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Particles and particulate systems are widely encountered in
various industrial applications which can be in the form of
solid particles, liquid droplets, and gas bubbles. &eir be-
haviour is extremely complicated with multiscale and
multiphase interactions. Actually, particulate materials are
the second largest phase, only less than water, handled by
human beings and at least 70% of the final or intermediate
products in engineering processes are particles. &erefore,
advances in the understanding of particulate systems can
bring tremendous economic benefits to the industry.
However, the available knowledge for particulate systems is
quite limited enormously due to the lack of experimental
measurement techniques. &e establishment of a theoretical
system for particulate matters is still in its infancy. Advanced
numerical modelling based on mathematical equations,
regarded as an important branch of applied mathematics,
provides an alternative and powerful tool to understand the
fundamental science governing the particulate flows in order
to optimize various processes in engineering.

Within the scope of the computational particle tech-
nology (CPT), numerical modelling offers much critical
information that is almost not accessible via experimental
measurements, such as the instantaneous distribution of
each phases, species, and fields. &e current special issue is
dedicated to Multiscale and Multiphase CPT highlighting
the current progress of this topic.&e papers included in this
special issue are collected through call for papers online, peer
review, and final evaluation. Comprehensive numerical
methods are presented including molecular dynamics
simulation (MD), smoothed particle hydrodynamics (SPH),

discrete element method (DEM), moving particle semi-
implicit (MPS) method, and computational fluid dynamics
(CFD). It is also delighted to see the successful application of
SPH-DEM and CFD-DEM for more practical multiphase
problems. &e authors and reviewers are all active re-
searchers in the CPTarea. We thank them for their valuable
contributions which clearly demonstrate the capability of
numerical modelling for both fundamental understanding
and industrial application. We would also like to thank the
Editorial Office of Mathematical Problems in Engineering
for their encouragement and support to produce this special
issue.
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Grouting reinforcement technology gradually has been widely used to repair the subgrade settlement diseases, but the current
single application of discrete element software or finite element software cannot effectively simulate the grouting process.
/erefore, one new method is put forward in the research of grouting based on the CFD-DEM coupling principle. And then, one
typical subgrade section in the Shanghai–Nanjing intercity railway is used to simulate the grouting process and diffusion
mechanism of slurry from microlevel. Based on the results of site survey, some findings are shown as follows: First, the new
method is feasible which integrates the favorable aspects of discrete elements, finite elements, and boundary elements. Second, the
greater the grouting pressure, the greater the influence range of grouting, and it shows six petals shape. When the grouting
pressure is small, the grouting generally shows penetration or extrusion grouting, and its influence range is small. When the
grouting pressure is large enough, it is characterized by splitting grouting, and the influence range of grouting is getting larger and
larger. /ird, the growth rates of influence range gradually increase with the increasement of grouting pressures, and the
reasonable selection of grouting pressures is very important.

1. Introduction

With its outstanding characteristics of all-weather, high
speed, high comfort performance, low energy consump-
tion, and low pollution, the high-speed railway has be-
come the preferred popular transportation mode for
building a resource-saving, environment-friendly, and
low-carbon society in China [1–4]. By the end of 2016,
China’s high-speed railway operation mileage has
exceeded 22,000 km, and it is planned that by 2020, the
high-speed railway will reach 30,000 km, covering over
80% of the major cities. And then, subgrade post-
construction settlement deformation control is a pre-
requisite for ensuring safe, comfortable, and smooth
operation of high-speed trains, but the settlement dif-
ference between the bridge and subgrade has exceeded
35mm in some places [5, 6].

When the subgrade postconstruction settlement exceeds
the limit, the grouting reinforcement technology has a kind
of major solution and method, which have been widely used
in the disease treatment of subgrade settlement [7–10].
However, because of the complexity and concealment of soil
itself, the research progress of grouting reinforcement
technology has stuck in the stage of theoretical lag behind
practice, and the methods of site survey and laboratory
experiments cannot reveal the diffusion mechanism of
slurry. Numerical simulation analysis has become the most
effective way to study grouting [11–18]. However, the
grouting process is a two-way complicated action of soil and
slurry. For the current application of discrete element
software or finite element software, it cannot effectively
simulate the obstruction of soil in the grouting process. /is
research team proposed to use CFD-DEM coupling to close
the diffusion path of slurry in the whole process of grouting.
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2. Site Survey

Taking some sections in Shanghai–Nanjing intercity railway
as an example, the on-site monitoring work on the
Shanghai–Nanjing intercity railway has been finished [19].
And then, the full line foundation settlement curve of the
Shanghai–Nanjing intercity railway subgrade is obtained. In
order to facilitate the analysis of the trend of the whole line
foundation settlement, the accumulated settlement amount
will be divided into 4 for bulging, 0 to 5, 5 to 10, 10 to 15mm,
and greater than 15mm, and the sections are separately
counted, as shown in Figure 1.

Figure 1 shows that the cumulative settlement of the
whole line-based operation period is mostly less than 10mm,
and the cumulative settlements of the uplink line and
downlink line are mainly concentrated at 0 to 5mm (uplink
line accounts for 66.92% and downlink line accounts for
47.8%), and the local hump of subgrade is obvious. /e
downlink line upheaval values concentrate at 2mm to 3mm,
and only the upheaval values of a few of sections are greater
than 5mm. Based on the settlement results of full line, the
overall settlement of Shanghai–Nanjing intercity railway is
small and the line is stable. Only a very small number of
sections have exceeded the settlement limit.

Based on that, in order to solve the shortcomings of the
existing research and solve the problem of the current
roadbed settlement, the maximum settlement point of the
Shanghai–Nanjing intercity railway was selected. In this
paper, Fluent-EDEM fluid-solid coupling method is pro-
posed to simulate the grouting process./e grouting process
and the effect of grouting on soil are analyzed from the
microlevel, and the diffusion mechanism of grouting is
revealed, which lays a foundation for guiding practical
engineering.

3. Fundamental

3.1. Discrete Element Contact Model. Combined with the
advantages of discrete elements and finite elements, a new
method is put forward based on the CFD-DEM coupling
principle, which can simulate the roadbed grouting treat-
ment accurately [20, 21].

Firstly, select the soil contact model to study the damage
of the meso-contact force of grouting. EDEM provides a
variety of particle contact models for selection, such as
Hertz–Mindlin contact model, Hertz–Mindlin bond model,
and Hertz–Mindlin heat transfer model. In this paper, the
Hertz–Mindlin bonding model (Hertz–Mindlin with
bonding model) was used to simulate the soil.

/e contact force and moment in the model can be
decomposed into normal vectors (Fn, Mn) and tangential
vector (Fs, MS). In the parallel bond model, normal stiffness
(N·m3) and tangential stiffness (N·m3) are kn, ks, normal
tensile strength (N·m− 2) and tangential shear strength
(N·m− 2) are σc, τc, and the radius of the bonding area is R.

Within one-time step, the contact normal and tangential
increments resulting from the contact displacement in-
crement are

ΔFn
� − k

n
AΔun

,

ΔFs
� − k

s
AΔus

,
(1)

where A � πR2 is the equivalent disc area, Δun is the normal
direction of displacement, and Δus is the tangential
increment.

/e normal and tangential increments of the contact
torque generated by the incremental rotation are

ΔMn
� − k

n
JΔθn

,

ΔMs
� − k

s
JΔθs

,
(2)

where J � (1/2)πR4 is the moment of inertia passing
through the contact point for the equivalent disc cross-
section with the Δθs direction as the axis andΔθn and Δθs are
the direction of rotation increment and tangential
increment.

According to the beam theory of material mechanics, the
formula for calculating themaximum tensile stress and shear
stress acting on the equivalent disk is

σmax �
Fn| |

A
+

MS




I
R, (3)

τmax �
FS




A
+

Mn| |

I
R. (4)

In formulas (3) and (4), R is the contact radius of the
particle, which is set to 3.5mm in this study.

In EDEM, the particle cohesion between particles is
determined by critical normal stress, the tangential bond
strength, and bonded disk radius between particles. If
σmax ≥ σ or τmax ≥ τ, the contact keys will be damaged.

3.2. Fluid-Particle Interaction Force. In CFD-DEM coupling
algorithm, there are some mechanical models used to cal-
culate the particle-fluid interaction force, such as drag
model, lift model, and interfacial heat transfer models
[22, 23]. At the same time, this study focuses on the soil
particle-slurry interaction forces which are mainly drag
forces. /erefore, the Di-Felice drag model [24] is selected
and used to calculate the particle-fluid interaction force, and
it can consider the interaction among particles by in-
troducing volume fractions of a single particle, which is used
in other similar studies [25, 26]. /e Di-Felice drag model is
shown as follows:

Fd �
π dp 

2

2
CDρf vf − vs



 vf − vs ε− (χ+1)
s ,

χ � 3.7 − 0.65 exp −
1.5 − log 10 Res( 

2

2
 ,

CD � 0.63 + 4.8
���
Res


( 

2
.

(5)

In the above formulas, dp is the particle diameter, CD is
the drag coefficient of a single particle, ρf is the fluid phase
density, εs is the volume fraction of the particle phase, vf is
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the fluid phase velocity at the particle center, vs is the particle
phase velocity, and Res is the particle Reynolds number.

4. Calculation Model and Parameters

4.1. Calculation Model. Based on the results of site survey,
some soil samples in the research region are selected to finish
the granule screening tests, and the results are shown in
Figure 2. Strictly speaking, the maximum diameter Rmax is
10mm–20mm and the minimum diameter Rmin is
0.075mm. And then, 10mm is selected as the Rmax in order
to study the diffusion mechanism in more detail. /e ap-
proximate average diameter Raverage of all particles is
(Rmax +Rmin)/2� (10mm+0.075mm)� 5.0375mm after
some tests. And then, particle diameter 6mm is selected as
the Raverage based on the consideration of calculation amount
and calculation precision. In order to simulate the hetero-
geneous distribution of soil particles in the model precisely,
the particle diameters are randomly generated from Rmin to
Rmax based on their different mass proportion in the model.
/e number of particles is controlled by void ratio e which
should be set in the calculation program, and it can be
calculated approximately by using the following method.
/e aforementioned research thought has been used in other
similar studies [27–31]:

e �
2bhr − 

N
i�1(4/3)πr3i


N
i�1(4/3)πr3i

. (6)

In the above formulas, e is the void ratio, b is the width of
model, h is the height of the model, N is the total number of
particles, and ri is the radius of every particle.

As shown in Figure 3, the model has a length of 60 cm, a
width of 60 cm, and a height of 30 cm, and the radius of the
grouting pipe is 4 cm. In order to simulate the real grouting,
six grouting holes are opened at 4 cm from the bottom of the
grouting pipe, and the radius of the holes is 1 cm, and a total
of 599044 particles are filled. /e model is surrounded by a
wall, and the particles are not allowed to escape from the
inside of the model. /e mechanical parameters of the
particles and the wall are selected as default values.

4.2. Setup Parameters. In the actual project, there is soil
confining pressure around the grouting holes. Since the
simulation does not consider the influence of the confining
pressure of the soil, the mesoscopic parameters of the soil are
corrected [32–34], and the soil calculation parameters are
shown in Table 1.

