rate influences the
endogenous volatility. We find that this consideration does
not show up in rental rate process (𝛽 does not appear in (68)).
This gives us an inspiration that the capital market has some
superior powers that are not up to the agents therein.
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This paper focuses on the problem of global output feedback stabilization for a class of nonlinear cascade systems with time-
varying output function. By using double-domination approach, an output feedback controller is developed to guarantee the global
asymptotic stability of closed-loop system. The novel control strategy successfully constructs a unified Lyapunov function, which
is suitable for both upper-triangular and lower-triangular systems. Finally, two numerical examples are provided to illustrate the
effectiveness of a control strategy.

1. Introduction

It is well known that global output feedback stabilization is
viewed as one of themost challenging fields of nonlinear con-
trol. Researchers have not yet found any unifiedway to handle
the problem of global output feedback stabilization because
the measure of states is difficult. Fortunately, with the help
of nonseparation principle [1], homogeneous domination ap-
proach [2], and backstepping method, many interesting re-
sults such as [3–11] have been achieved.

It is worth pointing out that the structures of system
output and nonlinear functions determine the possible forms
of observer and controller. More specifically, the uncertainty
of nonlinearities has led to the emergence of many kinds
of observers, including high-gain observer, homogeneous
observer, and time-varying observer. For example, [12] solved
the problem of global output feedback stabilization based on
linear high-gain observer for a class of uncertain nonlinear
systems, where controller is independent of higher-order
nonlinearities. Under uncertain linear growth condition in
[13], a dynamic high-gain observer is proposed without re-
quiring precise information of output function. References
[14, 15] achieved system global stabilization by using time-
varying observer, which uses the appropriate functions of

time, rather than the dynamic compensator. Since some non-
linear functions satisfy neither the linear growth nor Lips-
chitz condition in practice, the existing approaches are not
suitable. Therefore, [16–19] proposed homogeneous domina-
tion method to overcome this obstacle. Based on the existing
results, some special observers are proposed, such as dual-
observer [20] and reduced-observer [21]. In practice, complex
systems are usually composed of simple subsystems. There-
fore, cascade systemshave become one of themost interesting
topics of nonlinear systems. A great deal of research has been
devoted to this subject over the last decades, as evidenced by
the comprehensive books of [22, 23]. However, when zero-
dynamics exist and obey mild conditions, the tracking prob-
lem cannot be solved by trivially extending the corresponding
results without zero-dynamics; that is, there do not exist
appropriate observers to tracking states of cascade systems.
As further investigation, researchers now consider cascade
connections in which the nonlinear systems are globally
stable, but the input subsystem is more complex than just an
integrator; for instance, [24–26] successfully investigated out-
put feedback stabilization for uncertain cascade systems un-
der growth condition. Regrettably, their approaches are only
suitable for lower-triangular cascade systems. On the other
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hand, some literatures [27] achieved global output feedback
stabilization when output function depends only on a state.
References [28, 29] required that output function be continu-
ous differentiability and initial value equals zero when output
is unknown. The above conditions are restrictive; researchers
turned to study time-varying output function. For instance,
[30] further investigated the problem of global output feed-
back stabilization for a class of nonlinear systems with un-
known measurement sensitivity. Meanwhile, a new method,
namely, dual-domination approach, is proposed in [30].

In view of the above argument, an interesting question is
proposed simultaneously: Is it possible to find a new approach
to solve the problem of global output feedback stabilization for
nonlinear cascade systems with unknown time-varying output
function, which is suitable for both upper-triangular and
lower-triangular systems? Based on above analysis and ref-
erences, we will solve aforementioned question and provide
satisfactory answer. There are three troublesome difficulties
throughout the paper. The first is to find the appropriate
Lyapunov function that is independent of the derivative of
output function, since output function is unknown and does
not satisfy differentiability. The second is to choose allowable
sensitivity error, since it appears in the construction of con-
troller.The third is to design rational observers to successfully
track states, since nonlinearities and output function are un-
known. A novel observer is proposed, which is different from
the existing results [24, 25].

The main contributions of this paper are divided into
three aspects: (i) double-domination approach is provided to
handle time-varying sensitivity and uncertain nonlinearities,
which is suitable for both upper-triangular and lower-trian-
gular systems; (ii) linear observer does not rely on precise in-
formation of nonlinearities and output function; (iii) the con-
struction of Lyapunov function avoids the use of the differen-
tiability of output function.

2. Preliminaries and Problem Formulation

2.1. Preliminaries. We will adopt the following notations
throughout this paper. R denotes the set of real numbers,
R+ denotes the set of all nonnegative real numbers, and
R𝑛 denotes Euclidean space with dimension 𝑛. For any real
vector 𝑥 = [𝑥1, . . . , 𝑥𝑛]𝑇 ∈ R𝑛, the norm ‖𝑥‖𝑝 is defined by
‖𝑥‖𝑝 = (∑𝑛𝑖=1 𝑥𝑝𝑖 )1/𝑝, 1 ≤ 𝑝 < ∞. For matrix 𝐴 = (𝑎𝑖𝑗)𝑛×𝑛,𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝑛, ‖𝐴‖ denotes the norm ‖𝐴‖ =
√𝜆𝑚𝑎𝑥(𝐴𝑇𝐴), where 𝜆𝑚𝑎𝑥(𝐴𝑇𝐴) denotes maximum eigen-
value of squarematrix𝐴𝑇𝐴.C𝑖 denotes the set of all functions
with continuous 𝑖th partial derivatives. A continuous func-
tion 𝛼 : [0, 𝑎) → [0,∞) is said to belong to class K if it is
strictly increasing and 𝛼(0) = 0. It is said to belong to class
K∞ if 𝑎 = ∞ and 𝛼(𝑟) = ∞ as 𝑟 → ∞. For a continuously
differentiable function 𝑉 : R𝑛 → R+, it is positive definite
if 𝑉(𝑥) ≥ 0 and 𝑉(𝑥) = 0 if and only if 𝑥 = 0; it is radially
unbounded if 𝑉(𝑥) → ∞ as ‖𝑥‖ → ∞. The arguments of
functions are sometimes simplified; for instance, a function𝑓(𝑥(𝑡)) is denoted by 𝑓(𝑥) or 𝑓 and ‖𝑥‖2 is denoted by ‖𝑥‖.

In the following, we list three lemmas that play an impor-
tant role in proving the main results, and their proofs can be
found in [31–33].

Lemma 1 (see [31]). Let 𝑐 and 𝑑 be positive constants; given
any positive real-valued function 𝛾(𝑥, 𝑦), the following inequal-
ity holds:

|𝑥|𝑐 𝑦𝑑 ≤ 𝑐𝑐 + 𝑑𝛾 (𝑥, 𝑦) |𝑥|𝑐+𝑑
+ 𝑑𝑐 + 𝑑𝛾 (𝑥, 𝑦)−𝑐/𝑑 𝑦𝑐+𝑑 .

(1)

Lemma 2 (see [32]). For any 𝑥 = [𝑥1, . . . , 𝑥𝑛]𝑇 ∈ R𝑛, the fol-
lowing inequality holds:

‖𝑥‖2 ≤ ‖𝑥‖1 ≤ √𝑛 ‖𝑥‖2 . (2)

Lemma3 (see [33]). For 𝑥 ∈ R and 𝑦 ∈ R,𝑝 ≥ 1 is an integer,
and the following inequality holds:

𝑥 + 𝑦𝑝 ≤ 2𝑝−1 𝑥𝑝 + 𝑦𝑝 . (3)

2.2. ProblemFormulation. Thispaper investigates the nonlin-
ear cascade system described by

�̇� = 𝑓0 (𝑡, 𝑧, 𝑥, 𝑢) ,
�̇�𝑖 = 𝑥𝑖+1 + 𝑓𝑖 (𝑡, 𝑧, 𝑥, 𝑢) , 𝑖 = 1, . . . , 𝑛 − 1,
�̇�𝑛 = 𝑢 + 𝑓𝑛 (𝑡, 𝑧, 𝑥, 𝑢) ,

𝑦 (𝑡) = 𝜃 (𝑡) 𝑥1 (𝑡) ,
(4)

where 𝑥(𝑡) = [𝑥1(𝑡), . . . , 𝑥𝑛(𝑡)]𝑇 ∈ R𝑛 and 𝑧(𝑡) ∈ R𝑚 are
system states with the initial values 𝑥(0) = 𝑥0, 𝑧(0) = 𝑧0,𝑢(𝑡) ∈ R, 𝑦(𝑡) ∈ R being control input and output,
respectively. 𝑓0 : R+ × R𝑚 × R𝑛 × R → R𝑚 is continuous
function with 𝑓0(𝑡, 0, 0, 0) = 0 and globally Lipschitz with
respect to 𝑥; 𝑓𝑖 : R+ × R𝑚 × R𝑛 × R → R, 𝑖 =1, . . . , 𝑛, are continuous functions with 𝑓𝑖(𝑡, 0, 0, 0) = 0. 𝜃(𝑡) :
R+ → R is a continuous function that represents time-
varying sensitivity.

The following assumptions are needed.

Assumption 4. For the continuous function 𝜃(𝑡), there is a
known positive parameter 𝜃 satisfying |1 − 𝜃(𝑡)| ≤ 𝜃 < 𝜃 < 1,
where 𝜃 is an allowable sensitivity error and 𝜃 is the upper
bound of the allowable sensitivity error.

Assumption 5. There exists a positive-definite and radially
unbounded function 𝑈(𝑧) ∈ C2 such that

𝜕𝑈𝜕𝑧 𝑓0 (𝑡, 𝑧, 0, 𝑢) ≤ −𝑐1 ‖𝑧‖2 ,

𝜕𝑈𝜕𝑧

 ≤ 𝑐2 ‖𝑧‖ ,
(5)

where 𝑐1 ∈ (𝑐∗1 ,∞), 𝑐2 ∈ [0, 𝑐∗2 ), and 𝑐∗1 and 𝑐∗2 are positive
constants.
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Assumption 6. There exists a constant 𝑐 ≥ 0 such that

𝑓𝑖 (⋅) ≤ 𝑐 (‖𝑧‖ + 𝑥𝑖+2 + ⋅ ⋅ ⋅ + 𝑥𝑛) ,
𝑖 = 1, . . . , 𝑛 − 2,

𝑓𝑛−1 (⋅) ≤ 𝑐 ‖𝑧‖ ,
𝑓𝑛 (⋅) ≤ 𝑐 ‖𝑧‖ .

(6)

Remark 7. Since output function contains unknown parame-
ter, it implies that the scope of this paper is more general than
[1, 2, 12, 16] whose output function is equal to 𝑥1.
Remark 8. In terms of the appearance of 𝜃(𝑡), two obstacles
will be encountered.The first is to find an appropriate observ-
er, which does not use the information of output function.
The second is to find the feasible range of 𝜃(𝑡), because the
information of 𝜃(𝑡) will be used in the design of controller.

3. Main Results

3.1. Output Feedback Controller Design for Upper-Triangular
Case. We now summarise main results of this paper.

Theorem 9. For system (4) under Assumptions 4–6, there
exists an output feedback controller such that states of the
closed-loop system are uniformly bounded over [0, +∞) and
lim𝑡→+∞𝑥(𝑡) = 0.
Proof. The proof is in four parts. At first, a linear observer
with a domination gain is introduced to reconstruct all the
states. Secondly, an output feedback controller composed of
another domination gain is constructed to counteract the
destabilized terms. Finally, a delicate selection of gains is pro-
vided and strict analysis is performed to guarantee that the
closed-loop systems are globally asymptotically stable.

Part I: Design of an Observer. We construct the following
linear observer:

̇̂𝑥𝑖 = 𝑥𝑖+1 − 𝑎𝑖𝐿𝑖 𝑥1, 𝑖 = 1, . . . , 𝑛 − 1,
̇̂𝑥𝑛 = 𝑢 − 𝑎𝑛𝐿𝑛 𝑥1,

(7)

where 𝑎𝑖 > 0 are coefficients of Hurwitz polynomial 𝑝1(𝑠) =𝑠𝑛+𝑎1𝑠𝑛−1+⋅ ⋅ ⋅+𝑎𝑛−1𝑠+𝑎𝑛 and the domination gain 𝐿 ≥ 1will
be determined later. Define the estimation error as follows:

𝜀𝑖 = 𝐿𝑖−1 (𝑥𝑖 − 𝑥𝑖) , 𝑖 = 1, . . . , 𝑛. (8)

Then, the error equation can be rewritten as

̇𝜀 = 1𝐿𝐴𝜀𝜀 + 1𝐿𝐷𝜀𝑥1 + 𝐹, (9)

where

𝜀 =
[[[[[[
[

𝜀1𝜀2...
𝜀𝑛

]]]]]]
]
,

𝐴𝜀 =
[[[[[[
[

−𝑎1 1 ⋅ ⋅ ⋅ 0
... ... d

...
−𝑎𝑛−1 0 ⋅ ⋅ ⋅ 1
−𝑎𝑛 0 ⋅ ⋅ ⋅ 0

]]]]]]
]
,

𝐷𝜀 =
[[[[[[
[

𝑎1𝑎2...
𝑎𝑛

]]]]]]
]
,

𝐹 =
[[[[[[[
[

𝑓1 (⋅)𝐿𝑓2 (⋅)...
𝐿𝑛−1𝑓𝑛 (⋅)

]]]]]]]
]
.

(10)

Since𝐴𝜀 isHurwitz, there exists a symmetric positive-definite
matrix 𝑃1 ∈ R𝑛×𝑛 such that 𝐴𝑇𝜀𝑃1 + 𝑃1𝐴𝜀 = −𝐼, where 𝐼
is an identity matrix of R𝑛×𝑛. Consider positive-definite and
radially unbounded function 𝑉𝜀(𝜀) = 𝜀𝑇𝑃1𝜀; a direct calcula-
tion gives

�̇�𝜀 = −1𝐿𝜀𝑇𝜀 + 2 1𝐿𝜀𝑇𝑃1𝐷𝜀𝑥1 + 2𝜀𝑇𝑃1𝐹
≤ −1𝐿 ‖𝜀‖2 + 2 1𝐿 ‖𝜀‖ ⋅ 𝐷𝜀 ⋅ 𝑃1 ⋅ 𝑥1 + 2 ‖𝜀‖

⋅ 𝑃1 ⋅ ‖𝐹‖ .
(11)

According to Assumption 6 and Lemma 2, we obtain

‖𝐹‖ = √𝑓12 + 𝐿2 𝑓22 + ⋅ ⋅ ⋅ + 𝐿2(𝑛−1) 𝑓𝑛2
≤ 𝑓1 + 𝐿 𝑓2 + ⋅ ⋅ ⋅ + 𝐿𝑛−1 𝑓𝑛
≤ 𝑐𝐿𝑛−1𝑛 ‖𝑧‖ + 𝑛∑

𝑖=3

𝑐𝐿𝑖−3 (𝑖 − 2) 𝑥𝑖 .
(12)

Substituting (12) into (11), one has

�̇�𝜀 ≤ −1𝐿 ‖𝜀‖2 + 2𝑐 𝑃1
⋅ ‖𝜀‖(𝐿𝑛−1𝑛 ‖𝑧‖ + 𝑛∑

𝑖=3

𝐿𝑖−3 (𝑖 − 2) 𝑥𝑖) + 2𝐿 𝑃1
⋅ ‖𝜀‖ ⋅ 𝐷𝜀 ⋅ 𝑥1 .

(13)
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In addition, Lemma 1 shows that

2𝐿 𝑃1 ⋅ ‖𝜀‖ ⋅ 𝐷𝜀 ⋅ 𝑥1 ≤ 12𝐿 ‖𝜀‖2 + 1𝐿𝐾2 𝑥12 , (14)

and

2𝑐 𝑃1 ⋅ ‖𝜀‖(𝐿𝑛−1𝑛 ‖𝑧‖ +
𝑛∑
𝑖=3

𝐿𝑖−3 (𝑖 − 2) 𝑥𝑖)

≤ 𝑛∑
𝑖=3

𝐾𝑖𝐿2(𝑖−2)𝑥2𝑖 + 𝐾1𝐿2 ‖𝜀‖2 + 12𝑐𝑛𝐿2𝑛 𝑃1 ⋅ ‖𝑧‖2 ,
(15)

where𝐾1 = 𝑐(2𝑛+(𝑛−1)(𝑛−2))‖𝑃1‖ ≥ 0,𝐾2 = 2‖𝐷𝜀‖2‖𝑃1‖2 >0, and 𝐾𝑖 = (1/2)𝑐(𝑖 − 2)‖𝑃1‖ ≥ 0, 𝑖 = 3, . . . , 𝑛, are independ-
ent of a domination gain 𝐿. Therefore, substituting (14) and
(15) into (13) yields

�̇�𝜀 ≤ − 12𝐿 ‖𝜀‖2 + 𝐾1𝐿2 ‖𝜀‖2 + 1𝐿𝐾2 𝑥12

+ 𝑛∑
𝑖=3

𝐾𝑖𝐿2(𝑖−2)𝑥2𝑖 + 12𝑐𝑛𝐿2𝑛 𝑃1 ⋅ ‖𝑧‖2 .
(16)

Part II: Construction of a Controller. Consider the following
system:

�̇�1 = 𝑥2 + 𝑓1 (𝑡, 𝑧, 𝑥, 𝑢) ,
̇̂𝑥𝑖 = 𝑥𝑖+1 + 𝑎𝑖𝐿𝑖 (𝜀1 − 𝑥1) , 𝑖 = 2, . . . , 𝑛 − 1,
̇̂𝑥𝑛 = 𝑢 + 𝑎𝑛𝐿𝑛 (𝜀1 − 𝑥1) .

(17)

Define the following change of coordinates:

𝜉1 = 𝑥1,
𝜉𝑖 = 𝐿𝑖−1𝐻𝑖−1𝑥𝑖,
𝜐 = 𝐿𝑛𝐻𝑛𝑢,

𝑖 = 2, . . . , 𝑛,

(18)

where 𝐻 ≥ 1 is a domination gain that will be determined
later. Using above coordinate transform, (17) can be rewritten
as

̇𝜉1 = 𝐻𝐿 𝜉2 + 1𝐿𝜀2 + 𝑓1 (𝑡, 𝑧, 𝑥, 𝑢) ,
̇𝜉𝑖 = 𝐻𝐿 𝜉𝑖+1 + 𝑎𝑖𝐿𝐻𝑖−1 (𝜀1 − 𝜉1) , 𝑖 = 2, . . . , 𝑛 − 1,
̇𝜉𝑛 = 𝐻𝐿 𝜐 + 𝑎𝑛𝐿𝐻𝑛−1 (𝜀1 − 𝜉1) .

(19)

Design the output feedback control law as follows:

𝜐 = −𝑏𝑛𝑦 − 𝑏𝑛−1𝜉2 − ⋅ ⋅ ⋅ − 𝑏2𝜉𝑛−1 − 𝑏1𝜉𝑛, (20)

where 𝑏𝑖 > 0, 𝑖 = 1, . . . , 𝑛, are coefficients of Hurwitz poly-
nomial 𝑝2(𝑠) = 𝑠𝑛 + 𝑏1𝑠𝑛−1 + ⋅ ⋅ ⋅ + 𝑏𝑛−1𝑠 + 𝑏𝑛. Substituting (20)
into (19), we have

̇𝜉 = 𝐻𝐿 𝐴𝜉𝜉 + 𝐻𝐿 𝐷𝜉𝑏𝑛 (1 − 𝜃 (𝑡)) 𝜉1 + 𝐵2𝐿 𝜀2
+ 𝐵1𝐿𝐻 (𝜀1 − 𝜉1) + 𝐹,

(21)

where

𝐴𝜉 =
[[[[[[
[

0 1 ⋅ ⋅ ⋅ 0
... ... d

...
0 0 ⋅ ⋅ ⋅ 1
−𝑏𝑛 −𝑏𝑛−1 ⋅ ⋅ ⋅ −𝑏1

]]]]]]
]
,

𝐵1 =
[[[[[[[[[[[
[

0
𝑎2𝑎3𝐻...𝑎𝑛𝐻𝑛−2

]]]]]]]]]]]
]

,

𝐵2 =
[[[[[[
[

1
0
...
0

]]]]]]
]
,

𝐷𝜉 =
[[[[[[
[

0
...
0
1

]]]]]]
]
,

𝐹 =
[[[[[[
[

𝑓1 (⋅)0
...
0

]]]]]]
]
.

(22)

𝐴𝜉 is a Hurwitz matrix that shows that there exists a symmet-
ric positive-definite matrix 𝑃2 such that 𝐴𝑇𝜉𝑃2 + 𝑃2𝐴𝜉 = −𝐼.
Choose scalar function 𝑉𝜉(𝜉) = 𝜉𝑇𝑃2𝜉, which is positive-
definite and radially bounded. Noting that ‖𝐵2‖ = ‖𝐷𝜉‖ = 1,
the time derivative of 𝑉𝜉(𝜉) along the trajectories of (21) is

�̇�𝜉 = −𝐻𝐿 𝜉𝑇𝜉 + 2𝐻𝐿 𝜉𝑇𝑃2𝐷𝜉𝑏𝑛 (1 − 𝜃 (𝑡)) 𝜉1 + 2𝜉𝑇𝑃2𝐹
+ 2𝜉𝑇𝑃2 ( 𝐵1𝐿𝐻𝜀1 + 𝐵2𝐿 𝜀2 − 𝐵1𝐿𝐻𝜉1)
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≤ −𝐻𝐿 𝜉2 + 2𝑏𝑛 |1 − 𝜃 (𝑡)| 𝐻𝐿 𝑃2 ⋅ 𝜉2 + 2 𝜉
⋅ 𝑃2 ⋅ 𝑓1 + 2 𝜉 ⋅ 𝑃2 ( 1𝐿 ‖𝜀‖ + 𝐵1𝐿𝐻 ‖𝜀‖)
+ 2𝐿𝐻 𝑃2 ⋅ 𝐵1 ⋅ 𝜉2 .

(23)

Firstly, by virtue of Assumption 6 and Lemma 1, it holds that

2 𝜉 ⋅ 𝑃2 ⋅ 𝑓1 ≤ 2𝑐 𝜉
⋅ 𝑃2 (‖𝑧‖ + 𝑥3 + ⋅ ⋅ ⋅ + 𝑥𝑛)

≤ 𝑐 (𝑛 − 1)𝐿2 𝑃2 ⋅ 𝜉2
+ 𝑐 𝑃2 𝐿2 (‖𝑧‖2 + 𝑥23 + ⋅ ⋅ ⋅ + 𝑥2𝑛)

≜ 𝐾1𝐿2 𝜉2 + 𝐾2𝐿2 𝑛∑
𝑖=3

𝑥2𝑖
+ 𝐾2𝐿2 ‖𝑧‖2 ,

(24)

where 𝐾1 = 𝑐(𝑛 − 1)‖𝑃2‖ ≥ 0 and 𝐾2 = 𝑐‖𝑃2‖ ≥ 0. Further-
more, it is deduced from Lemma 1 that

2𝐿 𝜉 ⋅ 𝑃2 ⋅ ‖𝜀‖ ≤ 18𝐿 ‖𝜀‖2 + 8𝐿 𝑃22 ⋅ 𝜉2 ,
2𝛾𝐿𝐻 𝜉 ⋅ 𝑃2 ⋅ ‖𝜀‖ ≤ 18𝐿 ‖𝜀‖2 + 8𝛾2𝐿𝐻2 𝑃22 ⋅ 𝜉2 ,

(25)

and because of𝐻 > 1, one can conclude that

𝐵1 = ( 𝑛∑
𝑖=2

1𝐻2(𝑖−2) 𝑎2𝑖 )
1/2 ≤ ( 𝑛∑

𝑖=2

𝑎2𝑖 )
1/2
Δ= 𝛾. (26)

Consequently, one obtains

�̇�𝜉 ≤ −𝐻𝐿 (1 − 2𝑏𝑛 |1 − 𝜃 (𝑡)| ⋅ 𝑃2) 𝜉2 + 14𝐿 ‖𝜀‖2

+ 8𝛾2𝐿𝐻2 𝑃22 ⋅ 𝜉2 + 8𝐿 𝑃22 ⋅ 𝜉2 + 2𝛾𝐿𝐻 𝑃2
⋅ 𝜉2 + 𝐾1𝐿2 𝜉2 + 𝐾2𝐿2 𝑛∑

𝑖=3

𝑥2𝑖 + 𝐾2𝐿2 ‖𝑧‖2

≤ −𝐻𝐿 (1 − 2𝑏𝑛 |1 − 𝜃 (𝑡)| ⋅ 𝑃2) 𝜉2 + 𝐾2𝐿2 𝑛∑
𝑖=3

𝑥2𝑖
+ 𝐾2𝐿2 ‖𝑧‖2 + 14𝐿 ‖𝜀‖2

+ 𝐻𝐿 (8𝛾2𝐻 𝑃22 + 8𝐻 𝑃22 + 2𝛾𝐻 𝑃2 + 𝐾1𝐿 )
⋅ 𝜉2 ≜ −𝐻𝐿 (1 − 2𝑏𝑛 |1 − 𝜃 (𝑡)| ⋅ 𝑃2) 𝜉2

+ 𝐾2𝐿2 𝑛∑
𝑖=3

𝑥2𝑖 + 𝐾2𝐿2 ‖𝑧‖2 + 14𝐿 ‖𝜀‖2

+ 𝐻𝐿 (𝐾3𝐻 + 𝐾1𝐿 ) 𝜉2 ,
(27)

where𝐾3 = 2𝛾(1 + 4𝛾‖𝑃2‖)‖𝑃2‖ + 8‖𝑃2‖2 > 0 is independent
of the domination gains 𝐿 and𝐻.

