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In feedback control systems, delay as a generic part of
many processes, including industrial [1], communication [2],
economical [3], traffic [4], automotive technology [5], and
biological [6] ones, is a phenomenon which unambiguously
deteriorates the quality of a control performance. Delay has
inter alia a decisive impact on control system stability, and
the studying of this influence is not usually mathematically
simple. Modern control theory has been dealing with this
problem since its nascence; the well-known Smith predictor
[7] has celebrated six decades of being known and applied a
year ago.

Modern and advanced control theory is confronted with
higher and higher requirements on quality and performance
of control systems in industry as well as in everyday reality
[8]. It is well known that control of such processes often repre-
sents a very complex problem and they are hardly controllable
by conventional control methods. Many related problems are
unsolved and many questions remain unanswered. The aim
of this special issue has been to highlight the most significant
recent developments on the topics of Time Delay Systems
(TDSs), their modelling and identification, stability analysis,
various control strategies, and interesting academic and real-
life applications.

The attractiveness of the special issue has been proved
by the number of 58 submitted manuscripts collected by
the editors from the authors from Argentina, Chile, China,
Czech Republic, Iran, Malaysia, Mexico, Pakistan, Republic
of Korea, Saudi Arabia, Sweden, Taiwan, Tunisia, Vietnam,
United Kingdom, and USA (i.e., 16 countries in total). The
acceptance rate has been only of 29%; that is, 17 papers
have been eventually published, which indicates a high level

of the review process concerning the technical quality and
originality of the works.

Regarding the content and subject manner of the special
issue, the broad scope of topics has been covered. Namely,
in five papers, spectral and stability analysis is made, or
stability conditions and criteria are developed. Asymptotic
or 𝐻2 stabilization, observer or filter design, and adaptive
or robust control of TDSs using linear matrix inequalities
(LMIs) tools and Lyapunov theory are addressed in four
papers. Two papers are devoted to automotive technology
problems; namely, optimal control of a car suspension system
and improved car-following model that include the influence
of strong wind are investigated. A single paper deals with
associative memories for memristive neural networks with
deviating argument; it is worth noting here that five papers
use or incorporate neural networks. The following delay-
related tasks are also represented by a single paper in the
special issue: PID control design, digital predictive control
design, feedback carbon emission reduction, the stationary
probability density functions of an oscillator, and the passivity
of delayed neural networks. A concise characterization of all
papers included in the special issue follows.

In the paper titled “Delay-Dependent Stability Analysis
of TS Fuzzy Switched Time-delay Systems” by N. Aoun et
al., a new approach to deal with the problem of stability
under arbitrary switching of continuous-time switched TDSs
represented by Takagi-Sugeno (TS) fuzzy models [9] is
proposed. A specific state space representation, called arrow
formmatrix, is used first.Then, sufficient asymptotic stability
conditions are obtained through the application of Borne and
Gentina practical stability criterion [10] and by constructing a
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pseudo-overvaluing system.The eventual stability criteria are
algebraic and easy to use and permit avoiding the problem of
existence of a common Lyapunov-Krasovskii functional.

Stability characteristics of Delay-Differential Equations
(DDEs) with multiple time-periodic delays are proposed by
G. Jin et al. in the paper titled “A Method for Stability
Analysis of Periodic Delay-Differential Equations with Mul-
tiple Time-Periodic Delays”. Stability charts are produced
here for two typical examples of time-periodic DDEs about
milling chatter, including the variable-spindle speed milling
system with one time-periodic delay [11] and variable-pitch
cutter milling system with multiple delays [12].The proposed
method further provides a generalized algorithm, which
possesses a good capability to predict the stability lobes
for milling operations with variable-pitch cutter or variable-
spindle speed.

F.-D. Li et al. deal with the stability analysis of genetic
regulatory networks with interval time-varying delays in the
paper titled “Stability Analysis of DelayedGenetic Regulatory
Networks via a Relaxed Double Integral Inequality”. Firstly,
the Wiringter-type double integral inequality (WTDII) [13]
is established to estimate the double integral term appearing
in the derivative of Lyapunov-Krasovskii functional with a
triple integral term. Then, by applying the WTDII to the
stability analysis of a delayed genetic regulatory network,
together with the usage of the information of regulatory
functions, several delay-range- and delay-rate-dependent (or
delay-rate-independent) criteria are derived in terms of linear
matrix inequalities.

In the paper titled “New Stability Criterion for Takagi-
Sugeno Fuzzy Cohen-GrossbergNeural Networks with Prob-
abilistic Time-Varying Delays” by X. Wang et al., a new
global asymptotic stability criterion is derived, in which
the diffusion item can play its role. Owing to deleting the
boundedness conditions on amplification functions, themain
result is novelty to some extent. The positive definite form
of 𝑝 powers for Lyapunov-Krasovskii functional, which is
different from those of existing literature [14], is another novel
contribution of this method.

The existence of stability switches and Hopf bifurcations
for the scalar DDE of the form �̈�(𝑡) + 𝑎�̇�(𝑡 − 𝜏) + 𝑏𝑥(𝑡) = 0
with complex (not real in general) coefficients is studied in
the paper titled “Stability Switches and Hopf Bifurcations in
a Second-Order Complex Delay Equation” by M. Roales and
F. Rodŕıguez, by means of results published in [15].

In the paper titled “Observer Design for Delayed Marko-
vian Jump Systems with Output State Saturation” by G.Wang
and B. Feng, the observer design problem of continuous-
time delayed Markovian jump systems with output state
saturation [16] is considered. The probability distributions of
two states are described in the observer design by exploiting
the Bernoulli variable. Sufficient conditions for the designed
observe with three kinds of output saturations are provided
with LMI forms.

In the paper titled “Delayed Trilateral Teleoperation of a
Mobile Robot” by D. Santiago et al., the stability of nonlinear,
varying-time, and delayed system represented by a trilateral
teleoperation system of a mobile robot is analyzed. The
stability analysis is based on Lyapunov-Krasovskii theory

where a functional is proposed and analyzed to get conditions
for the control parameters (for three PD controllers under
a position master/slave velocity strategy [17]) that assure a
stable behavior, keeping the synchronism errors bounded. In
the paper, a practical verification of the theoretical result is
given to the reader as well.

The neural network and disturbance observer are
designed to tackle the uncertainties and external disturbance
for a class of nonlinear TDSs with output prescribed per-
formance constraint in the work “Adaptive Constrained
Control for Uncertain Nonlinear Time-delay System with
Application to Unmanned Helicopter” by R. Li et al. In
addition, prescribed performance function is constructed
for the output prescribed performance constrained problem.
Then the robust controller is designed via the adaptive
backstepping method, and the stability analysis is considered
by using Lyapunov-Krasovskii functionals [18].The proposed
method is eventually employed into the unmanned helicopter
system with time delay aerodynamic uncertainty [19].

H.-J. Yu et al. focus on the generalized 𝐻2 filtering
of static neural networks with a time-varying delay in
their paper “Improved Generalized 𝐻2 Filtering for Static
Neural Networks with Time-Varying Delay via Free-Matrix-
Based Integral Inequality”. A full-order filter such that the
filtering error system is globally asymptotically stable with
guaranteed𝐻2 performance index is designed. An improved
delay-dependent condition for the generalized 𝐻2 filtering
problem is established in terms of LMIs, by constructing
an augmented Lyapunov-Krasovskii functional and applying
the free-matrix-based integral inequality [20] to estimate its
derivative.

In the paper titled “An Improved Car-following Model
Accounting for Impact of Strong Wind” by D. Liu et al.,
an enhanced car-following model based on the full velocity
differencemodel is developed in order to investigate the effect
of strong wind on dynamics of traffic flow. Wind force, lift
force, and side force are considered in the model. Stability
condition of the improved model is derived, and numerical
analysis is made to explore the effect of strong wind on
spatial-time evolution of a small perturbation. Moreover,
the effect of strong wind to the stability of traffic flow and
car driving safety in strong wind by comparing the lateral
force under different wind speeds are studied. The fuel
consumption of a vehicle in strongwind condition is explored
as well.

The determination of coordinate values of articulated
geometry for a double-wishbone independent suspension
with two unequal length arms based on structural limitations
and constraint equations of alignment parameters is pre-
sented in the paper titled “An Improved Genetic Algorithm
to Optimize Spatial Locations for Double-Wishbone Type
Suspension System with Time Delay” by Q. Li et al. The
sensitivities of frontwheel alignment parameters are analyzed
using the space analytic geometry method with insight
module in ADAMS software [21]. The multiobjective opti-
mization functions are designed to calculate the coordinate
values of hardpoints with front suspension since the effect
of time delay because wheelbase can be easily obtained by
vehicle speed. The kinematic and compliance characteristics
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are investigated using genetic algorithm solutions [22] in
the simulation environment. Experimental results are also
provided to the reader.

J.-E. Zhang in his paper “Analysis and Design of Asso-
ciative Memories for Memristive Neural Networks with
Deviating Argument” investigates associative memories for
memristive neural networks with deviating argument [23].
Firstly, the existence and uniqueness of solution for memris-
tive neural networks with deviating argument are discussed.
A derivation of sufficient conditions for this class of neural
networks to possess invariant manifolds follows, and a global
exponential stability criterion is presented. Next, analysis and
design of autoassociative memories and heteroassociative
memories for memristive neural networks with deviating
argument are formulated, respectively.

In the paper titled “Proportional Retarded Controller to
Stabilize Underactuated Systems with Measurement Delays:
Furuta Pendulum Case Study” by T. Ortega-Montiel et al.,
the design and tuning of a simple feedback strategy with
delay to stabilize a class of underactuated mechanical sys-
tems with dead-time are presented. A linear time-invariant
model with time delay of fourth order represented by the
Furuta pendulum [24] (that is a standard two-degree-of-
freedombenchmark example from the class of underactuated
mechanical systems) and a proportional retarded controller
are considered. A step forward to obtain a better understand-
ing of the effect of output delays and related phenomena
in mechatronic systems is presented in the paper, making
possible designing resilient control laws under the presence
of uncertain time delays in measurements.The configuration
under study includes an inherent output delay due to wireless
communication used to transmit measurements of the pen-
dulum angular position. The approach offers a constructive
design and a procedure based on a combination of root-
loci and Mikhailov methods [25] for the analysis of stability.
An experimental comparison with a standard linear state
feedback control law is also presented.

A combination of identification and discrete-time control
procedures aimed at precise control of systemswith any time-
delay value is presented by S. Talaš and V. Bobál in the paper
titled “Predictive Control Adapting to Fractional Values
of Time Delay”. Suggested strategy allows the predictive
controller to adapt its parameters to a value of the time delay
identified during the control process. The system flexibility
resides in the ability to work precisely even with time-delay
values that are not integer multiples of the sampling period.
The authors prove by example that the designed approach
represents a very precisemethod to control systemswith both
static and variable cases of time delay.

A nice study from the field of environmental engineering
is presented in the paper titled “The Feedback Mechanism of
Carbon Emission Reduction in Power Industry of Delayed
Systems” by X. Yu et al. The paper proposes a carbon market
feedback mechanism to power market, comprehensively
considering the influence of generation structure, carbon
intension, and technological progress on carbon emission
reduction in power industry, and builds a potential model
based on dynamic system. It is shown by operation system
results that the increasing trend of carbon emission can

be controlled effectively; however, it is always with a lag.
Moreover, sensitivity analysis results show that carbon emis-
sion reduction of at most 32% and 60% can be realized by
adjusting power structure and improving technological level,
respectively.

In the paper titled “Response of Duffing Oscillator with
TimeDelay Subjected ToCombinedHarmonic And Random
Excitations” by D. N. Hao and N. D. Anh, the stationary
probability density functions of the Duffing oscillator with
time delay [26] subjected to combined harmonic and white
noise excitation are investigated by the method of stochastic
averaging and equivalent linearization. The paper shows that
the displacement and the velocity with time delay in the
Duffing oscillator can be computed approximately in non-
time delay terms. The transformation based on the funda-
mental matrix of the degenerate Duffing system is used here.
Then, the stochastic system with time delay is transformed
into the corresponding stochastic non-time delay equation
in Ito sense. The approximate stationary probability density
function of the original system can be found by combining
the stochastic averaging method, the equivalent linearization
method, and the technique of auxiliary function [27]. The
response of Duffing oscillator is also investigated in the paper.

Several conditions for passive performance, based on
appropriate Lyapunov-Krasovskii functionals and some
inequalities, are established via LMIs in the paper titled
“Passivity of Memristive BAM Neural Networks with
Probabilistic and Mixed Time-varying Delays” by W. Wang
et al. More precisely, the passivity problem of memristive
bidirectional associate memory neural networks with
probabilistic and mixed time-varying delays (including the
leakage and distributed delays) is solved by applying random
variables with Bernoulli distribution [28].
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A combination of identification and control procedures is presented which is aimed at precise control of systems with any value of
time delay. Suggested strategy allows the predictive controller to adapt its parameters to a value of the time delay identified during
the control process. The system flexibility resides in the ability to work precisely even with time-delay values that are not integer
multiples of the sampling period. Overall, the designed approach presents a more precise method to control systems with both
static and variable cases of time delay.

1. Introduction

Time delay is an accompanying effect for a large number
of controlled processes not only in industrial areas. Control
design for such cases requires an unconventional approach
due to its negative impact on stability in traditional control
systems. While applying control techniques in discrete form
it is necessary to take into account the fact that time delay
can be under these circumstances expressed only as an integer
multiple of the sampling period. As a result of this limitation,
the control precision is comparatively reduced. This article
aims to overcome this drawback.

A number of methods is being used to identify the time-
delay value in practice; an overview of several was studied
in [1]. Among often used concepts there is a comparison
of estimates of system outputs for a range of possible time-
delay values [2], or also an application of the least square
method often combined with identification of all remaining
system parameters [3]. Contrary to methods attempting to
determine both parameters and time delay, for example, [4,
5], the approach described in this article is focused exclusively
on the value of time delay with an assumption that the
remaining system parameters are known and constant.

Considering the area of discrete control methods, if
we want to perform online measurements of varying time-
delay, we need to take into account all changes that may
happen between values quantified to individual sampling

periods. This problem is still largely studied resulting in
number of scientific articles with varying areas of focus.
An approach similar to the method described in the article
by using specific system parameters and output estimation
was taken by [6]. An application of specific mathematical
models to specific input signals and performing identification
procedure in order to determine individual system param-
eters were suggested. The control issue of applying model
predictive controller to handle time delay was explored in
[7] among many others. The mentioned research compared
performance of the model-based predictive control (MPC)
in state-space system with variable time delay to PI (propor-
tional integrating) controller and Smith predictor, proving
efficiency of the predictive approach.

Several procedures exist that are able to control systems
with time delay; the most significant are based on principles
of the Smith predictor and model based predictive control
[8]. Despite their number, only a minority of controllers are
sufficiently robust in relation to the value of time delay [9].
Therefore, it is usually suitable to accompany the system
control algorithm with an identification method.

The aim of this paper was to explore the option of
adapting the control algorithm for cases, when a system
changes its time-delay value. Both the concept of time-delay
identification and controller adaptation technique were real-
ized in simulations.The first section is focused on connecting
individual elements of the control structure. The following
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subchapter analyses the applied method for identification of
the time-delay value.The next part investigates specific mod-
ifications of the predictive controller in order to incorporate
the possibility of controlling a system with time-delay value
that is not an exact multiple of the sampling period. Resulting
performance of the described control structure is analyzed in
the subsequent chapter, followed by final evaluation.

2. Methods

The suggested control structure contains a combination of
an identification procedure and a control mechanism. Indi-
vidual sections are realized and connected in the simulation
environment MATLAB with the extension Simulink. The
connection is designed in such a way that measured values
of control input and system output are processed by the
time-delay identifying algorithm, first. Consequently, the
identification result is provided to the controller, which
modifies its own parameters based on acquired data and
performs system inputs.

The solution also utilizes MPC principle, where, in con-
trast to conventional control, the controller output is realized
by minimizing proper (usually quadratic) objective function.
It is realized as a closed-loop control system. MPC can be
realized as system based on input-output process model, as
well as state-space theory. In case of this publication theMPC
method is based on input-output system model; therefore it
utilizes external input-output signals.

2.1. Time-Delay Identification. The foundation of the iden-
tification procedure is a method capable of determining an
arbitrary value of time delay during the control procedure
[10]. This strategy is based on a reversed mechanism of a
system behaviour prediction.Therefore, instead of determin-
ing system outputs from known parameters, the parameter
is deduced from measured outputs. This approach works,
provided that the dynamical properties are known and the
single unknown value is time delay.

An area of input and output data is reserved for a precise
determination of time delay. Based on initial conditions in the
section and the series of input signals related to a value of time
delay, an estimation of possible system outputs is calculated.
As a result, a set of system outputs for possible values of
time delay is obtained. Furthermore, individual calculated
sequences of outputs are compared with the actual measured
one. Comparison of these results enables determining the
area of the most probable time-delay value. In addition, the
modified 𝑍-transform is applied to derive a new variant of
the original system parameters for further precision increase.
The new version has several times smaller sampling period
and its parameters are applied to perform an estimation of
system outputs with time delay of a fractional value.

Figure 1 illustrates a comparison between the measured
output signal and possible outputs depending on time delay.
The red line follows the development of the real system
output, blue lines are estimated from the output for four
different integer values of time delay and green lines fill the
area of possible outputs from estimates computed with frac-
tional time-delay values. The area with increased accuracy
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Figure 1: Output estimation for various values of time-delay:
integral, fractional, and real.

may be determined from the comparison between the integer
estimates and the real output first. Therefore, the number
of necessary calculations can be significantly decreased
and, therefore, even a wide interval of possible time-delay
values does not have a major influence on computation
demands. The number of estimated outputs can be lowered
even further by performing computations for only selected
values of time delay as each estimate-comparison operation
provides a more accurate information about the real value
of time delay in an optimizing search for the minimal
deviation.

The comparison between individual calculated output
estimates 𝑦𝑑 and the measured data 𝑦real is realized by
computing a qualitative criterion of integrated square error
(ISE). Its noncontinuous version is expressed by the following
equation.

ISE𝑑 =
𝑛

∑
𝑖=1

[𝑦real (𝑖) − 𝑦𝑑 (𝑖)]2 . (1)

The most probable value of the time delay is deduced from
the sequence with the smallest calculated error. In order to
increase the precision for cases with a varying value of time
delay, it is possible to incorporate a directional forgetting,
which decreases the significance of data measured in more
distant areas. As a result, newer measurements have a greater
impact.

This identification method enables us to determine the
size of time delay directly during the control procedure.
Another benefit of this technique is the option to set the
amount of studied data. A larger measured area provides
more precise results in the presence of disturbance; on the
other hand, smaller area may identify a change in the time
delay faster.

2.2. Predictive Control Principle. Themodel based predictive
control is a control approach using a mathematical descrip-
tion of the controlled system to estimate its future behaviour.
Based on the estimation, an optimal sequence of control
inputs is calculated by an optimization algorithm [11, 12].The
optimality of the desired state is expressed in an objective
function with the general form as follows.
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Figure 2: System transfer with delay outside of sampling period
expressed in discrete area.

𝐽 =
𝑁2∑
𝑖=𝑁1

𝛿 (𝑖) [𝑦 (𝑘 + 𝑖) − 𝑤 (𝑘 + 𝑖)]2

+
𝑁𝑢∑
𝑖=1

𝜆 (𝑖) [Δ𝑢 (𝑘 + 𝑖 − 1)]2 ,
(2)

Variables 𝛿 and 𝜆 represent weighting parameters determin-
ing the balance between the smallest control error and the
slowest change in control input. The area of optimization
is determined by horizons 𝑁1, 𝑁2, and 𝑁𝑢 which set the
number of sampling steps involved in calculations. The goal
of optimization is to find a series of input signal differences
Δ𝑢 that lead to the smallest value of J.

Only the first value of the optimized series is applied as
Δ𝑢(𝑘) and the entire procedure is repeated in the following
sampling step; this is called receding horizon strategy.

The applied controller was based on the traditional design
of the generalized predictive controller (GPC).Thismethod is
popular due to its versatility.The controlled system dynamics
are represented by a transfer function as a base for the future
output estimation. The benefit lies in its principle that it uses
only a small number of values in order to reconstruct the
entire step function or any output shape with knowledge of
the input signal [13–16].

2.3. Modification of the Predictive Control Procedure. The
control procedure is based on the above described GPC
controller, in which sections of system model and future
output predictions are modified.

A system described in the discrete area has the time-
delay parameter represented by the power of variable 𝑧−𝑑.The
value of 𝑑 can assume only integral values, and, therefore,
it is necessary to describe such system with modified 𝑍-
transform, which can express system dynamic outside of the
original sampling area.

Figure 2 displays how a system can be described in
discrete area with such a time delay that is not an integer
multiple of its sampling period.Themathematical description
starts in a model without time delay, from which the system
state in the fraction of sampling period given by the length of
time delay is deduced. The value of system response with the

given length of time delay then represents the state achieved
in themoment of sampling. As the source for determining the
controller parameters is used a system with time-delay value
rounded down and the remaining parameters were obtained
from the modified 𝑍-transformation.

Based on parameters received by modified 𝑍-transform,
it is necessary to deduce new values of matrices applied in the
predictive control. During the estimation of future outputs
based on a system expressed as a division of polynomials,
where the order of numerator is nb and the order of denom-
inator is na, the prediction of the output variable is given by
the following equation:

𝑦 (𝑘 + 1) =
𝑛𝑎+1

∑
𝑖=1

𝑎𝑖𝑦 (𝑘 + 1 − 𝑖) +
𝑛𝑏

∑
𝑖=1

𝑏𝑖Δ𝑢 (𝑘 − 𝑑 − 𝑖) . (3)

With the prediction of length of 𝑁 sampling steps and with
integral part of delay of size d, individual elements are divided
according to their affiliation to the following vectors:

𝑢 =
[[[[[[
[

Δ𝑢 (𝑘)
Δ𝑢 (𝑘 + 1)

...
Δ𝑢 (𝑘 + 𝑁 − 1)

]]]]]]
]

,

𝑢1 =
[[[[[[
[

Δ𝑢 (𝑘 − 1)
Δ𝑢 (𝑘 − 2)

...
Δ𝑢 (𝑘 − 𝑛𝑏)

]]]]]]
]

,

𝑦1 =
[[[[[[
[

𝑦 (𝑘 + 𝑑)
𝑦 (𝑘 + 𝑑 − 1)

...
𝑦 (𝑘 + 𝑑 − 𝑛𝑎)

]]]]]]
]

.

(4)

And the result is a matrix form interpreted as

ŷ = Gu + Hu1 + Sy1. (5)

Considering the fact that the system obtained by the mod-
ified 𝑍-transformation contains a nonzero element 𝑏0, it is
required to fill additional parameters to matricesG andH.

In the presence of the timedelay, it is necessary to estimate
future system outputs to determine the entire vector 𝑦1. The
equation for calculating these values (3) is another section
that has to be altered based on system model. Besides the
obvious change in existing parameters, the variable 𝑏0 needs
to be added.

Figure 3 shows the layout of the control scheme. The
control input signal 𝑢 originating from the predictive con-
troller and the output signal 𝑦 measured in the controlled
system are recorded in every sampling step by the time-delay
identification algorithm. The newly recoded data is added
to the set of known values and the identification procedure
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Figure 3: Adaptive control scheme.

performs a new estimate 𝑑 of the time delay between the
control input and the output signal.The result is consequently
provided back to the predictive controller, which modifies
its internal parameters accordingly. The whole procedure is
ideally performed as a part of controller computations to
ensure a fast response to sudden changes in time delay.

The result of the above-mentioned operations is a form
of predictive control, which is able to adapt to a different
dynamic caused by fractional value of time delay, while
maintaining the original sampling period.

3. Results

The design functionality was verified in the simulation envi-
ronment MATLAB with the Simulink extension. The system
used for simulation was selected for its simple dynamics. The
main goal was to demonstrate the ability of the controller to
adapt itself to varying conditions of time delay.

𝐺 (𝑠) = 2
4𝑠2 + 5𝑠 + 1 . (6)

In the discrete version with the sampling period of 2 s,

𝐺 (𝑧−1) = 0.4728𝑧−1 + 0.2076𝑧−2
1 − 0.7419𝑧−1 + 0.08208𝑧−2 . (7)

The development of the time-delay value was selected in such
form to involve both fluent changes and sudden steps. The
reference trajectory was set with respect to the fact that the
method of time-delay identification needs tomeasure varying
changes to properly determine the system state.

The predictive controller GPC had its weighting parame-
ters set to focus more on the precision of the output signal in
ratio of 1 : 2.

Figure 4 contains results of individual approaches aiming
to provide information about the development of time-delay
value represented by the black dotted line.Thefirst signal uses
the method proposed in the article identifying the delay with
the accuracy on tenths of a second. The algorithm is able to
closely follow the real value with the exception in the interval
from 220 s to 240 s where the output signal remains constant.
Therefore, the delay cannot be determined and maintains the
last known value of 3.8 sampling period.

The second signal is a result of time-delay identification
with accuracy to integers. The control precision is decreased
in critical areas, where the real system time delay is distant
from integral value, for example, from the time of 250 s up to
the 300 s.

Real delay
Fractional delay estimates

Integer delay estimates
Average delay estimate

300100 150 200 250 3500 50
Time (s)
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d
Ｌ？
；Ｆ
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Figure 4: Time-delay estimates for the adaptive control.
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Figure 5: System control adapting to a varying time delay.

The third signal is a constant value of time delay over the
entire control process selected experimentally to avoid risks
of instability in areas with large differences from the estimate,
for example, at the start of the process and from 175 s to 225 s.

Figure 5 demonstrates how with the changing value of
time delay the control input 𝑢 is also adapting in order to
reach the reference trajectory 𝑦ref . The controller obtains the
estimated time-delay value from the identification algorithm
and, based on this value, it changes parameters in control
matrices, which are used in calculation of the control input.
Therefore, the controller is able to adapt to a change of
time delay in the form of fluent change in area 125 s to
175 s, as well as during step changes at 300 s. The rela-
tion between the identification and the control works as a
mutually complementary mechanism. Change in the control
input is eventually followed by a response in the output
signal. The time difference in this relation is measured by
the identification algorithm which provides the controller
with proper data. The less precise the initial estimate of the
controller is, themore significant the control input is required
leading to a greater accuracy in the time-delay estimation and
in the overall control as a result.

The amount of contribution of the designed identification
method is demonstrated on Figures 6 and 7, where a certain
level of control functionality has been limited.

Figure 6 shows the variant in which the control system
is adapting to the time delay, which is being identified with
accuracy of integers. The control precision has decreased in
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Figure 6: System control with time delay identified with accuracy
of integers.
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Figure 7: System control with constant estimated value of time
delay.

Table 1: Comparison of the quality for various versions of time-
delay identification.

Time-delay estimation ISE criterion value
Constant delay 1.5 ⋅ 𝑇0 16.2638
Identification of integral time delay 13.1859
Identification of fractional time delay 7.7763

critical areas, where the real system time delay is distant from
integral value, for example, around 250 s.

Figure 7 illustrates the situation when the estimated time
delay is represented by a constant value. The precision is
heavily affected by the current distance between the real value
and the constant. The negative effects are mainly visible at
times of step response, but during the fluent change it is easier
for the controller to adapt.

From Table 1 it is apparent that the designed combination
of identification and control provides a significant improve-
ment in the quality of systems that change the value of time
delay during the control procedure.

4. Conclusion

The article describes new procedures for adaptive control
of systems with variable time delay. The control structure

is based on mutually cooperating algorithms fulfilling the
function of time-delay identification on one hand and system
output regulation on the other.

Time-delay identification is performed based on the
knowledge of dynamical parameters of the controlled system,
when the section of data measured in the past is compared
to estimation of output development for a range of possible
time-delay values.The accuracy of this approach is expanded
by incorporating system model parameters with decreased
sampling period and therefore it is able to operate with a
greater accuracy than just individual lengths of the original
sampling period.

The control procedure is founded on the traditional
concept of GPC, which is extended with a function to
predict behaviour of the system, where the time delay is a
fractionalmultiple of the sampling time. Parameters, defining
the system dynamic, are altered by modified 𝑍-transform,
which provides information about the system state outside
of the original sampling area. Prediction matrices and output
estimation are changed based on these parameters, in order
to provide output predictions for systemswith fractional time
delay.

Functionality of the design was verified by simulations.
The time-delay identification mechanism has managed to
determine the size of the real time delay with a great accuracy
and quickly react to its changes. The control algorithm
with matrices modifiable by system model with a fractional
time delay has succeeded to adequately adapt to varying
conditions.The overall combination of these methods creates
a chance of precise control mainly for systems with risk of
unpredictable variations in the time-delay value during the
control procedure.

Despite the presented functionality the described
approach contains several possible directions of further
improvement. One of them is the robustness of the
identification procedure that would decrease its sensitivity
to inaccuracies in estimated system parameters. Another
option could be incorporating an identification of system
parameters that were to this point considered known and
constant.
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This paper is concerned with the passivity problem of memristive bidirectional associative memory neural networks (MBAMNNs)
with probabilistic and mixed time-varying delays. By applying random variables with Bernoulli distribution, the information of
probability time-varying delays is taken into account. Furthermore, we consider the probability distribution of the variation and
the extent of the delays; therefore, the results derived are less conservative than in the existing papers. In particular, the leakage
delays as well as distributed delays are all taken into consideration. Based on appropriate Lyapunov-Krasovskii functionals (LKFs)
and some useful inequalities, several conditions for passive performance are established in linearmatrix inequalities (LMIs). Finally,
numerical examples are given to demonstrate the feasibility of the presented theories, and the results reveal that the probabilistic
and mixed time-varying delays have an unstable influence on the system and should not be ignored.

1. Introduction

Bidirectional associative memory neural networks
(BAMNNs) are a class of two-layer neural systems, which
were first introduced by Kosko in 1987. The neurons in the
first layer are connected to another layer, and in the same
layer, the neurons are not interconnected [1–3]. Owing
to their special structure, BAMNNs have displayed many
good features in various areas such as signal processing,
image processing, and optimization problems [4–6]. In
2015, the stability of inertial BAMNNs with time-varying
delay via impulsive control was discussed in [7]. Zhang et
al. considered the exponential stability of BAMNNs with
time-varying delays in [8]. Wang et al. addressed the global
asymptotic stability of impulsive fractional-order BAMNNs
with time delay in [9].

Memristor, a combination of a resistor and memory,
has received increasing attention in many fields [10–13]. By
applying the nonvolatile feature of thememristor, researchers
were able to develop MBAMNN models. Because of the

pinched hysteresis effects, MBAMNNs have a memory
function, which can be used to imitate the human brain
[14, 15]. In 2015, nonfragile synchronization of MBAMNNs
with random feedback gain fluctuations was investigated in
[16]. Based on functional differential inclusions, Jiang et al.
obtained the dynamic behaviors for MBAMNNs with time-
varying delays in [17].

Moreover, passivity is a special case of a broader theory
of dissipativity, which plays a significant role in the stability
analysis of dynamical systems, nonlinear control, and other
areas.Themain innate character of passivity theory is that the
passive characteristics can make the system internally stable
[18–20]. In recent years, many researchers have proposed
passivity analysis for memristive neural networks (MNNs).
Liu and Xu investigated the passivity analysis of MNNs
with different state-dependent memductance functions and
mixed time-varying delays in [21]. In 2016, the passivity
of MBAMNNs with uncertain delays and different mem-
ductance was investigated in [22]. Nevertheless, there are
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few people to study the passivity of MBAMNNs, which
encourages our idea.

In the human brain, the transmission of information in
neurons is often accompanied by a time delay, so time delay
is inevitable in the neural networks, which is the origin of
oscillation, divergence, and so forth [23–33]. Sometimes, the
value of delay may be very large, but the probability of such
delay is very small.Therefore, we use the probability distribu-
tion of time delay in the interval to reflect an actual situation
better. Furthermore, it is clearer to describe the probabilistic
time-varying delays through introducing random variables
with Bernoulli distribution. In recent years, some researchers
have discussed the probabilistic time-varying delays in the
neural networks [34, 35]. In 2016, Pradeep et al. investigated
the robust stability analysis of stochastic neural networks
with probabilistic time-varying delays in [36]. Li et al.
considered passivity analysis of memristive neural networks
with probabilistic time-varying delays in [37]. Hence, it is
of great importance to research the passivity of MBAMNNs
with probabilistic time-varying delays.

In addition, there also exist two types of time-varying
delays named leakage delays (or forgetting delays) and
distributed time delays. The research of leakage time delay
can be traced back to the early 90s of the last century;
researchers found out that, due to the delay in switching
time or signal transmission, there is a time delay in the
negative feedback term of the network system; this delay is
named leakage time delay. As is well known, leakage delays
exist in many real systems such as population dynamics and
neural networks [38, 39]. Moreover, leakage delay also has
a significant influence on the dynamics of neural networks
because it has been shown that such kind of time delay in the
leakage termhas a tendency to destabilize a system.Under the
influence of leakage and additive time-varying delays, robust
passivity analysis for neural networks was addressed in [40].
In 2016, the robust stability analysis for discrete-time neural
networks with leakage delays was studied in [41].

On the other hand, due to the presence of multiple
parallel paths with a variety of neuronal synapses’ lengths and
sizes, there is a spatial width of the network, and then there
may exist either a distribution of the transmission voltage
in these parallel paths or a distribution of transmission
delays over a period of time. Hence, the distribution delay
is used to describe this phenomenon [42, 43]. In 2015, Du
et al. investigated the passivity of neural networks with
discrete and distributed time-varying delays in [44]. In 2016,
Yang et al. considered finite-time stabilization of uncertain
neural networks with distributed time-varying delays in [45].
However, to the best of our knowledge, there are few results
on the passivity of MBAMNNs with probabilistic, leakage,
and distributed time-varying delays. Thus, it is significant to
study the passivity of MBAMNNs with these time-varying
delays.

Motivated by the main points discussed above, the con-
tribution of this paper lies in three aspects.

(1)This is the first attempt to discuss the passivity analysis
of MBAMNNs with probabilistic and mixed time-varying
delays. In particular, the leakage delays as well as distributed
delays are all taken into consideration.

(2) The LKFs that we designed include double and triple
integral terms, and by applying some helpful inequalities, the
passivity analysis of MBAMNNs becomes less conservative
than the existing results [19, 21].

(3) After using MATLAB LMI control toolbox, all the
derived results are expressed in LMIs, and a feasible solution
can be easily obtained.

The rest of the paper is structured as follows. In Section 2,
we introduce the model of the MBAMNNs with probabilistic
time-varying delays. In Section 3, the main results on pas-
sivity analysis of MBAMNNs with probabilistic and mixed
time-varying delays are derived. In Section 4, somenumerical
simulations are provided to demonstrate the feasibility of our
results. In Section 5, the conclusion is shown.

2. Model Description and Preliminaries

In this paper, we propose the MBAMNN with probabilistic
time-varying delays as follows:

�̇�𝑖 (𝑡) = −𝐶𝑖𝑥𝑖 (𝑡) +
𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑥𝑖 (𝑡)) 𝑓𝑗 (𝑦𝑗 (𝑡))

+ 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑥𝑖 (𝑡)) 𝑓𝑗 (𝑦𝑗 (𝑡 − 𝜏 (𝑡))) + 𝑢𝑖 (𝑡) ,

̇𝑦𝑗 (𝑡) = −𝐷𝑗𝑦𝑗 (𝑡) +
𝑛∑
𝑖=1

𝑒𝑖𝑗 (𝑦𝑗 (𝑡)) 𝑔𝑖 (𝑥𝑖 (𝑡))

+ 𝑛∑
𝑖=1

ℎ𝑖𝑗 (𝑦𝑗 (𝑡)) 𝑔𝑖 (𝑥𝑖 (𝑡 − 𝑑 (𝑡))) + V𝑗 (𝑡) ,
𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝑚,

(1)

or it can be rewritten as follows:

�̇� (𝑡) = −𝐶𝑥 (𝑡) + 𝐴 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡))
+ 𝐵 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡 − 𝜏 (𝑡))) + 𝑢 (𝑡) ,

̇𝑦 (𝑡) = −𝐷𝑦 (𝑡) + 𝐸 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡))
+ 𝐻 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡 − 𝑑 (𝑡))) + V (𝑡) ,

(2)

where 𝑥𝑖(𝑡) and 𝑦𝑗(𝑡) denote the state variables related
to the 𝑖th and 𝑗th neurons. 𝐴(𝑥(𝑡)) = (𝑎𝑗𝑖(𝑥𝑖(𝑡)))𝑚×𝑛
and 𝐸(𝑦(𝑡)) = (𝑒𝑖𝑗(𝑦𝑗(𝑡)))𝑛×𝑚 are the connection weight
matrices, 𝑓𝑗(⋅) and 𝑔𝑖(⋅) are the activation functions, and𝐵(𝑥(𝑡)) = (𝑏𝑗𝑖(𝑥𝑖(𝑡)))𝑚×𝑛 and 𝐻(𝑦(𝑡)) = (ℎ𝑖𝑗(𝑦𝑗(𝑡)))𝑛×𝑚 are
the delayed connection weight matrices. The self-feedback
connection weights 𝐶𝑖 and𝐷𝑗 are positive diagonal matrices.𝑢𝑖(𝑡) and V𝑗(𝑡) represent the continuous external inputs; the
nonnegative continuous variables 𝜏(𝑡) and 𝑑(𝑡) correspond to
the time-varying delays.

Assumption 1. The functions 𝑓𝑗(𝑡) (𝑗 = 1, 2, . . . , 𝑚) and𝑔𝑖(𝑡) (𝑖 = 1, 2, . . . , 𝑛) are bounded and continuous and satisfy
the conditions as follows:
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Figure 1: The typical current-voltage characteristic of a memristor.

𝜍−𝑗 ≤ 𝑓𝑗 (𝑏) − 𝑓𝑗 (𝑎)
𝑏 − 𝑎 ≤ 𝜍+𝑗 ,

𝜎−𝑖 ≤ 𝑔𝑖 (𝑏) − 𝑔𝑖 (𝑎)𝑏 − 𝑎 ≤ 𝜎+𝑖 ,
(3)

with 𝜍− = diag(𝜍−1 , 𝜍−2 , . . . , 𝜍−𝑚), 𝜍+ = diag(𝜍+1 , 𝜍+2 , . . . , 𝜍+𝑚), 𝜎− =
diag(𝜎−1 , 𝜎−2 , . . . , 𝜎−𝑛 ), and 𝜎+ = diag(𝜎+1 , 𝜎+2 , . . . , 𝜎+𝑛 ), 𝑎, 𝑏 ∈𝑅, 𝑎 ̸= 𝑏.

Based on the current-voltage characteristic and the
feature of memristor, the memristive connection weights𝑎𝑗𝑖(𝑥𝑖(𝑡)), 𝑏𝑗𝑖(𝑥𝑖(𝑡)), 𝑒𝑖𝑗(𝑦𝑗(𝑡)), and ℎ𝑗𝑖(𝑥𝑖(𝑡)) will change with
time. Then, we let

𝑎𝑗𝑖 (𝑥𝑖 (𝑡)) = {{{
𝑎𝑗𝑖, 𝑥𝑖 (𝑡) > Θ𝑖,
̌𝑎𝑗𝑖, 𝑥𝑖 (𝑡) ≤ Θ𝑖,

𝑏𝑗𝑖 (𝑥𝑖 (𝑡)) = {{{
�̂�𝑗𝑖, 𝑥𝑖 (𝑡) > Θ𝑖,
�̌�𝑗𝑖, 𝑥𝑖 (𝑡) ≤ Θ𝑖,

𝑒𝑖𝑗 (𝑦𝑗 (𝑡)) = {{{
𝑒𝑖𝑗, 𝑦𝑗 (𝑡) > Ψ𝑗,
̌𝑒𝑖𝑗, 𝑦𝑗 (𝑡) ≤ Ψ𝑗,

ℎ𝑖𝑗 (𝑦𝑗 (𝑡)) = {{{
𝑓𝑖𝑗, 𝑦𝑗 (𝑡) > Ψ𝑗,̌𝑓𝑖𝑗, 𝑦𝑗 (𝑡) ≤ Ψ𝑗,

(4)

in which 𝑎𝑗𝑖, 𝑏𝑗𝑖, 𝑒𝑖𝑗, and ℎ𝑖𝑗 are constants and the switching
jumps Θ𝑖 > 0, Ψ𝑗 > 0.

Based on Figures 1 and 2, it is clear that 𝑎𝑗𝑖(𝑥𝑖(𝑡)),𝑏𝑗𝑖(𝑥𝑖(𝑡)), 𝑒𝑖𝑗(𝑦𝑗(𝑡)), and ℎ𝑖𝑗(𝑦𝑗(𝑡)) are piecewise continuous
functions; the solutions of the systems are indicated in
Filippov’s sense and the interval is represented by [⋅, ⋅]. Set

Current

Voltage0

Figure 2: The characteristic of a piecewise linear charge-controlled
memristor.

𝑎𝑗𝑖 = max {𝑎𝑗𝑖, ̌𝑎𝑗𝑖} ,
𝑎𝑗𝑖 = min {𝑎𝑗𝑖, ̌𝑎𝑗𝑖} ,
𝑏𝑗𝑖 = max {�̂�𝑗𝑖, �̌�𝑗𝑖} ,
𝑏𝑗𝑖 = min {�̂�𝑗𝑖, �̌�𝑗𝑖} ,
𝑒𝑖𝑗 = max {𝑒𝑖𝑗, ̌𝑒𝑖𝑗} ,
𝑒𝑖𝑗 = min {𝑒𝑖𝑗, ̌𝑒𝑖𝑗} ,
ℎ𝑖𝑗 = max {ℎ̂𝑖𝑗, ℎ̌𝑖𝑗} ,
ℎ𝑖𝑗 = min {ℎ̂𝑖𝑗, ℎ̌𝑖𝑗} ,

(5)

for 𝑖 = 1, 2, . . . , 𝑛, 𝑗 = 1, 2, . . . , 𝑚. co[𝑟, 𝑟] indicates the
convex closure of [𝑟, 𝑟]. Obviously, the set-valued maps are
defined as

co [𝑎𝑗𝑖 (𝑥𝑖 (𝑡))] =
{{{{{{{{{

𝑎𝑗𝑖, 𝑥𝑖 (𝑡) > Θ𝑖,
[𝑎𝑗𝑖, 𝑎𝑗𝑖] , 𝑥𝑖 (𝑡) = Θ𝑖,
̌𝑎𝑗𝑖, 𝑥𝑖 (𝑡) < Θ𝑖,

co [𝑏𝑗𝑖 (𝑥𝑖 (𝑡))] =
{{{{{{{{{

�̂�𝑗𝑖, 𝑥𝑖 (𝑡) > Θ𝑖,
[𝑏𝑗𝑖, 𝑏𝑗𝑖] , 𝑥𝑖 (𝑡) = Θ𝑖,
�̌�𝑗𝑖, 𝑥𝑖 (𝑡) < Θ𝑖,

co [𝑒𝑖𝑗 (𝑦𝑗 (𝑡))] =
{{{{{{{{{

𝑒𝑖𝑗, 𝑦𝑗 (𝑡) > Ψ𝑗,
[𝑒𝑖𝑗, 𝑒𝑖𝑗] , 𝑦𝑗 (𝑡) = Ψ𝑗,
̌𝑒𝑖𝑗, 𝑦𝑗 (𝑡) < Ψ𝑗,
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co [ℎ𝑖𝑗 (𝑦𝑗 (𝑡))] =
{{{{{{{{{

ℎ̂𝑖𝑗, 𝑦𝑗 (𝑡) > Ψ𝑗,
[ℎ𝑖𝑗, ℎ𝑖𝑗] , 𝑦𝑗 (𝑡) = Ψ𝑗,
ℎ̌𝑖𝑗, 𝑦𝑗 (𝑡) < Ψ𝑗.

(6)

As a matter of convenience, we make the following
assumptions.

Assumption 2. We define the probability distribution of time
delays 𝜏(𝑡) and 𝑑(𝑡) as follows:

Prob {𝜏 (𝑡) ∈ [0, 𝜏1]} = 𝜇0,
Prob {𝜏 (𝑡) ∈ [𝜏1, 𝜏2]} = 1 − 𝜇0,
Prob {𝑑 (𝑡) ∈ [0, 𝑑1]} = 𝜔0,
Prob {𝑑 (𝑡) ∈ [𝑑1, 𝑑2]} = 1 − 𝜔0,

(7)

where 0 ≤ 𝜇0 ≤ 1 and 0 ≤ 𝜔0 ≤ 1 are constants.
Thus, the random variables 𝜇(𝑡) and 𝜔(𝑡) can be defined

as

𝜇 (𝑡) = {{{
1, 𝜏 (𝑡) ∈ [0, 𝜏1] ,
0, 𝜏 (𝑡) ∈ [𝜏1, 𝜏2] ,

𝜔 (𝑡) = {{{
1, 𝑑 (𝑡) ∈ [0, 𝑑1] ,
0, 𝑑 (𝑡) ∈ [𝑑1, 𝑑2] .

(8)

Then, it can be derived that 𝜇(𝑡) and 𝜔(𝑡) are Bernoulli
distributed sequences with

Prob {𝜇 (𝑡) = 1} = 𝜇0,
Prob {𝜇 (𝑡) = 0} = 1 − 𝜇0,
Prob {𝜔 (𝑡) = 1} = 𝜔0,
Prob {𝜔 (𝑡) = 0} = 1 − 𝜔0.

(9)

According to Assumption 2, it is easy to see that

E {𝜇 (𝑡) − 𝜇0} = 0,
E {(𝜇 (𝑡) − 𝜇0)2} = 𝜇0 (1 − 𝜇0) ,

E {𝜔 (𝑡) − 𝜔0} = 0,
E {(𝜔 (𝑡) − 𝜔0)2} = 𝜔0 (1 − 𝜔0) .

(10)

Now, time-varying delays 𝜏1(𝑡), 𝜏2(𝑡), 𝑑1(𝑡), and 𝑑2(𝑡) are
introduced as

𝜏 (𝑡) = {{{
𝜏1 (𝑡) , 𝜏 (𝑡) ∈ [0, 𝜏1] ,
𝜏2 (𝑡) , 𝜏 (𝑡) ∈ [𝜏1, 𝜏2] ,

𝑑 (𝑡) = {{{
𝑑1 (𝑡) , 𝑑 (𝑡) ∈ [0, 𝑑1] ,
𝑑2 (𝑡) , 𝑑 (𝑡) ∈ [𝑑1, 𝑑2] .

(11)

Assumption 3. Here, constants 𝜏1, 𝜏2, 𝑑1, 𝑑2, 𝜇1, 𝜇2, 𝜔1, and𝜔2 exist, such that

0 ≤ 𝜏1 (𝑡) ≤ 𝜏1,
̇𝜏1 (𝑡) ≤ 𝜇1,
0 ≤ 𝜏2 (𝑡) ≤ 𝜏2,

̇𝜏2 (𝑡) ≤ 𝜇2,
0 ≤ 𝑑1 (𝑡) ≤ 𝑑1,

̇𝑑1 (𝑡) ≤ 𝜔1,
0 ≤ 𝑑2 (𝑡) ≤ 𝑑2,

̇𝑑2 (𝑡) ≤ 𝜔2.

(12)

Assumption 4. The leakage delays 𝛿(𝑡) and 𝜌(𝑡) and dis-
tributed delays 𝛼(𝑡) and 𝛽(𝑡) satisfy

0 ≤ 𝛿 (𝑡) ≤ 𝛿,
̇𝛿 (𝑡) ≤ 𝛿0,
0 ≤ 𝜌 (𝑡) ≤ 𝜌,

̇𝜌 (𝑡) ≤ 𝜌0,
0 ≤ 𝛼 (𝑡) ≤ 𝛼,
0 ≤ 𝛽 (𝑡) ≤ 𝛽.

(13)

By employing the theories of set-valuedmaps, differential
inclusions, stochastic variables 𝜇0, 𝜔0, and new functions𝜏1(𝑡), 𝜏2(𝑡), 𝑑1(𝑡), and 𝑑2(𝑡), system (1) becomes

�̇�𝑖 (𝑡)
∈ −𝐶𝑖𝑥𝑖 (𝑡) +

𝑚∑
𝑗=1

co [𝑎𝑗𝑖 (𝑥𝑖 (𝑡))] 𝑓𝑗 (𝑦𝑗 (𝑡))

+ 𝜇 (𝑡) 𝑚∑
𝑗=1

co [𝑏𝑗𝑖 (𝑥𝑖 (𝑡))] 𝑓𝑗 (𝑦𝑗 (𝑡 − 𝜏1 (𝑡)))

+ (1 − 𝜇 (𝑡)) 𝑚∑
𝑗=1

co [𝑏𝑗𝑖 (𝑥𝑖 (𝑡))] 𝑓𝑗 (𝑦𝑗 (𝑡 − 𝜏2 (𝑡)))
+ 𝑢𝑖 (𝑡) ,

̇𝑦𝑗 (𝑡)
∈ −𝐷𝑗𝑦𝑗 (𝑡) +

𝑛∑
𝑖=1

co [𝑒𝑖𝑗 (𝑦𝑗 (𝑡))] 𝑔𝑖 (𝑥𝑖 (𝑡))

+ 𝜔 (𝑡) 𝑛∑
𝑖=1

co [ℎ𝑖𝑗 (𝑦𝑗 (𝑡))] 𝑔𝑖 (𝑥𝑖 (𝑡 − 𝑑1 (𝑡)))

+ (1 − 𝜔 (𝑡)) 𝑛∑
𝑖=1

co [ℎ𝑖𝑗 (𝑦𝑗 (𝑡))] 𝑔𝑖 (𝑥𝑖 (𝑡 − 𝑑2 (𝑡)))
+ V𝑗 (𝑡) .

(14)
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Or it can be rewritten as follows:

�̇� (𝑡) = −𝐶𝑥 (𝑡) + 𝐴 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡))
+ 𝜇 (𝑡) 𝐵 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡)))
+ (1 − 𝜇 (𝑡)) 𝐵 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡)))
+ 𝑢 (𝑡) ,

̇𝑦 (𝑡) = −𝐷𝑦 (𝑡) + 𝐸 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡))
+ 𝜔 (𝑡)𝐻 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))
+ (1 − 𝜔 (𝑡))𝐻 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))
+ V (𝑡) ;

(15)

equivalently,

�̇� (𝑡) = −𝐶𝑥 (𝑡) + 𝐴 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡)) + 𝜇0𝐵 (𝑥 (𝑡))
⋅ 𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡))) + (1 − 𝜇0) 𝐵 (𝑥 (𝑡))
⋅ 𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡))) + (𝜇 (𝑡) − 𝜇0) 𝐵 (𝑥 (𝑡))
⋅ (𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡))) − 𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡)))) + 𝑢 (𝑡) ,

̇𝑦 (𝑡) = −𝐷𝑦 (𝑡) + 𝐸 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡)) + 𝜔0𝐻(𝑦 (𝑡))
⋅ 𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡))) + (1 − 𝜔0)𝐻 (𝑦 (𝑡))
⋅ 𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡))) + (𝜔 (𝑡) − 𝜔0)𝐻 (𝑦 (𝑡))
⋅ (𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡))) − 𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))) + V (𝑡) .

(16)

Definition 5. System (15) is called passive if there exists a
scalar 𝛾 > 0 such that

2∫𝑡𝑧
0
[𝑓𝑇 (𝑦 (𝑠)) 𝑔𝑇 (𝑥 (𝑠))] [𝑢 (𝑠)

V (𝑠)] 𝑑𝑠

≥ −𝛾∫𝑡𝑧
0
[𝑢𝑇 (𝑠) V𝑇 (𝑠)] [𝑢 (𝑠)

V (𝑠)] 𝑑𝑠,
(17)

for all solutions of (15) with 𝑥(0) = 0 and 𝑦(0) = 0 and for all𝑡𝑧 ≥ 0.
Remark 6. Passivity analysis originates from circuit theory
and it uses the input-output description method based on
energy to design and analyze a system.The physical meaning
of passivity is reflected in Definition 5 where the energy
growth of the system is always less than or equal to the total
energy of the external inputs; this means that the passive
system is always accompanied by the loss of energy. In fact,
the storage function of the passive system can be used as
a Lyapunov function under certain conditions. Thus, both
Lyapunov stability theory and passivity theory can be used
to research the stability of the system.

Lemma7. For any scalars𝑝2 > 𝑝1 > 0, matrix𝑅 ∈ R𝑛×𝑛, 𝑅 =
𝑅𝑇 > 0, and vector function 𝜔 : [𝑝1, 𝑝2] → 𝑅𝑛, the inequalities
hold as follows:

(𝑝2 − 𝑝1) ∫
𝑝2

𝑝1

𝜔𝑇 (𝑠) 𝑅𝜔 (𝑠) 𝑑𝑠

≥ (∫𝑝2
𝑝1

𝜔 (𝑠) 𝑑𝑠)𝑇 𝑅(∫𝑝2
𝑝1

𝜔 (𝑠) 𝑑𝑠) ,
(18)

(𝑝2 − 𝑝1)22 ∫𝑝2
𝑝1

∫𝑡
𝑡+𝜃

𝜔𝑇 (𝑠) 𝑅𝜔 (𝑠) 𝑑𝑠 𝑑𝜃

≥ (∫𝑝2
𝑝1

∫𝑡
𝑡+𝜃

𝜔 (𝑠) 𝑑𝑠)𝑇 𝑅(∫𝑝2
𝑝1

∫𝑡
𝑡+𝜃

𝜔 (𝑠) 𝑑𝑠) .
(19)

3. Main Results

For derivation convenience, we denote

𝐴 = max {𝑎𝑗𝑖 , 𝑎𝑗𝑖} ,
𝐵 = max {𝑏𝑗𝑖 , 𝑏𝑗𝑖} ,
𝐸 = max {𝑒𝑖𝑗 , 𝑒𝑖𝑗} ,
𝐻 = max {ℎ𝑖𝑗 , ℎ𝑖𝑗} .

(20)

Theorem 8. Under Assumptions 1–3, system (16) is passive, if
there exist any appropriately dimensional matrices 𝑀𝑚 (𝑚 =1, 2, . . . , 4), 𝑊𝑤 (𝑤 = 1, 2, . . . , 6), a scalar 𝛾 > 0, and
symmetric positive definite matrices 𝑅𝑖 (𝑖 = 1, 2), 𝑄𝑗 (𝑗 =3, 4, . . . , 6), 𝑂𝑜 (𝑜 = 3, 4, . . . , 6), 𝑃𝑘 (𝑘 = 2, 3, 6, 7), 𝑍𝑙 (𝑙 =1, 2, . . . , 4), and 𝑁𝑛 (𝑛 = 1, 2), such that the following LMIs
hold:

Ω𝑖,𝑗 = (Ω𝑖,𝑗)14×14 < 0,
Φ𝑖,𝑗 = (Φ𝑖,𝑗)14×14 < 0,

(21)

where

Ω1,1 = −𝑅1𝐶 − 𝐶𝑇𝑅1 + 𝑄3 + 𝑄4 − 𝑃2 − 2𝑍1 − 2𝑍2
−𝑀1𝐶 − 𝐶𝑇𝑀1 − 2𝜍−𝑊1𝜍+,

Ω1,4 = 𝑃2,
Ω1,6 = −𝑀1 −𝑀2𝐶,
Ω1,7 = 𝑅1𝐴 +𝑀1𝐴 +𝑊1 (𝜍− + 𝜍+) ,
Ω1,8 = 𝜇0 (𝑅1 +𝑀1) 𝐵,
Ω1,9 = (1 − 𝜇0) (𝑀1 + 𝑅1) 𝐵,
Ω1,12 = 2

𝜏1𝑍1,
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Ω1,13 = 2
𝜏2 − 𝜏1𝑍2,

Ω1,14 = 𝑅1 +𝑀1,
Ω2,2 = − (1 − 𝜇1) 𝑄3 − 2𝜍−𝑊2𝜍+,
Ω2,8 = − (1 − 𝜇1) 𝑄3 +𝑊2 (𝜍− + 𝜍+) ,
Ω3,3 = − (1 − 𝜇2) 𝑄5 − 2𝜍−𝑊3𝜍+,
Ω3,9 = − (1 − 𝜇2) 𝑄5 +𝑊3 (𝜍− + 𝜍+) ,
Ω4,4 = 𝑄5 + 𝑄6 − 𝑄4 − 𝑃2 − 𝑃3,
Ω4,5 = 𝑃3,
Ω4,10 = 𝑄5 + 𝑄6 − 𝑄4,
Ω5,5 = −𝑄6 − 𝑃3,
Ω5,11 = −𝑄6,
Ω6,6 = 𝜏21𝑃2 + (𝜏2 − 𝜏1)2 𝑃3 + 𝜏212 𝑍1 +

𝜏22 − 𝜏212 𝑍2
− 2𝑀2,

Ω6,7 = 𝑀2𝐴,
Ω6,8 = 𝜇0𝑀2𝐵,
Ω6,9 = (1 − 𝜇0)𝑀2𝐵,
Ω6,14 = 𝑀2,
Ω7,7 = −2𝑊1,
Ω7,14 = −𝐼,
Ω8,8 = − (1 − 𝜇1) 𝑄3 − 2𝑊2,
Ω9,9 = − (1 − 𝜇2) 𝑄5 − 2𝑊3,

Ω10,10 = 𝑄5 + 𝑄6 − 𝑄4,
Ω11,11 = −𝑄6,
Ω12,12 = − 2

𝜏21 𝑍1,

Ω13,13 = − 2
(𝜏2 − 𝜏1)2𝑍2,

Ω14,14 = −𝛾𝐼,
(22)

Φ1,1 = −𝑅2𝐷 − 𝐷𝑇𝑅2 + 𝑂3 + 𝑂4 − 𝑃6 − 2𝑍3 − 2𝑍4
−𝑀3𝐷 − 𝐷𝑇𝑀3 − 2𝜎−𝑊4𝜎+,

Φ1,4 = 𝑃6,
Φ1,6 = −𝑀3 −𝑀4𝐷,
Φ1,7 = 𝑅2𝐸 +𝑀3𝐸 +𝑊4 (𝜎− + 𝜎+) ,

Φ1,8 = 𝜔0 (𝑅2 +𝑀3)𝐻,
Φ1,9 = (1 − 𝜔0) (𝑀3 + 𝑅2)𝐻,
Φ1,12 = 2

𝑑1𝑍3,

Φ1,13 = 2
𝑑2 − 𝑑1𝑍4,

Φ1,14 = 𝑅2 +𝑀3,
Φ2,2 = − (1 − 𝜔1) 𝑂3 − 2𝜎−𝑊5𝜎+,
Φ2,8 = − (1 − 𝜔1) 𝑂3 +𝑊5 (𝜎− + 𝜎+) ,
Φ3,3 = − (1 − 𝜔2) 𝑂5 − 2𝜎−𝑊6𝜎+,
Φ3,9 = − (1 − 𝜔2) 𝑂5 +𝑊6 (𝜎− + 𝜎+) ,
Φ4,4 = 𝑂5 + 𝑂6 − 𝑂4 − 𝑃6 − 𝑃7,
Φ4,5 = 𝑃7,
Φ4,10 = 𝑂5 + 𝑂6 − 𝑂4,
Φ5,5 = −𝑂6 − 𝑃7,
Φ5,11 = −𝑂6,
Φ6,6 = 𝑑21𝑃6 + (𝑑2 − 𝑑1)2 𝑃7 + 𝑑212 𝑍3 +

𝑑22 − 𝑑212 𝑍4
− 2𝑀4,

Φ6,7 = 𝑀4𝐸,
Φ6,8 = 𝜔0𝑀4𝐻,
Φ6,9 = (1 − 𝜔0)𝑀4𝐻,
Φ6,14 = 𝑀4,
Φ7,7 = −2𝑊4,
Φ7,14 = −𝐼,
Φ8,8 = − (1 − 𝜔1) 𝑂3 − 2𝑊5,
Φ9,9 = − (1 − 𝜔2) 𝑂5 − 2𝑊6,

Φ10,10 = 𝑂5 + 𝑂6 − 𝑂4,
Φ11,11 = −𝑂6,
Φ12,12 = − 2

𝑑21𝑍3,

Φ13,13 = − 2
(𝑑2 − 𝑑1)2𝑍4,

Φ14,14 = −𝛾𝐼.
(23)
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Proof. Consider the following LKF candidate:

𝑉 (𝑡) = 8∑
𝑖=1

𝑉𝑖 (𝑡) , (24)

where
𝑉1 (𝑡) = 𝑥𝑇 (𝑡) 𝑅1𝑥 (𝑡) ,
𝑉2 (𝑡) = 𝑦𝑇 (𝑡) 𝑅2𝑦 (𝑡) ,
𝑉3 (𝑡) = ∫

𝑡

𝑡−𝜏1(𝑡)
[ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))]

𝑇

𝑄3 [ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))] 𝑑𝑠

+ ∫𝑡
𝑡−𝜏1

[ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))]

𝑇

𝑄4 [ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))] 𝑑𝑠

+ ∫𝑡−𝜏1
𝑡−𝜏2(𝑡)

[ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))]

𝑇

𝑄5 [ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))] 𝑑𝑠

+ ∫𝑡−𝜏1
𝑡−𝜏2

[ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))]

𝑇

𝑄6 [ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))] 𝑑𝑠,

𝑉4 (𝑡) = ∫
𝑡

𝑡−𝑑1(𝑡)
[ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))]

𝑇

𝑂3 [ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))] 𝑑𝑠

+ ∫𝑡
𝑡−𝑑1

[ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))]

𝑇

𝑂4 [ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))] 𝑑𝑠

+ ∫𝑡−𝑑1
𝑡−𝑑2(𝑡)

[ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))]

𝑇

𝑂5 [ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))] 𝑑𝑠

+ ∫𝑡−𝑑1
𝑡−𝑑2

[ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))]

𝑇

𝑂6 [ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))] 𝑑𝑠,

𝑉5 (𝑡) = 𝜏1 ∫
0

−𝜏1

∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) 𝑃2�̇� (𝑠) 𝑑𝑠 𝑑𝜃

+ (𝜏2 − 𝜏1) ∫
−𝜏1

−𝜏2

∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) 𝑃3�̇� (𝑠) 𝑑𝑠 𝑑𝜃,

𝑉6 (𝑡) = 𝑑1 ∫
0

−𝑑1

∫𝑡
𝑡+𝜃

̇𝑦𝑇 (𝑠) 𝑃6 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃

+ (𝑑2 − 𝑑1) ∫
−𝑑1

−𝑑2

∫𝑡
𝑡+𝜃

̇𝑦𝑇 (𝑠) 𝑃7 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃,

𝑉7 (𝑡) = ∫
0

−𝜏1

∫0
𝜃
∫𝑡
𝑡+𝜆

�̇�𝑇 (𝑠) 𝑍1�̇� (𝑠) 𝑑𝑠 𝑑𝜆 𝑑𝜃

+ ∫−𝜏1
−𝜏2

∫0
𝜃
∫𝑡
𝑡+𝜆

�̇�𝑇 (𝑠) 𝑍2�̇� (𝑠) 𝑑𝑠 𝑑𝜆 𝑑𝜃,

𝑉8 (𝑡) = ∫
0

−𝑑1

∫0
𝜃
∫𝑡
𝑡+𝜆

̇𝑦𝑇 (𝑠) 𝑍3 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜆 𝑑𝜃

+ ∫−𝑑1
−𝑑2

∫0
𝜃
∫𝑡
𝑡+𝜆

̇𝑦𝑇 (𝑠) 𝑍4 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜆 𝑑𝜃.

(25)

Then, we define the infinitesimal generatorL of 𝑉(𝑡) as

L𝑉 (𝑡) = lim
Δ→0+

1
Δ {E(𝑉 (𝑡 + Δ)𝑡 ) − 𝑉 (𝑡)} . (26)

Taking the mathematical expectation of 𝑉(𝑡), we get
E {L𝑉1 (𝑡)} = E {2𝑥𝑇 (𝑡) 𝑅1 (−𝐶𝑥 (𝑡) + 𝐴 (𝑥 (𝑡))

⋅ 𝑓 (𝑦 (𝑡)) + 𝜇0𝐵 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡)))
+ (1 − 𝜇0) 𝐵 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡))) + (𝜇 (𝑡) − 𝜇0)
⋅ 𝐵 (𝑥 (𝑡)) (𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡))) − 𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡))))
+ 𝑢 (𝑡))} ≤ E {2𝑥𝑇 (𝑡) 𝑅1 (−𝐶𝑥 (𝑡) + 𝐴𝑓 (𝑦 (𝑡))
+ 𝜇0𝐵𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡))) + (1 − 𝜇0)
⋅ 𝐵𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡))) + 𝑢 (𝑡))} ,

E {L𝑉2 (𝑡)} = E {2𝑦𝑇 (𝑡) 𝑅2 (−𝐷𝑦 (𝑡) + 𝐸 (𝑦 (𝑡))
⋅ 𝑔 (𝑥 (𝑡)) + 𝜔0𝐻(𝑦 (𝑡)) 𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))
+ (1 − 𝜔0)𝐻 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))) + (𝜔 (𝑡)
− 𝜔0)𝐻 (𝑦 (𝑡)) (𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))
− 𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))) + V (𝑡)} ≤ E {2𝑦𝑇 (𝑡)
⋅ 𝑅2 (−𝐷𝑦 (𝑡) + 𝐸𝑔 (𝑥 (𝑡)) + 𝜔0𝐻𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))
+ (1 − 𝜔0)𝐻𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡))) + V (𝑡))} .

(27)

According to Assumption 3, we obtain

E {L𝑉3 (𝑡)} ≤ E
{{{
𝑥𝑇 (𝑡) (𝑄3 + 𝑄4) 𝑥 (𝑡) − (1 − 𝜇1)

⋅ [ 𝑥 (𝑡 − 𝜏1 (𝑡))
𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡)))]

𝑇

𝑄3 [ 𝑥 (𝑡 − 𝜏1 (𝑡))
𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡)))]

+ [ 𝑥 (𝑡 − 𝜏1)
𝑓 (𝑦 (𝑡 − 𝜏1))]

𝑇

(𝑄5 + 𝑄6 − 𝑄4)

⋅ [ 𝑥 (𝑡 − 𝜏1)
𝑓 (𝑦 (𝑡 − 𝜏1))] − (1 − 𝜇2) [

𝑥 (𝑡 − 𝜏2 (𝑡))
𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡)))]

𝑇

⋅ 𝑄5 [ 𝑥 (𝑡 − 𝜏2 (𝑡))
𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡)))] − [

𝑥 (𝑡 − 𝜏2)
𝑓 (𝑦 (𝑡 − 𝜏2))]

𝑇

⋅ 𝑄6 [ 𝑥 (𝑡 − 𝜏2)
𝑓 (𝑦 (𝑡 − 𝜏2))]

}}}
,
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E {L𝑉4 (𝑡)} ≤ E
{{{
𝑦𝑇 (𝑡) (𝑂3 + 𝑂4) 𝑦 (𝑡) − (1 − 𝜔1)

⋅ [ 𝑦 (𝑡 − 𝑑1 (𝑡))
𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))]

𝑇

𝑂3 [ 𝑦 (𝑡 − 𝑑1 (𝑡))
𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))]

+ [ 𝑦 (𝑡 − 𝑑1)
𝑔 (𝑥 (𝑡 − 𝑑1))]

𝑇

(𝑂5 + 𝑂6 − 𝑂4)

⋅ [ 𝑦 (𝑡 − 𝑑1)
𝑔 (𝑥 (𝑡 − 𝑑1))] − (1 − 𝜔2) [

𝑦 (𝑡 − 𝑑2 (𝑡))
𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))]

𝑇

⋅ 𝑂5 [ 𝑦 (𝑡 − 𝑑2 (𝑡))
𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))] − [

𝑦 (𝑡 − 𝜏2)
𝑔 (𝑥 (𝑡 − 𝜏2))]

𝑇

⋅ 𝑂6 [ 𝑦 (𝑡 − 𝜏2)
𝑔 (𝑥 (𝑡 − 𝜏2))]

}}}
.

(28)

It is obvious that

E {L𝑉5 (𝑡)} = E{�̇�𝑇 (𝑡) [𝜏21𝑃2 + (𝜏2 − 𝜏1)2 𝑃3] �̇� (𝑡)

− 𝜏1 ∫
𝑡

𝑡−𝜏1

�̇�𝑇 (𝑠) 𝑃2�̇� (𝑠) 𝑑𝑠

− (𝜏2 − 𝜏1) ∫
𝑡−𝜏1

𝑡−𝜏2

�̇�𝑇 (𝑠) 𝑃3�̇� (𝑠) 𝑑𝑠} ,

E {L𝑉6 (𝑡)} = E{ ̇𝑦𝑇 (𝑡) [𝑑21𝑃6 + (𝑑2 − 𝑑1)2 𝑃7] ̇𝑦 (𝑡)

− 𝑑1 ∫
𝑡

𝑡−𝑑1

̇𝑦𝑇 (𝑠) 𝑃6 ̇𝑦 (𝑠) 𝑑𝑠

− (𝑑2 − 𝑑1) ∫
𝑡−𝑑1

𝑡−𝑑2

̇𝑦𝑇 (𝑠) 𝑃7 ̇𝑦 (𝑠) 𝑑𝑠} .

(29)

Using Lemma 7, we have

− 𝜏1 ∫
𝑡

𝑡−𝜏1

�̇�𝑇 (𝑠) 𝑃2�̇� (𝑠) 𝑑𝑠 ≤ −(∫
𝑡

𝑡−𝜏1

�̇� (𝑠) 𝑑𝑠)𝑇

⋅ 𝑃2 (∫
𝑡

𝑡−𝜏1

�̇� (𝑠) 𝑑𝑠) = − [𝑥 (𝑡) − 𝑥 (𝑡 − 𝜏1)]𝑇

⋅ 𝑃2 [𝑥 (𝑡) − 𝑥 (𝑡 − 𝜏1)] ,
− (𝜏2 − 𝜏1) ∫

𝑡−𝜏1

𝑡−𝜏2

�̇�𝑇 (𝑠) 𝑃3�̇� (𝑠) 𝑑𝑠

≤ −(∫𝑡−𝜏1
𝑡−𝜏2

�̇� (𝑠) 𝑑𝑠)𝑇 𝑃3 (∫
𝑡−𝜏1

𝑡−𝜏2

�̇� (𝑠) 𝑑𝑠)

= − [𝑥 (𝑡 − 𝜏1) − 𝑥 (𝑡 − 𝜏2)]𝑇
⋅ 𝑃3 [𝑥 (𝑡 − 𝜏1) − 𝑥 (𝑡 − 𝜏2)] .

(30)

Similarly,

− 𝑑1 ∫
𝑡

𝑡−𝑑1

̇𝑦𝑇 (𝑠) 𝑃6 ̇𝑦 (𝑠) 𝑑𝑠 ≤ −(∫
𝑡

𝑡−𝑑1

̇𝑦 (𝑠) 𝑑𝑠)𝑇

⋅ 𝑃6 (∫
𝑡

𝑡−𝑑1

̇𝑦 (𝑠) 𝑑𝑠) = − [𝑦 (𝑡) − 𝑦 (𝑡 − 𝑑1)]𝑇

⋅ 𝑃6 [𝑦 (𝑡) − 𝑦 (𝑡 − 𝑑1)] ,

(31)

− (𝑑2 − 𝑑1) ∫
𝑡−𝑑1

𝑡−𝑑2

̇𝑦𝑇 (𝑠) 𝑃7 ̇𝑦 (𝑠) 𝑑𝑠

≤ −(∫𝑡−𝑑1
𝑡−𝑑2

̇𝑦 (𝑠) 𝑑𝑠)
𝑇

𝑃7 (∫
𝑡−𝑑1

𝑡−𝑑2

̇𝑦 (𝑠) 𝑑𝑠)
= − [𝑦 (𝑡 − 𝑑1) − 𝑦 (𝑡 − 𝑑2)]𝑇
⋅ 𝑃7 [𝑦 (𝑡 − 𝑑1) − 𝑦 (𝑡 − 𝑑2)] .

(32)

Moreover, we obtain

E {L𝑉7 (𝑡)} = E{�̇�𝑇 (𝑡) (𝜏212 𝑍1 +
𝜏22 − 𝜏212 𝑍2) �̇� (𝑡)

− ∫0
−𝜏1

∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) 𝑍1�̇� (𝑠) 𝑑𝑠 𝑑𝜃

− ∫−𝜏1
−𝜏2

∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) 𝑍2�̇� (𝑠) 𝑑𝑠 𝑑𝜃} ,

E {L𝑉8 (𝑡)} = E{ ̇𝑦𝑇 (𝑡) (𝑑212 𝑍3 +
𝑑22 − 𝑑212 𝑍4) ̇𝑦 (𝑡)

− ∫0
−𝑑1

∫𝑡
𝑡+𝜃

̇𝑦𝑇 (𝑠) 𝑍3 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃

− ∫−𝑑1
−𝑑2

∫𝑡
𝑡+𝜃

̇𝑦𝑇 (𝑠) 𝑍4 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃} .

(33)

Using (18), we have

− ∫0
−𝜏1

∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) 𝑍1�̇� (𝑠) 𝑑𝑠 𝑑𝜃

≤ − 2
𝜏21 (∫

0

−𝜏1

∫𝑡
𝑡+𝜃

�̇� (𝑠) 𝑑𝑠 𝑑𝜃)𝑇

⋅ 𝑍1 (∫
0

−𝜏1

∫𝑡
𝑡+𝜃

�̇� (𝑠) 𝑑𝑠 𝑑𝜃) = −2𝑥𝑇 (𝑡) 𝑍1𝑥 (𝑡)

+ 4
𝜏1 𝑥
𝑇 (𝑡) 𝑍1 (∫

𝑡

𝑡−𝜏1

𝑥 (𝑠) 𝑑𝑠)

− 2
𝜏21 (∫

𝑡

𝑡−𝜏1

𝑥 (𝑠) 𝑑𝑠)𝑇𝑍1 (∫
𝑡

𝑡−𝜏1

𝑥 (𝑠) 𝑑𝑠) ,
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− ∫−𝜏1
−𝜏2

∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) 𝑍2�̇� (𝑠) 𝑑𝑠 𝑑𝜃

≤ − 2
(𝜏2 − 𝜏1)2 (∫

−𝜏1

−𝜏2

∫𝑡
𝑡+𝜃

�̇� (𝑠) 𝑑𝑠 𝑑𝜃)𝑇

× 𝑍2 (∫
−𝜏1

−𝜏2

∫𝑡
𝑡+𝜃

�̇� (𝑠) 𝑑𝑠 𝑑𝜃) = −2𝑥𝑇 (𝑡) 𝑍2𝑥 (𝑡)

+ 4
𝜏2 − 𝜏1 𝑥

𝑇 (𝑡) 𝑍2 (∫
𝑡−𝜏1

𝑡−𝜏2

𝑥 (𝑠) 𝑑𝑠)

− 2
(𝜏2 − 𝜏1)2 (∫

𝑡−𝜏1

𝑡−𝜏2

𝑥 (𝑠) 𝑑𝑠)𝑇𝑍2 (∫
𝑡−𝜏1

𝑡−𝜏2

𝑥 (𝑠) 𝑑𝑠) .
(34)

Similarly,

− ∫0
−𝑑1

∫𝑡
𝑡+𝜃

̇𝑦𝑇 (𝑠) 𝑍3 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃

≤ − 2
𝑑21 (∫

0

−𝑑1

∫𝑡
𝑡+𝜃

̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃)𝑇

⋅ 𝑍3 (∫
0

−𝑑1

∫𝑡
𝑡+𝜃

̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃) = −2𝑦𝑇 (𝑡) 𝑍3𝑦 (𝑡)

+ 4
𝑑1𝑦
𝑇 (𝑡) 𝑍3 (∫

𝑡

𝑡−𝑑1

𝑦 (𝑠) 𝑑𝑠)

− 2
𝑑21 (∫

𝑡

𝑡−𝑑1

𝑦 (𝑠) 𝑑𝑠)𝑇𝑍3 (∫
𝑡

𝑡−𝑑1

𝑦 (𝑠) 𝑑𝑠) ,

(35)

− ∫−𝑑1
−𝑑2

∫𝑡
𝑡+𝜃

𝑦𝑇 (𝑠) 𝑍4𝑦 (𝑠) 𝑑𝑠 𝑑𝜃

≤ − 2
(𝑑2 − 𝑑1)2 (∫

−𝑑1

−𝑑2

∫𝑡
𝑡+𝜃

𝑦 (𝑠) 𝑑𝑠 𝑑𝜃)
𝑇

× 𝑍4 (∫
−𝑑1

−𝑑2

∫𝑡
𝑡+𝜃

𝑦 (𝑠) 𝑑𝑠 𝑑𝜃) = −2𝑦𝑇 (𝑡) 𝑍4𝑦 (𝑡)

+ 4
𝑑2 − 𝑑1𝑦

𝑇 (𝑡) 𝑍4 (∫
𝑡−𝑑1

𝑡−𝑑2

𝑦 (𝑠) 𝑑𝑠)

− 2
(𝑑2 − 𝑑1)2 (∫

𝑡−𝑑1

𝑡−𝑑2

𝑦 (𝑠) 𝑑𝑠)
𝑇

⋅ 𝑍4 (∫
𝑡−𝑑1

𝑡−𝑑2

𝑦 (𝑠) 𝑑𝑠) .

(36)

To derive a less conservative criterion, we add the fol-
lowing inequations with any matrices 𝑀1, 𝑀2, 𝑀3, and𝑀4
of appropriate dimensions:

0 ≤ 2 (𝑥𝑇 (𝑡)𝑀1 + �̇�𝑇 (𝑡)𝑀2) [−�̇� − 𝐶𝑥 (𝑡)
+ 𝐴𝑓 (𝑦 (𝑡)) + 𝜇0𝐵𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡)))

+ (1 − 𝜇0) 𝐵𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡))) + 𝑢 (𝑡)] ,
0 ≤ 2 (𝑦𝑇 (𝑡)𝑀3 + ̇𝑦𝑇 (𝑡)𝑀4) [− ̇𝑦 − 𝐷𝑦 (𝑡)

+ 𝐸𝑔 (𝑥 (𝑡)) + 𝜔0𝐻𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))
+ (1 − 𝜔0)𝐻𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡))) + V (𝑡)] .

(37)

Based on Assumption 1 [20], we have

𝜍−𝑥 (𝑡) − 𝑓 (𝑦 (𝑡)) ≤ 0,
𝑓 (𝑦 (𝑡)) − 𝜍+𝑥 (𝑡) ≤ 0,
𝜎−𝑦 (𝑡) − 𝑔 (𝑥 (𝑡)) ≤ 0,
𝑔 (𝑥 (𝑡)) − 𝜎+𝑦 (𝑡) ≤ 0,

(38)

and there exist positive diagonal matrices 𝑊𝑖 > 0 (𝑖 =1, 2, . . . , 8); the following inequalities hold:
0 ≤ 2 [𝜍−𝑥 (𝑡) − 𝑓 (𝑦 (𝑡))]𝑇𝑊1 [𝑓 (𝑦 (𝑡)) − 𝜍+𝑥 (𝑡)]
≤ −2𝑓𝑇 (𝑦 (𝑡))𝑊1𝑓 (𝑦 (𝑡))
+ 2𝑥𝑇 (𝑡)𝑊1 (𝜍− + 𝜍+) 𝑓 (𝑦 (𝑡))
− 2𝑥𝑇 (𝑡) 𝜍−𝑊1𝜍+𝑥 (𝑡) .

(39)

Similarly,

0 ≤ −2𝑓𝑇 (𝑦 (𝑡 − 𝜏1))𝑊2𝑓 (𝑦 (𝑡 − 𝜏1))
+ 2𝑥 (𝑡)𝑇 (𝑡 − 𝜏1)𝑊2 (𝜍− + 𝜍+) 𝑓 (𝑦 (𝑡 − 𝜏1))
− 2𝑥𝑇 (𝑡 − 𝜏1) 𝜍−𝑊2𝜍+𝑥 (𝑡 − 𝜏1) ,

0 ≤ −2𝑓𝑇 (𝑦 (𝑡 − 𝜏2))𝑊3𝑓 (𝑦 (𝑡 − 𝜏2))
+ 2𝑥𝑇 (𝑡 − 𝜏2)𝑊3 (𝜍− + 𝜍+) 𝑓 (𝑦 (𝑡 − 𝜏2))
− 2𝑥𝑇 (𝑡 − 𝜏2) 𝜍−𝑊3𝜍+𝑥 (𝑡 − 𝜏2) ,

0 ≤ 2 [𝜎−𝑦 (𝑡) − 𝑔 (𝑥 (𝑡))]𝑇𝑊4 [𝑔 (𝑥 (𝑡)) − 𝜎+𝑦 (𝑡)]
≤ −2𝑔𝑇 (𝑥 (𝑡))𝑊4𝑔 (𝑥 (𝑡))
+ 2𝑦𝑇 (𝑡)𝑊4 (𝜎− + 𝜎+) 𝑔 (𝑥 (𝑡))
− 2𝑦𝑇 (𝑡) 𝜎−𝑊4𝜎+𝑦 (𝑡) ,

0 ≤ −2𝑔𝑇 (𝑥 (𝑡 − 𝑑1))𝑊5𝑔 (𝑥 (𝑡 − 𝑑1))
+ 2𝑦 (𝑡)𝑇 (𝑡 − 𝑑1)𝑊5 (𝜎− + 𝜎+) 𝑔 (𝑥 (𝑡 − 𝑑1))
− 2𝑦𝑇 (𝑡 − 𝑑1) 𝜎−𝑊5𝜎+𝑦 (𝑡 − 𝑑1) ,

0 ≤ −2𝑔𝑇 (𝑥 (𝑡 − 𝑑2))𝑊6𝑔 (𝑥 (𝑡 − 𝑑2))
+ 2𝑦𝑇 (𝑡 − 𝑑2)𝑊6 (𝜎− + 𝜎+) 𝑔 (𝑥 (𝑡 − 𝑑2))
− 2𝑦𝑇 (𝑡 − 𝑑2) 𝜎−𝑊6𝜎+𝑦 (𝑡 − 𝑑2) .

(40)
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Define

𝜉 (𝑡) = {𝑥𝑇 (𝑡) 𝑥𝑇 (𝑡 − 𝜏1 (𝑡)) 𝑥𝑇 (𝑡 − 𝜏2 (𝑡))
𝑥𝑇 (𝑡 − 𝜏1) 𝑥𝑇 (𝑡 − 𝜏2) �̇� (𝑡) 𝑓𝑇 (𝑦 (𝑡))
𝑓𝑇 (𝑦 (𝑡 − 𝜏1 (𝑡))) 𝑓𝑇 (𝑦 (𝑡 − 𝜏2 (𝑡))) 𝑓𝑇 (𝑦 (𝑡 − 𝜏1))
𝑓𝑇 (𝑦 (𝑡 − 𝜏2)) ∫𝑡

𝑡−𝜏1

𝑥𝑇 (𝑠) 𝑑𝑠 ∫𝑡−𝜏1
𝑡−𝜏2

𝑥𝑇 (𝑠) 𝑑𝑠 𝑢𝑇 (𝑡) } ,

𝜁 (𝑡) = {𝑦𝑇 (𝑡) 𝑦𝑇 (𝑡 − 𝑑1 (𝑡)) 𝑦𝑇 (𝑡 − 𝑑2 (𝑡))
𝑦𝑇 (𝑡 − 𝑑1) 𝑦𝑇 (𝑡 − 𝑑2) ̇𝑦 (𝑡) 𝑔𝑇 (𝑥 (𝑡)) 𝑔𝑇 (𝑥 (𝑡 − 𝑑1 (𝑡)))
𝑔𝑇 (𝑥 (𝑡 − 𝑑2 (𝑡))) 𝑔𝑇 (𝑥 (𝑡 − 𝑑1)) 𝑔𝑇 (𝑥 (𝑡 − 𝑑2))
∫𝑡
𝑡−𝑑1

𝑦𝑇 (𝑠) 𝑑𝑠 ∫𝑡−𝑑1
𝑡−𝑑2

𝑦𝑇 (𝑠) 𝑑𝑠 V𝑇 (𝑡)} .

(41)

Combining (23), (27)–(37), and (40), we have

E{L𝑉 (𝑡) − 2 [𝑓𝑇 (𝑦 (𝑠)) 𝑔𝑇 (𝑥 (𝑠))] [𝑢 (𝑠)
V (𝑠)]

− 𝛾 [𝑢𝑇 (𝑡) V𝑇 (𝑡)] [𝑢 (𝑡)
V (𝑡)] 𝑑𝑠} ≤ E {𝜉𝑇 (𝑡) Ω𝜉 (𝑡)

+ 𝜁𝑇 (𝑡) Φ𝜁 (𝑡)} .

(42)

Thus, we conclude that if (42) holds, then

E{L𝑉 (𝑡) − 2 [𝑓𝑇 (𝑦 (𝑠)) 𝑔𝑇 (𝑥 (𝑠))] [𝑢 (𝑠)
V (𝑠)]

− 𝛾 [𝑢𝑇 (𝑡) V𝑇 (𝑡)] [𝑢 (𝑡)
V (𝑡)] 𝑑𝑠} ≤ 0.

(43)

By integrating (43) about t from 0 to 𝑡𝑧, we get
2E∫𝑡𝑧
0
[𝑓𝑇 (𝑦 (𝑠)) 𝑔𝑇 (𝑥 (𝑠))] [𝑢 (𝑠)

V (𝑠)] 𝑑𝑠
≥ E𝑉 (𝑡) − E𝑉 (0)
− 𝛾E∫𝑡𝑧

0
[𝑢𝑇 (𝑠) V𝑇 (𝑠)] [𝑢 (𝑠)

V (𝑠)] 𝑑𝑠

≥ −𝛾E∫𝑡𝑧
0
[𝑢𝑇 (𝑠) V𝑇 (𝑠)] [𝑢 (𝑠)

V (𝑠)] 𝑑𝑠.

(44)

Therefore, from Definition 5, we know that the
MBAMNN is passive. This completes the proof.

Considering the MBAMNN with leakage, probabilistic,
and distributed time-varying delays, then model (1) becomes

�̇�𝑖 (𝑡) = −𝐶𝑖𝑥𝑖 (𝑡 − 𝛿 (𝑡)) +
𝑚∑
𝑗=1

𝑎𝑗𝑖 (𝑥𝑖 (𝑡)) 𝑓𝑗 (𝑦𝑗 (𝑡))

+ 𝑚∑
𝑗=1

𝑏𝑗𝑖 (𝑥𝑖 (𝑡)) 𝑓𝑗 (𝑦𝑗 (𝑡 − 𝜏 (𝑡)))

+ 𝑚∑
𝑗=1

𝑘𝑗𝑖 (𝑥𝑖 (𝑡)) ∫
𝑡

𝑡−𝛼(𝑡)
𝑓𝑗 (𝑦𝑗 (𝑠)) 𝑑𝑠

+ 𝑢𝑖 (𝑡) ,
̇𝑦𝑗 (𝑡) = −𝐷𝑗𝑦𝑗 (𝑡 − 𝜌 (𝑡)) +

𝑛∑
𝑖=1

𝑒𝑖𝑗 (𝑦𝑗 (𝑡)) 𝑔𝑖 (𝑥𝑖 (𝑡))

+ 𝑛∑
𝑖=1

ℎ𝑖𝑗 (𝑦𝑗 (𝑡)) 𝑔𝑖 (𝑥𝑖 (𝑡 − 𝑑 (𝑡)))

+ 𝑛∑
𝑖=1

𝑙𝑖𝑗 (𝑦𝑗 (𝑡)) ∫
𝑡

𝑡−𝛽(𝑡)
𝑔𝑖 (𝑥𝑖 (𝑠)) 𝑑𝑠

+ V𝑗 (𝑡) ,
(45)

where the nonnegative continuous variables 𝛿(𝑡), 𝜌(𝑡) and𝛼(𝑡), 𝛽(𝑡) correspond to the leakage and distributed time-
varying delays and 𝐾(𝑥(𝑡)) = (𝑘𝑗𝑖(𝑥𝑖(𝑡)))𝑚×𝑛 and 𝐿(𝑥(𝑡)) =(𝑙𝑖𝑗(𝑦𝑗(𝑡)))𝑛×𝑚 are the delayed connection weight matrix
functions. Then, we let

𝑘𝑗𝑖 (𝑥𝑖 (𝑡)) = {{{
�̂�𝑗𝑖, 𝑥𝑖 (𝑡) > Θ𝑖,
�̌�𝑗𝑖, 𝑥𝑖 (𝑡) ≤ Θ𝑖,

𝑙𝑖𝑗 (𝑦𝑗 (𝑡)) = {{{
𝑓𝑖𝑗, 𝑦𝑗 (𝑡) > Ψ𝑗,̌𝑓𝑖𝑗, 𝑦𝑗 (𝑡) ≤ Ψ𝑗,

(46)

in which 𝑘𝑗𝑖 and 𝑙𝑖𝑗 are known constants and 𝑘𝑗𝑖(𝑥𝑖(𝑡)) and𝑙𝑖𝑗(𝑦𝑗(𝑡)) are piecewise continuous functions; we set

𝑘𝑗𝑖 = max {�̂�𝑗𝑖, �̌�𝑗𝑖} ,
𝑘𝑗𝑖 = min {�̂�𝑗𝑖, �̌�𝑗𝑖} ,
𝑙𝑖𝑗 = max {�̂�𝑖𝑗, ̌𝑙𝑖𝑗} ,
𝑙𝑖𝑗 = min {�̂�𝑖𝑗, ̌𝑙𝑖𝑗} .

(47)

Then, the set-valued maps are defined as

co [𝑘𝑗𝑖 (𝑥𝑖 (𝑡))] =
{{{{{{{{{

�̂�𝑗𝑖, 𝑥𝑖 (𝑡) > Θ𝑖,
[𝑘𝑗𝑖, 𝑘𝑗𝑖] , 𝑥𝑖 (𝑡) = Θ𝑖,
�̌�𝑗𝑖, 𝑥𝑖 (𝑡) < Θ𝑖,

co [𝑙𝑖𝑗 (𝑦𝑗 (𝑡))] =
{{{{{{{{{

�̂�𝑖𝑗, 𝑦𝑗 (𝑡) > Ψ𝑗,
[𝑙𝑖𝑗, 𝑙𝑖𝑗] , 𝑦𝑗 (𝑡) = Ψ𝑗,̌𝑙𝑖𝑗, 𝑦𝑗 (𝑡) < Ψ𝑗.

(48)
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By applying the theories of set-valued maps, differential
inclusions, stochastic variables, and new functions, system
(44) becomes

�̇�𝑖 (𝑡)
∈ −𝐶𝑖𝑥𝑖 (𝑡 − 𝛿 (𝑡)) +

𝑚∑
𝑗=1

co [𝑎𝑗𝑖 (𝑥𝑖 (𝑡))] 𝑓𝑗 (𝑦𝑗 (𝑡))

+ 𝜇 (𝑡) 𝑚∑
𝑗=1

co [𝑏𝑗𝑖 (𝑥𝑖 (𝑡))] 𝑓𝑗 (𝑦𝑗 (𝑡 − 𝜏1 (𝑡)))

+ (1 − 𝜇 (𝑡)) 𝑚∑
𝑗=1

co [𝑏𝑗𝑖 (𝑥𝑖 (𝑡))] 𝑓𝑗 (𝑦𝑗 (𝑡 − 𝜏2 (𝑡)))

+ 𝑚∑
𝑗=1

co [𝑘𝑗𝑖 (𝑥𝑖 (𝑡))] ∫
𝑡

𝑡−𝛼(𝑡)
𝑓 (𝑦 (𝑠)) 𝑑𝑠 + 𝑢𝑖 (𝑡) ,

̇𝑦𝑗 (𝑡)
∈ −𝐷𝑗𝑦𝑗 (𝑡 − 𝜌 (𝑡)) +

𝑛∑
𝑖=1

co [𝑒𝑖𝑗 (𝑦𝑗 (𝑡))] 𝑔𝑖 (𝑥𝑖 (𝑡))

+ 𝜔 (𝑡) 𝑛∑
𝑖=1

co [ℎ𝑖𝑗 (𝑦𝑗 (𝑡))] 𝑔𝑖 (𝑥𝑖 (𝑡 − 𝑑1 (𝑡)))

+ (1 − 𝜔 (𝑡)) 𝑛∑
𝑖=1

co [ℎ𝑖𝑗 (𝑦𝑗 (𝑡))] 𝑔𝑖 (𝑥𝑖 (𝑡 − 𝑑2 (𝑡)))

+ 𝑛∑
𝑖=1

co [𝑙𝑖𝑗 (𝑦𝑗 (𝑡))] ∫
𝑡

𝑡−𝛽(𝑡)
𝑔 (𝑥 (𝑠)) 𝑑𝑠 + V𝑗 (𝑡) ;

(49)

equivalently,

�̇� (𝑡)
= −𝐶𝑥 (𝑡 − 𝛿 (𝑡)) + 𝐴 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡))
+ 𝜇0𝐵 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡)))
+ (1 − 𝜇0) 𝐵 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡)))
+ (𝜇 (𝑡) − 𝜇0)
× 𝐵 (𝑥 (𝑡)) (𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡))) − 𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡))))
+ 𝐾 (𝑥 (𝑡)) ∫𝑡

𝑡−𝛼(𝑡)
𝑓 (𝑦 (𝑠)) 𝑑𝑠 + 𝑢 (𝑡) ,

̇𝑦 (𝑡)
= −𝐷𝑦 (𝑡 − 𝜌 (𝑡)) + 𝐸 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡))
+ 𝜔0𝐻(𝑦 (𝑡)) 𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))
+ (1 − 𝜔0)𝐻 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))
+ (𝜔 (𝑡) − 𝜔0)

× 𝐻 (𝑦 (𝑡)) (𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡))) − 𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡))))
+ 𝐿 (𝑦 (𝑡)) ∫𝑡

𝑡−𝛽(𝑡)
𝑔 (𝑥 (𝑠)) 𝑑𝑠 + V (𝑡) .

(50)

For presentation convenience, we denote

𝐾 = max {𝑘𝑗𝑖 , 𝑘𝑗𝑖} ,
𝐿 = max {𝑙𝑖𝑗 , 𝑙𝑖𝑗} .

(51)

Theorem 9. Under Assumptions 1–4, system (50) is passive, if
there exist any appropriately dimensional matrices 𝑀𝑚 (𝑚 =1, 2, . . . , 4), 𝑊𝑤 (𝑤 = 1, 2, . . . , 6), a scalar 𝛾 > 0, and
symmetric positive definite matrices 𝑅𝑖 (𝑖 = 1, 2), 𝑄𝑗 (𝑗 =1, 2, . . . , 6), 𝑂𝑜 (𝑜 = 1, 2, . . . , 6), 𝑃𝑘 (𝑘 = 1, 2, . . . , 8), 𝑍𝑙 (𝑙 =1, 2, . . . , 4), and 𝑁𝑛 (𝑛 = 1, 2), such that

Ω𝑖,𝑗 = (Ω𝑖,𝑗)18×18 < 0,
Φ𝑖,𝑗 = (Φ𝑖,𝑗)18×18 < 0,

(52)

where

Ω1,1 = −𝑅1𝐶 − 𝐶𝑇𝑅1 + 𝑄1 + 𝑄2 + 𝑄3 + 𝑄4 + 𝛿2𝑃4
− 𝑃1 − 𝑃2 − 2𝑍1 − 2𝑍2 − 2𝜍−𝑊1𝜍+,

Ω1,2 = −𝑀1𝐶+ (1 − 𝛿0)2𝑃1,
Ω1,6 = 𝑃2,
Ω1,8 = −𝑀1,
Ω1,9 = 𝑅1𝐴 +𝑀1𝐴 +𝑊1 (𝜍− + 𝜍+) ,
Ω1,10 = 𝜇0 (𝑅1 +𝑀1) 𝐵,
Ω1,11 = (1 − 𝜇0) (𝑀1 + 𝑅1) 𝐵,
Ω1,14 = 𝐶𝑇𝑅1𝐶,
Ω1,15 = 2

𝜏1𝑍1,
Ω1,16 = 2

𝜏2 − 𝜏1𝑍2,
Ω1,17 = 𝑀1𝐾 + 𝑅1𝐾,
Ω1,18 = 𝑅1 +𝑀1,
Ω2,2 = − (1 − 𝛿0) 𝑄1 − (1 − 𝛿0)2 𝑃1,
Ω2,8 = −𝑀2𝐶,
Ω3,3 = −𝑄2,
Ω4,4 = − (1 − 𝜇1) 𝑄3 − 2𝜍−𝑊2𝜍+,
Ω4,10 = − (1 − 𝜇1) 𝑄3 +𝑊2 (𝜍− + 𝜍+) ,
Ω5,5 = − (1 − 𝜇2) 𝑄5 − 2𝜍−𝑊3𝜍+,
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Ω5,11 = − (1 − 𝜇2) 𝑄5 +𝑊3 (𝜍− + 𝜍+) ,
Ω6,6 = 𝑄5 + 𝑄6 − 𝑄4 − 𝑃2 − 𝑃3,
Ω6,7 = 𝑃3,
Ω6,12 = 𝑄5 + 𝑄6 − 𝑄4,
Ω7,7 = −𝑄6 − 𝑃3,
Ω7,13 = −𝑄6,
Ω8,8 = 𝛿2𝑃1 + 𝜏21𝑃2 + (𝜏2 − 𝜏1)2 𝑃3 + 𝜏212 𝑍1

+ 𝜏22 − 𝜏212 𝑍2 − 2𝑀2,
Ω8,9 = 𝑀2𝐴,
Ω8,10 = 𝜇0𝑀2𝐵,
Ω8,11 = (1 − 𝜇0)𝑀2𝐵,
Ω8,17 = 𝑀2𝐾,
Ω8,18 = 𝑀2,
Ω9,9 = −2𝑊1 + 𝛼2𝑁1,
Ω9,14 = −𝐶𝑇𝑅1𝐴,
Ω9,18 = −𝐼,
Ω10,10 = − (1 − 𝜇1) 𝑄3 − 2𝑊2,
Ω10,14 = −𝜇0𝐶𝑇𝑅1𝐵,
Ω11,11 = − (1 − 𝜇2) 𝑄5 − 2𝑊3,
Ω11,14 = − (1 − 𝜇0) 𝐶𝑇𝑅1𝐵,
Ω12,12 = 𝑄5 + 𝑄6 − 𝑄4,
Ω13,13 = −𝑄6,
Ω14,14 = −𝑃4,
Ω14,17 = −𝐶𝑇𝑅1𝐾,
Ω14,18 = −𝐶𝑇𝑅1,
Ω15,15 = − 2

𝜏21 𝑍1,

Ω16,16 = − 2
(𝜏2 − 𝜏1)2𝑍2,

Ω17,17 = −𝑁1,
Ω18,18 = −𝛾𝐼,

(53)

Φ1,1 = −𝑅2𝐶 − 𝐶𝑇𝑅2 + 𝑂1 + 𝑂2 + 𝑂3 + 𝑂4 + 𝜌2𝑃8
− 𝑃5 − 𝑃6 − 2𝑍3 − 2𝑍4 − 2𝜎−𝑊4𝜎+,

Φ1,2 = −𝑀3𝐶 + (1 − 𝜌0)2 𝑃5,
Φ1,6 = 𝑃6,
Φ1,8 = −𝑀3,
Φ1,9 = 𝑅2𝐴 +𝑀3𝐴 +𝑊4 (𝜎− + 𝜎+) ,
Φ1,10 = 𝜔0 (𝑅2 +𝑀3) 𝐵,
Φ1,11 = (1 − 𝜔0) (𝑀3 + 𝑅2) 𝐵,
Φ1,14 = 𝐶𝑇𝑅2𝐶,
Φ1,15 = 2

𝑑1𝑍3,
Φ1,16 = 2

𝑑2 − 𝑑1𝑍4,
Φ1,17 = 𝑀3𝐾 + 𝑅2𝐾,
Φ1,18 = 𝑅2 +𝑀3,
Φ2,2 = − (1 − 𝜌0) 𝑂1 − (1 − 𝜌0)2 𝑃5,
Φ2,8 = −𝑀4𝐶,
Φ3,3 = −𝑂2,
Φ4,4 = − (1 − 𝜔1) 𝑂3 − 2𝜎−𝑊5𝜎+,
Φ4,10 = − (1 − 𝜔1) 𝑂3 +𝑊5 (𝜎− + 𝜎+) ,
Φ5,5 = − (1 − 𝜔2) 𝑂5 − 2𝜎−𝑊6𝜎+,
Φ5,11 = − (1 − 𝜔2) 𝑂5 +𝑊6 (𝜎− + 𝜎+) ,
Φ6,6 = 𝑂5 + 𝑂6 − 𝑂4 − 𝑃6 − 𝑃7,
Φ6,7 = 𝑃7,
Φ6,12 = 𝑂5 + 𝑂6 − 𝑂4,
Φ7,7 = −𝑂6 − 𝑃7,
Φ7,13 = −𝑂6,
Φ8,8 = 𝜌2𝑃5 + 𝑑21𝑃6 + (𝑑2 − 𝑑1)2 𝑃7 + 𝑑212 𝑍3

+ 𝑑22 − 𝑑212 𝑍4 − 2𝑀4,
Φ8,9 = 𝑀4𝐴,
Φ8,10 = 𝜔0𝑀4𝐵,
Φ8,11 = (1 − 𝜔0)𝑀4𝐵,
Φ8,17 = 𝑀4𝐾,
Φ8,18 = 𝑀4,
Φ9,9 = −2𝑊4 + 𝛼2𝑁2,
Φ9,14 = −𝐶𝑇𝑅2𝐴,
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Φ9,18 = −𝐼,
Φ10,10 = − (1 − 𝜔1) 𝑂3 − 2𝑊5,
Φ10,14 = −𝜔0𝐶𝑇𝑅2𝐵,
Φ11,11 = − (1 − 𝜔2) 𝑂5 − 2𝑊6,
Φ11,14 = − (1 − 𝜔0) 𝐶𝑇𝑅2𝐵,
Φ12,12 = 𝑂5 + 𝑂6 − 𝑂4,
Φ13,13 = −𝑂6,
Φ14,14 = −𝑃8,
Φ14,17 = −𝐷𝑇𝑅2𝐿,
Φ14,18 = −𝐶𝑇𝑅2,
Φ15,15 = − 2

𝑑21𝑍3,

Φ16,16 = − 2
(𝑑2 − 𝑑1)2𝑍4,

Φ17,17 = −𝑁2,
Φ18,18 = −𝛾𝐼.

(54)

Proof. Consider LKF candidate as follows:

𝑉 (𝑡) = 10∑
𝑖=1

𝑉𝑖 (𝑡) , (55)

where

𝑉1 (𝑡) = (𝑥 (𝑡) − 𝐶∫
𝑡

𝑡−𝛿(𝑡)
𝑥 (𝑠) 𝑑𝑠)𝑇

⋅ 𝑅1 (𝑥 (𝑡) − 𝐶∫
𝑡

𝑡−𝛿(𝑡)
𝑥 (𝑠) 𝑑𝑠) ,

𝑉2 (𝑡) = (𝑦 (𝑡) − 𝐷∫𝑡
𝑡−𝜌(𝑡)

𝑦 (𝑠) 𝑑𝑠)𝑇

⋅ 𝑅2 (𝑦 (𝑡) − 𝐷∫𝑡
𝑡−𝜌(𝑡)

𝑦 (𝑠) 𝑑𝑠) ,

𝑉3 (𝑡) = ∫
𝑡

𝑡−𝛿(𝑡)
𝑥𝑇 (𝑠) 𝑄1𝑥 (𝑠) 𝑑𝑠

+ ∫𝑡
𝑡−𝛿

𝑥𝑇 (𝑠) 𝑄2𝑥 (𝑠) 𝑑𝑠

+ ∫𝑡
𝑡−𝜏1(𝑡)

[ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))]

𝑇

𝑄3 [ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))] 𝑑𝑠

+ ∫𝑡
𝑡−𝜏1

[ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))]

𝑇

𝑄4 [ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))] 𝑑𝑠

+ ∫𝑡−𝜏1
𝑡−𝜏2(𝑡)

[ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))]

𝑇

𝑄5 [ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))] 𝑑𝑠

+ ∫𝑡−𝜏1
𝑡−𝜏2

[ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))]

𝑇

𝑄6 [ 𝑥 (𝑠)
𝑓 (𝑦 (𝑠))] 𝑑𝑠,

𝑉4 (𝑡) = ∫
𝑡

𝑡−𝜌(𝑡)
𝑦𝑇 (𝑠) 𝑂1𝑦 (𝑠) 𝑑𝑠

+ ∫𝑡
𝑡−𝜌

𝑦𝑇 (𝑠) 𝑂2𝑦 (𝑠) 𝑑𝑠

+ ∫𝑡
𝑡−𝑑1(𝑡)

[ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))]

𝑇

𝑂3 [ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))] 𝑑𝑠

+ ∫𝑡
𝑡−𝑑1

[ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))]

𝑇

𝑂4 [ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))] 𝑑𝑠

+ ∫𝑡−𝑑1
𝑡−𝑑2(𝑡)

[ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))]

𝑇

𝑂5 [ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))] 𝑑𝑠

+ ∫𝑡−𝑑1
𝑡−𝑑2

[ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))]

𝑇

𝑂6 [ 𝑦 (𝑠)
𝑔 (𝑥 (𝑠))] 𝑑𝑠,

𝑉5 (𝑡) = 𝛿∫
0

−𝛿
∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) 𝑃1�̇� (𝑠) 𝑑𝑠 𝑑𝜃
+ 𝜏1 ∫

0

−𝜏1

∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) 𝑃2�̇� (𝑠) 𝑑𝑠 𝑑𝜃 + (𝜏2 − 𝜏1)
⋅ ∫−𝜏1
−𝜏2

∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) 𝑃3�̇� (𝑠) 𝑑𝑠 𝑑𝜃

+ 𝛿∫0
−𝛿
∫𝑡
𝑡+𝜃

𝑥𝑇 (𝑠) 𝑃4𝑥 (𝑠) 𝑑𝑠 𝑑𝜃,

𝑉6 (𝑡) = 𝜌∫
0

−𝜌
∫𝑡
𝑡+𝜃

̇𝑦𝑇 (𝑠) 𝑃5 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃

+ 𝑑1 ∫
0

−𝑑1

∫𝑡
𝑡+𝜃

̇𝑦𝑇 (𝑠) 𝑃6 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃 + (𝑑2 − 𝑑1)

⋅ ∫−𝑑1
−𝑑2

∫𝑡
𝑡+𝜃

̇𝑦𝑇 (𝑠) 𝑃7 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃

+ 𝜌∫0
−𝛿
∫𝑡
𝑡+𝜃

𝑦𝑇 (𝑠) 𝑃8𝑦 (𝑠) 𝑑𝑠 𝑑𝜃,

𝑉7 (𝑡) = ∫
0

−𝜏1

∫0
𝜃
∫𝑡
𝑡+𝜆

�̇�𝑇 (𝑠) 𝑍1�̇� (𝑠) 𝑑𝑠 𝑑𝜆 𝑑𝜃

+ ∫−𝜏1
−𝜏2

∫0
𝜃
∫𝑡
𝑡+𝜆

�̇�𝑇 (𝑠) 𝑍2�̇� (𝑠) 𝑑𝑠 𝑑𝜆 𝑑𝜃,

𝑉8 (𝑡) = ∫
0

−𝑑1

∫0
𝜃
∫𝑡
𝑡+𝜆

̇𝑦𝑇 (𝑠) 𝑍3 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜆 𝑑𝜃

+ ∫−𝑑1
−𝑑2

∫0
𝜃
∫𝑡
𝑡+𝜆

̇𝑦𝑇 (𝑠) 𝑍4 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜆 𝑑𝜃,
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𝑉9 (𝑡) = 𝛼∫
0

−𝛼
∫𝑡
𝑡+𝜃

𝑓𝑇 (𝑦 (𝑠))𝑁1𝑓 (𝑦 (𝑠)) 𝑑𝑠 𝑑𝜃,

𝑉10 (𝑡) = 𝛽∫
0

−𝛽
∫𝑡
𝑡+𝜃

𝑔𝑇 (𝑥 (𝑠))𝑁2𝑔 (𝑥 (𝑠)) 𝑑𝑠 𝑑𝜃.
(56)

Then, we define the infinitesimal generatorL of 𝑉(𝑡) as
L𝑉 (𝑡) = lim

Δ→0+

1
Δ {E(𝑉 (𝑡 + Δ)𝑡 ) − 𝑉 (𝑡)} . (57)

Taking the mathematical expectation of 𝑉(𝑡), we get
E {L𝑉1 (𝑡)} = E{2(𝑥 (𝑡) − 𝐶∫𝑡

𝑡−𝛿(𝑡)
𝑥 (𝑠) 𝑑𝑠)𝑇 𝑅1

× (−𝐶𝑥 (𝑡) + 𝐴 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡)) + 𝜇0𝐵 (𝑥 (𝑡))
× 𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡))) + (1 − 𝜇0) 𝐵 (𝑥 (𝑡))
⋅ 𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡))) + (𝜇 (𝑡) − 𝜇0) 𝐵 (𝑥 (𝑡))
⋅ (𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡))) − 𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡)))) + 𝐾 (𝑥 (𝑡))
⋅ ∫𝑡
𝑡−𝛼(𝑡)

𝑓 (𝑦 (𝑠)) 𝑑𝑠 + 𝑢 (𝑡))} ≤ E{2(𝑥 (𝑡)

− 𝐶∫𝑡
𝑡−𝛿(𝑡)

𝑥 (𝑠) 𝑑𝑠)𝑇 𝑅1 × (−𝐶𝑥 (𝑡) + 𝐴𝑓 (𝑦 (𝑡))
+ 𝜇0𝐵𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡))) + (1 − 𝜇0)
⋅ 𝐵𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡))) + 𝐾∫𝑡

𝑡−𝛼(𝑡)
𝑓 (𝑦 (𝑠)) 𝑑𝑠

+ 𝑢 (𝑡))} ,

E {L𝑉2 (𝑡)} = E{2(𝑦 (𝑡) − 𝐷∫𝑡
𝑡−𝜌(𝑡)

𝑦 (𝑠) 𝑑𝑠)𝑇 𝑅2
× (−𝐷𝑦 (𝑡) + 𝐸 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡)) + 𝜔0𝐻(𝑦 (𝑡))
× 𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡))) + (1 − 𝜔0)𝐻 (𝑦 (𝑡))
⋅ 𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡))) + (𝜔 (𝑡) − 𝜔0)𝐻 (𝑦 (𝑡))
⋅ (𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡))) − 𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))) + 𝐿 (𝑦 (𝑡))
⋅ ∫𝑡
𝑡−𝛽(𝑡)

𝑔 (𝑥 (𝑠)) 𝑑𝑠 + V (𝑡))} ≤ E{2(𝑦 (𝑡)

− 𝐷∫𝑡
𝑡−𝜌(𝑡)

𝑦 (𝑠) 𝑑𝑠)𝑇 𝑅2 × (−𝐷𝑦 (𝑡) + 𝐸𝑔 (𝑥 (𝑡))
+ 𝜔0𝐻𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡))) + (1 − 𝜔0)
⋅ 𝐻𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡))) + 𝐿∫

𝑡

𝑡−𝛽(𝑡)
𝑔 (𝑥 (𝑠)) 𝑑𝑠 + V (𝑡))} .