/e grouting material adopts cement slurry with a water-
cement ratio of 0.8 :1, and its parameter setting in Fluent is
shown in Table 2.

In this simulation, because the engineering design
grouting speed is 20 L–30 L/min, the simplified model
cannot be calculated because of too many discrete element
particles. Because of the gap between the actual project and
the simulation, in this model, the grouting condition based
on the grouting amount can be used to calculate the grouting
time of the simulation. It is more suitable to calculate the
grouting time to be 0.5 s. In this paper, according to the
actual engineering requirements, the damage of contact
bonds under 7 different grouting pressures was simulated,
which were 0.1MPa, 0.15MPa, 0.2MPa, 0.25MPa, 0.3MPa,
0.4MPa, and 0.5MPa, respectively.

5. Analysis of Calculation Results

5.1. Flow Field under Different Grouting Pressures. With the
increasement of grouting pressures, the diffusion range of
slurry and its growth rates gradually increases, as shown in
Figure 4. /e reason of the aforementioned phenomenon
may be related to the destruction of soil, which has been
shown in Figure 5.

Figure 5 shows that the soil particle inhibits the diffusion
of slurry obviously. /e greater the grouting pressure, the
greater the influence range of grouting which shows six
petals shape. When the grouting pressure is small, there is
only a little damaged contact bond around the grouting
holes, and the grouting generally shows penetration or
extrusion grouting whose influence range is small. When the
grouting pressure is large enough, the damaged contact
bond gradually increases and it is characterized by splitting
grouting. At the same time, the influence range of grouting is
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Figure 1: Settlement zoning statistics. (a) Uplink line (b) Downlink line.

Mathematical Problems in Engineering 3



getting larger and larger, and every grouting hole gradually
shows an alluvial fan.

5.2. Grouting Influence Range under Different Grouting
Pressures. /e grouting process is a two-way process be-
tween the slurry and the soil. When the grouting pressure is
small, the performance is osmotic grouting. When the
pressure of the grouting is gradually increased, it is expressed
as extrusion or even splitting.

Based on the actual engineering, this paper selects seven
working conditions for simulation to compare the influence
range of grouting under different pressures. As shown in
Figure 6, the damage range of the contact keys under the
respective grouting pressures is given.

It can be seen from Figure 6 that when the grouting
pressure is 0.1MPa, the concentrated rupture radius of the
contact bond is only 1.6 cm. As the grouting pressure in-
creases, the rupture bond grouting is also gradually in-
creased. When the pressure is increased to 0.5MPa, the
radius of influence of the contact key is increased to 25 cm.

5.3. Damage of Contact Keys under Different Grouting
Pressures. In the calculation process, in order to un-
derstand the damage of the contact keys in different
ranges of the model, a geometry section is set within a
certain range, a monitoring circle is set every at 5 cm, and
a total of five monitoring circles are set for easy identi-
fication of each monitoring circle, respectively, from the
inside to the outside, numbered 1, 2, 3, 4, and 5, as shown
in Figure 7.

Table 3 shows the damage of the contact keys at the end
of the simulation for each large monitoring circle, and
Figure 8 shows the percentage of contact bond damage in
monitoring circles 1–5. It can be seen that the greater the
grouting pressure, the greater the number of damages in
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Figure 2: Granule screening test results and some other related information.

60cm
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Figure 3: Model after particle filling.

Table 1: Particle simulation parameters.

Particle diameter (mm) 6
Static friction coefficient 0.4
Density (kg/m3) 1920
Poisson’s ratio 0.28
Gravity acceleration (m/s2) 9.81
Parallel bond stiffness (N/m3) 1.50E+ 06
Normal bond stiffness (N/m3) 1.50E+ 06
Normal critical stress (Pa) 2.00E+ 08
Tangential critical stress (Pa) 2.00E+ 08

Table 2: Slurry parameter in Fluent.

Density (kg/m3) Cement
viscosity Specific heat capacity (j/kg·k)

1760 0.06 840
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(a) (b)

(c) (d)

(e) (f )

(g)

Figure 4: Diffusion range of slurry under different pressures (0.1MPa, 0.15MPa, 0.2MPa, 0.25MPa, 0.3MPa, 0.4MPa, and 0.5MPa).

(a)

Figure 5: Continued.
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each monitoring circle. When the grouting pressure ex-
ceeds 0.4MPa, the number of contact bond damage in the
No. 1 monitoring circle is actually less. As shown in
Figure 8, the maximum number of contact keys that
rupture at 0.1MPa is 2.99% of the monitoring circle at the
No. 1 monitoring circle. /e number of contact keys
broken at 0.15MPa accounted for the largest monitoring
circle in the monitoring circle, which accounted for 5.45%.
/e number of contact keys that rupture at 0.2MPa ac-
counts for the largest in the monitoring circle, which is
7.33% of the monitoring circle No. 1. /e number of
contact keys that rupture at 0.25MPa accounts for the
largest monitoring circle in the No. 1 monitoring circle,
accounting for 19.63%. /e maximum number of contact

bonds that rupture at 0.3MPa is 37.05% of the No. 2
monitoring circle. /e number of contact keys that
rupture at 0.4MPa accounts for the largest monitoring
circle in the No. 3 monitoring circle, and the value is
58.59%. When the grouting pressure is 0.5MPa, the
number of broken contact keys occupies the largest
monitoring circle in the monitoring circle, and the ratio of
the total contact keys is 84.30%.

Simulated grouting shows that when the grouting
pressure is very small, the grouting performance is pene-
tration or extrusion grouting, and the damage of the slurry to
the soil is also small. When the grouting pressure gets larger
and larger, the damage effect of the slurry on the soil bond is
more and more obvious, which is characterized by splitting.

(b)

Figure 5: Damage range of contact keys under different grouting pressures. (a) /e damage of the overall contact bond under different
pressures (0.1MPa, 0.15MPa, 0.2MPa, 0.25MPa, 0.3MPa, 0.4MPa, and 0.5MPa). (b) Destruction of plane contact keys of grouting holes
under different pressures (0.1MPa, 0.15MPa, 0.2MPa, 0.25MPa, 0.3MPa, 0.4MPa, and 0.5MPa).
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Figure 6: Variation of the splitting radius with grouting pressure. (a) Variation of splitting radius under different grouting pressures.
(b) Variation of grouting radius with grouting pressure.
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6. Conclusion

In this paper, the Fluent-EDEM coupling method is used to
simulate the grouting process. /e EDEM discrete element
software is used to simulate the soil. /e Fluent fluid
software is used to simulate the slurry. /rough the simu-
lations, there are some conclusions as shown in the
following:

(1) Combined with the advantages of discrete elements
and finite elements, a new method is put forward
based on the CFD-DEM coupling principle, which
can simulate the roadbed grouting treatment
accurately.

(2) /e soil particle inhibits the diffusion of slurry ob-
viously. /e greater the grouting pressure, the
greater the influence range of grouting, and it shows
six petals shape.When the grouting pressure is small,
the grouting generally shows penetration or extru-
sion grouting, and its influence range is small. When
the grouting pressure is large enough, it is charac-
terized by splitting grouting, and the influence range
of grouting gets larger and larger.

(3) /e growth rates of influence range gradually in-
crease with the increasement of grouting pressures,
and its reason may be related to the destruction of
soil, which will seriously affect the impact of grouting
reinforcement. /erefore, reasonable selection of
grouting pressures is very important.

/e fluid-solid coupling idea of CFD-DEM is used to
simulate the grouting process by using Fluent-EDEM
coupling, which provides new ideas and new methods for
grouting research. However, due to the fact that software
technology is still not mature enough, this method still has
certain disadvantages in simulating grouting. For example,
the number of particles calculated by the discrete element
itself is limited. But it is still a good new way to study
grouting.
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Table 3: Number of contact key failures in each monitoring circle.

Grouting pressure
Number of monitoring circles
Number of broken bonds

1 2 3 4 5
0.1MPa 1571 2024 2205 2308 2381
0.15MPa 2858 3682 3985 4155 4270
0.2MPa 5863 7522 8098 8399 8575
0.25MPa 10301 15425 16693 17224 17471
0.3MPa 12458 29623 33449 34718 35242
0.4MPa 8496 42214 65550 70423 72009
0.5MPa 7845 31611 87043 120956 128564
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Figure 8: Proportion of broken bonds under different grouting
pressures.
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,is paper presents a numerical investigation on the 2D uniaxial die compaction of TiC-316L stainless steel (abbreviated by 316L)
composite powders by themultiparticle finite elementmethod (MPFEM).,e effects of TiC-316L particle size ratios, TiC contents,
and initial packing structures on the compaction process are systematically characterized and analyzed from macroscale and
particulate scale. Numerical results show that different initial packing structures have significant impacts on the densification
process of TiC-316L composite powders; a denser initial packing structure with the same composition can improve the
compaction densification of TiC-316L composite powders. Smaller size ratio of 316L and TiC particles (R316L/RTiC � 1) will help
achieve the green compact with higher relative density as the TiC content and compaction pressure are fixed. Meanwhile,
increasing TiC content reduces the relative density of the green compact. In the dynamic compaction process, the void filling is
mainly completed by particle rearrangement and plastic deformation of 316L particles. Furthermore, the contacted TiC particles
will form the force chains impeding the densification process and cause the serious stress concentration within them. Increasing
TiC content and R316L/RTiC can create larger stresses in the compact.,e results provide valuable information for the formation of
high-quality TiC-316L compacts in PM process.

1. Introduction

316L stainless steel (abbreviated by 316L) has increasingly
wide utilization in automobile, aerospace, marine, and
medical treatment field owing to its outstanding properties
of corrosion resistance, ductility, and biocompatibility.
However, it is not efficient enough when the strength and
wear resistance are both needed [1–3]. ,e performance of
this material can be improved via incorporating hard, brittle
ceramic reinforcements into the steel matrix, namely,
producing particulate reinforced metal matrix composites
(MMCs). Compared with various hard ceramic particles
[2–9], titanium carbide (TiC) powder is more suitable and
has been widely used as reinforcement in the steel matrix
because of its high hardness and strength, high melting
point, low density, large elastic modulus, and relative sta-
bility [9]. ,e uniform dispersion of TiC powder within the

316L matrix can result in superior performance of 316L in
the application requiring high strength and wear strength.
Powder metallurgy (PM) is a promising and economic
process to fabricate TiC-316L composites with the advan-
tages of material saving, easy operating, better control of the
microstructure, andmost importantly net-shape or near net-
shape forming [9]. In order to obtain the TiC-316L com-
posites with superior property and investigate the influence
of material properties and PM processing parameters on its
physical and mechanical performance, a large amount of
research work has been carried out.