Part III: Determination of Domination Gains. According to
above arguments, it follows that

𝑥1 = 𝜉1,
𝑥𝑖 = 1𝐿𝑖−1 𝜀𝑖 + 𝐻𝑖−1𝐿𝑖−1 𝜉𝑖, 𝑖 = 2, . . . , 𝑛. (28)

Using Lemma 3, there is

𝑥2𝑖 = ( 1𝐿𝑖−1 𝜀𝑖 + 𝐻𝑖−1𝐿𝑖−1 𝜉𝑖)
2

≤ 2𝐿2(𝑖−1) ‖𝜀‖2 + 2𝐻2(𝑖−1)𝐿2(𝑖−1) 𝜉2 ,
(29)

and putting (29) together with (27), we have

�̇�𝜉 ≤ −𝐻𝐿 (1 − 2𝑏𝑛 |1 − 𝜃 (𝑡)| ⋅ 𝑃2) 𝜉2 + 14𝐿 ‖𝜀‖2

+ 𝐻𝐿 (𝐾3𝐻 + 𝐾1𝐿 ) 𝜉2 + 2𝐾2 𝑛∑
𝑖=3

1𝐿2(𝑖−2) ‖𝜀‖2

+ 2𝐾2 𝑛∑
𝑖=3

𝐻2(𝑖−1)𝐿2(𝑖−2) 𝜉2 + 𝐾2𝐿2 ‖𝑧‖2

≤ −𝐻𝐿 (1 − 2𝑏𝑛 |1 − 𝜃 (𝑡)| ⋅ 𝑃2) 𝜉2

+ 𝐻𝐿 (�̂�3𝐻 + �̂�1𝐿 ) 𝜉2 + 1𝐿2 �̂�4 ‖𝜀‖2

+ �̂�2𝐿2 ‖𝑧‖2 + 14𝐿 ‖𝜀‖2 ,

(30)

where �̂�1 = 𝐾1 + 2𝐾2(𝐻3 + ⋅ ⋅ ⋅ + 𝐻2𝑛−3) ≥ 0, �̂�2 = 𝐾2 ≥0, �̂�3 = 𝐾3 > 0, �̂�4 = 2(𝑛 − 2)𝐾2 ≥ 0. Now, we choose the
allowable sensitivity error 𝜃 as

𝜃 < 𝜃 = 12𝑏𝑛 𝑃2 . (31)

Because of |1 − 𝜃| ≤ 𝜃, one has
1 − 2𝑏𝑛 |1 − 𝜃| ⋅ 𝑃2 ≥ 1 − 2𝑏𝑛𝜃 𝑃2 ≜ 𝛽. (32)

Obviously, 0 < 𝛽 < 1 and (30) can be rewritten as

�̇�𝜉 ≤ −𝐻𝐿 𝛽 𝜉2 + 𝐻𝐿 (�̂�3𝐻 + �̂�1𝐿 ) 𝜉2 + 1𝐿2 �̂�4 ‖𝜀‖2

+ �̂�2𝐿2 ‖𝑧‖2 + 14𝐿 ‖𝜀‖2 .
(33)
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Similarly, substituting (29) into (16) yields

�̇�𝜀 ≤ − 12𝐿 ‖𝜀‖2 + 𝐾2𝐿 𝜉2 + 𝐾1𝐿2 ‖𝜀‖2

+ 12𝑐𝑛𝐿2𝑛 𝑃1 ‖𝑧‖2 + 2 𝑛∑
𝑖=3

𝐾𝑖𝐿2 ‖𝜀‖2

+ 2 𝑛∑
𝑖=3

𝐾𝑖𝐻2(𝑖−1)𝐿2 𝜉2

≤ − 12𝐿 ‖𝜀‖2 + 1𝐿2 �̂�5 ‖𝜀‖2 + 1𝐿�̂�6 𝜉2 + 𝐻�̂�7𝐿2 𝜉2
+ �̂�8𝐿2𝑛 ‖𝑧‖2 ,

(34)

where �̂�5 = 𝐾1 + 2(𝐾3 + ⋅ ⋅ ⋅ + 𝐾𝑛) ≥ 0, �̂�6 = 𝐾2 > 0, �̂�7 =2(𝐾3𝐻3 + ⋅ ⋅ ⋅ + 𝐾𝑛𝐻2𝑛−3) ≥ 0, �̂�8 = (1/2)𝑐𝑛‖𝑃1‖ ≥ 0. Apply-
ing Assumption 5 and the property of Lipschitz function,
one has

𝜕𝑈𝜕𝑧 𝑓0 (𝑡, 𝑧, 𝑥, 𝑢) = 𝜕𝑈𝜕𝑧 𝑓0 (𝑡, 𝑧, 𝑥, 𝑢)
− 𝜕𝑈𝜕𝑧 𝑓0 (𝑡, 𝑧, 0, 𝑢)
+ 𝜕𝑈𝜕𝑧 𝑓0 (𝑡, 𝑧, 0, 𝑢)

≤ 
𝜕𝑈𝜕𝑧


⋅ 𝑓0 (𝑡, 𝑧, 𝑥, 𝑢) − 𝑓0 (𝑡, 𝑧, 0, 𝑢)
+ 𝜕𝑈𝜕𝑧 𝑓0 (𝑡, 𝑧, 0, 𝑢)

≤ 𝑐2 ‖𝑧‖ ⋅ ‖𝑥‖ − 𝑐1 ‖𝑧‖2 ,

(35)

where 𝑐2 is a positive constant. By Lemma 1, it is easy to obtain
that ‖𝑥‖ ≤ |𝑥1| + ⋅ ⋅ ⋅ + |𝑥𝑛|, and, according to Lemma 2, the
following inequalities hold:

𝑐2 ‖𝑧‖ ⋅ (𝑥2 + ⋅ ⋅ ⋅ + 𝑥𝑛)
≤ 𝑐12 ‖𝑧‖2 + 𝑐222𝑐1 (𝑥22 + ⋅ ⋅ ⋅ + 𝑥2𝑛) ,

𝑐2 ‖𝑧‖ ⋅ 𝑥1 ≤ 𝑐222𝐿𝑥21 + 𝐿2 ‖𝑧‖2 .
(36)

Substituting (36) into (35), one has

𝜕𝑈𝜕𝑧 𝑓0 (𝑡, 𝑧, 𝑥, 𝑢) ≤ − (𝑐12 − 𝐿2) ‖𝑧‖2

+ 𝑐222𝑐1 (𝑥22 + ⋅ ⋅ ⋅ + 𝑥2𝑛) + 𝑐222𝐿𝑥21.
(37)

According to (29) and the definition of norms, it is easy to
deduce that

𝑥21 ≤ 𝜉2 ,
𝑥22 + 𝑥23 + ⋅ ⋅ ⋅ + 𝑥2𝑛 ≤ 2 (𝑛 − 1)𝐿2 ‖𝜀‖2 + 𝐻𝐿2 2�̂�9 𝜉2 ,

(38)

where �̂�9 = 𝐻+𝐻3+⋅ ⋅ ⋅+𝐻2𝑛−3; therefore (37) can be further
expressed as

𝜕𝑈𝜕𝑧 𝑓0 (𝑡, 𝑧, 𝑥, 𝑢) ≤ −(𝑐12 − 𝐿2) ‖𝑧‖2 + 𝑐22 (𝑛 − 1)𝑐1𝐿2 ‖𝜀‖2

+ (𝑐22�̂�9𝐻𝑐1𝐿2 + 𝑐222𝐿) 𝜉2 .
(39)

Consider positive-definite and radially unbounded function
as follows:

𝑉 = 𝑈 + 𝑉𝜀 + 𝑉𝜉, (40)

and substituting (33), (34), and (39) into (40), there is

�̇� ≤ −(𝑐12 − 𝐿2 − �̂�8𝐿2𝑛 − �̂�2𝐿2) ‖𝑧‖2

− 1𝐿 (14 − �̂�5 + �̂�4𝐿 − 2𝑐22 (𝑛 − 1)𝐿 ) ‖𝜀‖2

− 𝐻𝐿 (𝛽 − �̂�6 + �̂�3𝐻 − �̂�1 + �̂�7𝐿 − 𝑐222𝐻 − 𝑐22�̂�9𝐿 )
⋅ 𝜉2 .

(41)

In order to ensure that �̇� ≤ 0, we choose the domination gains𝐿 and𝐻 as follows. Firstly,

𝛽 − �̂�6 + �̂�3𝐻 − 𝑐222𝐻 ≥ 𝛽2 , (42)

implying that

𝐻 ≥ 2�̂�3 + 2�̂�6 + 𝑐22𝛽 , (43)

and, with𝐻 ≥ 1 in hand, one deduces

𝐻 ≥ max{1, 2�̂�3 + 2�̂�6 + 𝑐22𝛽 } . (44)

As consequence, (41) can be rewritten as

�̇� ≤ −(𝑐12 − 𝐿2 − �̂�8𝐿2𝑛 − �̂�2𝐿2) ‖𝑧‖2

− 1𝐿 (14 − �̂�5 + �̂�4𝐿 − 2𝑐22 (𝑛 − 1)𝐿 ) ‖𝜀‖2

− 𝐻𝐿 (𝛽2 − �̂�1 + �̂�7𝐿 − 𝑐22�̂�9𝐿 ) 𝜉2 .
(45)
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Secondly, we can select L to satisfy the following inequalities:

14 − �̂�5 + �̂�4𝐿 − 2𝑐22 (𝑛 − 1)𝐿 ≥ 𝛽4 ,
𝛽2 − �̂�1 + �̂�7𝐿 − 𝑐22�̂�9𝐿 ≥ 𝛽4 ,

(46)

and, in light of 𝐿 ≥ 1, it is straightforward to show that

𝐿 ≥ max{1, 4�̂�1 + 4�̂�7 + 4𝑐22�̂�9𝛽 ,
4�̂�4 + 4�̂�5 + 8𝑐22 (𝑛 − 1)1 − 𝛽 } ,

(47)

and 𝑐1 satisfies
𝑐1 = 𝛽4 + 𝑐∗1 , 𝑐∗1 ≥ 2 (�̂�8𝐿2𝑛 + �̂�2𝐿2) + 𝐿. (48)

Under above choice of domination gains, it is clear that

�̇� ≤ −𝛽4 ‖𝑧‖2 − 𝛽4𝐿 𝜉2 − 𝛽4𝐿 ‖𝜀‖2 . (49)

Part IV: Stability Analysis.Consider transformed systems (9),
(20), and (21). By the existence and continuity of solution, the
closed-loop system state composed of 𝑌(𝑡) = [𝑧𝑇, 𝑥𝑇, 𝑥𝑇]𝑇
can be defined on a time interval [0, 𝑡𝑚), where 𝑡𝑚 > 0 may
be a finite constant or infinity.

(i) For the Boundedness of 𝑌(𝑡). Due to the fact that ]1(𝑧) ≤𝑈(𝑧) ≤ ]2(𝑧), 𝜆𝑚𝑖𝑛(𝑃)‖𝑥‖2 ≤ 𝑥𝑇𝑃𝑥 ≤ 𝜆𝑚𝑎𝑥(𝑃)‖𝑥‖2, where ]1
and ]2 areK∞ functions; we obtain

𝑉 = 𝑈 + 𝑉𝜀 + 𝑉𝜉
≥ ]1 (𝑧) + 𝜆𝑚𝑖𝑛 (𝑃1) ‖𝜀‖2 + 𝜆𝑚𝑖𝑛 (𝑃2) 𝜉2
≥ ]1 (𝑧) +min {𝜆min (𝑃1) , 𝜆min (𝑃2)} ‖𝜔 (𝑡)‖2
≜ 𝜑1 (‖𝜛 (𝑡)‖) ,

(50)

and

𝑉 = 𝑈 + 𝑉𝜀 + 𝑉𝜉
≤ ]2 (𝑧) + 𝜆max (𝑃1) ‖𝜀‖2 + 𝜆max (𝑃2) 𝜉2
≤ ]2 (𝑧) +max {𝜆max (𝑃1) , 𝜆max (𝑃2)} ‖𝜔 (𝑡)‖2
≜ 𝜑2 (‖𝜛 (𝑡)‖) ,

(51)

where 𝜔(𝑡) = [𝜀𝑇(𝑡), 𝜉𝑇(𝑡)]𝑇, 𝜛(𝑡) = [𝑧𝑇, 𝜀𝑇(𝑡), 𝜉𝑇(𝑡)]𝑇, and𝜑1, 𝜑2 areK∞ functions.
For any 𝜖 > 0, noting that lim𝑠→+∞𝜑1(𝑠) = +∞, one can

always find a constant 𝛽 = 𝛽(𝜖) > 𝜖 > 0, such that 𝜑2(𝜖) ≤𝜑1(𝛽). From (49), it follows that 𝑉(‖𝜛(𝑡)‖) ≤ 𝑉(‖𝜛(0)‖), ∀𝑡 ∈[0, 𝑡𝑚). Then, if ‖𝜛(0)‖ < 𝜖, it holds that

𝜑1 (‖𝜛 (𝑡)‖) ≤ 𝑉 (‖𝜛 (𝑡)‖) ≤ 𝑉 (‖𝜛 (0)‖)
≤ 𝜑2 (‖𝜛 (0)‖) < 𝜑2 (𝜖) ≤ 𝜑1 (𝛽) ,

∀𝑡 ∈ [0, 𝑡𝑚) ,
(52)

which implies that ‖𝜛(𝑡)‖ < 𝛽, ∀𝑡 ∈ [0, 𝑡𝑚); that is, ‖𝜛(𝑡)‖
is bounded. Therefore, by virtue of estimation errors and
coordinates transform, it is easy to get that the state 𝑌(𝑡) =[𝑧𝑇, 𝑥𝑇, 𝑥𝑇]𝑇 is bounded on [0, 𝑡𝑚) as well.
(ii) 𝑡𝑚 = +∞. This claim can be shown by contradiction; if𝑡𝑚 is finite, then 𝑡𝑚 would be a finite escape time; that is, the
state 𝑌(𝑡)would tend to∞ as 𝑡 = 𝑡𝑚. However, the continuity
of solution guarantees the boundedness of 𝑌(𝑡) at 𝑡 = 𝑡𝑚,
since 𝑌(𝑡) is bounded on [0, 𝑡𝑚). This is clearly a contradic-
tion. Therefore, the state of the closed-loop system is uni-
formly bounded over [0, +∞).
(iii) lim𝑡→+∞𝑥(𝑡) = 0 and lim𝑡→+∞𝑧(𝑡) = 0. Above all, it is
clear that

0 ≤ ∫𝑡
0
(𝛽4 ‖𝑧‖2 + 𝛽4𝐿 ‖𝜀‖2 + 𝛽4𝐿 𝜉2)𝑑𝑠

≤ −∫𝑡
0
�̇� (𝜛 (𝑠)) 𝑑𝑠 < 𝑉 (𝜛 (0)) < +∞, ∀𝑡 ≥ 0,

(53)

which implies that∫∞
0
((𝛽/4)‖𝑧‖2+(𝛽/4𝐿)‖𝜀‖2+(𝛽/4𝐿)‖𝜉‖2)𝑑𝑠

exists and is finite. On the other hand, the boundedness of𝜛(𝑡) over [0, +∞) means that �̇�(𝑡) is uniformly bounded in𝑡 over [0, +∞). Thus, 𝜛(𝑡) is uniformly continuous in 𝑡 over[0, +∞) and so is 𝜛2(𝑡). Using well-known Barbalat’s Lemma
in [22], one obtains lim𝑡→+∞𝑧2𝑖 (𝑡) = 0, lim𝑡→+∞𝜉2𝑖 (𝑡) = 0,
and lim𝑡→+∞𝜀2𝑖 (𝑡) = 0, which shows that lim𝑡→+∞𝑧(𝑡) = 0,
lim𝑡→+∞𝜉(𝑡) = 0, and lim𝑡→+∞𝜀(𝑡) = 0. Finally, from (29),
it is easy to see that lim𝑡→+∞𝑥(𝑡) = 0. This completes the
proof.

Remark 10. A double-domination method is proposed to
handle the time-varying output function and nonlinearities
in the proof of Theorem 9; that is, two domination gains 𝐻
and 𝐿 are used to dominate time-varying function 𝜃(𝑡) and
nonlinearities 𝑓𝑖, respectively.
Remark 11. It should be noted from 𝜃 = 1/2𝑏𝑛‖𝑃2‖ that
the upper bound 𝜃 depends on coefficients 𝑏1, . . . , 𝑏𝑛 for the
Hurwitz polynomial 𝑝2(𝑠). When 𝑏1, . . . , 𝑏𝑛 are specified, the
corresponding matrix 𝑃2 as well as the upper bound 𝜃 can be
computed. For example, 𝜃 = 0.4420, for 𝑛 = 2; 𝜃 = 0.1501,
for 𝑛 = 3.
3.2. Extension to Lower-Triangular Case. Some subsystems
do not satisfy upper-triangular structure in practical appli-
cation, so we extend the subsystems to lower-triangular form
and impose following assumptions on system (4).

Assumption 12. For 𝑖 = 1, . . . , 𝑛, there exists a constant 𝑐 ≥ 0
such that 𝑓𝑖 ≤ 𝑐 (‖𝑧‖ + 𝑥1 + ⋅ ⋅ ⋅ + 𝑥𝑖) . (54)
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Theorem 13. For a class of nonlinear cascade system (4) under
Assumptions 4, 5, and 12, there exists an output feedback con-
troller, such that states of the closed-loop system are uniformly
bounded over [0, +∞) and lim𝑡→+∞𝑥(𝑡) = 0.
Proof. The proof is analogous to the proof of Theorem 9 with
an obvious modification. To facilitate comparison, we select
same notations as Theorem 9 and many similarities will be
omitted.

Firstly, we construct the similar observer as (7)

̇̂𝑥𝑖 = 𝑥𝑖+1 − 𝐿𝑖𝑎𝑖𝑥1, 𝑖 = 1, . . . , 𝑛 − 1,
̇̂𝑥𝑛 = 𝑢 − 𝐿𝑛𝑎𝑛𝑥1, (55)

where 𝑎𝑖 > 0 and 𝐿 > 1. With the help of the previous process,
define the estimation error

𝜀𝑖 = 𝑥𝑖 − 𝑥𝑖𝐿𝑖−1 , 𝑖 = 1, . . . , 𝑛, (56)

and it is straightforward to show that

̇𝜀 = 𝐿𝐴𝜀𝜀 + 𝐿𝐺𝜀𝑥1 + 𝐹, (57)

and since the definitions of the associated symbol are same
as (9), we just give different symbol in the following paper:𝐹 = [𝑓1(⋅), 𝑓2(⋅)/𝐿, . . . , 𝑓𝑛(⋅)/𝐿𝑛−1]𝑇 ∈ R𝑛×1. Consider same
scalar function 𝑉𝜀(𝜀) = 𝜀𝑇𝑃1𝜀, which is proper and radially
unbounded. Evidently, following (16), we arrive at

�̇�𝜀 ≤ (𝐿𝐾2 + 𝐾3) 𝑥21 + 𝐾4𝐿21 𝑥
2
2 + ⋅ ⋅ ⋅ + 𝐾𝑛+2𝐿2𝑛−21 𝑥2𝑛

− 𝐿2 ‖𝜀‖2 + 𝐾1 ‖𝜀‖2 + 𝐾3 ‖𝑧‖2 ,
(58)

where𝐾1 = 𝑐𝑛(𝑛 + 3)‖𝑃1‖ ≥ 0, 𝐾2 = 2‖𝐺𝜀‖2‖𝑃1‖2 > 0, 𝐾𝑖 =(1/2)(𝑛 − 𝑖 + 3)𝑐‖𝑃1‖ ≥ 0, 𝑖 = 3, . . . , 𝑛 + 2, are independent of
a domination gain 𝐿.

Secondly, consider system described by

�̇�1 = 𝑥2 + 𝑓1 (𝑡, 𝑧, 𝑥, 𝑢) ,
̇̂𝑥𝑖 = 𝑥𝑖+1 + 𝐿𝑖𝑎𝑖 (𝜀1 − 𝑥1) , 𝑖 = 2, . . . , 𝑛 − 1,
̇̂𝑥𝑛 = 𝑢 + 𝐿𝑛𝑎𝑛 (𝜀1 − 𝑥1) .

(59)

Then, introduce the following transformations:

𝜉1 = 𝑥1,
𝜉𝑖 = 𝑥𝑖(𝐿𝐻)𝑖−1 ,
𝜐 = 𝑢(𝐿𝐻)𝑛 ,

𝑖 = 2, . . . , 𝑛,

(60)

where 𝐻 ≥ 1 is a domination gain to be determined later.
With the help of (60), it is easy to see that system (59) can be
rewritten as

̇𝜉1 = 𝐿𝐻𝜉2 + 𝐿𝜀2 + 𝑓1 (𝑡, 𝑧, 𝑥, 𝑢) ,
̇𝜉𝑖 = 𝐿𝐻𝜉𝑖+1 + 𝐿𝑎𝑖𝐻𝑖−1 (𝜀1 − 𝜉1) , 𝑖 = 2, . . . , 𝑛 − 1,
̇𝜉𝑛 = 𝐿𝐻𝜐 + 𝐿𝑎𝑛𝐻𝑛−1 (𝜀1 − 𝜉1) .

(61)

If the control law is designed as (20), then substituting (20)
into (61) leads to

̇𝜉 = 𝐿𝐻𝐴𝜉𝜉 + 𝐿𝐻𝐺𝜉𝑏𝑛 (1 − 𝜃 (𝑡)) 𝜉1 + 𝐿𝐵2𝜀2
+ 𝐿𝐻𝐵1 (𝜀1 − 𝜉1) + 𝐹, (62)

where the definitions of notations are the same as (21). Con-
sider the same quadratic function

𝑉𝜉 (𝜉) = 𝜉𝑇𝑃2𝜉, (63)

and, after calculations, we arrive at

�̇�𝜉 ≤ −𝐿𝐻𝛽𝜉2 + 𝐿4 ‖𝜀‖2 + 𝐿𝐻(𝐾1𝐻 + 𝐾2𝐿 ) 𝜉2
+ 𝐾3 ‖𝑧‖2 ,

(64)

where𝐾1 = 2𝛾(1 + 4𝛾‖𝑃2‖)‖𝑃2‖ + 8‖𝑃2‖2 > 0, 𝐾2 = 3𝑐‖𝑃2‖ ≥0, 𝐾3 = 𝑐‖𝑃2‖ ≥ 0 are independent of the domination gains𝐿 and𝐻. It follows from (56) and (60) that

𝑥1 = 𝜉1,
𝑥𝑖 = 𝐿𝑖−1𝜀𝑖 + 𝑥𝑖 = 𝐿𝑖−1𝜀𝑖 + (𝐿𝐻)𝑖−1 𝜉𝑖, 𝑖 = 2, . . . , 𝑛. (65)

Hence, by Lemma 2, it is easy to obtain the following in-
equality:

1𝐿2(𝑖−1) 𝑥2𝑖 = 1𝐿2(𝑖−1) (𝐿𝑖−1𝜀𝑖 + (𝐿𝐻)𝑖−1 𝜉𝑖)2

≤ 1𝐿2(𝑖−1) 2 (𝐿2(𝑖−1)𝜀2𝑖 + (𝐿𝐻)2(𝑖−1) 𝜉2𝑖 )
≤ 2 ‖𝜀‖2 + 2𝐻2(𝑖−1) 𝜉2 , 𝑖 = 2, . . . , 𝑛.

(66)

Putting together (66) and (58), there would always hold

�̇�𝜀 (𝜀) ≤ −𝐿2 ‖𝜀‖2 + �̂�1 ‖𝜀‖2 + (𝐿�̂�2 + 𝐻�̂�4) 𝜉2
+ �̂�3 ‖𝑧‖2 ,

(67)

where �̂�1 = 𝐾1 + 2(𝐾4 + ⋅ ⋅ ⋅ + 𝐾𝑛+2) ≥ 0, �̂�2 = 𝐾2 + 𝐾3 > 0,�̂�3 = 𝐾3 ≥ 0, �̂�4 = 2(𝐾4𝐻 + ⋅ ⋅ ⋅ + 𝐾𝑛+2𝐻2𝑛−3) ≥ 0. Further-
more, following (39), we arrive at

𝜕𝑈𝜕𝑧 𝑓0 ≤ −(𝑐12 − 𝐿2 + ⋅ ⋅ ⋅ + 𝐿2(𝑛−1)2 ) ‖𝑧‖2
+ 𝐻�̂�5 𝜉2 + (𝑛 − 1) 𝑐22 ‖𝜀‖2 ,

(68)
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where �̂�5 = 𝑐22(𝐻 + 𝐻3 + ⋅ ⋅ ⋅ + 𝐻2𝑛−3). Finally, let
𝑉 = 𝑈 + 𝑉𝜀 + 𝑉𝜉, (69)

and a direct calculation yields

�̇� ≤ −(𝑐12 − 𝐿2 + ⋅ ⋅ ⋅ + 𝐿2(𝑛−1)2 − �̂�3 − 𝐾3) ‖𝑧‖2

− 𝐿(14 − �̂�1 + 𝑐22 (𝑛 − 1)𝐿 ) ‖𝜀‖2

− 𝐿𝐻(𝛽 − 𝐾1 + �̂�2𝐻 − 𝐾2 + �̂�4 + �̂�5𝐿 ) 𝜉2 .
(70)

We choose domination gains 𝐿 and𝐻 as

𝐻 ≥ max{1, 2𝐾1 + 2�̂�2𝛽 } ,
𝐿 ≥ max{1, 4�̂�1 + 4𝑐22 (𝑛 − 1)1 − 𝛽 , 4𝐾2 + 4�̂�4 + 4�̂�5𝛽 } ,

(71)

where 𝑐1 satisfies
𝑐1 = 𝑐∗1 + 𝛽4 , 𝑐∗1 ≥ 2𝐾3 + 2�̂�3 + 𝐿2 + ⋅ ⋅ ⋅ + 𝐿2𝑛−3, (72)

and 𝑐2 is a positive constant; there is
�̇� ≤ −𝛽4 ‖𝑧‖2 − 𝛽4 ‖𝜀‖2 − 𝛽4 𝜉2 . (73)

Theprocess of stability analysis is analogous toTheorem 9
and is omitted for the sake of space.This completes the proof.

Remark 14. The process of Theorems 9 and 13 means that
Assumptions 4 and 5 are suitable for two cases of triangular
systems.The contribution of these assumptions is that𝑓0 con-
tains all of states of nonlinear cascade systems. Meanwhile, a
unified Lyapunov function is successfully constructed and we
proposed a novel observer that is different from [24, 26].

4. Simulation Example

As application of the design method, two examples are pro-
vided as follows.

Example 1. Consider nonlinear cascade system:

�̇� (𝑡) = −2𝑧 (𝑡) − 𝑥2 (𝑡) ,
�̇�1 (𝑡) = 𝑥2 (𝑡) + 𝑥3 (𝑡) − sin (𝑥1) 𝑧 (𝑡) ,
�̇�2 (𝑡) = 𝑥3 (𝑡) + 𝑧 (𝑡) ,
�̇�3 (𝑡) = 𝑢 (𝑡) + 𝑧 (𝑡) ,
𝑦 (𝑡) = 𝜃 (𝑡) 𝑥1 (𝑡) ,

(74)
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Figure 1: The curves of states 𝑥1 and 𝑥1.

where 𝜃(𝑡) = 1 + 0.15|sin(6𝑡)|. Obviously, systems satisfy
Assumptions 4–6 with 𝑐 = 1, 𝑐1 = 204, and 𝑐2 = 20. And
we choose 𝑝2(𝑠) = (𝑠 + 0.4)3; that is, 𝑏1 = 1.2, 𝑏2 = 0.48,𝑏3 = 0.064, and 𝜃 = 0.1501. Besides, for the observer design,
we select 𝜃 = 0.15 < 𝜃, 𝑎1 = 4, 𝑎2 = 3, and 𝑎3 = 1. In con-
sequence, the control law is given as follows:

𝑢 (𝑡) = −𝑏3𝐻3𝐿3 𝑦 − 𝑏2𝐻2𝐿2 𝑥2 − 𝑏1𝐻𝐿 𝑥3,
̇̂𝑥1 (𝑡) = 𝑥2 (𝑡) − 𝑎1𝐿 𝑥1 (𝑡) ,
̇̂𝑥2 (𝑡) = 𝑥3 (𝑡) − 𝑎2𝐿2 𝑥1 (𝑡) ,
̇̂𝑥3 (𝑡) = 𝑢 (𝑡) − 𝑎3𝐿3 𝑥1 (𝑡) ,

(75)

where 𝐿 = 2 and 𝐻 = 7. In simulation, initial values are
chosen as

[𝑧, 𝑥1 (0) , 𝑥2 (0) , 𝑥3 (0) , 𝑥1 (0) , 𝑥2 (0) , 𝑥3 (0)]𝑇
= [−1, −2, 1, 4, 4, −2, −1]𝑇 , (76)

and one gets Figures 1–4, which illustrate that the control
law (20) is effective.