(58)

According to Assumptions 3 and 4, we get

E {L𝑉3 (𝑡)} = E
{{{
𝑥𝑇 (𝑡) (𝑄1 + 𝑄2 + 𝑄3 + 𝑄4) 𝑥 (𝑡)

− (1 − 𝛿0) 𝑥𝑇 (𝑡 − 𝛿 (𝑡)) 𝑄1𝑥 (𝑡 − 𝛿 (𝑡))
− 𝑥𝑇 (𝑡 − 𝛿)𝑄2𝑥 (𝑡 − 𝛿) − (1 − 𝜇1)
⋅ [ 𝑥 (𝑡 − 𝜏1 (𝑡))
𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡)))]

𝑇

𝑄3 [ 𝑥 (𝑡 − 𝜏1 (𝑡))
𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡)))]

− (1 − 𝜇2) [ 𝑥 (𝑡 − 𝜏2 (𝑡))
𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡)))]

𝑇

⋅ 𝑄5 [ 𝑥 (𝑡 − 𝜏2 (𝑡))
𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡)))] + [

𝑥 (𝑡 − 𝜏1)
𝑓 (𝑦 (𝑡 − 𝜏1))]

𝑇

⋅ (𝑄5 + 𝑄6 − 𝑄4) [ 𝑥 (𝑡 − 𝜏1)
𝑓 (𝑦 (𝑡 − 𝜏1))]

+ [ 𝑥 (𝑡 − 𝜏2)
𝑓 (𝑦 (𝑡 − 𝜏2))]

𝑇

𝑄6 [ 𝑥 (𝑡 − 𝜏2)
𝑓 (𝑦 (𝑡 − 𝜏2))]

}}}
,

E {L𝑉4 (𝑡)} = E
{{{
𝑦𝑇 (𝑡) (𝑂1 + 𝑂2 + 𝑂3 + 𝑂4) 𝑦 (𝑡)

− (1 − 𝜌0) 𝑦𝑇 (𝑡 − 𝜌 (𝑡)) 𝑂1𝑦 (𝑡 − 𝜌 (𝑡))
− 𝑦𝑇 (𝑡 − 𝜌)𝑂2𝑦 (𝑡 − 𝜌) − (1 − 𝜔1)
⋅ [ 𝑦 (𝑡 − 𝑑1 (𝑡))
𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))]

𝑇

𝑂3 [ 𝑦 (𝑡 − 𝑑1 (𝑡))
𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))]

− (1 − 𝜔2) [ 𝑥 (𝑡 − 𝑑2 (𝑡))
𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))]

𝑇

⋅ 𝑂5 [ 𝑦 (𝑡 − 𝑑2 (𝑡))
𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))] + [

𝑥 (𝑡 − 𝑑1)
𝑔 (𝑥 (𝑡 − 𝑑1))]

𝑇

⋅ (𝑂5 + 𝑂6 − 𝑂4) [ 𝑦 (𝑡 − 𝑑1)
𝑔 (𝑥 (𝑡 − 𝑑1))]

+ [ 𝑦 (𝑡 − 𝑑2)
𝑔 (𝑥 (𝑡 − 𝑑2))]

𝑇

𝑂6 [ 𝑦 (𝑡 − 𝑑2)
𝑔 (𝑥 (𝑡 − 𝑑2))]

}}}
.

(59)

It is obvious that
E {L𝑉5 (𝑡)}

= E{�̇�𝑇 (𝑡) [𝛿2𝑃1 + 𝜏21𝑃2 + (𝜏2 − 𝜏1)2 𝑃3] �̇� (𝑡)
+ 𝛿2𝑥𝑇 (𝑡) 𝑃4𝑥 (𝑡) − 𝛿∫

𝑡

𝑡−𝛿
�̇�𝑇 (𝑠) 𝑃1�̇� (𝑠) 𝑑𝑠
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− 𝜏1 ∫
𝑡

𝑡−𝜏1

�̇�𝑇 (𝑠) 𝑃2�̇� (𝑠) 𝑑𝑠
− (𝜏2 − 𝜏1) ∫

𝑡−𝜏1

𝑡−𝜏2

�̇�𝑇 (𝑠) 𝑃3�̇� (𝑠) 𝑑𝑠

− 𝛿∫𝑡
𝑡−𝛿

𝑥𝑇 (𝑠) 𝑃4𝑥 (𝑠) 𝑑𝑠} ,
E {L𝑉6 (𝑡)}

= E{ ̇𝑦𝑇 (𝑡) [𝜌2𝑃5 + 𝑑21𝑃6 + (𝑑2 − 𝑑1)2 𝑃7] ̇𝑦 (𝑡)

+ 𝜌2𝑦𝑇 (𝑡) 𝑃8𝑦 (𝑡) − 𝜌∫
𝑡

𝑡−𝜌
̇𝑦𝑇 (𝑠) 𝑃5 ̇𝑦 (𝑠) 𝑑𝑠

− 𝑑1 ∫
𝑡

𝑡−𝑑1

̇𝑦𝑇 (𝑠) 𝑃6 ̇𝑦 (𝑠) 𝑑𝑠

− (𝑑2 − 𝑑1) ∫
𝑡−𝑑1

𝑡−𝑑2

̇𝑦𝑇 (𝑠) 𝑃7 ̇𝑦 (𝑠) 𝑑𝑠

− 𝜌∫𝑡
𝑡−𝜌

𝑦𝑇 (𝑠) 𝑃8𝑦 (𝑠) 𝑑𝑠} .
(60)

Using Lemma 7, we have

− 𝛿∫𝑡
𝑡−𝛿

�̇�𝑇 (𝑠) 𝑃1�̇� (𝑠) 𝑑𝑠

≤ −(∫𝑡
𝑡−𝛿(𝑡)

�̇� (𝑠) 𝑑𝑠)𝑇 𝑃1 (∫
𝑡

𝑡−𝛿(𝑡)
�̇� (𝑠) 𝑑𝑠)

= − [𝑥 (𝑡) − (1 − 𝛿0) 𝑥 (𝑡 − 𝛿)]𝑇 𝑃1
× [𝑥 (𝑡) − (1 − 𝛿0) 𝑥 (𝑡 − 𝛿)] ,

− 𝛿∫𝑡
𝑡−𝛿

𝑥𝑇 (𝑠) 𝑃4𝑥 (𝑠) 𝑑𝑠

≤ −(∫𝑡
𝑡−𝛿(𝑡)

𝑥 (𝑠) 𝑑𝑠)𝑇 𝑃4 (∫
𝑡

𝑡−𝛿(𝑡)
𝑥 (𝑠) 𝑑𝑠) .

(61)

Similarly, we have

− 𝜌∫𝑡
𝑡−𝜌

̇𝑦𝑇 (𝑠) 𝑃4 ̇𝑦 (𝑠) 𝑑𝑠

≤ −(∫𝑡
𝑡−𝜌(𝑡)

̇𝑦 (𝑠) 𝑑𝑠)𝑇 𝑃4 (∫
𝑡

𝑡−𝜌(𝑡)
̇𝑦 (𝑠) 𝑑𝑠)

= − [𝑦 (𝑡) − (1 − 𝜌0) 𝑦 (𝑡 − 𝜌)]𝑇 𝑃4
× [𝑦 (𝑡) − (1 − 𝜌0) 𝑦 (𝑡 − 𝜌)] ,

− 𝜌∫𝑡
𝑡−𝜌

𝑦𝑇 (𝑠) 𝑃8𝑦 (𝑠) 𝑑𝑠

≤ −(∫𝑡
𝑡−𝜌(𝑡)

𝑦 (𝑠) 𝑑𝑠)𝑇 𝑃8 (∫
𝑡

𝑡−𝜌(𝑡)
𝑦 (𝑠) 𝑑𝑠) .

(62)

Then, the same as (32)–(35), we can obtainE{L𝑉7(𝑡)} and
E{L𝑉8(𝑡)}.

Moreover,

E {L𝑉9 (𝑡)} = E{𝛼2𝑓𝑇 (𝑦 (𝑡))𝑁1𝑓 (𝑦 (𝑡))

− 𝛼∫𝑡
𝑡−𝛼

𝑓𝑇 (𝑦 (𝑠))𝑁1𝑓 (𝑦 (𝑠)) 𝑑𝑠} ,
(63)

E {L𝑉10 (𝑡)} = E{𝛽2𝑔𝑇 (𝑥 (𝑡))𝑁2𝑔 (𝑥 (𝑡))

− 𝛽∫𝑡
𝑡−𝛽

𝑔𝑇 (𝑥 (𝑠))𝑁2𝑔 (𝑥 (𝑠)) 𝑑𝑠} .
(64)

Also, we get

− 𝛼∫𝑡
𝑡−𝛼

𝑓𝑇 (𝑦 (𝑠))𝑁1𝑓 (𝑦 (𝑠)) 𝑑𝑠

≤ −(∫𝑡
𝑡−𝛼(𝑡)

𝑓 (𝑦 (𝑠)) 𝑑𝑠)𝑇𝑁1 (∫
𝑡

𝑡−𝛼(𝑡)
𝑓 (𝑦 (𝑠)) 𝑑𝑠) ,

− 𝛽∫𝑡
𝑡−𝛽

𝑔𝑇 (𝑥 (𝑠))𝑁2𝑔 (𝑥 (𝑠)) 𝑑𝑠

≤ −(∫𝑡
𝑡−𝛽(𝑡)

𝑔 (𝑥 (𝑠)) 𝑑𝑠)𝑇𝑁2 (∫
𝑡

𝑡−𝛽(𝑡)
𝑔 (𝑥 (𝑠)) 𝑑𝑠) .

(65)

Now, we add the following inequations with any matrices𝑀1, 𝑀2, 𝑀3, and 𝑀4 of appropriate dimensions to derive a
less conservative criterion:

0 ≤ 2 (𝑥𝑇 (𝑡)𝑀1 + �̇�𝑇 (𝑡)𝑀2) [−�̇� − 𝐶𝑥 (𝑡 − 𝛿 (𝑡))
+ 𝐴𝑓 (𝑦 (𝑡)) + 𝜇0𝐵𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡)))
+ (1 − 𝜇0) 𝐵𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡)))
+ 𝐾∫𝑡
𝑡−𝛼(𝑡)

𝑓 (𝑦 (𝑠)) 𝑑𝑠 + 𝑢 (𝑡)] ,

0 ≤ 2 (𝑦𝑇 (𝑡)𝑀3 + ̇𝑦𝑇 (𝑡)𝑀4) [− ̇𝑦 − 𝐷𝑦 (𝑡 − 𝜌 (𝑡))
+ 𝐸𝑔 (𝑥 (𝑡)) + 𝜔0𝐻𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))
+ (1 − 𝜔0)𝐻𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))
+ 𝐿∫𝑡
𝑡−𝛽(𝑡)

𝑔 (𝑥 (𝑠)) 𝑑𝑠 + V (𝑡)] .

(66)

Define

𝜉 (𝑡) = {𝑥𝑇 (𝑡) 𝑥𝑇 (𝑡 − 𝛿 (𝑡)) 𝑥𝑇 (𝑡 − 𝛿) 𝑥𝑇 (𝑡 − 𝜏1 (𝑡))
𝑥𝑇 (𝑡 − 𝜏2 (𝑡)) 𝑥𝑇 (𝑡 − 𝜏1) 𝑥𝑇 (𝑡 − 𝜏2) �̇� (𝑡)
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𝑓𝑇 (𝑦 (𝑡)) 𝑓𝑇 (𝑦 (𝑡 − 𝜏1 (𝑡))) 𝑓𝑇 (𝑦 (𝑡 − 𝜏2 (𝑡)))
𝑓𝑇 (𝑦 (𝑡 − 𝜏1)) 𝑓𝑇 (𝑦 (𝑡 − 𝜏2)) ∫𝑡

𝑡−𝛿(𝑡)
𝑥𝑇 (𝑠) 𝑑𝑠

∫𝑡
𝑡−𝜏1

𝑥𝑇 (𝑠) 𝑑𝑠 ∫𝑡−𝜏1
𝑡−𝜏2

𝑥𝑇 (𝑠) 𝑑𝑠 ∫𝑡
𝑡−𝛼(𝑡)

𝑓𝑇 (𝑦 (𝑠)) 𝑑𝑠 𝑢𝑇 (𝑡)} ,
𝜁 (𝑡) = {𝑦𝑇 (𝑡) 𝑦𝑇 (𝑡 − 𝜌 (𝑡)) 𝑦𝑇 (𝑡 − 𝜌) 𝑦𝑇 (𝑡 − 𝑑1 (𝑡))

𝑦𝑇 (𝑡 − 𝑑2 (𝑡)) 𝑦𝑇 (𝑡 − 𝑑1) 𝑦𝑇 (𝑡 − 𝑑2) ̇𝑦 (𝑡)
𝑔𝑇 (𝑥 (𝑡)) 𝑔𝑇 (𝑥 (𝑡 − 𝑑1 (𝑡))) 𝑔𝑇 (𝑥 (𝑡 − 𝑑2 (𝑡)))
𝑔𝑇 (𝑥 (𝑡 − 𝑑1)) 𝑔𝑇 (𝑥 (𝑡 − 𝑑2)) ∫𝑡

𝑡−𝜌(𝑡)
𝑦𝑇 (𝑠) 𝑑𝑠

∫𝑡
𝑡−𝑑1

𝑦𝑇 (𝑠) 𝑑𝑠 ∫𝑡−𝑑1
𝑡−𝑑2

𝑦𝑇 (𝑠) 𝑑𝑠 ∫𝑡
𝑡−𝛽(𝑡)

𝑔𝑇 (𝑥 (𝑠)) 𝑑𝑠 V𝑇 (𝑡)} .
(67)

Combining (40) and (58)–(66), we have

E{L𝑉 (𝑡) − 2 [𝑓𝑇 (𝑦 (𝑠)) 𝑔𝑇 (𝑥 (𝑠))] [𝑢 (𝑠)
V (𝑠)]

− 𝛾 [𝑢𝑇 (𝑡) V𝑇 (𝑡)] [𝑢 (𝑡)
V (𝑡)] 𝑑𝑠} ≤ E {𝜉𝑇 (𝑡) Ω𝜉 (𝑡)

+ 𝜁𝑇 (𝑡) Φ𝜁 (𝑡)} .

(68)

Thus, we conclude that if (68) holds, then

E{L𝑉 (𝑡) − 2 [𝑓𝑇 (𝑦 (𝑠)) 𝑔𝑇 (𝑥 (𝑠))] [𝑢 (𝑠)
V (𝑠)]

− 𝛾 [𝑢𝑇 (𝑡) V𝑇 (𝑡)] [𝑢 (𝑡)
V (𝑡)] 𝑑𝑠} ≤ 0.

(69)

By integrating (69) about 𝑡 from 0 to 𝑡𝑧, we have

2E∫𝑡𝑧
0
[𝑓𝑇 (𝑦 (𝑠)) 𝑔𝑇 (𝑥 (𝑠))] [𝑢 (𝑠)

V (𝑠)] 𝑑𝑠
≥ E𝑉 (𝑡) − E𝑉 (0)
− 𝛾E∫𝑡𝑧

0
[𝑢𝑇 (𝑠) V𝑇 (𝑠)] [𝑢 (𝑠)

V (𝑠)] 𝑑𝑠

≥ −𝛾E∫𝑡𝑧
0
[𝑢𝑇 (𝑠) V𝑇 (𝑠)] [𝑢 (𝑠)

V (𝑠)] 𝑑𝑠.

(70)

Therefore, from Definition 5, we know that the
MBAMNN is passive. This completes the proof.

Remark 10. In this paper, model (50) contains the leakage,
probabilistic, and distributed time-varying delays. In partic-
ular, we treat some of these delays as a special case of some
existing results.

Remark 11. In the corollary, we define leakage delays 𝛿 and 𝜌
as constant delays. According to the preceding conditions, we
consider the MBAMNN in the following:

�̇� (𝑡)
= −𝐶𝑥 (𝑡 − 𝛿) + 𝐴 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡))
+ 𝜇0𝐵 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡)))
+ (1 − 𝜇0) 𝐵 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡)))
+ (𝜇 (𝑡) − 𝜇0)
× 𝐵 (𝑥 (𝑡)) (𝑓 (𝑦 (𝑡 − 𝜏1 (𝑡))) − 𝑓 (𝑦 (𝑡 − 𝜏2 (𝑡))))
+ 𝑢 (𝑡) ,

̇𝑦 (𝑡)
= −𝐷𝑦 (𝑡 − 𝜌) + 𝐸 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡))
+ 𝜔0𝐻(𝑦 (𝑡)) 𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡)))
+ (1 − 𝜔0)𝐻 (𝑦 (𝑡)) 𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡)))
+ (𝜔 (𝑡) − 𝜔0)
× 𝐻 (𝑦 (𝑡)) (𝑔 (𝑥 (𝑡 − 𝑑1 (𝑡))) − 𝑔 (𝑥 (𝑡 − 𝑑2 (𝑡))))
+ V (𝑡) .

(71)

Corollary 12. When Assumptions 1–3 hold, system (71) is
passive, if there exist any appropriately dimensional matrices𝑀𝑚 (𝑚 = 1, 2, . . . , 4), 𝑊𝑤 (𝑤 = 1, 2, . . . , 6), a scalar 𝛾 > 0,
and symmetric positive definite matrices 𝑅𝑖 (𝑖 = 1, 2), 𝑄𝑗 (𝑗 =2, . . . , 6), 𝑂𝑜 (𝑜 = 2, . . . , 6), 𝑃𝑘 (𝑘 = 1, 2, . . . , 8), and 𝑍𝑙 (𝑙 =1, 2, . . . , 4), such that

Ω𝑖,𝑗 = (Ω𝑖,𝑗)17×17 < 0,
Φ𝑖,𝑗 = (Φ𝑖,𝑗)17×17 < 0,

(72)

where

Ω1,1 = −𝑅1𝐶 − 𝐶𝑇𝑅1 + 𝑄2 + 𝑄3 + 𝑄4 + 𝛿2𝑃4 − 𝑃1
− 𝑃2 − 2𝑍1 − 2𝑍2 − 2𝜍−𝑊1𝜍+,

Ω1,2 = 𝑃1 −𝑀1𝐶,
Ω1,5 = 𝑃2,
Ω1,7 = −𝑀1,
Ω1,8 = 𝑅1𝐴 +𝑀1𝐴 +𝑊1 (𝜍− + 𝜍+) ,
Ω1,9 = 𝜇0 (𝑅1 +𝑀1) 𝐵,
Ω1,10 = (1 − 𝜇0) (𝑀1 + 𝑅1) 𝐵,
Ω1,13 = 𝐶𝑇𝑅1𝐶,
Ω1,14 = 2

𝜏1𝑍1,
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Ω1,15 = 2
𝜏2 − 𝜏1𝑍2,

Ω1,16 = 𝑀1𝐾,
Ω1,17 = 𝑅1 +𝑀1,
Ω2,2 = −𝑄2 − 𝑃1,
Ω2,7 = −𝑀2𝐶,
Ω3,3 = − (1 − 𝜇1) 𝑄3 − 2𝜍−𝑊2𝜍+,
Ω3,9 = − (1 − 𝜇1) 𝑄3 +𝑊2 (𝜍− + 𝜍+) ,
Ω4,4 = − (1 − 𝜇2) 𝑄5 − 2𝜍−𝑊3𝜍+,
Ω4,10 = − (1 − 𝜇2) 𝑄5 +𝑊3 (𝜍− + 𝜍+) ,
Ω5,5 = 𝑄5 + 𝑄6 − 𝑄4 − 𝑃2 − 𝑃3,
Ω5,6 = 𝑃3,
Ω5,11 = 𝑄5 + 𝑄6 − 𝑄4,
Ω6,6 = −𝑄6 − 𝑃3,
Ω6,12 = −𝑄6,
Ω7,7 = 𝛿2𝑃1 + 𝜏21𝑃2 + (𝜏2 − 𝜏1)2 𝑃3 + 𝜏212 𝑍1

+ 𝜏22 − 𝜏212 𝑍2 − 2𝑀2,
Ω7,8 = 𝑀2𝐴,
Ω7,9 = 𝜇0𝑀2𝐵,
Ω7,10 = (1 − 𝜇0)𝑀2𝐵,
Ω7,16 = 𝑀2𝐾,
Ω7,17 = 𝑀2,
Ω8,8 = −2𝑊1 + 𝛼2𝑁1,
Ω8,13 = −𝐶𝑇𝑅1𝐴,
Ω8,17 = −𝐼,
Ω9,9 = − (1 − 𝜇1) 𝑄3 − 2𝑊2,
Ω9,13 = −𝜇0𝐶𝑇𝑅1𝐵,
Ω10,10 = − (1 − 𝜇2) 𝑄5 − 2𝑊3,
Ω10,13 = − (1 − 𝜇0) 𝐶𝑇𝑅1𝐵,
Ω11,11 = 𝑄5 + 𝑄6 − 𝑄4,
Ω12,12 = −𝑄6,
Ω13,13 = −𝑃4,
Ω13,17 = −𝐶𝑇𝑅1,

Ω14,14 = − 2
𝜏21 𝑍1,

Ω15,15 = − 2
(𝜏2 − 𝜏1)2𝑍2,

Ω16,16 = −𝑁1,
Ω17,17 = −𝛾𝐼,

(73)

Φ1,1 = −𝑅2𝐶 − 𝐶𝑇𝑅2 + 𝑂2 + 𝑂3 + 𝑂4 + 𝜌2𝑃8 − 𝑃5
− 𝑃6 − 2𝑍3 − 2𝑍4 − 2𝜎−𝑊4𝜎+,

Φ1,2 = 𝑃5 −𝑀3𝐷,
Φ1,5 = 𝑃6,
Φ1,7 = −𝑀3,
Φ1,8 = 𝑅2𝐴 +𝑀3𝐴 +𝑊4 (𝜎− + 𝜎+) ,
Φ1,9 = 𝜔0 (𝑅2 +𝑀3) 𝐵,
Φ1,10 = (1 − 𝜔0) (𝑀3 + 𝑅2) 𝐵,
Φ1,13 = 𝐶𝑇𝑅2𝐶,
Φ1,14 = 2

𝑑1𝑍3,
Φ1,15 = 2

𝑑2 − 𝑑1𝑍4,
Φ1,16 = 𝑀3𝐾,
Φ1,17 = 𝑅2 +𝑀3,
Φ2,2 = −𝑂2 − 𝑃5,
Φ2,7 = −𝑀4𝐶,
Φ3,3 = − (1 − 𝜔1) 𝑂3 − 2𝜎−𝑊5𝜎+,
Φ3,9 = − (1 − 𝜔1) 𝑂3 +𝑊5 (𝜎− + 𝜎+) ,
Φ4,4 = − (1 − 𝜔2) 𝑂5 − 2𝜎−𝑊6𝜎+,
Φ4,10 = − (1 − 𝜔2) 𝑂5 +𝑊6 (𝜎− + 𝜎+) ,
Φ5,5 = 𝑂5 + 𝑂6 − 𝑂4 − 𝑃6 − 𝑃7,
Φ5,6 = 𝑃7,
Φ5,11 = 𝑂5 + 𝑂6 − 𝑂4,
Φ6,6 = −𝑂6 − 𝑃7,
Φ6,12 = −𝑂6,
Φ7,7 = 𝜌2𝑃5 + 𝑑21𝑃6 + (𝑑2 − 𝑑1)2 𝑃7 + 𝑑212 𝑍3

+ 𝑑22 − 𝑑212 𝑍4 − 2𝑀4,
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Φ7,8 = 𝑀4𝐴,
Φ7,9 = 𝜔0𝑀4𝐵,
Φ7,10 = (1 − 𝜔0)𝑀4𝐵,
Φ7,16 = 𝑀4𝐾,
Φ7,17 = 𝑀4,
Φ8,8 = −2𝑊4 + 𝛼2𝑁2,
Φ8,13 = −𝐶𝑇𝑅2𝐴,
Φ8,17 = −𝐼,
Φ9,9 = − (1 − 𝜔1) 𝑂3 − 2𝑊5,
Φ9,13 = −𝜔0𝐶𝑇𝑅2𝐵,
Φ10,10 = − (1 − 𝜔2) 𝑂5 − 2𝑊6,
Φ10,13 = − (1 − 𝜔0) 𝐶𝑇𝑅2𝐵,
Φ11,11 = 𝑂5 + 𝑂6 − 𝑂4,
Φ12,12 = −𝑂6,
Φ13,13 = −𝑃8,
Φ13,17 = −𝐶𝑇𝑅2,
Φ14,14 = − 2

𝑑21𝑍3,

Φ15,15 = − 2
(𝑑2 − 𝑑1)2𝑍4,

Φ16,16 = −𝑁2,
Φ17,17 = −𝛾𝐼.

(74)
Remark 13. In numerical simulations, we use the models of
MBAMNNs withmixed time-varying delays; the models that
we used are novel. In the existing papers, we can see that the
most of the papers are about passivity analysis of memristive
single-layer neural networks and there are few results about
MBAMNNs [17–19]. MBAMNNs are a class of two-layer
systems which can realize heteroassociation memory and
autoassociation memory; hence, the MBAMNNs can be able
to imitate the human brain better, and the limitation of
traditional neural networks can be broken. The LKFs that we
designed include double and triple integral terms, and using
some effective methods, we can obtain several conditions
aboutMBAMNNswith leakage, probabilistic, and distributed
time-varying delays. Hence, our research results are less
conservative than the existing ones in the models and the
treatment methods [19, 21]. In particular, these delays are all
taken into consideration separately. Thus, our paper not only
improves the models but also considers a variety of time-
varying delays [18–21].

4. Numerical Simulation

In this section, we provide several numerical examples to
illustrate the usefulness of our stability results.

Example 1. We consider a 2-dimensional MBAMNN of (16)
with the parameters as follows:

𝑎11 (𝑥1 (𝑡)) = {{{
0.3, 𝑥1 (𝑡) > Φ1,
0.7, 𝑥1 (𝑡) ≤ Φ1,

𝑎12 (𝑥1 (𝑡)) = {{{
0.4, 𝑥1 (𝑡) > Φ1,
0.5, 𝑥1 (𝑡) ≤ Φ1,

𝑎21 (𝑥2 (𝑡)) = {{{
−0.5, 𝑥2 (𝑡) > Φ2,
−0.6, 𝑥2 (𝑡) ≤ Φ2,

𝑎22 (𝑥2 (𝑡)) = {{{
−0.76, 𝑥2 (𝑡) > Φ2,
−0.7, 𝑥2 (𝑡) ≤ Φ2,

𝑏11 (𝑥1 (𝑡)) = {{{
0.33, 𝑥1 (𝑡) > Φ1,
0.3, 𝑥1 (𝑡) ≤ Φ1,

𝑏12 (𝑥1 (𝑡)) = {{{
0.25, 𝑥1 (𝑡) > Φ1,
0.2, 𝑥1 (𝑡) ≤ Φ1,

𝑏21 (𝑥2 (𝑡)) = {{{
0.6, 𝑥2 (𝑡) > Φ2,
0.56, 𝑥2 (𝑡) ≤ Φ2,

𝑏22 (𝑥2 (𝑡)) = {{{
0.63, 𝑥2 (𝑡) > Φ2,
0.6, 𝑥2 (𝑡) ≤ Φ2,

𝑒11 (𝑦1 (𝑡)) = {{{
1.3, 𝑦1 (𝑡) > Ψ1,
0.4, 𝑦1 (𝑡) ≤ Ψ1,

𝑒12 (𝑦1 (𝑡)) = {{{
1.28, 𝑦1 (𝑡) > Ψ1,
0.38, 𝑦1 (𝑡) ≤ Ψ1,

𝑒21 (𝑦2 (𝑡)) = {{{
−1.05, 𝑦2 (𝑡) > Ψ2,
−1.1, 𝑦2 (𝑡) ≤ Ψ2,

𝑒22 (𝑦2 (𝑡)) = {{{
−0.88, 𝑦2 (𝑡) > Ψ2,
−0.8, 𝑦2 (𝑡) ≤ Ψ2,

ℎ11 (𝑦1 (𝑡)) = {{{
0.38, 𝑦1 (𝑡) > Ψ1,
0.4, 𝑦1 (𝑡) ≤ Ψ1,
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ℎ12 (𝑦1 (𝑡)) = {{{
0.25, 𝑦1 (𝑡) > Ψ1,
0.2, 𝑦1 (𝑡) ≤ Ψ1,

ℎ21 (𝑦2 (𝑡)) = {{{
0.5, 𝑦2 (𝑡) > Ψ2,
0.87, 𝑦2 (𝑡) ≤ Ψ2,

ℎ22 (𝑦2 (𝑡)) = {{{
0.38, 𝑦2 (𝑡) > Ψ2,
−0.5, 𝑦2 (𝑡) ≤ Ψ2.

(75)

Here, we take the activation functions as 𝑓𝑖(𝑠) = 𝑔𝑖(𝑠) =
tanh(𝑠), 𝑖 = 1, 2. Then, let 𝜏1 = 0.5, 𝜏2 = 0.6, 𝜇1 = 0.3, 𝜇2 =0.5, 𝜇0 = 0.4, 𝑑1 = 1.5, 𝑑2 = 2, 𝜔1 = 0.6, 𝜔2 = 0.8,
and𝜔0 = 0.3. Probabilistic time-varying delays 𝜏1(𝑡) = 0.7 +0.2 sin (𝑡), 𝜏2(𝑡) = 0.65+0.6 cos (0.5𝑡), 𝑑1(𝑡) = 0.4+0.4 sin(𝑡),
and 𝑑2(𝑡) = 0.3 + 0.3 cos(𝑡). According to Assumption 1, we
verify that 𝜍− = 𝜎− = 0, and 𝜍+ = 𝜎+ = 1. Then, there exist
the matrices as follows:

𝐶 = [1.52 0
0 1.33] ,

𝐷 = [1.21 0
0 1.76] ,

𝐴 = [ 0.7 0.5
−0.6 −0.76] ,

𝐵 = [0.33 0.25
0.6 0.63] ,

𝐸 = [ 1.3 1.28
−1.1 −0.88] ,

𝐻 = [ 0.4 0.25
0.87 −0.5] .

(76)

Figure 3 shows the state trajectories of system (16); it
is actually unstable. By solving the LMIs (21), we get the
following feasible solutions:

𝑅1 = [10.3478 2.3731
2.3731 9.8579] ,

𝑄3 = [3.1634 0.6423
0.6423 3.7317] ,

𝑄4 = [7.1504 1.4750
1.4750 8.3565] ,

𝑄5 = [4.0425 1.1230
1.1230 4.5925] ,

𝑄6 = [1.9672 0.2093
0.2093 2.3559] ,
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Figure 3: State trajectories of system (16).

𝑃2 = [4.3159 0.1023
0.1023 4.0132] ,

𝑃3 = [ 4.7189 −0.0015
−0.0015 4.6924 ] ,

𝑍1 = [0.3110 0.0541
0.0541 0.3985] ,

𝑍2 = [ 0.0457 −0.0004
−0.0004 0.0450 ] ,

𝑅2 = [14.0110 3.7932
3.7932 14.2218] ,

𝑂3 = [3.6595 0.9958
0.9958 4.4985] ,

𝑂4 = [8.0128 2.0885
2.0885 9.9776] ,

𝑂5 = [5.3912 2.2361
2.2361 6.2646] ,

𝑂6 = [ 1.6776 −0.0893
−0.0893 2.3607 ] ,

𝑃6 = [7.4849 0.1076
0.1076 7.7770] ,

𝑃7 = [ 8.7529 −0.0353
−0.0353 8.8750 ] ,
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𝑍3 = [ 0.3312 −0.0060
−0.0060 0.4389 ] ,

𝑍4 = [0.2262 0.0004
0.0004 0.2189] ,

𝑀1 = [1.7488 0.1600
0.1600 1.7944] ,

𝑀2 = [4.3667 0.4139
0.4139 4.0400] ,

𝑊1 = [5.4082 3.0213
3.0213 6.4308] ,

𝑊2 = [3.5446 0.5053
0.5053 3.7780] ,

𝑊3 = [3.5391 0.8050
0.8050 3.7611] ,

𝑀3 = [2.0055 0.2579
0.2579 2.2772] ,

𝑀4 = [8.1716 1.6020
1.6020 7.4034] ,

𝑊4 = [7.9401 4.1641
4.1641 9.2674] ,

𝑊5 = [5.0707 1.2361
1.2361 5.9315] ,

𝑊6 = [5.3825 2.0405
2.0405 6.1309] ,

𝛾 = 20.4722.
(77)

Using the feasible solution, we obtain the state trajectories
which are described in Figure 4, and we can see that both𝑥(𝑡) and 𝑦(𝑡) are converging to the zero point; therefore, the
proved MBAMNN is internally stable. Thus, it is globally
passive.

Example 2. Consider a 2-dimensional MBAMNN of (50)
with the parameters as follows.

Here, we take the activation functions as 𝑓𝑖(𝑠) = 𝑔𝑖(𝑠) =
tanh(𝑠), 𝑖 = 1, 2. Then, let 𝛿 = 0.2, 𝛿0 = 0.2, 𝜏1 = 0.6, 𝜏2 =1, 𝜇1 = 0.3, 𝜇2 = 0.5, 𝜇0 = 0.4, 𝛼 = 0.1, 𝜌 = 0.18, 𝜌0 =0.15, 𝑑1 = 1.5, 𝑑2 = 2, 𝜔1 = 0.6, 𝜔2 = 0.8, 𝜔0 = 0.3, and 𝛽 =0.2. Leakage time-varying delays 𝛿(𝑡) = 0.5 + 0.3 sin(𝑡)
and 𝜌(𝑡) = 0.4 + 0.5 cos(𝑡); probabilistic time-varying delays𝜏1(𝑡) = 0.4 + 0.3 sin(𝑡), 𝜏2(𝑡) = 0.5 + 0.5 cos(0.5𝑡), 𝑑1(𝑡) =0.3 + 0.3 sin(𝑡), and 𝑑2(𝑡) = 0.1 + 0.5 cos(𝑡); distributed
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Figure 4: State trajectories of system (16).

time-varying delays 𝛼(𝑡) = 𝛽(𝑡) = 0.5 + 0.5 cos(𝑡). After
changing parameters, there exist the matrices

𝐶 = [1.52 0
0 1.33] ,

𝐷 = [1.21 0
0 1.76] ,

𝐴 = [ 0.3 0.4
−0.6 −0.76] ,

𝐵 = [0.33 0.25
0.6 0.63] ,

𝐸 = [ 1.3 1.28
−1.1 −0.88] ,

𝐻 = [ 0.4 0.25
0.87 −0.5] ,

𝐾 = [0.12 0
0 −0.1] ,

𝐿 = [−0.1 0
0 −0.06] .

(78)

From the state trajectories which are depicted in Figure 5,
we find that system (50) is actually unstable. By solving the
LMIs (52), we have the following feasible solutions:

𝑅1 = [7.0452 2.9361
2.9361 11.6063] ,
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Figure 5: State trajectories of system (50).

𝑄1 = [ 6.5971 −1.6049
−1.6049 9.2078 ] ,

𝑄2 = [0.5551 0.4601
0.4601 3.5493] ,

𝑄3 = [1.7184 1.0171
1.0171 5.9298] ,

𝑄4 = [3.5521 2.1946
2.1946 13.1443] ,

𝑄5 = [2.6799 1.5175
1.5175 7.6941] ,

𝑄6 = [0.5770 0.4402
0.4402 3.5446] ,

𝑃1 = [ 5.6725 −11.6662
−11.6662 76.6622 ] ,

𝑃2 = [0.0858 0.0272
0.0272 1.0798] ,

𝑃3 = [0.1919 0.0517
0.0517 2.2235] ,

𝑃4 = [478.9177 72.1940
72.1940 122.7031] ,

𝑍1 = [0.0835 0.0516
0.0516 0.6378] ,

𝑍2 = [ 0.1446 −0.0612
−0.0612 1.8780 ] ,

𝑀1 = [1.1710 1.1366
1.1366 2.7731] ,

𝑀2 = [0.5725 0.0760
0.0760 5.8435] ,

𝑊1 = [2.9231 3.9208
3.9208 15.5396] ,

𝑊2 = [2.5516 1.3400
1.3400 8.4107] ,

𝑊3 = [2.7557 1.4738
1.4738 7.8878] ,

𝑁1 = [20.6455 0.1674
0.1674 25.5954] ,

𝑅2 = [22.1627 10.5483
10.5483 21.6007] ,

𝑂1 = [29.6665 −0.0928
−0.0928 17.2449] ,

𝑂2 = [2.1311 0.8588
0.8588 3.0198] ,

𝑂3 = [6.9160 1.2013
1.2013 7.3828] ,

𝑂4 = [20.7004 2.6570
2.6570 20.3705] ,

𝑂5 = [17.4326 1.3252
1.3252 15.6910] ,

𝑂6 = [2.1603 0.8746
0.8746 3.0879] ,

𝑃5 = [ 77.8766 −12.7230
−12.7230 176.5013] ,

𝑃6 = [0.1260 0.0457
0.0457 0.1924] ,

𝑃7 = [0.8705 0.3558
0.3558 1.3869] ,

𝑃8 = [860.5842 235.3961
235.3961 447.6840] ,

𝑍3 = [0.2328 0.0901
0.0901 0.3687] ,
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Figure 6: State trajectories of system (50).

𝑍4 = [0.3230 0.1292
0.1292 0.5292] ,

𝑀3 = [5.2095 2.3987
2.3987 3.2962] ,

𝑀4 = [5.1434 1.3833
1.3833 8.8319] ,

𝑊4 = [25.3297 14.2601
14.2601 34.2731] ,

𝑊5 = [5.9791 1.1879
1.1879 6.6651] ,

𝑊6 = [7.1161 0.6066
0.6066 6.5388] ,

𝑁2 = [40.5252 2.2784
2.2784 38.2262] ,

𝛾 = 50.2752.
(79)

Using the feasible solution, we obtain the state trajectories
in Figure 6, andwe find that both𝑥(𝑡) and𝑦(𝑡) are converging
to the zero point; thus, the proved MBAMNN is internally
stable. Therefore, it is globally passive.

Example 3. Consider a 2-dimensional MBAMNN of (71)
with the parameters as follows.

Here, we take the activation functions as 𝑓𝑖(𝑠) = 𝑔𝑖(𝑠) =
tanh(𝑠), 𝑖 = 1, 2. And let 𝛿 = 0.3, 𝜏1 = 0.2, 𝜏2 = 0.3, 𝜇1 =0.3, 𝜇2 = 0.4, 𝜇0 = 0.4, 𝑑1 = 1.3, 𝑑2 = 1.5, 𝜔1 = 0.6, 𝜔2 =
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Figure 7: State trajectories of system (71).

0.8, and 𝜔0 = 0.25. Probabilistic time-varying delays 𝜏1(𝑡) =0.6 + 0.4 sin(𝑡), 𝜏2(𝑡) = 0.8 + 0.5 cos(0.5𝑡), 𝑑1(𝑡) = 0.5 +0.3 sin(𝑡), and 𝑑2(𝑡) = 0.6 + 0.5 cos(𝑡). After changing
parameters, there exist the matrices

𝐶 = [1.52 0
0 1.33] ,

𝐷 = [1.21 0
0 1.76] ,

𝐴 = [ 0.7 0.5
−0.6 −0.76] ,

𝐵 = [0.33 0.25
0.6 0.63] ,

𝐸 = [ 1.3 1.28
−1.1 −0.88] ,

𝐻 = [ 0.4 0.25
0.87 −0.5] .

(80)

Figure 7 shows the state trajectories of system (71); it is
actually unstable. By solving the LMIs in Corollary 12, we
obtain the following feasible solutions:

𝑅1 = [59.3283 30.3806
30.3806 56.1253] ,

𝑄2 = [11.2692 4.8104
4.8104 13.1800] ,
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𝑄3 = [14.8695 8.8717
8.8717 14.8525] ,

𝑄4 = [29.6331 17.8695
17.8695 30.7251] ,

𝑄5 = [21.2565 12.7666
12.7666 19.9407] ,

𝑄6 = [5.4645 3.2592
3.2592 6.9941] ,

𝑃1 = [36.1361 6.0248
6.0248 31.4429] ,

𝑃2 = [25.8085 3.8441
3.8441 27.0796] ,

𝑃3 = [33.1166 1.3714
1.3714 34.0596] ,

𝑃4 = [296.1210 93.8823
93.8823 252.4336] ,

𝑍1 = [0.1137 0.0919
0.0919 0.1535] ,

𝑍2 = [ 0.7613 −0.1194
−0.1194 0.7099 ] ,

𝑀1 = [8.3925 0.6621
0.6621 10.4709] ,

𝑀2 = [12.4316 0.3775
0.3775 13.7920] ,

𝑊1 = [27.1266 17.2502
17.2502 33.8015] ,

𝑊2 = [19.6366 10.3508
10.3508 19.7140] ,

𝑊3 = [23.9080 13.1438
13.1438 22.5256] ,

𝑅2 = [25.5707 20.3266
20.3266 41.5693] ,

𝑂2 = [15.1779 4.9012
4.9012 43.6250] ,

𝑂3 = [13.7722 0.9440
0.9440 8.8489] ,

𝑀4 = [17.9661 1.5273
1.5273 15.4807] ,

𝑊4 = [55.1410 44.6653
44.6653 57.6623] ,

𝑂6 = [4.9903 1.5755
1.5755 3.5372] ,

𝑃5 = [104.0967 34.3385
34.3385 87.8965] ,

𝑃6 = [0.8159 0.3667
0.3667 0.4678] ,

𝑃7 = [24.1326 8.8218
8.8218 15.3127] ,

𝑃8 = [220.2420 251.8009
251.8009 686.0176] ,

𝑍3 = [2.2774 1.0053
1.0053 1.2605] ,

𝑍4 = [38.7115 4.7302
4.7302 32.7023] ,

𝑀3 = [2.8959 0.6752
0.6752 8.0316] ,

𝑊5 = [12.3093 1.3710
1.3710 8.1296] ,

𝑊6 = [15.9416 −1.5426
−1.5426 9.4538 ] ,

𝑂4 = [46.4425 −1.9760
−1.9760 28.1517] ,

𝑂5 = [38.9043 −4.3696
−4.3696 22.8177] ,

𝛾 = 183.3912.
(81)

Using the feasible solution, we obtain the state trajectories
in Figure 8, and we can see that both 𝑥(𝑡) and 𝑦(𝑡) are con-
verging to the zero point; therefore, the proved MBAMNN is
internally stable. Thus, it is globally passive.

5. Conclusion

We have studied the passivity problem of MBAMNNs with
probabilistic and mixed time-varying delays in this paper.
By introducing random variables with Bernoulli distribution,
using some useful inequalities, and constructing appropriate
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Figure 8: State trajectories of system (71).

LKFs, we have got new delay-dependent conditions in LMIs,
which ensure the passivity criteria. Future work will focus on
the passivity analysis of MBAMNNs with different types of
time delays.
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By taking account of double-wishbone independent suspension with two unequal-length arms, the coordinate values of articulated
geometry are based on structural limitations and constraint equations of alignment parameters. The sensitivities of front wheel
alignment parameters are analyzed using the space analytic geometry method with insight module in ADAMS� software. The
multiobjective optimization functions are designed to calculate the coordinate values of hardpoints with front suspension since the
effect of time delay due to wheelbase can be easily obtained by vehicle speed.The K&C characteristics have been investigated using
GA solutions in the simulation environment. The camber angle decreases from 1.152∘ to 1.05∘ and toe-in angle reduces from 1.036∘
to 0.944∘. The simulation results demonstrate that the suggested optimization method is able to satisfy the suspension motion to
enhance ride comfort. Experimental results, obtained by K&C test bench, also indicate that the optimized suspension can track the
desired trajectory while keeping the vehicle performance in various road conditions.

1. Introduction

Modern automotive engineers have paid more and more
attention to the suspension system almost as soon as they
were always concerned about automotive performance parts
and accessories more than power and acceleration [1, 2].
To correspond with the increased demand for suspension
system, various optimization methods have penetrated into
the practical application over the last two decades [3–7]. The
purpose of suspension with flexibly connecting the wheels to
the vehicle frame is to provide good handling and harshness
with steering stability to ensure the passengers comfort while
maximizing the friction between the tires and road surface.

The suspension guides respective up-and-down wheel
motions by actuating two wishbone-shaped control arms
comprising sixmounting positions and corresponding joints.
There are three joints in individualistic control arm. The two
joints link with the vehicle frame and the other joint connects
with the wheel hub.

The coil springs and dampers (shock absorbers) are ori-
ented along the bell crank through the pushrods or pullrods
in view of the nonlinear time delay system. The spring and
damper apparatus convert up-and-down wheel motions to
back-and-forth movements that capture the lagged charac-
teristics of road excitations.

Since the double-wishbone suspension as an important
chassis part can rapidly deviate from its desired path, espe-
cially the widely used unequal length of upper and lower con-
trol arm (long short arm, LSA), the kingpin inclination, small
delays, or lags can lead to deteriorating the real-time vehicle
performance.The optimal solution of suspension parameters
can be tuned to meet the scope of tread in alignment within
acceptable limit levels. As a result, because of adjusting spatial
locations in the unequal-length double-wishbone suspen-
sions, the understeering/oversteering dynamics behaviors
that express “pushing” or “loose” phenomenon of a vehicle
vary widely with changes in various operating conditions.
From sixteenth-century wagons to nowadays Formula one, a
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wide range of studies that coordinates optimization method
and nonlinear time delay system to enhance the ride and
handling characteristics has been introduced.

Tak et al. [8] develop the kinematic static sensitivity equa-
tions to meet some prescribed performance targets during
the whole optimization procedure. Suh et al. [9] conduct
the influences of the change of rear suspension geometry
to investigate the handling performances of a large-sized
bus. Park et al. [10] discuss the ADAMS full vehicle model
in driving condition based on the on-board measurements
and transformation matrix. Kim et al. [11] examine effect on
hands-free stability of steering and suspension design vari-
ables to prove their correlationswithADAMS/Car simulation
methods. The numerical simulation models and optimal
solution procedures have high degree of complexity. The
sensitivity analysis has not been explicitly defined with high
correlativity with suspension parameters.The shortcoming of
traditional optimization algorithm has only one directional
preset track.

The research results have also shown that several Genetic
Algorithm (GA) control strategies [12–15] are extensively
investigated in the development of linkage kinematics with
optimal configuration in many commercial software pro-
grams, such as ADAMS and Visual C++. Mitchell et al.
evaluate the impact of multiple independent metrics with
the assistance of a user selectable weighting use of GA.
Yan et al. [16] study GA-optimized fuzzy controller by
means ofMATLAB-ADAMS union simulation.TheGA gives
the best performances on each optimized circuit to fasten
design processes and narrows and chooses the best one from
alternate optimal solutions.

The paper is organized as follows. Section 2 defines novel
design method of the double-wishbone type suspension. The
quasi-static suspension models are evaluated using ADAMS.
The sensitivity analyses are examinedwith several hardpoints.
The binary string with certain design valuables considered as
a chromosome is determined in Section 3.1 The comparison
of dynamic wheel alignments with computation suspension
and steering model and actual best bench are obtained
in Section 3.4. Finally, we conclude that the validation of
optimization method and procedure are presented to meet
prescribed performance targets in Section 4.

2. Modelling and Static Analysis

2.1. Background for Suspension Model. The double-wishbone
type suspension, known as an A-arm construction, is widely
used for front 𝑛 and rear axles with separate type steering
trapezium, especially in mainstream larger cars and racing
cars. The double-wishbone type suspension can easily mod-
ify the interaction between the tire and the road surface
to achieve the improved maximum friction. The double-
wishbone type suspension has proven itself as one of the
effective mechanics that enhances the ride and handling
ability to steer, brake, and accelerate. Meanwhile, it has
advantages in the fact that it has contributed to elimination
or minimization of lateral load transfer distribution for the
sake of more consistent road feeling.
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Figure 1: Schematic diagramof a front-right LSA suspension system
and steering mechanism.

It is essential to design the hardpoint positions at the
beginning stage through the Cartesian (absolute) coordinates
in order to establish a unified standard for different work
groups. The optimal method of rear hardpoint positions can
be easily calculated by less constraint equations without con-
sidering the length of tie rod.The camber at steering knuckle
position is designed to ensure symmetry and Ackermann
geometry status during steering. Also it is a very different task
for chassis assignment of checking movement interventions.

2.2. Structure of LSA Suspension. For the double-wishbone
type suspension, tie rod is the line connecting two points
of spherical joints 𝐺 and 𝐼 (rack and pinion type steering
system); triangle DEF and ABC are composed of upper and
lower control arm, which revolve about the 𝐷𝐹 axis and 𝐴𝐶
axis, respectively. 𝐸 and 𝐵 indicate upper and lower spherical
joints to the steering knuckle, separately. The axes 𝐺𝐿 and
𝐸𝐵 separately represent the steering knuckle arm and steering
axis inclination (SAI), also called kingpin inclination (KPI).
The axis 𝐽𝐻 expresses the wheel linkage with kingpin. The
𝐾 point can simplify to be regarded as contact point of
wheel tread. As an example, a double-wishbone type front
suspension system, as illustrated in Figure 1, is a combination
of steering mechanism four degrees of freedom (DOF).
Thus, constraint equations can be expressed before and after
moving using initial points as rigid body motion.

The constrain equations of vertical relationships can be
deduced by

(𝑥𝐻 − 𝑥𝐽) (𝑥𝐾 − 𝑥𝐻) + (𝑦𝐻 − 𝑦𝐽) (𝑦𝐾 − 𝑦𝐻)
+ (𝑧𝐻 − 𝑧𝐽) (𝑧𝐾 − 𝑧𝐻) = 0.

(1)

After LSA suspension moving, the new orientation of the
ball joints (denoted by 𝑥, 𝑦, 𝑧) can be denoted based on the
new location of SAI.

The constraint equations of constant distances can be
written as

Δ𝑥, 𝑦, 𝑧 = (𝑥, 𝑦, 𝑧) − (𝑥, 𝑦, 𝑧) ,

𝑙 = √(Δ𝑥)2 + (Δ𝑦)2 + (Δ𝑧)2.
(2)
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Table 1: Original design variables of hardpoint positions in front suspension system (mm).

Axis 𝑂 𝐴 𝐵 𝐶 𝐷 𝐸 𝐹 𝐺 𝐻
𝑥 0 −146.6 −10.2 126.3 −146.6 126.3 7.8 −70.0 0
𝑦 0 196.2 571.2 196.2 261.5 555.2 261.5 571.2 622
𝑧 0 −134.3 −129.3 −134.3 75.7 99.5 75.7 −100 0

The new locations of upper spherical joints connecting
the steering knuckle can be expressed by

𝑙𝐸𝐵 = 𝑙𝐸𝐵,

𝑙𝐸𝐹 = 𝑙𝐸𝐹,

𝑙𝐸𝐷 = 𝑙𝐸𝐷.

(3)

Similarly, the new positions 𝐺 and 𝐻 can be provided by

𝑙𝐸𝐺 = 𝑙𝐸𝐺,

𝑙𝐼𝐺 = 𝑙𝐼𝐺,

𝑙𝐵𝐺 = 𝑙𝐵𝐺,

𝑙𝐸𝐻 = 𝑙𝐸𝐻,

𝑙𝐵𝐻 = 𝑙𝐵𝐻
𝑙𝐺𝐻 = 𝑙𝐺𝐻.

(4)

Constraint equations are solved for the corresponding
locations of the lower and upper control arms using MAT-
LAB.

To describe the three-dimensional kinematic model for
suspension characteristics and wheel movements, the orig-
inal hardpoint positions in the front-right LSA suspension
system are listed in Table 1.

2.3. Dynamic Responses. The front LSA suspension is mod-
elled using ADAMS as a multibody simulation tool [17]. The
suspension consists of a Panhard bar to withstand the tire
principal lateral force, an upper control arm, and a lower
control arm which are subject to decomposing longitudinal
driving, braking, and vertical forces. The steering system
comprises a steering wheel, a steering column, pitman arm,
rack, and pinion gearbox, as indicated in Figure 2. The
distribution coefficient of the total weight can be optimized
by adjusting mount positions and spring perches of control
arms.

To compare the effects of different coordinate values of
hardpoints, the dynamic responses of the LSA suspension are
developed to evaluate the relationship between ride comfort
and handling for specifying spring stiffness and damper rate
under road load conditions. The dynamics ADAMS model
that is integrated with steering system and suspension system
expressed as boundary conditions are developed to compare
the performances of current designs.

In static analysis, the wheel travel of LSA suspension
is updated with a range from −30mm to 30mm to reflect

Figure 2: Simulationmodel of front suspension system and steering
mechanism.
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Figure 3: Variations of wheel travel related to front tire tread.

the changes of tread curve, as illustrated in Figure 3. Wheel
travel measures use the following convention: positive values
indicate compressionmotion, whereas negative displacement
represents extension process. The simulation results reveal
significant effect of wheel travel on tire tread. The larger
the wheel travel along with up or down direction varies,
the higher the change rate the tire tread generates is. The
proposed positions of tie rod joint and length of steering
pitman arm as important structural parameters distinguish
the front suspension from the rear one considering spatial
constraints and attribute constraints.

2.4. Sensitivity Analysis. The INSIGHT module from
ADAMS finds the parameter sensitivity analyses that
minimize the effects of road excitation or other disturbances
upon the tires movement while satisfying the constraints on
the double-wishbone type suspension geometry constraints.
The suspension compliances are specified by variance
functions that aim to describe the influence of the
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Table 2: Sensitivity analysis of design variables, %.

Hardpoints Toe Camber SAI Caster
𝑦𝐴(𝑥1) −1.07 0.01 0.02 0
𝑧𝐴(𝑥2) −3.42 17.7 13.5 −1.16
𝑦𝐶(𝑥3) −1.08 0.01 0.01 0.01
𝑧𝐶(𝑥4) −2.96 17.41 13.65 0.68
𝑦𝐷(𝑥5) −0.26 −1.56 −1.61 0.42
𝑧𝐷(𝑥6) −0.68 −16.51 −16.84 1.01
𝑦𝐹(𝑥7) −0.22 −1.52 −1.61 −0.37
𝑧𝐹(𝑥8) −0.28 −16.1 −17.07 −1.97
𝑦𝐺(𝑥9) −1.32 −0.01 0 0
𝑧𝐺(𝑥10) 8.26 −7.6 0.15 0.15

coordinates of hardpoints during operations. The wheel
geometry parameters that affect the steerability of the vehicle
are camber, caster, SAI, and toe.

The sensitivity results of wheel geometry parameters
can be calculated as the steering effort and steering wheel
returnability produced by the tires to predict the behaviors
of vehicle as shown in Table 2. The negative caster angles
can reduce the steering effort but weaken the steering wheel
returnability. Smaller SAI angles can be favourable to steering
effort but deteriorate the steering wheel returnability as well.
For that purpose, optimal approaches of design parameters
changes used to require trade-offs to retain mutual balance.
The sensitivity characteristics of different wheel alignment
parameters are strongly correlated with hardpoint positions
of control arms in the suspension system.

In Table 2, the different contributing levels of each
hardpoint position have been revealed to their effects on
the variations of wheel alignments. The SAI angle is mainly
dependent on the vertical locations of 𝐴, 𝐶, 𝑍, and 𝐹 points;
the toe angle depends on the vertical locations of 𝐴, 𝐶,
and 𝐺 points. The vertical locations of 𝐴, 𝐸, and 𝐹 points
as the design important parameters have a significant effect
on camber angle on steering response. The data analysis of
Table 2 allows us to explore potential of optimization of the
locations of critical hardpoints with multiobjective function
and geometry constraints.

3. Optimization and Simulation

3.1. GA Optimization Method. Genetic Algorithms as opti-
mization techniques using powerful and global search meth-
ods imitate the processes present in natural evolution based
on Darwinian’s survival of the best fitness theory [18–21].
Three coral and repeating stages mainly consist of selection,
crossover, andmutation.Therefore, the biological individuals
contained in design variables as a population can be con-
verted into one long informative string. It is a convenient way
to regard binary segments encoding the optimal parameters
as a chromosome. The convergence of population members
is checked and updated at each time step after the evaluation
of fitness. The fitness functions are considered within 4% for
all population members to guide next steps towards optimal
design solutions. The best member of the current population

Start

Initialize 
population

Gen = 1

Evaluate 
population

Converged

Gen = Gen + 1

Gen = Max

End

Selection

Crossover

Mutation

No

Yes

Figure 4: Flow chart of GA optimization process.

is alive and gains higher probability of reproduction, which
will form a new offspring. It is the best solution that improves
individual genetic characteristics generation until the optimal
fitness set is obtained.

In the selection part, multiple population members are
chosen at random conditions to produce the best one based
on their fitness functions. The hypothetical individuals with
higher fitness are reproduced by processes of crossover
and mutation to generate the new offspring. Repetition
of the processes brings about evolutionary population that
strengthens their fitness function. After selecting one out
of three members, the process repeats until the number of
selected members matches the population size. Then the
mating mechanism manipulates the genomes of the parent
based on crossover stage. Firstly, the two selected members
create two members of the new population. Then, two
members are added to create the next generation under a
defined crossover limit. Since the crossover operation, the
algorithm of mutation allows for the possibility that some
alternatives of the available population in the initial randomly
can be represented within a mutation limit set. The mutation
rate uses 1% in the GA arithmetic process as shown in
Figure 4.

The procedure of the generic multiobjective GA is given
as follows.

Step 1. Generate a random initialized population.

Step 2. For each objective Gen, Gen = 1, 2, . . . , 𝑘, generate a
random number and weight for each objective.

Step 3. Evaluate the fitness of the solution in the sorted
population and calculate the selection probability of each
solution.
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Table 3: Comparison between original and optimized parameters of the LSA suspension, mm.

Design variables 𝑦𝐴 𝑧𝐴 𝑦𝐶 𝑧𝐶 𝑦𝐷 𝑧𝐷 𝑦𝐹 𝑧𝐹 𝑦𝐺 𝑧𝐺
Original 196.2 −134.3 196.2 −134.3 261.5 75.7 261.5 75.7 574.2 −80
Optimized 205.2 129.3 205.2 129.3 260.5 74.7 260.5 74.7 575.2 −75

Step 4. Select parents using the selection probabilities in
Step 3.

Step 5. Apply the crossover on the selected parent pairs to
create new offspring.

Step 6. Mutate the offspring created in Step 5 with a pre-
specified mutation rate and put all the offspring into the new
population.

Step 7. If the stopping condition (Gen =Max) is not satisfied,
set Gen = Gen + 1 and go to Step 3. Otherwise, end the
procedure.

3.2. GA Optimizing Suspension Model. The aim is to find the
optimal coordinates of hardpoints which are the key locations
to influence on suspension characteristics according to their
relative orientations. The design procedure accomplishes
a suitable compromise between resolution accuracy and
computational speed. In order to investigate the effect of
geometry changes on suspension displacement limited to its
free travel, the vertical and lateral direction of five hardpoints
(𝐴, 𝐶,𝐷, 𝐹, and𝐺) are selected as optimization variables and
encoded into a binary string with fixed length.

The length of whole chromosome string has eight bits
in GA optimization solution process because eight bits cor-
respond to each value of parameter, 𝑦𝐴, 𝑧𝐴, 𝑦𝐶, 𝑧𝐶, 𝑦𝐷, 𝑧𝐷,
𝑦𝐹, 𝑧𝐹, 𝑦𝐺, and 𝑧𝐺, respectively.

For example, 𝑆1 represents 00100100 which means the
corresponding decimal values given as

𝑦𝐴 = 𝑋𝑦𝐴min +
𝑑𝑦𝐴

28 − 1 (𝑋𝑦𝐴min − 𝑋𝑦𝐴max) , (5)

where 𝑋𝑦𝐴min and 𝑋𝑦𝐴max are the limit range for the coordi-
nates of hardpoint 𝑦𝐴 and 𝑑𝑦𝐴 represents the binary value for𝑆1.

The aim of the optimization work is to minimize the
sum of dynamic changes of wheel alignments. The design
variations of hardpoint positions could be performed for
geometry constrains and multiobjective optimizations.

After the preceding analysis, a GA optimization pro-
gram is compiled and verified via implementation of virtual
simulations. The block diagram representation of the GA
operation process is given in Figure 5with the aimof reaching
minimum error. To correspond with the actual demand
for the variation ranges in the wheel alignments and LAS
suspension system, the corresponding original and optimized
values of hardpoint positions are shown in Table 3.

3.3. Performance Analysis with Time Delay. When the con-
straints in multiobjective optimizations are activated, the

LSA suspension
structure

Hardpoints

Characteristic

Modelling

Kinematostatic

Sensitivity

Analysis

Optimization

Output results

Evaluate 
fitness

Convergence Selection

Crossover

Mutation

Convert chromosomes

No

Yes

Figure 5: Block diagram of GA optimization program.

suspension system parameters, such as spring constant and
damping coefficient, need to reconsider the effect of time
delay on dynamic behavior due to the distance of front and
rear axles (wheelbase) and different velocity.

The dynamic behavior can be correctly simulated by
taking into account the value of time delay caused by the road
excitations at the front and rear axles

𝑞𝑓 (𝑡) = 𝑞𝑟 (𝑡 + 𝜏) , (6)

where 𝑞𝑓(𝑡) and 𝑞𝑟(𝑡) are displacement excitations at front
and rear axles, respectively, and 𝜏 means time delay, which
can be calculated as follows:

𝜏 = (𝑎 + 𝑏)
V

, (7)

where 𝑎 and 𝑏 are the distance of mass center from front and
rear axle, separately, and V represents vehicle speed.

The parameters of vehicle are summarized in Table 4.
The white noise disturbance that generates normally

distributed random numbers, such as a sequence, feeds the
input of nonlinear time delay model with the following set of
parameters: noise power (the road roughness coefficient) 𝑃 =
256 × 10−6 and sample time 𝑇𝑒 = 0.01 s.

For the value of time delay, corresponding velocity of
vehicle is computed by (7). Vℎ = 80 km/h indicates 𝜏1 =
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Table 4: Specification of the selected suspension system.

𝑚𝑠 kg 𝑚𝑢 kg 𝑘𝑠 N/m 𝑘𝑡 N/m 𝐶𝑠 Ns/m 𝑎 m 𝑏 m
240 36 16000 160000 1400 1.2 1.3
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Figure 6: Time history of the body accelerationwith different values
of time delay.

0.1125 s and V𝑙 = 40 km/h means 𝜏2 = 0.225 s. The
effects of different time delay are shown in Figure 6. The
time delay is not a constant but varies with the vehicle
speed and the road roughness coefficient. The variation of
frequency characteristic is activated to diminish time delay
that is followed by increasing vehicle speed. It is obvious that
vehicle body acceleration increases with time delay, which
deteriorates ride comfort of the driver.

The frequency response analyses from the road dis-
placement to the body vertical acceleration and suspension
distortion are obtained by high vehicle speed and low vehicle
speed as in Figures 7 and 8.

At low frequency, suspension provides a satisfied damp-
ing of the body vertical acceleration, but a bad filter of mid
and high frequencies. On the other hand, a high time delay
ensures a good filtering but a badly damped body vertical
acceleration.

3.4. Simulation and Experiment. To correspond with the
kinematics simulation analysis, the double-wishbone type
suspension is designed with understeer characteristics. The
simulation and experimental curves are illustrated in com-
parison with original and optimization toe and camber of the
front suspension travel in Figures 9 and 10.

The camber angle decreases from 1.152∘ to 1.05∘ and toe-in
angle reduces from 1.036∘ to 0.944∘.Thenonlinear suspension
system with different values of time delay is investigated
by numerical simulation. The travel displacements from
−30mm to 30mm are utilized on front-right suspension.
In Figure 9, it has been proved that the typical toe-out
characteristics with a negative camber angle are beneficial
to maintain the track path. The toe angle has a tendency
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Figure 7: Frequency responses road displacement to body vertical
acceleration.
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Figure 8: Frequency responses road displacement to suspension
distortion.

with relatively small variation, which improves the steering
response and road feeling at different suspension travels.
As shown in Figure 10, the comparison with camber angle
of original and optimization coordinates is obtained with
the tire bouncing from the lowest position to the highest
position. The two curves of camber angle are fitted well
except for two ends of the suspension travel. The negative
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Figure 9: Block diagram of GA operation on LSA suspension and
steering mechanism.
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Figure 10: Block diagram of GA operation on LSA suspension and
steering mechanism.

camber angle is the biggest contributor to keeping the vehicle
on its straight-line path. At the compression and extension
processes of suspension motion, the curves clearly indicate
the hysteresis characteristic model of suspension with the
optimization coordinates of hardpoint. Also there are more
desirable characteristics for vehicle driving steerability than
before.

The kinematics and compliance (K&C) facility is con-
structed with optical autocollimator sensors that are used
to measure the toe and camber angle, amplifiers, and data
acquisition systems to record the values in the whole test
course. The test bench mainly consists of six hydraulic
actuators to generate longitudinal, lateral, and vertical forces
on two wheels with one axle, as shown in Figure 11. Because
of the compliance steer forces, elastic bushing elements and

Figure 11: Kinematics and compliance test bench.

motions between the tire and road surface in the simulation
are different from the real test bench. The influence of wheel
travels on front suspension is taken into account which is
essential for performing the experiment of actual working
situations. The similarity of both simulation and testing
curves is in very good agreement with the extremes of wheel.

4. Conclusions

By using multibody simulation tool, the double-wishbone
type suspension (LSA) system has been built up for mea-
suring values of the geometry and kinematic qualities. The
sensitivity analysis process has been derived from a nonlinear
computer model in order to optimize the principal design
variables of main hardpoints. Consequently, the suspension
model was simulated under certain driving conditions with
optimized values and different values of time delay. The GA
optimal solutions have been tested andmodification of coeffi-
cients was repeated for the elastic elements, such as the spring
stiffness and damper. It is necessary that the computer model
and prototype have been obtained to validate effectiveness
of the proposed method. The simulation and computational
procedure can be applied to design an optimization problem
of any other kind of suspension systems.
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This paper investigates a class of nonlinear time-delayed systems with output prescribed performance constraint. The neural
network and DOB (disturbance observer) are designed to tackle the uncertainties and external disturbance, and prescribed
performance function is constructed for the output prescribed performance constrained problem. Then the robust controller
is designed by using adaptive backstepping method, and the stability analysis is considered by using Lyapunov-Krasovskii.
Furthermore, the proposed method is employed into the unmanned helicopter system with time-delay aerodynamic uncertainty.
Finally, the simulation results illustrate that the proposed robust prescribed performance control system achieved a good control
performance.

1. Introduction

Time-delay systems have drawn considerable attention in the
past decade [1, 2]. The adaptive backstepping technology was
employed into the uncertain nonlinear time-delay system
in [3]. The dynamic surface method was presented for the
nonlinear time-delay system in [4]. In [5], the nonlinear
stochastic system with time delay was studied. The finite-
time control method was proposed for a class of time-delay
systems in [6, 7]. In the previous studies on time-delay
system, the uncertain nonlinear systems consisting of both
constraint and external disturbances were not considered. In
this paper, we will study a class of uncertain nonlinear time-
delay systems subject to constraint.

It is well known that the uncertainty and external dis-
turbance have an effect on the tracking performance of
closed systems. Neural network is popular for its ability
to cope with uncertainty [8]. In [9], the neural network
was introduced into a class of nonlinear systems with
unknown coefficient matrices. Combining RBFNN (radial

basis function neural network) and disturbance observer,
fault tolerant control method was presented to deal with
input saturated system with actuator faults in [10]. Moreover,
the disturbance observer is a valid method to deal with
external disturbance [11]. In [12], the disturbance observer
was proposed for permanent-magnet synchronous motor
drivers. In [13], the sliding mode disturbance observer was
presented to deal with mismatched disturbance. In [14], the
disturbance observer was employed into a transport aircraft
control system subject to continuous heavy cargo airdrop. In
this paper, the neural network and disturbance observer will
be utilized to tackle uncertainties, time delay, and external
disturbance.

Another challenging problem in controller design lies in
the constrained condition of the nonlinear systems [15]. The
existence of constraint condition may degrade the perfor-
mance or cause the instability of the closed control systems
[16]. Using the Barrier Lyapunov function and adaptive
backstepping technology, a robust constrained controller
for a class of nonlinear strict systems was presented in
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[17]. In [18], the Barrier Lyapunov function was employed
into the switched systems subject to output constraints. In
[19], the Barrier Lyapunov function and high-gain observer
were introduced to deal with the constrained trajectory
tracking problem of the marine surface vessel. Additionally,
prescribed performance is another method to cope with
output constraints, by defining the appropriate prescribed
performance. In [20], the prescribed performance-based
feedback linearization method was proposed to deal with
output tracking error constraints for the MIMO (multiple-
input multiple-output) nonlinear systems. In [21], the pre-
scribed performance and adaptive fuzzy logic were employed
into the nonlinear adaptive controller design. To the best
of the authors’ knowledge, there is still no research about
uncertain nonlinear time-delay system considering uncer-
tainties, external disturbance, and output constraints. Thus,
in this paper, we will present a prescribed performance-
based adaptive constrained controlmethod for the time-delay
nonlinear systems.

Nowadays, the unmanned helicopter system has received
an increasing attention, and there is an amount of stud-
ies about the flight control approaches [22, 23]. In [24],
chattering-free sliding mode was proposed for the miniature
helicopter system. To solve the tracking problem with non-
linearity, the model predictive control method for unmanned
helicopters was presented in [25]. In [26], a trajectory track-
ing control method was proposed for unmanned helicopter
systemwith constraint conditions.However, with the increas-
ing demands for real time and accuracy, the aerodynamic
disturbance caused by transmission delay for unmanned
helicopter control system cannot be ignored. In this paper, we
will apply the prescribed performance-based robust adaptive
control approach for the uncertain unmanned helicopter
systems with external disturbance, time delay, and output
constraints.

This paper is organized as follows. In Section 2, prob-
lem statement and preliminaries of time-delay system and
prescribed performance are introduced. Section 3 presents
the entire adaptive controller design and stability analysis. In
Section 4, the prescribed performance-based control method
is employed into the unmanned helicopter system. Finally,
simulation and conclusion are given in Sections 5 and 6,
respectively.

2. Problem Statement and Preliminaries

In this subsection, we will review some preliminary knowl-
edge about nonlinear time-delay system, prescribed perfor-
mance, and neural network, which are necessary in the fol-
lowing controller design. Firstly, consider a class of uncertain
MIMO nonlinear time-delay systems in the form of

�̇�𝑖 (𝑡) = 𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝑔𝑖 (𝑥𝑖 (𝑡)) 𝑥𝑖+1 (𝑡) + ℎ𝑖 (𝑥𝑖 (𝑡 − 𝜏𝑖))
+ Δ𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝑑𝑖 (𝑡) , 1 ≤ 𝑖 ≤ 𝑛 − 1

�̇�𝑛 (𝑡) = 𝑓𝑛 (𝑥𝑛 (𝑡)) + 𝑔𝑛 (𝑥𝑛 (𝑡)) 𝑢 (𝑡) + ℎ𝑛 (𝑥𝑛 (𝑡 − 𝜏𝑛))

+ Δ𝑓𝑛 (𝑥𝑛 (𝑡)) + 𝑑𝑛 (𝑡)
𝑦 (𝑡) = 𝑥1 (𝑡) ,

(1)

where 𝑥𝑖(𝑡) ∈ 𝑅𝑚, 𝑖 = 1, 2, . . . , 𝑛, are the system state
vectors which are assumed to be measurable, 𝑥𝑖(𝑡) =[𝑥𝑇1 (𝑡), 𝑥𝑇2 (𝑡), . . . , 𝑥𝑇𝑖 (𝑡)]𝑇 ∈ 𝑅𝑚⋅𝑖, 𝑦 ∈ 𝑅𝑚 is the output vector,
and 𝑢(𝑡) ∈ 𝑅𝑚 is the control input vector. 𝑓𝑖(𝑥𝑖(𝑡)) ∈ 𝑅𝑚, 𝑖 =1, 2, . . . , 𝑛, are the known smooth nonlinear function,𝑔𝑖(𝑥𝑖) ∈𝑅𝑚×𝑚, 𝑖 = 1, 2, . . . , 𝑛, represent the known control coefficient
matrices, and ℎ𝑖(𝑥𝑖(𝑡−𝜏𝑖)) ∈ 𝑅𝑚×𝑚, 𝑖 = 1, 2, . . . , 𝑛, indicate the
known time-delay functions. Δ𝑓𝑖(𝑥𝑖(𝑡)) ∈ 𝑅𝑚, 𝑖 = 1, 2, . . . , 𝑛,
denote the unknown nonlinear functions which contain both
parametric and nonparametric uncertainties. 𝜏𝑖 ∈ 𝑅, 𝑖 =1, 2, . . . , 𝑛, stand for constant unknown time delays. 𝑑𝑖(𝑡) ∈𝑅𝑚, 𝑖 = 1, 2, . . . , 𝑛, mean the unknown external disturbance.
In this paper, we impose the following assumptions and
lemmas.

Assumption 1 (see [5]). The ideal tracking signals 𝑦𝑟(𝑡) and
their derivatives ̇𝑦𝑟(𝑡) are known and continuous.

Assumption 2 (see [11]). The external disturbance 𝑑𝑖(𝑡)means
the slow varying signal, while it is restricted in the bound of‖ ̇𝑑𝑖(𝑡)‖ ≤ 𝑑𝑖, 𝑑𝑖 > 0.
Assumption 3 (see [10]). For 𝑖 = 1, . . . , 𝑛, the known
continuous function 𝑔𝑖(𝑥𝑖(𝑡)) satisfies 𝑔𝑖(𝑥𝑖(𝑡)) ̸= 0.
Lemma 4 (see [9]). Consider a class of nonlinear systems �̇� =𝑓(𝑥). For any initial conditions 𝑥(0) ∈ 𝑅𝑛, if there exists a 𝐶1
continuous and positive definite Lyapunov function satisfying𝜛1(𝑥) ≤ 𝑉(𝑥) ≤ 𝜛2(𝑥), 𝜛𝑖(‖𝑥‖) : 𝑅𝑛 → 𝑅, 𝑖 = 1, 2, mean
the K class functions, such that �̇� ≤ −𝑐1𝑉(𝑥) + 𝑐2, 𝑐1 > 0,𝑐2 > 0, then one can conclude that the solution 𝑥(𝑡) is uniformly
bounded.

Lemma 5 (see [3]). For V > 0, if there exists one set 𝑍
defined by 𝑍 fl {𝑧 | |𝑧| ≤ 0.8814V}, then one can conclude
that, for any 𝑧 ∉ 𝑍, the inequality 1 − 2tanh2(𝑧/V) < 0 is
satisfied.

Lemma 6 (see [10]). For any continuous function 𝑓(𝑧), there
exists a valid linear neural network to approximate it by
choosing enough nodes on the compact set 𝑧 ∈ 𝑁𝑧. The
basic function can be selected as Gaussian function 𝑠𝑖(𝑧) =𝑒−‖𝑧−𝜇𝑖‖2/𝑐𝑖 , where 𝑐𝑖 > 0 is the width of function and𝜇𝑖 ∈ 𝑅 represent the center of function. The neural network
approximator consists of the weight estimate vector �̂�(𝑧) and
Gaussian function 𝑆(𝑧) = [𝑠1(𝑧), . . . , 𝑠𝑛(𝑧)]𝑇, which can be
written as 𝑓𝑝(𝑧) = �̂�𝑇(𝑧)𝑆(𝑧) + 𝜀. Assume that𝑊∗(𝑧)means
the optimal approximating weight, such that

𝑊∗ (𝑧) fl arg min
�̂�∈𝑅𝑛

{sup
𝑧∈Ω𝑧

𝑓 (𝑧) − 𝑓𝑝 (𝑧)} . (2)

In addition, the optimal approximator of continuous function𝑓(𝑧) can be written as



Mathematical Problems in Engineering 3

𝑓 (𝑧) = 𝑊∗𝑇 (𝑧) 𝑆 (𝑧) + 𝜀∗, (3)

where 𝜀∗ indicates the optimal approximate error.

3. Controller Design and Stability Analysis

In this section, the objective is to propose a robust prescribed
performance control law for uncertain nonlinear systems
such that the closed-loop errors converge to a small neigh-
borhood of the origin.

3.1. Prescribed Performance Controller Design

Step 1. Define the tracking errors �̃�1(𝑡) ∈ 𝑅𝑚 and 𝑧2(𝑡) ∈ 𝑅𝑚
as follows:

�̃�1 (𝑡) = 𝑥1 (𝑡) − 𝑦𝑑 (𝑡)
𝑧2 (𝑡) = 𝑥2 (𝑡) − 𝑥∗2 (𝑡) , (4)

where 𝑦𝑑(𝑡) ∈ 𝑅𝑚 is the ideal tracking signal and 𝑥∗2 (𝑡) ∈ 𝑅𝑚
is the immediate control.Theoutput error transformation can
be defined in the form of [18]

𝑧1𝑗 (𝑡) = 𝑄−1 (�̃�1𝑗 (𝑡)𝜌𝑗 (𝑡) , 𝛼𝑗 (𝑡) , 𝛼𝑗 (𝑡))

= 12 ln
𝛼𝑗 + (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡))
𝛼𝑗 − (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡)) , 𝑗 = 1, . . . , 𝑚,

(5)

where 𝛼𝑗 and 𝛼𝑗 are the positive constants and 𝜌𝑗(𝑡) indicates
the performance function, which can be chosen as [26]

𝜌𝑗 (𝑡) = (𝜌𝑗0 − 𝜌𝑗∞) 𝑒−𝑙𝑡 + 𝜌𝑗∞. (6)

The constant 𝜌𝑗∞ > 0 is the maximum amplitude of the
tracking error at the steady state. The decreasing rate 𝑒−𝑙𝑗𝑡 of𝜌𝑗(𝑡) represents the desired convergence speed of the tracking
error. Therefore, the appropriate choice of the performance
function 𝜌𝑗(𝑡) and the design constant imposes bounds on the
system output trajectory.

Define 𝑓1 = [𝑓11, . . . , 𝑓1𝑚]𝑇 ∈ 𝑅𝑚 and 𝑔1 = [𝑔𝑇11,. . . , 𝑔𝑇1𝑚]𝑇 ∈ 𝑅𝑚×𝑚. Thus, the time derivative of 𝑧1𝑗(𝑡) be-
comes

�̇�1𝑗 (𝑡) = 𝜕𝑧1𝑗 (𝑡)
𝜕 (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡))

1𝜌𝑗 (𝑡) ̇̃𝑧1𝑗 (𝑡) − 𝜕𝑧1𝑗 (𝑡)
𝜕 (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡))

�̃�1𝑗 (𝑡)𝜌2𝑗 (𝑡) ̇𝜌𝑗 (𝑡)

= 12
𝛼𝑗 + 𝛼𝑗

(𝛼𝑗 + (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡))) (𝛼𝑗 − (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡))) ( 1𝜌𝑗 (𝑡) ̇̃𝑧1𝑗 (𝑡) − �̃�1𝑗 (𝑡)𝜌2𝑗 (𝑡) ̇𝜌𝑗 (𝑡))

= 12
𝛼𝑗 + 𝛼𝑗

(𝛼𝑗 + (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡))) (𝛼𝑗 − (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡)))
⋅ (−�̃�1𝑗 (𝑡)𝜌2𝑗 (𝑡) ̇𝜌𝑗 (𝑡) +𝑓1𝑗 (𝑥1 (𝑡)) + 𝑔1𝑗 (𝑥1 (𝑡)) 𝑥2 (𝑡) + ℎ1𝑗 (𝑥1 (𝑡 − 𝜏1)) + Δ𝑓1𝑗 (𝑥1 (𝑡)) + 𝑑1𝑗 (𝑡) − ̇𝑦𝑑𝑗 (𝑡)𝜌𝑗 (𝑡) )

(7)

In order to simplify the analysis, we define 𝑀1𝑗 and 𝑁1𝑗 as
follows:

𝑀1𝑗 (𝑡)
= 𝛼𝑗 + 𝛼𝑗

2𝜌𝑗 (𝛼𝑗 + (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡))) (𝛼𝑗 − (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡)))
> 0.

𝑁1𝑗 (𝑡)
= 𝛼𝑗 + 𝛼𝑗

2𝜌2𝑗 (𝑡) (𝛼𝑗 + (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡))) (𝛼𝑗 − (�̃�1𝑗 (𝑡) /𝜌𝑗 (𝑡)))
⋅ �̃�1𝑗 (𝑡) ̇𝜌𝑗 (𝑡)

(8)

Furthermore, we can define 𝑀1(𝑡) = diag{𝑀11(𝑡), . . . ,𝑀1𝑚(𝑡)} and𝑁1(𝑡) = [𝑁11(𝑡), . . . , 𝑁1𝑚(𝑡)]𝑇, then we have

�̇�1 (𝑡) = 𝑀1 (𝑡) ̇̃𝑧1 (𝑡) − 𝑁1 (𝑡) = 𝑀1 (𝑡) (𝑓1 (𝑥1 (𝑡))
+ 𝑔1 (𝑥1 (𝑡)) 𝑥2 (𝑡) − ̇𝑦𝑑 (𝑡) + Δ𝑓1 (𝑥1 (𝑡))
+ ℎ1 (𝑥1 (𝑡 − 𝜏1)) + 𝑑1 (𝑡)) − 𝑁1 (𝑡) .

(9)

Since Δ𝑓1(𝑥1(𝑡)) is unknown, using the RBFNN to approxi-
mate it, we obtain

𝑀1 (𝑡) Δ𝑓1 (𝑥1 (𝑡)) + 𝛾1 (𝑡) = 𝜂−11 𝑊∗𝑇
1 𝑆1 + 𝜀∗1 , (10)

where 𝛾1(𝑡) = [𝛾1,1(𝑡), . . . , 𝛾1,𝑚(𝑡)]𝑇, and

𝛾1,𝑗 (𝑡) = 16�̃�1𝑗 (𝑡) tanh2 (
�̃�1𝑗 (𝑡)
V1

)ℎ21𝑗 (𝑥1 (𝑡)) ,
𝑗 = 1, . . . , 𝑚.

(11)
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Substituting (10) into (1) results in

�̇�1 (𝑡) = 𝑓1 (𝑥1 (𝑡)) + 𝑔1 (𝑥1 (𝑡)) 𝑥2 (𝑡)
+ ℎ1 (𝑥1 (𝑡 − 𝜏1)) − 𝑀−1

1 (𝑡) 𝛾1 (𝑡)
+ 𝜂−11 𝑀−1

1 (𝑡)𝑊∗𝑇
1 𝑆1 + 𝜒1 (𝑡) .

(12)

Invoking (4), (9), and (10), the time derivative of 𝑧1(𝑡) can be
rewritten as

�̇�1 (𝑡) = 𝑀1 (𝑡)
⋅ (𝑓1 (𝑥1 (𝑡)) + 𝑔1 (𝑥1 (𝑡)) 𝑧2 (𝑡) + 𝑔1 (𝑥1 (𝑡)) 𝑥∗2 (𝑡)
+ ℎ1 (𝑥1 (𝑡 − 𝜏1)) − ̇𝑦𝑑 (𝑡)) − 𝛾1 (𝑡) + 𝜂−11 𝑊∗𝑇

1 𝑆1
+ 𝑀1 (𝑡) 𝜒1 (𝑡) − 𝑁1 (𝑡) .

(13)

Construct updating law of the RBFNN

̇̂𝑊1 = Γ1 (𝜂−11 𝑧1 (𝑡) 𝑆1 − 𝜎1Γ−11 �̂�1) , (14)

where 𝜎1 > 0 is a design parameter. Furthermore, the DOB
can be chosen as
𝜒1 (𝑡) = 𝑤1 (𝑡) + 𝜂1𝑥1 (𝑡)
�̇�1 (𝑡) = −𝜂1𝑤1 (𝑡) − 𝜂1 (𝑓1 (𝑥1 (𝑡)) + 𝑔1 (𝑥1 (𝑡)) 𝑥2 (𝑡)

+ 𝜂−11 �̂�𝑇
1 𝑆1 + 𝜂1𝑥1 (𝑡)) + 𝑀𝑇

1 (𝑡) 𝑧1 (𝑡) .
(15)

According to (15), we obtain

̇̂𝜒1 (𝑡) = 𝜂1𝜒1 (𝑡) + 𝑀𝑇
1 (𝑡) 𝑧1 (𝑡) + �̃�𝑇

1 𝑆1. (16)

According to the neural network updating law (14) and DOB
(15), the immediate control is chosen

𝑥∗2 (𝑡) = 𝑔−11 (𝑥1 (𝑡)) (−𝑀−1
1 (𝑡) 𝐾1𝑧1 (𝑡) − 𝑓1 (𝑥1 (𝑡))

+ ̇𝑦𝑑 (𝑡) + 𝑀−1
1 (𝑡)𝑁1 (𝑡) − 𝑀−1

1 (𝑡) 𝛾1 (𝑡)
− 𝜂−11 �̂�𝑇

1 𝑆1 − 𝜒1 (𝑡)) ,
(17)

where 𝑀1(𝑡) = diag{𝑀11(𝑡), . . . ,𝑀1𝑚(𝑡)}. ̇𝑦𝑑(𝑡) is the time
derivative of reference trajectory, and 𝐾1 ∈ 𝑅𝑚×𝑚 is the
constant positive definite matrices. �̂�1 is the estimated values
of 𝑊∗

1 , �̃�1 represents the estimated error, and �̃�1 = 𝑊∗
1 −�̂�1. Substituting (17) into (13), the time derivative of 𝑧1(𝑡)

becomes
�̇�1 (𝑡) = −𝐾1𝑧1 (𝑡) + 𝑀1 (𝑡) 𝑔1 (𝑥1 (𝑡)) 𝑧2 (𝑡) − 𝛾 (𝑡)

+ 𝑀1 (𝑡) ℎ1 (𝑥1 (𝑡 − 𝜏1)) + 𝜂−11 �̃�𝑇
1 𝑆1

+ 𝑀1 (𝑡) 𝜒1 (𝑡) .
(18)

Choose the Lyapunov-Krasovskii functional candidate as

𝑉1 = 𝑧𝑇1 (𝑡) 𝑧1 (𝑡)2 + ∫𝑡
𝑡−𝜏1

𝑃1 (𝑥1 (𝜏)) 𝑑𝜏
+ 𝑡𝑟 (�̃�𝑇

1 Γ−11 �̃�1) + 12𝜒𝑇1 (𝑡) 𝜒1 (𝑡) ,
(19)

where the positive function 𝑃1(𝑥1(𝑡)) can be designed as
follows:

𝑃1 (𝑥1 (𝑡)) = ℎ𝑇1 (𝑥1 (𝑡)) ℎ1 (𝑥1 (𝑡))2 . (20)

Then the time derivative of 𝑉1 is
�̇�1 = 𝑧𝑇1 (𝑡) (−𝐾1𝑧1 (𝑡) + 𝑀1 (𝑡) 𝑔1 (𝑥1 (𝑡)) 𝑧2 (𝑡)

+ 𝑀1 (𝑡) ℎ1 (𝑥1 (𝑡 − 𝜏1)) − 𝛾1 (𝑡) + 𝜂−11 �̃�𝑇
1 𝑆1

+ 𝑀1 (𝑡) 𝜒1 (𝑡)) + 𝑃1 (𝑥1 (𝑡)) − 𝑃1 (𝑥1 (𝑡 − 𝜏1))
− 𝑡𝑟 (�̃�𝑇

1 Γ−11 ̇̂𝑊1) − 𝜒𝑇1 (𝑡) ̇̂𝜒1 (𝑡) + 𝜒𝑇1 (𝑡) ̇𝜒1 (𝑡)
= −𝑧𝑇1 (𝑡) 𝐾1𝑧1 (𝑡) + 𝑧𝑇1 (𝑡) �̃�𝑇

1 𝑆1 + 𝑧𝑇1 (𝑡)
⋅ ℎ1 (𝑥1 (𝑡 − 𝜏1)) − 𝑧𝑇1 (𝑡) 𝛾1 (𝑡) + 𝑧𝑇1 (𝑡)𝑀1 (𝑡)
⋅ 𝑔1 (𝑥1 (𝑡)) 𝑧2 (𝑡) + 𝜂−11 𝑧𝑇1 (𝑡) �̃�𝑇

1 𝑆1 + 𝑧𝑇1 (𝑡)𝑀1 (𝑡)
⋅ 𝜒1 (𝑡) + 𝑃1 (𝑥1 (𝑡)) − 𝑃1 (𝑥1 (𝑡 − 𝜏1))
− 𝑡𝑟 (�̃�𝑇

1 Γ−11 ̇̂𝑊1) − 𝜒𝑇1 (𝑡) ̇̂𝜒1 (𝑡) + 𝜒𝑇1 (𝑡) ̇𝜒1 (𝑡) .

(21)

Substituting (14) into (21), we obtain

�̇�1 = −𝑧𝑇1 (𝑡) 𝐾1𝑧1 (𝑡) + 𝑧𝑇1 (𝑡) �̃�𝑇
1 𝑆1

+ 𝑧𝑇1 (𝑡) ℎ1 (𝑥1 (𝑡 − 𝜏1))
+ 𝑧𝑇1 (𝑡)𝑀1 (𝑡) 𝑔1 (𝑥1 (𝑡)) 𝑧2 (𝑡) − 𝑧𝑇1 (𝑡) 𝛾1 (𝑡)
+ 𝑧𝑇1 (𝑡)𝑀1 (𝑡) 𝜒1 + 𝑃1 (𝑥1 (𝑡))
− 𝑃1 (𝑥1 (𝑡 − 𝜏1)) + 𝜎1𝑡𝑟 (�̃�𝑇

1 Γ−11 �̂�1)
− 𝜒𝑇1 (𝑡) ̇̂𝜒1 (𝑡) + 𝜒𝑇1 (𝑡) ̇𝜒1 (𝑡) .

(22)

Substituting (16) into (22) yields

�̇�1 = −𝑧𝑇1 (𝑡) 𝐾1𝑧1 (𝑡) + 𝑧𝑇1 (𝑡) �̃�𝑇
1 𝑆1

+ 𝑧𝑇1 (𝑡) ℎ1 (𝑥1 (𝑡 − 𝜏1)) − 𝑧𝑇1 (𝑡) 𝛾1 (𝑡)
+ 𝑧𝑇1 (𝑡)𝑀1 (𝑡) 𝑔1 (𝑥1 (𝑡)) 𝑧2 (𝑡) + 𝑃1 (𝑥1 (𝑡))
− 𝑃1 (𝑥1 (𝑡 − 𝜏1)) + 𝜎1𝑡𝑟 (�̃�𝑇

1 Γ−11 �̂�1)
− 𝜂1𝜒𝑇1 (𝑡) 𝜒1 (𝑡) − 𝜒𝑇1 (𝑡) �̃�𝑇

1 𝑆1 + 𝜒𝑇1 (𝑡) ̇𝜒1 (𝑡) .

(23)

Step i. Define the error variables 𝑧𝑖(𝑡) ∈ 𝑅𝑚 and 𝑧𝑖+1(𝑡) ∈ 𝑅𝑚
𝑧𝑖 (𝑡) = 𝑥𝑖 (𝑡) − 𝑥∗𝑖 (𝑡)

𝑧𝑖+1 (𝑡) = 𝑥𝑖+1 (𝑡) − 𝑥∗𝑖+1 (𝑡) , (24)

where 𝑥∗𝑖 (𝑡) is a virtual control law. Combining (1) and (24)
and differentiating 𝑧𝑖(𝑡) with respect to time, we have

�̇�𝑖 (𝑡) = 𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝑔𝑖 (𝑥𝑖 (𝑡)) 𝑥𝑖+1 (𝑡) + ℎ𝑖 (𝑥𝑖 (𝑡 − 𝜏𝑖))
+ Δ𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝑑𝑖 (𝑡) − �̇�∗𝑖 (𝑡) . (25)
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Since Δ𝑓𝑖(𝑥𝑖(𝑡)) is unknown, we use RBFNN to approximate
uncertain function. �̂�𝑖 indicates the estimate of 𝑊∗

𝑖 , and 𝜀∗𝑖
is the approximate error. �̃�𝑖 represents the estimated error,
which is defined as �̃�𝑖 = 𝑊∗

𝑖 −�̂�𝑖. Define the variable 𝜒𝑖(𝑡) =𝜀∗𝑖 + 𝑑𝑖(𝑡).
Δ𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝛾𝑖 (𝑡) = 𝜂−1𝑖 𝑊∗𝑇

𝑖 𝑆𝑖 + 𝜀∗𝑖 , (26)

where 𝛾𝑖(𝑡) = [𝛾𝑖,1(𝑡), . . . , 𝛾𝑖,𝑚(𝑡)]𝑇, and
𝛾𝑖,𝑗 (𝑡) = 16𝑧𝑖𝑗 (𝑡) tanh2 (

𝑧𝑖𝑗 (𝑡)
V𝑖

)ℎ2𝑖𝑗 (𝑥𝑖 (𝑡)) ,
𝑗 = 1, . . . , 𝑚.

(27)

Substituting (26) into (1) yields

�̇�𝑖 (𝑡) = 𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝑔𝑖 (𝑥𝑖 (𝑡)) 𝑥𝑖+1 (𝑡)
+ ℎ𝑖 (𝑥𝑖 (𝑡 − 𝜏𝑖)) − 𝛾𝑖 (𝑡) + 𝜂−1𝑖 𝑊∗𝑇

𝑖 𝑆𝑖 + 𝜒𝑖 (𝑡) . (28)

Moreover, substituting (26) into (25), we have

�̇�𝑖 (𝑡) = 𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝑔𝑖 (𝑥𝑖 (𝑡)) 𝑥𝑖+1 (𝑡)
+ ℎ𝑖 (𝑥𝑖 (𝑡 − 𝜏𝑖)) − 𝛾𝑖 (𝑡) + 𝜂−1𝑖 𝑊∗𝑇

𝑖 𝑆𝑖 + 𝜒𝑖 (𝑡)
− �̇�∗𝑖 (𝑡) .

(29)

Construct updating law of the RBFNN

̇̂𝑊𝑖 = Γ𝑖 (𝜂−11 𝑧𝑖 (𝑡) 𝑆𝑖 − 𝜎𝑖Γ−1𝑖 �̂�𝑖) , (30)

where 𝜎𝑖 > 0 is a design parameter. Furthermore, the DOB
can be chosen as

𝜒𝑖 (𝑡) = 𝑤𝑖 (𝑡) + 𝜂𝑖𝑥𝑖 (𝑡)
�̇�𝑖 (𝑡) = −𝜂𝑖𝑤𝑖 (𝑡) − 𝜂𝑖 (𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝑔𝑖 (𝑥𝑖 (𝑡)) 𝑥𝑖+1

+ 𝜂−1𝑖 �̂�𝑇
𝑖 𝑆𝑖 + 𝜂𝑖𝑥𝑖 (𝑡)) + 𝑧𝑖 (𝑡) .

(31)

According to (31), we obtain

̇̂𝜒𝑖 (𝑡) = 𝜂𝑖𝜒𝑖 (𝑡) + 𝑧𝑖 (𝑡) + �̃�𝑇
𝑖 𝑆𝑖. (32)

Hence, the virtual control law 𝑥∗𝑖+1(𝑡) is proposed as

𝑥∗𝑖+1 (𝑡) = 𝑔−1𝑖 (𝑥𝑖 (𝑡)) (−𝐾𝑖𝑧𝑖 (𝑡)
− 𝑔𝑇𝑖−1 (𝑥𝑖−1 (𝑡)) 𝑧𝑖−1 (𝑡) − 𝑓𝑖 (𝑥𝑖 (𝑡)) + �̇�∗𝑖 (𝑡)
− 𝜂−1𝑖 �̂�𝑇

𝑖 𝑆𝑖 − 𝜒𝑖 (𝑡)) .
(33)

Choose the Lyapunov-Krasovskii functional candidate as

𝑉𝑖 = 12𝑧𝑇𝑖 (𝑡) 𝑧𝑖 (𝑡) + ∫𝑡
𝑡−𝜏𝑖

𝑃𝑖 (𝑥𝑖 (𝜏)) 𝑑𝜏
+ 𝑡𝑟 (�̃�𝑇

𝑖 Γ−1𝑖 �̃�𝑖) + 12𝜒𝑇𝑖 (𝑡) 𝜒𝑖 (𝑡) ,
(34)

where the positive function 𝑃𝑖(𝑥𝑖(𝜏)) is given in the form of

𝑃𝑖 (𝑥𝑖 (𝜏)) = 12ℎ𝑇𝑖 (𝑥𝑖 (𝜏)) ℎ𝑖 (𝑥𝑖 (𝜏)) . (35)

Similar to Step 1, the time derivative of �̇�𝑖 can be rewritten as

�̇�𝑖 = −𝑧𝑇𝑖 (𝑡) 𝐾𝑖𝑧𝑖 (𝑡) + 𝑧𝑇𝑖 (𝑡) 𝑔𝑖 (𝑥𝑖 (𝑡)) 𝑧𝑖+1 (𝑡)
− 𝑧𝑇𝑖 (𝑡) 𝑔𝑇𝑖−1 (𝑥𝑖−1 (𝑡)) 𝑧𝑖−1 (𝑡) − 𝑧𝑇𝑖 (𝑡) 𝛾𝑖 (𝑡)
+ 𝑧𝑇𝑖 (𝑡) ℎ𝑖 (𝑥𝑖 (𝑡 − 𝜏𝑖)) + 𝑃𝑖 (𝑥𝑖 (𝑡))
− 𝑃𝑖 (𝑥𝑖 (𝑡 − 𝜏𝑖)) + 𝜎𝑖𝑡𝑟 (�̃�𝑇

𝑖 Γ−1𝑖 �̂�𝑖)
− 𝜂𝑖𝜒𝑇𝑖 (𝑡) 𝜒𝑖 (𝑡) − 𝜒𝑇𝑖 (𝑡) �̃�𝑇

𝑖 𝑆𝑖 + 𝜒𝑇𝑖 (𝑡) ̇𝜒𝑖 (𝑡) .

(36)

Step n. Define the error variable 𝑧𝑛(𝑡) ∈ 𝑅𝑚:
𝑧𝑛 (𝑡) = 𝑥𝑛 (𝑡) − 𝑥∗𝑛 (𝑡) (37)

Invoking (1) and (37), differentiating 𝑧𝑛(𝑡) with respect to
time yields

�̇�𝑛 (𝑡) = 𝑓𝑛 (𝑥𝑛 (𝑡)) + 𝑔𝑛 (𝑥𝑛 (𝑡)) 𝑢 (𝑡) + ℎ𝑛 (𝑥𝑛 (𝑡 − 𝜏))
+ Δ𝑓𝑛 (𝑥𝑛 (𝑡)) − �̇�∗𝑛 (𝑡) . (38)

Since Δ𝑓𝑛(𝑥𝑛(𝑡)) is unknown, the RBFNN is used to approx-
imate Δ𝑓𝑛(𝑥𝑛(𝑡)). �̂�𝑛 indicates the estimate of 𝑊∗

𝑛 , and 𝜀∗𝑛
is the approximate error. �̃�𝑛 represents the estimated error,
which is defined as �̃�𝑛 = 𝑊∗

𝑛 − �̂�𝑛. Define the variable𝜒𝑛 = 𝜀∗𝑛 + 𝑑𝑛(𝑡).
Δ𝑓𝑛 (𝑥𝑛 (𝑡)) + 𝛾𝑛 (𝑡) = 𝜂−1𝑛 𝑊∗𝑇

𝑛 𝑆𝑛 + 𝜀∗𝑛 , (39)

where 𝛾𝑛(𝑡) = [𝛾𝑛,1(𝑡), . . . , 𝛾𝑛,𝑚(𝑡)]𝑇, and
𝛾𝑛,𝑗 (𝑡) = 16𝑧𝑛𝑗 (𝑡) tanh2 (

𝑧𝑛𝑗 (𝑡)
V𝑛

)ℎ2𝑛𝑗 (𝑥𝑛 (𝑡)) ,
𝑗 = 1, . . . , 𝑚.

(40)

Substituting (39) into (1) yields

�̇�𝑛 (𝑡) = 𝑓𝑛 (𝑥𝑛 (𝑡)) + 𝑔𝑛 (𝑥𝑛 (𝑡)) 𝑢 (𝑡)
+ ℎ𝑛 (𝑥𝑛 (𝑡 − 𝜏𝑛)) − 𝛾𝑛 (𝑡) + 𝜂−1𝑛 𝑊∗𝑇

𝑛 𝑆𝑛
+ 𝜒𝑛 (𝑡) .

(41)

Invoking (38) and (39), one obtains

�̇�𝑛 (𝑡) = 𝑓𝑛 (𝑥𝑛 (𝑡)) + 𝑔𝑛 (𝑥𝑛 (𝑡)) 𝑢 (𝑡)
+ ℎ𝑛 (𝑥𝑛 (𝑡 − 𝜏𝑛)) − 𝛾𝑛 (𝑡) + 𝜂−1𝑛 𝑊∗𝑇

𝑛 𝑆𝑛
+ 𝜒𝑛 (𝑡) − �̇�∗𝑛 (𝑡) .

(42)

Construct updating law of the RBFNN

̇̂𝑊𝑛 (𝑡) = Γ𝑛 (𝜂−1𝑛 𝑧𝑛 (𝑡) 𝑆𝑛 − 𝜎𝑛Γ−1𝑛 �̂�𝑛 (𝑡)) , (43)
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where 𝜎𝑛 ∈ 𝑅, 𝜎𝑛 > 0, is a design parameter. Furthermore,
the DOB can be chosen as

𝜒𝑛 (𝑡) = 𝑤𝑛 (𝑡) + 𝜂𝑛𝑥𝑛 (𝑡)
�̇�𝑛 (𝑡) = −𝜂𝑛𝑤𝑛 (𝑡) − 𝜂𝑛 (𝑓𝑛 (𝑥𝑛 (𝑡)) + 𝑔𝑛 (𝑥𝑛 (𝑡)) 𝑢 (𝑡)

+ 𝜂−1𝑛 �̂�𝑇
𝑛 𝑆𝑛 + 𝜂𝑛𝑥𝑛 (𝑡)) + 𝑧𝑛 (𝑡) .

(44)

According to (44), we obtain

̇̂𝜒𝑛 (𝑡) = 𝜂𝑛𝜒𝑛 (𝑡) + 𝑧𝑛 (𝑡) + �̃�𝑇
𝑛 𝑆𝑛. (45)

Therefore, design the control law 𝑢(𝑡) as
𝑢 (𝑡) = 𝑔−1𝑛 (𝑥𝑛 (𝑡)) (−𝐾𝑛𝑧𝑛 (𝑡)

− 𝑔𝑇𝑛−1 (𝑥𝑛−1 (𝑡)) 𝑧𝑛−1 (𝑡) − 𝑓𝑛 (𝑥𝑛 (𝑡)) + �̇�∗𝑛 (𝑡)
− 𝜂−1𝑛 �̂�𝑇

𝑛 𝑆𝑛 − 𝜒𝑛 (𝑡)) ,
(46)

where 𝐾𝑛 ∈ 𝑅𝑚×𝑚, 𝐾𝑛 > 0 is design matrix. Choose the
Lyapunov-Krasovskii functional candidate as

𝑉𝑛 = 12𝑧𝑇𝑛 (𝑡) 𝑧𝑛 (𝑡) + ∫𝑡
𝑡−𝜏𝑛

𝑃𝑛 (𝑥𝑛 (𝜏)) 𝑑𝜏
+ 𝑡𝑟 (�̃�𝑇

𝑛 Γ−1𝑛 �̃�𝑛) + 12𝜒𝑇𝑛 (𝑡) 𝜒𝑛 (𝑡)
(47)

and the positive function 𝑃𝑛(𝑥𝑛(𝜏)) can be designed as
follows:

𝑃𝑛 (𝑥𝑛 (𝜏)) = 12ℎ𝑇𝑛 (𝑥𝑛 (𝜏)) ℎ𝑛 (𝑥𝑛 (𝜏)) . (48)

According to the derivatives in Step 1 and Step i, we have

�̇�𝑛 = −𝑧𝑇𝑛 (𝑡) 𝐾𝑛𝑧𝑛 (𝑡) − 𝑧𝑇𝑛 (𝑡) 𝑔𝑇𝑛−1 (𝑥𝑛−1 (𝑡)) 𝑧𝑛−1 (𝑡)
+ 𝑧𝑇𝑛 (𝑡) ℎ𝑛 (𝑥𝑛 (𝑡 − 𝜏𝑛)) − 𝑧𝑇𝑛 (𝑡) 𝛾𝑛 (𝑡)
+ 𝑃𝑛 (𝑥𝑛 (𝑡)) − 𝑃𝑛 (𝑥𝑛 (𝑡 − 𝜏𝑛))
− 𝜎𝑛𝑡𝑟 (�̃�𝑇

𝑛 Γ−1𝑛 �̂�𝑛) − 𝜂𝑛𝜒𝑇𝑛 (𝑡) 𝜒𝑛 (𝑡)
− 𝜒𝑇𝑛 (𝑡) �̃�𝑇

𝑛 𝑆𝑛 + 𝜒𝑇𝑛 (𝑡) ̇𝜒𝑛 (𝑡) .

(49)

From the above inductive design procedure, moreover, we
can conclude the following theorem.

3.2. Stability Analysis

Theorem 7. Considering the system dynamics described by
(1), under the adaptive neural updated laws (14), (30), and
(43), the disturbance observers (15), (31), and (45), and the
prescribed performance-based control laws (17), (33), and (46),
we can conclude that the trajectories of the closed-loop system
are semiglobally uniformly bounded, while the tracking error

�̃�1(𝑡) converges to a compact set 𝑄𝑧 asymptotically, where 𝐶
and 𝜅 are defined in (50).

𝜅 = min{(𝜆min (𝐾𝑖) − 𝜗𝜉𝑖 + 1
2 ) ,

(𝜂𝑖 − 12𝜗𝜉𝑖 −
𝛿𝑆𝜑𝑖2 − 𝜋𝑖2 ) , 𝜎𝑖2 }

𝐶 = 𝑛∑
𝑖=1

𝜎𝑖2 𝜆min (Γ−1𝑖 ) 𝑊∗
𝑖
2 +

𝑛∑
𝑖=1

12𝜋𝑖
 ̇𝜒𝑖 (𝑡)2 ,

(50)

where 𝑄𝑧 can be made as small as desired by appropriately
choosing design parameters. 𝜆min represents the minimum
eigenvalue of the matrix. 𝜆min represents the minimum eigen-
value of the matrix.

