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Pablo González-Vera, Spain
Laurent Gosse, Italy
K. S. Govinder, South Africa
Jose L. Gracia, Spain
Yuantong Gu, Australia
Zhihong GUAN, China
Nicola Guglielmi, Italy
F. G. Guimarães, Brazil
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For decades, water shortage, flooding, and water deterio-
ration problems have led to a variety of adverse impacts
on socioeconomic development and human life. Challenges
of water quality and quantity management adhering to the
principle of sustainable development have been of significant
concerns to many researchers and decision makers [1–
6]. These issues are highly complicated, involving a large
number of social, economic, environmental, technical, and
political factors, coupled with complex spatial variability
and cascading effect [7, 8]. Climate change and human
interference could affect the related management systems
at a regional scale and lead to more significant spatial and
temporal variations of water quantity and availability as well
as the associated environmental and ecological conditions.
Such complexities force researchers to develop more robust
mathematical methods and tools to analyze the relevant
information, simulate the related processes, implement mit-
igation strategies, assess the potential impacts/risks, and
generate sound decision alternatives. Therefore, it is desired
that mathematical techniques be developed to aid deci-
sion makers in formulating and adopting cost-effective and
environment-benign water management plans and policies.

The paper “River flow estimation from upstream flow
records using support vector machines” by H. Karahan et
al. proposed a novel architecture for flood routing model
and validated the model efficiency on several problems by
employing support vector machines. The results showed that
the proposed architecture advances the model performance

under noisy and missing data conditions and the support
vector machines can be powerful alternative in modeling
flood routing.

The paper “Mathematical modeling and simulation of
SWRO process based on simultaneous method” by A. Jiang et
al. developed a spiral-wound model for simulating seawater
reverse osmosis (SWRO) process. The model was described
by differential and algebraic equations with some inequality
and equality constraints of equipment and water quality.
A case study of a SWRO plant was used to validate the
formulated model and solution method. The study work was
helpful to gain an in-depth insight into the mechanism of
SWRO process and had a significant potential for helping in
energy saving through the optimized operation.

The paper “Water demand forecast in the Baiyangdian
Basin with the extensive and low-carbon economic modes” by
T. L. Qin et al. analyzed the effects of extensive and low-
carbon economicmodes onwater demandof theBaiyangdian
Basin, China. Results can support generation of ecoenviron-
mental conservancy target and water resources allocation
scheme under many conflicting factors being balanced due
to complexities of the real-world problems.

The paper “A conjunction method of wavelet transform-
particle swarm optimization-support vector machine for
streamflow forecasting” by F. Zhang et al. developed a wavel-
et transform particle swarm optimization support vector
machine (WT-PSO-SVM)model to forecastmonthly stream-
flow of Tangnaihai hydrology station in the Yellow River.
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The model integrated the advantages of the best versatil-
ity, robustness and effectiveness of SVM, the best global
searching ability, and the simple implementing procedure
of PSO for parameter selection. The results demonstrated
that the advanced model could forecast monthly streamflow
in situations without formulating models for the internal
structure of the watershed compared with the conventional
SVMmodel.

The paper “Identification of contamination control strategy
for fluid power system using an inexact chance-constrained
integer program” by Y. Q. Huang et al. developed an inexact
chance-constrained integer programming method for plan-
ning contamination control of fluid power system.Themodel
is good at examining the reliability of satisfying (or risk of
violating) system constraints under uncertainties expressed
as probability distributions and discrete intervals. The results
can be used for generating decision alternatives and thus help
designers identify desired strategies under various environ-
mental, economic, and system-reliability constraints.

The paper “Accurate simulation of contaminant transport
using high-order compact finite difference schemes” by G.
Gurarslan carried out numerical simulation of advective-
dispersive contaminant transport by using high-order com-
pact finite difference schemes combined with second-
order MacCormack and fourth-order Runge-Kutta schemes.
Numerical experiments were conducted for the aim of
demonstrating efficiency and high-order accuracy of the
current methods. It was exhibited that the methods are capa-
ble of achieving high accuracy and efficiency with minimal
computational effort, by comparisons of the computed results
with exact solutions.

The paper “Numerical simulation of flow and suspended
sediment transport in the distributary channel networks” by
W. Zhang et al. presented a 1D flow and suspended sedi-
ment transport model to simulate the hydrodynamics and
suspended sediment transport in the distributary channel
networks and applied it to the Pearl River networks. The
model was extensively calibrated and validated against field
measurements to provide an accurate representation of water
level and discharge, as well as suspended sediment transport
in the networks, demonstrating that themodel could simulate
the hydrodynamics and suspended sediment concentration
in the distributary channel networks.

The paper “Calculation of the instream ecological flow of
the Wei River based on hydrological variation” by S. Huang
et al. analyzed the variation of instream ecological flow
of the Wei River Basin, through employing the heuristic
segmentation algorithm, the law of tolerance and ecological
adaptation theory, and a modified Tennant method. This
study suggested that the heuristic segmentation algorithm
is suitable to detect the mutation points of flow series and
minimum instream ecological flow can be identified by the
modified Tennant method. The results are helpful for the
manager to reasonably allocate water resources and support
the river’s ecosystem sustainability.

The paper “Monthly optimal reservoirs operation for
multicrop deficit irrigation under fuzzy stochastic uncertain-
ties” by L. Zhang et al. proposed an uncertain monthly
reservoirs operation and multicrop deficit irrigation model

under conjunctive use of underground and surface water
in Shiyang River Basin, China. Uncertainties in reservoir
management shown as fuzzy probabilitywere treated through
chance-constraint parameter for decisionmakers.The results
of reservoir operation policy, irrigation scheme, and water
resources allocation could be used to provide decision sup-
port for local managers.

The paper “Spatial and temporal variation of annual
precipitation in a river of the Loess Plateau in China” by C.
Shen andH.Qiang analyzed the spatial and temporal patterns
of annual precipitation in the Weihe Basin, where Mann-
Kendallmethodwas used to discriminate the variation points
of precipitation series. The results indicated that there was
an overall reduction in annual precipitation across the basin
and there were two spatial patterns during the study period.
The findings have significant implications for the variations
research of runoff in the basin, as variation points in the
annual precipitation series at each meteorological station in
the basin were detected.

The paper “A physically based runoff model analysis of
the Querétaro River Basin” by C. J. V. Alvarado et al. used a
physically basedmodel to analyzewater balance by evaluating
the volume rainfall-runoff using SHETRANand hydrometric
data measurements in 2003. The results were compared with
five ETp differentmethodologies in theQuerétaroRiver Basin
in central Mexico. This study work can be a strong base
for sustainable water management in a basin, the prognosis
and effect of land-use changes, and availability of water
and also can be used to determine application of known
basin parameters, basically depending on land-use, land-use
changes, and climatological database to determine the water
balance in a basin.

The paper “Study on spacing threshold of nonsubmerged
spur dikes with alternate layout” by X. Cao et al. built a
numerical model combining the standard 𝑘-𝜀 model, finite
volume method, and rigid lid assumption to investigate the
spacing threshold of nonsubmerged double spur dikes with
alternate layout and the same length in straight rectangular
channel. The results of four sets of additional conditions
illustrated that the generalization of empirical formula is
satisfactory and the precision of interpolation is higher than
that of extrapolation.

The paper “Mathematical modeling for water quality
management under interval and fuzzy uncertainties” by J.
Liu et al. proposed an interval fuzzy credibility-constrained
programming method for supporting river water quality
management. The model is good at dealing with different
types of uncertainties (i.e., interval numbers and possibility
distributions) in water quality management and can also be
used to analyze reliability of satisfying system constraints. A
real-world case (i.e., Xiangxi River in theThreeGorges Reser-
voir Region) was used to demonstrate the methodology’s
applicability.The solutions are useful for managers inmaking
decisions of water qualitymanagement, considering tradeoffs
between system benefit and environmental requirement.

The paper “Testing a conceptual lumped model in Karst
area, Southwest China” by P. Shi et al. used Xin’anjiang model
for modeling hydrological response of Sancha River Valley
(a typical karst area located in the southwest of China).
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The performance of the model was evaluated based on the
model’s ability to reproduce the streamflow and baseflow.
Suitable parameters such as percentage of bias (PBIAS),
Nash-Sutcliffe efficiency (NSE), coefficient of determination
(𝑅
2
), and standard deviation (RSR) which could reflect

the hydrological and geomorphic condition were calculated
between the simulated and measured flow for both calibra-
tion and validation period. The results suggested that the
model structure and parameters are of reasonable validity
and are feasible to describe the hydrologic processes in this
region.

The paper “Detecting runoff variation of the mainstream
in Weihe River” by Q. Huang and J. Fan analyzed the varia-
tion change in runoff through using the Mann-Kendall
method. The results indicated that runoff variation changes
point is 1990 for most of the catchments. The attribution
analysis showed that the primary drivers of the shift in runoff
variation changes are human activities rather than climate
change, as water consumption increased sharply in the 1990s.

The paper “Uncertainty analysis of multiple hydrologic
models using the Bayesian model averaging method” by L.
Dong et al. employed the Bayesian model averaging (BMA)
method to construct a three-member predictions ensemble
and a nine-member predictions ensemble for ensemble
hydrologic prediction as well as for uncertainty analysis.
Compared with the previous studies of the BMA, this study
focused on the comparison of the prediction uncertainty
interval generated by BMA with that of each individual
model under two different BMA combination schemes. It
was found that BMA is useful for dealing with two issues:
(1) assessing the relative performances of multiple competing
models for the same problem and (2) handling uncertain
control variables.

In summary, the effective mathematical methods for
modeling water quantity, quality, and sustainability are
becoming one of the most important goals pursued by gov-
ernments, industries, communities, and researchers. These
16 papers submitted to this special issue mainly focus on
exposition of innovative methodologies for tackling prob-
lems in fields of hydrologic prediction, water resources
allocation, pollution mitigation, flood/drought control, and
climate change impact assessment and adaptation planning.
These research works will enhance the capability of decision
makers in exploring comprehensive and ambitious plans for
managing water systems, with an aim of achieving better
sustainability.
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A comparative study about twomodels, Muskingum and integrator-delay (ID) models, for canal control is presented.The former is
a simplified hydrological model which is very simple and extensively used in hydraulic engineering for simulation and prediction.
The latter is also a model with physical meaning and is widely used for irrigation canals control. Due to a lack of general awareness
of Muskingum prediction model in regulation from the control community, authors present this comparative study with the ID
control model. Bothmodels have been studied and analyzed for control purposes.This study has been carried out and validated in a
real irrigation canal, at Aghili irrigation district in Iran, using two traditional control approaches, PID with feedback and predictive
control. The results demonstrate the advantages and drawbacks of both models, showing the benefits and limitations of using the
widespread Muskingum model among the hydraulics scientific community for control design.

1. Introduction

Management of open-flow canal systems requires accurate
control models of flow transfer. Open-flow canals are large
parameter-distributed systems that can be described with
Saint-Venant equations [1, 2]. These nonlinear partial differ-
ential equations (PDE) represent water dynamics in a precise
and complete manner and, for an arbitrary geometry, there is
no analytical solution. Usually numerical methods [3, 4] have
been used to obtain a solution of the Saint-Venant equations.
The more typical numerical methods are the characteristic
method [5], the finite difference method [6], and Preissman
implicit scheme [7–9]. The implicit numerical schemes are
simpler than the other approaches. But the stability of their
solution cannot be guaranteed and depends on the discretiza-
tion time. Taking into account this fact, usually Muskingum
model has been used by hydraulic engineers as a prediction
model in rivers and in irrigation canals [10, 11] but so far not
as a control model. Nevertheless, Saint-Venant model is not
useful for automatic control purposes due to its complexity
(high number of states and high computational load, etc.).
Unfortunately, in control design or in the computation of
control actions, the complexity of the characteristic model is

directly proportional to the complexity of the control tech-
niques and their implementation.Modeling these systems for
control design is therefore not so easy to be devised, although
it is a crucial step. A classical way to control irrigation canals
is to design controllers based on linear models.

Therefore, in the literature several linear control models
have been already proposed for open-flow canal systems.
Corriga et al. [12, 13] proposed a model for open canal
networks related to the elevation of the gate. Papageorgiou
and Messmer [14, 15] and Ermolin [16] proposed an approx-
imation for uniform flow canals derived from linearized
Saint-Venant equations. Malaterre [7] used a state-space
model for canal systems derived from discretized Saint-
Venant equations. Baume et al. [17] obtained an infinite
dimensional state-space model from linearized Saint-Venant
equations. When the canal has prismatic geometry and it
is in permanent regime, Baume’s model has the advantage
that the solution of the linearized Saint-Venant equations
is exact. But usually, real canals do not fulfill the required
conditions assumed in thementionedworks. To palliate these
problems, Schuurmans et al. [18–20] formulated an analytical
model denoted as integrator delay (ID) that is composed of
two parameters: an integrator and a delay. This model is an

Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2014, Article ID 197907, 11 pages
http://dx.doi.org/10.1155/2014/197907

http://dx.doi.org/10.1155/2014/197907


2 Journal of Applied Mathematics

approximation that relates input and output flow including
backwater effects when a reservoir-delay model is used. It is
very popular among the control community for its easiness
describing the more essential aspects of the canal frequential
behavior. However, in [21], it is demonstrated that the ID
model does not represent accurately the dynamics of a canal
for medium and high frequencies. Another extended model
for control purposes is the Hayami model [22, 23]. It is based
on a first order linearization of the diffusive wave equation
around the reference flow. This model is represented by a
second order transfer function with delay structure. The
model behaves accurately for abrupt and unexpected changes
of the reference signal. Its main drawback is its usefulness
only for canals with a specific geometry such as those with
a reduced set of diffusion and celerity coefficients and canal
length.

To overcome the drawbacks of the mentioned models
so far, some relatively recent works have been developed.
Improvements to the ID model have been also proposed in
[24] and its LPV extension [25]. Moreover, in [26, 27], an
IDZ (integrator delay zero) model is proposed. This novel
model extends the ID model by adding a zero in the high
frequencies leading to a better fit in this range. This fact
improves the accuracy in time domain simulations, and all
model parameters can be analytically computed leading to a
simpler implementation. This modelling approach has been
also used to generate state-space MIMO models in [28–
31]. In [32], a new computational method is provided in
order to obtain a frequency domain model of Saint-Venant
equations linearized around any stationary regime. In [33],
a mathematical model of a gate to automatically control the
upstream water level is proposed in order to operate under
free and submerged flows conditions (called the Vlugter
gate). Munier and his colleagues, in [34], proposed a new
model, called LBLR for Linear Backwater Lag-and-Route,
which approximates the Saint-Venant equations linearized
around a nonuniform flow in a finite channel (with a
downstream boundary condition) taking into account the
backwater effect. Next in [35], a new approach to compute
the response time is proposed, accounting explicitly for the
backwater and the feedback effects due to the downstream
cross structure. The method provides a distributed analytical
expression of the response time as a function of the char-
acteristics of the canal (geometry and roughness) and the
downstream cross structure.

As an alternative to the above approaches, in [36–39],
linear black-box models for the canal control design have
been used.Thesemodels are estimated by classical linear esti-
mation methods [40]. They do not have hydraulic meaning
and they are based only on experiments. In this case, themain
drawback is the necessity of a high number of experiments,
especially in the multivariable case. For this reason, some
authors carried out a subspace identification [41, 42].

Interestingly, there is a model widely used in hydraulic
engineering for prediction that has been barely used as a
control model for controller design. This is the Muskingum
model. After his experiments in the Muskingum River,
McCarthy proposed a hydrological model suitable only in
rivers (Muskingum model, [10, 43]) operating with input

and output flows. The model does not require a geometrical
definition for the riverbed because the geometry is included
in its parameters.

Muskingum model is a hydrological model and is widely
used for simulation by hydraulic engineers due to its simplic-
ity and its good results for prediction; nevertheless, it has been
almost never applied in the control of flow-open channels.
On the other hand, ID model is a mere control model widely
used in this kind of systems andwith satisfactory results. Both
models are simple and simplified and, moreover, they have
physical meaning. And this is themotivation that pushed this
research to analyze and validate this hydrological model in
the canal control and compare it with IDmodel. Muskingum
model is very interesting for control because it is a discrete
model that can be used with the most known real canal
control methods based on PID and predictive control. In
engineering, Muskingum model is not used mainly because
it is an unknown approach and the objective of this work is
also to reveal, investigate, and study the advantages and draw-
backs of Muskingum model (typically used in prediction) as
an open-flow canal control model. To reach this objective,
a comparative study between both models (ID model and
Muskingum model) has been carried out. It is well worth to
note that in [44], the Muskingummodel is used in predictive
control. It would be of interest that hydraulic engineers as
well as control engineers could use the same mathematical
tools to share experiences and knowledge, because at the end
they are performing complementary works in water resource
management. Moreover, both communities could approach
and create synergies with a higher efficacy and efficiency.

The main contribution of this research is to analyze and
study whether Muskingum hydrological model is suitable
as control model for typical controller design in water
management as feedback control with PID and predictive
control. The present paper is organized as follows. Section 2
gives a system description of Aghili irrigation canal used in
our study. In Section 3, a brief explanation of Muskingum
model and its relationship with the ID model is presented.
Specifically, the Muskingum prediction model has been
studied as a control model. To do so, it has been analyzed
in open loop (in continuous time as well as in discrete time)
and in closed loop (considering the effect of ZOH and sample
time). In Section 4, a comparison is also performed with
the ID model widely used in controller design. In Section 5,
the closed-loop behaviour in continuous and discrete time is
also analyzed specially when using such a model to design
a feedback controller. In Section 6, both models are tested
and validated in Aghili irrigation canal using two control
methods: PID control with a SP scheme and predictive
control. Finally, the conclusions of using theMuskingum and
ID models for control are presented.

2. Description of the Irrigation Canal

In this section, a real irrigation canal system (Aghili canal) is
described.The complete behaviour of the water in this system
is represented by Saint-Venant equations as a simulation
model.
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Figure 1: (a) Map of Khuzestan Province in Iran where the Aghili irrigation map is located; (b) Aghili irrigation canal and its spillway, West
and East branches start at this point (32.169147 and 48.734554 coordinates) (from Google Maps); (c) aerial picture of the start of the canal at
Karun River (from Google Maps); (d) sluice gate at Karun river where the 2 km canal starts.

2.1. System Description. Aghili irrigation district (AID) is
located in southwest Iran, in the north of Khuzestan Province
(see Figure 1(a)). AID is a part of the Gotvand irrigation
network. The annual (maximum versus minimum) air tem-
peratures range from 53∘ to 3∘C and precipitation rates from
582mm to 152mm, respectively. The net cultivated area in
AID is about 4000 ha. The annual mean distributed water in
the irrigation area is about 150MCM (million cubic meters).
AID includes a short main canal, 2 km long, along with
two subsidiary canals, right branch at a length of 14.9 km
and left branch at a length of 18.6 km. In this study, the
2 km canal is treated. In Figure 1(b), an aerial picture of the
spillway can be seen where both branches depart from the
canal. The right branch (west branch) has been studied in
[45]. The total irrigation canal is composed of a main small
pool equipped with an upstream sluice gate that takes water
from Karun River (Figure 1(c)) with two subsidiary reaches
(Figure 2(a)), as previously cited. Upstream of this gate (𝑢)
is a dam (Figure 1(d)) of constant level 𝐻 = 3.5m and the
total length of the pool (𝐿) is 2 km (Figure 2(b)). For more
information about Karun River, see [46]. This main pool is
used for the control study of this paper.

To reproduce the real behaviour of this irrigation canal,
a simulator developed by the group of “Modelling and
Control of Hydraulic Systems” at the UPC is used [47]. It
solves numerically Saint-Venant equations [1, 3, 48] which
accurately describe water dynamics.

2.2. Saint-Venant Model. Saint-Venant model can be
expressed by the conservation of mass and momentum
principles equations in a one-dimensional free surface flow.

Dam Main reach
Reach 1

Reach 2

(a)

Main reach

u
I0

L

qups
qdnsH

(b)

Figure 2: (a) Canal scheme and (b) scheme of the main reach.

Conservation mass equation:

𝜕𝑞

𝜕𝑥
+
𝜕𝐴

𝜕𝑡
= 0. (1)

Momentum equation:

𝜕𝑞

𝜕𝑡
+
𝜕

𝜕𝑥
(
𝑞
2

𝐴
) + 𝑔𝐴

𝜕𝑦

𝜕𝑥
− 𝑔𝐴 (𝐼

0
− 𝐼
𝑓
) = 0, (2)
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where 𝑄 = 𝑄(𝑥, 𝑡) is the flow (m3/s), 𝑦(𝑥, 𝑡) is the level
(m), 𝐴 = 𝐴(𝑥, 𝑡) is the cross-sectional area (m2), 𝑡 is the
time variable (s), 𝑥 is the spatial variable (m) measured in the
direction and the sense of the movement, 𝑦 is the water level,
𝑔 is the gravity (m/s2), 𝐼

0
is the bottom slope, and 𝐼

𝑓
is the

friction slope.
This pair of partial differential equations (1)-(2) consti-

tutes a nonlinear and hyperbolic system for an arbitrary
geometry and it lacks analytical solution [1, 3]. These equa-
tions can be solved by different numerical methods, such as
Preissman, finite differences, and characteristics [48, 49].The
Saint-Venant model describes in detail the canal dynamics,
and it is very useful in simulation. However, this model is
too complex for controller design and furthermore it cannot
be used for control design using analytical methods. As
previously said, these equations are used as simulationmodel
(solved numerically using the method of characteristics) to
reproduce the complex dynamics of Aghili irrigation canal.

3. Physical Canal Models: Muskingum Model
versus ID model

3.1. MuskingumModel. TheMuskingummodel [1, 10] relates
the inflow (𝐼) with the outflow (𝑄) of a free surface hydraulic
system. This model uses the following continuity equation
and a linear storage-discharge relationship:

𝐼 (𝑡) − 𝑄 (𝑡) =
𝑑𝑉 (𝑡)

𝑑𝑡
, (3)

𝑉 (𝑡) = 𝐾 (𝜒𝐼 (𝑡) + (1 − 𝜒)𝑄 (𝑡)) , (4)

where 𝑉 (m3) is the volume of water stored in the hydraulic
system and 𝐾 and 𝜒 are parameters that depend on the
hydraulic system. 𝐾 is considered as the average pool travel
time, and 𝜒 shows the influence of the downstream condition
in the hydrograph propagation with 0 ≤ 𝜒 ≤ 0.5 (see
Figure 3).

The inflow 𝐼 is the input variable, also noted as 𝑞ups; the
outflow 𝑄 is the output variable, also noted 𝑞dns. The Musk-
ingum model works only with upstream and downstream
flows and it is not possible to obtain the water level with any
direct relationship. Normally, an empirical approximation is
used (e.g., Manning, Chezy or Darcy-Weisbach; in this paper,
the Manning approximation is used) to relate the flow and
level, adding imprecision to the results. Replacing (3) with (4)
and using the Laplace transform, the relation between output
flow and input flow is obtained:

𝑞dns (𝑠) = 𝐺𝑚 (𝑠) 𝑞ups (𝑠) =
(1 − 𝐾𝜒𝑠)

(𝐾 (1 − 𝜒) 𝑠 + 1)
𝑞ups (𝑠) . (5)

3.2. ID Model. Canals are systems that can be decomposed
in many dynamic elements, usually of first order, so the full
model is of an order equal to the number of elements. Then,
the resulting model will have an order equal to the number
of pieces used to model the canal, that is, a very high order
model. As discussed in [50], this very high ordermodelwould
be difficult to use for control purposes but, fortunately, it is

Q

Q

Wedge-shaped

Prismatic storage = KQ

I − Q
storage = K𝜒(I − Q)

Figure 3: Prismatic storage and wedge-shaped storage in a pool.

possible to approximate the behaviour of such high order
processes by a system with one time constant and a dead
time, that is, a FOPDT. This will be shown in the following
subsection.

The complete water dynamics of a single-pool irrigation
canal is classically modeled with the Saint-Venant equations.
However, as discussed in the previous section, for control
purposes, the ID (integrator delay) model is considered as
proposed by Litrico and Fromion [32] for low frequen-
cies. The single canal reach dynamics has a relationship
between downstream level 𝑦dns and downstream flow 𝑞dns
and upstream flow 𝑞ups for low frequencies. This relation can
be approximated by

𝑦dns (𝑠) = 𝑃1 (𝑠) 𝑞ups (𝑠) + 𝑃2 (𝑠) 𝑞dns (𝑠) (6)

with

𝑃
1
(𝑠) =

𝑒
−𝜏𝑑𝑠

𝐴
𝑑
𝑠
,

𝑃
2
(𝑠) =

−1

𝐴
𝑑
𝑠
,

(7)

where 𝜏
𝑑
is the downstream transport delay and 𝐴

𝑑
is

the downstream backwater area. Taking into account the
linearized relationship between the downstream flow 𝑞dns
and level 𝑦dns in the spillway, the following equality can be
established:

𝑞dns (𝑠) = 𝜆𝑦dns (𝑠) , (8)

where 𝜆 is a constant.
Combining (6) and (8), the following first order plus time

delay (FOPDT) model can be obtained:

𝑞dns (𝑠) =
𝑃
1
(𝑠)

(𝜆 − 𝑃
2
(𝑠))

𝑞ups (𝑠)

=
𝑒
−𝜏𝑑𝑠

(𝐴
𝑑
𝜆𝑠 + 1)

𝑞ups (𝑠)

=
𝑘

(𝑇𝑠 + 1)
𝑒
−𝜏𝑑𝑠𝑞ups (𝑠)

(9)

with a gain 𝑘 = 1 and a time constant 𝑇 = 𝜆𝐴
𝑑
.
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The delay, 𝜏
𝑑
, can be estimated based on physical laws by

𝜏
𝑑
=

𝐿

V + 𝑐
, (10)

where 𝐿 is the canal length, V is the current water velocity, and
𝑐 is the current celerity: 𝑐 = √𝑔𝑦. For more details about this
modelling approach, see [22–24, 26, 32].

3.3. Relation between Both Models. Comparing the ID and
Muskingum model structure, it can be shown that Musk-
ingum model can be obtained from the ID model through
an approximation using the McLaren approach [51]. Then, if
𝐺
𝑚
is the open-flow canal transfer function, we obtain

𝐺
𝑚
(𝑠) =

1

𝑇𝑠 + 1
𝑒
−𝜏𝑠

≈
1 − 𝜏𝑠

𝑇𝑠 + 1
. (11)

Although the delay is neither close to zero nor it can
be neglected considering the system dynamics, the error
produced by the approximation is not significant when 𝐺

𝑚

is discretized by a convenient sampling time; see Section 3.2.
This approximated transfer function has the same structure
as that of the hydrological original continuous Muskingum
model, considering 𝜏 = 𝐾𝜒 and 𝑇 = 𝐾(1 − 𝜒).

4. Open-Loop Behaviour of
the Muskingum Model

4.1. Continuous-Time Open-Loop Behaviour. The behaviour
of the Muskingum model in open-loop will be compared
with the ID model and with the real behaviour reproduced
by means of solving the Saint-Venant equations [1] using the
open-flow canal presented in Section 2 of this paper. The
estimated parameters of theMuskingummodel for this canal
are 𝐾 = 1200 and 𝜒 = 0.2 while in the case of ID model they
are 𝑘 = 1, 𝑇 = 12.09min, and 𝜏 = 8.28min.

Equation (11) shows that the continuous Muskingum
model is a model with a zero in the right half-plane (RHP),
that is, with unstable inverse model (nonminimum phase
model, NMP). This implies that for either step-input or
instantaneous unit hydrograph response will present negative
flows (i.e., when the input increases the output decreases)
lacking physical meaning. This problem has been already
reported in [52]. In Figure 4, the step-input response of the
canal system for the case of the Muskingum and ID model
is compared against the real behaviour simulated using the
Saint-Venant equations. It can be noticed that continuous ID
behaviour resembles the real one (simulated with the Saint-
Venant equations). On the other hand, the nonminimum
phase behaviour of the continuous Muskingum model is
present at the beginning, although it reaches the correct
steady state at the end.

4.2. Discrete-Time Open-Loop Behaviour. When obtaining
the discrete-timeMuskingummodel to predict the behaviour
of an open flow sewer in open-loop, the bilinear transform
is usually used in the hydraulic literature. Then, applying the
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Figure 4: Real-step response (Saint-Venant equations) and
estimated-step responses with continuous Muskingum model and
continuous ID model.

bilinear transformation with sampling time 𝑇
𝑠
to (1) and (2),

the following expression is obtained:

𝑄 (𝑘) = 𝑐
0
𝐼 (𝑘) + 𝑐

1
𝐼 (𝑘 − 1) + 𝑐

2
𝑄 (𝑘 − 1) , (12)

where

𝑐
0
=

𝑇
𝑠
/𝐾 − 2𝜒

2 (1 − 𝜒) + 𝑇
𝑠
/𝐾

,

𝑐
1
=

𝑇
𝑠
/𝐾 + 2𝜒

2 (1 − 𝜒) + 𝑇
𝑠
/𝐾

,

𝑐
2
=
2 (1 − 𝜒) − 𝑇

𝑠
/𝐾

2 (1 − 𝜒) + 𝑇
𝑠
/𝐾

(13)

with the condition

2𝐾𝜒 ≤ 𝑇
𝑠
≤ 𝐾 (14)

in order to provide hydrological meaning to the model. This
selection guarantees that the sampling time 𝑇

𝑠
will be larger

than the delay and the propagated hydrograph does not take
negative values.

Then, the following transfer function can be obtained
from (12)

𝑄 (𝑧)

𝐼 (𝑧)
=
𝑐
0
𝑧 + 𝑐
1

𝑧 − 𝑐
2

(15)

that corresponds to a first-order linear system with a zero
and a pole. According to (15), in fact the parameters will
be 𝑐
0
, 𝑐
1
, and 𝑐

2
and using the expressions in (13) it will

be possible to compute Muskingum parameters 𝐾 and 𝜒

(bilinear transformation, see Table 1).
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Table 1: Muskingum parameters.

Discretization type Muskingum coefficients
𝑐
0

𝑐
1

𝑐
2

With ZOH
−𝜒

(1 − 𝜒)
(

𝜒

1 − 𝜒
) + (1 − 𝑒

−𝑇𝑠/𝐾(1−𝜒)) 𝑒
−𝑇𝑠/𝐾(1−𝜒)

With bilinear transform
𝑇 − 2𝐾𝜒

2𝐾 (1 − 𝜒) + 𝑇

2𝐾 (1 − 𝜒) − 𝑇

2𝐾 (1 − 𝜒) + 𝑇

𝑇 + 2𝐾𝜒

2𝐾 (1 − 𝜒) + 𝑇
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Figure 5: Real-step response (Saint-Venant equations) and
estimated-step responses with continuous and discrete (bilinear,
𝑇
𝑠
= 600 s) Muskingummodels and continuous and discrete (ZOH,

𝑇
𝑠
= 60 s) ID model.

In Figure 5, the open-loop response of the discrete-time
Muskingum model to a unit step input is compared with
the one obtained using an ID model and the real behaviour
simulated using Saint-Venant equations. It can be noticed
that using the sampling time suggested by rule equation
(14) and the bilinear discretization method, the discrete-
time Muskingum model produces good prediction results,
avoiding the negative values that presented the continuous-
time model.

5. Closed-Loop Behaviour of
the Muskingum Model

The use of the Muskingum model in closed-loop canal
control (digital and continuous) is discussed in this section
taking into account three important features for control
applications such as the effect of its structure, the inclusion
of a zero-order hold (ZOH) in closed loop, and the sampling
time selection. This study has been carried out considering

a PI controller synthesized by the pole placementmethod [53]
and using the same canal system in case of the open-loop
response (Section 4). The PI controller has been designed
in order to obtain the following specifications: steady-state
zero error for step responses, no overshoot, and desired time
constant of 800 s.

5.1. Structure. As discussed in Section 3.1, the Muskingum
model introduces a nonminimum phase zero. The effect of
such zero in closed loop is the degradation of the performance
because the controller has been adjusted considering that
the canal behaves as a nonminimum phase plant but the
real canal does not behave in such a way. In particular, the
desired closed-loop behaviour is not obtained, appearing
instead as an overshoot when applied to the real canal. On
the other hand, when the Muskingum model is used as the
plant to simulate the behaviour of the controller that also
has been designed using the Muskingum model, the closed
behaviour fulfills the desired behaviour but still presents the
nonminimum phase dynamics (Figure 6). As a conclusion,
the effect of structure mismatch between the Muskingum
model and the real canal behaviour will derive in a degraded
closed-loop response including more overshoot than the
specified.

5.2. Discretization Method. When using the discrete Musk-
ingum model for designing a closed-loop digital controller,
additionally to the problem of the structure mismatch, two
additional issues appear; namely, the discrete equivalent
Muskingum model should include the dynamics of a ZOH
and second the Shannon criteria should be fulfilled when
selecting the sampling time. These problems appear since,
usually in hydraulics, the Muskingum model is discretized
using the bilinear transformation and with a sampling
time that provides hydrological meaning to the model (see
Section 3.1).

However, when using such a model in closed-loop digital
control, instead a ZOH transform should be used to take
into account the dynamics of the ZOH that models the D/A
conversion process. This is a standard procedure in classical
digital control [54]. Then, equivalent discrete-time transfer
function will have the same structure as that in the case of
the bilinear transform, but the parameters of the model 𝑐

0
, 𝑐
1
,

and 𝑐
2
will be different according to Table 1.

If the discrete-time Muskingum model obtained by
means of the bilinear transform is used to design the
controller instead of the one obtained using the zero-order
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Figure 6: Step closed-loop response for the case I: downstream
flow with PI designed by continuous Muskingum with continuous
Muskingum plant; and case II: downstream flow with PI designed
by continuous Muskingum with ideal ID plant.

hold transform, the closed-loop behaviour will experiment
a performance degradation when applied to a discrete-time
Muskingum model using the zero-order hold transform
according to the results presented in Figure 7. The inclusion
of the zero-order hold when applying digital control is
unavoidable since the D/A converter is always present. As
a conclusion, for closed-loop digital control design, the
discrete-time Muskingum model should be obtained using
the zero-order hold transform instead of the bilinear trans-
form.

5.3. Effects of the Sampling Time. Even when discretizing
the Muskingum model using the zero-order hold method,
another problem appears when selecting the sampling time
period satisfying the rule given in (9) in order that the dis-
crete Muskingum model has hydrological meaning since the
Shannon theorem [54] is not respected. Shannon’s theorem
establishes that a good sampling time should take a value
at least 𝑇

𝑠
= 𝑇/10, but according to rule (14), in the best

case 𝑇
𝑠
= 𝐾 = 𝑇/(1 − 𝜒). The selection of the sampling

time following the Muskingum rule will derive again in a
performance’s degradation according to Figure 7 with respect
to the equivalent closed-loop continuous behaviour. In fact,
in this figure it can be observed that the use of the sampling
time suggested by Muskingum rule increases the overshoot.
On the other hand, selecting the sampling time according
to Shannon’s theorem derives in a closed-loop response that
resembles that obtained when the continuous Muskingum
model is used.However, evenwhen using the ZOH transform
method as a discretization procedure and the sampling
time suggested by Shannon’s theorem, the problem of the
structure in the Muskingum model described in Section 5.1
still remains.
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Figure 7: Step closed-loop response for the case I: downstream
flow with PI designed by continuous Muskingum with continuous
Muskingum plant; case II: downstream flow with PI designed by
discreteMuskingum (ZOH and𝑇

𝑠
= 60 s) with discreteMuskingum

(ZOH and 𝑇
𝑠
= 60 s) plant; case III: downstream flow with PI

designed by discrete Muskingum (bilinear and 𝑇
𝑠
= 600 s) with

discrete Muskingum (bilinear and 𝑇
𝑠
= 600 s) plant; case IV:

downstream flowwith PI designed by discreteMuskingum (bilinear
and 𝑇

𝑠
= 600 s) with discrete Muskingum (ZOH and 𝑇

𝑠
= 600 s)

plant; and case V: downstream flow with PI designed by discrete
Muskingum (ZOH and 𝑇

𝑠
= 600 s) with discrete Muskingum (ZOH

and 𝑇
𝑠
= 600 s) plant.

6. Control Results for Real Plant

Finally, in order to validate both models (Muskingum and
ID) for control design, the control results using the real
plant (simulated by means of Saint-Venant equations) are
presented in Figures 8, 9, and 10. In this section, two usual
methodologies for canal feedback control using a PI and with
a Smith predictor (SP) scheme [55, 56] and predictive control
[50, 57, 58] are tested for this study and for validation.

6.1. Using a PI Controller with a SP Scheme. For the PI
with a SP scheme (to compensate the delay of the system)
designed by pole placement technique [59–61], it can be
observed that the results considering the real plant and the
continuous ID model (used as a plant) using the PI designed
with discrete ID model (ZOH, 𝑇

𝑠
= 60 s) (denoted as PI1)

are very similar. On the other hand, the closed-loop control
results for the PI designed with discrete Muskingum model
(bilinear, 𝑇

𝑠
= 600 s) (denoted as PI2) considering the

real plant are very different from the ones obtained using
the continuous Muskingum model (used as a plant). These
prove the validity of the ID model for control design, while
showing that the Muskingum model is not suitable for this
purpose.



8 Journal of Applied Mathematics

0 20 40 60 80 100 120

Time (min)

Fl
ow

 (m
3
/s
)

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

Upstream flow
Case I
Case II

Case III
Case IV
Case V

Figure 8: Step closed-loop response for the case I: downstream
flow with PI designed by discrete Muskingum (ZOH, 𝑇

𝑠
= 60 s)

with continuous Muskingum plant; case II: downstream flow with
PI designed by discrete Muskingum (ZOH, 𝑇

𝑠
= 600 s) with

continuous Muskingum plant; case III: downstream flow with PI
designed by discrete Muskingum (ZOH, 𝑇

𝑠
= 60 s) with continuous

ID plant; case IV: downstream flow with PI designed by discrete
Muskingum (ZOH, 𝑇

𝑠
= 600 s) with continuous ID plant; and case

V: downstream flow with PI designed by continuous Muskingum
with continuous Muskingum plant.

0 20 40 60 80 100 120

Time (min)

Fl
ow

 (m
3
/s
)

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

Upstream flow

PI1 with ID continuous plant
PI2 with Muskingum continuous plant

PI1 with real plant (S.-V eq.)
PI2 with real plant (S.-V eq.)

Figure 9: Step closed-loop response of the real irrigation plant
(Saint-Venant equations) using a PI1 and a PI2; step closed-loop
response of the ID continuous plant using PI1 and step closed-loop
response of the Muskingum continuous plant using PI2.

0 50 100 150 200 250

Time (min)

0 50 100 150 200 250

Time (min)

1

1.5

2

2.5

D
ow

ns
tre

am
 fl

ow
 (m

3
/s
)

ID with ZOH, 𝜆 = 4

ID without ZOH, 𝜆 = 4

Muskingum without ZOH, 𝜆 = 3

Muskingum with ZOH, 𝜆 = 3

Setpoint

0.05

0.1

0.15

0.2

0.25

0.3

O
pe

ni
ng

 g
at

e (
m

)

(Ts = 60 s)
(Ts = 60 s)

(Ts = 600 s)
(Ts = 600 s)

ID with ZOH, 𝜆 = 4

ID without ZOH, 𝜆 = 4

Muskingum without ZOH, 𝜆 = 3

Muskingum with ZOH, 𝜆 = 3

Setpoint
(Ts = 60 s)

(Ts = 60 s)
(Ts = 600 s)

(Ts = 600 s)

Figure 10: Step closed-loop response of the real irrigation plant
(Saint-Venant equations) using predictive control with a Musk-
ingum model and an ID model (both with and without ZOH) for
different predictive horizon 𝜆 and different 𝑇
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6.2. Using a Predictive Controller with a SP Scheme. It is
well known that predictive control essentially relies on the
use of a model capable of forecasting the system output
as a function of the system inputs on moving horizon
setting and computing the control sequence making that
predicted output could follow a desired trajectory through
the minimization of a performance criterion. The predictive
control is suitable for systems with delay and the model
precision is not critical because a new predictive model
is obtained from a new calibration every time the system
operates. 𝜆, the prediction horizon, is chosen in order to
predict the transitory dynamics and to yield the adequate
performance. The selection of prediction horizon will drive
to a tradeoff between the abrupt control effort and the swift
in the response. The precision and accuracy of predictive
control have been studied with an ID model with 𝑇

𝑠
=

60 s and Muskingum model with sample times that give
physical meaning to Muskingum; that is, 𝑇

𝑠
= 600 s.

The ID model and Muskingum model provide a temporal
response with approximately the same rapidity. However, the
former presents more overshoot than the latter. Therefore,
the predictive controller based on Muskingum model is
more energetically efficient (less oscillations in the spill-
way movements). After analyzing the results obtained from
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the simulations, it is recommended to use the Muskingum
model altogether with the predictive control strategy because
it is a stationary, good prediction model and the delay is
implicit.

7. Conclusions

In this paper, the use of the Muskingum model in closed-
loop digital and continuous control has been analyzed and
discussed regarding three main issues: the structure of the
model, the discretization method, and the selection of the
sampling time. Regarding the structure of the Muskingum
model in continuous time, it can be observed that it intro-
duces a nonminimum-phase zero that produces negative
responses at the beginning of the response to a step input.This
behaviour is not present in the real canal making this model
not useful in continuous time. Such nonminimum phase
behaviour is avoided in discretizing the Muskingum model
using the rule that guarantees the sampling time with the
order of the delay. However, such a selection of the sampling
time is not supported by Shannon’s theorem. Moreover, the
discretization method typically used with the Muskingum
model is the bilinear transform that does not take into
account the zero-order hold. However, even when using the
zero-order hold method as a discretization procedure and
sampling time fulfilling Shannon’s theorem, the problem of
the nonminimum phase introduced by the unstable zero
appears again since the closed-loop behaviour in this case
resembles the equivalent closed-loop continuous behaviour.
As a conclusion, the Muskingum model is a good open-
loop prediction model in discrete time using the suggested
discretization rule in order to avoid the nonminimum phase
behaviour and it is suitable for flood routing applications.
For control purposes, mathematically simple control laws
that can be designed (either based on the PID law or
based on a predictive control strategy) with both models
have been considered. These laws should allow an easy and
swift computation, guaranteeing stability and convergence to
the desired setpoint. However, when using the Muskingum
model for designing a closed-loop controller, the results are
not as good as expected. In particular, if the controller is
implemented in a digital way, the mandatory inclusion of
the ZOH effect and selection of the sampling time according
to Shannon’s theorem derive in the reappearance of the
nonminimum phase behaviour that Muskingum sampling
time rule avoided. Furthermore, if the sampling time is
reduced in the simulation of Muskingum controller, there
is an increment of oscillations in the closed-loop response.
This makes the Muskingum model also not useful for digital
feedback control design. But in the case of predictive control,
the explained Muskingum behaviour does not influence the
predictive control algorithm because this type of control
requires only a good prediction model at each prediction
horizon. Since the delay is implicit in the system, a prediction
model is obtained when a suitable sample time is selected.
Therefore, with the use of Muskingum model, energetically
efficient control results are obtained, although ID model also
presents reasonable results. On the other hand, when PID

controllers are designed using the ID model, the control
results are temporallymore efficient (less time of convergence
and more rapidity) and more energetically efficient than
Muskingum model. However, Muskingum model is more
energetically efficient when considering a predictive law,
although the speed of the response of control results is similar
using both models.
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tions d’écoulement de Barré de Saint-Venant par un schéma
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[54] K. J. Åström and B. Wittenmark, Computer-Controlled Systems.
Theory and Design, Prentice-Hall, 3rd edition, 1997.

[55] O. J. M. Smith, “Closer control of loops with dead time,”
Chemical Engineering Progress, vol. 53, pp. 217–219, 1957.

[56] J. E. Normay-Rico and E. Camacho, Control of Dead-Time
Processes, Springer, New York, NY, USA, 2007.
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We present a conceptual model for simulating the temporal adjustments in the banks of the Lower Yellow River (LYR). Basic
conservation equations for mass, friction, and sediment transport capacity and the Exner equation were adopted to simulate the
hydrodynamics underlying fluvial processes. The relationship between changing rates in bankfull width and depth, derived from
quasiuniversal hydraulic geometries, was used as a closure for the hydrodynamic equations. On inputting the daily flow discharge
and sediment load, the conceptual model successfully simulated the 30-year adjustments in the bankfull geometries of typical
reaches of the LYR.The square of the correlating coefficient reached 0.74 for Huayuankou Station in the multiple-thread reach and
exceeded 0.90 for Lijin Station in the meandering reach. This proposed model allows multiple dependent variables and the input
of daily hydrological data for long-term simulations. This links the hydrodynamic and geomorphic processes in a fluvial river and
has potential applicability to fluvial rivers undergoing significant adjustments.

1. Introduction

The bankfull characteristics of alluvial rivers are basic
research topics in fluvial processes [1, 2]. In recent years,
various natural and anthropogenic disturbances (such as
dam construction, water and soil conservation, enhanced
water usage with rapid socioeconomic development, and
evaporation and precipitation variation related to climate
change) have altered the runoff and sediment yield in many
large river basins. Concerns have been raised regarding
adjustments to river geometries and their impacts on local
flood defence and ecological safety.There is emerging interest
in the temporal adjustment of bankfull characteristics for
rivers subject to significant climate change or intense human
interference [3].

Two kinds of approaches have been developed to quantify
the variation in bankfull characteristics in terms of the
timescales at which the channel adjustment is explored:
geomorphic and hydrodynamic approaches.The geomorphic
approach is usually based on geomorphic laws expressed
by power law, hyperbolic, and exponential equations or
relatively complex differential equations [4–7]. It is widely

recognised that geomorphic systems respond rapidly, imme-
diately following the disruption of the equilibrium state, but
thereafter exhibit a declining rate of adjustment as a new equi-
librium or relaxed state is approached [5, 8, 9]. Applications
with years or decades of geomorphicmodels can be found for
various alluvial river basins, such as the South Island of New
Zealand [10], Lower Hunter Valley in NewSouthWales [11],
sand-bed streams of the American Midwest [12], Sabie River
in South Africa [13], Karst landscape evolution in the Cave
City in Kentucky [14], Lower Yellow River (LYR) in China
[15–18], basins in southeastern Australia [19], andNorth Fork
Toutle River inWashington [20].The river channel slope [21],
channel width [22], bankfull cross-section area and discharge
[16, 17], bed level [9, 23], and channel width-depth ratio [24]
have been considered as dependent variables of flow and the
sediment volume flux per year.

The hydrodynamic approach reproduces channel
response processes by accounting for microscale river
dynamics. That is, the Saint Venant equations (continuity
and momentum equations) for river flow, the sediment
transport equation, and the river bed or bank deformation
equations are set up to describe the instantaneous relations
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Figure 1: Schematic of the Yellow River basin.

between channel adjustment and the incoming flow and
sediment conditions. One-, two-, and three-dimensional
models for either steady flow [25–29] or unsteady flow [30–
32] have been used widely to investigate channel degradation
or aggradation during flood events. Recently, much effort
has shifted to the long-term simulation of channel responses.
The formation and evolution of meandering or wandering
rivers has been simulated considering the long-term fluvial
actions [33–36]. For example, Sun et al. [34] reproduced the
phenomenon of channel evolution, including the shallowing
and widening of the initial channel, the rhythmical sequence
of alternate bars and erosional bumps, and the occurrence
of meandering abrupt shifts and bank cusps. Asahi et al.
[36] captured the nature process of river meandering in
a computational model that considers the effects of bank
erosion, the process of land accretion along the inner banks
of meander bends, and the formation of channel cut-offs.

In nature, the channel response is achieved by the cumu-
lative effects of fluvial erosion/deposition processes, which
relate to both geomorphic processes and hydrodynamic
events. The geomorphic approach, particularly the rate law
method, can capture the overall behaviour of the channel
response to seasonal or annual flow and sediment data, but
it cannot account for the effects of flood events. The channel
response can be characterised by a set of variables, but the
coordination of multiple dependent variables has not been
explored. By contrast, the hydrodynamic approach is capable
of representing the details of the channel response process
at small timescales, such as bank erosion, bar migration,
and channel shallowing/widening. When applied on large
timescales, the computational limitations and requirements
for accurate resistance parameters and boundary conditions

may stop it from producing reliable simulation and predic-
tions.

Here we propose a physics-based model linking hydro-
dynamic and geomorphic scales. It is intended to represent
channel response processes subject to both hydrodynamic
and geomorphic controls. The model adopts hydrodynamic
equations and boundary equations with daily data as input.
It enables the characterisation of flood events in large rivers
(typically lasting for around 10 days) and the simulation
of continuous response behaviour over a long-term period
(years or decades). In a scientific sense, linking across hydro-
dynamic and geomorphic scales is an attempt to overcome the
shortcomings of each scale by considering the flood details
and obtaining the long-period channel response processes.
It may be applied both to simulate fluvial processes over the
past few decades and to forecast channel-forming processes
with potential flow and sediment series in the future for large
alluvial rivers like LYR.

2. Background of This Study

2.1. Overview of the Study Area. The Yellow River is the
second longest river in China and supports 12% of the
Chinese population (Figure 1). The river is about 5464 km
long with a drainage area of 752,000 km2. The Yellow River
is famous for its excessive sediment load and deficient flow.
The long-term average sediment load at the Sanmenxia Dam
is 1.6 billion tons per year, which ranks first in the world.

The LYR stretches fromHuayuankou to Lijin, as shown in
Figure 2. It is about 520 km long and exhibits variable channel
patterns. It is usually divided into three geomorphological
distinct reaches [37]. The upper reach from Huayuankou to
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Gaocun is a typical wandering channel pattern. The lower
reach, from Taochengpu to Lijin, is a stable meandering
channel pattern. The intervening reach transitions from
wandering to meandering. The LYR is a natural alluvial river
because of the high suspended sediment load it carries and
deposits. According to the observed data, the total deposition
volume in the LYR reached about 5.52 billion m3 during the
period from 1950 to 1999, of which 60% was deposited in the
wandering reach.

Here, the Huayuankou and Lijin Stations were chosen to
validate the effects of the model, because these two stations
are representative of typical wandering and meandering
reaches, respectively. They have different bankfull character-
istics as a function of flow and sediment load.

For Lijin Station in the meandering reach, the bankfull
characteristics are easy to determine by observing when
the water fills the main channel without overtopping the
banks of the floodplain (Figure 3). For Huayuankou Station,
cross-sections usually exhibit a compound geometric shape
(Figure 4). Given nonstationary flow and sediment discharge,
the location of the main channel often shifts laterally, which
makes it difficult to define the zone of the main channel and
bankfull characteristics in the wandering reach. As before,
earlier and later measurements of the cross-section and the
upstream and downstream cross-sectional profiles were used
for reference to determine the bankfull stage [32].
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Figure 3: Typical cross-sectional profile at Lijin Station.

The deviation of the inner-annual distributions of flow
and sediment discharge can cause different channel forms in
the LYR. These two chosen reaches had similar annual mean
values of flow and sediment discharge, but different annual
distributions (Figure 5). The annual mean flow discharge
from 1950 to 2002 was 1248m3/s at Huayuankou Station and
1036m3/s at Lijin Station, while the annual peak flow dis-
charge (daily peak data) was 6014 and 4713m3/s, respectively.
The annual mean sediment discharge from 1950 to 2002 was
32m3/s at Huayuankou Station and 26m3/s at Lijin Station,
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while the annual peak sediment discharge (daily peak data)
was 653 and 330m3/s, respectively.

Using time series analysis, a decreasing trend was detect-
ed for the annual mean and daily peak flow and sediment
discharge for the two stations over the past 50 years using the
Mann-Kendall method [38]. Two significant times marking
mutation of the pattern of the annual mean flow discharge
were detected at the stations (1969 and 1986) using the Fisher
discriminant criterion [39]. The two years were linked to
dam construction on the Yellow River for the Liujiaxia and
Longyangxia reservoirs.

2.2. Bankfull Characteristics in Typical Sections. Figure 6
shows the observed bankfull characteristics (bankfull dis-
charge𝑄bf, bankfull area𝐴bf, bankfull width𝐵bf, and bankfull
depth ℎbf) at Lijin Station from 1964 to 2000. All of the data
were obtained from the measured profile data after the flood
season each year. Table 1 shows the correlation matrix. From
the figure and table, there are linear relations between 𝑄bf
and 𝐴bf, 𝐴bf and ℎbf, and 𝑄bf and 𝐴bf . However, the data
mining indicated that the bankfull width 𝐵bf varied from 400
to 600m. For this, there were no obvious linear relations.
Since these bankfull characteristics were all determined by
the incoming flow and sediment conditions on a large time
scale; there is no coherent geomorphic law to interpret all
processes.

The same analysis for Huayuankou in the wandering
reach is shown in Figure 7 and Table 2. Nonlinear relations
existed more widely here than at Lijin. Except for 𝐴bf ∼

ℎbf, none of the other relationships were obviously linear.
The channel geometry changed so quickly and markedly that
the bankfull width 𝐵bf varied from 1800 to 3200m. This
showed greater variation and was more nonlinear than in the
meandering reach.

3. Study Methodology

In previous geomorphic models, channel response to distur-
bances can be described using nonlinear decay functions, for
which the rate law has been most widely used to describe

relaxation paths and recovery times. The rate law takes the
form of a negative exponential equation:

𝑑𝑌

𝑑𝑡
= −𝛽 (𝑌 − 𝑌

𝑒
) . (1)

Here, 𝑌 is a characteristic parameter of the fluvial system,
𝑌
𝑒
is the asymptotic value of this parameter, 𝛽 is the decay

rate that quantifies how rapidly 𝑌 approaches 𝑌
𝑒
, and 𝑡 is the

time since the disturbance. Many studies have shown that
the rate law can simulate and predict the channel response
to disturbances with seasonal or annual data [5, 40–42].

As mentioned above, the rate law is used to illustrate
the channel forming macroprocess (101-102 years) without
any physical mechanism. It smoothes the flood details and
cannot account for the effects of the deviation of flood events.
This paper focuses on the dynamic processes of the channel
geometry of alluvial rivers. Bankfull parameters such as the
bankfull discharge 𝑄bf, area 𝐴bf, width 𝐵bf, and depth ℎbf all
vary with time. To capture the major characteristics of the
fluvial response, but allow lower computational complexity, a
quasiequilibrium state was assumed. The temporal variation
of the flow discharge and sediment load was distinguished for
typical flood events, but the governing equations of flow and
sediment transport took the form for steady flows. This sug-
gests an intermediate timescale between the hydrodynamic
and geomorphic scales. Above this, the temporal variation
is accounted for, but it is neglected below this. A suitable
timescale for a large river like the LYR that has a typical
flood event of 10 days is 1 day. This can account for the daily
variation in the flow and sediment conditions during the
flood event.

The cross-sections of the LYRaremostlywide and shallow
with 400–4000m river top widths and 1–5m river depths. As
a result, the wetted perimeter 𝑝 (m) can nearly be substituted
by the top widths 𝐵 (m). The hydraulic radius 𝑅 (m) can be
expressed as 𝑅 = 𝐴/𝑝 = 𝐴/𝐵 = ℎ, where 𝐴 is the flow
area (m2) and ℎ (m) is the average river depth expressed by
ℎ = 𝐴/𝐵. With the assumption of quasiequilibrium [43, 44],
the flow continuity, momentum, sediment transport, and bed
deformation equations can be expressed as

𝑄bf = 𝐵bfℎbf𝑈bf, (2)

𝑈bf =
1

𝑛
𝑅
2/3

bf 𝑆
1/2
, (3)

CS = 𝑘
0
(

𝑈
3

bf
𝑔ℎbf𝜔

)

𝑚

, (4)

(1 − 𝜑)
𝜕𝜂

𝜕𝑡
= −

𝜕𝑞
𝑡

𝜕𝑥
, (5)

where𝑄bf is the bankfull discharge (m
3/s), 𝐵bf is the bankfull

channel width, ℎbf is the bankfull channel depth, 𝑈bf is the
bankfull velocity (m/s), 𝑅bf is the bankfull hydraulic radius
(m), 𝑆 is the channel slope, and 𝑛 is the Manning coefficient
determined by the median grain size of the bed material
load and channel depth in the form 𝑛 = ℎ

1/6
/[18.1 +

12.31lg(ℎ/𝐷
65
)] [45].
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Figure 5: Flow and sediment discharge data at Huayuankou and Lijin Stations.
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Figure 6: Observed bankfull characteristics at Lijin Station: (a) bankfull discharge and area; (b) bankfull width and depth.

Table 1: Correlation matrix of the bankfull characteristics at Lijin Station.

Bankfull discharge Bankfull area Bankfull width Bankfull depth
Bankfull discharge 1 0.80 0.45 0.74
Bankfull area 1 0.44 0.97
Bankfull width 1 0.23
Bankfull depth 1
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Figure 7: Observed bankfull characteristics at Huayuankou Station: (a) bankfull discharge and area; (b) bankfull width and depth.

Table 2: Correlation matrix of the bankfull characteristics at Huayuankou Station.

Bankfull discharge Bankfull area Bankfull width Bankfull depth
Bankfull discharge 1 0.41 0.35 0.23
Bankfull area 1 0.52 0.79
Bankfull width 1 −0.08
Bankfull depth 1

Equation (4) is Zhang Ruijin’s sediment-carrying capacity
formula [46], which is used widely for the LYR, where CS
is the sediment concentration (kg/m3), 𝜔 is the sediment
settling velocity (m/s) in muddy water, and 𝑘

0
and 𝑚 are

parameters (at Huayuankou Station, 𝑘
0
= 0.04 and 𝑚 =

0.92; at Lijin Station, 𝑘
0
= 0.03 and 𝑚 = 0.92). 𝜑 is the

riverbed porosity, 𝜂 is the bed elevation (m), 𝑞
𝑡
= 𝑈bfℎbfCS

is the total sediment transport rate in volume per unit stream
width (m2/s), and 𝑥 is the streamwise coordinate. Of these
equations, (5) (i.e., the Exner equation) is for unsteady flow,
whereas the others are for steady flows.This is consistent with
the fact that the adjustment of the channel form takes much
longer than that of the flow and sediment conditions.

These four governing equations involve two independent
variables, 𝑄 and CS, but five dependent variables in the
bankfull state, 𝐵bf, ℎbf,𝑈bf, 𝑆bf, and 𝜂. On amedium timescale
of 100-101 years, 𝑆 changes less than 𝐵bf and ℎbf. As 𝑆bf is fixed,
over long periods of time for a given 𝑄 and CS, the expected
channel cross-section can be obtained in terms of 𝐵bf and
ℎbf.

For an alluvial river like the LYR, 𝑅bf ≈ ℎbf when 𝐵bf ≫
ℎbf. Under these circumstances, the bankfull depth is

(
CS
𝑘
0

)

1/𝑚

𝑔𝜔𝑆
−1.5

= ℎ
0.5

bf [18.1 + 12.31lg(
ℎbf
𝐷
65

)]

3

. (6)

The left-hand side of (6) is calculated from known data, and
the right-hand side of the equation is an increasing function

of ℎbf. A trial method can be used to obtain the value of ℎbf.
Then, 𝐵bf and 𝑈bf can be obtained as

𝑈bf = [18.1 + 12.31lg(
ℎbf
𝐷
65

)] ℎ
0.5

bf 𝑆
0.5
,

𝐵bf =
𝑄

[18.1 + 12.31lg (ℎbf/𝐷65)] ℎ1.5bf 𝑆0.5
.

(7)

From (6) and (7), 𝐵bf and ℎbf are determined by the incoming
steady flow and sediment discharge. Nevertheless, for alluvial
rivers like the LYR, the flow discharge and sediment volume
are not steady on intra- or interannual timescales. As a result,
series of 𝐵bf and ℎbf should be expected instead of a fixed
value. In other words, a dynamic equation including 𝜕𝐵bf/𝜕𝑡
and 𝜕ℎbf/𝜕𝑡 is needed.This is the key problem to be addressed
in this paper.

We rewrite (5) in integral form

(1 − 𝜑)∫

𝐿

0

𝜕𝐴bf
𝜕𝑡

𝑑𝑥 = (1 − 𝜑) 𝐿
𝜕𝐴bf
𝜕𝑡

= ∫

𝐿

0

𝜕𝑄
𝑠

𝜕𝑥
𝑑𝑥, (8)

where 𝐿 is the length of the river reach and 𝑄
𝑠
= 𝐵𝑞

𝑡

is the volumetric sediment transport rate (m3/s). With the
assumption of a rectangular channel, we have

1

𝐴bf

𝜕𝐴bf
𝜕𝑡

=
1

ℎbf

𝜕ℎbf
𝜕𝑡

+
1

𝐵bf

𝜕𝐵bf
𝜕𝑡

. (9)

For rivers in a stationary state, the relationship between the
geometrical dimension (i.e., 𝐵 and ℎ) and water discharge 𝑄
that passes through this cross-section takes the form [8, 47]

𝐵bf = 𝑎𝑄
𝛼

bf, ℎbf = 𝑏𝑄
𝛽

bf, (10)
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where 𝑎 and 𝑏 are coefficients that vary with the characteris-
tics of the river basin. For the statistical results ofmost alluvial
rivers across the world [8], 𝛼 and 𝛽 are exponents, usually
with 𝛼 = 0.5 and 𝛽 = 0.33.

For a nonstationary state, 𝑄bf is a time-dependent vari-
able, and steady values of 𝐵bf and ℎbf do not exist. Nonethe-
less, the relations between bankfull channel geometry and
flow discharge still work as

𝐵bf (𝑡) = 𝑎𝑄bf(𝑡)
𝛼
, ℎbf (𝑡) = 𝑏𝑄bf(𝑡)

𝛽
. (11)

A plot of the channel response processes is shown in
Figure 8, which shows a theoretical situation where the
change of water occurs by skipping from one value to another
and the channel geometry parameters (𝐵bf or ℎbf) change
synchronously. Nevertheless, a process connects the past
bankfull values to the current ones. In this process, the value
of 𝐵 or ℎ is neither the past bankfull value nor the current
one. It is also a bankfull value including two impact input
processes: the past flow process and current one. Here, we
sought a rule that describes the transition between the two
stable states.

Equation (11) is differentiated at time 𝑡

𝜕𝐵bf
𝜕𝑡

= 𝑎𝛼𝑄
𝛼−1

bf
𝜕𝑄bf
𝜕𝑡

,
𝜕ℎbf
𝜕𝑡

= 𝑏𝛽𝑄
𝛽−1

bf
𝜕𝑄bf
𝜕𝑡

, (12)

leading to

1

𝛼𝐵bf

𝜕𝐵bf
𝜕𝑡

=
1

𝛽ℎbf

𝜕ℎbf
𝜕𝑡

. (13)

The final form is

1

𝐵bf

𝜕𝐵bf
𝜕𝑡

=
𝛼

𝛼 + 𝛽

1

𝐴bf

𝜕𝐴bf
𝜕𝑡

,

1

ℎbf

𝜕ℎbf
𝜕𝑡

=
𝛽

𝛼 + 𝛽

1

𝐴bf

𝜕𝐴bf
𝜕𝑡

.

(14)

The computational model in a reach of the LYR is shown
in Figure 9. There, inlet and outlet data appear from the
entrance and exit stations of the reach. CS

0
and CS are the

sediment transport capacity (kg/m3) of the two stations; 𝑄 is
the flow discharge of the reach (m3/s), 𝐷

65
is the grain size

of the bed material load in the 65% range (mm), and 𝐿 is the
length of the reach (m).

4. Results and Discussion

4.1. Simulation Results. From Jinan Station to the Lijin Sta-
tion, the model uses the daily water and sediment discharge
data from the 1964 to 2000: the bed slope 𝑆 = 0.0001, 𝛾 =

9800 kg/(m2 ⋅ s2), and𝐷
65
is observed and changed with time

every year as shown in Table 3. The simulation results are
shown in Figure 10.

Figure 10 shows that two types of year cause nonnegligible
errors. The first type is the years with low flow discharge
and high sediment load, such as 1973 and 1997. In 1973, the
annual sediment load at Lijin Station was 1.2 billion tons per

Table 3: Grain size of𝐷
65
at Lijin and Huayuankou Stations.

Year Huayuankou/mm Lijin/mm
1964 0.009 0.014
1965 0.027 0.014
1966 0.015 0.015
1967 0.02 0.018
1968 0.027 0.021
1969 0.016 0.009
1970 0.018 0.012
1971 0.02 0.017
1972 0.02 0.019
1973 0.018 0.018
1974 0.019 0.021
1975 0.021 0.026
1976 0.015 0.023
1977 0.019 0.014
1978 0.018 0.016
1979 0.016 0.016
1980 0.018 0.017
1981 0.018 0.027
1982 0.018 0.023
1983 0.022 0.029
1984 0.022 0.021
1985 0.023 0.021
1986 0.018 0.012
1987 0.015 0.008
1988 0.02 0.015
1989 0.024 0.018
1990 0.018 0.015
1991 0.017 0.016
1992 0.028 0.016
1993 0.022 0.021
1994 0.029 0.018
1995 0.024 0.022
1996 0.022 0.02
1997 0.027 0.016
1998 0.021 0.021
1999 0.02 0.012
2000 0.005 0.029

year or 50% more than the mean value in the past 50 years.
The annual flow volume was 28.15 billion m3 per year or
10% less than the mean value in the past 50 years. In 1997,
the annual sediment load at Lijin Station was 0.016 billion
tons per year or 98% less than the mean value in the past
50 years. The annual flow volume was 1.86 billion m3 per
year, with 227 days in the zero-flow state. In these years,
deposition along the river occurredmore heavily at the outlet.
This was the main reason why the observed bankfull width
was reduced and the calculated value was not. The second
type was years with overflood events, such as what occurred
in 1967 and 1988. In 1967, the maximum daily discharge was
8510m3/s and the observed bankfull discharge (after the flood



8 Journal of Applied Mathematics

Q

Q3

Q2

Q1

t1 t2

t

t1 t2

t

B
(h

)

B3

B2

B1

Figure 8: Channel response processes for the change of water and sediment flow.

Daily inlet sediment data Daily outlet flow and 
sediment data

Ubf = [18.1+12.31lg (hbf /D65)]h
0.5
bf S

0.5

Bbf =
Q

[18.1+12.31lg (hbf /D65)]h
1.5
bf S

0.5

(CS0) (Q, CS,D65, S)

ΔV = (CS − CS0)QΔt hbf = f(Q,CS, D65, S)

The changing amount of bankfull area:

New channel geometry:

ΔA =
ΔV

L
=

(CS − CS0)QΔt

(1 − 𝜑)𝜌L

𝜕B

𝜕t

𝜕h

𝜕t
=

𝛼Bbf

𝛽hbf
𝜕B

𝜕t
h +

𝜕h

𝜕t
B =

𝜕A

𝜕t
= ΔA

/

Figure 9: Computational process of the bankfull area computational model.

season) was 7500m3/s. In 1988, themaximumdaily discharge
was 5220m3/s and the observed bankfull discharge (after the
flood season)was 5000m3/s. However, overbank flood events
were less important than the larger sediment load and smaller
flow volume from the error analysis at Lijin Station. One

explanation for the smaller impact might be the fact that the
overbank flood volumewas notmuch larger than the bankfull
flood at the river outlet.

The daily water and sediment discharge data for
Xiaolangdi and Huayuankou Stations from 1976 to 1997 was
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Figure 10: Bankfull computational results at Lijin Station for 38 years: bankfull (a) discharge; (b) area; (c) width; and (d) depth.

used in the model, together with the daily water discharge
data of Heishiguan and Wuzhi Stations. The simulation
results are shown in Figure 11.

The calculated errors at Huayuankou station were more
obvious than those at Lijin station. Besides the first type,
which included 1987 and 1992, the second type, which
included 1976 ∼ 1977, 1981 ∼ 1983, 1988, and 1996, had
more impact on the errors. 1981 ∼ 1983 may be taken as
an example: the max daily discharge was 7760, 13,400, and
7580m3/s, respectively, and the bankfull discharge (after the
flood season) was 5320, 6000, and 6800m3/s. Three years of
overbank flood events caused obvious river width expansion,
which the methods in this paper cannot reflect.

FromFigures 10 and 11, however, the calculated values still
agree well with the observed values (𝑅2 > 0.7). This shows
that the assumptions and methods adopted in this model are
reasonable in some sense.

4.2. Accuracy Impact Factors for Simulations

4.2.1. Lateral Inflow. Two tributaries in the Xiaolangdi-
Huayuankou reach and the Yiluo and Qin Rivers affected
the flow and sediment discharge in the reach. Given the lack
of daily sediment concentration data, a simplified study is
required.

According to the statistical data from 1960 to 1996,
the annual average sediment discharge of the Yiluo River
(Heishiguan station) is 0.092 × 10

8
𝑡, accounting for 0.9%

of that in the main stream of the LYR. The annual average
sediment discharge of the Qin River (Wuzhi station) is
0.039 × 10

8
𝑡, accounting for 0.4% of that in the main stream

of the LYR. Therefore, these two rivers are considered to be
clear in the calculation for this section. This simplification
might affect the accuracy in some years when the sediment
load cannot be ignored.

4.2.2. Overbank Flood. Differences exist in the scour and
silting mechanisms between overbank and normal floods.
Scouring occurs when the water level rises, while silting
occurs when the water level falls. Floodplain silting with
channel scouring is common during overbank flood periods
in the LYR.

For overbank floods with a low sediment load, for exam-
ple, the flood that occurred from July 31 to August 8, 1982,
the peak discharge at Huayuankou station was 15,300m3/s
and the average sediment concentration was 67 kg/m3. This
caused 0.217 billion tons of sediment to be deposited in the
floodplain and 0.15 billion tons to be scoured from the main
channel in the Huayuankou-Aishan reach.
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Figure 11: Bankfull computational results at Huayuankou station for 22 years: bankfull (a) discharge; (b) area; (c) width; and (d) depth.

For overbank floods with high sediment load, for exam-
ple, the flood that occurred in 1977, the peak discharge at
Huayuankou station was 10,800m3/s and the average sedi-
ment concentration was 437 kg/m3. This caused the amount
of sediment deposited in the main channel to be three times
that deposited in the floodplain in the Huayuankou-Aishan
reach.

Consequently, the methods used in this paper are not
suitable for overbank situations. The key issue is that the
distribution of resistance in the floodplain and main channel
is unknown. A simplified statistical method is used to deal
with overbank flood events. For flows with a high sediment
concentration, sediment is deposited all along the river, and
a distributing coefficient 𝐾 = 𝑉

1
/𝑉
2
reflecting the deposition

ratio between the floodplain and main channel is calibrated
against all years.Here,𝑉

1
is the deposition volume in themain

channel (m3) and 𝑉
2
is in the floodplain.

For flowswith a high sediment concentration, sediment is
deposited all along the river (𝐾 = 0.32), while for flows with
a low sediment concentration, the main channel is scoured,
the floodplain is deposited, and 𝐾 = −0.51. According
to statistical data, the criterion for high sediment loads is
300 kg/m3.

4.2.3. Channel Shape of a Uniform Reach. Here, the chosen
river reach is assumed to be uniform so that the depositing
or eroding sediment volume can be distributed along the
reach evenly.This assumption is muchmore acceptable in the
Jinan-Lijin reach than in the Xiaolangdi-Huayuankou reach,
because there is a valley channel beyond Xiaolangdi Station
that affects the sediment distribution along the Xiaolangdi-
Huayuankou reach.Thismight be an important impact factor
for the accuracy of themodel applied to Huayuankou station.

5. Conclusions

(1) Based on the equations for stable alluvial rivers,
namely, the Exner equation, flow continuity, the
momentum, and sediment concentration conser-
vation equations and assuming that the riverbed
slope is constant on middle timescales (100-101
years), we found stationary geomorphic relations for
time-varying fluvial processes. We obtained a time-
dependent relation for the channel geometry given
nonstationary alluvial processes.

(2) The final solutions from the equations for stable
alluvial rivers simply reflect the adjusted direction
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of channel geometry. The adjusted magnitude of
the hydraulic geometry each day is determined by
the daily input of depositing or eroding sediment
volumes. The direction and magnitude give the final
channel shape.

(3) Using daily flow and sediment data to determine the
adjustment direction and magnitude, the variation in
the bankfull characteristics for Lijin andHuayuankou
Stations in the LYR were calculated. The final results
agreed closely (𝑅2 > 0.7) with the observed values.
This implies that the assumptions are acceptable and
themethod is applicable for the reservoir and channel
regulation in the LYR.

(4) Compared with the rate-law and hydrodynamic
methods, the proposed method enables multiple
dependent variables and the input of detailed hydro-
logical data for long-term simulations. However,
because of those assumptions for simplification, the
model we provided also has some limitations. Firstly,
it cannot be applied to a dramatic time-varying fluvial
procedure like an overbank flow or a hyperconcen-
tration flood, only fitting for a quasisteady fluvial
process. Secondly, the time-step of one day is still
large for a physics-based model which smoothes
the deviation of inner-daily flood process. Thirdly,
the key equation in this model is derived by the
experiential relations between channel geometry and
hydraulic relations, which is not verified in theory.
These limitations are the main sources of the model
error and will be our next work in the future.
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A novel architecture for flood routing model has been proposed and its efficiency is validated on several problems by employing
support vector machines. The architecture is designed by including the inputs and observed and calculated outflows from the
previous time step output. Whole observed data have been used for determining the model parameters in the heuristic methods
given in the literature, which constitutes the major disadvantage of the existing approaches. Moreover, using the whole data for
training may lead to overtraining problem that causes overfitting of estimations and data. Therefore, in this study, 60–90% of
the data are randomly selected for training and then the remaining data are used for validation. In order to take the effects of
the measurement errors into consideration, the data are corrupted by some additive noise. The results show that the proposed
architecture improves the model performance under noisy and missing data conditions and that support vector machines can be
powerful alternative in flood routing modeling.

1. Introduction

Flood routing is important in the design of flood protection
measures in order to estimate how the proposed measures
will affect the behavior of flood waves in rivers so that
adequate protection and economic solutions can be found [1].
Flood routingmodelsmay be classified as either hydrologic or
hydraulic.The hydraulic models solve the Saint-Venant equa-
tions by using a numerical method such as finite difference
or finite element methods. A great deal of studies based on
hydraulic models was developed by various researchers for
flood routing [2–8]. These models require the measurement
of flow depth and discharges. If detailed topographical
surveys of channel cross-sections and roughness at close
intervals are not available, hydraulic models are not suitable
to serve the purpose of flood routing. In this case, hydrologic
modelsmay be used because they can copewith sparse spatial
data [9].