Initially, people’s research interests were mostly focusing
on physical experiments. For example, Broeckmann and
Schieck [10] studied the failure behavior of 316L composites.
Pagounis and Lindroos [4] fabricated 316L composites with
different ceramic particulates as reinforcement by hot iso-
static pressing (HIP), and the mechanical properties of these
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composites were analyzed. ,ey found that a small number
of ceramic particles can lead to an improvement in wear
resistance, while the tensile strength, ductility, and tough-
ness are reduced. Owing to the key importance of TiC re-
inforcement in TiC-316L composites, some studies were
focusing on the effects of content and size of TiC particles on
the physical and mechanical properties of the composites.
Khakbiz et al. [11] studied the influence of TiC and different
experimental parameters on the rheological behavior of TiC-
316L composite powders using powder injection molding
(PIM). Lin and Xiong [12] investigated the effects of TiC
content and different compaction and sintering methods on
the microstructure and mechanical properties of TiC-316L
composites. ,ey found that 5 wt.% TiC addition can obtain
the densest TiC-316L composites with high mechanical
properties. Jin et al. [13, 14] and Onuoha et al. [15, 16]
produced TiC-316L composites by cold isostatic pressing
(CIP) and melt infiltration sintering. Almangour et al.
[17–19] conducted selective laser melting (SLM) process to
manufacture TiC-316L nanocomposites, where the influ-
ences of the initial TiC particle size, content, and volumetric
laser energy on the densification process were analyzed.
Aforementioned research work mainly focused on different
sintering processes in PM production. Actually, reasonable
compaction process can produce high-quality green com-
pact, which can not only simplify or optimize subsequent
sintering procedure but also improve the product grade. In
recent years, various experiments have been carried out on
the compaction of pure copper powder [20, 21], iron powder
[20, 22], and Al/ZrO [23] and Al/SiC [24–26] composite
powders, which mainly revealed the effects of compaction
pressure and processing parameters on the relative density of
the compact. On the one hand, for the powder compaction
of TiC-316L composite powders, systematic and in-depth
studies are less reported; on the other hand, for the particle
behavior during compaction, such as particle rearrangement
and deformation behavior, force transmission, and stress
distribution, along with the densification dynamics and
mechanisms, corresponding research studies are sparse in
physical experiments due to the difficulties.

Under this circumstance, computer simulations have
become effective approaches for analyzing the micro-
properties in PM production. One of the most commonly
used techniques is the finite element method (FEM) which
can provide the particle flow characteristics, relative density,
and stress distributions with high computational accuracy
and has been successfully applied in our previous studies on
the compaction of copper [27] and Fe/Al [28] powders.
However, this method is unable to demonstrate the afore-
mentioned particulate scale behavior simply based on the
continuum assumptions. In this case, the discrete element
method (DEM) can improve the particulate scale under-
standing of the powder compaction process [29–35], while
the effectiveness of DEM numerical simulation is largely
limited to small deformation or lower relative density than
0.85 [31]. In recent years, to alleviate the restrictions and
difficulties involved in the FEM and DEMmodelling, the so-
called multiparticle finite element method (MPFEM) has
been introduced to comprehensively simulate the

compaction process of various powders such as pure copper
[36–38], Al [39], iron [40], composite Fe/Al [41], Al/SiC
[42], and other ductile and brittle [43–45] powder mixtures.
,e advantages of this approach can be attributed to
combining the characteristics of FEM and DEM and intu-
itively presenting the powder movement, large deformation,
and stress distribution from the particulate scale, while
literature review indicated that to the best of our knowledge,
fewer numerical studies have been reported in the com-
paction of TiC-316L composite powders from particulate
scale, and the corresponding densification dynamics and
mechanisms during compaction process are still far from
fully understood.

In this paper, the MPFEM simulation is conducted to
investigate the 2D uniaxial die compaction of TiC-316L
composite powders with different initial packing structures.
,e effects of TiC content (wt.%), size ratio of 316L versus
TiC particles (R316L/RTiC), and loose and dense initial
packing structures on the relationship between relative
density and pressure, stress distribution and force trans-
mission, particle rearrangement and deformation, and
corresponding densification mechanisms during compac-
tion are systematically characterized and discussed. ,e
obtained highlighted results are meaningful for the forming
of TiC-316L composite powder compacts with high quality
in PM process.

2. Simulation Method and Conditions

,e MPFEM simulation of the whole compaction process
was performed using commercial software MSC Marc.
Different initial packing structures with an assembly of 200
particles were generated by DEM which can effectively re-
produce the real die filling process by considering the in-
terparticle forces. Since DEM has been successful applied in
our previous studies on the packing of various spherical and
nonspherical particulate systems [46–48] and the heat
transfer of spheroids in supercritical water [49, 50], the
details of this method are not given here. After generation,
the initial packing structure is imported into the FEMmodel,
where each particle is meshed with 132 elements as shown in
Figure 1(a). In addition, initial packing structures with
different size ratios of 316L versus TiC particles (R316L/
RTiC � 1, 2, 3, 4, 5) and various TiC contents (TiC%� 0, 2, 5,
10, 15, 20wt.%) are illustrated in Figures 1(b) and 1(c),
where blue and yellow disks, respectively, represent 316L
and TiC particles. It needs to specify that, to study the effects
of one parameter, other parameters are being fixed. For
example, 10wt.% TiC is fixed to study the particle size ratio
effects, and R316L/RTiC � 1 is fixed to study the TiC content
effects.

After mesh division, the material properties of TiC and
316L particles, contact interaction, boundary conditions,
and mesh adaptability are built and listed in Table 1, where
TiC and 316L particles are, respectively, set as elastic and
elastic-plastic materials. Meanwhile, individual particles are
defined as deformable bodies, while the punches and the die
are set as rigid bodies. Displacement boundary condition is
applied to the upper punch, and the compaction procedure
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is realized by the downward displacement of the upper
punch with the position of the die wall and lower punch
being fixed during compaction. In the simulation, the
modified Coulomb friction model is adopted, where the
friction coefficient μ� 0.2 is set for particles and μ� 0 is for
the die. Upon compaction, local adaptability and global

remeshing are used to improve the accuracy of the simu-
lation results.

In our MPFEM model, the yield stress can be expressed
by [41]

σy � C ε0 + ε( 
n

+ D(_ε)k
, (1)

(a)

R316L/RTiC = 1

R316L/RTiC = 2

R316L/RTiC = 3

R316L/RTiC = 4
R316L/RTiC = 5

316L

TiC

(b)

TiC% = 0 wt.% TiC% = 2 wt.% TiC% = 5 wt.% TiC% = 10 wt.% TiC% = 15 wt.% TiC% = 20 wt.%

(c)

Figure 1: (a) Mesh division of the individual particle in theMPFEMmodel; DEM generated initial packing structures with different particle
size ratios (b) and various TiC contents (c).

Table 1: Material parameters used for 316L and TiC particles.

Materials Young’s modulus Y, GPa Poisson’s ratio ], − Hardening index n, − Strength coefficient C, MPa
316L 193 0.29 0.334 273
TiC 440 0.25 — —
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where ε0 is the initial yield strain; ε is the equivalent strain; _ε
is the equivalent strain rate; and parameters C, D, n, and k
are material constants. Initially, the equivalent strain and
equivalent strain rate are assumed to be zero so that the
initial yield strain can be calculated by material constants C,
n, and Young’s modulus (Y) in von Mises material model.
,e von Mises stress is given by

σ �
σ1 − σ2( 

2
+ σ2 − σ3( 

2
+ σ3 − σ1( 

2
 

1/2

�
2

√ , (2)

where σ1, σ2, and σ3 are the principal Cauchy stresses along
three main axes. ,e equivalent strain rate is

_ε �
2
3

εijεij  
1/2

, (3)

where εij is the strain tensor.
MSC Marc uses Cauchy stress (true stress) and loga-

rithmic strain with updated Lagrange formulation. It is
instructive to derive the stiffness matrices for the updated
Lagrangian formulation starting from the virtual work
principle as


V0

SijEijdVδ � 
V0

b
0
i δηidV + 

A0

t
0
i δηidA, (4)

where Sij is the second Piola–Kirchhoff stress; Eij is the
Green–Lagrange strain; ηi is the virtual displacement; and bi0

and ti0 are the body force and the traction vector in the
reference configuration, respectively.

3. Results and Discussion

3.1.Macroscopic PropertyCharacterization. ,e relationship
between relative density ρ (defined as the volume fraction of
the powder in the compact) and compaction pressure P is
firstly established, based on which the influences of 316L and
TiC particle size ratio (R316L/RTiC), TiC content, and the
initial packing structure on the compaction of TiC-316L
composite powders are analyzed. Figure 2(a) gives the
variations of the ρ-P curves with different R316L/RTiC when
TiC%� 10wt.%. It can be seen that three stages can be
observed for each case, and the ρ-P curves show a similar
trend, which are in good agreement with those obtained
from others’ studies [20, 22, 23, 25, 26, 28, 29, 38, 41, 42, 44].
Figure 2(a) also shows that, with the increase of R316L/RTiC,
larger compaction pressure is needed to reach similar rel-
ative density. ,e highest density is achieved when the TiC
and 316L particles have the same size, which is in line with
the results in the literature [9, 26, 32]. ,erefore, the size
ratio of the soft and hard powders has distinct influences on
the whole compaction process, which needs to be further
studied. Meanwhile, the compaction curves of the composite
powders with different TiC contents when R316L/RTiC � 1 are
shown in Figure 2(b). One can see that the influence of TiC
content on the densification is relatively small at the initial
stage of compaction with low pressure, and the dominant
densification mechanism lies in the particle rearrangement.
With the increase of the pressure, the influence of the TiC
content becomes significant, which can be ascribed to the

fact that complete deformation of adjacent 316L particles is
impeded by the more TiC particles, and the residual pores
formed between them cannot be effectively filled. ,erefore,
with each fixed pressure, the larger the TiC content is, the
lower is the relative density of the compact. ,is phe-
nomenon has been observed during the compaction of other
composite powders by different researchers
[23, 25, 28, 30, 31, 34, 41, 42, 44]. To validate the current
numerical model, Figure 2(c) gives the fitting of the sim-
ulation results with Heckel equation [25, 26, 51]:

ln
1

(1 − ρc)
  � MP + A, (5)

where ρc is the relative density of the compact; P is the
applied pressure; and A and M are constants. Here, the
constant M represents the densification coefficient, which
implies that the material with larger M value can easily
achieve higher relative density at a constant pressure.
Figure 2(c) illustrates that our simulation results have perfect
agreement with the Heckel equation, which demonstrate
that the current model is valid and suitable for the partic-
ulate scale modelling of TiC-316L composite powders.
Furthermore, with the increase of TiC and 316L particle size
ratio, the constant M (the slope of the fitting line) gets
smaller, which indicates that the compaction becomes more
difficult. Also, the decrease of the slope of the fitting lines
with the TiC content demonstrates the poor compressibility
when the TiC content is very high.