Proof. For analytical purposes, define the total Lyapunov
function

𝑉Ξ = 𝑛∑
𝑖=1

𝑉𝑖, (51)

where definition of 𝑉𝑖 can be referred to (19), (34), and (47).
According to (23), (36), and (49), we obtain

�̇�Ξ = − 𝑛∑
𝑖=1

𝑧𝑇𝑖 (𝑡) 𝐾𝑖𝑧𝑖 (𝑡) − 𝑛∑
𝑖=1

𝜂𝑖𝜒𝑇𝑖 (𝑡) 𝜒𝑖 (𝑡)

+ 𝑛∑
𝑖=1

𝑧𝑇𝑖 (𝑡) ℎ𝑖 (𝑥𝑖 (𝑡 − 𝜏𝑖)) + 𝑛∑
𝑖=1

𝑧𝑇𝑖 (𝑡) 𝜒𝑖 (𝑡)

− 𝑛∑
𝑖=1

𝑧𝑇𝑖 (𝑡) 𝛾𝑖 (𝑡) − 𝑛∑
𝑖=1

𝜒𝑇𝑖 (𝑡) �̃�𝑇
𝑖 𝑆𝑖

+ 𝑛∑
𝑖=1

𝜒𝑇𝑖 (𝑡) ̇𝜒𝑖 (𝑡)

+ 𝑛∑
𝑖=1

(𝑃𝑖 (𝑥𝑖 (𝑡)) − 𝑃𝑖 (𝑥𝑖 (𝑡 − 𝜏𝑖)))

− 𝑛∑
𝑖=1

𝜎𝑖𝑡𝑟 (�̃�𝑇
𝑖 Γ−1𝑖 �̂�𝑖) .

(52)

Considering the fact that

𝑧𝑇𝑖 (𝑡) ℎ𝑖 (𝑥𝑖 (𝑡 − 𝜏𝑖))
≤ 12𝑧𝑇𝑖 (𝑡) 𝑧𝑖 (𝑡) + 12ℎ𝑇𝑖 (𝑥𝑖 (𝑡 − 𝜏𝑖)) ℎ𝑖 (𝑥𝑖 (𝑡 − 𝜏𝑖)) (53)
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and 𝑃𝑖(𝑥𝑖(𝑡 − 𝜏𝑖)) = (1/2)ℎ𝑇𝑖 (𝑥𝑖(𝑡 − 𝜏𝑖))ℎ𝑖(𝑥𝑖(𝑡 − 𝜏𝑖)), we have

�̇�Ξ ≤ − 𝑛∑
𝑖=1

𝑧𝑇𝑖 (𝑡) 𝐾𝑖𝑧𝑖 (𝑡) − 𝑛∑
𝑖=1

𝜂𝑖𝜒𝑇𝑖 (𝑡) 𝜒𝑖 (𝑡)

+ 𝑛∑
𝑖=1

𝑧𝑇𝑖 (𝑡) 𝜒𝑖 (𝑡) − 𝑛∑
𝑖=1

𝑧𝑇𝑖 (𝑡) 𝛾𝑖 (𝑡)

− 𝑛∑
𝑖=1

𝜒𝑇𝑖 (𝑡) �̃�𝑇
𝑖 𝑆𝑖 + 𝑛∑

𝑖=1

𝜒𝑇𝑖 (𝑡) ̇𝜒𝑖 (𝑡)

+ 12
𝑛∑
𝑖=1

𝑧𝑇𝑖 (𝑡) 𝑧𝑖 (𝑡) + 𝑛∑
𝑖=1

𝑃𝑖 (𝑥𝑖 (𝑡))

− 𝑛∑
𝑖=1

𝜎𝑖𝑡𝑟 (�̃�𝑇
𝑖 Γ−1𝑖 �̂�𝑖) .

(54)

Then we have the following results:

�̇�Ξ ≤ − 𝑛∑
𝑖=1

𝑧𝑇𝑖 (𝑡) (𝐾𝑖 − 12𝐼𝑚×𝑚) 𝑧𝑖 (𝑡)

− 𝑛∑
𝑖=1

𝜂𝑖𝜒𝑇𝑖 (𝑡) 𝜒𝑖 (𝑡) + 𝑛∑
𝑖=1

𝑧𝑇𝑖 (𝑡) 𝜒𝑖 (𝑡)

− 𝑛∑
𝑖=1

𝑧𝑇𝑖 (𝑡) 𝛾𝑖 (𝑡) − 𝑛∑
𝑖=1

𝜒𝑇𝑖 (𝑡) �̃�𝑇
𝑖 𝑆𝑖

+ 𝑛∑
𝑖=1

𝜒𝑇𝑖 (𝑡) ̇𝜒𝑖 (𝑡) + 𝑛∑
𝑖=1

𝑃𝑖 (𝑥𝑖 (𝑡))

− 𝑛∑
𝑖=1

𝜎𝑖𝑡𝑟 (�̃�𝑇
𝑖 Γ−1𝑖 �̂�𝑖) .

(55)

In addition, it is clear that there exists ‖𝑆𝑖‖ ≤ 𝛿𝑆𝑖, 𝛿𝑆𝑖 > 0; we
have the following facts:

𝜎𝑖𝑡𝑟 (�̃�𝑇
𝑖 Γ−1𝑖 �̂�𝑖) ≤ −𝜎𝑖2 𝑡𝑟 (�̃�𝑇

𝑖 Γ−1𝑖 �̃�𝑖)
+ 𝜎𝑖2 𝑡𝑟 (𝑊∗𝑇

𝑖 Γ−1𝑖 𝑊∗
𝑖 )

𝑧𝑇𝑖 (𝑡) 𝜒𝑖 (𝑡) ≤ 𝜗𝜉𝑖2 𝑧𝑇𝑖 (𝑡) 𝑧𝑖 (𝑡) + 12𝜗𝜉𝑖
𝜒𝑖 (𝑡)2

𝜒𝑇𝑖 (𝑡) �̃�𝑇
𝑖 𝑆𝑖 ≤ 𝛿𝑆𝑖𝜑𝑖2 𝜒𝑖 (𝑡)2 + 𝛿𝑆𝑖2𝜑𝑖

�̃�𝑖

2

𝜒𝑇𝑖 (𝑡) ̇𝜒𝑖 (𝑡) ≤ 𝜋𝑖2 𝜒𝑖 (𝑡)2 + 12𝜋𝑖
 ̇𝜒𝑖 (𝑡)2 ,

(56)

where 𝜗𝜉𝑖 > 0 and 𝜑𝑖 > 0 are the constants, and then we have

�̇�Ξ ≤ − 𝑛∑
𝑖=1

(𝜆min (𝐾𝑖) − 𝜗𝜉𝑖 + 1
2 ) 𝑧𝑖 (𝑡) − 𝑛∑

𝑖=1

(𝜂𝑖
− 12𝜗𝜉𝑖 −

𝛿𝑆𝑖𝜑𝑖2 − 𝜋𝑖2 ) 𝜒𝑖 (𝑡)
− 𝑛∑
𝑖=1

𝜎𝑖2 𝑡𝑟 (�̃�𝑇
𝑖 Γ−1𝑖 �̃�𝑖) + 12

⋅ 𝑛∑
𝑖=1

𝑚∑
𝑗=1

(1 − 16tanh2 (𝑧𝑖𝑗 (𝑡)
V𝑖

))ℎ𝑇𝑖𝑗 (𝑥𝑖 (𝑡))

⋅ ℎ𝑖𝑗 (𝑥𝑖 (𝑡)) + 𝑛∑
𝑖=1

𝜎𝑖2 𝑡𝑟 (𝑊∗𝑇
𝑖 Γ−1𝑖 𝑊∗

𝑖 )

+ 𝑛∑
𝑖=1

12𝜋𝑖
 ̇𝜒𝑖 (𝑡) .

(57)

Invoking Lemma 5, we obtain

�̇�Ξ ≤ −𝜅𝑉Ξ + 𝐶. (58)

𝜅 > 0, 𝐶 > 0 are defined in (50). Therefore, according to
Lemma 4, we can conclude that the solution of the closed-
loop system remains within a compact subset.

4. Application to Unmanned
Helicopter System

In this section, we will apply the proposed robust adaptive
control strategy to solve the problem of attitude tracking for
a class of uncertain unmanned helicopter systems.

The unmanned helicopters rigid-body dynamics consist
of two parts, attitude angular dynamics and flapping dynam-
ics. The unsteady aerodynamics bring out the time-delay
nonlinear uncertainty; thus in this section we consider the
attitude control for attitude control subject to time delay.
Firstly, the attitude angular and angular velocity dynamics
can be described as [26]

Θ̇ (𝑡) = 𝑅 (Θ (𝑡))Ω (𝑡)
𝐼Ω̇ (𝑡) = −Ω (𝑡) × (𝐼Ω (𝑡)) + 𝐴 (𝑡) 𝜐𝑐 (𝑡)

+ ℎ (Θ (𝑡) , Ω (𝑡)) + 𝐵 (𝑡)
+ ΔΩ (Θ (𝑡) , Ω (𝑡)) + 𝑑Ω (𝑡) ,

(59)

where Θ = [𝜓, 𝜃, 𝜙]𝑇 ∈ 𝑅3 indicates the attitude angle andΩ = [𝑝, 𝑞, 𝑟]𝑇 ∈ 𝑅3 represents the attitude angle velocity.𝑑Ω(𝑡) ∈ 𝑅3 stands for the disturbance, and ΔΩ ∈ 𝑅3 stands
for the uncertainties; ℎ(Θ(𝑡), Ω(𝑡)) ∈ 𝑅3 means the unknown
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nonlinear block of time delay. 𝜐𝑐 = [𝑎, 𝑏, 𝑇𝑇]𝑇 ∈ 𝑅3, 𝑅(Θ(𝑡))
denotes

𝑅 (Θ (𝑡))

= [[[[
[

1 sin𝜙 (𝑡) tan 𝜃 (𝑡) cos𝜙 (𝑡) tan 𝜃 (𝑡)
0 cos𝜙 (𝑡) − sin𝜙 (𝑡)
0 sin𝜙 (𝑡)

cos 𝜃 (𝑡) cos𝜙 (𝑡)
cos 𝜃 (𝑡)

]]]]
]

. (60)

𝐴 and 𝐵 denote

𝐴 = [[
[

−𝐺𝑅 −𝑧𝑅𝑇𝑅 + 𝐾𝛽 𝑧𝑇−𝑧𝑅𝑇𝑅 + 𝐾𝛽 𝐺𝑅 0
𝑦𝑅𝑇𝑅 𝑥𝑅𝑇𝑅 −𝑥𝑇

]]
]

𝐵 = [[
[
−𝑦𝑅𝑇𝑅𝑥𝑅𝑇𝑅−𝐺𝑅

]]
]

𝐺𝑅 = 𝐶𝑅 𝑇𝑅1.5 + 𝐷𝑅.

(61)

In the unmanned helicopter attitude control loop, the main
rotor thrusts 𝑇𝑅 are fixed. [𝑥𝑅, 𝑦𝑅, 𝑧𝑅]𝑇 ∈ 𝑅3 indicates the
location of the main rotor relative to the center of gravity;[𝑥𝑇, 𝑦𝑇, 𝑧𝑇]𝑇 ∈ 𝑅3 indicates the location of the tail rotor
relative to the center of gravity.𝐾𝛽 ∈ 𝑅means the stiffness of
the rotor hub. 𝐶𝑅 and𝐷𝑅 are constants, which are associated
with the antitorque. The control design procedure can be
presented as follows.

Step 1. Define the attitude angle tracking errors in the form of�̃�𝜓(𝑡) = 𝜓(𝑡) − 𝜓𝑟(𝑡), �̃�𝜃(𝑡) = 𝜃(𝑡) − 𝜃𝑟(𝑡), �̃�𝜙(𝑡) = 𝜙(𝑡) − 𝜙𝑟(𝑡),
and �̃�Θ(𝑡) = [�̃�𝜓(𝑡), �̃�𝜃(𝑡), �̃�𝜙(𝑡)]𝑇, where𝜓𝑟(𝑡), 𝜃𝑟(𝑡), and 𝜙𝑟(𝑡)
are the reference trajectories and Θ𝑟 = [𝜓𝑟(𝑡), 𝜃𝑟(𝑡), 𝜙𝑟(𝑡)]𝑇.
Then the time derivative of �̃�Θ(𝑡) is achieved as

�̃�Θ = 𝑅 (Θ (𝑡))Ω (𝑡) − Θ̇𝑟 (𝑡) . (62)

According to the analysis in the previous section, the pre-
scribed performance function is chosen as

𝑧Θ𝑗 (𝑡) = 12 ln[
[
(𝛼𝑗 + �̃�Θ𝑗 (𝑡) /𝜌𝑗 (𝑡))
(𝛼𝑗 − �̃�Θ𝑗 (𝑡) /𝜌𝑗 (𝑡))]]

,
𝑗 = 1, . . . , 3,

(63)

and the definition of 𝜌𝑗(𝑡) can be referred to in (6). Choose
the virtual control signal as

Ω∗ (𝑡) = 𝑅−1 (Θ (𝑡))
⋅ (−𝑀−1

Θ (𝑡) 𝐾Θ𝑧Θ (𝑡) + Θ̇𝑟 (𝑡) + 𝑀−1
Θ (𝑡)𝑁Θ (𝑡)) . (64)

Choose the Lyapunov function:

𝑉Θ = 𝑧𝑇Θ (𝑡) 𝑧Θ (𝑡)2 . (65)

Step 2. Define the tracking errors 𝑧𝑝(𝑡) = 𝑝(𝑡) − 𝑝∗𝑟 (𝑡),𝑧𝑞(𝑡) = 𝑞(𝑡) − 𝑞∗𝑟 (𝑡), 𝑧𝑟(𝑡) = 𝑟(𝑡) − 𝑟∗𝑟 (𝑡), and Ω∗(𝑡) =[𝑝∗𝑟 (𝑡), 𝑞∗𝑟 (𝑡), 𝑟∗𝑟 (𝑡)]𝑇. Using the neural network to com-
pensate the uncertainties and time-delay terms, such thatΔΩ(Θ(𝑡), Ω(𝑡)) + 𝛾Ω(𝑡) = 𝜂−1Ω 𝑊∗𝑇

Ω 𝑆Ω + 𝜀∗Ω, assume that 𝜀∗Ω is
the optimal approximate error, and define 𝜒Ω(𝑡) = 𝜀∗Ω+𝑑Ω(𝑡).
Design the neural updated law as

̇̂𝑊Ω (𝑡)
= ΓΩ (𝑧Ω (𝑡) 𝑆Ω (Θ (𝑡) , Ω (𝑡)) − 𝜎ΩΓ−1Ω �̂�Ω (𝑡)) . (66)

The DOB can be constructed in the form of

𝜒Ω (𝑡) = 𝑤Ω (𝑡) + 𝜂ΩΩ (𝑡)
�̇�Ω (𝑡) = −𝜂Ω𝑤Ω (𝑡) − 𝜂Ω (−Ω (𝑡) × (𝐼Ω (𝑡))

+ 𝐴 (𝑡) 𝜐𝑐 (𝑡) + 𝐵 (𝑡) + 𝜂−1Ω �̂�𝑇
Ω𝑆Ω + 𝜂ΩΩ (𝑡))

+ 𝑧Ω (𝑡) .
(67)

Based on the above design, the adaptive control law is
achieved as

𝜐𝑐 (𝑡) = 𝐴−1 (𝑡) (−𝐾Ω𝑧Ω (𝑡) − 𝑅𝑇 (Θ) 𝑧Θ (𝑡) + Ω̇∗ (𝑡)
+ Ω (𝑡) × (𝐼Ω (𝑡)) − 𝐵 (𝑡) − 𝜂−1Ω �̂�𝑇

Ω𝑆Ω − 𝜒Ω (𝑡)) . (68)

Choose the Lyapunov function:

𝑉Ω = 12Ω𝑇 (𝑡) Ω (𝑡) + ∫𝑡
𝑡−𝜏

𝑃 (Θ (𝑡𝜏) , Ω (𝑡𝜏)) 𝑑𝑡𝜏
+ 𝑡𝑟 (�̃�𝑇

ΩΓ−1Ω �̃�Ω) + 12𝜒𝑇Ω (𝑡) 𝜒Ω (𝑡) .
(69)

Similar toTheorem7,we can conclude the following theorem.

Theorem 8. For the unmanned helicopter system (59), com-
bining the DOB (67) and neural network update law (66), the
control procedure can be achieved as (64) and (68); thus the
closed-loop signals are bounded, and the output trajectories are
satisfying the prescribed performance conditions.

For Theorem 8, the detailed proof can be referred to in
Theorem 7 in the previous section.

5. Simulation Results

In this section, the numerical simulation about unmanned
helicopter system is utilized for illustrating the effectiveness
of the previous control method in this paper. Consider the
unmanned helicopter system with the following parameters
(Table 1) [24, 26].

Now let us look at the design of adaptive controller design,
the DOB design parameters are chosen as 𝜂Ω = 6. The
neural update law has been given by 70, and its parameters
are chosen as ΓΩ = 0.1 ⋅ diag{1, 1, 1, 1, 1, 1, 1}, 𝜎Ω = 10, 𝜇 =[−3, −2, −1, 0, 1, 2, 3], and 𝑐Ω = [1, 1, 1, 1, 1, 2, 3], and the
controller design parameters are chosen as𝐾Θ = {5, 5, 5} and
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Table 1: Helicopter parameters.

Symbol Unit Number𝐼 kg⋅m2 diag (0.18, 0.34, 0.28)𝑚 kg 8.2𝑔 m/sec2 9.81𝑥𝑇 m −0.91𝑧𝑇 m −0.08𝑧𝑅 m −0.235𝑥𝑅 m 0𝑦𝑅 m 0𝑧𝑅 m 0𝐾𝛽 N⋅m/rad 52
𝐶𝑅 m/√N 0.004452𝐷𝑅 N ⋅m 0.6304
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Figure 1: Yaw angle.
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Figure 2: Pitch angle.

𝐾Ω = {10, 10, 10}. The simulation environment is built under
Matlab, and the simulation step is chosen as 𝜏 = 0.02. The
initial conditions are chosen as follows: 𝜓(0) = 1 rad, 𝜓(0) =0 rad, and𝜓(0) = 0 rad.The time-delay block is chosen in the
form of ℎ(Θ(𝑡), Ω(𝑡)) = Ω(𝑡 − 𝜏)2 + sin(0.1 ⋅ Ω(𝑡 − 3𝜏)). The
external disturbance is chosen as 𝑑Ω(𝑡) = 2 ⋅ sin(2 ⋅ 𝑡 + 0.6).

From the curves in Figures 1–3, it can be seen that the
tracking trajectories soon reach the target trajectories, and
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Figure 3: Roll angle.
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Figure 4: Yaw angular velocity.
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Figure 5: Pitch angular velocity.

the tracking errors are bounded in the appointed region.
Figures 4–6 show the attitude angular velocities. Figures 7–9
show the control input signals. From the numerical simula-
tion, we can conclude that the proposed control approach
is valid for a class of uncertain unmanned helicopter sys-
tems with unsteady aerodynamics. Furthermore, it can be
illustrated that the closed-loop system output signals are
asymptotically tracking the ideal trajectories, and they are
restricted in the region of output constraints.

6. Conclusion

In this paper, an adaptive prescribed performance control
procedure has been proposed for a class of nonlinear time-
delay systems with uncertainties, external disturbances, and



10 Mathematical Problems in Engineering

−1.5

−1

−0.5

0

0.5

1

1.5

r (
ra

d/
s)

2 4 6 8 100
Time (s)

Figure 6: Roll angular velocity.

−0.2

−0.1

0

0.1

0.2

0.3


c 1

2 4 6 8 100
Time (s)

Figure 7: Control input signal 𝜐𝑐1(𝑡).
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Figure 9: Control input signal 𝜐𝑐3(𝑡).

output constraints. Additionally, the robust controller has
been applied to unmanned helicopter systems with unsteady
aerodynamics. At last, the simulation illustrates that the pro-
posed control approach is valid for the uncertain constrained
time-delay system.
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This paper focuses on the generalized 𝐻2 filtering of static neural networks with a time-varying delay. The aim of this problem is
to design a full-order filter such that the filtering error system is globally asymptotically stable with guaranteed 𝐻2 performance
index. By constructing an augmented Lyapunov-Krasovskii functional and applying the free-matrix-based integral inequality to
estimate its derivative, an improved delay-dependent condition for the generalized 𝐻2 filtering problem is established in terms of
LMIs. Finally, a numerical example is presented to show the effectiveness of the proposed method.

1. Introduction

During the past few decades, neural network (NN), which
models the way a biological brain solving problems, has
been successfully applied to various engineering fields, such
as pattern recognition and vehicle control [1]. Because of
its powerful features in learning ability, data processing,
function approximation, and adaptiveness, it has gained
increasing attention and become a hot topic for scholars [2],
while, due to the finite information processing speed, time
delays inevitably occur in many NNs and possibly lead to
poor performances and complex dynamical behaviors [3].
Thus, extensive researches have been addressed for NNs with
time-varying delays.

It is well known that, by choosing the external states of
neurons or the internal states of neurons as basic variables,
a neural network can be usually classified as a static neural
network or a local field neural network [4]. Although these
two types of neural network can be equivalent under some
assumptions, inmany applications, these assumptions cannot
always be satisfied. A unified model which combines these
two systems together has been constructed recently [5].

Since NNs usually are some highly interconnected
networks with a great deal of neurons, it may be very hard
or even impossible to acquire all neurons state information
completely [6]. However, in some practical applications, to
achieve some desired objectives, it is needed to know the
neurons state information or estimate it in advance [7]. And
the design of filter, which aims to estimate the states of a
system via its outputmeasurement, provides amethod for the
above problems. Consequently, it is of great practical interest
to study the filtering problems of NNs with time-varying
delays.

For NNs with time-varying delays, the filtering problem
was firstly investigated in [8]; both 𝐻∞ and generalized 𝐻2
filter were obtained by solving a set of LMIs. Since then,
much effort has been made and many results have been
reported on this issue. In [9], the delay-dependent 𝐻2 filter
of the Luenberger form was derived for delayed switched
Hopfield NNs. Considering that there is only one gain matrix
in the Luenberger-type filter to be determined, which may
introduce some restrictions to certain extent, [10] further
studied the 𝐻2 filtering problem of delayed static NNs based
on an Arcak-type filter. Since it contains two gain matrices,
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the Arcak-type filter is regarded as an extension of the
Luenberger-type filter. In addition, another generalized 𝐻2
full-order filter was designed for a class of delayed stochastic
NNs in [11], in which three gain matrices were involved.

On the other hand, with the rapid development of
the Lyapunov-Krasovskii functional (LKF) theory, plenty of
techniques developed for delay systems have been applied
to the filter design of delayed NNs, in order to reduce the
conservatism of the derived conditions. The condition with
less conservatismmeans it can provide larger feasible regions
such that the filtering error system is globally asymptotically
stable with an optimal performance index. It has been well
recognized that constructing a suitable LKF and effectively
estimating its derivative are two key points to reduce the
conservatism. In early years, the simple LKFs combined with
the Jensen inequality is considered to be the most popular
method for the filtering problems of delayedNNs [8]. In order
to consider more information about time delays, some triple
integral terms were introduced into the LKF in [10]. In [12],
the delay-decomposition idea was used to derive the delay-
dependent condition such that the filtering error system is
globally asymptotically stable with a guaranteed 𝐻∞ perfor-
mance. Based on the works of [13], less conservative filtering
design results were obtained via the free-weighting matrix
approach [14]. And by introducing a additional zero equation
into the negative-definite conditions of LKFs’ derivative, [15]
derived a suitable 𝐻∞ filter for the static NNs with mixed
time-varying delays. Very recently, [16] achieved the less
conservative generalized𝐻2 performance state estimation via
an augmented LKF, Wirtinger integral inequality, and the
auxiliary function-based integral inequality.

Although research on the filtering problem of delayed
NNs is in progress, due to its importance, approaches or
results on this topic are lacking compared with the stability
analysis. For instance, some new proposed techniques, which
can effectively reduce the conservatismof the derived stability
criteria, have not been applied to the filtering problem of
delayedNNs, tomention a few, the free-matrix-based integral
inequality [17], the relaxed integral inequality [18], and the
generalized free-weighting-matrix approach [19].

Due to this consideration, this paper further studies the
filtering problem of NNs with a time-varying delay. The
main purpose of this paper is to develop a less conservative
approach for the generalized 𝐻2 filter design. To tackle
this problem, a more general Arcak-type filter is adopted
firstly. Then, by employing the LKF theory and using the
free-matrix-based integral inequality, some other bound-
ing inequalities and the free-weighting matrix approach,
new delay-dependent condition is derived to guarantee the
asymptotic stability of the filtering error system of delayed
static NNs with guaranteed 𝐻2 performance index. Finally, a
numerical example is provided to illustrate the effectiveness
of our proposed method.

Notations. Throughout this paper, the notations are standard.
R𝑛 is the set of all 𝑛 × 𝑛 real matrices; 𝑃 > 0 (≥0) means that𝑃 is a real symmetric and positive-definite (semi-positive-
definite) matrix; diag{⋅ ⋅ ⋅ } denotes a block-diagonal matrix;𝐼 and 0 represent the identity matrix and the zero-matrix,

respectively; the symmetric term in a symmetric matrix is
denoted by ∗; and Sym{𝑋} = 𝑋 + 𝑋𝑇.
2. Preliminaries

Consider the following delayed static NN with external
disturbance:

�̇� (𝑡) = −𝐴𝑥 (𝑡) + 𝑓 (𝑊𝑥 (𝑡 − 𝑑 (𝑡)) + 𝐽) + 𝐵1𝜔 (𝑡) ,
𝑦 (𝑡) = 𝐶𝑥 (𝑡) + 𝐷𝑥 (𝑡 − 𝑑 (𝑡)) + 𝐵2𝜔 (𝑡) ,
𝑧 (𝑡) = 𝐻𝑥 (𝑡) ,
𝑥 (𝑡) = 𝜙 (𝑡) , 𝑡 ∈ [−ℎ, 0] ,

(1)

where 𝑥(𝑡) = [𝑥1(𝑡), 𝑥2(𝑡), . . . , 𝑥𝑛(𝑡)]𝑇 ∈ R𝑛 is the neuron
state vector, 𝑓(𝑥(𝑡)) = [𝑓1(𝑥1(𝑡)), 𝑓2(𝑥2(𝑡)), . . . , 𝑓𝑛(𝑥𝑛(𝑡))]𝑇
is the neural activation functions, 𝜔(𝑡) is the external dis-
turbance belonging to 𝐿2[0, ∞), 𝑦(𝑡) ∈ R𝑝 is the network
output, 𝑧(𝑡) is the linear combination of states to be estimated,𝐽 = [𝐽1, 𝐽2, . . . , 𝐽𝑛]𝑇 is an exogenous input vector, 𝐴, 𝑊, 𝐵1,𝐵2, 𝐶, 𝐷, and 𝐻 are known real matrices with appropriate
dimensions, 𝜙(𝑡) is the initial function, and 𝑑(𝑡) is time-
varying delay satisfying:

0 ≤ 𝑑 (𝑡) ≤ ℎ,
̇𝑑 (𝑡) ≤ 𝜇, (2)

where ℎ and 𝜇 are known scalars.

Assumption 1. For each 𝑖 = 1, 2, . . . , 𝑛, there exist real scalars𝑙𝑖 > 0 such that the continuous activation function 𝑓𝑖(⋅)
satisfies

0 ≤ 𝑓𝑖 (𝑎) − 𝑓𝑖 (𝑏)𝑎 − 𝑏 ≤ 𝑙𝑖, 𝑎 ̸= 𝑏 ∈ R. (3)

A full-order Arcak-type filter for the delayed static NN (1)
is constructed as

̇̂𝑥 (𝑡) = −𝐴𝑥 (𝑡)
+ 𝑓 (𝑊𝑥 (𝑡 − 𝑑 (𝑡)) + 𝐽 + 𝐾1 (𝑦 (𝑡) − 𝑦 (𝑡)))
+ 𝐾2 (𝑦 (𝑡) − 𝑦 (𝑡)) ,

𝑦 (𝑡) = 𝐶𝑥 (𝑡) + 𝐷𝑥 (𝑡 − 𝑑 (𝑡)) ,
�̂� (𝑡) = 𝐻𝑥 (𝑡) ,
𝑥 (𝑡) = 0, 𝑡 ∈ [−ℎ, 0] ,

(4)

where 𝑥(𝑡) = [𝑥1(𝑡), 𝑥2(𝑡), . . . , 𝑥𝑛(𝑡)]𝑇 ∈ R𝑛 andmatrices𝐾1,𝐾2 are the gains of the filter to be determined.
Define the error signals as 𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡) and 𝑧𝑒(𝑡) =𝑧(𝑡) − �̂�(𝑡). Then, the filtering error system is expressed as

follows:
̇𝑒 (𝑡) = − (𝐴 + 𝐾2𝐶) 𝑒 (𝑡) − 𝐾2𝐷𝑒 (𝑡 − 𝑑 (𝑡)) + 𝑔 (𝑡)

+ (𝐵1 − 𝐾2𝐵2) 𝜔 (𝑡) ,
𝑧𝑒 (𝑡) = 𝐻𝑒 (𝑡) ,

(5)
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where 𝑔(𝑡) = 𝑓(𝑊𝑥(𝑡 − 𝑑(𝑡)) + 𝐽) − 𝑓(𝑊𝑥(𝑡 − 𝑑(𝑡)) + 𝐽 +𝐾1(𝑦(𝑡) − 𝑦(𝑡))).
This paper aims to present a less conservative approach

for the 𝐻2 filtering problem of delayed static NN (1). Toward
this problem, the following definition is indispensable.

Definition 2. For given 𝛾 > 0, the 𝐻2 filtering problem is said
to be solved if a suitable full-order filter (4) can be found such
that

(1) the filtering error system (5) with 𝜔(𝑡) = 0 is globally
asymptotically stable;

(2) the 𝐻2 performance ‖𝑧𝑒(𝑡)‖∞ ≤ 𝛾‖𝜔(𝑡)‖2 is guar-
anteed under zero initial conditions for all nonzero𝜔(𝑡) ∈ L2[0, ∞), where ‖𝑧𝑒(𝑡)‖∞ = sup𝑡√𝑧𝑇𝑒 (𝑡)𝑧𝑒(𝑡)
and ‖𝜔(𝑡)‖2 = √∫∞

0
𝜔𝑇(𝑡)𝜔(𝑡)𝑑𝑡.

Before proceeding, we present the following lemmas,
which will be used in the sequel.

Lemma 3 (free-matrix-based integral inequality [17]). Let 𝜔
be a differentiable signal in [𝛼, 𝛽] → R𝑛; for positive definite
matrices 𝑅 ∈ R𝑛×𝑛, 𝑋, 𝑍 ∈ R3𝑛×3𝑛, and any matrices 𝑌 ∈
R3𝑛×3𝑛, 𝑀, 𝑁 ∈ R3𝑛×𝑛 satisfying

[[
[

𝑋 𝑌 𝑀
∗ 𝑍 𝑁
∗ ∗ 𝑅

]]
]

≥ 0 (6)

the following inequality holds:

− ∫𝛼
𝛽

�̇�𝑇 (𝑠) 𝑅�̇� (𝑠) 𝑑𝑠 ≤ 𝜛𝑇Ω̂𝜛, (7)

where

Ω̂ = (𝛼 − 𝛽) (𝑋 + 13𝑍) + Sym {𝑀𝐺1 + 𝑁𝐺2} ,
𝐺1 = [𝐼, −𝐼, 𝑂] ,
𝐺2 = [−𝐼, −𝐼, 2𝐼] ,
𝜛 = [𝜔𝑇 (𝛼) , 𝜔𝑇 (𝛽) , 1𝛼 − 𝛽 ∫𝛼

𝛽
𝜔𝑇 (𝑠) 𝑑𝑠]𝑇 .

(8)

Lemma 4 (Jensen’s inequality [20]). Let 𝜔 be a differentiable
signal in [𝛼, 𝛽] → R𝑛; for positive definite matric 𝑅 ∈ R𝑛, the
following inequalities hold:

(𝛼 − 𝛽)2
2 ∫𝛼

𝛽
∫𝛼
𝑠

𝜔𝑇 (𝑠) 𝑅𝜔 (𝑠) 𝑑𝑠 𝑑𝜃
≥ (∫𝛼
𝛽

∫𝛼
𝑠

𝜔 (𝑠) 𝑑𝑠 𝑑𝜃)𝑇 𝑅 (∫𝛼
𝛽

∫𝛼
𝑠

𝜔 (𝑠) 𝑑𝑠 𝑑𝜃) .
(9)

3. Main Result

In this section, by employing an augmented LKF and using
the free-matrix-based integral inequality to estimate its

derivative, an improved delay-dependent condition is derived
such that the filtering error system (5) is globally asymp-
totically stable with guaranteed generalized 𝐻2 performance
indexes.

Theorem 5. For given scalars ℎ and 𝜇, the 𝐻2 filtering
problem of NN (1) with time-varying delay satisfying (2) is
solved with 𝛾min if there exist positive definite matrices 𝑃 =[ 𝑃1 𝑃2∗ 𝑃3 ] ∈ R2𝑛, 𝑄1, 𝑄2, 𝑅, 𝑍 ∈ R𝑛, positive definite diagonal
matrices Λ = diag{𝜆1, 𝜆2, . . . , 𝜆𝑛} ∈ R𝑛, symmetric matrices𝑋1, 𝑋3, 𝑌1, 𝑌3, 𝑍1, 𝑍3 ∈ R3𝑛, and any matrices 𝑋2, 𝑌2, 𝑍2 ∈
R3𝑛, 𝑀1, 𝑀2, 𝑁1, 𝑁2, 𝐺1, 𝐺2 ∈ R3𝑛×𝑛, 𝑇 ∈ R𝑛, 𝑉1, 𝑉2 ∈
R𝑛×𝑝, satisfying the following LMIs:

[[
[

𝑋1 𝑋2 𝑀1∗ 𝑋3 𝑀2∗ ∗ 𝑅
]]
]

≥ 0, (10)

[[
[

𝑌1 𝑌2 𝑁1∗ 𝑌3 𝑁2∗ ∗ 𝑅
]]
]

≥ 0, (11)

[[
[

𝑍1 𝑍2 𝐺1∗ 𝑍3 𝐺2∗ ∗ 𝑍
]]
]

≥ 0, (12)

[[[
[

𝑃1 𝑃2 𝐻𝑇
∗ 𝑃3 𝑂
∗ ∗ 𝛾2𝐼

]]]
]

≥ 0, (13)

Γ (0) < 0,
Γ (ℎ) < 0, (14)

where

Γ (𝑑 (𝑡)) = Φ1 (𝑑 (𝑡)) + Φ2 + Φ3 (𝑑 (𝑡)) + Φ4 (𝑑 (𝑡))
+ Ω,

Φ1 (𝑑 (𝑡)) = Sym {Π𝑇1𝑃Π2} ,
Φ2 = 𝑒𝑇1 (𝑄1 + 𝑄2) 𝑒1 − (1 − 𝜇) 𝑒𝑇2𝑄1𝑒2 − 𝑒𝑇3𝑄2𝑒3,
Φ3 (𝑑 (𝑡)) = ℎ𝑒𝑇7𝑅𝑒7 + 𝑑 (𝑡) Π𝑇3 (𝑋1 + 13𝑋3) Π3 + (ℎ

− 𝑑 (𝑡)) Π𝑇4 (𝑌1 + 13𝑌3) Π4 + Sym {Π𝑇3𝑀Π5
+ Π𝑇4𝑁Π6} ,

Φ4 (𝑑 (𝑡)) = ℎ22 𝑒𝑇7𝑍𝑒7 − 2 (𝑒1 − 𝑒4)𝑇𝑍 (𝑒1 − 𝑒4)
− 2 (𝑒2 − 𝑒5)𝑇𝑍 (𝑒2 − 𝑒5) + ℎ (ℎ − 𝑑 (𝑡)) Π𝑇3 (𝑍1
+ 13𝑍3) Π3 + (ℎ − 𝑑 (𝑡)) Sym {Π𝑇3𝐺Π5} ,



4 Mathematical Problems in Engineering

Ω = Sym {𝑒𝑇6Λ (𝐿𝑊𝑒2 − 𝑒6)
− 𝑒𝑇6𝑉1 (𝐶𝑒1 + 𝐷𝑒2 + 𝐵2𝑒8) + (𝑒1 + 𝑒7)𝑇
⋅ 𝑇 (𝑒7 + 𝐴𝑒1 − 𝑒6 − 𝐵1𝑒8) + (𝑒1 + 𝑒7)𝑇
⋅ 𝑉2 (𝐶𝑒1 + 𝐷𝑒2 + 𝐵2𝑒8)} ,

Π1 = [𝑒𝑇1 , 𝑑 (𝑡) 𝑒𝑇4 + (ℎ − 𝑑 (𝑡)) 𝑒𝑇5 ]𝑇 ,
Π2 = [𝑒𝑇7 , 𝑒𝑇1 − 𝑒𝑇3 ]𝑇 ,
Π3 = [𝑒𝑇1 , 𝑒𝑇2 , 𝑒𝑇4 ]𝑇 ,
Π4 = [𝑒𝑇2 , 𝑒𝑇3 , 𝑒𝑇5 ]𝑇 ,
Π5 = [𝑒𝑇1 − 𝑒𝑇2 , −𝑒𝑇1 − 𝑒𝑇2 + 2𝑒𝑇4 ]𝑇 ,
Π6 = [𝑒𝑇2 − 𝑒𝑇3 , −𝑒𝑇2 − 𝑒𝑇3 + 2𝑒𝑇5 ]𝑇 ,
𝑀 = [𝑀1, 𝑀2] ,
𝑁 = [𝑁1, 𝑁2] ,
𝐺 = [𝐺1, 𝐺2] ,
𝑒𝑖 = [0𝑛×(𝑖−1)𝑛, 𝐼𝑛, 0𝑛×(7−𝑖)𝑛, 0𝑛×𝑝] , (𝑖 = 1, 2, . . . , 7) ,
𝑒8 = [0𝑝×7𝑛, 𝐼𝑝] ,
𝐿 = diag {𝑙1, 𝑙2, . . . , 𝑙𝑛} ,
𝜉 (𝑡) = [𝑒𝑇 (𝑡) , 𝑒𝑇 (𝑡 − 𝑑 (𝑡)) , 𝑒𝑇 (𝑡 − ℎ) , ∫𝑡

𝑡−𝑑(𝑡)

𝑒𝑇 (𝑠)𝑑 (𝑡) 𝑑𝑠,

∫𝑡−𝑑(𝑡)
𝑡−ℎ

𝑒𝑇 (𝑠)ℎ − 𝑑 (𝑡)𝑑𝑠, 𝑔𝑇 (𝑡) , ̇𝑒𝑇 (𝑡) , 𝜔𝑇 (𝑡)]𝑇

(15)
and the gain matrices 𝐾1, 𝐾2 of the filter of (4) can be designed
as

𝐾1 = (Λ𝐿)−1 𝑉1,
𝐾2 = 𝑇−1𝑉2. (16)

Proof. Let us construct a new augmented LKF candidate as

𝑉 (𝑒𝑡) = 4∑
𝑖=1

𝑉𝑖 (𝑒𝑡) , (17)

where

𝑉1 (𝑒𝑡) = [[
[

𝑥 (𝑡)
∫𝑡
𝑡−ℎ

𝑒 (𝑠) 𝑑𝑠]]]

𝑇

𝑃 [[
[

𝑥 (𝑡)
∫𝑡
𝑡−ℎ

𝑒 (𝑠) 𝑑𝑠]]]
,

𝑉2 (𝑒𝑡) = ∫𝑡
𝑡−𝑑(𝑡)

𝑒𝑇 (𝑠) 𝑄1𝑒 (𝑠) 𝑑𝑠
+ ∫𝑡
𝑡−ℎ

𝑒𝑇 (𝑠) 𝑄2𝑒 (𝑠) 𝑑𝑠,

𝑉3 (𝑒𝑡) = ∫0
−ℎ

∫𝑡
𝑡+𝜃

̇𝑒𝑇 (𝑠) 𝑅 ̇𝑒 (𝑠) 𝑑𝑠 𝑑𝜃,
𝑉4 (𝑒𝑡) = ∫0

−ℎ
∫𝑡
𝜃

∫𝑡
𝑡+𝑢

̇𝑒𝑇 (𝑠) 𝑍 ̇𝑒 (𝑠) 𝑑𝑠 𝑑𝑢 𝑑𝜃.
(18)

Taking the derivative of𝑉1(𝑒𝑡) along the filtering error system
(5) yields

�̇�1 (𝑒𝑡) = 2 [[
[

𝑥 (𝑡)
∫𝑡
𝑡−ℎ

𝑒 (𝑠) 𝑑𝑠]]]

𝑇

𝑃 [ �̇� (𝑡)
𝑒 (𝑡) − 𝑒 (𝑡 − ℎ)]

= 𝜉𝑇 (𝑡) Φ1 (𝑑 (𝑡)) 𝜉 (𝑡) .
(19)

By the time derivative of 𝑉2(𝑒𝑡), we get
�̇�2 (𝑒𝑡) = 𝑒𝑇 (𝑡) (𝑄1 + 𝑄2) 𝑒 (𝑡)

− (1 − ̇𝑑 (𝑡)) 𝑒𝑇 (𝑡 − 𝑑 (𝑡)) 𝑄1𝑒 (𝑡 − 𝑑 (𝑡))
− 𝑒𝑇 (𝑡 − ℎ) 𝑄2𝑒 (𝑡 − ℎ) = 𝜉𝑇 (𝑡) Φ2𝜉 (𝑡) .

(20)

Calculating the derivative of 𝑉3(𝑒𝑡), we have
�̇�3 (𝑒𝑡) = ℎ ̇𝑒𝑇 (𝑡) 𝑅 ̇𝑒 (𝑡) − ∫𝑡

𝑡−𝑑(𝑡)
̇𝑒𝑇 (𝑠) 𝑅 ̇𝑒 (𝑠) 𝑑𝑠

− ∫𝑡−𝑑(𝑡)
𝑡−ℎ

̇𝑒𝑇 (𝑠) 𝑅 ̇𝑒 (𝑠) 𝑑𝑠.
(21)

Then by applying Lemma 3 to estimate the above 𝑅-
dependent integral term, if LMIs (10) and (11) hold, one has

− ∫𝑡
𝑡−𝑑(𝑡)

̇𝑒𝑇 (𝑠) 𝑅 ̇𝑒 (𝑠) 𝑑𝑠
≤ 𝑑 (𝑡) 𝜒𝑇1 (𝑋1 + 13𝑋3) 𝜒1

+ Sym {𝜒𝑇1𝑀1𝜒2 + 𝜒𝑇1𝑀2𝜒3} ,
(22)

− ∫𝑡−𝑑(𝑡)
𝑡−ℎ

̇𝑒𝑇 (𝑠) 𝑅 ̇𝑒 (𝑠) 𝑑𝑠
≤ (ℎ − 𝑑 (𝑡)) 𝜒𝑇4 (𝑌1 + 13𝑌3) 𝜒4

+ Sym {𝜒𝑇4𝑁1𝜒5 + 𝜒𝑇4𝑁2𝜒6} ,
(23)

where

𝜒1 = [𝑒𝑇 (𝑡) , 𝑒𝑇 (𝑡 − 𝑑 (𝑡)) , 1𝑑 (𝑡) ∫𝑡
𝑡−𝑑(𝑡)

𝑒𝑇 (𝑠) 𝑑𝑠]𝑇 ,
𝜒2 = 𝑒 (𝑡) − 𝑒 (𝑡 − 𝑑 (𝑡)) ,



Mathematical Problems in Engineering 5

𝜒3 = −𝑒 (𝑡) − 𝑒 (𝑡 − 𝑑 (𝑡)) + 2𝑑 (𝑡) ∫𝑡
𝑡−𝑑(𝑡)

𝑒 (𝑠) 𝑑𝑠,
𝜒4 = [𝑒𝑇 (𝑡 − 𝑑 (𝑡)) , 𝑒𝑇 (𝑡 − ℎ) , 1ℎ − 𝑑 (𝑡)

⋅ ∫𝑡−𝑑(𝑡)
𝑡−ℎ

𝑒𝑇 (𝑠) 𝑑𝑠]𝑇 ,
𝜒5 = 𝑒 (𝑡 − 𝑑 (𝑡)) − 𝑒 (𝑡 − ℎ) ,
𝜒6 = −𝑒 (𝑡 − 𝑑 (𝑡)) − 𝑒 (𝑡 − ℎ) + 2ℎ − 𝑑 (𝑡)

⋅ ∫𝑡−𝑑(𝑡)
𝑡−ℎ

𝑒 (𝑠) 𝑑𝑠.
(24)

Combining (21) with (23), it is clear that

�̇�3 (𝑒𝑡) ≤ 𝜉𝑇 (𝑡) Φ3 (𝑑 (𝑡)) 𝜉 (𝑡) . (25)

Finally, the derivative of 𝑉4(𝑒𝑡) can be obtained as

�̇�4 (𝑒𝑡) = ℎ22 ̇𝑒𝑇 (𝑡) 𝑍 ̇𝑒 (𝑡) − ∫𝑡
𝑡−ℎ

∫𝑡
𝜃

̇𝑒𝑇 (𝑠) 𝑍 ̇𝑒 (𝑠) 𝑑𝑠 𝑑𝜃
= ℎ22 ̇𝑒𝑇 (𝑡) 𝑍 ̇𝑒 (𝑡)

− ∫𝑡
𝑡−𝑑(𝑡)

∫𝑡
𝜃

̇𝑒𝑇 (𝑠) 𝑍 ̇𝑒 (𝑠) 𝑑𝑠 𝑑𝜃
− ∫𝑡−𝑑(𝑡)
𝑡−ℎ

∫𝑡−𝑑(𝑡)
𝜃

̇𝑒𝑇 (𝑠) 𝑍 ̇𝑒 (𝑠) 𝑑𝑠 𝑑𝜃
− (ℎ − 𝑑 (𝑡)) ∫𝑡

𝑡−𝑑(𝑡)
̇𝑒𝑇 (𝑠) 𝑍 ̇𝑒 (𝑠) 𝑑𝑠.

(26)

For the first double integral term in �̇�4(𝑒𝑡), we can do the
following treatment based on Lemma 4:

− ∫𝑡
𝑡−𝑑(𝑡)

∫𝑡
𝜃

̇𝑒𝑇 (𝑠) 𝑍 ̇𝑒 (𝑠) 𝑑𝑠 𝑑𝜃
≤ − 2𝑑2 (𝑡) (∫𝑡

𝑡−𝑑(𝑡)
∫𝑡
𝜃

̇𝑒 (𝑠) 𝑑𝑠 𝑑𝜃)𝑇

⋅ 𝑍 (∫𝑡
𝑡−𝑑(𝑡)

∫𝑡
𝜃

̇𝑒 (𝑠) 𝑑𝑠 𝑑𝜃)
= − 2𝑑2 (𝑡) (𝑑 (𝑡) 𝑒 (𝑡) − ∫𝑡

𝑡−𝑑(𝑡)
𝑒 (𝑠) 𝑑𝑠)𝑇

⋅ 𝑍 (𝑑 (𝑡) 𝑒 (𝑡) − ∫𝑡
𝑡−𝑑(𝑡)

𝑒 (𝑠) 𝑑𝑠)
= −2 (𝑒 (𝑡) − ∫𝑡

𝑡−𝑑(𝑡)

𝑒 (𝑠)𝑑 (𝑡)𝑑𝑠)𝑇

⋅ 𝑍 (𝑒 (𝑡) − ∫𝑡
𝑡−𝑑(𝑡)

𝑒 (𝑠)𝑑 (𝑡)𝑑𝑠) .

(27)

Similarly, the estimation of the second integral term can be
done as

− ∫𝑡−𝑑(𝑡)
𝑡−ℎ

∫𝑡−𝑑(𝑡)
𝜃

̇𝑒𝑇 (𝑠) 𝑍 ̇𝑒 (𝑠) 𝑑𝑠 𝑑𝜃
≤ − 2

(ℎ − 𝑑 (𝑡))2 (∫𝑡−𝑑(𝑡)
𝑡−ℎ

∫𝑡−𝑑(𝑡)
𝜃

̇𝑒 (𝑠) 𝑑𝑠 𝑑𝜃)𝑇

⋅ 𝑍 (∫𝑡−𝑑(𝑡)
𝑡−ℎ

∫𝑡−𝑑(𝑡)
𝜃

̇𝑒 (𝑠) 𝑑𝑠 𝑑𝜃)

= −2 (𝑒 (𝑡 − 𝑑 (𝑡)) − ∫𝑡−𝑑(𝑡)
𝑡−ℎ

𝑒 (𝑠)ℎ − 𝑑 (𝑡)𝑑𝑠)𝑇

⋅ 𝑍 (𝑒 (𝑡 − 𝑑 (𝑡)) − ∫𝑡−𝑑(𝑡)
𝑡−ℎ

𝑒 (𝑠)ℎ − 𝑑 (𝑡)𝑑𝑠) .

(28)

And by utilizing Lemma 3, if LMI (12) holds, we obtain

− (ℎ − 𝑑 (𝑡)) ∫𝑡
𝑡−𝑑(𝑡)

̇𝑒𝑇 (𝑠) 𝑍 ̇𝑒 (𝑠) 𝑑𝑠 ≤ (ℎ − 𝑑 (𝑡))
⋅ (ℎ𝜒𝑇1 (𝑍1 + 13𝑍3) 𝜒1
+ Sym {𝜒𝑇1 𝐺1𝜒2 + 𝜒𝑇1 𝐺2𝜒3}) .

(29)

From (26) to (29), we get

�̇�4 (𝑒𝑡) ≤ 𝜉𝑇 (𝑡) Φ4 (𝑑 (𝑡)) 𝜉 (𝑡) . (30)

Then, taking assumption of the activation function (3) into
account yields

0 ≤ 2𝑔𝑇 (𝑡) Λ [𝐿 (𝑊𝑒 (𝑡 − 𝑑 (𝑡)) − 𝐾1𝐶𝑒 (𝑡)
− 𝐾1𝐷𝑒 (𝑡 − 𝑑 (𝑡)) − 𝐾1𝐵2𝜔 (𝑡)) − 𝑔 (𝑡)] , (31)

where

𝑉1 = Λ𝐿𝐾1
⇒ 0
≤ 2𝑒𝑇6Λ (𝐿𝑊𝑒2 − 𝑒6) − 2𝑒𝑇6𝑉1 (𝐶𝑒1 + 𝐷𝑒2 + 𝐵2𝑒8) .

(32)

Based on the filtering error system (5), for any appropriately
dimensioned matrix 𝑇, the following equation holds:

0 = 2 (𝑒 (𝑡) + ̇𝑒 (𝑡))𝑇 𝑇 [ ̇𝑒 (𝑡) + (𝐴 + 𝐾2𝐶) 𝑒 (𝑡)
+ 𝐾2𝐷𝑒 (𝑡 − 𝑑 (𝑡)) − 𝑔 (𝑡) − (𝐵1 − 𝐾2𝐵2) 𝜔 (𝑡)] , (33)

where

𝑉2 = 𝑇𝐾2
⇒ 0
= 2 (𝑒1 + 𝑒7)𝑇 𝑇 (𝑒7 + 𝐴𝑒1 − 𝑒6 − 𝐵1𝑒8)

+ 2 (𝑒1 + 𝑒7)𝑇𝑉2 (𝐶𝑒1 + 𝐷𝑒2 + 𝐵2𝑒8) .
(34)
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Combining (19), (20), (21), (22), (23), (25), (26), (27), (28),
(29), (30), (32), and (34), one can easily yield

�̇� (𝑒𝑡) ≤ 𝜉𝑇 (𝑡) Γ (𝑑 (𝑡)) 𝜉 (𝑡) . (35)

If Γ(𝑑(𝑡)) < 0, then �̇�(𝑒𝑡) < 0. Thus, if Γ(0) < 0 and Γ(ℎ) <0 are satisfied, then �̇�(𝑒𝑡) ≤ −𝜖‖𝑒(𝑡)‖2 for a sufficient small
scalar 𝜖 > 0, which implies the filtering error system (5) with𝜔(𝑡) = 0, is asymptotically stable.

Considering the definition of 𝐻2 performance, we define

𝐽 (𝑡) = 𝑉 (𝑒𝑡) − ∫𝑡
0

𝜔𝑇 (𝑠) 𝜔 (𝑠) 𝑑𝑠. (36)

Then, under the zero-initial conditions 𝑉(𝑒𝑡)|𝑡=0 = 0 and𝑉(𝑒𝑡) > 0 for 𝑡 > 0, the following inequality is given:
𝐽 (𝑡) = 𝑉 (𝑒𝑡) − 𝑉 (𝑒𝑡)𝑡=0 − ∫𝑡

0
𝜔𝑇 (𝑠) 𝜔 (𝑠) 𝑑𝑠

= ∫𝑡
0

[�̇� (𝑒 (𝑠)) − 𝜔𝑇 (𝑠) 𝜔 (𝑠)] 𝑑𝑠 < 0.
(37)

That is,

𝑉 (𝑒𝑡) < ∫𝑡
0

𝜔𝑇 (𝑠) 𝜔 (𝑠) 𝑑𝑠. (38)

In addition, it follows that LMI (13) and Schur complement
that

[𝐻𝑇𝐻 𝑂
∗ 𝑂] ≤ 𝛾2 [𝑃1 𝑃2∗ 𝑃3] . (39)

Then, the following holds:

𝑧𝑇𝑒 (𝑡) 𝑧𝑒 (𝑡) = 𝑒𝑇 (𝑡) 𝐻𝑇𝐻𝑒 (𝑡)

= [[
[

𝑥 (𝑡)
∫𝑡
𝑡−ℎ

𝑒 (𝑠) 𝑑𝑠]]]

𝑇

[𝐻𝑇𝐻 𝑂
∗ 𝑂] [[

[
𝑥 (𝑡)

∫𝑡
𝑡−ℎ

𝑒 (𝑠) 𝑑𝑠]]]
≤ 𝛾2 [[

[
𝑥 (𝑡)

∫𝑡
𝑡−ℎ

𝑒 (𝑠) 𝑑𝑠]]]

𝑇

[𝑃1 𝑃2∗ 𝑃3]
[[
[

𝑥 (𝑡)
∫𝑡
𝑡−ℎ

𝑒 (s) 𝑑𝑠]]]
= 𝛾2𝑉1 (𝑒𝑡) ≤ 𝛾2𝑉 (𝑒𝑡) ≤ 𝛾2 ∫𝑡

0
𝜔𝑇 (𝑠) 𝜔 (𝑠) 𝑑𝑠

≤ 𝛾2 ∫∞
0

𝜔𝑇 (𝑠) 𝜔 (𝑠) 𝑑𝑠.

(40)

Taking the supremum over 𝑡 > 0, one has ‖𝑧𝑒(𝑡)‖2∞ ≤𝛾‖𝜔(𝑡)‖22, which means ‖𝑧𝑒(𝑡)‖∞ ≤ 𝛾‖𝜔(𝑡)‖2. Therefore, when
(10)–(14) hold, the generalized𝐻2 filtering problem of NN (1)
with time-varying delay satisfying (2) is solvedwith 𝛾min.This
completes the proof.

Remark 6. The generalized 𝐻2 design of a type of static NN
with a time-varying delay is solved in Theorem 5. Different

from [8–10, 12–15], we solve the filtering problem based on
an Arcak-type filter, in which there are two gain matrices to
be determined. Compared with the widely used Luenberger-
type filter, it contains an additional gainmatrix𝐾1 included in
the activation function. So, it can be expected to lead a better
generalized𝐻2 performance. And if we set𝐾1 = 0, the Arcak-
type filter is then reduced to the Luenberger-type filter.

Remark 7. The triple integral term is introduced into the
LKF in this paper. When bounding its derivative, the derived
double integral term − ∫𝑡

𝑡−ℎ
∫𝑡
𝜃

̇𝑒𝑇(𝑠)𝑍 ̇𝑒(𝑠)𝑑𝑠 𝑑𝜃 is divided into
three parts, two double integral terms and a single integral
term. By using the double Jensen inequality to estimate
the double integral terms and using the free-matrix-based
integral inequality to estimate the single integral term, the
derivation of the triple term is accomplishedwithout ignoring
any terms. It should be pointed out that this technique is
more effective than the ones used in [10], in which the derived
double integral term − ∫𝑡

𝑡−ℎ
∫𝑡
𝜃

̇𝑒𝑇(𝑠)𝑍 ̇𝑒(𝑠)𝑑𝑠 𝑑𝜃 is estimated in
its entirety.

Remark 8. To reduce the conservatism of the derived con-
ditions, Wirtinger integral inequality was used to estimate
single integral terms in [16], while in the presented study,
the free-matrix-based integral inequality is employed. The
use of the free-matrix-based integral inequality brings several
advantages for Theorem 5. On the one hand, by introducing
some free matrices, it gives more degrees of freedom to
the derived condition. On the other hand, it has been
proved in [17] that the free-matrix-based integral inequality
contains Wirtinger integral inequality as a special case. That
means, it can provide a tighter bound thanWirtinger integral
inequality. And if the same LKF is chosen, our designed filter
will be better than the one designed in [16].

Remark 9. There is some room for further improvement of
our proposed method:

(i) Notice that when the free-matrix-based integral
inequality is employed to improve the proposed con-
dition, the number of decision variables is increased,
which further increases the computation complexity
of the condition. It has been pointed out in [3]
that the calculation complexity is also an important
consideration during the application of the proposed
LMI-based condition to physical systems. Thus, the
results considering both the conservatism and the
computation complexity need more investigation.

(ii) Recently, some new approaches have been developed
for the stability analysis of delayed neural networks,
which can be applied into the generalized 𝐻2 filter-
ing problem of neural networks, such as the delay-
decomposition approach [21] and the free-matrix-
based double integral inequality [22].

Notice that, in many applications, the derivative bound of
the time delay is unknown. By setting 𝑄1 = 0, we can easily
derive the delay-dependent but delay derivative-independent
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condition of the generalized 𝐻2 filtering problem of neural
network (1) based onTheorem 5.

Theorem 10. For given scalars ℎ, the 𝐻2 filtering problem of
NN (1) with time-varying delay satisfying 0 ≤ 𝑑(𝑡) ≤ ℎ is
solved with 𝛾min if there exist positive definite matrices 𝑃 =[ 𝑃1 𝑃2∗ 𝑃3 ] ∈ R2𝑛, 𝑄2, 𝑅, 𝑍 ∈ R𝑛, positive definite diagonal
matrices Λ = diag{𝜆1, 𝜆2, . . . , 𝜆𝑛} ∈ R𝑛, symmetric matrices𝑋1, 𝑋3, 𝑌1, 𝑌3, 𝑍1, 𝑍3 ∈ R3𝑛, and any matrices 𝑋2, 𝑌2, 𝑍2 ∈
R3𝑛, 𝑀1, 𝑀2, 𝑁1, 𝑁2, 𝐺1, 𝐺2 ∈ R3𝑛×𝑛, 𝑇 ∈ R𝑛, 𝑉1, 𝑉2 ∈
R𝑛×𝑝, satisfying LMIs (10)–(14).

4. Numerical Examples

In this section, we provide a well-used numerical example to
demonstrate the effectiveness of the proposed approach.

Example 1. Consider the delayed static NN (1) with the
following parameters:

𝐴 = [[
[

0.96 0 0
0 1.22 0
0 0 0.78

]]
]

,

𝑊 = [[
[

−0.32 0.75 −1.42
1.21 0.41 −0.50
0.42 0.82 −1.06

]]
]

,

𝐵1 = [[
[

0.2
0.3
0.5

]]
]

,

𝐻 = [[
[

0.8 0 0.5
1 0 1
0 −1 1

]]
]

,

𝐶 = [1 0.5 0
0 −0.5 0.6] ,

𝐷 = [0 −1.2 0.2
0 0 0.5] ,

𝐵2 = [ 0.4
−0.3] .

(41)

This example has been studied in [10, 16], and we take
these literatures for comparison study. To verify the advan-
tages of our proposed approach, we calculate the optimal 𝐻2
performance bounds index 𝛾min for various ℎ, 𝜇, and 𝐿 such
that filtering error system (5) is globally asymptotically stable
with generalized 𝐻2 performance.

Firstly, let 𝐿 = diag{𝑙1, 𝑙2, . . . , 𝑙𝑛} = 𝐼; for given ℎ and 𝜇,
the optimal generalized 𝐻2 performance index 𝛾min derived
by Theorem 5 and the ones reported in [10, 16] are given
in Table 1, where (𝛼, 𝛽) represents ℎ = 𝛼, 𝜇 = 𝛽 and

−1.5

−1

−0.5

0

0.5

1

1.5

e(
t)

5 10 150
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e1(t)

e2(t)
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Figure 1: State response of the error 𝑒(𝑡).

“infeasible” means that no feasible solution can be found in
the corresponding criteria.

It is clearly shown from Table 1 that, compared with [10,
16], much better generalized 𝐻2 performance is achieved by
Theorem 5 proposed in this paper. It should be noticed that,
in this paper, we choose the same filter as [10, 16]; thus, the
better 𝐻2 performance effectively illustrates the superiority
of our proposed approaches, which is mainly based on the
free-matrix-based integral inequality.

Then let 𝑓(𝑥) = 1.57tanh(𝑥), 𝑑(𝑡) = 0.3 sin(1.5𝑡) + 1.2,
and 𝑤(𝑡) = sin(𝑡)𝑒−5𝑡, for ℎ = 1.5, 𝜇 = 0.3; by solving the
LMIs in Theorem 5, the gain matrices of our designed filter
(4) are obtained as

𝐾1 = [[
[

1.0591 1.2990
0.1519 0.2687
2.4379 3.3466

]]
]

,

𝐾2 = [[
[

0.0944 −0.6005
0.3315 −0.5100
2.1756 1.2563

]]
]

(42)

with the optimal generalized 𝐻2 performance index 𝛾 =0.0505. Figure 1 shows the state responses of error system (5)
under initial condition 𝑒(0) = [−1, 1, −0.5]𝑇. The resulting
responses obviously demonstrate the asymptotic stability of
the simulated error system.

In addition, the optimal generalized 𝐻2 performance
index 𝛾min for ℎ = 0.5, 𝜇 = 0.7 and different 𝐿 is listed in
Table 2, from which one can see thatTheorem 5 in this paper
outperforms the ones in [10, 16].

Moreover, the optimal generalized𝐻2 performance index𝛾min derived by Theorem 10 for ℎ = 0.8, unknown 𝜇, and
different 𝐿 is listed in Table 3.
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Table 1: Optimal generalized 𝐻2 performance index 𝛾min for 𝐿 = 𝐼 and different (ℎ, 𝜇).
(ℎ, 𝜇) (1, 0.4) (1.5, 0.3) (3, 0.8) (5, 1.2) (6, 1.5)
Theorem 1 [10] 0.7981 Infeasible Infeasible Infeasible Infeasible
Theorem 2 [16] 1.34 × 10−4 1.2763 Infeasible Infeasible Infeasible
Theorem 5 1.33 × 10−4 0.0505 0.6639 0.9137 1.9523

Table 2: Optimal generalized 𝐻2 performance index 𝛾min for ℎ = 0.5, 𝜇 = 0.7, and different 𝐿.
𝐿 1.6𝐼 1.8𝐼 2.5𝐼 3.4𝐼
Theorem 1 [10] 3.3728 Infeasible Infeasible Infeasible
Theorem 2 [16] 0.5983 1.5563 Infeasible Infeasible
Theorem 5 0.2765 0.4015 0.6896 4.7676

Table 3: Optimal generalized 𝐻2 performance index 𝛾min for ℎ =0.5, unknown 𝜇, and different 𝐿.
𝐿 1.6𝐼 1.8𝐼 2.5𝐼 2.91𝐼
Theorem 10 0.5156 0.5868 1.0891 5.1122

5. Conclusion

In this paper, the generalized 𝐻2 filtering problem of static
NNs with a time-varying delay has been investigated. First,
an Arcak-type filter has been constructed. Then, based on
an augmented LKF, the free-matrix-based integral inequality,
the free-weighting matrix approach, and Jensen inequality,
a suitable delay-dependent condition expressed in terms of
LMIs has been derived such that the filtering error system
of the considered static NNs is globally asymptotically stable
with guaranteed𝐻2 performance index.Moreover, by solving
some coupled LMIs, the optimal performance index and the
gain matrices of the designed 𝐻2 filter have been obtained.
The effectiveness and advantages of the proposed method
have been demonstrated by an illustrative example finally.
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This paper considers the observer design problemof continuous-time delayedMarkovian jump systemswith output state saturation.
Different from the traditionally observer-based saturation control methods, a kind of system output state saturation with a partially
delay-dependent property is proposed, where both nondelay and delay states exist at the same time but happen asynchronously.
By exploiting the Bernoulli variable, the probability distributions of such two states are described and considered in the observer
design. Based on an improved equality applied to deal with saturation terms, sufficient conditions for the designed observer with
three kinds of output saturations are all provided with LMI forms. Finally, a numerical example is given to indicate the effectiveness
of the obtained results.

1. Introduction

As we know, Markovian jump system (MJS) is a special
kind of stochastic hybrid dynamical systems. Because of two
kinds of mechanisms contained, it is very suitable to model
such actual systems whose structures or parameters change
[1, 2]. Over the past years, many research topics on MJSs
have been extensively studied, like stability analysis [3–6],
stabilization [7–11], robust control [12–15], adaptive control
[16–19], 𝐻∞ filtering and control [20, 21], state estimation
[22–25], synchronization [26–30], and so on.

On the other hand, saturation problem is commonly
encountered in many physical systems. It is mainly because
the transmitted signal is usually affected by environmental
factors, physical factors, and even technical factors. When
signal occurs with saturation, the system performance will
be reduced. Therefore, the effect of saturation is necessarily
studied, as in [31–35]. By investigating the above results,
it is found that they mainly focused on the estimate of
domain of attraction, in which an equivalent description of
saturation actuator is necessary. However, the introduction
of this transformation will make the computation complexity
very large, especially for an MJS with 𝑁 operation modes.
Recently, one inequality was introduced in [36] and applied

to deal with saturation. In the modern control theory, it
is obvious that the state feedback control has advantages
in solving the problems of system stability, pole placement,
stabilization, and optimal control. However, system state
usually cannot be measured directly, or the measurement is
limited by objective conditions. In this case, it is not easy to
achieve the object by state feedback control.The better way is
to make full use of system output. When output is saturated,
some results were presented in [37, 38]. By investigating these
references, it is found that there are still many problems
to be considered. For example, there is no time delay in
the saturated output, while time delay is usually associated
with most system states and could lead to unstable system.
Thus, it is necessary to consider them together. To our best
knowledge, very few results are available to study the above
problems. All observations motivate current research.

In this paper, the observer design problem of continuous-
time delayed Markovian jump systems with output state
saturation is studied, where the output state saturation is
partially delay-dependent. The main contributions of this
paper are generalized as follows: (1)A kind of observer based
on partially delay-dependent output is proposed. Here, both
nondelay and delay states are contained in output saturation
simultaneously, but their occurrences are asynchronous. (2)

Hindawi
Mathematical Problems in Engineering
Volume 2018, Article ID 9572927, 14 pages
https://doi.org/10.1155/2018/9572927

http://orcid.org/0000-0003-3236-2404
https://doi.org/10.1155/2018/9572927


2 Mathematical Problems in Engineering

The probability distributions of such two states are embodied
by the Bernoulli variable and fully considered in the observe
design. (3) Sufficient conditions of the designed observer are
obtained by applying an improved inequality to deal with the
saturation terms. In order to make the computation solved
easily and directly, the existence conditions are presented
within LMI framework by introducing some additional vari-
ables and inequalities. (4) Based on the proposed methods
and techniques, another two kinds of observers based on
different output saturations are proposed, whose conditions
are all LMIs.

Notation 1. R𝑛 denotes the 𝑛-dimensional Euclidean space;
R𝑞×𝑛 is the set of all 𝑞 × 𝑛 real matrices. ‖ ⋅ ‖ refers to the
Euclidean vector norm or spectral matrix norm. Ω is the
sample space, F is the 𝜎-algebra of subsets of the sample
space, and P is the probability measure on F. In symmetric
blockmatrices, we use “∗” as an ellipsis for the terms induced
by symmetry, diag{⋅ ⋅ ⋅ } for a block-diagonal matrix, and(𝑀)⋆ ≜ 𝑀 + 𝑀𝑇.
2. Problem Formulation

Consider the following continuous-time delayed Markovian
jump systems with output state saturation:�̇� (𝑡) = 𝐴 (𝑟𝑡) 𝑥 (𝑡) ,𝑦 (𝑡) = 𝐶 (𝑟𝑡) sat [𝛼 (𝑡) 𝑥 (𝑡) + (1 − 𝛼 (𝑡)) 𝑥 (𝑡 − 𝑑)] ,𝑥 (𝑡) = 𝜙 (𝑡) , − 𝑑 ≤ 𝑡 ≤ 0, (1)

where 𝑥(𝑡) ∈ R𝑛 is the state vector, 𝑦(𝑡) ∈ R𝑞 is the output,
and 𝜙(𝑡) ∈ R𝑛 is the initial condition. Matrices 𝐴(𝑟𝑡) and𝐶(𝑟𝑡) are known matrices of compatible dimensions. {𝑟𝑡, 𝑡 ≥0} is a continuous-time Markov process taking values in a
finite set S = {1, 2, . . . , 𝑁} with transition rate matrix (TRM)Π ≜ (𝜋𝑖𝑗) ∈ R𝑁×𝑁 given by

Pr {𝑟𝑡+Δ𝑡 = 𝑗 | 𝑟𝑡 = 𝑖} = {{{
𝜋𝑖𝑗Δ𝑡 + 𝑜 (Δ𝑡) , 𝑖 ̸= 𝑗1 + 𝜋𝑖𝑖Δ𝑡 + 𝑜 (Δ𝑡) , 𝑖 = 𝑗, (2)

where Δ𝑡 > 0, 𝜋𝑖𝑗 ≥ 0, if 𝑖 ̸= 𝑗, and 𝜋𝑖𝑖 = − ∑𝑗 ̸=𝑖 𝜋𝑖𝑗 for all𝑖, 𝑗 ∈ S. Time delay 𝑑 satisfies 𝑑 > 0, and 𝛼(𝑡) is the Bernoulli
stochastic variable and defined as

𝛼 (𝑡) = {{{
1, if 𝑥 (𝑡) is available0, if 𝑥 (𝑡 − 𝑑) is available. (3)

It is satisfied as
Pr {𝛼 (𝑡) = 1} = E {𝛼 (𝑡)} = 𝛼,
Pr {𝛼 (𝑡) = 0} = 1 − 𝛼. (4)

Function sat(⋅):R𝑛 → R𝑛 is the standard saturation function
and defined as

sat (𝑢𝑖) = {{{{{{{{{
𝜇𝑖, 𝑢𝑖 > 𝜇𝑖𝑢𝑖, −𝜇𝑖 ≤ 𝑢𝑖 ≤ 𝜇𝑖−𝜇𝑖, 𝑢𝑖 < −𝜇𝑖, 𝑖 ∈ 1, 2, . . . , 𝑛, (5)

where

sat (𝑢) = [sat (𝑢1) ⋅ ⋅ ⋅ sat (𝑢𝑛)]𝑇 ,𝜇 = [𝜇1 ⋅ ⋅ ⋅ 𝜇𝑛]𝑇 . (6)

Remark 1. It is worth mentioning that saturation in output
is more general and has some advantages. Firstly, compared
with saturations described in [36, 39–42] where nondelay
state should be available online, system state 𝑥(𝑡) in output
is not necessary and could be replaced by delay state 𝑥(𝑡 − 𝑑).
Secondly, compared with the saturated controllers designed
for delayed systems without delay state [43, 44], both nonde-
lay and delay states are included in output, whose distribution
probabilities are also considered. Because all the delay terms
could affect delayed systems, the obtained results are more
conservative without considering them. In this sense, it is
said that our formulation about output saturation has a larger
application scope and less conservatism.

By letting 𝜂 = 𝑥 − sat(𝑥) and 𝜂𝑑 = 𝑥𝑑 − sat(𝑥𝑑) and
considering the definition of 𝛼(𝑡), it is known that

sat [𝛼 (𝑡) 𝑥 (𝑡) + (1 − 𝛼 (𝑡)) 𝑥 (𝑡 − 𝑑)]= 𝛼 (𝑡) 𝑥 (𝑡) + (1 − 𝛼 (𝑡)) 𝑥 (𝑡 − 𝑑)− [𝛼 (𝑡) 𝜂 + (1 − 𝛼 (𝑡)) 𝜂𝑑]= 𝛼𝑥 (𝑡) + (1 − 𝛼) 𝑥 (𝑡 − 𝑑)+ (𝛼 (𝑡) − 𝛼) (𝑥 (𝑡) − 𝑥 (𝑡 − 𝑑))− [𝛼𝜂 + (1 − 𝛼) 𝜂𝑑 + (𝛼 (𝑡) − 𝛼) (𝜂 − 𝜂𝑑)] .
(7)

Then, system (1) is rewritten to be

�̇� (𝑡) = 𝐴 (𝑟𝑡) 𝑥 (𝑡) ,𝑦 (𝑡) = 𝐶 (𝑟𝑡) {𝛼𝑥 (𝑡) + (1 − 𝛼) 𝑥 (𝑡 − 𝑑)+ (𝛼 (𝑡) − 𝛼) (𝑥 (𝑡) − 𝑥 (𝑡 − 𝑑))− [𝛼𝜂 + (1 − 𝛼) 𝜂𝑑 + (𝛼 (𝑡) − 𝛼) (𝜂 − 𝜂𝑑)]} ,𝑥 (𝑡) = 𝜙 (𝑡) , − 𝑑 ≤ 𝑡 ≤ 0.
(8)

In this paper, the designed state observer system is
described bẏ̂𝑥 (𝑡) = 𝐴 (𝑟𝑡) 𝑥 (𝑡) + 𝐺 (𝑟𝑡) (𝑦 (𝑡) − 𝑦 (𝑡)) ,𝑦 (𝑡) = 𝐶 (𝑟𝑡) 𝑥 (𝑡) , (9)

where 𝑥(𝑡) ∈ R𝑛 is the estimation of 𝑥(𝑡), and 𝑦(𝑡) ∈ R𝑞 is the
corresponding output. Define 𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡); the resulting
error system is rewritten to be

̇𝑒 (𝑡) = (𝐴 (𝑟𝑡) − 𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡)) 𝑒 (𝑡)+ (1 − 𝛼) 𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡) 𝑥 (𝑡)
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− (1 − 𝛼) 𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡) 𝑥 (𝑡 − 𝑑)+ 𝛼𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡) 𝜂 + (1 − 𝛼) 𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡) 𝜂𝑑+ (𝛼 (𝑡) − 𝛼) 𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡)× (𝑥 (𝑡 − 𝑑) − 𝑥 (𝑡) + 𝜂 − 𝜂𝑑) .
(10)

Here, it is assumed that stochastic variables 𝛼(𝑡) and 𝑟𝑡 are
independent.

Proposition 2. Let 𝑢 = 𝛼(𝑡)𝐾𝑥(𝑡) + (1 − 𝛼(𝑡))𝐾𝑑𝑥(𝑡 − 𝑑) and𝜂 = 𝑢 − 𝑠𝑎𝑡(𝑢). Then, there exist real numbers 𝜀 ∈ (0, 1) and𝜀𝑑 ∈ (0, 1) such that𝜂𝑇𝜂 ≤ 𝛼 (𝑡) 𝜀𝑥𝑇 (𝑡) 𝐾𝑇𝐾𝑥 (𝑡)+ (1 − 𝛼 (𝑡)) 𝜀𝑑𝑥𝑇 (𝑡 − 𝑑) 𝐾𝑇𝑑𝐾𝑑𝑥 (𝑡 − 𝑑) , (11)

where 𝜂 = [𝜂1 ⋅ ⋅ ⋅ 𝜂𝑛]𝑇, and 𝜂𝑖 is the dead-zone nonlinearity
function, 𝑖 = {1, 2, . . . , 𝑛}.
Proof. Based on the formulation of 𝑢(𝑡), it is obtained that𝜂𝑇𝜂 = {𝛼 (𝑡) 𝐾𝑥 (𝑡) + (1 − 𝛼 (𝑡)) 𝐾𝑑𝑥 (𝑡 − 𝑑)− sat [𝛼 (𝑡) 𝐾𝑥 (𝑡) + (1 − 𝛼 (𝑡)) 𝐾𝑑𝑥 (𝑡 − 𝑑)]}𝑇⋅ {𝛼 (𝑡) 𝐾𝑥 (𝑡) + (1 − 𝛼 (𝑡)) × 𝐾𝑑𝑥 (𝑡 − 𝑑)− sat [𝛼 (𝑡) 𝐾𝑥 (𝑡) + (1 − 𝛼 (𝑡)) 𝐾𝑑𝑥 (𝑡 − 𝑑)]} .

(12)

On the one hand, if 𝛼(𝑡) = 1, one has 𝑢 = 𝐾𝑥(𝑡). Similar to
[36], we have the following.

(i) If 𝑢𝑖 > 𝜇𝑖, it is obtained that𝜂𝑇𝜂 = (𝐾𝑥 (𝑡) − sat (𝐾𝑥 (𝑡)))𝑇 (𝐾𝑥 (𝑡) − sat (𝐾𝑥 (𝑡)))= 𝑥𝑇 (𝑡) 𝐾𝑇𝐾𝑥 (𝑡) − 2𝑥𝑇 (𝑡) 𝐾𝑇sat (𝐾𝑥 (𝑡))+ (sat (𝐾𝑥 (𝑡)))𝑇 (sat (𝐾𝑥 (𝑡)))= 𝑥𝑇 (𝑡) 𝐾𝑇𝐾𝑥 (𝑡) − 2𝑥𝑇 (𝑡) 𝐾𝑇𝜇 + 𝜇𝑇𝜇< 𝑥𝑇 (𝑡) 𝐾𝑇𝐾𝑥 (𝑡) − 𝜇𝑇𝜇 ≤ 𝜀𝑥𝑇 (𝑡) 𝐾𝑇𝐾𝑥 (𝑡) ,
(13)

where 𝜀 ∈ (0, 1) could be selected.
(ii) If 𝑢𝑖 < −𝜇𝑖, it is found that𝜂𝑇𝜂 = (𝐾𝑥 (𝑡) − sat (𝐾𝑥 (𝑡)))𝑇 (𝐾𝑥 (𝑡) − sat (𝐾𝑥 (𝑡)))= 𝑥𝑇 (𝑡) 𝐾𝑇𝐾𝑥 (𝑡) − 2𝑥𝑇 (𝑡) 𝐾𝑇sat (𝐾𝑥 (𝑡))+ (sat (𝐾𝑥 (𝑡)))𝑇 (sat (𝐾𝑥 (𝑡)))= 𝑥𝑇 (𝑡) 𝐾𝑇𝐾𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝐾𝑇𝜇 + 𝜇𝑇𝜇< 𝑥𝑇 (𝑡) 𝐾𝑇𝐾𝑥 (𝑡) − 𝜇𝑇𝜇 ≤ 𝜀𝑥𝑇 (𝑡) 𝐾𝑇𝐾𝑥 (𝑡) ,

(14)

where 𝜀 ∈ (0, 1) could be obtained too.

(iii) If −𝜇𝑖 ≤ 𝑢𝑖 ≤ 𝜇𝑖, we have 𝜂𝑇𝜂 = 0. Then, there is
always a scalar 𝜀 ∈ (0, 1) such that

𝜂𝑇𝜂 ≤ 𝜀𝑥𝑇 (𝑡) 𝐾𝑇𝐾𝑥 (𝑡) . (15)

On the other hand, when 𝛼(𝑡) = 0, it is obtained that 𝑢 =𝐾𝑑𝑥(𝑡 − 𝑑). Similarly, we have the following cases.

(i) If 𝑢𝑖 > 𝜇𝑖, it is obtained that

𝜂𝑇𝜂 = {𝐾𝑑𝑥 (𝑡 − 𝑑) − sat [𝐾𝑑𝑥 (𝑡 − 𝑑)]}𝑇⋅ {𝐾𝑑𝑥 (𝑡 − 𝑑) − sat [𝐾𝑑𝑥 (𝑡 − 𝑑)]} = 𝑥𝑇 (𝑡 − 𝑑)⋅ 𝐾𝑇𝑑𝐾𝑑𝑥 (𝑡 − 𝑑) − 2𝑥𝑇 (𝑡) 𝐾𝑇𝑑 sat [𝐾𝑑𝑥 (𝑡 − 𝑑)]+ (sat [𝐾𝑑𝑥 (𝑡 − 𝑑)])𝑇 sat [𝐾𝑑𝑥 (𝑡 − 𝑑)]= 𝑥𝑇 (𝑡 − 𝑑) 𝐾𝑇𝑑𝐾𝑑𝑥 (𝑡 − 𝑑) − 2𝑥𝑇 (𝑡 − 𝑑) 𝐾𝑇𝑑𝜇+ 𝜇𝑇𝜇 < 𝑥𝑇 (𝑡 − 𝑑) 𝐾𝑇𝑑𝐾𝑑𝑥 (𝑡 − 𝑑) − 𝜇𝑇𝜇≤ 𝜀𝑑𝑥𝑇 (𝑡 − 𝑑) 𝐾𝑇𝑑𝐾𝑥 (𝑡 − 𝑑) ,

(16)

where 𝜀𝑑 ∈ (0, 1).
(ii) If 𝑢𝑖 < −𝜇𝑖, it is found that

𝜂𝑇𝜂 = {𝐾𝑑𝑥 (𝑡 − 𝑑) − sat [𝐾𝑑𝑥 (𝑡 − 𝑑)]}𝑇⋅ {𝐾𝑑𝑥 (𝑡 − 𝑑) − sat [𝐾𝑑𝑥 (𝑡 − 𝑑)]} = 𝑥𝑇 (𝑡 − 𝑑)⋅ 𝐾𝑇𝑑𝐾𝑑𝑥 (𝑡 − 𝑑) − 2𝑥𝑇 (𝑡) 𝐾𝑇𝑑 sat [𝐾𝑑𝑥 (𝑡 − 𝑑)]+ (sat [𝐾𝑑𝑥 (𝑡 − 𝑑)])𝑇 sat [𝐾𝑑𝑥 (𝑡 − 𝑑)]= 𝑥𝑇 (𝑡 − 𝑑) 𝐾𝑇𝑑𝐾𝑑𝑥 (𝑡 − 𝑑) + 2𝑥𝑇 (𝑡 − 𝑑) 𝐾𝑇𝑑𝜇+ 𝜇𝑇𝜇 < 𝑥𝑇 (𝑡 − 𝑑) 𝐾𝑇𝑑𝐾𝑑𝑥 (𝑡 − 𝑑) − 𝜇𝑇𝜇≤ 𝜀𝑑𝑥𝑇 (𝑡 − 𝑑) 𝐾𝑇𝑑𝐾𝑥 (𝑡 − 𝑑) ,

(17)

where 𝜀𝑑 ∈ (0, 1).
(iii) If −𝜇𝑖 ≤ 𝑢𝑖 ≤ 𝜇𝑖, we have 𝜂𝑇𝜂 = 0. Then, there is

always a scalar 𝜀𝑑 ∈ (0, 1) such that

𝜂𝑇𝜂 ≤ 𝜀𝑑𝑥𝑇 (𝑡 − 𝑑) 𝐾𝑇𝑑𝐾𝑑𝑥 (𝑡 − 𝑑) . (18)

This completes the proof.

3. Main Results

Theorem 3. Given system (1) with 𝑑 > 0, there exists an
observer (9) such that system (1) and error system (12) are
asymptotically stable, if for given positive scalars 𝛼 ∈ [0, 1],𝜀𝑖 ∈ (0, 1), and 𝜀𝑑𝑖 ∈ (0, 1), there exist 𝑃𝑖 > 0, 𝑄 > 0, 𝑍 >0, 𝛾𝑖 > 0, 𝜆𝑖 > 0, and 𝑌𝑖 such that
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[[[[[[[[[[[[

Θ𝑖1 Θ𝑖2 𝑍 0 Θ𝑖3 Θ𝑖4∗ Θ𝑖5 Θ𝑖6 𝑍 0 Θ𝑖7∗ ∗ Θ𝑖8 0 Θ𝑖9 Θ𝑖10∗ ∗ ∗ Θ11 0 0∗ ∗ ∗ ∗ Θ𝑖12 0∗ ∗ ∗ ∗ ∗ Θ𝑖12

]]]]]]]]]]]]
< 0, (19)

[−𝛾𝑖𝐼 𝐶𝑇𝑖 𝑌𝑇𝑖∗ −𝑃𝑖 ] ≤ 0, (20)

[−𝜆𝑖𝐼 𝐶𝑇𝑖 𝑌𝑇𝑖∗ Θ𝑖12 ] ≤ 0, (21)

where

Θ𝑖1 = (𝑃𝑖𝐴 𝑖)⋆ + 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝛼𝜀𝑖𝛾𝑖𝐼 + 𝑄 + 𝑑2𝐴𝑇𝑖 𝑍𝐴 𝑖
− 𝑍 + 2𝛼𝑑2𝜀𝑖𝜆𝑖𝐼 + 4𝛼𝛼𝑑2𝜀𝑖𝜆𝑖𝐼,Θ𝑖2 = 𝛼𝐶𝑇𝑖 𝑌𝑇𝑖 ,Θ𝑖3 = −√2𝛼𝛼𝑑𝐶𝑇𝑖 𝑌𝑇𝑖 ,Θ𝑖4 = √2𝛼𝑑𝐶𝑇𝑖 𝑌𝑇𝑖 ,

Θ𝑖5 = (𝑃𝑖𝐴 𝑖 − 𝑌𝑖𝐶𝑖)⋆ + 𝑃𝑖 + 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝑄 − 𝑍,
Θ𝑖6 = −𝛼𝑌𝑖𝐶𝑖,Θ𝑖7 = √2𝑑 (𝐴𝑇𝑖 𝑃𝑖 − 𝐶𝑇𝑖 𝑌𝑇𝑖 ) ,Θ𝑖8 = 𝛼𝜀𝑑𝑖𝛾𝑖𝐼 + 2𝛼𝑑2𝜀𝑑𝑖𝜆𝑖𝐼 + 4𝛼𝛼𝑑2𝜀𝑑𝑖𝜆𝑖𝐼 − 𝑄 − 𝑍,Θ𝑖9 = √2𝛼𝛼𝑑𝐶𝑇𝑖 𝑌𝑇𝑖 ,Θ𝑖10 = −√2𝛼𝑑𝐶𝑇𝑖 𝑌𝑇𝑖 ,Θ11 = −𝑄 − 𝑍,Θ𝑖12 = −2𝑃𝑖 + 𝑍,𝛼 = 1 − 𝛼.

(22)

Then, the gain of observer (9) is computed by

𝐺𝑖 = 𝑌𝑖𝑃−1𝑖 . (23)

Proof. For systems (1) and (12), choose the following Lya-
punov function:

𝑉 (𝑥𝑡) = 𝑉1 (𝑥𝑡) + 𝑉2 (𝑥𝑡) , (24)

where

𝑉1 (𝑥𝑡, 𝑟𝑡) = 𝑥𝑇 (𝑡) 𝑃 (𝑟𝑡) 𝑥 (𝑡) + ∫𝑡
𝑡−𝑑

𝑥𝑇 (𝑠) 𝑄𝑥 (𝑠) 𝑑𝑠
+ 𝑑 ∫0
−𝑑

∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) 𝑍�̇� (𝑠) 𝑑𝑠 𝑑𝜃,
𝑉2 (𝑥𝑡, 𝑟𝑡) = 𝑒𝑇 (𝑡) 𝑃 (𝑟𝑡) 𝑒 (𝑡) + ∫𝑡

𝑡−𝑑
𝑒𝑇 (𝑠) 𝑄𝑒 (𝑠) 𝑑𝑠

+ 𝑑 ∫0
−𝑑

∫𝑡
𝑡+𝜃

̇𝑒𝑇 (𝑠) 𝑍 ̇𝑒 (𝑠) 𝑑𝑠 𝑑𝜃.
(25)

LetL be the weak infinitesimal generator of random process{𝑥𝑡, 𝑟𝑡}, for each 𝑟𝑡 = 𝑖 ∈ S; it is defined as

L𝑉 (𝑥𝑡, 𝑡, 𝑖) = lim
Δ𝑡→0+

⋅ 1Δ𝑡 {E [𝑉 (𝑥𝑡+Δ𝑡, 𝑟𝑡+Δ𝑡, 𝑡 + Δ𝑡) | 𝑥𝑡, 𝑟𝑡 = 𝑖]
− 𝑉 (𝑥𝑡, 𝑖, 𝑡)} .

(26)

Then, it is further obtained that

L𝑉1 (𝑥𝑡)
= 𝑥𝑇 (𝑡) (𝑃𝑖𝐴 𝑖)⋆ 𝑥 (𝑡) + 𝑥𝑇 (𝑡) 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑃𝑗𝑥 (𝑡)
+ 𝑥𝑇 (𝑡) 𝑄𝑥 (𝑡) − 𝑥𝑇 (𝑡 − 𝑑) 𝑄𝑥 (𝑡 − 𝑑)
+ 𝑑2𝑥𝑇 (𝑡) 𝐴𝑇𝑖 𝑍𝐴 𝑖𝑥 (𝑡) − ∫𝑡

𝑡−𝑑
�̇�𝑇 (𝜃) 𝑍�̇� (𝜃) 𝑑𝜃,

L𝑉2 (𝑥𝑡)= 𝑒𝑇 (𝑡) [𝑃𝑖 (𝐴 𝑖 − 𝐺𝑖𝐶𝑖)]⋆ 𝑒 (𝑡)+ 2𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝐺𝑖𝐶𝑖𝑥 (𝑡)− 2𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝐺𝑖𝐶𝑖𝑥 (𝑡 − 𝑑) + 2𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝐺𝑖𝐶𝑖𝜂
+ 2𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝐺𝑖𝐶𝑖𝜂𝑑 + 𝑒𝑇 (𝑡) 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑃𝑗𝑒 (𝑡)
− ∫𝑡
𝑡−𝑑

̇𝑒𝑇 (𝜃) 𝑍 ̇𝑒 (𝜃) 𝑑𝜃 + 𝑒𝑇 (𝑡) 𝑄𝑒 (𝑡)
− 𝑒𝑇 (𝑡 − 𝑑) 𝑄𝑒 (𝑡 − 𝑑)+ 𝑑2 (𝑓𝑖1 + 𝑓𝑖2)𝑇𝑍 (𝑓𝑖1 + 𝑓𝑖2)+ 𝛼𝛼𝑑2 [𝐺𝑖𝐶𝑖 (𝑥 (𝑡 − 𝑑) − 𝑥 (𝑡) + 𝜂 − 𝜂𝑑)]𝑇× 𝑍 [𝐺𝑖𝐶𝑖 (𝑥 (𝑡 − 𝑑) − 𝑥 (𝑡) + 𝜂 − 𝜂𝑑)] ,

(27)
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where

𝑓𝑖1 = (𝐴 𝑖 − 𝐺𝑖𝐶𝑖) 𝑒 (𝑡) + 𝛼𝐺𝑖𝐶𝑖𝑥 (𝑡)− 𝛼𝐺𝑖𝐶𝑖𝑥 (𝑡 − 𝑑) ,𝑓𝑖2 = 𝛼𝐺𝑖𝐶𝑖𝜂 + 𝛼𝐺𝑖𝐶𝑖𝜂𝑑. (28)

Based on the Jensen inequality, one has

− ∫𝑡
𝑡−𝑑

�̇�𝑇 (𝜃) 𝑍�̇� (𝜃) 𝑑𝜃
≤ −𝑥𝑇 (𝑡) 𝑍𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑍𝑥 (𝑡 − 𝑑)− 𝑥𝑇 (𝑡 − 𝑑) 𝑍𝑥 (𝑡 − 𝑑) ,

(29)

− ∫𝑡
𝑡−𝑑

̇𝑒𝑇 (𝜃) 𝑍 ̇𝑒 (𝜃) 𝑑𝜃
≤ −𝑒𝑇 (𝑡) 𝑍𝑒 (𝑡) + 2𝑒𝑇 (𝑡) 𝑍𝑒 (𝑡 − 𝑑)− 𝑒𝑇 (𝑡 − 𝑑) 𝑍𝑒 (𝑡 − 𝑑) .

(30)

Moreover, it is concluded that

2𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝐺𝑖𝐶𝑖𝜂 ≤ 𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝑒 (𝑡)+ 𝛼𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂, (31)

2𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝐺𝑖𝐶𝑖𝜂𝑑 ≤ 𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝑒 (𝑡)+ 𝛼𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂𝑑, (32)

2𝑑2 (𝛼𝐺𝑖𝐶𝑖𝜂 + 𝛼𝐺𝑖𝐶𝑖𝜂𝑑)𝑇𝑍 (𝛼𝐺𝑖𝐶𝑖𝜂 + 𝛼𝐺𝑖𝐶𝑖𝜂𝑑)≤ 2𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂 + 2𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑, (33)

2𝛼𝛼𝑑2 (𝐺𝑖𝐶𝑖𝜂 − 𝐺𝑖𝐶𝑖𝜂𝑑)𝑇𝑍 (𝐺𝑖𝐶𝑖𝜂 − 𝐺𝑖𝐶𝑖𝜂𝑑)≤ 4𝛼𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂+ 4𝛼𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑,
(34)

𝑑2 (𝑓𝑖1 + 𝑓𝑖2)𝑇𝑍 (𝑓𝑖1 + 𝑓𝑖2) ≤ 2𝑑2𝑓𝑇𝑖1𝑍𝑓𝑖1+ 2𝑑2 (𝛼𝐺𝑖𝐶𝑖𝜂 + 𝛼𝐺𝑖𝐶𝑖𝜂𝑑)𝑇⋅ 𝑍 (𝛼𝐺𝑖𝐶𝑖𝜂 + 𝛼𝐺𝑖𝐶𝑖𝜂𝑑) , (35)

𝛼𝛼𝑑2 [𝐺𝑖𝐶𝑖 (𝑥 (𝑡 − 𝑑) − 𝑥 (𝑡) + 𝜂 − 𝜂𝑑)]𝑇⋅ 𝑍 [𝐺𝑖𝐶𝑖 (𝑥 (𝑡 − 𝑑) − 𝑥 (𝑡) + 𝜂 − 𝜂𝑑)]≤ 2𝛼𝛼𝑑2 [𝐺𝑖𝐶𝑖 (𝑥 (𝑡 − 𝑑) − 𝑥 (𝑡))]𝑇⋅ 𝑍 [𝐺𝑖𝐶𝑖 (𝑥 (𝑡 − 𝑑) − 𝑥 (𝑡))]+ 2𝛼𝛼𝑑2 (𝐺𝑖𝐶𝑖𝜂 − 𝐺𝑖𝐶𝑖𝜂𝑑)𝑇𝑍 (𝐺𝑖𝐶𝑖𝜂 − 𝐺𝑖𝐶𝑖𝜂𝑑) .
(36)

Based on these conditions, the following is computed:

L𝑉 (𝑥𝑡) ≤ 𝑥𝑇 (𝑡) (𝑃𝑖𝐴 𝑖)⋆ 𝑥 (𝑡) + 𝑥𝑇 (𝑡) 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗𝑥 (𝑡)
+ 𝑒𝑇 (𝑡) [𝑃𝑖 (𝐴 𝑖 − 𝐺𝑖𝐶𝑖)]⋆ 𝑒 (𝑡) + 2𝛼𝑒𝑇 (𝑡)⋅ 𝑃𝑖𝐺𝑖𝐶𝑖𝑥 (𝑡) − 2𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝐺𝑖𝐶𝑖𝑥 (𝑡 − 𝑑) + 𝑒𝑇 (𝑡)⋅ 𝑃𝑖𝑒 (𝑡) + 𝛼𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂 + 𝛼𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂𝑑
+ 𝑒𝑇 (𝑡) 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑃𝑗𝑒 (𝑡) + 𝑥𝑇 (𝑡) 𝑄𝑥 (𝑡) − 𝑥𝑇 (𝑡 − 𝑑)
⋅ 𝑄𝑥 (𝑡 − 𝑑) + 𝑒𝑇 (𝑡) 𝑄𝑒 (𝑡) − 𝑒𝑇 (𝑡 − 𝑑) 𝑄𝑒 (𝑡 − 𝑑)+ 𝑑2𝑥𝑇 (𝑡) 𝐴𝑇𝑖 𝑍𝐴 𝑖𝑥 (𝑡) − 𝑥𝑇 (𝑡) 𝑍𝑥 (𝑡) + 2𝑥𝑇 (𝑡)⋅ 𝑍𝑥 (𝑡 − 𝑑) − 𝑥𝑇 (𝑡 − 𝑑) 𝑍𝑥 (𝑡 − 𝑑)+ 2𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂 + 2𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑+ 2𝑑2 [(𝐴 𝑖 − 𝐺𝑖𝐶𝑖) 𝑒 (𝑡) + 𝛼𝐺𝑖𝐶𝑖𝑥 (𝑡)− 𝛼𝐺𝑖𝐶𝑖𝑥 (𝑡 − 𝑑)]𝑇 × 𝑍 [(𝐴 𝑖 − 𝐺𝑖𝐶𝑖) 𝑒 (𝑡)+ 𝛼𝐺𝑖𝐶𝑖𝑥 (𝑡) − 𝛼𝐺𝑖𝐶𝑖𝑥 (𝑡 − 𝑑)]+ 2𝛼𝛼𝑑2 [𝐺𝑖𝐶𝑖 (𝑥 (𝑡 − 𝑑) − 𝑥 (𝑡))]𝑇⋅ 𝑍 [𝐺𝑖𝐶𝑖 (𝑥 (𝑡 − 𝑑) − 𝑥 (𝑡))]+ 4𝛼𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂+ 4𝛼𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑 − 𝑒𝑇 (𝑡) 𝑍𝑒 (𝑡) + 2𝑒𝑇 (𝑡)⋅ 𝑍𝑒 (𝑡 − 𝑑) − 𝑒𝑇 (𝑡 − 𝑑) 𝑍𝑒 (𝑡 − 𝑑) .

(37)

Moreover, the other conditions are assumed to be𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖 ≤ 𝛾𝑖𝐼, (38)𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖 ≤ 𝜆𝑖𝐼. (39)

Based on the above conditions and applying Proposition 2, it
is obtained that (37) is implied by

L𝑉 (𝑥𝑡) ≤ 𝜉𝑇 (𝑡) (
(

[[[[[[
Θ𝑖1 Θ𝑖2 𝑍 0∗ Θ𝑖5 Θ𝑖6 𝑍∗ ∗ Θ𝑖8 0∗ ∗ ∗ Θ11

]]]]]]
+ 2𝛼𝛼𝑑2 [[[[[[[

−𝐶𝑇𝑖 𝐺𝑇𝑖0𝐶𝑇𝑖 𝐺𝑇𝑖0
]]]]]]]

𝑍 [[[[[[[
−𝐶𝑇𝑖 𝐺𝑇𝑖0𝐶𝑇𝑖 𝐺𝑇𝑖0

]]]]]]]

𝑇



6 Mathematical Problems in Engineering

+ 2𝑑2 [[[[[[[
𝛼𝐶𝑇𝑖 𝐺𝑇𝑖(𝐴 𝑖 − 𝐶𝑇𝑖 𝐺𝑖)𝑇−𝛼𝐶𝑇𝑖 𝐺𝑇𝑖0

]]]]]]]
𝑍 [[[[[[[

𝛼𝐶𝑇𝑖 𝐺𝑇𝑖(𝐴 𝑖 − 𝐶𝑇𝑖 𝐺𝑖)𝑇−𝛼𝐶𝑇𝑖 𝐺𝑇𝑖0
]]]]]]]

𝑇

)
)⋅ 𝜉 (𝑡) ,

(40)

where𝜉𝑇 (𝑡) = [𝑥𝑇 (𝑡) 𝑒𝑇 (𝑡) 𝑥𝑇 (𝑡 − 𝑑) 𝑒𝑇 (𝑡 − 𝑑)] . (41)

By using the Schur complement lemma, it is further obtained
that

[[[[[[[[[[[[[

Θ𝑖1 Θ𝑖2 𝑍 0 Θ𝑖3 Θ𝑖4∗ Θ𝑖5 Θ𝑖6 𝑍 0 Θ𝑖7∗ ∗ Θ𝑖8 0 Θ𝑖9 Θ𝑖10∗ ∗ ∗ Θ11 0 0∗ ∗ ∗ ∗ −𝑍−1 0∗ ∗ ∗ ∗ ∗ −𝑍−1

]]]]]]]]]]]]]
< 0, (42)

where Θ𝑖3 = −√2𝛼𝛼𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 ,Θ𝑖4 = √2𝛼𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 ,Θ𝑖9 = √2𝛼𝛼𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 ,Θ𝑖7 = √2𝑑 (𝐴𝑇𝑖 − 𝐶𝑇𝑖 𝐺𝑇𝑖 ) ,Θ𝑖10 = −√2𝛼𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 .
(43)

By pre- and postmultiplying both its sides with diag{𝐼, 𝐼, 𝐼,𝐼, 𝑃𝑖, 𝑃𝑖} and its transpose, respectively, one gets

[[[[[[[[[[[[

Θ𝑖1 Θ𝑖2 𝑍 0 Θ𝑖3 Θ𝑖4∗ Θ𝑖5 Θ𝑖6 𝑍 0 Θ𝑖7∗ ∗ Θ𝑖8 0 Θ𝑖9 Θ𝑖10∗ ∗ ∗ Θ11 0 0∗ ∗ ∗ ∗ −𝑍 0∗ ∗ ∗ ∗ ∗ −𝑍

]]]]]]]]]]]]
< 0, (44)

where 𝑍 = 𝑃𝑖𝑍−1𝑃𝑖. It is further obtained that 𝑍 > 0 could be
guaranteed by −𝑃𝑖𝑍−1𝑃𝑖 ≤ −2𝑃𝑖 + 𝑍 < 0. (45)

As for conditions (38) and (39), they are equivalent to−𝛾𝑖𝐼 + 𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖 ≤ 0,−𝜆𝑖𝐼 + 𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖 ≤ 0. (46)

By applying the Schur complement lemma and considering
representation (23), it is known that condition (38) is equiv-
alent to condition (20). As for condition (39), by pre- and
postmultiplying both its sides with diag{𝐼, 𝑃𝑖} and applying
inequality (45), one could easily get condition (21) with
representation (23) implying condition (39). This completes
the proof.

Remark 4. Due to 𝛼 included obviously, it plays important
roles in analysis and synthesis of systems with output satura-
tion. With two special cases that only system state with 𝛼 = 0
or delay state with𝛼 = 1 is contained in output saturation, our
results could be viewed as extension results on the saturation
output problem from output without time delay to stochastic
delay output. On the other hand, from the proof process, it
is seen that some inequalities, like (31), (33), (35), and so on,
have been used to get the LMI conditions and could lead to
more conservatism. In order to reduce its conservatism, some
additional variables could be introduced in these inequalities.
However, such variables will lead to larger computation
complexity. Moreover, the conservatism of inequality (45)
could be further reduced by applying similarmethods in [45].
Similarly, much larger computation complexity in terms of
more variables and inequalities should be needed. Based on
these facts, it is said that whether to choose these methods or
not should be considered in concrete situations.

Remark 5. It is seen from this theorem that such a probability
should be given exactly. It will be impossible or of high cost
in some practical applications. Instead, only its estimation
is available, even if it is totally unknown. In other words,
there will be a uncertainty between the real and estimated
values. As we know, such a uncertainty will degrade the
system performance and even lead to unstable system. So,
it is necessary and meaningful to consider this general
case. Moreover, some necessarily additional variables and
inequalities are introduced to obtain LMI conditions, where
the variables are to be computed instead of being given
beforehand. Because of the given results with LMI forms,
the above general case could be handled by exploiting the
methods in this paper and [46, 47] together.

Next, we consider another state observer system de-
scribed aṡ̂𝑥 (𝑡) = 𝐴 (𝑟𝑡) 𝑥 (𝑡) + 𝐺 (𝑟𝑡) (𝑦 (𝑡) − 𝑦 (𝑡)) ,𝑦 (𝑡) = 𝐶 (𝑟𝑡) [𝛼 (𝑡) 𝑥 (𝑡) + (1 − 𝛼 (𝑡)) 𝑥 (𝑡 − 𝑑)] . (47)

Then, the resulting error system is rewritten to be

̇𝑒 (𝑡) = (𝐴 (𝑟𝑡) − 𝛼𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡)) 𝑒 (𝑡) − (1 − 𝛼) 𝐺 (𝑟𝑡)⋅ 𝐶 (𝑟𝑡) 𝑒 (𝑡 − 𝑑) + 𝛼𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡) 𝜂 + (1 − 𝛼)⋅ 𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡) 𝜂𝑑 + (𝛼 (𝑡) − 𝛼) 𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡)⋅ (𝑥 (𝑡 − 𝑑) − 𝑥 (𝑡) + 𝜂 − 𝜂𝑑) .
(48)

Similarly, we have the following theorem.
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Theorem 6. Given system (1) with 𝑑 > 0, there exists ob-
server (47) such that system (1) and error system (48) are
asymptotically stable, if for given positive scalars 𝛼 ∈ [0, 1],𝜀𝑖 ∈ (0, 1), and 𝜀𝑑𝑖 ∈ (0, 1), there exist 𝑃𝑖 > 0, 𝑄 > 0, 𝑍 >0, 𝛾𝑖 > 0, 𝜆𝑖 > 0, and 𝑌𝑖 satisfying conditions (20) and (21)
and

[[[[[[[[[[[[

Θ𝑖1 0 𝑍 0 0 0∗ Ψ𝑖1 0 Ψ𝑖2 Θ𝑖3 Ψ𝑖3∗ ∗ Θ𝑖8 0 0 0∗ ∗ ∗ Θ11 Θ𝑖9 Θ𝑖10∗ ∗ ∗ ∗ Θ𝑖12 0∗ ∗ ∗ ∗ ∗ Θ𝑖12

]]]]]]]]]]]]
< 0, (49)

where

Ψ𝑖1 = (𝑃𝑖𝐴 𝑖 − 𝛼𝑌𝑖𝐶𝑖)⋆ + 𝑃𝑖 + 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝑄 − 𝑍,
Ψ𝑖2 = −𝛼𝑌𝑖𝐶𝑖 + 𝑍,Ψ𝑖3 = √2𝑑 (𝐴𝑇𝑖 𝑃𝑖 − 𝛼𝐶𝑇𝑖 𝑌𝑇𝑖 ) .

(50)

Then, the gain of observer (47) could be computed by (23).

Proof. For systems (1) and (48), choose the same Lyapunov
function (24). Similar to (35) and (36), it is obtained that𝑑2 (𝑓𝑖3 + 𝑓𝑖2)𝑇𝑍 (𝑓𝑖3 + 𝑓𝑖2) ≤ 2𝑑2𝑓𝑇𝑖3𝑍𝑓𝑖3+ 2𝑑2 (𝛼𝐺𝑖𝐶𝑖𝜂 + 𝛼𝐺𝑖𝐶𝑖𝜂𝑑)𝑇⋅ 𝑍 (𝛼𝐺𝑖𝐶𝑖𝜂 + 𝛼𝐺𝑖𝐶𝑖𝜂𝑑) , (51)

where𝑓𝑖3 = (𝐴 𝑖 − 𝛼𝐺𝑖𝐶𝑖) 𝑒 (𝑡) − 𝛼𝐺𝑖𝐶𝑖𝑒 (𝑡 − 𝑑) , (52)𝛼𝛼𝑑2 [𝐺𝑖𝐶𝑖 (𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡) + 𝜂 − 𝜂𝑑)]𝑇⋅ 𝑍 [𝐺𝑖𝐶𝑖 (𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡) + 𝜂 − 𝜂𝑑)]≤ 2𝛼𝛼𝑑2 [𝐺𝑖𝐶𝑖 (𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡))]𝑇⋅ 𝑍 [𝐺𝑖𝐶𝑖 (𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡))]+ 2𝛼𝛼𝑑2 (𝐺𝑖𝐶𝑖𝜂 − 𝐺𝑖𝐶𝑖𝜂𝑑)𝑇𝑍 (𝐺𝑖𝐶𝑖𝜂 − 𝐺𝑖𝐶𝑖𝜂𝑑) .
(53)

Then, it is obtained that

L𝑉 (𝑥𝑡) ≤ 𝑥𝑇 (𝑡) (𝑃𝑖𝐴 𝑖)⋆ 𝑥 (𝑡) + 𝑥𝑇 (𝑡) 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗𝑥 (𝑡)
+ 𝑒𝑇 (𝑡) [𝑃𝑖 (𝐴 𝑖 − 𝐺𝑖𝐶𝑖)]⋆ 𝑒 (𝑡) − 2𝛼𝑒𝑇 (𝑡)⋅ 𝑃𝑖𝐺𝑖𝐶𝑖𝑒 (𝑡 − 𝑑) + 𝑒𝑇 (𝑡) 𝑃𝑖𝑒 (𝑡)+ 𝛼𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂 + 𝛼𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂𝑑 + 𝑒𝑇 (𝑡)
⋅ 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗𝑒 (𝑡) + 𝑥𝑇 (𝑡) 𝑄𝑥 (𝑡) − 𝑥𝑇 (𝑡 − 𝑑)

⋅ 𝑄𝑥 (𝑡 − 𝑑) + 𝑒𝑇 (𝑡) 𝑄𝑒 (𝑡) − 𝑒𝑇 (𝑡 − 𝑑) 𝑄𝑒 (𝑡 − 𝑑)
+ 𝑑2𝑥𝑇 (𝑡) 𝐴𝑇𝑖 𝑍𝐴 𝑖𝑥 (𝑡) − 𝑥𝑇 (𝑡) 𝑍𝑥 (𝑡) + 2𝑥𝑇 (𝑡)
⋅ 𝑍𝑥 (𝑡 − 𝑑) − 𝑥𝑇 (𝑡 − 𝑑) 𝑍𝑥 (𝑡 − 𝑑)
+ 2𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂 + 2𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑+ 2𝑑2 [(𝐴 𝑖 − 𝛼𝐺𝑖𝐶𝑖) 𝑒 (𝑡) − 𝛼𝐺𝑖𝐶𝑖𝑒 (𝑡 − 𝑑)]𝑇× 𝑍 [(𝐴 𝑖 − 𝛼𝐺𝑖𝐶𝑖) 𝑒 (𝑡) − 𝛼𝐺𝑖𝐶𝑖𝑒 (𝑡 − 𝑑)]
+ 2𝛼𝛼𝑑2 [𝐺𝑖𝐶𝑖 (𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡))]𝑇⋅ 𝑍 [𝐺𝑖𝐶𝑖 (𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡))]
+ 4𝛼𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂+ 4𝛼𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑 − 𝑒𝑇 (𝑡) 𝑍𝑒 (𝑡) + 2𝑒𝑇 (𝑡)⋅ 𝑍𝑒 (𝑡 − 𝑑) − 𝑒𝑇 (𝑡 − 𝑑) 𝑍𝑒 (𝑡 − 𝑑) .

