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Mathematical modeling has become a valuable tool for
the analysis of dynamics of infectious disease and for the
support of control strategies development in recent years.
This work highlights the conceptual ideas and mathematical
tools needed for infectious diseases modeling.Themain con-
vergence of this was on the dynamics of infectious diseases,
the analysis of transmission patterns in various populations,
and methods to assess the effectiveness of control strategies
such as HIV, childhood infections, influenza, and vector
borne infections. It was concerned with qualitative behaviors
of infectious diseasemodel.The qualitative behavior ofmodel
includes positivity, uniqueness, local stability, global stability,
bifurcation analysis, control of diseases, and existence of solu-
tions.This study provided a platform for the discussion of the
major research challenges and achievements on qualitative
behaviors of infectious diseases and their control. Due to the
availability of a lot of applications of this study, many authors
contributed.

G. R. Phaijoo and D. B. Gurung demonstrated that
dengue is spreading in new areas due to people movement.
They considered a multipatch model to assess the impact
of temperature and human movement on the transmission
dynamics of dengue disease. Dynamics of vector and host
populations are investigated with different humanmovement
rates and different temperature levels.

N. Pipatsart et al. discussed adaptive random network
models to describe human behavioral change during epi-
demics and performed stochastic simulations of SIR epi-
demic models on adaptive random networks.

C. Burgess et al. derived risk-based immunization by
deployment to polio-endemic regions, which is sufficient to

prevent transmission among both deployed and nondeployed
US military populations.

T. Tilahun et al. analyzed a compartmental nonlinear
deterministic mathematical model for the typhoid fever
outbreak and optimal control strategies in a community with
varying population.

L. Worden et al. extended an approximation technique of
the long-term behavior of a supercritical stochastic epidemic
model, using the WKB approximation and a Hamiltonian
phase space, to the subcritical case.

S. Anis et al. discussed some of the genetic properties on
the basis of algebra.

Finally, A. Miao et al. proposed a stochastic SIR model
with vertical transmission and vaccination.They showed that
large noise can lead to the extinction of infectious diseases,
which is conducive to epidemic diseases control.
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In this paper, we construct a linear differential system in both continuous time and discrete time to model HIV transmission on
the population level. The main question is the determination of parameters based on the posterior information obtained from
statistical analysis of the HIV population. We call these parameters dynamic constants in the sense that these constants determine
the behavior of the system in various models.There is a long history of using linear or nonlinear dynamic systems to study the HIV
population dynamics or other infectious diseases. Nevertheless, the question of determining the dynamic constants in the system
has not received much attention. In this paper, we take some initial steps to bridge such a gap. We study the dynamic constants that
appear in the linear differential system model in both continuous and discrete time. Our computations are mostly carried out in
Matlab.

1. Introduction

Patients infected with Human Immunodeficiency Virus
(HIV) are very likely to develop Acquired Immunodeficiency
Disease Syndrome- (AIDS-) related diseases that are usually
fatal if not treatedwith effective antiretroviral therapies. Since
the discovery of HIV in 1983, an efficacious vaccine is yet to
be developed to fight the deadly virus. Although highly active
antiretroviral therapies (HAART) invented inmid-1990s have
savedmillions of lives and deterred the disease progression of
those infected, HIV infection remains a public health threat.
Reducing the risk of HIV transmission is of top priority.

One particular challenge in HIV prevention is its long
period of latency period.The average time of anHIV infected
patient to become symptomatic with AIDS-related diseases
can be more than 10 years [1]. In the sexual transmission
of HIV, many of the HIV infected patients may not be
aware of their HIV infection status, and the virus continues
spreading to their HIV negative partners. Therefore, an in-
depth understanding of HIV transmission is the key to
successful HIV prevention.

HIV dynamics have long been studied in the field
of mathematical epidemiology using linear and nonlinear
models [2, 3]. The classic model in epidemiology is the SIR
model, which considers the dynamics of the susceptible,
infected, and recovered populations [4]. This model is not
useful for HIV dynamics, as there is no recovered population.
An extension of this is the SEIR model, which includes
the population of individuals who are exposed but not yet
infected. The period between exposure and infectiousness
in HIV lasts about two to four weeks [1]. Since a recovered
population does not exist, we can consider this period to have
a negligible effect on population dynamics.

Hierarchicalmodels are common inHIVmodeling due to
the high correlation between risky behavior and HIV inci-
dence [5]. In this paper we will incorporate risk indirectly by
considering diagnosed and undiagnosed populations. Intu-
itively, diagnosed individuals would modify their behavior
relative to their behavior prior to the diagnosis.

In this paper, we shall form two models: a continuous
time linear differential model and a discrete time differential
model. These models are the most fundamental among their
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kinds. The focus will then be given to determination of
the parameter estimates, the dynamic constants in these
models. As we will show in this paper, the estimates of the
dynamic constants depend on the type of model as well as
the qualitative properties of the models.

There are two important dynamic constants in ourmodel,
namely, the transmission rates for diagnosedHIV population
and for undiagnosedHIV population. One important finding
in our study is that the transmission rates for the diagnosed
and undiagnosed infected populations are comparable. This
leads to our conclusion that the transmission rates should be
attached to different groups of susceptibles based on their risk
level.

2. General Nonlinear Differential Model

One of the frequently used mathematical models for HIV
population dynamics can be described as follows. Let 𝑆(𝑡) be
the susceptibles. We divide the HIV positive population into
two groups: 𝑁0 is the populations that are unaware of the
infection;𝑁1 is the populations that are aware of the infection.
Let 𝜖𝑖 be the mortality rate for the group 𝑁𝑖. Let 𝑟 be the
growth rate of the susceptibles. Let 𝛾0 be the transmission rate
of 𝑁0 group and let 𝛾1 be the transmission rate of 𝑁1 group.
Then we have the following nonlinear differential equations:

𝑑𝑆 (𝑡)
𝑑𝑡 = 𝑆 (𝑡) (𝑟 − 𝛾0𝑁0 (𝑡) − 𝛾1𝑁1 (𝑡)) ;

𝑑𝑁0 (𝑡)
𝑑𝑡 = (1 − 𝛽) 𝛾1𝑁1 (𝑡) 𝑆 (𝑡) + 𝛾0𝑁0𝑆 (𝑡) − 𝛿𝑁0

− 𝜖0𝑁0;
𝑑𝑁1 (𝑡)

𝑑𝑡 = 𝛽𝛾1𝑁1 (𝑡) 𝑆 (𝑡) + 𝛿𝑁0 − 𝜖1𝑁1.

(1)

Here 𝛾1𝑁1(𝑡)𝑆(𝑡) counts for those who are infected by group𝑁1 (per unit time), and among them 𝛽 is the proportion of
those who are aware of their infection.The constant 𝛿 denotes
the rate of the HIV positive population in 𝑁0 group who
become aware of their infection (per unit time). So there is a
flow of 𝛿𝑁0(𝑡) from group 𝑁0 to 𝑁1 once a member from 𝑁0
finds out his/her infection through HIV testing.

Many variations of this nonlinear dynamic model have
been considered and appeared in the literature to study the
HIV population dynamics. For example, in [6], mortality
rate of the susceptibles is considered and appears in the
differential equation of 𝑆(𝑡). In addition, the parameters are
allowed to change but are piecewise constant.

In our differential equation model, we have a few con-
stants: 𝛽, 𝛿, 𝛾0, 𝛾1, 𝜖0, and 𝜖1. These constants essentially
determine the qualitative and quantitative properties of
the mathematical model. We shall call these constants the
dynamic constants of the model. Notice that some of the
constants, like 𝛾𝑖, may have prior estimates, based on the data
collected directly from the groups 𝑁𝑖 and 𝑆. Some of the con-
stants, like 𝜖𝑖, will have posterior estimates. The constants 𝛿,𝛽 may have prior estimates. Our main focus here is to give
posterior estimates of these constants.

We shall remark here that the dynamic constants are
model-dependent. This might not be obvious. Even though
many of them can be estimated statistically without reference
to any models, applying these estimates directly to the model
may be problematic, as we shall see in the next section. In this
paper, we take some initial steps to estimate the model-based
dynamic constants.

3. Linear Differential Model
and Preliminary Discussions

We shall now build a simpler linear model. The main
assumption is that the susceptible population is a lot larger
than 𝑁0 and 𝑁1. The change of susceptible population, due
to HIV infection, is quite small, comparing with the overall
size of susceptible. Therefore, we may ignore the dynamics
of susceptible population, by assuming that the susceptible
population is a constant. This more or less justifies the use of
linear system only involving 𝑁0 and 𝑁1.

Let us start with the HIV transmission rate estimates by
Pinkerton [7]. The estimates of transmission rates are

𝛾0 ≅ 0.0927,
𝛾1 ≅ 0.0268. (2)

𝛾𝑖 are estimated in terms of infection transmitted per person
per year. Since the overall susceptible population is a lot larger
that 𝑁𝑖, we can assume that HIV transmission events are
proportional to the size of 𝑁1 and 𝑁0. Based on this hypoth-
esis, we may model HIV transmission by linear differential
equations:

𝑑𝑁0𝑑𝑡 = (1 − 𝛽) 𝛾1𝑁1 + 𝛾0𝑁0 − 𝛿𝑁0 − 𝜖0𝑁0,
𝑑𝑁1𝑑𝑡 = 𝛽𝛾1𝑁1 + 𝛿𝑁0 − 𝜖1𝑁1.

(3)

The dynamic constants 𝛿 and 𝛽 remain unchanged. It is also
known that 𝜖1 ≅ 1.9% [8]. There is no statistics done on 𝜖0.
So we can assume 𝜖0 ≅ 1.9% as well.

Next, we shall apply the known estimates and study our
linear differential model. Notice that 𝛽 remain unknown at
this moment. According to [8], 𝛿 is somewhere around 1/4.
We may tentatively set 𝛿 = 1/4. Utilizing the estimates of
dynamic constants directly from [7, 8], let us consider several
cases.

3.1. 𝛽 = 4/5. We start by assuming that 𝛽 takes the value of
the overall portion of those who are aware of their infection.
Now we have the following linear equations:

𝑑𝑁0𝑑𝑡 = 0.0268
5 𝑁1 + 0.0927𝑁0 − 1

4 𝑁0 − 0.019𝑁0.
𝑑𝑁1𝑑𝑡 = 0.0268 × 4

5 𝑁1 + 1
4 𝑁0 − 0.019𝑁1.

(4)
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We found that the two linear independent solutions have
growth rate of

𝜆+ = 0.01,
𝜆− = −0.18. (5)

However, we know that the growth of 𝑁0 + 𝑁1 is about 0.048.
Hence our assumption 𝛽 = 𝜂 = 4/5 is not valid. Even if we
ignore the mortality rate, we have

𝜆+ = 0.021,
𝜆− = −0.16. (6)

This is still far below the estimated 4.8% growth rate.

3.2. 𝛽 = 1 or 𝛽 = 0. One extreme is that 𝛽 = 1, meaning that
the population infected by 𝑁1 gets tested and becomes aware
of their infection (within the first year). We have

𝑑𝑁0𝑑𝑡 = 0.0927𝑁0 − 1
4 𝑁0 − 0.019𝑁0,

𝑑𝑁1𝑑𝑡 = 0.0268𝑁1 + 1
4 𝑁0 − 0.019𝑁1.

(7)

Under this assumption 𝑁0 will decrease at the rate of −0.268,
which means that the population 𝑁0 will gradually vanish in
a few years. This cannot be true.

Another extreme is that 𝛽 = 0, meaning that the
population infected by 𝑁1 will be initially unaware of their
infection (within the first year). We have

𝑑𝑁0𝑑𝑡 = 0.0268𝑁1 + 0.0927𝑁0 − 1
4 𝑁0 − 0.019𝑁0,

𝑑𝑁1𝑑𝑡 = 1
4 𝑁0 − 0.019𝑁1.

(8)

We have
𝜆+ = 0.016,
𝜆− = −0.211. (9)

The overall HIV population growth will be less than 0.016.
This is quite small comparing with the estimate that the
growth rate is about 0.048.
3.3. 𝛿, 𝛽 Not Fixed. One might conclude that 𝛿 must be a
much smaller number than 1/4, what we have initially as-
sumed. We let 𝛿 and 𝛽 be unfixed. In this case, we have

𝑑𝑁0𝑑𝑡 = (0.0927 − 𝛿) 𝑁0 + (1 − 𝛽) (0.0268) 𝑁1
− 0.019𝑁0,

𝑑𝑁1𝑑𝑡 = 0.0268𝛽𝑁1 + 𝛿𝑁0 − 0.019𝑁1.
(10)

We have the matrix

𝐴 = (0.0927 − 𝛿 − 0.019 (0.0268) (1 − 𝛽)
𝛿 0.0268𝛽 − 0.019) . (11)

We know the growth rates are controlled by the eigenvalues
of 𝐴. In particular, we might assume that det(𝐴 − 𝜆) = 0 with𝜆 = 0.048. This will guarantee that the dominant term of the
solution will grow at the rate of 0.048 (per year). Hence we
obtain

(0.0257 − 𝛿) (0.0268𝛽 − 0.067) = 0.0268 (1 − 𝛽) 𝛿. (12)

Simplifying it, we have

1.56𝛿 + 0.0268𝛽 ≅ 0.067. (13)

Since 0 ≤ 𝛽 ≤ 1, we find that 0.043 ≥ 𝛿 ≥ 0.0258. This
suggests that there are between 2% to 5%of 𝑁0 getting tested.
This percentage seems to be too low comparingwith the CDC
estimate of about 25%.

We shall remark that our discussion is based on the esti-
mates that 𝛾0 = 0.0927 and 𝛾1 = 0.0268 [7]. As we have seen,
directly using these estimates as dynamic constants in dif-
ferential equation modeling will be inadequate to produce
the right kind of outcomes and trend. In this paper, we shall
discuss posterior estimate of parameters and hope to find
some remedy.

4. Posterior Estimate of Parameters

In our earlier discussion, we directly insert the transmission
rates from the statistical analysis into the linear differential
system.The result is not satisfactory. It is desirable to estimate
the transmission rates that will produce the right kind of
outcome from the linear differential system model. Let us
recall the CDC data from 2007 to 2013 (in thousands) [8].

We first simplify our notation. Let N = (𝑁1
𝑁0

). We rewrite
our linear system as

𝑑N
𝑑𝑡 = MN (𝑡) , (14)

where

M = ( 𝛽𝛾1 − 𝜖1 𝛿
(1 − 𝛽) 𝛾1 𝛾0 − 𝛿 − 𝜖0) . (15)

The general solution to this system is

N (𝑡) = P exp 𝜆1𝑡 + Q exp 𝜆2𝑡. (16)

Here 𝜆1, 𝜆2 are eigenvalues of 𝑀. They can be both real or
complex. There is also a degenerate case 𝜆1 = 𝜆2 that we do
not treat here.The behavior of the linear differential system is
quite different in these two cases. It is not surprising that we
need to use two different methods to estimate the matrixM.

4.1. 𝜆1, 𝜆2 Real: Simple Curve Fitting. We try a global optimi-
zation curve fitting using Matlab. We have

N (𝑡) = (14.12
79.86) exp − 0.1919𝑡

+ ( 892.3
115.57) exp 0.0273𝑡.

(17)
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Let A = ( 14.12 892.3
79.86 115.57

). Then

M ≅ A(−0.1919 0
0 0.0273)A−1

= ( 0.032 −0.040
0.0291 −0.197) .

(18)

Notice that the dominant term ( 892.3
115.57

) exp 0.0273𝑡 suggested
the overall rate of growth ofHIV infected population grows at
the rate close to 2.73%.This seems to be reasonable. But 𝛿, the
rate of flow of population from 𝑁0 to 𝑁1, is estimated at −4%.
This is completely off the mark. One remedy is that we first
estimate the dominant term and then estimate the remainder.

4.2. 𝜆1, 𝜆2 Real: Dominant TermEstimate. Suppose that 𝜆2 <𝜆1. Then P exp 𝜆1𝑡 is the dominant term. We shall have

‖N (𝑡)‖ ≅ ‖P‖ exp 𝜆1𝑡. (19)

Now

‖N (𝑡)‖
= [947.3, 973.3, 997.1, 1021.1, 1044.3, 1069.4, 1092.5] . (20)

Using curve 𝐹(𝑡) = 𝑎𝑒𝜆𝑡 to fit this data, we obtain
𝑎 = 927.7,
𝜆 = 0.0236. (21)

4.3. 𝜆1 Dominant, 𝜆2 Real. Now we can assume 𝜆1 = 0.0236
and use curve fitting to find 𝜆2, P, andQ. We have

P = (922.1
115.9) ,

Q = (−20.4
77.6 ) ,

(22)

and 𝜆2 = −0.172, 𝜆1 = 0.0236. It follows that
M = ( 𝛽𝛾1 − 𝜖1 𝛿

(1 − 𝛽) 𝛾1 𝛾0 − 𝛿 − 𝜖0)

= (0.0173 0.0498
0.0238 −0.1656) .

(23)

We derive that 𝛾1−𝜖1 ≅ 0.041 and 𝛿 ≅ 0.05.These parameters
seem to be reasonable. However, 𝛾0 − 𝜖0 = 0.0498 − 0.1656 =−0.1158. Hence 𝛾0 will be a negative number which is not
possible.

4.4. 𝜆1, 𝜆2 Complex with Fixed Real Part. Suppose that 𝜆1
and 𝜆2 are complex. Then 𝜆1 and 𝜆2 are conjugate to each
other. In particular, the real part of 𝜆,R(𝜆1) = R(𝜆2) should
be approximately 0.0236. Write 𝜆1 = 𝜆0 + 𝑖𝜇. We should have

N (𝑡) = P exp 𝜆0𝑡 cos 𝜇𝑡 + Q exp 𝜆0𝑡 sin 𝜇𝑡, (24)

where 𝜇 is sometimes called a phase constant. A simple curve
fitting shows that

P = (904.12
182.7 ) ,

Q = (−117
420 )

(25)

and 𝜆0 = 0.0236 and 𝜇 = −0.017. Hence
𝑀 ≅ [P,Q] (0.0236 0.017

−0.017 0.0236) [P,Q]−1

= ( 0.0187 0.0325
−0.0089 −0.0285) .

(26)

Let us see what this tells us. We have

M = ( 𝛽𝛾1 − 𝜖1 𝛿
(1 − 𝛽) 𝛾1 𝛾0 − 𝛿 − 𝜖0)

= ( 0.0187 0.0325
−0.0089 −0.0285) ,

𝛾1 − 𝜖1 = 0.0187 − 0.0089 ≅ 0.01,
𝛾0 − 𝜖0 = 0.004,

𝛿 = 0.0325.

(27)

This roughly says that there are about 3.25% of 𝑁0 that
become aware of their infection every year. The annual
transmission rate for𝑁1 is 2.9%.The annual transmission rate
for 𝑁0 is 2.3%.

4.5. 𝜆1, 𝜆2 Complex. We finally use Matlab global optimiza-
tion to fit the data in the curve

N (𝑡) = P exp 𝜆0𝑡 cos 𝜇𝑡 + Q exp 𝜆0𝑡 sin 𝜇𝑡. (28)

We obtain 𝜆0 = 0.0088, 𝜇 = −0.036,
P = (902.4

184 ) ,

Q = (−476.3
149.5 ) .

(29)

Hence we obtain the estimate

M

≅ (902.4 −476.3
184 149.5 ) (0.0088 0.036

−0.036 0.0088) (902.4 −476.3
184 149.5 )

−1

= (−0.0065 0.1684
−0.0091 0.0241) .

(30)
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Now we have

𝛽𝛾1 − 𝜖1 ≅ −0.0065,
𝛿 ≅ 0.1684,

(1 − 𝛽) 𝛾1 ≅ −0.0091,
𝛾0 − 𝛿 − 𝜖0 ≅ 0.0241.

(31)

It follows that

𝛾1 ≅ 𝜖1 − 0.0156 ≅ 0.0034,
𝛾0 = 0.193 + 𝜖1 ≅ 0.21. (32)

So 𝛾1 is neglectable and 𝛾0 is about 21%.This again makes the
model invalid.

4.6. Discussion. In this section, we choose dynamics con-
stants to fit the temporal data. We have found that these
dynamic constants depend on the qualitative properties of the
model. Yet, none of the dynamic constants we choose match
perfectly with the existing estimates. One reason is that yearly
data is not suitable for a continuous timemodel.Therefore, we
shall explore the discrete time model.

5. Discrete Dynamic Model

We may regard N𝑡 (𝑡 = 1, 2, 3, 4, 5, 6, 7) as a discrete time
dynamical system. Let us assume that this discrete dynamics
is defined by a transition matrix T:

N𝑡+1 = TN𝑡. (33)

In principle, based on our earlier discussion,

T = I + ( 𝛽𝛾1 − 𝜖1 𝛿
(1 − 𝛽) 𝛾1 𝛾0 − 𝛿 − 𝜖0) . (34)

Now we would like to estimate T.

5.1. Basic Estimates. The easiest way to find T is by consider-
ing the following matrix equations:

[N𝑖N𝑖+1] = T [N𝑖−1N𝑖] . (35)

For example, for 𝑖 = 2, we will have

(956.9 982.4
178.1 170.6) = T(929.3 956.9

183.7 178.1) . (36)

Then we find the following estimate of T:

( 0.9775 0.2641
−0.0370 1.1568)

(1.0118 0.0800
0.0302 0.7959)

(0.9922 0.1928
0.0370 0.7563)

(1.0481 −0.1482
0.0318 0.7880 )

(0.9427 0.5214
0.0639 0.5844) .

(37)

We can see some consistency among these transition matri-
ces. For example, the (2, 1)-th entry has been around 3%.This
translates into

(1 − 𝛽) 𝛾1 ≅ 3%. (38)

This is the rate of transmission for group 𝑁1. It seems to be
consistent with the estimate of [7].

5.2. (Arithmetic) Average Estimate of T. Nowwemay average
all T’s and obtain

T ≅ (0.9945 0.1820
0.0252 0.8163) . (39)

Hence

M = ( 𝛽𝛾1 − 𝜖1 𝛿
(1 − 𝛽) 𝛾1 𝛾0 − 𝛿 − 𝜖0)

= (−0.0055 0.1820
0.0252 −0.1837) .

(40)

Our estimate yields that 𝛿 ≅ 18%; in other words, about 18%
of those unaware of their infection will become aware of their
infection next year. We also have

𝛾0 − 𝜖0 = 𝛿 + (𝛾0 − 𝛿 − 𝜖0) = −0.0017. (41)

If the mortality rate 𝜖0 is set to be 0.019, then we have 𝛾0 =0.017. Similarly, we have

𝛾1 − 𝜖1 = 𝛽𝛾1 − 𝜖1 + (1 − 𝛽) 𝛾1 ≅ 0.02. (42)

If the mortality rate 𝜖1 is set to be 0.019, then we have 𝛾1 =0.039. This suggests that the transmission rate of 𝑁1 group is
twice as large as the transmission rate of 𝑁0 group.Theremay
be some truth to it. However, we believe that this estimate is
off the mark due to the reason that [N𝑖N𝑖+1] are correlated
with each other. Hence each estimate T will be biased. We
shall correct this and give a more robust estimate later.
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5.3. Least Square Estimate of T. Perhaps a good way to
estimate T is the least square method. We write

[N2N3 ⋅ ⋅ ⋅N7] = T [N1N2 ⋅ ⋅ ⋅N6] . (43)

Applying the least square method, we find that the least
square solution to T is

(1.0013 0.1406
0.0245 0.8350) . (44)

This estimate seems to be better than the arithmetic average,
in the sense that, irregularities will have smaller effect on the
least square solution. Because we can reorder N𝑖’s and the
least square solution does not change, we also avoid the
pitfall that N𝑖 and N𝑖+1 are correlated. We have our posterior
estimates:

M ≅ ( 𝛽𝛾1 − 𝜖1 𝛿
(1 − 𝛽) 𝛾1 𝛾0 − 𝛿 − 𝜖0)

= (0.0013 0.1406
0.0245 −0.1650) .

(45)

This estimate is similar to the arithmetic average we just com-
puted. The dynamic constant estimates will be very similar.
We shall then look for a solution that is more robust. One
particular reason that the least square estimate is not satisfac-
tory is that there are additional relations like

N𝑖+𝑘 = T𝑘N𝑖 (46)

that least square method does not take into consideration. In
other words, T2, T3 can also be estimated and shall be taken
into consideration when we estimate T. We shall offer one
remedy that avoids this issue.

5.4. A More Robust Estimate. One of the problems with our
estimate is thatN𝑡 andN𝑡+1 are correlated to each other. As a
remedy, we pickN1 andN6 as far from each other as possible.
We observe that

T [N1N6] = [N2N7] . (47)

We compute

T = [N2N7] [N1N6]−1 = (0.9965 0.1681
0.023 0.8533) . (48)

Then

M = ( 𝛽𝛾1 − 𝜖1 𝛿
(1 − 𝛽) 𝛾1 𝛾0 − 𝛿 − 𝜖0)

≅ (−0.0035 0.1681
0.023 −0.1467) .

(49)

We have
𝛿 ≅ 0.1681,

𝛾0 − 𝜖0 ≅ 0.0214,
𝛾1 − 𝜖1 ≅ 0.0195.

(50)
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Figure 1: Comparison of TN𝑡 and N𝑡+1: 𝑁1 group.
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Figure 2: Comparison of TN𝑡 and N𝑡+1: 𝑁0 group.

5.5. Discussion. This estimate of M is quite consistent with
the least square estimate. Our estimate seems to suggest that
the transmission rates for 𝑁0 and 𝑁1 may be in the similar
range. By [8], assume that 𝜖0 = 𝜖1 = 0.019. We have

𝛾1 = 0.0385,
𝛾0 = 0.04,
𝛿 = 0.185;
𝛽 = 𝛽𝛾1𝛾1 = 0.019 − 0.0035

0.0385 = 0.4.
(51)

Every year about 18.5% of those unaware of their HIV
positiveness become aware of their infection due to testing.
About 40% of those infected by 𝑁1 group become aware of
their infection. This seems to be consistent with some of
the observations in [7], with one exception; namely, in our
estimates, the transmission rates for𝑁1 and𝑁0 are very close.
Figures 1 and 2 show the difference between TN𝑡 and N𝑡+1.

5.6. Arithmetic Average versus Geometric Average. Now we
may state our problem in greater generality. Given a temporal
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Table 1: Population of undiagnosed individuals with HIV from 2007 to 2013.

Year Diagnosed Undiagnosed Percentage of total
2007 929.3 183.777 16.5
2008 956.9 178.1165 15.7
2009 982.4 170.6282 14.8
2010 1007.6 165.3507 14.1
2011 1031.6 162.4248 13.6
2012 1057.2 160.7760 13.2
2013 1080.5 161.46 13.0
Source: [8].

vector N(𝑡), suppose that N(𝑡 + 1) = TN(𝑡) with transitional
matrix T. How should one estimate the matrix T?

As we discussed earlier, we can use least squares with the
equations

N (𝑡 + 1) = TN (𝑡) . (52)

The least square estimate ofT, in some sense, is very similar to
the arithmetic mean of the transitional matrix T. But what
makes better sense is a geometric mean. More precisely, we
have to take into consideration that

N (𝑡 + 𝑘) = T𝑘N (𝑡) . (53)

Suppose that T𝑡 is the transitional matrix at time 𝑡. Then
a good estimate of T should be the “geometric average” of
T𝑡. For scalars, one can define the geometric average of𝑝1, 𝑝2, . . . , 𝑝𝑛 to be the 𝑛th root of ∏𝑝𝑖. But matrix mul-
tiplications are not commutative and one cannot define
the geometric average of matrices. It remains a challenging
problem to define computationally a geometric mean of T𝑡.

5.7. Roots Estimate. Tentatively, we may define the geometric
mean by taking roots. For example, we may now consider

T2 [N1N4] = [N3N6] . (54)

Then

T ≅ (1.0038 0.1277
0.0228 0.8443) ,

M ≅ (0.0038 0.1277
0.0228 −0.1557) .

(55)

We can also consider

T4 [N1N3] = [N5N7] . (56)

We have

T = (1.0008 0.1430
0.0301 0.8011) ,

M ≅ (0.0008 0.143
0.0301 −0.2 ) .

(57)

Both estimates of T are consistent with the least square
estimate and the estimates in the previous section. Above all,
all our estimates point to the same range of transmission rates
for both 𝑁0 and 𝑁1.

6. Concluding Remarks

Nowwe shall compare our dynamic constant estimates in the
linear differential model in continuous time and in discrete
time.

In the continuous timemodel, we obtain the transmission
rate 𝜖1 of about 4% for the 𝑁1 group, those who were aware of
their HIV infection. Nevertheless, 𝛿 the rate of flow from 𝑁0
to𝑁1 due toHIV testing turned out to be too low and 𝜖0 often
came out to be negative, which cannot be the case. The best
results are obtained when we assume the two eigenvalues are
complex. In this case

𝛾1 ≅ 0.029,
𝛿 ≅ 0.0325,

𝛾0 ≅ 0.023.
(58)

Yet 𝛿 seems to be quite low. According to the CDC report [8],𝛿 is estimated at about 25%.
There are various reasons why our dynamic constants are

inconsistent with known estimates. Firstly, the CDC data we
use tends to underestimate the 𝑁0 and 𝑁1 population sizes,
particularly inmore recent years.TheCDCestimates the sizes
of the populations infected withHIV by back calculation.The
estimates for any given year will increase as new diagnoses are
obtained. HIVmay go undiagnosed for up to 10 years without
causing the death of the patient (Table 1) [5]. Depending on
the stage of the disease, the individual will be counted as
undiagnosed for a number of years prior to the diagnosis.This
causes the estimates of the population sizes to be smaller than
the actual size of the population. A new estimate of the HIV
prevalence agrees with this conclusion [9]. Although this
new estimate is more conservative than the back calculation
method, it may still underestimate the 𝑁0 population. Both
estimates show a downward trend in the data, but this is likely
to be erased as more individuals are diagnosed in the later
stages of the disease.

Secondly, our computations assume that the susceptible
population is much larger than the infected population.
However, failing to obtain the right estimates suggests that
opposite may be true—the susceptible population could be
much smaller. HIV infection is overrepresented in some
subpopulations, such as men who have sex with men (MSM)
[1].This subpopulation is only about 5%of theUS population,
or approximately 15 million individuals. Not all MSM can
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be considered to have equal risk of contracting the disease,
and since over 1 million individuals are currently living with
the disease, the susceptible population may be comparable
to the size of the infected population. For this reason, any
differential system model of the HIV transmission must
include the susceptible population.

The discrete dynamics model seems to be most robust
against the bias caused by back calculation and the size of the
susceptibles. By ignoring the 2013 year’s data, we are able to
determine the transmission rates as

𝛾1 ≅ 0.0385,
𝛾0 ≅ 0.04. (59)

Also 𝛿 ≅ 0.184, not too different from the CDC estimate 0.25.
We see that the dynamic constants in the discrete time
model are less affected by the underestimation caused by
back calculation. It is also true that the relative size of
susceptibles has less effect on the discrete time model than
on the continuous time model.

Finally, our estimates of the transmission rates for diag-
nosed and undiagnosed HIV population are relatively close.
This is very different from the previous estimate, where the
transmission rate of the undiagnosed population is about 4
times as high as the diagnosed population [7]. This implies
that the transmission rates should be attached to the suscep-
tible population. It makes sense to divide the susceptible pop-
ulation into groups depending on the possible transmission
rates for them. We shall pursue this in a different paper.
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Dengue is a vector-borne infectious disease endemic in many parts of the world. The disease is spreading in new places due to
human movement into the dengue disease supporting areas. Temperature is the major climatic factor which affects the biological
processes of the mosquitoes and their interaction with the viruses. In the present work, we propose a multipatch model to assess
the impact of temperature and human movement in the transmission dynamics of dengue disease. The work consists of system
of ordinary differential equations that describe the transmission dynamics of dengue disease between humans and mosquitoes.
Human population is divided into four classes: susceptible, exposed, infectious, and recovered. Mosquito population is divided into
three classes: susceptible, exposed, and infectious. Basic reproduction numberR0 of the model is obtained using Next-Generation
Matrix method. The qualitative analysis of the model is made in terms of the basic reproduction number. Parameters used in the
model are considered temperature dependent. Dynamics of vector and host populations are investigated with different human
movement rates and different temperature levels. Numerical results show that proper management of human movement between
patches helps reducing the burden of dengue disease. It is also seen that the temperature affects the transmission dynamics of the
disease significantly.

1. Introduction

Dengue disease is a vector-borne viral infection that usually
occurs in tropical and subtropical countries. Nowadays, the
disease has been recognized in over 100 countries and an
estimated 50–100 million dengue cases occur annually. The
disease is threatening about 40% of theworld’s population [1].
The disease is transmitted by the bites of infected mosquitoes
named Aedes aegypti and Aedes albopictus. Four serologically
different viruses DEN 1–DEN 4 cause the disease. Infection
from one serotype grants life-long immunity to that strain
and also shows temporary cross-immunity to the others.
However, ultimately the recovered patient will become more
susceptible to the other three forms [2, 3].We assume that the
infectivity of the mosquitoes ends with their death since they
have a short lifespan.

Mathematical modeling has become an interesting tool
for the understanding of epidemic diseases and to propose

strategies to control the transmission of the disease. In
1927, Kermack and McKendrick developed an SIR model to
describe epidemic diseases [4]. The model is being followed
bymany researchers to investigate the transmission dynamics
of infectious diseases with some modifications. Esteva and
Vargas proposed the SIR model to address dengue disease
transmission considering constant and variable human pop-
ulations [5, 6]. Since then many mathematical models have
been proposed to study different aspects of dengue disease
transmission. Authors [7, 8] discussed the role of awareness
in controlling dengue disease transmission. Pinho et al.
used a mathematical model for dengue disease transmission
analysis comparing two dengue epidemics [9]. Authors [10–
14] focused on incubation period to study dengue disease
transmission. Sardar et al. discussed a mathematical model
of dengue disease transmission with memory. They incorpo-
rated memory in the model by using a fractional differential
operator [15].
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Dengue infections are sensitive to the climate. Changing
climate factors affect the potential for the geographic spread
and future dengue disease. One of the principal determinants
of Aedesmosquitoes’ survival is temperature which has been
associated with seasonal changes. The temperature plays
an important role in the life cycle and behavior of the
mosquitoes. So, mathematical studies have been made to
understand the role of temperature in transmission dynamics
of dengue disease. Brady et al. modeled Aedes aegypti and
Aedes albopictus survival at different temperature levels in
laboratory and field settings [16]. Liu-Helmersson et al.
studied the vectorial capacity of Aedes aegypti and made
investigations on the effects of temperature and implica-
tions for global dengue epidemic potential [17]. Polwiang
discussed the seasonal basic reproduction number of dengue
and impacts of climate on transmission of the disease
[18].