Hydrologic models are based on the storage continuity
equation and another equation which usually expresses the
storage volume as a linear or nonlinear function of inflow
and outflow discharges. The Muskingum method is the

most widely used hydrologic flood routing method owing
to its simplicity [10]. Many researchers made studies on the
parameter estimation of Muskingum flood routing models
[11–14]. Performances of the Muskingum models depend on
the selection of the appropriate storage equation and the
optimal parameter estimation of these models. Even if the
parameters of storage equation are determined as optimum,
every flood event may not be adequately represented. In
particular, this problem occurs in a flood event containing
more than one peak and/or having substantially lateral flow.

In order to overcome this problem, data-driven flood
routing models based on support vector machines (SVM)
need to be developed. SVM is based on statistical learning
theory and structural risk minimization principle and can
solve any regression problemswithout getting stuck into local
minima. They achieve the global solution by transforming
the regression problem into a quadratic programming (QP)
problem and then solving it by a QP solver. Finding global
solution and possessing higher generalization capability con-
stitute the major advantages of the SVM algorithms over
other regression techniques [15]. In the last decade, SVM-
based algorithms have been developed very rapidly and have
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Figure 1: (a) Training phase and (b) prediction phase.

been applied to many areas [16, 17]. In particular, the SVM
have been used for modeling and prediction purposes for
solving some problems in the hydrology area of research and
application [18–29].

The fact that the whole observed data has been used for
determining the model parameters in the abovementioned
heuristicmethods constitutes themajor disadvantage of these
approaches. This may lead to overtraining problem that
degrades generalization capability [34]. In order to prevent
overtraining, some part of the data is used for training and
the remaining part is spared for validation. Thus, in this
study, 60–90% of the data are randomly selected for training
(for determining model parameters) and then the remaining
unseen data are used for validation. Therefore, in this study,
novel model architecture has been proposed and its efficiency
is validated on several problems.This is organized as follows.

In the next section, first, the proposed training and
prediction procedures are introduced and then the training
algorithm is explained in detail for SVM in the following
subsection. In Section 3, the three numerical applications are
investigated to show the efficiency of the proposedmethod by
comparing SVM to other methods when all data are used for
training and also to each other when only some portion of the
data is used for training.The simulation results are discussed
in Section 4.

2. Model Development

In this study, we have employed SVM in flood routing
modeling for prediction of its future behavior. For this
purpose, as can be seen in Figure 1(a), an SVM model of the
flood routing is obtained in the training phase by using a
training set 𝑇 as given by

𝑇 = {𝑄
𝐼
(𝑡 + 𝑘Δ𝑡) , 𝑄

𝐼
(𝑡 + (𝑘 − 1) Δ𝑡) , 𝑄

𝑂
(𝑡 + (𝑘 − 1) Δ𝑡)

; 𝑄
𝑂
(𝑡 + 𝑘Δ𝑡)}

𝑘=𝑁

𝑘=1
,

(1)

where 𝑄
𝐼
(𝑡) and 𝑄

𝑂
(𝑡) are the measured input and output

flow rates at time 𝑡, respectively, Δ𝑡 is the time interval
between the successive measurements, and𝑁 is the number
of training data. For sake of the simplicity, the data set 𝑇 can
be represented more compactly as 𝑇 = {x

𝑘
; 𝑦(𝑘)}

𝑘=𝑁

𝑘=1
, where

x
𝑘
∈ 𝑋 ⊆ R3 is the 𝑘th input data point in the input space

and 𝑦(𝑘) ∈ 𝑌 ⊆ R is the corresponding output value; that is,

x
𝑘
[𝑄
𝐼
(𝑡 + 𝑘Δ𝑡) , 𝑄

𝐼
(𝑡 + (𝑘 − 1) Δ𝑡) , 𝑄

𝑂
(𝑡 + (𝑘 − 1) Δ𝑡)]

𝑇

;

𝑦 (𝑘) = 𝑄
𝑂
(𝑡 + 𝑘Δ𝑡) .

(2)

In the modeling phase, to obtain a model that represents
the relationship between the input and output data points is
desired. The training data set 𝑇 is to be used to obtain an
approximate model of the flood. Once the SVM model of
the flood routing is obtained, then its future behavior can be
predicted by the mechanism depicted in Figure 1(b), where
the predicted output of the model is delayed by Δ𝑡 and then
fed back to the model itself as the third input thereby making
the model more realistic to predict the flood.

In this section, the 𝜀-SVR algorithm, SVM regression
algorithm used in this study, is described briefly. The primal
form of an SVM regression model is given by (3), which is
linear in a higher dimensional feature space F.

Consider

𝑦 (x
𝑖
) = ⟨w,Φ (x

𝑖
)⟩ + 𝑏, (3)

where w is a vector in the feature space F, Φ(⋅) is a mapping
from the input space to the feature space, 𝑏 is the bias term,
and ⟨⋅⟩ is the inner product operation in the feature space.
The SVM regression algorithm looks upon the regression
problem as an optimization problem in dual space, where the
model is given by

𝑦 (x
𝑖
) =

𝑁

∑

𝑗=1

𝛼
𝑗
𝐾(x
𝑖
, x
𝑗
) + 𝑏, (4)

where 𝛼
𝑗
’s are the coefficients of each training data point and

𝐾(x
𝑖
, x
𝑗
) is a kernel function. The kernel function handles

the inner product in the feature space; that is, 𝐾(x
𝑖
, x
𝑗
) =

⟨Φ(x
𝑖
),Φ(x

𝑗
)⟩, and hence the explicit form of Φ(x) does not

need to be known. In this study, we have used the radial basis
kernel function given by

𝐾(x
𝑖
, x
𝑗
) = 𝐾

𝑖𝑗
= exp(−


x
𝑖
− x
𝑗



2

2𝜎2
) , (5)
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Table 1: Comparison of the observed and computed outflows for Wilson data.

Time (h) Input (cms) Output (cms) NLMM-L VPWFDM-L FIS SVM
[30] [31] [32]

0 22 22 22 22 22.0 22.00
6 23 21 21.71 20.66 20.9 20.93
12 35 21 22.02 21.5 21.0 20.98
18 71 26 26.08 25.79 26.0 25.92
24 103 34 33.51 33.71 34.0 34.04
30 111 44 42.83 44.65 44.0 43.97
36 109 55 55.44 54.37 57.1 55.04
42 100 66 66.67 65.72 66.2 65.96
48 86 75 75.77 75.78 75.0 75.06
54 71 82 82.12 82.55 82.0 81.93
60 59 85 84.78 84.65 85.4 84.95
66 47 84 83.42 84.07 84.0 84.08
72 39 80 79.44 79.36 80.0 79.93
78 32 73 72.48 72.67 73.0 72.92
84 28 64 64.08 63.75 64.0 64.02
90 24 54 54.58 54.53 54.0 54.04
96 22 44 45.22 44.87 44.0 43.96
102 21 36 36.34 36.24 35.9 36.04
108 20 30 29.21 29.5 29.9 29.96
114 19 25 24.21 24.56 25.3 25.04
120 19 22 20.96 21.31 21.7 21.96
126 18 19 19.41 19.39 19.1 19.04
SSE 9.823 5.178 4.830 0.056

where ‖⋅‖ is the Euclidean norm and 𝜎 is the width parameter.
In the model (4), a training point x

𝑗
corresponding to a

nonzero 𝛼
𝑗
value is referred to as the support vector. The 𝜀-

SVR algorithm employs Vapnik’s 𝜀-insensitive loss function
𝐿(𝜀, 𝑦, 𝑦) given by

𝐿 (𝜀, 𝑦, 𝑦) = {
0 𝑦 − 𝑦 ≤ 𝜀

𝑦 − 𝑦 𝑦 − 𝑦 > 𝜀
(6)

and formulates the primal form of the regression problem as
follows:

min𝑃
𝜀

w,𝑏,𝜉,𝜉∗
=
1

2
‖w‖2 + 𝐶

𝑁

∑

𝑖=1

(𝜉
𝑖
+ 𝜉
∗

𝑖
) , (7)

subject to the constraints

𝑦 (x
𝑖
) − ⟨w,Φ (x

𝑖
)⟩ − 𝑏 ≤ 𝜀 + 𝜉

𝑖
, 𝑖 = 1, . . . , 𝑁

⟨w,Φ (x
𝑖
)⟩ + 𝑏 − 𝑦 (x

𝑖
) ≤ 𝜀 + 𝜉

∗

𝑖
, 𝑖 = 1, . . . , 𝑁

𝜉
𝑖
, 𝜉
∗

𝑖
≥ 0, 𝑖 = 1, . . . , 𝑁,

(8)

where 𝜉
𝑖
’s and 𝜉∗

𝑖
’s are slack variables, 𝜀 is the upper value

of tolerable error for the output, and 𝐶 is a regularization
parameter that provides a compromise between the model
complexity and the degree of tolerance to the errors larger

than 𝜀. Dual form of the optimization problem becomes a
quadratic programming (QP) problem as follows:

min
𝛽,𝛽
∗
𝐷
𝜀
=
1

2

𝑁

∑

𝑖=1

𝑁

∑

𝑗=1

𝐾
𝑖𝑗
(𝛽
𝑖
− 𝛽
∗

𝑖
) (𝛽
𝑗
− 𝛽
∗

𝑗
) + 𝜀

𝑁

∑

𝑖=1

(𝛽
𝑖
+ 𝛽
∗

𝑖
)

−

𝑁

∑

𝑖=1

𝑦 (x
𝑖
) (𝛽
𝑖
− 𝛽
∗

𝑖
) ,

(9)

subject to the constraints

0 ≤ 𝛽
𝑖
, 𝛽
∗

𝑖
≤ 𝐶,

𝑁

∑

𝑖=1

(𝛽
𝑖
− 𝛽
∗

𝑖
) = 0, 𝑖 = 1, . . . , 𝑁. (10)

Solution of the QP problem gives the optimum values of
𝛽
𝑖
’s and 𝛽∗

𝑖
’s. The value of 𝑏 in the model is determined as

follows: the condition 𝑦(x
𝑖
) − 𝑦(x

𝑖
) = 𝜀 is satisfied for each

support vector x
𝑖
for which the condition 0 ≤ 𝛽

𝑖
− 𝛽
∗

𝑖
≤ 𝐶

holds. If 𝛼
𝑗
is defined to be the new coefficient of x

𝑗
for

𝑗 = 1, . . . , 𝑁 as 𝛼
𝑗
= 𝛽
𝑗
− 𝛽
∗

𝑗
, then we obtain an SVM

model as given by (4). Furthermore, if the support vectors
are considered only, then the model becomes

𝑦 (x
𝑖
) =

#SV
∑

𝑗=1

𝑗∈SV

𝛼
𝑗
𝐾(x
𝑖
, x
𝑗
) + 𝑏, (11)
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Table 2: Comparison of the observed and routed outflows for Viessman and Lewis data.

Time (h) Input (cms) Output (cms) NLMM-L VPWFDM-L SVM
[30] [31]

0 166.2 118.4 166.2 118.40 118.40
1 263.6 197.4 166.2 182.23 198.71
2 365.3 214.1 263.25 262.43 215.39
3 580.5 402.1 346.87 362.43 403.06
4 594.7 518.2 505.25 496.97 519.25
5 662.6 523.9 563.12 559.30 526.01
6 920.3 603.1 620.77 633.91 604.67
7 1568.8 829.7 773.8 803.13 831.03
8 1775.5 1124.2 1109.49 1150.33 1122.98
9 1489.5 1379 1381.64 1417.85 1377.61
10 1223.3 1509.3 1460.43 1433.22 1508.11
11 713.6 1379 1389.1 1345.15 1378.08
12 645.6 1050.6 1133.57 1115.25 1049.46
13 1166.7 1013.7 890.74 968.99 1012.38
14 1427.2 1013.7 982.97 994.50 1012.35
15 1282.8 1013.7 1167.97 1022.09 1014.47
16 1098.7 1209.1 1236.21 1216.84 1207.94
17 764.6 1248.8 1192.89 1231.67 1246.96
18 458.7 1002.4 1019.78 1023.80 1000.48
19 351.1 713.6 743.04 689.20 714.04
20 288.8 464.4 501.27 473.12 466.09
21 228.8 325.6 345.06 351.18 327.39
22 170.2 265.6 245.18 266.89 266.12
23 143 222.6 168.87 194.24 224.38

73399.33 26185 43.37

where #SV stands for the number of support vectors in the
model [19, 35] The SVM model is sparse in the sense that
the whole training data are represented by only support
vectors.The parameters of 𝜀-SVR are the maximum tolerable
error 𝜀 at the output, the regularization parameter C, the
number of training patterns 𝑁, and the width parameter 𝜎.
The major advantage of the 𝜀-SVR algorithm is that it allows
for the determination of the maximum total training error
beforehand by choosing a proper 𝜀 value.

3. Numerical Applications

In this study, we have tested modeling and prediction per-
formance of the proposed SVM structure on three different
flood problems. For each problem, we have gathered some
artificial and real-world data for modeling purposes. In this
comparative work, we have split our comparisons into two
cases. In Case I, in order to have a basis for fair comparisons
to other methods, all of the gathered data are used for only
training of SVM structure. In Case II, only some portions,
𝜇, of the data are used for training, while remaining data
are spared for validation and then the SVM approach is
compared to other models given in the literature. For both
cases in the training phase, all variables in each data set are

normalized to the interval [0, 1] and then an appropriate data
set for training is formed.Afterwards, SVMmodel is obtained
to give least possible training plus validation errors.

3.1. Application to Wilson Data [36]. Data sets reported
by Wilson are known to present a nonlinear relationship
between weighted discharge and storage and used extensively
in the literature as a benchmark problem. The number of
data in this example is 22. The comparison of the SVM to
other methods with respect to the prediction performances
for Example 1 is given in Table 1.

The Wilson flood data were modeled by Karahan et al.
(2014) using a nonlinear Muskingum model incorporating
lateral flow (NLMM-L) and SSE value was found as 9.823.
Chu (2009) presented the combined application of fuzzy
inference system (FIS) and Muskingummodel in flood rout-
ing. Chu (2009) found the SSE value as 4.830. More recently,
Karahan et al. (2014) have proposed a variable-parameter
nonlinear Muskingummodel incorporating lateral flow with
a weighted finite difference method [VPWFDM-L] and
applied this model to Wilson data. Karahan et al. (2014) have
reported the SSE value as 5.178. When the SVM model is
employed for the same flood data, the SSE value has been
found as 0.056, which is much better than that of other
methods.
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Table 3: Comparison of the observed and routed outflows for the River Wyre data.

Time (h) Input (cms) Output (cms) LMM-L NLMM-L SVM
[33] [30]

0 2.6 8.3 8.3 8.3 8.300
1 4.2 9 8.2 8.51 9.092
2 12.3 9.9 8.1 8.79 10.020
3 25.4 10.2 12.7 10.94 10.338
4 24.1 18.9 27.9 20.28 19.063
5 20.3 35.9 39.9 37.54 35.980
6 23.3 51.8 45.7 49.07 51.815
7 27.7 59.4 52.2 55.11 59.327
8 27.7 63.3 61.4 62.5 63.279
9 26.9 69.6 68.9 71.44 69.482
10 24.8 76.7 74.7 78.03 76.649
11 26.9 82 77.2 82.07 82.051
12 33.7 85.3 79.8 83.72 85.234
13 33.9 89 87.8 87.43 88.901
14 27.8 94.6 95.5 95.49 94.514
15 20.8 98.8 97.7 100.88 98.683
16 15.6 98 94.4 99.29 97.902
17 11.9 91.8 87.9 92.06 91.728
18 9.5 82.3 79.8 82.22 82.217
19 7.8 72 71.5 71.75 72.086
20 6.5 61.9 63.6 61.91 61.824
21 5.8 53 56.1 53.12 53.068
22 5 45.6 49.6 45.47 45.560
23 4.8 39.2 43.7 39.14 39.259
24 4.5 33.8 38.8 33.76 33.764
25 4.1 29.3 34.6 29.55 29.363
26 3.7 26.2 30.9 26.12 26.085
27 3.4 23.5 27.7 23.2 23.496
28 3.2 21.2 24.8 20.67 21.289
29 2.9 19.2 22.3 18.52 19.367
30 2.8 17.7 20.1 16.71 17.747
31 2.6 16.4 18.2 15.12 16.527
SSE 468.840 53.708 0.253

3.2. Application to Viessman and Lewis Data [37]. This exam-
ple is based on inflow and outflow hydrographs exhibiting
linear characteristics and presents a relatively difficult pre-
diction problem for flood routing, where there exist two
successively active floods.The number of data in this example
is 24.

Table 2 shows the comparison results numerically. It is
obviously seen that the SVM method outperforms others in
prediction of the flood dynamics, which can be attributed to
the proposed training and prediction structures and also the
generalization potentials of SVM approach.

As can be seen from Table 2, the SSE values are obtained
as 73399.33 for theNLMM-Lmodel, 26185 for theVPWFDM-
L model, and 43.37 for the SVM model, respectively. It is
observed from the results of Table 3 that the SSE value (0.253)
obtained by the SVMmodel for the River Wyre data is better
than those obtained when the LMM-L and NLMM-Lmodels
are used.

3.3. Application to River Wyre [33]. For the River Wyre data,
the flood volume between the inflow and the outflow sections
is 25 km, along which there are lateral flows that considerably
contribute to the flood [33]. Moreover, the input hydrograph
has multiple peaks.The number of data in this example is 32.

In the literature, the River Wyre flood data were first
modeled by O’Donnell (1985) using a linear Muskingum
model incorporating lateral flow (LMM-L) and the SSE value
was found as 468.840. Recently, Karahan et al. (2014) have
applied NLMM-L model to River Wyre flood data and have
reported the SSE value as 53.708. It is observed from the
results that the SSE value (0.253) obtained by the SVMmodel
for the River Wyre data is better than those obtained when
the LMM-L and NLMM-L models are used.

3.4. Verification of Model Robustness. In Sections 3.1–3.3,
the SVM models have been obtained by using whole data
and then compared to other methods in the literature. The
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Table 4: Average SSE values of the SVM approach for Wilson data, Viessman and Lewis data, and River Wyre data.

Data 𝜇 𝛿 = 0 𝛿 = 0.01 𝛿 = 0.05 𝛿 = 0.10

Wilson

0.9 1.389 1.627 2.013 2.691
0.8 3.486 4.120 4.160 7.738
0.7 7.284 8.473 8.835 10.818
0.6 12.540 14.872 17.878 21.755

Viessman and Lewis

0.9 12460.720 14446.716 18456.445 21172.915
0.8 34631.312 48888.423 50163.966 58837.181
0.7 83005.647 84387.246 112145.221 100247.301
0.6 124339.197 124324.518 118768.183 131235.761

River Wyre

0.9 5.760 9.895 11.922 7.788
0.8 218.236 55.846 70.096 289.540
0.7 291.692 161.367 133.620 363.987
0.6 331.883 271.468 239.053 440.319

results have shown that there is good agreement between
the predicted and measured outflows for the three examples
under investigation. However, it is possible that there may be
some erroneous and/or missing measurements in practical
applications. In order to test the performance of the proposed
SVM model under such conditions, input data have been
corrupted by additive uniformly distributed noise with zero
mean. The noisy data are obtained as [38, 39]

𝑄
∗

𝐼
(𝑡) = 𝑄

𝐼
(𝑡) + 𝜆𝛿𝑄

𝐼
(𝑡) , (12)

where QI(t) and Q∗I (t) stand for the noiseless and noisy
input flow rates at time t, respectively, 𝜆 represents the
measurements errors that are distributed uniformly between
−1 and 1, and 𝛿 is a noise level scalar between 0.0 and 0.1. In
this study, various noise level conditions, namely, 0.01, 0.05,
and 0.10, are considered and also it is assumed that some
portions (10 to 40 percent) of the data are missing in order
to investigate the effects of the missing data on the model
performance. In order to get more reliable results, the tests
have been performed at least 100 times for each case and then
their average SSE values have been given in Table 4.

As can be seen fromTable 4, only 𝜇 portion of data is used
for training, while its remaining part is spared for validation.
The test data are selected randomly out of the whole data set.
It is observed from numerical results that the SVM method
provides excellent prediction performance when there is no
measurement noise (𝛿 = 0) and the nearly whole data are
used (𝜇 = 0.9). On the other hand, as the level of the
measurement noise and the portion of the missing data are
increased, the model performance decreases expectedly. Still,
in the worst case (𝛿 = 0.1 and 𝜇 = 0.6) the proposed SVM
method provides acceptable performance.

4. Conclusions

In this study, a novel architecture for flood routing model has
been proposed and its efficiency is validated on three different
flood routing problems by employing SVM approach. Pro-
posed model is designed including the inputs and observed
and calculated outflows from the previous time step output,

thereby making the model more realistic.The SVM approach
has been implemented to capture the dynamics of the inves-
tigated floods from the observed data. In this study, higher
generalization capabilities have motivated us to employ the
SVM structure. After completing the learning phase, the
model has been performed to predict the routing outflows.
The proposed model has also been compared to the different
models in the literature.

The simulation results have revealed that when com-
bined with the powerful modeling tools, such as SVM,
the proposed architecture exhibits excellent modeling and
prediction performances for flood routing problems under
investigation. The results have also demonstrated that the
proposedmodel provides better prediction performance than
the ones existing in the literature when whole data are
used for training. Furthermore, SVM approach has been
employed when only some portions (60–90%) of the data
are used for training, and it has been observed that SVM
maintains its prediction performance up to an acceptable
level even if only 60% of the data are used for training under
noisy condition.Consequently, the proposedmodel possesses
higher applicability potential in forecasting outflows with
different inflow patterns and thus it can be employed for
solving flood routing problems.
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Reverse osmosis (RO) technique is one of the most efficient ways for seawater desalination to solve the shortage of freshwater.
For prediction and analysis of the performance of seawater reverse osmosis (SWRO) process, an accurate and detailed model
based on the solution-diffusion and mass transfer theory is established. Since the accurate formulation of the model includes many
differential equations and strong nonlinear equations (differential and algebraic equations, DAEs), to solve the problem efficiently,
the simultaneousmethod through orthogonal collocation on finite elements and large scale solver were used to obtain the solutions.
The model was fully discretized into NLP (nonlinear programming) with large scale variables and equations, and then the NLP
was solved by large scale solver of IPOPT. Validation of the formulated model and solution method is verified by case study on a
SWRO plant.Then simulation and analysis are carried out to demonstrate the performance of reverse osmosis process; operational
conditions such as feed pressure and feed flow rate as well as feed temperature are also analyzed.This work is of significant meaning
for the detailed understanding of RO process and future energy saving through operational optimization.

1. Introduction

China, which has the largest population in the world and is
called the world’s factory, has a much more serious problem
of freshwater shortage. This problem is expected to worsen
in the whole world with the growth of industrialization, as
well as climate change [1–3]. Seawater desalination based on
RO (reverse osmosis)membrane technique is one of themost
promising ways to obtain freshwater, especially in the coastal
regions and islands.More than 40%market shares of seawater
desalination based on RO technique was occupied worldwide
in the past decade [4]. Reverse osmosis (RO) is also a
membrane technology driven by high pressure and is used
to separate salt and water of the same order of molecular size.
High pressure is applied on the feed side of the membrane
to overcome the osmotic pressure and cause transport of the
solvent from feed to permeate side. Among the membrane
modules, spiral-wound RO occupies the largest market share
because of its relative ease of cleaning, fabrication technology,
and very large surface area per unit volume [5, 6].The general
process of SWRO can be found in the specialized literature
[7, 8]. To achieve a high recovery in a single stage, several

spiral-wound elements in series, held in a cylindrical pressure
vessel, are usually used in seawater desalination applications.
Generally a reverse osmosis desalination unit is composed of
dozens of cylindrical pressure vessels, and several units with
a permeate water storage tank were used as the key part of a
seawater desalination plant.

The feed pressure as well as other parameters such as
operational temperature and properties of the membrane
has significant effect on the performance of SWRO pro-
cess. It is quite important to understand the mechanism of
SWRO process and improve the performance and reduce
the energy consumption. For this reason, based on solution-
diffusion model and film theory, the model of RO process
was researched, found, analyzed, and used to optimize the
operation of SWRO plant [9, 10].

Libotean and Khayet established the performance predic-
tion model based on data-driven method such as artificial
neural networks [11, 12]. Since modeling based on rigid
first principle can reveal more information, Senthilmurugan
et al. [9] applied the solution-diffusion model modified
with the concentration polarization theory for analyzing the
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operation and performance of RO systems. Abbas analyzed
and simulated an industrial medium-scale brackish water
reverse osmosis plant with semirigorous model, and then he
used it to analyze the optimal operation of RO system [13].
Geraldes considered both the investment cost and operation
cost of SWRO system and provided the differential equations
of the RO process with distributed method [14]. Then, to
avoid computing difficulties, he simplified the simulation
process and solved his optimal problem with simple differ-
ence equations. Sundaramoorthy et al. build more complex
analytical model of spiral wound reverse osmosis modules,
based on complex model parameters estimation; the model
is computed based on sequential method [15]. To get more
accurate results, more modeling and simulation of reverse
osmosis system are carried out with CFD technique [16–18].
But since these models are not founded with simultaneous
method, computing efficiency for simulation and optimiza-
tion cannot be guaranteed for online application.

In this paper, to achieve accurate prediction of ROprocess
performance and to accelerate the computing efficiency for
real time simulation, the mathematical modeling is carried
out based on rigid first principle, then simultaneous method
within which the differential variables are fully discretized
by finite element collocation. The mathematical model is
verified and then simulation under different conditions will
be discussed.

2. Mathematical Modeling of
Spiral-Wound RO Process

The performance of SWRO plants is quite sensitive to the
quality of the feed water and plant operating conditions.
Based on solution-diffusion model and film theory and
according to the schematic diagram of the SWRO process
shown in Figure 2, more accurate membrane transport equa-
tions of steady-state in the form of distributed parameters can
be derived.

For the RO membrane, the overall fluid and solute mass
balance equations are

𝑄
𝑝
= 𝑄
𝑓
− 𝑄
𝑟

𝑄
𝑓
𝐶
𝑓
= 𝑄
𝑟
𝐶
𝑟
+ 𝑄
𝑝
𝐶
𝑝

𝑄
𝑝
= 𝑛
𝑙
𝑊∫

𝐿

0

𝐽V𝑑𝑧.

(1)

Here subscripts𝑓, 𝑟, and𝑝 refer to the feed, reject (brine),
and permeate (product) streams. 𝑄 and 𝐶 refer to the flow
rate and salt concentration, respectively. The local water flux
and salt flux can be calculated from the Kimura-Sourirajan
solution-diffusion mass transport relations. 𝑛

𝑙
, 𝑊, and 𝐿

express the number of leaves and the width and length of
the ROmodule, respectively. The solution-diffusion model is
assumed to be valid for the transport of solvent and solute
through themembrane. According to this model, solvent flux

𝐽V and solute flux 𝐽𝑠 through membrane are expressed by the
following equations:

𝐽V = 𝐴
𝑤
(𝑃
𝑓
− 𝑃
𝑑
− 𝑃
𝑝
− Δ𝜋)

𝐽𝑠 = 𝐵
𝑠
(𝐶
𝑚
− 𝐶
𝑏
) .

(2)

Let

𝑃
𝑏
= 𝑃
𝑓
− 𝑃
𝑑
,

Δ𝑃 = (𝑃
𝑏
− 𝑃
𝑝
) .

(3)

Then

𝐽V = 𝐴
𝑤
(Δ𝑃 − Δ𝜋) , (4)

where 𝐴
𝑤
is the solvent transport parameter, 𝑃

𝑓
is the feed

pressure, 𝑃
𝑑
is the pressure drop along a RO spiral-wound

module, 𝑃
𝑏
is the pressure along the channel of spiral-wound

module, and𝑃
𝑝
is the pressure of permeate side, which in gen-

eral is assumed as environment pressure. Δ𝜋 is the pressure
loss of osmosis pressure. 𝐵

𝑠
is the solute transport parameter,

𝐶
𝑚
and𝐶

𝑠𝑝
are solute concentration at themembrane surface

on the feed side and solute concentration on the permeate
side, respectively, and 𝐶

𝑝
is the value of 𝐶

𝑏
at the end of

module.Thatmeans𝐶
𝑝
= 𝐶
𝑏
(𝐿).𝐴

𝑤
and𝐵

𝑠
are sensitivewith

operational temperature and related factors; the relationship
is expressed as follows:

𝐴
𝑤
= 𝐴
𝑤0

exp (𝛼
1

𝑇 − 273

273
− 𝛼
2
(𝑃
𝑓
− 𝑃
𝑑
))

𝐵
𝑠
= 𝐵
𝑠0
exp(𝛽

1

𝑇 − 273

273
) ,

(5)

where 𝐴
𝑤0

and 𝐵
𝑠0

are intrinsic transport parameter in
standard condition and𝛼

1
,𝛼
2
, and𝛽

1
are constant parameters

for transport. 𝑇 represents operational temperature with unit
of kelvin degree. The osmotic pressure is nearly linearly
related to concentration by the equation

Δ𝜋 = 𝑅𝑇 (𝐶
𝑚
− 𝐶
𝑝
) , (6)

where 𝑅 is the gas law constant.
Solution of the above equations requires knowledge of

the RO process specification and parameters as well as the
solute concentration of 𝐶

𝑚
at the membrane wall, which is

quite different from the bulk concentration 𝐶
𝑏
due to the CP

(concentration polarization) phenomenon. Through steady-
state material balance around the boundary layer and CP
theory, the following simple expression is developed:

𝜙 =
𝐶
𝑚
− 𝐶
𝑝

𝐶
𝑏
− 𝐶
𝑝

= exp(𝐽V
𝑘
𝑐

) . (7)

The bulk concentration𝐶
𝑏
and solvent transports 𝐽V vary

along the membrane channel. The computation of the mass
transfer coefficient 𝑘

𝑐
is as follows [19]:

Sh =
𝑘
𝑐
𝑑
𝑒

𝐷
𝐴𝐵

= 0.065Re0.875Sc0.25, (8)
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Figure 1: Detailed schematic diagram of RO process and water storage process.
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Figure 2: Scheme of the rectangular channel model of spiral wound module feed channel.

where

Re =
𝜌𝑉𝑑
𝑒

𝜇

Sc =
𝜇

(𝜌𝐷
𝐴𝐵
)
.

(9)

𝜌 is the density of permeatewater,𝑑
𝑒
is hydraulic diameter

of the feed spacer channel, 𝜇 is kinematic viscosity, and 𝐷
𝐴𝐵

is dynamic viscosity; it can be calculated by the regression
equation

𝐷
𝐴𝐵

= 6.725 × 10
−6

⋅ exp(0.1546 × 10
−3
𝐶
𝑏
−

2513

273.15 + 𝑇
) .

(10)
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The relationship between 𝐽V and 𝐽𝑠 is

𝐽𝑠 = 𝐽V𝐶
𝑝
. (11)

According to Figure 2, the pressure loss along the RO channel
can be formulated as

𝑑𝑃
𝑑

𝑑𝑧
= −𝜆

𝜌

𝑑
𝑒

𝑉
2

2
, (12)

where

𝜆 = 6.23𝐾
𝜆
Re−0.3. (13)

𝐾
𝜆
is the empirical parameter. Since the pressure along RO

𝑃
𝑏
= 𝑃
𝑓
− 𝑃
𝑑
, so

𝑑𝑃
𝑏

𝑑𝑧
= −

𝑑𝑃
𝑑

𝑑𝑧
= 𝜆

𝜌

𝑑𝑒

𝑉
2

2
, (14)

at 𝑧 = 0, 𝑃
𝑏
= 𝑃
𝑓
, at 𝑧 = 𝐿, 𝑃

𝑏
= 𝑃
𝑟
.

𝑉 is axial velocity in feed channel and satisfies

𝑑𝑉

𝑑𝑧
= −

2𝐽V
ℎsp

at 𝑧 = 0, 𝑉 = 𝑉
𝑓
=

𝑄
𝑓

𝑛
𝑒
𝑊ℎsp

at 𝑧 = 𝐿, 𝑉 = 𝑉
𝑟
=

𝑄
𝑟

𝑛
𝑒
𝑊ℎsp

.

(15)

ℎsp is height of the feed spacer channel.
The bulk concentration 𝐶

𝑏
varies along the membrane

channel and can be given as

𝑑𝐶
𝑏

𝑑𝑧
=

2𝐽V
ℎsp𝑉

(𝐶
𝑏
− 𝐶
𝑝
) , (16)

and at 𝑧 = 0, 𝐶
𝑏
= 𝐶
𝑓
; at 𝑧 = 𝐿, 𝐶

𝑏
= 𝐶
𝑟
.

From the solution of the above equations, 𝑄
𝑝
and 𝐶

𝑝
at

given operational conditions and specification of membrane
can be obtained, from which the water recovery rate Rec and
specific energy consumption SEC can be calculated by the
equations

Rec =
𝑄
𝑝

𝑄
𝑓

(17)

SEC =
(𝑃
𝑓
𝑄
𝑓
/𝜀
𝑝
− 𝑃
𝑟
𝑄
𝑟
𝜀
𝑒𝑓
)

𝑄
𝑝

. (18)

Salt passage and salt rejection coefficient are also two
important parameters reflecting the performance of the RO
process. They are formulated as the following equations:

Sp =
𝐶
𝑝

𝐶
𝑓

× 100% (19)

Ry =
(𝐶
𝑓
− 𝐶
𝑝
)

𝐶
𝑓

× 100%, (20)

where 𝜀
𝑝
and 𝜀
𝑝𝑓

are the mechanical efficiency and energy
recovery efficiency, respectively.

Equations (1)–(20) explain the detailed reverse osmosis
process with spiral-wound membrane module. If the oper-
ational variables, such as feed flow rate and feed pressure,
are fixed, the permeate quality and related performance can
be obtained by the solution of the equations. Otherwise, the
operational variables and related parameters can be calcu-
lated by (1)–(20) under certain constraints. The constraints
listed in (21) include requirement of equipment safety, water
quality, and parameter of CP:

𝑃
𝑓𝑙𝑜

≤ 𝑃
𝑓
≤ 𝑃
𝑓𝑢𝑝

𝑄
𝑓𝑙𝑜

≤ 𝑄
𝑓
≤ 𝑄
𝑓𝑢𝑝

𝐶
𝑝𝑙𝑜

≤ 𝐶
𝑝
≤ 𝐶
𝑝𝑢𝑝

𝑇
𝑙𝑜
≤ 𝑇 ≤ 𝑇

𝑢𝑝

𝜙 ≤ 𝜙max

𝐻
𝑡min ≤ 𝐻

𝑡
≤ 𝐻
𝑡max.

(21)

3. Discretization and the Solution Method

Since (1)–(20) include a set of strong nonlinear equations
and even DAEs (differential and algebraic equations) and
since there are more constraints than those of the equation
mentioned above, it is fairly tough to solve this kind of
problem efficiently with high accuracy [20–22]. Here the
DAEs (1)–(21) are converted into the form of NLP (non-
linear programming) through simultaneous approach by
approximating state and control profiles with a family of
polynomials on finite elements (shown as Figure 3) [20, 23].
These polynomials can be represented as power series, such
as orthogonal polynomials, or in Lagrange form. Here the
following monomial basis representation for the differential
profile was selected, which is popular for Runge-Kutta dis-
cretizations [23]:

𝑧 (𝑡) = 𝑧
𝑖−1

+ ℎ
𝑖

𝐾

∑

𝑞=1

Ω
𝑞
(
𝑡 − 𝑡
𝑖−1

ℎ
𝑖

)
𝑑𝑧

𝑑𝑡
𝑖,𝑞

. (22)

Here 𝑧
𝑖−1

is the value of the differential variable at the
beginning of element 𝑖, ℎ

𝑖
is the length of element 𝑖, 𝑑𝑧/𝑑𝑡

𝑖,𝑞

denotes the value of its first derivative in element 𝑖 at the
collocation point 𝑞, and Ω

𝑞
is a polynomial of order 𝐾,

satisfying

Ω
𝑞
(0) = 0, 𝑞 = 1, . . . , 𝐾

Ω


𝑞
(𝜌
𝑟
) = 𝛿
𝑞,𝑟
, 𝑞 = 1, . . . , 𝐾,

(23)

where 𝜌
𝑟
is the location of the 𝑟th collocation point within

each element. Continuity of the differential profile is enforced
by

𝑧
𝑖
= 𝑧
𝑖−1

+ ℎ
𝑖

𝐾

∑

𝑞=1

Ω
𝑞
(1)

𝑑𝑧

𝑑𝑡
𝑖,𝑞

. (24)
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Figure 3: Discretization by collocation on finite element.

Based on a number of studies of Larry group [20, 24–26],
Radau collocation points were selected in this study because
they allow constraints to be set at the end of each element
and to stabilize the systemmore efficiently if high indexDAEs
are present. In addition, the control and algebraic profile are
approximated using a Lagrange basis representation which
takes the following form:

𝑦 (𝑡) =

𝐾

∑

𝑞=1

𝜓
𝑞
(
𝑡 − 𝑡
𝑖−1

ℎ
𝑖

)𝑦
𝑖,𝑞

𝑢 (𝑡) =

𝐾

∑

𝑞=1

𝜓
𝑞
(
𝑡 − 𝑡
𝑖−1

ℎ
𝑖

)𝑢
𝑖,𝑞
.

(25)

Here 𝑦
𝑖,𝑞

and 𝑢
𝑖,𝑞

represent the values of the algebraic and
control variables, respectively, in element 𝑖 at collocation
point 𝑞, 𝑡 is the value satisfying 𝑡

𝑖−1
⩽ 𝑡 ⩽ 𝑡

𝑖
, and Ψ

𝑞
is the

Lagrange polynomial of degree 𝐾 satisfying

𝜓
𝑞
(𝑡) =

𝐾

∏

𝑟=1

(𝑡 − 𝑡
𝑟
)

(𝑡𝑞 − 𝑡𝑟)
=

𝐾

∏

𝑟=1

(𝑡 − 𝑡
𝑟
) /ℎ
𝑖

(𝑡𝑞 − 𝑡𝑟) /ℎ
𝑖

=

𝐾

∏

𝑟=1

(𝑡 − 𝑡
𝑟
) /ℎ
𝑖

(𝜌𝑞 − 𝜌𝑟)

𝜓
𝑞
(𝜌
𝑟
) = 𝛿
𝑞,𝑟
, 𝑞, 𝑟 = 1, . . . , 𝐾.

(26)

And, at collocation points,

𝜓
𝑞
(𝑡
𝑟
) = 𝛿
𝑞,𝑟

= {
1, 𝑞 = 𝑟

0, 𝑞 ̸=𝑟
(𝑞, 𝑟 = 1, . . . , 𝐾) . (27)

The differential variables are required to be continuous
throughout the time (or space) horizon, while the control and
algebraic variables are allowed to have discontinuities at the
boundaries of the elements.

Through the simultaneousmethodDAEs of (1)–(21) were
transformed into NLP problem. Some state variables in (1)–
(21) can be discretized as flow variables: 𝑃

𝑑𝑖,𝑗
, 𝑉
𝑖,𝑗
, 𝐶
𝑏𝑖,𝑗

, 𝑍
𝑖,𝑗
,

𝐶
𝑏𝑖,0

, 𝑉
𝑖,0
, 𝑃
𝑑𝑖,0

, 𝑍
𝑖,0
, and 𝐽V

𝑖,𝑗
, 𝐽𝑠
𝑖,𝑗
, 𝜆
𝑖,𝑗
, Sc
𝑖,𝑗
, Re
𝑖,𝑗
, 𝑘
𝑐𝑖,𝑗

, 𝐶
𝑚𝑖,𝑗

,
Δ𝜋
𝑖,𝑗
. Operational variables 𝑄

𝑓
, 𝑃
𝑓
and other environmental

variables such as 𝑇
𝑓
and 𝐶

𝑓
are not discretized because they

are operational variables and feed condition variables. The
equations are expressed in the following form:

𝐴
𝑤
(𝑖, 𝑗) = 𝐴

𝑤0
exp (𝛼

1

𝑇 − 273

273
− 𝛼
2
(𝑃
𝑓
− 𝑃
𝑑
(𝑖, 𝑗)))

𝐵
𝑠
= 𝐵
𝑠0
exp (𝛼

2

𝑇 − 273

273
)

𝐽V
𝑖,𝑗
= 𝐴
𝑤
(𝑃
𝑓
− 𝑃
𝑑𝑖,𝑗

− Δ𝜋
𝑖,𝑗
)

𝐽𝑠
𝑖,𝑗
= 𝐵
𝑤
(𝐶
𝑚𝑖,𝑗

− 𝐶
𝑝𝑖,𝑗

)

𝐶
𝑝𝑖,𝑗

=
𝐽𝑠
𝑖,𝑗

𝐽V
𝑖,𝑗

Δ𝜋
𝑖,𝑗
= 𝑅𝑇 (𝐶

𝑚𝑖,𝑗
− 𝐶
𝑝𝑖,𝑗

)

𝐶
𝑚𝑖,𝑗

= [(𝐶
𝑏𝑖,𝑗

− 𝐶
𝑝𝑖,𝑗

) exp(
𝐽V
𝑖,𝑗

𝑘
𝑐𝑖,𝑗

)] + 𝐶
𝑝𝑖,𝑗

𝑘
𝑐𝑖,𝑗

= 0.065Re0.875
𝑖,𝑗

Sc0.25
𝑖,𝑗

𝑑
𝑒

𝐷
𝐴𝐵

Sc
𝑖,𝑗
=

𝜇
𝑖,𝑗

(𝜌𝐷
𝐴𝐵
)

𝜆
𝑖,𝑗
= 6.23𝐾

𝜆
Re−0.3
𝑖,𝑗

.

(28)

ODE formulations are

Re
𝑖,𝑗
=
𝜌𝑉
𝑖,𝑗
𝑑
𝑒

𝜇
𝑖,𝑗

𝑑𝑉
𝑖,𝑗

𝑑𝑥
= −

2𝐽V
𝑖,𝑗

ℎ
𝑠𝑝

𝑑𝐶
𝑏𝑖,𝑗

𝑑𝑥
= 2𝐽V

𝑖,𝑗

(𝐶
𝑏𝑖,𝑗

− 𝐶
𝑝𝑖,𝑗

)

(ℎ
𝑠𝑝
× 𝑉
𝑖,𝑗
)

𝑑𝑃
𝑑𝑖,𝑗

𝑑𝑥
=
𝜆
𝑖,𝑗
𝜌

𝑑
𝑒

×
(𝑉
2

𝑖,𝑗
)

2
.

(29)
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Collocation equations are

𝐶
𝑏𝑖,𝑗

= 𝐶
𝑏𝑖,0

+ ℎ
𝑖

𝑛𝑐𝑝

∑

𝑘=1

Ω
𝑘
(𝜌
𝑗
)
𝑑𝐶
𝑏

𝑑𝑥
𝑖,𝑘

𝑉
𝑖,𝑗
= 𝑉
𝑏𝑖,0

+ ℎ
𝑖

𝑛𝑐𝑝

∑

𝑘=1

Ω
𝑘
(𝜌
𝑗
)
𝑑𝑉

𝑑𝑥
𝑖,𝑗

𝑃
𝑑𝑖,𝑗

= 𝑃
𝑑𝑖,0

+ ℎ
𝑖

𝑛𝑐𝑝

∑

𝑘=1

Ω
𝑘
(𝜌
𝑗
)
𝑑𝑃
𝑑

𝑑𝑥
𝑖,𝑗

.

(30)

Continuity equations are

𝐶
𝑏𝑖,0

= 𝐶
𝑏𝑖−1,0

+ ℎ
𝑖−1

𝑛𝑐𝑝

∑

𝑘=1

Ω
𝑘
(1)

𝑑𝐶
𝑏

𝑑𝑥
𝑖−1,𝑘

𝑉
𝑖,0

= 𝑉
𝑖−1,0

+ ℎ
𝑖−1

𝑛𝑐𝑝

∑

𝑘=1

Ω
𝑘
(1)

𝑑𝑉
𝑑

𝑑𝑥
𝑖−1,𝑘

𝑃
𝑑𝑖,0

= 𝑃
𝑑𝑖−1,0

+ ℎ
𝑖−1

𝑛𝑐𝑝

∑

𝑘=1

Ω
𝑘
(1)

𝑑𝑃
𝑑

𝑑𝑥
𝑖−1,𝑘

.

(31)

Initial conditions are

𝐶
𝑏1,0

= 𝐶
𝑓

𝑉
1,0

= 𝑉
𝑓

𝑃
𝑑1,0

= 0.

(32)

Here 0 ≤ 𝑥
𝑗

𝑖
≤ 𝐿, 𝑖 = 1 ⋅ ⋅ ⋅ 100 𝑗 = 1 ⋅ ⋅ ⋅ 𝐾.

Figure 3 gives the detailed discretization process and
distribution of discretized variables. Since the NLP problem
is formulatedwith large scale equations and variables through
discretization of the original model, it can be solved by
large scale NLP solvers such as IPOPT. If all the operational
variables (feed pressure and feed flow rate) are fixed, the
solution of the problem results in the simulation of the RO
process; profiles of key performance parameters as well as
detailed status variables can be obtained, which is helpful for
us to understand the mechanism and the whole process.

4. Model Simulation and Analysis Based on
Seawater Desalination Plant

Based on the mathematical model and collocation method
on finite element, the solution of the problem will yield
the profiles of key performance parameters as well as the
distribution of state variables. To verify the validity of the
established model, data of a real seawater desalination plant
is studied and then used for the simulation and analysis. The
main process of the plant is the same as Figure 1. SW30HR-
380membranemoduleswere selected in series in the pressure
vessel, and 55 pressure vessels were used to form two RO
process units. Some conditional parameters are listed in
Table 1.

Field data of a RO process are used for model verifi-
cation and parameter identification. The key performance

Table 1: Feed condition of the seawater plant.

Feed concentration (kg/m3) 30
Feed temperature (∘C) 25
Feed pressure (Bar) 59
Feed PH 5–8
Density 𝜌 (kg/m3) 1000 (at 0∘C)
Kinematic viscosity (kg/m/s) 1.02𝑒 − 6 (at 0∘C)

Table 2: Comparison of the actual performance with those from
ROSA9.0 and our model.

Item Rec (%) Ry (%)
Field data 41.6 99.37
ROSA9.0 42.7 99.58
Model 42.1 99.52

parameters such as water recovery rate and salt rejection are
compared to indicate the accuracy of themodel. Comparison
of the field data with those obtained from established models
and ROSA9.0 is listed in Table 2. ROSA is a powerful software
package developed by Dow Chemical Company to help
design the RO process system [27]. As can be seen from
Table 2, the overall results obtained from the established
model are in good agreement with those obtained from both
ROSA and the field data.Though the water recovery ratio and
salt reject are lower than our model and that of ROSA9.0,
the relative error is quite small. So the established model can
be well used for the simulation and analysis of the seawater
RO process. Since the established model was affected by
feed temperature obviously, the properties and correction
factor are also compared with the real data or the data from
literature [13].

Figures 4, 5, and 6 are the comparison results between
model value and real value; it can be seen that these property
parameters agree with the real data with relatively high
accuracy. The RO process model is fairly robust at the
temperature range from 0∘C to 60∘C.

Based on the collocation method on finite element,
simulation results are yielded through the solution of the
discrete model. Simulation results are shown in Figures 7,
8, 9, 10, 11, 12, 13, 14, 15, and 16. From these figures it
can be seen that the velocity of solvent, permeate flux, and
concentration polarization in modules decrease nonlinearly
along the length ofmembrane.The reason is that the feed flow
is separated as two parts, and the pressure difference between
the two sides decreases quickly.Theosmosis pressure increase
is the main factor for the decrease of pressure difference,
which is shown in Figure 9. It also can be seen that the
decrease of CP along the length of membrane is relatively
small, and the rejection coefficient is higher than 99.4% along
the length of membrane; the decrease is fairly small and the
simulation value is almost the same as the real value. Figure 11
shows the relationship of feed TDS and permeate TDS; as
the feed TDS increase linearly, the permeate TDS increase
nonlinearly.

From (18), the value SEC is affected by the energy recovery
efficiency 𝜀

𝑝𝑓
and the mechanical efficiency 𝜀

𝑝
. Here they are
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set as 0.85 and 0.65, respectively. At the given feed condition
of Table 1, calculation result shows that about 4.373 kw⋅h
electricity energy should be consumed to produce one cubic
meter freshwater. From Figure 16 it can be found that the
value of SEC decreases at initial time when the feed pressure
increases; then the SEC increases again as the pressure
increases continually; there is a minimizing value as the feed
pressure increases from about 30 bars to 90 bars. This means
that through improving the operational condition, significant
energy saving can be achieved.
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Based on the well-established model, profiles of the
relationship between feed conditions and key performance
parameters can be obtained, which are listed in Figures 12–
16. From Figure 12 it can be seen that Rec (water recovery
ratio) increases quickly and almost linearly with the increase
of feed pressure, because the increase of feed pressure can
cause the increase of permeate flux 𝐽V.The other parameter of
salt reject increases nonlinearly and slowly with the increase
of feed pressure; at the feed pressure of 59 bar, the salt
reject is more than 99.5%. From Figure 13 it can be seen
that Rec reduces quickly as the feed flow rate increases,
while the Ry has the positive relationship with the feed flow
rate; this is because of the fact that velocity in the feed
channel has positive linear relationship with feed flow rate.
And when the feed flow rate increases, the velocity of feed
channel increases correspondingly, but the residence time
of seawater in the channel will be largely decreased; there
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is also not enough time for salt to be transported to the
permeate water side, which results in the reduction of Rec.
From Figure 14, it can be seen that, as the feed concentration
𝐶
𝑓
increases, the water recovery and salt reject decrease

substantially; this is explained by the needing of much more
transmembrane osmotic pressure andmore difficulty to resist
the diffusion of brine. The effect of temperature on the RO
process performance is shown in Figure 15, from which it
can be seen that, with the increase of feed temperature, Rec
increases substantially, but the Ry decreases accordingly.This
can be explained by the increase of transport parameters 𝐴

𝑤

and 𝐵
𝑠
and the corresponding increase of permeate flux and

solute flux.

0 1 2 3 4 5 6 7 8
Length of membrane (m)

0.095

0.1

0.105

0.11

0.115

0.12

0.125

0.13

0.135

0.14

0.145

C
on

ce
nt

ra
tio

n 
po

la
riz

at
io

n 
fa

ct
or

Figure 10: Concentration polarization along membrane.

0 1 2 3 4 5 6 7 8
Length of membrane (m)

30

40

50

0

0.2

0.4

Permeate TDS
Feed TDS

Fe
ed

 T
D

S 
(k

g/
m

3
)

Pe
rm

ea
te

 T
D

S 
(k

g/
m

3
)

Figure 11: Values of feed TDS and permeate TDS along membrane.

40

50

60

Pressure (Bar)

W
at

er
 re

co
ve

ry
 (%

)

58 60 62 64 66 68 70 72 74 76 78
99.5

99.55

99.6
Sa

lt 
re

je
ct

 (%
)

Salt reject
Water recovery

Figure 12: Rec and Ry as the function of feed pressure.



Journal of Applied Mathematics 9

40

50

60
W

at
er

 re
co

ve
ry

 (%
)

Sa
lt 

re
je

ct
 (%

)

Salt reject
Water recovery

6 8 10 12 14 16 18
98

99

100

Feed flow of single pressure vessel (m3/h)

Figure 13: Rec and Ry as the function of feed flow rate.

W
at

er
 re

co
ve

ry
 (%

)

Salt reject
Water recovery

20

30

40

50

30 35 40 45
99.3

99.4

99.5

99.6

Feed concentration (kg/m3)

Sa
lt 

re
je

ct
 (%

)

Figure 14: Rec and Ry as the function of feed concentration.

5. Conclusion

In this paper, based on the solution-diffusion and mass
transfer theory, a spiral-wound SWRO process model is
established. The model is expressed by DAEs (differential
and algebraic equations) of (1)–(21) with some inequality
and equality constraints of equipment and water quality. To
solve the tough problem with high efficiency and accuracy,
orthogonal collocation on finite element is proposed to
transform the problem into NLP. All the state variables
and intermediate variables are discretized and (1)–(21) are
transferred into (28)–(32). Then IPOPT solver under GAMS
platform is used for the efficient solution. And the effi-
cient solution yields detailed simulation results related to
operational variables and key performance. Profiles of feed
pressure, feed concentration, and feed velocity along feed
channel are investigated as well as relationship of water
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recovery with temperature and feed pressure. SEC, which is
the key performance parameter of energy consumption, is
also calculated. The minimizing value in the middle curve
shows that, through improving the operational condition,
significant energy saving can be achieved. Factors including
the feed conditions and operational temperature are also
analyzed. All the work is helpful to further understand the
mechanism of SWRO process, and shows the significant
potential for energy saving through optimal operation.

Nomenclature

𝛼
1
, 𝛼
2
, 𝛽
1
: Constant parameters

𝐴
𝑤
: Membrane water permeability

(m s−1 Pa−1)
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𝐴
𝑤0
: Intrinsic membrane water permeability
(m s−1 Pa−1)

𝐵
𝑠
: Membrane TDS permeability (m/s)

𝐵
𝑠0
: Intrinsic membrane TDS permeability (m/s)

𝐶
𝑓
: Feed salt concentration (kg/m3)

𝐶
𝑟
: Brine concentration (kg/m3)

𝐶
𝑝
: Permeate concentration (kg/m3)

𝐶
𝑠𝑝
: Bulk concentration along feed channel

(kg/m3)
𝐶
𝑚
: Salt concentration on the membrane surface

(kg/m3)
𝑑
𝑒
: Hydraulic diameter of the feed spacer

channel (m)
𝐷
𝐴𝐵
: Dynamic viscosity (m2/s)

ℎ
𝑖
: The length of the 𝑖th finite element

ℎsp: Height of the feed spacer channel
𝐽V: Solvent flux
𝐽𝑠: Solute flux
𝐾
𝜆
: Empirical parameter

𝑘
𝑐
: Mass transfer coefficient (m/s)

𝐿: Length of the RO module (m)
𝑛
𝑙
: Number of leaf in RO module

𝑃
𝑓
: Feed pressure (bar)

𝑃
𝑑
: Pressure drop along RO spiral wound

module (bar)
𝑃
𝑝
: Pressure in permeate side (bar)

𝑃
𝑏
: Pressure along feed channel (bar)

𝑃
𝑟
: Brine pressure (bar)

𝑄
𝑓
: Feed flow rate (m3/h)

𝑄
𝑟
: Brine flow rate (m3/h)

𝑄
𝑝
: Permeate flow rate (m3/h)

𝑅: Gas law constant
Re: Reynolds number (dimensionless)
Sc: Schmidt number (dimensionless)
Sh: Sherwood number (dimensionless)
𝑇: Operational temperature (K)
𝑉: Axial velocity in feed channel (m/s)
𝑊: Width of the RO module (m)
Rec: Water recovery ratio (%)
SEC: Specific energy consumption (kw⋅h/m3)
Sp: Salt passage coefficient (%)
Ry: Salt rejection coefficient (%)
𝑦
𝑖,𝑞
: Values of algebraic variables in element 𝑖 at

collocation point 𝑞
𝑢
𝑖,𝑞
: Values of control variables in element 𝑖 at

collocation point 𝑞
𝑧(𝑡): Differential variable
𝑧
𝑖−1

: Value of the differential variable at the
beginning of element 𝑖.

Greek Symbols

Δ𝜋: Pressure loss of osmosis pressure (bar)
𝜌: Density of permeate water (kg/m3)
𝜇: Kinematic viscosity (kgm−1 s−1)
𝜆: Friction factor
𝜀
𝑝
: Mechanical efficiency of high pressure pump

𝜀
𝑝𝑓
: Energy recovery efficiency

Ω
𝑞
(𝑡): Polynomial of order𝐾

Ψ
𝑞
(𝑡): Lagrange polynomial of degree 𝐾.

Subscripts

𝑏: Bulk
𝑓: Module feed channel
𝑚: Membrane surface
𝑝: Permeate side
𝑠: Salt.
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The extensive and low-carbon economic modes were constructed on the basis of population, urbanization level, economic growth
rate, industrial structure, industrial scale, and ecoenvironmental water requirement. The objective of this paper is to quantitatively
analyze effects of these two economicmodes on regional water demand. Productive and domestic water demands were both derived
by their scale and quota. Ecological water calculation involves the water within stream, wetland, and cities and towns. Total water
demand of the research region was obtained based on the above three aspects.The researchmethod was applied in the Baiyangdian
basin. Results showed that total water demand with the extensive economic mode would increase by 1.27 billionm3, 1.53 billionm3,
and 2.16 billion m3 in 2015, 2020, and 2030, respectively, compared with that with low-carbon mode.

1. Introduction

Affected by climate change and economic-social develop-
ment, water resource problems such as excess water, water
shortage in quantity and quality, aggravation of hydroecolog-
ical and hydroenvironmental system, disorder of hydrosed-
imentary system, low water efficiency, and unsustainable
water resource management which has been discussed by
Wang [1] have become more diverse and serious. These
problems have led to water resource crisis and intensified the
relationship between water supply and water demand.

Water demand forecast has gained more attention in
water-deficient areas due to the increasing water requirement
of rapid economic development. It is not only the basis
of national economic and social development plans, water
resource plans, and operation plans of hydraulic projects and
water management, but also the equilibrium point between
social-economic system and ecoenvironmental system, as
discussed elsewhere [2, 3]. Different economic development
modes should be taken into consideration of the water
demand forecast of different level years in the future for
targets of economic and social development, energy con-
servation and pollution reduction, and water resources pro-
tection. It becomes a key technique for rational allocation
of water resources towards the low-carbon development

mode, rational deployment of water resources based on
macroeconomic structure, and ecology-oriented reasonable
deployment of water resources, as discussed elsewhere [4–7].

Research of water demand abroad began at the 1st
evaluation of national water resources in USA in 1968. Water
use structure inmost developed countries such as EU andUS
has changed into sustainable mode steadily. Forecast method
of water demand is becomingmature. Gistau et al. established
pattern recognition model to forecast short-term domestic
and industrial water demand [8, 9]. Zhou et al. applied time
series method in the city of Melbourne to forecast daily
urban water demand [10]. Mays established logarithmic and
semilogarithmic regressionmodel relatingwater demand and
relative factors for themedia-long termand applied it to Texas
of USA [11]. Adamowski established peak daily water demand
forecast modeling using artificial neural networks [12]. Yasar
et al. forecast water demand of Adana city of Turkey using
stepwise multiple nonlinear regression analysis model [13].

In China, water demand forecast began when the 1st
evaluation of national water resources started in 1980. Zhong
et al. constructed comprehensive predictionmethod based on
the general formula, integrating advantages of some common
methods [14]. Zhang et al. forecast domestic water demand
of Beijing with multiple-linear regression model [15]. Lv
et al. established practical dynamic model of urban water
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Table 1: Comparison of two factors of two economic modes.

Item Extensive economic mode Low-carbon economic mode
Economic growth rate Rate of 2010 Optimal economic growth rate
Industrial structure Structure of 2010 Optimal structure

Water use quota Quota of 2010 Decreasing water quota in accordance with Twelfth Five-Year Plan of
Water Conservancy

Water use structure Status of 2010 Adjusting the structure of water use in accordance with the optimal
industrial one

Natural ecological water demand No consideration Considering reasonable ecological flow requirement within the stream
and wetland ecological water demand

consumption [16]. Zhang et al. established projection pursuit
model of water demand prediction based on IEA which
solved high dimension, nonlinear, nonnormal problems, and
so forth [17].

Research advances above show that the developments of
mathematical methods and computer simulation technique
promote water demand forecast methods. There are three
types of forecast methods, including trend analysis, time
series, and numerical simulation. Some methods are in
common use at present, such as pattern recognition model,
regression model, comprehensive prediction method based
on the general formula, practical dynamic model to predict
water consumption, grey system method, projection pursuit
means, and artificial neural networks [18–24].

These above means are produced and applied to water
demand forecast in different basins. However, they lack
effect analysis of low-carbon economic development mode
on water consumption and comparison of water demand
forecast between varied economic modes. Economic devel-
opment mode of China is being changed into green, low-
carbon, and sustainable mode so that water demand forecast
has to consider its effect on regions and different water users.

The purpose of this paper is to analyze effect of exten-
sive and low-carbon economic development mode on total
regional water demand and different water users. In the
former mode, many kinds of resources are consumed to keep
rapid economic growth but there exists unreasonable struc-
ture of industries and water use, resulting in the occupancy
of ecological water demand, excessive water consumption
by economic-social system, large energy consumption, and
carbon emission. The content of carbon dioxide in the
atmosphere could increase, which could intensify regional
climate change. In the latter mode, total water consumption,
energy consumption, and carbon emissions are all reduced by
decreasing quota of water use and optimizing the structure of
industries, water use, and energy consumption and consider-
ing reasonable water demand of ecosystems. This mode can
promote the construction of low-carbon society and mitigate
climate change. Key factors of the two modes are detailed in
Table 1.

2. Materials and Methods

2.1. Study Area. The Baiyangdian basin is located in the
middle of the North China Plain and Haihe River basin.

Its geographic coordinates are roughly E113∘40∼E116∘48
and N38∘10∼N40∘03. The basin covers an area of about
34878.25 km2.

Rivers stretch through Shanxi province, Hebei province,
and Beijingmunicipality.The inflow ismainly fromupstream
rivers including Juma River, Zhong-yishui River, Baigou
River, Puhe River, Caohe River, Qingshui River, Tanghe
River, Zhulong River, and Cihe River.Through Zaolinzhuang
conjunction, these rivers flow into Zhaowang New Channel
and then converge into Dongdian of Baiyangdian wetland.
After that they flow into Xiaobai River in the lower reach
and then flows into Haihe River through Duliujian River, as
discussed by Bai and Ning [25], shown in Figure 1.

Annual average precipitation volume of the basin is 1.902
billion m3, 70%–80% of which falls in the flood season from
June to September, as discussed by Wang and Xu [27].

Total amount of water consumption was about 4.65
billion m3 in 2010, of which productive, domestic, and
ecoenvironmental water consumption were, respectively,
4.05 billion m3, 0.47 billion m3, and 0.13 billion m3. Gross
domestic product (GDP) was about 460.26 billion RMB
in the same year, of which the growth rate was greater
than 10%. Economic development and population growth
brought about high water consumption. There are series of
ecoenvironmental problems in the basin, including water
resource shortage, groundwater overexploitation, ecological
water being taken possession, occupied ecological land, and
deteriorated water quality.

2.2. Basic Data. Water demand forecast involves six types
of data, consisting of socioeconomic development, water
resource, scale and quota of water consumption, water use
indexes, and hydrological observation data. Details and
sources are listed in Table 2.

2.3. ForestMethod. Water demand forecast of research region
includes productive, domestic, and ecological part. Details
are listed in Table 3. The two former parts and ecological
demand for cities and towns were derived by multiplying
scale by quota. The technical framework of this paper is
detailed in Figure 2.

In respect of production water demand, based on the
historical data of GDP, optimal economic growth rate and
GDPwere obtained with Cobb-Douglas production function
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Figure 1: (a) Location of research area; (b) river net and digital elevation distribution [26].

Table 2: Basic data of water demand forecast.

Data type Details Major source

Socioeconomic development Population, urbanization level, GDP, industrial
structure, and investment in fixed assets

Statistical yearbook of Beijing municipality, Hebei
province, and Shanxi province during 2005–2010

Water resource amount Water consumption Water resources bulletin and attached list during
2001–2010

Water-consumption scale
Irrigation area, forestland area, fish pond area,
the number of livestock and poultry, and green
land area of cities

Statistical yearbook of Beijing municipality, Hebei
province, and Shanxi province during 2005–2010

Water-consumption quota
Irrigation quota, water-consumption quota of
animal husbandry and fishery, and
water-consumption quota of secondary and
tertiary industry

Water conservancy yearbook during 2005–2010 and
Twelfth Five-Year Plan of Beijing municipality, Hebei
province, and Shanxi province

Water-consumption index Water efficiency of irrigation and cannels Water conservancy yearbook of Beijing municipality,
Hebei province, and Shanxi province during 2005–2010

Hydrological data Daily flow discharge Hydrological yearbook during 1956–2000

Table 3: Major departments of productive, domestic, and ecological water users.

Water users Major divisions
Productive users

Primary industry Agriculture, forestry, animal husbandry, and fishery
Secondary industry General industry and construction

Tertiary industry Other industries except for the primary and secondary industry, including service, banking, insurance,
transportation, medical treatment, and education

Domestic users Residents of cities and villages
Ecological users Natural and artificial ecosystem
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Figure 2: Technical framework of water demand. Remark: the left is “scale” and the right “quota” in the box with dotted line.
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Figure 3: Method of forecasting GDP and carbon emission with the low-carbon mode.

which had the lowest total energy consumption. Optimal
industrial structure and water use one were derived with
Markov chain. The product of primary industry, secondary
industry, and tertiary industry is, respectively, obtained based
on forecasted results of optimal GDP and industrial struc-
ture. Then, the water demand scale of secondary industry
and tertiary industry can be derived. Energy intensity was

forecast with linear trend extrapolationmethod. Total energy
consumption and carbon emissions were both derived based
on these factors. Relationship of the above forecast methods
is shown in Figure 3.

In respect of domestic water demand, population was
forecast with the rate of natural population increase and
urbanization level with linear trend extrapolation method.
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Table 4: Net irrigation quotas of different kinds of crops in different areas of basin; unit: mm.

Region Wheat Summer corn Spring corn Cotton Fruit Vegetable Miscellaneous cereals
Mountainous region 218 56 99 — 225 306 28
Hilly region 218 113 98 — 225 303 —
Plain region 191 112 — 117 225 261 —

In respect of water demand of natural ecosystem, ecolog-
ical flow demand within stream was forecast based on the
monthly runoff of major hydrostation and ecological water
demand of wetland was forecast based on the monthly water
level for different guaranties.

2.4. Forecast of Population and Urbanization

2.4.1. Population. The rate of natural population increase
was considered in population forecast, while mechanical
growth rate was not considered in this paper because of
its uncertainty. Regional population was forecasted with the
following formula:

𝑃 = 𝑃
0
(1 + 𝑘)

𝑡
, (1)

where 𝑃 and 𝑃
0
are the total population of planning level year

and status year, respectively, 𝑡 is the number of planning level
years, and 𝑘 is the natural increase rate during planning years.

2.4.2. Urbanization Level. Urbanization level is an impor-
tant index weighing regional economic development. Trend
extrapolation method was adopted to forecast it based on
urbanization evolution during 2000–2010. Forecast methods
of the two above factors are suitable for both extensive and
low-carbon economic modes.

2.5. Economic Index

2.5.1. EconomicGrowth Rate. Economic growth rate of exten-
sive economic mode was the same as that of 2010. In low-
carbon economic mode, Cobb-Douglas productive function
model was adopted to forecast and optimize economic
growth rate. Then, GDP was obtained.

Thismodel relates optimal economic growth ratewith low
energy consumption,meeting the target of low-carbonmode.
Moon and Sonn established Cobb-Douglas productive func-
tion model to research the relationship between economic
growth and energy consumption [28]. It is as follows:

𝑌 (𝑡)=(𝐴
0
𝑒
V𝑡
)
1/𝛼

𝜏(𝑡)
(1−𝛼)/𝛼
(𝜔𝑁
0
𝑒
𝑛𝑡
)
𝛾/𝛼

𝐾 (𝑡) , 0 < 𝐴
0
< 1.

(2)

Zhu et al. integrated employment rate and scientific
technology factor into this function to improve it [29]. Then,
improved optimal steady economic growth rate is as follows:

𝑔 (𝑡)=(𝑛−
𝜌

𝛿
) +
1

𝛿
(𝜀−𝜃) (𝐴

0
𝑒
V𝑡
)
1/𝛼

𝜏(𝑡)
(1−𝛼)
(𝜔(𝑡)𝑁

0
𝑒
𝑛𝑡
)
𝛾/𝛼

,

(3)

where 𝜏(𝑡) is energy intensity of the year 𝑡, which is ton of
standard coal equivalent per 10 thousand RMB of GDP; 𝐿(𝑡)
is the labor population of the year 𝑡;𝑁

0
is the total population

of the initial year; 𝜔(𝑡) is the labor force participation rate,
the same as employment rate; 𝑛 is the annual average rate of
population growth; 𝛼 is the capital output elastic coefficient;
𝛾 is the labor output elastic coefficient; 𝜐 is the growth rate of
total factor productivity; 𝛿 is the risk aversion coefficient; 𝜌 is
the rate of time preference; 𝜀 is error term; 𝜀 = 1 − 𝛿.

2.5.2. Industrial Structure. The ratio of the primary, sec-
ondary, and tertiary industrywas forecast withMarkov chain.
Its result was used in low-carbon mode, while structure of
2010 was used in extensive mode.

2.6. The Forecast of Production Water Demand

2.6.1. The Primary Industry. Irrigation water demand is
affected by precipitation, cultivated land, crop structure,
irrigation area, and efficiency. In this paper, the point is eco-
nomic development and agricultural planting so precipitation
forecast is not considered temporally.

In the low-carbon economic mode, gross irrigation water
requirement of the 2015 level year was forecast based on cul-
tivated land area, crop structure, irrigation quotas of different
crops, and water use efficiency of irrigation requested by
Twelfth Five-Year Plan.The above factors related to irrigation
were the same as those of 2010 except for cultivated land
area with the extensive economicmode. However, in the low-
carbon mode, they were forecast with methods as follows.

Change rates of cultivated land area in 2015, 2020, and
2030 were forecast with trend extrapolation method on the
basis of the status land area and the request of Twelfth Five-
Year Plan. The results showed that change rates of Beijing
municipality, Hebei province, and Shanxi province were
−4.8%, +1.4%, and +1.48%, respectively.

Net irrigation quotas of different crops were referred
to those set in Technique routine of high efficient water
use of Hebei province and Local standard of water use of
Hebei province (DB13), shown in Table 4. Irrigation quotas
of Beijing Municipality and Shanxi province were similar
as those of Hebei province because data collection was too
difficult.

Water efficiency of irrigation of Beijing municipality is
required to reach up 53% and of Hebei province 74% in 2015.
There is no request for Shanxi province.

Water requirement of livestock was forecast based on
livestock number and water consumption norm. In low-
carbon economic mode, daily water requirements of large
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Table 5: Forecast result of livestock amount for the whole basin;
unit: 10 thousand.

Year Large livestock Small livestock Poultry
2015 76 591 5964
2020 63 557 4369
2030 77 599 6180

livestock, small livestock, and poultry were 0.1m3, 0.025m3,
and 0.001m3, respectively, according to local standard of
water use of Hebei province (DB13). In extensive economic
mode, this quota was the same as that of 2010. Amount
of livestock was forecast with trend extrapolation method
using historical data during 2000–2010, shown in Table 5. It is
improved according to the requirements in the Twelfth Five-
Year Plan. The result was used in two economic modes.

The result showed that the amount of livestock would
be controlled in 2015 but would increase in 2030 due to
scientific cultivation technology and people’s diet. Forestry
water demand was forecast based on the area and water use
amount per area. Gross demand of forestry was derived with
efficiency of water supply system. Growth rate of forestry area
of Beijing municipality, Hebei province, and Shanxi province
would be 8%, 1%, and 0.5%, respectively, according to the
demand of the Twelfth Five-Year Plan. As a result, the area of
Baiyangdian basin would be 55457 ha, 58177 ha, and 68427 ha
in 2015, 2020, and 2030. The data is for both extensive and
low-carbon economic modes.

Fishery demand was forecasted based on the area of fish-
ing ground andwater requirement per hectare. Because of the
shortage of historical data of water use amount per fishing-
ground area in Beijing municipality and Shanxi province,
their quotas were forecastedwith trend extrapolationmethod
on the basis of historical sequence in Hebei province during
2000–2010. Gross quota of the whole basin would be 10.7
thousand m3, 11.4 thousand m3, and 9.2 thousand m3 per
hectare in 2015, 2020, and 2030, respectively. With trend
extrapolation method based on historical sequence during
2000–2010, the area of fishing ground would be 5115.6 ha,
5112.6 ha, and 5106.7 ha in 2015, 2020, and 2030, respectively.

In view of the two parameters mentioned above and
efficiency of water supply system, gross water demand of
fishery was obtained. In the extensive mode, efficiency of
water supply system was the same as that of 2010; in the low-
carbon mode, it was set according to the request of Twelfth
Five-Year Plan.

2.6.2.The Secondary and Tertiary Industry. Water demand of
the secondary and tertiary industry was forecasted based on
GDP, status and planning industry quota, efficiency of water
supply system, and utilization ratio of recycled water.

GDP of the secondary and tertiary industry was fore-
casted based on industrial structure and optimal economic
growth rate, which is shown in Table 6.

Water consumption of the whole basin was 22.8m3 per 10
thousand GDP in 2010, which was adopted in the extensive
mode. According to Twelfth Five-Year Plan, this index of
Beijing municipality and Shanxi province would decrease by

Table 6: GDP of the secondary and tertiary industry for the low-
carbon mode; unit: billion RMB.

Type 2015 2020 2030
The secondary industry 301.87 428.54 751.89
The tertiary industry 230.09 335.95 612.97

Table 7: Estimation of key parameters.

Parameter Value 𝑡-test value Significance level
𝐴
0

1.666 4.495 0.002
𝜐 0.009 2.582 0.033
𝛼 0.487 6.015 0.000
𝛾 0.099 0.571 0.586

15%, 30%, and 16.3%, respectively, so that the whole basin
would decrease by 25%. It was adopted in the low-carbon
mode.

The rate of treated sewage and reclaimed wastewater
would increase to 85% and 15% according to Twelfth Five-
Year Plan of National Municipal Wastewater Treatment and
Reclaimed Wastewater Facility Construction.

2.7. Domestic Water Demand. Domestic water demand was
forecasted through multiplying population by water quota
per person based on population, urbanization level, the quota
of domestic water use, and efficiency of water supply system.
The last parameter was the same as that from Twelfth Five-
Year Plan for the low-carbon mode, while it was the same as
status data of 2010 in the extensive mode.

Natural population growth rates of Beijing municipality,
Hebei province, and Shanxi province should not be bigger
than 7.2‰, 7.13‰, and 6.5‰, which were specified by
Twelfth Five-Year Plan. According to forecast result of natural
growth rate, population of the whole basin would be 14.79
million, 14.91 million, and 15.01 million in 2015, 2020, and
2030.

Results showed that urbanization level would rise up to
55.13%, 59.72%, and 63.59% in 2015, 2020, and 2030.Net quota
of domestic water use for each people was forecast with trend
extrapolation method on the basis of historical sequence of
domestic water use and population during 2001–2010. Net
quota of cities would be 54.4 L/d, 49.2 L/d, and 46.8 L/d, while
net rural quota would be 56.6 L/d, 57.5 L/d, and 57.9 L/d.

2.8. EcologicalWaterDemand. Ecologicalwater users include
natural system and artificial system.The former one involves
ecological flow requirement within the stream and wetland
ecological water demand and the latter one involves water
demand in green land of cities and towns. This part was also
considered in the low-carbon mode.