(54)

Based on conditions (20), (21), (51), and (53), it is obtained
that (54) is implied by

L𝑉 (𝑥𝑡) ≤ 𝜉𝑇 (𝑡) (
(

[[[[[[
Θ𝑖1 0 𝑍 0∗ Ψ𝑖1 0 Ψ𝑖2∗ ∗ Θ𝑖8 0∗ ∗ ∗ Θ11

]]]]]]
+ 2𝛼𝛼𝑑2 [[[[[[[

0−𝐶𝑇𝑖 𝐺𝑇𝑖0𝐶𝑇𝑖 𝐺𝑇𝑖
]]]]]]]

𝑍 [[[[[[[
0−𝐶𝑇𝑖 𝐺𝑇𝑖0𝐶𝑇𝑖 𝐺𝑇𝑖

]]]]]]]

𝑇

+ 2𝑑2 [[[[[[[
0(𝐴 𝑖 − 𝛼𝐶𝑇𝑖 𝐺𝑖)𝑇0−𝛼𝐶𝑇𝑖 𝐺𝑇𝑖

]]]]]]]
𝑍 [[[[[[[

0(𝐴 𝑖 − 𝛼𝐶𝑇𝑖 𝐺𝑖)𝑇0−𝛼𝐶𝑇i 𝐺𝑇𝑖
]]]]]]]

𝑇

)
)⋅ 𝜉 (𝑡) .

(55)

By using similarmethods given inTheorem 3, it is known that
condition (55) could be guaranteed by inequality (49). This
completes the proof.

Finally, we consider the following state observer system
described bẏ̂𝑥 (𝑡) = 𝐴 (𝑟𝑡) 𝑥 (𝑡) + 𝐺 (𝑟𝑡) (𝑦 (𝑡) − 𝑦 (𝑡)) ,𝑦 (𝑡) = 𝐶 (𝑟𝑡) sat (𝛼 (𝑡) 𝑥 (𝑡) + (1 − 𝛼 (𝑡)) 𝑥 (𝑡 − 𝑑)) (56)
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which is equivalent to

̇̂𝑥 (𝑡) = 𝐴 (𝑟𝑡) 𝑥 (𝑡) + 𝐺 (𝑟𝑡) (𝑦 (𝑡) − 𝑦 (𝑡)) ,𝑦 (𝑡) = 𝐶 (𝑟𝑡) {𝛼𝑥 (𝑡) + 𝛼𝑥 (𝑡 − 𝑑)+ (𝛼 (𝑡) − 𝛼) (𝑥 (𝑡) − 𝑥 (𝑡 − 𝑑))− [𝛼𝜂 + 𝛼𝜂𝑑 + (𝛼 (𝑡) − 𝛼) (𝜂 − 𝜂𝑑)]} .
(57)

Then, the resulting error system is rewritten to be

̇𝑒 (𝑡) = (𝐴 (𝑟𝑡) − 𝛼𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡)) 𝑒 (𝑡) − 𝛼𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡)⋅ 𝑒 (𝑡 − 𝑑) + 𝛼𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡) (𝜂 − 𝜂) + 𝛼𝐺 (𝑟𝑡)⋅ 𝐶 (𝑟𝑡) (𝜂𝑑 − 𝜂𝑑) + (𝛼 (𝑡) − 𝛼) 𝐺 (𝑟𝑡) 𝐶 (𝑟𝑡)⋅ (𝑥 (𝑡 − 𝑑) − 𝑥 (𝑡) + 𝜂 − 𝜂 − 𝜂𝑑 + 𝜂𝑑) .
(58)

Theorem 7. Given system (1) with 𝑑 > 0, there exists
observer (56) such that system (1) and error system (58) are
asymptotically stable, if for given positive scalars𝛼 ∈ [0, 1], 𝜀𝑖 ∈(0, 1), and 𝜀𝑑𝑖 ∈ (0, 1), there exist 𝑃𝑖 > 0, 𝑄 > 0, 𝑍 > 0, 𝛾𝑖 >0, 𝜆𝑖 > 0, and 𝑌𝑖 satisfying conditions (20) and (21) and

[[[[[[[[[[[[

Ω𝑖1 Ω𝑖2 𝑍 0 0 0∗ Ω𝑖3 0 Ψ𝑖2 Θ𝑖3 Ψ𝑖3∗ ∗ Ω𝑖4 Ω𝑖5 0 0∗ ∗ ∗ Ω𝑖6 Θ𝑖9 Θ𝑖10∗ ∗ ∗ ∗ Θ𝑖12 0∗ ∗ ∗ ∗ ∗ Θ𝑖12

]]]]]]]]]]]]
< 0, (59)

where

Ω𝑖1 = (𝑃𝑖𝐴 𝑖)⋆ + 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 2𝛼𝜀𝑖𝛾𝑖𝐼 + 𝑄 + 𝑑2𝐴𝑇𝑖 𝑍𝐴 𝑖
− 𝑍 + 8𝛼𝑑2𝜀𝑖𝜆𝑖𝐼 + 16𝛼𝛼𝑑2𝜀𝑖𝜆𝑖𝐼,Ω𝑖2 = −𝛼𝜀𝑖𝛾𝑖𝐼 − 4𝛼𝑑2𝜀𝑖𝜆𝑖𝐼 − 8𝛼𝛼𝑑2𝜀𝑖𝜆𝑖𝐼,

Ω𝑖3 = (𝑃𝑖𝐴 𝑖 − 𝛼𝑌𝑖𝐶𝑖)⋆ + 2𝑃𝑖 + 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝑄 − 𝑍
+ 𝛼𝜀𝑖𝛾𝑖𝐼 + 4𝛼𝑑2𝜀𝑖𝜆𝑖𝐼 + 8𝛼𝛼𝑑2𝜀𝑖𝜆𝑖𝐼,Ω𝑖4 = 2𝛼𝜀𝑑𝑖𝛾𝑖𝐼 + 8𝛼𝑑2𝜀𝑑𝑖𝜆𝑖𝐼 + 16𝛼𝛼𝑑2𝜀𝑑𝑖𝜆𝑖𝐼 − 𝑄− 𝑍,Ω𝑖5 = −𝛼𝜀𝑑𝑖𝛾𝑖𝐼 − 4𝛼𝑑2𝜀𝑑𝑖𝜆𝑖𝐼 − 8𝛼𝛼𝑑2𝜀𝑑𝑖𝜆𝑖𝐼,Ω𝑖6 = 𝛼𝜀𝑑𝑖𝛾𝑖𝐼 + 4𝛼𝑑2𝜀𝑑𝑖𝜆𝑖𝐼 + 8𝛼𝛼𝑑2𝜀𝑑𝑖𝜆𝑖𝐼 − 𝑄 − 𝑍.

(60)

Then, (23) could be used to compute the gain of observer (56).

Proof. Firstly, the same Lyapunov function is also selected
for systems (1) and (56). Similar to computation process of
Theorems 3 and 6, the corresponding terms are handled as

− 2𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝐺𝑖𝐶𝑖𝜂≤ 𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝑒 (𝑡) + 𝛼𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂,− 2𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝐺𝑖𝐶𝑖𝜂𝑑≤ 𝛼𝑒𝑇 (𝑡) 𝑃𝑖𝑒 (𝑡) + 𝛼𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂𝑑,𝑑2 (𝑓𝑖3 + 𝑓𝑖4)𝑇𝑍 (𝑓𝑖3 + 𝑓𝑖4)≤ 2𝑑2𝑓𝑇𝑖3𝑍𝑓𝑖3 + 2𝑑2𝑓𝑇𝑖4𝑍𝑓𝑖4,
(61)

where

𝑓𝑖4 = 𝛼𝐺𝑖𝐶𝑖 (𝜂 − 𝜂) + 𝛼𝐺𝑖𝐶𝑖 (𝜂𝑑 − 𝜂𝑑) ,2𝑑2𝑓𝑇𝑖4𝑍𝑓𝑖4 ≤ 2𝛼𝑑2 (𝜂 − 𝜂)𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖 (𝜂 − 𝜂)+ 2𝛼𝑑2 (𝜂𝑑 − 𝜂𝑑)𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖 (𝜂𝑑 − 𝜂𝑑)≤ 4𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐶𝑇𝑖 𝐺𝑇𝑖 𝜂 + 4𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂+ 4𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑 + 4𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑,𝑑2 (𝑓𝑖3 + 𝑓𝑖4)𝑇𝑍 (𝑓𝑖3 + 𝑓𝑖4) ≤ 2𝑑2𝑓𝑇𝑖3𝑍𝑓𝑖3+ 2𝑑2𝑓𝑇𝑖4𝑍𝑓𝑖4,𝛼𝛼𝑑2 {𝐺𝑖𝐶𝑖 [𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡) + (𝜂 − 𝜂) − (𝜂𝑑 − 𝜂𝑑)]}𝑇× 𝑍 {𝐺𝑖𝐶𝑖 [𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡) + (𝜂 − 𝜂) − (𝜂𝑑 − 𝜂𝑑)]}≤ 2𝛼𝛼𝑑2 [𝐺𝑖𝐶𝑖 (𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡))]𝑇⋅ 𝑍 [𝐺𝑖𝐶𝑖 (𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡))] + 2𝛼𝛼𝑑2 [𝐺𝑖𝐶𝑖 (𝜂 − 𝜂)− 𝐺𝑖𝐶𝑖 (𝜂𝑑 − 𝜂𝑑)]𝑇𝑍 × [𝐺𝑖𝐶𝑖 (𝜂 − 𝜂) − 𝐺𝑖𝐶𝑖 (𝜂𝑑− 𝜂𝑑)] .

(62)

Moreover, it is obtained that

2𝛼𝛼𝑑2 [𝐺𝑖𝐶𝑖 (𝜂 − 𝜂) − 𝐺𝑖𝐶𝑖 (𝜂𝑑 − 𝜂𝑑)]𝑇⋅ 𝑍 [𝐺𝑖𝐶𝑖 (𝜂 − 𝜂) − 𝐺𝑖𝐶𝑖 (𝜂𝑑 − 𝜂𝑑)]≤ 8𝛼𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐶𝑇𝑖 𝐺𝑇𝑖 𝜂+ 8𝛼𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂+ 8𝛼𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑+ 8𝛼𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑.

(63)
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Based on these conditions, it is obtained that

L𝑉 (𝑥𝑡) ≤ 𝑥𝑇 (𝑡) (𝑃𝑖𝐴 𝑖)⋆ 𝑥 (𝑡) + 𝑥𝑇 (𝑡) 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗𝑥 (𝑡)
+ 𝑒𝑇 (𝑡) [𝑃𝑖 (𝐴 𝑖 − 𝐺𝑖𝐶𝑖)]⋆ 𝑒 (𝑡) − 2𝛼𝑒𝑇 (𝑡)⋅ 𝑃𝑖𝐺𝑖𝐶𝑖𝑒 (𝑡 − 𝑑) + 2𝑒𝑇 (𝑡) 𝑃𝑖𝑒 (𝑡)+ 𝛼𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂 + 𝛼𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂𝑑+ 𝛼𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂 + 𝛼𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑃𝑖𝐺𝑖𝐶𝑖𝜂𝑑 + 𝑒𝑇 (𝑡)
⋅ 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗𝑒 (𝑡) + 𝑥𝑇 (𝑡) 𝑄𝑥 (𝑡) − 𝑥𝑇 (𝑡 − 𝑑)
⋅ 𝑄𝑥 (𝑡 − 𝑑) + 𝑒𝑇 (𝑡) 𝑄𝑒 (𝑡) − 𝑒𝑇 (𝑡 − 𝑑) 𝑄𝑒 (𝑡 − 𝑑)+ 𝑑2𝑥𝑇 (𝑡) 𝐴𝑇𝑖 𝑍𝐴 𝑖𝑥 (𝑡) − 𝑥𝑇 (𝑡) 𝑍𝑥 (𝑡) + 2𝑥𝑇 (𝑡)⋅ 𝑍𝑥 (𝑡 − 𝑑) − 𝑥𝑇 (𝑡 − 𝑑) 𝑍𝑥 (𝑡 − 𝑑)+ 4𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂 + 4𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑+ 4𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂 + 4𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑+ 2𝑑2 [(𝐴 𝑖 − 𝛼𝐺𝑖𝐶𝑖) 𝑒 (𝑡) − 𝛼𝐺𝑖𝐶𝑖𝑒 (𝑡 − 𝑑)]𝑇× 𝑍 [(𝐴 𝑖 − 𝛼𝐺𝑖𝐶𝑖) 𝑒 (𝑡) − 𝛼𝐺𝑖𝐶𝑖𝑒 (𝑡 − 𝑑)]+ 2𝛼𝛼𝑑2 [𝐺𝑖𝐶𝑖 (𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡))]𝑇⋅ 𝑍 [𝐺𝑖𝐶𝑖 (𝑒 (𝑡 − 𝑑) − 𝑒 (𝑡))]+ 8𝛼𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂+ 8𝛼𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑+ 8𝛼𝛼𝑑2𝜂𝑇𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂+ 8𝛼𝛼𝑑2𝜂𝑇𝑑𝐶𝑇𝑖 𝐺𝑇𝑖 𝑍𝐺𝑖𝐶𝑖𝜂𝑑 − 𝑒𝑇 (𝑡) 𝑍𝑒 (𝑡) + 2𝑒𝑇 (𝑡)⋅ 𝑍𝑒 (𝑡 − 𝑑) − 𝑒𝑇 (𝑡 − 𝑑) 𝑍𝑒 (𝑡 − 𝑑) .

(64)

Based on conditions (20) and (21) and above inequalities, it is
obtained that (64) is implied by

L𝑉 (𝑥𝑡) ≤ 𝜉𝑇 (𝑡) (
(

[[[[[[
Ω𝑖1 Ω𝑖2 𝑍 0∗ Ω𝑖3 0 Ψ𝑖3∗ ∗ Ω𝑖4 Ω𝑖5∗ ∗ ∗ Ω𝑖6

]]]]]]
+ 2𝛼𝛼𝑑2 [[[[[[[

0−𝐶𝑇𝑖 𝐺𝑇𝑖0𝐶𝑇𝑖 𝐺𝑇𝑖
]]]]]]]

𝑍 [[[[[[[
0−𝐶𝑇𝑖 𝐺𝑇𝑖0𝐶𝑇𝑖 𝐺𝑇𝑖

]]]]]]]

𝑇

+ 2𝑑2 [[[[[[[
0(𝐴 𝑖 − 𝛼𝐶𝑇𝑖 𝐺𝑖)𝑇0−𝛼𝐶𝑇𝑖 𝐺𝑇𝑖

]]]]]]]
𝑍 [[[[[[[

0(𝐴 𝑖 − 𝛼𝐶𝑇𝑖 𝐺𝑖)𝑇0−𝛼𝐶𝑇𝑖 𝐺𝑇𝑖
]]]]]]]

𝑇

)
)⋅ 𝜉 (𝑡) .

(65)

By using similar methods given in Theorems 3 and 6,
condition (65) is obtained easily from inequality (59) with
representation (23). This completes the proof.

4. Numerical Examples

Example 1. Consider a delayed Markovian jump system of
form (1), whose parameters are described to be

𝐴1 = [−1.5 0.11 −0.8] ,
𝐶1 = [0.1 0.60.4 0.1] ,
𝐴2 = [−0.9 −0.20.8 −0.9] ,
𝐶2 = [−0.2 0.5−0.3 −0.2] .

(66)

The transition rate matrix is given as

Π = [−0.5 0.50.6 −0.6] . (67)

Firstly, we design an observer with form (9). Letting 𝑑 = 0.3,𝜀1 = 0.3, 𝜀2 = 0.2, 𝜀𝑑1 = 0.4, and 𝜀𝑑2 = 0.1, by Theorem 3, the
gains of observer (9) are computed as

𝐺1 = [0.0902 0.28530.2443 0.2980] ,
𝐺2 = [−0.1308 −0.0389−0.0230 −0.4683] . (68)

Applying the above designed observer, under the initial
condition 𝑥0 = [1 −1 −1 1]𝑇, we have the state responses
of systems (1) and (10) given in Figure 1, while the simulation
of the corresponding operation mode is given in Figure 2.

When another observer (47) is designed, its gains could
be computed byTheorem 6 and given as

𝐺1 = [0.0855 0.38480.3415 0.2380] ,
𝐺2 = [−0.1079 −0.0338−0.0148 −0.5234] , (69)
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Figure 1: The state responses of systems (1) and (10).
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Figure 2: The simulation of operation mode.

where the corresponding parameters are the same as the
above ones. At the same time, by Theorem 7, the gains of
observer (57) are computed to be

𝐺1 = [0.2832 0.96480.2265 0.1486] ,
𝐺2 = [ 0.1489 0.8130−0.3814 −2.0525] . (70)

Under the same initial condition, the state curves of the
corresponding systems are simulated in Figures 3 and 4,
respectively. Based on these simulations, it is seen that the
designed observers are all useful and also demonstrate the
utility of the proposed methods.

In order to further demonstrate the effects of output sat-
uration existing in different forms, more comparisons among
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Figure 3: The state responses of systems (1) and (47).
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Figure 4: The state responses of systems (1) and (57).

them will be done in the following. Firstly, we consider the
relationship between probability 𝛼 and allowable maximum𝑑. Based on Theorems 3–7, the maximum allowable 𝑑 along
with 𝛼 is given in Table 1, whose simulation is carried out in
Figure 5. From this simulation, it is seen that observer (9)
is the least conservative, while observer (56) has the largest
conservatism.

Next, we consider the effects of parameters 𝜀𝑖 and 𝜀𝑑𝑖.
In order to demonstrate their effects clearly, without loss of
generality, matrix 𝐴1 is assumed to be

𝐴1 = [−1 0.1 + 𝛿1 −0.8 ] , (71)

where 𝛿 is a positive scalar to be determined, and the other
matrices are constant. Based on Theorem 3, the allowable
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Table 1: The allowable maximum 𝑑 for different 𝛼.𝛼 0 0.3 0.5 0.8 1
Theorem 3 0.927 0.943 0.955 0.976 0.999
Theorem 6 0.918 0.928 0.936 0.958 0.999
Theorem 7 0.207 0.273 0.313 0.390 0.470

Table 2: The allowable 𝛿max for different pair (𝜀1, 𝜀2).𝜀2 = 0.1 𝜀2 = 0.4 𝜀2 = 0.6 𝜀2 = 0.9𝜀1 = 0.1 0.9450 0.9370 0.9340 0.9300𝜀1 = 0.4 0.9000 0.8930 0.8900 0.8860𝜀1 = 0.6 0.8760 0.8690 0.8650 0.8610𝜀1 = 0.9 0.8440 0.8370 0.8340 0.8300

Table 3: The allowable 𝛿max for different pair (𝜀1, 𝜀2).𝜀2 = 0.1 𝜀2 = 0.4 𝜀2 = 0.6 𝜀2 = 0.9𝜀1 = 0.1 0.9390 0.9330 0.9300 0.9260𝜀1 = 0.4 0.8950 0.8900 0.8870 0.8830𝜀1 = 0.6 0.8710 0.8660 0.8630 0.8590𝜀1 = 0.9 0.8400 0.8350 0.8320 0.8280

Table 4: The allowable 𝛿max for different pair (𝜀1, 𝜀2).𝜀2 = 0.1 𝜀2 = 0.4 𝜀2 = 0.6 𝜀2 = 0.9𝜀1 = 0.01 0.1960 0.1220 0.0870 0.0430𝜀1 = 0.05 0.1690 0.1020 0.0690 0.0260𝜀1 = 0.10 0.1410 0.0800 0.0480 0.0050𝜀1 = 0.40 0.0390 — — —
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Figure 5: The curves of 𝑑max along with 𝛼.
maximum 𝛿 ≜ 𝛿max along with different pair (𝜀1, 𝜀2) is
listed in Table 2. Similarly, Tables 3 and 4 are obtained by
applying Theorems 6 and 7, respectively. Based on these

tables, the simulation of correlation between pair (𝜀1, 𝜀2) and𝛿max is shown Figures 6 and 7. From Figure 6, it is seen that
Theorem 3 related to observer (10) is less conservative than
Theorem 6 corresponding to observer (47). From their forms,
it is seen in this example that the delay term in output has
a negative effect. However, the differences between them are
very small. To the contrary, there is an advantage that the
nondelay state of observer (47) is not necessarily available
online, which could be replaced by a delay one with some
probability. In this sense, it is said that observer (47) is better
in terms of having less application constraints. As for Figure 7,
it is concluded that observer (57) is the most conservative.
The main reason is that a more output saturation is included
and has a large negative effect in reducing performance.
Similarly, we could also make a correlation between pair
(𝜀𝑑1, 𝜀𝑑2) and 𝛿max. Based on Theorems 3–7, the allowable𝛿max for different pair (𝜀𝑑1, 𝜀𝑑2) are presented in Tables 5–7.
From these tables, a similar conclusion could be obtained
where Theorem 3 designed for observer (10) is superior over
Theorems 6 and 7. Among them, it is found that the most
conservative one is observer (57) obtained from Theorem 7.
In addition, the corresponding simulations of such corre-
lations between pair (𝜀𝑑1, 𝜀𝑑2) and 𝛿max could be obtained
easily and will give the same conclusion, which are omitted
here.
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Table 5: The allowable 𝛿max for different pair (𝜀𝑑1, 𝜀𝑑2).𝜀𝑑2 = 0.1 𝜀𝑑2 = 0.4 𝜀𝑑2 = 0.6 𝜀𝑑2 = 0.9𝜀𝑑1 = 0.1 0.9470 0.9420 0.9390 0.9350𝜀𝑑1 = 0.4 0.9110 0.9080 0.9060 0.9030𝜀𝑑1 = 0.6 0.8890 0.8860 0.8840 0.8820𝜀𝑑1 = 0.9 0.8580 0.8550 0.8540 0.8510

Table 6: The allowable 𝛿max for different pair (𝜀𝑑1, 𝜀𝑑2).𝜀𝑑2 = 0.1 𝜀𝑑2 = 0.4 𝜀𝑑2 = 0.6 𝜀𝑑2 = 0.9𝜀𝑑1 = 0.1 0.9440 0.9390 0.9370 0.9330𝜀𝑑1 = 0.4 0.9060 0.9020 0.9000 0.8960𝜀𝑑1 = 0.6 0.8830 0.8790 0.8770 0.8730𝜀𝑑1 = 0.9 0.8510 0.8470 0.8450 0.8420

Table 7: The allowable 𝛿max for different pair (𝜀𝑑1, 𝜀𝑑2).𝜀𝑑2 = 0.1 𝜀𝑑2 = 0.4 𝜀𝑑2 = 0.6 𝜀𝑑2 = 0.9𝜀𝑑1 = 0.01 0.1950 0.1490 0.1210 0.0850𝜀𝑑1 = 0.05 0.1830 0.1380 0.1100 0.0730𝜀𝑑1 = 0.10 0.1660 0.1220 0.0940 0.0570𝜀𝑑1 = 0.40 0.0470 0.0110 — —
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Figure 6: The simulation of correlation between pair (𝜀1, 𝜀2) and𝛿max.

5. Conclusion

In this paper, we have studied observer design problem of
continuous-time Markovian jump systems with saturated
output. First of all, a kind of state observer with output
state saturation is proposed to be partially dependent. More
precisely, both nondelay and delay sates are contained but
occur asynchronously, whose probability distributions are
embodied by the Bernoulli variable and taken into account
in the observer design. By applying an improved inequality
to deal with saturation terms, the existence conditions for
observers with three kinds of output state saturations have
been proposed with LMIs. Finally, a numerical example
is used to testify the effectiveness and advantages of the
presented methods.
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Figure 7: The simulation of correlation between pair (𝜖1, 𝜖2) and𝛿max.
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Carbon emissions of power industry in China have accounted for more than half of the total emissions. How to decrease them
is important for realizing carbon emission reduction. This paper proposes a carbon market feedback mechanism to power
market, comprehensively considering the influence of generation structure, carbon intension, and technological progress on carbon
emission reduction in power industry, and builds a potential model based on dynamic system. Operation system results show that
the increasing trend of carbon emission can be controlled effectively but always with a lag. At the same time, sensitivity analysis
results show that carbon emission reduction can be better realized by adjusting power structure and improving technological level;
the former can reduce 32% and the latter can reduce 60% at most.

1. Introduction

In the 21st century, climate change has been one of the most
serious problems; carbon dioxide, discharged by fossil fuel
combustion, plays themain role in causing global greenhouse
effect, in which discharge by thermal power accounts for
more than half of the total emissions. Facing increasing envi-
ronmental costs, environmental pollution treatment simply
depending on administrative control lacks persistence [1].
Greenhouse gas emission reduction needs close international
cooperation because of its wide scope, so environmental
problems can be solved effectively by market mechanism [2–
4].

In the research of controlling carbon dioxide emissions
through market mechanism, international and domestic aca-
demics have made some valuable achievements. Emissions
trading is an effective measure to promote carbon emission
reduction. The theory of emissions trading comes from the
“Pigovian Tax.” Pigou, who is welfare economist, advocates
punitive emissions or rewards for emission-controlled enter-
prises, which could control pollution and protect the environ-
mentmore effectively [5].The pioneering research in the field

of air pollution control, made by Croker, further promotes
the development of emissions trade theory [6]. Initial carbon
emission allocation system, proposed by Hahn, is an impor-
tant mechanism, which will affect transactional efficiency
under imperfect competition [7]. Further researches show
that the initial allocation will affect enterprise’s financial
burden and competitiveness, and the key factors that affect
competitiveness include energy intensity, emissions reduc-
tion technology, and market demand elasticity [8, 9].

China’s research on carbon emission reduction mecha-
nism is slightly later than other countries. From the perspec-
tive of China’s carbon market, it is appropriate to adopt an
allocation method at present, which is free allocation as the
main and paid quotas for the auxiliary [10, 11]. Changsheng
et al. modeled a two-stage dynamic game, taking two typical
iron and steel enterprises as research object, and investigated
the effects of unified carbon tax and differential carbon tax
on reduction cost, social economic benefit, and enterprise
competitiveness [12]. Chen and Teng developed an interna-
tional cooperation carbon reduction mechanism, which can
deal with perfect competition and monopoly carbon market
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structure [13]. Wu et al. examined CO2 emission efficiency
and productivity in 286 Chinese cities under different pro-
duction scenarios using a nonradial directional distance
function approach and found that total-factor emission effi-
ciency varies considerably across regional and different-sized
city groups [14].Wong et al. examined various energy-related
carbon dioxide (CO2) reduction measures and demonstrated
that the influence of users onCO2 reduction is significant and
compatible with the influence of water-efficient showerheads
[15].

This paper puts forward a set of feedback mechanisms,
which applies to the status quo of domestic power industry
carbon emissions. Through the carbon market feedback to
the electricity market, it restrains carbon emissions growth
in power industry. With system dynamics as a platform, this
paper builds carbon emission reduction potential model in
power industry, sets related parameters according to different
scenarios, takes power structure, carbon intensity, and tech-
nology progress for sensitivity analysis, and verifies the feasi-
bility and effectiveness of the feedback mechanism according
to the operation results.

2. Materials and Methods

2.1. Carbon Market Feedback Structure. China’s per unit
electricity carbon emission is 1.3–1.4 times that of the United
States; in the meantime, the power industry is one of
the larger proportion industries in total carbon emissions.
How to effectively control carbon emission is the key point
for future time. Exploring carbon reduction potential and
realization path in power industry is the critical path in the
process of developing low carbon economy in our country
[16–19]. Considering the affinity between carbon market and
power market, this paper builds a carbon market feedback
structure to power market through controlling important
factors in carbon market; it affects the carbon emissions
in power market adversely. The feedback structure mainly
includes two feedback loops, which was shown in Figure 1.

Loop 1. The growth of thermal power generation increases
coal consumption and pollution emissions, reduces the
opportunities and income, which comes from power suppli-
ers to participate in the emissions reduction trading, thus
improving carbon emission trading cost, reduces the pro-
portion of thermal power generation relatively, and reduces
thermal power generation, which constitutes the negative
feedback loop in carbon emission trading link.

Loop 2. The growth of power consumption increases thermal
power generation and then increases carbon emission in
power industry, which results in an increase of carbon
emissions throughout the market. Under the condition that
GDP growth remains the same, carbon emissions intensity
was relatively increased and power consumption growth
slows down and thus reduces electricity consumption, which
constitutes the negative feedback loop in carbon emission
intensity control link.
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power industryCarbon emissions

Power
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intensity

Power consumption
growth rate

−

+

+

+

−
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thermal power
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Figure 1: System basic variable causal loop diagram.

2.2. Carbon Reduction Potential System Dynamics Model.
According to the analysis of system structure and the mod-
eling principle of system dynamics, the software Vensim was
used to draw carbon reduction potential analysis model in
power industry [20–23]. The model includes power genera-
tion subsystem and carbon emissions subsystem; the former
is divided into two modules, power demand and power
generation structure, and the latter is also divided into two
modules, carbon emissions trading and carbon emission
intensity control.

Modeling language adopts DYNAMO; in the equation, 𝐿
expresses state variable, 𝑅 expresses rate variable,A expresses
auxiliary variable, and 𝐷𝑇 expresses time step between
moment 𝐽 and moment𝐾.

2.2.1. Power Demand Module. The system dynamic model
of power demand module was shown at the bottom-right
part in Figure 2. Power demand, affected by social economic
level, is the main factor to define generation, which in
turn affects the power generation coal consumptions and
emissions.Thismodule calculates power demand on the basis
of accumulating GDP by industry [24, 25]. In the meantime,
considering the consumer power sensitivity to price changes,
the energy price elasticity coefficient was introduced to
calculate power demand changes caused by price changes,
expressed in the following formulas:

𝑇𝑃.𝐽𝐾 = INTEG (𝐷 ∗ (𝑃𝐵.𝐽 − 𝑃𝐷.𝐽) , 𝑇𝑃.𝐽) (1)

𝑃𝐵.𝐾 = 𝑇𝑃.𝐾 ∗ 𝜉𝐵 (2)

𝑃𝐷.𝐾 = 𝑇𝑃.𝐾 ∗ 𝜉𝐷 (3)

GDP.𝐽𝐾
= INTEG (𝐷 ∗ (ΔGDP.𝐾 − ΔGDP.𝐽) ,GDP.𝐽) (4)

ΔGDP.𝐾 = GDP.𝐽 ∗ 𝛼 (5)

𝑃GDP.𝐾 = GDP.𝐾
𝑇𝑃.𝐾 (6)

𝛽 = 𝛽1𝑃GDP.𝐾 + 𝛽2 ∗ 𝛼 + 𝛽3 ∗ 𝜒 + 𝜀 (7)
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Figure 2: Carbon reduction potential system dynamics model in power industry.

Δ𝐶𝐸.𝐾 = 𝐶𝐸.𝐽 ∗ (1 + 𝛽) (8)

𝐶𝐸.𝐾 = INTEG (𝐷 ∗ (Δ𝐶𝐸.𝐾 − Δ𝐶𝐸.𝐽) , 𝐶𝐸.𝐽) , (9)

where 𝑇𝑃 expresses population gross; .𝐾 expresses 𝐾 time
node; .𝐽 expresses 𝐽 time node;𝐷 expresses time period from
𝐽 to 𝐾; 𝑃𝐵 expresses population augmenter; 𝜉𝐵 expresses
birth rate; 𝑃𝐷 expresses population decrement; 𝜉𝐷 expresses
death rate; GDP expresses gross domestic product; ΔGDP
expresses value added of gross domestic product; 𝛼 expresses
GDP growth rate;𝑃GDP expresses per capita GDP; 𝛽 expresses
electricity consumption growth rate; 𝛽1, 𝛽2, 𝛽3, respectively,
express the fitting parameters of per capita GDP, GDP growth
rate, and power demand elasticity;𝜒 expresses power demand
elasticity coefficient; 𝜀 expresses error coefficient of fitting
function; Δ𝐶𝐸 expresses power consumption augmenter; 𝐶𝐸
expresses power consumption.

2.2.2. Power Generation Structure Module. The system
dynamic model of power generation structure module was
shown at the upper-right part in Figure 2. This paper mainly
researches the carbon reduction potential in power industry,
so only the thermal power generating part was studied.
This module introduces power generation structure impact
factors to represent the desired thermal power ratio; for
thermal power generation energy structure, thermal power
energy structure impact factors were used to express the
proportion of each fuel.

𝑃𝐸.𝐾 = 𝐶𝐸.𝐾 ∗ 𝜙 (10)

𝛿𝐶 = 𝜂 ∗ 𝜅1 (11)

𝛿𝑂 = 𝜂 ∗ 𝜅2 (12)

𝛿𝐺 = 𝜂 ∗ 𝜅3 (13)

𝑇𝐶.𝐾 = 𝑃𝐸.𝐾 ∗ 𝛿𝐶 (14)

𝑇𝑂.𝐾 = 𝑃𝐸.𝐾 ∗ 𝛿𝑂 (15)

𝑇𝐺.𝐾 = 𝑃𝐸.𝐾 ∗ 𝛿𝐺 (16)

𝜙.𝐾 = DELAY (𝑜𝜙.𝐾 − 𝜌𝐸𝑃 .𝐽 ∗ 𝛾,𝐷𝑇) , (17)

where 𝑃𝐸 expresses thermal power generation; 𝜙 expresses
the proportion of thermal power generation; 𝛿𝐶 expresses the
proportion of coal consumption; 𝛿𝑂 expresses the proportion
of oil consumption; 𝛿𝐺 expresses the proportion of natural
gas consumption; 𝜂 expresses power generation structure
impact factors; 𝜅1, 𝜅2, 𝜅3, respectively, express the proportion
parameters of three kinds of energy; 𝑇𝐶 expresses coal
consumption; 𝑇𝑂 expresses oil consumption; 𝑇𝐺 expresses
natural gas consumption; 𝑜𝜙 expresses the desired value
of thermal power generation proportion; 𝜌𝐸𝑃 expresses the
difference between actual carbon emission and desired value
in power industry; 𝛾 expresses delay coefficient; DELAY1(𝑓, 𝑡)
is the delay function of system dynamics, 𝑓 is the delay
value, and 𝑡 is delay time. In tape (17), considering the lag
nature of enacting the actual proportion of thermal power
generation, the delay link was set in the power generation
structure model; the delay time is the interval from moment
𝐽 to moment𝐾.

2.2.3. Carbon Emissions Trading Module. The system
dynamic model of carbon emissions trading module was
shown at the upper-left part in Figure 2, whichmainly studies
the influence of carbon emissions on the carbon emissions
trading market, including carbon emissions initial quota,
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transaction amount, and transaction price, expressed in the
following formulas:

𝐸𝐶.𝐾 = 𝑇𝐶.𝐾 ∗ 𝜇𝐶 + 𝑇𝑂.𝐾 ∗ 𝜇𝑂 + 𝑇𝐺.𝐾 ∗ 𝜇𝐺
Δ𝐸𝐶.𝐾 = 𝐸𝐶.𝐾 − 𝐸𝐶.𝐽
Δ𝐼𝐶.𝐾 = DELAY (Δ𝐸𝐶.𝐽 + Δ𝐸𝑈.𝐽, 𝐷𝑇)
𝐼𝐶.𝐾 = INTEG (Δ𝐼𝐶.𝐾, 𝐼𝐶, 𝐽) ,

(18)

where 𝐸𝐶 expresses carbon emissions in power industry;
𝜇𝐶, 𝜇𝑂, 𝜇𝐺, respectively, express the carbon emissions coef-
ficient of three kinds of energy; Δ𝐸𝐶 expresses value added
of carbon emissions in power industry; Δ𝐼𝐶 expresses value
added of industrial carbon emissions; Δ𝐸𝑈 expresses value
added of other industries carbon emissions; 𝐼𝐶 expresses total
carbon emissions.

Because of the delay when counting up the value added of
carbon emissions, a delay link needs to be set; the delay time
is the interval frommoment 𝐽 to moment𝐾.The value added
of other industries was forecasted according to history values.

In order to better study the influence of carbon emissions
on the carbon emissions trading market, this paper sets a
desired value of carbon emissions and, according to the
deviation rate between the carbon emission actual value and
the carbon emission target value, calculates the carbon emis-
sions initial quota weighted coefficient, the carbon emissions
trading limit weighted coefficient, and the carbon emissions
trading price weighted coefficient. Because of the deviation
rate, delay link was introduced.

𝜌𝐸𝑃 .𝐾 = DELAY (𝐼𝐶.𝐾 − 𝑂𝐼𝐶 .𝐽, 𝐷𝑇)
𝜛1.𝐾 = 𝜌𝐸𝑃

𝐸𝑃 .𝐾 ∗ 𝜎1

𝜛2.𝐾 = 𝜌𝐸𝑃
𝐸𝑃 .𝐾 ∗ 𝜎2

𝜛3.𝐾 = 𝜌𝐸𝑃
𝐸𝑃 .𝐾 ∗ 𝜎3,

(19)

where 𝑂𝐼𝐶 expresses the carbon emission target value; 𝜛1
expresses the carbon emissions initial quota weighted coef-
ficient; 𝜛2 expresses the carbon emissions trading limit
weighted coefficient; 𝜛3 expresses the carbon emissions
trading price weighted coefficient;𝜎1, 𝜎2, 𝜎3 express corrected
parameter of three weighted coefficients.

One thing to note is that these weighting coefficients
refer in particular to the distributable initial quota of power
industry, tradable credits of power industry, and trading price
of power industry.

𝐸QC.𝐾 = 𝐼𝐶.𝐾 ∗ 𝜛1 (20)

𝐸TRC.𝐾 = 𝐼𝐶.𝐾 ∗ 𝜛2 (21)

𝐸𝑃𝐶.𝐾 = 𝐼𝐶.𝐾 ∗ 𝜛3 ∗ (1 + 𝜗 ∗ 𝐸TRC
𝐼𝐶 ) (22)

𝐶EC.𝐾 = (𝐸𝐶.𝐾 − 𝐸QC.𝐾) ∗ 𝐸𝑃𝐶.𝐾 (23)

𝑂EC.𝐾 = 𝐸𝐶.𝐾 ∗ IF THEN ELSE(𝐶EC.𝐾 − 𝐶EC.𝐽
𝐶EC.𝐽

≤ 0.05, 1.05, 0.95)
(24)

𝜌𝐸𝐶 .𝐾 = 𝐸𝐶.𝐾 − 𝑂EC.𝐾, (25)

where𝐸QC expresses the carbon emissions initial quota;𝐸TRC
expresses the carbon emission trading limit; 𝐶EC expresses
the carbon emission trading cost in power industry; 𝑂EC
expresses the difference between the carbon emission actual
value and the carbon emission target value in power industry.

IF THEN ELSE (a, b, c) is the conditional function of
system dynamics, a expresses condition, b expresses variable
value when the condition is satisfied, and c expresses variable
value when the condition is not satisfied. Tape (24) shows
that when the transaction variable cost ratio is not greater
than 5%, carbon emissions in power industry will increase,
setting coefficient as 1.05; if the ratio is greater than 1%,
carbon emission in power industry will decrease, setting
coefficient as 0.95.This is because when the change of carbon
emission trading cost is very small, the power industry will
not consider the carbon trading cost; when the change ratio
is greater than 5%, the power industry will consider reducing
carbon trading cost, thus reducing carbon emissions and
thermal power generation.

2.2.4. Carbon Emission Intensity Control Module. The system
dynamic model of carbon emissions intensity module was
shown at the center part in Figure 2, whichmainly studies the
fact that carbon emissions affect carbon emission intensity
and, in turn, affect power demand growth rate. Carbon
emission intensity desired value represents expected intensity
through comparing the difference between actual value and
desired value to analyze the change of power demand growth
rate; the formula is as follows:

𝑒𝐶.𝐾 = 𝐼𝐶.𝐾
GDP.𝐾 ∗ 100%

𝜉 = 𝑒𝐶.𝐾 − 𝑂𝑒𝑐 .𝐾
𝑂𝑒𝑐 .𝐾

𝛽.𝐾 = 𝛽.𝐽 ∗ IF THEN ELSE (𝜉 ≤ 0, 1, 0.95) ,

(26)

where 𝑒𝐶 expresses carbon emission intensity; 𝜉 expresses the
deviation rate between the carbon emission intensity actual
value and the carbon emission intensity desired value; 𝑂𝑒𝑐
expresses the carbon emission intensity desired value.

Here, changes of power consumption growth rate are
revised on the basis of power consumption growth rate
calculated by per capita GDP, GDP growth rate, and power
demand elasticity. When the difference between carbon
emission intensity actual value and the desired value is less
than zero, power consumption growth rate stays the same; if
the difference is greater than zero, a weight, which is 0.95, is
added to the power consumption growth rate.
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Table 1: Some indicators statistics from the 2003 to 2011.

Years
Electricity

consumption growth
(%)

GDP per capita (ten
thousand

yuan/people)

GDP growth rate
(%)

Electricity demand
elasticity

2003 15.30 1.04 10.00 1.56
2004 15.46 1.23 10.10 1.52
2005 13.90 1.40 11.30 1.19
2006 14.16 1.64 12.70 1.15
2007 14.42 2.02 14.20 1.01
2008 5.49 2.38 9.60 0.58
2009 6.44 2.55 9.20 0.78
2010 14.77 2.98 10.40 1.27
2011 11.97 3.50 9.30 1.30
The results show that there are significant and stable positive correlations among GDP per capita, GDP growth rate, and electricity demand elasticity.

3. Results and Discussion

3.1. Parameters Setting. The data of the China economy and
the power industry in 2010 are taken as a benchmark in
the model; the model researched effects of carbon emission
reduction in electric power industry and key influencing
factors in the systems from 2015 to 2050. Among them,
the growth rate forecast of electricity consumption primary
considered GDP per capita, GDP growth rate, and electricity
demand elasticity of the three factors. Table 1 showed the
domestic GDP growth, GDP per capita, electricity demand
elasticity, and electricity consumption growth in China from
2003 to 2011. On the basis of data and predictionmodel, in the
future, Chinese power consumption growth can be expressed
as

𝑌 = −12.005 + 0.228𝑋1 + 1.101𝑋2 + 10.528𝑋3, (27)

where 𝑋1 expresses GDP per capita, 𝑋2 expresses GDP
growth rate, 𝑋3 expresses electricity demand elasticity, and
𝑌 expresses electricity consumption growth.

For the control measures of carbon market can be
effectively fed back to the electricity market, this model con-
siders the deviation between the actual carbon emission and
the target value and develops some weighting coefficients,
including power industry carbon emissions initial quota
weighted coefficient, trade quota weighted coefficient, and
carbon trading price weighted coefficient. By adjusting the
weighting coefficient, the model adjusts the carbon emission
target and then controls the power industry carbon emissions
[26, 27].

(1) Initial Quotas Weighting Factor of Power Industry Carbon
Emissions. Firstly, in the case without considering other fac-
tors, initial quotas weighting factor of power industry carbon
emissions is formulated in accordance with the grandfather
model, which is

𝜛1 = 𝐸𝐶
𝐼𝐶 × 100%. (28)

Then, the model takes into account the goal of reducing
carbon emissions to formulate a carbon emissions target;

combined with the actual carbon emissions to compare, the
power industry carbon emissions quotas initial weighting
coefficient is adjusted based on the deviation rate, detailed as
follows:

𝜛1 = 𝐸𝐶
𝐼𝐶 × 𝜌𝐸𝐶 × 100%. (29)

(2) Power Industry Carbon Emissions Trading Credits Weight-
ing Factor. Firstly, in the case without considering other
factors, initial quotas weighting factor of power industry car-
bon emissions is allocated in accordance with the following
formula:

𝜛2 = 𝐸𝐶
𝐼𝐶 × 100% × 1.1. (30)

Then, the model takes into account the goal of reducing
carbon emissions to formulate a carbon emissions target;
combined with the actual carbon emissions to compare, the
power industry carbon emissions trading credits weighting
factor is adjusted based on the deviation rate, detailed as
follows:

𝜛2 = 𝐸𝐶
𝐼𝐶 × 𝜌𝐸𝐶 × 100% × 1.1. (31)

(3) Power Industry Carbon Emissions Trading PriceWeighting
Coefficients. In order to establish an effective carbon market
feedback mechanism, this model takes into account the unit
power generation cost of thermal power in formulating the
power sector carbon emission trading price weighted coeffi-
cient and sets a ratio of 10%, which can control the proportion
of thermal power generation through the feedback of carbon
emission trading price.

𝜛3 = 𝜁 × 10%, (32)

where 𝜁 represents generation cost of thermal power.
Then, the model takes into account the goal of reducing

carbon emissions to develop a carbon emissions target;
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Table 2: Multiple scenarios parameter design.

The impact factor of the power
structure Carbon intensity target factor Impact factor of technological advances

BASE 1 1 1
CASE 1 0.9 1 1
CASE 2 0.8 1 1
CASE 3 0.7 1 1
CASE 4 0.6 1 1
CASE 5 1 0.9 1
CASE 6 1 0.8 1
CASE 7 1 0.7 1
CASE 8 1 0.6 1
CASE 9 1 1 0.9
CASE 10 1 1 0.8
CASE 11 1 1 0.7
CASE 12 1 1 0.6

combined with the actual carbon emissions to compare,
power industry carbon emissions trading price weighting
coefficient is adjusted based on the deviation rate, detailed as
follows:

𝜛3 = 𝜁 × 10% × 𝜌𝐸𝑝 . (33)

(4) Multiple Scenarios Parameter Design. In order to analyze
the impact of the key carbon emission reduction factors on
the carbon emission reduction effect, which contains impact
factor of power generation structure, carbon emission inten-
sity target value, and technological progress, the model sets
different parameter values to explore the system operating
conditions in different scenarios (Table 2).

Among them, the impact factors of the power structure
adjust the whole system by affecting thermal power gener-
ation ratio; then carbon emissions and carbon intensity are
changed; the impact factors of carbon intensity target adjust
the whole system by affecting carbon emission target; then
carbon emissions of power industry were affected; impact
factors of technical progress adjust the whole system by
reducing coal consumption rate and other parameters; then
carbon emissions of power industry were affected.

3.2. Baseline Conditions. Based on the simulation system
constructed in this paper, parameters under the basic situa-
tion and data in 2010 are input; the operating system obtains
relevant factors as shown in Table 3 (ten thousand tons/one
hundred million yuan was abbreviated as T/O).

Figure 3 shows the trend situation of thermal power
plants electricity generated proportion over the years; it can
be seen from the figure that, in the constraints of feedback
mechanisms, the proportion of thermal power plants is
declining,, but the rate of decline slowed; it is explained that
the proportion of thermal power plants reached a stable value;
feedback system regional balance shows that feedback mech-
anism played a role that reduces the proportion of thermal

power generation effect. Figure 4 shows the carbon intensity
trends over the years; the carbon intensity target value is set
to help reduce carbon emissions intensity; it can be seen from
Figure 4 that the intensity of carbon emission shows a trend
of first increasing and then decreasing; it is explained that the
construction feedback mechanism has a period of instability;
after a feedback mechanism enters into the stable phase, the
carbon emission intensity is declining; it is suggested that
control action of feedback mechanism to carbon emissions
has hysteresis quality.

Figure 5 shows the trend of electricity consumption
growth over the years; the growth of power consumption
also shows a trend of first increasing and then decreasing.
The growth stage is due to the rapid growth of GDP, which
leads to the rapid growth of electricity consumption demand.
However, due to the suppression of the growth of electricity
consumption by the carbon emission intensity in the feed-
backmechanism, this results in decreasing part of the growth
rate of power consumption. Figure 6 shows the trend of
power industry carbon emissions over the years; even under
constraints of feedback mechanisms, carbon emissions from
the power industry are still growing year after year, which
is related to the growth in demand for electricity consump-
tion.

Figure 7 shows the trend of proportion of the power
industry carbon emissions over the years; the proportion of
carbon emissions from the power industry experienced a
trend that first increased and then decreased; the proportion
of thermal power feedback mechanism leads to slowdown
of coal consumption growth; the growth rate of coal con-
sumption is constant in other industries, so proportion of the
power industry carbon emissions is declining. However, due
to the cleanliness of electric power, the role of electric energy
replacement appears gradually, leading to a decrease of coal
consumption in other industries. As a result, the proportion
of carbon emissions in the power industry has been increas-
ing.
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Figure 3: The trend of thermal power plants electricity generated proportion under the baseline scenario.
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Figure 4: The trend of carbon intensity under the baseline scenario.
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Figure 5: The trend of electricity consumption growth rate under the baseline scenario.

3.3. Key Elements Analysis. In order to study the key elements
of carbon emission reduction in power industry, this paper
performs sensitivity analysis on impact factors-generation
structure, carbon intension, and technological progress and
gets relevant conclusions according to the analysis results.

3.3.1. Generation Structure. According to the parameters
in Table 3, different generation structure impact factors

and operation systems were set for five scenarios, BASE,
CASE 1, CASE 2, CASE 3, and CASE 4; relevant results were
shown as attached list. Figure 8 shows the trend of ratio
of thermal power generation under different parameters.
With the adjustment of power generation structure, especially
the feedback control of thermal power, the ratio shows a
downward trend. In 2050, the ratio is 0.466 in CASE 4,
which decreases by 24% compared with 0.614 in the baseline
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Figure 7: The trend of proportion of power industry carbon
emissions under the baseline scenario.

scenario. The control effect on thermal power is obvious,
and the growth trend of carbon emission in thermal power
generation is effectively suppressed.

Figure 9 shows the trend of power consumption growth
under different parameter settings. With the adjustment
of power generation structure, the change in electricity
consumption growth is small, which was 6.38% under CASE
4, compared with 6.43% in the baseline scenario. This shows
that the influence of power generation impact factor on it can
be neglected.

Figure 10 shows the trend of carbon emissions in power
industry under different parameter settings; Figure 11 shows
the trend of carbon emission ratio in power industry; com-
binedwith attached list 3 and attached list 4, it can be seen that
the adjustment of generation structure has some influence
on carbon emissions and emission ratio. In 2050, carbon
emission is 18.16448 billion tons under CASE 4, reduces 25%,
and is lower than the baseline scenario, 24.36133 billion tons.
In 2050, the emission ratio reduces 16.8%. That shows that
adjusting generation structure can reduce carbon emissions,
and the effect is obvious.
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3.3.2. Carbon Intension. According to the parameters in
Table 3, different carbon intension impact factors and oper-
ation systems were set for five scenarios, BASE, CASE 5,
CASE 6, CASE 7, and CASE 8; relevant results were shown
as attached list. Figure 12 shows the trend of carbon emissions
in power industry under different scenarios; combined with
attached list 5, it can be seen that carbon emissions in power
industry under CASE 8 in 2050 increase 60% compared
with baseline scenario. This shows that adjusting carbon
intension cannot reduce carbon emission and increases it
instead, which is due to the fact that the reduction of carbon
intension desired value results in the increase of deviation
ratio and thus influences power consumption growth and
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Figure 12: The trend of carbon emissions in power industry under
different scenarios (2). The result is under carbon intension.

5
5 5 5 5 5

5
5

4
4 4 4 4 4

4
4

4

3

3 3 3 3 3
3

3
3

2
2 2 2 2 2

2
2

2

1

1
1 1 1 1 1

1
1

2014 2018 2022 2026 2030 2034 2038 2042 2046 20502010
Time (year)

0

.15

.3

.45

.6

Proportion of carbon
emissions in the power
industry: BASE
Proportion of carbon
emissions in the power
industry: CASE 8
Proportion of carbon
emissions in the power
industry: CASE 7

1

2

3

Proportion of carbon
emissions in the power
industry: CASE 6
Proportion of carbon
emissions in the power
industry: CASE 5

4

5

Figure 13: The trend of proportion of carbon emissions in power
industry under different scenarios (2). The result is under carbon
intension.

power demand growth and leads to the increase of carbon
emissions. Figure 13 shows the trend of carbon emission ratio
in power industry under different scenarios; the ratio under
CASE 8 is obviously higher than baseline scenario, the same
reason as carbon emission.

Figure 14 shows the trend of carbon intension under
different parameter settings; combined with attached list 7, it
can be seen that the adjustment of carbon intension impact
factor has little influence on carbon intension. Figure 15
shows the trend of electricity consumption growth in differ-
ent scenarios, which is 7.9% in CASE 8 in 2050 and decreases
by 23% compared with 6.4% in the baseline scenario. This
shows that adjusting carbon intension impact factor will
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scenarios (1). The result is under carbon intension.
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Figure 15: The trend of electricity consumption growth rate under
different scenarios (2). The result is under carbon intension.

increase power demand and power consumption growth and
thus increase carbon emissions.

3.3.3. Technological Progress. According to the parameters in
Table 3, different technological progress impact factors and
operation systems were set for five scenarios, BASE, CASE 9,
CASE 10, CASE 11, andCASE 12; relevant results were shown
as attached list. It should be noted that the starting point
of technological progress is in 2025. Figure 16 shows the
trend of carbon emissions in power industry under different
scenarios; it can be seen that technological progress reduces
carbon emissions in power industry through affecting coal
consumption rate and so forth. Carbon emission underCASE
12 in 2050 reduces by 41% compared with baseline scenario;
the effect is obvious. Figure 17 shows the trend of carbon
emission ratio in power industry under different scenarios;
combined with attached list 10, it can be seen that the effect
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Figure 16: The trend of carbon emissions in power industry under
different scenarios (3). The result is under technological progress.
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Figure 17: The trend of proportion of carbon emissions in power
industry under different scenarios (2). The result is under techno-
logical progress.

of reducing carbon emission ratio by technological progress
is obvious, declining by up to 30%.

Figure 18 shows the trend of carbon intension under
different parameter settings; combined with attached list
11, it can be seen that the adjustment of technological
progress impact factor has a common influence on carbon
intension; the decrease is 2%. Figure 19 shows the trend
of power consumption growth under different parameter
settings; combined with attached list 12, it can be seen that
the adjustment of technological progress impact factor also
has a common influence on power consumption growth; the
range is less than 1%. Therefore, under the situation that
technological progress impact factor does not affect power
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Figure 18: The trend of carbon emission intensity under different
scenarios (2). The result is under technological progress.
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Figure 19: The trend of electricity consumption growth rate under
different scenarios (3). The result is under technological progress.

consumption growth, it can effectively inhibit the growth of
the carbon emissions in power industry.

3.4. Sensitivity Analysis. Through the sensitivity analysis for
the key factors of carbon emission reduction in power
industry, the carbon emission reduction effect of adjusting
technological progress is the most obvious, the adjustment of
generation structure takes second place, and the adjustment
of carbon intension is the worst, which may even increase
carbon emissions. The emission reduction effect of three key
factors was shown in Figure 20. It can be seen from the figure
that, among them, the effect of technological progress is the
best (can be up to 60%); the effect of generation structure is
second (can be up to 32%); the effect of carbon intension is
the worst (can increase carbon emission up to 41%).
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Figure 20:The trend of emission reduction factor sensitivity results.

4. Conclusions and Suggestions

Through building carbon reduction potential analysis model
in power industry, this paper discusses the effectiveness of
the carbon market feedback mechanism on power market,
conducts the sensitivity analysis for the key factors of carbon
emission reduction, and draws the following conclusions.

(1) Through running the system under the baseline
scenario, the results show that the feedback mechanism
constructed in this paper plays a certain role in suppressing
the increase of carbon emissions in power industry, and it can
be seen that there is a lag in the carbon emission feedback
mechanism; from the long-term carbon emission situation,
the carbon emission reduction effect in power industry is
obvious.

(2) Through the sensitivity analysis of the generation
structure factor, the results show that, on the basis of the
carbon emission reduction feedback mechanism constructed
in this paper, the adjustment of generation structure can play
a better role in reducing carbon emissions, and in the best
case it can reduce 32% of carbon emissions in power industry.

(3) Through the sensitivity analysis of the carbon emis-
sion intensity factor, the results show that, on the basis of the
carbon emission reduction feedback mechanism constructed
in this paper, the reduction of the carbon emission intensity
cannot play a role in reducing carbon emissions; on the
contrary, due to the increase of electricity consumption
growth rate, it will lead to the increase of carbon emissions.

(4) Through the sensitivity analysis of technological
progress factor, the results show that, on the basis of the
carbon emission reduction feedback mechanism constructed
in this paper, the improvement of technological progress level
can largely realize the carbon emission reduction goal, and in
the best case it can reduce 60% of carbon emissions in power
industry.

Nomenclature

Symbols

𝑇: Total value
𝜉: Birth or death rate
𝛼: GDP growth rate
𝛽: Electricity consumption growth rate
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𝜒: Power demand elasticity coefficient
𝜀: Error coefficient of fitting function
𝐶: Consumption
𝜙: Proportion of thermal power
𝛿: The proportion of each energy
𝜂: Power generation structure impact factors
𝜅: Proportion parameters of each energy
𝜛: Weighted coefficient
𝑒: Emission intensity
𝑜: The desired value of thermal power gener-

ation proportion
𝜌: The difference between actual carbon emis-

sion and desired value
𝛾: Delay coefficient
𝐸: Carbon emissions in power industry
𝜇: Carbon emissions coefficient
𝐼: Total carbon emissions
𝑂: Target value.
Acronyms

.𝐾: 𝐾 time node

.𝐽: 𝐽 time node
𝐷: Time period from 𝐽 to 𝐾
Δ: The amount of change
DELAY1: Delay function
INTEG: Integral function.

Conflicts of Interest

The authors declare that there are no conflicts of interest.

Acknowledgments

This paper is supported by the Fundamental Research Funds
for the Central Universities (2016XS82), the National Natural
Science Foundation of China (Grants nos. 71273090 and
71573084), and the Beijing Municipal Social Science Foun-
dation (16JDYJB044).

References

[1] W. Sufeng,Research onAllocation of Carbon Emission Rights and
Abatement Mechanism for China, Hefei University of Technol-
ogy, Anhui, China, 2014.

[2] Y. Li and Y. Yu, “The use of freight apps in road freight transport
for CO2 reduction,” European Transport Research Review, vol. 9,
no. 3, 2017.

[3] S.-m. Yu and L. Zhu, “Impact of firms’ observation network on
the carbon market,” Energies, vol. 10, no. 8, 2017.

[4] B. Koo, “Preparing hydropower projects for the post-paris
regime: an econometric analysis of the main drivers for reg-
istration in the clean development mechanism,” Renewable &
Sustainable Energy Reviews, vol. 73, pp. 868–877, 2017.

[5] A. C. Pigou, Wealth and Welfare, Macmillan and collimated,
New York, NY, USA, 1912.

[6] T.D.Crocker, “The structuring of atmospheric pollution control
systems,”The Economics of Air Pollution, pp. 61–86, 1966.

[7] R. W. Hahn, “Market power and transferable property rights,”
The Quarterly Journal of Economics, vol. 99, no. 4, pp. 753–765,
1984.

[8] S. Felder and R. Schleiniger, “Environmental tax reform: efi-
ciency and political feasibility,”Ecological Economics, vol. 42, no.
1, pp. 107–116, 2002.

[9] T. H. Edwards and J. P. Hutton, “Allocation of carbon permits
within a country: a general equilibrium analysis of the United
Kingdom,” Energy Economics, vol. 23, no. 4, pp. 371–836, 2001.

[10] L. Shoude and H. Tongcheng, “A multi-objectives decision
model of initial emission permits allocation,” Chinese Journal
of Management Science, vol. 11, no. 6, pp. 40–44, 2003.

[11] Z. Wenhui, “The review of initial emission permits allocation
theory,” Industrial Technology and Economy, vol. 27, no. 8, pp.
111–113, 2008.

[12] L. Changsheng, F. Ying, and Z. Lei, “The study of carbon
dioxide emission intensity abatement mechanism of iron and
steel industry based on two-stage gamemodel,” Chinese Journal
of Management Science, vol. 20, no. 2, pp. 93–101, 2012.

[13] W. Chen and F. Teng, “International cooperation mechanisms
for carbon reduction,” Journal of Tsinghua University (Science
and Technology), vol. 45, no. 6, pp. 854–857, 2005.

[14] J. Wu, Z. Kang, and N. Zhang, “Carbon emission reduction
potentials under different polices in Chinese cities: a scenario-
based analysis,” Journal of Cleaner Production, vol. 161, pp. 1226–
1236, 2017.

[15] L.-t. Wong, K.-w. Mui, and Y. Zhou, “Carbon dioxide reduction
targets of hot water showers for people in Hong Kong,” Water,
vol. 9, no. 8, p. 576, 2017.

[16] Y. Yang, W. Qiu, and D. He, “Carbon abatement game between
regulator and firms under command-and-control scheme,”
Systems Engineering, vol. 30, no. 2, pp. 110–114, 2012.

[17] J. Zhou and Y. Diandian, “Studies on provincial differences,
influential factors and reduction mechanisms of China’s carbon
dioxide emission,” Shanghai Journal of Economics, vol. 11, pp.
65–80, 2012.

[18] L. Yalu, System Dynamics Model on the Urban Low-Carbon
Development Process, Tianjin University, Tianjin, China, 2012.

[19] Y. Chao, Study on Cost Optimization Models of Power Gen-
eration’s Energy Consumption and Emission under Different
Emission Mechanisms, North China Electric Power University,
Beijing, China, 2012.

[20] Y. Liu, L. Han, Z. Yin, and K. Luo, “A competitive carbon emis-
sions scheme with hybrid fiscal incentives: The evidence from
a taxi industry,” Energy Policy, vol. 102, pp. 414–422, 2017.

[21] S. Zeng, X.Nan,C. Liu, and J. Chen, “The response of the Beijing
carbon emissions allowance price (BJC) tomacroeconomic and
energy price indices,” Energy Policy, vol. 106, pp. 111–121, 2017.

[22] R. J. Plevin,M. A. Delucchi, andM.O’Hare, “Fuel carbon inten-
sity standards may not mitigate climate change,” Energy Policy,
vol. 105, pp. 93–97, 2017.

[23] Z. Wang, J. Zhao, and M. Li, “Analysis and optimization of
carbon trading mechanism for renewable energy application in
buildings,” Renewable & Sustainable Energy Reviews, vol. 73, pp.
435–451, 2017.

[24] S. Ghosh, “Electricity supply, employment and real GDP in
India: evidence from cointegration andGranger-causality tests,”
Energy Policy, vol. 37, no. 8, pp. 2926–2929, 2009.

[25] Y. Liu, X. Hu, and K. Feng, “Economic and environmental
implications of raising China’s emission standard for thermal
power plants: an environmentally extended CGE analysis,”
Resources, Conservation & Recycling, vol. 121, pp. 64–72, 2017.



14 Mathematical Problems in Engineering

[26] L. Preusser, “Development of a thermal model for a heated
steering wheel to compensate defective feedback variables,” in
Proceedings of the WCX� 17: SAE World Congress Experience,
2017.
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The design and tuning of a simple feedback strategy with delay to stabilize a class of underactuated mechanical systems with dead
time are presented. A linear time-invariant (LTI)model with time delay of fourth order and a Proportional Retarded (PR) controller
are considered. The PR controller is shown as an appealing alternative to the application of observer-based controllers. This paper
gives a step forward to obtain a better understanding of the effect of output delays and related phenomena in mechatronic systems,
making it possible to design resilient control laws under the presence of uncertain time delays in measurements and obtain an
acceptable performance without using a derivative action.The Furuta pendulum is a standard two-degrees-of-freedom benchmark
example from the class of underactuated mechanical systems.The configuration under study includes an inherent output delay due
to wireless communication used to transmit measurements of the pendulum’s angular position. Our approach offers a constructive
design and a procedure based on a combination of root loci and Mikhailov methods for the analysis of stability. Experiments over
a laboratory platform are reported and a comparison with a standard linear state feedback control law shows the advantages of the
proposed scheme.

1. Introduction

Underactuated mechatronic systems have been a subject
of intensive research during the past three decades, where
partial feedback linearization, normal forms, and energy-
based methods have offered successful results as well as
breakthrough paradigms [1–9]. Experimentswith pendulums
having one or more degrees of underactuation play an
important role in control theory. One important challenge
concerning the construction of such equipment is how to
send the measurements from the encoders located in the
underactuated links without adding restrictions to the move-
ment; one possible solution is wireless communication [10,
11]. Nowadays, wireless sensor networks are a feasible option
when mobility and flexibility are requirements. However,
when the sensor signals are transmitted through a wireless
network, the time-delay phenomena are unavoidable, repre-
senting an important as well as an open challenge [11–13].

Time delays in measurements are often neglected. Moreover,
when only positions are instrumented, the corresponding
velocities are often required to be reconstructed, either with
an observer or with the use of on-line differentiators or
filters (see, e.g., [14, 15]). It is well known that noise, time
delays, sampling, and unmodeled dynamics deteriorate the
performance of such estimators. Hence, it is of relevance to
understand the effect of time delays in measurements as well
as the potential of such delays as a second degree of freedom
for control design (see [16, 17]). For this aim, a PR controller
design will be presented together with theMikhailov stability
approach. Furthermore, a Furuta pendulumcase study, where
the underactuated variable is subject to an inherent output
delay due to wireless signal transmission, is presented. The
analysis of time delays in control systems is not a new
topic; particularly, the addition of time delays in the control
design has been studied for many years (see, e.g., [18–27]).
In particular, the introduction of time delays in the control
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law avoids the use of techniques for estimating the derivative
action, which is not an easy task under the presence of
noise and delays in measurements and increases the cost
and complexity of the overall controller design and tuning
of the gains [16]. On the other hand, the implementation of
a retarded control law requires only memory registers and
is relatively simple to program, since it is based on a sum
of a proportional signal and the corresponding delayed one.
However, the stability analysis of a closed-loop system with a
retarded feedback control law requires dealing with infinite-
dimensional systems even if the initial plant model is not.
This analysis is studied in the framework of two approaches:
time domain and frequency domain [28, 29]. In the first
approach, the analysis is based on the well-known Lyapunov’s
criteria using linear matrix inequalities (LMIs) via convex
optimization.However, this approach provides only sufficient
conditions of stability or stabilization, which are usually
conservative for some systems, while for other systems the
LMIs are unfeasible. Besides, in our experience for similar
problems, the parameters tuning by a frequency method
using LMIs sometimes is not feasible. In the second approach,
the analysis is based on the root locus of its corresponding
characteristic equation in the complex plane. Unlike the
temporal approach, the frequency approach can provide nec-
essary and sufficient conditions that are not conservative. In
[30–32], some numerical methods to approximate the roots
of these quasi-polynomial or analytic functions are displayed.
Furuta pendulum is a well-known academic example that is
used as a benchmark for the study of underactuated mechan-
ical systems [33, 34]. Recently, in [17], the control design of
a PR controller for the stabilization of Furuta pendulum was
introduced; however, the effect of the inherent delay, present
in the unactuated variable, was not studied. In contrast to
the previous work [17], this paper presents a more detailed
analysis for the tuning of control gains; also new experiments
and graphs are presented, as well as experimental tests of
robustness under external disturbances. In addition, the
organization of the document is better and more natural;
also amore comprehensive bibliographic review is performed
and the introduction presents a better justification of the
topic of study. Besides, to the best of our knowledge, the
stability analysis including the inherent time delay as well as
the enhancement of the PR control parameters has not been
presented for Furuta pendulum. In addition, the Mikhailov
procedure [35] is described and formalized for the present
case study; concerning application of the method to systems
with delay, see, for example, [36, 37]. The proposed control
design is composed of two elements: a PD controller for
the actuated variable and PR controller for the stabilization
of the unactuated link. The main difference with respect to
other works is that the stability analysis incudes two delays,
one is inherent of the wireless communication and the other
is introduced in the control law for stabilization purposes.
Moreover, the time derivative of the unactuated variable or
its on-line estimation is not required in the proposed control
law.Thus, the characteristic equation analyzed is an analytical
function or quasi-polynomial with two transcendental terms
of the form

𝑄(𝑠, 𝛼, 𝛽, 𝑘𝑝, 𝑘𝑟, 𝜏, 𝜏2)
= 𝑃1 (𝑠, 𝑘𝑝, 𝛼, 𝛽) + 𝑃2 (𝑠, 𝑘𝑝) 𝑒−𝜏𝑠
+ 𝑃3 (𝑠, 𝑘𝑟) 𝑒−(𝜏+𝜏2)𝑠,

(1)

where 𝜏2 is the inherent delay of the angular position
measurements due to the wireless communication, 𝑃𝑖(⋅), 𝑖 =1, 2, 3, are polynomials with real coefficients, 𝑘𝑝, 𝑘𝑟, 𝜏 are
the parameters of PR controller, and 𝛼, 𝛽 are the parameter
of PD controller. The first stability analysis is using the D-
partition method [38] and the root continuity property [39,
40]. A growing body of literature has analyzed the stability of
quasi polynomials (see [23, 26, 41–44]). Particularly in [26],
the delay phenomena have been studied for a fully actuated
cart-pendulum system, introducing a full-state feedback
controller with feedforward term, assuming that all velocities
and positions are measurable.

The present paper focuses on the delay phenomena in
an underactuated system called Furuta pendulum. The main
result introduces a methodology for the optimal selection
of the controller gains and a procedure based on Mikhailov
method for the study of complete stability under the presence
of measurement delays. Here, it is assumed that only angular
positions are available for measurement. For comparison
purposes, a design of a state feedback controller, which
includes the on-line estimation of velocities, is presented.
All the proposed algorithms are verified with simulations
and experiments over a laboratory test bench, obtaining the
desired performance.

The outline of this paper is distributed as follows. In
Section 2, the mathematical model of the Furuta pendulum
is introduced. The proposed control design is presented in
Section 3. Experimental results are found in Section 4. The
conclusions of this study are drawn in Section 5.

2. Mathematical Model

The Furuta pendulum test bench consists of a passive
pendulum attached to the end of an actuated rotating
arm as shown in Figure 1. The coordinates of the cen-
ters of mass of both links are given by (𝑥1, 𝑦1, 𝑧1)
= (𝑙1 cos𝜙, 𝑙1 sin𝜙, 0) and (𝑥2, 𝑦2, 𝑧2) = (𝐿1 cos𝜙 −𝑙2 sin𝜙 sin 𝜃, 𝐿1 sin𝜙 + 𝑙2 cos𝜙 sin 𝜃, 𝑙2 cos 𝜃), where 𝜃 is
the angular position of the pendulum and 𝜙 is the angle
of the rotational arm; and both variables represent the
generalized coordinates that describe the motion. The
following notation is used: 𝑚1 is the mass of the arm, 𝑚2 is
the pendulum mass, 𝐽1 and 𝐽2 are the moments of inertia of
the arm and of the pendulum, respectively, 𝐿1 and 𝐿2 are the
lengths of the arm and the pendulum, respectively, and 𝑔
is the acceleration due to gravity. Note that with the chosen
coordinated system the unstable equilibrium point is located
at (𝜃, ̇𝜃, 𝜙, ̇𝜙) = (0, 0, 0, 0). Note that the equilibrium does
not depend on 𝜙 and every real value of 𝜙 corresponds to
an unstable equilibrium. A model of the Furuta pendulum
can be obtained applying the Euler-Lagrange formalism (see,
e.g., [45–47]). The corresponding Lagrangian is given by
L = 𝑇−𝑉, with𝑇 = (1/2)𝑚1(�̇�2+ ̇𝑦2) + (1/2)𝑚2(�̇�22+ ̇𝑦22+�̇�22)
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Figure 1: Scheme of the Furuta pendulum model by [10].

+ (1/2)𝐽1 ̇𝜙2 + (1/2)𝐽2 ̇𝜃2 and 𝑉 = 𝑚2𝑔𝑙2 cos 𝜃 leading to the
following expression:

𝑀 ̈𝑞 + (𝐶 + 𝐷) ̇𝑞 + ℎ = 𝑓, (2)

where the related terms are 𝑞 = [ 𝜃𝜙 ], 𝑀 = [𝑚11 𝑚12𝑚12 𝑚22 ], ℎ =
[ 0𝜅𝑢 ], 𝐶 = [ 0 𝑐12𝑐21 𝑐22 ], and 𝐷 = [ 𝑑11 00 𝑑22 ] . The elements of the
inertia matrix are 𝑚11 = 𝐽2 + 𝑚2𝑙22 , 𝑚12 = 𝑚2𝐿1𝑙2 cos 𝜃, and𝑚22 = 𝐽1 + 𝑚1𝑙21 + 𝑚2(𝐿21 + 𝑙22 sin2𝜃); the Coriolis matrix is
formed by 𝑐12 = −𝑚2𝑙22 sin 𝜃 cos 𝜃 ̇𝜙, 𝑐21 = 𝑚2𝑙22 sin 𝜃 cos 𝜃 ̇𝜙 −𝑚2𝑙2𝐿1 sin 𝜃 ̇𝜃, and 𝑐22 = 𝑚2𝐿22 sin 𝜃 cos 𝜃 ̇𝜃; the parameters of
viscous friction are included in matrix 𝐷. For the particular
laboratory test bench in Figure 1, static friction does not play
an important role, because it is small and bounded, and it is
neglected in the plant model.

The external torque that allows the control of the arm is
produced by a DC motor. The motor induces a torque𝑀𝑎 =𝑐𝑎𝜅𝑖𝑢 = 𝜅𝑢, where u is the normalized input voltage of the
PWM amplifier, 𝜅𝑖 is constant, and 𝜅 = 𝑐𝑎𝜅𝑖.

There are two control problems commonly associated
with the Furuta pendulum: stabilization around one of the
two equilibrium points and the swing-up [48, 49]. In order to
study the inherent delay due to the wireless communication
together with the design of a retarded control law, here we are
going to focus on the problem of stabilization.

In this context, the equation of motion (2) can be
linearized around the unstable equilibriumpoint (𝜃, ̇𝜃, 𝜙, ̇𝜙)=(0, 0, 0, 0), obtaining the following controllable linear system:

̈𝜃 (𝑡) = 𝑎𝜃 (𝑡) + 𝑏 ̇𝜃 (𝑡) + 𝑐 ̇𝜙 (𝑡) + 𝑑𝑢 (𝑡) ,
̈𝜙 (𝑡) = 𝑒𝜃 (𝑡) + 𝑓 ̇𝜃 (𝑡) + 𝑔 ̇𝜙 (𝑡) + ℎ𝑢 (𝑡) , (3)

𝑦 (𝑡, 𝑡 − 𝜏2) = [𝜃 (𝑡 − 𝜏2) , 𝜙 (𝑡)]𝑇 , (4)

where 𝑦(𝑡, 𝑡 − 𝜏2) is the available output subject to commu-
nication delay 𝜏2. The total delay 𝜏2 involved in the sensor
communication can be divided into three parts: the com-
munication delay from sensor to controller, the computation

Table 1: Physical parameters of Furuta pendulum.

Mass of the horizontal rod (𝑚1) 0.431 kg
Length of the horizontal rod (𝐿1) 0.262m
Distance to center of gravity (𝑙1) 0.131m
Moment of inertia of the rod (𝐽1) 0.012 kgm2

Mass of the pendulum (𝑚2) 0.128 kg
Length of the pendulum (𝐿2) 0.47m
Distance to center of gravity (𝑙2) 0.185m
Moment of inertia of pendulum (𝐽2) 0.0035 kgm2

Friction on 𝜃 (𝑑11) 0.0032 kgm2/s
Friction on 𝜙 (𝑑22) 0.004 kgm2/s
Motor constant (𝜅) 1.07 rad kgm2/s2

delay at the controller, and the communication delay from
controller to actuator. Here, any delay from the sensor to the
controller is assumed to be small relative to the sampling
period, since short delays are typical for optical encoders.
Also, the computation delay is relatively small compared with
the communication delay that normally is affected by the
physical distance between the communication nodes. As a
result, 𝜏2 is modeled as a static delay within a bounded set;
that is, 𝜏2 ∈ [0, 𝜏∗2 ]. The other system parameters are 𝑎 =37.377, 𝑏 = −0.515, 𝑐 = 0.142, 𝑑 = −35.42, 𝑒 = −8.228,𝑓 = 0.113, 𝑔 = −0.173, and ℎ = 43.28. Here, the physical
parameters of the experimental platform given in Table 1 are
employed.

3. Controller Design and Tuning

Using classical techniques, stabilization of the Furuta pen-
dulum requires measurements of variables 𝜃 and 𝜙 and the
estimation of the corresponding time derivatives ̇𝜃 and ̇𝜙 (see,
e.g., [33, 48, 49]). However, when wireless communication
is considered, delays in the measurement deteriorate the
accuracy of estimation of time derivatives. The system under
study includes two encoders for measurements of 𝜃 and𝜙, where the communication for 𝜃 is via a wireless link.
Since the wireless communication introduces a variable time
delay in the measurement, the estimation of time derivative
for variable 𝜃 is not a trivial task and we aim to avoid
this by using a PR control action. The control methodology
includes the design of a PR controller to stabilize the passive
degree of freedom associated with 𝜃 together with a low-
gain PD controller for variable 𝜙. The D-partition method,
root locus, and method of Mikhailov are implemented for
gain design and stability analysis. Some preliminaries of
Mikhailovmethod and second-order PR controllers are given
in Appendices A and B, respectively.

3.1. Control Scheme. Consider the following control law:

𝑢 (𝑡) = 𝑈 (𝑡 − 𝜏2) + 𝛼𝜙 (𝑡) + (𝛽 − 𝑐𝑑) ̇𝜙 (𝑡) , (5)

where𝑈(𝑡−𝜏2) = 𝑘𝑝𝜃(𝑡−𝜏2)−𝑘𝑟𝜃(𝑡−𝜏−𝜏2); 𝜏2 represents the
inherent delay of the angular position measurements due to
the wireless communication, and 𝑘𝑝, 𝑘𝑟, and 𝜏 are parameters
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of design. For application of this control law, a method for
derivative estimation is necessary for variable 𝜙; in this case,
either a high-gain observer or a super twisting differentiator
can been used in order to obtain ̇𝜙 (see [15, 50]). Thus, the
closed-loop system, (3)–(5), is

̈𝜃 (𝑡) = 𝑎𝜃 (𝑡) + 𝑏 ̇𝜃 (𝑡) + 𝑑𝑘𝑝𝜃 (𝑡 − 𝜏2)
− 𝑑𝑘𝑟𝜃 (𝑡 − 𝜏2 − 𝜏) + 𝑑𝛼𝜙 (𝑡) + 𝑑𝛽 ̇𝜙 (𝑡) ,

̈𝜙 (𝑡) = ℎ𝛼𝜙 (𝑡) + (𝑔 + ℎ𝛽 − (ℎ𝑐) / (𝑑)) ̇𝜙 (𝑡) + 𝑒𝜃 (𝑡)
+ 𝑓 ̇𝜃 (𝑡) + ℎ𝑘𝑝𝜃 (𝑡 − 𝜏2)
− ℎ𝑘𝑟𝜃 (𝑡 − 𝜏 − 𝜏2) ,

(6)

and its representation in state space is given as follows:

�̇� (𝑡) = 𝐴0𝑥 (𝑡) + 𝐴1𝑥 (𝑡 − 𝜏2) + 𝐴2𝑥 (𝑡 − 𝜏 − 𝜏2) , (7)

where

𝑥 = [𝜃, ̇𝜃, 𝜙, ̇𝜙] ,

𝐴0 =
[[[[[[[
[

0 1 0 0
𝑎 𝑏 𝑑𝛼 𝑑𝛽
0 0 0 1
𝑒 𝑓 ℎ𝛼 𝑔 − ℎ𝑐𝑑 + ℎ𝛽

]]]]]]]
]
,

𝐴1 =
[[[[[
[

0 0 0 0
𝑑𝑘𝑝 0 0 0
0 0 0 0
ℎ𝑘𝑝 0 0 0

]]]]]
]
,

𝐴2 =
[[[[[
[

0 0 0 0
−𝑑𝑘𝑟 0 0 0
0 0 0 0

−ℎ𝑘𝑟 0 0 0

]]]]]
]
.

(8)

Thus, the characteristic quasi polynomial of system (7) is

𝑞 (𝑠, 𝑘𝑝, 𝑘𝑟, 𝜏, 𝜏2, 𝛼, 𝛽)
= det {𝑠𝐼 − 𝐴0 − 𝐴1𝑒−𝑠𝜏2 − 𝐴2𝑒−𝑠(𝜏+𝜏2)} = 𝑠4 + (ℎ𝑐𝑑
− ℎ𝛽 − 𝑏 − 𝑔) 𝑠3 + ((𝑏ℎ − 𝑓𝑑) 𝛽 − ℎ𝛼 + 𝑏𝑔 − 𝑏ℎ𝑐𝑑
− 𝑎 − 𝑑𝑘𝑝𝑒−𝑠𝜏2 + 𝑑𝑘𝑟𝑒−𝑠(𝜏+𝜏2)) 𝑠2 + ((𝑎ℎ − 𝑑𝑒) 𝛽
+ (𝑏ℎ − 𝑓𝑑) 𝛼 + 𝑎𝑔 − 𝑎ℎ𝑐𝑑 + 𝑘𝑟 (ℎ𝑐 − 𝑔𝑑) 𝑒−𝑠(𝜏+𝜏2)
+ 𝑘𝑝 (𝑔𝑑 − ℎ𝑐) 𝑒−𝑠𝜏2) 𝑠 + (𝑎ℎ − 𝑑𝑒) 𝛼.

(9)
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Figure 2: Root of quasi polynomial (11).

Note that, for 𝛼 = 𝛽 = 0 and 𝜏2 = 0, it reduces to
𝑞 (𝑠, 𝑘𝑝, 𝑘𝑟, 𝜏, 0, 0, 0) = (𝑠2 − 𝑏𝑠 − 𝑎 − 𝑑𝑘𝑝 + 𝑑𝑘𝑟𝑒−𝑠𝜏)

× (𝑠2 + (ℎ𝑐𝑑 − 𝑔) 𝑠) . (10)

Clearly, the first factor of the above quasi polynomial is
identical to the one for a decoupled one-degree-of-freedom
mechanical system under a PR feedback (see (A.3) from
Appendix A). Then, as a first step, let us assume small values
for 𝛼, 𝛽, and 𝜏2, proceeding with the design of 𝑘𝑝, 𝑘𝑟, and 𝜏
with the help of Lemmas A.1 and A.2 given in Appendix B,
placing some of the roots into the optimal locations for the
reduced system. Lemmas A.1 and A.2 bring 𝜎-stability to
the dynamics of the variable 𝜃. Then, choosing the right
values for 𝛼 and 𝛽, one should not expect 𝜎-stability for the
full fourth-order system but may expect asymptotic stability
under sufficiently small and appropriately chosen 𝛼 and 𝛽,
which appears only in the terms associated with 𝐴0 in (9).
This is expected due to continuous dependence of the roots of
a quasi polynomial on the coefficients and will be quantified
in the next section with the analysis of root locus.

As a second step, the Mikhailov analysis will provide
the stability conditions under the presence of an inherent
sufficiently small delay 𝜏2.
3.2. Tuning and Stability Analysis. In this section, the tuning
of the controller gains proposed in the previous section and
an analysis of stability of closed-loop system (7) with 𝜏2 = 0
are presented.

Consider the second-order quasi polynomial, roots of
which cover all the roots of (10) except for 𝑠 = 0 and 𝑠 =𝑔 − ℎ𝑐/𝑑:

𝑝 (𝑠, 𝑘∗𝑝, 𝑘∗𝑟 , 𝜏∗) = 𝑠2 − 𝑏𝑠 − 𝑎 − 𝑑𝑘∗𝑝 + 𝑑𝑘∗𝑟 𝑒−𝑠𝜏∗ , (11)

where 𝑘∗𝑝, 𝑘∗𝑟 , and 𝜏∗ are tuned for the reduced system (see
Lemma A.2). This choice provides three dominant roots in
the same point at −𝜎∗, as can be seen in Figure 2. Suppose
that 𝛼 and 𝛽 are small and 𝜏2 = 0; then quasi polynomial (9)
has five dominant roots, three close to −𝜎∗ and two close to
zero, as can be seen in Figure 3. Therefore, system (7) is close
to be marginally stable.

To determine stability of quasi polynomial (9), in Fig-
ure 4, a root locus is presented. Here, 𝛼 and 𝛽 are varied.



Mathematical Problems in Engineering 5

Re
−500 −400 −300 −200 0

Im

−5000

0

5000

2 dominant roots

−59.46

3 dominant roots

Figure 3: Roots of (9) when 𝛼 = 𝛽 = 𝜏2 = 0.

Observe that if 𝛼 = 0 and 𝛽 is varied or 𝛽 = 0 and 𝛼 is varied,
then quasi polynomial (9) remains unstable. The case where𝛼 ̸= 0 and 𝛽 ̸= 0 can be handled with the same method;
however, for some combination of values, it can be exhaustive
to find the stability condition or quasi polynomial (9) can
turn unstable. Meanwhile, if the value of 𝛼 = 𝛽 is increased
simultaneously, then quasi polynomial (9) can be stabilized
relatively easier.

Next, the root locus of quasi polynomial (9) is presented
when 𝛼 = 𝛽 > 0 are simultaneously varied as can be seen in
Figure 5. Here, two of the three dominant roots in −𝜎∗ are
moved to the right and one root is moved to the left, while the
two dominant roots at zero and at 𝑔 − ℎ𝑐/𝑑 ≈ 0 are moved to
the left. Clearly, there is a breaking point 𝛾∗ such that quasi
polynomial (9) becomes unstable; this occurs when 𝛾∗ ≈ 0.9.
Thus, the stability of system (3) in closed loop with control
law (5) is ensured, when 𝛼 = 𝛽 ∈ (0, 𝛾∗). The above analysis
enables a proper selection of the gains 𝛼 and 𝛽 such that quasi
polynomial (9) is stable. Without loss of generality, the gains
have been set at 𝛼 = 𝛽 = 0.5. Here, the five dominant roots are𝑠1 = −130.3, 𝑠2,3 = −15.85 ± 39𝑖, and 𝑠4,5 = −0.358 ± 0.78𝑖
(see roots marked with blue asterisk in Figure 5). Note that if𝛼 = 𝛽 < 0, then quasi polynomial (9) is unstable.

3.3. Robustness Analysis under the Presence of 𝜏2 > 0. Now,
Mikhailov’s criterion [35] to corroborate the stability under
the presence of 𝜏2 ̸= 0 and 𝛼 = 𝛽 = 0.5 is implemented (see
Appendix B). For this purpose, consider the next closed curve
in the complex plane:

𝐶 = 𝐶0 + 𝐶1, (12)

where 𝐶0 ⊂ C is the interval [−𝑟, 𝑟] on the imaginary axis
and 𝐶1 ⊂ C is a semicircle of radius 𝑟 in the right-half
complex plane, where 𝑟 is sufficiently large (we take 𝑟 =100).Mikhailov’s criterion is used to analyze robustness when𝜏2 ∈ [0, 𝜏∗2 ]. In Figures 6(a) and 6(b), one clockwise turn
and one counterclockwise turn around zero are depicted.
In Figures 6(c), 6(d), and 6(e), two clockwise turns and
two counterclockwise turns around zero are observed. It
should be mentioned that such behavior is verified for 𝜏2 =0.004, . . . , 0.007. Nevertheless, the figures have been omitted
to save the space. Thus, due to continuous dependence of the
roots on the parameter 𝜏2 and due to the above observations,
it can be concluded that the change of argument of quasi
polynomial (9) is 𝑁 = 0 when 𝜏2 ∈ [0, 0.008]. However, in

Figure 6(f), two clockwise turns and one counterclockwise
turn around zero are observedwhen 𝜏∗2 ≈ 0.009. Here,𝑁 = 1.
Therefore, quasi polynomial (9) remains stable if 𝜏2 ∈ [0.008].

On the other hand, in Figure 7, the root locus of quasi
polynomial (9) when 𝜏2 = 0.008 and 𝛼 = 𝛽 ∈ [0, 0.9] is
shown. Observe that (9) remains stable if 𝜏2 = 0.008 and𝛼 = 𝛽 ∈ [0, 0.524]; and it is unstable if 𝜏2 = 0.008 and𝛼 = 𝛽 ∈ [0.524, 0.9].

Therefore, we have the following result.

Proposition 1. Consider a quasi polynomial of the form (9)
and a positive constant 𝜎 > −𝑏. Then, the control law (5)
stabilizes a fourth-order system of the form (6) if

𝑘∗𝑝 = −(2 (𝑎 + 𝜎
2 + 𝜎𝑏) + 𝑏2)
(2𝑑) ,

𝜏∗ = (2𝜎 + 𝑏)
(𝜎2 + 𝑏𝜎 − 𝑎 − 𝑑𝑘∗𝑝) ,

𝑘∗𝑟 = − (2𝜎 + 𝑏)(𝑑𝜏∗𝑒𝜎𝜏∗) ;
(13)

and 𝛼, 𝛽, and 𝜏2 are such that 𝛼 = 𝛽 ∈ (0, 𝛾∗) and 𝜏2 ∈ [0, 𝜏∗2 ).
Here, 𝑘∗𝑝 follows from (A.5) and 𝛾∗ is given in Section 3.2; 𝜏∗2 =0.008.
4. Experiments

The experimental results were obtained in the Robotics and
Control Lab at the Department of Applied Physics and
Electronics, Umeå University, Umeå, Sweden. The system
used for the experiments is from the PendCon Advanced
series [10] with the configuration for rotary pendulum or
Furuta pendulum (see Figure 1). In this hardware setup,
signals from the encoders with resolution of 4096 pulses per
revolution are transmitted wirelessly, and for the actuated
link the motor MAXON RE40 (40mm) is used, which is a
graphite brushless DC motor (150W) with nominal voltage
of 24V. The real-time controller is on a dedicated target PC
that communicates with the host PC; it has one PCI slot for
the encoder card and four interfaces for RS-232 signals; this
PC has Intel Core i5 processor with real-time workshop; the
host-target environment is a PC with MATLAB real-time
workshop compiler installed on Intel Core i5 processor with
Window 7. Both communicate with the ConversionUnit via a
Matlab-compatible Quatech RS-232 card.The control system
is developed in MATLAB R2015a/Simulink and downloaded
to the target PC.

The control goal is to stabilize the pendulum at its unsta-
ble equilibrium point (𝜃∗ = 0), that is, vertically pointing
up. For comparison purposes, a state feedback controller is
designed: 𝑢sf = 𝐾𝑥(𝑡) with 𝑥(𝑡) = [𝜃(𝑡), ̇𝜃(𝑡), 𝜙(𝑡), ̇𝜙(𝑡)]𝑇.
In order to have a reasonable comparison, the gain 𝐾 is
designed such that the poles in closed loop of the linearized
system are located at −15.85 ± 39𝑖 and −0.3581 ± 0.78𝑖. Note
that these values correspond with the dominant complex
conjugate poles obtained with the PR controller. In Figure 8,
the performance of regulation of the angular positions 𝜃(𝑡)



6 Mathematical Problems in Engineering

−59.46 0

0

5000

−59.46 0

−59.46 0 −59.46 0

0

5000

One root at zeroOne root at zero

−5000

−5000

 < 0,  = 0

 =  = 0

 > 0,  = 0

 =  = 0

 = 0,  < 0

 =  = 0

 = 0,  > 0

 =  = 0
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Figure 5: Root locus of (9) when 𝜏2 = 0 and 𝛼 = 𝛽 ∈ [0, 0.9].

and 𝜙(𝑡) with the PR and state feedback controller are
presented. Here, the initial position is close to the unstable
equilibrium point 𝜃∗. Figure 9 presents the control signals.

The design and tuning of the controller are done as
follows:

(1) Consider a system of the form (3)-(4) in closed loop
with a control law of the form (5) and its corre-
sponding quasi polynomial of 4th order 𝑞(𝑠, 𝑘𝑝, 𝑘𝑟,𝜏, 𝜏2, 𝛼, 𝛽), specified in (9).

(2) Factor the quasi polynomial of 4th order in one quasi
polynomial of 2nd order and one polynomial of 2nd
order, when 𝛼 = 𝛽 = 0 and 𝜏2 = 0 (see (10)):
𝑞 (𝑠, 𝑘𝑝, 𝑘𝑟, 𝜏, 0, 0, 0) = 𝑝 (𝑠, 𝑘𝑝, 𝑘𝑟, 𝜏) 𝑓 (𝑠) . (14)

(3) Use Lemma A.2 to 𝜎-stabilize the quasi polynomial
of 2nd order and obtain the parameters (𝑘∗𝑝, 𝑘∗𝑟 , 𝜏∗) of
the PR controller (see (11)):

𝑝 (𝑠, 𝑘𝑝, 𝑘𝑟, 𝜏) = 𝑝 (𝑠, 𝑘∗𝑝, 𝑘∗𝑟 , 𝜏∗) . (15)

(4) Obtain 𝛼, 𝛽, and 𝜏2 such that quasi polynomial (9)
remains stable, as depicted in Figures 6 and 7.

Remark 2. It is important to remark that there is an inherent
unknown delay 𝜏2 > 0, in the measurement of pendulum
position; that is, at time 𝑡, we obtain 𝜃(𝑡 − 𝜏2). However, if𝜏2 remains inside a small range, stability is still preserved as
we have shown.

In order to compute the estimation of the first derivative
for both position variables, 𝜃 and 𝜙, two methods were
explored: high gain and super twisting differentiators (see
[15, 50]).

These methods are designed to be used on-line. For com-
parison purposes, it is obvious that better velocity estimation
can be achieved with an off-line method when both previous
and future values of the position are used. Then, we propose
to postprocess the measured position to obtain an off-line
estimation. For this purpose, the measured signal is fitted
with a smoothing spline and next the off-line estimation of
velocity is obtained as an analytical differentiation of the
spline (see, e.g., [51], page 194). Using this off-line estimation
as the true value of the velocity, we compare the performances
of high gain (with different gains: HG1 and HG2) and super
twisting (ST) differentiators, computing the estimation errors
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Figure 6: Mikhailov criterion for quasi polynomial (9) when 𝛼 = 𝛽 = 0.5 and 𝜏2 ∈ [0, 0.009].

as is shown in Table 2. From Table 2, it is clear that,
due to the wireless communication, the estimation of ̇𝜃 is
deteriorated, resulting in a bigger error and decreased closed-
loop performance when we use this estimation with a state
feedback controller.

Remark 3. With the proposed PR controller, the use of
the estimation of ̇𝜃 is not required. This is desirable in

applications where the estimation of velocity deteriorates the
overall performance.

An additional experiment was performed in order to test
the robustness against external perturbations. For this aim,
several impacts were applied to the pendulum at the time
instants 𝑡𝑖, 𝑖 = 1, . . . , 6, as can be seen in Figures 10 and
11.
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Figure 8: Angular positions (rad) 𝜃(𝑡) and 𝜙(𝑡) versus time (s):
(solid line) PR controller, (dashed line) state feedback controller, and
(dashed dotted line) reference.
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Table 2: Table of error comparison.

Differentiators
HG1 HG2 ST

Error ̇𝜃 Norm 2 1.4167 1.1556 1.349
Norm inf 24.9879 25.0273 10.0679

Error ̇𝜙 Norm 2 .3888 .1292 .0634
Norm inf .8410 3.2624 .5597
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Figure 10: Angular positions (rad) 𝜃(𝑡) and 𝜙(𝑡) versus time (s)
under external perturbations with PR controller.
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Figure 11: Control action (𝑁) under external perturbations with PR
controller.

From the experimental results, the recovery of per-
formance with the proposed PR controller is verified.
Besides, it is important to highlight that a better transient,
a smoother response, and chattering attenuation in the
control signal are observed with the proposed approach
under the presence of delays in measurements. A video of
the recorded experiments is available in the following link:
https://www.youtube.com/watch?v=F9QbPVkagwE.

5. Conclusion

Presence of time delays, quantization errors of encoders,
and errors of the wireless communication make the design
of a robust control law difficult. The design and stability
analysis of a PR action-based controller for stabilization of
the Furuta pendulum under the presence of time delays

https://www.youtube.com/watch?v=F9QbPVkagwE


Mathematical Problems in Engineering 9

in measurements is introduced in this work. With the
proposed approach, the design of observers for the passive
variable is avoided simplifying the control algorithm and
recovering an acceptable performance without relying on
accurate estimates of the derivative for feedback. Since a
retarded action is included in the control law, the closed-
loop dynamics are represented by a characteristic quasi poly-
nomial and the stability analysis was successfully done with
Mikhailov’s criterion and a root locus of the corresponding
quasi polynomial. Furthermore, the stability analysis includes
an inherent time delay due to the wireless communication.
Besides, a two-step constructive procedure for tuning the four
parameters of a controller is presented. Experimental results
and a comparison with a state feedback controller show the
advantages of the proposed methodology. We are aware that
a possible extension of the proposed controller is the addition
of a PR controller in the actuated variable as well; however,
this is considered as a future work, since the order of the
quasi polynomial will increase significantly, losing the scope
of the actual contribution. Additionally, extension for a wider
class of underactuated mechanical systems and the inclusion
of nonlinearities is considered for future work.

Appendix

A. PR Controller for a Second-Order Plant

Consider the next second-order system,

̈𝜃 (𝑡) − 𝑏 ̇𝜃 − 𝑎𝜃 (𝑡) = 𝑑𝑈 (𝑡) , (A.1)

and the PR control law,

𝑈 (𝑡) = 𝑘𝑝𝜃 (𝑡) − 𝑘𝑟𝜃 (𝑡 − 𝜏) , (A.2)

where the design parameters are as follows: 𝑘𝑝 is the pro-
portional gain, 𝑘𝑟 is the retarded gain, and 𝜏 is the time
delay. Thus, the characteristic quasi polynomial of closed-
loop system (A.1)-(A.2) is

𝑝 (𝑠, 𝑘𝑝, 𝑘𝑟, 𝜏) = 𝑠2 − 𝑏𝑠 − (𝑎 + 𝑑𝑘𝑝) + 𝑑𝑘𝑟𝑒𝑠𝜏. (A.3)

We say that the triplet (𝑘𝑝, 𝑘𝑟, 𝜏) 𝜎-stabilizes quasi polyno-
mial (A.3) if

𝛼0 ≤ 𝜎, 𝜎 ∈ R
+, (A.4)

with 𝛼0 = sup{Re{𝑠𝑗} : 𝑝(𝑠𝑗, 𝑘𝑝, 𝑘𝑟, 𝜏) = 0, 𝑠𝑗 ∈ C}, where
Re{𝑠𝑗} is the real part of 𝑠𝑗, 𝑗 = 1, 2, . . . ,∞. In [16], the
parameter space (𝑘𝑝, 𝑘𝑟, 𝜏) of control law [13] to 𝜎-stabilize
system [12] is determined.

Lemma A.1 (see [16]). Let 𝑘𝑝 be such that −𝑑𝑘𝑝 > 𝑎 + (𝑏/2)2
and 𝜎 ∈ [−𝑏/2, 𝜎∗], where

𝜎∗ = −𝑏2 + √−𝑎 − (𝑏/2)2 − 𝑑𝑘𝑝. (A.5)

Then, the parametric equations delimiting the regions of 𝜎-
stabilizability of closed-loop system (A.1)-(A.2) are given by the
following:
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Figure 12: 𝜎-Stability regions of closed-loop system (A.1)-(A.2).
Here, 𝜎∗ = 59.4573, 𝜏∗ = 0.0169, and 𝑘∗𝑟 = 72.4822.

Lower Boundary

𝑘𝑟 (𝜔, 𝜏) = −(𝜎
2 + 𝜎𝑏 − 𝑎 − 𝑑𝑘𝑝)(𝑑𝑒𝜏𝜎) , (A.6)

for 𝜏 defined as for the upper boundary.
Upper Boundary

𝜏 (𝜔)

=
{{{{{{{{{{{{{

1𝜔cot−1(
(𝜎2 + 𝜎𝑏 − 𝜔2 − 𝑎 − 𝑑𝑘𝑝)(2 (𝜎 + (𝑏/2)) 𝜔) ) , 𝜔 ∈ (0, 𝜔𝑒] ,

1𝜔cot−1(
(𝜎2 + 𝜎𝑏 − 𝜔2 − 𝑎 − 𝑑𝑘𝑝)(2 (𝜎 + (𝑏/2)) 𝜔) ) + 𝜋𝜔, 𝜔 ∈ (𝜔𝑒, 𝜔0] ,

𝑘𝑟 (𝜔, 𝜏) = −( 2𝜔 (𝜎 + (𝑏/2))(𝑑𝑒𝜎𝜏 sin (𝜔𝜏))) ,
𝜔0 = √−2 [𝑎 + 𝜎2 + 𝜎𝑏 + 𝑑𝑘𝑝 − 𝑏2],
𝜔𝑒 = min {𝜔0, 𝜔𝜋} ,
𝜔𝜋 = √𝜎2 + 𝜎𝑏 − 𝑎 − 𝑑𝑘𝑝.

(A.7)

In Figure 12, the upper boundary (solid line) and lower
bounds (dashed line) using 𝑘𝑝 = 100 and the parameters
given in Table 1 are shown. These bounds delimit the 𝜎-
stability regions for quasi polynomials of the form (A.3).

Also, note that these regions collapse into a single point
(red asterisk) which correspond to the unique maximum
achievable decay 𝜎∗. The following result characterized ana-
lytically this point.

Lemma A.2 (see [16]). Let 𝑘𝑝 be such that −𝑘𝑝 > +(𝑏/2)2.
Then, the maximum exponential decay 𝜎∗ of the closed-loop
system (A.1)-(A.2) is given in (A.5). Moreover, the values
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Figure 13: Example of Δ𝐶 arg{𝑃(𝑠)} along a curve 𝐶0.

(𝑘∗𝑟 , 𝜏∗) that 𝜎-stabilize system (A.1)-(A.2) with the best pos-
sible exponential decay 𝜎∗ are

𝜏∗ = ( (2𝜎∗ + 𝑏)
((𝜎∗)2 + 𝑏𝜎∗ − 𝑎 − 𝑑𝑘𝑝)) ,

𝑘∗𝑟 = −( (2𝜎∗ + 𝑏)
(𝑑𝜏∗𝑒𝜎∗𝜏∗)) .

(A.8)

For illustrative purposes, for Figure 12, we take 𝑘𝑝 = 100.
B. Summary of Mikhailov’s Criterion

Stability conditions stated in terms of hodographs (frequency
plots) have a long history. In their most general form, these
conditions were given by Cauchy’s principle of the argument
around 1829.The graphical use of the argument principle was
introduced to the engineering community by Nyquist in 1932
and Mikhailov in 1938 for linear time-independent systems;
see [36, 37, 52–54] for extensions to the case with time
delays. Mikhailov’s criterion gives necessary and sufficient
conditions for the stability of a quasi polynomial for a time-
delay system. Let us formulate one of some possible versions
of this criterion.

Theorem B.1. Consider the following quasi polynomial for a
time-delay system:

𝑃 (𝑠) = 𝑚∑
𝑘=0

𝐴𝑘 (𝑠) 𝑒−ℎ𝑖𝑠, 𝑠 ∈ 𝐶 ⊂ C, (B.1)

where𝐶 is a closed curve in the complex planeC, 0 = ℎ0 < ℎ1 <⋅ ⋅ ⋅ < ℎ𝑚, 𝐴𝐾(𝑠) = ∑𝑛𝑘𝑗=0 𝑎𝑗𝑘𝑠𝑗, 𝑎𝑗𝑘 ∈ R, 𝑛0 ≥ 1, and 𝑛𝑘 ≤ 𝑛0,
for 𝑘 = 1, . . . , 𝑚. If 𝑃(𝑠) has no roots on the curve C, then the
number𝑁 of its roots inside of 𝐶 is

𝑁 = 12𝜋Δ𝐶 arg {𝑃 (𝑠)} , (B.2)

where Δ𝐶 arg{𝑃(𝑠)} denotes the changes of the argument of 𝑃
along C.

Immediately, the above theorem is used to determine
stability or instability of quasi polynomials of Section 3,
exploiting the well-known fact that the number of unstable
roots is always finite (see [55], page 9) and therefore can be
trapped by a large enough semicircle in the right-half plane.

Let 𝐶 = 𝐶0 + 𝐶1 denote one closed curve in the complex
plane, as depicted in Figure 13. Here, 𝐶0 is the interval [−𝑟, 𝑟]
on the imaginary axis and 𝐶1 is the semicircle of the radius 𝑟
in the right-half (left-half) complex plane. It follows from the
above theorem that

𝑁 = 1/ (2𝜋) (Δ𝐶0 arg {𝑃 (𝑠)} + Δ𝐶1 arg {𝑃 (𝑠)}) , (B.3)

where Δ𝐶0arg{𝑃(𝑠)} and Δ𝐶1arg{𝑃(𝑠)} denote the changes of
argument of 𝑃 along 𝐶0 and 𝐶1, respectively. Assuming that
the radius 𝑟 is sufficiently large, to claim stability, one must
just verify that 𝑁 = 0, that is, verify that the number of the
turns around the origin in the clockwise direction is equal to
the number of turns in the counterclockwise direction.

It should be noted, however, that application of
Mikhailov’s method in the case of quasi polynomials must be
done with great care, since there is typically no monotonicity
of rotation of the curve along 𝐶0, as in Figure 13, which
can be proven only for the case of polynomials with a finite
number of roots.

Nomenclature

𝜃: Angular position of the pendulum𝜙: Angle of the rotational rod𝑚1: Mass of the rotational rod𝑚2: Pendulum mass𝐽1: Moment of inertia of the rod𝐽2: Moment of inertia of the pendulum𝐿1: Length of the horizontal rod
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𝐿2: Pendulum length𝑙1: Distance to rod center of gravity𝑙2: Distance to pendulum center of gravity𝑔: Gravity acceleration𝑀𝑎: Induced torque.
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This paper aims to investigate the stationary probability density functions of the Duffing oscillator with time delay subjected
to combined harmonic and white noise excitation by the method of stochastic averaging and equivalent linearization. By the
transformation based on the fundamental matrix of the degenerate Duffing system, the paper shows that the displacement and the
velocity with time delay in the Duffing oscillator can be computed approximately in non-time delay terms. Hence, the stochastic
system with time delay is transformed into the corresponding stochastic non-time delay equation in Ito sense. The approximate
stationary probability density function of the original system can be found by combining the stochastic averaging method, the
equivalent linearization method, and the technique of auxiliary function. The response of Duffing oscillator is investigated. The
analytical results are verified by numerical simulation results.

1. Introduction

It is known that time delay in real active control systems is
unavoidable due to the time spent in calculating and execut-
ing the control forces, performing online computation, and
so on. Hence, time delay causes unsynchronized application
of a control force and often leads to poor performance or
instability of controlled systems [1]. In the theory of random
vibration, much attention has been paid to the study of the
oscillator system with time delay under random excitation
extensively. For the case of systems with time delay excited by
Gaussian white noise, some methods/techniques have been
developed to treat these such systems [1–6]. For instance,
in [1], Di Paola and Pirrotta used the Taylor expansion of
the control force and another approach to finding exact
stationary solution to study the effects of time delay on
the controlled linear systems. In 2009, Li et al. [2] studied
effects of time delay in feedback control on the first-passage
failure of controlled systems under stochastic excitation by
using the stochastic averaging method for quasi-integrable
Hamiltonian systems. In 2012, Liu and Zhu [3] proposed

a procedure based on the stochastic averaging method for
the time delay stochastic optimal control and stabilization
of quasi-integrable Hamiltonian systems subject to Gaussian
white noise excitation to study the response and stability of
systems.They converted the problem of time delay stochastic
optimal control of quasi-integrable Hamiltonian systems into
the problem of stochastic optimal control without time delay
and the result problem is solved by applying the stochastic
averaging method for quasi-integrable Hamiltonian systems
and the stochastic dynamical programmingprinciple. In Feng
and Liu’s work [6], they used stochastic averaging method
with assumptions that state variables are slowly varying
processes and then solved the Fokker-Planck (FP) equation
by finite difference method to yield the stationary joint
probability density. To authors’ knowledge, this assumption
is based on no appropriate reason/proof from now on.Maybe
the assumption is based on authors’ experiences. In our work,
we showed that this assumption is acceptable.