Meanwhile, the variations of equivalent von Mises
stresses with relative density in the TiC-316L composite
compacts with different compositions and size ratios during
compaction are also analyzed as shown in Figure 3. Here, the
equivalent von Mises stresses represent the average value of
each node in these compacts. Figure 3(a) indicates that, with
the increase of relative density, higher TiC content and larger
R316L/RTiC cause larger equivalent von Mises stresses and
more serious stress concentration in the compact. And large
stresses shown in Figure 3(b) are mainly concentrated inside
TiC particles, which can be ascribed to the fact that plastic
deformation of 316L particles can partially release the
stresses, but no obvious plastic deformation has been found
in TiC particles due to their high Young’s modulus.
Meanwhile, with the increase of R316L/RTiC, more voids are
formed among the contacting TiC particles due to their large
number. ,ese voids are difficult to be fully filled, resulting
in a lower relative density of the final compact. In practical
fabrication of TiC-316L composites, efforts should be paid in
reducing the particle size ratio of composite powders or
getting more uniform distribution of reinforced particles to
avoid the large local property deviation and get the final
compact strengthened. Figure 3 also indicates that the in-
fluence of 316L and TiC particle size ratio on the compaction
is larger than the TiC content. ,e prediction of stresses can
be beneficial for optimizing the fabrication of high-per-
formance PM components.

In addition, different initial packing structures can also
cause distinct densification behavior. Figure 4(a) shows the
variations of relative density and equivalent von Mises
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stresses with compaction pressure of TiC-316L composite
powders with the same TiC content (10 wt.%) and particle
size ratio (R316L/RTiC � 1) but different initial packing
structures, and Figure 4(b) gives the morphologies of the
two initial packings (with the relative density of 0.7297 for
case I and 0.7653 for case II) before compaction and the
morphologies after compaction. It is worth mentioning
that case II is generated via vibration on case I to obtain a
higher initial relative density (tap density). During com-
paction, the dominant densification mechanism at the
initial stage is particle rearrangement [41, 42], where the

mechanical vibration aids the packing densification as can
be seen from structure variations in Figure 4(b). From
Figure 4, one can also find that the denser initial packing
structure (case II) can achieve a higher relative density at
the initial stage of compaction. ,e effect of the initial
packing structure on the densification process is more
significant at the initial and middle compaction stages;
when the relative density reaches a very high value (0.93),
the compaction curves of cases I and II tend to be coin-
cided with each other. Even though both cases can reach
the same relative density, the compaction pressure in case
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Figure 4: (a) Variation of relative density and equivalent von Mises stresses with the pressure during compaction on TiC-316L composite
powders with different initial packing structures when TiC%� 10 wt.% and R316L/RTiC � 1; (b) morphologies of initial packings with different
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II is smaller than that in case I. ,e simulation results are
in good agreement with others’ work [42, 44]. In the final
compacts, more serious and inhomogeneous stress dis-
tributions are identified in case I, which are not beneficial
for the subsequent PM process. Meanwhile, fewer large
pores are found in the final compact of case II. ,erefore,
for the compaction of TiC-316L composite powders, a
denser initial packing structure can improve the densifi-
cation process and resultant compact performance.

3.2. Force Transmission and Densification Mechanism
Analysis. Even the ρ-P curve can reproduce the relationship
between the macroscopic properties of TiC-316L composite
powders and the pressure during compaction; it is unable to
effectively characterize the particulate scale behavior such as
particle rearrangement and deformation and force trans-
mission and densification mechanisms.

To further clarify the densification behavior during
compaction, the contact normal force distributions in TiC-
316L composite compacts are presented to trace force
transmission as shown in Figure 5, where the particle size
ratio of 316L and TiC is 1, and the compaction pressure is,
respectively, 100 and 300MPa.,e particles with black edges
represent TiC powders. From Figure 5(a), one can see that
when the compaction pressure is 100MPa, the force chains
formed in these compacts are not distinctly different except
that the contact normal forces within TiC particles are larger
and more concentrated on the center than the 316L particles
at the same position (the TiC particles replace the 316L
particles at the same position to achieve the increase of TiC
content in the current simulation). As only elastic defor-
mation is occurred on TiC particles, the contact region with
its neighbors is not as big as 316L particles, which may
induce the contact normal forces nonuniformly transmitted
and concentrated within TiC particles. ,e higher content
the TiC is, the more complicated are the force chains formed
in the composite compacts, which will further influence the
densification behavior of composite powders. When the
compaction pressure is up to 300MPa, the differences of the
contact normal force distributions in these composite
compacts can be distinctly found in Figure 5(b). With the
increase of TiC content, more regions with no contact
normal forces are found in the compacts, which indicates
that the compaction pressure cannot be effectively trans-
mitted to fulfill the compaction densification, and the local
cluster formed by 316L particles will not only hinder the
packing densification but also influence the subsequent
sintering process due to the nonuniform stress distribution
therein. Moreover, the relative densities of the compacts get
smaller, and the stress distributions in the compacts become
more inhomogeneous. In order to thoroughly and deeply
investigate the densification behavior during compaction,
the circled areas in Figures 5(a) and 5(b) which are the
representative local dense structures are chosen for detailed
analysis as given in Figure 6.

Figure 6 gives the local structure evolution in the TiC-
316L composite compact during compaction, where TiC
% � 20 wt.% and R316L/RTiC � 1. ,e marked 6 particles

belong to the TiC powder, and the rest of 10 particles are
316L powder. When the compaction pressure is 50MPa,
the densification is mainly due to the particle rearrange-
ment with the collapse of the “arching” structure. In this
case, the relative density of the compact increases sharply.
Meanwhile, small deformation of 316L particles can be
observed, and the number of contact normal forces within
the 316L powder is more than that within the TiC powder,
but the value for the former case is smaller than that for the
latter case. With the increase of the compaction pressure,
one can see that the densification is mainly due to the
plastic deformation of 316L particles with more large
contact normal forces concentrated within them. It is
worth noting that when the compaction pressure is
ranging from 100 to 150MPa, 316L particles have un-
dergone obvious deformation except the one surrounded
by TiC particles. ,is is because compared with 316L
particles, the deformation of TiC particles is extremely
hard, and the contact region and contact normal forces
around TiC particles are also smaller than 316L particles.
,erefore, no sufficient pressure is transmitted to the
central 316L particle to achieve the plastic deformation;
that is to say, the local TiC cluster provides a shelter for the
underneath particles and impedes the densification. When
the compaction pressure is up to 250MPa, the deformation
extent of the central 316L particle is still smaller than other
316L particles. Even though the addition of TiC particles
can improve the performance of the compact, the content
of TiC particles should be proper to realize the optimal
properties. With the further increase of the compaction
pressure (e.g., P> 300MPa), the contact normal forces are
still larger, but the local structure is nearly stable. ,e
densification is less sensitive with the further increase of P,
which is mainly due to the work hardening of the bulk TiC-
316L composite.

Furthermore, Figure 7 shows the contact normal force
distributions in TiC-316L composite compacts which have
the same TiC content (10wt.%) but different particle size
ratios of 316L and TiC after compaction. One can see that,
with the increase of the particle size ratio of 316L and TiC,
more contact normal forces are concentrated within the
contacting regions of 316L and TiC particles rather than
uniform transmission from one particle to another, and the
morphologies of 316L particles after compaction are more
irregular. Meanwhile, more voids are formed among the
contacting TiC particles than those among the contacting
316L and TiC particles. ,e increasing particle size ratio of
316L and TiC will not only decrease the relative density of
the final compact but also aggravate the distribution uni-
formity of relative density, which is harmful to the me-
chanical properties of the TiC-316L composites. ,erefore,
the optimal particle size ratio of 316L and TiC and proper
TiC content are of great importance to effectively strengthen
the 316L matrix.

3.3.QuantitativeCharacterizationonParticleRotationduring
Compaction. During compaction, the rotation of particles
plays an important role at the initial stage but was generally
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ignored in the analysis of the densification process. Here, a
geometric approach is proposed to calculate the degree of
particle rotation. ,e rotation degree is calculated through
variation of the particle position from one step to another.
Here, the initial coordinates of two nodes (e.g., A and B)
located on the circumference of a particle and those (e.g., A′
and B′) after an incremental step during compaction can be
extracted. ,e following equation is utilized for the
calculation:

θ � arctan
y2 − y1

x2 − x1
  − arctan

y2′ − y1′

x2′ − x1′
 , (6)

where θ is the angle of particle rotation; (x1, y1) and (x2, y2)
are, respectively, the initial coordinates of the two nodes A
and B; and (x1′ , y1′) and (x2′ , y2′) are the coordinates of the two
nodes A′ and B′ at the next step. Figure 8(a) gives the re-
lationship between the average value of particle rotation
angle and relative density of case I and case II in Figure 4(b)
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Figure 5: Contact normal force distributions in TiC-316L composite compacts with various TiC contents when R316L/RTiC � 1, where (a)
P� 100MPa and (b) P� 300MPa.
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during compaction. One can see that a similar trend of the
curves is observed for both cases, and the average value of
particle rotation angle increases with the increase of relative
density. When the relative density for both cases is more
than 0.82, the particle rotation becomes less sensitive to the
further increase of ρ. ,is is because 0.82 corresponds to
relative density of the random close packing of equal disks in
2D [52] with the jamming state, so the dominant densifi-
cation mechanism will be transformed to particle defor-
mation when the relative density is beyond this value. As the
initial packing structure of case II is more locally ordered
and has larger initial relative density than case I, one can find
that the average particle rotation of case II is less significant
than case I when both TiC-316L compacts reach the same
relative density. ,e frequency distribution of average
particle rotation angles is also analyzed and shown in
Figure 8(b). For both cases, the average particle rotation
angles are mainly concentrated within 1–5°. It needs to be
noted that, for case I, the frequency distribution of the
particle rotation angle within 1–5° is smaller than that in case
II, and the differences between the frequency distributions of
other average rotation angles less than 20° are not significant.
As the average rotation angles are greater than 20°, the
differences of frequency distributions between the two cases
are obvious. ,e frequency of particle rotation angles larger
than 20° in case I is higher than that in case II, indicating that
the particles in case I rotate with larger angles during
compaction to form the final dense structure. In other
words, the looser initial structure (case I) needs more
“energy” to form a dense compact during the initial stage of
compaction. ,e results show good agreement with the
analyses of Figure 4 that the looser initial structure (case I)
achieves lower relative density at the initial stage of

compaction. Figure 8(c) gives the contact friction force
distributions in the compacts at different compaction
stages as marked in Figure 8(a). One can see that the initial
stages B1 and B2 have larger relative densities than stages
A1 and A2. Here, stages A1 and B1 represent the start of
compaction in each case, and stages A2 and B2 represent
the starting point of particle rotation as the contact friction
force comes into existence. As indicated, the particles in
case II can rotate immediately as the compaction starts (no
additional increments exist between stages B1 and B2);
however, the particles in case I still need to translate to form
a more stable and ordered structure for compaction. As the
compaction proceeds, the contact friction forces all in-
crease with the relative density of compacts, and the contact
friction forces in case I are larger than those in case II.
Meanwhile, stages A3, B3 and stages A4, B4 are chosen to
analyze the contact friction force distributions due to the
same relative density of each case. When the relative
density of each case is 0.79635 (A3, B3), as case II has a
denser initial structure and the particles are arranged more
ordered than case I, the particles in case I need to rotate
with larger angle to achieve the same relative density as case
II, and the contact friction forces in case I are larger than
those in case II. When the relative density of each case is
0.82123 (A4, B4), the structures of both cases transform to
the random close packing, and the difference of average
particle rotation angle between case I and case II is less
significant. At this stage, small deformation starts to ap-
pear, and smaller compaction pressure is needed for case II
which indicates that the contact friction forces in case II are
still smaller than those in case I. ,erefore, as discussed
above, the denser initial packing structure can aid the
packing densification.
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Figure 7: Contact normal force distributions in TiC-316L composite compacts with different particle size ratios of 316L and TiC when TiC
%� 10wt.% after compaction.
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4. Conclusions

Numerical modelling on the uniaxial die compaction of TiC-
316L stainless steel composite powders was conducted using the
multiparticle finite element method (MPFEM) in 2D. ,e

effects of TiC-316L particle size ratio, TiC content, and the initial
packing structure on the compaction process were investigated.
Moreover, macro- and microproperty characterization, particle
behavior, and densification mechanism analyses were con-
ducted. ,e findings are summarized as follows:

A
ve

ra
ge

 p
ar

tic
le

 ro
ta

tio
n 

an
gl

e, 
°

10 wt.% TiC, case I
10 wt.% TiC, case II

B1 B2

B3

B4

A4

A3

A2
A1

0

1

2

3

4

5

6

7

8

9

10

0.75 0.76 0.77 0.78 0.79 0.80 0.81 0.82 0.83 0.84 0.85 0.860.74
Relative density, –

(a)

Fr
eq

ue
nc

y,
 –

10 wt.% TiC, case I
10 wt.% TiC, case II

0.0

0.1

0.2

0.3

0.4

0.5

1-5 5-10 10-15 15-20 20-30 >30<1
Average degree of particle rotation, °

(b)

Figure 8: Continued.