Travel and transport contribute to the spread of infectious
diseases like dengue in new places. So, one of the major
factors contributing to the reemergence of infectious diseases
is human movement from one place to the other. They
help the disease in expanding their geographic range. Many
mathematical models are proposed to address the impact
of movement of humans and dispersal of vectors in the
transmission dynamics of infectious diseases. Wang and
Zhao discussed an epidemic model in patchy environment to
describe the dynamics of disease spread amongpatches due to
population dispersal [19]. An epidemic model was proposed
by Wang and Mulone to describe the dynamics of disease
spread between two patches due to population dispersal.
They proved that reproduction number is a threshold of the
uniform persistence and disappearance of the disease [20].
Arino and van den Driessche gave some analytical results for
amodel that describes the propagation of a disease in a popu-
lation of individuals who travel between 𝑛 patches [21]. Hsieh
et al. proposed a multipatch epidemic model to study the
impact of travel of humans on the spread of disease between
patches with different level of disease prevalence [22]. Cos-
ner et al. investigated the effects of human movement on
the persistence of vector-borne diseases [23]. Dynamics of
malaria disease was studied in patchy environment by Auger
et al. They generalized Ross-Macdonald model to 𝑛-patches
to describe the transmission dynamics of the disease [24].
Lee and Castillo-Chavez [25] and Phaijoo and Gurung [26]
discussed dengue disease transmission dynamics in patchy
environment.

Temperature influences dengue disease dynamics by
affecting dynamics of mosquitoes and vector host interac-
tions. Dengue disease has been spreading rapidly to new areas
via human movement. So, in the present work, we propose
a multipatch SEIR-SEI model of dengue disease considering
the temperature dependent model parameters to study the
impact of temperature and movement of humans on the
persistence of dengue disease. We have considered different
temperature levels and different movement rates in different
patches. Basic reproduction number of the individual patches
and a combined basic reproduction number are computed.
Local stability of disease-free equilibrium point is proved by
basic reproduction number.

2. Model Description and Formulation

The total human (host) population in each patch is sub-
divided into the classes: susceptible 𝑆ℎ𝑖 , exposed 𝐸ℎ𝑖 , infec-
tious 𝐼ℎ𝑖 , and recovered 𝑅ℎ𝑖 . Mosquito (vector) population
is subdivided into the classes: susceptible 𝑆V𝑖 , exposed 𝐸V𝑖 ,
and infectious 𝐼V𝑖 , 𝑖 = 1, 2, 3, . . . , 𝑛. Recovered class in the
mosquito population is not considered due to their short
lifespan.

The recruitment rate of host population is𝐴ℎ𝑖 . Susceptible
hosts get infected by infectious vectors at the rate 𝑏𝑖𝛽ℎ𝑖 𝐼V𝑖 /𝑁ℎ𝑖 ,
where 𝑏𝑖 is the biting rate and 𝛽ℎ𝑖 is the transmission probabil-
ity from vector to host. The exposed host becomes infectious
at the rate ]ℎ𝑖 after developing the symptoms. Infectious host
recovers at the rate 𝛾ℎ𝑖 . Host dies naturally with the rate 𝑑ℎ𝑖 .
In case of vector population, susceptible vector gets infected
by interaction with infectious hosts at the rate 𝑏𝑖𝛽V𝑖 𝐼ℎ𝑖 /𝑁ℎ𝑖 .The
exposed vector becomes infectious at the rate ]V𝑖 developing
the symptoms of the disease. 𝑑V𝑖 is the natural death rate of
vectors.

Here, the model parameters 𝑏𝑖, 𝛽ℎ𝑖 , 𝛽V𝑖 , 𝑑V𝑖 , and ]V𝑖 are tem-
perature dependent. The temperature dependency relations
are discussed below [17, 18]:

𝑏𝑖 (𝑇) = 0.0043𝑇 + 0.0943 (21∘C ≤ 𝑇 ≤ 32∘C) ,
𝛽V𝑖 (𝑇)
= {{{

0.0729𝑇 − 0.9037 (12.4∘C ≤ 𝑇 ≤ 26.1∘C) ,
1, (26.1∘C < 𝑇 < 32.5∘C) ,

𝛽ℎ𝑖 (𝑇) = 0.001044𝑇 (𝑇 − 12.286)√32.461 − 𝑇,
(12.286∘C < 𝑇 < 32.461∘C) ,

]V𝑖 (𝑇) = 4 + 𝑒5.15−0.123𝑇, (12∘C < 𝑇 < 36∘C) ,
𝑑V𝑖 (𝑇)
= 0.8692 − 0.159𝑇 + 0.01116𝑇2 − 3.408 × 10−4𝑇3
+ 3.809 × 10−6𝑇4, (10.54∘C ≤ 𝑇 ≤ 33.41∘C) .

(1)

We consider humanmovement between the patches. Human
of patch 𝑖 moves to patch 𝑗 at the rate 𝑚𝐶𝑗𝑖 and the human of
patch 𝑗moves to patch 𝑖 at the rate𝑚𝐶𝑖𝑗 . Here 𝑖, 𝑗 = 1, 2, 3, . . . , 𝑛
and 𝐶 represents 𝑆, 𝐸, 𝐼, and 𝑅, respectively for susceptible,
exposed, infectious, and recovered human movement rates.

The system of ordinary differential equations describing
the present multipatch model [22] is given by

𝑑𝑆ℎ𝑖𝑑𝑡 = 𝐴ℎ𝑖 − 𝑏𝑖𝛽
ℎ
𝑖𝑁ℎ𝑖 𝑆ℎ𝑖 𝐼V𝑖 +

𝑛∑
𝑗=1

𝑚𝑆𝑖𝑗𝑆ℎ𝑗 − 𝑛∑
𝑗=1

𝑚𝑆𝑗𝑖𝑆ℎ𝑖 − 𝑑ℎ𝑖 𝑆ℎ𝑖 ,
𝑑𝐸ℎ𝑖𝑑𝑡 = 𝑏𝑖𝛽

ℎ
𝑖𝑁ℎ𝑖 𝑆ℎ𝑖 𝐼V𝑖 +

𝑛∑
𝑗=1

𝑚𝐸𝑖𝑗𝐸ℎ𝑗 − 𝑛∑
𝑗=1

𝑚𝐸𝑗𝑖𝐸ℎ𝑖
− (]ℎ𝑖 + 𝑑ℎ𝑖 ) 𝐸ℎ𝑖 ,
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𝑑𝐼ℎ𝑖𝑑𝑡 = ]ℎ𝑖 𝐸ℎ𝑖 + 𝑛∑
𝑗=1

𝑚𝐼𝑖𝑗𝐼ℎ𝑗 − 𝑛∑
𝑗=1

𝑚𝐼𝑗𝑖𝐼ℎ𝑖 − (𝛾ℎ𝑖 + 𝑑ℎ𝑖 ) 𝐼ℎ𝑖 ,
𝑑𝑅ℎ𝑖𝑑𝑡 = 𝛾ℎ𝑖 𝐼ℎ𝑖 +

𝑛∑
𝑗=1

𝑚𝑅𝑖𝑗𝑅ℎ𝑗 − 𝑛∑
𝑗=1

𝑚𝑅𝑗𝑖𝑅ℎ𝑖 − 𝑑ℎ𝑖 𝑅ℎ𝑖 ,
𝑑𝑆V𝑖𝑑𝑡 = 𝐴V

𝑖 − 𝑏𝑖𝛽V𝑖𝑁ℎ𝑖 𝑆V𝑖 𝐼ℎ𝑖 − 𝑑V𝑖 𝑆V𝑖 ,𝑑𝐸V𝑖𝑑𝑡 = 𝑏𝑖𝛽
V
𝑖𝑁ℎ𝑖 𝑆V𝑖 𝐼ℎ𝑖 − (]V𝑖 + 𝑑V𝑖 ) 𝐸V𝑖 ,𝑑𝐼V𝑖𝑑𝑡 = ]V𝑖𝐸V𝑖 − 𝑑V𝑖 𝐼V𝑖 ,

(𝑖, 𝑗 = 1, 2, 3, . . . , 𝑛, 𝑖 ̸= 𝑗) ,
(2)

where

𝑆ℎ𝑖 (𝑡) + 𝐸ℎ𝑖 + 𝐼ℎ𝑖 (𝑡) + 𝑅ℎ𝑖 (𝑡) = 𝑁ℎ𝑖 (𝑡) ,
(Total host population of patch 𝑖 in time 𝑡) ,

𝑆V𝑖 (𝑡) + 𝐸V𝑖 + 𝐼V𝑖 (𝑡) = 𝑁V
𝑖 (𝑡) ,

(Total vector population of patch 𝑖 in time 𝑡) .
(3)

3. Equilibrium Point and Stability Analysis

In this section, we find disease-free equilibrium (DFE) of the
system of (2) and discuss its stability. An equilibrium is said
to be disease-free if there is no infective population in both
host and vector populations.

Theorem 1. Model (2) has a unique disease-free equilibrium.

Proof. In disease-free situation, 𝑆ℎ𝑖 = 𝑆ℎ∗𝑖 > 0, 𝑆V𝑖 = 𝑆V∗𝑖 > 0
and other variables 𝐸ℎ𝑖 = 0, 𝐸V𝑖 = 0, 𝐼ℎ𝑖 = 0, 𝐼V𝑖 = 0, and 𝑅ℎ𝑖 = 0
for 𝑖 = 1, 2, 3, . . . , 𝑛.

System of (2) for host population in disease-free situation
can be written as

𝑋𝑆ℎ∗ = 𝐴ℎ, (4)

where

𝑋 = diag(𝑑ℎ𝑖 + 𝑛∑
𝑗=1

𝑚𝑆𝑗𝑖) −𝑀𝑆,

𝑀𝑆 =
[[[[[[[[

0 𝑚𝑆12 ⋅ ⋅ ⋅ 𝑚𝑆1𝑛𝑚𝑆21 0 ⋅ ⋅ ⋅ 𝑚𝑆2𝑛... ... d
...

𝑚𝑆𝑛1 𝑚𝑆𝑛2 ⋅ ⋅ ⋅ 0

]]]]]]]]
,

𝐴ℎ = [𝐴ℎ1, 𝐴ℎ2, . . . , 𝐴ℎ𝑛]𝑇 ,
𝑆ℎ = [𝑆ℎ∗1 , 𝑆ℎ∗2 , . . . , 𝑆ℎ∗𝑛 ]𝑇 .

(5)

System of (2) for vector population in disease-free situation
can be written as

𝑌𝑆V∗ = 𝐴V, (6)

where

𝑌 = diag (𝑑V𝑖 ) ,
𝑆V = [𝑆V∗1 , 𝑆V∗2 , . . . , 𝑆V∗𝑛 ]𝑇 ,
𝐴V = [𝐴V

1, 𝐴V
2, . . . , 𝐴V

𝑛]𝑇 .
(7)

Since the matrix 𝑋 has all off-diagonal entries negative and
each column sum is positive, 𝑋 is nonsingular 𝑀-matrix.
Matrix 𝑋 is irreducible as the matrix has nonzero diagonal
elements. So, 𝑋 must have positive inverse [27]. Hence, the
system of (4) has a unique solution 𝑆ℎ∗ = 𝑋−1𝐴ℎ > 0.

Again, matrix 𝑌 is a diagonal matrix with positive diago-
nal elements. So, 𝑌−1 exists with positive diagonal elements.
Hence, the system of (6) has a unique solution 𝑆V∗ = 𝑌−1𝐴V

and system (2) has a unique disease-free equilibrium.

Basic Reproduction Number.When a typical infective is intro-
duced into a completely susceptible population, the expected
number of new infections produced by this single infective
during its infectious period is called basic reproduction
number.

To find the mathematical expression for the basic
reproduction number, we order the variables related to
the infections by 𝐸ℎ1 , 𝐸ℎ2 , . . . , 𝐸ℎ𝑛, 𝐸V1, 𝐸V2, . . . , 𝐸V𝑛, 𝐼ℎ1 , 𝐼ℎ2 , . . . , 𝐼ℎ𝑛 ,𝐼V1 , 𝐼V2 , . . . , 𝐼V𝑛 . We use Next-Generation Matrix method [28,
29] to find transmission matrix, 𝐹, and transition matrix, 𝑉,
and we find basic reproduction numberR0 as

R0 = 𝜌 {𝐹𝑉−1} . (8)

For the system of (2),

𝐹 =
[[[[[[[[[[

0 0 0 diag(𝑏𝑖𝛽ℎ𝑖𝑁ℎ𝑖 𝑆ℎ∗𝑖 )0 0 diag(𝑏𝑖𝛽ℎ𝑖𝑁ℎ𝑖 𝑆V∗𝑖 ) 0
0 0 0 00 0 0 0

]]]]]]]]]]
,

𝑉 = [[[[[[

𝑉11 0 0 00 𝑉22 0 0𝑉31 0 𝑉33 00 𝑉42 0 𝑉44
]]]]]]
.

(9)
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Here,

𝑉11

=
[[[[[[[[[[[[

∑
𝑗 ̸=1

𝑚𝐸𝑗1 + ]ℎ1 + 𝑑ℎ1 −𝑚𝐸12 ⋅ ⋅ ⋅ −𝑚𝐸1𝑛
−𝑚𝐸21 ∑

𝑗 ̸=2

𝑚𝐸𝑗2 + ]ℎ2 + 𝑑ℎ2 ⋅ ⋅ ⋅ −𝑚𝐸2𝑛
... ... d

...
−𝑚𝐸𝑛1 −𝑚𝐸𝑛2 ⋅ ⋅ ⋅ ∑

𝑗 ̸=𝑛

𝑚𝐸𝑗𝑛 + ]ℎ𝑛 + 𝑑ℎ𝑛

]]]]]]]]]]]]

,

𝑉22 = diag (]V𝑖 + 𝑑V𝑖 ) ,
𝑉31 = diag (−]ℎ𝑖 ) ,
𝑉33

=
[[[[[[[[[[[[

∑
𝑗 ̸=1

𝑚𝐼𝑗1 + 𝛾ℎ1 + 𝑑ℎ1 −𝑚𝐼12 ⋅ ⋅ ⋅ −𝑚𝐼1𝑛
−𝑚𝐼21 ∑

𝑗 ̸=2

𝑚𝐼𝑗2 + 𝛾ℎ2 + 𝑑ℎ2 ⋅ ⋅ ⋅ −𝑚𝐼2𝑛
... ... d

...
−𝑚𝐼𝑛1 −𝑚𝐼𝑛2 ⋅ ⋅ ⋅ ∑

𝑗 ̸=𝑛

𝑚𝐼𝑗𝑛 + 𝛾ℎ𝑛 + 𝑑ℎ𝑛

]]]]]]]]]]]]

,

𝑉42 = diag (−]V𝑖 ) ,
𝑉44 = diag (𝑑V𝑖 ) .

(10)

Matrices𝑉11 and𝑉33 are irreducible nonnegative𝑀-matrices.
So,𝑉−111 and𝑉−133 exist. Also,𝑉22,𝑉31,𝑉42, and𝑉44 are diagonal
matrices. So, their inverses exist. Hence, 𝑉−1 exists and basic
reproduction number,R0, is given by

R0 = 𝜌 {𝐹𝑉−1} . (11)

Theorem2 (local stability). Thedisease-free equilibriumpoint
of the system of (2) is locally asymptotically stable ifR0 < 1 and
unstable ifR0 > 1.
Proof. Jacobian matrix for the system of (2) at disease-free
equilibrium is given by

𝜁 = [𝐴 𝐵0 𝐹 − 𝑉] . (12)

Matrix 𝜁 is triangular matrix. So, the stability of the system of
(2) depends onmatrices𝐴 and𝐹−𝑉. Matrix𝐴 can be written
as

𝐴 = [−𝑋 00 −𝑌] . (13)

Matrices 𝑋 and 𝑌 (defined in Theorem 1) are nonsingular𝑀-matrices. So, the matrix 𝐴 has eigenvalues with negative
real parts [27]. Hence, the stability of model (2) depends on
the matrix 𝐹 − 𝑉 only. Here, matrix 𝐹 is nonnegative matrix
and 𝑉 is a nonsingular 𝑀-matrix. So, the matrix will have
eigenvalues with negative real parts if 𝜌{𝐹𝑉−1} < 1 [29];
that is, R0 < 1. Thus, the disease-free equilibrium is locally
asymptotically stable ifR0 < 1. IfR0 > 1, then 𝑠(𝐹 −𝑉) > 0.
Which shows that at least one eigenvalue lies in right half
plane. So, the disease-free equilibrium is unstable if R0 >1.

When only the two patches are taken into the considera-
tion, the basic reproductionR0 is given by

R0 = √12 (𝑚1R201 + 𝑚2R202) + 12√(𝑚1R201 + 𝑚2R202)2 − 4𝑚3R201R202, (14)

where

R01 = √ 𝑏21𝑆ℎ∗1 𝑆V∗1 𝛽ℎ1𝛽V1]ℎ1]V1𝑑V1𝑁ℎ1 2 (𝑑ℎ1 + 𝑚𝐼21 + 𝛾ℎ1 ) (𝑑ℎ1 + 𝑚𝐸21 + ]ℎ1) (𝑑V1 + ]V1) ,

R02 = √ 𝑏22𝑆ℎ∗2 𝑆V∗2 𝛽ℎ2𝛽V2]ℎ2]V2𝑑V2𝑁ℎ2 2 (𝑑ℎ2 + 𝑚𝐼12 + 𝛾ℎ2 ) (𝑑ℎ2 + 𝑚𝐸12 + ]ℎ2) (𝑑V2 + ]V2) ,
𝑚1 = 𝑔1𝑛1 (𝑚𝐼12𝑚𝐸21]ℎ2 + ]ℎ1𝑔2𝑛2)

]ℎ1 (−𝑚𝐼12𝑚𝐼21 + 𝑔1𝑔2) (−𝑚𝐸12𝑚𝐸21 + 𝑛1𝑛2) ,
𝑚2 = 𝑔2𝑛2 (𝑚𝐸12𝑚𝐼21]ℎ1 + 𝑔1𝑛1]ℎ2)

]ℎ2 (−𝑚𝐼12𝑚𝐼21 + 𝑔1𝑔2) (−𝑚𝐸12𝑚𝐸21 + 𝑛1𝑛2) ,𝑚3
= 𝑔1𝑛1𝑔2𝑛2(𝑚𝐼12𝛾ℎ1 + 𝑔3𝑑ℎ2 + 𝑔3𝛾ℎ2 + 𝑔2𝑑ℎ1) (𝑚𝐸12]ℎ1 + 𝑛3𝑑ℎ2 + 𝑛3]ℎ2 + 𝑛2𝑑ℎ1) ,
𝑔1 = 𝑑ℎ1 + 𝑚𝐼21 + 𝛾ℎ1 ,
𝑔2 = 𝑑ℎ2 + 𝑚𝐼12 + 𝛾ℎ2 ,

𝑔3 = 𝑚𝐼21 + 𝛾ℎ1
𝑛1 = 𝑑ℎ1 + 𝑚𝐸21 + ]ℎ1 ,
𝑛2 = 𝑑ℎ2 + 𝑚𝐸21 + ]ℎ2 ,
𝑛3 = 𝑚𝐸21 + ]ℎ1 .

(15)

Here, R01 is the basic reproduction number of patch 1 and
R02 is the basic reproduction number of patch 2.

4. Simulations and Discussion

Temperature plays a significant role in the transmission
dynamics of dengue disease. Small change in temperature
can affect whole dynamics of the disease. Human movement
from one place to the other helps spreading disease into
new areas and influences the prevalence of the disease. Thus,
both temperature and human movement have a significant
influence on the transmission dynamics of dengue disease.
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Figure 1: Dynamics of infectious hosts of patch 1 without host
movement between the patches.
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Figure 2: Dynamics of infectious hosts of patch 2 without host
movement between the patches.

For the simulation purpose, the following data are used:𝑁ℎ1 =50000, 𝑑ℎ1 = 𝑑ℎ2 = 0.00004029, ]ℎ1 = ]ℎ1 = 0.1667, 𝛾ℎ1 = 𝛾ℎ2 =0.0714, 𝑁ℎ2 = 20000. The parameters 𝑏𝑖, 𝛽ℎ𝑖 , 𝛽V𝑖 , 𝑑V𝑖 , ]V𝑖 are
considered temperature dependent following [17].

Figures 1–4 are drawn with different temperature levels
to investigate the dynamics of infectious hosts of patch 1 and
patch 2. Figures 1 and 2 are drawn when there is no human
movement between the patches. Here, patch 1 is high disease
prevalent compared to patch 2. With the human movement,
it is seen that infectious host population is decreased in
patch 1 and the population is increased in patch 2. Thus, the
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Figure 3: Dynamics of infectious hosts of patch 1 with host
movement between patches.
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Figure 4: Dynamics of infectious hosts of patch 2 with host
movement between patches.

human movement can cause the low endemic patch to be
high endemic and high endemic patch to be low endemic
patch (Figures 1–4). Also, the figures show that the burden of
disease is increased with temperature. Again, the number of
infectious hosts is seen increasing initially due to interaction
of hosts with infectious vectors. Afterwards the number is
seen decreased due to recovery from the disease and natural
death of hosts (Figures 1–4).

Figures 5 and 6 show the impact of movement of infec-
tious and susceptible hosts, respectively, on basic reproduc-
tion numberR0. Infectious host can infect the mosquitoes of



6 Computational and Mathematical Methods in Medicine

0

0.5

1

0

0.5

1

10

11

12

13

14

15

m I
12

m
I

21

T = 30
∘C, patch 1

T = 20
∘C, patch 2

10

12

14

16

R
0

Figure 5: Combined basic reproduction number against 𝑚𝐼21 and𝑚𝐼12.

0

0.5
0

0.5

1

m S
12

m
S

21

T = 30
∘C, patch 1

T = 20
∘C, patch 2

11.5

12

12.5

13

13.5

14

R
0

12

12.2

12.4

12.6

12.8

13

13.2

13.4

13.6

13.8

Figure 6: Combined basic reproduction number against 𝑚𝑆21 and𝑚𝑆12.

the patch where the hosts are travelling and the susceptible
hosts can get infected of the disease from the mosquitoes
of the patch where the hosts have travelled. It is observed
that movement of both infectious and susceptible hosts from
low prevalent patch to the high prevalent patch increases
the endemic level of the disease. But their movement from
high prevalent patch to the low prevalent patch decreases the
endemic level of the disease.

Temperature has a significant influence on basic repro-
duction number (Figures 7 and 8). In patch 1, the prevalence
of disease is seen increasing with temperature and the maxi-
mum disease prevalence has occurred at 29.3∘C temperature
as in [17]. In case of patch 2 where average temperature range
is 15∘C to 25∘C, disease prevalence increases with the increase
in temperature and the maximum disease prevalence has
occurred at 25∘C.
4.1. Dynamics with Unidirectional Movement. In this section,
we investigate the impact of host movement in one direction
only with different temperature levels. Figures 9–12 show the
dynamics of infectious host population of patch 1 and patch
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Figure 7: Basic reproduction number of patch 1 without host
movement.
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Figure 8: Basic reproduction number of patch 2 without host
movement.

2 when there is host movement from patch 1 to patch 2 only
or patch 2 to patch 1 only. When the hosts from patch 2 are
not allowed to move to patch 1 (Figures 9 and 10), burden
of disease is decreased in patch 1 and increased in patch 2.
When the hosts from patch 1 are restricted to travel to patch
2, the burden of disease is increased in patch 1 and decreased
in patch 2 (Figures 11 and 12). In each case, the dynamics
of infectious hosts are seen temperature dependent. Disease
prevalence is observed increasing with temperature. Thus,
movement of hosts can cause the patch to be less disease
prevalent (Figures 9 and 12) and more disease prevalent
(Figures 10 and 11).

When only the hosts from patch 2 are allowed to move
to patch 1, basic reproduction number of patch 1 increases
and that of patch 2 decreases with the increase in movement
rate (Figure 13). Also, basic reproduction number of patch 1
decreases and that of patch 2 increases when only the hosts
from patch 1 are allowed to move to patch 2 (Figure 14). So,
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Figure 9: Dynamics of infectious hosts of patch 1 without host
movement from patch 2 to patch 1.

×10
4

0

0.5

1

1.5

2

2.5

In
fe

ct
io

us
 h

os
t p

op
ul

at
io

n 
of

 p
at

ch
 2

T = 15
∘C

T = 20
∘C

T = 25
∘C

50 100 150 2000
t (time in days)

Figure 10: Dynamics of infectious hosts of patch 2 without host
movement from patch 2 to patch 1.

the host population can bemoved fromone patch to the other
to bring the disease under control.

5. Conclusion

Temperature plays a significant role in dynamics of dengue
disease transmission. It affects the lifecycle and biting
behavior of mosquitoes. Human movements contribute in
spreading the disease in new places. We have proposed
multipatch model of dengue disease with the human move-
ment between patches considering temperature dependent
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Figure 11: Dynamics of infectious hosts of patch 1 without host
movement from patch 1 to patch 2.
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Figure 12: Dynamics of infectious hosts of patch 2 without host
movement from patch 1 to patch 2.

model parameters. In the present work, we explored the
impact of temperature and host movement between patches
on the transmission dynamics of dengue disease. We have
investigated the stability of disease-free equilibrium point. It
is observed that the point is locally asymptotically stablewhen
basic reproduction numberR0 < 1 and unstable whenR0 >1. Simulated results show that basic reproduction number
depends on temperature and host movement.The prevalence
of disease can increase or decrease with temperature and
mobility of hosts from one patch to the other. Present work
shows that the burden of the disease can be reduced by man-
aging the host movement and the temperature can enhance
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the strength of the disease.These pieces of information can be
helpful to the concerned authorities to bring dengue disease
under control.
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We presented adaptive random network models to describe human behavioral change during epidemics and performed stochastic
simulations of SIR (susceptible-infectious-recovered) epidemic models on adaptive random networks. The interplay between
infectious disease dynamics and network adaptation dynamics was investigated in regard to the disease transmission and the
cumulative number of infection cases. We found that the cumulative case was reduced and associated with an increasing network
adaptation probability but was increased with an increasing disease transmission probability. It was found that the topological
changes of the adaptive random networks were able to reduce the cumulative number of infections and also to delay the epidemic
peak. Our results also suggest the existence of a critical value for the ratio of disease transmission and adaptation probabilities below
which the epidemic cannot occur.

1. Introduction

Within few decades, numerous studies on infectious disease
transmission using the network theory have been carried out.
Networks provide a mathematical platform for the interpre-
tation of the interaction between individuals or populations
and are especially useful when each individual is assumed
to be in direct contact only with a small proportion of the
population [1–5]. Network models tend to be very powerful
tools that provide understanding of the disease transmission
in human populations and allow the assumptions of either
social or sexual contacts [6]. However, the vast majority
of infectious disease transmission models on networks em-
ployed static networks [7]. The static network structure does
not change over time and such models ignore the effect
of individual’s behavioral change due to the infection. On
the other hand, there are studies that implemented rules on
dynamical network structures that opened the possibility of
network adaptation. These rules help to generate complex
network models and are also expected to reflect some real-
world networks [8–13].

Recent studies brought forth characteristic rules of net-
works that adapted the network structure more dynamically
by responding to the infection status of individuals [14–16].
These dynamic networks took into account the fact that indi-
viduals tend to respond to the emerging infectious disease
transmission by avoiding contacts with infected individuals.
Such rewiring of local contacts can have a strong impact
on the dynamics of an infectious disease transmission as
shown in a study of a complicated mutual interplay between
network adaptation dynamics and the dynamics of individual
states. There are two popular closely related adaptive rules of
the network: the first rule allows susceptible individuals to
temporarily disconnect their contacts with infectious indi-
viduals [17] and the other allows susceptible individuals to
avoid contact with the infectious individuals by rewiring their
network connections [18].This has revealed new perspectives
onto effects on concurrent partnerships [19, 20] and on
structure changing patterns [21]. A definition of dynamic
networks was given stating that such networks are regulated
by a feedback loop between the dynamics of node’s state and
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interaction in a network and the coevolution or adaptation of
the networks [22].

Most studies on infectious disease transmission using
adaptive networks are deterministic. Admittedly, the imple-
mentation of such models is easier, but they are insufficient
to explain some fluctuating dynamics in real-world systems
[23]. Deterministic models provide exactly the same results
given the same initial conditions. However, we would not
expect to observe exactly the same people becoming infected
at exactly the same time. In contrast, infectious disease
modeling using the adaptive networks takes into account the
fluctuations or noise by considering interactions between
individuals. Clearly, there is an important element of chance
and stochastic models are concerned with approximating
this random or probabilistic element. In general, chance will
play the most important role whenever the number of
infectious individuals is relatively small, which can happen
when the population size is small. It is especially important
that stochasticity is taken into account and incorporated into
the network model.

However, there is no comparative study about effect of
these two adaptive rules to the infectious disease transmission
in population yet. The main goals of this work is not only
to model networks representing individuals in a population
that tend to respond to the emergence of an infectious disease
and incorporate two different specific patterns of behavioral
change regarding the interaction between individuals in a
population but also to investigate the interplay between infec-
tious disease dynamics and network adaptation dynamics
by using stochastic simulations in order to gain insight into
infectious disease transmission in real-world system.

2. Network Models

2.1. Construction of Static RandomNetwork. In ourmodel, we
represented an individual human by a node and a potential
disease-causing interaction between two individuals by a
link. The 𝐺(𝑛, 𝑝) random network was constructed from a
finite set of 𝑛 nodes with 𝑛(𝑛 − 1)/2 possible pairs. Each pair
of nodes was then randomly chosen to be connected with
a probability 𝑝, where the number of nodes 𝑛 and indepen-
dent probability 𝑝 are fixed. We defined the initial structure
of random network at each simulation run by setting the
initial structure as a𝐺(𝑛, 𝑝) random network.The number of
individuals in this system was fixed at 𝑛 = 1,000 nodes.
We expected a low frequency of the disease-causing contact
between two individuals henceforth, comprising a small pro-
portion of the population and represented by a low probabil-
ity 𝑝 = 0.01.

2.2. Infectious Disease Transmission on Networks. According
to the SIR epidemic model mechanism, an individual human
was represented as a node amongst a finite and fixed number
of individuals in a population and the potential disease-
causing contact between two individuals as a link. Two nodes
were assigned as neighbors, if connected by a link. A node
neither could be linked to itself nor shares more than one
link with another node. At any time, each node has only one
specific state, namely, the susceptible state (𝑆), the infectious

state (𝐼), or the recovered state (𝑅). This model is appropriate
for a disease that spreads through human populations by
direct contact between infectious individuals and susceptible
individuals, such as influenza. We also assumed that recov-
ered individual confers lifelong immunity. In this paper we
will consider only diseases of this type. Diseases that are
endemic because they propagate on time scales comparable to
or slower than the rate of turnover of the population or
because they confer only temporary immunity are not well
represented by this model.

For the 𝑆 → 𝐼 transition, an infectious disease can be
transmitted, if a given infectious node shares links with other
susceptible nodes.We denoted this link as 𝑆𝐼-link.Those sus-
ceptible neighbors were then infected with probability 𝜙 per
𝑆𝐼-link and per time-step. In addition, the more the contacts
a susceptible node has with infectious nodes, the higher the
chance to become infected simply is because a pathogen
can be transmitted from many infected individuals. Hence,
we calculated the infection probability 𝜆 of each node
individually as follows:

𝜆 = 1 − (1 − 𝜙)
𝑘𝑆𝐼 , (1)

where 𝑘𝑆𝐼 is the number of 𝑆𝐼-links that is connected to that
node. The 𝐼 → 𝑅 transition implies that infected nodes can
independently self-recover with a recovery probability 𝜂. In
contrast to the 𝑆 → 𝐼 transition, the 𝐼 → 𝑅 transition is not
influenced by 𝑆𝐼-links. The initial conditions were set as
follow: (1) The entire nodes in the network are in susceptible
state. (2) A single node is randomly chosen to become the first
infectious node.

When an infectious disease spreads on a social network,
humans tend to respond to the emergence of an epidemic by
avoiding contacts with infected individuals. Such rewiring of
the local connections can have a strong effect on the dynamics
of the disease, which in turn influences the rewiring process.
Thus, a complicated mutual interaction between network
adaptation dynamics and the dynamics of disease transmis-
sion emerges (Figure 1). In our network, such nodes with
reconnecting or rewiring ability were called adaptive nodes. It
shall be noted that only susceptible nodes are capable of such
adaptation once being at risk of infection. Hence, the network
adaptation concerned the ability of susceptible nodes to adapt
as to avoid contact with infectious nodes. In addition, these
behavioral changes can lead to the isolation of infected nodes
and then again affects the behavioral changes of susceptible
nodes. Consequently, there is interplay between the changing
state of nodes and the changing interaction of nodes at any
time of infectious disease transmission on the network. This
provides a feedback loop between the infectious disease
dynamics and network adaptation dynamics of the network
as illustrated in Figure 1. These networks including feedback
loops are defined as coevolution networks or adaptive net-
works [24].

Thus, this feedback loop is dependent on the existence of
a pathogen, which can trigger node state changes and altered
interaction of nodes. This feedback loop then determines
the outcome of the infectious disease transmission on the
network, which is either invasion or disappearance of the
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Figure 1: Schematic diagram of the feedback loop between the infectious disease dynamics and network adaptation dynamics of an adaptive
network. Blue and red nodes represent susceptible and infectious nodes, respectively. Solid and dot lines represent network links and links
that will be cut due to network adaptation dynamics, respectively.

pathogen. At any given time of the ongoing infectious disease
transmission on an adaptive network, both changing states
of nodes and their interaction have potential to occur. The
dynamics also lead to a new perspective that cannot be
observed using a static networkmodel.There are two types of
adaptive networks in this work, which are described in the
following.

Type I Adaptive RandomNetwork. In this model, the adaptive
and susceptible nodes have the feature to protect themselves
by temporarily disconnecting each of their 𝑆𝐼-link between
infectious neighboring nodes with probability𝜔I at any time-
step. The destroyed links are then reconnected when the
neighboring nodes transform into recovered nodes, as shown
in Figure 2.

In this way, every susceptible node has a constant and
equal chance to disconnect each of their 𝑆𝐼-links and then
also reconnects the formerly destroyed links at every time-
step. Therefore, the number of links, 𝑚 in this network, is
changed in accordance with the time-steps. Type I adaptation
in an adaptive random network represents a real-world situa-
tion given the assumption of effective quarantine of infected
people during epidemics and the later release after their
recovery from infection.

Type II Adaptive Random Network. The network adaptation
dynamics of this model allows adapting susceptible nodes
to protect themselves by rewiring their links. The adaptive
and susceptible nodes disconnect their 𝑆𝐼-links with the
infectious nodes with probability 𝜔II for every 𝑆𝐼-link at each
time-step.This rule of rewiring is basically similar to the type
I adaptive network; however, instead of reconnectingwith the
former neighbors, other susceptible or recovered state nodes
will be randomly chosen to establish new links immediately
after successful disconnection of the previous 𝑆𝐼-links. The
chosen nodes are prohibited to link with themselves and
their current neighboring nodes. We define this behavioral
change as rewiring of the links and denote 𝜔II as the rewiring
probability.

However, every susceptible node in this model does not
memorize their prior destroyed links and their abandoned
neighbors. Consequently, adaptive and susceptible nodes can
either reconnect to the abandoned neighboring nodes or any
other nodes at later time-step as shown in Figure 3.

Table 1: The value range of the parameters that were used for the
simulation.