2.8.1. Ecological Flow Demand within Stream. Considering
both calculation requirement and present data, ecological
flow demand within stream equaled the maximum value
between 90% of flow frequency and average runoff of the
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Table 8: Optimal economic growth rate and energy consumption with different economic modes.

Year Extensive mode Low-carbon mode
Energy consumption (Mtce) Economic growth rate (%) Energy consumption (Mtce) Optimal economic growth rate (%)

2015 99.1 12.3 74.6 8.2
2020 176.99 12.3 91.6 6.9
2030 564.58 12.3 119.9 5.2

driest period. Ecological flow demand within stream of lack-
data watershed was converted with area compared to the
one having data. That was because hydrological stations with
observation data were all in the upstream and there was no
main stream in Baiyangdian basin.

2.8.2. Ecological Water Demand for Wetland. Ecological
water demand for Baiyangdian wetland was forecasted to
protect the wetland and brought into full play its ecoenvi-
ronmental and social-economic effect. Considering factors
such as protection targets, protection scale, constituents of
ecosystem, and trophic structure of Baiyangdian wetland,
ecological water demand for wetland was assessed under
different schemes.

2.8.3. Ecological Demand for Cities and Towns. This part
involves grassland and sanitation. Relevant quota was set
according to Twelfth Five-Year Plan ofWater Resource. Based
on status water use of Haihe River basin and Integrated
Plan of Water Resource in Hebei, quotas of grassland and
sanitation are 3000m3and 900m3per hectare. The ratio of
green land in Beijing municipality, Hebei province, and
Shanxi province is requested to be 57%, 35%, and 36% in 2015,
respectively.

3. Results and Discussion

3.1. Population and Urbanization Level. Results showed that
the population of Baiyangdian basinwould be 14.79, 14.91, and
1.51 million persons and urbanization level would be 55.1%,
59.7%, and 63.6% in 2015, 2020, and 2030.

3.2. Economic Growth and Energy Consumption. Linear
regression analysis was used to derive key parameters of
Cobb-Douglas productive function model of Baiyangdian
basin with SPSS, shown in Table 7.

Results demonstrated that equation fitting rate 𝑅2 was
equal to 0.995 and significance levels of 𝐴

0
, 𝜐, and 𝛼 were

under that of 5% except 𝛾 which was not significantly
related to economic growth rate. As a result, the labor force
participation rate was not involved in this model and the
function is changed as follows:

𝑔 (𝑡) = −
1

𝛿
[𝜌 − (𝜀 − 𝜃𝜏 (𝑡)) (𝐴

0
𝑒
V𝑡
)
1/𝛼

𝜏(𝑡)
(1−𝛼)
] . (4)

That may be caused by short sequence of historical data.
Penetration rate of carbon emission reduction and energy
saving technology can be integrated into themodel if possible
in the future.

Table 9: Water demand of the primary, secondary, and tertiary
industry at the different planning levels (0.1 billion m3).

Type Status level Planning level
2015 2020 2030 2015 2020 2030

Agriculture 32.12 32.72 33.05 19.81 20.1 20.39
Forestry 2.04 2.52 3.85 1.77 2.18 3.33
Livestock 1.62 1.4 1.65 0.9 0.78 0.91
Fishery 0.55 0.58 0.47 0.47 0.51 0.41
Primary industry 36.32 37.22 39.03 22.95 23.56 25.05
Secondary industry 6.89 9.78 17.20 2.98 4.23 7.42
Tertiary industry 2.45 3.58 6.54 1.06 1.55 2.82

Optimized economic growth rate simulated from the
function model should conform to the actual growth rate so
this could be a constraint condition for the regulation of 𝛿 and
𝜌. Thus we got 𝛿 = 8.903 and 𝜌 = −0.829.

Based on the estimation of the above parameters, optimal
economic growth rate and energy consumption were derived
for the low-carbon economic mode, shown in Table 8.

3.3. Water Demand of Production. Water demand of the
primary industry accounts for more than 60% of the total
demand of production. However, rapid development of the
secondary and tertiary industry leads to the low weight of
the primary industry. Results showed that no matter whether
the water use was maintained in the current situation or
according to the Twelfth Five-Year Plan, gross water demand
of the primary industry would decrease, while the secondary
and tertiary industry would increase, which is shown in
Table 9.

3.4. Domestic Water Demand. According to the result, with
the increase of urbanization, water demand of cities would
have an increasing trend and that of villages would have a
decreasing trend, which is shown in Table 10. Due to the
increasing water efficiency of cities and decreasing quota of
each person, the increase rate of domestic water demand
would slow down in the future.

3.5. Ecological Water Demand

3.5.1. Ecological Water Demand within Stream. Monthly
water demand within stream was derived with the principle
of no river blanking based on natural monthly data of Wang
Kuai, Xidayang, Zijinguan, Angezhuang, Zhang Fang, and
Hengshanling hydrological station. Results are shown in
Table 11.
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Table 10: Domestic water demand of the basin in the different planning level year; unit: 0.1 billion m3.

Status Plan
2015 2020 2030 2015 2020 2030

City Village City Village City Village City Village City Village City Village
2.27 2.37 2.40 2.16 2.54 1.80 1.97 2.05 2.08 1.87 2.20 1.56

Table 11: Monthly water demand of typical hydrological station in the basin; unit: 10 thousand m3.

Hydrological station Wang Kuai Xidayang Zijinguan Angezhuang Zhang Fang Hengshanling
River name Zhulong River Ci River Juma River Zhongyishui River Juma River Ci River
Monthly runoff of 90% frequency 0 419 589 0 718 0.00
Average annual value 530 1019 935 20 1544 47
Monthly water demand 530 419 589 20 718 47

Table 12: Annual ecological water demand of different rivers in the basin (0.1 billion m3).

River Juma River Zhongyishui River Pu River, Cao River,
and Qingshui River Tang River Sha River Ci River Whole basin

Amount of ecological water
demand within stream 0.86 0.02 0.06 0.50 0.64 0.06 2.14

Both Zi-jinguan and Zhang-fang hydrological station are
in the Jvma river. As a result, their maximum was chosen
as the monthly water demand of the river. There is a lack
of observation data of Pu River, Cao River, and Qingshui
River. Their annual water demand was converted through
comparing area of them to that of Zhong-yishui river. Annual
ecological water demand of main rivers in the upstream was
derived and that of the whole basin was 0.214 billion m3,
shown in Table 12. It would be 0.136 billion m3 only if the
monthly runoff of 90% frequency was considered.

Monthly forecast of ecological water demand within
stream was not completed because of incomplete data of
precipitation, runoff and evaporation, and no match on
spatial and temporal scale. If enough regional data is got,
dynamic analysis will be done.

3.5.2. Ecological Water Demand of Baiyangdian Wetland.
65% and 75% guaranties of the monthly water level are
suitable for bulrush production, fishery production, diver-
sion and storage of floods, and keeping the habit of target
species, the great reed warbler, as discussed by Zhao [30].
Corresponding annual water demand of wetland is 0.472 and
0.389 billion m3. The latter was more suitable for this paper
considering the cost of water supply.

3.5.3. Ecological Demand for Cities and Towns. Forecast
results of ecological demand for cities and towns are shown
in Table 13.

3.6. Total Water Demand. Total water demand was derived
based on the above results and it was demonstrated that it
would increase by 1.269, 1.529, and 2.163 billion m3 in 2015,

Table 13: Ecological demand for cities and towns in the basin (10
thousand m3).

Status Plan
2015 2020 2030 2015 2020 2030
15040.77 17883.16 25885.25 12533.98 14902.63 21571.04

2020, and 2030 with the extensive economic mode compared
to that of low-carbon mode, shown in Table 14.

4. Conclusions

Taking Baiyangdian basin as the example, this paper con-
structed the extensive and low-carbon economic mode
and quantitatively analyzed their effects on regional water
demand. Results showed that total water demand with the
extensive mode would increase by 1.27 billion m3, 1.53 billion
m3, and 2.16 billion m3 in 2015, 2020, and 2030, respectively,
compared with that of low-carbon economic mode.

Low-carbon economic mode has optimal economic
growth rate. It can not only be in accordance with the target
of carbon emission reduction, but also control productive
and domestic water demand and meet the requirement of
ecological system. Results of Baiyangdian basin can provide
data for water resource plan, target of ecoenvironmental
conservancy plan, and water resource allocation of intake
area of south-to-north project.

Some aspects of this research have to be improved,
including forecast of economic growth rate, irrigation, and
ecological water demand within stream if enough data is
collected.
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Table 14: Total water demand of the basin with the extensive and low-carbon economic mode (0.1 billion m3).

Year Productive water demand Domestic water demand Ecological water demand Total water demand
Extensive Low-carbon Extensive Low-carbon Extensive Low-carbon Extensive Low-carbon

2015 45.66 26.98 4.64 4.02 1.50 8.11 51.80 39.11
2020 50.58 29.34 4.56 3.95 1.79 8.35 56.93 41.64
2030 62.77 35.29 4.34 3.76 2.59 9.02 69.70 48.07
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Streamflow forecasting has an important role in water resource management and reservoir operation. Support vector machine
(SVM) is an appropriate and suitable method for streamflow prediction due to its best versatility, robustness, and effectiveness.
In this study, a wavelet transform particle swarm optimization support vector machine (WT-PSO-SVM) model is proposed and
applied for streamflow time series prediction. Firstly, the streamflow time series were decomposed into various details (𝐷s) and an
approximation (𝐴

3
) at three resolution levels (21-22-23) using Daubechies (db3) discrete wavelet. Correlation coefficients between

each𝐷 subtime series and original monthly streamflow time series are calculated.𝐷s components with high correlation coefficients
(𝐷
3
) are added to the approximation (𝐴

3
) as the input values of the SVMmodel. Secondly, the PSO is employed to select the optimal

parameters, 𝐶, 𝜀, and 𝜎, of the SVM model. Finally, the WT-PSO-SVM models are trained and tested by the monthly streamflow
time series of Tangnaihai Station located in YellowRiver upper stream from January 1956 toDecember 2008.The test results indicate
that the WT-PSO-SVM approach provide a superior alternative to the single SVM model for forecasting monthly streamflow in
situations without formulating models for internal structure of the watershed.

1. Introduction

The accuracy of streamflow forecasting is a key factor for
reservoir operation and water resource management. How-
ever, streamflow is one of the most complex and difficult
elements of the hydrological cycle due to the complexity of
the atmospheric process. The elements affecting streamflow
forecasting precision include catchment, geomorphologic
and climate characteristics, and so forth [1]. The process of
streamflow is extremely complex due to the influence of these
variables and their combinations. Therefore, there are many
forecasting techniques that have been proposed for stream-
flow forecasting [2–4].

Among them, the most popular and widely known
statistical method used in time series forecasting is autore-
gressive integrated moving average (ARIMA) model due
to its superiority of forecasting capabilities and richness of
information on time-related changes [5]. Several studies have
shown that ARIMAcan be trusted as a reliablemodel inwater

resources time series analysis [6]. For example, Lee and Tong
[7] proposed a hybrid model for nonlinear time series fore-
casting by combining ARIMA and genetic programming and
demonstrated the effectiveness of the proposed forecasting
model. But the ARIMA models are a class of linear model
and thus only suitable for capturing linear features of data
time series [8]. In recent years, gray model, artificial neural
network (ANN), and support vector machine (SVM) have
been frequently used to predict the nonlinear time series
and achieved good results [9–11]. For instance, Kişi [12] used
three different ANN techniques, namely, feed forward neural
networks, generalized regression neural networks and, radial
basis ANN in one-month-ahead streamflow forecasting.
However, there are some disadvantages of ANN due to its
network structure, which is hard to determine and usually
established using a trial-and-error approach [13].

Support vector machines (SVM) were suggested by Vap-
nik [14] as one of the soft computational techniques and
are widely used for classification and regression based on
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statistical learning theory (SLT). The basic idea of SVM for
regression is to introduce a kernel function, map the input
data into a high-dimensional feature space by a nonlinear
mapping, and then perform linear regression in the feature
space [5]. Currently, SVM were frequently applied in a
number of different fields, such as fault diagnosis [16], pattern
recognition [17], and classification [18]. In the hydrology con-
text, SVM has been successfully applied to forecast the flood
stage [19–21], to predict future water levels in Lake Erie [22],
and to forecast discharges [23, 24]. Previous studies have
indicated that SVM is an effective method for streamflow
forecasting [5, 23–25].

More recently, the conjunction model of wavelet and
SVM has drawn increasing interest and has displayed advan-
tages over a single SVM model in terms of prediction accu-
racy.Wavelet analysis (WA) is an advancedmethod proposed
by Morlet et al. [26] in signal processing and has attracted
much attention due to its ability to reveal simultaneously both
spectral and temporal information within one signal [27].
The application of WA in the areas of hydrology and water
resource research mainly includes these aspects: identifica-
tion of hydrologic series deterministic components such as
trend, periods, and change points [28–31]; wavelet denoising
in hydrologic series [30, 31]; and hydrologic series simulation
and prediction based on wavelet [27, 32, 33]. Wavelet analysis
can be used to decompose an observed time series (such as
streamflow time series) into various components so that the
new time series can be used as inputs for SVMmodels [34].

SVM implements the principle of structure risk mini-
mization in place of experiential risk minimization, which
makes it have excellent generalization ability in the situation
of small sample. However, the practicability of SVM is
affected by the difficulty of selecting appropriate SVMparam-
eters [35]. At present, themost common parameters selection
method for SVM is the cross validationmethod but it is time-
consuming [36]. Recently, some intelligent algorithms have
been applied for parameters selecting. Compared with cross
validation, genetic algorithm (GA) is less time-consuming
and can obtain the optimal solution well, but the operation
of genetic algorithm is difficult with the steps of choosing,
crossover, and mutation for different optimal problems [37].
As a new global optimizing algorithm, particle swarm opti-
mization (PSO), proposed by Kennedy and Eberhart in 1995,
is based on swarm intelligent by generating a random deci-
sion variable set called “particles” [35]. PSO is a versatile algo-
rithm and can be used to solve different optimizing problems.
In recent years, because of the best global searching ability
and the simple implementing procedure, PSO has been suc-
cessfully applied for function optimization [38], data mining
[39], and other engineering optimization problems [15, 40]
and achieved good results. Therefore, the PSO can be applied
to optimize the parameters of SVM model for streamflow
forecasting in this paper.

This paper is organized as follows. Section 2 introduces
the principle theory of wavelet analysis, parameter selection
method of SVM models based on PSO, and SVM regression
forecasting model. The study area and streamflow time series
analysis are introduced in Section 3.The forecasting results of
the conjunction model with the real streamflow time series

data sets from Tangnaihai hydrology station in China are
analyzed in Section 4. Finally, the conclusion is presented in
Section 5.

2. Methodology

2.1. Support Vector Machine (SVM). The basic idea of SVM
for regression is to introduce a kernel function, map the
input data into a high-dimensional feature space by a non-
linear mapping, and then perform linear regression in the
feature space [5]. Supposing that there is a training dataset
𝐷 = {(x

1
, y
1
), (x
2
, y
2
), . . . , (x

𝑛
, y
𝑛
)} ∈ 𝑅

𝑝
× 𝑅, x is the input

vector, y is the excepted output, 𝑛 is the number of data, and
𝑝 is the total number of data patterns. By nonlinear mapping
functionB, x is mapped into a feature space in which a linear
estimate function is defined as

y = 𝑓 (x,𝜔) = ⟨𝜔, Φ (x)⟩ + 𝑏; 𝜔, x ∈ 𝑅
𝑝
, 𝑏 ∈ 𝑅, (1)

where B(x) represents the high-dimensional feature spaces,
which is nonlinearly mapped from the input space x; 𝜔 and 𝑏

are coefficients that have to be estimated from the input data.
By introducing the slack variables 𝜉 and 𝜉

∗ and following the
regularization theory, parameters 𝜔 and 𝑏 are estimated by
minimizing the cost function

min 𝐽 (𝜔, 𝜉) =
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The first term (1/2)‖𝜔‖
2 is weight vector norm; 𝐶 is

referred to as the regularized constraint determining the
tradeoff between the empirical error and the regularized
term; and 𝜀 is the insensitive loss function.

By using Lagrange multiplier techniques, the minimiza-
tion of (2) leads to the following dual-optimization problem:
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where (𝛼
∗

𝑖
, 𝛼
𝑖
) are coefficients determined by training and

𝐾(x
𝑖
, x
𝑗
) is the kernel function which can be expressed as

inner product:

𝐾(x
𝑖
, x) = Φ(x

𝑖
)
𝑇

Φ (x) . (5)
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The decision function takes the form

𝑓 (𝑥) =

𝑛

∑

𝑖=1

(𝛼
∗

𝑖
− 𝛼
𝑖
)𝐾 (x, x

𝑖
) + 𝑏. (6)

The selection of an appropriate kernel function plays an
important role in SVM regression since the kernel function
defines the feature space. Gaussian radial basis function
kernel has received significant attention from the machine
learning community. Gaussian radial basis function (RBF)
kernel is defined as

𝐾(x, x
𝑖
) = exp(

−
x − x

𝑖


2

2𝜎2
) . (7)

Here 𝜎 is the kernel parameter.

2.2. Wavelet Analysis. In wavelet analysis, the signals are
analyzed in both the time and the frequency domain by
decomposing the original signals in different frequency
bands using wavelet functions. The wavelet transform (WT)
uses the scalable windowing technique for analyzing local
variation in the time series [41]. WT provides useful decom-
positions of original time series, so that wavelet-transformed
data improve the ability of a forecasting model by capturing
useful information on various resolution levels [42].The time
series data are preprocessed using wavelet transformation
techniques to obtain decomposedwavelet coefficients that are
used as inputs in the forecasting models.

The basic objective of WT is to achieve a complete
timescale representation of localized and transient phenom-
ena occurring at different timescales [4, 43]. The continuous
wavelet transform is defined as the sum over all time of the
signal multiplied by scale and shifted versions of wavelet
function 𝜓:

𝑊(𝑎, 𝑏) =
1

√𝑎
∫

+∞

−∞

𝑓 (𝑥) 𝜓(
𝑥 − 𝑏

𝑎
)𝑑𝑥, (8)

where 𝑎 is a scale parameter; 𝑏 is a position parameter; and 𝜓

corresponds to the complex conjugate.The coefficient plots of
the continuous wavelet transform are precisely the timescale
view of the signal. However, calculating wavelet coefficients
at every possible scale is time-consuming and generates large
amount of information. Thus, the use of the continuous
wavelet transform for forecasting is not practically possible.

In hydrology, observed hydrologic series are often
expressed as discrete series, so the discrete wavelet transform
is usually employed to decompose a hydrologic series into a
set of coefficients and subsignals under different scales, and
then guide other time series analyses [44]. The DWT is
defined as the following form:

𝑓 (𝑡) = ∑𝐶
𝑗𝑜,𝑘

𝜙
𝑗𝑜,𝑘

(𝑡) + ∑

𝑗>𝑗𝑜

∑𝜔
𝑗,𝑘
2
𝑗/2

𝜓 (2
𝑗
𝑡 − 𝑘) , (9)

where 𝑗 is the dilation or level index, 𝑘 is the translation
or scaling index, and 𝜙

𝑗𝑜,𝑘
is a scaling function of coarse

scale coefficients.𝐶
𝑗𝑜,𝑘

,𝜔
𝑗,𝑘
, is the scaling function of detailed

(fine scale) coefficients and all functions of 𝜓(2𝑗𝑡 − 𝑘) are
orthonormal.

The original time series are decomposed into various
details (𝐷s) and an approximation (𝐴s) at different resolution
levels using DWT. The approximations are the high-scale,
low frequency components of the signal and the details are
the low-scale, high frequency components. Normally, the low
frequency component of the signal (𝐴) is the most impor-
tant part which demonstrates the signal identity [45]. The
choice of wavelet type is an important issue. The Daubechies
wavelets are one of the widely used in wavelet family, which
are written dbN, where db is the “surname” and𝑁 is the order
of thewavelet [46]. Daubechieswavelets exhibit good tradeoff
between parsimony and information richness [34], so in this
study the Daubechies wavelets were employed as the mother
wavelet to decompose the time series.

2.3. Parameters Selection of SVM Based on PSO

2.3.1. The Principle of PSO. PSO, deriving from the research
for the movement of organisms in a bird flocking or fish
schooling, performs searches using a population (called
swarm) of individuals (called particles) that are updated from
iteration to iteration [47, 48]. An equation (velocity update)
controls the swarm in moving around the search space
seeking the optimum state. In each iteration, the algorithm
saves the local optimum and compares it with the global (best
yet) optimum values. Definitely the criteria for being chosen
as an optimum state depend on the fitness of the objective
function. Candidate solutions (decision variables) of any
particle calculate and remember its own fitness. The position
of any particle accelerated towards the global best position by
using (10) and (11) [49]. In any search step 𝑡, the 𝑖th particle
is used to update its candidate solution’s current position
𝑥
𝑖,𝑗
(𝑡) by using local best 𝑝

𝑖,𝑗
(𝑡) and best 𝑝

𝑔,𝑗
(𝑡) position

achieved yet. Consider the following:

V
𝑖,𝑗
(𝑡 + 1) = 𝜔V

𝑖,𝑗
(𝑡) + 𝑐

1
𝑟
1
[𝑝
𝑖,𝑗

− 𝑥
𝑖,𝑗
(𝑡)]

+ 𝑐
2
𝑟
2
[𝑝
𝑔,𝑗

− 𝑥
𝑖,𝑗
(𝑡)]

(10)

𝑥
𝑖,𝑗
(𝑡 + 1) = 𝑥

𝑖,𝑗
(𝑡) + V

𝑖,𝑗
(𝑡 + 1) , 𝑗 = 1, 2, . . . , 𝑑, (11)

where V
𝑖,𝑗

is velocity measures for particles; 𝜔 is inertial
weight controlling velocity direction; 𝑐

1
and 𝑐
2
are acceler-

ation coefficients; 𝑟
1
and 𝑟
2
are random numbers uniformly

distributed between [0, 1]. 𝑥
𝑖,𝑗
is the position of any particle.

2.3.2. Parameters Selection of SVM Based on PSO. In the
SVM regression model, three parameters, namely, 𝐶, 𝜀, and
𝜎, should be identified before forecasting. Therefore, PSO
algorithm is used for optimizing the SVM parameters. The
process of optimizing the SVM parameters with PSO is
presented in Figure 1 and the steps are described as follows
[47].
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Yes

Start

Set scope of three parameters of SVM and
set stopping condition of whole program

No

Initialize PSO particles and
velocities of a population

Evaluate the fitness value

Does it meet the
stopping condition?

Update particle best and global best

Update particle velocity and position

Output optimal parameters of SVM

Figure 1: The process of optimizing the SVM parameters with PSO.

Step 1. Initialization: consider randomly initial particles and
velocities of a population (every particle contains three
variables, namely, 𝐶, 𝜀, and 𝜎).
Step 2. Fitness evaluation: the fitness function of PSO is
shown as follows:

fitness = 𝜂MAPE =
1

𝑚

𝑚

∑

𝑖=1

𝑦𝑖 − 𝑦
𝑖



𝑦
𝑖

, (12)

where 𝜂MAPE is the mean absolute percentage error; 𝑦
𝑖
is the

actual value and𝑦
𝑖
is the predicted value; and𝑚 is the number

of subsets. The solution with a smaller 𝜂MAPE has a smaller
fitness value.
Step 3. Update global and personal best according to fitness
evaluation results.
Step 4. Calculation of velocity: particle flies toward a new
position by calculating the velocity of position change.
Velocity of each particle is calculated by (10).
Step 5. Update position value: each particle moves to its next
position according to (11).
Step 6. Termination: repeat the same procedures from Step 2
to Step 5 until stopping conditions are satisfied.

2.4. Model Evaluation. It is essential to evaluate the perfor-
mance of the models by employing appropriate methods. In

this study, the performance of the models is evaluated by the
indexes of the correlation coefficients (𝑅), root mean squared
error (RMSE), mean absolute error (MAE), and mean
absolute relative error (MARE). These indexes are respec-
tively defined as follows.

Correlation coefficients (𝑅):

𝑅 =
∑
𝑛
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Root mean squared error (RMSE):

RMSE = √
1

𝑛

𝑛

∑
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Mean absolute error (MAE):

MAE =
1

𝑛
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Mean absolute relative error (MARE):
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where 𝑦
𝑖
stands for the observed data and 𝑦

𝑖
stands for the

forecasting data. 𝑛 is number of the data.
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3. Study Area and Data Analysis

In this study, we examined the data obtained from the
monthly streamflow of the Tangnaihai Hydrological station
located at the upper catchment of the Yellow River in
Qinghai Province of China. Tangnaihai Hydrological station
is the upstream hydrological station of Longyang Gorge
Reservoir which is the largest regulating reservoir in the
upper catchment of the Yellow River, so there are few human
impacts disordering streamflow regular. Location of Tang-
naihai Hydrological station is shown in Figure 2. The Yellow
River catchment covers an area of 95,000 km2.

Themonthly streamflow time series of TangnaihaiHydro-
logical station, consisting of 636 monthly records (January
1956 to December 2008), are used in this study. The dataset
was split up into two parts: training and testing, where the
first dataset consisting of 536 monthly records (January 1956
to August 2000) was used for training, while the final dataset
contains 100 monthly records (September 2000 to Decem-
ber 2008). Training data were used exclusively for model
development and testing data were used to measure the
performance of the model on untrained data. The testing set
was also used to evaluate the forecasting ability of the model
and to compare the proposed model with others.

4. Results Analysis

4.1. Wavelet Decomposition of Streamflow Time Series. The
WT-PSO-SVM model structure is shown in Figure 3. For
the SVM model inputs, the original time series are decom-
posed into subseries with an approximation (𝐴s) with low
frequency and details (𝐷

1
, 𝐷
2
, . . . , 𝐷s) with high frequency

by Daubechies DWT algorithm.
The optimal decomposition level of the streamflow time

series in wavelet analysis plays an important role in pre-
serving the information and reducing the distortion of the
datasets [4].The number of decomposition levels controls the
streamflow approximation in the data. The general rule for
the appropriate decomposition levels is that the largest levels
should be shorter than the size of the testing data [50].

In this case, the largest scales were chosen as three for
the Tangnaihai station streamflow time series. Therefore, the
flowdata sets are decomposed into various details (𝐷s) and an
approximation (𝐴

3
) at three resolution levels (21-22-23) using

db3 DWT shown in Figure 4.The new decomposed subseries
present variations of the original time series on different peri-
ods. MATLAB codes were developed using its library func-
tions to perform wavelet decomposition of the time series
data. The correlation coefficients between each 𝐷 subtime
series and original monthly streamflow time series are given
in Table 1 for the Tangnaihai station. In the table, the 𝐷

𝑡−1

and 𝑄
𝑡
denote the 𝐷 subtime series at time 𝑡 − 1 and

measured streamflow at time 𝑡, respectively.These correlation
values provide information for the determination of effective
wavelet components on streamflow. It can be seen from
Table 1 that the 𝐷

3
has the highest correlation (𝑅 = 0.259)

among𝐷s.The average correlation between𝐴 and𝑄
𝑡
is 0.363.

According to the correlation analysis between 𝐷s and the
original current streamflow data, the effective component

Table 1: The correlation coefficients between subtime series and
original streamflow data.

Discrete wavelet
components

Correlations
𝐷
𝑡−1

and 𝑄
𝑡
𝐷
𝑡−2

and 𝑄
𝑡
𝐷
𝑡−3

and 𝑄
𝑡

Average
𝐷
1

0.103 −0.003 0.105 0.070
𝐷
2

−0.081 0.084 0.328 0.164
𝐷
3

−0.023 0.295 0.459 0.259
𝐴 0.211 0.390 0.488 0.363

(𝐷
3
) is selected. Then, the new series obtained by adding the

effective 𝐷
3
and approximation component are used as an

input combination to the SVMmodel.

4.2. Parameters Selection of SVMBased on PSO. In this study,
RBF is employed as kernel function of SVM forecasting
model, so three parameters, namely, balance parameter 𝐶,
insensitive parameter 𝜀, and kernel function, parameter
𝜎 should be selected. Some researchers have shown that
different kernel functions have little impact on performance,
but kernel function parameter 𝜎 is a key factor affecting
performance of SVM. Among three parameters, 𝜎 precisely
defines structure of highly dimensional space, so it controls
complexity of ultimate solution; 𝐶 determines complexity of
model and punishment level of fitting deviation; 𝜀 indicates
forecasting model’s expectation on estimating functions’
error of sample data, and the larger 𝜀, the less support vector
number and more sparse solution expression. But large 𝜀 can
also reduce accuracy of SVM forecasting model.

For monthly streamflow time series𝑋 = {𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑁
},

the flow data at time 𝑖 + 𝑝 is predicted based on the previous
flow data. The general expression is shown as follows:

𝑥
𝑖+𝑝

= 𝑓 (𝑥
𝑖+1

, 𝑥
𝑖+2

, . . . , 𝑥
𝑖+𝑝−1

) , (17)

where 𝑓 is a nonlinear function indicating relationship of
monthly streamflow time series; 𝑥

𝑖
is streamflow data at time

𝑖, 𝑖 = 1, 2, . . . , 𝑁; and 𝑝 is the forecasting step (month), which
is set as 3 in this paper.𝑁−𝑝monthly streamflow time series
data sets are used for training and testing SVM forecasting
model. The particle swarm optimization is employed to
optimize the best parameters set (𝜎, 𝐶, 𝜀) of SVMmodel [51].

For the Tangnaihai station, three input combinations
based on preceding monthly streamflows are evaluated to
estimate current streamflow value. The input combinations
evaluated in the study are as follows: (i) 𝑄

𝑡−1
, 𝑄
𝑡−2

, and 𝑄
𝑡−3

;
(ii)𝑄
𝑡−1

(𝐴),𝑄
𝑡−2

(𝐴), and𝑄
𝑡−3

(𝐴); (iii)𝑄
𝑡−1

(𝐴+𝐷
3
),𝑄
𝑡−2

(𝐴+

𝐷
3
), and𝑄

𝑡−3
(𝐴+𝐷

3
). In all cases, the output is the discharge

𝑄
𝑡
for the current month.
In the training stage, firstly the parameters 𝜎, 𝐶, and 𝜀

of SVM model are optimized by PSO, the validation error
is measured by (12), and the adjusted parameters with min-
imum validation error are selected as the most appropriate
parameters which are provided in Table 2. Then, the optimal
parameters are utilized to train SVM andWSVMmodels.
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Figure 2: Location map of Yellow River and Tangnaihai station.

Input streamflow time series

Decompose input time series using DWT

Add the effective Ds components for input of SVM

SVM forecasting model

Output

Optimize the parameters of SVM model using PSO

Figure 3: TheWA-LSSVM-PSO model structure.

Table 2: Optimal parameters of SVM and WSVMmodels.

Model Input variables Output Parameters
𝜎 𝐶 𝜀

(i) SVM (i) 𝑄
𝑡−1

, 𝑄
𝑡−2

, and 𝑄
𝑡−3

𝑄
𝑡

0.90156 2.3149 0.01
(ii) WSVM1 (ii) 𝑄

𝑡−1
(𝐴), 𝑄

𝑡−2
(𝐴), and 𝑄

𝑡−3
(𝐴) 0.01 46.8765 0.01

(iii) WSVM2 (iii) 𝑄
𝑡−1

(𝐴 + 𝐷
3
), 𝑄
𝑡−2

(𝐴 + 𝐷
3
), and 𝑄

𝑡−3
(𝐴 + 𝐷

3
) 28.4876 6.0929 0.01
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Figure 4: Decomposed wavelet subtime series components (Ds) of
runoff data of Tangnaihai station.

Before the training process begins, data normalization is
often performed. Runoff time series data was normalized in
the range [0, 1] by the following equation:

𝑦
𝑖
=

𝑥
𝑖
− 𝑥min

𝑥max − 𝑥min
, (18)

where 𝑦
𝑖
represents the normalized data, while 𝑥

𝑖
is the actual

observation value and 𝑥max, 𝑥min, respectively, represent the
maximumandminimumvalue among the actual observation
values.

4.3. Streamflow Forecasting Based on WT-PSO-SVM. As
shown in Table 2, the optimal parameters for SVM (input
model (i)) and WSVM (input models (ii) and (iii)) models
are 𝜎
1
= 0.90156, 𝐶

1
= 2.3149, and 𝜀

1
= 0.01; 𝜎

2
= 0.01,

𝐶
2
= 46.8765, and 𝜀

2
= 0.01; and 𝜎

3
= 28.4876, 𝐶

3
= 6.0929,

and 𝜀
3
= 0.01. The optimal parameters are used to examine

the accuracy of the SVM andWSVM forecastingmodels with
the testing data sets. Table 3 shows the performance results
obtained in the training and testing periods of the SVM and
WSVMmodels for Tangnaihai station.

Results obtained from the three models for 3-month-
advance flow forecasting at Tangnaihai station are presented
in Table 3. Performance of the three models was compared
by evaluating indexes of 𝑅, RMSE, MAE, and MARE. It
is observed that the forecasting accuracy of the WSVM

2

model was much better than that of corresponding SVM
and WSVM

1
models. Comparing the forecasting results of

SVM and WSVM
1
, the 𝑅, RMSE, MAE, and MARE in

the testing period were 0.768–0.613, 317.035–331.420 (m3/s),
247.480–256.368 (m3/s), and 17.81–23.49 (%), respectively.
It is observed that SVM is more superior than WSVM1
because some useful details (𝐷s) of original streamflow
series were eliminated in the model WSVM

1
. Comparing

the forecasting results of SVM and WSVM
2
, the values of

𝑅, RMSE, MAE, and MARE in the testing period were
0.768–0.806, 317.035–243.268, 247.480–173.20, and 17.81–11.52,
respectively. It is obvious from Table 3 and Figure 5 that the
WSVM2 performs better than the SVMmodel. These results
indicated that 𝐷

3
was an effective component for the runoff

series and the 𝐷
1
and 𝐷

2
were the noise that should be

eliminated before streamflow forecasting. Wavelet transform
is a necessary process of data preprocessing for improving
predicting accuracy.

5. Conclusion

This study developed a WT-PSO-SVM hybrid model to
forecast monthly streamflow. The WT-PSO-SVM model
was obtained by combining three methods, discrete wavelet
transform-particle swarm optimization, and support vector
machine regression. The combined model integrated the
advantages of best versatility, robustness and effectiveness
of SVM, the best global searching ability and the simple
implementing procedure of PSO for parameter selection, and
the ability of WT to reveal simultaneously both spectral
and temporal information within one signal. This hybrid
approach was successfully applied to simulate streamflow
time series of Tangnaihai Hydrology station in the Yellow
River.

The streamflow time series were decomposed into various
details (𝐷s) and an approximation (𝐴

3
) at three resolution

levels (21-22-23) by using db3DWTof the wavelet function of
Daubechies 3 (db3).The correlation coefficients between each
𝐷 subtime series and originalmonthly streamflow time series
were calculated. 𝐷s(𝐷

3
) components with high correlation

coefficients (𝑅 = 0.259)were added to the approximation (𝐴)

as the input values of SVM model. The input combinations
evaluated in the study are as follows: (i) 𝑄

𝑡−1
, 𝑄
𝑡−2

, and
𝑄
𝑡−3

; (ii) 𝑄
𝑡−1

(𝐴), 𝑄
𝑡−2

(𝐴), and 𝑄
𝑡−3

(𝐴); (iii) 𝑄
𝑡−1

(𝐴 + 𝐷
3
),

𝑄
𝑡−2

(𝐴 + 𝐷
3
), and 𝑄

𝑡−3
(𝐴 + 𝐷

3
). The PSO was employed to

select the optimal parameters, 𝐶, 𝜀, and 𝜎, of the three input
models which were used to test the accuracy of the SVM
model.Three different input combinations of SVMpredicting
results indicated that the discrete wavelet transform can
significantly increase the accuracy of the SVM model in
forecasting monthly streamflow. In addition, particle swarm
optimization can determine suitable parameters to forecast
streamflow as well. Predicting accuracy was evaluated by
indexes of 𝑅, RMSE,MAE, andMARE. At the Tangnahai sta-
tion, the best predictions belong to WSVM

2
model. WSVM

2

model increased the prediction 𝑅 by 0.038 and 0.193 with
respect to the SVM andWSVM

1
models and reducedMARE

by 6.29% and 11.97%, respectively, in the testing period.These
results indicated that 𝐷

3
was an effective component for the

runoff series and the𝐷
1
and𝐷

2
were the noise that should be

eliminated before streamflow forecasting. Wavelet transform
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Table 3: Forecasting performance indexes of SVM andWSVMmodels in Tangnaihai station.

Model Training Testing
𝑅 RMSE (m3/s) MAE (m3/s) MARE (%) 𝑅 RMSE (m3/s) MAE (m3/s) MARE (%)

(i) SVM 0.853 287.315 196.524 14.33 0.768 317.035 247.480 17.81
(ii) WSVM1 0.548 306.554 217.883 18.24 0.613 331.420 256.368 23.49
(iii) WSVM2 0.808 201.784 141.730 7.46 0.806 243.268 173.20 11.52
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is a necessary process of data preprocessing for improving
predicting accuracy. The test results indicated that PSO-WT-
SVM approach provides a superior alternative to the single
SVMmodel for forecastingmonthly streamflow in situations,
without formulating models for the internal structure of the
watershed.
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[12] Ö. Kişi, “River flow forecasting and estimation using different
artificial neural network techniques,” Hydrology Research, vol.
39, no. 1, pp. 27–40, 2008.
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An inexact chance-constrained integer programming (ICIP) method is developed for planning contamination control of fluid
power system (FPS). The ICIP is derived by incorporating chance-constrained programming (CCP) within an interval mixed
integer linear programming (IMILP) framework, such that uncertainties presented in terms of probability distributions and discrete
intervals can be handled. It can also help examine the reliability of satisfying (or risk of violating) system constraints under
uncertainty. The developed method is applied to a case of contamination control planning for one typical FPS. Interval solutions
associated with risk levels of constraint violation are obtained. They can be used for generating decision alternatives and thus
help designers identify desired strategies under various environmental, economic, and system reliability constraints. Generally,
willingness to take a higher risk of constraint violation will guarantee a lower system cost; a strong desire to acquire a lower risk will
run into a higher system cost. Thus, the method provides not only decision variable solutions presented as stable intervals but also
the associated risk levels in violating the system constraints. It can therefore support an in-depth analysis of the tradeoff between
system cost and system-failure risk.

1. Introduction

Contamination has long been recognized as one of the
major causes of components’ wear, work-failure, and related
downtime of fluid power system (FPS). Although a number of
studies were undertaken for dealing with the contamination
problems in the FPS [1–7], they focused on the contami-
nant sensitivity analysis for single system component, the
ingression estimation of contaminant particle, and the online
monitoring of cleanliness level. They had difficulties in
reflecting the filtration systems from the perspective of the
whole FPS as well as analyzing the economic effects of system
maintenance.

Actually, in contamination control of FPS, uncertain-
ties may exist in related costs and impact factors such
as the contaminant-ingression/generation rate, component’s
contaminant-sensitivity, and filter’s contaminant-holding
capacity. These complexities may be further multiplied by
not only interactions among uncertain components, but also

their associations with economic penalties if major contam-
ination accidents occur. It is thus desirable to develop effec-
tive optimization methods for reflecting the inherent com-
plexities and uncertainties as well as effective management
measures for mitigating the effect of contamination in FPS.
Nie et al. developed several inexact optimizationmethods for
addressing uncertainties and nonlinearities in the contami-
nation control and filter management strategies of the fluid
power systems [8–11]. For example, Nie et al. developed an
interval-parameter integer nonlinear programming method
to deal with the uncertainties in the contamination control
of FPS, where the uncertainties have been presented into
interval numbers [8]. Nie et al. developed an interval-fuzzy
quadratic programming method for planning contamination
control of the fluid power systems under uncertainty, which
incorporated techniques of interval-parameter programming
(IPP) and fuzzy quadratic programming within a general
framework to handle uncertainties expressed in terms of
interval values and fuzzy sets; multiple control variables were
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adopted to tackle independent uncertainties in the model’s
right-hand side, and fuzzy quadratic terms were used to
minimize the variation of satisfaction degrees among the
constraints [9]. Nie et al. proposed an independent variables
controlled interval-fuzzy nonlinear programming method
for the assessment of filter allocation and replacement strate-
gies in FPS under uncertainty; by introducing independent
control variables and L-R fuzzy numbers into the interval
nonlinear programming model framework, the developed
method can address the independent characteristics of con-
straints uncertainty [10]. Nie et al. advanced an interval-fuzzy
chance-constrained integer programming (IFCIP) approach
for dealingwith uncertainties presented in terms of fuzzy sets,
intervals, and random variables [11].

Stochastic mathematical programming (SMP) can deal
with uncertainties based on the probability theory, in which
probabilistic information for a limited number of uncertain
parameters can be incorporated within the optimization
framework. The SMP methods are effective when the left-
hand-side coefficients are deterministic while the right-hand-
side coefficients are uncertain but with known probabil-
ity distributions [12]. The SMP methods include chance-
constrained programming, two-stage stochastic program-
ming, and multistage stochastic programming (abbreviated
as CCP, TSP, and MSP). CCP can effectively reflect the
reliability of satisfying (or risk of violating) system constraints
under uncertainty [13, 14]. In fact, CCP does not require that
all of the constraints be totally satisfied. Instead, they can
be satisfied in a proportion of cases with given probabilities
[15–18]. There have been many applications of CCP methods
to environmental management problems [19–24]. Huang
advanced two fuzzy chance-constrained programmingmeth-
ods for capital budgeting and investment problems that are
involved in fuzzy-random parameters [25, 26]; Li et al. pro-
posed a multistage fuzzy chance-constrained programming
approach for dealing with uncertainties expressed as fuzzy
sets and probabilities inwater resourcesmanagement systems
[17]. Although the CCP can deal with uncertainties presented
as probability distributions, linear constraints in the CCP can
only reflect the case when the left-hand-side coefficient is
deterministic, while the set of feasible constraints becomes
much more complicated or numerous if both left- and right-
hand sides are both random variables [21, 27–30]. However,
the CCP is effective in reflecting probability distributions
of the constraints’ right-hand sides but not so much for
independent uncertainties of the left-hand-side coefficients
in each constraint or the objective function; moreover, the
quality of many uncertainties is often not good enough to be
presented as probability distributions [21]. These difficulties
may affect practical applicability of the CCP method.

Interval-parameter programming (IPP) is an alternative
for handling uncertainties presented as interval numbers in
the model’s left- and/or right-hand sides as well as those that
cannot be quantified asmembership or distribution functions
[31]. IPP can be transformed into two deterministic submod-
els, which correspond to upper- and lower-bounds of the
desired objective function value. However, an IPPmodelmay
become infeasible when its right-hand-side parameters are
highly uncertain [32]. In fact, in the contamination control

process of FPS, many parameters may appear uncertain
and their interrelationships are complicated, such as fluid
flow, filtration ratio, contaminant ingression rate, contami-
nant generation rate, component tolerance level, filter costs,
and system maintenance fees. These uncertainties can be
quantified as probability density functions (PDFs), while the
others may exist as discrete intervals. For example, an engi-
neering designer/manager may know that the contaminant-
generation-rate in a FPS fluctuates within a certain interval,
but he/she may find it difficult to state its reliable probability
distribution [33].Therefore, one potential approach for better
accounting for the uncertainties, as well as the relevant
system reliabilities, is to incorporate the CCP into the interval
mixed integer linear programming (IMILP) framework.This
would then lead to an inexact chance-constrained integer
programming (ICIP) method.

As an extension of the previous works, this study aims
to develop such an inexact chance-constrained integer pro-
gramming (ICIP) method for contamination control and
filter management under uncertainty. This method will
incorporate techniques of interval, integer, and chance-
constrained programming within a general framework to
reflect a variety of uncertainties existing in the system param-
eters. It can also help examine the reliability of satisfying
(or risk of violating) system constraints under uncertainty
and thus quantify the cost of violating the constraints under
varied risk levels. The method will then be applied to a case
of contamination control planning for FPS. The results can
be used for generating a range of decision alternatives under
various system conditions and thus helping FPS managers to
identify desired contamination control policies.

2. Methodology

2.1. Interval Integer Programming. According to Huang et al.
[34], an interval mixed integer liner programming (IMILP)
problem can be expressed as follows:

Minimize 𝑓
±
= 𝐶
±
𝑋
±

Subject to: 𝐴±𝑋± ≤ 𝐵
±

𝑋
±
≥ 0,

(1)

where 𝐴± ∈ {𝑅
±
}
𝑚×𝑛, 𝐵± ∈ {𝑅

±
}
𝑚×1, 𝐶± ∈ {𝑅

±
}
1×𝑛, 𝑋± ∈

{𝑅
±
}
𝑛×1, 𝑅± denotes a set of interval numbers, 𝑓± refers to an

interval objective function, and the decision variables (𝑋±)
can be sorted into two categories: continuous and binary.
The IMILP model can be transformed into two deterministic
submodels corresponding to upper- and lower-bounds of the
objective function value [34]. By solving the two submodels,
interval solutions can be obtained.

2.2. Chance-Constrained Programming. In a real-world con-
tamination control problem, randomness in other right-
hand-side parameters, such as component contamination
sensitivities and contaminant-holding capacities, also needs
to be reflected. For example, the contaminant-holding capac-
ity may be fixed with a level of probability, which represents
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the admissible risk of violating the uncertain capacity con-
straint. However, the interval mathematical programming
method has difficulties in reflecting uncertainties expressed
as probabilistic distributions. Chance-constrained program-
ming (CCP) method can be used for dealing with the above
type of uncertainty and analyzing the risk of violating the
uncertain constraints [14]. In CCP, it is required that the
constraints should be satisfied under given probabilities [15,
19–24, 35, 36]. Consider a general probabilistic stochastic
linear problem as follows:

Min 𝐶 (𝑡)𝑋

Subject to: 𝐴 (𝑡)𝑋 ≤ 𝐵 (𝑡)

𝑋 ≥ 0,

(2)

where 𝑋 is a vector of decision variables and 𝐴 (𝑡), 𝐵 (𝑡), and
𝐶 (𝑡) are sets with random elements defined on a probability
space 𝑇, 𝑡 ∈ 𝑇 [14, 30]. The CCP approach solves the above
model by converting it into a deterministic version through
(i) fixing a certain level of probability 𝑝

𝑖
(𝑝
𝑖
∈ [0, 1]) for

uncertain constraint 𝑖, which represents the admissible risk
of violating constraint 𝑖, and (ii) imposing the condition that
the constraint should be satisfied with at least a probability
level of 1 − 𝑝

𝑖
. The feasible solution set is thus subject to the

following constraints [21, 37]:

Pr [{𝐴
𝑖
(𝑡) 𝑋 ≤ 𝑏

𝑖
(𝑡)}]

≥ 1 − 𝑞
𝑖
, 𝐴
𝑖
(𝑡) ∈ 𝐴 (𝑡) , 𝑖 = 1, 2, . . . , 𝑚.

(3)

Constraint (3) is generally nonlinear, and the set of
feasible constraints is convex only for some particular distri-
butions and certain levels of 𝑝

𝑖
, such as the cases when (i)

𝑎
𝑖𝑗
are deterministic and 𝑏

𝑖
are random (for all 𝑝

𝑖
values);

(ii) 𝑎
𝑖𝑗
and 𝑏

𝑖
are discrete random coefficient, with 𝑝

𝑖
≥

max
𝑟=1,2,...,𝑅

(1−𝑞
𝑟
), where 𝑞

𝑟
is the probability associatedwith

realization 𝑟; or (iii) 𝑎
𝑖𝑗
and 𝑏
𝑖
have Gaussian distributions,

with 𝑝
𝑖
≥ 0.5 [27]. When elements of 𝑎

𝑖𝑗
are deterministic

and 𝑏
𝑖
(𝑡) are random, constraint (3) can be converted into a

linear one as follows:

𝐴
𝑖
(𝑡) 𝑋 ≤ 𝑏

𝑖
(𝑡)
𝑝𝑖 , ∀𝑖, (4)

where 𝑏
𝑖
(𝑡)
𝑝𝑖

= 𝐹
−1

𝑖
(𝑝
𝑖
), given the cumulative distribution

function (CDF) of 𝑏
𝑖
(i.e., 𝐹

𝑖
(𝑏
𝑖
)) and the probability of

violating constraint 𝑖 (i.e., 𝑝
𝑖
). The problem with constraint

(4) is that linear constraints can only reflect the case when
the left-hand-side coefficients (𝐴) are deterministic. If both
left- and right-hand sides (𝐴 and 𝐵) are uncertain, the set
of feasible constraints may become more complicated [21,
27–30]. To reflect randomness of the objective function in
IIP model, an “equivalent” deterministic objective is usually
defined in the CCP approach. There are four main options:
(i) optimization of mean value, (ii) minimization of variance
or other dispersion parameters, (iii) minimization of risks,
and (iv) maximization of the fractile (or Kataoka’s problem).
However, these considerations may be unable to effectively
handle independent uncertainties in 𝑐

𝑗
and communicate

them into the constraints.

One potential approach for better accounting formultiple
uncertainties that exist in both left- and right-hand sides
(of the constraints) as well as objective-function coefficients
(i.e., 𝐴, 𝐵, and 𝐶) is to incorporate the CCP within the
above IMILP framework, where intervals and probability
distributions could be reflected. This leads to an interval
chance-constrained integer programming (ICIP) model as
follows:

Maximize 𝜆
±

Subject to: 𝐶±𝑋± ≤ 𝑓
+
− 𝜆
±
(𝑓
+
− 𝑓
−
)

𝐴
±

𝑖
(𝑡) 𝑋
±
≤ 𝑏
𝑖
(𝑡)
𝑞𝑖
±

∀𝑖, 𝑖 = 1, 2, . . . , 𝑚;

𝐴
±

𝑖
(𝑡) ∈ 𝐴

±
(𝑡)

𝑥
±
≥ 0, 𝑥

±

𝑗
∈ 𝑋
±
; 𝑗 = 1, 2, . . . , 𝑛

1

0 ≤ 𝜆
±
≤ 1,

(5)

where 𝜆
± is a control variable, representing the degree of

satisfaction for fuzzy decision. Figure 1 shows the frame-
work of the ICIP. It is indicated that the ICIP integrates
techniques of interval sets, integer and chance-constrained
within a general framework. Each technique has its unique
contribution in enhancing the model’s capacities for tackling
uncertainties and dynamics. The ICIP can thus deal with
uncertainties described as discrete intervals sets and their
combinations. Based on an interactive algorithm, interval
solutions associated with levels of system-failure risk can be
obtained through solving two submodels sequentially. The
solutions are useful in generating desired decision alterna-
tives with the relationships among system cost, satisfaction
degree, and constraint-violation risk being quantified.

3. Case Study

3.1. Statement of Problem. Since the fluid power system can
inevitably be contaminated by large amounts of contami-
nants, filters have to be adopted tomitigate the contamination
level and thus guarantee the critical hydraulic components
not being polluted and/or destroyed. The major functions
of filters are to remove contaminant particles and thus keep
the system contamination at a safe level (i.e., lower than the
tolerance levels of various system components). Assume that
four types of filters (suction, pressure, return, and bypass
filters) would be installed in the study system. The detailed
nomenclatures for the variables and parameters are provided
in the appendix. The binary variables (i.e., decision variables,
𝐹
𝑘
and 𝐴

𝑘𝑛
) can be employed to identify (i) whether or not

particular filter needs to be installed and (ii) whether or not
the existing filter needs to be replaced. For example, if filter 𝑘
exists then 𝐹

𝑘
= 1; otherwise 𝐹

𝑘
= 0; similarly, if filter 𝑘 needs

to be replaced in period, then 𝐴
𝑘𝑛

= 1; otherwise 𝐴
𝑘𝑛

= 0.
Additionally, the filter fineness plays a crucial role in

ensuring the reliability and service life of pump in the
FPS. The management of filters is of importance during the
operation of FPS. Installing new filters and/or replacing the
existing filters frequently may lead to an increased operation
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Figure 1: Framework of the ICIP model.
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Figure 2: Typical hydraulic system with bypass filtration system.

cost. However, misact in installing filters and/or prolonging
the replacement period of the filters may pose serious
contamination threats on the FPS. Several factors such as
operation cost, replacement period, system performance,
service life of pump, and fineness of filters may be complex
and conflicted with each other. Therefore, it is desirable
to select filter fineness and plan the replacement period of
filters properly and to identify how to choose suitable filters
(including filter housing and filter element) and/or when to
replace the existing filters at an appropriate timewhich would
make a tradeoff between operation cost and system-failure
risk.

Consider a problemwherein a decisionmaker is responsi-
ble for the selection, installation, and replacement of filters in
a FPS with a bypass filtration circuit. Figure 2 presents such
a FPS, which includes an oil reservoir, a hydraulic pump, a
suction filter, a pressure filter, a return filter, a bypass filter
and several control components, and an actuator. To simplify

the formal deduction ofmodel these control components and
actuator are regarded to be a complex component here.

Several assumptions are made when formulating the
model, which includes the following. (1) Contaminants are
evenly distributed in each segment of the fluid power system
and the contamination level in any segment will not vary
within aworking period of filter; (2) filtration ratio of the filter
is constant at any time for a given particle parameter range;
(3) the other components after those filters cannot remove
the contaminant particles; (4) the flow rate is assumed to be
constant and the effect of system pressure and flow on the
filtration efficiency is negligible; (5) all of the contaminants
are considered spherical when calculating their granular
mass; (6) the settling effect of the contaminants in the
oil reservoir is negligible; (7) the effect of cavitation on
the performance of hydraulic components due to the flow
resistance of the filters is negligible; (8) the replacement of
oil is out of consideration in this study.
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3.2. Model Formulation. In such a typical hydraulic system
(as shown in Figure 2), contaminantmainly comes from both
outside environment and inside hydraulic components. Since
the contamination ingression rate (CIR) plays an important
part in removing contaminant, a further research should be
conducted concerning more details about CIR. It is known
that CIR is not a constant during the operation of the system.
At the threshold of the system running, the value of CIR is at
the top and starts to decrease with an increased speed because
of intense friction. Gradually, the friction surfaces become
smoother and thus the reducing rate of the speed slows down
and finally ends upwith zero, whichmeans that theCIR keeps
being a constant.

In the CCP, the required level of probability represents
the admissible risk of violating the constraints [14, 21].
Thus, the CCP can be incorporated into the concept of
IIP into a general framework to deal with uncertainties in
the contaminant-holding capacity of filters and component
contaminant sensitivity. Based on the preceding research [8],
a chance-constrained programming (CCP) model (A) can be
formulated as follows:

Minimize 𝐹cost =
4

∑

𝑘=1

𝐵
𝑘
𝐹
𝑘

+

4

∑

𝑘=1

𝑁

∑

𝑛=1

(ER
𝑘
+WM

𝑘
+ LM
𝑘
) 𝐴
𝑘𝑛

(6a)

subject to

Pr {𝑁𝐹
1𝑛𝑚

≤ 𝑆
1𝑛𝑚

} ≥ 1 − 𝑝
𝑖
, ∀𝑛,𝑚, (6b)

Pr {𝑁𝐹
2𝑛𝑚

≤ 𝑆
2𝑛𝑚

} ≥ 1 − 𝑝
𝑖
, ∀𝑛,𝑚, (6c)

Pr{
𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
1
× 𝑁𝐹
0𝑛𝑚

× (1 −
1

𝛽
1𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

] ≤

𝑡

∑

𝑛=1

𝐴
1𝑛
𝐶
1
× 10
15
}

≥ 1 − 𝑝
𝑖
, ∀𝑡 = 1, 2, . . . , 𝑁,

(6d)

Pr{
𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
2
(𝑁𝐹
1𝑛𝑚

+
𝑅
1(𝑛−1)𝑚

𝑄
)

× (1 −
1

𝛽
2𝑚

)𝑄𝑇[
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
2𝑛
𝐶
2
× 10
15
}

≥ 1 − 𝑝
𝑖
, ∀𝑡 = 1, 2, . . . , 𝑁,

(6e)

Pr{
𝑡
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𝑛=1

𝑀

∑

𝑚=1

𝐹
3
(𝑁𝐹
2𝑛𝑚

+
𝑅
2(𝑛−1)𝑚

𝑄
)

× (1 −
1

𝛽
3𝑚

)𝑄𝑇[
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
3𝑛
𝐶
3
× 10
15
}

≥ 1 − 𝑝
𝑖
, ∀𝑡 = 1, 2, . . . , 𝑁,

(6f)

Pr{
𝑡

∑
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𝑀

∑

𝑚=1

𝐹
4
(𝑁𝐹
3𝑛𝑚

+
𝑅
3(𝑛−1)𝑚

𝑄
)
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1

𝛽
4𝑚

)𝑄𝑇[
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]
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𝑡

∑

𝑛=1

𝐴
4𝑛
𝐶
4
× 10
15
}

≥ 1 − 𝑝
𝑖
, ∀𝑡 = 1, 2, . . . , 𝑁,

(6g)

𝑁𝐹
0(𝑛+1)𝑚

= (𝑁𝐹
3𝑛𝑚

− 𝑁𝐹
0𝑛𝑚

)
𝑄𝑇

𝑉

+
𝑅
3𝑛𝑚

𝑇

𝑉
+ 𝑁𝐹
0𝑛𝑚

+ (𝑁𝐹
4𝑛𝑚

− 𝑁𝐹
3𝑛𝑚

)
𝑄
𝑏
𝑇

𝑉
,

(6h)

𝐹
𝑘
= {

1 if filter needs to be installed
0 otherwise,

∀𝑘,

(6i)

𝐴
𝑘𝑛

= {
1 if filter needs to be replaced
0 otherwise,

∀𝑘, 𝑛,

(6j)

𝐴
𝑘𝑛

≤ 𝐹
𝑘

∀𝑘, 𝑛. (6k)

The chance constraints can be converted into determin-
istic and linear ones through (1) fixing a certain level of
probability 𝑝

𝑖
, 𝑝
𝑖
∈ [0, 1], for constraint 𝑖, and (2) imposing

the condition that constraint 𝑖 is satisfied with at least a
probability of 1 − 𝑝

𝑖
[15, 21]. Thus, the chance constraints

[Pr(𝐴
𝑖
𝑥 ≤ 𝑏
𝑖
) ≥ 1 − 𝑝

𝑖
] can be specified into

𝐴
𝑖
𝑋 ≤ 𝑏

𝑖

𝑝𝑖 , ∀𝑖, (7)

where 𝑏
𝑖

𝑝𝑖 = 𝐹
𝑖

−1
(𝑝
𝑖
), given the cumulative distribution

function (CDF) of 𝑏
𝑖
(i.e., 𝐹

𝑖
(𝑏
𝑖
)) and the probability of
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violating constraint 𝑖 (i.e., 𝑝
𝑖
). Consequently, the above CCP

model can be converted into a linear model (B) as follows:

Minimize 𝐹cost =
4

∑

𝑘=1

𝐵
𝑘
𝐹
𝑘

+

4

∑

𝑘=1

𝑁
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+WM

𝑘
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𝑘
) 𝐴
𝑘𝑛

(8a)
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, ∀𝑛,𝑚, (8b)
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≤ 𝑆
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2𝑛𝑚
, ∀𝑛,𝑚, (8c)
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1

𝛽
2𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
2𝑛
𝐶
(𝑝𝑖)

2
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(8e)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
3
(𝑁𝐹
2𝑛𝑚

+
𝑅
2(𝑛−1)𝑚

𝑄
)(1 −

1

𝛽
3𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
3𝑛
𝐶
(𝑝𝑖)

3
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(8f)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
4
(𝑁𝐹
3𝑛𝑚

+
𝑅
3(𝑛−1)𝑚

𝑄
)(1 −

1

𝛽
4𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
4𝑛
𝐶
(𝑝𝑖)

4
× 10
15

∀𝑡 = 1, 2, . . . , 𝑁,

(8g)

𝑁𝐹
0(𝑛+1)𝑚

= (𝑁𝐹
3𝑛𝑚

− 𝑁𝐹
0𝑛𝑚

)
𝑄𝑇

𝑉
+
𝑅
3𝑛𝑚

𝑇

𝑉

+ 𝑁𝐹
0𝑛𝑚

+ (𝑁𝐹
4𝑛𝑚

− 𝑁𝐹
3𝑛𝑚

)
𝑄
𝑏
𝑇

𝑉
,

(8h)

𝐹
𝑘
= {

1 if filter needs to be installed
0 otherwise,

∀𝑘,

(8i)

𝐴
𝑘𝑛

= {
1 if filter needs to be replaced
0 otherwise,

∀𝑘, 𝑛,

(8j)

𝐴
𝑘𝑛

≤ 𝐹
𝑘
, ∀𝑘, 𝑛. (8k)

The above CCP model can handle all right-hand-side
uncertainties expressed as probability distributions. How-
ever, the linear constraints only correspond to cases when
the left-hand-side coefficients are deterministic. Although
the CCP approach can deal with left-hand-side uncertainties
presented as probability density functions, three limitations
exist: (1) the resulting nonlinear model would be associated
with a number of difficulties in global-optimum acquisition;
(2) it is unable to handle independent uncertainties in
objective coefficients [38]; (3) for many practical problems,
the quality of information that can be obtained for these
uncertainties is mostly not good enough to be presented as
probability distributions.Thus, for uncertainties in left-hand-
side parameters (e.g., contamination level and component
contamination sensitivity and contaminant retaining capac-
ity), an extended consideration would be the introduction
of interval parameters into the model (C). This leads to
an inexact chance-constrained integer programming (ICIP)
model as follows:

Minimize 𝐹
±

cost =
4

∑

𝑘=1

𝐵
±

𝑘
𝐹
±

𝑘

+

4

∑

𝑘=1

𝑁

∑

𝑛=1

(ER±
𝑘
+WM±

𝑘
+ LM±
𝑘
) 𝐴
±

𝑘𝑛

(9a)

subject to

𝑁𝐹
±

1𝑛𝑚
≤ 𝑆
(𝑝𝑖)±

1𝑛𝑚
, ∀𝑛,𝑚, (9b)

𝑁𝐹
±

2𝑛𝑚
≤ 𝑆
(𝑝𝑖)±

2𝑛𝑚
, ∀𝑛,𝑚, (9c)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
1
× 𝑁𝐹
±

0𝑛𝑚
(1 −

1

𝛽
1𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
±

1𝑛
𝐶
(𝑝𝑖)±

1
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(9d)
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𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
2
(𝑁𝐹
±

1𝑛𝑚
+
𝑅
±

1(𝑛−1)𝑚

𝑄
)(1 −

1

𝛽
2𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
±

2𝑛
𝐶
(𝑝𝑖)±

2
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(9e)
𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
3
(𝑁𝐹
±

2𝑛𝑚
+
𝑅
±

2(𝑛−1)𝑚

𝑄
)(1 −

1

𝛽
3𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
±

3𝑛
𝐶
(𝑝𝑖)±

3
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(9f)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
4
(𝑁𝐹
±

3𝑛𝑚
+
𝑅
±

3(𝑛−1)𝑚

𝑄
)(1 −

1

𝛽
4𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
±

4𝑛
𝐶
(𝑝𝑖)±

4
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(9g)

𝑁𝐹
±

0(𝑛+1)𝑚
= (𝑁𝐹

±

3𝑛𝑚
− 𝑁𝐹
±

0𝑛𝑚
)
𝑄𝑇

𝑉
+
𝑅
±

3𝑛𝑚
𝑇

𝑉

+ 𝑁𝐹
±

0𝑛𝑚
+ (𝑁𝐹

±

4𝑛𝑚
− 𝑁𝐹
±

3𝑛𝑚
)
𝑄
𝑏
𝑇

𝑉
,

(9h)

𝐹
𝑘
= {

1 if filter needs to be installed
0 otherwise,

∀𝑘,

(9i)

𝐴
±

𝑘𝑛
= {

1 if filter needs to be replaced
0 otherwise,

∀𝑘, 𝑛,

(9j)

𝐴
±

𝑘𝑛
≤ 𝐹
𝑘
, ∀𝑘, 𝑛, (9k)

where 𝐹±cost, 𝐵
±

𝑘
, ER±
𝑘
, WM±

𝑘
, LM±
𝑘
, 𝐴±
𝑘𝑛
, 𝐶(𝑞𝑖)±
𝑖

, 𝑆(𝑞𝑖)±
𝑖𝑛𝑚

, 𝑁𝐹
±

𝑖𝑛𝑚
,

and 𝑅
±

𝑖𝑛𝑚
are interval parameters and variables; the “−” and

“+” superscripts represent lower- and upper-bounds of the
parameters, respectively.This ICIPmodel can be transformed
into two deterministic submodels that correspond to the

lower- and upper-bounds of the desired objective. Interval
solutions, which are feasible and stable in the given decision
space, can then be obtained by solving the two submodels
sequentially [34]. According to Huang [21], the submodel
corresponding to the lower-bound objective (𝐹−cost) can be
firstly formulated as follows:

Minimize 𝐹
−

cost =
4

∑

𝑘=1

𝐵
−

𝑘
𝐹
−

𝑘

+

4

∑

𝑘=1

𝑁

∑

𝑛=1

(ER−
𝑘
+WM−

𝑘
+ LM−
𝑘
) 𝐴
−

𝑘𝑛

(10a)

subject to

𝑁𝐹
−

1𝑛𝑚
≤ 𝑆
(𝑝𝑖)−

1𝑛𝑚
, ∀𝑛,𝑚, (10b)

𝑁𝐹
−

2𝑛𝑚
≤ 𝑆
(𝑝𝑖)−

2𝑛𝑚
, ∀𝑛,𝑚, (10c)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
1
× 𝑁𝐹
−

0𝑛𝑚
(1 −

1

𝛽
1𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
−

1𝑛
𝐶
(𝑝𝑖)−

1
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(10d)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
2
(𝑁𝐹
−

1𝑛𝑚
+
𝑅
−

1(𝑛−1)𝑚

𝑄
)(1 −

1

𝛽
2𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
−

2𝑛
𝐶
(𝑝𝑖)−

2
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(10e)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
3
(𝑁𝐹
−

2𝑛𝑚
+
𝑅
−

2(𝑛−1)𝑚

𝑄
)(1 −

1

𝛽
3𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
−

3𝑛
𝐶
(𝑝𝑖)−

3
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(10f)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
4
(𝑁𝐹
−

3𝑛𝑚
+
𝑅
−

3(𝑛−1)𝑚

𝑄
)(1 −

1

𝛽
4𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
−

4𝑛
𝐶
(𝑝𝑖)−

4
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(10g)
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𝑁𝐹
−

0(𝑛+1)𝑚
= (𝑁𝐹

−

3𝑛𝑚
− 𝑁𝐹
−

0𝑛𝑚
)
𝑄𝑇

𝑉
+
𝑅
−

3𝑛𝑚
𝑇

𝑉

+ 𝑁𝐹
−

0𝑛𝑚
+ (𝑁𝐹

−

4𝑛𝑚
− 𝑁𝐹
−

3𝑛𝑚
)
𝑄
𝑏
𝑇

𝑉
,

(10h)

𝐹
𝑘
= {

1 if filter needs to be installed
0 otherwise,

∀𝑘,

(10i)

𝐴
−

𝑘𝑛
= {

1 if filter needs to be replaced
0 otherwise,

∀𝑘, 𝑛,

(10j)

𝐴
−

𝑘𝑛
≤ 𝐹
𝑘
, ∀𝑘, 𝑛. (10k)

Correspondingly, the submodel corresponding to the
upper-bound objective (𝐹+cost) can be formulated as follows:

Minimize 𝐹
+

cost =
4

∑

𝑘=1

𝐵
+

𝑘
𝐹
+

𝑘

+

4

∑

𝑘=1

𝑁

∑

𝑛=1

(ER+
𝑘
+WM+

𝑘
+ LM+
𝑘
) 𝐴
+

𝑘𝑛

(11a)

subject to

𝑁𝐹
+

1𝑛𝑚
≤ 𝑆
(𝑝𝑖)+

1𝑛𝑚
, ∀𝑛,𝑚, (11b)

𝑁𝐹
+

2𝑛𝑚
≤ 𝑆
(𝑝𝑖)+

2𝑛𝑚
, ∀𝑛,𝑚, (11c)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
1
× 𝑁𝐹
+

0𝑛𝑚
(1 −

1

𝛽
1𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
+

1𝑛
𝐶
(𝑝𝑖)+

1
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(11d)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
2
(𝑁𝐹
+

1𝑛𝑚
+
𝑅
+

1(𝑛−1)𝑚

𝑄
)(1 −

1

𝛽
2𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
+

2𝑛
𝐶
(𝑝𝑖)+

2
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(11e)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
3
(𝑁𝐹
+

2𝑛𝑚
+
𝑅
+

2(𝑛−1)𝑚

𝑄
)(1 −

1

𝛽
3𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
+

3𝑛
𝐶
(𝑝𝑖)+

3
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(11f)

𝑡

∑

𝑛=1

𝑀

∑

𝑚=1

𝐹
4
(𝑁𝐹
+

3𝑛𝑚
+
𝑅
+

3(𝑛−1)𝑚

𝑄
)(1 −

1

𝛽
4𝑚

)𝑄𝑇

× [
4𝜌𝜋

3
× (

𝐷
𝑚

2
)

3

]

≤

𝑡

∑

𝑛=1

𝐴
+

4𝑛
𝐶
(𝑝𝑖)+

4
× 10
15
, ∀𝑡 = 1, 2, . . . , 𝑁,

(11g)

𝑁𝐹
+

0(𝑛+1)𝑚
= (𝑁𝐹

+

3𝑛𝑚
− 𝑁𝐹
+

0𝑛𝑚
)
𝑄𝑇

𝑉
+
𝑅
+

3𝑛𝑚
𝑇

𝑉

+ 𝑁𝐹
+

0𝑛𝑚
+ (𝑁𝐹

+

4𝑛𝑚
− 𝑁𝐹
+

3𝑛𝑚
)
𝑄
𝑏
𝑇

𝑉
,

(11h)

𝐹
𝑘
= {

1 if filter needs to be installed
0 otherwise,

∀𝑘,

(11i)

𝐴
+

𝑘𝑛
= {

1 if filter needs to be replaced
0 otherwise,

∀𝑘, 𝑛,

(11j)

𝐴
+

𝑘𝑛
≤ 𝐹
𝑘
, ∀𝑘, 𝑛. (11k)

The above solutions provide stable intervals for the objec-
tive function value and the decision variables under different
levels of risk in violating the constraints. They can be easily
interpreted for generating multiple decision alternatives. The
detailed solution process can be summarized as follows.

Step 1. Acquire distribution information for the system
constraints (e.g., contaminant retaining capacity and contam-
ination sensitivity of filters).

Step 2. Formulate ICIP model.

Step 3. Transform ICIP model into two submodels, where
the submodel corresponding to 𝐹

−

cost should be firstly solved
(to obtain the most optimistic decision option within the
decision space) since the objective is to minimize 𝐹±cost.

Step 4. Formulate 𝐹
−

cost submodel, including the objective
function and the relevant constraints.

Step 5. Solve the 𝐹
−

cost submodel and obtain 𝐹
−

cost-opt under
different 𝑞

𝑖
levels.
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Step 6. Formulate 𝐹
+

cost submodel, including the objective
function and the relevant constraints.

Step 7. Solve the 𝐹
+

cost submodel and obtain 𝐹
+

cost-opt under
different 𝑞

𝑖
levels.

Step 8. Calculate 𝐹±opt = [𝐹
−

cost-opt, 𝐹
+

cost-opt] under each given 𝑞
𝑖

level.

Step 9. Stop.

3.3. Data Collection. Consider a case wherein a manager is
responsible for designing and managing a hydraulic system
(as shown in Figure 2). The problem to be resolved is how
to keep contamination level by allocating various filters with
a minimal sum of capital to achieve a maximal system safe.
The planning time period is one year.The flow rate is approx-
imately 100 L/min, the maximal pressure is around 35MPa,
and the fluid volume of the reservoir is about 1300 L. Table 1
shows seven different practical combinations under each sce-
nario at low, medium, and high ingression/generation level.
Table 2 presents the diameter intervals of contaminant parti-
cles (according to piecewise linearization approach), average
diameters, and its corresponding initial contamination levels
and contamination tolerance levels which are listed under
four probability distributions.The initial contamination level
of the suction line is considered to meet the cleanliness class
requirement of NAS 1638 Level 7∼9 [8]. It is indicated that the
contaminant ingression/generation rates and the tolerance
levels of the main hydraulic components are both expressed
as interval values.

In addition, the average density of contaminant particles
(𝜌) is approximately 0.5 × 10

3 kg/m3. Table 3 provides the
types and performance parameters of the filters. It is indicated
that each filter possesses its own contaminant retaining
capacities that are various among four different probability
distributions. The cost for installing/maintaining/replacing
filters and the economic losses denoted by their correspond-
ing mean values due to maintaining/replacing filters are
presented in Table 4 [8, 35].

According to NAS 1638 contamination level, the contam-
inant ingression/generation rates of hydraulic components
are divided into low, medium, and high levels. Table 5
presents the distributions of different contaminant ingres-
sion/generation levels corresponding to different particle
diameters (low level corresponding to NAS 1638 Level 1∼4,
medium level corresponding to Level 5∼7, and high level
corresponding to Level 8∼10). Interactive relationships exist
among a variety of impact factors and contamination-related
processes, and many parameters in the studied system are
uncertain.Therefore, the developed ICIPmethod is supposed
to tackle this type of contamination control management
problem.

3.4. Result Analysis. The above models can be solved
through software package LINGO. Representative outcomes
(as shown in Tables 6 to 8) are explicated to demonstrate
important findings. Since it is a one-year plan, an estimated

Table 1: Practicable filter combinations.

Filter Scenario
1 2 3 4 5 6 7

𝐹
1

0 0 0 1 1 1 1
𝐹
2

0 1 1 0 0 1 1
𝐹
3

1 0 1 0 1 0 1
𝐹
4

1 0 0 1 1 0 0
Code 0011 0100 0110 1001 1011 1100 1110

replacement period was offered according to final contami-
nation level of the hydraulic oil when the actual replacement
period is longer than one year.

Tables 6(a)–6(d) show results at low ingression/genera-
tion level. Optimized system costs correspond with four
probabilities. That is because none of those filters call for any
replacement with four probabilities. Optimized system costs
have achieved the bottom values, which means they cannot
be lower any more, but there are still some tiny differences
among results with four different probabilities. Take Scenario
1, for example; four results are [376.3, 382.2], [376.5, 382.8],
[377.3, 385.3], and [392.5, 404.0] days corresponding to four
probabilities. The solutions indicate that the system costs
would decrease with 𝑝

𝑖
, where 𝑝

𝑖
= 0.10, 0.15, 0.20, 0.30

(𝑖 = 1, 2, 3, 4), respectively. The replacement periods would
become longer as 𝑝

𝑖
increases (𝑝

1
< 𝑝
2
< 𝑝
3
< 𝑝
4
). In

fact, an increased 𝑝
𝑖
means more relaxed constraints, such

as contaminant retaining capacity of filters and component
contaminant sensitivity, and thus a raised risk in violating the
two constrains.