C
on

ta
ct

 fr
ic

tio
n 

fo
rc

e, 
N

1.000e + 001

9.000e + 000

8.000e + 000

7.000e + 000

6.000e + 000

4.000e + 000

5.000e + 000

3.000e + 000

2.000e + 000

1.000e + 000

0.000e + 000

A1
A2 A3

A4

B4B3B2B1

(c)

Figure 8: (a) Variation of average degree of particle rotation with relative density of cases I and II in Figure 4 during compaction; (b)
frequency distribution of average degree of particle rotation in (a); (c) contact friction force distributions of the marked structure in (a)
during compaction.

10 Mathematical Problems in Engineering



(1) Different particle size ratios of TiC-316L composites
(R316L/RTiC) and contents of hard TiC particles have
significant impacts on the compaction process.
When the TiC content and compaction pressure are
fixed, the increase of R316L/RTiC results in the lower
relative density and more serious and inhomoge-
neous stress distribution in the final compact. Similar
trend has been observed in the effect of TiC content
on the compaction with fixed particle size ratio. If the
TiC content is increased in the composite compact,
the pressure required for a dense compact increases
as well.

(2) ,e force chains formed by the network of TiC
particles can impede the compaction densification
process, which can be ascribed to the stress shielding
of underneath particles from deformation for adja-
cent pore filling. With the increase of R316L/RTiC and
TiC content, more complicated force chains are
formed in the compact, and the densification be-
comes harder.

(3) At the initial stage of compaction, particle rear-
rangement, elastic deformation, and small-scale
plastic deformation of 316L particles are the
dominant densification mechanisms, but their in-
fluences on densification are limited. With the in-
crease of compaction pressure, the densification
mechanism lies in the large plastic deformation of
316L particles which can effectively fill most of
residual pores. Compared with 316L particles, no
obvious plastic deformation of TiC particles can be
observed due to their high Young’s modulus.
,erefore, large stresses are mainly concentrated
inside TiC particles.

(4) A denser initial packing structure can improve
densification process, and the effects are mainly
reflected from the initial stage of compaction as
smaller compaction pressure is needed to achieve the
same relative density compared with the looser initial
packing structure. Meanwhile, the more homoge-
neous stress distribution in the final compact can
also improve the resultant compact performance.

(5) ,e contact friction forces in the looser initial
structure are larger than those in the denser initial
structure in the initial stage of compaction. Particles
in initial packing can rotate immediately as the
structure becomes much denser and more local
ordered at this stage, which indicates that the denser
initial packing structure can accelerate the com-
paction. Moreover, the average particle rotation
angle in the denser initial structure is smaller than
that in the looser initial structure.
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Modified 3D Moving Particle Semi-Implicit (MPS) method is used to complete the numerical simulation of the fluid sloshing in
LNG tank under multidegree excitation motion, which is compared with the results of experiments and 2D calculations obtained
by other scholars to verify the reliability. +e cubic spline kernel functions used in Smoothed Particle Hydrodynamics (SPH)
method are adopted to reduce the deviation caused by consecutive two times weighted average calculations; the boundary
conditions and the determination of free surface particles are modified to improve the computational stability and accuracy of 3D
calculation. +e tank is under forced multidegree excitation motion to simulate the real conditions of LNG ships, the pressures
and the free surfaces at different times are given to verify the accuracy of 3D simulation, and the free surface and the splashed
particles can be simulated more exactly.

1. Introduction

For the LNG/LPG ships sailing in the waves on the sea,
sloshing of the fluid in the tank is generated because of the
six-degrees-of-freedom motions, which may induce de-
struction of inner membrane and corners. Sloshing is a
complex nonlinear phenomenon; at first, the main approach
is experiment, and then Abramson first proposed using
linear potential theories to predict the fluid impact in the
cylinder and sphere tanks [1]. Faltinsen and Timokha in the
book “Sloshing” introduced the background and basis of the
analytic method in detail to study the sloshing problems [2].
+e analytic method is not appropriate to solve the non-
linear sloshing problem, so the CFD numerical method is
applied to simulate the violent sloshing including the free
surface whirling and breaking. +e governing equation is
Navier–Stokes equation, which is very time-consuming to be
solved, and the effective simulation of the free surface
changing over time is a main difficult problem.

+ere are several ways of calculation method to simulate
fluid motions and free surface; the first type is based on

Eulerian grid system, the typical approaches are VOF
(volume of Fluid) method [3] and level-set method [4], and
fixed or adaptive grids are applied to describe the free
surface. +e second type is based on the method of
Euler–Lagrange system; the boundary and free surface are
tracked by the Lagrange system, but the fluid field is solved
by the Euler method; at present the widely used methods are
Particle-In-Cell (PIC) [5] and Marker and Cell (MAC) [6].
+e third type is meshfree method, which is based on
Lagrange system; commonly used methods are Smoothed
Particle Hydrodynamics (SPH) [7, 8], Dissipative Particle
dynamics (DPD) [9], MPS [10], meshless finite element [11],
and Consistent Particle Method (CPM) [12]. Meshfree
method is a kind of absolute Lagrange particle solution; since
the divergence is avoided, the large deformation of the free
surface can be simulated perfectly.

SPH was first used in astrophysics, and then it has been
extended to be applied in hydromechanics and solid me-
chanics, which is developed by many scholars. Grenier et al.
[13] presented a new SPH method to solve multi-fluid-flows
problem based on Colagrossi and Landrini’s theory [14], and
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the modification is related to the formulation proposed by
Hu and Adams [15]. Agertz et al. [16] carried out com-
parison study on grid and SPH of interacting multiphase
fluids; the differences are shown in detail through numerical
computation examples. DJ Price discussed the treatment of
discontinuities to solve Kelvin–Helmholtz instabilities
across entropy gradients in SPH [17].

MPS is different from SPH in the numerical format,
computational efficiency, and convergence; in SPH, the
pressure is solved by state equations, and the time integral
function is explicit; inMPS, the pressure is solved from implicit
Poisson equation, and the time integral form is semi-implicit.
In SPH, the kernel function is not only weight function, but the
gradient is also used in calculation directly; in MPS, the kernel
function is only weight function, and the gradient is completed
with the aid of radial function. +e basic principle of MPS is
that a serial of particles are arranged in the fluid field to
simulate the macroscopic fluid flow. +e position, mass,
momentum, and energy are obtained from the neighbor
particles with the help of kernel function; in the Lagrange
coordinates, the movement of every single particle is tracked to
obtain the whole fluid field information. Koshizuka et al.
applied MPS method to solve the breaking waves [10], vapor
explosions [18], and jet breakup [19] problems.

Based on MPS, other models are invented; for instance,
Gotoh and Fredso [20] proposed a multiphase flow model
for solid-liquid simulation, Ikari et al. [21] proposed a gas-
liquid two-phase flow model, and Koshizuka model is
modified to fit the phenomena treated in hydraulic engi-
neering. Feng and Huang [22] presented a 3D MPS method
to simulate the supersonic atomization process, and the
stability enhancement is discussed in detail. +e MPS model
is widely applied to calculate the sloshing in tank problem,
Zhang et al. [23] presented a comparative study of MPS and
level-set method of sloshing flows simulation, Kim et al. [24]
investigated the interaction between the vessel motion and
the inner tank sloshing through CFD and MPS method, and
Gong and Yao [25] used MPS to study the resonance
sloshing phenomenon, and the advantage of MPS in sim-
ulating the free surface is demonstrated. However, nowa-
days, the researches are mainly focused on the 2-
dimensional simulation; although some flow problems can
be solved by 2D method, 3-dimensional effect cannot be
neglected; there is a certain degree of 3-dimensional effect on
the free surface breaking and the fluid splashing, and in some
practical engineering situations, the flow is a 3-dimensional
problem, for example, the wave-making, the diffraction on
the offshore structure, and the entry water problems; 3D
sloshing simulation is widely developed in these years; A.
Souto-Iglesias et al. [26] proposed a 3D SPH numerical
method to solve antiroll tanks and sloshing type problems,
Zhang et al. analyzed the second-order sloshing resonance
phenomenon in a 3D tank based on the potential theory and
perturbation techniques [27], and Liu et al. adopted a
Youngs’ VOF method based on finite difference method to
simulate 3D large amplitude sloshing in a rectangular tank
[28]; it is difficult to deal with these sloshing problems
through 2D solution, so it is necessary to use 3D calculation
to solve these flow problems.

For the free surface particle detection, Tanaka and
Masunaga [29] proposed a new representation of the in-
compressible condition to stabilize simulations and suppress
the pressure oscillation; the free surface particles are detected
more accurately in the pressure prediction process. Lee et al.
applied the revised gradient model and improved free-sur-
face-particle search method to simulate the free surface, and
the numerical results are also compared against the experi-
mental results [30]. A new geometric boundary detection
technique for assemblies of spherical particles is described by
Dilts [31]; the comparison with SPH on a ball-and-plate
impact simulation shows qualitative improvement. Idelsohn
et al. used Voronoi diagrams or Voronoi spheres to make the
computation easier to recognize boundary surface nodes [32].
Oñate et al. discussed the application of particle finite element
method for solving the problems in involving fluids with free
surface and submerged or floating structures within a unified
Lagrangian finite element framework [33].