Time, 𝑡 1–100
Disease transmission ratio, 𝜒 1.5–5.0
Recovery probability, 𝜂 0.2

Destruction probability, 𝜔I 0.0–0.7
Rewiring probability, 𝜔II 0.0–0.7

At any time-step, the adaptive and susceptible nodes
responded to the disease transmission by rewiring their links,
but the number of links 𝑚 remained constant. On the other
hands, the behavioral change of individual nodes in regard
to the avoidance of contact with infected individual nodes is
determined by destruction probability 𝜔I and rewiring prob-
ability 𝜔II for the type I adaptive random network and the
type II adaptive random network, respectively. The value
range of both the epidemic and the network adaptation pro-
babilities are shown in Table 1. All simulations were per-
formed using the standard kinetic Monte Carlo algorithm
and were simulated using MATLAB software.

3. Results

3.1. Infectious Disease Transmission on Type I Adaptive
Random Networks. This section presents the results of the
investigations on the behavior of the infectious disease trans-
mission on type I adaptive random network upon variation
of the network adaptation probability or more precisely the
destruction probability 𝜔I. We assigned other parameters
according to Table 1. Then, we have allowed the chosen
infected node to transmit the pathogen across its 𝑆𝐼-links.
We investigated the disease transmission over a period of 100
time-steps and varied 𝜔I from 0 to 0.7, while keeping ratio
𝜒 ≡ 𝜙/𝜂 constant (Figure 4). Colored labeling of the frac-
tion of infectious nodes was applied to facilitate the illus-
tration. Figure 4(a) shows the results for 𝜒 = 2.0. We found
that the pathogen failed to invade the population. A minor
occurrence of an infectious fraction can be observed, if 𝜔I <
0.3. The infectious fraction tended to be decreased in case of
the static network model (𝜔I = 0).
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Figure 2: Schematic illustration of the adaptation process of type I adaptive network. At time 𝑡, the susceptible nodes 1, 4, and 5 can disconnect
their 𝑆𝐼-links, namely, (1, 2), (2, 4), and (2, 5) links, with the probability 𝜔I. At time 𝑡 + 𝑖, when the node 2 recovers from the disease, the
disconnected links will be reconnected. Blue, red, and green nodes represent susceptible, infectious, and recovered nodes, respectively. Dot
lines represent links that are disconnected and then reconnected.
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Figure 3: Schematic illustration of the adaptation process of type II adaptive network. In this figure, nodes 1, 4, and 5, can cut their (1, 2),
(2, 4), and (2, 5) links with the probability 𝜔II. The node that decided to cut its 𝑆𝐼-link will immediately choose a new noninfectious node to
connect with. Blue, red, and green nodes represent susceptible, infectious, and recovered nodes, respectively. Dot lines represent 𝑆𝐼-links.

The effect of the network adaptation probability is more
obvious, if the pathogen has a higher potential to be transmit-
ted as show in Figure 4(b). We can see that the appearance of
the infectious fraction tended to be delayed with increasing
𝜔I to the point of its disappearance for 𝜔I exceeding 0.50.
Independent of the delay, the infectious fraction tended to
last until stationary state of the network at similar time-steps
and measured an average period of appearance of 47 time-
steps.The appearance of the infectious fraction in Figure 4(c)
followed previous patterns observing the delay in association
with an increasing value of 𝜔I and a fixed 𝜒 = 4.0. The
infectious fractions occurred at time-steps 6, 7, 7, 8, 10, 13, and
20 for 𝜔I = 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6, respectively, and
then decayed until stationary state.The fractions of infectious
nodes tended to be reduced in case of the static network
model. The average period of the appearance was 41 time-
steps ranging from 33 to 52 time-steps for values of𝜔I ranging
between 0 and 0.55. The period of appearance measured 45
time-steps in case of 𝜔I = 0.60. These results led us to realize
that the successful disease invasion did depend not only on
the network adaptation probability, which is a parameter of
individual behavioral change, but also on the disease trans-
mission ratio𝜒, which is a parameter of the infectious disease,
too. More precisely, the infectious disease can invade the
population for specific values of both 𝜔I and 𝜒.

Figure 4(d) shows the time evolution of the fraction of
infected nodes and the appearance of invasion of the disease
for the entire range of 𝜔I while 𝜒 was fixed at 5.0. Therefore,
this model tends to speed up the disease transmission but
reaches the stationary state at similar time-points when com-
pared to previous results. On the other hand, the periods of

appearance tend to be increased with an increasing value of
𝜔I, except for 𝜔I = 0.7. We noticed that infectious fraction
began to appear and the commencement of the stationary
state was slightly delayed with increasing 𝜔I. In the same way,
the infectious fractions tended to decline in the static network
model with increasing 𝜔I until their disappearance using an
appropriate value of𝜔I. Also, the periods of appearance of the
infectious fractions tended to increase with increasing𝜔I and
could be reduced by choosing an appropriate value of 𝜔I. It
must be noted that the behavioral change of individuals as
modeled in the type I adaptive random network is reflected
by network adaptation dynamics and may have caused the
reduction in numbers of infectious people in a population.
Also, such dynamics can protect susceptible individuals from
infection by avoiding contact with infectious people. The
higher the chance of avoidance, the lower the number of
infectious individuals in that population. In this way, the
destruction probability 𝜔I can be interpreted as the chance of
susceptible individual to detect infected neighbors in a local
population. Thus, 𝜔I is a parameter to determine behavior of
individual.

The results show that the infectious disease can invade
the population, if the pathogen transmission is probable
despite a 70-percent chance of any susceptible individual in
the population to avoid contact with infected individuals.
Furthermore, the behavioral change of susceptible individ-
uals as represented by the network adaptation dynamics in
type I adaptive random networks has potential to reduce the
number of infected people prospectively but also can lead to
a delay in the epidemic peak time. In this way, the individual
behavior may lead to a prolonged disease spread in that
population.
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Figure 4: Profile of the infectious disease’s prevalence plotted against time and destruction probability 𝜔I on the type I adaptive random
network. The ratio 𝜒 ≡ 𝜙/𝜂 was varied as (a) 𝜒 = 2.0, (b) 𝜒 = 3.0, (c) 𝜒 = 4.0, and (d) 𝜒 = 5.0. Grids correspond to the average of over 5,000
simulations.

3.2. Infectious Disease Transmission on Type II Adaptive
Random Networks. Thereafter, we studied the infectious
disease transmission in another adaptive network model,
namely, the type II adaptive random network, by using the
equivalent conditions as in the previous section to investigate
the effect of network adaptation dynamics on the infectious
disease transmission. Figure 5(a) shows the time evolution
of fractions of infectious nodes with varying 𝜔II and fixed
𝜒 = 2.0. The appearance of the infectious fractions is clearly
visible (colored pixels against blue background) in case of the
static network model and type II adaptive random network
for 𝜔II = 0.05.This corresponds to the results in a previous
section. This stands in contrast to the behavior of the type I
network, which produced disease invasion only for a network
adaptation probability less than 0.3. Figure 5(b) shows the
time evolution of infectious fractions for 𝜒 = 3.0. Infectious
fractions appeared for 𝜔II ≤ 0.2 and tended to be increased
with proceeding time-steps arriving at an epidemic peak and
then decayed to zero at stationary state. In case of the static
network model, the infectious fraction tended to decrease
dramatically. In the case of adaptive networks, the infectious
fraction decreased with an increasing 𝜔II until its disappear-
ance for 𝜔II > 0.2. The time-steps of occurrence of the infec-
tious fractions tended to be delayed with an increasing 𝜔II
and infectious fractions remained in the network for an
average period of 46 time-steps. In this case, the period of
appearance was similar to the simulation results of the type I

adaptive network measuring 40–45 time-steps. Neverthe-
less, the fraction of infected nodes was always lower when
compared to the type I adaptive network under equivalent
conditions.

Moreover, Figure 5(c) shows the simulation result for 𝜒 =
4.0.The results followed previous patterns observing delayed
occurrence of the infectious fraction, but its period tended to
be increased with an increasing 𝜔II. However, the stationary
state of infectious fractions tended to be delayed for higher
values of 𝜔II. The time evolution of the infectious fraction
became obvious for 𝜔II ≤ 0.30. We noticed a shift in the
limitation of occurrence of the infectious fractions when the
disease transmission ratio 𝜒was increased by 0.5 points.This
might be due to the interplay between the network adaptation
probability and the disease transmission ratio. Moreover, the
average period of appearance of infectious fractions tended
to be decreased by about 6 time-steps when compare to the
previous results.

In addition, Figure 5(d) shows the simulation results
for 𝜒 = 5.0. Infectious fractions appeared, if the rewiring
probability 𝜔II ranged between 0 and 0.4. Fractions and also
the network stationary state tended to be delayed with the
increase in 𝜔II. The period of appearance of infectious frac-
tions tended to increase with the increase in𝜔II except in case
of 𝜔II = 0.40, which measured only 22 time-steps.This might
be due to the observation of a large fluctuation. Consequently,
the infectious fractions as simulated for the type II adaptive
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Figure 5: Profile of the infectious disease’s prevalence plotted against time and destruction probability 𝜔II on the type II adaptive random
network. The probability ratio 𝜒 was varied as (a) 𝜒 = 2.0, (b) 𝜒 = 3.0, (c) 𝜒 = 4.0, and (d) 𝜒 = 5.0. Grids correspond to the average of over
5,000 simulations.

random network were less obvious than in case of the type
I network under same parameter conditions. Particularly,
when the network adaptation probability was above 0.4, the
infectious disease failed to invade the population in case of
the type II network for every value of 𝜒, whereas succeeded
in all ranges of 𝜒, in case of type I network simulations. The
infectious fractions in the type II case tended to occur later
but remained longer when compared to the type I network
for equivalent parameters.

Furthermore, we observed that the infectious disease
transmission in the adaptive networks was less frequent when
compared to the static network simulations in regard to
an increasing value of the network adaptation probability.
For the infectious disease transmission in type I adaptive
random networks, susceptible nodes continued to forsake
their infectious neighboring nodes. To follow the thought, we
can assume an increasing number of isolated infected nodes.
Relations have reformedwhen the infected nodes have recov-
ered. Similar to the infectious disease transmission on type
II adaptive random networks, susceptible nodes continued
to change connections by seeking contact with noninfectious
nodes upon linkage with infectious neighboring nodes. This
contributes to a form of community, which excludes any
infected nodes. This particular behavior may well reduce
the numbers of disease transmissions and yet also delays
the period of disease transmissions. Moreover, in contrast to
type I, type II adaptive networks comprise a more sensitive

topology in regard to the network adaptation probability. It
is meant that it can reduce the number of infections but
delays the disease transmission and remission. We explain
this with the remaining andmore frequent paths of pathogen
transmission in the type I adaptive network than can be found
in type II networks, despite the destructions of numerous
infection paths.

3.3. Effects of Network Adaptation Probability to the Infectious
Disease Transmission on Adaptive Random Networks. In
order to understand the effects of network adaptation proba-
bilities on the infectious disease transmission, we plotted the
number of links and the number of 𝑆𝐼-links of both types
of adaptive networks against time as shown in Figure 6; the
figure shows the simulation result based on varying values
of the disease transmission ratio 𝜒 ranging from 2.0 to 5.0.
As described in previous sections, we have learned that the
number of links in the type II adaptive random network
is constant due to the topology of the network adaptation
dynamics. The number of initial links counted 5,094 links.
Figure 6 shows the time evolution of links of the type I and
the type II adaptive random networks where 𝜒 was set to 2.0.
The number of links in the type I network was reduced for
𝜔I ≤ 0.20. At time-steps 43, 49, and 53, 34, 38, and 23 links
were disconnected for 𝜔I = 0.1, 0.2, and 0.3, respectively, as
show in Figure 6(a). In addition, there are 338, 189, and 75
𝑆𝐼-links in the type I network at time-steps 43, 48, and 53 for
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Figure 6: Profile of time evolution of the number of links in type I adaptive random networks (a), the number of 𝑆𝐼-links in type I adaptive
random networks (b), and the number of 𝑆𝐼-links in type II adaptive random networks (c) (𝜒 = 2.0).

𝜔I = 0.1, 0.2, and 0.3, respectively, as shown in Figure 6(b).We
noticed that these time-steps are correlated with each other
and coincided with epidemic peaking calling them epidemic
peak time. Previous results showed that the infectious disease
failed to invade for 𝜔I = 0.30 which might be correlated with
the number of disconnected 𝑆𝐼-links. Furthermore, the time
evolution of 𝑆𝐼-links in the type II adaptive random network
is shown in Figure 6(c).We observed that almost all of the 𝑆𝐼-
links were rewired before the pathogen was transmitted.This
may have had effect on the invasion of infectious disease in
the type II network and may have contributed to the failure
of invasion.

Further support of the obtained pattern of results pro-
vides the time evolutions of the number of links in the type

I model and the number of 𝑆𝐼-links in the type I and type II
networkmodels for𝜒 = 5.0 as shown in Figure 7.Thenumber
of disconnected links tended to be slightly increased when
compared to the previous results. In addition, the number
of 𝑆𝐼-links of both the type I and II networks was also
comparatively higher.

According to our results, the change of interaction based
on the network adaptation dynamics had strong effect on the
reduction of the number of 𝑆𝐼-links. Choosing an appropriate
value for the network adaptation probability was crucial
for the failure of the infectious disease invasion due to the
destruction or rewiring of most 𝑆𝐼-links before the pathogen
could be transmitted. The number of disconnected links
depended on the number of 𝑆𝐼-links in the network. It was
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Figure 7: Profile of time evolution of the number of links in type I adaptive random networks (a), the number of 𝑆𝐼-links in type I adaptive
random networks (b), and the number of 𝑆𝐼-links in type II adaptive random networks (c) (𝜒 = 5.0).

found that the higher the network adaptation probability, the
higher the fraction of disconnected 𝑆𝐼-links. Consequently,
this provided a way to think about the failure phenomenon
of infectious disease invasion even if it has a high capacity of
transmission.

3.4. Interplay between Network Adaptation Probability and
Disease Transmission Ratio and Its Effect on the Infectious
Disease Transmission on Adaptive Random Networks. In this
work, we also studied the interplay between the varied
values of the network adaptation probability and the disease
transmission ratio in the 2 types of adaptive networks. We
observed that in the previous sections an increase of the
infectious fraction reaches its peak at the epidemic peak

time and then decayed to zero at the stationary state after
an appropriate period of time-steps. More precisely, keeping
the disease transmission ratio 𝜒 constant and increasing
the network adaptation probabilities 𝜔I and 𝜔II affected the
epidemic peak time and the infectious fraction at epidemic
peak time by delaying the time of occurrence and reducing
the fraction nodes. On the other hand, it hastened the time of
epidemic peaking, if the network adaptation probabilities 𝜔I
and 𝜔II were fixed and the disease transmission ratio 𝜒 was
increased. We observed competition between the values of
𝜔I and 𝜔II and 𝜒 affecting the incidence of epidemic peaking
of the infectious fraction by increasing 𝜒 but decreasing 𝜔I
and 𝜔II. We plotted the infectious fraction against the disease
transmission ratio and the network adaptation probability
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Figure 8: Profile of the infectious fraction at the epidemic peak time as function of the network adaptation probabilities 𝜔I and 𝜔II and the
disease transmission ratio 𝜒 of type I adaptive random network (a) and type II adaptive random network (b).

to obtain more understanding of the interplay between
these probabilities. From the results in previous sections, we
observe that the epidemic peak timewas dramatically delayed
in case of the static network simulations. Figure 8 shows the
infectious fraction at epidemic peak time-steps in cases of
the type I and II network models. We observe a tentatively
decrease of the infectious fraction at epidemic peak time in
the static type I network but a dramatically decrease in case of
simulations of the type II network with an increasing value of
the network adaptation probability.The pattern of the colored
grids tended to behave in a linear fashion with an increase in
𝜔I and𝜔II and𝜒 in both cases of type I and II networkmodels.
In this way, there is a connection line between dark blue grids
and nondark blue grids. It refers to a critical value below
which the infectious disease is considered to fail its invasion.
This led us to the description of the threshold phenomenon.

Consequently, the epidemic peak time of the type I
adaptive network occurs earlier and its infectious fraction at
epidemic peak time is larger than similar simulations using
the type II adaptive network.

The results tell that the interplay between the network
adaptation probability and the disease transmission ratio
affects the epidemic peak time, the infectious fraction at the
epidemic peak time, and also the cumulative number of
infection cases at stationary state 𝑅∞ as shown in Figure 9.
The cumulative number of infection cases at stationary state,
𝑅∞, for calculations with the static random network ranged
from 0.14 to 0.85 and the disease transmission ratio 𝜒 ranged
between 1.5 and 5.0. In this set of results, a basically similar
pattern was observed between both the type I and II network
models. More precisely, the number dramatically decreased
with an increasing network adaptation probability but dra-
matically increased with an increasing disease transmission
ratio. We learned that the infectious disease is expected to
fail invasiveness, if there are less than 10 cumulative cases of
infection at stationary state.The threshold phenomenon then
occurred for appropriate probabilities in both cases of type I
and II network models. Hence, the threshold condition for
the type I network was a destruction probability 𝜔I in range
of 0.3 to 0.55 and a disease transmission ratio 𝜒 less than 3
with a 3.95 slope. Interestingly, the threshold condition for
the type II networks was fulfilled for the entire range of the

ratio between the rewiring probability 𝜔II and the disease
transmission ratio 𝜒 measuring a slope of 8.65. In any cases
of the emerging infectious disease transmission, the number
of cumulative case fractions in the type I adaptive random
network is higher than in the type II adaptive random
network.

Finally, we investigated the relative cumulative cases of
type I and type II adaptive random networks at equivalent
conditions as shown in Figure 10. This exhibits a difference
of interplay between network adaptation probability and the
disease transmission ratio.We plotted the relative cumulative
cases against the network adaptation probabilities 𝜔I and
𝜔II and the disease transmission ratio 𝜒. The curve tended
to increase with increasing 𝜔I and 𝜔II along the 𝜒-axis but
obviously vanished for 𝜔I and 𝜔II exceeding the value of 0.6.
In addition, there was a high ratio number between cumula-
tive cases of type I and type II adaptive network for 𝜔I and
𝜔II ranging between 0.4 and 0.6, because it was below the
threshold condition of type II adaptive network in these cases.

Moreover, with an appropriate value setting of 𝜒 and 𝜔I
and 𝜔II the infectious disease failed to invade the population.
This led us to the threshold conditions for these models in
which other parameters and structures of the initial network
condition were fixed.The threshold parameter is supposed to
intersect between dark blue and semidark blue grids and to be
a function of both 𝜒 and 𝜔I and 𝜔II. In addition, the topology
of network adaptation dynamics in the type II adaptive ran-
dom network reduced more effectively the disease transmis-
sions than the topology of network adaptation dynamics in
the type I adaptive network. In contrast to the type II adaptive
random network, the number of links in the type I adaptive
random network changed over time, due to the destroyed
links of the susceptible nodes.This effect reduced the average
degree of nodes in such networks. The epidemic peak time
was shown to exhibit a maximum number of destroyed 𝑆𝐼-
links and was always equal to the epidemic peak time of
infectious fraction, because there was a maximum number of
𝑆𝐼-links at that time, while the susceptible nodes attempted to
disconnect their 𝑆𝐼-links until reaching the stationary state.
Consequently, we may argue that if the emerging infectious
disease has a high transmissibility, the individuals in the
population must increase their chance to avoid contact with
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Figure 9: Profile of the cumulative cases as function of the network adaptation probabilities 𝜔I and 𝜔II and the disease transmission ratio 𝜒
of type I adaptive random network (a) and type II adaptive random network (b).
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Figure 10: Profile of relative cumulative cases of type I and type II adaptive network against network adaptation probabilities 𝜔I and 𝜔II and
epidemic characteristic ratio 𝜒. 𝑅∞ is the number of recovered individuals at the equilibrium.

infected individuals in order to protect the population from
the invasion.

4. Conclusion

In this research, the modeling of adaptive random networks
was studied. We concluded that the topology of network
adaptation dynamics may have strong effect on reducing the
infectious disease transmission on respective network mod-
els.The number of cumulative cases of infection at stationary
state was affected by both epidemic parameters and adaptive
parameters. The networks with adaptation dynamics such as
the type II adaptive random network are more effective in
reducing the final epidemic spread when compared with the
type I adaptive random network. Moreover, the results sug-
gested the occurrence of a threshold phenomenon indepen-
dence of choices of appropriate values of respective network
parameters.
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Objectives. Transmission of polio poses a threat to military forces when deploying to regions where such viruses are endemic. US-
born soldiers generally enter service with immunity resulting from childhood immunization against polio; moreover, new recruits
are routinely vaccinated with inactivated poliovirus vaccine (IPV), supplemented based upon deployment circumstances. Given
residual protection from childhood vaccination, risk-based vaccination may sufficiently protect troops from polio transmission.
Methods.This analysis employed a mathematical system for polio transmission within military populations interacting with locals
in a polio-endemic region to evaluate changes in vaccination policy. Results. Removal of blanket immunization had no effect on
simulated polio incidence among deployed military populations when risk-based immunization was employed; however, when
these individuals reintegrated with their base populations, risk of transmission to nondeployed personnel increased by 19%. In the
absence of both blanket- and risk-based immunization, transmission to nondeployed populations increased by 25%. The overall
number of new infections among nondeployed populations was negligible for both scenarios due to high childhood immunization
rates, partial protection against transmission conferred by IPV, and low global disease incidence levels. Conclusion. Risk-based
immunization driven by deployment to polio-endemic regions is sufficient to prevent transmission among both deployed and
nondeployed US military populations.

1. Introduction

Polio is a viral disease that invades the nervous system
and can cause paralysis in a matter of hours, though most
poliovirus infections are asymptomatic [1]. There are 3 wild
poliovirus (WPV) types, two of which have not been detected
globally since 2012 [2]. Polio infection in immunocompetent
individuals leads to immunity, although immunity induced
by one serotype does not protect against the other two [3].
There are 2 vaccines against polio: inactivated poliovirus
vaccine (IPV) and oral poliovirus vaccine (OPV). Successful
vaccination with either formulation provides at least partial
protection from infection and full disease immunity in
approximately 7 days [4].

After IPV immunization, antibodies are produced in the
blood in response to the inactivated virus, protecting the

individual from disease; however, viral replication in the
gut is still possible, with the potential for asymptomatic
transmission to the community [5]. IPV-induced antibodies
decrease over time, and some adults vaccinated as children
may lack a detectable antibody.

In contrast, OPV induces mucosal immunity in the
gastrointestinal tract, which is important for community
protection [6], and provides long-term immunity against
both disease and transmission. Yet, “the oral vaccine often
fails in developing countries and in rare cases the vaccine
virus itself leads to paralysis” [7]. OPV can also lead to the
circulation of a vaccine-induced virus, shed for 1–3 weeks fol-
lowing primary vaccination and easily transmittedwithin and
outside the household.While this shedding iswidely accepted
as inducing protection or boosting immunity in contacts [3],
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it can also contribute to the spread of circulating vaccine-
derived poliovirus (cVDPV) [6], particularly in settings with
weak routine immunization coverage in otherwise polio-free
countries [8].

Due to these risks, most developed countries have
switched from OPV to IPV [9]. However, for developing
countries where polio is endemic or the risk of importation
is high, the benefits of OPV outweigh the risks, and, for
now, OPV remains the vaccine of choice [3]. The ultimate
goal is to eliminate OPV vaccination and switch to IPV-
only immunization, thus eliminating the risk of cVDPV alto-
gether. As of November 2016, 173 countries now include IPV
in their routine immunizations; the remaining World Health
Organization (WHO) member countries are on schedule to
introduce IPV by the end of 2016 [10].

Today, WPV remains endemic in 3 countries—Pakistan,
Afghanistan, and Nigeria [11]. While WPVs circulate in
these areas, “the rest of the world must continue to keep
polio vaccination levels very high, due to the risk of out-
breaks among susceptible people in polio-free countries” [12].
Response to polio circulation in developing areas such as
these generally involves the use of OPV, and “each response
round comes with a substantial and uncertain amount of
secondary OPV infection” [4], which are of particular risk to
deployed US soldiers with incomplete or waning protection
against poliomyelitis transmission.

In the United States, children currently receive 3 routine
doses of IPV at 2 months, 4 months, and 6–18 months, and
a booster at 4–6 years [13]. As a result, US-born soldiers
generally enter military service with a high level of immunity
to disease, though this may wane over time. The military
actively vaccinates all recruits against a number of diseases
including polio; “these vaccines are further supplemented,
based on occupational and deployment circumstances of
the recruits” [14]. However, in countries with insufficient
vaccination and/or active viral circulation, contact with local
populations puts US warfighters at risk for transmission of
both WPV and cVDPV.This is particularly the case since

[although] militaries primarily engage in tra-
ditional major combat operations, they are
increasingly involved in humanitarian assistance
missions. Such missions permit extensive inter-
action with the local populace and environment,
greatly increasing the chance of acquiring locally
endemic infectious diseases and necessitating
the management of diseases in the local popu-
lace that are not traditionally seen in military
personnel [15].

Thus, while blanket vaccination of all soldiers may be
epidemiologically redundant and cause unnecessary expen-
diture of resources, risk-based vaccination driven by travel to
polio-endemic areas can be appropriate. However, evaluating
multiple vaccination strategies once deployment is underway
may result in higher-than-necessary disease incidence and
cost in an effort to control transmission. In lieu of this,
predictive modelling of polio transmission allows for the
exploration of vaccination strategies through simulation of

multiple scenarios and their outcomes prior to putting troops
and mission objectives at risk.

In recent years, published mathematical models for polio
transmission have focused primarily on the role of OPV in
attaining eradication of the disease. Several mathematical
models have also explored vaccine-derived polioviruses [16–
18], and additional analyses have addressed the impact
of asymptomatic infection [19–22]. Kalkowska et al. [20,
21] explored the possibility of silent transmission of WPV
in populations with high IPV coverage, emphasizing that
“IPV-based protection alone might not provide sufficient
population immunity to prevent poliovirus transmission
after an importation” [20] and acknowledging the need
to “consider the role of previously-vaccinated or infected
individuals (i.e., partially infectible individuals) who remain
immune to paralytic disease, but not to reinfection, and
their potential participation in silent transmission of the
virus” [21]. Most recently, Koopman et al. [22] modelled the
interaction between waning immunity and the duration of
silent circulation of polio and found that expanding beyond
childhood immunization to vaccinate a portion of the adult
population could have a significant impact on asymptomatic
transmission.

Each of these modelling studies focuses on issues among
multigenerational populations with varying levels of immu-
nization coverage and background immunity; none have
addressed the unique circumstances affecting polio transmis-
sion in highly mobile military populations, which experience
conditions that directly affect the spread of disease, both ben-
eficially and detrimentally. US soldiers are vaccinated against
polio at recruitment and again prior to deployment to at-
risk areas; however, immunization with IPVmay leave troops
at risk of VDPV or subject to asymptomatic transmission.
Quantifying this risk is crucial to evaluating the elimination
of mandatory blanket polio vaccination and switching to a
solely risk-based vaccination policy.

Mathematical models can be immensely useful in exam-
ining the impact of vaccines on disease transmission and are
frequently used to inform response policy. For deployed mil-
itary populations, these models can also evaluate the relative
change in transmission risk associated withmultiple vaccina-
tion scenarios by employing data on specific demographics,
epidemiology, and the effects of timing of response. For this
analysis, we modified an existing military-specific model
system to accommodate polio transmission and vaccination
to maximize the achievement of deployedmission objectives,
while minimizing the possibility of transmission to troops
both abroad and at home.

2. Methods

2.1. Population Structure. The military population structure
for this study was built upon previous analyses [23]. The
simulated deployed population consisted of 4 subpopulations
defined by interaction with the local population, ranging
from negligible to high levels of daily contact. Deployed
soldiers were assumed to be posted to a long-standing base
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Figure 1: Change in deployed population size over the 10-year
duration of the deployment action [23].

within the host country, with well-established water purifi-
cation and food safety systems to minimize environmental
disease transmission. Social mixing was presumed to be
mainly within-unit and homogeneous, with between-unit
mixing occurring at lower levels.

The 10-year simulated deployment period began in 2015,
with individual soldiers rotating annually. In- and outbound
rotation rates (𝑏IN and 𝑏OUT) varied over the 10-year period
to allow for force increase and decrease (see Figure 1) and a
daily casualty rate (𝜇) accounted for removal of individuals
for reasons other than rotation or polio-related disease. See
Burgess et al. [23] for additional population details.

The local population was modelled without structure and
based on the demographic characteristics of Afghanistan as
estimated by the United Nations Population Division [24].
Mixing among locals was homogeneous within the simulated
geographic region. Local birth and nonpolio death rates
varied annually [24], and a polio-specific death rate (𝜇POLIO)
was applied to infected individuals. OPV immunization of
locals was set to historic reported coverage rates (𝜌) up to 2013
(the most recent year for which data was available at the time
ofmodel development) [25] and held constant at the 2013 rate
for the remainder of the simulation period.

2.2. Transmission Model. Polio transmission was modelled
as a modified compartmental Susceptible-Exposed-Infected-
Removed model (1) (see Figure 2 and Tables 1 and 2) employ-
ing structured ordinary differential equations. Transmission
of polio occurred via direct contact between susceptible and
infected individuals, with random case importation boosting
infection levels stochastically throughout the simulation.

𝑑𝑆𝑖𝑑𝑡 = 𝑏IN𝑖 (1 − protect𝑖)𝑁𝑖
− (𝜌𝑖 + 𝛽𝑖 + 𝜇𝑖 + 𝑏OUT𝑖) 𝑆𝑖,

𝑑𝑆𝑃𝑖𝑑𝑡 = 𝑏IN𝑖protect𝑖𝑁𝑖 + Ω𝑅𝑖 − (𝜋𝑠𝛽𝑖 + 𝜇𝑖 + 𝑏OUT𝑖) 𝑆𝑃𝑖,
𝑑𝐸𝑖𝑑𝑡 = 𝛽𝑖𝑆𝑖 − (𝜄 + 𝜇𝑖 + 𝑏OUT𝑖) 𝐸𝑖,

Table 1: Variable definitions for polio transmission model.

Variable Definition

𝑆𝑖 Number of unprotected susceptible individuals in
subpopulation 𝑖

𝑆𝑃𝑖 Number of partially protected susceptible individuals
in subpopulation 𝑖

𝐸𝑖 Number of unprotected exposed individuals in
subpopulation 𝑖

𝐸𝑃𝑖 Number of partially protected exposed individuals in
subpopulation 𝑖

𝐼𝑖 Number of unprotected infected individuals in
subpopulation 𝑖

𝐼𝑃𝑖 Number of partially protected infected individuals in
subpopulation 𝑖

𝑅𝑖 Number of recovered or removed individuals in
subpopulation 𝑖

𝑁𝑖 Total population size in subpopulation 𝑖

𝑑𝐸𝑃𝑖𝑑𝑡 = 𝜋𝑠𝛽𝑖𝑆𝑃𝑖 − (𝜄𝑝 + 𝜇𝑖 + 𝑏OUT𝑖) 𝐸𝑃𝑖,
𝑑𝐼𝑖𝑑𝑡 = 𝜄𝐸𝑖 − (𝛾 + 𝜇POLIO + 𝜇𝑖 + 𝑏OUT𝑖) 𝐼𝑖,
𝑑𝐼𝑃𝑖𝑑𝑡 = 𝜄𝑝𝐸𝑃𝑖 − (𝛾𝑝 + 𝜇𝑖 + 𝑏OUT𝑖) 𝐼𝑃𝑖,
𝑑𝑅𝑖𝑑𝑡 = 𝜌𝑖𝑆𝑖 + 𝛾𝐼𝑖 + 𝛾𝑝𝐼𝑃𝑖 − (Ω + 𝜇𝑖 + 𝑏OUT𝑖) 𝑅𝑖,
𝑑𝑁𝑖𝑑𝑡 = (𝑏IN𝑖 − 𝑏OUT𝑖 − 𝜇𝑖)𝑁𝑖 − 𝜇POLIO𝐼𝑖.

(1)

To establish endemicity, polio transmission among locals
was simulated for a burn-in period of 35 years prior to the
arrival of the deployed military population in 2015. Simu-
lated, combined symptomatic and asymptomatic incidence
during this burn-in phase was validated against reported
paralytic polio cases as recorded by the WHO [34], adjusted
to account for the widely accepted 10% proportion of cases
that are symptomatic [28]. Validation was performed qualita-
tively and visually, comparing adjusted historical data to the
output of multiple stochastic model iterations under baseline
parameter assumptions. Simulated local cases fit well with
historical data for 1980–2014 (data missing for 1992–1994 and
1996), in terms of both magnitude and frequency of peaks
(Figure 3).

Individuals entered population either via birth (locals)
with full susceptibility (𝑆) or via inward rotation (military)
with partial susceptibility (𝑆𝑝) defined by childhood immu-
nization, blanket immunization upon recruitment, and/or
booster immunization prior to deployment (see Scenario
Construction). Following an incubation period of 3-4 days
(𝜄 or 𝜄𝑝, depending on immune status), exposed individuals
(E, Ep) progressed to infection lasting 27 days (Υ) (range:
27-28 days) for unprotected individuals (𝐼) or 9 days (Υ𝑝)
(range: 9–25 days) for partially protected individuals (Ip),
who were 20% (𝜋𝑖) (range: 20–90%) as infectious as fully
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Figure 2: Schematic diagram of polio transmission with both OPV (𝜌) and IPV (𝑆𝑝) immunization and waning immunity.

Table 2: Parameter definitions for polio transmission model for military (MIL) and local (LOC) populations.

Parameter Definition Value (range) Source

𝑏IN𝑖 Daily inbound rotation rate (MIL)/birth rate (LOC) for
subpopulation 𝑖 [Array]

𝑏OUT𝑖 Daily outbound rotation rate (MIL)/background death rate (LOC) for
subpopulation 𝑖 [Array]

𝜇𝑖 Daily background casualty rate for subpopulation 𝑖 (MIL) [Array]

protect𝑖
Daily proportion of inbound population with preexisting partial

protection for subpopulation 𝑖 (MIL) [Array]

𝜌𝑖 Daily (OPV) vaccination rate for subpopulation 𝑖 (LOC) [Array]
𝛽𝑖 Effective polio transmission rate for subpopulation 𝑖 [Function]
𝜋𝑠 Relative susceptibility of 𝑆𝑝 individuals 0.2 (0.2–0.9) [26]
1/𝜄 Duration of latent period for unprotected individuals 3 d (3-4 d) [26, 27]
1/𝜄𝑝 Duration of latent period for partially protected individuals 4 d (3-4 d) [26, 27]
1/𝛾 Duration of infectious period for unprotected individuals 27 d (27-28 d) [26]
1/𝛾𝑝 Duration of infectious period for partially protected individuals 9 d (9–25 d) [26]
𝜇POLIO Polio mortality rate 0.22 (0.02–0.30) [28]
Ω 1/duration of OPV or disease-induced immunity 1/(365 ∗ 20) (See text)
seas Seasonal variation in polio transmission [Function]
𝜎 Proportional change in polio transmission due to seasonality 0.15 [21]

𝜒 Polio attack rate 20/100,000
(0.1/1,000,000–6.8/100,000) [29–32]

𝐶𝑖𝑗 Daily contact rate between subpopulations 𝑖 and 𝑗 [Array] [23]
𝜋𝑖 Relative infectiousness of 𝐼𝑝 individuals 0.2 (0.2–0.9) [26, 33]
symp Proportion of unprotected polio cases that are symptomatic 0.1 [28]
importrisk Probability of polio case importation from outside population 0.001 (See text)
importampl Amplitude of polio case importation from outside population 2/100,000 (See text)
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Figure 3: Qualitative comparison between simulated (gray lines)
and historical (blue line) polio cases (symptomatic + asymptomatic)
for the local population over a sample of 10 random simulations.

unprotected infected persons. Recovered individuals (𝑅)
possessed immunity to both transmission and disease for a
period of 20 years (1/Ω) (see discussion of uncertainty), after
which only immunity to disease was retained and individuals
entered (or reentered) the partially susceptible (𝑆𝑝) class.

