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Swarm intelligence is the study of computational systems that
involves the collective cooperation of multiple agents that
operate in a decentralized, self-organized, and distributed
form. For instance, several optimization techniques follow
this behavior, which via intelligent agents guided by high
level strategies and local improvement procedures are able to
efficiently solve NP-hard and NP-complete problems. During
the last ten years, swarm intelligence approaches such as ant
colony optimization, particle swarm optimization, artificial
bee colony, electromagnetism-like algorithm, cuckoo search,
bat algorithm, firefly optimization, and black hole, have
successfully been used to solve various well-known academic
and real-world engineering problems in several application
domains. Some examples can be mentioned such as resource
planning, telecommunications, financial analysis, schedul-
ing, space planning, energy distribution, molecular engineer-
ing, logistics, pattern classification, and manufacturing.

For this special issue we received 73 submissions from
10 countries. An extensive review process involved over 140
reviewers, who evaluated and reported on the manuscripts.
All papers were assigned to at least two experts for review.
Overall, 16 original, high-quality articles were accepted for
publication. �e main topics involved in those papers, as
well as the swarm intelligence techniques employed to
tackle the associated optimization problems, are given in
the following: bacterial colony algorithms for association
rule mining, parameter identification using particle swarm
optimization, differential evolution for large-scale dynamic
economic dispatch, L1-norm minimization method for net-
work reconstruction, locust search algorithms for solving

optimization problems, black hole optimization for solving
set covering problems, differential evolution for human
resources allocation, particle swarmoptimization and genetic
algorithms for designing off-grid electrification projects, grey
wolf optimization for image segmentation, particle swarm
optimization for nonlinear Boolean functions, interference
array optimization via particle swarm optimization, particle
swarm optimization for accurate lithium-ion battery models,
fruit fly optimization for heat exchange fouling ultrasonic
detection, particle swarm and firefly optimization for sup-
port vector regression methods, energy cost optimization
for unmanned aerial vehicle communication networks, and
flower pollination algorithm for global optimization.
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Bacterial colonies perform a cooperative and distributed exploration of the environmental resources by using their quorum-sensing
mechanisms. This paper describes how bacterial colony networks and their skills to explore resources can be used as tools for
mining association rules in static and stream data. A new algorithm is designed to maintain diverse solutions to the problems at
hand, and its performance is compared to that of other well-known bacteria, genetic, and immune-inspired algorithms: Bacterial
Foraging Optimization (BFO), a Genetic Algorithm (GA), and the Clonal Selection Algorithm (CLONALG). Taking into account
the superior performance of our approach in static data, we applied the algorithms to dynamic environments by converting static
into flow data via a stream data model named sliding-window. We also provide some notes on the running time of the proposed
algorithm using different hardware and software architectures.

1. Introduction

Bacterial colonies can be seen as complex adaptive sys-
tems that perform distributed information processing to
solve complex problems, such as food acquisition, swarming
mobility, and biofilm formation, among others. They use
a collaborative system of chemical signals to explore the
resources of a given environment and coordinate their social
and behavioural tasks [1]. Bacteria can be found in distinct
environments, ranging from hostile to more hospitable ones
by applying different kinds of survival strategies to process
self and environmental stimuli [2].

The collective and collaborative activities carried out
by a bacterial colony are classified as a type of collective
intelligence [3], where each bacterium is able to sense itself
and the environment and maintain communication with
other bacteria in the colony to perform its coordinated tasks.
This enables the colony to acquire information about the
environment and its changes. Thus, a colony can be seen as
an adaptive computational system that processes information
on different levels, independently of environmental changes

[4]. Some important computational properties and collective
behaviours of bacteria colonies are shown in [4].

This paper presents an algorithm inspired by the
exploratory behaviour of environmental resources by a
colony of bacteria, named BaCARO-II, extended from [5,
6], for mining association rules of items in transactional
databases and introduces the necessary modifications so that
it can be applied to data streams. As an outcome of the
modifications, the new bacteria algorithm is able to avoid the
genic conversion problem discussed in [7].

The bacterial colony algorithm is compared to other bio-
inspired heuristics, more specifically the Bacterial Foraging
Optimization (BFO) [8], a Genetic Algorithm (GA) [9], and
the Clonal Selection Algorithm (CLONALG) [10], which
were adapted to perform association rule mining of static
and stream data. The following performance measures are
accounted for: support (S), confidence (C), interestingness (I),
number of rules (U), and processing time (P).

The paper is an extension of [11] and it is organized
as follows. Section 2 provides some theoretical background
on association rule mining and Section 3 a review of data
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stream processing models. Section 4 provides the biological
foundations of bacterial colonies and Section 5 presents an
overview of bacterial algorithms. Section 6 introduces two
bacterial algorithms applied to association rule mining in
static and dynamic environments. Section 7 shows the
experimental results and, finally, the final considerations and
future works are provided in Section 8 .

The abbreviations used for the algorithms in this research
are as follows:

BaCARO-II: Bacterial Colony Association Rule
Optimization-II
BFO: Bacterial Foraging Optimization
CLONALG: Clonal Selection Algorithm
GA: Genetic Algorithm
sBaCARO-II: Stream Bacterial Colony Association
Rule Optimization-II
sBFO: Stream Bacterial Foraging Optimization Algo-
rithm
sCLONALG: Stream Clonal Selection Algorithm
sGA: Stream Genetic Algorithm

2. On Association Rule Mining and
Data Streams

This section provides a brief review of the two main concepts
covered in this paper: association rule mining and data
streams.

2.1. Association Rule Mining. Originally known as market-
basket analysis, mining association rules is one of the main
data mining tasks. It is a descriptive task, which uses
unsupervised learning and focuses on the identification of
associations between items that occur together in a dataset
[12–15]. A transaction is a set of items that occur together. In
the scenario described in the original market-basket analysis,
items in a transaction are those that are acquired together by
an end user [14, 15]. An association rule is as follows:

𝐴 → 𝐶 (1)

where A and C are itemsets of products selected by a
consumer.

The first set A is called the antecedent and the other
one C is called the consequent of the association rule. The
intersection between these two sets is empty (A ∩ C = Ø),
because it is redundant for an item to imply itself. The rule
means that the presence of (all items in) A in a transaction
implies the presence of (all items in)C in the same transaction
with some associated probability [13, 15].

Given a set of transactions T, it is interesting to generate
all rules that satisfy two types of constraints:

(i) Syntactic constraints: the number of items that appear
in a rule is limited.

(ii) Support constraints: involving delimitations in the
number of transactions in T that support the rule,
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Figure 1: Number N of possible rules, given number d of items.

with support, usually an input parameter, being
defined as the number of transactions in T that
contain A and C simultaneously.

The problem with the previous definition is that the
number N of possible association rules, given a number d of
items, grows exponentially, and the problem is placed within
the NP-complete set [12, 13, 15]:

𝑁 = 3𝑑–2𝑑+1 + 1 (2)

To illustrate how this scales, Figure 1 shows the value ofN
for growing values of d.

Therefore, it is not computationally feasible to generate
all rules for fairly large datasets in a reasonable time. Thus, it
is compulsory to somehow prune the association rules built
before trying to analyse their real usefulness.

Measures of Interest.TheConfidence and Support, proposed in
[12, 13], are the most studied and applied measures of interest
in the association rule mining literature. The support of an
association rule is a measure of its relative frequency in the
set of all transactions:

𝑆𝑢𝑝𝑝𝑜𝑟𝑡 (𝐴 → 𝐶) = 𝑆𝑢𝑝𝑝 (𝐴 → 𝐶) = 𝑃 (𝐴 ∪ 𝐶) (3)

On the other hand, the confidence of a rule is a measure
of its satisfiability or strength when its antecedent is found in
T, that is to say, from all the occurrences of A, how often C
also occurs in the base:

𝐶𝑜𝑛𝑓𝑖𝑑𝑒𝑛𝑐𝑒 (𝐴 → 𝐶) = 𝐶𝑜𝑛𝑓 (𝐴 → 𝐶) = 𝑃 (𝐴 | 𝐶) (4)

While confidence is a measure of the strength of a rule,
the support corresponds to its statistical significance over
the database. The interestingness of a rule, I(A → C), is
calculated as follows [14]:

𝐼 (𝐴 → 𝐶) = (|𝐴 ∪ 𝐶|
|𝐴| ) ∗ (|𝐴 ∪ 𝐶|

|𝐶| )

∗ (1 − ( |𝐴 ∪ 𝐶|
𝑇 ))

(5)

where A and C are defined as previously and T is the number
of transactions in the database. This measure of interest,
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Figure 2: Main stream processing models.

differently from the support, looks for low frequency rules in
the database.

The Apriori Algorithm. The most well-known algorithm for
association rule mining is called Apriori [13] and has the
following main steps:

(i) Generate frequent itemsets: a set of frequent items
is the one whose support is greater than or equal to a
minimum support threshold (minsup).

(ii) Generate reliable association rules: the reliable asso-
ciation rules are those with a confidence value equal
to or greater than a minimum confidence value
(minconf ).

A set of items of length k, i.e., with k items, is called a k-
itemset. The Apriori algorithm was named after its use of a
methodology for selecting items that come before others (a
priori) for the generation of frequent itemsets. This feature is
known as closing down.

The algorithm performsmultiple scans over the database.
In the first step it computes the frequency of each item. After
keeping those items whose frequency is equal to or greater
than minsup, it checks if those frequent items, ix, occur in
conjunction with item ix+1 and together if their frequency
is greater than or equal to minconf. At each new iteration
on the data, the algorithm stores, incrementally, only those
frequent items that satisfy minsup and minconf. Therefore,
Apriori-based algorithms are not suitable for a data stream
environment, because data can be scanned only once [16].

3. Data Streams

A sequence of objects that arrives in a timely order is named
a data stream [17, 18]. Differently from traditional static data,
data streams are continuous, unbounded, and of high speed
and their data distribution changes with time. Data streams
can be classified in two main classes: offline streams and
online streams. An offline stream is characterized by regular
bulk arrivals, while an online stream is characterized by
real-time updated data that come one followed by the other
in time. Unlike offline data streams, bulk data processing
is not possible for online stream data [19]. As the number
of applications over data streams grows rapidly, there is an
increasing need to perform data stream mining tasks, such as
classification, clustering, and association rule on stream data.

There are three major stream data processing models for
rule mining [20]:

(i) Landmarkmodel: it mines all frequent itemsets over
the entire log of stream data from a limited point of
time, named landmark, to the current one.This simple
model is not suitable for applications where the user
is interested in the most recent information of data
streams.

(ii) Damped model: also named time-fading model, it
finds frequent itemsets in stream data in which each
transaction has a weight decrease with time. Older
transactions have a smaller weight toward itemset
frequencies, i.e., different weights for new and old
transactions.

(iii) Sliding-window model: it finds and maintains fre-
quent itemsets in sliding-windows. Only part of the
data streams within the sliding-windows are stored
and processed at the time while the data flows in.
The sliding-window size is defined based on the
application and system resources. The result depends
on recently generated transactions in the window
range.

All approaches have been used in different researches
on data stream mining. Selecting which kind of stream data
process model to use largely depends on the application
demands. The three approaches are summarized in Figure 2.

Some data stream applications involving association rule
mining include estimating missing data in sensor networks
[21]; predicting the frequency of Internet packet streams [22];
finding alarm incidents from streams [23]; determining fre-
quent itemsets over online data streams [24]; and association
analysis [25–27].

Open Problems in Data Stream Association Rule Mining.
Despite the many applications, these tools are focused on
specific areas, and none of them fully deal with the main open
issues in data stream association rule mining [16]:

(i) There is not enough time to rescan the whole database
or to perform a multiscan, as in traditional data
mining algorithms.

(ii) The data stream mining method needs to adapt to the
data distribution, i.e., avoid the drifting problem [28].

(iii) The speed of the mining algorithm should be faster
than the data arrival rate.

(iv) Due to the stream properties, the analysis results of
data streams often keep changing as well.

(v) Aminingmechanism that adapts itself to the available
resources is needed.



4 Mathematical Problems in Engineering

4. Some Notes on Bacterial Colonies

Bacterial colonies have different behavioural patterns, includ-
ing foraging, reproduction, communication, sporulation, and
motility [29, 30]. They perform a distributed and par-
allel information processing and each bacterium is an
autonomous system capable of sending, storing, processing,
and interpreting information. This gives the bacterium a cer-
tain freedom to choose its response according to themessages
received as part of the chemical distributed processing of
information from the colony.

Bacterial communication occurs via chemical signals.
The main entities around this communication are the sig-
nalling cell, the target cell, the signal molecule, and the
receiver protein. The signalling cell sends the chemical signal,
presented by the signal molecule, to one or more target cells.
The target cells read the message contained in the signalling
molecule via protein receptors and then send the message to
the intracellular gel. The signalling molecule does not enter
the bacteria; the responsible one for decoding and sending
each message to the intercellular plasma is the receiver
protein [31].

Themost studied bacterial communication process in the
literature is quorum-sensing, which depends on the concen-
tration of a diffusible molecule called autoinducer [32, 33],
and works only in a high density colony.The concentration of
autoinducers increases in the environment with the growth
of the number of cells that produce them, thus promoting
the activation or suppression of gene expression that are
responsible for generating certain behaviours in bacteria.
Quorum-sensing works as a micro and macro communica-
tion mechanism. In the intracellular communication network,
a bacterium analyses and interprets the data read from the
environment. The macro level information processing is
represented by the biochemical interactions of the colony,
which correspond to the extracellular communication.

The motion patterns, named taxes, that the bacteria gen-
erate in the presence of chemical attractants and repellents
are called chemotaxis. The bacteria movement can be done by
swimming, which means moving in the same direction, and
if a bacterium performs successive swimming steps, we say
it is performing a running step, and, finally, if it is moving
in a random direction we say it is tumbling. Swimming
and tumbling (chemotactic behaviour) are individual and
stochastic responses that result in emergent global responses,
such as swarming.

Reproduction in bacteria is performed after some chemo-
taxis steps. The bacteria fitness is used to select those who
will die, and the survivors are divided into two new bacteria
placed in the same direction. In other words, the survivors
are cloned via asexual reproduction, and the clones stay in
the same region as their parents.

5. Bacterial Colony Algorithms:
BFO and BaCARO-II

There is currently a number of bacteria-inspired algorithms.
The pioneer proposal was called Bacterial Chemotaxis

Algorithm (BCA) [34] and bacterial foraging behaviours have
been used as inspiration for the design of other algorithms,
such as the Bacterial Foraging Optimization (BFO) Algo-
rithm [8], Bacterial Colony Optimization (BCO) [35], and
Bacterial Colony Association Rule Optimization (BaCARO)
[5, 6]. This section describes BFO, which is one of the most
well-known proposals in the literature, and a version of
our approach, named BaCARO-II. The nomenclature of the
parameters used by the algorithms is as follows:

P: populution of candidate solutions
Bacnum: number of bacteria in a populution
Ned: number of elimination and dispersal steps
Nre: number of reproduction steps
Nc: number of chemotactic steps
Ns: number of swim steps
Ped: probability of elimination-dispersal
𝑖𝑐𝑃𝑟𝑜𝑏: probability of intracellular communication
𝑒𝑐𝑃𝑟𝑜𝑏: probability of extracellular communication
𝑃𝑐ℎ𝑎: probability of changing information
𝑆𝑖𝑧𝑒𝑛𝑒𝑡: extracellular network size

5.1.TheBacterial ForagingOptimizationAlgorithm: BFO. The
Bacterial Foraging Optimization (BFO) algorithm simulates
the foraging strategy of Escherichia Coli and was originally
designed to solve optimization problems in continuous envi-
ronments. It takes inspiration in the following bio-inspired
mechanisms [8, 36]: chemotaxis, reproduction, elimination,
and dispersion.

Algorithm 1 summarizes the main steps of the BFO
algorithm for solving a minimization task. It starts by ini-
tializing all the input parameters: a colony P with Bacnum
bacteria of the same dimension as the problem to be solved;
number of elimination and dispersal steps (Ned); number
of reproduction steps (Nre); number of chemotactic steps
(Nc); number of swim steps (Ns); the elimination-dispersal
probability (Ped); and number of bacteria to be selected for
reproduction (Sr).

The algorithm first applies chemotaxis and reproduction
until their thresholds are reached and then follows with
elimination-dispersal. During reproduction a bacterium is
cloned (duplicated) with no mutation. During chemotaxis,
the health (fitness) of each bacterium is assessed and a
number Sr of the healthiest ones are cloned, while the others
are removed from the population. Bacteria are then allowed
to swim for a number of swim steps (Ns), moving to different
locations. If the new location results in improved (healthier)
bacteria, then they keep swimming in the same direction;
otherwise they tumble, exploring other regions of the search
space. Finally, bacteria can survive or be removed from the
population with probability Ped. Whenever a bacterium is
eliminated, another one is generated in a random position
(disperse).

BFO is the bacterial-inspired algorithm more extensively
applied to solve problems in different areas [37, 38], such
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procedure [ P ] = BFO ( 𝐵𝑎𝑐𝑛𝑢𝑚 ,𝑁𝑒𝑑 ,𝑁𝑟𝑒 ,𝑁𝑐 ,𝑁𝑠 , 𝑃𝑒𝑑 , Sr )
initialize P ( 𝐵𝑎𝑐𝑛𝑢𝑚 )
for l=0 to𝑁𝑒𝑑 do // Elimination-dispersal loop

for k=0 to𝑁𝑟𝑒 do //Reproduction loop

for j=0 to𝑁𝑐 do //Chemotaxis loop

Apply chemotaxis

foreach Bacterium in P do

if Fitness (Bacterium) ≥ Fitness ( Bacbest ) then
Bacbest ← Bacterium

end if

end foreach

end for //Chemotaxis

P selected ← SortByCellFitness ( P , Sr )

P = Clone ( P selected )

end for //Reproduction

foreach Bacterium in Population do

if Random() ≤ 𝑃𝑒𝑑 then
Bacterium ← BacteriumAtRandLocation()

end if

end foreach

end for //Elimination-dispersal

return Bacbest
end procedure

Algorithm 1: Pseudocode of the BFO algorithm [36].

as global optimization [39], engineering design [40], power
system [41–43], optimal design [44], network planning [45],
and data analysis [46–48].

5.2.The Bacterial Colony Association Rule Optimization Algo-
rithm: BaCARO-II. The algorithm named Bacterial Colony
Association Rule Optimization-II (BaCARO-II) is inspired
by the biological processes of intra- and extracellular commu-
nication networks of bacterial colonies, as well as quorum-
sensing, chemotaxis, and bacterial dispertion [1, 49]. In
BaCARO-II, intracellular communication [50] is used to
search better gene rearrangements so that bacteria present
a higher fitness, and extracellular communication is used to
coordinate bacterial motility over the search space. Quorum-
sensing is applied to evaluate the neighbourhood and use the
synergy of individual and collective decisions, and chemo-
taxis is used to make fine adjustments during intracellular
communication: if the new gene arrangement is worse than
the previous one (position in the search space), it can
be undone. Finally, dispersion promotes the movement of
bacteria away from regions of high concentrations of bacteria.

BaCARO-II starts by initializing a random colony of size
equal to the search-space dimension. The artificial colony is
evaluated and each bacterium has a probability of making
intracellular communication 𝑖𝑐𝑃𝑟𝑜𝑏. The bacteria randomly
selected to perform intracellular communication reconfigure
their gene expression and if the new rearrangement is better
than the previous one, the latter is adopted. The colony
fitness is updated and the extracellular step begins. Each
bacterium starts to perceive its neighbourhood, and those
in the same region disperse to new regions. Those that
are not occupying dense regions are selected with some

probability 𝑒𝑐𝑃𝑟𝑜𝑏, a total of 𝑆𝑖𝑧𝑒𝑛𝑒𝑡 surrounding bacteria
to change information with their neighbours according to
a 𝑃𝑐ℎ𝑎 value and move to the best direction. After that,
fitness is computed. Finally, the colony is confronted with
an environmental pressure that leads to the selection of the
bacteria with highest fitness values to the next generation.
The synergy of intracellular and extracellular communication
results in quorum-sensing, which is the core ofmost bacterial
algorithms. The pseudocode of BaCARO-II is summarized in
Algorithm 2.

6. Bacterial Colonies in Association
Rule Mining

This section describes how the different bacteria-inspired
algorithms were adapted to solve association rule mining
problems in static and dynamic environments. As presented
in the previous section, BFO takes into account reproduction,
chemotaxis (tumbling and swimming), and elimination-
dispersal mechanisms. By contrast, BaCARO-II uses chemo-
taxis (tumbling and swimming), intra- and extracellular
communication, and dispersion. These mechanisms will be
presented here so that both algorithms can be applied to solve
association rule mining tasks.

6.1. Encoding Scheme. Instead of initializing the agents in a
real interval (R), we randomly set them as pairs of binary
values (00, 01, 10, or 11) for each vector position. A pair of
bits represents each item in a transaction, where items present
in the association rule are represented by a bit pair of 00
(antecedent of the rule) or 11 (consequent of the rule). Items



6 Mathematical Problems in Engineering

procedure [ P ] = BaCARO-II( ecprob , icprob , 𝑃𝑐ℎ𝑎 )
initialize P

t ← 1

f← evaluate( P )

while not stopping criterion do

for i=0 to Size( P ) do //Intracellular communication loop

rf← inCellular( P , icprob , 𝑃𝑐ℎ𝑎 )
f← update( f , rf )

end for

for j=0 to Size( P ) do //Extracellular communication loop

𝑃
𝑒𝑥𝐶𝑒𝑙𝑙𝑢𝑙𝑎𝑟𝑁𝑒𝑡𝑤𝑜𝑟𝑘𝑠 ← exCellular( ecprob )

Foreach 𝑃𝑏𝑎𝑐𝑡𝑒𝑟𝑖𝑢𝑚 in each 𝑃𝑒𝑥𝐶𝑒𝑙𝑙𝑢𝑙𝑎𝑟𝑁𝑒𝑡𝑤𝑜𝑟𝑘𝑠 do
if bacterialDensity( 𝑃𝑒𝑥𝐶𝑒𝑙𝑙𝑢𝑙𝑎𝑟𝑁𝑒𝑡𝑤𝑜𝑟𝑘𝑠 )== true then //Quorum-sensing

P← disperse( 𝑃𝑏𝑎𝑐𝑡𝑒𝑟𝑖𝑢𝑚 ) //Dispersion

else

Foreach 𝑃𝑏𝑎𝑐𝑡𝑒𝑟𝑖𝑢𝑚 in 𝑃𝑒𝑥𝐶𝑒𝑙𝑙𝑢𝑙𝑎𝑟𝑁𝑒𝑡𝑤𝑜𝑟𝑘𝑠 do𝑃𝑒𝑥𝐶𝑒𝑙𝑙𝑢𝑙𝑎𝑟𝑁𝑒𝑡𝑤𝑜𝑟𝑘𝑠 ← MoveToBestDirectionInExtracellularNetwork( 𝑃𝑏𝑎𝑐𝑡𝑒𝑟𝑖𝑢𝑚 )
end Foreach

end Foreach

end for

P← 𝑃𝑒𝑥𝐶𝑒𝑙𝑙𝑢𝑙𝑎𝑟𝑁𝑒𝑡𝑤𝑜𝑟𝑘𝑠
f← evaluate( P )

P← select( P , f )

t ← t+1

end while

end procedure

Algorithm 2: Pseudocode of BaCARO-II algorithm.

A B C D E F G H
11 00 01 10 00 11 10 01

Figure 3: An artificial bacterium codifying an association rule.

out of a rule are composed of the other combinations: 01 or
10. Figure 3 illustrates an artificial bacterium encoding the
following rule: B ∧ E → A ∧ F.

6.2. Reproduction. The surviving bacteria are cloned without
mutation.

6.3. Chemotaxis: Swim and Tumble. Another modification
to mine association rules was made in the chemotactic
behaviors. A rule of size 𝑛 − 1 is more probable than a rule of
size 𝑛.The tumbles were implemented by randomly choosing
a rule part (antecedent or consequent) to be shortened and
removing an element from this part. If after the tumble the
bacterium adaptation level (fitness) increases, it starts to run
(applying swim steps) by removing items from the same part
until its size is equal to 1 or the number of swim steps (user-
defined parameter) is reached, as illustrated in Figure 4. Note
that, in terms of chromosomes, the bacteria maintain the
same length after swim and tumbling; what changes is only
the number of items in the encoded rules.

On the other hand, if after tumbling the bacterium main-
tains its adaptation value (fitness) the chemotactic behavior
is finalized, as illustrated in Figure 5.

6.4. Elimination-Dispersal Mechanisms. This step has two
parts:

(1) Elimination: removal of some bacteria from the
colony based on their fitness (adaptability).

(2) Dispersal: randomly changing the positions of the
bacteria in the search space.

6.5. IntracellularCommunication. In this step each bacterium
has an associated probability of performing internal com-
munication. The parts that make up a rule are identified
as exchanging structures and the items of these structures
may assume a new position in the rule, that is, a new gene
expression, as illustrated in Figure 6.

6.6. Extracellular Communication. Extracellular communi-
cation is used to coordinate bacterial motility as a collective
behaviour over the search space by sharing information in a
chemical network. The chemical network is used to control
the range of information into a part of the colony, a group.
In our model, the information shared by the bacterium with
higher fitness is considered by the others as a reference to
move around the search space. In a higher density group, the
collective behaviour adopted is to disperse to new regions.

6.7. Evaluation Function. The evaluation, fitness, or objective
function should reflect the relevance of the measures to be
optimized, exhibit regularities over the space defined by
the chosen representation, and provide enough information



Mathematical Problems in Engineering 7

Tumble

Swim

A B C D E F G H
11 01 01 10 00 11 10 01

A B C D E F G H
11 01 01 10 00 11 10 00

A B C D E F G H
11 00 01 10 00 11 10 00

Figure 4: Tumbling followed by a swim step. In this example tumble selected the consequent part to shorten and swim was performed until
the bacterium had a single item in the consequent part of the rule.

Tumble

A B C D E F G H
01 00 01 10 00 11 10 00

A B C D E F G H
11 00 01 10 00 11 10 00

Figure 5: Chemotactic behaviour finished by a tumbling step.

to drive the environmental pressure of a population-based
search algorithm [51]. The measures of interest often used
in Evolutionary Algorithms and Artificial Immune Systems
to compute fitness values are based on those employed for
classification rule mining, with some slight modifications.

Confidence and support were used in [52–54] to define
the fitness function as

𝐹𝑖𝑡𝑛𝑒𝑠𝑠1 (𝐴 → 𝐶) = (𝑤1 ∗ 𝑆𝑢𝑝𝑝 (𝐴 → 𝐶)
𝑚𝑖𝑛𝑆𝑢𝑝𝑝 )

∗ (𝑤2 ∗ 𝐶𝑜𝑛𝑓 (𝐴 → 𝐶)
𝑚𝑖𝑛𝐶𝑜𝑛𝑓 )

(6)

where 𝑤1 = 𝑤2 = 0.5 and 𝑤1 + 𝑤2 = 1 and minSupp
and minConf are, respectively, the user-defined minimum
threshold values for support and confidence. Another fitness
function present in the association rule mining literature is

𝐹𝑖𝑡𝑛𝑒𝑠𝑠2 (𝐴 → 𝐶) = (𝑤1 ∗ 𝑆𝑢𝑝𝑝 (𝐴 → 𝐶)
𝑚𝑖𝑛𝑆𝑢𝑝𝑝 ) (7)

As in 𝐹𝑖𝑡𝑛𝑒𝑠𝑠1, minSupp is also the minimum threshold
value defined by the user. There are other fitness functions
in the field [52, 55, 56], but they are essentially different
combinations of support, confidence, and other measures of
interest. Adetailed description of variousmeasures of interest
usually applied in the association rule mining literature is
available in [57].

The evaluation of each bactetium is related to the occur-
rence probability and accuracy of an association rule in the
database. The selection of bacteria is proportional to their
fitness values. The fitness function used in BaCARO-II and
in the benchmark algorithms is

𝐹𝑖𝑡𝑛𝑒𝑠𝑠 (𝐴 → 𝐶) = 𝑤1 ∗ 𝑆𝑢𝑝𝑝 (𝐴 → 𝐶) + 𝑤2
∗ 𝐶𝑜𝑛𝑓 (𝐴 → 𝐶) (8)

where w1 = w2 = 0.5 and w1 + w2 = 1, subject to

𝐴 ∩ 𝐶 ̸= ⌀ and |𝐴| > 0, |A| > |C| (9)

where |.| returns the cardinality of a set.
The algorithms use support and confidence to calculate

the fitness value and the interestingness measure to compare
them from a different perspective, as in [14, 58].

7. Experimental Results

To assess the performance of the algorithms, we run several
experiments over distinct scenarios. The first set of tests
was performed using five different binary static datasets and
the second was run applying a sliding-window approach
in the datasets to simulate the data streams. Finally, some
experiments were performed investigating the computational
complexity of the algorithms using a standard and an opti-
mized architecture.
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Figure 6: Intracellular communication in association rule mining.

The following algorithms were implemented for compar-
ison: BFO; BaCARO-II; GA; and CLONALG, as well as their
stream versions sBFO; sBaCARO-II; sGA; and sCLONALG
[59]. All algorithms were implemented in Java 1.7.0 95 over a
GNU/Linux environment (Debian 3.16.7-ckt20-1).The exper-
iments were run in an Intel Pentium� Dual-core CPU t4500
@ 2.30GHz.

7.1. Performance Tests in Static Datasets. TheBFOparameters
were set as follows: 𝑆 = 100, 𝑁𝑒𝑑 = 10, 𝑁𝑟𝑒 = 10, 𝑁𝑐 = 10,
𝑁𝑠 = 5, and 𝑃𝑒𝑑 = 0.4. The BaCARO-II parameters were set
as follows: 𝑖𝑐 = 0.01, 𝑃𝑐ℎ𝑎 = 0.9, 𝑒𝑐 = 0.6, and 𝑆𝑖𝑧𝑒𝑛𝑒𝑡 = 2.
For CLONALG we used 𝑁1 = 20, 𝑁2 = 5, and 𝑁𝑐 = 10,
and, finally, for GA we used 𝑃𝐶𝑟𝑜𝑠𝑠𝑜V𝑒𝑟 = 0.6 and 𝑃𝑀𝑢𝑡𝑎𝑡𝑖𝑜𝑛 =0.01. All populations were set with 100 individuals and the
maximum number of iterations was 100.

The following datasets were taken from the UCIMachine
Learning Repository [60]: SPECT Heart database, with a
sparsity of 66.75%; Mushroom Database, with 119 items and
8,124 instances with a sparsity of 80.67%; Balance Scale
Database, with 23 items and 625 instances with a sparsity of
78.26%; Flare Data, with 49 items and 1,389 instances with a
sparsity of 73.47%; and theMonks Problems-1 Database, with
19 items and 432 instances with a sparsity of 63.16%; and the

Nursery Database with 32 items and 12,960 instances with a
measure of sparsity around 71.88%.

All the values taken over ten simulations of BFO,
BaCARO-II, CLONALG, and GA for static environments
are summarized in Table 1, while sBFO, sBaCARO-II,
sCLONALG, and sGA for static and dynamic environments
are summarized in Table 2. The values presented are the
mean ± standard deviation and minimum and maximum
values for the set of rules found in the final population of
each algorithm over ten simulations, where Smeans support,
C confidence, I interestingness, U number of unique rules
found over the last set of candidate solutions, and Time the
processing time. As S and C are used in the fitness function,
we selected the best fitness value from the final population.
On the other hand, I is conceptually different from S and C
and we used it to estimate the heterogeneity of solutions in
the final population, as well as U.

In general, BaCARO-II presented better results than
BFO, CLONALG, and GA in most measures. For instance,
BaCARO-II overcomes BFO in all five datasets for the S
and P measures. It occurs because BFO makes use of its
global information by compounding a measure value of each
attribute of the bacterium to influence the entire colony.
BaCARO-II uses its global information to promote punctual
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Table 1: Results for SPECT, Mushroom, Balance, Flare, Monks, and Nursery datasets were obtained by BFO, BaCARO-II, CLONALG, and
GA. The values presented are the average ± standard deviation (minimal; maximal) taken over ten simulations.

BFO BaCARO-II CLONALG GA
SPECT

S 0.40±0.14(0.01;0,46) 0.43±0.04(0.36;0.46) 0.35±0.09(0.16;0.46) 0.38±0.07(0.28;046)
C 0.95±0.01(0,92;1.00) 0.93±0.01(0.907;0.94) 1.00±0.00(1.00;1.00) 1.00±0.00(1.00;1.00)
I 0.43±0.07(0.27;0.59) 0.41±0.08(0.324;0.59) 0.60±0.08(0.49;0.74) 0.56±0.15(0.46;0.99)
U 11.00±4.76(1.00;17.00) 40±2.40(36.00;43.00) 99.50±0.97(97;100) 99.90±0.31(99;100)
P 18.50±2.38(16.76;25.07) 3.11±0.16(2.967;3.56) 6.80±0.42(6.27;7.50) 3.55±0.10(3.46;3.73)

Mushroom
S 0.00±0.00(0.00;0.00) 0.01±0.01(0.00;0.03) 0.00±0.00(0.00;0.0) 0.00±0(0.00; 0.00)
C 1.00±0.00(1.00;1.00) 1.00±0.00(1.00;1.00) 0.65±0.24(0.50;1.00) 0.70±0.25(0.50;1.00)
I 0.02±0.03(0.00;0.12) 0.13±0.14(0.01;0.49) 0.05±0.04(0.01;012) 0.05±0.04(0.02;0.12)
U 95.50±1.84(93.00;99.00) 15.70±3.86(10.00;20.00) 100±0.00(100;100) 49.90±0.87(48;51)
P 2577±58.84(2451;2653) 535.7±13.81(503.1;557.6) 1196.9±24.46(1166;1237) 644.08±16.20(622;670)

Balance
S 0.00±0.00(0.00;0.00) 0.00±0.00(0.00;0.00) 0.02±0.01(0.00;0.04) 0.01±0.01(0.00;0.04)
C 1.00±0.00(1.00;1.00) 1.00±0.00(1.00;1.00) 1.00±0.00(1.00;1.00) 0.37±0.28(0.20;1.00)
I 0.02±0.00(0.01;0.03) 0.05±0.01(0.01;0.07) 0.04±0.03(0.01;0.14) 0.01±0.01(0.00;0.039)
U 92.70±2.83(88.00;96.00) 7.60±1.71(5.00;10.00) 98.8±1.68(95;100) 4.40±2.75(1;10)
P 29.84±1.68(28.45;33.30) 5.73±0.14(5.50;5.99) 12.17±1.26(11.50;15.63) 6.69±0.19(6.41;6.97)

Flare
S 0.06±0.00(0.06;0.06) 0.70±0.33(0.15;0.96) 0.06±0.00(0.06;0.06) 0.06±0.00(0.06;0.06)
C 0.99±0.00(0.97;1.00) 0.98±0.02(0.94;1.00) 1.00±0.00(1.00;1.00) 1.00±0.00(1.00;1.00)
I 0.253±0.17(0.07;0.45) 0.28±0.19(0.16;0.84) 0.68±0.27(0.43;0.99) 0.45±0.02(0.40;0.49)
U 95.40±2.06(91.00;98.00) 22.20±6.54(12.00;33.00) 99.80±0.42(99;100) 50.50±1.58(50;55)
P 151.9±7.249(141.3;163.9) 28.72±1.05(26.38;29.96) 63.26±4.01(58.75;69.51) 35.83±1.87(33.18;39.31)

Monks
S 0.00±0.00(0.00;0.00) 0.08±0.09(0.02;0.25) 0.14±0.03(0.08;0.16) 0.11±0.04(0.04;0.16)
C 0.90±0.21;(0.50;1.00) 1.00±0.00(1.00;1.00) 1.00±0.00(1.00;1.00) 0.97±0.07(0.75;1.00)
I 0.00±0.00(0.00;0.00) 0.17±0.11(0.04;0.37) 0.14±0.03(0.07;0.21) 0.10±0.02(0.07;0.13)
U 94.40±2.06(92.00;98.00) 10.70±2.58(8.00;15.00) 100±0.00(100;100) 50.4±2.7568(43;53)
P 18.37±0.57(17.45;19.37) 3.53±0.11(3.29;3.64) 7.54±0.42(7.07;8.26) 3.88±0.11(3.74;4.07)

Nursery
S 0.00±0.00(0.00;0.00) 0.17±0.17(0.00;0.33) 0.00±0.00(0.00;0.00) 0.00±0(0.00;0.00)
C 0.46±0.48(0.00;1.00) 1.00±0.00(1.00;1.00) 0.57±0.25(0.33;1.00) 0.510±0.288(0.300;1.00)
I 0.00±0.00(0.00;0.00) 0.35±0.32(0.01;0.66) 0.00±0.00(0.00;0.00) 0.00±0.00(0.00;0.00)
U 95.70±1.702(92.00;98.00) 15.20±4.541(8.00;24.00) 99.70±0.48(99;100) 49.30±1.05(47;51)
P 889.7±34.70(846.1;950.3) 169.3±4.73(161.7;175.2) 401.3±30.90(349.2;440.42) 207.4±12.38(184.9;222.7)

variations along the colony and improve its search ability. By
improving it, BaCARO-II tends tomaintainmany agents over
the same high adaptable regions. Consequently, BFO some-
times overcomes BaCARO-II in the U measure by applying
more local search steps, avoiding the concentration of large
numbers of agents in the same region. On the other hand,
BFOmakes less use of global information and then BaCARO-
II presents better fitness values as well as processing time.

BaCARO-II presented competitive results for all datasets.
The best performance of our bacterial algorithm was for
the Mushroom, Monks, and Nursery databases. The average
values of support, confidence, and interestingness of our

approach are higher than those presented by BFO. However,
the number of rules generated by BaCARO-II is not greater
than that of BFO in most datasets. On the other hand,
our approach produces association rules with higher values
of support and confidence. Another favourable point for
BaCARO-II is its average processing time, which is smaller
than its competitors. Nevertheless, BaCARO-II performs
worse than BFO,GA, and CLONALG for all databases for the
unique rules measure.

7.2. Bacterial Colony Algorithms in Stream Data. The same
parameter configurations adopted in the static environment
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Table 2: Results for streamSPECT, streamMushroom, streamBalance, streamFlare, streamMonks, and streamNursery datasets were obtained
by sBFO, sBaCARO-II, sCLONALG, and sGA.The values presented are the average ± standard deviation (minimal; maximal) taken over ten
simulations.

sBFO sBaCARO-II sCLONALG sGA
streamSPECT

S 0.61±0.00(0.61;0.62) 0.41±0.05(0.34;0.46) 0.36±0.00(0.36;0.36) 0.351±0.016(0.310;0.360)
C 1.00±0.00(1.00;1.00) 0.94±0.03(0.87;0.97) 1.00±0.00(1.00;1.00) 1.00±0.00(1.00;1.00)
I 0.63±0.07(0.54;0.72) 0.82±0.21(0.49;0.99) 0.82±0.13(0.72;0.98) 0.963±0.083(0.727;0.99)
U 100±0.00(100;100) 41.30±4.44(36.00;48.00) 99.90±0.31(99;100) 99.70±0.483(99.00;100.0)
P 100.9±1.85(97;104) 2.70±0.10(2.63;2.90) 5.36±0.30(4.99;5.83) 3.200±0.077(3.051;3.340)

streamMushroom
S 0.01±0.00(0.01;0.01) 0.00±0.00(0.00;0.00) 0.00±0.00(0.00;0.00) 0.00±0.00(0.00;0.00)
C 1.00±0.00(1.00;1.00) 0.00±0.00(0.00;0.00) 0.00±0.00(0.00;0.00) 0.00±0.00(0.00;0.00)
I 0.99±0.00(0.99; 0.99) 0.00±0.00(0.00;0.00) 0.00±0.00(0.00;0.00) 0.00±0.00(0.00;0.00)
U 100±0.00(100;100) 0.00±0.00(0.00;0.00) 0.00±0.00(0.00;0.00) 0.00±0.00(0.00;0.00)
P 7662.3±290.5(7089;7994) 866.5±65.234(792.8;990.2) 1386.5±70.930(1290.2;1497.2) 872.0±43.39(796.1;927.2)

streamBalance
S 0.01±0.00(0.01;0.01) 0.09±0.08(0.01;0.20) 0.03±0.03(0.00;0.130) 0.02±0.02(0.00;0.05)
C 1.00±0.00(1.00;1.00) 0.73±0.34(0.200;1.00) 0.27±0.27(0.000;1.00) 0.216±0.29(0.00;1.00)
I 0.13±0.06(0.04;0.19) 0.14±0.06(0.04;0.20) 0.03±0.04(0.000;0.13) 0.02±0.02(0.00;0.04)
U 95.8±2.898(92;100) 7.30±3.02(1.00;11.00) 2.60±2.06(0.00;6.00) 1.80±2.25(0.00;7.00)
P 117.2±5.391(111;126) 6.51±0.40(6.05;7.24) 11.34±0.43(10.64;12.01) 6.35±0.17(6.15;6.70)

streamFlare
S 0.160±0.000(0.160;0.160) 0.96±0.02(0.92;0.98) 0.02±0.00(0.02;0.03) 0.02±0.00(0.02;0.03)
C 1.00±0.00(1.00;1.00) 0.99±0.02(0.93;1.00) 1.00±0.00(1.00;1.00) 1.00±0.00(1.00;1.00)
I 0.990±0.000(0.990;0.990) 0.21±0.027(0.17;0.25) 0.31±0.02(0.28;0.32) 0.32±0.02(0.26;0.32)
U 100±0.00(100;100) 17.60±2.633(13.00;22.00) 21.10±4.28(15.00;30.00) 13.60±3.71(9.00;20.00)
P 557.60±20.76(532;607) 33.45±0.70(32.21;34.06) 66.79±2.926(15;30) 36.72±1.43(33.43;38.12)

streamMonks
S 0.01±0.00(0.01;0.01) 0.42±0.14(0.24;0.60) 0.28±0.09(0.15;0.48) 0.21±0.12(0.020;0.480)
C 1.00±0.00(1.00;1.00) 1.00±0.00(1.00;1.00) 0.98±0.06(0.80;1.00) 0.96±0.12(0.60;1.00)
I 0.07±0.02(0.04;0.09) 0.34±0.08(0.24;0.44) 0.24±0.05(0.17;0.30) 0.20±0.062(0.12;0.30)
U 97.70±1.33(96.00;100) 12.10±3.17(7.00;17.00) 76.40±6.80(65.00;88.00) 47.00±3.55(39.00;50.00)
P 65.50±1.77(63.00;69.00) 3.97±0.14(3.68;4.15) 6.89±0.14(6.64;7.08) 3.79±0.05(3.70;3.88)

streamNursery
S 0.01±0.00(0.01;0.01) 0.93±0.20(0.34;1.00) 0.01±0.02(0.00;0.06) 0.02±0.05(0.00;0.18)
C 1.00±0.00(1.00;1.00) 1.00±0.00(1.00;1.00) 0.10±0.13(0.00;0.33) 0.10±0.18(0.00;0.52)
I 0.21±0.22(0.03;0.61) 0.28±0.13(0.24;0.66) 0.01±0.02(0.00;0.06) 0.05±0.13(0.00;0.43)
U 1.00±0.00(1.00;1.00) 11.80±3.583(4.00;18.00) 0.50±0.70(0.00;2.00) 0.50±0.70(0.00;2.00)
P 9740.4±480.1(9069;10312) 409.2±11.09(394.7;432.2) 633.3±35.94(569.2;686.8) 458.7±30.89(383.9;481.6)

were applied to the dynamical case. As datasets have different
sizes, we fixed the sliding-window size at 100, changing 1
object per iteration.

By considering the highlighted performance of our algo-
rithm presented here and in other works [5, 6], we designed
dynamical environments to evaluate its robustness and flex-
ibility in mining association rules. In fact, we converted
the following static datasets, SPECT, Balance Scale, Flare,
Monks, and Nursery, to dynamical datasets by applying
the Sliding-Window approach over them. To differentiate
static and stream databases, we refer to the stream versions

as streamSPECT, streamBalance, streamFlare, streamMonks,
and streamNursery.

For experimental proposes, we fixed the sliding-window
size at 100 objects per time step ti of the data stream and
its transition from ti to ti+1 occurs when one object from
the stream enters and another leaves the sliding-window,
which always maintains its size. The sliding-window schema,
data stream, and its transactions used in the experiments are
illustrated in Figure 7.

The results obtained by the stream versions of the
algorithms (sBaCARO-II, sCLONALG, sBFO, and SGA) in
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Figure 7: Sliding-window approach for association rule mining.

the dynamic environments for streamSPECT, streamBalance,
streamFlare, streamMonks, and streamNursery output are
summarized in Table 2.

Although the final result is based on the different objects
that run through the sliding-window during the association
rule mining process, it is undeniable that the objects at the
final time t are the most relevant for the development of the
previous ones.

To validate the results obtained in static and dynamic
environments we compared the results of our approach with
BFO; we choose this one instead of GA or CLONALG due to
its superior performance during experimental results, using
Student’s t-test with two-tailed distribution. In the static
environment, for the Balance database, the t-test showed no
statistical difference for the highest values of the support
and confidence measures, 8.53𝑒6 and 0, respectively; the t-
test for the Flare database indicates, respectively, the statis-
tical difference of 0.00017 and 0.1341 for the measures of
support and confidence; for the Monks database, the value
obtained by the statistical difference t-test for the support
was 0.015, while for the confidence it was 0.167; already
in the Mushroom database, the t-test registered 0.025 for
the support measure, while it did not record a difference
for the confidence measure; for the Nursery database, the
values indicated by the t-test were 0.010 and 0.006 for the
confidence and support measures, respectively; and finally,
for the SPECT database, the t-test pointed to the largest
statistical difference between the algorithms, the support
recorded with 0.489 for the support measure and 0.109 for
the confidence measure.

In the dynamic environment, the t-test for the Balance
database registered 0.009 and 0.041 for the support and
confidence measures, respectively; for the Flare database,
values of 2.2𝑒15 and 0.343 were, respectively, recorded for
support and confidence; already in the Monks database, the
t-test for the support was pointed out with 7.93𝑒6 and showed
no statistical difference for the confidence measure; for the
Mushroom database the t-test showed statistical difference
for both measures because sBaCARO-II did not generate

any rule; and finally, the t-test indicated 3.73𝑒7 and 0.0006,
respectively, for support and confidence measures.

7.3. Some Notes on BaCARO-II Running Time. To assess
the running time of the proposed algorithm, we tested
its static version using a different hardware and software
architecture: an accelerating performance for server-side Java
[61] applications, an optimization on JVM (Java Virtual
Machine) from version 1.8 to newer versions to Intel� new
Xeon Scalable Processors. We performed new experiments
aiming at investigating Intel’s High Performance Computing
(HPC) platforms benefits.These new experiments weremade
on a compute node composed of two Intel� Xeon� Platinum
8160 processors @ 2.10 GHz, each one with 24 physical cores
(48 logical) and 33 MB of cache memory, 190 GB of RAM,
two Intel� Solid State Drive Data Center (Intel� SSD DC)
S3520 SERIES with 1.2 TB e 240 GB store capacity, and a
CentOS 7 operation system running kernel version 3.10.0-
693.21.1.3l7.x86 64. Table 3 provides a comparison of the
running times of BaCARO-II for the static datasets in both
architectures. As can be observed, the use of anHPCplatform
leads to an average 2.60-fold gain in performance.

8. Final Remarks and Future Trends

There are many phenomena happening in a bacterial colony.
Some of them, such as foraging and chemotaxis, were used
to construct tools to solve complex problems. This paper
proposed and applied a new bacteria-inspired algorithm by
looking at intra- and extracellular communication networks,
as well as interactions between bacteria and their internal
constituent parts to deal with association rule mining. The
results presented by BaCARO-II showed a superior perfor-
mance to other bio-inspired algorithms, such as BFO, GA,
and CLONALG when applied to the same tasks.

With the current need of solving stream data problems,
we designed and applied versions of BFO, BaCARO-II, GA,
and CLONALG for mining association rules in stream data.
The proposed bacterial approach showed good results in the
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Table 3: Running time comparison of different architectures.

Dataset Intel� Pentium� Intel� Xeon� Platinum
SPECT 3.110±0.167 (2.967; 3.561) 1.10±0.02 (1.05; 1.13)
Mushroom 535.7±13.81 (503.1; 557.64) 174.47±2.95 (170.79; 180.82)
Balance 5.731±0.146 (5.507; 5.995) 2.26±0.05 (2.2; 2.4)
Flare 28.72±1.056 (26.38; 29.96) 9.82±0.13 (9.6; 10.01)
Monks 3.533±0.119 (3.293; 3.643) 1.44±0.05 (1.39; 1.52)
Nursery 169.3±4.735 (161.7; 175.2) 92.76±1.62 (90.14; 95.42)

experiments performed, in both static and stream data. We
understand that the superior performance of our approach is
primarily due to two reasons: first, the local search performed
in the intracellular communication phase and, second, the
use of information available in the neighbourhood (nearest
bacterial cell) of each bacterial cell to improve the search
space exploration. BFO was very competitive and presented
better results in some dynamic scenarios, though it demands
longer processing time.

As future investigations, sBaCARO-II should be applied
to stream data mining tasks with different kinds of stream
data processing models, Landmark and Damped. Other
settings for the Sliding-Windows size should also be tested and
the results compared with other algorithms, such as the ones
presented in [62, 63]. Future works may also include a deeper
understanding of bacterial behaviours and phenomena.
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The paper proposes a new adaptive PSO (NAPSO) that adaptively adjust the inertial weight of every particle according to its own
current fitness. InNAPSO, the searching ability of each particle is controlled by the inertial weight. In pursuit of the optimal solution,
if a particle has a rather small value of normalized fitness, it has a small inertia weight so as to increase local searching ability; on the
contrary, it has a large inertia weight to increase global searching ability. Simulation results include three parts: the NAPSO shows
fast convergence and good stability compared with other PSOs; the NAPSO shows good fit and short run-time compared with GA
andGALMA; according to the identified parameters, the time history of predicted vertical displacement is quite in accordancewith
the time history of measured displacement. As far as the nonlinear VIVF model is concerned, the NAPSO is a simple and effective
identification method.

1. Introduction

In wind engineering, the vortex-induced vibration (VIV) is
the current research hotspot. Many researchers have studied
the VIVs for many years and achieved a lot of results [1–
5]. Ehsan and Scanlan [1] proposed a nonlinear model to
estimate the maximumVIV response of bluff bodies, and this
model has been widely applied in engineering [6]. However,
some researchers [5, 7–9] have found that Scanlan’s nonlinear
model fails to depict theVIVphenomena; they have proposed
their own models, respectively. Among these new models,
the improved nonlinear model presented by Zhu et al. [9] is
special, because it is based on the measured vortex-induced
vertical force (VIVF) and its validity is verified using the
experimental data.

Due to the complexity of VIV, most VIV models are
usually nonlinear. Parameter identification for nonlinear
models is complex and the accuracy of parameters has direct
influence on predicting prototype VIV response. The earli-
est identification method is the grow-to-resonance method
(GTR) [1] that uses the vertical vibration displacement in
wind tunnel tests to identify parameters. It is difficult to
accurately measure the vertical vibration displacement due

to its small amplitude and noise in wind tunnel tests. To
reduce the effect of incorrect measurement, Gupta et al. [10]
attempted to use least squares method to identify parameters
of VIVF model. Zhu et al. [9] used the nonlinear least
squares fitting to identify parameters of their model from
wind tunnel tests. Levenberg-Marquardt algorithm (LMA)
is adopted to solve nonlinear equations. However, LMA
is sensitive to the initial solution, and the initial solution
corresponding to the global optimal solution is difficult to be
known in advance. Weng et al. [11] used the genetic algorithm
(GA) to identify parameters of VIVF models. However, GA
has crossover and mutation operations, which increase the
algorithm complexity and the amount of calculation. Tian et
al. [12] proposed a hybrid algorithm based on GA and LMA.
This algorithm includes two parts: GA generates a solution
randomly and LMAuses this solution as the initial solution to
converge to a better solution. Though GALMA identifies the
models well, the upper bound and lower bound of solutions
also need to be set ahead of time.Hence, it is urgent to develop
a reliable identification method that does not solely depend
upon the appropriate initial conditions.

The particle swarm optimization (PSO) is a stochastic
algorithm motivated by the social behavior of individuals in
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a swarm such as bird flocking [13]. It has good characteristics
including fast convergence, easy implementation, and few
parameters. These characteristics make PSO a potential
method for solving optimization problems in various areas
[14–16], and PSO is considered especially in the field of
models’ parameter identification [17–19].

The performance of PSO algorithm highly depends on
the inertia weight which can be adjusted to get a balance
between the global and local searching abilities. Since this
balance is vital to the success of an optimization algorithm,
the improvement of inertia weight is a focus [20]. The
function of inertia weight may be a fixed number, a random
number, a nonlinear function, an adaptive function, etc. An
appropriate strategy lies in three parts: the inertia weight
should vary with running situations; the function of inertia
weight should describe main features of each particle in
running; the stability and complexity of the algorithm need
to be taken into account.

However, Shi and Eberhart [21] used random inertia
weight without considering the running condition of each
particle. Liao et al. [22] proposed a nonlinear decreasing strat-
egy of the inertia weight. This PSO only considers iterations
rather than the environment of the swarm; its stability is
not satisfied. Arumugam [23] presented an adaptive PSO, in
which every particle’s own situation is not considered, so the
stability of this PSO is difficult to be controlled. Taherkhani
and Safabakhsh [20] proposed an adaptive stable PSO which
uses the complex function of inertia weight to compute
the inertia weight of every particle in different dimensions.
The strategy undoubtedly increases the complexity of the
algorithm and harms its features, such as rapid convergence
and simplicity.

In the paper, a new adaptive PSO (NAPSO) is proposed
to identify parameters of Zhu’s model. In NAPSO, the
inertia weight of each particle is adaptively adjusted by its
normalized fitness at last iteration. This strategy focuses on
the running environment of every particle so that it can
improve the stability and the speed of convergence. The per-
formance of NAPSO is amply demonstrated by applying it to
Zhu’s model. Compared with other identification algorithms,
the NAPSO has fast convergence, good stability, and high
identification accuracy.

The rest of the paper is organized as follows. In Section 2,
the principle of PSO is discussed in a brief, and different
variant PSOs are also described. In Section 3, NAPSO for
VIVF models is proposed; the change of inertia weight is
illustrated in detail. In Section 4, first, NAPSO is compared
with different variant PSOs to show its good performance.
Second, NAPSO is compared with other identification meth-
ods to show its simplicity and reliability. Last, the parameters
identified by NAPSO are verified by comparing the recon-
structed data with the measured data. Section 5 summarizes
the paper.

2. Related Knowledge of PSO

2.1. PSO Theory. PSO is an optimization algorithm based
on swarm intelligence. In PSO, every particle is a potential
solution and contains several parameters such as the current

position, velocity, and the best position achieved so far
by itself, and so on. For a 𝑘-dimensional solution space,
the position and velocity of the 𝑖𝑡ℎ particle are presented,
respectively.

𝑥𝑖 = (𝑥𝑖1, 𝑥𝑖2, ⋅ ⋅ ⋅ , 𝑥𝑖𝑘)
V𝑖 = (V𝑖1, V𝑖2, ⋅ ⋅ ⋅ , V𝑖𝑘)

(1)

at each iteration, the position and velocity of this particle are
updated according to the following equations:

V𝑗+1𝑖 = 𝑤 ∗ V𝑗𝑖 + 𝑐1 ∗ 𝑟1 ∗ (𝑝𝑏𝑒𝑠𝑡𝑖 − 𝑥𝑗𝑖 ) + 𝑐2 ∗ 𝑟2
∗ (𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑗𝑖 )

𝑥𝑗+1𝑖 = 𝑥𝑗𝑖 + V𝑖
𝑗+1

(2)

where 𝑝𝑏𝑒𝑠𝑡𝑖 = (𝑝𝑏𝑒𝑠𝑡𝑖1, 𝑝𝑏𝑒𝑠𝑡𝑖2, . . . , 𝑝𝑏𝑒𝑠𝑡𝑖𝑘) denotes the
best position of the 𝑖𝑡ℎ particle; 𝑔𝑏𝑒𝑠𝑡 denotes the best 𝑝𝑏𝑒𝑠𝑡
among all the particles in the swarm; 𝑐1 and 𝑐2 are learning
factors which are nonnegative constants, respectively; 𝑟1 and𝑟2 are two random values in the interval of [0, 1], respectively;
𝑗 denotes the number of iteration; 𝑤 is the inertia weight.
Importantly, the initialized position and velocity of every
particle are generated randomly.

2.2. Different Variant of PSO. The inertia weight of PSO has
great influence on the algorithm performance. A Large value
of 𝑤 increases the global searching ability and keeps the
diversity of the population, whereas a small value enhances
the local search capability. The tradeoff between global
and local search is critical to the success of optimization
algorithms. In addition, good stability is also important for
this optimization.

Shi and Eberhart [24] proposed a fixed weight PSO
algorithm (FPSO)which has a fixed𝑤 value. In their opinion,
PSO can do well when 𝑤 is assigned a value in the interval
of [0.8, 1.2]. The global and local search abilities remain
unchanged throughout the iteration.

Eberhart and Shi [25] presented a random PSO (RPSO)
which uses a random function of inertia weight to enable
all particles to track the best particle. This function can be
expressed as follows.

𝑤 = 0.5 + 0.5 ∗ 𝑟 (3)

where 𝑟 is a random number in the interval [0, 1]. This
strategy accelerates convergence in the early time of the
algorithm, and its searching ability does not vary with time
or iteration.

Researchers point out inertia weights should decrease
with run-time or iteration number; they have defined dif-
ferent functions to show a nonlinear variation of the inertia
weight. The value of inertial weight nonlinearly decreased, as
the global searching ability of particles is corresponding to
decrease and the local ability becomes strong. Liao et al. [22]
proposed a nonlinear PSO (NLPSO), which uses a nonlinear
decreasing function of inertia weight.The nonlinear function
is written as follows.
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𝑤𝑗 = (𝑖𝑡𝑒𝑟max − 𝑗
𝑖𝑡𝑒𝑟max

)
𝑑

∗ (𝑤max − 𝑤min) + 𝑤min (4)

where 𝑗 is the current number of iterations and 𝑑 is a constant
greater than 1. At the early time of the run, particles have
quite large inertia weight; their global searching ability is
strong; then their inertia weight nonlinearly reduces and
their local search capability gradually becomes strong. This
strategy increases the computational complexity and does not
consider running situations of all particles.

Adaptive PSOs monitor the running situation and adjust
the inertia weight according to the information of last iter-
ation. Since the fitness is the most significant characteristic
of all particles, Arumugam [23] proposed an adaptive PSO
(APSO) which determines the inertia weight in next iteration
by the ratio of the global best fitness achieved so far and the
average of particles’ local best fitness achieved so far.

𝑤 = 1.1 − fit (𝑔𝑏𝑒𝑠𝑡)
(1/𝑛)∑𝑁𝑖=1 fit (𝑝𝑏𝑒𝑠𝑡𝑖) (5)

where 𝑁 denotes the number of particles. In this strategy,
the inertia weight of all particles is adjusted according to the
ratio of the fitness of the 𝑔𝑏𝑒𝑠𝑡 particle to the mean fitness
of all particles in the last iteration. If the ratio is small, the
inertia weight becomes large; the particles have great global
searching ability; otherwise, all particles have strong local
searching ability. However, this strategy does not consider the
running situation of each particle.

3. Proposed Method

In this section, we will discuss the proposed method in detail.
Firstly, Zhu’s model is described in brief, which is suitable to
depict the nonlinear VIVF.Then, NAPSO is proposed, which
uses a specific formulation of inertia weight to quickly get the
optimal solution and ensure the stability of NAPSO. At last,
the proposed PSO is applied in Zhu’s model.

3.1. Zhu’s Model. Zhu et al. [9] proposed an improved VIVF
model. This model is suitable to describe the VIVF on a flat
closed-box bridge deck. Zhu’s model is written as follows.

𝑚( ̈𝑦 + 2𝜉𝜔0 ̇𝑦 + 𝜔20𝑦) = 𝐹 ( ̇𝑦, 𝑦, 𝑡) (6)

𝐹 ( ̇𝑦, 𝑦, 𝑡) = 1
2𝜌𝑈
2𝐷[𝑌1 (𝐾) (1 − 𝜀 (𝐾) �̇�2) �̇�

+ 𝑌2 (𝐾) 𝑦 + 𝑌3 (𝐾) 𝑦 ̇𝑦 + 12𝐶𝐿 (𝐾) sin (𝜔𝑡 + 𝜙)]
(7)

where𝑚 is the mass per unit span length; 𝜉 is the mechanical
damping; 𝜔0 is the circular natural frequency of the bluff
bodies; 𝑦, ̇𝑦, and ̈𝑦 are the vertical displacement, velocity, and
accelerated velocity, respectively; 𝐷 is the characteristic size
of the bluff body; 𝑈 is the velocity of oncoming flow; 𝜌 is the
air density;𝜔 is the circular frequency of vortex-shedding;𝜙 is
the phase angle. At lock-in,𝜔 is appropriately close𝜔0.𝑌1(𝐾),𝑌2(𝐾), 𝑌3(𝐾), 𝜀(𝐾), and 𝐶𝐿(𝐾) are functions of the reduced
frequency 𝐾 = 𝜔𝐷/𝑈.

The dimensionless motion equation of VIVF can be
expressed in the following format.

𝐹𝑉𝐼 = 𝑚𝑟 [𝑌1 (1 − 𝜀𝜂2 (𝑠)) 𝜂 (𝑠) + 𝑌2𝜂 (𝑠)

+ 𝑌3𝜂 (𝑠) 𝜂 (𝑠) + 12𝐶𝐿 sin (𝜔𝑉𝑆𝑠 + 𝜙)]
(8)

where 𝜂 = 𝑦/𝐷 denotes dimensionless response of vertical
displacement; 𝑚𝑟 = 𝜌𝐷2/𝑚 denotes mass ratio; 𝜔𝑉𝑆 denotes
dimensionless circular frequency; 𝑠 = 𝑈𝑡/𝐷 is the dimen-
sionless time; 𝐹𝑉𝐼 is the dimensionless VIVF.These notations
𝑌1, 𝑌2, 𝑌3, 𝜀, 𝐶𝐿, 𝜔𝑉𝑆, and 𝜙 are aeroelastic parameters that
need to be obtained from wind tunnel tests.

3.2. Proposed PSO. A new adaptive PSO (NAPSO) is pro-
posed, which can adjust adaptively inertia weight to seek
the optimal solution and keep the stability. To make a good
decision about the inertia weight, the fitness of each particle
in the last iteration is used as the feedback. The formula for
the inertia weight of every particle can be expressed as below.

𝑤 = 𝑤min + 𝛿 ∗ (𝑝𝑗𝑖 −min (𝑝𝑗))
(max (𝑝𝑗) −min (𝑝𝑗)) (9)

where 𝛿 denotes a scale factor, which controls the range of
inertia weight. 𝑝𝑗𝑖 denotes the fitness of the 𝑖𝑡ℎ particle in the
𝑗𝑡ℎ iteration. 𝑝𝑗 denotes the fitness vector of the swarm in the
𝑗𝑡ℎ iteration. (𝑝𝑗𝑖 −min(𝑝𝑗))/(max(𝑝𝑗) −min(𝑝𝑗)), mapping
the fitness of the 𝑖𝑡ℎ particle to the interval [0, 1], denotes the
normalized fitness of the swarm.

According to (9), a particle that has the lowest fitness
has smallest inertial weight in next iteration. Conversely, if
a particle has the highest fitness, it has the largest inertial
weight so that it may explore the largest search areas in the
pursuit of the optimal solution. Figure 1 displays the inertial
weight of the 3rd particle varying during the whole iteration.
The blue circle represents the 3rd particle; its features include
inertia weight, velocity, and position. Figure 1 highlights
NAPSO adaptively adjusting the inertia weight of the 3rd
particle in each iteration.

3.3. NAPSO for Zhu’s Model. For every particle in NAPSO,
𝑥 = (𝑌1, 𝜀, 𝑌2, 𝑌3, 𝐶𝐿, 𝜔𝑉𝑆, 𝜙) denotes its position and the least
squares is utilized to define the objective function which can
be written as follows.

𝑂𝑏𝑗 (𝑥) = 𝐹𝑉𝐼 − 𝐹𝑉𝐼2 (10)

where ‖⋅‖2 is the 2 norm;𝐹𝑉𝐼 denotes the time history ofmea-
sured VIVF; 𝐹𝑉𝐼 is the time history of VIVF reconstructed by
(8). So the fitness of the 𝑖𝑡ℎ particle can be defined as follows:

𝑝𝑖 = 𝑂𝑏𝑗 (𝑥𝑖) (11)

For Zhu’s model, at the lock-in, a global optimal 𝑥∗ is sought
to minimize (10); it can be expressed that

𝑥∗ = argmin𝑂𝑏𝑗 (𝑥)
𝑥∈𝑅7

(12)
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Figure 1: The situation of the 3rd particle.

Algorithm 1 (a pseudo-code of NAPSO).
Input: the maximum number of iterations 𝐼𝑡𝑒𝑟𝑀𝑎𝑥 = 80,
𝑁 = 40, 𝑤min = 0.5, 𝛿 = 0.6, 𝑐1 = 2.2, and 𝑐2 = 1.7.

For i=1 to𝑁

A random vector of 7 dimension → V0𝑖
A random vector of 7 dimensions, and 𝑥0𝑖 →𝑝𝑏𝑒𝑠𝑡𝑖
Compute 𝑝0𝑖 according to Equation (11)

End

𝑥01 → 𝑔𝑏𝑒𝑠𝑡
For i= 2 to𝑁

If 𝑝0𝑖 < 𝑂𝑏𝑗(𝑔𝑏𝑒𝑠𝑡) 𝑥0𝑖 → 𝑔𝑏𝑒𝑠𝑡

End

For j=1 to 𝐼𝑡𝑒𝑟𝑀𝑎𝑥

For i=1 to𝑁
Compute 𝑤𝑗𝑖 according to Equation (9)
Compute V𝑗𝑖 and 𝑥𝑗𝑖 according to Equation
(2), respectively
Compute 𝑝𝑗𝑖 according to Equation (11)
If 𝑝𝑗𝑖 < 𝑂𝑏𝑗(𝑝𝑏𝑒𝑠𝑡) 𝑥𝑗𝑖 → 𝑝𝑏𝑒s𝑡𝑖
If 𝑝𝑗𝑖 < 𝑂𝑏𝑗(𝑔𝑏𝑒𝑠𝑡) 𝑥𝑗𝑖 → 𝑔𝑏𝑒𝑠𝑡𝑖

End

End

4. Result Analysis

Thedetails of the operating environment are given as follows.

Software. Windows 10 is the operating system; MATLAB
2016b is the development software.

Hardware. Intel(R) Core(TM) i7-4710HQ CPU@ 2.5GHZ;
RAM 4.0GB.

Wind tunnel tests on the prototype of a long-span bridge
have been carried out in the State Key Laboratory for Disaster
Reduction in Civil Engineering at Tongji University. The
experimental details can be referred to in the literature [9].
20600 data points at wind speed 𝑈 = 9.1𝑚/𝑠 for the case of
damping ratio 𝜉 = 0.5% are used to identify parameters of
Zhu’s model; 10000 data points are used to verify the validity
of the identified parameters.

4.1. Comparison with Other PSOs. In this section, different
algorithms are used to contrast with the NAPSO. These
algorithms include FPSO, RPSO, APSO, and NLPSO.

In the PSOs, the swarmhas 40 particles.The learning rates
𝑐1 and 𝑐2 are 2.2 and 1.7, respectively. The maximum number
of iterations is 100. The inertia weight in FPSO is 0.8. For
NLPSO, 𝑑, 𝑤max, and 𝑤min are 3, 1, and 0.5, respectively. The
search space is 7 dimensions, 𝑌1, 𝑌2, 𝑌3, 𝜀, 𝐶𝐿, 𝜔𝑉𝑆, and 𝜙.

These PSOs have been run 10 times, and their results
are compared and analyzed using tables or figures. Figure 2
shows the change of fitness with the number of iterations.
Different PSOs have different convergence rates and converge
to different fitness values. The worst, mean, and best fitness
values of the swarm in every iteration are shown in Figures
2(a), 2(b), and 2(c), respectively. As is indicated in Figure 2(a),
FPSO converges to the maximum fitness; RPSO, APSO, and
NLPSO converge to the same fitness which is lower than the
fitness of FPSO but is higher than the fitness of NAPSO;
NAPSO gets the minimum fitness at 84th iteration. In Fig-
ure 2(b), five algorithms converge to different fitness values,
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Figure 2: The variation of fitness for different algorithms. (a) Worst fitness; (b) mean fitness; (c) best fitness.

respectively. FPSO converges to the worst solution, followed
by APSO, RPSO, and NLPSO. The NAPSO converges to the
best solution at the 82nd iterations. As can be seen from
Figure 2(c), PSOs converge to the same optimal solution at
different rates of convergence. APSO is the fastest; NLPSO is
the slowest; NAPSO is slower thanAPSObut faster than other
PSOs.

Figure 3 illustrates that inertia weights of the 24th particle
from different PSO algorithms vary with the number of
iterations, respectively. RPSO has a random inertia weight
that fluctuates sharply throughout the iterative process, and
the quick change of inertia weight may bring about the
instability of algorithm performance. FPSO has a constant

inertia weight, 0.8. The inertia weight of APSO falls quickly
and converges to the minimum inertia weight and then
rebounds and slowly descends to the minimum inertia
weight. The inertia weight of NLPSO nonlinearly decreases
with the iterative number. For NAPSO, the inertia weight
gets to the minimum value after two rapid drops. Figure 3
highlights that NAPSO adaptively adjusts the inertia weight
of every particle in the pursuit of the optimal solution.

Figures 2 and 3 lead to the conclusion that each particle’s
own condition and the change of the inertia weight have
great influence on the convergence. From the angle of
convergence, FPSO is the worst due to the constant inertia
weight. Although APSO, RPSO, and NLPSO have the change
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Table 1: The results of 10 runs.

Algorithms 𝑅2 Run-time(s)
max mean min max mean min

RPSO 0.8362 0.7761 0.5638 114.6517 112.3677 110.9941
FPSO 0.8324 0.6817 0.4856 114.2825 112.7262 111.1013
APSO 0.8317 0.7108 0.5509 117.0573 116.4893 115.7839
NLPSO 0.8357 0.8048 0.5580 115.1727 113.3600 111.4057
NAPSO 0.8365 0.8305 0.8146 112.9625 112.4936 112.0529

Table 2: Parameters in Zhu’s model with different algorithms.

Algorithm 𝑌1 𝜀 𝑌2 𝑌3 𝐶𝐿 𝜔𝑉𝑆 𝜙
GA 9.6967 55.3564 -2.1638 89.7142 0.0306 0.3908 0.5652
GALMA 11.3496 113.7826 -2.1644 89.9420 0.0274 0.3906 1.7688
NAPSO 11.3731 114.5930 -2.1647 89.9440 0.0024 0.3911 4.9534
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Figure 3: The change of inertia weight.

of inertia weight, those algorithms do not take each particle’s
own condition into account; their convergence is better than
FPSO and worse than NAPSO.The most outstanding feature
of NAPSO is that the inertia weight is automatically adjusted
according to the current state of each particle. Therefore,
NAPSO has better convergence than other PSOs.

Table 1 displays the run-time and𝑅2 of 10 runs of different
algorithms. Due to the randomness of the initial solution, the
result of each run is different. As is shown in Table 1, NAPSO
has good stability in 𝑅2 because its 𝑅2 changes in a very small
interval [0.8365 0.8146] and its run-time keeps around 112(s),
while 𝑅2 and run-time of other PSOs vary in a large interval.
Therefore, Table 1 highlights that NAPSO has good stability
compared with other PSOs.

In the pursuit of the globally optimal solution, every
particle in NAPSO is able to adaptively adjust its own inertia
weight according to the current fitness, so that it keeps the
balance of local and global search abilities. It is because of

Table 3: 𝑅2 and runtime of different methods.

GA GALMA NAPSO
𝑅2 0.8343 0.8362 0.8363
Runtime (s) 113 123 112

this adaptive ability that NAPSO has good stability and high
accuracy of identified parameters.

4.2. Comparison with Other Non-PSOs. Through the above
analysis, NAPSO is a good method to identify parameters of
Zhu’s model. In this selection, GA, GALMA, and NAPSO are
carried out, respectively. For GA, every individual also has
7 features, the population size is 40, the maximum iterative
number is 100, the lower bound is [-8 -18 -4 -100 -0.1
0.3 -5], and the upper bound is [20 130 6 100 0.1 0.4 5]. For
LMA in GALMA, the maximum iterative number is 100, the
lower bound is [-8 -18 -4 -100 -0.1 0.3 -5], and the upper
bound is [20 130 6 100 0.1 0.4 5].The identified parameters
are shown in Table 2.

Table 3 shows 𝑅2 and run-time of different algorithms.
NAPSO has the highest 𝑅2 and GA80 has the lowest. 𝑅2
of GALMA approaches that of NAPSO. NAPSO spends
least time and achieves the highest 𝑅2. As far as Table 3 is
concerned, the NAPSO takes the least time to get the optimal
solution, so it outperforms other algorithms.

GA and PSO belong to the evolutionary algorithm, and
they have their own features. GALMA pursues the better
solution in the neighborhood of the initial solution generated
by GA. GA and GALMA need the scope of solutions in
advance. As far as Zhu’s model is concerned, NAPSO has
better convergence than GA.

4.3. Nonparameter Test for These Algorithms. 𝑅2 is used to
evaluate the advantages and disadvantages of these algo-
rithms. Nonparameter tests for these algorithms include
Wilcoxon’s test and Friedman’s test [26].

The results of Wilcoxon’s test between NAPSO and other
algorithms are shown in Table 4, where the values of R+
and R− of the test are specified, together with whether the
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Figure 4: Comparison of the measured and reconstructed VIVFs. (a) Time domain. (b) Frequency domain.

Table 4: Wilcoxon’s Test.

Algorithm R+ R− Hyp.𝛼 = 0.01 Hyp.𝛼 = 0.02 Hyp.𝛼 = 0.05 Hyp.𝛼 = 0.1
APSO 50 5 A R R R
FPSO 47 8 A A R R
GA 40 15 A A A A
RPSO 39.5 15.5 A A A A
GALMA 33 22 A A A A
NLPSO 32 23 A A A A

hypothesis for different levels of 𝛼 are accepted (A) or rejected
(R). In Table 4, the critical values of the Wilcoxon test are 3,
5, 8, and 10 for 𝛼 = 0.01, 𝛼 = 0.02, 𝛼 = 0.05, and 𝛼 = 0.10,
respectively.

According to Table 4, NAPSO has the significant dif-
ference with respect to APSO or FPSO, whereas it has no
significant difference with respect to other algorithms.

Friedman’s test is a nonparametric test that uses rank to
detect significant differences in the distribution of multiple
paired samples. Table 5 shows the results of the Friedman’s
test. It can be found that the average ranking of NAPSO is
the largest. In addition, P value computed by Friedman test is
0.0056, which is less than 𝛼 = 0.05. Thus the null hypothesis
is rejected; these algorithms have significant difference.

According to the average ranking of the algorithms shown
in Table 5, NAPSO is the best.

4.4. Simulation Test Based on NAPSO. These identified
parameters are utilized to reconstruct the VIVF. Figure 4
shows a comparison of the measured and reconstructed
VIVFs. As can be seen from Figure 4(a), both the measured
and reconstructed VIVFs have nearly the same curve pattern
and their difference lies in different peak values. For the
reconstructed VIVF, one peak value is 2.5 × 10−4 and another
is 4.4 × 10−4, while these peak values of the measured

Table 5: Average ranking of the algorithms (Friedman).

Algorithm Ranking
NAPSO 5.3
NLPSO 5.2
GALMA 4.9
RPSO 4
GA 3.5
FPSO 2.8
APSO 2.3

VIVF change from 4.2 × 10−4 to 6.4 × 10−4. All in all, the
reconstructed VIVF depict the measured VIVF well.

Frequency spectrum analysis is utilized to catch the
essence of a complex signal. Figure 4(b) illustrates spectra
of different VIVFs. The measured VIVF has three distinct
frequency points: 𝑓 (2.8142Hz), 2𝑓 (5.6284Hz), and 3𝑓
(8.4426Hz). The reconstructed VIVF has the same spectrum
as the measured one. Both the reconstructed and measured
VIVFs have the same high amplitude at the 2.8142Hz point;
the reconstructed VIVF has lower amplitudes than the
measured VIVF at 5.6284Hz and 8.4426Hz, respectively. The
difference in spectra may result from the VIVF model. As a
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Figure 5: Comparison of the measured and predicted displacements.

whole, the reconstructedVIVF illustrates themeasuredVIVF
well.

With the reconstructed VIVF, the time history of dis-
placement response is predicted by the Newmark-𝛽 method
at the wind speed 9.1m/s for the case of 𝜉 = 0.5%. To
check the validity of identified parameters, a comparison
of the measured and predicted displacements has been
performed. In Figure 5, the time history of the reconstructed
displacement is in accordance with that of the measured one.
Hence, the identified parameters are valid.

5. Conclusions

The NAPSO is proposed to identify parameters of Zhu’s
nonlinear model. In NAPSO, each particle’s situation in the
swarmdirectly affects the adjustment of its own inertiaweight
and searching ability. If a particle has a large normalized
fitness, its inertia weight becomes large, and it will search
big area of the solution space in next iteration to pursuit a
better solution. If a particle has a small fitness, its inertia
weight will shrink, and it will approach the optimal solu-
tion with accuracy. This strategy ensures the stability of
NAPSO.

There are comparisons of different algorithms in terms
of convergence speed, fitting effect, and solution accuracy.
Experimental results clearly show the NAPSO outperforms
other algorithms. Most importantly, with the parameters
identified by NAPSO, the vertical displacement of the struc-
ture is precisely predicted. Therefore, when an effective
identification method is needed, the NAPSO is considered at
first.
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Dynamic economic dispatch (DED) that considers valve-point effects is a complex nonconvex and nonsmooth optimization
problem in power systems. Over the past few decades, multiple approaches have been developed to solve this problem. In this
paper, an adaptive differential evolution based on simulated annealing algorithm is proposed to solve the DED problem with valve-
point effects. Simulated annealing (SA) algorithm is employed to carry out an adaptive selectionmechanism in which the mutation
operators of differential evolution (DE) are selected adaptively based on their historical performance. A mutation operator pool
consisting of five operators is built tomake each operator show its strength at different stages of the evolutionary process.Moreover,
a heuristic strategy is introduced to transform infeasible solutions towards feasible ones to enhance the convergence rate of the
proposed algorithm. The effectiveness of the proposed methods is demonstrated first on 10 popular benchmark functions with
100 dimensions, in comparison with the classic DE and five variants. Then, it is used to solve four DED problems with 10, 15, 30,
and 54 units, which consider the valve-point effects, transmission loss, and prohibited operating zones. The simulation results are
compared with those of state-of-the-art algorithms to clarify the significance of the proposed method and verify its performance.
Three systems with 100-500 generators are also tested to confirm the advantages of the proposed method on large-scale DED
problem.

1. Introduction

Dynamic economic dispatch (DED) is one of the most
fundamental problems in modern power system operation
and has been the topic of considerable research. The primary
objective of DED is to minimize the total fuel cost and meet
the load demand in a power system while satisfying system
constraints. Solving a DED problem involves formulating
a mathematical model of the problem and then select-
ing an appropriate optimization technique. Conventional
mathematical programming based on several deterministic
optimization techniques has been employed to solve such
problems. These methods include the 𝜆-iteration method,
gradient method, and dynamic programming [1].

Solving a DED problem involves formulating a math-
ematical model of the problem and then selecting an

appropriate optimization technique. The methods developed
to date can be categorized into conventional mathematical
programming methods and heuristic-based optimization
algorithms. Previous efforts to solve such problems have
employed conventional mathematical programming based
on several deterministic optimization techniques, such as the
𝜆-iterationmethod [2], the gradientmethod [3], the Lagrange
relaxation [4], and dynamic programming [5]. Considering
the high nonlinearities and discontinuities in the real input-
output characteristics of DED, these conventional methods
often fail to adequately solve this problem. Considering the
high nonlinearities and discontinuities in the real input-
output characteristics of ED, these conventional methods
often fail to solve this problem well.

Unlike conventional algorithms, modern heuristics opti-
mization algorithms have the advantages of global search
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capability and the lack of requirement for certain mathemat-
ical properties of the objective function to be satisfied. Thus,
these algorithms have proven their effectiveness in solving
complex and nonconvex problems such as DED [2]. Repre-
sentative algorithms include the genetic algorithm (GA) [6],
particle swarm optimization (PSO) [7], simulated annealing
(SA) [8], artificial immune system (AIS) [9], artificial bee
colony (ABC) [10], evolutionary programming (EP) [11],
differential evolution (DE) [12], harmony search (HS) [13],
seeker optimization algorithm (SOA) [14], imperialist com-
petitive algorithm (ICA) [15], teaching-learning algorithm
(TLA) [16], bacterial foraging optimization (BFO) [17], and
others. In additional, to further enhance the global search
ability of these original algorithms, representative modified
variants, such asmodified PSOs [18–21], modifiedDE [12, 22–
24],modifiedABCs [25–27], and others, have beendeveloped
over the past years. In addition to these innovations, hybrid
methods that combine two or more approaches have been
applied to solve this problem, such as EP-PSO [11], the hybrid
genetic algorithm based on differential evolution (HGA-DE)
[28], the hybrid PSOwith sequential quadratic programming
(PSO-SQP) [29], the hybridGA-pattern search-SQP (GA-PS-
SQP) [12], BCO-SQP [30], a modified EP-PSO (MHEP-SQP)
[19], and SOA-SQP [14]. By combining various approaches,
the hybrid method overcomes a single component’s limita-
tions by applying other components’ advantages to solve the
DED problem. One combined approach has been applied
to implement coarse searching, and another has been used
for fine tuning in a hybrid method [31]. Although many
of the aforementioned methods have provided high-quality
solutions, they have their own limitations. Heuristic-based
approaches are often trapped by the sensitivity of various
parameter settings. With hybrid methods, finding an appro-
priate integration point for the combined approaches is
always a challenging problem for designers. Some represen-
tative methods are listed in Table 1. The pros and cons of the
studied works can be summarized by Table 2.

Differential evolution algorithm (DE) [32], which is
proposed by Storn and Price, is a population based algorithm
that simulates the biological evolution. Compared with other
swarm intelligence algorithms, DE is a simple but powerful
method for global numerical optimization with nonsmooth
and nonconvex characteristics. Due to its simplicity and
efficiency, DE has been successfully applied to many complex
engineering fields, such as data mining [33], scheduling [34],
energy distribution [35], molecular engineering [36], pattern
classification [37], and so on.

However, DE still has some drawbacks. The successful
application of DE mainly depends on its mutation operators
and parameter settings. Moreover, DE often suffers the
problem of premature convergence, which may lead the
searching progress into local optimal. In addition, DE lacks
a mechanism to deal with the complicated constraints of the
DED problem [23].

In this paper, an adaptive differential evolution based
on simulated annealing (ADE-SA) algorithm is proposed to
solve the large-scale DED problem with valve-point effects.
In ADE-SA, DE is employed to search the feasible solution
of DED. Five widely used mutation operators are collected

to form a mutation operator pool. SA is employed to carry
out an adaptive selection mechanism in which the mutation
operators are selected adaptively according to their perfor-
mance in the search history. Thus, individual can adaptively
select appropriate mutation operators in the different stages
of the search process. Furthermore, a heuristic strategy is
introduced to transform infeasible solutions towards feasible
ones to enhance the convergence rate of the proposed
algorithm. The performance of ADE-SA is evaluated on a
series of DED problems, and compared with other eight
state-of-the-art algorithms. Comparison results indicate the
effectiveness of the proposed algorithm. Three systems with
100-500 generators are also tested to confirm the advantages
of the proposed method on large-scale DED problem.

The rest of this paper is organized as follows: Section 2
provides the formulation of the DED problem. The basic SA
and DE scheme is briefly described in Section 3, while the
framework of the proposed method is also presented in this
Section. To illustrate its effectiveness, the proposed approach
was tested on a series of systems in Section 4. Section 5 offers
the conclusions. Parts of this paper, such as Sections 1 and
3.3.4, are the extended version of our completed research [38].