Example 2. Consider the following nonlinear cascade system:

�̇� (𝑡) = −𝑧 (𝑡) + 𝑥1 (𝑡) ,
�̇�1 (𝑡) = 𝑥2 (𝑡) + sin (𝑥1) 𝑧,
�̇�2 (𝑡) = 𝑢 (𝑡) + 𝑥1 (𝑡) ,
𝑦 (𝑡) = 𝜃 (𝑡) 𝑥1 (𝑡) ,

(77)

where 𝜃(𝑡) = 1 + 0.44|sin(6𝑡)|. Evidently, Assumptions 4, 5,
and 12 are satisfied with 𝑐 = 1, 𝑐1 = 18, and 𝑐2 = 1. And we
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Figure 2: The curves of states 𝑥2 and 𝑥2.
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Figure 3: The curves of states 𝑥3 and 𝑥3.
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Figure 4: The curve of state 𝑧.
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Figure 5: The curves of states 𝑥1 and 𝑥1.

choose 𝑝2(𝑠) = (𝑠 + 0.4)2; that is, 𝑏1 = 0.8 and 𝑏2 = 0.16. After
sample calculation, 𝜃 = 0.4420 and select 𝜃 = 0.44 < 𝜃, 𝑎1 =5, and 𝑎2 = 1; we construct an output feedback controller as
follows:

𝑢 (𝑡) = −𝑏2 (𝐿𝐻)2 𝑦 − 𝑏1𝐿𝐻𝑥2,
̇̂𝑥1 (𝑡) = 𝑥2 (𝑡) − 𝑎1𝐿𝑥1 (𝑡) ,
̇̂𝑥2 (𝑡) = 𝑢 (𝑡) − 𝑎2𝐿2𝑥1 (𝑡) ,

(78)

where 𝐿 = 4 and 𝐻 = 5. In the simulation, we choose the
initial values as [𝑧(0), 𝑥1(0), 𝑥1(0), 𝑥1(0), 𝑥2(0)]𝑇 = [3, −2, 4,−1, 1.5]𝑇; one can obtain the simulation results as shown in
Figures 5–8, which exhibit the effectiveness of the control
scheme.

5. Conclusions

Thispaper solves the problem of global output feedback stabi-
lization for the nonlinear cascade systems with time-varying
output function. The construction of the output feedback
controller is based on the double-domination method. There
still exist some problems to be investigated. For example, (I)
[34–36] solved the problem of finite-time stabilization; it is
unclear whether scheme can be applied to solve the finite-
time stabilization for nonlinear systems with time-varying
output function. (II) References [37, 38] proposed the output
feedback controller that ensures that the equilibrium is glob-
ally asymptotically stable in probability. Then, is it possible
to achieve the stabilization of nonlinear stochastic systems
by the proposed strategy of this paper? (III) References
[39–45] advanced the solution to the stabilization problem
of time-delay systems. However, it is unclear whether this
method could be used to address the stabilization of time-
delay nonlinear systems. (IV) References [46–48] focus on
global adaptive state-feedback stabilization for a class of high-
order uncertain nonlinear systems. When c in Assumption 6
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Figure 6: The curves of states 𝑥2 and 𝑥2.
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Figure 7: The curve of state 𝑧.
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Figure 8: The curve of control 𝑢.

is unknown, can the approach of this paper be used to solve
the problem of adaptive stabilization?
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This paper investigates the consensus control of a class of high-order nonlinear multiagent systems, whose topology is dynamically
switching directed graph. First, the high-order nonlinear dynamics is transformed into the one-order dynamics by structuring a
slidingmode plane; then, two consensus control protocols of the one-order dynamics are designed by feedback linearization, one of
which is based on PD (proportion and derivative) and the other is based on PID (proportion, integral and derivative). Under these
control protocols, it is proved that the consensus of new variable only requires a weaker topology condition; next, we prove that the
consensus of the new variable is sufficient to the consensus of the states of multiagent systems, which implies that it only requires
a weaker topology condition for the consensus of multiagent systems; finally, the study of an illustrative example with simulations
shows that our results as well as designed control protocols work very well in studying the consensus of this class of multiagent
systems.

1. Introduction

Nonlinear dynamics systems, inaccurate dynamics, and
switching systems have been fascinating in the field of control
and have attracted considerable attention worldwide. As is
known to all, nonlinear dynamics [1–6] are more challenging
than their linear peer. Inaccurate dynamics or noises increase
the difficulty in analyzing the problem [7–10], and switching
models, which some authors devote themselves to [11–15], are
intractable. In this paper, we will focus on a class of special
nonlinear and switching systems, that is, multiagent systems
with nonlinear inaccurate dynamics and dynamically switch-
ing undirected topologies, and investigate its consensus con-
ditions. As an important and fundamental issue of the mul-
tiagent systems, consensus problem is especially fascinating
[16–19], and some specific scenarios on consensus problems
are researched by scholars, such as time-delay [20–23], leader
following consensus [24–27], and formation [28–31].

The consensus of multiagent systems with a switching
interaction topology has been attracting many scholars [32–
34]. In [32], the authors considered multiagent systems with
first-order integrator dynamics under the switching topology
and provided a control protocol under which the dynamics
could achieve consensus with a rather weak topology condi-
tions. However, they considered the second-order integrator
dynamics in [33] and obtained a condition that needs the
stronger topology requirement than the one in [32]; what is
more, they pointed out that the condition in [32] was not
sufficient to the second-order consensus algorithmwith their
control protocol. The authors in [34] compared the control
protocol in [32] with the one in [33] and pointed out that the
topology requirementwas dependent on the control protocol.
They transformed the high-order linear systems to first-order
integrator dynamics by variable substitution and obtained the
consensus conditions of high-order linearmultiagent systems
with a rather weak topology requirement.
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The idea in [34] is interesting for high-order systems,
whichmotivate us to consider a class of high-order nonlinear
multiagent systems, whose topology is dynamically switching
directed graph. We prove that the nonlinear dynamics can
achieve consensus with a rather weak topology conditions
similar to [32]. First, the high-order dynamics can realize
dimensionality reduction by structuring a sliding mode
plane; then, two consensus control protocols are designed
by feedback linearization, one of which is based on PD
(proportion and derivative), and the other is based on
PID (proportion, integral, and derivative), such that the
new model can achieve the consensus under a rather weak
topology condition; next, we prove that the consensus of new
control protocols is sufficient to the consensus of nonlinear
multiagent systems. Thus, we give a rather weak consensus
conditions of high-order nonlinear multiagent systems, in
which the union graphhas a spanning tree frequently enough.
Finally, the study of an illustrative example with simulations
shows that our results as well as designed control protocols
work very well in studying this class of multiagent systems.

The main contribution of this paper contains: (1) a
rather weak topology condition is given for the consensus of
nonlinearmultiagent systemswith switching structure; (2)we
present two control protocols for this class of systems, under
which the consensus is proved; (3) the reduce-order idea is
used to transform the high-order dynamics into one-order
dynamics, which simplify the difficulty of problem.

The remainder of the paper is organized as follows.
Section 2 is the backgrounds and preliminaries. Section 3
is the main results of the paper. In this section, the high-
order nonlinear dynamics is transformed into one-order
linear dynamics, and two control protocols are designed. In
Section 4, we give an illustrative example to support our new
results followed by the conclusion in Section 5.

2. Backgrounds and Preliminaries

In [32], Ren and Beard considered a one-order linear system
under the switching topology:

𝑥𝑖 = 𝑢𝑖, (1)

and they designed the control protocol as follows:

𝑢𝑖 = − ∑
𝑗∈𝑁𝑖(𝑡)

𝑎𝑖𝑗 (𝑥𝑖 − 𝑥𝑗) , (2)

it was proved system (1) could achieve consensus under
protocol (2) even if the switching topology satisfied a rather
weak condition. Specifically to say, it could be formulated as
the following lemma.

Lemma 1. Let 𝑡1, 𝑡2, . . . be an infinite time sequence at which
the interaction graph or weighting factors 𝑎𝑖𝑗 switch and 𝜏𝑖 =𝑡𝑖+1 − 𝑡𝑖 ∈ 𝛾, 𝑖 = 0, 1, ⋅ ⋅ ⋅ . Here, 𝛾 is an infinite set generated
from set 𝜏, which is a finite set of arbitrary positive numbers.
Let 𝐺(𝑡𝑖) be a switching topology at time 𝑡 = 𝑡𝑖 and all nonzero
entries of the adjacency matrix 𝐴 = [𝑎𝑖𝑗] are lower bounded
by a positive constant 𝜎𝐿 and upper bounded by a positive
constant 𝜎𝑀. Then the distributed control protocols (2) achieve

consensus asymptotically for the multiagent systems specified
by (1) if there exists an infinite sequence of uniformly bounded,
nonoverlapping time intervals [𝑡𝑖𝑗 , 𝑡𝑖𝑗+𝑙𝑗), 𝑙𝑗 ∈ [1, 𝑖𝑗+1 − 𝑖𝑗), 𝑗 =1, 2. ⋅ ⋅ ⋅ , starting at 𝑡𝑖1 = 𝑡0, with the property that each interval[𝑡𝑖𝑗+𝑙𝑗 , 𝑡𝑖𝑗+1) is uniformly bounded and the union of the directed
graphs across each interval [𝑡𝑖𝑗+𝑙𝑗 , 𝑡𝑖𝑗+1) has a spanning tree.
Furthermore, the consensus value is a constant.

Furthermore, they considered the second-order integra-
tor in [33]:

�̇�𝑖1 = 𝑥𝑖2
�̇�𝑖2 = 𝑢𝑖, (3)

where 𝑥𝑖 = [𝑥𝑖1, 𝑥𝑖2] was the state of Agent 𝑖, and 𝑢𝑖 was the
control protocol. They designed the control protocol as

𝑢𝑖 = − 𝑛∑
𝑗=1

𝑎𝑖𝑗 [(𝑥𝑖1 − 𝑥𝑗1) + 𝑟 (𝑡) (𝑥𝑖2 − 𝑥𝑗2)] , (4)

where 𝑟(𝑡) was a positive scalar at time 𝑡. In that book, they
provided a result which needed a more stronger connectivity
assumption; that is, the interaction graph needed a directed
spanning tree at each time instant. Moreover, they provided
some simulation examples to illustrate that, under control
protocol (4), the assumption of Lemma 1 could not ensure
the consensus of second-order consensus generally.

Su and Lin compared the cases as above in [34] and
presented a reduced-order idea. They considered the high-
order linear multiagent dynamics as follows:

ẋi = Axi + Bui, 𝑖 = 1, 2, . . . , 𝑚, (5)

where xi ∈ 𝑅𝑛 was the state vector of Agent 𝑖, ui was the
control input the Agent 𝑖, and (A,B) was controllable. By
transforming the system (5) to one-order dynamics, they
presented a control protocol under which the high-order
linear multiagent systems could obtain consensus with a
rather weak topology.

Inspired by [34], we will consider a class of multiagent
systems with 𝑚 agents, which each has 𝑛-order nonlinear
dynamics described by

𝑥(𝑛)𝑖 = 𝑓 (𝑥𝑖) + 𝑏 (𝑥𝑖) 𝑢𝑖, 𝑖 = 1, 2, . . . , 𝑚, (6)

where 𝑥𝑖 ∈ R is the state of agent 𝑖, 𝑢𝑖 ∈ R is the control input
of agent 𝑖, and 𝑓(𝑥𝑖) or 𝑏(𝑥𝑖) is inaccurate.

Denoting 𝑥𝑖1 = 𝑥𝑖, the dynamics (6) can be rewritten as

�̇�𝑖1 = 𝑥𝑖2,
�̇�𝑖2 = 𝑥𝑖3
. . . ,

�̇�𝑖(𝑛−1) = 𝑥𝑖𝑛,
�̇�𝑖𝑛 = 𝑓 (𝑥𝑖) + 𝑏 (𝑥𝑖) 𝑢𝑖, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑚,

(7)

The objective of this study is to design a controller
such that the agents described as the system (6) or (7) can
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achieve consensus under the dynamically switching directed
interaction topologies.

In the following, we will provide some fundamental
knowledge on algebraic graph theory, which will be used in
the development of this research.

Suppose G = {V,E} be a directed graph of 𝑁-th order
with the set of nodes V := {V1, V2, ⋅ ⋅ ⋅ , V𝑁}, and the set of
edges (i.e., ordered pairs of the agents)E ⊆ V×V.Thematrix
A = [𝑎𝑖𝑗]𝑁×𝑁 is named the adjacency matrix of the graph G,
where 𝑎𝑖𝑗 is the weight of Agent 𝑖 to Agent 𝑗. For any 𝑖, 𝑗 ∈ V,𝑎𝑗𝑖 > 0 if and only if 𝑗 ∈ N𝑖, whereN𝑖 = {𝑗|𝑒𝑖𝑗 = (V𝑖, V𝑗) ∈ E}.
In this paper we just consider the case of simple graphs, that
is, 𝑒𝑖𝑖 ∉ E, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑛. The matrixD = [𝑑𝑖𝑗] ∈ R𝑁×𝑁 is the
valency matrix of the topologyG, where 𝑑𝑖𝑗 is defined as

𝑑𝑖𝑗 = {{{
∑
𝑘∈N𝑖(𝑡)

𝑎𝑖𝑘, 𝑗 = 𝑖,
0, 𝑗 ̸= 𝑖. (8)

Moreover, the matrix L = D − A is known as the graph’s
Laplacian matrix.

3. Main Results

This section studies the consensus of themultiagent dynamics
(6).Wewill consider the following scenarios: (I) the dynamics𝑓(𝑥𝑖), 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑚 is inaccurate, but its estimate is known;
(II) the gain 𝑏(𝑥𝑖), 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑚 is inaccurate, but we know
its upper bound and its lower bound.

Before giving our main results, another lemma will be
useful in our study.

Lemma 2 (see [34]). Let 𝑥(𝑡) be a smooth function of 𝑡 and
assume that 𝑥(0), �̇�(0), ⋅ ⋅ ⋅ , 𝑥(𝑛−1)(0) are all bounded. Define

𝑠 (𝑥, 𝑡) = (𝜆 + 𝑑𝑑𝑡)
𝑛−1 𝑥 (𝑡) , (9)

where 𝜆 > 0 is a constant. If there exists a scalar Φ > 0 such
that |𝑠(𝑥(𝑡), 𝑡)| ≤ Φ for all 𝑡 ≥ 0, then there exists a finite 𝑇0,
dependent on the values of 𝑥(0), �̇�(0), ⋅ ⋅ ⋅ , 𝑥(𝑛−1)(0), such that

𝑥(𝑖) (𝑡) ≤ 2𝑖Φ𝜆𝑛−𝑖−1 , 𝑡 ≥ 𝑇0, 𝑖 = 0, 1, ⋅ ⋅ ⋅ , 𝑛 − 1. (10)

3.1. Inaccurate Dynamics in the Systems. First, we consider
the system (6) with undirected topology, assume that 𝑓(𝑥𝑖)
is the estimate of 𝑓(𝑥𝑖), and the error of estimate is subject to𝐹(𝑥𝑖, �̇�𝑖, �̈�𝑖, ⋅ ⋅ ⋅ , 𝑥(𝑛−1)𝑖 ), that is, |𝑓(𝑥𝑖) − 𝑓(𝑥𝑖)| ≤ 𝐹.

Denote

𝑧𝑖 (𝑡) = (𝜆 + 𝑑𝑑𝑡)
𝑛−1 𝑥𝑖 (𝑡) , 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁, (11)

where 𝜆 is a positive number.
Then design the control protocol as

�̂�𝑖 = − 𝑚∑
𝑗=1

𝑎𝑖𝑗 (𝑡) (𝑧𝑖 − 𝑧𝑗) − 𝐶0𝑛−1𝜆𝑛−1𝑥𝑖2 − 𝐶1𝑛−1𝜆𝑛−2𝑥𝑖3
− 𝐶2𝑛−1𝜆𝑛−3𝑥𝑖4 − . . . − 𝐶𝑛−2𝑛−1𝜆𝑥𝑖𝑛 − 𝑓 (𝑥𝑖) ,

(12)

and

𝑢𝑖 = �̂�𝑖 − 𝐹 sgn (𝑧𝑖) , (13)

where

sgn (𝑧𝑖) = {{{
1, 𝑧𝑖 ≥ 0,
0, 𝑧𝑖 < 0, (14)

under the protocol (13), and we have the following result.

Theorem 3. Consider the multiagent system of 𝑚 agents (6)
under the control protocol specified by (13). If the conditions of
Lemma 1 are satisfied, then the distributed control protocol (13)
achieves consensus asymptotically for the multiagent systems
specified by (6) and the consensus is reached at a constant state[𝑐, 0, 0, ⋅ ⋅ ⋅ , 0]𝑇.
Proof. Take derivative for (11), and we have

�̇�𝑖 (𝑡) = 𝑑𝑑𝑡 {(𝜆 + 𝑑𝑑𝑡)
𝑛−1 𝑥𝑖1} = 𝑑𝑑𝑡 {𝐶0𝑛−1𝜆𝑛−1𝑥𝑖1

+ 𝐶1𝑛−1𝜆𝑛−2𝑥𝑖2 + 𝐶2𝑛−1𝜆𝑛−3𝑥𝑖3 + . . . + 𝐶𝑛−2𝑛−1𝜆𝑥𝑖(𝑛−1)
+ 𝑥𝑖𝑛} = 𝐶0𝑛−1𝜆𝑛−1𝑥𝑖2 + 𝐶1𝑛−1𝜆𝑛−2𝑥𝑖3 + 𝐶2𝑛−1𝜆𝑛−3𝑥𝑖4
+ . . . + 𝐶𝑛−2𝑛−1𝜆𝑥𝑖𝑛 + 𝑓 (𝑥𝑖) + 𝑢𝑖
= − ∑
𝑗∈𝑁𝑖(𝑡)

𝑎𝑖𝑗 (𝑧𝑖 − 𝑧𝑗) + 𝑓 − 𝑓 − 𝐹 sgn (𝑧𝑖) ,

(15)

Choose a Lyapunov function candidate

𝑉 (𝑧) = 12𝑧𝑇𝑧, (16)

where 𝑧 = [𝑧1, 𝑧2, ⋅ ⋅ ⋅ , 𝑧𝑚]𝑇; then
�̇� (𝑧) = �̇�𝑇𝑧

= − 𝑚∑
𝑖=1

( 𝑚∑
𝑗=1

𝑎𝑖𝑗 (𝑧𝑖 − 𝑧𝑗) 𝑧𝑗 + (𝑓 − 𝑓) 𝑧𝑖 − 𝐹 𝑧𝑖)

≤ − 𝑚∑
𝑖=1

( 𝑚∑
𝑗=1

𝑎𝑖𝑗 (𝑧𝑖 − 𝑧𝑗) 𝑧𝑗 + 𝑓 − 𝑓 𝑧𝑖 − 𝐹 𝑧𝑖)

= − 𝑚∑
𝑖=1

( 𝑚∑
𝑗=1

𝑎𝑖𝑗 (𝑧𝑖 − 𝑧𝑗) 𝑧𝑗 + (𝑓 − 𝑓 − 𝐹) 𝑧𝑖)
≤ − 𝑚∑
𝑗=1

𝑚∑
𝑖=1

𝑎𝑖𝑗 (𝑧𝑖 − 𝑧𝑗) 𝑧𝑗 = −12
𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑎𝑖𝑗 (𝑧𝑖 − 𝑧𝑗)2
≤ 0,

(17)

due to |𝑓 − 𝑓| ≤ 𝐹.
Letting �̇�(𝑧) = 0, that is, ∑𝑚𝑖=1∑𝑚𝑗=1 𝑎𝑖𝑗(𝑧𝑖 − 𝑧𝑗)2 = 0, we

have 𝑧𝑖 = 𝑧𝑗, 𝑖, 𝑗 = 1, 2, . . . , 𝑚. According to LaSalle invariant
set, the systems converge to the state 𝑧𝑖 = 𝑧𝑗, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑚.



4 Mathematical Problems in Engineering

On the other hand, (11) implies 𝑧𝑖(𝑡) − 𝑧𝑗(𝑡) = (𝜆 +𝑑/𝑑𝑡)𝑛−1(𝑥𝑖1(𝑡) − 𝑥𝑗1(𝑡)). Since 𝑧𝑖, 𝑧𝑗, 𝑖, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑚
achieves consensus asymptotically, then ∀𝜖 > 0, ∃𝑇1 > 0,
such that when 𝑡 > 𝑇1, |𝑧𝑖(𝑡) − 𝑧𝑗(𝑡)| < 𝜖. According to
Lemma 2, there exists a finite 𝑇0 > 𝑇1, dependent on the
values of 𝑥𝑖(𝑇1), �̇�𝑖(𝑇1), ⋅ ⋅ ⋅ , 𝑥(𝑛−1)𝑖 (𝑇1), 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁, such
that𝑥(𝑘)𝑖1 (𝑡) − 𝑥(𝑘)𝑗1 (𝑡) ≤ 2𝑘𝜖/𝜆𝑛−𝑘−1,

𝑡 ≥ 𝑇0, 𝑘 = 0, 1, ⋅ ⋅ ⋅ , 𝑛 − 1, (18)

which implies that

𝑥𝑖𝑠 (𝑡) − 𝑥𝑗𝑠 (𝑡) ≤ 𝜖0, 𝑡 ≥ 𝑇0, 𝑠 = 1, 2, ⋅ ⋅ ⋅ , 𝑛, (19)

where 𝜖0 = max{2𝑘𝜖/𝜆𝑛−𝑘−1, 𝑘 = 0, 1, ⋅ ⋅ ⋅ , 𝑛 − 1} is an arbi-
trarily small positive number, which implies that 𝑥𝑖(𝑡)
achieves consensus asymptotically.

Consider the dynamics (7), since 𝑥𝑖(𝑡) achieves consensus
asymptotically, it is easy to obtain that

lim
𝑡→+∞

�̇�𝑖𝑘 = 0, 𝑘 = 1, 2, . . . , 𝑛, (20)

which implies that 𝑥𝑖1 → 𝑐 and 𝑥𝑖𝑘 → 0, 𝑘 = 2, 3, ⋅ ⋅ ⋅ , 𝑛,
thus, 𝑥𝑖 → [𝑐, 0, 0, ⋅ ⋅ ⋅ , 0]𝑇.

However, the terms 𝐹 sgn(𝑧𝑖) have a strong flutter, which
may need a strong control power. Next, we will consider the
stable under any precision.

Definition 4. The system �̇� = 𝑓(𝑥) is said to any precision
stable if for any designated 𝜖0, there exists 𝑇, such that‖𝑥(𝑡)‖ < 𝜖0, when 𝑡 > 𝑇.

Consider the set 𝐵(𝑡) = {𝑥|𝑠(𝑥, 𝑡) ≤ Φ}, where Φ > 0 is
the precision of system state. Letting

𝑢𝑖 = �̂�𝑖 − 𝐹 sat(𝑧𝑖Φ) , (21)

where 𝑢𝑖 is the same as (12),

sat(𝑧𝑖Φ) = {{{
𝑧𝑖Φ, 𝑧𝑖 ≤ Φ,
sgn (𝑧𝑖) , 𝑧𝑖 > Φ, (22)

under the control protocol (21), we have the following
theorem.

Theorem 5. Consider the multiagent system of 𝑚 agents (6),
which is steered by the control protocol specified by (21). If
the conditions of Lemma 1 are satisfied, then the protocol (21)
achieves any precision stable for the multiagent systems speci-
fied by (6).

Proof. When |𝑧𝑖|/Φ > 0,
𝑢𝑖 = �̂�𝑖 − 𝐹 sgn (𝑧𝑖) , (23)

from the proof ofTheorem 3, the dynamics are convergent to
the invariant set 𝐵(𝑡); that is, there exists a constant 𝑇0, when𝑡 > 𝑇0, 𝑧𝑖(𝑥𝑖, 𝑡) ≤ Φ. According to Lemma 2,

𝑥(𝑖) (𝑡) ≤ 2𝑖Φ𝜆𝑛−𝑖−1 , 𝑡 ≥ 𝑇0, 𝑖 = 0, 1, ⋅ ⋅ ⋅ , 𝑛 − 1. (24)

Thus, 𝑥𝑖(𝑡) ≤ Φ/𝜆𝑛−1 for 𝑖 = 1, 2, . . . , 𝑚.

3.2. Inaccurate Gain in the Systems. Consider system (6) with
the inaccurate gain, that is, 𝑏(𝑥) is unknown, but we know its
bounds, 𝑏 ≤ 𝑏(𝑥𝑖) ≤ 𝑏, 𝑖 = 1, 2, . . . , 𝑁, where 𝑏 and 𝑏 are
positive constant number.

Denoting �̂� = √𝑏𝑏, and designing

𝑢𝑖 = −�̂�−1 𝑁∑
𝑗=1

(𝑠𝑖 − 𝑠𝑗) − 𝐶0𝑛−1𝜆𝑛−1𝑥𝑖2 − 𝐶1𝑛−1𝜆𝑛−2𝑥𝑖3
− 𝐶2𝑛−1𝜆𝑛−3𝑥𝑖4 − . . . − 𝐶𝑛−2𝑛−1𝜆𝑥𝑖𝑛 − 𝑓 (𝑥𝑖) ,

(25)

then system (6) can be rewritten as

̇𝑠𝑖 = − 𝑁∑
𝑗=1

𝑏 (𝑥𝑖) �̂�−1𝑎𝑖𝑗 (𝑠𝑖 − 𝑠𝑗) (26)

Letting 𝛽 = √𝑏/𝑏, then 𝛽 > 1. Since 𝑏 ≤ 𝑏(𝑥𝑖) ≤ 𝑏, then𝛽−1 ≤ 𝑏(𝑥𝑖)�̂�−1 ≤ 𝛽
The control protocol (12) with (11) is constructed by

PD Control, which can bring in steady-state error. Thus,
another control protocol is designed in order to overcome this
deficiency.

Letting

𝑧𝑖 (𝑡) = (𝜆 + 𝑑𝑑𝑡)
𝑛 ∫𝑡
0
𝑥𝑖 (𝑟) 𝑑𝑟, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁, (27)

the control protocol is designed as follows:

𝑢𝑖 = − ∑
𝑗∈𝑁𝑖(𝑡)

𝑎𝑖𝑗 (𝑧𝑖 − 𝑧𝑗) − 𝐶0𝑛𝜆𝑛𝑥𝑖1 − 𝐶1𝑛𝜆𝑛−1𝑥𝑖2
− 𝐶2𝑛𝜆𝑛−2𝑥𝑖3 − . . . − 𝐶𝑛−1𝑛 𝜆𝑥𝑖𝑛 − 𝑓 (𝑥𝑖) ,

(28)

and we have the following conclusion.