Based on SPH solvers, Marrone S. et al. proposed a fast
novel algorithm to detect the free surface in particle simu-
lations, in which the accurate normal vectors to the free
surface are made available [34]. Shibata et al. developed a new
free surface boundary condition for the pressure Poisson
equation by assuming that there are virtual particles over the
surface [35]. Zheng et al. suggested a new free surface
identification scheme, which is applied in the MLPG_R
method; this method can improve the identification of free
surface particles without increasing the CPU time [36].
Tsuruta et al. presented a new scheme with consideration of a
potential in void space as space potential particle to reproduce
physical motions of particles around free surface through a
particle–void interaction [37]. In order to improve the ac-
curacy and stability of the particle-based free surface flow
simulation method, an alternative fluid interface particle
detection technique with easy implementation, high accuracy,
and low processing cost is proposed by Tsukamoto et al. [38].
Barecasco et al. used a sum of normalized relative position
vectors from neighboring particles to test particle boundary
status; the fluid domain is assumed to be covered by over-
lapping spheres [39].

In above references, the method is applied to predict the
dam breaking model or sloshing free surface and pressures
in rectangular tank; in this paper, the sloshing tank is a real
LNG tank model, and free surface particle detection scheme
is different from the previous method, and the multidegree
excitation motions are considered in the prediction.

2. Numerical Calculation Method

2.1. Governing Equations of MPS Method. For continuous
incompressible Newton fluid, the governing equations in-
clude mass conservation equation and momentum con-
servation equation; the formulations are expressed as

dρ
dt

� − ρ∇ · u � 0,

du
dt

� −
1
ρ
∇p + ]∇2u + F,

(1)
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where ρ is density of the fluid; t is time; u is velocity vector; p is
pressure; ] is kinematic viscosity coefficient; F is body force.

2.2. Kernel Functions and Computational Operator Models.
In MPS method, the vector between two particles i and j can
be obtained from the scalar quantities ϕi and ϕj at ri and rj,
which can be expressed as a gradient form as follows:

〈∇ϕ〉i �
d

n0

j≠i

ϕj − ϕi

rj − ri




2 rj − ri w rj − ri



 
⎡⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎦. (2)

+e Laplacian from is represented as

〈∇2ϕ〉i �
2d

n0λ

j≠i

ϕj − ϕi w rj − ri



 , (3)

where

λ �
i≠jw rj − ri



  rj − ri




2

w rj − ri



 

,

〈n〉i � 
j≠i

w rj − ri



 .

(4)

In the above equations, w(r) is kernel function, ϕ is
arbitrary scalar function, d are the space dimensions, n0 is
the initial particle number density, and 〈n〉i is particle
number density at coordinate ri.

Kernel function is used to simulate the interaction be-
tween the particles; in MPS method, the differential operator
is discretized by the weighted average of the particles, but the
differential operator in SPH method is discretized on kernel
function straightly, so the kernel function used in SPH must
be second-order smooth.

In order to avoid accumulated deviation of two times
weighted average calculation in the process of discretizing
the divergence of shear stress tensor of momentum equation
in traditional MPS method, the divergence discretization
scheme of SPH method is implied in MPS to improve the
computation accuracy; by this way, this modified MPS
method is applicable for non-Newtonian fluid too.

In SPH method, the divergence discretization is

〈 1ρ∇ · τ〉
i

� 
N

j

mj

τi

ρ2i
+
τj

ρ2j
⎡⎣ ⎤⎦∇iwij,

(5)

where m is the mass of the particle, τ is shear stress tensor,
and ρi is the number density of particle i:

ρi � 
N

j�1
mjwij. (6)

For incompressible flow, the mass and the number
density are constant, so the following divergence function
can be obtained:

〈∇ · τ〉i �


N
j�1 τi + τj  · ∇iwij


N
j�1 wij

, (7)

where

∇iwij �
dw

drij

xi − xj i + yi − yj j 

rij




. (8)

From the above equations, divergence operator is
transformed into gradient calculation of kernel functions, so
the accumulated deviation from weighted average calcula-
tion in every step is avoided; in equation (7), the cycle
computing process brings about accumulated deviations, so
when equation (8) is used instead of equation (7) the ac-
cumulated deviation can be avoided. Because equation (5)
satisfies the conditions of SPH kernel functions, the cubic
spline kernel functions used in SPH method can be adopted
in MPS:

w(r) �

10
7πh2 1 −

3
2

r
2

+
3
4

r
3

 , (0< r< 1),

5
14πh2(2 − r)

3
, (1≤ r< 2),

0, (r≥ 2),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(9)

where h is smoothing length.

2.3. 3D Computation Extension of MPS Method. According
to the pressure Poisson equation proposed by Khayyer and
Goth [40], the high-order spring terms should be consid-
ered; the equation can be written as

Dn

Dt
� 

i≠j

Dwij

Dt
� 

i≠j

zwij

zrij

zrij

zxij

dxij

dt
+

zrij

zyij

dyij

dt
 . (10)

In this numerical model, the above equation can be
extended to 3D:

Dn

Dt
� 

i≠j

Dwij

Dt
� 

i≠j

zwij

zrij

zrij

zxij

dxij

dt
+

zrij

zyij

dyij

dt
+

zrij

zzij

dzij

dt
 .

(11)

Considering kernel equation (10), the above equation
can be written as

Dn

Dt
�


i≠j

10
7πh2

9
4

r
2

− 3r 
xij

rij

uij
∗

+
yij

rij

vij
∗

+
zij

rij

wij
∗

 , 0<r<1,


i≠j

−
15

14πh2(2 − r)
2 xij

rij

uij
∗

+
yij

rij

vij
∗

+
zij

rij

wij
∗

 , 1≤r<2,

0, r≥2.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(12)

+e 2D Laplace operator can be expended to 3D; for
particle i and j, the corresponding scalar function is

ϕij � ϕj − ϕi. (13)
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Using the same treatment as the CPMmethod proposed
by Luo et al. [41, 42], according to Taylor expansion, ϕjj can
be written as

ϕj � ϕi + ∇ϕi rj − ri  + · · · . (14)

+erefore, neglecting the higher-order items, the fol-
lowing deduction can be derived:

∇ϕij · ∇wij �
zϕij

zrij

·
zwij

zrij

�
2ϕji

rij

zwij

zrij

,

∇2wij �
z2wij

z2x2
ij

+
z2wij

z2y2
ij

+
z2wij

z2z2
ij

�
z

zxij

zwij

zrij

zrij

zxij

  +
z

zyij

zwij

zrij

zrij

zyij

  +
z

zzij

zwij

zrij

zrij

zzij

 

�
z2wij

zr2ij

zrij

zxij

 

2

+
zrij

zyij

 

2

+
zrij

zzij

 

2
⎡⎣ ⎤⎦

+
zwij

zrij

z2rij

zx2
ij

+
z2rij

zy2
ij

+
z2rij

zz2
ij

⎛⎝ ⎞⎠ �
z2wij

zr2ij

x2 + y2 + z2( 

r2ij

+
zwij

zrij

1
rij

−
x2

r3ij
+

1
rij

−
y2

r3ij
+

1
rij

−
z2

r3ij

⎛⎝ ⎞⎠ �
z2wij

zr2ij
+

2
rij

zwij

zrij

.

(15)

+e three-dimensional form of higher-order Laplace
operator is obtained eventually:

〈∇ϕij〉i � ∇〈ϕij · ∇wij〉i �
1
n0


i≠ j

∇ϕij · ∇wij + ϕij · ∇2wij 

�
1
n0


i≠ j

2ϕji

rij

zwij

zrij

+ ϕij

z2wij

zr2ij
+
2ϕij

rij

zwij

zrij

⎛⎝ ⎞⎠.

(16)

According to the results of experiments, Abbas Khayyer
andHitoshi Goth [40] suggested adding amodifiedmatrix to
make the calculation more stable.

〈∇P〉 �
d

n0

i≠ j

pj − pi

rj − ri




2 rj − ri Cijw rj − ri



 . (17)

Based on Taylor expansion, pj can be decomposed at pi in
3D, which is presented by Feng and Huang as follows [22]:

pj � pi +
zp

zx
 

i

xij +
zp

zy
 

i

yij +
zp

zz
 

i

zij + O h
3

 .

(18)

+e gradient kernel function can be written as

∇w �
zw

zr

zr

zx
i +

zw

zr

zr

zy
j +

zw

zr

zr

zz
k. (19)

Multiplying ((wijxij/r2ij)dx) + ((wijyij/r2ij)dy) +

((wijzij/r2ij)dz) on each side of equation (18),

 pj − pi 
wijxij

r2ij
dx +

wijyij

r2ij
dy +

wijzij

r2ij
dz⎛⎝ ⎞⎠

� 〈∇p〉i �
zp

zx
 

i


wijxij

r2ij
dx +

wijyij

r2ij
dy +

wijzij

r2ij
dz⎛⎝ ⎞⎠

+
zp

zy
 

i


wijxij

r2ij
dx +

wijyij

r2ij
dy +

wijzij

r2ij
dz⎛⎝ ⎞⎠

+
zp

zz
 

i


wijxij

r2ij
dx +

wijyij

r2ij
dy +

wijzij

r2ij
dz⎛⎝ ⎞⎠

+ O h
3

 .

(20)

Oger et al. proposed a normalization procedure to
achieve the calculation [43], which can be used here to
simplify the process; a 3D corrective matrix is introduced:
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Cij �

 Vij

wijx2
ij

r2
ij

 Vij

wijxijyij

r2
ij

 Vij

wijxijzij
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ij

 Vij

wijxijyij
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ij

 Vij

wijy2
ij
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ij

 Vij

wijyijzij
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ij
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wijxijzij
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ij

 Vij

wijyijzij
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ij
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wijz2
ij
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ij
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 1

, (21)

where Vij is the statistical volume, which is defined as

Vij �
1

i≠jwij

. (22)

+e normalized form can be written as

 rij × Cij

wijvij

r2ij
rij �

1 0 0

0 1 0

0 0 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (23)

2.4. Artificial Viscosity Terms. A general equation proposed
by Monaghan and Kocharyan can be used in MPS method,
which can be simplified as the following form [44]:

dvi

dt
� 

j≠ i

mj

vsig vi − vj  · rij

ρij rij




2 rijFij. (24)

In the above equation, Fij � (rij/|rij|) · ∇iwij, ρij is the
average density between particles, and vsig is the maximum
speed between particles; Price presented the following for-
mulation to calculate this signal speed [17]:

vsig �

Cs − vij ·
rij

rij




, vij · rij ≤ 0 rij < l0,

0, vij · rij > 0,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(25)

where Cs is the sound speed and l0 is the average distance
between particles.

Based on equations (19) and (25), equation (24) can be
written as

dvi

dt
� 

j≠ i

vsigvij · rij

n0 rij




2

zwij

zrij

· rij. (26)

Given by 3D form,

dvi

dt
� 

j≠ i

vsig u∗ijxij + v∗ijyij + w∗ijzij 

n0 x2
ij + y2

ijz
2
ij 

zwij

zrij

· xiji + yijj + zijk .

(27)

2.5. Boundary Conditions. In the numerical simulation, the
boundary conditions should be modified in order to achieve
the 3D calculation, which contain the free surface condition
and boundary condition.

2.5.1. Neighbor Search Method. In the Poisson equation, not
all the particles are involved in the calculation; the pressure
of the particles on the free surface should be assigned to zero
so as to ensure that the results are not divergent. +e tra-
ditional method is to identify the free surface particles
according to the following discriminant:

n∗i
n0
< β, (28)

where n∗i is the particle number density after modification; β
is the coefficient of determination, which is less than 1.