2. Problem Formulation

DED is a multiconstrained and nonlinear optimization prob-
lem. The primary objective of DED is to minimize the total
fuel cost and meet the load demand in a power system while
satisfying system constraints. Consider a power system with
N𝐺 generating units. In general, the DED problem can be
formulated as the following optimal function [13]:

min𝐹 =
𝑁𝑇

∑
𝑡=1

𝑁𝐺

∑
𝑖=1

(𝑎𝑖𝑃2𝑖,𝑡 + 𝑏𝑖𝑃𝑖,𝑡 + 𝑐𝑖) (1)

where 𝑎𝑗, 𝑏𝑗, and 𝑐𝑗 are the fuel cost coefficients of generator
𝑗. 𝑁𝑇 is the time horizon and 𝑁𝐺 is the total number of
generators of the system. 𝑃𝑖,𝑡 is the power output of generator𝑖 at time interval 𝑡. 𝐹 denotes the total fuel costs over
the dispatch period. When the valve-point effect (VPE) is
considered, the total production costs can be written as
follows [13]:

min𝐹

=
𝑁𝑇

∑
𝑡=1

𝑁𝐺

∑
𝑖=1

(𝑎𝑖𝑃2𝑖,𝑡 + 𝑏𝑖𝑃𝑖,𝑡 + 𝑐𝑖 + 𝑒𝑖sin (𝑓𝑖 (𝑃𝑖,min − 𝑃𝑖,𝑡)))
(2)

where 𝑒𝑗 and 𝑓𝑗 are the coefficients of generator 𝑖 reflecting
the valve-point effects.

The minimized DED problem should be subjected to the
following equality and inequality constraints:

(1) Real power balance constraints
𝑁𝐺

∑
𝑖=1

𝑃𝑖,𝑡 − 𝑃𝐷,𝑡 = 𝑃𝐿,𝑡 𝑡 ∈ 𝑁𝑇 (3)

𝑃𝐿,𝑡 =
𝑁𝑇

∑
𝑖=1

𝑁𝑇

∑
𝑗=1

𝑃𝑖,𝑡𝐵𝑖𝑗𝑃𝑗,𝑡 𝑡 ∈ 𝑁𝑇 (4)
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Table 1: Main features of representative methods in the area of DED problem.

Reference Methods Main features

[11] EP-PSO
Evolutionary programming is applied as a based level search,
and a local search sequential quadratic programming is used
as a fine tuning to determine the optimal solution at the final.

[12] IDE
Heuristic crossover technique and gene swap operator are

introduced in the proposed approach to improve the
convergence characteristic of the differential evolution

algorithm.

[14] SOA-SQP
SOA is used as a base level search, which can give a good
direction to the optimal global region and SQP as a local
search to fine tune the solution obtained from SOA.

[18] IPSO
Feasibility-based rules and heuristic strategies with priority
list based on probability are devised to handle constraints

effectively.

[19] DGPSO
PSO technique explores the solution space freely, and SQP
will be called only when there is an improvement of solution

(a feasible solution) in the PSO run.

[20] TVAC-IPSO Employing time varying acceleration coefficients iteration
particle swarm optimization method.

[21] ICPSO
By integrating chaotic optimization into particle swarm
optimization, it can jump out of the local extreme zone

quickly and improve particles’ searching performance of the
global best solution.

[22] MDE
Feasibility-based selection comparison techniques and
heuristic search rules are devised to handle constraints

effectively.

[23] CDE
Chaotic sequences are applied to obtain the dynamic

parameter settings in DE, and a chaotic local search operation
is designed to avoid premature convergence effectively.

[24] CDE
It combines DE with the local search technique. DE is the
main optimizer, while an approximated model for local

search is applied to fine tune in the solution of the DE run.

[25] MABC

It introduces a new relation to update the solutions within
the search space to avoid premature convergence and to find
stable and high quality solutions. Moreover, it is endowed
with a chaotic sequence generated by both a cat map and a

logistic map.

[26] MBABC
It utilizes a measure of dissimilarity between binary strings
for generating the new binary solutions for UCP. And an
intelligent scout bee phase is proposed to replace the
abandoned solution with the global best solution.

[27] HSABC

[28] HGA-DE
GA is the main optimizer, while DE and SQP are used to fine
tune in the solution of the GA run.The cost function of ED is
approximated by using a smooth and differentiable function

based on the maximum entropy principle.

[29] PSO-SQP
It incorporates PSO as the main optimizer and SQP as the
local optimizer to fine-tune the solution region whenever
PSO discovers a better solution region in the progress of its

run.

[30] BCO-SQP

It incorporates bee colony optimization as a base level search
which can give a good direction to the optimal region and

sequential quadratic programming as a local search
procedure which is used to fine tune that region for achieving

the final solution.
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Table 2: The pros and cons of the studied works.

Classification Pros Cons

Conventional methods

(a) Computationally efficient.
(b) guarantee the optimization
convergence and classically do not have
any problem-specific parameters to
specify
(c) only need to run once

(a) Deal mainly with convex cost
functions.
(b) non-linear and non-smooth
characteristics
(c) Fail to generate high quality solutions.

Heuristic-based methods
(a) Do not require certain mathematical
properties of the objective function.
(b) Be good at dealing with non-convex
and non-linear problems.

(a) sensitive to parameter settings
(b) solution is not unique for each trial
(c) prone to get struck into local minima.
(d) lack the guarantee of convergence in
finite time especially for large-scale DED
problem

Hybrid methods

(a) Overcomes a single component’s
limitations.
(b) Usually one combined method for
coarse searching and the other for fine
tuning.

An appropriate integration point of two
algorithms is very difficult to determine.

where 𝑃𝐷,𝑡 and 𝑃𝐿,𝑡 are the total load demand and the system
transmission loss of time interval 𝑡, which is expressed as a
quadratic function using B coefficients [31].

(2) Power operating constraints

𝑃𝑖,min ≤ 𝑃𝑖,𝑡 ≤ 𝑃𝑖,max, 𝑖 ∈ 𝑁𝐺 𝑡 ∈ 𝑁𝑇 (5)

where 𝑃𝑖,max is the maximum power outputs of generator 𝑖.
(3) Generator ramp rate constraints

𝑃𝑖,𝑡−1 − 𝐷𝑅𝑖 ≤ 𝑃𝑖,𝑡 ≤ 𝑃𝑖,𝑡−1 + 𝑈𝑅𝑖, 𝑖 ∈ 𝑁𝐺 (6)

where 𝑈𝑅𝑖 and 𝐷𝑅𝑖 are the ramp-up and ramp-down rate
constraints of generator 𝑖, respectively.

3. Methods

3.1. Brief Introduction of Simulated Annealing Algorithm.
Simulated annealing (SA) [49] is a metaheuristic that can
escape from local optimal with its use of mountain-climbing
move. SA is a popular technique over the past 20 years due
to its ease of implementation and convergence characteris-
tics. It is usually used for solving discrete and continuous
optimization problems. SA comes from the imitation of the
physical annealing process. In this process, the crystalline
solid is heated and then cooled slowly until it reaches its most
stable molecular structure.

At each iteration of SA, the current solution and the
new solution are compared. The improved solution is always
accepted, while a part of the nonimproved (inferior) solution
is also accepted tomake the individual escape local optimum.
Theprobability of accepting a nonimproved solution depends
on a temperature parameter which is presented in

𝑝 = {{
{
1 𝑖𝑓 𝑑𝑖𝑓 < 0
𝑒(−𝑑𝑖𝑓/𝑇) 𝑖𝑓 𝑑𝑖𝑓 ≥ 0 (7)

where dif is the difference between the new solution and the
original solution. T is the current temperature.

SA reaches steady state through a slow drop in tempera-
ture, that is, the temperature determines when the iteration
terminates. Therefore, a temperature cooling function is
needed to reduce the temperature from high temperature to
high temperature. The cooling function is used to lower the
temperature which is defined as

𝑇 = 𝑇
1 + 𝛽𝑇 (8)

where 𝛽 is a positive number less than 1.

3.2. Brief Introduction of Differential Evolution. The basic DE
consist of three phases: mutation, crossover, and selection.
In the mutation phase DE randomly selects three distinct
individuals 𝑥𝐺𝑟1, 𝑥𝐺𝑟2, and 𝑥𝐺𝑟3 from the population such that
𝑖 ̸= 𝑟1 ̸= 𝑟2 ̸= 𝑟3. G represents the current generation. These
three random individuals are employed to generate amutated
individual V𝐺𝑖 according to

V𝐺𝑖 = 𝑥𝐺𝑟1 + 𝐹 (𝑥𝐺𝑟2 − 𝑥𝐺𝑟3) (9)

where 𝐹 > 0 is a scaling factor.
After the mutation phase, DE introduces crossover oper-

ation to increase the diversity of the population.The offspring
individual 𝑢𝐺𝑖 is generated from its parents 𝑥𝐺𝑖 and the
mutated individual V𝐺𝑖 using the following crossover rule:

𝑢𝐺𝑖,𝑗 =
{
{
{
V𝐺𝑖,𝑗 if 𝑅𝑗 ≤ 𝐶𝑟 𝑜𝑟 𝑗 = 𝑟𝑛 (𝑖)
𝑥𝐺𝑖,𝑗 otherwise

(10)

where C𝑟 is a crossover constant ∈ [0, 1] and j denotes
the jth element of individual. 𝑅𝑗 ∈ [0, 1] is a uniformly
distributed random number and 𝑟𝑛(𝑖) ∈ {1, ..., 𝑁} is a
randomly chosen index which guarantees that 𝑢𝐺𝑖 gets at least
one element from the mutated individual V𝐺𝑖 .

In the selection phase the fitness value at the individual,
𝑓(𝑢𝐺𝑖 ), is compared with 𝑓(V𝐺𝑖 ); the winner will be the
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survivor. The selection operation can be expressed as the
following rule:

𝑥𝐺+1𝑖 = {{
{
𝑢𝐺𝑖 if𝑓 (𝑢𝐺𝑖 ) ≤ 𝑓 (𝑥𝐺𝑖 )
𝑥𝐺𝑖 otherwise

(11)

3.3. Adaptive Differential Evolution Based on
Simulated Annealing (ADE-SA)

3.3.1. Mutation Operator Pool. It is well-known that DE
needs relatively less parameter tuning than many other
swarm intelligence algorithms. In the mutation phase, the
new individuals are generated by selecting three individuals
randomly, which may cause over diversity in population and
slow convergence. According to [50], DE can make use of
its adaptive mutation strategy to improve its performance.
Therefore, a mutation operator pool composed of five differ-
entmutation operators is built in this section.These operators
will be implemented under the guidance of an adaptive
selection mechanism at different stages of search. Through
the analysis of the widely used evolutionary strategies in
swarm intelligence algorithms, a total of 5mutation operators
are selected to make up the mutation pool (the first operator
M1 is presented in (9)), which are as follows:

M2. DE/rand/2

V𝐺𝑖 = 𝑥𝐺𝑟1 + 𝐹 (𝑥𝐺𝑟2 − 𝑥𝐺𝑟3) + 𝐹 (𝑥𝐺𝑟4 − 𝑥𝐺𝑟5) (12)

M3. DE/best/1

V𝐺𝑖 = 𝑥𝐺best + 𝐹 (𝑥𝐺𝑟1 − 𝑥𝐺𝑟2) (13)

M4. DE/current-to-best/1 derived from PSO

V𝐺𝑖 = 𝑥𝐺𝑖 + 𝐹 (𝑥𝐺best − 𝑥𝐺𝑖 ) + 𝐹 (𝑥𝐺𝑟1 − 𝑥𝐺𝑟2) (14)

M5. Employed bees phase in ABC

V𝐺𝑖 = 𝑥𝐺𝑖 + 𝜙 (𝑥𝐺𝑟1 − 𝑥𝐺𝑟2) (15)

where r1, r2, r3, r4, and r5 are mutually integers of randomly
selected food sources except for i. 𝐹 is the difference vector,
and 𝜙 is a random number in the range of [−1, 1] in ABC.

3.3.2. Adaptive Selection Mechanism Based on Simulated
Annealing. In fact, eachmutation operator may shows differ-
ent performance levels at different stages of search process.
Operators that show effectiveness in some stages of the
iterative process may not perform well in other stages. In
this section, a learning cycle is utilized to guide the adaptive
selection of these operators. It records the historical perfor-
mance of each mutation operators and calculates the chosen
probability of each operator for the next cycle. The learning
cycle should bemuch smaller than thewhole iteration process
to reflect the different stages of the search process. The
learning cycle, which is proposed in [51], is employed in
this paper. The details of the learning cycle are presented as
follows.

Step 1. Update the total calls of all mutation operators 𝑐𝑡𝑜𝑡𝑎𝑙𝑖 .

Step 2. Evaluate the new individual 𝑥 and the original
individual 𝑥, and calculate the difference of their fitness
functions, 𝑑𝑖𝑓 = 𝑓(𝑥) − 𝑓(𝑥).
Step 3. Use the Metropolis acceptance criterion to decide
whether to accept a new individual and update the parameter
𝑐𝑎𝑐𝑐𝑒𝑝𝑡𝑖 and 𝐶𝑎 according to the result.
Step 4. Check if the reheating phase (𝐶𝑎/𝐿𝐶 < 𝑟𝑒) is
triggered, update the parameters 𝑡𝑖𝑚𝑝 and calculate the chosen
probability of each operator. If not, only calculate the chosen
probability.

Step 5. If the iterative process completes a learning cycle,
terminate the loop. If not, return to Step 1.
Where 𝑐𝑡𝑜𝑡𝑎𝑙𝑖 is the total number of calls of an operator during
the current learning cycle, 𝑐𝑎𝑐𝑐𝑒𝑝𝑡𝑖 is the number of individuals
that passed the Metropolis acceptance criterion. 𝐶𝑎 counts
the total number of accepted operator calls in a learning cycle.
𝑟𝑒 is the stopping acceptance ratio which is used to trigger the
reheating phase of SA. The temperature will be increased to
a former temperature. This process continues until a better
solution is found. The temperature is increase using

𝑇 = 𝑇
1 − 𝛽𝑇 (16)

3.3.3. Framework ofADE-SA. Theframework ofADE-SA can
be summarized as follows.

Step 1. Set initial nonimproving acceptance ratio 𝑟𝑠 and stop-
ping nonimproving acceptance ratio 𝑟𝑒. Estimate the starting
temperature 𝑇𝑠, stopping temperature 𝑇𝑒, total iterations
𝑖𝑡𝑒𝑟𝑀𝑎𝑥, number of iterations for DE𝑛𝑖𝑡𝑒𝑟, and the length of
single learning cycle 𝐿𝐶. Set, 𝑡𝑖𝑚𝑝 = 𝑇𝑠, 𝑖𝑡𝑒𝑟 = 0, and 𝐶𝑎 = 0.
Step 2. Define the mutation strategy pool; initialize the
associate parameters 𝑐𝑎𝑐𝑐𝑒𝑝𝑡𝑖 = 0, 𝑐𝑡𝑜𝑡𝑎𝑙𝑖 = 0, minimal weight
𝑤𝑚𝑖𝑛, and an initial weight 𝑤𝑖 = 𝑤𝑚𝑖𝑛.
Step 3. Generate the initial population and calculate the
fitness value based on the fitness function.

Step 4. Select an operator𝑀𝑖 based on 𝑝𝑖 = 𝑤𝑖/∑𝑛𝑖=1𝑤𝑖 and
generate a candidate solution using operator𝑀𝑖.
Step 5. Judge whether the candidate solution is acceptable or
not based on the Metropolis criterion in SA.

Step 6. Check the reheating condition; if necessary, increase
the temperature according to the function 𝑡 = 𝑡/(1 − 𝛽𝑡).
Step 7. Check if 𝑛𝑖𝑡𝑒𝑟 is satisfied, cool the temperature based
on 𝑡 = 𝑡/(1 + 𝛽𝑡).
Step 8. Record the history information of current low-level
heuristics and check if the learning period is meet, if so,
update the associate parameters.
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Step 9. If the stopping criteria satisfied, terminate the main
loop. If not, return to Step 3.

3.3.4. Heuristic Constraint Handling. DED is a nonlinear
constrained optimization problem with many equality and
inequality constraints. Some solutions will not satisfy all
constraints during the iterative process, such as the real
power balance and ramp rate constraints. Penalty method
is one of the most frequent-used approaches for complex
constraints ofDED, but themethod is not suitable for improv-
ing the computational efficiency. In this section, a heuristic
procedure has been employed to accommodate constraints
[38]. Taking a solution 𝑃 as an example, the following
mechanism is applied to transform an infeasible solution into
feasible solution.

Step 1. Randomly select an hour 𝑡 ∈ 𝑁𝑇 as the initial time
interval.

Step 2. The power operating constraints are addressed based
on the ramp rate constraints as follows:

𝑃𝑚𝑖𝑛𝑖,𝑡

=
{{{{
{{{{
{

𝑚𝑎𝑥 (𝑃𝑖,𝑚𝑖𝑛, 𝑃𝑖,𝑡+1 − 𝑈𝑅𝑖) , 𝑡 = 1
𝑚𝑎𝑥 (𝑃𝑖,𝑚𝑖𝑛, 𝑃𝑖,𝑡−1 − 𝐷𝑅𝑖) , 𝑡 = 𝑁𝑇
𝑚𝑎𝑥 (𝑚𝑎𝑥 (𝑃𝑖,𝑚𝑖𝑛, 𝑃𝑖,𝑡−1 − 𝐷𝑅𝑖) , 𝑃𝑖,𝑡+1 − 𝑈𝑅𝑖) , 𝑡 ∈ 𝑁𝑇

(17)

𝑃𝑚𝑎𝑥𝑖,𝑡

=
{{{{
{{{{
{

𝑚𝑖𝑛 (𝑃𝑖,𝑚𝑎𝑥, 𝑃𝑖,𝑡+1 + 𝐷𝑅𝑖) , 𝑡 = 1
𝑚𝑖𝑛 (𝑃𝑖,𝑚𝑎𝑥, 𝑃𝑖,𝑡−1 + 𝑈𝑅𝑖) , 𝑡 = 𝑁𝑇
𝑚𝑖𝑛 (𝑚𝑖𝑛 (𝑃𝑖,𝑚𝑎𝑥, 𝑃𝑖,𝑡+1 + 𝐷𝑅𝑖) , 𝑃𝑖,𝑡−1 + 𝑈𝑅𝑖) , 𝑡 ∈ 𝑁𝑇

(18)

Note that even if a feasible solution 𝑃𝑡 is obtained at current
hour, it may make it impossible for 𝑃𝑡+1 to meet (3) and (6)
at the next hour. Equations (17) and (18) can make sure that
the generation range of the adjacent time interval satisfies
the load demand. This prevention strategy helps to avoid
generating a potential𝑃𝑡 which affects the equality constraints
adjustment at the next hour.

Step 3. Adjust the output of each generator at current time
interval to satisfy (5) and (6) using

𝑃𝑖,𝑡 =
{{{{
{{{{
{

𝑃𝑚𝑖𝑛𝑖,𝑡 , 𝑃𝑖,𝑡 < 𝑃𝑚𝑖𝑛𝑖,𝑡
𝑃𝑖,𝑡, 𝑃𝑚𝑖𝑛𝑖,𝑡 ≤ 𝑃𝑖,𝑡 ≤ 𝑃𝑚𝑎𝑥𝑖,𝑡
𝑃𝑚𝑎𝑥𝑖,𝑡 , 𝑃𝑖,𝑡 > 𝑃𝑚𝑎𝑥𝑖,𝑡

(19)

Step 4. Tackle the demand-supply constraint by the following
steps.

Step 4.1. Calculate the system transmission loss at the current
time interval using (4).

Step 4.2. Calculate the difference in the power demand
constraints at the current time interval as

𝐷𝑖𝑓 = 𝑃𝐷,𝑡 + 𝑃𝐿,𝑡 −
𝑁𝐺

∑
𝑖=1

𝑃𝑖,𝑡 (20)

Check if𝐷𝑖𝑓 ≤ 𝜀0, go to Step 2 and set 𝑡 = 𝑡+1; otherwise,
go to the next step. Here, 𝜀0 is a tolerance variable which has
a large value at the early stages of evolutionary process and is
decreased gradually to a small value [31].

Step 4.3. Obtain a random generator 𝑟 from𝑁𝐺 generators as
the slack generator, and reset its output at current interval as

𝑃𝑟,𝑡 =
{
{
{
𝑃𝑟,𝑡 + 𝐷𝑖𝑓 𝑖𝑓 𝐷𝑖𝑓 > 0
𝑃𝑟,𝑡 − 𝐷𝑖𝑓 𝑖𝑓 𝐷𝑖𝑓 < 0 (21)

Step 4.4. Adjust the output 𝑃𝑟,𝑡 to the feasible horizon using
(18). If the solution of 𝑃𝑡 is still infeasible, recalculate the𝐷𝑖𝑓
using (19) and select another generator 𝑟 at random from𝑁𝐺
generators as the slack generator. Repeat this process until a
feasible solution is found. Then update the operating range
using (20) and (21), and set 𝑡 = 𝑡 + 1.
Step 4.5. Repeat Step 4.1 to Step 4.4 until 𝑡 = 𝑁𝑇. Here we
will obtain a feasible solution at 𝑡 to𝑁𝑇 time intervals.

Step 5. Obtain the solution at the rest of the time intervals by
repeating Step 4.1 to Step 4.4. The strategy is similar to the
preceding process, except the solution is calculated from the
initial time interval 𝑡 to the 1th time interval.

Step 6. If 𝑡 = 1, terminate the above process and output the
updated feasible solution 𝑥.
4. Numerical Experiments and Results

To assess the efficiency of the proposed approach, 10 widely
used benchmark functions are applied in this section. ADE-
SA is compared with several recent popular modified DE
algorithms, including IDE [12], CDE [24], HDE [39], and
IMMSADE [52], respectively.

4.1. Benchmark Functions. The details of 10 commonly used
benchmark functions are given in Table 3. Table 3 lists the 10
benchmark functions that are selected: F1∼F5 are unimodal
functions. F6 has one minimum and is discontinuous. F7 is a
noisy quadratic function. F8∼F10 are multimodal functions.
𝐷 represents the dimension of the benchmark function, S
represents the search ranges of the solutions, and 𝑓𝑚𝑖𝑛 is the
value of the global optimum. 30 independent runs with a
commonly used 300000max number of function evaluations
(FES) are conducted. The simulation parameters chosen in
this paper are as follows: 𝑟𝑠 = 0.1, 𝑟𝑒 = 0.01, 𝑤min = 0.1,
𝐿𝐶 = 25, population size𝑁𝑃 = 50, 𝐹 = 0.44, and 𝐶𝑟 = 0.9.
4.2. Simulation Results and Discussions. The mean and stan-
dard variances obtained by each algorithm on each test
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Table 3: Benchmark functions.

Formulation Type D S 𝑓min

𝑓1(𝑥) = ∑𝐷=1 𝑥2𝑖 Unimodal 100 [−100, 100] 0
𝑓2(𝑥) = 𝑥21 + 106∑𝐷𝑖=1 𝑥2𝑖 100 [−100, 100] 0
𝑓3(𝑥) = ∑𝐷=1 𝑥𝑖 + ∏𝐷𝑖=1 𝑥𝑖 100 [−10, 10] 0
𝑓4(𝑥) = ∑𝐷=1 (∑𝑖𝑗=1 𝑥𝑗)

2
100 [−100, 100] 0

𝑓5(𝑥) = max{𝑥𝑖 , 1 ≤ 𝑖 ≤ 𝐷} 100 [−10, 10] 0
𝑓7(𝑥) = ∑𝐷=1 (𝑥𝑖 + 0.5)2 Discontinuous 100 [−10, 10] 0
𝑓22(𝑥) = ∑𝐷=1 𝑖𝑥4𝑖 + random[0, 1) Noisy 100 [−600, 600] 0
𝑓23(𝑥) = ∑𝐷=1 𝑥𝑖sin(𝑥𝑖) + 0.1𝑥𝑖 Multimodal 100 [−10, 10] 0
𝑓24(𝑥) = ∑𝐷=1 (𝑥2𝑖 /4000) − ∏𝐷𝑖=1 cos (𝑥𝑖/√𝑖) + 1 100 [−600, 600] 0

𝑓25(𝑥) = 1 − cos (2𝜋√∑𝐷=1 𝑥2𝑖 ) + 0.1√∑𝐷=1 𝑥2𝑖 100 [−5.12, 5.12] 0

functions with 100 dimensions are summarized in Table 4.
It can been seen in Table 4 that ADE-SA outperformed all
other modified DE algorithms on seven functions, including
f 1, f 2, f 3, f 5, f 6, and f 7. ADE-SA have the same best results as
well as HDE and IMMSADE on functions f 9 and f 10, while
they are both much better than other algorithms on these two
test functions. For f 4and f 8, HED and IMMSADE achieved
the best solutions, respectively. But they are just slightly
better than ADE-SA. So we can draw a basic conclusion
from Table 4 that ADE-SA is good at solving unimodal and
multimodal functions, and it has the advantage of solving
high dimension problems.

Figure 1 shows the convergence curve of the compared
7 algorithms on 4 representative benchmark functions with
different types. We can easily find that the search accuracy
and the convergence rate of ADE-SA are better than the
classic DE and all the modified DE variants on those of
different types of test functions. The effectiveness of the
proposed algorithm is fully demonstrated according to the
convergence characteristics, and ADE-SA also shows a sta-
ble robustness. Although in some case ADE-SA converged
slightly slower than other DE variants, it could also find
high-quality result in the later stage of iteration. Overall, the
proposed method presents a competitive search capability
and rapid convergence on most of the benchmark functions.

5. Experimental Results on DED
Problems and Discussions

In this section, to assess the efficiency of the proposed
approach, we consider several test problems that involve up
to 500 units in DED problems.

Case 1. 10-unit system with and without power loss [31].

Case 2. 15-unit system with prohibited operation zones and
power loss [53].

Case 3. 30-unit system generated by combining three 10-unit
systems of Case 1.

Case 4. 54-unit system without power loss [46].

Case 5. 100-unit system generated by combining ten 10-unit
systems of Case 1 [43].

Case 6. 200-unit system generated by combining twenty 10-
unit systems of Case 1.

Case 7. 500-unit system generated by combining fifty 10-unit
systems of Case 1.

In all cases, the valve-point effect and the ramp rate
constraints are considered. The complete dispatch horizon
𝑁𝑇 is selected as one day with 24 hours.

5.1. Experimental Settings. The following values are used to
evaluate the quality of the solutions: best/minimum total fuel
cost 𝐹(𝐵), average total fuel cost 𝐹(𝐴), worst/maximum total
fuel cost 𝐹(𝑊), and standard deviation SD. The simulation
parameters chosen in this paper are as follows: 𝑟𝑠 = 0.1,
𝑟𝑒 = 0.01, 𝑤min = 0.1, 𝐿𝐶 = 25, population size 𝑁𝑃 = 50,
𝐹 = 0.44, and 𝐶𝑟 = 0.9. The hourly load demands for case
1 are shown in Table 5 and the unit data are adapted from
[15] and listed in Table 6. For all the cases, the simulation
contains 50 independent runs to ensure the robustness of
the proposed method. Simulations were executed using the
MATLAB 2016a computational environment on a Pentium-
core 3.2 GHz personal computer with 8 GB of RAM.

5.2. Result and Comparison

Case 1. 10-generator problem with and without considering
the transmission loss.

The first power test system consists of ten thermal
generators without considering the transmission loss. The
generating system data were taken from [31] and given in
Table 6.The hourly system load demand for this case is listed
in Table 5. The optimal generation dispatch values of the
case without and with considering the transmission loss are
shown in Tables 7 and 9, respectively. Tables 8 and 10 give the
corresponding statistic comparison among different heuristic
methods; 20 previously developed algorithms were used for
comparison. It is obvious that ADE-SA can obtain solutions
with much lower total generation costs than other reported



8 Mathematical Problems in Engineering

f9f7

0 1 2 3
FES

0
f6

0 1 2 3
FES

f1

−600

−500

−400

−300

−200

−100

×10
5

×10
5

×10
5

×10
4

−800

−600

−400

−200

0

0

5

10

15

20

2 4 60
FES

1 2 30
FES

−40

−30

−20

−10

0

10

DE
DE/rand/2
IDE
CDE

HDE
IMMSADE
ADE-SA

DE
DE/rand/2
IDE
CDE

HDE
IMMSADE
ADE-SA

DE
DE/rand/2
IDE
CDE

HDE
IMMSADE
ADE-SA

DE
OL-ADE
PL-DE
OOBDE

IMMSADE
MDE1
MDE2

Figure 1: Comparison for average convergence curve of seven methods.

methods. For the case without transmission loss, although
MIQP [31] can obtain lower standard deviation; ADE-SA
outperforms it in terms of the total generation costs. Even
the maximum costs obtained using these three methods are
better than the solution obtained by MIQP.

Case 2. 15-generator problemwith considering the prohibited
operation zones and the transmission loss.

In this case, the power demand, operating unit charac-
teristics, and B coefficients for calculation of transmission
losses were given in [46]. The optimal generation dispatch
values of the case with considering the transmission loss are
shown in Table 11. From Table 12, it is obvious that ADE-SA
gave the best performance onminimum and average fuel cost

compared with HS [46], HIS [46], GHS [46], SGHS [46], and
NPAHS [46].

Case 3. 30-generator systemgenerated by combining three 10-
generator systems of Case 1.

The second case is a lossless electric power system con-
sisting of 30 thermal generators which is tripled from the 10-
generator problem of Case 1. The minimum, maximum, and
average values of total operating cost for one day are given in
Table 13, along with the operating costs from other published
results from the literature for the sake of comparison. It is
apparently seen that ADE-SA outperforms any other method
regardless of minimum cost, average cost, and maximum
cost.
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Table 4: Unit data of Case 1.

Function f 1 f 2 f 3 f 4 f 5
Ave Std Ave Std Ave Std Ave Std Ave Std

Method
DE 3.93e-06 1.26e-12 5.06 4.25 0.0051 6.67e-06 1.27e+04 3.02e+07 1.48 0.14
DE/rand/2 4.59e-26 3.47e-31 1.24 0.98 0.0025 5.13e-07 1.01e+06 2.75e+09 4.12e-4 4.52e-09
IDE 5.44e-75 .96e-148 1.49e-68 2.05e-135 1.16e-31 1.35e-61 1.67e-43 2.80e-85 4.76e-47 2.27e-92
CDE 1.70e-36 3.42e-72 3000 2.33e+07 5.32e-20 1.58e-39 1.45e+03 2.52e+06 0.0013 5.69e-07
HDE 3.03e-163 0 5.66e-157 2.59e-312 2.63e-75 6.21e-149 2.24e-28 5.00e-55 2.18e-40 1.28e-79
IMMSADE 2.51e-128 6.34e-255 1.41e-129 1.98e-257 2.07e-65 2.83e-130 1.05e-63 1.11e-125 1.06e-70 9.32e-140
ADE-SA 1.81e-186 0 6.73e-176 0 2.83e-88 3.93e-175 1.20e-08 1.40e-15 7.85e-79 6.14e-116

f 6 f 7 f 8 f 9 f 10
Ave Std Ave Std Ave Std Ave Std Ave Std

DE 2.02e-03 9.38e-07 1.058 1.58e-04 0.041 3.42 e-04 2.02e-04/ 4.06e-07 1.89e+02 63.10
DE/rand/2 9.26e-31 1.97e-62 2.135 1.243 0.014 2.48 e-04 0 0 2.91 1.09
IDE 7.58e-05 2.00e-08 0.69 0.002 0.015 2.48 e-05 3.13e-35 7.84e-41 2.91 1.09
CDE 2.40e-32 1.53e-64 0.037 0.001 0.001 1.05 e-06 0 0 127.57 59.42
HDE 1.89e-12 /3.02e-24 0.017 0.001 1.76e-06 5.85e-12 0 0 0 0
IMMSADE 6.18e-04 5.52e-09 1.96e-05 5.46e-10 1.06e-66 9.47e-133 0 0 0 0
ADE-SA 1.76e-33 1.99e-62 8.82e-06 3.93e-10 9.21e-16 4.31e-30 0 0 0 0
Ave: mean value of the 50 independent trials. Std: standard deviation of the 50 independent trials.

Table 5: Hourly load demands of Case 1.

Time (h) 1 2 3 4 5 6 7 8 9 10 11 12
PD,t 1036 1110 1258 1406 1480 1628 1702 1776 1924 2072 2146 2220
Time (h) 13 14 15 16 17 18 19 20 21 22 23 24
PD,t 2072 1924 1776 1554 1480 1628 1776 2072 1924 1628 1332 1184

Table 6: Unit data of Case 1.

Time (h) 1 2 3 4 5 6 7 8 9 10
ai ($/MW2h) 0.00043 0.00063 0.00039 0.0007 0.00079 0.00056 0.00211 0.0048 0.10908 0.00951
bi ($/MWh) 21.6 21.05 20.81 23.9 21.62 17.87 16.51 23.23 19.58 22.54
ci ($/h) 958.2 1313.6 604.97 471.6 480.29 601.75 502.7 639.4 455.6 692.4
ei ($/h) 450 600 320 260 280 310 300 340 270 380
f i (rad/MW) 0.041 0.036 0.028 0.052 0.063 0.048 0.086 0.082 0.098 0.094
Pi,min (MW) 150 135 73 60 73 57 20 47 20 55
Pi,max (MW) 470 460 340 300 243 160 130 120 80 55
DRi (MW/ h) 80 80 80 50 50 50 30 30 30 30
URi (MW/ h) 80 80 80 50 50 50 30 30 30 30

Case 4. 54-generator system.
In this case, a challenging problem with 54 generators is

employed. The data and information of this system can be
obtained from [35]. The simulation results of the proposed
methods are compared in Table 14 with GA [15], PSO [15],
ICA [15], HS [35], IHS [46], GHS [46] andNPAHS [46]. Note
that even the maximum cost obtained by these four methods,
which is 1,633,187 $/day, is better than the minimum cost of
the other methods.

Case 5 to 7. 100-generator, 200-generator, and 500- generator
systems.

To test the performance of ADE-SA to deal with large-
scale DED problems, we apply ADE-SA to three larger-
scale DED problems in case 5 to case 7, which contain 100
generators, 200 generators, and 500 generators derived from
the 10- generator system of case 1. Compared with previous
cases, the increase of the number of process variables and
constraints in Case 5 to Case 7 makes the DED problem
much more complex. For Case 5, the simulation results
obtained by ADE-SA are compared with GA [45], PSO [45],
FA [45], FAPSO [47], SAFA [47], and CSO [43]. It can be seen
from Table 15 that ADE-SA outperforms any other method
regardless of minimum cost, average cost, and maximum
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Table 7: Best result obtained by ADE-SA for Case 1 (10-unit system without PL).

Time (h) 1 2 3 4 5 6 7 8 9 10
1 150 222.26 156.69 60 73 122.45 129.59 47 20 55
2 150 223.56 229.4 60 73 122.45 129.59 47 20 55
3 150 303.56 297.4 60 73 122.45 129.59 47 20 55
4 226.62 316.8 305.67 60 122.87 122.45 129.59 47 20 55
5 226.62 396.8 299.67 60 122.87 122.45 129.59 47 20 55
6 303.25 396.8 321.17 60 172.73 122.45 129.59 47 20 55
7 303.25 396.8 297.4 107.91 222.6 122.45 129.59 47 20 55
8 379.87 396.8 302.14 120.42 172.73 122.45 129.59 77 20 55
9 456.5 396.8 297.4 136.43 222.59 122.45 129.59 87.24 20 55
10 456.5 396.8 297.83 186.43 222.6 160 129.59 117.24 50 55
11 456.5 396.8 316.1 236.43 223.52 160 129.59 120 52.06 55
12 456.5 460 330.95 233.3 222.6 160 129.59 120 52.06 55
13 456.5 396.8 297.85 183.3 222.6 160 129.59 120 50.36 55
14 456.5 396.8 297.4 133.3 222.6 122.45 129.59 90 20.36 55
15 379.87 396.8 312.55 110 172.74 122.45 129.59 77 20 55
16 303.25 396.8 297.05 60 122.86 122.45 129.59 47 20 55
17 226.62 396.8 299.67 60 122.86 122.45 129.59 47 20 55
18 303.25 396.8 291.18 60 172.73 122.45 129.59 77 20 55
19 379.87 396.79 297.4 66.98 222.59 122.45 129.59 85.31 20 55
20 456.49 460 336.02 116.98 222.6 160 129.59 85.31 50 55
21 456.5 389.53 297.4 110 222.6 158.07 129.59 85.31 20 55
22 379.87 309.53 301.83 60 172.73 122.45 129.59 77 20 55
23 303.25 229.53 242.31 60 122.87 122.45 129.59 47 20 55
24 226.56 222.23 180.35 60 120.8303297 122.44 129.59 47 20 55
Total cost ($) 1,016,412.81

Table 8: Statistical comparison for Case 1 (10-unit system without PL).

Method F(B) ($) F(A) ($) F(W) ($) SD Time (min)
SQP [11] 1,051,163 NA NA NA 0.421
GA [10] 1,033,481 1,038,014 1,042,606 NA NA
MDE [22] 1,031,612 1,033,630 NA NA 4.417
HDE [39] 1,031,077 NA NA NA NA
PSO [10] 1,027,679 1,031,716 1,034,340 NA NA
AIS [9] 1,021,980 1,023,156 1,024,973 NA 25.346
IDE [12] 1,026,269 NA NA NA 16.333
ABC [10] 1,021,576 1,022,686 1,024,316 NA 2.603
TLA [16] 1,019,925 1,020,411 1,021,118 NA 0.049
CDE [23] 1,019,123 1,020,870 1,023,115 1310.70 0.27
ICPSO [21] 1,019,072 1,020,027 NA 493.21 0.350
EAPSO [40] 1,018,510 1,018,710 1,019,302 NA 0.625
HIGA [41] 1,018,473 1,019,328 1,022,284 NA NA
TVAC-IPSO [20] 1,018,217 1,018,965 1,020,417 NA 2.718
BBPSO [42] 1,018,159 1,019,850 1,021,813 826.94 NA
CSO [43] 1,017,660 1,018,120 1,019,286 302.3103 NA
EBSO [44] 1,017,147 1,017,526 1,017,891 147.01 0.025
MTLA [16] 1,016,935 1,016,972 1,017,091 NA 0.065
SAMFA [45] 1,016,808 1,017,030 1,017,187 NA 0.147
MIQP [31] 1,016,601 1,016,601 1,016,601 NA 1.884
ADE-SA 1,016,412 1,016,432 1,016,465 19.21 1.805
NA denotes that the value was not available in the literature.
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Table 9: Best result obtained by ADE-SA for Case 1 (10-unit system with PL).

Time (h) 1 2 3 4 5 6 7 8 9 10 PL

1 150 135 206.17 60 122.85 122.43 129.59 47 20 55 12.13
2 150 135 282.82 60 122.82 122.37 129.59 47 20 55 14.70
3 226.58 142.24 300.03 60 172.82 122.59 129.59 47 20 55 17.95
4 303.26 222.24 297.40 60 172.76 122.28 129.59 47 20 55 23.62
5 379.79 222.27 297.42 60 172.67 122.47 129.59 47 20 55 26.30
6 456.39 229.39 308.18 70.22 222.58 122.44 129.59 47 20 55 32.90
7 456.40 309.39 303.81 120.22 172.67 122.41 129.59 48.86 20 55 36.46
8 456.41 309.94 297.37 170.21 172.69 122.44 129.59 78.86 20 55 36.61
9 456.48 389.94 298.13 190.35 222.49 122.53 129.59 85.38 20 55 45.99
10 456.49 396.80 324.78 240.35 222.51 160.00 129.59 115.38 20 55 49.00
11 456.98 396.83 340 290.35 227.67 160.00 130.00 120.00 20.05 55 50.97
12 456.49 460.00 325 300 222.60 159.99 129.59 120.00 50.00 55 58.77
13 456.49 396.80 298.45 300 222.50 122.45 129.59 120.00 20 55 49.38
14 456.43 316.80 302.33 250 222.56 122.45 129.59 90.00 20 55 41.27
15 379.81 308.04 296.11 241.18 172.71 122.37 129.59 85.31 20 55 34.22
16 303.18 228.04 319.79 191.18 122.84 122.45 129.59 85.31 20 55 23.48
17 226.50 222.26 288.43 180.30 172.63 122.30 129.59 85.31 20 55 22.42
18 303.19 302.26 286.40 180.60 172.66 122.38 129.59 85.31 20 55 29.48
19 379.90 316.79 298.99 180.86 222.66 122.68 129.59 85.31 20 55 35.88
20 459.90 396.79 340.00 181.37 243.00 160.00 130.00 83.54 20 55 51.09
21 456.52 389.65 319.10 169.87 222.74 122.64 129.86 84.21 20 55 45.70
22 379.83 309.65 297.02 119.90 172.75 122.47 129.59 54.21 20 55 32.51
23 303.18 229.65 253.80 69.90 122.77 122.40 129.59 47 20 55 21.36
24 226.57 222.24 195.14 60 122.84 123.23 129.59 47 20 55 17.69
Total cost ($) 1,037,140.18

Table 10: Statistical comparison for Case 1 (10-unit system with PL).

Method F(B) ($) F(A) ($) F(W) ($) SD Time (min)
AIS [9] 1,045,715 1,047,050 1,048,431 NA 30.973
ABC [10] 1,043,381 1,044,963 1,046,805 NA 3.408
TVAC-IPSO [20] 1,041,066 1,042,118 1,043,625 NA 3.155
EBSO [44] 1,038,915 1,039,188 1,039,272 NA 0.22
MTLA [16] 1,037,489 1,037,712 1,038,090 NA 0.111
SAMFA [45] 1,037,698 1,037,938 1,039,199 NA 0.253
MIQP [31] 1,038,376 NA NA NA 1.977
ADE-SA 1,037,140 1,037,453 1,037,776 208.17 3.090
NA denotes that the value was not available in the literature.

cost. For Case 6 and Case 7 with 200 and 500 generators, only
CSO reported results so far.

5.3. Learning Cycle Study. In the learning cycle, the perfor-
mance of each mutation operators is evaluated and used
to determine the chosen probability in the latter stage of
search process. Figure 2 shows that five mutation operators
are adapting to the whole evolution process. The chosen
probability of each operator can be seen from the figure. In
the initial of the evolution process, M1 and M2 showed high
chosen probability whereas the other operators showed low
probability. As the iteration proceeds, the chosen probability
of M4 and M5 increased continuously.

5.4. Adaptive SelectionMechanismStudy. To demonstrate the
effect of the proposed adaptive selection mechanism, the
average of best objective function values over 50 independent
runs of each mutation operator are recorded in Table 16 (take
Case 1, for example). From this table, it can be seen that
each operator shows poor performance when runs depend
on themselves. When the adaptive selection mechanism
is applied, the operators are able to obtain high-quality
solutions.

5.5. Heuristic for Constraint Handling Study. The proposed
heuristic procedure can help the infeasible solutions to
transform into high-quality feasible solutions. To test the
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Table 11: Power generation output for Case 2.

Time (h) 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 PL

1 380.98 298.25 130 130 150.01 448.49 465 60 25 25 35.16 52.20 25 15 15 19.08
2 378.83 284.48 130 130 150 444.52 465 60 25 25 34.92 50.99 25 15 15 18.75
3 381.15 289.64 130 130 150 447.94 465 60 25 25 34.51 51.68 25 15 15 18.92
4 383.80 290.61 130 130 150 453.78 465 60 25 25 35.26 51.61 25 15 15 19.05
5 400.33 326.66 130 130 150 460 465 60 25 25 36.79 54.31 25 15 15 20.09
6 413.27 329.53 130 130 150 460 465 60 25 25 38.57 55.01 25 15 15 20.39
7 413.17 343.64 130 130 150 460 465 60 25 25 39.32 55.54 25 15 15 20.68
8 453.46 408.73 130 130 150 460 465 60 25 25 43.46 60.25 25 15 15 22.91
9 455 455 130 130 230.00 460 465 60 25 53.29 79.96 80 25 15 15 27.26
10 455 455 130 130 305.47 460 465 60 25 58.08 80 80 25 15 15 30.55
11 455 455 130 130 346.99 460 465 60 25 74.13 80 80 25 15 15 33.11
12 455 455 130 130 348.44 460 465 60 25 74.77 80 80 25 15 15 33.21
13 455 455 130 130 344.75 460 465 60 25 73.21 80 80 25 15 15 32.96
14 455 455 130 130 382.10 460 465 60 25 88.50 80 80 25 15 15 35.60
15 455 455 130 130 462.10 460 465 60 25 139.01 80 80 25 15 15 43.11
16 455 455 130 130 470 460 465 60 25 128.20 80 80 25 15 15 43.20
17 455 455 130 130 438.24 460 465 60 25 108.81 80 80 25 15 15 40.05
18 455 455 130 130 362.05 460 465 60 25 80.09 80 80 25 15 15 34.14
19 455 455 130 130 249.55 460 465 60 25 34.79 79.33 80 25 15 15 27.67
20 455 455 130 130 202.81 460 465 60 25 25.00 67.76 79.15 25 15 15 25.73
21 450.91 397.86 130 130 150 460 465 60 25 25.00 45.81 60.03 25 15 15 22.62
22 412.72 327.14 130 130 150.02 460 465 60 25 25.00 38.72 53.73 25 15 15 20.33
23 387.71 304.11 130 130 150 460 465 60 25 25.00 35.63 52.99 25 15 15 19.44
24 383.95 304.68 130 130 150 456.93 465 60 25 25.00 35.51 52.28 25 15 15 19.35
Total cost ($) 759,020,42

Table 12: Statistical comparison for Case 2 (15-unit system with PL).

Method F(B) ($) F(A) ($) F(W) ($) SD Time (min)
HS [46] 765,560 765,959 766,370 NA 11.305
HIS [46] 765,600 765,942 766,403 NA 11.358
GHS [46] 769,074 769,627 770,428 NA 32.252
SGHS [46] 759,897 760,118 760,343 NA 5.055
NPAHS [46] 759,603 759,779 759,988 NA 4.167
ODO-ABC 759,020 759,247 759,481 77.86 3.931
NA denotes that the value was not available in the literature.

Table 13: Statistical comparison for Case 3 (30-unit system derived from 10-unit system).

Method F(B) ($) F(A) ($) F(W) ($) SD Time (min)
DE [23] 3,163,000 3,173,100 NA NA NA
CDE [23] 3,083,930 3,090,542 NA NA 0.58
IPSO [18] 3,090,570 NA 3,096,900 NA 0.142
CSAPSO [47] 3,066,907 3,075,023 NA NA 0.765
ICPSO [21] 3,064,497 NA 3,071,588 NA 0.773
EAPSO [40] 3,054,961 3055641 3,055,257 NA NA
BBPSO [42] 3,062,144 3,067,277 NA NA NA
MTLA [16] 3,048,609 3051113 3,049,871 NA 0.127
CSADHS [13] 3,054,709 3055137.84 3,055,070 NA NA
DGPSO [19] 3,148,992 3,154,438 NA 2177.60 6.3 22.816
ADE-SA 3,047,318 3,047,478 3,047,542 115.74 2.175
NA denotes that the value was not available in the literature.
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Table 14: Statistical comparison for Case 4 (54-unit system).

Method F(B) ($) F(A) ($) F(W) ($) SD Time (min)
GA [15] 1,834,373 1,839,422 1,850,775 NA NA
PSO [15] 1,832,121 1,835,851 1,845,937 NA NA
ICA [15] 1,807,081 1,809,664 1,811,388 NA NA
HS [46] 1,764,951 1,767,045 1,770,005 NA 5.06
IHS [46] 1,763,261 1,766,792 1,771,102 NA 4.598
GHS [46] 1,801,693 1,804,643 1,809,412 NA 4.595
NPAHS [46] 1,710,489 1,712,278 1,715,3 NA 4.433
OCD [48] 1,772,724 NA NA NA 0.0022
ADE-SA 1,632,628 1,652,744 1,653,187 1202.6 4.126
NA denotes that the value was not available in the literature.

Table 15: Statistical comparison for Case 5-7.

Method F(B) ($) F(A) ($) F(W) ($) SD Time (min)
Case 5: 100-unit system
GA [45] 10,908,741 11,584,628 11,987,675 NA 9.04
PSO [45] 10,366,076 10,766,385 11,310,279 NA 5.89
FA [45] 10,197,269 10,419,457 11,216,243 NA 1.3
FAPSO [47] 10,200,860 10,207,245 10,211,461 NA NA
SAFA [45] 10,183,819 10,286,043 10,388,958 NA 1.41
CSO [43] 10,183,633 10,185,287 10,192,352 1323 NA
ADE-SA 10,181,267 10,181,953 10,182,649 749.47 7.692
Case 6: 200-unit system
CSO [43] 20,409,722 20,414,842 20,437,874 4792 NA
ADE-SA 20,392,355 20,398,717 20,405,289 2017.10 13.542
Case 7: 500-unit system
CSO [43] 51,044,611 51,050,457 51,082,986 6067 NA
ADE-SA 51,032,830 51,040,129 51,055,302 4109.83 31.169
NA denotes that the value was not available in the literature.
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Table 16: Comparison of average solutions obtained by M1-M5 and ADE-SA.

Method F(B) ($) F(A) ($) F(W) ($) SD
M1 1,023,027 1,023,288 1,024,356 240.61
M2 1,017,893 1,018,363 1,019,012 523.10
M3 1,019,240 1,019,754 1,020,667 741.74
M4 1,020,533 1,020,972 1,021,702 651.83
M5 1,018,315 1,018,646 1,019,384 508.82
ADE-SA 1,016,412 1,016,432 1,016,465 19.21

Table 17: Comparison with and without the heuristic procedure.

Method Heuristic procedure Mean cost ($) Failure times

M1 Without 1,025,109 55,453
With 1,023,288 34,576

M2 Without 1,019,392 61,929
With 1,018,363 44,531

M3 Without 1,020,923 42,106
With 1,019,754 22,374

M4 Without 1,022,165 40,827
With 1,020,972 23,201

M5 Without 1,020,131 47,233
With 1,018,646 29,809

ADE-SA Without 1,017,254 50,142
With 1,016,432 32,849

.

effect of this heuristic procedure, we record the average cost
over 20 independent runs and the failure times of constraint
handling with and without the heuristic procedure in the
same experiment situation. The penalty method, which is
one of the most frequent methods for dealing with DED
problem, is used for comparison. Table 17 shows that each
operatorwith the heuristic procedure canfind better solution.
In the constraint handling process, the infeasible solution is
adjusted hour by hour.When a feasible solution 𝑃𝑡 is obtained
at current hour, it may make it impossible for 𝑃𝑡+1 to meet
the power balance and ramp rate constraints at the next hour.
Failure times counts the times of the situation. A lower failure
times means an effective constraint handling strategy. All the
experiments have the same 2000 generations.

6. Conclusions

This paper proposes and successfully applies a novel method
to solve the DED problem considering value-point effects.
DE is employed to search the feasible solution of DED.
Five widely used mutation operators are gathered to form
a mutation operator pool. Simulated annealing algorithm is
used to carry out an adaptive selection mechanism in which
the mutation operators of DE are selected adaptively. The
effectiveness of the proposed methods is demonstrated first
on 10 popular benchmark functions with 100 dimensions, in
comparison with the classic DE and five variants. Then, seven
test systems having 10, 15, 30, 54, 100, 200, and 500 generators
are analyzed to illustrate the application of the proposed
method. The computational results show that the proposed

method has the capacity to provide stable and high-quality
solutions efficiently for DED problems. Comparison of the
results with algorithms recently reported in the literature
confirms the superiority of the proposed method and its
higher probability of finding accurate and optimal solutions
for DED problems. Finally, the performance of different
components is discussed.

In future work, we plan to extend the present work in the
following directions. First, adaptive techniques for parameter
setting of the mutation operator will be investigated. Second,
wewill apply the proposedmethod tomore complex practical
DED problems that consider the uncertainty of load demand,
wind speed, and solar irradiation.
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It is important to establish relations between the network reconstruction and the topological dynamical structure of networks.
In this article, we quantify the effect for two types of network topologies on the performance of network reconstruction. First,
we generate two network modes with variable clustering coefficient based on Holme-Kim model and Newman-Watts small-world
model, then we reconstruct the artificial networks by using a novel framework called 𝐿1-normminimization algorithm based on a
theory called compressive sensing (CS), a framework for recovering sparse signals. The results of the simulation experiment show
that the accuracy rate for the network reconstruction is a monotonically increasing function of the clustering coefficient in Holme-
Kim model, whereas the opposite occurs in Newman-Watts small-world network. And this yet demonstrates that the larger the
network size, the higher the accuracy rate. Morever, we compare the results of CS with orthogonal matching pursuit (OMP), a
greedy algorithm. The results show that the accuracy rate of 𝐿1-norm minimization method is 10% higher than that of OMP, and
OMP yields 1.2 times the computation speed of 𝐿1-norm minimization. Our work demonstrates that the topological structure of
network has influence on the accurate reconstruction and it is helpful for offering proper method for the network reconstruction.

1. Introduction

Network reconstruction has attracted much attention for
various collective dynamical behaviors [1–3]. The concept
of complex network reconstruction is proposed for the first
time by Guimerà [4]. It is an inverted problem that can
rebuild the existing network to yield estimates of the true
network properties and plays significant role in various
aspects, such as locating the source of disease [5, 6], idenfying
hidden information, preventing virus transmission [7, 8], and
predicting risk spreading in financial networks.

When dealing with the network reconstruction prob-
lem, we should think about the reliability of network data
since the accessible data may be fragmentary and limited
in consideration of network size. Efficient approaches to
solve the reconstruction problemwith low data requirements
are mainly obtained from methods as Link prediction [9],
Bayesian reasoning [10], ODE [11], and so on. Recently,
a theory called compressive sensing (CS), used for recov-
ering sparse signal [12, 13], such as image reconstruction,

large-scale sensor-network data processing, and coupled-
oscillator networks reconstruction [14], either with time
series (continuous-time) data, which has been outstanding in
nonlinear dynamics with interactions among nodes [15], or
discrete time series, which remains deeper researching [16],
can reconstruct a propagation network using small data set
information extracted from experiments or observations [17–
19]. 𝐿1-norm minimization (Basis Pursuit), which can solve
sparse problem, is often used as one kind of algorithm for CS.
Under stochastic dynamical process, Shen et al. reconstruct
networks from limited time series. Wang et al. [20] uncover
interaction networks from small amount of data based on
CS. Indeed, such studies proposed a wide range of issues
related to accurate network reconstruction for diverse fields.
Most of them studied sparse networks in applications from
gene-regulatory networks [21], coupled oscillator networks,
to social networks [22]. In real world network, human Brain
Network has been investigated under CS [23]; in [24] the
authors took into account three directed real-world networks,
Football, USTop500, and C. elegans, and tested two methods
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on the reconstruction for the three networks. In [25], CS
is exploited for reducing the memory cost in switches and
routers. In [26], the authors gather and spread information
across a large P2P overlay network efficiently by CS.

Prior studies about network reconstruction mainly
focused on analyzing the collective dynamics complex net-
works with evolutionary game data. Santos et al. [27] study
the mechanism of cooperative evolution with data from
game theory. Rong et al. [28] investigate, in the networked
prisoner’s dilemma game, how the degree-mixing schema
influences the cooperation. Besides the network games [29,
30], the network synchronization [31], the topological struc-
ture [32, 33], and so on are popular research topics in the
field of complex system. Specifically, analyzing the dynamic
properties of complex system is of great significance. The
topological characteristics paly important role on the net-
work controllability [34]. Guo et al. [35] investigate the role
of the assortative coeffcicent for the network reconstruction
and find that when the assortative coefficient is positive, the𝐿1-norm minimization method could regenerate the social
network more accurately. However, whether network topol-
ogy can affect the reconstruction accuracy and choose proper
method is important for network reconstruction. Inspired
by this, we investigate the effect on the accuracy rate of the
network reconstruction by 𝐿1-norm minimization method
with different topological structure of networks measured
by variable clustering coefficient among two type network
models. Newman and Watts raise small-world network,
highlighting their high clustering and shortest average path
length [36]. Barabási and Albert (BA) established a network
with both growth mechanism and preferential attachment
mechanism [37, 38]; the nodes’ degree of the system follows
the principle of the power-law distribution. The existing
classical network model that incorporates both properties
is called Holme–Kim model [39]. It is built based on BA
model and possesses the scale-free characteristic. In this
article, we control the parameter of themodel by adjusting the
change of the clustering coefficient. To verify the restructing
algorithm we have mentioned, we model various network
structures with variable clustering coefficient and investigate
the relation between accuracy and clustering coefficient. At
last, we also investigate the performance by using orthogonal
matching pursuit (OMP), a greedy algorithm, which shows
difference with 𝐿1-norm minimization.

In this paper, first we generate a series networks by
Holme–Kim model and Newman-Watts small-world model,
then we reveal the structure of network with evolutionary-
game data by using 𝐿1-norm minimization. Furthermore,
we compare our framework with OMP, another method
for network reconstruction. The results show that, with the
network topological structure changing, our method is 10%
higher than that of OMP in terms of success rate (SR), which
measures the accuracy of network reconstruction. Specially,
Holme–Kim model acts distinctly different among the two
algorithms. Meanwhile, OMP has 1.2 times the convergence
rate of 𝐿1-normminimization. Our work shows the accuracy
of prediction for two types of network topologies, with the
twomethods performing differently, and choosing the proper
method is important.

2. Methods

We address the mechanism of uncovering two types network
topologies with evolutionary PD game time series data
based on 𝐿1-norm minimization, one kind of compressive
sensing method. It is carried out through exploring two
evolutionary games generating in Holme–Kim networks and
Newman-Watts small-world networks; individual interactive
information is accessible, then we make an attempt to decode
the network structure from measurable data.

2.1. Reconstruction Processes. CS is first used for finding
solutions to underdetermine linear systems through process-
ing signal to acquire and remodeling signal. The advantage
of CS [40–42] is that it can reconstruct a small number
of linear measurements of the signal that contain enough
information. It often happens on the fact that abundant
signals are compressible or sparse when they are expressed
in the proper basis and frame. The purpose of CS is mainly
aimed at reconstructing vector X from G (X ∈ R𝑁, G is
inear measurements); convex optimization problem can be
expressed as follows:

min ‖X‖1
s.t. G = Φ ⋅ X, (1)

from which the vector G ∈ RM denotes the measurement
vector and measurement matrix Φ ∈ R𝑀×𝑁 whose rows have
unit length projects data. ‖X‖1 = ∑𝑁𝑖=1 ‖X𝑖‖ is the 𝐿1-norm of
vector X. As a kind of compression estimates, the calculation
speed of 𝐿1-norm method is slow, the measurement data
required is small, and the precision is high. Optimum
solution to the convex optimization can be accessible [43];
it has been widely used for network reconstruction problem
easily [44]. Considering that the length of an unknown vector
is much more than the observable measurements (𝑁 ≫ 𝑀)
and the number of non-zero elements is less than𝑀, all these
are main advantages of CS. The measurement vector G and
matrix Φ are generated from the evolutionary game progress
where accessible data about strategy and payoff for each agent
can be got from the dynamic interaction. In general, two
game theories are used to investigate cooperation in social
networks; one is prisoner’s dilemma (PD) game [45], and the
other is snowdrift game (SG) [46]. Recently, the prisoner’s
dilemma (PD) game has been used combined with spatial
or topological dimension [47, 48]. PD game has been a
framework to exploit cooperation for complex social network
among nodes [49]; it can serve for network reconstruction.
In fact, the structure of network often can affect the style
of cooperation; much research has been done about it. In
terms of mechanism for PD game, there exist many ways
to deal with cooperation; in [50], it is demonstrated that
costly punishment may decrease cooperation sometimes. In
general, two strategies S belong to an agent: cooperation (𝐶)
or defection (𝐷), the strategy matrices for cooperation is
S(𝐶) = (1, 0)𝑇 and strategy matrices for defection is S(𝐷) =(0, 1)𝑇; for the PD game, we can simplify the payoff matrices
as follows: we implement Eq. (1) based on evolutionary
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game data with numerical computations through complex
networks. The payoff matrices P are

P=( 1 01 + 𝑏 0) , (2)

where 𝑏(0 < 𝑏 < 1) is the parameter that can indicate the
temptation to defect; each agent plays the PD game with its
neighbors and gains payoffs step by step. For example, as for
agent 𝑖, after one round, the payoff Z𝑖 is

Z𝑖 = ∑
𝑗∈Γ𝑖

S𝑇𝑖 ⋅ P ⋅ S𝑗, (3)

in Eq. (3) S𝑖 denotes the strategies of agent 𝑖 and S𝑗 denotes
the strategies of agent 𝑗 respectively, and Z𝑖 is total payoff
over all the neighbor set Γ𝑖 of 𝑖. After each round of the
game, the agent will adjust its own strategy according to the
its payoff and the neighbors’, allowing them to achieve the
desired benefits in subsequent rounds, thus forming game
evolution process. Common strategy evolution rules have
imitated the best Copy dynamics, Fermi dynamics, and so
on. The experimental part of this paper will use the Fermi
dynamics rule to carry out the PD game evolution. The rule
of the dynamics of Fermi: the probability of the node 𝑖 next
round learning node 𝑗’s strategy is [51]

Q (S𝑖 ← S𝑗) = 11 + exp [(Z𝑖 − Z𝑗) /𝜅] . (4)

The parameter 𝜅 denotes the rationality of the player in the
game; when it comes close to zero, players will only learn the
strategy, the revenue of which is higher than its own in this
round. When 𝜅 increases, the probability of a player learning
a low yield neighbor strategy will increase, which can be
expressed by 𝜅 being 0 if Z𝑗 < Z𝑖 and 1 if Z𝑖 < Z𝑗. When 𝜅
approaches∝, this means that the player chooses completely
random decision making.

Each agent possesses one node in the evolutionary game.
Assume that the number of nodes in the game network is𝑁;
the links between nodes can be represented by an adjacency
matrixAwith𝑁 order. If node 𝑗 is the neighbor of node 𝑖, the
matrix element 𝑎𝑖𝑗 = 1; otherwise 𝑎𝑖𝑗 = 0. The total payoff for
node 𝑖 can be expressed as follows:

G𝑖 (𝑡) = 𝑎𝑖1S𝑇𝑖 (𝑡) ⋅ P ⋅ S1 (𝑡) + ⋅ ⋅ ⋅ + 𝑎𝑖,𝑖−1S𝑇𝑖 (𝑡) ⋅ P⋅ S𝑖−1 (𝑡) + 𝑎𝑖,𝑖+1S𝑇𝑖 (𝑡) ⋅ P ⋅ S𝑖+1 (𝑡) + 𝑎𝑖𝑁S𝑇𝑖 (𝑡)⋅ P ⋅ S𝑁 (𝑡) ,
(5)

in which 𝑎𝑖𝑗(𝑗 = 1, . . . , 𝑖 − 1, 𝑖 + 1, . . . , 𝑁) denotes connection
between agent 𝑖 and its neighbor 𝑗, and 𝑎𝑖𝑗S𝑇𝑖 (𝑡) ⋅ P ⋅ S𝑗(𝑡)(𝑗 =1, , 𝑖 − 1, 𝑖 + 1, , 𝑁) denotes the total payoff of node 𝑖 from the
PD game with 𝑗, and 𝑡 denotes the the total rounds that all

agents implement PD game with their own neighbors. AndΦ𝑖 is the payoff matrix for node 𝑖, expressed as follows:

Φ𝑖 =(((
(

F𝑖1 (𝑡1) F𝑖,2 (𝑡1) ⋅ ⋅ ⋅ F𝑖𝑛 (𝑡1)
F𝑖1 (𝑡2) F𝑖,2 (𝑡2) ⋅ ⋅ ⋅ F𝑖𝑛 (𝑡2)
F𝑖1 (𝑡3) F𝑖,2 (𝑡3) ⋅ ⋅ ⋅ F𝑖𝑛 (𝑡3)... ... ... ...
F𝑖1 (𝑡𝑚) F𝑖,2 (𝑡𝑚) ⋅ ⋅ ⋅ F𝑖,𝑛 (𝑡𝑚)

)))
)
, (6)

then we solve the data information

A𝑖 = (𝑎𝑖1, . . . , 𝑎𝑖, 𝑎𝑖−1, 𝑎𝑖,𝑖+1, . . . , 𝑎𝑖𝑁)𝑇 , (7)

and

G𝑥 = (G𝑖 (𝑡1) ,G𝑖 (𝑡2) , ⋅ ⋅ ⋅G𝑖 (𝑡𝑚))𝑇 , (8)

where F𝑖𝑗(𝑡𝑖) = S𝑇𝑖 ⋅ P ⋅ S𝑗(𝑡𝑖) and Eq. (6)–(8) satisfy the
following equation:

G𝑖 = Φ𝑖 ⋅ A𝑖. (9)

In a similar fashion, through compressive sensing
method, the remaining agents yield payoff from their
neighbor-connection; the overall network adjacency matrix
can be expressed as A = (A1,A2, . . . ,A𝑛). Due to the sparsity
of A𝑖, it is assured that it can be solved by using CS theory to
get accurate results from partial time series data (𝜂 ≡ 𝑚/𝑛,
where 𝜂 denotes the length of time series data, and𝑚 denotes
the number of moment: for example, 𝜂 = 60%means that the
number of used measurements equals 0.6𝑁).
2.2. NetworkModel. Anetwork can be denoted as an adjacent
matrix W = (𝑎𝑖𝑗)𝑁×𝑁, which contains 𝑁 nodes and 𝐸
edges. In general, 𝑘𝑖 represents the degree of node 𝑖, and 𝐶𝑖
represents the clustering coefficients of node 𝑖; it represents
the ratio between the number of closed triplets and the total
number of connected triplets of vertices; it can be calculated
as follows:

𝐶𝑖 = 1𝑘𝑖 (𝑘𝑖 − 1) 𝑁∑𝑗,𝑘=1𝑎𝑖𝑗𝑎𝑗𝑘𝑎𝑘𝑖, (10)

where 𝑎𝑖𝑗 = 1 denotes that there exists a partnership between
node 𝑖 and 𝑗, so when 𝑎𝑖𝑗𝑎𝑗𝑘𝑎𝑘𝑖 = 1, then a triangle forms
among nodes 𝑖, 𝑗, 𝑘. The whole network clustering coefficient
should be expressed as

𝐶 = 1𝑁 𝑁∑
𝑖=1

𝐶𝑖. (11)

We validated our method by using PD games data
occurring in Holme–Kim networks. Contrary to BA model,
Holme–Kim model adds Triad Formation process (TF pro-
cess), in order to change the principle when a new node
is attached to an existing node by the principle called
Preferential Attachment process (PA process). By this way, it
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Figure 1: Correlation between the 𝐶𝐻 and 𝑃𝑡 in Holme–Kim
network.

not only makes the network growth mode more flexible, but
also increases the clustering coefficient. In the Holme–Kim
model, the evolution process of network has three driver
factors: growth, preference attachment, and triad formation.
The algorithm of the Holme–Kim model is shown as follows
[52]:

Growth.At the beginning, the network has𝑚0 nodes; on each
time step, one new node 𝜐 with 𝑚 edges connects with the
existing nodes (𝑚 ⩽ 𝑚0).
Preferential Attachment. There is preference when the new
node 𝜐 chooses other nodes to connect. The ratio of choosing
node 𝑖 depends on the degree of this node. It can be expressed
as follows:

Π𝑖 = 𝑘𝑖∑𝑗 𝑘𝑗 . (12)

Triad Formation. After adding an edge between new node 𝜐
and 𝑖𝑠 neighbor in the previous PA step, another neighbor
node of 𝑖 is chosen to connect with node 𝜐 with probability𝑃𝑡. The network structure varies as 𝑃𝑡 changes; Figure 1
shows the relationship between probabilities𝑃𝑡 and clustering
coefficients 𝐶𝐻 of network. It is obvious that as 𝑃𝑡 increases,𝐶𝐻 grows as well, which implies that the network gets more
closely.

Another PD game data occurring in Newman-Watts
small-world network (homogeneous small-world network)
exhibits a homogeneous connectivity distribution, in the
sense that the number of connections for all nodes is the
same; the algorithm steps can be described as

(1) First, initializing a network with 𝑁 nodes, it is ring-
shaped; each node has 2𝑘 neighbors, 𝑘 > 0, 𝑘 is an
integer (usually small).

(2) Then adding an edge between the unconnected nodes
with probability 𝑃𝑁 (0 < 𝑃𝑁 ≪ 1).

Dunring the process, therewill bemultiple edges between any
pair of nodes. All nodes will have no self-loops; the clustering
coefficients of the network are denoted as 𝐶𝑁.
3. Experimental Results

3.1. Generating Artificial Networks with Tunable Clustering
Coefficient. The PD game is simulated on two types of
networks, Holme–Kim networks and Newman-Watts small-
world. To test the efficiency in reconstructing a network
with our method, we first generate an artificial scale-free
network with 100 nodes by using Holme–Kim model and
vary the 𝑃𝑡 value from 0 to 1. The clustering coefficients
(𝐶𝐻) are also incorporated into this range correspondingly.
Then, without loss of generality, we set𝑚0=𝑚=5,𝑁=100. We,
especially, study the realtionship between SR,whichmeasures
the accuracy of network reconstruction, and the degree 𝑘
in Holme–Kim networks. Each piece of data is averaged,
performed on 10 networks by 10 runs. In order to reconfirm
the performance of the algorithm, we set different network
sizes to further investigate the performance. Analogously,
we also reproduce a group of Newman-Watts small-world
networks by using compressive sensing method to adjust
their clustering coefficients into the same range. In order to
uncover the topology structure of the evolution network, we
record the strategies and payoffs in the form of time series as
the system tends to the steady state.

3.2. Evaluation Criterion. PD game is implemented to inves-
tigate the performance of the network diffusiondynamics and
structures; after recording the measurement matrix G𝑖 and
measurement vector Φ𝑖, we introduce the SR to measure the
performance; the accuracy rate can be expressed as follows:

SR = 1𝑁 𝑁∑𝑖=1 (𝑄𝑖𝑟 ∩ 𝑄𝑖𝑜𝑄𝑖𝑜 ) , (13)

in which 𝑄𝑖𝑜 denotes neighbors of node 𝑖 durning test set;𝑄𝑖𝑟 denotes the neighbors of node 𝑖 durning training set.
For a single player, SR denotes the ratio of the successfully
predicted number of neighbor connections to the actual
number of neighbors. At last, we get the average value for the
whole network.

3.3. Results. Figure 2(a) shows the SR of the network con-
struction by means of 𝐿1-norm minimization, as shown
in the picture; different 𝐶𝐻 indicate different topological
structures of networks with tunable clustering coefficients;
judging from transverse direction, the SR would increase
along with the increase of 𝐶𝐻 value; the SR, especially, would
reach the highest and would not get larger obviously when𝐶𝐻 value gets close to 1. From the vertical perspective, the
value of SR increases with the increase of 𝜂, for instance,
the SR with which, when the length of data was 60%, is
higher than that of 50%, and so forth. It demonstrates that
we can use 𝐿1-norm minimization to reconstruct network
effectively. Moreover, it is necessary to detail the progress of
whole network reconstruction to infer local characteristic for
each sigle node; we investigate the SR among single nodes, as
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Figure 2: Success rate (SR) of networks with tunalbe clustering coefficients 𝐶𝐻 in Holme–Kim model by means of 𝐿1-norm minimization.
(a)The size is set to𝑁 = 100, 𝜂 is the length of data information, 𝜅 = 0.1. As shown in the picture, when clustering coefficients𝐶𝐻 increases,
the accuracy SR increases.The tendency also applies in the variable value of 𝜂. Each piece of data is averaged, performed on 10 networks by 10
runs.The subgraph shows the relation between the SR and the degree of each game player, in which the network size is 100, 𝜂 = 50%. It shows
that the bigger the degree of the node, the higher the SR. (b) is the performance of the SR for different network sizes, with𝑁 = 100, 150, 200
respectively and 𝜂 is fixed to 60%. When 𝐶𝐻 value increases, the SR increases correspondingly. SR decreases as the network size increases.
(c) tests the SR with noise compared with that of original data; the Gaussian noise is defined as 𝜀 ∼ [N(0, 0.12)]. The size of the network is𝑁 = 150, 𝜂 = 60%. Each piece of data is averaged, performed on 10 networks by 10 runs.
shown in the subgraph in Figure 2(a). The bigger the degree
for eachnode, the higher the SR. It indicates that the hubnode
has higher SR, which manifests that the node, which has the
maximumdegree, contributes to the accurate reconstruction.

Furthermore, in order to validate 𝐿1-norm minimization
algorithm, we set different network sizes to further inves-
tigate the performance; we generate another two kinds of
network size, which incorporates 150 nodes and 200 nodes,
respectively. As shown in Figure 2(b), when the 𝐶𝐻 value
increases, the SR increases correspondingly, but gets lower
when the network size increases. From this point of view,
we can coclude that the network size can influence the result
of network reconstruction. For instance, when the 𝐶𝐻=0.5,
network size decreases from 150 to 100, then SR increases
from 0.85 to 0.9, and so forth. The relationship between SR
and network size is inversely related. In reality, noise exists
everywhere in physical systems; the data get from complex
systems are more or less influenced by noise. In order to
further improve the experiment, Gaussian noises [N(0, 0.12)]
are added in the experiment (𝑄 = 𝑄 + 𝜀, 𝑄 is the noise
parameter) to investigate the stability of the result. Figure 2(c)
indicates that the network size𝑁 is 150 and 𝜂 = 60%.We find
that, compared with the data after adding the Gaussian noise,
the accuracy of initial data is higher, although the CS method
could reconstruct the missed links in the network.

As a control group, we investigate the relationship
between SR and clustering coefficient 𝐶𝑁 in Newman-Watts
small-world network by means of 𝐿1-norm minimization, in
which𝑁 = 20, 50, 100 respectively. As shown in Figure 3(a)
we can find that SR decreases as the clustering coefficients 𝐶𝑁
of the the network increase, which shows adverse tendency
compared with Holme–Kim model. The main reason may
be originating from the fact that the degree distribution in
Newman-Watts small-world network is homogeneous; the

nodes which have homogeneous degrees need similar data to
reconstruct the network. The subgraph in Figure 3(b) shows
the relation between the SR and degree distribution of each
game player, in which the network size is 𝑁 = 100 and𝜂 = 80%. It shows that the bigger the degree of the node, the
lower the SR.

The methods used to solve sparse approximation prob-
lems are available in a variety of ways. As we present our𝐿1-norm minimization algorithm in the above context of
networks, we would like to compare the performance of our
framework for network reconstruction with OMP [53], a
greedy algorithm, which can be expressed as

min ‖X‖0
s.t. G = Φ ⋅ X, (14)

comparied with 𝐿1-norm minimization. OMP needs much
more data and has lower accurcy [54]. The number of
iterations required to find the correct support set determines
the complexity of the algorithm. For the comparison, we
carry out all experiments. The results are shown in Figures
4 and 5. The overall tendency is implemented by OMP in
accordance with 𝐿1-norm minimization. In addition, the
two methods are simultaneously implemented on scale-free
networks and small-world netowrk, with data occurring in
evolutionary games. As shown in Figures 6 and 7, we can
find that the former proposedmethod is higher than or equal
to OMP; for the Holme–Kim model network, the resulting
SR in our method is higher than OMP; for the Newman-
Watts small-world model, the resulting SR is nearly equal to
OMP. The main reason may result from the fact that both𝐿1-norm minimization and OMP can solve the problem of
sparse signal recovery [55]. Both the𝐿1-normand orthogonal
matching pursuit are the methods used to solve sparse
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Figure 3: (a) Correlation between the clustering coefficients 𝐶𝑁 of the Newman-Watts small-world networks and SR by means of 𝐿1-norm
minimization.𝑁 = 50, 𝜂 = 50%, 60%, 70%, 80%. (b)𝑁 = 20, 50, 100, 𝜂 is fixed to 60%. From the picture we can see that SR decreases as 𝐶𝑁
increases. The same with Holme–Kim model, when network size increases, SR tends to be lower. Each piece of data is averaged, performed
on 10 networks by 10 runs. It shows that the bigger the degree of the node, the lower the SR. (c) tests the SR with noise compared with that
of original data; the Gaussian noise is defined as 𝜀 ∼ [N(0, 0.12)]. The size of the network𝑁 = 100, 𝜂 = 60%. Each piece of data is averaged,
performed on 10 networks by 10 runs.
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Figure 4: (a) SR of networks with tunalbe clustering coefficients𝐶𝐻 in Holme–Kim model by OMP method,𝑁 = 100, 𝜅 = 0.1. It is obvious
that SR behaves in accordance with 𝐿1-norm minimization. Each piece of data is averaged, performed on 10 networks by 10 runs. (b) is the
performance of the SR for different network size, with𝑁 = 100, 150, 200 respectively and 𝜂 is fixed to 60%. When network size increases, SR
tends to be lower. Each piece of data is averaged, performed on 10 networks by 10 runs.
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Figure 5: Correlation between the clustering coefficients𝐶𝑁of theNewman-Watts small-world networks and SRbyOMPmethod. (a)𝑁 = 50,𝜂 = 60%, 70%, 80% (b)𝑁 = 20, 50, 100, 𝜂 is fixed to 60%. Each piece of data is averaged, performed on 10 networks by 10 runs.
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Figure 6: Performance comparison of 𝐿1-normminimization with OMP on scale-free network, considering different values of 𝜂 parameter
and𝑁 = 100, 150, 200. (a)𝑁 = 100, 𝜂 = 60% (b)𝑁 = 150, 𝜂 = 60% (c)𝑁 = 200, 𝜂 = 80%. Each piece of data is averaged, performed on 10
networks by 10 runs.
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Figure 7: Performance comparison of 𝐿1-normminimization withOMPon small-world network, considering different values of 𝜂 parameter
and 𝑁 = 50, 70, 100. (a) 𝑁 = 50, 𝜂 = 60% (b) 𝑁 = 70, 𝜂 = 60%. (c) 𝑁 = 100, 𝜂 = 90%. Each piece of data is averaged, performed on 10
networks by 10 runs.
approximation problems; by using L1-norm minimization
method, it can get optimal solution to the problem of network
reconstruction [56]. However, Newman-Watts small-world
behaves much more sparse [57], as described in Table 1.
These results demonstrate that two type networks can be
efficiently inferred from limited measurements using 𝐿1-
norm minimization method. In addition, we compare the
two algorithms on the performance of convergence rate
between two models as shown in Tables 2, 3, 4, and 5. In
order to achieve high accuracy with different data length,
the convergence rate is different. Compared with the 𝐿1-
norm minimization, the OMP yields a faster computation
speed; overall OMP is 1.2 times the computation speed of𝐿1-norm minimization. Inspired by this, we may consider
using OMP in small-world network. All the above demon-
strate that the network topological structure influences the
accuracy of network reconstruction. We should use a proper
method to deal with the complex problem of network
reconstruction.

Table 1: The parameter for different network.

Type clustering coefficient modularity
B-A big big
W-S bigger small

4. Conclusion

In our study, we investigate the effect on the accuracy
of the network reconstruction by 𝐿1-norm minimization
method with different topological structures of networks,
measured by variable clustering coefficients among two types
of network models: one is scale-free network and the other
is small-world network. First, we construct two types of
network models with variable clustering coefficients, then we
reconstruct the network based on the evolutionary-gamedata
by 𝐿1-norm minimization method. We find that the success
rate of the two kinds of network performs differently; for
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Table 2: To achieve high accuracy (85%) the convergence rate was performed on scale-free network with two methods.

time/s
N=100 N=150 N=200 N=250

data length 𝑙1 OMP 𝑙1 OMP 𝑙1 OMP 𝑙1 OMP𝜂 = 50% 784 653 1075 853 1283 1058 1462 1107𝜂 = 60% 923 842 1382 1191 1596 1227 1686 1340𝜂 = 70% 1080 818 1652 1458 1789 1503 2074 1773𝜂 = 80% 1425 1096 1893 1578 2056 1631 2261 1916

Table 3: To achieve high accuracy (90%) the convergence rate was performed on scale-free network with two methods.

time/s
N=100 N=150 N=200 N=250

data length 𝑙1 OMP 𝑙1 OMP 𝑙1 OMP 𝑙1 OMP𝜂 = 50% 803 676 1104 876 1309 1087 1497 1130𝜂 = 60% 945 869 1398 1209 1616 1250 1686 1378𝜂 = 70% 1109 840 1678 1483 1809 1528 2098 1799𝜂 = 80% 1445 1108 1914 1596 2076 1651 2279 1934

Table 4: To achieve high accuracy (80%) the convergence rate was performed on small-world network with two methods.

time/s
N=20 N=50 N=70 N=100

data length 𝑙1 OMP 𝑙1 OMP 𝑙1 OMP 𝑙1 OMP𝜂 = 50% 976 820 1180 984 1375 1100 1498 1247𝜂 = 60% 1195 1012 1416 1151 1564 1348 1207 1040𝜂 = 70% 1401 1120 1692 1421 1689 1407 1002 871𝜂 = 80% 1672 1416 1795 1504 1879 1527 864 701

Table 5: To achieve high accuracy (85%) the convergence rate was performed on small-world network with two methods.

time/s
N=20 N=50 N=70 N=100

data length 𝑙1 OMP 𝑙1 OMP 𝑙1 OMP 𝑙1 OMP𝜂 = 50% 998 832 1203 997 1397 1117 1512 1264𝜂 = 60% 1215 1032 1431 1171 1584 1360 1221 1062𝜂 = 70% 1420 1141 1709 1445 1700 1427 1029 901𝜂 = 80% 1692 1438 1815 1528 1899 1557 896 728

Holme–Kim (scale-free) network, the success rate increases
correspondingly when the clustering coefficients 𝐶𝐻 increase
but decreases when the clustering coefficients 𝐶𝑁 increase in
the Newman-Watts (small-world network). The explanation
can be derived from the fact that, in Holme–Kim model, the
bigger the degree for each node, the lower the success rate,
while the small-world behaves opposite. Meanwhile, both of
the success rates for the two network models decrease as the
network size increases. At last, we adopt OMP method to
reconstruct network. The results show that the SR carried
out by 𝐿1-norm minimization method is higher than or
at least equal to OMP, and the accuracy rate of 𝐿1-norm
minimization method is 10% higher than that of OMP.
Meanwhile, OMP is 1.2 times the convergence rate of 𝐿1-
norm minimization. From the above, we can conclude that

the network structure has influence on the accuracy of the
network reconstruction by compressive sensing method.

Our method, mentioned in the paper, can be adopted
to reconstruct sparse networks among the real-world net-
works for the reason that small-world phenomenon and
scale-free characteristics are two typical complex network
characteristics. Our contribution to the current literature can
be summarized as follows: the methodmetioned above needs
time series data; usually the topology structure of the network
cannot be abtained. From this point of view, if we donot know
about the topology structure, we may first choose 𝐿1-norm
minimization method; if we know the topology structure
of the network, the network has the same characteristics as
Holme-Kim model (scale-free characteristics); we may be
more likely to choose 𝐿1-norm minimization; if the network
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has the same properties as the small-world network, for the
accuracy recovery by 𝐿1-norm minimization is nearly equal
to that of OMP, we can adopt both of these methods; however,
OMP method has an advantage over 𝐿1-norm minimization
from a convergence speed perspective, so if we consider the
speed of convergence, we may choose OMPmethod. Overall,
ourmethods, in principle, are applicable in real-world such as
protein network, Internet network. Meanwhile, the research
also puts forward application of CS in other research fields,
such as remote sensing and social networks.

Meanwhile, there exist some shortcomings in this paper,
which may influence the further research for network recon-
struction. First, the two methods mentioned in this paper are
used to recover sparse network; better methods are worth
exploring [58, 59]. Second, we only investigate the effect of
compressive sensing depending on dynamic clustering coef-
ficients of the macro network structure. More characteristics
should be considered such as betweenness, closeness, and
eigenvector centrality to verify our methods. In addition,
we should also consider the micro network structure, such
as Ring, Chain, and Star, which may affect the result [60].
Third, in this paper, we consider only two phenomena: one
is the small-world, and the other is scale-free network, but
in the actual network there are both scale-free network
and small world network natures of the network, so it is
possible that the two methodsmay not effectively reconstruct
the network; we should find a better way. Last, during the
process of simulation, all the data are observable. In fact, the
measurement can be obtained partially [61, 62]; that is to
say, some hidden nodes cannot be got in the system. How
to implement our methods in these situations deserves to be
studied further.

Generally speaking, this paper puts forward twomethods
to deal with the problem of network reconstruction through
two different manners. It provides directions for us to recon-
struct complex network; yet it is expected to make efforts to
pursue better approaches. All these deserved to be explored.
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The Locust Search (LS) algorithm is a swarm-based optimization method inspired in the natural behavior of the desert locust. LS
considers the inclusion of two distinctive nature-inspired searchmechanism, namely, their solitary phase and social phase operators.
These interesting search schemes allow LS to overcome some of the difficulties that commonly affect other similar methods, such
as premature convergence and the lack of diversity on solutions. Recently, computer vision experiments in insect tracking methods
have conducted to the development of more accurate locust motion models than those produced by simple behavior observations.
The most distinctive characteristic of such new models is the use of probabilities to emulate the locust decision process. In this
paper, a modification to the original LS algorithm, referred to as LS-II, is proposed to better handle global optimization problems.
In LS-II, the locustmotion model of the original algorithm is modified incorporating the main characteristics of the new biological
formulations. As a result, LS-II improves its original capacities of exploration and exploitation of the search space. In order to test its
performance, the proposed LS-II method is compared against several the state-of-the-art evolutionary methods considering a set
of benchmark functions and engineering problems. Experimental results demonstrate the superior performance of the proposed
approach in terms of solution quality and robustness.