Theorem 6. Consider the multiagent system of 𝑚 agents (6),
which is steered by the control protocol specified by (28). If and
the consensus is reached at a constant state [𝑐, 0, 0, ⋅ ⋅ ⋅ , 0]𝑇. If
the conditions of Lemma 1 are satisfied, then the distributed
control protocol (28) achieves consensus asymptotically for the
multiagent systems specified by (6).
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Proof. Since

�̇�𝑖 (𝑡) = 𝑑𝑑𝑡 {(𝜆 + 𝑑𝑑𝑡)
𝑛 ∫𝑡
0
𝑥𝑖 (𝑟) 𝑑𝑟}

= 𝑑𝑑𝑡 {𝐶0𝑛𝜆𝑛 ∫
𝑡

0
𝑥𝑖 (𝑟) 𝑑𝑟 + 𝐶1𝑛𝜆𝑛−1𝑥𝑖1 + 𝐶2𝑛𝜆𝑛−2𝑥𝑖2

+ . . . + 𝐶𝑛−1𝑛 𝜆𝑥𝑖(𝑛−1) + 𝐶𝑛𝑛𝑥𝑖𝑛} = 𝐶0𝑛𝜆𝑛𝑥𝑖1
+ 𝐶1𝑛𝜆𝑛−1𝑥𝑖2 + 𝐶2𝑛𝜆𝑛−2𝑥𝑖3 + . . . + 𝐶𝑛−1𝑛 𝜆𝑥𝑖𝑛 + �̇�𝑖𝑛
= 𝐶0𝑛𝜆𝑛𝑥𝑖1 + 𝐶1𝑛𝜆𝑛−1𝑥𝑖2 + 𝐶2𝑛𝜆𝑛−2𝑥𝑖3 + . . .
+ 𝐶𝑛−1𝑛 𝜆𝑥𝑖𝑛 + 𝑓 (𝑥𝑖) + 𝑢𝑖 = − ∑

𝑗∈𝑁𝑖(𝑡)

𝑎𝑖𝑗 (𝑧𝑖 − 𝑧𝑗)

(29)

according to Lemma 1, the dynamics (29) can achieve
consensus asymptotically if there exist infinite sequence
of uniformly bounded, nonoverlapping time intervals[𝑡𝑖𝑗 , 𝑡𝑖𝑗+𝑙𝑗), 𝑙𝑗 ∈ [1, 𝑖𝑗+1 − 𝑖𝑗), 𝑗 = 1, 2, ⋅ ⋅ ⋅ starting at 𝑡𝑖1 = 𝑡0,
with the property that each interval [𝑡𝑖𝑗+𝑙𝑗 , 𝑡𝑖𝑗+1) is uniformly
bounded and the union of the directed graphs across each
interval [𝑡𝑖𝑗+𝑙𝑗 , 𝑡𝑖𝑗+1) has a spanning tree.

On the other hand, (27) implies 𝑧𝑖(𝑡) − 𝑧𝑗(𝑡) = (𝜆 +
𝑑/𝑑𝑡)𝑛(∫𝑡

0
(𝑥𝑖1(𝑟)−𝑥𝑗1(𝑟))𝑑𝑟). Since the dynamics (29) achieve

consensus asymptotically, then ∀𝜖 > 0, ∃𝑇1 > 0, such that
when 𝑡 > 𝑇1, |𝑧𝑖(𝑡) − 𝑧𝑗(𝑡)| < 𝜖. According to Lemma 2,
there exists a finite 𝑇0 > 𝑇1, dependent on the values
of ∫𝑇1
0
𝑥𝑖(𝑟)𝑑𝑟, 𝑥𝑖(𝑇1), �̇�𝑖(𝑇1), ⋅ ⋅ ⋅ , 𝑥(𝑛−1)𝑖 (𝑇1), 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁,

such that

∫
𝑡

0
(𝑥𝑖1 (𝑟) − 𝑥𝑗1 (𝑟)) 𝑑𝑟 ≤ 𝜖𝜆𝑛 , 𝑡 ≥ 𝑇0 (30)

and

𝑥(𝑘)𝑖1 (𝑡) − 𝑥(𝑘)𝑗1 (𝑡) ≤ 2𝑘𝜖𝜆𝑛−𝑘−1 ,
𝑡 ≥ 𝑇0, 𝑘 = 0, 1, ⋅ ⋅ ⋅ , 𝑛 − 1.

(31)

According to the proof of Theorem 3, (31) implies

𝑥𝑖𝑠 (𝑡) − 𝑥𝑗𝑠 (𝑡) ≤ 𝜖0, 𝑡 ≥ 𝑇0, 𝑠 = 1, 2, ⋅ ⋅ ⋅ , 𝑛. (32)

where 𝜖0 = max{2𝑘𝜖/𝜆𝑛−𝑘−1, 𝑘 = 0, 1, ⋅ ⋅ ⋅ , 𝑛 − 1} is an
arbitrarily small positive number, which implies that 𝑥𝑖(𝑡)
achieves consensus asymptotically.

Consider the dynamics (7); since 𝑥𝑖(𝑡) achieves consensus
asymptotically, it is easy to obtain that

lim
𝑡→+∞

�̇�𝑖𝑘 = 0, 𝑘 = 1, 2, . . . , 𝑛, (33)

which implies that 𝑥𝑖1 → 𝑐 and 𝑥𝑖𝑘 → 0, 𝑘 = 2, 3, ⋅ ⋅ ⋅ , 𝑛,
thus, 𝑥𝑖 → [𝑐, 0, 0, ⋅ ⋅ ⋅ , 0]𝑇.

Figure 1: The topology of switching directed graph.

Remark 7. The method provided in this research is suitable
for heterogeneous multiagent systems:

𝑥(𝑛)𝑖 = 𝑓𝑖 (𝑥𝑖) + 𝑢𝑖, 𝑖 = 1, 2, . . . , 𝑚, (34)

only if the control protocol is designed as

𝑢𝑖 = − ∑
𝑗∈𝑁𝑖(𝑡)

𝑎𝑖𝑗 (𝑧𝑖 − 𝑧𝑗) − 𝐶0𝑛𝜆𝑛𝑥𝑖1 − 𝐶1𝑛𝜆𝑛−1𝑥𝑖2
− 𝐶2𝑛𝜆𝑛−2𝑥𝑖3 − . . . − 𝐶𝑛−1𝑛 𝜆𝑥𝑖𝑛 − 𝑓𝑖 (𝑥𝑖) .

(35)

4. Illustrative Examples

In this section, we provide an illustrative example to show
how to use the method in this research to design control
protocol for the consensus of this class of multiagent systems.

Example 1. Consider the following 5-agent system running
on a circle:

�̇�𝑖1 = 𝑥𝑖2,
�̇�𝑖2 = 𝑥𝑖3,
𝑥𝑖3 = 3∑

𝑗=1

𝑥2𝑖𝑗 + 𝑢𝑖, 𝑖 = 1, 2, 3, 4, 5,
(36)

whose topology is shown as Figure 1, {𝐺𝑎, 𝐺𝑏, 𝐺𝑐, 𝐺𝑑} is
the set of switching directed graph, it is easy to see that
each of them does not obtain a spanning tree. To show
the correctness of the above conclusion, we carry out the
following numerical simulations. The dynamics start at 𝐺𝑎
and switch to the next one after 𝑇 = 0.01, and the switching
rules of network topology are as follows: 𝐺𝑎 → 𝐺𝑏 → 𝐺𝑐 →𝐺𝑑 → 𝐺𝑎 → 𝐺𝑏 ⋅ ⋅ ⋅ . It is easy to see that the union graph
of the dynamics system (36) has a spanning tree frequently
enough.
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Figure 2: The states of agents under the control protocol (37).

Design the control protocol

𝑢𝑖 = − ∑
𝑗∈𝑁𝑖(𝑡)

(𝑧𝑖 − 𝑧𝑗) − 𝐶02𝜆2𝑥𝑖2 − 𝐶12𝜆𝑥𝑖3 − 3∑
𝑗=1

𝑥2𝑖𝑗,
𝑖 = 1, 2, 3, 4, 5,

(37)

where 𝑧𝑖(𝑡) = (𝜆 + 𝑑/𝑑𝑡)2𝑥𝑖(𝑡). Herein, let 𝜆 = 1 and initial
condition 𝑥1(0) = [25, 15, 10]𝑇, 𝑥2(0) = [30, 5, 12]𝑇, 𝑥3(0) =[−5, 20, 8]𝑇, 𝑥4(0) = [−8, 7, 3]𝑇, 𝑥5(0) = [0, 12, 20]𝑇.

The simulation results are shown in Figure 2, from which
we can see that the states of the 5 agents eventually converge
to the same value under the protocol (37) and the final result
coincides with the theoretical analysis. Simulation shows that
ourmethod is very effective in analyzing the consensus of this
kind of multiagent system (36).

In the following, we consider Example 1 with the same
switching topology and the same switching rules and design
a control protocol obtaining the integration as follows:

𝑢𝑖 = − ∑
𝑗∈𝑁𝑖(𝑡)

(𝑧𝑖 − 𝑧𝑗) − 𝐶03𝜆3 ∫𝑡
0
𝑥𝑖1 (𝑟) 𝑑𝑟 − 𝐶13𝜆2𝑥𝑖1

− 𝐶23𝜆𝑥𝑖2 − 𝐶23𝑥𝑖3 − 3∑
𝑗=1

𝑥2𝑖𝑗,
(38)

Under the same initial conditions and 𝜆 = 1, the simulation
results are shown in Figure 3, from which we can see that the
agents converge to each other under the control protocol (38).

5. Conclusion

In this paper, the consensus control of a class of high-order
nonlinear multiagent systems was investigated, whose topol-
ogy switched dynamically, and we obtained some consensus
results on this class of multiagent systems. Herein, a rather
weak topology condition was given for the consensus of
nonlinear multiagent systems with switching structure, and
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Figure 3: The states of agents under the control protocol (38).

two control protocols, one of which was based on PD and
the other was based on PID, were presented for this class
of systems, and the stabilization was proved; furthermore,
a reduced-order method was used to handle the high-order
dynamics system, which simplify the difficulty of problem.
Simulations showed that our results as well as designed
control protocols worked very well in studying the consensus
of this class of multiagent systems. However, we just take a
step for this class of systems, and some questions, such as
how to obtain the estimate 𝑓(𝑥), will be considered in our
subsequent research.
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The problem of exponential Lagrange stability analysis of Markovian jump neural networks with leakage delay and mixed time-
varying delays is studied in this paper. By utilizing the Lyapunov functional method, employing free-weighting matrix approach
and inequality techniques in matrix form, we establish several novel stability criteria such that, for all admissible parameter
uncertainties, the suggested neural network is exponentially stable in Lagrange sense. The derived criteria are expressed in terms
of linear matrix inequalities (LMIs). A numerical example is provided to manifest the validity of the proposed results.

1. Introduction

It is known that stability is an important research topic in the
mathematical field [1–13]. As a special class of mathematical
models, neural networks are similar to the brain synapses link
structure; neural networks possess multiple dynamic behav-
iors [14]. For these reasons, neural frameworks have received
considerable attention as a result of their intensive applica-
tions in determination of some optimization issue, associative
memory, classification of patterns, and other areas [15–18].
Since axonal signal transmission time delays often occur in
various neural networks and may also cause undesirable dy-
namic network behaviors such as oscillation and instability,
thus, it is important to study the stability of neural networks.
Many practical network systems, such as image processing,
communication, fault diagnosis, fixed-point computations,
parallel computations, and industrial automation, can be
modeled as neural networks (NNs) with time delays [19, 20].

Time-varying delays are used to indicate the promoted
speed of signals is finite and uncertain in systems [21–28].
Noting that while signal propagation is sometimes instanta-
neous and can bemodeled with discrete delays, it may also be

distributed during a certain time period so that distributed
delays are incorporated into the model [29]. Thus, the issue
of stability analysis for neural framework with time-varying
delays is investigated via LMI technique by many authors
[30–34]. Very recently, a leakage delay, which is the time
delay in leakage term of the systems and a considerable factor
affecting dynamics for the worse in the systems, has been
applied to use in studying the problem of stability for neural
networks [35–37]. In fact, the leakage term has also a great
impact on the dynamical behavior of neural networks. The
authors in [38] investigated the stability problem of neural
networks with leakage delays and impulses: a piecewise delay
method.

When one models real nervous systems, random dis-
turbance and parameter uncertainties are a unit ineluctable
to be thought about. As a result, the connection weights of
the neuron depend upon bound resistance and capacitance
values that embody uncertainties [34].Therefore, it is of great
importance to consider the random effect on the stability
of neural frameworks with parameter uncertainties [39–
41]. On the other hand, Markovian jump neural networks
can be regarded as a special class of hybrid systems, which
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can model dynamic systems whose structures are subject to
randomabrupt parameter changes resulting from component
or interconnection failures, sudden environment changes,
changing subsystem interconnections, and so forth [42–45].
A neural network has limited modes, which may jump from
one to another at various periods. Thus, neural networks
with such a jumping character may transform to each other,
according to a Markovian chain [44, 46].

Applications of this kind of neural networks can be
found in modeling production systems, economic systems,
and other practical systems. But in practice applications, for
example, the state of electronic networks is often subject to
instantaneous changes at certain instants, this is impulsive
phenomenon. Impulsive neural network model belongs to
new category of dynamical systems, which is neither contin-
uous nor discrete ones. Examples of impulsive phenomena
can also be found in other fields of automatic control system,
artificial intelligence, robotics, etc. As we know, neural net-
works could be stabilized or destabilized by impulsive phe-
nomena [44, 47]. The presence of impulse means that the
state trajectory does not preserve the basic properties. One
of the most desirable properties of neural framework is the
Lyapunov global stability. From a dynamical system point of
view, globally stable networks in Lyapunov sense are mono-
stable systems, which have a unique equilibrium attracting all
trajectories asymptotically.

However, the equilibrium sometimes does not exist in
many real physical systems. When a neural network is used
as an associative memory storage or for pattern recognition,
the existence of many equilibriums is also necessary. On the
other hand, monostable neural networks have been found to
be computationally restrictive and multistable dynamics are
essential to deal with important neural computations desired.
For example, only the neuron with the strongest input should
remain active in a winner-take-all network depending on
the external input [48, 49]. This is possible only if there are
multiple equilibria with some being unstable. As we know,
Lagrange stability is one of the most important properties
in multistability analysis of the total system which does
not require the information of equilibriums [50–54]. The
boundedness of solutions and the existence of globally attrac-
tive sets lead to a total system concept of stability: (asymp-
totic) Lagrange stability [55, 56]. Hence we concentrate on
studying Lagrange stability of the neural networkswithmixed
time-varying delays and leakage delay in the presence of un-
certainties.

Motivated by the above discussions, it is necessary to
study the stability properties in Lagrange sense for impulsive
neural networks with parameter uncertainties. To the best
of our knowledge, there are no published papers on the
Lagrange stability analysis of uncertain Markovian jump
neural networks with mixed time-varying delays and leakage
delay. To fill this gap, we try to perform an exponential
stability in Lagrange sense analysis of conceded neural frame-
works with mixed time-varying delays and parameter uncer-
tainties. By using novel Lyapunov-Krasovskii functionals
together with the zero function, we establish the Lagrange
stability of the neural networks with parameter uncertainties.
In particular, these sufficient conditions are communicated as

far as LMIs that can be solved numerically. Finally, a nume-
rical illustration is given to demonstrate the adequacy of the
obtained results.

Notation. R𝑛 denotes the n-dimensional Euclidean space and
R𝑚×𝑛 is the set of all𝑚 × 𝑛 real matrices. The superscript 𝑇
denotes matrix transposition and A ≥ B (respectively, A <
B) where A and B are symmetric matrices (respectively,
positive definite); ‖ ⋅ ‖ denotes the Euclidean norm inR𝑛. IfQ
is a squarematrix, denoted by𝜆max(Q) (respectively,𝜆min(Q))
it means the largest (respectively, smallest) eigenvalue of Q.
Moreover, let (Ω,F, {F𝑡}𝑡≥0,P) be a complete probability
space with a filtration {F𝑡}𝑡≥0 satisfying the usual conditions
(i.e., the filtration contains all P-null sets and is right-
continuous). The asterisk ∗ in a symmetric matrix is used to
denote term that is induced by symmetry; diag(⋅) stands for
the diagonal matrix; 𝐼 and 0 denote the identity matrix and
zero matrix of appropriate dimensions, respectively.

2. Problem Formulation and Preliminaries

Given a complete probability space {Ω,F, {F𝑡}𝑡≥0,P} with
a natural filtration {F𝑡}𝑡≥0 satisfying the usual conditions,
where Ω is the sample space, F is the algebra of events, and
P is the probability measure defined on F, let {𝑟𝑡, 𝑡 ≥ 0}
be a right-continuous Markovian chain on the probability
space (Ω,F, {F𝑡}𝑡≥0,P) taking values in the finite space S ={1, 2, . . . , 𝑚} with generatorΦ = {𝜙𝑘𝑗}𝑚×𝑚 (𝑘, 𝑗 ∈ 𝑆) given by

P {𝑟(𝑡+Δ) = 𝑗 | 𝑟𝑡 = 𝑘}
= {{{

𝜙𝑘𝑗Δ + 0 (Δ) , if 𝑘 ̸= 𝑗,
1 + 𝜙𝑘𝑘Δ + 0 (Δ) , if 𝑘 = 𝑗.

(1)

Here Δ > 0 and 𝜙𝑘𝑗 ≥ 0 is the transition rate from 𝑘 to 𝑗 if𝑗 ̸= 𝑘, while 𝜙𝑘𝑘 = −∑𝑗 ̸=𝑘 𝜙𝑘𝑗.
We consider the Markovian jump uncertain neural net-

works with both time-varying discrete delays and distributed
delays as well as leakage delay and impulsive perturbations:

̇𝜂 (𝑡) = −B (𝑟𝑡) 𝜂 (𝑡 − 𝜌) +D0 (𝑟𝑡) 𝑓 (𝜂 (𝑡))
+D1 (𝑟𝑡) 𝑓 (𝜂 (𝑡 − 𝜏 (𝑡)))
+D2 (𝑟𝑡) ∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠 +J, 𝑡 ̸= 𝑡ℎ

Δ𝜂 (𝑡ℎ) = −Hℎ (𝑟𝑡) {𝜂 (𝑡−ℎ) −B (𝑟𝑡) ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠} ,

𝑡 = 𝑡ℎ, ℎ ∈ Z+

(2)

where 𝜂(𝑡) ∈ R𝑛 stands for the neuron state vector of the
system; 𝑓(⋅) ∈ R𝑛 is the nonlinear activation function,
respectively,J = (J1,J2, . . . ,J𝑛)𝑇 ∈ R𝑛 is an external input
vector;B(𝑟𝑡) = diag(𝑏1(𝑟𝑡), 𝑏2(𝑟𝑡), . . . , 𝑏𝑛(𝑟𝑡)) is self-feedback
parameter matrix of the neurons, where 𝑏𝑖(𝑟𝑡) > 0; D0(𝑟𝑡) =[𝑑0(𝑟𝑡)]𝑛×𝑛 ∈ R𝑛×𝑛,D1(𝑟𝑡) = [𝑑1(𝑟𝑡)]𝑛×𝑛 ∈ R𝑛×𝑛,D2(𝑟𝑡) =[𝑑2(𝑟𝑡)]𝑛×𝑛 ∈ R𝑛×𝑛 are connection weight matrices. Also,
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Hℎ(𝑟𝑡) is the impulses gain matrix at the moment of time𝑡ℎ. The discrete set {𝑡ℎ} satisfies 0 = 𝑡0 < 𝑡1 < ⋅ ⋅ ⋅ <𝑡ℎ < ⋅ ⋅ ⋅ , limℎ→∞𝑡ℎ. 𝜂(𝑡−ℎ ) denotes the left-hand limits at 𝑡ℎ.
Similarly, 𝜂(𝑡+ℎ ) denotes the right-hand limits at 𝑡ℎ. 𝜌 is the
leakage delay, 𝜏(𝑡) is the discrete time-varying delay, and 𝑑(𝑡)
is the distributed time-varying delay.

The initial condition associated with model (2) is 𝜂(𝑠) =𝜓(𝑠), where 𝑠 ∈ [−𝛽, 0], and𝜓 is differentiable on [−𝛽, 0], and𝛽 = max{𝜌, 𝜏, 𝑑}.
The time-varying delays 𝜏(𝑡) and 𝑑(𝑡) satisfy

0 ≤ 𝜏 (𝑡) ≤ 𝜏,
0 ≤ 𝑑 (𝑡) ≤ 𝑑, (3)

where 𝜏 and 𝑑 are constants.
Here B(𝑟𝑡) = B(𝑟𝑡) + ΔB(𝑟𝑡),D0(𝑟𝑡) = D0(𝑟𝑡) +ΔD0(𝑟𝑡),D1(𝑟𝑡) = D1(𝑟𝑡) + ΔD1(𝑟𝑡) and D2(𝑟𝑡) = D2(𝑟𝑡) +ΔD2(𝑟𝑡). ΔB(𝑟𝑡), ΔD0(𝑟𝑡), ΔD1(𝑟𝑡), and ΔD2(𝑟𝑡) are real-

valued unknown matrices representing time-varying param-
eter uncertainties and are assumed to be of the form

[ΔB (𝑟𝑡) ΔD0 (𝑟𝑡) ΔD1 (𝑟𝑡) ΔD2 (𝑟𝑡)]
= M (𝑟𝑡) 𝐹 (𝑟𝑡) [N𝑏 (𝑟𝑡) N0 (𝑟𝑡) N1 (𝑟𝑡) N2 (𝑟𝑡)] (4)

where M(𝑟𝑡),N𝑏(𝑟𝑡),N0(𝑟𝑡),N1(𝑟𝑡), and N2(𝑟𝑡) are known
real constant matrices for all 𝑟𝑡 ∈ 𝑆 and 𝐹(𝑟𝑡) is the uncertain
time-varying matrix satisfying 𝐹𝑇(𝑟𝑡)𝐹(𝑟𝑡) = 𝐼, ∀𝑟𝑡 ∈ 𝑆.
Assumption (A). There is a positive diagonal matrix L =
diag{𝑙1, 𝑙2, . . . , 𝑙𝑛} such that 𝑓(0) = 0 and

𝑓 (𝛽1) − 𝑓 (𝛽2) ≤ L
𝛽1 − 𝛽2 (5)

for 𝛽1 ̸= 𝛽2.
For convenience, each possible value of 𝑟𝑡 is denoted by𝑘, 𝑘 ∈ 𝑆 in the sequel. Then we have B𝑘 = B(𝑟𝑡),D0𝑘 =

D0(𝑟𝑡),D1𝑘 = D1(𝑟𝑡),D2𝑘 = D0(𝑟𝑡),Hℎ𝑘 = Hℎ(𝑟𝑡).
Definition 1 (see [57]). The neural network (2) is said to be
uniformly stable in Lagrange sense, if, for any 𝛿 > 0, there is
a positive constant𝐻 = 𝐻(𝛿) > 0 such that ‖𝜂(𝑡, 𝜓)‖ < 𝐻 for
any 𝜓 ∈ 𝑅𝛿 = {𝜓 ∈ 𝐶([−𝛽, 0],R𝑛) : ‖𝜓‖ < 𝐻, 𝑡 ≥ 0}.
Definition 2 (see [57]). If there exists a radially unbounded
and positive definite function𝑉(⋅), a nonnegative continuous
function 𝐻(⋅), and two positive constants 𝛾 and 𝜀 such that,
for any solution 𝜂(𝑡) of neural network (2), 𝑉(𝜂(𝑡)) > 𝛾
implies𝑉(𝜂(𝑡))−𝛾 ≤ 𝐻(𝜓)𝑒−𝜀𝑡 for any 𝑡 ≥ 0 and𝜓 ∈ 𝑅𝛿, then
the neural network (2) is said to be globally exponentially
attractive (GEA) with respect to𝑉(𝜂(𝑡)), and the compact set
Ω = {𝜂(𝑡) ∈ R𝑛 : 𝑉(𝜂(𝑡)) ≤ 𝛾} is said to be a GEA set of (2).

Definition 3 (see [57]). The neural network (2) is globally
exponentially stable (GES) in Lagrange sense, if it is both
uniformly stable in Lagrange sense andGEA. If there is a need
to emphasize the Lyapunov-like functions, the neural net-
work will be called GES in Lagrange sense with respect to𝑉.

Definition 4 (see [44]). The function 𝑉 : [𝑡0,∞) × R𝑛 × 𝑆 →
R+ belongs to class 𝜓0 if (a) the function 𝑉 is continuous on
each of the sets [𝑡ℎ−1, 𝑡ℎ) ×R𝑛 × 𝑆 and for all 𝑡 ≥ 𝑡0,𝑉(𝑡, 0, 𝑖) ≡0, 𝑖 ∈ 𝑆; (b)𝑉(𝑡, 𝑥, 𝑖) is locally Lipschitzian in 𝑥 ∈ R𝑛, 𝑖 ∈ 𝑆;
(c) for each ℎ = 1, 2, . . . and 𝑖, 𝑗 ∈ 𝑆, there exist finite limits

lim
(𝑡,𝑧,𝑗)→(𝑡−

ℎ
,𝑥,𝑖)

𝑉 (𝑡−ℎ , 𝑥, 𝑖) and lim
(𝑡,𝑧,𝑗)→(𝑡+

ℎ
,𝑥,𝑗)

𝑉 (𝑡+ℎ , 𝑥, 𝑗) (6)

with 𝑉(𝑡+ℎ , 𝑥, 𝑗) = 𝑉(𝑡ℎ, 𝑥, 𝑗) satisfied.
Lemma 5 (see [58]). Let 𝜂, 𝜇 ∈ R𝑛,R be a positive definite
matrix; then the following inequality holds:

𝜂𝑇𝜇 + 𝜇𝑇𝜂 ≤ 𝜂𝑇R−1𝜂 + 𝜇𝑇R𝜇. (7)

Lemma 6 (see [59]). For any constant matrix R > 0, any
scalars 𝛼 and 𝛽 with 𝛼 < 𝛽, and a vector function 𝜂(𝑡) :[𝛼, 𝛽] → R such that the integrals concerned are well defined,
the following inequality holds:

[∫𝛽

𝛼
𝜂 (𝑠) 𝑑𝑠]𝑇R[∫𝛽

𝛼
𝜂 (𝑠) 𝑑𝑠]

≤ (𝛽 − 𝛼)∫𝛽

𝛼
𝜂𝑇 (𝑠)R𝜂 (𝑠) 𝑑𝑠.