Tables 7(a)–7(d) show results at medium ingression/
generation level. It is obvious that these results are interrupted
by occasionally some bad results, the values of which do
not agree with normal tendency. For example, the results
under Scenario 2 are [178, 187], [166, 357.7], [175, 358.1],
and [87, 360.8] days. The general trend is that replacement
periods go up as 𝑝

𝑖
increases except that 178 days with

𝑝
𝑖
distribution is not on the track. However, the data still

represents the principle perfectly.The samephenomenon also
appears under other scenarios.

Tables 8(a)–8(d) show results at high ingression/genera-
tion level. Since the contamination/generation level is high,
any change in 𝑝

𝑖
would yield different contaminant retaining

capacities of filters and component contaminant sensitivities
and thus obviously result in different system costs. Under a
probability level of 𝑝

𝑖
= 𝑝
1
= 0, the violation of the system

cost and replacement period would be zero.The system costs
under Scenarios 1, 2, 3, 5, 6, and 7 are RMB ¥ [44500, 50150],
[59000, 67400], [49950, 56550], [41600, 46850], [38250,
39750], and [42250, 47800], respectively. Under a significance
level of 𝑝

𝑖
= 𝑝
2
, the system costs under Scenarios 1, 2, 3, 5,

6, and 7 are RMB ¥ [52150, 59150], [50750, 57950], [45000,
51350], [50600, 55100], [36350, 35700], and [40600, 43200],
respectively. The costs are a little lower than those under the
probability of 𝑝

1
due to a slightly increased risk.Then 𝑝

𝑖
rises

up to 𝑝
3
and the corresponding costs go down accordingly.

Under a probability level of 𝑝
𝑖
= 𝑝
3
, the system costs under

Scenarios 1, 2, 3, 5, 6, and 7 are RMB ¥ [49450, 58000],



10 Journal of Applied Mathematics

Table 2: Particle diameters, initial contamination, and contamination tolerance levels.

Contaminant particle divisions 1 2 3 4 5 6 7 8 9
Range of diameters (𝜇m) 0∼5 5∼10 10∼15 15∼20 20∼25 25∼30 30∼50 50∼100 100∼
Initial contamination level𝑁±

01m
(number of particles/mL) [1000, 1500] [300, 500] [150, 250] [60, 100] [30, 50] [10, 15] [6, 10] [2.5, 4.0] [0.5, 0.8]

Contamination tolerance level
𝑆
±

1 nm (number of particles/mL)
𝑞
1

[4000, 6000] [1200, 2000] [600, 1000] [250, 400] [140, 230] [50, 67] [30, 43] [12, 17] [5, 7]

𝑞
2

[4300, 6300] [1300, 2100] [680, 1080] [300, 460] [120, 200] [40, 60] [25, 40] [10, 15] [4, 6]

𝑞
3

[4600, 6500] [1500, 2200] [720, 1200] [350, 530] [160, 260] [60, 71] [35, 45] [14, 19] [6, 8]

𝑞
4

[8000, 12000] [2400, 4000] [1200, 2000] [500, 800] [240, 400] [80, 120] [50, 80] [20, 30] [8, 12]

Contamination tolerance level
𝑆
±

2 nm (number of particles/mL)
𝑞
1

[2000, 3000] [600, 1000] [300, 500] [120, 200] [60, 100] [20, 30] [12, 20] [5, 8] [2, 3]

𝑞
2

[2100, 3100] [700, 1200] [380, 560] [150, 210] [70, 105] [30, 35] [16, 23] [7, 10] [3, 4]

𝑞
3

[2200, 3200] [800, 1280] [450, 630] [180, 220] [80, 110] [40, 40] [20, 26] [9, 12] [4, 5]

𝑞
4

[4000, 6000] [1200, 2000] [600, 1000] [240, 400] [120, 200] [40, 60] [24, 40] [10, 16] [4, 6]

Table 3: Type and performance parameters of filters.

Filters Type of filters Fineness of
filters (𝜇m)

Rated flow
(L/min)

Maximum
pressure (MPa)

Contaminant-holding capability 𝐶
𝑘
(g)

𝑝
1

𝑝
2

𝑝
3

𝑝
4

Suction filter AS 150-01 100 200 Low [100, 120] [105, 125] [110, 130] [200, 240]

Pressure filter HD 414-56 10 210 35 [50, 60] [60, 71] [65, 75] [100, 120]

Return filter E 211-58 20 210 Low [70, 85] [72, 86] [80, 90] [140, 170]

Bypass filter FNA 016-553 1E 16 0.4 [65, 80] [67, 82] [72, 86] [130, 160]

Table 4: Cost data.

Filters Price of filters 𝐵
𝑘

(RMB ¥)
Replacement

expenditure 𝐸
𝑘
(RMB ¥)

Wage of maintenance
worker𝑀

𝑘
(RMB ¥)

per time

Downtime cost 𝑃
𝑘

(RMB ¥) per time

Suction filter [1000, 1300] [500, 600] 50 200
Pressure filter [8000, 9500] [1100, 1400] 50 200
Return filter [2000, 2500] [900, 1100] 50 200
Bypass filter 9000 1300 50 200

Table 5: Initial contaminant ingression/generation rates of hydraulic components.

Contaminant particle
divisions 1 2 3 4 5 6 7 8 9

Low level (×103 number of particles/min)
𝑅
±

1 nm [25, 35] [7, 8] [2.5, 3.5] [0.7, 1.6] [0.55, 0.65] [0.18, 0.3] [0.07, 0.15] [0.03, 0.09] [0.017, 0.025]

𝑅
±

2 nm [100, 400] [28, 32] [10, 14] [2.8, 6.4] [2.2, 2.6] [0.72, 1.14] [0.28, 0.6] [0.12, 0.36] [0.068, 0.1]

𝑅
±

3 nm [50, 70] [14, 16] [5, 7] [1.4, 3.2] [1.1, 1.3] [0.36, 0.52] [0.14, 0.2] [0.06, 0.18] [0.034, 0.05]

Medium level (×104 number of particles/min)
𝑅
±

1 nm [33, 36] [9, 13] [3, 7] [1, 3] [0.5, 1.5] [0.2, 0.45] [0.1, 0.25] [0.08, 0.11] [0.007, 0.027]

𝑅
±

2 nm [132, 144] [36, 52] [12, 28] [4, 12] [2, 6] [0.8, 1.8] [0.4, 1] [0.32, 0.44] [0.028, 0.108]

𝑅
±

3 nm [66, 72] [18, 26] [6, 14] [2, 6] [1, 3] [0.4, 0.9] [0.2, 0.5] [0.16, 0.22] [0.014, 0.054]

High level (×104 number of particles/min)
𝑅
±

1 nm [255, 270] [85, 100] [40, 50] [10, 20] [7.5, 8.5] [2.5, 3.5] [1, 2] [0.5, 1] [0.1, 0.2]

𝑅
±

2 nm [1020, 1080] [340, 400] [160, 200] [40, 80] [30, 32] [10, 14] [4, 8] [2, 4] [0.4, 0.8]

𝑅
±

3 nm [510, 540] [170, 200] [80, 100] [20, 40] [15, 16] [5, 7] [2, 4] [1, 2] [0.2, 0.4]
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Table 6: (a) Results for optimized system cost and filter-replacement period under low ingression/generation rate (8 hours per day) (when
𝑝
1
= 0.10). (b) Results for optimized system cost and filter-replacement period under low ingression/generation rate (8 hours per day) (when

𝑝
2
= 0.15). (c) Results for optimized system cost and filter-replacement period under low ingression/generation rate (8 hours per day) (when

𝑝
3
= 0.20). (d) Results for optimized system cost and filter-replacement period under low ingression/generation rate (8 hours per day) (when

𝑝
4
= 0.30).

(a)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
𝑘 = 1 𝑘 = 2 𝑘 = 3

1 [2000, 2500] — — [376.3, 382.2]

2 [8000, 9500] — [385.8, 398.8] —
3 [10000, 12000] — [413, 433.5] [403, 419.1]

4 [1000, 1300] [366.6, 367.2] — —
5 [3000, 3800] [384.1, 390.6] — [379.2, 385.7]

6 [9000, 10800] [379.9, 385.2] [415.2.8, 415] —
7 [11000, 13300] [399.1, 409.2] [425.0, 446.9] [404.7, 420.1]

(b)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
k = 1 k = 2 k = 3

1 [2000, 2500] — — [376.5, 382.8]
2 [8000, 9500] — [392.4, 408.4] —
3 [10000, 12000] — [424.03.1, 449.4] [404.5.0, 420.8]

4 [1000, 1300] [366.7, 367.3] — —
5 [3000, 3800] [384.9, 391.9] — [379.5, 386.4]

6 [9000, 10800] [380.6, 386.3] [409.6, 426.3] —
7 [11000, 13300] [400.6, 411.5] [437.1, 464.4] [405.2, 421.8]

(c)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
k = 1 k = 2 k = 3

1 [2000, 2500] — — [377.3, 385.3]

2 [8000, 9500] — [394.8, 413.2] —
3 [10000, 12000] — [428.0.0, 457.3] [406.7.5, 427.8]

4 [1000, 1300] [366.8, 367.5] — —
5 [3000, 3800] [385.8, 393.2] — [380.3, 389.2]

6 [9000, 10800] [381.3, 387.4] [412.4, 431.8] —
7 [11000, 13300] [402.1, 413.8] [441.5, 473.2] [407.5, 428.9]

(d)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
𝑘 = 1 𝑘 = 2 𝑘 = 3

1 [2000, 2500] — — [392.5, 404.0]

2 [8000, 9500] — [422.0, 446.6] —
3 [10000, 12000] — [472.8.0, 512.8] [450.6.7, 480.0]

4 [1000, 1300] [368.6, 367.7] — —
5 [3000, 3800] [404.3, 395.9] — [397.7, 410.2]

6 [9000, 10800] [397.3, 389.7] [444.2, 470.7] —
7 [11000, 13300] [435.0, 418.4] [491.2, 534.6] [452.1, 482.0]
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Table 7: (a) Results for optimized system cost and filter-replacement period under medium ingression/generation rate (8 hours per day)
(when 𝑝

1
= 0.10). (b) Results for optimized system cost and filter-replacement period under medium ingression/generation rate (8 hours

per day) (when 𝑝
2
= 0.15). (c) Results for optimized system cost and filter-replacement period under medium ingression/generation rate (8

hours per day) (when 𝑝
3
= 0.20). (d) Results for optimized system cost and filter-replacement period under medium ingression/generation

rate (8 hours per day) (when 𝑝
4
= 0.30).

(a)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
𝑘 = 1 𝑘 = 2 𝑘 = 3

1 [5200, 6600] — — [361.3, 362.9]

2 [14450, 14750] — [178, 187] —
3 [15000, 15000] — [358.1, 362.3] [192, 244]

4 [2150, 2500] [178, 187] — —
5 [5150, 6450] [365.4, 366.4] — [362.1, 363.7]

6 [12450, 13300] [128, 274] [147, 253] —
7 [14650, 14650] [194, 367.5] [363.1, 366.8] [232, 361.2]

(b)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
𝑘 = 1 𝑘 = 2 𝑘 = 3

1 [5200, 6600] — — [67, 256]

2 [12800, 13400] — [166, 357.7] —
3 [15000, 15000] — [241, 250] [247, 364.2]

4 [2150, 2500] [231, 364.9] — —
5 [5150, 6450] [174, 186] — [362.1, 363.7]

6 [10800, 11100] [364.3, 365.1] [151, 365.5] —
7 [14650, 14650] [230, 367.6] [239, 364.0] [124, 364.2]

(c)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
𝑘 = 1 𝑘 = 2 𝑘 = 3

1 [3850, 5450] — — [70, 142]

2 [12800, 13400] — [175, 358.1] —
3 [15000, 15000] — [127, 364.2] [361.4, 364.7]

4 [2150, 2500] [202, 364.9] — —
5 [5150, 6450] [186, 365.5] — [91, 363.9]

6 [10800, 11100] [364.3, 365.2] [159, 366.0] —
7 [14650, 14650] [365.9, 367.8] [260, 368.9] [130, 265]

(d)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
𝑘 = 1 𝑘 = 2 𝑘 = 3

1 [3850, 4300] — — [362.5, 364.6]

2 [11150, 10700] — [187, 360.8] —
3 [12000, 12500] — [244, 369.0] [187, 364.9]

4 [1750, 2150] [187, 364.9] — —
5 [3800, 4150] [366.7, 366.8] — [363.4, 365.6]

6 [10800, 10350] [365.1, 365.4] [364.6, 369.1] —
7 [12150, 13300] [246, 368.2] [373.8, 367.7] [364.3, 369.1]
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Table 8: (a) Results for optimized system cost and filter-replacement period under high ingression/generation rate (8 hours per day) (when
𝑝
1
= 0.10). (b) Results for optimized system cost and filter-replacement period under high ingression/generation rate (8 hours per day)

(when 𝑝
2
= 0.15). (c) Results for optimized system cost and filter-replacement period under high ingression/generation rate (8 hours per

day) (when 𝑝
3
= 0.20). (d) Results for optimized system cost and filter-replacement period under high ingression/generation rate (8 hours

per day) (when 𝑝
4
= 0.30).

(a)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
𝑘 = 1 𝑘 = 2 𝑘 = 3 𝑘 = 4

1 [53500, 59150] — — [12, 17] [98, 105]

2 [59000, 67400] [7, 9]

3 [49950, 56550] [17, 47] [26, 27]

4 — — —
5 [50600, 55850] [71, 110] [16, 22] [107, 114]

6 [38250, 39750] [19, 88] [19, 46]

7 [42250, 47800] [24, 33] [17, 47] [27, 70]

(b)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
𝑘 = 1 𝑘 = 2 𝑘 = 3 𝑘 = 4

1 [52150, 59150] — — [12, 18] [101, 108]

2 [50750, 57950] [22, 22]

3 [45000, 51350] [7, 17] [48, 69]

4 — — —
5 [50600, 55100] [74, 115] [16, 23] [110, 117]

6 [36350, 35700] [26, 65] [13, 22]

7 [40600, 43200] [32, 88] [17, 269] [42, 49]

(c)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
𝑘 = 1 𝑘 = 2 𝑘 = 3 𝑘 = 4

1 [49450, 58000] — — [13, 20] [105, 116]

2 [47450, 55250] [16, 58]

3 [42000, 50000] [34, 80] [34, 75]

4 — — —
5 [46350, 53950] [77, 121] [17, 25] [115, 126]

6 [35000, 34950] [14, 61] [46, 67]

7 [38400, 43200] [18, 54] [34, 46] [92, 136]

(d)

Scenario Optimized system cost (RMB ¥) Replacement period of filter element (days)
k = 1 k = 2 k = 3 k = 4

1 [35500, 38800] — — [24, 34] [196, 209]

2 [34250, 37700] [13, 18]

3 [30300, 32700] [47, 65] [27, 192]

4 [54850, 59100] [40, 44] [16, 21]

5 [35850, 36700] [132, 142] [31, 44] [214, 227]

6 [24200, 23700] [65, 112] [22, 37]

7 [26700, 28450] [33, 71] [47, 65] [97, 187]
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, [42000, 50000], [46350, 53950], [35000, 34950], and [38400,
43200], respectively. Under a probability level of 𝑝

𝑖
= 𝑝
4
, the

system risks the most while the costs of the system promi-
nently fall. The system costs under seven scenarios are RMB
¥ [35500, 38800], [34250, 37700], [30300, 32700], [54850,
59100], [35850, 36700], [24200, 23700], and [26700, 28450],
respectively.

Figure 3 presents outcomes for system optimal cost of
all scenarios under low contaminant ingression/generation
rates. When contaminant ingression/generation rate is low,
the system maintenance cost achieves the optimal one.
Accordingly, results under four probabilities denote the
general trend and some tiny differences among results with
different probabilities. Obviously, the system shows good
characteristic of resisting violation.

Figure 4 presents outcomes for system optimal cost of all
scenarios under medium contaminant ingression/generation
rates under four probabilities. Take scenario 001, for example;
the cost under probability 𝑝

1
is 0 less than that under

probability 𝑝
2
; the cost under probability 𝑝

2
is [1150, 1350]

less than that under probability 𝑝
3
; the cost under probability

𝑝
3
is RMB ¥ [0, 1150] less than that under probability 𝑝

4
. All

the increments are small which means the system is good at
resisting risk. Take scenario 010, for example; the cost under
probability 𝑝

1
is RMB ¥ [1350, 1650] less than that under

probability 𝑝
2
; the cost under probability 𝑝

2
is 0 less than

that under probability 𝑝
3
; the cost under probability 𝑝

3
is

RMB ¥ [2100, 2250] less than that under probability 𝑝
4
. Small

increments showgood risk-resisting ability. Take scenario 011,
for example; the cost under probability 𝑝

1
is 0 less than that

under probability 𝑝
2
; the cost under probability 𝑝

2
is 0 less

than that under probability 𝑝
3
; the cost under probability 𝑝

3

is RMB ¥ [2500, 3000] less than that under probability 𝑝
4
.

Environment violation has little influence on cost change.
Take scenario 100, for example; the cost under probability
𝑝
1
is 0 less than that under probability 𝑝

2
; the cost under

probability 𝑝
2
is 0 less than that under probability 𝑝

3
; the cost

under probability 𝑝
3
is RMB ¥ [350, 400] less than that under

probability 𝑝
4
. Under scenario 101, the cost under probability

𝑝
1
is 0 less than that under probability 𝑝

2
; the cost under

probability 𝑝
2
is 0 less than that under probability 𝑝

3
; the

cost under probability 𝑝
3
is RMB ¥ [1350, 2300] less than

that under probability 𝑝
4
. Under scenario 110, the cost under

probability 𝑝
1
is RMB ¥ [1650, 2200] less than that under

probability 𝑝
2
; the cost under probability 𝑝

2
is 0 less than that

under probability 𝑝
3
; the cost under probability 𝑝

3
is RMB ¥

[300, 450] less than that under probability 𝑝
4
. Under scenario

111, the cost under probability 𝑝
1
is 0 less than that under

probability 𝑝
2
; the cost under probability 𝑝

2
is 0 less than that

under probability 𝑝
3
; the cost under probability 𝑝

3
is RMB ¥

[1350, 2500] less than that under probability 𝑝
4
.

Figure 5 presents outcomes for system optimal cost of
all scenarios under high contaminant ingression/generation
rates under four probabilities. Take scenario 001, for example;
the cost under probability 𝑝

1
is RMB ¥ [0, 1350] less than that

under probability 𝑝
2
; the cost under probability 𝑝

2
is RMB

¥ [−5100, 2700] less than that under probability 𝑝
3
; the cost

under probability 𝑝
3
is [13950, 25450] less than that under

probability 𝑝
4
. All the increments are large which means the
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Figure 3: Optimal costs under low contaminant ingression/genera-
tion level.
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Figure 4: Optimal costs under medium contaminant ingression/
generation level.

system is bad at resisting risk. Take scenario 010, for example;
the cost under probability 𝑝

1
is RMB ¥ [8250, 9450] less

than that under probability 𝑝
2
; the cost under probability 𝑝

2

is RMB ¥ [3300, 2700] less than that under probability 𝑝
3
;

the cost under probability 𝑝
3
is RMB ¥ [13200, 17550] less

than that under probability 𝑝
4
. Small increments show bad

risk-resisting ability. Take scenario 011, for example; the cost
under probability 𝑝

1
is RMB ¥ [50, 5200] less than that under

probability 𝑝
2
; the cost under probability 𝑝

2
is RMB ¥ [1350,

3000] less than that under probability 𝑝
3
; the cost under

probability 𝑝
3
is RMB ¥ [11700, 17300] less than that under

probability 𝑝
4
. Environment violation has great influence on

cost changes. Results under scenario 100 are infeasible except
for that under probability 𝑝

4
because of severe violation.

Under scenario 101, the cost under probability 𝑝
1
is [0, 750]

less than that under probability 𝑝
2
; the cost under probability

𝑝
2
is RMB ¥ [1150, 4250] less than that under probability 𝑝

3
;

the cost under probability 𝑝
3
is RMB ¥ [10500, 17250] less

than that under probability 𝑝
4
. Under scenario 110, the cost

under probability 𝑝
1
is RMB ¥ [2550, 3400] less than that

under probability 𝑝
2
; the cost under probability 𝑝

2
is RMB ¥

[750, 1350] less than that under probability 𝑝
3
; the cost under

probability 𝑝
3
is RMB ¥ [10800, 11250] less than that under

probability 𝑝
4
. Under scenario 111, the cost under probability

𝑝
1
is RMB ¥ [1650, 4600] less than that under probability 𝑝

2
;

the cost under probability𝑝
2
is RMB ¥ [0, 2200] less than that

under probability 𝑝
3
; the cost under probability 𝑝

3
is RMB ¥

[11700, 14750] less than that under probability 𝑝
4
. Generally
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Figure 5: Optimal costs under high contaminant ingression/gene-
ration level.

speaking, when contamination ingression/generation rate is
high, the hydraulic system ismore vulnerable to any violation
from environment.

The 𝑝
𝑖
levels represent a set of probabilities at which

the constraints will be violated (i.e., the admissible risk of
violating the constraints). Thus, the relation between 𝐹

± and
𝑝
𝑖
would demonstrate a tradeoff between system cost and

constraint-violation risk. An increased 𝑝
𝑖
means a raised risk

of constraint violation and, at the same time, it will lead to a
decreased strictness for the constraints and thus a decreased
system cost. Such a decreased cost, however, would be linked
to a potentially increased threat of component failure and
thus a raised risk of constraint violation. Figures 3, 4, 5,
6, 7, 8, 9, 10, and 11 indicate that, as the actual values of
the decision variables vary within their two bounds, the
expected system cost will change correspondingly between
𝐹
−

cost-opt and 𝐹
+

cost-opt with different reliability levels. Decisions
at a lower 𝑝

𝑖
level would lead to an increased reliability in

fulfilling the system requirements but with a higher cost; in
comparison, decisions at a higher 𝑝

𝑖
level would result in

a lower cost, but the risk of violating the constraints would
be increased. These demonstrate a tradeoff between the filter
maintenance cost and the system-failure risk due to the
dual uncertainties that exist in various system components
(i.e., interval and probabilistic information). In practice,
planning with a higher system cost may guarantee that
hydraulic system requirements and economic budget are met
with higher system reliability; however, when the plan aims
towards a lower system cost, these requirements may not be
adequately met because of higher system risk.

3.5. Discussion. Solutions of the inexact chance-constrained
integer linear programming (ICIP) model (Tables 6(a), 7(a),
and 8(a)) provide two extremes of the expected system cost.
In practice, decisions for a lower cost may correspond to
advantageous system conditions (e.g., lower contaminated
ingression/generation rate), while those with a higher cost
correspond to more demanding conditions. In comparison
with the interval-fuzzy chance-constrained integer program-
ming (IFCIP) method, the ICIP does not integrate the fuzzy
programming within a general framework. Accordingly, the
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Figure 6: Filter replacement periods for Scenario 1 under high
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Figure 7: Filter replacement periods for Scenario 2 under high
contaminant ingression/generation level.

analytical approaches havemany differences between the two
methods.

The interval-parameter two-stage stochastic nonlinear
programming (ITSNP) is a hybrid methodology of inexact
optimization and two-stage stochastic programming. Thus,
the method has some advantages over other approaches,
such as the following. (a) It can deal with uncertainties
that exist in FPS through generating scenarios of its future
events; these scenarios correspond to different effects of
varying filter-allocations on the economic objective. (b) It
can reflect the dynamics of system uncertainties and decision
processes under different scenarios. In comparison with the
ICIP, the ITSNP has the following limitations: (i) it can
only generate one interval solution without information
about the risk of violating the capacity constraints; (ii) the
system cost obtained through the ITSNP model is generally
higher than those through the ICIP method (under a range
of 𝑝
𝑖
levels) since no relaxation on capacity constraints is

allowed in the ITSNP [39]. Generally, without the chance
constraints, the ITSNP is unable to support in-depth anal-
ysis of the tradeoff between system cost and system-failure
risk. It may potentially result in system failure and thus
increased system costs. The problem can be solved through
a chance-constrained linear programming method by letting
all left-hand-side interval coefficients (including the cost
coefficients) in the ICIP model be equal to their midvalues.
The system costs from the solutions of chance-constrained
linear programming (CLP) lie within the ICIP solution
intervals, demonstrating the stability of the ICIP solutions.
With the CLP, only one deterministic solution corresponding
to each 𝑝

𝑖
level is generated, since the model’s left-hand-side
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Figure 8: Filter replacement periods for Scenario 3 under high
contaminant ingression/generation level.
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Figure 9: Filter replacement periods for Scenario 5 under high
contaminant ingression/generation level.

coefficients are all assumed to be deterministic. However,
the sensitivity analysis can only provide an individual
response to variations of the uncertain inputs and, thus,
can hardly reflect interactions among various uncertain
parameters. Therefore, in comparison with the CLP, the
ICIP method can incorporate more uncertain information
within its modeling framework. The obtained interval solu-
tions under different risk levels of violating the capacity
constraints can be used to generate decision alternatives and
help hydraulic system managers to identify desired policies
under various condition, economic, and system-reliability
constraints.

4. Conclusions

An inexact chance-constrained integer programming (ICIP)
method has been developed for contaminant control for
hydraulic system. The method improves upon the exist-
ing interval-integer and chance-constrained programming
approaches by allowing uncertainties presented as both prob-
ability distributions and discrete intervals to be effectively
incorporated within the optimization framework. Moreover,
it can help examine the reliability of satisfying (or risk of
violating) system constraints under uncertainty.

The developed method has been applied to a case of
hydraulic system operation. Violations for capacity con-
straints are allowed under a range of significance levels. Inter-
val solutions associated with different risk levels of constraint
violation have been obtained. They were used for generating
decision alternatives and thus helpwastemanagers to identify
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Figure 10: Filter replacement periods for Scenario 6 under high
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Figure 11: Filter replacement periods for Scenario 7 under high
contaminant ingression/generation level.

desired policies under various environmental, economic, and
system-reliability constraints.

The ICIP can incorporate more uncertain information
within its modeling framework. It can reflect economic
penalties as corrective measures or recourse against any
infeasibilities arising due to a particular realization of uncer-
tainty. Thus, the method provides not only decision variable
solutions presented as stable intervals but also the associated
risk levels in violating the system constraints. It can therefore
support an in-depth analysis of the tradeoff between system
cost and system-failure risk.

Although this study is the first attempt for contamination
control of hydraulic system through developing the ICIP
approach, the results suggest that this integrated technique is
applicable to other hydraulic contamination control problems
that involve uncertainties presented in multiple formats.

Nomenclature

“−”/“+”: Superscripts represent lower- and
upper-bounds of the interval parameters,
respectively

𝛽
𝑘𝑚
: Filtration ratio of filter 𝑘 for a given particle

diameter range𝑚 (𝑘 = 1 for the suction filter,
𝑘 = 2 for the pressure filter, 𝑘 = 3 for the return
filter, and 𝑘 = 4 for the bypass filter)

𝜌: Average density of contaminants (kg/m3)
𝜆
±: Degree of satisfaction for the fuzzy objective

and/or constraints
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𝐴
𝑘𝑛
: Binary decision variable, if filter 𝑘 needs to be

replaced in period 𝑛, then 𝐴
𝑘𝑛

= 1; otherwise
𝐴
𝑘𝑛

= 0

𝐵
𝑘
: Purchase price of filter 𝑘 (RMB ¥, 𝑘 = 1, 2, 3)

𝐶
𝑘
: Characteristic parameter of filters which is

obtained from the diagram of filtration
efficiency (if filter with fineness code 𝑘 is
selected as a suction filter then 𝑐

1
= 𝑐
1𝑘
; if filter

with fineness code 𝑙 is selected as a pressure
filter then 𝑐

2
= 𝑐
2𝑙
; if filter with fineness code 𝑢

is selected as a suction filter then 𝑐
3
= 𝑐
3𝑢
)

𝐶
1𝑘
: Contaminant-holding capacity of suction filter

with fineness code 𝑘 (g)
𝐶
2𝑙
: Contaminant-holding capacity of pressure filter

with fineness code 𝑙 (g)
𝐶
3𝑢
: Contaminant-holding capacity of return filter

with fineness code 𝑢 (g)
𝐶
4
: Contaminant-holding capacity of bypass filter

(g)
𝐶
(𝑞𝑖)

𝑘
: Cumulative function of the

contaminant-holding capacity of filter 𝑘 (g)
with the probability 𝑞

𝑖
of violating constraint 𝑖

and 𝑘 = 1, 2, 3, 4

𝐶
𝑘
: Contaminant-holding capacity of filter 𝑘 (g,

𝑘 = 1, 2, 3, 4)
𝐷
𝑚
: Average diameter of particle diameter range𝑚

(𝜇m)
ER
𝑘
: Expenditure for replacement of filter element 𝑘

(RMB ¥)
𝐹cost: Total cost of the filtration system (RMB ¥)
𝐹cost-opt: Optimal objective function values of the total

cost of the filtration system (RMB ¥)
𝐹
𝑘
: Binary variable, if filter 𝑘 exists then 𝐹

𝑘
= 1;

otherwise 𝐹
𝑘
= 0; 𝑘 = 1, 2, 3, 4

LM
𝑘
: Economic loss due to downtime caused by

maintenance of filter element 𝑘 (RMB ¥)
𝑚: Sequential number of a given particle diameter

range,𝑚 = 1, 2, . . . ,𝑀

𝑀: Maximum sequential number of a given
particle diameter range

𝑛: Working period number of filter, 𝑛 = 1, 2, . . . , 𝑁

𝑁: Maximum period number during a planning
horizon

𝑁𝐹
𝑖𝑛𝑚

: Contamination level in segment 𝑖 and period 𝑛

for a given particle diameter range𝑚 (𝑖 = 0 for
the suction line, 𝑖 = 1 for the pump inlet, 𝑖 = 2

for the inlet of the complex component, and
𝑖 = 3 for the return line) (number of
particles/mL)

𝑁𝐹
±

0𝑛𝑚
: An initial contamination level in segment 0 and
period 𝑛 for a given particle diameter range𝑚

𝑅
𝑘𝑥𝑖
: Contaminant ingression and generation rates of

contaminant particle diameter larger than 𝑥
𝑖
in

segment 𝑘 (number of particles/min; 𝑘 = 1 for
the pump, 𝑘 = 2 for the complex component,
and 𝑘 = 3 for the oil reservoir)

Pr(𝑥): Probability function
𝑝
𝑖
: Probability 𝑝

𝑖
of violating constraint 𝑖

𝑄: Flow rate through the main circuit
(mL/min)

𝑄
𝑏
: Flow rate of the bypass system (mL/min)

𝑅
𝑗𝑛𝑚

: Contaminant ingression/generation rate of
component 𝑗 in period 𝑛 for a given
particle diameter range𝑚 (number of
particles/min)

𝑆
(𝑞𝑖)

𝑗𝑛𝑚
: Cumulative function of contaminant

tolerance level of component 𝑗 in period 𝑛

for a given particle diameter range𝑚
(𝑗 = 1 for the pump, 𝑗 = 2 for control
components and actuators) with the
probability 𝑞

𝑖
of violating constraint 𝑖

𝑆
𝑗𝑛𝑚

: Contaminant tolerance level of
component 𝑗 (𝑗 = 1, 2) in period 𝑛 for a
given particle diameter range𝑚 (number
of particles/mL)

𝑇: Circulation time in which the fluid flows
through the whole hydraulic system (min)

𝑉: Fluid volume in the oil reservoir (mL)
WM
𝑘
: Worker wage spent on maintaining filter 𝑘
(RMB ¥) and/or constraint degree of
satisfaction for the fuzzy objective and/or
constraint.
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Numerical simulation of advective-dispersive contaminant transport is carried out by using high-order compact finite difference
schemes combined with second-order MacCormack and fourth-order Runge-Kutta schemes. Both of the two schemes have
accuracy of sixth-order in space. A sixth-order MacCormack scheme is proposed for the first time within this study. For the aim
of demonstrating efficiency and high-order accuracy of the current methods, some numerical experiments have been done. The
schemes are implemented to solve two test problems with known exact solutions. It has been exhibited that themethods are capable
of succeeding high accuracy and efficiency with minimal computational effort, by comparisons of the computed results with exact
solutions.

1. Introduction

Transport of sediments and contaminants has long been
one of the great concerns to hydraulic and environmental
engineers. Sediment particles in alluvial rivers are subject to
random and complex movement. Understanding the trans-
port of sediment particles is of fundamental and practical
importance to hydraulic engineering. Accurate simulation
of suspended sediment transport is essential for water
quality management, environmental impact assessment, and
design of hydraulic structures. Among others, the advection-
dispersion equation is crucial to the simulation of suspended
sediment transport, contaminant transport in groundwater,
and water quality in rivers. Therefore, improving the effi-
ciency and accuracy of numerical schemes for the advection-
dispersion equation has been a focus of research [1]. The
analytical solutions of advection-dispersion equation can
be obtained for limited number of initial and boundary
conditions making some simplifying assumptions. But, the
usage of analytical solutions in field applications is rather
limited because ideal conditions could not generally be
satisfied.

Remarkable research studies have been conducted in
order to solve advection-dispersion equation numerically
like method of characteristic with Galerkin method [2],

finite difference method [3–5], high-order finite element
techniques [6], high-order finite difference methods [7–20],
green element method [21], cubic B-spline [22], cubic B-
spline differential quadrature method [23], method of char-
acteristics integrated with splines [24–26], Galerkin method
with cubic B-splines [27], Taylor collocation and Taylor-
Galerkin methods [28], B-spline finite element method [29],
least squares finite element method (FEMLSF and FEMQSF)
[30], lattice Boltzman method [31], Taylor-Galerkin B-spline
finite element method [32], and meshless method [33, 34].

Widely used discretization scheme for the numerical
solution of hyperbolic partial differential equations is the
MacCormack (MC) scheme [35] which is an explicit and two
step predictor-corrector schemes. MC scheme is equivalent
to the Lax-Wendroff scheme regarding linear equations. MC
scheme does not give diffusive errors in the solution while
first-order upwind scheme does. This procedure provides
the reasonably accurate results and needs less CPU time.
Several advantages of the MC scheme make the method a
popular choice in computational hydraulics problems. Firstly,
the scheme is a shock-capturing techniquewith second-order
accuracy both in time and space. Secondly, the inclusion of
the source terms is relatively simple. Thirdly, implementing
it in an explicit time-marching algorithm is convenient [36].
This scheme has been successfully applied to unsteady open
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channel flows [37–40], overland flows [41], and contaminant
transport [12, 42–44]. To be able to solve many problems
accurately, using high-order numerical methods is necessary.
The idea of using MC schemes with compact finite difference
schemes was suggested for the first time by Hixon and Turkel
[45]. In the corresponding study, two different fourth-order
compact MC schemes were suggested. However in this study,
a sixth-order compact MacCormack scheme (MC-CD6)
which is structurally different thanHixon andTurkel schemes
was proposed. MC-CD6 is applied to the contaminant trans-
port problem in this study for the first time. Another scheme
used in this study is RK4-CD6 scheme which is formed by
combining a fourth-order Runge-Kutta (RK4) scheme and a
sixth-order compact finite difference scheme (CD6) in space.
This scheme was applied to the solution for one-dimensional
contamination transport problem by Gurarslan et al. [19].
Gurarslan et al. [19] has declared that the RK4-CD6 scheme is
very accurate solution approach in solving one-dimensional
contaminant transport equation for low and moderate Peclet
numbers, that is, Pe ≤ 5. Using the related scheme for
two-dimensional contaminant transport problem took place
within this study for the first time. Examples of both one-
and two-dimensional advection-dispersion problems will be
used to investigate accuracy of the RK4-CD6 and MC-CD6
scheme. Numerical results obtained from these examples will
be compared to available analytical and/or numerical results
existing in the literature.

2. Governing Equation

Two-dimensional advection-dispersion equation in the con-
servative form is given as follows:

𝜕𝐶

𝜕𝑡
=
𝜕

𝜕𝑥
(𝐷
𝑥

𝜕𝐶

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝐷
𝑦

𝜕𝐶

𝜕𝑦
) −

𝜕

𝜕𝑥
(𝑈𝐶) −

𝜕

𝜕𝑦
(𝑉𝐶) ,

(1)

where 𝐶 is concentration of a tracer without deposition or
degradation; 𝑥 and 𝑦 are space coordinates; 𝑈 and 𝑉 are
depth-averaged horizontal fluid velocity components in 𝑥-
and 𝑦-direction, respectively;𝐷

𝑥
and𝐷

𝑦
are dispersion coef-

ficients in 𝑥- and 𝑦-direction, respectively; and 𝑡 is time. In
case of applying classical finite difference schemes as a solu-
tion, fundamental difficulty is encountered with arises from
the advection term which causes oscillations in solution [1].
Sixth-order compact finite-difference schemes are enhanced
to overcome this existing problem. For approximating time
derivative, MacCormack and Runge-Kutta schemes are used.

3. Compact Finite Difference Schemes

In this section, compact schemes whose solution and various
order derivatives are assumed as unknowns are introduced.
An implicit equation including implicit derivatives and func-
tions helps us to solve the derivatives at grid points. Two
essential properties of compact schemes can be expressed as
high spectral accuracy and relatively compact stencils which
correlate the derivatives with function. Compact high-order
schemes are closer to spectral methods and theymaintain the

freedom to retain accuracy in complex geometries, as well.
Details about derivation of compact finite difference schemes
can be obtained from [46, 47].

3.1. Spatial Discretization. Compact finite difference schemes
are used to evaluate spatial derivatives. For any scalar point-
wise value 𝐶, the derivatives of 𝐶 are reached by solving a
linear equation system. For derivation of such a formula, great
amount of work has been done [46]. When two-dimensional
problem is considered, one needs to approximate both partial
derivatives in 𝑥 and 𝑦. The approximation is automatically
carried out by using an equal number of grid points in both
directions. If 𝑦 value is fixed, approximation of all partial
derivatives with respect to 𝑥 is done by using the compact
scheme. If 𝑥 value is fixed, approximation of all partial
derivatives with respect to 𝑦 is done.

The formulation of first derivative with respect to 𝑥 at
internal nodes can be expressed as follows [48]:

1

∑

𝑖=−1

𝑎
𝑖+𝑘
𝐶


𝑖+𝑘
=
1

Δ𝑥

2

∑

𝑖=−2

𝑏
𝑖+𝑘
𝐶
𝑖+𝑘
, (2)

where 𝑎
𝑖±1

= 20 ± 5𝛼, 𝑎
𝑖
= 60, 𝑏

𝑖±2
= ±5/3 + 5𝛼/6, 𝑏

𝑖±1
=

±140/3+20𝛼/3, 𝑏
𝑖
= −15𝛼, and Δ𝑥 is grid size in x-direction.

If 𝛼 < 0, the scheme is fifth-order compact upwind scheme;
if 𝛼 = 0, it is reduced to sixth-order central compact scheme.
The suggested value for 𝛼 is 𝛼 = −1, and the corresponding
fifth-order compact upwind scheme is [48]

5

12
𝐶


𝑖−1
+ 𝐶


𝑖
+
3

12
𝐶


𝑖+1

=
1

Δ𝑥
(−

1

24
𝐶
𝑖−2
−
8

9
𝐶
𝑖−1
+
1

4
𝐶
𝑖
+
2

3
𝐶
𝑖+1
+
1

72
𝐶
𝑖+2
) .

(3)

The formulation of second derivative with respect to 𝑥 at
internal nodes can be expressed as follows [46]:

2

11
𝐶


𝑖−1
+ 𝐶


𝑖
+
2

11
𝐶


𝑖+1

=
12

11

𝐶
𝑖+1
− 2𝐶
𝑖
+ 𝐶
𝑖−1

Δ𝑥2
+
3

11

𝐶
𝑖+2
− 2𝐶
𝑖
+ 𝐶
𝑖−2

4Δ𝑥2
.

(4)

Regarding the nodes close to boundary, approximation
formulae of derivatives of nonperiodic problems can be
derived by evaluating one-sided schemes. One can find
further details about derivations for the first- and second-
order derivatives in [46]. The derived formulae at boundary
points are given as follows.

The third-order formulae at boundary point 1

𝐶


1
+ 2𝐶


2
=
1

Δ𝑥
(−
5

2
𝐶
1
+ 2𝐶
2
+
1

2
𝐶
3
) , (5a)

𝐶


1
+ 11𝐶



2
=

1

Δ𝑥2
(13𝐶
1
− 27𝐶

2
+ 15𝐶

3
− 𝐶
4
) . (5b)
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The fourth-order formulae at boundary points 2 and𝑁−1

1

4
𝐶


𝑖−1
+ 𝐶


𝑖
+
1

4
𝐶


𝑖+1
=
3

2
(
𝐶
𝑖+1
− 𝐶
𝑖−1

2Δ𝑥
) , (6a)

1

10
𝐶


𝑖−1
+ 𝐶


𝑖
+
1

10
𝐶


𝑖+1
=
6

5
(
𝐶
𝑖+1
− 2𝐶
𝑖
+ 𝐶
𝑖−1

Δ𝑥2
) . (6b)

The third-order formulae at boundary point N,

2𝐶


𝑁−1
+ 𝐶


𝑁
=
1

Δ𝑥
(
5

2
𝐶
𝑁
− 2𝐶
𝑁−1

−
1

2
𝐶
𝑁−2
) , (7a)

11𝐶


𝑁
+ 𝐶


𝑁−1
=

1

Δ𝑥2
(13𝐶
𝑁
− 27𝐶

𝑁−1
+ 15𝐶

𝑁−2
− 𝐶
𝑁−3
) .

(7b)

Using formulae given abovewill result in followingmatrix
equation:

AC = BC, (8a)

DC = EC, (8b)

where C = (𝑐
1
, . . . , 𝑐

𝑁
)
𝑇, for all fixed 𝑦. Here, 𝑁 resembles

the number of grid points in each direction. Similarly, the
formulae for 𝑦-direction at boundary and internal points can
be derived readily with all fixed 𝑥.

3.2. Temporal Discretization. In order to solve advection-
dispersion equation, MC and RK4 schemes are used. Utility
of the compact finite difference method to (1) gives rise to the
following differential equation in time:

𝑑C
𝑑𝑡
= 𝐿 (C) , (9)

where 𝐿 indicates a spatial differential operator. Compact
finite difference formulae are used to approximate the spatial
derivatives. Using the compact finite difference formulae
enables us to obtain each spatial derivative on the right
hand side of (9) and semidiscrete Equation (9) has been
solved by the help of MC and RK4 schemes. Solution domain
is discretized as to be equally spaced grids for numerical
solutions of the problem with the taken boundary and initial
conditions using the current scheme.

3.2.1. MacCormack Scheme. MC scheme is a second-order
accurate explicit scheme in both time and space, and com-
posed of predictor and corrector steps. For approximating
first-order spatial derivatives, first-order backward finite
difference formula is used in the predictor step and first-
order forward finite difference formula is being used in
the corrector step. For approximating second-order spatial
derivatives, second-order central finite difference formula
is being used in both steps. The semidiscrete Equation (9)

is solved by using MC scheme through the operations as
follows:

C(𝑝) = C𝑛 + Δ𝑡𝐿 (C𝑛) , (10a)

C𝑛+1 = C𝑛 + 0.5Δ𝑡 (𝐿 (C𝑛) + 𝐿 (C(𝑝))) . (10b)

In this study, for approximating first-order spatial deriva-
tives, fifth-order backward compact finite difference formula
is used in predictor step and fifth-order forward compact
finite difference formula is used in the corrector step. For
resolving second-order spatial derivatives, sixth-order central
compact difference equations are used in both steps. An
accurate finite difference scheme (MC-CD6) which is sixth-
order in space and second-order in time is obtained.

3.2.2. Runge-Kutta Scheme. Another time-integration
scheme which was used in this study is RK4 scheme. In
this scheme, a sixth-order central compact finite difference
formula is used for approximating first-, and second-order
spatial derivatives. Steps of RK4 scheme are given below:

C(1) = C𝑛 + 1
2
Δ𝑡𝐿 (C𝑛) , (11a)

C(2) = C𝑛 + 1
2
Δ𝑡𝐿 (C(1)) , (11b)

C(3) = C𝑛 + Δ𝑡𝐿 (C(2)) , (11c)

C𝑛+1 = C𝑛 + 1
6
Δ𝑡

× [𝐿 (C𝑛) + 2𝐿 (C(1)) + 2𝐿 (C(2)) + 𝐿 (C(3))] .
(11d)

4. Numerical Applications

To be able to demonstrate behavior and capability of
the present schemes, computational experiments were per-
formed in this section. Checking accuracy of themethodswas
achieved by applying current methods for different grid size
and time step values. Some codes produced in MATLAB 7.0
enabled us to carry out all computations.

Example 1. For solving the advection-dispersion equation,
a straight prismatic channel in which the water flows at
constant velocity 𝑈 was used. Channel length was taken as
𝐿 = 100m and the channel is divided into intervals of
constant length Δ𝑥 = 1m. It is assumed in this example
that flow velocity and dispersion coefficients are to be 𝑈 =

0.01m/s and𝐷 = 0.002m2/s.These circumstances lead to the
propagation of a steep front, that is, simultaneously subjected
to the dispersion. Analytical solution of the advection-
dispersion equation is given below [49]:

𝐶 (𝑥, 𝑡) =
1

2
erfc(𝑥 − 𝑈𝑡

√4𝐷𝑡
) +

1

2
exp (𝑈𝑥

𝐷
) erfc(𝑥 + 𝑈𝑡

√4𝐷𝑡
) .

(12)
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Figure 1: Comparison of the exact solution and the numerical
solution obtained with MC-CD6 scheme for 𝑡 = 3000 s.

At the boundaries, the following conditions are used:

𝐶 (0, 𝑡) = 1, (13a)

𝜕𝐶

𝜕𝑥
(𝐿, 𝑡) = 0. (13b)

Initial conditions can be taken from exact solution.
Table 1 exhibits the comparison between numerical solutions
and exact solution. Table 1 apparently shows that solutions
obtained for 𝑡 = 3000 s with FEMLSF [30] and FEMQSF [30]
do not sufficiently converge, for Δ𝑡 = 60 s. It is proven by
this status that selected time step of these methods is larger
than what it needs to be. Because of the fact that solution for
Δ𝑡 = 60 s is not accurate enough, calculations have been done
for situations of Δ𝑡 = 10 s and Δ𝑡 = 1 s, and corresponding
results were compared with FEMLSF, FEMQSF, and RK4-
CD6 [19]. As the results of the schemes for Δ𝑡 = 10 s are
considered on acceptable level, the results obtained by MC-
CD6 and RK4-CD6 schemes for Δ𝑡 = 1 s are same with
exact solution. Errors of these two schemes (𝐿

2
norm error

and 𝐿
∞

norm error) are quite close to each other. As seen
again in Table 1, the CPU time required for MC-CD6 scheme
is less with respect to RK4-CD6 scheme. Thus, both RK4-
CD6 andMC-CD6 schemes can be safely used in solving one-
dimensional contaminant transport problems.

Figures 1 and 2 show comparison of exact solution and
the numerical solution obtained by using MC-CD6 scheme
for 𝑡 = 3000 s and 𝑡 = 6000 s (Δ𝑥 = 1m, Δ𝑡 = 1s). Figures 1
and 2 prove that there arises an excellent agreement between
MC-CD6 and exact solutions.
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Figure 2: Comparison of the exact solution and the numerical
solution obtained with MC-CD6 scheme for 𝑡 = 6000 s.

Example 2. Let (1) for, 𝑈 = 𝑉 = 0.8 and domain 0 < 𝑥, 𝑦 < 2
evaluated with initial condition presented below,

𝐶 (𝑥, 𝑦, 0) = exp(−(𝑥 − 0.5)
2

𝐷
𝑥

−
(𝑦 − 0.5)

2

𝐷
𝑦

) . (14)

The exact solution is given by [16]and the appropriate
boundary conditions can easily be obtained from the exact
solution. Consider

𝐶 (𝑥, 𝑦, 𝑡)

=
1

1 + 4𝑡
exp(−(𝑥 − 𝑈𝑡 − 0.5)

2

𝐷
𝑥
(1 + 4𝑡)

−
(𝑦 − 𝑉𝑡 − 0.5)

2

𝐷
𝑦
(1 + 4𝑡)

) .

(15)

Initial condition which is a Gaussian pulse and having
a pulse height of 1 is centered at (0.5, 0.5). Figures 3 and
4 exhibit initial pulse and the pulse at 𝑡 = 1.25 obtained
through the RK4-CD6 scheme. After a time period of 1.25 sec,
Gaussian pulse moves to a position centered at (1.5, 1.5) with
a pulse height of 1/6. Parameters are taken as Δ𝑥 = Δ𝑦 = ℎ =
0.025, 𝐷

𝑥
= 𝐷
𝑦
= 0.01, and 𝑡 = 1.25 in Table 2. Δ𝑡 value is

taken as 0.00625 in order to obtain average absolute and 𝐿
∞

errors. Table 2 apparently exhibits that the errors obtained
by using the RK4-CD6 are far smaller when it is compared
to the literature. CPU time values required for RK4-CD6
and MC-CD6 schemes are found as 13.98 sec and 6.90 sec,
respectively. Although MC-CD6 scheme requires less CPU
time than RK4-CD6 scheme, it is apparently seen in Table 2
that MC-CD6 does not produce more accurate results than
RK4-CD6. When Δ𝑡 = 0.000625 is chosen, the value of
average |error| is obtained as 2.60𝑒 − 07 and 𝐿

∞
error is

obtained as 7.91𝑒 − 05 with MC-CD6. But in this case, CPU
time required for MC-CD6 scheme is calculated as 65.40 sec.
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Table 1: Comparison between numerical solutions and the exact solution.

𝑥
FEMLSF FEMQSF Exact [19] RK4-CD6 [19] MC-CD6
[30] [30] Δ𝑡 = 10 s Δ𝑡 = 1 s Δ𝑡 = 10 s Δ𝑡 = 1 s

0 1.000 1.000 1.000 1.000 1.000 1.000 1.000
18 1.000 1.000 1.000 1.000 1.000 1.000 1.000
19 1.000 1.000 0.999 0.999 0.999 0.999 0.999
20 0.999 1.000 0.998 0.998 0.998 0.998 0.998
21 0.997 0.999 0.996 0.996 0.996 0.996 0.996
22 0.993 0.996 0.991 0.992 0.991 0.991 0.991
23 0.985 0.989 0.982 0.982 0.982 0.982 0.982
24 0.970 0.974 0.964 0.965 0.964 0.965 0.964
25 0.943 0.946 0.934 0.936 0.935 0.936 0.935
26 0.902 0.900 0.889 0.891 0.889 0.891 0.889
27 0.842 0.832 0.823 0.827 0.824 0.827 0.824
28 0.763 0.743 0.738 0.743 0.739 0.743 0.739
29 0.666 0.638 0.636 0.641 0.637 0.642 0.637
30 0.556 0.524 0.523 0.528 0.523 0.529 0.523
31 0.442 0.411 0.408 0.413 0.408 0.414 0.408
32 0.332 0.306 0.301 0.306 0.301 0.306 0.301
33 0.235 0.218 0.208 0.212 0.208 0.213 0.208
34 0.156 0.147 0.135 0.138 0.135 0.138 0.135
35 0.096 0.095 0.082 0.084 0.082 0.084 0.082
36 0.055 0.058 0.046 0.048 0.047 0.048 0.047
37 0.030 0.034 0.024 0.025 0.025 0.025 0.025
38 0.015 0.019 0.012 0.012 0.012 0.012 0.012
39 0.007 0.010 0.005 0.006 0.005 0.006 0.005
40 0.003 0.005 0.002 0.002 0.002 0.002 0.002
41 0.001 0.003 0.001 0.001 0.001 0.001 0.001
42 0.000 0.001 0.000 0.000 0.000 0.000 0.000
CPU time (s) 0.13 0.86 0.12 0.76
𝐿
2
norm error 0.0142 0.0017 0.0148 0.0017

𝐿
∞
norm error 0.0055 0.0008 0.0060 0.0008
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Figure 3: Initial Gaussian pulse of Example 2.
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Figure 4: The RK4-CD6 solution of Example 2 with Δ𝑡 = 0.0125, ℎ = 0.025,𝐷
𝑥
= 𝐷
𝑦
= 0.01, and 𝑡 = 1.25 for 0 < 𝑥, 𝑦 < 2.
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Figure 5: Contour lines of theRK4-CD6 solution and absolute errors in the domain 1 < 𝑥,𝑦 < 2withΔ𝑡 = 0.0125,ℎ = 0.025,𝐷
𝑥
= 𝐷
𝑦
= 0.01,

and 𝑡 = 1.25.

Table 2: Comparison of average absolute and maximum absolute
errors with the literature.

Method Average |Error| 𝐿
∞
errors

Kalita et al. [16] 1.60𝐸 − 05 4.45𝐸 − 04

Karaa and Zhang [17] 9.22𝐸 − 06 2.50𝐸 − 04

Tian and Ge [18] 9.66𝐸 − 06 2.66𝐸 − 04

PR-ADI [20] 3.11𝐸 − 04 7.78𝐸 − 03

Noye and Tan [20] 1.97𝐸 − 05 6.51𝐸 − 04

MC-CD6 2.60𝐸 − 05 7.92𝐸 − 03

RK4-CD6 2.24𝐸 − 08 1.65𝐸 − 05

Therefore, using RK4-CD6 scheme is suggested for solution
of two-dimensional contaminant transport problems.

Table 3 presents the pulse height values obtained for the
parameters Δ𝑥 = Δ𝑦 = ℎ = 0.025, 𝐷

𝑥
= 𝐷
𝑦
= 0.01, and 𝑡 =

1.25 by using various time steps. Kalita et al. [16] have used
three different compact schemes in their studies. Obtained
results are compared with results of (9,5), (5,9), and (9,5)
schemes of Kalita et al. [16]. Table 3 proves that pulse height
values of the RK4-CD6 scheme is more accurate than the
results of the (5,9), (9,5), and (9,9) schemes, despite the fact
that the results ofMC-CD6 scheme are accurate at acceptable
level. Figure 5 shows contour lines of the RK4-CD6 solutions

Table 3: Pulse height values of Example 2 for various values of Δ𝑡
with ℎ = 0.025,𝐷

𝑥
= 𝐷
𝑦
= 0.01, and 𝑡 = 1.25.

Method Δ𝑡 Pulse height

(9,5) scheme [16]
0.00625 0.202492
0.00025 0.167553
0.00010 0.166852

(5,9) scheme [16]
0.00625 0.144447
0.00010 0.165983
0.00005 0.166210

(9,9) scheme [16]
0.0125 0.166863
0.00625 0.166540
0.00010 0.166656

MC-CD6
0.0125 0.165131
0.00625 0.166293
0.00010 0.166667

RK4-CD6
0.0125 0.166669
0.00625 0.166667
0.00010 0.166667

Analytical 0.166667

in the domain 1 < 𝑥, 𝑦 < 2 with the parameters Δ𝑡 = 0.0125,
ℎ = 0.025,𝐷

𝑥
= 𝐷
𝑦
= 0.01, and 𝑡 = 1.25.
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5. Conclusions

Throughout this study, high-order compact finite differ-
ence schemes composed of second-order MacCormack and
fourth-order Runge-Kutta time integration schemes have
been used to be able to perform numerical simulation of
one- and two-dimensional advective-dispersive contaminant
transport. For demonstrating efficiency and high-order accu-
racy of the current methods, numerical experiments have
been done. Then, the schemes are implemented for solving
two test problems which have known exact solutions. It has
been shown that the used methods are capable of succeeding
high accuracy and efficiency with minimal computational
effort, supported by comparisons of the computed results
with exact solutions.

In solution for one-dimensional contaminant transport
problem, it was seen that the error values obtained with
RK4-CD6 and MC-CD6 schemes and the required CPU
time values are close to each other. Whereas in solution
for two-dimensional contaminant transport problem, it was
observed that RK4-CD6 scheme is stable for great Δ𝑡 values
and produces better results than MC-CD6 scheme. When Δ𝑡
value is decreased, it was determined that MC-CD6 scheme
gives fine results but required CPU time value considerably
increases. RK4-CD6 scheme has produced better results than
the studies given in literature in solution for both one- and
two-dimensional contaminant transport problem. The pro-
posed schemes produce convergent approximations for the
contaminant transport problems having low andmoderate Pe
number. Obtaining the solutions for contaminant transport
problem in higher Peclet numbers by using compact upwind
schemes was left to further studies.
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Flow and suspended sediment transport in distributary channel networks play an important role in the evolution of deltas and
estuaries, as well as the coastal environment. In this study, a 1D flow and suspended sediment transport model is presented to
simulate the hydrodynamics and suspended sediment transport in the distributary channel networks. The governing equations
for river flow are the Saint-Venant equations and for suspended sediment transport are the nonequilibrium transport equations.
The procedure of solving the governing equations is firstly to get the matrix form of the water level and suspended sediment
concentration at all connected junctions by utilizing the transformation of the governing equations of the single channel. Secondly,
the water level and suspended sediment concentration at all junctions can be obtained by solving these irregular spare matrix
equations. Finally, the water level, discharge, and suspended sediment concentration at each river section can be calculated. The
presented 1D flow and suspended sediment transport model has been applied to the Pearl River networks and can reproduce water
levels, discharges, and suspended sediment concentration with good accuracy, indicating this that model can be used to simulate
the hydrodynamics and suspended sediment concentration in the distributary channel networks.

1. Introduction

Distributary channels are very common in the delta area,
among which many junctions connect individual channel
together to form the river networks system. Channel junc-
tions not only play a crucial role in dividing the river
discharge over distributary channels but also govern the
distribution of the river sediment transportation in the form
of suspended sediment. Since flow and suspended sediment
transport in the distributary channels are not only highly
related to the evolution of deltas and estuaries but are also
related to the environment issue, it is important to understand
hydrodynamics and suspended sediment transport in the
distributary channels system. The 1D numerical model as
an important tool has been widely used to simulate flow
and sediment transport over river networks because it can
accurately represent complex river network geometries and
complex structures like weirs, barrages, and dams [1].

In the late 1970’s, Thomas and Prashum [2] formu-
lated the Hydraulic Engineering Center (HEC-6) model in
a rectilinear coordinate and described it by using finite-
difference schemes. This model was introduced for sedi-
ment movement under steady flows in gravel-bed rivers.
Then, Karim and Kennedy [3] and Karim [4] developed
the Iowa ALLUVIAL (IALLUVIAL) model on the basis of
a rectilinear coordinate system and the Saint-Venant flow
equations in a quasisteady flow. The obvious difference
between IALLUVIAL model and the HEC-6 model is that
the HEC-6 solves the differential conservation equation
of energy instead of the momentum equation. There are
many unsteady flow models (e.g., Chang [5], Molinas and
Yang [6], Holly and Rahuel [7], and Runkel and Broshears
[8]), which have been developed and applied to river net-
works and other situations where the unsteady flow prevails
over the steady one. Different from rectilinear coordinate,
Chang [5] used a curvilinear coordinate system to solve the
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governing equations of his model FLUVIAL 11. The model
accounts for the presence of secondary currents in a curved
channel by adjusting the magnitude of the streamwise veloc-
ity. Furthermore, Molinas and Yang [6] implemented the
theory of minimum stream power to determine the optimum
channel width and geometry for a given set of hydraulic
and sediment conditions. But the OTIS (one-dimensional
transport with inflow and storage) [8]modified the 1D advec-
tion diffusion equation with additional terms to account for
lateral inflow, first-order decay, sorption of nonconservative
solutes, and transient storage of these solutes. Moreover,
considering unsteady flow conditions that occur over tran-
scritical flow stream, Papanicolaou et al. [9] developed
steep stream sediment transport 1D model (3ST1D) model
which is capable of capturing hydraulic jumps and simu-
lating supercritical flows; therefore, it is applicable to flows
over step-pool sequences in mountain streams. Han [10]
firstly provided a method for nonequilibrium transport of
nonuniform suspended load. Van Niekerk et al. [11] simulate
deposition and erosion in alluvial channels. Rahuel et al.
[12] developed a model to simulate the unsteady water and
sediment movement in alluvial rivers. Wu et al. [13] further
refined this model to simulate the nonequilibrium transport
of nonuniform total load in in the distributary channel
networks. Fang et al. [14] presented a one-dimensional
numerical model for unsteady flow and nonuniform sedi-
ment transport in alluvial rivers. The model calculated the
unsteady flow in open channels using the Preissmann implicit
method and theThomas algorithm.

Most of the 1D models, however, are widely used to
simulate the basic parameters, including the velocity, water
level, bed elevation, and suspended sediment transport, in
a single channel. Actually, 1D models can also be used
to investigate hydrodynamics and sediment transport in
distributary channel networks with complex planimetric
structure and dynamics [15, 16]. Hence, model representation
of network connections and river reach geometry has been
heretofore defined by modelers to meet the needs of indi-
vidual hydraulic and hydrologic models (Liu and Hodges)
[17]. So far, river network systems used to be simulated by
1D model, described by Saint-Venant equations, and then
solved together with other common 1D rivers. With this
kind of models, it takes special experience and much work
to divide and simplify the computation domains (Zhang
et al.) [18]. What is more, compared with the traditional
models, because of their low data, central processor unit
(CPU) requirements, and simplicity of use, the presented 1D
flow and suspended sediment model is very efficient and can
be used in river engineering for long-term predictions of
river morphological development.Therefore, the objective of
this paper is to (1) develop a junction-control method for
water level and suspended sediment concentration to sim-
ulate unsteady flow and suspended sediment transport over
distributary channel networks and to (2) apply this model
to the Pearl River networks to check the applicability of this
model.

1 2 3 i − 1 i + 1i nn − 1n − 2

Junction A Junction B
The ith reach

Figure 1: Illustration of the flow on grid and network domains.

2. Mathematical Model and
Numerical Approach

2.1. Governing Equations. The hydrodynamic module of 1D
model is based on the well-known Saint-Venant equations of
the mass and momentum conservation. Consider
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Suspended sediment model is based on the nonequilib-
rium transport equation. The continuity equation of sus-
pended load can be expressed as
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+
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The formula for sediment carrying capacity can be
expressed as

𝑆
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𝑢
3
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𝑚

, (3)

where 𝑥 and 𝑡 are spatial and temporal axes, 𝑄 is flow
discharge,𝐴 is flow area, 𝑞 is the lateral flow, 𝑔 is gravitational
acceleration, 𝑅 is the hydraulic radius, and 𝑍 is water surface
elevation, 𝐵 is water surface width, 𝑢 is water velocity, 𝑛 is
Manning roughness coefficient, 𝑆 is sediment concentration,
𝛼 is adjustment coefficient for a cross-section,𝜔 is fall velocity
of sediment particles, 𝑆

∗
is averaged sediment carrying

capacity, and 𝐾 and 𝑚 are the coefficients of sediment
carrying capacity.

2.2. Solution for Flow Equations

2.2.1. The Finite-Difference Equations. The finite-difference
equations are obtained by using Preissmann’s four-point
implicit difference scheme (Figure 1). Consider
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where 𝜃 (0.5 ≤ 𝜃 ≤ 1) is the weighting coefficient and
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2.2.2. Supplementary Equation at Junctions. The hydraulic
conditions at river networks junctions are reasonably
assumed to satisfy two additional conditions: the quality
conservation and energy conservation conditions. The
quality conservation condition, which is also called discharge
connection condition, means that the discharge changes are
assumed to be equal to the shortage variation of discharge at
a certain junction. Consider
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where 𝑘 is the junction number,𝑚 is the number of incoming
(outflow) rivers at the 𝑘th junction, 𝑄

𝑖
is the discharge of the

𝑖th river course,Ω
𝑘
is the storage of the 𝑘th junction,𝑄

𝐼
is the

incoming discharge, and 𝑄
𝑂
is the outflow discharge.

The equation of energy conservation can be approxi-
mated using the following kinematic compatibility condition
[19]:

𝑍in,𝑘 = 𝑍out,𝑘 = 𝐻
𝑘
, (8)

where 𝑍in,𝑘 and 𝑍out,𝑘 represent the water level of any of
the incoming and outflowing rivers at the 𝑖th junction,
respectively, and𝐻

𝑘
is the water level at the 𝑖th junction.

Finally, the finite-difference approximation of the conti-
nuity equation around the junction can be written as follows:
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where 𝐴
𝐽
is the cross-section area of each junction.

The values for water level can be calculated at each
junction by successively applying the double sweep Thomas
algorithm.

For each river section, based on the finite-difference
equation (4), the equation of each subsection can be elim-
inated autocorrelation; then (4), can be rewritten in the
following form:
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where the coefficients in (10) are defined as follows:
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𝑖
+ 𝑌
1
𝐹
𝑖

𝑌
1
𝐸
𝑖
+ 𝑌
2

,

𝛾
𝑖
=
𝛾
𝑖+1

(𝑌
2
− 𝑌
1
𝐺
𝑖
)

𝑌
1
𝐸
𝑖
+ 𝑌
2

,

(𝑖 = 𝑛 − 1, . . . , 1) ,

(12)

where

𝑌
1
= 𝐶
𝑖
+ 𝛽
𝑖+1

, 𝑌
2
= 𝐺
𝑖
𝛽
𝑖+1

+ 𝐹
𝑖
. (13)

The coefficients in (11) are defined as follows:

𝜉
𝑛
=
𝐸
1
𝐷
1
+ 𝐻
1

𝐸
1
+ 𝐺
1

, 𝜁
𝑛
= −

𝐶
1
𝐸
1
+ 𝐹
1

𝐸
1
+ 𝐺
1

,

𝜂
𝑛
= −

𝐶
1
𝐸
1
− 𝐹
1

𝐸
1
+ 𝐺
1

,

𝜉
𝑖+1

=
𝑌
2
(𝐷
𝑖
+ 𝜉
𝑖
) + 𝑌
1
(𝐻
𝑖
− 𝐸
𝑖
𝜉
𝑖
)

𝑌
2
+ 𝑌
1
𝐺
𝑖

,

𝜁
𝑖+1

= −
𝑌
2
𝐶
𝑖
+ 𝑌
1
𝐹
𝑖

𝑌
2
+ 𝑌
1
𝐺
𝑖

,

𝜂
𝑖+1

=
𝜂
𝑖
(𝑌
2
− 𝑌
1
𝐸
𝑖
)

𝑌
2
+ 𝑌
1
𝐺
𝑖

,

(𝑖 = 2, 3, . . . , 𝑛) .

𝑌
1
= 𝜁
𝑖
− 𝐺
𝑖
, 𝑌

2
= 𝐸
𝑖
𝜁
𝑖
− 𝐹
𝑖
.

(14)

Subsequently, the relationship between the river sections
and the junction can be deduced from a single river channel
by using the formula (10) and (11) as follows:

𝑄
1
= 𝛼
1
+ 𝛽
1
𝑍
1
+ 𝛾
1
𝑍
𝑛+1

,

𝑄
𝑛+1

= 𝜉
𝑛+1

+ 𝜁
𝑛+1

𝑍
𝑛+1

+ 𝜂
𝑛+1

𝑍
1
.

(15)



4 Journal of Applied Mathematics

1 2 3 i − 1 i + 1i nn − 1n − 2

Junction A Junction BSiSi−1 Si+1

Figure 2: Illustration of the suspended sediment on grid and
network domains.

Substituting (15) at each junction into (7), water levels at
junctions of river networks can be expressed as amatrix form:

𝑓
𝑖
(𝑍
1
, 𝑍
2
, . . . , 𝑍

𝑖
, . . . , 𝑍

𝑀
) = 0 (𝑖 = 1, 2, . . . ,𝑀) , (16)

where𝑀 is the total number of junction of the river networks.
Finally, the water level and discharge at each river section

of the river networks can be calculated.

2.3. Solution for Suspended Sediment Transport Equations

2.3.1. The Finite-Difference Equations. For suspended sed-
iment transport, the upwind finite-difference scheme and
Preissmann’s four-point implicit difference scheme are
adopted (Figure 2). According to the flow direction, the
difference equations of the governing equation (2) can be
expressed as follows.

(i) For the downflow,

𝐴
𝜕𝑆

𝜕𝑡
= 𝐴
𝑖−1/2

𝑆
𝑛+1

𝑖
+ 𝑆
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𝑛

𝑖
− 𝑆
𝑛

𝑖−1

2Δ𝑡
,

𝑄
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𝜕𝑥
= 𝑄
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𝜃 (𝑆
𝑛+1

𝑖
− 𝑆
𝑛+1

𝑖−1
) + (1 − 𝜃) (𝑆

𝑛

𝑖
− 𝑆
𝑛

𝑖−1
)

Δ𝑥
𝑖−1

,

−𝛼𝐵𝜔 (𝑆 − 𝑆
∗
) = −

1

2
𝛼
𝑛+1

𝑖
𝐵
𝑛+1

𝑖
𝜔
𝑛+1

𝑖
(𝑆
𝑛+1

𝑖
− 𝑆
𝑛+1

∗𝑖
)

−
1

2
𝛼
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𝐵
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𝑖−1
𝜔
𝑛+1

𝑖−1
(𝑆
𝑛+1

𝑖−1
− 𝑆
𝑛+1

∗𝑖−1
) ,

(17)

where

𝐴
𝑖−1/2

=
1

2
(𝐴
𝑛+1

𝑖
+ 𝐴
𝑛+1

𝑖−1
) ,

𝑄
𝑖−1/2

=
1

2
(𝑄
𝑛+1

𝑖
+ 𝑄
𝑛+1

𝑖−1
) .

(18)

The irregular matrix equations are written as

𝛼𝛼
𝑖
𝑆
𝑛+1

𝑖−1
+ 𝛽𝛽
𝑖
𝑆
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𝑖
= 𝐷𝐷

𝑖
, (19)

where

𝛼𝛼
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𝐴
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2Δ𝑡
−
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𝜃
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+
1

2
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,

𝛽𝛽
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=
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2Δ𝑡
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𝑄
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𝜃
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+
1
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𝛼
𝑛+1

𝑖
𝐵
𝑛+1

𝑖
𝜔
𝑛+1

𝑖
,

𝐷𝐷
𝑖
=
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+
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𝑆
𝑛+1

∗𝑖−1
.

(20)
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Figure 3: The four types of the flow at a single river channel. The
types are as follows: downflow, upflow, faced-flow, and depart-flow,
from the left to the right.

(ii) For the upflow,

𝐴
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= 𝐴
𝑖+1/2

𝑆
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𝑖
) + (1 − 𝜃) (𝑆

𝑛
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𝑖
)
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(21)

where

𝐴
𝑖+1/2

=
1

2
(𝐴
𝑛+1

𝑖
+ 𝐴
𝑛+1
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=
1

2
(𝑄
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𝑖
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𝑛+1
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(22)

The irregular matrix equations are written as

𝛽𝛽
𝑖
𝑆
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𝑖
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𝑖
𝑆
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where
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1

2
𝛼
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+
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2
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(24)

where 𝛼𝛼
𝑖
, 𝛽𝛽
𝑖
, 𝛾𝛾
𝑖
, and 𝐷𝐷

𝑖
are as the known coefficients

of the equations.

2.3.2. Solution Algorithm for a Single River. In the tidal chan-
nel, the flow direction changes with tidal level fluctuation.
The flow types of a single channel can be classified as four
types (Figure 3): (a) downflow, 𝑄

𝑠
≥ 0, 𝑄

𝑒
≥ 0; (b) upflow,

𝑄
𝑠
< 0, 𝑄

𝑒
< 0; (c) faced-flow, 𝑄

𝑠
≥ 0, 𝑄

𝑒
< 0; and (d)

depart-flow, 𝑄
𝑠
< 0, 𝑄

𝑒
≥ 0.

For the downflow, it is single direction flow. If the
sediment concentration at the upboundary junction (𝑆𝑛+1

1
)
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is known, the suspended sediment concentration at each
junction can be obtained by the following formula:

𝑆
𝑛+1

𝑖
= 𝑃
𝑖
+ 𝑅
𝑖
𝑆
𝑛+1

1
(𝑖 = 1, 2, . . . , 𝑛 + 1) , (25)

where 𝑃
𝑖
, 𝑅
𝑖
are the coefficients, and they can be gotten by

(19), (25), and written as

𝑃
1
= 0, 𝑅

1
= 1,

𝑃
𝑖

𝐷𝐷
𝑖
− 𝛼𝛼
𝑖
𝑃
𝑖−1

𝛽𝛽
𝑖

, 𝑅
𝑖
= −

𝛼𝛼
𝑖
𝑅
𝑖−1

𝛽𝛽
𝑖

(𝑖 = 2, 3, . . . , 𝑛 + 1) .

(26)

For the upflow, it is also single direction flow. If the
sediment concentration at the downboundary junction (𝑆𝑛+1

𝑛+1
)

is known, the sediment concentration at each junction can be
obtained by the following formula:

𝑆
𝑛+1

𝑖
= 𝑃
𝑖
+ 𝑅
𝑖
𝑆
𝑛+1

𝑛+1
(𝑖 = 1, 2, . . . , 𝑛 + 1) , (27)

where 𝑃
𝑖
, 𝑅
𝑖
are the coefficients, and they can be gotten by

(23), (27), and written as

𝑃
𝑛+1

= 0, 𝑅
𝑛+1

= 1,

𝑃
𝑖
=
𝐷𝐷
𝑖
− 𝛾𝛾
𝑖
𝑃
𝑖+1

𝛽𝛽
𝑖

, 𝑅
𝑖
= −

𝛾𝛾
𝑖
𝑅
𝑖+1

𝛽𝛽
𝑖

(𝑖 = 𝑛, . . . , 2, 1) .

(28)

For the faced-flow, it is double direction flow. The single
river can be divided into two single direction flow river
segments. If the sediment concentrations at the up and down
boundary junctions (𝑆𝑛+1

1
, 𝑆𝑛+1
𝑛+1

) are known, the suspended
sediment concentration at each junction can be obtained by
the formulas (25) and (27).

For the depart-flow, it is another double direction flow.
First, the position of the stagnant point (𝑄

𝑘
= 0) must

be determined, the suspended sediment concentration at
the stagnant point (𝑆𝑛+1

1
) may be obtained by the transport

equation, and then the single river can be divided into two
single direction flow river segments which boundary is the
stagnant point; finally, the suspended sediment concentration
at each junction can be obtained by the formulas (25),
(27). The position of the stagnant point is presented as the
following formula:

Δ𝑥
𝑚𝑘

=

𝑄𝑚


𝑄𝑚
 + 𝑄
𝑙

Δ𝑥
𝑚𝑙
. (29)

And the suspended sediment concentration at the stag-
nant point is

𝑆
𝑛+1

𝑘
=

𝐴
𝑛

𝑘

𝐴
𝑛+1

𝑘

𝑆
𝑛

𝑘
exp(−

𝛼
𝑛+1

𝑘
𝐵
𝑛+1

𝑘
𝜔
𝑛+1

𝑘

𝐴
𝑛+1

𝑘

Δ𝑡) . (30)

This paper also presents a junction-control method for
suspended sediment in river networks.
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Figure 4: Map of the Pear River networks and sampling stations.