1. Introduction

For the last few decades, optimization approaches inspired
by the natural collective behavior of insects and animals
have captivated the attention of many researchers. These
techniques, commonly referred to as swarm optimization
methods, combine deterministic rules and randomness with
the purpose of mimicking some kind of natural phenomena,
typically manifested in the form of a swarm behavior. Search
strategies based in swarm behaviors have demonstrated
to be adequate to solve complex optimization problems,
often delivering significantly better solutions than those
produced by traditional methods. Currently, an extensive
variety of swarm-based optimization techniques can be found
on the literature. Some examples include Particle Swarm
Optimization (PSO), which emulates the social behavior of
flocking birds or fishes [1], the Artificial Bee Colony (ABC)
approach, which considers the cooperative behavior mani-
fested in bee colonies [2], the Cuckoo Search (CS) algorithm,

which simulates the brood parasitism behavior manifested by
cuckoo birds [3], the Firefly Algorithm (FA), which mimics
the distinctive bioluminescence-based behavior observed in
fireflies [4], among others.

The Locust Search (LS) [5] algorithm is a swarm opti-
mization approach inspired in the biological behavior of
the desert locusts (Schistocerca gregaria). Biologically, locusts
experiment two opposite phases: solitary and social. In the
solitary phase, locusts avoid contact with others conspecifics
in order to explore promising food sources. In opposition,
in the social phase, locusts frantically aggregate around
abundant foods sources (such as plantations) devastating
them. This aggregation is carried on through the attraction
to those elements that are found the best food sources. By
integrating these two distinctive behaviors, LS maintains
powerful global and local search capacities which enable it
to solve effectively a wide range of complex optimization
problems such as image processing [6], parameter estimation
of chaotic systems [7], pattern recognition [8], among others.
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In spite of its interesting characteristics, LS has some
shortcomings from the evolutionary computing point of
view. In its social phase operator, LS performs a series of
random walks around some of the best individuals with
the objective of refining its original solution. This process
seems to be appropriate for the purpose of local exploitation;
however, the excessive production of candidate solutions
adversely increases the algorithm computational overload.
Other important flaws of LS are the switch between the
solitary and social phase. In LS, both behaviors are performed
in the same cycle; this means that each individual search
agent in LS is subject to performing both global and local
movements at each iteration of the algorithms search process.
Although this mechanism could be useful in some contexts,
it is known that a misbalance between exploration and
exploitation of solutions is able to significantly degrade
any algorithm’s performance, thus making this approach
somewhat unreliable.

Base on this premise, in this paper, a modification to
the original LS is proposed in order to better and more effi-
ciently handle global optimization problems. In our modified
approach, coined Locust Search II (LS-II), a probabilistic
criterion, is introduced in order to control how the solitary
and social phase operators are addressed by the algorithm,
essentially allowing the swarm of locusts to “decide” when
to apply each behavioral phase. Also, individual decision
making based onprobabilities is introduced to the algorithm’s
social phase operator as amean to allow search agents toman-
ifest an attraction toward prominent individuals within the
population. Saidmodificationswere devisedwith the purpose
of providing a better balance between the exploration and
exploitation of solutions, while also allowing an important
reduction on the algorithms overall computational cost. To
demonstrate the proficiency of our proposed approach, we
performed a series of experiments over a set of benchmark
test functions. The results of our approach are compared to
those produced by the original LS, as well as some other
state-of-the-art optimization techniques, including Particle
Swarm Optimization (PSO) [1], Artificial Bee Colony (ABC)
[2], Bat Algorithm (BA) [9], Differential Evolution (DE)
[10], and Harmony Search (HS) [11]. Also, in order to
enhance the analysis of our proposed method, we also
performed comparative experiments over several popular
engineering optimization problems, including the design of
pressure vessels, gear trains [12], tension/compression springs
[13], welded beams [14], three-bar truss [15], parameter
estimation for FM synthesizers [16], and Optimal Capacitor
Placement for Radial Distribution Networks [17, 18]. The
experimental results for both sets shows that LS-II are
superior not only over the original LS, but also over all
other compared methods in terms of solution quality and
robustness.

The rest of this paper is organized as follows: in Sec-
tion 2, the original LS approach is described; in Sec-
tion 3, the proposed LS algorithm modification (LS-II)
is presented, and in Section 4, the experimental analysis
is developed. Finally, in Section 5, our conclusions are
drawn.

2. The Locust Search Algorithm

Locust Search (LS) [5] is a global optimization algorithm
based on the gregarious behavior observed in swarms of
desert locusts [19–24]. In LS, search agents are represented
by a set of 𝑁 individual locusts L = {l1, l2, . . . , l𝑁} (with𝑁 representing the total population size), interacting with
each other while moving through a 𝑛-dimensional feasible
solution space. Each individual position l𝑖 = [𝑙𝑖,1, 𝑙𝑖,2, . . . , 𝑙𝑖,𝑛]
is defined within a bounded space S = {x ∈ R𝑛 |𝑙𝑏𝑑 ≤ 𝑥𝑑 ≤ 𝑢𝑏𝑑} (with x = [𝑥1, 𝑥2, . . . , 𝑥𝑑] and where 𝑙𝑏𝑑
and 𝑢𝑏𝑑 represent the lower and upper bounds at the 𝑑-th
dimension, respectively) and represents a candidate solution
for a specified optimization problem.

Similar to other swarm-based optimization techniques,
LS comprises an iterative scheme in which search agents
change their positions at each generation of the algorithm
during its evolution. The change of position applied to each
individual is conducted by a set of operators inspired in the
two behavioral phases observed in desert locusts: solitary
phase and social phase.

2.1. LS Solitary Phase. In the solitary phase, individuals move
in different locations searching for promising food sources
(solutions) while they avoid to aggregate with other con-
specifics. This scheme is modeled by considering attraction
and repulsion forces manifested among individuals within
the population. Therefore, for any iteration “𝑘”, the total
attraction and repulsions forces (collectively referred to as
social force) experienced by a specific individual “𝑖” are given
by the following expression:

S𝑘𝑖 = 𝑁∑
𝑗=1
𝑗 ̸=1

s𝑘𝑖𝑗 (1)

where s𝑘𝑖𝑗 denotes the pairwise attraction (or repulsion)
between individual “𝑖” and some other individuals “𝑗” and is
given by

s𝑘𝑖𝑗 = 𝜌 (l𝑘𝑖 , l𝑘𝑗) 𝑠 (𝑟𝑘𝑖𝑗) d𝑖𝑗 + rand (1, −1) (2)

where the operator 𝜌(l𝑘𝑖 , l𝑘𝑗 ) is known as dominance value
between l𝑘𝑖 and l𝑘𝑗 and the value 𝑠(𝑟𝑘𝑖𝑗) represents the so called
social factor, where 𝑟𝑘𝑖𝑗 = ‖l𝑘𝑖 − l𝑘𝑗‖ denotes the Euclidian
distance between the elements “𝑖” and “𝑗”. Therefore, d𝑖𝑗 =(l𝑘𝑗 − l𝑘𝑖 )/𝑟𝑘𝑖𝑗 stands for the unit vector pointing from l𝑘𝑖 to
l𝑘𝑗 , while rand(1, −1) is a random vector whose elements are
drawn from the uniform distribution of [−1, 1]. The value𝑠(𝑟𝑘𝑖𝑗) is given by

𝑠 (𝑟𝑘𝑖𝑗) = 𝐹𝑒−𝑟𝑘𝑖𝑗/𝐿 − 𝑒−𝑟𝑘𝑖𝑗 (3)

where the parameters𝐹 and 𝐿 denote the attraction/repulsion
magnitude and length scale, respectively. To apply the oper-
ator 𝜌(l𝑘𝑖 , l𝑘𝑗 ), it is first assumed that each individual l𝑘𝑖 ∈
L𝑘 (l𝑘1 , l𝑘2 , . . . , l𝑘𝑁) is ranked with a number from 0 (best
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individual) to 𝑁 − 1 (worst individual) depending on their
respective fitness value. Therefore, the dominance value may
be given as follows:

𝜌 (l𝑘𝑖 , l𝑘𝑗) = {{{
𝑒−(rank(l𝑘𝑖 )/𝑁) if rank (l𝑘𝑖 ) ≤ rank (l𝑘𝑗)
𝑒−(rank(l𝑘𝑗 )/𝑁) if rank (l𝑘𝑖 ) > rank (l𝑘𝑗) (4)

As a result of the influence of total social force S𝑘𝑖 , each
individual “𝑖” manifests a certain tendency to move toward
(or away from) other members within the population. Under
such conditions, the new position adopted by the individual
“𝑖” as a result of S𝑘𝑖 may be expressed as

l∗𝑖 = l𝑘𝑖 + S𝑘𝑖 (5)

The result of applying the solitary movement operators to
each individual l𝑘𝑖 ∈ L𝑘 is a new set of candidate solutions
L∗ = {l∗1 , l∗2 , . . . , l∗𝑁}, which represent the positions taken by
each individual as a result of the influence exerted by all other
members in the swarm.

2.2. LS Social Phase. The social phase operation is applied
to refine some of the best candidate solutions L∗ ={l∗1 , l∗2 , . . . , l∗𝑁} generated by applying the solitary phasemove-
ment operator described in Section 2.1. For this purpose, a
subset of solutions B = {b1, . . . , b𝑞}, comprised by the 𝑞
best solutions within the set L∗, is first defined. Then, for
each solution l∗𝑖 ∈ B, a set of ℎ random solutions M𝑖 ={m𝑖1, . . . ,m𝑖ℎ} is generated within a corresponding subspace
C𝑖 ∈ S, whose limits are given by

𝐶lower
𝑖,𝑛 = 𝑏𝑖,𝑛 − 𝑟

𝐶upper
𝑖,𝑛 = 𝑏𝑖,𝑛 + 𝑟 (6)

where𝐶lower
𝑖,𝑛 and𝐶upper

𝑖,𝑛 represent the upper and lower bounds
of each subspace𝐶𝑖 at the 𝑛-th dimension, respectively, while𝑏𝑖,𝑛 stands for the 𝑛-th element (decision variable) from
solution b𝑖, and where

𝑟 = ∑𝑑𝑛=1 (𝑏upper𝑛 − 𝑏lower𝑛 )
𝑑 ∙ 𝛽 (7)

with 𝑏lower𝑑 and 𝑏upper
𝑑

denoting the lower and upper bounds at
the 𝑛-th dimension, respectively, whereas 𝑑 stands for total
number of decision variables. Furthermore, 𝛽 ∈ [0, 1]
represents a scalar factor which modulates the size of C𝑖.

Finally, the best solution from l∗𝑖 ∈ B and its respective ℎ
random solutions (m𝑖1 ,m𝑖2, . . . ,m𝑖ℎ) is assigned as the position
for individual “𝑖” at the following iteration “𝑘 + 1”. That is,

l𝑘+1𝑖 = best (l∗𝑖 ,m𝑖1,m𝑖2, . . . ,m𝑖ℎ) (8)

It is worth nothing that any solution l∗𝑖 that is not grouped
within the set of best solutions B is excluded by the social
phase operator. As such, the final position update applied

to each individual ‘𝑖’ within the whole swarm may be
summarized as follows:

l𝑘+1𝑖 = {{{
best (l∗𝑖 ,m𝑖1,m𝑖2, . . . ,m𝑖ℎ) if l∗𝑖 ∈ B

l∗𝑖 if l∗𝑖 ∉ B
(9)

3. The LS-II Algorithm

The LS algorithm proposes an interesting global and local
search capacities in the form of the so called solitary and
social phase operators. In spite of its interesting charac-
teristics, LS has some shortcomings from an evolutionary
computing point of view. Specifically, in its social phase
operator, LS performs a series of random walks around some
of the best individuals with the objective of refining their
current solutions; while this process seems to be appropriate
for the purpose of local exploitation, excessive evaluations
of candidate solutions are known to adversely increase
the algorithm computational load, a phenomenon that is
undesirable to virtually any optimization approach. Another
important flaw of the original LS approach is given by the way
in which the solitary and social phase behavioral operators
are addressed. In LS, both the solitary and social phases
operators are coded to be performed in sequence at each
iteration of the algorithms search process; this means that
each individual is subject to undergone to both global and
local operations without considering its individual decision.
Although this mechanism could be useful in some contexts, it
produces a misbalance between exploration and exploitation
which could significantly degrade its performance.

In this paper a modification to the original LS algorithm,
referred to as LS-II, is proposed. In our approach, instead
of applying both the solitary and social phase operators in
the same iteration, we propose a simple probabilistic scheme
to selectively apply either one of this two behaviors at each
iteration of the algorithms search process. Furthermore, we
have also proposed some changes the original LS’s social
operators: essentially, instead of performing a series of local
evaluations around promising solutions, LS-II’s social oper-
ator incorporates a probabilistic selection mechanism that
allows locusts to be attracted toward some other prominent
individuals within the population.Thismodification not only
allows to reduce the algorithms overall computational cost,
but also enhances LS-II’s convergence speed.

3.1. Selecting between Solitary and Social Phases. The first
modification, considered in the original LS, involves the
selection for any given iteration between the solitary phase
and the social phase. In the proposed LS-II approach, we
assume that, at the beginning of the search process, individ-
uals have a tendency to perform intensive exploration over
the feasible search space by means of their solitary phase
behavior, whereas in later stages of the evolution process
exploitation is favored by the social phase behavior. Also, it is
considered that the individuals maintain a certain probability
to behave as either solitary or social depending on the current
stage (iteration) of the algorithm’s search process. Therefore,
as the evolutionary process progresses, the probability that
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an element behaves in a social manner increases, while the
probability that it acts in solitary behavior, is reduced. Under
such circumstances, at each iteration “𝑘”, the behavioral
phase 𝑃(L𝑘) applied to the population L𝑘 is chosen as follows:

𝑃 (L𝑘) = {{{
Solitary if 𝑟𝑎𝑛𝑑 ≤ 𝑝𝑘
Social if 𝑟𝑎𝑛𝑑 > 𝑝𝑘 (10)

where 𝑟𝑎𝑛𝑑 denotes a random number sampled within the
uniformly distributed interval [0, 1], while value 𝑝𝑘, called
behavior probability, is given by

𝑝𝑘 = 1 − 𝑘𝑖𝑡𝑒𝑟𝑛 (11)

where 𝑖𝑡𝑒𝑟𝑛 stands for the maximum number of iterations
considered in the search process. From the expression, it
is clear that, as the iterative process increases, the value of
the behavior probability 𝑝𝑘 is linearly decreased. Intuitively,
other monotonically decreasing models (such as logarithmic
or exponential functions) could also be considered to handle
this value.

It is important to remark that from both operators
(solitary and social) only the social phase has been modified,
and the solitary phase behavior proposed by the original
LS remains unchanged. In Figure 1, we show a comparison
between the original LS algorithm and the proposed LS-II
approach.

3.2.Modified Social PhaseOperator. Thesecondmodification
considers several changes to the original LS algorithm’s social
phase, each aimed at giving every individual l𝑘𝑖 the ability
to move toward potentially good solution within the feasible
solution space instead of performing a series of local function
evaluations. This mechanism does not only allow taking
advantage of the information provided by all individuals
within the population, but also allows a significant reduc-
tion in computational load by taking away excessive and
unnecessary function evaluations. Similarly to the original
LS approach, the LS-II’s social phase starts by selecting a
subset of solutions B𝑘={b𝑘1 , . . . , b𝑘𝑞} that include the 𝑞 best
solutions from the total setL𝑘 = {l𝑘1 , l𝑘2 , . . . l𝑘𝑁} (therefore,B𝑘 ⊆
L𝑘). However, instead of defining a set of random candidate
solutions around each positionb𝑘𝑗 ⊆ B𝑘 (as in the original LS),
we propose a movement scheme that allows each individual
l𝑘𝑖 to be attracted toward the direction of a randomly selected
solution b𝑘𝑗 . For this purpose, to each solution b𝑘𝑗 is assigned
to a probability of being selected by a given individual l𝑘𝑖 ,
which depends on both the quality of b𝑘𝑗 and the distance
separating both individuals (l𝑘𝑖 and b𝑘𝑗 ) as follows:

𝑃𝑘l𝑖b𝑗 = 𝐴 (b𝑘𝑗) 𝑒−‖l𝑘𝑖 −b𝑘𝑗 ‖
∑𝑞𝑛=1 𝐴 (b𝑘𝑛) 𝑒−‖l𝑘𝑖 −b𝑘𝑛‖ (12)

where ‖l𝑘𝑖 − b𝑘𝑗‖ denotes the Euclidian distance between the
individual “𝑖” (l𝑘𝑖 ) and a member “𝑗” from the set of best

solutions B𝑘 (b𝑘𝑗), while 𝐴(b𝑘𝑗 ) stands for the attractiveness
of solution b𝑘𝑗 as given by

𝐴(b𝑘𝑗) = 𝑓 (b𝑘𝑗) − 𝑓worst (B𝑘)𝑓best (B𝑘) − 𝑓worst (B𝑘) + 𝜀 (13)

where 𝑓(b𝑘𝑗 ) denotes the fitness value (quality) related to b𝑘𝑗 ,
while 𝑓best(B𝑘) 𝑓worst(B𝑘) stand for the best and worst fitness
value from among the members within the set of best
solutions B𝑘. Finally, 𝜀 corresponds to a small value (typically
between 1.0 × 10−4 and 1.0 × 10−5) used to prevent a division
by cero.

With the previous being said, under LS-II’s social phase
behavior, each individual l𝑘𝑖 within the swarm population L𝑘
updates their position as follows:

l𝑘+1𝑖 = l𝑘𝑖 + 2 (b𝑘𝑟 − l𝑘𝑖 ) ∙ 𝑟𝑎𝑛𝑑 (14)

where b𝑘𝑟 (with 𝑟 ∈ [1, . . . , 𝑞]) is a randomly chosen solution
b𝑘𝑗 ∈ B𝑘, selected by applying the roulette selection method
[25] with regard to their respective probabilities 𝑃𝑘𝑖𝑗 (relative
to l𝑘𝑖 and b

𝑘
𝑗 ), while 𝑟𝑎𝑛𝑑 stands for a random number drawn

from within the uniformly distributed interval [0, 1].
4. Experiments and Results

4.1. Benchmark Test Functions. In our experiments, we stud-
ied LS-II’s performance with regard to the optimization of
13 well-known benchmark tests functions (see Appendix A)
operated in 30 dimensions. Furthermore, we have also com-
pared out proposed method’s result against those produced
by other popular optimization techniques, including Particle
Swarm Optimization (PSO) [1], Artificial Bee Colony (ABC)
[2], Bat Algorithm (BA) [9], Differential Evolution (DE) [10],
Harmony Search (HS) [11], and the original Locust Search
(LS) [5].

The parameters setting for each of the methods has been
performed by using the automatic algorithm configuration
software known as iRace [26]. This method allows obtaining
the best possible parameter configuration under a specific
set of benchmark problems. After the iRace analysis, the
following settings have been found:

(1) LS: the algorithm’s parameters were set to 𝑞=10, ℎ=3
[5].

(2) PSO: the cognitive and social coefficients are set to𝑐1 = 1.9460 and 𝑐2 = 1.8180, respectively. Also, the
inertia weight factor 𝜔 is set to decrease linearly from0.543254 to 0.33362 as the search process evolves [1].

(3) ABC: the algorithm was implemented by setting the
parameter 𝑙𝑖𝑚𝑖𝑡 = num Of Food Sources ∗ dims,
where num Of 𝐹𝑜𝑜𝑑𝑆𝑜𝑢𝑟𝑐𝑒𝑠 = 𝑁 (population size)
and dims = 𝑛 (dimensionality of the solution space)
[2]. The code has been obtained from [27] which
corresponds to the optimized version (v2).
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Figure 1: Flowchart of (a) LS and (b) LS-II.

(4) BA: the parameters were set as follows: initial loud-
ness rate 𝐴 = 0.311895, pulse emission rate 𝑟 =0.70767, minimum frequency 𝑓min = 0.3272, and
maximum frequency 𝑓max = 1.65815, respectively
[9].

(5) DE: the crossover rate is set to 𝐶𝑅 = 0.58143, while
the differential weight is given as 𝐹 = 0.12470 [10].

(6) HS: the Harmony Memory Considering Rate is set to𝐻𝐶𝑀𝑅 = 0.98950 while the pitch adjustment rate is
set to 𝑃𝐴 = 0.812174 [11].

(7) LS-II: the number of best individuals considered for
the social phase operator is set to 𝑞 = 10.

The code for each algorithm has been obtained from their
original sources. In the analysis, all of the compared methods
were tested by considering a population size of 𝑁 = 50
individuals and a maximum number of iterations 𝑖𝑡𝑒𝑟𝑛 =1000 as a stop criterion. Said tests setup was considered in
order to keep consistency with other similar works currently
found in the literature. All experiments were performed on
MatLAB� R2016a, running on a computer with an Intel�
Core� i7-3.40 GHz processor, and Windows 8 (64-bit, 8GB
of memory) as operating system.

Our experimental setup aims to compare the perfor-
mance of LS-II against those of PSO, ABC, BA, DE, HS,
and LS. The averaged experimental results, corresponding to
30 individual runs, are reported in Table 1 where the best
outcomes for each test function are boldfaced. The results
reported in this paper consider the following performance
indexes: Average Best fitness (AB), Median Best fitness (MB),
and the standard deviation of the best finesses (SD). As shown
by our experiments, LS-II demonstrates to be superior not
only to the original LS approach, but also to all other of the
compared methods. Such a notorious performance is related
to both the excellent global search capabilities provided LS-
II’s solitary phase operators, the highly effective exploita-
tion mechanism of our modified social phase operators,
and naturally the better trade-off between exploration and
exploitation that is achieved through the selective application
of said behavioral phases. Furthermore, Wilcoxon’s rank sum
test for independent samples [28] was conducted over the
best fitness values found by each of the compared methods
on 30 independent test runs (30 executions by each set).
Table 2 reports the 𝑝-values produced by said test for the
pairwise comparison over two independent sets of samples
(LS-II versus LS, ABC, BA, DE, and HS), by considering a
5% significance level. For theWilcoxon test, a null hypothesis
assumes that there is a significant difference between the



6 Mathematical Problems in Engineering

Ta
bl
e
1:
M
in
im

iz
at
io
n
re
su
lts

fo
rt
he

be
nc
hm

ar
k
te
st
fu
nc
tio

ns
ill
us
tr
at
ed

in
Ap

pe
nd

ix
A
op

er
at
ed

in
30

di
m
en
sio

ns
.R

es
ul
ts
we

re
av
er
ag
ed

fro
m

30
in
di
vi
du

al
ru
ns
,e
ac
h
by

co
ns
id
er
in
g

po
pu

la
tio

n
siz

eo
f𝑁

=50
an
d
m
ax
im

um
nu

m
be
ro

fi
te
ra
tio

ns
𝑖𝑡𝑒𝑟

𝑛=
100

0.
PS

O
D
E

A
BC

H
S

BA
LS

LS
-I
I

𝑓 1
𝑓 mea

n
4.
05
×10−
13

1.3
0×10
−
02

2.
44
×10−
11

1.5
0×10
−
04

4.
48
×100
0

4.
32
×10−
04

4.
33
×10

-3
2

𝑓 med
ia
n

2.
99
×10−
13

1.2
5×10
−
02

7.0
7×10
−
12

1.5
3×10
−
04

4.
43
×100
0

2.
17
×10−
04

1.0
2×1

0-
33

𝑓 std
5.
65
×10−
13

4.
86
×10−
03

4.
66
×10−
11

1.6
1×10
−
05

8.
88
×10−
01

6.
52
×10−
04

9.
30
×10

-3
2

𝑓 2
𝑓 mea

n
8.
54
×100
1

1.5
4×10
00

7.8
0×10
−
07

7.7
1×10
−
01

3.
23
×102
8

5.
12
×10−
02

2.
06
×10

-1
6

𝑓 med
ia
n

8.
94
×100
1

5.
17
×10−
02

7.4
3×10
−
07

7.1
9×10
−
01

4.
44
×102
5

5.
50
×10−
02

1.6
9×1

0-
16

𝑓 std
4.
95
×100
1

3.
37
×100
0

3.
11×1

0−
07

1.6
6×10
−
01

7.1
6×10
28

1.7
1×10
−
02

2.
13
×10

-1
6

𝑓 3
𝑓 mea

n
3.
31
×10−
17

2.
67
×100
2

1.2
3×10
04

9.8
6×10
00

2.
51
×100
6

1.8
2×10
−
03

3.
86
×10

-3
0

𝑓 med
ia
n

2.
30
×10−
18

1.1
2×10
02

1.2
5×10
04

7.3
0×10
00

2.
71
×100
6

1.5
5×10
−
03

1.2
8×1

0-
31

𝑓 std
5.
23
×10−
17

3.
47
×100
2

2.
57
×100
3

5.
26
×100
0

1.1
2×10
06

1.3
8×10
−
03

8.
39
×10

-3
0

𝑓 4
𝑓 mea

n
2.
02
×100
0

3.
75
×100
1

2.
15
×100
1

8.
16
×10−
01

3.
70
×100
1

1.0
5×10
−
02

7.4
3×1

0-
17

𝑓 med
ia
n

1.6
1×10
00

3.
86
×100
1

2.
17
×100
1

6.
57
×10−
01

3.
80
×100
1

1.1
5×10
−
02

5.
12
×10

-1
7

𝑓 std
1.2

8×10
00

6.
43
×100
0

4.
25
×100
0

2.
42
×10−
01

2.
57
×100
0

6.
63
×10−
03

7.4
9×1

0-
17

𝑓 5
𝑓 mea

n
7.9

0×10
01

2.
05
×100
1

2.
48
×10

01
9.7

6×10
00

6.
33
×100
1

4.
27
×100
2

2.
89
×100
1

𝑓 med
ia
n

5.
87
×100
1

1.5
2×10
01

2.
49
×10

01
1.0

2×10
01

6.
07
×100
1

3.
74
×100
2

2.
90
×100
1

𝑓 std
3.
68
×100
1

1.2
2×10
01

1.2
4×10
00

1.6
9×10
00

1.5
2×10
01

2.
81
×100
2

4.
15
×10

-0
2

𝑓 6
𝑓 mea

n
2.
40
×100
0

6.
94
×100
0

2.
17
×10

-1
1

0.
00
×100
0

9.2
3×10
03

5.
58
×10−
02

6.
06
×100
0

𝑓 med
ia
n

1.0
0×10
00

3.
90
×100
0

1.5
8×1

0-
11

0.
00
×100
0

9.5
3×10
03

5.
67
×10−
02

5.
89
×100
0

𝑓 std
2.
41
×100
0

7.7
4×10
00

1.7
6×1

0-
11

0.
00
×100
0

1.9
5×10
03

1.0
7×10
−
02

5.
16
×10−
01

𝑓 7
𝑓 mea

n
9.3

1×10
−
03

2.
47
×100
5

1.0
7×10
−
01

2.
96
×100
1

5.
54
×100
9

2.
21
×10−
02

8.
77
×10

-0
3

𝑓 med
ia
n

8.
91
×10−
03

1.3
2×10
05

1.0
3×10
−
01

3.
13
×100
1

6.
25
×100
9

1.9
0×10
−
02

2.
18
×10

-0
3

𝑓 std
9.5

3×10
−
03

4.
47
×100
5

2.
58
×10-
02

3.
56
×100
0

2.
17
×100
9

1.1
2×10
−
02

9.
65
×10

-0
3

𝑓 8
𝑓 mea

n
-9
.2
4×10
03

-1
.16
×100
4

-1
.2
6×10
04

-1
.2
6×1

00
4

-1
.8
9×10
19
9

-3
.8
0×10
02

-3
.4
5×10
03

𝑓 med
ia
n

-9
.2
6×10
03

-1
.15
×100
4

-1
.2
6×10
04

-1
.2
6×1

00
4

-3
.19
×101
95

-3
.6
9×10
02

-3
.32
×100
3

𝑓 std
4.
45
×100
2

3.
68
×100
2

1.3
5×10
02

4.
49
×10

-0
2

6.
55
×100
4

9.2
2×10
−
02

3.
62
×10−
02

𝑓 9
𝑓 mea

n
2.
82
×10−
07

4.
17
×100
1

2.
68
×10−
01

1.2
5×10
00

4.
74
×100
2

2.
69
×10−
02

0.
00
×10

00

𝑓 med
ia
n

1.8
2×10
−
08

2.
32
×100
0

4.
12
×10−
04

1.2
8×10
00

2.
31
×100
2

3.
44
×10−
03

0.
00
×10

00

𝑓 std
5.
26
×10−
07

8.
73
×100
1

4.
32
×10−
01

2.
80
×10−
01

5.
43
×100
2

4.
00
×10−
02

0.
00
×10

00

𝑓 10
𝑓 mea

n
1.4

3×10
00

2.
84
×100
0

1.4
9×10
−
05

5.
62
×10−
02

1.2
8×10
01

3.
00
×10−
02

4.
44
×10

-1
5

𝑓 med
ia
n

1.5
0×10
00

2.
96
×100
0

1.2
8×10
−
05

5.
80
×10−
02

1.2
2×10
01

1.7
3×10
−
02

4.
44
×10

-1
5

𝑓 std
3.
86
×10−
01

7.2
1×10
−
01

9.9
7×10
−
06

5.
65
×10−
03

1.1
7×10
00

3.
56
×10−
02

0.
00
×10

00

𝑓 11
𝑓 mea

n
1.5

2×10
−
02

1.7
1×10
00

9.6
6×10
−
04

1.0
1×10
−
01

1.0
7×10
02

1.4
2×10
−
04

0.
00
×10

00

𝑓 med
ia
n

8.
88
×10−
16

1.0
8×10
00

1.3
2×10
−
08

9.5
7×10
−
02

1.1
4×10
02

1.4
9×10
−
05

0.
00
×10

00

𝑓 std
2.
10
×10−
02

2.
01
×100
0

3.
92
×10−
03

2.
74
×10−
02

2.
42
×100
1

3.
69
×10−
04

0.
00
×10

00

𝑓 12
𝑓 mea

n
8.
22
×100
1

6.
98
×100
4

1.2
3×1

0-
12

8.
20
×100
1

2.
24
×100
7

5.
08
×10−
03

1.3
4×10
00

𝑓 med
ia
n

8.
16
×100
1

3.
53
×100
4

6.
46
×10

-1
3

8.
22
×100
1

2.
53
×100
7

5.
12
×10−
03

1.3
2×10
00

𝑓 std
4.
06
×100
0

8.
22
×100
4

3.
09
×10

-1
2

2.
64
×100
0

7.3
2×10
06

4.
17
×10−
04

1.3
4×10
−
01

𝑓 13
𝑓 mea

n
1.0

2×10
02

5.
08
×100
4

2.
27
×10

-1
1

8.
73
×100
1

9.9
2×10
06

1.0
8×10
−
01

3.
15
×100
0

𝑓 med
ia
n

1.0
0×10
02

9.6
9×10
03

8.
53
×10

-1
2

8.
91
×100
1

9.0
8×10
06

1.0
5×10
−
01

3.
00
×100
0

𝑓 std
3.
77
×100
0

7.7
8×10
04

3.
13
×10

-1
1

5.
92
×100
0

2.
53
×100
6

1.3
7×10
−
02

2.
69
×10−
01



Mathematical Problems in Engineering 7

Ta
bl
e
2:
W
ilc
ox
on
’s
te
st
co
m
pa
ris

on
fo
rL

S-
II
ve
rs
us

PS
O
,D

e,
A
BC

,H
S,
BA

,a
nd

LS
.Th

et
ab
le
sh
ow

st
he

re
su
lti
ng

𝑝-va
lu
es

fo
re

ac
h
pa
irw

ise
co
m
pa
ris

on
.

Fu
nc
tio

n
LS

-I
Iv

sP
SO

LS
-I
Iv

sD
E

LS
-I
Iv

sA
BC

LS
-I
Iv

sH
S

LS
-I
Iv

sB
A

LS
-I
Iv

sL
S

𝑓 1
6.
54
×10−
15

1.1
1×10
−
12

3.
01
×10−
11

1.1
2×10
−
13

4.
36
×10−
13

4.
86
×10−
12

𝑓 2
1.5

7×10
−
14

1.5
2×10
−
15

8.
48
×10−
09

9.6
5×10
−
14

9.7
8×10
−
13

2.
02
×10−
13

𝑓 3
5.
47
×10−
12

4.
33
×10−
10

3.
01
×10−
11

7.5
6×10
−
10

2.
99
×10−
13

2.
89
×10−
11

𝑓 4
3.
65
×10−
13

4.
88
×10−
10

3.
01
×10−
11

6.
19
×10−
10

3.
45
×10−
10

9.1
1×10
−
12

𝑓 5
6.
14
×10−
12

6.
95
×10−
10

8.
18
×10−
01

9.1
2×10
−
12

7.2
5×10
−
10

1.3
8×10
−
11

𝑓 6
6.
24
×10−
11

2.
45
×10−
10

3.
01
×10−
11

4.
54
×10−
12

8.
34
×10−
10

1.8
4×10
−
11

𝑓 7
8.
53
×10−
10

7.8
8×10
−
10

3.
01
×10−
11

6.
37
×10−
12

8.
15
×10−
12

2.
31
×10−
11

𝑓 8
2.
70
×10−
15

6.
31
×10−
11

3.
01
×10−
11

1.1
4×10
−
12

7.7
7×10
−
13

2.
77
×10−
11

𝑓 9
9.8

1×10
−
11

4.
69
×10−
11

1.2
1×10
−
12

1.5
4×10
−
13

3.
25
×10−
13

3.
24
×10−
11

𝑓 10
5.
64
×10−
13

2.
55
×10−
11

3.
02
×10−
11

7.1
8×10
−
13

4.
12
×10−
10

3.
71
×10−
11

𝑓 11
9.7

1×10
−
12

3.
78
×10−
12

1.2
1×10
−
12

4.
51
×10−
13

3.
03
×10−
10

4.
17
×10−
11

𝑓 12
4.
32
×10−
12

1.9
9×10
−
14

3.
02
×10−
11

8.
47
10
−
13

7.2
1×10
−
11

4.
64
×10−
11

𝑓 13
2.
21
×10−
12

1.1
9×10
−
12

3.
02
×10−
11

9.1
0×10
−
12

3.
32
×10−
11

5.
10
×10−
11



8 Mathematical Problems in Engineering

Table 3: Minimization results for the engineering optimization problems described in Appendix B. Results were obtained from 30 individual
runs, each by considering population size of𝑁 = 50 and maximum number of iterations 𝑖𝑡𝑒𝑟𝑛 = 1000.

PSO DE ABC HS BA LS LS-II

𝐽1
𝐽worst 7302.944 6590.18 6497.539 9702.135 400595 28910.08 6059.73𝐽best 6876.679 6877.065 6138.001 6523.004 6683.271 6882.137 6059.72𝐽avg 6876.679 6897.291 6311.334 7210.724 103291.8 7986.061 6059.72
𝐽std 5.61×1002 1.33×1002 7.84×1001 6.82×1002 1.20×1005 5.87×1003 4.30×10-03

𝐽2
𝐽worst 1.17×10−01 1.18×10−02 3.85×10−02 3.82×10−02 5.14×10−02 6.47×10−02 9.61×10-03𝐽best 1.61×10−02 8.13×10−03 2.50×10−02 2.70×10−02 7.99×10−02 7.27×10−03 5.39×10-03𝐽avg 1.17×10−02 7.96×10−03 2.21×10−02 1.09×10−02 5.52×10−02 7.03×10−02 6.74×10-03
𝐽std 4.43×1005 7.94×10−04 1.31×10−18 4.79×1005 2.40×1005 1.16×10−03 1.03×10-03

𝐽3
𝐽worst 1.9851 1.7511 1.7498 1.8012 1.7955 1.7449 1.72485𝐽best 1.7421 1.725 1.7249 1.7248 1.7249 1.7277 1.72485𝐽avg 1.7578 1.7298 1.7251 1.7562 1.7252 1.7311 1.72485
𝐽std 7.41×10−03 9.87×10−02 3.50×10−04 4.40×10−04 2.50×10−03 8.50×10−01 7.16×10-07

𝐽4
𝐽worst 347.763 347.2367 346.4102 347.5836 300.9182 320.2528 279.936𝐽best 346.4523 346.4538 346.4102 345.3665 284.377 301.3875 279.725𝐽avg 346.675 346.7444 346.4102 346.345 286.777 308.2089 279.743
𝐽std 2.90×10−01 1.98×10−01 5.74×10-14 1.98×10−01 3.44×1000 6.68×10−01 4.12×10−02

𝐽5
𝐽worst 28.51646 26.27407 27.60109 28.81973 30.08068 28.34164 25.7868𝐽best 25.5127 24.56246 22.85514 23.59037 22.32354 21.05672 20.1103𝐽avg 26.15824 25.82232 24.45296 25.59217 27.00966 25.42715 23.898
𝐽std 2.19 6.46 3.50 1.72 2.14 2.55 1.56

𝐽6
𝐽worst 1.35×10−06 9.09×10−07 4.70×10−07 1.79×10−06 3.13×10−08 1.57×10−02 3.96×10-08𝐽best 2.22×10−06 1.78×10−09 1.33×10−10 2.67×10−09 8.90×10−10 4.45×10−07 5.10×10-13𝐽avg 7.17×10−03 5.73×10−03 4.30×10−03 8.60×10−03 2.87×10−03 1.43×10−03 1.27×10-10
𝐽std 2.06×10−03 1.65×10−03 1.23×10−03 2.47×10−03 8.23×10−05 4.12×10−03 7.77×10-09

𝐽7
𝐽worst 1.58×1005 1.11×1005 8.66×1004 1.07×1005 2.60×1005 8.53×1004 8.44×1004𝐽𝑏𝑒𝑠𝑡 8.49×1004 8.37×1004 8.37×1004 8.45×1004 1.12×1005 8.37×1004 8.27×1004𝐽avg 1.05×1005 8.95×1004 8.43×1004 9.35×1004 1.26×1005 8.42×1004 8.33×1004
𝐽𝑠𝑡𝑑 1.58×1004 8.06×1003 8.30×1002 4.84×1003 2.64×1004 4.85×1002 4.80×1002

mean values of two algorithms. On the other hand, an alter-
native hypothesis (rejection of the null hypothesis) suggests
that the difference between themean values of both compared
methods is insignificant. As shown by all of the 𝑝-values
reported in Table 3, enough evidence is provided to reject
the null hypothesis (all values are less than 0.05, and as
such satisfy the 5% significance level criteria). This proves
the statistical significant of our proposed method’s results
and thus discard the possibility of them being a product of
coincidence.

The analysis of the final fitness values cannot absolutely
characterize the capacities of an optimization algorithm.
Consequently, a convergence experiment on the seven com-
pared algorithms has been conducted. The objective of this
test is to evaluate the velocity with which an optimization
scheme reaches the optimum. In the experiment, the per-
formance of each algorithm is analyzed over a representative
set of functions, including 𝑓1, 𝑓3, 𝑓9, and 𝑓11. In the test, all
functions are operated considering 30 dimensions. In order
to build the convergence graphs, we employ the raw data
generated in the simulations. As each function is executed
30 times for each algorithm, we select the convergence data

of the run which represents the median final result. Figure 2
presents the fitness evolution of each compared method for
functions𝑓1 , 𝑓3, 𝑓9, and 𝑓11. According to Figure 2, the
LS-II method presents the overall best convergence when
compared to the other compared methods; once again, this
performance is testimony of LS-II’s better trade-off between
diversification and intensification, as well as the decision-
making scheme incorporated to the algorithms social phase
operators.

4.2. Engineering Optimization Problems. In order to further
evaluate the performance of our proposed approach, we
tested LS-II over several well-studied engineering design
optimization problems, namely, the design of pressure ves-
sels, gear trains [12], tension/compression springs [13] welded
beams [14], three-bar trusses [15], parameter estimation for
FM synthesizers [16], and Optimal Capacitor Placement for
Radial Distribution Networks [17, 18]. Appendix B provides a
detailed description of each engineering problem used in this
study.

Similarly to the experiments reported in Section 4.1, we
compared LS-II’s performance over the previouslymentioned
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Figure 2: Evolution curves of the run which represents the median final result. (a) 𝑓1, (b) 𝑓3, (c) 𝑓9, and (d) 𝑓11 represent the convergence
graphs obtained by applying HS, DE, BA, ABC, PSO, LS, and LS-II. For each experiment, a population size of𝑁 = 50 andmaximum number
of iterations 𝑖𝑡𝑒𝑟𝑛 = 1000 have been considered.

real problems with those of Particle Swarm Optimization
(PSO) [1], Artificial Bee Colony (ABC) [2], Bat Algorithm
(BA) [9], Differential evolution (DE) [10], Harmony Search
(HS) [11], and the original Locust Search (LS) [5]. For
each design problem a penalty function is implemented to
penalize the fitness value of solutions that infringe any of the
restrictions modeled on each optimization task. The penalty
implemented of the fitness function may be illustrated by the
following expression:

𝐽∗𝑖 (x) = 𝐽𝑖 (x) + 𝑃 (15)

where 𝐽𝑖(x) is one of the seven fitness functions (𝑖 ∈ 1, . . . , 7)
defined by each engineering problem in terms of a given
solution “x”, where 𝑃 is a penalty value whose magnitude is
set to 1.0 × 105 [29].

All experiments described in this section have been
performed by considering the same parameter setup and
settings described in Section 4.1. In Table 3, the experimental
results corresponding to each of the compared methods
are shown. All of the considered engineering optimization
problems were tested a total of 30 times per method. The
performance indexes shown in said table include the best and

worst fitness value found over all 30 individual runs (𝐽best
and 𝐽worst, respectively), as well as the average and standard
deviation of all fitness values found over said each set of
experiments (𝐽avg and 𝐽std, respectively). For each individual
problem, the best outcomes from among all of the compared
methods are boldfaced.

From the results of Table 3, LS-II proves to be the superior
choicewhen applied to handle each of the chosen engineering
design problems. Naturally, this is easily attributed to LS-
II’s to the effective exploration and exploitation mechanism
provided by the selective use of both solitary and social phase
operators. Finally, Tables 4 and 5 report the best set of design
variables (solutions) found by LS-II for each of the considered
engineering optimization problems.

5. Conclusions

Locust Search (LS) is a swarm-based optimization method
inspired in the natural behavior of the desert locust [5].When
it was first proposed, the LS method considered as basis
the biological models extracted from observations of locust
behaviors. In these models, the procedure to change from
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Table 4: Best parameter configurations obtained by LS-II for each of the engineering optimization problems illustrated inAppendices B.1–B.6.

Problem 𝑥
1

𝑥
2

𝑥
3

𝑥
4

𝑥
5

𝑥
6

𝐽
𝑖
(x)

𝐽1 0.812500214 0.437500122 42.09844537 176.636599 - - 6059.71623𝐽2 40 25 13 56 - - 5.10463×10−13𝐽3 0.050664 0.329604 4.372104 - - - 0.0053911𝐽4 0.205730336 3.470474331 9.0366238 0.205729651 - - 1.724851989𝐽5 0.8696133 0.2169257 -7.2121×10−06 -1.70011996 -0.29988725 - 279.725029𝐽6 0.419345 2.422595 4.930669 2.403819 4.247489 4.90245 20.11029

Table 5: Best parameter configurations obtained by LS-II for the Optimal Capacitor Placement for the IEEE’s 69-Bus Radial Distribution
Networks illustrated in Appendix B.7.

Problem 𝑥
1
− 𝑥
15

𝑥
16

𝑥
17
− 𝑥
59

𝑥
60

𝑥
61
− 𝑥
69

𝐽
𝑖
(x)

𝐽7 0 350 0 1200 0 83708.21

the solitary phase to the gregarious phase, together with the
mechanism to select the element to which a locust will be
attracted, is fixed and does not consider the decision of each
locust in the behavioral process.

Currently, new computer vision experiments in insect
tracking methods have conducted to the development of
more accurate locust motion models than those produced by
simple behavior observations.Themost distinctive character-
istic of such newmodels is the use of probabilities to emulate
the locust decision process.

In this paper, a modification to the original LS algorithm,
referred to as LS-II, has been proposed to better handle global
optimization problems. In LS-II, the locust motion model of
the original algorithm is modified incorporating the main
characteristics of the new biological formulations. Under the
new model, probability decisions are considered to emulate
the behavior of the locust colony. Therefore, the decisions,
to change of behavioral phase and to select the attraction
elements, are probabilistically taken.

The proposed LS-II method has been compared against
several state-of-the-art evolutionary methods considering
a set of benchmark functions and engineering problems.
Experimental results demonstrate the superior performance
of the proposed approach in terms of solution quality and
robustness.

Appendix

A.

In Table 1, all of the 13 benchmark test functions that were
implemented in our experiments are shown.

See Table 6.

B.

In this section, we offer a detailed description for all of
the engineering optimization problems considered in our
experiments.

B.1. Pressure Vessel Design Problem. As described in [12],
the pressure vessel design problem consists on a constrained
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Figure 3: Pressure vessel’s design variables.

optimization problem in which the main objective is to
minimize the cost of said artifact. This is usually achieved
by defining an appropriate set of four design variables x =[𝑥1, 𝑥2, 𝑥3, 𝑥4], namely, the shell’s thickness 𝑇𝑠 (𝑥1), head’s
thickness 𝑇ℎ (𝑥2), vessel’s internal radius 𝑅 (𝑥3), and vessel’s
length 𝐿 (𝑥4) (see Figure 3). With that being said, such cost
minimization problem may be more formally expressed as
follows.

Problem B.1 (pressure vessel design).

Minimize: 𝐽1 (x)
= 0.6224𝑥1𝑥2𝑥4 + 1.7781𝑥2𝑥23
+ 3.1661𝑥21𝑥4 + 19.84𝑥21𝑥3

Subject to: 𝑔1 (x) = −𝑥1 + 0.0193𝑥3 ≤ 0𝑔2 (x) = − 𝑥2 + 0.00954𝑥3 ≤ 0𝑔3 (x)
= −𝜋𝑥23𝑥4 − (43)𝜋𝑥23 + 1,296,000 ≤ 0
𝑔4 (x) = 𝑥4 − 240 ≤ 0
0 ≤ 𝑥𝑖 ≤ 100, 𝑖 = 1, 2
0 ≤ 𝑥𝑖 ≤ 200, 𝑖 = 3, 4

(B.1)
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B.2. Gear Train Design Problem. The optimization problem
related to the design of gear trains (as the one shown in
Figure 4) is to minimize the squared difference between the
gear’s teeth ratio and some scalar value (1/6.931 in this case)
[12]. As such, the decision variables comprise the number of
teeth on each of the gears 𝐴, 𝐵, 𝐷, and 𝐹. By considering𝑥1 = 𝐴, 𝑥2 = 𝐵, 𝑥3 = 𝐷, and 𝑥4 = 𝐹, the gear train design
problem may then be formulated as follows.

Problem B.2 (gear train design).

Minimize: 𝐽2 (x) = (( 16.931) − (𝑥3𝑥2𝑥1𝑥4))
2

Subject to: 0 ≤ 𝑥𝑖 ≤ 600, 𝑖 = 1, 2, 3, 4
(B.2)

B.3. Tension/Compression Spring Design Problem. For this
design problem the objective is to minimize the tension (or
compression) experiment by a springwhen subjected to some
load 𝑃 (see Figure 5). This is usually achieved by optimizing
with regard to three decision variables: the wire diameter 𝑑
(𝑥1), the coil diameter 𝐷 (𝑥2), and the number of active coils𝑛 (𝑥3). As such, the problem may be formulated as follows.

Problem B.3 (tension/compression spring design).

Minimize: 𝐽3 (x) = (𝑥3 + 2) 𝑥2𝑥21
Subject to: 𝑔1 (x) = 1 − 𝑥32𝑥371,785𝑥41 ≤ 0

𝑔2 (x)
= 4𝑥22 − 𝑥1𝑥212,566 (𝑥2𝑥31 − 𝑥41) +

15,108𝑥21 − 1
≤ 0
𝑔3 (x) = 1 − 140.45𝑥1𝑥22 + 𝑥3 ≤ 0
𝑔4 (x) =𝑥1 + 𝑥21.5 ≤ 0
0.5 ≤ 𝑥1 ≤ 2
0.25 ≤ 𝑥2 ≤ 1.3
2 ≤ 𝑥3 ≤ 15

(B.3)

B.4. Three-Bar Truss Design Problem. The objective behind
the design of a symmetric three-bar truss (as shown in
Figure 6) is to minimize its fabrication cost while also
allowing it to sustain a certain static load 𝑃 and some stress 𝜎.
In this case, the design variables are comprised by the cross-
sectional areas 𝑥1, 𝑥2, and 𝑥3 corresponding to each of the
truss’s three bars. By considering 𝑥3 = 𝑥1 (due to symmetry
on the truss design), the optimization problem may be then
defined as follows.

D

A

B

F

Figure 4: Gear train design variables.

D

d

PP

Figure 5: The tension/compression spring design variables.

Problem B.4 (three-bar truss design).

Minimize: 𝐽4 (x) = 𝑙 (2√2𝑥1 + 𝑥2)
Subject to: 𝑔1 (x) = √2𝑥1 + 𝑥2

√2𝑥21 + 2𝑥1𝑥2𝑃 − 𝜎 ≤ 0

𝑔2 (x) = 𝑥2
√2𝑥21 + 2𝑥1𝑥2𝑃 − 𝜎 ≤ 0

𝑔3 (x) = 1
√2𝑥22 + 𝑥1𝑃 − 𝜎 ≤ 0

0 ≤ 𝑥𝑖 ≤ 1, 𝑖 = 1, 2
𝑙 = 100 cm,
𝑃 = 2 kN/cm2,
𝜎 = 2 kN/cm2

(B.4)

B.5. Welded Beam Design Problem. For this design problem,
the aim is to minimize the fabrication cost of a beam meant
to be welded to another surface. Said welded beam must
be designed so that it is able to sustain certain amounts of
shear stress (𝜏), bending stress (𝜎), bucking load (𝑃𝑐), and
deflection (𝛿). The design variables implied on the design of
such a mechanism include the weld’s thickness and length ℎ
and 𝑙, respectively, as well as the beam’s width and thickness𝑡 and 𝑏, respectively (see Figure 7). By considering 𝑥1 = ℎ,𝑥2 = 𝑙, 𝑥3 = 𝑡, and 𝑥4 = 𝑏, this design problem may then be
formulated as follows.



Mathematical Problems in Engineering 13

P

l

l l

1 2 1

Figure 6: Three-bar truss design variables.

P

h

l

L

b

t

b
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Problem B.5 (welded beam design).

Minimize: 𝐽5 (x)
= 1.10471𝑥21𝑥2
+ 0.04811𝑥3𝑥4 (14 + 𝑥2)

Subject to: 𝑔1 (x) = 𝜏 (x) − 𝜏max ≥ 0
𝑔2 (x) = 𝜎 (x) − 𝜎max ≤ 0
𝑔3 (x) = 𝑥1 − 𝑥4 ≤ 0
𝑔4 (x)
= 0.1047𝑥21 + 0.04811𝑥3𝑥4 (14 + 𝑥2)
− 5 ≤ 0

𝑔5 (x) = 0.125 − 𝑥1 ≤ 0
𝑔6 (x) = 𝛿 (x) − 𝛿max ≤ 0
𝑔7 (x) = 𝑃 − 𝑃𝑐 (x)
0.1 ≤ 𝑥𝑖 ≤ 2, 𝑖 = 1, 4
0.1 ≤ 𝑥𝑖 ≤ 10, 𝑖 = 2, 3

𝜎 (x) = 6𝑃𝐿𝑥4𝑥3 ,
𝑃𝑐 (x)
= 4.013𝐸√𝑥23𝑥64/36𝐿2 (1 − 𝑥32𝐿√ 𝐸4𝐺)
𝑃 = 6000 lb,
𝐿 = 14 in,
𝐸 = 30𝑒106 psi,
𝐺 = 12𝑒106 psi
𝜏max = 13,600 psi,
𝜎max = 30,000 psi,
𝛿max = 0.25 in

(B.5)

B.6. Parameter Estimation for FM Synthesizers. An FM syn-
thesizer is a device purposed to generate a sound (signal)𝑦(x, 𝑡) such that it is similar to some other target sounds𝑦0(𝑡). As such, a FM synthesizer’s parameter estimator aims to
provide a set of decision variables x = [𝑥1 = 𝑎1, 𝑥2 = 𝜔1, 𝑥3 =𝑎2, 𝑥4 = 𝜔2, 𝑥5 = 𝑎3, 𝑥6 = 𝜔3] (with 𝑎𝑖 and 𝜔𝑖 denoting
a finite wave amplitude and frequency, respectively) such
that the error between signals 𝑦(x, 𝑡) and 𝑦0(𝑡) is minimized
[16]. Under this considerations, said parameter estimation
problem may be described as follows.

Problem B.6 (parameter estimation for FM synthesizers).

Minimize: 𝐽6 (x) = 100∑
𝑡=0

(𝑦 (x, 𝑡) − 𝑦0 (𝑡))2
𝑦 (x, 𝑡)
= 𝑥1 sin (𝑥2𝜃𝑡) + 𝑥3 sin (𝑥4𝜃𝑡)
+ 𝑥5 sin (𝑥6𝜃𝑡)

Subject to: − 6.4 ≤ 𝑥𝑖 ≤ 6.35, 𝑖 = 1, 2, 3, 4, 5, 6
0.1 ≤ 𝑥𝑖 ≤ 10, 𝑖 = 2, 3
𝜃 = 2𝜋100

(B.6)

B.7. Optimal Capacitor Placement for the IEEE’s 69-Bus Radial
Distribution Networks. The Optimal Capacitor Placement
(OCP) problem [17, 18] is a complex combinatorial opti-
mization formulation in which the objective is to determine
the number, location, type, and size of shunt capacitors that
are to be placed in a Radial Distribution Network (RDN).
In the problem, the main objective function involves the
minimization of the network’s total operation cost in terms of
a certain amount of reactive compensation of the RDN [17].
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Figure 8: Optimal Capacitor Placement Design Variables.

In this problem, a RDN of 69 buses (which implies 𝑛 = 69
dimensions) is assumed as it is illustrated in Figure 8. Under
this architecture, the model can be characterized as follows.

Problem B.7 (optimal capacitor placement for radial distribu-
tion networks).

Minimize: 𝐽7 (x) = 𝐾p𝑡𝑃Loss + 𝐾𝑖𝑐𝑁𝑞 + 𝑛∑
𝑗=1

𝑥𝑗𝑘𝑗
Subject to: 𝑥𝑗 ∈ {0, 150, 360, . . . , 3900, 4050}

𝑛𝑐∑
𝑗=1

𝑥𝑗 ≤ 𝑛∑
𝑖=1

𝑥𝑖
(B.7)

In the model, 𝐾𝑝 represents the equivalent cost per unit
of power loss ($/kW) and 𝑃𝐿𝑜𝑠𝑠 represents the total power
loss of the distribution system (kW). 𝑄𝑗 corresponds to the
size of the shunt capacitor (kVAR) installed at bus “𝑗”. 𝑘𝑗
symbolizes the cost per unit of reactive power ($/kVAR). 𝑡
is the operation time in hours, 𝐾𝑖𝑐 is the installation cost
($), and 𝑁𝑞 is the number of compensation capacitors that
are required to be installed in the distribution network. In
the formulation, it is considered that x = [𝑥1 = 𝑄1, 𝑥2 =𝑄2, . . . , 𝑥𝑛 = 𝑄𝑛] and 𝑛𝑐 is the number of buses required to
be compensated.
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“An optimisation algorithm based on the behaviour of locust
swarms,” International Journal of Bio-Inspired Computation, vol.
7, no. 6, pp. 402–407, 2015.
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Evolutionary algorithms have been used to solve several optimization problems, showing an efficient performance. Nevertheless,
when these algorithms are applied they present the difficulty to decide on the appropriate values of their parameters. Typically,
parameters are specified before the algorithm is run and include population size, selection rate, and operator probabilities. This
process is known as offline control and is even considered as an optimization problem in itself. On the other hand, parameter settings
or control online is a variation of the algorithm original version. The main idea is to vary the parameters so that the algorithm of
interest can provide the best convergence rate and thus may achieve the best performance. In this paper, we propose an adaptive
black hole algorithm able to dynamically adapt its population according to solving performance. For that, we use autonomous
search which appeared as a new technique that enables the problem solver to control and adapt its own parameters and heuristics
during solving in order to bemore efficientwithout the knowledge of an expert user. In order to test this approach, we resolve the set
covering problemwhich is a classical optimization benchmarkwithmany industrial applications such as line balancing production,
crew scheduling, service installation, and databases, among several others. We illustrate encouraging experimental results, where
the proposed approach is able to reach various global optimums for a well-known instance set from Beasley’s OR-Library, while
improving various modern metaheuristics.

1. Introduction

Nature inspired algorithms are inspired by natural phenom-
ena and behaviours that are met in nature. These algorithms
are a subcategory of evolutionary algorithms, which are
algorithmic schemes that evolve the solution in each itera-
tion of the algorithm [1]. Evolutionary algorithms use the
intelligence of the previous solution for the new one to be
generated [2]. In innumerable works, the efficiency of these
techniques has been tested. However, it is well known that
the performance of metaheuristics depends largely on their
correct parameter settings. In fact, finding the appropriate
values for the parameters of an algorithm is considered to be a
nontrivial task. Previous research has addressed this task that
can be classified into two major forms of parameter setting

(see Figure 1): parameter tuning and parameter control.
Parameter tuning is known as the process of finding good
parameter values before the run of the solver—by using,
for instance, training instances—, and then launching the
algorithm using these values, which remain static during
solving. On the contrary, parameter control launches the
algorithm with initial parameter values which are updated
during solving time. Now, parameter control is divided into
three branches according to the degree of autonomy of the
strategies. The control is deterministic when the parameter
value is modified by some fixed, predetermined rule using no
information from the search. The control is called adaptive,
when feedback from the search is employed to determine
the variation of a given parameter value, for instance, the
population size. Finally, self-adaptive is known as when the
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Figure 1: Classification of parameter setting.

parameters are encoded into individuals in order to evolve
conjointly with the other variables of the problem. This
applies to some metaheuristics; for instance, in evolutionary
algorithms the better values of these encoded parametersmay
lead to better individuals, which in turn havemore chances to
propagate these good configurations to next generations.

This paper proposes an adaptive approach for parameter
control by using autonomous searchwhich is a particular case
of adaptive systems that improve their solving performance
by modifying and adjusting themselves to the problem at
hand, either by adaptation or supervised adaptation [3].
Autonomous Search is applied on the black hole algorithm
that is a population-based metaheuristic inspired by the
black hole phenomenon. The behaviour of this algorithm is
principally controlled by two elements: number of solutions
and event horizon. The main idea is to automatically adapt
the population according to performance exhibited by the
algorithm; this population variation indirectly influences on
the event horizon.

To evaluate the adaptive approach on the black hole
algorithm, we test the set covering problem which is one of
the well-known Karp’s 21 NP-complete problems. Interest-
ing experimental results are obtained, where the proposed
approach is able to obtain various global optimums for
a set of 65 well-known set covering problem instances,
outperforming also several recently reported techniques.

The remainder of this paper is organized as follows: The
relatedwork is introduced in the next section. A brief descrip-
tion of the set covering problem is presented in Section 3.
Section 4 details the metaheuristic employed in this work,
including their adaptive variation, the binary representation,
and the repair of unfeasible solutions. Section 5 illustrate the
experimental results, and finally, we conclude and suggest
some lines of future research in Section 6.

2. Related Work

In the evolutionary computing field, many optimization
problems have widely been treated by using evolutionary

algorithms, such as [4–6] and also [7–9]. In this research
line, the parameter setting approach [10] is one of the most
studied challenges [11–17]. However, a more reduced work
can be observed in the literature when other metaheuristics
are involved. For instance, a parameter adaptation study on
ant colony optimization is reported in [18], a firefly algorithm
for solving the optimal capacitor placement problem is
described [19], in [20] a self-adaptive artificial bee colony
for constrained numerical optimization is presented, and a
modified cuckoo search algorithm for solving engineering
problems can be encountered in [21, 22]. Now, considering
more similar works, we find a variation of genetic algorithm
that adjusts its population size in [23]. The basic idea is to
adapt the actual population size depending on the difficulty
of the algorithm in its ultimate goal to generate new child
chromosomes that outperform their parents. Similarly, [24]
presents a version of cuckoo search algorithm that adapts
their parameter 𝑝𝑎 reflecting the probability whether the nest
will be abandoned or updated. In both cases, the adaptive
approach depends of quality solution. Finally, in [25] we can
observe a variation of the artificial bee colony that consists in
controlling the perturbation frequency.

On the other hand, the set covering problem has widely
been explored in the optimization and mathematical pro-
gramming sphere [26]. First works have used exact tech-
niques, for instance branch-and-bound and branch-and-cut
algorithms [27–30]. Greedy algorithms have been proposed
as a real alternative for solving the set covering problem;
nevertheless their deterministic nature hinders the genera-
tion of high quality solutions [31]. Under this line, it is well
known that exact methods are in general unable to tackle
large instances ofNP-complete problems, consequentlymuch
research work has been devoted to the study of efficient
metaheuristics to solve hard instances of the set covering
problem in an amount of bounded time. For instance, ant
colony optimization [32–35], simulated annealing [36], tabu
search [37], and genetic algorithms [38] have extensively
been proposed to tackle the classic set covering problem.
In recent years, research has been driven towards solving
this problem by using recent bioinspired algorithms, such as
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teaching-learning based optimization [39] firefly optimiza-
tion [40], cat swarm optimization [41], shuffled frog leaping
[42], artificial bee colony [43], cuckoo search [44], and black
hole algorithm [44], among others.

Finally, we can say that an adaptive approach for bioin-
spired algorithms to solve the set covering problem—or other
optimization problem—is an interesting research line that has
not yet been highly exploited.

3. Set Covering Problem

In this section we present the set covering problem. The
set covering problem consists in finding a set of solutions
at the lowest possible cost to cover a set of needs. Line
balancing production [45], crew scheduling [46–48], service
installation [49, 50], databases [51], production flow-lines
optimization [52], and Boolean expressions [53] are some
practical examples of set covering problem. Formally, we
define the problem as follows: Let 𝐴 = (𝑎𝑖𝑗) be a binary
matrix with 𝑀-rows × 𝑁-columns, and let 𝐶 = (𝑐𝑗) be a
vector representing the cost of each column 𝑗, assuming that𝑐𝑗 > 0, ∀ 𝑗 ∈ 𝑁. Then, we can observe that column (𝑗 ∈ 𝑁)
cover a row 𝑖 that exists in𝑀, if 𝑎𝑖𝑗 = 1. The corresponding
mathematical is stated in the following:

minimize
𝑁∑
𝑗=1

𝑐𝑗𝑥𝑗 (1)

subject to

𝑁∑
𝑗=1

𝑎𝑖𝑗𝑥𝑗 ≥ 1, ∀𝑖 = {1, . . . ,𝑀} (2)

𝑥𝑗 ∈ {0, 1} , ∀𝑗 = {1, . . . , 𝑁} (3)

The aim is to minimize the summation of column costs,
where 𝑥𝑗 = 1 if component 𝑗 is part of the solution and𝑥𝑗 = 0 otherwise.The constraints of the set covering problem
guarantee that every row 𝑖 is covered by at least one column𝑗.
4. Black Hole Algorithm

The black hole algorithm is a population-based algorithm
inspired on the black hole phenomenon [54, 55]. A black hole
is a zone of space that has somuchmass concentrated in it that
there is no way for a nearby object to escape its gravitational
force. Anything falling into a black hole, including light,
cannot escape.

Similar to other population-based algorithms, the black
hole algorithm begins with an initial population of potential
solutions, called “stars”. At each iteration of the black hole
algorithm, the best solution is chosen to be the black hole,
which then starts atractting other candidates around it. If the
fitness of a star crosses the event horizon of the black hole
(Eq. (5)), it will be swallowed and it is gone forever. In such
case, a new star (potential solution) is randomly generated
and placed in the search space and starts a new search.

The black hole has the ability to absorb the stars that
surround it. After initializing the black hole and stars, the
black hole begins by absorbing the stars around it and all the
stars start moving towards the black hole. The absorption of
stars by the black hole is formulated as follows:

𝑥𝑗𝑖 (𝑡 + 1) = 𝑥𝑗𝑖 (𝑡) + 𝑟 [𝑥𝑗𝐵𝐻 − 𝑥𝑗𝑖 (𝑡)] ,
∀𝑖 ∈ {1, . . . , 𝑝𝑜𝑝𝑆𝑖𝑧𝑒} (4)

where 𝑥𝑗𝑖 (𝑡) and 𝑥𝑗𝑖 (𝑡+1) are the components of a solution 𝑖 at
iterations 𝑡 and (𝑡 + 1), respectively. 𝑥𝑗𝐵𝐻 is the component of
best solution (black hole) in the search space. 𝑟 is a random
number in the interval [0, 1]. Finally, 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 represents the
number of stars (potential solutions).

While moving towards the black hole, a star may reach a
location with lower cost than the black hole. In such case, the
black hole moves to the location of that star and vice versa.
Then the algorithm will continue with the black hole in the
new location and then stars start moving towards this new
location.

In addition, there is the probability of crossing the event
horizon during moving stars towards the black hole. Every
star (or potential solution) that crosses the event horizon of
the black hole will be swallowed by the black hole. Every time
a candidate is sucked in by the black hole, another potential
solution (star) is born and distributed randomly in the search
space and starts a new search.This is done to keep the number
of potential solutions constant. The next iteration takes place
after all the stars have been moved.

The radius of the event horizon in the black hole algo-
rithm is calculated using the following equation:

𝑅 = 𝑓𝐵𝐻
∑𝑝𝑜𝑝𝑆𝑖𝑧𝑒𝑖=1 𝑓𝑖 (5)

where𝑓𝐵𝐻 is the fitness value of the black hole,𝑓𝑖 is the fitness
value of the 𝑖-th star, and 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 is the number of stars
(potential solutions).

When the distance between a star and the black hole (best
candidate) is less than𝑅, that candidate is collapsed and a new
star is created and distributed randomly in the search space.
Based on the above description the main steps in the black
hole algorithm are described in detail in Algorithm 1.

The black hole algorithm begins with the loading and
processing phases. Then, at Lines 3-8, an initial population of𝑝𝑜𝑝𝑆𝑖𝑧𝑒 stars is randomly generated as a vector of 𝑁 binary
values that corresponds to one star or potential solution (Line
5). For each star, the fitness value is calculated by evaluating
the objective function 𝑐𝑜𝑠𝑡 (Line 7).

Then, while a termination criterion (a maximum number
of iterations or a sufficiently good solution was not reached)
is met, each fitness of a potential solution is evaluated (Lines
11-37). As previously mentioned, the set covering problem
is a minimization problem. This evaluation is handled in
comparison presented at Line 13. If the new minimum value
is less than minimum global, the minimum global is changed
by the new minimum value and the best solution is stored in𝑥 (black hole).



4 Mathematical Problems in Engineering

Require: Problem input data, 𝑝𝑜𝑝𝑆𝑖𝑧𝑒, 𝑇
Ensure: The best solution that resolves the set covering problem
1: {𝑁, 𝑐𝑗} ← 𝑙𝑜𝑎𝑑𝑃𝑟𝑜𝑏𝑙𝑒𝑚𝐷𝑎𝑡𝑎()
2: {Produce the first generation of 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 stars}
3: for all star 𝑥𝑖, (∀ 𝑖 = 1, . . . , 𝑝𝑜𝑝𝑆𝑖𝑧𝑒) do
4: for all dimension 𝑗, (∀ 𝑗 = 1, . . . ,𝑁) do
5: 𝑥𝑗𝑖 ← 𝑅𝑎𝑛𝑑𝑜𝑚{0, 1}
6: end for
7: 𝑓𝑖 ← 𝑐𝑜𝑠𝑡(𝑥𝑖)
8: end for
9: 𝑔𝑙𝑜𝑏𝑎𝑙𝑓𝑖𝑡 ← +∞
10: {Produce 𝑇-generations of 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 stars}
11: while 𝑡 < 𝑇 do
12: {𝑚𝑖𝑛𝑓𝑖𝑡,𝑚𝑖𝑛𝑖𝑛𝑑𝑒𝑥} ← 𝑚𝑖𝑛(𝑓)
13: if 𝑚𝑖𝑛𝑓𝑖𝑡 < 𝑔𝑙𝑜𝑏𝑎𝑙𝑓𝑖𝑡 then
14: 𝑔𝑙𝑜𝑏𝑎𝑙𝑓𝑖𝑡 ← 𝑚𝑖𝑛𝑓𝑖𝑡
15: for all dimension 𝑗, (∀ 𝑗 = 1, . . . , 𝑁) do
16: 𝑥𝑗(𝑡) ← 𝑥𝑗𝑚𝑖𝑛𝑖𝑛𝑑𝑒𝑥(𝑡)
17: end for
18: end if
19: for all star 𝑥𝑖, (∀ 𝑖 = 1, . . . , 𝑝𝑜𝑝𝑆𝑖𝑧𝑒) do
20: {Calculate the event horizon through Eq. (5) and distance between the current solution with respect to the best solution}
21: 𝑅 ← 𝑓𝐵𝐻

∑𝑝𝑜𝑝𝑆𝑖𝑧𝑒𝑖=1 𝑐𝑜𝑠𝑡(𝑥𝑖)
22: 𝑟𝑎𝑛𝑑 ← 𝑅𝑎𝑛𝑑𝑜𝑚[0, 1]
23: if 𝑅 > 𝑟𝑎𝑛𝑑 then
24: for all dimension 𝑗, (∀ 𝑗 = 1, . . . , 𝑁) do
25: 𝑥𝑗𝑖 (𝑡) ← 𝑅𝑎𝑛𝑑𝑜𝑚{0, 1}
26: end for
27: end if
28: end for
29: for all star 𝑥𝑖, (∀ 𝑖 = 1, . . . , 𝑝𝑜𝑝𝑆𝑖𝑧𝑒) do
30: for all dimension 𝑗, (∀ 𝑗 = 1, . . . , 𝑁) do
31: {Generate new solutions through Eq. (4)}
32: 𝑥𝑗𝑖 (𝑡 + 1) = 𝑥𝑗𝑖 (𝑡) + 𝑟[𝑥𝑗𝐵𝐻 − 𝑥𝑗𝑖 (𝑡)]
33: {In previous step, the value generated belongs to the real domain and it must be brought to a binary domain}
34: 𝑥𝑗𝑖 (𝑡 + 1) ← 𝑔(𝑥𝑗𝑖 (𝑡 + 1))
35: end for
36: end for
37: end while
38: return Postprocess results and visualization;

Algorithm 1: Black hole algorithm.

If the fitness of a star crosses the event horizon of the
black hole, replace it with a new star in a random location
in the search space. This process is described in the for loop
statement at Lines 19-28.

Finally, the last for loop statement (Lines 29-36) generates
new solutions according to Equation (4), for each dimension𝑗.This value belongs to real domain and it must be brought to
a binary domain; thus a𝑇 function is used again to transform
the real value in a binary one.

4.1. Adaptive Black Hole Algorithm. The basic version of
the black hole algorithm has not control parameters. If we
observe the parameter 𝑝𝑜𝑝𝑆𝑖𝑧𝑒, we can see that the popu-
lation size is valuated before the run of the metaheuristic.
At each iteration of the algorithm, the solutions are altered

updating their position or when they are absorbed by the
black hole, in which case a new random solution—or star—is
created. However, the total number of solutions is preserved.
The second part of the metaheuristic uses an absorption
process, called event horizon that is a stochastic procedure
and it is influenced by the best solution, discarding bad
solutions that seem to lead to poor results. This is not
necessarily a correct idea, since often a bad solution can be
drive the search to an optimal one.

These concerns are very important for the performance
of the algorithm, reason why we have decided to take the
event horizon logic to calculate the value of the popula-
tion size parameter in autonomous way. For that, we use
autonomous search which is a particular case of adaptive
systems that improve their solving performance bymodifying
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Figure 2: Binary solution representation.

and adjusting themselves to the problem at hand, either
by adaptation or supervised adaptation (please see [3, 56]
for details). This approach has been successfully applied in
constraint programming using bioinspired algorithms for
controlling the process resolution of solver tools [57, 58].The
objective of autonomous search is to allow the metaheuristic
to self-adapt the value of the parameter 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 during the
run, according to the algorithm convergence.

The literature presents several works illustrating how to
improve evolutionary algorithms by dynamically controlling
parameters during solving time [13–17, 22]. We have decided
to modify the original black hole algorithm considering the
autonomous search principles for building a procedure that
adaptively vary the number of solutions (population size
parameter), according to the performance exhibited during
search.

We are inspired by this approach to improve the local
search process of black hole algorithm. The main objective is
to give the algorithm the ability to adjust its population size.
When algorithm is stagnant some solutions are improved
according to the best solution. In opposition, if solutions are
far away from the best solution, the worst stars are eliminated
and new ones are randomly generated.

We vary only the population parameter since is the only
one available to be modified during solving time, this make
the implementation easier and the solving process improved.
We believe this approach also provide know-how for future
experiments involving adaptive population. The procedure is
described in Algorithm 2.

Inputs of the procedure are the value of population size𝑝𝑜𝑝𝑆𝑖𝑧𝑒, current iteration 𝑡, and number of stagnation 𝑙𝑠 that
represents the number of iterations where the best solution
does not improve, commonly called “local search”.

Reached this point, we calculate the distance between
best and worst solutions according to cost of each one and
then it divides by sum of all costs (Line 2). This value
describes the percentage of maximum separation between
solutions. A low percentage value indicates that solutions are
homogeneous skewed to the best solution, in which case the
procedure creates new solutions (Lines 5-18). To create these
solutions, we reuse the percentage to determinate if they are
cloned from best solution (Lines 8-10) or they are randomly
generated (Lines 12-16). On the other hand, if 𝑝𝑟𝑜𝑏 > 𝑟𝑎𝑛𝑑
means that solutions are heterogeneous; thus the procedure
remove the worst solutions (Lines 20-22).

In both cases, the percentages calculated can also be seen
as a mechanism to support the exploration and exploitation
phases. If solution are homogeneous, this procedure allows
to explore towards new solutions, while if solutions are
heterogeneous, the procedure converges towards a set of
similar solutions itself.

Table 1: S-Shape andV-Shape transfer functions.

S-Shape V-Shape

S1: 𝑔(𝑥𝑗𝑖 ) = 1
1 + 𝑒−2𝑥𝑗𝑖 V1: 𝑔 (𝑥𝑗𝑖 ) =

erf (
√𝜋
2 𝑥𝑗𝑖)


S2: 𝑔(𝑥𝑗𝑖 ) = 1

1 + 𝑒−𝑥𝑗𝑖 V2: 𝑔 (𝑥𝑗𝑖 ) = tanh (𝑥𝑗𝑖 )

S3: 𝑔(𝑥𝑗𝑖 ) = 1
1 + 𝑒−𝑥𝑗𝑖 /2 V3: 𝑔 (𝑥𝑗𝑖 ) =


𝑥𝑗𝑖

√1 + [𝑥𝑗𝑖 ]2


S4: 𝑔(𝑥𝑗𝑖 ) = 1
1 + 𝑒−𝑥𝑗𝑖 /3 V4: 𝑔 (𝑥𝑗𝑖 ) = 

2
𝜋 arctan(𝜋2 𝑥𝑗𝑖)



For computational experiments we use 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 = 20
potential solution and 𝑇 = 5000 number of generations.
Although the approach proposed is adaptive, it is necessary
to define an initial value for 𝑝𝑜𝑝𝑆𝑖𝑧𝑒.
4.2. Binary Approaches. It is known that variables of the
set covering problem are limited to binary values, namely,
𝑥𝑗𝑖 ∈ {0, 1}, ∀ 𝑗 ∈ {1, . . . , 𝑁}: for this reason, we use a
binary representation for each solution given by the black
hole algorithm, as shown in Figure 2, where

𝑥𝑗𝑖
= {{{
1, if the dimension 𝑗 is part of the solution

0, otherwise

(6)

In this paper, we use the standard black hole algorithm
[59], where each star represent a candidate solution.

However, the standard version of the black hole algorithm
is designed to solve problems with real domains. This task is
resolved by transforming domains, by applying binarization
strategies, which are responsible for forcing elements tomove
in a binary domain. The binarization strategy is composed of
a transfer function and a discretization method. In this work,
we tested 32 different binarization strategies.

We evaluate different functions, separated into two fami-
lies [60, 61]: S-Shape andV-Shape (see Table 1).

Once a transfer function is applied, the input real number
is mapped to a real number belonging to [0, 1] interval. Then,
a discretization method is required to produce a binary value
from the real one. For achieving this, we test four different
methods:

(1) Standard: if condition is satisfied, standard method
returns 1; otherwise, return 0.

𝑥𝑗𝑖 = {{{
1, if 𝑟𝑎𝑛𝑑 ≤ 𝑔 (𝑥𝑗𝑖 )
0, otherwise

(7)
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Require: Population size 𝑝𝑜𝑝𝑆𝑖𝑧𝑒, current iteration 𝑡, number of stagnation 𝑙𝑠, and size of instance𝑁.
Ensure: New value for the parameter 𝑝𝑜𝑝𝑆𝑖𝑧𝑒.
1: if 𝑡 achieves 𝑙𝑠 then
2: 𝑝𝑟𝑜𝑏 ← |𝑐𝑜𝑠𝑡(𝑥𝑏ℎ) − 𝑐𝑜𝑠𝑡(𝑥𝑤𝑟𝑜𝑛𝑔)|∑𝑝𝑜𝑝𝑆𝑖𝑧𝑒𝑖=1 𝑐𝑜𝑠𝑡(𝑥𝑖)
3: 𝑟𝑎𝑛𝑑 ← 𝑅𝑎𝑛𝑑𝑜𝑚[0, 1]
4: if 𝑟𝑎𝑛𝑑 > 𝑝𝑟𝑜𝑏 then
5: 𝑏 ← 𝑟𝑜𝑢𝑛𝑑𝑢𝑝(𝑝𝑜𝑝𝑆𝑖𝑧𝑒 × 𝑝𝑟𝑜𝑏)
6: 𝑟𝑎𝑛𝑑 ← 𝑅𝑎𝑛𝑑𝑜𝑚[0, 1]
7: if 𝑟𝑎𝑛𝑑 > 𝑝𝑟𝑜𝑏 then
8: for all star 𝑥𝑖, (∀ 𝑖 = 1, . . . , 𝑏) do
9: 𝑥𝑛+𝑖 ← 𝑥𝑏ℎ
10: end for
11: else
12: for all star 𝑥𝑖, (∀ 𝑖 = 1, . . . , 𝑏) do
13: for all dimension 𝑗, (∀ 𝑗 = 1, . . . , 𝑁) do
14: 𝑥𝑗𝑝𝑜𝑝𝑆𝑖𝑧𝑒+𝑖 ← 𝑅𝑎𝑛𝑑𝑜𝑚{0, 1}
15: end for
16: end for
17: end if
18: 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 ← 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 + 𝑏
19: else
20: 𝑤 ← 𝑟𝑜𝑢𝑛𝑑𝑢𝑝(𝑝𝑜𝑝𝑆𝑖𝑧𝑒 × 𝑝𝑟𝑜𝑏)
21: if 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 ≥ 𝑤 then
22: {Remove 𝑤 worst solutions}
23: 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 ← 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 − 𝑤
24: end if
25: end if
26: end if

Algorithm 2: Adaptive approach for the population size parameter (𝑝𝑜𝑝𝑆𝑖𝑧𝑒).

(2) Complement: if condition is satisfied, standard
method returns the complement value.

𝑥𝑗𝑖 = {{{
𝑥𝑗𝑖 , if 𝑟𝑎𝑛𝑑 ≤ 𝑔 (𝑥𝑗𝑖 )
0, otherwise

(8)

(3) Static probability: a probability is generated and it is
evaluated with a transfer function.

𝑥𝑗𝑖 =
{{{{{{{{{{{

0, if 𝑔 (𝑥𝑗𝑖 ) ≤ 𝛼
𝑥𝑗𝑖 , if 𝛼 < 𝑔 (𝑥𝑗𝑖 ) ≤ 12 (1 + 𝛼)
1, if 𝑔 (𝑥𝑗𝑖 ) ≥ 12 (1 + 𝛼)

(9)

(4) Elitist: discretization method Elitist Roulette, also
known as Monte Carlo, is to select randomly among
the best individuals of the population, with a proba-
bility proportional to its fitness.

𝑥𝑗𝑖 = {{{
𝑥𝑗𝑖 , if 𝑟𝑎𝑛𝑑 ≤ 𝑔 (𝑥𝑗𝑖 )
0, otherwise

(10)

4.3. Heuristic Feasibility Operator. Generally, metaheuristics
may provide solutions that violate the constraints of the
problem. For instance, a new set covering problem solution
owning uncovered rows, clearly violates a subset of con-
straints. In order to provide feasible solutions the algorithm
needs additional operators. To this end, we employ a heuristic
operator that achieves the generation of feasible solutions,
and additionally eliminates column redundancy.

For making all feasible solutions, we calculate a percent-
age based on the cost of column 𝑗 over the sum of all the
constraint matrix rows covered by a column 𝑗, as shown in

𝑐𝑜𝑠𝑡 (𝑐𝑜𝑙𝑢𝑚𝑛𝑗)
𝑐𝑜V𝑒𝑟𝑒𝑑𝑅𝑜𝑤𝑠 (𝑐𝑜𝑙𝑢𝑚𝑛𝑗) (11)

The unfeasible solutions are repaired by covering the columns
of the solution that had the lower ratio. After this, a local
optimization step is applied, where column redundancy is
eliminated. A column is redundantwhen it can be deleted and
the feasibility of the solution is not affected.

Algorithm 3 starts with the initialization of variables from
instance in Lines 1-5. The recognition of the rows that are
not covered are in Lines 6 and 7. Between the statements 8
and 18 is “greedy” heuristic. On the one hand, between the
instructions 8 and 12, the columns with lower ratio are added
to the solution. On the other hand, between Lines 13 and 18,



Mathematical Problems in Engineering 7

1: 𝛼𝑖 ←The set of columns that cover row 𝑖, 𝑖 ∈ 𝑀
2: 𝛽𝑗 ←The set of rows covered by column 𝑗, 𝑗 ∈ 𝑁
3: 𝑆 ←The set of columns in a solution
4: 𝑤𝑖 ←The number of columns that cover row 𝑖, 𝑖 ∈ 𝑀. For this, 𝑤𝑖 ← |𝑆 ∩ 𝛼𝑖|, ∀ 𝑖 ∈ 𝑀
5: 𝑈 ←The set of uncovered rows. For this, 𝑈 = {𝑖 | 𝑤𝑖 = 0, ∀ 𝑖 ∈ 𝑀}
6: for all row 𝑖 ∈ 𝑈 (in increasing order of 𝑖) do
7: Find the first column 𝑗 in increasing order of 𝑗 ∈ 𝛼𝑖 that minimizes 𝑐𝑗/|𝑈 ∩ 𝑏𝑗|
8: Add 𝑗 to 𝑆 and set 𝑤𝑖 ← 𝑤𝑖 + 1, ∀ 𝑖 ∈ 𝑏𝑗
9: Set 𝑈 ← 𝑈 − 𝑏𝑗
10: end for
11: for all column 𝑗 ∈ 𝑆 (in decreasing order of 𝑗) do
12: if 𝑤𝑖 ≥ 2 then
13: 𝑆 ← 𝑆 − 𝑗
14: 𝑤𝑖 ← 𝑤𝑖 − 1, ∀ 𝑖 ∈ 𝛽𝑗
15: end if
16: end for
17: return 𝑆 is now a feasible solution for the set covering problem that contains no redundant columns;

Algorithm 3: Heuristic feasibility operator.

the redundant columns with higher costs are deleted while
the solution is feasible.

5. Experimental Results

After to apply the adaptive approach, we have analyzed the
time complexity of the basic algorithm to illustrate that
our proposal does not affect its performance. If we observe
each flow control, statements and expressions from the basic
black hole algorithm, we can determine that time complexity
is given by 𝑂(𝑇 × 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 × 𝑁), where 𝑇 is a constant
representing the maximum of iterations and it is avoided,𝑝𝑜𝑝𝑆𝑖𝑧𝑒 value is the number of solutions, and 𝑁 is the
dimension of each solution. In worst case, the basic algorithm
is upper bounded by 𝑂(𝑘𝑛2).

Now, evaluating time complexity about our adaptive
approaches, we determine that the upper bound is given by𝑂(𝑏 × 𝑁), where 𝑏 is the new number of solutions and 𝑁 is
the dimension of each solution. This procedures are activated
when the number of iterations achieve the local search criteria
ls, therefore they are independent of the main algorithm and
as a consequence its performance and complexity time are not
altered.

With respect to space analysis about our approach, we
considerate the space used in principal memory. In this
context, every time that the adaptive algorithms are lunched,
we observe that the usage of the principal memory is not
outperformed to 8%. The basic algorithm use a similar
percentage of principal memory.

The performance of the adaptive black hole algorithm
is experimentally evaluated by using 65 instances of the set
covering problemorganized in 11 sets taken from the Beasley’s
OR-library [62]. Table 2 describes instance set, number of
rows or constraints 𝑀, number of columns or variables
(dimension) 𝑁, range of costs, and density (percentage of
nonzeroes in the matrix).