(8)

Lemma 7 (see [59]). The LMI R = (R11 R12
R𝑇
12

R22
) < 0 with

R11 = R𝑇
11, R22 = R𝑇

22 is equivalent to one of the following
conditions:

(𝑖) R22 < 0, R11 −R12R
−1
22R

𝑇
12 < 0;

(𝑖𝑖) R11 < 0, R22 −R
𝑇
12R

−1
11R12 < 0. (9)

Lemma 8 (see [57]). Let 𝑉(𝑡) ∈ 𝐶([0, +∞),R), and there are
two positive constants 𝛿 and 𝜌 such that

𝐷+𝑉 (𝑡) ≤ −𝛿𝑉 (𝑡) + 𝜌, 𝑡 ≥ 0, (10)

and then

𝑉 (𝑡) − 𝛿𝜌 ≤ (𝑉 (0) − 𝛿𝜌) 𝑒−𝛿𝑡, 𝑡 ≥ 0. (11)

In particular, if 𝑉(𝑡) ≥ 𝛿/𝜌 for 𝑡 ≥ 0, then 𝑉(𝑡) exponentially
approaches 𝜌/𝛿 as t increases.
Lemma 9 (see [60]). Let D,E, and F(𝑡) be real matrices of
appropriate dimensions, and F(𝑡) satisfies F𝑇(𝑡)F(𝑡) = 𝐼.
Then, the following inequality holds for any constant 𝜀 > 0:

DF (𝑡)E +E
𝑇
F

𝑇 (𝑡)D𝑇 = 𝜀DD
𝑇 + 𝜀−1E𝑇

E. (12)

3. Main Results

The following theorem presents a Lagrange stability con-
dition for the Markovian jump neural networks (2) with
uncertainties (i.e., ΔB(𝑟𝑡) ̸= 0, ΔD0(𝑟𝑡) ̸= 0, ΔD1(𝑟𝑡) ̸=0, ΔD2(𝑟𝑡) ̸= 0).
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Theorem 10. Under assumption (A), for given constants𝜏, 𝑑, 𝛿 > 0, there exist positive definite matrices W1,W2,W3,
W4,R1𝑘,R2,R3, positive diagonal matrices Q,S, and
any appropriate dimensional matrices P1,P2,X11,X12,
X13,X22,X23,X33 such that the following linear matrix
inequalities (LMIs) hold:

X = [[
[
X11 X12 X13∗ X22 X23∗ ∗ X33

]]
]
> 0, (13)

[R1𝑘 (𝐼 −Hℎ𝑘)𝑇R1𝑙∗ R1𝑙

] ≥ 0,
ℎ ∈ Z+, [here 𝑟𝑡ℎ = 𝑙]

(14)

Ψ = Ψ(𝑟,𝑠) < 0
(𝑟, 𝑠 = 1, 2, . . . , 14) , (15)

where

Ψ1,1 = −R1𝑘B𝑘 −B𝑘R1𝑘 + 𝛿R1𝑘 + 𝑚∑
𝑗=1

𝜙𝑘𝑗R1𝑗

+ 𝛿R2 + 𝜏X11 +X13 +X
𝑇
13 +LQL

+ 𝜀2N𝑇
𝑏𝑘N𝑏𝑘,

Ψ1,2 = 𝜏X12 −X13 +X
𝑇
23,

Ψ1,3 = R1𝑘D0𝑘 − 𝜀2N𝑇
𝑏𝑘N0𝑘,

Ψ1,4 = R1𝑘D1𝑘 − 𝜀2N𝑇
𝑏𝑘N1𝑘,

Ψ1,5 = R1𝑘D2𝑘 − 𝜀2N𝑇
𝑏𝑘N2𝑘,

Ψ1,6 = B𝑘R1𝑘B𝑘 − 𝛿R1𝑘B𝑘 − 𝑚∑
𝑗=1

𝜙𝑘𝑗R1𝑗B𝑘,
Ψ1,10 = R

𝑇
1𝑘M𝑘,

Ψ1,11 = R1𝑘,
Ψ2,2 = 𝜏X22 −X23 −X

𝑇
23 +LSL,

Ψ3,3 = 𝑑R3 − Q + 𝜀1N𝑇
0𝑘N0𝑘 + 𝜀2N𝑇

0𝑘N0𝑘,
Ψ3,4 = 𝜀1N𝑇

0𝑘N1𝑘 + 𝜀2N𝑇
0𝑘N1𝑘,

Ψ3,5 = 𝜀1N𝑇
0𝑘N2𝑘 + 𝜀2N𝑇

0𝑘N2𝑘,
Ψ3,6 = −D𝑇

0𝑘R1𝑘B𝑘,
Ψ3,7 = D

𝑇
0𝑘P

𝑇
1 ,

Ψ3,8 = D
𝑇
0𝑘P

𝑇
2 − 𝜀1N𝑇

0𝑘N𝑏𝑘,
Ψ4,4 = −S + 𝜀1N𝑇

1𝑘N1𝑘 + 𝜀2N𝑇
1𝑘N1𝑘,

Ψ4,5 = 𝜀1N𝑇
1𝑘N2𝑘 + 𝜀2N𝑇

1𝑘N2𝑘,
Ψ4,6 = −D𝑇

1𝑘R1𝑘B𝑘,
Ψ4,7 = D

𝑇
1𝑘P

𝑇
1 ,

Ψ4,8 = D
𝑇
1𝑘P

𝑇
2 − 𝜀1N𝑇

1𝑘N𝑏𝑘,
Ψ5,5 = −𝑒−𝛿𝑑𝑑 R3 + 𝜀1N𝑇

2𝑘N2𝑘 + 𝜀2N𝑇
2𝑘N2𝑘,

Ψ5,6 = −D𝑇
2𝑘R1𝑘B𝑘,

Ψ5,7 = D
𝑇
2𝑘P

𝑇
1 ,

Ψ5,8 = D
𝑇
2𝑘P

𝑇
2 − 𝜀1N𝑇

2𝑘N𝑏𝑘,
Ψ6,6 = 𝛿B𝑘R1𝑘B𝑘 + 𝑚∑

𝑗=1

𝜙𝑘𝑗B𝑘R1𝑗B𝑘 − 𝑒−𝛿𝜌𝜌 R2,
Ψ6,10 = −R𝑇

1𝑘M𝑘B𝑘,
Ψ6,12 = B𝑘R1𝑘,
Ψ7,7 = 𝜏𝑒𝛿𝜏X33 −P1 −P

𝑇
1 ,

Ψ7,8 = −P1B𝑘 −P
𝑇
2 ,

Ψ7,9 = P
𝑇
1M𝑘, Ψ7,13 = P1,

Ψ8,8 = −P2B𝑘 −B𝑘P
𝑇
2 + 𝜀1N𝑇

𝑏𝑘N𝑏𝑘,
Ψ8,9 = P

𝑇
2M𝑘,

Ψ8,14 = P2,
Ψ9,9 = −𝜀1𝐼,

Ψ10,10 = −𝜀2𝐼,
Ψ11,11 = −W1,
Ψ12,12 = −W2,
Ψ13,13 = −W3,
Ψ14,14 = −W4,

(16)

and other Ψ(𝑟,𝑠) are equal to zero.
Then the Markovian jump uncertain neural network (2) is

globally exponentially stable in Lagrange sense. Moreover, the
set

Ω = {{{𝜂 (𝑡) ∈ R
𝑛 : 𝜂 (𝑡)

≤ (J𝑇 (W1 +W2 +W3 +W4)J𝛿𝜆min (R1) )1/2 𝑒𝜌‖B𝑘‖}}}
(17)

is an estimation of globally exponentially attractive set of (2).
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Proof. Consider the following Lyapunov-Krasovskii func-
tional candidate for model (2) as

𝑉 (𝑟𝑡, 𝑡) = 5∑
𝑎=1

𝑉𝑎 (𝑟𝑡, 𝑡) , (18)

where

𝑉1 (𝑟𝑡, 𝑡) = (𝜂 (𝑡) −B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇

⋅R1𝑘 (𝜂 (𝑡) −B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠) ,

𝑉2 (𝑟𝑡, 𝑡) = ∫0

−𝜌
∫𝑡

𝑡+𝜃
𝑒𝛿(𝑠−𝑡)𝜂𝑇 (𝑠)R2𝜂 (𝑠) 𝑑𝑠 𝑑𝜃,

𝑉3 (𝑟𝑡, 𝑡)
= ∫0

−𝑑
∫𝑡

𝑡+𝜃
𝑒𝛿(𝑠−𝑡)𝑓𝑇 (𝜂 (𝑠))R3𝑓 (𝜂 (𝑠)) 𝑑𝑠 𝑑𝜃,

𝑉4 (𝑟𝑡, 𝑡) = ∫0

−𝜏
∫𝑡

𝑡+𝜃
𝑒𝛿(𝜏+𝑠−𝑡) ̇𝜂𝑇 (𝑠)X33 ̇𝜂 (𝑠) 𝑑𝑠 𝑑𝜃,

𝑉5 (𝑟𝑡, 𝑡) = ∫𝑡

0
∫𝜃

𝜃−𝜏(𝜃)
𝑒𝛿(𝑠−𝑡)𝜗𝑇 (𝜃, 𝑠)X𝜗 (𝜃, 𝑠) 𝑑𝑠 𝑑𝜃,

(19)

and 𝜗(𝜃, 𝑠) = [𝜂𝑇(𝜃) 𝜂𝑇(𝜃 − 𝜏(𝜃)) ̇𝜂𝑇(𝑠)]𝑇.
Computing the time derivative of 𝑉1(𝑟𝑡, 𝑡), along the

trajectories of model (2), and using Lemma 5, we obtain

�̇�1 (𝑟𝑡, 𝑡) = (𝜂 (𝑡) −B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇R1𝑘 ( ̇𝜂 (𝑡)

−B𝑘𝜂 (𝑡) +B𝑘𝜂 (𝑡 − 𝜌)) + ( ̇𝜂 (𝑡) −B𝑘𝜂 (𝑡)
+B𝑘𝜂 (𝑡 − 𝜌))𝑇R1𝑘 (𝜂 (𝑡) −B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)

+ 𝑚∑
𝑗=1

𝜙𝑘𝑗 (𝜂 (𝑡) −B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇R1𝑗 (𝜂 (𝑡)

−B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠) ,

≤ −𝛿𝑉1 (𝑟𝑡, 𝑡) + 𝛿 (𝜂 (𝑡) −B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇

⋅R1𝑘 (𝜂 (𝑡) −B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠) + (𝜂 (𝑡)

−B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇R1𝑘 −B𝑘𝜂 (𝑡)

+D0𝑘𝑓 (𝜂 (𝑡)) +D1𝑘𝑓(𝜂 (𝑡 − 𝜏 (𝑡))
+D2𝑘 ∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠 +J) + −B𝑘𝜂 (𝑡)

+D0𝑘𝑓 (𝜂 (𝑡)) +D1𝑘𝑓(𝜂 (𝑡 − 𝜏 (𝑡))
+D2𝑘 ∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠 +J)𝑇R1𝑘 (𝜂 (𝑡)

−B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠) + 𝑚∑

𝑗=1

𝜙𝑘𝑗 (𝜂 (𝑡)

−B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇R1𝑗 (𝜂 (𝑡)

−B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠) ,

≤ −𝛿𝑉1 (𝑟𝑡, 𝑡) + 𝜂𝑇 (𝑡)(−R1𝑘B𝑘 −B𝑘R1𝑘 + 𝛿R1𝑘

+R1𝑘W
−1
1 R1𝑘 + 𝑚∑

𝑗=1

𝜙𝑘𝑗R1𝑗)𝜂 (𝑡) + 𝜂𝑇 (𝑡)
⋅R1𝑘D0𝑘𝑓 (𝜂 (𝑡)) + 𝑓𝑇 (𝜂 (𝑡))D𝑇

0𝑘R1𝑘𝜂 (𝑡)
+ 𝜂𝑇 (𝑡)R1𝑘D1𝑘𝑓 (𝜂 (𝑡 − 𝜏 (𝑡)))
+ 𝑓𝑇 (𝜂 (𝑡 − 𝜏 (𝑡)))D𝑇

1𝑘R1𝑘𝜂 (𝑡) + 𝜂𝑇 (𝑡)
⋅R1𝑘D2𝑘 ∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠

+ (∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠)𝑇 ×D

𝑇
2𝑘R1𝑘𝜂 (𝑡) + 𝜂𝑇 (𝑡)

⋅ (B𝑘R1𝑘B𝑘 − 𝛿R1𝑘B𝑘 − 𝑚∑
𝑗=1

𝜙𝑘𝑗R1𝑗B𝑘)

⋅ ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠 + (∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇(B𝑘R1𝑘B𝑘

− 𝛿B𝑘R1𝑘 − 𝑚∑
𝑗=1

𝜙𝑘𝑗B𝑘R1𝑗)𝜂 (𝑡) − 𝑓𝑇 (𝜂 (𝑡))

⋅D𝑇
0𝑘R1𝑘B𝑘 × ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠 − (∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇

⋅B𝑘R1𝑘D0𝑘𝑓 (𝜂 (𝑡)) − 𝑓𝑇 (𝜂 (𝑡 − 𝜏 (𝑡)))
⋅D𝑇

1𝑘R1𝑘B𝑘 × ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠 − (∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇

⋅B𝑘R1𝑘D1𝑘𝑓 (𝜂 (𝑡 − 𝜏 (𝑡)))
− (∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠)𝑇D𝑇

2𝑘R1𝑘



6 Mathematical Problems in Engineering

×B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠 − (∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇

⋅B𝑘R1𝑘D2𝑘 ∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠

+ (∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇 × (𝛿B𝑘R1𝑘B𝑘

+B𝑘R1𝑘W
−1
2 R1𝑘B𝑘 + 𝑚∑

𝑗=1

𝜙𝑘𝑗B𝑘R1𝑗B𝑘)
⋅ ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠 +J

𝑇 (W1 +W2)J.
(20)

Calculating the time derivative of 𝑉𝑏(𝑟𝑡, 𝑡) (𝑏 = 2, 3, 4, 5), we
have

�̇�2 (𝑟𝑡, 𝑡) = −𝛿∫0

−𝜌
∫𝑡

𝑡+𝜃
𝑒𝛿(𝑠−𝑡)𝜂𝑇 (𝑠)R2𝜂 (𝑠) 𝑑𝑠 𝑑𝜃

+ 𝜌𝜂𝑇 (𝑡)R2𝜂 (𝑡) − ∫𝑡

𝑡−𝜌
𝑒𝛿(𝑠−𝑡)𝜂𝑇 (𝑠)R2𝜂 (𝑠) 𝑑𝑠

≤ −𝛿𝑉2 (𝑟𝑡, 𝑡) + 𝜌𝜂𝑇 (𝑡)R2𝜂 (𝑡)
− 𝑒−𝛿𝜌 ∫𝑡

𝑡−𝜌
𝜂𝑇 (𝑠)R2𝜂 (𝑠) 𝑑𝑠 ≤ −𝛿𝑉2 (𝑟𝑡, 𝑡)

+ 𝜌𝜂𝑇 (𝑡)R2𝜂 (𝑡) − 𝑒−𝛿𝜌𝜌 (∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇

⋅R2 (∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠) ,

(21)

�̇�3 (𝑟𝑡, 𝑡) ≤ −𝛿𝑉3 (𝑟𝑡, 𝑡) + 𝑑𝑓𝑇 (𝜂 (𝑡))R3𝑓 (𝜂 (𝑡))
− 𝑒−𝛿𝑑𝑑 (∫𝑡

𝑡−𝑑(𝑡)
𝜂 (𝑠) 𝑑𝑠)𝑇R3 (∫𝑡

𝑡−𝑑(𝑡)
𝜂 (𝑠) 𝑑𝑠) , (22)

�̇�4 (𝑟𝑡, 𝑡) = −𝛿∫0

−𝜏
∫𝑡

𝑡+𝜃
𝑒𝛿(𝜏+𝑠−𝑡) ̇𝜂𝑇 (𝑠)X33 ̇𝜂 (𝑠) 𝑑𝑠 𝑑𝜃

+ 𝜏𝑒𝛿𝜏 ̇𝜂𝑇 (𝑡)X33 ̇𝜂 (𝑡)
− ∫𝑡

𝑡−𝜏
𝑒𝛿(𝜏+𝑠−𝑡) ̇𝜂𝑇 (𝑠)X33 ̇𝜂 (𝑠) 𝑑𝑠 ≤ −𝛿𝑉4 (𝑟𝑡, 𝑡)

+ 𝜏𝑒𝛿𝜏 ̇𝜂𝑇 (𝑡)X33 ̇𝜂 (𝑡) − ∫𝑡

𝑡−𝜏
̇𝜂𝑇 (𝑠)X33 ̇𝜂 (𝑠) 𝑑𝑠,

(23)

�̇�5 (𝑟𝑡, 𝑡) = ∫𝑡

𝑡−𝜏(𝑡)
𝑒𝛿(𝑠−𝑡)𝜗𝑇 (𝑡, 𝑠)X𝜗 (𝑡, 𝑠) 𝑑𝑠

− 𝛿∫𝑡

0
∫𝜃

𝜃−𝜏(𝜃)
𝑒𝛿(𝑠−𝑡)𝜗𝑇 (𝜃, 𝑠)X𝜗 (𝜃, 𝑠) 𝑑𝑠 𝑑𝜃

≤ −𝛿𝑉5 (𝑟𝑡, 𝑡) + ∫𝑡

𝑡−𝜏(𝑡)
𝜗𝑇 (𝑡, 𝑠)X𝜗 (𝑡, 𝑠) 𝑑𝑠

= −𝛿𝑉5 (𝑟𝑡, 𝑡) + 𝜏 (𝑡) [𝜂𝑇 (𝑡)X11𝜂 (𝑡)
+ 𝜂𝑇 (𝑡)X12𝜂 (𝑡 − 𝜏 (𝑡)) + 𝜂𝑇 (𝑡 − 𝜏 (𝑡))X𝑇

12𝜂 (𝑡)
+ 𝜂𝑇 (𝑡 − 𝜏 (𝑡))X22𝜂 (𝑡 − 𝜏 (𝑡))] + 𝜂𝑇 (𝑡) (X13

+X
𝑇
13) 𝜂 (𝑡) + 𝜂𝑇 (𝑡) (−X13 +X

𝑇
23) 𝜂 (𝑡 − 𝜏 (𝑡))

+ 𝜂𝑇 (𝑡 − 𝜏 (𝑡)) (−X𝑇
13 +X23) 𝜂 (𝑡) + 𝜂𝑇 (𝑡 − 𝜏 (𝑡))

⋅ (X𝑇
23 +X23) 𝜂 (𝑡 − 𝜏 (𝑡))

+ ∫𝑡

𝑡−𝜏
̇𝜂𝑇 (𝑠)X33 ̇𝜂 (𝑠) 𝑑𝑠.

(24)

From assumption (A), it follows that
0 ≤ 𝜂𝑇 (𝑡)LQL𝜂 (𝑡) − 𝑓𝑇 (𝜂 (𝑡))Q𝑓 (𝜂 (𝑡)) , (25)

0 ≤ 𝜂𝑇 (𝑡 − 𝜏 (𝑡))LSL𝜂 (𝑡 − 𝜏 (𝑡))
− 𝑓𝑇 (𝜂 (𝑡 − 𝜏 (𝑡)))S𝑓 (𝜂 (𝑡 − 𝜏 (𝑡))) .

(26)

Left-multiplying two sides of (2) by ̇𝜂𝑇(𝑡)P1, we obtain

̇𝜂𝑇 (𝑡)P1 ̇𝜂 (𝑡) = − ̇𝜂𝑇 (𝑡)P1B𝑘𝜂 (𝑡 − 𝜌)
+ ̇𝜂𝑇 (𝑡)P1D0𝑘𝑓 (𝜂 (𝑡))
+ ̇𝜂𝑇 (𝑡)P1D1𝑘𝑓 (𝜂 (𝑡 − 𝜏 (𝑡)))
+ ̇𝜂𝑇 (𝑡)P1D2𝑘 ∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠

+ ̇𝜂𝑇 (𝑡)P1J.

(27)

Taking the transpose on two sides of (27), we have

̇𝜂𝑇 (𝑡)P𝑇
1 ̇𝜂 (𝑡)

= −𝜂𝑇 (𝑡 − 𝜌)B𝑘P
𝑇
1 ̇𝜂 (𝑡) + 𝑓𝑇 (𝜂 (𝑡))D𝑇

0𝑘P
𝑇
1 ̇𝜂 (𝑡)

+ 𝑓𝑇 (𝜂 (𝑡 − 𝜏 (𝑡)))D𝑇
1𝑘P

𝑇
1 ̇𝜂 (𝑡)

+ (∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠)𝑇D𝑇

2𝑘P
𝑇
1 ̇𝜂 (𝑡)

+J
𝑇
P

𝑇
1 ̇𝜂 (𝑡) .

(28)
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Adding (27) to (28) and using Lemma 5, we get

0 ≤ ̇𝜂𝑇 (𝑡) (−P1 −P
𝑇
1 +P1W

−1
3 P1) ̇𝜂 (𝑡)

− ̇𝜂𝑇 (𝑡)P1B𝑘𝜂 (𝑡 − 𝜌) − 𝜂𝑇 (𝑡 − 𝜌)B𝑘P
𝑇
1 ̇𝜂 (𝑡)

+ ̇𝜂𝑇 (𝑡)P1 ×D0𝑘𝑓 (𝜂 (𝑡))
+ 𝑓𝑇 (𝜂 (𝑡))D𝑇

0𝑘P
𝑇
1 ̇𝜂 (𝑡)

+ ̇𝜂𝑇 (𝑡)P1D1𝑘𝑓 (𝜂 (𝑡 − 𝜏 (𝑡)))
+ 𝑓𝑇 (𝜂 (𝑡 − 𝜏 (𝑡)))D𝑇

1𝑘P
𝑇
1 ̇𝜂 (𝑡)

+ ̇𝜂𝑇 (𝑡)P1D2𝑘 ∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠

+ (∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠)𝑇D𝑇

2𝑘P
𝑇
1 ̇𝜂 (𝑡)

+J
𝑇 (𝑡)W3J

(29)

Similarly, we obtain the zero inequality from (2) by multiply-
ing 𝜂𝑇(𝑡 − 𝜌)P2 and using Lemma 5 as follows:

0 = −𝜂𝑇 (𝑡 − 𝜌)P2 ̇𝜂 (𝑡) − ̇𝜂𝑇 (𝑡)P𝑇
2 𝜂 (𝑡 − 𝜌) − 𝜂𝑇 (𝑡

− 𝜌) (P2B𝑘 +B𝑘P
𝑇
2 ) 𝜂 (𝑡 − 𝜌) + 𝜂𝑇 (𝑡 − 𝜌)

⋅P2D0𝑘𝑓 (𝜂 (𝑡)) + 𝑓𝑇 (𝜂 (𝑡))D𝑇
0𝑘P

𝑇
2 𝜂 (𝑡 − 𝜌)

+ 𝜂𝑇 (𝑡 − 𝜌)P2D1𝑘𝑓(𝜂 (𝑡 − 𝜏 (𝑡))
+ 𝑓𝑇 (𝜂 (𝑡 − 𝜏 (𝑡))D𝑇

1𝑘P
𝑇
2 ) 𝜂 (𝑡 − 𝜌)

+ 𝜂𝑇 (𝑡 − 𝜌)P2D2𝑘 ∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠

+ (∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠)𝑇D𝑇

2𝑘P
𝑇
2)𝜂 (𝑡 − 𝜌) + 𝜂𝑇 (𝑡

− 𝜌)P2J +J
𝑇 (𝑡)P𝑇

2 𝜂 (𝑡 − 𝜌) ≤ −𝜂𝑇 (𝑡 − 𝜌)
⋅P2 ̇𝜂 (𝑡) − ̇𝜂𝑇 (𝑡)P𝑇

2 𝜂 (𝑡 − 𝜌) + 𝜂𝑇 (𝑡 − 𝜌)
⋅ (−P2B𝑘 −B𝑘P

𝑇
2 +P2W

−1
4 P2) 𝜂 (𝑡 − 𝜌)

+ 𝜂𝑇 (𝑡 − 𝜌)P2D0𝑘𝑓 (𝜂 (𝑡)) + 𝑓𝑇 (𝜂 (𝑡))
⋅D𝑇

0𝑘P
𝑇
2 𝜂 (𝑡 − 𝜌) + 𝜂𝑇 (𝑡 − 𝜌)

⋅P2D1𝑘𝑓(𝜂 (𝑡 − 𝜏 (𝑡))
+ 𝑓𝑇 (𝜂 (𝑡 − 𝜏 (𝑡))D𝑇

1𝑘P
𝑇
2 ) 𝜂 (𝑡 − 𝜌)

+ 𝜂𝑇 (𝑡 − 𝜌)P2D2𝑘 ∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠

+ (∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠)𝑇D𝑇

2𝑘P
𝑇
2)𝜂 (𝑡 − 𝜌)

+J
𝑇 (𝑡)W4J.

(30)

Combining (20)-(26), (29), and (30), we obtain

�̇� (𝑟𝑡, 𝑡) ≤ −𝛿𝑉 (𝑟𝑡, 𝑡) + 𝜉𝑇 (𝑡) Θ𝜉 (𝑡)
+J

𝑇 (𝑡) (W1 +W2 +W3 +W4)J,
(31)

where 𝜉(𝑇) = [𝜂𝑇(𝑡) 𝜂𝑇(𝑡 − 𝜏(𝑡)) 𝑓𝑇(𝜂(𝑡)) 𝑓𝑇(𝜂(𝑡 −𝜏(𝑡))(∫𝑡
𝑡−𝑑(𝑡)

𝑓(𝜂(𝑠))𝑑𝑠)𝑇 (∫𝑡
𝑡−𝜌

𝜂(𝑠)𝑑𝑠)𝑇 ̇𝜂𝑇(𝑡) 𝜂𝑇(𝑡 − 𝜌)]𝑇,
and

Θ = (Θ𝑖𝑗)8×8 , (32)

in whichΘ1,1 = −R1𝑘B𝑘 −B𝑘R1𝑘 +𝛿R1𝑘 +R1𝑘W
−1
1 R1𝑘 +∑𝑚

𝑗=1 𝜙𝑘𝑗R1𝑗 + 𝛿R2 + 𝜏X11 + X13 + X𝑇
13 + LQL, Θ1,2 =𝜏X12 −X13 +X𝑇

23, Θ1,3 = R1𝑘D0𝑘, Θ1,4 = R1𝑘D1𝑘, Θ1,5 =
R1𝑘D2𝑘, Θ1,6 = B𝑘R1𝑘B𝑘 − 𝛿R1𝑘B𝑘 − ∑𝑚

𝑗=1 𝜙𝑘𝑗R1𝑗B𝑘,Θ2,2 = 𝜏X22 − X23 − X𝑇
23 + LSL, Θ3,3 = 𝑑R3 − Q,Θ3,6 = −D𝑇

0𝑘R1𝑘B𝑘 = D𝑇
0𝑘P

𝑇
1 , Θ3,8 = D𝑇

0𝑘P
𝑇
2 , Θ4,4 =−S, Θ4,6 = −D𝑇

1𝑘R1𝑘B𝑘, Θ4,7 = D𝑇
1𝑘P

𝑇
1 , Θ4,8 = D𝑇

1𝑘P
𝑇
2 ,Θ5,5 = −(𝑒−𝛿𝑑/𝑑)R3, Θ5,6 = −D𝑇

2𝑘R1𝑘B𝑘, Θ5,7 = D𝑇
2𝑘P

𝑇
1 ,Θ5,8 = D𝑇

2𝑘P
𝑇
2 , Θ6,6 = 𝛿B𝑘R1𝑘B𝑘 +B𝑘R1𝑘W

−1
2 R1𝑘B𝑘 +∑𝑚

𝑗=1 𝜙𝑘𝑗B𝑘R1𝑗B𝑘−(𝑒−𝛿𝜌/𝜌)R2,Θ7,7 = 𝜏𝑒𝛿𝜏X33−P1−P𝑇
1 +

P1W
−1
3 P1,Θ7,8 = −P1B𝑘 −P𝑇

2 ,Θ8,8 = −P2B𝑘 −B𝑘P
𝑇
2 +

P2W
−1
4 P2, and the rest of Θ𝑖𝑗 are zero.

Now we consider the change of 𝑉(𝑟𝑡, 𝑡) at impulse time𝑡 = 𝑡ℎ, ℎ ∈ Z+. By (2), we have

𝜂 (𝑡ℎ) −B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠

= 𝜂 (𝑡−ℎ) −Hℎ𝑘 [𝜂 (𝑡−ℎ) −B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠]

−B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠

= (𝐼 −Hℎ𝑘) [𝜂 (𝑡−ℎ) −B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠] .

(33)

Moreover, it follows from (14) that
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[R1𝑘 (𝐼 −Hℎ𝑘)𝑇R1𝑙∗ R1𝑙

] ≥ 0 ⇐⇒

[𝐼 − (𝐼 −Hℎ𝑘)𝑇∗ 𝐼 ][R1𝑘 (𝐼 −Hℎ𝑘)𝑇R1𝑙∗ R1𝑙

][ 𝐼 0
− (𝐼 −Hℎ𝑘) 𝐼] ≥ 0 ⇐⇒

[R1𝑘 − (𝐼 −Hℎ𝑘)𝑇R1𝑙 (𝐼 −Hℎ𝑘) 0
∗ R1𝑙

] ≥ 0 ⇐⇒
R1𝑘 − (𝐼 −Hℎ𝑘)𝑇R1𝑙 (𝐼 −Hℎ𝑘) ≥ 0

(34)

Combining (33) and (34), we obtain

𝑉1 (𝑟𝑡ℎ , 𝑡ℎ) = [𝜂 (𝑡ℎ) −B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠]𝑇

⋅R1𝑘 [𝜂 (𝑡ℎ) −B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠]

= [𝜂 (𝑡−ℎ) −B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠]𝑇 (𝐼 −Hℎ𝑘)𝑇

⋅R1𝑘 (𝐼 −Hℎ𝑘) [𝜂 (𝑡−ℎ) −B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠]

≤ [𝜂 (𝑡−ℎ) −B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠]𝑇

⋅R1𝑘 [𝜂 (𝑡−ℎ) −B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠] = 𝑉1 (𝑟𝑡−

ℎ

, 𝑡−ℎ) .

(35)

This yields

𝑉(𝑟𝑡ℎ , 𝑡ℎ) ≤ 𝑉 (𝑟𝑡−
ℎ

, 𝑡−ℎ) , ℎ ∈ Z+. (36)

Obviously, by employing Lemma 6, we see that Ψ < 0 in (15)
is equivalent to Θ < 0. Thus, it follows from (31) that

�̇� (𝑟𝑡, 𝑡) ≤ −𝛿𝑉 (𝑟𝑡, 𝑡)
+J

𝑇 (𝑡) (W1 +W2 +W3 +W4)J. (37)

Combining Lemma 7 and (37), we get

𝑉 (𝑟𝑡, 𝑡) − J𝑇 (𝑡) (W1 +W2 +W3 +W4)J𝛿
≤ (𝑉 (𝑟0, 0)
− J𝑇 (𝑡) (W1 +W2 +W3 +W4)J𝛿 ) 𝑒−𝛿𝑡.

(38)

On the other hand, we obtain

𝑉 (𝑟0, 0) = (𝜂 (0) −B𝑘 ∫0

−𝜌
𝜂 (𝑠) 𝑑𝑠)𝑇R1𝑘 (𝜂 (0)

−B𝑘 ∫0

−𝜌
𝜂 (𝑠) 𝑑𝑠)

+ ∫0

−𝜌
∫0

𝜃
𝑒𝛿𝑠𝜂𝑇 (𝑠)R2𝜂 (𝑠) 𝑑𝑠 𝑑𝜃

+ ∫0

−𝑑
∫0

𝜃
𝑒𝛿𝑠𝑓𝑇 (𝜂 (𝑠))R3𝑓 (𝜂 (𝑠)) 𝑑𝑠 𝑑𝜃

+ ∫0

−𝜏
∫0

𝜃
𝑒𝛿(𝜏+𝑠) ̇𝜂𝑇 (𝑠)X33 ̇𝜂 (𝑠) 𝑑𝑠 𝑑𝜃

≤ [(1 + 𝜌 B𝑘
)2 R1𝑘

 + 𝜌𝛿 R2


+ 𝑑𝛿 R3
max
1≤𝑖≤𝑛

{𝑙2𝑖 }] sup
𝑠∈[−ℎ,0]

𝜓 (𝑠)2
+ [𝜏𝛿𝑒𝛿𝜏 X33

] sup
𝑠∈[−ℎ,0]

�̇� (𝑠)2 .

(39)

Let

H = [(1 + 𝜌 B𝑘
)2 R1𝑘

 + 𝜌𝛿 R2


+ 𝑑𝛿 R3
max
1≤𝑖≤𝑛

{𝑙2𝑖 }] sup
𝑠∈[−ℎ,0]

𝜓 (𝑠)2
+ [𝜏𝛿𝑒𝛿𝜏 X33

] sup
𝑠∈[−ℎ,0]

�̇� (𝑠)2 .
(40)

From (38), we have

𝑉 (𝑟𝑡, 𝑡) − J𝑇 (𝑡) (W1 +W2 +W3 +W4)J𝛿
≤ H𝑒−𝛿𝑡.

(41)

Hence, the Markovian jump neural network is globally ex-
ponentially attractive.



Mathematical Problems in Engineering 9

From definition of 𝑉(𝑟𝑡, 𝑡), we have
𝑉 (𝑟𝑡, 𝑡) ≥ 𝜆min (R1𝑘) 𝜂 (𝑡) −B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠

2 . (42)

It follows from (41) and (42) that
𝜂 (𝑡) −B𝑘 ∫𝑡

𝑡−𝜌
𝜂 (𝑠) 𝑑𝑠 ≤ ( H𝜆min (R1𝑘)

+ J𝑇 (𝑡) (W1 +W2 +W3 +W4)J𝛿𝜆min (R1𝑘) )1/2 .
(43)

Furthermore,

𝜂 (𝑡) ≤ ( H𝜆min (R1𝑘)
+ J𝑇 (𝑡) (W1 +W2 +W3 +W4)J𝛿𝜆min (R1𝑘) )1/2 + B𝑘


⋅ ∫𝑡

𝑡−𝜌

𝜂 (𝑠) 𝑑𝑠.
(44)

From the well-known Gronwall inequality, we get

𝜂 (𝑡) ≤ ( H𝜆min (R1𝑘)
+ J𝑇 (𝑡) (W1 +W2 +W3 +W4)J𝛿𝜆min (R1𝑘) )1/2 𝑒𝜌‖B𝑘‖.

(45)

Therefore, the Markovian jump neural network (2) is uni-
formly stable in Lagrange sense. So, theMarkovian jumpneu-
ral network (2) is globally exponentially stable in Lagrange
sense. Moreover, we know from (41) and (42) that a globally
exponentially attractive set of (2) is as follows:

Ω = {𝜂 (𝑡) ∈ R
𝑛 | 𝑉 (𝑟𝑡, 𝑡)

≤ J𝑇 (𝑡) (W1 +W2 +W3 +W4)J𝛿 } ⊆ {{{𝜂 (𝑡)
∈ R

𝑛 | 𝜂 (𝑡)
≤ (J𝑇 (𝑡) (W1 +W2 +W3 +W4)J𝛿𝜆min (R1𝑘) )1/2

⋅ 𝑒𝜌‖B𝑘‖}}} .

(46)

The proof is completed.

Theorem 10 provides a Lagrange stability criteria for
Markovian jump neural networks with uncertainties (i.e.,ΔB(𝑟𝑡) ̸= 0, ΔD0(𝑟𝑡) ̸= 0, ΔD1(𝑟𝑡) ̸= 0, ΔD2(𝑟𝑡) ̸= 0). In

the following results we derived the Lagrange stability con-
ditions for the Markovian jump neural networks without
uncertainties (i.e., ΔB(𝑟𝑡) = ΔD0(𝑟𝑡) = ΔD1(𝑟𝑡) =ΔD2(𝑟𝑡) = 0).
Theorem 11. Under assumption (A), for given constants𝜏, 𝑑, 𝛿 > 0, there exist positive definite matrices W1,W2,W3,
W4,R1𝑘,R2,R3, positive diagonal matrices Q,S, and
any appropriate dimensional matrices P1,P2,X11,X12,
X13,X22,X23,X33 such that the following linear matrix
inequalities (LMIs) hold:

X = [[
[
X11 X12 X13∗ X22 X23∗ ∗ X33

]]
]
> 0, (47)

[R1𝑘 (𝐼 −Hℎ𝑘)𝑇R1𝑙∗ R1𝑙

] ≥ 0,
ℎ ∈ Z+, [ℎ𝑒𝑟𝑒 𝑟𝑡ℎ = 𝑙]

(48)

Ψ̆ = Ψ̆(𝑟,𝑠) < 0
(𝑟, 𝑠 = 1, 2, . . . , 12) , (49)

where

Ψ̆1,1 = −R1𝑘B𝑘 −B𝑘R1𝑘 + 𝛿R1𝑘 + 𝑚∑
𝑗=1

𝜙𝑘𝑗R1𝑗

+ 𝛿R2 + 𝜏X11 +X13 +X
𝑇
13 +LQL,

Ψ̆1,2 = 𝜏X12 −X13 +X
𝑇
23,

Ψ̆1,3 = R1𝑘D0𝑘,
Ψ̆1,4 = R1𝑘D1𝑘,
Ψ̆1,5 = R1𝑘D2𝑘,
Ψ̆1,6 = B𝑘R1𝑘B𝑘 − 𝛿R1𝑘B𝑘 − 𝑚∑

𝑗=1

𝜙𝑘𝑗R1𝑗B𝑘,
Ψ̆1,9 = R1𝑘,
Ψ̆2,2 = 𝜏X22 −X23 −X

𝑇
23 +LSL,

Ψ̆3,3 = 𝑑R3 − Q,
Ψ̆3,6 = −D𝑇

0𝑘R1𝑘B𝑘

Ψ̆3,7 = D
𝑇
0𝑘P

𝑇
1 ,

Ψ̆3,8 = D
𝑇
0𝑘P

𝑇
2 ,

Ψ̆4,4 = −S,
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Ψ̆4,6 = −D𝑇
1𝑘R1𝑘B𝑘,

Ψ̆4,7 = D
𝑇
1𝑘P

𝑇
1 ,

Ψ̆4,8 = D
𝑇
1𝑘P

𝑇
2 ,

Ψ̆5,5 = −𝑒−𝛿𝑑𝑑 R3,
Ψ̆5,6 = −D𝑇

2𝑘R1𝑘B𝑘,
Ψ̆5,7 = D

𝑇
2𝑘P

𝑇
1 ,

Ψ̆5,8 = D
𝑇
2𝑘P

𝑇
2 ,

Ψ̆6,6 = 𝛿B𝑘R1𝑘B𝑘 + 𝑚∑
𝑗=1

𝜙𝑘𝑗B𝑘R1𝑗B𝑘 − 𝑒−𝛿𝜌𝜌 R2,
Ψ̆6,10 = B𝑘R1𝑘,
Ψ̆7,7 = 𝜏𝑒𝛿𝜏X33 −P1 −P

𝑇
1 ,

Ψ̆7,8 = −P1B𝑘 −P
𝑇
2 ,

Ψ̆7,11 = P1,
Ψ̆8,8 = −P2B𝑘 −B𝑘P

𝑇
2 ,

Ψ̆8,12 = P2,
Ψ̆9,9 = −W1,

Ψ̆10,10 = −W2,
Ψ̆11,11 = −W3,
Ψ̆12,12 = −W4,

and other Ψ̆(𝑟,𝑠) are zero.
(50)

Then, the Markovian jump neural network (2) (with ΔB(𝑟𝑡) =ΔD0(𝑟𝑡) = ΔD1(𝑟𝑡) = ΔD2(𝑟𝑡) = 0) is globally exponentially
stable in Lagrange sense. Moreover, the set

Ω = {{{𝜂 (𝑡) ∈ R
𝑛 | 𝜂 (𝑡)

≤ (J𝑇 (W1 +W2 +W3 +W4)J𝛿𝜆min (R1) )1/2 𝑒𝜌‖B𝑘‖}}}
(51)

is an estimation of globally exponentially attractive set of (2).

Proof. Define the Lyapunov-Krasovskii functional candidate
as 𝑉(𝑟𝑡, 𝑡) as defined in Theorem 10. By employing the same
method inTheorem 10, we can easily prove the desired result.

Remark 12. Now, we consider the following neural network,
as a special case of neural network (2) that reduces to

a delayed neural network without Markovian jump param-
eters described by

̇𝜂 (𝑡) = −B𝑘𝜂 (𝑡 − 𝜌) +D0𝑘𝑓 (𝜂 (𝑡))
+D1𝑘𝑓 (𝜂 (𝑡 − 𝜏 (𝑡)))
+D2𝑘 ∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠 +J, 𝑡 ̸= 𝑡ℎ

Δ𝜂 (𝑡ℎ) = −Hℎ𝑘 {𝜂 (𝑡−ℎ) −B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠} ,

𝑡 = 𝑡ℎ, 𝜅 ∈ Z+

(52)

Using the same method in Theorem 10, we can get the
following results

Corollary 13. Under assumption (A), for given constants𝜏, 𝑑, 𝛿 > 0, there exist positive definite matrices W1,W2,W3,
W4,R1𝑘,R2,R3, positive diagonal matrices Q,S, and
any appropriate dimensional matrices P1,P2,X11,X12,
X13,X22,X23,X33 such that the following linear matrix
inequalities (LMIs) hold:

X = [[
[
X11 X12 X13∗ X22 X23∗ ∗ X33

]]
]
> 0, (53)

[R1𝑘 (𝐼 −Hℎ𝑘)𝑇R1𝑘∗ R1𝑘

] ≥ 0, ℎ ∈ Z+, (54)

Ψ̂ = Ψ̂(𝑟,𝑠) < 0
(𝑟, 𝑠 = 1, 2, . . . , 14) , (55)

where

Ψ̂1,1 = −R1𝑘B𝑘 −B𝑘R1𝑘 + 𝛿R1𝑘 + 𝛿R2 + 𝜏X11

+X13 +X
𝑇
13 +LQL + 𝜀2N𝑇

𝑏𝑘N𝑏𝑘,
Ψ̂1,2 = 𝜏X12 −X13 +X

𝑇
23,

Ψ̂1,3 = R1𝑘D0𝑘 − 𝜀2N𝑇
𝑏𝑘N0𝑘,

Ψ̂1,4 = R1𝑘D1𝑘 − 𝜀2N𝑇
𝑏𝑘N1𝑘,

Ψ̂1,5 = R1𝑘D2𝑘 − 𝜀2N𝑇
𝑏𝑘N2𝑘,

Ψ̂1,6 = B𝑘R1𝑘B𝑘 − 𝛿R1𝑘B𝑘,
Ψ̂1,10 = R

𝑇
1𝑘M𝑘,

Ψ̂1,11 = R1𝑘,
Ψ̂2,2 = 𝜏X22 −X23 −X

𝑇
23 +LSL,

Ψ̂3,3 = 𝑑R3 − Q + 𝜀1N𝑇
0𝑘N0𝑘 + 𝜀2N𝑇

0𝑘N0𝑘,
Ψ̂3,4 = 𝜀1N𝑇

0𝑘N1𝑘 + 𝜀2N𝑇
0𝑘N1𝑘,
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Ψ̂3,5 = 𝜀1N𝑇
0𝑘N2𝑘 + 𝜀2N𝑇

0𝑘N2𝑘,
Ψ̂3,6 = −D𝑇

0𝑘R1𝑘B𝑘,
Ψ̂3,7 = D

𝑇
0𝑘P

𝑇
1 ,

Ψ̂3,8 = D
𝑇
0𝑘P

𝑇
2 − 𝜀1N𝑇

0𝑘N𝑏𝑘,
Ψ̂4,4 = −S + 𝜀1N𝑇

1𝑘N1𝑘 + 𝜀2N𝑇
1𝑘N1𝑘,

Ψ̂4,5 = 𝜀1N𝑇
1𝑘N2𝑘 + 𝜀2N𝑇

1𝑘N2𝑘,
Ψ̂4,6 = −D𝑇

1𝑘R1𝑘B𝑘,
Ψ̂4,7 = D

𝑇
1𝑘P

𝑇
1 ,

Ψ̂4,8 = D
𝑇
1𝑘P

𝑇
2 − 𝜀1N𝑇

1𝑘N𝑏𝑘,
Ψ̂5,5 = −𝑒−𝛿𝑑𝑑 R3 + 𝜀1N𝑇

2𝑘N2𝑘 + 𝜀2N𝑇
2𝑘N2𝑘,

Ψ̂5,6 = −D𝑇
2𝑘R1𝑘B𝑘,

Ψ̂5,7 = D
𝑇
2𝑘P

𝑇
1 ,

Ψ̂5,8 = D
𝑇
2𝑘P

𝑇
2 − 𝜀1N𝑇

2𝑘N𝑏𝑘,
Ψ̂6,6 = 𝛿B𝑘R1𝑘B𝑘 − 𝑒−𝛿𝜌𝜌 R2,
Ψ̂6,10 = −R𝑇

1𝑘M𝑘B𝑘,
Ψ̂6,12 = B𝑘R1𝑘,
Ψ̂7,7 = 𝜏𝑒𝛿𝜏X33 −P1 −P

𝑇
1 ,

Ψ̂7,8 = −P1B𝑘 −P
𝑇
2 ,

Ψ̂7,9 = P
𝑇
1M𝑘,

Ψ̂7,13 = P1,
Ψ̂8,8 = −P2B𝑘 −B𝑘P

𝑇
2 + 𝜀1N𝑇

𝑏𝑘N𝑏𝑘,
Ψ̂8,9 = P

𝑇
2M𝑘,

Ψ̂8,14 = P2,
Ψ̂9,9 = −𝜀1𝐼,

Ψ̂10,10 = −𝜀2𝐼,
Ψ̂11,11 = −W1,
Ψ̂12,12 = −W2,
Ψ̂13,13 = −W3,
Ψ̂14,14 = −W4,

and other Ψ̂(𝑟×𝑠) are zero.
(56)

Then, the uncertain neural network (2) is globally exponentially
stable in Lagrange sense. Moreover, the set

Ω = {{{𝜂 (𝑡) ∈ R
𝑛 | 𝜂 (𝑡)

≤ (J𝑇 (W1 +W2 +W3 +W4)J𝛿𝜆min (R1𝑘) )1/2 𝑒𝜌‖B𝑘‖}}}
(57)

is an estimation of globally exponentially attractive set of (2).

Remark 14. In this paper we studied exponential Lagrange
stability for Markovian jump uncertain neural networks with
leakage delay and mixed time-varying delays via impulsive
control.The stability of neural networkswas studied by apply-
ing the differential inequality and Lyapunov method [30–
34]. And the authors considered Lyapunov stability, where
the Lyapunov stability of equilibrium point can be regarded
as a special case of the Lagrange stability. In addition we con-
sideredmodel uncertainties,Markovian jumping parameters,
and leakage delay in the concerned networks since it will
affect the stability of the systems. Thus our results are more
general than the results in the literature.

4. Numerical Example

This section provides numerical result to demonstrate the
effectiveness of the presented strategy.

Example 1. Consider the following delayed uncertainMarko-
vian jump neural networks with 2 modes:

̇𝜂 (𝑡) = −B𝑘𝜂 (𝑡 − 𝜌) +D0𝑘𝑓 (𝜂 (𝑡))
+D1𝑘𝑓 (𝜂 (𝑡 − 𝜏 (𝑡)))
+D2𝑘 ∫𝑡

𝑡−𝑑(𝑡)
𝑓 (𝜂 (𝑠)) 𝑑𝑠 +J, 𝑡 ̸= 𝑡ℎ

Δ𝜂 (𝑡ℎ) = −Hℎ𝑘 {𝜂 (𝑡−ℎ) −B𝑘 ∫𝑡ℎ

𝑡ℎ−𝜌
𝜂 (𝑠) 𝑑𝑠} ,

𝑡 = 𝑡ℎ, ℎ ∈ Z+

(58)

B1 = [1 0
0 1] ,

D01 = [0.2 −1
0 −3] ,

D11 = [−0.2 −0.2
0.2 −0.3] ,

D21 = [−0.3 −0.8
0.4 −0.1] ,

B2 = [1 0
0 1] ,
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D02 = [ 2 1
−1 0.2] ,

D12 = [−0.3 −0.4
0.4 −0.5] ,

D22 = [ 0.4 −0.2
−0.2 0.4 ] ,

Hℎ1 = Hℎ2 = [0.4 0
0 0.4] ,

M1 = [0.2 0
0 0.2] ,

N𝑏1 = N01 = N11 = N21 = [0.1 0
0 0.1] ,

M2 = [0.5 0
0 0.5] ,

N𝑏2 = N02 = N12 = N22 = [0.2 0
0 0.2] ,

J = [0.50.2] ,
𝐿 = diag {0.5, 0.5} .

(59)

In order to obtain Lagrange stability, we take 𝜏 = 0.8, 𝑑 = 0.5,𝛿 = 0.5, and 𝜌 = 0.5 and apply Theorem 10; we get feasible
solutions to LMIs (14) and (15) as follows:

R11 = [ 0.1899 −0.1535
−0.1535 0.2065 ] ,

R12 = [0.6008 0.0496
0.0496 0.6771] ,

R2 = [ 1.2472 −0.8560
−0.8560 1.2001 ] ,

R3 = [ 8.2198 −0.7129
−0.7129 6.6828 ] ,

W1 = [514.8650 0.0785
0.0785 514.9600] ,

W2 = [514.6668 0.0266
0.0266 514.6908] ,

W3 = [514.8894 −0.0147
−0.0147 514.8409] ,

W4 = [515.2687 −0.0025
−0.0025 515.1238] ,

Q = [8.4321 0
0 8.4321] ,

S = [6.0806 0
0 6.0806] ,

P1 = [1.1608 0.0506
0.0506 0.7860] ,

P2 = [1.1608 0.0506
0.0506 0.7860] ,

X11 = [ 2.2685 −0.0457
−0.0457 2.3587 ] ,

X12 = [−3.5666 −0.0549
−0.0549 −3.6697] ,

X13 = [−2.1441 −0.0331
−0.0331 −2.2075] ,

X22 = [2.5925 0.0542
0.0542 2.6978] ,

X23 = [2.1427 0.0326
0.0326 2.2061] ,

X33 = [0.3626 0.0263
0.0263 0.4137] .

(60)

From Theorem 10, we know that the uncertain neural net-
works concerned are globally exponentially stable in Lag-
range sense, and

Ω = {𝜂 (𝑡) ∈ R
𝑛 | 𝜂 (𝑡) ≤ 12.0212} (61)

is an estimation of globally exponentially attractive set of (2).

5. Conclusion

The problem of Lagrange stability analysis has been inves-
tigated in this paper for uncertain Markovian jump neural
networks with mixed time-varying delays and leakage delay.
By choosing a Lyapunov-Krasovskii functional, the improved
delay-dependent criteria are based on the Lagrange stability
approach with attractive set. The Lagrange stability criterion
has been obtained by solving a set of LMIs, which can
guarantee the global exponential stability of the concerned
system. A numerical example is given to illustrate the validity
and feasibility of the obtained theoretical results.
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An adaptive controller is constructed for a class of stochasticmanipulator nonlinear systems in this paper.The states are constrained
in the compact set. A tan-type Barrier Lyapunov Function (BLF) is employed to deal with state constraints. The proposed control
scheme guarantees the output error convergence to a small neighbourhood of zero. All the signals in the closed-loop system are
bounded. The simulation results illustrate the validity of the proposed method.

1. Introduction

Adaptive control of strict-feedback nonlinear systems has
received a lot of attention since the appearance of recursive
backstepping design [1] and feedforward design [2, 3]; a great
deal of work has been done for this class of systems in the past
decades; for example, see [4–9]. Constraints are widespread
inmany real systems such as robotic manipulators and physi-
cal engineering systems.Therefore roboticmanipulators have
received increasing attention over the last few years. For this
reason, many methods have been used to handle the issue of
constraints, for example, [10–16]. In detail, in [10], the author
studies the neural network adaptive control design for robotic
systems with the velocity constraints and input saturation.
An adaptive finite-time controller is considered in [11] for
a class of strict-feedback nonlinear systems with parametric
uncertainties and full state constraints. In [12], the problem of
position control of manipulators operating in the task space
under state constraints has been addressed. Literatures [15,
16] discussed the trajectory and tracking control problems
of the mobile manipulator with constrained end-effector and
adaptive controllers are proposed.

The practical systems are inevitable to contain the
stochastic disturbance and it can cause instability of system.

So the stability of stochastic nonlinear systems has attracted
great attention [17–19]. In [20], the author has proposed the
state equations of the stochastic dynamics of an open-chain
manipulator in a fluid environment. This paper has given
an algorithm for the discretization of the state equations
and explained how the interaction between a fluid and a
manipulator can be taken into account in the control of
manipulators. The work [21] studies the problem of output
feedback stabilization for a class of stochastic feedforward
nonlinear systems with state and input delays and the
unknown output function. In [22], the stochastic response
of a mobile robotic manipulator has been investigated. This
paper has studied the sensitivities of the joints responses to
base velocity, the surface roughness coefficients, manipulator
configuration, and damping in detail.

In this paper, an adaptive tracking controller will be
designed for stochastic manipulator nonlinear systems with
full state constraints. A backstepping technique with a tan-
type Barrier Lyapunov Function (BLF) will be constructed
to address the state constraints problem and all the states
in stochastic nonlinear systems are not violated. The error
signals have converged to an arbitrarily small neighbourhood
of zero and all the signals in the closed-loop system are
bounded.
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2. System Description

2.1. Problem Statement and Preliminary Results. Consider the
one-link manipulator which contains motor dynamics and
stochastic disturbances. The model is described as [9]

𝐷 ̈𝑞 + 𝜃 ̇𝑞 − 𝑁 sin (𝑞) = 𝜏𝑟 + 𝜏𝑑,
𝑀 ̇𝜏𝑟 + 𝐻𝜏𝑟 = 𝑢 − 𝑘𝑚 ̇𝑞, (1)

where 𝑞, ̇𝑞, ̈𝑞 are the link position, velocity, and acceleration,
respectively; 𝜏𝑟 denotes the torque produced by the electrical
system; 𝜏𝑑 is the known torque stochastic disturbance; 𝑢 is
the electromechanical torque control input; 𝐷 is a known
mechanical inertia; 𝜃 is unknown coefficient of viscous
friction at the joint;𝑁 is a known constant related to themass
of the load and the coefficient of gravity; 𝑀 is the known
armature inductance; 𝐻 is the known armature resistance;𝑘𝑚 is the known back electromotive force coefficient;𝑚 is the
linkmass; and 𝑙 is the length of the linkwhich is known.Then,
following change of coordinates 𝜉1 = 𝑞, 𝜉2 = ̇𝑞, 𝜉3 = 𝜏𝑟, we
can get

𝑑𝜉1 = 𝜉2𝑑𝑡,
𝑑𝜉2 = 1𝐷 (𝜉3 − 𝜃𝜉2 + 10 sin (𝜉1)) 𝑑𝑡 + 1𝐷 sin (𝜉1) 𝜉1𝑑𝜔,
𝑑𝜉3 = 1𝑀 (𝑢 − 𝑘𝑚𝜉2 − 𝐻𝜉3) 𝑑𝑡,
𝑦 = 𝜉1.

(2)

All the states are constrained in the compact set as Ω𝜉 fl{𝜉𝑖(𝑡) ∈ 𝑅, |𝜉𝑖(𝑡)| ≤ 𝑘𝑐𝑖}, where 𝑖 = 1, 2, 3, 𝑘𝑐𝑖 are positive
constants.

Given a reference trajectory 𝑞𝑑, the control objective is
to design an adaptive control algorithm such that 𝑞 tracks
the desired trajectory 𝑞𝑑 as much as possible; all the signals
in closed-loop systems are bounded; the state constraint
requirements are not violated. To facilitate control system
design, the following assumption and lemma are proposed.