Assuming that the erosion and deposition at the junction
are small, the suspended sediment mass conservation equa-
tion is written as

∑𝑄in𝑆in = ∑𝑄out𝑆out (𝑆out = 𝑆
𝐽
) , (31)

where 𝑆
𝐽
is sediment concentration at junctions.

Utilizing (25) and (27), the relation formula of sediment
concentration between upjunction (𝑖 = 1) and downjunction
(𝑖 = 𝑛 + 1) is obtained, and the control equations for all
junctions’ sediment concentration can be written in matrix
notation as

𝐹
𝑗
(𝑆
1
, 𝑆
2
, . . . , 𝑆

𝑀
) = 0 𝑗 = 1, 2, . . . ,𝑀. (32)

Solving (31), the suspended sediment concentration at
all river junctions can be gotten. Finally, by solving the
single river equations (25) and (27), suspended sediment
concentration at all channel sections of the distributary
channel networks can be calculated.

2.4. Modeling Setup. The river networks in the Pearl River
Delta (PRD) (Figure 4) are selected to check the applicability
of the 1D flow and suspended sediment model. The river
network in the PRD is considered as one of the world’s
most complicated river networks, with the density of channel
length per unit at 0.68–1.07 km/km2. The area of the Pearl
River networks cover approximately 9750 km2, with a total
length of over 1600 km and a coastline extending over 450 km
from east to west. The Pearl River networks drain three
main tributaries, Dongjiang River, Beijiang River, andXijiang
River, pass through this complex river network, and finally
flow into the South China Sea through eight subestuaries
that are separately called Humen, Jiaomen, Hongqimen,
Hengmen, Modaomen, Jitimen, Hutiaomen, and Yamen.
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Figure 5: (a) The calibration of water levels from July 18 to July 19, 1998. (b) The validation of water levels from February 7 to February 16,
2001.

The Pearl River network is simplified as 328 single
river channels, 13 boundary rivers, 5108 computational river
sections with the interval varying from 0.2 to 3.0 km, and 216
river channel junctions. Upstream boundary conditions are
given by discharge and suspended sediment concentration
at the five upstream boundary junctions (Shizui, Gaoyao,
Shijiao, Laoyagang, and Boluo). Tidal level fluctuation and
suspended sediment concentration at the downstreamoutlets
are used as downstream boundary conditions. The Manning
coefficients in the Pearl rivers are taken to be 0.01–0.05.𝐾 and
𝑚; the coefficients of sediment carrying capacity are taken
to be 0.005 and 0.92. The value of adjustment coefficient
for a cross-section 𝛼 is 0.25 (when deposition) or 1.0 (when
erosion). Computations are performed using a time step of 1
minute.

3. Results and Discussion

The distributary channel networks model has been exten-
sively calibrated with respect to the field measurements to
optimize the representation of the water level, discharge,
and suspended sediment concentration over the study area.
The field measurement data in 1998 and 2001 are used for
calibration and validation, respectively. The Nash-Sutcliffe
model efficiency (ME) which is the ratio of model error to
variability in observational data is employed in this paper
to evaluate the performance of the distributary channel
networks model. Consider

ME = 1 −
∑ (𝐷 −𝑀)

2

∑(𝐷 − 𝐷)
2
, (33)

where 𝐷 are the observational data, 𝐷 is the mean of
the observational data, and 𝑀 is the corresponding model
estimate. In the squaring of the error, a good fit receives a
high score and a poor fit receives a low score. Performance
levels are categorized as follows: ME > 0.65 is excellent,
0.5–0.65 is very good, 0.2–0.5 is good, and ME < 0.2 is
poor [20]. The calibration and verification of water level, dis-
charge, and suspended sediment concentration are shown in
Figures 5 to 7.

The calibration result shows that the majority of the ME
values for water levels over the Pearl River networks is over
0.65, indicating that the numerical model of the distributary
channel networks can accurately simulate water level in
the river networks (Figure 5(a)). The water level is further
verified by comparing the model results and measured value
from February 7 to February 16, 2001 (Figure 5(b)). The
comparison revealed that the simulated water level and
distribution over themain branchesmatched excellently with
the observed value and the ME value of almost all stations,
which are greater than 0.65.

In terms of water discharge (Figure 6(a)), the modeled
flow discharges follow the observations reasonably well, and
theME values are over 0.65 at 8 stations, showing an excellent
skill. It can be noticed that there are two stations with
efficiencies below 0.65, which are probably due to the let-
out discharges of the reservoir nearby during the simula-
tion period. The verification results also show a very good
agreement in the discharge distribution over the Pearl River
networks (Figure 6(b)). Based on the agreement in water
level and discharge between the simulated and the measured
throughout the distributary river networks, it is reasonable to
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Figure 6: (a)The calibration of discharges from July 18 to July 19, 1998. (b)The validation of discharges from February 7 to February 16, 2001.
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Figure 7: (a) The calibration of suspended sediment concentration from July 18 to July 19, 1998. (b) The validation of suspended sediment
concentration from February 7 to 16, 2001.

conclude that the distributary channel networks model can
simulate hydrodynamics process well in the river networks
system.

Figures 7(a) and 7(b) show the results of calibration and
validation of the suspended sediment concentration in the
Pearl River networks. It can be noticed that the simulated

suspended sediment concentration in the Pearl River network
still seem to be in a good agreement with the observed data,
although the simulated results do not perform quite as well
as water level and the discharge. The calibration results show
that among the 10 stations observed, Sanshui station has ME
value between 0.5 and 0.65, implying a very good skill, and
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nine stations have scores between 0.2 and 0.5, showing a
good skill. The verification results show two stations with
scores less than 0.2 accounting for 20% of the total number
of stations with poor skills. Generally speaking, most of the
stations have ME value for simulation sediment transport
between 0.2 and 0.5 for both the wet and dry seasons.

There are some potential reasons for errors between
the simulated and observed suspended sediment concen-
tration. Firstly, the bathymetry of the Pearl River network
changes dramatically due to the intensive sand excavation
during the last three decades. Therefore, the asynchronous
of hydrographic and bathymetry measurement may directly
lead to the inaccuracy of the simulation results. Actually,
the field hydrographic measurements took place in 1998 and
2001, but the bathymetry survey happened in 1999 in our
model. The asynchronous of hydrographic and bathymetry
measurement should be one of the main reasons for the
simulation errors. Secondly, large domain simulation needs
more data and parameters, especially in suspended sediment
transport simulation. However, some parameters of the
suspended sediment, such as the diameter of the sediment,
are regarded as relatively uniform distribution over the
Pearl River network due to the limit of the data, which
definitely lead to errors when simulating sediment transport.
In general, the modeled results can be considered acceptable
for simulating the flow and suspended sediment transport in
the distributary channel networks.

4. Conclusion

A 1D hydrodynamics and suspended sediment model is
developed for simulating the flow and sediment transport
in the distributary channel networks. Firstly, by utilizing the
finite-difference equations of the single river, as well as the
mass and energy conservation at junctions, the equations of
water level at junctions can be transformed to the irregular
spare matrix equations. Water level and discharge at each
channel section of a certain channel then can be obtained
by the governing equations of the single channel. Assuming
that the the erosion and deposition at the junctions are
small, the nonequilibrium transport equation for suspended
sediment can also be written in a matrix form. Solving
the irregular spare matrix equations, suspended sediment
concentration can also be obtained at all junctions. Finally,
the suspended sediment concentration at each river section
in river networks can be calculated.

The distributary channel networks model was applied
to the Pearl River networks, one of the most complicated
river networks in the world, to check the performance
of the model. The model was extensively calibrated and
validated against field measurements to provide an accurate
representation of water level and discharge, as well as sus-
pended sediment transport in the Pearl River networks. The
calibrated and validated results show that the distributary
channel networks model display an excellent performance
in simulating water level and discharge. Although the per-
formance in simulating suspended sediment concentration is
not as excellent as that of water level and discharge, themodel

is still good enough to simulate the suspended sediment
transport in the distributary channel networks model.
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It is of great significance for the watershed management department to reasonably allocate water resources and ensure the
sustainable development of river ecosystems. The greatly important issue is to accurately calculate instream ecological flow. In
order to precisely compute instream ecological flow, flow variation is taken into account in this study. Moreover, the heuristic
segmentation algorithm that is suitable to detect the mutation points of flow series is employed to identify the change points.
Besides, based on the law of tolerance and ecological adaptation theory, the maximum instream ecological flow is calculated, which
is the highest frequency of the monthly flow based on the GEV distribution and very suitable for healthy development of the river
ecosystems. Furthermore, in order to guarantee the sustainable development of river ecosystems under some bad circumstances,
minimum instream ecological flow is calculated by a modified Tennant method which is improved by replacing the average flow
with the highest frequency of flow. Since the modified Tennant method is more suitable to reflect the law of flow, it has physical
significance, and the calculation results are more reasonable.

1. Introduction

As known, river ecosystems play a significant role in water-
shed ecosystems, whose primary functions are purification,
water storage, landscape, shipping, maintaining biodiver-
sity, offering habitats for aquatic animals, and so on [1,
2]. Recently, the river ecosystems however are deteriorated
under the background of climate change and increasingly
intensified human activities (e.g., the construction of water
conservancy project, conservation of water and soil, agricul-
tural practices, etc.). As a result, the ecological chain is heavily
destroyed, and a large number of species are decreasing
on a large scale, some even die out. The core problem is
that the flow in the river cannot satisfy the requirement of
the ecological sustainable development due to unreasonable
utilization of water resources and the neglect of the ecological
flow.Therefore, the key step to improve river ecosystems is to
reasonably calculate the instream ecological flow.

To date, about two hundred methods in the world have
been introduced in the calculation of instream ecological
flow [3–7]. Yang et al. [8] have used the improved Tennant
method to calculate the instream ecological flow for the Irtysh

River. Chen et al. [9] have used the morphological methods
which are based on the hydrological and morphological
characteristics of river to compute ecological flow of the
Liao Basin in China. Gippel and Stewardson [6] have used
the wetted perimeter method to define the minimum envi-
ronment flow. Dong et al. [10] have applied the monthly
guarantee rate method to estimating the ecological water
requirements for typical areas in the Huaihe Basin. Neverthe-
less, few of them have considered the hydrological variation
when calculating the instream ecological flow. In fact, the
runoff variations have occurred in many regions due to
climate change and increasingly intensified human activities.
The inflection point of the hydrological series causes the
consistency of the entire hydrological series to be broken,
and the overall distributions of the sample before and after
the inflection point are different. Thus, it is not scientific
and reasonable to compute instream ecological flow with-
out considering hydrological variation which has changed
the local ecological balance. It is thought that the local ecosys-
temhas adapted to the hydrological status before hydrological
variations. The river ecosystems before the change points of
the hydrological series are better and healthier than those
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after them.Therefore, the instream ecological flow calculated
based on the data before the hydrological variations is a more
reasonable ecological water requirement. For this reason, it is
necessary to take hydrological variations into account when
the instream ecological flow is computed, which will help to
reveal different influence factors on the instream ecological
flow. Wei River, the biggest first grade tributary of the Yellow
River in China, is located in the middle reach of the Yellow
River. The Wei River Basin is an important region for China,
especially for the establishment of the Guanzhong-Tianshui
Economic Zone, which will rapidly promote the economic
development in the entire western region. However, during
the recent decades, the runoff in the Wei River Basin has
a significantly decreasing trend caused by climate change
and human activities, and the flow is seriously polluted,
which results in severe ecological damages and will greatly
restrict the economic and social development of the basin
and will even affect the national economic development
strategy. Therefore, it is of significant importance to calculate
the instream ecological flow in the Wei River for the local
watershed management department to reasonably allocate
water resources, which will help to promote the recovery of
the local river ecosystems.

Considering the seriousness of the river ecosystems dam-
ages in the Wei River Basin, many attempts have been made
to estimate the instream ecological flow, thus improving the
ecological conditions [11, 12]. Pang et al. [11] have introduced
a method considering not only the self-purification but also
the flow demand for the aquatic animals’ habitat to calculate
the ecological base flow of theWei River in Shaanxi province.
Wang et al. [12] have used an approach based on water
quality control target to estimate the lowest environmental
water demands in the Wei River. However, to the best of our
knowledge, none of them have considered the hydrological
variations before computing the instream ecological flow,
which is of significant importance to reasonably estimate the
optimal instream ecological flow.Therefore, the hydrological
variations are taken into consideration in this study.

Many traditional methods (e.g., Slide F test, Slide t-test,
Mann-Kendall test methods, etc.) were applied to detect
inflection point in the field of hydrology. However, all those
methods are based on the assumption that the hydrological
data are stationary and linear. Conversely, they are nonsta-
tionary and nonlinear. Therefore, some deviations will occur
if the conventional methods are employed to identify change
points. Whereas the heuristic segmentation algorithm first
proposed by Bernaola-Galván et al. [13] is used to tackle
this problem successfully, which is based on the thought of
sliding t-test andmodified to detect themean change point of
nonlinear and nonstationary time series. Compared with the
traditional methods, the heuristic segmentation algorithm
can divide a nonstationary time series with some stationary
subseries that have various physical backgrounds. Thus, this
approach is employed in this research to detect the change
point of runoff series.

Furthermore, motivated by Song et al. [14], who has
pointed out that living beings adapt to the high frequency
of environmental factors after long-term natural selection;

the highest frequency of the runoff is regarded as the optimal
instream ecological flow in this study. However, it is worth
mentioning that the calculated optimal instream ecological
values may be greatly higher than the monthly average flow
after runoff variation due to the increasingly decreasing
runoff at present. Therefore, the flow at present cannot
meet the optimal instream ecological requirements. In view
of reality and operability, the modified Tennant method is
employed to compute the minimum instream ecological flow
based on the calculated optimal instream ecological flow [3].
Thus, the main objectives of this study are (1) to detect the
annual runoff change points in the Wei River Basin based
on heuristic segmentation algorithm and (2) to reasonably
estimate the maximum and minimum instream ecological
monthly flow based on the highest frequency of monthly
runoff and Tennant method.

2. Study Area and Data

2.1. Introduction of the Wei River Basin. TheWei River Basin,
as shown in Figure 1, is selected in this study. The Wei
River is the largest tributary of the Yellow River, which lies
between 103.5∘E–110.5∘E and 33.5∘N–37.5∘N, covering a total
area of 1.35 × 105 km2. Located in the continental monsoon
climate zone, the Wei River Basin is characterized by relative
abundant precipitation and generally high temperatures in
summer but by rare precipitation and very low temperatures
in winter. The annual precipitation of the Wei River Basin
is about 559mm [15]. At the same time, the rainfall has a
large seasonal variation that during flood season (from June
to September) generally accounts for approximately 60% of
the total annual rainfall.The annual rainfall also varies greatly
due to the unstable features of the intensity, duration, and
influencing area of the subtropical high pressure belt over
the northern Pacific. For instance, the annual rainfall is more
than 800mm in wet years, whilst it is less than 370mm in
drought years, which is likely to result in highly frequent
droughts and floods in theWei River Basin. Topographically,
the altitude decreases from the highest northwest mountain-
ous area to the lowest Guanzhong Plain in the southeast
and southern portion of the basin. The Guanzhong Plain
is designated as a state key economic development zone,
which will greatly promote the economic development of
surrounding area. Therefore, the economic development of
Guanzhong Plain will directly affect the sustainable devel-
opment of economy and society in the basin. However, in
recent decades, the runoff of the basin has a remarkable
decreasing trend caused by the climate changes and human
activities. According to Xiao et al., 2012 [16], with regards
to Linjiacun station, the runoff during 1980–1990 and 1991–
2000was reduced by 52%and42%comparedwith that during
1950–1959, respectively. Furthermore, the flow of the Wei
River is seriously polluted on a large scale, leading to severe
ecological damages, which will greatly restrict the economic
and social development of this basin and will even affect
national economic development strategy. For this reason, it
is necessary for the local watershed management department
to accurately calculate the instream ecological flow in theWei
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Figure 1: Location of Wei River and hydrological station in Yellow River Basin.

River, which will help to reasonably allocate water resources
and promote the recovery of the local river ecosystems.

2.2. Study Data. Daily runoff data from Beidao, Xianyang,
and Huaxian hydrological stations on the upper, middle, and
lower reaches, respectively, of the Wei River is employed
in this study. Amongst the three hydrological stations, the
Beidao station has daily runoff data covering January 1, 1956–
December 31, 2010, the Xianyang station has daily runoff data
covering January 1, 1960–December 31, 2006, and the Huax-
ian station has daily runoff data covering January 1, 1919–
December 31, 2011.Themonthly and annual data is calculated
by the daily data from the hydrological stations. The data is
acquired from the hydrologic manual and strictly controlled
during their release. The Huaxian hydrological station has
some missing data of several days, which is reconstructed by
calculating the average value of its neighboring days at the
same station. In our opinions, the missing data reconstructed
approach has little effect on the study. In addition, the double-
mass curve method is used to check the consistency of the
data, and the results indicate that all the daily meteorological
data used in the paper are consistent.

3. Methodology

3.1. Heuristic Segmentation Method. In order to divide a
nonstationary time series into several stationary segments, a
sliding pointer is moved step-by-step from left to right along
the time series [13]. The average of the subset of the series
to the left of the pointer 𝜇

1
and to the right 𝜇

2
is calculated.

For two Gaussian distributed random series, the difference
between the averages of the two series 𝜇

1
and 𝜇

2
under the

statistical significance is estimated by Student’s t-test statistic
as follows:
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denotes the pooled variance, 𝑆
1
and 𝑆
2
stand for the standard

deviations of the two series, and 𝑁
1
and 𝑁

2
are the number

of points from the two series. Moving the pointer along the
given time series step-by-step, then statistic t is calculated to
estimate the difference between the averages of the right-side
and left-side time series. Larger t denotes that the average
values of the two time series tend to be more significantly
different. The largest t value is regarded as a good candidate
for the cut point. Then, the statistical significance 𝑃(𝑡max)
is computed. It is worth mentioning that 𝑃(𝑡max) is not the
standard Student’s t-test since the series are not independent
and cannot be obtained in a closed analytical form; therefore
𝑃(𝑡max) is approximately calculated as follows:

𝑃 (𝑡max) ≈ {1 − 𝐼
[V/(V+𝑡2max)]

(𝛿V, 𝛿)}
𝜂

, (3)

where 𝜂 = 4.19 ln 𝑁 − 11.54 and 𝛿 = 0.40 are acquired
fromMonte Carlo simulations,𝑁 denotes the number of the
time series to be cut, V = 𝑁 − 2, and 𝐼

𝑥
(𝑎, 𝑏) represents
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the incomplete beta function. If the difference in average is
not statistically significant, for instance, if 𝑃(𝑡max) value is
less than a threshold (normally set to 0.95), this time series
is not divided. Conversely, the time series is divided into
two segments whose averages are significantly different. If the
time series is split, the iteration of the above procedure on
each new segment continues until the acquired significance
value is less than the threshold, or the length of the acquired
segments is less than presupposed minimum segment length
ℓ
0
.

3.2. Law of Tolerance. The growth and development of biol-
ogy follows the laws of tolerance [17–19].The law of tolerance
is that there are biological minimum and maximum limits
of various factors affecting the growth and development
of biology. When the ecological factor is not between the
upper and lower limitations, the biology will be degenerated
and even die. Amongst many environmental factors, the
factors which are close to or beyond the biological tolerance
limitation and limit the development of biology are called
the restriction factors. For a river ecosystem, flow, water flow
rate, water level, water quality, and so on are its important
ecological factors, and all of them are the function of flow.
Therefore, flow is closely related to the limiting factors of river
ecological system, which is also a greatly important limiting
factor of river ecological system.

3.3. Ecological Adaptation Theory. The number of biology
changes following the variation of a certain ecological factors,
when the biological number reaches the maximum value, the
corresponding ecological factor value is the optimal value
for this species. Under the optimal environment, the number
of this species is highest and the growth rate is fastest.
Whereas the ecological factor deviates the optimal value and
beyond the biological tolerance limitation, this species will
stop growing and the number will reduce. Long-term natural
selection makes creatures adapt to the higher frequency of
environmental factors [14]. Therefore, the highest frequency
of flow is regarded as the optimal instream ecological flow.

3.4. Calculation of Instream Ecological Flow

3.4.1. Kolmogorov-Smirnov (K-S) Test. TheK-S test considers
the null hypothesis that the cumulative distribution function
(CDF) of a target distribution, represented by 𝐹(𝑥), is similar
to the CDF of a reference distribution, 𝑅(𝑥). Thus, the K-S
test is possible to judge whether the two distributions have
the same CDFs [20].

When using a two-sample K-S test, the distance 𝐷

between two empirical distribution functions 𝐹
𝑁1

(𝑥) and
𝑅
𝑁2

(𝑥) is computed as

𝐷 = Sup
−∞<𝑥<∞
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𝑁2
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 , (4)

where𝑁
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and𝑁
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𝑁 =
𝑁
1
𝑁
2

𝑁
1
+ 𝑁
2

. (5)

Then

𝑝 (√𝑁𝐷 > 𝜆) ≐

+∞

∑

𝑖=1

(−1)
𝑖−1

𝑒
−2𝑖
2
𝜆
2

. (6)

The null hypothesis that the two distributions are similar
is rejected at significance level 𝛼, if 𝐷∗ = √𝑁𝐷 is more than
the corresponding critical value. The approximate 𝑃 value
𝑝(𝐷), that is termed the similarity probability in the vibration
signal-processing literature, can be calculated by (6).

If the two distributions are similar (𝐷 → 0), then the
similarity probability 𝑝(𝐷) approximates 1. Otherwise, the
similarity probability 𝑝(𝐷) approximates 0.

3.4.2. Calculation of the Optimal Instream Ecological Flow. If
there are change points of the hydrological series, the series
before the change point is extremely different from that after
the change point and the entire series is not inconsistent.
It is thought that the local ecosystem has adapted to the
hydrological status before hydrological variations, but the
hydrological variations have changed the local ecological
balance. Therefore, it is essential to use the hydrological
series before hydrological variations to calculate the optimal
instream ecological flow.

Based on the relationship between environmental factors
and population, the highest frequency of flow ismost suitable
for river ecosystems. Since the flow of each month at the
same station is different, the calculated highest frequency
of flow for each month is regarded as the optimal instream
ecological flow of the correspondingmonth; then the optimal
instream ecological flow of different month in a year is
calculated. In order to select the most suitable probability
distribution function, Kolmogorov-Smirnov (K-S) method is
employed to compute the test probability of monthly average
flow [21]. Through calculating the test probability of each
month at every station and comparing the fitting effect, the
result indicates that GEV distribution is most suitable for the
instream month average flow.

The GEV probability density function is expressed as
follows:

𝑓 (𝑥) =
1

𝜎
+ (𝑥)
𝜉+1

𝑒
−𝑡(𝑥)

, (7)
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𝑒
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(8)

where 𝜎 is scale parameter, which affects distribution scale;
𝜉 is shape parameter, which influences the distribution tail;
𝜇 is position parameter, which affects the distribution in a
horizontal position. L-moment method is employed to esti-
mate the parameter of GEV distribution [22]. The observed
variable 𝑋 is in ascending order. 𝑋

𝑗
represents the 𝑗th value
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in the series; then the L-distance of the first three order 𝑙
1
, 𝑙
2
,

𝑙
3
and L-coefficient of skew 𝑡

3
is expressed as follows:

𝑙
1
= 𝑛
−1

𝑛

∑

𝑗=1

𝑋
𝑗
,

𝑙
2
= 2𝑛
−1

𝑛

∑

𝑗=2

(𝑗 − 1)

(𝑛 − 1)
𝑥
𝑗
− 𝑙
1
,

𝑙
3
= 6𝑛
−1

𝑛

∑

𝑗=3

(𝑗 − 1) (𝑗 − 2)

(𝑛 − 1) (𝑛 − 2)
𝑥
𝑗
− 6𝑛
−1

𝑛

∑

𝑗=2

(𝑗 − 1)

(𝑛 − 1)
𝑥
𝑗
+ 𝑙
1
,

𝑡
3
=

𝑙
3

𝑙
2

.

(9)

According to formula (9), the parameter of GEV distri-
bution can be estimated as follows:

𝜉 ≈ − [7.859 (
2

3 + 𝑡
3

−
log 3
log 2

) + 2.955(
2

3 + 𝑡
3

−
log 3
log 2

)

2

] ,

𝜎 =
𝑙
2
𝜉

(1 − 2−𝜉) Γ (1 + 𝜉)
,

𝜇 = 𝑙
1
+

𝜎 [Γ (1 + 𝜉) − 1]

𝜉
,

(10)

where Γ(1 + 𝜉) denotes gamma function.
Through the most valuable analysis of formula (7), the

highest frequency of flow is calculated as follows:

𝑥 =
𝜎

𝜉
[(𝜉 + 1)

−𝜉
− 1] + 𝜇, (11)

where𝑥 denotes the optimal instream ecological flow of every
month.

3.4.3. Calculation of the Minimum Instream Ecological Flow.
Since the monthly average flow before variation is higher
than that after variation, it is very difficult to provide the
optimal instream ecological flow due to the increasing water
demand for the economic and social development. For this
reason, the optimal instream ecological flow can be regarded
as the maximum instream ecological flow. However, recently,
the flow in the Wei River has a significantly decreasing
trend, it is very difficult for the flow at present to satisfy the
maximum instream ecological flow. Considering the reality
and operability, the minimum instream ecological flow can
be calculated by a modified Tennant method. In terms of
the traditional Tennant method, the formula calculating the
instream ecological flow is as follows:

𝑊
𝑡
=

12

∑

𝑖=1

𝑀
𝑡
𝑁
𝑖
, (12)

where 𝑊
𝑡
denote the instream ecological flow, 𝑀

𝑖
are the

average flow of the 𝑖th month in a year, and 𝑁
𝑖
represents
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Figure 2: Segmentations and change points of annual runoff at
Beidao station.

the recommended base flow percentage of the corresponding
𝑖th month. Based on Tennant method, the monthly average
flow is replaced by the calculated optimal instream ecological
flow which can be better suitable to reflect the law of the
monthly runoff. From October to March, the minimum
instream ecological flow is computed by the corresponding
optimal instream ecological flow multiplied by 0.2; from
April to September, the minimum instream ecological flow is
computed by the corresponding optimal instream ecological
flow multiplied by 0.4. The minimum instream ecological
flow is used when the flow is insufficient, while themaximum
instream ecological flow is employed when the runoff is
abundant.

4. Results

4.1. The Change Points of the Runoff at
Each Hydrological Station

4.1.1. The Change Points of the Runoff at Beidao Station. Since
the annual runoff in the Wei River Basin has nonlinear
and nonstationary characteristics, therefore, the heuristic
segmentationmethod introduced in Section 3 is employed to
detect the change points of the annual runoff. The threshold
𝑃
0
is set to 0.95 and ℓ

0
is set to 25. The segmentations and

change points of annual runoff at Beidao station are exhibited
in Figure 2. During the first iteration and segmentation
process, a change point (1993) is identified due to its𝑃(𝑡max) =
0.9985 > 𝑃

0
. During the second iteration and segmentation,

no change points are detected due to its 𝑃(𝑡max) = 0.6483 <

𝑃
0
. When the second iteration finishes, the segmentation

process ends due to the length of the segments that is less than
ℓ
0
.

4.1.2. The Change Points of the Runoff at Xianyang Station.
As in the same procedure as above, the threshold 𝑃

0
is set

to 0.95 and ℓ
0
is set to 25. The segmentations and change

points of annual runoff at Xianyang station are presented in
Figure 3. During the first iteration and segmentation process,
a change point (1994) is detected due to its𝑃(𝑡max) = 0.9996 >
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Figure 3: Segmentations and change points of annual runoff at
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Huaxian station.

𝑃
0
. During the second iteration and segmentation, another

change point (1970) is found due to its 𝑃(𝑡max) = 0.9853 > 𝑃
0
.

When the second iteration finishes, the segmentation process
ends due to the length of the segments that is less than ℓ

0
.

4.1.3. The Change Points of the Runoff at Huaxian Station.
Similarly, the threshold 𝑃

0
is set to 0.95 and ℓ

0
is set to 25.The

segmentations and change points of annual runoff atHuaxian
station is shown in Figure 4. During the first iteration and
segmentation process, a change point (1991) is detected due
to its 𝑃(𝑡max) = 1 > 𝑃

0
. During the second iteration and

segmentation, another change point (1934) is found due to
its 𝑃(𝑡max) = 0.9952 > 𝑃

0
. During the third iteration

and segmentation process, another change point (1969) is
identified due to its 𝑃(𝑡max) = 0.9743 > 𝑃

0
.

During the fourth iteration and segmentation process, no
change points are found due to its 𝑃(𝑡max) = 0.5963 < 𝑃

0
.

When the fourth iteration finishes, the segmentation process
ends due to the length of the segments that is less than ℓ

0
.

Therefore, for the Beidao station, only one change point
of annual runoff is identified. As regards to the Xianyang
station, two change points was detected. With regards to the

Huaxian station, three change points are found. In view of
the length of flow series and the degree of variation, the
annual runoff covering 1919–1991 at Huaxian station is
regarded as the series before variation, and the annual runoff
during 1992–2011 is regarded as the series after variation;
the annual runoff covering 1960–1994 at Xianyang station is
regarded as the series before variation, and the annual runoff
during 1995–2006 is regarded as the series after variation;
the annual runoff covering 1956–1993 at Huaxian station is
regarded as the series before variation, and the annual runoff
during 1994–2010 is regarded as the series after variation.

4.2.The Calculation Results of the Optimal Instream Ecological
Flow. As introduced in Section 3, the optimal (maximum)
instream ecological flow is the highest frequency of monthly
flow based on the GEV distribution before runoff variation.
The L-moment method is used to estimate the parameter
of GEV distribution, and the highest frequency of flow is
computed according to formulas (11); then the corresponding
instream ecological flow of every month at each station is
calculated; the calculation results are presented in Table 1.

It can be easily observed from Table 1 that the max-
imum instream ecological flow from January to August
at Beidao and Huaxian stations is increasing, whilst that
from September to December is decreasing. Similarly, the
maximum instream ecological flow at Xianyang station is
increasing from January to September and decreasing from
October to December. In general, the maximum instream
ecological flow at Huaxian station is largest. Compared with
the calculation results of Tennant method [3], most of the
calculatedmaximum instreamecological flowof everymonth
at each station are at the best level. The main reason is
that the monthly runoff in this river is greatly decreasing
and the monthly average flow after the variation is less
than that before the variation. The frequency of monthly
flow satisfying the maximum instream ecological flow in
the Wei River is shown in Table 2. It can be obviously seen
that the frequency of monthly flow satisfying the maximum
instream ecological flowbefore the flowvariation is extremely
larger than that after the flow variation, especially for the
Beidao station; the frequency of half of the months after
variation is zero, implying that the river ecosystem is subject
to severe damage after the flow variation. Comparatively,
most of the frequencies of the three stations before the flow
variation are larger than 40%. The underlying cause of this
phenomenon is increasingly intensifying human activities.
The growing population and increasing economy result in
a great reduction of runoff. With regards to Beidao station,
the development of agriculture and animal husbandry need a
lot of water, whilst regarding Xianyang and Huaxian stations,
water demand in households and economic development
have a very large proportion. Additionally, amongst the
three hydrological stations, the frequency of monthly flow
satisfying themaximum instream ecological flow at Xianyang
station in nonflood season is lowest. The primary reason
lies in the large number of water demand for economic and
agricultural development. The Xianyang station is located in
the Guanzhong Plain, and many industrial parks lie in the
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Table 1: The maximum instream ecological flow at three stations.

Month Hydrological stations
Beidao (108 m3) Xianyang (108 m3) Huaxian (108 m3)

January 0.3693 1.4157 2.214
February 0.4164 1.2969 2.2344
March 0.6508 1.4179 2.9864
April 0.7763 1.6253 3.1216
May 1.1252 2.1386 4.2134
June 1.124 2.6713 4.8661
July 2.2039 3.2768 11.616
August 2.3685 4.9855 13.4456
September 2.2127 10.0234 11.3155
October 1.8079 8.6294 8.5133
November 0.8667 4.1154 4.3768
December 0.469 2.0948 2.7472

area above the station.Thus, during the nonflood period, a lot
of water is used for industrialmanufacture, thereby leading to
less flow failing to satisfy the ecological demand.

In theory, the maximum instream ecological flow is most
suitable for the healthy development of the river ecosystem in
this basin, when the flow is sufficient; themaximum instream
ecological flow can be used as the instream ecological water
requirements to provide during high flow year. However,
since the monthly flow has a significant decreasing trend
caused by climate change and the increasingly intensified
human activities, in practice, it is difficult for the flow at
present to satisfy the optimal (maximum) instream ecological
flow. Therefore, it is necessary to calculate the minimum
instream ecological flow when the flow is insufficient, which
can be used to ensure the sustainable development of the river
ecosystems under the bad circumstance.

4.3. The Calculation Results of the Minimum Instream Eco-
logical Flow. According to Section 3, the minimum instream
ecological flow is calculated by a modified Tennant method,
which is based on the Tennant method and replaced by the
monthly average flowwith the calculatedmaximum instream
ecological flow.The calculation results of the Tennantmethod
and the modified Tennant approach are exhibited in Table 3.

For Beidao station, the minimum instream ecological
flow calculated by the modified Tennant method is always
larger than that computed by Tennant method, but the
difference between them is small. For Xianyang station, all
the minimum instream ecological flows calculated by the
modified Tennant method are larger than that calculated by
Tennant method except the minimum instream ecological
flow of April and May. For Huaxian station, the minimum
instream ecological flow of April, May, September, and Octo-
ber computed by the modified Tennant method is less than
that calculated by Tennant method. In general, the minimum
instream ecological flow calculated by the modified Tennant
method is slightly larger than that computed by Tennant
method. Since the modified Tennant method is based on
the highest frequency of monthly flow and has physical
significance, therefore the minimum instream ecological

flow calculated by the modified Tennant method is more
reasonable than that calculated by Tennant method.

5. Discussion

It is worth mentioning that 𝑃
0
and ℓ

0
are two important

parameters for the heuristic segmentationmethod to identify
the change points. The magnitudes of 𝑃

0
and ℓ
0
will directly

affect the identification of the mutation points and further
influence the calculated maximum and minimum instream
ecological flow. The threshold 𝑃

0
is set to 0.95 and ℓ

0
is set to

25, which is determined by empirical analysis and subjective
to some extent.

The results show that the decreasing runoff in the Wei
River Basin is affected by human activities and climate
change, and the human activities are the most primary
driving factor.There are two primary change points of annual
runoff in the Wei River, which are the early the 1970s and the
middle 1990s, respectively.

Firstly, the causes of the first change point are analyzed.As
known, the soil conservationmeasures in theWei River Basin
were carried out in the 1950s and expanded on a large scale
after the early 1970s, which will obviously reduce the runoff.
Besides, the Wei River Basin is in the continental monsoon
climate zone of China and influenced by the West Pacific
Subtropical high pressure system. In 1972, the weakness of
this system in combination with development of an El Niño
event caused substantial atmospheric circulation and climate
anomalies in China [23], resulting in a sharp reduction
in rainfall in the basin, which contributes to the mutation
point identified in that year. Furthermore, there are many
reservoirs and irrigation canals completed in the early 1970s
(e.g., the Yangmaowan reservoir and Fengcun reservoir are
completed in 1970, the Dayu reservoir and Shimen reservoir
are constructed in 1972 and the Baojixia canal completed in
1971), which will highly reduce the runoff and induce the
change point.

Lastly, the causes of the second inflection point are
analyzed. National economic water consumption sectors in
the Wei River Basin in the 1990s have remarkably increased,
especially in domestic and industrial water use. The total
national economywater consumption is 4.3 billionm3, which
is increased by 52.6% compared to the time period before
1990s, directly resulting in the decreasing runoff. Moreover,
according to Zhang [15], a third ENSO event occurred in
1994, when theWest Pacific Subtropical high pressure system
was strong, which resulted in an extreme drop in rainfall
in the basin, contributing to a 42.4% reduction in average
annual runoff.

As there are change points of the runoff series in the Wei
River and the variation has broken the ecological balance
before the flow variation, it is necessary to take the variation
into account when calculating the instream ecological flow. It
is worth noting that the instream ecological flow considered
about the variation tends to be larger than that without
considering the variation due to the decreasing flow.
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Table 2: The frequency of monthly flow satisfying the maximum instream ecological flow in the Wei River.

Month Beidao station Xianyang station Huaxian station
BFV (%) AFV (%) BFV (%) AFV (%) BFV (%) AFV (%)

January 46 0 28 0 40 5
February 52 0 33 7 44 9
March 51 0 58 14 41 14
April 35 0 64 14 55 27
May 46 0 73 28 51 27
June 35 7 48 7 41 14
July 41 7 70 28 40 14
August 35 4 42 14 35 9
September 38 4 36 7 48 18
October 46 11 27 14 45 32
November 33 4 24 7 56 27
December 38 0 27 0 40 14
Note: BFV denotes before flow variation and AFV denotes after flow variation.

Table 3: The minimum instream ecological flow of the Wei River.

Month Beidao station Xianyang station Huaxian station
MTM TM MTM TM MTM TM

January 0.0739 0.06227 0.2831 0.2074 0.4428 0.3807
February 0.0833 0.069 0.2594 0.19586 0.4469 0.3851
March 0.1302 0.1013 0.2836 0.2691 0.5973 0.5248
April 0.3105 0.2200 0.6501 0.9618 1.2487 1.5203
May 0.4501 0.3272 0.8554 1.3871 1.6854 2.0202
June 0.4496 0.3783 1.0685 0.9779 1.9464 1.7816
July 0.8816 0.6755 1.3107 2.0110 4.6464 4.0136
August 0.9474 0.7178 1.9942 1.7417 5.3782 4.5461
September 0.8851 0.6641 4.0094 2.9904 4.5262 5.1085
October 0.3616 0.2930 1.7259 1.2367 1.7027 1.9978
November 0.1733 0.1296 0.8231 0.5693 0.8754 0.9926
December 0.0938 0.0694 0.4190 0.2713 0.5494 0.4949
Note: MTM denotes the modified Tennant method and TM denotes Tennant method.

6. Conclusion

Recently, theWei River Basin has witnessed a severe destruc-
tion of river ecosystems. The key way to solve this prob-
lem is to reasonably allocate water resources and ensure
the basic requirement water of river ecosystem. The core
problem is to accurately calculate instream ecological flow.
Under the background of climate change and increasing
identified human activities, there are some change points of
the runoff series in the Wei River. In order to reasonably
compute the instream ecological flow, the variation is taken
into consideration in this study. The heuristic segmentation
algorithm is employed to identify the change points due to the
nonlinear and nonstationary flow series, which is difficult for
the traditional statistical test to accurately detect the change
points.The diagnosis results suggest that the runoff of Beidao
station has a change point (1991); the runoff of Xianyang

station has two change points (1970 and 1994); the runoff of
Huaxian station has three change points (1934, 1969 and 1991).

Based on the law of tolerance and ecological adaptation
theory, the optimal (maximum) instream ecological flow
is calculated in this study, which is the highest frequency
of the monthly flow from the GEV distribution. Since the
monthly flow before the variation is larger than that after the
variation, the optimal instream ecological flow is difficult to
provide due to the decreasing runoff. In order to guarantee
the sustainable development of river ecosystems under some
bad circumstances, the minimum instream ecological flow is
calculated by a modified Tennant method which is improved
by replacing the average flow with the highest frequency
of flow based on the GEV distribution. Since the modified
Tennant method is more suitable to reflect the law of flow,
it has physical significance, and the calculation results are
more reasonable. The maximum and minimum instream
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ecological flow is a greatly important reference for protection
and restoration of the river ecosystems in theWei River Basin.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This research was supported by the National Major Fun-
damental Research Program (2011CB403306), the National
Natural Fund Major Research Plan (51190093), and the
Natural Science Foundation of China (51179148, 51179149).
Sincere gratitude is extended to the editor and anonymous
reviewers for their professional comments and corrections,
which greatly improved the presentation of the paper.

References

[1] Z.-R.Dong, “Diversity of rivermorphology and diversity of bio-
communities,” Journal of Hydraulic Engineering, vol. 48, no. 11,
pp. 1–6, 2003 (Chinese).

[2] J. Gao, Y. Gao, G. Zhao, andG.Hörmann, “Minimumecological
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An uncertain monthly reservoirs operation and multicrop deficit irrigation model was proposed under conjunctive use of
underground and surface water for water resources optimization management. The objective is to maximize the total crop yield of
the entire irrigation districts. Meanwhile, ecological water remained for the downstream demand. Because of the shortage of water
resources, the monthly crop water production function was adopted for multiperiod deficit irrigation management. The model
reflects the characteristics of water resources repetitive transformation in typical inland rivers irrigation system.Themodel was used
as an example for water resources optimizationmanagement in Shiyang River Basin, China. Uncertainties in reservoirmanagement
shown as fuzzy probability were treated through chance-constraint parameter for decision makers. Necessity of dominance (ND)
was used to analyse the advantages of the method. The optimization results including reservoirs real-time operation policy, deficit
irrigation management, and the available water resource allocation could be used to provide decision support for local irrigation
management. Besides, the strategies obtained could help with the risk analysis of reservoirs operation stochastically.

1. Introduction

Shortage of water resources is a critical constraint for agricul-
tural production in arid and semiarid regions. Because of the
changing environment, agricultural water supply is facing the
unpredictable challenge. Ashofteh et al. estimated that water
demand volume in the future (2026–2039) would increase
16%, while the average long-term annual volume of runoff
would decrease 0.7% [1]. To meet the challenge, reservoirs
operation (RO) is important and particularly difficult [2].

Reservoirs operation plays an important role for arid and
semiarid areas, especially, when the competition between
agricultural and ecological water demand is intense. Agricul-
tural water is critical for food productivity, while ecological
water is important to regional sustainable development.
Reservoirs operation problems concerned with maximiza-
tion of irrigation benefits have been emphasized by many
researchers since the 1970s [3]. Typical reservoirs opera-
tion method was dynamic programming [3–5]. Vedula and
Mujumdar [6] integrated the reservoir release and irrigation

allocation by using dynamic programming, but they took
rainfall and potential evapotranspiration as deterministic
inputs. Furthermore, Vedula and Kumar [7] overcome the
shortcomings considering the rainfall and inflow as stochas-
tic parameters.

But when the irrigation water is limited to ecological
water, the situation is more complicated. Unfortunately, the
previous studies mainly focused on irrigation water man-
agement. Mujumdar and Ramesh [8] developed a real-time
dynamic programming model for optimal crops water allo-
cation and reservoir release, but the framework of the model
is deterministic. Moradi-Jalal et al. [2] considered annual
crops irrigation water for monthly reservoirs operation and
optimal crop pattern. But their research did not consider the
relationship between water and crops.

Optimal water allocation for irrigation district is an
important issue which has received considerable attention
in previous researches. Evers et al. [9] integrated hydrologic
model (PRMS) and crop growth simulation model (EPIC)
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for reservoir management options. Dos Santos Teixeira [5]
developed a forward dynamic programming (FDP) model
for real-time reservoirs operation of irrigation districts.
Georgiou and Papamichail [10] aimed to determine optimal
irrigation allocation and cropping pattern for multicrops.
Prasad et al. 2012 [11] developed a real-time reservoir release
decision. Among these studies, crop yield was critical data for
decision objective. There were two ways to determine crop
yield: (1) estimated by average production per unit area or per
cube water [12] and (2) calculated through water production
function [6, 11, 13].

However, in real-world problem the source of water
could be groundwater and surface (reservoir) water. Then
the problem becomes more complicated to identify the most
efficient strategies for the whole system. Reichard [14] applied
a stochastic simulation optimization model for Santa Clara-
Callcguas Basin surface water-groundwater management.
Vedula et al. [13] optimized multicrop water allocation for
a reservoir-canal-aquifer system considering intraseasonal
period. As discussed above, previous researchers just con-
sidered two issues among reservoirs operation, irrigation
district, ecological water requirement, and surface water-
groundwater conjunctive use. To approach the real situation,
an integrated water allocation model related to these issues
was considered.

Another difficulty in the whole systemwas the uncertain-
ties, including natural factors and human triggers. Uncertain-
ties in reservoir and irrigation system caused by river inflows
and crops requirement had been discussed from different
aspects [1, 15–18]. Karamouz and Vasiliadis [15] forecasted
the stream flows by Bayesian stochastic dynamic programing
(BSDP) with different conditional probabilities. Teegavarapu
and Simonovic [16] handled the imprecise loss function for
short time reservoirs operation under fuzzy environment.
Seifi and Hipel [19] presented a stochastic model to deal with
the stochasticity of inflows under multiple inflow scenarios.
Chang et al. [18] combined grey system with fuzzy stochastic
dynamic programming. Although uncertainty was consid-
ered, the reliability of satisfying (or risk of violating) cannot
be reflected.Then Azaiez et al. [20] applied chance constraint
to explain the potential benefits of groundwater saving.

But these methods cannot handle dual uncertainties pre-
sented as linkage between fuzzy and probability distribution.
To handle this problem, Guo and Huang [21] developed a
two-stage fuzzy chance-constraint programming for water
resources management. In a similar fashion, if adequate
samples of historic reservoir inflow date were obtained, then
different reservoir inflow levels distributed as randomness
distribution. If the total reservoir release water cannot bemet,
chance-constraint programming can be applied to obtain
the expected net benefits [22]. Nevertheless, in the progress
of RO, alternations were made by decision makers with
different goals; probabilities of different inflow levels could
not exactly reflect randomness of inflows alone [23]. Thus,
the probabilities may own the fuzzy information based on
the decision maker’s judgment, leading to fuzzy stochastic
characteristic.

In this paper, an optimization model for deficient irri-
gation water allocation under uncertainties was developed.

The model is combined with ground-surface water joint-use
model, monthly reservoirs operation model, and multicrop
irrigation model. Fuzzy stochastic characteristic was repre-
sented as fuzzy probability, reflecting the risk of reservoir
release water and necessity of dominance (ND) was consid-
ered to illustrate it. Reservoir water and groundwater were
integrated as interactive resources for both irrigation districts
and ecological water. Irrigation water was calculated through
Jensen model under deficit irrigation condition.

2. Model Formulation

The available water resources mainly come from the moun-
tainous runoff in typical inland area of China. According to
the characters of water resources of inland river system, as
shown in Figure 1, the watershed can be divided into two
parts, runoff formation and disappear areas. Accumulated
water flows into mountainous river for water utilization in
the plain region. Several reservoirs located mainly in the
mountain river and some of the water was used for irrigation,
but the rest leaked in the piedmont plain as groundwater
recharge. Groundwater was pumped for agricultural irriga-
tion once more and the surplus water needs to meet the
ecological water demand of downstream meanwhile. The
water resources transformation process leads to efficient
water development pattern and the water recycle is improved.
However excessive development scale and unreasonable allo-
cation of water resources can cause the overextraction of
groundwater and deterioration of the environment.

At present, maximum utilization of water resources is
very important because of the shortage of water resources.
To optimize water resources considering exploitation and
replenishment balance of groundwater for upstream and
downstream users, the current study was used to simulate
multiperiod reservoirs operation and multicrop irrigation
optimization. The objective is to maximize the total crop
yields of the entire irrigation districts.

This model can be written as follows and the meanings
of parameters are listed in the Nomenclature section. All of
variables are nonnegative:

Max𝐹 =

𝐾

∑

𝑘=1

𝑁

∑

𝑛=1

[

[

𝑌
𝑛

max
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∏

𝑡=1

(
ET𝑘,𝑛
𝑡

ET𝑛
𝑡max

)

𝜆
𝑛

𝑡

× 𝐴
𝑘,𝑛]

]

+

𝐼

∑

𝑖=1

𝑁

∑

𝑛=1

[

[

𝑌
𝑛

max

𝑇

∏

𝑡=1

(
ET𝑖,𝑛
𝑡

ET𝑛
𝑡max

)

𝜆
𝑛

𝑡

× 𝐴
𝑖,𝑛]

]

.

(1)

The expected crop yields are estimated by deficit irrigation
crop water production function. The water production func-
tion can be used to tackle the irrigation management. We
divide the crop planting stages into monthly periods. The
crop’s monthly water consumption is the decision variable
in the model. The deficit irrigation Jensen model [24] is
introduced to reflect crop yields linked to sensitivity of water
shortage. Sufficient water requirement of crop can lead to
maximum crop yields, and water deficit in different stages
may reduce the actual crop production in different degrees.
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Figure 1: The relationship of water resources transformation in arid inland area.

Subject to: Avoiding large water deficit during the period
of crop water consumption and not exceeding maximum
evapotranspiration constraints,

0.6ET𝑛
𝑡 max ≤ ET𝑘,𝑛

𝑡
≤ ET𝑛
𝑡 max,

0.6ET𝑛
𝑡 max ≤ ET𝑖,𝑛

𝑡
≤ ET𝑛
𝑡 max.

(2)

Considering the balance equation of the reservoirs located in
the mountain pass of the rivers,

𝑉
𝑘

𝑡
= 𝑉
𝑘

𝑡−1
+ 𝐼
𝑘

𝑡
− 𝑅
𝑘

𝑡
− 𝑂
𝑘

𝑡
− 𝐸
𝑘

𝑡
. (3)

Reservoirs overflow constraint is expressed as follows. In each
planning time period, accumulatedwater in themountainous
region flows into the reservoirs. Part of the water is utilized
for the irrigation district. If the available storage of reservoir
at the end of time period exceeds total effective capacity,
the overflow happens. The 0-1 type integer variables are
introduced into the model to decide the overflow of the
reservoir, 1 for overflow from reservoir occurring and 0 for
not occurring.𝑀 is a fixed bigger number:

𝑏
𝑘

𝑡
≤
𝑉
𝑘

𝑡

𝐶𝑘
,

𝑂
𝑘

𝑡
− 𝑏
𝑘

𝑡
×𝑀 ≤ 0.

(4)

Reservoir capacity constraint: the available storage of reser-
voir is less than the effective capacity of reservoir:

𝑉
𝑘

𝑡
≤ 𝐶
𝑘
. (5)

In real-world practical problem, we allow proper violations.
The constraint is considered as uncertain inputs. A risk of
violating may lead to higher benefit and more reasonable
management strategy. It is often difficult to define the precise
boundary of the constraint due to the fuzzy decision. With
reference to Guo and Huang [21], the constraint is shown by
the following:

Pr (𝑉𝑘
𝑡
≤ 𝐶
𝑘
) ≥ 𝛿
𝑘
. (6)

Then, we have

1̃𝑉
𝑘

𝑡
≤ 𝐶
𝑘
(𝑝𝑘)

, (7)

where 𝐶𝑘
(𝑝𝑘)

= 𝐹
−1

𝑘
(𝑝
𝑘
) is given the cumulative distribution

function of 𝐶𝑘 and the probability of violating constraint
𝑘(𝑝
𝑘
). 𝛿𝑘 is fuzzy tolerance measures (0 ≤ 𝛿

𝑘
≤ 1, 𝑘 =

1, 2, . . . , 𝐾), and 𝛿𝑘 = 1 − 𝑝
𝑘
.

Assume that the fuzzy coefficients are considered trape-
zoidal fuzzy sets. Thus, 1̃ = (1, 1, 1) = (0.8, 1.0, 1.2),
indicating that the risk level of the reservoir storage is
represented as fuzzy uncertainty. When the lower bound of
the coefficient is calculated, reservoir storage water was at a
high risk level:

𝑝
𝑘
= (𝑝
𝑘
, 𝑝
𝑘0
, 𝑝
𝑘
) = (1 − 𝛿

𝑘

, 1 − 𝛿
𝑘0
, 1 − 𝛿

𝑘
) ,

𝑝
𝑘
= (1 − 0.95, 1 − 0.8, 1 − 0.6) = (0.05, 0.2, 0.4) .

(8)

It meant that the risk level of the reservoir allowable release
water distributed as fuzzy stochastic uncertainty. Utilizing 𝛼-
cut technique, fuzzy parameter under each 𝛼-cut level can
be included within a closed interval. And it is expressed as
necessity of dominance (ND) solutions. Consider

((1 − 𝛼) 1 + 𝛼)𝑉
𝑘

𝑡
≤ 𝐶
𝑘
((1−𝛼)𝑝

𝑘
+𝛼𝑝𝑘0)

, (9)

(0.8 + 0.2𝛼)𝑉
𝑘

𝑡
≤ 𝐶
𝑘
((1−𝛼)0.05+𝛼0.2)

. (10)

In order to ensure sustainable utilization of reservoir, the
available storage of reservoir at the ending time period is
requested not to be less than the beginning time period:

𝑉
𝑘

𝑛
− 𝑉
𝑘

0
≥ 0 𝑘 = 1, 2, . . . , 𝐾. (11)

Water consumption in the irrigation district consists of agri-
cultural water and nonagricultural water including domestic
and industrial water. According to the irrigation district pop-
ulation, livestock, and industrial production, nonagricultural
water including water conveyance loss can be estimated.
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Multiplying water withdrawal for agriculture by utilization
coefficient of irrigation water is irrigation water requirement:

𝑅
𝑘

𝑡
= AW𝑘

𝑡
+ DW𝑘

𝑡
,

IR𝑘
𝑡
= AW𝑘

𝑡
⋅ 𝜂
𝑘
.

(12)

By combining the rainfall with water consumption of crops in
river irrigation district during growing stages net irrigation
water requirement is calculated as follows:

IR𝑘
𝑡
=

𝑁

∑

𝑛=1

(𝐸𝑇
𝑘,𝑛

𝑡
− 𝑃
𝑘,𝑛

𝑡
) × 𝐴
𝑘,𝑛
. (13)

Subtracting seepage and evaporation loss reservoirs overflow
flows into the downstream. According to the measuring data,
the river water loss is large in river irrigation district:

𝑂
𝑘

𝑡
= RL𝑘
𝑡
+ RO𝑘
𝑡
. (14)

The available water resource is utilized firstly in river irri-
gation district and water conveyance loss is unavailable,
such as seepage and evaporation. Meanwhile seepage loss
supplies groundwater to well irrigation district. Recharge of
groundwater can be written as

GO
𝑡
=

𝐾

∑

𝑘=1

(𝛼𝐸
𝑘

𝑡
+ 𝛽RL𝑘

𝑡
+ 𝛾AW𝑘

𝑡
(1 − 𝜂

𝑘
)) + GI

𝑡
. (15)

Groundwater exploitation is not taken in river irrigation
district. The recharge of groundwater comes from reservoir
seepage, river seepage, irrigation seepage, and the lateral
groundwater inflow frommountains. 𝛼, 𝛽, 𝛾 are groundwater
recharge coefficients, respectively. In well irrigation district,
groundwater can be regarded as an entire underground
reservoir. Through conjunctive use of underground and
surface water, the underground water reservoir is mainly
supplied from surface water. Groundwater quantity balance
can be shown as follows:
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+ GO
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𝑖
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𝑡
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𝑡
.

(16)

𝜔, 𝛾 are groundwater recharge coefficients of rivers and
agricultural irrigation in well irrigation district.

Similarly, the groundwater is pumped for agricultural
and nonagricultural purpose in well irrigation district. Net
irrigation water requirement is calculated as follows:

𝑅
𝑖

𝑡
= AW𝑖

𝑡
+ DW𝑖

𝑡
,

IR𝑖
𝑡
= AW𝑖

𝑡
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𝑖
,
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𝑡
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𝑁
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(ET𝑖,𝑛
𝑡
− 𝑃
𝑖,𝑛

𝑡
) × 𝐴
𝑖,𝑛
.

(17)

In order to ensure the reasonable exploitation of groundwater,
annual exploitation does not exceed allowable amount of
groundwater:

𝑅
𝑖

𝑡
≤ 𝑅max. (18)

After the allocation of water resources in plain region, the rest
of the water consists of two parts: the surplus water of rivers
and groundwater. Excess underground water overflows for
downstream as springs. The surplus water of rivers is written
as follows:

RO
𝑡
= (1 − 𝜀)

𝐾

∑

𝑘=1

RO𝑘
𝑡
. (19)

𝜀 is river loss coefficient in well irrigation district. The
demand of downstream should be satisfied. So the surplus
water should be more than the minimum ecological water
demand:

RO
𝑡
+ GWD

𝑡
≥ 𝑊min. (20)

The model reflects the characteristics of water resources
repetitive transformation in typical inland rivers irrigation
system. Multiperiod reservoirs operation and multicrop irri-
gation optimization is reflected under water allocation and
conjunctive use of ground and surface water.

3. Case Study

Shiyang River Basin (101∘41 ∼104∘16E, 36∘29 ∼39∘27N)
is located in arid and semiarid region in Gansu province,
northwest of China, which is a typical inland river basin in
Hexi Corridor with an annual precipitation of 150–300mm
and potential evaporation of 1200–2000mm.Water resources
in the basin are scarce and have been overused so that a series
of ecological environment problems occurred. As shown in
Figure 2, the watershed can be divided into three separate
river systems according to hydrogeological units: Dajing
River, six rivers, and Xida River. In the six rivers system,
there are twomain basins, Wuwei andMinqin basins. Wuwei
Basin was selected as the study area to illustrate the monthly
reservoirs operation for multicrop irrigation optimization
model under dual uncertainties.

The major water supply of the study area originates
from the southern part of the Qilian Mountain and there
are six tributaries of the Shiyang River, that is, the Gulang,
Huangyang, Zamu, Jinta, Xiying, and Donghe rivers. Some
reservoirs are built to regulate water resources in the moun-
tain pass of the rivers except Zamu River. There are six
river irrigation districts corresponding to the six rivers,
respectively: Gulang (GL), Huangyang (HY), Zamu (ZM),
Jinta (JT), Xiying (XY), and Donghe (DH) irrigation districts
which are located in the south of Wuwei Basin. The available
water resource is utilized in river irrigation districts and flows
into the northern well irrigation districts. There are four
well irrigation districts in the north of the basin: Qingyuan
(QY), Jingyang (JY), Yongchang (YC), and Qinghe (QH)
irrigation districts. The surplus water resources flow into the
downstream Minqin Basin.
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Figure 2: The study area.

The dynamic transformation of water resources in river
basin complicates the water cycle process.The extensive agri-
culture development and improperwater resources allocation
lead to environmental deterioration. The research of Shiyang
River Basin water resources transformation was significant
to provide decision support for local irrigation managements
and agricultural producers.

Because of lower precipitation and higher evaporation,
runoff generation is different in Wuwei Basin. The basic
water demand of crop growth may not be met. Mountainous
runoff is the main source for the crop irrigation. Figure 3
shows the comparison of precipitation and reference crop
evapotranspiration (ET

0
). ET
0
is only related to local meteo-

rological conditions. ET
0
and crop coefficientswill be adapted

to estimate crop water requirement which is the foundation
of irrigation water management. Long-term average annual
precipitation is 176mm while long-term average annual ET

0

is 1008mm: however, crop water requirement is larger than
ET
0
.
As mentioned above, mountainous runoff allocation is a

critical factor for entire irrigation districts benefits. Runoff
statistical study is used to analyze the data from 1955 to 2009
and the six riversmonthly runoff of 2000 (𝑃 = 50%) as shown
in Table 1 is selected as the model inflow data.

The reservoirs total effective storages in the mountainous
pass of rivers are 14520, 56440, 16260, 24000, and 80000
× 103m3 corresponding to Gulang, Huangyang, Jinta, Xiy-
ing, and Donghe. The annual losses of the reservoirs are
approximately 900, 3300, 1000, 3300, and 2400 × 103m3,
respectively. In the model, the reservoir is not built on Zamu
river, when 𝑘 = 4,𝑉𝑘

𝑡
and𝐸𝑘

𝑡
is equal to zero. Beside irrigation

district water withdrawal the mountainous runoff flows into
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Figure 3:The comparison of precipitation and ET
0
of the study area.

the downstream river. The balance equation is rewritten as
follows:

𝐼
𝑘

𝑡
= 𝑅
𝑘

𝑡
+ 𝑂
𝑘

𝑡
. (21)

Irrigation district water withdrawal covers agricultural and
nonagricultural purposes, and crop irrigation water is the
majority of the agricultural water. The main planting crops
in these irrigation districts are wheat, maize, potato, flax, and
melon. Growing periods of main crops last from March to
September. Irrigated crop area of each irrigation district is
shown in Table 2.

The present irrigation method is a traditional model
that manages surface irrigation to meet the high yield crop
irrigation water requirement which leads to unreasonable
water allocation between upstream and downstream users.
Because of the scarcity of water resources, deficit irrigation
is necessary in the study area. The Jensen model has been
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Table 1: The monthly runoff of the six rivers in 2000 (𝑃 = 50%).

River index Monthly runoff (m3/s)
Jan. Feb. Mar. Apr. May Jun. Jul. Aug. Sep. Oct. Nov. Dec.

Gulang 0.52 0.88 0.97 1.81 3.09 2.25 3.12 5.06 5.05 2.74 1.83 1.13
Huangyang 1.46 1.29 1.90 2.84 3.05 5.05 2.46 9.95 9.88 2.97 1.86 1.90
Zamu 0.93 0.73 1.99 4.59 8.05 14.60 8.83 17.10 16.20 7.64 3.16 2.08
Jinta 0.54 0.38 0.61 1.07 2.99 13.30 7.84 10.60 6.89 2.46 0.90 1.01
Xiying 1.38 1.08 2.57 4.94 11.70 19.30 18.10 25.00 21.20 7.25 3.27 2.79
Donghe 3.78 3.80 4.47 6.08 10.32 17.41 15.41 18.55 14.30 6.93 5.03 3.86

Table 2: The irrigated crop area of each irrigation district.

Irrigation district index Irrigated crop area (hm2)
Wheat Maize Potato Flax Melon

GL 4242.41 1288.71 1523.88 206.95 103.47
HY 8047.64 2444.63 2890.73 392.57 196.28
ZM 6804.69 2067.06 2444.26 331.94 165.97
JT 4714.45 1432.11 1693.44 229.97 114.99
XY 13526.99 4109.09 4858.92 659.85 329.93
DH 12303.28 3737.36 4419.36 600.16 300.08
QY 5357.88 1627.56 1924.56 261.36 130.68
JY 3689.18 1120.66 1325.16 179.96 89.98
YC 5039.17 1530.75 1810.08 245.81 122.91
QH 6037.39 1833.97 2168.64 294.51 147.25

more widely adopted for deficit irrigation water production
functionwhich is a crop production stage water consumption
model and can be used to calculate staged irrigation water.
Crop yield calculation method by Jensen model has the
following expression:

𝑌 = 𝑌max

𝑛

∏

𝑖=1

(
ET
𝑖

ET
𝑚𝑖

)

𝜆𝑖

. (22)

𝜆
𝑖
is sensitivity index of crop to water deficit. ET

𝑖
and

ET
𝑚𝑖

are staged actual evapotranspiration and maximum
evapotranspiration. 𝑌max is maximum crop yield under suf-
ficient irrigation water condition and it can be obtained by
water production function in the whole stages. The previous
researchers have provided a large number of experimental
data and fitted water production function to estimate 𝑌max,
which usually is shown as the following:

𝑌 = 𝑎
1
+ 𝑏
1
ET + 𝑐

1
ET2. (23)

𝑎
1
, 𝑏
1
, 𝑐
1
are empirical coefficients fixed by experimental data.

The calculation results of𝑌max are 8097.82, 11219.43, 26978.29,
2268.16, and 3057.46 kg/hm2 corresponding to themain crop.

For reservoirs operation and irrigation management,
crop sensitivity to water deficit in irrigation interval is more
effective than in growth stage. Kipkorir and Raes [25] have
applied Jensen model in irrigation interval. Tsakiris [26]
provides a method of estimating crop sensitivity to water
deficiency at given time intervals. However, relevant study

is not reported in the study area. The Jensen model is fitted
in monthly interval in keeping up with the optimization
model as shown in Table 3. Effective rainfall in example year
is 5.7mm, 0mm, 62mm, 9.3mm, 33.3mm, and 18.6mm
corresponding to the period from April to September.

Annual nonagricultural water consumption in the model
is estimated through the irrigation district population, live-
stock, and industrial production which are shown in Table 4.

Parameter determination is important for the optimiza-
tion results. According to Comprehensive Planning of Shiyang
River Basin (2007), utilization coefficient of irrigationwater of
river irrigation area is 0.65 in Gulang irrigation district, 0.58
in Xiying irrigation district, and 0.54 in Huangyang, Zamu,
Jinta, and Donghe irrigation districts; utilization coefficient
of irrigation water of well irrigation area is 0.6.

The water of each tributary flows together into Shiyang
River minus evaporation and leakage loss. River flow in
northern Wuwei Basin is low due to severe leakage. Accord-
ing to the investigation, we take 0.667 for the value of leakage
rate.

Complement between the surface water and under-
ground water is obvious in the basin.

Groundwater is not pumped in southern Wuwei Basin.
Considering the underground aquifer as a whole ground-
water reservoir, sources of its supply are reservoir seepage,
river seepage, irrigation seepage, and the lateral groundwater
inflow. Under low rainfall and deep groundwater level,
groundwater is scarcely recharged by the rainfall according
to Ma et al. [27]. Rainfall seepage is ignored in the model.
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Table 3: The fitted value of ET
𝑚
(mm) and 𝜆.

Crop index Month
Mar. Apr. May. Jun. Jul. Aug. Sep.

Wheat ET
𝑚

23.54 119.29 176.03 219.21 153.23 0.00 0.00
𝜆 0.06 0.07 0.15 0.08 0.01 0.00 0.00

Maize ET
𝑚

0.00 27.82 70.76 112.55 171.92 129.06 23.03
𝜆 0.00 0.04 0.12 0.20 0.31 0.22 0.03

Potato ET
𝑚

0.00 16.87 61.56 129.22 118.91 101.47 11.32
𝜆 0.00 0.01 0.03 0.07 0.06 0.05 0.00

Flax ET
𝑚

0.00 18.49 105.02 150.06 146.19 77.90 0.00
𝜆 0.00 0.12 0.27 0.36 0.35 0.09 0.00

Melon ET
𝑚

0.00 0.00 51.85 62.84 125.85 68.48 21.65
𝜆 0.00 0.00 0.06 0.07 0.15 0.08 0.01

Table 4: Nonagricultural water of irrigation districts (106 m3).

Irrigation district index GL HY ZM JT XY DH QY JY YC QH
Nonagricultural water 7.74 9.30 16.71 8.39 6.20 1.53 4.49 4.86 7.07 3.03

The quantity of groundwater supply is calculated by
recharged coefficients. Qu et al. [28] estimate reservoir see-
page and river seepage recharged coefficients as 0.85 and
irrigation seepage as 0.8.

Calculation results of Yao et al. [29] show that the
lateral groundwater inflow is 136 × 10

6m3 and the lateral
groundwater outflow is 254 × 106m3.

To ensure reasonable water allocation between upstream
and downstream users, according to local planning, the
available groundwater mining is controlled below 319 ×

10
6m3 and minimum downstream water requirement is not

less than 218 × 106m3 under local planning requirements.

4. Results Analysis

4.1. Multicrop Deficit Irrigation Management. Deficit irriga-
tion could result in the lower crop yields and reduce the net
benefits of the irrigation district. However, it is unavoidable
because of water resources shortage. The relation between
sensitivity of water deficit and crop water use efficiency was
studied through the use of Jensen model.

According to the calculation results of optimal decision-
making model, deficit irrigation proportions of the five crops
in the whole growth stage in river irrigation district are 0.61,
0.84, 0.71, 0.60, and 0.68, respectively, and in well irrigation
district the values are 0.76, 1.00, 1.00, 0.94, and 0.60. It
indicates that deficit irrigation should be adopted primarily
in river irrigation district.

The optimization model can reach crop water require-
ment in each irrigation interval. As shown in Figure 4, the
priority deficit irrigation crops are melon and wheat in
well irrigation district. ET is monthly optimal crop water
requirements and ET

𝑚
is monthly potential crop water

requirements. The results can provide multiperiod deficit
irrigation management for the agricultural producers.
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(b) Optimal crop water requirements in well irrigation

Figure 4: Results of crop deficit irrigation management.

4.2. Monthly Reservoirs Operation. In the monthly multicrop
irrigation system, water resource is mainly obtained from the
mountain river. Reservoirs regulation is significant for the
water utilization. Reservoirs release and overflow manage-
ment can be determined by the model. The nonagricultural
water demand of each irrigation district among time periods
is even, but the primary part of agriculture water demand
depends on the crop area and growing periods of crop.
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Figure 5: Real-time multireservoirs release.
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Figure 6: Real-time reservoirs overflow.

Total annual runoff of the six rivers is 1145.9 × 106m3 and
real-time multireservoirs release can be shown in Figure 5.
Agricultural water consumption takes most rates in water
consumption structure.Themaximumwater demand occurs
in June. Water withdrawal is closely related to irrigation area
of each reservoir water-supply zone. The total annual water
withdrawal from reservoir is 665.74 × 106m3.

To avoid the occurrence of shortage and overflow at
the same time period, overflow would not happen unless
the reservoir is full storage. Figure 6 shows the real-time
reservoirs overflow. Overflow occurred in the period from
August to October when irrigation water demand decreased
and monthly runoff was still high. The annual reservoirs
overflow is 154.51 × 106m3. It indicates that mountainous
runoff is utilized by river irrigation district. The maximum
annual overflow is from Xiying Reservoir with 124.24 ×

106m3, and the minimum overflow is from Huangyang
Reservoir with 0.21 × 106m3.

4.3. Recharge Relationship between Surface Water and Under-
ground Water. Wuwei Basin is a typical inland river basin;
conjunctive use of surface water and underground water is
necessary to the arid irrigation area. To be more efficient
in the groundwater management, managers should try to
realize recharge relationship between surface water and
undergroundwater anddetermine the available underground
water.

In the model, underground water is pumped in the
well irrigation district and supply from reservoir seepage,
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Figure 7: Monthly groundwater recharge in the basin.
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Figure 8: Monthly groundwater use in well irrigation district.

river seepage, irrigation seepage, and the lateral groundwater
inflow in the southern basin. Figure 7 shows the monthly
groundwater recharge of the basin.

As a result of conjunctive use of surface water and
groundwater optimization model, the groundwater use in
each well irrigation district can be listed in Figure 8, in order
to provide decision support for local irrigation management.
The major groundwater exploitation is from April to August.
Groundwater quantity balance is considered in the model.
Groundwater exploitation is less than groundwater recharge,
and annual exploitation does not exceed allowable amount of
groundwater.

4.4. Fuzzy Stochastic Uncertainty. In real-world practical
problem, reservoir capacity is not considered as strictly
determinate numbers, and the failure of the constraint is
allowed. So the chance-constraint programming is consid-
ered to analyse the uncertain constraint of the failure of the
limitation of the total reservoir capacity. Proper violation
under different risks is studied in the model, which provides
selectable management strategies for the decision makers.
Necessity of dominance (ND) solutions under three 𝛼-cut
levels are calculated.

As shown in Figure 9, the lower𝛼-cut level leads to higher
total crop yield. It means that reservoir capacity constraint is
loose under lower 𝛼-cut level and higher violation risk leads
to larger system benefit.

In this model, the right hand of the reservoir capacity
constraint is allowed to change under the given probabilities.
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Figure 9: Total crop yield of the entire irrigation districts under
different 𝛼-cut levels.
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Figure 10: Reservoirs withdrawal and overflow under different 𝛼-
cut levels.

As shown in Figure 10, water supply from reservoirs is 0.668
× 109m3 (𝛼 = 0.2) and the corresponding figure is 0.660
× 109m3 (𝛼 = 0.75), while water overflow from reservoirs
experiences the opposite change.

5. Conclusions

In this study, a multicrop irrigation water resources opti-
mization model based on Jensen water production function
model for real-time reservoirs operation is proposed. The
objective of the model is to achieve the maximum benefit of
irrigation areas, considering water stress level of crops and
the dynamic characteristic in the irrigation water resources
optimal allocation system. The proposed model can pro-
vide decision makers with different irrigation water optimal
staged allocation schedules (conjunctive of surface water and
groundwater) of upstream and downstream and agricultural
and nonagricultural water resources, and so forth.

Considering the uncertainties of irrigation water
resources management system, fuzzy chance-constraint
programming is introduced to the developed model.
Necessity of dominance (ND) is adopted to solve fuzzy

chance-constraint program, with the membership function
of both fuzzy parameters and probabilities being a triangular
fuzzy membership function in this study.

The developed model has been applied to Shiyang River
Basin, China, to demonstrate the applicability of the devel-
oped model. The limited water resources supply, that is,
monthly runoff and effective precipitation, the conjunctive
use of surface water and groundwater, and the ecological
water demand of downstream are considered. As a result,
the irrigation water resources optimal allocation schedules
for multiple crops of multiple periods of reservoirs operation
under different 𝛼-cut levels are obtained and analyzed. Such
results are valuable for local irrigation managements and
agricultural producers. Further study will focus on field
measurement experiments of some parameters, for example,
utilization coefficient of irrigation water, seepage recharged
coefficients, and river leakage rate to make the developed
model have more practical value.