Table 2: Instances from Beasley’s OR-Library.

Instance group 𝑀 𝑁 Cost range Density (%)
4 200 1000 [1,100] 2
5 200 2000 [1,100] 2
6 200 1000 [1,100] 5
A 300 3000 [1,100] 2
B 300 3000 [1,100] 5
C 400 4000 [1,100] 2
D 400 4000 [1,100] 5
E 500 5000 [1,100] 10
F 500 5000 [1,100] 20
G 1000 10000 [1,100] 2
H 1000 10000 [1,100] 5

In order to reduce the instance size of set covering
problem, we have used a preprocessed instances set. Different
preprocessing methods have particularly been proposed in
[63]. We employ two of them, which have been proved to be
the most effective ones:

(i) Column Domination. The nonunicost set covering
problem holds different column costs, then once a set
of rows 𝐼𝑗 is covered by another column 𝑗 and 𝑐𝑗 < 𝑐𝑗,
we say that column 𝑗 is dominated by 𝑗, then column𝑗 is removed from the solution.

(ii) Column Inclusion. If a row is covered by only one col-
umn after the above domination, it means that there
is no better column to cover those rows; consequently
this column must be included in optimal solution.

The results are evaluated using the relative percentage
deviation (𝑅𝑃𝐷). The 𝑅𝑃𝐷 value quantifies the deviation of
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the objective value 𝑍𝑚𝑖𝑛 from 𝑍𝑜𝑝𝑡 that in our case is the best
known value for each instance and it is calculated as follows:

𝑅𝑃𝐷 = (𝑍𝑚𝑖𝑛 − 𝑍𝑜𝑝𝑡𝑍𝑜𝑝𝑡 ) (12)

The minimum (Min), maximum (Max), and average
(Avg) of the solutions obtained were achieved running 30
runs over each one of set the 65 test instances. We test all
the combinations of transfer functions and discretization
methods over all these instances. Before to test all instances,
we perform a sampling phase to evaluate which binarization
strategy would show the best performance. In appendix
section we include preliminary results in the sampling phase
(see Tables 9 and 10 and Figures 7 and 8). The binarization
strategy that achieved the best results for the black hole
algorithm is S4 + 𝐸𝑙𝑖𝑡𝑖𝑠𝑡.
5.1. Black Hole Algorithms Comparison. In this Section, we
compare the proposed adaptive black hole algorithm with
the basic black hole one. To the best of our knowledge, no
autonomous search implementation on top of black hole has
been proposed yet to include in the comparison.

The algorithm implementation has been done using Java
SE 7 and the experiments have been launched on a 2.3 Ghz
Intel Core i3 with 4 GB RAM machine running Windows
7 (available at https://goo.gl/AEYXJq). The initial parameter
setting used is as follows: a population size of 40, 4000
iterations, a local search of 40 and 30 executions for each
instance. Bold font and underlined row are used to present
when the adaptive black hole algorithm outperforms their
basic version.

Table 3 illustrates the results obtained for all instances
from groups 4, 5, 6, A, B, C, and D. Regarding instance sets 4
and 6, the proposed adaptive approach in this work (BH-AS)
improves dramatically the results in 50%, reaching 4 global
optimums. Considering instance sets 5 and 6, we can observe
that the basic black hole algorithmexhibits great performance
achieving 80% of the optimal values. However, the adaptive
process of the population size parameter improves results
obtaining 2more optimal values. Now, if we analyze instances
from groups A, B, C, and D, we can see that again the
basic black hole algorithm shows an outstanding efficiency
to solve the set covering problem, solving to optimally 15 of
20 instances. Nevertheless, the adaptive approach shows that
it can improve even more, finding onemore optimal value for
the instance C.1.

Table 4 presents the results obtained for instances from
groups NRE, NRF, NRG, and NRH. If we consider that the
basic black hole algorithm reaches 3 optimal values from 20,
there is a wide margin to improve. Taking into account the
fact that the autoadaptive methods outperform the basic BH
algorithm in 11 of 17 possible instances and 2 of them are
global optima, we can say that BH-AS performs significantly
better than the basic version.

Figure 3 illustrates convergence charts for the hardest
instances of each instance group. Here, we observe that

for the 4 group the convergence of the BH-AS is clearly
faster than the basic algorithm. For the group 5, the BH-AS
begins with a bad quality solution but at the middle of the
process improves its performance outperforming the basic
BHA similar behaviour can be seen for the NRE and NRH
group. The performance of instances from groups 6, A, B, C,
and D is similar keeping all of them an early convergence.
Finally, for benchmarks from groups NRF and NRG, the
behaviour of BH-AS is clearly earlier than its competitor.

Now, if we regard solving times required for reaching
the solutions, we may observe that times are very similar for
the two algorithms. However, we must consider that BH-AS
need the computation of the adaptive process and is able to
outperform the basic BH in terms of optimumvalues reached.
We can observe also a small difference in terms of solving
times in favor of the BH-AS with respect to BH.

5.2. BH-AS v/s Original Approach. After to analyze the
exhibited efficiency for BH-AS and the basic algorithm for
solving the set covering problem, we have observed that
the variation is minimal. It is not possible to state which
technique is the best. However, in order to show a significant
difference between the adaptive approach and the original
black hole algorithm, we perform a contrast statistical test for
each instance through the Kolmogorov-Smirnov-Lilliefors to
determine the independence of samples [64] and Wilcoxon’s
signed rank [65] to compare statistically the results.

For both tests, we consider a hypothesis evaluation, which
is analyzed assuming a 𝑝 V𝑎𝑙𝑢𝑒 of 0.05—accuracy—i.e.,
smaller values than 0.05, determines that the corresponding
hypothesis cannot be assumed. Both tests were conducted
using GNU Octave (available at http://goo.gl/jtHn8i).

The first test allows us to analyze the independence
of samples. For that, we run the algorithm 30 times for
each instance and then, we apply the test. According to
obtained values, we can decide if samples follow a normal
distribution or they are independent. To proceed, we propose
the following hypotheses:

(i) 𝐻0 states that 𝑍𝑚𝑖𝑛 follows a normal distribution.
(ii) 𝐻1 states the opposite.
The conducted test has yielded 𝑝 V𝑎𝑙𝑢𝑒 lower than 0.05;

therefore𝐻0 cannot be assumed.
Then, as samples are independent and cannot be assumed

that follow a normal distribution, it is not feasible to use
the central limit theorem to approximate the distribution of
the sample mean as Gaussian. Therefore, we assume the use
of a nonparametric test for evaluating the heterogeneity of
samples. For that we use the Wilcoxon’s signed rank test. This
is a paired test that compare the medians of two distributions.
To proceed, we propose the following new hypotheses:

(i) 𝐻0: 𝑍𝑚𝑖𝑛 achieved by basic black hole algorithm <
𝑍𝑚𝑖𝑛 achieved by BH-AS.

(ii) 𝐻1 states the opposite.
Table 5 compares the approaches for all tested instances

via theWilcoxon’s signed rank test. As the significance level is
also established to 0.05, smaller values that 0.05 defines that

https://goo.gl/AEYXJq
http://goo.gl/jtHn8i
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Table 3: Computational results of groups 4, 5, 6, A, B, C, and D.

Instance 𝑍𝑜𝑝𝑡
Black Hole Algorithm

Basic BH-AS
𝑍𝑚𝑖𝑛 RPD times (ms) 𝑍𝑚𝑖𝑛 RPD times (ms)

4.1 429 430 0.002 1011.3 430 0.002 1181.2
4.2 512 512 0.000 1867.0 512 0.000 1926.0
4.3 516 516 0.000 2007.5 516 0.000 1957.1
4.4 494 495 0.002 1998.2 494 0.000 2108.1
4.5 512 514 0.004 2010.1 512 0.000 1992.3
4.6 560 560 0.000 2021.3 560 0.000 2102.2
4.7 430 430 0.000 2014.5 430 0.000 2032.2
4.8 492 494 0.004 2311.0 492 0.000 2202.6
4.9 641 644 0.005 2099.1 643 0.003 2109.9
4.10 514 515 0.002 1981.7 514 0.000 2017.1
5.1 253 253 0.000 2171.9 253 0.000 2001.7
5.2 302 305 0.010 1992.4 302 0.000 2071.2
5.3 226 228 0.000 2221.8 228 0.000 2221.8
5.4 242 242 0.000 2008.1 242 0.000 2191.2
5.5 211 211 0.000 2001.4 211 0.000 2127.4
5.6 213 213 0.000 2091.1 213 0.000 2222.1
5.7 293 293 0.000 2132.3 293 0.000 2332.1
5.8 288 288 0.000 2199.7 288 0.000 2339.2
5.9 279 279 0.000 2351.6 279 0.000 2271.2
5.10 265 265 0.000 1989.4 265 0.000 2057.7
6.1 138 140 0.014 2915.7 138 0.000 2915.7
6.2 146 147 0.007 2910.1 147 0.007 2791.6
6.3 145 145 0.000 2717.1 145 0.000 2751.7
6.4 131 131 0.000 2981.3 131 0.000 3003.7
6.5 161 161 0.000 3081.2 161 0.000 3038.3
A.1 253 253 0.000 3009.5 253 0.000 2967.1
A.2 252 253 0.004 3033.2 253 0.004 2983.2
A.3 232 233 0.004 2991.9 233 0.004 3104.9
A.4 234 234 0.000 3091.2 234 0.000 3111.1
A.5 236 236 0.000 3001.4 236 0.000 3012.3
B.1 69 69 0.000 3223.5 69 0.000 3122.1
B.2 76 76 0.000 3011.3 76 0.000 3183.6
B.3 80 80 0.000 3253.3 80 0.000 3452.0
B.4 79 79 0.000 3212.1 79 0.000 3419.1
B.5 72 72 0.000 3433.3 72 0.000 3501.0
C.1 227 229 0.009 3271.1 227 0.000 3397.9
C.2 219 219 0.000 3090.4 219 0.000 3291.1
C.3 243 245 0.008 3194.6 245 0.008 3229.2
C.4 219 219 0.000 3230.2 219 0.000 3323.1
C.5 215 215 0.000 2979.6 215 0.000 3111.8
D.1 60 60 0.000 5821.3 60 0.000 6021.0
D.2 66 67 0.015 6010.2 67 0.015 6094.1
D.3 72 73 0.014 6071.2 73 0.014 6147.7
D.4 62 62 0.000 6313.4 62 0.000 6511.6
D.5 61 61 0.000 6831.4 61 0.000 6712.2
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Table 4: Computational results of groups NRE, NRF, NRG, and NRH.

Instance 𝑍𝑜𝑝𝑡
Black Hole Algorithm

Basic BH-AS
𝑍𝑚𝑖𝑛 RPD times (ms) 𝑍𝑚𝑖𝑛 RPD times (ms)

NRE.1 29 30 0.034 6200.0 29 0.000 6135.0
NRE.2 30 31 0.033 6235.4 31 0.033 6115.1
NRE.3 27 28 0.037 5988.3 28 0.037 5991.9
NRE.4 28 29 0.036 6875.2 28 0.000 7081.0
NRE.5 28 28 0.000 7298.1 28 0.000 7191.1
NRF.1 14 14 0.000 6788.4 14 0.000 7118.5
NRF.2 15 15 0.000 8313.4 15 0.000 8212.1
NRF.3 14 17 0.214 8934.4 16 0.143 9293.8
NRF.4 14 16 0.143 7746.3 14 0.000 8023.3
NRF.5 13 14 0.077 7021.1 14 0.077 7220.2
NRG.1 176 182 0.034 7143.5 179 0.017 7644.8
NRG.2 154 160 0.039 7948.0 158 0.026 8584.5
NRG.3 166 170 0.024 8771.8 169 0.018 9874.0
NRG.4 168 170 0.012 8123.7 170 0.012 8919.2
NRG.5 168 170 0.012 9013.4 168 0.000 9921.2
NRH.1 63 66 0.048 15114.6 65 0.032 17911.2
NRH.2 63 67 0.063 16343.4 67 0.063 19733.4
NRH.3 59 64 0.085 19243.7 64 0.085 21840.3
NRH.4 58 64 0.103 18241.6 63 0.086 21421.7
NRH.5 55 63 0.145 24442.6 62 0.127 22242.5

Table 5: Statistical test.

Instance 4.1 4.2 4.3 4.4 4.5 4.6 4.7 4.8 4.9 4.10
Basic – – 0.01 – – – 0.02 – – –
BH-AS 0.01 – – 0.01 0.01 – – 0.04 0.01 0.01
Instance 5.1 5.2 5.3 5.4 5.5 5.6 5.7 5.8 5.9 5.10
Basic – – 0.01 – – – – – – 0.04
BH-AS – 0.02 – – 0.03 0.01 0.05 – – –
Instance 6.1 6.2 6.3 6.4 6.5 A.1 A.2 A.3 A.4 A.5
Basic – – – – – 0.02 0.05 – – –
BH-AS 0.01 – 0.01 – 0.01 – – 0.01 0.01 0.01
Instance B.1 B.2 B.3 B.4 B.5 C.1 C.2 C.3 C.4 C.5
Basic – – – 0.03 0.02 – – – 0.01 –
BH-AS – 0.01 0.01 – – – 0.05 0.01 – 0.04
Instance D.1 D.2 D.3 D.4 D.5 NRE.1 NRE.2 NRE.3 NRE.4 NRE.5
Basic – – – – – – 0.03 – – 0.01
BH-AS 0.02 – – 0.01 0.03 0.01 – 0.01 0.04 –
Instance NRF.1 NRF.2 NRF.3 NRF.4 NRF.5 NRG.1 NRG.2 NRG.3 NRG.4 NRG.5
Basic – 0.01 – – – – – – – –
BH-AS 0.03 – 0.03 0.01 0.03 0.01 0.03 0.01 0.01 0.02
Instance NRH.1 NRH.2 NRH.3 NRH.4 NRH.5
Basic – – – – –
BH-AS 0.03 – 0.01 0.03 0.05
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4.10 SCP Benchmark Instance
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Figure 3: Continued.
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Figure 3: Convergence charts for the hardest instances of each instance group.
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Table 6: Comparison results for instance set of groups 4, 5, 6, and A.

Instance 4.1 4.2 4.3 4.4 4.5 4.6 4.7 4.8 4.9 4.10
𝑍𝑜𝑝𝑡 429 512 516 494 512 560 430 492 641 514

BH-AS

𝑍𝑚𝑖𝑛 430 512 516 494 512 560 430 492 643 514
𝑍𝑎V𝑔 430 512 516 501 519 562 432 495 648 517
𝑅𝑃𝐷 0.002 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.003 0.000

𝑇𝑖𝑚𝑒 (𝑚𝑠) 1811.2 1926.0 1957.1 2108.1 1992.3 2102.2 2032.2 2202.6 2109.9 2017.1

BCSO
𝑍𝑚𝑖𝑛 459 570 590 547 545 637 462 546 711 537
𝑍𝑎V𝑔 480 594 607 578 554 650 467 567 725 552
𝑅𝑃𝐷 7 11.3 14.3 10.7 6.4 13.8 7.4 11 10.9 4.5

BFO
𝑍𝑚𝑖𝑛 429 517 519 495 514 563 430 497 655 519
𝑍𝑎V𝑔 430 517 522 497 515 565 430 499 658 523
𝑅𝑃𝐷 0 0.97 0.58 0.2 0.39 0.53 0 1.01 2.18 0.97

BSFLA
𝑍𝑚𝑖𝑛 430 516 520 501 514 563 431 497 656 518
𝑍𝑎V𝑔 430 518 520 504 514 563 432 499 656 519
𝑅𝑃𝐷 0.23 0.78 0.78 1.42 0.39 0.54 0.23 1.02 2.34 0.78

BELA
𝑍𝑚𝑖𝑛 447 559 537 527 527 607 448 509 682 571
𝑍𝑎V𝑔 448 559 539 530 529 608 449 512 682 571
𝑅𝑃𝐷 4.20 9.18 4.07 6.68 2.93 8.39 4.19 3.46 6.40 11.09

BABC
𝑍𝑚𝑖𝑛 430 513 519 495 514 561 431 493 649 517
𝑍𝑎V𝑔 430 513 521 496 517 565 434 494 651 519
𝑅𝑃𝐷 0.23 0.20 0.58 0.20 0.39 0.18 0.23 0.20 0.93 0.58

MIP 𝑍𝑚𝑖𝑛 429 512 516 494 512 560 430 492 641 514
𝑇𝑖𝑚𝑒 (𝑚𝑠) 705 912 788 934 654 701 693 712 917 868

Instance 5.1 5.2 5.3 5.4 5.5 5.6 5.7 5.8 5.9 5.10
𝑍𝑜𝑝𝑡 253 302 226 242 211 213 293 288 279 265

BH-AS

𝑍𝑚𝑖𝑛 253 302 226 242 211 213 293 288 279 265
𝑍𝑎V𝑔 253 302 226 242 211 213 293 288 279 265
𝑅𝑃𝐷 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

𝑇𝑖𝑚𝑒 (𝑚𝑠) 2001.7 2071.2 2221.8 2191.2 2127.4 2222.1 2332.1 2339.2 2271.2 2057.7

BCSO
𝑍𝑚𝑖𝑛 279 339 247 251 230 232 332 320 295 285
𝑍𝑎V𝑔 287 340 251 253 230 243 338 330 297 287
𝑅𝑃𝐷 10.3 12.3 9.3 3.7 9 8.9 13.3 11.1 5.7 7.5

BFO
𝑍𝑚𝑖𝑛 257 309 229 242 211 213 298 291 284 268
𝑍𝑎V𝑔 260 311 233 242 213 213 301 292 284 270
𝑅𝑃𝐷 1.58 2.31 1.32 0 0 0 1.7 1.04 1.79 1.13

BSFLA
𝑍𝑚𝑖𝑛 254 307 228 242 211 213 297 291 281 265
𝑍𝑎V𝑔 255 307 230 242 213 214 299 293 283 266
𝑅𝑃𝐷 0.4 1.66 0.88 0 0 0 1.37 1.04 0.72 0

BELA
𝑍𝑚𝑖𝑛 280 318 242 251 225 247 316 315 314 280
𝑍𝑎V𝑔 281 321 240 252 227 248 317 317 315 282
𝑅𝑃𝐷 10.67 5.30 7.08 3.72 6.64 15.96 7.85 9.38 12.54 5.66

BABC
𝑍𝑚𝑖𝑛 254 309 229 242 211 214 298 289 280 267
𝑍𝑎V𝑔 255 309 233 245 212 214 301 291 281 270
𝑅𝑃𝐷 0.40 2.32 1.33 0 0 0.47 1.71 0.35 0.36 0.75

MIP 𝑍𝑚𝑖𝑛 253 302 226 242 211 213 293 288 279 265
𝑇𝑖𝑚𝑒 (𝑚𝑠) 4776 3882 4332 4899 4771 4329 3887 5191 4659 4879

Instance 6.1 6.2 6.3 6.4 6.5 A.1 A.2 A.3 A.4 A.5
𝑍𝑜𝑝𝑡 138 146 145 131 161 253 252 232 234 236
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Table 6: Continued.

BH-AS

𝑍𝑚𝑖𝑛 138 147 145 131 161 253 253 233 234 236
𝑍𝑎V𝑔 142 150 147 131 161 234 253 234 234 236
𝑅𝑃𝐷 0.000 0.007 0.000 0.000 0.000 0.000 0.004 0.000 0.000 0.000

𝑇𝑖𝑚𝑒 (𝑚𝑠) 2915.7 2791.6 2751.7 3003.7 3038.3 2967.1 2983.2 3104.9 3111.1 3012.3

BCSO
𝑍𝑚𝑖𝑛 151 152 160 138 169 286 274 257 248 244
𝑍𝑎V𝑔 160 157 164 142 173 287 276 263 251 244
𝑅𝑃𝐷 9.4 4.1 10.3 5.3 5 13 8.7 10.8 6 3

BFO
𝑍𝑚𝑖𝑛 138 147 147 131 164 255 259 238 235 236
𝑍𝑎V𝑔 140 149 150 131 164 256 261 240 237 237
𝑅𝑃𝐷 0 0.68 1.37 0 1.86 0.79 2.77 2.58 0.42 0

BSFLA
𝑍𝑚𝑖𝑛 140 147 147 131 166 255 260 237 235 236
𝑍𝑎V𝑔 141 147 148 133 169 258 260 239 238 239
𝑅𝑃𝐷 1.45 0.68 1.38 0 3.11 0.79 3.17 2.16 0.43 0

BELA
𝑍𝑚𝑖𝑛 152 160 160 140 184 261 279 252 250 241
𝑍𝑎V𝑔 152 161 163 142 187 264 281 253 252 243
𝑅𝑃𝐷 10.14 9.59 10.34 6.87 14.29 3.16 10.71 8.62 6.84 2.12

BABC
𝑍𝑚𝑖𝑛 142 147 148 131 165 254 257 235 236 236
𝑍𝑎V𝑔 143 150 149 133 167 254 259 238 237 238
𝑅𝑃𝐷 2.90 0.68 2.07 0 2.48 0.40 1.98 1.29 0.85 0

MIP 𝑍𝑚𝑖𝑛 138 146 145 131 161 – – – – –
𝑇𝑖𝑚𝑒 (𝑚𝑠) 1445 2236 1885 2385 2187 t.o. t.o. t.o. t.o. t.o.

Table 7: Computational results for instances set of groups B, C, D, NRE, NRF, and NRG.

Instance B.1 B.2 B.3 B.4 B.5 C.1 C.2 C.3 C.4 C.5
𝑍𝑜𝑝𝑡 69 76 80 79 72 227 219 243 219 215

BH-AS

𝑍𝑚𝑖𝑛 69 76 80 79 72 227 219 245 219 215
𝑍𝑎V𝑔 70 77 81 81 73 231 220 246 219 216
𝑅𝑃𝐷 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.008 0.000 0.000
𝑇𝑖𝑚𝑒 3122.1 3183.6 3452.0 3419.1 3501.0 3397.9 3291.1 3229.2 3323.1 3111.8

BCSO
𝑍𝑚𝑖𝑛 79 86 85 89 73 242 240 277 250 243
𝑍𝑎V𝑔 79 89 85 89 73 242 241 278 250 244
𝑅𝑃𝐷 14.5 13.2 6.3 12.7 1.4 6.6 9.6 14 12.3 13

BFO
𝑍𝑚𝑖𝑛 71 78 80 80 72 230 223 253 225 217
𝑍𝑎V𝑔 72 78 80 81 73 232 224 254 227 219
𝑅𝑃𝐷 2.89 2.63 0 1.26 0 1.32 1.82 4.11 2.73 0.93

BSFLA
𝑍𝑚𝑖𝑛 70 76 80 79 72 229 223 253 227 217
𝑍𝑎V𝑔 70 77 80 80 73 231 225 253 228 218
𝑅𝑃𝐷 1.45 0 0 0 0 0.88 1.83 4.12 3.65 0.93

BELA
𝑍𝑚𝑖𝑛 86 88 85 84 78 237 237 271 246 224
𝑍𝑎V𝑔 87 88 87 88 81 238 239 271 248 225
𝑅𝑃𝐷 24.64 15.79 6.25 6.33 8.33 4.41 8.22 11.52 12.33 4.19

BABC
𝑍𝑚𝑖𝑛 70 78 80 80 72 231 222 254 231 216
𝑍𝑎V𝑔 70 79 80 81 74 233 223 255 233 217
𝑅𝑃𝐷 1.45 2.63 0 1.27 0 1.76 1.37 4.53 5.48 0.47

MIP 𝑍𝑚𝑖𝑛 – – – – – – – – – –
𝑇𝑖𝑚𝑒 (𝑚𝑠) t.o. t.o. t.o. t.o. t.o. t.o. t.o. t.o. t.o. t.o.
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Table 7: Continued.

Instance D.1 D.2 D.3 D.4 D.5 NRE.1 NRE.2 NRE.3 NRE.4 NRE.5
𝑍𝑜𝑝𝑡 60 66 72 62 61 29 30 27 28 28

BH-AS

𝑍𝑚𝑖𝑛 60 67 73 62 61 29 31 28 29 28
𝑍𝑎V𝑔 60 67 73 62 61 29 31 28 28 28
𝑅𝑃𝐷 0.000 0.015 0.014 0.000 0.000 0.000 0.033 0.037 0.000 0.000
𝑇𝑖𝑚𝑒 6021.0 6094.1 6147.7 6511.6 6712.2 6200.0 6115.1 5991.9 7081.0 7191.1

BCSO
𝑍𝑚𝑖𝑛 65 70 79 64 65 29 34 31 32 30
𝑍𝑎V𝑔 66 70 81 67 66 30 34 32 33 30
𝑅𝑃𝐷 8.3 6.1 9.7 3.2 6.6 0 13.3 14.8 14.3 7.1

BFO
𝑍𝑚𝑖𝑛 60 68 75 62 63 29 32 29 29 29
𝑍𝑎V𝑔 61 68 77 62 63 31 32 30 31 29
𝑅𝑃𝐷 0 3.03 4.16 0 3.27 0 6.66 7.4 3.57 3.57

BSFLA
𝑍𝑚𝑖𝑛 60 67 75 63 63 29 31 28 29 28
𝑍𝑎V𝑔 62 68 77 65 66 29 32 28 30 31
𝑅𝑃𝐷 0 1.52 4.17 1.61 3.28 0 3.33 3.7 3.57 0

BELA
𝑍𝑚𝑖𝑛 62 73 79 67 66 30 35 34 33 30
𝑍𝑎V𝑔 62 74 81 69 67 31 35 34 34 31
𝑅𝑃𝐷 3.33 10.61 9.72 8.06 8.20 3.45 16.67 25.93 17.86 7.14

BABC
𝑍𝑚𝑖𝑛 60 68 76 63 63 29 32 29 29 29
𝑍𝑎V𝑔 61 68 77 65 66 33 32 31 30 32
𝑅𝑃𝐷 0 3.03 5.56 1.61 3.28 0 6.67 7.41 3.57 3.57

MIP 𝑍𝑚𝑖𝑛 – – – – – – – – – –
𝑇𝑖𝑚𝑒 (𝑚𝑠) t.o. t.o. t.o. t.o. t.o. t.o. t.o. t.o. t.o. t.o.

Instance NRF.1 NRF.2 NRF.3 NRF.4 NRF.5 NRG.1 NRG.2 NRG.3 NRG.4 NRG.5
𝑍𝑜𝑝𝑡 14 15 14 14 13 176 154 166 168 168

BH-AS

𝑍𝑚𝑖𝑛 14 15 16 14 14 179 158 169 170 168
𝑍𝑎V𝑔 15 16 16 16 15 181 160 169 171 169
𝑅𝑃𝐷 0.000 0.000 0.143 0.000 0.077 0.017 0.026 0.018 0.012 0.000
𝑇𝑖𝑚𝑒 7118.5 8212.1 9293.8 8023.3 7220.2 7494.4 8584.5 9874.0 8919.2 9921.2

BCSO
𝑍𝑚𝑖𝑛 17 18 17 17 15 190 165 187 179 181
𝑍𝑎V𝑔 17 18 17 17 16 193 166 188 183 184
𝑅𝑃𝐷 21.4 20 21.4 21.4 15.4 8 7.1 20.6 6.5 7.7

BFO
𝑍𝑚𝑖𝑛 15 16 16 15 15 185 161 175 176 177
𝑍𝑎V𝑔 17 16 17 18 19 191 163 177 176 181
𝑅𝑃𝐷 7.14 6.66 14.28 7.14 15.38 5.11 4.54 5.42 4.76 5.35

BSFLA
𝑍𝑚𝑖𝑛 15 15 16 15 15 182 161 173 173 174
𝑍𝑎V𝑔 15 15 17 16 17 183 161 174 177 174
𝑅𝑃𝐷 7.14 0 14.29 7.14 15.38 3.41 4.55 4.22 2.98 3.57

BELA
𝑍𝑚𝑖𝑛 17 18 17 17 16 194 176 184 196 198
𝑍𝑎V𝑔 17 18 18 19 17 196 176 185 197 199
𝑅𝑃𝐷 21.43 20 21.43 21.43 23.08 10.23 14.29 10.84 16.67 17.86

BABC
𝑍𝑚𝑖𝑛 14 16 16 15 15 183 162 174 175 179
𝑍𝑎V𝑔 15 16 17 17 16 184 163 175 177 181
𝑅𝑃𝐷 0 6.67 14.29 7.14 15.38 3.98 5.19 4.82 4.17 6.55

MIP 𝑍𝑚𝑖𝑛 – – – – – – – – – –
𝑇𝑖𝑚𝑒 (𝑚𝑠) t.o. t.o. t.o. t.o. t.o. t.o. t.o. t.o. t.o. t.o.
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Figure 4: Algorithm comparisons for instances 4.10, 5.10, and 6.5.
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Figure 5: Algorithm comparisons for instances A.5, B.5, C.5, and D.5.
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Figure 6: Algorithm comparisons for instances NRE.5, NRF.5, NRG.5, and NRH.5.
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Table 8: Computational results for instances of group NRH.

Instance NRH.1 NRH.2 NRH.3 NRH.4 NRH.5
𝑍𝑜𝑝𝑡 63 63 59 58 55

BH-AS

𝑍𝑚𝑖𝑛 65 67 64 63 62
𝑍𝑎V𝑔 67 68 65 64 62
𝑅𝑃𝐷 0.032 0.063 0.085 0.086 0.127
𝑇𝑖𝑚𝑒 17911.2 19733.4 21840.3 21421.7 22242.5

BCSO
𝑍𝑚𝑖𝑛 70 67 68 66 61
𝑍𝑎V𝑔 71 67 70 67 62
𝑅𝑃𝐷 11.1 6.3 15.3 13.8 10.9

BFO
𝑍𝑚𝑖𝑛 69 66 65 63 59
𝑍𝑎V𝑔 70 66 67 65 60
𝑅𝑃𝐷 9.52 4.76 10.16 6.77 7.27

BSFLA
𝑍𝑚𝑖𝑛 68 66 62 63 59
𝑍𝑎V𝑔 69 66 63 64 61
𝑅𝑃𝐷 7.94 4.76 5.08 8.62 7.27

BELA
𝑍𝑚𝑖𝑛 70 71 68 70 69
𝑍𝑎V𝑔 71 71 70 72 69
𝑅𝑃𝐷 11.11 12.70 15.25 20.69 25.45

BABC
𝑍𝑚𝑖𝑛 70 69 66 64 60
𝑍𝑎V𝑔 71 72 67 64 61
𝑅𝑃𝐷 11.11 9.52 11.86 10.34 9.09

MIP 𝑍𝑚𝑖𝑛 – – – – –
𝑇𝑖𝑚𝑒 (𝑚𝑠) t.o. t.o. t.o. t.o. t.o.

𝐻0 cannot be assumed. Again, bold font and underlined row
are used for a winner value of the metaheuristic stated in the
column of the table, e.g., for instance 4.1, BH-AS is better than
basic algorithm as its value is lower than 0.05, then𝐻0 cannot
be assumed.

According to results, for 𝑝 V𝑎𝑙𝑢𝑒𝑠 lower than 0.05 for
black hole optimization are 12 and for BH-AS are 40. The
rest does not provide significant information. This results
illustrating that the performance of BH-AS is better than the
original approach.

5.3. BH-AS v/s Other Optimization Techniques. To evidence
the performance of our adaptive approach, we perform
a comparison with different approximation techniques:
binary cat swarm optimization (BCSO) [41], binary firefly
optimization (BFO) [40], binary shuffled frog leaping algo-
rithm (BSFLA) [42], binary artificial bee colony (BABC) [43],
and binary electromagnetism-like algorithm (BELA) [66].

We additionally incorporate a comparative by using
Mixed Integer Linear Programming (MIP) as exact solving
method implemented onMiniZinc G12 MIP. With the solver,
the instances are solved to a maximum time of 8 hours. If no
solution is found at this point the problem is set to t.o. (time-
out).

Tables 6, 7, and 8 illustrate that the proposed approach is
able to reach competitive results in contrast to those modern
optimization techniques.

For group 4, the adaptive approach shows outstanding
behaviour reaching 80% of the total optimum values, while

BFO is the only one finding optimum values. However, if we
compare the adaptive black hole with MIP, results illustrate
the exactmethod ismore efficient than the adapted algorithm
in terms of solving time.

Considering groups 5 and 6, we can observe the adaptive
black hole algorithm is able of find all optimum values,
in reduce solving times. Comparing results with others
metaheuristics, we can state that our approach is better than
them, outperforming the MIP in terms of solving time.

Finally, for biggest instances—from group A to group
NRH—the exact method MIP becomes incapable to find
the solution (time-out). Figures 4, 5, and 6 illustrate the
comparative among the adaptive approach and approximate
algorithms when they are solving hardest instances of each
group.

If we observe instances 4.10 and 6.5, we can see the BH-AS
is better than BCSO and BELA. Now, for instance D.5, BH-
AS is better than all studied approximates techniques. Now,
to solve NRG.5 results indicate that the BH-ASmethod is the
best alternative. Last, if we compare BH-AS v/s MIP, we can
say that our approach overcomes the exactmethod due to this
is not able to solve the hardest groups.

6. Conclusions and Future Work

In this paper, we have presented an adaptive approach for
black hole algorithm to solve different instances of the
set covering problem. This approach is based on adaptive
for population size parameter which is valuated before the
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Table 9: Sampling phase: hardest instances for groups 4, 5, 6, A, and B.

Hardest instances Transfer functions Discretization methods
ID Optimum values Standard Complement Static probability Elitist

4.10 514

S1 515 514 516 515
S2 516 515 515 517
S3 516 516 517 514
S4 515 515 515 514
V1 515 516 517 516
V2 514 517 515 515
V3 516 517 516 515
V4 514 515 516 515

5.10 265

S1 265 267 266 266
S2 265 267 266 266
S3 266 266 265 265
S4 265 266 265 265
V1 265 267 265 268
V2 265 265 267 268
V3 265 268 265 266
V4 265 267 267 266

6.5 161

S1 164 163 162 162
S2 162 163 163 164
S3 162 163 161 164
S4 164 161 162 163
V1 161 164 163 161
V2 161 162 163 163
V3 162 163 161 163
V4 162 162 161 163

A.5 236

S1 239 238 239 238
S2 238 236 238 237
S3 239 237 237 237
S4 236 238 236 237
V1 239 236 237 239
V2 236 239 237 238
V3 236 237 239 237
V4 238 239 239 237

run of the metaheuristic. To this end, we use autonomous
search which is a particular case of adaptive systems that
improve their solving performance by modifying and adjust-
ing themselves to the problem at hand, either by adaptation or
supervised adaptation. We have added to the core algorithm
an effective preprocessing process that allows filtering and
discarding values leading to unfeasible solutions. On the
other hand, we include a set of binarization strategies to
adapt the black hole algorithm to binary domain. We have
tested 65 nonunicost instances from the Beasleys OR-Library
where several global optimum values which were not reached
using by the basic black algorithm were achieved via the
autoadaptive approach. We have also compared the proposed
adaptive approach by using a nonparametric statistical tests
and the results are conclusive.

As future work, we plan to experiment autoadaptive
approaches in recent bioinspired algorithms and to provide a

larger comparison of techniques for solving the set covering
problem. The integration of autonomous search can led the
research towards new study lines, such as dynamically select-
ing the best binarization strategy during solving according to
performance indicators as analogously studied in [67, 68].

Appendix

Sampling phase allows us to know in a preliminary way
which binarization strategy exhibits the better result. Tables 9
and 10 show results when we tested all binarization strategy.
Moreover, we include a set of charts (Figures 7 and 8) that
summarize the obtained computational experiments. If we
observe, the combination S1 and Elitist has a greater number
of convergences towards the lowest known value. For this
reason, we have decided to use this binarization strategy for
all experiments.
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Table 10: Sampling phase: hardest instances for groups C, D, NRE, NRF, BRG, and NRH.

Hardest instances Transfer functions Discretization methods
ID Optimum values Standard Complement Static probability Elitist

B.5 72

S1 75 75 73 74
S2 73 74 75 72
S3 75 74 74 73
S4 75 73 72 74
V1 73 73 74 75
V2 74 72 72 74
V3 74 74 72 75
V4 75 74 72 75

C.5 215

S1 217 215 216 216
S2 217 217 218 218
S3 216 216 218 217
S4 215 218 217 217
V1 216 216 218 217
V2 215 216 217 216
V3 216 217 215 216
V4 216 218 215 217

D.5 61

S1 61 61 61 63
S2 62 61 63 64
S3 64 63 64 63
S4 64 61 63 62
V1 61 61 61 64
V2 63 62 64 64
V3 61 63 62 62
V4 62 63 62 62

NRE.5 28

S1 30 29 31 30
S2 29 31 28 31
S3 31 28 30 28
S4 28 31 28 28
V1 30 31 31 29
V2 29 29 29 28
V3 29 30 28 28
V4 31 30 30 28

NRF.5 13

S1 14 15 15 14
S2 15 16 14 14
S3 16 13 14 15
S4 14 16 14 15
V1 16 14 16 16
V2 15 16 15 14
V3 13 16 14 14
V4 13 14 15 13

NRG.5 168

S1 170 171 169 171
S2 170 171 171 171
S3 169 168 168 169
S4 170 171 171 169
V1 168 169 171 169
V2 170 169 170 171
V3 170 171 171 168
V4 171 169 170 169

NRH.5 55

S1 58 57 58 56
S2 56 58 58 55
S3 58 56 57 57
S4 57 57 55 57
V1 58 57 58 55
V2 55 55 56 57
V3 55 58 56 58
V4 56 56 56 56
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Organizations can improve efficiency of process execution through a correct resource allocation, aswell as increase income, improve
client satisfaction, and so on.This work presents a novel approach for solving problems of resource allocation in business processes
which combines process mining, statistical techniques, andmetaheuristic algorithms for optimization. In order to getmore reliable
results of the simulation, in this paper, we use process mining analysis and statistical techniques for building a simulation model.
For finding optimal human resource allocation in business processes, we use the improved differential evolution algorithm with
population adaptation. Because of the use of a stochastic simulationmodel, noise appears in the output of themodel.The differential
evolution algorithm is modified in order to include uncertainty in the fitness function. In the end, validation of the model was done
on three different data sets in order to demonstrate the generality of the approach, and the comparison with the standard approach
from the literature was done. The results have shown that this novel approach gives solutions which are better than the existing
model from literature.

1. Introduction

Business Process Management (BPM) is defined as a disci-
pline “supporting business processes using methods, tech-
niques, and software to design, enact, control, and ana-
lyze operational processes involving humans, organizations,
applications, documents, and other sources of information”
[1]. Business process simulation (BPS) plays a significant role
in the continuous improvement approach to business process
management and it is used in many areas [2].

The results obtained by the simulation depend on the
quality of the simulation model and input data accuracy. If
inaccuratemodels are used or poor data are provided as input,
decisions based on simulation results may impair operations
instead of providing the expected improvements [3]. Some
companies do not have well-structured process models and
in many cases processes which take place in reality differ
from processes presented on paper. The traditional method
for getting the workflow of a process is through surveys,
interviews, questionnaires, workshops, etc., with the owners
of the process and/or participants in the process.Thismethod
is time-consuming and costly, it is subjective and error prone.

Because of that reason, the process models acquired this way
can be differentiated in regard to the real process model. In
order to avoid these problems, the paper will use process
discovery algorithms for getting the workflow of a process. In
order to get the remaining information such as time needed
for generating process instances and time needed for the exe-
cution of tasks on the activities, statistical analysis methods
will be used. Using these methods, statistical distributions
will be acquired, as well as distribution parameters which
can be used to describe the execution of tasks in the process.
This set of information is sufficient for getting the simulation
model and for conducting what-if analysis. The focus of this
paper is on optimization of the process by allocating the
available human resources in the process.

2. Related Work

There are a lot of papers that use metaheuristic algorithms
for solving Stochastic Combinatorial Optimization Problems
(SCOPs). The main characteristic of these problems is that
a part of the information about data is unknown and that it
is presented in a form of a probability distribution function.
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Metaheuristic algorithms like Simulated Annealing (SA), Ant
Colony Optimization (ACO), Evolutionary Computation
(EC), etc. have replaced approaches based on mathemati-
cal and dynamic programing for solving SCOPs. In these
problems, uncertainty can be present in different ways and
it is included in real problems so they can be described in a
more precise way. Uncertainty can be present in the fitness
function and/or in constraints. In [4] Guimei and Haijun
solved the SSRA (stochastic resource allocation problem)
problem in complex systems. The authors used the algorithm
of differential evolution combined with local search in order
to create a hybrid optimizer. The algorithm proved itself
to be successful on the tested scenarios. In [5] the authors
solved the problem multicriteria budget allocation under
uncertainty. The authors took into consideration uncertainty
in models using robust weighted sum approach. For solving
the model, the authors used a sample average approximation
approach together with a cutting surface method. In [6],
authors solved class of revenue management problems in
systems with reusable resources. The authors suggested 2-
approximation algorithm for revenue management models
in which resources can be reused, and [7] was expanded
so advance reservations are possible. Some authors use
approximation algorithms for solving this problem. Dye et
al. in [8] considered the service-provision problem. In this
paper, uncertainty was presented in requests for services. The
authors used two-approximation algorithms for solving this
problem. In papers noise is most frequently described with a
normal distribution. Central LimitTheorem can be exploited
to create a normal distribution regardless of the underlying
noise distribution.

In this paper, Differential Evolution (DE) algorithm was
used to solve the problem. After that, the used algorithm
was adjusted to take uncertainty in the fitness function into
account.Uncertainty in the fitness occurs because a stochastic
simulation model described with probability functions of
distribution is used.The algorithm is modified so it takes into
account noise which occurs in the fitness function. A detailed
description of the expanded algorithm is given in Section 3.

Resource Allocation Problem (RAP) can be defined as
follows: N units of resources need to be allocated on n
activities. By allocating resources on each activity costs
arise, which are the function of allocated resources. It is
necessary to find the optimal resource allocation in order to
minimize the total cost. For decreasing convex cost function,
the problem can be solved in polynomial time by a simple
greedy algorithm in O(n2) [9]. Therefore, it is not possible
to optimally solve an instance of the problem within the
very restrictive time limit and the problem belongs to the
category of the NP-hard problem. Also, RAP isNP-hard since
the classical 0–1 knapsack problem can be understood as a
special case of RAPwhere all-time intervals are identical. The
mathematical proof that this problem belongs to the category
of NP-hard can be found in [9].

Managing human resources in the organization has
become one of the main methods of business process
improvement. Practical application of the solution of the
human resource allocation problem (HRAP) can be found in

different real areas: projectmanagement, production systems,
hospitals, maintenance systems, educational institutions, and
so on [10]. This problem can be viewed as a subset of a larger
problem known as a resource allocation problem (RAP)
which takes into account material as well as nonmaterial
resources. In this paper, the focus will be on the allocation
of human resources in business processes. For solving this
problem, the authors use exactmethods, heuristic algorithms,
and metaheuristic algorithms or combine many different
methods. Because HARP falls into the class of NP-hard
combinatorial problems, exact methods [11, 12] are often
unable to find the solution. Metaheuristic algorithms are
most commonly used for solving this problem. Gunawan
& Ng [13] used simulated annealing (SA) and tabu search
(TS) algorithms for solving the teacher assignment problem.
The algorithm’s execution consisted of two phases. In the
first phase, the teachers are allocated to the courses and
the number of courses which is supposed to be assigned
to each teacher was also determined. In the second phase,
the teachers were allocated to the course sections in order
to balance the load of the teachers. Authors in [14] used
genetic algorithm (GA) to solve resource allocation problem.
The genetic algorithm managed to find the optimal solution,
but the number of iterations and the execution time of
the algorithm for finding the optimal solution drastically
increased with the increase of the problem complexity. Park
et al. [15, 16] aspired to solve the human resource allocation
problem in software project development, including practi-
cal constraints, using genetic algorithm (GA). Diakoulakis,
Koulouriotis & Emiris [17] presented evolution strategies for
solving the constrained resource project scheduling problem.
A practical approach for solving real complex constrained
resource project scheduling problems is presented by Pan-
touvakis & Manoliadis [18]. The authors have developed a
heuristic method based on CPM (Critical Path Scheduling)
and leveling algorithms. An additional review of the papers
which use metaheuristics in project and construction man-
agement is given in the work of Liao, Egbelu, Sarker, &
Leu [19]. The authors concluded that the majority of the
assumptionswhich are used in themodels are far from reality,
as well as that the used text examples are small compared to
real-world problems.Themain difference between this paper
and the others is that in our case the fitness function for
optimization contains noise. Noise occurs because of the use
of a stochastic simulation model, so it is necessary to take that
into consideration in the use of metaheuristic algorithms.

3. Business Process Improvement through
Human Resource Allocation

For improving business processes through resource alloca-
tion themodel shown on Figure 1 will be used. Data about the
execution of business processes can be in different formats:
database, textual documents and so on. Data can contain
errors (noise in the data), so it is necessary to clear the
data from any errors. Also, in some cases events are not
grouped into process instances, so it is necessary to do data
preprocessing. It is necessary to format the data into an
appropriate MXML (Mining Extensible Markup Language)
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Figure 1: Improving business processes using resource allocation.
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or XES (Extensible Event Stream) format in order to use
process discovery algorithms.

In this paper, data about the execution of business
processes is saved in a database based on the execution of
real processes in organizations, where they are formatted
into log files in MXML format. Log files are placed on
4TU.ResearchData in order to be available to the rest of the
researchers.

For identification of the current process model, the way
it is executed in reality, techniques of process mining, and
statistical analysis are used. Using process mining, it is
possible to get the process flow from the data, and the
information for developing a stochastic process model is
acquired using statistical analysis. Application of the listed
techniques results in a process model the way it is executed
in reality. After identification of the current process model,
the criteria of optimization are manually defined (KPI, Key
Performance Indicators), which will be used for forming
the fitness function. In this step, constraints will be defined
related to the optimization of the business process. The pre-
viously acquired process model along with a defined fitness
function and constraints present an entrance to optimization
of the business process using resource allocation. A new
process model with different resource allocation is formed
in each new step of the process optimization. It is checked
whether the process model meets the constraints and it is
evaluated in the step of evaluation of the new model through
simulation of KPI indicator measurement execution. If the
new process model is better than the currently best known,
then it is memorized and it becomes the best known model.
This process is continued until the requirement for the end
of the optimization is met. The requirements for the end of
the optimization can differ: number of iterations, time of
algorithm execution, stagnation of the best result, and so on.
After the optimization is finished, the best solution is chosen
and it is ready for application. Using the stochastic simulation
model causes the occurrence of noise in the fitness function.
Noise occurs because the process model is described with
a probability distribution function, so the output of the
process model can differ for the same input parameters of the
model. Because of that, all the optimization algorithms will
be adjusted so that they can take into account uncertainties
which occur in the fitness function. What follows is the
detailed description of the listed steps.

4. Building a Simulation Model

The first step towards improving business processes by
resource allocation is the building of a simulation model.
A simulation model should manage to replicate a real-
world scenario of the process as accurately as possible.
Simulation parameters are process workflow, arrival rate, task
execution time, number of resources involved in the process,
and their cost. Different tools for BPS provide a different
set of simulation parameters. In this paper, the previously
mentioned simulation parameters will be observed.

4.1. Discovering Process Workflow. Not all companies today
have documented business processes. Also, in companies

which have documented processes, the execution of processes
in reality can be different from the processes from the
documentation. The reasons for that could be changes of
policy, processeswhich are not updated in the documentation
and so on. In this paper process discovery algorithms will be
used for acquiring process models like they are executed in
reality. Process mining is a technique for extracting a process
model based on its real time behavior recorded in the event
log. Event logs contain the following information: process
instance ID,workflowmodel element, EventType,Originator.
The process instance ID represents a unique identifier of the
process instance, and the workflowmodel element represents
the name of the activity in the process. EventType represents
the type of the event where two values are possible: start
(when the event started) and complete (when the event
finished). Timestamp represents the time of the event, while
the attribute Originator represents the user in the process.

The two standard formats for event logs are MXML
and XES. Process discovery algorithms acquire workflow
processes from event logs.There are several process discovery
algorithms: 𝛼mining [20], genetic mining [21], and heuristic
mining [22]. The heuristic miner presents an upgraded 𝛼
algorithm, taking into consideration the frequency of activity
sequences. The heuristic miner is resistant to errors in log
events. Using the heuristic miner the main process flow can
be acquired, and exceptions are not taken into consideration
and are solved by specifying certain parameters in the
algorithm.

4.2. Finding the Simulation Parameters. After the real process
model is acquired, it is necessary to get the other simulation
parameters.The process of getting the simulation parameters
is described in [23]. Generally, events can contain different
attributes. In this case, a minimal number of attributes suffi-
cient for the analysis were observed.The first step is to extract
the information about the time between the generation of
process instances and the time of the duration of tasks in the
process, for which the following rules are used (Table 1).

After extracting the information about time, it is neces-
sary to define the probability distribution functions. Defining
these functions consists of the following three steps.

(a) Choosing the Function. One of the methods for deter-
mining the probability distribution function is the Cullen
and Frey graph [24]. This method is based on high-order
moments: the third (skewness) and fourth (kurtosis).

Nonzero value of the skewness parameter indicates the
existence of symmetry in the probability distribution func-
tion. On the other hand, the kurtosis parameters indicates
the existence of a tail in the function of distribution, which
is compared to the tail of the normal distribution which is
3. Cullen and Frey graph represents skewness and kurtosis
parameters, and, based on their relation, it is possible to
determine the functions of distribution.

Also, one of the methods are histograms. Histograms can
be used in determining whether data is symmetric, right
skewed, or left skewed and then to choose the distribution
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Table 1: Rules for extracting time information.

Rule Description

Rule 1
IF wij=Register AND w(i+1)j=Register THEN
xi= 𝑡(𝑖+1)𝑗 - 𝑡𝑖𝑗
END IF

Rule 2

IF wij= wi(j+1) AND wij=start AND
wi(j+1)=complete AND oij= oi(j+1) THEN
xi= 𝑡𝑖(𝑗+1) - 𝑡𝑖𝑗

END IF

function. Q-Q and P-P graphs can also be used along with
these methods. Normally in this step several potential func-
tions of distribution are chosen, and the selection between
them is done during the final step using statistical tests.

(b) Determining the Parameters of the Distribution. For dis-
tributions chosen under (a), it is necessary to determine the
parameters which describe them. There are different meth-
ods used for estimating the parameters: maximum likeli-
hood estimator (MLE), Bayesian estimator, MinimumMean-
Square Error (MMSE), and method of moments (MOME).
This paper uses three methods for parameter estimation:
MLE, MOME, and maximum goodness-of-fit (MGE).

(c) Goodness-of-Fit Test. After several potential functions of
distributions have been chosen in the first step and their
parameters have been determined, this step uses statistical
tests in order to determine the distribution which best
describes the random variable. These tests work based on the
comparison between the theoretical and estimated function
of distribution. The distribution which is most similar to the
estimated distribution function is chosen. This paper will
use the three most popular tests: Kolmogorov Smirnov (KS),
Carmén von Mises (CvM), and Anderson Darling (AD).
CvM and AD are used when it is necessary to choose a
function of distribution which best describes matching in the
tails of the distributions and KS for better matching in the
centers of the distributions.

5. Improving Business Processes with
Allocation of Human Resources

There are many different ways business processes can be
improved. In this paper, the improvement of the process
is accomplished by human resource allocation. The idea of
this improvement is to identify bottlenecks in the process
and then improve the process by reallocating of the existing
resources or by adding new ones in terms of the defined
key performance indicators (KPI).The following contains the
description of the problem.

5.1. Problem Description. Business processes are quantita-
tively and qualitatively measured by KPI indicators. Using
KPI indicators, organizations measure the accomplished
strategic goals. In general, suppose that the fitness function is
a combination of two or more KPIs of interests. The problem
of finding the minimum of the fitness function 𝑓 is observed;

if it is necessary to find the maximum value, it is sufficient
to observe the fitness function 𝑓. Suppose that the process
contains 𝑛 number of activities and that 𝑥𝑖 is the number
of human resources on the 𝑖-th activity in the process. On
every activity in the process, there is a constraint in terms of
maximal and minimal number of resources. This constraint
depends on the work place and on the organization whose
business process is observed etc. This can be written in the
following form:

𝛼𝑖 ≤ 𝑥𝑖 ≤ 𝛽𝑖, 𝛼𝑖, 𝛽𝑖 ∈ N ∀𝑖 = 1, . . . , 𝑛 (1)

where 𝛼𝑖 is the minimal number of resources and 𝛽𝑖 is the
maximal number of resources on the 𝑖-th activity in the
process, respectively. In this paper, the waiting time of the
individual clients in the waiting queue will be observed. If 𝑤𝑖
represents the waiting time on the 𝑖-th activity, then the total
waiting time can be represented as sum of all waiting times.

All the waiting times in the process do not necessarily
have to be of the same importance. For instance, the waiting
time in the queue for the bank counter influences the user’s
satisfaction more, than when the user is expecting a call from
the bank telling him his request has been processed. That is
why weight coefficients 𝑘𝑖 are introduced. In case that the
delay is more significant it is necessary to choose a larger
value for the coefficients. The waiting time depends on the
number of human resources 𝑤𝑖 = 𝑤𝑖(𝑥𝑖). On the other hand,
by engaging additional resources in the process the cost of the
process rises. Suppose that the unit cost of the resources on
the 𝑖-th activity in the process 𝑐𝑖, then the fitness function is
equal to the following:

𝑓 = 𝑎 ⋅ 𝑛∑
𝑖=1

𝑘𝑖𝑤𝑖 + 𝑛∑
𝑖=1

𝑥𝑖𝑐𝑖 (2)

Multiplier 𝑎 is introduced because in one fitness function
the cost of the resources and the waiting time in the queues
are combined. The multiplier can be approximated from the
delay value which will cause the user’s loss and create costs in
the organization by losing the client.Therefore, it is necessary
to minimize the function 𝑓 with constraints given with the
following:

min
𝑥𝑖
{𝑎 ⋅ 𝑛∑
𝑖=1

𝑘𝑖𝑤𝑖 (𝑥𝑖) + 𝑛∑
𝑖=1

𝑥𝑖𝑐𝑖} ,
𝛼𝑖 ≤ 𝑥𝑖 ≤ 𝛽𝑖, 𝛼𝑖, 𝛽𝑖 ∈ N ∀𝑖 = 1, . . . , 𝑛

(3)
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The fitness function is a nonlinear function, because 𝑤𝑖(𝑥𝑖)
is a nonlinear function. The waiting time 𝑤𝑖(𝑥𝑖) depends on
the waiting time of the previous activities, location of the
bottleneck in the process, and so on. It is also necessary
to keep in mind that 𝑥𝑖 takes integers as its values. It is
very time-consuming and nearly impossible to find the best
distribution of human resources by manually changing the
resource allocation, especially if the processes in question are
complex and a large number of resources are available. Also,
because the final form of the function𝑤𝑖(𝑥𝑖) is not known and
the fitness function is not smooth, methods such as gradient
and derivation cannot be used for finding the minimum of
the fitness function. In order to solve this problem, this paper
will use a differential evolution algorithm.

The problem is that the fitness function described in this
way is deterministic and noiseless. Because the simulation
model is stochastic, i.e., described with probability distribu-
tion functions, the model output value can differ (in most
cases it will differ) for the same input parameters of the
model. This occurrence can be described as noise and it is
necessary to take it into consideration with problem solving
in the fitness function. The noisy fitness function can cause
superior candidates to be wrongly believed to be inferior and
be eliminated in the selection process. On the other hand,
inferior candidates can be believed to be superior and survive
into the next generation and reproduce new solutions. So if,
for two solutions 𝑋1 and 𝑋2, the results of the simulation
show that solution𝑋1 is better, i.e., that the performances are
such that the following relation is valid: 𝑓(𝑋1) < 𝑓(𝑋2) that
does not guarantee that it is really true that 𝑓(𝑋1) < 𝑓(𝑋2).
Because of that, it is necessary to take statistical significance
into account. If function 𝛿 represents noise, then the (3)
transforms into the following:

min
𝑥𝑖
{𝑎 ⋅ 𝑛∑
𝑖=1

𝑘𝑖𝑤𝑖 (𝑥𝑖) + 𝑛∑
𝑖=1

𝑥𝑖𝑐𝑖 + 𝛿} ,
𝛼𝑖 ≤ 𝑥𝑖 ≤ 𝛽𝑖, 𝛼𝑖, 𝛽𝑖 ∈ N ∀𝑖 = 1, . . . , 𝑛

(4)

The simplest way of solving this problem is resampling and
averaging of several samples of the fitness function. This way,
the standard error in the fitness function will be reduced.
Resampling influences the performances of the algorithm’s
execution. The larger the number of samples is, the more
accurate the value of the fitness function will be calculated,
but the time of the algorithm’s execution will be bigger as
well. In order to solve this problem, this paper will use
the Standard Error Dynamic Resampling (SEDR) technique,
which is described in [25]. In the SEDR algorithm, the
number of samples is dynamically assigned for each solution
specifically, based on the variance of the fitness function.
The algorithm is executed sequentially, after each execution,
it is checked whether the stopping condition 𝑠𝑒𝑓 < 𝑠𝑒𝑡ℎ𝑟
is met. If the condition is met that the standard error of
the mean is smaller than the threshold, then the algorithm
terminates; otherwise additional k samples are assigned and
the procedure is repeated. The number of samples m goes

from 10, 20, 30, ..., to 150, and the value of the threshold,
which is also dynamic, is calculated as follows:

𝑠𝑒𝑡ℎ𝑟 = 20000√𝑚 (5)

The pseudocode of the SEDR algorithm is given in [26].
The fitness function of individuals in the population will be
calculated according to the SEDR algorithm. This way of
calculating the fitness function leads to error reduction in the
value of the fitness function and that will lead to a decrease
of the probability of the inferior individual to survive into the
next generation and the superior individual to be eliminated.
This way of sampling is chosen in order to accelerate the
execution of the algorithm, and this way, unlike the standard
way of sampling with a constant number samples, works
faster because it starts fromaminimal number of samples and
increases them if necessary. Introducing sampling solves the
problem of noise on one hand, but, on the other, it increases
the execution time of the algorithm.

5.2. Differential Evolution. The differential evolution algo-
rithm is population based and evolutionary optimization
technique. In the DE algorithm, the population consists of𝑁𝑃 units 𝑥𝑖,𝐺, 𝑖 = 1, 2, . . . , 𝑁𝑃 and 𝐺 is the number of
the generation. The first generation is initialized randomly
and further generations are acquired using mutation and
crossover operations.

Chromosome Encoding and Initial Population. Each chro-
mosome represents a single possible resource allocation in
the business process that is being analyzed. The length of
the chromosome is equal to the number of activities in the
process.Thenumber of resources on each activity is supposed
to satisfy the constraints given with (1).The initial population
is randomly generated using a uniform distribution in the
interval [𝛼𝑖, 𝛽𝑖].
Mutation. There are different versions of mutation and unit
recombinations. They are represented using the following
notation:

𝐷𝐸/𝑥/𝑦/𝑧 (6)

where 𝑥 represents the mutated unit, 𝑦 represents the
number of difference vectors, and 𝑧 represents the crossover
method. One of the commonly used mutation operators is𝐷𝐸/𝑟𝑎𝑛𝑑/1/𝑏𝑖𝑛:

V𝑖,𝐺+1 = 𝑥𝑟1,𝐺 + 𝐹 ⋅ (𝑥𝑟2,𝐺 − 𝑥𝑟3,𝐺) , 𝑖 ̸= 𝑟1 ̸= 𝑟2 ̸= 𝑟3 (7)

where 𝑟1, 𝑟2, 𝑟3 are random numbers from the interval{1, 2, . . . , 𝑁𝑃} and 𝐹 is an amplification factor in interval[0, 2]. 𝑟𝑎𝑛𝑑 means that the vector 𝑥𝑟1,𝐺 is chosen randomly
from the current population. One vector difference (𝑥𝑟2,𝐺 −𝑥𝑟3,𝐺) and the binomial crossover scheme are used. Two
vector differences can be used instead of one, and instead
of random values the best unit can be used. In this paper,
different strategies for the DE algorithm will be tested.

Crossover. Using the crossover operator trial vectors can
be acquired 𝑢𝑖,𝐺+1 = (𝑢1𝑖,𝐺+1, 𝑢2𝑖,𝐺+1, . . . , 𝑢𝐷𝑖,𝐺+1), which
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come from the target vectors 𝑥𝑖,𝐺 and mutant vectors V𝑖,𝐺+1.
Binomial crossover is used for the crossover operation:

𝑢𝑗𝑖,𝐺+1 = {{{
V𝑗𝑖,𝐺+1, if (𝑟 (𝑗) ≤ 𝐶𝑅 𝑜𝑟 𝑗 = 𝑟𝑛 (𝑖))
𝑥𝑗𝑖,𝐺, if (𝑟 (𝑗) > 𝐶𝑅 𝑎𝑛𝑑 𝑗 ̸= 𝑟𝑛 (𝑖)) (8)

where 𝑟(𝑗) is the random number from the interval (0, 1), for𝑗 = 1, 2, . . . , 𝐷, and 𝐶𝑅 is the probability of the crossover
operation.

Selection. Using the selection operator, it is determined
whether the trail vectors or target vectors will survive into the
next generation:

𝑥𝑖,𝐺+1 = {{{
𝑢𝑖,𝐺+1, if 𝑓 (𝑢𝑖,𝐺+1) ≤ 𝑓 (𝑥𝑖,𝐺)𝑥𝑖,𝐺, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 (9)

In the next generation units have either the equal or better
value of the fitness function, so the selection is elitism.

6. Improved DE Algorithm (IDE)

In the differential evolution algorithm, there are 3 control
parameters. Those parameters are the crossing probability of𝐶𝑅, amplification factor 𝐹, and the size of the population𝑁𝑃. The DE algorithm is very sensitive to the change of
these parameters. This paper uses the population adaptation
mechanism.

In this paper, the entire population is not updated, but
rather half of the population in order to prevent the algorithm
from stagnating in the local optimum and to keep the
individuals different. Also, a different way of updating the CR
operator was defined in accordance with the distance in the
population, as well as another way of mutation in individuals.

6.1. Population Adaptation. For measuring the distance
between individuals in the population this paper will use
Euclidean distance. Euclidean distance is calculated in each
generation, according to the following:

𝑑 (𝐺) = 𝑁𝑃∑
𝑖=1

𝑖−1∑
𝑗=1

√ 𝐷∑
𝑙=1

(𝑥𝑖,𝑙,𝐺 − 𝑥𝑗,𝑙,𝐺)2 (10)

At the beginning the distance has a large value, because the
solutions are randomly distributed in the entire space of the
solution. In the process of evolution, the distance decreases
from generation to generation, because all the individuals
converge towards one solution. When the distance becomes
constant that means that either the best solution was found or
a stagnation occurred (for example, the algorithm stagnates
in the local optimum). If the distance does not change
through generations above a certain threshold 𝑡ℎ𝐺, then it is
necessary to do the population update. Half of the population
is updated with a certain probability 𝑝𝑢. The algorithm is
tested when a different population size is updated (the whole
population, third of the population, and so on), but the
performances of the algorithm were best for updating half of

the population. The individuals are updated on the current
best found, taking into account restrictions:

𝑥𝑖,𝐺+1 = {{{
𝑥𝑏𝑒𝑠𝑡, 𝑑 (𝐺) > 𝑡ℎ𝑁𝑃, 𝑖 ≤ 𝑁𝑃2 𝑟𝑖 < 𝑝𝑢𝑥𝑖,𝐺+1, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 (11)

where 𝑟𝑖 is a random number with a uniform distribution in
the interval (0,1).

6.2. Evolving Crossover Probability. Apart from the adap-
tation of the population, changes in the crossover were
introduced as well. Crossover probability begins with the
initial value and it is evolving through generations. Crossover
probability is updated in accordance with the distance
between the individuals. When the distance falls below a
certain threshold, the crossover probability is updated for a
certain step.The threshold changes dynamically according to
how many times the crossover probability update happened:

𝐶𝑅 (𝐺 + 1) = {{{
𝐶𝑅 (𝐺) + 0.1, 𝑑 (𝐺) < 𝑑010𝑡ℎ𝐶𝑅(𝐺)𝐶𝑅 (𝐺) , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 (12)

where 𝑑0 is the constant which represents the initial distance
between the individuals, and 𝑡ℎ𝐶𝑅 is updated to 1, starting
from 0, each time the crossover probability is updated
according to the following:

𝑡ℎ𝐶𝑅 (𝐺 + 1)
= {{{

𝑡ℎ𝐶𝑅 (𝐺) + 1, 𝐶𝑅 (𝐺 + 1) ̸= 𝐶𝑅 (𝐺)
𝑡ℎ𝐶𝑅 (𝐺) , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(13)

6.3.Mutation. In the process of mutation, several individuals
are generated instead of one, and the individual that survives
is the one that has the best value of the fitness function:

V1𝑖,𝐺+1 = 𝑥𝑟1,𝐺 + 𝐹 ⋅ (𝑥𝑟2,𝐺 − 𝑥𝑟3,𝐺)
V2𝑖,𝐺+1 = 𝑥𝑟1,𝐺 + 𝐹 ⋅ (𝑥𝑟2,𝐺 − 𝑥𝑟3,𝐺 + 𝑥𝑟4,𝐺 − 𝑥𝑟5,𝐺)
V3𝑖,𝐺+1 = 𝑥𝑏𝑒𝑠𝑡,𝐺 + 𝐹 ⋅ (𝑥𝑟1,𝐺 − 𝑥𝑟2,𝐺)
V4𝑖,𝐺+1 = 𝑥𝑏𝑒𝑠𝑡,𝐺 + 𝐹 ⋅ (𝑥𝑟1,𝐺 − 𝑥𝑟2,𝐺 + 𝑥𝑟3,𝐺 − 𝑥𝑟4,𝐺)
V5𝑖,𝐺+1 = 𝑥𝑟1,𝐺 + 𝐹 ⋅ (𝑥𝑏𝑒𝑠𝑡,𝐺 − 𝑥𝑟2,𝐺 + 𝑥𝑟3,𝐺 − 𝑥𝑟4,𝐺)

(14)

where 𝑟1, 𝑟2, 𝑟3, and 𝑟4 are random numbers.
If the minimum of the function is wanted, then the new

individual is chosen according to the following:

V𝑖,𝐺+1 = min (V1𝑖,𝐺+1, V2𝑖,𝐺+1, V3𝑖,𝐺+1, V4𝑖,𝐺+1, V5𝑖,𝐺+1) (15)

6.4. Experimental Testing Improved DE Algorithm. In order
to compare the performances of the proposed DE algorithm
(IDE) with the original DE algorithm, a set of benchmark
functions with bounds was used. Unimodal as well as mul-
timodal functions were present. A set of tested benchmark
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Table 2: Results of the tested algorithm for D=30.

𝑓 DE-1 DE-2 DE-3 DE-4 DE-5 IDE𝑓1 0.117 ± 0.016 0.414 ± 0.063 0.076 ± 0.137 0.100 ± 0.019 0.292 ± 0.049 0.016 ± 0.003𝑓2 88.951 ± 8.369 120.325 ± 9.909 23.029 ± 7.676 103.959 ± 9.633 117.572 ± 9.276 34.188 ± 15.263𝑓3 0.766 ± 0.206 0.869 ± 0.145 0.097 ± 0.181 0.046 ± 0.063 0.123 ± 0.204 0.003 ± 0.004𝑓4 0.586 ± 0.152 18.361 ± 3.650 0.908 ± 0.679 1.154 ± 3.573 15.708 ± 5.288 0.046 ± 0.007𝑓5 63.901 ± 44.318 660.672 ± 231.831 117.854 ± 244.698 50.412 ± 46.496 382.029 ± 142.752 48.999 ± 31.744𝑓6 31694.276 ± 4364.978 41940.207 ± 6486.947 2698.609 ± 1915.954 22355.210 ± 3987.622 39687.656 ± 4442.942 3342.918 ± 1635.032𝑓7 0.102 ± 0.014 0.252 ± 0.041 0.049 ± 0.019 0.088 ± 0.017 0.216 ± 0.037 0.014 ± 0.003𝑓8 0.015 ± 0.005 0.037 ± 0.009 0.010 ± 0.004 0.015 ± 0.006 0.034 ± 0.009 0.002 ± 0.001𝑓9 0.017 ± 0.004 0.024 ± 0.008 0.008 ± 0.003 0.015 ± 0.005 0.016 ± 0.009 0.003 ± 0.001𝑓10 0.144 ± 0.021 6.804 ± 1.621 0.068 ± 0.019 0.417 ± 0.485 4.966 ± 1.519 0.016 ± 0.003

functions with bounds are as follows: Sphere (𝑓1), Rastrigin
function (𝑓2), Griewank function (𝑓3), Ackley function (𝑓4),
Rosenbrock function (𝑓5), Schwefel function No.1.2 (𝑓6),
Brown function (𝑓7), Csendes function (𝑓8), AMGN (𝑓9), and
Alpine function No.0.1. (𝑓10). Since the fitness function in
the optimization process has noise, in order to simulate the
effects of noise and examine how the algorithm behaves in
the presence of noise, Gaussian noise with a mean value of 0
and standard deviation of 1 was added to the functions from
Table 2, so that the functions have the following form:𝑓𝑖(𝑋)+|𝑁(0, 1)|, ∀𝑖 = 1, . . . , 10. The improved algorithm is com-
pared with standard algorithms and the acquired results are
shown in Table 2. The algorithms are compared for different
dimensions of the problem. The parameters of the improved
algorithm were the number of individuals in the population𝑁𝑃 = 30, maximum number of iterations 𝑀𝑎𝑥𝐼𝑡 = 1000,
crossover probability 𝑝𝐶𝑅 = 0.3 and amplification factor𝐹 was uniformly distributed in the interval 0.2 and 0.8, the
probability of update 𝑝𝑢 = 0.3, constants 𝑑0 = 10, 𝑡ℎ𝑁𝑃 =100 and 𝑡ℎ𝐶𝑅 = 1. Parameters of the standard algorithm
were the same 𝑁𝑃 = 30, maximum number of iterations𝑀𝑎𝑥𝐼𝑡 = 1000, and crossover probability 𝑝𝐶𝑅 = 0.3, and
amplification factor 𝐹 was uniformly distributed in intervals0.2 and 0.8.

The algorithms were run independently 30 times and
mean values and standard deviations were calculated. By
comparing the results from the table, it can be noted that
the proposed algorithm has better performances than the
standard DE algorithm. In most cases the IDE algorithm
managed to find a better solution than other versions of the
standard DE algorithm. In the case where the dimension of
the functions was 𝐷 = 30, the IDE algorithm proved best
in 8 out of 10 tested cases. The only case where the DE-3
algorithm managed to find a better solution was for functions𝑓2 and 𝑓6. The algorithm was also tested in the case in which𝐷 = 100, the algorithm managed to find a better solution
than the standardDE algorithm in 7 out of 10 tested cases.The
conclusion is that the presented algorithm based on popula-
tion update and crossover probability update depending on
distance between individuals has better performances than
the standard DE algorithm.

7. Experimental Evaluation and
Discussion of Results

Theused dataset contains information about a credit require-
ment process from a bank in Bosnia and Herzegovina, whose
name has been left out due to privacy reasons. This process
(dataset) has been selected because it represents one of
the main (core) processes in banks. The dataset consisted
of information which in its initial form was in tables in
the database. Only the data which were necessary for the
analysis in this work was extracted from the given dataset:
information about the process instance, the name of the
event, time of the event, type of the event, and masked data
about the participants in the process. First a Java program for
converting the dataset to the MXML format is implemented.
Also, the data can be converted to this format using the ProM
Import Framework. The dataset contains over 150000 events
and the data was collected over the period of six months. For
determining the statistical functions of the distribution in the
process the R programming language was used, and for the
implementation of the DE algorithm Matlab 2015a was used.

The first step is acquiring a process model from the data.
The Heuristic miner was used for getting the process model,
because it is resistant to errors, can work with large log files,
and can be used for real log files. The acquired process model
is presented in Figure 2, using BPMN (Business Process
Modeling Notation). The process begins by submitting a
credit request (Acceptance of requests). In the second step, the
necessary documentation for the request is collected (Collec-
tion of documents), and in the third step the completeness
of the documentation is checked (Completeness check). The
following steps are checking the client’s credit worthiness
(Credit worthiness check) and checking the collateral (Collat-
eral check). After that, the credit committee decides about
acceptance of the credit request (Credit committee), and in the
last step all the requests are reviewed (Requirements review).

The next step is determining the simulation parameters as
it is previously described. First, the time of the activity execu-
tion in the process and the time of process instance generation
are calculated using rules given inTable 1. After that, using the
listed methods of statistical analysis, probability distribution
function and their parameters are acquired as it is given in
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Acceptanc...

Collection...

Completen...

Credit wor...

Collateral...

Credit co...

Requirem...

Figure 2: Process of credit requirement acquired using the Heuristic miner.

Table 3: Probability distribution functions used for task execution in the process.

Activity name Distribution Parameters (min)
Instance generation Lognormal mean=1.136; st. deviation=1.089
Acceptance of requests Uniform max=19.967; min=9.017
Collection of Documents Weibull shape=98.708; scale=3.290
Completeness check Uniform max=89.933; min=45.850
Credit worthiness check Normal mean=82.813; st. deviation=7.548
Collateral check Uniform max=74.383; min=20.133
Credit committee Lognormal mean=3.796; st. deviation=0.436
Requirements review Uniform max=14.917; min=5.033

Table 3. Parameters are acquired using MLE, MOME, and
MGEmethods. In Table 3, parameters are acquired using the
MLE method.

Matlab is used for implementation of the DE algorithm.
The process is first presented in Matlab using the SimEvents
library. The activities in the process are presented using
servers, and, using random number generators, the appro-
priate probability distribution functions of task execution in
the process and process instance generation are represented.
The number of servers presents the number of users execut-
ing tasks on each activity. For the observed process, these
constraints are presented in the form of vectors of lower and
upper bounds:

𝛼 = [1 1 1 1 1 3 1] ;
𝛽 = [10 10 10 10 10 5 10] (16)

which means that the minimal number of resources on the
first activity is 1, the maximal number is 10, as well as the
second activity, and so on. On activity Credit committee the
minimal number of resources is 3, and maximal number is 5.
The units which do not comply with these constraints will be
punished with penalties. The unit costs of the resources are as
follows:

𝑐 = [1500 2000 2000 2000 1500 3000 1500] (17)

The estimated value of constant 𝑎 is 100, so it is necessary to
minimize the function:

min
𝑥𝑖
{100 ⋅ 𝑛∑

𝑖=1

𝑘𝑖𝑤𝑖 (𝑥𝑖) + 𝑛∑
𝑖=1

𝑥𝑖𝑐𝑖 + 𝛿} (18)

This information about the process can be acquired from the
process owner. Different strategies of the DE algorithm are
implemented and 4 scenarios are observed.

Scenario 1. The first scenario entails the case when all the
delays in the process are of the same importance. Those are
cases when it is irrelevant on which activity users are waiting,
all waitings in the process are unacceptable. In this scenario
the coefficients are 𝑘1 = 𝑘2 = ⋅ ⋅ ⋅ = 𝑘𝑛 = 1.
Scenario 2. In the second scenario, some delays are more
dangerous than others, which means that they are of greater
significance. Such are the delays on the counter, which affect
the user’s satisfaction more than when a user is waiting for
a call from the bank. In this scenario the coefficients are𝑘1 = 𝑘2 = 2, 𝑘3 = 𝑘4 . . . = 𝑘𝑛 = 1.
Scenario 3. All of the activities in the process donot have
to be directly linked to the users, and the waiting time on
these activities does not have to be waiting time of the user in
the process. Such delays need to be ignored, in the observed
process that is the last activity Requirements review, where all
the requests are reviewed. Because of that, the coefficients in
this scenario are 𝑘1 = 𝑘2 = ⋅ ⋅ ⋅ = 𝑘𝑛−1 = 1, 𝑘𝑛 = 0.
Scenario 4. The last scenario is the most complex and real. It
represents a combination of the second and third scenario. In
this scenario, not all delays of the same importance, and some
of them do not need to be observed at all. The values of the
coefficients are 𝑘1 = 𝑘2 = 2, 𝑘3 = 𝑘4 . . . = 𝑘𝑛−1 = 1, 𝑘𝑛 = 0.
7.1. Discussion and Comparison of Results. Parameters of the
algorithm were as follows: the number of generations was
m=100, the size of the population was n=200, the crossover
probability was CR=0.3, and the F factor was uniformly
distributed between 0.2 and 0.8. The algorithm stops when
there is no improvement of the best fitness function value
in last 10 generations. The algorithm was run several times(10) and the average value of the number of generations
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Table 4: Comparing different algorithm strategies (MLE method).

Scenario Algorithm Number of iterations Best solution

Scenario 1

DE-1 66 [3 9 7 9 5 5 2]
DE-2 73 [3 9 7 9 5 5 2]
DE-3 20 [3 9 7 9 5 5 2]
DE-4 28 [3 9 7 9 5 5 2]
DE-5 46 [3 9 7 9 5 5 2]
IDE 15 [3 9 7 9 5 5 2]

Scenario 2

DE-1 31 [3 10 7 9 5 5 2]
DE-2 40 [3 10 7 9 5 5 2]
DE-3 17 [3 10 7 9 5 5 2]
DE-4 19 [3 10 7 9 5 5 2]
DE-5 31 [3 10 7 9 5 5 2]
IDE 11 [3 10 7 9 5 5 2]

Scenario 3

DE-1 38 [3 9 7 9 5 5 1]
DE-2 46 [3 9 7 9 5 5 1]
DE-3 17 [3 9 7 9 5 5 1]
DE-4 19 [3 9 7 9 5 5 1]
DE-5 37 [3 9 7 9 5 5 1]
IDE 16 [3 9 7 9 5 5 1]

Scenario 4

DE-1 29 [3 10 7 9 5 5 1]
DE-2 41 [3 10 7 9 5 5 1]
DE-3 15 [3 10 7 9 5 5 1]
DE-4 17 [3 10 7 9 5 5 1]
DE-5 26 [3 10 7 9 5 5 1]
IDE 10 [3 10 7 9 5 5 1]

and execution time was obtained. Figure 3 represents the
convergence of the standard DE algorithm for different
strategies and improved DE algorithm for first scenario.
The 𝑥-axis represents the number of iterations, and the 𝑦-
axis the value of the fitness function, which is given with
(18). The figure illustrates that the starting value of the
fitness function differs for different strategies, because the
starting generation is randomly generated. It can be con-
cluded that the algorithm succeeded in finding the optimal
solution in an acceptable number of iterations, including
the given constraints. Analyzing figure, it can be concluded
that the improved DE algorithm outperforms standard DE
algorithms.The improvedDE algorithm succeeded to find the
solution with the smallest number of iterations which can be
seen in Table 4. The last column presents the best solution.
It can be seen that all algorithms succeeded in finding the
best solution, and the brute force algorithm was implemented
to check whether the solution is optimal. Similar results
are obtained using the other two methods for parameter
estimation (MLE and MGE). These results are presented in
Tables 5 and 6 and it can be noticed that the results are similar.

The brute force algorithm required about 6 days and 7
hours for one scenario, in order to test all possible combina-
tions and to confirm that the optimal solutionhas been found.
For the execution of the algorithm, a workstation with 8GB
RAMmemory and a 2.4GHzprocessorwas used. Comparing
the best result from Scenarios 1 and 2, it can be concluded that
a bottleneck exists on the second activity in the process. After
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IDE
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Figure 3: Comparison of algorithms for Scenario 1.

the significance of the delay on the first two activities in the
process in Scenario 2 was doubled, by setting the values 𝑘1 =𝑘2 = 2, the number of users on the second activity increased
and amaximal number of users were allocated.The same case
was with Scenario 4. On the other hand, in Scenarios 3 and 4
when the delay of the last activity in the process is disabled by
setting 𝑘7 = 0, the algorithm allocated a minimal number of
users on that activity, because the expenses of the resources
were minimal then.
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Table 5: Comparing different algorithm strategies (MOMEmethod).

Scenario Algorithm Number of iterations Best solution

Scenario 1

DE-1 54 [3 9 7 9 5 5 2]
DE-2 69 [3 9 7 9 5 5 2]
DE-3 21 [3 9 7 9 5 5 2]
DE-4 29 [3 9 7 9 5 5 2]
DE-5 55 [3 9 7 9 5 5 2]
IDE 5 [3 9 7 9 5 5 2]

Scenario 2

DE-1 42 [3 10 7 9 5 5 2]
DE-2 49 [3 10 7 9 5 5 2]
DE-3 27 [3 10 7 9 5 5 2]
DE-4 28 [3 10 7 9 5 5 2]
DE-5 42 [3 10 7 9 5 5 2]
IDE 20 [3 10 7 9 5 5 2]

Scenario 3

DE-1 59 [3 9 7 9 5 5 1]
DE-2 73 [3 9 7 9 5 5 1]
DE-3 27 [3 9 7 9 5 5 1]
DE-4 37 [3 9 7 9 5 5 1]
DE-5 48 [3 9 7 9 5 5 1]
IDE 23 [3 9 7 9 5 5 1]

Scenario 4

DE-1 47 [3 10 7 9 5 5 1]
DE-2 37 [3 10 7 9 5 5 1]
DE-3 23 [3 10 7 9 5 5 1]
DE-4 27 [3 10 7 9 5 5 1]
DE-5 31 [3 10 7 9 5 5 1]
IDE 19 [3 10 7 9 5 5 1]

Table 6: Comparing different algorithm strategies (MGE method).

Scenario Algorithm Number of iterations Best solution

Scenario 1

DE-1 61 [3 9 7 9 5 5 2]
DE-2 54 [3 9 7 9 5 5 2]
DE-3 21 [3 9 7 9 5 5 2]
DE-4 23 [3 9 7 9 5 5 2]
DE-5 40 [3 9 7 9 5 5 2]
IDE 14 [3 9 7 9 5 5 2]

Scenario 2

DE-1 41 [3 10 7 9 5 5 2]
DE-2 50 [3 10 7 9 5 5 2]
DE-3 28 [3 10 7 9 5 5 2]
DE-4 24 [3 10 7 9 5 5 2]
DE-5 33 [3 10 7 9 5 5 2]
IDE 21 [3 10 7 9 5 5 2]

Scenario 3

DE-1 57 [3 9 7 9 5 5 1]
DE-2 60 [3 9 7 9 5 5 1]
DE-3 31 [3 9 7 9 5 5 1]
DE-4 33 [3 9 7 9 5 5 1]
DE-5 55 [3 9 7 9 5 5 1]
IDE 19 [3 9 7 9 5 5 1]

Scenario 4

DE-1 42 [3 10 7 9 5 5 1]
DE-2 42 [3 10 7 9 5 5 1]
DE-3 25 [3 10 7 9 5 5 1]
DE-4 25 [3 10 7 9 5 5 1]
DE-5 33 [3 10 7 9 5 5 1]
IDE 21 [3 10 7 9 5 5 1]
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Table 7: Validation results for credit requirements process.

Iteration Model 1
(Y1)

Model 2
(Y2)

Model 4
(Y3)

Y1-Y2 Y1-Y3

1 38823.79 254936.57 29973.53 -216112.78 8850.26
2 39295.19 280620.16 59629.32 -241324.97 -20334.13
3 38808.39 257944.03 32839.90 -219135.64 5968.49
4 38840.02 239623.39 29836.27 -200783.37 9003.75
5 39093.43 268929.24 77364.26 -229835.81 -38270.83. . . . . . . . . . . . . . . . . .
Kij(%) - - - 100 76.5

Table 8: Validation results for three different processes.

Process Scenario K12(%) K13(%)

Credit requirements

Scenario 1 100 76.5
Scenario 2 100 82
Scenario 3 100 85
Scenario 4 100 88

Electronic invoicing

Scenario 1 100 81
Scenario 2 100 85.5
Scenario 3 100 77
Scenario 4 100 79.5

Document processing

Scenario 1 100 76.5
Scenario 2 100 72.5
Scenario 3 100 75
Scenario 4 100 74

8. Model Validation

In order to show the success and applicability of the model,
validation of the model with the current process model
and comparison with the model from the literature was
done. The method of validation and model comparison is
shown on Figure 4. In the validation, the proposed model
acquired through optimization and the second model which
is currently used in the organization are compared. The
comparison is done between the firstmodel acquired through
optimization and the third model from literature which
is used for optimization. The difference between the first
and third model is that statistical distribution is used for
representing the activity duration in the first model, while
the activity duration in the third model is expressed through
the mean value. The models had a fixed resource allocation,
while the events were randomly chosen from the log files and
introduced in the processes. This way it was questioned how
the exit from the process would behave if the resources were
allocated according to the proposed allocation (model 1),
according to the current allocation (model 2), and according
to the allocation acquired using the model from literature
(model 3).The provided comparison procedure of themodels
was implemented through 200 iterations for every single of
the four scenarios. The acquired results are shown in Table 7.
The table first presents the values of the fitness functions
Y1, Y2, and Y3, and then their differences. Kij presents the
percentage of how much model i was better than model j.