Ten percent (symp) of cases in nonimmune, infected indi-
viduals presented with symptoms, with the remainder being
subclinical; all infections in partially protected individuals
were assumed to be asymptomatic. Polio-related mortality
affected only symptomatically infected individuals.

Polio transmission was driven by an attack
rate (𝜒) of 20 cases per 100,000 population (range:
0.1/1,000,000–20/100,000) with seasonal forcing (seas),
allowing for both high- and low-transmission periods within
the year. Transmission was further impacted by stochastic
case importation with 0.1% probability (importrisk) and
amplitude of 1/10th the attack rate (importampl) (see
discussion of uncertainty):

seas = 1 + 𝜎(cos(2𝜋𝑡365)) ,

𝛽𝑖 = (seas ∗ 𝜒 ∗∑𝐶𝑖𝑗 (𝐼𝑗 + 𝜋𝑖𝐼𝑃𝑗𝑁𝑗 ))
+ import,

import = {{{
importampl if rand < importrisk

0 if rand ≥ importrisk,
where rand ∼ 𝑈 (0, 1) .

(2)

2.3. Sensitivity and Uncertainty Analyses. Sensitivity and
uncertainty analyses were performed on 21 model parame-
ters, with outcomes measured in terms of total symptomatic
and asymptomatic polio cases and mean annual incidence
among military and local populations.

Total military cases and annual incidence showed direct
sensitivity to the relative susceptibility (𝜋𝑠) of partially pro-
tected individuals (𝑆𝑝). Since the significant majority of the
military population falls into the 𝑆𝑝 category, as a result
of IPV immunization, it is logical that increased relative

susceptibility in these individuals results in more cases over-
all. In contrast, transmission among locals was dramatically
less sensitive to 𝜋s, since the only 𝑆𝑝 individuals within the
local population included those whowere previously infected
and recovered and for whom enough time had passed that
preexisting immunity from recovery waned.

Local annual disease incidence was significantly sensitive
to the polio death rate (𝜇POLIO); higher mortality results in
fewer polio cases, as a result of an overall decrease in individ-
uals participating in transmission. As IPV immunization is
assumed to confer at least partial protection, the bulk of polio
cases within deployed troops are asymptomatic and, thus, not
affected by disease-related death rates.

The duration of the infectious period (1/Υ𝑝) for partially
protected, infected individuals (𝐼𝑝) significantly affected total
military cases and annual incidence, reflecting that a shorter
infectious period among 𝐼𝑝 resulted in lower transmission
and, therefore, fewer subsequent polio cases. The impact on
local populations was dramatically lower due to the smaller
fraction of locals falling within the 𝐼𝑝 category.

Local incidence was inversely affected by changes in the
duration of OPV- or disease-induced immunity (1/Ω), that is,
longer-lasting immunity resulted in fewer local cases overall.
There was no significant impact on military polio incidence;
however, since these individuals were not immunized with
OPV, the overall deployment period was not long enough to
allow for waning of postrecovery immunity to occur.

The level of residual protection resulting from childhood
IPV immunization (childhood) had a moderate impact on
polio transmission within military populations in simula-
tions within which no other polio vaccination was adminis-
tered. In the presence of either blanket or booster vaccination
(or both), variation in childhood residual protection had no
impact on military polio transmission, since the more recent
adult immunization overrode any effects due to vaccination
occurring early in life.

Uncertainty in case importation (importrisk and impor-
tampl) had a dramatic impact on polio incidence in both
military and local populations, overriding even variation in
the polio attack rate (𝜒). This mirrors on-the-ground expe-
rience with polio eradication efforts. In the absence of new
cases entering into an area, adequate routine immunization
can halt the local transmission of polio; however, small levels
of case importation can spark outbreaks even in immunized
regions.

2.4. Scenario Construction. To evaluate the hypothesis that
residual immunity from childhood vaccination, combined
with risk-based deployment vaccination, is sufficient to pro-
tect troops from polio transmission, 3 military IPV scenarios
were tested:

(1) Blanket immunization at recruitment + booster
immunization at deployment + residual childhood
protection (Scenario 1, baseline).

(2) (Blanket immunization terminated in 2015) + booster
immunization at deployment + residual childhood
protection (Scenario 2).
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(3) (Blanket immunization terminated in 2015) + residual
childhood protection only (Scenario 3).

As of 2013, the US childhood IPV vaccination coverage rate
was approximately 93% [25]; that is, 93% of children aged 1–4
years have received 3 routine doses of IPV. The Centers for
Disease Control and Prevention’s Pink Book [28] indicates
that IPV efficacy after 3 doses is approximately 99% (efficacy),
and immunity against disease is “probably lifelong”; while
there is some debate regardingwaning protection, few studies
have been performed to evaluate this. To determine residual
adult protection resulting from childhood immunization,
we developed a waning curve based on data provided by
Lapinleimu and Stenvik [35], which describe the change
in detectable polio antibodies over time in individuals in
Finland where IPV is the only implemented vaccination.
From this data, we extrapolated a relationship between
detectable antibodies and years since the most recent IPV
booster, defined as a function of age. Based on the 2012
Demographics Profile of the Military Community [36], the
average age of the active duty force is 28.7 years; when
combined with the childhood IPV coverage rate and applied
to the waning immunity curve, on average 92% of soldiers
still possess detectable antibodies resulting from childhood
IPV immunization (childhood).

The childhood IPV coverage rate accounts for both philo-
sophical and medical exemptions to vaccination, including
impaired immune status, allergies to vaccine components, or
history of vaccine-associated adverse events.Within the 2012-
2013 school year, medical exemptions for childhood vaccina-
tions (not specific to polio) ranged from 0.1 to 1.6% (median
0.3%), and nonmedical exemptions ranged from 0.2 to 6.4%
(median 1.5%) [37]. While immunization exemptions are
allowed for military service members, “noncompliance with
immunization requirements may adversely impact deploya-
bility, assignment, or international travel,” and “[nonmedi-
cal] exemptions may be revoked, in accordance with service-
specific policies and procedures, if the individual and/or unit
are at imminent risk of exposure to a disease for which an
immunization is available” [38].

For this analysis, we assumed that military exemption
rates sit at the low-end of the range for childhood vaccination
exemptions, yielding an overall military IPV exemption rate
(exemption) of 0.3% (range 0.3–8.0%, median 1.8%), with
the inclusion of a 75% proportional reduction (dfact) in
exemption rate (range 0–100%) for deploying personnel.

Military IPV effective coverage rates for blanket and
booster immunization were calculated as follows:

blanket = (1 − exemption) ∗ efficacy,
boost = (1 − (dfact ∗ exemption)) ∗ efficacy. (3)

For Scenarios 2 and 3, blanket immunization upon recruit-
ment was halted in 2015; those individuals recruited prior
to 2015 would have relatively recent immunity, while those
recruited in 2015 or later would have immunity resulting
only from deployment booster immunization (Scenario 2) or
residual immunity from childhood immunization (Scenario
3). Thus, for these two scenarios, at any point in time from

2015 through the end of the simulation, there would always be
a blend of blanket- and nonblanket-immunized individuals
in the deployed population.

As of 2006 [39], accession rates within branches of the
US military ranged from 13% for the Air Force to 19% for
the Army (accession). For Scenarios 2 and 3, the proportion
of service members protected by blanket immunization
administered prior to 2015 (𝐵(𝑡)) was defined as a recursive
function diluted by the accession rate:

𝐵 (𝑡) = (1 − accession
365 ) ∗ 𝐵 (𝑡 − 1) . (4)

The net protection level of the military population from prior
blanket immunization combined with residual immunity
from childhood immunization was, therefore, given as a
maximum function, which decayed to no lower than the
childhood protection level:

𝑁(𝑡) = max ((𝐵 (𝑡) ∗ blanket)
+ [(1 − 𝐵 (𝑡)) ∗ childhood] , childhood) . (5)

This resulted in a drop in overall protection from 98.7% to
93.0% over the 10-year deployment period.

Scenario-specific parameters are provided in Table 3,
and final scenario definitions for deployed and nondeployed
military personnel are given in Table 4.

Each scenario was run for 1500 simulations to account for
stochasticity in polio case importation. Model outputs were
measured as total deployed symptomatic and asymptomatic
polio cases and average annual incidence (included both
symptomatic and asymptomatic cases) for deployed military
and local populations.

3. Results

For all scenarios, local disease dynamics remained fairly
consistent across all simulations, tracking with historical
cases prior to 2015, then sustaining low endemicity driven by
case importation to the end of the simulation period (Figures
4(a)–4(c)).

Similarly, there was insignificant change in polio dynam-
ics among deployed military populations between Scenarios
1 and 2, with a slight increase in infections under Scenario 3
(Figures 5(a)–5(c)).

Stochasticity associated with case importation caused
variation between simulation results for total cases and
average annual polio incidence for all 3 scenarios (Figures
6(a)–6(d)). This variation was relatively small; however,
and data points were generally well-clustered around mean
values.

Dropping blanket immunization but maintaining pre-
deployment booster immunization had negligible effect on
simulated deployed military cases and incidence. Dropping
both blanket and predeployment immunizations yielded a
5% increase in polio cases and annual incidence among
deployed populations over the baseline scenario of blanket
immunization (Table 5). Local annual incidence was not
significantly affected by changes in military immunization
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Table 3: Parameter definitions for scenario calculations.

Parameter Definition Value (range) Source
efficacy IPV vaccine efficacy (MIL) 99% (50–100%) [28]

childhood Residual protection level from childhood IPV vaccination 0.92 (0.0–1.0) Calculated from
[25, 35]

exemption Overall military vaccination exemption rate (medical +
administrative) 0.003 (0.003–0.08) Calculated from [37]

dfact Proportional reduction in exemption rate for deployed personnel
(versus nondeployed) 0.75 (0.0–1.0) (Estimated)

blanket IPV blanket vaccine coverage (when implemented) for all military
personnel upon accession (Function)

boost IPV boost vaccine coverage (when implemented) for deploying
personnel (Function)

accession Military accession rate 0.19 (0.13–0.19) [39]

𝐵 Proportion of military population covered by blanket vaccination
prior to 2015 (Function)

𝑁 Overall protection of military population from blanket vaccination
prior to 2015 and residual childhood immunity (Function)

Table 4: Scenario definitions for deployed and nondeployed mili-
tary personnel.

Protection levels (protect)
Deployed personnel Nondeployed personnel

Scenario 1
(baseline) blanket blanket

Scenario 2
(booster) boost 𝑁(𝑡)
Scenario 3
(childhood) 𝑁(𝑡) 𝑁(𝑡)

strategies, with any variation resulting only from model
stochasticity, which indicated that transmission frommilitary
to local populations was not an important issue at these levels
of military protection.

The total number of symptomatic and asymptomatic
polio cases in the deployedmilitary population remained less
than one for all 3 immunization scenarios, though fractional
cases were still utilized in the calculation of incidence rates.
Though frequently undetectable in the field, asymptomatic
cases were included in the case-count and incidence cal-
culations to provide a measure of the potential for silent
transmission.

For nondeployed personnel, dropping blanket immu-
nization resulted in a decrease in polio disease protection
from 99% to 93%. Since IPV vaccination confers full protec-
tion from disease but only partial (model assumption: 20%)
protection from transmission, this yielded an increase in
overall susceptibility to transmission among the nondeployed
population from 21% to 26%.

Combining nondeployed susceptibility levels with the
average annual polio incidence among deployed populations
for each scenario allowed for estimation of the risk of new
polio infections within nondeployed personnel due tomixing
with infected soldiers returning from deployment. For the
blanket immunization scenario (Scenario 1), the risk of

new polio infections resulting from reintegrating infected
soldiers was predicted to be 0.000504/1,000,000. For Scenario
2—where blanket immunization was terminated but pre-
deployment booster was still employed—the simulated risk
of new polio infections increased from 0.000504/1,000,000
to 0.000624/1,000,000 after 10 years without blanket vac-
cination. For Scenario 3—where both blanket and booster
immunizations were terminated—simulated risk of new
polio infections among nondeployed personnel increased
from 0.000546/1,000,000 to 0.000676/1,000,000 (Table 6)
over the same 10-year period.

4. Discussion and Conclusions

Mathematical models can help guide preventive medicine
policy, resulting in healthier and protected populations. This
analysis employed amathematicalmodel for the transmission
of polio within deployed military populations interacting
with local populations in an endemic setting. Results from
model simulations described the potential benefits of pro-
tecting these troops via routine blanket immunization, pre-
deployment booster immunization, and residual protection
resulting from childhood vaccination.

In the absence of blanket immunization on recruitment,
immunity to polio disease among nondeployed personnel
defaults gradually to residual protection resulting from child-
hood immunization, and the percentage of this population
susceptible to transmission increases. Although the removal
of simulated blanket immunization had no noticeable effect
on polio incidence among deployed personnel subject to pre-
deployment booster immunization, the risk of transmission
to nondeployed personnel mixing with deployed soldiers
reintegrating with base populations increased by 19%. In
the absence of predeployment booster immunization, risk of
transmission to nondeployed populations increased by 25%
over the baseline scenario.

Though the increased percentage in transmission result-
ing from dropping blanket immunization was nonzero, the
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Figure 4: Polio disease dynamics among local populations under military immunization Scenarios (a) 1 (blanket + booster + residual
childhood), (b) 2 (booster + residual childhood), and (c) 3 (residual childhood).

Table 5: Median total polio cases and average annual incidence with percentage of change over baseline for deployed military and local
populations under 3 military immunization scenarios.

Scenario Total cases (military) Average annual incidence
Symptomatic Asymptomatic Military Local

1 0.076 0.687 0.012/1000 0.022/1000
2 0.076 (+0%) 0.687 (+0%) 0.012/1000 (+0.2%) 0.022/1000 (+0.8%)
3 0.080 (+5%) 0.721 (+5%) 0.013/1000 (+5.4%) 0.022/1000 (+0.1%)
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Figure 5: Polio disease dynamics among deployed military populations under military immunization Scenarios (a) 1 (blanket + booster +
residual childhood), (b) 2 (booster + residual childhood), and (c) 3 (residual childhood).

Table 6:Modelled risk of new polio infections among nondeployed service members as a result of infected soldiers reintegrating upon return
from deployment.

Scenario
% protected from

disease
(deployed)

Average annual
incidence

(nondeployed)

% protected from
disease

(nondeployed)

% susceptible to
transmission
(nondeployed)

Risk of new infections
(nondeployed)

1 99% 1.2/100,000 99% 21% 0.000504/1,000,000

2 99% 1.2/100,000 99% ↘ 93% 21% ↗ 26% 0.000504/1,000,000 ↗
0.000624/1,000,000

3 99% ↘ 93% 1.3/100,000 99% ↘ 93% 21% ↗ 26% 0.000546/1,000,000 ↗
0.000676/1,000,000
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Figure 6: Distribution over 1500 simulations per scenario of (a) total symptomatic polio cases in deployed military populations; (b) total
asymptomatic polio cases in deployed military populations; (c) average annual polio incidence in deployed military populations; and (d)
average annual polio incidence in local populations under 3 military immunization scenarios.

overall risk of new infections among both deployed and
nondeployed service members was extremely low, resulting
from the combination of high US childhood immunization
coverage rates, conferment of partial protection against polio
transmission by IPV, and lowdisease incidence levels globally.
At this range of risk, the likelihood of importation of polio

cases among deployed soldiers, and subsequent spread to
their nondeployed counterparts, is exceptionally small even
in the absence of blanket immunization.

Given preexisting protection resulting from routine
childhood vaccination, predeployment booster of service
members driven by travel to polio-endemic regions is
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sufficient to prevent additional transmission among both
deployed and nondeployed populations based on these
results. Blanket mandatory polio vaccination of Department
of Defense service members appears to be epidemiologically
redundant, and dropping this routine immunization will not
adversely affect troop readiness or mission objectives.
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We propose and analyze a compartmental nonlinear deterministic mathematical model for the typhoid fever outbreak and optimal
control strategies in a community with varying population. The model is studied qualitatively using stability theory of differential
equations and the basic reproductive number that represents the epidemic indicator is obtained from the largest eigenvalue of
the next-generation matrix. Both local and global asymptotic stability conditions for disease-free and endemic equilibria are
determined. The model exhibits a forward transcritical bifurcation and the sensitivity analysis is performed. The optimal control
problem is designed by applying Pontryagin maximum principle with three control strategies, namely, the prevention strategy
through sanitation, proper hygiene, and vaccination; the treatment strategy through application of appropriate medicine; and the
screening of the carriers. The cost functional accounts for the cost involved in prevention, screening, and treatment together with
the total number of the infected persons averted. Numerical results for the typhoid outbreak dynamics and its optimal control
revealed that a combination of prevention and treatment is the best cost-effective strategy to eradicate the disease.

1. Introduction

According to [1], “infectious diseases are those diseases
caused by viruses, bacteria, epiphytes, and parasites such as
protozoans or worms that have a potential to spread into
the population easily.” Typhoid fever is one of the common
infectious diseases in human beings that is caused by dif-
ferent species of Salmonella. The most common species of
Salmonella that cause typhoid fever are Salmonella paratyphi
A, B, and C and Salmonella paratyphi D [WHO [2]]. “Most
of the time typhoid fever is caused by lack of sanitation in
which the disease causing bacteria is transmitted by ingestion
of contaminated food or water” WHO, 2003. The bacteria
are released from the infectious individuals or carriers and
then contaminate food or drinking water as a consequence
of unsatisfactory hygiene practices. Due to this, typhoid
fever is a common disease in developing countries. The data
taken from Ethiopia for that past seven years (2009–2015), in

Figure 1, indicate that in each year the disease is increasing
in alarming rate. Mathematical models have great benefits
for describing the dynamics of infectious disease. Moreover,
it plays a significant role in predicting suitable control
strategies and analyzing and ranking their cost-effectiveness
(for example, see Okosun andMakinde [3–7]). Very essential
research results on the transmission dynamics of typhoid
have come out in the last decade; for instance, see Adetunde
[8], Mushayabasa and Bhunu [9], Moffat et al. (2014), Steady
et al. (2014), Adeboye and Haruna [10], Omame et al. [11],
Khan et al. [12], and Akinyi et al. [13]. All of the above
studies reveal an important result for typhoid fever dynamics
by considering different countries situation. But we have
identified that till now there is no study that has been done
to investigate the typhoid fever dynamics with the application
of optimal control methods and cost-effectiveness analysis of
the applied control strategies.
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Figure 1: Reported cases of typhoid in Ethiopia for the past seven
years.

In view of the above, we developed a deterministic
mathematical model to investigate the dynamics of typhoid
fever with optimal control strategies and also we investigated
the cost-effectiveness of the implemented control strategies.

2. Model Description and Formulation

The model considers human population as well as bacteria
population (𝐵𝑐). The human population at time 𝑡 is divided
into four subclasses. Susceptible (𝑆): this class includes those
individuals who are at risk for developing an infection from
typhoid fever disease. Infected (𝐼): this class includes all
individuals who are showing the symptom of the disease.
Carrier (𝐶): this is a personwho is colonized by the bacterium
Salmonella typhi without showing any obvious signs of
disease and who is a potential source of infection to others by
contaminating foods and water carelessly during preparation
and handling.Recovered (𝑅): this class includes all individuals
that have recovered from the disease and got temporary
immunity. The susceptible class is increased by birth or emi-
gration at a rate of Λ and also from recovered class by losing
temporary immunity with 𝛿 rate. Susceptible individuals will
get typhoid causing bacteria when they take foods or waters
which is contaminated by Salmonella bacteria. The force of
infection of the model is 𝜆 = 𝐵𝑐V/(𝐾 + 𝐵𝑐), where V is
ingestion rate, 𝐾 is the concentration of Salmonella bacteria
in foods or waters, and 𝐵𝑐/(𝐾 + 𝐵𝑐) is the probability of
individuals in consuming foods or drinks contaminated with
typhoid causing bacteria. After the susceptible individuals got
the typhoid causing bacteria, they have probability of joining
carrier with 𝜌 rate or being a member of infective with 1 − 𝜌
rate. The infected subclass is increased from carrier subclass
by 𝜃 screening rate.Those individuals in the infected subclass
can get treatment and join recovered subclass with a rate
of 𝛽. The recovered subclass also increases with individuals
who came from carrier class by getting natural immunity
with a rate of 𝜙. In all human subclasses, 𝜇 is the natural
death rate of individuals, but in the infective class 𝛼 is the
disease causing death rate. The model assumed the bacteria
population in contaminated foods and waters, where carriers
and infectives can contribute to increasing the number of
bacteria population in foods and waters without proper
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Figure 2: Flow diagram of the model.

sanitation with a discharge rate of 𝜎1 and 𝜎2, respectively. We
consider 𝜇𝑏 to be the death rate of Salmonella bacteria and all
the described parameters are nonnegative.

The above model description is represented Figure 2.
Figure 2 can be written in five systems of differential

equations.

𝑑𝑆𝑑𝑡 = Λ + 𝛿𝑅 − (𝜇 + 𝜆) 𝑆,
𝑑𝐶𝑑𝑡 = 𝜌𝜆𝑆 − (𝜎1 + 𝜃 + 𝜇 + 𝜙)𝐶,
𝑑𝐼𝑑𝑡 = (1 − 𝜌) 𝜆𝑆 + 𝜃𝐶 − (𝜎2 + 𝛽 + 𝜇 + 𝛼) 𝐼,
𝑑𝑅𝑑𝑡 = 𝛽𝐼 + 𝜙𝐶 − (𝜇 + 𝛿) 𝑅,
𝑑𝐵𝑐𝑑𝑡 = 𝜎1𝐶 + 𝜎2𝐼 − 𝜇𝑏𝐵𝑐,

(1)

where 𝜆 = 𝐵𝑐V/(𝐾 + 𝐵𝑐), with initial condition 𝑆(0) = 𝑆0,𝐶(0) = 𝐶0, 𝐼(0) = 𝐼0, 𝑅(0) = 𝑅0, and 𝐵𝑐(0) = 𝐵𝑐0.
3. The Model Analysis

3.1. Invariant Region. We obtained the invariant region, in
which the model solution is bounded. To do this, first we
considered the total human population (𝑁), where 𝑁 = 𝑆 +𝐶 + 𝐼 + 𝑅.

Then, differentiating𝑁 both sides with respect to 𝑡 leads
to

𝑑𝑁𝑑𝑡 = 𝑑𝑆𝑑𝑡 + 𝑑𝐶𝑑𝑡 + 𝑑𝐼𝑑𝑡 + 𝑑𝑅𝑑𝑡 . (2)

By combining (1) and (2), we can get

𝑑𝑁𝑑𝑡 = Λ − 𝜇𝑁 − 𝛼𝐼. (3)
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In the absence of mortality due to typhoid fever disease (𝛼 =0), (3) becomes

𝑑𝑁𝑑𝑡 ≤ Λ − 𝜇𝑁. (4)

Integrating both sides of (4),

∫ 𝑑𝑁Λ − 𝜇𝑁 ≤ ∫𝑑𝑡 ⇐⇒
−1𝜇 ln (Λ − 𝜇𝑁) ≤ 𝑡 + 𝑐

(5)

which simplifies into

Λ − 𝜇𝑁 ≥ 𝐴𝑒−𝜇𝑡, (6)

where𝐴 is constant. By applying the initial condition𝑁(0) =𝑁0 in (6), we get𝐴 = Λ−𝜇𝑁0 which upon substitution in (6)
yields

Λ − 𝜇𝑁 ≥ (Λ − 𝜇𝑁0) 𝑒−𝜇𝑡. (7)

Then by rearranging (7), we can get

𝑁 ≤ Λ𝜇 − [Λ − 𝜇𝑁0𝜇 ] 𝑒−𝜇𝑡. (8)

As 𝑡 → ∞ in (8), the population size𝑁 → Λ/𝜇which implies
that 0 ≤ 𝑁 ≤ Λ/𝜇.Thus, the feasible solution set of the system
equation of the model enters and remains in the region:

Ω = {(𝑆, 𝐼, 𝐶, 𝑅) ∈ R
4
+ : 𝑁 ≤ Λ𝜇 } . (9)

Therefore, the basic model is well posed epidemiologically
and mathematically. Hence, it is sufficient to study the
dynamics of the basic model inΩ.
3.2. Positivity of the Solutions. We assumed that the initial
condition of the model is nonnegative, and now we also
showed that the solution of the model is also positive.

Theorem 1. Let Ω = {(𝑆, 𝐶, 𝐼, 𝑅, 𝐵𝑐) ∈ R5+ : 𝑆0 > 0, 𝐼0 > 0,𝐶0 > 0, 𝑅0 > 0, 𝐵𝑐0 > 0}; then the solutions of {𝑆, 𝐶, 𝐼, 𝑅, 𝐵𝑐}
are positive for 𝑡 ≥ 0.
Proof. From the system of differential equation (1), let us take
the first equation:

𝑑𝑆𝑑𝑡 = Λ + 𝛿𝑅 − (𝜇 + 𝜆) 𝑆 ⇒
𝑑𝑆 (𝑡)𝑑𝑡 ≥ − (𝜇 + 𝜆) 𝑆 (𝑡) ⇒
𝑑𝑆 (𝑡)𝑆 (𝑡) ≥ − (𝜇 + 𝜆) 𝑑 (𝑡) ⇒

∫ 𝑑𝑆 (𝑡)𝑆 (𝑡) ≥ −∫ (𝜇 + 𝜆) 𝑑 (𝑡) .

(10)

Then by solving using separation of variable and applying
condition, we obtained

𝑆 (𝑡) ≥ 𝑆0𝑒−(𝜇+𝜆)𝑡 ≥ 0. (11)

And also by taking the second equation of (1), that is,

𝑑𝐶𝑑𝑡 = 𝜌𝜆𝑆 − (𝜎1 + 𝜃 + 𝜇 + 𝜙)𝐶, (12)

it is true that

𝑑𝐶𝑑𝑡 ≥ − (𝜎1 + 𝜃 + 𝜇 + 𝜙)𝐶 ⇒
𝑑𝐶𝐶 ≥ − (𝜎1 + 𝜃 + 𝜇 + 𝜙) 𝑑 (𝑡) ⇒

∫ 𝑑𝐶𝐶 ≥ −∫ (𝜎1 + 𝜃 + 𝜇 + 𝜙) 𝑑𝑡.
(13)

Then by solving using separation of variable and applying
initial condition gives;

∴ 𝐶 (𝑡) ≥ 𝐶0𝑒−(𝜇+𝜙)𝑡 ≥ 0. (14)

Similarly we took the third equation of (1) which is;

𝑑𝐼 (𝑡)𝑑𝑡 = (1 − 𝜌) 𝜆𝑆 + 𝜃𝐶 − (𝜎2 + 𝛽 + 𝜇 + 𝛼) 𝐼 (15)

it is true that

𝑑𝐼𝑑𝑡 ≥ − (𝜎2 + 𝛽 + 𝜇 + 𝛼) 𝐼 ⇒
𝑑𝐼𝐼 ≥ − (𝜎2 + 𝛽 + 𝜇 + 𝛼) 𝑑 (𝑡) ⇒

∫ 𝑑𝐼𝐼 ≥ −∫ (𝜎2 + 𝛽 + 𝜇 + 𝛼) 𝑑 (𝑡) .
(16)

After solving using technique of separation of variable and
then applying initial condition, the following is obtained:

∴ 𝐼 (𝑡) ≥ 𝐼0𝑒−(𝜎2+𝛽+𝜇+𝛼)𝑡 ≥ 0. (17)

We took the fourth equation of (1) which is

𝑑𝑅𝑑𝑡 = 𝛽𝐼 + 𝜙𝐶 − (𝜇 + 𝛿) 𝑅 ⇒
𝑑𝑅𝑑𝑡 ≥ − (𝜇 + 𝛿) 𝑅 ⇒
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𝑑𝑅𝑅 ≥ − (𝜇 + 𝛿) 𝑑 (𝑡) ⇒
∫ 𝑑𝑅𝑅 (𝑡) ≥ −∫ (𝜇 + 𝛿) 𝑑 (𝑡)
∴ 𝑅 (𝑡) ≥ 𝑅0𝑒−(𝜇+𝛿)𝑡 ≥ 0.

(18)

Finally we took the fifth equation of (1),
𝑑𝐵𝑐𝑑𝑡 = 𝜎1𝐶 + 𝜎2𝐼 − 𝜇𝑏𝐵𝑐 ⇒
𝑑𝐵𝑐𝑑𝑡 ≥ −𝜇𝑏𝐵𝑐 ⇒
𝑑𝐵𝑐𝐵𝑐 (𝑡) ≥ − (𝜇𝑏) 𝑑 (𝑡) ⇒

∫ 𝑑𝐵𝑐𝐵𝑐 ≥ −∫ (𝜇𝑏) 𝑑 (𝑡)
∴ 𝐵𝑐 ≥ 𝐵𝑐0𝑒−(𝜇𝑏)𝑡 ≥ 0.

(19)

This completes the proof of the theorem.

Therefore, the solution of the model is positive.

3.3.The Disease-Free Equilibrium (DFE). To find the disease-
free equilibrium (DFE), we equated the right hand side of
model (1) to zero, evaluating it at 𝐶 = 𝐼 = 0 and solving for
the noninfected and noncarrier state variables.Therefore, the
disease-free equilibrium 𝐸0 = (Λ/𝜇, 0, 0, 0, 0).
3.4. The Basic Reproductive Number (R0). In this section, we
obtained the threshold parameter that governs the spread of a
disease which is called the basic reproduction number which
is determined. To obtain the basic reproduction number, we
used the next-generation matrix method so that it is the
spectral radius of the next-generation matrix [15].

The model equations are rewritten starting with newly
infective classes:𝑑𝐶𝑑𝑡 = 𝜌𝜆𝑆 − (𝜎1 + 𝜃 + 𝜇 + 𝜙)𝐶,

𝑑𝐼𝑑𝑡 = (1 − 𝜌) 𝜆𝑆 + 𝜃𝐶 − (𝜎2 + 𝛽 + 𝜇 + 𝛼) 𝐼,
𝑑𝐵𝑐𝑑𝑡 = 𝜎1𝐶 + 𝜎2𝐼 − 𝜇𝑏𝐵𝑐.

(20)

Then by the principle of next-generation matrix, we obtained

𝑓 = [[[
[

𝜌( 𝐵𝑐V𝐾 + 𝐵𝑐) 𝑆(1 − 𝜌) ( 𝐵𝑐V𝐾 + 𝐵𝑐) 𝑆
]]]
]
,

V = [[[
[

(𝜎1 + 𝜃 + 𝜇 + 𝜙)𝐶
(𝜎2 + 𝛽 + 𝜇 + 𝛼) 𝐼 − 𝜃𝐶
− (𝜎1𝐶 + 𝜎2𝐼 − 𝜇𝑏𝐵𝑐)

]]]
]
.

(21)

The Jacobian matrices of 𝑓 and V evaluated at DFE are given
by 𝐹 and 𝑉, respectively, such that

𝐹 =
[[[[[[
[

0 0 𝜌 ΛV𝜇𝐾
0 0 (1 − 𝜌) ΛV𝜇𝐾
0 0 0

]]]]]]
]
,

𝑉 = [[[[
[

(𝜎1 + 𝜃 + 𝜇 + 𝜙) 0 0
−𝜃 (𝜎2 + 𝛽 + 𝜇 + 𝛼) 0
−𝛿1 −𝛿2 𝜇𝑏

]]]]
]
.

(22)

The inverse of 𝑉 is obtained and given by

𝑉−1 =
[[[[[[[[
[

1𝑘1 0 0
𝜃𝑘1𝑘2

1𝑘2 0
𝜃𝜎2 + 𝜎1𝑘2𝑘1𝑘2𝜇𝑏

𝜎2𝑘2𝜇𝑏
1𝜇𝑏

]]]]]]]]
]
, (23)

where 𝑘1 = (𝜎1 + 𝜃 + 𝜇 + 𝜙) and 𝑘2 = (𝜎2 + 𝛽 + 𝜇 + 𝛼).
Then,

𝐹𝑉−1

=
[[[[[[[
[

𝜌ΛV (𝜃𝜎2 + 𝜎1𝑘2)𝜇𝐾𝑘1𝑘2𝜇𝑏
𝜌ΛV𝜎2𝜇𝐾𝑘2𝜇𝑏

𝜌ΛV
V𝐾𝜇𝑏

(1 − 𝜌)ΛV (𝜃𝜎2 + 𝜎1𝑘2)𝜇𝐾𝑘1𝑘2𝜇𝑏
(1 − 𝜌)ΛV𝜎2𝜇𝐾𝑘2𝜇𝑏

(1 − 𝜌)ΛV
V𝐾𝜇𝑏0 0 0

]]]]]]]
]
. (24)

The characteristic equation of 𝐹𝑉−1 is obtained as

𝜆2 (𝜌ΛV (𝜃𝜎2 + 𝜎1𝑘2)𝜇𝐾𝑘1𝑘2𝜇𝑏 + (1 − 𝜌)) ΛV𝜎2𝜇𝐾𝑘2𝜇𝑏 = 0. (25)

The eigenvalues of 𝐹𝑉−1 are
𝜆1 = 𝜆2 = 0,
𝜆3 = 𝜌ΛV (𝜃𝜎2 + 𝜎1𝑘2)𝜇𝐾𝑘1𝑘2𝜇𝑏 + (1 − 𝜌) ΛV𝜎2𝜇𝐾𝑘2𝜇𝑏 .

(26)

The dominant eigenvalue of 𝐹𝑉−1 is 𝜆3.
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Therefore, the basic reproduction number (R0) after
substituting 𝑘1 and 𝑘2 is given by

R0 = [𝜌(𝜃𝜎2 + 𝜎1 (𝜎2 + 𝛽 + 𝜇 + 𝛼))
(𝜎1 + 𝜃 + 𝜇 + 𝜙) + (1 − 𝜌) 𝜎2]

⋅ ΛV𝜇𝐾 (𝜎2 + 𝛽 + 𝜇 + 𝛼) 𝜇𝑏 .
(27)

3.5. Local Stability of Disease-Free Equilibrium

Proposition 2. The disease-free equilibrium point is locally
asymptotically stable ifR0 < 1 and unstable ifR0 > 1.
Proof. To proof this theorem first we obtain the Jacobian
matrix of system (1) at the disease-free equilibrium 𝐸0 as
follows:

𝐽𝐸0 =
[[[[[[[[[[[[
[

−𝜇 0 0 𝛿 VΛ𝐾𝜇
0 − (𝜎1 + 𝜃 + 𝜇 + 𝜙) 0 0 𝜌VΛ𝜇𝐾
0 𝜃 − (𝜎2 + 𝛽 + 𝜇 + 𝛼) 0 (1 − 𝜌) VΛ

𝜇𝐾0 𝜙 𝛽 − (𝜇 + 𝛿) 0
0 𝜎1 𝜎2 0 −𝜇𝑏

]]]]]]]]]]]]
]

. (28)

From the Jacobianmatrix of (28), we obtained a characteristic
polynomial:

(−𝜆 − 𝜇) (−𝜆 − (𝜇 + 𝛿)) (𝜆3 + 𝐿1𝜆2 + 𝐿2𝜆 + 𝐿3)
= 0, (29)

where

𝐿1 = 𝜎2 + 𝛽 + 2𝜇 + 𝛼 + 𝜎1 + 𝜙 + 𝜃 + 𝜇𝑏,
𝐿2 = 𝜇𝑏 (𝜎2 + 𝛽 + 2𝜇 + 𝛼 + 𝜎1 + 𝜙 + 𝜃)

+ (𝜎2 + 𝛽 + 𝜇 + 𝛼) (𝜎1 + 𝜇 + 𝜙 + 𝜃)
− (𝜌𝜎1 + (1 − 𝜌) 𝜎2) VΛ𝜇𝐾,

𝐿3 = 𝜇𝑏 (𝜎2 + 𝛽 + 𝜇 + 𝛼) (𝜎1 + 𝜇 + 𝜙 + 𝜃) (1 −R0) .