In the present work we investigate Duffing oscillator
under time delay state feedback, involving both displacement
and velocity feedback, and under combined harmonic and
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random excitation. Through this study, a new approximate
procedure for vibration systems with time delay under
harmonic and random excitation is proposed. The system is
expressed equivalently in terms without time delay. Then the
equivalent system is transformed into Ito stochastic equations
which are treated by using the stochastic averaging method.
The solution of the FP equation associated with the Ito
stochastic system is a very difficult problem. To overcome
the arising problem, the technique of combining the linear
equivalent method and the auxiliary function technique
proposed in [7–9] is utilized. The paper is organized as
follows: in Section 2, the approximate technique for Duffing
oscillator with time delay is discussed. In Section 3, effects
of system’s parameters on the response are investigated and
compared with Monte-Carlo simulation (MCS). Finally, in
Section 4, summary and conclusions are given.

2. Duffing with Time Delay Subjected to
Combined Periodic and Random Excitations

Let us consider the Duffing system subjected to a harmonic
force 𝜀𝑄 cos ]𝑡 and the white noise 𝜉(𝑡):

�̈� + 𝜀ℎ�̇� + 𝜔2𝑥 + 𝜀𝛾𝑥3 = 𝜀𝜆1𝑥𝜏 + 𝜀𝜆2�̇�𝜏 + 𝜀𝑄 cos ]𝑡
+ √𝜀𝜎𝜉 (𝑡) , (1)

where 𝜔, ℎ, 𝛾, 𝑄, ], 𝜎, 𝜆1, 𝜆2, 𝜏 > 0 are constants, 𝜀 is a
small positive parameter, 𝑥𝜏 = 𝑥(𝑡 − 𝜏), �̇�𝜏 = �̇�(𝑡 − 𝜏), dot
denotes differentiationwith respect to time, and function 𝜉(𝑡)
is a Gaussian white noise process of unit intensity with the
correlation function 𝑅𝜉(𝑠) = 𝐸[𝜉(𝑡)𝜉(𝑡 + 𝑠)] = 𝛿(𝑠), where𝛿(𝜏) is the Dirac delta function, and notation 𝐸(⋅) denotes
themathematical expectation operator. Consider the primary
resonant domain where there is a relation between 𝜔 and ] as

𝜔2 = ]2 + 𝜀Δ, (2)

where Δ is a detuning parameter. Substituting (2) into (1) one
obtains

�̈� + ]2𝑥
= 𝜀 (−Δ𝑥 − ℎ�̇� − 𝛾𝑥3 + 𝜆1𝑥𝜏 + 𝜆2�̇�𝜏 + 𝑄 cos ]𝑡)
+ √𝜀𝜎𝜉 (𝑡) .

(3)

To the authors’ knowledge, the stochastic averaging
technique is developed for non-time delay systems which
are in standard form and derivatives of their variables are
proportional to the small parameter. There is no version
for systems with the time delay. Thus, so as to apply this
technique, the system with time delay should be replaced
appropriately by the non-time delay one.

In order to employ the theory of stochastic differential
equations, in many works, time delay terms were approxi-
mated by non-time delay ones under some assumptions such
as “small time delay,” for example, Bilello et al. (2002) [10],
Feng et al. (2009) [5], Feng et al. (2011) [11], and Liu and Zhu
(2012) [3], or “small parameter,” for example, Li et al. (2009)

[2] and Li and Feng (2010) [4]. Under such assumptions,
the amplitude 𝑎(𝑡) of the system’s response can be treated as
a slow varying term. Thus, one obtains the approximation:𝑎(𝑡 − 𝜏) ≈ 𝑎(𝑡). Then, the time delay terms are approximated
by non-time delay ones. Maybe these assumptions are based
on the authors’ experiences. In the next paragraph, it is
showed that these assumptions are acceptable because they
come from the fact that the new variables are, as shown in
(8) and (10), varying slowly processes since their derivatives
are proportional to the small parameter 𝜀. To do that, (3) is
rewritten in matrix form as follows:

𝑑𝑑𝑡 [
𝑥 (𝑡)
�̇� (𝑡)] = 𝐴[

𝑥 (𝑡)
�̇� (𝑡)] + 𝜀𝐵 [

𝑥𝜏�̇�𝜏] + 𝜀 [
0
𝑓]

+ √𝜀𝜎[01] 𝜉 (𝑡) ,
(4)

where

𝐴 = [ 0 1
−]2 0] ,

𝐵 = [ 0 0
𝜆1 𝜆2] ,

𝑓 = −Δ𝑥 − ℎ�̇� − 𝛾𝑥3 + 𝑄 cos ]𝑡.

(5)

Make the following transformation in (4):

[𝑥 (𝑡)�̇� (𝑡)] = 𝐻 (𝑡) 𝑧 (𝑡) , (6)

where 𝑧(𝑡) = [𝑧1(𝑡) 𝑧2(𝑡)]𝑡, 𝐻(𝑡) = [ cos ]𝑡 ]−1 sin ]𝑡
−] sin ]𝑡 cos ]𝑡 ] is the

fundamental matrix of ordinary differential equation (7),
obtained from (6) for 𝜀 = 0:

𝑑𝑑𝑡 [
𝑥 (𝑡)
�̇� (𝑡)] = 𝐴[

𝑥 (𝑡)
�̇� (𝑡)] . (7)

Substituting (6) into (4) one obtains

𝑑𝑑𝑡𝑧 (𝑡) = 𝜀𝐻 (𝑡)−1 {𝐵𝐻 (𝑡 − 𝜏) 𝑧 (𝑡 − 𝜏) + [0𝑓]}

+ √𝜀𝜎[01] 𝜉 (𝑡) ,
(8)

where

𝐻(𝑡)−1 = [ cos ]𝑡 −]−1 sin ]𝑡
] sin ]𝑡 cos ]𝑡 ] . (9)

It is observed from (8) that 𝑧(𝑡) can be assumed to be a
slowly varying randomprocess since 𝜀 is the small parameter;
that is, one has the following approximation:

𝑧 (𝑡 − 𝜏) ≈ 𝑧 (𝑡) . (10)



Mathematical Problems in Engineering 3

Using (6) and (10) with noting that𝐻(𝑡−𝜏) = 𝐻(−𝜏)𝐻(𝑡)
gives

𝐵[𝑥𝜏�̇�𝜏] = 𝐵𝐻 (𝑡 − 𝜏) 𝑧 (𝑡 − 𝜏) ≈ 𝐵𝐻 (−𝜏)𝐻 (𝑡) 𝑧 (𝑡)

= 𝐵𝐻 (−𝜏) [𝑥 (𝑡)�̇� (𝑡)] ,
(11)

where

𝐵𝐻 (−𝜏)
= [ 0 0

𝜆1 cos ]𝑡 + 𝜆2] sin ]𝑡 −𝜆1]−1 sin ]𝑡 + 𝜆2 cos ]𝑡] .
(12)

Substituting (11) into (4) gives the equivalent system with
(4) without time delay as follows:

𝑑𝑑𝑡 [
𝑥 (𝑡)
�̇� (𝑡)] = 𝐴[

𝑥 (𝑡)
�̇� (𝑡)] + 𝜀𝐵𝐻 (−𝜏) [𝑥 (𝑡)�̇� (𝑡)] + 𝜀 [

0
𝑓]

+ √𝜀𝜎[01] 𝜉 (𝑡) .
(13)

Rewriting obtained (13), with noting (12), in second-order
stochastic differential equation yields

�̈� + ]2𝑥 = 𝜀 [−Δ𝑥 − ℎ�̇� − 𝛾𝑥3
+ (𝜆1 cos ]𝑡 + 𝜆2] sin ]𝑡) 𝑥
+ (−𝜆1

]
sin ]𝑡 + 𝜆2 cos ]𝑡) �̇� + 𝑄 cos ]𝑡]

+ √𝜀𝜎𝜉 (𝑡) .

(14)

Let us denote

𝛿1 = −Δ + 𝜆1 cos ]𝜏 + ]𝜆2 sin ]𝜏,
𝛿2 = −ℎ − 𝜆1

]
sin ]𝜏 + 𝜆2 cos ]𝜏. (15)

Then (14) becomes

�̈� + ]2𝑥 = 𝜀 [𝛿1𝑥 + 𝛿2�̇� − 𝛾𝑥3 + 𝑄 cos ]𝑡] + √𝜀𝜎𝜉 (𝑡) . (16)

It is noted that (16) is non-time delay one which is an
approximation of original system (1).

We seek the solution of (16) in the form of

𝑥 = 𝑎1 cos ]𝑡 + 𝑎2 sin ]𝑡,
�̇� = −𝑎1] sin ]𝑡 + 𝑎2] cos ]𝑡, (17)

where 𝑎1 and 𝑎2 are randomprocesses satisfying an additional
condition

̇𝑎1 cos ]𝑡 + ̇𝑎2 sin ]𝑡 = 0. (18)

Substituting (17) into (16) and then solving the resulting
equation and (18) with respect to the derivatives ̇𝑎1 and ̇𝑎1
yield

̇𝑎1 = − sin ]𝑡]
{𝜀 [𝛿1 (𝑎1 cos ]𝑡 + 𝑎2 sin ]𝑡)

+ 𝛿2 (−𝑎1] sin ]𝑡 + 𝑎2] cos ]𝑡)
− 𝛾 (𝑎1 cos ]𝑡 + 𝑎2 sin ]𝑡)3 + 𝑄 cos ]𝑡] + √𝜀𝜎𝜉 (𝑡)}

̇𝑎2 = cos ]𝑡
]

{𝜀 [𝛿1 (𝑎1 cos ]𝑡 + 𝑎2 sin ]𝑡)
+ 𝛿2 (−𝑎1] sin ]𝑡 + 𝑎2] cos ]𝑡)
− 𝛾 (𝑎1 cos ]𝑡 + 𝑎2 sin ]𝑡)3 + 𝑄 cos ]𝑡] + √𝜀𝜎𝜉 (𝑡)} .

(19)

This pair of stochastic differential equations can be
simplified by using the stochastic averagingmethod [9, 12, 13]:

̇𝑎1 = 𝜀𝐻1 (𝑎1, 𝑎2) + √𝜀𝜎
]√2𝜉1 (𝑡) ,

̇𝑎2 = 𝜀𝐻2 (𝑎1, 𝑎2) + √𝜀𝜎
]√2𝜉2 (𝑡) .

(20)

Here 𝜉1(𝑡) and 𝜉2(𝑡) are independent white noises with
unit intensity, and the drift coefficients 𝐻1(𝑎1, 𝑎2) and𝐻2(𝑎1, 𝑎2) are determined as follows:

𝐻1 (𝑎1, 𝑎2) = −1] ⟨[𝛿1 (𝑎1 cos ]𝑡 + 𝑎2 sin ]𝑡)
+ 𝛿2 (−𝑎1] sin ]𝑡 + 𝑎2] cos ]𝑡) ,
− 𝛾 (𝑎1 cos ]𝑡 + 𝑎2 sin ]𝑡)3 + 𝑄 cos ]𝑡] sin ]𝑡⟩

𝐻2 (𝑎1, 𝑎2) = 1
]
⟨[𝛿1 (𝑎1 cos ]𝑡 + 𝑎2 sin ]𝑡)

+ 𝛿2 (−𝑎1] sin ]𝑡 + 𝑎2] cos ]𝑡) ,
− 𝛾 (𝑎1 cos ]𝑡 + 𝑎2 sin ]𝑡)3 + 𝑄 cos ]𝑡] cos ]𝑡⟩ ,

(21)

where ⟨⋅⟩ is a time-averaging operator over one period T
defined by

⟨⋅⟩ = 1𝑇 ∫𝑇
0
(⋅) 𝑑𝑡. (22)

From (21), one obtains the drift coefficients of system (20):

𝐻1 (𝑎1, 𝑎2) = 𝛿22 𝑎1 − 𝛿12]𝑎2 + 3𝛾8] (𝑎21𝑎2 + 𝑎32) ,
𝐻2 (𝑎1, 𝑎2) = 𝛿12]𝑎1 + 𝛿22 𝑎2 − 3𝛾8] (𝑎31 + 𝑎1𝑎22) + 𝑄2] .

(23)

The FP equation written for the stationary PDF 𝑝(𝑎1, 𝑎2)
associated with system (20) has the form

𝜕𝜕𝑎1 (𝐻1 (𝑎1, 𝑎2) 𝑝) +
𝜕𝜕𝑎2 (𝐻2 (𝑎1, 𝑎2) 𝑝)

= 𝜎24]2 [ 𝜕2𝜕𝑎21 (𝑝) +
𝜕2𝜕𝑎22 (𝑝)] .

(24)
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Solution of (24) is still a difficult problem because
functions 𝐻1(𝑎1, 𝑎2) and 𝐻2(𝑎1, 𝑎2) are nonlinear functions
in 𝑎1, 𝑎2 and they do not fulfill the potential condition as
showed in [12, 14]. To overcome this difficulty, the equivalent
linearization method [15–17] is employed. Following this
method, the nonlinear functions𝐻1,𝐻2 are replaced by linear
ones. Denote

𝑔1 (𝑎1, 𝑎2) = 3𝛾8] (𝑎21𝑎2 + 𝑎32) ,
𝑔2 (𝑎1, 𝑎2) = −3𝛾8] (𝑎31 + 𝑎1𝑎22) .

(25)

According to the stochastic equivalent linearization
method, nonlinear terms (25) are replaced by

𝑔1 (𝑎1, 𝑎2) = 𝜂11𝑎1 + 𝜂12𝑎2 + 𝜂13,
𝑔2 (𝑎1, 𝑎2) = 𝜂21𝑎1 + 𝜂22𝑎2 + 𝜂23, (26)

where equivalent coefficients 𝜂𝑖𝑗, 𝑖 = 1, 2, 𝑗 = 1, 2, 3, are to be
determined by an optimization criterion.Thus, the functions𝐻𝑖, 𝑖 = 1, 2, in (23) are replaced by linear functions

𝐻1 (𝑎1, 𝑎2) = (𝛿22 + 𝜂11)𝑎1 + (−𝛿12] + 𝜂12)𝑎2 + 𝜂13,
𝐻2 (𝑎1, 𝑎2) = (𝛿12] + 𝜂21)𝑎1 + (𝛿22 + 𝜂22)𝑎2 + 𝑄2]

+ 𝜂23.
(27)

So far, it is seen that (24), where𝐻1(𝑎1, 𝑎2) and𝐻2(𝑎1, 𝑎2)
are replaced by (27), is still hard to solve because it does
not fulfill the potential condition [12]. In order to integrate
(24), where 𝐻1(𝑎1, 𝑎2) and 𝐻2(𝑎1, 𝑎2) are replaced by (27),
following the technique of auxiliary function [8, 9], we
introduce an auxiliary function 𝑢(𝑎1, 𝑎2) = 𝑢0 = const as
follows:

𝜕𝜕𝑎1 {(𝐻1𝑝) −
𝜎24]2 𝜕𝜕𝑎1𝑝 +

𝜕𝜕𝑎2 (𝑢0𝑝)}
+ 𝜕𝜕𝑎2 {(𝐻2𝑝) −

𝜎24]2 𝜕𝜕𝑎2𝑝 −
𝜕𝜕𝑎1 (𝑢0𝑝)} = 0.

(28)

We will choose the function 𝑢(𝑎1, 𝑎2) = 𝑢0 so that the
equalities below are fulfilled:

(𝐻1𝑝) − 𝜎24]2 𝜕𝜕𝑎1𝑝 + 𝑢0
𝜕𝜕𝑎2𝑝 = 0,

(𝐻2𝑝) − 𝜎24]2 𝜕𝜕𝑎2𝑝 − 𝑢0
𝜕𝜕𝑎1𝑝 = 0.

(29)

Denote
Φ(𝑎1, 𝑎2) = ln𝑝 (𝑎1, 𝑎2) . (30)

Substituting (30) into system (29) one obtains

𝐻1 − 𝜎24]2 𝜕Φ𝜕𝑎1 + 𝑢0
𝜕Φ𝜕𝑎2 = 0,

𝐻2 − 𝜎24]2 𝜕Φ𝜕𝑎2 − 𝑢0
𝜕Φ𝜕𝑎1 = 0.

(31)

Solving system (31) in 𝜕Φ/𝜕𝑎1 and 𝜕Φ/𝜕𝑎2 yields
𝜕Φ𝜕𝑎1 = 𝑀(𝑎1, 𝑎2, 𝑢0) ,
𝜕Φ𝜕𝑎2 = 𝑁 (𝑎1, 𝑎2, 𝑢0) ,

(32)

where

𝑀(𝑎1, 𝑎2, 𝑢0) = (𝜎2/4]2)𝐻1 + 𝑢0𝐻2𝑢20 + 𝜎4/16]4 ,

𝑁 (𝑎1, 𝑎2, 𝑢0) = (𝜎2/4]2)𝐻2 − 𝑢0𝐻1𝑢20 + 𝜎4/16]4 .
(33)

EliminatingΦ(𝑎1, 𝑎2) from system (32) gives the equation for
the auxiliary function

𝑢0 = 𝜎24]2 𝛿1/] + 𝜂21 − 𝜂12𝛿2 + 𝜂11 + 𝜂22 . (34)

After finding the function 𝑢(𝑎1, 𝑎2) = 𝑢0, the stationary
PDF 𝑝(𝑎1, 𝑎2) can be found from (30), (32), and (33) by the
quadrature

𝑝 (𝑎1, 𝑎2) = 𝐶 exp {∫𝑀(𝑎1, 𝑎2, 𝑢0) 𝑑𝑎1
+ ∫𝑀(𝑎1, 𝑎2, 𝑢0) 𝑑𝑎2} ,

(35)

where 𝐶 is a normalization constant [9, 18]. Hence, the
corresponding FP equation to (24), where drift coefficients
are the linear functions (27), has the following solution:

𝑝 (𝑎1, 𝑎2)
= 𝐶 exp {−𝜁1𝑎21 − 𝜁2𝑎22 + 𝜁3𝑎1𝑎2 + 𝜁4𝑎1 + 𝜁5𝑎2} , (36)

where 𝐶 is a normalization constant and coefficients 𝜁𝑖, 𝑖 =1, 5 are determined as follows:

𝜁1 = −𝜌((𝛿22 + 𝜂11) (𝛿2 + 𝜂11 + 𝜂22)
+ (𝛿12] + 𝜂21)(𝛿1] + 𝜂21 − 𝜂12)) ,

𝜁2 = −𝜌((𝛿2 + 𝜂11 + 𝜂22) (𝛿22 + 𝜂22)
− (𝛿1

]
+ 𝜂21 − 𝜂12)(−𝛿12] + 𝜂12)) ,

𝜁3 = 2𝜌((−𝛿12] + 𝜂12)(𝛿22 + 𝜂11)
+ (𝛿12] + 𝜂21)(𝛿22 + 𝜂22)) ,
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𝜁4 = 2𝜌(𝜂13 (𝛿2 + 𝜂11 + 𝜂22)
+ ( 𝑄2] + 𝜂23)(𝛿1] + 𝜂21 − 𝜂12)) ,

𝜁5 = 2𝜌((−𝛿1] + 𝜂12 − 𝜂21) 𝜂13
+ (𝛿2 + 𝜂11 + 𝜂22) ( 𝑄2] + 𝜂23)) ,

𝜌 = 2]2 (𝛿2 + 𝜂11 + 𝜂22)𝜎2 [(𝛿1/] + 𝜂21 − 𝜂12)2 + (𝛿2 + 𝜂11 + 𝜂22)2] .
(37)

It is noted that the joint PDF 𝑝(𝑎1, 𝑎2) determined by
(36) has finite integral if coefficients 𝜁1 and 𝜁2 are positive.
This condition is always fulfilled because (24), where drift
coefficients are linear functions (27), is associated with a
linear system under Gaussian white noise in the form of
(20). Therefore, the approximate stationary PDF of (24) is
determined by (36) whose coefficients are given in (37). It
is seen from (36) that random variables 𝑎1 and 𝑎2 are jointly
Gaussian [19]. Thus, from (36), one obtains

𝐸 (𝑎1) = 2𝜁2𝜁4 + 𝜁3𝜁54𝜁1𝜁2 − 𝜁23 ,
𝐸 (𝑎2) = 2𝜁1𝜁5 + 𝜁3𝜁44𝜁1𝜁2 − 𝜁23 ,
𝜎2𝑎1 = 2𝜁24𝜁1𝜁2 − 𝜁23 ,
𝜎2𝑎2 = 2𝜁14𝜁1𝜁2 − 𝜁23 ,
𝑘𝑎1𝑎2 = 𝜁34𝜁1𝜁2 − 𝜁23 ,

(38)

where 𝜎2𝑎1 and 𝜎2𝑎2 are variance of 𝑎1 and 𝑎2, respectively, and𝑘𝑎1𝑎2 is covariance of 𝑎1 and 𝑎2. It is seen from (38) that
necessary statistics of processes 𝑎1 and 𝑎2 can be computed
algebraically based on coefficients of joint PDF 𝑝(𝑎1, 𝑎2).

Thus, the approximate solution (36) of (1) is completely
determined when the linearization coefficients 𝜂𝑖𝑗, 𝑖 = 1, 2;𝑗 = 1, 2, 3 are found. There are some criteria for determining
the coefficients 𝜂𝑖𝑗, 𝑖 = 1, 2, 𝑗 = 1, 2, 3. The most extensively
used criterion is the mean square error criterion which
requires that the mean square of the following errors be
minimum [17]. From (23), (25), (26), and (27), the errors in
this problem will be

𝑒𝑖 = 𝑔𝑖 (𝑎1, 𝑎2) − (𝜂𝑖1𝑎1 + 𝜂𝑖2𝑎2 + 𝜂𝑖3) , 𝑖 = 1, 2. (39)

So, the mean square error criterion leads to

𝐸 (𝑒2𝑖 ) = 𝐸 {[𝑔𝑖 (𝑎1, 𝑎2) − (𝜂𝑖1𝑎1 + 𝜂𝑖2𝑎2 + 𝜂𝑖3)]2} →
min
𝜂𝑖𝑗
, 𝑖 = 1, 2; 𝑗 = 1, 2, 3. (40)

From

𝜕𝜕𝜂𝑖𝑗𝐸 (𝑒2𝑖 ) = 0, 𝑖 = 1, 2; 𝑗 = 1, 2, 3, (41)

it follows that

𝐸 (𝑎1𝑔1) − 𝐸 (𝑎21) 𝜂11 − 𝐸 (𝑎1𝑎2) 𝜂12 − 𝐸 (𝑎1) 𝜂13 = 0,
𝐸 (𝑎2𝑔1) − 𝐸 (𝑎1𝑎2) 𝜂11 − 𝐸 (𝑎22) 𝜂12 − 𝐸 (𝑎2) 𝜂13 = 0,

𝐸 (𝑔1) − 𝐸 (𝑎1) 𝜂11 − 𝐸 (𝑎2) 𝜂12 − 𝜂13 = 0,
𝐸 (𝑎1𝑔2) − 𝐸 (𝑎21) 𝜂21 − 𝐸 (𝑎1𝑎2) 𝜂22 − 𝐸 (𝑎1) 𝜂23 = 0,
𝐸 (𝑎2𝑔2) − 𝐸 (𝑎1𝑎2) 𝜂21 − 𝐸 (𝑎22) 𝜂22 − 𝐸 (𝑎2) 𝜂23 = 0,

𝐸 (𝑔2) − 𝐸 (𝑎1) 𝜂21 − 𝐸 (𝑎2) 𝜂22 − 𝜂23 = 0,

(42)

where 𝑔1(𝑎1, 𝑎2), 𝑔2(𝑎1, 𝑎2) are given by (25). Solving system
(42) in 𝜂𝑖𝑗, 𝑖 = 1, 2, 𝑗 = 1, 2, 3, with noting that higher
moments of 𝑎1 and 𝑎2 can be expressed in the first and second
moments because 𝑎1 and 𝑎2 are jointly Gaussian [16], gives

𝜂11 = −3𝛾4] (𝑘𝑎1𝑎2 + 𝐸 (𝑎1) 𝐸 (𝑎2)) ,
𝜂12 = −3𝛾8] (𝐸 (𝑎1) + 𝜎2𝑎1 + 3𝐸 (𝑎2) + 3𝜎2𝑎2) ,
𝜂13 = 3𝛾4]𝐸 (𝑎2) (𝐸2 (𝑎1) + 𝐸2 (𝑎2)) ,
𝜂21 = 3𝛾8] (3𝐸 (𝑎2) + 3𝜎2𝑎2 + 𝐸 (𝑎2) + 𝜎2𝑎2) ,
𝜂22 = 3𝛾4] (𝑘𝑎1𝑎2 + 𝐸 (𝑎1) 𝐸 (𝑎2)) ,
𝜂23 = −3𝛾4]𝐸 (𝑎1) (𝐸2 (𝑎1) + 𝐸2 (𝑎2)) .

(43)

Thus, 𝜂𝑖𝑗, 𝑖 = 1, 2, 𝑗 = 1, 2, 3, are determined from the
system of nonlinear equations obtained by combining (37),
(38), and (43). After being found, the values of coefficients𝜂𝑖𝑗, 𝑖 = 1, 2, 𝑗 = 1, 2, 3, are substituted into (36) to obtain the
approximate stationary PDF in 𝑎1 and 𝑎2 of (1).

From transformation (17), the mean response of the
oscillator can be rewritten in the form

𝐸 (𝑥)
= √𝐸2 (𝑎1) + 𝐸2 (𝑎2) [[

[
𝐸 (𝑎1)

√𝐸2 (𝑎1) + 𝐸2 (𝑎2) cos ]𝑡

+ 𝐸 (𝑎2)
√𝐸2 (𝑎1) + 𝐸2 (𝑎2) sin ]𝑡

]]
]

= √𝐸2 (𝑎1) + 𝐸2 (𝑎2) cos (]𝑡 + 𝜃) ,

(44)
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where tan 𝜃 = −𝐸(𝑎2)/𝐸(𝑎1). Thus it is periodic with ampli-
tude 𝐴, where

𝐴2 = 𝐸2 (𝑎1) + 𝐸2 (𝑎2) . (45)

Also from transformation (17), the mean square response
of (1) can be determined as follows:

𝐸 (𝑥2 (𝑡)) = 𝐸 (𝑎21) cos2]𝑡 + 𝐸 (𝑎22) sin2]𝑡
+ 𝐸 (𝑎1𝑎2) sin 2]𝑡. (46)

Taking averaging with respect to time (46) gives

⟨𝐸 (𝑥2)⟩ = 12𝜋 ∫
2𝜋

0
𝐸 [𝑥2 (𝑡)] 𝑑 (]𝑡)

= 12 [𝐸 (𝑎21) + 𝐸 (𝑎22)]
= 12 [𝐸2 (𝑎1) + 𝜎2𝑎1 + 𝐸2 (𝑎2) + 𝜎2𝑎2] .

(47)

Substituting (38) into (47) and reducing the obtained
result yield the time-averaging of mean square response to be

⟨𝐸 (𝑥2)⟩ = (2𝜁2𝜁4 + 𝜁3𝜁5)2 + (2𝜁1𝜁5 + 𝜁3𝜁4)22 (4𝜁1𝜁2 − 𝜁23)2
+ 𝜁1 + 𝜁24𝜁1𝜁2 − 𝜁23 ,

(48)

where 𝜁𝑖, 𝑖 = 1, 5, are given by (37). It is noted from (48)
that the approximate time-averaging value of mean square
response of the Duffing oscillator is calculated algebraically.

Moreover, from transformation (17), one obtains

𝑎1 = 𝑥 cos ]𝑡 − �̇�
]
sin ]𝑡,

𝑎2 = 𝑥 sin ]𝑡 + �̇�
]
cos ]𝑡.

(49)

It follows from transformation (49) and PDF (36) that the
joint PDF of 𝑥 and �̇� takes the form of

𝑝 (𝑥, �̇�, 𝑡) = 𝐶
]
exp{−𝐴1 (𝑥 cos ]𝑡 − �̇�

]
sin ]𝑡)2

− 𝐴2 (𝑥 sin ]𝑡 + �̇�
]
cos ]𝑡)2

+ 𝐴3 (𝑥 cos ]𝑡 − �̇�
]
sin ]𝑡) (𝑥 sin ]𝑡 + �̇�

]
cos ]𝑡)

+ 𝐴4 (𝑥 cos ]𝑡 − �̇�
]
sin ]𝑡)

+ 𝐴5 (𝑥 sin ]𝑡 + �̇�
]
cos ]𝑡)} .

(50)

From (50), one gets the marginal PDF of 𝑥 as

𝑝 (𝑥, 𝑡) = ∫∞
−∞

𝑝 (𝑥, �̇�, 𝑡) 𝑑�̇�. (51)
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Figure 1: Plot of the time-averaging of mean square response𝐸(𝑥2(𝑡)) versus the parameters 𝑄, 𝜀 = 0.2, 𝛾 = 1, 𝜔 = 1, 𝜎2 = 1,
] = 1.01, 𝜆1 = 𝜆2 = 0.1, and 𝜏 = 0.1.

It is seen from (36), (50), and (51) that the joint PDF of 𝑥 and�̇� and the marginal PDF of 𝑥 depend on time 𝑡, although two
variables 𝑎1 and 𝑎2 are described in a stationary joint PDF.

3. Numerical Results

In the paper, the obtained results are compared to ones
obtained from the Monte-Carlo simulation which is “often
the sole tool available for assessing the accuracy of random
vibration solutions generated by approximate methods of
analysis,” as pointed out in Robert and Spanos (2003) [17].
The various values of response of Duffing equation (1) are
compared to the numerical simulation results versus the
particular parameter. The numerical simulation of the mean
square response is obtained by 10,000-realization Monte-
Carlo simulation (MCS) with the time from zero to 300
seconds. The time-averaged mean square response of the
Duffing oscillator obtained by formula (48) is compared to
a numerical result obtained by MCS in Figure 1.

To obtain theoretical results below, algebraic system (43)
is solved with initial values 𝜂11 = −2, 𝜂12 = −0.5, 𝜂13 = 2,𝜂21 = 1.5, 𝜂22 = −1, 𝜂23 = 2. With the input parameters𝜀 = 0.2, 𝛾 = 1, 𝜔 = 1, 𝜎2 = 1, ] = 1.01, 𝜆1 = 𝜆2 = 0.1, 𝜏 = 0.1,
in Figure 1, we present the effect of periodic force’s amplitude𝑄 on time-averaging mean square response. It may be seen
that the theoretical predictions and the simulations compare
very well. Moreover, it can be observed from Figure 1 that the
time-averaging mean square response increases when har-
monic excitation increases and decreases when the damping
coefficient ℎ increases.

In Figure 2, we present graphs of PDF of x plotting the
time 𝑡 = 298 (sec). In order to get the simulation of PDF of𝑥 by MCS, 20,000 sample paths have been used and counted
at the time 𝑡 = 298 (sec). Figure 2 shows that the proposed
technique gives a good prediction.
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Figure 2: Graph of themarginal PDF of 𝑥 at 𝑡 = 298 (sec) with input
parameters 𝜀 = 0.2, 𝛾 = 1, 𝜔 = 1, ℎ = 5, 𝑄 = 2, 𝜎2 = 1, ] = 1.01,𝜆1 = 𝜆2 = 0.1, and 𝜏 = 0.1.

In Tables 1 and 2, effects of the delay coefficient 𝜆2 and
the time delay 𝜏 on time-averaging of mean square response
of the system are considered. The analytical approximate
results obtained by the proposed technique are compared to
simulation results ⟨𝐸(𝑥2)⟩sim byMCS.The errors in the tables
are defined as

Error =
⟨𝐸 (𝑥2)⟩sim − ⟨𝐸 (𝑥2)⟩⟨𝐸 (𝑥2)⟩sim × 100%. (52)

In Table 1, the time-averaging mean square response of
the system is performed for computation with various values
of the parameter 𝜆2 while the system parameters are chosen
to be 𝜀 = 0.2, 𝛾 = 1, 𝜔 = 1, ℎ = 4, 𝑄 = 2, 𝜎2 = 1, ] = 1.01,𝜆1 = 0.1, and 𝜏 = 1. It is seen that the time-averaging mean
square response of the system slightly increases as the delay
coefficient 𝜆2 decreases from 0.01 to 0.2. Table 2 presents
time-averaging values of the mean square response of the
system evaluated versus the parameter 𝜏 in the primary
resonant region with the system parameters chosen to be𝜀 = 0.2, 𝛾 = 1, 𝜔 = 1, ℎ = 5, 𝑄 = 2, 𝜎2 = 1, ] = 1.01,
and 𝜆1 = 𝜆2 = 0.1. In Table 2, one expects that the error will
decrease as the time delay decreases. However, sometimes
this does not often happen in analysis of a stochastic system
with time delay; for example, see Figure 1 in Feng et al.
(2009) [5]. In the paper, the Duffing oscillator under studying
is subjected to both periodic and random excitation. The
random excitation would make the diversity of the system’s
response unpredictable. On the other hand, the error in the
paper consists of 3 errors from replacing the time delay
system with the non-time delay one, applying the stochastic
averaging method, and applying the equivalent linearization
method. Thus, in a particular range of the time delay, the
values of error may be fluctuated. However, the errors in
Table 2 are quite small (from 0.34% to 3.86%) as the time

Table 1: The error between the simulation result and approximate
values of the time-averaging of mean square response versus the
parameter 𝜆2.
𝜆2 ⟨𝐸(𝑥2)⟩sim ⟨𝐸(𝑥2)⟩ Error (%)
0.01 0.2288 0.2362 3.23
0.03 0.2294 0.2353 2.57
0.05 0.2301 0.2361 2.61
0.07 0.2316 0.2368 2.25
0.09 0.2322 0.2375 2.28
0.1 0.2328 0.2397 2.96
0.15 0.2355 0.2396 1.74
0.2 0.2378 0.2414 1.51

Table 2: The error between the simulation result and approximate
values of the time-averaging of mean square response versus the
parameter 𝜏.
𝜏 ⟨𝐸(𝑥2)⟩sim ⟨𝐸(𝑥2)⟩ Error (%)
0.05 0.1768 0.1808 2.27
0.15 0.1761 0.1795 1.91
0.2 0.1760 0.1792 1.81
0.25 0.1759 0.1788 1.64
0.3 0.1756 0.1785 1.63
0.35 0.1750 0.1782 1.83
0.4 0.1746 0.1778 1.82
0.5 0.1743 0.1749 0.34
0.7 0.1728 0.1736 0.46
1 0.1709 0.1775 3.86

delay in [0.05, 1]. It shows that when the time delay increases
from 0.05 to 1, the time-averaging values of the mean square
response of the system slightly decrease. The two tables show
that the proposed technique gives a good prediction.

4. Summary and Conclusions

In the present paper, a technique for predicting the response
of the Duffing system with time delay under combined
harmonic and white noise excitation has been proposed. The
technique can be summarized as follows. Firstly, the time
delay terms are expressed approximately in terms of the
system state variables without time delay and, correspond-
ingly, the original system with time delay is approximately
transformed into one without time delay. The paper has
shown this transformation in detail by (6), (7), (8), (10), (11),
(12), (13), (14), (15), and (16). Secondly, the state coordinates(𝑥, �̇�) are transformed to Cartesian coordinates (𝑎1, 𝑎2). In
these coordinates, the averaged equations obtained by the
stochastic averaging method are nonlinear ones whose solu-
tion is still a difficult problem. Thirdly, the stochastic equiv-
alent linearization method and the technique of auxiliary
function are employed to solve approximately the Fokker-
Planck equation associated with the averaged equations. The
linearization coefficients of the equivalent linear system are
determined from a closed nonlinear algebraic system as
presented. Finally, the response of the system is obtained
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from several algebraic and integral expressions (44)–(51).
It has been shown that the results obtained by using the
proposed procedure agreewell with those from the numerical
simulation of the original system. For the given parameters,
the time-averaging of mean square response of the system is
increasing with the periodic force’s amplitude𝑄 and the delay
coefficient of velocity 𝜆2; and it decreases when the time delay𝜏 increases from 0.05 to 1.

A significant contribution of the present paper is that
the technique gained through it can be helpful for other
nonlinear systems with time delay under harmonic and
random excitation. Furthermore, the paper shows that the
new variables are, as shown in (8), varying slowly processes
since their derivatives are proportional to the small parameter𝜀. This approach allows simplifying the research by averaging
procedure and getting analytical expression for solution.
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A new global asymptotic stability criterion of Takagi-Sugeno fuzzy Cohen-Grossberg neural networks with probabilistic time-
varying delays was derived, in which the diffusion item can play its role. Owing to deleting the boundedness conditions on
amplification functions, the main result is a novelty to some extent. Besides, there is another novelty in methods, for Lyapunov-
Krasovskii functional is the positive definite form of 𝑝 powers, which is different from those of existing literature. Moreover, a
numerical example illustrates the effectiveness of the proposed methods.

1. Introduction

Cohen-Grossberg neural networks (CGNNs) have many
practical applications, like artificial intelligence, parallel com-
puting, image processing and recovery, and so on ([1–6]).
But the success of these applications largely depends on
whether the system has some stability, and so people began
to be interested in the stability analysis of the system.
In recent decades, reaction-diffusion neural networks have
receivedmuch attention ([7–13]), including various Laplacian
diffusion ([6, 14–20]). Besides, people are paying more and
more attention to fuzzy neural network system ([21–34]),
due to encountering always some inconveniences such as the
complicity, the uncertainty, and vagueness ([27, 35–37]). For
example, in [27], Zhu and Li investigated the following fuzzy
CGNNs model:

𝑑𝑥𝑖 (𝑡) = {{{−𝑎𝑖 (𝑥𝑖 (𝑡))
[
[𝑏𝑖 (𝑥𝑖 (𝑡)) −

𝑛⋀
𝑗=1

𝑎𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡))

− 𝑛⋁
𝑗=1

𝑏𝑖𝑗𝑔𝑗 (𝑥𝑗 (𝑡)) − 𝑛⋀
𝑗=1

𝑐𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡 − 𝜏))

− 𝑛⋁
𝑗=1

𝑑𝑖𝑗𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏))]]
}}}𝑑𝑡

+ 𝑛∑
𝑗=1

𝜎𝑖𝑗 (𝑥𝑗 (𝑡) , 𝑥𝑗 (𝑡 − 𝜏)) 𝑑𝑤𝑗 (𝑡) ,
𝑥𝑖 (𝑡) = 𝜙𝑖 (𝑡) , −𝜏 ⩽ 𝑡 ⩽ 0.

(1)

In [36], Muralisankar and Gopalakrishnan studied the
following T-S fuzzy neutral type CGNNs with distributed
delays:

𝑑𝑥𝑖 (𝑡) = 𝑟∑
𝑗=1

ℎ𝑗 (𝜔 (𝑡)) {−𝐴𝑗 (𝑥 (𝑡)) [𝐵𝑗 (𝑥 (𝑡))
− 𝐶𝑗𝑓 (𝑥 (𝑡 − 𝜏 (𝑡))) − 𝑀𝑗 ∫𝑡

𝑡−𝜌(𝑡)
𝑓 (𝑥 (𝑠)) 𝑑𝑠

− 𝐷𝑗�̇� (𝑡 − 𝑟 (𝑡))]} .
(2)
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Besides, Balasubramaniam and Syed Ali discussed Takagi-
Sugeno fuzzy Cohen-Grossberg BAM neural networks with
discrete and distributed time-varying delays in [37].

Note that there is the following bounded condition on
amplification functions in many literatures (see, e.g., [38,
Theorem 4]) related to CGNNs:

0 < 𝑎𝑖 ⩽ 𝑎𝑖 (𝑟) ⩽ 𝑎𝑖, 𝑟 ∈ 𝑅, 𝑖 = 1, 2, . . . , 𝑛. (3)

So, in this paper, we try to delete this bounded condition
on amplification functions. This is the main purpose of this
paper.

2. Preliminaries

Consider the following fuzzy Takagi-Sugeno 𝑝-Laplace par-
tial differential equations with distributed delay.

Fuzzy Rule 𝑗. IF 𝜔1(𝑡) is 𝜇𝑗1 and ⋅ ⋅ ⋅ 𝜔𝑠(𝑡) is 𝜇𝑗𝑠 THEN
𝜕𝑢𝜕𝑡 = ∇ ⋅ (D (𝑡, 𝑥, 𝑢) ∘ ∇𝑝𝑢) − 𝐴 (𝑢) [𝐵 (𝑢)
− 𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏 (𝑡) , 𝑥)) − 𝑀𝑗 ∫𝑡

𝑡−𝜌(𝑡)
𝑓 (𝑢 (𝑠, 𝑥)) 𝑑𝑠] ,

𝑢 (𝜃, 𝑥) = 𝜙 (𝜃, 𝑥) , (𝜃, 𝑥) ∈ (−∞, 0] × Ω,
𝑢 (𝑡, 𝑥) = 0 ∈ 𝑅𝑛, (𝑡, 𝑥) ∈ 𝑅 × 𝜕Ω,

(4)

where Ω is an arbitrary open bounded subset in 𝑅𝑚.𝜔𝑘(𝑡) (𝑘 = 1, 2, . . . , 𝑠) is the premise variable and 𝜇𝑗𝑘 (𝑗 =1, 2, . . . , 𝑟; 𝑘 = 1, 2, . . . , 𝑠) is the fuzzy set that is char-
acterized by membership function. And 𝑟 is the number
of the IF-THEN rules; 𝑠 is the number of the premise
variables. 𝑢(𝑡, 𝑥) = (𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥), . . . , 𝑢𝑛(𝑡, 𝑥))𝑇 ∈ 𝑅𝑛,
where 𝑢𝑖(𝑡, 𝑥) is the state variable of the 𝑖th neuron and
the 𝑗th neuron at time 𝑡 and in space variable 𝑥. Matrix
D(𝑡, 𝑥, 𝑢) = (D𝑖𝑗(𝑡, 𝑥, 𝑢))𝑛×𝑚 with each D𝑖𝑗(𝑡, 𝑥, 𝑢) ⩾ 0,
and D𝑖𝑗(𝑡, 𝑥, 𝑢) is diffusion operator. D(𝑡, 𝑥, 𝑢) ∘ ∇𝑝𝑢 =(D𝑗𝑘(𝑡, 𝑥, 𝑢))|∇𝑢𝑖|𝑝−2(𝜕𝑢𝑖/𝜕𝑥𝑘)𝑛×𝑚 denotes the Hadamard
product of matrix D(𝑡, 𝑥, 𝑢) and ∇𝑝𝑢 (see [39] for details).
Matrices 𝐴(𝑢) = diag(𝑎1(𝑢1), 𝑎2(𝑢2), . . . , 𝑎𝑛(𝑢𝑛)) and 𝐵(𝑢) =
diag(𝑏1(𝑢1), 𝑏2(𝑢2), . . . , 𝑏𝑛(𝑢𝑛)), where 𝑎𝑖(𝑢𝑖) and 𝑏𝑖(𝑢𝑖) repre-
sent an amplification function at time 𝑡 and an appropriate
behavior function at time 𝑡. 𝐶𝑗 = (𝑐(𝑗)𝑖𝑘 )𝑛×𝑛 is the connection
matrix. Time delays 𝜏(𝑡) ∈ [0, +∞). 𝑓(𝑢(𝑡 − 𝜏(𝑡), 𝑥)) =
(𝑓1(𝑢1(𝑡−𝜏(𝑡)𝑡, 𝑥)), 𝑓2(𝑢2(𝑡−𝜏(𝑡), 𝑥)), . . . , 𝑓𝑛(𝑢𝑛(𝑡−𝜏(𝑡), 𝑥)))𝑇
is the activation function of the neurons. And the second
and third equations of (4) imply the initial condition and the
Dirichlet boundary condition, respectively.

By way of a standard fuzzy inference method, (4) can be
inferred as follows.

𝜕𝑢𝜕𝑡 = ∇ ⋅ (D (𝑡, 𝑥, 𝑢) ∘ ∇𝑝𝑢) − 𝐴 (𝑢 (𝑡, 𝑥)) [[𝐵 (𝑢 (𝑡, 𝑥))

− 𝑟∑
𝑗=1

ℎ𝑗 (𝜔 (𝑡)) (𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏 (𝑡) , 𝑥))

+ 𝑀𝑗 ∫𝑡
𝑡−𝜌(𝑡)

𝑓 (𝑢 (𝑠, 𝑥)) 𝑑𝑠)]] ,
𝑢 (𝜃, 𝑥) = 𝜙 (𝜃, 𝑥) , (𝜃, 𝑥) ∈ (−∞, 0] × Ω,
𝑢 (𝑡, 𝑥) = 0 ∈ 𝑅𝑛, (𝑡, 𝑥) ∈ 𝑅 × 𝜕Ω,

(5)

where 𝜔(𝑡) = [𝜔1(𝑡), 𝜔2(𝑡), . . . , 𝜔𝑠(𝑡)]𝑇 and ℎ𝑗(𝜔(𝑡)) =𝑤𝑗(𝜔(𝑡))/∑𝑟𝑘=1 𝑤𝑘(𝜔(𝑡)), 𝑤𝑗(𝜔(𝑡)) : 𝑅𝑠 → [0, 1] (𝑗 =1, 2, . . . , 𝑟) is the membership function of the system with
respect to the fuzzy rule 𝑗. ℎ𝑗 can be regarded as the normal-
ized weight of each IF-THEN rule, satisfying ℎ𝑗(𝜔(𝑡)) ⩾ 0 and∑𝑟𝑗=1 ℎ𝑗(𝜔(𝑡)) = 1.

Next, we consider the following information for probabil-
ity distribution of time delays 𝜏(𝑡):

P (0 ⩽ 𝜏 (𝑡) ⩽ 𝜏1) = 𝑐0,
P (𝜏1 < 𝜏 (𝑡) ⩽ 𝜏2) = 1 − 𝑐0. (6)

Here the nonnegative scalar 𝑐0 ⩽ 1. Define a random variable
as follows:

C (𝑡) = {{{
1, 0 ⩽ 𝜏 (𝑡) ⩽ 𝜏1;
0, 𝜏1 < 𝜏 (𝑡) ⩽ 𝜏2. (7)

So, in this paper, we consider the following Takagi-Sugeno
(T-S) fuzzy system with probabilistic time-varying delays:

𝜕𝑢𝜕𝑡 = ∇ ⋅ (D (𝑡, 𝑥, 𝑢) ∘ ∇𝑝𝑢) − 𝐴 (𝑢 (𝑡, 𝑥)){{{𝐵 (𝑢 (𝑡, 𝑥))

− 𝑟∑
𝑗=1

ℎ𝑗 (𝜔 (𝑡)) [𝑐0𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏1 (𝑡) , 𝑥)) + (1 − 𝑐0)
⋅ 𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏2 (𝑡) , 𝑥)) + (C − 𝑐0)
⋅ (𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏1 (𝑡) , 𝑥)) − 𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏2 (𝑡) , 𝑥)))
+ 𝑀𝑗 ∫𝑡

𝑡−𝜌(𝑡)
𝑓 (𝑢 (𝑠, 𝑥)) 𝑑𝑠]}}} ,

𝑢 (𝜃, 𝑥) = 𝜙 (𝜃, 𝑥) , (𝜃, 𝑥) ∈ (−∞, 0] × Ω,
𝑢 (𝑡, 𝑥) = 0 ∈ 𝑅𝑛, (𝑡, 𝑥) ∈ 𝑅 × 𝜕Ω.

(8)
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System (8) includes the following integrodifferential
equations:

𝑑𝑥 (𝑡)𝑑𝑡 = −𝐴 (𝑥 (𝑡)){{{𝐵 (𝑥 (𝑡)) −
𝑟∑
𝑗=1

ℎ𝑗 (𝜔 (𝑡))
⋅ [𝑐0𝐶𝑗𝑓 (𝑥 (𝑡 − 𝜏1 (𝑡))) + (1 − 𝑐0)
⋅ 𝐶𝑗𝑓 (𝑥 (𝑡 − 𝜏2 (𝑡))) + (C − 𝑐0)
⋅ (𝐶𝑗𝑓 (𝑥 (𝑡 − 𝜏1 (𝑡))) − 𝐶𝑗𝑓 (𝑥 (𝑡 − 𝜏2 (𝑡))))
+𝑀𝑗 ∫𝑡

𝑡−𝜌(𝑡)
𝑓 (𝑥 (𝑠)) 𝑑𝑠]}}} , 𝑡 ⩾ 0,

𝑥 (𝜃) = 𝜙 (𝜃) , 𝜃 ∈ (−∞, 0] .

(9)

Particularly when 𝑝 = 2, system (8) degenerates into the
so-called reaction-diffusion CGNNs:

𝜕𝑢𝜕𝑡 = ∇ ⋅ (D (𝑡, 𝑥, 𝑢) ∘ ∇𝑢) − 𝐴 (𝑢 (𝑡, 𝑥)){{{𝐵 (𝑢 (𝑡, 𝑥))

− 𝑟∑
𝑗=1

ℎ𝑗 (𝜔 (𝑡)) [𝑐0𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏1 (𝑡) , 𝑥)) + (1 − 𝑐0)
⋅ 𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏2 (𝑡) , 𝑥)) + (C − 𝑐0)
⋅ (𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏1 (𝑡) , 𝑥)) − 𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏2 (𝑡) , 𝑥)))
+𝑀𝑗 ∫𝑡

𝑡−𝜌(𝑡)
𝑓 (𝑢 (𝑠, 𝑥)) 𝑑𝑠]}}} ,

𝑢 (𝜃, 𝑥) = 𝜙 (𝜃, 𝑥) , (𝜃, 𝑥) ∈ (−∞, 0] × Ω,
𝑢 (𝑡, 𝑥) = 0 ∈ 𝑅𝑛, (𝑡, 𝑥) ∈ 𝑅 × 𝜕Ω.

(10)

Throughout this paper, we assume 𝑝 = 𝑝1/𝑝2 > 1 with𝑝1 being even number and 𝑝2 being odd number. Besides,
suppose that the following conditions hold:

(H1) There exist positive definite matrices 𝐴 = diag(𝑎1,𝑎2, . . . , 𝑎𝑛) and 𝐴 = diag(𝑎1, 𝑎2, . . . , 𝑎𝑛) such that

0 < 𝑎𝑖 ⩽ 𝑎𝑖 (𝑠)𝑠𝑝−2 ⩽ 𝑎𝑖, 0 ̸= 𝑠 ∈ 𝑅, 𝑖 = 1, 2, . . . , 𝑛, (11)

where 𝐴(𝑢) = diag(𝑎1(𝑢1), 𝑎2(𝑢2), . . . , 𝑎𝑛(𝑢𝑛)) and𝑢 = (𝑢1, 𝑢2, . . . , 𝑢𝑛)𝑇 ∈ 𝑅𝑛.
(H2) There exists a positive definite matrix B =

diag(𝑏1, 𝑏2, . . . , 𝑏𝑛) such that 𝑏𝑖(0) = 0 and
𝑏𝑖 (𝑠)𝑠 ⩾ 𝑏𝑖, 0 ̸= 𝑠 ∈ 𝑅, 𝑖 = 1, 2, . . . , 𝑛. (12)

(H3) There is a positive definite matrix 𝐹 = diag(𝐹1, 𝐹2,. . . , 𝐹𝑛) such that𝑓𝑖 (𝑠) ⩽ 𝐹𝑖 |𝑠| , 𝑠 ∈ 𝑅, 𝑖 = 1, 2, . . . , 𝑛. (13)

From (H1)–(H3), we know that 𝑏𝑖(0) = 𝑓𝑖(0) = 0 and𝑢 = 0 is an equilibrium of fuzzy system (8).

Remark 1. There are numerous functions satisfying (H1). For
example, if 𝑝 = 4/3, we may set

𝑎𝑖 (𝑠) = 0.1 (1 + 𝑒−𝑠2)
3√𝑠2 , ∀0 ̸= 𝑠 ∈ 𝑅, 𝑎𝑖 (0) = 0.2. (14)

It is obvious that

lim
𝑠→0

𝑎𝑖 (𝑠) = lim
𝑠→0

0.1 (1 + 𝑒−𝑠2)
3√𝑠2 = +∞. (15)

So the function 𝑎𝑖(𝑠) is unbounded for 𝑠 ∈ 𝑅.Moreover,

0.1 ⩽ 𝑎𝑖 (𝑠)𝑠𝑝−2 = 0.1 (1 + 𝑒−𝑠2) ⩽ 0.2. (16)

One can know from (16) that 0.1 ⩽ 𝑎𝑖(𝑠)/𝑠𝑝−2 ⩽ 0.2 with𝑎𝑖 = 0.1 and 𝑎𝑖 = 0.2.
Remark 2. The amplification function 𝑎𝑖(𝑠) defined as (7) is
actually unbounded for 𝑠 ∈ 𝑅. However, various bounded
conditions always imposed restrictions on the amplifica-
tion functions of existing literature ([3–6, 9, 10, 24, 27, 28]).
Hence, our condition (H1) is weaker, whichwill make a corol-
lary with regard to ordinary integrodifferential equations (9)
become novel.

For convenience’s sake, we need to introduce the follow-
ing standard notations similarly as [38]:

𝑄 = (𝑞𝑖𝑗)𝑛×𝑛 > 0 (< 0) ,
𝑄 = (𝑞𝑖𝑗)𝑛×𝑛 ⩾ 0 (⩽ 0) ,
𝑄1 ⩾ 𝑄2 (𝑄1 ⩽ 𝑄2) ,
𝑄1 > 𝑄2 (𝑄1 < 𝑄2) ,

𝜆max (Φ) ,
𝜆min (Φ) ,

|𝐶| = (𝑐𝑖𝑗)𝑛×𝑛 ,
|𝑢 (𝑡, 𝑥)| ,

and the identity matrix with compatible 𝐼.

(17)

(i) The Sobolev space = {𝑢 ∈ 𝐿𝑝 : D𝑢 ∈ 𝐿𝑝} (see [40] for
details).
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(ii) Denote by 𝜆1 the lowest positive eigenvalue of the
boundary value problem (see [40] for details).

−Δ𝑝𝜑 (𝑡, 𝑥) = 𝜆𝜑 (𝑡, 𝑥) , 𝑥 ∈ Ω
𝜑 (𝑡, 𝑥) = 0, 𝑥 ∈ 𝜕Ω. (18)

Lemma 3. One has

𝑎𝑞−1𝑏 ⩽ 𝑞 − 1𝑞 𝑎𝑞 + 𝑏𝑞𝑞 , ∀𝑎, 𝑏 ∈ (0, +∞) , 𝑞 > 1. (19)

Note that Lemma 3 is the particular case of the famous
Young inequality.

3. Results and Discussion

Lemma 4. Let 𝑃 = diag(𝑝1, 𝑝2, . . . , 𝑝𝑛) be a positive definite
matrix and 𝑢 be a solution of the fuzzy system (8). Then one
has

∫
Ω
𝑢𝑇𝑃 (∇ ⋅ (𝐷 (𝑡, 𝑥, 𝑢) ∘ ∇𝑝𝑢)) 𝑑𝑥 ⩽ −𝜆1𝑝𝐷 ‖𝑢‖𝑝𝑝 , (20)

where𝐷 = min𝑖𝑘(inf 𝑡,𝑥,𝑢 |𝐷𝑖𝑗(𝑡, 𝑥, 𝑢)), ‖𝑢‖𝑝𝑝 = ∑𝑛𝑖=1 ∫Ω|𝑢𝑖|𝑝𝑑𝑥,
and 𝑝 is a positive scalar, satisfying 𝑃 > 𝑝𝐼.
Proof. Since 𝑢 is a solution of system (8), it follows by Gauss
formula and the Dirichlet zero-boundary condition that

∫
Ω

𝑛∑
𝑗=1

𝑝𝑗𝑢𝑗 𝑚∑
𝑘=1

𝜕𝜕𝑥𝑘 (𝐷𝑗𝑘
∇𝑢𝑗𝑝−2 𝜕𝑢𝑗𝜕𝑥𝑘)𝑑𝑥

= − 𝑚∑
𝑘=1

𝑛∑
𝑗=1

∫
Ω
𝑝𝑗𝐷𝑗𝑘 ∇𝑢𝑗𝑝−2 (𝜕𝑢𝑗𝜕𝑥𝑘)

2 𝑑𝑥
⩽ −𝜆1𝐷𝑝 𝑛∑

𝑗=1

∫
Ω

𝑢𝑗𝑝 𝑑𝑥 = −𝜆1𝑝𝐷 ‖𝑢‖𝑝𝑝 .
(21)

Remark 5. Lemma 4 extends the conclusion of [2, Lemma2.1] and [10, Lemma 2.4] fromHilbert space𝐻10 (Ω) to Banach
space𝑊1,𝑝0 (Ω). Particularly, in the case ofΩ = (0, 𝑇) ⊂ 𝑅1 or
𝑊1,𝑝0 (0, 𝑇), the first eigenvalue 𝜆1 = ((2/𝑇) ∫(𝑝−1)1/𝑝

0
(𝑑𝑡/(1 −𝑡𝑝/(𝑝 − 1))1/𝑝))𝑝 (see, e.g., [40]).

Theorem 6. If there exists a positive definite matrix 𝑃 =
diag(𝑝1, 𝑝2, . . . , 𝑝𝑛) and two positive scalars 𝑝, 𝑝 such that the
following inequalities hold:

𝜆1𝐷𝑝 + 𝑝𝜆𝑚𝑖𝑛 (𝐴B) > 𝑛𝑝𝑝
𝑟∑
𝑗=1

((𝑝 − 1) 𝑐𝑗
+ 𝜌 (𝑝 − 1) 𝑚𝑗 + 𝑐0 𝑐𝑗1 − 𝜏1 +

(1 − 𝑐0) 𝑐𝑗1 − 𝜏2 + 𝜌 𝑚𝑗)
⋅ 𝜆𝑚𝑎𝑥𝐴𝜆𝑚𝑎𝑥𝐹,

(22)

𝑃 > 𝑝𝐼,
𝑃 < 𝑝𝐼, (23)

then the null solution of fuzzy system (8) is globally asymptot-
ically stable, where matrices 𝐶𝑗 = (𝑐(𝑗)𝑖𝑘 )𝑛×𝑛, 𝑀𝑗 = (𝑚(𝑗)𝑖𝑘 )𝑛×𝑛,|𝑐𝑗| = max𝑖𝑘|𝑐(𝑗)𝑖𝑘 |, |𝑚𝑗| = max𝑖𝑘|𝑚(𝑗)𝑖𝑘 |, and 𝜏1(𝑡) ⩽ 𝜏1 <1, 𝜏2(𝑡) ⩽ 𝜏2 < 1, 0 ⩽ 𝜌(𝑡) ⩽ 𝜌.
Proof. Firstly, we can conclude from (H1)–(H3) that 𝑢 = 0 is
an equilibrium point for system (8).

Next, consider the Lyapunov-Krasovskii functional:

𝑉 (𝑡) = 𝑉1 (𝑡) + 11 − 𝜏1𝑉2 (𝑡) +
11 − 𝜏2𝑉3 (𝑡) + 𝑉4 (𝑡) , (24)

where

𝑉1 (𝑡) = ∫
Ω
𝑢𝑇 (𝑡, 𝑥) 𝑃𝑢 (𝑡, 𝑥) 𝑑𝑥 = 𝑛∑

𝑖=1

∫
Ω
𝑝𝑖𝑢2𝑖 𝑑𝑥,

𝑉2 (𝑡) = 2𝑐0𝑛𝑝𝑝 ( 𝑟∑
𝑗=1

𝑐𝑗)
⋅ 𝜆max𝐴𝜆max𝐹 𝑛∑

𝑘=1

∫𝑡
𝑡−𝜏1(t)

∫
Ω

𝑢𝑘 (𝑠, 𝑥)𝑝 𝑑𝑥 𝑑𝑠,

𝑉3 (𝑡) = 2 (1 − 𝑐0) 𝑛𝑝𝑝 ( 𝑟∑
𝑗=1

𝑐𝑗)
⋅ 𝜆max𝐴𝜆max𝐹 𝑛∑

𝑘=1

∫𝑡
𝑡−𝜏2(𝑡)

∫
Ω

𝑢𝑘 (𝑠, 𝑥)𝑝 𝑑𝑥 𝑑𝑠,

𝑉4 (𝑡) = 2𝑝𝑝 (
𝑟∑
𝑗=1

𝑚𝑗)
⋅ 𝜆max𝐴𝜆max𝐹 𝑛∑

𝑖=1

𝑛∑
𝑘=1

∫
Ω
(∫0
−𝜌
𝑑𝜁∫𝑡
𝑡+𝜁

𝑢𝑘 (𝑠, 𝑥)𝑝 𝑑𝑠) 𝑑𝑥.

(25)

Here, 𝑢(𝑡, 𝑥) = (𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥), . . . , 𝑢𝑛(𝑡, 𝑥))𝑇 is a
solution for stochastic fuzzy system (8). Below,wemaydenote𝑢(𝑡, 𝑥) by 𝑢 and 𝑢𝑖(𝑡, 𝑥) by 𝑢𝑖 for simplicity.

Remark 7. It is obvious that our Lyapunov-Krasovskii func-
tional is the positive definite form of 𝑝 powers, which is
different from those of existing literature ([41–43]). For
example, in [41], the model is also neural networks with
discrete time delay and distributed delays:

𝑑𝑥 (𝑡) = [−𝐶𝑖𝑥 (𝑡) + 𝐴 𝑖𝑓 (𝑦 (𝑡 − 𝜏 (𝑡) , 𝑖))
+ 𝐵𝑖 ∫𝑡

𝑡−𝜌(𝑡)
𝑓 (𝑦 (𝑠) , 𝑟 (𝑠))] 𝑑𝑡 + 𝜎𝑡𝑑𝑤1 (𝑡) ,

𝑑𝑦 (𝑡) = [−𝐶𝑖𝑦 (𝑡) + 𝐴 𝑖𝑔 (𝑥 (𝑡 − 𝜏 (𝑡) , 𝑖))
+ 𝐵𝑖 ∫𝑡

𝑡−𝜌(𝑡)
𝑔 (𝑥 (𝑠) , 𝑟 (𝑠))] 𝑑𝑡 + �̃�𝑡𝑑𝑤2 (𝑡) .

(26)
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In [42, Theorem 1], the corresponding Lyapunov-Krasovskii
functional is as follows:

�̃�2 = ∫0
−𝜌
𝑑𝜃∫𝑡
𝑡+𝜃

𝑓𝑇 (𝑦 (𝑠) , 𝑟 (𝑠)) 𝐿𝑓 (𝑦 (𝑠) , 𝑟 (𝑠)) 𝑑𝑠
+ ∫0
−𝜌
𝑑𝜃∫𝑡
𝑡+𝜃

𝑔𝑇 (𝑥 (𝑠) , 𝑟 (𝑠)) 𝐿𝑔 (𝑥 (𝑠) , 𝑟 (𝑠)) 𝑑𝑠,
(27)

which is the positive definite form of 2 powers. And the
conclusion of [42, Theorem 1] is the asymptotical stability
in the mean square, which is also similar to that of our
Theorem 6. However, by means of our Lyapunov-Krasovskii
functional with the positive definite form of 𝑝 powers, we
shall derive the asymptotical stability in the mean square for
nonlinear 𝑝-Laplacian diffusion system (8).

Evaluating the time derivation of 𝑉1(𝑡) along the trajec-
tory of the fuzzy system (8), we can get by [38, Lemma 6] and
Lemma 4

𝑉1 (𝑡) = 2∫
Ω
[𝑢𝑇𝑃 (∇ ⋅ (𝐷 (𝑡, 𝑥, 𝑢) ∘ ∇𝑝𝑢))

− 𝑢𝑇𝑃𝐴 (𝑢) 𝐵 (𝑢)] 𝑑𝑥 + 2 𝑟∑
𝑗=1

ℎ𝑗 (𝜔 (𝑡))
⋅ (∫
Ω
𝑢𝑇𝑃𝐴 (𝑢) 𝑐0𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏1 (𝑡) , 𝑥)) 𝑑𝑥

+ ∫
Ω
𝑢𝑇𝑃𝐴 (𝑢) (1 − 𝑐0) 𝐶𝑗𝑓 (𝑢 (𝑡 − 𝜏2 (𝑡) , 𝑥)) 𝑑𝑥

+ ∫
Ω
𝑢𝑇𝑃𝐴 (𝑢)𝑀𝑗 ∫𝑡

𝑡−𝜌(𝑡)
𝑓 (𝑢 (𝑠, 𝑥)) 𝑑𝑠 𝑑𝑥)

⩽ −2𝜆1𝑝𝐷 ‖𝑢‖𝑝𝑝 − 2∫
Ω
𝑢𝑇𝑃𝐴 (𝑢) 𝐵 (𝑢) 𝑑𝑥

+ 2𝑐0 𝑟∑
𝑗=1

∫
Ω

𝑢𝑇 𝑃𝐴 (𝑢) 𝐶𝑗
⋅ 𝑓 (𝑢 (𝑡 − 𝜏1 (𝑡) , 𝑥)) 𝑑𝑥 + 2 (1 − 𝑐0) 𝑟∑

𝑗=1

∫
Ω

𝑢𝑇
⋅ 𝑃𝐴 (𝑢) 𝐶𝑗 𝑓 (𝑢 (𝑡 − 𝜏2 (𝑡) , 𝑥)) 𝑑𝑥
+ 2 𝑟∑
𝑗=1

∫
Ω

𝑢𝑇 𝑃𝐴 (𝑢) 𝑀𝑗 ∫𝑡
𝑡−𝜌(𝑡)

𝑓 (𝑢 (𝑠, 𝑥)) 𝑑𝑠 𝑑𝑥.
(28)

Besides, gathering (H1) and (H2) gives

∫
Ω
𝑢𝑇𝑃𝐴 (𝑢) 𝐵 (𝑢) 𝑑𝑥 ⩾ 𝑝𝜆min (𝐴B) ‖𝑢‖𝑝𝑝 . (29)

It follows by (H1), (H3), and Lemma 3 that

𝑐0 ∫
Ω

𝑢𝑇 𝑃𝐴 (𝑢) 𝐶𝑗 𝑓 (𝑢 (𝑡 − 𝜏1 (𝑡) , 𝑥)) 𝑑𝑥 = 𝑐0
𝑛∑
𝑘=1

𝑛∑
𝑖=1

∫
Ω
𝑝𝑖 𝑢𝑖𝑎𝑖 (𝑢𝑖) 𝑐(𝑗)𝑖𝑘  𝑓𝑘 (𝑢𝑘 (𝑡 − 𝜏1 (𝑡) , 𝑥)) 𝑑𝑥

⩽ 𝑐0𝑝 𝑛∑
𝑘=1

𝑛∑
𝑖=1

∫
Ω
𝑎𝑖 𝑐𝑗 𝑢𝑖𝑝−1 𝐹𝑘 𝑢𝑘 (𝑡 − 𝜏1 (𝑡) , 𝑥) 𝑑𝑥

⩽ 𝑐0𝑝 𝑐𝑗 𝜆max𝐴𝜆max𝐹 𝑛∑
𝑘=1

𝑛∑
𝑖=1

∫
Ω
(𝑝 − 1𝑝 𝑢𝑖𝑝 +

𝑢𝑘 (𝑡 − 𝜏1 (𝑡) , 𝑥)𝑝𝑝 )𝑑𝑥
= 𝑐0 (𝑝 − 1) 𝑝𝑝 𝑛 𝑐𝑗 𝜆max𝐴𝜆max𝐹 ‖𝑢‖𝑝𝑝
+ 𝑐0𝑝𝑝𝑛 𝑐𝑗 𝜆max𝐴𝜆max𝐹 𝑛∑

𝑘=1

∫
Ω

𝑢𝑘 (𝑡 − 𝜏1 (𝑡) , 𝑥)𝑝 𝑑𝑥.

(30)

Similarly,

(1 − 𝑐0) ∫
Ω

𝑢𝑇 𝑃𝐴 (𝑢) 𝐶𝑗 𝑓 (𝑢 (𝑡 − 𝜏2 (𝑡) , 𝑥)) 𝑑𝑥 ⩽ (1 − 𝑐0) (𝑝 − 1) 𝑝𝑝 𝑛 𝑐𝑗 𝜆max𝐴𝜆max𝐹 ‖𝑢‖𝑝𝑝
+ (1 − 𝑐0) 𝑝𝑝𝑛 𝑐𝑗 𝜆max𝐴𝜆max𝐹 𝑛∑

𝑘=1

∫
Ω

𝑢𝑘 (𝑡 − 𝜏2 (𝑡) , 𝑥)𝑝 𝑑𝑥,
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∫
Ω

𝑢𝑇 𝑃𝐴 (𝑢) 𝑀𝑗 ∫𝑡
𝑡−𝜌(𝑡)

𝑓 (𝑢 (𝑠, 𝑥)) 𝑑𝑠 𝑑𝑥 = 𝑛∑
𝑘=1

𝑛∑
𝑖=1

∫
Ω
𝑝𝑖 𝑢𝑖𝑎𝑖 (𝑢𝑖) 𝑚(𝑗)𝑖𝑘  ∫

𝑡

𝑡−𝜌(𝑡)

𝑓𝑘 (𝑢𝑘 (𝑠, 𝑥)) 𝑑𝑠 𝑑𝑥

⩽ 𝑝 𝑛∑
𝑘=1

𝑛∑
𝑖=1

∫
Ω
∫𝑡
𝑡−𝜌(𝑡)

𝑎𝑖 𝑚𝑗 𝑢𝑖 (𝑡, 𝑥)𝑝−1 𝐹𝑘 𝑢𝑘 (𝑠, 𝑥) 𝑑𝑠 𝑑𝑥

⩽ 𝑝 𝑚𝑗 𝜆max𝐴𝜆max𝐹 𝑛∑
𝑘=1

𝑛∑
𝑖=1

∫
Ω
∫𝑡
𝑡−𝜌(𝑡)

(𝑝 − 1𝑝 𝑢𝑖 (𝑡, 𝑥)𝑝 +
𝑢𝑘 (𝑠, 𝑥)𝑝𝑝 )𝑑𝑠 𝑑𝑥 ⩽ 𝜌(𝑝 − 1) 𝑝𝑝 𝑛 𝑚𝑗 𝜆max𝐴𝜆max𝐹 ‖𝑢‖𝑝𝑝

+ 𝑝𝑝 𝑚𝑗 𝜆max𝐴𝜆max𝐹 𝑛∑
𝑖=1

𝑛∑
𝑘=1

∫
Ω
∫𝑡
𝑡−𝜌(𝑡)

𝑢𝑘 (𝑠, 𝑥)𝑝 𝑑𝑠 𝑑𝑥.
(31)

On the other hand,

𝑉2 (𝑡) = 2𝑐0𝑛𝑝𝑝 ( 𝑟∑
𝑗=1

𝑐𝑗)

⋅ 𝜆max𝐴𝜆max𝐹( 𝑛∑
𝑘=1

∫
Ω

𝑢𝑘 (𝑡, 𝑥)𝑝 𝑑𝑥
− 𝑛∑
𝑘=1

(1 − 𝜏1 (𝑡)) ∫
Ω

𝑢𝑘 (𝑡 − 𝜏1 (𝑡) , 𝑥)𝑝 𝑑𝑥)

⩽ 2𝑐0𝑛𝑝𝑝 ( 𝑟∑
𝑗=1

𝑐𝑗) 𝜆max𝐴𝜆max𝐹 ‖𝑢‖𝑝𝑝 − 2𝑐0𝑛

⋅ 𝑝𝑝 (
𝑟∑
𝑗=1

𝑐𝑗) 𝜆max𝐴𝜆max𝐹 (1 − 𝜏1)
⋅ 𝑛∑
𝑘=1

∫
Ω

𝑢𝑘 (𝑡 − 𝜏1 (𝑡) , 𝑥)𝑝 𝑑𝑥.

(32)

Similarly,

𝑉3 (𝑡) ⩽ 2 (1 − 𝑐0) 𝑛𝑝𝑝 ( 𝑟∑
𝑗=1

𝑐𝑗) 𝜆max𝐴𝜆max𝐹 ‖𝑢‖𝑝𝑝
− 2 (1 − 𝑐0) 𝑛𝑝𝑝 ( 𝑟∑

𝑗=1

𝑐𝑗)
⋅ 𝜆max𝐴𝜆max𝐹 (1 − 𝜏2)
⋅ 𝑛∑
𝑘=1

∫
Ω

𝑢𝑘 (𝑡 − 𝜏2 (𝑡) , 𝑥)𝑝 𝑑𝑥.

(33)

Next, we need to recall some facts derived by mathemat-
ical analysis. Assume that 𝜂(𝑡, 𝑠) is continuous on variables𝑡 and 𝑠, and 𝜕𝜂/𝜕𝑡 exists, utilizing the integral middle value
theorem reaches

𝑑𝑑𝑡 ∫
𝜛(𝑡)

𝜉(𝑡)
𝜂 (𝑡, 𝑠) 𝑑𝑠 = 𝜛 (𝑡) 𝜂 (𝑡, 𝜛 (𝑡))

− 𝜉 (𝑡) 𝜂 (𝑡, 𝜉 (𝑡))
+ ∫𝜛(𝑡)
𝜉(𝑡)

𝜕𝜂 (𝑡, 𝑠)𝜕𝑡 𝑑𝑠,
(34)

where both 𝜉(⋅) and 𝜛(⋅) are differentiable.
Moreover, we can derive by employing (32) time and

again

𝑉4 (𝑡) = 2𝑝𝑝 (
𝑟∑
𝑗=1

𝑚𝑗) 𝜆max𝐴𝜆max𝐹 𝑛∑
𝑖=1

𝑛∑
𝑘=1

∫
Ω
(∫0
−𝜌

𝑢𝑘 (𝑡, 𝑥)𝑝 𝑑𝑠 − ∫0
−𝜌

𝑢𝑘 (𝑡 + 𝑠, 𝑥)𝑝 𝑑𝑠) 𝑑𝑥

= 2𝑝𝑝 (
𝑟∑
𝑗=1

𝑚𝑗) 𝜆max𝐴𝜆max𝐹 𝑛∑
𝑖=1

𝑛∑
𝑘=1

∫
Ω
(𝜌 𝑢𝑘 (𝑡, 𝑥)𝑝 − ∫𝑡

𝑡−𝜌(𝑡)

𝑢𝑘 (𝑠, 𝑥)𝑝 𝑑𝑠) 𝑑𝑥

= 2𝑝𝑝 (
𝑟∑
𝑗=1

𝑚𝑗) 𝜆max𝐴𝜆max𝐹(𝑛𝜌 ‖𝑢‖𝑝𝑝 − 𝑛∑
𝑖=1

𝑛∑
𝑘=1

∫
Ω
∫𝑡
𝑡−𝜌(𝑡)

𝑢𝑘 (𝑠, 𝑥)𝑝 𝑑𝑠 𝑑𝑥) .

(35)
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Combining (28)–(35) results in

𝑉 (𝑡) ⩽ −2[[𝜆1𝐷𝑝 + 𝑝𝜆min (𝐴B) − 𝑛𝑝
⋅ 𝑟∑
𝑗=1

(𝑝 (𝑝 − 1) 𝑐𝑗 + 𝜌 (𝑝 − 1) 𝑝 𝑚𝑗
+ 𝑐0 𝑝1 − 𝜏1

𝑐𝑗 + (1 − 𝑐0) 𝑝1 − 𝜏2
𝑐𝑗 + 𝜌𝑝 𝑚𝑗)

⋅ 𝜆max𝐴𝜆max𝐹]] ‖𝑢‖
𝑝
𝑝 ⩽ 0.

(36)

Now the standard Lyapunov functional theory derives
that the null solution of the fuzzy system (8) is globally
asymptotically stable.

Remark 8. In the case of Takagi-Sugeno fuzzy model, our
Theorem 6 is better than [38, Theorem 4] because the
condition (H1) is weaker than the bounded assumption (2).

Remark 9. In Theorem 6, (22) illustrates the influence of
nonlinear diffusion on the stability of system (8) while its role
was always ignored in existing results (see, e.g., [5, 39, 44]).

Theorem 6 derives the following corollary.

Corollary 10. If there exists a positive definite matrix 𝑃 =
diag(𝑝1, 𝑝2, . . . , 𝑝𝑛) and two positive scalars 𝑝, 𝑝 such that the
following inequalities hold:

𝑝𝜆𝑚𝑖𝑛 (𝐴B) > 𝑛𝑝𝑝
𝑟∑
𝑗=1

((𝑝 − 1) 𝑐𝑗 + 𝜌 (𝑝 − 1) 𝑚𝑗
+ 𝑐0 𝑐𝑗1 − 𝜏1 +

(1 − 𝑐0) 𝑐𝑗1 − 𝜏2 + 𝜌 𝑚𝑗) 𝜆𝑚𝑎𝑥𝐴𝜆𝑚𝑎𝑥𝐹,
𝑃 > 𝑝𝐼,
𝑃 < 𝑝𝐼,

(37)

then the null solution of the ordinary integrodifferential equa-
tions (9) is globally asymptotically stable.

Furthermore, if both diffusion behaviors and distributed
delay are ignored, we derive from Corollary 10.

Corollary 11. If there exists a positive definite matrix 𝑃 =
diag(𝑝1, 𝑝2, . . . , 𝑝𝑛) and two positive scalars 𝑝, 𝑝 such that the
following inequalities hold:

𝑝𝜆𝑚𝑖𝑛 (𝐴B) > 𝑛𝑝𝑝
⋅ 𝑟∑
𝑗=1

((𝑝 − 1) 𝑐𝑗 + 𝑐0 𝑐𝑗1 − 𝜏1 +
(1 − 𝑐0) 𝑐𝑗1 − 𝜏2 )

⋅ 𝜆𝑚𝑎𝑥𝐴𝜆𝑚𝑎𝑥𝐹,
𝑃 > 𝑝𝐼,
𝑃 < 𝑝𝐼,

(38)
then the null solution of the following fuzzy system

𝑑𝑥 (𝑡)𝑑𝑡 = −𝐴 (𝑥 (𝑡)){{{𝐵 (𝑥 (𝑡)) −
𝑟∑
𝑗=1

ℎ𝑗 (𝜔 (𝑡))
⋅ [𝑐0𝐶𝑗𝑓 (𝑥 (𝑡 − 𝜏1 (𝑡))) + (1 − 𝑐0)
⋅ 𝐶𝑗𝑓 (𝑥 (𝑡 − 𝜏2 (𝑡))) + (C − 𝑐0)
⋅ (𝐶𝑗𝑓 (𝑥 (𝑡 − 𝜏1 (𝑡))) − 𝐶𝑗𝑓 (𝑥 (𝑡 − 𝜏2 (𝑡))))]}}} ,

𝑡 ⩾ 0,
𝑥 (𝜃) = 𝜙 (𝜃) , 𝜃 ∈ (−∞, 0]

(39)

is globally asymptotically stable.

Remark 12. Condition (H1) is weaker than the bounded
conditions on amplification functions of existing literature
([3–6, 9, 10, 24, 27, 28]).

Discussion 1. In recent related literature ([27, 45–51]), some
new conditions and methods were presented, and their
results were very good. However, some of the methods and
conditions are not applicable for system (8) with nonlinear𝑝-Laplacian diffusion. How to apply the new conditions
and methods of [45–49] to our system (8) is an interesting
problem.

4. Methods and Numerical Example

4.1. Methods. In this paper, Lyapunov functional method is
employed to derive the stability criterion. In this process, the
integral middle value theorem together with the derivation
formula on integral upper limit functions plays the important
roles.

Example 1. Consider the following Takagi-Sugeno 𝑝-Laplace
fuzzy T-S dynamic equations.

Fuzzy Rule 1. IF 𝜔1(𝑡) is 𝜇11, and 𝜔2(𝑡) is 𝜇12, THEN𝜕𝑢𝜕𝑡 = ∇ ⋅ (D (𝑡, 𝑥, 𝑢) ∘ ∇𝑝𝑢) − 𝐴 (𝑢) [𝐵 (𝑢)
− 𝑐0𝐶1𝑓 (𝑢 (𝑡 − 𝜏1 (𝑡) , 𝑥)) − (1 − 𝑐0)
⋅ 𝐶1𝑓 (𝑢 (𝑡 − 𝜏2 (𝑡) , 𝑥)) − (C − 𝑐0)
⋅ (𝐶1𝑓 (𝑢 (𝑡 − 𝜏1 (𝑡) , 𝑥)) − 𝐶1𝑓 (𝑢 (𝑡 − 𝜏2 (𝑡) , 𝑥)))
− 𝑀1 ∫𝑡

𝑡−𝜌(𝑡)
𝑓 (𝑢 (𝑠, 𝑥)) 𝑑𝑠] ,
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𝑢 (𝜃, 𝑥) = 𝜙 (𝜃, 𝑥) , (𝜃, 𝑥) ∈ (−∞, 0] × Ω,
𝑢 (𝑡, 𝑥) = 0 ∈ 𝑅2, (𝑡, 𝑥) ∈ 𝑅 × 𝜕Ω.

(40)

Fuzzy Rule 2. IF 𝜔1(𝑡) is 𝜇21, and 𝜔2(𝑡) is 𝜇22, THEN
𝜕𝑢𝜕𝑡 = ∇ ⋅ (D (𝑡, 𝑥, 𝑢) ∘ ∇𝑝𝑢) − 𝐴 (𝑢) [𝐵 (𝑢)
− 𝑐0𝐶2𝑓 (𝑢 (𝑡 − 𝜏1 (𝑡) , 𝑥)) − (1 − 𝑐0)
⋅ 𝐶2𝑓 (𝑢 (𝑡 − 𝜏2 (𝑡) , 𝑥)) − (C − 𝑐0)
⋅ (𝐶2𝑓 (𝑢 (𝑡 − 𝜏1 (𝑡) , 𝑥)) − 𝐶2𝑓 (𝑢 (𝑡 − 𝜏2 (𝑡) , 𝑥)))
− 𝑀2 ∫𝑡

𝑡−𝜌(𝑡)
𝑓 (𝑢 (𝑠, 𝑥)) 𝑑𝑠] ,

𝑢 (𝜃, 𝑥) = 𝜙 (𝜃, 𝑥) , (𝜃, 𝑥) ∈ (−∞, 0] × Ω,
𝑢 (𝑡, 𝑥) = 0 ∈ 𝑅2, (𝑡, 𝑥) ∈ 𝑅 × 𝜕Ω,

(41)

where 𝑢(𝑡, 𝑥) = (𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥))𝑇, Ω = (0, 𝜋), 𝑝 = 4/3,
and then Remark 1 gives

𝜆1 = ( 2𝜋 ∫
(𝑝−1)1/𝑝

0

𝑑𝑡
(1 − 𝑡𝑝/ (𝑝 − 1))1/𝑝)

𝑝 = 0.7915. (42)

Let 𝜏1(𝑡) = 𝑡/3, 𝜏2(𝑡) = 𝑡/2, and then 𝜏1 = 1/3, 𝜏2 =1/2. Let 𝑎𝑖(𝑢𝑖) = 0.1𝑢−2/3𝑖 (1 + 𝑒−𝑖𝑢2𝑖 ), 𝑖 = 1, 2, 𝑏1(𝑢1) =2𝑢1(1+sin2𝑢1), 𝑏2(𝑢2) = 1.95𝑢2, 𝑓1(𝑢1(𝑡−𝜏(𝑡))) = 0.16𝑢1(𝑡−𝜏(𝑡)) sin 𝑢1(𝑡 −𝜏(𝑡)), 𝑓2(𝑢2(𝑡 −𝜏(𝑡))) = 0.166𝑢2(𝑡 −𝜏(𝑡)), 𝜏 =0.5, 𝐷 = 0.003, 𝑐0 = 0.75, 𝑐1 = 0.2, 𝑐2 = 0.3, 𝑚1 =0.02, 𝑚2 = 0.03, and
𝐴 = (0.01 0

0 0.02) ,

𝐴 = (0.1 0
0 0.2) ,

B = (2 0
0 1.95) ,

𝐷 (𝑡, 𝑥, 𝑢) = (0.003 0.005
0.004 0.006) ,

𝑀1 = (0.02 0.01
0 0.01) ,

𝐹 = (0.16 0
0 0.166) ,

𝐶1 = (0.2 0.1
0 0.15) ,

𝐶2 = (0.2 0.1
0 0.3) ,

𝑀2 = (0.01 0.01
0 0.03) .

(43)

Now we use MATLAB to solve LMIs (22)-(23), obtaining the
feasibility data

𝑃 = (0.9381 0
0 1.013) ,

𝑝 = 0.9103,
𝑝 = 1.023.

(44)

Now Theorem 6 derives that the null solution of this
Takagi-Sugeno fuzzy equations is globally asymptotically
stable (see Figures 1 and 2).

5. Conclusions

By constructing a novel Lyapunov function, we employed
Young inequality and LMI technique to derive the asymptotic
stability criteria for CGNNs with distributed delays and non-
linear diffusion. Since the stability of nonlinear 𝑝-Laplacian
diffusion neural networks was originally investigated in [2],
various 𝑝-Laplacian diffusion neural networks have attracted
a lot of interest ([6, 17, 34, 39, 44]). As pointed out in
Discussion 1, some new conditions and methods may not
be applicable to CGNNs model with nonlinear 𝑝-Laplacian
diffusion. So our results are a novelty to some extent.
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Time delay arising in a genetic regulatory network may cause the instability. This paper is concerned with the stability analysis of
genetic regulatory networks with interval time-varying delays. Firstly, a relaxed double integral inequality, named asWirtinger-type
double integral inequality (WTDII), is established to estimate the double integral term appearing in the derivative of Lyapunov-
Krasovskii functional with a triple integral term. And it is proved theoretically that the proposed WTDII is tighter than the
widely used Jensen-based double inequality and the recently developed Wiringter-based double inequality. Then, by applying the
WTDII to the stability analysis of a delayed genetic regulatory network, together with the usage of useful information of regulatory
functions, several delay-range- and delay-rate-dependent (or delay-rate-independent) criteria are derived in terms of linear matrix
inequalities. Finally, an example is carried out to verify the effectiveness of the proposed method and also to show the advantages
of the established stability criteria through the comparison with some literature.

1. Introduction

In the past few years, genetic regulatory networks (GRNs),
which describe the interactions of many molecules (DNA,
RNA, proteins, etc.), have been becoming a new research area
of biological and biomedical sciences [1–4]. Mathematical
modelling based on the extracted functional information
from the time-series data provides a useful tool for study-
ing gene regulation processes in living organisms [5, 6],
and a large variety of formalisms have been proposed to
model and simulate GRNs, such as directed graphs, Boolean
networks, and nonlinear differential equations [7]. Among
them, the nonlinear differential equation model can provide
more detailed understanding and insights into the nonlinear
dynamical behavior exhibited by GRNs [8].

Since mRNAs and proteins in the GRNs may be synthe-
sized at different locations, an important issue in modelling
GRNs is that the slow processes of transcription, translation,
and translocation result in sizable delays [9–11]. Time delays

arising in the GRNsmay lead to wrong prediction of dynamic
behaviors [12, 13], which may lead to very serious conse-
quences. The stability is essential for designing or controlling
genetic regulatory networks [14]; it is of a great significance
to study the influence of delays on the stability of the GRNs.

Up to now, a huge number of results on the stability of the
delayed GRNs have been reported in the literature (see, e.g.,
[15–58]). The sufficient and necessary local stability criteria
were firstly given for the GRNs with constant delay in [15,
16]. However, local stability is not enough for understanding
nonlinear GRNs; the globally asymptotical stability of GRNs
with SUM regulatory functions has been widely investigated
[17–22]. Meanwhile, by taking into account the unavoidable
uncertainties caused by modelling errors and parameter
fluctuations, many scholars paid attentions to the robust
stability analysis of the delayed GRNs [23–36]. Moreover,
both the intrinsic noise derived from the random births and
deaths of individual molecules and the extrinsic noise due to
environment fluctuations make the gene regulation process
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an intrinsically noisy process [59]. Thus, many researches
aimed at the robust stability analysis of the GRNs in con-
sideration of those noises [37–46]. Also, some results have
considered both the uncertainties and the noises [47–52]. In
addition, based on the definition of convergence rate index,
the exponential stability problemwas also studied in [53–57].

On the other hand, no matter what type of stability
problems is concerned, the analysis methods for finding
stability criteria have always been an important topic. To
the best of the authors’ knowledge, there are mainly two
methods that have been used for the delayed GRNs. The
first type of method is the 𝑀-matrix-based method. For
example, the delay- and rate-independent stability criteria
were proposed in [20], the delay-independent but rate-
dependent criteria were established in [23, 44], and the delay-
and rate-dependent criteria were developed in [21, 22]. The
stability of the GRNs through those𝑀-matrix-based criteria
is judged by verifyingwhether or not amatrix is a nonsingular𝑀-matrix. Although the computational complexity is low,
those criteria are just available for slow-varying delay case
[20–23, 44]. However, the time delays encountered in GRNs
may be fast-varying or random changing. The 𝑀-matrix-
based method is inapplicable for those cases. The second
type of method is based on the framework of Lyapunov-
Krasovskii functional (LKF) and linear matrix inequality
(LMI). The LKF-based method can be used to handle all
time delays mentioned before and it is available for not only
stability analysis but alsomany other problems, like controller
synthesis, state estimation, filter design, passivity analysis,
and so on [13, 59–70]. Meanwhile, the LMI-based criteria
can be easily checked through MATLAB/LMI toolbox for
determining the system stability. Therefore, most existing
researches for theGRNs are based on this type ofmethod [17–
19, 25–43, 45–56].

The problem of stability analysis by using the LKF
and the LMI is that the criterion obtained has more or
less conservatism. It is well-known that the criterion with
less conservatism means that it can derive an admissible
maximum upper bound such that the understudied GRNs
maintains global asymptotical stability. It is predictable that
the form of the LKF candidate is tightly related to the
conservatism of the obtained criteria. Thus, the key point of
the stability analysis based on such framework is to find an
LKF satisfying some requirements for ensuring the globally
asymptotical stability of the GRNs.

In most researches, the used LKFs were constructed by
introducing delay-based single and/or double integral terms
into the typical nonintegral quadratic form of Lyapunov
function for delay-free systems [17, 18, 28–33, 35–42, 46–
50, 53–55]. Based on a predictable fact that the conservatism-
reducing of criteria can be achieved by constructing more
general LKF, two types of more general LKFs have been
developed to reduce the conservatism. The first one is the
delay-partition-based LKFs, which is constructed by dividing
the delay interval into several small subintervals and then
replacing the original integral terms with multiple new
integral terms based on delay subintervals. This type of LKF
has been used to investigate the robust stability of various
GRNs [25, 26, 51], the exponential stability of switch GRNs

[56], and the stochastic stability of jumpingGRNs [27, 43, 45].
The other is the augmented LKF constructed by using various
state vectors (current and delayed and/or integrated state
vectors, etc.) to augment the quadratic terms of original LKFs,
and it has been used to derive the improved stability criteria
of the GRNs [19, 34, 52].

Beside the above-mentioned two types of improved LKFs,
a new LKF including triple integral terms firstly developed in
[71] is proved to be very useful to reduce the conservatism.
However, only a few researches of theGRNshave applied such
type of LKF. The LKF with triple integral terms was used to
discuss the asymptotical stability of the GRNs [19, 34]. The
following formof double integral termwill be introduced into
the derivative of the LKF with a triple integral term:

−∫𝑏
𝑎
∫𝑏
𝑠
𝑦𝑇 (𝑢) 𝑍𝑦 (𝑢) 𝑑𝑢 𝑑𝑠, 𝑍 > 0. (1)

As mentioned in [72], the effective estimation of the above
term is strongly linked to the conservatism of the criteria.
To the best of the authors’ knowledge, for the researches
referring to the triple integral term in the LKFs, most
literature directly applied the Jensen-based double integral
inequality (JBDII) (see (17) for details) to achieve the esti-
mation task [34]. Although an improved integral inequality
was developed in [19], it is also derived based on Jensen
inequality. Very recently, a Wirtinger-based double integral
inequality (WBDII) was developed to general linear time-
delay system and it was proved to be less conservative than
the JBDII [72]. However, such inequality has not been used
to discuss the GRNs. Furthermore, the gap between term
(1) and its estimated value obtained by the WBDII still
leads to conservatism. Therefore, it can be expected that the
results may be further improved if a new estimation method
that brings tighter gap is applied for term (1). This is the
motivation of the paper.

This paper further investigates the delay-dependent sta-
bility of the GRNs by developing a more effective inequality
to estimate the double integral term (1). The contributions of
the paper are summarized as follows:

(1) A relaxed double integral inequality, that is,
Wiringter-type double integral inequality (WTDII),
is established to estimate the double integral term.
Compared with the widely used JBDII and the
recently developed WTDII, the presented WTDII is
theoretically proved to be the tightest.

(2) Two less conservative stability criteria of the GRNs
are derived. For the GRNs with time-varying delays
satisfying different conditions, two stability criteria
are, respectively, established by applying the proposed
WTDII to estimate the double integral terms appear-
ing in the derivative of the LKFs.

The rest of the paper is organized as follows. Problem
statements and preliminaries are presented in Section 2. In
Section 3, the development and the comparison of theWTDII
approach are discussed in detail. Two stability criteria of
the GRN with time-varying delay are derived through the
WTDII in Section 4. An example is given to show the validity
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Figure 1: GRNs with time-varying feedback regulation delays and translational delays.

of the obtained results in Section 5. Finally, in Section 6, the
conclusions are drawn.

In the Notations, the list of notations and abbreviations
used throughout this paper is shown.

2. Problem Formulation and Preliminary

This section describes the problem to be investigated and
gives some necessary preliminaries.

2.1. Problem Formulation. The following nonlinear differ-
ential equations have been used recently to describe the
GRNs with time-varying feedback regulation delays and
translational delays [28]:

�̇�𝑖 (𝑡) = −𝑎𝑖𝑚𝑖 (𝑡)
+ 𝑏𝑖 (𝑝1 (𝑡 − 𝜎 (𝑡)) , 𝑝2 (𝑡 − 𝜎 (𝑡)) , . . . , 𝑝𝑛 (𝑡 − 𝜎 (𝑡))) ,

�̇�𝑖 (𝑡) = −𝑐𝑖𝑝𝑖 (𝑡) + 𝑑𝑖𝑚𝑖 (𝑡 − 𝜏 (𝑡))
(2)

as shown in Figure 1, where 𝑚𝑖(𝑡) and 𝑝𝑖(𝑡) are the concen-
trations of the 𝑖th mRNA and protein, respectively. 𝑎𝑖 > 0
and 𝑐𝑖 > 0 are the positive real numbers that represent the
degradation rate of the 𝑖th mRNA and protein, respectively.𝑑𝑖 > 0 is the positive real number that represents the
translating rate frommRNA 𝑖 to protein 𝑖. 𝑏𝑖 is the regulatory
function of the 𝑖th gene. 𝜎(𝑡) and 𝜏(𝑡) are the transcriptional
and translational delays, respectively.

Since each transcription factor acts additively to regulate
the gene, it is usual to assume that the regulatory function 𝑏𝑖
satisfies the following SUM logic [37]:

𝑏𝑖 (𝑝1 (𝑡) , 𝑝2 (𝑡) , . . . , 𝑝𝑛 (𝑡)) = 𝑛∑
𝑗=1

𝑏𝑖𝑗𝑝𝑗 (𝑡) (3)

and 𝑏𝑖𝑗 is a monotonic function of the Hill form; that is,

𝑏𝑖𝑗

=
{{{{{{{{{{{{{

𝛼𝑖𝑗
1 + (𝑥/𝛽𝑗)𝐻𝑗 , if transcription factor 𝑗 represses gene 𝑖
𝛼𝑖𝑗 (𝑥/𝛽𝑗)𝐻𝑗
1 + (𝑥/𝛽𝑗)𝐻𝑗 , if transcription factor 𝑗 activates gene 𝑖,

(4)

where 𝛼𝑖𝑗 is bounded constant that denotes the dimensionless
transcriptional rate of transcription factor 𝑗 to gene 𝑖, 𝛽𝑗 is a
positive scalar, and 𝐻𝑗 is the Hill coefficient that represents
the degree of cooperativity.

The transcriptional and translational delays,𝜎(𝑡) and 𝜏(𝑡),
are assumed to satisfy the following two different conditions.

Case 1. 𝜏(𝑡) and 𝜎(𝑡) satisfy
0 ≤ 𝜏1 ≤ 𝜏 (𝑡) ≤ 𝜏2,
0 ≤ 𝜎1 ≤ 𝜎 (𝑡) ≤ 𝜎2,
̇𝜏 (𝑡) ≤ 𝜏𝑑,
�̇� (𝑡) ≤ 𝜎𝑑.

(5)

Case 2. 𝜏(𝑡) and 𝜎(𝑡) satisfy
0 ≤ 𝜏1 ≤ 𝜏 (𝑡) ≤ 𝜏2,
0 ≤ 𝜎1 ≤ 𝜎 (𝑡) ≤ 𝜎2. (6)

Clearly, based on (3), GRN (2) can be rewritten as [19]

�̇�𝑖 (𝑡) = −𝑎𝑖𝑚𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑤𝑖𝑗𝑔𝑗 (𝑝𝑗 (𝑡 − 𝜎 (𝑡))) + 𝑙𝑖,
�̇�𝑖 (𝑡) = −𝑐𝑖𝑝𝑖 (𝑡) + 𝑑𝑖𝑚𝑖 (𝑡 − 𝜏 (𝑡)) ,

(7)
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where 𝑙𝑖 = ∑𝑗∈V𝑖 𝛼𝑖𝑗 with V𝑖 being the set of all the
transcription factors 𝑗which are repressors of gene 𝑖;𝑤𝑖𝑗 = 𝛼𝑖𝑗
if transcription factor 𝑗 activates gene 𝑖, 𝑤𝑖𝑗 = 0 if there is no
connection between 𝑗 and 𝑖, and 𝑤𝑖𝑗 = −𝛼𝑖𝑗 if transcription
factor 𝑗 represses gene 𝑖; and 𝑔𝑗(𝑥) = (𝑥/𝛽𝑗)𝐻𝑗/(1 +(𝑥/𝛽𝑗)𝐻𝑗), 𝑥 ≥ 0 is a monotonically increasing function
satisfying

𝜌 ≤ 𝑔𝑗 (𝑠1) − 𝑔𝑗 (𝑠2)𝑠1 − 𝑠2 ≤ 𝜌𝑖 (8)

with 𝜌 = min𝑠≥0 ̇𝑔𝑗(𝑠) = 0 and
𝜌𝑖 = max
𝑠≥0

̇𝑔𝑗 (𝑠) = (𝐻𝑗 − 1)
(𝐻𝑗−1)/𝐻𝑗 (𝐻𝑗 + 1)(𝐻𝑗+1)/𝐻𝑗4𝛽𝑗𝐻𝑗 . (9)

GRN (7) can be expressed as the following vector-matrix
form:

�̇� (𝑡) = −𝐴𝑚 (𝑡) + 𝑊𝑔 (𝑝 (𝑡 − 𝜎 (𝑡))) + 𝑙,
�̇� (𝑡) = −𝐶𝑝 (𝑡) + 𝐷𝑚 (𝑡 − 𝜏 (𝑡)) , (10)

where 𝑚(𝑡) = [𝑚1(𝑡), 𝑚2(𝑡), . . . , 𝑚𝑛(𝑡)]𝑇, 𝑝(𝑡) = [𝑝1(𝑡),𝑝2(𝑡), . . . , 𝑝𝑛(𝑡)]𝑇, 𝐴 = diag{𝑎1, 𝑎2, . . . , 𝑎𝑛} > 0, 𝐶 = diag{𝑐1,𝑐2, . . . , 𝑐𝑛} > 0, 𝐷 = diag{𝑑1, 𝑑2, . . . , 𝑑𝑛} > 0, 𝑔(𝑝(𝑡)) =[𝑔1(𝑝1(𝑡)), 𝑔2(𝑝2(𝑡)), . . . , 𝑔𝑛(𝑝𝑛(𝑡))]𝑇, 𝑊 = [𝑤𝑖𝑗]𝑛×𝑛, and 𝑙 =[𝑙1, 𝑙2, . . . , 𝑙𝑛].
Let (𝑚∗, 𝑝∗) be the equilibrium point (steady state) of

(10); that is, −𝐴𝑚∗ + 𝑊𝑔(𝑝∗) + 𝑙 = 0 and −𝐶𝑝∗ + 𝐷𝑚∗ = 0.
Using the transformations 𝑥(𝑡) = 𝑚(𝑡) − 𝑚∗ and 𝑦(𝑡) =𝑝(𝑡) − 𝑝∗, one can shift the equilibrium point (𝑚∗, 𝑝∗) to the
origin and rewrite (10) as the following GRN:

�̇� (𝑡) = −𝐴𝑥 (𝑡) + 𝑊𝑓 (𝑦 (𝑡 − 𝜎 (𝑡))) ,
̇𝑦 (𝑡) = −𝐶𝑦 (𝑡) + 𝐷𝑥 (𝑡 − 𝜏 (𝑡)) , (11)

where 𝑓(𝑠) = [𝑓1(𝑠), 𝑓2(𝑠), . . . , 𝑓𝑛(𝑠)]𝑇 and 𝑓𝑖(𝑦(𝑡)) =𝑔𝑖(𝑦(𝑡) + 𝑝∗) − 𝑔𝑖(𝑝∗) with 𝑓𝑖(0) = 0. Then,

𝑓𝑖 (𝑠1) − 𝑓𝑖 (𝑠2)𝑠1 − 𝑠2 = 𝑔𝑖 (𝑠1 + 𝑝∗) − 𝑔𝑖 (𝑠2 + 𝑝∗)𝑠1 + 𝑝∗ − (𝑠2 + 𝑝∗) . (12)

Thus, it follows from (8) and 𝑓𝑖(0) = 0 that
0 ≤ 𝑓𝑖 (𝑠1) − 𝑓𝑖 (𝑠2)𝑠1 − 𝑠2 ≤ 𝜌𝑖, 𝑠1 ̸= 𝑠2, (13)

0 ≤ 𝑓𝑖 (𝑠)𝑠 ≤ 𝜌𝑖, 𝑠 ̸= 0. (14)

This paper aims to analyze the asymptotical stability of
GRN (2) and to determine the delay bounds, named as
maximal admissible delay bounds (MADBs), under which
the GRN is asymptotically stable. In order to achieve this aim,
this paper will develop a new double integral inequality (i.e.,
WTDII) for estimating the double integral term (1) so as to
derive some less conservative stability criteria.

2.2. Preliminaries. Several lemmas used to obtain the main
results are given as follows.

For the estimation of single integral term, the most
popular technique is Wirtinger-based inequality, shown as
Lemma 1.

Lemma 1 (Wirtinger-based inequality [73]). For symmetric
positive-definite matrix 𝑅 ∈ R𝑛×𝑛, scalars 𝑎 < 𝑏, and vector𝜔 : [𝑎, 𝑏] → R𝑛 such that the integration concerned is well
defined, the following inequality holds:

∫𝑏
𝑎
𝜔𝑇 (𝑠) 𝑅𝜔 (𝑠) 𝑑𝑠 ≥ 1𝑏 − 𝑎 [

𝜒𝑎𝜒𝑏]
𝑇 [𝑅 0
0 3𝑅][

𝜒𝑎𝜒𝑏] , (15)

where 𝜒𝑎 = ∫𝑏
𝑎
𝜔(𝑠)𝑑𝑠 and 𝜒𝑏 = 𝜒𝑎 − (2/(𝑏 −

𝑎)) ∫𝑏
𝑎
∫𝑠
𝑎
𝜔(𝑢)𝑑𝑢 𝑑𝑠 = −𝜒𝑎 + (2/(𝑏 − 𝑎)) ∫𝑏𝑎 ∫𝑏𝑠 𝜔(𝑢)𝑑𝑢 𝑑𝑠.

The auxiliary function-based integral inequality, which
encompasses theWirtinger-based inequality, has been devel-
oped in recent years.

Lemma 2 (auxiliary function-based integral inequality [74]).
For symmetric positive-definite matrix 𝑅 ∈ R𝑛×𝑛, scalars 𝑎 <𝑏, and vector 𝜔 : [𝑎, 𝑏] → R𝑛 such that the integration
concerned is well defined, the following inequality holds

(𝑏 − 𝑎) ∫𝑏
𝑎
�̇�𝑇 (𝑠) 𝑅�̇� (𝑠) 𝑑𝑠

≥ 𝜒𝑇1 𝑅𝜒1 + 3𝜒𝑇2 𝑅𝜒2 + 5𝜒𝑇3 𝑅𝜒3,
(16)

where 𝜒1 = 𝜔(𝑏) − 𝜔(𝑎), 𝜒2 = 𝜔(𝑏) + 𝜔(𝑎) − (2/(𝑏 −
𝑎)) ∫𝑏
𝑎
𝜔(𝑠)𝑑𝑠, and 𝜒3 = 𝜔(𝑏) − 𝜔(𝑎) + (6/(𝑏 − 𝑎)) ∫𝑏𝑎 𝜔(𝑠)𝑑𝑠 −(12/(𝑏 − 𝑎)2) ∫𝑏

𝑎
∫𝑏
𝑠
𝜔(𝑢)𝑑𝑢 𝑑𝑠.

For the estimation of double integral term, the JBDII is
widely applied in [71], and, with its improvement, theWBDII
was developed in [72] very recently, respectively shown as
Lemmas 3 and 4.

Lemma 3 (Jensen-based double integral inequality (JBDII)
[71]). For symmetric positive-definite matrix 𝑍 ∈ R𝑛×𝑛,
scalars 𝑎 < 𝑏, and vector ] : [𝑎, 𝑏] → R𝑛 such that the
integration concerned is well defined, the following inequality
holds:

(𝑏 − 𝑎)22 ∫𝑏
𝑎
∫𝑏
𝑠
]𝑇 (𝑢) 𝑍] (𝑢) 𝑑𝑢 𝑑𝑠 ≥ 𝜒𝑇4𝑍𝜒4, (17)

where 𝜒4 = ∫𝑏𝑎 ∫𝑏𝑠 ](𝑢)𝑑𝑢 𝑑𝑠.
Lemma 4 (Wirtinger-based double integral inequality
(WBDII) [72]). For symmetric positive-definite matrix𝑍 ∈ R𝑛×𝑛, scalars 𝑎 < 𝑏, and vector ] : [𝑎, 𝑏] → R𝑛 such
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that the integration concerned is well defined, the following
inequality holds:

(𝑏 − 𝑎)22 ∫𝑏
𝑎
∫𝑏
𝑠
]𝑇 (𝑢) 𝑍] (𝑢) 𝑑𝑢 𝑑𝑠

≥ 𝜒𝑇4𝑍𝜒4 + 2𝜒𝑇5𝑍𝜒5,
(18)

where 𝜒5 = −𝜒4 + (3/(𝑏 − 𝑎)) ∫𝑏𝑎 ∫𝑏𝑠 ∫𝑏𝜃 ](𝑢)𝑑𝑢 𝑑𝜃 𝑑𝑠 with 𝜒4
given in Lemma 3.

For time-varying delay, when using the integral inequal-
ity, the reciprocally convex lemma is needed, and its simple
form can be reformulated as Lemma 5.

Lemma 5 (reciprocally convex combination lemma [75]).
For any vectors 𝛽1 and 𝛽2, symmetric matrix 𝑅, any matrix𝑆, and real scalar 0 ≤ 𝛼 ≤ 1 satisfying [ 𝑅 𝑆∗ 𝑅 ] ≥ 0, the following
inequality holds:

1𝛼𝛽𝑇1𝑅𝛽1 + 11 − 𝛼𝛽𝑇2𝑅𝛽2 ≥ [
𝛽1𝛽2]
𝑇 [𝑅 𝑆
∗ 𝑅][

𝛽1𝛽2] . (19)

3. A Relaxed Double Integral Inequality and
Its Advantages

This section develops a new integral inequality, that is, the
WTDII, to estimate the double integral terms existing. The
comparison of the WTDII and the existing double integral
inequalities is also given.

Based on the technique of integral in parts, the following
WTDII is given.

Lemma 6. For symmetric positive-definite matrix 𝑍 ∈ R𝑛×𝑛,
scalars 𝑎 < 𝑏, and vector ] : [𝑎, 𝑏] → R𝑛 such that the
integration concerned is well defined, the following inequality
holds:

(𝑏 − 𝑎)22 ∫𝑏
𝑎
∫𝑏
𝑠
]𝑇 (𝑢) 𝑍] (𝑢) 𝑑𝑢 𝑑𝑠

≥ 𝜒𝑇4𝑍𝜒4 + 8𝜒𝑇5𝑍𝜒5,
(20)

where 𝜒4 and 𝜒5 are defined in Lemmas 3 and 4.