It can be concluded from the table that model 1 was 100%
better than model 2, while in 76.5% of the cases it was better
than model 3. Similar results were acquired for the other
scenarios. The improvement in model 1 compared to model
3 in Scenario 2 was 82%, in Scenario 3 it was 85%, and
in Scenario 4 it was 88%. In order to show the generality
of the approach, it was conducted on two more processes:
electronic invoicing and document processing. The approach
proved to be equally successful on all tested processes, which
is shown in Table 8. As seen in the table, improvement was
accomplished in all tested scenarios and ranges from 72.5%
to 88%. This proves that the model is valid and that it gives
better results than the model from literature.

9. Conclusion and Future Research

There are a lot of approaches dealing with the problem of
resource allocation. Different techniques and algorithms are
used for solving this problem, but little attention is paid
to building a process model. In order to build a process
model that accurately represents a real process, this paper
uses a novel approach that combines process discovery algo-
rithms and methods of statistical analysis. Process discovery
algorithm enables getting processes in the form that they
are executed in reality. Using methods of statistical analysis,
probability distribution functions which can be used to
describe the activity execution in the process have been
acquired. The application of a stochastic simulation model
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Figure 4: Model validation.

causes noise to appear in the fitness function. The differential
evolution algorithm was used for finding the optimal human
resources allocation with constraints. The algorithm was
modified in order to include uncertainty in fitness function,
and an improved differential evolution algorithm is proposed.

The proposed algorithm had better performances than the
standard DE algorithm on test functions as well as a real
problem. Through different scenarios, it was shown how
processes can be improved if the influence of the waiting
time is not equal on all activities in the process, as well
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as the case when it is necessary to exclude some activities.
The presented approach is validated with the current process
model and compared with the model from literature which
has the activity duration in the process expressed through
mean values.The proposed processmodel proved to be better
in all scenarios for three different processes.

In this paper, the FIFO (first-in first-out) waiting queue
has been observed. In the future work, it is intended to test
other waiting principles such as LIFO (last-in first-out) and
priority waiting queues. Also, process improvement will be
analyzed using other optimization criteria such as resource
utilization and average queue length.
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mization of business processes by automatic reallocation of
resources using the genetic algorithm,” in Proceedings of the 11th
Int Symp Telecommun BIHTEL 2016, 2016.

[15] J. Park, D. Seo, G. Hong et al., “Practical Human Resource
Allocation in Software Projects Using Genetic Algorithm,” in
Proceedings of the Twenty-Sixth Int Conf Softw Eng Knowl Eng,
pp. 688–694, 2014.

[16] J. Park, D. Seo, G. Hong, D. Shin, J. Hwa, and D. Bae,
“HumanResource Allocation in Software Project with Practical
Considerations,” International Journal of Software Engineering
and Knowledge Engineering, vol. 25, no. 01, pp. 5–26, 2015.

[17] I. E. Diakoulakis, D. E. Koulouriotis, and D. M. Emiris,
“Resource Constrained Project Scheduling using evolution
strategies,”Operational Research, vol. 4, no. 3, pp. 261–275, 2004.

[18] J. Pantouvakis and O. G. Manoliadis, “A practical approach
to resource - constrained project scheduling,” Operational
Research, vol. 6, no. 3, pp. 299–309, 2006.

[19] T. W. Liao, P. J. Egbelu, B. R. Sarker, and S. S. Leu, “Metaheuris-
tics for project and construction management - A state-of-the-
art review,” Automation in Construction, vol. 20, no. 5, pp. 491–
505, 2011.

[20] W. Van Der Aalst, T. Weijters, and L. Maruster, “Workflow
mining: Discovering process models from event logs,” IEEE
Transactions on Knowledge and Data Engineering, vol. 16, no.
9, pp. 1128–1142, 2004.

[21] A. K. de Medeiros, A. J. Weijters, and W. M. van der Aalst,
“Genetic process mining: an experimental evaluation,” Data
Mining and Knowledge Discovery, vol. 14, no. 2, pp. 245–304,
2007.

[22] A. J. M. M. Weijters and J. T. S. Ribeiro, “Flexible heuristics
miner (FHM),” in Proceedings of the IEEE SSCI 2011 Symp. Ser.
Comput. Intell. - CIDM 2011, pp. 310–317, 2011.

[23] A. Djedovic, E. Zunic, and A. Karabegovic, “Model business
process improvement by statistical analysis of the users’ conduct
in the process,” in Proceedings of the 2016 Int Multidiscip Conf
Comput Energy Sci Split, pp. 1–6, 2016.

[24] M. L. Delignette-Muller and C. Dutang, “Fitdistrplus: an r
package for fitting distributions,” Journal of Statistical Software,
vol. 64, no. 4, pp. 1–34, 2015.

[25] Q. Liu and A. Ihler, “Distributed parameter estimation via
pseudo-likelihood,” in Proceedings of the 29th International
Conference on Machine Learning, ICML 2012, pp. 1487–1494,
Edinburgh, Scotland, UK, 2012.

[26] A. Di Pietro, L. While, and L. Barone, “Applying evolutionary
algorithms to problems with noisy, time-consuming fitness
functions,” in Proceedings of the 2004 Congress on Evolutionary
Computation, CEC2004, pp. 1254–1261, USA, June 2004.

https://doi.org/10.4121/uuid:453e8ad1-4df0-4511-a916-93f46a37a1b5
https://doi.org/10.4121/uuid:453e8ad1-4df0-4511-a916-93f46a37a1b5


Research Article
A Hybrid Evolutionary Approach to Design Off-Grid
Electrification Projects with Distributed Generation

J. Avilés , J. C. Mayo-Maldonado , and O. Micheloud

School of Engineering and Sciences at Tecnologico de Monterrey, Monterrey, Mexico

Correspondence should be addressed to J. Avilés; juanpaviles@outlook.com

Received 9 May 2018; Revised 20 June 2018; Accepted 5 July 2018; Published 13 September 2018

Academic Editor: Eric Monfroy

Copyright © 2018 J. Avilés et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

A hybrid evolutionary approach is proposed to design off-grid electrification projects that require distributed generation (DG).The
design of this type of systems can be considered as anNP-Hard combinatorial optimization problem; therefore, due to its complexity,
the approach tackles the problem from two fronts: optimal network configuration and optimal placement ofDG.Thehybrid scheme
is based on a particle swarm optimization technique (PSO) and a genetic algorithm (GA) improved with a heuristic mutation
operator. The GA-PSO scheme permits finding the optimal network topology, the optimal number, and capacity of the generation
units, as well as their best location. Furthermore, the algorithmmust design the system under power quality requirements, network
radiality, and geographical constraints. The approach uses GPS coordinates as input data and develops a network topology from
scratch, driven by overall costs and power losses minimization. Finally, the proposed algorithm is described in detail and real
applications are discussed, from which satisfactory results were obtained.

1. Introduction

The increasing penetration of distributed generation and
renewable energy sources (RES) have brought new oppor-
tunities to improve electrical systems. For instance, optimal
placement and adequate size estimation of DGs, with a suit-
able network configuration, can improve an electrical system
by reducing power losses, excessive generation, and overall
costs. These goals can potentially improve the service quality,
reliability, and voltage profiles provided to end customers and
enable the integration of RES to the grid [1–4].

Since distribution networks (DNs) display high complex-
ity in terms of their topology, their optimal planning is not
an easy task. For the design, the optimal number, placement,
and size of generation plants must be considered, in order
to feed all users under strict power quality requirements.
Furthermore, the system must be designed to minimize
power losses and investment costs. This problem becomes
even more challenging when DG is involved. Additional
difficulties include the consideration of nonuniform loads,
the future projection of user growth, the remote location of
RES, and geographical constraints.

The optimal planning of DNs with DGs has motivated
several contributions that can be gathered in two main
groups:

(1) Optimal Placement and/or Sizing of DGs (see, e.g.,
[5, 6]). Under this approach, a DN is improved by selecting
the optimal size and placement of DGs, for a given network
topology. Here the objective function can be simple or
multiobjective, focusing on the minimization of costs and
power losses [7]. For example in [8], an improved nondom-
inated sorting genetic algorithm (INSGA) is proposed for
optimal placement and sizing of DGs considering line losses,
voltage deviation, and stability. In [9], a linear programming
approach based on a mixed-integer program is presented to
reduce investment costs via optimal placement and sizing of
DGs.

(2) Optimal Reconfiguration of Distribution Networks with
Distributed Generators (see, e.g., [10]). This method is based
on the opening/closure of predefined switches to partially
change the topology and structure of DNs (see [11–17]).
The main objective of these contributions is to find a new
network topology, which alleviates power quality issues and
minimizes power losses as well as investment costs. Although
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these optimization methods offer satisfactory results, the
location of DGs has to be preestablished.

Even though a simultaneous solution of the two research
directions outlined above is highly desirable, we can find only
a few contributions with this aim, e.g., [18–20]. Particularly in
[18], a metaheuristic method based on a greedy randomized
adaptive search procedure (GRASP) is used to design off-grid
electrification systems with distributed generation. However,
a nontrivial computational effort is demanded as the com-
plexity of the system increases. In [19], a genetic algorithm-
based tool is tested to solve a dynamic multistage planning
that aims at sizing and locating substations in distribution
networks. This algorithm generates satisfactory results, as
long as a set of plausible substation locations and branch
interconnections are provided a priori. In [20], a model
for active distribution systems expansion planning based
on genetic algorithms is presented, where DG integration
is considered together with network reconfiguration. The
possible drawback of this model is that only considers the
minimization of a single objective function based on costs
and cannot guarantee the network radiality and accomplish-
ment of power quality parameters.

Unlike grid-connected systems, small isolated projects
have more freedom to locate DGs in different points of
the network, even small generation units can be installed
at each house. This implies a greater number of possible
configurations, becoming a hard combinatorial optimization
problem. The main question about these types of systems is
how many DGs we should install to feed all users, satisfying
power quality constraints andminimizing costs. For example,
if a fully centralized system (only one DG for all users)
is chosen, the total investment cost will decrease, but the
power losses and quality issues may increase as well. On the
other hand, if a fully decentralized system (a DG per user)
is chosen, the total power losses will be reduced but the
investment cost may increase. We illustrate these scenarios
in Figure 1(a).

Considering the aforementioned problem and the lack of
investigation related to this type of optimization problems,
a hybrid GA-PSO approach is proposed to design off-grid
electrification projects, which require multiple placement of
DGs. The GA-PSO scheme is based on optimal network
reconfiguration and optimal placement of DGs. Finally, to
prove the effectiveness of the proposed algorithm several
experiments have been made on two real cases where dis-
tributed photovoltaic generation (DPG) has to be installed.

This paper is organized as follows. Section 2 formulates
the problem and its objective functions. Section 3 describes
the GA-PSO optimization approach. Section 4 provides
numerical results, and Section 5 summarizes the main con-
tribution and conclusions of this paper.

2. Problem Formulation

2.1. Objective Functions. Based on the model of Figure 1(a),
the optimization approach must find a system configuration𝑐, to minimize power losses (𝑓𝑎) and investment costs (𝑓𝑏)
with respect to an installed capacity. These two objectives are
selected because this type of electrification projects usually

is implemented at low voltage levels, where a high 𝑅/𝑋
ratio causes more power losses and quality issues, affecting
the efficiency of the system. Furthermore to minimize these
issues, the network infrastructure can be improved and the
number of DGs is increased. This implies higher investment
costs that must also be reduced; therefore the multiobjective
problem can be formulated as

min [𝑓𝑎 (𝑐) , 𝑓𝑏 (𝑐)] ; 𝑐 ∈ Υ (1)

where Υ is the space of feasible solutions.
The first objective 𝑓𝑎 can be expressed as

𝑓𝑎 (𝑐) =
𝜂

∑
𝑛=1

𝑔𝑖𝑗 (𝑉2
𝑖 + 𝑉2

𝑗 − 2𝑉𝑖𝑉𝑗 cos 𝜃𝑖𝑗) (2)

where 𝜂 is the total number of branches in the network,(𝑖, 𝑗) are the two nodes of the branch, and 𝑔𝑖𝑗 is the conduc-
tance between the respective nodes. (𝑉𝑖, 𝑉𝑗) are the voltage
magnitudes at each node, and 𝜃𝑖𝑗 is the difference between
nodal phase angles 𝜃𝑖 and 𝜃𝑗 (see Sec. 6.8 and 9.1 of [21]).
Considering DPG, the second objective 𝑓𝑏 can be formulated
as

𝑓𝑏 (𝑐) =
𝜆∑

𝑛=1

I𝑛𝜄𝑛 +
𝜍∑

𝑛=1

B𝑛]𝑛 +
𝜓

∑
𝑛=1

𝑙𝑛𝑛 + 𝜏𝜗 (3)

where 𝜆 is the total number of inverter types, I𝑛 is the
number of inverters for each type, and 𝜄𝑛 is its cost. 𝜍 is the
total number of battery types, B𝑛 is the number of batteries
for each type, and ]𝑛 is its cost. 𝜓 is the total number of
conductor types, 𝑙𝑛 is their total length, and 𝑛 is the cost per
meter of each 𝑛 type conductor. Finally, 𝜏 is the total number
of photovoltaic panels and 𝜗 is the cost of each one.

2.2. Constraints. The optimization model is subject to the
following constraints.

2.2.1. Equality Constraints. Power-flow equations is ex-
pressed as

𝑃𝐷𝐺𝑖
− 𝑃𝑙𝑑𝑖 = 𝑉𝑖

𝑁𝑏∑
𝑗=1

𝑉𝑗 (𝑌𝑔𝑖𝑗
cos 𝜃𝑖𝑗 + 𝑌𝑏𝑖𝑗

sin 𝜃𝑖𝑗)

𝑄𝐷𝐺𝑖
− 𝑄𝑙𝑑𝑖

= 𝑉𝑖

𝑁𝑏∑
𝑗=1

𝑉𝑗 (𝑌𝑔𝑖𝑗
sin 𝜃𝑖𝑗 + 𝑌𝑏𝑖𝑗

cos 𝜃𝑖𝑗)
(4)

where (𝑃𝐷𝐺𝑖
, 𝑄𝐷𝐺𝑖

) are the active and reactive generation
outputs, and (𝑃𝑙𝑑𝑖 , 𝑄𝑙𝑑𝑖

) are the active and reactive loads at
node 𝑖. 𝑌𝑔𝑖𝑗

and 𝑌𝑏𝑖𝑗
are the conductance and susceptance of

the admittance matrix, respectively; and𝑁𝑏 is the number of
buses.

2.2.2. Inequality Constraints. Load bus voltage constraints are

𝑉𝑚𝑖𝑛 ≤ 𝑉𝑖 ≤ 𝑉𝑚𝑎𝑥, (5)

generation limits are

𝑆𝑚𝑖𝑛
𝐷𝐺 ≤ 𝑆𝐷𝐺𝑖

≤ 𝑆𝑚𝑎𝑥
𝐷𝐺 , (6)
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Figure 1: GA-PSO approach. (a) Problem definition. (b) Optimal network configuration by the GA. (c) Optimal placement of DGs by the
PSO.

energy storage (battery) constraints are

𝑆𝐵𝑚𝑖𝑛
𝐷𝐺 ≤ 𝑆𝐵𝐷𝐺𝑖

≤ 𝑆𝐵𝑚𝑎𝑥
𝐷𝐺 , (7)

thermal limits are

𝐼𝑖𝑗 = (𝑉𝑖 − 𝑉𝑗) ⋅ 𝑦𝑖𝑗

 ≤ 𝐼𝑚𝑎𝑥, (8)

and geographical constraints are

∀𝑏𝑟𝑟𝑠𝑡𝑖𝑗 ∈ Γ ̸= 𝑏𝑟𝑖𝑗, (9)

where (𝑆𝑚𝑖𝑛
𝐷𝐺 , 𝑆𝑚𝑎𝑥

𝐷𝐺 ) are the apparent power limits for DGs,
and (𝑆𝐵𝑚𝑖𝑛

𝐷𝐺 , 𝑆𝐵𝑚𝑎𝑥
𝐷𝐺 ) are the permissible limits to store energy

in batteries. 𝐼𝑚𝑎𝑥 is the maximum electric current for a
conductor, and 𝑦𝑖𝑗 is the admittance of a branch 𝑏𝑟𝑖𝑗. Finally,Γ is the set of restricted branches (𝑏𝑟𝑟𝑠𝑡𝑖𝑗 ), which are unable to
be used in the network.

2.3. Treatment of Constraints. Considering that there are only
two objective functions, scalarization [22] was chosen to
solve this constrained multiobjective optimization problem
in order to reduce the computational effort. Assigning a
numerical quality function to objectives (2) and (3), we can

combine these scores into a single fitness score, and the
inequality constraints (5)-(8) can be satisfied through penal-
izing the same fitness score. The equality constraints (4) can
be satisfied during the power-flow calculation and (9) during
the network construction, so the constrained optimization
problem can be transformed into the unconstrained form
expressed as follows:

min𝑓 (𝑐)
= 𝑤1 ⋅ 𝑓𝑎 (𝑐) + 𝑤2 ⋅ 𝑓𝑏 (𝑐)

+ 𝑤3

𝑁𝑏∑
𝑖=1

min (𝑉𝑖 − 𝑉𝑚𝑖𝑛, 0, 𝑉𝑚𝑎𝑥 − 𝑉𝑖)

+ 𝑤4

𝜂

∑
𝑛=1

max (𝐼𝑖𝑗 − 𝐼𝑚𝑎𝑥, 0)

+ 𝑤5

𝜅∑
𝑖=1

min (𝑆𝐷𝐺𝑖
− 𝑆𝑚𝑖𝑛

𝐷𝐺 , 0, 𝑆𝑚𝑎𝑥
𝐷𝐺 − 𝑆𝐷𝐺𝑖

)

+ 𝑤6

𝜅∑
𝑖=1

min (𝑆𝐵𝐷𝐺𝑖
− 𝑆𝐵𝑚𝑖𝑛

𝐷𝐺 , 0, 𝑆𝐵𝑚𝑎𝑥
𝐷𝐺 − 𝑆𝐵𝐷𝐺𝑖

)

(10)
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where 𝜅 is the total number of DGs or groups; 𝑤1 and 𝑤2 are
constant weights to balance the objective functions; and 𝑤3,𝑤4, 𝑤5, and 𝑤6 are penalty values.

3. GA-PSO Optimization Approach

The optimal planning of small off-grid electrification
projects, which require distribution generation, can be
classified as a nonconvex, nonlinear, and mixed-integer
optimization problem. Given its complexity, the problem is
faced from two fronts:

(i) Optimal network configuration: a GA is used to
find the best network configuration and the optimal
number of DGs, where overall costs and power
losses are minimized; see Figure 1(b). Due to the
special characteristics of a distribution network, a
heuristic mutation operator is proposed to improve
the searching capability.

(ii) Optimal placement of distributed generation: a PSO
is used to find the optimal placement of DGs, mini-
mizing power losses and quality issues; see Figure 1(c).
For this process, a greedy algorithm is implemented to
construct the network and maintain its radiality.

The operation of each stage is described as follows.

3.1. Optimal Network Configuration by the GA

3.1.1. GA Overview. The GA is a metaheuristic optimization
method inspired by natural evolution [22]. It is based on a
population that evolves with the aid of four genetic operators.

(a) Representation. Each possible configuration/solution
must be represented as a string (chromosome), containing the
relevant information to be evaluated. In our case, an integer
vector representation is used. (b) Selection. This operator
creates a new generation by selecting the best individuals
from an older population. In our case, a stochastic universal
sampling method (SUS) is used [22]. (c) Recombination. This
operator swaps chromosome segments (genes) between two
individuals to create an offspring. In our case an n-point
crossover method is used. (d) Mutation. The basic mutation
operator causes random changes on the alleles (𝑝𝑖𝑗) of few
chromosomes, in order to improve the diversity of the
gene pool. In our case, a heuristic based method (intelligent
mutation) is implemented.

3.1.2. Initialization and System Representation. Thealgorithm
starts by creating an initial random population, on which
each individual is a possible configuration of the system.
These configurations are represented as integer vectors, i.e.,

𝑐𝑖 = [𝑝𝑖1 𝑝𝑖2 𝑝𝑖3 . . . 𝑝𝑖𝜇] ; 𝑝𝑖𝑗 ∈ Z
+ 𝑖 = 1, 2 . . . 𝑚 (11)

where𝑚 is the size of the population and 𝜇 is the total number
of users. Each user (𝑢𝑗) can belong to any group (𝐺𝑛) within
a configuration/chromosome, as shown in Figure 1(b). Hence
the entire population can be represented by a matrix whose

𝑝𝑖𝑗 values represent the group number of the j-th user in the
i-th chromosome, i.e.,

Population =

𝑢1 𝑢2 𝑢3 ⋅ ⋅ ⋅ 𝑢𝜇

𝑐1
𝑐2
...
𝑐𝑚

[[[[[[[
[

𝑝11 𝑝12 𝑝13 ⋅ ⋅ ⋅ 𝑝1𝜇

𝑝21 𝑝22 𝑝23 ⋅ ⋅ ⋅ 𝑝2𝜇

...
𝑝𝑚1 𝑝𝑚2 𝑝𝑚3 ⋅ ⋅ ⋅ 𝑝𝑚𝜇

]]]]]]]
]

. (12)

For example, the configuration 𝑐2 of the Figure 1(b) can be
represented by

𝑐2 = 𝑢1 𝑢2 𝑢3 𝑢4 𝑢5 𝑢6 𝑢7 𝑢8 𝑢9 𝑢10 𝑢11

[ 1 1 1 1 2 2 1 2 3 2 3 ] . (13)

We should note that each user depends on GPS coordinates,
i.e., 𝑢𝑗(𝑥𝑗, 𝑦𝑗), and the entire set of users are sorted with
respect to the 𝑥-coordinate.
3.1.3. Fitness Evaluation. The GA performs the evaluation
of each chromosome through a suboptimization algorithm,
i.e., the PSO. Each chromosome is composed of groups
(𝐺𝑛) which must be optimized by the PSO. In this process,
each group is evaluated through (10), and these results are
returned to the GA to calculate the chromosome fitness by
the following:

𝑓𝑖 (𝑐𝑖) =
𝜅∑

𝑛=1

𝑓𝑛 (𝐺𝑛) ; 𝐺𝑛 ∈ 𝑐𝑖; 𝑖 = 1, 2, . . . , 𝑚. (14)

3.1.4. Selection. After the fitness evaluation, some individuals
must be selected to form a mating pool. For this SUS
was chosen since this method gives more opportunities for
reproduction to those individuals with better fitness. To apply
this method, a probability distribution vector must be found,
based on the expected number of copies of each individual,
i.e.,

𝑒𝑐𝑖 = 𝑚 ⋅ 𝑓𝑖

∑𝑚
𝑖=1 𝑓𝑖

(15)

where 𝑓𝑖/∑𝑚
𝑖=1 𝑓𝑖 is the probability of each individual accord-

ing to its fitness.
The outline of SUS is shown in Pseudocode 1.

3.1.5. Recombination. From the mating pool, two random
individuals are selected to carry out the crossover and create
an offspring. The chromosomes are broken into several
segments of contiguous genes, and the offspring are created
by taking alternative segments from the parents. For this
operation 𝑛 random crossover points in [1, 𝜇 − 1] must be
chosen. In our case due to the extensive chromosome length,
the number of crossover points is established by (16) where 𝛿
is a constant value between [0.01, 0.1].

𝑛 = max [𝑟𝑜𝑢𝑛𝑑 (𝜇 ⋅ 𝛿) , 2] (16)

For example, taking the chromosomes 𝑐1 and 𝑐2 of Figure 1(b),
with crossover points at 4 and 8 the result is
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𝑐1 [1 1 1 1 | 3 3 2 2 | 2 2 2]
𝑐2 [1 1 1 1 | 2 2 1 2 | 3 2 3] → 𝑐1 [1 1 1 1 2 2 1 2 2 2 2]

𝑐2 [1 1 1 1 3 3 2 2 3 2 3] . (17)

3.1.6. Mutation. After the recombination, some individuals
from the population may suffer a mutation. Usually, the
basic mutation operator performs random changes on the
alleles(𝑝𝑖𝑗) of the chromosome, but, in our case, a heuristic
method (M) is implemented to perform specific changes. A
configuration 𝑐𝑖 mutates if a random value in [0,1] is superior
to a mutation rate 𝜛, i.e.,

𝑐𝑖 = {{{
M (𝑐𝑖) , if rand [0, 1] ≥ 𝜛
𝑐𝑖, if rand [0, 1] < 𝜛. (18)

This intelligent mutation selects the end-nodes of each group
(e.g., see Figure 2(a)) and compares distances to other DGs. If
a shorter distance is eventually found, the end-node permutes
to such group.

Themutation rate is established by (19) to increase the use
ofM at the beginning of the search, for later reducing its use
in the last iterations (𝑡).

𝜛 = 1 + (𝜛
𝑖𝑛𝑖𝑡 − 1) (𝑡 − 𝑡𝑚𝑎𝑥)
(1 − 𝑡𝑚𝑎𝑥) . (19)

The selection, recombination, and mutation are repeated
until an optimum is reached.

3.2. Optimal DG Placement by the PSO

3.2.1. PSO Overview. The PSO is a swarm intelligence tech-
nique inspired by social behavior of bird flocking or fish
schooling [23], where each particle is a possible solution
for the optimization problem. These particles depend on
three factors: individual best position, global best position,
and inertia; see Figure 1(c). At each iteration, their velocity
and direction are adjusted until finding a global optimum.
The equation that governs the movement of each particle is
represented by

V(𝑡+1)
𝑖 = 𝑤𝐼V

(𝑡)
𝑖 + 𝑤𝐶𝑟1 [𝜌𝑖 − 𝜒(𝑡)

𝑖 ] + 𝑤𝑆𝑟2 [𝜎𝑛 − 𝜒(𝑡)
𝑖 ] (20)

where V(𝑡)𝑖 and 𝜒(𝑡)
𝑖 are the velocity and the actual position of

each particle, 𝜌𝑖 is the best position found by each particle,
and 𝜎𝑛 is the best position found by the entire group. 𝑤𝐼, 𝑤𝐶,
and 𝑤𝑆 are weights of inertia, cognitive behavior, and social
behavior, respectively. 𝑟1 and 𝑟2 are random values between[0,1], and 𝑡 is the iteration number. Finally, the position of
each particle is updated by

𝜒(𝑡+1)
𝑖 = 𝜒(𝑡)

𝑖 + V(𝑡+1)
𝑖 . (21)

In our case, each particle will be a possible location for a
DG in a group 𝐺𝑛.

3.2.2. Initialization. ThePSO assigns a number of 𝜒𝑖 particles
to each group within a chromosome by means of

𝜓 = max [𝑟𝑜𝑢𝑛𝑑 (𝜉 ⋅ 𝛾) , 2] (22)

where 𝜉 is the length of each 𝐺𝑛 set, and 𝛾 is a constant value
between [0.1, 0.5]. Subsequently, the particles are located at
random within the set, as shown in (23).

𝐺𝑛 = [𝑢1 𝜒1 𝑢3 . . . 𝜒2 . . . 𝜒𝜓 𝑢𝜉] ;
𝑛 = 1, 2, . . . 𝜅. (23)

Figure 2(b) shows a graphical representation of this
process, where two particles (e.g. represented as photovoltaic
panels) are located in each group.

3.2.3. Particle Evaluation. Thefitness 𝑓𝑖(𝜒𝑖) of each particle is
calculated through (10), performing the following steps.

(a) Network Construction. A radial distribution network can
be found by considering it as a weighted undirected graph,
from which we can obtain a minimum spanning tree by
using a traditional Prim’s algorithm. From a starting node, this
algorithm adds at each step the shortest possible branch to
make a new link to another node. An example of this process
is shown in Figure 2(b), for the group 𝐺1. The construction
starts at the generation center 𝜒1, then the following nodes
to add based on the Euclidean distance are 𝑢3, 𝑢4, 𝑢7, and𝑢1 through the branches →𝑢2𝑢3,

→𝑢2𝑢4,
→𝑢4𝑢7, and

→𝑢2𝑢1 (dotted
red lines). To avoid selecting a restricted branch (e.g., →𝑢3𝑢1) a
penalty is added to its distance; therefore another alternative
must be taken. Applying this penalty the inequality constraint
(9) is satisfied.

(b) Power-Flow Computation. Using the 𝑦𝑖𝑗 admittances of
the branches found in the previous step, an admittance
matrix (𝑌) can be calculated. Considering the location of
each particle 𝜒𝑖 as the slack bus of the system, and the
remaining nodes as PQ type, the power-flow equations (4)
can be solved using an iterative method, such as Newton-
Raphson or Gauss-Seidel. With these results, 𝑓𝑎(𝜒𝑖) can be
calculated through (2).

(c) DG Sizing and Cost Calculation. Considering a DPG,
the required capacity for a small photovoltaic system can be
calculated by

𝐶𝐴𝑃𝑃𝑉 = ℎ0.9 ⋅ 𝐸 ⋅ 𝜀
(30 ⋅ Λ) (24)

where ℎ is the number of users, 𝐸 is the average energy
consumption per month (kWh/month), 𝜀 is a compensation
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Figure 2: GA-PSO process. (a) GA operation. (b) PSO operation. (c) Configuration result.

1: 𝑖 = 0; 𝑎𝑐𝑐𝑢𝑚 = 0;
2: WHILE 𝑖𝑛𝑑𝑖V𝑖𝑑𝑢𝑎𝑙𝑠 < 𝑚
3: 𝑗 = rand[0, 1]; 𝑖 = 𝑖 + 1; 𝑎𝑐𝑐𝑢𝑚 = 𝑎𝑐𝑐𝑢𝑚 + 𝑒𝑐𝑖;
4: WHILE 𝑎𝑐𝑐𝑢𝑚 > 𝑗
5: Select individual 𝑐𝑖; 𝑗 = 𝑗 + 1;
6: END
7: END

Pseudocode 1: SUS pseudocode.

factor for power losses, and Λ is the average solar radiation.
Furthermore, the size of the battery bank can be calculated by

𝐶𝐴𝑃𝐵𝑎𝑡𝑡 = 𝐶𝐴𝑃𝑃𝑉 ⋅ 𝑅𝐷 ⋅ Λ ⋅ 1000
(𝑉𝑖𝑛 ⋅ 𝜖) (25)

where 𝑅𝐷 is the number of reserve days, 𝑉𝑖𝑛 is the input
voltage for the inverter, and 𝜖 is the discharge rate. Finally,
these results are compared with commercial equipment, and
those that can supply the required demand will be chosen.

Once the equipment is established, 𝑓𝑏(𝜒𝑖) can be calculated
through (3).

3.2.4. Saving Results andUpdatingData. After the evaluation,
if 𝑓𝑖(𝜒𝑖) is the lowest personal fitness found so far by the
particle𝜒𝑖 , its current position is saved in 𝜌𝑖 . At the same time,
if 𝜌𝑖 is the best position among all the particles this result is
saved in 𝜎𝑛, and the fitness of the group is established by

𝑓𝑛 (𝐺𝑛) = 𝑓 (𝜎𝑛) . (26)

Using the memories 𝜌𝑖 and 𝜎𝑛, each particle updates its
velocity and direction through (20) and (21). Finally, the DG
for each group will be placed in 𝜎𝑛, as shown in Figure 2(c).

3.3. Complete Algorithm of the GA-PSO Approach. The
flowchart of the proposed algorithm is shown in Figure 3.

4. Experiments and Results

The hybrid GA-PSO optimization approach was applied to
two rural communities in the Ecuadorian Andes where
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a) Network construction by using Prim, 
b) Power-flow computation,

c) DG sizing and cost calculation.
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Figure 3: Flow chart of the GA-PSO algorithm.

an energization planning was needed. Each community
is denoted as CM1 and CM2, hosting 36 and 48 users,
respectively. Distributed photovoltaic generationwas selected
because the area of study is located at 2500 m above sea
level, at 0∘ latitude, allowing an average solar radiation of
4.4 kWh/m2, and an average temperature of 18∘C. These
data were obtained from RETScreen [24]. The geographical
coordinates for each community were obtained in situ (see.
Figures 4 and 5). Each GPS point can represent either a
load, a cluster of loads, or a waypoint (usually used when
a branch has a restriction). Due to the lack of an existing
distribution system, battery banks were implemented. The
entire system is designed at 240 V, with a voltage drop limit
(Δ𝑉) of 5.5%, a peak load per user of 2.23 kVA, and an average
energy consumption of 200 kWh/month. The impedance of
the different conductors was obtained from libraries available
in ETAP�. The main characteristics and reference prices
($US) of the considered equipment are listed in Table 1.
We must note that the considered inverters can control the
power supply at a given voltage-frequency and charge/use the
battery bank according to the amount of generation.

Finally, the effectiveness of the proposed GA-PSO algo-
rithm is tested under two scenarios: (1) simulating a central-
ized and decentralized systemby blocking the number ofDGs
to be installed and (2) using a single objective fitness function
and standard variation operators (crossover and mutation).

4.1. GA-PSO Optimal Results. The evolution process, for the
GA-PSO scheme applied to CM1, is shown in Figure 4. Each
capture shows the best configuration found until the nth-
evolution with their respective fitness, power losses, and total
costs. For each 𝐺𝑛 group the required photovoltaic capacity
and the size of the battery bank are detailed. The description
of each element used in the graphic is shown in Table 2.

As we can see in Figure 4 the algorithm starts from
scratch, taking the GPS points fromCM1 to propose, initially,
random configurations. In the following generations, the GA
algorithm learns and proposes better configurations due to
the selection, crossover, and mutation. At the same time, the
PSO searches the best location for the DGs and evaluates
the proposed configurations. In the first evolutions, the
results are naturally primitive, since the number of groups
can vary drastically, the configurations present no logic, and
some points of the network violate the imposed constraints.
However, after several evolutions, the system develops a
defined structure and its fitness decreases as well as power
losses and costs. For CM1, after 39 evolutions, the main result
is the electrification of the entire community, installing 4
DGs with a configuration where power losses and costs are
minimized.

To reach acceptable results some parameters must be
tuned. For example, the constant weights 𝑤1 and 𝑤2 are
the most difficult to establish because the balance of the
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Table 1: Prices and main characteristics of the equipment.

Equipment Characteristics Capacities Price/U.
PV panels 𝑉𝑝 = 29.3 Vdc 240W $ 250

𝐼𝑝 = 8.19 Adc
Batteries 48 V 24 Ah $ 310

Disch. R. = 0.8 40 Ah $ 475
60 Ah $ 645
90 Ah $ 725
120 Ah $ 925

Inverters 𝑉𝑖𝑛 = 340-500 Vdc 5.5 kW $ 1675
𝑉𝑏𝑎𝑡 = 348 Vdc 10 kW $ 2925
𝑉𝑜𝑢𝑡 = 240 Vca 12.5 kW $ 3285
Eff = 0.98 % 15 kW $ 3665

20 kW $ 4215
Conductors ACSR 2 AWG 0.65 $/m

1/0 AWG 0.72 $/m
2/0 AWG 0.85 $/m
3/0 AWG 1.05 $/m

Table 2: Nomenclature.

∘ Waypoint — 2 AWG conductor
 One Load 1/0 AWG conductor
⬦ Load Group . . 2/0 AWG conductor
◻ Distributed Generation - - - - 3/0 AWG conductor

Table 3: GA-PSO results for CM1 and CM2.

CM1 CM2
Users 36 48
Best Fitness 9593 13089
Total Power Loss [kW] 1.83 3.53
Total Cost [$] 95232 130050
DG units 4 5
Installed Capacity [kW] 60 85
Bat. Bank [Ah] 330 420
Max Δ𝑉 per node [%] 5.3 5.4
Total Evolutions 39 54
Iteration Time [min] 3 9

system, between efficiency and investment costs, depends on
these two values. In order to select these components, several
simulations were carried out, concluding that 𝑓𝑎 must have
more weight than 𝑓𝑏. Moreover, it is important to calibrate
the penalty values𝑤3,𝑤4, and𝑤5, for the proper delimitation
of the search space and to prevent the selection of unfeasible
solutions within the evolutionary process. Therefore, it was
found that satisfactory results can be obtained with 𝑤1 = 1,𝑤2 = 0.1, 𝑤3 = 300, 𝑤4 = 1500, and 𝑤5,6 = 10000. Other
established parameters are as follows: GA population number𝑚 = 70; the max-iteration number 𝑡𝑚𝑎𝑥

𝐺𝐴 = 300, 𝑡𝑚𝑎𝑥
𝑃𝑆𝑂 = 100;

crossover factor 𝛿 = 0.07; and initialmutation rate𝜛𝑖𝑛𝑖𝑡 = 0.6.
Applying the aforementioned parameters, themost recur-

rent results for CM1 and CM2, after 100 simulations, are

summarized in Table 3, and the network design for CM2
is shown in Figure 5(b). From these results, we can notice
that for each community the algorithm found well-balanced
configurations since DGs’ capacities were better used. This
is verified by observing that the algorithm grouped as many
users as possible to aDGuntil reaching themaximum voltage
drop limit (5.5%), see, e.g., Figure 5(b), nodes 𝐺4 − 𝑢12 and𝐺5 − 𝑢2. In addition, we must note that the PSO located the
DGs at nodes where power losses, voltage deviations, and
quality issues may be reduced; e.g., see Figure 5(b), 𝐺1 − 𝑢5,𝐺5 − 𝑢5. This is demonstrated in Table 4, where other DG
locations (for 𝐺5) are evaluated.

Finally, although the possible configurations can be mil-
lions, the GA-PSO algorithm could find satisfactory results
analyzing only a few cases (e.g., 1400 for CM1), from which it
took the best genes to create better designs. This is validated
with the convergence curve shown in Figure 6.

4.2. Case Studies

4.2.1. GA-PSO versus Centralized/Decentralized Systems. In
the first scenario, we want to prove the effectiveness of the
GA-PSO algorithm to find a balanced design between costs
and power losses. In order to do this, the number of DGs
is increased and decreased by one (with respect to the GA-
PSO result) to obtain a centralized and decentralized reference
model. This was done by blocking the number of DGs that
the algorithm can install. As we can see in Figure 5(a) and
Table 5, with one less DG, the total cost of the system is
reduced, but there are quality issues for some users; e.g., see
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Table 4: Results for different DG placement in CM2-𝐺5.

Node Power Loss [kW] Max Δ𝑉[%] Quality Issues
𝑢3 1.14 7.7 1
𝑢4 0.84 6.8 2
𝑢5 0.98 5.4 0
𝑢7 1.99 12.9 2
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Figure 4: GA-PSO evolution process and result for CM1.

Figure 5(a) 𝐺4, nodes 𝑢6, 𝑢12, 𝑢14. On the other hand, with
an extra DG, the total power loss is reduced but the total cost
is increased, as shown in Figure 5(c). This demonstrates that
the configurations found by the GA-PSO algorithm have the
optimal number of DGs to minimize costs and satisfy the
power quality constraints.

4.2.2. GA-PSO versus Single Objective/Standard Operators.
In this scenario, the importance of a multiobjective fitness
function and the need of improved variation operators are
demonstrated. In order to do this, 𝑓𝑏 is disabled to have
a single objective fitness function and a 2-point crossover
along with a common swap mutation operator [22] are used.
The results are shown in Table 6, and as we can see, the
single objective function has resulted in minor power losses
and higher costs than the optimal model. The reason is
that the algorithm evenly distributed the users between the
DGs, wasting installed capacity in the process. Furthermore,
without the counterbalance of 𝑓𝑏, the algorithm tends to
install a DG per user; therefore, for the simulation, the
number of DGs was preestablished in 4. On the other hand,
themodel with standard variation operators reports theworst

results, being 20% more expensive and 25% more inefficient
than the optimal model. This result is mainly due to the
randomchanges of the users/loads fromone group to another
by the swap mutation operator. Therefore, we conclude
that improved variation operators are extremely necessary
to achieve satisfactory results in this type of optimization
problems.

5. Conclusions

The proposed GA-PSO scheme is able to design off-grid
electrification projects, which require multiple placement of
distributed generation. The algorithm is based on optimal
network configuration (via the GA) and optimal placement
of DGs (via the PSO). The objective functions considered
for this combinatorial optimization problem are the mini-
mization of power losses and the minimization of investment
costs. Due to the special characteristics of this type of elec-
trification projects, a heuristic mutation method is proposed
to improve the searching capability of the GA, and a greedy
algorithm is implemented to construct a radial distribution
network using GPS coordinates.
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Figure 5: Results for CM2: (a) centralized system, (b) GA-PSO optimal result, and (c) decentralized system.

Table 5: GA-PSO vs centralized/decentralized models.

Centralized GA-PSO Decentralized
CM1
DG units 3 4 5
Ploss [kW] 2.30 1.83 1.55
Total Cost [$] 91759 95232 100157
Quality Issues 4 0 0
CM2
DG units 4 5 6
Ploss [kW] 3.88 3.53 3.35
Total Cost [$] 127656 130050 133277
Quality Issues 3 0 0
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Table 6: GA-PSO versus single objective/standard operators.

Single Objective GA-PSO Std. Operators
CM1
Ploss [kW] 1.81 1.83 2.20
Total Cost [$] 106693 95232 113651
Installed Capacity [kW] 70 60 65
CM2
Ploss [kW] 3.51 3.53 9.21
Total Cost [$] 142656 130050 160483
Installed Capacity [kW] 95 85 85
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Figure 6: GA-PSO convergence curve.

This hybrid scheme was successfully applied to design
isolated systems with distributed photovoltaic generation.
Although the problem is multiobjective, the GA-PSO
approach provided satisfactory configurations to feed all
users with energy under power quality requirements. We
can say that the results belong to a space of solutions that
is bounded from above by a totally centralized system and
from below by a totally decentralized one, where the desired
balance between cost and efficiency is kept.

Considering that the planning of this type of systems
has many possible solutions and optimization goals, this
hybrid scheme can be the basis for other design criteria
and to implement a second optimization stage regarding the
management of energy and optimal operation considering
reliability indices [25]; see, for example, [26].
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The data used to support the findings of this study are
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An improved Grey Wolf Optimization (GWO) algorithm with differential evolution (DEGWO) combined with fuzzy C-means
for complex synthetic aperture radar (SAR) image segmentation was proposed for the disadvantages of traditional optimization
and fuzzy C-means (FCM) in image segmentation precision. In the process of image segmentation based on FCM algorithm,
the number of clusters and initial centers estimation is regarded as a search procedure that searches for an appropriate value in
a greyscale interval. Hence, an improved differential evolution Grey Wolf Optimization (DE-GWO) algorithm is introduced to
search for the optimal initial centers; then the image segmentation approach which bases its principle on FCM algorithm will get
a better result. Experimental results in this work infers that both the precision and efficiency of the proposed method are superior
to those of the state of the art.

1. Introduction

Image segmentation plays a very important role in the
interpretation and understanding of SAR images. It has
received an increasing amount of attention and therefore
hundreds of approaches have been proposed over the last
few decades [1]. At present, SAR images have been widely
used in hydrology, remote sensing, military, and other fields,
to obtain accurate information of remote sensing image
which is the key for better application. Among them, SAR
image segmentation is an important step to understand the
image information. The SAR image is a coherent image
with a complex background. Because of the influence of
speckle noise, the image quality is reduced. Some theories
have been applied in image segmentation, such as the
level set [2], Markov random field [3], based on textons
[4], multiscale [5], threshold method [6], validity-guided
(re)clustering (VGC) algorithm [7], and fuzzy C-means
clustering (FCM) algorithm [8], which have achieved good
segmentation results and have a good reference function.
In these theories, Fuzzy C-means (FCM) algorithm is the
most classical method of fuzzy clustering. It has advantages
of conforming to human’s cognitive characteristics, easy

implementation, simple description, and good segmentation
effect [9]. The FCM algorithm for improving the validity of
fuzzy clustering [10] and the semisupervised c-means algo-
rithms [11] have also achieved good segmentation results in
the magnetic resonance image segmentation experiment. In
recent years, many scholars have proposed lots of SAR image
segmentation method combined with FCM algorithm. For
instance, modified FCM SAR image segmentation method
is based on GLCM feature [12], multiresolution analysis of
wavelet [13], kernel theory [14], etc.

In recent decades, there is a growing significant attention
for nature-inspired computation, among which the two
most popular algorithms are swarm intelligence (SI) and
Evolutionary Algorithms (EAs). SI, like Ant Colony (ACO)
algorithm [15], Artificial Fish Swarm (AFS) [16] algorithm,
Artificial Bee Colony (ABC) algorithm [17], and Particle
Swarm Optimization (PSO) [18] algorithm, is enlightened by
animal foraging behavior. EAs, such as Genetic Algorithm
(GA) [19], Evolutionary Programming (EP) [20, 21], and
Evolution Strategy (ES) [22, 23], are inspired from natural
selection and survival of the fittest in the natural world.
Owing to the simplicity and flexibility of EAs and SI, various
methods are developed for image engineering, which almost
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cover all related fields, including image enhancement, image
denoising, super resolution restoration, image registration,
digital watermarking, edge detection, image fusion, image
compression, texture classification, image retrieval, image
recognition, and image segmentation [24–37]. Similar to
the existing nature-inspired algorithms, a new mimic algo-
rithms on the basis of the behavior of grey wolves was
proposed in the last few years. Grey Wolf Optimization
(GWO) algorithm has been clearly proved to be better than
Particle Swarm Optimization (PSO), Gravitational Search
Algorithm (GSA), Differential Evolution (DE), Evolutionary
Programming (EP), and Evolution Strategy (ES), which are
well-knownmetaheuristics. [38]. As a powerful optimization
tool,GWOalgorithmshave beenutilized in complex function
optimization, parameter identification, robot path planning,
classical engineering design problems, etc. However, its appli-
cation in image segmentation is seldom studied. Regarding
the insufficient diversity of the wolves in some cases, the
agents of GWO still may face the risk of stagnation in
local extremum. This problem may often appear when the
conventional GWO cannot perform a smooth transition
from exploration to exploitation potential by more iteration
[39]. This paper employs DEGWO algorithm to estimate the
FCM algorithm initial centers for SAR image segmentation.
An improved modified GWO algorithm combined with
differential evolution algorithm is proposed for solving the
global problems.

The remaining of this paper is organized as follows.
Section 2 makes a brief summary of the features of grey
wolves and describes the working mechanism of GWO
algorithm. Section 3 gives the definition of FCM algorithm
and introduces a useful method to estimate the number of
clusters. Section 4 shows how to employ DE-GWO-FCM
algorithm to the segmentation of SAR images. Some typical
experiments on simulated image and real SAR images are
carried out in Section 5, where both segmented images and
segmenting precision are compared among some nature-
inspired methods. Finally, Section 6 summarizes our work
and the future prospects.

2. GWO Algorithm

As a kind of social animal, grey wolves live in colonies and
exhibit many features.This algorithm is inspired by the social
hierarchy and hunting strategies of grey wolves in the wild. It
can be regarded as a robust swarm-based optimizer [40–45].
The following discusses its working mechanism.

In GWO, A complete wolf pack consists of alpha (𝛼),
beta (𝛽), delta (𝛿), and omega (𝜔). The best wolves should be
treated as 𝛼 and 𝛽 and 𝛿 assist other wolves (𝜔) in exploring
more favorable regions of solution space. The alphas are
leaders of the pack, and they are responsible for making
decisions. The alphas decisions are dictated to the pack.
The betas are subordinate wolves that can be either male or
female, and they help the alpha in decision making or other
activities. The best candidate to be the alpha mostly may be
betas. The omega wolves are scapegoat of pack, they have
to submit to all the other dominant wolves. The deltas have
to submit alphas and betas, but they dominate the omega.

Scouts, sentinels, elders, hunters, and caretakers belong to
this category [46].

In conventional GWO, in order to mathematically model
encircling behavior, (1)–(4) are used [38].

→𝐷 = 
→𝐶 ⋅ 𝑋𝑃 (𝑡) − →𝑋 (𝑡)  , (1)

→𝑋 (𝑡 + 1) = 𝑋𝑃 (𝑡) − →𝐴 ⋅ →𝐷, (2)

where t is iteration, →𝐴 and →𝐶 are random vectors, →𝑋 indicates
the position vector of a grey wolf, and →𝑋𝑃 is location of the
prey. The random →𝐴 and →𝐶 vectors are calculated as [38]

→𝐴 = 2𝑎 ⋅ 𝑟1 − →𝑎 , (3)
→𝐶 = 2→𝑟 2, (4)

where components of →𝑎 are a temporal parameter and
linearly decreased from 2 to 0 over the course of iterations,
and r1, r2 are random vectors in [0, 1]. Grey wolves are
capable of identifying the position of the prey and to enclose
them. Alpha is the guide in the hunting process.The beta and
delta might contribute to hunting as well in some conditions.
According to the difference in the rank of the wolves, in order
to have better knowledge about the potential location of prey,
the alpha, beta, and delta are assumed as the best, the second
best, and the third best candidate solution, respectively. The
first three best candidate solutions obtained can lead other
hunters (including the omegas) to update their positions
according to the position of the best search agents [40]. So
the states of the updated solutions of wolves are determined
by [38]

→𝑋 (𝑡 + 1) =
→𝑋1 + →𝑋2 + →𝑋3

3 , (5)

where t shows recent iteration and→𝑋1,→𝑋2,→𝑋3 denote the final
state of the updated solutions, they are defined as in (6)–(8),
respectively.

→𝑋1 = →𝑋𝛼 − →𝐴1 ⋅ (→𝐷𝛼) , (6)

→𝑋2 = →𝑋𝛽 − →𝐴2 ⋅ (→𝐷𝛽) , (7)

→𝑋3 = →𝑋𝛿 − →𝐴3 ⋅ (→𝐷𝛿) , (8)

where →𝑋𝛼, →𝑋𝛽, and →𝑋𝛿 denote the locations of alpha, beta,
and delta, respectively, in the swarm at a given iteration t, →𝐴1,→𝐴2, and →𝐴3 show random vectors, and →𝐷𝛼, →𝐷𝛽, and →𝐷𝛿 are
defined using (9)-(11), respectively.

→𝐷𝛼 =

→𝐶1 ⋅ →𝑋𝛼 − →𝑋 , (9)

→𝐷𝛽 =

→𝐶2 ⋅ →𝑋𝛽 − →𝑋 , (10)

→𝐷𝛿 =

→𝐶3 ⋅ →𝑋𝛿 − →𝑋 , (11)

where →𝐶1, →𝐶2, and →𝐶3 are defined as representing random
vectors.
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Input:MaxIter Number of iterations for optimization,
n Number of grey wolves in the pack.

1: Initialize a population of n grey wolves positions randomly.
2:While Stopping criteria not met do
3: Calculate the fitness values based on 𝛼, 𝛽, 𝛿 positions
4: Update Alpha, Beta, and Delta
5: Update a; A; and C
6: Update the Position of search agents including omegas
7: end
Output: 𝑥𝛼 Optimal grey wolf position, 𝑓𝑖𝑡(𝑥𝛼) Best fitness value.

Algorithm 1: Algorithm GWO.

Theupdating of parameter a controls the tradeoffbetween
exploration and exploitation in the grey wolf optimizer
(GWO). Parameter a is linearly decreased in each iteration
to range from 2 to 0 according to

𝑎 = 2 (1 − 𝑡 1
𝑀𝑎𝑥𝐼𝑡𝑒𝑟) , (12)

whereMaxIter is the total number of iterations allowed for the
optimization and t is the iteration number. Algorithm GWO
outlines the Grey Wolf Optimization (GWO) algorithm in
Algorithm 1.

3. The Adaptive FCM Algorithm

Fuzzy c-mean, proposed by Bezdek [47], is one of the main
techniques of unsupervised machine learning algorithm
which is widely applied to the image segmentation [48].
Fuzzy clustering has been proved to be very well suited to
deal with the imprecise nature of geographical information
including remote sensing data [49]. It has been effectively
used in large-scale data analysis, data mining, vector quanti-
zation, image segmentation, and pattern recognition and has
important theoretical and practical value. According to the
fuzzy clustering framework, each cluster is a fuzzy set and
each pixel in the image has a membership value associated
with each cluster, ranging between 0 and 1, measuring how
much the pixel belongs to that particular cluster [50]. In
the last decade, many different new optimization methods
of fuzzy clustering algorithms have been proposed, such
as using random projection and independent component
analysis to improve fuzzy c-means clustering [51, 52] and the
metaheuristic algorithms combined with FCM algorithm to
improve the effect of clustering [53, 54], etc.

Suppose 𝑋 = {𝑋1, 𝑋2, ⋅ ⋅ ⋅ 𝑋𝑛, }, which refers to a set of n
data points ( n pixels in an image ), and the objective function
of FCM algorithm is as follows:

𝐽𝑚 (𝑈, 𝑉) =
𝑐

∑
𝑖=1

𝑛

∑
𝑘=1

(𝑢𝑖𝑘)𝑚 𝑑2𝑖𝑘 (𝑥𝑘, V𝑖) , (13)

𝑑𝑖𝑘 = 𝑥𝑘 − V𝑖
 = (𝑥𝑘 − V𝑖)𝑇 (𝑥𝑘 − V𝑖) , (14)

where c is number of clusters, 𝑢𝑖𝑘 denotes the membership
degree of 𝑥𝑘 in the 𝑖𝑡ℎ cluster. Meanwhile the value of 𝑢𝑖𝑘

is inside [0, 1], 𝑚 is the weighting exponent on each fuzzy
membership and is generally a value of 2, V𝑖 is the 𝑖𝑡ℎ cluster
center, 𝑑𝑖𝑘 is the Euclidean distance between cluster center
V𝑖 and object 𝑥𝑘, and ‖ ⋅ ‖ denotes the Euclidean norm. The
membership function represents the probability that a pixel
belongs to a specific cluster when pixels far from the cluster
centers possess lowmembership values and pixels in the local
neighborhood of cluster centers possess high membership
value, and a minimization criterion is accomplished [49].
While the FCM algorithm is based on the initial parameter
set, determine the minimum objective function 𝐽𝑚(𝑈, 𝑉) by
iterative process. U and V are defined as in

𝑢𝑖𝑘 =
{{{{{
{{{{{
{

1
∑𝑐𝑗=1 (𝑑𝑖𝑘/𝑑𝑗𝑘)

2/(𝑚−1)
, 𝑑𝑗𝑘

1, 𝑑𝑗𝑘 = 0, 𝑗 = 𝑘
0, 𝑑𝑗𝑘 = 0, 𝑗 ̸= 𝑘,

(15)

V𝑖 = ∑𝑛𝑘=1 (𝑢𝑖𝑘)𝑚 𝑥𝑘
∑𝑛𝑘=1 (𝑢𝑖𝑘)𝑚

, (16)

where 𝑢𝑖𝑘, V𝑖 denote the membership function and cluster
centers, respectively.

FCM algorithm can effectively cluster analysis, but the
number of clusters needs to be given first. The purpose of
clustering is to classify data and try to make the distance
between classes as large as possible, and the distance between
data points in the class is as small as possible [55]. In order to
get the adaptive number of clusters c, adaptive function of c
is summarized below.

𝑥 = ∑𝑐𝑖=1∑𝑛𝑗=1 𝑢𝑚𝑖𝑗 𝑥𝑗
𝑛 , (17)

𝐿 (𝑐) = ∑𝑐𝑖=1 (∑𝑛𝑗=1 𝑢𝑚𝑖𝑗 ) V𝑖 − 𝑥2 / (𝑐 − 1)
∑𝑐𝑖=1∑𝑛𝑗=1 𝑢𝑚𝑖𝑗 𝑥 − V𝑖

2 / (𝑛 − 𝑐) , (18)

where 𝑥 is central vector of the total sample and 𝐿(𝑐) is adap-
tive function of the number of clusters c.Themolecule of 𝐿(𝑐)
denotes the distance between classes, and the denominator
represents the distance between data points in the class and
the center. An appropriate classification usually obtains a high
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Input: Image data,
1: Initialization Parameter: c=2, 𝜀 >0, 𝐿(1)=0, k=0, 𝑉(0).
2:While Stopping criteria not met do
3: Calculate 𝑢(𝑘)𝑖𝑗 ,
4: Calculate 𝑉(𝑘+1),
5: If ‖𝑉(𝑘+1) − 𝑉(𝑘)‖ ≤ 𝜀
6: Break
7: else
8: 𝑘 = 𝑘 + 1
9: end if
10: Calculate 𝐿(𝑐),
11: If 𝐿(𝑐 − 1) > 𝐿(𝑐 − 2) && 𝐿(𝑐 − 1) > 𝐿(𝑐)
12: Break
13: else
14: 𝑐 = 𝑐 + 1
15: end if
16: end while
Output:𝑈 Partition matrix, V Center matrix, c Number of clusters, 𝐿 Adaptive function of c.

Algorithm 2: Algorithm improved FCM.

value of function 𝐿(𝑐). The pseudocode of the algorithm is
presented in Algorithm 2.

4. The Modified FCM with
DE-GWO-FCM Algorithm

Differential Evolution (DE) algorithm is a heuristic random
search algorithm based on group differences. Compared with
the evolutionary algorithm, DE preserves the global search
strategy based on population and reduces the complexity of
genetic operation. At the same time, the unique memory
ability ofDE enables it to dynamically track the current search
situation, to adjust its search strategy. It has strong global
convergence and robustness, does not need the aid of the
feature information of the problem, and is suitable for solving
some optimization problems in the complex environment
which cannot be solved by conventional mathematical pro-
gramming methods.

The conventional GWO algorithm updates its hunters
towards the prey based on the condition of the alpha, beta,
and delta (leader wolves) [39]. However, regarding the insuf-
ficient diversity of the wolves in some cases, the population
of GWO is still inclined to stagnate in local extremum, and
the problems of immature convergence still exist. To avoid
the above-mentioned concerns, DE can assist GWO to obtain
the global optimal solution. Using this concept, it can be
ensured that GWO can perform global search more effect-
ively.

In order to achieve the best clustering effect, the objective
function of fuzzy c-means should be minimum [56], but the
random initial clustering center has a great influence on the
algorithm in this process. To solve this problem, DE-GWO
can be used to search a set of global optimal centers. The
accuracy of FCM clustering can be significantly improved in
this way, so as to achieve better clustering results.

4.1. Fitness Function Setting. Fitness function is a benchmark
set by objective function, which is used to calculate the fitness
of individual wolves. The smaller it means, the better the
individual is, and the bigger itmeans, theworse the individual
is. Combining DE-GWO and FCM algorithm, the fitness
function of DE-GWO is defined as in

𝑓𝑖𝑡𝑛𝑒𝑠𝑠 = 𝐽𝐹𝐶𝑀, (19)

The better the effect of clustering, the smaller the value of
𝑓𝑖𝑡𝑛𝑒𝑠𝑠 of DE-GWO. By iterating the 𝛼, 𝛽, and 𝛿 positions
in the algorithm, the best fitness function 𝛼 can be obtained
and set 𝛼 as the initial centers of FCM.

4.2. Population Initialization. According to common meth-
ods of swarm intelligence algorithm initialization, in order
that the population in the algorithm has diversity and
randomness, the initialization formula is set as follows:

{𝑋𝑖 (0) | 𝑥𝐿𝑖,𝑗 ≤ 𝑥𝑖,𝑗 (0) ≤ 𝑥𝑈𝑖,𝑗; 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁𝑃; 𝑗

= 1, 2 ⋅ ⋅ ⋅ , 𝐷} ,
(20)

𝑥𝑖,𝑗 (0) = 𝑥𝐿𝑖,𝑗 + rand (0, 1) (𝑥𝑈𝑖,𝑗 − 𝑥𝐿𝑖,𝑗) , (21)

where NP represents the size of the grey wolf population, D
denotes the dimension of the grey wolf population, rand(0, 1)
is a random value inside [0, 1], and 𝑥𝐿𝑖,𝑗 and 𝑥𝑈𝑖,𝑗 are the lower
and upper bounds of the 𝑗 dimension, respectively.

4.3. Mutate. The DE algorithm uses the difference strategy
to realize the individual variation. The common difference
strategy is to randomly select two different individuals in
the population, and after the vector difference is scaled,
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the vectors are combined with the individuals which to be
changed.

𝑉𝑖 (𝑔 + 1) = 𝑋𝑟1 (𝑔) + 𝐹 (𝑋𝑟2 (𝑔) − 𝑋𝑟3 (𝑔)) , (22)

where r1, r2, and r3 are random values in [1,NP], 𝐹 is called
the scaling factor, which is a constant, and 𝑔 denotes g-th
generation.

4.4. Crossover. The purpose of cross operation is to select
individuals randomly, because differential evolution is also
a stochastic algorithm. The way of crossover operation is
defined as follows:

𝑈𝑖,𝑗 (𝑔 + 1) = {
{
{
𝑉𝑖,𝑗 (𝑔 + 1) 𝑖𝑓 rand (0, 1) ≤ 𝐶𝑅
𝑥𝑖,𝑗 (𝑔) 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒, (23)

where 𝐶𝑅 is cross probability, and a new individual is
randomly generated by a probability.

4.5. Choice. In DE, greedy selection strategy is adopted, that
is, to choose better individuals as new individuals.

𝑋𝑖 (𝑔 + 1)

= {
{
{
𝑈𝑖 (𝑔 + 1) 𝑖𝑓 𝑓 (𝑈𝑖 (𝑔 + 1)) ≤ 𝑓 (𝑋𝑖 (𝑔))
𝑋𝑖 (𝑔) 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

(24)

4.6. Update. According to the search method of GWO, we
update the location of wolf by encircling, hunting, and
attacking. Mutation, crossover, and selection take place in
the position update process of wolves. During the iteration
process, we get the best grey wolf position 𝑥𝛼. By summariz-
ing the above process, the update process of DE-GWO-FCM
algorithm flow is as follows.

Step 1. Determine the number of clusters c, the initial swarm
size NP, number of iterations T, lower and upper bound of
scaling factor, and crossover probability.

Step 2. Randomly generate the initial parent population, the
mutant population, and the offspring population of wolves,
respectively, and initialize the parameters a, A, and C.

Step 3. Compute the fitness of eachwolf, determine the alpha,
beta, and delta wolves in the parent population.

Step 4. Update a; A; and C by (12) and (3)-(4).

Step 5. According to (5), update the position of current
wolves and compute the fitness of each wolf in the parent
population.

Step 6. Generate mutated population.

Step 7. Generate offspring population and crossover, and
compute the fitness of each wolf in the offspring population.

Step 8. If the offspring are superior to the parent, the parent
population is updated.

Step 9. Reconfirm the alpha, beta, and delta wolves in the
parent population, T+T+1.

Step 10. If one gets the best 𝑥𝛼, end the search process;
otherwise, continue executing Step 3∼Step 9 until the end.

After obtaining the best number and center of clusters,
SAR image can be segmented by FCM algorithm. Algorithm
DE-GWO-FCM outlines the differential evolution GreyWolf
Optimization algorithm. To have a better description of
the DE-GWO-FCM, the pseudocode of the algorithm is
presented in Algorithm 3.

4.7. Adaptive Fuzzy c-Means Clustering Algorithm Based on
DE-GWO Optimization. Through the analysis of (17)-(18),
an adaptive image segmentation method is proposed. The
algorithm adaptively searches the optimal number of clusters
and initial centers, and it is not easy to fall into local extreme
points, thus obtaining the optimal classification results. In
summary, the process of ADE-GWO-FCM algorithm flow is
as follows:

(1) Initialization, determine the fuzzy exponent m, lower
and upper bound of scaling factor, crossover proba-
bility, initial swarm size NP, and the number of initial
clusters c=2 (default classification number>=2)

(2) Image clustering analysis by DE-GWO-FCMmethod
(3) Calculate the cost function L based on (17)-(18). If the

value of a begins to become smaller, turn to fourth
step; otherwise, set 𝑐 + 1 → 𝑐, and turn to third step

(4) Set 𝑐 − 1 → 𝑐, calculate initial center by DE-GWO-
FCM, and get the final segmentation image

5. Experimental Results and
Performance Analysis

5.1. Segmentation Results on Simulated Image. All the images
and data utilized in this work are available [57]. In order
to compare the efficiency of our method with others, seg-
mentation methods based on FCM, GA-FCM, and ABC-
FCM algorithm are used to segment some typical images.
Experimental results are given in Figure 1, covering a noise-
free optical image, an optical image polluted by synthetic
noise (composed of salt and pepper noise with density
0.02, speckle noise with variance 0.005, and Gaussian noise
with mean 0 and variance 0.01), and a real SAR image.
In this experiment, for GA algorithm, the population size
is 20, the maximum number of iterations is 100, binary
digits of variable are 16, the crossover probability is 0.7,
and the mutation probability is 0.01. In ABC algorithm, the
population size is 20, the maximum number of iterations is
100, and the number of restrictions to give up the search is 20,
and the lower and upper bounds are 0 and 255, respectively.
In DE-GWO algorithm, the lower bound of scaling factor is
0.1, the upper bound of scaling factor is 0.9, the crossover
probability is 0.1, the population size is 20, and the maximum
iteration is 100. Because when the number of optimal clusters
is not reached, the more the number of clusters is, the longer
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Input:𝑋 Image data
1: Determine the initial swarm size NP, the number of initial clusters c, iterations T, lower and upper bound of
scaling factor and crossover probability.
2: Randomly generate the initial the parent population, mutant population and offspring population of wolves
respectively, and initialize the parameter a; A; and C.
3: Compute the fitness of each wolf in the parent population
4: Set𝑋𝛼 to be the best wolf, Set𝑋𝛽 to be the second best wolf, Set𝑋𝛿 to be the third best wolf
5: While (Stopping criteria not met) or (t<T) do
6: for each wolf in the parent population
7: Update a; A; and C
8: Update the position of current wolves by Eq. (5)
9: Compute the fitness of each wolf
10: end for
11: Generate Mutated population
12: Generate offspring population and crossover
13: for each wolf in the offspring population
14: Crossover
15: Compute the fitness of each wolf
16: end for
17: If the offspring are superior to the parent
18: Update the parent population
19: end if
20: Update𝑋𝛼,𝑋𝛽 and𝑋𝛿
21: t=t+1
22: end while
23: Return𝑋𝛼,𝑋𝛽 and𝑋𝛿
24: 𝑋𝛼 → FCM
Output:𝑈 Partition matrix, target image

Algorithm 3: Algorithm DE-GWO-FCM.

the algorithm runs, the clearer the segmented image is. In
order to facilitate the analysis and comparison of algorithm
performance, we set the same number of clusters in several
algorithms.

In Figure 1, it is clear to see that, under the same number
of clusters, the FCM algorithm has the fastest convergence
rate because of its simple structure; however, because the
initial center is randomly generated, the accuracy is relatively
low.The accuracy of the GA-FCM andABC-FCMalgorithms
is better than FCM, but effects of their convergence are not
stable. The proposed algorithm is relatively complex; it is a
hybrid algorithm combining differential evolution andGWO,
but the speed of the proposed algorithm is similar to that of
ABC-FCM, the algorithm has been steadily converging, and
the variant machine can avoid the algorithm falling into the
local minimum.

In Figure 2, this is the convergent graph of the four
algorithms. Because these four algorithms use the value
function of FCM algorithm as the search basis, under the
same clustering number, the smaller the value of FCM value
function, the better the search performance of the algorithm.
It is clear to see that, under the same number of clusters,
compared with the contrast algorithm, the value of the FCM
function obtained by the proposed method is the small-
est.

In the field of image segmentation, there are many eval-
uation criteria. Precision, recall, and F-measure are widely

used and approved. Precision rate represents the proportion
of pixels detected by the segmentation algorithm in the
whole region. Recall rate indicates the degree of agreement
between the number of pixels detected by the segmentation
algorithm and the area in the artificial annotation true
value (GT). The F-measure value is the harmonic mean
synthesized by precision and recall, which can reflect the
comprehensive quality of image segmentation.The area of the
given annotation is represented by G.The pixel area detected
by the algorithm is represented by S. The formula is defined
as follows:

𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 = 𝐺 ∩ 𝑆
𝑆 , (25)

𝑅𝑒𝑐𝑎𝑙𝑙 = 𝐺 ∩ 𝑆
𝐺 . (26)

Most of the time, not only the high accuracy rate but also
the high recall rate is needed, so F-measure is used as the
evaluation mechanism of the overall performance.

𝐹𝛽 =
(1 + 𝛽2) ∙ 𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 ∙ 𝑅𝑒𝑐𝑎𝑙𝑙

𝛽2 ∙ 𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 + 𝑅𝑒𝑐𝑎𝑙𝑙 . (27)

Parameter𝐹𝛽 is themost commonF1-measure standardwhen
a equals 1.

According to the commonly used image segmentation
evaluation criteria, the proposed algorithm and existing
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Figure 1: Comparative experiments on image segmentation. (a) Noise-free optical image; (b) optical image polluted by synthetic noise; (c)
segmented image by DE-GWO; (d) segmented image by ABC-FCM; (e) segmented image by GA-FCM; (f) segmented image by FCM; (g)
best value of the four approaches.

Table 1

category Precision Recall F1-measure
DE-GWO-FCM 0.9382 0.7770 0.8500
ABC-FCM 0.9253 0.7654 0.8378
GA-FCM 0.9296 0.7385 0.8231
FCM 0.8998 0.7414 0.8130

segmentation algorithms are evaluated from the aspects
of segmentation accuracy, recall rate, and overall accuracy
index. The results of the several experiments are shown in
Table 1.

Combined with the experimental results, when the image
contains synthetic noise, the overall accuracy of the algorithm
is better than other comparison algorithms.

5.2. Segmentation Results on Real SAR Images. This section
describes the application of our method to real SAR images.
Figure 3 shows the segmentation results of the proposed
algorithm and the contrast algorithms for real SAR ima-
ges.

According to Figure 3, all the four algorithms can seg-
ment the edge accurately, but the proposed algorithm is better
because of the better global search ability.

6. Conclusion

In this paper, a robust FCM algorithm based on improved
adaptive differential evolution Grey Wolf Optimization
is proposed. In essence, the segmentation effect of our
method owes to GWO algorithm, which has an outstanding
convergence performance. First, in order to get the best
clustering number, we classify the data and maximize the
distance between the classes as far as possible, and the
distance between the data points within the class is as
small as possible. In the GWO algorithm, the differential
evolution theory is introduced, and the population variation
is used to avoid the local optimal solution of the GWO
algorithm.Through the adaptive differential evolution GWO
algorithm, we get the initial centers and the number of
clusters and put them into the FCM algorithm to complete
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Figure 2: Comparative experiments on two images. (a) The first noise-free optical image; (b) the first optical image which is polluted by
synthetic noise; (c) the second noise-free optical image; (d) the second optical image which is polluted by synthetic noise; (e) the best value
of the four approaches with the first image; (f) the best value of the four approaches with the second image.

the image segmentation. Experimental results indicate
that the efficiency of the proposed algorithm is higher,
the misclassification rate is smaller, and the segmentation
accuracy and the overall accuracy are higher, which proves
the validity and correctness of the algorithm.

The feasibility of GWO-based image segmentation is
demonstrated in the paper, and it offers a new option to
the conventional methods with the merit of simplicity and
efficiency. However, as a new heuristic model in swarm
intelligence, GWO algorithm is not perfect, some control
parameters of the mixed Grey Wolf Optimization algorithm
(DE-GWO) have to be specified by experiences, and FCM

algorithm is sensitive to noise. It is necessary for us to pay
more attention to noise reduction and other new fitness
functions in the future work.
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Figure 3: Comparative experiments on real SAR image segmentation. (a) A real SAR image; (b) local magnified image of (a); (c) segmented
image of (a) by our method; (d) local magnified image of (c); (e) segmented image of (a) by ABC-FCM; (f) local magnified image of (e); (g)
segmented image of (a) by GA-FCM; (h) local magnified image of (g); (i) segmented image of (a) by FCM; (j) local magnified image of (i).
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To solve the problem of complex relationships among variables and the difficulty of extracting shared variables from nonlinear
Boolean functions (NLBFs), an association logic model of variables is established using the classical Apriori rule mining algorithm
and the association analysis launched during shared variable extraction (SVE). This work transforms the SVE problem into a
traveling salesman problem (TSP) and proposes an SVE based on particle swarm optimization (SVE-PSO) method that combines
the association rule mining method with swarm intelligence to improve the efficiency of SVE. Then, according to the shared
variables extracted fromvariousNLBFs, the distribution of the shared variables is created, and two corresponding hardware circuits,
ElementA andElement B, based on cascade lookup table (LUT) structures are proposed to process the variousNLBFs. Experimental
results show that the performance of SVE via SVE-PSO method is significantly more efficient than the classical association rule
mining algorithms. The ratio of the rules is 80.41%, but the operation time is only 21.47% when compared to the Apriori method,
which uses 200 iterations. In addition, the area utilizations of Element A and Element B expended by the NLBFs via different
parallelisms are measured and compared with other methods.The results show that the integrative performances of Element A and
Element B are significantly better than those of other methods. The proposed SVE-PSO method and two cascade LUT-structure
circuits can be widely used in coarse-grained reconfigurable cryptogrammic processors, or in application-specific instruction-set
cryptogrammic processors, to advance the performance of NLBF processing and mapping.

1. Introduction

1.1. Background. Cryptographic algorithms play a critical
role in information security, which has broad applications.
Currently, nonlinear Boolean functions (NLBFs) are being
used in cryptographic algorithms widely.The performance of
NLBFs processing and mapping influences the performance
of cryptographic algorithms tremendously, it is indicated that
the characteristics of the shared variables extracted from
NLBFs must be determined so the efficient hardware circuits
and mapping of NLBFs can be implemented.

The distribution of NLBFs with shared variables is dif-
ficult to create because the variables possess complicated
expression types with unique design principles. The dis-
tribution also affects or even determines the organization
of the lookup table- (LUT-) based logic elements, further
impacting the hardware performance (in terms of area, speed,

power, and area utilization) of the whole computing archi-
tecture. Although many cascading LUT-based structures for
Boolean functions have been proposed, the methods have
usually been based on experimental results or engineering
experience, which lack a standard and basic conducting
theory.

Shared input ports are common in LUT-based struc-
tures because they complete more powerful functionalities
and achieve a more advanced performance. Adaptive logic
modules (ALMs) developed by Mike Hutton [1] can realize
multiple Boolean functions and achieve a 15% performance
increase and a 12% decrease in the area versus standard
basic logical element (BLE) in field-programmable gate
arrays (FPGAs). Jason H. Anderson [2] projected func-
tion generators that decompose a k-variable function into
two (k-1)-variable expression using the Shannon decom-
position theorem. Next, a diverse LUT-based structure
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was devised according to the decomposition results. Other
existing research studies [3–5] have also formed Boolean
functions by applying LUT-based structures with shared
inputs.

In addition, there is abundant research on the features
and extraction methods of shared variables in general com-
puting. Earlier studies were concerned with the relationships
between the LUT size (input number of LUT, K), cluster size
(number of LUTs per cluster, N), and cluster inputs (input
number of a cluster, I) by testing all types of LUT-based
structures.The logic utilization of cluster-based modules was
analyzed by Jonathan Rose [6] and considered the effect of
three parameters: area, delay, and the area-delay product.This
group experimentally determined the relationship between𝐾
and 𝑁 by achieving a peak utilization ratio of 98%. Further-
more, they revisited the issue and determined the relationship
between parameters via (1) across all architectures with LUT
sizes that range between 2 and 7 input ports and with a cluster
size from 1 to 10 LUTs [7].

𝐼 = 𝐾
2

× (𝑁 + 1) (1)

To reduce 𝐼 to K, multiply it by 𝑁 shared inputs (the
shared variables of the Boolean expressions); if N ̸=1 is
also proved in [8–10], then the number of shared inputs
is

𝐼𝑠ℎ𝑎𝑟𝑒𝑑 = 𝐾 × 𝑁 − 𝐾
2

× (𝑁 + 1) = 𝐾
2

× (𝑁 − 1) (2)

The above considerations are directed at general com-
puting, which may provide some inspiration to achieve the
distribution for shared variables. There are a few important
characteristics of NLBFs. Research initiatives have not con-
sidered solving the problem from the expressions themselves,
and there is, indeed, no efficient method for obtaining the
shared variables of Boolean expressions.

In recent studies, researchers have advanced investiga-
tions into variables, expressions, and other related factors.
A method [11] for and-terms and variables that is statis-
tical in nature was proposed to realize the critical arith-
metic unit of NLBFs. However, the results usually depend
on a subjective verdict causing unreasonable settings for
the shared inputs, which also achieves low efficiency and
has limited applicability when there are many terms in the
complex relationship between terms, which are ubiquitous
in the various design principles of NLBFs. A reconfigurable
structure was provided in [12], according to the results. This
indicates that an achieved throughput of 7.6 Gbps in a 32-
way parallel architecture acquired high utilization but also
failed to have a profound deliberation of the shared varia-
bles.

Although the parameters (and-terms, variables, and oth-
ers) of NLBFs have been analyzed, the most important
elements, the shared variables, have not been studied pro-
foundly. The essence of shared variable extraction is the
knowledge of the incidence and relationship of the items.
Association rule mining is a significant approach when find-
ing the relationship between items; this approach is also an

undirectedminingmethod that discovers the valuable associ-
ation relationships found in large amounts of data. To obtain
the association logic of the variables, the Boolean expressions
of NLBFs in cryptographic algorithms are analyzed. In
addition, based on the common characteristics between the
frequent items and shared variables (the more frequent an
item (variable) is, the more probability it has of being a
frequent item set (shared variable)), association rule mining
is applied to the extraction of shared variables to achievemore
reasonable shared inputs.

However, there are many variables and complex expres-
sions in various NLBFs.The classical association rule mining
algorithm, Apriori or frequent pattern (FP) growth, provides
a low efficiency and bears a heavy computing load. To over-
come these disadvantages, this study proposes an efficient
extraction algorithm for shared variables that incorporates
swarm intelligence while also designing the corresponding
hardware elements based on the distribution of the extracted
shared variables.

1.2. Motivation and Contribution. Having studied the princi-
ple and process of association rulemining, this work suggests
that the association rule analysis can be perfectly applied to
the extraction of shared variables from NLBFs. Meanwhile,
LUT-based logic elements are constructed according to the
distribution of shared variables. In this study, the shared
variable extraction algorithm for NLBFs in cryptographic
algorithms is investigated. The main contributions of our
work are listed as follows:

(1) Research on association rule mining is conducted and
a logic model based on the association rules is established.
This model combines the generation of frequent items with
the extraction of shared variables.

(2) To improve the efficiency of the extraction algorithm,
this study transforms the shared variable extraction (SVE)
into the traveling salesman problem (TSP). Based on the
similarity between the shortest path and the maximum
support, particle swarm optimization (PSO) is applied to the
undirected path treating the variables as points.

(3)The distribution of shared variables is achieved in var-
ious NLBFs. Based on the distribution of the shared variables,
two cascade LUT-structures Element A and Element B are
projected to satisfy the computation of NLBFs.

These novel expressions provide a perfect extraction
for shared variables and two novel hardware elements for
NLBFs. The extraction algorithm devised in our work will
be a helpful reference for researchers dealing with LUT-
based structures, especially with the hardware structures of
NLBFs in cryptographic algorithms. This paper is arranged
as follows. Section 2 establishes the association logic for
NLBFs by applying the Apriori algorithm. The PSO method
is incorporated to improve efficiency. In Section 3, SVE
based on PSO (SVE-PSO) is proposed, and the procedure is
determined. In Section 4, the hardware elements, based on
the distribution of shared variables, are proposed to process
NLBFs. The performances of SVE-PSO and the hardware
elements based on shared variables are evaluated in Section 5.
We conclude the paper in Section 6.
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2. Association Logic of NLBFs and PSO

Due to different principles and diverse security requirements,
various NLBFs possess different features. To create a distri-
bution of shared variables, the association logic should be
obtained first.

2.1. Association Logic Analysis of NLBFs

Definition 1. A Boolean function is a function with the
domain of {0, 1}𝑛 and a range of {0, 1}. It can be expressed
in regular type as (AND-XOR):

𝑓 = 𝑐0 + ∑
𝑖

𝑐𝑎𝑖𝑥𝑖

+ ∑
𝑖>𝑗

𝑐𝑎𝑖𝑎𝑗𝑥𝑖𝑥𝑗 + ⋅ ⋅ ⋅ + 𝑐𝑎𝑛−1 ⋅⋅⋅𝑎1𝑎0𝑥𝑛−1 ⋅ ⋅ ⋅ 𝑥1𝑥0
(3)

Each 𝑥𝑖 represents the Boolean variable, respectively,
𝑥𝑖𝑥𝑗 called and-term represents the operation of 𝑥𝑖 “AND”
𝑥𝑗, and + represents the operation of “XOR”. The value of
each coefficient 𝑐𝑎𝑖 is “1” or “0”, which indicates whether
the corresponding term is included in the expression. Each
and-term consists of “AND” and the variable number is its
corresponding order.Themaximum order of all and-terms is
the order of the Boolean function, and the Boolean function
is called NLBF when its order is greater than 1.

Definition 2. Association item refers to the combination of
the Boolean variables that appear at the same time, that
is, the combination of the common variables. The detailed
definition is as follows.There are𝑚 samples 𝐼 = {𝑖1, 𝑖2, . . . , 𝑖𝑚}
in item sets I.D is the task database related to all tasks and𝑇 is
a subset of the data items; that is, T⊂I.The goal of association
mining is to find the correlation of task 𝐴 and task 𝐵 noted
as A→B (A∈I, B∈I, and A∩B =0). A is called the association
antecedent item and 𝐵 is called the association succedent item.

Definition 3. Support refers to the frequency of a Boolean
variable or certain Boolean variables combined in all Boolean
terms, and it mirrors the frequency and applicability of the
association rules. The greater the support, the stronger the
association of the Boolean terms, and therefore the greater
the possibility of the implementation using the same LUT.
Support(A) is the ratio of task𝐴 and is equal to its probability.
Support(A, B) is the joint probability of𝐴 and B, meaning the
item includes 𝐴 and 𝐵 simultaneously. In this paper, Support
is marked as L.

Definition 4. Confidence refers to the ratio of item B when
item A is included in the data set. It represents the credibility
and accuracy of the related items. The confidence (A→B) is
equal to the conditional probability 𝑝(𝐵 | 𝐴).

Association rule mining can acquire the relationships
among the items in a dataset via mathematical logic. Apriori
[13] is the classical association rule mining algorithm. This
algorithm searches for the frequent item sets iteratively; there
are two steps to accomplish the process:

Table 1: And-term sets of NLBF.

And-term event (item) Variable item sets
Term 1 { {𝑥2}, {𝑥4}, {𝑥5}, {𝑥6} }
Term 2 { {𝑥1}, {𝑥5}, {𝑥6} }
Term 3 { {𝑥2}, {𝑥4} }
Term 4 { {𝑥3},{𝑥4} }
Term 5 { {𝑥2}, {𝑥5}, {𝑥6} }
Term 6 { {𝑥1},{𝑥2}, {𝑥4} }

Table 2: Support calculation for items L1.

Variable item Support count
{𝑥1} 2
{𝑥2} 4
{𝑥3} 1
{𝑥4} 4
{𝑥5} 3
{𝑥6} 3

Table 3: Support count for variable sets C1.

Variable item Support count
{𝑥1} 3
{𝑥2} 3
{𝑥4} 4
{𝑥5} 3
{𝑥6} 3

(1) Achieve the frequent item sets. To do this, find the
frequent item sets whose supports are larger than min sup.

(a) Set min sup (minimum support).
(b) Scan the database 𝐷 and determine the frequent 1-

item sets that contain only one variable.
(c) Circle the search process until all frequent item sets

are found.
(2) Generate the strong association rules.
(a) Set min conf (minimum confidence).
(b) Count the confidences and consider all frequent item

sets whose confidences are greater thanmin conf as the strong
association rules.

According to this procedure, the extraction process for
shared variables is introduced with an example of the fol-
lowing NLBF, whose expression is 𝑓(𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6) =
𝑥2𝑥4𝑥5𝑥6+𝑥1𝑥5𝑥6+𝑥2𝑥4+𝑥3𝑥4+𝑥2𝑥5𝑥6+𝑥1𝑥2𝑥4, whose six
and-terms are 𝑥2𝑥4𝑥5𝑥6, 𝑥1𝑥5𝑥6, 𝑥2𝑥4, 𝑥3𝑥4, 𝑥2𝑥5𝑥6, 𝑥1𝑥2𝑥4
marked as Term1∼Term6 correspondingly. Item sets in this
NLBF expression are shown in Table 1. All and-terms have
their own identification (ID) and there are 6 variables 𝑥1 ∼ 𝑥6
in this NLBF.

(a) Scan the and-term sets completely and count their
supports L1 to find the initial item sets shown in Table 2.

(b) Set the min sup count as 2 (delete 𝑥3, whose Support
count is 1 and smaller than 2) and obtain the candidate item
sets C1 given in Table 3.

(c) Scan the and-term sets once more and count the
supports L2 of C1 presented in Table 4.
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Table 4: Support count for variable sets L2.

Item Support count
{𝑥1 𝑥2} 1
{𝑥1 𝑥4} 2
{𝑥1 𝑥5} 1
{𝑥1 𝑥6} 1
{𝑥2 𝑥4} 3
{𝑥2 𝑥5} 2
{𝑥2 𝑥6} 2
{𝑥4 𝑥5} 1
{𝑥4 𝑥6} 1
{𝑥5 𝑥6} 3

Table 5: Support count for variable sets C2.