(30)

From (29) clearly, we see that

−𝜆 − 𝜇 = 0,
or − 𝜆 − (𝜇 + 𝛿) = 0,

or 𝜆3 + 𝐿1𝜆2 + 𝐿2𝜆 + 𝐿3 = 0
⇓

𝜆1 = −𝜇 < 0,
𝜆2 = − (𝜇 + 𝛿) < 0.

(31)

For the last expression, that is,

𝜆3 + 𝐿1𝜆2 + 𝐿2𝜆 + 𝐿3 = 0, (32)

we appliedRouth-Hurwitz criteria. By the principle of Routh-
Hurwitz criteria, (32) has strictly negative real root if and only
if 𝐿1 > 0, 𝐿3 > 0, and 𝐿1𝐿2 > 𝐿3.

Obviously we see that 𝐿1 is positive because it is a sum
of positive variables, but 𝐿3 to be positive 1 − R0 must be
positive, which leads toR0 < 1.Therefore, DFEwill be locally
asymptotically stable if and only ifR0 < 1.
3.6. Global Stability of DFE

Theorem 3. The disease-free equilibrium is globally asymptot-
ically stable in the feasible region Ω ifR0 < 1.
Proof. To proof this theorem, we first developed a Lyapunov
function, technically.

𝐿 = [𝜃𝜎2 + 𝜎1𝑘2𝑘1 ]𝐶 + 𝜎2𝐼 + 𝑘2𝐵𝑐, (33)

where 𝑘1 = 𝜎1 + 𝜃 + 𝜇 + 𝜙 and 𝑘2 = 𝜎2 + 𝛽 + 𝜇 + 𝛼
Then differentiating 𝐿 both sides leads to

𝑑𝐿𝑑𝑡 = [𝜃𝜎2 + 𝜎1𝑘2𝑘1 ] 𝑑𝐶𝑑𝑡 + 𝜎2 𝑑𝐼𝑑𝑡 + 𝑘2 𝑑𝐵𝑐𝑑𝑡 . (34)

Substituting expression for𝑑𝐶/𝑑𝑡,𝑑𝐼/𝑑𝑡, and𝑑𝐵𝑐/𝑑𝑡 from (1)
to (34) results in

𝑑𝐿𝑑𝑡 = [𝜃𝜎2 + 𝜎1𝑘2𝑘1 ] 𝜌𝜆𝑆 − (𝜎1 + 𝜃 + 𝜇 + 𝜙)𝐶
+ 𝜎2 ((1 − 𝜌) 𝜆𝑆 + 𝜃𝐶 − (𝜎2 + 𝛽 + 𝜇 + 𝛼) 𝐼)
+ 𝑘2 (𝜎1𝐶 + 𝜎2𝐼 − 𝜇𝑏𝐵𝑐) .

(35)

By collecting like terms of (35),
𝑑𝐿𝑑𝑡 = [𝜌𝜃𝜎2 + 𝜎1𝑘2𝑘1 + (1 − 𝜌) 𝜎2] 𝜆𝑆

+ (𝜃𝜎2 − 𝜃𝜎2 − 𝜎1𝑘2) 𝐶 − 𝜎2𝑘2𝐼
+ 𝑘2 (𝜎1𝐶 + 𝜎2𝐼 − 𝜇𝑏𝐵𝑐) .

(36)
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Equation (36) can be simplified as

𝑑𝐿𝑑𝑡 = [𝜌𝜃𝜎2 + 𝜎1𝑘2𝑘1 + (1 − 𝜌) 𝜎2] 𝜆𝑆 − 𝑘2𝜇𝑏𝐵𝑐). (37)

Equation (37) can be written as interims ofR0,

𝑑𝐿𝑑𝑡 = (R0𝜇𝑏𝑘2 𝜇𝐾ΛV ) 𝜆𝑆 − 𝑘2𝜇𝑏𝐵𝑐). (38)

At 𝑆 = 𝑆0 = Λ/𝜇, (38) becomes

𝑑𝐿𝑑𝑡 ≤ (R0 − 1) 𝑘2𝜇𝑏𝐵𝑐. (39)

So 𝑑𝐿/𝑑𝑡 ≤ 0 if R0 ≤ 1. Furthermore, 𝑑𝐿/𝑑𝑡 = 0 ⇔ 𝐵𝑐 = 0
which leads to 𝐶 = 𝐼 = 0 orR0 = 1.

Hence, 𝐿 is Lyapunov function on Ω and the largest
compact invariant set in {(𝑆, 𝐶, 𝐼, 𝑅, 𝐵𝑐) ∈ Ω, 𝑑𝐿/𝑑𝑡 = 0} is
the singleton (𝑆0, 0, 0, 0, 0).

Therefore, by LaSalle’s invariance principle (LaSalle [16]),
every solution to equations of model (1) with initial con-
ditions in Ω which approaches the disease-free equilibrium
at 𝑡 (time) tends to infinity (𝑡 → ∞) whenever R0 ≤ 1.
Hence, the disease-free equilibrium is globally asymptotically
stable.

3.7. The Endemic Equilibrium. The endemic equilibrium is
denoted by 𝐸∗ = (𝑆∗, 𝐶∗, 𝐼∗, 𝑅∗, 𝐵∗𝑐 ) and it occurs when the
disease persists in the community. To obtain it, we equate all
the model equations (1) to zero. Then we obtain

𝑆∗ = Λ (𝜎2 + 𝜇 + 𝛼 + 𝛽) (𝜎1 + 𝜇 + 𝜃 + 𝜙) (𝜇 + 𝛿)
(𝜇 + 𝜆∗) − 𝛽𝜆∗𝛿 ((1 − 𝜌) (𝜎1 + 𝜇 + 𝜃 + 𝜙) + 𝜌𝜃) − 𝛿𝜙𝜌𝜆∗ (𝜎2 + 𝜇 + 𝛽 + 𝛼) ,

𝐶∗ = 𝜌𝜆∗Λ (𝜎2 + 𝜇 + 𝛼 + 𝛽) (𝜇 + 𝛿)
(𝜇 + 𝜆∗) − 𝛽𝜆∗𝛿 ((1 − 𝜌) (𝜎1 + 𝜇 + 𝜃 + 𝜙) + 𝜌𝜃) − 𝛿𝜙𝜌𝜆∗ (𝜎2 + 𝜇 + 𝛽 + 𝛼) ,

𝐼∗
= (R0𝐾(𝜎1 + 𝜇 + 𝜃 + 𝜙) (𝜎2 + 𝜇 + 𝛽 + 𝛼) 𝜇𝜇𝑏 − 𝜎1𝜌ΛV (𝜎2 + 𝜇 + 𝛽 + 𝛼)) (𝜇 + 𝛿)
𝜇𝐾𝜎2 + V𝜎2 − 𝛽𝛿R0𝐾(𝜎1 + 𝜇 + 𝜃 + 𝜙) (𝜎2 + 𝜇 + 𝛽 + 𝛼) 𝜇𝜇𝑏 + 𝛽𝛿𝜎1 (𝜎2 + 𝜇 + 𝛽 + 𝛼)ΛV − 𝛿𝜎2𝜙𝜌V (𝜎2 + 𝜇 + 𝛽 + 𝛼) ,

𝑅∗ = 𝛽𝐼∗ + 𝜙𝐶∗𝜇 + 𝛿 ,

𝐵∗𝑐 = 𝜆∗Λ (𝜇 + 𝜆∗) [𝜎1𝜌 (𝜎2 + 𝜇 + 𝛼 + 𝛽) + 𝜎2 (1 − 𝜌) (𝜎1 + 𝜇 + 𝜃 + 𝜙) + 𝜌𝜃]
𝜇𝑏 [𝜇 + 𝜆∗) − 𝛽𝜆𝛿 ((1 − 𝜌) (𝜎1 + 𝜇 + 𝜃 + 𝜙) + 𝜌𝜃) − 𝛿𝜙𝜌𝜆∗ (𝜎2 + 𝜇 + 𝛽 + 𝛼)] .

(40)

When we substitute the expression for 𝐵∗𝑐 into the force
of infection, that is, 𝜆∗ = 𝐵∗𝑐 V/(𝐾 + 𝐵∗𝑐 ), we obtained a
characteristic polynomial of force of infection,

𝑝 (𝜆∗) = 𝐷1𝜆∗2 + 𝐷2𝜆∗ = 0, (41)

where𝐷1 = 1+R0(𝜎2+𝜇+𝛼+𝛽)(𝜎1+𝜇+𝜃+𝜙)(𝜇+𝛿)𝜇𝜇𝑏𝐾+(𝛽𝛿((1 − 𝜌)(𝜎1 + 𝜇 + 𝜃 + 𝜙) + 𝜌𝜃) + 𝛿𝜙𝜌(𝜎2 + 𝜇 + 𝛼 + 𝛽)),𝐷2 = (1 −R0)(𝜇 + 𝛿)𝜇.
Clearly, 𝐷1 > 0 and 𝐷2 ≥ 0. Whenever R0 < 1, 𝜆∗ =−𝐷1/𝐷2 ≤ 0. From this, we see that, for R0 < 1, there is no

endemic equilibrium for this model.
Therefore, this condition shows that it is not possible for

backward bifurcation in the model if R0 < 1. When we
plot 𝐼∗ overR0 by using the expression for 𝐼∗ and estimated
parameters in Table 2, we got a forward bifurcation (Figure 3).

Lemma 4. A unique endemic equilibrium point 𝐸∗ exists and
is positive ifR0 > 1.

4. Sensitivity Analysis of Model Parameters

On the basic parameters, we carried out sensitivity analy-
sis. This helped us to check and identify parameters that
can impact the basic reproductive number. To carry out
sensitivity analysis, we followed the technique outlined by
[17, 18]. This technique develops a formula to obtain the
sensitivity index of all the basic parameters, defined as ΔR0

𝑥 =(𝜕R0/𝜕𝑥)(𝑥/R0), for 𝑥 represents all the basic parameters.
For example, the sensitivity index of R0 with respect to

V is ΔR0
V = (𝜕R0/𝜕V)(V/𝑅eff ) = 1. And with respect to the

remaining parameters, ΔR0
𝐾 , ΔR0
𝜎1
, ΔR0
𝜎2
, ΔR0
𝜌 , ΔR0
𝜇 , ΔR0
𝜇𝑏
, ΔR0
𝛼 ,ΔR0

𝜃
,ΔR0
𝛽
, andΔR0

𝜙 are obtained and evaluated atΛ = 100,𝜙 =0.0003, 𝜎1 = 0.9, 𝜎2 = 0.8, 𝛽 = 0.0002, 𝜌 = 0.3, 𝜇 = 0.0247,𝜇𝑏 = 0.0001, 𝛼 = 0.052, 𝜃 = 0.2, V = 0.9, and 𝐾 = 50,000.
Their sensitivity indices are in Table 1.

4.1. Interpretation of Sensitivity Indices. The sensitivity
indices of the basic reproductive number with respect to
main parameters are arranged orderly in Table 1. Those
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Figure 3: Forward bifurcation of typhoid fever model.

Table 1: Sensitivity indices table.

Parameter symbol Sensitivity indices
V 1
𝐾 0.999
𝜎1 0.26
𝜎2 0.03
𝜌 0.00506
𝜇 −1.028
𝜇𝑏 −1
𝛼 −0.0592
𝜃 0.009
𝛽 −0.00017
𝜙 −0.000089

parameters that have positive indices (V, 𝐾, 𝜎1, 𝜎2, and 𝜌)
show that they have great impact on expanding the disease
in the community if their values are increasing. Due to the
reason that the basic reproduction number increases as
their values increase, it means that the average number of
secondary cases of infection increases in the community.
And also those parameters in which their sensitivity indices
are negative (𝜇, 𝜇𝑏, 𝛼, 𝜃, 𝛽, and 𝜙) have an influence of
minimizing the burden of the disease in the community as
their values increase while the others are left constant. And
also as their values increase, the basic reproduction number
decreases, which leads to minimizing the endemicity of the
disease in the community.

5. Extension of the Model into
an Optimal Control

In this section, the basicmodel of typhoid fever is generalized
by incorporating three control interventions. The controls
are prevention (𝑢1) (sanitation and proper hygiene controls),
treatment (𝑢2) (treating individuals who developed symp-
toms of the disease), and screening of carriers (𝑢3) which
helps them to get proper treatment if they are aware of their
status.

After incorporating the controls into the basic model of
typhoid fever, we get the following state equations:

𝑑𝑆𝑑𝑡 = Λ + 𝛿𝑅 − (1 − 𝑢1) 𝜆𝑆 − 𝜇𝑆,
𝑑𝐶𝑑𝑡 = (1 − 𝑢1) 𝜌𝜆𝑆 − (𝜃 + 𝑢3) 𝐶 − (𝜎1 + 𝜙 + 𝜇)𝐶,
𝑑𝐼𝑑𝑡 = (1 − 𝑢1) (1 − 𝜌) 𝜆𝑆 + (1 − 𝑢3) 𝜃𝐶 − (𝑢2 + 𝛽) 𝐼

− (𝜎2 + 𝜇 + 𝛼) 𝐼,
𝑑𝑅𝑑𝑡 = (𝑢2 + 𝛽) 𝐼 + 𝜙𝐶 − (𝜇 + 𝛿) 𝑅,
𝑑𝐵𝑐𝑑𝑡 = 𝜎1𝐶 + 𝜎2𝐼 − 𝜇𝑏𝐵𝑐,

(42)

where 𝜆 = 𝐵𝑐V/(𝐾 + 𝐵𝑐).{0 ≤ 𝑢1 < 1, 0 ≤ 𝑢2 < 1, 0 ≤ 𝑢3 < 1, 0 ≤ 𝑡 ≤ 𝑇}
is Lebesgue measurable. Our main objective is to obtain the
optimal levels of the controls and associated state variables
that optimize the objective function.The formof the objective
function is taken from [19] and given by

𝐽 = min
𝑢1 ,𝑢2,𝑢3

∫𝑡𝑓
0
(𝑏1𝐶 + 𝑏2𝐼 + 12

3∑
𝑖=1

𝑤𝑖𝑢2𝑖)𝑑𝑡. (43)

The coefficients associated with state variables (𝑏1 and 𝑏2)
and with controls (𝑤𝑖) are positive. Due to the fact that cost
is not linear in its condition, we make the cost expression
((1/2)𝑤𝑖𝑢2𝑖 ) quadratic.

As objective function (43) shows, we aimed to minimize
the number of carriers, infectives, and costs. That is, we want
to get an optimal triple (𝑢∗1 , 𝑢∗2 , 𝑢∗3 ) such that

𝐽(𝑢∗1 , 𝑢∗2 , 𝑢∗3 ) = min{𝐽(𝑢1, 𝑢2, 𝑢3) | 𝑢𝑖 ∈ 𝑈}, where𝑈 = {(𝑢1, 𝑢2, 𝑢3) | each 𝑢𝑖 is measurable with 0 ≤𝑢𝑖 < 1 for 0 ≤ 𝑡 ≤ 𝑡𝑓} is the set of acceptable controls.
5.1. Existence of an Optimal Control. The existence of the
optimal control can be showed by using an approach of [20].
We have already justified the boundedness of the solution of
the basic typhoid fevermodel.This result can be used to prove
the existence of optimal control. For detailed proof, see [20]
[Theorem 4.1, p68-69].

5.2. The Hamiltonian and Optimality System. To obtain the
Hamiltonian (𝐻), we follow the approach of [21] such that

𝐻 = 𝑑𝐽𝑑𝑡 + 𝜆1 𝑑𝑆𝑑𝑡 + 𝜆2 𝑑𝐶𝑑𝑡 + 𝜆3 𝑑𝐼𝑑𝑡 + 𝜆4 𝑑𝑅𝑑𝑡 + 𝜆5 𝑑𝐵𝑐𝑑𝑡 . (44)

That is,

𝐻(𝑆, 𝐶, 𝐼, 𝑅, 𝐵𝑐, 𝑡) = 𝐿 (𝐶, 𝐼, 𝑢1, 𝑢2, 𝑢3, 𝑡) + 𝜆1 𝑑𝑆𝑑𝑡
+ 𝜆2 𝑑𝐶𝑑𝑡 + 𝜆3 𝑑𝐼𝑑𝑡 + 𝜆4 𝑑𝑅𝑑𝑡
+ 𝜆5 𝑑𝐵𝑐𝑑𝑡 ,

(45)
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Table 2: Parameter values for typhoid fever model.

Parameter symbol Parameter description Value Source
V Salmonella ingestion rate 0.9 Assumed𝐾 Concentration of Salmonella bacteria in foods and water 50000 [14]𝜇 Human beings natural death rate 0.0247 Assumed𝛼 Typhoid induced death rate 0.052 Estimated𝛽 Treatment rate of infectious diseases 0.002 Estimated𝜎1 Discharge rate of Salmonella from carriers 0.9 Gosh et al., 2006𝜎2 Discharge rate of Salmonella from infective 0.8 Assumed𝛿 Removal rate from recovered subclass to susceptible subclass 0.000904 Adetunde, 2008𝜃 Screening rate of carriers 0.2 Assumed𝜙 Removal of carriers by natural immunity 0.0003 Assumed𝜌 Probability of susceptible joining carrier state 0.3 Assumed𝜇𝑏 Natural/drug induced death rate of bacteria 0.001 Gosh et al., 2006Λ Recruitment of human beings 100 Assumed

where 𝐿(𝐶, 𝐼, 𝑢1, 𝑢2, 𝑢3, 𝑡) = 𝑏1𝐶 + 𝑏2𝐼 + (1/2)∑3𝑖=1 𝑤𝑖𝑢2𝑖 , 𝜆1,𝜆2, 𝜆3, 𝜆4, and 𝜆5 are the adjoint variable functions. To obtain
the adjoint variables, we followed the classical result of [21].

Theorem 5. There exist an optimal control set of 𝑢1, 𝑢2, and 𝑢3
and corresponding solution, 𝑆, 𝐶, 𝐼, 𝑅, and 𝐵𝑐, that minimize𝐽(𝑢1, 𝑢2, 𝑢3) over𝑈. Furthermore, there exist adjoint functions𝜆1, . . . , 𝜆5 such that

𝑑𝜆1𝑑𝑡 = −𝜆1 (−𝜇 − 𝐵𝑐V (1 − 𝑢1)𝐾 + 𝐵𝑐 )
− 𝜆2 (1 − 𝜌) (1 − 𝑢1) 𝐵𝑐V𝐾 + 𝐵𝑐 − 𝜆3 (1 − 𝑢1) 𝜌V𝐵𝑐𝐾 + 𝐵𝑐 ,

𝑑𝜆2𝑑𝑡 = −𝑏1 − 𝜆2 (−𝜃 − 𝑢3) − 𝜆3 (1 − 𝑢3) 𝜃 − 𝜆4𝜙
− 𝜆5 (𝜎1 + 𝜙 + 𝜇) ,

𝑑𝜆3𝑑𝑡 = −𝑏2 − 𝜆3 (−𝑢2 − 𝛽 − 𝜎2) − 𝜆4 (𝑢2 + 𝛽)
− 𝜆5 (𝜎2 + 𝜇 + 𝛼) ,

𝑑𝜆4𝑑𝑡 = −𝜆1𝛿 − 𝜆4 (−𝜇 − 𝛿) ,
𝑑𝜆5𝑑𝑡 = −𝜆1𝐵𝑐V (1 − 𝑢1) 𝑠(𝑘 + 𝐵𝑐)2 − 𝜆2((1 − 𝑢1) 𝜌V𝑆𝐾 + 𝐵𝑐

− (1 − 𝑢1) 𝜌V𝐵 − 𝑐𝑆
(𝐾 + 𝐵𝑐)2 ) − 𝜆3((1 − 𝜌) (1 − 𝑢1) V𝑆𝐾 + 𝐵𝑐

− (1 − 𝜌) (1 − 𝑢1) 𝐵𝑐V𝑆(𝐾 + 𝐵𝑐)2 ) + 𝜆5𝜇𝑏,

(46)

with transversality conditions,

𝜆𝑖 (𝑡𝑓) = 0, 𝑖 = 1, . . . , 5. (47)

And the characterized control set of (𝑢∗1 , 𝑢∗2 , 𝑢∗3 ) is
𝑢∗1 (𝑡) = max{0,

min(1, 𝑆 (𝜆2𝜌V𝐵𝑐 − 𝐵𝑐𝜌V𝜆3 + 𝐵𝑐V𝜆3 − 𝜆1𝐵𝑐V)(𝐾 + 𝐵𝑐) 𝑤1 )} ,

𝑢∗2 (𝑡) = max{0,min(1, 𝐼 (𝜆3 − 𝜆4)𝑤2 )} ,

𝑢∗3 (𝑡) = max{0,min(1, 𝐶 (𝜆3𝜃 + 𝜆2)𝑤3 )} .

(48)

Proof. To prove this theorem, we used the classical result of
[21]. Accordingly, to get the system of adjoint variables, we
differentiate the Hamiltonian (45) with respect to each state
as follows:

𝑑𝜆1𝑑𝑡 = −𝑑𝐻𝑑𝑆 = −𝜆1 (−𝜇 − 𝐵𝑐V (1 − 𝑢1)𝐾 + 𝐵𝑐 )

− 𝜆2 (1 − 𝜌) (1 − 𝑢1) 𝐵𝑐V𝐾 + 𝐵𝑐 − 𝜆3 (1 − 𝑢1) 𝜌V𝐵𝑐𝐾 + 𝐵𝑐 ,
𝑑𝜆2𝑑𝑡 = −𝑑𝐻𝑑𝐶 = −𝑏1 − 𝜆2 (−𝜃 − 𝑢3) − 𝜆3 (1 − 𝑢3) 𝜃

− 𝜆4𝜙 − 𝜆5 (𝜎1 + 𝜙 + 𝜇) ,
𝑑𝜆3𝑑𝑡 = −𝑑𝐻𝑑𝐼 = −𝑏2 − 𝜆3 (−𝑢2 − 𝛽 − 𝜎2) − 𝜆4 (𝑢2

+ 𝛽) − 𝜆5 (𝜎2 + 𝜇 + 𝛼) ,
𝑑𝜆4𝑑𝑡 = −𝑑𝐻𝑑𝑅 = −𝜆1𝛿 − 𝜆4 (−𝜇 − 𝛿) ,
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𝑑𝜆5𝑑𝑡 = − 𝑑𝐻𝑑𝐵𝑐 = −𝜆1𝐵𝑐V (1 − 𝑢1) 𝑆(𝐾 + 𝐵𝑐)2
− 𝜆2((1 − 𝑢1) 𝜌V𝑆𝐾 + 𝐵𝑐 − (1 − 𝑢1) 𝜌V𝐵𝑐𝑆(𝐾 + 𝐵𝑐)2 )

− 𝜆3((1 − 𝜌) (1 − 𝑢1) V𝑆𝐾 + 𝐵𝑐
− (1 − 𝜌) (1 − 𝑢1) 𝐵𝑐V𝑆(𝐾 + 𝐵𝑐)2 ) + 𝜆5𝜇𝑏.

(49)
And also for characterization of the optimal control, we used
the following partial differential equation:

𝜕𝐻𝜕𝑢𝑖 = 0 at 𝑢𝑖 = 𝑢∗𝑖 , (50)

where 𝑖 = 1, 2, 3.
For 𝑖 = 1,
𝜕𝐻𝜕𝑢1 = 0 at 𝑢∗1

⇓
𝑢∗1 = 𝑆 (𝜆2𝜌V𝐵𝑐 − 𝐵𝑐𝜌V𝜆3 + 𝐵𝑐V𝜆3 − 𝜆1𝐵𝑐V)(𝐾 + 𝐵𝑐) 𝑤1 .

(51)

For 𝑖 = 2,
𝜕𝐻𝜕𝑢2 = 0 at 𝑢∗2

⇓
𝑢∗2 = 𝐼 (𝜆3 − 𝜆4)𝑤2 .

(52)

For 𝑖 = 3,
𝜕𝐻𝜕𝑢3 = 0 at 𝑢∗3

⇓
𝑢∗3 = 𝐶 (𝜆3𝜃 + 𝜆2)𝑤3 .

(53)

Since 0 < 𝑢∗𝑖 < 1, we can write in a compact notation:

𝑢∗1 = max{0,
min(1, 𝑆 (𝜆2𝜌V𝐵𝑐 − 𝐵𝑐𝜌V𝜆3 + 𝐵𝑐V𝜆3 − 𝜆1𝐵𝑐V)(𝐾 + 𝐵𝑐) 𝑤1 )} ,

𝑢∗2 = max{0,min(1, 𝐼 (𝜆3 − 𝜆4)𝑤2 )} ,
𝑢∗3 = max{0,min(1, 𝐶 (𝜆3𝜃 + 𝜆2)𝑤3 )} .

(54)

5.3. The Optimality System. It is a system of states (42) and
adjoint (46) incorporating with the characterization of the
optimal control and initial and transversality conditions.
Then we have the following optimality system:

𝑑𝑆𝑑𝑡 = Λ + 𝛿𝑅 − (1 − 𝑢∗1 ) 𝜆𝑆 − 𝜇𝑆,
𝑑𝐶𝑑𝑡 = (1 − 𝑢1∗) 𝜌𝜆𝑆 − (𝜃 + 𝑢∗3 ) 𝐶 − (𝜎1 + 𝜙 + 𝜇)𝐶,
𝑑𝐼𝑑𝑡 = (1 − 𝑢∗1 ) (1 − 𝜌) 𝜆𝑆 + (1 − 𝑢∗3 ) 𝜃𝐶 − (𝑢∗2 + 𝛽) 𝐼

− (𝜎2 + 𝜇 + 𝛼) 𝐼,
𝑑𝑅𝑑𝑡 = (𝑢∗2 + 𝛽) 𝐼 + 𝜙𝐶 − (𝜇 + 𝛿) 𝑅,
𝑑𝐵𝑐𝑑𝑡 = 𝑄 + 𝜎1𝐶 + 𝜎2𝐼 − 𝜇𝑏𝐵𝑐,
𝑑𝜆1𝑑𝑡 = −𝜆1 (−𝜇 − 𝐵𝑐V (1 − 𝑢∗1 )𝑘 + 𝐵𝑐 )

− 𝜆2 (1 − 𝜌) (1 − 𝑢∗1 ) 𝐵𝑐V𝐾 + 𝐵𝑐 − 𝜆3 (1 − 𝑢∗1 ) 𝜌V𝐵𝑐𝐾 + 𝐵𝑐 ,
𝑑𝜆2𝑑𝑡 = −𝑏1 − 𝜆2 (−𝜃 − 𝑢∗3 ) − 𝜆3 (1 − 𝑢∗3 ) 𝜃 − 𝜆4𝜙

− 𝜆5𝜎1,
𝑑𝜆3𝑑𝑡 = −𝑏2 − 𝜆3 (−𝑢∗2 − 𝛽 − (𝜎2 + 𝜇 + 𝛼)) − 𝜆4 (𝑢∗2

+ 𝛽) − 𝜆5𝜎2,
𝑑𝜆4𝑑𝑡 = −𝜆1𝛿 − 𝜆4 (−𝜇 − 𝛿) ,
𝑑𝜆5𝑑𝑡 = −𝜆1𝐵𝑐V (1 − 𝑢∗1 ) 𝑆(𝐾 + 𝐵𝑐)2 − 𝜆2((1 − 𝑢∗1 ) 𝜌V𝑆𝐾 + 𝐵𝑐

− (1 − 𝑢∗1 ) 𝜌V𝐵 − 𝑐𝑆
(𝐾 + 𝐵𝑐)2 ) − 𝜆3((1 − 𝜌) (1 − 𝑢∗1 ) V𝑆𝐾 + 𝐵𝑐

− (1 − 𝜌) (1 − 𝑢∗1 ) 𝐵𝑐V𝑆(𝐾 + 𝐵𝑐)2 ) + 𝜆5𝜇𝑏,
𝜆𝑖 (𝑡𝑓) = 0, 𝑖 = 1, 2, 3, 4, 5,
𝑆 (0) = 𝑆0,
𝐶 (0) = 𝐶0,
𝐼 (0) = 𝐼0,
𝑅 (0) = 𝑅0,
𝐵𝑐 (0) = 𝐵𝑐0 .

(55)
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Figure 4: Simulations of typhoid fever model with prevention control only.

5.4. Uniqueness of the Optimality System. Since the state and
adjoint variables are bounded and also the obtained ordinary
differential equations have Lipschitz in their structure, it
is possible to show the uniqueness, hence the following
theorem.

Theorem 6. For 𝑡 ∈ [0, 𝑡𝑓], the bounded solutions to the
optimality system are unique.

Proof. See [22] for the proof of this theorem.

6. Numerical Simulations

We perform numerical simulation of the optimality system
by using the parameter values given in Table 2.

To obtain optimal solution, we apply iterative technique.
By using an advantage of the initial conditions of the state
system, we used a forward fourth-order Runge-Kuttamethod
to solve it and also due to the final conditions for the
adjoint system, we used a backward fourth-order Runge-
Kutta method to solve it. To solve the state initial guess of
controls is used and the solution of the state system and
the initial guess helps to solve the adjoint system. Each
control continues to be updated by combining its previous
and characterization values. To repeat the solutions, the
updated controls are used. This situation continues until two
consecutive iterations are close enough [23].

To examine the impact of each control on eradication of
typhoid fever disease, we used the following strategy:

(i) Applying prevention only (𝑢1) as intervention
(ii) Applying treatment only (𝑢2) as intervention

(iii) Applying screening only (𝑢3) as intervention
(iv) Implementing prevention (𝑢1) and treatment (𝑢2)

intervention
(v) Implementing prevention (𝑢1) and screening (𝑢3)

intervention
(vi) Implementing treatment (𝑢2) and screening (𝑢3)

intervention
(vii) Using all the three controls: prevention effort 𝑢1,

treatment effort 𝑢2, and also screening 𝑢3
Initial values that we used for simulation of the optimal
control are 𝑆(0) = 1000, 𝐶(0) = 150, 𝐼(0) = 200, 𝑅(0) = 300,
and 𝐵𝑐(0) = 200 and also coefficients of the state and controls
that we used are 𝑏1 = 25, 𝑏2 = 25,𝑤1 = 4,𝑤2 = 3, and𝑤3 = 5.
6.1. Control with Prevention Only. We simulated the opti-
mality system by incorporating prevention intervention only.
Figures 4(a) and 4(b) show the decrease of infectious and
carrier population in the specified time. We conclude that
prevention that includes sanitation and other techniques is a
vitalmethod to reduce typhoid fever infection.Thenumber of
individuals who have been with typhoid fever disease before
implementation of prevention control has gone down due
to disease induced and natural deaths. Therefore, applying
optimized prevention control can eradicate typhoid fever
disease in the community.

6.2. Control with Treatment Only. We applied treatment
only as intervention that is treating individuals who develop
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Figure 5: Simulations of typhoid fever model with treatment control only.

disease symptom. From Figures 5(a) and 5(b), we under-
stand that the number of infectious individuals and carri-
ers decreased when treatment intervention is applied. The
number of infectious individuals and carriers did not go to
zero over the period of implementation of this intervention
strategy.The reason is that due to lack of prevention suscepti-
ble individuals still get infected. Therefore, we conclude that
applying optimized treatment only as control intervention
decreases the burden of the disease but it cannot eradicate
typhoid fever disease in the community.

6.3. Control with ScreeningOnly. Aswe know screening helps
carriers to identify their status as they are leaving with the
bacteria or not. Therefore, Figures 6(a) and 6(b) show that
the infectious and carrier population goes down by screening
effort but their number cannot be zero. New infection always
appears in the community because the diseases are not
prevented and individuals who develop the symptom of the
disease are not getting treatment. Therefore, control with
screening only reduces the burden in some extent but it is
not helpful to eradicate typhoid fever disease totally from the
community.

6.4. Control with Prevention and Treatment. We simulate the
model using a combination of prevention and treatment as
intervention strategy for control of typhoid fever disease in
the community. Figures 7(a) and 7(b) clearly show that the
infectious and carrier population has gone to zero at the end
of the implementation period. Therefore, we conclude that
this strategy is effective in eradicating the disease from the
community in a specified period of time.

6.5. Control with Prevention and Screening. We simulated the
model by incorporating optimized prevention and screening
as disease control strategy. Figures 8(a) and 8(b) show that the
infectious and carrier population goes to zero at the end of
the implementation of intervention time. From this, we can
conclude that applying prevention and screening can eradi-
cate the disease even if without treating individuals that have
disease symptom. Therefore, applying optimized prevention
and screening as intervention strategy will eradicate typhoid
fever disease from the community.

6.6. Control with Treatment and Screening. In this strategy,
we applied treatment and screening as intervention to control
typhoid fever disease. Figures 9(a) and 9(b) show that
optimized intervention by treating infectious individuals and
screening of carriers decreases the number of infectious and
carrier populations but did not go to zero. Therefore, this
strategy is not 100% effective in eradicating the disease in the
specified period of time.

6.7. Control with Prevention, Treatment, and Screening. In
this strategy, we implemented all the three controls (preven-
tion, treatment, and screening) as intervention to eradicate
typhoid fever from the community. Figures 10(a) and 10(b)
show that the number of infectious individuals and carriers
goes to zero at the end of the implementation period.
Moreover, Figure 11 shows that the number of Salmonella
bacteria population decreased after the implementation of
the strategy. Therefore, applying this strategy is effective in
eradicating typhoid fever disease form the community in a
specified period of time.
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Figure 6: Simulations of typhoid fever model with screening control only.
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Figure 7: Simulations of typhoid fever model with prevention and treatment controls.

7. Cost-Effectiveness Analysis

In this section, we identified a strategy which is cost-effective
compared to other strategies. To achieve this, we used
incremental cost-effectiveness ratio (ICER), which is done

dividing the difference of costs between two strategies to the
difference of the total number of their infections averted.
We estimated the total number of infections averted for each
strategy by subtracting total infections with control from
without control. To get the total cost of each strategy, we used
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Figure 8: Simulations of the typhoid fever model with prevention and screening controls.
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Figure 9: Simulations of the typhoid fever model with treatment and screening controls.

their respective cost function ((1/2)𝑤1𝑢21, (1/2)𝑤2𝑢22, and(1/2)𝑤3𝑢23) to calculate over the time of intervention. We did
not consider strategies that implement one intervention only,
due to the reason that one intervention only is not guaranteed
to eradicate the disease totally from the community. Those

strategies which incorporate more than one intervention are
ordered below to be compared pairwise:

Strategy A (prevention and screening)

Strategy B (treatment and screening)
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Figure 10: Simulations of the typhoid fever model with prevention, treatment, and screening controls.
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Figure 11: Simulations of the typhoid fever model with prevention,
treatment, and screening controls on Salmonella bacteria popula-
tions.