Proof. For a function 𝜆(𝑢) = 𝑘1+𝑘2𝑢, the calculation through
integration by parts leads to

∫𝑏
𝑎
∫𝑏
𝑠
𝜆 (𝑢) ] (𝑢) 𝑑𝑢 𝑑𝑠

= 𝜆 (𝑎) ∫𝑏
𝑎
∫𝑏
𝑠
] (𝑢) 𝑑𝑢 𝑑𝑠

+ 2𝑘2 ∫𝑏
𝑎
∫𝑏
𝑠
∫𝑏
𝜃
𝑥 (𝑢) 𝑑𝑢 𝑑𝜃 𝑑𝑠.

(21)

By setting 𝜆(𝑎) = −1, 2𝑘2 = 3/(𝑏 − 𝑎), that is, 𝜆(𝑢) = (−𝑎 −2𝑏)/2(𝑏−𝑎)+ (3/2(𝑏−𝑎))𝑢, the above equality is rewritten as
∫𝑏
𝑎
∫𝑏
𝑠
𝜆 (𝑢) ] (𝑢) 𝑑𝑢 𝑑𝑠 = 𝜒5. (22)

Then the following equality is obtained for any vector 𝜒0 and
any matrix𝑀:

∫𝑏
𝑎
∫𝑏
𝑠
𝜆 (𝑢) 𝜒𝑇0𝑀] (𝑢) 𝑑𝑢 𝑑𝑠 = 𝜒𝑇0𝑀𝜒5. (23)

Similarly, the following equalities are derived:

∫𝑏
𝑎
∫𝑏
𝑠
𝜒𝑇0 𝐿] (𝑢) 𝑑𝑢 𝑑𝑠 = 𝜒𝑇0 𝐿𝜒4,

∫𝑏
𝑎
∫𝑏
𝑠
𝜒𝑇0 𝐿𝑅−1𝐿𝑇𝜒0𝑑𝑢 𝑑𝑠 = (𝑏 − 𝑎)22 𝜒𝑇0 𝐿𝑅−1𝐿𝑇𝜒0,

∫𝑏
𝑎
∫𝑏
𝑠
𝜒𝑇0 𝐿𝑅−1𝑀𝑇𝜆 (𝑢) 𝜒0𝑑𝑢 𝑑𝑠 = 0,

∫𝑏
𝑎
∫𝑏
𝑠
𝜆2 (𝑢) 𝜒𝑇0𝑀𝑅−1𝑀𝑇𝜒0𝑑𝑢 𝑑𝑠

= (𝑏 − 𝑎)216 𝜒𝑇0𝑀𝑅−1𝑀𝑇𝜒0.

(24)

Therefore, using the above five equalities and the Schur
complement derives the following equality:

∫𝑏
𝑎
∫𝑏
𝑠

[[
[

𝜒0𝜆 (𝑢) 𝜒0
] (𝑢)

]]
]

𝑇

⋅ [[[
[

𝐿𝑍−1𝐿𝑇 𝐿𝑍−1𝑀𝑇 𝐿
∗ 𝑀𝑍−1𝑀𝑇 𝑀
∗ ∗ 𝑍

]]]
]
[[
[

𝜒0𝜆 (𝑢) 𝜒0
] (𝑢)

]]
]
𝑑𝑢𝑑𝑠

= ∫𝑏
𝑎
∫𝑏
𝑠
]𝑇 (𝑢) 𝑅] (𝑢) 𝑑𝑢 𝑑𝑠 + Sym {𝜒𝑇0 𝐿𝜒4

+ 𝜒𝑇0𝑀𝜒5} + (𝑏 − 𝑎)22
⋅ 𝜒𝑇0 (8𝐿𝑍−1𝐿𝑇 +𝑀𝑍−1𝑀𝑇8 )𝜒0 ≥ 0.

(25)

By letting 𝜒𝑇0 = [𝜒𝑇4 , 𝜒𝑇5 ], 𝐿 = −(2/(𝑏 − 𝑎)2)[𝑍, 0]𝑇, and𝑀 = −(16/(𝑏 − 𝑎)2)[0, 𝑍], that is, 𝜒𝑇0 𝐿 = −(2/(𝑏 − 𝑎)2)𝜒𝑇4𝑍
and 𝜒𝑇0𝑀 = −(16/(𝑏 − 𝑎)2)𝜒𝑇5𝑍, then (25) leads to

∫𝑏
𝑎
∫𝑏
𝑠
]𝑇 (𝑢) 𝑍] (𝑢) 𝑑𝑢 𝑑𝑠

≥ 2
(𝑏 − 𝑎)2 (𝜒𝑇4𝑍𝜒4 + 8𝜒𝑇5𝑍𝜒5) .

(26)

Thus (20) holds. This completes the proof.

Remark 7. Based on the comparison of the proposedWTDII
(20) with the widely used JBDII (17) and the recently devel-
oped WBDII (18), it can be found that WTDII (20) provides
the tightest estimation value of the double integral term (1).
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More specifically, compared with the widely used JBDII (17),
the extra positive term 8𝜒𝑇5𝑍𝜒5 reduces the gap between the
original double integral term (1) and its estimated value;
and, compared with the recently developed WBDII (18), the
extra positive term 6𝜒𝑇5𝑍𝜒5 reduces the estimation gap. As
mentioned in [72–74], it is helpful to reduce the conservatism
by reducing such estimation gap. Therefore, the proposed
WTDII (20) will lead to less conservative criteria than the
ones derived by JBDII (17) [19] or WBDII (18).

By setting ](𝑢) = �̇�(𝑢), the following lemma can be
directly obtained from Lemma 6.

Lemma 8. For symmetric positive-definite matrix 𝑍 ∈ R𝑛×𝑛,
scalars 𝑎 < 𝑏, and vector �̇� : [𝑎, 𝑏] → R𝑛 such that the
integration concerned is well defined, the following inequality
holds:

∫𝑏
𝑎
∫𝑏
𝑠
�̇�𝑇 (𝑢) 𝑍�̇� (𝑢) 𝑑𝑢 𝑑𝑠 ≥ 2𝜃𝑇1𝑍𝜃1 + 16𝜃𝑇2𝑍𝜃2, (27)

where 𝜃1 = (1/(𝑏 − 𝑎))𝜒4|](𝑢)=�̇�(𝑢) = 𝜔(𝑏) − ∫𝑏𝑎 (𝜔(𝑠)/(𝑏 − 𝑎))𝑑𝑠
and 𝜃2 = (1/(𝑏 − 𝑎))𝜒5|](𝑢)=�̇�(𝑢) = −(1/2)𝜔(𝑏) − ∫𝑏𝑎 (𝜔(𝑠)/(𝑏 −𝑎))𝑑𝑠 + 3 ∫𝑏

𝑎
∫𝑏
𝑠
(𝜔(𝑢)/(𝑏 − 𝑎)2)𝑑𝑢 𝑑𝑠.

4. Delay-Dependent Stability Analysis of GRN

This section derives delay-dependent stability criteria ofGRN
(2) by constructing the LKF with triple integral terms and
applying the proposed WTDII (20) to estimate the double
integral terms appearing in its derivative.

The following notations are introduced at first for simpli-
fying the representation of subsequent parts:

𝜏1𝜏 (𝑡) = 𝜏 (𝑡) − 𝜏1,
𝜏2𝜏 (𝑡) = 𝜏2 − 𝜏 (𝑡) ,
𝜎1𝜎 (𝑡) = 𝜎 (𝑡) − 𝜎1,
𝜎2𝜎 (𝑡) = 𝜎2 − 𝜎 (𝑡) ,
𝑥𝜏1 (𝑡) = 𝑥 (𝑡 − 𝜏1) ,
𝑦𝜎1 (𝑡) = 𝑦 (𝑡 − 𝜎1) ,
𝑥𝜏 (𝑡) = 𝑥 (𝑡 − 𝜏 (𝑡)) ,
𝑦𝜎 (𝑡) = 𝑦 (𝑡 − 𝜎 (𝑡)) ,
𝑥𝜏2 (𝑡) = 𝑥 (𝑡 − 𝜏2) ,
𝑦𝜎2 (𝑡) = 𝑦 (𝑡 − 𝜎2) ,
V1 (𝑡) = ∫𝑡

𝑡−𝜏1

𝑥 (𝑠)𝜏1 𝑑𝑠,
V4 (𝑡) = ∫𝑡

𝑡−𝜏1

∫𝑡
𝑠

𝑥 (𝑢)𝜏21 𝑑𝑢 𝑑𝑠,
V2 (𝑡) = ∫𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑥 (𝑠)𝜏1𝜏 (𝑡)𝑑𝑠,

V5 (𝑡) = ∫𝑡−𝜏1
𝑡−𝜏(𝑡)

∫𝑡−𝜏1
𝑠

𝑥 (𝑢)𝜏21𝜏 (𝑡)𝑑𝑢 𝑑𝑠,

V3 (𝑡) = ∫𝑡−𝜏(𝑡)
𝑡−𝜏2

𝑥 (𝑠)𝜏2𝜏 (𝑡)𝑑𝑠,

V6 (𝑡) = ∫𝑡−𝜏(𝑡)
𝑡−𝜏2

∫𝑡−𝜏(𝑡)
𝑠

𝑥 (𝑢)𝜏22𝜏 (𝑡)𝑑𝑢 𝑑𝑠,

V7 (𝑡) = ∫𝑡
𝑡−𝜎1

𝑥 (𝑠)𝜎1 𝑑𝑠,

V10 (𝑡) = ∫𝑡
𝑡−𝜎1

∫𝑡
𝑠

𝑥 (𝑢)𝜎21 𝑑𝑢 𝑑𝑠,

V8 (𝑡) = ∫𝑡−𝜎1
𝑡−𝜎(𝑡)

𝑥 (𝑠)𝜎1𝜎 (𝑡)𝑑𝑠,

V11 (𝑡) = ∫𝑡−𝜎1
𝑡−𝜎(𝑡)

∫𝑡−𝜎1
𝑠

𝑥 (𝑢)𝜎21𝜎 (𝑡)𝑑𝑢 𝑑𝑠,

V9 (𝑡) = ∫𝑡−𝜎(𝑡)
𝑡−𝜎2

𝑥 (𝑠)𝜎2𝜎 (𝑡)𝑑𝑠,

V12 (𝑡) = ∫𝑡−𝜎(𝑡)
𝑡−𝜎2

∫𝑡−𝜎(𝑡)
𝑠

𝑥 (𝑢)𝜎22𝜎 (𝑡)𝑑𝑢 𝑑𝑠,
𝜁 (𝑡) = [𝑥𝑇 (𝑡) , 𝑥𝑇 (𝑡 − 𝜏1) , 𝑥𝑇 (𝑡 − 𝜏 (𝑡)) , 𝑥𝑇 (𝑡 − 𝜏2) ,

V𝑇1 (𝑡) , V𝑇2 (𝑡) , . . . , V𝑇6 (𝑡) , 𝑦𝑇 (𝑡) , 𝑦𝑇 (𝑡 − 𝜎1) ,
𝑦𝑇 (𝑡 − 𝜎 (𝑡)) , 𝑦𝑇 (𝑡 − 𝜎2) , V𝑇7 (𝑡) , V𝑇8 (𝑡) , . . . , V𝑇12 (𝑡) ,
𝑓𝑇 (𝑦 (𝑡)) , 𝑓𝑇 (𝑦 (𝑡 − 𝜎1)) , 𝑓𝑇 (𝑦 (𝑡 − 𝜎 (𝑡))) ,
𝑓𝑇 (𝑦 (𝑡 − 𝜎2))]𝑇 ,

(28)
𝑒𝑥 = [−𝐴, 0𝑛×21𝑛,𝑊, 0𝑛×𝑛] ,
𝑒𝑦 = [0𝑛×2𝑛, 𝐷, 0𝑛×7𝑛, −𝐶, 0𝑛×13𝑛] ,
𝑒0 = [0𝑛×24𝑛] ,
𝑒𝑖 = [0𝑛×(𝑖−1)𝑛, 𝐼𝑛×𝑛, 0𝑛×(24−𝑖)𝑛] , 𝑖 = 1, 2, . . . , 24,
Σ = diag {𝜌1, 𝜌2, . . . , 𝜌𝑛} .

(29)

4.1. Stability of GRN (2) with Delay Satisfying (5). For GRN
(2) with a delay satisfying (5), the following stability criterion
is derived by using the proposed WTDII (27), together with
Lemmas 1, 2, and 5, to estimate the derivative of the LKF.

Theorem 9. For given scalars 𝜏𝑖, 𝜎𝑖, 𝑖 = 1, 2, 𝜏𝑑, and 𝜎𝑑,
GRN (2) with the time delay satisfying (5) and regulatory
function satisfying (3) is asymptotically stable, if there exist
symmetric matrices 𝑃 > 0, 𝑄𝑖 > 0, 𝑅𝑗 > 0, 𝑍𝑘 >0, 𝑖 = 1, 2, . . . , 6, 𝑗 = 1, 2, . . . , 5, and 𝑘 = 1, 2, . . . , 4; diagonal
matrices Λ 1 > 0, Λ 2 > 0, 𝐻𝑗 > 0, 𝑗 = 1, 2, . . . , 4, 𝑈𝑙𝑘 >
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0, 𝑙 = 1, 2, . . . , 4, and 𝑘 = 𝑙 + 1, . . . , 4; and any matrices𝑆𝑖, 𝑖 = 1, 2, such that the following LMIs hold:

[�̃�2𝑖+1 𝑆𝑖
∗ �̃�2𝑖+1] > 0, 𝑖 = 1, 2, (30)

Ψ1 = Ξ𝜏(𝑡)𝜏(𝑡)=𝜏1 +
8∑
𝑖=1

Ξ𝑖 ≤ 0, (31)

Ψ2 = Ξ𝜏(𝑡)𝜏(𝑡)=𝜏2 +
8∑
𝑖=1

Ξ𝑖 ≤ 0, (32)

where 𝜏12 = 𝜏2 − 𝜏1, 𝜎12 = 𝜎2 − 𝜎1, and
Ξ𝜏(𝑡) = −𝜏1𝜏 (𝑡) [𝑒𝑇6𝑅2𝑒6 + 3 (2𝑒9 − 𝑒6)𝑇 𝑅2 (2𝑒9 − 𝑒6)]
− 𝜏2𝜏 (𝑡) [𝑒𝑇7𝑅2𝑒7 + 3 (2𝑒10 − 𝑒7)𝑇 𝑅2 (2𝑒10 − 𝑒7)] ,

(33)

Ξ1 = Ξ11 + Ξ𝑇11, (34)

Ξ11 = [ 𝑒1𝑒11]
𝑇 𝑃[𝑒𝑥𝑒𝑦] + [(Σ𝑒11 − 𝑒21)

𝑇Λ 1 + 𝑒𝑇21Λ 2]
⋅ 𝑒𝑦,

(35)

Ξ2 = 𝑒𝑇1𝑄1𝑒1 − 𝑒𝑇2 (𝑄1 − 𝑄2 − 𝑄3) 𝑒2 − 𝑒𝑇4𝑄2𝑒4 − (1
− 𝜏𝑑) 𝑒𝑇3𝑄3𝑒3,

(36)

Ξ3 = Ξ31 + Ξ32 + Ξ33, (37)

Ξ31 = 𝑒𝑇𝑥 (𝜏21𝑅1 + 𝜏212𝑅3) 𝑒𝑥 + 𝜏12𝑒𝑇1𝑅2𝑒1, (38)

Ξ32 = 𝐸𝑇1 �̃�1𝐸1, �̃�1 = diag {𝑅1, 3𝑅1, 5𝑅1} , (39)

Ξ33 = [𝐸2𝐸3]
𝑇 [�̃�3 𝑆1∗ �̃�3][

𝐸2𝐸3] ,
�̃�3 = diag {𝑅3, 3𝑅3, 5𝑅3} ,

(40)

Ξ4 = Ξ41 + Ξ42 + Ξ43, (41)

Ξ41 = 𝑒𝑇𝑥 (𝜏
2
12 𝑍1 + 𝜏

2
2 − 𝜏212 𝑍2 − 𝜏1𝜏12𝑍2) 𝑒𝑥, (42)

Ξ42 = −2 [𝑒1 − 𝑒5]𝑇𝑍1 [𝑒1 − 𝑒5] − 16 [3𝑒8 − 𝑒12
− 𝑒5]𝑇𝑍1 [3𝑒8 − 𝑒12 − 𝑒5] ,

(43)

Ξ43 = −2 [𝑒2 − 𝑒6]𝑇𝑍2 [𝑒2 − 𝑒6] − 16 [3𝑒9 − 𝑒22
− 𝑒6]𝑇𝑍2 [3𝑒9 − 𝑒22 − 𝑒6] − 2 [𝑒3 − 𝑒7]𝑇𝑍2 [𝑒3
− 𝑒7] − 16 [3𝑒10 − 𝑒32 − 𝑒7]

𝑇𝑍2 [3𝑒10 − 𝑒32 − 𝑒7] ,
(44)

Ξ5 = [𝑒11𝑒21]
𝑇𝑄4 [𝑒11𝑒21] + [

𝑒12𝑒22]
𝑇 (𝑄5 + 𝑄6 − 𝑄4)

⋅ [𝑒12𝑒22] − [
𝑒14
𝑒24]
𝑇

𝑄5 [𝑒14𝑒24] − (1 − 𝜎𝑑) [
𝑒13
𝑒23]
𝑇

⋅ 𝑄6 [𝑒13𝑒23] ,

(45)

Ξ6 = Ξ61 + Ξ62 + Ξ63, (46)

Ξ61 = 𝑒𝑇𝑦 (𝜎21𝑅4 + 𝜎212𝑅5) 𝑒𝑦, (47)

Ξ62 = 𝐸𝑇4 �̃�4𝐸4, �̃�4 = diag {𝑅4, 3𝑅4, 5𝑅4} , (48)

Ξ63 = [𝐸5𝐸6]
𝑇[
[
�̃�5 𝑆2
∗ �̃�5

]
]
[𝐸5𝐸6] ,
�̃�5 = diag {𝑅5, 3𝑅5, 5𝑅5} ,

(49)

Ξ7 = Ξ71 + Ξ72 + Ξ73, (50)

Ξ71 = 𝑒𝑇𝑦 (𝜎
2
12 𝑍3 + 𝜎

2
2 − 𝜎212 𝑍4 − 𝜎1𝜎12𝑍4) 𝑒𝑦, (51)

Ξ72 = −2 [𝑒11 − 𝑒15]𝑇𝑍3 [𝑒11 − 𝑒15] − 16 [3𝑒18 − 𝑒112
− 𝑒15]𝑇𝑍3 [3𝑒18 − 𝑒112 − 𝑒15] ,

(52)

Ξ73 = −2 [𝑒12 − 𝑒16]𝑇𝑍4 [𝑒12 − 𝑒16] − 16 [3𝑒19 − 𝑒122
− 𝑒16]𝑇𝑍4 [3𝑒19 − 𝑒122 − 𝑒16] − 2 [𝑒13 − 𝑒17]𝑇

⋅ 𝑍4 [𝑒13 − 𝑒17] − 16 [3𝑒20 − 𝑒132 − 𝑒17]
𝑇

⋅ 𝑍4 [3𝑒20 − 𝑒132 − 𝑒17] ,

(53)

Ξ8 = Ξ81 + Ξ𝑇81, (54)

Ξ81 = 4∑
𝑖=1

[(Σ𝑒1𝑖 − 𝑒2𝑖)𝑇𝐻𝑖𝑒2𝑖]

+ 4∑
𝑖=1

4∑
𝑗=𝑖+1

[Σ (𝑒1𝑖 − 𝑒1𝑗) − (𝑒2𝑖 − 𝑒2𝑗)]𝑇

⋅ 𝑈𝑖𝑗 (𝑒2𝑖 − 𝑒2𝑗) ,

(55)

𝐸1 = [[
[

𝑒1 − 𝑒2𝑒1 + 𝑒2 − 2𝑒5𝑒1 − 𝑒2 + 6𝑒5 − 12𝑒8
]]
]
, (56)
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𝐸2 = [[[
[

𝑒2 − 𝑒3
𝑒2 + 𝑒3 − 2𝑒6

𝑒2 − 𝑒3 + 6𝑒6 − 12𝑒9
]]]
]
, (57)

𝐸3 = [[[
[

𝑒3 − 𝑒4
𝑒3 + 𝑒4 − 2𝑒7

𝑒3 − 𝑒4 + 6𝑒7 − 12𝑒10
]]]
]
, (58)

𝐸4 = [[[
[

𝑒11 − 𝑒12
𝑒11 + 𝑒12 − 2𝑒15

𝑒11 − 𝑒12 + 6𝑒15 − 12𝑒18
]]]
]
, (59)

𝐸5 = [[[
[

𝑒12 − 𝑒13
𝑒12 + 𝑒13 − 2𝑒16

𝑒12 − 𝑒13 + 6𝑒16 − 12𝑒19
]]]
]
, (60)

𝐸6 = [[[
[

𝑒13 − 𝑒14
𝑒13 + 𝑒14 − 2𝑒17

𝑒13 − 𝑒14 + 6𝑒17 − 12𝑒20
]]]
]
. (61)

Proof. Construct the following LKF candidate:

𝑉 (𝑡) = 7∑
𝑖=1

𝑉𝑖 (𝑡) , (62)

where

𝑉1 (𝑡) = [𝑥 (𝑡)𝑦 (𝑡)]
𝑇

𝑃[𝑥 (𝑡)𝑦 (𝑡)] +
𝑛∑
𝑖=1

∫𝑦𝑖
0
[𝜆1𝑖 (𝜌𝑖𝑠 − 𝑓𝑖 (𝑠))

+ 𝜆2𝑖𝑓𝑖 (𝑠)] 𝑑𝑠,
𝑉2 (𝑡) = ∫𝑡

𝑡−𝜏1

𝑥𝑇 (𝑠) 𝑄1𝑥 (𝑠) 𝑑𝑠 + ∫𝑡−𝜏1
𝑡−𝜏2

𝑥𝑇 (𝑠)

⋅ 𝑄2𝑥 (𝑠) 𝑑𝑠 + ∫𝑡−𝜏1
𝑡−𝜏(𝑡)

𝑥𝑇 (𝑠) 𝑄3𝑥 (𝑠) 𝑑𝑠,

𝑉3 (𝑡) = 𝜏1 ∫0
−𝜏1

∫𝑡
𝑡+𝜃
�̇�𝑇 (𝑠) 𝑅1�̇� (𝑠) 𝑑𝑠 𝑑𝜃

+ ∫−𝜏1
−𝜏2

∫𝑡
𝑡+𝜃
[𝑥𝑇 (𝑠) 𝑅2𝑥 (𝑠)

+ 𝜏12�̇�𝑇 (𝑠) 𝑅3�̇� (𝑠)] 𝑑𝑠 𝑑𝜃,
𝑉4 (𝑡) = ∫0

−𝜏1

∫0
𝜃
∫𝑡
𝑡+𝑠
�̇�𝑇 (𝑢) 𝑍1�̇� (𝑢) 𝑑𝑢 𝑑𝑠 𝑑𝜃

+ ∫−𝜏1
−𝜏2

∫−𝜏1
𝜃
∫𝑡
𝑡+𝑠
�̇�𝑇 (𝑢) 𝑍2�̇� (𝑢) 𝑑𝑢 𝑑𝑠 𝑑𝜃,

𝑉5 (𝑡) = ∫𝑡
𝑡−𝜎1

[ 𝑦 (𝑠)
𝑓 (𝑦 (𝑠))]

𝑇𝑄4 [ 𝑦 (𝑠)
𝑓 (𝑦 (𝑠))] 𝑑𝑠

+ ∫𝑡−𝜎1
𝑡−𝜎2

[ 𝑦 (𝑠)
𝑓 (𝑦 (𝑠))]

𝑇𝑄5 [ 𝑦 (𝑠)
𝑓 (𝑦 (𝑠))] 𝑑𝑠

+ ∫𝑡−𝜎1
𝑡−𝜎(𝑡)

[ 𝑦 (𝑠)
𝑓 (𝑦 (𝑠))]

𝑇𝑄6 [ 𝑦 (𝑠)
𝑓 (𝑦 (𝑠))] 𝑑𝑠,

𝑉6 (𝑡) = 𝜎1 ∫0
−𝜎1

∫𝑡
𝑡+𝜃

̇𝑦𝑇 (𝑠) 𝑅4 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃
+ 𝜎12 ∫−𝜎1

−𝜎2

∫𝑡
𝑡+𝜃

̇𝑦𝑇 (𝑠) 𝑅5 ̇𝑦 (𝑠) 𝑑𝑠 𝑑𝜃,
𝑉7 (𝑡) = ∫0

−𝜎1

∫0
𝜃
∫𝑡
𝑡+𝑠

̇𝑦𝑇 (𝑢) 𝑍3 ̇𝑦 (𝑢) 𝑑𝑢 𝑑𝑠 𝑑𝜃
+ ∫−𝜎1
−𝜎2

∫−𝜎1
𝜃
∫𝑡
𝑡+𝑠

̇𝑦𝑇 (𝑢) 𝑍4 ̇𝑦 (𝑢) 𝑑𝑢 𝑑𝑠 𝑑𝜃
(63)

and 𝑃 > 0, 𝑄𝑖 > 0, 𝑅𝑗 > 0, 𝑍𝑘 > 0, 𝑖 = 1, 2, . . . , 6, 𝑗 =1, 2, . . . , 5, and 𝑘 = 1, 2, . . . , 4 are the symmetric positive-
definite matrices and Λ 𝑖 = diag{𝜆𝑖1, 𝜆𝑖2, . . . , 𝜆𝑖𝑛} > 0, 𝑖 =1, 2, are the symmetric positive-definite diagonal matrices.

Calculating the derivative of the LKF along the solutions
of GRN (11) yields

�̇� (𝑡) = 7∑
𝑖=1

�̇�𝑖 (𝑡) , (64)

where

�̇�1 (𝑡) = 2 [𝑥 (𝑡)𝑦 (𝑡)]
𝑇 𝑃[�̇� (𝑡)̇𝑦 (𝑡)]

+ 2 {[Σ𝑦 (𝑡) − 𝑓 (𝑦 (𝑡))]𝑇Λ 1 + 𝑓𝑇 (𝑦 (𝑡)) Λ 2}
⋅ ̇𝑦 (𝑡) = 𝜁𝑇 (𝑡) (Ξ11 + Ξ𝑇11) 𝜁 (𝑡) ,

�̇�2 (𝑡) = 𝑥𝑇 (𝑡) 𝑄1𝑥 (𝑡) + 𝑥𝑇𝜏1 (𝑡) (𝑄2 + 𝑄3 − 𝑄1) 𝑥𝜏1 (𝑡)
− 𝑥𝑇𝜏2 (𝑡) 𝑄2𝑥𝜏2 (𝑡) − (1 − ̇𝜏 (𝑡)) 𝑥𝑇𝜏 (𝑡) 𝑄3𝑥𝜏 (𝑡)
≤ 𝑥𝑇 (𝑡) 𝑄1𝑥 (𝑡) + 𝑥𝑇𝜏1 (𝑡) (𝑄2 + 𝑄3 − 𝑄1) 𝑥𝜏1 (𝑡)
− 𝑥𝑇𝜏2 (𝑡) 𝑄2𝑥𝜏2 (𝑡) − (1 − 𝜏𝑑) 𝑥𝑇𝜏 (𝑡) 𝑄3𝑥𝜏 (𝑡)
= 𝜁𝑇 (𝑡) Ξ2𝜁 (𝑡) ,

�̇�3 (𝑡) = �̇�𝑇 (𝑡) (𝜏21𝑅1 + 𝜏212𝑅3) �̇� (𝑡) + 𝜏12𝑥𝑇 (𝑡) 𝑅2𝑥 (𝑡)
− 𝜏1 ∫𝑡

𝑡−𝜏1

�̇�𝑇 (𝑠) 𝑅1�̇� (𝑠) 𝑑𝑠
− ∫𝑡−𝜏1
𝑡−𝜏2

(𝑥𝑇 (𝑠) 𝑅2𝑥 (𝑠) + 𝜏12�̇�𝑇 (𝑠) 𝑅3�̇� (𝑠)) 𝑑𝑠,
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�̇�4 (𝑡) = �̇�𝑇 (𝑡) (𝜏212 𝑍1 + 𝜏
2
2 − 𝜏212 𝑍2 − 𝜏1𝜏12𝑍2) �̇� (𝑡)

− ∫𝑡
𝑡−𝜏1

∫𝑡
𝑠
�̇�𝑇 (𝑢) 𝑍1�̇� (𝑢) 𝑑𝑢 𝑑𝑠

− ∫𝑡−𝜏1
𝑡−𝜏2

∫𝑡−𝜏1
𝑠

�̇�𝑇 (𝑢) 𝑍2�̇� (𝑢) 𝑑𝑢 𝑑𝑠,

�̇�5 (𝑡) = [ 𝑦 (𝑡)
𝑓 (𝑦 (𝑡))]

𝑇

𝑄4 [ 𝑦 (𝑡)
𝑓 (𝑦 (𝑡))]

+ [ 𝑦𝜎1 (𝑡)
𝑓 (𝑦 (𝑡 − 𝜎1))]

𝑇

(𝑄5 + 𝑄6 − 𝑄4)

⋅ [ 𝑦𝜎1 (𝑡)
𝑓 (𝑦 (𝑡 − 𝜎1))] − [

𝑦𝜎2 (𝑡)
𝑓 (𝑦 (𝑡 − 𝜎2))]

𝑇

⋅ 𝑄5 [ 𝑦𝜎2 (𝑡)
𝑓 (𝑦 (𝑡 − 𝜎2))] − (1 − �̇� (𝑡))

⋅ [ 𝑦𝜎 (𝑡)
𝑓 (𝑦 (𝑡 − 𝜎 (𝑡)))]

𝑇

𝑄6 [ 𝑦𝜎 (𝑡)
𝑓 (𝑦 (𝑡 − 𝜎 (𝑡)))]

≤ 𝜁𝑇 (𝑡) Ξ5𝜁 (𝑡) ,
�̇�6 (𝑡) = ̇𝑦𝑇 (𝑡) (𝜎21𝑅4 + 𝜎212𝑅5) ̇𝑦 (𝑡)
− 𝜎1 ∫𝑡

𝑡−𝜎1

̇𝑦𝑇 (𝑠) 𝑅4 ̇𝑦 (𝑠) 𝑑𝑠

− 𝜎12 ∫𝑡−𝜎1
𝑡−𝜎2

̇𝑦𝑇 (𝑠) 𝑅5 ̇𝑦 (𝑠) 𝑑𝑠,

�̇�7 (𝑡) = ̇𝑦𝑇 (𝑡) (𝜎212 𝑍3 + 𝜎
2
2 − 𝜎212 𝑍4 − 𝜎1𝜎12𝑍4) ̇𝑦 (𝑡)

− ∫𝑡
𝑡−𝜎1

∫𝑡
𝑠
̇𝑦𝑇 (𝑢) 𝑍3 ̇𝑦 (𝑢) 𝑑𝑢 𝑑𝑠

− ∫𝑡−𝜎1
𝑡−𝜎2

∫𝑡−𝜎1
𝑠

̇𝑦𝑇 (𝑢) 𝑍4 ̇𝑦 (𝑢) 𝑑𝑢 𝑑𝑠,
(65)

where Ξ11, Ξ2, and Ξ5 are defined in (35), (36), and (45),
respectively.

Using Lemma 2 to estimate the 𝑅1-dependent single
integral terms in �̇�3(𝑡) yields

− 𝜏1 ∫𝑡
𝑡−𝜏1

�̇�𝑇 (𝑠) 𝑅1�̇� (𝑠) 𝑑𝑠 ≤ −𝜂𝑇1 (𝑡) �̃�1𝜂1 (𝑡)
= 𝜁𝑇 (𝑡) Ξ32𝜁 (𝑡) ,

(66)

where �̃�1 and Ξ32 are defined in (39) and

𝜂1 (𝑡) = [[[
[

𝑥 (𝑡) − 𝑥𝜏1 (𝑡)𝑥 (𝑡) + 𝑥𝜏1 (𝑡) − 2V1 (𝑡)𝑥 (𝑡) − 𝑥𝜏1 (𝑡) + 6V1 (𝑡) − 12V4 (𝑡)
]]]
]
. (67)

Using Lemma 1 to estimate the 𝑅2-dependent single
integral terms in �̇�3(𝑡) yields

− ∫𝑡−𝜏1
𝑡−𝜏2

𝑥𝑇 (𝑠) 𝑅𝑥 (𝑠) 𝑑𝑠 = −∫𝑡−𝜏1
𝑡−𝜏(𝑡)

𝑥𝑇 (𝑠) 𝑅𝑥 (𝑠) 𝑑𝑠
− ∫𝑡−𝜏(𝑡)
𝑡−𝜏2

𝑥𝑇 (𝑠) 𝑅𝑥 (𝑠) 𝑑𝑠 ≤ −𝜏1𝜏 (𝑡)
⋅ [V𝑇2 (𝑡) 𝑅2V2 (𝑡)
+ 3 (2V5 (𝑡) − V2 (𝑡))𝑇 𝑅2 (2V5 (𝑡) − V2 (𝑡))]
− 𝜏2𝜏 (𝑡) [V𝑇3 (𝑡) 𝑅2V3 (𝑡)
+ 3 (2V6 (𝑡) − V3 (𝑡))𝑇 𝑅2 (2V6 (𝑡) − V3 (𝑡))]
= 𝜁𝑇 (𝑡) Ξ𝜏(𝑡)𝜁 (𝑡) ,

(68)

where Ξ𝜏(𝑡) is defined in (33).
Using Lemmas 2 and 5, together with (30), to estimate the𝑅3-dependent single integral terms in �̇�3(𝑡) yields
− 𝜏12 ∫𝑡−𝜏1

𝑡−𝜏2

�̇�𝑇 (𝑠) 𝑅3�̇� (𝑠) 𝑑𝑠
= −𝜏12 ∫𝑡−𝜏1

𝑡−𝜏(𝑡)
�̇�𝑇 (𝑠) 𝑅3�̇� (𝑠) 𝑑𝑠

− 𝜏12 ∫𝑡−𝜏(𝑡)
𝑡−𝜏2

�̇�𝑇 (𝑠) 𝑅3�̇� (𝑠) 𝑑𝑠
≤ − 𝜏12𝜏 (𝑡) − 𝜏1 {𝜂𝑇2 (𝑡) �̃�3𝜂2 (𝑡)}
− 𝜏12𝜏2 − 𝜏 (𝑡) {𝜂𝑇3 (𝑡) �̃�3𝜂3 (𝑡)}

≤ − [𝜂2 (𝑡)𝜂3 (𝑡)]
𝑇 [�̃�3 𝑆1∗ �̃�3][

𝜂2 (𝑡)𝜂3 (𝑡)] = 𝜁
𝑇 (𝑡) Ξ33𝜁 (𝑡) ,

(69)

where �̃�3 and Ξ33 are defined in (40) and

𝜂2 (𝑡) = [[[
[

𝑥𝜏1 (𝑡) − 𝑥𝜏 (𝑡)𝑥𝜏1 (𝑡) + 𝑥𝜏 (𝑡) − 2V2 (𝑡)𝑥𝜏1 (𝑡) − 𝑥𝜏 (𝑡) + 6V2 (𝑡) − 12V5 (𝑡)
]]]
]
,

𝜂3 (𝑡) = [[[
[

𝑥𝜏 (𝑡) − 𝑥𝜏2 (𝑡)𝑥𝜏 (𝑡) + 𝑥𝜏2 (𝑡) − 2V3 (𝑡)𝑥𝜏 (𝑡) − 𝑥𝜏2 (𝑡) + 6V3 (𝑡) − 12V6 (𝑡)
]]]
]
.

(70)
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Using Lemma 8 to estimate the 𝑍1-dependent double
integral terms in �̇�4(𝑡) yields
− ∫𝑡
𝑡−𝜏1

∫𝑡
𝑠
�̇�𝑇 (𝑢) 𝑍1�̇� (𝑢) 𝑑𝑢 𝑑𝑠 ≤ −2 [𝑥 (𝑡) − V1 (𝑡)]𝑇

⋅ 𝑍1 [𝑥 (𝑡) − V1 (𝑡)] + 16 [3V4 (𝑡) − 𝑥 (𝑡)2 − V1 (𝑡)]𝑇

⋅ 𝑍1 [3V4 (𝑡) − 𝑥 (𝑡)2 − V1 (𝑡)] = 𝜁𝑇 (𝑡) Ξ42𝜁 (𝑡) ,
(71)

where Ξ42 is defined in (43).
Using Lemma 8 to estimate the 𝑍2-dependent double

integral terms in �̇�4(𝑡) yields
− ∫𝑡−𝜏1
𝑡−𝜏2

∫𝑡−𝜏1
𝑠

�̇�𝑇 (𝑢) 𝑍2�̇� (𝑢) 𝑑𝑢 𝑑𝑠
= −∫𝑡−𝜏1
𝑡−𝜏(𝑡)

∫𝑡−𝜏1
𝑠

�̇�𝑇 (𝑢) 𝑍2�̇� (𝑢) 𝑑𝑢 𝑑𝑠
− ∫𝑡−𝜏(𝑡)
𝑡−𝜏2

∫𝑡−𝜏1
𝑠

�̇�𝑇 (𝑢) 𝑍2�̇� (𝑢) 𝑑𝑢 𝑑𝑠
≤ −∫𝑡−𝜏1
𝑡−𝜏(𝑡)

∫𝑡−𝜏1
𝑠

�̇�𝑇 (𝑢) 𝑍2�̇� (𝑢) 𝑑𝑢 𝑑𝑠
− ∫𝑡−𝜏(𝑡)
𝑡−𝜏2

∫𝑡−𝜏(𝑡)
𝑠

�̇�𝑇 (𝑢) 𝑍2�̇� (𝑢) 𝑑𝑢 𝑑𝑠
≤ −2 [𝑥𝜏1 (𝑡) − V2 (𝑡)]𝑇𝑍2 [𝑥𝜏1 (𝑡) − V2 (𝑡)]
− 16 [3V5 (𝑡) − 𝑥𝜏1 (𝑡)2 − V2 (𝑡)]

𝑇

⋅ 𝑍2 [3V5 (𝑡) − 𝑥𝜏1 (𝑡)2 − V2 (𝑡)]
− 2 [𝑥𝜏 (𝑡) − V3 (𝑡)]𝑇𝑍2 [𝑥𝜏 (𝑡) − V3 (𝑡)]
− 16 [3V6 (𝑡) − 𝑥𝜏 (𝑡)2 − V3 (𝑡)]𝑇

⋅ 𝑍2 [3V6 (𝑡) − 𝑥𝜏 (𝑡)2 − V3 (𝑡)] = 𝜁𝑇 (𝑡) Ξ43𝜁 (𝑡) ,

(72)

where Ξ43 is defined in (44).
Similarly, using Lemmas 2, 5, and 8 to estimate the single

and double integral terms in �̇�6(𝑡) and �̇�7(𝑡) yields
−𝜎1 ∫𝑡
𝑡−𝜎1

�̇�𝑇 (𝑠) 𝑅4�̇� (𝑠) 𝑑𝑠 ≤ 𝜁𝑇 (𝑡) Ξ62𝜁 (𝑡) ,
−𝜎12 ∫𝑡−𝜎1

𝑡−𝜎2

�̇�𝑇 (𝑠) 𝑅5�̇� (𝑠) 𝑑𝑠 ≤ 𝜁𝑇 (𝑡) Ξ63𝜁 (𝑡) ,
− ∫𝑡
𝑡−𝜎1

∫𝑡
𝑠
�̇�𝑇 (𝑢) 𝑍3�̇� (𝑢) 𝑑𝑢 𝑑𝑠 ≤ 𝜁𝑇 (𝑡) Ξ72𝜁 (𝑡) ,

− ∫𝑡−𝜎1
𝑡−𝜎2

∫𝑡−𝜎1
𝑠

�̇�𝑇 (𝑢) 𝑍4�̇� (𝑢) 𝑑𝑢 𝑑𝑠 ≤ 𝜁𝑇 (𝑡) Ξ73𝜁 (𝑡) ,

(73)

where Ξ62, Ξ63, Ξ72, and Ξ73 are defined in (48)–(53).

Taking into account the assumption of the activation
function, (13) and (14), the following inequalities hold [76,
77]:

ℎ𝑖 (𝑠) = 2 [Σ𝑦 (𝑠) − 𝑓 (𝑦 (𝑠))]𝑇𝐻𝑖𝑓 (𝑦 (𝑠)) ≥ 0,
𝑢𝑖𝑗 (𝑠1, 𝑠2) = 2 [Σ (𝑦 (𝑠1) − 𝑦 (𝑠2))
− (𝑓 (𝑦 (𝑠1)) − 𝑓 (𝑦 (𝑠2)))]𝑇𝑈𝑖𝑗 × (𝑓 (𝑦 (𝑠1))
− 𝑓 (𝑦 (𝑠2))) ≥ 0,

(74)

where 𝐻𝑖, 𝑖 = 1, 2, . . . , 4, and 𝑈𝑖𝑗, 𝑖 = 1, 2, . . . , 4, 𝑗 =𝑖 + 1, . . . , 4, are the symmetric diagonal matrices. Thus, the
following inequality holds:

𝐻(𝑡) + 𝑈 (𝑡) = ℎ1 (𝑡) + ℎ2 (𝑡 − 𝜎1) + ℎ3 (𝑡 − 𝜎 (𝑡))
+ ℎ4 (𝑡 − 𝜎2) + 𝑢12 (𝑡, 𝑡 − 𝜎1)
+ 𝑢13 (𝑡, 𝑡 − 𝜎 (𝑡)) + 𝑢14 (𝑡, 𝑡 − 𝜎2)
+ 𝑢23 (𝑡 − 𝜎1, 𝑡 − 𝜎 (𝑡))
+ 𝑢24 (𝑡 − 𝜎1, 𝑡 − 𝜎2)
+ 𝑢34 (𝑡 − 𝜎 (𝑡) , 𝑡 − 𝜎2)

= 𝜁𝑇 (𝑡) Ξ8𝜁 (𝑡) ≥ 0,

(75)

where Ξ8 is defined in (54).
Finally, combining (64), (65), (66), (68), (69), (71), (72),

(73), and (75) yields

�̇� (𝑡) ≤ 𝜁𝑇 (𝑡) [Ξ𝜏(𝑡) + 8∑
𝑖=1

Ξ𝑖] 𝜁 (𝑡) , (76)

where the related notations are defined in (31).
Therefore, if LMIs (31) and (32) hold, then the following

holds for a sufficiently small scalar 𝜖 > 0 based on convex
combination method [78, 79]:

�̇� (𝑡) ≤ −𝜖 (‖𝑥 (𝑡)‖2 + 𝑦 (𝑡)2) (77)

which shows the asymptotical stability of GRN (2) with time
delay satisfying (5). This completes the proof.

4.2. Stability of GRN (11) with Delay Satisfying (6). For
some cases, the change rates of the time-varying delays are
unmeasurable, that is, time delay satisfying (6). For this case,
the following stability criterion can be derived by using the
proposed WTDII (27), together with Lemmas 1, 2, 5, and 8,
to estimate the derivative of the LKF.

Theorem10. For given scalars 𝜏𝑖 and𝜎𝑖, 𝑖 = 1, 2, GRN (2)with
the time delay satisfying (6) and regulatory function satisfying
(3) is asymptotically stable, if there exist symmetric matrices𝑃 > 0, 𝑄𝑖 > 0, 𝑅𝑗 > 0, 𝑍𝑘 > 0, 𝑖 = 1, 2, 4, 5, 𝑗 = 1, 2, . . . , 5,
and 𝑘 = 1, 2, . . . , 4; diagonal matrices Λ 1 > 0, Λ 2 > 0, 𝐻𝑗 >
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0, 𝑗 = 1, 2, 3, 4, 𝑈𝑙𝑘 > 0, 𝑙 = 1, 2, . . . , 4, and 𝑘 = 𝑙 + 1, . . . , 4;
and anymatrices 𝑆𝑖, 𝑖 = 1, 2, such that the following LMIs hold:

[�̃�2𝑖+1 𝑆𝑖
∗ �̃�2𝑖+1] > 0, 𝑖 = 1, 2,

Ψ3 = Ξ𝜏(𝑡)𝜏(𝑡)=𝜏1 + ∑
𝑖=1,3,4,6,7

Ξ𝑖 + Ξ2 + Ξ5
≤ 0,

Ψ4 = Ξ𝜏(𝑡)𝜏(𝑡)=𝜏2 ∑
𝑖=1,3,4,6,7

Ξ𝑖 + Ξ2 + Ξ5
≤ 0,

(78)

where Ξ𝑖, 𝑖 = 1, 3, 4, 6, 7, are defined in Theorem 9 and

Ξ2 = 𝑒𝑇1𝑄1𝑒1 − 𝑒𝑇2 (𝑄1 − 𝑄2) 𝑒2 − 𝑒𝑇4𝑄2𝑒4,
Ξ5 = [𝑒11𝑒21]

𝑇𝑄4 [𝑒11𝑒21] + [
𝑒12𝑒22]
𝑇 (𝑄5 − 𝑄4) [𝑒12𝑒22]

− [𝑒14𝑒24]
𝑇𝑄5 [𝑒14𝑒24] .

(79)

Proof. The above stability criterion can be obtained by setting𝑄3 = 0 and 𝑄6 = 0 in Theorem 9.

4.3. Some Remarks. This part gives some remarks for the
above criteria.

Remark 11. During the proof of the above two stability
criteria, the double integral terms arising in the derivative of
the LKFs are estimated by using the proposed WTDII, that
is, Lemma 8. As discussed in Section 3, the WTDII is tighter
than the widely used JBDII (17), which was used for the GRN
[19, 34], and the recently developed WBDII (18), which has
not been used for the GRN. Thus, the proposed criteria are
less conservative than the ones reported in [19, 34].

Remark 12. Compared with the literature, more information
of regulatory function has been used during the proof of
criteria. Specifically, in the literature, only (14) is used during
the estimation of the derivative of the LKF, while, in this
paper, extra information of regulatory function (13) is also
used for estimating task. It has been proved in [77] that such
additional information is helpful to reduce the conservatism.

Remark 13. The conditions given inTheorems 9 and 10 are in
the form of LMI. Such LMI conditions can be easily checked
by using MATLAB/LMI toolbox [80]. One can refer to [81–
83] for more details.

Remark 14. Although this paper has just investigated the
asymptotical stability, the proposed method can be extended
to the robust stability analysis by taking into account the
parameter uncertainties and/or noises of the GRNs. More-
over, the proposed method can also be extended to other

1
lacl

3
cl

2
tetR

Figure 2: The repressilator network.

problems discussed in Section 2, like controller synthesis,
state estimation, filter design, passivity analysis, and so on
[13, 59–70].

5. Illustrative Example

In this section, an example will be presented to illustrate the
effectiveness of our results. As mentioned in Section 2, the
important aim of the stability analysis of delayed GRNs is
to determine the MADBs. And the stability criterion that
provides bigger MADBs is less conservative than the one that
gives smaller ones.Therefore, the advantages of the proposed
criteria are demonstrated via the comparison of the MADBs
calculated by various criteria. Moreover, the index of the
number of variables (NoV) is applied to show the complexity
of criteria.

Example 1. For the GRN model which is theoretically pre-
dicted and experimentally investigated in Escherichia coli in
[4], the genetic network is composed of three repressilators
(lacl, tetR, and cl) which form a cyclic negative feedback
loop, each repressor protein inhibits the transcription of
its downstream repressor gene, as shown in Figure 2, the
protein of 𝑙𝑎𝑐𝑙 represses the gene transcription of 𝑡𝑒𝑡𝑅,
and the protein of 𝑡𝑒𝑡𝑅 inhibits the gene transcription of𝑐𝑙 simultaneously, and, finally, the transcription of 𝑙𝑎𝑐𝑙 is
inhibited by 𝑐𝑙, which completes the cycle.

The kinetics of the genetic network are modelled as the
GRN (2) with the following parameters [19]:

𝐴 = diag {3, 3, 3} ,
𝐶 = diag {2.5, 2.5, 2.5} ,

𝑊 = [[
[
0 0 −2.5
−2.5 0 0
0 −2.5 0

]]
]
,

𝐷 = [[
[
0.8
0.8
0.8
]]
]
,

𝑏𝑖 (𝑥) = 𝑥21 + 𝑥2 , 𝑖 = 1, 2, . . . , 𝑛.

(80)

It follows from (9) and (29) that

Σ = diag{3√38 , 3
√38 , 3

√38 } . (81)
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Table 1: The MADBs of 𝜏2 for various 𝜏1 and the NoVs of various criteria.

Criteria NoVs 𝜏1
0.1 0.5 1

[29, 31, 34] — <5.5 <5.9 <6.4
[19] 40.5𝑛2 + 16.5𝑛 5.5 5.91 6.41
Theorem 9 32𝑛2 + 22𝑛 9.2681 9.6682 10.1681

Table 2: The MADBs of 𝜏2 for various 𝜏1 and the NoVs of various criteria.

Criteria NoVs 𝜏1
0 1 2

[19] 38𝑛2 + 15𝑛 2.3101 3.3101 4.3102
[19] 29.5𝑛2 + 20.5𝑛 4.1647 5.1647 6.1646

(1) CalculationResults.Thefirst study case is that the changing
rates of the time-varying delays aremeasurable; that is, delays
satisfy (5). Assume that 𝜎1 = 0.1, 𝜎2 = 0.3, 𝜎𝑑 = 0.7,
and 𝜏𝑑 = 1.5 [19], and the MADBs of 𝜏2 with respect to
various 𝜏1 obtained by the proposed criteria are given in
Table 1, where the MADBs reported in the literature are also
listed for comparison.

The second study case is that the changing rates of the
time-varying delays are nonmeasurable; that is, delays satisfy
(6). Assume that 𝜎1 = 1 and 𝜎2 = 2, and the MADBs of 𝜏2
with respect to various 𝜏1 obtained by the proposed criteria,
together with the ones provided by the least literature [19], are
given in Table 2.

Moreover, the NoVs of criteria reported in the least
literature [19] and that of criteria established in this paper are
also given in tables to compare the computation complexity.

From the results in the tables, it can be easily found
that the proposed stability criteria can provide the larger
MADBs for two cases compared to those given in the existing
literature. It shows that the proposed criteria are indeed less
conservative than the ones reported in the literature. On
the other hand, it is found that the NoV of the proposed
criteria (Theorem 9) is smaller than the one reported in [19],(40.5𝑛2 + 16.5𝑛) − (32𝑛2 + 22𝑛) = 8.5𝑛2 − 5.5𝑛 > 0 and(38𝑛2 + 15𝑛) − (29.5𝑛2 + 20.5𝑛) = 8.5𝑛2 − 5.5𝑛 > 0 for
any 𝑛. Both of those observations show the advantages of the
proposed criterion.

(2) Simulation Verification. From the given parameters, the
equilibrium points of the GRN can be obtained as

𝑚∗ = [0.7840, 0.7840, 0.7840] ,
𝑝∗ = [0.2509, 0.2509, 0.2509] . (82)

Simulation studies for the following two types of time-
varying delays are carried out.

Case 1. The initial conditions 𝑚(𝑡) = [0.70, 0.85, 0.80]𝑇, 𝑡 ∈[−10.1681, 0], and 𝑝(𝑡) = [0.15, 0.20, 0.30]𝑇, 𝑡 ∈ [−0.3, 0],

and the following delays satisfy 𝜎1 = 0.1, 𝜎2 = 0.3, 𝜎𝑑 =0.7, 𝜏1 = 1, 𝜏2 = 10.1681, and 𝜏𝑑 = 1.5:
𝜏 (𝑡) = 9.1681 sin2 (0.1636𝑡) + 1,
𝜎 (𝑡) = 0.2 sin2 (3.5𝑡) + 0.1. (83)

Case 2. The initial conditions 𝑚(𝑡) = [0.70, 0.85, 0.80]𝑇, 𝑡 ∈[−6.1746, 0], and 𝑝(𝑡) = [0.15, 0.20, 0.30]𝑇, 𝑡 ∈ [−2, 0], and
the randomdelays satisfy 𝜎1 = 1, 𝜎2 = 2, 𝜏1 = 2, 𝜏2 = 6.1746.

Based on Tables 1 and 2, the GRN with the above delays,
respectively, is stable.The trajectories of the concentrations of
mRNA and protein are shown in Figures 3 and 4. The results
show that they are stable at their equilibrium points.

6. Conclusions

This paper has investigated the stability of the GRN with
time-varying delays, and its contributions have been revealed
from two aspects. The novel WTDII has been developed for
the estimation of the double integral terms, and it has been
also proved to be tighter than the widely used JBDII and
the recently developed WBDII for the same task. Then, with
benefit from the WTDII, two LMI-based stability criteria
with less conservatism have been derived for checking the
stability of the GRN with time delays. Finally, the advantages
of the proposed inequality and the established criteria have
been verified through an example.

Notations

‖ ⋅ ‖: The Euclidean vector norm
R𝑛×𝑚: The set of all 𝑛 × 𝑚 real matrices𝑁𝑇 (𝑁−1): The transpose (inverse) of the matrix𝑁𝑃 > 0: 𝑃 is a real positive-definite matrix
diag{⋅ ⋅ ⋅ }: A block-diagonal matrix𝐼 (0): The identity (zero) matrix
Sym{𝑋}: 𝑋 + 𝑋𝑇[𝑋 𝑌∗ 𝑍 ]: [ 𝑋 𝑌

𝑌𝑇 𝑍
]
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Figure 3: The trajectories of concentrations of mRNA and protein for Case 1.
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GRNs: Genetic regulatory networks
LKF: Lyapunov-Krasovskii function
LMI: Linear matrix inequality
JBDII: Jensen-based double integral inequality
WBDII: Wirtinger-based double integral inequality
WTDII: Wiringter-type double integral inequality
MADB: Maximal admissible delay bounds
NoV: The number of variables.
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In order to investigate the effect of strong wind on dynamic characteristic of traffic flow, an improved car-following model based
on the full velocity difference model is developed in this paper. Wind force is introduced as the influence factor of car-following
behavior. Among three components of wind force, lift force and side force are taken into account. The linear stability analysis is
carried out and the stability condition of the newly developed model is derived. Numerical analysis is made to explore the effect
of strong wind on spatial-time evolution of a small perturbation. The results show that the strong wind can significantly affect the
stability of traffic flow. Driving safety in strong wind is also studied by comparing the lateral force under different wind speeds with
the side friction of vehicles. Finally, the fuel consumption of vehicle in strong wind condition is explored and the results show that
the fuel consumption decreased with the increase of wind speed.

1. Introduction

As an important part of modern traffic flow theory, car-
following theory describes how the vehicle follows the vehicle
ahead. The principle of the car-following model is that the
acceleration or deceleration of the vehicle depends entirely
on the driver’s response to the stimuli from the surrounding
vehicles. Because the research of car-following model is of
great significance to traffic management and traffic safety
analysis, it has been proposed as early as 1950s. Pipes
[1] presented the first car-following model in 1953. Subse-
quently, researchers have developed some classic models [2–
5]. Newell [2] derived a car-following model with time delay
which is important to exploring the evolution of traffic jam.
Bando et al. [3] proposed an optimal velocity model (OVM)
to reveal the complex dynamic characteristics of traffic flow.
To solve the problem of excessively high acceleration and
unrealistic deceleration in OVM, generalized force model
(GFM) has been developed by Helbing and Tilch [4]. Based
on the GFM, Jiang et al. [5] developed a car-following model
called full velocity differencemodel (FVDM). In recent years,
car-following theory has been rapidly developed and many
models have been proposed to describe traffic phenomena
and driving behavior. These new models focused on many

different factors that influence car-following behavior, like the
effects of time delay [6–9], multiple-vehicle in front [10–13],
lane changing [14–19], the heavy vehicles [20–23], driver’s
behaviors [24–33], and some other factors in the literatures
[34–44]. Nagatani [12] found that the car interaction before
the next car ahead can stabilize the traffic flow. Tang et al. [14]
presented a car-following model on two lanes by considering
the lateral effects in traffic. They believed that vehicle drivers
always worry about the lane changing actions from neighbor
lane and the consideration of lateral effects could stabilize the
traffic flows on both lanes. Peng and Cheng [27] developed
an extended model based on FVDM through substituting
an anticipation optimal velocity with optimal velocity and
discussed the impact of driver’s forecast on traffic flow
stability. Liu et al. [31] believed that short-term driving
memory can influence the driver’s anticipation behavior. Yu
and Shi [33] put forward an improved car-followingmodel in
the connected cruise control strategy to investigate the effects
of multiple preceding cars’ velocity changes with memory on
each car’s speed and acceleration, the relative distance, fuel
consumption, and CO, HC, and NOX emissions.

However, in these car-following models mentioned
above, little effort has been made to study the effect of
inclement weather on driving behavior. Inclement weather,
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especially strong winds, has important influence on traffic
safety, and traffic accidents caused by strong winds often
appear in the news. A British study showed that up to
318 accidents were caused by strong winds from January
2002 to June 2007. In the case of driving in strong wind,
drivers will always consider the impact of it to avoid traffic
accident, so it is necessary to study the effect of strong
wind on the driving behavior. Many researches have been
done to investigate the effect of wind. Kwon et al. [45]
explored that wind force acting on the vehicle has great
effect on occurrence of traffic accidents. Baker [46, 47] found
that overturning accidents, sideslip accidents, and rotation
accidents are three most common types of traffic accident
which can be induced by wind. In addition, they further
presented the mathematical model of wind-induced accident
risk. Xu et al. [48] explored the vehicle stability drivingmodel
with considering crosswind and obtained the limit minimum
radii of horizontal curve in the conditions of different wind
speeds.

However, the above works on strong wind only focus on
studying the impact of strong wind from the perspective of
traffic safety. To investigate the effect of strong wind on the
micro driving behavior of vehicle, we develop an extended
car-following model in this paper. This paper is organized as
follows. In Section 2, a new improved car-following model
based on FVDM is proposed by taking into account the effect
of strong wind. In Section 3, linear stability analysis is carried
out and the stability condition of this model is obtained.
In Section 4, a series of numerical simulations is proposed
to confirm the theoretical results. Conclusions are given in
Section 5.

2. Model

Among the existing car-following models, the full velocity
difference model (FVDM) proposed by Jiang et al. [5] is the
most effective one, which can describe many car-following
behaviors appearing in the real traffic. FVDM can be written
as follows:

𝑑𝑥2𝑛 (𝑡)𝑑𝑡2 = 𝑎 [𝑉 (Δ𝑥) − V𝑛] + 𝜆ΔV𝑛, (1)

where 𝑥𝑛(𝑡) is the position of the 𝑛𝑡ℎ vehicle at time 𝑡; Δ𝑥 =𝑥𝑛+1 − 𝑥𝑛 and ΔV𝑛 = V𝑛+1 − V𝑛 are the headway and the
velocity difference between successive vehicles, respectively.𝑉(Δ𝑥) is the 𝑛th vehicle’s optimal velocity which is a function
of headway and can be expressed as follows:

𝑉 (Δ𝑥) = 𝑉1 + 𝑉2 tanh (𝐶1 (Δ𝑥𝑛 − 𝐿𝑐) − 𝐶2) , (2)

Where 𝑉1, 𝑉2, 𝐶1, 𝐶2 are parameters, respectively, and their
values are the same as those in [5].

In the case of driving in the weather of strong wind,
driving behavior always has been affected not only by the
vehicle ahead, but also in a large degree by the wind force
on vehicle. Driver in the vehicle behind will keep following
with the leading vehicle. At the same time, he will consider
the impact from strong wind especially lateral wind which
can make the vehicle’s control harder. When the wind force is

great enough tomake the driver feel uncomfortable to control
the vehicle, adjusting the driving speed will be done by the
driver to reduce the impact of wind.

According to automobile aerodynamics [49], the wind
force on the stationary vehicle can be decomposed into drag
force (𝐹𝑋), lift force (𝐹𝑍), and the side force (𝐹𝑌), which can
be formulated as follows:

𝐹𝑋 = 0.5𝐶𝐷𝑆𝜌V2𝑤,
𝐹𝑌 = 0.5𝐶𝐿𝑆𝜌V2𝑤,
𝐹𝑍 = 0.5𝐶𝑍𝑆𝜌V2𝑤,

(3)

where𝐶𝐷,𝐶𝐿,𝐶𝑍 are, respectively, drag coefficient, lift coeffi-
cient, and side force coefficient. 𝜌 and V𝑤 are, respectively, air
density and velocity of the wind. 𝑆 represents windward area
of vehicle. Windward area is related to the angle between the
wind direction and the vehicle.

In this paper, we investigate thewind force on the running
vehicle. In addition, we consider that there always exists an
angle between the wind direction and the driving direction
in real traffic. According to the above reasons, we rewrite (3)
as follows:

𝐹𝑋 = 0.5𝐶𝐷𝐵𝐻𝜌 (V𝑤 cos (𝜃))2 ,
𝐹𝑌 = 0.5𝐶𝑍𝐿𝑐𝐻𝜌 (V𝑤 sin (𝜃))2
𝐹𝑍 = 0.5𝐶𝐿𝐵𝐿𝑐𝜌V2𝑟 ,

(4)

where V𝑟 = √V2𝑛 + V2𝑤 − 2V𝑛V𝑤 cos(𝜃) represents relative
velocity of the wind and the vehicle. 𝜃 is the angle between
the wind direction and the driving direction. 𝐿𝑐, 𝐵, and 𝐻
are, respectively, length, width, and height of the vehicle.

Among three force components of wind force, side force
(𝐹𝑌) has the greatest influence on the vehicle’s driving stability
[50]. Furthermore, lift force (𝐹𝑍) is also taken into account
since it will gradually become strong with the increasing
relative velocity of wind to the vehicle; as a result the actual
weight of vehicle is reduced.That is why driver has the feeling
of floating in the case of driving in a high speed. The greater
lift force will also affect the vehicle’s steering stability. Based
on above consideration, we take side wind force and lift force
into account and propose the car-following model under
strong wind, which can be expressed as

𝑑𝑥2𝑛𝑑𝑡2 = 𝑎 [𝑉 (Δ𝑥) − V𝑛] + 𝜆ΔV𝑛, (5)

where 𝑉(Δ𝑥) is modified optimal velocity with the consider-
ation of the wind effect. For simplicity, we define 𝑉(Δ𝑥) as
follows:

𝑉 (Δ𝑥) = 𝑉 (Δ𝑥) + Ṽ, (6)

where Ṽ is adjustable speed of optimal velocity under the
influence of the wind force.

The influence of wind force on the vehicle can be mea-
sured by driver’s driving comfort degree. In the case of driving
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in wind, driver’s driving comfort degree decreases with the
increasing speed of wind. When the wind speed is small,
drivers can not feel the impact of the wind. With the increase
of wind speed, the driving comfort degree of the driver
continues to reduce. When the degree reduced to a critical
value, drivers need to adjust the driving state to reduce the
impact caused by the wind and typically reduce the speed
of vehicle. Thus, we define Ṽ = −𝜉𝑛𝑉(Δ𝑥𝑛); 𝜉𝑛 is coefficient
which varies with the change of driving comfort degree.Thus,
the new car-following with the consideration of wind effect is
as follows:

𝑑𝑥2𝑛 (𝑡)𝑑𝑡2 = 𝑎 [(1 − 𝜉𝑛) 𝑉 (Δ𝑥) − V𝑛] + 𝜆ΔV𝑛. (7)

Next, we define 𝜉𝑛 as follows:

𝜉𝑛 =
{{{{{{{{{{{

0, if 𝜇 < 𝜇𝑐,
𝑘1 + (1 − 𝑘1) (𝜇 − 𝜇𝑐)(𝑘2 − 1) 𝜇𝑐 , if 𝜇𝑐 < 𝜇 < 𝑘2𝜇𝑐,
1, if 𝜇 > 𝑘2𝜇𝑐,

(8)

where 𝜇 is sideway force coefficient which can measure the
degree of driving comfort and the driving stability. 𝜇𝑐 is the
critical value of sideway force coefficient when the driver feels
uncomfortable, and 0 < 𝑘1 < 1, 𝑘2 > 1 are coefficients. When
the sideway force coefficient is smaller than𝜇𝑐, the driver does
not need to consider the effect of the wind and just needs to
pay attention to the driving state of the vehicle ahead. As the
wind speed increases, the value of sideway force coefficient
(𝜇) gradually increases.When the value of 𝜇 is bigger than 𝜇𝑐,
the driver will feel uncomfortable to control the vehicle, so he
needs to slow down to reduce uncomfortable feeling caused
by the wind. If the sideway force coefficient reaches 𝑘2𝜇𝑐, the
vehicle will reach the maximum deceleration to avoid the
accident.

Equation of sideway force coefficient is expressed as

𝜇 = V2𝑛127𝑟 − 𝑖ℎ + 𝐹𝑌𝐺 , (9)

where V𝑛, 𝑟, 𝑖ℎ, 𝐺, and 𝐹𝑌 are vehicle speed, horizontal
radius, super elevation, vehicle weight, and side force of wind,
respectively. In the case of driving in the plane curve road
section, we can set 𝑖ℎ = 0. Taking the influence of the lift
force of the wind into account, the vehicle weight (𝐺) can be
rewritten as

𝐺 = 𝐺 − 𝐹𝑍. (10)

Thus, (9) can be rewritten as

𝜇 = V2𝑛127𝑟 + 𝐹𝑌𝐺 − 𝐹𝑍 . (11)

Because (7) has taken the lift force and side force of the
wind into account, it can be used to describe the driving
behavior under varying speeds of wind.

3. The Linear Stability Analysis

Strong wind has great effect on traffic flow. However, little
effort has been made to study the effects of strong wind on
traffic flow from perspective of the linear stability analysis.
In this section, the linear stability theory is applied to derive
linear stability condition of the new proposed model in this
section. The uniform traffic flow is defined by such a state
that all vehicles move with the optimal velocity 𝑉(Δ𝑥) and
the identical headway ℎ.

Assuming 𝑥𝑛(𝑡) = 𝑥(0)𝑛 (𝑡) + 𝑦𝑛(𝑡), where 𝑥(0)𝑛 (𝑡) = ℎ𝑛 +𝑉(ℎ)𝑡 and 𝑦𝑛(𝑡) is a small deviation from the steady state𝑥(0)𝑛 (𝑡), then we can rewrite (7) as

𝑑2𝑦𝑛 (𝑡)𝑑𝑡2 = 𝑎 [(1 − 𝜉𝑛) 𝑉 (ℎ) Δ𝑦𝑛 (𝑡) − 𝑑𝑦𝑛 (𝑡)𝑑𝑡 ]
+ 𝜆𝑑Δ𝑦𝑛 (𝑡)𝑑𝑡 ,

(12)

where Δ𝑦𝑛(𝑡) = 𝑦𝑛+1(𝑡) − 𝑦𝑛(𝑡). Expanding 𝑦𝑛(𝑡) in the
Fourier-modes 𝑦𝑛(𝑡) ∝ exp(𝑖𝑘𝑛 + 𝑧𝑡), we have

𝑧2 + 𝑧 [𝑎 − 𝜆 (exp (𝑖𝑘) − 1)]
− 𝑎 (1 − 𝜉𝑛) 𝑉 (ℎ) (exp (𝑖𝑘) − 1) = 0. (13)

Substituting 𝑧 = 𝑧1(𝑖𝑘) + 𝑧2(𝑖𝑘)2 + ⋅ ⋅ ⋅ into (13), we can
obtain the first- and second-order terms of coefficients in the
expression of 𝑧, respectively:

𝑧1 = (1 − 𝜉𝑛) 𝑉 (ℎ) ,
𝑧2 = 𝑧1𝑎 (𝜆 + 12𝑎 − 𝑧1) .

(14)

For small perturbations with long waves, the uniform
steady state will become unstable when 𝑧2 is negative. Thus
the neutral stability curve is given by

𝑎𝑠 = 2 [(1 − 𝜉𝑛) 𝑉 (ℎ) − 𝜆] . (15)

The uniform traffic flow will be stable if

𝑎𝑠 > 2 [(1 − 𝜉𝑛) 𝑉 (ℎ) − 𝜆] . (16)

Figure 1 shows the neutral stability line in the headway-
sensitivity space (Δ𝑥, 𝑎) with different sets of 𝜉𝑛. For the case
of 𝜉𝑛 = 0, the neutral stability line is the same as that of
FVDM. The traffic flow is stable above the neutral stability
line, while below the line traffic flow is unstable. The regime
where the values of the headway give positive values of the
stability function (see (15)) represents the unstable regime.
The apex of each neutral stability curve represents the critical
point (ℎ𝑐, 𝑎𝑐), where ℎ𝑐 and 𝑎𝑐 are, respectively, the safety
distance and the critical sensitivity. It can be seen clearly from
Figure 1 that, given the same values of headway, the critical
point and the neutral stability curve obtained fromourmodel
are significantly lower than those of FVDM. The new model
has a smaller unstable regime, which means the stability of
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Figure 1: The neutral stability line in the headway-sensitivity space.

the traffic flow is improved as the value of 𝜉𝑛 increases. The
result of Figure 1 indicates that since FVDM did not consider
the effect of strong wind, the vehicle velocity calculated by
FVDM is still high even when the wind speed gets higher,
which will decrease the stability of traffic flow. On the other
hand, we believe that the strong wind will reduce the vehicle’s
velocity; as a result, stability of traffic flow will be improved.

4. Numerical Simulations

In this section, we explore the impacts of the strong wind on
driving behavior by using numerical method. Simulation is
made to investigate evolution of small perturbation, lateral
stability of vehicle, and vehicle’s fuel consumption, respec-
tively.

4.1. Evolution of a Small Perturbation. We study spatial-time
evolution of small perturbation with the effect of wind in
this subsection. To compare with the FVDM which has not
considered the impact of wind, we suppose that there are 𝑁
vehicles running on a ring road whose length is 𝐿 = 1000m
and those vehicles have same characters as 𝐿𝑐 = 5, 𝐵 = 2,𝐻 = 1.5, 𝐺 = 9800. The initial state is set as

Δ𝑥𝑛 (0) = Δ𝑥0 for 𝑛 = 1, 2, . . . , 𝑁,
Δ𝑥𝑛 (1) = Δ𝑥0 for 𝑛 ̸= 1,𝑁,
Δ𝑥𝑛 (1) = Δ𝑥0 − 1 for 𝑛 = 1,
Δ𝑥𝑛 (1) = Δ𝑥0 + 1 for 𝑛 = 𝑁.

(17)

The total number of vehicles is 𝑁 = 60, Δ𝑥0 =𝐿/𝑁 − 𝐿𝑐, and a periodic boundary condition is adopted
in the simulation. Wind direction is always perpendicular

to the direction of the vehicle, for simplicity. Other input
parameters are set as follows:

𝑎 = 0.41,
𝜆 = 0.5,
𝑘1 = 0.02,
𝑘2 = 2,
𝜇𝑐 = 0.2,
𝜌 = 1.293 kg/m3,
𝐶𝑍 = 0.629,
𝐶𝐿 = 0.106.

(18)

Figure 2 shows the space-time evolution of the velocity
after 500 seconds and the velocity profile of the 30th vehicle
for different wind speed. From Figure 2, we can observe the
following:

(1) Using our model with the consideration of wind
effect, the maximum speed in Figure 2(b) is approx-
imately 12m/s with wind speed at 20m/s, which is
significantly lower than that obtained byFVDMabout
14m/s in Figure 2(a) because FVDMdid not consider
the wind effect. Moreover, maximum speed is lower
than 10m/s with wind speed at 24m/s in Figure 2(c).
These indicate that strong wind could significantly
inhibit driving speed; the higher the wind speed, the
lower the vehicle speed. The result is consistent with
the phenomenon observed in real traffic that driver
will slow down when the wind force is powerful.

(2) Figures 2(b) and 2(c) are simulation results under our
model and from them we can see that the oscillation
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(b) Our model with wind speed at 20m/s
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(c) Our model with wind speed at 24m/s

Figure 2: Space-time evolution of the velocity and the velocity profile of the 30th vehicle for different wind speed from 500 seconds to 800
seconds, where (a) shows the results obtained by FVDM and (b) and (c) are the results of our model with wind speed at 20m/s and 24m/s,
respectively.
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Figure 3: Hysteresis loops for FVDM and our model.
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Figure 4: Vehicles’ acceleration versus headway for FVDM and our model.

in Figure 2(c) ismore gentle than those in Figure 2(b).
It shows that drivers will be more careful to keep
driving and try to stabilize the vehicle velocity when
the wind speed gets higher.

(3) Stop-and-go traffic appears in Figure 2. The jam in
Figure 2(a) is the most serious, followed by those
in Figures 2(b) and 2(c). It explores that stop-and-
go phenomenon is weakened since vehicle’s velocity
reduces with the increase of the wind speed.

We also use the hysteresis loops to demonstrate the rela-
tionship between velocity and space headway and the rela-
tionship between acceleration and space headway. Figure 3
exhibits the hysteresis loops after a sufficiently large time,
where (a) and (b) are obtained from FVDM and our model.
The 30th vehicle is selected as the target vehicle. Figure 4

represents the relationship between acceleration and space
headway at time 600 s, where the dotted line and solid line are
obtained from FVDM and our model. Hysteresis loop having
a larger sizemeans that the stability of traffic flow is lower, and
the stability of traffic flow is improved with the decrease of
the size of the loop. From Figures 3 and 4, we can find that the
hysteresis loop obtained fromourmodel ismuch smaller than
that from the FVDM. The result indicates that, by taking the
effect of strong wind into account, the stability of the traffic
flow simulated by our model is superior to that simulated by
FVDM, which is consistent with the conclusion of Figure 1.

4.2. Lateral Stability of Vehicle. In this subsection, we inves-
tigate the influence of strong wind on the lateral stability of
vehicle. Lateral stability refers to the vehicle’s performance of
resisting lateral overturn and side slip. Researches show that,
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(b) FVDM with wind speed at 24m/s
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Figure 5: The force profile of the 30th vehicle with different wind speed from 500 seconds to 800 seconds, where (a) and (b) are the results
without consideration of wind effect and (c) and (d) are the results with consideration of wind effect.

under the identical road conditions and driving speed, side
slip occurs before overturn with the enhancement of cross
wind [50]. In real traffic, vehicle side slip will occur when
the lateral force is greater than the side friction between the
vehicle and the road surface. In view of this, lateral stability
of the driving vehicle will be ensured as long as side slip is
prevented.

Maximum side friction can be expressed as

𝑓𝑠 = 𝜁𝑓, (19)

where 𝑓 = 𝜙𝐺 is the maximum static friction force between
vehicle and road. The permanents 𝜙 and 𝜁 are, respectively,
friction coefficient and sideway adhesion coefficient. In this
paper 𝜙, 𝜁 are, respectively, set as 0.5 and 0.6.

In the case of driving on a ring road in the weather of
strong winds, lateral force on vehicle is the resultant force of
centrifugal force and wind force. When the wind force has
same direction with the centrifugal force, lateral force will be
a large increase with the increase of wind speed and possibly
exceed the maximum side friction. Therefore, it is necessary
to analyze the lateral force on vehicle in this situation.

Figure 5 shows the force evolution of the 30th vehicle
for different wind speed after 500 seconds, where (a) and
(b) are the results by FVDM with wind speed at 20m/s and
24m/s, respectively. Figures 5(c) and 5(d) are the results of
ourmodel withwind speed at 20m/s and 24m/s, respectively.
The red curve is the curve of maximum side friction and the
blue curve is the curve of lateral force on the vehicle. The
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Table 1: The regression coefficients in (20).

𝐾𝑒𝑖,𝑗 𝑗
0 1 2 3𝑖

0 −0.679439 0.135273 0.015946 −0.001189
1 0.29665 0.004808 −0.000020535 5.5409285𝐸 − 8
2 −0.000276 0.000083329 0.000000937 −2.479644𝐸 − 8
3 0.000001487 −0.000061321 0.000000304 −4.467234𝐸 − 9

initial conditions are set as (17). Comparing with the FVDM,
we can draw the conclusions from Figure 5: (1) The lateral
force increases with wind speed. Figures 5(a) and 5(b) are the
results obtained by FVDM with different speed of wind. As
the wind speed increases from 20m/s in Figure 5(a) to 24m/s
in Figure 5(b), the maximum lateral force on the vehicle
corresponding increases from about 2500N to 3000N. The
curve of lateral force surpasses the curve of maximum side
friction three times in Figure 5(b), so sideslip occurs three
times. On the contrary, by using our model, the curve of
lateral force is always significantly lower than the curve of
maximum side friction in Figures 5(c) and 5(d), so the
sideslip has not occurred. It is well known that vehicles should
slow down to avoid the sideslip when the crosswind becomes
powerful. Thus, the numerical results show that our model
can better reproduce the real traffic phenomena with the
effect of strong wind.

(2) The amplitude and the frequency of lateral force
curve in Figure 5(d) are, respectively, smaller than those in
Figure 5(c). It indicates that the increase of wind force plays a
role in prompting driver to be more careful while driving and
thereby leads to a more gentle curve of the lateral force.

4.3. Vehicle’s Fuel Consumption. We explore the effect of
strong wind on vehicle’s fuel consumption because the exist-
ing studies show that fuel consumption can be affected by
driving behavior [51–53]. Ahn [51] proposed a VT-micro
model to formulate the vehicle’s fuel consumption in 1998.
The VT-micro model can be written as

ln (MOEe) = 3∑
𝑖=0

3∑
𝑗=0

(𝐾𝑒𝑖,𝑗 × V𝑖 × (𝑑V𝑑𝑡 )
𝑗) ,

MOEe = exp( 3∑
𝑖=0

3∑
𝑗=0

(𝐾𝑒𝑖,𝑗 × V𝑖 × (𝑑V𝑑𝑡 )
𝑗)) ,

(20)

whereMOEe is the vehicle’s fuel consumption rate and its unit
is ml/s; 𝐾𝑒𝑖,𝑗 is the regression coefficient (see Table 1).

To display the difference of the vehicle’s fuel consumption
under different wind speed, we calculate the evolution of the
fuel consumption rate from 500 seconds to 800 seconds and
the profile of the 30𝑡ℎ vehicle under different wind speed.The
initial conditions are set as (17).

Figure 6 shows the evolution of the fuel consumption rate
and the profile of the 30th vehicle for different wind speed
from 500 seconds to 800 seconds, where (a) shows the results

obtained by FVDM; (b) and (c) are the results by our model
with wind speed at 20m/s and 24m/s, respectively. From
Figure 6, we can see that without the consideration of the
wind effect, the amplitude of fuel consumption rate simulated
by FVDM in Figure 6(a) is higher than that simulated by our
model in Figures 6(b) and 6(c). Furthermore, the amplitude
of fuel consumption rate is lower in Figure 6(c) when the
wind speed is 24m/s than that in Figure 6(b) when the wind
speed is 20m/s. It shows that the fuel consumption is affected
by the wind. As the wind speed increases, the amplitude of
fuel consumption rate decreases gradually.

Though we obtain the conclusion from Figure 6 that the
wind can affect the amplitude of fuel consumption rate, we
can not determine whether the effect of strong wind will
reduce vehicle’s fuel consumption. In order to further study
the effect of strong wind on vehicle’s fuel consumption, we
simulated each vehicle’s total fuel consumption for a period
of time by using FVDM and our model, respectively. Figure 7
exhibits each vehicle’s total fuel consumption for 1000 s with
different wind speed, where (a) and (b) are, respectively,
with wind speed at 20m/s and 24m/s. As can be seen from
Figure 7, the curves of each vehicle’s total fuel consumption
simulated by ourmodel are lower than the curve simulated by
FVDM. Also, each vehicle’s total fuel consumption with wind
speed at 24m/s is lower than that with 20m/s. Simulation
results indicate that by taking the effect of strong wind
into account the driver will reduce the vehicle’s velocity to
avoid the traffic accident, so it leads to the reduction of fuel
consumption.Therefore, the simulation results are consistent
with the conclusions of Figure 6.

5. Conclusions

In this paper, we present an extended car-following model
with the consideration of the wind effect based on the FVD
model. Linear stability analysis is carried out to study the traf-
fic characteristics by making use of linear stability analysis.
Numerical analysis is made to explore the effect of strong
wind on evolution of a small perturbation, lateral stability of
vehicle, and vehicle’s fuel consumption.The simulation result
shows that the developed model can qualitatively reproduce
the impact of the strongwind on traffic flow, whichmeans the
new developed model is reasonable. Nevertheless, there are
still some limitations in this paper. For example, we do not
consider the influence caused by wind changing direction,
and, moreover, strong wind often causes low visibility, but it
is not currently taken into account.
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Figure 6: Evolution of the fuel consumption rate and the profile of the single vehicle.
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Figure 7: Each vehicle’s total fuel consumption for a period of time.

In the further study, we will develop a new car-following
model on the basis of the model presented in this paper
to address the above limitations. Theoretical analysis and
experimental study will be carried out to explore the effect
of wind changing direction and low visibility on traffic flow.
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The existence of stability switches and Hopf bifurcations for the second-order delay differential equation 𝑥(𝑡)+𝑎𝑥(𝑡−𝜏)+𝑏𝑥(𝑡) =0, 𝑡 > 0, with complex coefficients, is studied in this paper.

1. Introduction

The delayed friction equation
𝑥 (𝑡) + 𝑎𝑥 (𝑡) + 𝑏𝑥 (𝑡 − 𝜏) + 𝑐𝑥 (𝑡) = 0, (1)

where 𝑐 > 0, 𝜏 > 0, and 𝑎 and 𝑏 are nonnegative such that𝑎 + 𝑏 > 0, was considered by Minorsky [1, 2] for problems of
ship stability andmodeling of small vibrations of a pendulum.
In [3, 4], the stability of the zero solution of more general
forms of the delayed friction equation with real coefficients
was characterized.

Delay differential equations (DDE) with complex coef-
ficients have attracted increasing attention in the last years
(e.g., [5–7]). In [8], Wei and Zhang characterized the stability
of the zero solution of the retarded equation with complex
coefficients 𝑥 (𝑡) = 𝑝𝑥 (𝑡) + 𝑞𝑥 (𝑡 − 𝜏) , (2)
by studying the distribution of the roots of the characteristic
equation for the associated real differential system with delay
and analyzed the existence of stability switches [3, 4, 9].

In [10], Li et al. presented a method for directly analyzing
the stability of complex DDEs on the basis of stability
switches. Their results generalize those for real DDEs, thus
greatly reducing the complexity of the analysis. In [11], Roales
and Rodŕıguez studied the stability switches of the zero
solution of the neutral equation with complex coefficients𝑥 (𝑡) + 𝑎𝑥 (𝑡 − 𝜏) = 𝑏𝑥 (𝑡) + 𝑐𝑥 (𝑡 − 𝜏) , (3)
using the results developed in [10].

The aim of this paper is to characterize the stability of the
zero solution of the equation

𝑥 (𝑡) + 𝑎𝑥 (𝑡 − 𝜏) + 𝑏𝑥 (𝑡) = 0, (4)

where 𝜏 > 0 is a constant delay and 𝑎, 𝑏 are complex
parameters, with 𝑏 ̸= 0.

Using the results given by [10], the existence of stability
switches and Hopf bifurcations for certain conditions on the
parameters of (4) will be shown, discussing the conditions
that may allow for delay dependent stabilization of the
system.

2. Methods

To carry out our analysis, we will use some previous results
that are recalled in this section (see, [4, 10, 12, 13]).

Following [10], and similar to the analysis carried out [11]
for a first-order equation, we write the characteristic equation
of a time-delay system with a single delay 𝜏 ≥ 0 in the
form

Δ (𝜆, 𝜏) = 𝑃 (𝜆) + 𝑄 (𝜆) 𝑒−𝜆𝜏, (5)

where 𝑃(𝜆) and 𝑄(𝜆) are complex polynomial. To be able
to apply the main result in [10], we will require the order of𝑃(𝜆) to be either higher than that of 𝑄(𝜆) or, if they have the
same order, that |𝛼| > |𝛽|, with 𝛼, 𝛽 ∈ C being, respectively,
the highest order coefficients of 𝑃(𝜆) and 𝑄(𝜆). Also, it is
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necessary that 𝑃(𝜆) and 𝑄(𝜆) have no roots on the imaginary
axis simultaneously and that 𝜆 = 0 is not a root of (5): that is,

𝑃 (0) + 𝑄 (0) ̸= 0. (6)

In the next section, it will be shown that all these conditions
hold in our problem.

As shown in [10], introducing the function

𝐹 (𝜔) = |𝑃 (𝑖𝜔)|2 − |𝑄 (𝑖𝜔)|2 , (7)

if 𝜔∗ ̸= 0 is a zero of 𝐹(𝜔), then there are an infinite number
of delays 𝜏𝑗 corresponding to 𝜔∗ satisfying

Δ (𝑖𝜔∗, 𝜏𝑗) = 0. (8)

Based on a previous work of Lee and Hsu [14], Li
et al. established the following theorem [10, Theorem 1],
characterizing, for the critical values 𝜏𝑗 such that Δ(𝑖𝜔∗, 𝜏𝑗) =0, the variation of the number of zeros with nonnegative real
parts of Δ(𝜆, 𝜏), in terms of the order and sign of the first
nonzero derivate of 𝐹(𝜔∗).
Theorem 1. Assume that Δ(𝑖𝜔∗, 𝜏𝑗) = 0, 𝑗 = 0, 1, 2, . . . Let𝑁(𝜏) be the number of zeros with nonnegative real parts ofΔ(𝜆, 𝜏), and let 𝑀 be an integer such that 𝐹(𝑀)(𝜔∗) ̸= 0 and𝐹𝑚(𝜔∗) = 0 for all 𝑚 < 𝑀. Then

(a) 𝑁(𝜏) keeps unchanged as 𝜏 increases along 𝜏𝑗 if 𝑀 is
even,

(b) when𝑀 is odd, 𝑁(𝜏) increases by one if 𝜔∗𝐹(𝑀)(𝜔∗) >0, and decreases by one if 𝜔∗𝐹(𝑀)(𝜔∗) < 0, as 𝜏
increases along 𝜏𝑗.

This theorem facilitates the stability analysis with respect
to the method used in [14] and extends to the complex
coefficients setting a previous result which was only valid for
real DDEs [15].

Hopf bifurcation theorem gives the conditions for the
existence of local nontrivial periodic solutions (e.g., [4, 12,
13]). Basic conditions are the existence of a nonzero purely
imaginary root of the characteristic equation, 𝜆0, that all
other eigenvalues are not integer multiples of 𝜆0, and, in
addition, it must hold that, if 𝛼 is the bifurcation parameter,
the branch of eigenvalues 𝜆(𝛼) which satisfies 𝜆(0) = 𝜆0 is
such that Re(𝜆(0)) ̸= 0, which is called the transversality
condition.

3. Stability Analysis of the Second-Order
Complex DDE

Consider the complex DDE (4), where

𝑎 = 𝑎1 + 𝑖𝑎2,
𝑏 = 𝑏1 + 𝑖𝑏2. (9)

The characteristic equation associated with (4) is

𝜆2 + 𝑎𝜆𝑒−𝜆𝜏 + 𝑏 = 0, (10)

so that for the function Δ(𝜆, 𝜏), as defined in (5), one has

𝑃 (𝜆) = 𝜆2 + 𝑏,
𝑄 (𝜆) = 𝑎𝜆. (11)

Since 𝑃(𝜆) is of higher order than 𝑄(𝜆), and since we assume𝑏 ̸= 0, it also holds that 𝑃(0) + 𝑄(0) ̸= 0. Thus, the conditions
to apply Theorem 1 are satisfied.

The following lemma gives 𝑁(0), the number of zeros
with nonnegative real parts of Δ(𝜆, 𝜏) when the delay is zero.

Lemma 2. Consider the complex number

𝑧 = (𝐴, 𝐵) = (𝑎21 − 𝑎22 − 4𝑏1, 2𝑎1𝑎2 − 4𝑏2) . (12)

If 𝑧 ̸= 0 and

𝑎1 < |𝐵|2√(−𝐴 + |𝑧|) /2 (13)

then 𝑁(0) = 1. Else, if 𝑎1 ≤ 0 then 𝑁(0) = 2, and if 𝑎1 > 0
then 𝑁(0) = 0 when 𝑧 = 0 or

𝑎1 > |𝐵|2√(−𝐴 + |𝑧|) /2 , (14)

and 𝑁(0) = 1 when 𝑧 ̸= 0 and

𝑎1 = |𝐵|2√(−𝐴 + |𝑧|) /2 . (15)

Proof. Consider the equation

Δ (𝜆, 0) = 𝑃 (𝜆) + 𝑄 (𝜆) = 𝜆2 + 𝑎𝜆 + 𝑏 = 0. (16)

Then,

𝜆 = −𝑎 ± √𝑎2 − 4𝑏2
= − (𝑎1 + 𝑖𝑎2) ± √𝑎21 − 𝑎22 + 2𝑖𝑎1𝑎2 − 4𝑏1 − 4𝑖𝑏22
= − (𝑎1 + 𝑖𝑎2) ± √𝑧2 .

(17)

If 𝑧 = 0, there is a double root with real part −𝑎1/2. If 𝑧 ̸= 0,𝜆 can be written as

𝜆
= − (𝑎1 + 𝑖𝑎2) ± (𝐵/ (2√(−𝐴 + |𝑧|) /2) + 𝑖√(−𝐴 + |𝑧|) /2)

2 , (18)

and the conclusion of the lemma follows.

Now consider the function 𝐹(𝜔) defined in (7),

𝐹 (𝜔) = (−𝜔2 + 𝑏1)2 + 𝑏22 − |𝑎|2 𝜔2
= 𝜔4 − (|𝑎|2 + 2𝑏1) 𝜔2 + |𝑏|2 , (19)
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and calculate its zeros. One gets

𝜔2± = |𝑎|2 + 2𝑏1 ± √(|𝑎|2 + 2𝑏1)2 − 4 |𝑏|2
2 . (20)

We will consider two different cases and several subcases.

Case 1 (|𝑎|2 + 2𝑏1 > 0).
Case 1(a): (|𝑎|2 + 2𝑏1)2 > 4|𝑏|2.
Case 1(b): (|𝑎|2 + 2𝑏1)2 = 4|𝑏|2.
Case 1(c): (|𝑎|2 + 2𝑏1)2 < 4|𝑏|2.

Case 2 (|𝑎|2 + 2𝑏1 ≤ 0). First, we assume that |𝑎|2 + 2𝑏1 > 0
(Case 1).

If (|𝑎|2 + 2𝑏1)2 > 4|𝑏|2 (Case 1(a)), then 𝐹(𝜔) has four real
roots, 𝜔+1 , 𝜔+2 , 𝜔−1 , 𝜔−2 , such that

𝜔+1 > 𝜔+2 > 0 > 𝜔−2 > 𝜔−1 ,
𝜔+1 = −𝜔−1 ,
𝜔+2 = −𝜔−2 .

(21)

If (|𝑎|2 + 2𝑏1)2 = 4|𝑏|2 (Case 1(b)), then 𝐹(𝜔) has two
double real roots, 𝜔+1 , 𝜔−1 , such that

𝜔+1 > 0 > 𝜔−1 ,
𝜔+1 = −𝜔−1 . (22)

If (|𝑎|2 + 2𝑏1)2 < 4|𝑏|2 (Case 1(c)), then 𝐹(𝜔) has no real
root, and therefore the stability of the zero solution of (4) does
not change for any 𝜏 > 0.

Consider now Case 1(a), where 𝜔+1 > 𝜔+2 > 0 > 𝜔−2 >𝜔−1 . Substituting 𝜆 = 𝑖𝜔 into (10), and separating the real and
imaginary parts, one gets

−𝜔2 + 𝑎1𝜔 sin𝜔𝜏 − 𝑎2𝜔 cos𝜔𝜏 + 𝑏1 = 0,
𝑏2 + 𝑎1𝜔 cos𝜔𝜏 + 𝑎2𝜔 sin𝜔𝜏 = 0, (23)

obtaining the following four sets of values of 𝜏 for which there
are roots.

For 𝜔+1 and 𝜔−1 , one gets
cos𝜔+1 𝜏 = (− (𝜔+1 )2 + 𝑏1) 𝑎2 − 𝑏2𝑎1|𝑎|2 𝜔+1 ,

sin𝜔+1 𝜏 = ((𝜔+1 )2 − 𝑏1) 𝑎1 − 𝑏2𝑎2|𝑎|2 𝜔+1 ,

cos𝜔−1 𝜏 = (− (𝜔−1 )2 + 𝑏1) 𝑎2 − 𝑏2𝑎1|𝑎|2 𝜔−1 ,

sin𝜔−1 𝜏 = ((𝜔−1 )2 − 𝑏1) 𝑎1 − 𝑏2𝑎2|𝑎|2 𝜔−1 .

(24)

As 𝜔+1 = −𝜔−1 , then cos𝜔+1 𝜏 = cos𝜔−1 𝜏 and sin𝜔+1 𝜏 =− sin𝜔−1 𝜏. By (24) cos𝜔+1 𝜏 = − cos𝜔−1 𝜏 and sin𝜔+1 𝜏 =− sin𝜔−1 𝜏. Therefore, cos𝜔+1 𝜏 = 0 in what follows

𝜏+𝑛,1 = 𝜋/2𝜔+1 + 𝑛𝜋𝜔+1
𝜏−𝑛,1 = −𝜋/2𝜔−1 − 𝑛𝜋𝜔−1 .
𝜏+𝑛,1 = 𝜏−𝑛,1, 𝑛 = 0, 1, 2, . . . ,

(25)

Similarly for 𝜔+2 and 𝜔−2 , we obtain the following set of
values of 𝜏 for which there are roots,

𝜏+𝑛,2 = 𝜏−𝑛,2 = 𝜋/2𝜔+2 + 𝑛𝜋𝜔+2 = −𝜋/2𝜔−2 − 𝑛𝜋𝜔−2 ,
𝑛 = 0, 1, 2, . . . .

(26)

Since

𝐹 (𝜔+1 ) = −𝐹 (𝜔−1 ) = 2𝜔+1 [2 (𝜔+1 )2 − (|𝑎|2 + 2𝑏1)]
> 0,

𝐹 (𝜔+2 ) = −𝐹 (𝜔−2 ) = 2𝜔+2 [2 (𝜔+2 )2 − (|𝑎|2 + 2𝑏1)]
< 0,

(27)

one has

𝜔+1𝐹 (𝜔+1 ) > 0
𝜔−1𝐹 (𝜔−1 ) > 0
𝜔+2𝐹 (𝜔+2 ) < 0
𝜔−2𝐹 (𝜔−2 ) < 0.

(28)

Therefore, according to Theorem 1, as 𝜏 is increased, the
number of the characteristic roots with nonnegative real parts
increases by two as 𝜏 passes through 𝜏+𝑛,1 and decreases by two
as 𝜏 passes through 𝜏+𝑛,2.

If 𝑁(0) = 0, that is, if the zero solution of (4) is stable
for 𝜏 = 0, as 𝜏+0,1 < 𝜏+0,2, there are stability switches when the
delays are such that

𝜏+0,1 < 𝜏+0,2 < 𝜏+1,1 < 𝜏+1,2 < ⋅ ⋅ ⋅ . (29)

Since

𝜏+𝑛+1,1 − 𝜏+𝑛,1 = 𝜋/2𝜔+1 < 𝜋/2𝜔+2 = 𝜏+𝑛+1,2 − 𝜏+𝑛,2, (30)

the intervals become smaller with increasing 𝑛, so that
eventually, for a certain 𝑘 ≥ 1,

𝜏+𝑘−1,1 < 𝜏+𝑘,1 ≤ 𝜏+𝑘−1,2. (31)

Thus, the distribution of delays is

𝜏+0,1 < 𝜏+0,2 < 𝜏+1,1 < 𝜏+1,2 < ⋅ ⋅ ⋅ < 𝜏+𝑘−1,1 < 𝜏+𝑘,1 ≤ 𝜏+𝑘−1,2
< 𝜏+𝑘+1,1 < ⋅ ⋅ ⋅ , (32)
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and there is only a finite number of stability switches, with the
system becoming unstable for 𝜏 > 𝜏+𝑘−1,1.

If 𝑁(0) = 1 or 𝑁(0) = 2, the system is always unstable
because 𝜏+0,1 < 𝜏+0,2 and a distribution of delays for stability
switches to occur is not possible.

After the study of the stability, we wonder what happens,
when there are stability switches, in the critical delays 𝜏 =𝜏±𝑛,𝑗. Denote 𝜆(𝜏) = 𝛼(𝜏) + 𝑖𝜔(𝜏) as the root of (10) satisfying𝛼(𝜏±𝑛,𝑗) = 0, 𝜔(𝜏±𝑛,𝑗) = 𝜔±𝑛,𝑗, 𝑗 = 1, 2. According to Theorem 1,
one has

sgn[
[(𝑑Re 𝜆 (𝜏±𝑛,𝑗)𝑑𝜏 )]

] = sgn (𝜔±𝑛,𝑗) sgn𝐹 (𝜔±𝑛,𝑗) . (33)

By (28), one gets that the transversality condition required
by Hopf Theorem is satisfied. Therefore, a Hopf bifurcation
occurs for these critical values.

Now we study Case 1(b), where 𝜔+1 > 0 > 𝜔−1 are two real
roots. Proceeding as before, there are two sets of critical values
of delays 𝜏+𝑛 and 𝜏−𝑛 , corresponding to𝜔+1 and𝜔−1 , respectively,
such that 𝜏+𝑛 = 𝜏−𝑛 , 𝑛 = 1, 2, . . .. Since 𝐹(𝜔+1 ) = 𝐹(𝜔−1 ) = 0,
we consider the second derivative,

𝐹 (𝜔±1 ) = 4 (|𝑎|2 + 2𝑏1) ̸= 0. (34)

By Theorem 1, since 𝑀 = 2, 𝑁(𝜏) keeps unchanged as 𝜏
increases along 𝜏𝑛.Consequently, the stability of zero solution
of (4) does not change for any 𝜏 > 0.

Finally, consider Case 2, where

|𝑎|2 + 2𝑏1 ≤ 0. (35)

The function 𝐹(𝜔) defined in (19) has no real root, and
therefore the stability of the zero solution of (4) does not
change for any 𝜏 > 0. Thus, the following theorem has been
established.

Theorem 3. Consider the second-order complex delay equa-
tion (4). The following two cases may occur concerning its
stability:

(a) (|𝑎|2 + 2𝑏1)2 > 4|𝑏|2. In this case, if 𝑁(0) = 0, and the
distribution of delays is 0 < 𝜏+0,1 < 𝜏+0,2 < ⋅ ⋅ ⋅ < 𝜏+𝑘−1,1 <𝜏+𝑘,1 ≤ 𝜏𝑘−1,2 < 𝜏+𝑘+1,1 < ⋅ ⋅ ⋅ , then the zero solution of
(4) is asymptotically stable for 𝜏 ∈ (0, 𝜏+0,1) and 𝜏 ∈⋃𝑘−2𝑛=0(𝜏+𝑛,2, 𝜏+𝑛+1,1), and unstable for 𝜏 ∈ ⋃𝑘−2𝑛=0(𝜏+𝑛,1, 𝜏+𝑛,2)
and 𝜏 > 𝜏+𝑘−1,1. Otherwise, if 𝑁(0) = 1 or 𝑁(0) = 2, the
zero solution of (4) is unstable for all 𝜏 ≥ 0.
When there are stability switches, the critical delays 𝜏 =𝜏±𝑛,1, 𝑛 = 0 ⋅ ⋅ ⋅ 𝑘 − 1, and 𝜏 = 𝜏±𝑛,2, 𝑛 = 0 ⋅ ⋅ ⋅ 𝑘 − 2, are
Hopf bifurcation values for (4).

(b) (|𝑎|2+2𝑏1)2 ≤ 4|𝑏|2. In this case, the stability of the zero
solution of (4) does not change for any 𝜏 > 0.
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Instituto de Automática (INAUT), Universidad Nacional de San Juan and CONICET, Av. Libertador San Mart́ın 1109 (Oeste),
J5400ARL San Juan, Argentina

Correspondence should be addressed to D. Santiago; dsantiago@inaut.unsj.edu.ar

Received 29 June 2017; Accepted 29 August 2017; Published 12 October 2017

Academic Editor: Libor Pekař
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This paper analyzes the stability of a trilateral teleoperation system of amobile robot.This type of system is nonlinear, time-varying,
and delayed and includes a master-slave kinematic dissimilarity. To close the control loop, three 𝑃 + 𝑑 controllers are used under a
positionmaster/slave velocity strategy.The stability analysis is based on Lyapunov-Krasovskii theory where a functional is proposed
and analyzed to get conditions for the control parameters that assure a stable behavior, keeping the synchronism errors bounded.
Finally, the theoretical result is verified in practice by means of a simple test, where two human operators both collaboratively and
simultaneously drive a 3D simulator of a mobile robot to achieve an established task on a remote shared environment.

1. Introduction

Robot teleoperation allows the execution of a task in a remote
environment; generally dangerous and harmful jobs for the
human operator are addressed necessarily by these systems
to improve the safety level. They are formed by a human
operator, a device called master, a robot called slave acting
on a remote environment, and a communication channel that
connect user and environment. Besides, the term bilateral
indicates that there is a physical coupled via force feedback
additional to the common multimedia information such as
video and audio.That is, the slave follows themotions carried
out by the master while simultaneously the human operator
receivesmultimodal information [1].This feature about tact at
distance increases the application field to varied areas such as
telemedicine, health assistance, exploration, entertainment,
teleservices, and telemanufacturing, among others. Besides,
the use of the Internet as a low-cost communication channel
allows easily connecting the master and slave devices. How-
ever, all Internet-like communication adds nonsymmetric
time-varying delays, which if become larger could cause
oscillations, low performance [2, 3], and poor transparency
[4, 5]. In general, the teleoperation systems are represented
by delayed time-varying nonlinear models. So, one of the
research topics in delayed teleoperation systems is related

to the analysis of different mathematical tools to get delay-
dependent conditions for the controller parameters that allow
assuring the stability of the delayed closed-loop system.

In the field about robot teleoperation, most control
schemes are designed and analyzed considering twomanipu-
lators called master and slave [3–6] (and references therein).
In general, energy is removed to assure stability or passivity
[7]. A classic strategy is the use of scattering signals or wave
transformations [8, 9], which adds an apparent damping
to get passivity analyzing the system as a two- or four-
channel port. In the last years, many researches were focused
on the use of 𝑃 + 𝑑 schemes to get a stable operation in
the sense of Lyapunov by using a sufficiently large damp-
ing injected into master and slave [10–12]. Besides, many
strategies designed for teleoperation of manipulators were
tested also into bilateral teleoperation of WMR (wheeled
mobile robots), for example, control based on impedance
[13], control based on 𝑟-passivity [14, 15], schemes including
prediction and augmented reality [16], haptic teledriving of
a WMR coupled with slippage, where an acceleration-level
control law is proposed to assure the passivity of the bilateral
system [17, 18], and also 𝑃 + 𝑑 control schemes [19, 20]. It
is important to remark that the stability analysis of a master
position/slave velocity coupling is different mathematically
to the common position/position used in a teleoperation
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between two manipulators due to the master-slave kinematic
dissimilarity: master device (e.g., joystick) has a bounded
workspace, while slave mobile robot can navigate by an
unbounded workspace.

On the other hand, several applications, such as rehabili-
tation, surgical training, and safety [21, 22], require multiple
users instead of a single operator due to the fact that a
multilateral teleoperation provides various useful capabilities
such as increased dexterity, improved loading, redundancy,
and handling capacity, among others. For example, these
systems can be addressed to training of human operators
to learn the driving of industrial machines. However, the
analysis about these systems is even more complex. With
respect to the control of them, there are strategies for trilateral
systems considering all devices as robot manipulators, for
example, control based on passivity [23], where observers and
controllers of passivity are added to retain the system energy
bounded; adaptive fuzzy control scheme [24]; and 𝑃 + 𝑑
controllers [25], where the stability of a dual-master/single
slave teleoperation system is evaluated. On the other hand,
few papers have been proposed to trilateral systems ofWMR.
In [26], a WMR trilateral teleoperation scheme is proposed
but the time delays are not considered. Also, recently, many
papers have been focused on teleoperation networks [27,
28]. This kind of system is an extension of the traditional
bilateral teleoperation but includes multiple users working
collaboratively and simultaneously from different locations
on a shared remote environment, through robots. However,
to the best of the authors’ knowledge, the 𝑃 + 𝑑-like strategies
using a master position/WMR velocity mapping present in
the current literature cannot be applied in a direct way to
the delayed trilateral teleoperation of a mobile robot because
bothmanipulator-manipulator andmobile-manipulator con-
nections simultaneously occur, making difficult the energy
analysis inside the system. That is, the application of 𝑃 + 𝑑
controllers to a delayed trilateral teleoperation of a mobile
robot requires a new analysis to get delay-dependent con-
ditions that can be held from an adequate calibration of
control parameters, to assure a stable behavior for the errors
between master 1 position, master 2 position, and mobile
robot velocity.

This paper presents a stability analysis based on a
Lyapunov-Krasovskii functional applied to a delayed trilat-
eral teleoperation of a mobile robot. The main contribution
of this work involves a new functional which is analyzed
along the system trajectories, allowing getting information
about the evolution of velocity and position of both master
1 and master 2, velocity and acceleration of mobile robot,
and synchronism errors. As a result of the mathematical
analysis being exposed, depending-delay conditions for the
calibration of the controller are achieved. Furthermore, a
test about trilateral teleoperation using a 3D simulator is
shown in order to verify that the evolution of the delayed
trilateral system state is in agreement with the theoretical
result achieved.

This work is organized as follows: Section 2 presents some
preliminary aspects such as the employed dynamic models
and the assumptions used. In Section 3, a control scheme
applied to delayed trilateral teleoperation of a mobile robot

is proposed and its stability analysis based on a Lyapunov-
Krasovskii functional (LKF) is performed. Section 5 shows
an experimental test, where two users drive simultaneously a
wheeled robot simulator. Finally, in Section 6, the conclusions
of this work are given.

2. Preliminary

This paper will analyze teleoperation systems in which two
human operators generally called trainer and trainee, use
each one a master device (called master 1 and master 2,
resp.) to drive a mobile robot slave in a trilateral way, as it
is illustrated in Figure 1.

Master Model. Each human operator drives a manipulator
robot to generate velocity commands and also receive force
feedback.The standard nonlinear dynamicmodel of amanip-
ulator robot to represent each master is used [10, 11], that is,

Mm𝑖 (qm𝑖) q̈m𝑖 + Cm𝑖 (qm𝑖 , q̇m𝑖) q̇m𝑖 + gm𝑖 (qm𝑖)
= 𝜏m𝑖 + fh𝑖 ,

(1)

where index 𝑖 indicates master 1 or master 2, qm(𝑡) ∈ 𝑅𝑛×1 is
the joint position of the master; q̇m(𝑡) is the joint velocity;
Mm(qm) ∈ 𝑅𝑛×𝑛 is the inertia matrix; Cm(qm, q̇m) is the
matrix representing centripetal and Coriolis torques; gm(qm)
is the gravitational torque; fh is the torque caused by the
human operator force; and 𝜏m is the torque applied to the
master by the controller. Commonly, master 1 is associated
with the trainer and master 2 with the trainee.

Mobile Robot Model. For the case of teleoperation of a mobile
robot, the dynamic model of a mobile robot with differential
traction is considered [14]. It has two independently actuated
rear wheels and is represented by

D�̇� + Q (𝜂) 𝜂 = 𝜏s + fe, (2)

where 𝜂 = [V 𝜔]𝑇 is the robot velocity vector with V
and 𝜔 representing the linear and angular velocity of the
mobile robot, fe is the force caused by the elements of the
environment on the robot as well as other nonmodeled
external forces such as static and dynamic frictions, D =[𝑚 00 𝑖 ] is the inertiamatrix andQ = [ 0 −𝑚𝑎𝜔𝑚𝑎𝜔 0 ] is the Coriolis
matrix where 𝑚 is the mass of the robot, 𝑖 is the rotational
inertia, and 𝑎 is the distance between the mass center and
the geometric center. In addition, the control action 𝜏s =
[𝑢1 𝑢2]𝑇 involves a force 𝑢1 and torque 𝑢2 is applied to the
robot.

The devices are numbered as follows: index 1 represents
master 1; index 2 indicates master 2; and index 3 represents
the mobile robot. Besides, to represent the communication
channel of a trilateral system, a forward time delay ℎ𝑖𝑗 (from
device 𝑖 to device 𝑗) and a backward time delay ℎ𝑗𝑖 (from
device 𝑗 to device 𝑖) for each pair master 1-master 2, master
1-slave, and master 2-slave are taken as time-varying and
nonpredictable.

Next, common properties, assumptions, and lemmas will
be used in this paper [7, 10, 11].
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Figure 1: Delayed trilateral teleoperation system of a mobile robot.