Variable item Support count
{𝑥1 𝑥4} 2
{𝑥2 𝑥4} 3
{𝑥2 𝑥5} 2
{𝑥2 𝑥6} 2
{𝑥5 𝑥6} 3

Table 6: Support count for variable sets L3.

Variable item Support count
{𝑥2 𝑥5 𝑥6} 2
{𝑥1 𝑥2 𝑥4}∗ 1
{𝑥1 𝑥5 𝑥6}∗ 1
{𝑥2 𝑥4 𝑥5}∗ 1
{𝑥2 𝑥4 𝑥6}∗ 1
{𝑥4 𝑥5 𝑥6}∗ 1

Table 7: Support count for variable sets C3.

Variable item Support count
{𝑥2 𝑥5 𝑥6} 2

(d) Acquire the candidate item sets C2 according to the
min sup and delete the items whose support count is less than
2: {𝑥1, 𝑥2}, {𝑥1, 𝑥5}, {𝑥1, 𝑥6}, {𝑥4, 𝑥5}, {𝑥4, 𝑥6} as shown in
Table 5.

(e) Scan the and-term sets again and compute the supports
L3 of C2 as Table 6. According to the property that the
superset of an infrequent item sets is not a frequent one, the
items ({𝑥1, 𝑥2}, {𝑥1, 𝑥5}, {𝑥1, 𝑥6}, {𝑥4, 𝑥5}, and {𝑥4, 𝑥6}) whose
supports are less thanmin sup can be deleted to form the final
item sets C3 exhibited in Table 7.

To the nonempty subsets {𝑥2, 𝑥5}, {𝑥2, 𝑥6}, {𝑥5, 𝑥6},
{𝑥2}, {𝑥5}, and {𝑥6} of {𝑥2, 𝑥5, 𝑥6}, each confidence of the
association rules of {𝑥2 𝑥5} → 𝑥6, {𝑥2 𝑥6} → 𝑥5,
{𝑥5 𝑥6} → 𝑥2, 𝑥5 → {𝑥2 𝑥6}, and 𝑥6 → {𝑥2 𝑥5} can be
acquired, respectively, when the min conf is set to 0.60, as
shown in Table 8. On the basis of the confidence coefficient
in Table 8, it can be seen that 𝑥6 must appear when and-term
includes 𝑥2 and 𝑥5 because the confidence({𝑥2, 𝑥5} → 𝑥6)

Table 8: Confidence of the nonempty proper subsets of {𝑥2, 𝑥5, 𝑥6}.

Relationship among items Confidence coefficient
{𝑥2 𝑥5} → 𝑥6 Confidence=2/2=1.00
{𝑥2 𝑥6} → 𝑥5 Confidence=2/2=1.00
{𝑥5 𝑥6} → 𝑥2 Confidence=2/3≈0.67
𝑥2 → {𝑥5 𝑥6} Confidence=2/4=0.50
𝑥5 → {𝑥2 𝑥6} Confidence=2/3≈0.67
𝑥6 → {𝑥2 𝑥5} Confidence=2/3≈0.67

is equal to 1, and 𝑥2 will appear in the and-terms at a
probability of 0.67 if 𝑥5 and 𝑥6 are contained because
confidence({𝑥5 𝑥6} → 𝑥2) is equal to 0.67. The meaning of
other rules can be obtained in a similar way.

Thus, the Apriori method is inherently a brief search
process with a clear disadvantage [14]: Apriori must scan the
database repeatedly, which increases the I/O load. Accord-
ingly, the number of candidate frequent item sets is promptly
augmented, and the computing time is prolonged if there are
large numbers of items. The FP tree (FP-growth), which can
avoid repeated database searches, was proposed byHan Jiawei
in 2000 [15]. The algorithm can realize the compression of
sample data where the FP tree forms an overlapping stem
with the same items. However, it may notmake a conspicuous
advance in mining efficiency of the association rule due to
visiting the data repeatedly when the stem bifurcation of FP-
growth is very large.

As the classical association rule mining algorithms, Apri-
ori and FP-growth are widely used by researchers. Swarm
intelligence, with the features of distributed control and high
self-organization, is also applied in these kinds of domains
[16]. Significant improvements can be made in combining
association rule mining with swarm intelligence.

2.2. PSO Algorithm. PSO [17] is a parallel heuristic random
search algorithm, which converges to the global optimal
solution with larger probability. It is proved by practice that
it is suitable for optimization in dynamic and multiobjective
optimization environment. Compared with traditional simu-
lated annealing, ant colony algorithm, and genetic algorithm,
it has faster computing speed and better global search ability.
At the same time, because of the unique memory of PSO,
it can dynamically maintain the extraction process of the
nonlinear Boolean function association term, dynamically
track the current search, and adjust its search strategy. There-
fore, PSO can achieve faster convergence in the extraction of
association term for nonlinear Boolean functions.

PSO, as a method for globally searching for an optimal
solution, was proposed by Kennedy and Eberhart to simulate
the foraging behavior of a flock of birds. Each bird is
considered a particle of the search space and it can determine
the next position according to its own “flying experience” and
the shared information among the birds.

There are 𝑚 particles in D-dimensional space. The posi-
tion vector of particle 𝑖 is 𝑋𝑖 = {𝑥𝑖,1, 𝑥𝑖,2, . . ., 𝑥𝑖,𝐷} and its
velocity impacting the next motion state can be expressed as
𝑉𝑖 = {V𝑖,1, V𝑖,2, . . ., V𝑖,𝐷} in the feasible solution space. Every
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particle has a fitness value decided by an objective function.
The position 𝑋𝑖 and the optimal position 𝑝𝑖 = {𝑝𝑖,1, 𝑝𝑖,2, . . .,
𝑝𝑖,𝐷}with the best fitness value (also known as pbest) can both
be acquaintedwith their “own flying experience”. In addition,
particles can achieve a global optimal position 𝑝𝑔 = {𝑝𝑔1,
𝑝𝑔2, . . ., 𝑝𝑔𝐷} also called gbest from the shared information.
The velocity and position of 𝑖 in the jth dimension can be
refreshed by (4), (5):

𝑉𝑡+1𝑖,𝑗 = 𝑤 × 𝑉𝑡𝑖,𝑗 + 𝑐1 × 𝑟1 × (𝑝𝑏𝑒𝑠𝑡𝑡𝑖,𝑗 − 𝑥𝑡𝑖,𝑗) + 𝑐2 × 𝑟2

× (𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑡𝑖,𝑗)
(4)

𝑥𝑡+1𝑖,𝑗 = 𝑥𝑡𝑖,𝑗 + 𝑉𝑡+1𝑖,𝑗 (5)

The constant inertia weight 𝑤 equips the particle with an
extended searching ability in the solution space. The capabil-
ity for self-summary and learning of the excellent particles
can be indicated by 𝑐1 and 𝑐2, whose values range within (0, 4]
and are usually equal to 2. 𝑟1 and 𝑟2 are the pseudorandom
numbers at (0, 1]. The maximum velocity is called vmax and
the particle can reach maximum velocity V𝑚𝑎𝑥,𝑗 in the jth
dimension. The schematic movement diagram of particle 𝑖 in
3-dimensional space is shown in Figure 1.

The process for the PSO is introduced as the following.
(1) Initiation.
(a) Set the basic parameters: 𝑐1, 𝑐2, 𝑤, 𝑟1, 𝑟2, and vmax,

particle scale p, maximum circulation kmax, and the accuracy
requirement 𝛿.

(b) Initialize the positions and velocities of the particles
randomly.

(c) 𝑘 = 1, 𝑖 = 1.
(2) Global optimization.
(a) Calculate the fitness value 𝑓𝑘𝑖 via 𝑥𝑘𝑖 .
(b) If 𝑓𝑘𝑖 < fbesti, fbesti = 𝑓𝑘𝑖 and pbesti = 𝑥𝑘𝑖 ; otherwise

𝑓𝑏𝑒𝑠𝑡𝑔 = 𝑓𝑘𝑖 and 𝑝𝑏𝑒𝑠𝑡𝑔 = 𝑥𝑘𝑖 .
(c)When k > kma𝑥 or the accuracymeets the requirement,

go to step (3).
(d) i = i+1 and if i> p, k = k+1, i = 1, then go to step ((2)(a)).
(3) Output the results and end the program.

3. Shared Variables Extraction Algorithm
Based on PSO

According to the analysis in Sections 2.1 and 2.2, the Apriori
algorithm searches for the optimal solution globally, while
swarm intelligence is a local solution search process. The
SVE-PSO method proposes applying their features in com-
bination to improve the mining efficiency and is introduced
in this section.

3.1. TSP of Shared Variables

Definition 5. Swapping refers to exchanging the positions
of two items. For the TSP of 𝑚 destinations, the solution
sequence can be denoted as S = {𝑎1, 𝑎2, . . ., 𝑎𝑖, . . ., 𝑎𝑗, . . ., 𝑎𝑚}.
If 𝑖 and 𝑗 are the positions of 𝑎𝑖 and 𝑎𝑗 in the sequence, the
operation S’ = S ∘ <i, j> is called swapping, which exchanges
the positions of 𝑎𝑖 and 𝑎𝑗 but not the others. The operation
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Figure 1: Movement diagram for particle 𝑖 in three-dimensional
coordinate.

∘ is considered multiplication here. S’ is the fresh solution
sequence after swapping, and <i, j> is the recon.

Definition 6. Swapping sequence refers to an ordered queue
consisting of one ormore different swapping(s).This indicates
that all recons act on the solution sequence one by one when
the swapping sequence is operated on the solution sequence.
Furthermore, the swapping sequences are equivalent to
swapping sequences after swapping via different swapping
sequences, where the same fresh solution is obtained. The set
of all equivalent swapping sequences is the equivalent swap-
ping set and the shortest swapping sequence contains the least
recons.

The extraction of shared variables can be converted to
the TSP. The variables in the database can be treated as the
destination, and the undirected graph is composed of all the
variables that can be mapped.

SVE-PSO is supposed to find the frequent item sets
satisfying the maximum support resembling the shortest path
of an undirected graph. The velocity and position of particle
𝑖 can be updated by (6) and (7) for the introduction of recon
and the swapping sequence.

𝑉𝑡+1𝑖,𝑗 = 𝑉𝑡𝑖,𝑗 ∘ 𝛼 (𝑝𝑏𝑒𝑠𝑡𝑡𝑖,𝑗 − 𝑥𝑡𝑖,𝑗) ∘ 𝛽 (𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑡𝑖,𝑗) (6)

𝑥𝑡+1𝑖,𝑗 = 𝑥𝑡𝑖,𝑗 ∘ 𝑉
𝑡+1
𝑖,𝑗 (7)

𝛼 and 𝛽 are random data in the interval (0, 1). 𝛼(𝑝𝑏𝑒𝑠𝑡𝑡𝑖,𝑗 −
𝑥𝑡𝑖,𝑗) means the swapping sequence (𝑝𝑏𝑒𝑠𝑡𝑡𝑖,𝑗 − 𝑥𝑡𝑖,𝑗) can be
preserved at the probability of 𝛼. pbestti,j achieves a greater
effect if 𝛼 possesses a bigger value to achieve 𝛽(𝑔𝑏𝑒𝑠𝑡 – 𝑥𝑡𝑖,𝑗).

Three steps are used to complete the extraction of shared
variables in consideration of the Apriori algorithm and the
PSO.

(1) Build the undirected graph. A 1-item frequency set
must be included in all frequent item sets. All the frequent 1-
item sets can be found by scanning the variable base and the
infrequent 1-item sets should be deleted which can compress
the valid nodes and lower the resource consumption. The
number of valid nodes is 50 if the supports of half the variables
are lower than min sup in 100 variables 𝑥0 ∼ 𝑥99.
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Input: Term 1, Term 2, . . ., TermN ; n; kmax; fit;min sup; Vmax.
Begin
Begin Initialization
basic parameters setting
and-term database encoding
undirected graph stabling

End Initialization
Start:

𝑉𝑡𝑖,𝑗 = v, 𝑋𝑡𝑖,𝑗 = x
Search the nodes of undirected graph
If (𝑉𝑡+1𝑖,𝑗 in the shortest swapping order)
Swapping 𝑋𝑡𝑖,𝑗 with 𝑋𝑡+1𝑖,𝑗
Extract the associate terms from candidate set and calculate the value of fitness value
Refresh 𝑝𝑏𝑒𝑠𝑡𝑡𝑖,𝑗 and 𝑔𝑏𝑒𝑠𝑡𝑡𝑖,𝑗

Else
Refresh 𝑉𝑡𝑖,𝑗 and𝑋𝑡𝑖,𝑗
If (optimal number of candidate set reaches the maximum)
If (valid associate term)
Output the term

Else
If (having searched all particles)

Break the loop
Else

Refresh 𝑉𝑡𝑖,𝑗 and𝑋𝑡𝑖,𝑗
Else

Chang the association logic
End
Output: all association items in Boolean variables A1, A2, . . ., At.

Algorithm 1: Pseudocode description of SVE-PSO algorithm.

(2) Generate the candidate item sets. The fresh solution
𝑥𝑡+1𝑖,𝑗 can be gained in accordance with the current solution
𝑥𝑡𝑖,𝑗 under the principle of maximum support.

(a) Assign an initial solution and swap the sequence for
each particle.

(b) Search the nodes according to their supports.

(c) Renew the velocity and the position at time t+1.

(d) Decide on the added item 𝑥𝑡+1𝑖,𝑗 , as the potential item,
based on whether it contains frequent item sets and
velocity 𝑉𝑡+1𝑖,𝑗 is the shortest swapping sequence. Oth-
erwise, swap the positions through recon.

(3) Extract the association rules.
(a) Extract the association rules for all potential items in

the candidate item sets and calculate the fitness value, also
known as the confidence.

(b) Update the individual extreme value of the candidate
items and the optimal value of candidate item sets.

(c) Output the complete and valid association rules; oth-
erwise, update the optimal value and search again.

The flow diagram for the SVE-PSO algorithm is shown
in Figure 2, and the pseudocode description of SVE-PSO
algorithm is shown in Algorithm 1.

3.2. The Analysis of SVE-PSO. An example is used to analyze
the SVE-PSO procedure. One specific NLBF includes N and-
terms, which can be presented as {𝑥1, 𝑥2}, {𝑥4}, {𝑥2, 𝑥3, 𝑥5},
{𝑥1, 𝑥4, 𝑥6}, . . ., {𝑥6}, {𝑥2, 𝑥3, 𝑥7}. The process of SVE-PSO
can be described as the following:

(a) Scan the variable database, delete the infrequent 1-item
sets, and acquire the variables 𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, and 𝑥6 whose
supports are greater than min sup. The initial undirected
graph can be seen in Figure 3 (1).

(b) Choose three particles from the particle swarm
randomly, and sort the item sets according to their supports.
Assume the ranked sequence is {𝑥2, 𝑥4, 𝑥6, 𝑥3, 𝑥5, 𝑥1}, {𝑥1, 𝑥5,
𝑥6, 𝑥2, 𝑥4, 𝑥3}, and {𝑥3, 𝑥6, 𝑥5, 𝑥4, 𝑥1, 𝑥2} and that the initial
paths of the three particles are (𝑥2 → 𝑥4 → 𝑥6 → 𝑥3 →
𝑥5 → 𝑥1), (𝑥1 → 𝑥5 → 𝑥6 → 𝑥2 → 𝑥4 → 𝑥3), and
(𝑥3 → 𝑥6 → 𝑥5 → 𝑥4 → 𝑥1 → 𝑥2).

(c) When the initial position of particle 1 is 𝑥2, determine
whether the item {𝑥2 𝑥4} includes the frequent item sets or
not, shown as Figure 3(2)(a). If the item does not include
frequent item sets, swap item 𝑥4 with 𝑥6. Postulating that
there are not any frequent item sets in {𝑥2, 𝑥4}, as shown in
Figure 3(2)(b), the variable 𝑥4 will not be added to the final
path, and the position of particle 1 is changed according to 𝑥6.

(d) Judge whether the item {𝑥2 𝑥6} obtains frequent item
sets or not as shown in Figure 3(2)(c) when the position is 𝑥6.
By carrying out the swapping and if there is no frequent item
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Begin

Encode the and-terms in database

Set the basic parameters:
particle scale, support threshold, confidence threshold, 

the maximum iterations and other parameters

Calculate the support, number the frequent 1-
item sets and establish the undirected graph

Select the particles and search the 
optimal solution from various items

Refresh the velocities and positions 
of particles according to (6) and (7)

Is Vi,j
t+1 the shortest swapping sequence?N

Y

End

Y

Take xi,j
t+1 as the candidate item and treat all 

candidate items as the candidate item sets

Extract the rules for candidate item sets

Count the confidence, also known as the fitness value

Update the extremum pbest i,j
t of the candidate individual 

and renew the extremum gbest t of candidate item sets

The number of the optimal candidate item sets 
⩾ the limited number?

Change the association rule logic

Is it the valid rule?

Traversed all swarm?

Y

Output the association rules
N

Y

N

N

(The support of {xi,j
txi,j

t+1}⩾ min_sup?)

Figure 2:The procedure for SVE-PSO.

set, then delete variable 𝑥6. If the item {𝑥2 𝑥6} is the frequent
item, the variable 𝑥6 can be reckoned in the final path and
output {𝑥2 𝑥6} as the candidate frequent item sets shown in
Figure 3(2)(d).The recon is <3, 2>.

(e) Determine whether the item {𝑥2 𝑥6 𝑥3} contains
frequent item sets or not as shown in Figure 3(2)(e). Suppose
that the item does not include the frequent item sets; then
perform the swapping operation and delete variable 𝑥3. Here,
the item {𝑥2 𝑥6 𝑥3} is the frequent item, so 𝑥3 is joined
in the final path and output the item {𝑥2 𝑥6 𝑥3} as the

candidate item sets given in Figure 3(2)(f). The recon is
<4, 3>.

(f) Decide whether the item {𝑥2 𝑥6 𝑥3 𝑥5} includes fre-
quent item sets or not as shown in Figure 3(2)(g). If there
are no frequent item sets in {𝑥2 𝑥6 𝑥3 𝑥5}, the variable 𝑥5 is
deleted, as presented in Figure 3(2)(h).

(g) To confirm whether the item {𝑥2 𝑥6 𝑥3 𝑥1} possesses
frequent item sets or not, as shown in Figure 3(2)(i), if there
are no frequent item sets, abandon variable 𝑥1 and carry out
the swapping operation as shown in Figure 3(2)(j).
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(1)Undirected graph (2)Diagram of swapping and searching 
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Figure 3: Process of SVE-PSO.
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Figure 4: Final paths of particle 2 and particle 3.
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Figure 5: Cross of the final paths.

(h) Finally, all candidate item sets achieved via particle 1
are {𝑥2 𝑥6 𝑥3}, {𝑥2 𝑥6 𝑥3}, {𝑥2 𝑥6}, {𝑥6 𝑥3}, and {𝑥2 𝑥3}. Its
final path is 𝑥2 → 𝑥6 → 𝑥3, and the swapping sequence
can be expressed as <3, 2> ∘ <4, 3>.

(i) Similarly, the candidate item sets of particle 2 and
particle 3 can also be gained: {𝑥1 𝑥3} and {𝑥3 𝑥6 𝑥4}, {𝑥3 𝑥6},
{𝑥3 𝑥4}. The final paths are 𝑥1 → 𝑥3, shown in Figure 4(a),
and 𝑥3 → 𝑥6 → 𝑥4, given in Figure 4(b).

(j) Calculate the fitness value of the candidate item sets
and renew the individual historical best value and global
optimization via the “flying experience”. The final paths of
particles 1, 2, and 3 are shown as Figures 5(a), 5(b), and
5(c), respectively. According to Figures 5(b) and 5(c), the
items{𝑥1 𝑥3 𝑥6} and {𝑥1 𝑥3 𝑥6 𝑥4} can also be taken as can-
didate item sets, as shown in Figure 5(d). Other candidates
can be achieved in a similar way.

(k) Jump to step (a) to search other potential item sets,
if all positions have not been searched completely by the
particle swarm.

In this way, shared variables can be gained.
The direct purpose of the SVE-PSO method is to extract

shared variables in various NLBFs, but extracting shared
variables is not the final aim. The final aim is to design the
hardware architecture of the NLBFs according to the shared
variables that were extracted.

4. Hardware Implementation for NLBF

To complete the hardware architecture of NLBFs, the distri-
bution of shared variables must be achieved. According to the
distribution results and distribution laws, two kinds of logic
elements are proposed.

Hardware implementation of the NLBFs is based on
the distribution of shared variables. There are two basic
parameters to measure the distribution: on the one hand, the
frequency of the variables and the expression number for
each certain shared variable in NLBFs should be obtained
because not all shared variables are mapped as the shared
inputs; on the other hand, the variety of shared variables and
their frequencymust also be determined to know the features
of different NLBFs. All instances are given in Figure 6 as a
distribution of 2-shared variables (Figures 6(a) and 6(b)) and
a distribution of 3-shared variables (Figures 6(c) and 6(d)).
In Figure 6, the X-axis denotes the various cryptographic
algorithms using NLBFs, the Y-axis denotes the frequency
of the shared variables, and the Z-axis denotes the variety of
variables of specific shared frequency for Boolean expressions
in corresponding cryptographic algorithms.

According to Figure 6, there are usually 2-shared and 3-
shared variables, some situations may have 4-shared variables
for a certain NLBF. In addition, the frequency of shared
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Figure 6: Distribution of the shared variables for NLBFs.

variables covers a range from 2 to 6. For example, ACH-
A0 possesses 2∼3 shared variables and the frequencies are
2, 3, 4, and 6 for 2-shared variables. The variety of 2-shared
variables is four, two, six, and two for the frequencies 2, 3,
4, and 6. Every 2-shared variable does not appear five times
in all NLBFs expressions of the ACH-A0. The characteristics
of the 3-shared variables and 4-shared variables can also be
obtained like the 2-shared variables.

There is some discrepancy among various NLBFs, due to
the diverse principles, but they are also equipped with several
similarities. First, the variable number they share does not
exceed 4 and only ACH-A7 has 4-shared variables. Further-
more, the varieties of 2-shared variables change during 10
∼ 14 or 20 ∼ 22, and the range of 3-shared variables is 6∼7
or 11∼16 after calculations. Finally, the variety of 2-shared
variables whose frequency is four achieves the maximum
value; thus, there are 3-shared variables in the two items, and
there are 2-shared variables among four and-terms and 3-
shared variables between and-terms.

According to the distribution of shared variables in var-
ious NLBFs, two cascade LUT-based logic elements named
Element A and Element B are designed, as shown in Figures
7(a) and 7(b), respectively. The two logic elements of both

include four 4-LUTs and possess the same cascading pattern,
but they are different in terms of the number of input ports.
Element A, shown in Figure 7(a), contains 10 input ports
and 6 output ports; its four 4-LUTs include two shared input
ports and two 4-LUTs in pairs with three shared input ports.
Element B shown in Figure 7(b) increases 1 input port relative
to Element A; it includes 11 input ports, and its four 4-LUTs
include 1 shared input port and two 4-LUTs (in pairs) contain
three shared input ports. As seen in the logic elements,
there are two-level output structures that consist of three
MUX2 1s.

At the same time, these two logic elements are comprised
of the same hardware resource. The two logic elements
need 64-bit configuration information and 63 MUX2 1s. The
hardware resource is equal to 6-LUT but both logic elements
are comprised of the input ports which can finish more types
of Boolean functions than 6-LUT. For example, the number
of variables in a Boolean function is more than 6 but less
than 12, that is, the number of variables is from 7 to 11. If
the number of variables is larger than 6 and less than 12,
the Boolean function will need two 6-LUTs. However, if the
number of variables does not exceed 10, it can be applied into
the structure of Element A, and if the number of variables
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Figure 7: Logic elements of cascaded LUT-based logic elements.

Table 9: The distribution of item sets in NLBFs.

Item 1-term 2-term 3-term 4-term 5-term 6-term 17-term 63-term
Number 261 359 192 251 47 5 1 1

does not exceed 11, the Element B, which includes 11 input
ports, can be used.

5. Experimental Results

Several experiments are carried out to evaluate the perfor-
mance of SVE-PSO from various aspects, and the character-
istics of the shared variables are achieved according to the
association rules mined by SVE-PSO.

5.1. Performance Test for the SVE-PSO Method. To estimate
the performance of SVE-PSO, a test platform with an 8G
memory, 1Tb hard disk, and Windows 7 operating system
must be built. In addition, the tested term sets are gained
by doing the statistical work on the and-terms for various
NLBFs after analyzing multiform cryptographic algorithms
such as ACH series algorithms, LILI, Grain, and Trivium.
The tested term sets can be seen in Table 9, where the 3-term
indicates the third-order and-terms with three variables. The
corresponding 192 value means the amount of three-order
and-terms in various NLBFs of multiform cryptographic
algorithms, etc. Then, the assessments are obtained by com-
parison with the classical mining algorithms.

There are four parameters involved in the association rule
mining: the association rule number, particle swarm scale,
support, and confidence. This paper tested the relationship of
association rule numberwith support, confidence, and particle
swarm scales.

(a) The relationship of the association rule number
with support: the particle swarm scale is 40, the maximum
iteration is 200, and the min conf is 0.30. The results are
shown in Figure 8(a).

(b) The relevance between the association rule number
and confidence: the particle swarm scale is 40, the iteration
is 200, and the min sup is 0.30. The change rule is shown in
Figure 8(b).

(c) The relationship of the association rule number with
particle swarm scale: the iteration is 200 and the min conf
and min sup values are both 0.30. The changes are shown in
Figure 8(c).

As shown in Figure 8(a), the number of association rules
mined by SVE-PSO increases with the decrease in the support
function under a constant particle swarm scale, iteration
times, and confidence. In addition, because the Apriori
method is adapted as a global search method, the rules
that are achieved are marginally more than SVE-PSO. From
Figure 8(b), when the swarmpossesses an unchanged particle
swarm scale, unchanged iteration times, and support, the
association rule number is also added by the decline in
confidence. Meanwhile, the ratio of the association rule
number can approach 80% when the confidence varies in
the range 0.20∼0.60. Figure 8(c) shows that the number
of association rules augmented by a particle swarm scale
can even attain the same value compared with Apriori or
FP-growth under fixed iteration times, support, and confi-
dence.

At the same time, the performance of SVE-PSO is also
compared with the Apriori or FP-growth shown in Figure 9.
The relationship between the operation time and iteration
time is investigated via a steadfast particle swarm scale (40),
min sup (0.30), and min conf (0.30). The operation time is
prolonged, and the number of association rules is increased
significantly.The performance achieves a significant lead over
Apriori and FP-growth. For example, the ratio of the rules is
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Figure 8: Relationship of the association rule number with support, confidence, and particle swarm scale. (a) Relationship of the association
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with the particle swarm scale.
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80.41% but the operation time is only 21.47%, compared to
Apriori with 200 iterations.

According to Figures 8 and 9, it can be concluded that
the proposed SVE-PSO method can achieve a significantly
higher efficiency and better results with rational parameters
than traditional methods.

5.2. Performance Test for Hardware Elements. To evaluate
the performance of the designed hardware elements, the
logic elements numbers of NLBFs used are gained under the
parallelism of 1, as is shown in Figure 10. It can be seen that
the numbers of logic elements are various in different NLBFs
but Elements A and B consume the same number of logic
elements in different NLBFs. Amajority of the NLBFs require
only 3∼4 logic elements but ACH-F limits the logic elements
to at most 12.

%UtilizedLUTs = #used 𝐿𝑈𝑇4
#all 𝐿𝑈𝑇4

∗ 100 (8)
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Figure 11: The number of logic elements and area utilization for different NLBFs.

At the same time, the area utilizations of Element A
and Element B are measured in (8) and characterized as
dotted lines in Figure 10. The area utilization of several
NLBFs can reach 100% in both Element A and Element B.
The area utilization of almost all NLBFs can achieve 90%
except for ACH-A4, ACH-A6, ACH-A10, ACH-A12, and
Trivium. The corresponding area utilizations for Element A
and Element B are 87.5%, 89.1%, 89.1%, 89.1%, and 83.3% and
87.5%, 87.5%, 87.5%, 87.5%, and 83.3%. The area utilization
of Element A is not less than Element B following the same
trend.

In addition, because various NLBFs possess different
parallelisms, the number and area utilization of logic element
in Element A and Element B, under different parallelisms,
should be determined. This work determines the logic ele-
ment number and area utilization of ACH-A4, ACH-A6,

ACH-A10, ACH-A12, and Trivium for different parallelisms,
respectively, as shown in Figure 11. The horizontal axis in
Figure 11 indicates the parallelism of NLBFs, the histogram
represents the number of logic elements in NLBFs, and the
graph stands for the area utilization of NLBFs via different
parallelisms. Meanwhile, there are two principles that should
be considered. The first is that the area utilization increases
with the parallelism, because some unapplied 4-LUTs in logic
elements would be used when the parallelism increases. The
second is that the area utilization usually reaches 100% when
the parallelism is even, but the ratio usually cannot achieve
100% when the parallelism is odd. The reason for this is that
when the parallelism is odd, there are two 4-LUTs in logic
element that cannot be used. When the parallelism is an even
number, the two unused 4-LUTs will be used, and the ratio
can reach 100%.
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Figure 12: Comparison results of logic element number in different NLBFs.

Finally, to inspect the performance of Element A and
Element B, the numbers of logic elements used in different
NLBFs are compared to GDSA [18], APLM [19], and ACLM
[20], as shown in Figure 12. The GDSA design is based on
one 6-variable LUT-structure. The APLM design is based
on three 4-LUTs structure with 5 unaided inputs, 4 shared
inputs, and 3 outputs. The ACLM design is based on four 4-
LUTs structure with 5 unaided inputs, 4 shared inputs, and
5 outputs. From Figure 12, most results of Element A and
Element B are better than the GDSA and ACLM, because
Element A and Element B are designed according to the more
befitting distribution characteristics of the shared variables
in various NLBFs. They also have more inputs and outputs
to sustain more NLBFs processes in parallel. Some results
of Element A and Element B are worse than APLM. This is
because the tests are simply aimed at indie arithmetic.Though
APLM possesses the lowest number of computing units, the
applicability and flexibility are much worse than Element A
and Element B.

6. Conclusion

This paper develops an algorithm of SVE-PSO that combines
the concepts (e.g., frequent item set, confidence, etc.) of
the Apriori method and “swarm intelligence” from biology
to further improve the algorithm efficiency. Furthermore,
the distribution of shared variables is assembled for various
NLBFs, and according to it two cascade LUT-structure
hardware elements are projected to satisfy the computation of
NLBFs. Finally, experiments are conducted to verify the effec-
tiveness of the SVE-PSO method, and the area utilizations of
Element A and Element B expended by NLBFs are measured.
To summarize, the integration of the SVE-PSO method and
the two cascade LUT-structure hardware circuits has a better
performance than other methods and can be used widely in
cryptogrammic processors to enhance NLBF processing and
mapping performance.

The algorithm of SVE-PSO developed is based on re-
source priority in NLBF adapters design. So in the future, the
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proposal will be improved not only to optimize resource
occupancy, but also to optimize other performance aspects,
such as optimization of adaptation efficiency, and the execu-
tion efficiency of the runtime of the structure. Furthermore,
many intelligent algorithms (e.g., genetic algorithm, neural
network algorithm, etc.) also will be studied intensively to
effectively solve the problem of multiobjective optimization.
It will play a positive role in hardware structure and adapter
optimization.
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Dynamic multiaircraft cooperative suppression interference array (MACSIA) optimization problem is a typical dynamic
multiobjective optimization problem. In this paper, the sum of the distance between each jamming aircraft and the enemy air
defense radar network center and the minimum width of the safety area for route planning are taken as the objective functions.
The dynamic changes in the battlefield environment are reduced to two cases. One is that the location of the enemy air defense
radar is mobile, but the number remains the same. The other is that the number of the enemy air defense radars is variable,
but the original location remains unchanged. Thus, two dynamic multiobjective optimization models of dynamic MACSIA are
constructed. The dynamic multiobjective particle swarm optimization algorithm is used to solve the two models, respectively. The
optimal dynamic MACSIA schemes which satisfy the limitation of the given suppression interference effect and ensure the safety
of the jamming aircraft themselves are obtained by simulation experiments. And then verify the correctness of the constructed
dynamicmultiobjective optimizationmodel, as well as the feasibility and effectiveness of the dynamicmultiobjective particle swarm
optimization algorithm in solving dynamic MACSIA problem.

1. Introduction

Under the conditions of high-tech warfare, the air defense
radar network on the enemy air defense position usually has
a strong ability to resist ‘the four’, that is, antilow altitude
intrusion, antijamming, antistealth, and antiradiationmissile
[1, 2]. It is usually difficult for combat aircraft to try to
break through the enemy air defense radar network position
safely. At this time the combat aircraft must rely on multi-
ple jamming aircraft to implement cooperative suppression
interference against the enemy air defense radar network.
So that it can provide a secure and planned space for the
follow-up route planning of the combat aircraft. In order to
make more rational use of limited interference resources, a
reasonable array mode should be considered for the location
of each jamming aircraft in the process of cooperative inter-
ference. Since the actual battlefield environment is constantly
changing, it must be considered how to adjust the location of
each jamming aircraft based on the actual situation to achieve
the best array mode when the battlefield changes. And this

problem is the dynamic MACSIA optimization problem in
electronic warfare mission planning.

For this problem, in [3], a multiconstraint genetic algo-
rithm is used to solve the deploy optimization problem of the
enemy radar network. In [4], Ruan et al. analyzed the various
factors that affect the effect of suppression interference and
selected the minimum interference distance as a measure
for the effect of suppression interference. A weighted sum
method was adopted for constructing a single-objective
MACSIAmodel to study the optimal electronic warfare array
against radar network [5]. However, the shortcoming of
the single-objective optimization model is obvious. Firstly,
the determination of the weight depends on the relative
importance of each subobjective. Secondly, the experimenter
needs to set different weights by multiple experiments to
obtain different solutions and the computational overhead
is larger. In a work by Zhang et al. [6], a multiobjective
optimization model of MACSIA was constructed under
static conditions. A modified multiobjective particle swarm
optimization algorithm is used to solve the static MACSIA

Hindawi
Mathematical Problems in Engineering
Volume 2018, Article ID 4521701, 12 pages
https://doi.org/10.1155/2018/4521701

http://orcid.org/0000-0002-3932-2045
http://orcid.org/0000-0002-9009-5319
https://doi.org/10.1155/2018/4521701


2 Mathematical Problems in Engineering

optimization problem [7]. Literatures 6 and 7 are our previous
research results, but only the MACSIA optimization problem
under static conditions is studied.TheMACSIA optimization
problem is not solved as a dynamic multiobjective optimiza-
tion problem [8, 9] and the impact of changes in the battlefield
environment is ignored.

In view of the above problems, in this paper, from the
perspective of the real battlefield environment, the dynamic
changes in the battlefield environment are reduced to two
cases. One is that the location of the enemy air defense
radar is mobile, but the number remains the same. The
other is that the number of the enemy air defense radars
is variable, but the original location remains unchanged.
As a basis, on the basis of fully considering the dynamic
multiobjective optimization characteristics of the dynamic
MACSIA, the sum of the distance between each jamming
aircraft and the enemy air defense radar network center
and the minimum width of the safety area for route plan-
ning are taken as the objective functions. So two dynamic
multiobjective optimization models of dynamic MACSIA
are constructed. Dynamic multiobjective particle swarm
optimization (DMOPSO) [10–18] algorithm has a better
effect on the optimization of dynamic environment. It can
obtain the optimal solution quickly and effectively. As the
algorithm is simple, so the implementation of the project is
not difficult and it is widely applied in dynamic multiob-
jective optimization field [19–22]. Therefore, this paper uses
DMOPSO algorithm to solve the two dynamicmultiobjective
optimization models of dynamic MACSIA. The optimal
dynamic MACSIA schemes of each jamming aircraft against
the enemy air defense network are calculated, which can
provide some reference for the decision-maker to make the
next decision.

The novelty of the paper is mainly reflected in the
following aspects.

Firstly, to the best of our knowledge, this is the first
work that deals with the MACSIA optimization problem as
a dynamic multiobjective optimization problem. However,
the previous work has considered the problem as a single-
objective optimization or static multiobjective optimization
problem to solve. The impact of changes in the battlefield
environment was ignored.

Secondly, this paper starts with the characteristics of
the real battlefield environment and considers two different
environmental changes. One is that the location of the enemy
air defense radar ismobile, but the number remains the same.
Theother is that the number of the enemy air defense radars is
variable, but the original location remains unchanged. Thus,
two dynamicmultiobjective optimizationmodels of dynamic
MACSIA are constructed.

Thirdly, the DMOPSO algorithm is used to solve these
two models, and the results obtained meet the requirements
of themission. At the same time, the correctness of themodel
is verified and the feasibility of the DMOPSO algorithm to
solve the problem is verified.

Finally, when the battlefield environment changes, it can
provide a basis for decision-maker to make decisions. There-
fore, the research on the dynamic MACSIA optimization
problem has more practical significance.

2. Model Constructing

2.1. Dynamic Multiobjective Optimization Model of Dynamic
MACSIA. A typicalmaximized dynamicmultiobjective opti-
mization problem can be described as the following mathe-
matical expression [23, 24].

max 𝑓 (𝑥, 𝑡) = {𝑓1 (𝑥, 𝑡) , 𝑓2 (𝑥, 𝑡) , ⋅ ⋅ ⋅ , 𝑓𝑚 (𝑥, 𝑡)}
𝑠.𝑡. 𝑔 (𝑥, 𝑡) > 0,

ℎ (𝑥, 𝑡) = 0
(1)

In this equation, 𝑓(𝑥, 𝑡) is the set of objective functions with
the time variable 𝑡, 𝑥 ∈ [𝑥1, 𝑥2, ⋅ ⋅ ⋅ , 𝑥𝐷𝑖𝑚]𝑇 represents the
decision variable,𝐷𝑖𝑚 is the number of decision variables,𝑚
is the number of objective functions, and 𝑔(𝑥, 𝑡) and ℎ(𝑥, 𝑡)
represent the constraint functions with the time variable 𝑡.

The ultimate goal of dynamic MACSIA optimization is
to achieve a reasonable array of jamming aircraft when the
battlefield environment changes, which achieve the best effect
of suppression interference against the enemy radar network
and ensure the safety of the jamming aircraft themselves.
So we can get two dynamic multiobjective optimization
models of dynamic MACSIA under two kinds of battlefield
environment are as follows.

The first case: the location of the enemy air defense radar
is mobile, but the number remains the same.

𝑓1 = 𝑁𝐸𝐶𝑀∑
𝑖=1

((𝑥𝑖 − 𝑥𝑡𝑐 (𝑡))2 + (𝑦𝑖 − 𝑦𝑡𝑐 (𝑡))2
+ (𝑧𝑖 − 𝑧𝑡𝑐 (𝑡))2)1/2

𝑓2 = 𝑊𝑖𝑑𝑡ℎ𝑠𝑎𝑓𝑒
𝑠.𝑡. 𝑠𝑞𝑟𝑡 ((𝑥𝑖 − 𝑥𝑡𝑗 (𝑡))2 + (𝑦𝑖 − 𝑦𝑡𝑗 (𝑡))2 + (𝑧𝑖

− 𝑧𝑡𝑗 (𝑡))2) > 𝑅𝑗
𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁𝐸𝐶𝑀; 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑁𝑟𝑎𝑑𝑎𝑟

𝑧min ≤ 𝑧𝑖 ≤ 𝑧max

(2)

Here, the objective function 𝑓2 represents the minimum
width of the safety area for route planning, and the physical
meaning is the suppression interference effect of jamming
aircraft against the enemy radar network. The objective
function 𝑓1 represents the sum of the distance between
each jamming aircraft and the enemy air defense radar
network center, and the physical meaning characterizes the
safety of jamming aircraft themselves. (𝑥𝑡𝑐(𝑡), 𝑦𝑡𝑐(𝑡), 𝑧𝑡𝑐(𝑡))
indicates the coordinate of the enemy air defense radar
center; (𝑥𝑖, 𝑦𝑖, 𝑧𝑖) indicates the coordinate of the i-th jamming
aircraft. In the first case, the location of the enemy air defense
radar is mobile, so the coordinate of the enemy air defense
radar network is variable and the function of time variable𝑡. 𝑊𝑖𝑑𝑡ℎ𝑠𝑎𝑓𝑒 is the minimum width of route planning safety
area. In the constraints, the location of each jamming aircraft
should be outside the maximum detection range of each
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enemy air defense radar, the height of each jamming aircraft
should be within the required safety altitude range, and 𝑧max
and 𝑧min represent the maximum and minimum values for
a given height, respectively. 𝑁𝐸𝐶𝑀 indicates the number of
jamming aircraft, (𝑥𝑡𝑗(𝑡), 𝑥𝑡𝑗(𝑡), 𝑥𝑡𝑗(𝑡)) is the coordinate of
the i-th enemy air defense radar, and the function of time
variable 𝑡. 𝑅𝑗 indicates the maximum detection range of the
i-th enemy air defense radar;𝑁𝑟𝑎𝑑𝑎𝑟 represents the number of
radars in the enemy air defense radar network.

The second case: the number of the enemy air defense
radar is variable, but the original location remains un-
changed.

In the second case, as the number of the enemy air defense
radars is variable, so the number of our jamming aircraft will
change accordingly and the location of the enemy air defense
radar network center is also changing.

𝑓1 = 𝑁𝐸𝐶𝑀(𝑡)∑
𝑖=1

((𝑥𝑖 − 𝑥𝑡𝑐 (𝑡))2 + (𝑦𝑖 − 𝑦𝑡𝑐 (𝑡))2
+ (𝑧𝑖 − 𝑧𝑡𝑐 (𝑡))2)1/2

𝑓2 = 𝑊𝑖𝑑𝑡ℎ𝑠𝑎𝑓𝑒
𝑠.𝑡. 𝑠𝑞𝑟𝑡 ((𝑥𝑖 − 𝑥𝑡𝑗 (𝑡))2 + (𝑦𝑖 − 𝑦𝑡𝑗 (𝑡))2 + (𝑧𝑖

− 𝑧𝑡𝑗 (𝑡))2) > 𝑅𝑗
𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁𝐸𝐶𝑀 (𝑡) ; 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑁𝑟𝑎𝑑𝑎𝑟 (𝑡)

𝑧min ≤ 𝑧𝑖 ≤ 𝑧max

(3)

In this equation, 𝑁𝐸𝐶𝑀(𝑡) indicates the number of jamming
aircraft and is the function of time variable 𝑡. 𝑁𝑟𝑎𝑑𝑎𝑟(𝑡)
represents the number of radars in the enemy air defense
radar network and is the function of time variable 𝑡. The
meaning of the remaining parameters is the same as in
equation (1) .
2.2. Calculation of Route Planning Safety Area Width. The
definition of route planning safety area refers to a range of
width and height of the combat aircraft within the flight path
space and constitutes the follow-up optimal route planning
search space for the combat aircraft. In order to facilitate the
study, this paper stillmainly considers the calculation of route
planning safe area width in a certain height of the scope for
the combat aircraft. And the width refers to the minimum
width of the entire route planning safety area. The method
of solving the width of the safe area is still based on the
mathematicalmorphology [25]method. Due to the detection
boundary shape of the detection range of the enemy air
defense radar network is irregular under terrain shading and
electronic jamming conditions, so the traditional geometric
method is difficult to calculate the safety area width. The
core of mathematical morphology is that you can use a
probe structure element to detect the image and obtain the
relevant information, so as to achieve the purpose of image
analysis and processing. Firstly, the images of the enemy air

�e pre-processing of elevation digital terrain
and the combat area terrain is obtained
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Figure 1:Theminimumwidth calculation process of route planning
safety area.

defense radar network are binarized according to the terrain
shelter and the electronic jamming conditions. Secondly,
using the principle of graphic compression and expansion
in mathematical morphology, the binary image of the radar
detection range is opened and then the expansion operation
is carried out, and the image connectivity is continuously
checked. Finally, determine whether the minimum width of
the route planning safety zone satisfying the givenwidth limit
is formed and the minimum width is calculated. On this
part of the content which can also be seen in our previous
research results [6, 7], the specific calculating steps are shown
in Figure 1.

The calculation model of the range of enemy air defense
radar under terrain shading and electronic jamming in the
process is as follows [6, 7].

The detection range calculation of the enemy air defense
radar under terrain shading is as follows.

Figure 2 shows the detection range calculation diagram of
the enemy air defense radar under terrain shading.
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Figure 2: The detection range calculation diagram of the enemy air
defense radar under terrain shading.

In Figure 2, the combat aircraft is the target point, the
height of which is expressed by ℎ𝑓. In 𝛼 direction, the farthest
boundary point of the enemy radar is represented by the polar
coordinate grid 𝑃(𝛼,3), where the elevation value is denoted

by ℎ(𝛼,3). ℎ𝑟 represents the height of radar observation point.
The height angle 𝜀0 from the enemy radar observation point
to the target and the height angle 𝜀𝑃(𝛼,𝑘) from the enemy radar
observation to 𝑃(𝛼,𝑘) can be obtained in Figure 2, respectively.
As shown in (4), calculate 𝜀𝑃(𝛼,𝑘) (𝑘 = 0, 1, 2 ⋅ ⋅ ⋅ 𝑘) in turn
and compare with 𝜀𝑜, respectively. If there is a 𝑃(𝛼,𝑘) value
satisfying 𝜀𝑃(𝛼,𝑘) > 𝜀𝑜, then the enemy radar observation line
of sight is blocked by the terrain and the target can not be
detected.

𝜀𝑃(𝛼,𝑘) = arctan
ℎ(𝛼,𝑘) − ℎ𝑟𝑃(𝛼,𝑘) − 𝑃(𝛼,0)

𝜀𝑜 = arctan
ℎ𝑓 − ℎ𝑟𝑃(𝛼,𝑛) − 𝑃(𝛼,0)

(4)

The detection range calculation of the enemy air defense
radar under electronic jamming is as follows.

The detection range expression of multiple jamming air-
craft cooperative suppression interference against the enemy
air defense radar network is shown in

𝑅 = ( 𝑃𝑡𝐺2𝜎𝜆2(4𝜋)3 𝐿𝐹𝑛𝑘𝑇𝑜𝐵𝑛𝐾𝑗 + ∑𝑛𝑖=1 (4𝜋𝐿𝑃𝑗𝑖𝐺𝑗𝑖𝐺 (𝜑𝑖) 𝑟𝑗𝑖𝐵𝑟/𝑅2𝑗𝑖𝐿𝑗𝑖𝐵𝑗𝑖)𝐾𝑗)
1/4

(5)

Here, 𝑅𝑗𝑖 is the distance between the enemy radar and the
i-th jamming aircraft and its unit is m, 𝐿𝑗𝑖 represents the
interference loss of the i-th jamming aircraft, 𝐵𝑗𝑖 indicates
the interference signal bandwidth of the i-th jamming aircraft
and its unit is Hz, and 𝑃𝑗𝑖 is the transmit power of the i-th
jamming aircraft and its unit is W. 𝐺𝑗𝑖 represents the antenna
gain of the i-th jamming aircraft, 𝑟𝑗𝑖 indicates the polarization
loss of the i-th jamming aircraft, 𝐵𝑟 represents the signal
bandwidth received by the enemy radar receiver and its unit
is Hz, 𝐿 is the system loss of the enemy radar, 𝐵𝑛 indicates
the noise bandwidth of the enemy radar, 𝑇0 is the current
working environment temperature of the enemy radar and
its unit is 𝐾, 𝑘 represents the Boltzmann constant which
is 1.38 × 10−23𝐽/𝐾, 𝐹𝑛 indicates the noise coefficient of the
enemy radar, 𝜆 represents the wavelength of the enemy radar
and its unit is m, 𝜎 indicates the target cross-sectional area
of the enemy radar and its unit is m2, 𝐺 is the antenna gain
of the enemy radar, 𝑃𝑡 represents the emission peak power of
the enemy radar and its unit isW, and 𝑛 indicates the number
of the jamming aircraft. When 𝑛 is 1, formula (5) shows
the detection distance of single jamming aircraft suppression
interference against the enemy radar. 𝐾𝑗 is the minimum
suppression factor of the enemy radar, 𝐺(𝜑𝑖) represents the
gain of the enemy radar antenna in the interference direction
of the i-th jamming aircraft, and the expression is shown in

𝐺 (𝜑) =
{{{{{{{{{{{

𝐺, 0 ≤ 𝜑 ≤ 𝜑0.5
𝐾(2(𝜑0.5𝜑 ))2 𝐺, 𝜑0.5 ≤ 𝜑 ≤ 90∘
𝐾(2(𝜑0.590∘ ))

2 𝐺, 90∘ ≤ 𝜑 ≤ 180∘
(6)

In the above equation, the value range of 𝐾 is generally 0.04
to 0.1 and 𝜑0.5 indicates the lobe width of the enemy radar
antenna at the half power point.

3. Dynamic Multiobjective Particle Swarm
Optimization Algorithm

3.1. Particle Swarm Optimization. Particle swarm optimiza-
tion (PSO) [26] algorithm is widely used in solving single
target optimization problem. The updating location and
speed expressions of particles in PSO are shown in

𝑋𝑖+1 = 𝑋𝑖 + 𝑉𝑖+1
𝑉𝑖+1 = 𝑤𝑉𝑖 + 𝑐1𝑟1 (𝑃𝑏𝑒𝑠𝑡𝑖 − 𝑋𝑖) + 𝑐2𝑟2 (𝐺𝑏𝑒𝑠𝑡𝑖 − 𝑋𝑖) (7)

In this equation,𝑉𝑖 indicates the current speed of the particle,𝑉𝑖+1 represents the speed at the next moment, 𝑋𝑖 indicates
the current location of the particle, the position of the
particle at the next moment is denoted by 𝑋𝑖+1, 𝐺𝑏𝑒𝑠𝑡𝑖 is the
global optimal solution for the i-th generation of population,𝑃𝑏𝑒𝑠𝑡𝑖 represents the individual optimal solution for the i-
th generation of particle, and 𝑟1 and 𝑟2 are random numbers
with values between 0 and 1. Both 𝑐1 and 𝑐2 represent learning
factors, 𝑤 indicates the inertia weight factor, which is a
variable that reflects the effect of the current velocity of the
particle on the velocity of the particle at the next moment,
and the expression is

𝑤 = 𝑤max − 𝑤max − 𝑤min𝑖𝑡𝑒𝑟𝑎max
∗ 𝑖𝑡𝑒𝑟𝑎 (8)
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Here, 𝑖𝑡𝑒𝑟𝑎 is the current number of population iterations,𝑖𝑡𝑒𝑟𝑎max represents the maximum number of population
iterations, and 𝑤min and 𝑤max represent the minimum and
maximum values of the inertia weighting factor, respec-
tively.

3.2. DMOPSOAlgorithm. DMOPSOalgorithm is to optimize
the functionwithmultiple objective functions in the dynamic
environment, while optimizing the objective functions to
achieve the best condition. In the dynamic environment, the
optimal solution of the individual and the optimal solution
of the population may change over time, and the particle
is easy to fall into the optimization state of the former
environment and stagnate.Therefore, the core of the dynamic
multiobjective optimization problem is to adapt to environ-
mental changes and can detect changes in the environment
quickly and accurately and how to make adjustments to
adapt to environmental changes. In this paper, the dynamic
environment monitoring method based on sentinel particles
[20] is used. The basic idea of this method is to generate a
part of the sentinel particles randomly as the population is
initialized at the same time. The fitness values of the sentinel
particles are calculated in each iteration. When the fitness
values of the sentinel particles change, it is determined that
the current environment has changed. The sentinel particles
do not participate in each iteration, so the fitness values of the
sentinel particles should remain constant in the static envi-
ronment. When monitoring the environment changes, the
DMOPSO algorithmneeds to adjust the current optimization
results. Firstly, the information in the nondominated solution
memory is recalculated under the current environmental
conditions, the dominated solution is removed, and then a
part of the particle location in the search space is reinitialized.
Generally, thirty percent of the particles are selected. The
specific flow chart of the dynamic MOPSO algorithm based
on sentinel particle monitoring is depicted in Figure 3.

Based on the process of DMOPSO algorithm, formulae(1) and (3) are used as the objective functions, and then
the calculation method of the route planning safety area
minimum width in Section 3 is combined. So the dynamic
MACSIA array schemes can be obtained in the case of two
kinds of battlefield environment dynamic changes, which sat-
isfy the limitation of the given suppression interference effect
and ensure the safety of the jamming aircraft themselves.

4. Simulation Experiment

Simulation environment is in Windows 7 32-bit system, and
the processor is the Intel (R) Core (TM) i5-4590 CPU @
3.3GHz. The programming language is programmed with
MATLAB 2010a. A 432𝑘𝑚 ∗ 432𝑘𝑚 size area is selected as
the simulation experiment of the combat scene. The digital
elevation of this region is shown in Figure 4, it uses a grid
structure, and the elevation data resolution is 360m.

The first case: the location of the enemy air defense radar
is mobile, but the number remains the same.

Assuming that four enemy air defense radars are deployed
in the combat area, the minimum suppression factors 𝐾𝑗 of

Start

Population initialization, calculate the pbest of particles, set the
maximum number of iterations, the maximum value of 

environment change T, and environment change threshold

Initialize the adaptive grid

Initialize the sentinel particles., calculate
the fitness of sentinel particles

Randomly select a particle from the
grid with fewer solutions as gbest

Update the speed and location of particles

Calculate the fitness value

Update the optimal particles and
store the non-dominated solutions

Adjust the adaptive grid and the 
amount of solutions in memory

Determine whether 
the environment has 

changed

Recalculate the non-dominated solution
in memory and eliminate the solution 

that has been dominated

�irty percent of the particles in the
space are re-initialized

Is the loop 
iteration over?

end

Y

N

N

Y

Figure 3: The flow chart of DMOPSO algorithm based on sentinel
particle monitoring.

the four enemy radars are 5, as shown in Table 1 for the
list of performance parameters of the four enemy radars.
The initial coordinate locations of the four enemy radars
are (240𝑘𝑚, 100𝑘𝑚), (150𝑘𝑚, 120𝑘𝑚), (300𝑘𝑚, 250𝑘𝑚), and(180𝑘𝑚, 280𝑘𝑚).

Initially, the detection range of the four enemy air defense
radars under terrain shading at a height of 2.1𝑘𝑚 is shown
in Figure 5. In the figure, the detection range of the four
enemy air defense radars overlaps, so it is very difficult for our
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Figure 4: Digital elevation terrain map.
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Figure 5: The detection range of the four enemy air defense radars
under terrain shading at the beginning.

Table 1: The list of four enemy air defense radar performance
parameters.

Radar 𝑃𝑡/𝑘𝑊 𝐺 𝜆/𝑚 𝐿 𝐹𝑛 𝑇𝑜/𝐾 𝐵𝑛/𝐻𝑧
1# 4000 50 0.6 2.5 3 291 2 × 105
2# 3900 45 0.8 4 2.5 291 2.1 × 10
3# 3100 70 0.75 3 4 291 3 × 105
4# 2600 100 0.5 3 6 291 1.5 × 10

combat aircraft to penetrate the defense safely. At this time the
combat aircraft must rely on the electronic support jamming
aircraft to implement cooperative suppression interference
against the enemy air defense radar network, so as to obtain
a given limit to meet the conditions of the route planning
safety area width. The minimum width of the route planning
safety area is limited to 20𝑘𝑚. We intend to send three elec-
tronic support jamming aircraft to implement cooperative
suppression interference against the enemy air defense radar
network. The three jamming aircraft are at a height of 2.1km
and the performance parameters are shown in Table 2.

Table 2: The list of three jamming aircrafts parameters.

Jamming aircraft 𝑃𝑗/𝑘𝑊 𝐺𝑗 𝑟𝑗 𝐿𝑗 𝐵𝑗/𝐻𝑧
1# 1 × 103 4 2 20 2 × 106
2# 2 × 103 2 2 20 2 × 106
3# 2 × 103 6 1 30 2 × 106
Table 3: The coordinates of the four enemy air defense radars after
three environment changes.

Radar
After the first
environment

change

After the Second
environment

change

After the third
environment

change
1# (240, 100) (230, 100) (240, 105)
2# (150, 120) (160, 130) (160, 120)
3# (300, 250) (300, 250) (300, 220)
4# (170, 270) (170, 270) (180, 250)

The initial parameters of DMOPSO algorithm are as
follows: the population size 𝑥𝑆𝑖𝑧𝑒 is 100, the dimension of
decision variables𝐷𝑖𝑚 is 6, the learning factor 𝑐1 = 𝑐2 = 0.75,
the maximum and minimum values of the inertia weighting
factor are 𝑤max = 1.1, 𝑤min = 0.2, respectively, and
the maximum number of iterations 𝑀𝑎𝑥 𝑖𝑡𝑒𝑟𝑎 is 500. The
number of environment changes is set to 𝑇 = 3, the number
of iterations of DMOPSO algorithm is 150 for each time
the environment changes, and the threshold of environment
change is 𝛿 = 0.5; set the initial environment 𝑡 = 0. As
the moving law of the enemy air defense radars is difficult
to obtain, therefore, in this paper, for the sake of simplified
study, the coordinates (in km) of the four enemy air defense
radars after three environment changes are shown in Table 3.
Here is the detection range of the four air defense radars
under terrain shading after the third environment change, as
shown in Figure 6.

The experimental results were run independently by
DMOPSO algorithm 30 times, and the optimal result was
selected from them. The calculated nondominated solutions
distribution is shown in Figure 7.

It can be seen from Figure 7 that DMOPSO algorithm
has a uniform distribution of nondominated solution sets,
which constitute four Pareto front surfaces, and it is con-
cluded that the search effect of DMOPSO algorithm is still
goodwhen the environment changes. In this paper, the Pareto
front surface generated after the third environmental change
is taken as an example. In order to facilitate the decision-
maker to make decisions, three points are selected from
the Pareto front surface: the intermediate point 𝑆2 and the
two endpoints 𝑆1 and 𝑆3, respectively, where 𝑆1 is biased
to optimize the 𝑓2 objective and 𝑆3 is biased towards the
optimized 𝑓1 objective, while 𝑆2 takes into account both
objective 𝑓2 and 𝑓1. The optimal dynamic MACSIA schemes
of the three points are shown in Figures 8, 9, and 10,
respectively.

When the decision-maker who develops the combat
plan needs to minimize the sum of the distance between
each jamming aircraft and the enemy air defense radar
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Figure 6: The detection range of the four air defense radars under
terrain shading after the third environment change.
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Figure 7: The obtained nondominated solutions distribution in the
first case.
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Figure 8: The optimal dynamic MACSIA scheme of point 𝑆1 in the
first case.
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Figure 9: The optimal dynamic MACSIA scheme of point 𝑆3 in the
first case.
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Figure 10:The optimal dynamicMACSIA scheme of point 𝑆2 in the
first case.

network center and maximize the minimum width of the
route planning safety area, the emphasis is the suppression
interference effect on the enemy air defense radar network.
And the optimal dynamic MACSIA scheme of point 𝑆1 can
be chosen; as shown in Figure 8, the three jamming aircraft
are closer to the enemy air defense radar network center in
this scheme. When the decision-maker who develops the
combat plan needs to maximize the sum of the distance
between each jamming aircraft and the enemy air defense
radar network center and minimize the minimum width of
the route planning safety area, that is to say, the focus is
on the safety of each jamming aircraft itself, the optimal
dynamic MACSIA scheme of point 𝑆3 can be chosen; as
shown in Figure 9, the three jamming aircraft are more far
away from the enemy air defense radar network center in this
scheme. When the decision-maker who develops the combat
plan not only needs to consider the safety of each jamming
aircraft itself, but also needs to achieve a given suppression
interference effect, the optimal dynamic MACSIA scheme of
point 𝑆2 may be the best choice, as it can be seen in Figure 10.
At this time the total distance between each jamming aircraft
and the enemy air defense radar network center is moderate
in this scheme.
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Figure 11: The binary image of suppression interference effect of
point 𝑆1 for the jamming aircraft against the enemy air defense radar
network in the first case.

Figure 12: The binary image of suppression interference effect of
point 𝑆3 for the jamming aircraft against the enemy air defense radar
network in the first case.

Figures 11, 12, and 13 are the binary images of suppression
interference effect for the jamming aircraft against the enemy
air defense radar network in three schemes. The obtained
minimum safetywidths are 45𝑘𝑚, 28𝑘𝑚, and 37.5𝑘𝑚, respec-
tively.

The second case: the number of the enemy air defense
radar is variable, but the original location remains
unchanged.

At first, assuming that three enemy air defense radars
are deployed in the combat area, the minimum suppression
factors 𝐾𝑗 of the three enemy air defense radars are 5. The
performance parameters are the same as the number 1, 2,
and 3 radar in Table 1. And the initial coordinate locations
of the three enemy air defense radars are (220𝑘𝑚, 105𝑘𝑚),(290𝑘𝑚, 230𝑘𝑚), and (190𝑘𝑚, 270𝑘𝑚).

Initially, the detection range of the three enemy air
defense radars under terrain shading at a height of 2.1𝑘𝑚
is shown in Figure 14. It can be seen from Figure 13 that
the detection range of the three enemy air defense radars
overlaps, so it is very difficult for our combat aircraft to
penetrate the defense safely. At this time the combat aircraft
must rely on the electronic support jamming aircraft to
implement cooperative suppression interference against the
enemy air defense radar network, so as to obtain a given
limit to meet the conditions of the route planning safety
area width. The minimum width of the route planning safety

Figure 13: The binary image of suppression interference effect of
point 𝑆2 for the jamming aircraft against the enemy air defense radar
network in the first case.
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Figure 14:The detection range of the three enemy air defense radars
under terrain shading at the beginning.

area is limited to 20𝑘𝑚. At the beginning, we intend to
send two electronic support jamming aircraft to implement
cooperative suppression interference against the enemy air
defense radar network. The two jamming aircraft are at
a height of 2.1km and their performance parameters are
the same as the number 1 and 2 jamming aircraft in
Table 2.

The initial parameters of DMOPSO algorithm are as
follows: the maximum number of iterations 𝑀𝑎𝑥 𝑖𝑡𝑒𝑟𝑎 is
800, the number of environment changes is set to 𝑇 =2, the number of iterations of DMOPSO algorithm is 250
for each time the environment changes, the threshold of
environment change is 𝛿 = 0.6, and the remaining parameters
are consistent with the simulation parameters in the first case.
In order to simplify the study, at the same time more in line
with the real battlefield environment, the number of enemy
air defense radar is limited to 3 to 5, and the number of enemy
air defense radars is increased in the process of environment
change. The coordinates of the additional enemy air defense
radar after the two environment changes are (150𝑘𝑚, 210𝑘𝑚)
and (300𝑘𝑚, 130𝑘𝑚), respectively. Here is given the detection
range of the enemy air defense radar network by terrain
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Figure 15: The detection range of the five air defense radars under
terrain shading after the second environment change.
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Figure 16:The obtained nondominated solutions distribution in the
second case.

shading after the second environment change,which is shown
in Figure 15.

The experimental results were run independently by
DMOPSO algorithm 30 times, and the optimal result was
selected from them. The calculated nondominated solutions
distribution is shown in Figure 16.

As can be seen from Figure 16, when the environment
changes, the search effect of DMOPSO algorithm is still rela-
tively good, and three more uniform Pareto front surfaces are
generated. Then the Pareto front surface generated after the
second environment change is taken as an example. Similarly,
in order to facilitate decision-maker to make decisions, three
points called 𝑆1, 𝑆2, and 𝑆3 are selected on the Pareto frontier
surface. The optimal dynamic MACSIA schemes of the three
points are shown in Figures 17, 18, and 19, respectively.
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Figure 17:The optimal dynamic MACSIA scheme of point 𝑆1 in the
second case.
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Figure 18:The optimal dynamic MACSIA scheme of point 𝑆3 in the
second case.
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Figure 19:The optimal dynamicMACSIA scheme of point 𝑆2 in the
second case.
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Figure 20: The binary image of suppression interference effect of
point 𝑆1 for the jamming aircraft against the enemy air defense radar
network in the second case.

As shown in Figure 17, each jamming aircraft is relatively
close to the enemy air defense radar network center in this
scheme, the total distance is the smallest and the minimum
width of the route planning safe area is the largest.The choice
of point 𝑆1 corresponding to the scheme means that more
emphasis is on the suppression interference effect on the
enemy air defense radar network. Figure 18 shows that the
four jamming aircraft are far from the enemy air defense
radar network center in this scheme, correspondingly, the
sum of the distance between each jamming aircraft and the
enemy air defense radar network center is the largest, and
the minimum width of the route planning safe area is the
smallest. If the focus is on the safety of the jamming aircraft
themselves, the point 𝑆3 corresponding to the scheme can be
selected. As shown in Figure 19, at this time, the total distance
between the four jamming aircraft and the enemy air defense
radar network center is moderate. When the decision-maker
who develops the combat plan needs to consider the safety
of the jamming aircraft themselves and achieve the given
suppression interference effect, the point 𝑆2 corresponding to
the scheme can be selected.

Figures 20, 21, and 22 are the binary images of suppression
interference effect for the jamming aircraft against the enemy
air defense radar network in three schemes. The obtained
minimum safetywidths are 32𝑘𝑚, 22𝑘𝑚, and 27.5𝑘𝑚, respec-
tively.

It can be concluded from the above that the six kinds of
dynamic MACSIA schemes have achieved good suppression
interference effect in the two cases and formed the route
planning safety area which satisfies the restriction condition
and ensures the safety of the jamming aircraft themselves.The
decision-maker who develops the combat plan can select the
corresponding scheme according to the actual operational
needs.

5. Conclusions

In this paper, aiming at the problem of dynamic MAC-
SIA optimization in electronic warfare mission planning,

Figure 21: The binary image of suppression interference effect of
point 𝑆3 for the jamming aircraft against the enemy air defense radar
network in the second case.

Figure 22: The binary image of suppression interference effect of
point 𝑆2 for the jamming aircraft against the enemy air defense radar
network in the second case.

based on two different environment changes, two kinds of
dynamic multiobjective optimization models of the dynamic
MACSIA are constructed by regarding the sum of the
distance between each jamming aircraft and the enemy air
defense radar network center and the minimum width of
the route planning safety area as the objective functions.
The DMOPSO algorithm is used to solve the two models,
and the optimal dynamic MACSIA schemes are calculated
in the case of two environment changes. Simultaneously,
the feasibility and validity of the proposed model and the
proposed method are verified. The study content of this
paper is a key part of the dynamic planning in electronic
warfare mission planning. When the battlefield environment
changes, it can provide a basis for decision-maker to make
decisions and also provide a safe and reliable planning space
for the follow-up route planning of the combat aircraft.
Therefore, this paper has a relatively strong significance of
actual combat.
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The performance behavior of the lithium-ion battery can be simulated by the batterymodel and thus applied to a variety of practical
situations. Although the particle swarm optimization (PSO) algorithm has been used for the battery model development, it is
usually unable to find an optimal solution during the iteration process. To resolve this problem, an adaptive random disturbance
PSO algorithm is proposed. The optimal solution can be updated continuously by obtaining a new random location around the
particle’s historical optimal location.There are two conditions considered to perform the model process. Initially, the test operating
condition is used to validate the model effectiveness. Secondly, the verification operating condition is used to validate the model
generality.The performance results show that the proposedmodel can achieve higher precision in the lithium-ion battery behavior,
and it is feasible for wide applications in industry.

1. Introduction

A battery management system (BMS) is an electronic system
used to manage a rechargeable battery or battery pack, and
it is widely applied to many applications that use a battery or
batteries, such as portable electronic devices, electric vehicles,
and power grids [1]. To ensure safe and efficient operation,
it is essential for a BMS to be able to predict the static and
dynamic behavior of the batteries.

Currently, there are three general types of battery models
available in the literature: the electrochemical battery model,
artificial neural network model, and equivalent circuit model
(ECM) [2–9]. Among them, ECMs have been extensively
researched in recent years owing to their excellent adaptabil-
ity and simple realization [10, 11].

Parameter identification is an essential step in battery
modeling, and its results directly affect the accuracy and relia-
bility of themodel. Identificationmethods are usually divided
into two types [12, 13]: online and offline, corresponding to
online and offline modeling, respectively.

Online identification methods adjust the parameters of
the model in real time based on the condition and current

state of the battery. Furthermore, the BMS makes use of such
parameters and other information such as current, voltage,
and temperature to evaluate the state of charge (SOC), state
of health (SOH), and so on [14, 15], which are required for
real time control [16, 17]. However, the processor should
require higher calculation speed. Offline identifications can
adopt mass experimental data that reflects the characteristics
of the batteries. As a result, the identified parameters have
higher precision and adaptability, and this makes such offline
identifications more suitable for battery or battery pack
modeling.

At present, there are two major types of offline identifica-
tions. The first type of methods is generally called traditional
identification methods, like fitting method based on Least
Squares [8], subspace identification [16], multiple linear
regression method [18], and so on. This type of methods is
simple and intuitive; however, the identified parameters have
larger errors, and hence it is usually used in applications
with lower accuracy demand [19, 20]. The second type of
methods is generally called bionic intelligent optimization
algorithms, like PSO [21], genetic algorithm (GA), [22] and
so on. Compared with the first type of methods, the second
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one has obvious advantages in accuracy and reliability, and it
has become a popular method for parameter identification.
However, when GA is used in parameter identification [22–
24], there are certain issues that cannot be avoided, such as the
high computation time and easily falling into local optimum,
i.e., local extremum. The particle swarm optimization (PSO)
algorithm may have low precision and often fall into local
optimum [24–29]. According to [25–27], the convergence
speed and the inertia weight 𝜔 control can be improved. In
[28], both GA and PSO were combined, and in [29], the
double quantum PSO was adopted to identify the system
parameters, which can increase the traverse ability of particles
and simplify the evolution equation without using a velocity
vector. However, the abovementioned method may not solve
the problem in easily falling into the local optimum. In
[30–32], the chaotic optimization algorithm (COA) and the
improved PSO algorithm were combined to identify the
parameters of the battery, load, and solar cell models. In
abovementioned papers [30–32], upon accepting that the
PSO algorithm has an issue of falling into local optimum,
the COA is adopted to find the new searching swarm and
continue the search, in order to increase global convergence
and calculation precision. In [30], the difference between the
covariance matrix of the particle location and the predeter-
mined threshold has been used as the basis, while in [32]
the difference between the variance of the population’s fitness
and the predetermined threshold is used as the basis to judge
whether the solution falls into local optimum. In addition,
the predetermined threshold, which has certain influence on
calculation precision, is set according to the experience.

For the development of the battery model using PSO
algorithm, the particles may hover around local optimal
solution during the iteration process without reaching the
real optimal location. For this reason, an adaptive random
disturbance PSO (ARDPSO) is proposed and its perfor-
mances are validated by using a classical single model and a
multiplex model as target optimization functions. Also, this
algorithm can be used for identifying the parameters of the
battery model thus achieving higher calculation precision.

The remaining contents of this paper are arranged as
follows: Section 2 introduces the standard PSO algorithm.
Section 3 describes ARDPSO algorithm and validates its per-
formance. ECM parameters identification using ARDPSO is
illustrated in Section 4.The experiment results and discussion
are presented in Section 5. Section 6 concludes this paper.

2. Standard PSO Algorithm

Particle swarm optimization (PSO) is an evolutionary com-
putation technique, especially searching for optimization for
continuous nonlinear, constrained and unconstrained, and
nondifferentiable multimodal functions [21]. It can optimize
a problemby iterativelymoving particles around in the search
space over the particle's position and velocity. Each particle's
movement is updated as better positions in the search space
[33]. Assume 𝑚 particles appear in a D-dimensional search
space, and the sets can be expressed as

𝑋 = {𝑥1, 𝑥2, . . . , 𝑥𝑚}

𝑥𝑖 = {𝑥𝑖1, 𝑥𝑖2, . . . , 𝑥𝑖𝐷} ; 𝑖 = 1, 2, . . . , 𝑚
V𝑖 = {V𝑖1, V𝑖2, . . . , V𝑖𝐷} ; 𝑖 = 1, 2, . . . , 𝑚

𝑃𝑏𝑒𝑠𝑡𝑖 = {𝑃𝑏𝑒𝑠𝑡𝑖1, 𝑃𝑏𝑒𝑠𝑡𝑖2, . . . , 𝑃𝑏𝑒𝑠𝑡𝑖𝐷}
𝐺𝑏𝑒𝑠𝑡𝑖 = {𝐺𝑏𝑒𝑠𝑡1, 𝐺𝑏𝑒𝑠𝑡2, . . . , 𝐺𝑏𝑒𝑠𝑡𝐷}

(1)

where 𝑋 denoted by 𝑥𝑖 represents the group containing 𝑚
particles with 𝐷-dimensional vector in the search space. The
term V represents the velocity of the particles.The term𝑃𝑏𝑒𝑠𝑡𝑖
represents the local optimal solution, that is, the individual
best solution of particle 𝑖. The term Gbest represents the
global optimal solution.

In each iteration, every particle updates its position and
velocity in search space according to its individual best
solution 𝑃𝑏𝑒𝑠𝑡𝑖 and the global optimal solution of the group
Gbest, as follows:

V𝑛+1𝑖 = V𝑛𝑖 + 𝑐1𝑟1 (𝑃𝑏𝑒𝑠𝑡𝑛𝑖 − 𝑥𝑛𝑖 ) + 𝑐2𝑟2 (𝐺𝑏𝑒𝑠𝑡𝑛 − 𝑥𝑛𝑖 ) (2)

𝑥𝑛+1𝑖 = 𝑥𝑛𝑖 + V𝑛+1𝑖 (3)

where 𝑛 is the current number of iterations; 𝑐1 and 𝑐2 are two
positive constants called acceleration factors. 𝑟1 and 𝑟2 are
random numbers in the range 0–1.

For a particle swarm optimization, a better global search
is needed from a starting phase to help the algorithm con-
verge to a target area quickly, and then a stronger local search
is used to get a high precision value. Therefore, the modifica-
tion of improved standard PSO introduces the inertia weight𝜔 in formula (2), and its velocity is represented as follows:

V𝑛+1𝑖 = 𝜔 ⋅ V𝑛𝑖 + 𝑐1𝑟1 (𝑃𝑏𝑒𝑠𝑡𝑛𝑖 − 𝑥𝑛𝑖 ) + 𝑐2𝑟2 (𝐺𝑏𝑒𝑠𝑡𝑛 − 𝑥𝑛𝑖 ) (4)

For getting a high precision solution, 𝜔 needs to be
kept as a variable value, generally a decreasing value. In the
improvements of the standard PSO, the linear PSO (LPSO)
[25] is very representative, which uses a linearly decreasing
inertia weight, given by

𝜔 = (𝜔max − 𝜔min) (𝑁 − 𝑛𝑁 ) + 𝜔min (5)

in which𝜔 is current inertia weight,𝜔min is theminimum
value (that is, the final value) of inertia weight, 𝜔max is the
maximum value (that is, the initial value) of inertia weight,𝑛 is the current iteration number, and 𝑁 is the maximum
number of allowable iterations.

3. ARDPSO Algorithm

3.1. The Principle of ARDPSO. Although some related PSO
algorithms in convergence speed and inertia weight control
have been reported in the literature, the particles may still
encounter problems such as hovering around the real optimal
location but being unable to locate it. It means that the
local optimal solution of the particle is not updated, then
resulting in the global optimal solution not to be updated.
Consequently, the distance between the searched solution
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Figure 1: Optimization procedure: (a) the motion curve of the global optimal solution of the standard PSO; (b) the fitness curve of the global
solution of the standard PSO; (c) the motion curve of the global solution of the LPSO; (d) the fitness curve of the standard LPSO.

and the real optimal solution will not become closer. For
illustrating such a problem, a typical experiment uses the
standard PSO and LPSO algorithms to find a solution that
minimizes the singlemode target function𝑓(𝑋, 𝑌) = 𝑋2+𝑌2
and obviously the real optimal solution is (0, 0). Without loss
of generality, the number of particles is set as 50, and the
maximum number of iterations is set as 100 in the tests. Note
that the performances with different initial settings such as
the number of the particles, iterative times, the initial range
of the particles, and velocity may produce different results.

Figures 1(a) and 1(c) show themotion curves of the global
optimal solution of the standard PSO and LPSO, respectively.
On the other hand, Figures 1(b) and 1(d) show the corre-
sponding fitness for standard PSO and LPSO, respectively.

From Figure 1, the following can be seen.
(1)The global optimal solution (Gbest)may stop updating

during a certain period of iterations. For example, as shown in
Figure 1(d), from the 10th to 15th iteration, the global optimal
solution stops updating, while the global optimal solution
continues to update after the 16th iteration.

(2) During the iteration process, the global optimal solu-
tion of the standard PSO and LPSO gradually tends to the real
optimal position (0, 0). However, it is noted that the standard
PSO algorithm stops updating the global optimal solution at
the 24th iteration, and its fitness is 1.702324344665708e-05.
On the other hand, the LPSO algorithm stops updating the
global optimal solution at the 78th iteration, and its fitness is
1.6916e-12.

(3) The inertia weight 𝜔 shown in formula (4) in LPSO is
the key factor to achieve a better fitness value than standard
PSO by increasing the number of iterations to be closer to a
real optimal solution.

However, both standard PSO and LPSOwould encounter
such problems:

(1) During the iterations, the global optimal solution may
not be updated for each iteration.

(2)The global optimal solution may stop updating before
the maximum number of allowable iterations is achieved.

For this reason, the ARDPSO algorithm is proposed to
give the particle more opportunities to continue to update
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Figure 2: The principle of the ARDPSO: (a) the global optimal solution updating; (b) the convergent procedure of ARDPSO.

its local optimal solution and thus to find the global optimal
more accurately. The global optimal solution updating from
the ARDPSO algorithm is shown in Figure 2(a). During
the iteration process, the moving of the particle will update
the global optimal location if a new location has a smaller
distance from the real optimal location than the global
optimal location.

Figure 2(b) illustrates the procedure of the ARDPSO
algorithm performance as follows.

(1) In each iteration process, for each particle, if the
fitness of its current solution (that is, 𝑥𝑛+1𝑖 ) is inferior to the
fitness of its local optimal solution (that is, 𝑃𝑏𝑒𝑠𝑡𝑛𝑖 ), 𝑃𝑏𝑒𝑠𝑡𝑛𝑖
will not be updated in this iteration. It is noted that the
current solution 𝑥𝑛+1𝑖 is got from formula (3), i.e., 𝑥𝑛+1𝑖 =𝑥𝑛𝑖 + V𝑛+1𝑖 ; if, in the (𝑛)𝑡ℎ iteration, 𝑃𝑏𝑒𝑠𝑡𝑛𝑖 is updated, then,𝑃𝑏𝑒𝑠𝑡𝑛𝑖 = V𝑛𝑖 . In the (𝑛 + 1)𝑡ℎ iteration, if 𝑓𝑖𝑡𝑛𝑒𝑠𝑠(𝑥𝑛+1𝑖 ) is
inferior to 𝑓𝑖𝑡𝑛𝑒𝑠𝑠(𝑃𝑏𝑒𝑠𝑡𝑛𝑖 ), it means 𝑓𝑖𝑡𝑛𝑒𝑠𝑠(𝑥𝑛+1𝑖 ) is inferior
to𝑓𝑖𝑡𝑛𝑒𝑠𝑠(𝑥𝑛𝑖 ); the most likely reason for this is that (a) 𝑥𝑛𝑖
is the real optimal solution and (b) the moving speed is too
rapid so that 𝑥𝑛+1𝑖 exceeds the real optimal solution. If it is due
to the first reason, then the algorithm has already achieved
the optimal solution. In the second reason, a relatively slow
moving speed needs to be set.

If 𝑃𝑏𝑒𝑠𝑡𝑛𝑖 in the (𝑛)𝑡ℎ iteration is not updated and
if 𝑓𝑖𝑡𝑛𝑒𝑠𝑠(𝑥𝑛+1𝑖 ) in the (𝑛 + 1)𝑡ℎ iteration is inferior to𝑓𝑖𝑡𝑛𝑒𝑠𝑠(𝑃𝑏𝑒𝑠𝑡𝑛𝑖 ), it means that the current location of the
particle 𝑥𝑛+1𝑖 comparing with 𝑃𝑏𝑒𝑠𝑡𝑛𝑖 has a relatively long
distance from the real optimal solution. In this situation, a
new solution should be got around 𝑃𝑏𝑒𝑠𝑡𝑛𝑖 .

During the evolution of the global optimal solution, the
distance between the global optimal solution and the real
optimal solution decreases with increasing iteration time, and

the coverage of the random disturbance thus becomes less. In
Figure 2(b), it can be seen that the coverage of the (𝑛 + 1)𝑡ℎ
random disturbance is less than that of the (𝑛)𝑡ℎ random
disturbance.

A new random location generation function can be
defined as formula

𝑥𝑛+1𝑖 rand = 𝑃𝑏𝑒𝑠𝑡𝑛𝑖 + V𝑛+1𝑖 ∗ exp(−𝑎 ∗ (𝑛 + 1)𝑁 )
∗ rand () (6)

If the fitness of its current solution (that is,𝑥𝑛+1𝑖 ) is inferior
to the fitness of its local optimal solution, then it will use
formula (6) to get a new location. In formula (6), exp(−𝑎 ∗𝑛/𝑁) is used to scale the coverage of the random disturbance,
commonly, a is a constant, n presents the current iteration
number, and N presents the total iteration numbers. The
function rand() is a random value between 0 and 1.

(2) By comparing the fitness of the randomly obtained
new solution to that of the abovementioned current solution,
the better solution is selected as the new current location of
the particle.

(3) If the new current location of the particle is superior
to its local optimal solution, thus the local optimal solution is
updated.

As above, the process of the ARDPSO is concluded as
follows.

At (𝑛 + 1)𝑡ℎ iteration, for particle 𝑖, we have the following.
Step 1. Get the moving speed: V𝑛+1𝑖 = 𝜔 ⋅ V𝑛𝑖 + 𝑐1𝑟1(𝑃𝑏𝑒𝑠𝑡𝑛𝑖 −𝑥𝑛𝑖 ) + 𝑐2𝑟2(𝐺𝑏𝑒𝑠𝑡𝑛 − 𝑥𝑛𝑖 ).
Step 2. Get the new location: 𝑥𝑛+1𝑖 = 𝑥𝑛𝑖 + V𝑛+1𝑖 .
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Table 1: Benchmarks.

No. function formula minimum

𝑓1 Sphere Model 𝑓1(𝑥) = 𝑛∑
𝑖=1

𝑥2𝑖 − 100 ≤ 𝑥𝑖 ≤ 100 0

𝑓2 Schwefel’s Problem 2.22 𝑓2(𝑥) = 𝑛∑
𝑖=1

𝑥𝑖 + 𝑛∏
𝑖=1

𝑥𝑖 − 10 ≤ 𝑥𝑖 ≤ 10 0

𝑓3 Schwefel’s Problem 1.2 𝑓3(𝑥) = 𝑛∑
𝑖=1

( 𝑖∑
𝑗=1

𝑥𝑗)2 − 100 ≤ 𝑥𝑖 ≤ 100 0

𝑓4 Schwefel’s Problem 2.21 𝑓4(𝑥) = max
𝑖
{𝑥𝑖 , 1 ≤ 𝑖 ≤ 𝑛} − 100 ≤ 𝑥𝑖 ≤ 100 0

𝑓5 Rosenbrock Function 𝑓5(𝑥) = 𝑛−1∑
𝑖=1

[100 (𝑥𝑖+1 − 𝑥𝑖)2 + (𝑥𝑖 − 1)2] − 30 ≤ 𝑥𝑖 ≤ 30 0

𝑓6 Step Function 𝑓6(𝑥) = 𝑛∑
𝑖=1

(⌊𝑥𝑖 + 0.5⌋)2 − 100 ≤ 𝑥𝑖 ≤ 100 0

𝑓7 Rastrigin Function 𝑓7(𝑥) = 𝑛∑
𝑖=1

[𝑥𝑖2 − 10 cos (2𝜋𝑥𝑖) + 10] − 5.12 ≤ 𝑥𝑖 ≤ 5.12 0

𝑓8 Ackley Function 𝑓8(𝑥) = −20 exp(−0.2√ 1𝑛 𝑛∑𝑖=1𝑥𝑖2) − exp(1𝑛
𝑛∑
𝑖=1

cos 2𝜋𝑥𝑖) + 20 + 𝑒 − 32 ≤ 𝑥𝑖 ≤ 32 0

𝑓9 Griewank Function 𝑓9(𝑥) = 14000 𝑛∑𝑖=1𝑥𝑖2 −
𝑛∏
𝑖=1

cos( 𝑥𝑖√𝑖) + 1 − 600 ≤ 𝑥𝑖 ≤ 600 0

Step 3. If the fitness of the current location 𝑥𝑛+1𝑖 is inferior to
the fitness of its local optimal solution, then a new location𝑥𝑛+1𝑖 rand = 𝑃𝑏𝑒𝑠𝑡𝑛𝑖 + V𝑛+1𝑖 ∗ exp(−𝑎 ∗ (𝑛 + 1)/𝑁) ∗ rand()
is obtained. Compare the fitness of 𝑥𝑛+1𝑖 and 𝑥𝑛+1𝑖 rand, and
then choose the best one as the current location 𝑥𝑛+1𝑖 .