Strategy C (prevention and treatment)

Strategy D (prevention, treatment, and screening)

Table 3:Number of infections averted and total cost of each strategy.

Strategies Description Total infections
averted

Total cost
(USD)

A Prevention and
screening 11,977 733.07

B Treatment and
screening 13,805 800

C Prevention and
treatment 19,699 531.19

D
Prevention,

treatment, and
screening

19,987 1104.5

We used parameter values in Table 2 to estimate the total cost
and total infections averted in Table 3.

First we compared the cost-effectiveness of strategies A
and B: ICER(A) = 733.07/11,977 = 0.06, ICER(B) =(733.07 − 800)/(11,977 − 13,805) = 0.037.

This shows that strategy B is cheaper than strategy A by
saving 0.037.Thatmeans strategy A needs higher money than
strategy B. Therefore, we exclude strategy A and continue to
compare strategies B and C.

ICER (B) = 80013,805 = 0.058,
ICER (C) = 800 − 573.1913,805 − 19,699 = −0.039.

(56)
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Figure 12: Cost function of the intervention strategies for the period
of 3 months.

Similarly, this comparison indicates that strategy C is cheaper
than strategy B by saving 0.039. Therefore, strategy B is
rejected and continues to compare strategy C with the last
strategy which is D.

ICER (C) = 573.1919,699 = 0.029,
ICER (D) = 573.19 − 1,104.519,699 − 19,987 = 1.845.

(57)

Finally, the comparison result reveals that strategy C is
cheaper than strategy D by saving 0.029.Therefore, strategy C
(combination of prevention and treatment) is the best strat-
egy from all compared strategies due to its cost-effectiveness
and healthy benefit.

Moreover, Figure 12 shows that applying only one inter-
vention is cheapest. But we do not consider this because
a single intervention is not effective in eradicating the
disease. A combination of prevention and treatment strategy
is the cheapest of all other combined intervention strategies.
The combination of all the three interventions (prevention,
treatment, and screening) is the most expensive strategy
compared to other strategies.

8. Discussions and Conclusions

In this study, a deterministic model for the dynamics of
typhoid fever disease is proposed. The qualitative analysis of
the model shows that the solution of the model is bounded
and positive and also the equilibria points of the model are
obtained and their local as well as global stability condition
is established.The study also obtained the basic reproduction

number and it reveals that forR0 < 1 there is no possibility of
having backward bifurcation. In Section 4, sensitivity analysis
of the reproductive number has been carried out. Results
from the sensitivity analysis of the reproductive number
suggest that an increase in V, 𝐾, 𝜎1, and 𝜎2 has the greatest
influence on increasing the magnitude of the associated
reproductive number which results in the endemicity of
typhoid fever.

In Section 5, using Pontryagin’s maximum principle, the
optimal control problem is formulated and the conditions for
optimal control of the disease are analyzed with effective pre-
ventive measures (sanitation and proper hygiene controls),
treatment regime, and screening. Existence conditions for
optimal control are established and the optimality system
is developed. Seven intervention strategies are proposed for
examining each strategy on the eradication of typhoid. In Sec-
tion 6, the proposed strategies are investigated numerically
and their results are displayed graphically. Cost-effectiveness
analysis of the main strategies is done in Section 7, and
the results indicate that prevention and the cost put into
treatment have a strong impact on the disease control.
Effective treatment only without prevention is not the best
option in controlling the spread of typhoid fever. Therefore,
this finding conclude that adequate control measures which
adhered to these control strategies (preventive and treatment)
would be a very effective way for fighting the disease and also
for cost-effectiveness.
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We extend a technique of approximation of the long-term behavior of a supercritical stochastic epidemic model, using the WKB
approximation and a Hamiltonian phase space, to the subcritical case. The limiting behavior of the model and approximation are
qualitatively different in the subcritical case, requiring a novel analysis of the limiting behavior of theHamiltonian system away from
its deterministic subsystem.This yields a novel, general technique of approximation of the quasistationary distribution of stochastic
epidemic and birth-death models and may lead to techniques for analysis of these models beyond the quasistationary distribution.
For a classic SIS model, the approximation found for the quasistationary distribution is very similar to published approximations
but not identical. For a birth-death process without depletion of susceptibles, the approximation is exact. Dynamics on the phase
plane similar to those predicted by the Hamiltonian analysis are demonstrated in cross-sectional data from trachoma treatment
trials in Ethiopia, in which declining prevalences are consistent with subcritical epidemic dynamics.

1. Introduction

Stochastic models are a common tool in epidemiological
research, where public health interventions aim at the reduc-
tion of fluctuating counts of infected or infective individuals
[1], and models are used in explaining, predicting, and
responding to acute and chronic diseases of public health
significance.

A fundamental result is the presence of a critical value of
the basic reproduction number 𝑅0, defined as the expected
number of secondary cases resulting from a single infective
case in an otherwise susceptible population. Supercritical
diseases, those with𝑅0 > 1, tend to stabilize around a positive
number of infective cases that can persist for very long
times, while in subcritical cases (𝑅0 < 1) the infective count
declines to zero on a relatively short timescale. In either
case, the long-term, stationary probability distribution of

number of infective cases is trivial, as all epidemics in finite
population stochastic transmission models must eventually
die out due to chance fluctuations, but the quasistationary
distribution—the distribution conditional on nonextinction
of the disease—can be very informative about the behavior of
the system within finite time intervals.

When 𝑅0 < 1, the quasistationary distribution of number
of infective cases in simple transmission models is often
approximately geometric, with probability of 𝐼 infective cases
proportional to (𝑅0)𝐼 [2, 3]. Prevalences consistent with the
geometric distribution, when analyzed statistically across
multiple locations simultaneously, have been observed in
trachoma elimination trials at times in which the disease’s
dynamics are subcritical [4–6].

Such statistics of case count distributions observed in
multiple communities at a single time may be able to help
provide an assessment of the dynamics of a disease, possibly
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of its basic reproductive number and, hence, of the future
time course of the disease. An approximately geometric
distribution of prevalences also implies that there will be
more high-prevalence communities than there would be in
a lighter-tailed distribution, even when the mean prevalence
is low and declining.This suggests that an exceptionally high-
prevalence community may be simply a statistical outlier,
which can be expected to regress to the mean without
intervention, rather than a “transmission hotspot” calling for
intensified intervention [5].

While the quasistationary distribution of a specific
stochastic model can be calculated as an eigenvector of
a Markov transition matrix, since the equations for the
entries of that vector cannot be solved explicitly for even
very simple models, research has focused on approximations
([2, 7–9], e.g.). Barbour and Pollett [10] established that
the quasistationary distribution is a fixed point of a given
map defined on probability mass functions, allowing efficient
approximation techniques [11]. The fixed point of that map
can also be found using a “ratio of means” approach built
on waiting times rather than transition rates [12] that can aid
in calculation. Quasistationary approximations for diffusion
processes and branching processes are also well developed
and are the subject of active research and development [3, 11,
13].

In this paper we introduce a method of approximating
the quasistationary distribution of a stochastic model in the
subcritical regime, using a technique that has been used
previously to approximate rare large-deviation events in
supercritical dynamics [14–16]. This technique takes a large-
population limit of the model dynamics in a way that yields
a Hamilton-Jacobi equation, which can be understood by
analyzing the geometry of an associated Hamiltonian ODE
system.

This Hamiltonian approach to stochastic mechanics,
innovated byGraham andTél [17] for diffusion equations and
extended by Hu [18] to master equations, has primarily been
used to study stationary solutions of the limiting stochastic
process, by locating special solutions of the Hamiltonian
ODE system, characterized by 𝐻 = 0, where 𝐻 is the
Hamiltonian. The Hamiltonian ODE system includes the
deterministic limit of the stochastic model as an invariant
subsystem within the equipotential (𝐻 = 0) set, and at each
limit set of the deterministic system, the equipotential set
extends outwards into the nondeterministic regions of the
Hamiltonian system’s phase space. Those extensions reveal
quantitative information about the system’s stochastic behav-
ior near attractors. Thus they are used to analyze stationary
probability densities associatedwith attractors and other limit
sets of the deterministic system and the frequencies and paths
of rare escape events from one attractor to another [15, 19–
22]. This geometric structure, which encodes characteristics
of the deterministic limit of the stochastic system and the
probability distribution of deviations from the deterministic
limit, is strange in comparison to the structures seen in
Hamiltonian systems from physics and is much less well
understood.

Here we investigate the use of structures within the
equipotential set, but at a distance from the deterministic

subsystem, to analyze a stochastic model’s behavior. We
identify such a structure far from the deterministic subsystem
with the quasistationary behavior of an epidemic model, in
contrast to the use of structures intersecting the deterministic
subsystem to analyze stationary behavior.

2. Limiting Behavior of Birth-Death Process

Many models of stochastic epidemic dynamics, biological
population dynamics more generally, and branching pro-
cesses are included in the category of birth-death processes.
Here we apply the analysis of Hu [18] to this class of processes,
and below we will apply it to specific example models.

A stochastic birth-death process models the size of a
single population, altered by events in which the size either
increases by one or decreases by one.The rate of increase from
size 𝑘 is labeled 𝐵(𝑘) and the rate of decrease from size 𝑘 is
labeled 𝐷(𝑘). Writing 𝑃(𝑘, 𝑡) for the probability that the size
is 𝑘 at time 𝑡, the change in probability over time is governed
by a master equation:𝑑𝑃 (𝑘, 𝑡)𝑑𝑡 = 𝐵 (𝑘 − 1) 𝑃 (𝑘 − 1, 𝑡)+ 𝐷 (𝑘 + 1) 𝑃 (𝑘 + 1, 𝑡) − 𝐵 (𝑘) 𝑃 (𝑘, 𝑡)− 𝐷 (𝑘) 𝑃 (𝑘, 𝑡) for each 𝑘. (1)

Taking𝐷(0) = 0 and𝐵(−1)𝑃(−1, 𝑡) = 0 for all 𝑡, the dynamics
of the master equation is confined to nonnegative values of 𝑘.
In order to take a large-system-size limit, let Ω be a measure
of system size such as, for example, a maximum population
size, such that, as we consider increasingly large birth-death
systems in which both Ω and 𝑘 become unboundedly large,
the ratio 𝑘/Ω remains finite. For example, in a system with
finite population size 𝑁, we can use Ω = 𝑁, as we will see
below.Then letting 𝑥 = 𝑘/Ω, we obtain a transformedmaster
equation1Ω 𝑑𝑃 (𝑥, 𝑡)𝑑𝑡 = 𝑏 (𝑥 − 1Ω)𝑃(𝑥 − 1Ω, 𝑡)+ 𝑑 (𝑥 + 1Ω)𝑃(𝑥 + 1Ω, 𝑡)− 𝑏 (𝑥) 𝑃 (𝑥, 𝑡) − 𝑑 (𝑥) 𝑃 (𝑥, 𝑡) ,

(2)

where 𝑏(𝑥) = (1/Ω)𝐵(Ω𝑥) and 𝑑(𝑥) = (1/Ω)𝐷(Ω𝑥). Let the
functions 𝑏 and 𝑑 be smooth functions of 𝑥 for each Ω, with
a smooth limit asΩ →∞.

Additionally, let 𝜙(𝑥, 𝑡) be a probability density function
that is smooth in 𝑥 and 𝑡, such that 𝜙(𝑘/Ω, 𝑡) = Ω𝑃(𝑘/Ω, 𝑡).
Following Hu [18], this allows construction of a Kramers-
Moyal expansion of the dynamics, by substituting and Tay-
lor expanding the master equation around 𝑥 so that it is
expressed using only values at 𝑥:1Ω 𝜕𝜙 (𝑥, 𝑡)𝜕𝑡 = ∞∑

𝑛=1

1𝑛! (− 1Ω)𝑛 𝜕𝑛𝜕𝑥𝑛 (𝑏 (𝑥) 𝜙 (𝑥, 𝑡))
+ ∞∑
𝑛=1

1𝑛! ( 1Ω)𝑛 𝜕𝑛𝜕𝑥𝑛 (𝑑 (𝑥) 𝜙 (𝑥, 𝑡)) . (3)
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To derive a partial differential equation in the large-
system limit, we rewrite the density as an exponential expres-
sion: 𝜙 (𝑥, 𝑡) = Ω𝑒−Ω𝑈(𝑥,𝑡). (4)

Assume that the function 𝑈 can be expanded in powers ofΩ
on 0 < 𝑥 < 1,𝑈 (𝑥, 𝑡) = 𝑢 (𝑥, 𝑡) + 1Ω𝑢1 (𝑥, 𝑡) + 1Ω2 𝑢2 (𝑥, 𝑡) + ⋅ ⋅ ⋅ , (5)

and that the terms of that expansion other than 𝑢(𝑥, 𝑡) vanish
asymptotically as Ω approaches infinity. This ansatz, known
as the WKB approximation [18, 26], makes it possible to
generate a partial differential equation in 𝑢.

With these assumptions, derivatives of products of 𝜙 take
on a simplified form,

[− 1Ω]𝑛 𝜕𝑛𝜕𝑥𝑛𝐹 (𝑥, 𝑡) 𝑒−Ω𝑈(𝑥,𝑡)= 𝑒−Ω𝑈(𝑥,𝑡)𝐹 (𝑥, 𝑡) (𝜕𝑢𝜕𝑥)𝑛 + O( 1Ω) . (6)

Substituting, the expansion of (3) to first order is1Ω 𝜕𝜙 (𝑥, 𝑡)𝜕𝑡 = Ω[𝑒−Ω𝑈(𝑥,𝑡) (𝑏 (𝑥) ∞∑
𝑛=1

1𝑛! (𝜕𝑢𝜕𝑥)𝑛 + 𝑑 (𝑥)
⋅ ∞∑
𝑛=1

1𝑛! (−𝜕𝑢𝜕𝑥)𝑛) + O( 1Ω)] . (7)

Thus, in the large size limit, (3) becomes a partial differential
equation for 𝑢:𝜕𝑢 (𝑥, 𝑡)𝜕𝑡= − (𝑏 (𝑥) (𝑒𝜕𝑢/𝜕𝑥 − 1) + 𝑑 (𝑥) (𝑒−𝜕𝑢/𝜕𝑥 − 1)) . (8)

2.1. The Associated Hamiltonian System. Because the right
hand side of (8) contains only first partial derivatives of 𝑢,
it has the form of a Hamilton-Jacobi equation of classical
mechanics [27], 𝜕𝑢 (𝑥, 𝑡)𝜕𝑡 = −𝐻(𝑥, 𝜕𝑢𝜕𝑥) , (9)

with the consequence that it can be analyzed using charac-
teristic curves described by an associated system of ordinary
differential equations [18]. This analysis is based on the
Hamiltonian function𝐻(𝑥, 𝜕𝑢𝜕𝑥) = 𝑏 (𝑥) (𝑒𝜕𝑢/𝜕𝑥 − 1) + 𝑑 (𝑥) (𝑒−𝜕𝑢/𝜕𝑥 − 1) . (10)

From that Hamiltonian a two-dimensional dynamical
system can be written, whose state variables are 𝑥, the
scaled population size, and a conjugate variable 𝑝, which

takes the place of 𝜕𝑢/𝜕𝑥 in the Hamiltonian. The associated
Hamiltonian dynamical system is𝑑𝑥𝑑𝑡 = 𝜕𝜕𝑝𝐻 (𝑥, 𝑝) = 𝑏 (𝑥) 𝑒𝑝 − 𝑑 (𝑥) 𝑒−𝑝,𝑑𝑝𝑑𝑡 = − 𝜕𝜕𝑥𝐻 (𝑥, 𝑝)= −𝑏 (𝑥) (𝑒𝑝 − 1) − 𝑑 (𝑥) (𝑒−𝑝 − 1) .

(11)

Trajectories of this system do not correspond to realizations
of the stochastic birth-death process but rather trace out
curves along the surface of 𝑢 versus 𝑥 and 𝑡, which can be
used to analyze the behavior of 𝑢 over time.

Thus we can gain information about birth-death pro-
cesses in the large size limit by using this associated system
to analyze the Hamilton-Jacobi equation (8). Stationary solu-
tions of themaster equation, characterized by the equilibrium
condition 𝑑𝜙(𝑥, 𝑡)/𝑑𝑡 = 0, are identified with curves on the(𝑥, 𝑝) plane on which𝐻(𝑥, 𝑝) = 0.

In the case of this one-dimensional system, though not
in the general master equation case, the Hamiltonian has two
factors, 𝐻(𝑥, 𝑝) = (𝑏 (𝑥) − 𝑑 (𝑥) 𝑒−𝑝) (𝑒𝑝 − 1) , (12)

which contribute two solution sets to the solution of𝐻 = 0.
The flat subspace 𝑝 = 0 is always a solution set for𝐻 = 0

in Hamiltonian systems constructed from master equations
in thisway [18].Thedynamicswithin this set are the dynamics
of the ODE approximation to the stochastic dynamics, and
fixed points and other limit sets of the Hamiltonian system
located in this set correspond to fixed points and other limit
sets of this deterministic subsystem. Other solutions to the
equation 𝐻 = 0 pass transversely through those limit sets
and can reveal information about the stochastic behavior of
the master equation system, as we will see in the treatment of
the supercritical SIS model, below.

In the birth-death systems we consider here, in which 𝑘 =0 is an absorbing state, a common factor of 𝑥 can be taken out
of 𝑏(𝑥) and 𝑑(𝑥), allowing us to describe three components of
the solution set in all.

3. The SIS Model

The SIS (susceptible-infective-susceptible) model provides a
simple representation of infectious disease processes in the
absence of immunity [28]. Classically, this model describes
the number of susceptibles 𝑆 and infective cases 𝐼 in a
population of fixed size, where increase in the infective class
is driven by infective-susceptible contact events, and infective
cases return to the susceptible class at a rate independent of
contact with others. SIS models have been used to describe
a range of diseases, including trachoma [29] and sexually
transmitted infections [30]. In population biology, a model
identical in form to this one is known as a stochastic logistic
model [31].

In the basic SIS model, the infective class increases
at a rate 𝛽𝑆(𝐼/𝑁), which is proportional to a quadratic
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susceptible-infective contact rate, and decreases at a per
capita constant rate 𝛾𝐼, with 𝑆 = 𝑁 − 𝐼, and total population𝑁 held fixed.Thus it is the number of infective cases, 𝐼, that is
the stochastically varying state variable of themodel. Infective
cases are added by transmission events, at rate 𝛽(𝑆/𝑁)𝐼,
where 𝛽 is the transmission rate per susceptible-infective pair
[1]. Cases return to the susceptible class at rate 𝛾𝐼, where 𝛾 is
the per capita removal rate. The parameters can be combined
into one nondimensional value by rescaling the time variable
by a factor of 𝛾, after which the birth and death rates are𝐵 (𝐼) = 𝑅0 (1 − 𝐼𝑁) 𝐼,𝐷 (𝐼) = 𝐼, (13)

where 𝑅0 = 𝛽/𝛾 is the basic reproduction number [28].
Using system size Ω = 𝑁, the analysis we have presented

for birth-death systems applies to the SIS model, with
Hamiltonian𝐻(𝑥, 𝑝) = 𝑅0 (1 − 𝑥) 𝑥 (𝑒𝑝 − 1) − 𝑥 (𝑒−𝑝 − 1) , (14)

where 𝑥 = 𝐼/𝑁 is the infective fraction of the population.

3.1. The Supercritical Case. In the supercritical (𝑅0 > 1) case,
the SIS process is attracted to a positive, or endemic, equilib-
rium value 𝑥 = 1 − 1/𝑅0, at which the birth and death rates
are equal.The probability density of the fraction infective case
concentrates around that value. On very long time scales,
however, in finite systems, stochastic fluctuation will bring
the fraction infective case to zero, which is an absorbing
state from which the epidemic cannot return. Thus the
stationary distribution of the process is a point mass at𝑥 = 0, and the density function concentrated around the
endemic equilibrium, while it is a stationary distribution in
the infinite-size limit and is the quasistationary distribution
in the finite cases.

The Hamiltonian analysis of the supercritical SIS model
has been treated exactly elsewhere [16, 20]. The phase plane
of the Hamiltonian system is shown in Figure 1.

Stationary solutions of the PDE correspond to solutions
of𝐻(𝑥, 𝑝) = 0 on this plane, when 𝑝 is interpreted as 𝜕𝑢/𝜕𝑥.
The Hamiltonian factors into three parts:𝐻(𝑥, 𝑝) = 𝑥 (𝑅0 (1 − 𝑥) − 𝑒−𝑝) (𝑒𝑝 − 1) , (15)

which directly identifies the three solution curves of 𝐻 = 0
in the plane: two trivial solutions,𝑥 = 0,𝑝 = 0, (16)

and one nontrivial solution,𝑝 = − ln (𝑅0 (1 − 𝑥)) , (17)

shown in Figure 1.These curves are trajectories of the Hamil-
tonian dynamical system (11).

The horizontal axis of the phase plane, which is the 𝑝 =0 solution, is isomorphic to the deterministic SIS system.
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Figure 1: Phase plane of the Hamiltonian dynamical system (11), for
a supercritical SIS model (𝑅0 = 2). Arrows depict the flow of the
dynamics of 𝑥 and 𝑝. The three invariant curves of the dynamics
(solution curves of 𝐻 = 0) are shown in gray: the two axes of the
space and one nontrivial curve.The nontrivial curve corresponds to
the quasistationary solution of the stochastic SISmodel, as discussed
in the text.

Two of the fixed points of the Hamiltonian system are the
fixed points of that deterministic system—the disease-free
equilibrium at (0, 0) and the endemic equilibrium at (1 −1/𝑅0, 0). They are located at the points where the horizontal
axis intersects the other two solution curves. A third fixed
point, at (0, − ln𝑅0), also corresponds to the disease-free state
(𝑥 = 0) but is at the intersection of solution curves away from
the horizontal axis.

The nontrivial solution curve (17) corresponds to the
stationary solution of 𝑢(𝑥) on which probability concentrates
around the endemic equilibrium, and the fixed points on it
describe the probability density at the endemic and disease-
free equilibria. That solution is a function 𝑢(𝑥) that solves𝜕𝑢 (𝑥)𝜕𝑥 = − ln (𝑅0 (1 − 𝑥)) . (18)

Changing variables to 𝑠 = 1 − 𝑥 and integrating produce a
closed-form solution,𝑢 (𝑠) = 𝑠 ln (𝑅0𝑠) − 𝑠 + 𝐶0. (19)

This provides a closed-form solution for the quasistationary
probability density:

𝜙 (𝑠) = 𝑁𝑒−𝑁𝑢(𝑠) = 𝐶1 ( 𝑒𝑅0𝑠)𝑁𝑠 . (20)

The constant 𝐶1 is determined by the constraint that∫1
0
𝜙(𝑠)𝑑𝑠 = 1.
In supercritical models in general, the equipotential

surfaces (solutions of 𝐻 = 0) near the nontrivial solution
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of the deterministic subsystem describe the behavior of the
probability distribution of rare events, which are located in
the tail of the stationary distribution.

The above stationary solution approximates the quasista-
tionary density in the finite-𝑁 SIS system, inwhich extinction
is a rare event given large𝑁.

It provides an approximation for the time to extinction
in the stochastic dynamics. The function 𝑢 is the action of
classical mechanics. The most probable path to extinction
can be obtained by maximizing the function 𝑢(𝑥), which
produces the equipotential surfaces 𝐻 = 0. The path is
explicitly calculated by integrating along the 𝐻 = 0 curves,
both in this SIS case and in more complex models (e.g., [16]).

4. Subcritical Dynamics

In the deterministic SIS system in the subcritical case, 𝑥
relaxes to zero for all initial conditions 0 ≤ 𝑥 ≤ 1. The master
equation solution also relaxes to 𝑥 = 0, with probability
mass declining to zero at all other values of 𝑥 [2]. In this
case, the quasistationary distribution is not stationary even
in the large-𝑁 limit due to the deterministic attraction of the
origin.TheWKB hypothesis that the probability current near
the absorbing state 𝑥 = 0 vanishes when the system size𝑁 grows without bound is not satisfied, and we do not use
the stationary behavior of the PDE (which relaxes to a point
mass) to analyze the quasistationary behavior of the master
equations. Insteadwe use the transient behavior of the PDE to
identify the equilibrium structure in the Hamiltonian phase
plane that describes the master equation’s quasistationary
solution.

4.1. Using the Phase Plane to Analyze Dynamics of the Hamil-
ton-Jacobi Equation. In the Hamiltonian phase plane for the
subcritical model, the same three solution curves for 𝐻 = 0
are present as in the supercritical case, but they fall in different
places on the phase plane, as shown in Figure 2. In this case,
the point of intersection of the nontrivial curve (17) and
the horizontal axis is shifted to the left of the origin. The
endemic equilibrium represented by that point is lost in a
transcritical bifurcation when 𝑅0 declines below 1, and the
origin becomes the attracting solution for the stochastic SIS
system. The intercept where the nontrivial curve (17) meets
the vertical axis, at 𝑝 = − ln𝑅0, is now above 𝑝 = 0.

Because of this bifurcation, in the subcritical case we
cannot apply the analysis used for the supercritical case, as the
system is drawn to a singular value of 𝑥 at which the 𝐻 = 0
curve crossing the horizontal axis is vertical and cannot be
translated to values of 𝜕𝑢/𝜕𝑥 as a function of 𝑥. To study the
quasistationary distribution of this system requires further
analysis.

Any smooth initial distribution 𝜙(𝑥) can be mapped onto
a curve in the (𝑥, 𝑝) plane on which 𝑝 = 𝜕𝑢/𝜕𝑥 at every value
of 𝑥, where 𝑢 is defined by 𝜙(𝑥) = 𝑁𝑒−𝑁𝑢(𝑥) as above. This
curve for an example initial distribution is plotted in Figure 3.

Integrating points of this curve forward along trajectories
of this systemproduces a geometric representation of the time
evolution of the system as a moving curve in the phase plane,
on which the changing shape of 𝜕𝑢/𝜕𝑥 is visible, and that
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Figure 2: Phase plane of Hamiltonian dynamical system for subcrit-
ical SIS system (𝑅0 = 0.5). Flow is represented by arrows and the
three invariant curves of the dynamics (solution curves of 𝐻 = 0)
are shown in gray, as in Figure 1. In this case, the nontrivial curve is
shifted to a different position, and its intersections with the axes are
located above and to the left of the origin, where in the supercritical
case (Figure 1) they are below and to the right of the origin.This leads
to qualitatively different dynamics, requiring a different analysis to
explain the quasistationary behavior of the model.
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Figure 3: Initial condition for the subcritical SIS system on the
Hamiltonian phase plane, represented by a curve of 𝑝 values as a
function of 𝑥. In this and following figures, the initial condition used
is a 𝛽 distribution with 𝛼 = 𝛽 = 2 (i.e., 𝜙0(𝑥) = 6𝑥(1 − 𝑥)) and using𝑁 = 100, transformed to a curve in the 𝑥-𝑝 plane using the relations𝑢(𝑥) = − ln(𝜙0(𝑥)/𝑁)/𝑁 and 𝑝 = 𝜕𝑢/𝜕𝑥.
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Figure 4: Transient dynamics of the subcritical SIS system on
the Hamiltonian phase plane, evolving from the initial condition
depicted in Figure 3 (red) toward later states (yellow, green, and
blue), as each point of the initial curve moves according to the
Hamiltonian dynamics (11).

relation between 𝜕𝑢/𝜕𝑥 and𝑥 provides information about the
form of the function 𝑢(𝑥).

In terms of Hamiltonian dynamics, the function 𝑢(𝑥, 𝑡)
is the action of the system, a scalar quantity that can be
evaluated by integrating along its trajectories:𝑑𝑢 (𝑥, 𝑡)𝑑𝑡 = 𝜕𝑢𝜕𝑥 𝑑𝑥𝑑𝑡 + 𝜕𝑢𝜕𝑡 = 𝑝𝜕𝐻𝜕𝑝 − 𝐻. (21)

For convenience, it is possible to calculate 𝑢 directly
when integrating the Hamiltonian dynamics numerically,
by extending the dynamical system to include 𝑢 as a state
variable:

𝜕𝜕𝑡 (𝑥𝑝𝑢) =(
(

𝜕𝐻𝜕𝑝−𝜕𝐻𝜕𝑥𝑝𝜕𝐻𝜕𝑝 − 𝐻
)
)

. (22)

Integrating this system, with initial conditions 𝑢(𝑥, 0) =𝑢0(𝑥) at selected points of the initial curve, then yields values
of 𝑢(𝑥, 𝑡) explicitly for positive 𝑡.
4.2. Evolution of the Subcritical System from Initial Conditions.
As time passes, each point of the 𝑝-versus-𝑥 curve moves
on the phase plane according to the Hamiltonian dynamics.
Their evolution stretches and translates the curve across the
phase plane, as shown in Figure 4. While any given point
may move in somewhat strange ways, including many that
tend to infinity in the upper right direction, the curve moves
smoothly to the left, approaching the vertical line 𝑥 = 0 and
the gray curve that extends into the first quadrant.
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Figure 5: Transient dynamics of probability density in the subcritical
SIS system, displayed as 𝜙(𝑥, 𝑡) = 𝐶𝑒−𝑁𝑢(𝑥,𝑡) versus 𝑥 using the same
data points as in Figure 4, with𝑁 = 100. Each curve is normalized to
total probability one.The quasistationary distribution (23) is plotted
in gray.

From the moving points (𝑥, 𝑝, 𝑢) of this curve, a plot of 𝑢
versus 𝑥 can be constructed, or of𝜙 = 𝑁𝑒−𝑁𝑢 versus 𝑥, at each
time 𝑡. Figure 5 presents this plot of 𝜙 versus 𝑥 in time. The
peak of the probability density moves asymptotically toward𝑥 = 0, and there is a declining tail to the right of the peak.

A number of features of the evolution of 𝑢(𝑥, 𝑡) versus 𝑥
are visible in this view of the dynamics. As discussed above,
the dynamics on the horizontal axis of the phase plane is
identical to the usual deterministic ODE for the SIS system.
When 𝑝 is read as 𝜕𝑢/𝜕𝑥, it follows that horizontal axis,
where 𝑝 = 0, corresponds to the extrema of the potential
function 𝑢(𝑥, 𝑡)with respect to 𝑥. In the case pictured in these
figures, the only extremum is a minimum of 𝑢(𝑥, 𝑡), which
is a maximum of 𝜙(𝑥, 𝑡). This implies that the maximum
point of the probability density function 𝜙, which is the
mode of the probability distribution, in the large-system
approximation we are using (8), moves in exact accordance
with the deterministic SIS dynamics.

Regions of 𝑥 values for which a curve in the 𝑥-𝑝 plane
is below the horizontal axis are regions where 𝜕𝑢/𝜕𝑥 < 0
and equivalently on which 𝜙(𝑥, 𝑡) is increasing in 𝑥, and
regions where the curve is above the axis are where 𝜙(𝑥, 𝑡) is
decreasing in 𝑥. Near the vertical axis, the 𝑝-versus-𝑥 curve
diverges to 𝑝 = −∞. The fact that 𝑝, representing 𝜕𝑢/𝜕𝑥,
becomes negatively infinite there strongly suggests that 𝑢(𝑥)
is divergent to +∞ at 𝑥 = 0, and so lim𝑥→0+𝜙(𝑥, 𝑡) = 0, at
least in cases like the one illustrated in which 𝜙(0) is zero in
the initial conditions.

If the Hamilton-Jacobi PDE (8) is used to approximate
any finite-𝑁 system, by grouping the probability density into
bins of width 1/𝑁, the result will be that probability mass
accumulates in the bin that includes 𝑥 = 0, and all the other
bins contain a tail that is decreasing in𝑥, andwhose totalmass
declines asymptotically to zero as 𝑡 → ∞.

Figure 4 demonstrates that, in the long term, the 𝑝-
versus-𝑥 curve becomes asymptotically close to the union
of the vertical axis below the positive-𝑝 equilibrium and the
nontrivial 𝐻 = 0 curve (17) at and above that equilibrium.
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We conclude that as the probability density accumulates near𝑥 = 0, the shape of the tail of the density on 𝑥 > 0
approaches a function described by the diagonal curve, which
is the nontrivial solution (17) of 𝐻 = 0. That tail defines the
conditional distribution of 𝑥 given 𝑥 > 0, and therefore the
limiting curve (17) should provide an approximation for the
quasistationary distribution of the SIS master equations.

4.3. Explicit Approximation for the Quasistationary Distribu-
tion. From the above analysis we conclude that the quasista-
tionary probability density function of the master equation
system (1) is approximated by the density function repre-
sented by the nontrivial 𝐻 = 0 curve (17). This is solved in
the same way as in the supercritical case:

𝜙 (𝑠) = 𝐶1 ( 𝑒𝑅0𝑠)𝑁𝑠 , (23)

where 𝑠 = 1 − 𝑥.
While in the supercritical case this density function has a

mode at the endemic value 𝑠 = 1/𝑅0, in this case the density
is greatest at 𝑥 = 0 (𝑠 = 1), as the function is monotonic
decreasing on the interval 0 < 𝑥 < 1.

Changing variables back to the number of infective cases,𝐼 = 𝑁𝑥 = 𝑁(1 − 𝑠), the quasistationary approximation
becomes𝑃 (𝐼) = 1𝑁𝜙(1 − 𝐼𝑁) = 𝐶2 ( 𝑒𝑁𝑅0 (𝑁 − 𝐼))𝑁−𝐼 , (24)

using the appropriate normalizing factor 𝐶2 for this discrete
probability mass function.

This quasistationary approximation is closely related to
the classical approximation 𝑝(1) of Kryscio et al. [2, 8] (see
also [32]): their approximation,

𝑝(1) (𝐼) = 𝐶3 1(𝑁 − 𝐼)! (𝑅0𝑁)𝐼 , (25)

when transformed using Stirling’s approximation for factori-
als,

ln 𝑛! ≈ 𝑛 ln 𝑛 − 𝑛, (26)

yields the approximation we have derived:

𝑝(1) (𝐼) ≈ 𝐶3 ( 𝑒𝑁 − 𝐼)(𝑁−𝐼) (𝑁𝑅0)−𝐼≈ 𝐶4 ( 𝑒𝑁𝑅0 (𝑁 − 𝐼))𝑁−𝐼 , (27)

(where 𝐶3, 𝐶4 are normalizing constants).
Previous approximations and numeric evaluation have

established [2, 7, 8] that the quasistationary distribution of the
subcritical SIS system is approximately geometric near 𝐼 = 0,
with the probabilities of successive values of 𝐼 having ratio𝑅0.