Property 1. The inertiamatricesMm𝑖(qm𝑖) andD are symmet-
ric positive definite.

Property 2. Matrix Ṁm𝑖(qm𝑖) − 2Cm𝑖(qm𝑖 , q̇m𝑖) is skew-
symmetric.

Property 3. There exists 𝑘𝑟 > 0 such that |Cm𝑖(qm𝑖 , q̇m𝑖)q̇m𝑖 | ≤
𝑘𝑟|q̇m𝑖 |2 for all time 𝑡.
Property 4. Thevector gm𝑖(qm𝑖) is bounded if qm𝑖 is bounded.
Assumption 5. All time delays ℎ𝑖𝑗(𝑡) and ℎ𝑗𝑖(𝑡) are bounded.
Therefore, there exist positive scalars ℎ12, ℎ13, ℎ21, ℎ23, ℎ31, ℎ32
such that 0 ≤ ℎ12(𝑡) ≤ ℎ12, 0 ≤ ℎ13(𝑡) ≤ ℎ13, 0 ≤ ℎ21(𝑡) ≤ℎ21, 0 ≤ ℎ23(𝑡) ≤ ℎ23, 0 ≤ ℎ31(𝑡) ≤ ℎ31, 0 ≤ ℎ32(𝑡) ≤ ℎ32 for
all 𝑡.
Assumption 6. The human operator has finite energy [7] and
the environment is represented by a damping-like model
plus a finite-energy perturbation [12]. Such models are
mathematically represented as follows:

𝐸ℎ𝑖 = 𝜑ℎ𝑖 − ∫𝑡
0
fh𝑖
𝑇q̇m𝑖𝑑𝑡 ≥ 0, (3)

fe = −𝛼𝑒𝜂 + fae , (4)

where fh is the human force, 𝜑ℎ > 0 is a finite value
that bounds the energy of the human operator, 𝛼𝑒 is the
environment’s damping, and fae is assumed to be bounded
with finite energy, that is |fae | ≤ 𝑓𝑎𝑒 , with 𝑓𝑎𝑒 a positive
constant and fae ∈ 𝐿2.

Lemma 7 (see [11]). For real vector functions a(⋅) and b(⋅) and
a time-varying scalar ℎ(𝑡) with 0 ≤ ℎ(𝑡) ≤ ℎ, the following
inequality holds:

− 2a𝑇 (𝑡) ∫𝑡
𝑡−ℎ(𝑡)

b (𝜉) 𝑑𝜉 − ∫𝑡
𝑡−ℎ(𝑡)

b𝑇 (𝜉) b (𝜉) 𝑑𝜉
≤ ℎ (𝑡) a𝑇 (𝑡) a (𝑡) ≤ ℎ (𝑡) a𝑇 (𝑡) a (𝑡) .

(5)

Relation 8. The time delayed variable 𝑥(𝑡 − ℎ) can be written
as follows:

𝑥 (𝑡 − ℎ) = 𝑥 (𝑡) − ∫𝑡
𝑡−ℎ

�̇� (𝜉) 𝑑𝜉. (6)

3. Trilateral Teleoperation of a Mobile Robot

The teleoperation trilateral system is used to control the
velocity of a mobile robot, where the trainer and trainee
(or in general two human operators) permanently send
commands and perceive a force feedback. Based on the𝑃 + 𝑑 control schemes applied to bilateral teleoperation of
manipulator robots [10–12] andmobile robots [19, 20], and its
recent use in delayed trilateral teleoperation of manipulator
robots [25], the stability of a dual-master single mobile robot
system under a master position/slave velocity strategy will be
analyzed in this work.

The set of control actions is established as follows:

𝜏m1 = 𝑘𝑝1 [−𝑘𝑔qm1 + 𝛼𝜂 (𝑡 − ℎ31)
+ (1 − 𝛼) 𝑘𝑔qm2 (𝑡 − ℎ21)] − 𝑘𝑑1 q̇m1 + gm1 (qm1) ,
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𝜏m2 = 𝑘𝑝2 [−𝑘𝑔qm2 + 𝛼𝑘𝑔qm1 (𝑡 − ℎ12)
+ (1 − 𝛼) 𝜂 (𝑡 − ℎ32)] − 𝑘𝑑2 q̇m2 + gm2 (qm2) ,
𝜏s = 𝑘𝑝3 [𝛽𝑘𝑔qm1 (𝑡 − ℎ13) + (1 − 𝛽) 𝑘𝑔qm2 (𝑡 − ℎ23)

− 𝜂] − 𝑘𝑑3z + Q (𝜂) 𝜂,
(7)

where the parameters 𝑘𝑝3 and 𝑘𝑑3 are positive constant
and they represent the proportional gain and acceleration-
dependent damping added by the velocity controller placed
on the remote site, 𝑘𝑑1 and 𝑘𝑑2 are the damping injected
in the masters, and 𝑘𝑝1 and 𝑘𝑝2 represent a relative spring
depending on themismatch between themaster position and
a reference feedback. Besides, the parameter 𝑘𝑔 linearly maps
the master position to a velocity reference, and z represents
the available information about themobile robot acceleration
�̇� but an infinitesimal before the current time instant. It is
assumed that this signal can be represented by the real mobile
robot acceleration �̇� plus an infinitesimal error 𝑔(𝑡) ∈ 𝐿∞
[20, 29]:

z = �̇� − 𝑔 (𝑡) . (8)

Furthermore, two dominance factors are used. The 𝛼
factor determines the authority of trainer over trainee and1−𝛼 implies the supremacy of trainee over trainer. Moreover,
the dominance factors 𝛽 and 1 − 𝛽 indicate the supremacy of
trainer and trainee over the mobile robot, respectively. The
relation between them is defined in [25] as follows:

𝛽 = 𝛼2
𝛼2 + (1 − 𝛼)2 (9)

with 0 < 𝛼 < 1. As 𝛼 is closer to 1, the following occurs.

(i) On master device 1, the force feedback from the
mobile robot is bigger than the feedback of master
device 2; then the trainer has greater perception about
the state of themobile robot than about the command
provided by the trainee.

(ii) On master device 2, the force feedback from master
device 1 is bigger than the force feedback from the
mobile robot; thus the trainee has greater perception
about the command generated by the trainer than
about the mobile robot state.

(iii) On mobile robot, 𝛽 increases with 𝛼 (Figure 2); thus
the command of the trainer has higher priority than
the command of the trainee.

Relation between 𝛼 and 𝛽 can be seen on Figure 2. To
the best of the authors’ knowledge, there is not a conceptual
justification about the above definition, but from it the
stability analysis can be completed. The study about different
definitions of 𝛽 that allow keeping the system stability is an
open subject.
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Figure 2: Relation between 𝛼 and 𝛽.

4. Stability of the Delayed Closed-Loop System

The stability analysis of the control scheme is based on the
Lyapunov-Krasovskii theory applied to trilateral teleopera-
tion of a mobile robot in presence of time delays.

Theorem 9. Consider a teleoperation system wherein two
human operators (3) use two master devices (1) to drive a slave
mobile robot (2) which interacts with an environment described
by (4). If the control actions (7) are applied to such system, and
if the controller gains hold with

𝜆1 = 𝛼 𝑘𝑑1𝑘𝑝3𝑝1 − (1 − 𝛼) 𝛼𝑘𝑝3𝑘𝑔ℎ12 − 𝛼2𝑘𝑝3ℎ13
− 𝛼2𝑘𝑝34 ℎ31 − (1 − 𝛼) 𝛼𝑘𝑝3𝑘𝑔4 ℎ21 > 0,

𝜆2 = 𝑘𝑑2𝑘𝑝3𝑘𝑝2 (1 − 𝛼) − 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔ℎ21
− (1 − 𝛼)2 𝑘𝑝3ℎ23 − 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔4 ℎ12
− (1 − 𝛼)2 𝑘𝑝34 ℎ32 > 0,

𝜆3 = 𝑘𝑑3𝑘𝑔 [𝛼2 + (1 − 𝛼)2] − 𝛼2𝑘𝑝3ℎ31

− (1 − 𝛼)2 𝑘𝑝3ℎ32 − 𝛼2𝑘𝑝34 ℎ13 − (1 − 𝛼)2 𝑘𝑝34 ℎ23
> 0,

(10)

then the vector x fl [q̇m1
q̇m2
𝜂 �̇� z (𝜂 − 𝑘𝑔qm1

) (𝜂 −
𝑘𝑔qm2

) (𝑘𝑔qm1 − 𝑘𝑔qm2
)]𝑇 is bounded, and the variables

vectors q̇m1
, q̇m2

, �̇� ∈ 𝐿2.
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Proof. A Lyapunov-Krasovskii functional 𝑉(x) = 𝑉1 + 𝑉2 +𝑉3 + 𝑉4 + 𝑉5 + 𝑉6 + 𝑉7 + 𝑉8 > 0 is proposed, in order to analyze
its evolution along the system trajectories and then infer
the behavior of x fl [q̇m1

q̇m2
𝜂 �̇� z (𝜂 − 𝑘𝑔qm1

) (𝜂 −
𝑘𝑔qm2

) (𝑘𝑔qm1−𝑘𝑔qm2
)]𝑇 which includes the kinetic energy

of the two masters and mobile robot as well as the potential
energy of the synchronism errors of the trilateral system.Next
each 𝑉𝑖 is represented mathematically as follows:

𝑉1 = 12 𝛼 𝑘𝑝3𝑘𝑝1 q̇m1

TMm1
(qm1

) q̇m1
+ 𝛼 𝑘𝑝3𝑘𝑝1 𝐸ℎ1 , (11)

𝑉2 = 12 (1 − 𝛼) 𝑘𝑝3𝑘𝑝2 q̇m2

TMm2
(qm2

) q̇m2
+ (1 − 𝛼) 𝑘𝑝3𝑘𝑝2

⋅ 𝐸ℎ2 ,
(12)

𝑉3 = 12 [𝛼2 + (1 − 𝛼)2] 𝛼𝑒𝑘𝑔 𝜂
T
𝜂, (13)

𝑉4 = [𝛼2 + (1 − 𝛼)2] 1𝑘𝑔 ∫𝑡
0
�̇�
TD�̇�, (14)

𝑉5 = 12 𝛼2 𝑘𝑝3𝑘𝑔 (𝜂 − 𝑘𝑔qm1
)T (𝜂 − 𝑘𝑔qm1

) , (15)

𝑉6 = 12 (1 − 𝛼)2 𝑘𝑝3𝑘𝑔 (𝜂 − 𝑘𝑔qm2
)T (𝜂 − 𝑘𝑔qm2

) , (16)

𝑉7 = 12 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔 (𝑘𝑔qm1 − 𝑘𝑔qm2
)T

⋅ (𝑘𝑔qm1 − 𝑘𝑔qm2
) ,

(17)

𝑉8 = 𝛼2𝑘𝑝3 ∫0
−ℎ31

∫𝑡
𝑡+𝜃
�̇�
𝑇 (𝜉) �̇� (𝜉) d𝜉 + (1 − 𝛼)

⋅ 𝛼𝑘𝑝3𝑘𝑔 ∫0
−ℎ12

∫𝑡
𝑡+𝜃

q̇m1

𝑇 (𝜉) q̇m1
(𝜉) d𝜉 + 𝛼 (1 − 𝛼)

⋅ 𝑘𝑝3𝑘𝑔 ∫0
−ℎ21

∫𝑡
𝑡+𝜃

q̇m2

𝑇 (𝜉) q̇m2
(𝜉) d𝜉 + (1 − 𝛼)2

⋅ 𝑘𝑝3 ∫0
−ℎ32

∫𝑡
𝑡+𝜃
�̇�
𝑇 (𝜉) �̇� (𝜉) d𝜉

+ 𝛼2𝑘𝑝3 ∫0
−ℎ13

∫𝑡
𝑡+𝜃

q̇m1

𝑇 (𝜉) q̇m1
(𝜉) d𝜉 + (1 − 𝛼)2

⋅ 𝑘𝑝3 ∫0
−ℎ23

∫𝑡
𝑡+𝜃

q̇m2

𝑇 (𝜉) q̇m2
(𝜉) d𝜉,

(18)

where 𝑘𝑉𝑖 are arbitrary positive constants which will be
determined later.

To get �̇�, the time derivative of (11)–(18) will be computed
along the system trajectories. First, �̇�1 is obtained from (11) as
follows:

�̇�1 = 12 𝛼 𝑘𝑝3𝑘𝑝1 q̇m1

TṀm1
q̇m1

+ 𝛼 𝑘𝑝3𝑘𝑝1 q̇m1

TMm1
q̈m1

− 𝛼 𝑘𝑝3𝑘𝑝1 fh1
Tq̇m1

.
(19)

Next, the master dynamics (1) are inserted into (19)
considering also Properties 1 and 2 of the master model:

�̇�1 = 12 𝛼 𝑘𝑝3𝑘𝑝1 q̇m1

TṀm1
q̇m1

+ 𝛼 𝑘𝑝3𝑘𝑝1
⋅ q̇m1

TMm1
Mm1

−1 (𝜏m1
+ fh1 − g (qm1

)
− Cm1

q̇m1
) − 𝛼 𝑘𝑝3𝑘𝑝1 fh1

Tq̇m1
= 𝛼 𝑘𝑝3𝑘𝑝1 q̇m1

T (𝜏m1

− g (qm1
)) .

(20)

Now, the control action 𝜏m1
from (7) is included in (20)

and Relation 8 (6) is applied over the delayed terms:

�̇�1 = − 𝑘𝑑1𝑘𝑝3𝑘𝑝1 𝛼q̇m1

Tq̇m1 − 𝑘𝑝3𝑘𝑔𝛼q̇m1

Tqm1

+ (1 − 𝛼) 𝛼𝑘𝑝3𝑘𝑔q̇m1

Tqm2 + 𝛼2𝑘𝑝3 q̇m1

T
𝜂

− 𝛼2𝑘𝑝3 q̇m1

T ∫𝑡
𝑡−ℎ31

�̇� (𝜉) 𝑑𝜉
− (1 − 𝛼) 𝛼𝑘𝑝3𝑘𝑔q̇m1

T ∫𝑡
𝑡−ℎ21

q̇m2 (𝜉) 𝑑𝜉.

(21)

Following a similar procedure, the time derivative of (12)
is given as follows:

�̇�2 = 12 (1 − 𝛼) 𝑘𝑝3𝑘𝑝2 q̇m2

TṀm2
q̇m2

+ (1 − 𝛼) 𝑘𝑝3𝑘𝑝2 q̇m2

TMm2
q̈m2

− (1 − 𝛼) 𝑘𝑝3𝑘𝑝2 fh2
Tq̇m2

.

(22)

Next, the dynamics (1) of master 2 are introduced into
(22) while Properties 1 and 2 of the master model are used,
too:

�̇�2 = 12 (1 − 𝛼) 𝑘𝑝3𝑘𝑝2 q̇m2

TṀm2
q̇m2

+ (1 − 𝛼) 𝑘𝑝3𝑘𝑝2
⋅ q̇m2

T (𝜏m2
+ fh2 − Cm2

(qm2
, q̇m2

) q̇m2

− gm2
(qm2

)) − (1 − 𝛼) 𝑘𝑝3𝑘𝑝2 fh2
Tq̇m2

= (1 − 𝛼) 𝑘𝑝3𝑘𝑝2
⋅ q̇m2

T (𝜏m2
− g (qm2

)) .

(23)
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If the control action 𝜏m2
from (7) is replaced into (23) and

Relation 8 is applied again over delayed terms, the following
expression is achieved:

�̇�2 = −𝑘𝑝3𝑘𝑔 (1 − 𝛼) q̇m2

Tqm2

− 𝑘𝑑2𝑘𝑝3𝑘𝑝2 (1 − 𝛼) q̇m2

Tq̇m2

+ 𝛼𝑘𝑔𝑘𝑝3 (1 − 𝛼) q̇m2

Tqm1 + 𝑘𝑝3 (1 − 𝛼)2 q̇m2

T
𝜂

− 𝛼𝑘𝑝3𝑘𝑔 (1 − 𝛼) q̇m2

T ∫𝑡
𝑡−ℎ12

q̇m1 (𝜉) 𝑑𝜉
− 𝑘𝑝3 (1 − 𝛼)2 q̇m2

T ∫𝑡
𝑡−ℎ32

�̇� (𝜉) 𝑑𝜉.

(24)

The functions �̇�3 and �̇�4 are easily reached from (13) and
(14), respectively:

�̇�3 = [𝛼2 + (1 − 𝛼)2] 𝛼𝑒𝑘𝑔 𝜂
T
�̇�, (25)

�̇�4 = [𝛼2 + (1 − 𝛼)2] 1𝑘𝑔 �̇�
TD�̇�. (26)

Including the dynamics of the mobile robot (2) into (26)
and then adding the control action 𝜏s from (7) and the
environment force fe of (4) to the resulting equation, we get

�̇�4 = 𝑘𝑝3 [𝛼2 + (1 − 𝛼)2] 1𝑘𝑔 �̇�
T [𝛽𝑘𝑔qm1 (𝑡 − ℎ13)

+ (1 − 𝛽) 𝑘𝑔qm2 (𝑡 − ℎ23) − 𝜂] − 𝑘𝑑3 [𝛼2
+ (1 − 𝛼)2] 1𝑘𝑔 �̇�

Tz + [𝛼2 + (1 − 𝛼)2] 1𝑘𝑔 �̇�
Tfe.

(27)

If relations (6) and (8) and 𝛽 from (9) are considered, the
terms of (27) can be reorganized as follows:

�̇�4 = − [𝛼2 + (1 − 𝛼)2] ( 𝛼𝑒𝑘𝑔 + 𝑘𝑝3𝑘𝑔 ) �̇�T𝜂
+ [𝛼2 + (1 − 𝛼)2] 1𝑘𝑔 �̇�

Tfae

+ 𝑘𝑑3𝑘𝑔 [𝛼2 + (1 − 𝛼)2] �̇�T𝑔

− 𝑘𝑑3𝑘𝑔 [𝛼2 + (1 − 𝛼)2] �̇�T�̇� + 𝛼2𝑘𝑝3 �̇�Tqm1
+ (1 − 𝛼)2 𝑘𝑝3 �̇�Tqm2
− 𝛼2𝑘𝑝3 �̇�T ∫𝑡

𝑡−ℎ13

q̇m1 (𝜉) 𝑑𝜉
− (1 − 𝛼)2 𝑘𝑝3 �̇�T ∫𝑡

𝑡−ℎ23

q̇m2 (𝜉) 𝑑𝜉.

(28)

Next, the derivative of the synchronism errors of the
trilateral system are obtained from (15), (16), and (17):

�̇�5 = 𝛼2 𝑘𝑝3𝑘𝑔 (𝜂 − 𝑘𝑔qm1
)T (�̇� − 𝑘𝑔q̇m1

)

= 𝛼2 𝑘𝑝3𝑘𝑔 𝜂
𝑇
�̇� − 𝛼2𝑘𝑝3𝜂𝑇q̇m1

− 𝛼2𝑘𝑝3qm1

𝑇
�̇�

+ 𝛼2𝑘𝑝3𝑘𝑔qm1

𝑇q̇m1
,

�̇�6 = (1 − 𝛼)2 𝑘𝑝3𝑘𝑔 (𝜂 − 𝑘𝑔qm2
)T (�̇� − 𝑘𝑔q̇m2

)

= (1 − 𝛼)2 𝑘𝑝3𝑘𝑔 𝜂
𝑇
�̇� − (1 − 𝛼)2 𝑘𝑝3𝜂𝑇q̇m2

− (1 − 𝛼)2 𝑘𝑝3qm2

𝑇
�̇� + (1 − 𝛼)2 𝑘𝑝3𝑘𝑔qm2

Tq̇m2
,

�̇�7
= 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔 (𝑘𝑔qm1 − 𝑘𝑔qm2

)T (𝑘𝑔q̇m1 − 𝑘𝑔q̇m2
)

= 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔qm1𝑇q̇m1
− 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔qm1𝑇q̇m2

− 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔qm2𝑇q̇m1
+ 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔qm2

𝑇q̇m2
.

(29)

Finally, �̇�8 is deduced from (18) (see [11, 20] for further
details) as follows:

�̇�8 ≤ 𝛼2𝑘𝑝3ℎ31�̇�𝑇�̇� − 𝛼2𝑘𝑝3 ∫𝑡
𝑡−ℎ31

�̇�
𝑇 (𝜉) �̇� (𝜉) 𝑑𝜉

+ (1 − 𝛼) 𝛼𝑘𝑝3𝑘𝑔ℎ12q̇m1

𝑇q̇m1

− (1 − 𝛼) 𝛼𝑘𝑝3𝑘𝑔 ∫𝑡
𝑡−ℎ12

q̇m1

𝑇 (𝜉) q̇m1
(𝜉) 𝑑𝜉

+ 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔ℎ21q̇m2

𝑇q̇m2

− 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔 ∫𝑡
𝑡−ℎ21

q̇m2

𝑇 (𝜉) q̇m2
(𝜉) 𝑑𝜉

+ (1 − 𝛼)2 𝑘𝑝3ℎ32�̇�𝑇�̇�
− (1 − 𝛼)2 𝑘𝑝3 ∫𝑡

𝑡−ℎ32

�̇�
𝑇 (𝜉) �̇� (𝜉) 𝑑𝜉

+ 𝛼2𝑘𝑝3ℎ13q̇m1

𝑇q̇m1

− 𝛼2𝑘𝑝3 ∫𝑡
𝑡−ℎ13

q̇m1

𝑇 (𝜉) q̇m1
(𝜉) 𝑑𝜉
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+ (1 − 𝛼)2 𝑘𝑝3ℎ23q̇m2

𝑇q̇m2

− (1 − 𝛼)2 𝑘𝑝3 ∫𝑡
𝑡−ℎ23

q̇m2

𝑇 (𝜉) q̇m2
(𝜉) .

(30)

Now, observing the expressions obtained for �̇�𝑖, there are
terms with integrals that difficult the analysis. To solve this,
the terms with integrals can be linked by means of Lemma 7
(5) to get quadratic expressions which are convenient to
compare the contribution of each factor on the stability.

If each integral term of (21), (24), and (28) is associated
with one integral term of (30) through the structure of (5),
the following relations can be stated:

− 𝛼2𝑘𝑝3 q̇m1

T ∫𝑡
𝑡−ℎ31

�̇� (𝜉) 𝑑𝜉

− 𝛼2𝑘𝑝3 ∫𝑡
𝑡−ℎ31

�̇�
𝑇 (𝜉) �̇� (𝜉) 𝑑𝜉 ≤ 𝛼2𝑘𝑝34 ℎ31q̇m1

Tq̇m1
,

− (1 − 𝛼) 𝛼𝑘𝑝3𝑘𝑔q̇m1

T ∫𝑡
𝑡−ℎ21

q̇m2 (𝜉) 𝑑𝜉

− 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔 ∫𝑡
𝑡−ℎ21

q̇m2

𝑇 (𝜉) q̇m2
(𝜉) 𝑑𝜉

≤ (1 − 𝛼) 𝛼𝑘𝑝3𝑘𝑔4 ℎ21q̇m1

Tq̇m1
,

− 𝛼 (1 − 𝛼) 𝑘𝑔𝑘𝑝3 q̇m2

T ∫𝑡
𝑡−ℎ12

q̇m1 (𝜉) 𝑑𝜉

− 𝛼 (1 − 𝛼) 𝑘𝑔𝑘𝑝3 ∫𝑡
𝑡−ℎ12

q̇m1

𝑇 (𝜉) q̇m1
(𝜉) 𝑑𝜉

≤ 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔4 ℎ12q̇m2

Tq̇m2
,

− (1 − 𝛼)2 𝑘𝑝3 q̇m2

T ∫𝑡
𝑡−ℎ32

�̇� (𝜉) 𝑑𝜉

− (1 − 𝛼)2 𝑘𝑝3 ∫𝑡
𝑡−ℎ32

�̇�
𝑇 (𝜉) �̇� (𝜉) 𝑑𝜉

≤ (1 − 𝛼)2 𝑘𝑝34 ℎ32q̇m2

Tq̇m2
,

− 𝛼2𝑘𝑝3 �̇�T ∫𝑡
𝑡−ℎ13

q̇m1 (𝜉) 𝑑𝜉

− 𝛼2𝑘𝑝3 ∫𝑡
𝑡−ℎ13

q̇m1

𝑇 (𝜉) q̇m1
(𝜉) 𝑑𝜉 ≤ 𝛼2𝑘𝑝34 ℎ13�̇�T�̇�,

− (1 − 𝛼)2 𝑘𝑝3 �̇�T ∫𝑡
𝑡−ℎ23

q̇m2 (𝜉) 𝑑𝜉

− (1 − 𝛼)2 𝑘𝑝3 ∫𝑡
𝑡−ℎ23

q̇m2

𝑇 (𝜉) q̇m2
(𝜉)

≤ (1 − 𝛼)2 𝑘𝑝34 ℎ23�̇�T�̇�.
(31)

Joining the functions 𝑉𝑖 and applying relations (31)–(37),
the terms including integrals are replaced with expressions
more adequate to comparison:

�̇� ≤ −q̇m1

T𝜆1Iq̇m1 − q̇m2

T𝜆2Iq̇m2 − �̇�T𝜆3I�̇�
+ [𝛼2 + (1 − 𝛼)2] 𝑘𝑔−1�̇�Tfae
+ 𝑘𝑑3𝑘𝑔−1 [𝛼2 + (1 − 𝛼)2] �̇�T𝑔,

(32)

where the constants 𝜆𝑖 are given by

−𝜆1 = −𝛼 𝑘𝑑1𝑘𝑝3𝑝1 + (1 − 𝛼) 𝛼𝑘𝑝3𝑘𝑔ℎ12 + 𝛼2𝑘𝑝3ℎ13
+ 𝛼2𝑘𝑝34 ℎ31 + (1 − 𝛼) 𝛼𝑘𝑝3𝑘𝑔4 ℎ21,

−𝜆2 = − 𝑘𝑑2𝑘𝑝3𝑘𝑝2 (1 − 𝛼) + 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔ℎ21
+ (1 − 𝛼)2 𝑘𝑝3ℎ23 + 𝛼 (1 − 𝛼) 𝑘𝑝3𝑘𝑔4 ℎ12
+ (1 − 𝛼)2 𝑘𝑝34 ℎ32,

−𝜆3 = − 𝑘𝑑3𝑘𝑔 [𝛼2 + (1 − 𝛼)2] + 𝛼2𝑘𝑝3ℎ31

+ (1 − 𝛼)2 𝑘𝑝3ℎ32 + 𝛼2𝑘𝑝34 ℎ13
+ (1 − 𝛼)2 𝑘𝑝34 ℎ23.

(33)

As 𝛼2 + (1 − 𝛼)2 ≤ 1, (32) can be rewritten as

�̇� ≤ −q̇m1

T𝜆1Iq̇m1 − q̇m2

T𝜆2Iq̇m2 − �̇�T𝜆3I�̇�
+ 𝑘𝑔−1�̇�Tfae + 𝑘𝑑3𝑘𝑔−1�̇�T𝑔. (34)

Since fae(𝑡) ∈ 𝐿2, 𝐿∞ (Assumption 6) and 𝑔(𝑡) ∈ 𝐿∞,
if the damping coefficients 𝑘𝑑1 , 𝑘𝑑2 , 𝑘𝑑3 are sufficiently high
such that 𝜆1, 𝜆2, 𝜆3 > 0 in (34) then it is possible to state that[q̇m1 q̇m2

�̇�] ∈ 𝐿∞.
Then, if (34) is integrated from 0 to 𝑡, we have
𝑉 (𝑡) − 𝑉 (0) ≤ −𝜆1 q̇m1

22 − 𝜆2 q̇m222 − 𝜆3 �̇�22
+ 𝑘𝑔−1 ∫𝑡

0
�̇�
Tfae (𝜉) 𝑑𝜉

+ 𝑘𝑑3𝑘𝑔−1 ∫
𝑡

0
�̇�
T𝑔 (𝜉) 𝑑𝜉.

(35)
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Furthermore, as 𝑔(𝑡) is considered infinitesimal, the
terms containing 𝑔(𝑡) in (34) and (35) can be neglected.
Besides, the integral term ∫𝑡

0
�̇�
Tfae(𝜉)𝑑𝜉 is bounded by

∫𝑡
0
�̇�
𝑇fae𝑑𝜉 ≤ ∫

𝑡

0
ẋm
𝑇fa𝑒𝑑𝜉 ≤ ∫𝑡

0

�̇� fae  𝑑𝜉
≤ �̇�∞ ∫𝑡

0

fah  𝑑𝜉

≤ �̇�∞ (∫𝑡
0

fae 2 𝑑𝜉)1/2 ≤ �̇�∞ fae2 .
(36)

Therefore, (35) can be rewritten as

𝑉 (𝑡) ≤ �̇�∞ fae2 + 𝑉 (0) . (37)

As 𝑉(x) is radially unbounded and from (37) also it is
bounded for all 𝑡, then x ∈ 𝐿∞. Thus, the synchronism errors
are bounded. Even more, considering this result in (35), we
get

−𝜆1 q̇m1

22 − 𝜆2 q̇m222 − 𝜆3 �̇�22 ≤ fae22 + 𝑉 (0) . (38)

In thisway, relation (38) allows asserting that the variables
q̇m1

, q̇m2
, �̇� ∈ 𝐿2. The proof is complete.

Remark 10. Taking the result achieved in (34), as the param-
eters 𝑘𝑑1 , 𝑘𝑑2 , 𝑘𝑑3 are larger, then q̇m1

, q̇m2
, �̇� (both master

velocities and slave acceleration) will tend to a smaller
convergence ball.

Remark 11. From the x vector boundness and employing
Properties 2 and 3, Proving that the control actions (7) are
bounded is direct.

Remark 12. The following procedure to calibrate the con-
trol parameters of a delayed trilateral teleoperation system
formed by a singlemobile robot and dual-master is proposed:

(1) Calibrate the gain parameters 𝑘𝑝1 , 𝑘𝑝2 , 𝑘𝑝3 and map𝑘𝑔 for the nondelayed trilateral teleoperation system
considering 𝛼 = 0 and 𝛼 = 1.

(2) Set 𝛼 depending on some training process.
(3) According to (1), (2) and considering the maximum

magnitude (estimated or predicted based on previous
connections) of all time delays added by the trilateral
communication channel (ℎ12, ℎ13, ℎ21, ℎ23, ℎ31, ℎ32),
the damping level is calibrated to holdTheorem 9.

5. Experimental Results

In this section, the proposed control scheme is tested. Two
human operators teleoperate a mobile robot, receiving visual
and force feedback. Both master devices employed are a low-
costmanipulator,NovintFalconmodelhttp://www.novint.com/
which has 3DOF and force feedback. TwoDOFs of eachmas-
ter device are used to generate velocity commands for the
mobile robot: one for the linear velocity and the other to

set the angular velocity reference. To implement the teleoper-
ation system, the following tools are used: MATLAB/Simu-
link from https://www.mathworks.com/ running with the
real-timemodule and the SAS library from https://drive.goo-
gle.com/drive/folders/0B2jklwyyOJqPNVA2SWFSaGFSNnc?
usp=sharing compatible with V-REP environment (http://
www.coppeliarobotics.com/). The methodology used allows
easily doing tests of a delayed trilateral teleoperation system
using a simulated robot but considering the two human oper-
ators inside the system, which commonly is called human-
in-the-loop simulations, as it is shown in Figure 3. The
communication between the master devices, Simulink, and
V-REP is made through shared memory.

For the test, all time delays ℎ12, ℎ13, ℎ21, ℎ23, ℎ31, ℎ32 are
configured randomly with values from 0.35 seconds to 0.65
seconds while the control parameters are calibrated following
the procedure described in Remark 12, obtaining the follow-
ing setting:

𝛼 = 0.6
𝑘𝑔 = 10;

𝑘𝑝1 = 15;
𝑘𝑝2 = 15;

𝑘𝑝3 = [
[

200 0
0 35]

]
;

𝑘𝑑1 = 100;
𝑘𝑑2 = 100;
𝑘𝑑3 = 1.

(39)

Theobjective of the experiment is to navigate avoiding the
walls for reaching the yellow cube.Then the yellow cubemust
be pushed from its initial position to the green painted floor,
as it is shown in Figure 4. Both operators feel not only the
motion exerted by the other operator but also the dynamics
of the mobile robot and the box weight.

Figure 5 shows the evolution on the remote site of each
component (linear and angular velocity references) of the
references 𝑘𝑔qm1

(𝑡 − ℎ13) and 𝑘𝑔qm2
(𝑡 − ℎ23) as well as the

mobile robot velocity 𝜂 (where V is the linear velocity and 𝜔
is the angular velocity). It can be seen that the mobile robot
velocity is closer to master 1 reference, due to 𝛼 = 0.6 and
therefore from (8) we get 𝛽 ≈ 0.7. Last value establishes the
priority level over the mobile robot. Figure 6 shows an image
sequence captured from the test, in which it is possible to
observe that the task is done adequately in spite of the delays
added by the trilateral communication channel.

Finally, in Figures 7 and 8, the main signals of the system
about its stability are shown, such that it was proven in
the theoretical analysis (Theorem 9 and Remarks 10 and
11), the synchronism errors between: master 1 and master 2

http://www.novint.com/
https://www.mathworks.com/
https://drive.google.com/drive/folders/0B2jklwyyOJqPNVA2SWFSaGFSNnc?usp=sharing
https://drive.google.com/drive/folders/0B2jklwyyOJqPNVA2SWFSaGFSNnc?usp=sharing
https://drive.google.com/drive/folders/0B2jklwyyOJqPNVA2SWFSaGFSNnc?usp=sharing
http://www.coppeliarobotics.com/
http://www.coppeliarobotics.com/
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Matlab Simulink

Pioneer P3-dx Model Simulated environment

 

ℎ13 ℎ31 ℎ23 ℎ32

s

fe

ℎ12

ℎ21

qm1 m1
qm2 m2

Figure 3: Delayed trilateral teleoperation implemented for testing.

Figure 4: Setting of the test.

e3 = 𝑘𝑔qm1
(𝑡) − 𝑘𝑔qm2

(𝑡), master 1 and mobile robot e1 =𝑘𝑔qm1
(𝑡)−𝜂(𝑡), andmaster 2 andmobile robot e2 = 𝑘𝑔qm2

(𝑡)−
𝜂(𝑡), as well as the mobile robot acceleration z, master 1
velocity q̇m1

, and master 2 velocity q̇m2
, remain bounded

throughout the test. It is important to point out that about
53 seconds (subplot named T5 on Figure 5) the mobile robot,
driven by the two human operators, starts to push the box.
In the error signals e1 and e2 (Figure 7) as well as the mobile
robot acceleration z (Figure 6), it is possible to appreciate such
action.That is, two human operators both collaboratively and
simultaneously drive a mobile robot, fulfilling the required
task on the remote environment.

Discussion. The scheme control developed is addressed to
keep the motion synchronism errors bounded, that is, e1, e2,
and e3 ∈ 𝐿∞. On the other, the controller is not designed
to achieve force tracking but the control actions are bounded
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Figure 5: Linear and angular velocities of the mobile robot and the
dual-references from masters 1 and 2.

(Remark 11) and therefore the force errors given by 𝜏m1
−𝜏m2

,
𝜏m1

− 𝜏s, and 𝜏m2
− 𝜏s ∈ 𝐿∞. On the other hand, the
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T1 T2

T4

T6

T3

T5

Figure 6: Sequence of images named T1, T2, T3, T4, T5, and T6 captured into the remote site.

human operator performance generally is quantified with
indirect measures such as time to complete the task and
position errors of the mobile robot with respect to a goal path
(navigation task). These indexes could be used to allocate a
training processwhere the expert (trainer) graduallywill have
less control (𝛼 and 𝛽 are decreased) as the performance of the
trainee will be better.

6. Conclusions

In this paper, the stability of a delayed trilateral teleoperation
system of a single mobile robot-dual manipulator-like master
is carried out. The kinematics and dynamics mismatch
between the mobile robot and the type-manipulator masters
makes the analysis presented different with respect to the one
applied for the case where all robots are manipulator robots.
To get a result about stability, a new Lyapunov-Krasovskii
functional has been proposed, which is analyzed along the

system trajectories. The result of the analysis exposed is
formalized through Theorem 9, which establishes sufficient
conditions to hold bounded the position and velocity of each
master, velocity and acceleration of the mobile robot, motion
synchronism errors, and all the control actions of the delayed
trilateral system. Besides, a procedure suitable in practice
for the parameters calibration is proposed considering the
six values of time delays present on the trilateral system
and some training process. A common trainingmethodology
requires that the trainer gradually sets the convenient level of𝛼 depending on the learning stage of the trainee, which could
be evaluated from indexes such as time to complete the task.
Furthermore, a simple test about trilateral teleoperation using
a 3D simulator is shown, whose result agrees with the result
achieved from the theoretical analysis proposed. Finally, it is
important to remark that the main current application field
is the remote training of operators to drive different types
of mobile machines or robotic systems such as collaborative
mobile manipulators.
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Figure 7: Velocities of both masters and acceleration of the mobile
robot.

0

1

0

10 20 30 40 50 60 700
Time (s)

0

0.5

0.5

1

0.1

0.2

10 20 30 40 50 60 700
Time (s)

10 20 30 40 50 60 700
Time (s)

e1(t)


e2(t)


e3(t)


e1 = (t) −

e2 = (t) −

e3 = −

kgqm1
(t)

kgqm1
(t)

kgqm2
(t)

kgqm2
(t)

Figure 8: Errors of synchronism.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] T. B. Sheridan, Telerobotics, Automation, and Human Supervi-
sory Control, MIT press, Cambridge, Mass, USA, 1992.

[2] T. A. Várkonyi, I. J. Rudas, P. Pausits, and T. Haidegger,
“Survey on the control of time delay teleoperation systems,”
in Proceedings of the 18th IEEE International Conference on
Intelligent Engineering Systems, INES 2014, pp. 89–94, Tihany,
Hungary, July 2014.

[3] P. F. Hokayem and M. W. Spong, “Bilateral teleoperation: an
historical survey,” Automatica, vol. 42, no. 12, pp. 2035–2057,
2006.

[4] D. A. Lawrence, “Stability and transparency in bilateral teleop-
eration,” IEEE Transactions on Robotics and Automation, vol. 9,
no. 5, pp. 624–637, 1993.
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Delay differential equations (DDEs) are widely utilized as the mathematical models in engineering fields. In this paper, a method is
proposed to analyze the stability characteristics of periodic DDEs with multiple time-periodic delays. Stability charts are produced
for two typical examples of time-periodic DDEs about milling chatter, including the variable-spindle speed milling system with
one-time-periodic delay and variable pitch cutter milling system with multiple delays.The simulations show that the results gained
by the proposed method are in close agreement with those existing in the past literature. This indicates the effectiveness of our
method in terms of time-periodic DDEs with multiple time-periodic delays. Moreover, for milling processes, the proposedmethod
further provides a generalized algorithm, which possesses a good capability to predict the stability lobes for milling operations with
variable pitch cutter or variable-spindle speed.

1. Introduction

Time-delay systems widely exist in engineering and science,
where the rate of change of state is determined by both
present and past state variables, such as machining processes
[1, 2], wheel dynamics [3, 4], feedback controller [5, 6], gene
expression dynamics [7], and population dynamics [8, 9].
However, for some of above applications, the time delay in the
dynamic system may lead to instability, poor performance,
or other types of potential damage. Therefore, it is necessary
for engineers and scientists to research the dynamics of these
systems to reduce or avoid such problems.

Compared to the finite dimensional dynamics for sys-
tems without time delay, time-delay systems have infinite-
dimensional dynamics and are usually described by delay
differential equations (DDEs). Their stability properties can
be analyzed through obtaining the stability charts that show
the stable and unstable domains. For example, a stablemilling
process can be realized by choosing the corresponding

parameter from a stability lobe diagram (SLD), which is a
function of spindle speed and depth of cut parameters. Thus,
more and more attention has been paid on this issue and
many analytical and numericalmethods have been developed
to derive the stability conditions for the system parameters.

By using the 𝐷-subdivision method, Bhatt and Hsu
[10] determined stability criteria for second-order scalar
DDEs. Budak and Altıntaş [11, 12] and Merdol and Alt-
intas [13] proposed a method in frequency domain called
multifrequency solution. By employing a shifted Chebyshev
polynomial approximation, Butcher et al. [14, 15] presented a
new technique to study the stability properties of dynamic
systems by obtaining an approximate monodromy matrix.
Insperger and Stepan [16–18] proposed a known method
called semidiscretization method (SDM), which is based on
the discretization of the DDEs and approximates their
infinite-dimensional phase space by a finite discrete map in
time domain. Bayly et al. [19] carried out a temporal finite
element analysis for solving the DDEs, which are written in
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the form of a state space model and discretizing the time
interval of interest into a finite number of temporal elements.
Based on the direct integration scheme, Ding et al. [20], Liu
et al. [21], and Jin et al. [22] used a full-discretization method
to gain stability chart efficiently. Recently, Khasawneh and
Mann [23] and Lehotzky et al. [24] presented a numerical
algorithm called spectral element method. This method has
good efficiency because of its highly accurate numerical
quadratures for the integral terms.

SDM is a known and widely used method to determine
stability charts for general time-periodic DDEs arising in
different engineering problems. In this paper, based on SDM,
a generalized method for periodic DDEs with multiple time-
periodic delays is proposed to obtain the stability chart of
DDEs. The structure of the paper is as follows. In Section 2,
the mathematical model is introduced. In Section 3, two
typical examples are used to verify the effectiveness of the
proposed method. In Section 4, conclusions with a brief
discussion are presented.

2. Mathematical Model

Thegeneral form of linear, time-periodic DDEs withmultiple
time-periodic delays can be expressed as

ẏ (𝑡) = A0y (𝑡) + A (𝑡) y (𝑡) − 𝑁∑
𝑗=1

B𝑗 (𝑡) u (𝑡 − 𝜏𝑗 (𝑡))
u (𝑡) = Dy (𝑡) ,

(1)

where y(𝑡) ∈ R𝑛 is the state, u(𝑡) ∈ R𝑚 is the input, A0 is
a constant matrix, A(𝑡) and B𝑗(𝑡), respectively, are 𝑛 × 𝑛 and𝑛×𝑚 periodic coefficient matrices that satisfyA(𝑡) = A(𝑡+𝑇)
and B𝑗(𝑡) = B𝑗(𝑡 + 𝑇), 𝑗 = 1, 2, . . . , 𝑁, and 𝜏𝑗(𝑡) = 𝜏𝑗(𝑡 + 𝑇) >0,D is an𝑚× 𝑛 constant matrix, 𝑇 is the time period, and𝑁
is the number of time-delays. Note that (1) can also be written
in the form

ẏ (𝑡) = A0y (𝑡) + A (𝑡) y (𝑡) − 𝑁∑
𝑗=1

C𝑗 (𝑡) y (𝑡 − 𝜏𝑗 (𝑡)) (2)

with C𝑗(𝑡) = B𝑗(𝑡)𝐷.
Consider that the period 𝑇 is divided into 𝑘 number of

discrete time intervals, such that each interval length Δ𝑡 =𝑇/𝑘. Introduce symbol [𝑡𝑖, 𝑡𝑖+1] to represent the 𝑖th time
interval, 𝑖 ∈ Z+. Here, 𝑡𝑖 means the 𝑖th time node and is equal
to 𝑖Δ𝑡. Thus, considering the idea in [2], the averaged delay
for the discretization interval [𝑡𝑖, 𝑡𝑖+1] is defined as follows:

𝜏𝑖,𝑗 = 1Δ𝑡 ∫
𝑡𝑖+1

𝑡𝑖

𝜏𝑗 (𝑡) 𝑑𝑡 = 𝜏0,𝑗 − 𝜏1,𝑗𝑐𝑖, (3)

where

𝑐𝑖 = 𝑘2𝜋 ∫(𝑖+1)2𝜋/𝑘
𝑖2𝜋/𝑘

sin (𝑡) 𝑑𝑡, 𝑖 = 0, 1, . . . , 𝑘 − 1. (4)

The number of intervals𝑚𝑖,𝑗 related to the delay item 𝜏𝑖,𝑗
can be approximately obtained by

𝑚𝑖,𝑗 = int(𝜏𝑖,𝑗 + Δ𝑡/2
Δ𝑡 ) , (5)

where int(∗) indicates the operation that rounds positive
number towards zero.

Substituting (3) into (2) and solving it as an ordinary
differential equation over the discretization period [𝑡𝑖, 𝑡𝑖+1]
with initial condition 𝑥(𝑡𝑖) = 𝑥𝑖, the following equation is
derived:

y (𝑡) = 𝑒A0(𝑡−𝑡𝑖)y𝑖 + ∫𝑡
𝑡𝑖

{{{
𝑒A0(𝑡−𝜉) [

[
A (𝜉) y (𝜉)

− 𝑁∑
𝑗=1

C𝑗 (𝜉) y (𝜉 − 𝜏𝑖,𝑗)]]
}}}

𝑑𝜉.
(6)

Substituting 𝑡 = 𝑡𝑖+1 into (6), then it can be equivalently
expressed as

y (𝑡𝑖+1) = 𝑒A0Δ𝑡y𝑖 + ∫𝑡𝑖+1
𝑡𝑖

{{{
𝑒A0(𝑡𝑖+1−𝜉) [

[
A (𝜉) y (𝜉)

− 𝑁∑
𝑗=1

C𝑗 (𝜉) y (𝜉 − 𝜏𝑖,𝑗)]]
}}}

𝑑𝜉.
(7)

In [𝑡𝑖, 𝑡𝑖+1], A(𝑡), C𝑗(𝑡), y(𝑡), and y(𝑡 − 𝜏𝑖,𝑗) are defined as
follows:

A (𝑡) = A𝑖 + A𝑖+1 − A𝑖Δ𝑡 (𝑡 − 𝑡𝑖) ,
C𝑗 (𝑡) = C𝑖,𝑗 + C𝑖+1,𝑗 − C𝑖,𝑗Δ𝑡 (𝑡 − 𝑡𝑖) ,
y (𝑡) = y𝑖 + y𝑖+1 − y𝑖Δ𝑡 (𝑡 − 𝑡𝑖) ,

y (𝑡 − 𝜏𝑖,𝑗) = 𝛽𝑖,𝑗y𝑖−𝑚𝑖,𝑗 + 𝛼𝑖,𝑗y𝑖+1−𝑚𝑖,𝑗 ,

(8)

where A𝑖 = A(𝑡𝑖), C𝑖,𝑗 = C𝑗(𝑡𝑖), y𝑖 = y(𝑡𝑖), 𝛼𝑖,𝑗 = (𝑚𝑖,𝑗Δ𝑡 +Δ𝑡/2 − 𝜏𝑖,𝑗)/Δ𝑡, and 𝛽𝑖,𝑗 = 1 − 𝛼𝑖,𝑗. Here, it should be noted
that the approximation of y(𝑡 − 𝜏𝑖,𝑗) in (8) is the same as that
for the so-called zero-order SDM in [2].

Substituting (8) into (7) leads to

y𝑖+1 = (Φ0 + F𝑖) y𝑖 + P𝑖y𝑖+1

− 𝑁∑
𝑗=1

(𝛽𝑖,𝑗R𝑖,𝑗y𝑖−𝑚𝑖,𝑗 + 𝛼𝑖,𝑗R𝑖,𝑗y𝑖+1−𝑚𝑖,𝑗) , (9)

where

F𝑖 = (Φ1 − 2Δ𝑡Φ2 + 1Δ𝑡2Φ3)A𝑖
+ ( 1Δ𝑡Φ2 − 1Δ𝑡2Φ3)A𝑖+1,

P𝑖 = ( 1Δ𝑡Φ2 − 1Δ𝑡2Φ3)A𝑖 + ( 1Δ𝑡2Φ3)A𝑖+1,
R𝑖,𝑗 = (Φ1 − 1Δ𝑡Φ2)C𝑖,𝑗 + ( 1Δ𝑡Φ2)C𝑖+1,𝑗.

(10)
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Clearly, Φ0,Φ1,Φ2, and Φ3 can be expressed as follows:

Φ0 = 𝑒A0Δ𝑡,
Φ1 = ∫Δ𝑡

0
𝑒A0(Δ𝑡−𝑠)𝑑𝑠 = A−10 (Φ0 − I) ,

Φ2 = ∫Δ𝑡
0

𝑠𝑒A0(Δ𝑡−𝑠)𝑑𝑠 = A−10 (Φ1 − Δ𝑡I) ,
Φ3 = ∫Δ𝑡

0
𝑠2𝑒A0(Δ𝑡−𝑠)𝑑𝑠 = A−10 (2Φ2 − Δ𝑡2I) ,

(11)

where I denotes the identity matrix. Let𝑀 = max(𝑚𝑖.𝑗) and
Z𝑖 = col (y𝑖, y𝑖−1 ⋅ ⋅ ⋅ y𝑖−𝑀) ; (12)

then combining (9) and (12), one can be recast into a discrete
map as

Z𝑖+1 = D𝑖Z𝑖, (13)

where eachD𝑖 matrix is given by

D𝑖 =
[[[[[[[[[[[[
[

H𝑖+1 (Φ0 + F𝑖) 0 ⋅ ⋅ ⋅ 0 0 0
I 0 ⋅ ⋅ ⋅ 0 0 0
0 I ⋅ ⋅ ⋅ 0 0 0
... ... d

... ... ...
0 0 ⋅ ⋅ ⋅ I 0 0
0 0 ⋅ ⋅ ⋅ 0 I 0

]]]]]]]]]]]]
]

+ 𝑁∑
𝑗=1

[[[[[[[[[[[[
[

0 ⋅ ⋅ ⋅ −H𝑖+1𝛼𝑖,𝑗R𝑖,𝑗 −H𝑖+1𝛽𝑖,𝑗R𝑖,𝑗 ⋅ ⋅ ⋅ 0
0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0
0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0
... ... d

... ... ...
0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0
0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0

]]]]]]]]]]]]
]

,

(14)

whereH𝑖+1 = (I−P𝑖)−1.Thehorizontal position of the discrete
input matricesH𝑖+1𝛼𝑖,𝑗R𝑖,𝑗 andH𝑖+1𝛽𝑖,𝑗R𝑖,𝑗 in (14) depends on
the value of 𝑚𝑖,𝑗 corresponding to 𝜏𝑖,𝑗 and they, respectively,
begin from the column of 2𝑚𝑖,𝑗 − 1 and 2𝑚𝑖,𝑗 + 1 for a single
DOF system as opposed to the columnof 4𝑚𝑖,𝑗−3 and 4𝑚𝑖,𝑗+1
for a two-DOF one.

Based on (13) and (14), the following mathematical
expressions can be established by coupling the solutions of
the 𝑘 successive time intervals in period 𝑇:

V𝑘 = ΦV0 = D𝑘−1D𝑘−2 ⋅ ⋅ ⋅D1D0V0, (15)

where Φ is the Floquet transition matrix that gives the con-
nection betweenV𝑘 andV0. According to the Floquet theory,
the stability of the system is determined using the following
criterion. If the moduli of all the eigenvalues of the transition
matrix Φ are less than unity, the system is stable. Otherwise,
it is unstable.

Here, it should be noted that the matrix V𝑖 can be
reduced because only the delayed positions show up in the
governing equation of the milling process. Thus, the size of
the approximation vector in (14) could be reduced by remov-
ing the delayed values of the velocities, such that the size
of vector V𝑖 can be decreased to 𝑀 + 2 for a single DOF
system and 2𝑀+4 for a two-DOF system.This can give some
additional improvement in the computational time for the
proposed method.

3. Verification of Method

There are several numerical and semianalytical techniques to
determine the stability conditions for periodic DDEs. How-
ever, most of them were developed with the aim of con-
structing stability charts for milling processes, such as the
analysis of the milling system with runout [25], with variable
pitch/helix cutter [26–30], with variable-spindle speed [31–
33], or with serrated cutter [34, 35]. In order to verify the pro-
posed method, two typical milling operations are chosen and
considered. The first is the varying spindle speed process,
which can be described by a DDE with time-periodic delay
in general.The other is themilling process with variable pitch
cutters, which is often characterized by a DDE with multiple
delays. Both methods are known means to influence and to
prevent chatter vibration in milling.

3.1. Milling with Varying Spindle Speed. Generally, the math-
ematical models for milling processes with spindle speed
variation can be written as

ẏ (𝑡) = A0y (𝑡) + A (𝑡) y (𝑡) − B (𝑡) y (𝑡 − 𝜏 (𝑡)) ; (16)

that is, (2) is degenerated into one with one-time-periodic
delay. For a singleDOF system in [2], thematrices in (16) have
the form

A0 = [ 0 1
−𝜔2𝑛 −2𝜁𝜔𝑛] ,

A (𝑡) = B (𝑡) = [
[

0 0
−𝐺 (𝑡)𝑚 0]]

,
(17)

where 𝑚 is the mode mass, 𝜔𝑛 is the natural frequency, 𝜁 is
the damping ratios, and 𝐺(𝑡) is the specific directional factor
and has the form
𝐺 (𝑡)
= 𝑎𝑝 𝑁∑
𝑗=1

𝑔𝑗 (𝑡) sin𝜙𝑗 (𝑡) (𝐾𝑡 cos𝜙𝑗 (𝑡) + 𝐾𝑟 sin𝜙𝑗 (𝑡)) , (18)

where 𝑎𝑝 is the axial depth of cut, 𝑁 is the number of teeth,𝐾𝑡 and𝐾𝑟 are the linearized cutting coefficients in tangential
and radial directions, 𝑔𝑗(𝑡) denotes whether the 𝑗th tooth is
cutting, and the angular position of tooth 𝑗 is

𝜙𝑗 (𝑡) = 2𝜋60 ∫𝑡
0
Ω (𝑠) 𝑑𝑠 + 𝑗2𝜋𝑁 , (19)
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Figure 1: Schematic drawing of the sinusoidal modulation of the
spindle speed.

where Ω(𝑠) is the spindle speed and is assumed to change in
the form of a sinusoidal wave, which is periodic at a time
period 𝑇 = 60/Ω0/RVF, with a nominal value, Ω0, and an
amplitude Ω1 = RVA × Ω0, as shown in Figure 1. For this
sinusoidal modulation, the shape function is modeled as

Ω (𝑡) = Ω0 + Ω1 sin(2𝜋𝑇 𝑡)
= Ω0 [1 + RVA ⋅ sin(RVF ⋅ 2𝜋60Ω0𝑡)] ,

(20)

where RVA = Ω1/Ω0 is the ratio of the speed variation
amplitude to the nominal spindle speed andRVF = 60/(Ω0𝑇)
is the ratio of the speed variation frequency to the nominal
spindle speed.

To illustrate the effectiveness of the approach method for
milling with spindle speed, the method and results in [2] are
taken into consideration. Here, it should be noted that the
delayed term is approximated by a linear function of time
and the periodic coefficient is approximated by a piecewise
constant function for the method in [2]. However, for the
proposed method, the delayed term y(𝜉 − 𝜏𝑖,𝑗), the state term
y(𝜉), and the periodic terms A(𝜉) and C𝑗(𝜉) in (7) are all
discretized by linear interpolation (see (8)). Thus, different
policies are utilized in the process of equation approximations
for two methods. Figure 2 illustrates the stability charts that
correspond to the milling processes for RVA = 0.1 and for
four different RVF values using the proposed method and
the method in [2]. The parameters are as follows. The cutting
processes using a 4-flute tool (𝑁 = 4) with zero helix angles
are considered under half-immersion up-milling.The cutting
force coefficients are𝐾𝑡 = 800 × 106N/m2 and𝐾𝑟 = 300 ×106N/m2. The mode mass is 𝑚 = 3.1663 kg, the natural
frequency is 𝜔𝑛 = 400Hz, and damping ratios is 𝜉 = 0.02.
It can be seen from Figure 2 that the results obtained via the
proposed method in this paper are in close agreement with
those in [2].

Meanwhile, the computational times corresponding to
every graphic in Figure 2 are also recorded to evaluate
the efficiency of proposed method. Here, considering the
assumption 𝑞1𝑇 = 𝑞2𝜏0 (𝜏0 is the tooth passing period)

with 𝑞1 and 𝑞2 being relatively prime [2] and the equation𝑞1/𝑞2 = RVF/𝑁 obtained consequently, if the resolution of𝜏0 is adopted as 40 and 𝑞1 = 1, the resolutions of period 𝑇
are 320, 800, 1600, and 3200 for RVF = 0.5, 0.2, 0.1, and 0.05,
respectively. For a 200 × 100 grid of the spindle speed and
the depth of cut and a personal computer (Intel(R) Core(TM)
i5-2300, 2.8 GHz, 3GB), the computational times are, respec-
tively, 436 s, 1026 s, 2012 s, and 4132 s corresponding to RVF =
0.5, 0.2, 0.1, and 0.05 for the proposed method as opposed to
1953 s, 4757 s, 9185 s, and 18341 s for the method in [2] using
our own codes. Time costs reduce nearly by 70% for every
case. Obviously, the low computational cost of our method
is illustrated. The reason about the cost reduction can be
explained as follows. The matrices Φ0, Φ1, Φ2, and Φ3 in
(11) are dependent on spindle speed but on depth of cut.
Consequently, they are not needed to calculate in the process
of sweeping the range of the depth of cut for the proposed
method. However, this is also necessary for the method in
[2]. Thus, for a parameter plane formed by the spindle speed
and the cutting depth and divided into a 𝑁𝑠 × 𝑁𝑑 size grid,
the method in [2] must be calculated 𝑁𝑠 × 𝑁𝑑 × 𝑘 times to
obtain a stability chart, but only 𝑁𝑠 times for the method in
this paper.

3.2. Milling with Variable Pitch Cutter. Considering a system
formilling processwith variable pitch cutter [29, 30] as shown
in Figure 3, the mathematical models can be written as

ẏ (𝑡) = A0y (𝑡) + A (𝑡) y (𝑡) − 𝑁∑
𝑗=1

B𝑗 (𝑡) y (𝑡 − 𝜏𝑗) ; (21)

that is, the original system of (2) is degenerated into one
with multiple delays in this case. 𝜏𝑗 is the pitch period
corresponding to the pitch angle 𝜓 (see the right graphic of
Figure 3), and thematricesA0,A(𝑡), andB𝑗(𝑡) in (21) have the
form

A0 =
[[[[[[
[

0 0 1 0
0 0 0 1

−𝜔2𝑛𝑥 0 −2𝜁𝑥𝜔𝑛𝑥 0
0 −𝜔2𝑛𝑦 0 −2𝜁𝑦𝜔𝑛𝑦

]]]]]]
]
,

A (𝑡) = 𝑁∑
𝑗=1

𝐵𝑗 (𝑡) ,

B𝑗 (𝑡) =
[[[[[[[[[
[

0 0 0 0
0 0 0 0

− 𝑎𝑝𝑚𝑥ℎ𝑥𝑥,𝑗 (𝑡) − 𝑎𝑝𝑚𝑦ℎ𝑥𝑦,𝑗 (𝑡) 0 0
− 𝑎𝑝𝑚𝑥ℎ𝑦𝑥,𝑗 (𝑡) − 𝑎𝑝𝑚𝑦ℎ𝑦𝑦,𝑗 (𝑡) 0 0

]]]]]]]]]
]

,

(22)

where 𝜁𝑥 and 𝜁𝑦 are the damping ratios, 𝜔𝑥 and 𝜔𝑦 are the
natural frequencies, and 𝑚𝑥 and 𝑚𝑦 are the modal masses
of the cutter. ℎ𝑥𝑥,𝑗(𝑡), ℎ𝑥𝑦,𝑗(𝑡), ℎ𝑦𝑥,𝑗(𝑡),, and ℎ𝑦𝑦,𝑗(𝑡) are the
cutting force coefficients for the 𝑗th tooth defined as
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Figure 2: Comparison of stability charts for milling processes with sinusoidal spindle speed modulation with RVA = 0.1 in the high-speed
domain: (a) RVF = 0.5; (b) RVF = 0.2; (c) RVF = 0.1; (d) RVF = 0.05.

ℎ𝑥𝑥,𝑗 (𝑡) = 𝑔 (𝜙𝑗 (𝑡)) (𝐾𝑡 cos (𝜙𝑗 (𝑡)) + 𝐾𝑟 sin (𝜙𝑗 (𝑡)))
⋅ sin (𝜙𝑗 (𝑡)) ,

ℎ𝑥𝑦,𝑗 (𝑡) = 𝑔 (𝜙𝑗 (𝑡)) (𝐾𝑡 cos (𝜙𝑗 (𝑡)) + 𝐾𝑟 sin (𝜙𝑗 (𝑡)))
⋅ cos (𝜙𝑗 (𝑡)) ,

ℎ𝑦𝑥,𝑗 (𝑡) = 𝑔 (𝜙𝑗 (𝑡))
⋅ (−𝐾𝑡 sin (𝜙𝑗 (𝑡)) + 𝐾𝑟 cos (𝜙𝑗 (𝑡))) sin (𝜙𝑗 (𝑡)) ,

ℎ𝑦𝑦,𝑗 (𝑡) = 𝑔 (𝜙𝑗 (𝑡))
⋅ (−𝐾𝑡 sin (𝜙𝑗 (𝑡)) + 𝐾𝑟 cos (𝜙𝑗 (𝑡))) cos (𝜙𝑗 (𝑡)) .

(23)

To illustrate the performance of the proposed approach
on uniform and variable pitch milling tools, the frequency-
domain method published in [29] is considered. The com-
parison of the results using the proposed approach and the
method [29] is carried out for both uniform and variable
pitch cutter milling, as shown in Figure 4. The main system
parameters are down-milling, half-immersion, the number
of the cutter teeth which is 𝑁 = 4, the natural frequencies
which are 𝜔𝑥 = 563.6Hz and 𝜔𝑦 = 516.21Hz, the damping
ratios which are 𝜁𝑥 = 0.0558 and 𝜁𝑦 = 0.025, the modal
masses which are𝑚𝑥 = 1.4986 kg and𝑚𝑦 = 1.199 kg, and the
cutting force coefficients which are𝐾𝑡 = 679 × 106N/m2and
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Figure 3: Schematic mechanical model of a system for milling process with variable pitch cutter.
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Figure 4: Comparison of the predicted stability lobes: (a) uniform pitch cutter with 𝜓 = [90∘, 90∘, 90∘, 90∘] and (b) variable pitch cutter with
𝜓 = [70∘, 110∘, 70∘, 110∘].

𝐾𝑡 = 256 × 106N/m2. It can be seen from Figure 4(a)
that the proposed method agrees closely with the results of
analytical method for the uniform pitch cutter milling. For
the variable pitch cutter as shown in Figure 4(b), twomethods
gain consistent predicting results, except for the high-speed
domain at approximately 8500 rpm, where a clear deviation
occurred. Reference [27] chose one point (𝑎𝑝 = 5mm and Ω
= 8500 rpm) in this deviation and showed its stabilization by
time-domain simulations. The reason of this phenomenon
is as follows. The proposed method is based on the time-
periodic cutting force coefficients (see (23)), rather than the

simplified time-averaged ones in [29]. Thus, the stability
prediction by our method is more reasonable and has better
accuracy.

4. Conclusion

In this work, an improved semidiscretization algorithm is
proposed to obtain the stability char for DDEs with mul-
tiple time-periodic delays. Two milling examples, variable-
spindle speed milling system with one-time-periodic delay
and variable pitch cutter milling system with multiple delays,
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are utilized to demonstrate effectiveness of the proposed
algorithm. Through the comparison with prior works, it is
found that the results gained by the presented method in
this paper are in close agreement with those existing in the
past literature. Moreover, the proposedmethod also has good
computational efficiency. Here, it should be noted that if
discussing the milling process only, the proposed method
is a generalized algorithm, which can consider the milling
processes with variable pitch cutter and variable-spindle
speed simultaneously.
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We investigate associativememories formemristive neural networks with deviating argument. Firstly, the existence and uniqueness
of the solution formemristive neural networks with deviating argument are discussed. Next, some sufficient conditions for this class
of neural networks to possess invariant manifolds are obtained. In addition, a global exponential stability criterion is presented.
Then, analysis and design of autoassociative memories and heteroassociative memories for memristive neural networks with
deviating argument are formulated, respectively. Finally, several numerical examples are given to demonstrate the effectiveness
of the obtained results.

1. Introduction

In recent decades, analysis and design of neurodynamic sys-
tems have receivedmuch attention [1–16]. Specifically, neuro-
dynamics of associative memories is a hot research issue [9–
16]. Associative memories refer to brain-inspired computing
designed to store a set of prototype patterns such that the
stored patterns can be retrieved with the recalling probes
containing sufficient information about the contents of pat-
terns. In associativememories, for any given probe (e.g., noisy
or corrupted version of a prototype pattern), the retrieval
dynamics can converge to an ideal equilibrium point rep-
resenting the prototype pattern. At present, system analysts
have two main theories for explaining strange dynamical
behaviors in recalling processes: autoassociative memories
and heteroassociative memories [12, 13]. Two types of meth-
ods are usually used for solving problems in regard to analysis
and synthesis of associative memories. The first is when
neurodynamic systems aremultistable, and then system states
may converge to locally stable equilibrium points, and these
equilibrium points are encoded as the memorized patterns.
The second is when neurodynamic systems are globally
monostable, and then the memorized patterns are associated
with the external input patterns.

As we know, the human brain is believed to be the most
powerful information processor because of its structure of

synapses. Actually, there is always a high demand for a single
device to emulate artificial synaptic functions. Using a mem-
ristor, essential synaptic plasticity and learning behaviors can
be mimicked. By integrating memristors into a large-scale
neuromorphic circuit, memristive neural networks based
neuromorphic circuits demonstrate spike-timing-dependent
plasticity (a form of the Hebbian learning rule) [17–21]. From
the viewpoint of theory and experiment, a memristive neural
network model is a state-dependent switching system. On
the other hand, this new dynamical system shows many of
the characteristic features of magnetic tunnel junction [19,
20]. For these reasons, system analysis and integration for
memristive neural networks will be extremely tricky. For
the moment, there are two major methods for qualitative
analysis ofmemristive neural networks.One is the differential
inclusions approach [17–20], and the other is the fuzzy uncer-
tainty approach [21]. For the differential inclusions approach,
the core idea is to integrate a switched network cluster. For
the fuzzy uncertainty approach, the central idea is to divide
multijump network flows into a continuous subsystem and
bounded subsystem. The two kinds of analysis frameworks
are just the type and level of points, not the merits of good
points of difference. From the perspective of cybernetics,
many reported analytical skills are merely a breakthrough of
system theory more than substance. How to develop more
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effective analysis methods for memristive neural networks is
worth studying.

For the past few years, hybrid dynamic systems have
remained one of the most active fields of research in the
control community [22–30]. For instance, to describe the sta-
tionary distribution of temperature along the length of a wire
that is bended, the nonlinear dynamic model with deviating
argument is often used. The right-hand side in nonlinear
systems with deviating argument features a combination of
continuous and discrete systems. Thus, nonlinear systems
with deviating argument unify the advanced and retarded
systems. Because of this property, relatedworks on the control
strategies for nonlinear systems with deviating argument are
relatively rare. Viewed from systems involving the interplay,
differential equations and difference equations are included
in the nonlinear systems with deviating argument [28–30].
However, it is still obvious thatmany basic issues onnonlinear
systems with deviating argument remain to be addressed,
such as nonlinear dynamics, systems design, and analy-
sis.

Inspired by the above discussions, the goal of this paper is
to formulate the analysis and design of associative memories
for a class of memristive neural networks with deviating
argument. On the whole, the highlights of this paper can be
outlined as follows:

(1) Sufficient conditions are derived to ascertain the exis-
tence, uniqueness, and global exponential stability
of the solution for memristive neural networks with
deviating argument.

(2) The syntheticmechanismof the analysis and design of
associativememories for a general class ofmemristive
neural networks with deviating argument is revealed.

(3) A uniform associative memories model, which unites
autoassociative memories and heteroassociative
memories, is proposed for memristive neural net-
works with deviating argument.

In addition, it should be noted thatwhen special and strict
conditions are exerted, associative memories’ performance of
neural networks is usually limited. Therefore, the methods
applicable to conventional stability analysis of neural net-
works cannot be directly employed to investigate the asso-
ciative memories for memristive neural networks. Moreover,
the study of dynamics for memristive neural networks with
deviating argument is not an easy work, since the conditions
for dynamics of neural networks cannot be simply utilized to
analyze hybrid dynamic systems with deviating argument. In
this paper, according to the fuzzy uncertainty approach, in
combination with the theories of set-valued maps and differ-
ential inclusions, analysis and design of associative memories
for memristive neural networks with deviating argument are
described in detail.

The rest of the paper is arranged as follows. Design prob-
lem and preliminaries are given in Section 2. Main results are
stated in Section 3. In Section 4, several numerical examples
are presented. Finally, concluding remarks are given in
Section 5.

2. Design Problem and Preliminaries

2.1. Problem Description. Let Ω = {𝛽 = (𝛽1, 𝛽2, . . . , 𝛽𝑛)𝑇 |𝛽𝑖 = {−𝑝, 𝑝}, 𝑖 = 1, 2, . . . , 𝑛} be the set of 𝑛-dimensional
bipolar vectors, where 𝑝 is a positive constant and 𝑇 denotes
the transpose of a vector or matrix. The problem considered
is described as follows.

Given 𝑙 (𝑙 ≤ 2𝑛) pairs of bipolar vectors (𝑢(1), 𝑞(1)),(𝑢(2), 𝑞(2)), . . . , (𝑢(𝑙), 𝑞(𝑙)), where 𝑢(𝑟), 𝑞(𝑟) ∈ Ω, for 𝑟 =1, 2, . . . , 𝑙, design an associative memory model which satis-
fies the notion that the output of the model will converge to
the corresponding pattern 𝑞(𝑟) when 𝑢(𝑟) is fed to the model
input as a memory pattern.

Definition 1. The neural network is said to be an autoassocia-
tive memory if 𝑢(𝑟) = 𝑞(𝑟) and a heteroassociative memory if𝑢(𝑟) ̸= 𝑞(𝑟), for 𝑟 = 1, 2, . . . , 𝑙.

In this paper, let 𝑁 be the natural number set; the norm
of vector 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑛)𝑇 is defined as ‖𝑥‖ = ∑𝑛𝑖=1 |𝑥𝑖|.
DenoteR𝑛 as the 𝑛-dimensional Euclidean space. Fix two real
number sequences {𝜂𝑘}, {𝜗𝑘}, 𝑘 ∈ 𝑁, satisfying 𝜂𝑘 < 𝜂𝑘+1,𝜂𝑘 ≤ 𝜗𝑘 ≤ 𝜂𝑘+1, and lim𝑘→+∞𝜂𝑘 = +∞.

2.2. Model. Consider the following neural network model:

�̇� (𝑡) = −𝐴𝑥 (𝑡) + 𝐵 (𝑥 (𝑡)) 𝑓 (𝑥 (𝑡))
+ 𝐶 (𝑥 (𝑡)) 𝑓 (𝑥 (𝛾 (𝑡))) + E𝑢(𝑟),

𝑤 (𝑡) = 𝑓 (𝑥 (𝑡)) ,
𝑟 = 1, 2, . . . , 𝑙,

(1)

where 𝑥(𝑡) = (𝑥1(𝑡), 𝑥2(𝑡), . . . , 𝑥𝑛(𝑡))𝑇 ∈ R𝑛 is the neuron
state, 𝐴 = diag(𝑎1, 𝑎2, . . . , 𝑎𝑛), which is a constant diagonal
matrix with 𝑎𝑖 > 0, 𝑖 ∈ {1, 2, . . . , 𝑛}, indicates the self-
inhibition matrix, 𝐵(𝑥(𝑡)) = (𝑏𝑖𝑗(𝑥𝑗(𝑡)))𝑛×𝑛 and 𝐶(𝑥(𝑡)) =(𝑐𝑖𝑗(𝑥𝑗(𝑡)))𝑛×𝑛 are connection weight matrices at time 𝑡 and𝛾(𝑡), respectively, 𝑏i𝑗(𝑥𝑗(𝑡)) and 𝑐𝑖𝑗(𝑥𝑗(𝑡)) are defined by

𝑏𝑖𝑗 (𝑥𝑗 (𝑡)) = {{{
�̂�𝑖𝑗, 𝑥𝑗 (𝑡) > 𝑇𝑗,�̌�𝑖𝑗, 𝑥𝑗 (𝑡) < 𝑇𝑗,

𝑐𝑖𝑗 (𝑥𝑗 (𝑡)) = {{{
𝑐𝑖𝑗, 𝑥𝑗 (𝑡) > 𝑇𝑗,̌𝑐𝑖𝑗, 𝑥𝑗 (𝑡) < 𝑇𝑗,

(2)

for 𝑖, 𝑗 = 1, 2, . . . , 𝑛, and 𝑏𝑖𝑗(±𝑇𝑗) = �̂�𝑖𝑗 or �̌�𝑖𝑗, 𝑐𝑖𝑗(±𝑇𝑗) =𝑐𝑖𝑗 or ̌𝑐𝑖𝑗, where 𝑇𝑗 > 0 represents the switching jump, and�̂�𝑖𝑗, �̌�𝑖𝑗, 𝑐𝑖𝑗, and ̌𝑐𝑖𝑗 are all constants. 𝑓(𝑥(⋅)) = (𝑓1(𝑥1(⋅),𝑓2(𝑥2(⋅), . . . , 𝑓𝑛(𝑥𝑛(⋅))𝑇 is the activation function. The devi-
ating function 𝛾(𝑡) = 𝜗𝑘, when 𝑡 ∈ [𝜂𝑘, 𝜂𝑘+1) for any 𝑘 ∈ 𝑁. E
stands for a transform matrix of order 𝑛 satisfying E𝑢(𝑟) =𝑞(𝑟) for 𝑟 = 1, 2, . . . , 𝑙. 𝑢(𝑟) and 𝑞(𝑟) indicate the external
input pattern and the corresponding memorized pattern,
respectively. 𝑤(𝑡) = (𝑤1(𝑡), 𝑤2(𝑡), . . . , 𝑤𝑛(𝑡))𝑇 is the output of
(1) corresponding to 𝑢(𝑟).
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Neural networkmodel (1) is called an associativememory
if the output 𝑤(𝑡) converges to 𝑞(𝑟).

Obviously, neural network model (1) is of hybrid type:
switching and mixed. When |𝑥𝑗(𝑡)| > 𝑇𝑗, 𝑏𝑖𝑗(𝑥𝑗(𝑡)) = �̂�𝑖𝑗,𝑐𝑖𝑗(𝑥𝑗(𝑡)) = 𝑐𝑖𝑗. When |𝑥𝑗(𝑡)| < 𝑇𝑗, 𝑏𝑖𝑗(𝑥𝑗(𝑡)) = �̌�𝑖𝑗, 𝑐𝑖𝑗(𝑥𝑗(𝑡)) =̌𝑐𝑖𝑗. From this perspective, (1) is a switching system. On the
other hand, for any fixed interval [𝜂𝑘, 𝜂𝑘+1), when 𝛾(𝑡) = 𝜗𝑘 <𝑡 < 𝜂𝑘+1, neural networkmodel (1) is a retarded system.When𝜂𝑘 ≤ 𝑡 < 𝛾(𝑡) = 𝜗𝑘, neural network model (1) is an advanced
system. Then. from this point of view, (1) is a mixed system.

For neural networkmodel (1), the conventional definition
of solution for differential equations cannot apply here. To
tackle this problem, the solution concept for differential equa-
tionswith deviating argument is introduced [24–30]. Accord-
ing to this theory, a solution 𝑥(𝑡) = (𝑥1(𝑡), 𝑥2(𝑡), . . . , 𝑥𝑛(𝑡))𝑇
of (1) is a consecutive function such that (1) �̇�(𝑡) exists on[0, +∞), except at the points 𝜂𝑘, 𝑘 ∈ 𝑁, where a one-sided
derivative exists, and (2) 𝑥(𝑡) satisfies (1) within each interval(𝜂𝑘, 𝜂𝑘+1), 𝑘 ∈ 𝑁.

In this paper, the activation functions are selected as

𝑓𝑖 (𝜒) = 2∑
ℓ=1

(−1)ℓ 𝑝2𝑑 (𝜒 + 𝑧(𝑖)ℓ  − 𝜒 − 𝑧(𝑖)ℓ ) ,
𝑖 = 1, 2, . . . , 𝑛,

(3)

where 𝑝 > 0 and 𝑑 > 0 are used to adjust the slope and corner
point of activation functions and 𝑧(𝑖)1 = 𝑇𝑖, 𝑧(𝑖)2 = 𝑇𝑖 + 𝑑.

It is easy to see that 𝑓𝑖(⋅) satisfies 𝑓𝑖(±𝑇𝑖) = 0 and
𝑓𝑖 (𝑙1) − 𝑓𝑖 (𝑙2) ≤ 𝛼 𝑙1 − 𝑙2 , 𝑖 = 1, 2, . . . , 𝑛, (4)

for any 𝑙1, 𝑙2 ∈ (−∞, +∞), where 𝛼 = 𝑝/𝑑.
For technical convenience, denote 𝑏𝑖𝑗 = max{|�̂�𝑖𝑗|, |�̌�𝑖𝑗|},𝑏0𝑖𝑗 = (1/2)(�̂�𝑖𝑗 + �̌�𝑖𝑗), 𝑏+𝑖𝑗 = (1/2)|�̂�𝑖𝑗 + �̌�𝑖𝑗|, 𝑏−𝑖𝑗 = (1/2)|�̂�𝑖𝑗 − �̌�𝑖𝑗|,𝑐𝑖𝑗 = max{|𝑐𝑖𝑗|, | ̌𝑐𝑖𝑗|}, 𝑐0𝑖𝑗 = (1/2)(𝑐𝑖𝑗 + ̌𝑐𝑖𝑗), 𝑐+𝑖𝑗 = (1/2)|𝑐𝑖𝑗 + ̌𝑐𝑖𝑗|,𝑐−𝑖𝑗 = (1/2)|𝑐𝑖𝑗 − ̌𝑐𝑖𝑗|, and 𝑆𝑖 = max{|�̂�𝑖𝑖𝑝 − 𝑎𝑖𝑑|, |�̌�𝑖𝑖𝑝 − 𝑎𝑖𝑑|}, for𝑖, 𝑗 = 1, 2, . . . , 𝑛. Let 𝑆𝑏 = max1≤𝑖≤𝑛(𝑎𝑖 +∑𝑛𝑗=1 𝛼(𝑏+𝑗𝑖 +𝑏−𝑗𝑖)), 𝑆−𝑏 =

min1≤𝑖≤𝑛(𝑎𝑖 −∑𝑛j=1(𝑏+𝑗𝑖 + 𝑏−𝑗𝑖)𝛼), and 𝑆𝑐 = max1≤𝑖≤𝑛(∑𝑛𝑗=1 𝛼(𝑐+𝑗𝑖 +𝑐−𝑗𝑖)). 𝑐𝑜{M̂, M̌}denotes the convex closure of a set constituted
by real numbers M̂ and M̌.

2.3. AutoassociativeMemories. FromDefinition 1,matrixE is
selected as an identity matrix when designing autoassociative
memories (i.e., E𝑢(𝑟) = 𝑢(𝑟) = 𝑞(𝑟) for 𝑟 = 1, 2, . . . , 𝑙). For the
convenience of analysis and formulation in autoassociative
memories, neural network model (1) can be rewritten in
component form:

�̇�𝑖 (𝑡) = −𝑎𝑖𝑥𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑥𝑗 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑗 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝛾 (𝑡))) + 𝑢𝑖,

𝑤𝑖 (𝑡) = 𝑓𝑖 (𝑥𝑖 (𝑡)) ,
𝑖 = 1, 2, . . . , 𝑛.

(5)

2.4. Properties. For neural network model (1), we consider
the following set-valued maps:

𝐾[𝑏𝑖𝑗 (𝑥𝑗 (𝑡))] =
{{{{{{{{{

�̂�𝑖𝑗, 𝑥𝑗 (𝑡) > 𝑇𝑗,𝑐𝑜 {�̂�𝑖𝑗, �̌�} , 𝑥𝑗 (𝑡) = 𝑇𝑗,�̌�𝑖𝑗, 𝑥𝑗 (𝑡) < 𝑇𝑗,
(6)

𝐾[𝑐𝑖𝑗 (𝑥𝑗 (𝑡))] =
{{{{{{{{{

𝑐𝑖𝑗, 𝑥𝑗 (𝑡) > 𝑇𝑗,𝑐𝑜 {𝑐𝑖𝑗, ̌𝑐} , 𝑥𝑗 (𝑡) = 𝑇𝑗,̌𝑐𝑖𝑗, 𝑥𝑗 (𝑡) < 𝑇𝑗,
(7)

for 𝑖, 𝑗 = 1, 2, . . . , 𝑛.
Based on the theory of differential inclusions [17–20],

from (5), we can get

�̇�𝑖 (𝑡) ∈ −𝑎𝑖𝑥𝑖 (𝑡) + 𝑛∑
𝑗=1

𝐾[𝑏𝑖𝑗 (𝑥𝑗 (𝑡))] 𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝐾[𝑐𝑖𝑗 (𝑥𝑗 (𝑡))] 𝑓𝑗 (𝑥𝑗 (𝛾 (𝑡))) + 𝑢𝑖,
(8)

or, equivalently, there exist 𝑏∗𝑖𝑗 (𝑥𝑗(𝑡)) ∈ 𝐾[𝑏𝑖𝑗(𝑥𝑗(𝑡))] and𝑐∗𝑖𝑗 (𝑥𝑗(𝑡)) ∈ 𝐾[𝑐𝑖𝑗(𝑥𝑗(𝑡))] such that

�̇�𝑖 (𝑡) = −𝑎𝑖𝑥𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑏∗𝑖𝑗 (𝑥𝑗 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐∗𝑖𝑗 (𝑥𝑗 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝛾 (𝑡))) + 𝑢𝑖,
𝑖 = 1, 2, . . . , 𝑛,

(9)

for almost all 𝑡 ∈ [0, +∞).
Employing the fuzzy uncertainty approach [21], neural

network model (5) can be expressed as follows:

�̇�𝑖 (𝑡) = −𝑎𝑖𝑥𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑏0𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐0𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝛾 (𝑡))) + 𝑢𝑖
+ 𝑛∑
𝑗=1

𝛿𝑏𝑖𝑗 (𝑥𝑗 (𝑡)) 𝑏−𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡)) + 𝑛∑
𝑗=1

𝛿𝑐𝑖𝑗 (𝑥𝑗 (𝑡))
× 𝑐−𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝛾 (𝑡))) ,

(10)
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where

𝛿𝑏𝑖𝑗 (𝑥𝑗 (𝑡)) = {{{
sgn (�̂�𝑖𝑗 − �̌�𝑖𝑗) , 𝑥𝑗 (𝑡) > 𝑇𝑗,− sgn (�̂�𝑖𝑗 − �̌�𝑖𝑗) , 𝑥𝑗 (𝑡) < 𝑇𝑗,

𝛿𝑐𝑖𝑗 (𝑥𝑗 (𝑡)) = {{{
sgn (𝑐𝑖𝑗 − ̌𝑐𝑖𝑗) , 𝑥𝑗 (𝑡) > 𝑇𝑗,− sgn (𝑐𝑖𝑗 − ̌𝑐𝑖𝑗) , 𝑥𝑗 (𝑡) < 𝑇𝑗,

(11)

and sgn(⋅) is the sign function.

Definition 2. A constant vector 𝑥∗ = (𝑥∗1 , 𝑥∗2 , . . . , 𝑥∗𝑛 )𝑇 is said
to be an equilibrium point of neural networkmodel (5) if and
only if

0 ∈ −𝑎𝑖𝑥∗𝑖 + 𝑛∑
𝑗=1

𝐾[𝑏𝑖𝑗 (𝑥∗𝑗 )] 𝑓𝑗 (𝑥∗𝑗 )
+ 𝑛∑
𝑗=1

𝐾[𝑐𝑖𝑗 (𝑥∗𝑗 )] 𝑓𝑗 (𝑥∗𝑗 ) + 𝑢𝑖, 𝑖 = 1, 2, . . . , 𝑛,
(12)

or, equivalently, there exist �̃�𝑖𝑗(𝑥∗𝑗 ) ∈ 𝐾[𝑏𝑖𝑗(𝑥∗𝑗 )] and 𝑐𝑖𝑗(𝑥∗𝑗 ) ∈𝐾[𝑐𝑖𝑗(𝑥∗𝑗 )] such that

− 𝑎𝑖𝑥∗𝑖 + 𝑛∑
𝑗=1

�̃�𝑖𝑗 (𝑥∗𝑗 ) 𝑓𝑗 (𝑥∗𝑗 ) + 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥∗𝑗 ) 𝑓𝑗 (𝑥∗𝑗 ) + 𝑢𝑖
= 0,

(13)

for 𝑖 = 1, 2, . . . , 𝑛.
Definition 3. The equilibrium point 𝑥∗ = (𝑥∗1 , 𝑥∗2 , . . . , 𝑥∗𝑛 )𝑇 of
neural network model (5) is globally exponentially stable if
there exist constants𝑀 > 0 and 𝜖 > 0 such that

𝑥 (𝑡) − 𝑥∗ ≤ 𝑀𝑥0 − 𝑥∗ exp {−𝜖𝑡} , (14)

for any 𝑡 ≥ 0, where 𝑥(𝑡) is the state vector of neural network
model (5) with initial condition 𝑥0.
Lemma 4. For neural network model (5), one has

𝐾 [𝑏𝑖𝑗 (𝑥𝑗)] 𝑓𝑗 (𝑥𝑗) − 𝐾 [𝑏𝑖𝑗 (𝑦𝑗)] 𝑓𝑗 (𝑦𝑗)
≤ 𝑏𝑖𝑗𝛼 𝑥𝑗 − 𝑦𝑗 ,𝐾 [𝑐𝑖𝑗 (𝑥𝑗)] 𝑓𝑗 (𝑥𝑗) − 𝐾 [𝑐𝑖𝑗 (𝑦𝑗)] 𝑓𝑗 (𝑦𝑗)
≤ 𝑐𝑖𝑗𝛼 𝑥𝑗 − 𝑦𝑗 ,

(15)

for 𝑖, 𝑗 = 1, 2, . . . , 𝑛, 𝑥𝑗, 𝑦𝑗 ∈ (−∞, +∞), where 𝐾[𝑏𝑖𝑗(⋅)] and𝐾[𝑐𝑖𝑗(⋅)] are defined as those in (6) and (7), respectively.

Lemma 4 is a basic conclusion. To get more specific,
please see [Neural Networks, vol. 51, pp. 1–8, 2014], or
[Information Sciences, vol. 279, pp. 358–373, 2014], or others.

In the following, we end this section with some basic
assumptions:

(A1) There exists a positive constant 𝜂 satisfying
𝜂𝑘+1 − 𝜂𝑘 < 𝜂, 𝑘 ∈ 𝑁. (16)

(A2) 𝜂(𝑆𝑏 + 2𝑆𝑐) exp{𝑆𝑏𝜂} < 1.
(A3) 𝜂[𝑆𝑐 + 𝑆𝑏(1 + 𝑆𝑐𝜂) exp{𝑆𝑏𝜂}] < 1.

3. Main Results

In this section, we first present the conditions ensuring the
existence and uniqueness of solution for neural network
model (5) and then analyze its global exponential stability;
finally, we discuss how to design the procedures of autoasso-
ciative memories and heteroassociative memories.

3.1. Existence and Uniqueness of Solution

Theorem5. Let (A1) and (A2) hold.Then, there exists a unique
solution 𝑥(𝑡) = 𝑥(𝑡, 𝑡0, 𝑥0), 𝑡 ≥ 𝑡0, of (5) for every (𝑡0, 𝑥0) ∈(R+,R𝑛).
Proof. The proof of the assertion is divided into two steps.

Firstly, we discuss the existence of solution.
For a fixed 𝑘 ∈ 𝑁, assume that 𝜂𝑘 ≤ 𝑡0 ≤ 𝜗𝑘 = 𝛾(𝑡) < 𝑡 <𝜂𝑘+1 and the other case 𝜂𝑘 ≤ 𝑡0 < 𝑡 < 𝜗𝑘 = 𝛾(𝑡) < 𝜂𝑘+1 can be

discussed in a similar way.
Let V(𝑡) = 𝑥(𝑡, 𝑡0, 𝑥0), and consider the following

equivalent equation:

V𝑖 (𝑡) = 𝑥0𝑖 + ∫𝑡
𝑡0

[
[−𝑎𝑖V𝑖 (𝑠) +

𝑛∑
𝑗=1

𝑏0𝑖𝑗𝑓𝑗 (V𝑗 (𝑠)) + 𝑛∑
𝑗=1

𝑐0𝑖𝑗
× 𝑓𝑗 (V𝑗 (𝜗𝑘)) + 𝑢𝑖 + 𝑛∑

𝑗=1

𝛿𝑏𝑖𝑗 (V𝑗 (𝑡)) 𝑏−𝑖𝑗𝑓𝑗 (V𝑗 (𝑠))

+ 𝑛∑
𝑗=1

𝛿𝑐𝑖𝑗 (V𝑗 (𝑡)) 𝑐−𝑖𝑗𝑓𝑗 (V𝑗 (𝜗𝑘))]] d𝑠,
𝑖 = 1, 2, . . . , 𝑛.

(17)

Construct the following sequence {V𝑚𝑖 (𝑡)}, 𝑚 ∈ 𝑁, 𝑖 =1, 2, . . . , 𝑛 :
V𝑚+1𝑖 (𝑡) = 𝑥0𝑖 + ∫𝑡

𝑡0

[
[−𝑎𝑖V

𝑚
𝑖 (𝑠) + 𝑛∑

𝑗=1

𝑏0𝑖𝑗𝑓𝑗 (V𝑚𝑗 (𝑠))
+ 𝑛∑
𝑗=1

𝑐0𝑖𝑗 × 𝑓𝑗 (V𝑚𝑗 (𝜗𝑘)) + 𝑢𝑖
+ 𝑛∑
𝑗=1

𝛿𝑏𝑖𝑗 (V𝑚𝑗 (𝑡)) 𝑏−𝑖𝑗𝑓𝑗 (V𝑚𝑗 (𝑠))
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+ 𝑛∑
𝑗=1

𝛿𝑐𝑖𝑗 (V𝑚𝑗 (𝑡)) 𝑐−𝑖𝑗𝑓𝑗 (V𝑚𝑗 (𝜗𝑘))]] d𝑠,
𝑖 = 1, 2, . . . , 𝑛,

(18)

and V0𝑖 (𝑡) = 𝑥0𝑖 .
Define a norm ‖V(𝑡)‖𝑀 = max[𝑡0 ,𝑡]‖V(𝑡)‖, and we can get

V𝑚+1 (𝑡) − V𝑚 (𝑡)𝑀 ≤ [(𝑆𝑏 + 𝑆𝑐) 𝜂]𝑚 𝜍, (19)

where 𝜍 = 𝜂[∑𝑛𝑖=1 𝑎𝑖|𝑥0𝑖 | + ∑𝑛𝑖=1∑𝑛𝑗=1(𝑏+𝑖𝑗 + 𝑏−𝑖𝑗 + 𝑐+𝑖𝑗 + 𝑐−𝑖𝑗 )𝑝 +∑𝑛𝑖=1 |𝑢𝑖|].
From (A2), we have (𝑆𝑏 + 𝑆𝑐)𝜂 < 1, and hence

lim
𝑚→+∞

V𝑚+1 (𝑡) − V𝑚 (𝑡)𝑀 = 0. (20)

Therefore, there exists a solution V(𝑡) = 𝑥(𝑡, 𝑡0, 𝑥0) on the
interval [𝑡0, 𝜗𝑘] for (17). From (4), the solution can be
consecutive to 𝜂𝑘+1. Utilizing a similar method, 𝑥(𝑡) can
be consecutive to 𝜗𝑘+1 and then to 𝜂𝑘+2. Applying the
mathematical induction, the proof of existence of solution for
(5) is completed.

Next, we analyze the uniqueness of solution.
Fix 𝑘 ∈ 𝑁 and choose 𝑡0 ∈ [𝜂𝑘, 𝜂𝑘+1], 𝑥1 ∈ R𝑛, 𝑥2 ∈

R𝑛. Denote 𝑥1(𝑡) = 𝑥(𝑡, 𝑡0, 𝑥1) and 𝑥2(𝑡) = 𝑥(𝑡, 𝑡0, 𝑥2) as two
solutions of (5) with different initial conditions (𝑡0, 𝑥1) and(𝑡0, 𝑥2), respectively.

Then, we get

𝑥1 (𝑡) − 𝑥2 (𝑡)
≤ (𝑥1 − 𝑥2 + 𝑆𝑐𝜂 𝑥1 (𝜗𝑘) − 𝑥2 (𝜗𝑘))
+ ∫𝑡
𝑡0

𝑆𝑏 𝑥1 (𝑠) − 𝑥2 (𝑠) d𝑠.
(21)

Based on the Gronwall-Bellman inequality,

𝑥1 (𝑡) − 𝑥2 (𝑡)
≤ (𝑥1 − 𝑥2 + 𝑆𝑐𝜂 𝑥1 (𝜗𝑘) − 𝑥2 (𝜗𝑘))
× exp {𝑆𝑏𝜂} ,

(22)

and, particularly,

𝑥1 (𝜗𝑘) − 𝑥2 (𝜗𝑘)
≤ (𝑥1 − 𝑥2 + 𝑆𝑐𝜂 𝑥1 (𝜗𝑘) − 𝑥2 (𝜗𝑘))
× exp {𝑆𝑏𝜂} .

(23)

Hence,

𝑥1 (𝑡) − 𝑥2 (𝑡) ≤ ( exp {𝑆𝑏𝜂}1 − 𝑆𝑐𝜂 exp {𝑆𝑏𝜂})
𝑥1 − 𝑥2 . (24)

Suppose that there exists some �̃� ∈ [𝜂𝑘, 𝜂𝑘+1] satisfying𝑥1(�̃�) = 𝑥2(�̃�); then,
𝑥1 − 𝑥2 ≤ 𝑆𝑐𝜂 𝑥1 (𝜗𝑘) − 𝑥2 (𝜗𝑘)

+ ∫�̃�
𝑡0

𝑆𝑏 𝑥1 (𝑠) − 𝑥2 (𝑠) d𝑠.
(25)

From (A2), we get

0 < 𝜂 exp {𝑆𝑏𝜂} (𝑆𝑏 + 𝑆𝑐) < 1 − 𝜂𝑆𝑐 exp {𝑆𝑏𝜂} ; (26)

that is,

0 < 𝜂 exp {𝑆𝑏𝜂} (𝑆𝑏 + 𝑆𝑐)1 − 𝜂𝑆𝑐 exp {𝑆𝑏𝜂} < 1. (27)

Substituting (24) into (25), from (27), we obtain

𝑥1 − 𝑥2 ≤ 𝑆𝑐𝜂 exp {𝑆𝑏𝜂}1 − 𝑆𝑐𝜂 exp {𝑆𝑏𝜂}
𝑥1 − 𝑥2

+ 𝑆𝑏𝜂 exp {𝑆𝑏𝜂}1 − 𝑆𝑐𝜂 exp {𝑆𝑏𝜂}
𝑥1 − 𝑥2

≤ 𝜂 exp {𝑆𝑏𝜂} (𝑆𝑏 + 𝑆𝑐)1 − 𝜂𝑆𝑐 exp {𝑆𝑏𝜂}
𝑥1 − 𝑥2

< 𝑥1 − 𝑥2 .

(28)

This poses a contradiction. Therefore, the uniqueness of
solution is true. Taken together, the proof of the existence and
uniqueness of solution for (5) is completed.

3.2. Invariant Manifolds

Lemma 6. The solution 𝑥(𝑡) of neural network model (5) will
fall into∏𝑛𝑖=1[𝑑 + 𝑇𝑖, +∞) ultimately if, for 𝑖 = 1, 2, . . . , 𝑛, the
following conditions hold:

𝑢𝑖 > 𝑆𝑖 + 𝑎𝑖𝑇𝑖 + 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 + 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝. (29)

Proof. We distinguish four cases to prove the lemma.

(1) If, for some 𝑡, 𝑥𝑖(𝑡) ∈ [𝑇𝑖, 𝑑+𝑇𝑖), 𝑖 ∈ {1, 2, . . . , 𝑛}, then
�̇�𝑖 (𝑡) = −𝑎𝑖𝑥𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑏𝑖𝑗 (𝑥𝑗 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑗 (𝑡)) × 𝑓𝑗 (𝑥𝑗 (𝛾 (𝑡))) + 𝑢𝑖
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≥ −𝑎𝑖𝑥𝑖 (𝑡) + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝𝑑 [𝑥𝑖 (𝑡) − 𝑇𝑖]
− 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 − 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≥ −𝑎𝑖 [𝑥𝑖 (𝑡) − 𝑇𝑖] + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝𝑑 [𝑥𝑖 (𝑡) − 𝑇𝑖]
− 𝑎𝑖𝑇𝑖 − 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 − 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≥ [−𝑎𝑖 + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝𝑑] [𝑥𝑖 (𝑡) − 𝑇𝑖] − 𝑎𝑖𝑇𝑖
− 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 − 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≥ − −𝑎𝑖 + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝𝑑

 𝑑 − 𝑎𝑖𝑇𝑖 −
𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
− 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≥ − 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝 − 𝑎𝑖𝑑 − 𝑎𝑖𝑇𝑖 − 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
− 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≥ −𝑆𝑖 − 𝑎𝑖𝑇𝑖 − 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 − 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 > 0.
(30)

That is to say, �̇�𝑖(𝑡) > 0, when 𝑥𝑖(𝑡) ∈ [𝑇𝑖, 𝑑 + 𝑇𝑖).
(2) If, for some 𝑡, 𝑥𝑖(𝑡) ∈ (−𝑇𝑖, 𝑇𝑖), 𝑖 ∈ {1, 2, . . . , 𝑛}, then
�̇�𝑖 (𝑡) ≥ −𝑎𝑖𝑥𝑖 (𝑡) + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑓𝑖 (𝑥𝑖 (𝑡)) − 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
− 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≥ −𝑎𝑖𝑇𝑖 − 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 − 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 > 𝑆𝑖 > 0.
(31)

That is to say, �̇�𝑖(𝑡) > 0, when 𝑥𝑖(𝑡) ∈ (−𝑇𝑖, 𝑇𝑖).
(3) If, for some 𝑡, 𝑥𝑖(𝑡) ∈ (−𝑇𝑖 − 𝑑, −𝑇𝑖), 𝑖 ∈ {1, 2, . . . , 𝑛},

then

�̇�𝑖 (𝑡) ≥ −𝑎𝑖𝑥𝑖 (𝑡) + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑓𝑖 (𝑥𝑖 (𝑡)) − 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
− 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖

= −𝑎𝑖 [𝑥𝑖 (𝑡) + 𝑇𝑖] + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝𝑑 [𝑥𝑖 (𝑡) + 𝑇𝑖]
− 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 − 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 + 𝑎𝑖𝑇𝑖
= [−𝑎𝑖 + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝𝑑] [𝑥𝑖 (𝑡) + 𝑇𝑖] −

𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
− 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 + 𝑎𝑖𝑇𝑖
≥ − 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝 − 𝑎𝑖𝑑 + 𝑎𝑖𝑇𝑖 − 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
− 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 > 2𝑎𝑖𝑇𝑖 > 0.
(32)

That is to say, �̇�𝑖(𝑡) > 0, when 𝑥𝑖(𝑡) ∈ (−𝑇𝑖 − 𝑑𝑖, −𝑇𝑖).
(4) If, for some 𝑡, 𝑥𝑖(𝑡) ∈ (−∞, −𝑇𝑖 − 𝑑𝑖), 𝑖 ∈ {1, 2, . . . , 𝑛},

then

�̇�𝑖 (𝑡) ≥ −𝑎𝑖𝑥𝑖 (𝑡) + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑓𝑖 (𝑥𝑖 (𝑡)) − 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
− 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≥ 𝑎𝑖 (𝑇𝑖 + 𝑑) − 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝 − 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
− 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≥ − 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝 − 𝑎𝑖𝑑 + 𝑎𝑖𝑇𝑖 − 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
− 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 > 2𝑎𝑖𝑇𝑖 > 0.

(33)

That is to say, �̇�𝑖(𝑡) > 0, when 𝑥𝑖(𝑡) ∈ (−∞, −𝑇𝑖 − 𝑑𝑖).
From the above analysis, we can get that any component𝑥𝑖(𝑡) (𝑖 = 1, 2, . . . , 𝑛) of the solution 𝑥(𝑡) of neural network

model (5) will fall into [𝑑 + 𝑇𝑖, +∞) ultimately. Hence, the
proof is completed.

Lemma 7. The solution 𝑥(𝑡) of neural network model (5) will
fall into∏𝑛𝑖=1(−∞, −𝑑−𝑇𝑖] ultimately if, for 𝑖 = 1, 2, . . . , 𝑛, the
following conditions hold:

𝑢𝑖 < −𝑆𝑖 − 𝑎𝑖𝑇𝑖 − 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 − 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝. (34)

Proof. We distinguish four cases to prove the lemma.
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(1) If, for some 𝑡, 𝑥𝑖(𝑡) ∈ [𝑑 + 𝑇𝑖, +∞), 𝑖 ∈ {1, 2, . . . , 𝑛},
then

�̇�𝑖 (𝑡) = −𝑎𝑖𝑥𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑥𝑗 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑗 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝛾 (𝑡))) + 𝑢𝑖
≤ −𝑎𝑖𝑥𝑖 (𝑡) + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≤ −𝑎𝑖 (𝑑 + 𝑇𝑖) + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝 + 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≤ 𝑎𝑖𝑑 − 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝 − 𝑎𝑖𝑇𝑖 + 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 𝑝 + 𝑢𝑖
≤ 𝑆𝑖 − 𝑎𝑖𝑇𝑖 + 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 + 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 < −2𝑎𝑖𝑇𝑖
< 0.

(35)

That is to say, �̇�𝑖(𝑡) < 0, when 𝑥𝑖(𝑡) ∈ [𝑑 + 𝑇𝑖, +∞).
(2) If, for some 𝑡, 𝑥𝑖(𝑡) ∈ (𝑇𝑖, 𝑑 +𝑇𝑖), 𝑖 ∈ {1, 2, . . . , 𝑛}, then
�̇�𝑖 (𝑡) = −𝑎𝑖𝑥𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑏𝑖𝑗 (𝑥𝑗 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑗 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝛾 (𝑡))) + 𝑢𝑖
≤ −𝑎𝑖 [𝑥𝑖 (𝑡) − 𝑇𝑖] + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝𝑑 [𝑥𝑖 (𝑡) − 𝑇𝑖]
− 𝑎𝑖𝑇𝑖 + 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 + 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≤ [−𝑎𝑖 + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝𝑑] [𝑥𝑖 (𝑡) − 𝑇𝑖] − 𝑎𝑖𝑇𝑖
+ 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 + 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≤ −𝑎𝑖 + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝𝑑

 𝑑 − 𝑎𝑖𝑇𝑖 +
𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝

+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≤ 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝 − 𝑎𝑖𝑑 − 𝑎𝑖𝑇𝑖 + 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≤ 𝑆𝑖 − 𝑎𝑖𝑇𝑖 + 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 + 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 < −2𝑎𝑖𝑇𝑖
< 0.

(36)

That is to say, �̇�𝑖(𝑡) < 0, when 𝑥𝑖(𝑡) ∈ (𝑇𝑖, 𝑑 + 𝑇𝑖).
(3) If, for some 𝑡, 𝑥𝑖(𝑡) ∈ (−𝑇𝑖, 𝑇𝑖), 𝑖 ∈ {1, 2, . . . , 𝑛}, then
�̇�𝑖 (𝑡) ≤ −𝑎𝑖𝑥𝑖 (𝑡) + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
≤ 𝑎𝑖𝑇𝑖 + 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 + 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 < −𝑆𝑖 < 0.
(37)

That is to say, �̇�𝑖(𝑡) < 0, when 𝑥𝑖(𝑡) ∈ (−𝑇𝑖, 𝑇𝑖).
(4) If, for some 𝑡, 𝑥𝑖(𝑡) ∈ (−𝑇𝑖 − 𝑑, −𝑇𝑖), 𝑖 ∈ {1, 2, . . . , 𝑛},

then

�̇�𝑖 (𝑡) ≤ −𝑎𝑖𝑥𝑖 (𝑡) + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖
= −𝑎𝑖 [𝑥𝑖 (𝑡) + 𝑇𝑖] + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝𝑑 [𝑥𝑖 (𝑡) + 𝑇𝑖]
+ 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 + 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 + 𝑎𝑖𝑇𝑖
= [−𝑎𝑖 + 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝𝑑] [𝑥𝑖 (𝑡) + 𝑇𝑖] +

𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 + 𝑎𝑖𝑇𝑖
≤ 𝑏𝑖𝑖 (𝑥𝑖 (𝑡)) 𝑝 − 𝑎𝑖𝑑 + 𝑎𝑖𝑇𝑖 + 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝
+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖 < 0.

(38)

That is to say, �̇�𝑖(𝑡) < 0, when 𝑥𝑖(𝑡) ∈ (−𝑇𝑖 − 𝑑𝑖, −𝑇𝑖).
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From the above analysis, we can get that any component𝑥𝑖(𝑡) (𝑖 = 1, 2, . . . , 𝑛) of the solution 𝑥(𝑡) of neural network
model (5) will fall into (−∞, −𝑑 − 𝑇𝑖] ultimately. Hence, the
proof is completed.

3.3. Global Exponential Stability Analysis. Denote

Δ 1 = {{{𝑖 | 𝑖 ∈ {1, 2, . . . , 𝑛} , 𝑢𝑖 > 𝑆𝑖 + 𝑎𝑖𝑇𝑖 +
𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝

+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝}}} ,

Δ 2 = {{{𝑖 | 𝑖 ∈ {1, 2, . . . , 𝑛} , 𝑢𝑖 > 𝑆𝑖 + 𝑎𝑖𝑇𝑖 +
𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝

+ 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝}}} .

(39)

In order to guarantee the existence of equilibrium point
for neural network model (5), the following assumption is
needed:

(A4) For any 𝑖 ∈ {1, 2, . . . , 𝑛}, 𝑖 ∈ Δ 1 ∪ Δ 2.
Theorem8. Let (A4) hold.Then, neural networkmodel (5) has
at least one equilibrium point 𝑥∗ ∈ Θ, where

Θ = {𝑥 ∈ R
𝑛 | 𝑥𝑖 ≤ −𝑇𝑖 − 𝑑 or 𝑥𝑖 ≥ 𝑑 + 𝑇𝑖, 𝑖

∈ {1, 2, . . . , 𝑛}} . (40)

Proof. Define a mapping

𝐹 (𝑥) = (𝐹1 (𝑥) , 𝐹2 (𝑥) , . . . , 𝐹𝑛 (𝑥))𝑇 , (41)

where

𝐹𝑖 (𝑥) = 1𝑎𝑖 [[
𝑛∑
𝑗=1

𝐾[𝑏𝑖𝑗 (𝑥𝑗)] 𝑓𝑗 (𝑥𝑗)

+ 𝑛∑
𝑗=1

𝐾[𝑐𝑖𝑗 (𝑥𝑗)] 𝑓𝑗 (𝑥𝑗) + 𝑢𝑖]] , 𝑖 = 1, 2, . . . , 𝑛.
(42)

It is obvious that 𝐹(𝑥) is equicontinuous.
When 𝑖 ∈ Δ 1, there exists a small enough positive number𝜀1 satisfying

𝑢𝑖 > 𝑆𝑖 + 𝑎𝑖𝑇𝑖 + ∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 + ∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑎𝑖𝜀1, (43)

andwhen 𝑖 ∈ Δ 2, there exists a small enough positive number𝜀2 satisfying
𝑢𝑖 < −𝑆𝑖 − 𝑎𝑖𝑇𝑖 − ∑

𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 − ∑
𝑗=1

𝑐𝑖𝑗𝑝 − 𝑎𝑖𝜀2. (44)

Take 0 < 𝜀 < min(𝜀1, 𝜀2) and denote

Θ = {𝑥 ∈ R
𝑛 | 𝑥𝑖 ∈ [𝑑 + 𝑇𝑖 + 𝜀, (𝑑 + 𝑇𝑖)𝜀 ] , 𝑖

∈ Δ 1, or 𝑥𝑖 ∈ [− (𝑑 + 𝑇𝑖)𝜀 , −𝑑 − 𝑇𝑖 − 𝜀] , 𝑖 ∈ Δ 2} ,
(45)

which is a bounded and closed set.
When 𝑥𝑖 ∈ [𝑑 + 𝑇𝑖 + 𝜀, (𝑑 + 𝑇𝑖)/𝜀], 𝑖 ∈ Δ 1,
𝐹𝑖 (𝑥) = 1𝑎𝑖 [[

𝑛∑
𝑗=1

𝐾[𝑏𝑖𝑗 (𝑥𝑗)] 𝑓𝑗 (𝑥𝑗)

+ 𝑛∑
𝑗=1

𝐾[𝑐𝑖𝑗 (𝑥𝑗)] 𝑓𝑗 (𝑥𝑗) + 𝑢𝑖]]
≥ 1𝑎𝑖 [[𝐾 [𝑏𝑖𝑖 (𝑥𝑖)] 𝑝 −

𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗𝑝 − 𝑛∑
𝑗=1

𝑐𝑖𝑗𝑝 + 𝑢𝑖]]
> 1𝑎𝑖 [(𝐾 [𝑏𝑖𝑖 (𝑥𝑖)] 𝑝 − 𝑎𝑖𝑑) + 𝑆𝑖 + 𝑎𝑖𝑇𝑖 + 𝑎𝑖𝑑 + 𝑎𝑖𝜀]
≥ 𝑇𝑖 + 𝑑 + 𝜀.