Assumption 1. The reference trajectory 𝑦𝑑(𝑡) and its deriva-
tives up to the n-th ones are continuous and bounded. That
is, for any constant 𝑘𝑐𝑖 > 0, there exist positive constants𝑌𝑖, 𝑖 = 0, . . . , 𝑛, such that |𝑦𝑑(𝑡)| ≤ 𝑌0 < 𝑘𝑐1 , |𝑦(𝑖)𝑑 (𝑡)| ≤ 𝑌𝑖, 𝑖 =1, . . . , 𝑛.
Remark 2. This assumption is reasonable. Assumption 1 is the
worst case one.The requirement on derivatives is widely fixed
in backstepping control [23]. This is because the standard
backstepping technique requires the reference signal to be
continuous and derivable to design the desired controller.𝑦0 < 𝑘𝑐𝑖 in assumption is always true in practice for the
requirement of output tracking control. A similar assumption
is also considered in [24, 25].

Next, consider the following stochastic nonlinear system:

𝑑𝑥 = 𝑓 (𝑥) 𝑑𝑡 + 𝑔 (𝑥) 𝑑𝜔, (3)

where 𝑥 ∈ 𝑅𝑛 is the system state vector; 𝑓(𝑥) ∈ 𝑅𝑛 and𝑔(𝑥) ∈ 𝑅𝑛×𝑟 satisfy the locally Lipschitz functions and the
linear growth condition and 𝑓(0) = 0, 𝑔(0) = 0; 𝜔 is an r-
dimensional standard Wiener process.

Definition 3 (see [2]). For any Lyapunov function 𝑉(𝑥, 𝑡) ∈𝐶2,1, we define the differential operator L as follows:

𝐿 [𝑉 (𝑥, 𝑡)] = 𝜕𝑉𝜕𝑡 + 𝜕𝑉𝜕𝑥 𝑓 + 12Tr{𝑔𝑇 𝜕
2𝑉𝜕𝑥2 𝑔} , (4)

where 𝑇𝑟(⋅) is the matrix trace.

Lemma 4 (see [26]). There exist a 𝐶2,1 function 𝑉, two
constants 𝛾 > 0, 𝜌 > 0, and𝐾∞ class functions 𝛼1, 𝛼2 satisfying𝛼1(‖𝑥‖) ≤ 𝑉(𝑥) ≤ 𝛼2(‖𝑥‖) and 𝐿𝑉(𝑥) ≤ −𝛾𝑉(𝑥) + 𝜌; then,
there is a unique strong solution which satisfies

𝐸 [𝑉 (𝑥)] ≤ 𝑉 (𝑥0) 𝑒−𝛾𝑡 + 𝜌𝛾 . (5)

3. Control Design and Stability Analysis

Step 1. Define the tracking error 𝑒1 = 𝜉1 − 𝑦𝑑, 𝑒2 = 𝜉2 − 𝛼1,
where 𝛼𝑖 are the virtual controllers and |𝛼𝑖| < 𝛼𝑖 with 𝛼𝑖 are
positive constants, and 𝑒𝑖 ∈ Ω𝑒 fl {𝑒𝑖 ∈ 𝑅, |𝑒𝑖| < 𝑘𝑏𝑖 , 𝑖 =1, . . . , 𝑛} with 𝑘𝑏1 = 𝑘𝑐1 − 𝑌0 > 0, 𝑘𝑏𝑖 = 𝑘𝑐𝑖 − 𝛼𝑖−1 > 0. We can
get

𝑑𝑒1 = 𝑑𝜉1 − 𝑑𝑦𝑑 = (𝑒2 + 𝛼1 − ̇𝑦𝑑) 𝑑𝑡. (6)
Consider a candidate BLF as follows:

𝑉1 = 𝑘
4
𝑏1𝜋 tan( 𝜋𝑒414𝑘4𝑏1 ) . (7)

Based on Definition 3, one has

𝐿𝑉1 = 𝑒31
cos2 (𝜋𝑒41/4𝑘4𝑏1) (𝑒2 + 𝛼1 − ̇𝑦𝑑) . (8)

Design the virtual controller 𝛼1 as
𝛼1 = −𝐾1 sin (𝜋𝑒

4
1/4𝑘4𝑏1) cos (𝜋𝑒41/4𝑘4𝑏1)𝑒31 + ̇𝑦𝑑, (9)

where𝐾1 > 0 is a design parameter. Substituting (9) into (8),
we can obtain

𝐿𝑉1 ≤ −𝐾1 tan( 𝜋𝑒414𝑘4𝑏1 ) +
𝑒31

cos2 (𝜋𝑒41/4𝑘4𝑏1)𝑒2. (10)

Step 2. Define the tracking error 𝑒3 = 𝜉3 − 𝛼2; the following
can be obtained:𝑑𝑒2 = 𝑑𝜉2 − 𝑑𝛼1

= 1𝐷 (𝑒3 + 𝛼2 − 𝜃𝜉2 + 10 sin (𝜉1)) 𝑑𝑡
+ 1𝐷 sin (𝜉1) 𝜉1𝑑𝜔
− (𝜕𝛼1𝜕𝜉1 𝜉2 +

2∑
𝑖=1

𝜕𝛼1𝜕𝑦(𝑖−1)𝑑 𝑦(𝑖)𝑑 )𝑑𝑡.

(11)
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Choose a candidate BLF as follows:

𝑉2 = 𝑉1 + 𝑘
4
𝑏2𝜋 tan( 𝜋𝑒424𝑘4𝑏2 ) +

12𝜃2. (12)

Here 𝜃 = 𝜃 − 𝜃, 𝜃 denotes the estimation of 𝜃. Based on
Definition 3, we can obtain

𝐿𝑉2 = 𝐿𝑉1 + 𝑒32
cos2 (𝜋𝑒42/4𝑘4𝑏2) (

1𝐷 (𝑒3 + 𝛼2 − 𝜃𝜉2 + 10

⋅ sin (𝜉1)) − 𝜕𝛼1𝜕𝜉1 𝜉2 −
2∑
𝑖=1

𝜕𝛼1𝜕𝑦(𝑖−1)𝑑 𝑦(𝑖)𝑑 )

+ 3𝑘4𝑏2𝑒42 cos (𝜋𝑒42/4𝑘4𝑏2) + 2𝜋𝑒62 sin (𝜋𝑒42/4𝑘4𝑏2)2𝑘4𝑏2cos3 (𝜋𝑒42/4𝑘4𝑏2) ( 1𝐷
⋅ sin (𝜉1) 𝜉1)2 + 𝜃 ̇̂𝜃 ≤ 𝐿𝑉1 + 𝜃 ̇̂𝜃
+ 𝑒32
cos2 (𝜋𝑒42/4𝑘4𝑏2) (

1𝐷 (𝛼2 − 𝜃𝜉2 + 10 sin (𝜉1))

− 𝜕𝛼1𝜕𝜉1 𝜉2 −
2∑
𝑖=1

𝜕𝛼1𝜕𝑦(𝑖−1)𝑑 𝑦(𝑖)𝑑
+ 3𝑘4𝑏2𝑒2 cos (𝜋𝑒42/4𝑘4𝑏2) + 2𝜋𝑒32 sin (𝜋𝑒32/4𝑘4𝑏2)2𝑘4𝑏2 cos (𝜋𝑒42/4𝑘4𝑏2) (𝜉1𝐷
⋅ sin (𝜉1))2) + 𝑒32𝑒3𝐷 cos2 (𝜋𝑒42/4𝑘4𝑏2)
− 𝜃𝑒32𝜉2𝐷 cos2 (𝜋𝑒42/4𝑘4𝑏2) .

(13)

Design the virtual controller 𝛼2 as

𝛼2 = −𝐾2𝐷 sin (𝜋𝑒42/4𝑘4𝑏2) cos (𝜋𝑒42/4𝑘4𝑏2)𝑒32 + 𝜃𝜉2 − 10
⋅ sin (𝜉1) + 𝐷𝜕𝛼1𝜕𝜉1 𝜉2 + 𝐷

2∑
𝑖=1

𝜕𝛼1𝜕𝑦(𝑖−1)𝑑 𝑦(𝑖)𝑑
− 3𝑘4𝑏2𝑒2 cos (𝜋𝑒42/4𝑘4𝑏2) + 2𝜋𝑒32 sin (𝜋𝑒32/4𝑘4𝑏2)2𝐷𝑘4𝑏2 cos (𝜋𝑒42/4𝑘4𝑏2)
⋅ 𝜉21sin2 (𝜉1) ,

(14)

where 𝐾2 > 0 is a design parameter. An tuning function is
chosen as 𝜏1 = 𝑒32𝜉2/𝐷 cos2(𝜋𝑒42/4𝑘4𝑏2). Substituting (14) into
(13) yields

𝐿𝑉2 ≤ − 2∑
𝑖=1

𝐾𝑖 tan(𝜋𝑒4𝑖4𝑘4𝑏𝑖 ) + 𝜃 (
̇̂𝜃 − 𝜏1)

+ 𝑒32𝑒3𝐷 cos2 (𝜋𝑒42/4𝑘4𝑏2) .
(15)

Step 3. Defining the tracking error 𝑒3 = 𝜉3 − 𝛼2, we have
𝑑𝑒3 = 𝑑𝜉3 − 𝑑𝛼2 = 1𝑀 (𝑢 − 𝑘𝑚𝜉2 − 𝐻𝜉3) 𝑑𝑡
− (𝜕𝛼2𝜕𝜉1 𝜉2 +

𝜕𝛼2𝜕𝜉2 (
1𝐷 (𝜉3 − 𝜃𝜉2 + 10 sin (𝜉1)))

+ 3∑
𝑖=1

𝜕𝛼2𝜕𝑦(𝑖−1)𝑑 𝑦(𝑖)𝑑 + 𝜕𝛼2𝜕𝜃 ̇̂𝜃
+ 12 𝜕
2𝛼2𝜕𝜉22 (

1𝐷 sin (𝜉1) 𝜉1)2)𝑑𝑡.

(16)

Construct a candidate BLF as follows:

𝑉3 = 𝑉2 + 𝑘
4
𝑏3𝜋 tan( 𝜋𝑒434𝑘4𝑏3 ) . (17)

Based on Definition 3, computing 𝐿𝑉3, we can figure out

𝐿𝑉3 = 𝐿𝑉2 + 𝑒33
cos2 (𝜋𝑒43/4𝑘4𝑏3) (

1𝑀 (𝑢 − 𝑘𝑚𝜉2 − 𝐻𝜉3)
− 𝜕𝛼2𝜕𝜉1 𝜉2 +

𝜕𝛼2𝜕𝜉2 (
1𝐷 (𝜉3 − 𝜃𝜉2 + 10 sin (𝜉1)))

+ 3∑
𝑖=1

𝜕𝛼2𝜕𝑦(𝑖−1)𝑑 𝑦(𝑖)𝑑 + 𝜕𝛼2𝜕𝜃 ̇̂𝜃
+ 12 𝜕
2𝛼2𝜕𝑒22 (

1𝐷 sin (𝜉1) 𝜉1)2) ≤ 𝑒32𝑒3𝐷 cos2 (𝜋𝑒42/4𝑘4𝑏2)
+ 𝑒33
cos2 (𝜋𝑒43/4𝑘4𝑏3) (

1𝑀 (𝑢 − 𝜉2 − 0.5𝜉3) − 𝜕𝛼2𝜕𝜉1 𝜉2
+ 𝜕𝛼2𝜕𝜉2 (

1𝐷 (𝜉3 − 𝜃𝜉2 + 10 sin (𝜉1)))
+ 3∑
𝑖=1

𝜕𝛼2𝜕𝑦(𝑖−1)𝑑 𝑦(𝑖)𝑑 + 𝜕𝛼2𝜕𝜃 ̇̂𝜃
+ 12 𝜕
2𝛼2𝜕𝑒22 (

1𝑔𝑚 sin (𝜉1) 𝜉1)
2) + 2∑
𝑖=1

𝐾𝑖 tan(𝜋𝑒4𝑖4𝑘4𝑏𝑖 )
+ 𝜃 ( ̇̂𝜃 − 𝜏1) .

(18)
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Design the controller 𝑢 as follows:
𝑢 = 𝑀(−𝐾3 sin (𝜋𝑒43/4𝑘4𝑏3) cos (𝜋𝑒43/4𝑘4𝑏3)𝑒33
+ 3∑
𝑖=1

𝜕𝛼2𝜕𝑦(𝑖−1)𝑑 𝑦(𝑖)𝑑 + 𝜕𝛼2𝜕𝜃 ̇̂𝜃 + 12 𝜕
2𝛼2𝜕𝑒22 (

1𝐷 sin (𝜉1) 𝜉1)2

− 𝜃𝑇 1𝐷 𝜕𝛼2𝜕𝜉2 𝜉2 +
𝜕𝛼2𝜕𝜉1 𝜉2 +

𝜕𝛼2𝜕𝜉2
1𝐷𝜉3 − 𝜗𝑒2𝑔2𝑒3𝜗𝑒3 ) ,

(19)

where 𝐾3 > 0 is a design parameter. Choosing 𝜏2 = 𝜏1 +(1/𝐷)(𝜕𝛼2/𝜕𝜉2)𝜉2 and substituting (18) and (19) into (15)
result in

𝐿𝑉3 ≤ − 3∑
𝑖=1

𝐾𝑖 tan(𝜋𝑒4𝑖4𝑘4𝑏𝑖 ) + 𝜃 (
̇̂𝜃 − 𝜏2) . (20)

The adaptive law is given as ̇̂𝜃 = 𝜏2 − 𝜎𝜃 with a design
parameter 𝜎. Then, we can obtain

𝐿𝑉3 ≤ − 3∑
𝑖=1

𝐾𝑖 tan(𝜋𝑒4𝑖4𝑘4𝑏𝑖 ) − 𝜎𝜃𝜃
≤ − 3∑
𝑖=1

𝐾𝑖 tan(𝜋𝑒4𝑖4𝑘4𝑏𝑖 ) +
𝜎𝜃22 − 𝜎𝜃22 .

(21)

Choose 𝜂1 = min{𝐾1𝜋/𝑘2𝑏1 , 𝐾2𝜋/𝑘2𝑏2 , 𝐾3𝜋/𝑘2𝑏3 , 𝜎}; then (21)
can be rewritten as

𝐿𝑉3 ≤ −𝜂1( 3∑
𝑖=1

𝑘2𝑏𝑖𝜋 tan(𝜋𝑒4𝑖4𝑘4𝑏𝑖 ) +
12𝜃2) + 𝐶1, (22)

where 𝐶1 = 𝜎𝜃2/2; that is,
𝐿𝑉3 ≤ −𝜂1𝑉3 + 𝐶1. (23)

Theorem 5. Consider system (1) under Assumption 1; the
controller 𝑢 is given in (19), and the adaption law ̇̂𝜃 = 𝜏2 − 𝜎𝜃.
Then, the following are guaranteed:

(1) The full state constraints are not violated.
(2) All the signals in the closed-loop system are bounded.
(3) The error signals 𝑒𝑖(𝑡) will converge to Ξ = {𝑒𝑖 :𝐸(|𝑒𝑖|4) ≤ (4𝑘4𝑏𝑖/𝜋)tan−1((𝑉3(0) + 𝐶1/𝜂1)(𝜋/𝑘4𝑏𝑖))}.

Proof. Define a candidate BLF as follows:

𝑉3 = 3∑
𝑖=1

𝑘4𝑏𝑖𝜋 tan(𝜋𝑒4𝑖4𝑘4𝑏𝑖 ) +
12𝜃2. (24)

From (23), we can get that

𝐿𝑉3 ≤ −𝜂1𝑉3 + 𝐶1. (25)

Based on Lemma 4, we know that

0 ≤ (𝐸 [𝑉3 (𝑡)]) ≤ 𝑉3 (0) 𝑒−𝜂1𝑡 + 𝐶1𝜂1 . (26)

Then, the following inequality holds:

𝐸(𝑘4𝑏𝑖𝜋 tan(𝜋𝑒4𝑖4𝑘4𝑏𝑖 )) ≤ (𝐸 [𝑉3 (𝑡)])
≤ 𝑉3 (0) 𝑒−𝜂1𝑡 + 𝐶1𝜂1 .

(27)

Hence,

𝐸 (𝑒𝑖4) ≤ 4𝑘
4
𝑏𝑖𝜋 tan−1((𝑉3 (0) 𝑒−𝜂1𝑡 + 𝐶1𝜂1 )

𝜋𝑘4𝑏𝑖 )

≤ 4𝑘4𝑏𝑖𝜋 tan−1((𝑉3 (0) + 𝐶1𝜂1 )
𝜋𝑘4𝑏𝑖 ) .

(28)

Hence, the size of (4𝑘4𝑏𝑖/𝜋)tan−1((𝑉3(0) + 𝐶1/𝜂1)(𝜋/𝑘4𝑏𝑖))
can be made small enough by choosing appropriate param-
eters. On the other hand, from the above inequality, we can
obtain that 𝐸[𝑉3(𝑡)] is limited by 𝐶/𝜂1.Then, we know that𝑉3(𝑡) is bounded. So 𝜃 is bounded and 𝜃 = 𝜃 + 𝜃 is bounded.
Then we know that 𝑒𝑖, 𝑦𝑑, 𝛼𝑖, and 𝑢 are bounded. From 𝑒1 =𝜉1 − 𝑦𝑑 and |𝑦𝑑| ≤ 𝑌0, we know that |𝜉1| ≤ |𝑒1| + |𝑦𝑑| <𝑘𝑏1 +𝑌0 = 𝑘𝑐1 . From 𝑒2 = 𝜉2 − 𝛼1 and |𝛼1| ≤ 𝛼1, we can obtain
that |𝜉2| ≤ |𝑒2| + |𝛼1| < 𝑘𝑏2 + 𝛼1 = 𝑘𝑐2 . In a similar way, we
can obtain |𝜉3| < 𝑘𝑐3 . Thus, the full state constraints are not
violated.

4. Simulation

In this section, simulation is introduced to demonstrate the
effectiveness of the proposed scheme.

𝑑𝜉1 = 𝜉2𝑑𝑡,
𝑑𝜉2 = 1𝐷 (𝜉3 − 𝜃𝜉2 + 10 sin (𝜉1)) 𝑑𝑡

+ 1𝐷 sin (𝜉1) 𝜉1𝑑𝜔,
𝑑𝜉3 = 1𝑀 (𝑢 − 𝐾𝑚𝜉2 − 𝐻𝜉3) 𝑑𝑡,
𝑦 = 𝜉1,

(29)

where 𝐷 = 1,𝑀 = 1, 𝑁 = 10, 𝐵 = 1, 𝐻 = 0.5, and 𝑘𝑚 =1. All the states are constrained in the compact set as Ω𝜉 fl{𝜉𝑖(𝑡) ∈ 𝑅, |𝜉𝑖(𝑡)| ≤ 1.5, }. The reference signal is chosen as𝑦𝑑 = 0.5 sin 𝑡.
In the simulation, the design parameters are chosen as𝜉𝑖(0) = 0.1, 𝐾𝑖 = 1, 𝑖 = 1, 2, 3, 𝜃(0) = 0.1, 𝑘𝑏1 = 𝑘𝑏2 = 1, 𝑘𝑏3 =0.9, and 𝑘𝑏4 = 1.1. The results of the simulation are shown

in Figures 1–4. The output tracking 𝑞 and 𝑞𝑑 is illustrated in
Figure 1. It can be seen that the position state 𝑞 can primely



Mathematical Problems in Engineering 5

q
qd

5 10 15 20 25 30 35 400
Time (sec)

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

ou
tp

ut
 tr

ac
ki

ng

Figure 1: The trajectories of 𝑞 and 𝑞𝑑.
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Figure 2: The trajectories of 𝜉1, 𝜉2, and 𝜉3.

track the desired trajectory 𝑞𝑑. It is shown in Figure 2 that
all the states are strictly constrained in {𝜉𝑖 | −1.5 ≤ 𝜉𝑖(𝑡) ≤1.5}, 𝑖 = 1, 2, 3. The parameter updating law 𝜃 and input 𝑢
are all bounded as shown in Figures 3 and 4. The simulation
results demonstrate the effectiveness of the proposed adaptive
control scheme.

5. Conclusions

This study carries out the adaptive tracking control for a class
of stochastic manipulator nonlinear systems. An adaptive
controller is proposed to ensure that the mean square of
the tracking error can be made arbitrarily small. Simulation
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Figure 3: The estimation of 𝜃.
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Figure 4: The trajectory of control input 𝑢.

results are presented to illustrate the effectiveness of the
proposed control strategy.
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A novel fifth-degree strong tracking cubature Kalman filter is put forward to improve the two-dimensional maneuvering target
tracking accuracy. First, a new fifth-degree cubature rule, with only one point more than the theoretical lower bound, is used to
approximate the intractable nonlinear Gaussian weighted integral in the nonlinear Kalman filtering framework, and a novel fifth-
degree cubature Kalman filter is proposed. Then, the suboptimal fading factor is designed for the filter to adjust the filtering gain
matrix online and force the residual sequences mutually orthogonal, thus improving the ability of the filter to track the mutation
state, and the fifth-degree strong tracking cubature Kalman filter is derived. The suboptimal fading factor is calculated in a new
method, which reduces the number of calculations for the cubature points from three times to twicewithout calculating the Jacobian
matrix. The simulation results indicate that the proposed filter has the ability to track the maneuvering target and achieve higher
target tracking accuracy and thus verifies the effectiveness of the proposed filter.

1. Introduction

For the last several decades, the target tracking has momen-
tous applications in many fields, such as navigation guidance,
military application, and sensor networks [1]. In target track-
ing problem, the process model is generally linear, while the
measurement model, mainly including the measured range
and bearing angle, is nonlinear [2, 3].The essence of the target
tracking is to use a series of measured ranges and bearing
angle information to estimate the position and velocity of
the target in real time; hence, it belongs to the nonlinear
filtering problem, which has always been dealt with using the
nonlinear Kalman filters [4].

In nonlinear Kalman filters, the extended Kalman filter
(EKF) [5] is the most widely used one. In EKF, the nonlinear
function is approximated using the first-order Taylor series
expansion and, then, the standard Kalman filter is applied
[6]. EKF is simple in principle; however, its filtering accuracy
and stability may reduce for the strong nonlinear system,
and it needs to calculate the Jacobian matrix, which is
difficult to accomplish at times. Julier [7] adopts a set of
sigma points to approximate the posterior probability density

function (PDF) and proposes the unscented Kalman filter
(UKF). UKF is a derivative-free filter and can achieve third-
degree filtering accuracy [8, 9]. However, there exist some
tunable parameters in the selection of sigma points, and the
inappropriate selection may reduce the filtering accuracy. In
addition, the weight on the center point may be negative
for the high-dimensional system, which may degrade the
numerical stability of the filter [10, 11]. Arasaratnam [12, 13]
puts forward the cubature Kalman filter (CKF), where the
intractable integral in nonlinear Kalman filter is decomposed
into the spherical integral and the radial integral, which are
approximated using different numerical integration rules.
CKF contains a set of cubature points with equal weights;
thus the numerical stability is guaranteed [14–16]. CKF can
be regarded as a special case of UKF [17]; however, CKF gives
the rigorous reason for the selection of parameters for the first
time. In order to improve the accuracy of CKF, Jia [18] adopts
the symmetric spherical interpolation andmomentmatching
method to calculate the spherical integral and radial integral,
respectively, and proposes the fifth-degree CKF. And then,
Wang [19] employs the transformation group of the regular
simplex instead of the symmetric spherical interpolation to
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derive the fifth-degree spherical simplex-radial CKF. These
two filters improve the filtering accuracy effectively.

However, the conventional nonlinear Kalman filters can-
not achieve the effective tracking of the maneuvering target.
In order to improve the ability of the filter to fast track the
mutation state, Zhou [20] proposes the strong tracking filter
(STF) on the basis of EKF.The STFuses the suboptimal fading
factor to realize the real time adjustment of the gainmatrix to
force the residual sequences mutually orthogonal [21, 22]; it
has the ability to track the mutation state while inheriting the
inherent defects of EKF. Correspondingly, the strong tracking
UKF (STUKF) and strong tracking CKF (STCKF) are put
forward in succession. There are two methods to calculate
the suboptimal fading factor in these two types of filters.
On the one hand, the fading factor is still calculated using
the Jacobian matrix [23–25], which may bring some trouble
in strong nonlinear systems. On the other hand, the fading
factor is calculated using the equivalent expressions derived
by the statistical regression method [26, 27], in which the
predicted measurement covariance and the cross-covariance
are contained. It results in the nonlinear transformation
carried out for three times, which increases the amount of
calculation while loses a certain precision.

In this paper, a novel fifth-degree strong tracking cuba-
ture Kalman filter (5-STCKF) is proposed to further improve
the two-dimensional maneuvering target tracking accuracy.
A new fifth-degree cubature rule is utilized to approximate
the intractable nonlinear Gaussian weighted integral, and a
novel fifth-degree cubature Kalman filter is put forward. To
improve the ability of the filter to track the mutation state,
the suboptimal fading factor is designed to adjust the filtering
gain matrix online and force the residual sequences mutually
orthogonal and the 5-STCKF is derived. The suboptimal
fading factor is calculated in a new method, which reduces
the number of calculations for the cubature points from
three times to twice without calculating the Jacobian matrix.
The proposed 5-STCKF has the ability to track the mutation
state and can achieve better performance compared with
the 5-CKF and 5-SSRCKF in maneuvering target tracking
applications. In addition, the number of cubature points
needed in the 5-STCKF is less than those in the 5-CKF and 5-
SSRCKF.The simulation results verify the validity of the filter.

The rest of this paper is organized as follows: the novel
fifth-degree cubature Kalman filter is proposed in Section 2,
the novel fifth-degree strong tracking cubature Kalman filter
is derived in Section 3, the simulation results and analysis
are presented in Section 4, and the conclusion is given in
Section 5.

2. A Novel Fifth-Degree Cubature
Kalman Filter

The following discrete time nonlinear system is considered:
x𝑘 = f (x𝑘−1) + w𝑘−1

z𝑘 = h (x𝑘) + v𝑘
(1)

where x𝑘 ∈ R𝑛 denotes the state vector at time 𝑘, z𝑘 ∈ R𝑝
represents the measurement vector, and f(⋅) and h(⋅) denote

the known nonlinear process and measurement functions,
respectively. w𝑘 is the zero mean Gaussian white process
noise, with the covariance being Q𝑘, and k𝑘 is the zero mean
Gaussian white measurement noise, with the covariance
being R𝑘.