Thus the approximating geometric distribution has the
form Γ (𝐼) = 𝐶5 (𝑅0)𝐼 . (28)

The geometric distribution is characterized by the constant
slope of its logarithm:𝑑𝑑𝐼 ln Γ (𝐼) = 𝑑𝑑𝐼 [ln𝐶5 + 𝐼 ln𝑅0] = ln𝑅0. (29)

Comparing to our approximation 𝑝, the slope of ln𝑝 is
not constant:𝑑𝑑𝐼 ln𝑃 (𝐼) = 𝑑𝑑𝐼 [ln𝐶2+ (𝑁 − 𝐼) (1 + ln𝑁 − ln𝑅0 − ln (𝑁 − 𝐼))] = − (1+ ln𝑁 − ln𝑅0 − ln (𝑁 − 𝐼)) + (𝑁 − 𝐼) ( 1𝑁 − 𝐼)= ln𝑅0 + ln 𝑁 − 𝐼𝑁 .

(30)

However, near 𝐼 = 0, the nonconstant term is approxi-
mately zero, and the slope of the logarithm is approximately
ln𝑅0, with the consequence that the distribution is approxi-
mately geometric with the desired ratio when 𝐼 ≪ 𝑁.

Since the ratio (𝑁 − 𝐼)/𝑁 is smaller than one when 0 <𝐼 < 𝑁 and thus its logarithm is negative, it follows that the
probability mass function 𝑝 decreases to zero more rapidly
than the geometric function Γ does as 𝐼 increases.

In an appendix we compare the SIS process to a birth-
death process that has the transmission and removal rates
of the SIS model without the effect of depletion of suscep-
tibles and whose quasistationary distribution is exactly the
geometric distribution that approximates the above distri-
bution. The phase plane analysis of the birth-death process
provides visual evidence that the parameter characterizing
the approximating geometric distribution by its rate of decay
is determined by the intercept where the nontrivial curve (17)
crosses the vertical axis.

5. Application of SIS Model Analysis to
Trachoma Case Counts

Trachoma is a common subclinical childhood infection in
certain regions of the less-developed world. Repeated infec-
tion results in scarring of the eyelid and trichiasis (turning
inward of the eyelashes, so that the eyelids scrape against
the cornea). Millions of cases of blindness have resulted. The
causative agent, Chlamydia trachomatis, can be cleared with
high efficacy with a single dose of azithromycin [33]. The
World Health Organization currently recommends annual
mass treatment in affected communities as a public health
control measure [33, 34].

During a clinical trial of timing of mass administra-
tion of azithromycin in the Amhara Region of Ethiopia
[23, 34, 35], village-level prevalence data were collected. At
baseline the probability distribution of village-level preva-
lences, omitting zero values, had a mean of 0.39 (range
0.08–0.62) (Figure 6, top plot). After the initiation of mass
treatment at or exceeding recommended WHO levels, the
mean prevalence declined, and the distributions became
indistinguishable from exponential [5] (Figure 6, subsequent
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Figure 6: Changing trachoma prevalence at baseline and at 6-
month intervals during the TANA trial of mass administration of
azithromycin [23]. As the trial progresses, the prevalences become
smaller and become more closely approximated by the exponential
[5]. (Individual village prevalences are shown in tick marks on the
horizontal axis. Curves result from beta distribution kernel density
smoothing [24], with smoothing parameter determined from leave-
one-out cross-validation [25].)

plots).This finding is consistent with the approximately expo-
nential distributions predicted by simple epidemic models,
as discussed above. The matter is of more than theoret-
ical interest, as mentioned in our introduction: the long
tail of the exponential distribution implies that, during
an elimination campaign, some communities may have
unexpectedly large prevalence and appear to be outliers
when in fact they are entirely consistent with the variation
expected.

The SIS model has been used in practice to assess
treatment frequency needed for elimination of trachoma [4,
29, 36].

Figure 7 displays these probability density functions 𝜙(𝑥)
transformed to the phase plane representation defined above,𝑝(𝑥) = −(𝑑/𝑑𝑥) ln(𝜙(𝑥)/𝑁)/𝑁. We assume a population size𝑁 = 100 per village, which is approximately the number
of children at risk in one of these villages [23]. In this plot,
the same motion from lower right to upper left is visible,
with convergence to the vertical axis and possibly to a curve
leaving that axis in the positive quadrant. More abundant
data may permit location of such a limiting curve that would
intersect the vertical axis in this representation of the data.
That curve would provide an estimate of the quasistationary
behavior of the disease, and its intercept would provide an
estimate of the disease’s 𝑅0.
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Figure 7: Phase plane representation of changing trachoma preva-
lence data from TANA trial shown in Figure 6. Each curve on the
plot corresponds to one of the distributions shown in Figure 6,
transformed to the𝑥-𝑝plane as in earlier figures (see text for details).
Over time the curves shift upward and to the left, moving close to
the vertical axis for smaller values of𝑝 and diverging from it at larger
values of 𝑝, similar to the motion seen in the Hamiltonian analysis
of the SIS model (Figure 4). Each curve in this figure is restricted to
the range of the nonzero prevalence values.

6. Summary

Hamiltonian structures describing master equation and dif-
fusion equation systems are the subject of ongoing explo-
ration in stochastic processes research, where the solution
sets of 𝐻 = 0 near the deterministic subspace are used to
model quasistationary behaviors and rare transition events,
such as switching between states or noise-induced extinc-
tions. We have presented an application of these structures
far away from the deterministic subsystem, to approximate
the probability distribution of a process near an absorbing
singular point, where theWKB hypothesis does not hold and
transient dynamics of the limiting PDE rather than its large-
time limit behavior must be used to identify the structure
corresponding to the quasistationary probability distribution
of the finite-size system.

Quasistationary solutions in epidemic models can gener-
ally not be solved exactly, so approximation techniques are
crucial in analysis of these processes. We present an alter-
native approach to this approximation problem, which may
be extensible to other similar model settings and whose full
usefulness is yet to be discovered. The WKB approximation
and the Hamiltonian and Lagrangian techniques of analysis
that it makes available are powerful and flexible andmay have
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applications in subcritical disease settings that gowell beyond
the quasistationary distribution.

Our exploration of cross-sectional prevalence data from
trachoma trials, when the prevalence distributions are repre-
sented as curves on the Hamiltonian phase plane, reveals a
pattern of motion consistent with the motion on the phase
plane predicted by this analysis for a subcritical transmission
model. Thus it is consistent, at least qualitatively, with a
hypothesis that trachoma transmission in that trial setting is
in fact subcritical and stochastic.This analysis fails to discon-
firm that hypothesis, though other explanations are possible.
In epidemiological settings where more data are available, it
may become possible to observe an upper limiting curve in
such a plot as well as the convergence to the vertical axis.
By revealing an emerging shape of the tail of the prevalence
distribution, information about that curve could contribute
to description of the quasistationary behavior of the disease.
Such information also may contribute to an estimate of its
basic reproduction number, arrived at independently of any
estimate based on temporal change in prevalences.

Beyond the one-variable birth-deathmodels that we have
analyzed, the techniques that we explore here for study of
quasistationary dynamics may be of use with models with
more stages of disease progression or differing transition
rates, multitype models, models with patch or network struc-
ture (cf. [37]), and other cases that aremore complex than the
simple models presented here. In population biology, the SIS
model we have discussed is also known as a stochastic logistic
model [38], and this analysis has promise for population
biology models that are similar but not identical to this
model. While the primary goal in conservation biology is to
preserve the populations in question, rather than to eradicate
them as in epidemiology, declining populations are clearly
of interest and the models in use may benefit from a similar
analysis. This analysis may be of use in other applications as
well, where quasistationary dynamics near an absorbing state
is of interest.

Appendix

Comparison to Poisson Birth-Death Process

Theclose approximation to the geometric by the SIS andother
transmissionmodels when infective counts are small can also
be explained by comparing the transmission model to a Pois-
son birth-death process, that is, a process in which depletion
of the susceptible class is not accounted for [1]. The quasista-
tionary limit of this process is the Yaglom limit of its associ-
ated branching process [39, 40] and is exactly geometric.

Here we use the above Hamiltonian phase plane analysis
to approximate the quasistationary limit of a Poisson birth-
death process with the same basic reproduction number 𝑅0,
for comparison to the above results.

In the Poisson birth-death process, the birth and death
rates are the same as in the SIS model, except for the absence
of the nonlinear 𝑆 factor in the birth rate:𝐵 (𝐼) = 𝑅0𝐼,𝐷 (𝐼) = 𝐼. (A.1)
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Figure 8: Phase plane for supercritical Poisson birth-death process(𝑅0 = 2).
It follows that the resulting Hamiltonian also is the same
except for the absence of that factor:𝐻(𝑥, 𝑝) = 𝑅0𝑥 (𝑒𝑝 − 1) + 𝑥 (𝑒−𝑝 − 1)= 𝑥 (𝑅0 − 𝑒−𝑝) (𝑒𝑝 − 1) . (A.2)

As in the SIS case, the Hamiltonian factors into three
parts, corresponding to three intersecting components of the
solution set of𝐻 = 0. Again, two components are the vertical
and horizontal axis. The third, nontrivial solution in this
case is a horizontal line rather than a rising curve. Unlike
the SIS case, here the nontrivial curve does not intersect the
horizontal subsystem (except in the critical case, which we
will leave aside in this discussion).

In the supercritical case (Figure 8), the dynamics on the
horizontal axis (the deterministic subsystem) is similar to
the SIS model in that positive values rise away from zero,
but with the difference that they increase to infinity rather
than to a finite endemic equilibrium value. In the subcritical
case (Figure 9), in which the birth-death process tends to
extinction, the behavior of the Hamiltonian system in the𝑥 ≥ 0 half-plane is qualitatively the same as for the subcritical
SIS. The only difference is in the form of the nontrivial curve
that specifies the quasistationary distribution.

The quasistationary curve is specified by the equation𝑅0 = 𝑒−𝑝, or 𝑝 = − ln𝑅0. Substituting 𝜕𝑢/𝜕𝑥 for 𝑝 produces
the quasistationary solution for the action, 𝑢(𝑥) = −𝑥 ln𝑅0,
and for the probability density, 𝜙(𝑥) = 𝐶𝑒−𝑁𝑢(𝑥) = 𝐶(𝑅0)𝐼.
This is equivalent to the geometric distribution with param-
eter 𝑅0, which is well known to be the quasistationary
distribution of this process.

We note that we can relate the geometric approximation
to the geometry of theHamiltonian phase plane. As discussed
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Figure 9: Phase plane for subcritical Poisson birth-death process(𝑅0 = 1/2).
above, the geometric approximation to the quasistation-
ary distribution is characterized by the logarithmic slope(𝜕/𝜕𝐼) ln𝑃(𝐼, 𝑡). The density function in terms of the fraction𝑥 is 𝜙(𝑥, 𝑡) = Ω𝑃(𝐼, 𝑡), and the action 𝑢 is defined by 𝜙(𝑥, 𝑡) =Ω𝑒−Ω𝑢(𝑥,𝑡), or 𝑢(𝑥, 𝑡) = − ln(𝜙(𝑥, 𝑡)/Ω)/Ω. Combining,

𝑢 (𝑥, 𝑡) = − ln𝑃 (𝐼, 𝑡)Ω , (A.3)

so that𝜕𝜕𝑥𝑢 (𝑥, 𝑡) = Ω 𝜕𝜕𝐼 (− ln𝑃 (𝐼, 𝑡)Ω ) = − 𝜕𝜕𝐼 ln𝑃 (𝐼, 𝑡) . (A.4)

But note that, on the phase plane, the vertical coordinate 𝑝
is identified with 𝜕𝑢/𝜕𝑥; so it follows that the parameter of
the geometric distribution approximating the quasistationary
distribution near 𝐼 = 0 is revealed by the value of the
nontrivial solution for 𝑝 at 𝑥 = 0, that is, the intercept where
the limiting curve describing the quasistationary distribution
crosses the vertical axis. That intercept is equal to − ln𝑅,
where 𝑅 is the parameter of the approximating geometric
distribution.

We note that the horizontal line found in the Poisson
birth-deathmodel’s phase plane and the SIS process’s limiting
curve converge on the same value 𝑝 = − ln𝑅0 at 𝑥 = 0,
confirming visually that this birth-death process is a good
approximation for the SIS process when its infective count is
much smaller than𝑁.
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We introduced a new nonassociative algebra, namely, left almost algebra, and discussed some of its genetic properties.We discussed
the relation of this algebra with flexible algebra, Jordan algebra, and generalized Jordan algebra.

1. Introduction

We introduced a new nonassociative and noncommutative
algebrawhich has several properties similar to nonassociative
and commutative algebras. The relation of the left almost
algebra with other nonassociative algebras is useful and inter-
esting to be known; in this regard, we found some relations
with known algebras, namely, flexible, alternative, and Jordan
algebras. We discussed some characteristics of this algebra
which is similar to a commutative and associative algebra.We
discussed some of the genetic properties of this algebra.

Some Basics from Genetics. Here, we discuss some simple
ideas in genetics for nongeneticists and for those who are
purely related to mathematics. Each cell of an organism
contains long thread-like structures called chromosomes
which are located inside the nucleus of animals and plants.
Chromosomes are made of protein and a single molecule
of deoxyribonucleic acid (DNA). After cell division, chro-
mosomes pass from parent cells to the newborn cells. The
particular intersections that the DNA carries make each
living creature unique fromothers.Themolecules of theDNA
are too long, which can be fitted inside the cells only by
chromosomes. Moreover, chromosomes play an important
role in copying and distributing DNA accurately in the whole
process of cell division. Problems in chromosomes in new
cells can create serious issues like leukemia and some types of
cancer. Males and females have different chromosomes; that
is, females have two 𝑋 chromosomes in their cells whereas
males have one 𝑋 and one 𝑌 chromosome. Humans have

23 pairs of chromosomes, with a total of 46 chromosomes.
A gene is a unit of hereditary information and lies on chro-
mosomes. A gene can take different forms which are called
alleles. In these 23 pairs, one represents the sexual character
in males; a locus which occurs on 22 pairs of chromosomes
is called autosomal, whereas a locus on one pair is called
sex-linked. Diploid cells are those which carry a double set
of chromosomes and haploid cells are those which carry a
single set of chromosomes. Diploid cells produce sex cells
called gametes through a process called meiosis. Mitosis is
the process of reproduction in haploid cells.The gametes cells
meet each other and give a zygotewhich is again a diploid cell.

Basics of Genetic Algebra.After the theory of Charles Darwin,
it was Gregor Mendel who studied the natural laws of genetic
inheritance and tried to express them in a mathematical
language. In [1–3], Etherington introduced a new method
of nonassociative algebras to study genetics. Holgate stud-
ied these algebras with genetic realizations in [4–7]. Reed
discussed the nonassociative algebraic structure of genetic
inheritance in [8]. The genetic algebra with mutation has
been discussed in [9, 10]. Several other authors studied
nonassociative algebras with genetic realizations (for details,
see [10–14]).

Let 𝑅 be a nonempty set together with two binary
operations “+” and “⋅” which satisfies all the axioms of an
associative ring (algebra) except an associative property with
respect tomultiplication; then, it is known as a nonassociative
ring (algebra). Lie ring was introduced by defining and
replacing a new binary operation [𝑎, 𝑏] = 𝑎𝑏 − 𝑏𝑎, for all 𝑎, 𝑏,

Hindawi
Computational and Mathematical Methods in Medicine
Volume 2017, Article ID 1975780, 6 pages
https://doi.org/10.1155/2017/1975780

https://doi.org/10.1155/2017/1975780


2 Computational and Mathematical Methods in Medicine

with ordinary multiplication of an associative ring (algebra);
obviously, it is a nonassociative ring (algebra). By defining a
new binary operation 𝑎 ⋅ 𝑏 = (1/2)(𝑎𝑏 + 𝑏𝑎) on an associative
algebra over a field whose characteristic is not equal to 2, we
obtain another important nonassociative algebra known as
Jordan algebra. It is worth mentioning here that the theory
of nonassociative algebras is a fruitful branch of algebra.
Most importantly, the class of nonassociative algebras has
closed connections with other branches of mathematics;
also, it has closed connections with quantum mechanics,
physics, biology, and other sciences. The crucial part of this
theory is the theory of nearly associative rings and algebras:
Lie, alternative, and Jordan algebras. In short, considering
nonassociative algebras over real number fields has several
applications in biology especially in genetics. Moreover, there
are some other classes of nonassociative algebras closely
related to genetics which are popular among mathematicians
and geneticists for their usefulness in genetics. Generally,
these types of algebras are commutative and nonassociative.
In fact, one can study the properties of genetics by making
the mathematical models using nonassociative, commutative
algebras. To visualize the concept of such algebras, let us pay
attention to some specific classes of algebras like gametic,
zygotic, and copular algebras.

Here, we will discuss some simple algebras with genetic
realizations. In order to understand the algebraic properties
in genetics, simple Mendelian inheritance has been consid-
ered in [10]. If we consider a single gene with two alleles 𝑥1
and 𝑥2, after mating of alleles 𝑥1 and 𝑥2, we get the zygotes𝑥1𝑥1, 𝑥1𝑥2, 𝑥2𝑥1, and 𝑥2𝑥2, where 𝑥1𝑥1, 𝑥2𝑥2 are known as
homozygotes while 𝑥1𝑥2, 𝑥2𝑥1 are called heterozygotes. In
particular, 𝑥1𝑥2 = 𝑥2𝑥1, which means that the commutative
law holds in this case, which genetically represents the notion
that mating of allele 𝑥1 with allele 𝑥2 is the same as mating of𝑥2 with 𝑥1. Let us consider the equation 𝑥1𝑥2 = (1/2)(𝑥1 +𝑥2). This linear equation represents the notion that 𝑥1𝑥1 =𝑥1 and 𝑥2𝑥2 = 𝑥2. The algebra with the multiplication
table above is known as gamete algebra. Moreover, the
zygotic algebra can be obtained from the gametic algebra by
commutative duplication. From mathematical perspectives,

the juxtaposition between𝑥1 and𝑥2 shows a binary operation
which is not associative because (𝑥1𝑥2)𝑥2 ̸= 𝑥1(𝑥2𝑥2) or
equivalently (𝑥1𝑥2)𝑥2 = 𝑥1(𝑥2𝑥2) says that both alleles𝑥1 and 𝑥2 are the same. Therefore, the associative law
does not hold for the gametic algebra and it also does not
hold for the zygotic algebra. Generally, algebras associated
with genetics are commutative but nonassociative. In [3],
Etherington proved that the zygotic algebra can be obtained
from the gametic algebra through a commutative duplication
process. Now, it is interesting to note that there is a class of
algebras which is nonassociative and noncommutative but
possesses many characteristics similar to commutative and
associative algebras and has close relations with commutative
algebras. Using notions from these algebras, we give a more
general definition of gametic and zygotic algebras. Moreover,
this nonassociative and noncommutative algebra has closed
connections with Jordan and flexible algebras. In addition
to this, if it contains a left identity, then it satisfies the
famous Jordan identity and the generalized Jordan identity.
This algebra works mostly like a commutative algebra; for
instance, 𝑥2𝑦2 = 𝑦2𝑥2, for all 𝑥, 𝑦, holds in a commutative
algebra while this equation also holds for a left almost
algebra, and if a left almost algebra contains a left identity𝑒, then 𝑥𝑦 = (𝑦𝑥)𝑒, for any 𝑥, 𝑦. In fact, the structure is
nonassociative and noncommutative but it possesses many
properties which usually hold in associative and commutative
algebraic structures. Also, defining a new operation on this
algebra gives a commutative and associative algebra.

In this paper, we will discuss those algebras which are
nonassociative and noncommutative but have close connec-
tions with nonassociative and commutative algebras. We
generalized the definition available in [8] and introduced a
new generalized definition for gamete algebras. Moreover, we
introduce a new class of a nonassociative algebra called left
almost algebra.

We restrict ourselves by considering a gene on a particular
locus on a chromosome. Here, we begin with the definition
of gametic algebra [8]. Consider 𝑛 gametes 𝑎1, 𝑎2, . . . , 𝑎𝑛
as basis elements of an 𝑛-dimensional real vector space.
Multiplication is defined by

𝑎𝑖𝑎𝑗 = 𝑛∑
𝑘=1

𝛾𝑖𝑗𝑘𝑎𝑘,
such that 0 ≤ 𝛾𝑖𝑗𝑘 ≤ 1, 𝑖, 𝑗, 𝑘 = 1, 2, . . . , 𝑛, 𝑛∑

𝑘=1

𝛾𝑖𝑗𝑘 = 1, 𝑖, 𝑗, 𝑘 = 1, 2, . . . , 𝑛, 𝛾𝑖𝑗𝑘 = 𝛾𝑗𝑖𝑘, 𝑖, 𝑗, 𝑘 = 1, 2, . . . 𝑛, (1)

where 𝛾𝑖𝑗𝑘 represent the relative gene frequencies.
The resulting algebra S is called an 𝑛-dimensional

gametic algebra.

Some Basic Notions of Nonassociative Algebras. A groupoid 𝑆
is called a left almost semigroup if it satisfies the following left
invertive law, (𝑎𝑏)𝑐 = (𝑐𝑏)𝑎, for all 𝑎, 𝑏, 𝑐 ∈ 𝑆. Holgate called
it a left invertive groupoid [4]. An element 𝑒 of a groupoid 𝑆
is called left (right) identity if 𝑒𝑥 = 𝑥(𝑥𝑒 = 𝑥) for all 𝑥 in 𝑆. A
left identity in a left almost semigroup is unique.

Let 𝑎, 𝑏, 𝑐 ∈ 𝑆, where 𝑆 is a left almost semigroup with left
identity 𝑒. Then,

𝑎 (𝑏𝑐) = 𝑏 (𝑎𝑐) , ∀𝑎, 𝑏, 𝑐 ∈ 𝑆. (2)

But the converse of the above statement is not true.
If a left almost semigroup contains a right identity, then it

becomes a commutative semigroup. A left almost semigroup𝑆 is a mid structure between a groupoid and a commutative
semigroup.
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From the discussion above, it is easy to conclude that
this nonassociative structure with left identity has a closed
connection with a commutative semigroup.

A nonassociative algebra A is a vector space over a field
F along with the bilinear multiplication from A × A → A,
satisfying the following distributive properties:

(𝛼𝑎 + 𝛽𝑏) 𝑐 = 𝛼 (𝑎𝑐) + 𝛽 (𝑏𝑐) ,
𝑎 (𝛼𝑏 + 𝛽𝑐) = 𝛼 (𝑎𝑏) + 𝛽 (𝑎𝑐) ,

∀𝛼, 𝛽 ∈ F, 𝑎, 𝑏, 𝑐 ∈ A.
(3)

A nonassociative algebra A is called left almost algebra
over a field F if it satisfies the left invertive property with
respect to multiplication.

Several authors discussed mostly commutative and
nonassociative algebras with genetic realizations. There are
some cases of noncommutative, nonassociative algebraic
structures which were discussed in [2, 10, 14]. Moreover,
Mendel’s algebra is interesting to discuss. To study such
cases of Mendel’s algebra with mutation, we introduce a
new class of nonassociative and noncommutative algebras
known as left almost algebras. These algebras possess many
characteristics which are similar to those of commutative
nonassociative algebras with genetic realizations. Here, we
give the generalized definition for gametic algebra; consider𝑛 gametes 𝑎1, 𝑎2, . . . , 𝑎𝑛 as basis elements of an 𝑛-dimensional
left almost vector space overR. If we define multiplication by

𝑎𝑖𝑎𝑗 = 𝛾𝑖𝑗1𝑎1 + 𝛾𝑖𝑗2𝑎2 + 𝛾𝑖𝑗3𝑎3 + ⋅ ⋅ ⋅ + 𝛾𝑖𝑗𝑛𝑎𝑛,
such that 1 = 𝛾𝑖𝑗1 + 𝛾𝑖𝑗2 + 𝛾𝑖𝑗3 + ⋅ ⋅ ⋅ + 𝛾𝑖𝑗𝑛, 𝑖, 𝑗, 𝑘 = 1, 2, . . . , 𝑛, (4)

where 0 ≤ 𝛾𝑖𝑗𝑘 ≤ 1 for all 𝑖, 𝑗, 𝑘 = 1, 2, . . . , 𝑛, 𝛾𝑖𝑗𝑘 represent
the relative gene frequencies.

Then, the resulting algebra A is called an 𝑛-dimensional
nonassociative and noncommutative left almost gametic
algebra.

Let (𝑎1, . . . , 𝑎𝑛) be a basis representing the 𝑛 alleles gen-
erating a gametic left almost algebra and the multiplication
defined as 𝑎𝑖𝑎𝑗 = (1/2)(𝑎𝑖 + 𝑎𝑗). Consider the mapping 𝜔 :
V → R and let𝑤 be the weight function defined as𝜔(𝑎𝑖) = 1.
For any element 𝑥 ofA, 𝑥 = ∑ 𝛼𝑖𝑎𝑖. Thus,

𝑥2 = 𝑥𝑥 = 𝑛∑
𝑖=1

(𝛼𝑖𝑎𝑖)
𝑛∑
𝑖=1

(𝛼𝑖𝑎𝑖) = 𝑛∑
𝑖=1

𝑛∑
𝑖=1

(𝛼𝑖𝑎𝑖) (𝛼𝑖𝑎𝑖)

= 𝑛∑
𝑖=1

𝑛∑
𝑖=1

(𝛼𝑖𝛼𝑖) (𝑎𝑖𝑎𝑖) = 𝑛∑
𝑖=1

𝑛∑
𝑖=1

(𝛼𝑖𝛼𝑖) 𝑎𝑖

= 𝑛∑
𝑖=1

𝑛∑
𝑖=1

(𝛼𝑖𝛼𝑖) (𝑎𝑖) = 𝑛∑
𝑖=1

(𝛼𝑖)
𝑛∑
𝑖=1

(𝛼𝑖𝑎𝑖) = 𝑥,

Provided
𝑛∑
𝑖=1

(𝛼𝑖) = 1.

(5)

Now, in a similar way, we can define the zygotic algebra
and for this we consider 𝑛 gametes 𝑎𝑖𝑗 = 𝑎𝑖𝑎𝑗 (considering
only 𝑖 ≤ 𝑗), and then random mating of zygotes 𝑎𝑖𝑗 with𝑎𝑝𝑞 will produce zygotes 𝑎𝑘𝑠 with a particular ratio, say𝛾𝑖𝑗,𝑝𝑞,𝑘𝑠. Thus, we define the following generalized zygotic
multiplication as

𝑎𝑖𝑗𝑎𝑝𝑞 = ∑
𝑘≤𝑠

𝛾𝑖𝑗,𝑝𝑞,𝑘𝑠𝑎𝑘𝑠, such that ∑
𝑘≤𝑠

𝛾𝑖𝑗,𝑝𝑞,𝑘𝑠 = 1, 𝑖, 𝑗, 𝑘 = 1, 2, . . . , 𝑛 such that 0 ≤ 𝛾𝑖𝑗,𝑝𝑞,𝑘𝑠 ≤ 1 ∀𝑖, 𝑗, 𝑘 = 1, 2, . . . , 𝑛, (6)

where 𝛾𝑖𝑗,𝑝𝑞,𝑘𝑠 are the relative gene frequencies.
An element 𝑥 in our noncommutative, nonassociative

algebra A indicates a population or a gene pool and it can
be expressed as a linear combination of the basis elements𝑎1, 𝑎2, . . . , 𝑎𝑛 as 𝑥 = 𝜆1𝑎1 + 𝜆2𝑎2 + 𝜆3𝑎3 + ⋅ ⋅ ⋅ + 𝜆𝑛𝑎𝑛 and𝜆1 +𝜆2+𝜆3+ ⋅ ⋅ ⋅+𝜆𝑛 = 1, where 𝜆𝑙 ∈ F, for all 𝑙 = 1, 2, . . . , 𝑛.

The algebra with genetic realization arising from expres-
sion (4) is more general than the one arising from (1) because
the algebra is both nonassociative and noncommutative.

An algebra A is called flexible if it satisfies the following
property:

(𝑥𝑦) 𝑥 = 𝑥 (𝑦𝑥) , ∀𝑥, 𝑦 in A. (7)

An algebra A is called a generalized Jordan algebra if it
satisfies the following property:

(𝑥𝑦) (𝑥𝑥) = 𝑥 (𝑦 (𝑥𝑥)) , ∀𝑥, 𝑦 in A. (8)

It is obvious that both flexible and generalized Jordan
algebras are different but if 𝑥 = 𝑥2 for all 𝑥 then both become
identical.

2. Mutation Algebra

In [9], the author consideredmutation algebra withmutation
rates 𝑟 and 𝑠, the gametic algebra having the basis with
elements 𝐷 and 𝑅, where the multiplication table is defined
as

𝐷2 = (1 − 𝑟) 𝐷 + 𝑟𝑅,
𝑅2 = s𝐷 + (1 − 𝑠) 𝑅 (9)

𝐷𝑅 = 1
2 (1 − 𝑟 + 𝑠) 𝐷 + 1

2 (1 − 𝑠 + 𝑟) 𝑅. (10)

Then, the author chose another basis with elements 𝑎 = 𝐷
and 𝑏 = 𝐷 − 𝑅, and thus

𝑎2 = 𝑎 − 𝑟𝑏,
𝑎𝑏 = 1

2 (1 − 𝑟 − 𝑠) 𝑏,
𝑏2 = 0.

(11)
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Let us define an abstract algebraA generated by {𝑎𝑖 : 1 ≤𝑖 ≤ 𝑛} over a finite field F. If we define the binary operation
“⋆” on A as 𝑎𝑖 ⋆ 𝑎𝑗 = 𝛼𝑎𝑖 + 𝛼2𝑎𝑗(𝛼 + 𝛼2 = 1), then this
algebra satisfies (10) but 𝑎𝑖 ⋆ 𝑎𝑖 = 𝑎𝑖. Therefore, it is important
to mention here that the algebra defined by this operation is
not totally consistent with the mutation algebra introduced
by Gonshor above. This simply implies that there is a lack of
one hundred correspondences between this algebra and the
algebra defined in (10) but there are still several similarities
existing between the ideas of the mutation algebra and the
algebrawe introduced. In the next theorem,wewill prove that
this algebra is a left almost algebra. We denote this algebra by
Mn(𝛼F).
Theorem 1. Mn(𝛼F) is a noncommutative and nonassociative
left almost algebra.

Proof. Obviously, Mn(𝛼F) is closed. Next, we will show that
Mn(𝛼F) satisfies the left invertive property, for this left
𝑋, 𝑌, 𝑍 ∈ Mn(𝛼F). Then, 𝑋 = ∑𝑛𝑗=1 𝛽𝑗𝑎𝑗, 𝑌 = ∑𝑛𝑘=1 𝛾𝑘𝑎𝑘 and𝑍 = ∑𝑛𝑙=1 𝛿𝑙𝑎𝑙. To prove (𝑋 ⋆ 𝑌) ⋆ 𝑍 = (𝑍 ⋆ 𝑌) ⋆ 𝑋, we need
to prove (𝑎𝑗 ⋆ 𝑎𝑘) ⋆ 𝑎𝑙 = (𝑎𝑙 ⋆ 𝑎𝑘) ⋆ 𝑎𝑗.

(𝑎𝑗 ⋆ 𝑎𝑘) ⋆ 𝑎𝑙 = 𝛼 (𝛼𝑎𝑗 + 𝛼2𝑎𝑘) + 𝛼2𝑎𝑙
= 𝛼2𝑎𝑗 + 𝛼3𝑎𝑘 + 𝛼2𝑎𝑙,

(𝑎𝑙 ⋆ 𝑎𝑘) ⋆ 𝑎𝑗 = 𝛼 (𝛼𝑎𝑙 + 𝛼2𝑎𝑘) + 𝛼2𝑎𝑗
= 𝛼2𝑎𝑙 + 𝛼3𝑎𝑘 + 𝛼2𝑎𝑗
= 𝛼2𝑥 + 𝛼3𝑦 + 𝛼2𝑧.

(12)

It is not associative because

𝑎𝑗 ⋆ (𝑎𝑘 ⋆ 𝑎𝑙) = 𝛼𝑎𝑗 + 𝛼2 (𝛼𝑎𝑘 + 𝛼2𝑎𝑙)
= 𝛼𝑎𝑗 + 𝛼3𝑎𝑘 + 𝛼4𝑎𝑙.

(13)

Moreover, 𝑎𝑗⋆𝑎𝑘 = 𝛼𝑎𝑗+𝛼2𝑎𝑘 and 𝑎𝑘⋆𝑎𝑗 = 𝛼𝑎𝑘+𝛼2𝑎𝑗.Thus,𝑋𝑌 ̸= 𝑌𝑋, for some 𝑋, 𝑌.
If we consider this theorem for a finite field of cardinality

4 which is the extension ofZ2, then 𝑡2+𝑡 = 1 gives 𝑡2+𝑡+1 =0. More generally, 𝑥2 + 𝑥 + 1 = 0 is the quadratic equation
representing the irreducible polynomial in Z2 = {0, 1}. Thus,𝐺𝐹(22) = {0, 1, 𝑡, 𝑡2}, and thus 𝐺𝐹(22) \ {0} = F \ {0} = ⟨𝑡 :𝑡3 = 1⟩ = {1, 𝑡, 𝑡2}. We denote this algebra byM4(tF). Roots
of the equation 𝑥2 + 𝑥 = 1 are (−1 + √5)/2 and (−1 − √5)/2.
Thus,

𝑎𝑘 ⋆ 𝑎𝑗 = 𝛼𝑎𝑘 + 𝛼2𝑎𝑗
(𝛼 + 𝛼2 = 1, where 𝛼 = −1 ± √5

2 ) . (14)

Obviously, 𝑎𝑗 ⋆ 𝑎𝑗 = 𝛼𝑎𝑗 + 𝛼2𝑎𝑗 = (𝛼 + 𝛼2)𝑎𝑗 = 𝑎𝑗.
Theorem 2. The algebra M4(tF) is a generalized Jordan
algebra.

Proof. Clearly, M4(tF) is a left almost algebra. Next, we will
prove that it satisfies the property of flexible algebra. We have𝑎𝑗 ⋆ 𝑎𝑗 = 𝛼𝑎𝑗 + 𝛼2𝑎𝑗 = (𝛼 + 𝛼2)𝑎𝑗 = 𝑎𝑗. Therefore,

𝑋 ⋆ 𝑋 = 𝑛∑
𝑗=1

𝛽𝑗𝑎𝑗 ⋆
𝑛∑
𝑗=1

𝛽𝑗𝑎𝑗 = 𝑛∑
𝑗=1

𝑛∑
𝑗=1

𝛽𝑗𝛽𝑗 (𝑎𝑗 ⋆ 𝑎𝑗)

= 𝑛∑
𝑗=1

𝑛∑
𝑗=1

𝛽𝑗𝛽𝑗𝑎𝑗 = 𝑛∑
𝑗=1

𝛽𝑗
𝑛∑
𝑗=1

𝛽𝑗𝑎𝑗 = 𝑛∑
𝑗=1

𝛽𝑗𝑎𝑗.
(15)

Thus,

(𝑋 ⋆ 𝑌) ⋆ (𝑋 ⋆ 𝑋) = [(𝑋 ⋆ 𝑋) ⋆ 𝑌] ⋆ 𝑋
= [(𝑌 ⋆ 𝑋) ⋆ 𝑋] ⋆ 𝑋
= (𝑋 ⋆ 𝑋) ⋆ (𝑌 ⋆ 𝑋)
= 𝑋 ⋆ (𝑌 ⋆ 𝑋)
= 𝑋 ⋆ [𝑌 ⋆ (𝑋 ⋆ 𝑋)] .