(46)

Similarly, we can obtain
𝐹𝑖 (𝑥) < −𝑇𝑖 − 𝑑 − 𝜀 (47)

for 𝑥𝑖 ∈ [−(𝑑 + 𝑇𝑖)/𝜀, −𝑑 − 𝑇𝑖 − 𝜀], 𝑖 ∈ Δ 2.
From the above discussion, we can get 𝐹(𝑥) ∈ Θ for 𝑥 ∈Θ. Based on the generalized Brouwer’s fixed point theorem,

there exists at least one equilibrium 𝑥∗ ∈ Θ. This completes
the proof.

Recalling (10), for 𝑖 = 1, 2, . . . , 𝑛, then
�̇�𝑖 (𝑡) ∈ −𝑎𝑖𝑥𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑏0𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐0𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝛾 (𝑡))) + 𝑢𝑖
+ 𝑛∑
𝑗=1

𝐾[𝛿𝑏𝑖𝑗 (𝑥𝑗 (𝑡))] 𝑏−𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝐾[𝛿𝑐𝑖𝑗 (𝑥𝑗 (𝑡))] 𝑐−𝑖𝑗𝑓𝑗 (𝑥𝑗 (𝛾 (𝑡))) .

(48)

Let 𝑦𝑖(𝑡) = 𝑥𝑖(𝑡) − 𝑥∗𝑖 , 𝑖 = 1, 2, . . . , 𝑛,
̇𝑦𝑖 (𝑡) ∈ −𝑎𝑖𝑦𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑏0𝑖𝑗𝑔𝑗 (𝑦𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐0𝑖𝑗𝑔𝑗 (𝑦𝑗 (𝛾 (𝑡))) + 𝑛∑
𝑗=1

𝐴𝑏𝑖𝑗 (𝑦𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝐴𝑐𝑖𝑗 (𝑦𝑗 (𝛾 (𝑡))) , 𝑖 = 1, 2, . . . , 𝑛,
(49)
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where 𝑔𝑗(𝑦𝑗(𝑡)) = 𝑓𝑗(𝑦𝑗(𝑡) + 𝑥∗𝑗 ) − 𝑓𝑗(𝑥∗𝑗 ), 𝐴𝑏𝑖𝑗(𝑦𝑗(𝑡)) =𝑏−𝑖𝑗 (𝐾[𝛿𝑏𝑖𝑗(𝑦𝑗(𝑡) + 𝑥∗𝑗 )]𝑓𝑗(𝑦𝑗(𝑡) + 𝑥∗𝑗 ) − 𝐾[𝛿𝑏𝑖𝑗(𝑥∗𝑗 )]𝑓𝑗(𝑥∗𝑗 )),
or 𝐴𝑐𝑖𝑗(𝑦𝑗(𝛾(𝑡))) = 𝑐−𝑖𝑗 (𝐾[𝛿𝑐𝑖𝑗(𝑦𝑗(𝛾(𝑡)) + 𝑥∗𝑗 )]𝑓𝑗(𝑦𝑗(𝛾(𝑡)) +𝑥∗𝑗 ) − 𝐾[𝛿𝑐𝑖𝑗(𝑥∗𝑗 )]𝑓𝑗(𝑥∗𝑗 )), or there exists 𝜑𝑏𝑖𝑗(𝑦𝑗(𝑡)) ∈𝐴𝑏𝑖𝑗(𝑦𝑗(𝑡)), 𝜑𝑐𝑖𝑗(𝑦𝑗(𝑡)) ∈ 𝐴𝑐𝑖𝑗(𝑦𝑗(𝑡)) for 𝑖, 𝑗 = 1, 2, . . . , 𝑛, such
that

̇𝑦𝑖 (𝑡) = −𝑎𝑖𝑦𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑏0𝑖𝑗𝑔𝑗 (𝑦𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐0𝑖𝑗𝑔𝑗 (𝑦𝑗 (𝛾 (𝑡))) + 𝑛∑
𝑗=1

𝜑𝑏𝑖𝑗 (𝑦𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝜑𝑐𝑖𝑗 (𝑦𝑗 (𝛾 (𝑡))) , 𝑖 = 1, 2, . . . , 𝑛.
(50)

According to Lemma 4,𝐴𝑏𝑖𝑗 (𝑦𝑗 (𝑡)) ≤ 𝑏−𝑖𝑗𝛼 𝑦𝑗 (𝑡) ,𝐴𝑐𝑖𝑗 (𝑦𝑗 (𝛾 (𝑡))) ≤ 𝑐−𝑖𝑗𝛼 𝑦𝑗 (𝛾 (𝑡)) ,
(51)

for 𝑖, 𝑗 = 1, 2, . . . , 𝑛.
Lemma 9. Let (A1)–(A3) hold and 𝑦(𝑡) = (𝑦1(𝑡), 𝑦2(𝑡), . . .,𝑦𝑛(𝑡))𝑇 be a solution of (49) or (50). Then,𝑦 (𝛾 (𝑡)) ≤ 𝜇 𝑦 (𝑡) , (52)

for 𝑡 ≥ 0, where 𝜇 = (1 − 𝜂[𝑆𝑐 + 𝑆𝑏(1 + 𝑆𝑐𝜂) exp{𝑆𝑏𝜂}])−1.
Proof. For any 𝑡 > 0, there exists a unique 𝑘 ∈ 𝑁, such that𝑡 ∈ [𝜂𝑘, 𝜂𝑘+1); then,

𝑦𝑖 (𝑡) = 𝑦𝑖 (𝜗𝑘) + ∫𝑡
𝜗𝑘

[
[−𝑎𝑖𝑦𝑖 (𝑠) +

𝑛∑
𝑗=1

𝑏0𝑖𝑗𝑔𝑗 (𝑦𝑗 (𝑠))

+ 𝑛∑
𝑗=1

𝑐0𝑖𝑗𝑔𝑗 (𝑦𝑗 (𝜗𝑘)) + 𝑛∑
𝑗=1

𝜑𝑏𝑖𝑗 (𝑦𝑗 (𝑠))

+ 𝑛∑
𝑗=1

𝜑𝑐𝑖𝑗 (𝑦𝑗 (𝜗𝑘))]] d𝑠, 𝑖 = 1, 2, . . . , 𝑛.

(53)

Taking the absolute value on both sides of (53),

𝑦𝑖 (𝑡) ≤ 𝑦𝑖 (𝜗𝑘) + ∫𝑡
𝜗𝑘

[
[𝑎𝑖

𝑦𝑖 (𝑠)
+ 𝑛∑
𝑗=1

𝑏+𝑖𝑗 𝑔𝑗 (𝑦𝑗 (𝑠)) +
𝑛∑
𝑗=1

𝑐+𝑖𝑗 𝑔𝑗 (𝑦𝑗 (𝜗𝑘))
+ 𝑛∑
𝑗=1

𝜑𝑏𝑖𝑗 (𝑦𝑗 (𝑠)) +
𝑛∑
𝑗=1

𝜑𝑐𝑖𝑗 (𝑦𝑗 (𝜗𝑘))]] d𝑠,
𝑖 = 1, 2, . . . , 𝑛,

(54)

and then
𝑛∑
𝑖=1

𝑦𝑖 (𝑡) ≤ 𝑛∑
𝑖=1

𝑦𝑖 (𝜗𝑘) + ∫𝑡
𝜗𝑘

[
[
𝑛∑
𝑖=1

𝑎𝑖 𝑦𝑖 (𝑠)
+ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑏+𝑖𝑗 𝑔𝑗 (𝑦𝑗 (𝑠)) +
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑐+𝑖𝑗 𝑔𝑗 (𝑦𝑗 (𝜗𝑘))
+ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝜑𝑏𝑖𝑗 (𝑦𝑗 (𝑠)) +
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝜑𝑐𝑖𝑗 (𝑦𝑗 (𝜗𝑘))]] d𝑠.

(55)

Applying Lemma 4,

𝑛∑
𝑖=1

𝑦𝑖 (𝑡) ≤ 𝑛∑
𝑖=1

𝑦𝑖 (𝜗𝑘) + ∫𝑡
𝜗𝑘

[
[
𝑛∑
𝑖=1

𝑎𝑖 𝑦𝑖 (𝑠)
+ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑏+𝑖𝑗𝛼 𝑦𝑗 (𝑠) +
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑐+𝑖𝑗𝛼 𝑦𝑗 (𝜗𝑘)
+ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑏−𝑖𝑗𝛼 𝑦𝑗 (𝑠) +
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑐−𝑖𝑗𝛼 𝑦𝑗 (𝜗𝑘)]] d𝑠

= 𝑛∑
𝑖=1

𝑦𝑖 (𝜗𝑘) + ∫𝑡
𝜗𝑘

[
[
𝑛∑
𝑖=1

𝑎𝑖 𝑦𝑖 (𝑠)
+ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑏+𝑗𝑖𝛼 𝑦𝑖 (𝑠) + 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑐+𝑗𝑖𝛼 𝑦𝑖 (𝜗𝑘)

+ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑏−𝑗𝑖𝛼 𝑦𝑖 (𝑠) + 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑐−𝑗𝑖𝛼 𝑦𝑖 (𝜗𝑘)]] d𝑠;

(56)

that is

𝑦 (𝑡) ≤ 𝑛∑
𝑖=1

𝑦𝑖 (𝜗𝑘)
+ ∫𝑡
𝜗𝑘

[
[
𝑛∑
𝑖=1

(𝑎𝑖 + 𝑛∑
𝑗=1

𝛼 (𝑏+𝑗𝑖 + 𝑏−𝑗𝑖)) 𝑦𝑖 (𝑠)

+ 𝑛∑
𝑖=1

( 𝑛∑
𝑗=1

𝛼 (𝑐+𝑗𝑖 + 𝑐−𝑗𝑖)) 𝑦𝑖 (𝜗𝑘)]] d𝑠;

(57)

then
𝑦 (𝑡) ≤ 𝑦 (𝜗𝑘) + ∫𝑡

𝜗𝑘

[𝑆𝑏 𝑦 (𝑠) + 𝑆𝑐 𝑦 (𝜗𝑘)] d𝑠
≤ (1 + 𝑆𝑐𝜂) 𝑦 (𝜗𝑘) + ∫𝑡

𝜗𝑘

𝑆𝑏 𝑦 (𝑠) d𝑠.
(58)

According to the Gronwall-Bellman inequality,

𝑦 (𝑡) ≤ (1 + 𝑆𝑐𝜂) 𝑦 (𝜗𝑘) exp{∫𝑡
𝜗𝑘

𝑆𝑏d𝑠}
≤ (1 + 𝑆c𝜂) exp {𝑆𝑏𝜂} 𝑦 (𝜗𝑘) .

(59)
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Exchanging the location of 𝑦𝑖(𝑡) and 𝑦𝑖(𝜗𝑘) in (53), we get
𝑦 (𝜗𝑘) ≤ 𝑦 (𝑡) + ∫𝑡

𝜗𝑘

[𝑆𝑏 𝑦 (𝑠) + 𝑆𝑐 𝑦𝜗𝑘] d𝑠
≤ 𝑦 (𝑡) + ∫𝑡

𝜗𝑘

[𝑆𝑏 ((1 + 𝑆𝑐𝜂) exp {𝑆𝑏𝜂} 𝑦 (𝜗𝑘))
+ 𝑆𝑐 𝑦𝜗𝑘] d𝑠 ≤ 𝑦 (𝑡) + 𝜂 [𝑆𝑐 + 𝑆𝑏 (1
+ 𝑆𝑐𝜂)] 𝑦 (𝜗𝑘) ,

(60)

and then

𝑦 (𝜗𝑘) ≤ 𝜇 𝑦 (𝑡) (61)

holds for 𝑡 ∈ [𝜂𝑘, 𝜂𝑘+1), so ‖𝑦(𝛾(𝑡))‖ ≤ 𝜇‖𝑦(𝑡)‖, where 𝜇 = (1−𝜂[𝑆𝑐 +𝑆𝑏(1 + 𝑆𝑐𝜂) exp{𝑆𝑏𝜂}])−1. This completes the proof.

Remark 10. Neural network model (49) is also of a hybrid
type. The difficulty in investigating this class of neural net-
works lies in the existence of a switching jump and deviating
argument. For the switching jump, we introduce the differen-
tial inclusions and fuzzy uncertainty approach to compensate
state-jump uncertainty. For the deviating argument, by the
aid of effective computational analysis, we estimate the norm
of deviating state 𝑦(𝛾(𝑡)) by the corresponding state 𝑦(𝑡).

In the following, the criterion to guarantee the global
exponential stability of neural network model (5) based on
the Lyapunov method is established.

Theorem 11. Let (A1)–(A4) hold.The origin of neural network
model (49) is globally exponentially stable, which implies that
the equilibrium point 𝑥∗ = (𝑥∗1 , 𝑥∗2 , . . . , 𝑥∗𝑛 )𝑇 of neural network
model (5) is globally exponentially stable, if the following
condition is satisfied:

𝜇𝑆𝑐 − 𝑆−𝑏 < 0. (62)

Proof. Denote

𝑧𝑖 (𝑡) = exp {𝜆𝑡} 𝑦𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛, (63)

where 𝜆 = −(1/2)(𝜇𝑆𝑐 − 𝑆−𝑏 ) > 0 is a positive constant satisfy-
ing

𝜆 + 𝜇𝑆𝑐 − 𝑆−𝑏 = 12 (𝜇𝑆𝑐 − 𝑆−𝑏 ) < 0. (64)

Then, for 𝑡 ̸= 𝜂𝑘, 𝑘 ∈ 𝑁, calculate the derivative of 𝑧𝑖(𝑡) along
the trajectory of (49) or (50):

�̇�𝑖 (𝑡) = 𝜆 exp {𝜆𝑡} 𝑦𝑖 (𝑡) + exp {𝜆𝑡} sgn (𝑦𝑖 (𝑡)) ̇𝑦𝑖 (𝑡)
= 𝜆 exp {𝜆𝑡} 𝑦𝑖 (𝑡) + exp {𝜆𝑡} sgn (𝑦𝑖 (𝑡))

⋅ (−𝑎𝑖𝑦𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑏0𝑖𝑗𝑔𝑗 (𝑦𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐0𝑖𝑗𝑔𝑗 (𝑦𝑗 (𝛾 (𝑡))) + 𝑛∑
𝑗=1

𝜑𝑏𝑖𝑗 (𝑦𝑗 (𝑡))

+ 𝑛∑
𝑗=1

𝜑𝑐𝑖𝑗 (𝑦𝑗 (𝛾 (𝑡)))) ≤ 𝜆 exp {𝜆𝑡} 𝑦𝑖 (𝑡)
+ exp {𝜆𝑡}(−𝑎𝑖 𝑦𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑏+𝑖𝑗 𝑔𝑗 (𝑦𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑐+𝑖𝑗 𝑔𝑗 (𝑦𝑗 (𝛾 (𝑡))) +
𝑛∑
𝑗=1

𝜑𝑏𝑖𝑗 (𝑦𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝜑𝑐𝑖𝑗 (𝑦𝑗 (𝛾 (𝑡)))) , 𝑖 = 1, 2, . . . , 𝑛.
(65)

Applying Lemma 4,

�̇�𝑖 (𝑡) ≤ exp {𝜆𝑡}((𝜆 − 𝑎𝑖) 𝑦𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑏+𝑖𝑗𝛼 𝑦𝑗 (𝑡)
+ 𝑛∑
𝑗=1

𝑐+𝑖𝑗𝛼 𝑦𝑗 (𝛾 (𝑡)) +
𝑛∑
𝑗=1

𝑏−𝑖𝑗𝛼 𝑦𝑗 (𝑡)
+ 𝑛∑
𝑗=1

𝑐−𝑖𝑗𝛼 𝑦𝑗 (𝛾 (𝑡))) , 𝑖 = 1, 2, . . . , 𝑛.

(66)

Let

𝑉 (𝑡) = 𝑛∑
𝑖=1

𝑧𝑖 (𝑡) ; (67)

then, for 𝑡 ̸= 𝜂𝑘, 𝑘 ∈ 𝑁,

�̇� (𝑡) = 𝑛∑
𝑖=1

�̇�𝑖 (𝑡) ≤ exp {𝜆𝑡}( 𝑛∑
𝑖=1

(𝜆 − 𝑎𝑖) 𝑦𝑖 (𝑡)
+ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑏+𝑖𝑗𝛼 𝑦𝑗 (𝑡) +
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑐+𝑖𝑗𝛼 𝑦𝑗 (𝛾 (𝑡))
+ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑏−𝑖𝑗𝛼 𝑦𝑗 (𝑡) +
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑐−𝑖𝑗𝛼 𝑦𝑗 (𝛾 (𝑡)))

= exp {𝜆𝑡}( 𝑛∑
𝑖=1

(𝜆 − 𝑎𝑖) 𝑦𝑖 (𝑡) + 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑏+𝑗𝑖𝛼 𝑦𝑖 (𝑡)
+ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑐+𝑗𝑖𝛼 𝑦𝑖 (𝛾 (𝑡)) + 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑏−𝑗𝑖𝛼 𝑦𝑖 (𝑡)
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+ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑐−𝑗𝑖𝛼 𝑦𝑖 (𝛾 (𝑡))) = exp {𝜆𝑡}

⋅ [[
𝑛∑
𝑖=1

(𝜆 − 𝑎𝑖 + 𝑛∑
𝑗=1

𝛼 (𝑏+𝑗𝑖 + 𝑏−𝑗𝑖)) 𝑦𝑖 (𝑡)

+ 𝑛∑
𝑖=1

( 𝑛∑
𝑗=1

𝛼 (𝑐+𝑗𝑖 + 𝑐−𝑗𝑖)) 𝑦𝑖 (𝛾 (𝑡))]] ≤ exp {𝜆𝑡}
⋅ [(𝜆 − 𝑆−𝑏 ) 𝑦 (𝑡) + 𝑆𝑐 𝑦 (𝛾 (𝑡))] .

(68)

Based on Lemma 9,

�̇� (𝑡) ≤ exp {𝜆𝑡} (𝜆 − 𝑆−𝑏 + 𝜇𝑆𝑐) 𝑦 (𝑡) . (69)

From (64),

𝜆 − 𝑆−𝑏 + 𝜇𝑆𝑐 < 0; (70)

then,

�̇� (𝑡) ≤ exp {𝜆𝑡} (𝜆 − 𝑆−𝑏 + 𝜇𝑆𝑐) 𝑦 (𝑡) ≤ 0. (71)

It is easy to see that

𝑉 (𝑡) = exp {𝜆𝑡} 𝑛∑
𝑖=1

𝑦𝑖 (𝑡) = exp {𝜆𝑡} 𝑦 (𝑡) ≤ 𝑉 (0)
= 𝑦 (0) ;

(72)

hence 𝑦 (𝑡) ≤ 𝑦 (0) exp {−𝜆𝑡} ; (73)

that is 𝑥 (𝑡) − 𝑥∗ ≤ 𝑥 (0) − 𝑥∗ exp {−𝜆𝑡} , (74)

for 𝑡 ≥ 0. This completes the proof.

3.4. Design Procedure of Autoassociative Memories. Given𝑙 (𝑙 ≤ 2𝑛) vectors 𝑢(1), 𝑢(2), . . . , 𝑢(𝑙) to be memorized, where𝑢(𝑘) ∈ Ω, for 𝑘 = 1, 2, . . . , 𝑙, the design procedure of autoas-
sociative memories is stated as follows:

(1) Select matrix E as an identity matrix.
(2) According to (29) and (34), choose appropriate 𝑆𝑖, 𝑎𝑖,𝑇𝑖, 𝑏𝑖𝑗, and 𝑐𝑖𝑗.
(3) Based on 𝑆𝑖 = max(|�̂�𝑖𝑖𝑝 − 𝑎𝑖𝑑|, |�̌�𝑖𝑖𝑝 − 𝑎𝑖𝑑|), 𝑏𝑖𝑗 =

max(|�̂�𝑖𝑗|, |�̌�𝑖𝑗|), and 𝑐𝑖𝑗 = max(|𝑐𝑖𝑗|, | ̌𝑐𝑖𝑗|), the values of�̂�𝑖𝑗, �̌�𝑖𝑗, 𝑐𝑖𝑗, and ̌𝑐𝑖𝑗 can be selected.

(4) Calculate 𝑆𝑏, 𝑆−𝑏 , and 𝑆𝑐. Adjust the values of �̂�𝑖𝑗, �̌�𝑖𝑗, 𝑐𝑖𝑗,
and ̌𝑐𝑖𝑗 to make sure that 𝑆𝑐 − 𝑆−𝑏 < 0.

(5) Solving the following inequalities: 𝜂(𝑆𝑏 +2𝑆𝑐) exp{𝑆𝑏𝜂} < 1, 𝜂(𝑆𝑐 + 𝑆𝑏(1 + 𝑆𝑐𝜂) exp{𝑆𝑏𝜂}) < 1,
we can get 0 < 𝜂 < 𝜂.

(6) Take a proper 𝜂 ∈ (0, 𝜂) such that 𝜇𝑆𝑐 − 𝑆−𝑏 < 0.

The output 𝑤(𝑡) will converge to the related memory
pattern when matrices𝐴, 𝐵, 𝐶, and E and scalar 𝜂 are chosen
as above.

3.5. Design Procedure of Heteroassociative Memories. Given𝑙 (𝑙 ≤ 2𝑛) vectors to be memorized as 𝑞(1), 𝑞(2), . . . , 𝑞(𝑙), which
correspond to the external input patterns 𝑢(1), 𝑢(2), . . . , 𝑢(𝑙),
where 𝑞(𝑘) ∈ Ω, 𝑢(𝑘) ∈ Ω, 𝑘 = 1, 2, . . . , 𝑙, set E𝑈 = 𝑄, where𝑈 = [𝑢(1), 𝑢(2), . . . , 𝑢(𝑙)],𝑄 = [𝑞(1), 𝑞(2), . . . , 𝑞(𝑙)]. It is clear that
heteroassociative memories can be treated as autoassociative
memories when transform matrix E is obtained. Matrices𝐴, 𝐵, and 𝐶 and scalar 𝜂 can be selected as the method
used in autoassociative memories. The transform matrix E is
obtained by the following steps:

(1) When 𝑙 = 𝑛, that is, 𝑄 and 𝑈 are square matrices,
utilizing Matlab Toolbox, we can get inverse matrix
of 𝑈 as 𝑈−1, and E can be obtained as E = 𝑄𝑈−1.

(2) When 𝑙 < 𝑛, add 𝑛 − 𝑙 proper column vectors to 𝑈
and 𝑄, which constructs new matrices 𝑈 and 𝑄,
respectively, such that the ranks of matrices 𝑈 and 𝑄
are full. And the transform matrix E can be obtained
by E = 𝑄𝑈−1.

(3) When 𝑛 < 𝑙, add 𝑙 − 𝑛 proper row vectors to 𝑈
and 𝑄, which constructs new matrices �̃� and 𝑄, such
that the ranks of matrices �̃� and 𝑄 are full. And
the transform matrix E can be obtained by E =𝑄�̃�−1. Note in particular, in this circumstance, that
the dimensionality of each input and output pattern
increases from 𝑛 to 𝑙. And the front 𝑛 values of each
external input pattern carry out associativememories.

The output 𝑤(𝑡) will converge to the related memory
pattern when matrices𝐴, 𝐵, 𝐶, and E and scalar 𝜂 are chosen
as above.

4. Experimental Verification

In this section, in order to verify the effectiveness of the
proposed results, several numerical examples are provided.

Example 12. The first example is state response of autoasso-
ciative memory.

Consider neural network model (5) with 𝑛 = 12, where𝑝 = 𝑑 = 1, 𝜂 = 2/9, 𝑇𝑖 = 0.1, 𝑎𝑖 = 0.4, and
�̂�𝑖𝑗 = 𝑐𝑖𝑗 = {{{

0.012, 𝑖 = 𝑗,
0.01, 𝑖 ̸= 𝑗,

�̌�𝑖𝑗 = ̌𝑐𝑖𝑗 = {{{
0.008, 𝑖 = 𝑗,
0.006, 𝑖 ̸= 𝑗,

(75)

with the activation functions

𝑓𝑖 (𝑥𝑖) = −12 (𝑥𝑖 + 0.1 − 𝑥𝑖 − 0.1)
+ 12 (𝑥𝑖 + 1.1 − 𝑥𝑖 − 1.1)

(76)
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Figure 1: State response in neural network model (5) with external
input 𝑢.

for 𝑖, 𝑗 = 1, 2, . . . , 12. Denote 𝑢 = 𝑞 = (1, 1, 1, 1, −1, −1, 1,−1, −1, 1, 1, 1)𝑇 as the external input vector and the memo-
rized vector, respectively.

It follows fromTheorem 11 that neural networkmodel (5)
has a unique equilibrium point, which is globally exponen-
tially stable. The simulation result is shown in Figure 1.

It can be calculated easily that the equilibrium point in
Figure 1 is

𝑥∗ = (2.71, 2.71, 2.71, 2.71, −2.31, −2.31, 2.71,
− 2.31, −2.31, 2.71, 2.71, 2.71)𝑇 . (77)

Clearly, the output pattern is

𝑤∗ = (1, 1, 1, 1, −1, −1, 1, −1, −1, 1, 1, 1)𝑇 , (78)

which is equivalent to the memorized pattern 𝑞. Hence,
neural network model (5) can be implemented effectively as
an autoassociative memory.

Remark 13. Because the equilibrium point is globally expo-
nentially stable, the initial values can be selected randomly,
and there is no influence on the performance of associative
memories.

Example 14. The second example includes influences of 𝑎𝑖, 𝑑,
and 𝑝 on the location of equilibrium points.

The influences are divided into two cases to discuss.

Case 1. Let 𝑝 = 1 be a constant and denote 𝑢 = 𝑞 =(1, 1, 1, 1, −1, −1, 1, −1, −1, 1, 1, 1)𝑇 as the external input vec-
tor and thememorized vector, respectively. Consider 𝑎𝑖 and 𝑑

Table 1: The influences of 𝑎𝑖 and 𝑑 on the location of equilibrium
points when 𝑝 = 1 is a constant.
𝑑 1.2 1.4 1.6 2.0 2.4 3.0

𝑎𝑖
0.3 V V V V V —
0.4 V V V V — —
0.5 V V V — — —
0.6 V V — — — —
0.7 V — — — — —

“V” (“—”) denotes the equilibrium points located (not located) in the
saturation regions.

Table 2: The influences of 𝑎𝑖 and 𝛼 = 𝑝/𝑑 on the location of
equilibrium points when 𝑑 = 0.25 is a constant.
𝛼 = 𝑝𝑑 12 23 34 1 1.2 1.5

𝑎𝑖
0.40 — V V V V V
0.45 — — V V V V
0.60 — — — V V V
0.70 — — — — V V
0.90 — — — — — V

“V” (“—”) denotes the equilibrium points located (not located) in the
saturation region.

as variables in neural network model (5), taking 𝜂 = 1/9, and
the rest of the parameters are the same as those in Example 12.
The results are shown in Table 1, from which we can see that
the smaller the value of 𝑎𝑖, the bigger the value range 𝑑 can
take for the sake of memorized pattern, and vice versa.

Case 2. Let 𝑑 = 0.25 be a constant and denote 𝑢 = 𝑞 =(𝑝, 𝑝, 𝑝, 𝑝, −𝑝, −𝑝, 𝑝, −𝑝, −𝑝, 𝑝, 𝑝, 𝑝)𝑇 as the external input
vector and the memorized vector, respectively, where 𝑝 > 0.
Consider 𝑎𝑖 and𝑝 (or 𝛼 = 𝑝/𝑑) as variables in neural network
model (5), taking 𝜂 = 1/9, and the rest of the parameters
are the same as those in Example 12. The results are shown in
Table 2, from which we can see that 𝛼 (or 𝑝) should increase
when 𝑎𝑖 increases for the sake of memorized pattern, and vice
versa.

Remark 15. From Tables 1 and 2, it can be concluded that the
associative memories performance becomes better with the
increase of 𝛼 = 𝑝/𝑑 when 𝑎𝑖 is fixed, but not vice versa.
Example 16. The third example includes the influences of𝑎𝑖 and perturbed 𝑢 on the recall success rate of memorized
patterns.

Let 𝑢 = (1, 1, 1, 1, −1, −1, 1, −1, −1, 1, 1, 1)𝑇, 𝜂 = 1/9,
and consider 𝑎𝑖 (𝑖 = 1, 2, . . . , 12) as variables in neural
network model (5). The other parameters are the same as
those in Example 12. In this example, the influences of 𝑎𝑖
and perturbed 𝑢 are analyzed on the recall success rate of
memorized vectors. Experimental results are illustrated in
Table 3, which makes it clear that the robustness of neural
networkmodel (5) for perturbed input𝑢will become stronger
as 𝑎𝑖 is small enough.
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Table 3: The influences of 𝑎𝑖 and perturbed 𝑢 on the recall success
rate.

𝑎𝑖 0.3 0.4 0.5 0.6 0.7
0.9u 100% 100% 100% 100% 100%
0.84u 100% 100% 100% 100% 66.67%
0.63u 100% 100% 100% 66.67% 0
0.52u 100% 100% 66.67% 0
0.41u 100% 66.67% 0
0.25u 66.67% 0
0.24u 0

Figure 2: Typical evolutions of output pattern with input vector 𝑢 =𝑞 under three random initial values.

Remark 17. Table 3 illustrates that the robustness of associa-
tive memories on perturbed 𝑢 becomes stronger with the
decrease of 𝑎𝑖.
Example 18. The fourth example includes the application of
autoassociative memory without input perturbation.

According to neural network model (5), design an
autoassociative memory to memorize pattern “T” which is
represented by a 4 × 3-pixel image (black pixel = 1; white
pixel = −1) and the corresponding input pattern is 𝑢 =(1, 1, 1, −1, 1, −1, −1, 1, −1, −1, 1, −1)𝑇.Theparameters are the
same as those in Example 12.

Simulation results with three random initial values are
depicted in Figure 2, where the dark grey block indicates that
the value of the related component of output 𝑤(𝑡) is in (0, 1)
and the light grey block indicates that the value of the related
component of output𝑤(𝑡) is in (−1, 0). Obviously, the output
pattern 𝑤(𝑡) converges to the memorized pattern correctly.

Example 19. The fifth example includes the application of
autoassociative memory with input perturbation.

The aim of this experiment is to discuss the influence of
input pattern perturbation on the output pattern.The param-
eters are the same as those in Example 12. Choose pattern
“T” to be memorized, and the perturbed vector is selected as𝑢 = 𝑘 ∗ 𝑞, where 𝑞 = (1, 1, 1, −1, 1, −1, −1, 1, −1, −1, 1, −1)𝑇 is
the corresponding memorized vector and 𝑘 is a perturbation
coefficient.

Figure 3: Typical evolutions of output pattern with input vector 𝑢 =0.52 ∗ 𝑞 under three random initial values.

Figure 4: Typical evolutions of output pattern with input vector 𝑢 =0.41 ∗ 𝑞 under three random initial values.

In what follows, the perturbed vector 𝑢 is imposed on
neural network model (5) as input vector with 𝑘 = 0.52 and𝑘 = 0.41, respectively. Simulation results are shown in Figures
3 and 4. In Figure 3, the output pattern is exactly the same as
the memorized pattern, and in Figure 4 the output pattern is
different from the memorized pattern although they can be
distinguished from the outlines.

Remark 20. From the analysis above, we can see that the
output pattern will converge to the memorized pattern
when the perturbation coefficient is not small enough. In
fact, neural network model (5) is implemented well as an
associative memory if the coefficient satisfying 𝑘 ≥ 0.52 and
the other parameters are the same as those in Example 19.

Example 21. The sixth example includes the application of
heteroassociative memory.

Consider neural network model (1), and the parameters
are the same as those in Example 12 except the transform
matrix E, which will be given later. The aim of this ex-
periment is to design a heteroassociative memory to mem-
orize pattern “U” when the input pattern is “C.” It is clear that
the input vector is 𝑢 = (1, 1, 1, 1, −1, −1, 1, −1, −1, 1, 1, 1)𝑇
and the corresponding output vector is 𝑞 = (1, −1, 1, 1, −1, 1,1, −1, 1, 1, 1, 1, )𝑇.
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According to the heteroassociative memories design pro-
cedure, the matrices 𝑈 and 𝑄 are constructed as

𝑈 =

[[[[[[[[[[[[[[[[[[[[[[[[[[[[
[

1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
−1 0 0 0 1 0 0 0 0 0 0 0
−1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
−1 0 0 0 0 0 0 1 0 0 0 0
−1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

]]]]]]]]]]]]]]]]]]]]]]]]]]]]
]

,

𝑄 =

[[[[[[[[[[[[[[[[[[[[[[[[[[[[
[

1 0 0 0 0 0 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
−1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
−1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

]]]]]]]]]]]]]]]]]]]]]]]]]]]]
]

,

(79)

respectively.
Using the Matlab Toolbox, we can have

E = 𝑄𝑈−1 =

[[[[[[[[[[[[[[[[[[[[[[[[[[[[
[

1 0 0 0 0 0 0 0 0 0 0 0
−2 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

]]]]]]]]]]]]]]]]]]]]]]]]]]]]
]

. (80)

Figure 5: Typical evolutions of pattern “U” with input pattern “C”
under three random initial values.

The simulation results are depicted in Figure 5, which
shows that the output pattern “U” is memorized when the
input pattern is “C” and the transform matrix E is selected
as above. This indicates that neural network model (1) can
perform well as a heteroassociative memory under a proper
transformmatrixE, which can be easily obtained by using the
Matlab Toolbox.

Remark 22. Simulation results in Figure 5 show that the
associative memories model presented in this paper can
be implemented well as autoassociative memories and het-
eroassociative memories.This model possesses the resistance
capacity against external input perturbations and can be
regarded as an extension and complement to the relevant
results [10, 11, 16].

5. Concluding Remarks

Analysis and design of associative memories for recurrent
neural networks have drawn considerable attention, whereas
analysis and design of associative memories for memristive
neural networks with deviating argument have not been well
investigated.This paper presents a general class ofmemristive
neural networks with deviating argument and discusses
the analysis and design of autoassociative memories and
heteroassociative memories. Meanwhile, the robustness of
this class of neural networks is demonstrated when external
input patterns are seriously perturbed. To the best of the
author’s knowledge, this is the first theoretical result on
associative memories for memristive neural networks with
deviating argument. Future works may aim at (1) studying
associative memories based on multistability of memristive
neural networks with deviating argument; (2) analyzing
associative memories based on discrete-time memristive
neural networks with deviating argument; (3) exploring
high-capacity associative memories for memristive neural
networks with deviating argument.
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This paper proposes a new approach to deal with the problem of stability under arbitrary switching of continuous-time switched
time-delay systems represented by TS fuzzy models. The considered class of systems, initially described by delayed differential
equations, is first put under a specific state space representation, called arrow form matrix. Then, by constructing a pseudo-
overvaluing system, common to all fuzzy submodels and relative to a regular vector norm, we can obtain sufficient asymptotic
stability conditions through the application of Borne andGentina practical stability criterion.The stability criterion, hence obtained,
is algebraic, is easy to use, and permits avoiding the problem of existence of a common Lyapunov-Krasovskii functional, considered
as a difficult task even for some low-order linear switched systems. Finally, three numerical examples are given to show the
effectiveness of the proposed method.

1. Introduction

Switched systems, seen as an important class of hybrid dy-
namical systems, are defined as a family of subsystems
described by differential or difference equations and a rule
that governs the switching between them [1, 2]. They have
a strong engineering background in various areas and are
often used to suitably model a great number of real-world
systems, such as mechanical systems, chemical processes,
communication networks, robotic systems, and aircraft and
air traffic.

On the other hand, since the significant development
that has witnessed the field of fuzzy modeling and control
and more particularly model-based control, a new theory
about fuzzy switched systems has emerged as an answer
to more complicated real systems analysis and synthesis
requirements such as multiple nonlinear systems, switched
nonlinear systems, and second-order nonholonomic systems
[3–10].

Originally inspired from the concept of sector nonlin-
earity, the main idea of Takagi-Sugeno fuzzy modeling is to

partition the nonlinear system dynamics into several locally
linearized models so that the overall nonlinear system could
be represented by a sufficiently accurate approximation [11].
Hence, model-based control is considered as a powerful
universal approximation tool and a reliable approach to deal
with complex and ill-determined systems [12–15].

A fuzzy switched system is defined as a switched system
which involves fuzzy models among its subsystems.

Despite the considerable efforts made for the analysis of
nonlinear systems, stability study of switched systems and in
particular of fuzzy switched systems is still complex. Indeed,
the example of asymptotically stable subsystems which, due
to a specific switching sequence, yield to an unstable behavior
of the overall system is well known. Besides, the case of unsta-
ble subsystems that, via a particular stabilizing switching law,
lead to a stable global system also exists.

The stability problemof such systems becomesmore chal-
lenging when time delay is involved [16]. In fact, time delay
often occurs in many dynamical systems, namely, in bio-
logical systems, chemical systems, metallurgical processing
systems, and network systems. Its existence, whether in the
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state variables, control inputs, or the measurement outputs,
is frequently a source of instability and poor performance.

The existing results on stability of TS fuzzy switched
time-delay systems can be classified into two types: delay-
independent criteria, which are applicable to delay of arbi-
trary size [17–20] and delay-dependent criteria, which in-
clude information on the size of the delay [21]. It is generally
recognized that delay-dependent results are usually less
conservative than delay-independent ones, especially when
the size of the delay is small.

Stability analysis of switched systems in general has been
conducted mainly on the basis of Lyapunov stability theory
and concerns two major problems [22–24].

The first is related to the asymptotic stability of switched
systems under arbitrary switching. An important result in
this area states that a sufficient condition for the asymptotic
stability of this class of systems is that all the subsystems share
a common Lyapunov function [25–31]. Sufficient stability
conditions are then derived through the resolution of a set
of Linear Matrix Inequalities (LMIs).

In the case of switched time-delay systems, a common
Lyapunov-Krasovskii functional is searched [32–34]. How-
ever, checking the existence of such a functional is a hard task
even for some simple cases. Moreover, the method becomes
less reliable when the number of subsystems switching
between each other is important or when the number of fuzzy
rules required tomodel each subsystemwith a good accuracy
is high.

A second problem concerns the stabilization of TS fuzzy
switched systems by restricting the class of admissible switch-
ing signals to those in which the interval between any two
consecutive switching instants is no smaller than a number 𝜏
called dwell time [35].

To overcome limitations due to the existence of Lyapu-
nov-Krasovskii functionals, we propose, in this paper, to
study the stability of TS fuzzy switched systems through
the convergence of a regular vector norm, associated with a
specific characteristic matrix, called arrow form matrix [36–
43]. The proposed method is based on the construction of
a common overvaluing/comparison system for all the fuzzy
submodels and whose stability permits concluding to that
of the original system. The obtained results, valuable for
the case of arbitrary switching, are expressed in terms of
simple algebraic conditions and explicitly involve the time
delay.

The application of vector norms to switched systems has
already been introduced in [44–47]. It has been extended later
to switched time-delay systems in [48–53].

The remainder of the paper is organized as follows:
Section 2 presents the problem formulation and some
preliminaries. In Section 3, new delay-dependent stability
conditions are derived for a class of TS fuzzy switched
time-delay systems described by differential equations and
having a single constant delay. Section 4 generalizes the
main result to the case of TS fuzzy switched systems with
multiple delays. Three numerical examples are provided in
Section 5 to demonstrate the effectiveness of the proposed
method. Finally, some concluding remarks are given in
Section 6.

Notations.The notations used throughout this paper are fairly
standard. R𝑛 denotes the 𝑛-dimensional Euclidean space, 𝐼𝑛
is the identity matrix with appropriate dimensions, and ‖ ⋅ ‖
denotes Euclidean vector norm. For any 𝑢 = (𝑢𝑖)1≤𝑖≤𝑛, V =(V𝑖)1≤𝑖≤𝑛 ∈ R𝑛, we define the scalar product of the vectors 𝑢
and V as ⟨𝑢, V⟩ = ∑𝑛𝑖=1 𝑢𝑖V𝑖.𝑀 = (𝑚𝑖,𝑗)1≤𝑖,𝑗≤𝑛, 𝑀𝑇 and𝑀−1 are
its transpose and its inverse, respectively. We denote 𝑀∗ =(𝑚𝑖,𝑗∗)1≤𝑖,𝑗≤𝑛 with 𝑚𝑖,𝑗∗ = 𝑚𝑖,𝑗 if 𝑖 = 𝑗 and 𝑚𝑖,𝑗∗ = |𝑚𝑖,𝑗| if𝑖 ̸= 𝑗 and |𝑀| = |𝑚𝑖,𝑗|, ∀1 ≤ 𝑖, 𝑗 ≤ 𝑛.
2. Problem Formulation and Preliminaries

2.1. Problem Formulation. Let us consider the unforced swit-
ched nonlinear time-delay systems that are described by a
differential equation of the form:�̇� (𝑡) = 𝑓𝜎(𝑡) (𝑥 (𝑡) , 𝑥 (𝑡 − 𝜏))𝑥 (𝑡) = Φ (𝑡) , 𝑡 ∈ [−𝜏, 0] , (1)

where 𝑥(𝑡) ∈ R𝑛 is the state vector, 𝜏 > 0 is the time delay,Φ : [−𝜏, 0] → R𝑛 is a differentiable vector valued initial
function, 𝑓𝜎 : R𝑛 → R𝑛 are sufficiently regular functions
that are parametrized by the index set 𝐼 = {1, 2, . . . , 𝑁}, 𝜎(𝑡) :
R𝑛 → 𝐼 is a piecewise constant function depending on time,
called switching signal and assumed to be available in real
time, and 𝑁 is the number of subsystems.

The switching sequence is defined through a switching
vector 𝜉(𝑡) = [𝜉1(𝑡), . . . , 𝜉𝑁(𝑡)]𝑇 whose components 𝜉𝑖(𝑡) are
given by𝜉𝑖 (𝑡)= {{{1 if 𝜎 (𝑡) = 𝑖, 𝑖 ∈ 𝐼 (i.e. subsystem 𝑖 is active)0 otherwise. (2)

It is obvious that ∑𝑁𝑖=1 𝜉𝑖(𝑡) = 1 ∀𝑡 ≥ 0.
Therefore, the switched system is composed of 𝑁 subsys-

tems expressed as�̇� (𝑡) = 𝑓𝑖 (𝑥 (𝑡) , 𝑥 (𝑡 − 𝜏)) , 𝑖 ∈ 𝐼𝑥 (𝑡) = Φ (𝑡) , 𝑡 ∈ [−𝜏, 0] . (3)

In addition, each subsystem∑𝑓𝑖 is described by a set of IF-
THEN rules; each rule is related to a region of the state space
where the subsystem could be approximated by a local linear
model.

Thus, the 𝑙th fuzzy rule associated with the 𝑖th subsystem
is given by𝑅𝑙𝑖: IF 𝑧1 (𝑡) is 𝑀1𝑙𝑖 and . . . and 𝑧𝑝 (𝑡) is 𝑀𝑝

𝑙𝑖

THEN
{{{�̇� (𝑡) = 𝐴 𝑙𝑖𝑥 (𝑡) + 𝐷𝑙𝑖𝑥 (𝑡 − 𝜏)𝑥 (𝑡) = Φ (𝑡) , 𝑡 ∈ [−𝜏, 0] , (4)

where 𝑧1(𝑡), . . . , 𝑧𝑝(𝑡) are the premise variables, 𝐴 𝑙𝑖 and 𝐷𝑙𝑖
(𝑙 = 1, . . . , 𝑟 and 𝑖 = 1, . . . , 𝑁) are matrices of appropriate
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dimensions, 𝑀𝑗
𝑙𝑖
(𝑗 = 1, . . . , 𝑝) are the fuzzy sets, and 𝑟 and 𝑝

are the number of fuzzy rules and premise variables, respec-
tively.

By using the product inference engine and the center of
average defuzzification, the 𝑖th TS fuzzy subsystem can be
inferred as�̇� (𝑡) = 𝑟∑

𝑙=1

ℎ𝑙𝑖 (𝑧 (𝑡)) (𝐴 𝑙𝑖𝑥 (𝑡) + 𝐷𝑙𝑖𝑥 (𝑡 − 𝜏)) , (5)

where 𝑧(𝑡) = [𝑧1(𝑡), . . . , 𝑧𝑝(𝑡)]𝑇 and ℎ𝑙𝑖(𝑧(𝑡)) : R𝑝 → [0, 1]
are the normalized weighting functions expressed by

ℎ𝑙𝑖 (𝑧 (𝑡)) = 𝑤𝑙𝑖 (𝑧 (𝑡))∑𝑟𝑙=1 𝑤𝑙𝑖 (𝑧 (𝑡)) = ∏𝑝𝑗=1𝑀𝑗𝑙𝑖 (𝑧𝑗 (𝑡))∑𝑟𝑙=1∏𝑝𝑗=1𝑀𝑗𝑙𝑖 (𝑧𝑗 (𝑡)) . (6)

𝑀𝑗
𝑙𝑖
(𝑧𝑗(𝑡)) is the firing strength of the membership function𝑀𝑗
𝑙𝑖
. It is assumed that 𝑤𝑙𝑖(𝑧𝑗(𝑡)) ≥ 0 and ∑𝑟𝑙=1 𝑤𝑙𝑖(𝑧𝑗(𝑡)) > 0.
Hence, ℎ𝑙𝑖(𝑧(𝑡)) ≥ 0 and ∑𝑟𝑙=1 ℎ𝑙𝑖(𝑧(𝑡)) = 1.
Finally, the fuzzy switched system (3) can be represented

by �̇� (𝑡) = 𝑁∑
𝑖=1

𝑟∑
𝑙=1

𝜉𝑖 (𝑡) ℎ𝑙𝑖 (𝑧 (𝑡)) (𝐴 𝑙𝑖𝑥 (𝑡) + 𝐷𝑙𝑖𝑥 (𝑡 − 𝜏)) . (7)

Equation (7) can also be written as�̇� (𝑡) = 𝑟∑
𝑙=1

ℎ𝑙𝜎(𝑡) (𝑧 (𝑡)) (𝐴 𝑙𝜎(𝑡)𝑥 (𝑡) + 𝐷𝑙𝜎(𝑡)𝑥 (𝑡 − 𝜏)) . (8)

By using the Newton-Leibniz formula,𝑥 (𝑡 − 𝜏) = 𝑥 (𝑡) − ∫𝑡
𝑡−𝜏

�̇� (𝜃) 𝑑𝜃. (9)

Equation (8) can be written as�̇� (𝑡) = 𝑁∑
𝑖=1

𝜉𝑖 (𝑡) 𝑟∑
𝑙=1

ℎ𝑙𝑖 {(𝐴 𝑙𝑖 + 𝐷𝑙𝑖) 𝑥 (𝑡)
− (𝐷𝑙𝑖𝐴 𝑙𝑖) ∫𝑡

𝑡−𝜏
𝑥 (𝜃) 𝑑𝜃 − (𝐷𝑙𝑖)2 ∫𝑡

𝑡−𝜏
𝑥 (𝜃 − 𝜏) 𝑑𝜃} . (10)

In the sequel, ℎ𝑙𝑖(𝑧(𝑡)) will be simplified by ℎ𝑙𝑖.
2.2. Preliminaries. This subsection recalls some of the defini-
tions and remarks that will be useful throughout this paper.

Kotelyanski Lemma (see [54]). The real parts of the eigenval-
ues of matrix 𝐴, with non-negative off-diagonal elements, are
less than a real number 𝜇 if and only if all those of matrix 𝑀;𝑀 = 𝜇𝐼𝑛 − 𝐴 are positive, with 𝐼𝑛 the 𝑛 identity matrix.

Definition 1 (see [43]). The matrix 𝐴(⋅) = (𝑎𝑖,𝑗(⋅))1≤𝑖,𝑗≤𝑛 is
called an 𝑀-matrix, if the following conditions are met:

(i) 𝑎𝑖𝑖(⋅) > 0 (𝑖 = 1, . . . , 𝑛), 𝑎𝑖𝑗(⋅) ≤ 0 (𝑖 ̸= 𝑗; 𝑖, 𝑗 =1, . . . , 𝑛);

(ii) the principal minors of 𝐴(⋅) are all positive:
(𝐴 (⋅)) (1 2 ⋅ ⋅ ⋅ 𝑗1 2 ⋅ ⋅ ⋅ 𝑗) > 0, 𝑗 = 1, . . . , 𝑛; (11)

(iii) for any positive real vector 𝜂 = [𝜂1, . . . , 𝜂𝑛]𝑇, the
algebraic equations 𝐴(⋅)𝑥 = 𝜂 have a positive solution𝑤 = [𝑤1, . . . , 𝑤𝑛]𝑇.

Remark 2. 𝐴(⋅) = (𝑎𝑖,𝑗(⋅))1≤𝑖,𝑗≤𝑛 is the opposite of an 𝑀-
matrix if (−𝐴(⋅)) is an 𝑀-matrix.

Remark 3. A continuous-time system characterized by 𝐴(⋅)
is stable if 𝐴(⋅) is the opposite of an 𝑀-matrix. In this case,
the main minors of 𝐴(⋅) are of alternating signs (the first is
negative) and the Kotelyanski lemma permits concluding to
the stability of the system characterized by 𝐴(⋅).
Definition 4 (see [43, 55]). If 𝑀𝑐(⋅) is a pseudo-overvaluing
matrix of the system �̇�(𝑡) = 𝐴 𝑖(⋅)𝑥(𝑡) with respect to the
vector norm 𝑝(𝑥) = [|𝑥1|, . . . , |𝑥𝑛|]𝑇, the following inequality
is satisfied: 𝐷+𝑝 (𝑥) ≤ 𝑀𝑐 (⋅) 𝑝 (𝑥) , (12)

where 𝐷+ denotes the right hand derivative operator.
Consequently, the stability of the comparison system,�̇�(𝑡) = 𝑀𝑐(⋅)𝑧(𝑡) with the initial conditions such as 𝑧0 =𝑝(𝑥0), implies the same property for the initial system.

3. Delay-Dependent Stability
Conditions for TS Fuzzy Switched
Systems with Single Delay

3.1. Main Results. In this section, new delay-dependent con-
ditions for global asymptotic stability of system (10) under
arbitrary switching are stated.

Theorem5. System (10) is globally asymptotically stable under
an arbitrary switching rule 𝜎(𝑡) = 𝑖, 𝑖 ∈ 𝐼, if matrix𝑇𝑚 = max

1≤𝑖≤𝑁
1≤𝑙≤𝑟

(𝑇𝑙𝑖) (13)

is the opposite of an 𝑀-matrix, where𝑇𝑙𝑖 = (𝐴 𝑙𝑖 + 𝐷𝑙𝑖)∗ + 𝜏 (𝐷𝑙𝑖𝐴 𝑙𝑖 + 𝐷𝑙𝑖2) . (14)

Proof. Let 𝑤 ∈ R∗𝑛+ with components (𝑤𝑚 > 0, ∀𝑚 =1, . . . , 𝑛) and consider the radially unbounded candidate
Lyapunov functional for each fuzzy submodel ∑𝐴𝑙𝑖 ,𝐷𝑙𝑖 given
by 𝑉 (𝑡) = 𝑉1 (𝑡) + 𝑉2 (𝑡) + 𝑉3 (𝑡) + 𝑉4 (𝑡) , (15)
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where 𝑉1 (𝑡) = ⟨|𝑥 (𝑡)| , 𝑤⟩𝑉2 (𝑡) = ⟨𝐷𝑙𝑖𝐴 𝑙𝑖 ∫0
−𝜏

∫𝑡
𝑡+𝜃

|𝑥 (𝑠)| 𝑑𝑠 𝑑𝜃, 𝑤⟩
𝑉3 (𝑡) = ⟨𝐷𝑙𝑖2 ∫0

−𝜏
∫𝑡
𝑡+𝜃

|𝑥 (𝑠 − 𝜏)| 𝑑𝑠 𝑑𝜃, 𝑤⟩
𝑉4 (𝑡) = 𝜏 ⟨𝐷𝑙𝑖2 ∫𝑡

𝑡−𝜏
|𝑥 (𝑠)| 𝑑𝑠, 𝑤⟩ .

(16)

It is clear that 𝑉(𝑡0) < ∞ and that a common Lyapunov
functional for all the submodels can be given by𝑉𝑐 (𝑡) = max

1≤𝑖≤𝑁
1≤𝑙≤𝑟

(𝑉 (𝑡)) . (17)

The rightDini derivative of𝑉(𝑡) along the trajectory of system
(10) gives

𝐷+𝑉 (𝑡)(10) = 4∑
𝑗=1

𝐷+𝑉𝑗 (𝑡)(10)
𝐷+𝑉1 (𝑡)(10) = ⟨𝑑+ |𝑥 (𝑡)|𝑑𝑡+ , 𝑤⟩

= ⟨sgn (𝑥 (𝑡)) 𝑑+𝑥 (𝑡)𝑑𝑡+ , 𝑤⟩
(18)

with

sgn (𝑥 (𝑡)) = (sgn𝑥1 (𝑡)
d

sgn𝑥𝑛 (𝑡)) . (19)

Then,

𝐷+𝑉1 (𝑡)(10) = ⟨sgn (𝑥 (𝑡)) {(𝐴 𝑙𝑖 + 𝐷𝑙𝑖) 𝑥 (𝑡)
− (𝐷𝑙𝑖𝐴 𝑙𝑖) ∫𝑡

𝑡−𝜏
𝑥 (𝜃) 𝑑𝜃

− (𝐷𝑙𝑖)2 ∫𝑡
𝑡−𝜏

𝑥 (𝜃 − 𝜏) 𝑑𝜃} , 𝑤⟩ ≤ ⟨(𝐴 𝑙𝑖 + 𝐷𝑙𝑖)∗⋅ |𝑥 (𝑡)| , 𝑤⟩ + ⟨𝐷𝑙𝑖𝐴 𝑙𝑖 ∫𝑡
𝑡−𝜏

|𝑥 (𝜃)| 𝑑𝜃, 𝑤⟩
+ ⟨𝐷𝑙𝑖2 ∫𝑡

𝑡−𝜏
|𝑥 (𝜃 − 𝜏)| 𝑑𝜃, 𝑤⟩

𝐷+𝑉2 (𝑡)(10) = ⟨𝐷𝑙𝑖𝐴 𝑙𝑖 (𝜏 |𝑥 (𝑡)| − ∫𝑡
𝑡−𝜏

|𝑥 (𝑠)| 𝑑𝑠) ,
𝑤⟩ = ⟨𝜏 𝐷𝑙𝑖𝐴 𝑙𝑖 |𝑥 (𝑡)| , 𝑤⟩ − ⟨𝐷𝑙𝑖𝐴 𝑙𝑖⋅ ∫𝑡
𝑡−𝜏

|𝑥 (𝑠)| 𝑑𝑠, 𝑤⟩
𝐷+𝑉3 (𝑡)(10) = ⟨𝐷𝑙𝑖2 (𝜏 |𝑥 (𝑡 − 𝜏)|

− ∫𝑡
𝑡−𝜏

|𝑥 (𝑠 − 𝜏)| 𝑑𝑠) , 𝑤⟩ = ⟨𝜏 𝐷𝑙𝑖2 |𝑥 (𝑡 − 𝜏)| , 𝑤⟩
− ⟨𝐷𝑙𝑖2 ∫𝑡

𝑡−𝜏
|𝑥 (𝑠 − 𝜏)| 𝑑𝑠, 𝑤⟩𝐷+𝑉4 (𝑡)(10) = ⟨𝜏 𝐷𝑙𝑖2 (|𝑥 (𝑡)| − |𝑥 (𝑡 − 𝜏)|) , 𝑤⟩= ⟨𝜏 𝐷𝑙𝑖2 |𝑥 (𝑡)| , 𝑤⟩ − ⟨𝜏 𝐷𝑙𝑖2 |𝑥 (𝑡 − 𝜏)| , 𝑤⟩ .

(20)

Finally, we obtain𝐷+𝑉 (𝑡)(10)≤ ⟨{(𝐴 𝑙𝑖 + 𝐷𝑙𝑖)∗ + 𝜏 (𝐷𝑙𝑖𝐴 𝑙𝑖 + 𝐷𝑙𝑖2)} |𝑥 (𝑡)| , 𝑤⟩≤ ⟨𝑇𝑚 |𝑥 (𝑡)| , 𝑤⟩ , (21)

where𝑇𝑚 = max
1≤𝑖≤𝑁
1≤𝑙≤𝑟

{(𝐴 𝑙𝑖 + 𝐷𝑙𝑖)∗ + 𝜏 (𝐷𝑙𝑖𝐴 𝑙𝑖 + 𝐷𝑙𝑖2)} . (22)

On the other hand, if we suppose that 𝑇𝑚 is the opposite
of an 𝑀-matrix and according to the 𝑀-matrices properties,
we can find a vector 𝜌 ∈ R∗𝑛+ (𝜌𝑙 > 0 ∀𝑙 = 1, . . . , 𝑛) satisfying
the relation: 𝑇𝑚𝑇𝑤 = −𝜌, ∀𝑤 ∈ R∗𝑛+ .

Knowing that⟨𝑇𝑚 |𝑥 (𝑡)| , 𝑤⟩ = ⟨𝑇𝑚𝑇𝑤, |𝑥 (𝑡)|⟩ , (23)

we can write𝐷+𝑉 (𝑡)(10) ≤ ⟨𝑇𝑚𝑇𝑤, |𝑥 (𝑡)|⟩ = ⟨−𝜌, |𝑥 (𝑡)|⟩= − 𝑛∑
𝑙=1

𝜌𝑙 𝑥𝑙 (𝑡) < 0. (24)

This completes the proof of Theorem 5.

3.2. Extension of the Results to the Case of TS Fuzzy Switched
Systems Described by Delayed Differential Equations with
Single Delay. In this section, we consider the class of TS
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fuzzy switched time-delay systems that are governed by the
following differential equation:𝑦(𝑛) (𝑡) + 𝑁∑

𝑖=1

𝜉𝑖 (𝑡)
⋅ {{{ 𝑟∑𝑙=1ℎ𝑙𝑖(𝑛−1∑

𝑗=0

𝑎𝑗
𝑙𝑖
𝑦(𝑗) (𝑡) + 𝑛−1∑

𝑗=0

𝑑𝑗
𝑙𝑖
𝑦(𝑗) (𝑡 − 𝜏))}}}= 0,

(25)

where𝑦(𝑡) ∈ R𝑛 is the state vector and 𝑎𝑗
𝑙𝑖
and 𝑑𝑗
𝑙𝑖
(𝑙 = 1, . . . , 𝑟;𝑖 = 1, . . . , 𝑁; and 𝑗 = 0, . . . , 𝑛 − 1) are constant coefficients.

A change of variable under the form 𝑥𝑗+1(𝑡) = 𝑦(𝑗)(𝑡), 𝑗 =0, . . . , 𝑛 − 1, allows system (25) to be represented in the state
space as follows:�̇� (𝑡) = 𝑁∑

𝑖=1

𝜉𝑖 (𝑡) 𝑟∑
𝑙=1

ℎ𝑙𝑖 (𝐴 𝑙𝑖𝑥 (𝑡) + 𝐷𝑙𝑖𝑥 (𝑡 − 𝜏))𝑥 (𝑡) = Φ (𝑡) , 𝑡 ∈ [−𝜏, 0] , (26)

where matrices 𝐴 𝑙𝑖 and 𝐷𝑙𝑖 are given by

𝐴 𝑙𝑖 = (
(

0 1 ⋅ ⋅ ⋅ 0... d d
...0 ⋅ ⋅ ⋅ 0 1−𝑎0𝑙𝑖 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ −𝑎𝑛−1𝑙𝑖

)
)

,
𝐷𝑙𝑖 = (

(
0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0... ...0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0−𝑑0𝑙𝑖 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ −𝑑𝑛−1𝑙𝑖

)
)

.
(27)

A change of base of the form 𝑧(𝑡) = 𝑃𝑥(𝑡) of (26) under the
arrow form matrix gives�̇� (𝑡) = 𝑁∑

𝑖=1

𝜉𝑖 (𝑡) 𝑟∑
𝑙=1

ℎ𝑙𝑖 (𝑀𝑙𝑖𝑧 (𝑡) + 𝑁𝑙𝑖𝑧 (𝑡 − 𝜏))𝑧 (𝑡) = 𝑃Φ (𝑡) , 𝑡 ∈ [−𝜏, 0] , (28)

where𝑀𝑙𝑖 = 𝑃−1𝐴 𝑙𝑖𝑃, 𝑁𝑙𝑖 = 𝑃−1𝐷𝑙𝑖𝑃, and𝑃 is the correspon-
ding passage matrix such that

𝑃 = (((((
(

1 1 ⋅ ⋅ ⋅ 1 0𝛼1 𝛼2 ⋅ ⋅ ⋅ 𝛼𝑛−1 0(𝛼1)2 (𝛼2)2 ⋅ ⋅ ⋅ (𝛼𝑛−1)2 ...... ... ⋅ ⋅ ⋅ ... 0(𝛼1)𝑛−1 (𝛼2)𝑛−1 ⋅ ⋅ ⋅ (𝛼𝑛−1)𝑛−1 1
)))))
)

. (29)

Arrow form matrices 𝑀𝑙𝑖, 𝑙 = 1, . . . , 𝑟 and 𝑖 ∈ 𝐼, are given by

𝑀𝑙𝑖 = (
(

𝛼1 𝛽1
d

...𝛼𝑛−1 𝛽𝑛−1𝛾1𝑙𝑖 ⋅ ⋅ ⋅ 𝛾𝑛−1𝑙𝑖 𝛾𝑛𝑙𝑖
)
)

(30)

with

𝛽𝑗 = 𝑛−1∏
𝑞=1
𝑞 ̸=𝑗

(𝛼𝑗 − 𝛼𝑞)−1 ∀𝑗 = 1, . . . , 𝑛 − 1
𝛾𝑗
𝑙𝑖

= −𝑃𝐴𝑙𝑖 (𝛼𝑗) ∀𝑗 = 1, . . . , 𝑛 − 1𝛾𝑛𝑙𝑖 = −𝑎𝑛−1𝑙𝑖 − 𝑛−1∑
𝑗=1

𝛼𝑗,
(31)

whereas matrices 𝑁𝑙𝑖 are given by

𝑁𝑙𝑖 = (0𝑛−1,𝑛−1 0𝑛−1,1𝛿1𝑙𝑖 ⋅ ⋅ ⋅ 𝛿𝑛−1𝑙𝑖 𝛿𝑛𝑙𝑖 ) (32)

with 𝛿𝑗
𝑙𝑖

= −𝑃𝐷𝑙𝑖 (𝛼𝑗) ∀𝑗 = 1, . . . , 𝑛 − 1𝛿𝑛𝑙𝑖 = −𝑑𝑛−1𝑙𝑖𝑃𝐷𝑙𝑖 (𝜆) = 𝑛−1∑
𝑗=0

𝑑𝑗
𝑙𝑖
𝜆𝑗. (33)

Note that 𝛼𝑗, 𝑗 = 1, . . . , 𝑛−1, are distinct constant parameters
that can be chosen arbitrarily and 𝑃𝐴𝑙𝑖(𝜆) is the instantaneous
characteristic polynomial of matrix 𝐴 𝑙𝑖 given by

𝑃𝐴𝑙𝑖 (𝜆) = 𝜆𝑛 + 𝑛−1∑
𝑗=0

𝑎𝑗
𝑙𝑖
𝜆𝑗. (34)

Therefore, the expression of the common comparison matrix
in the new base is given through the sum of the following
terms:(𝑀𝑙𝑖 + 𝑁𝑙𝑖)∗

= (
(

𝛼1 𝛽1
d

...𝛼𝑛−1 𝛽𝑛−1𝛾1𝑙𝑖 + 𝛿1𝑙𝑖 ⋅ ⋅ ⋅ 𝛾𝑛−1𝑙𝑖 + 𝛿𝑛−1𝑙𝑖  𝛾𝑛𝑙𝑖 + 𝛿𝑛𝑙𝑖
)
)
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= ( 0𝑛−1,𝑛−1 0𝑛−1,1𝜓𝑙𝑖 (𝛼1) ⋅ ⋅ ⋅ 𝜓𝑙𝑖 (𝛼𝑛−1) 𝛿𝑛𝑙𝑖𝛾𝑛𝑙𝑖 + 𝑛−1∑

𝑗=1

𝛿𝑗
𝑙𝑖
𝛽𝑗)

𝑁𝑙𝑖2 = ( 0𝑛−1,𝑛−1 0𝑛−1,1−𝛿1𝑙𝑖𝑑𝑛−1𝑙𝑖  −𝛿𝑛−1𝑙𝑖 𝑑𝑛−1𝑙𝑖  (𝑑𝑛−1𝑙𝑖 )2) .
(35)

The new polynomial 𝜓𝑙𝑖(𝛼𝑗) is defined by𝜓𝑙𝑖 (𝛼𝑗) = −𝑃𝐷𝑙𝑖 (𝛼𝑗) × 𝛼𝑗 + 𝑑𝑛−1𝑙𝑖 𝑃𝐴𝑙𝑖 (𝛼𝑗) . (36)

Notice that |𝑁𝑙𝑖𝑀𝑙𝑖| can be simplified. In fact, 𝛿𝑛𝑙𝑖𝛾𝑛𝑙𝑖 + ∑𝑛−1𝑗=1 𝛿𝑗𝑙𝑖𝛽𝑗 = trace(𝑁𝑙𝑖𝑀𝑙𝑖). However, trace(𝑁𝑙𝑖𝑀𝑙𝑖) = trace(𝐷𝑙𝑖𝐴 𝑙𝑖) =𝑎𝑛−1𝑙𝑖 𝑑𝑛−1𝑙𝑖 −𝑑𝑛−2𝑙𝑖 . Consequently, we can construct for each indi-
vidual submodel ∑𝐴𝑙𝑖 ,𝐷𝑙𝑖 the following overvaluing system:𝑇𝑙𝑖 = (𝑀𝑙𝑖 + 𝑁𝑙𝑖)∗ + 𝜏 (𝑁𝑙𝑖𝑀𝑙𝑖 + 𝑁𝑙𝑖2) , (37)

where

𝑇𝑙𝑖 = ((((
(

𝛼1 𝛽1
d

...𝛼𝑛−1 𝛽𝑛−1𝑡1𝑙𝑖 ⋅ ⋅ ⋅ 𝑡𝑛−1𝑙𝑖 𝑡𝑛𝑙𝑖
))))
)

,
𝑡𝑗
𝑙𝑖

= 𝛾𝑗𝑙𝑖 + 𝛿𝑗
𝑙𝑖

 + 𝜏 (𝜓𝑙𝑖 (𝛼𝑗) + −𝛿𝑗
𝑙𝑖
𝑑𝑛−1𝑙𝑖 )𝑡𝑛𝑙𝑖 = (𝛾𝑛𝑙𝑖 + 𝛿𝑛𝑙𝑖) + 𝜏 (𝑎𝑛−1𝑙𝑖 𝑑𝑛−1𝑙𝑖 − 𝑑𝑛−2𝑙𝑖  + (𝑑𝑛−1𝑙𝑖 )2) .

(38)

Finally, the common overvaluing matrix is given by

𝑇𝑚 = (((((
(

𝛼1 𝛽1
d

...𝛼𝑛−1 𝛽𝑛−1𝑡1 ⋅ ⋅ ⋅ 𝑡𝑛−1 𝑡𝑛
)))))
)

(39)

with 𝑡𝑗 = max
1≤𝑖≤𝑁
1≤𝑙≤𝑟

(𝑡𝑗
𝑙𝑖
) ∀𝑗 = 1, . . . , 𝑛. (40)

At this level, we can state the following theorem.

Theorem 6. System (26) is globally asymptotically stable
under an arbitrary switching rule 𝜎(𝑡) = 𝑖, 𝑖 ∈ 𝐼, if there exist𝛼𝑗 < 0, ∀𝑗 = 1, . . . , 𝑛 − 1, 𝛼𝑗 ̸= 𝛼𝑞, ∀𝑗 ̸= 𝑞, satisfying the
following condition:

−𝑡𝑛 + 𝑛−1∑
𝑗=1

𝑡𝑗 𝛽𝑗 𝛼𝑗−1 > 0. (41)

Proof. It is sufficient to check that the matrix𝑇𝑚 = max
1≤𝑖≤𝑁
1≤𝑙≤𝑟

((𝑀𝑙𝑖 + 𝑁𝑙𝑖)∗ + 𝜏 (𝑁𝑙𝑖𝑀𝑙𝑖 + 𝑁𝑙𝑖2)) (42)

is the opposite of an 𝑀-matrix by verifying that all the
successive principal minors of 𝑇𝑚, denoted by Δ 𝑗, are of
alternating signs; that is,(−1)𝑗 Δ 𝑗 > 0 ∀𝑗 = 1, . . . , 𝑛 − 1. (43)

It is clear that, for an arbitrary choice of 𝛼𝑗 < 0, relation (43)
is satisfied for 𝑗 = 1, . . . , 𝑛 − 1.

Condition (43) becomes for 𝑗 = 𝑛(−1)𝑛 Δ 𝑛 = (−1)𝑛 det (𝑇𝑚)= (−1)𝑛 [[𝑡𝑛 − 𝑛−1∑
𝑗=1

𝑡𝑗 𝛽𝑗 𝛼𝑗−1]] 𝑛−1∏
𝑗=1

𝛼𝑗. (44)

By dividing (44) by 𝜅 = (−1)𝑛−1∏𝑛−1𝑗=1𝛼𝑗, we obtain
−𝑡𝑛 + 𝑛−1∑

𝑗=1

𝑡𝑗 𝛽𝑗 𝛼𝑗−1 > 0. (45)

This achieves the proof of Theorem 6.

Remark 7. Themaximum value of 𝜏 ensuring the asymptotic
stability of each individual model ∑𝐴𝑙𝑖 ,𝐷𝑙𝑖 (𝜏 < 𝜏(𝑙𝑖)max) is
computed by

𝜏(𝑙𝑖)max = − (𝛾𝑛𝑙𝑖 + 𝛿𝑛𝑙𝑖) + ∑𝑛−1𝑗=1 𝛼𝑗−1 − (𝑃𝐴𝑙𝑖 (𝛼𝑗) + 𝑃𝐷𝑙𝑖 (𝛼𝑗)) 𝛽𝑗(𝑑𝑛−1
𝑙𝑖

)2 + 𝑎𝑛−1𝑙𝑖 𝑑𝑛−1
𝑙𝑖

− 𝑑𝑛−2
𝑙𝑖

 − ∑𝑛−1𝑗=1 𝛼𝑗−1 (𝜓𝑙𝑖 (𝛼𝑗) + 𝑃𝐷𝑙𝑖 (𝛼𝑗) 𝑑𝑛−1
𝑙𝑖

) 𝛽𝑗 . (46)
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Remark 8. Expression (46) can be widely simplified. We can
give, for instance, two of the possible combinations.

Case 1. One has(𝑃𝐷𝑙𝑖 (𝛼𝑗) + 𝑃𝐴𝑙𝑖 (𝛼𝑗)) 𝛽𝑗 < 0𝜓𝑙𝑖 (𝛼𝑗) 𝛽𝑗 > 0𝑃𝐷𝑙𝑖 (𝛼𝑗) 𝑑𝑛−1𝑙𝑖 𝛽𝑗 > 0. (47)

Then, stability conditions will depend on the sign of (𝑎𝑛−1𝑙𝑖𝑑𝑛−1𝑙𝑖 − 𝑑𝑛−2𝑙𝑖 ) as follows:𝜏(𝑙𝑖)max= 𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0)2𝜅 (𝑑𝑛−2
𝑙𝑖

− 𝑎𝑛−1
𝑙𝑖

𝑑𝑛−1
𝑙𝑖

) + 𝑑𝑛−1
𝑙𝑖

(𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0))
if 𝑎𝑛−1𝑙𝑖 𝑑𝑛−1𝑙𝑖 < 𝑑𝑛−2𝑙𝑖𝜏(𝑙𝑖)max = 1𝑑𝑛−1

𝑙𝑖

if 𝑎𝑛−1𝑙𝑖 𝑑𝑛−1𝑙𝑖 > 𝑑𝑛−2𝑙𝑖 , 𝑑𝑛−1𝑙𝑖 > 0.
(48)

Case 2. One has(𝑃𝐷𝑙𝑖 (𝛼𝑗) + 𝑃𝐴𝑙𝑖 (𝛼𝑗)) 𝛽𝑗 < 0𝜓𝑙𝑖 (𝛼𝑗) 𝛽𝑗 < 0𝑃𝐷𝑙𝑖 (𝛼𝑗) 𝑑𝑛−1𝑙𝑖 𝛽𝑗 < 0 (49)

𝜏(𝑙𝑖)max= 𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0)2𝜅 ((𝑎𝑛−1
𝑙𝑖

𝑑𝑛−1
𝑙𝑖

− 𝑑𝑛−2
𝑙𝑖

) + (𝑑𝑛−1
𝑙𝑖

)2) − 𝑑𝑛−1
𝑙𝑖

(𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0))
if 𝑎𝑛−1𝑙𝑖 𝑑𝑛−1𝑙𝑖 > 𝑑𝑛−2𝑙𝑖

(50)

𝜏(𝑙𝑖)max = 𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0)2𝜅 (𝑑𝑛−1
𝑙𝑖

)2 − 𝑑𝑛−1
𝑙𝑖

(𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0))
if 𝑎𝑛−1𝑙𝑖 𝑑𝑛−1𝑙𝑖 < 𝑑𝑛−2𝑙𝑖 . (51)

Proof. See the Appendix.

4. Delay-Dependent Stability
Conditions for TS Fuzzy Switched
Systems with Multiple Delays

Stability criteria in Theorem 5 can be generalized to systems
with multiple delays.

4.1. Main Result. Consider a switched system composed of𝑁
subsystems; each subsystem is a TS fuzzy time-delay system
as shown in the following differential equation:�̇� (𝑡) = 𝑁∑

𝑖=1

𝜉𝑖 (𝑡) 𝑟∑
𝑙=1

ℎ𝑙𝑖(𝐴 𝑙𝑖𝑥 (𝑡) + 𝑚∑
𝑘=1

𝐷𝑙𝑖,𝑘𝑥 (𝑡 − 𝜏𝑘))
𝑥 (𝑡) = Φ (𝑡) , 𝑡 ∈ [− max

1≤𝑘≤𝑚
𝜏𝑘, 0] , (52)

where 𝐴 𝑙𝑖, 𝐷𝑙𝑖,𝑘 (𝑙 = 1, . . . , 𝑟; 𝑖 = 1, . . . , 𝑁; and 𝑘 = 1, . . . , 𝑚)
are constant matrices of appropriate dimensions, ℎ𝑙𝑖 are fuzzy
weighting factors, previously defined in (6), and 𝜏𝑘 > 0 ∀𝑘 =1, . . . , 𝑚.

System (52) can also be put in the following form:�̇� (𝑡) = 𝐴𝜎(𝑡)𝑥 (𝑡) + 𝑚∑
𝑘=1

𝐷𝜎(𝑡),𝑘𝑥 (𝑡 − 𝜏𝑘)
𝑥 (𝑡) = Φ (𝑡) , 𝑡 ∈ [− max

1≤𝑘≤𝑚
𝜏𝑘, 0] , (53)

where 𝐴𝜎(𝑡) = 𝑁∑
𝑖=1

𝜉𝑖 (𝑡) 𝑟∑
𝑙=1

ℎ𝑙𝑖𝐴 𝑙𝑖,
𝐷𝜎(𝑡),𝑘 = 𝑁∑

𝑖=1

𝜉𝑖 (𝑡) 𝑟∑
𝑙=1

ℎ𝑙𝑖𝐷𝑙𝑖,𝑘. (54)

Theorem9. System (52) is globally asymptotically stable under
arbitrary switching rule 𝜎(𝑡) = 𝑖 ∈ 𝐼, if matrix

𝑇𝑚,𝑀 = max
1≤𝑖≤𝑁
1≤𝑙≤𝑟

{(𝐴 𝑙𝑖 + 𝑚∑
𝑘=1

𝐷𝑙𝑖,𝑘)∗
+ 𝑚∑
𝑘=1

𝜏𝑘 (𝐷𝑙𝑖,𝑘𝐴 𝑙𝑖 + 𝐷𝑙𝑖,𝑘2)} (55)

is the opposite of an 𝑀-matrix.

Proof. Following the same steps as those given in the proof of
Theorem 5 and by choosing the common radially unbounded
Lyapunov functional as follows,

𝑉𝑐,𝑀 (𝑡) = max
1≤𝑖≤𝑁
1≤𝑙≤𝑟

(𝑉𝑀 (𝑡)) = max
1≤𝑖≤𝑁
1≤𝑙≤𝑟

( 4∑
𝑝=1

𝑉𝑝,𝑀 (𝑡)) , (56)

where𝑉1,𝑀 (𝑡) = ⟨|𝑥 (𝑡) , 𝑤|⟩𝑉2,𝑀 (𝑡) = 𝑚∑
𝑘=1

⟨𝐷𝑙𝑖,𝑘𝐴 𝑙𝑖 ∫0
−𝜏𝑘

∫𝑡
𝑡+𝜃

|𝑥 (𝑠)| 𝑑𝑠 𝑑𝜃, 𝑤⟩𝑉3,𝑀 (𝑡)= 𝑚∑
𝑘=1

⟨𝐷𝑙𝑖,𝑘2 ∫0
−𝜏𝑘

∫𝑡
𝑡+𝜃

𝑥 (𝑠 − 𝜏𝑘) 𝑑𝑠 𝑑𝜃, 𝑤⟩
𝑉4,𝑀 (𝑡) = 𝑚∑

𝑘=1

𝜏𝑘⟨𝐷𝑙𝑖,𝑘2 ∫𝑡
𝑡−𝜏𝑘

|𝑥 (𝑠)| 𝑑𝑠, 𝑤⟩ ,
(57)

we deduce that it suffices that 𝑇𝑚,𝑀 is the opposite of an 𝑀-
matrix to conclude to the asymptotic stability of system (52).
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4.2. Extension of the Results to the Case of TS Fuzzy Switched
Systems Described by Differential Equations with Multiple
Delays. The same method is applied to determine delay-
dependent stability criteria for systems described by the
following multiple time-delayed differential equation:𝑦(𝑛) (𝑡) + 𝑁∑

𝑖=1

𝜉𝑖 (𝑡) 𝑟∑
𝑙=1

ℎ𝑙𝑖
⋅ (𝑛−1∑
𝑗=0

𝑎𝑗
𝑙𝑖
𝑦(𝑗) (𝑡) + 𝑚∑

𝑘=1

𝑛−1∑
𝑗=0

𝑑𝑗
𝑙𝑖,𝑘

𝑦(𝑗) (𝑡 − 𝜏𝑘)) = 0
𝑦(𝑗) (𝑡) = Φ𝑗 (𝑡) ∀𝑡 ∈ [− max

1≤𝑘≤𝑚
𝜏𝑘, 0] , 𝑗 = 0, . . . , 𝑛 − 1.

(58)

The same change of variable 𝑥𝑗+1(𝑡) = 𝑦(𝑗)(𝑡), 𝑗 = 0, . . . , 𝑛−1,
as in Section 3.2 yields to the new state space representation:�̇� (𝑡) = 𝑁∑

𝑖=1

𝜉𝑖 (𝑡) 𝑟∑
𝑙=1

ℎ𝑙𝑖(𝐴 𝑙𝑖𝑥 (𝑡) + 𝑚∑
𝑘=1

𝐷𝑙𝑖,𝑘𝑥 (𝑡 − 𝜏𝑘))
𝑥 (𝑡) = Φ (𝑡) , 𝑡 ∈ [− max

1≤𝑘≤𝑚
𝜏𝑘, 0] , (59)

where 𝑥(𝑡) = [𝑥1(𝑡), . . . , 𝑥𝑛(𝑡)]𝑇 is the state vector and for
each 𝑖 ∈ 𝐼, 𝑘 ∈ [1, . . . , 𝑚], 𝐴 𝑙𝑖 and 𝐷𝑙𝑖,𝑘 are given by

𝐴 𝑙𝑖 = (
(

0 1 ⋅ ⋅ ⋅ 0... d d
...0 ⋅ ⋅ ⋅ 0 1−𝑎0𝑙𝑖 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ −𝑎𝑛−1𝑙𝑖

)
)𝐷𝑙𝑖,𝑘 = (0𝑛−1,𝑛−1 0𝑛−1,1−𝑑0𝑙𝑖,𝑘 ⋅ ⋅ ⋅ −𝑑𝑛−1𝑙𝑖,𝑘 ) .

(60)

A change of base of the form 𝑧(𝑡) = 𝑃𝑥(𝑡) allows system (59)
to be represented by the arrow form matrix:�̇� (𝑡) = 𝑁∑

𝑖=1

𝜉𝑖 (𝑡) 𝑟∑
𝑙=1

ℎ𝑙𝑖(𝑀𝑙𝑖𝑧 (𝑡) + 𝑚∑
𝑘=1

𝑁𝑙𝑖,𝑘𝑧 (𝑡 − 𝜏𝑘))
𝑧 (𝑡) = 𝑃Φ (𝑡) , 𝑡 ∈ [− max

1≤𝑘≤𝑚
𝜏𝑘, 0] , (61)

where 𝑀𝑙𝑖 is given by (30) and 𝑁𝑙𝑖,𝑘 becomes𝑁𝑙𝑖,𝑘 = (0𝑛−1,𝑛−1 0𝑛−1,1𝛿1𝑙𝑖,𝑘 ⋅ ⋅ ⋅ 𝛿𝑛−1𝑙𝑖,𝑘 𝛿𝑛𝑙𝑖,𝑘 ) (62)

with 𝛿𝑗
𝑙𝑖,𝑘

= −𝑃𝐷𝑙𝑖,𝑘 (𝛼𝑗)𝛿𝑛𝑙𝑖,𝑘 = −𝑑𝑛−1𝑙𝑖,𝑘 . (63)

Define the new polynomials:

𝑃𝐷𝑙𝑖,𝑘 (𝜆) = 𝑛−1∑
𝑗=0

𝑑𝑗
𝑙𝑖,𝑘

𝜆𝑗,𝜓𝑙𝑖,𝑘 (𝜆) = −𝑃𝐷𝑙𝑖,𝑘 (𝜆) × 𝜆 + 𝑑𝑛−1𝑙𝑖,𝑘 𝑃𝐴𝑙𝑖 (𝜆) . (64)

Finally, we can compute the common overvaluing matrix as
follows:

𝑇𝑚,𝑀 = ( 𝛼1 𝛽1
d

...𝛼𝑛−1 𝛽𝑛−1𝑡1,𝑀 ⋅ ⋅ ⋅ 𝑡𝑛−1,𝑀 𝑡𝑛,𝑀 ) (65)

with

𝑡𝑗,𝑀 = max
1≤𝑖≤𝑁
1≤𝑙≤𝑟

(𝛾𝑗𝑙𝑖 + 𝑚∑𝑘=1𝛿𝑗𝑙𝑖,𝑘+ 𝑚∑
𝑘=1

𝜏𝑘 (𝜓𝑙𝑖,𝑘 (𝛼𝑗) + −𝑑𝑛−1𝑙𝑖,𝑘 𝛿𝑗𝑙𝑖,𝑘)) ,∀𝑗 = 1, . . . , 𝑛 − 1,𝑡𝑛,𝑀 = max
1≤𝑖≤𝑁
1≤𝑙≤𝑟

((𝛾𝑛𝑙𝑖 + 𝑚∑
𝑘=1

𝛿𝑛𝑙𝑖,𝑘)
+ 𝑚∑
𝑘=1

𝜏𝑘 (𝑎𝑛−1𝑙𝑖 𝑑𝑛−1𝑙𝑖,𝑘 − 𝑑𝑛−2𝑙𝑖,𝑘  + (𝑑𝑛−1𝑙𝑖,𝑘 )2)) .
(66)

Hence, we can state Theorem 10.

Theorem 10. System (59) is globally asymptotically stable
under an arbitrary switching rule 𝜎(𝑡) = 𝑖 ∈ 𝐼, if there exist𝛼𝑗 < 0, 𝑗 = 1, . . . , 𝑛 − 1, 𝛼𝑗 ̸= 𝛼𝑞, ∀𝑗 ̸= 𝑞 such that

−𝑡𝑛,𝑀 + 𝑛−1∑
𝑗=1

𝑡𝑗,𝑀 𝛽𝑗 𝛼𝑗−1 > 0. (67)

Proof. The same proof is as inTheorem 6; just replace matrix𝑇𝑚 by 𝑇𝑚,𝑀.
5. Illustrative Examples

Example 1. Consider a switched system composed of three
second-order subsystems ∑𝐴𝑖 ,𝐷𝑖 , 𝑖 ∈ {1, 2, 3}; each subsystem
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is represented by a TS fuzzy time-delay model as follows:
Subsystem (1)𝐴11 = ( 0 1−16 −15) ,

𝐷11 = ( 0 0−1.5 −0.02)
𝐴21 = ( 0 1−16 −13.5) ,
𝐷21 = ( 0 0−1.5 0) .

(68)

Subsystem (2)𝐴12 = ( 0 1−20 −18) ,
𝐴22 = ( 0 1−16 −15)
𝐷12 = 𝐷22 = ( 0 0−0.5 0) .

(69)

Subsystem (3)𝐴13 = ( 0 1−14 −12) ,
𝐷13 = ( 0 0−1.75 0)
𝐴23 = ( 0 1−14.5 −10) ,
𝐷23 = ( 0 0−1 0) .

(70)

A transformation of statematrices under the arrow form𝐹𝑙𝑖 =𝑃−1𝐴 𝑙𝑖𝑃 and 𝑁𝑙𝑖 = 𝑃−1𝐷𝑙𝑖𝑃 (𝑙 ∈ {1, 2} and 𝑖 ∈ {1, 2, 3}) with𝑃 = ( 1 0𝛼 1 ) gives 𝐹𝑙𝑖 = ( 𝛼 1𝛾1𝑙𝑖 𝛾2𝑙𝑖) ,
𝑁𝑙𝑖 = ( 0 0𝛿1𝑙𝑖 𝛿2𝑙𝑖) . (71)

For 𝑖 ∈ {1, 2, 3} and 𝑙 ∈ {1, 2}, parameters 𝛾𝑙𝑖 and 𝛿𝑙𝑖 are com-
puted as follows:𝛾111 = −𝑃𝐴11 (𝛼) = − (𝛼2 + 15𝛼 + 16)𝛾211 = −15 − 𝛼;𝛾121 = −𝑃𝐴21 (𝛼) = − (𝛼2 + 13.5𝛼 + 16)𝛾221 = −13.5 − 𝛼;

𝛾112 = −𝑃𝐴12 (𝛼) = − (𝛼2 + 18𝛼 + 20)𝛾212 = −18 − 𝛼;𝛾122 = −𝑃𝐴22 (𝛼) = − (𝛼2 + 15𝛼 + 16)𝛾222 = −15 − 𝛼;𝛾113 = −𝑃𝐴13 (𝛼) = − (𝛼2 + 12𝛼 + 14)𝛾213 = −12 − 𝛼;𝛾123 = −𝑃𝐴23 (𝛼) = − (𝛼2 + 10𝛼 + 14.5)𝛾223 = −10 − 𝛼;𝛿111 = −𝑃𝐷11 (𝛼) = − (0.02𝛼 + 1.5)𝛿211 = −0.02;𝛿121 = −𝑃𝐷21 (𝛼) = −1.5𝛿221 = 0.
(72)

For an arbitrary choice of 𝛼 = −1, we obtain, for example, for
subsystem (1)

𝐹11 = (−1 1−2 −14) ,
𝑁11 = ( 0 0−1.48 −0.02) ;
𝐹21 = ( −1 1−3.5 −12.5) ,
𝑁21 = ( 0 0−1.5 0) .

(73)

For ℎ2 = 1−ℎ1 and by using the center of average defuzzifica-
tion, state matrix 𝐹𝑖 = ℎ1𝐹1𝑖 + ℎ2𝐹2𝑖 and delayed-state matrix𝑁𝑖 = ℎ1𝑁1𝑖 + ℎ2𝑁2𝑖 (𝑖 ∈ {1, 2, 3}) are given, respectively, by

𝐹1 = ( −1 11.5ℎ1 − 3.5 − (1.5ℎ1 + 12.5)) ,
𝑁1 = ( 0 00.02ℎ1 − 1.5 −0.02ℎ1) ,
𝐹2 = ( −1 1− (ℎ1 + 2) − (3ℎ1 + 14)) ,
𝑁2 = ( 0 0−0.5 0) ,
𝐹3 = ( −1 1− (5.5 − 2.5ℎ1) − (2ℎ1 + 9)) ,
𝑁3 = ( 0 0− (0.75ℎ1 + 1) 0) .

(74)
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Table 1: Maximum allowable time delay for each submodel (𝜏(𝑙𝑖)max).

Submodel (𝑙𝑖) (11) (21) (12) (22) (13) (23)𝜏(𝑙𝑖)max(s) 3.83 2.5 13.5 11.5 1.78 1.25

Denote by𝑇𝑙𝑖, 𝑙 ∈ {1, 2} and 𝑖 ∈ {1, 2, 3}, the minimal pseudo-
overvaluing matrix of the fuzzy submodel ∑𝐴𝑙𝑖 ,𝐷𝑙𝑖 such that

𝑇𝑙𝑖 = (−1 1𝑡1𝑙𝑖 𝑡2𝑙𝑖) , (75)

where 𝑇11 = ( −1 13.48 + 1.5496𝜏 −14.02 + 1.2𝜏)
𝑇21 = ( −1 15 + 1.5𝜏 −12.5 + 1.5𝜏)
𝑇12 = ( −1 13.5 + 0.5𝜏 −17 + 0.5𝜏)
𝑇22 = ( −1 12.5 + 0.5𝜏 −14 + 0.5𝜏)
𝑇13 = ( −1 14.75 + 1.75𝜏 −11 + 1.75𝜏)
𝑇23 = ( −1 16.5 + 𝜏 −9 + 𝜏) .

(76)

At this level, we can derive sufficient conditions for the
asymptotic stability of each submodel individually as shown
in Table 1.

From Table 1, we can already see that it is sufficient to
have a time delay 𝜏 inferior to 1.25 s to ensure the asymp-
totic stability of all the submodels individually. Taking into
account this value, we can notice that ∑𝑇23 can be chosen
as the common comparison system for the six submodels∑𝐴𝑙𝑖 ,𝐷𝑙𝑖 (𝑙 ∈ {1, 2} and 𝑖 ∈ {1, 2, 3}). Then, the TS fuzzy
switched time-delay system is asymptotically stable under an
arbitrary switching law if𝜏 < 1.25 s. (77)

The switching signal is plotted on Figure 1. For a time delay
equal to 𝜏 = 1.2 s, a final simulation time 𝑡𝑓 = 4 s, weighting
factors ℎ1 = ℎ2 = 0.5, and an initial state vector 𝑥(𝑡) =[1 −2]𝑇 ∀𝑡 ∈ [−1.2, 0], the evolution of state vectors, the
system’s trajectory, and the state’s norm are illustrated on
Figures 2, 3, and 4, respectively.

This example shows that the obtained stability conditions
are sufficient and very close to be necessary. Moreover,
the proposed method makes it possible to avoid searching
a common Lyapunov-Krasovskii functional, which is very
difficult in this case.
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Figure 1: Switching signal (Example 1).

Evolution of state vectors with delays tau = 1.2 s
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Figure 2: Evolution of the state vectors (Example 1).

Phase space of switched systems with delays tau = 1.2 s
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Figure 3: System’s trajectory (Example 1).
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State’s norm with delay tau = 1.2 s
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Figure 4: State’s norm (Example 1).

Example 2. Consider the TS fuzzy switched system with two
delays 𝜏1 and 𝜏2 as follows:

�̇� (𝑡) = 2∑
𝑖=1

𝜉𝑖 (𝑡)
⋅ 2∑
𝑙=1

ℎ𝑙𝑖 (𝐴 𝑙𝑖𝑥 (𝑡) + 𝐷𝑙𝑖,1𝑥 (𝑡 − 𝜏1) + 𝐷𝑙𝑖,2𝑥 (𝑡 − 𝜏2))
𝑥 (𝑡) = Φ (𝑡) , 𝑡 ∈ [−max

1≤𝑘≤2
𝜏𝑘, 0] .

(78)

Subsystem (1)
𝐴11 = ( 0 1−4 −3) ,

𝐷11,1 = (0 00 −1) ,
𝐷11,2 = ( 0 0−0.5 0)
𝐴21 = ( 0 1−3 −3) ,

𝐷21,1 = (0 00 −1) ,
𝐷21,2 = ( 0 0−0.2 0) .

(79)

Subsystem (2)
𝐴12 = ( 0 1−5 −10) ,

𝐷12,1 = ( 0 0−2 −1) ,
𝐷12,2 = ( 0 0−0.1 0)
𝐴22 = ( 0 1−7 −12) ,

𝐷22,1 = ( 0 0−3 −1) ,
𝐷22,2 = ( 0 0−0.1 0) .

(80)

For 𝛼 = −1, a transformation under the arrow form matrices
gives

𝐹11 = (−1 1−2 −2) ,
𝑁11,1 = (0 01 −1) ,
𝑁11,2 = ( 0 0−0.5 0)

𝐹21 = (−1 1−1 −2) ,
𝑁21,1 = (0 01 −1) ,
𝑁21,2 = ( 0 0−0.2 0)

𝐹12 = (−1 14 −9) ,
𝑁12,1 = ( 0 0−1 −1) ,
𝑁12,2 = ( 0 0−0.1 0) ,

𝐹22 = (−1 14 −11) ,
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Table 2: Maximum allowable time delay for each submodel (𝜏(𝑙𝑖)2,max).

Submodel (𝑙𝑖) (11) (21) (12) (22)𝜏(𝑙𝑖)2,max 1.5 − 6𝜏1 7 − 12.5𝜏1 35.5 − 65𝜏1 50.5 − 70𝜏1
𝑁22,1 = ( 0 0−2 −1) ,
𝑁22,2 = ( 0 0−0.1 0) .

(81)

Denote by 𝑇𝑙𝑖,𝑀, 𝑙, 𝑖 ∈ {1, 2}, the minimal overvaluing matrix
of subsystem of index (𝑙𝑖) and relative to the vector norm𝑝(𝑥) = [|𝑥1|, . . . , |𝑥𝑛|]𝑇 such that𝑇𝑙𝑖,𝑀 = ( −1 1𝑡1𝑙𝑖,𝑀 𝑡2𝑙𝑖,𝑀) , (82)

where𝑇11,𝑀 = ( −1 11.5 + 2𝜏1 + 0.5𝜏2 −3 + 4𝜏1 + 0.5𝜏2)𝑇21,𝑀 = ( −1 10.2 + 𝜏1 + 0.2𝜏2 −3 + 4𝜏1 + 0.2𝜏2)𝑇12,𝑀 = ( −1 12.9 + 4𝜏1 + 0.1𝜏2 −10 + 9𝜏1 + 0.1𝜏2)𝑇22,𝑀 = ( −1 11.9 + 4𝜏1 + 0.1𝜏2 −12 + 10𝜏1 + 0.1𝜏2) .
(83)

Applying Theorem 10, we can draw Table 2 which gives a
sufficient stability condition 0 < 𝜏2 < 𝜏(𝑙𝑖)2,max for each sub-
model.

Finally, we can construct the following common compa-
rison system ∑𝑇𝑚,𝑀 such that𝑇𝑚,𝑀 = ( −1 12.9 + 4𝜏1 + 0.1𝜏2 −3 + 4𝜏1 + 0.5𝜏2) . (84)

Consequently, the TS fuzzy switched time-delay system is
asymptotically stable under arbitrary switching if0 < 𝜏2 < 0.1 − 8𝜏10.6 . (85)

In this example, we can notice that maximum bounds found
for the delays 𝜏1 and 𝜏2 are small. Indeed, this is justified
by the multiplicity of time delay, by the choice of delay
matrices 𝑁𝑙𝑖,𝑘, 𝑙, 𝑖, 𝑘 ∈ {1, 2}, and by the fact that arbitrary
switching strategy brings conservativeness because of the
“strict” condition that requires finding a comparison system
which is common to all fuzzy local models.

Nevertheless, the simplicity of vector norms based
approach makes the study almost feasible in most cases in
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Figure 5: Switching signal (Example 2).

Evolution of the state vectors with delays
tau x1 = 0.012 s & tau x2 = 0.033 s

X1
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Figure 6: Evolution of state vectors (Example 2).

the opposite of Lyapunov-based method which proves to be
difficult when dealing with the problem of stability under
arbitrary switching.

For a switching signal as shown on Figure 5, a choice of
time delays 𝜏1 = 0.01 s and 𝜏2 = 0.033 s, particular values of
weighting factors ℎ1 = 0.2 and ℎ2 = 0.8, and an initial state
vector𝑥(𝑡) = [1 −2]𝑇 ∀𝑡 ∈ [−0.033, 0], the evolution of state
responses is illustrated on Figure 6 whereas Figures 7 and 8
show the system’s trajectory and the norm’s state, respectively.

Example 3 (see [38, 45]). Consider a DCmotor with separate
excitation (Figure 9).The system acts under variablemechan-
ical load and is subject to a retarded state feedback control
input. Our aim is to synthesize a state feedback control for
each local model so that the overall system is asymptotically
stable under arbitrary switching despite the time delay.
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Phase space of switched system with delays
tau x1 = 0.012 s & tau x2 = 0.033 s
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Figure 7: System’s trajectory (Example 2).

State’s norm with delays tau x1 = 0.012s & tau x2 = 0.033s
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Figure 8: State’s norm (Example 2).

u(t) y(t)e−p

p(p + li)

Figure 9: DC motor with separate excitation.

A PDC controller scheme is employed such that the lth
controller fuzzy rule of the 𝑖th subsystem is given by𝑅𝑙𝑖: IF 𝑧1 (𝑡) is 𝑀1𝑙𝑖 and 𝑧2 (𝑡) is 𝑀2𝑙𝑖

THEN 𝑢 (𝑡) = −𝐾𝑙𝑖𝑥 (𝑡) , (86)

where 𝐾𝑙𝑖 = [𝑘0𝑙𝑖 𝑘1𝑙𝑖], 𝑙, 𝑖 ∈ [1, 2], is the local feedback gain
vector.

The TS fuzzy switched system is then represented in the
state space by�̇� (𝑡)= 2∑

𝑖=1

𝜉𝑖 (𝑡) 2∑
𝑙=1

ℎ𝑙𝑖(𝐴 𝑙𝑖𝑥 (𝑡) − 2∑
𝑞=1

ℎ𝑞𝑖𝐵𝐾𝑞𝑖𝑥 (𝑡 − 𝜏)) , (87)

where 𝐴 𝑙𝑖 = ( 0 10 −𝜎𝑙𝑖 ) and 𝐵 = (0 1)𝑇.
We can also write�̇� (𝑡) = 2∑

𝑖=1

𝜉𝑖 (𝑡)
⋅ { 2∑
𝑙=1

ℎ𝑙𝑖𝐴 𝑙𝑖𝑥 (𝑡) − 2∑
𝑞=1

ℎ𝑞𝑖 2∑
𝑙=1

ℎ𝑙𝑖𝐵𝐾𝑞𝑖𝑥 (𝑡 − 𝜏)} . (88)

Hence,�̇� (𝑡) = 2∑
𝑖=1

𝜉𝑖 (𝑡) ( 2∑
𝑙=1

ℎ𝑙𝑖 (𝐴 𝑙𝑖𝑥 (𝑡) − 𝐵𝐾𝑙𝑖𝑥 (𝑡 − 𝜏))) . (89)

Denote 𝐷𝑙𝑖 = −𝐵𝐾𝑙𝑖, and the problem is then reduced to
determining admissible values of parameters (𝑘0𝑙𝑖, 𝑘1𝑙𝑖), 𝑙, 𝑖 ∈[1, 2], for a given value of time delay 𝜏.

A transformation under the arrow form matrix with 𝛼 =−1 yields 𝐹𝑙𝑖 = ( −1 1− (1 − 𝜎𝑙𝑖) −𝜎𝑙𝑖 + 1)
𝑁𝑙𝑖 = ( 0 0𝑘1𝑙𝑖 − 𝑘0𝑙𝑖 −𝑘1𝑙𝑖) . (90)

To tune parameters (𝑘0𝑙𝑖, 𝑘1𝑙𝑖), suppose that for 𝑘1𝑙𝑖 > 0, 𝜎𝑙𝑖 < 1
we have 𝑘0𝑙𝑖 < 𝜎𝑙𝑖𝑘1𝑙𝑖. (91)

Thus, we can verify that−𝛿1𝑙𝑖𝑑1𝑙𝑖 = − (𝑘1𝑙𝑖 − 𝑘0𝑙𝑖) × 𝑘1𝑙𝑖 < 0𝜓𝑙𝑖 (−1) = 𝑘0𝑙𝑖 − 𝜎𝑙𝑖𝑘1𝑙𝑖 < 0. (92)

Since all the assumptions of Remark 8 (Case 2) are met, this
allows us, according to inequality (50), to write𝜏 < 𝑘0𝑙𝑖2 [(𝜎𝑙𝑖𝑘1𝑙𝑖 − 𝑘0

𝑙𝑖
) + (𝑘1

𝑙𝑖
)2] − 𝑘1

𝑙𝑖
𝑘0
𝑙𝑖

. (93)

Therefore, each fuzzy model is asymptotically stable individ-
ually if

𝑘0𝑙𝑖 > 2𝜏𝑘1𝑙𝑖 (𝜎𝑙𝑖 + 𝑘1𝑙𝑖)1 + 𝜏 (2 + 𝑘1
𝑙𝑖
) . (94)
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The pseudo-overvaluing matrix for each submodel is con-
structed as follows:

𝑇𝑙𝑖 = (−1 1𝑡1𝑙𝑖 𝑡2𝑙𝑖) (95)

with𝑡1𝑙𝑖 = (𝑘1𝑙𝑖 − 𝑘0𝑙𝑖 + 𝜎𝑙𝑖 − 1) + 𝜏 (𝜓𝑙𝑖 (−1) + 𝑘1𝑙𝑖 (𝑘1𝑙𝑖 − 𝑘0𝑙𝑖))
𝑡2𝑙𝑖 = 1 − 𝜎𝑙𝑖 − 𝑘1𝑙𝑖 + 𝜏 (𝜎𝑙𝑖𝑘1𝑙𝑖 − 𝑘0𝑙𝑖 + (𝑘1𝑙𝑖)2) . (96)

For instance, if the time delay 𝜏 is equal to 0.5 s, 𝜎11 = 0.86,𝜎21 = 0.97, 𝜎12 = 0.76, and 𝜎22 = 0.89, and local feedback
gains are chosen as 𝐾11 = [0.7 0.9], 𝐾21 = [1.15 1.2], 𝐾12 =[0.92 1.22], and 𝐾22 = [0.8 1], we obtain

𝑇11 = ( −1 10.187 −0.318)
𝑇21 = ( −1 10.057 −0.443)
𝑇12 = ( −1 10.233 −0.2352)
𝑇22 = ( −1 10.2350 −0.345) .

(97)

Finally, the common comparison matrix that verifies the
properties of the opposite of an 𝑀-matrix is given by

𝑇𝑚 = ( −1 10.2350 −0.2352) . (98)

This example has shown that the proposed approach is
appropriate for the synthesis of a stabilizing state feedback
retarded control for an initially unstable nonlinear system
described by a set of linear TS fuzzy local linear models.

6. Conclusion

In this paper, new delay-dependent stability conditions by
using the vector norms approach have been presented. In
fact, most of the research works that have been carried
out on stability analysis of TS fuzzy switched time-delay
systems under arbitrary switching are based on the research
of a common Lyapunov-Krasovskii functional for all the
fuzzy models, which is considered as a hard task. The idea
of the proposed method consists in putting the switched
system under a special form of state space representation
using arrow form matrices and then finding a common
pseudo-overvaluing system for all the constituent submodels.
The stability analysis of this comparison system, based on
the aggregation techniques and the 𝑀-matrices properties,
permits concluding to that of the original TS fuzzy switched
system.

Vector norms approach, applied to TS fuzzy switched
time-delay systems, whether with single or multiple delay, is
suitable for the case of arbitrary switching and provides delay-
dependent algebraic criteria.The applicability of the obtained
conditions is shown through three numerical examples. It
would be interesting to generalize the study to the case of
systems with control input.

Appendix

Demonstrations of (48), (50), and (51) are based on the
following expressions:− 𝛾𝑛𝑙𝑖 + 𝑛−1∑

𝑗=1

𝛼𝑗−1𝛾𝑗𝑙𝑖𝛽𝑗 = 𝑃𝐴𝑙𝑖 (0)∏𝑛−1𝑗=1 (−𝛼𝑗) = 𝑃𝐴𝑙𝑖 (0)𝜅
− 𝛿𝑛𝑙𝑖 + 𝑛−1∑

𝑗=1

𝛼𝑗−1𝛿𝑗𝑙𝑖𝛽𝑗 = 𝑃𝐷𝑙𝑖 (0)∏𝑛−1𝑗=1 (−𝛼𝑗) = 𝑃𝐷𝑙𝑖 (0)𝜅
𝑑𝑛−1𝑙𝑖 + 𝑛−1∑

𝑗=1

𝛼𝑗−1𝛿𝑗𝑙𝑖𝛽𝑗 = 𝑃𝐷𝑙𝑖 (0)𝜅
− (𝑎𝑛−1𝑙𝑖 𝑑𝑛−1𝑙𝑖 − 𝑑𝑛−2𝑙𝑖 ) + 𝑛−1∑

𝑗=1

𝛼𝑗−1𝜓𝑙𝑖 (𝛼𝑗) 𝛽𝑗
= −𝑑𝑛−1𝑙𝑖 𝑃𝐴𝑙𝑖 (0)𝜅 .

(A.1)

Considering assumptions of Case 1 and the condition𝑎𝑛−1𝑙𝑖 𝑑𝑛−1𝑙𝑖 > 𝑑𝑛−2𝑙𝑖 , these relations permit us to write

𝜏(𝑙𝑖)max = 𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0)𝜅 [(𝑎𝑛−1
𝑙𝑖

𝑑𝑛−1
𝑙𝑖

− 𝑑𝑛−2
𝑙𝑖

) − ∑𝑛−1𝑗=1 𝛼𝑗−1𝜓𝑙𝑖 (𝛼𝑗) 𝛽𝑗 + 𝑑𝑛−1
𝑙𝑖

(𝑑𝑛−1
𝑙𝑖

+ ∑𝑛−1𝑗=1 𝛼𝑗−1𝛿𝑗𝑙𝑖𝛽𝑗)]
= 𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0)𝜅 (𝑑𝑛−1

𝑙𝑖
((𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0)) /𝜅)) = 1𝑑𝑛−1

𝑙𝑖

. (A.2)
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Considering assumptions of Case 2 and the same condition𝑎𝑛−1𝑙𝑖 𝑑𝑛−1𝑙𝑖 > 𝑑𝑛−2𝑙𝑖 , it becomes

𝜏(𝑙𝑖)max = 𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0)𝜅 [2 (𝑎𝑛−1
𝑙𝑖

𝑑𝑛−1
𝑙𝑖

− 𝑑𝑛−2
𝑙𝑖

) − (𝑎𝑛−1
𝑙𝑖

𝑑𝑛−1
𝑙𝑖

− 𝑑𝑛−2
𝑙𝑖

) + ∑𝑛−1𝑗=1 𝛼𝑗−1𝜓𝑙𝑖 (𝛼𝑗) 𝛽𝑗 + 2 (𝑑𝑛−1
𝑙𝑖

)2 − 𝑑𝑛−1
𝑙𝑖

(𝑑𝑛−1
𝑙𝑖

+ ∑𝑛−1𝑗=1 𝛼𝑗−1𝛿𝑗𝑙𝑖𝛽𝑗)]= 𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0)2𝜅 ((𝑎𝑛−1
𝑙𝑖

𝑑𝑛−1
𝑙𝑖

− 𝑑𝑛−2
𝑙𝑖

) + (𝑑𝑛−1
𝑙𝑖

)2) − 𝑑𝑛−1
𝑙𝑖

(𝑃𝐴𝑙𝑖 (0) + 𝑃𝐷𝑙𝑖 (0)) . (A.3)

The same steps will be followed for the other cases.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

References

[1] D. Liberzon, Switching in Cystems and Control, Birkhäuser,
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