+e determination is according to the particle number
density; this is not a very accurate method based on some
researches of other scholars. So, in this paper, a neighbor
particle searching method is proposed to determine the free
surface; in MPS method, not only do the particles on the free
surface should be identified, but also the particles close to the
free surface should be dealt with as the free particles, so the
searching distance is between 1 and 2.1 times of the particle
distance; as shown in Figure 1, we assumed one particle
located at the center of the sphere, the radius of the small
sphere equals the distance between particles, and the radius
of the big sphere is 2.1 times of the distance between par-
ticles. Based on the 2D neighbor searching method proposed
by Pan et al. [45], which can be extended in 3D dimensional
simulation, this space can be assumed to be divided into 48
parts, if there is no neighbor particle in 8 connected parts of
this apace; then this particle can be considered to be on the
free surface.

In order to improve computation efficiency, as Pan
proposed [34], a number density criterion is given firstly:

A<
ni
∗

n0
< β. (29)

A low limit coefficient is added into equation (29); this is
because when the number density is less than A, the particle
is assumed to be at a broken region, which must be on the
free surface obviously. +rough this first step, the process
can be simplified; not all of the particles are necessary to be
judged as shown in Figure 1.

In the real computation, the neighbor searching process
is very time-consuming, especially when the particles
number is huge; in order to save the computing time, the
above equation is inserted in the program to exclude the few
and far particles. In addition, smashing and fragmentation
may occur in the simulation process, and neighbors may
appear in the adjacent areas of all particles, but it belongs to
the case of free surface. At this time, the distribution of
particles is sparse, and the density of particles is less than the
general density of particles, which can be directly classified
as free surface particles. +rough these procedures, the
neighbor searching is only operated for some of the particles;
the computing time can be saved significantly.

2.5.2. Boundary Treatment. In order to balance the internal
pressure, two layers of particles are arranged close to the
solid wall to simulate the boundary nonpressure condition,
which are fixed at the definite location to avoid the fluid
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particles flow out of the tank. Between the wall and the fluid
particles, a boundary pressure layer of particles is arranged,
which takes part in the pressure calculation, but the velocity
and the displacement vectors are not changed, as shown in
Figure 2(c).

If there is only one layer of boundary particles, the fluid
particles close to the boundary may be determined as free
surface particle, so other virtual nonpressure particles are
arranged to the boundary; as shown in Figure 2, the blue
particles are the boundary and the red ones are the virtual
boundary pressure particles. In general, the density domain is
2.1l0, where l0 is the initial distance between particles; if the
range in equation (29) is too large, then another layer of
boundary pressure particle is necessary to be arranged to avoid
the wrong determination as free surface particle; this is pro-
posed by Pan to simulate the 2D fluid sloshing in tank [46].

2.5.3. Collision of Particles. +e particles inside the fluid are
colliding with each other in the kinematical motions; the
repulsive force is introduced according to the local pressure,
but it cannot be calculated when the collision happens
around the free surface; the pressure of the particles on the
free surface is set to zero, so the repulsive force cannot be
generated when the particles are close. As Byung-Hyuk Lee
(2011) mentioned [30], especially when the particles from
outside collide with the free surface particles, the density is
increased, which may not be recognized as free surface
particle. In order to avoid this phenomenon, a collision
model is employed; as shown in Figure 3, the initial distance
between particles is l0, the velocity of the first particle is v1,
the mass ism1, the velocity of the other particle is v2, and the
mass is m2, when the distance is smaller than al0; the re-
pulsive velocity is defined as v′ � − bv, where a and b are
fixed coefficients.

3. Multidegree Excitation Motions

In general, the study of sloshing in tank is mainly to simulate
the liquefied natural gas moving in the tank of LNG ship
advancing in waves. In order to simulate the real situation of
the tank sloshing in a LNG ship, two groups of multidegree
motions are recommended to be calculated; from the lon-
gitudinal side, the pitching, surging, and heaving motions
are coupled; from transverse side, the rolling, swaying, and
heaving are coupled.

+e motions can be written as a unified equation:

Bi(t) � Ai

2πt

T
+ ϕi . (30)

In the above equation, Bi is the tank displacement at time
t, Ai is the amplitude of the i-th motion, T is the period, t is
the time, and ϕi is the initial phase. When i= 1, B1 is the
vertical displacement of heaving motion; when i= 2, B2 is the
longitudinal displacement of surging motion; when i= 3, B3
is the angle of pitching motion; when i= 4, B4 is the dis-
placement of swaying motion; when i= 5, B5 is the angle of
rolling motion. So B1, B2, and B3 are coupled in one group,
and excitations B1, B4, and B5 are coupled in the other group.
+e rolling and pitching center can be defined according to
the concrete situations (Figure 4).

4. Numerical Calculation Results and Analysis

+e dimension of the tank in full scale is 38m (breath)×

44m (length)× 27m (height); the real tank is shown in
Figure 5; the model experiment was conducted by Lee et al.
(2006) on a 1/70 scale model [47]; 17 pressure sensors are
installed in the model as shown in Figure 6.

+e fluid loading conditions are 50% and 80%; the
multidegree excitations and the values are shown in Table 1.

4.1. Verification of Modification of 3D MPS Method

4.1.1. Verification and Comparison of Modified Kernel
Function. In MPS method, there are many forms of kernel
functions, which can be grossly divided into two types: one
type is that when the distance is close to zero, the kernel
function value is infinite, and, in the other type, when the
distance is zero, the kernel function is equal to a finite value;
the commonly used kernel functions are as follows:

w(r) �

1
r − 1

, 0≤ r< 1,

0, 1≤ r,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(31)

w(r) �
exp − 7r2( , 0≤ r< 1,

0, 1≤ r.
 (32)

In (9), the smoothing lengthh �
��������������
Δx2 + Δy2 + Δz23


,

where Δx, Δy, and Δz are the distances between particles; the
kernel function curves are shown in Figure 7; KF1 is
equation (31), KF2 is equation (32), and KF3 is equation (9).
KF1 rises rapidly with the decrease of the distance between
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Figure 1: Method for determination of free surface particles.
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particles; KF2 and KF3 rise slowly.+e value of KF1 is higher
than KF2; KF3 crosses the curves of KF1 and KF2; when r is
close to zero, the value of KF1 is unlimited. As shown in

Figure 8, compared with the simulation results obtained by
Yu using LEVEL-SET RANS method [48], which is similar
to the experiment results, the simulation with KF1 is too
dispersed, the liquid elevation of the simulation with KF2 is
too high, and the simulation with KF3 is consistent with the
level-set method.

4.1.2. Verification of Neighbor Particle Search Method. In
order to testify that the modified particle search method is
effective in the numerical simulation, comparison between
equations (28) and (29) is completed; when the searchmethod
is not effective, there would be particles in the internal fluid
recognized as free surface particles; in this situation, the
pressure must fluctuate very violently, so it can be seen from
the predicted pressures which method is more effective.

+e calculations of the pressures of different cases by two
methods are shown in Figure 9; using equation (25), there
are few internal particles defined as free surface particles; this
is the reason why the pressures are more smooth and
reasonable.

4.2. Comparison and Simulation Results. +e free surfaces
and the fluid with pressure distribution under the multi-
degree motions at different time steps are given in Figure 10;
in order to show the sloshing clearly, the boundary and wall
particles are not shown in the following 3D distribution
figures. +e simulation results are compared with the
simulations obtained by Yu [48], and the impact pressures

(a) (b) (c)

Figure 2: Boundary condition. (a) 3D; (b) mid-section; (c) detail.
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are compared with the model experiment results reported in
Lee et al.’s work [47].

+e pressures of the checking points under different
conditions are shown in Figure 11; ten periods and one
period predictions of every case are demonstrated in the
following figures.

As shown in Figure 10, at the initial flow stage, the
pressure is basically equal to static water pressure; when the
water is slamming on the wall, the pressure of the reference
points is increasing sharply, as shown in Figure 11, the
pressures fluctuate with the time; there are two peak values of
the pressure in some periods; the first is the impact of the fluid
on the wall; after the first impact, some of the water goes up
along the wall and then flows down under gravity, resulting in

second impact on the bottom. +e free surface is broken
before impact on the wall; this is the reason why after the peak
values the pressure fluctuates sharply. Ch1 and Ch11 are
located on the inclined wall; as seen from Figure 11(a), the
pressure goes up quickly and declines slowly, which agrees
with the experiment values; the numerical predicted maxi-
mum values are underestimated compared with experiment
data; a detailed one period figure is presented in Figure 11(a);
although the predicted pressure curve is more smooth than
the experiment curve, it is clear that the prediction is in high
agreement with the experiment values.

Compared with case 1, the horizontal motion amplitude
is larger and the vertical motion is smaller; the pitch is much
smaller than that of case 1 too. Ch7 is located on the top of
the tank; in this case, the 2D prediction cannot predict the
slamming effect on the top; the 3D prediction of the pressure
at Ch7, as seen from Figure 11(b), is consistent with ex-
periment data. +e difference between the 2D and 3D
simulations is shown in Figure 10; it can be seen clearly that
the sloshing on the top of the tank is obvious in 3D sim-
ulation. Because the upper tank is narrow, the particles are
forced to move to the middle area; the pressure rises sharply
when the free surface is higher than the knuckle of the
inclined wall, which is the result of 3D calculation effect.
Another obvious effect is that the free surface and the
pressures are asymmetric between different periods, which is
proven to be correct in the experiment.

+e 2D and 3D numerical predictions are presented in
Figure 11(c); the point Ch11 is located below the lower
knuckle of the upper chamfer; for case 3, the pressure of this
point can be predicted by 2Dmethod too; it is obviously seen

Ch1

Ch7

Ch11

Figure 6: Tank simulation and pressure checking points.

Table 1: Calculation conditions.

Calculation conditions Fluid
Group 1

T (s)Heaving Surging Pitching
A1 (m) ϕ1 (rad) A2 (m) ϕ2 (rad) A3 (rad) ϕ3 (rad)

Case 1 50% 4.51 − 0.412 0.366 − 1.89 0.0837 0 8.37
Case 2 80% 1.72 − 1.89 0.584 − 4.47 0.0121 0 7.17

Calculation conditions Fluid
Group 2

T (s)Heaving Swaying Rolling
A1 (m) ϕ1 (rad) A4 (m) ϕ4 (rad) A5 (rad) ϕ5 (rad)

Case 3 50% 5.89 − 0.307 3.38 − 0.214 0.00248 0 8.98

KF1
KF2
KF3

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 20
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Figure 7: Curves of kernel functions.