Nomenclature

𝐴
𝑘,𝑛: Irrigated crop area

𝑏
𝑘

𝑡
: 0-1 type integer variables to decide the

overflow of the reservoir
𝐶
𝑘: Effective capacity of reservoir

𝐸
𝑘

𝑡
: Reservoir losses

ET𝑘,𝑛
𝑡
: Actual crop evapotranspiration

ET𝑛
𝑡max: Potential maximum crop

evapotranspiration
𝜆
𝑛

𝑖
: Sensitive index of the crop to water stress

during the stage
𝐹: Expected crop yields of the entire

irrigation districts
GI
𝑡
: Lateral groundwater inflow from

mountains
GO
𝑡
: Recharge of groundwater from river

irrigation district
GWD

𝑡
: Groundwater supplementary amount for
downstream

GWO
𝑡
: Lateral groundwater outflow from well
irrigation district

𝑖: Well irrigation district index
𝐼
𝑘

𝑡
: Inflow to the reservoir in time period 𝑡

IR𝑘
𝑡
: Net irrigation water requirement

AW𝑘
𝑡
: Agricultural water requirement in river

irrigation district
AW𝑖
𝑡
: Agricultural water requirement in well

irrigation district
DW𝑘
𝑡
: Nonagricultural water requirement in

river irrigation district
DW𝑖
𝑡
: Agricultural water requirement in well

irrigation district
𝑘: River irrigation district index
𝑛: Crop index
𝑂
𝑘

𝑡
: Reservoir overflow

𝑃
𝑘,𝑛

𝑡
: Effective precipitation

𝑅max: Annual allowable amount of groundwater
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𝑊min: Annual downstream minimum ecological
water demand

𝑅
𝑘

𝑡
: Water consumption in the irrigation

district
RL𝑘
𝑡
: Loss of river

RO𝑘
𝑡
: Remaining flow of the rivers

𝑡: Time period index
𝑉
𝑘

𝑡−1
: Reservoir storage at the beginning of time

period 𝑡
𝑉
𝑘

𝑡
: Reservoir storage at the end of time period

𝑡

𝑌
𝑛

max: Crop maximum yield of crop n under the
condition of full irrigation method

VG
𝑡
: Storage capacity of groundwater

𝜂
𝑘: Utilization coefficient of irrigation water.
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Empirical orthogonal function (EOF) decomposition and geostatistical (semivariogram) analysis are used to analyze the spatial
and temporal patterns of annual precipitation in theWeihe basin based on the data from 1960 to 2011 at 30 national meteorological
stations within and surrounding the Weihe basin area of the Loess Plateau in China. Then the Mann-Kendall method is used to
discriminate the variation points of precipitation series at each station.The results show that, during the study period, there was an
overall reduction in annual precipitation across the basin and there were two spatial patterns: increase in the northwest, decrease in
southeast and increase in the west, decrease in east. Variation points in the annual precipitation series at eachmeteorological station
in the basin were detected, and they occur earliest in the southeast and downstream, then progressively later in the northwest and
upstream areas. These variations were most frequent during the 1970s and 1980s. The findings have significant implications for the
variations research of runoff in the basin and formulate robust strategies to adapt to climate change and mitigate its effects.

1. Introduction

Climate change is causing increasing concerns globally. Pre-
cipitation is a key climatic parameter that strongly affects
runoff and diverse hydrological variables.Thus, knowledge of
precipitation patterns is essential for characterizing past and
present climate changes, predicting future changes, and eval-
uating their effects. Several studies have shown that annual
precipitation in China is declining [1, 2], while the frequency
of extreme weather events is increasing [3]. The changes in
precipitation are closely related to changes in runoff and thus
are affecting ecosystems and restricting socioeconomic devel-
opment [4]. In the Weihe basin, located in the eastern part
of northwest China, there are fragile ecosystems and frequent
natural disasters. Thus, analysis of the spatial and temporal
variation in precipitation in the basin is essential for under-
standing changes in runoff and the associated socioeconomic
and ecological impact in the region and for formulating
robust, cost-effective strategies to adapt to and mitigate the
effects of climate change.

2. Study Area

Weihe River of the Loess Plateau in China originates in the
north of Niaoshu mountain in Weiyuan county of Gansu
province, emptying into the Yellow River at Tongguan county
of Shaanxi province, which has a drainage area of 135000 km2
and flows 818 km eastwards through 84 counties and three
provinces across the guanzhong basin [5]. The Weihe basin
spans longitude and latitude ranges of 103.5∘ ∼110.5∘ E and
5∘∼37.5∘N, respectively, and the two main tributaries are the
rivers Jinghe and Beiluohe [6]. The southeast part of the
basin is located in the continental monsoon zone, while the
northwest part is in the transitional zone between arid and
humid regions, controll by West Pacific subtropical high and
Mongolia High, the basin is drought in spring, rainy hot in
summer but drought frequent, dry cold in autumn andwinter
[7].There are major annual variations in precipitation, which
is concentrated in July to October, when about 65% of annual
precipitation occurs [8]. The average temperature is −1∘ to
−3∘C in the coldest month (January) and 23∘∼26∘C in the
warmest month (July) [9].
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Figure 1: Map of the Weihe basin showing the four subbasins and locations of hydrological and meteorological stations.

Climate changes have had marked effects in the Weihe
basin. Thus, we have examined changes in annual precipita-
tion in the basin, from 1960 to 2011, in order to elucidate their
spatial and temporal patterns, thereby facilitating attempts to
formulate effective mitigation strategies. For the purposes of
the study, theWeihe basin is divided into four subbasins with
distinct hydrological characteristics and control stations: the
basin above Beidao station, Jinghe basin, Beiluohe basin, and
the Beidao to Huaxian section of the Weihe mainstream. A
map showing the areas covered by these subbasins and loca-
tions of hydrological andmeteorological stations is presented
in Figure 1.

3. Data Sources and Methodology

3.1. Data Sources. The annual precipitation data used in
this paper are recorded from 1960 to 2011 at 30 National
Standard Stations in the Weihe basin and the surrounding

area obtained from the China Meteorological Data Sharing
Service System (http://cdc.cma.gov.cn/home.do).

3.2. Methodology. First we calculate means in annual precip-
itation in the Weihe basin by statistical methods and deter-
mine trends by regression analysis. Then we use empirical
orthogonal function (EOF) decomposition and geostatistical
analysis method to analyze spatial and temporal patterns
associated with precipitation. Eigenvectors obtained from
EOF decomposition are then multiplied by trend vectors in
the matrix of the precipitation series to obtain eigenvector
fields, thus describing the spatial trends in annual precipi-
tation. Finally, we use the Mann-Kendall (M-K) method to
identify variation points in the precipitation series for each
station, thereby comprehensively describing the temporal
and spatial patterns of annual precipitation in each of the
subbasins.
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3.2.1. Regression Analysis. Regression analysis is applied to
analyze the correlationship of two variables, which deter-
mines relative direction and intensity. In this study, regression
analysis is used to get the linear regression of precipitation
and time, and the equation is as follows:

𝑃 = 𝑎𝑇 + 𝑏, (1)

where 𝑃 is the precipitation, 𝑇 is the time, and 𝑎 and 𝑏

are parameters. If the unit of 𝑇 is the year, usually 𝑎 is the
changing trend of annual precipitation.

3.2.2. Empirical Orthogonal Function Decomposition. EOF
decomposition involves decomposition of a matrix X of data
describing the distribution of a variable in both space and
time into a spatial function V and time function T as shown
in

X = VT,

X =

[
[
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(2)

where𝑚 and 𝑛 are points in space and time, respectively, and
𝑥
𝑖𝑗
is the value of the variable at point 𝑖 and time 𝑗 (here,

annual precipitation at station 𝑖 in year 𝑗).
If V and T are orthogonal,

𝑚

∑

𝑖=1

V
𝑖𝑘
V
𝑖𝑙
= 1, when 𝑘 = 𝑙,

𝑛

∑

𝑗=1

𝑡
𝑘𝑗
𝑡
𝑙𝑗
= 0, when 𝑘 ̸= 𝑙.

(3)

If X is an anomaly matrix (reference), multiplying the
equation X = VT by XT gives

XXT
= VTXT

= VTTTVT
= VΛV, (4)

where Λ is a diagonal matrix composed of eigenvalues 𝜆
𝑖
of

matrix XXT and

TTT
= Λ. (5)

Due to the characteristics of the eigenvectors, VTV is
a unit matrix, meeting the requirements of orthogonality.
Thus, the spatial function matrix V can be calculated from
eigenvectors of the matrix XXT.

Here, we multiply the spatial functionmatrixV of annual
precipitation in the Weihe basin by the trend vector D =

{𝑑1, 𝑑2, . . . , 𝑑𝑚}, composed of trends in annual precipitation
recorded at each station (V

𝑑
= DV), thus describing the

spatial trends of annual precipitation in the basin.
EOF decomposition was first established in 1902 [10].

It decomposes elements of a set of space-time data into

two functions, one dependent only on time and another
dependent only on space, to analyze the spatial structure of
element fields [11]. Thus, EOF decomposition is commonly
used to analyze spatial and temporal variations in meteoro-
logical elements. In contrast, principal component analysis
(PCA) is mainly used to find a few independent vectors in
a dataset to reduce its dimensionality, thereby simplifying
data handling and interpretation. However, the operational
steps are basically the same, when the original variables are
anomaly data or standardized anomaly data [12]. Hence, we
can use the PCA module of SPSS (statistical product and
service solution) software for EOF decomposition [13].

EOF decomposition and several variants thereof have
been widely applied for analyzing spatial changes in mete-
orological elements. Notably, EOF decomposition has been
used to analyze drought occurrence in both time and space
in Korea [14]. It has also been applied to establish contribu-
tions of annual evaporation, annual precipitation, and both
warm- and cold-season precipitation to the annual runoff
of rivers in an arid zone to obtain quantitative estimates of
the effects of climatic factors on reconstructions of annual
runoff series in an ungauged area [15]. A data-interpolating
empirical orthogonal function (DINEOF) has been used to
analyze distributions of sea surface temperatures in a study
demonstrating that DINEOF decomposition can be highly
effective, evenwhen very high proportions of data aremissing
[16]. In addition, rotated empirical orthogonal function
(REOF) decomposition has been applied to analyze space-
time patterns of groundwater fluctuations in the Choshui
River alluvial fan, Taiwan, based on monthly observations of
piezometric heads from66wells during the period 1997–2002
[17].

3.2.3. Mann-Kendall Variation Analysis. The Mann-Kendall
test has been widely used for identifying trends in time-
series data because it is nonparametric and thus suitable for
handling data that are not normally distributed, and it is
not sensitive to interference from a few outliers. The Mann-
Kendall test can also be used for variation diagnosis, and the
calculation method is as follows.

For a time series 𝑋 = {𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
}, the Mann-Kendall

test statistic 𝐷
𝜏
is given by the following model:

𝐷
𝜏
=

𝜏

∑

𝑖=1

𝑅
𝑖

(𝜏 = 2, 3, . . . , 𝑖) , (6)

where

𝑅
𝑖
= {

+1, 𝑥
𝑖
> 𝑥
𝑗

0, 𝑥
𝑖
≤ 𝑥
𝑗

(𝑗 = 1, 2, . . . , 𝑖) . (7)

The sequential statistic UF
𝜏
(in which UF

1
= 0) is

calculated by is

UF
𝜏
=

𝐷𝜏 − 𝐸 (𝐷
𝜏
)


√𝑉 (𝐷
𝜏
)

, (8)
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Figure 2: Isohyets showing mean annual precipitation in the Weihe basin.

where 𝐸(𝐷
𝜏
) and 𝑉(𝐷

𝜏
) are the mean and variance of the

series, given, respectively, by

𝐸 (𝐷
𝜏
) =

𝜏 (𝜏 − 1)

4
,

𝑉 (𝐷
𝜏
) =

𝜏 (𝜏 − 1) (2𝜏 + 5)

72
.

(9)

Then repeat the calculation with the inversion series𝑋 =
{𝑥
𝑛
, 𝑥
𝑛−1

, . . . , 𝑥
1
}, and let UB

𝜏
= −UF

𝜏
, (𝜏 = 𝑛, 𝑛 − 1, . . . , 1).

Define the significant level 𝛼, and find out the critical value
±𝑈
(1−𝛼)/2

. If the curves of UF
𝜏
and UB

𝜏
intersect and the

intersections are between the critical line (in this study, the
significant level 𝛼 is 0.95, and the critical line is ±𝑈

0.05/2
=

±1.96), the time of curve intersections is the starting time of
the variation.

Originally published in 1945 [18], it was initially only
used to detect trends in sequences. However, subsequent
modifications have enabled its use for detecting variation
points in various trends [19], and it has been applied in
reversed sequence to detect variation points in trends in
climate data time series [20]. Since then the method has
been widely used to diagnose variation points in hydrological
and meteorological data sequences [21, 22]. Notably, the M-
K method has been used to determine whether there were
positive or negative trends in seven meteorological variables
(and if so their significance) recorded at 12 weather stations in

Serbia during 1980–2010 [23]. Amodified formof themethod
has also been used to test scaling effects [24], and four variants
have been applied to determine trends in selected streamflow
statistics from Indiana [25]. In addition, a procedure for
calculating exact distributions of the M-K trend test statistic
for persistent data with an arbitrary correlation structure has
been presented [26], and the test has been used to detect
directions and magnitudes of changes in monotonic trends
in annual and seasonal precipitation over time in annual
precipitation inMadhya Pradesh, India [27]. Here, we applied
the M-K test to detect trends variation points in the time
series of the data obtained from the 30 stations in the Weihe
basin (Figure 1).

4. Results

4.1. Spatial Patterns of Annual Precipitation in the Weihe
Basin. Means and trends in annual precipitation in theWeihe
basin from 1960 to 2011 are shown in Figures 2 and 3. The
mean annual precipitation at each station changed greatly.
Spatially, it declined from the southeast to northwest. Mean
annual precipitation in the basin amounted to 580 mm, with
a maximum exceeding 800mm at Huashan and Zhen’an area
and a minimum of 340mm in the northwest. The annual
precipitation trend at each station was negative, except at
Xi’an where it increased by 0.123mm/a. The mean trend
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Figure 3: Annual precipitation trends in the Weihe basin.

Table 1: Eigenvalues and their contributions to the variance of annual precipitation in the Weihe basin obtained from EOF decomposition.

Component

Initial eigenvalues Extraction sums of squared loadings

Eigenvalues
𝜆
𝑖

Proportion of
variation (%)

Cumulative
proportion of
variation (%)

Eigenvalues
𝜆
𝑖

Proportion of
variation (%)

Cumulative
proportion of
variation (%)

1 13.648 45.494 45.494 13.648 45.494 45.494
2 5.363 17.875 63.369 5.363 17.875 63.369
3 1.997 6.658 70.027 1.997 6.658 70.027
4 1.404 4.681 74.708
5 1.196 3.985 78.693
6 0.912 3.039 81.732
7 0.685 2.285 84.017
8 0.634 2.113 86.130
9 0.506 1.686 87.816
10 0.422 1.408 89.224
Extraction method: principal component analysis.

across the basin was −1.662mm/a, clearly showing that
annual precipitation declined and that this trend was most
pronounced in upstream areas.

4.2. EOF Decomposition of Annual Precipitation in the Weihe
Basin. The precipitation data analyzed herein originated
from the Weihe basin and the surrounding 30 national
standard stations during the period 1960–2011. From this

data, we derived the normalized anomaly matrix X for
annual precipitation. Empirical orthogonal function (run in
SPSS) was used to calculate the eigenvalues of the covariance
matrix of X and the amount of variation that each principal
component explained, as shown in Table 1.

Eigenvalues for the covariance matrix of the Weihe
basin annual precipitation matrix and their contributions
to variance (specific and cumulative), obtained by empirical
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orthogonal function (using SPSS software), are shown in
Table 1. The precipitation field rapidly converged; the first
principal component (PC) accounted for almost half (45.5%)
of the variation in annual precipitation, and the first three
components (all of which had eigenvalues exceeding 1) for
70.0% of the variation.Thus, the first three PCs and eigenvec-
tors describe the spatial distribution of annual precipitation
in the Weihe basin quite well.

Eigenvectors of the covariance matrix cannot be directly
obtained from the SPSS output but can be obtained by div-
iding the 𝑖 vectors of the matrix by the square roots of the
corresponding eigenvalues. The vector corresponding to the
largest eigenvalue is eigenvector 1, with progressively small
eigenvalues associated with subsequent eigenvectors (2, 3,
4, etc.). The first three eigenvectors obtained from the EOF
decomposition of the annual precipitation in theWeihe basin
dataset are shown in Table 2.

The first three eigenvectors obtained from the EOF anal-
ysis provide an approximate description of the precipitation
values. If their values are consistently positive or negative,
there is a consistent precipitation trend, and the area with
the largest absolute value is the center of the variable field. In
contrast, if the eigenvector values fluctuate between positive
and negative, the trend is nonuniform.

We used the Geostatistical Analyst module of ArcGIS to
undertake a semivariogram analysis of the first three eigen-
vectors and thus, to obtain the spatial variability parameters
shown in Table 3.We then usedKriging interpolation to draw
a map of each eigenvector field.

As can be seen from Table 3, the azimuth angles of
eigenvectors 1, 2, and 3 are 4.7∘, 65.5∘, and 309.6∘, approx-
imately south to north, east-northeast to west-southwest,
and northwest to southeast orientations, respectively. All the
eigenvectors have a small Nugget value, indicating that the
precipitationmeasurement error is small. Indeed, the Nugget
of eigenvector 2 is zero, indicating that themeasurement error
for precipitation in this eigenvector field can be ignored. The
partial sill of eigenvector 1 is significantly lower than that of
the other eigenvectors, indicating that it reflects smaller-scale
variations. The Weihe basin spans about 7∘ longitude and 4∘
latitude. Thus, since the major ranges in the eigenvectors are
6.29∘ latitude and longitude, the variability of precipitation
changes with distance across the basin.

4.3. VariationDiagnosis of Annual Rainfall in theWeihe Basin.
The Weihe basin is divided into four subbasins, with differ-
ing hydrological characteristics, and controlled by different
hydrological stations. The areas covered by the subbasins
and locations of hydrological and meteorological stations are
shown in Figure 1.TheM-Kmethodwas used to discriminate
variation points in the trends in the annual precipitation
series recorded at each station during 1960–2011, and the
results are shown in Table 4.

5. Analysis and Discussion of Results

5.1. Analysis of Spatial Variation of Annual Precipitation in
the Weihe Basin. As shown in Table 2, all components of

Table 2: Eigenvectors obtained byEOFdecomposition of the annual
precipitation in the Weihe basin dataset.

Eigenvectors
Eigenvector 1

𝑉
1

Eigenvector 2
𝑉
2

Eigenvector 3
𝑉
3

Lintao 0.190 −0.137 −0.291
Huajialing 0.190 −0.043 −0.383
Wuqi 0.196 −0.157 0.112
Guyuan 0.224 −0.082 −0.086
Huanxia 0.210 −0.140 0.086
Yan’an 0.208 0.011 0.251
Xiji 0.192 −0.131 −0.308
Pingliang −0.070 0.045 −0.019
Xifengzhen 0.222 0.104 0.067
Changwu 0.204 0.201 0.058
Luochuan 0.200 0.139 0.179
Tongchua 0.154 0.248 0.168
Minxian 0.202 0.001 −0.271
Tianshui 0.204 0.057 −0.241
Baoji 0.167 0.287 −0.021
Wugong 0.180 0.273 −0.010
Xi’an 0.158 0.277 0.051
Huashan 0.163 0.215 −0.100
Foping 0.177 0.218 0.009
Zhen’an 0.157 0.245 0.042
Shangzhou 0.167 0.223 −0.021
Jingtai 0.119 −0.198 0.272
Jingyuan 0.167 −0.250 −0.084
Yuzhong 0.178 −0.156 −0.281
Zhongning 0.182 −0.206 0.127
Yanci 0.170 −0.200 0.250
Hengshan 0.183 −0.120 0.240
Suide 0.175 −0.108 0.260
Haiyuan 0.199 −0.231 0.004
Tongxin 0.192 −0.221 0.072

Table 3: Spatial variability parameters of eigenvectors of annual
precipitation in the Weihe basin.

Eigenvectors
Eigenvector 1

𝑉
1

Eigenvector 2
𝑉
2

Eigenvector 3
𝑉
3

Azimuth angle (∘) 4.7 65.5 309.6
Nugget (𝐶

0
) 0.0012685 0 0.0013054

Partial sill (𝐶) 0.0014968 0.41084 0.044187
Major range
(∘ latitude and
longitude)

6.28911 6.28911 6.28911

eigenvector 1 are positive, except the data from Pingliang sta-
tion, indicating that precipitation in theWeihe basin had high
spatial consistency during the study period. The downward
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Table 4: Variation points in annual precipitation trends in the Weihe basin.

Subbasins Meteorological
stations

Variation points
1960–1969 1970–1979 1980–1989 1990–1999 2000–2011

Weihe basin above
Beidao station

Tianshui 1971 1983, 1985 2002
Minxian 1986, 1988 2006
Huajialing 1986
Lintao 1986, 1987 2003, 2006, 2008
Xiji 2005

Jinghe basin

Huanxian 1970 2002
Guyuan 1972 1986 1996
Pingliang 1971, 1977 1980–1985∗ 1990
Xifengzhen 1972, 1979
Changwu 1978, 1979 1983, 1985

Beiluohe basin
Wuqi 1971–1974∗ 1981, 1983, 1986–1995∗, 1998 2000, 2003, 2007

Yan’an 1972–1975∗
1978, 1979 1982

Luochuan 1970, 1976

Beidao to Huaxian
section of Weihe
mainstream

Baoji 1969 1971, 1974,
1976, 1978 1980, 1982

Wugong 1961,
1964–1970∗

Xi’an 1962, 1965
Tongchuan 1976 1983, 1985
Zhen’an 1972, 1975

Foping 1966, 1968 1973, 1977,
1979 1986, 1988

Shangxian 1960, 1963 1971, 1975 1984
Huanshan 1986

Extraction method: Mann-Kendall method. ∗indicates that variation occurred frequently during the indicated period.

trend of annual precipitation shows that annual precipitation
in the basin declined in the region, and this consistent trend
accounts for 45.5% of the variance. The basin covers parts of
the continental monsoon zone and transitional zone between
arid and humid regions of northwest China. The overall
consistency and decline represented by eigenvector 1 are the
main spatial features of precipitation patterns in the Weihe
basin during the study period.

The eigenvector 2 values obtained from EOF decomposi-
tion of the annual precipitation data are shown in Figure 4.
The values can be divided by a line passing roughly from
Yan’an through Pingliang to Tianshui, into positive and
negative anomaly areas covering the southeastern parts of the
Weihe basin (with themost-positive anomaly center in Baoji)
and northwestern parts (with the most-negative anomaly
center in Wu Qi), respectively. These results confirm that
the annual precipitation in the basin has a clear northwest-
southeast pattern.

Combining the eigenvalues with the trends in annual
precipitation recorded at each of the stations gives the eigen-
vector 2 trend values (Figure 5), which show that precipita-
tion declined in the southeast and increased in the northwest.
The decline was most pronounced at the downstream station
Huashan.

The eigenvector 3 values have a clear eastwest pattern
(Figure 6), with a negative anomaly area covering upstream
parts of the basin and a positive anomaly center located in the
Luochuan region, north of Shaanxi.These findings show that,
in addition to the consistent overall pattern and northwest-
southeast precipitation patterns, there is a clear eastwest
pattern. In combination with the precipitation trends at the
30 stations, the results clearly show that annual precipitation
declined in northern Shaanxi and increased in the upstream
areas (Figure 7).

To summarize, there were three spatial patterns of annual
precipitation in the Weihe basin during the study period: (1)
consistent overall decline, (2) declined in the southeast and
increased in the northwest, (3) declined in northern Shaanxi
and increased in the upstream areas.

5.2. Analysis of Annual Precipitation Variation in the Weihe
Basin. The results summarized in Table 4 show that varia-
tion points occurred in trends of the annual precipitation
sequence recorded at every meteorological station in the
Weihe basin, but their timings differed in the following
manner.

(1) The timing of variation points has clear spatial char-
acteristics, with gradual progressions from southeast
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Figure 4: The eigenvector 2 values for annual precipitation in the Weihe basin.
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Figure 6: The eigenvector 3 values for annual precipitation in the Weihe basin.

to northwest and downstream to upstream. The first
variation points occurred in the early 1960s at the
Shangxian, Wugong, and Xi’an stations in the Beidao
to Huaxian section of the Weihe mainstream, and
later in the late 1960s and early 1970s, other stations
variation occurred in this section. In the Jinghe
and Beiluohe basins the first variation occurred in
the early 1970s. In the Weihe basin above Beidao
stationand variation occurred most recently, in the
mid- and late 1980s, except at Tianshui station (1971).

(2) Variation points in the trends of annual precipitation
in the basin above Beidao station were concentrated
in the 1980s, while they covered longer periods of
the 1970s and 1980s in other subbasins. These results
indicate that precipitation variation points occurred
frequently during the 1970s to 1980s in each subbasin.

(3) After the 1990s, the frequency and scope of precipi-
tation variation declined. No variation points in the
1990s were detected except at Guyuan, Pingliang,
and Wuqi stations. After the 1990s, there were no
variation points in the annual precipitation sequences
recorded in the Beidao to Huaxian section of the
Weihe mainstream, Jinghe basin, or Beiluohe basin.
These results show that, after an active period of
precipitation variation in 1970s and 1980s, the annual

precipitation sequence in the Weihe basin was rela-
tively stable.Thus, during the study period there were
shifts in precipitation from one stable state to another
after disturbance.

(4) From 2000 to 2011, further changes in annual pre-
cipitation occurred in the basin above the Beidao
station and at the most northern stations of the
basin (Huanxian and Wuqi). These variations were
clearly regional, concentrated in the northwest of the
Weihe River basin and the source areas of the rivers
Jinghe and Beiluohe. Due to the limited length of the
time series, it is not possible to distinguish whether
these variations were due to small-scale regional
variations, or represent initial stages of wide-ranging
variation across the whole basin, or were the result
of lingering temporal and spatial effects of the basin-
wide variation that occurred in the 1970s and 1980s.

(5) The variation in annual precipitation in the Weihe
basin propagated from the southeast to the northwest.
This is consistent with the orientation of the eigen-
vector 2 field of annual precipitation obtained from
EOF decomposition and the spatial pattern of mean
annual precipitation in the basin. The factors causing
these patterns are not clear from the data presented
here but will be addressed in future studies.
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Figure 7: The eigenvector 3 trend field for annual precipitation in the Weihe basin.

6. Conclusions

We have analyzed spatial and temporal patterns of annual
precipitation in the Weihe basin using data recorded from
1960 to 2011 at 30 National Standard Stations in the basin
and surrounding area, by applying empirical orthogonal
function decomposition in combination with geostatistical
(semivariogram) analysis, then using the Mann-Kendall
method to discriminate variation points in the precipitation
series recorded at each station.

(1) The main spatial patterns of annual precipitation in
the Weihe Basin during the study period were a
consistent overall decline, which was strongest in the
northwest and progressively weaker from northwest
to southwest and from west to east. The consistent
overall decline accounted for 45.5% of the total
variation.

(2) Variation points were detected in the annual precip-
itation sequences recorded at all the meteorological
stations in the basin, but their timing had clear spatial
patterns, starting gradually later from the southeast
to the northwest and downstream to upstream. In
the 1970s and 1980s they occurred frequently in each
subbasin.

(3) After the 1990s, following the active period of precip-
itation variation in the 1970s and 1980s, the frequency
and scope of precipitation variations declined. Thus,
during the study period there were shifts in precipita-
tion fromone stable state to another after disturbance.
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Today the knowledge of physical parameters of a basin is essential to know adequately the rainfall-runoff process; it is well known
that the specific characteristics of each basin such as temperature, geographical location, and elevation above sea level affect the
maximum discharge and the basin time response. In this paper a physically based model has been applied, to analyze water balance
by evaluating the volume rainfall-runoff using SHETRAN and hydrometric data measurements in 2003. The results have been
compared with five ETp different methodologies in the Querétaro river basin in central Mexico. With these results the main effort
of the authorities should be directed to better control of land-use changes and to working permanently in the analysis of the related
parameters, which will have a similar behavior to changes currently being introduced and presented in observed values in this
basin. This methodology can be a strong base for sustainable water management in a basin, the prognosis and effect of land-use
changes, and availability of water and also can be used to determine application of known basin parameters, basically depending
on land-use, land-use changes, and climatological database to determine the water balance in a basin.

1. Introduction

The main problems in the world are associated with the
quantity and quality of existing data [1], which represent
more time of process and uncertainty in the obtained results.
Moreover the government policies are limited in making
growing plans for urban centers and do not consider a scheme
of penalties when variables as land-use are not respected
because there is no knowledge of the effect of changes in
the basin’s hydrology. As mentioned in Amini et al. [2], in
which a dendritic watershed system is used to determine
the conditions of a watershed affected by land-use changes,
they do not consider the full quantity of precipitation in one
observed year or the effect of antecedent soil moisture.

In Mitsuda and Ito [3], different factors that affect the
response of the basin are listed such as the land-use changes,
the landowners activities, and the poor political strategies
that increase the climate change effects [4], biodiversity alter-
ation, and changes in biogeochemical and hydrological cycle;
however they assume that natural and environmental factors
are based only in the slope that is one of many variables
that should be studied in a hydrologic basin, where the main
interest is related to environmental topics as mentioned in Su
and Christensen, 2013 [5].

In Mendoza et al. [6], the implications for land-use
and land cover changes are soil erosion and degradation
that disturbs the ecosystem capability to provide the natural
benefits such as superficial and underground water retention;
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nevertheless it is considered a distributed model that consid-
ers the runoff as a function of biophysical characteristics and
not based on the physical basin variables. With the product
of this research, as mentioned in Li and Huang, 2012 [7],
a linkage can be applied among environmental regulations
and economic implications with the use of informatics tools;
finally through numerical modeling and applied research an
environmental linkage can be carried out that involves the law
and the economic implications [7].

In many places there are problems associated with the
quantity and quality of existing dataset, representing time and
uncertainty of the data. Moreover, government policies are
limited in making decisions growing plans for urban centers
and do not present a scheme of penalties when the laws on
land-use changes are not respected.

As mentioned in Ewen [8], the physically based mod-
els are used to determine the water flow in the surface,
underground, and environment. Surface and underground
processes arewidely explained inBirkinshaw andBathurst [9]
wherein SHETRAN is used as a distributed hydrologicmodel.

The importance of this model in water balance is related
to the places in the world where quantity and quality of
measurement stations are poor with lack of data in most
of cases. The insufficient quantity of climate datasets is the
main problem to solve tomake decisions for annual water use
management in this basin and its use.

The results suggest that the use of SHETRAN in water
balance in the Querétaro river basin has the advantage that it
depends on the knowledge of physic parameters of the basin
and can be applied in unmeasured basins when the stations
are damaged or do not have resources to implement a system
of hydrometric monitoring.

2. Material and Methods

2.1. Location. The Querétaro river basin area is 2,707.74
square kilometers, located in central Mexico, 200 km to
the northwest of Mexico City (Figure 1). Its coordinates
are UTM-WGS84 14N 𝑥(𝐸) = 358,380; 𝑦(𝑁) = 2282,700;
1,800 meters above sea level (masl). The basin drains to the
Ameche hydrometric station (1,787masl), 20 kilometers west
of Querétaro city. The annual rainfall rate is 55 centimeters
per year, mean annual temperature is 18.7∘C, and mean
annual potential evaporation is 2,050–2,200mm. This basin
is close to the Continental Divide of the Americas and drains
to Lake Chapala in the state of Jalisco, 450 km to the west of
Querétaro city.

The total rainfall registered in climate stations in 2003
(Table 1) represents twice the average annual volume. As
mentioned in Nayak and Mandal [13] and Mahmood et al.,
[14], these effects can be attributed to the phenomenon of
global warming so that the high rainfall events should be
analyzed in shorter time periods to determine the response
of basin to these changes [15].

2.2. Basin. The last years there has been an increase in urban
land-use changes, principally in east, west, and northwest
of the basin, due to topographic natural conditions and
industrial-commercial activity increasing. Because of this

recent increase in land-use changes, the basin is subject to
floods more frequently.

In this basin there is no methodology to determine the
water balance based on the characteristics of the region,
so that different formulas are applied based on existing
regulations [16], which can be implemented in a better way
if the physical parameters of the basin are considered, due
to the poor level of hydrometric data quality; nevertheless
actually these data are used to determine the water balance. A
physically basedmethod can be applied calculating the runoff
by using the precipitation and land-use conditions. At the
same time themargin of uncertainty that can be very sensitive
in low availability of water resources in the basin must be
continuously evaluated.

2.3. Digital Terrain Model. A digital terrain model (DTM)
was obtained from INEGI (Instituto Nacional de Estadı́stica
y Geograf́ıa, México) topographic maps (INEGI, 2010), at
a scale of 1 : 50,000. The data was processed with ArcMap
3D Analyst to define the catchment [17], using

𝑍 (𝑥) = 𝑚 (𝑥) + ,

(𝑥) + ,


, (1)

where𝑍(𝑥) is the value of the elevation in the position𝑥,𝑚(𝑥)
is the function that describes the dataset ,(𝑥) is the stochastic
local variation in the dataset after the 𝑚(𝑥) variation, and
,
 is the no tendencies variability dataset (noise). When the
dataset has no tendencies𝑚(𝑥) = 0, then

𝐸 [𝑍 (𝑥) − 𝑍 (𝑥 + ℎ)] = 0, (2)

where ℎ is the distance among the evaluated points and the
variogram 𝛾(ℎ) as follows:

Var [𝑍 (𝑥) − 𝑍 (𝑥 + ℎ)]=𝐸 [{𝑍 (𝑥) − 𝑍 (𝑥 + ℎ)} 2]=2𝛾 (ℎ) .

(3)

Figure 1 shows the resulting digital terrain model.

2.4. Runoff and Rivers. In this basin there are three main
rivers (Figures 2 and 2(a)): Arenal river (fromnorth to south),
Pueblito river (from south to north), and Querétaro river
at the center of the basin (from east to west), which all
converge close to the Querétaro-Guanajuato state border. All
of them flow across the Querétaro city urban area, where in
recent years repetitive flooding has been observed. On the
one hand the risk of flooding damage to population affects
public services, economic activities, and social activities. On
the other hand, the water deficit occurs for most of the year
and in dry years the total rainfall is less than 450mm [11].

2.5. Satellite Images. A Landsat TM Satellite geotiff 30 ×

30 meters image (September 2003) was used to generate
the grid used in the hydrological model. This image was
classified with ArcMap 5 4 3 (red, green and blue) bands a
reflectance of 𝑅 = 𝐶2, 𝐺 = 𝐶3, 𝐵 = 𝐶1. The resulting image
was aggregated to obtain a 2.1 × 2.1-kilometer grid model.
A classification method supervised was used with in situ
interpretation and land-use. Satellite data was obtained from
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Figure 1: Central Mexico: Querétaro river basin. In the middle of Guanajuato and Querétaro State. SHETRAN terrain model values were
aggregated to a 2,100mmesh. At north (2,710) and south (2,610) are the major elevations above the sea level.

the United States Geological Survey (USGS) and was used to
reduce the landscape and land-use cover uncertainty [18] in
this basin in natural and urban areas. As a result of the satellite
image analysis, the forest represents 20%, arable land 65%,
water bodies 1%, and urban paved surfaces 14% (Figure 2).

2.6. Land-Use and Interception. In semiarid areas of Mexico,
matorral intercepts from 1.9% to 7.7% of gross rainfall [19],
deciduous trees from 9% to 20%, and coniferous trees from
20% to 48% [12]. In urban areas, rainfall is intercepted
by buildings and vegetation. Buildings intercept rainfall
on rooftops and laterally on wall surfaces, modifying the
hydrological response peak time [20]. Canopy shrub and
grass saturation was estimated at 1.5mm using the linear
relationship between throughfall and steamflow, compared to
forest saturation, which was observed at 5.0mm [12].

The edge effects present in isolated tree canopies might
increase evaporation from wet canopies [21, 22]. Urban vege-
tation occurs as individuals or parklands, and therefore area-
based interception percentages are smaller than reported for
natural forests, grass, and possibly agroforests [12, 23–25].
Klaassen et al. [26] affirm that proximity to the forest edge
affects both the interception storage capacity and the rate of
evaporation of intercepted water, which cancel each other.

2.7. Soil. In Querétaro river basin the following different
soils exist: litosol, vertisol, fluvisol, phaeozem, chernozem,
castañozem, and yermosol (Figure 3 and Table 3), according
to World Reference Base for Soil Resources of the Food
and Agriculture Organization (FAO), where clay, loam, and
sand are the principal elements found in the basin. The
maximum depth layer is found at 5m with a rock basement
detected, located at the north of the basin. Vertisol is located
in the center of the basin, litosol at the south, north, and
east, and phaeozem in the upper areas coinciding with the
watershedmainly at the north and south; other soils are small
area of fluvisol (north), chernozem (south) in Huimilpan
municipality, and yermosol and castañozem.

2.8. Precipitation. In this region the main rainfall volume
occurs in summer (June to September), but the weather
stations usually have breakdowns, resulting in incomplete
databases that usually are filled by calculating missing values;
to determine the mean precipitation 80 rainfall years have
been analyzed. As a result dry years are considered between
257 and 550mm/year.

The maximum rainfall volume occurs between 5,850 and
6,800 hours, but May 2003 (3,700) and June (4,500) showed
an increase in volume annual rainfall. The maximum event
corresponds to 68mm (24-hour rainfall register).The 100 cm
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shrub), urbanized and paved surfaces 14% (mainly at the center of the basin; 1,870masl) and forest and water 21% (at north and south, in the
higher elevations). In (a), Querétaro (32.73 km), Pueblito (16.29 km) and Arenal (11.76 km) main rivers and flow direction are shown.

registered precipitation is considered in this paper to evaluate
the basin model calibration and runoff total volume. The
spatial rainfall analysis was made with daily precipitation
records, using for this 5 climate stations which were visited
to evaluate if they comply with the World Meteorological
Organization (WMO) principally related to obstructions at
surroundings [27].

The rainfall applied in the basin was the daily data
obtained from the government climate stations in data

station: 22027 (Carrillo), 22045 (Juriquilla), El Batan (22004),
22006 (Pueblito), and 22063 (Querétaro). The climate sta-
tions details and location are shown in Table 1 and Figure 2.

3. Theory

A SHETRAN grid soil column model [15] is used to
determine superficial and subsuperficial water interchanges
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Table 1: Climate stations: the 2003 total rainfall measured is shown.The maximum difference found in altitude is 85m, where the minimum
is Carrillo (1,800masl) and the highest is Juriquilla (1,885masl).

Name ID Locality Municipality Latitudea Longitudea Altitude (masl) Total 2003 rainfallb (mm)
El Batan 22004 El Batan Corregidora 20∘3017.33 100∘2527.08 1881 1,119.50
El Pueblito 22006 El Pueblito Corregidora 20∘3217.92 100∘2625.55 1826 1,079.00
Carrillo 22027 Querétaro Querétaro 20∘3612.60 100∘2555.49 1800 994.80
Juriquilla 22045 Juriquilla Querétaro 20∘4304.99 100∘2734.00 1885 904.20
Querétaro 22063 Querétaro Querétaro 20∘3348.42 100∘2209.88 1813 934.20

Mean 1,006.34c
aGeographical coordinate system (WGS-84. 14 north).
bTotal annual measured values in the climate station.
cAnnual mean precipitation in Querétaro is 550mm-year−1.

[28]. Evaporation is calculated with the Penman-Monteith
equation [29]:

𝐸
𝑝
=
𝑅
𝑛
Δ + (𝜌𝑐

𝑝
𝛿
𝑒
/𝑟
𝑎
)

𝜆 (Δ + 𝛾)
,

𝛾 =
𝑃𝑐
𝑝

𝜎𝜆
,

LE =
Δ (𝑅
𝑛
− 𝐺) + 𝜌𝐶

𝑝
((𝑒
𝑠
− 𝑒) /𝑟

𝑎
)

Δ + 𝛾∗
,

𝛾
∗
= 𝛾(1 +

𝑟
𝑐

𝑟
ℎ

) ,

(4)

where 𝐸
𝑝
is potential evapotranspiration, 𝑅

𝑛
is net radiation,

Δ is rate of increase with temperature of the saturation vapor
pressure of water at air temperature, 𝜌 is density of air, 𝛿

𝑒
is

vapor pressure deficit of the air, 𝑟
𝑎
is aerodynamic resistance

to transport of water vapor from the canopy to a plane
2m above it, 𝜆 is latent heat of vaporization of water, 𝛾 is
psychrometric constant, 𝑃 is atmospheric pressure, and 𝜎 is
ratio of density of water vapor to density of air (𝜎 ≈ 0.622).

𝐶
𝑝
is specific heat of air at constant pressure, LE is latent

heat flux (Wm−2), 𝑅
𝑛
is net radiation (Wm−2), 𝐺 is soil heat

flux (Wm−2),𝜌 is air density (kgm−3),𝐶
𝑝
is specific heat of dry

air jkg−1 (∘C−1), 𝑒
𝑠
is the saturation vapor pressure (kPa), 𝑒 is

actual vapor pressure of the air (kPa), and 𝑟
ℎ
is aerodynamic

resistance to turbulent heat (sm−1). Canopy resistance 𝑟
𝑐
is

bulk surface resistance that describes the resistance to flow of
water vapor from inside the leaf, vegetation canopy, or soil to
outside.

The surface calculated with stomatal resistance, 𝑟
𝑠
, and

leaf area index are

𝑟
𝑐
= 2

𝑟
𝑠

𝐿
𝑡

,

𝑟
ℎ
=
ln ((𝑧 − 𝑑) /𝑧

𝑀
) ln ((𝑧 − 𝑑) /𝑧

ℎ
)

𝑘2𝑈
𝑧

.

(5)

𝑧 is height above the ground surface for the wind speed
measurement (m), 𝑑 displacement (m), 𝑧

𝑀
roughness coeffi-

cient transference bending (m), 𝑧
ℎ
assumed roughness length

governing the transfer of sensible heat from the surface, 𝑘 von
Karman constant diffusive turbulence, and 𝑈

𝑧
wind velocity

at 𝑧 in ms−1.

3.1. ETp Methods. The Thornthwaite [30] method is one
of the most applied methods to determine a basin’s water
balance and thus originally was described:

𝑃 = 𝐼 + AET +OF + ΔSM + ΔGWS, (6)

where 𝑃 is the total precipitation, 𝐼 is the interception,
AET is the evapotranspiration, OF is the overland flow,
ΔSM is the soil moisture storage change, and ΔGWS is the
groundwater ponding changes. 𝑃, 𝐼, and AET are the main
water balance variables that consider changes in soil moisture
and groundwater storage changes.

In SHETRAN, the ET ratio, actual evaporation (AE), and
potential evaporation (ETp) are the main parameters that
increase or decrease the calculated annual runoff volume in
the basin discharge and therefore it is necessary to calculate
the ETp considering the database old weather stations, in
which the temperature is one of themost important variables.

Five differentmethodologies have been analyzed to deter-
mine ET values to calculate and compare the total discharge
and runoff volume: Thornthwaite and Papadakys (monthly
data, M), Blaney and Criddle, Hargreaves, and Hamon (daily
data, D). These methods are briefly explained.

Originally, the Thornthwaite method [30] was developed
with rainfall-runoff data applied to different basins. Results
were an empirical relationship between ETp, air temperature
that involves the vapor flux, and heat balance:

ETp = 16(
10𝑇

𝐼
)

𝑎

, (7)

where

𝐼 =

12

∑

1

𝑖,

𝑎 = (675 ∗ 10
−9
𝐼
3
) − (771 ∗ 10

−7
𝐼
2
)

+ (1792 ∗ 10
−5
𝐼) + 0.49239,

𝑖 = (
𝑇

5
)

1.514

.

(8)
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Figure 3: SHETRAN soils in the Querétaro river basin (mesh
resolution: 2,100 meters). The existing soil composition in this
basin is vertisol (52%), phaeozem (23%), litosol (18%), and fluvisol,
castañozem, chernozem, and yermosol (7%). Vertisol principally at
the center of the basin, at phaeozem north and south, and litosol
found at the center, northwest, and southwest.

The Papadakys method is based on saturated vapor deficit
(𝑒
0
− 𝑒), relative humidity, and temperature. The potential

ET was proposed in cases where the climate database is not
complete. In this method, Papadakys [31] proposed that:

ETp = 5.625 (𝑒
0
(𝑡max) − 𝑒

0
(𝑡min − 2)) , (9)

where the vapor pressure at saturation, 𝑒0, can be calculated
with Bossen’s relationship using average temperature (𝑡med) in
∘C as follows:

𝑒
0
= 33.8639 [(0.00738 ∗ 𝑡med + 0.8072)

8

− 0.000019

∗ (1.8 ∗ 𝑡med + 48) + 0.001316] .

(10)

The Hargreaves method [32] is often used to evaluate
potential ETp using temperature and solar radiation. The
relationship is known as follows:

ETp = 0.0023 (𝑡med + 17.78) ∗ 𝑅0 ∗ (𝑡max − 𝑡min)
0.5

, (11)

where 𝑅
0
(also known as 𝑅

𝑎
) is the extraterrestrial solar

radiation as a function of latitude. In Querétaro (México) this
value is north 21∘.

The Blaney and Criddle method [33] is used in arid
and semiarid regions to calculate ETp for periods of one
month or greater. It is commonly used to estimate reference
crop evapotranspiration in soil with water deficit using the
temperature variable as follows:

ETp = 𝑝 ∗ [(0.46 ∗ 𝑇med) + 8.13] , (12)

where 𝑝 = 100 ∗ (daylight hours per day/daylight hours per
year).

The Hamon method is applied mainly in places where
there are no reliable climate databases. Thornthwaite devel-
oped an empirical method with mean temperature data and
average daylight hours. Different authors found similarities
between the empirical Thornthwaite relationship and satu-
rated vapor pressure. The Hamon relationship is

ETp = 29.8 ∗ 𝐷 ∗
𝑒
𝑎
(𝑇med)

𝑇med + 273.2
. (13)

An average of 10 hours (𝐷 value) is applied; saturated vapor
is thus calculated:

𝑒
𝑎
(𝑇med) = 0.611 exp(

17.3𝑇med
𝑇med + 237.3

) . (14)

3.2. Hydrological Model. SHETRAN is a physically based
distributed hydrological model for water and sediment flow
in basins. This model includes the Gash model [34] and
Rutter model [35, 36] applying their rainfall interception
model to vegetation and to different land-uses as well as
to ETp phenomena. This software uses variables as vapor-
transpiration components for variable saturated subsurface
flow interception, overland flow through the numerical solu-
tion of the Saint-Venant equations, and interactions between
surface and subsurface waters with the Richards equation; the
mass andmomentum are solvedwith differential equations in
a three-dimensional finite difference grid [37]. The different
applications of this tool have been demonstrated to repre-
sent water flow, land-use changes, soils production erosion,
transport effect simulation [38], and contaminant transport
by runoff in Birkinshaw and Ewen [39].

The SHETRAN platform is based on a vertical column
model representation dividing the basin into finite difference
cells where upper cells are the superficial and subsuperficial
water. At the end of column is the confined groundwater.
The superficial layers are the vegetation and soil; over this
layer are canopy and other interceptors.This tool is physically
based because it allows solving the physically based equations
of momentum and mass-energy conservation. Hence the
parameters have physical meaning and allow evaluating the
field measurements across the partial spatially distributed
results.

In theQuerétaro river basin the different vegetation layers
have been included with experimental results parameters
[12]. The physically based model allows the change in forest
cover to be modeled by changing the vegetation parameter
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Table 2: Land-use SHETRAN parameter values in the Querétaro river basin. AE/PE is the relationship for actual and potential evaporation.
Values of canopy storage capacity, leaf area index, andmaximum routing depth are based onGuevara-Escobar et al., 2000 [10], Mastachi-Loza
et al., 2010 [11], and Guevara-Escobar et al., 2007 [12].

Type Vegetation type Canopy storage capacity
(mm) Leaf area index Max routing depth

(m)
Total area

(%)
AE/PE at field

capacitya

1 Deciduous forest 5.0 6 1.5 21.00 1.10
2 Grass 1.5 6 1 20.00 1.10
3 Arable 1.5 4 0.8 45.00 1.05
4 Urban 0 0.3 0.5 13.50 1.00
5 Urban streets 0 0.3 0.5 0.50 1.00
aFinal calibrated value.

values to represent the forest and urban centers condition. In
this model a 2,100 × 2,100m vegetation types mesh is used,
composed as in Table 2.

Runoff is solved by Saint-Venant equations which
describe the one-dimensional flux of the wide wave and
steady regime as follows

Continuity equation (mass water conservation) is as
follows:

𝜕𝑄

𝜕𝑥
+
𝜕𝐴

𝜕𝑡
= 𝑞. (15)

Momentum conservation is as follows:

𝜕𝑄

𝜕𝑡
+
𝜕 (𝛼 (𝑄

2
/𝐴))

𝜕𝑥
+ 𝑔𝐴

𝜕ℎ

𝜕𝑥
+
𝑔𝑄 |𝑄|

𝐶2𝐴𝑅
= 0, (16)

where 𝑡 is time, 𝑥 is measured distance along the channel
(m), 𝑄 is discharge (m3s−1), 𝐴 is hydraulic area (m2), 𝑞
is tributary outflow (m3s−1), ℎ is channel depth (m), 𝐶 is
Chezy coefficient (m0.5s−1), 𝑅 is ratio hydraulic (m), and 𝛼

is correction factor.

3.3. Model Calibration. The results of calibration are shown
in Figure 6, which shows the observed precipitation in
millimeters and the total runoff observed in one year (8,760
hours).TheNash-Sutcliffemodel efficiency coefficient is used
to assess the predictive power of hydrological models; this
method is defined as follows:

𝐸 = 1 −
∑
𝑇

𝑡=1
(𝑄
𝑡

𝑜
− 𝑄
𝑡

𝑚
)
2

∑
𝑇

𝑡=1
(𝑄𝑡
𝑜
− 𝑄
𝑜
)
2
, (17)

where𝑄
𝑜
is the observed discharge,𝑄

𝑚
is modeled discharge,

and 𝑡 is time. The Nash-Sutcliffe model was used to compare
the results.

Once the reference model represents the existing con-
ditions in the basin, the different ETp methodologies have
been introduced to the model with the results shown in
Figure 7. The result shows variability of the response of the
basin applying the five different ETp methods.

4. Results Analysis

Model calibration of 2003 (Figure 6: model calibration) has
been carried out by using the Nash-Sutcliffe efficiency factor

(𝐸 = 90.25%) that represents the approximation of the
method of calibration basin.The hydrometric data compared
with those observed have differences attributable to the size
of the basin, detention, or extractions.

The obtained values of calibrated model were used to
implement ETp results obtained from each method used. In
Table 3 (soil parameters) parameters used for the Querétaro
river basin for different coverage and calibration for AE/PE
ratio value are listed.

From the calculated daily (D) and monthly (M) methods
it can be appreciated that Hamon (D) and Thornthwaite
(M) methods have water volume of 5.15 and 3.82 times the
SHETRAN calculated volume whereas in the Blaney (D),
Hargreaves (D), and Papadakys (M) methods the calculated
volume is 31.10%, 37.92%, and 46.83% (68.97%, 59.12%, and
56.98% less) of the total, respectively (Table 4). According
to these results obtained the Papadakys method has the
best similarity with the reference model but does not have
significant differences with Blaney and Hargreaves results.

According to the results presented, methods that have
an overestimation of runoff volumes (compared with
SHETRAN model results) are Hamon and Thornthwaite
(315.66% and 218.46%); Blaney, Hargreaves, and Papadakys
(31.09%, 37.92%, and 46.82%) represent a smaller runoff
volume. None of the shown methods has values close to the
observed values in the hydrometric station.

The Blaney method presents greater discharge values
compared to the other methods in the representation of
the ETp, where it is observed that small rainfall (10mm
accumulated in 24 hours) is intercepted by vegetation; the
total volume in the year (Figures 4(b) and 5(b)) has values
of 147.14mm (Blaney) and 191.53 (Hamon). Rainfall higher
than 25mm accumulated in 24 hours represents the runoff
observed in the basin outlet.

The 8,760 hours of modeling are shown in Figure 4
in which the evaporation ranges are among 195.26 and
307.67mm accumulated (Figures 4(a) and 5(a)); soil evap-
oration (Figures 4(c) and 5(c)) has values ranging from
110.67 (Hamon) to 120.09 (Blaney) mm per year and the
total cumulative transpiration (Figures 4(d) and 5(d)) is
862.12mm (Thornthwaite) and 973.07mm (Papadakys). The
results represent an approach to values that official sources
have not been available in the basin and can be obtained
throughmeasurements and instrumentation.Thismeans that
disaggregating the results in each of the different parameters
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Table 3: SHETRAN soil parameters applied to model.

Soil
category

Soil
layer Soil type

Depth at
base of
layer (m)

Saturated
water
content

Residual
water
content

Saturated
conductivity
(m/day)

Van Genuchten-
Alpha
(cm−1)a

Van Genuchten-𝑛b

1 1 Silt loam
(10% sand : 10% clay) 1 0.452 0.093 0.163 5.15𝐸 − 03 1.681

2 1 Loamy sand
(85% sand : 6% clay) 1 0.370 0.075 0.467 1.99𝐸 − 02 1.793

3 1 Sandy silt loam
(35% sand : 10% clay) 1 0.434 0.086 0.317 8.38𝐸 − 03 1.587

3 2 Silty clay loam
(10% sand : 27% clay) 2 0.507 0.144 0.036 7.24𝐸 − 03 1.608

3 3 Bedrock 5 0.200 0.030 0.100 3.00𝐸 − 02 1.900

4 1 Clay loam
(35% sand : 27% clay) 1 0.489 0.153 0.055 9.23𝐸 − 03 1.657

6 1 Sandy clay
(52% sand : 40% clay) 1 0.499 0.233 0.029 1.07𝐸 − 02 1.879

7 1 Silty clay
(10% sand : 40% clay) 1 0.529 0.212 0.019 6.54𝐸 − 03 1.531

8 1 Sandy loam
(65% sand : 10% clay) 1 0.412 0.098 0.622 1.44𝐸 − 02 1.736

aVan Genuchten exponent 𝛼 for soil moisture content-tension curve in cm−1.
bVan Genuchten exponent 𝑛 for soil moisture content-tension curve.

Table 4: SHETRANpeak discharge and volume calculated data. Significant differences are observed fromdaily (D) andmonthly (M)methods
where Thornthwaite and Hamon overestimate volume; on the other hand Blaney, Hargreaves, and Papadakys underestimate the calculated
total volume (31.10%, 37.92%, and 46.83%, resp.).

ETp method SHETRAN Blaney
(D)

Hamon
(D)

Hargreaves
(D)

Papadakys
(M)

Thornthwaite
(M)

Volume × 1000m3 76,273.78 23,667.24 393,299.12 31,176.94 32,809.94 291,799.56
Peak discharge (m3s−1) 60.58 18.84 191.24 22.97 28.37 132.35
Peak discharge percent — −68.90% 315.68% −62.08% −53.17% 218.47%
Total volume percent — −68.97% 515.64% −59.12% −56.98% 382.57%

of the basin allows a better understanding of the processes
that are involved in the water balance including dry-wet
transitions.

5. Discussion

In this paper a digital terrain model was implemented in
which the concentration of runoff is observed in the upstream
to the lower parts of the basin, so the ETp phenomenon con-
siders the location and concentration of flows in the lowlands,
streams, and surface runways with elevations ranging from
1,787masl to 2,710masl.

Different variables have been used that are involved
in the hydrological cycle. The most important are land-
use, canopy storage capacity, leaf area index, routing depth,
actual-potential evaporation relationship (Table 2), depth at
base of layer, saturated water content, residual water con-
tent, saturated conductivity, and Van Genuchten parame-
ters (Table 3). The variables have been recovered from past
investigations in the basin but must be evaluated in order
to have more and better results. The obtained parameters

allow having a knowledge of the different variables used and
they can help authorities to determine penalties or rewards
to users that affect or contribute to its preservation. With this
model the runoff volume is permanently determinedwith the
climatological data or if they do not exist, they can be inferred
from the model calculation.

The rainfall-runoff results from 2003 shows that for the
basin conditions the SHETRAN model results represent
the hydrological phenomena of the Querétaro river basin.
Calibration parameters of the relationship AE/PE are shown
in Table 2.

These values indicate that the losses in the basin are
significant due to the detention of the basin, as well as the
water volume losses of water extractions for agricultural and
cattle uses.

Once the model has been calibrated, five different ETp
methods analysis is made. The runoff maximum volume
was obtained by the Thornthwaite and Hamon methods,
while the methods results with smaller runoff volume were
Blaney, Papadakys, andHargreaves compared with themodel
calibrated.
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Figure 4: Cumulated and calculated values for canopy storage, transpiration, evaporation, and soil evaporation.

The results for the different methods show that the source
of information based on variables such as saturated vapor
deficit, relative humidity, temperature, solar radiation, and
saturated vapor affects calculated volume, so care must be
taken in evaluating and selecting the ETp method because
the results may not be reliable. It is recommended to have
extensive knowledge of the physical conditions of the basin,
so that parameters such as AE/PE and the Strickler coefficient
represent the phenomenon.

This tool allows an initial scheme for the regulation
applied to the variables involved in the hydrologic cycle
and carries out government programs of the environment

preservation with economic activities, with the results of
physically based numerical models.

6. Conclusions

Knowledge of the hydrological parameters of a watershed is
intended to enable authorities to carry out actions related
to the rational use of resources and the preservation of
hydrologic historical conditions as rainfall and runoff, and
thus it is possible to regulate and restrict land-uses according
to the effects on natural resources. In this paper data from the
weather stations of the basin for a full year of observations
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Figure 5: The different total calculated values are shown to the main variables of the five ET methods shown.

have been used, which has made it possible to determine the
conditions of evaporation in dry weather periods and rain
season which is a short part of the year.

The main limitations in this model are the fact that it has
been applied to 2003 database that is the most complete year
and is based on a basin of 2,700 square kilometers so that
themethodology can be applied with different basins size. An
advantage of using this model to calculate flow in ungagged
basins is that once a hydrometric system is implemented, the
climate data can be introduced according to the time-step
observed as minutes or hours of accumulated rainfall.

This research in North America represents semiarid
conditions; the methodological differences in the evaluated
methods determine the total evaporation variation values for
ETpmethods of 1 (daily) and 30 days (monthly). Climatologi-
cal information represents the rainfall in this basin; the urban
area is located at the center of the basin, so that the results

suggest that urban area affects the calculated hydrograph
shape and particularly the observed peak discharge.

The main objective of this methodology is to infer results
based on a physically based model on watersheds where
there is missing data or no data and that has parameters
obtained from research, so that it can be applied to determine
the amount of water available from rainfall-runoff processes
in places where the total rainfall volume is low and the
continuous changes in the components of vegetation, soil,
and superficial drainage system demonstrate the lack of
analysis tools to predict the increase in runoff volumes, given
the continuous land-use changes.

According to the results, there is a big difference in
the basin’s runoff volume and peak discharge, calculated by
different ETp methods, and therefore the application of each
method for purposes of water balance should be considered
to avoid wrong calculated values.
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Figure 7: SHETRANmodel using different ET methods. Observed
discharge data in Ameche hydrometrical station are shown.

The obtained data show the differences between the
methods used; however it is too important to pay special
attention to the existing data in the basin, as there are
variables that are very important in obtaining better results,
such as the basin’s size, quantity and quality of the weather
stations data, the water bodies within the watershed, and
operating policies. The proposed method allows collecting
the different parameters of a watershed; however for the
best results better measurements are needed in continuous
periods which can be validated to identify significant basin
alterations.
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that there is no conflict of interests regarding the publication
of this paper.
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This paper investigated the spacing threshold of nonsubmerged spur dikes with alternate layout to classify the impact scale of spur
dikes. A mathematical model was built based on standard 𝑘-𝜀model, finite volume method (FVM), and rigid lid assumption and
was verified by experimental data. According to dimensional analysis, three indices, that is, 𝐹

𝑟
(Froude number), 𝐵/𝑏 (channel

width to dike length), and 𝐵/ℎ (channel width to water depth), were identified as the influencing factors on the spacing threshold,
based on which fifteen sets of conditions were simulated.The calculation results indicate that 𝐵/ℎ is themost influencing parameter
on 𝑆
𝑐
/𝑏 (spacing threshold to dike length), followed by 𝐵/𝑏 and 𝐹

𝑟
. A dimensionless empirical formula of spacing threshold is fitted

by multivariate regression. The results of four sets of additional conditions illustrate that the generalization of empirical formula is
satisfactory and the precision of interpolation is higher than that of extrapolation. Furthermore, the spacing threshold of alternate
spur dikes is generally smaller than ipsilateral spur dikes.

1. Introduction

Spur dikes are one of the most widely used structures in
hydraulic engineering. They are introduced in rivers for
channel regulation, flood prevention, and river diversion [1–
3]. After the construction of spur dike, the original channel
becomes narrow and the flow characteristics in the vicinity
of spur dike are changed. In actual projects, spur dike exerts
influence on river system usually in the form of groups [4, 5].
These spur dikes (or groups) interact with each other in
a certain range, beyond which they are independent [6].
They can be classified as large-scale and small-scale groups
according to their interaction strength. When dikes have
interaction with each other and play a role as whole, their
combination can be considered as a spur dike group in small-
scale, whereas a spur dike group in large-scale is comprised
of single spur dikes or spur dike groups in small-scale with
the long distance and few influence between each other [7, 8].
The past research of spur dikes has mainly been focused
on the effects of small-scale spur dike groups on local river
ways, but rarely on the overall impact of large-scale spur

dike groups on river systems [9–12]. However, the latter
has vital significance to maintain river health, sustainable
development and utilization of river systems, and integrated
management of river basins [13–15].Therefore, it is necessary
to firstly find the cut-off point between small-scale and large-
scale groups. On this matter, several scholars have proposed
the concepts of spur dike’s recovery length or uninfluenced
distance [6, 9, 16], but so far, they did not obtain a clear
conclusion. In our past research, the concept of spacing
threshold has been proposed and used on nonsubmerged
spur dikes with ipsilateral layout and same length [8]. In bank
protection projects, however, alternate spur dikes arranged on
both sides of the river are very common. Due to asymmetry,
there are obvious differences in flow characteristics between
alternate spur dikes and ipsilateral spur dikes [17]. Hence, it
is necessary to conduct further investigations on the spacing
threshold of alternate spur dikes.

In the current work, flume experiments considering
nonsubmerged spur dikes with ipsilateral and alternate layout
were conducted firstly. Then, a numerical model which
depends on the standard 𝑘-𝜀model, the finite volumemethod
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Figure 2: Spur dike layouts, monitoring cross sections, and monitoring points.

(FVM), and the rigid lid assumption was verified by observed
data and employed to investigate the spacing threshold of
alternate spur dikes.

2. Materials and Methods

2.1. Flume Experiments. The multifunction flume used in
this study is 50m long, 1.2m wide, and 1.4m deep, with a
concrete floor and two toughened glass sidewalls. It is located
in Jiangong, TestHall of ZhejiangUniversity, China, as shown
in Figure 1. The longitudinal slope of the flume is zero. The
spur dikes aremade of plexiglass being 1.6 cm thick and 40 cm
high,which are installed on the vertical walls of flumeby slots.
A three-dimensional ADV (Acoustic Doppler Velocimeter)
probe is employed to measure the underlying velocity field,
and WHR (wave height recorder) is utilized for bathymetry.

They are both shown in Figure 1. There are two kinds of the
layouts of spur dikes (namely, ipsilateral and alternate) shown
in Figure 2. The spur dikes 1, 2 and the inlet are placed at
sections A, B, and s0, respectively. In the ipsilateral layout
(Figure 2(a)), the flow velocity is recorded at 5 cross sections
on the upstream of spur dike 1 with equal interval of 0.2m,
11 (z1–z11) between spur dike 1 and spur dike 2 with equal
interval of 0.4m, and 11 (x1–x11) on the downstream of spur
dike 2 with equal interval of 0.4m. The outlet is placed at
section x0 with 7.6m from section x11. There are totally 31
monitoring cross sections with 341 points in the whole test
region. In the alternate layout (Figure 2(b)), there are 10 cross
sections (b2–z4) between b1 and z5 with equal interval of
0.4m. The original coordinate is set at the point 𝑂 at the
bottom of flume as shown in Figure 2. The direction along
the mainstream is 𝑋, along the water depth is 𝑌, and along
the axis of spur dike is 𝑍.
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Table 1: Verification conditions.

No. Category Flow rate Dike length Water depth Dike spacing
𝑄 (m3/s) 𝐵 (m) ℎ (m) 𝑠 (m)

v1 Ipsilateral 0.0416 0.4 0.15 4.8
v2 Alternate 0.0603 0.4 0.3 2.4

2.2. Numerical Model

2.2.1. Model Construction and Boundary Conditions. The
commercial computational fluid dynamics (CFD) code, FLU-
ENT, is chosen to build the numerical model. Several aux-
iliary surfaces are added to divide the calculation area into
regular blocks. Hexahedral structured meshes are adopted
and refined in the vicinity of spur dikes. In our past research
[18], three turbulence models, that is, the standard 𝑘-𝜀
model, the Reynolds stress model (RSM), and the large eddy
simulation (LES) model, were used to simulate the flow field
of nonsubmerged spur dikes. In each model, the free surface
boundary was implemented by two approaches, that is, the
rigid lid assumption and the volume of fluid (VOF) method.
The results showed that the standard 𝑘-𝜀 model combined
with the rigid lid assumption wasmost efficient among all the
combinations and it is used in this study.

The pressure-based solver in FLUENT is used. The
hydraulic diameter 𝐷

𝐻
and the turbulence intensity 𝐼 are

selected as turbulence parameters, expressed in (1) and (2),
respectively [19]:

𝐷
𝐻
=
2𝐴

𝐶
, (1)

𝐼 = 0.16(𝑅
𝑒
)
−1/8

, (2)

where 𝐴 is the cross section area; 𝐶 is the wetted perimeter;
𝑅
𝑒
is the Reynolds number associated with𝐷

𝐻
.

The pressure-velocity coupling is achieved by SIMPLIC
(semi-implicit method for pressure-linked equations consis-
tent). The body force weighted method is used for pressure
discretization and the first-order upwind method for the
discrete format of momentum, turbulent kinetic energy,
and turbulent dissipation rate. For boundary conditions, the
mass-flow-inlet is used for approaching flow at the inlet, the
outflow at the outlet, no-slip walls for the vertical and bottom
faces of flume and dike bodies, and standard wall functions
for the solution of 𝑘, 𝜀 near walls. The rigid lid assumption
takes the free surface as constant, and the top face of water
body is assumed to be symmetric. Compared with the wall
treatment method, the tangential velocity on the free surface
may not be zero.

2.2.2. Model Verification. To verify the numerical model, two
sets of experimental conditions, that is, ipsilateral (v1) and
alternate (v2), listed in Table 1 are chosen. s5, z1, z6, z11, x1,
and x0 cross sections are selected for ipsilateral spur dikes and
b1, b4, B, and z3 for alternative spur dikes. Since the velocities
of mainstream (𝑋 direction) are dominant and the velocities
in 𝑌 and 𝑍 directions are very small, only the velocities in
𝑋 direction (𝑢) are verified. Figure 3 compares the observed

and computed velocity in𝑋 direction along𝑍 on a horizontal
plane under v1 and v2 conditions. It is clearly revealed that the
computed velocities agree well with the observed under both
conditions. Therefore, the numerical model is accurate and
can be used for the following analyses.

2.3. Dimensional Analysis. Since the spur dike flow is
regarded as fully turbulent, viscous effects (i.e., Reynolds
number effects) can be neglected [20]. The dike thickness
is 0.016m, which is insignificant for dike spacing. Hence,
the dimensional analysis suggests the following functional
relationship for the spacing threshold (𝑆

𝑐
) of nonsubmerged

double spur dikes with alternate layout and same length in
straight rectangular channel:

𝑆
𝑐
= 𝑓 (𝜌, 𝑔, 𝑄, ℎ, 𝑏, 𝐵) , (3)

where 𝐵 is channel width; 𝑏 is dike length; 𝑄 is the flow
rate of approaching flow; ℎ is water depth. According to 𝜋
theorem, 𝜌, 𝑔, and ℎ are selected as the basic parameters.
Dimensionless equations are further deduced in

𝑆
𝑐

𝑏
= 𝑓(𝐹

𝑟
,
𝐵

ℎ
,
𝐵

𝑏
) ,

𝐹
𝑟
=
𝑄

𝐵ℎ√𝑔ℎ
.

(4)

Based on (4), 15 conditions, listed in Table 2, are simu-
lated. In c1 to c5, 𝑄 is varied in five steps from 0.0336m3/s
to 0.2352m3/s leading to a variable 𝐹

𝑟
ranging from 0.1 to 0.7

with constant 𝐵/ℎ = 6 and 𝐵/𝑏 = 6. In c6 to c10, 𝐵/𝑏 is varied
from 2.4 to 12 with constant 𝐹

𝑟
= 0.2 and 𝐵/ℎ = 6. In c11

to c15, 𝐵/ℎ is varied from 2 to 12 with constant 𝐹
𝑟
= 0.2 and

𝐵/𝑏 = 6. To exclude the interference of channel length on
the spur dike field, the length of numerical flume is taken as
100m after several trials.

3. Results and Discussion

3.1. Spacing Thresholds. In our past research [8], we have
proposed the definition of spacing threshold of nonsub-
merged double spur dikes with ipsilateral layout and same
length in straight rectangular channel, that is, the spacing
when lateral distributions of velocities at adjacent two spur
dike sections become coincided. For simplicity, the depth-
averaged velocity (𝑢) near adjacent two spur dike tips can
be used as an alternative criterion [8, 18]. For alternate
spur dikes, the threshold value should be redefined as the
spacing when the lateral distribution of velocities at adjacent
two spur dike sections becomes just coincided in reverse
direction, while the criterion for the ipsilateral spur dikes
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Figure 3: Comparison of 𝑢 between observed and computed values.

Table 2: Simulation conditions.

No. 𝐵 (m) 𝑏 (m) ℎ (m) 𝑄 (m3/s) 𝐹
𝑟

𝐵/ℎ 𝐵/𝑏

c1 1.2 0.2 0.2 0.0336 0.1 6 6
c2 1.2 0.2 0.2 0.0672 0.2 6 6
c3 1.2 0.2 0.2 0.1008 0.3 6 6
c4 1.2 0.2 0.2 0.168 0.5 6 6
c5 1.2 0.2 0.2 0.2352 0.7 6 6
c6 1.2 0.5 0.2 0.0672 0.2 6 2.4
c7 1.2 0.4 0.2 0.0672 0.2 6 3
c8 1.2 0.3 0.2 0.0672 0.2 6 4
c9 1.2 0.2 0.2 0.0672 0.2 6 6
c10 1.2 0.1 0.2 0.0672 0.2 6 12
c11 0.6 0.1 0.3 0.0618 0.2 2 6
c12 1.2 0.2 0.3 0.1235 0.2 4 6
c13 1.2 0.2 0.2 0.0672 0.2 6 6
c14 1.8 0.3 0.2 0.1009 0.2 9 6
c15 2.4 0.4 0.2 0.1345 0.2 12 6
Note: c2, c9 and c13 are identical.



Journal of Applied Mathematics 5

0

10

20

30

40

50

60

70

0 0.2 0.4 0.6 0.8

y = 187.56x2 − 159.42x + 74.835

R2 = 0.9674

S c
/b

Fr

(a) 𝑆𝑐/𝑏 ∼ 𝐹𝑟 (𝐵/ℎ = 6 and 𝐵/𝑏 = 6)

0

20

40

60

80

100

120

140

160

0 5 10 15

S c
/b

B/b

y = 14.798e0.19x

R2 = 0.9804

(b) 𝑆𝑐/𝑏 ∼ 𝐵/𝑏 (𝐹𝑟 = 2 and 𝐵/ℎ = 6)

0

50

100

150

200

250

300

350

0 5 10 15

S c
/b

y = 951.98x−1.713

R2 = 0.9966

B/h

(c) 𝑆𝑐/𝑏 ∼ 𝐵/ℎ (𝐹𝑟 = 2 and 𝐵/𝑏 = 6)
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𝑐
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is still applicable. After the flow passes a spur dike, the
disturbance reduces gradually but does not disappear. It is
assumed that, when the velocity difference Δ𝑢 reaches 𝑘𝑢

0
(𝑘

is a constant and less than 1 and here is 0.01), the velocities at
spur dike 2 are considered recovered [21]. Spur dike 1 is placed
at 𝑋 = 26m and the spacing thresholds are searched by
changing the location of spur dike 2. Table 3 lists the spacing
threshold 𝑆

𝑐
and dimensionless parameter 𝑆

𝑐
/𝑏 of c1–c15.

3.2. Multivariate Dimensionless Regression. According to the
data in Table 3, the variations of 𝑆

𝑐
/𝑏 with 𝐹

𝑟
, 𝐵/𝑏 and 𝐵/ℎ

are shown in Figures 4(a), 4(b), and 4(c), respectively. It is
clear that when 𝐵/ℎ and 𝐵/𝑏 are maintained, 𝑆

𝑐
/𝑏 decreases

first and then increases as 𝐹
𝑟
increases, and the minimum

of 𝑆
𝑐
/𝑏 arises at around 𝐹

𝑟
= 0.4. The relationship between

𝑆
𝑐
/𝑏 and 𝐹

𝑟
is a quadratic function with an upward opening.

When 𝐹
𝑟
and 𝐵/ℎ are fixed, 𝑆

𝑐
/𝑏 increases monotonically as

𝐵/𝑏 increases, and the increase rate of 𝑆
𝑐
/𝑏 is firstly slow

and then rapid. The relationship between 𝑆
𝑐
/𝑏 and 𝐵/𝑏 is

approximately an exponential function.When 𝐹
𝑟
and 𝐵/𝑏 are

Table 3: Spacing thresholds of c1–c15.

No. 𝑆
𝑐
(m) 𝑆

𝑐
/𝑏

c1 12.273 61.365
c2 9.699 48.495
c3 9.154 45.770
c4 8.271 41.355
c5 11.056 55.280
c6 13.330 26.660
c7 8.982 22.455
c8 9.280 30.933
c9 9.699 48.495
c10 14.402 144.020
c11 27.214 272.140
c12 18.667 93.335
c13 9.699 48.495
c14 6.545 21.817
c15 5.059 12.648



6 Journal of Applied Mathematics

Table 4: Testing conditions.

No. 𝐵 (m) 𝑏 (m) ℎ (m) 𝑄 (m3/s) 𝐹
𝑟

𝐵/ℎ 𝐵/𝑏

t1 1 0.2 0.25 0.1566 0.4 4 5
t2 1.5 0.15 0.2 0.1051 0.25 7.5 10
t3 3 0.75 0.2 0.7564 0.9 15 4
t4 3 0.2 0.3 0.1235 0.08 10 15
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300

0 50 100 150 200 250 300

CF
D

Equation (5)

Figure 5: Results of the regression analysis.

maintained, 𝑆
𝑐
/𝑏 decreases monotonically as 𝐵/ℎ increases,

and when 𝐵/ℎ is smaller than 5, the falling speed of 𝑆
𝑐
/𝑏

is very fast, and then it becomes smooth. The relationship
between 𝑆

𝑐
/𝑏 and 𝐵/ℎ follows a power function. In addition,

it also appears that among the three influencing factors, 𝐵/ℎ
is the most influencing parameter on 𝑆

𝑐
/𝑏, followed by 𝐵/𝑏

and 𝐹
𝑟
. Therefore, controlling the water depth in channel and

designing the reasonable length of spur dikes can change the
recovery distance of spur dike flow effectively.