(16)

Corollary 3. The algebraM4(tF) is a flexible algebra.
It is obvious from Theorem 2 that M4(tF) contains

idempotent elements and we know that idempotent elements
in nonassociative algebras have their own importance. Thus,
we arrived at the following remark.

Remark 4. From the biological point of view, the idempotents
in the algebra M4(tF) have their own usefulness. Since this
algebra has several characteristics similar to a nonassociative
algebra arising in genetics, the idempotent elements of this
algebra may be used for equilibria of a population described
by some nonassociative algebras with genetic realizations.

In the following, we will consider some other nonasso-
ciative algebras and will discuss their relations with the left
almost algebra mathematically.

An alternative algebra A is a nonassociative algebra
satisfying the following properties:

𝑥 (𝑥𝑦) = (𝑥𝑥) 𝑦,
(𝑦𝑥) 𝑥 = 𝑦 (𝑥𝑥) ,

∀𝑥, 𝑦 in A.
(17)

Lemma 5. If A is a left almost alternative algebra, then𝑥(𝑥𝑦) = (𝑥𝑥)𝑦 = (𝑦𝑥)𝑥 = 𝑦(𝑥𝑥) and 𝑥2𝑦 = 𝑦𝑥2, for all 𝑥
and 𝑦 inA.

Proof. Let 𝑥 and 𝑦 belong to A; then, 𝑥(𝑥𝑦) = (𝑥𝑥)𝑦 =(𝑦𝑥)𝑥 = 𝑦(𝑥𝑥), so 𝑥2𝑦 = 𝑦𝑥2, for all 𝑥 and 𝑦.
It is proved above that 𝑥2𝑦 = 𝑦𝑥2 for all 𝑥 and 𝑦 in A.

Thus, 𝑥2𝑥 = 𝑥𝑥2 for 𝑥 inA. Therefore, we can define powers
of an element inA.
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Lemma6. IfA is a left almost alternative algebra that contains
a left identity e, then A becomes commutative and associative
with identity.

Proof. Since 𝑥2𝑦 = 𝑦𝑥2, for all 𝑥 and 𝑦, therefore 𝑥 = e𝑥 =
e2𝑥 = 𝑥e2 = 𝑥e. Then,

𝑥𝑦 = (𝑥𝑦) e = (e𝑦) 𝑥 = 𝑦𝑥. (18)

It is easy to see that commutativity and the left invertive law
give associativity.

For the rest of the paper, by A, we shall mean the left
almost alternative algebra satisfying (2).

Lemma 7. 𝑦𝑥𝑛 = 𝑥𝑛𝑦, for all 𝑥, 𝑦 inA and for 𝑛 ≥ 2.
Proof. We already proved that 𝑥2𝑦 = 𝑦𝑥2, for all 𝑥, 𝑦 in A.
Then,

(𝑥2𝑦) 𝑥 = (𝑦𝑥2) 𝑥 = (𝑥2𝑦) 𝑥 = (𝑥𝑦) 𝑥2 = 𝑥2 (𝑦𝑥)
= 𝑦 (𝑥2𝑥) = 𝑦𝑥3,

(𝑦𝑥2) 𝑥 = (𝑥𝑥2) 𝑦 = 𝑥3𝑦.
(19)

Thus, 𝑦𝑥3 = 𝑥3𝑦. Let us assume that let 𝑦𝑥𝑘 = 𝑥𝑘𝑦, for 𝑘 ≥ 3.
Then,

(𝑥𝑘𝑦) 𝑥 = (𝑥𝑦) 𝑥𝑘 = 𝑥𝑘 (𝑦𝑥) = 𝑦 (𝑥𝑘𝑥) = 𝑦𝑥𝑘+1,
(𝑦𝑥𝑘) 𝑥 = (𝑥𝑥𝑘) 𝑦 = 𝑥𝑘+1𝑦. (20)

Theorem 8. EveryA becomes a generalized Jordan algebra.

Proof. Let 𝑥, 𝑦 ∈ A. Then,

(𝑥𝑦) 𝑥2 = 𝑥2 (𝑦𝑥) = 𝑦 (𝑥2𝑥) = 𝑦 (𝑥𝑥2) = 𝑥 (𝑦𝑥2) . (21)

Hence, (𝑥𝑦)𝑥2 = 𝑥(𝑦𝑥2).
Lemma 9. (𝑥2𝑦)𝑥 = 𝑥2(𝑦𝑥), for all 𝑥, 𝑦 inA.

Proof. Using 𝑥2𝑦 = 𝑦𝑥2, we get
(𝑥2𝑦) 𝑥 = (𝑥𝑦) 𝑥2 = 𝑥2 (𝑥𝑦) = (𝑦𝑥) 𝑥2 = 𝑥2 (𝑦𝑥) . (22)

We get a more generalized form of generalized Jordan
algebra which is available in the following crucial theorem.

Theorem 10. (𝑥2𝑦)𝑧 = 𝑥2(𝑦𝑧), 𝑥2(𝑦𝑧) = 𝑥2(𝑧𝑦), for all𝑥, 𝑦, 𝑧 inA.

Proof. Using 𝑥2𝑦 = 𝑦𝑥2, we get
(𝑥2𝑦) 𝑧 = (𝑧𝑦) 𝑥2 = 𝑥2 (𝑧𝑦) = (𝑦𝑧) 𝑥2 = 𝑥2 (𝑦𝑧) . (23)

This theorem represents a mathematical model showing
that mating of 𝑥2 with 𝑦𝑧 is the same as mating of 𝑥2 with 𝑧𝑦.
Proposition 11. (𝑎𝑏)(𝑐𝑑) = (𝑑𝑏)(𝑐𝑎) = (𝑑𝑐)(𝑏𝑎), for all𝑎, 𝑏, 𝑐, 𝑑 inA.

Proof. The proof is easy.

For any 𝑎 in 𝑆, we put 𝑎1 = 𝑎 and 𝑎𝑛+1 = 𝑎𝑛𝑎, where 𝑛 is a
positive integer.

Proposition 12. A has associative powers.

Proof. The proof is easy.

Proposition 13. 𝑎𝑚𝑎𝑛 = 𝑎𝑚+𝑛, for all 𝑎 ∈ A and positive
integers 𝑚, 𝑛.
Proof. According to Proposition 12, the result is true for 𝑚 ⩾1. Again, by Lemma 7, we obtain

𝑎𝑚+1𝑎𝑛 = (𝑎𝑚𝑎) 𝑎𝑛 = (𝑎𝑎𝑚) 𝑎𝑛 = (𝑎𝑚𝑎𝑛) 𝑎 = 𝑎𝑚+𝑛𝑎
= 𝑎𝑚+𝑛+1. (24)

Hence, 𝑎𝑚𝑎𝑛 = 𝑎𝑚+𝑛 ∀𝑎 ∈ A.

Proposition 14. (𝑎𝑚)𝑛 = 𝑎𝑚𝑛 for all 𝑎 ∈ 𝐴 and positive inte-
gers 𝑚, 𝑛.
Proof. The result is true for 𝑛 = 1. Suppose it is true for 𝑛 > 1.
Then, we obtain

(𝑎𝑚)𝑛+1 = (𝑎𝑚)𝑛 𝑎𝑚 = 𝑎𝑚𝑛𝑎𝑚 = 𝑎𝑚𝑛+𝑚 = 𝑎𝑚(𝑛+1). (25)

Hence, by induction on 𝑛, (𝑎𝑚)𝑛 = 𝑎𝑚𝑛 for all 𝑎 in 𝑆 and
positive integers 𝑚, 𝑛.
Proposition 15. (𝑎𝑏)𝑛 = 𝑎𝑛𝑏𝑛, for all 𝑎, 𝑏 inA and for positive
integer 𝑛 ≥ 1.
Proof. The result is true for 𝑛 = 1. If 𝑛 = 2, then

(𝑎𝑏)2 = (𝑎𝑏) (𝑎𝑏) = (𝑎𝑎) (𝑏𝑏) = 𝑎2𝑏2. (26)

Suppose that the result is true for 𝑛 = 𝑘. Then, we get

(𝑎𝑏)𝑘+1 = (𝑎𝑏)𝑘 (𝑎𝑏) = (𝑎𝑘𝑏𝑘) (𝑎𝑏) = (𝑎𝑘𝑎) (𝑏𝑘𝑏)
= 𝑎𝑘+1𝑏𝑘+1. (27)

Hence, the result is true for all positive integers.

Theorem 16. 𝑥𝑛𝑦𝑚 = 𝑦𝑚𝑥𝑛, for 𝑛 ≥ 1, 𝑚 ≥ 2, for all 𝑥, 𝑦 in
A.
Proof. The proof follows from Lemma 7.

Theorem 17. (𝑥𝑛𝑥𝑚)𝑦 = 𝑦(𝑥𝑚𝑥𝑛), for 𝑚 ≥ 2, 𝑛 ≥ 1.
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Proof. Let 𝑥, 𝑦 ∈ A. Then,

(𝑥𝑛𝑥𝑚) 𝑦 = (𝑥𝑚𝑥𝑛) 𝑦 = (𝑥𝑛𝑦) 𝑥𝑚 = 𝑥𝑚 (𝑦𝑥𝑛)
= 𝑦 (𝑥𝑚𝑥𝑛) . (28)

Theorem 18. EveryA satisfies the generalized Jordan identity(𝑥𝑚𝑦)𝑥𝑛 = 𝑥𝑚(𝑦𝑥𝑛) for 𝑚 ≥ 1, 𝑛 ≥ 2.
Proof. We will use induction. For 𝑚 = 1 and 𝑛 = 2, it is the
same as inTheorem 17.

(𝑥𝑚𝑦) 𝑥𝑛 = (𝑦𝑥𝑚) 𝑥𝑛 = (𝑥𝑛𝑥𝑚) 𝑦 = 𝑦 (𝑥𝑚𝑥𝑛)
= 𝑥𝑚 (𝑦𝑥𝑛) . (29)

It is obvious from the above that the left almost algebra
has closed connections with generalized Jordan algebra and
flexible algebra.

It is interesting to note that genetic algebras (gametic,
zygotic, copular, train, Bernstein, etc.) do not satisfy the prop-
erties of Jordan algebra but the left almost algebra becomes
a Jordan algebra. Moreover, this algebra is power associative
and satisfies the generalized identity (𝑥𝑚𝑦)𝑥𝑛 = 𝑥𝑚(𝑦𝑥𝑛)
introduced by Jordan. It also satisfies 𝑥𝑛𝑦𝑚 = 𝑦𝑚𝑥𝑛 for𝑚, 𝑛 ≥2. This algebra is the generalization of the Jordan algebra. It
is noncommutative and nonassociative but possesses many
characteristics similar to Jordan algebra. Since Jordan algebra
has many applications in genetics, it is concluded that our
new generalized algebra will give direction for applications
in genetics.

3. Conclusion

In this paper, we introduced a new nonassociative and non-
commutative algebra with genetic realizations. We discussed
its link with flexible, alternative, and Jordan algebras. This
algebra possesses many characteristics similar to a commuta-
tive and associative algebra.We discussed some of the genetic
properties of this algebra. In our future work, we will focus
on some other nonassociative algebras.We conclude that this
research will give a new direction for applications in genetics.
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A stochastic 𝑆𝐼𝑅 model with vertical transmission and vaccination is proposed and investigated in this paper. The threshold
dynamics are explored when the noise is small. The conditions for the extinction or persistence of infectious diseases are deduced.
Our results show that large noise can lead to the extinction of infectious diseases which is conducive to epidemic diseases control.

1. Introduction

The history of mankind is filled with struggle with diseases.
Infectious diseases such as smallpox, cholera, plague of
leprosy, diphtheria, syphilis, typhus fever, malaria, rabies, and
tuberculosis have threatened the health of human beings.
People have realized the importance of quantitative studies
on the spread of infectious diseases to predict and to control
them. It can be known from referring to the literature [1–4]
that, with the aid of the establishment of infectious disease
models, people can understand the crucial laws of infectious
diseases and provide reliable and enough information to
predict and control infectious diseases. For example, as
early as 1760, Bernoulli and Blower [5] proposed the first
mathematical model in epidemiology for studying the spread
and inoculation of smallpox. Further, in 1927, Kermack
and McKendrick [6] proposed the concept of the so-called
“compartmental model,” in which all the population was
classified into three compartments: susceptible compartment𝑆, infected compartment 𝐼, and removed compartment𝑅. It is
assumed in themodel that the susceptible class can transform
into the infective class through contact with infected indi-
viduals, and the infectives can recover through treatment so
that they have permanent immunity.Therefore, it is now well
known that many scholars have paid attention to 𝑆𝐼𝑅models;
as a result, it can be seen in the literature that a large number

of mathematical models of ordinary differential equations,
delay differential equations, and partial differential equations
have been constructed to study the spread of infectious
diseases (see, e.g., [7–23]). In the last decades, we observed
that scholars published few papers in scientific journals
related to mathematics considering infectious diseases with
vertical transmission which are transmitted from parents to
their offspring (e.g., [1, 24–26]). Although scholars neglect the
effect of vertical transmission, it is very important to study the
real situation of the transmission of infectious diseases. The
current diseases affecting humanity such as AIDS [27–31],
Chagas’ disease [32–34], hepatitis B [35, 36], and hepatitis C
[37] are vertically transmitted. From this, it can be clearly seen
that mathematical modeling including vertical transmission,
horizontal transmission, and vaccination [38, 39] is more
realistic than without them. Therefore, in this study, we have
focused our attention on this and an 𝑆𝐼𝑅 epidemic model
involving vertical transmission and vaccinationwas proposed
as follows [1, 24] (see Figure 1):̇𝑆 (𝑡) = −𝛽𝑆 (𝑡) 𝐼 (𝑡) + (1 − 𝑚) 𝑏 (𝑆 (𝑡) + 𝑅 (𝑡))+ 𝑝𝑏𝐼 (𝑡) − 𝑏𝑆 (𝑡) ,̇𝐼 (𝑡) = 𝛽𝑆 (𝑡) 𝐼 (𝑡) + 𝑞𝑏𝐼 (𝑡) − 𝑏𝐼 (𝑡) − 𝛾𝐼 (𝑡) ,�̇� (𝑡) = 𝛾𝐼 (𝑡) − 𝑏𝑅 (𝑡) + 𝑚𝑏 (𝑆 (𝑡) + 𝑅 (𝑡)) ,

(1)
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Figure 1: The compartmental diagram for the 𝑆𝐼𝑅 model with
vertical transmission and vaccination.

where 𝑆(𝑡), 𝐼(𝑡), and 𝑅(𝑡) represent the members of the
susceptible, the infectious, and the removed or the recovered
members from infection, respectively. 𝑏 is the birth and death
rate of 𝑆(𝑡) and 𝑅(𝑡), 𝑏 is the birth and death rate of 𝐼(𝑡), 𝛽
is the contact rate, and 𝑚 (0 < 𝑚 < 1) is the vaccination
proportion to the newborn from 𝑆(𝑡) and𝑅(𝑡).Then, constant𝑝 (0 < 𝑝 < 1) is the proportion of the offspring of infective
parents that are susceptible individuals and 𝑝 + 𝑞 = 1. 𝛾
is the recovery rate of the infective individuals. Obviously,
the total population size is normalized to one, and the basic
reproductive number of system (1) is 𝑅0 = 𝛽(1−𝑚)/(𝑝𝑏+𝛾).
By constructing a Lyapunov function and using the LaSalle
invariance principle, we can show that if𝑅0 < 1, the infection-
free equilibrium 𝑃0(1 − 𝑚, 0,𝑚) is globally asymptotically
stable, while if 𝑅0 > 1, the infection-free equilibrium 𝑃0
is unstable and the endemic equilibrium 𝑃∗(𝑆∗, 𝐼∗, 𝑅∗) is
globally asymptotically stable.

In fact, the spread of diseases is inevitably disturbed by the
influence of random factors; the stochastic epidemic system
is more in line with the actual situation. Therefore, epidemic
systems described by stochastic differential equations have
been paid extensive attention in recent years (see, e.g.,
[40–46]). Various stochastic perturbation approaches have
been introduced into epidemic systems and excellent results
have been obtained. In this study, our main objective is
to introduce four approaches. The first one is to analyze
epidemic systems including the environment noise by using
the method of time Markov chain (see, e.g., [47–51]). The
second one is to consider the parameters’ perturbation (see,
e.g., [52–72]). The third one is to introduce Lévy jump noise
into the system [73–75]. The fourth one is to investigate
stochastic perturbation around the positive equilibria of
deterministic systems (see, e.g., [41, 42, 76–78]).

Parameter perturbation induced by white noises is an
important and common form to describe the effect of
stochasticity. In this paper, we adopt the perturbation with
white noises, that is, 𝛽 → 𝛽 + 𝜎�̇�(𝑡), where 𝐵(𝑡) is a standard
Brownian motion with intensity 𝜎2 > 0.Then, the resultant
system transforms into the following form:𝑑𝑆 (𝑡) = (−𝛽𝑆 (𝑡) 𝐼 (𝑡) + (1 − 𝑚) 𝑏 (𝑆 (𝑡) + 𝑅 (𝑡))+ 𝑝𝑏𝐼 (𝑡) − 𝑏𝑆 (𝑡)) 𝑑𝑡 − 𝜎𝑆 (𝑡) 𝐼 (𝑡) 𝑑𝐵 (𝑡) ,𝑑𝐼 (𝑡) = (𝛽𝑆 (𝑡) 𝐼 (𝑡) + 𝑞𝑏𝐼 (𝑡) − 𝑏𝐼 (𝑡) − 𝛾𝐼 (𝑡)) 𝑑𝑡+ 𝜎S (𝑡) 𝐼 (𝑡) 𝑑𝐵 (𝑡) ,𝑑𝑅 (𝑡) = (𝛾𝐼 (𝑡) − 𝑏𝑅 (𝑡) + 𝑚𝑏 (𝑆 (𝑡) + 𝑅 (𝑡))) 𝑑𝑡.

(2)

This paper is organized as follows. In Section 3, we will
discuss the extinction of infectious diseases and explore the
conditions leading to the extinction of infectious diseases. In
Section 4, we will deduce the condition for a disease in order
to be persistent.

2. Preliminaries

Throughout this paper, we let R𝑑 : be the 𝑑-dimensional
Euclidean space. R𝑑+ fl {𝑥 ∈ R𝑑 : 𝑥𝑖 > 0, 1 ≤ 𝑖 ≤ 𝑑}, that is,
the positive cone.

Let {𝐵𝑡}𝑡≥0 be a one-dimensional Brownian motion
defined on the complete probability space (Ω,F,P) adapted
to the filtration {F}𝑡≥0. Let L1(R+;R𝑑) denote the family
of all R𝑑-valued measurable {F𝑡}-adapted processes 𝑓 ={𝑓(𝑡)}𝑡≥0 such that

∫𝑇
0

𝑓 (𝑡) 𝑑𝑡 < ∞ a.s. for every 𝑇 > 0. (3)

Let 𝐶2,1(R𝑑 × R+;R) denote the family of all real-valued
functions 𝑉(𝑥, 𝑡) defined on R𝑑 × R+ such that they are
continuously twice differentiable in 𝑥 and once in 𝑡. We set

𝑉𝑡 = 𝜕𝑉𝜕𝑡 ,
𝑉𝑥 = ( 𝜕𝑉𝜕𝑥1 , 𝜕𝑉𝜕𝑥2 , . . . , 𝜕𝑉𝜕𝑥𝑑) ,

𝑉𝑥𝑥 = ( 𝜕2𝑉𝜕𝑥𝑖𝜕𝑥𝑗)𝑑×𝑑 =((

𝜕2𝑉𝜕𝑥1𝜕𝑥1 ⋅ ⋅ ⋅ 𝜕2𝑉𝜕𝑥1𝜕𝑥𝑑... ...𝜕2𝑉𝜕𝑥𝑑𝜕𝑥1 ⋅ ⋅ ⋅ 𝜕2𝑉𝜕𝑥𝑑𝜕𝑥𝑑
)
)

.
(4)

Clearly, when 𝑉 ∈ 𝐶2,1(𝑅 × 𝑅+; 𝑅), we have 𝑉𝑥 = 𝜕𝑉/𝜕𝑥,𝑉𝑥𝑥 = 𝜕2𝑉/𝜕𝑥2. Then, we have the following.

Lemma 1 (one-dimensional Itô’s formula [40, 79, 80]). Let𝑥(𝑡) be an Itô process on 𝑡 ≥ 0 with the stochastic differential𝑑𝑥 (𝑡) = 𝑓 (𝑡) 𝑑𝑡 + 𝑔 (𝑡) 𝑑𝐵𝑡, (5)

where 𝑓 ∈ L1(R+;R) and 𝑔 ∈ L2(R+;R). Let 𝑉 ∈𝐶2,1(R𝑑 ×R+;R). Then, 𝑉(𝑥(𝑡), 𝑡) is again an Itô process with
the stochastic differential given by

𝑑𝑉 (𝑥 (𝑡) , 𝑡) = [𝑉𝑡 (𝑥 (𝑡) , 𝑡) + 𝑉𝑥 (𝑥 (𝑡) , 𝑡) 𝑓 (𝑡)
+ 12𝑉𝑥𝑥 (𝑥 (𝑡) , 𝑡) 𝑔2 (𝑡)] 𝑑𝑡 + 𝑉𝑥 (𝑥 (𝑡) , 𝑡)⋅ 𝑔 (𝑡) 𝑑𝐵𝑡,

(6)

almost surely.

By using the methods from Lahrouz and Omari [81], we
can prove the following lemma.
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Lemma 2. For any initial value (𝑆(0), 𝐼(0), 𝑅(0)) ∈ 𝑅3+, there
exists a unique solution (𝑆(𝑡), 𝐼(𝑡), 𝑅(𝑡)) to system (2) on 𝑡 ≥ 0,
and the solutionwill remain in𝑅3+ with probability one, namely.

Lemma 3. On the basis of Lemma 2, if 𝑆(0) + 𝐼(0) + 𝑅(0) ≤ 1,
then 𝑆(𝑡) + 𝐼(𝑡) + 𝑅(𝑡) ≤ 1, almost surely. Thus, the regionΓ = {(𝑆, 𝐼, 𝑅) ∈ 𝑅3+ : 𝑆 > 0, 𝐼 ≥ 0, 𝑅 > 0, 𝑆 + 𝐼 + 𝑅 ≤ 1} is a
positively invariant set of system (2).

3. Extinction

In this section, we deduce the condition which will cause a
disease to die out.

Definition 4. For system (2), the infected individual 𝐼(𝑡) is
said to be extinctive if lim𝑡→+∞𝐼(𝑡) = 0, almost surely.

Let us introduce

𝑅∗ = 𝑅01 − 𝑚 − 𝜎22 (𝑝𝑏 + 𝛾) (7)

for convenience; then, we have the following results that we
have mentioned in the following theorem.

Theorem5. If𝜎2 > max{𝛽, 𝛽2/2(𝑝𝑏+𝛾)} or𝜎2 < 𝛽 and𝑅∗ <1, then the infected individual of system (2) goes to extinction
almost surely.

Proof. Let (𝑆(𝑡), 𝐼(𝑡), 𝑅(𝑡)) be a solution of system (2) with
initial value (𝑆(0), 𝐼(0), 𝑅(0)) ∈ 𝑅3+. Applying Itô’s formula to
the second equation of system (2) leads to

d ln 𝐼 (𝑡) = (𝛽𝑆 (𝑡) − (𝑝𝑏 + 𝛾) − 𝜎22 𝑆2 (𝑡)) d𝑡
+ 𝜎𝑆 (𝑡) d𝐵 (𝑡) . (8)

Integrating both sides of (8) from 0 to 𝑡 gives
ln 𝐼 (𝑡) = ∫𝑡

0
(𝛽𝑆 (𝜏) − 𝜎22 𝑆2 (𝜏)) d𝜏 − (𝑝𝑏 + 𝛾) 𝑡

+𝑀 (𝑡) + ln 𝐼 (0) , (9)

where𝑀(𝑡) = ∫𝑡
0
𝜎𝑆(𝜏)d𝐵(𝜏) and𝑀(𝑡) is the local continuous

martingale with 𝑀(0) = 0. Next, we have two cases to be
discussed, depending on whether 𝜎2 > 𝛽.

If 𝜎2 > 𝛽, we can easily see from (9) that

ln 𝐼 (𝑡) ≤ ( 𝛽22𝜎2 − (𝑝𝑏 + 𝛾)) 𝑡 +𝑀 (𝑡) + ln 𝐼 (0) . (10)

Dividing both sides of (10) by 𝑡 > 0, we have
ln 𝐼 (𝑡)𝑡 ≤ −(𝑝𝑏 + 𝛾 − 𝛽22𝜎2) + 𝑀(𝑡)𝑡 + ln 𝐼 (0)𝑡 . (11)

Since lim sup𝑡→∞(⟨𝑀(𝑡),𝑀(𝑡)⟩𝑡/𝑡) < 𝜎2 < ∞ almost surely,
by the large number theorem for martingales (see, e.g., [53]),
one can obtain that

lim
𝑡→+∞

𝑀(𝑡)𝑡 = 0. (12)

Then, taking the limit superior on both sides of (11) leads to

lim sup
𝑡→+∞

ln 𝐼 (𝑡)𝑡 ≤ −(𝑝𝑏 + 𝛾 − 𝛽22𝜎2) < 0, (13)

when 𝜎2 > 𝛽2/2(𝑝𝑏 + 𝛾), which implies lim𝑡→+∞𝐼(𝑡) = 0.
If 𝜎2 < 𝛽, similarly, one can have that

ln 𝐼 (𝑡) ≤ (𝛽 − (𝑝𝑏 + 𝛾) − 𝜎22 ) 𝑡 +𝑀 (𝑡) + ln 𝐼 (0) . (14)

Dividing both sides of (14) by 𝑡 > 0, we have
ln 𝐼 (𝑡)𝑡 ≤ (𝑝𝑏 + 𝛾) [ 𝛽𝑝𝑏 + 𝛾 − 𝜎22 (𝑝𝑏 + 𝛾) − 1]

+ 𝑀 (𝑡)𝑡 + ln 𝐼 (0)𝑡 . (15)

By taking the superior limit on both sides of (15), one can have
that

lim sup
𝑡→+∞

ln 𝐼 (𝑡)𝑡 ≤ (𝑝𝑏 + 𝛾) (𝑅∗ − 1) . (16)

Then, when 𝑅∗ < 1, we obtain
lim sup
𝑡→+∞

ln 𝐼 (𝑡)𝑡 < 0, (17)

which implies lim𝑡→+∞𝐼(𝑡) = 0.This completes the proof of
Theorem 5.

Remark 6. Theorem 5 shows that when 𝜎2 > max{𝛽, 𝛽2/2(𝑝𝑏 + 𝛾)}, the infectious disease of system (2) goes to
extinction almost surely; namely, large white noise stochastic
disturbance is conducive to control infectious diseases.When
the white noise is not large and 𝑅∗ < 1, the infectious disease
of system (2) also goes to extinction almost surely; then, 𝑅∗
is the threshold associated with the extinction of infectious
diseases.

4. Persistence in Mean

Definition 7. For system (2), the infected individual 𝐼(𝑡) is
said to be permanent in mean if lim inf 𝑡→+∞⟨𝐼(𝑡)⟩ > 0,
almost surely, where ⟨𝐼(𝑡)⟩ is defined as (1/𝑡) ∫𝑡

0
𝐼(𝜏)d𝜏.

Let us denote

R
∗∗ = 𝑅0 − 𝜎22 (𝑝𝑏 + 𝛾) (18)

for convenience; then, we have the following results that we
have mentioned in the following theorem.
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(a) Time series for 𝑆(𝑡), 𝐼(𝑡), 𝑅(𝑡) where𝑚 = 0.7 and 𝑅0 = 0.5455
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Figure 2: Illustration for the deterministic 𝑆𝐼𝑅 system where 𝛽 = 0.8, 𝑝 = 0.6, 𝑏 = 0.2, 𝑏 = 0.4, and 𝛾 = 0.2.
Theorem 8. If R∗∗ > 1, then the infected individual 𝐼(𝑡) is
persistent in mean; moreover, 𝐼(𝑡) satisfies

lim inf
𝑡→+∞

⟨𝐼 (𝑡)⟩ ≥ (𝑝𝑏 + 𝛾)𝛽 (1 − 𝑚 + 𝛾/𝑏) (𝑅∗∗ − 1) , (19)

almost surely.

Proof. Integrating from 0 to 𝑡 and dividing by 𝑡 (𝑡 > 0) on
both sides of the third equation of system (2) yield

𝑅 (𝑡) − 𝑅 (0)𝑡 = 𝛾 ⟨𝐼 (𝑡)⟩ + 𝑚𝑏 ⟨𝑆 (𝑡)⟩
− (1 − 𝑚) 𝑏 ⟨𝑅 (𝑡)⟩ ≜ Θ (𝑡) . (20)

Note that ⟨𝑆(𝑡)⟩ + ⟨𝐼(𝑡)⟩ + ⟨𝑅(𝑡)⟩ = 1; then, one can get

⟨𝑆 (𝑡)⟩ = (1 − 𝑚) + Θ (𝑡)𝑏 − (1 − 𝑚 + 𝛾𝑏) ⟨𝐼 (𝑡)⟩ . (21)

Applying Itô’s formula gives

d (ln 𝐼 (𝑡)) = [𝛽𝑆 (𝑡) − (𝑝𝑏 + 𝛾) − 𝜎22 𝑆2 (𝑡)] d𝑡+ 𝜎𝑆 (𝑡) d𝐵 (𝑡)
≥ [𝛽𝑆 (𝑡) − (𝑝𝑏 + 𝛾) − 𝜎22 ] d𝑡+ 𝜎𝑆 (𝑡) d𝐵 (𝑡) .

(22)

Integrating from 0 to 𝑡 and dividing by 𝑡 (𝑡 > 0) on both sides
of (22) yield

ln 𝐼 (𝑡) − ln 𝐼 (0)𝑡
≥ 𝛽 ⟨𝑆 (𝑡)⟩ − [(𝑝𝑏 + 𝛾) + 𝜎22 ] + 𝑀(𝑡)𝑡
= 𝛽 (1 − 𝑚 + Θ (𝑡)𝑏 − (1 − 𝑚 + 𝛾𝑏) ⟨𝐼 (𝑡)⟩)
− (𝑝𝑏 + 𝛾 + 𝜎22 ) + 𝑀(𝑡)𝑡 .

(23)

From (23), we obtain

⟨𝐼 (𝑡)⟩ ≥ 1𝛽 (1 − 𝑚 + 𝛾/𝑏) [𝛽 (1 − 𝑚) − (𝑝𝑏 + 𝛾)
− 𝜎22 ] + 1𝛽 (1 − 𝑚 + 𝛾/𝑏) [𝛽Θ (𝑡)𝑏
− ln 𝐼 (𝑡) − ln 𝐼 (0)𝑡 + 𝑀 (𝑡)𝑡 ] .

(24)

Since both 𝐼(𝑡) ≤ 1 and𝑅(𝑡) ≤ 1, then one has lim𝑡→+∞(𝑅(𝑡)/𝑡) = 0, lim𝑡→+∞(ln 𝐼(𝑡)/𝑡) = 0, and lim𝑡→+∞Θ(𝑡) = 0. Note
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Figure 3: Comparison of the deterministic system and stochastic system, where𝑚 = 0.2, 𝛽 = 0.8, 𝑝 = 0.6, 𝑏 = 0.2, 𝑏 = 0.4, 𝛾 = 0.2, 𝜎 = 0.9,
and 𝑅0 = 1.4545 > 1.
that lim𝑡→+∞(𝑀(𝑡)/𝑡) = 0; by taking the inferior limit of both
sides of (24), we have

lim inf
𝑡→+∞

⟨𝐼 (𝑡)⟩
≥ 1𝛽 (1 − 𝑚 + 𝛾/𝑏) [𝛽 (1 − 𝑚) − 𝑝𝑏 − 𝛾 − 𝜎22 ]
= (𝑝𝑏 + 𝛾)𝛽 (1 − 𝑚 + 𝛾/𝑏) (𝑅∗∗ − 1) .

(25)

This completes the proof of Theorem 8.

Remark 9. Theorems 5 and 8 show that the condition for
the disease to die out or persist depends on the intensity
of white noise disturbances strongly. And small white noise
disturbanceswill be beneficial for long-termprevalence of the
disease; conversely, large white noise disturbances may cause
the epidemic disease to die out.

5. Conclusion and Numerical Simulation

In this paper, a stochastic 𝑆𝐼𝑅 system with vertical transmis-
sion and vaccination is proposed. The threshold dynamics
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Figure 4: Comparison of the deterministic system and stochastic system, where𝑚 = 0.2, 𝛽 = 0.8, 𝑝 = 0.6, 𝑏 = 0.2, 𝑏 = 0.4, 𝛾 = 0.2, 𝜎 = 0.85,𝑅∗ = 0.9972, and 𝑅0 = 1.4545 > 1.
depending on the stochastic perturbation are deduced by
using the theory of stochastic differential equation and
inequality technique. Our results show that the dynamics of
the stochastic system are different with the deterministic case
due to the effect of stochastic perturbation, and the persistent
diseases in the deterministic systemmay be eliminated under
the stochastic perturbation.

In the following, by employing the EulerMaruyama (EM)
method [40], we perform some numerical simulations to
illustrate the extinction and persistence of the diseases in the

stochastic systemand corresponding deterministic system for
comparison.

For numerical simulations, we set parameters as𝑚 = 0.7,𝛽 = 0.8, 𝑝 = 0.6, 𝑏 = 0.2, 𝑏 = 0.4, and 𝛾 = 0.2 in system
(1). A simple computation shows that 𝑅0 = 0.5455 < 1,
and then system (1) has a stable infection-free equilibrium𝑃0(0.3, 0, 0.7), which implies that the disease of system (1) will
be eliminated ultimately (see Figure 2(a)). If we change 𝑚 =0.7 to𝑚 = 0.2, in this case, 𝑅0 = 1.4545 > 1, and then system
(1) has a stable infection equilibrium𝑃∗(0.55, 0.3111, 0.1389),
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Figure 5: Comparison of the deterministic system and stochastic system, where𝑚 = 0.2, 𝛽 = 0.8, 𝑝 = 0.6, 𝑏 = 0.2, 𝑏 = 0.4, 𝛾 = 0.2, 𝜎 = 0.2,𝑅∗∗ = 1.4091, and 𝑅0 = 1.4545 > 1.
which implies that the disease of system (1) will be persistent
ultimately (see Figure 2(b)).

Next, we consider the effect of stochastic white noise
based on the persistent system. Let 𝜎 = 0.9, and obviously,𝜎2 > max{𝛽, 𝛽2/2(𝑝𝑏 + 𝛾)}; by Theorem 5, the disease dies
out under a large white noise disturbance (see Figure 3). If
we change 𝜎 to 0.85, in this case, 𝜎2 < 𝛽2/2(𝑝𝑏 + 𝛾) and𝑅∗ = 0.9972 =< 1; then, by Theorem 5, the disease dies out
(see Figure 4). If we reduce the intensity of noise 𝜎 to 0.2,
obviously, 𝑅∗∗ = 1.4091 > 1; by Theorem 8, the disease is
persistent (see Figure 5).
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