Given the measurements Z𝑘 = {z1, z2, ⋅ ⋅ ⋅ , z𝑘}, the mini-
mummean square error (MMSE) estimate of the state x𝑘 with
the estimate error covariance is given below:

x̂𝑀𝑀𝑆𝐸𝑘 = 𝐸 (x𝑘 | Z𝑘) = ∫ x𝑘𝑝 (x𝑘 | Z𝑘) 𝑑x𝑘 (2)

P𝑥 = ∫ (x𝑘 − x̂𝑀𝑀𝑆𝐸𝑘 ) (x𝑘 − x̂𝑀𝑀𝑆𝐸𝑘 )Τ 𝑝 (x𝑘 | Z𝑘) 𝑑x𝑘 (3)

where 𝑝(x𝑘 | Z𝑘) denotes the posterior PDF.
For nonlinear Kalman filters, the posterior PDF is

assumed to be Gaussian distribution and the following
five integrals in the filtering framework are required to be
calculated [12]:

x̂−𝑘 = ∫
R𝑛
f (x𝑘−1)𝑁 (x𝑘−1; x̂+𝑘−1,P+𝑘−1) 𝑑x𝑘−1 (4)

P−𝑘 = ∫
R𝑛
f (x𝑘−1) fΤ (x𝑘−1)𝑁 (x𝑘−1; x̂+𝑘−1,P+𝑘−1) 𝑑x𝑘−1

− x̂−𝑘 (x̂−𝑘 )Τ +Q𝑘

(5)

ẑ𝑘 = ∫
R𝑛
h (x𝑘)𝑁 (x𝑘; x̂−𝑘 ,P−𝑘 ) 𝑑x𝑘 (6)

P𝑧,𝑘 = ∫
R𝑛
h (x𝑘−1) hΤ (x𝑘−1)𝑁 (x𝑘; x̂−𝑘 ,P−𝑘 ) 𝑑x𝑘

− ẑ𝑘ẑ
Τ
𝑘 + R𝑘

(7)

P𝑥𝑧,𝑘 = ∫
R𝑛
x𝑘h
Τ (x𝑘)𝑁 (x𝑘; x̂−𝑘 ,P−𝑘 ) 𝑑x𝑘 − x̂−𝑘 ẑ𝑘 (8)

where 𝑁(x; x̂,P𝑥) denotes the Gaussian distribution with
mean x̂ and covariance P𝑥, x̂−𝑘 and P−𝑘 represent the prior
state estimate and estimate error covariance, respectively, ẑ𝑘
is the predicted measurement, and P𝑧,𝑘 and P𝑥𝑧,𝑘 denote the
measurement covariance and cross-covariance, respectively.

It can be seen from (4) to (8) that the key problem
in nonlinear Kalman filters is to calculate the intractable
integral in the form of 𝐼𝑁 = ∫R𝑛 g(x)𝑁(x; x̂,P𝑥)𝑑x, where
g(x) is arbitrary nonlinear function. In general, it is hard
to achieve the analytical solution of 𝐼𝑁, and the numerical
approximation should be considered. For this, the integral𝐼𝑒 = ∫R𝑛 g(x)exp(−xΤx)𝑑x is taken into account first.

There already exist some cubature rules, including the
third-degree spherical-radial cubature rule and fifth-degree
spherical-radial cubature rule, to calculate 𝐼𝑒, and it is
proved that the fifth-degree cubature rule can achieve higher
accuracy than the third-degree one. For more details, please
refer to [12, 18].

In this paper, through linear transformation, a novel fifth-
degree cubature rule for calculating the integral 𝐼𝑁 is given
below.
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It is pointed out in [28] that 𝐼𝑒 can be calculated approxi-
mately using the following fifth-degree cubature rule:𝐼𝑒 = 𝐴[𝑔 (𝜂, 𝜂, ⋅ ⋅ ⋅ , 𝜂) + 𝑔 (−𝜂, −𝜂, ⋅ ⋅ ⋅ , −𝜂)]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

2+ 𝐵 ∑
𝑝𝑒𝑟𝑚

[𝑔 (𝜆, 𝜉, ⋅ ⋅ ⋅ , 𝜉) + 𝑔 (−𝜆, −𝜉, ⋅ ⋅ ⋅ , −𝜉)]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
2𝐶1
𝑛+ 𝐶 ∑

𝑝𝑒𝑟𝑚

[𝑔 (𝜇, 𝜇, 𝛾, ⋅ ⋅ ⋅ , 𝛾) + 𝑔 (−𝜇, −𝜇, −𝛾, ⋅ ⋅ ⋅ , −𝛾)]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
2𝐶2
𝑛

(9)

where perm means all distinct permutations, 𝐶1𝑛 and 𝐶2𝑛
represent the binomial coefficients that equal to 𝑛 and 𝑛(𝑛 −1)/2, respectively, and the parameters 𝜂, 𝜇, and 𝛾 satisfy the
following equations. For more details, please refer to [28, 29].𝜇𝛾 = −3 ± √16 − 2𝑛 (10)

𝛾2 = 3 ± √7 − 𝑛2 (16 − 𝑛 ∓ 4√16 − 2𝑛) (11)

𝜂2 = 𝑛 (𝑛 − 7) ∓ (𝑛2 − 3𝑛 − 16)√7 − 𝑛2 (𝑛3 − 7𝑛2 − 16𝑛 + 128) (12)

However, (9) is not suitable for calculating 𝐼𝑁 in its
current form. In order to simplify (9), we define e as an n-
order identity matrix and the matrix subscript [⋅]𝑖 is utilized
to denote the ith column and, then, (9) can be written in the
following form:

𝐼𝑒 = 𝐴[g( 𝑛∑
𝑖=1

𝜂e𝑖) + g(− 𝑛∑
𝑖=1

𝜂e𝑖)]
+ 𝐵 𝑛∑
𝑖=1

[[g(𝜆e𝑖 + 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝜉e𝑗)
+ g(−𝜆e𝑖 − 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝜉e𝑗)]]
+ 𝐶𝐶2𝑛∑
𝑖=1

[[g(𝜇e𝑗 + 𝜇e𝑘 + 𝑛∑
𝑙=1,𝑙 ̸=𝑗,𝑙 ̸=𝑘

𝛾e𝑙)
+ g(−𝜇e𝑗 − 𝜇e𝑘 − 𝑛∑

𝑙=1,𝑙 ̸=𝑗,𝑙 ̸=𝑘

𝛾e𝑙)]] ,
𝑗 < 𝑘; 𝑗, 𝑘 = 1, 2, ⋅ ⋅ ⋅ , 𝑛

(13)

Further, we define the following variables:

p = 𝑛∑
𝑖=1

𝜂e𝑖 (14)

q𝑖 = 𝜆e𝑖 + 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝜉e𝑗 (15)

s𝑖 = 𝜇e𝑗 + 𝜇e𝑘 + 𝑛∑
𝑙=1,𝑙 ̸=𝑗,𝑙 ̸=𝑘

𝛾e𝑙 (16)

Then, (13) is transformed into the following simplified
form:

𝐼𝑒 = 𝐴 [g (p) + g (−p)] + 𝐵 𝑛∑
𝑖=1

[g (q𝑖) + g (−q𝑖)]
+ 𝐶𝐶2𝑛∑
𝑖=1

[g (s𝑖) + g (−s𝑖)]
(17)

It can be proved that 𝐼𝑁 has the following equivalent form
[12]:

𝐼𝑁 = 1√𝜋𝑛 ∫R𝑛 g (√2P𝑥x + x̂) exp (−xΤx) 𝑑x (18)

such that 𝐼𝑁 can be approximated using the cubature rule
below:

𝐼𝑁
= 𝐴√𝜋𝑛 [g (√2P𝑥p + x̂) + g (−√2P𝑥p + x̂)]

+ 𝐵√𝜋𝑛
𝑛∑
𝑖=1

[g (√2P𝑥q𝑖 + x̂) + g (−√2P𝑥q𝑖 + x̂)]
+ 𝐶√𝜋𝑛

𝐶2
𝑛∑
𝑖=1

[g (√2P𝑥s𝑖 + x̂) + g (−√2P𝑥s𝑖 + x̂)]
= 𝑛2+𝑛+2∑
𝑖=1

𝜔𝑖g (x̂(𝑖))

(19)

where the cubature points and corresponding weights are
given below and the specific values ofA, B, and C are given in
[29].

x̂(𝑖)

= {{{{{{{{{
√2P𝑥 [p, −p]𝑖 + x̂, 𝑖 = 1, 2
√2P𝑥 [q, −q]𝑖−2 + x̂, 𝑖 = 3, ⋅ ⋅ ⋅ , 2𝑛 + 2
√2P𝑥 [s, −s]𝑖−2𝑛−2 + x̂, 𝑖 = 2𝑛 + 3, ⋅ ⋅ ⋅ , 𝑛2 + 𝑛 + 2

(20)

𝜔𝑖 =
{{{{{{{{{{{{{{{

𝐴√𝜋𝑛 , 𝑖 = 1, 2
𝐵√𝜋𝑛 , 𝑖 = 3, ⋅ ⋅ ⋅ , 2𝑛 + 2
𝐶√𝜋𝑛 , 𝑖 = 2𝑛 + 3, ⋅ ⋅ ⋅ , 𝑛2 + 𝑛 + 2

(21)

where q = [q1, q2, ⋅ ⋅ ⋅ , q𝑛] and s = [s1, s2, ⋅ ⋅ ⋅ , s𝐶2
𝑛
] represent

the matrices constituted by q𝑖 and s𝑖, respectively.
Take 𝑛 = 6 as an example, which will be used in the

simulation section; the parameters in (19) are listed in Table 1.

Remark 1. The number of points needed in the fifth-degree
cubature rule proposed in [18] is 2𝑛2 + 1, and that in the
spherical simplex cubature rule proposed in [19] is 𝑛2 + 3𝑛 +3. However, the number of points needed in the proposed
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Table 1: Parameters of the cubature rule with n=6.

Parameters Values𝜂 1𝜆 √2𝜉 0𝜇 −1𝛾 1𝐴 0.0078125𝜋𝑛/2𝐵 0.0625𝜋𝑛/2𝐶 0.078125 𝜋𝑛/2

cubature rule (19) is 2 + 2𝐶1𝑛 + 2𝐶2𝑛 = 𝑛2 + 𝑛 + 2, which
is less than those of the aforementioned two filters and only
onemore than the theoretical lower bound of the fifth-degree
rules, that is, 𝑛2 + 𝑛 + 1 [29].
Remark 2. The cubature rule (19) can be applied in the
condition that 2 ≤ 𝑛 ≤ 7, and for the conventional
two-dimensional maneuvering target tracking problem, the
maximum state dimension is seven (including two position
variables, two velocity variables, two acceleration variables,
and an optional turn rate); hence, the proposed cubature rule
is suitable in the application of maneuvering target tracking.

Based on the cubature rule and the points and weights,
the novel fifth-degree cubature Kalman filter is proposed in
the nonlinear Kalman framework as follows.

Step 1 (filter initialization). Take the initial values x̂+0 and P+0
into consideration.

Cycle 𝑘 = 1, 2, ⋅ ⋅ ⋅ , and complete the following steps.

Step 2 (time update). The posterior state estimate x̂+𝑘−1 and
estimate error covariance P+𝑘−1 are used instead of x̂ and
P𝑥 in (20) to calculate the cubature points x̂(𝑖)

𝑘−1
, which are

propagated using the nonlinear process function f(⋅) to obtain
the following points X(𝑖)

𝑘
:

X(𝑖)𝑘 = f (x̂(𝑖)𝑘−1) (22)

The prior state estimate and the estimate error covariance
are calculated below:

x̂−𝑘 = 𝑛
2+𝑛+2∑
𝑖=1

𝜔𝑖X(𝑖)𝑘 (23)

P−𝑘 = 𝑛
2+𝑛+2∑
𝑖=1

𝜔𝑖 (X(𝑖)𝑘 − x̂−𝑘) (X(𝑖)𝑘 − x̂−𝑘)Τ +Q𝑘−1 (24)

where 𝜔𝑖 is given in (21).

Step 3 (measurement update). The prior state estimate x̂−𝑘
and estimate error covariance P−𝑘 are used instead of x̂ and
P𝑥 in (20) to calculate the cubature points x̂(𝑖)

𝑘
, which are

propagated using the nonlinear measurement function h(⋅)
to obtain the following points Z(𝑖)

𝑘
:

Z(𝑖)𝑘 = h (x̂(𝑖)𝑘 ) (25)

The predicted measurement ẑ𝑘, the predicted measure-
ment covariance P𝑧,𝑘 and the cross-covariance P𝑥𝑧,𝑘 are
calculated as follows, respectively:

ẑ𝑘 = 𝑛2+𝑛+2∑
𝑖=1

𝜔𝑖Z(𝑖)𝑘 (26)

P𝑧,𝑘 = 𝑛2+𝑛+2∑
𝑖=1

𝜔𝑖 (Z(𝑖)𝑘 − ẑ𝑘) (Z(𝑖)𝑘 − ẑ𝑘)Τ + R𝑘 (27)

P𝑥𝑧,𝑘 = 𝑛2+𝑛+2∑
𝑖=1

𝜔𝑖 (x̂(𝑖)𝑘 − x̂−𝑘 ) (Z(𝑖)𝑘 − ẑ𝑘)Τ (28)

The Kalman filtering gain K𝑘, the posterior state estimate
x̂+𝑘 , and the posterior estimate error covariance P+𝑘 are
calculated, respectively.

K𝑘 = P𝑥𝑧,𝑘P
−1
𝑧,𝑘 (29)

x̂+𝑘 = x̂−𝑘 + K𝑘 (z𝑘 − ẑ𝑘) (30)

P+𝑘 = P−𝑘 − K𝑘P𝑧,𝑘K
Τ
𝑘 (31)

3. A Novel Fifth-Degree Strong Tracking
Cubature Kalman Filter

Themaneuvering target tracking problem can be regarded as
a mutation state tracking problem. It can be seen from (30)
that once the state has an abrupt change, the residual 𝜀𝑘 =
z𝑘 − ẑ𝑘 may increase thereupon, and if K𝑘 remains minimum
as it tends to be as the filter is stable, the proposed fifth-
degree cubature Kalman filter may lose the ability to track
the mutation state. Therefore, we should adjust K𝑘 online to
satisfy the following two criterions:

(𝑎) 𝐸 [(x𝑘 − x̂+𝑘 ) (x𝑘 − x̂+𝑘 )Τ] = min (32)

(𝑏) 𝐸 (𝜀𝑘+𝑗𝜀Τ𝑘 ) = 0, 𝑗 = 1, 2, ⋅ ⋅ ⋅ (33)

The first criterion ensures the optimal filter, and the
second criterion, which is called the orthogonality principle
[20], plays a key role in tracking themutation state. It has been
proved that the residual series in Kalman filter are mutually
orthogonal, which can be regarded as metrics to evaluate the
performance of the filter. If we adjust K𝑘 online to force the
criterion (b) established once the state takes an abrupt change,
the filter has the ability to track the mutation state then and
is named strong tracking filter.

It has been proved that (33) has the following expression:

𝐸 (𝜀𝑘+𝑗𝜀Τ𝑘 )
= H𝑘+𝑗F𝑘+𝑗 [𝑘+𝑗−1∏

𝑖=𝑘+1

(I − K𝑖H𝑖) F𝑖] (P−𝑘HΤ𝑘 − K𝑘V𝑘) (34)
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where F𝑘 = 𝜕f/𝜕x|x=x̂+
𝑘−1

and H𝑘 = 𝜕h/𝜕x|x=x̂−
𝑘

denote the
Jacobian matrix and V𝑘 = 𝐸(𝜀𝑘𝜀Τ𝑘 ) represents the residual
covariance.

It can be seen from (34) that, in order to force𝐸(𝜀𝑘+𝑗𝜀Τ𝑘 ) =0, the following must hold:

P−𝑘H
Τ
𝑘 − K𝑘V𝑘 = 0 (35)

By using the statistical linear regression method, the
following can be achieved:

P𝑧,𝑘 = 𝐸 [(z𝑘 − ẑ𝑘) (z𝑘 − ẑ𝑘)Τ]
= 𝐸 [(H𝑘 (x𝑘 − x̂−𝑘 ) + v𝑘) ((x𝑘 − x̂−𝑘 )ΤHΤ𝑘 + vΤ𝑘 )]
= H𝑘𝐸 [(x𝑘 − x̂−𝑘 ) (x𝑘 − x̂−𝑘 )Τ]HΤ𝑘 + 𝐸 (v𝑘vΤ𝑘 )
= H𝑘P

−
𝑘H
Τ
𝑘 + R𝑘

(36)

P𝑥𝑧,𝑘 = 𝐸 [(x𝑘 − x̂−𝑘 ) (z𝑘 − ẑ𝑘)Τ]
= 𝐸 [(x𝑘 − x̂−𝑘 ) (H𝑘 (x𝑘 − x̂−𝑘 ) + v𝑘)Τ]
= 𝐸 [(x𝑘 − x̂−𝑘 ) (x𝑘 − x̂−𝑘 )Τ]HΤ𝑘 = P−𝑘H

Τ
𝑘

(37)

Combined with (37), (35) is transformed into the follow-
ing form:

P𝑥𝑧,𝑘 − K𝑘V𝑘 = 0 (38)

Then, by substituting (29) into (38), we have

P𝑥𝑧,𝑘 − K𝑘V𝑘 = K𝑘P𝑧,𝑘 − K𝑘V𝑘 = K𝑘 (P𝑧,𝑘 − V𝑘) = 0 (39)

On account of K𝑘 which is a nonzero matrix, (39) turns
into

P𝑧,𝑘 − V𝑘 = 0 (40)

In order to adjustK𝑘 online, the time-varying suboptimal
fading factor is introduced into the prior estimate error
covariance and (24) is modified as follows:

P−𝑘 = 𝜆𝑘 [[
𝑛2+𝑛+2∑
𝑖=1

𝜔𝑖 (X(𝑖)𝑘 − x̂−𝑘 ) (X(𝑖)𝑘 − x̂−𝑘 )Τ +Q𝑘−1]] (41)

where 𝜆𝑘 ≥ 1 is the time-varying suboptimal fading factor.
Similarly, P𝑧,𝑘 and P𝑥𝑧,𝑘 are modified according to (36)

and (37) as below:

P𝑧,𝑘 = 𝜆𝑘𝑛2+𝑛+2∑
𝑖=1

𝜔𝑖 (Z(𝑖)𝑘 − ẑ𝑘) (Z(𝑖)𝑘 − ẑ𝑘)Τ + R𝑘 (42)

P𝑥𝑧,𝑘 = 𝜆𝑘𝑛2+𝑛+2∑
𝑖=1

𝜔𝑖 (x̂(𝑖)𝑘 − x̂−𝑘 ) (Z(𝑖)𝑘 − ẑ𝑘)Τ (43)

By substituting (42) into (40), we obtain that

𝜆𝑘𝑛2+𝑛+2∑
𝑖=1

𝜔𝑖 (Z(𝑖)𝑘 − ẑ𝑘) (Z(𝑖)𝑘 − ẑ𝑘)Τ + R𝑘 − V𝑘 = 0 (44)

Define M𝑘 = ∑𝑛2+𝑛+2𝑖=1 𝜔𝑖(Z(𝑖)𝑘 − ẑ𝑘)(Z(𝑖)𝑘 − ẑ𝑘)Τ and N𝑘 =
V𝑘 − R𝑘, and (44) turns into

𝜆𝑘M𝑘 = N𝑘 (45)

By calculating the trace of both sides of (45), we achieve
the following suboptimal fading factor:

𝜆𝑘 = {{{
𝜆0, 𝜆0 ≥ 1
1, 𝜆0 < 1,

𝜆0 = tr (N𝑘)
tr (M𝑘)

(46)

The residual covarianceV𝑘 = 𝐸(𝜀𝑘𝜀Τ𝑘 ) can be estimated as
follows:

V𝑘 = {{{{{
𝜀1𝜀
Τ
1 , 𝑘 = 1𝜌V𝑘−1 + 𝜀𝑘𝜀Τ𝑘1 + 𝜌 , 𝑘 ≥ 2 (47)

where 𝜌 denotes the forgetting factor and is generally set to
be 0.95 ≤ 𝜌 ≤ 0.99.

In practical applications, N𝑘 is often modified as N𝑘 =
V𝑘−𝛽R𝑘, where 𝛽 ≥ 1 denotes the softening factor to smooth
the state estimate.

Thus, the novel fifth-degree strong tracking cubature
Kalman filter is derived by substituting (42), (43) instead of
(27), and (28) and (41) into (31), and the calculation process
is listed in Figure 1.

Remark 3. In the previous nonlinear strong tracking filters,
P𝑧,𝑘 and P𝑥𝑧,𝑘 are contained in the calculation of 𝜆𝑘 [26, 27]
and results in the cubature points being calculated three times
in a filtering cycle, which may reduce the filtering accuracy
due to the loss of the higher order moment information.
However, in the proposed 5-STCKF, M𝑘 and N𝑘 are calcu-
lated using a different method and the cubature points are
calculated only twice in a filtering cycle as the conventional
CKF, which may achieve more accuracy estimate and better
computational efficiency.

Remark 4. There is no need to calculate the Jacobian matrix;
thus, the proposed 5-STCKF is a derivative-free filter.

4. Simulation Results and Analysis

In this section, a maneuvering target tracking simulation is
taken to test the performance of the proposed filter

4.1. Maneuvering Target Tracking Models. The dynamic
model of the two-dimensional maneuvering target is given
below:

x𝑘 = Fx𝑘−1 + Γu𝑘−1 + Gw𝑘−1 (48)

where x𝑘 = (𝑥𝑘, �̇�𝑘, 𝑦𝑘, ̇𝑦𝑘)Τ denotes the target state, u𝑘 =(�̈�𝑘, ̈𝑦𝑘)Τ represents the control input, and w𝑘−1 is the zero
mean Gaussian process noise. F, Γ, and G denote the state
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Figure 1: The calculation process of the proposed 5-STCKF.

transformation matrix, the control input matrix, and the
noise input matrix, respectively, which are given below:

F = [[[[[[

1 𝑇 0 00 1 0 00 0 1 𝑇0 0 0 1
]]]]]]
,

Γ = G =
[[[[[[[[

𝑇22 0𝑇 0
0 𝑇220 𝑇

]]]]]]]]
(49)

where 𝑇 is the time interval.
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For the tracking system, the target state and the control
input are unknown; in this case, the target state and the
control input can be used to form the augmented state vector
x𝑎𝑘 = (xΤ𝑘 , uΤ𝑘 )Τ, and (48) is modified as follows:

x𝑎𝑘 = F𝑎x𝑎𝑘−1 + G𝑎w𝑘−1 (50)

where F𝑎 and G𝑎 denote the augmented state transformation
matrix and noise input matrix, respectively, which are given
below:

F𝑎 = [ F Γ
02×4 I2

] ,
G𝑎 = [ G

02×2
]

(51)

The measurement model is given as follows:

z𝑘 = [[
√𝑥2
𝑘
+ 𝑦2
𝑘

atan 2 (𝑦𝑘, 𝑥𝑘)]] + k𝑘 (52)

where atan 2 denotes the four-quadrant inverse tangent func-
tion and k𝑘 is the zero mean white Gaussian measurement
noise.

4.2. Simulation Results and Analysis. In this simulation, the
initial location of the target is (𝑥0, 𝑦0) = (100, 400) and the
initial velocity of the target is (�̇�0, ̇𝑦0) = (15, 20). The location
of the radar is (100, 0). The total simulation time is 400s, and
the target takes a high maneuvering with the acceleration
given below. The trajectory of the target and the location of
the radar is shown in Figure 2.

u𝑘 =
{{{{{{{{{{{{{{{{{

(0, 0)Τ , 0 < 𝑘 ≤ 40
(6, −8)Τ , 40 < 𝑘 ≤ 120
(−3, 7)Τ , 120 < 𝑘 ≤ 200
(5, 2)Τ , 200 < 𝑘 ≤ 400

(53)

The initial filtering state is x̂+0 = (100, 15, 400, 20, 0, 0)Τ,
and the initial covariance is P+0 = diag(2500, 400, 2500, 100,10, 10). The process noise covariance isQ𝑘 = 0.1 × diag(1, 1),
and the standard deviations of range measurement noise and
bearing measurement noise are 25m and 0.02∘, respectively.
The forgetting factor is 𝜌 = 0.98, and the softening factor is
set to be 𝛽 = 6.

The CKF, the proposed 5-CKF, the STCKF in [26]
(denoted as STCKF-1), the STCKF (CKF combined with the
new strong tracking filter structure in this paper), and the
proposed 5-STCKF are taken into account in this simulation.
The metrics used to compare the performance of various
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Figure 2: The trajectory of the target and the location of the radar.

filters are the root mean square error (RMSE) and average
RMSE (ARMSE), which are defined as follows:

𝑅𝑀𝑆𝐸𝑝𝑜𝑠 (𝑘)
= √ 1𝑀

𝑀∑
𝑚=1

((𝑥𝑘 − 𝑥+
𝑚,𝑘

)2 + (𝑦𝑘 − 𝑦+
𝑚,𝑘

)2) (54)

𝐴𝑅𝑀𝑆𝐸𝑝𝑜𝑠 = 1𝑁
𝑁∑
𝑘=1

𝑅𝑀𝑆𝐸𝑝𝑜𝑠 (𝑘) (55)

where 𝑀 denotes the number of Monte-Carlo runs, 𝑁
represents the total simulation times, 𝑥𝑘 and 𝑦𝑘 denote the
true position at time k, and𝑥+𝑚,𝑘 and𝑦+𝑚,𝑘 denote the estimated
position at time k in the mth Monte-Carlo simulation. The
velocity RMSE and velocity ARMSE are defined similarly.

The Monte-Carlo simulations are implemented 200
times, and the results are shown in Figures 3–6. It can be
seen from Figures 3 and 4 that the position RMSE and
velocity RMSE of all the filters have a sudden jump at
40s, 120s, and 200s on account of the maneuverings taken.
However, the RMSEs of the three strong tracking filters
achieve convergence after a short time, while those of the
CKFs achieve divergence, indicating that the three strong
tracking filters have the ability to track the maneuvering
target, while the CKF and 5-CKF cannot. The reason is that
the suboptimal fading factor in the strong tracking filters
can adjust the filtering gain matrix in real time to force the
residual sequences mutually orthogonal, thus to enhance the
ability of the filter to track the mutation state, while no fading
factor exists in the CKF and 5-CKF. From Figures 5 and
6, we see that the three strong tracking filters can estimate
the accelerations effectively, while CKF and 5-CKF cannot
achieve the estimations of the accelerations.
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Figure 3: Position RMSEs of the five filters.
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Figure 4: Velocity RMSEs of the five filters.

Table 2: Position ARMSEs and velocity ARMSEs of the five filters.

Filters Position ARMSE/m Velocity ARMSE/(m.s-1)
CKF 194.2629 36.4900
5-CKF 194.2501 36.4539
STCKF-1 12.1252 3.1578
STCKF 12.0985 3.1417
5-STCKF 11.9466 3.0843

The position ARMSE and velocity ARMSE are listed
in Table 2. As shown in the figures, the RMSEs of the
CKF and 5-CKF are significantly larger than those of the
other three strong tracking filters. The RMSEs of STCKF
are smaller than that of STCKF-1, indicating that the new
strong tracking filter structure proposed in this paper is
better than that in [26]; the reason is that the proposed
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Figure 5: Estimated acceleration 1 of the five filters.
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Figure 6: Estimated acceleration 2 of the five filters.

structure reduces the calculation for cubature points from
three times to twice, which reduces the loss of higher order
moment information. Compared with STCKF, the 5-STCKF
improves the position ARMSE and velocity ARMSE by 1.26%
and 1.83%, respectively, indicating that the novel fifth-degree
cubature rule ismore accurate in approximating theGaussian
weighted integral than conventional third-degree cubature
rule.

5. Conclusion

In this paper, a novel 5-STCKF is put forward to improve the
two-dimensional maneuvering target tracking accuracy. For
this, the intractable nonlinear Gaussian weighted integral is
approximated using a novel fifth-degree cubature rule, and
the suboptimal fading factor is designed in a new method
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to adjust the filtering gain matrix online and force the
residual sequences mutually orthogonal, thus to improve the
ability of the filter to track the mutation state. Simulation
results show that the conventional CKF cannot track the
maneuvering target, while the 5-STCKF has the ability to
track the maneuvering target, and compared with STCKF, 5-
STCKF can achieve higher target tracking accuracy.
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