The results of Figure 4 are regressed by the statistical
analysis software SPSS, and the dimensionless empirical
formula of the spacing threshold of nonsubmerged double
spur dikes with alternate layout and same length is obtained
as

𝑆
𝑐

𝑏
= 187.5𝐹

2

𝑟
− 159.4𝐹

𝑟
+ 14.64𝑒

0.19𝐵/𝑏

+ 875.75(
𝐵

ℎ
)

−1.71

− 14.69.

(5)

Figure 5 shows the comparison of the calculation results
of 𝑆
𝑐
/𝑏 between CFD and (5) under c1–c15. A good agree-

ment indicates that the fitting effect of empirical formula is
satisfactory. To further test the accuracy of (5) applied to
other conditions, four sets of new numerical simulations (t1–
t4) listed in Table 4 are conducted by using the same model.
Conditions t1 and t2 are the interpolation of c1–c15 while t3
and t4 are extrapolated. Table 5 lists the comparison of the
calculation results of 𝑆

𝑐
between CFD and (5) under t1–t4. It

can be seen that the relative error (RE) of the four conditions
is less than 10%, which shows that the calculation accuracy
of (5) for other conditions is satisfactory. Meantime, the RE
of interpolation conditions is less than that of extrapolated

Table 5: Comparisons of 𝑆
𝑐
between CFD and (5) under t1–t4.

No. CFD (m) Equation (5) (m) RE (%)
t1 13.868 14.245 2.72
t2 12.605 12.448 −1.25
t3 18.566 16.783 −9.60
t4 48.785 51.212 4.98

conditions, which reveals that the dimensionless empirical
formula is more accurate for the interpolation conditions.

The dimensionless empirical formula of the spacing
threshold of nonsubmerged double spur dikes with ipsilateral
layout and same length is expressed in [8]

𝑆
𝑐

𝑏
= 143.15𝐹

2

𝑟
− 94.39𝐹

𝑟
+ 14.13
𝐵

𝑏

+ 278.02(
𝐵

ℎ
)

−0.53

− 79.38.

(6)

Figure 6 compares the empirical formulas (5) and (6)
from univariate analyses. The variation tendencies of 𝑆

𝑐
/𝑏

with each influencing factor under the two types of spur dike
layouts are similar, and 𝑆

𝑐
of alternate spur dikes are mostly

smaller than those of ipsilateral spur dikes, which indicates
that the flow passing alternate spur dikes is easier to recover.

The empirical formula obtained in this paper can be
used to determine the impact scale of spur dikes in straight
and rectangular channel. Meanwhile, the empirical formula
can be used to find the recovery section of velocities at the
downstream of spur dike, and it can be also used for solving
the local head loss of spur dike [16]. In addition, the empirical
formula lays a foundation for the research of cumulative
effect of large-scale spur dikes on the river system. However,
due to the assumptions used in the paper, it has inevitable
application limitations. Specifically, it is required that the
shape of the two spur dikes be straight without head slope,
the angle between spur dike axis and flow direction of the
two spur dikes be 90∘, and the size of the two spur dikes be the
same.The channel must be straight and rectangular with zero
bottom slope. It should be noted that most of the limitations
can be overcome by adding corresponding parameters to
the empirical formula based on additional simulations. In
the future, these works will be done to perfect the empirical
formula and broaden its applicability.

4. Conclusions

Anumericalmodel combining the standard 𝑘-𝜀model, FVM,
and rigid lid assumption has been built in this study to
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Figure 6: Comparison of empirical formulas between alternate spur dikes and ipsilateral spur dikes.

investigate the spacing threshold of nonsubmerged double
spur dikes with alternate layout and same length in straight
rectangular channel. The main conclusions are as follows.

(1) The three influencing factors of 𝑆
𝑐
/𝑏, that is, 𝐹

𝑟
, 𝐵/𝑏

and 𝐵/ℎ, are obtained by the dimensional analysis,
and 𝐵/ℎ is the most influencing parameter on 𝑆

𝑐
/𝑏,

followed by 𝐵/𝑏 and 𝐹
𝑟
.

(2) The dimensionless empirical formula of spacing
threshold is obtained viamultivariate regression anal-
ysis, and its accuracy is satisfactory.

(3) Compared with the spur dikes with ipsilateral layout,
the spacing thresholds of alternate spur dikes are
mostly smaller under the same conditions.

(4) The empirical formula proposed in this paper lays
down a foundation for the research of cumulative
impact of spur dikes and other river structures, for
example, bridge, levee, wing-dike, navigational dam,
and so forth, on river systems.
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In this study, an interval fuzzy credibility-constrained programming (IFCP) method is developed for river water quality
management. IFCP is derived from incorporating techniques of fuzzy credibility-constrained programming (FCP) and interval-
parameter programming (IPP) within a general optimization framework. IFCP is capable of tackling uncertainties presented as
interval numbers and possibility distributions as well as analyzing the reliability of satisfying (or the risk of violating) system’s
constraints. A real-world case for water quality management planning of the Xiangxi River in the Three Gorges Reservoir Region
(which faces severe water quality problems due to pollution from point and nonpoint sources) is then conducted for demonstrating
the applicability of the developedmethod.The results demonstrate that high biological oxygendemand (BOD)discharge is observed
at the Baishahe chemical plant and Gufu wastewater treatment plant. For nonpoint sources, crop farming generates large amounts
of total phosphorus (TP) and total nitrogen (TN). The results are helpful for managers in not only making decisions of effluent
discharges from point and nonpoint sources but also gaining insight into the tradeoff between system benefit and environmental
requirement.

1. Introduction

Water is one of the most essential constituents for the human
life, which is crucial to various socioeconomic issues such
as industrial production, agricultural activity, environmen-
tal protection, and regional sustainability. In recent years,
especially in China, degradation of water quality due to
point and nonpoint source pollutions has become one of
the most pressing environmental concerns. According to
the 2010 Report on Water Environmental Quality of China,
approximately 33.8% of the monitored river water (204 rivers
with 409 monitoring stations) is in the worst two categories
of water quality classification system (i.e., no longer fishable
and of questionable agricultural value); around 53.8% of the
assessed lakes and reservoirs are subject to different degrees of
eutrophication [1]. Under such a circumstance, water quality
management is an essential task for preserving valuable
water resources and facilitating sustainable socioeconomic
development in watershed systems [2]. In fact, water quality
planning efforts are complicated with a variety of uncertain-
ties, which may be derived from the random characteristics

of natural processes (i.e., precipitation and climate change)
and stream conditions (i.e., stream flow, water supply, and
point/nonpoint source pollution), the errors in estimated
modeling parameters, and the vagueness of system objectives
and constraints. In general, the system objectives are often
associated with a number of socioeconomic and ecological
factors such as economic return, environmental protection,
and ecological sustainability, while the constraints are related
to pollutant discharges, soil losses, resources availabilities,
environmental requirements, and policy regulations. More-
over, these uncertainties may be further amplified by not
only interactions among various uncertain and dynamic
impact factors, but also their associations with economic
implications of violated environmental requirements [3].

Fuzzy mathematic programming (FMP), based on fuzzy
sets theory, can facilitate the analysis of system associated
with uncertainties being derived from vagueness or fuzzi-
ness [4]. FMP method is suitable for situation when the
uncertainties cannot be expressed as probability density
functions (PDFs), such that adoption of fuzzy membership
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functions becomes an attractive alternative [5]. Previously, a
number of FMP methods were developed for water quality
management [5–15]. For example, Julien [6] investigated the
application of a fuzzy possiblistic programming to address
imprecise parameters which were represented by possibility
distributions in water quality decision-making problems.
Mujumdar and Sasikumar [8] formulated a fuzzy flexible
optimization model for dealing with the system’s fuzzy goal
and constraints in a water quality management problem.
Nie et al. [12] proposed a fuzzy robust optimization model
for water quality management of an agricultural system
to deal with uncertainties expressed as fuzzy membership
functions in both left- and right-hand-side coefficients (of
the model’s constraints). Maeda et al. [13] employed a fuzzy
flexible optimization model which involved fuzzy set theory
to express vagueness in constraints and objectives in river
water quality management problems. Liu et al. [15] developed
a two-stage fuzzy robust programming model for water
quality management to address fuzzy parameters which were
represented by possibility distributions in the left- and right-
hand sides of the constraints.

Generally, FMP methods can be classified into three
categories in view of the forms of uncertainties: (i) fuzzy
flexible programming, (ii) robust programming, and (iii)
fuzzy possibilistic programming. In detail, fuzzy flexible
programming can deal with decision problems under fuzzy
goal and constraints; however, it has difficulties in tackling
ambiguous coefficients of the objective function and con-
straints. Robust programming improves upon fuzzy flexible
programming by allowing fuzzy parameters in the constraints
to be represented by possibility distributions. However, the
main limitations of this method remain in its difficulties
in tackling uncertainties in a nonfuzzy decision space. In
fuzzy possibilistic programming, fuzzy parameters that are
regarded as possibility distributions are introduced into the
modeling frameworks. It can handle ambiguous coefficients
in the left- and right-hand sides of the constraints and in the
objective function.

Fuzzy credibility-constrained programming (FCP) is a
computationally efficient fuzzy possibilistic programming
approach that relies on mathematical concepts (i.e., the
expected value of a fuzzy number and the credibilitymeasure)
and can support different kinds of fuzzy members such as
triangular and trapezoidal forms as well as enabling the
decision maker to satisfy some constraints in at least some
given confidence levels [16]. When the credibility value of a
fuzzy event reaches 1, the fuzzy event will certainly occur;
when the credibility value of a fuzzy event reaches 0, the
fuzzy event will not occur. For example, with respect to
water quality management, if the allowable total phosphorus
(TP) discharges are 7.0, 7.6, and 8.2 kg/day, and the amount
of actual discharge may be 7.8 kg/day, then the credibility
degree of the event, wherein the total phosphorus discharge
can satisfy the river’s self-purification capacity, would be
0.33; the credibility degree of its complement event (water
pollution occur) would be 0.67. No feature of fuzzy sets would
be missing by using credibility measure [16, 17]. However,
the main limitation of FCP lies within its deterministic
coefficients for the objective function, leading to potential

losses of valuable uncertain information; besides, whenmany
uncertain parameters are expressed as fuzzy sets, interactions
among these uncertainties may lead to serious complexities,
particularly for large-scale practical problems [18]. In fact,
in water quality management problems, uncertainty is an
inherent component of any economic analysis, particularly
those (e.g., effluent trading programs) associated with envi-
ronmental policy and project appraisal [19]. For example,
one major characteristic of nonpoint source pollution that
differs from point source pollution is imperfect knowledge
about pollutant loadings; the crop productivity and cost
benefit coefficients are easier to be presented as intervals than
by membership functions. Interval-parameter programming
(IPP) is an alternative for handling uncertainties in the
model’s left- and/or right-hand sides as well as those that can-
not be quantified as membership or distribution functions,
since interval numbers are acceptable as its uncertain inputs
[20].

Therefore, the objective of this study is to develop an
inexact fuzzy credibility-constrained programming (IFCP)
method for water quality management, through coupling
fuzzy credibility-constrained programming (FCP) with
interval-parameter programming (IPP). The main advantage
of IFCP is that it can effectively handle uncertain parameters
expressed as both fuzzy sets and interval values in the
objective function and constraints. IFCP would not lead
to serious complexities in its solution process, and it is
applicable to large-scale practical problems. Then, the
developed IFCP method is applied to a real-world case of
water quality management of the Xiangxi River, which faces
severe water quality problems due to point and nonpoint
source pollution. The results obtained can help decision
makers to generate alternatives for industrial production
scale, water supply, cropped area, livestock husbandry size,
and manure/fertilizer application rate, with consideration of
river water quality management.

Thepaperwill be organized as follows: Section 2 describes
the development process of the IFCP; Section 3 provides
a case study of river water quality management; Section 4
presents result analysis and discussion; Section 5 draws some
conclusions and extensions.

2. Methodology

When coefficients in the constraints are ambiguous and can
be expressed as possibility distributions, the problem can be
formulated as a fuzzy credibility-constrained programming
(FCP) model as follows:

Max𝑓 =

𝑛

∑

𝑗=1

𝑐
𝑗
𝑥
𝑗
, (1a)

subject to:

Cr
{

{

{

𝑛

∑

𝑗=1

𝑎
𝑖𝑗
𝑥
𝑗
≤ �̃�
𝑖

}

}

}

≥ 𝜆
𝑖
, (1b)

𝑥
𝑗
≥ 0, 𝑖 = 1, 2, . . . , 𝑛, (1c)
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where 𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) is a vector of nonfuzzy deci-

sion variables, 𝑐
𝑗
are benefit coefficients, 𝑎

𝑖𝑗
are technical

coefficients, and �̃�
𝑖
are right-hand-side coefficients. Some or

all of these coefficients can be fuzzy numbers. Cr is the
credibility measure which is firstly proposed and was widely
used in many research areas [16]. Let 𝜉 be a fuzzy variable
with membership function 𝜇, and let 𝑟 be real numbers. The
credibility measure can be defined as follows [17]:

Cr {𝜉 ≤ 𝑟} =
1

2
(sup
𝑥≤𝑟

𝜇 (𝑥) + 1 − sup
𝑥>𝑟

𝜇 (𝑥)) . (2)

Noteworthy, since Pos{𝜉 ≤ 𝑟} = sup
𝑥≤𝑟

𝜇(𝑥) and Nec{𝜉 ≤

𝑟} = 1 − sup
𝑥>𝑟

𝜇(𝑥), the credibility measure can be defined
as follows:

Cr {𝜉 ≤ 𝑟} =
1

2
(Pos {𝜉 ≤ 𝑟} +Nec {𝜉 ≤ 𝑟}) . (3)

Similar to the probability measure,

Cr {𝜉 ≤ 𝑟} + Cr {𝜉 > 𝑟} = 1. (4)

Consider a triangular fuzzy variable since it is the most
popular possibility distribution, the fuzzy variable 𝜉 fully
determined by the triplet (𝑡, 𝑡, 𝑡) of crisp numbers with 𝑡 <

𝑡 < 𝑡 whose membership function is given by

𝜇 (𝑟) =

{{{{{{{{

{{{{{{{{

{

𝑟 − 𝑡

𝑡 − 𝑡
, if 𝑡 ≤ 𝑟 ≤ 𝑡,

𝑟 − 𝑡

𝑡 − 𝑡
, if 𝑡 ≤ 𝑟 ≤ 𝑡,

0, otherwise.

(5)

Based on this membership function, credibility of 𝑟 ≤ 𝜉 can
be expressed by

Cr {𝑟 ≤ 𝜉} =

{{{{{{{{{{{{

{{{{{{{{{{{{

{

1, if 𝑟 ≤ 𝑡,

2𝑡 − 𝑡 − 𝑟

2 (𝑡 − 𝑡)
, if 𝑡 ≤ 𝑟 ≤ 𝑡,

𝑟 − 𝑡

2 (𝑡 − 𝑡)
, if 𝑡 ≤ 𝑟 ≤ 𝑡,

0, if 𝑟 ≥ 𝑡.

(6)

The inverse function of the credibilitymeasure is Cr−1(𝜆) = 𝑟,
when Cr(𝑟 ≤ 𝜉) = 𝜆. Normally, it is assumed that a significant
credibility level should be greater than 0.5. Therefore, (6) can
be written as

Cr {𝑟 ≤ 𝜉} =
2𝑡 − 𝑡 − 𝑟

2 (𝑡 − 𝑡)
≥ 𝜆. (7)

Then, (7) can be transformed into a deterministic constraint
as follows:

𝑟 ≤ 𝑡 + (1 − 2𝜆) (𝑡 − 𝑡) . (8)

The fuzzy credibility-constrained programming (FCP)model
can be formulated as follows:

Max𝑓 =

𝑛

∑

𝑗=1

𝑐
𝑗
𝑥
𝑗
, (9a)

subject to

𝑛

∑

𝑗=1

𝑎
𝑖𝑗
𝑥
𝑗
≤ 𝑏
𝑖
+ (1 − 2𝜆

𝑖
) (𝑏
𝑖
− 𝑏
𝑖
) , (9b)

𝑥
𝑗
≥ 0, 𝑖 = 1, 2, . . . , 𝑛. (9c)

Obviously, model (9a), (9b), and (9c) can effectively deal
with uncertainties in the right-hand sides presented as
fuzzy sets when coefficients in the left-hand sides and in
the objective function are deterministic. However, in real-
world optimization problems, uncertainties may exist in
both left- and right-hand sides (of the constraints) as well
as objective-function coefficients; moreover, the quality of
information that can be obtained is mostly not satisfactory
enough to be presented as fuzzy membership functions
[2]. For example, economic return, pollutant discharge, and
resources availability are easier to be expressed as intervals
than membership functions [21]. Since interval-parameter
programming (IPP) is useful for addressing uncertainties
expressed as interval values in modeling parameters, it can
be integrated into the FCP model to deal with uncertainties
presented in fuzzy and interval formats. Then, an interval
fuzzy credibility-constrained programming (IFCP) can be
formulated as follows:

Max𝑓± =
𝑛

∑

𝑗=1

𝑐
±

𝑗
𝑥
±

𝑗
, (10a)

subject to

𝑛

∑

𝑗=1

𝑎
±

𝑖𝑗
𝑥
±

𝑗
≤ 𝑏
𝑖
+ (1 − 2𝜆

±

𝑖
) (𝑏
𝑖
− 𝑏
𝑖
) , (10b)

𝑥
±

𝑗
≥ 0, 𝑖 = 1, 2, . . . , 𝑛, (10c)

where the “−” and “+” superscripts represent the lower- and
upper-bounds of interval parameters/variables, respectively.
Then, a two-step solution method is proposed for facilitating
computations of the IFCP model. The first submodel can be
formulated as follows:

Max𝑓+ =
𝑘1

∑

𝑗=1

𝑐
+

𝑗
𝑥
+

𝑗
+

𝑛

∑

𝑗=𝑘1+1

𝑐
+

𝑗
𝑥
−

𝑗
, (11a)
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subject to

𝑘1

∑

𝑗=1


𝑎
𝑖𝑗



−

Sign (𝑎−
𝑖𝑗
) 𝑥
+

𝑗

+

𝑛

∑

𝑗=𝑘1+1


𝑎
𝑖𝑗



+

Sign (𝑎+
𝑖𝑗
) 𝑥
−

𝑗

≤ 𝑏
𝑖
+ (1 − 2𝜆

−

𝑖
) (𝑏
𝑖
− 𝑏
𝑖
) ,

∀𝑖 = 1, 2, . . . , 𝑚 ,

(11b)

𝑥
+

𝑗
≥ 0, 𝑗 = 1, 2, . . . , 𝑘

1
, (11c)

𝑥
−

𝑗
≥ 0, 𝑗 = 𝑘

1
+ 1, . . . , 𝑛, (11d)

where 𝑐
+

𝑗
(𝑗 = 1, 2, . . . , 𝑘

1
) > 0; 𝑐+

𝑗
(𝑗 = 𝑘

1
+1, 𝑘
2
+1, . . . , 𝑛) <

0; Sign(𝑎±
𝑖𝑗
) = −1 when 𝑎

±

𝑖𝑗
< 0; Sign(𝑎±

𝑖𝑗
) = 1 when 𝑎

±

𝑖𝑗
>

0; 𝜆
−

𝑖
is the lower bound of the credibility level value. The

optimal solutions of the first submodel would be 𝑥+
𝑗opt (𝑗 =

1, 2, . . . , 𝑘
1
) and 𝑥

−

𝑗opt (𝑗 = 𝑘
1
+1, 𝑘
2
+1, . . . , 𝑛). In the second

step, the submodel corresponding to 𝑓
− can be formulated:

Max𝑓− =
𝑘1

∑

𝑗=1

𝑐
−

𝑗
𝑥
−

𝑗
+

𝑛

∑

𝑗=𝑘1+1

𝑐
−

𝑗
𝑥
+

𝑗
, (12a)

subject to

𝑘1

∑

𝑗=1


𝑎
𝑖𝑗



+

Sign (𝑎+
𝑖𝑗
) 𝑥
−

𝑗
+

𝑛

∑

𝑗=𝑘1+1


𝑎
𝑖𝑗



−

Sign (𝑎−
𝑖𝑗
) 𝑥
+

𝑗

≤ 𝑏
𝑖
+ (1 − 2𝜆

+

𝑖
) (𝑏
𝑖
− 𝑏
𝑖
) , ∀𝑖 = 1, 2, . . . , 𝑚,

(12b)

0 ≤ 𝑥
−

𝑗
≤ 𝑥
+

𝑗opt, 𝑗 = 1, 2, . . . , 𝑘
1
, (12c)

𝑥
+

𝑗
≥ 𝑥
−

𝑗opt, 𝑗 = 𝑘
1
+ 1, . . . , 𝑛. (12d)

The optimal solutions of model (11a), (11b), (11c), and (11d)
would be 𝑥

−

𝑗opt (𝑗 = 1, 2, . . . , 𝑘
1
) and 𝑥

+

𝑗opt (𝑗 = 𝑘
1
+ 1, 𝑘
2
+

1, . . . , 𝑛) can be obtained. Through integrating the solutions
of the two submodels, the solution for the objective-function
value and decision variables can be obtained as follows:

𝑓
±

opt = [𝑓
−

opt, 𝑓
+

opt] , (13a)

𝑥
±

𝑗opt = [𝑥
−

𝑗opt, 𝑥
+

𝑗opt] . (13b)

3. Case Study

TheXiangxi River (which ranges in longitude from 110∘25 to
111∘06 E and in latitude from 30∘57 to 31∘34N) is located
at 40 km upstream of the Three Gorges Reservoir [22]. It

is 94 km long with a catchment area of 3099 km2, and its
elevation generally ranges from 154m to 3000m. It is located
in the subtropical continental monsoon climate zone, with
an annual temperature of 15.6∘C (from 1961 to 2004) and
the long-term annual mean runoff depth of 688mm [23].
Moreover, it is one of the rainiest centers in the west of
Hubei province, with an average annual precipitation ranges
from 900mm to 1200mm.The temporal precipitation of this
basin is uneven, which varies largely among different seasons.
For example, more than 41% precipitation occurs in June to
August, and the rainfall in the spring, autumn, and winter
seasons occupy 28%, 26%, and 5% of the total precipitation
per year, respectively. There are plenty of mineral resources
(i.e., phosphate ore, coal, pyrite, and granite), where the
reserve of phosphorite is among the top three in China,
which reaches 357 million 𝑡 (i.e., tonne) [1]. Relying on these
advantages, the number of phosphorus mining companies
and related chemical plants are increasing along the banks
of the Xiangxi River. Besides, multiple crops such as rice,
maize, wheat, citrus, tea, potato, and vegetable are cultivated
in the catchment since the land-use patterns are diverse, and
the tillable area land is approximately 294.5 km2. In addition,
pig, ox, sheep, and domestic fowl are the main live stocks
in animal husbandry. The main pattern is scattered livestock
breeding instead of large-scale standardized breeding.

Currently, water quality problems due to point and
nonpoint source pollution discharges becomemore andmore
challenging in this catchment. Main point sources include
five chemical plants (i.e., GF, BSH, PYK, LCP, and XJLY), six
phosphorus mining companies (i.e., XL, XH, XC, GP, JJW,
and SJS), and four wastewater treatment plants (WTPs) (i.e.,
Gufu, Nanyang, Gaoyang, and Xiakou), while four agricul-
tural zones (AZ1 to AZ4) are the main nonpoint sources
due to the application of manure/fertilizer. These point and
nonpoint sources scatter along a length of about 51 km river
stretch which is segmented into five reaches, and the reaches
are marked as I to V. The main water quality problems
include (i) the immoderate discharge of high-concentration
phosphorus-containing wastewater and industrial soil wastes
(i.e., chemical wastes, slags, and tailings) far exceed what
can be decomposed by self-purification (according to the
field investigation, 23.89 𝑡 of phosphorus enters downstream
of the Xiangxi River); (ii) high potential for generating soil
erosion and surface runoff due to the special geography and
heavy rainfall (i.e., the average erosionmodulus reaches 6,488
t/(km2⋅a) in Xiangshan County in this catchment); (iii) large
amounts of nutrient pollutants (in terms of phosphorus and
nitrogen) in livestock wastewater and wastes (from pig, ox,
sheep, and domestic fowl breeding) are drained into the river
by direct discharge or in rainfall. In such a circumstance,
decision makers should seek to develop a sound pollution
control plan to ameliorate the current situation of the water
environment since it is infeasible and technical impossible to
ensure zero emission of pollutants.

In this study, the planning horizon is one year. Moreover,
since some crops should be grown in dry season, while some
other crops should be cultivated in wet season, two periods
are chosen to cover the planning horizon. The first period
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is from June to October (i.e., dry season), and the second
period is from November to May of the next year (i.e., wet
season). The objective is to maximize the net system benefit
subject to the environmental requirements under uncertainty
over the planning horizon. Policies in terms of the related
human activities (i.e., industrial, municipal, and agricultural
activities) and the pollutant discharges (from fifteen point
and four nonpoint sources) are critical for ensuring a max-
imum system benefit and a safe water quality [24]. Based on
field investigations and related literatures, biological oxygen
demand (BOD), total nitrogen (TN), and total phosphorus
(TP) are selected as water quality indicators [1, 25]. To
develop the local economy in a sustainable manner, pollutant
discharge should be controlled by setting the thresholds for
TP, TN, and BOD discharge in each reach [26]. However,
human-induced imprecision in acquiring these thresholds
(i.e., lack of available data and biased judgment)make it more
complicate.

On the other hand, uncertainties in the study system
include the following: (a) cost of wastewater treatment,
manure, and fertilizer purchase are associated with many
uncertain factors, which are expressed as interval numbers
(e.g., an interval of [30, 35] RMB¥/t is denoted as cost of
manure purchase of AZ1 in dry season); (b) the BOD and TP
treatment efficiencies of wastewater in WTPs and chemical
plants are related to operating conditions of the treatment
facilities, which cannot be obtained as deterministic numbers
(e.g., an interval of [0.89, 0.92] is denoted as treatment
efficiencies of wastewater in Xiakou WTP); (c) nonpoint
source losses of nitrogen and phosphorus from agricultural
zones fluctuate dynamically due to variability in soil erosion
(corresponding to solid-phase nitrogen) and surface runoff
(corresponding to dissolved nitrogen) (e.g., average soil
loss from AZ1 planted with citrus in dry season would be
[20.49, 22.82] t/ha), and runoff from AZ1 planted with citrus
in dry season would be [78.07, 96.50]mm); (d) the amount
of fertilizer and manure applications may vary with the soil
fertility to meet the nutrient demands of each crop (i.e.,
nitrogen and phosphorus); (e) energy and digestible protein
demands of human and animals are determined by crops’
yield (e.g., yield of citrus planted in AZ1 during dry season
would be [10.3, 12.6] t/ha). Therefore, based on the IFCP
method developed in Section 2, the study problem can be
formulated as:

Max𝑓± =
5

∑

𝑖=1

2

∑

𝑡=1

𝐿
𝑡
⋅ BC±
𝑖𝑡
⋅ PLC±
𝑖𝑡
+

4

∑

𝑠=1

2

∑

𝑡=1

𝐿
𝑡
⋅ BW±
𝑠𝑡
⋅QW±
𝑠𝑡

+

6

∑

𝑝=1

2

∑

𝑡=1

𝐿
𝑡
⋅ BP±
𝑝𝑡
⋅ PLM±

𝑝𝑡

+

4

∑

𝑟=1

BL±
𝑟
⋅NL±
𝑟
+

4

∑

𝑗=1

9

∑

𝑘=1

2

∑

𝑡=1

CY±
𝑗𝑘𝑡

⋅ BA±
𝑗𝑘𝑡

⋅ PA±
𝑗𝑘𝑡

−

4

∑

𝑗=1

9

∑

𝑘=1

2

∑

𝑡=1

CM±
𝑗𝑡
⋅ AM±
𝑗𝑘𝑡

−

4

∑

𝑗=1

9

∑

𝑘=1

2

∑

𝑡=1

CF±
𝑗𝑡
⋅ AF±
𝑗𝑘𝑡

−

5

∑

𝑖=1

2

∑

𝑡=1

𝐿
𝑡
⋅ PLC±
𝑖𝑡
⋅WC±
𝑖𝑡
⋅ CC±
𝑖𝑡

−

4

∑

𝑠=1

2

∑

𝑡=1

𝐿
𝑡
⋅QW±
𝑠𝑡
⋅ GT±
𝑠𝑡
⋅ CT±
𝑠𝑡

−

4

∑

𝑗=1

9

∑

𝑘=1

2

∑

𝑡=1

PA±
𝑗𝑘𝑡

⋅ IQ±
𝑗𝑘𝑡

⋅WSP±
𝑡

−

5

∑

𝑖=1

2

∑

𝑡=1

𝐿
𝑡
⋅ PLC±
𝑖𝑡
⋅ FW±
𝑖𝑡
⋅WSP±

𝑡

−

4

∑

𝑠=1

2

∑

𝑡=1

𝐿
𝑡
⋅QW±
𝑠𝑡
⋅WSP±

𝑡
, (14a)

subject to

(1) wastewater treatment capacity constraints:

QW±
𝑠𝑡
⋅ GT±
𝑠𝑡
≤ TPC±

𝑠𝑡
(14b)

WC±
𝑖𝑡
⋅ PLC±
𝑖𝑡
≤ TPD±

𝑖𝑡
, (14c)

(2) BOD discharge constraints:

Cr {PLC±
𝑖𝑡
⋅WC±
𝑖𝑡
⋅ IC±
𝑖𝑡
⋅ (1 − 𝜂

±

BOD,𝑖𝑡) ≤
̃ABC±
𝑖𝑡
} ≥ 𝜆
± (14d)

Cr {QW±
𝑠𝑡
⋅ GT±
𝑠𝑡
⋅ BM±
𝑠𝑡
⋅ (1 − 𝜂

±

BOD,𝑠𝑡) ≤ ÃBW±
𝑠𝑡
} ≥ 𝜆
±
,

(14e)

(3) nitrogen discharge constraints:

Cr
{

{

{

(𝐿
𝑡
⋅

4

∑

𝑟=1

AML±
𝑟𝑡
⋅NL±
𝑟
+ 𝐿
𝑡

⋅AMH±
𝑡
⋅ RP±
𝑡
−

4

∑

𝑗=1

9

∑

𝑘=1

AM±
𝑗𝑘𝑡
)

⋅MS±
𝑡
⋅ 𝜀
±

NM + 𝐿
𝑡
⋅ RP±
𝑡
⋅ ACW±

𝑡
⋅ DNR±

𝑡

≤ ÃNL±
𝑡

}

}

}

≥ 𝜆
±

(14f)

9

∑

𝑘=1

(NS±
𝑗𝑘
⋅ SL±
𝑗𝑘𝑡

+ RF±
𝑗𝑘𝑡

⋅ DN±
𝑗𝑘𝑡
) ⋅ PA±

𝑗𝑘𝑡

≤ MNL±
𝑗𝑡
⋅ TA±
𝑗𝑡
,

(14g)
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(4) phosphorus discharge constraints:

Cr {PLC±
𝑖𝑡
⋅ [WC±

𝑖𝑡
⋅ PCR±

𝑖𝑡
⋅ (1 − 𝜂

±

𝑇𝑃,𝑖𝑡
)

+ASC±
𝑖𝑡
⋅SLR±
𝑖𝑡
⋅ PSC±
𝑖𝑡
] ≤

̃APC±
𝑖𝑡
} ≥ 𝜆
±

(14h)

Cr
{

{

{

(𝐿
𝑡
⋅

4

∑

𝑟=1

AML±
𝑟𝑡
⋅NL±
𝑟
+ 𝐿
𝑡
⋅ AMH±

𝑡

⋅RP±
𝑡
−

4

∑

𝑗=1

9

∑

𝑘=1

AM±
𝑗𝑘𝑡
)

⋅MS±
𝑡
⋅ 𝜀
±

𝑃𝑀
+ 𝐿
𝑡
⋅ RP±
𝑡
⋅ ACW±

𝑡
⋅ DPR±

𝑡
≤ ÃPL±

𝑡

}

}

}

≥ 𝜆
±
,

(14i)

Cr {QW±
𝑠𝑡
⋅ GT±
𝑠𝑡
⋅ PCM±

𝑠𝑡
⋅ (1 − 𝜂

±

𝑇𝑃,𝑠𝑡
) ≤ ÃPW±

𝑠𝑡
} ≥ 𝜆
±

(14j)

Cr {PLM±
𝑝𝑡
⋅WPM±

𝑝𝑡
⋅MWC±

𝑝𝑡
⋅ (1 − 𝜃

±

𝑝𝑡
)

+PLM±
𝑝𝑡
⋅ ASM±

𝑝𝑡
⋅ PCS±
𝑝𝑡
⋅ SLW±

𝑝𝑡
≤ ÃPM±

𝑝𝑡
} ≥ 𝜆
±
,

(14k)

9

∑

𝑘=1

(PS±
𝑗𝑘
⋅ SL±
𝑗𝑘𝑡

+ RF±
𝑗𝑘𝑡

⋅ DP±
𝑗𝑘𝑡
) ⋅ PA±

𝑗𝑘𝑡
≤ MPL±

𝑗𝑡
⋅ TA±
𝑗𝑡
,

(14l)

(5) soil loss constraints:

9

∑

𝑘=1

SL±
𝑗𝑘𝑡

⋅ PA±
𝑗𝑘𝑡

≤ MSL±
𝑗𝑡
⋅ TA±
𝑗𝑡
, (14m)

(6) fertilizer and manure constraints:

(1 −NVF±
𝑡
) ⋅ 𝜀
±

NF ⋅ AF
±

𝑗𝑘𝑡
+ (1 −NVM±

𝑡
)

⋅ 𝜀
±

NM ⋅ AM±
𝑗𝑘𝑡

−NR±
𝑗𝑘𝑡

⋅ PA±
𝑗𝑘𝑡

≥ 0,

(14n)

𝜀
±

PF ⋅ AF
±

𝑗𝑘𝑡
+ 𝜀
±

PM ⋅ AM±
𝑗𝑘𝑡

− PR±
𝑗𝑘𝑡

⋅ PA±
𝑗𝑘𝑡

≥ 0, (14o)

9

∑

𝑘=1

(𝜀
±

NF ⋅ AF
±

𝑗𝑘𝑡
+ 𝜀
±

NM ⋅ AM±
𝑗𝑘𝑡

−NR±
𝑗𝑘𝑡

⋅ PA±
𝑗𝑘𝑡
)

≤ MNL±
𝑗𝑡
⋅ TA±
𝑗𝑡
,

(14p)

9

∑

𝑘=1

(𝜀
±

PF ⋅ AF
±

𝑗𝑘𝑡
+ 𝜀
±

𝑃𝑀
⋅ AM±
𝑗𝑘𝑡

− PR±
𝑗𝑘𝑡

⋅ PA±
𝑗𝑘𝑡
)

≤ MPL±
𝑗𝑡
⋅ TA±
𝑗𝑡
,

(14q)

𝐿
𝑡
⋅

4

∑

𝑟=1

AML±
𝑟𝑡
⋅NL±
𝑟
+ 𝐿
𝑡
⋅ AMH±

𝑡
⋅ RP±
𝑡
−

4

∑

𝑗=1

9

∑

𝑘=1

AM±
𝑗𝑘𝑡

≥ 0,

(14r)

(7) energy and digestible protein constraints:

4

∑

𝑗=1

9

∑

𝑘=1

2

∑

𝑡=1

CY±
𝑗𝑘𝑡

⋅ PA±
𝑗𝑘𝑡

⋅NEC±
𝑘
−

4

∑

𝑟=1

ERL±
𝑟
⋅NL±
𝑟

−

2

∑

𝑡=1

ERH±
𝑡
⋅ RP±
𝑡
≥ 0,

(14s)

4

∑

𝑗=1

9

∑

𝑘=1

2

∑

𝑡=1

CY±
𝑗𝑘𝑡

⋅ PA±
𝑗𝑘𝑡

⋅ DPC±
𝑘

−

4

∑

𝑟=1

DRL±
𝑟
⋅NL±
𝑟
−

2

∑

𝑡=1

DRH±
𝑡
⋅ RP±
𝑡
≥ 0,

(14t)

(8) production scale constraints:

PLC
𝑖,min ≤ PLC±

𝑖𝑡
≤ PLC

𝑖,max, (14u)

NL
𝑟,min ≤ NL±

𝑟
≤ NL
𝑟,max, (14v)

QW
𝑠,min ≤ QW±

𝑠𝑡
≤ QW

𝑠,max, (14w)

PLM
𝑝,min ≤ PLM±

𝑝𝑡
≤ PLM

𝑝,max, (14x)

(9) total yield of crops:

4

∑

𝑗=1

CY±
𝑗𝑘𝑡

⋅ PA±
𝑗𝑘𝑡

≥ MCY±
𝑘𝑡
, (14y)

(10) planning area constraints:

9

∑

𝑘=1

PA±
𝑗𝑘𝑡

≤ TA±
𝑗𝑡
, (14z)

(11) nonnegative constraints:

PLC±
𝑖𝑡
,PA±
𝑗𝑘𝑡
,NL±
𝑟
,QW±
𝑠𝑡
,PLM±

𝑝𝑡
,AM±
𝑗𝑘𝑡
,AF±
𝑗𝑘𝑡

≥ 0,
(14aa)

where 𝑖: chemical plant; 𝑖 = 1 Gufu (GF); 𝑖 = 2 Baishahe
(BSH); 𝑖 = 3 Pingyikou (PYK); 𝑖 = 4 Liucaopo (LCP); 𝑖 = 5

Xiangjinlianying (XJLY); 𝑗: agricultural zone; 𝑗 = 1, . . . , 4;
𝑘: main crop; 𝑘 = 1 citrus; 𝑘 = 2 tea; 𝑘 = 3 wheat; 𝑘 = 4

potato; 𝑘 = 5 rapeseed; 𝑘 = 6 alpine rice; 𝑘 = 7 second
rice; 𝑘 = 8 maize; 𝑘 = 9 vegetables; 𝑝: phosphorus mining
company; 𝑝 = 1 Xinglong (XL); 𝑝 = 2 Xinghe (XH); 𝑝 = 3
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Table 1: Net benefits from each production.

Period
𝑡 = 1 𝑡 = 2

Net benefits from chemical plant (RMB¥/t)
GF [718.6, 834.5] [743.75, 876.2]
BSH [1291.5, 1499.7] [1336.7, 1574.8]
PYK [743.0, 862.8] [769.0, 905.9]
LCP [1324.2, 1537.5] [1370.6, 1614.4]
XJLY [1524.4, 1770.0] [1578.7, 1858.5]

Net benefits from water supply (RMB¥/m3)
Gufu [39.1, 42.1] [43.4, 47.7]
Nanyang [29.0, 31.2] [32.2, 35.4]
Gaoyang [35.3, 38.0] [39.2, 43.1]
Xiakou [32.1, 34.6] [35.7, 39.3]

Net benefits from phosphorus mining company (RMB¥/t)
XL (Xinglong, 𝑝 = 1) [150, 173] [147, 180]
XH (Xinghe, 𝑝 = 2) [126, 145] [130, 156]
XC (Xingchang, 𝑝 = 3) [135, 155] [135, 162]
GP (Geping, 𝑝 = 4) [144, 166] [150, 180]
JJW (Jiangjiawan, 𝑝 = 5) [137, 158] [141, 169]
SJS (Shenjiashan, 𝑝 = 6) [140, 164] [145, 175]

Xingchang (XC); 𝑝 = 4 Geping (GP); 𝑝 = 5 Jiangjiawan
(JJW); 𝑝 = 6 Shenjiashan (SJS); 𝑟: livestock; 𝑟 = 1 pig;
𝑟 = 2 ox; 𝑟 = 3 sheep; 𝑟 = 4 domestic fowls; 𝑠: town;
𝑠 = 1 Gufu; 𝑠 = 2 Nanyang; 𝑠 = 3 Gaoyang; 𝑠 = 4

Xiakou; 𝑡: time period; 𝑡 = 1 dry season; 𝑡 = 2 wet season;
𝐿
𝑡
: length of period (day); BC±

𝑖𝑡
: net benefit from chemical

plant 𝑖 during period 𝑡 (RMB¥/t); PLC±
𝑖𝑡
: production level

of chemical plant 𝑖 during period 𝑡 (t/day); BW±
𝑠𝑡
: benefit

from water supply to municipal uses (RMB¥/m3); QW±
𝑠𝑡
:

quantity of water supply to town 𝑠 in period 𝑡 (m3/day);
BP±
𝑝𝑡
: average benefit for per unit phosphate ore (RMB¥/t);

PLM±
𝑝𝑡
: production level of phosphorus mining company 𝑝

during period 𝑡 (t/day); BL±
𝑟
: average benefit from livestock

𝑟 (RMB¥/unit); NL±
𝑟
: number of livestock 𝑟 in the study

area (unit); CY±
𝑗𝑘𝑡
: yield of crop 𝑘 planted in agricultural

zone 𝑗 during period 𝑡 (t/ha); BA±
𝑗𝑘𝑡
: average benefit of

agricultural product (RMB¥/t); PA±
𝑗𝑘𝑡
: planting area of crop

𝑘 in agricultural zone 𝑗 during period 𝑡 (ha); CM±
𝑗𝑡
: cost

of manure collection/disposal in agricultural zone 𝑗 during
period 𝑡 (RMB¥/t); CF±

𝑗𝑡
: cost of purchasing fertilizer in

agricultural zone 𝑗 during period 𝑡 (RMB¥/t); AM±
𝑗𝑘𝑡
: amount

of manure applied to agricultural zone 𝑗 with crop 𝑘 during
period 𝑡 (t); AF±

𝑗𝑘𝑡
: amount of fertilizer applied to agricultural

zone 𝑗 with crop 𝑘 during period 𝑡 (t); WC±
𝑖𝑡
: wastewater

generation rate of chemical plant 𝑖 during period 𝑡 (m3/t);
CC±
𝑖𝑡
: wastewater treatment cost of chemical plant 𝑖 during

period 𝑡 (RMB¥/m3); GT±
𝑠𝑡
: wastewater discharge amount at

town 𝑠 during period 𝑡 (m3/m3); CT±
𝑠𝑡
: cost of municipal

wastewater treatment (RMB¥/m3); IQ±
𝑗𝑘𝑡
: irrigation quota for

crop 𝑘 in zone 𝑗 during period 𝑡 (m3/ha); WSP±
𝑡
: water

supply price (RMB¥/m3); FW±
𝑖𝑡
: water consumption of per

unit production of chemical plant 𝑖 during period 𝑡 (m3/t);
IC±
𝑖𝑡
: BOD concentration of raw wastewater from chemical

plant 𝑖 in period 𝑡 (kg/m3); 𝜂±BOD,𝑖𝑡: BOD treatment efficiency
in chemical plant 𝑖 during period 𝑡 (%); ̃ABC±

𝑖𝑡
: allowable

BOD discharge for chemical plant 𝑖 in period 𝑡 (kg/day);
BM±
𝑠𝑡
: BOD concentration of municipal wastewater at town 𝑠

during period 𝑡 (kg/m3); 𝜂
±

BOD,𝑠𝑡: BOD treatment efficiency
of WTPs at town 𝑠 during period 𝑡 (%); ÃBW±

𝑠𝑡
: allowable

BOD discharge for WTPs at town 𝑠 during period 𝑡 (kg/day);
NS±
𝑗𝑘
: nitrogen content of soil in agricultural zone 𝑗 planted

with crop 𝑘 (%); SL±
𝑗𝑘𝑡
: average soil loss from agricultural

zone 𝑗 planted with crop 𝑘 in period 𝑡 (t/ha); RF±
𝑗𝑘𝑡
: runoff

from agricultural zone 𝑗 with crop 𝑘 in period 𝑡 (mm);
DN±
𝑗𝑘𝑡
: dissolved nitrogen concentration in the runoff from

agricultural zone 𝑗 planted with crop 𝑘 in period 𝑡 (mg/L);
MNL±
𝑗𝑡
: maximum allowable nitrogen loss in agricultural

zone 𝑗 during period 𝑡 (t/ha); TA±
𝑗𝑡
: tillable area of agricul-

tural zone 𝑗 during period 𝑡 (ha); AML±
𝑟𝑡
: amount of manure

generated by livestock 𝑟 [t/(unit⋅day−1)]; AMH±
𝑡
: amount

of manure generated by humans [t/(unit⋅day−1)]; RP±
𝑡
: total

rural population in the study area during period 𝑡 (unit);
MS±
𝑡
: manure loss rate in period 𝑡 (%); ACW±

𝑡
: wastewater

generation of per capita water consumption during period 𝑡
[m3/(unit⋅day−1)]; DNR±

0𝑡
: dissolved nitrogen concentration

of rural wastewater during period 𝑡 (t/m3); ÃNL±
𝑡
: maximum

allowable nitrogen loss from rural life section in period
𝑡 (t); PCR±

𝑖𝑡
: phosphorus concentration of raw wastewater

from chemical plant 𝑖 in period 𝑡 (kg/m3); 𝜂±TP,𝑖𝑡: phosphorus
treatment efficiency in chemical plant 𝑖 in period 𝑡 (%); ASC±

𝑖𝑡
:

amount of slag discharged by chemical plant 𝑖 in period 𝑡

(kg/t); SLR±
𝑖𝑡
: slag loss rate due to rain wash in chemical

plant 𝑖 during period𝑡 (%); PSC±
𝑖𝑡
: phosphorus content in

slag generated by chemical plant 𝑖 in period 𝑡 (%); ̃APC±
𝑖𝑡
:

allowable phosphorus discharge for chemical plant 𝑖 in period
𝑡 (kg/day); PS±

𝑗𝑘
: phosphorus content of soil in agricultural

zone 𝑗 planted with crop 𝑘 (%); SL±
𝑗𝑘𝑡
: average soil loss

from agricultural zone 𝑗 planted with crop 𝑘 in period 𝑡

(t/ha); RF±
𝑗𝑘𝑡
: runoff from agricultural zone 𝑗 with crop 𝑘 in

period 𝑡 (mm); DP±
𝑗𝑘𝑡
: dissolved phosphorus concentration

in the runoff from agricultural zone 𝑗 planted with crop 𝑘

in period 𝑡 (mg/L); MPL±
𝑗𝑡
: maximum allowable phosphorus

loss in agricultural zone 𝑗 during period 𝑡 (t/ha); DPR±
𝑡
:

dissolved phosphorus concentration of rural wastewater dur-
ing period 𝑡 (t/m3); ÃPL±

𝑡
: maximum allowable phosphorus

loss from rural life during period 𝑡 (t); PCM±
𝑠𝑡
: phosphorus

concentration of municipal wastewater at town 𝑠 in period
𝑡 (kg/m3); 𝜂

±

TP,𝑠𝑡: phosphorus treatment efficiency of WTP
at town 𝑠 in period 𝑡 (%); ÃPW±

𝑠𝑡
: allowable phosphorus

discharge for WTP at town 𝑠 in period 𝑡 (kg/day); WPM±
𝑝𝑡
:

wastewater generation from phosphorus mining company 𝑝
in period 𝑡 (m3/t); MWC±

𝑝𝑡
: phosphorus concentration of

wastewater from mining company 𝑝 in period 𝑡 (kg/m3);
𝜃
±

𝑝𝑡
: phosphorus treatment efficiency in mining company 𝑝
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Table 2: Crop yields and net benefits.

Agricultural zone
AZ1 AZ2 AZ3 AZ4

Yields (t/ha)
Citrus [10.3, 12.6] [9.8, 11.9] [8.4, 10.2] [9.2, 11.2]
Tea [0.1, 0.2] [0.1, 0.2] [0.3, 0.6] [0.2, 0.4]
Wheat [1.4, 2.1] [1.3, 1.7] [1.2, 2.5] [2.3, 3.1]
Potato [2.4, 3.2] [2.0, 2.8] [1.9, 2.8] [2.8, 3.8]
Rapeseed [1.6, 1.7] [1.3, 1.5] [1.3, 1.7] [1.7, 1.8]
Alpine rice [6.9, 9.6] [6.7, 7.9] [4.4, 6.6] [5.7, 7.0]
Second rice [7.4, 10.2] [7.3, 8.5] [4.7, 7.0] [6.2, 7.4]
Maize [2.9, 3.9] [2.7, 2.9] [2.5, 2.6] [4.0, 4.7]
Vegetable [21.6, 24.0] [10.4, 13.4] [21.8, 24.2] [26.2, 29.1]

Net benefits (RMB¥/t)
Citrus [1082, 1350] [1010, 1260] [1126, 1405] [1203, 1502]
Tea [18000, 18900] [19125, 20081] [20170, 21178] [22500, 23625]
Wheat [1031, 1242] [972, 1169] [945, 1134] [1010, 1218]
Potato [915, 1001] [827, 897] [893, 969] [846, 917]
Rapeseed [2435, 2934] [2191, 2640] [2305, 2778] [2490, 3000]
Alpine rice [1105, 1214] [1047, 1153] [1084, 1178] [1149, 1265]
Second rice [1159, 1274] [1098, 1209] [1137, 1236] [1205, 1327]
Maize [1295, 1451] [1267, 1422] [1230, 1378] [1308, 1467]
Vegetable [2360, 2691] [1613, 1865] [1927, 2197] [1845, 1950]

(%); ASM±
𝑝𝑡
: amount of slag discharged by mining company

𝑝 during period 𝑡 (kg/t); PCS±
𝑝𝑡
: phosphorus content in

generated slag (%); SLW±
𝑝𝑡
: slag loss rate due to rain wash (%);

ÃPM±
𝑝𝑡
: allowable phosphorus discharge formining company

𝑝 during period 𝑡 (kg/day); MSL±
𝑗𝑡
: maximum allowable soil

loss agricultural zone 𝑗 in period 𝑡 (t/ha); NVF±
𝑡
: nitrogen

volatilization/denitrification rate of fertilizer in period𝑡 (%);
NVM±

𝑡
: nitrogen volatilization/denitrification rate of manure

in period 𝑡 (%); 𝜀±NF: nitrogen content of fertilizer (%); 𝜀±PF:
phosphorus content of fertilizer (%); 𝜀±NM: nitrogen content
of manure (%); 𝜀±PM: phosphorus content of manure (%);
NR±
𝑗𝑘𝑡
: nitrogen requirement of agricultural zone 𝑗 with crop

𝑘 during period 𝑡 (t/ha); PR±
𝑗𝑘𝑡
: phosphorus requirement of

crop 𝑘 in agricultural zone 𝑗 during period 𝑡 (t/ha); NEC±
𝑘
:

net energy content of crop 𝑘 (Mcal/t); ERL±
𝑟
: net energy

requirement of livestock 𝑟 (Mcal/unit); ERH±
𝑡
: net energy

requirement of human beings (Mcal/unit); DPC±
𝑘
: digestible

protein content of crop 𝑘 (%); DRL±
𝑟
: digestible protein

requirement of livestock 𝑟 (t/unit); DRH±
𝑡
: digestible protein

requirement of human beings (t/unit); MCY±
𝑗𝑘𝑡
: minimum

crop production requirement for crop 𝑘 in period 𝑡 (t); TPC±
𝑠𝑡
:

capacity of wastewater treatment capacity (WTPs) (m3/day);
TPD±
𝑖𝑡
: capacity of wastewater treatment capacity (chemical

plants) (m3/day).
Table 1 provides the net benefits of chemical plant prod-

uctions, phosphorus mining company, and municipal water
supply. According to the crops’ growth periods, dry season
crops include wheat, potato, rapeseed and alpine rice; second
rice, maize and vegetable are identified as main crops during

the wet season; citrus and tea grow over the entire year.
Table 2 shows the net benefits of each crop in every AZ and
yields of each crop. To guarantee the stream water quality,
wastewater treatment measures have to be adopted at each
point source. Based on the local environmental regulations,
a safe level of water quality must be guaranteed to protect
aquatic life and maintain aerobic condition in the stream
system [2]. Thus, the BOD and TP loading amount would be
controlled strictly. However, the imprecision of the allowable
BOD and TP discharge could introduce uncertainties in
the water quality management. For modeling purpose, the
vagueness of the allowable BOD and TP loading amount are
encoded by triangular fuzzy membership functions. Figure 1
presents the fuzzy set with triangular membership function.
The minimum, maximum, and most likely values (𝑏, 𝑏, and
𝑏) that define these fuzzy sets are estimated according to
previous research regarding water quality monitoring and
environmental capacities, as tabulated in Table 3. Moreover,
by setting acceptable interval credibility levels, the constraints
can be at least basically satisfied and at best practically
satisfied. Lower-bound of the interval numbers would be
no less than 0.5, and upper- bound of the interval numbers
would be no more than 1 [16]. Lower-bound of credibility
level represents a situationwhen the decisionmakers are opti-
mistic about this study area, which may imply a higher risk
of violating the river’s self-purification capacity. Conversely,
upper-bound of credibility level corresponds to a situation
when the decision makers prefer a conservative policy that
could guarantee that the river’s self-purification capacity be
satisfied.
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Table 3: Allowable BOD and TP discharges.

𝑏 𝑏 𝑏

𝑡 = 1 𝑡 = 2 𝑡 = 1 𝑡 = 2 𝑡 = 1 𝑡 = 2

Allowable BOD loading discharge
from chemical plant (kg/day)

GF 0.76 0.78 0.82 0.85 0.88 0.92
BSH 437.2 442.97 444.265 448.605 451.33 454.24
PYK 7.25 7.83 7.53 7.89 7.81 7.95
LCP 95.43 97.23 97.82 102.83 100.21 108.43
XJLY 48.34 49.43 49.635 50.645 50.93 51.86

Allowable BOD loading discharge
fromWTP (kg/day)

Gufu 145 143 150 148 155 153
Nanyang 7 6 10 9 13 12
Gaoyang 38 36 40 38 42 40
Xiakou 28 30 30 32 32 34

Allowable TP loading discharge
from chemical plant (kg/day)

GF 1.18 1.29 1.31 1.43 1.44 1.57
BSH 393.73 485.94 419.14 514.27 444.55 542.59
PYK 80.23 99.57 84.87 105.75 89.51 111.92
LCP 385.59 470.16 416.21 497.96 446.83 525.76
XJLY 259.81 330.52 276.46 355.02 293.1 379.52

Allowable TP loading discharge
fromWTP (kg/day)

Gufu 13.00 13.50 15.22 15.68 17.43 17.85
Nanyang 0.36 0.42 0.55 0.6 0.74 0.78
Gaoyang 1.82 1.88 2.03 2.27 2.23 2.65
Xiakou 2.05 2.34 2.25 2.49 2.45 2.64

Allowable TP loading discharge
from phosphorus mining company (kg/day)

XL 157.70 143.31 175.60 192.45 193.49 241.59
XH 89.40 104.19 99.51 120.53 109.62 136.87
XC 108.20 110.74 120.48 138.25 132.75 165.76
GP 146.20 140.03 162.78 181.99 179.36 223.95
JJW 89.80 104.49 99.97 121.01 110.13 137.52
SJS 86.60 102.19 96.41 117.40 106.21 132.61

Allowable TP and TN loading discharge
from rural life (kg/day)

TP 21.5 20.5 24.45 24.4 27.4 28.3
TN 102.1 106.0 107.5 107.0 112.8 118.0

4. Result Analysis

Table 4 shows the solutions for industrial production and
water supply during the two periods. The results show that
significant variations in industrial production and water
supply exist among different chemical plants, phosphorus
mining companies, and towns. For chemical plants, the
production scale of BSH (i.e., [536.23, 652.37] t/d (tonne/day)
during period 1 and [530.78, 629.19] t/d during period 2)
would be larger than the other chemical plants (especially

Table 4: Solutions for industrial productions and water supplies.

Main point sources Period
𝑡 = 1 𝑡 = 2

Chemical plant (t/day)
GF [25.64, 27.41] [21.13, 27.02]
BSH [536.23, 652.37] [530.78, 629.19]
PYK [81.71, 102.09] [75.98, 80.92]
LCP [379.24, 403.72] [357.33, 453.48]
XJLY [280.87, 313.47] [320.42, 337.81]

Phosphorus mining company (t/day)
XL [824.78, 1261.00] [701.05, 1044.89]
XH [326.00, 420.00] [350.48, 400.00]
XC [286.87, 400.00] [260.38, 393.68]
GP [534.99, 778.00] [659.80, 778.00]
JJW [425.99, 547.00] [412.57, 547.00]
SJS [510.53, 685.00] [602.43, 685.00]

Water supply (m3/day)
Gufu [11723.79, 14859.14] [12264.89, 21739.14]
Nanyang [762.29, 987.64] [859.73, 1109.84]
Gaoyang [2783.46, 3225.87] [2962.32, 3226.25]
Xiakou [1656.71, 2083.18] [1592.84, 2156.09]

GF) because of its higher allowable BOD and TP discharges
and net benefits. For water supply, more water would be
delivered to Gufu (i.e., [11723.79, 14859.14]m3/day in period
1 and [12264.89, 21739.14]m3/day in period 2) than those
to the other towns due to its greater water demand, higher
allowable BOD discharge, and higher economic return. For
phosphorusmining company, the production scale of XL (i.e.,
[824.78, 1261.00] t/d in period 1 and [701.05, 1044.89] t/d in
period 2) would be larger than the other chemical plants
because of its higher allowable TP discharge and net benefit.

The results for total crop areas and manure/fertilizer
applications are listed in Table 5. The areas of citrus and
tea would maintain the low levels over the planning hori-
zon. This may be attributed to their pollutant losses as
well as their low net energy and digestible protein con-
tents (supplied for livestock). In period 1, wheat, potato,
rapeseed, and alpine rice should be cultivated. The potato
area (i.e., [1459.8, 1620.3] ha) would account for the largest
one of the entire croplands. In period 2, wheat, potato,
rapeseed, and alpine rice would be harvested and second
rice, maize, and vegetable would be sown. The vegetable area
(i.e., [1745.2, 1915.6] ha) would be the largest one among
all croplands. The results indicate that the high levels of
area planted with potato and vegetable are associated with
their high crop yields, good market price, and low pollutant
losses. In terms of manure and fertilizer application, their
quantities would vary with crop areas. The results indicate
that manure would be the main nitrogen and phosphorus
source which satisfy the requirements of most crops due to
its availability and low price to collect. Solutions demonstrate
that domestic fowl husbandry would reach the highest level
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Figure 1: Fuzzy set and credibility.
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Figure 2: BOD discharges from chemical plants. Note: the five chemical plants are abbreviated as their initials in this figure. GF: Gufu, 𝑖 = 1;
BSH: Baishahe, 𝑖 = 2; PYK: Pingyikou, 𝑖 = 3; LCP: Liucaopo, 𝑖 = 4; XJLY: Xiangjinlianying, 𝑖 = 5.

(i.e., [34.80, 132.56] × 103 unit) among all live stocks because
it possesses more advantageous conditions than the other
live stocks (i.e., higher allowable discharge, higher revenue
parameter, and lower manure generation rate).

Figures 2 and 3 present the amounts of BOD discharges
from chemical plants andWTPs, respectively. The amount of
BOD discharge is associated with a number of factors (e.g.,
production scale, wastewater generation rate, and wastewater
treatment facility). The BOD discharge from BSH would be
more than those from the other chemical plants, whichwould
be [80.34, 93.71] t (i.e., tonne) in period 1 and [60.40, 72.42] t
in period 2.The BOD discharge fromGF would be the lowest
among all chemical plants, with [0.14, 0.18] t in period 1 and
[0.10, 0.13] t in period 2. Among all WTPs, Gufu wastewater

treatment plant would discharge the highest BOD level, with
[17.62, 28.69] t in period 1 and [26.72, 36.72] t in period 2; the
BOD discharged from Nanyang WTP would be the lowest
(i.e. [3.99, 4.39] t in period 1 and [5.01, 7.55] t in period 2).

Figure 4 shows TP discharges from point sources (i.e.,
chemical plants, WTPs, and phosphorus mining companies)
andnonpoint sources (i.e., crop farming and agricultural life).
In Figure 4, symbol “CP” denotes chemical plant; symbol
“PMC” denotes phosphorus mining company; symbol “CF”
denotes crop farming; symbol “AL” means agricultural life.
For point sources, the chemical plants would be the major
contributor to water pollution. The phosphorus pollutants
can be discharged from wastewater and solid wastes (i.e.,
chemical wastes, slags, and tailings). The amount of TP
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Figure 4: Solutions of TP discharge. Note: CP: chemical plant; WTP: wastewater treatment plant; PMC: phosphorus mining company; CF:
crop farming; AL: agricultural life.

discharge from chemical plant would be [99.15, 211.85] t in
period 1 and [87.67, 192.06] t in period 2. Since the wastew-
ater should be sluiced strictly according to the integrated
discharge standards, the amount of TP discharge fromWTPs
would stay at a low level. Most of the TP would be from
phosphorus-containing wastes (i.e., discharged directly and
washed by rainfall). For nonpoint sources, the phosphorus
pollutants from crop farming which can be generated though
runoff and soil erosion (the latter would be a larger pro-
portion) would be more than that from agricultural life.
The amount of TP discharge from crop farming would be

[47.18, 80.84] t in period 1 and [76.69, 154.56] t in period 2.
This is associated with its high soil loss rate, low runoff, and
low phosphorus concentration in the study area. Generally,
TP discharge derives mainly from point sources, particularly
from chemical plants. The results also indicate that the
nitrogen pollutants would be generated by nonpoint sources
(i.e., mainly from crop farming). TN discharge from citrus
and tea can be neglected (i.e., nearly equal to aero). Figure 5
shows TN discharges from the other cropping areas. TN
discharges fromwheat and potatowould be higher than those
from rapeseed and alpine rice in period 1; TNdischarges from
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Figure 5: TN discharges from agriculture activities.

48
1.

94
 

20
3.

86
 

12
7.

85
 

6.
43

 76
.6

7 

90
8.

53
 

39
3.

93
 

26
3.

03
 

27
.5

8 11
6.

82
 

0

300

600

900

1200

CP MWS PMC LH CF

N
et

 sy
ste

m
 b

en
efi

t (
RM

B¥
)

10
6

Lower-bound
Upper-bound

Figure 6: Net benefits from industrial and agricultural activities. Note: CP: chemical plant; MWS:municipal water supply; PMC: phosphorus
mining company; CF: crop farming; LH: livestock husbandry.

vegetable would be higher than those frommaize and second
rice in period 2. This difference may be attributed to their
planting areas, soil losses, runoff, and nitrogen concentration.

Net system benefit can be obtained from different indus-
trial and agricultural activities, as shown in Figure 6. Chem-
ical plants would be the major economic incoming source in
the study area and could generate the highest revenue (RMB¥
[484.94, 906.53]×10

6).Municipal water supply and phospho-
rus mining company would also make certain contribution
to the economic development; their net benefits would be
RMB¥ [203.86, 393.93] × 10

6 and RMB¥ [127.85, 263.03] ×
10
6, respectively. Livestock husbandrywould bring the lowest

benefit. Such an industry-oriented pattern may be related

to the abundant mineral resources (particularly phosphorus
ore) which can generate high economic return. Agricultural
activities would make less contribution to the local economic
development due to its topography which is not suitable for
cultivation in large parts.

5. Conclusions

In this study, an interval fuzzy credibility-constrained pro-
gramming (IFCP) has been advanced for water quality
management under uncertainty. This method integrates
interval-parameter programming (IPP) and fuzzy credibility-
constrained programming (FCP) techniques within a general
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Table 5: Solutions for agricultural production.

Crops and live stocks Growth period
Crop area (ha)

Citrus Whole year [35.7, 72.8]
Tea Whole year [40.8, 53.4]
Wheat Dry season [1112.6, 1894.2]
Potato Dry season [1459.8, 1620.3]
Rapeseed Dry season [296.5, 369.4]
Alpine rice Dry season [206.5, 393.2]
Second rice Wet season [351.2, 387.4]
Maize Wet season [83.4, 97.8]
Vegetable Wet season [1745.2, 1915.6]

Manure application
(103 t)

Citrus Whole year [10.4, 19.3]
Tea Whole year [8.2, 11.7]
Wheat Dry season [2.9, 7.8]
Potato Dry season [0.7, 2.8]
Rapeseed Dry season [4.1, 4.7]
Alpine rice Dry season [5.8, 6.3]
Second rice Wet season [5.2, 5.7]
Maize Wet season [0.8, 1.1]
Vegetable Wet season [1.2, 1.4]

Fertilizer application (t)
Citrus Whole year [0.7, 1.0]
Tea Whole year [804.3, 893.6]
Wheat Dry season [824.4, 917.3]
Potato Dry season [1023.4, 1454.2]
Rapeseed Dry season [2.4, 3.6]
Alpine rice Dry season [39.6, 60.5]
Second rice Wet season [292.7, 316.3]
Maize Wet season [0.2, 0.3]
Vegetable Wet season [1520.4, 1632.1]

Size of livestock
husbandry (103 unit)

Pig Whole year [0.121, 35.462]
Ox Whole year [0.688, 0.813]
Sheep Whole year [21.430, 34.478]
Domestic fowl Whole year [34.800, 132.561]

optimization framework. Generally, the IFCP model has
advantages in (1) handling uncertainties presented in terms
of interval values and possibility distributions in the model,
and (2) providing bases for determining optimalwater quality
management plans with desired compromises between eco-
nomic benefits and environmental capacity-violation risks.

The developed model has been applied to a real-world
case of planning water quality management in the Xiangxi
River of the Three Gorges Reservoir Region. The objective
is to maximize the net system benefit subject to the envi-
ronmental requirements under uncertainty over the planning

horizon. Pollutant discharges generated by various point and
nonpoint sources were considered simultaneously. Interval
solutions for production activities (i.e., industrial, municipal,
and agricultural) and pollutant discharges (i.e., BOD, TP, and
TN) under interval credibility levels have been generated
by solving two deterministic submodels. The detailed results
of related production scales and pollutant discharges can
help identify desired water quality management schemes for
developing the local economy in a sustainable manner. Some
useful suggestions for the local economy development in
a sustainable manner could be summarized: (i) advancing
wastewater treatment technologies (e.g., tertiary treatment
and depth processing technologies) to further improve pol-
lutant removal efficiency; (ii) controlling the generation of
phosphorus-containing wastes (from chemical plants and
phosphorus mining companies) strictly in the production
process and taking effective treatments and disposal mea-
sures to reach the goal of achieving TP abatement; (iii) taking
control practices on soil erosion for reducing the transport of
nitrogen and phosphorus pollutants to the river.

Although reasonable solutions and desired management
policies have been obtained through the IFCP management
model, there are still some extensive research works to
be done. For example, the proposed IFCP method can
deal with uncertainties expressed as fuzzy sets and interval
numbers; however, the main limitations of the IFCP method
remain in its difficulties in tackling uncertainties expressed as
probabilistic distributions (stochastic uncertainties). Under
such a circumstance, stochastic mathematical programming
method is a suitable option to be introduced into the pro-
posed IFCP method. Moreover, decision support regarding
pollution management could be further provided by incor-
porating certain water quality simulation models into IFCP
framework, which can effectively reflect dynamic interactions
between pollutant loading and water quality.
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Karst aquifers are known for their heterogeneous physical properties and irregular complex flow patterns whichmake it a challenge
to describe the hydrological behavior and to quantitatively define the distribution of river flow components using hydrologic
models. In this paper, a conceptual lumped hydrologic model, Xin’anjiang model (XAJ), was applied in Sancha River, which is
a karst basin in southwest China, for the simulation of streamflow. The performance of XAJ model was evaluated based on the
model’s ability to reproduce the streamflow and baseflow. Percentage of bias (PBIAS), Nash-Sutcliffe efficiency (NSE), coefficient of
determination (𝑅2), and standard deviation (RSR) were calculated between the simulated and measured flow for both calibration
and validation period.The low PBIAS and RSR (2.7% and 0.367 for calibration period, 1.3% and 0.376 for validation period) and the
high NSE and 𝑅2 (0.866 and 0.866 for calibration period, 0.858 and 0.860 for validation period) indicate that the model structure
and parameters are of reasonable validity. Furthermore, streamflow was separated to baseflow and surface flow using the “baseflow
programme,” and the calculated results indicate that the model could also reproduce the response of baseflow in such karst system.

1. Introduction

Karst terrain accounts for about 15% of the world’s land
and is home for around 1 billion people [1]. Water from
Karst terrain supports upwards of 25% of the current world
population [2]. Guizhou Province has one of the largest,
continuous karst areas in the world. About 73% of Guizhou
is karst, and 17.42% of the karst landforms are developed on
continuously pure limestone [3, 4]. The importance of karst
aquifers as a water resource has grown, as the population
in this region continues to expand causing an increasing
demand of water. However, Karst rocky desertification is a
serious problem in this region, especially in limestone areas
[5, 6]. It is a process featured by the degradation of karst
areas originally covered by soil and vegetation into rocky
landscapes or lithological deserts with little soil or vegetation
covering. As a result, modeling the response of karst aquifers
and water storage in such systems becomes an important
challenge and is an important step to estimate the sustainable
yield of karst aquifers as well as to evaluate future climatic

or anthropogenic impacts on the sustainability of ground-
water resources in these systems. However, Karst aquifers
are known for their heterogeneous physical properties and
irregular complex flow patterns which make it a challenge
to describe the hydrological behavior and to quantitatively
define the distribution of river flow components using hyd-
rologic models [7]. For reliable simulations, the used models
require an adequate representation of hydrological systems,
which is particularly true in karst regions. Both distributed
and lumped hydrological models were used to simulate
the hydrological processes in karst systems [8, 9]. Distri-
butedmodels provide spatially distributed information about
groundwater heads and flow, including karst processes in
different degrees of complexity [10]. However, the application
of distributed models is hampered by the complexity and
heterogeneity of karst systems and the lack or limitation
of detailed and quantifiable information about the physical
parameters (soil, vegetation, fractures, conduits, and swallow
holes). On the other hand, lumped models are based on a set
of mathematical equations that represent the transfer from
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input [11–15]. This has resulted in the use of lumped models
in karst hydrology.

In karst hydrology, twomains types of lumpedmodels are
generally used to simulate the rainfall-discharge relationship:

(1) empirical models (also called “black box” models)
that represent a completely unknown system, neither
on the structure of the aquifer, nor on hydrodynamics
parameters. This type of model aims to characterize
the overall relationship between rainfall and discha-
rge. Most of these models have been already applied
to numerous karst systems [16–22];

(2) reservoir models that are developed with simple dis-
charge equation between linked reservoirs. The use
of reservoir models is a simple and classical way
which is being explored with software packages such
asGARDENIA [23] orVENSIM,which has been used
in surface hydrology for some years [24] and presently
is being tested on karst aquifers.

From a physical point of view, the hydrologic functioning
of a karst system is driven by the typical hydrodynamic
behavior of each compartment that can be classified accord-
ing to three distinct zones: epikarst, infiltration zone, and
saturated/phreatic zone [25]. However, the abovementioned
“black box” models and reservoir-based models poorly rely
on the physical properties of functioning of karst systems.
Thus, Xin’anjiang conceptual lumped models (LPM) were
developed, not only for reproducing the dynamics of the
catchment but also for understanding the relations between
karst system and its geological and human environment for
managing the resource.

Conceptual lumped models (LPM) are based on the con-
ceptualization of the karst aquifer as a whole; that is, depen-
dent variables are not a function of spatial position, and
physical relationships are not considered explicitly but are
represented in general terms through the conceptualization
of the aquifer. Due to their simplicity, LPMs are particularly
useful for the interpretation of data when it is neither possible
nor justified to use distributed parameter models [26]. Albeit
based on a simplified physical interpretation of the processes
which transform inputs into outputs, Xin’anjiang conceptual
lumped models are sufficient to help define the nature and
behavior of the karst contribution to river flows and the
impact of future change on karst water resources.

The Xin’anjiang model was developed on the basis of
the analysis of data from the Xin’anjiang Reservoir located
in the Zhejiang, China. It has been applied extensively in
most humid regions in the south and east of China with
warm climate and little snow for runoff simulation and water
resources planning. It has been improved incrementally since
it was proposed in 1973 [27–30]. The advantages of the
Xin’anjiangmodel in this study are that it is based on a simpli-
fied physical interpretation of the processes which transform
inputs into outputs, while all themodel parameters have clear
physical meanings. High accuracy alone is insufficient for
our purposes. By the application of this model, the relations
between parameter values and natural conditions will be
found and it is valuable for extending and developing the
model to meet with more miscellaneous surface conditions.

Based on the extensive field research, the hydrological
features of karst catchments in southwest China can be
described as below [31]. (1) Abundant precipitation serves
as a principal source for soil water replenishment. Soil in
karst regions, characterized by a strong permeability and coa-
rse vegetation covering, usually has a depth of 20–50 cm.
Thus we hold the opinion that runoff from karst catchments
in southwest China occurred as stored-full runoff process.
(2) Generally, two processes, quick flow and slow flow,
are apparent and control the characteristics of a karst flow
hydrograph [17, 32]. (3) The open conduit provides low
resistance pathways for the subsurface flow, which often has
more in common with surface water than with groundwater
[33]. (4)The relationship between karst groundwater storage
and discharge in southwest China can be regarded as linear
system [34, 35]. These hydrological features satisfy some
assumptions of Xin’anjinag model.Thus, we hold the opinion
that the conceptual lumped Xin’anjiang model can be applied
for predicting the flood processes in such area.

In this paper, the main features of flood and the appli-
cability of Xin’anjiang model to such karst area in Southwest
China are thoroughly analyzed through a successful case
study and the possibility and difficulty to apply Xin’anjiang
model inKarst area are pointed out.Themain points explored
in this paper are

(1) testing the application of Xin’anjiangmodel in Sancha
River Valley,

(2) using precipitation, evapotranspiration and discharge
data to calibrate model parameters,

(3) analyzing the hydrological behavior in karst area Sou-
thwest China.

2. Methods and Materials

2.1. Study Area. Guizhou Province in Southwest China is
located in the east side of the Yunnan-Guizhou Plateau and
covers about 17,600 km2. This region is dominated by sub-
tropical wet monsoon climate.Themean annual temperature
is 20∘C. The highest average monthly temperature is in July,
and the lowest is in January. Annual precipitation is 1140mm,
with a distinct summer wet season and a winter dry season.
Average monthly humidity ranges from 74% to 78%.

The Sancha River Valley (Figure 1), located in the north-
west part of Guizhou Province, is a tributary of the Wujiang
River with an area of 7264 km2 and an elevation of 200–
2010m above sea level. The studied area has a subtropical
monsoonal climate with an annual precipitation of 1000mm.
Rainfall mainly occurs between May and October. The tem-
perature of this area ranges from−1∘C to 28∘C,with an annual
average of 14∘C. Sancha River is a typical mountain river of
325.6 km long. In Sancha River Valley, karst is well developed
and the topography ismarked by numerous abrupt ridges, fis-
sures, channels, sink-holes, swallow-holes, and caverns. The
dominant lithology in this catchment is the pure and thick
limestone of the Guanling Formation of the Middle Tria-
ssic. The limestone has a less than 10∘ dip angle. Soil, com-
monly 20–50 cm in thickness, occurs onmost slopes.The soil
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Figure 1: Location of Sancha River Valley.

has a clay content of 24–32.5% and a density of 1.13 g/cm3.
The organic matter content of the soil is 69.8–136.6 g/kg.
The vegetation in the catchment is mainly broad-leaved
deciduous shrubs and evergreens. The agriculture fields and
pastureland are mainly located from mountain slope side to
bottom.Crops commonly grown are corn, soybeans, and rape
oil seed.