Step 4. Get 𝑃𝑏𝑒𝑠𝑡𝑛+1𝑖 . If the fitness of 𝑥𝑛+1𝑖 got in Step 3 is
superior to that of 𝑃𝑏𝑒𝑠𝑡𝑛𝑖 , then 𝑃𝑏𝑒𝑠𝑡𝑛+1𝑖 = 𝑥𝑛+1𝑖 . Otherwise,𝑃𝑏𝑒𝑠𝑡𝑛+1𝑖 = 𝑃𝑏𝑒𝑠𝑡𝑛𝑖 .

And then, for all of the particles, we have the following.

Step 5. Get 𝐺𝑏𝑒𝑠𝑡𝑛+1.
3.2. Testing andAnalyzing the ARDPSO. In order to verify the
availability and wide applicability of the proposed ARDPSO
algorithm, nine benchmarks from the BBO repository are
adopted to test its performance, shown in Table 1, in which𝑓1 − 𝑓5 are single mode functions, 𝑓6 is a step function, and𝑓7 − 𝑓9 are multiplex mode functions [34–36].

Without loss of generality, the parameters setting for each
benchmark in Table 1 are as follows:

(i) The dimensions of these functions are all set as 2.

(i) The solution range of the benchmarks is based on
Table 1.

(ii) Generate the initial position of the particles randomly
within its solution range.

In addition, we have the following.
(i) For LPSO andARDPSO, themaximum inertia weight

is set as 0.9, while the minimum one is 0.5.
ii. For ARDPSO, the parameter 𝑎 in the formula (5) is

set as 1.
Following the above rules, in the MATLAB 2015 (b)

environment, standard PSO, LPSO, and ARDPSO are used
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Figure 3: Statistical results diagram of historical local optimal
updating (in which the red point presents the standard PSO,
the green point presents the LPSO, and the blue point presents
ARDPSO; the abscissa values 1-9 correspond to benchmarks 1-9, and
the ordinate value indicates the number of updating times).

to test 9 benchmark functions in Table 1, respectively, where
each benchmark function was tested 30 times.The number of
local optimal solution (that is, 𝑃𝑏𝑒𝑠𝑡𝑖) updating is shown in
Figure 3. The abscissa values 1-9 correspond to benchmarks
1-9, and the ordinate value indicates the number of updating
process. Table 2 shows the average updating times for the local
optimal solution of the particle.Thenumber of global optimal
solution (that is, Gbest) updating is shown in Figure 4.
Similarly, in Figure 4, the abscissa values 1-9 correspond
to benchmarks 1-9, and the ordinate value indicates the
number of updating process. Table 4 shows the minimum
error, maximum error, and mean error between the fitness
of optimal solution and the real optimal solution.

The performance results as above indicate the following:
(1) For local optimal solution (Pbest) from Figure 3 and

Table 2, all benchmarks except the step function 𝑓6 show that
the average updating times by standard PSO and LPSO are
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Table 2: Average updating times of the historical local optimal solution.

Algorithm 𝑓1 𝑓2 𝑓3 𝑓4 𝑓5 𝑓6 𝑓7 𝑓8 𝑓9
Average times

PSO 4.81 4.64 4.63 4.80 5.42 4.47 3.32 3.45 3.42
LPSO 18.95 18.70 18.77 18.52 19.22 6.92 15.69 18.06 16.01

ARDPSO 65.74 63.08 65.47 63.69 65.52 5.06 38.49 64.20 35.28

Table 3: Average updating times of the global optimal solution.

Algorithm 𝑓1 𝑓2 𝑓3 𝑓4 𝑓5 𝑓6 𝑓7 𝑓8 𝑓9
Average times

PSO 7.6 8.23 6.5 8.03 11.07 4.83 5.7 6.07 6.5
LPSO 31.73 31.07 32.3 28.53 33.87 5 29.73 30.5 30.53

ARDPSO 64.8 63.73 64.13 63.87 64.7 2.93 36.5 61.63 32.27
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Figure 4: Statistical results diagram of global optimal updating (the
abscissa values 1-9 correspond to benchmarks 1-9, and the ordinate
value indicates the number of updating times).

about 5 to 18, respectively. However, the average updating
times by ARDPSO are about 64 for 𝑓1 −𝑓5 and 𝑓8, while they
are about 36 for 𝑓7 and 𝑓9. It is found that the benchmark 𝑓6
may achieve relatively small updating times in standard PSO,
LPSO, and ARDPSO.

(2) For global optimal solution (Gbest) from Figure 4 and
Table 3, for all the benchmarks except the step function 𝑓6,
the average updating times by standard PSO are about 6 to
12, and they are about 28 to 32 by LPSO.The average updating
times by ARDPSO are more than 60 for 𝑓1 −𝑓5 and 𝑓8, while
they are about 33 for 𝑓7 and 𝑓9. Similarly, the benchmark 𝑓6
has relatively small average updating times in standard PSO,
LPSO, and ARDPSO.

(3) From the error statistics in Table 4, both LPSO
and ARDPSO algorithms are superior to the standard PSO
algorithm in all performance evaluations. For step function𝑓6, both LPSO and ARDPSO can find the real optimal result,
reaching an average error=0. For𝑓1−𝑓5 and𝑓8, APDPSO has
much lower errors than LPSO. For 𝑓7 and 𝑓9, the relatively
small updating times for local and global optimal solution
imply that the global optimal solution will not be updated if
the real optimal solution is found.

The following can be concluded:
(1) For step function 𝑓6, many solutions may get the

optimal fitness, and it means that there are more chances to
find the real solution. In this situation, the Pbset and Gbest
are relatively small for standard PSO, LPSO, and ARDPSO.

(2) From formula (2) and (4), it can be seen that LPSO
adds an inertia weight 𝜔, compared to the standard PSO. 𝜔
decreases with the increasing iterations, and this gives the
particles more chances to update its Pbest as well as the Gbest
for better solution.

(3) When the particle could not update its 𝑃𝑏𝑒𝑠𝑡𝑖, the
current solution (𝑥𝑛+1𝑖 ) is not a better solution. A too rapid
moving speed may make it happen and thus lose the real
optimal solution. In the proposed ARDPSO model, when
the particle could not update its 𝑃𝑏𝑒𝑠𝑡𝑖, it can obtain a new
solution 𝑥𝑛+1𝑖 rand around the 𝑃𝑏𝑒𝑠𝑡𝑖. If the 𝑃𝑏𝑒𝑠𝑡𝑖 is not the
real optimal solution, choosing the better one from 𝑥𝑛+1𝑖 and𝑥𝑛+1𝑖 rand as the new position of the particle can encourage𝑃𝑏𝑒𝑠𝑡𝑖 to be updated. From the results shown in Tables 2–4, it
can be seen that if the real optimal position is not found, the
Pbest andGbest updating times by ARDPSOmay increase far
higher than that of LPSO.

4. ECM Parameters Identification Based on
the Proposed ARDPSO

In this section, the ARDPSO algorithm is used to identify the
parameters of the ECM.

4.1. Preparation for the Experiment. The following experi-
ments use NEWARE BTS-4008 as the power battery test
system and 18650 NMC batteries (the positive material is
LiCoxNiyMnzO2) as the experiment object. The selected
18650 NMC battery wasmanufactured in Tianjin with a rated
capacity of 2000 mAh and a rated voltage of 3.7 V. The rated
charging and discharging cut-off voltages are 4.2 V and 2.5 V,
respectively.

The open circuit voltage- (OCV-) state of charge (SOC)
curve of the above tested battery is obtained according to the
method described in [37].

The error criterion is a crucial factor to determine the
precision of parameters identification so that the root square



Mathematical Problems in Engineering 7

Table 4: Comparison of performance results.

Algorithm Error f1 f2 f3 f4 f5 f6 f7 f8 f9

Standard
PSO

Minimum Error 0.001238535 0.015541741 0.000359473 0.012069324 0.00312616 0 0.002253 0.015926 3.47E-08
Average Error 0.07380834 0.331487833 0.061015048 0.139138918 0.362969219 1 0.846391 0.103188 0.004895

Maximum Error 0.681954989 0.808067334 0.24427567 0.446676649 2.771664211 0.133333 2.130416 0.41696 0.010275

LPSO
Minimum Error 3.93E-14 3.03E-07 2.63E-14 8.81E-08 7.55E-14 0 1.53E-13 2.42E-08 7.77E-16
Average Error 7.59E-12 3.48E-06 1.15E-11 2.90E-06 6.72E-10 0 0.1990 3.71E-07 0.0043

Maximum Error 4.22E-11 1.01E-05 1.05E-10 9.85E-06 1.35E-08 0 0.994959 1.58E-06 0.0074

ARDPSO
Minimum Error 8.89E-33 1.26E-16 2.61E-32 3.08E-17 1.23E-32 0 0 8.88E-16 0
Average Error 3.22E-29 1.98E-15 1.70E-29 2.05E-15 3.90E-27 0 0.0099 4.09E-15 0.0023

Maximum Error 5.11E-28 7.08E-15 1.18E-28 1.78E-14 7.31E-26 0 0.994959 1.15E-14 0.0074

error is commonly used for battery models parameters
identification [9]. However, many factors may influence the
precision of the battery model, like the OCV-SOC relation-
ship, the model itself, SOC initial value, and so on. For this
reason, a weighted fitness function shown in formula (7) is
defined as

𝑓𝑖𝑡𝑛𝑒𝑠𝑠 = 𝛼 ∗ √ 1𝑀
𝑀∑
𝑘=1

(𝑉𝑚,𝑘 − 𝑉𝑡,𝑘)2 + 𝛽
∗max (𝑉𝑚,𝑘 − 𝑉𝑡,𝑘𝑘=1:𝑀) ,

0 ≤ 𝛼 ≤ 1, 0 ≤ 𝛽 ≤ 1, 𝛼 + 𝛽 = 1
(7)

where𝑀 represents the total number of measurement inter-
vals, 𝑉𝑚 is the terminal voltage of the battery system that
can be obtained by measurement, 𝑉𝑡 is the voltage that is
calculated from the battery model, and 𝑘 represents the 𝑘𝑡ℎ
sampling. In the following experiments, 𝛼 = 𝛽 = 0.5.
4.2. ECM Model Used by the Experiments. At present, the
simple model, the first-order RC model, and the second-
order RC model are the most applied battery models [9, 38]
in industry. The simple model shown in (8) has a simple
structure and operating principle.TheThévenin ECM shown
in (9) is known as the first-order RCmodel.The second-order
RCmodel shown in (10) is an extension model from the first-
order RC model.

𝑉𝑡 = 𝑉𝑂𝐶𝑉 (𝑆𝑂𝐶) − 𝑅𝑖𝐿 (8)

𝑉𝑡 = 𝑉𝑂𝐶𝑉 (𝑆𝑂𝐶) − 𝑅𝑖𝐿 − 𝑈𝑃 (9)

𝑉𝑡 = 𝑉𝑂𝐶𝑉 (𝑆𝑂𝐶) − 𝑅𝑖𝐿 − 𝑈𝑃1 − 𝑈𝑃2 (10)

In above formulae, 𝑉𝑡 represents the terminal voltage of
the battery, 𝑉𝑂𝐶𝑉(𝑆𝑂𝐶) represents the value of the OCV
corresponding to the value of the SOC, 𝑖𝐿 represents the load
current, and𝑅 represents the internal resistance of the battery.
In (9), 𝑈𝑃 represents the polarization voltage and its discrete
form can be shown using the following formula [39].

𝑈𝑃,𝑘+1 = 𝑈𝑃,𝑘𝑒−Δ𝑡/𝜏 + 𝑅𝑃𝑖𝐿,𝑘 (1 − 𝑒−Δ𝑡/𝜏) (11)

where 𝜏 = 𝑅𝑃𝐶𝑃, Δ𝑡 represents the sampling interval of the
system, and 𝑅𝑃 and 𝐶𝑃 represent the polarization resistance
and the polarization capacitor, respectively. In formula (10),𝑈𝑃1, 𝑈𝑃2, respectively, represent the electrochemical polar-
ization voltage and the polarization voltage, and the discrete
form of 𝑈𝑃1, 𝑈𝑃2 can be expressed as

𝑈𝑃1,𝑘+1 = 𝑈𝑃1,𝑘𝑒−Δ𝑡/𝜏1 + 𝑅𝑃1𝑖𝐿,𝑘 (1 − 𝑒−Δ𝑡/𝜏1)
𝑈𝑃2,𝑘+1 = 𝑈𝑃2,𝑘𝑒−Δ𝑡/𝜏2 + 𝑅𝑃2𝑖𝐿,𝑘 (1 − 𝑒−Δ𝑡/𝜏2) (12)

where 𝜏1 = 𝑅𝑃1𝐶𝑃1, 𝜏2 = 𝑅𝑃2𝐶𝑃2, Δ𝑡 represents the sampl-
ing interval of the system, 𝑅𝑃1 and 𝐶𝑃1 represent the elec-
trochemical polarization resistance and the electrochemical
polarization capacitor, respectively, and 𝑅𝑃2 and 𝐶𝑃2 repre-
sent the concentration polarization resistance and the con-
centration polarization capacitor, respectively. In formulae
(10) and (11), 𝑘 represents the 𝑘𝑡ℎ sampling.

For the three ECMs, the dynamic behavior of the battery
cannot be effectively modeled by the simple model due
to the lack of consideration in the battery polarization
effect. For example, when the battery is at rest after it is
charged/discharged for a certain time, its SOC value is a
constant with 0 current. Then, the simple model will output
a constant terminal voltage, but in fact its terminal voltage is
variable.The first-order RCmodel is based on the connection
with one RC network in series with the simple model, and
the delay characteristic of the first-order RC network is used
to simulate the polarization effect of the battery. Therefore,
during the battery rest, the first-order RC model can output
a variable. However, it is unsuitable for the voltage transient
process of the battery. The second-order RC model that con-
nects two RC networks in series with the simple model can
simulate the electrochemical polarization and concentration
polarization separately. Accordingly, it could bettermodel the
dynamic behavior of the battery. In this study, the influence
from different parameter identification methods is mainly
considered.

4.3. Parameter Identification Based on RDPSO Algorithm.
The RDPSO algorithm evaluated with the fitness function
shown in (7) is used to identify the parameters of the battery
model, and the process is indicated in Figure 5.
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Figure 5: Flow diagram of system identification based on ARDPSO.

5. Performance Results and Discussion

5.1. The Working Conditions. Based on the known capac-
ity and the OCV-SOC curve of the battery, the LPSO
and ARDPSO are used to identify the parameters of the
abovementioned three ECM models. In this section, two
different operating conditions are selected for experiments.
The first one is the test operating condition shown in Figures
6(a)–6(d), and it is used to validate the effectiveness of the
ARDPSO. The second one is the verification operating con-
dition shown in Figures 7(a)–7(d), and it is used to validate
the generality of the ARDPSO. In other words, the battery
model parameters identified by one operating condition can
suit other operating conditions. In both operating conditions,
four types of battery information are provided, shown in
Figures 6 and 7. In Figures 6(a)–6(d) and 7(a)–7(d), the
abscissa is time and themeasurement interval is 1 s;moreover,
Figures 7(a)–7(d) have the samemeaningwith corresponding
(a)–(d) shown in Figure 6.

In these figures, we have the following.

(i) Figure 6(a) shows the current for each measurement
interval.

(ii) Figure 6(b) shows the battery voltage obtained from
each measurement interval.

(iii) Figure 6(c) shows the value of the SOC from each
measurement interval. In the test operating condi-
tion, the battery rests for two hours so that the

terminal voltage of the battery can be used as initial
OCV. Consequently, the initial SOC value can be
obtained via the OCV-SOC relationship. Other SOC
values can be obtained throughAmper–Hour integral
[8] using the known initial SOC value and the current
shown in Figure 6(b).

(iv) Figure 6(d) shows the value of OCV corresponding to
the SOC value for each measurement interval.

5.2. Effectiveness Verification. The simple, first-order RC,
and second-order RC models were used to test the least
square method [8], LPSO, and ARDPSO in the parameters
identification under the condition shown in Figure 6. In
Table 5, the performance results are concluded according to
the root mean square (RMS) error, maximum error (Max
error), and the accumulative error (Acc error), where each
error formula is expressed as

RMS error: √ 1𝑀
𝑀∑
𝑘=1

(𝑉𝑚,𝑘 − 𝑉𝑡,𝑘)2
Max error: max (𝑉𝑚,𝑘 − 𝑉𝑡,𝑘𝑘=1:𝑀)
Max error:

𝑀∑
𝑘=1

𝑉𝑚,𝑘 − 𝑉𝑡,𝑘
(13)

Note that each variable in formula (13) has the same
definition as that of formula (7).
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Figure 6: Test operating condition: (a) battery current; (b) measurement voltage; (c) SOC; (d) OCV.
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Figure 7: Verification operating condition: (a) battery current; (b) measurement voltage; (c) SOC; (d) OCV.
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Figure 8: Testing results of the second-order RC model: (a) the measured voltage of the battery and the simulation results of the battery
model; (b) simulation errors of the battery model.

Table 5: Error result of least square, LPSO, and ARDPSO in test operating conditions.

Algorithm Error Simple model First-order RC Second-order RC

Least Square
RMS Error 0.0472 0.0451 0.0426
Max Error 0.7836 0.7045 0.7264
Acc Error 578.7310 413.8880 383. 9528

LPSO
RMS Error 0.0472 0.0443 0.0434
Max Error 0.7836 0.7196 0.7494
Acc Error 578.5120 386.2990 347.1315

ARDPSO
RMS Error 0.0461 0.0421 0.0397
Max Error 0.7836 0.7139 0.7217
Acc Error 544.5102 323.9048 313.6077

The above three models based on the same parameters
have similar output voltages and error distributions, and only
the results of the second-order RCmodel based on LPSO and
ARDPSO are shown in Figure 8.Themeasured voltage of the
battery and the simulation result are shown in Figure 8(a).
The simulation errors of the battery model are shown in
Figure 8(b).

From the experiment results, the following can be con-
cluded:

(1)When the three abovementionedmodels are identified
under the same operating conditions, the global optimal
location is further optimized by the ARDPSOwith the added
random disturbance function, as compared to the LPSO. As a
result, the output voltage obtained from theARDPSO ismuch
closer to the true battery voltage than the LPSO.

(2) Under the same operating conditions, the same
identification method is used to obtain the parameters of the
three models. The second-order RC model that uses two RC
networks to simulate the electrochemical polarization and
concentration polarization has more precision than the first-
order RC model with one RC network. However, the simple
model does not consider the polarization characteristics;
comparing with the simple model, the first-order RC model
is more precise.

(3) From Figure 8(a), it is shown that, during the battery
discharging process, when the value of SOC is small, the
voltage drops relatively fast for the same current due to the
battery inherent characteristic. It would result in a large error
in this case. Consequently, most of the literatures use only the
20%–80% of SOC information [9, 40]. It can be seen from
Figure 8(b) that LPSO and ARDPSO have relatively small
errors as the value of SOC is in between 20% and 80%.

(4) Table 5 reveals that the RMS error, the max error, and
themin error of ARDPSO are smaller than those of the LPSO;
therefore, it can be seen that the novel method combination
with the adaptive random disturbance can produce a better
performance.

(5) From Table 5, comparing with the least square
algorithm, LPSO and ARDPSO could get lower Acc Error.
However, the result of least square algorithm is very sensitive
to the initial value setting, and an improper initial settingmay
cause a large error.

5.3. Generality Verification. To validate the generality of the
ARDPSO for each of ECMmodels, the parameters identified
under the test operating condition are used as the input to
obtain the output voltage of ECM model. Figure 9 shows the
output voltage error distribution in different ECM models.
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Figure 9: Error distribution of the battery models with the parameters identified by ARDPSO: (a) simple model; (b) first-order RC model;
(c) second-order RC model.

Figure 10: Error results of the battery model parameters by
ARDPSO.

Figure 10 concludes the statistical results of the maximum
error, RMS error, and the average error.

The following can be seen from Figures 9 and 10:
(1) For the three abovementioned models, the results of

the verification operating condition (as shown in Figure 7)
using the parameters identified under test operating condi-
tion (as shown in Figure 6) indicate that the output voltage
of the ECMs almost coincides with the real battery voltage,
shown in Figure 7(b). As a result, throughout the whole
simulation process, the maximum error is low enough within
a small range, as shown in Figure 9.

(2) Among the threemodels, the second-ordermodel can
better simulate the static and dynamic behavior of the battery.
Thus the second-order RC model has smaller maximum
error, RMS error, and average error than simple model and
the first-order RC model.

(3) The parameters identified by the proposed ARDPSO
under one operating condition are suitable for other operat-
ing conditions for ECM models, verifying the effectiveness
and generality of the ARDPSO.That is, the battery model can
be used by BMS to predict the states of the battery.

6. Conclusions

ThePSOhas beenwidely used inmany applications like iden-
tification of ECM model. It and its extended algorithm such
as LPSO could update both local and global optimal solutions
bymoving particles to achieve the target. However, it is found
that the solution either local or global optimummay not keep
updating for a period of time during the particles movement.
The ARDPSO algorithm is proposed to continue to update
the optimal solutions. Test results from multiple benchmark
functions have verified that the ARDPSO can improve the
updating process for both local and global optimal solutions.
Accordingly, the ARDPSO can reach higher solution preci-
sion than the standard PSO and LPSO.

As ECM model parameters can affect the static and
dynamic behaviors of the battery model, the ARDPSO there-
fore introduces a new weighted fitness function to identify
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ECMparameters. Based on the evaluation tool using themax-
imum error, RMS error, and the average error, it is obvious
that the parameters of ECMmodel have been identified accu-
rately under the test operating condition. Besides, it indicates
the ARDPSO promises a better performance than the LPSO.
For future work, the black box algorithms such as neural net-
work and support vector machine will be used to model the
battery and further compared with the ARDPSO algorithm
in the state of charge (SOC) and state of health (SOH).
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Inspired by the basic theory of Fruit Fly Optimization Algorithm, in this paper, cat mapping was added to the original algorithm,
and the individual distribution and evolutionmechanism of fruit fly populationwere improved in order to increase the search speed
and accuracy. The flowchart of the improved algorithm was drawn to show its procedure. Using classical test functions, simulation
optimization results show that the improved algorithm has faster and more reliable optimization ability. The algorithm was then
combined with sparse decomposition theory and used in processing fouling detection ultrasonic signals to verify the validity and
practicability of the improved algorithm.

1. Introduction

Energy crisis is a serious challenge to the whole world. Im-
proving the energy efficiency has become an important issue
in industrial production field. Heat exchange fouling exists
widely in various industrial fields, and it could cause heat
transfer reduction, energy consumption increase, frequent
accidents, and so on. Its negative effect on production effi-
ciency and safety cannot be ignored. According to statistics,
from an economic point of view only, the losses caused by
heat exchange fouling in developed countries in Europe and
the United States account for about 3% of GDP each year. In
1984, the losses in the United States have reached 8−10 billion
US dollars [1–3]. Research on heat exchange fouling detection
and elimination is urgently needed.

The traditional detection methods, such as temperature
differential method, are hard to achieve real-time, accurate,
and quantitative measurements. In this study, ultrasonic
time-domain reflectometry (UTDR) method was proposed
for fouling detection [4, 5]. Efforts were also made on further
research of the ultrasonic detection information acquisition
method.

Due to the nonstationarity, noise, and interference of heat
exchange fouling ultrasonic detection signal, the waveforms
need to be extracted and processed. But the speed and
accuracy of traditional sparse decomposition methods are
unsatisfactory. So optimization algorithms could be brought
in to improve the decomposition results [6, 7].

In 2011, Pan, a Taiwan researcher, proposed a new swarm
intelligence bionic optimization algorithm, which is called
fruit fly optimization algorithm (FOA) [8–10]. FOA was
based on the food finding behavior of the fruit fly swarm. A
fruit fly can smell the food source from far away and then flies
towards that direction quickly. After it gets close to the food
location, it can use its vision to find food. Compared with
particle swarm optimization (PSO), genetic algorithm (GA),
and other classical optimization algorithms, the FOA algo-
rithm is simple and practicable and can reach accurate opti-
mization quickly, which is suitable for signal sparse decom-
position by combining matching pursuit method.

This paper studied on improving the fruit fly optimization
algorithm (FOA) and combined it with matching pursuit
method to process the sparse decomposition of heat exchange
fouling ultrasonic detection signal. The simulation analysis
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and experimental application verified the effectiveness and
practicability of this new algorithm. This study has great
significance to the feasibility of fouling ultrasonic detection.

2. Algorithm Basic Principles and
Its Application

The FOA is a method for finding global optimization based
on the food finding behavior of the fruit fly. Steps of original
FOA can be summarized as follows.

Step 1 (initialization). Define the population size of the fly
group, the iteration termination condition, and the random
initial fruit fly swarm center location (𝑋 axis, 𝑌 axis);
Step 2 (individual location assignment). An individual fruit
fly location (𝑋𝑖, 𝑌𝑖) is random:𝑋𝑖 = 𝑋 axis+Random Value,
𝑌𝑖 = 𝑌 axis + Random Value.

Step 3. Set the smell concentration judgment value 𝑆𝑖 as the
reciprocal of the distance from the fruit fly to the origin (Dist):
𝑆𝑖 = 1/Dist.
Step 4. Define the smell concentration judgment function
(Fitness Functions) by substituting 𝑆𝑖 to find the smell con-
centration of the corresponding position (Smell).

Step 5. Find the maximum Smell concentration value
and its corresponding position [bestSmell, bestSmell] =
max(Smell).
Step 6. Replace the swarm center location with the max-
imum smell location Smellbest = bestSmell, 𝑋 axis =
𝑋(bestIndex), 𝑌 axis = 𝑌(bestIndex).
Step 7 (repeat Steps 2–5). If bestSmell is superior to the
swarm history best Smellbest, then go to Step 6. Otherwise,
go to Step 2 and continue iteration.

The flowchart is shown in Figure 1.
FOA is relatively simple and fast. FOA can be applied

to neural network learning, model parameter identification,
and other fields. And it can be combined with sparse decom-
position algorithm or other algorithms to improve the com-
putation efficiency [11].

Sparse decomposition is an important part of compressed
sensing. Its basic theory is using the signals sparse feature
to represent it losslessly by small data volume [12]. In 1993,
Mallat proposed matching pursuit (MP), which is one of the
representative sparse decomposition algorithms [13–15].

MP is a global greedy search algorithm. Its main idea is
to select the atomic form based on the features of the signal
𝑓 and then construct the super complete atomic dictionary
𝐷 = {𝑔𝑖}, ‖𝑔𝑖‖ = 1, 𝑖 ∈ 𝑁; then search the best matching
atom 𝑔𝑟1 in 𝐷 by targeting the maximization of the inner
product energy ‖⟨𝑔𝑟𝑖(𝑡), 𝑓(𝑡)⟩‖. The difference between the
signal and its projection on the atomic library is processed
and the signal will be decomposed into a linear combination
as (1). ⟨𝑔𝑟𝑘(𝑡), 𝑅𝑘𝑓(𝑡)⟩𝑔𝑟𝑘(𝑡) represents the projection and

𝑅𝑚+1𝑓(𝑡) represents the residual at the iteration termination,
which reflects the decomposition error and noise.

𝑓 (𝑡) =
𝑚

∑
𝑘=1

⟨𝑔𝑟𝑘 (𝑡) , 𝑅𝑘𝑓 (𝑡)⟩ 𝑔𝑟𝑘 (𝑡) + 𝑅𝑚+1𝑓 (𝑡)

=
𝑚

∑
𝑘=1

𝑠𝑘 (𝑡) + 𝑅𝑚+1𝑓 (𝑡) .
(1)

This method can achieve signal decomposition, but its
computation speed is slow and the accuracy is not good
enough. If efficient FOA is used in best matching atom
search, both the sparse decomposition performance and the
exchange fouling ultrasonic detection information acquisi-
tion performance could be improved.

3. Analysis and Improvements of FOA

Ergodicity and accuracy are important indicators to measure
the optimization algorithm performance. Accuracy improve-
ment needs detailed search in solution range and global opti-
mum acquisition requires good individual ergodicity. These
two requirements contradict with each other. How to solve
the contradiction is the main problem of swarm intelligence
optimization algorithm. For better results, improved FOA
will be discussed below.

3.1. Improvements on the Random Distribution of Fruit Fly
Individuals. In nature, there exists a special movement form
called Chaos, which seems to have no rules, but has its
underlying rules in fact. Chaos theory was proposed first
by Lorenz, an American meteorologist, with the Butterfly
Effect theory in 1963 [16]. It has been widely used in physics,
chemistry, geology, and so on.

In optimization algorithm field, the combination of
chaotic mapping and swarm intelligence optimization algo-
rithm can improve the results of swarm intelligence optimiza-
tion.This theory has been verified bymany examples and it is
based on Chaos features, such as randomness, ergodicity, and
sensitivity to initial conditions. So efforts have been made to
combine Chaos theory with FOA to get better efficiency and
accuracy.

So far the swarm intelligence optimization algorithm is
usually combined with logistic or tent mapping models to
achieve some improvements [17]. But the chaotic sequence
generated from the logistic mapping model is nonuniform
distribution. It follows Chebyshev Distribution, whose des-
tiny is high at both ends and is low at the center. This feature
has certain influence on the ergodicity of the optimization
solution space. The chaotic sequence generated from tent
mapping model follows uniform distribution, but the value
will quickly fall into the small cycle under the influence of
word length. It is short of good randomness [18, 19]. Using
a model, which can produce uniform distribution chaotic
sequence, to improve FOA individual distribution could
increase the algorithm search efficiency. Cat Map, a chaotic
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Figure 1: Flowchart of FOA.

algorithm, is usually used in image encryption [20]. Its basic
function is

𝑥𝑛+1 = (𝑥𝑛 + 𝑦𝑛)
𝑦𝑛+1 = (𝑥𝑛 + 2𝑦𝑛)

mod1.
(2)

Sparse decomposition often needs multiparameter high-
dimension optimization, so the generalized high-dimension
CatMap ismore suitable for FOA improvement, because of its
high sensitivity to the initial value and strong ergodicity [21].
In this paper, the chaotic sequence generated by the high-
dimension Cat Map in the interval [0, 1] is set as Random
Value instead of the rand function to define the individual
distribution. The mapping values in the interval [0, 1] con-
struct the multidimension chaotic sequence Cat(𝑖, 𝑗). The se-
quence data in different dimension is independent from each
other and has strong ergodicity. This feature can reduce the
ergodic problems brought by the pure random distribution
and guarantee the ergodicity of the individual fly on the solu-
tion space. This method can avoid premature convergence
and improve the algorithm performance.

3.2. Improvements on Search Strategy and Methods. The
ergodicity of the optimization algorithm guarantees that the

algorithm will not fall into local optimization, but the accu-
racy requires the further search in the existing optimal neigh-
borhood. To solve this contradiction, researchers put forward
a new dynamic random search technology: add local search
on the basis of general search, and narrow the search range
with local search iteration number to do further search, so
the solution accuracy will be improved [22, 23].

This method can improve optimization accuracy effec-
tively. So the FOA search steps are changed as follows:

(1) Set the local search maximum times 𝑘𝑚, and search
range scaling coefficient 𝛼, the condition parameters
for entering the local search Δ, and 𝑘0.

(2) Use the difference between current optimal concen-
tration bestSmell and historical optimal concentra-
tion Smellbest as local search starting determinant
parameter 𝑑𝑠 = 𝑎𝑏𝑠(Smellbest − bestSmell).

(3) Compare 𝑑𝑠 with local search threshold parameter Δ.
If 𝑑𝑠 < Δ and the steps in the threshold interval are
equal to 𝑘0, then start the local search.

(4) Since the beginning of local search, Random Value
will be multiplied by 𝛼 in each iteration, 𝛼 ∈ [0, 1].
Thedistribution range in the bestIndex neighborhood
decreases rapidly until the iteration number reaches
the limit or𝑑𝑠 is out of the scope, and then local search
stops.
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The combination of local search theory with FOA can
narrow the search range when there is no more progress on
the optimal search in the current range, and the solution will
be more accurate. But this method will reduce the search
horizon with the search range narrowing and increase the
probability of falling into local optimization. To solve this
problem, a phenomenon is simulated, as the population will
continue to rise and fall after food is found and a small
amount of the population will keep searching food in the
air. The proportion of these fruit flies is 𝛽, 𝛽 ∈ (0, 0.5).
Their individual distributions vary at roulette random. This
parameter could increase in pace with the local search time
to ensure the ergodicity of the algorithm.

Efforts have beenmade on both optimizationmethod and
optimization search range. FOA used the reciprocal of the
distance to the origin as the concentration judgment value,
so the solutions in the search plane are not evenly distributed
and the density is inversely proportional to the distance
to the origin. For multiparameter optimization individual
distribution, distribution range of variety groups is set up by
equal Random Value. This is not conducive to improve the
multiparameter parallel search efficiency. So the group opti-
mization search ranges are set up based on the center points
corresponding to every dimensional parameter and 𝛾 ⋅ Dist
represents the individual distribution radius, 𝛾 ∈ (0, 1). The
proposed changes can help improve the speed and accuracy
of FOA method.

According to FOAs own characteristics, 𝑆𝑖 = 1/Dist can
be changed to 𝑆𝑖 = 1/(Dist + 𝐷𝑚), 𝐷𝑚 = 1/𝑆max, where
𝑆max is the solution space upper limit of each parameter opti-
mization.This improvement reflects the parameter boundary
conditions in the optimization range. The one-dimensional
parameter solution space upper limit is converted to the
individual distribution two-dimensional space origin in the
optimization process, so the search range is more reasonable.

The fruit fly optimization algorithm (IFOA) flowchart is
shown in Figure 2.The combination of FOA and chaotic map
can improve the fruit fly individual ergodicity and the local
search method is conducive to improving the accuracy of
results. The changes of the individual distribution range
further improved the optimization efficiency. So IFOA com-
bined with matching pursuit has more efficiency and accu-
racy for the exchange fouling ultrasonic detection signal
sparse decomposition.

4. Improved FOA Simulation Analysis

In order to evaluate the effect of improved FOA objectively,
the classical test functions, Schatter function and Bohache-
vesky function, were used to observe, compare, and analyze
the extremum acquisition effect. Equation (3) shows Schatter
function and (4) shows Bohachevesky function.

𝑓 (𝑥1, 𝑥2) = 0.5 +
(sin√𝑥2

1
+ 𝑥2
2
)
2

− 0.5
(1 + 0.001 (𝑥2

1
+ 𝑥2
2
))2

(3)

𝑓 (𝑥1, 𝑥2) = 0.3 cos 3𝜋𝑥1 − 0.3 cos 4𝜋𝑥2 − 𝑥12 − 𝑥22
− 0.3.

(4)

The spatial characteristics of two functions are shown in
Figure 3. Schatter function has the unique global minimum
value 0 at the origin; Bohachevesky function has global
maximal value 0.24003441 at points (𝑥1, 𝑥2) = (0, 0.23)
and (𝑥1, 𝑥2) = (0, −0.23). Both of them are complex highly
oscillatory two-dimension functions. They have a lot of local
extremums close to each other, so their global extremum
value points are hard to obtain.This requires the optimization
algorithm to have better ability to jump out of local extre-
mums.

The common PSO, GA, FOA, chaotic FOAwith CapMap
(CFOA), and the proposed IFOA are used to search the
test function extremums, respectively. The experiments were
repeated 50 times. And the population size was 50 and the
maximum iteration number was 50. According to the basic
PSO algorithm, the learning factor 𝐶1 is generally equal to
𝐶2, ranging from 0 to 4, and the commonly used value is
2. So individual optimal coefficient 𝐶1 was 2, group optimal
coefficient 𝐶2 was 2, and inertia coefficient 𝜔 was 0.8. GA
algorithm uses a more common parameter setting: the prob-
ability of crossover was 0.6 and the mutation probability was
0.10, and the search range was shown in Figure 3.

The performance of the optimization algorithm is usually
evaluated by convergence speed and optimization accuracy
at the same iteration number. Use the results error as the
index of the convergence, and set the function accuracy target
of Schatter function and Bohachevesky function as 10−5 and
10−3, respectively. The optimization statistics were shown in
Table 1, including the minimum error, the maximum error,
mean, successful convergence times out of 50, and the round-
ed up average iteration number reaching the convergence in-
dicators.

As shown by Table 1, under the same population size
and iteration times, GA algorithm is very vulnerable to get
premature convergence when dealing with complex multi-
modal function optimization problems, and the accuracy
of optimization results is low, while the quality is unstable;
both FOA and IFOA need less average convergence iteration
number than PSO, reflecting the FOAs own fast convergence
feature; CFOAs convergence speed is slightly faster than FOA
without chaotic mapping; the proposed IFOA has the least
average iteration number reaching the convergence accuracy.

Comparing the minimum error, the maximum error, and
mean optimization results of different algorithms, IFOA has
the lowest algorithm error, the most accurate optimization
results, and the most probability of successful convergence.
Thus, IFOA has more accurate optimization results at the
same iteration number.

In order to study the iterative convergence of different op-
timization algorithms, the convergence process of the min-
ima optimization for Schaffer function at a certain time is
shown in Figure 4.

Figure 4 shows that the optimization convergence itera-
tion numbers of fruit fly optimization and its improved algo-
rithm are lower than the basic particle swarm algorithm and
GA, and the convergence iteration numbers of chaotic fruit
fly optimization algorithm (CFOA) and FOA algorithmwith-
out chaoticmapping have little difference, while the proposed
improved fruit fly optimization algorithm (IFOA) has the
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Table 1: Optimization results statistics of the test function extremum problem.

Test function Optimization method Minimum error Maximum error Mean Iteration number Convergence number

Schaffer

PSO 4.89𝑒 − 9 9.71𝑒 − 3 7.26𝑒 − 3 39 16
GA 2.44𝑒 − 8 9.72𝑒 − 3 9.52𝑒 − 3 32 11
FOA 3.62𝑒 − 7 4.57𝑒 − 7 3.53𝑒 − 7 11 50
GFOA 2.58𝑒 − 7 4.62𝑒 − 7 3.24𝑒 − 7 9 50
IFOA 5.93𝑒 − 14 8.29𝑒 − 13 2.70𝑒 − 13 5 50

Bohachevsky

PSO 7.24𝑒 − 6 5.77𝑒 − 3 0.2383 18 46
GA 3.29𝑒 − 4 3.61𝑒 − 2 0.2298 36 23
FOA 2.67𝑒 − 4 2.93𝑒 − 3 0.2376 24 44
GFOA 3.17𝑒 − 4 2.23𝑒 − 3 0.2389 21 47
IFOA 5.53𝑒 − 7 3.16𝑒 − 5 0.2400 9 50
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Figure 4:Optimization process of Schaffer function extremumprob-
lem.

lowest. By statistics, the average cycle time of PSO, FOA,
CFOA, and IFOA is in the magnitude of 10−3 seconds, so
the improvement of IFOA algorithm did not increase the
amount of time required for a single cycle largely. Therefore,
the convergence rate and accuracy of the IFOA algorithm are
the best compared with other methods.

The analysis shows that PSO andGAhas low convergence
speed and it can be stuck easily at the local optimal points
in optimization process of some complex functions, causing
low success rate; FOA and CFOA have better ability to avoid
local extremums, but the convergence speed is not ideal;
IFOA, the proposed algorithm, has quick convergence speed,
high optimization accuracy, and good stability in search-
ing the classical test functions extreme values. The ergod-
icity and the accuracy have been greatly improved. IFOA
combined with matching pursuit should be able to obtain
the information more quickly and accurately in the exchange
fouling ultrasonic detection signal decomposition.

5. Research on IFOA Application

The device shown in Figure 5 was used in the heat exchange
fouling ultrasonic detection experiment.This device ismainly
composed of upper and lower water tanks, pipelines, a con-
stant temperature water tank, a temperature control device,

Figure 5: Heat exchange fouling dynamic simulation experiment
equipment.

computer control, various measurement sensor devices, and
other parts. It can simulate the process of the heat exchange
fouling generation in industrial production and realize the
real-time monitoring of the heat exchange.

The experimental pipe is small and thin copper pipe
horizontally is laid in a constant temperature water tank.The
pipes diameter is about 25mm and the average wall thickness
is 1.5mm. The constant temperature water tank joins the
upper and lower water tanks and the circulating device to
ensure the stability of heat exchange. The water temperature
in the tank is about 50∘C. Saturated CaCO3 solution is placed
in the lower water tank, and after the solution temperature is
maintained at 30∘C by cooling device, the circulating pump
pushes the solution into the experimental pipeline to initiate
fluid heat exchange. Schematic diagram and devices are
shown in Figure 6.

In the experiment, 5800PR ultrasonic pulse transmitting
and receiving apparatus was used as ultrasonic pulse genera-
tor, to drive a V312-SU 10MHz transceiver water immersion
focusing ultrasonic probe to detect the calcium carbonate
fouling on the pipeline inner wall. The acquired echo signal
was stored in the computer for subsequent data processing.
Thewaveform of pipe heat exchange fouling ultrasonic detec-
tion signal after 252 hours is shown in Figure 7.

Reflection waveform A is the pipe outside wall echo. Due
to the short distance and the smooth and compact metal, A
has strong reflective energy; B, C, and E are the inner wall
echoes, and their energy decreases gradually. Fouling echo D
is between C and E and has waveform aliasing. The fouling
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Figure 7: Pipe heat exchange fouling ultrasonic detection signal.

echo energy is loose and has noise and interference because
of the characteristics of the pipe and the fouling material. So
the specific waveforms are hard to obtain independently.

If the accurate ultrasonic echo waveform of the fouling
interface can be obtained, the important information related
to fouling layer can be analyzed, such as fouling properties
and fouling thickness, which will play an important role in
subsequent research.

The main steps of extracting heat exchange fouling
waveform by IFOA and MP are as follows:

(1) Select the data to be processed 𝑓(𝑡), and set the
number of reflected waveforms to𝑚.

(2) According to the characteristics of the waveform, the
Gabor atoms dictionary can be constructed as [24]

𝑔𝑟 (𝑡) = 1
√𝑠𝑔 (

𝑡 − 𝑢
𝑠 ) cos (V𝑡 + 𝜙) . (5)

In formula (5), 𝑔(𝑡) = EXP(−𝜋𝑡2) is a Gauss window
function; 𝑠, 𝑢, V, and 𝜙 represent the atomic scale, displace-
ment, frequency, and phase parameters, respectively. The
expansion of the parameters forms a complete atomic library.

(3) IFOA is used to solve the following optimization
problems, such as in formula (6).

max ⟨𝑔𝑟𝑙 (𝑡) , 𝑓 (𝑡)⟩
s.t. 𝑠 ∈ (𝑠1, 𝑠2) , 𝑢 ∈ (𝑢1, 𝑢2) , V ∈ (V1, V2) , 𝜙

∈ (𝜙1, 𝜙2) .
(6)

𝑠1, 𝑠2, 𝑢1, 𝑢2, V1, V2, 𝜙1, and 𝜙2 are limit conditions for
parameter values.

Inner product ‖⟨𝑔𝑟𝑙(𝑡), 𝑓(𝑡)⟩‖ can be set as fitness func-
tion of IFOA algorithm; 𝑠, 𝑢, V, and 𝜙 represent four dimen-
sions of an optimization space. Using the fruit fly group to
find the location coordinates and atoms 𝑔𝑟1 with the largest
concentration of fitness in the four-dimensional optimization
space, extract the most powerful waveform 𝑠1(𝑡) from ultra-
sonic reflection waveform 𝑓(𝑡), as shown by formula (7).

𝑠1 (𝑡) = ⟨𝑔𝑟1 (𝑡) , 𝑓 (𝑡)⟩ 𝑔𝑟1 (𝑡) . (7)

(4) Taking the remainder 𝑅2𝑓(𝑡) = 𝑓(𝑡)−𝑠1(𝑡) as the new
signal and repeating step (3), search the most matched atom
𝑔𝑟2∼𝑔𝑟𝑚 in the atomic dictionary and extract other ultrasonic
reflection waveforms 𝑠2(𝑡)∼𝑠𝑚(𝑡) in the same way.

(5) If the distribution of final residual𝑅𝑚+1𝑓(𝑡) is uniform
and the energy is small, the sparse decomposition is more
accurate and complete, and the residual part is mainly com-
posed of noise and interference. The form of sparse decom-
position of ultrasonic signals is shown in formula (1), and
𝑅1𝑓(𝑡) is 𝑓(𝑡).

Using IFOA to select the MP atomic parameters can
change the discrete solution space to continuous solution
space and improve the efficiency and accuracy of the atom
selection atmeantime. So the purpose of the accurate decom-
position of heat exchange fouling ultrasonic detection signal
can be achieved.

In the specific application, the ultrasonic reflection signal,
the false line part in Figure 7, is taken as the data to be
processed𝑓(𝑡), and the number of reflectedwaveforms𝑚 is 3.
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Figure 8: Signal decomposition and reconstruction results with IFOA-MP method.

Table 2: Statistics of signal reconstruction results.

Sparse decomposition method Time consumption Energy ratio of residual
(s) %

MP 19.04 18.51
GA-MP 1.82 10.28
PSO-MP 3.63 7.46
FOA-MP 1.80 8.24
IFOA-MP 1.92 6.92

The IFOA with matching pursuit (IFOA-MP) method was
used to decompose and reconstruct the detection signal. One
of the results and residuals is shown in Figure 8. The pop-
ulation size was 100 and the iteration number was 100. The
residual distribution is smooth and has small amplitude,
reflecting that IFOA-MP has better sparse decomposition
results.

The sparse decomposition was processed by MP, particle
swarm optimization matching pursuit (PSO-MP), genetic
algorithmmatching pursuit (GA-MP), and FOA-MP, respec-
tively. Independent experiment was repeated 50 times. The
population size was 100 and the iteration number was 100 for
all algorithms; PSO optimization parameters were the same
as shown before. The mean statistics of time consumption
and energy ratio of residual/signal from each experiment are
shown in Table 2.

As shown by Table 2, the original MP has low accuracy
and the highest residual/signal energy ratio and spends the
most time. The decomposition speed of the GA-MP method
is fast, but the residual energy is large and the resolution pre-
cision is low. Although the IFOA-MPmethod time consump-
tion slightly increased compared to the FOA-MP method
time, IFOA-MP time is still only about half of the PSO-MP
method, which means it has a good speed advantage. And
the residual energy of IFOA-MPmethod decomposition is far
less than FOA-MP and PSO-MP methods, only about 7% of
the original ultrasonic signal, indicating that the accuracy of
decomposition is improved. IFOA-MP method can conduct

sparse decomposition of the exchange fouling ultrasonic de-
tection signal more quickly and accurately and achieve the
acquisition of fouling characteristics better.

6. Conclusions

According to the feature and application requirements of
FOA, this paper proposed an improved FOA (IFOA), which
is FOA combined with chaotic mapping and local search
theory. The simulation analysis was based on typical opti-
mization problems. And the IFOA combined with matching
pursuit method was used to conduct the sparse decomposi-
tion and reconstruction of the exchange fouling ultrasonic
detection signal. Experimental results showed that IFOA
has better ergodicity and ability to avoid local extremums;
sparse decomposition combined with IFOA has less time
consumption and smaller residual energy and is quicker and
more accurate than traditional decomposition methods. The
new method is suitable for the exchange fouling ultrasonic
detection signal decomposition and is important for the
research of signal denoising and transit time acquisition
methods.
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Accurate prediction of taxi-out time is significant precondition for improving the operationality of the departure process at an
airport, as well as reducing the long taxi-out time, congestion, and excessive emission of greenhouse gases. Unfortunately, several
of the traditional methods of predicting taxi-out time perform unsatisfactorily at congested airports. This paper describes and
tests three of those conventional methods which include Generalized Linear Model, Softmax Regression Model, and Artificial
Neural Network method and two improved Support Vector Regression (SVR) approaches based on swarm intelligence algorithm
optimization, which include Particle Swarm Optimization (PSO) and Firefly Algorithm. In order to improve the global searching
ability of Firefly Algorithm, adaptive step factor and Lévy flight are implemented simultaneously when updating the location
function. Six factors are analysed, of which delay is identified as one significant factor in congested airports. Through a series
of specific dynamic analyses, a case study of Beijing International Airport (PEK) is tested with historical data. The performance
measures show that the proposed two SVR approaches, especially the Improved Firefly Algorithm (IFA) optimization-based SVR
method, not only perform as the best modelling measures and accuracy rate compared with the representative forecast models, but
also can achieve a better predictive performance when dealing with abnormal taxi-out time states.

1. Introduction

The size of fleets at airports is becoming ever larger because
of the continuous increase in the past few decades in the
demand for transportation by air. Consequently, efficiency
levels are dropping as managers face more operational even-
tualities, and airlines have to accommodate higher fuel costs
and mounting numbers of customer complaint. In 2016, the
passenger traffic volume reached 487.96 million, an increase
of 10.7% since the previous year. The current average on-
time rate of flights in China is 76.76%, and average delay
time is 16 minutes, which is 5 minutes less than in 2015. The
total number of complaints received (all recorded by airlines
and airports) in 2016 showed an increase of 84% on the
2015 total [1]. In China, an aircraft is considered to be “on-
time” if it take-off (lands) within 15 minutes before and after
the schedule departure (landing) time. The delay time here

refers to the departure flights and is defined as the difference
between actual departure time and plan departure time.

Flight delays have a dramatic impact on the movement of
taxiing aircraft between gates and runways. Taxi-out time is
defined as the time between the actual pushback and wheels-
off. Taxi-out time is difficult to predict in hub airports at
peak hours. Consequently very long taxiing times and airport
surface congestion would be suffered. The long-time taxiing
aircraft may cause a blunder when dealing with the pushback
and take-off slots, which not only destroys the balance of the
arrival and departure process, but also increases fuel con-
sumption and emissions. Moreover, the increasing workload
of controllers is unfortunate. The delay is cumulative, but it
is both stochastic and controllable in the taxi process. The
stochastic characteristic is reflected in uncertainty events,
such as shifts in the weather environment, the interaction
of the departure/arrival aircraft surface movement, and the
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human factor. Controllable behaviours such as delays can be
adjusted by alternating routes and taxiing speed and even by
holding at gate [2].

Better prediction of taxi-out time allows all stakeholders
to arrange the future activities in airport operation. Efficient
taxi-out prediction methods are effective approaches when
the aim is to eliminate delays and improve the utilization
of resources. Once taxi-out time is predicted in advance,
operators gain a flexibility that allows them to adjust the
schedule, gates assignment, and pushback plan.This achieves
the smoother operation of an airport and reduces its surface
congestion and fuel-burn costs. The aim of this research is
to develop the approaches that are more accurate predictors
of the taxi-out time of departing aircraft. In this paper, we
introduce two methods of predicting taxi-out time, both
of which arose from an analysis of the factors extracted
from the Aviation System Performance (ASP) data of Beijing
International Airport.Theproposedmodels are developed on
the soft-computing approaches to predicting taxi-out time:
Particle Swarm Optimization algorithm based and Improved
Firefly Algorithm based Support Vector Regression. These
two intelligent algorithms can search the optimal parameters
for SVR to predict the taxi-out time effectively.

The organization of this paper is as follows: A brief
overview is offered of previous attempts to analyse taxi-out-
time behaviours in the airport departure process, and of
the several prediction methods discussed in the Literature
Review. This is followed by a description of the research
methodology, which includes three traditional prediction
methods and two newly proposed, improved swarm intel-
ligence algorithm-based approaches to predicting taxi-out
time. The layout data of PEK airport is illustrated, along with
historical data, and both are validated for analysing airport
dynamics and traffic situations in the taxiing process. Results
obtained from the PEK data and findings are then discussed.
The conclusion summarizes the benefits that accrue from
these findings, and their implications.

2. Literature Review

Several efforts have been made to address the prediction
of taxi-out times. Those efforts have included both historic
data-based predictions and the queuing-based approaches
that regard causal factors. Shumsky deemed aircraft flow and
departure demand to be casual factors and used dynamic
linear models to predict taxi-out time. He compared static
and dynamic linear models and found the dynamic linear
model better for predicting taxi-out time in a short-time
window [3]. Pujet modelled the departure system as queuing
servers and derived a stochastic distribution for the taxi-out
time. His model captured the details of the departure process
to estimate taxi-out time [4]. Idris et al. analysed a number of
factors that affect taxi-out time by using the Airline Service
Quality Performance (ASQP) data.These factors included the
runway configuration, the airline/terminal, the downstream
restrictions, and the take-off queue size [5–7].

These researchers developed the queuing model for pre-
dicting taxi-out time and drew the conclusion that take-off
queue size correlates best with taxi-out time, especially when

the queue that each aircraft experiences is measured as the
number of take-offs between its pushback time and its take-
off time. Carr et al. proposed a simulation-based research
of queuing dynamics and traffic rules. They predicted taxi-
out time by considering aggregate metrics such as airport
throughput and departure congestion [8]. Simaiakis and
Balakrishnan proposed a taxi-out time predictionmodel with
an analytical model of the aircraft departure process, which
included an estimate of the distributions of unimpeded taxi-
out time, and the development of a queuing model of the
departure runway system [9, 10].

Several statistical approaches and machine-learning
methods were applied to the prediction of aircraft taxiing
time. Srivastava used high-resolution position updates from
the ASDE-X surveillance system of JFK to develop a taxi-
out prediction model based on the existing surface traffic
conditions and short-term traffic trends [11]. Hebert and
Dietz developed a multistage Markov process model of the
departure process at LaGuardia airport, based on five days of
data, to predict taxi-out time [12]. Balakrishna et al. proposed
the reinforcement learning algorithms, which could adapt
to the stochastic nature of departure operations, to predict
average airport taxi-out time trends approximately 30–60
minutes in advance of the given time of day [2, 13]. Ravizza et
al. built a combined statistical and ground movement model
and used multiple linear regression to find the function that
would predict taxiing times more accurately [14]. Also, they
used the same explanatory variables for different approaches,
which included multiple linear regression, least median
squared linear regression, Support Vector Regression, M5
model trees, Mamdani fuzzy rule-based systems, and TSK
fuzzy rule-based systems, to predict taxi-out times and
then compared these approaches [15]. Lee et al. used both
fast-time simulation and machine-learning techniques to
predict taxi-out time and found the prediction method
of Support Vector Regression to be better than the linear
regression method and the Dead Reckoning method [16].

Unfortunately, the state-of-the-art methods are tested at
airports that do not give the findings much universalizability.
These airports have exceptional facilitating taxiing condi-
tions, and their response to clearance and delays is quick.
For airports that are large in every respect, these methods
are slightly inadequate, or they do not take some necessary
factors into consideration.

3. Taxi-Out Time Prediction Techniques

There are several predictive approaches such as Artificial
Neural Networks (ANN) [17], Kalman Filtering models [18],
SoftmaxRegression (SR) [19], and the Support Vector Regres-
sion (SVR) [20]. Therefore, methods with reasonable accu-
racy are essential for estimating taxi-out time at departure.

3.1. Generalized LinearModel. TheGeneralized LinearModel
(GLM), formulated byNelder andWedderburn [21], is a flexi-
ble generalization of ordinary linear regression that allows for
response variables with error-distribution models other than
the normal distribution. GLM relates the linear model to the
response variables through a link function and by allowing
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the magnitude of the variance of each measurement to be
a function of its predicted value. The relationship between
predicted value 𝑌 and independent variable𝑋 is defined in

𝜂 = 𝑔 (𝐸 (𝑌)) = 𝑋𝑖𝛽𝑖 𝑌 ∼ 𝐹, (1)

where 𝜂 is the dependent variable, 𝑔 is the link function,𝑋𝑖 is a set of independent variables, 𝛽𝑖 represents the slope
coefficients, and 𝐹 is the distribution of 𝑌. The procedures of
GLM for predicting taxi-out time are as follows.

Step 1. Input the training dataset of historical taxi-out time
and the corresponding factors; check the distribution of 𝑌.
Step 2. Choose the link function 𝑔 according to the distribu-
tion of 𝑌.
Step 3. Build the regression model between 𝑌 and 𝑋, cal-
culate the estimated value of regression parameters 𝛽𝑖, and
implement the significance test.

Step 4. Predict the taxi-out time by using the factors in test
dataset.

3.2. Softmax Regression Model. The Softmax Regression (SR)
is a generalization of logistic regression capable of handling
multiclass problems, that is, admitting more than two possi-
ble discrete outcomes [19]. The algorithm includes a training
phase for estimating the regressors and a testing phase for
abstracting the appropriate probability of each feature vector
from which the class labels are inferred. Afterwards, the SR
selects the value of classified members by calculating the
probabilities of

ℎ𝜃 (𝑥) =
[[[[[[[

Pr (𝑦 = 1 | 𝑥; 𝜃)
Pr (𝑦 = 2 | 𝑥; 𝜃)...
Pr (𝑦 = 𝐾 | 𝑥; 𝜃)

]]]]]]]

= 1∑𝐾1 exp (𝜃(𝑗)𝑇𝑥)
[[[[[[[[

exp (𝜃(1)𝑇𝑥)
exp (𝜃(2)𝑇𝑥)...
exp (𝜃(𝐾)𝑇𝑥)

]]]]]]]]
,

(2)

and themodel parameters 𝜃were trained tominimize the cost
function:

𝐽 (𝜃)
= − 1𝑚 [[

𝑚∑
𝑖=1

𝐾∑
𝑗=1

𝐼 {𝑦(𝑖) = 𝑗} log exp (𝜃𝑇𝑗 𝑥(𝑖))∑𝐾𝑛=1 exp (𝜃𝑇𝑛 𝑥(𝑖))]] , (3)

where 𝐾 is the number of classes, 𝜃(1), 𝜃(2), . . . , 𝜃(𝐾) ∈ 𝑅𝑛 are
the parameters of SRmodel, 𝜃 is an 𝑛-by-𝐾matrix, and 𝐼{⋅} is
an indicator function. SR predicts the taxi-out time with the
following procedures.

Step 1. Input the training dataset of historical taxi-out time
and the corresponding factors; recognize the number 𝐾 of
classification of taxi-out times.

Step 2. Build the exponential distribution family by running a
set of independent binary regressions according to the factors
vectors of each taxi-out time class; obtain the maximum
likelihood function ℎ𝜃(𝑥).
Step 3. Establish andminimize the cost function to obtain the
optimal parameter 𝜃 by using gradient descent method.

Step 4. Update the likelihood function ℎ𝜃(𝑥) with optimal 𝜃,
and predict the taxi-out time of test set by using ℎ𝜃(𝑥).
3.3. Artificial Neural Network. Artificial Neural Network
(ANN) is a machine-learning method based on a large
collection of connected simple units called artificial neurons.
The Back-Propagation Neural Network (BPNN), a multilayer
feedforward network trained by error back-propagation algo-
rithm, is one of the most widely used neural networkmodels.
Its topology includes input layer, hidden layer, and output
layer. In output layer, the activation of a neuron is determined
by

net𝑖 = ∑𝑤𝑖𝑗𝑜𝑗,
𝑦𝑖 = 𝑓 (net𝑖) ,

𝑓 (net𝑖) = 11 + 𝑒−net𝑖 ,
(4)

where net𝑖 is the activation of the 𝑖th neuron, 𝑗 is the neurons
set in the preceding layer, 𝑤𝑖𝑗 is the weight of the connection
between neuron 𝑖 and 𝑗, 𝑜𝑗 is the output of neuron 𝑗, and 𝑦𝑖
is the sigmoid function. The BPNN model can learn from
the parameters set of taxi-out time and calculate the actual
output when implementing the predicting process. If the
error between the actual output and expected output did
not meet the accuracy requirements, the learning rule of the
BPNN would optimize variance by adjusting weights and
thresholds until satisfying the accuracy requirements. The
learning process of BPNN approach can be summarized in
the following steps.

Step 1. Initialize the neural network; define the minimum
MSE error (𝐸min) and maximum number of iteration.

Step 2. Input training set; initialize the weight matrixW.

Step 3. Compute the layer response output and the calculated
MSE.

Step 4. Compare the calculated MSE and 𝐸min; if calculated
MSE > 𝐸min, continue; else go to Step 6.

Step 5. Calculate change in weights and update weights; go to
Step 3.

Step 6. Finish training and predict the taxi-out time by using
ANN with test set.
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3.4. Improved Swarm Intelligence Algorithm Based
Prediction Approaches

3.4.1. Support Vector Regression. The Support Vector Regres-
sion technique is a nonlinear regression forecasting method.
The basic idea is mapping the input variables into a high-
dimensional linear feature space (Hilbert space), commonly
through a kernel function. The Gaussian Radial Basis Func-
tion (RBF) kernel 𝑘(𝑥, 𝑥) = exp(−𝛾‖𝑥 − 𝑥‖2) is a commonly
used kernel function, where 𝛾 is the parameter to be opti-
mized. In this higher dimensional space, the training data
can be approximated to a linear function. Then, the global
optimal solution is obtained by training of the finite sample.
The regression function for SVR is

𝑓 (𝑥) = ⟨𝜔 ⋅ 𝜙 (𝑥)⟩ + 𝑏, (5)

where 𝜔 is the weight vector and 𝜙(𝑥) can be replaced by
kernel function 𝑘(𝑥, 𝑥). In 𝜀-SVR, the objective of 𝑓(𝑥)
is estimating the deviations of output variables less than
or equal to 𝜀 from training data. The 𝜀-value controls the
complexity of the approximating functions where small
values tend to penalize large portion of the training data,
leading to tight approximating models, and large values tend
to free data frompenalization, leading to loose approximating
models. Therefore, the proper choice of 𝜀-value is critical
for the generalization of regression models [22]. The optimal
regression function is determined from the estimation of 𝜔
and 𝑏 by solving the following optimization problem:

minimize 12 ‖𝜔‖2 + 𝐶 𝑛∑
𝑖=1

(𝜉𝑖 + 𝜉∗𝑖 ) ,
Subject to 𝑦𝑖 − 𝜔𝜙 (𝑥𝑖) − 𝑏 ≤ 𝜀 + 𝜉𝑖

𝜔𝜙 (𝑥𝑖) + 𝑏 − 𝑦𝑖 ≤ 𝜀 + 𝜉∗𝑖
𝜉𝑖, 𝜉∗𝑖 ≥ 0,

(6)

where 𝜉𝑖, 𝜉∗𝑖 are the variables that are introduced to penalizing
complex fitting functions and the constant 𝐶 allows for the
penalizing of the error by determining the tradeoff between
the training error and the model complexity. And the dual
function is maximizing:

𝑊(𝛼, 𝛼∗)
= −12

𝑁∑
𝑖,𝑘=1

(𝛼𝑖 − 𝛼∗𝑖 ) (𝛼𝑘 − 𝛼∗𝑘 ) (𝜙 (𝑥𝑖) ⋅ 𝜙 (𝑥𝑗))
+ 𝑁∑
𝑖=1

(𝛼𝑖 − 𝛼∗𝑖 ) 𝑦𝑖 − 𝑁∑
𝑖=1

(𝛼𝑖 + 𝛼∗𝑖 ) 𝜀.
(7)

The nonlinear regression function is

𝑓 (𝑥) = 𝑁∑
𝑖=1

(𝛼𝑖 − 𝛼∗𝑖 ) (𝜙 (𝑥𝑖) ⋅ 𝜙 (𝑥𝑗)) + 𝑏. (8)

To avoid the complex dot product through the kernel
function 𝑘(𝑥𝑖, 𝑥𝑗) = 𝜑(𝑥𝑖) ⋅ 𝜑(𝑥𝑗), the input variables are

mapped into a high-dimensional linear feature space. Thus,
(7) can be written as

𝑊(𝛼, 𝛼∗)
= −12

𝑁∑
𝑖,𝑘=1

(𝛼𝑖 − 𝛼∗𝑖 ) (𝛼𝑘 − 𝛼∗𝑘 ) 𝑘 (𝑥𝑖, 𝑥𝑗)
+ 𝑁∑
𝑖=1

(𝛼𝑖 − 𝛼∗𝑖 ) 𝑦𝑖 − 𝑁∑
𝑖=1

(𝛼𝑖 + 𝛼∗𝑖 ) 𝜀
Subject to

𝑁∑
𝑖=1

(𝛼𝑖 − 𝛼∗𝑖 ) = 0,
0 ≤ 𝛼𝑖, 𝛼∗𝑖 ≤ 𝐶, 𝑖 = 1, . . . , 𝑁.

(9)

3.4.2. Particle Swarm Optimization. The Particle Swarm
Optimization is a swarm intelligence algorithm developed in
recent years. It is a metaheuristic global optimizationmethod
based on a social-behaviour analogy, such as birds flocking
and fish schooling. The PSO method solves an optimiza-
tion problem by moving the particles (namely, candidate
solutions) over those particles’ velocities and positions
according to simple mathematical formulae. The position of
each particle is updated towards the better-known position
driven by its neighbours’, and the global, best performance.
Thus in searching for the optimal solution of the problem,
the update velocity and position of particle are based on the
following equation of motion:

𝑉𝑖 (𝑡 + 1) = 𝜔𝑉𝑖 (𝑡) + 𝑐1𝑟1 (𝑝𝑏𝑒𝑠𝑡𝑖 (𝑡) − 𝑝𝑖 (𝑡))
+ 𝑐2𝑟2 (𝑝𝑔𝑏𝑒𝑠𝑡 (𝑡) − 𝑝𝑖 (𝑡)) ,

𝑝𝑖 (𝑡 + 1) = 𝑝𝑖 (𝑡) + 𝑉𝑖 (𝑡) ,
(10)

where𝑉𝑖(𝑡+1) is the updated velocity for the 𝑖th particle, 𝜔 is
the inertia weight, 𝑐1 and 𝑐2 are the weighting coefficients for
the personal best and global best positions, respectively, 𝑝𝑖(𝑡)
is the 𝑖th particle’s position at time 𝑡, 𝑝𝑏𝑒𝑠𝑡𝑖 is the 𝑖th particle’s
best known position, 𝑝𝑔𝑏𝑒𝑠𝑡 is the best position known to the
swarm, and 𝑟1 and 𝑟2 are the uniformly random variables ∈[0, 1]. Variants on this update equation consider best posi-
tions within a particle’s local neighbourhood at time 𝑡.
3.4.3. Improved Firefly Algorithm Optimization. The Firefly
Algorithm (FA), as a new group bionic optimization algo-
rithm, has high efficiency in solving numerous optimization
problems and can outperform conventional algorithms, such
as GA. In this algorithm, the fireflies are attracted to each
other depending on the two elements: their own brightness
and attraction. The brightness depends on the location and
the target value, and the higher the brightness, the better the
location. Fireflies with higher brightness at the same time
have a higher degree of attraction. Low-brightness fireflies
in the field of vision are attracted by high-brightness fireflies.
Fireflies wouldmove randomly if they had similar fluorescent
brightness.
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Regarding the brightness as objective function, the opti-
mization problem can be seen as a maximization problem.
The attractiveness of the fireflies is proportional to the
fluorescence intensity of the nearby fireflies and is inversely
proportional to the distance. Define the relative fluorescence
brightness of the fireflies as 𝐼 = 𝐼0𝑒−𝛾𝑟2𝑖𝑗 and the attractiveness
as 𝛽 = 𝛽0𝑒−𝛾𝑟2𝑖𝑗 . Distance between fireflies 𝑖 and 𝑗 is 𝑟𝑖𝑗 =‖𝑥𝑖−𝑥𝑗‖. Firefly 𝑖 is attracted by firefly 𝑗 to update the location;
the location update equation is

𝑥𝑖 = 𝑥𝑖 + 𝛽0𝑒−𝛾𝑟2𝑖𝑗 (𝑥𝑗 − 𝑥𝑖) + 𝛼 (rand − 0.5) , (11)

where 𝛾 is the absorption coefficient, 𝛾 ∈ [0.1, 10], 𝛽0 is
the attractiveness when 𝑟𝑖𝑗 = 0, 𝛼 is the step factor for
determining random fireflymovement, and rand is a random
number drawn from a Gaussian distribution, rand ∈ [0, 1].
Adaptive Step Factor. The value of the step factor affects the
global and local optimal detection ability of the algorithm.
In order to improve the convergence efficiency of the opti-
mization algorithm, the large step factor can benefit the global
optimal solution search efficiency. With the increasing of
number of iterations, gradually reducing the step factor is
more conducive to the algorithm in the search space for fine
tuning. Thus a monotonically decreasing function is chosen
as the step factors, which is written as𝛼 = 𝛼0𝜏𝑡, (12)
where𝛼0 is the initial attractive coefficient, 𝜏 is the controlling
parameter, empirically selected as 0.9, and 𝑡 is the number of
iterations.

Lévy Flight. The conventional FA optimization uses regular
random movement method in stochastic optimization. This
often leads to premature converging without the global
optimal solution when dealing with a large number of local
optimal solutions. In order to reduce the probability that
the optimal process falls into the local optimal solution,
this paper adopts Lévy flight when updating the distance of
fireflies. Lévy flight is a random walk that the step length
obeys Lévy distribution, which is a distribution of a sum of𝑁
identically and independently distributed random variables.
The Fourier transform is 𝐹𝑁(𝑘) = exp(−𝑁|𝑘|𝜁). The step
lengths follow Lévy distribution 𝐿(𝑠) ∼ |𝑠|−𝜁, where 1 <𝜁 ≤ 3 is an index and 𝑠 follows a power-law distribution. The
distribution has an infinite variance following

𝜎2 (𝑡) ∼
{{{{{{{{{{{{{

𝑡2 1 < 𝜁 < 2𝑡2
ln 𝑡 𝜁 = 2
𝑡3−𝜁 2 < 𝜁 < 3𝑡 𝜁 ≥ 3.

(13)

Thus by replacing the original step factor and random
walk with adaptive step factor and Lévy flight, respectively,
the new update equation of IFA is written as

𝑥𝑖 = 𝑥𝑖 + 𝛽𝑒−𝛾𝑟2𝑖𝑗 (𝑥𝑗 − 𝑥𝑖) + 𝛼0𝜏𝑡 (rand − 0.5) ⊗ Lévy, (14)

where symbol ⊗ is entry-wise multiplication.

3.4.4. PSO/IFABased SupportVector Regression. In this study,
identifying the optimal parameters of the SVR model is an
optimization problem.Therefore, this study combined swarm
intelligence algorithm and SVR in prediction methods to
reduce prediction errors. Considering that the number of
samples of the learning data ismuch larger than that of feature
dimensions, the input variables are mapped into Hilbert
space through the RBF kernel, which is more promising,
compared with other kernels. In order to solve the problem
of predicting departure taxi-out time more accurately, the
establishment of SVRmodels requires the determining of the
penalty factor 𝐶, RBF kernel parameter 𝛾, and the 𝜀-value in
advance, by using PSO and IFA optimization, respectively,
since the inapposite 𝐶 would affect the training error and
model complexity, inapposite 𝛾 would define the nonlinear
mapping from the input space to Hilbert space and induce
overfitting or fewer learning phenomena, and the 𝜀-value
controls the complexity of the approximating functions. The
flowchart of PSO/IFA based on the SVR prediction model is
shown in Figure 1.

In Figure 1, the optimized SVR predictionmodel includes
three parts: data classification, PSO/IFA optimization, and
SVR prediction model. Historical data would be classified
as training set, validating set, and test set. The training
set is used to adjust weights and biases. The validating set
is used to evaluate the performance of the trained SVR
model. And the test set is used to confirm the predicting
accuracy.The optimization process optimizes the parameters
of the SVR and SVR models, trains and validates the models,
and then passes the feedback to the optimization process
after evaluating the fitness values to continue searching the
optimal parameters until meeting the accuracy. In short, the
SVR implements regression parts, whereas the PSO and IFA
are applied to determine the optimal SVR parameters.

The parameters of SVR predictionmodels were evaluated
with PSO and IFA, respectively, in order to get the optimum
fitness. All prediction processes were performed inMATLAB
2012a. In the parameters’ optimization with both PSO and
IFA methods, we initialized the maximum population size as
20 and the maximum number of iterations as 100, and each
particle 𝑘𝑖 is a vector that comprises the SVR parameters;
namely, 𝑘𝑖 = (𝐶𝑖, 𝛾𝑖, 𝜀𝑖). The search space of the SVR param-
eters is [10−1, 102] × [0, 102] × [10−10, 1]. The termination
criteria are fulfilled if there is no improvement in fitness
function and the maximum number of iterations is obtained.

3.5. Performance Measures. This research aims to compare
the swarm intelligence algorithm based SVR methods and
other prediction methods, to evaluate performance by using
the prediction accuracy measures in statistics as presented in
(15) to (18):

(1) Root mean square error (RMSE):

RMSE = √ 1𝑁
𝑁∑
𝑖=1

(𝑦 − 𝑦)2, (15)

where 𝑦 is the actual value, 𝑦 is predictive value, and𝑁 is the
number of data samples.
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Figure 1: Flowchart of the SVR model optimized by PSO/IFA.

(2) Mean absolute percentage error (MAPE):

MAPE = 1𝑁
𝑁∑
𝑖=1

𝑦 − 𝑦𝑦
 . (16)

(3) Squared correlation coefficient (𝑟2):
𝑟2
= (𝑁∑𝑁𝑖=1 𝑦𝑦 − ∑𝑁𝑖=1 𝑦∑𝑁𝑖=1 𝑦)2(𝑁∑𝑁𝑖=1 𝑦2 − (∑𝑁𝑖=1 𝑦)2) (𝑁∑𝑁𝑖=1 𝑦2 − (∑𝑁𝑖=1 𝑦)2) .

(17)

(4) Prediction accuracy (PA): the last set of performance
measures is the percentage of prediction accuracy within a
specific-error absolute value. This percentage indicates the
percentage of the aircraft in the dataset predicted within 2,
3, and 5 minutes, as presented in (14):

PA = # of 𝑦 − 𝑦 ≤ 𝑙𝑁 × 100%. (18)

4. Data Analysis and Observation

4.1. Data Source. Thedatasets in this study are from the Avia-
tion System Performance of PEK, the second busiest airport
in the world, with a huge traffic volume, as well as severe
delay time. PEK airport comprises three parallel runways,
with Runway 36L/18R being used for combined arrival and
departure operations, Runway 36R/18L mainly dedicated to
departures, and Runway 01/19 used only for arrivals, with all
three runways serving both departures and arrivals at traffic
rush hour (Civil Aviation Administration of China, 2013)
[23].

The days from Oct. 17 to Oct. 30 were used for training,
and the days betweenNov. 13 andNov. 15were used for testing
the prediction. ASP data record the following information:
schedule take-off time and schedule landing time, applied
pushback time, actual take-off time, and actual landing time
of arrival flights. Using the historical data is important to
ensure that the results are realistic, and can be compared with
the status quo at a specific airport simultaneously, in order to
estimate the potential situation at other similar airports.

4.2. Data Analysis. In recent years, researchers have found
that departure taxi-out time is related to numerous factors,
including the number of departing aircraft in the runway
queue, the number of arriving aircraft taxiing, the time of day
[2, 13], airlines, and taxiing route distance [14, 15]. Departure
delay is also a significant factor in some specific airports
such as PEK. These elements complicate the development
of a methodology for predicting departure taxi-out time. In
this research, the various prediction models were used for
predicting the taxi-out time of each flight. In order to train the
state of flights, several factors were taken into consideration.
The state variable set 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6} for the
prediction was determined by analysing the performance
data. The configuration of three parallel runways at PEK
airport reduces influence among the different runways. For
a specific flight waiting for departure, the current departure
queue length on taxiway (𝑥1), the potential number of
landing aircraft during taxi-out course (𝑥2), and the distance
of taxi-out route from each gate to runway (𝑥3) are the
significant factors affecting taxi-out time. The recorded data
include considerable delay information due to a great deal
of traffic flow. Especially at PEK airport, the second busiest
airport of the world, numerous traffic flows induce enormous
delays. Delay violates the fluency of the departure and arrival
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processes and influences taxi-out time. Therefore, delay (𝑥4)
has become a very important indicator. However, available
delay is determined as the mean delay time at a previous
hour-bracket, because real-time delay could not be got before
flights’ take-off. In addition, taxi-out time changes over
the schedule. Thus, the plan take-off time (𝑥5) and actual
pushback time (𝑥6) are also included as pertinent factors.

For the lack of certain variability details in our dataset,
some potential explanations are not listed. The different
taxiing behaviours of airlines and pilots cannot be explained
from the character of data. The taxi-out time of raw PEK
performance data is recorded asminutes rather than seconds,
while the models we used, except the SRmodel, have a search
precision of 10−4.

4.3. Observations

4.3.1. Dynamics of Training Days. To cultivate an under-
standing of the dynamics of PEK airport, a discussion of
the actually observed departure behaviour at the airport is
presented first. Table 1 shows the statistical values for each
variable obtained from the training data. The response is
taxi-out time, and the variables of the predictors are other
attributes. Hereinto, the actual pushback time actual means
the “Time Point” rather than the “Time Period”; thus the plan
take-off time and the actual pushback time are transferred
into a minute format of a day (e.g., a whole day has 1,440
minutes; the 0:00 records as 0 and the 6:01 records as 361).
To avoid numerical difficulties and abnormal errors, some
absurd data points, such as a very extended delay time,
have been eliminated from datasets, and all data samples are
normalized within a range of 0 to 1 for modelling.

Figure 2 shows the observed dynamics on a training day at
PEK airport. It includes actual average taxi-out time per quar-
ter (15min) (Figure 2(a)), departure demandper quarter (Fig-
ure 2(b)), and arrival demand per quarter (Figure 2(b)). The
average taxi-out time and departure demand have two peak-
hour durations: at 7:00 AM–9:00 AM and 4:00 PM–6:00
PM, respectively. The peak-hour duration of the arrival
process happens from about 4:00 PM to 7:00 PM. These two
overlapping durations contribute the longer taxi-out time.

Figure 3 describes the scatterplot of a training dataset,
showing the linear fit between taxi-out time and delay. In
general, the delay has a positive impact on taxi-out time, and𝑟2 is 0.5374. This is the reason for the delay being one of the
factors in busy airport.

4.3.2. Dynamics of Testing Days. The testing days are from
Nov. 13 to Nov. 15 in 2013. A set of details performance is
shown in Table 2.

Table 2 displays the details of testing days that include two
normal days (13th and 14th) and a day with excessive delay
(15th). In order to validate the different gap between normal
and abnormal days, a nonparametrical statistical test, named
Wilcoxon-Mann-Whitney test, is implemented. Two null
hypotheses of “the taxi-out time distribution is same between
two days” on the 13th-14th and 13th-15th, respectively, are
tested. 𝑝 value of the 13th-14th is 0.081 > 0.05 and the null
hypothesis can be accepted, while 𝑝 value of the 13th-15th is

0
5

10
15
20
25

Av
er

ag
e t

ax
i-o

ut
 ti

m
e

pe
r q

ua
rt

er
 (m

in
s)

8 10 12 14 16 18 20 226
Time of day (hours)

(a)

Departure demand
Arrival demand

0
5

10
15
20

D
ep

ar
tu

re
/a

rr
iv

al
de

m
an

d

8 10 12 14 16 18 20 226
Time of day (hours)

(b)

Figure 2: Observed dynamic at PEK airport. (a) Average taxi-out
time per quarter; (b) departure and arrival demand.
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Figure 3: Scatterplot and linear fit between taxi-out time and delay.

10−5 < 0.05 and the null hypothesis is rejected. The test set
and results of statistical test can be seen in Appendix 1. Thus
we can safely conclude that it is statistically different between
normal and abnormal days.

5. Numerical Results

Through prediction of test data, performances of each pre-
dictive method could be compared. For PSO-SVR, global
optimal parameters (𝐶, 𝛾, 𝜀) in this research are (16.885, 1.401,
0.028) and (36.221, 0.917, 0.020) for IFA-SVR. A visualized
comparison is made between the mean actual taxi-out time
per quarter and the mean predicted taxi-out time per quarter
(i.e., on the predicted days). The illumination below just



8 Mathematical Problems in Engineering

Table 1: Statistical parameters of training data for each predictive model.

Parameter Variable Min Mean Median Max
# of departure queue Input 1 5.35 3 22
# of landing Input 0 6.27 4 27
Distance of taxi-out route (m) Input 551.18 2,873.63 2,883.10 5,029.14
Delay (min) Input 0 21.27 19 60
Plan take-off time () Input 365 811.84 810 1,320
Actual pushback time () Input 361 815.79 803 1,320
Taxi-out time (min) Output 3 15.28 13 57

Actual taxi-out time
GLM predicted taxi-out time
SR predicted taxi-out time
ANN predicted taxi-out time
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Figure 4: Plot of actual taxi-out time versus predicted taxi-out time. (a) GLM, SR, and ANN predicted taxi-out time to actual taxi-out time;
(b) PSO-SVR and IFA-SVR predicted taxi-out time to actual taxi-out time.

Table 2: Actual statistic performance of testing data.

Actual performance Date (Nov. 2013)
13th 14th 15th

Mean taxi-out time (min) 15.40 14.01 19.01
Median taxi-out time (min) 14 13 17
Std. dev. taxi-out time (min) 8.32 6.37 9.36
Mean delay (min) 20.58 20.08 27.41

shows the actual and predicted taxi-out time curves on the
14th, which was shown in Figure 4.

We can intuitively see in Figure 4 that PSO and IFA
based SVR models have higher compatibility than other
approaches, especially GLM and SR, which are obviously
underfitting and sometimes wrong-fitting, whereas the ANN
method also has a very good fit effect.

Table 3 shows the first three performance measures for
predicted datasets, and bold numbers highlight the best
performance measures (closest to actual values) for each
predictive method across three testing days. The introduced
IFA-SVR outperforms other approaches in terms of mean
taxi-out time and standard deviance, while IFA-SVR is
superior on median taxi-out time. These results are closer
to the actual performance of testing data. As data on the
15th presents very long taxi-out time on the whole, all mean

predicted taxi-out times are less than actual values. The
output results of SR are integers, since SR is based on the
integral classification of training taxi-out time, which can be
seen from the form of median taxi-out time. However, the
standard deviance of predicted taxi-out times of GLR reveals
the worst distinct sensitivity with different parameters, and
this also can be observed from the underfitting phenomenon
in Figure 4. Compared with the results in [2] at Tampa
International Airport, these swarm intelligence algorithm
based prediction methods show better fault-tolerance ability
for handling mean taxi-out time predictions, especially in
excessive traffic or abnormal patterns.

The comparison results of modelling performance for
each predictive method can be found in Table 4 and the
best performance is also highlighted with bold numbers.
Table 4 shows that the highlighted performance measures
of IFA-SVR are slightly better than the results of PSO-SVR
and significantly outperform other approaches. Both the
newly introduced PSO-SVR and IFA-SVR have the squared
correlation coefficient 𝑟2 exceeding 90% on both the 13th
and 14th, while they drop on the 15th for the large numbers
of underestimated taxi-out times on the 15th, which will be
shown in Figure 5. Figure 5 indicates a comparison of taxi-out
time prediction accuracy for each predictor on the 14th and
15th, respectively, of which the 𝑥-axis represents the aircraft,
sorted from underestimated to overestimated taxi-out times,
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Table 3: A comparison of performance measures for each predictive method at PEK airport.

Performance measure Date GLR SR ANN PSO-SVR IFA-SVR

Mean predicted taxi-out time (min)
13th 16.59 14.83 15.21 15.76 15.17
14th 13.37 13.94 13.49 14.31 14.16
15th 18.57 17.80 18.41 18.16 18.11

Median predicted taxi-out time (min)
13th 13.49 14.00 12.96 14.06 13.38
14th 13.73 12.00 13.00 13.29 13.29
15th 18.47 17.00 16.13 17.56 17.52

Std. dev. predicted taxi-out time (min)
13th 1.91 6.73 7.41 8.05 8.2
14th 1.72 4.82 5.59 6.09 6.29
15th 4.78 8.32 8.51 9.07 9.12

Table 4: A comparison of modelling performance for each predictive method at PEK airport.

Performance measure Date GLR SR ANN PSO-SVR IFA-SVR

RMSE (min)
13th 5.90 4.90 3.47 2.59 2.29
14th 6.14 6.00 2.51 2.3 2.25
15th 8.35 8.19 4.20 3.46 3.4

MAPE (%)
13th 29.98 28.25 20.11 17.88 14.69
14th 47 34.53 17.76 15.09 14.56
15th 53.10 46.23 18.32 13.6 13.2

𝑟2 (%)
13th 46.66 58.42 87.66 91.94 92.34
14th 37.72 53.01 84.49 90.26 91.58
15th 27.40 50.93 82.70 85.54 86.84

Table 5: A comparison of prediction accuracy for individual flights at PEK airport.

Accuracy of prediction Date GLR SR ANN PSO-SVR IFA-SVR

% of flights with RMSE within 2min
13th 40.22 40.43 46.23 77.96 79.39
14th 23.31 30.28 67.49 77.21 78.67
15th 13.12 33.55 54.30 70.4 72.65

% of flights with RMSE within 3min
13th 53.98 51.40 66.19 82.26 84.52
14th 35.51 45.32 79.71 83.71 85.21
15th 20.00 45.16 72.47 79.02 79.63

% of flights with RMSE within 5min
13th 76.77 79.35 86.97 93.48 95.52
14th 69.91 72.54 92.00 95.63 95.42
15th 42.27 53.55 89.48 94.09 94.5

and the 𝑦-axis is the error between predicted and actual-
predicted taxi-out time, namely, predicted taxi-out time –
actual taxi-out time.