2.2. Description of Xin’anjiang (XAJ) Model. Xin’anjiang
(XAJ) model is a conceptual hydrologic model developed by
Zhao et al. [36] based on extensive observed data from the
Xin’anjiang reservoir watershed. The XAJ model has been
widely used in China for flood forecasting, hydrologic station
network design, and water availability estimation [37]. XAJ
has been used in all major river basins in China, including
the Yellow River, Yangtze River, Huaihe River, and so forth.

According to the model structure, runoff was separated
only into two components using the concept of a final,

constant, infiltration rate. However, in 1980, the model was
modified to represent the three components of surface runoff,
subsurface flow, and groundwater flow. The karst water is
also composed by surface runoff, rapid and slow ground flow
[38, 39].Themain feature of Xin’anjiang model is the concept
of runoff formation on the depletion of storage, which means
that runoff is not produced until the soil moisture content
of the aeration zone reaches the field capacity, and thereafter
runoff equals the rainfall excesswithout further loss. XAJ uses
the runoff formation at natural storage mechanism to calcu-
late runoff, making it valid only in humid and semihumid
regions. The runoff-producing area is critical for calculating
runoff. Runoff distribution is usually nonuniform across a
region because the soil moisture deficit is heterogeneous. In
order to accommodate the nonuniformity of the soilmoisture
deficit or the tension water capacity distribution, XAJ model
adopted the storage capacity curve [36] to calculate total
runoff. Shi et al. [40] proposed a method for calculating the
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Figure 2: Subdivision of the study area.
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Figure 3: Flowchart for the Xin’anjiang model (adapted from Zhao, [37]).

water capacity froma topographic index.After calculating the
total runoff, three components including surface runoff𝑄surf,
groundwater contribution 𝑄gw, and contribution to lateral
flow 𝑄lat are separated [37]. By applying the Muskingum
method to successive subreaches [41], flood routing from
subbasin outlets to the total basin outlet is achieved.

XAJ divides a watershed into a set of subbasins (Figure 2)
to capture the spatial variability of precipitation and the
underlying surface. Instead of further delineating each sub-
basin into HRUs, XAJ uses the subbasin as the basic oper-
ation unit. XAJ requires precipitation and measured pan
evaporation inputs. Outflow simulation from each sub-basin
consists of fourmajor parts: (1) the evapotranspiration which
generates the deficit of the soil storage divided into upper,
lower, and deep layers; (2) the runoff production which
produces the runoff according to the rainfall and soil storage
deficit; (3) the runoff separationwhich divides the total runoff
into three components, surface runoff, subsurface runoff and

groundwater, (4) the flow routing which transfers the local
runoff to the outlet of each sub-basin forming the outflow of
the sub-basin.

The flow chart of model calculation in each sub-basin is
shown in Figure 3. All symbols inside the blocks are vari-
ables including inputs, outputs, state variables, and internal
variables, while those outside the blocks are parameters.
The inputs of the model are rainfall, P, and measured pan
evaporation, EM.The outputs are the outlet discharge,Q, and
the actual evapotranspiration, E. The function, methods, and
corresponding parameters in every part (layer) are shown
in Table 1. K is the ratio of potential evapotranspiration to
pan evaporation if pan evaporation measurements are used
as references. WM and B are two parameters describing the
tensionwater distribution.WM, the arealmean tensionwater
capacity, is the sum of UM in the upper layer, LM in the
lower layer, and DM in the deeper layer. B is the exponent
of the tension water capacity distribution curve. IM is the
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Table 1: Function, methods, and parameters in Xin’anjiang model.

Layer 1st 2nd 3rd 4th

Function Evapotranspiration Runoff generation Water source
separation

Runoff concentration
Overland flow River network flow

Methods Three-layer
evaporation pattern

Runoff yield at
natural storage

Free water storage
reservoir model Linear reservoir Muskingum method

Parameters KC, WUM, WLM,
and 𝐶 WM, 𝐵 SM, EX, KI, and KG CS, CI, CG KE, XE

factor of impervious area. SM and EX are similar toWM and
B, while they describe the free water capacity distribution.
The areal mean of the free water capacity of the surface soil
layer, SM, represents the maximum possible deficit of free
water storage. Surface runoff is sensitive to the value of this
parameter. EX is the exponent of the free water capacity
curve. KG and KI are the outflow coefficients of the free
water storage to groundwater and interflow.The sum of them
determines the drainage rate from free water storage and
their ratio determines the proportion going to interflow and
groundwater flow, respectively. The daily recession constant
of groundwater storage, CG, can be easily determined by
the recession curve during the dry season. CS, the recession
constant in the “lag and route” method for routing through
the channel systemwithin each sub-basin, is purely empirical.
KE and XE are parameters of the Muskingummethod which
can be initially determined by hydraulic formulas. The more
about physical meaning and value range of each parameter
and the calculation are described in detail by [37].

The efficiency of the Xin’anjiang model has been estab-
lished by long use in China, and use of the model has
also spread to other fields of application such as water
resources estimation, design flood and field drainage, water
project programming, hydrological station planning, water
quality accounting, and so forth. However the uncertainty
problem in hydrological model is inevitable, which covers
three aspects of data, model structure and parameters. Firstly,
during the modeling of hydrological processes the chief
question is data problem, as well as the main reason of
the uncertain problems. Making the fullest use of existing
information, and introducing new data, especially combining
remote sensing data with different scales of hydrological
simulation, will significantly lower the uncertainty problem
in Xin’anjiang model. Secondly, enhance the fundamental
research of hydrologic cycle. Based on the generalization
and simplification of complex hydrology processes, the
hydrological model should be improved continually during
practical applications in order to promote the development
of hydrological science. Thirdly, parameter is one of the
key roles in analyzing model uncertainty problem. Usually,
there is certain arbitrariness on parameters optimization
based on traditional methods, and the results of parameters
optimization in model are not the global optimal value
which lack adequate stability [42].The generalized likelihood
uncertainty estimation (GLUE) methodology is an effec-
tive approach to study uncertainty of parameters. In the
largest study of this kind, various computational approaches
were investigated to analyze the impact of uncertainty on

predictions of streamflow. SHU [43] employ GLUE to exam-
ine the uncertainty in Xin’anjiang model. The propagation
of precipitation uncertainty through the Xin’anjiang model
and the effect on the discharge simulation were analyzed
quantitatively based on the fuzzy membership grade theory
and theMonte Carlomethod [44].These studies are favorable
for understandingXin’anjiangmodel so as to provide valuable
scientific information for future uncertainties research in
hydrological modeling.

2.3. Data. The rainfall data used in this study are the daily
rainfall data from ten permanent rain gauges of the Sancha
River Valley in Guizhou and they were employed: Ertang,
Xingfa, Xiangyang, Xinfang, Fujiazhai, Bide, Longchang,
Yangchang, Zhangwei, and Sanchahe, with equal weighing
coefficients of 0.1. There is one evaporation station (Bide)
in the middle part of the catchment and a discharge station
(Sanchahe) in the outlet of the catchment. All stations in the
catchment have nearly complete records for water years 1991
to 2012, providing a unique dataset to apply themodel for dis-
charge simulation. The data were split into two independent
subsets formodel calibration and validation, respectively.The
data from 1991 to 2005 were used for parameter calibration,
and residual seven years (2006 to 2012) were used for model
validation.

2.4.Model Calibration andValidation. Daily runoffdata from
January 1, 1991 to December 31, 2005 were used for calib-
ration, and the remaining data from January 1, 2006 to Dece-
mber 31, 2012 were used to validate model performance.

In this study, we followed Santhi et al. [45] andMoriasi et
al. [46] by using the following statistical evaluation tools: per-
cent bias (PBIAS), coefficient of determination (𝑅2), Nash-
Sutcliffe efficiency (NSE), and standard deviation (RSR).
PBIAS is calculated as

PBIAS = (
∑
𝑇

𝑡=1
(𝑄
𝑠,𝑡
− 𝑄
𝑚,𝑡
)

∑
𝑇

𝑡=1
𝑄
𝑚,𝑡

) × 100, (1)

where 𝑄
𝑠,𝑡

is the model simulated value at time unit 𝑡, 𝑄
𝑚,𝑡

is the observed data value at time unit 𝑡, and 𝑡 = 1, 2, . . . , 𝑇.
PBIASmeasures the average tendency of the simulated data to
be larger or smaller than their observed counterparts. PBIAS
values with small magnitude are preferred. Positive values
indicate model overestimation bias, while negative values
indicate underestimation [47].



6 Journal of Applied Mathematics

Table 2: Parameters for Xin’anjiang model after calibration.

Parameter 𝐾 WM (mm) WUM (mm) WLM (mm) 𝐵 𝐶 SM (mm) EX
Value 0.62 120.0 20.0 70.0 0.3 0.15 10 1.5
Parameter KI KG CS CI CG KE XE
Value 0.3 0.4 0.55 0.875 0.98 1.0 0.46

The formula for calculating coefficient 𝑅2 is

𝑅
2
=

{{

{{

{

∑
𝑇

𝑡=1
(𝑄
𝑚,𝑡
− 𝑄
𝑚
) (𝑄
𝑠,𝑡
− 𝑄
𝑠
)

[∑
𝑇

𝑡=1
(𝑄
𝑚,𝑡
− 𝑄
𝑚
)
2

]
0.5

[∑
𝑇

𝑡=1
(𝑄
𝑠,𝑡
− 𝑄
𝑠
)
2

]
0.5

}}

}}

}

2

,

(2)

where 𝑄
𝑚
is mean observed data value for the entire evalu-

ation time period and 𝑄
𝑠
is the mean simulated data value

for the entire evaluation time period.The other symbols have
the same meaning defined above. 𝑅2 is equal to the square
of Pearson’s product moment correlation coefficient [48]. It
represents the proportion of total variance in the observed
data that can be explained by the model. 𝑅2 ranges between
0.0 and 1.0. Higher values mean better performance.

NSE is calculated as

NSE = 1.0 −
∑
𝑇

𝑡=1
(𝑄
𝑚,𝑡
− 𝑄
𝑠,𝑡
)
2

∑
𝑇

𝑡=1
(𝑄
𝑚,𝑡
− 𝑄
𝑚
)
2
. (3)

NSE indicates how well the plot of observed values versus
simulated values fits the 1 : 1 line and ranges from −∞ to
1 [49]. Larger NSE values are equivalent with better model
performance.

The standard deviation (RSR) is calculated as:

RSR = RMSE
STDEVobs

=

√∑
𝑇

𝑡=1
(𝑄
𝑚,𝑡
− 𝑄
𝑠,𝑡
)
2

√∑
𝑇

𝑡=1
(𝑄
𝑚,𝑡
− 𝑄
𝑠,𝑡
)
2

. (4)

2.5. Calibration Phase. The calibration process is as follows.

(1) Model parameters are assumed firstly using reason-
able initial values according to their physical meaning
and value range described in detail by Zhao [37]. K,
UM, LM, and C are evapotranspiration parameters.
WM, B, and IM are runoff production parameters.
SM, EX, KG, and KI are parameters of runoff sepa-
ration. CG, CI, CS, and L are runoff concentration
parameters. The output is more sensitive to 𝐾, SM,
KG, KI, CG, CS, and L. K, as an empirical coeffi-
cient transferring the pan evaporation to potential
evapotranspiration, and is calibrated alone firstly. Pan
evaporation in Bide evaporation station is used as
reference in this study area.C depends on the propor-
tion of the basin area covered, and it can be adjusted
after calibration of K. Parameters UM and LM are
determined by experience. WM is the areal mean
tension water capacity having components UM, LM,
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Figure 4: XAJ model simulation phase (1991 to 2005).

Table 3: The daily simulation results of the calibration and valida-
tion process.

NSE PBIAS 𝑅
2 RSR

Calibration 0.866 2.7 0.866 0.367
Validation 0.858 1.3 0.860 0.376

and DM, and the value is provided large enough to
ensure that the computed areal mean soil moisture
contentW does not become negative. SM is the areal
mean of the free water capacity of the surface soil
layer. It may be approximately 10mm or less for thin
soils, increasing to 50mm or more for thick surface
soils. The best choice for the value of EX is between 1
and 1.5 and a fixed value (0.7 or 0.8) is taken for the
sum of KG and KI.

(2) Next, by comparing the simulated and observed hyd-
rographs, a manual calibration is applied to refine
model parameters by a trial-and-error method beca-
use the number of parameters is limited and the range
is relatively short. Table 2 shows the set of model
parameters obtained from the calibration phase (years
from 1991 to 2005) for the Xin’anjiang model. The
hydrograph obtained using the model for this period
is compared to the measured hydrograph in Figure 4.

The daily simulation results of the calibration process are
reported in Table 3. From the table, it can be seen that the per-
cent bias (PBIAS), coefficient of determination (𝑅2), Nash-
Sutcliffe efficiency (NSE), and standard deviation (RSR) for
the calibration are 2.7, 0.866, 0.866, and 0.367. These resu-
lts show that the calibrated parameters are realistic and rea-
sonable.
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Figure 5: XAJ model validation phase (2006). Measured and simu-
lated discharge, the groundwater runoff separated from the hydro-
graph and calculated by Xin’anjiang model, and catchment average
rainfall time series.

2.6. Validation Phase. The hydrograph obtained using the
model for the period 2006–2012 is compared to themeasured
hydrograph in Figures 5–11. The daily calculation results of
the validation process are shown in Table 3. From the table,
it can be seen that the percent bias (PBIAS), coefficient
of determination (𝑅2), Nash-Sutcliffe efficiency (NSE), and
standard deviation (RSR) for the validation are 1.3, 0.860,
0.858, and 0.376. According to Moriasi et al. [46], the model
performance is “very good.”

2.7. Model Response Analysis

(1) Figures 5–11 present the observed and simulated total
runoff and the groundwater runoff separated from
the hydrograph and calculated by the model for study
area. Both the calibration and validation graphs show
very good similarity between observed and simulated
total runoff. The goodness of fit of these graphs is
measured by four statistical tests NSE, PBIAS, 𝑅2,
and RSR, which were described in Table 3.The results
of these tests are given in Table 3 which indicate
that the model is able to present reasonably well the
runoff generated by rainfall events in study area. The
groundwater runoff calculated by Xin’anjiang model
also can be seen to reproduce the groundwater runoff
separated from the hydrograph.

(2) Results of simulations show that good agreement
in aspect of both timing and flow quantity exists
between the calculated and observedmaximumflood
peak. For instance,maximumflood peaks occurred in
June 2006 (Figure 5), June 2007 (Figure 6), June 2008
(Figure 7), July 2009 (Figure 8), June 2010 (Figure 9),
June 2011 (Figure 10), and June 2012 (Figure 11).

(3) Hydrographs show the rapid confluence and precip-
itous fluctuation of flooding process following the
intensive rainfall events when soil moisture content
approach saturation.The response of runoff to rainfall
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Figure 6: XAJ model validation phase (2007). Measured and simu-
lated discharge, the groundwater runoff separated from the hydro-
graph and calculated by Xin’anjiang model, and catchment average
rainfall time series.

0

25

50

75

1000
200
400
600
800

1000
1200
1400
1600
1800

Rain
Simulated
Measured

Underground water
Underground water

20
08

-0
2

20
08

-0
1

20
08

-0
3

20
08

-0
4

20
08

-0
6

20
08

-0
7

20
08

-0
5

20
08

-0
8

20
08

-0
9

20
08

-1
0

20
08

-1
1

20
08

-1
2

D
isc

ha
rg

e (
m

3
/s

)

Figure 7: XAJ model validation phase (2008). Measured and simu-
lated discharge, the groundwater runoff separated from the hydro-
graph and calculated by Xin’anjiang model, and catchment average
rainfall time series.

implies a high sensitivity of runoff to the variation in
rainfall quantity. They also show clearly the relatively
steady groundwater runoff.

(4) However, further limitations in the rainfall-runoff
relationship exist. A single precipitation time series
cannot fully describe the dynamic of the runoff in
karst area. It could be seen that after long dry peri-
ods, rainfall events that occurred could not generate
any discharge peak and all the rainfall formed the
groundwater runoff; for instance, the rainfall events
occurred in January 2010 (Figure 11), while moderate
rainfall events could generate strong flow peaks after
a long wet period. A closer inspection of the response
of karst catchments to rainfall events indicates that
the vadose zone needs to reach a minimum volume
for the possibility of the fast transfer to the outlet. On
the contrary, when water content is high enough, it
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Figure 8: XAJ model validation phase (2009). Measured and simu-
lated discharge, the groundwater runoff separated from the hydro-
graph and calculated by Xin’anjiang model, and catchment average
rainfall time series.
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Figure 9: XAJ model validation phase (2010). Measured and simu-
lated discharge, the groundwater runoff separated from the hydro-
graph and calculated by Xin’anjiang model, and catchment average
rainfall time series.

activates the rapid transfer through the dissolution-
widened fractures towards the main outlet of the
kast system. However, water does not flow necessarily
towards one single outlet in karst hydrology. During
high water periods, many temporary outlets may
also discharge from the karst system [50]. This may
generate a large increase in the flood peak discharge
of the river, compared to the discharge attributed only
to surface runoff processes [51–53].

(5) As mentioned above, the discharge peaks following a
mild rainfall event in September 2010 (Figure 11) were
overrated. The reason is that the runoff is strongly
dependent on the initial state of karst system. As a
result rainfall events occurring after long, dry periods
and sparse, mild events are not able to generate any
discharge peak or just generate small peak.
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Figure 10: XAJ model validation phase (2011). Measured and simu-
lated discharge, the groundwater runoff separated from the hydro-
graph and calculated by Xin’anjiang model, and catchment average
rainfall time series.
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Figure 11: XAJ model validation phase (2012). Measured and simu-
lated discharge, the groundwater runoff separated from the hydro-
graph and calculated by Xin’anjiang model, and catchment average
rainfall time series.

(6) In low flow season, the baseflow could be reproduced
accurately by the Xin’jiang model.

3. Conclusion

Xin’anjiang model has been applied for modeling hydrolog-
ical response of Sancha River Valley (where a typical karst
area). The applicability of Xin’anjiang model in this area
depends on the quality of data and the accuracy of the results
obtained by this model. The obtained values of the model
precision show that the results from Xin’anjiang model can
be considered as a reliable estimation of the flow process in
Sancha River Valley.

Hydrograph of karst basins has a feature of steep up-down
limbs. Precipitation after a preceding drought that endures a
long time generally produces quite small discharge. However,
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the peak flow, usually with a relatively high discharge rate, is
observed shortly after the rainfall event, due to the fact that
the system was already near-saturated before the rainwater
drained into the main stream channel directly and quickly.
Suitable parameters reflecting the hydrological and geomor-
phic condition are obtained by analyzing the hydrographic
areas karst landform characteristics and karst features of
flood in study area, and the simulation results indicate that
Xin’anjiang model is reasonable and feasible to describe the
hydrologic processes in this region.

The mode of recharge and transfer through the vadose
zone (soil, epikarst, and infiltration zone) is a key variable
in the development of a rainfall-discharge model. Structure
of Xin’anjiang model is generally based on a production
function and a transfer function and has the advantages of
keeping inmemory the previous water storage in each aquifer
and simulating the main steps of the aquifer functioning
and all the model parameters have clear physical meanings
for finding relations between parameter values and natural
conditions. That is the reason why Xin’anjiang models were
developed and used for simulating karst aquifer functioning.
However, small-flow peaks following long, dry periods are
still hard to be exactly simulated because of the sophisticated
flow regimes of karst groundwater systems originated from
the complexity of karst aquifers. Moreover, the application of
the model for hydrological prediction in regions outside our
study area requiresmore calibration data, and the uncertainty
problem in hydrological model is inevitable. Nowadays, there
are a variety of hydrological models described in the liter-
ature. However, all surface hydrological models, in general,
reach their limit of applicability in complex hydrological
environments.The choice of a suitable model depends on the
availability of data and the goals that are to be achieved.
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The runoff change in Weihe River is significantly decreasing with the climate change and the huge increasing of human activities.
The analysis of the variation changes of runoff would provide scientific understanding of Weihe River basin and similar basins.
Mann-Kendall method is used to detect the variation changes of annual and seasonal runoff of 1919–2011 at the outlet station, that
is, Huaxian station, in the mainstream of Weihe River. The results show that the runoff variation point is 1990, and there were
significant changes in trends and periodicals, corroborated by wavelet variance analysis, Kendall’s rank tests, and trends persistence
test, in annual, seasonal, and monthly runoff at the variation point of 1990. Attribution analysis indicates that the primary drivers
of the shift in runoff variation were human activities rather than climate change, as water consumption (particularly groundwater
consumption) increased sharply in the 1990s.

1. Introduction

In recent decades, there are significantly changes in climate,
such as temperature, precipitation, and hydrology as runoff,
flood and drought. Runoff volumes in a catchment are
influenced by numerous factors, like climatic variables (par-
ticularly precipitation), human activities, subsurface drainage
patterns, and various other geographical and hydrological
variables [1–3]. With the changing of the factors, runoff
changes significantly. Many aspects of the Earth’s climate
system have changed abruptly and further variations are
predicted [4, 5]. Runoff in catchments of various regions is
changing [6]. Notably, the runoff is declining in catchments
of the Haihe River [7], Yellow River [8], Liaohe River, and
Yangtze River [9].

The sequential Mann-Kendall test is a statistical test that
has been used (e.g., [1, 7]) in detecting variation changes in
runoff volumes and many other variables. This test, initially
developed by Mann [10] and modified by Kendall [11], is
straightforward, robust, and can handle both missing values
and values below detection limits [12–14]. It is recommended
as a standard method for detecting variation changes in seri-
ally independent hydrological data [15, 16]. Using the Mann-
Kendall method, Yang and Tian [7] found that variations
in runoff in the Haihe River basin occurred in the period

of 1978–1985. Zhang et al. [17] found that the sediment and
runoff in Yangtze River basin have a significant change in
1980s.

In this paper, the variation in Weihe River is analyzed
using the sequential Mann-Kendall test method. It examines
both seasonal and annual trends, using data obtained from
the Huaxian hydrological station. A variation at around 1990
is then corroborated by wavelet variance analysis, which is
used to detect changes in runoff periodicity [18–22], Kendall’s
rank test (a nonparametric method for detecting or testing
trends), and rescaled range analysis (a nonlinear technique
for evaluating the persistence of apparent trends), which are
widely used in hydrology (e.g., [23–28]). Finally, we explore
the probable causes of the shift in runoff by the analysis of
attribution [29], focusing on the factors that contribute to
reductions in precipitation and increases in human water
consumption in the Weihe River catchment.

2. Methodology

The sequential Mann-Kendall test [10, 30] is used to detect
variation changes in runoff (annual, seasonal, and monthly)
from 1919 to 2011 at the Huaxian hydrological station. In
this test, the null hypothesis is that a series of observations
of a variable 𝜏

𝑖
(where 𝑖 = 1, . . . , 𝑛) are independent and
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Figure 1: Map of the River Wei Basin.

identically distributed.The alternative hypothesis is that there
is a monotonic trend in 𝜏

𝑖
. The Mann-Kendall test statistic,

𝐷
𝜏
, is calculated here using the following model:

𝐷
𝜏
=

𝜏

∑

𝑖=1

𝑅
𝑖
(𝜏 = 2, 3, . . . , 𝑖) , (1)

where

𝑅
𝑖
= {
+1, 𝑥

𝑖
> 𝑥
𝑗

0, 𝑥
𝑖
≤ 𝑥
𝑗

(𝑗 = 1, 2, . . . , 𝑖) (2)

𝑅
𝑖
is normally distributed with a mean and variance given by

(3) and (4), respectively:

𝐸 (𝐷
𝜏
) =
𝜏 (𝜏 − 1)

4
, (3)

𝑉 (𝐷
𝜏
) =
𝜏 (𝜏 − 1) (2𝜏 + 5)

72
. (4)

Sequential values of a statistic, 𝑈𝐹
𝜏
(for which 𝑈𝐹

1
= 0),

are now calculated from

𝑈𝐹
𝜏
=

𝐷𝜏 − 𝐸 (𝐷𝜏)


√𝑉 (𝐷
𝜏
)

. (5)

The data series is then reversed, and values corresponding
to 𝑈𝐹

𝜏
(𝑈𝐵
𝜏
= −𝑈𝐹

𝜏
; 𝜏 = 𝑛, 𝑛 − 1, . . . , 1 and 𝑈𝐵

1
= 0) are

calculated.

If the two sequences are accepted at a defined probability
level, 𝛼, then |𝑈𝐹

𝜏
| < 𝑈𝐹

1−𝛼/2
, where 𝑈𝐹

1−𝛼/2
is the critical

value of a standard normal distribution for a probability
exceeding 𝛼/2.

A positive 𝑈𝐹
𝜏
or 𝑈𝐵

𝜏
value indicates an upward trend,

and negative values indicate a downward trend in variable
𝜏 with time. Further, if 𝑈𝐹

𝜏
or 𝑈𝐵

𝜏
> 𝑈𝐹

1−𝛼/2
there is

a significant upward trend, while 𝑈𝐹
𝜏
or 𝑈𝐵

𝜏
< 𝑈𝐹

1−𝛼/2

indicates a significant downward trend.
In this study, 𝛼 is set at 𝑃 < 0.05. The sequential Mann-

Kendall test enables detection of the approximate time of
changes in trends from intersections of the forward and
backward curves of the test statistic. If the intersection point
is significant at 𝛼 = 0.05, then the critical point of change is
at that point [31]. Hence, the Mann-Kendall test provides an
efficient method for pinpointing the starting times of trends
[7].

3. Study Area and Data

3.1. Study Area. TheWeihe River rises in the Niaoshu hill, in
Gansu province, and flows into the Yellow River in Shaanxi
province. Its catchment covers 132 million km2 (107∘39–
108∘37 E to 33∘42–34∘14N; Figure 1), and the mean annual
streamflow amounted to 7.53 billion m3 (equivalent to an
annual runoffdepth of 572mm/year) from 1951 to 2011.Huax-
ian station (34∘35 E, 109∘42N) is an important hydrological
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Figure 3: Estimated annual precipitation in the Weihe River basin
from 1956 to 2011.

station, which monitors the flow from 105.3 million km2 of
the catchment, that is, 81% of the total Weihe River basin
area. It was established in 1919 and is the closest station to the
confluence with the Yellow River. Mean annual streamflow
is approximately 7.14 billion m3 from 1951 to 2011, and mean
annual precipitation is 512mm. However, the streamflow is
distinctly seasonal and substantially higher in the period
from July to October than in the following period from
November to June of the next year.

3.2. Data. Monthly mainstream runoff data collected at
Huaxian hydrological station from January 1919 to December
2011 (Figure 2) were obtained from the records. Monthly
precipitation data from January 1956 to December 2011,
collected from 18 monitoring stations in the Weihe River
basin, were obtained from the Chinese meteorological data
sharing system. Locations of theHuaxian hydrological station
and rain gauging stations are shown in Figure 1 and Table 1.
The annual areal precipitation ofWeihe River basin (Figure 3)
was calculated from the area-weighted monthly precipitation
data collected at the 18 rain gauging stations.

4. Results and Discussion

4.1. Annual Runoff Test. The sequential Mann-Kendall test
is used to diagnose the variations in annual, seasonal, and
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Figure 4: Mann-Kendall test statistics (𝑈𝐹 and 𝑈𝐵 values) calcu-
lated from annual runoff data at the Huaxian station.

monthly runoff data obtained from the Huaxian station for
the sequence from 1919 to 2011. Values of𝑈𝐹 and𝑈𝐵 sequence
calculated from the annual runoff data show that runoff in
theWeihe River basin significantly declined during the study
period. The point of intersection of the 𝑈𝐹 and 𝑈𝐵 curves
indicates that the variation of annual runoff began in 1990
(Figure 4), that of spring runoff (1 March–31 May) began in
1999, that of summer runoff (1 June–31 August) began in 1990,
that of autumn runoff (1 September–31 November) began in
1989, that of winter runoff (1 December–28 January) began
in 1977, that of wet season runoff (1 July–31 October) began
in 1990, and that of dry season runoff (without wet season in
a year) began in 1991 (Figure 5). Figures 4 and 5 show that
annual runoff trend is similar to autumn wet and dry season.
So, according to the results, 1990 is chosen as variation of the
whole catchment. The result is similar to that of the previous
study in the same area. Bai and Zhang [32] found that there
are variation points in 1990s by using the rank sum test.

4.2. Basic Law Changes at Variation Point

4.2.1. Mean Changes. Aiming to verify the variation changes,
mean change is an important factor. As the sequential Mann-
Kendall test results show, 1990 is the year of the variation
beginning time, so 1990 is chosen as a demarcation point.The
sequence was divided into two parts, one is the former (1919–
1989) and another is the latter (1990–2011). The identified
time of the variation in the annual runoff is verified by a
marked difference in mean values in the periods before and
after it, which amounted to 8.74 billion m3 before 1990 and
4.67 billion m3 from 1990 to 2011, a decrease of 41%.

In order to analyze the seasonal variation changes in
runoff in more detail, the time series can be divided into
five periods: 1919–1969 (selected as a baseline), 1970–1979,
1980–1989, 1990–1999, and 2000–2011. Runoff values for each
month during each of the periods are shown in Table 2. The
data clearly show that the flowdeclined relative to the baseline
period in all subsequent periods, particularly in 1990–1999
and 2000–2011, when the runoff volumes were lower than
50% compared to the baseline volumes in seven months.
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Table 1: Locations of the 18 rain gauging stations that provided the precipitation data examined in this study.

Station no. Station name Province Latitude (N) Longitude (E) Elevation (m)
52986 Lintao Gansu 35/21 103/51 1893.8
52996 Huajialing Gansu 35/23 105/00 2450.6
53817 Guyuan Ningxia 36/00 106/16 1753.0
53821 Huanxian Gansu 36/35 107/18 1255.6
53903 Xiji Ningxia 35/58 105/43 1916.5
53915 Pingliang Gansu 35/33 106/40 1346.6
53923 Xifengzhen Gansu 35/44 107/38 1421.0
53929 Changwu Shaanxi 35/12 107/48 1206.5
53947 Tongchuan Shaanxi 35/05 109/04 978.9
56093 Minxian Gansu 34/26 104/01 2315.0
57006 Tianshui Gansu 34/35 105/45 1141.7
57016 Baoji Shaanxi 34/21 107/08 612.4
57034 Wugong Shaanxi 34/15 108/13 447.8
57036 Xi’an Shaanxi 34/18 108/56 397.5
57046 Huashan Shaanxi 34/29 110/05 2064.9
57134 Foping Shaanxi 33/31 107/59 827.2
57144 Zhen’an Shaanxi 33/26 109/09 693.7
57143 Shangzhou Shaanxi 33/52 109/58 742.2

Table 2: Monthly runoff volumes during the five subperiods (108 m3) and changes relative to baseline (1919–1969) values.

Year 1919–1969 1970–1979 1980–1989 1990–1999 2000–2011

Month Mean Mean Mean
change

Percent
change Mean Mean

change
Percent
change Mean Mean

change
Percent
change Mean/108 m3/s Mean

change
Percent
change

January 2.36 1.21 −1.16 −48.9% 1.52 −0.85 −35.8% 1.06 −1.30 −55.1% 1.54 −0.82 −34.8%
February 2.37 1.39 −0.97 −41.1% 1.61 −0.76 −32.0% 1.18 −1.19 −50.2% 1.37 −1.00 −42.3%
March 3.28 1.78 −1.50 −45.8% 2.04 −1.23 −37.6% 2.07 −1.21 −36.9% 1.50 −1.77 −54.1%
April 4.53 3.17 −1.36 −29.9% 3.62 −0.91 −20.1% 3.32 −1.21 −26.8% 1.79 −2.74 −60.6%
May 5.66 5.26 −0.40 −7.0% 5.86 0.20 3.6% 4.12 −1.54 −27.1% 2.39 −3.26 −57.7%
June 5.09 2.38 −2.71 −53.2% 6.25 1.16 22.9% 4.05 −1.04 −20.4% 2.33 −2.76 −54.2%
July 12.17 7.21 −4.95 −40.7% 11.58 −0.58 −4.8% 7.57 −4.59 −37.7% 4.11 −8.06 −66.3%
August 13.74 7.37 −6.37 −46.3% 13.11 −0.63 −4.6% 6.64 −7.09 −51.6% 7.10 −6.63 −48.3%
September 14.15 12.73 −1.42 −10.0% 15.89 1.73 12.3% 5.36 −8.79 −62.1% 10.58 −3.57 −25.3%
October 10.73 10.65 −0.08 −0.7% 10.67 −0.06 −0.6% 4.63 −6.11 −56.9% 10.17 −0.57 −5.3%
November 5.62 4.69 −0.93 −16.6% 5.14 −0.48 −8.5% 2.77 −2.85 −50.6% 4.12 −1.50 −26.6%
December 3.10 1.63 −1.47 −47.5% 1.87 −1.23 −39.6% 1.01 −2.09 −67.3% 2.23 −0.87 −28.0%

The most pronounced decline was during July in the most
recent period (2000–2011), when the mean runoff volume
was just 0.411 billion m3, compared to the baseline volume of
1.217 billion m3, a drop of 66.3%. In the second period (1970–
1979), there is only one percent volumes above 50%, and 6 are
before 40%, the high percent shows that it has an obviously
change in the period. The main reason for the significant
decline of runoff volumes is that there is a huge numbers
of human activities happened in the periods. These findings
confirm that the runoff variation changed substantially in the
1990s.

4.2.2. Periodicity Changes. Wavelet variance analysis is one of
several methods based on wavelet functions that have been

developed and applied to detect changes in the periodicity
of cycles of the data collected from hydrological system [18–
22]. Application of this method, using equations presented
by, clearly show that there were substantial reductions in
annual runoff, the periodicity of two sequences. One is before
variation point (1919–1989), and the other is after (1919–2011).
Figure 6 shows that the before sequence has 18 and 37 years
period and the after sequence has 7, 17, and 45 years. Because
of the dramatically change after variation, the total has a
short period. These results further corroborate the variation
in runoff trends detected at around 1990.

4.2.3. Trends and Persistence Changes. As mentioned in the
introduction, Kendall’s rank test is a nonparametric method
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Figure 5: Mann-Kendall test statistics (𝑈𝐹 and 𝑈𝐵 values) calculated from seasonal runoff data at the Huaxian station.

for detecting or testing trends, and rescaled range analysis
is a nonlinear technique for evaluating the persistence of
apparent trends, both of which are widely used in hydrology
(e.g., [23–28]). Application of Kendall’s rank test to explore
further the trend changes clearly shows that therewas a highly
significant (𝑃 < 0.001) decline in runoff during the entire
study period from 1919 to 2011, although there was a slight
(nonsignificant) increase in the years before 1989 (Table 3).
Furthermore,Hurst values [23], obtained from rescaled range
analysis (𝑅/𝑆), for the former series 1919∼1989, have a slight
(nonsignificant) increase, and positive persistence. Because
of the dramatical change after the variation, the total trend
is decline, but after the variation is increase. They all have
positive persistence, but the total one is smaller.

4.2.4. Hydrological Parameters Changes. Key parameters for
assessing changes in river runoff are the coefficient of varia-
tion (Cv) and skewness (Cs). Changes in these hydrological
parameters during the study period are shown in Table 4.
The data show that Cv slightly increased from 0.405 to 0.456

Table 3: Results of runoff trend and persistence tests of 1919–1989
and 1990–2011 (throughout the study period).

1919–1989 1919–2011

Trends 0.442 −2.828
Insignificantly upward Significantly downward

Persistence 0.978 0.762
Positive Positive

Table 4: Coefficients of variation (Cv) and skewness (Cs) of annual
runoff volumes of 1919–1989, 1919–2011 (the whole study period).

1919–1989 1919–2011
Cv 0.405 0.456
Cs 0.802 0.841

between 1919–1989 and 1919–2011, while Cs significantly fell
from 0.802 to 0.841, further corroborating the significant
variation change that occurred around 1990.
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Figure 6: Results of the wavelet variance analysis for runoff periodicity in 1919–1989 and 1919–2011.

Table 5: Changes in mean precipitation (mm) and runoff (108 m3) in the five periods from 1956 to 2011.

Period Mean
precipitation

Mean
change

Percent
change Mean runoff /(108 m3/s) Mean change Percent change Specific value/108 m3 Rate changes

1956–1969 594.48 93.95
1970–1979 553.8 −40.67 −6.80% 59.41 −40.67 −43.30% 6.33
1980–1989 576.09 −18.39 −3.10% 79.15 −14.8 −15.80% 5.09 0.19
1990–1999 509.46 −85.02 −14.30% 43.73 −50.22 −53.50% 3.74 0.41
2000–2011 530.83 −63.65 −10.70% 49.23 −44.72 −47.60% 4.45 0.3

Table 6: Changes in mean precipitation (mm) and runoff (108 m3) from 1956–1989 to 1990–2011.

Period Mean precipitation Mean change Percent change Mean runoff Specific value /108 m3 Rate of migration
1956–1989 506.02 69.04
1990–2011 521.11 15.10 3.0% 46.73 −22.31 −32.3%

4.3. Attribution Analysis. In recent years, there are a lot
of studies focusing on the driving factors in hydrological
research [33–36]. Climate change and human activities are
considered as the main factors driving runoff decline in most
of river basins [6, 7]. In order to evaluate the contribution
of these drivers to the changes in runoff in the Weihe River
during the study period, the time series is divided into five
periods 1956–1969 (baseline), 1970–1979, 1980–1989, 1990–
1999, and 2000–2011.

(1) Contributions of Precipitation. Climate change has an
important impact on runoff change [37, 38]. To assess the
contribution of precipitation to the shift in runoff trends,
changes of precipitation from baseline (1956–1969) values
during subsequent periods are compared to changes of runoff
(Table 5). There was a marked decline in both runoff at
the Huaxian station and precipitation in the Weihe River
basin. However, the relationships differ that precipitation was
6.80%, 3.10%, 14.30%, and 10.70% lower in the following

periods, while the falls in runoff were 43.30%, 15.80%, 53.50,
and 47.60%, respectively.

The precipitation and runoff values for the periods before
and after the identified variation of 1990 are presented in
Table 6. Precipitation in the catchment at the Huaxian station
slightly increased, by 3.0%, in the latter period, but runoff
volumes fell by 32.3%, confirming the substantial divergence
between changes in precipitation and runoff before and after
1990.

(2) Human Water Consumption. Human water consumption
in the Weihe River basin significantly increased in the 1990s,
especially industrial and domestic water consumption, with
rapid increases in groundwater consumption [39]. Total
annual consumption increased by 56% from 2.793 billion m3
(2,383 million m3 of surface water and 410 million m3 of
groundwater) before 1990s to 4.263 billion m3 (2.05 billion
m3 of surface water and 2.213 billion m3 of groundwater)
after 1990s. The increase in water consumption, mainly due
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to a massive rise in exploitation of groundwater, closely
correlates with the decrease in runoff carried by the Weihe
River (Table 6). Soil and water conservation have an obvi-
ously increased, the mean annual runoff have an significantly
increased, which is from 116 million m3 (before 10 1990s)
upto 300 million m3 (after 1990s). The results clearly indicate
that the decline in runoff in the Weihe River basin has been
largely driven by human activities rather than climate change,
as Yang and Tian [7] found in the Haihe River catchment.

5. Conclusion

The results obtained by applying the sequential Mann-
Kendall test to a long series of runoff data (1919–2011) col-
lected at the Huaxian station in the Weihe River in the Loess
Plateau show that variations occurred in annual, seasonal,
and monthly runoff volumes around 1990. This finding is
strongly corroborated by the results of wavelet variance
analysis, Kendall’s rank tests, trend persistence tests, and
shifts in skewness coefficients. Attribution analysis indicates
that the primary drivers of the shift in runoff volumes
were human activities rather than climate change, because
water consumption increased sharply in the 1990s but not
precipitation.
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Since Bayesian Model Averaging (BMA) method can combine the forecasts of different models together to generate a new one
which is expected to be better than any individual model’s forecast, it has been widely used in hydrology for ensemble hydrologic
prediction. Previous studies of the BMA mostly focused on the comparison of the BMA mean prediction with each individual
model’s prediction. As BMA has the ability to provide a statistical distribution of the quantity to be forecasted, the research focus in
this study is shifted onto the comparison of the prediction uncertainty interval generated by BMAwith that of each individualmodel
under two different BMA combination schemes. In the first BMA scheme, three models under the same Nash-Sutcliffe efficiency
objective function are, respectively, calibrated, thus providing three-member predictions ensemble for the BMA combination. In
the second BMA scheme, all three models are, respectively, calibrated under three different objective functions other than Nash-
Sutcliffe efficiency to obtain nine-member predictions ensemble. Finally, the model efficiency and the uncertainty intervals of each
individual model and two BMA combination schemes are assessed and compared.

1. Introduction

To date, various hydrological models have been put forward
and widely used in flood forecasting, planning, and water
resources management [1, 2]. Since different models have
strengths in capturing different aspects of the real world
processes, combining the results from diverse models by
weighting procedures can present a better performance than
any individual model [3–5]. The early model combination
researches in hydrologic forecasting employed such tools as
neural network [6] and fuzzy system [7]. Recently, Bayesian
Model Averaging (BMA), a method for averaging over
different competingmodels, has been introduced to ensemble
hydrologic predictions.

Bayesian Model Averaging came to prominence in statis-
tics in the mid-1990s, and Madigan and Raftery [8] were
the first to propose this method for combining predictions.
Subsequently, Raftery [9] and Draper [10] gave more detailed
discussion about BMA. It has been applied in diverse fields

such as economics [11], biology [12], ecology [13], public
health [14], toxicology [15], meteorology [16], and manage-
ment science [17]. In many case studies, BMA produces
accurate and reliable predictions and was shown to be a
better scheme than other model-combining methods [18–
20]. In recent years, hydrologists have also applied BMA to
hydrologic modeling, such as groundwater [21] and rainfall-
runoff modeling [22–24].

A prediction from a single model has been recognized
to be associated with a certain degree of uncertainty, and
so is the prediction from combining a number of different
single models. Thus, uncertainty analysis is an indispensable
element for any hydrologic modeling study. The uncertainty
usually arises from errors during the calibration of param-
eters, the design of model structure, and measurements
of input and output data [25, 26]. To account for these
uncertainties, many uncertainty analysis techniques have
been developed and applied to diverse catchments, such
as Generalized Likelihood Uncertainty Estimation (GLUE),
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Figure 1: Flowchart of using BMA scheme for hydrological ensem-
ble prediction as well as for prediction uncertainty analysis.

Parameter Solution (ParaSol), and Bayesian inference based
on Markov chain Monte Carlo (MCMC) [27, 28]. Each
of those techniques has its own advantage in uncertainty
analysis. In the uncertainty analysis of BMA scheme, the
composition of Monte Carlo method [29] is used to generate
BMA probabilistic ensemble predictions, and then the 90%
uncertainty intervals can be derived within the range of the
5% and 95% quantiles.

Previous studies of BMA in hydrology mostly focused
on the comparison of the BMA mean prediction with each
individual model’s prediction, to prove the better perfor-
mance of the prediction after weighted averaging. As BMA
also has the ability to provide a statistical distribution of the
quantity to be forecasted, the research focus in this study is
shifted onto the comparison of the prediction uncertainty
interval generated by the BMA with that of each individual
model, in order to see if BMA can also improve the prediction
reliability. The technical route of the research in this paper is
described in Figure 1. Another purpose of this paper is that
by calibrating different hydrological models under different
objective functions, each of which has distinctive advantages
in better modeling certain flow ranges, we can construct
different sets of ensemble members for combination in order
to fully explore the superiority of BMA.Therefore, two kinds
of BMA combination schemes are designed, analyzed, and
compared. In the first BMA scheme, we calibrate each of
the three models under the same Nash-Sutcliffe efficiency
objective function, thus providing three-member predic-
tions ensemble for the BMA combination. In the second
BMA scheme, three different objective functions other than

Nash-Sutcliffe efficiency are adopted, each of which is sup-
posed to have some advantage of better simulating a certain
range of flows (low flow, medium flow, and high flow).
All three models are, respectively, calibrated for each of
three objective functions to obtain the optimized parameter
sets.

2. Methods

2.1. Bayesian Model Averaging. Bayesian Model Averaging
(BMA) is a statistical technique designed to infer a prediction
by weighted averaging over many different competing mod-
els. This method is not only a scheme for model combination
but also a coherent approach for accounting for between-
model and within-model uncertainty [22]. Below is a brief
description of the basic ideas of this method.

Let us consider a quantity 𝑄 to be predicted on the basis
of input data 𝐷 = [𝑋, 𝑌] (𝑋 denotes the input forcing
data, and 𝑌 stands for the observational flow data). 𝑓 =

[𝑓
1
, 𝑓
2
, . . . , 𝑓

𝐾
] is the ensemble of the𝐾-member predictions.

The probabilistic prediction of BMA is given by

𝑝 (𝑄 | 𝐷) =

𝐾

∑

𝑘=1

𝑝 (𝑓
𝑘
| 𝐷) ⋅ 𝑝

𝑘
(𝑄 | 𝑓

𝑘
, 𝐷) . (1)

The terms in (1) are explained as follows. 𝑝(𝑓
𝑘

| 𝐷)

is the posterior probability of the prediction 𝑓
𝑘
given the

input data 𝐷 and reflects how well model 𝑓
𝑘
fits 𝑌. Actually

𝑝(𝑓
𝑘

| D) is just the BMA weight 𝑤
𝑘
, and better per-

forming predictions receive higher weights than the worse
performing ones; all weights are positive and should add
up to 1. 𝑝

𝑘
(𝑄 | 𝑓

𝑘
, 𝐷) is the conditional probability

density function (PDF) of the predictand𝑄 conditional on𝑓
𝑘

and 𝐷. For computation convenience, 𝑝
𝑘
(𝑄 | 𝑓

𝑘
, 𝐷) is

always assumed to be a normal PDF and is represented
as 𝑔(𝑄 | 𝑓

𝑘
, 𝜎
2

𝑘
) ∼ 𝑁(𝑓

𝑘
, 𝜎
2

𝑘
), where 𝜎

2

𝑘
is the variance

associated with model prediction 𝑓
𝑘
and observations 𝑌. In

order to make this assumption valid, some techniques such
as Box-Cox transformation are needed to make the data
approximately normally distributed and to narrow the data
range.

The BMA mean prediction is a weighted average of the
individual model’s predictions, with their posterior probabil-
ities being the weights. In the case that the observations and
individual model predictions are all normally distributed, the
BMA mean prediction can be expressed as

𝐸 [𝑄 | 𝐷] =

𝐾

∑

𝑘=1

𝑝 (𝑓
𝑘
| 𝐷) ⋅ 𝐸 [g (𝑄 | 𝑓

𝑘
, 𝜎
2

𝑘
)] =

𝐾

∑

𝑘=1

𝑤
𝑘
𝑓
𝑘
.

(2)

2.2. EM Algorithm for BMA Parameter Estimation. To esti-
mate BMA weight 𝑤

𝑘
and model prediction variance 𝜎

2

𝑘
,

the Expectation-Maximization (EM) algorithm, which has
proved to be an efficient technique for BMAcalculation based
on the assumption that 𝐾-member predictions are normally
distributed, is described in this section [23].
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Firstly, if we denote the set of BMA parameters to be
estimated by 𝜃 = {𝑤

𝑘
, 𝜎
2

𝑘
, 𝑘 = 1, 2, . . . , 𝐾}, the log form of

likelihood function can be represented as

𝑙 (𝜃) = log (𝑝 (𝑄 | 𝐷)) = log(
𝐾

∑

𝑘=1

𝑤
𝑘
⋅ 𝑔 (𝑄 | 𝑓

𝑘
, 𝜎
2

𝑘
)) . (3)

It is difficult to maximize the function (3) by analytical
method. The EM algorithm is a method for finding the
maximum likelihood by alternating between two steps, the
expectation step and maximization step. The two steps are
iterated to convergence when there is no significant change
between two consecutive iterative log-likelihood estimations.
In EM algorithm, a latent variable (unobserved quantity) 𝑧𝑡

𝑘

is used as an assistant for estimating BMA weight 𝑤
𝑘
. The

procedure of EM algorithm for BMA scheme is described as
follows.

(1) Initialization. Set Iter = 0.
Initialize

𝑤
(0)

𝑘
=

1

𝐾
,

𝜎
2

𝑘

(0)

=
∑
𝐾

𝑘=1
∑
𝑇

𝑡=1
(𝑌
𝑡
− 𝑓
𝑡

𝑘
)
2

𝐾 ⋅ 𝑇
,

(4)

where Iter is the number of iteration and 𝑇 is the number
of data in the calibration period. 𝑌𝑡 and 𝑓

𝑡

𝑘
are denoted as

the observation and the corresponding prediction by the 𝑘th
model for the time 𝑡.

(2) Calculate the Initial Likelihood:

𝑙(𝜃)
(0)

=

𝑇

∑

𝑡=1

log(
𝐾

∑

𝑘=1
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(0)
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𝑡

𝑘
, 𝜎
2

𝑘

(0)

))) . (5)

(3) Compute the Latent Variable. Set Iter = Iter + 1, then
calculate

𝑧
𝑡

𝑘

(Iter)
=

𝑔 (𝑄 | 𝑓
𝑡

𝑘
, 𝜎
2

𝑘

(Iter−1)
)

∑
𝐾

𝑘=1
𝑔 (𝑄 | 𝑓𝑡

𝑘
, 𝜎2
𝑘

(Iter−1)
)

. (6)

(4) Update the Weight:

𝑤
(Iter)
𝑘

=
1

𝑇
(

𝑇

∑

𝑡=1

𝑧
𝑡

𝑘

(Iter)
) . (7)

(5) Update the Variance:

𝜎
2

𝑘

(Iter)
=
∑
𝑇

𝑡=1
𝑧
𝑡

𝑘

(Iter)
⋅ (𝑌
𝑡
− 𝑓
𝑡

𝑘
)
2

∑
𝑇

𝑡=1
𝑧𝑡
𝑘

(Iter) . (8)

(6) Update the Likelihood:

𝑙(𝜃)
(Iter)

=

𝑇

∑

𝑡=1

log(
𝐾

∑

𝑘=1

(𝑤
(Iter)
𝑘

⋅ 𝑔 (𝑄 | 𝑓
𝑡

𝑘
, 𝜎
2

𝑘

(Iter)
))) . (9)

(7) Check for Convergence. If 𝑙(𝜃)
(Iter)

− 𝑙(𝜃)
(Iter−1) is less

than a prespecified tolerance level, stop the whole estimation
procedure; else go back to Step (3).

2.3. Estimation of PredictionUncertainty Interval. After BMA
weight𝑤

𝑘
and prediction variance 𝜎2

𝑘
being estimated, we use

the composition of Monte Carlo method to generate BMA
probabilistic predictions for any time 𝑡 [29]. The procedures
are described as follows.

(1) Generate an integer value of 𝑘 from [1, 2, . . . , 𝐾] with
probability [𝑤

1
, 𝑤
2
, . . . , 𝑤

𝐾
]. A specific procedure is

described as follows.

(1a) Set the cumulative weight 𝑤
0
= 0 and compute

𝑤


𝑘
= 𝑤


𝑘−1
+ 𝑤
𝑘
for 𝑘 = 1, 2, . . . , 𝐾.

(1b) Generate a random number 𝑢 between 0 and 1.
(1c) If𝑤

𝑘−1
≤ 𝑢 < 𝑤



𝑘
, it indicates that we choose the

𝑘th member of the ensemble predictions.

(2) Generate a value of Q
𝑡
from the PDF of 𝑔(𝑄

𝑡
|

𝑓
𝑡

𝑘
, 𝜎
2

𝑘
). Here, 𝑔(𝑄

𝑡
| 𝑓
𝑡

𝑘
, 𝜎
2

𝑘
) represents the normal

distribution with mean 𝑓
𝑡

𝑘
and variance 𝜎2

𝑘
.

(3) Repeat the above steps (1) and (2) for 𝑀 times. 𝑀 is
the probabilistic ensemble size. In this paper, we set
𝑀 = 100.

After generating the BMA probabilistic ensemble pre-
dictions, sort them in the ascending order. Then the 90%
uncertainty intervals can be derived within the range of the
5% and 95% quantiles.

For each individual model in the BMA scheme, the
prediction uncertainty interval can also be constructed,
with the Monte Carlo sampling method still being used to
approximate the assumed PDF of 𝑔(𝑄

𝑡
| 𝑓
𝑡

𝑘
, 𝜎
2

𝑘
).

3. Materials

3.1. Study Area and Data. The study area is Mumahe catch-
ment, a branch of Han River. It is located in Shanxi Province
of China and the total area is 1224 km2. The basin has
a subtropical climate, and the area is humid with fairly
high precipitation. The mean annual rainfall for the period
of 1980–1987 is 1070mm, and the mean annual runoff is
687mm, or roughly 64% of the annual rainfall.The hydrolog-
ical data include daily runoff, rainfall, and evaporation.There
are 2992 data points in total, and 1825 (the period of 1980.1.1–
1985.12.31) of them are used for calibration, while the rest
1167 data points (the period of 1986.1.1–1987.12.31) are used for
validation.

3.2. Hydrological Models and Optimization Algorithm. In this
study, three conceptual hydrologicalmodels are employed for
testing the capability of BMA: the Xinanjiang Rainfall-Runoff
Model (XAJ), the Soil Moisture Accounting and Routing
Model (SMAR), and SIMHYD Rainfall-Runoff Model.

Xinanjiang Rainfall-Runoff Model was developed in
1970s. It is a conceptual hydrologic model, which has been
widely used in humid and semihumid regions of China.
And all the 15 parameters of this model have strong physical
meanings. SMAR model is a lumped conceptual model with
soil moisture as a central theme. The model consists of two
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components in sequence: a water balance component with
5 water balance parameters and a routing component with
4 routing parameters. SIMHYD model is a daily conceptual
model that estimates daily stream flow from daily rainfall
and areal potential evapotranspiration data and it contains 7
parameters [30]. For calibrating these hydrological models,
Shuffled Complex Evolution (SCE-UA) method is employed
here for parameter optimization [31].

3.3. Objective Functions. The selection of objective function
(OF) is of great importance since it will have great influence
on the values of calibrated parameters and thus on simulation
results of the rainfall-runoff model. Different objective func-
tions can be adopted for different kinds of practical issues.
For example, the objective function of squared model errors
of squared transformed flow can be applied in high flow
studies, and the objective function of squared model errors
of logarithmic transformed flow can be applied in low flow
studies [32]. In this study, four objective functions have been
used for the parameter calibration.
(1) OF1: The Nash-Sutcliffe Coefficient of Efficiency (𝑅2):

𝑅
2
= 1.0 −

∑
𝑇

𝑡=1
(𝑄
𝑡

obs − 𝑄
𝑡

sim)
2

∑
𝑇

𝑡=1
(𝑄𝑡obs − 𝑄obs)

2
, (10)

where Q𝑡obs and𝑄
𝑡

sim are observed and simulated data at time
𝑡 and Qobs is the average of observed data in the calibration
period.
(2) OF2: Mean Squared Error of Squared Transformed
(𝑀𝑆𝐸𝑆𝑇):

MSEST =

∑
𝑇

𝑡=1
(𝑄
𝑡

obs
2

− 𝑄
𝑡

sim
2

)
2

𝑇
.

(11)

Transforming the observed data in squared form puts great
emphasis on fitting peak values.
(3) OF3: Mean Squared Error of Squared Root Transformed
(𝑀𝑆𝐸𝑆𝑅𝑇):

MSESRT =

∑
𝑇

𝑡=1
(√𝑄𝑡obs − √𝑄𝑡sim)

2

𝑇
.

(12)

MSESRT can be employed in the medium flow simulation.
(4) OF4: Mean Squared Error of Logarithmic Transformed
(𝑀𝑆𝐸𝐿𝑇):

MSELT =
∑
𝑇

𝑡=1
(ln𝑄𝑡obs − ln𝑄𝑡sim)

2

𝑇
. (13)

This transformation helps model parameterization to better
fit the low flow values.

3.4. Construction of BMA(3) andBMA(9) Schemes. When the
prediction data are highly non-Gaussian, we should firstly
transform the data to be normally distributed by Box-Cox
transformation before using EM algorithm. OF1 is the most
widely used objective function for parameter optimization
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Figure 2: Diagram of BMA(3) combination scheme.
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Figure 3: Diagram of BMA(9) combination scheme.

and is used in calibrating each of three hydrological models
mentioned above to generate three different predictions.
We combine these three different predictions by BMA to
construct a three-member predictions ensemble; thus, we
denote the first BMA scheme as BMA(3). Figure 2 shows
the procedure of BMA(3) combination scheme. The other
three objective functions, that is, OF2, OF3, and OF4 are,
respectively, fit for high, medium, and low flow simulation.
All three hydrological models are, respectively, calibrated
for each of these three objective functions to obtain the
optimized parameter sets. As the same model with different
parameter sets will give rise to different outcomes, nine
different predictions are generated.We can use BMAmethod
to combine these nine different predictions to construct a
nine-member predictions ensemble, which is just the second
BMA scheme denoted as BMA(9).The procedure of BMA(9)
combination scheme is described in Figure 3.

Let 𝐸 denote the uncertainty of the forecast, and it can
be written as 𝐸 = [𝐸

ℎ
, 𝐸
𝑚
, 𝐸
𝑙
], including three components,

that is, the high flow simulation uncertainty 𝐸
ℎ
, the medium

flow simulation uncertainty 𝐸
𝑚
, and the low flow simulation

uncertainty 𝐸
𝑙
. In BMA(9), the forecasts which are generated

under OF2 have relatively small 𝐸
ℎ
, so they can get higher

weights than other forecasts in high flow simulation. Simi-
larly, the forecasts generated under OF3 have relatively high
weights inmedium flow simulation, while the ones generated
under OF4 have higher weights than others in low flow
simulation. By averaging the forecasts from a set of different
combinations of hydrological model and objective function,
the advantage of BMA(9) is its ability to reduce the simulation
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errors by giving weights to each of the nine-member forecasts
according to their performance in different flow ranges.

3.5. Performance Criteria for Evaluating the Mean Prediction.
There are three indices for evaluating the mean prediction.

(1) The Nash-Sutcliffe Coefficient of Efficiency (𝑅2). The
definition of 𝑅

2 has expressed in (10). 𝑅
2 is not only

an objective function but also a widely used performance
criterion. It ranges from minus infinity to 1.0, with higher
values indicating better agreement. It is difficult to evaluate
the performance of themodel with𝑅2 in all flow ranges, since
the value of 𝑅2 is always negative in the medium flow range.
(2) Daily Root Mean Square Error (𝐷𝑅𝑀𝑆):

DRMS =
√∑
𝑇

𝑡=1
(𝑄
𝑡

obs − 𝑄
𝑡

sim)
2

𝑇
,

(14)

where 𝑄
𝑡

obs and 𝑄
𝑡

sim are observed and simulated data at
time 𝑡. 𝐷𝑅𝑀𝑆 is sensitive to the differences between the
observations and simulations. The lower the DRMS value is,
the better the prediction performance is.
(3) Relative Error of Total Runoff (𝑅𝐸):

RE = 1.0 −
∑
𝑇

𝑡=1
𝑄
𝑡

sim

∑
𝑇

𝑡=1
𝑄𝑡obs

. (15)

It reflects the performance in the simulation of the total runoff
amount. Lower values of RE indicate better agreement of total
surface runoff.

3.6. Performance Criteria for Assessing the Prediction Uncer-
tainty Interval. Xiong et al. [33] have presented a set of
indices for assessing the prediction uncertainty intervals
generated by the uncertainty analysis methods. Three main
indices are selected here to assess the prediction uncertainty
intervals produced by BMA schemes as well as from each
individual hydrological model.
(1) Containing Ratio (𝐶𝑅). The containing ratio is used
for assessing the goodness of the uncertainty interval. It is
defined as the percentage of observed data points that are
covered in the prediction bounds.
(2) Average Band-Width (𝐵). Consider

𝐵 =
1

𝑇

𝑇

∑

𝑡=1

(𝑞
𝑡

𝑢
− 𝑞
𝑡

𝑙
) , (16)

where 𝑞𝑡
𝑢
and 𝑞

𝑡

𝑙
are denoted as upper and lower prediction

bounds at time 𝑡. The average band-width 𝐵 is also an index
for measuring the performance of estimated uncertainty
interval.
(3) Average Deviation Amplitude (𝐷).The average deviation
amplitude𝐷 is an index to quantify the average deflection of
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the curve of the middle points of the prediction bounds from
the observed streamflow hydrograph. It is defined as

𝐷 =
1

𝑇

𝑇

∑

𝑡=1



1

2
(𝑞
𝑡

𝑢
+ 𝑞
𝑡

𝑙
) − 𝑄
𝑡

obs


, (17)

where 𝑄𝑡obs is the observed discharge at time 𝑡.

4. Results and Discussion

The weights of individual models in BMA(3) scheme are
displayed in Figure 4, while the weights in BMA(9) are
showed in Figure 5. Moreover, in order to compare the
performance of two BMA schemes in different flow ranges,
according to the characteristics of the streamflow values of
Mumahe catchment, data are broken into three flow ranges:
high flow (top 10%),mediumflow (middle 50%), and lowflow
(bottom 40%).

4.1. BMA(3) Results. We check the mean prediction of
BMA(3) using three criteria illustrated in Section 4.1. Results
of BMA(3) and its 3 individualmodels in themean prediction
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Figure 6: The mean prediction and 90% uncertainty interval of both BMA(3) and 3 individual models for the Mumahe catchment in 1983
during the calibration period.

for the whole flow series are presented in Table 1. In terms of
𝑅
2, the mean prediction of BMA(3) can achieve 90.68% in

calibration period and 86.98% in validation period, which is
better than its best individual model prediction (XAJ). How-
ever, in terms of RE, themeanprediction of BMA(3) performs
much worse than its best individual model prediction.

Three indices illustrated in Section 4.2 are used for
assessing the prediction uncertainty intervals of bothBMA(3)
and its three individual models. The results for the whole
flow series are also showed in Table 1. It is clear that BMA(3)
uncertainty interval has the largest values of CR and 𝐵, and
almost the smallest𝐷, in both calibration and validation peri-
ods. In other words, BMA(3) uncertainty interval has better
properties than any individualmodel’s uncertainty interval in
terms of CR and𝐷, but worse in terms of𝐵.Thenwe compare
the differences between BMA(3) and its individual model in
uncertainty interval by the graph. Figure 6 displays the mean
prediction and 90% uncertainty interval of both BMA(3) and
its 3 individual models for Mumahe catchment in the year of
1983 during the calibration period. The observations of 1983
are shown as dots, and the BMA(3) mean prediction and its
individualmodels’ predictions are represented by solid curve.
As the statistical results showed in Table 1, the uncertainty
intervals of the individual models have low containing ratio
and large deviation amplitude. But the uncertainty interval of
BMA(3) is much broader than that of any of its individuals.
It can be found from Figure 7 that the results of validation

period are similar to that of the calibration period. In general,
the uncertainty interval of BMA(3) has better performance
than its individual models for the whole flow series.

4.2. BMA(9) Results. Table 2 lists the results of BMA(9) and
its 9 individual models in the mean prediction for the whole
flow series. And from it we can easily find that in calibration
period, the mean prediction of BMA(9) performs better than
its best individual prediction according to the value of 𝑅2
and DRMS, though the mean prediction of BMA(9) does not
have any advantage in comparison to its individual model
predictions in terms of RE.

The results of the uncertainty intervals of BMA(9) and
its 9 individual models are also listed in Table 2. The
containing ratio of BMA(9) uncertainty interval reaches
91.11% in calibration period and 90.23% in validation period,
which aremuch higher than those of the uncertainty intervals
of any individual model. The average deviation amplitude
of the BMA(9) uncertainty interval is smaller than that
of the uncertainty intervals of most of its nine individual
models. From Figures 8 and 9, the similar conclusion can be
concluded both in calibration and validation periods.

4.3. Comparison of BMA(3) and BMA(9). The results of both
BMA(3) and BMA(9) in terms of the mean prediction and
90% uncertainty interval for the whole flow series are listed
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Figure 7: The mean prediction and 90% confidence interval of both BMA(3) and 3 individual models for the Mumahe catchment in 1987
during the validation period.

Table 1: Results of BMA(3) and its 3 individual models in the mean prediction as well as 90% uncertainty interval for the whole flow series.

Models Mean prediction 90% uncertainty interval
𝑅
2 (%) DRMS RE (%) CR (%) 𝐵 (m3/s) 𝐷 (m3/s)

Calibration period:
XAJ 88.69 30.77 21.04 24.83 31.41 16.69
SMAR 87.69 32.11 16.21 32.83 32.80 17.21
SIM 80.73 40.17 31.51 14.83 27.38 22.33
BMA(3) 90.68 27.92 27.87 40.72 43.76 16.06

Validation period:
XAJ 85.77 29.22 17.79 24.28 24.66 14.09
SMAR 85.30 29.70 14.19 31.91 25.52 14.56
SIM 69.81 42.56 39.48 14.33 18.40 20.07
BMA(3) 86.98 27.95 30.72 40.65 36.71 14.13
Note: bolded values represent the best results.

in Table 3 for comparison. BMA(3) mean prediction has
slightly better performance than BMA(9) mean prediction
in terms of 𝑅2 and DRMS in both calibration and validation
periods, while BMA(3) mean prediction is slightly worse
than BMA(9) mean prediction in terms of RE. For the
uncertainty intervals, some findings are listed as follows: (1)
in terms of CR, BMA(9) uncertainty interval is much higher
than BMA(3) uncertainty interval in both calibration and
validation periods; (2) in terms of 𝐵, BMA(9) uncertainty

interval is obviously larger than BMA(3) uncertainty interval
in both calibration and validation periods; (3) in terms
of 𝐷, BMA(9) uncertainty interval performs slightly better
than BMA(3) uncertainty interval in both calibration and
validation periods.

Further, we compare the BMA(3) and BMA(9) mean pre-
dictions with respect to three flow ranges in Table 4. Accord-
ing to the values of three indices formeanprediction, BMA(3)
mean prediction has better performance than BMA(9) mean
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Table 2: Results of BMA(9) and its 9 individual models in the mean prediction and 90% uncertainty interval for the whole flow series.

Objective function Models Mean prediction 90% uncertainty interval
𝑅
2 (%) DRMS RE (%) CR (%) 𝐵 (m3/s) 𝐷 (m3/s)

Calibration period

OF2 (MSEST)
XAJ 85.45 34.89 30.24 17.89 29.43 21.46
SMAR 84.61 35.89 6.96 31.67 36.51 19.30
SIM 80.73 40.17 31.51 15.39 28.47 22.67

OF3 (MSESRT)
XAJ 89.78 29.25 10.44 68.06 33.37 11.75
SMAR 80.25 40.66 10.13 44.17 35.37 17.39
SIM 72.42 48.05 −5.82 47.72 42.57 21.26

OF4 (MSELT)
XAJ 79.99 40.93 12.39 63.94 33.92 14.75
SMAR 58.01 59.29 −9.22 42.28 43.45 28.32
SIM 52.71 62.92 −41.07 38.89 55.51 26.93

BMA(9) 90.49 28.22 21.40 91.11 70.98 14.54
Validation period

OF2 (MSEST)
XAJ 82.70 32.21 31.92 14.79 21.56 18.20
SMAR 80.05 34.59 0.66 30.23 29.52 16.64
SIM 69.81 42.56 39.48 20.84 24.43 22.32

OF3 (MSESRT)
XAJ 88.52 26.25 4.54 68.56 26.95 9.62
SMAR 78.26 36.11 7.48 44.56 27.59 14.53
SIM 71.09 41.64 8.98 53.86 27.69 16.47

OF4 (MSELT)
XAJ 77.25 36.94 8.74 63.07 26.68 11.85
SMAR 43.43 58.25 −18.79 35.53 35.76 27.36
SIM 72.27 40.79 −21.69 34.05 36.22 18.96

BMA(9) 84.54 30.46 25.42 90.23 55.91 13.20
Note: bolded values represent the best results.
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Figure 8:Themean prediction and 90%uncertainty interval of both BMA(9) and SIMHYD3model (the SIMHYDwith the objective function
OF3) for the Mumahe catchment in 1983 during the calibration period.

prediction in high flow range, but has worse performance
in medium and low flow ranges, during both calibration
and validation periods. Then we compare the uncertainty
intervals of BMA(3) and BMA(9) in three different flow
ranges and have some findings as follows: (1) the CR value

of BMA(9) uncertainty interval has absolute predominance
in comparison with that of BMA(3) uncertainty interval for
each of three flow ranges in both calibration and validation
periods; (2) the 𝐵 value of BMA(9) uncertainty interval is
larger than that of BMA(3) uncertainty interval for all three
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Figure 9: The mean prediction and 90% confidence interval of BMA(9) and SIMHYD3 model (the SIMHYD with the objective function
OF3) for the Mumahe catchment in 1987 during the validation period.

Table 3: The comparison of BMA(3) and BMA(9) in the mean prediction and 90% uncertainty interval for the whole flow series.

Indices Calibration Validation
BMA(3) BMA(9) BMA(3) BMA(9)

Mean Prediction
𝑅
2 (%) 90.68 90.49 86.98 84.54

DRMS (m3/s) 27.92 28.22 27.95 30.46
RE (%) 27.87 21.40 30.72 25.42

90% uncertainty interval
CR (%) 40.72 91.11 40.65 90.23
𝐵 (m3/s) 43.76 70.98 36.71 55.91
𝐷 (m3/s) 16.06 14.54 14.13 13.20

Table 4: The comparison of BMA(3) and BMA(9) in the mean prediction and 90% uncertainty interval for three flow ranges.

Indices High flow Medium flow Low flow
BMA(3) BMA(9) BMA(3) BMA(9) BMA(3) BMA(9)

Calibration period
Mean prediction

𝑅
2 (%) 93.01 91.74 32.28 52.76 95.83 96.39

DRMS (m3/s) 78.15 84.90 23.24 19.41 7.81 7.27
RE (%) 15.48 17.44 35.66 21.51 69.29 46.73

90% uncertainty interval
CR (%) 88.74 92.05 45.91 91.32 27.40 90.75
𝐵 (m3/s) 273.17 342.61 40.34 74.97 6.39 19.23
𝐷 (m3/s) 59.78 63.66 18.33 15.44 6.21 5.02

Validation period
Mean prediction

𝑅
2 (%) 89.00 85.47 22.03 41.82 93.66 94.94

DRMS (m3/s) 92.51 106.35 19.01 16.42 6.87 6.14
RE (%) 22.49 27.68 31.35 17.66 67.48 45.11

90% uncertainty interval
CR (%) 85.33 88.00 46.76 90.81 28.60 90.02
𝐵 (m3/s) 252.88 282.17 34.97 61.22 7.19 18.45
𝐷 (m3/s) 65.67 66.12 14.90 14.03 5.99 4.82
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flow ranges in both calibration and validation periods; (3) the
𝐷 value of BMA(9) uncertainty interval is slightly larger than
that of BMA(3) in high flow range but smaller inmedium and
low flow ranges in both calibration and validation periods.

5. Conclusions

In this paper, the Bayesian Model Averaging (BMA) method
is employed to construct a three-member predictions ensem-
ble, denoted by BMA(3), and a nine-member predictions
ensemble, denoted by BMA(9), for ensemble prediction as
well as for prediction uncertainty analysis. There are three
kinds of comparisonsmade in terms of bothmean prediction
and prediction uncertainty interval in this study: BMA(3)
with its three individual models, BMA(9) with its nine
individual models, and BMA(3) with BMA(9). In particular,
we break observational flows into three different ranges for
detailed comparison and analysis. The performance of two
BMA schemes can be summarized as follows.

(1) In terms of mean predictions, BMA(3) performs
generally better than any of its individual models.
And BMA(9) mean prediction has generally higher
accuracy than each of its individual model predic-
tions.The comparison between BMA(3) and BMA(9)
in mean predictions indicates that BMA(9) does not
have any advantage compared to BMA(3) as far as
the entire flow series is concerned. The performance
of BMA(9) mean prediction is better than that of
BMA(3) in both medium and low flow ranges, how-
ever, worse in the high flow range.

(2) In terms of the containing ratio for assessing the
uncertainty intervals, the BMA(3) has a larger CR
value than any of its individual models. And the
containing ratio of BMA(9) uncertainty interval is
also markedly larger than that of all its individual
models when the CR value is calculated for the whole
flow series. When the CR value is compared for
different flow ranges, BMA(9) uncertainty interval
performs better than its individual models in high,
medium, and low flow ranges. In comparison with
BMA(3), BMA(9) uncertainty interval also has abso-
lute predominance in terms of CR.

(3) The average band-width 𝐵 of BMA(3) uncertainty
interval is larger than that of all its individuals.
And the average band-width of BMA(9) uncertainty
interval is even larger than that of BMA(3). It is
found that, for uncertainty intervals, the increase of
containing ratio is accompanied by the increase of
band-width, which has already been pointed out by
Xiong et al. [33].

(4) The average deviation amplitude𝐷 of BMA(3) uncer-
tainty interval is generally smaller than the best
individual in the ensemble. In terms of 𝐷, BMA(9)
uncertainty interval also has a better performance
than the best individual among its nine-member
ensemble, especially in high flow range. Moreover, in
terms of 𝐷, BMA(9) uncertainty interval performs

better than BMA(3) uncertainty interval in medium
and low flow ranges, but worse in the high flow range.

Based on this study, it is found that BMA is a particularly
useful method for dealing with two issues. Firstly, when there
are two or more competing models or methods available
for the same problem, BMA can assess the relative perfor-
mances of all models by assigning weights to each model or
method and then produce more accurate mean prediction
by weighted averaging of all predictions from those models
or methods. Secondly, BMA can be used when there is
uncertainty over control variables. The uncertainty intervals
for both individual predictions and the BMA prediction can
be derived when the distribution of the data is known or
assumed.

Two issues from this study of BMA also need to be
pointed out. The first is about the data transformation
process. It is obvious that the daily flow data do not strictly
obey the normal distribution even after the Box-Cox trans-
formation. In fact, it is impossible to make every prediction
from every model be normally distributed by using only
a uniform transformation coefficient. Another problem is
about the quality of the hydrological models chosen for
combination. In this paper, the models employed here are all
conceptual hydrological models. If better models are chosen
as the ensemble members, then it is expected that the better
results will come out of the BMA combination.
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