The vertical dash line divides the sorted aircraft into (i)
underestimated taxi-out time region and (ii) overestimated
taxi-out time region. The distance between the dots on
each line and the 0-baseline represents the absolute error
of predicted taxi-out time for each aircraft. The number of
underestimated taxi-out times in Figure 5(a) is almost in
balance with the number of overestimated taxi-out time,
while being larger than it is in Figure 5(b). We can also find
the notable predictive ability of newly introduced predictors
for excessive traffic or abnormal patterns from Figure 5(b). In
addition, the reason for all performancemeasures on the 13th
and 14th of PSO-SVR and IFA-SVR being better than that on

the 15th (except MAPE) is in that the actual mean taxi-out
time on the 15th is greater than on other days.

Table 5 shows the performance measures of prediction
accuracy within 2, 3, and 5min by measuring absolute error.
IFA-SVR still comes out on top among the testing methods.
In terms of accuracy within 2 and 5minutes, the performance
of IFA-SVR is inferior to capability in [15] (79.39% to 86.81%
and 95.52% to 99.08%) for Stockholm Arlanda Airport. That
is caused by the different traffic condition samples between
different airports. Notice that the accuracymeasures in [15] of
linear regression are 85.3% and 99.16%, respectively, while the
best performance of TSK model improves the rates by 1.78%
and−0.08%, respectively. In this research, the performance of
IFA-SVR improves the rates of GLR by 97.49% and 24.42%,
respectively.
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Figure 5: Taxi-out time prediction accuracy at PEK airport. (a) Taxi-out time prediction accuracy on the 14th; (b) taxi-out time prediction
accuracy on the 15th.

6. Conclusions

When the objective is to improve on-time performance,
enhance the utilization of handling-personnel and other
resources, and reduce delay, congestion, and emissions, an
improved taxi-out time prediction method is significant
when it can contribute to each decision-support system at
departure operations. This paper collected several classical
regression and machine-learning methods (including gen-
eralized linear regression, Softmax Regression, and Artifi-
cial Neural Network) and proposed two improved swarm
intelligence algorithm based SVR prediction approaches to
test predictive ability. Several potentially significant factors
were observed and analysed in the historical data of PEK
airport. And queue length, potential landing number, and
the distance of taxiing route were identified and were shown
to be significant, as was delay time in the previous hour,
which was also important in some specific airports and taken
into consideration there. Compared with the traditional
predicting methods, the proposed two approaches, especially
IFA-SVRmethod, achieved accuracy rate up to 95.52%within
5 minutes and showed a tremendous improvement on pre-
dictive accuracy. Moreover, the proposed approaches showed
commendable ability in dealingwith deviant situations.These
results could motivate managers to arrange tighter flight
schedules and pushback slots.

Although the proposed predictivemethods seem to accu-
rately predict taxi-out time, they have to be improved for the
combined statistical factors because of the lost information
about take-off direction for a whole day and about the
different taxiing speeds of aircraft type. Future work will
focus upon considering the different taxiing speeds of aircraft
types and upon collecting precise taxi-out routes to improve

prediction accuracy. In addition, study of other hub airports
is also an ongoing research interest.
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Due to the limited transmission power, the data transmission between the unmanned aerial vehicle and the ground station often
needs the synergetic forwarding.The optimization of the synergetic forwarding organization is important to the performance of the
unmanned aerial vehicle communication networks. This paper aims to optimize the energy cost using the synergetic forwarding
mode in the unmanned aerial vehicle communication networks. To reduce the expensive information exchange and improve the
robust of the network, we put forward an energy cost orient forwarding allocation approach using game based intelligent algorithm.
The theoretic analysis and simulation results verify that the put forwardmethod could achieve optimal energy cost communication
organization.

1. Introduction

The unmanned aerial vehicle (UAV) is the hot research
point recently [1]. With its flexibility and low cost, the UAV
could complete many kinds of work which are hard to the
human, such as dangerous detection, long-time monitoring,
and remote rescuing. Limited by singleUAV’s ability, theUAV
swarm consisting of multiple UAVs draws more and more
attention [2]. Besides many key issues, the communication
organization for the UAVs is a basic problem.

There are some researches on the UAV communication
networks. In [3], Rosati et al. proposed a speed-aware routing
algorithm that is applied in the context of high-speed UAVs.
In [4], Zhu et al. studied the design and evaluation of airborne
communication networks. In [5], Ortiz et al. studied the
design and development of a robust ATP subsystem for the
altair UAV-to-ground lasercomm 2.5Gbps demonstration.
Luo et al. proposed a distributed gateway selection algorithm
for UAV networks in [6]. Yin et al. put forward queuing
models for deciding the optimal choice of UAVs to forward
packets in [7]. In [8], Saleem et al. stated the integration of
cognitive radio technology with unmanned aerial vehicles,
including the important issues and research challenges. In [9],
Choi et al. paid attention to the energy-efficient maneuvering
and communication of a single UAV-based relay. Author Puri

made a survey of unmanned aerial vehicles (UAV) for traffic
surveillance in [10]. In [11], Bekmezci et al. made a survey
on the flying ad hoc networks. In [12], Wang et al. studied
the position unmanned aerial vehicles in the mobile ad hoc
network. In [13], Ono et al. studied the relay network based
on unmanned aircraft network.

With the ground station system supported [5], the UAV
communication network could solve the fast information
transmission problem well. However, common UAV usually
would be limited by energy, the long-distance data transmis-
sion is not a good way since the pow cost increases with the
distance fast. In addition, the data transmission would not
be done when the UAV is out of the range. As a result, the
synergetic forwarding in the UAV communication network
is necessary to pay attention to [14]. Another important issue
in the UAV communication network is the pow cost, which
is very sensitive to the UAV, especially for the ones supported
by the battery. How to optimize the synergetic forwarding
communication organization considering the energy cost is
important to the whole system. In [9], Choi et al. studied the
energy-efficient maneuvering and communication of a single
UAV-based relay in depth. In [14], Wu et al. made important
research on the movement design, by considering the energy
cost. A mobile forwarding approach was proposed for the
monitored data transmission. However, this work focused

Hindawi
Mathematical Problems in Engineering
Volume 2018, Article ID 9315954, 7 pages
https://doi.org/10.1155/2018/9315954

http://orcid.org/0000-0002-0434-8376
http://orcid.org/0000-0002-6398-0822
https://doi.org/10.1155/2018/9315954


2 Mathematical Problems in Engineering

on a single base station’s movement optimization; it is not
a multiuser network. In [15], a power consumption optimal
synergetic forwarding scheme was put forward to improve
the system’s lifetime by Li et al.; nevertheless, the research in
[14]mainly focuses on singleUAV’smovement design, not for
the UAV communication network. The approach proposed
in [15] is a centralized one, not the focused point in our
work. Due to the UAV’s high dynamism, the centralized
optimization approach would not be capable of dealing with
the topology change and information exchange problems. To
the best of our knowledge, the energy cost improvement issue
in the UAV communication network has not been well solved
in existing works.

In this paper, we aim to study the energy cost improve-
ment issue in the UAV communication network. We put
forward an energy cost orient forwarding allocation approach
to achieve the optimal solution to the UAV communication
networks energy optimization issue. The theoretic analysis
is presented by modeling this problem as a game [16]. The
experiments are carried out to verify the theoretic result and
the performance of proposed intelligent learning algorithm.

2. Network Model and Problem Formulation

A scenario where UAV communication networks are sup-
ported by the ground communication station system [5]
is shown in Figure 1. The UAV communication networks
consist of 𝑀 common UAVs (CUAVs) and 𝑁 forwarding
UAVs (FUAVs). Usually, the CUAVs’ communication would
be limited by their energy; it is hard for CUAVs to com-
municate with the grand stations directly. The FUAVs are
usually the ones supported by fuel, which have the ability
to communicate with the ground stations directly. In the
UAV communication networks, the FUAVs would work as
the forwarding node for the CUAVs. With different ground
stations and different FUAVs’ communication devices, the
link bandwidths would also be different. As shown in the
scenario in Figure 1, the bandwidths of FUAVs might be
6MHz, 15MHz, 20MHz, and so on.

Note that the topology of the UAV communication
network is varying all the time. As shown in Figure 1, the
CUAVs, FUAVs, and the mobile ground stations are all
moving. The dynamic topology is the character of the UAV
communication networks, and the distances between CUAVs
and FUAVs vary. As a result, the transmission powers cost for
the communication would also change to meet the required
data transmission quality. The selection of FUAV to forward
the data would be critical for the CUAVs’ energy cost. The
following attributes have important effect on the energy cost:
the distance to FUAV, the transmission channel quality, and
the bandwidth. As shown in Figure 1, CUAV1 could select one
of the four FUAVs as the communication forwarding node
to the ground station system. The selection would be deter-
mined by the expected energy cost. DefineΠ𝐹 = {1, 2, . . . , 𝑁}
and Π𝐶 = {1, 2, . . . ,𝑀} as the set of FUAVs and CUAVs.
Define 𝐵𝐹 = {𝐵1, 𝐵2, . . . , 𝐵𝑁} as the bandwidths vector. The
bandwidth allocation between CUAVs could be designed by
different scheme; it is assumed that the bandwidth would be
equally allocated by the connected CUAVs in this paper for

the simplification. The CUAVs’ selection of forwarding node
would be decided by the CUAVs’ traffic requirement and the
distance to the FUAVs.

Based on the Shannon theory, assuming that𝐶𝑚 selects𝐹𝑛
as the forwarding node, the achieved data transmission rate
would be

𝑅𝑚,𝑛 = 𝐵𝑚,𝑛 log(1 + 𝐸𝑚,𝑛𝛿𝑚,𝑛−𝛾𝑚,𝑛𝜌𝑚,𝑛𝐵𝑚,𝑛𝑁0 ) , (1)

where 𝑁0 is the noise power spectrum density, 𝛿𝑚,𝑛 is the
distance between 𝐶𝑚 and 𝐹𝑛, 𝛾𝑚,𝑛 is the path-loss exponent
between 𝐶𝑚 and 𝐹𝑛, and 𝜌𝑚,𝑛 is the instantaneous random
component of the path loss.Then, the energy cost (EC) of𝐶𝑚
would be

𝐸𝑚,𝑛 = 𝐵𝑛𝑁0 (exp(|Ω𝑛|𝑅𝑚,𝑛/𝐵𝑛) − 1)Ω𝑛 𝛿𝑚,𝑛−𝛾𝑚,𝑛𝜌𝑚,𝑛 , (2)

where |Ω𝑛| is the number of CUAVs selected 𝐹𝑛 as the
forwarding node.

It should be noted that, in the UAV communication
networks, the best forwarding node selection would be not
only affected by some CUAV itself, but also determined by
other UAVs’ selection. With the whole UAV communication
networks, the goal is that the sum of the energy cost is
minimized:

Problem: min 𝐸net = 𝑀∑
𝑚=1

𝐸𝑚, (3)

that is,

Problem: max − 𝐸net = − 𝑀∑
𝑚=1

𝐸𝑚. (4)

The main challenges of this problem are as follows: first,
the optimization for the forwarding node allocation in UAV
communication networks is the combinational optimization
issue. The searching approach could achieve the best combi-
nation, but the computing complex would increase fast when
the UAV network increases.The possible combination would
be 735 = 3.79 × 1029 in relatively small 35 common UAV
and 7 forwarding UAV communication networks. With the
genetic algorithm, ant colony algorithm, and the like, the
performance of the optimization could not be guaranteed.
Second, the information exchange required by the centralized
optimization approach would not be practical, for the limited
communication capability and the limited time. Third, the
dynamism of the UAV communication network brings seri-
ous problem to the centralized optimization, including the
dynamism of topology and the dynamism of environment.
In the following sections, we solve this problem based on the
game theory, which could achieve the optimal state of the
network without the centralized optimization.

3. The Energy Cost Orient Forwarding
Allocation Approach

In this section, we put forward an energy cost orient
forwarding allocation approach (ECOFAA) to optimize the
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Figure 1: Ground system supported UAV communication network.

energy cost optimization of UAV communication network.
The allocation approach is shown in Figure 2.

In the approach in Figure 2, the parameter 𝛽 > 0 plays the
role of adjusting with the change of environment. Note that
the probabilistic selection scheme [17] is adopted to avoid the
suboptimal trap problem in best-response algorithm [18] and
the like.

Remark 1. The put forward energy cost orient forwarding
allocation approach is a distributed method rather than a
centralized one. All the UAVs make their action decision
by themselves rather than by some control center. This is
important to the practicability of the approach in the dynamic
environment that the UAV communication network faces.

Theorem 2. The put forward energy cost orient forwarding
allocation approachwould achieve theminimal energy cost and
stable network state.

Proof. With the UAV communication network shown in
Figure 1, when the UAVs adopt the action updating strategies
as the put forward approach, the system could be seen as a
game model as follows, and each CUAV could be seen as a
player in the game. Define the energy cost orient forwarding
allocation (ECOFA) game as follows:

𝐺 = {Π𝐶, Π𝐹, Ψ, 𝐴} , (5)

whereΨ is the topology relationship of the UAV communica-
tion networks, among which𝑁𝑚,𝑛 ⊂ Ψ is the communication
distance between 𝐹𝑛 and 𝐶𝑚. 𝐶𝑚 could communicate with𝐹𝑛 if 𝑁𝑚,𝑛 = 1; otherwise, 𝑁𝑚,𝑛 = 0. 𝐴 = 𝐴1 ⊗ 𝐴2 ⊗⋅ ⋅ ⋅ ⊗ 𝐴𝑀 is the action profiles of all the nodes, where ⊗ is
the Cartesian product and 𝐴𝑚 is the possible actions of 𝐶𝑚.
Define 𝐶𝑚’s action as 𝑎𝑚 ∈ 𝐴𝑚. 𝑢𝑚 is the utility function of𝐶𝑚. 𝑢𝑚(𝑎𝑚, 𝑎−𝑚)would be 𝐶𝑚’s utility when 𝐶𝑚’s action is 𝑎𝑚
and other players’ action is 𝑎−𝑚.𝑁𝑒𝑖𝑚 is the set of CUAVs:

𝑁𝑒𝑖𝑚 = {𝑖 ∈ Π𝐶 : if 𝑁𝑚,𝑗 = 1, 𝑁𝑖,𝑗 = 1, ∀𝑗 ∈ Π𝐹} . (6)

In the put forward ECOFA game, inspired by the synergy
design in networks [18–20], 𝐶𝑚’s utility function would be as
follows:

𝑢𝑚 (𝑎𝑚, 𝑎−𝑚) = −𝐸𝑚 − ∑
𝑖∈𝑁𝑒𝑖𝑚

𝐸𝑖. (7)

According to potential game theory [19], define the
potential function of the ECOFA game as follows:

Γ (𝑎𝑚, 𝑎−𝑚) = −𝐸net = − 𝑀∑
𝑚=1

𝐸𝑚
= −𝐸𝑚 − ∑

𝑖∈𝑁𝑒𝑖𝑚

𝐸𝑖 − ∑
𝑖∈{Π𝐶\𝑁𝑒𝑖𝑚}

𝐸𝑖.
(8)
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Figure 2: The energy cost orient forwarding allocation approach.

Assume that 𝐶𝑚 updates its action from 𝑎𝑚 to 𝑎∧𝑚 and
other UAVs hold their actions; based on the definition
of 𝑁𝑒𝑖𝑚, the change of the potential function would be
computed as follows:

ΔΓ = Γ (𝑎𝑚, 𝑎−𝑚) − Γ (𝑎∧𝑚, 𝑎−𝑚) = −𝐸net + 𝐸∧net
= −𝐸𝑚 − ∑

𝑖∈𝑁𝑒𝑖𝑚

𝐸𝑖 − ∑
𝑖∈{𝑆𝐶\𝑁𝑒𝑖𝑚}

𝐸𝑖
− (−𝐸∧𝑚 − ∑

𝑖∈𝑁𝑒𝑖𝑚

𝐸∧𝑖 − ∑
𝑖∈{𝑆𝐶\𝑁𝑒𝑖𝑚}

𝐸∧𝑖 )
= 𝐸∧𝑚 − 𝐸𝑚 + ∑

𝑖∈𝑁𝑒𝑖𝑚

𝐸∧𝑖 − ∑
𝑖∈𝑁𝑒𝑖𝑚

𝐸𝑖 + ∑
𝑖∈{Π𝐶\𝑁𝑒𝑖𝑚}

𝐸∧𝑖
− ∑
𝑖∈{Π𝐶\𝑁𝑒𝑖𝑚}

𝐸𝑖 = 𝐸∧𝑚 − 𝐸𝑚 + ∑
𝑖∈𝑁𝑒𝑖𝑚

𝐸∧𝑖 − ∑
𝑖∈𝑁𝑒𝑖𝑚

𝐸𝑖
= 𝑢𝑚 (𝑎𝑚, 𝑎−𝑚) − 𝑢𝑚 (𝑎𝑚, 𝑎−𝑚) = Δ𝑢.

(9)

According to analysis [19], the put forward ECOFA
game is an exact potential game. Then, it has at least one

pure strategy NE point, and the optimal state of potential
function in the ECOFA game would be a Nash equilibrium
point. According to the design of the potential function, the
optimal energy cost network state would also be a Nash
equilibrium point of the ECOFA game. With the network
state transmission in the put forward approach, suppose 𝑎𝑚 =𝐹𝑚(𝑖) as the 𝐶𝑚’s action in the 𝑖th iteration in the put forward
approach. Define Ω(𝑖) = (𝐹1(𝑖), 𝐹2(𝑖), . . . , 𝐹𝑚(𝑖), . . . , 𝐹𝑀(𝑖)) as
the network state, which is a discrete time Markov process
with a unique stationary distribution [20]. Define the unique
stationary distribution of CUAVs’ strategy profile as a ={𝑎1, 𝑎2, . . . , 𝑎𝑀}, which would be given by the following:

𝜋 (a) = exp {𝛽Γ (a)}∑a∈𝐴 exp {𝛽Γ (a)} , (10)

where Γ(a) is the potential function of the game. 𝐴 = 𝐴1 ⊗𝐴2 ⊗ ⋅ ⋅ ⋅ ⊗ 𝐴𝑀 is the set of strategies of all the UAVs.
Define Ω(𝑖 + 1) = a2, Ω(𝑖) = a1. Define the transi-

tion probability from state a1 to a2 as 𝑃a1,a2 , the transition
probability from state a2 to a1 as 𝑃a2,a1 . Supposing a CUAV
updating the FUAV chosen from 𝑎𝑚(𝑖) = 𝐹𝑚(𝑖) to 𝑎∧𝑚(𝑖 +1) = 𝐹∧𝑚(𝑖 + 1), then the UAV communication network



Mathematical Problems in Engineering 5

state would be changed from a1 to a2, that is, from Ω(𝑖) =(𝐹1(𝑖), 𝐹2(𝑖), . . . , 𝐹𝑚(𝑖), . . . , 𝐹𝑀(𝑖)) toΩ(𝑖+1) = (𝐹1(𝑖+1), 𝐹2(𝑖+1), . . . , 𝐹∧𝑚(𝑖 + 1), . . . , 𝐹𝑀(𝑖 + 1)).
With the UAV communication network consisting of 𝑀

CUAVs, the probability of 𝐶𝑚 updating its forwarding FUAV
would be 1/𝑀. Then,

𝜋 (a1) 𝑃a1 ,a2
= [ exp {𝛽Γ (a1)}∑a∈𝐴 exp {𝛽Γ (a)}]

× [( 1𝑀)( exp {𝛽𝑢∧𝑚 (𝑎∧𝑚, 𝑎−𝑚)}∑𝑎𝑚∈𝐴𝑚 exp {𝛽𝑢𝑚 (𝑎𝑚, 𝑎−𝑚)})]
= exp {𝛽 (Γ (a1) + 𝑢∧𝑚 (𝑎∧𝑚, 𝑎−𝑚))}𝑀 × ∑a∈𝐴 exp {𝛽Γ (a)} × ∑𝑎𝑚∈𝐴𝑚 exp {𝛽𝑢𝑚 (𝑎𝑚, 𝑎−𝑚)} .

(11)

Similarly,

𝜋 (a2) 𝑃a2 ,a1
= [ exp {𝛽Γ (a2)}∑a∈𝐴 exp {𝛽Γ (a)}]

× [( 1𝑀)( exp {𝛽𝑢𝑚 (𝑎𝑚, 𝑎−𝑚)}∑𝑎𝑚∈𝐴𝑚 exp {𝛽𝑢𝑚 (𝑎𝑚, 𝑎−𝑚)})]
= exp {𝛽 (Γ (a2) + 𝑢𝑚 (𝑎𝑚, 𝑎−𝑚))}𝑀 × ∑a∈𝐴 exp {𝛽Γ (a)} × ∑𝑎𝑚∈𝐴𝑚 exp {𝛽𝑢𝑚 (𝑎𝑚, 𝑎−𝑚)} .

(12)

According to the character of the exactly potential game,
we have

Γ (a1) − Γ (a2) = 𝑢𝑚 (𝑎𝑚, 𝑎−𝑚) − 𝑢∧𝑚 (𝑎∧𝑚, 𝑎−𝑚) . (13)

Then we have

exp {𝛽 (Γ (a1) + 𝑢∧𝑚 (𝑎∧𝑚, 𝑎−𝑚))}
= exp {𝛽 (Γ (a2) + 𝑢𝑚 (𝑎𝑚, 𝑎−𝑚))} . (14)

Thus,

𝜋 (a1) 𝑃a1 ,a2 = 𝜋 (a2) 𝑃a2,a1 . (15)

As a result,

∑
a1∈𝐴

𝜋 (a1) 𝑃a1 ,a2 = ∑
a1∈𝐴

𝜋 (a2) 𝑃a2 ,a1 = 𝜋 (a2) ∑
a1∈𝐴

𝑃a2,a1
= 𝜋 (a2) .

(16)

Based on the analysis in [20], the put forward approach
has the stationary distribution. Define that a# is the CSUVs’
forwarding choosing selection in the optimal energy cost
network state; then

a# = arg
a∈𝐴

min𝐸net = arg
a∈𝐴

min Γ (a) . (17)

According to the analysis above, the put forward
approach would converge to a unique stationary distribution

Table 1: The simulation parameters.

Number of CUAVs 25
Number of FUAVs 6
The communication data rate [6, 10, 15, 20, 25, 32]MHz
The bandwidths of FUAVs 1 Mbit/s
The noise power −130 dB
The path-loss exponent 2

𝜋(a) = exp{𝛽Γ(a)}/∑a∈𝐴 exp{𝛽Γ(a)}. When 𝛽 → ∞,
exp{𝛽Γ(a#)} ≫ exp{𝛽Γ(a)}, ∀a ∈ {𝐴 \ a#}.

The probability of achieving best energy cost network
state a# will be

lim
𝛽→∞

𝜋 (a#) = exp {𝛽Γ (a#)}
∑a∈𝐴 exp {𝛽Γ (a)} = 1. (18)

The above result shows that the put forward intelligent
learning approach would converge to the optimal energy cost
state of the UAV communication network. In addition, the
state would be stable since it is a Nash equilibrium point
where none of the players would like to change its strategy.
Hence, the theorem is proved.

The above analysis proves that the put forward approach
would converge to the optimal network state. Importantly,
the proposed approach is an online method which could
adjust the UAVs’ strategies according to the change of the
environment, the change of the topology, and so on. In all, the
proposed approach is a distributed and online optimization
method which is suitable to the dynamic UAV communica-
tion network.

4. Numeric Results and Discussion

To verify the performance of put forward energy cost orient
forwarding allocation approach (ECOFAA), the comparison
between the ECOFAA and some existing algorithms have
been carried out. The simulation is done by Matlab. The
simulation parameters are depicted in Table 1 and Figure 3.

The parameter setting in the simulation is not specialized.
The parameters such as number of CUAVs, number of
FUAVs, the communication data rate, the bandwidths of
FUAVs, the noise power, and the path-loss exponent could
all be changed. The parameter setting is not sensitive to the
proposed approach.

The simulation results on the energy cost have been
shown in Figure 4. To show the details of the course in the
put forward ECOFAA approach, the energy cost of three
randomly chosen CUAVs are observed. As shown in Figure 4,
all of the three CUAVs’ energy costs converge to a stable value
at last, which proves that the CUAVs’ forwarding selection
actions would not vary again after the proposed ECOFAA
converges. It should be noted that other CUAVs forwarding
selection could directly or indirectly affect some CUAV’s EC
in theUAVcommunication network, so the energy cost of the
observed CUAVs would not be stable during the updating.
To verify the proposed approach in an average aspect, 1500
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Figure 4: The energy cost of CUAVs in the updating procedure of
proposed ECOFAA.

independent simulating experiments have been carried out,
and the average numeric result has been shown. It could
be seen that the put forward ECOFAA outperformed the
best-response learning algorithm [18] when the learning con-
verges. The proposed ECOFAA achieves lower energy cost.
The best-response learning algorithm would converge faster
than the proposed ECOFAA, but the total energy cost would
be higher. That means the best-response learning algorithm
could not achieve the best FUAV forwarding allocation state
for the UAV communication network. At the beginning,
the forwarding UAVs are randomly allocated, and the total
energy cost of the whole UAV communication network
would be relatively high. After the forwarding UAV selection
updating by the proposed ECOFAA, the total energy cost of

the network would be reduced obviously. Importantly, the
total energy cost would not vary after the proposed method
converges. The simulation result of energy cost converging
verifies that proposed FUAV allocation approach would be
stable.

5. Conclusion

In this paper, we studied on the UAV communication net-
works energy optimization issue,which is critical to thewhole
UAVnetwork.We put forward an energy cost orient forward-
ing allocation approach to achieve the optimal solution to the
UAV communication networks energy optimization issue.
The theoretic analysis and simulation results show that the
UAV communication network’s forwarding allocation would
be stable and energy cost would be optimal after the proposed
intelligent learning course.
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The flower pollination algorithm (FPA) is a novel optimization technique derived from the pollination behavior of flowers.
However, the shortcomings of the FPA, such as a tendency towards premature convergence and poor exploitation ability, confine its
application in engineering problems. To further strengthen FPA optimization performance, an orthogonal learning (OL) strategy
based on orthogonal experiment design (OED) is embedded into the local pollination operator. OED can predict the optimal factor
level combination by constructing a smaller but representative test set based on an orthogonal array. Using this characteristic of
OED, the OL strategy can extract a promising solution from various sources of experience information, which leads the population
to a potentially reasonable search direction. Moreover, the catfish effect mechanism is introduced to focus on the worst individuals
during the iteration process. This mechanism explores new valuable information and maintains superior population diversity. The
experimental results on benchmark functions show that our proposed algorithm significantly enhances the performance of the
basic FPA and offers stronger competitiveness than several state-of-the-art algorithms.

1. Introduction

Conventional optimization methods face serious challenges
in modern sciences because the characteristics of optimiza-
tion problems are often noncontinuous, nonlinear, mul-
tivariate, or nonconvex [1]. Currently, swarm intelligence
algorithms are efficiently used to solve complex optimization
problems. Most swarm intelligence algorithms are developed
by simulation of foraging behavior, migration patterns, or
the evolutionary approach in natural species, and these algo-
rithms include the genetic algorithm (GA) [2], particle swarm
optimization (PSO) [3], differential evolution (DE) [4], shuf-
fled frog leaping algorithm (SFLA) [5], biogeography-based
optimization (BBO) [6], cuckoo search (CS) [7], krill herd
algorithm (KH) [8], fruit fly optimization (FFO) [9], pigeon
inspired optimization (PIO) [10], invasive weed optimization
(IWO) [11], and bat algorithm (BA) [12].

As a novel heuristic algorithm, the flower pollination
algorithm (FPA) is inspired by the pollination behavior of

flowers. In nature, the pollinationmethods for flowers involve
two main types: cross-pollination and self-pollination [13].
In cross-pollination, certain birds act as global pollinators
that transfer pollen to the flowers of more distant plants.
By contrast, in self-pollination, pollen is spread by the wind
and only between adjacent flowers at the same plant. As
such, the FPA is developed by mapping the two forms of
cross-pollination and self-pollination into global pollination
and local pollination operators, respectively. The FPA has
attracted significant attention due to its merits of simple
principles, few parameters, and ease of operation.

However, similar to other swarm intelligence algorithms,
the FPA also suffers from a lack of perfect compromise
between global exploration and local exploitation.Therefore,
researchers have proposed various improved strategies to
enhance the FPA search ability. Nabil [14] introduced the
clone selectionmechanism into the local pollination operator
to obtainmore accurate solutions. Hoang et al. [15] integrated
the mutation, cross, and selection operators of DE to replace
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the original update method for local pollination. Zhou et al.
[16] developed the elite opposition mechanism, the local self-
adaptive greedy strategy, and a dynamic switch probability
method to balance exploration and exploitation. Salgotra and
Singh [17] analyzed the influence of the various mutation
techniques on the performance of the basic FPA. These vari-
ants exhibited excellent performance on benchmark func-
tions. Additionally, the FPA has achieved favorable results in
selected practical engineering applications. Abdelaziz et al.
[18] used the basic FPA to solve the economic load dispatch
problem.Wang et al. [19] conducted cluster analysis using bee
pollinator-based FPA. Zhang et al. [20] proposed a chaotic
local search-based FPA to forecast wind speed. Xu et al.
[21] hybridized the FPA with the good point set theory and
Deb’s heuristic rules to identifymultipass turning parameters.
Salgotra and Singh [22] implemented the bat algorithm and
the FPA in parallel to synthesize the linear antenna arrays.

As is known to all, standard FPA adopts the differen-
tial learning method to achieve the global exploration and
refine exploitation. However, this simple evolution pattern is
inefficient and presents some drawbacks. First, the random
search behavior around the current individual is lack of an
effective mechanism to avoid the premature convergence;
moreover, the update formulaworks on the complete solution
vector rather than dimension by dimension; it may cause the
consequence of “two steps forward, on step back” [23]. The
main reason is that different solution vectors may contain
different qualities of components; thus some high-quality
components at some dimensions may improve the current
individual, while some inferior components may result in
a degeneration phenomenon at some certain dimensions.
Through the above analysis, how to keep the population
diversity and make better use of the various experience
information to exploit the higher-quality solution becomes
the critical factors of improving the optimizing capability.

Orthogonal experiment design (OED) as a typically ana-
lytical tool of experiment scheme can effectively predict the
best combination of levels at different factors through choos-
ing a smaller but most representative test set. In this paper,
considering that potentially valuable information might exist
in certain dimensions in different candidate solution vectors,
an OL strategy based on orthogonal experiment design
(OED) [24] is developed to obtain more promising candidate
solution by combining the useful information among the
best individual, current individual, and a random selected
individual. In this way, the convergence accuracy and speed
would be significantly improved. However, although OL
strategy can improve the optimizing efficiency, the algorithm
still suffers from the loss of diversity. To overcome this
problem, the catfish effect mechanism [25, 26] is introduced
to enhance the population diversity by replacing the worst
individuals with their own opposition information. Specif-
ically, as the iterations progress, the worst individuals are
coming closer and closer to the best individual, and once
the algorithm traps into the local convergence, catfish effect
mechanism can drive the worst subpopulation to explore
the new region. In this way, the population diversity is
kept. In sum, the incorporation of OL strategy and catfish
effect mechanism into the FPA guarantees the search stability

of algorithm and can effectively improve the convergence
performance. The experimental results demonstrate that our
proposed algorithm is superior to the original FPA and other
advanced evolutionary algorithms in testing on benchmark
functions.

The remainder of this paper is described as follows. Sec-
tion 2 describes the model of global optimization problems,
Section 3 reviews the principle of FPA in detail, Section 4
elaborates on the OL strategy and catfish effect mechanism,
Section 5 demonstrates the optimization performance of
OCFPA on the benchmark functions, and Section 6 summa-
rizes the conclusions.

2. Global Optimization Problems

Many engineering problems can be considered as global
optimization problems [27, 28], which can be described as
follows:
min (or max) 𝑓 (𝑆𝑋)

𝑆𝑋 = (𝑠𝑥1, . . . , 𝑠𝑥𝑑, . . . , 𝑠𝑥𝐷) ∈ 𝑆 =
𝐷∏
𝑑=1

[𝑙𝑑, 𝑢𝑑] , (1)

where 𝑆𝑋 is the vector form of the decision variable, 𝐷
is the number of decision variables, 𝑓(𝑆𝑋) is the objective
function, 𝑆 defines the decision space (i.e., the search space
of the optimization algorithm), and 𝑙𝑑 and 𝑢𝑑 are the lower
and upper limits of decision variable 𝑠𝑥𝑑, respectively. Global
optimization problem is to obtain the best decision variable
SX by minimizing or maximizing the object function 𝑓(𝑆𝑋).
3. Flower Pollination Algorithm

The FPA is a population-based global optimization algo-
rithm. In [13], Yang et al. summarized the characteristics of
the flower pollination process into four ideal rules as follows.

Rule 1. Cross-pollination conducted by the pollinators such
as birds is viewed as a global pollination phase and the
pollinators act with levy flight behavior.

Rule 2. Self-pollination occurring on the nearby flowers is
viewed as a local pollination process.

Rule 3. The flower constancy is treated as the reproductive
rate, which is direct ratiowith the similar level of two involved
flowers.

Rule 4. Global pollination and local pollination are imple-
mented based on a switch probability.

According to the above rules, the FPA contains a global
pollination operator and a local pollination operator. In the
FPA, each pollen item is treated as a solution 𝑆𝑋𝑖, and the
solutions are initialized with random vectors in the feasible
search space. The initial formula is given as follows:

𝑆𝑋𝑖 = Lower + 𝑅V (Upper − Lower) , (2)
where 𝑖 ∈ {1, . . . ,NP}, NP is the population size; 𝑅V is a𝐷-dimensional random vector in [0, 1]𝐷; the lower limit of
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search space is Lower = [𝑙1, . . . , 𝑙𝑑, . . . , 𝑙𝐷], and the upper limit
is Upper = [𝑢1, . . . , 𝑢𝑑, . . . , 𝑢𝐷].

In the global pollination operation, pollinators such as
birds have a relatively large movement range and can carry
pollen over a long distance.Thus, Rules 1 and 3 are formulated
as follows:

𝑆𝑋𝑡+1𝑖 = 𝑆𝑋𝑡𝑖 + 𝛾𝐿 (𝜆) (𝑔𝑏𝑒𝑠𝑡 − 𝑆𝑋𝑡𝑖) , (3)

where 𝑆𝑋𝑡𝑖 is the solution 𝑖 at iteration 𝑡, 𝑔𝑏𝑒𝑠𝑡 is the current
global best solution, 𝛾 is a step factor, the flight feature of birds
can be numerically imitated by a levy distribution denoted
by 𝐿(𝜆) in (3), and 𝐿(𝜆) can also be considered a varying
step factor to quantify the intensity of pollination. The levy
distribution when 𝐿 > 0 can be described as follows:

𝐿 ∼ 𝜆Γ (𝜆) sin (𝜋𝜆/2)𝜋
1
𝑠1+𝜆 ,

𝑠 ≫ 𝑠0 > 0, 𝑠0 = 0.1,
(4)

where D(𝜆) is the standard gamma function with 𝜆 = 1.5 and𝑠 is determined with two Gaussian distributions 𝑈 and 𝑉 as
follows:

𝑠 = 𝑈
|𝑉|1/𝜆 , 𝑈 ∼ 𝑁(0, 𝛿2) , 𝑉 ∼ 𝑁 (0, 1) ,

𝛿2 = { Γ (1 + 𝜆)
𝜆Γ [(1 + 𝜆) /2] ⋅

sin (𝜋𝜆/2)
2(𝜆−1)/2 }

1/𝜆 ,
(5)

where 𝑁(0, 𝛿2) denotes the normal distribution with the
mean value 0 and variance 𝛿2; 𝑁(0, 1) denotes the standard
normal distribution.

If the pollination activities involve local pollination, then
pollen are spread to a local neighbor, and the model can be
formulated with Rules 2 and 3 as follows:

𝑆𝑋𝑡+1𝑖 = 𝑆𝑋𝑡𝑖 + 𝜉 (𝑆𝑋𝑡𝑗 − 𝑆𝑋𝑡𝑘) , (6)

where 𝑆𝑋𝑗 and 𝑆𝑋𝑘 are the pollen randomly selected from
different flowers in the same plant, where 𝑗 and 𝑘 ∈{1, . . . ,NP} and 𝜉 is a 𝐷-dimensional random vector in[0, 1]𝐷. In addition, fromRule 4, the two pollination activities
occur randomly and are determined by a probability 𝑝. In
other words, if a random value rand in [0, 1] is smaller than𝑝, then global pollination is conducted, otherwise, vice versa.
The flowchart of the FPA is shown in Figure 1.

4. OCFPA

4.1. Orthogonal Experimental Design. It is assumed that an
experimental system contains 𝐹 factors and 𝑄 levels per
factor. To obtain the best combination of levels from each
factor, the direct method is used to assess the overall 𝑄𝐹
combinations. However, the calculation cost of this process is
relatively high, particularly when𝐹 and𝑄 are large. Although
OED can achieve this purpose by testing only a smaller
number of experiments, OED is performed based on an
orthogonal array (OA) and factor analysis (FA) [29].

The OA denoted by 𝐿𝑀(𝑄𝐹) is used to create the𝑀most
representative combinations for OED, where 𝐿 represents the
OA, 𝑀 = 𝑄𝐽, and 𝐽 is a minimum integer that satisfies(𝑄𝐽 − 1)/(𝑄 − 1) = 𝐹. Additionally, the OA is constructed
by generating the basic columns and nonbasic columns; the
detailed procedures are given in [24]. In thiswork, an example
of OA 𝐿8(26) is shown in (7). It is clear that there are 6
factors (column number), two levels per factor (1 or 2), and 8
combinations (row number).

𝐿8 (26) =

[[[[[[[[[[[[[[[[[
[

1 1 1 1 1 1
1 1 1 2 2 2
1 2 2 1 1 2
1 2 2 2 2 1
2 1 2 1 2 1
2 1 2 2 1 2
2 2 1 1 2 2
2 2 1 2 1 1

]]]]]]]]]]]]]]]]]
]

. (7)

To more clearly illustrate the use of OED, a four-
dimensional SumSqurare function, that is, 𝑅 = 𝐴2 + 2𝐵2 +3𝐶2 + 4𝐷2, is chosen as a test case. In this case, there are four
factors (designated 𝐴, 𝐵, 𝐶, and 𝐷), and each factor has two
levels: [𝐴1, 𝐵1, 𝐶1, 𝐷1] = [2 8 3 1] and [𝐴2, 𝐵2, 𝐶2, 𝐷2] =[5 3 5 7]. Because a subarray of an OA is also an OA, the
first four columns of 𝐿8(26) are chosen as the OA of this case.
In Table 1, each row corresponds to a combination such as𝐴1, 𝐵1, 𝐶1, and 𝐷1 in combination 1 or 𝐴1, 𝐵1, 𝐶1, and 𝐷2
in combination 2. Thus, 8 combinations are constructed by
combining the various levels of the factors based on the OA.
All combinations are tested based on the function formula,
and the evaluation results𝑅OA : {𝑅1, 𝑅2, . . . , 𝑅8} are also given
in Table 1.

FA is used to further measure the average effect of each
level at each factor based on the evaluation results 𝑅OA. The
FA can effectively obtain the most beneficial level at each
factor and then may predict one better combination of levels.
The average effect𝐸𝑔𝑘 of level 𝑘 of factor 𝑔 is computed by the
following formula:

𝐸𝑔𝑘 = ∑
𝑀
𝑖=1 𝑅𝑖𝑤𝑖𝑔𝑘
∑𝑀𝑖=1 𝑤𝑖𝑔𝑘 , (8)

where 𝑅𝑖 is the evaluation result of combination 𝑖, and if the
level of factor 𝑔 in combination 𝑖 is 𝑘, 𝑤𝑖𝑔𝑘 = 1; otherwise,𝑤𝑖𝑔𝑘 = 0. For a minimization problem, the smaller the value
of 𝐸𝑔𝑘 is, the better the level 𝑘 is at factor 𝑔. The procedure
of FA in this case is shown in Table 2. We can see that a new
combination [𝐴1, 𝐵2, 𝐶1, 𝐷1] = [2, 3, 3, 1] in the FA result is
discovered by choosing the level with a smaller 𝐸𝑔𝑘 at each
factor, and, apparently, the evaluation result 𝑅FA is superior
to 𝑅OA.

4.2. OL Strategy. In the local pollination operator, the
exploitation ability of differential search patterns is limited
[30]. To enhance the performance, an OL strategy based on
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Figure 1: Flowchart of the FPA.

Table 1: OA of the test case.

Combination Factors 𝑅OA𝐴 𝐵 𝐶 𝐷
(1) 𝐴1(2) 𝐵1(8) 𝐶1(3) 𝐷1(1) 𝑅1 = 163
(2) 𝐴1(2) 𝐵1(8) 𝐶1(3) 𝐷2(7) 𝑅2 = 355
(3) 𝐴1(2) 𝐵2(3) 𝐶2(5) 𝐷1(1) 𝑅3 = 101
(4) 𝐴1(2) 𝐵2(3) 𝐶2(5) 𝐷2(7) 𝑅4 = 293
(5) 𝐴2(5) 𝐵1(8) 𝐶2(5) 𝐷1(1) 𝑅5 = 232
(6) 𝐴2(5) 𝐵1(8) 𝐶2(5) 𝐷2(7) 𝑅6 = 424
(7) 𝐴2(5) 𝐵2(3) 𝐶1(3) 𝐷1(1) 𝑅7 = 74
(8) 𝐴2(5) 𝐵2(3) 𝐶1(3) 𝐷2(7) 𝑅8 = 266

Table 2: FA of the test case.

Factor Level 𝐸𝑔𝑘 FA result 𝑅𝐹𝐴
A 2 (𝑅1 + 𝑅2 + 𝑅3 + 𝑅4)/4 = 228 2 (𝐴1)

53

5 (𝑅5 + 𝑅6 + 𝑅7 + 𝑅8)/4 = 249

B 8 (𝑅1 + 𝑅2 + 𝑅5 + 𝑅6)/4 = 293.5 3 (𝐵2)3 (𝑅3 + 𝑅4 + 𝑅7 + 𝑅8)/4 = 183.5

C 3 (𝑅1 + 𝑅2 + 𝑅7 + 𝑅8)/4 = 214.5 3 (𝐶1)5 (𝑅3 + 𝑅4 + 𝑅5 + 𝑅6)/4 = 262.5

D 1 (𝑅1 + 𝑅3 + 𝑅5 + 𝑅7)/4 = 142.5 1 (𝐷1)7 (𝑅2 + 𝑅4 + 𝑅6 + 𝑅8)/4 = 334.5
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OED is incorporated into the local search phase.Themotiva-
tion for this choice is that by applying the principle of OED,
OL can systematically and reasonably combine the useful
information on each dimension from various individuals,
and a high-quality solution can be implemented to effectively
guide the population towards a promising search direction.

To add sufficient information to the search, the OL
strategy should act on three individuals: one is the current
best individual 𝑔𝑏𝑒𝑠𝑡 used to supply the advanced guidance
information, and the other two are the current individual𝑆𝑋𝑖 and a randomly selected individual 𝑆𝑋𝑘, which are used
to share their search experiences and enrich the diversity of
information. Thus, a novel local update method of 𝑆𝑋𝑖 is
formed based on the OL strategy as follows:

𝑆𝑋𝑡𝑖 = OED (𝑆𝑋𝑡𝑖 , 𝑔𝑏𝑒𝑠𝑡, 𝑆𝑋𝑡𝑘) . (9)

In OL, the factor number 𝐹 corresponds to the problem
dimensionality 𝐷, and the level number 𝑄 in each factor is
equal to the number of the selected individuals, that is, 3.
Once the OL strategy is implemented, the value 𝑙V𝑑𝑖 of level𝑖 (𝑖 = 1, 2, 3) at dimension 𝑑 can be determined:

𝑙V𝑑1 = 𝑆𝑋𝑖𝑑,
𝑙V𝑑2 = 𝑔𝑏𝑒𝑠𝑡𝑑,
𝑙V𝑑3 = 𝑆𝑋𝑘𝑑.

(10)

Subsequently, 𝑀 candidate solutions 𝐶 are generated based
on OA 𝐿𝑀(3𝐷) as follows:

𝐶1 = (𝑙V11, 𝑙V21, . . . , 𝑙V𝑑1, . . . , 𝑙V𝐷1)
...

𝐶𝑚 = (𝑙V12, 𝑙V23, . . . , 𝑙V𝑑2, . . . , 𝑙V𝐷2)
...

𝐶𝑀 = (𝑙V13, 𝑙V23, . . . , 𝑙V𝑑3, . . . , 𝑙V𝐷3) .

(11)

The candidate solutions 𝐶 are evaluated by the specified
objective function, and the FA is conducted. The implemen-
tation of the OL strategy is shown in Algorithm 1.

As shown in steps (16)–(21) of Algorithm 1, it should
be noted that each execution of OL increases 𝑀 fitness
evaluations. Taking a 30-dimensional problem, for example,
when OL strategy works on three individuals, there are 34 =
81 solutions to be generated based on OA and then evaluated
by the specified objective function. Therefore, the use of
OL strategy will result in larger computational complexity.
To maintain the computational efficiency at every iteration,
the OL strategy is applied only when the current solution 𝑖
enters into local pollination and the index 𝑖 is equal to the
random integer 𝑢, where 𝑢 ∈ {1, . . . ,NP}. In this manner,
the local exploitation ability can be enhanced with smaller
consumption of computational overhead.

4.3. Catfish Effect Mechanism. In real life, to maintain the
freshness of sardines, fishermen always place catfish into a
sardine pond. The catfish disturb the living environment of
the sardines to activate their survival ability.The catfish effect
is derived from this phenomenon and has been successfully
incorporated into PSO [25, 26].

To avoid the premature convergence in the FPA, the
catfish effect mechanism is introduced to force the worst
individuals to explore new regions and obtain potentially
better candidate solutions. The working principle of this
mechanism is that if the fitness value of the current best
solution has not been enhanced in 𝑛 consecutive iterations,
the worst “sardine” individualsWX in 10% of the population
are replaced with new “catfish” individuals CX. In this paper,
the “catfish” individual is considered an opposition solution
of the “sardine” individual and can be computed as follows:

𝐶𝑋𝑖𝑑 = 𝑙𝑑 + 𝑢𝑑 −𝑊𝑋𝑖𝑑, (12)

where 𝑖 is the index of the “sardine” individuals. The catfish
effect mechanism is shown in Algorithm 2.

4.4. Main Procedure of the OCFPA. By embedding the OL
strategy and catfish effect mechanism into the basic FPA, the
modified method OCFPA is developed. To better demon-
strate our proposed algorithm, the complete pseudocode of
the OCFPA is shown in Algorithm 3.

5. Experimental Verification and Comparisons

To verify the effectiveness of our proposed algorithm, four-
teen benchmark functions [31, 32] were tested. Table 3 lists the
information for each function, including the function name,
scope of variables, optimal solution, and global optimum. As
such, 𝑓01–𝑓07 are unimodal functions used primarily to test
the optimal efficiency, and 𝑓08–𝑓14 are multimodal functions
used primarily to test the ability to escape local optima.
The parameter settings of FPA and OCFPA are 𝛾 = 3
and 𝑝 = 0.8. The number of consecutive iterations 𝑛 in
catfish effect mechanism is set to 7. To guarantee fairness of
comparison, the population size NP and fitness evaluations
FEs are set to 20 and 2 × 105, respectively. All statistical
results are obtained with 30 independent runs using the
involved algorithms. The better results are marked in bold.
The subsequent experiments are executed on a PC with a
3.2 GHz CPU and 2.5GB memory running the Windows XP
operating system.

5.1. Comparison of FPA and OCFPA. This subsection inves-
tigates the improvement degree of our proposed algorithm
against the basic FPA. Table 4 lists the statistical results,
including the mean and standard deviation values (Std), for
the FPA andOCFPA. FromTable 4, the OCFPA is superior to
the FPA on all benchmark functions. In solving the unimodal
functions, the OCFPA finds better solutions than the FPA
on 𝑓01, 𝑓03, 𝑓05, and 𝑓07, and although it is challenging to
find the global optima of 𝑓02 and 𝑓04 due to their complex
function characteristics, the OCFPA still outperforms the
FPA. The results indicate that the OCFPA has excellent
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(01) Input(02) Number of factors (𝐹 =𝐷) and number of levels (𝑄 = 3).(03) Three individuals: 𝑆𝑋𝑖, 𝑔𝑏𝑒𝑠𝑡, 𝑆𝑋𝑘.(04) Objective function 𝑓(solution) of minimization or maximization problems.(05) Number of fitness evaluations FEs = 0.(06)Output(07) OL result.(08) Begin(09) % Construct the OA based on 𝐹 and 𝑄.(10) Compute the minimum integer 𝐽 that satisfies (𝑄𝐽 − 1)/(𝑄 − 1) = 𝐹, then𝑀 = 𝑄𝐽.(11) Construct an OA 𝐿𝑀(3𝐷) based on [24].(12) % Compute the value of each level at each dimension by using (10).(13) For 𝑑 = 1 : 𝐷(14) 𝑙V𝑑1 = 𝑆𝑋𝑖𝑑; 𝑙V𝑑2 = 𝑔𝑏𝑒𝑠𝑡𝑑; 𝑙V𝑑3 = 𝑆𝑋𝑘𝑑.(15) End for(16) Generate𝑀 solutions 𝐶1, . . . , 𝐶𝑚, . . . , 𝐶𝑀 based on 𝐿𝑀(3𝐷).(17) The𝑀 solution vectors are formulated as Equation (11).(18) % Evaluate the𝑀 solutions with objective function𝑓.(19) The𝑀 results are: 𝑓(𝐶1), . . . , 𝑓(𝐶𝑚), . . . , 𝑓(𝐶𝑀).(20) % Accumulate the number of fitness evaluations.(21) FEs = FEs +𝑀.(22) % Choose the best solution 𝐶𝑂𝐴.(23) 𝐶OA = argmin or max[𝑓(𝐶1), . . . , 𝑓(𝐶𝑚), . . . , 𝑓(𝐶𝑀)].(24) % Compute the average effect 𝐸𝑑𝑘 of each level 𝑘(1, 2, 3) at each dimension 𝑑.(25) For 𝑑 = 1 : 𝐷(26) % Find the row index that having the same level at dimension d based on OA.(27) % Compute the mean value of fitness results according to the index vector.(28) Index 1 = find (OA(:, 𝑑) == 1), 𝐸𝑑1 = mean(𝑓(Index 1));(29) Index 2 = find (OA(:, 𝑑) == 2), 𝐸𝑑2 = mean(𝑓(Index 2));(30) Index 3 = find (OA(:, 𝑑) == 3), 𝐸𝑑3 = mean(𝑓(Index 3));(31) Compare 𝐸𝑑1, 𝐸𝑑2, 𝐸𝑑3, select the most beneficial level 𝑘 at dimension 𝑑.(32) End for(33) Construct 𝐶FA by combining all the most beneficial level values 𝑙V𝑑𝑘.(34) Compare 𝐶OA and 𝐶FA, and choose the best one as the OL result.(35) End
Algorithm 1: OL strategy.

Table 3: Benchmark functions.

𝑓 Function name Scope Optimal solution Optimum
𝑓01 Sphere function [−100, 100]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓02 Quartic function with noise [−1.28, 1.28]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓03 High conditioned elliptic function [−100, 100]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓04 Rosenbrock function [−30, 30]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓05 Schwefel problem 2.22 function [−10, 10]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓06 Step function [−100, 100]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓07 Dixon-price function [−10, 10]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓08 Schwefel function [−500, 500]D 𝑆𝑋∗ = (420.9687, . . . , ) −418.9829D
𝑓09 Rastrigin function [−5.12, 5.12]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓10 Griewank function [−600, 600]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓11 Ackley function [−32, 32]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓12 Noncontinuous rastrigin function [−5.12, 5.12]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓13 Generalized penalized function 1 [−10, 10]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
𝑓14 Generalized penalized function 2 [−10, 10]D 𝑆𝑋∗ = (0, 0, . . . , 0) 0
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(01) Input(02) Number of population NP, population dimensionality𝐷.(03) Current iteration number 𝑡, current iterative population 𝑆𝑋.(04) Objective function 𝑓(𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛) of minimization or maximization problems.(05) The storage vector 𝑓𝑏𝑒𝑠𝑡 of historical best fitness.(06) Consecutive iteration number 𝑛.(07)Output(08) “Catfish” individuals CX.(09) Begin(10) If 𝑡 > 𝑛(11) %The global best individual has not improved in 𝑛 consecutive iterations.(12) If min(𝑓(𝑆𝑋)) − 𝑓𝑏𝑒𝑠𝑡(𝑡 − 𝑛) == 0(13) % Sort the population from good to bad based on fitness.(14) [sort f, sort ind] = sort(𝑓(SX)).(15) % Choose 10% worst individuals as WX based on sort ind.(16) WX = SX(sort ind (0.9NP + 1 : NP), :).(17) % Generate the “catfish” individuals CX by using (12).(18) For 𝑖 = 1 to the number ofWX(19) For 𝑑 = 1 : 𝐷(20) 𝐶𝑋𝑖𝑑 = 𝑙𝑑 + 𝑢𝑑 −𝑊𝑋𝑖𝑑.(21) End for(22) End for(23) Compute the fitness value 𝑓(𝐶𝑋𝑖).(24) End if(25) Replace all the worst individualsWX with “catfish” individuals 𝐶𝑋.(26) End if(27)End
Algorithm 2: Catfish effect mechanism.

Table 4: Comparison of the FPA and OCFPA (𝐷 = 30).
𝑓 FPA OCFPA

Mean Std Mean Std
𝑓01 1.56E − 25 3.20E − 25 1.09E − 86 3.27E − 86
𝑓02 3.37E − 02 1.56E − 02 1.70E − 03 9.08E − 04
𝑓03 6.89E − 22 2.10E − 21 2.09E − 81 7.67E − 81
𝑓04 2.41E + 01 1.81E + 01 1.08E + 01 7.11E + 00
𝑓05 5.51E − 17 6.12E − 17 2.38E − 47 6.13E − 47
𝑓06 0 0 0 0
𝑓07 5.94E − 21 3.25E − 20 1.36E − 86 4.54E − 86
𝑓08 −10308 4.92E + 02 −12569 4.05E − 12
𝑓09 4.12E + 01 9.59E + 00 0 0
𝑓10 1.40E − 03 3.20E − 03 0 0
𝑓11 8.21E − 01 6.40E − 01 4.32E − 15 6.49E − 16
𝑓12 2.22E + 01 5.08E + 00 0 0
𝑓13 1.35E − 27 2.01E − 27 1.61E − 32 1.18E − 33
𝑓14 1.47E − 24 7.99E − 24 2.09E − 32 4.56E − 32

exploitation ability and optimal efficiency. In addition, for
multimodal functions 𝑓08–𝑓14 with many local optima, the
OCFPA achieves global or near-global optimal solutions and
surpasses the FPA in accuracy and robustness. This result
indicates that the OCFPA can avoid local convergence and
obtain more accurate solutions. In short, the comparative
results illustrate that our proposed algorithm has a faster

optimal speed and can converge to a higher accuracy than
the basic FPA.

5.2. Influence of Two Strategies. We introduced the OL
strategy and catfish effect mechanism to enhance the search
ability of the FPA.Therefore, it is necessary to analyze the con-
tribution of each strategy to the optimization performance.
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(01) Input(02) Pollen 𝑆𝑋.(03) Objective function 𝑓(𝑆𝑋) of minimization or maximization problems.(04) Number of pollen (NP), number of fitness evaluations (FEs).(05) Switch probability (𝑝), step factor (𝛾).(06)Output(07) Global best pollen (𝑔𝑏𝑒𝑠𝑡).(08) Begin(09) % Initialize the population of pollen randomly.(10) For 𝑖 = 1 to number of pollen (NP)(11) 𝑆𝑋𝑖 = Lower + 𝑅V(Upper − Lower).(12) Compute the fitness value 𝑓(𝑆𝑋𝑖) and store it.(13) End for(14) The pollen with the best fitness value is chosen as the current best pollen.(15) While (the maximum number of fitness evaluations is not reached)(16) Draw a random integer u ∈ {1, . . .,NP}.(17) For 𝑖 = 1 to number of pollen (NP)(18) If a random number in [0, 1] < switch probability (p)(19) % conduct global pollination.(20) 𝑆𝑋𝑡+1𝑖 = 𝑆𝑋𝑡𝑖 + 𝛾𝐿(𝜆) (𝑔𝑏𝑒𝑠𝑡–𝑆𝑋𝑡𝑖 ).(21) Else(22) % conduct local pollination.(23) If i∼ = u(24) Draw a random vector 𝜉 ∈ [0, 1]𝐷.(25) Draw two random integers j and 𝑘 ∈ {1, . . . ,NP}.(26) 𝑆𝑋𝑡+1𝑖 = 𝑆𝑋𝑡𝑖 + 𝜉(𝑆𝑋𝑡𝑗–𝑆𝑋𝑡𝑘).(27) Else(28) Generate SXt+1
i by Performing OL strategy according to Algorithm 1.(29) End if(30) End if(31) Compute the fitness value 𝑓(𝑆𝑋𝑖).(32) Update 𝑆𝑋𝑖 if the current individual is superior to its previous one.(33) End for(34) Find the pollen with the best fitness in the population.(35) Update 𝑔𝑏𝑒𝑠𝑡 if the current best pollen beats the previous best pollen.(36) Perform catfish effect mechanism according to Algorithm 2.(37) Return to the next generation until stop criterion is reached.(38) End while(39) Output 𝑔𝑏𝑒𝑠𝑡.(40) End

Algorithm 3: The pseudocode of the OCFPA.

To accomplish this aim, two strategies are combined with
the FPA, namely, the OL-based FPA (OFPA) and the catfish-
effect-based FPA (CFPA).

Table 5 shows the experimental results of the OFPA,
CFPA, and OCFPA in the form of “mean (standard devi-
ation).” Relative to the OFPA, the OCFPA is superior on
13 functions except for 𝑓04. The results indicate that it is
unlikely that the OL strategy will enhance the quality of the
solution once the algorithmbecomes trapped in local optima,
because OL mainly serves to recombine various pieces of
information and is incapable of exploring new regions to find
more valuable information. With respect to the CFPA, the
OCFPA is clearly superior on 10 functions, but for 𝑓06, 𝑓10,
and 𝑓11, the optimization performances of the CFPA and
OCFPA are equivalent. This result implies that the catfish

effect mechanism has the ability to expand the search space
to obtain a more promising candidate solution.

By analyzing the experimental results from Table 5, it
can be concluded that the mutual interaction of the two
strategies is beneficial to OCFPA performance. In detail, the
catfish effect mechanism can explore the new search space
and supply valuable individuals for the OL strategy, and the
OL strategy can take full advantage of the useful information
to acquire a high-precision solution.

5.3. Influence of Population Size. To study the influence
of different population sizes on the search ability of our
proposed algorithm, the FPA and OCFPA with NP = 20, 50,
80, and 100 are implemented in comparative experiments.
The results of these four cases are listed in the form of
“mean (standard deviation)” in Table 6. It is clear that, for
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Table 5: Comparison of the OFPA, CFPA, and OCFPA (𝐷 = 30).
𝑓 OFPA CFPA OCFPA
𝑓01 2.31E − 58 (1.26E − 57) 1.18E − 51 (1.74E − 51) 1.09E − 86 (3.27E − 86)
𝑓02 3.17E − 02 (1.71E − 02) 1.20E − 02 (4.72E − 04) 1.70E − 03 (9.08E − 04)
𝑓03 1.98E − 70 (9.05E − 70) 5.52E − 48 (6.79E − 48) 2.09E − 81 (7.67E − 81)
𝑓04 2.13E + 00 (2.02E − 00) 2.38E + 01 (3.02E − 01) 1.08E + 01 (7.11E + 00)
𝑓05 7.99E − 02 (2.15E − 01) 5.66E − 26 (6.88E − 26) 2.38E − 47 (6.13E − 47)
𝑓06 4.33E − 01 (1.65E + 00) 0 (0) 0 (0)
𝑓07 1.14E − 13 (6.26E − 13) 1.32E − 52 (1.65E − 32) 1.36E − 86 (4.54E − 86)
𝑓08 −12712 (2.15E + 02) −9922.6 (5.49E + 02) −12569 (4.05E − 12)
𝑓09 9.88E + 00 (3.23E + 00) 2.21E + 01 (2.11E + 01) 0 (0)
𝑓10 5.62E − 02 (5.98E − 02) 0 (0) 0 (0)
𝑓11 3.45E + 00 (1.38E + 00) 4.32E − 15 (6.49E − 16) 4.32E − 15 (6.49E − 16)
𝑓12 7.67E + 00 (2.78E + 00) 2.21E + 01 (7.20E + 00) 0 (0)
𝑓13 1.39E − 13 (7.61E − 13) 5.14E − 24 (2.70E − 23) 1.61E − 32 (1.18E − 33)
𝑓14 3.96E − 02 (1.83E − 01) 3.00E − 03 (1.65E − 02) 2.09E − 32 (4.56E − 32)

Table 6: Comparison of different population sizes (𝐷 = 30, FEs = 2 × 105).

𝑓 NP = 20 NP = 50
FPA OCFPA FPA OCFPA

𝑓01 1.56E − 25 (3.20E − 25) 1.09E − 86 (3.27E − 86) 1.26E − 12 (6.73E − 13) 1.69E − 35 (5.05E − 35)
𝑓02 3.37E − 02 (1.56E − 02) 1.70E − 03 (9.08E − 04) 1.44E − 02 (4.40E − 03) 5.60E − 03 (2.00E − 03)
𝑓03 6.89E − 22 (2.10E − 21) 2.09E − 81 (7.67E − 81) 2.53E − 09 (1.56E − 09) 1.41E − 32 (2.87E − 32)
𝑓04 2.41E + 01 (1.81E + 01) 1.08E + 01 (7.11E + 00) 1.97E + 01 (2.52E + 00) 1.04E + 01 (1.13E + 01)
𝑓05 5.51E − 17 (6.12E − 17) 2.38E − 47 (6.13E − 47) 3.70E − 07 (1.40E − 07) 3.11E − 20 (6.40E − 20)
𝑓06 0 (0) 0 (0) 0 (0) 0 (0)
𝑓07 5.94E − 21 (3.25E − 20) 1.36E − 86 (4.54E − 86) 1.60E − 13 (7.74E − 14) 5.87E − 37 (1.62E − 36)
𝑓08 −10308 (4.92E + 02) −12569 (4.05E − 12) −8989.7 (3.33E + 02) −12569 (2.07E − 01)
𝑓09 4.12E + 01 (9.59E + 00) 0 (0) 5.76E + 01 (9.18E + 00) 0 (0)
𝑓10 1.40E − 03 (3.20E − 03) 0 (0) 2.85E − 08 (8.15E − 08) 0 (0)
𝑓11 8.21E − 01 (6.40E − 01) 4.32E − 15 (6.49E − 16) 2.62E − 04 (3.11E − 04) 2.56E − 12 (2.05E − 12)
𝑓12 2.22E + 01 (5.08E + 00) 0 (0) 4.63E + 01 (7.92E + 00) 0 (0)
𝑓13 1.35E − 27 (2.01E − 27) 1.61E − 32 (1.18E − 33) 6.41E − 12 (1.23E − 11) 1.57E − 32 (6.24E − 35)
𝑓14 1.47E − 24 (7.99E − 24) 2.09E − 32 (4.56E − 32) 7.05E − 13 (8.28E − 13) 1.69E − 35 (5.05E − 35)

𝑓 NP = 80 NP = 100
FPA OCFPA FPA OCFPA

𝑓01 4.14E − 07 (1.32E − 07) 3.62E − 20 (7.87E − 20) 5.37E − 05 (1.83E − 05) 2.62E − 15 (3.61E − 15)
𝑓02 2.40E − 02 (4.50E − 03) 1.29E − 02 (4.70E − 03) 3.20E − 02 (8.60E − 03) 1.74E − 02 (6.00E − 03)
𝑓03 1.10E − 03 (5.27E − 04) 7.69E − 17 (1.71E − 16) 1.25E − 01 (3.22E − 02) 8.32E − 12 (1.62E − 11)
𝑓04 2.22E + 01 (2.85E + 00) 6.32E + 00 (6.09E + 00) 2.49E + 01 (2.99E + 00) 1.32E + 01 (9.82E + 00)
𝑓05 4.09E − 04 (1.01E − 04) 5.74E − 12 (6.91E − 12) 5.40E − 03 (9.98E − 04) 1.02E − 08 (1.93E − 08)
𝑓06 0 (0) 0 (0) 0 (0) 0 (0)
𝑓07 5.95E − 08 (2.26E − 08) 1.86E − 21 (4.71E − 21) 6.39E − 06 (1.83E − 06) 7.03E − 16 (1.46E − 15)
𝑓08 −8711.7 (3.47E + 02) −12569 (2.80E − 12) −8518.8 (2.52E + 02) −12569 (2.62E − 04)
𝑓09 6.94E + 01 (1.02E + 01) 2.77E − 11 (1.52E − 10) 6.86E + 01 (1.06E + 01) 6.43E − 10 (3.46E − 09)
𝑓10 2.02E − 05 (3.37E − 05) 3.56E − 14 (8.80E − 14) 5.59E − 04 (2.40E − 04) 7.72E − 06 (4.17E − 05)
𝑓11 8.53E − 02 (6.44E − 02) 1.97E − 06 (2.01E − 06) 6.22E − 01 (3.38E − 01) 1.01E − 04 (4.85E − 05)
𝑓12 5.75E + 01 (8.36E + 00) 1.18E − 15 (5.51E − 15) 6.26E + 01 (7.58E + 00) 4.07E − 11 (1.67E − 10)
𝑓13 1.08E − 06 (9.97E − 07) 4.68E − 21 (9.92E − 21) 3.12E − 05 (2.54E − 05) 5.42E − 16 (1.03e − 15)
𝑓14 1.01E − 06 (7.37E − 07) 8.25E − 19 (3.03E − 18) 1.30E − 04 (7.19E − 05) 2.10E − 13 (3.02E − 13)
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Table 7: Comparison of different dimensions (NP = 20).

𝑓 𝐷 = 10/FEs = 1 × 105 𝐷 = 50/FEs = 3 × 105

FPA OCFPA FPA OCFPA
𝑓01 4.69E − 37 (2.17E − 36) 3.06E − 76 (1.48E − 75) 1.06E − 25 (1.23E − 25) 8.84E − 63 (2.25E − 62)
𝑓02 3.20E − 03 (1.70E − 03) 1.20E − 03 (5.71E − 04) 9.16E − 02 (3.36E − 02) 2.10E − 03 (9.92E − 04)
𝑓03 1.09E − 34 (2.89E − 34) 1.58E − 73 (4.13E − 73) 9.09E − 22 (2.67E − 21) 1.23E − 58 (4.42E − 58)
𝑓04 1.32E + 01 (7.27E − 01) 1.33E − 01 (7.27E − 01) 7.68E + 01 (3.64E + 01) 3.65E + 01 (1.25E + 01)
𝑓05 6.49E − 20 (1.12E − 19) 4.92E − 43 (1.15E − 42) 6.15E − 18 (4.15E − 18) 7.85E − 33 (3.97E − 32)
𝑓06 0 (0) 0 (0) 0 (0) 0 (0)
𝑓07 2.83E − 38 (1.15E − 38) 6.13E − 77 (3.03E − 76) 3.19E − 26 (4.74E − 26) 5.75E − 62 (3.11E − 61)
𝑓08 −4143.8 (6.12E + 01) −4189.8 (2.77E − 12) −15278 (9.06E + 02) −20949 (3.43E − 01)
𝑓09 2.77E + 00 (9.58E − 01) 0 (0) 8.04E + 01 (1.96E + 01) 0 (0)
𝑓10 5.35E − 02 (3.32E − 02) 0 (0) 2.70E − 03 (4.70E − 03) 0 (0)
𝑓11 7.70E − 02 (2.93E − 01) 4.20E − 15 (9.01E − 16) 1.44E + 00 (4.44E − 01) 4.32E − 15 (6.48E − 16)
𝑓12 2.81E + 00 (1.02E + 00) 0 (0) 5.41E + 01 (2.43E + 01) 0 (0)
𝑓13 4.83E − 32 (5.31E − 33) 4.72E − 32 (2.95E − 34) 4.10E − 03 (2.27E − 02) 8.15E − 19 (4.46E − 18)
𝑓14 5.49E − 33 (4.22E − 33) 3.12E − 33 (8.38E − 33) 3.00E − 03 (1.65E − 02) 4.25E − 33 (8.76E − 33)

𝑓 𝐷 = 75/Fes = 4.5 × 105 𝐷 = 100/FEs = 6 × 105

FPA OCFPA FPA OCFPA
𝑓01 6.30E − 28 (2.09E − 27) 1.57E − 91 (5.32E − 91) 3.07E − 30 (3.79E − 30) 1.10E − 118 (5.90E − 118)
𝑓02 1.64E − 01 (3.86E − 02) 1.40E − 03 (8.59E − 04) 2.60E − 01 (6.04E − 02) 1.30E − 03 (9.24E − 04)
𝑓03 5.17E − 25 (5.90E − 25) 1.11E − 85 (6.09E − 85) 7.28E − 27 (7.76E − 27) 2.9E − 117 (1.0E − 116)
𝑓04 1.48E + 02 (5.53E + 01) 5.79E + 01 (1.61E + 01) 1.91E + 02 (5.37E + 01) 6.87E + 01 (2.75E + 01)
𝑓05 1.67E − 20 (7.22E − 21) 6.12E − 50 (1.85E − 49) 1.92E − 22 (7.67E − 23) 4.74E − 65 (2.08E − 64)
𝑓06 0 (0) 0 (0) 0 (0) 0 (0)
𝑓07 9.11E − 29 (1.46E − 28) 1.11E − 91 (5.82E − 91) 1.88E − 29 (9.77E − 29) 4.91E − 119 (2.72E − 118)
𝑓08 −22236 (1.54E + 03) −31424 (5.36E − 01) −29152 (1.68E + 03) −41898 (5.16E − 02)
𝑓09 1.43E + 02 (3.28E + 01) 0 (0) 1.75E + 02 (4.11E + 01) 0 (0)
𝑓10 4.00E − 03 (1.35E − 02) 0 (0) 2.50E − 03 (8.00E − 03) 0 (0)
𝑓11 1.63E + 00 (2.62E − 01) 4.32E − 15 (6.48E − 16) 2.07E + 01 (3.14E − 01) 4.32E − 15 (6.48E − 16)
𝑓12 6.08E + 01 (1.19E + 01) 0 (0) 7.99E + 01 (2.19E + 01) 0 (0)
𝑓13 1.40E − 03 (7.60E − 03) 6.95E − 33 (6.54E − 33) 2.10E − 03 (7.90E − 03) 3.82E − 25 (1.93E − 24)
𝑓14 3.40E − 03 (1.85E − 02) 2.07E − 30 (1.04E − 29) 9.40E − 03 (2.88E − 02) 2.57E − 33 (3.52E − 33)

𝑓01–𝑓14, the OCFPA performs better than the FPA on the
four cases. However, we note that the optimal accuracy of the
FPA andOCFPA exhibits downward trends as the population
size increases. The comparison results reflect the fact that
a population size that is too large can result in a rapid
consumption of fitness evaluations and prevent the algorithm
fromobtaining the global optimum. By contrast, a population
that is too small can also have a negative influence on the
search ability owing to the reduction in population diversity.
Therefore, choosing a proper population size for various
complex problems is a key step in achieving a better optimal
effect.

5.4. Influence of Problem Dimensionality. The complexity of
the problem increases with larger dimensions. Therefore,
the optimization performance of OCFPA was investigated in
different dimensionality situations. As shown in Table 7, the
experiment involved four cases of 𝐷 = 10/FEs = 1 × 105, 𝐷 =
50/FEs = 3 × 105, 𝐷 = 75/FEs = 4.5 × 105, and 𝐷 = 100/FEs

= 6 × 105. The simulation results show that, for the four
different dimensions, both the FPA and OCFPA can find the
optimal solution 0 on 𝑓06 but that the OCFPA outperforms
the FPA on the other remaining 13 functions. Furthermore,
the convergence accuracies and optimal speeds of OCFPA in
the four cases are considerable. These results prove that the
introduction of these two strategies significantly improves the
search ability of FPA, even when solving high-dimensional
optimization problems.

5.5. Comparison with Several Evolutionary Algorithms. To
further demonstrate the superiority of the OCFPA, several
advanced evolutionary algorithms are introduced for com-
parison on the benchmark functions with 𝐷 = 30, including
CS [7], GSA [33], CMAES [34], OXDE [35], SGHS [36], and
CLPSO [37].The related parameters of these algorithms are in
accordance with the references [7, 33–37]. Tables 8 and 9 list
the results in the form of “Mean/(Std)/Rank.” The ranking of
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Figure 2: Iterative curves on 𝑓01, 𝑓02, 𝑓05, and 𝑓07.

the performance of OCFPA and the other algorithms is based
on the mean and Std values.

The comparative results of OCFPA and six competitors
on the unimodal functions are presented in Table 8. The
OCFPA has a better global optimization ability than the other
algorithms on 𝑓01, 𝑓02, 𝑓03, 𝑓05, and 𝑓07. For 𝑓04, the OCFPA
surpasses the CS, GSA, SGHS, and CLPSO methods but is
surpassed by the CMAES and OXDE methods. For 𝑓06, all
algorithms converge to the optimal solution 0.

Table 9 lists the comparative results on seven multimodal
functions; for𝑓08,𝑓09, and𝑓12, theOCFPAachieves the global
optimal solutions and outperforms the other algorithms. For𝑓10, both the OCFPA and CLPSO converge to the global
optimum 0 and outperform the other five algorithms. For𝑓11, the OCFPA surpasses the other algorithms in terms of
search accuracy and robustness. For 𝑓13 and 𝑓14, CLPSO
performs slightly better than the OCFPA, but we can observe
that CLPSO,OCFPA, andOXDEon𝑓13 andCLPSO,OCFPA,
OXDE, and CMAES on 𝑓14 achieve the same order of
magnitude of accuracy.

To more intuitively reflect the optimal effect, Figures 2
and 3 show the iterative curves of the OCFPA compared
with those of the competitors on several functions. The
comparative results illustrate that the OCFPA is superior to
these advanced intelligent algorithms in terms of convergence
speed and accuracy on most functions.

Figures 4 and 5 show the box-and-whisker plots of the
optimal solution set of 30 independent runs on unimodal

functions𝑓01,𝑓02,𝑓05, and𝑓07 andmultimodal functions𝑓08,𝑓09, 𝑓10, and 𝑓11. We note that our proposed algorithm has
fewer outliers and that the dispersion degree is lower than that
of the other algorithms, indicating that the proposed OCFPA
has excellent stability characteristics.

5.6. Nonparametric Statistical Analysis. In this section, the
Wilcoxon sign-rank test [38, 39], a nonparametric statistic
technique, is introduced for pairwise comparison of the
significant difference of OCFPA against other state-of-that-
art competitors on the final results over 30 independent runs.
The significance level 𝛼 is fixed at 0.05. In Table 10, the𝑝 value
is compared with 𝛼 to evaluate the significance of the results;𝑅+ denotes the sum of ranks for which OCFPA outperforms
other competitors, and 𝑅− indicates the inverse relation; “+,”
“=,” and “−” denote that OCFPA is superior, equivalent, or
inferior to the compared algorithm, respectively, and “𝑤/𝑡/𝑙”
is used to count the number of OCFPA wins on 𝑤, ties
on 𝑡, and loses on 𝑙 functions against the corresponding
competitor.

From Table 10, we observe that, for “CS versus OCFPA,”
“GSA versus OCFPA,” and “SGHS versus OCFPA,” the 𝑝 val-
ues are much smaller than 0.05 on 13 functions. For “CMAES
versus OCFPA” and “OXDE versus OCFPA,” CMAES and
OXDE surpass OCFPA only on 𝑓04. For “CLPSO versus
OCFPA,” OCFPA is inferior to CLPSO only on 𝑓13 and 𝑓14.
In summary, from the “𝑤/𝑡/𝑙” results, we can conclude that
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Table 8: Comparison of OCFPA with evolutionary algorithms on unimodal functions (𝐷 = 30).
𝑓 CS GSA CMAES OXDE SGHS CLPSO OCFPA

𝑓01
Mean 6.64E − 32 1.27E − 16 1.57E − 29 3.32E − 61 1.47E − 10 2.61E − 40 1.09E − 86
Std (1.41E − 31) (4.04E − 17) (2.22E − 30) (8.22E − 61) (8.53E − 11) (3.43E − 40) (3.27E − 86)
Rank 4 6 5 2 7 3 1

𝑓02
Mean 1.23E − 01 6.10E − 02 3.97E − 02 1.17E − 02 7.20E − 03 3.90E − 03 1.70E − 03
Std (5.79E − 02) (1.50E − 02) (1.32E − 02) (7.90E − 03) (3.40E − 03) (1.10E − 03) (9.08E − 04)
Rank 7 5 6 4 3 2 1

𝑓03
Mean 1.16E − 27 3.33E + 03 5.73E − 24 2.41E − 58 2.97E − 02 1.42E − 38 2.09E − 81
Std (3.92E − 27) (2.77E + 03) (4.72E − 25) (4.68E − 58) (1.27E − 01) (1.65E − 38) (7.67E − 81)
Rank 4 7 5 2 6 3 1

𝑓04
Mean 2.70E + 01 2.29E + 01 2.65E − 01 7.97E − 01 9.23E + 01 2.93E + 01 1.08E + 01
Std (3.35E + 01) (2.34E + 01) (1.01E + 00) (1.62E + 00) (2.34E + 02) (2.72E + 01) (7.11E + 00)
Rank 5 4 1 2 7 6 3

𝑓05
Mean 7.47E − 20 5.32E − 08 1.38E − 02 1.11E − 37 4.61E − 05 7.89E − 26 2.38E − 47
Std (3.42E − 19) (7.64E − 09) (5.85E − 02) (1.80E − 37) (1.17E − 05) (5.70E − 26) (6.13E − 47)
Rank 4 5 7 2 6 3 1

𝑓06
Mean 0 0 0 0 0 0 0
Std (0) (0) (0) (0) (0) (0) (0)
Rank 1 1 1 1 1 1 1

𝑓07
Mean 4.69E − 33 1.18E − 15 2.90E − 28 7.03E − 60 5.09E − 04 2.54E − 41 1.33E − 87
Std 1.58E − 32 4.09E − 16 3.59E − 29 3.79E − 59 2.80E − 03 3.55E − 41 4.61E − 87
Rank 4 6 5 2 7 3 1
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Figure 3: Iterative curves on 𝑓08, 𝑓09, 𝑓10, and 𝑓11.
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Table 9: Comparison of OCFPA with evolutionary algorithms on multimodal functions (𝐷 = 30).
𝑓 CS GSA CMAES OXDE SGHS CLPSO OCFPA

𝑓08
Mean −11461 −2427.8 −7045.7 −12514 −12547 −12542 −12569
Std (422.65) (515.24) (641.36) (103.09) (124.88) (5.09E + 01) (4.05E − 12)
Rank 5 7 6 4 2 3 1

𝑓09
Mean 1.53E + 01 3.25E + 01 2.38E + 02 1.65E + 01 1.33E − 01 3.32E − 02 0
Std (5.21E + 00) (9.15E + 00) (3.81E + 01) (5.13E + 01) (4.32E − 01) (1.82E − 01) (0)
Rank 4 6 7 5 3 2 1

𝑓10
Mean 1.30E − 02 1.80E − 03 2.46E − 04 1.11E − 02 4. 40E − 02 0 0
Std (1.73E − 02) (4.90E − 03) (1.40E − 03) (1.76E − 02) (4.06E − 02) (0) (0)
Rank 6 4 3 5 7 1 1

𝑓11
Mean 5.61E + 00 9.45E − 09 1.94E + 01 9.16E − 01 1.03E − 05 9.77E − 15 4.32E − 15
Std (1.97E + 00) (1.70E − 09) (2.27E − 01) (8.67E − 01) (3.31E − 06) (2.91E − 15) (6.49E − 16)
Rank 6 3 7 5 4 2 1

𝑓12
Mean 1.80E + 01 4.41E + 01 2.43E + 02 2.19E + 01 2.67E − 01 2.00E − 01 0
Std (7.37E + 00) (9.39E + 00) (4.53E + 01) (5.54E + 00) (6.92E − 01) (4.07E − 01) (0)
Rank 4 6 7 5 3 2 1

𝑓13
Mean 1.04E − 02 3.50E − 03 9.27E − 01 1.64E − 32 2.29E − 12 1.57E − 32 1.61E − 32
Std 3.16E − 02 1.89E − 02 9.96E − 01 1.14E − 33 2.64E − 12 5.56E − 48 1.18E − 33
Rank 6 5 7 3 4 1 2

𝑓14
Mean 4.77E − 02 1.38E − 17 6.05E − 30 3.79E − 32 2.94E − 11 1.50E − 33 2.09E − 32
Std (1.10E − 01) (3.78E − 18) (7.91E − 31) (1.51E − 31) (2.22E − 11) (0) (4.56E − 32)
Rank 7 5 4 3 6 1 2
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Figure 4: Box-and-whisker plot on 𝑓01, 𝑓02, 𝑓05, and 𝑓07.
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Table 10: Statistical analysis using the Wilcoxon sign-rank test.

𝑓 CS versus OCFPA GSA versus OCFPA CMAES versus OCFPA
𝑝 value 𝑅+ 𝑅− Win 𝑝 value 𝑅+ 𝑅− Win 𝑝 value 𝑅+ 𝑅− Win

𝑓01 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓02 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓03 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓04 1.09E − 01 310 155 + 4.44E − 05 431 34 + 1.73E − 06 0 465 −
𝑓05 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓06 1 232.5 232.5 = 1 232.5 232.5 = 1 232.5 232.5 =
𝑓07 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓08 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓09 1.72E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓10 2.90E − 04 419.5 45.5 + 6.79E − 02 289.5 175.5 + 3.17E − 01 247.5 217.5 =
𝑓11 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓12 1.72E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓13 4.49E − 06 455.5 9.5 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓14 3.07E − 06 459 6 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
w/t/l 13/1/0 13/1/0 11/2/1

𝑓 OXDE versus OCFPA SGHS versus OCFPA CLPSO versus OCFPA
𝑝 value 𝑅+ 𝑅− Win 𝑝 value 𝑅+ 𝑅− Win 𝑝 value 𝑅+ 𝑅− Win

𝑓01 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓02 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.92E − 06 464 1 +
𝑓03 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓04 7.06E − 06 15 450 − 1.47E − 04 417 48 + 2.10E − 03 382 83 +
𝑓05 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓06 1 232.5 232.5 = 1 232.5 232.5 = 1 232.5 232.5 =
𝑓07 1.73E − 06 465 0 + 1.73E − 06 465 0 + 1.73E − 06 465 0 +
𝑓08 5.90E − 03 252 213 + 2.10E − 06 464.5 0.5 + 1.04E − 02 230 235 =
𝑓09 1.73E − 06 465 0 + 1.73E − 06 465 0 + 3.17E − 01 247.5 217.5 =
𝑓10 4.29E − 04 412.5 52.5 + 1.73E − 06 465 0 + 1 232.5 232.5 =
𝑓11 8.00E − 05 437.5 27.5 + 1.73E − 06 465 0 + 6.83E − 07 465 0 +
𝑓12 1.64E − 06 465 0 + 1.73E − 06 465 0 + 1.43E − 02 315 150 +
𝑓13 2.37E − 01 282 183 = 1.73E − 06 465 0 + 4.14E − 04 52.5 412.5 −
𝑓14 8.87E − 01 223.5 241.5 = 1.73E − 06 465 0 + 2.20E − 03 85.5 379.5 −
w/t/l 10/3/1 13/1/0 8/4/2

our proposed algorithm shows excellent or at least higher
competitive performance than the advanced evolutionary
algorithms.

6. Conclusion

We offer a novel variant of the FPA by combining the
OL strategy and catfish effect mechanism to solve complex
optimization problems. The OCFPA uses the OL strategy
to improve the local search ability of the basic FPA by
sharing and exchanging useful information at each dimen-
sion from various solution vectors. Furthermore, the cat-
fish effect mechanism is introduced to force the FPA to

escape the local optima and improve the search space
of the population to explore more promising regions.
With the aid of these two strategies, the OCFPA offers
a favorable balance of exploration and exploitation ability.
The experimental results on benchmark functions demon-
strate the effectiveness and efficiency of our proposed
algorithms.

In future work, although the OL strategy has been
successfully incorporated into the FPA, the potential of the
OLmethod should be further exploited by acting on different
information sources. In addition, we plan to apply the OL-
based FPA to real-world engineering problems, such as
parameter identification and feature selection.
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Figure 5: Box-and-whisker plot on 𝑓08, 𝑓09, 𝑓10, and 𝑓11.
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