8 Mathematical Problems in Engineering



(a)

(b)

(c)

Figure 8: Simulation of tank sloshing using different kernel functions of mid-section. (a) Simulation with KF1 of case 1, (b) simulation with
KF2 of case 1, and (c) simulation with KF3 of case 1.
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Figure 9: Pressures prediction comparison between different particle search methods. (a) case 1 at Ch1; (b) case 3 at Ch11.
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Figure 10: Continued.
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Figure 10: Comparison between MPS and level-set method. (a) 3D simulation comparison of case 1, (b) simulation comparison of case 2,
and (c) and simulation comparison of case 3. (1) 2D MPS simulation; (2) 3D MPS simulation.
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Figure 11: Continued.
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Figure 11: Time histories of calculated pressure on checking points. (a) Numerical pressure prediction of case 1 at Ch1, (b) numerical
pressure prediction of case 2 at Ch7, and (c) numerical pressure prediction of case 3 at Ch11.
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Figure 12: +e schematic sketch of the calculation domain—a violent sloshing flow [40]. A� amplitude of the excitation; Amax �maximum
amplitude of excitation� 50mm; t� simulation time; ω� frequency of excitation� 2π/T; T�period of excitation� 1.5 s; d0 � particle
size� 3.0mm.
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Figure 13: Continued.
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from Figure 10 that the free surface is slamming on the upper
wall of the tank; at the same time, the pressure on the lower
chamfer is obviously higher; the peak value of the pressure
appears when the sloshing water is slamming on the checking
point. +e swirling motion in MPS simulation is presented as
particles splashing phenomenon; the three-dimensional effect
leads to the generation of the swirling flow.

Khayyer and Gotoh applied MPS-HS-HL-ECS-GC
method to simulate a violent sloshing flow induced by
periodic horizontal excitations [40]; the schematic sketch of
the calculation is shown in Figure 12.

+e simulation results are shown in Figure 13; as shown
in above figures, the method proposed in this paper is
distinguished by some unphysical irregularities in simula-
tion as well as dispersed particles close to the free surface.

Based on the above results and analysis, compared with
the 2D results, the pressure curves are similar; the reason is
that the dimensional effect, which has great influence on the
broken free surface and fluid splashing, is less important for
the overall movement. +ere is high frequency oscillation
phenomenon in 2D calculation, but in 3D calculation the
pressure curves are smoother; this is because the interaction
scope is sphere; there are more neighbor particles, so the
calculated pressure is smoother than the 2D results. +e
calculated 3D pressures are higher than the 2D results and
closer to the experiment values.

+e pressure obtained in the experiment is negative in
some time, which is caused by the air or air-water effect in

the space between the sensor and the tank; for MPS sim-
ulation, the pressures are all positive.

5. Conclusions

+e study shows that the 3D MPS method proposed in this
paper can simulate the free surface and the broken surface;
the splashed particles can be tracked. +e initial positions
of the particles are easily arranged; particularly for complex
surface boundary problems, it is more convenient. Com-
pared with 2D simulations and the results obtained by
other scholars, the calculated pressures and the free surface
are close and the 3D results are in high agreement with the
experiments data; the 3D simulation can describe the
detailed features of the sloshing, for instance, the broken
free surface and the splashed particles. +e comparison
shows that 2D and 3D methods can both describe the
overall fluid movement, so for the tank under single motion
the 2D method may be more appropriate than the 3D
method because of the higher computation quantity in 3D
calculation, but when the tank is under multidegree mo-
tions and is not in a normal shape, the free surface and the
splashed particles can be described more exactly by the 3D
method, and for the problems of three-dimensional flow or
other high requirements for the smoothness of the pressure
field, 3D model simulation is more appropriate and
effective.

(b)

(c)

Figure 13: Snapshots of water particles together with the pressure field. (a) t� 0.85 s, (b) t� 0.95 s, and (c) T�1 s.
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Purpose. To use computational fluid dynamics (CFD) technology to fundamentally understand (1) the effect of surgical treatments
on nasal physiology for secondary atrophic rhinitis and (2) the priority of operations. Subjects and Methods: With the aid of
medical imaging and CFDmodeling, three virtual operations (nasoseptal perforation repair, cavity narrowing, and a combination
of both) were performed to analyze airflow, nasal resistance, and wall shear stress. Results. Compared with the cavity-narrowing
virtual operation, nasal resistance was not significantly altered by septal perforation repair virtual operation. Airflow allocation
changed with more air flowing through the olfactory area and less though the nasal floor after all operations, especially the cavity-
narrowing operation. Wall shear stress at the original epistaxis area and the nasal floor was reduced after the cavity-narrowing
operation. Conclusions. Simulation results suggest that the cavity-narrowing operation takes priority over septal perforation repair
if a staged surgery approach is adopted. If only one operation can be chosen, the cavity-narrowing operation is better than the
septal perforation repair. *is work shows that CFD-based modeling may aid precision medicine.

1. Introduction

Disorders of the nasal cavity are closely linked to its structure
and function. Correction of morphological abnormalities of
the nasal cavity is fundamental to the treatment of diseases.
Secondary atrophic rhinitis (AR) is commonly caused by
destructive nasal surgery [1, 2] and is characterized by
progressive mucosal atrophy, nasal crusting, dryness, and
enlarged nasal space with a paradoxical sensation of nasal
congestion [2]. *e disease is often accompanied by septal
perforation, epistaxis, anosmia, depression, and sinusitis [2]
and may seriously impair the patients’ quality of life [3]. *e
disease is encountered by rhinologists all over the world and
is particularly common in China [1, 2].

Medical treatments provide only symptomatic relief.
With the developments in tissue engineering, surgical

reconstruction of the nasal structure is a promising
treatment to effect radical cure. But, simultaneous im-
plantation of materials or tissues may cause problems like
infection and nonhealing. Staging surgery is often used to
prevent these problems. For patients with secondary
atrophic rhinitis with nasal septum perforation, the
cavity-narrowing operation and nasoseptal perforation
repair operation are two common choices [4]. However,
the optimal sequence for these operations is not clear.

With the development of the biological simulation
methods, computational fluid dynamics (CFD) is increas-
ingly gaining popularity as a powerful tool for performing
virtual surgeries to test various scenarios and for selecting
the proper procedure to achieve the optimal outcome.
Rhinologists use this approach to simulate surgeries for
deviation of the nasal septum, turbinectomy [3, 5, 6],
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maxillary sinus ventilation [7], and nasal septum perforation
repair [8]. Results indicate that it is a promising research
method compatible with precision medicine [7, 8].

In this study, three operation plans have been simulated
using CFDmodels (Virtual surgery 1: nasoseptal perforation
repair operation, Virtual surgery 2: cavity-narrowing op-
eration, Virtual surgery 3�1 + 2: both nasoseptal perfora-
tion repair and cavity narrowing). By analyzing the
aerodynamic changes after different operations and com-
paring them with those in height- and weight-matched
healthy volunteers, the effects of the three operations have
been evaluated by the optimal sequence of operations. In
addition, we implemented the surgical closure of the nasal
septum perforation in a patient, based on CFD modeling.
We summarize this clinical experience in this paper.

2. Materials and Methods

2.1. Patient and Healthy Control. *e subject in our study
was a 62-year-old Chinese woman who was a known case of
atrophic rhinitis. *e patient required repeated hemostatic
laser treatment at the local hospital for frequent epistaxis,
but without any symptom relief. *e patient complained of
nasal dryness and hyposmia with no purulent nasal dis-
charge, nasal obstruction, nasal itching, sneezing, and
whistling. Figure 1 shows the CT view, the endoscopic view,
and the 3D modeling view of the nasal cavity. *e septal
perforation, the atrophied inferior turbinate, and the epi-
staxis area can be seen clearly. *e coronal nasal computed
tomography (CT) scan showed absence of inferior turbinate
on both sides and a nasal septal perforation in anteroinferior
part (defect size, 1.7∗1.1 cm, 1.6–3.3 cm from the nostril).
Fiber-optic nasal endoscopy verified the diagnosis of nasal
septum perforation and atrophied inferior turbinate. *e
T&Tolfactometer was used to evaluate the sense of smell of
the patient; the score was 2.8 points.

*ere was no history of allergic rhinitis, chronic heart
and lung disease, or nasal trauma. *e patient requested a
nasoseptal perforation repair operation. After an effective
control of nasal dryness, an autograft comprising three
layers of temporal fascia, tragus cartilage, and artificial dura
was fixed into the nasal septum using the “sandwich”
technique (Figure 1(e)). One month after surgery, the pa-
tient reported an improved nasal ventilation and smell
sensation. *e T&Tstandard olfactometer score at this stage
was 1.6 points. Repeat nasal coronal CT scan showed a
partial closure of the nasal septal perforation (Figure 1(d)).
*ere was a minor defect in the septum (0.3∗ 0.3 cm;
3.2–3.5 cm from the nostril) and a shift of the perforation
patch towards the right side. Comment: T&T olfactometer
(score 1.1–2.5: mild loss of smell sensation, 2.6–4.0: medium
loss, 4.1–5.4: heavy loss, and 5.5: complete loss of the smell
sensation).

A height- and weight-matched healthy volunteer served
as the control. We measured her nasal resistance using a six-
phase rhinomanometer (GM) in inspiration and expiration.
*e result was 0.131 Pa∗ s/mL in inspiration. All subjects
provided written informed consent for participation in this
study. *e study was approved by the institutional review

board and the medical ethics committee at the second af-
filiated hospital of the Xi’an Jiaotong University.

2.2. Modeling and Simulation Conditions. Figure 2 depicts
the perations and characteristics of models A, B, C, D, and E.
Models A and E were based on pre- and postoperative high
resolution computed tomography (CT) images of a female
patient with secondary AR who was treated with nasoseptal
perforation repair. Models B, C, and D were performed to
mimic the virtual surgery 1, 2, and 3. Model F was based on a
healthy female and served as the control. Red circles indicate
preoperative positions of nasal septal perforation. Green
circles indicate the positions of nasal septal perforation and
postoperation. Black arrows indicate the positions of the
cavity-narrowing operation.

Here, the 3D geometry of human nasal airways was
reconstructed in four steps [9–13]. In the first step, CT-scan
images were taken. In the second step, CT-scan images with
DICOM format were processed by Mimics software and the
boundary coordinates of the nasal cavities walls were
identified. In the third step, the outcome of the image
processing was imported into Geomagic software and the
nasal airway volume was created. *e 3D volume from
Geomagic was then exported to the mesh generation soft-
ware ICEM CFD (ANSYS, Inc.) to produce the 3D com-
putational domain (Figure 3).

Mesh sensitivity tests were conducted to ensure grid
independence for all results; data reported here were ob-
tained in meshes of 600,000–1,200,000 tetra cells. *e air
flow is modelled by using the steady, laminar, incom-
pressible, and isothermal Navier–Stokes equations. *e
second-order upwind scheme was used for spatial
discretization.

Pressure-velocity coupling was resolved using the
SIMPLE method. For all calculations, the airflows were
assumed to be incompressible and steady. *e inlet plane
was below the nasopharynx and the outlet plane close to the
nostril. A uniform velocity normal to the inlet plane was
specified by the quiescent cyclic respiratory airflow rate of
250mL/s [14] through the nasal cavity.*e inlet velocity was
of negative value during inspiration and positive during
expiration. *e gauge pressure at the outlet was maintained
at one atmosphere pressure. *e Reynolds number based on
the inlet velocity and the nasopharynx diameter was ap-
proximately 1300, indicating that the flow was predomi-
nantly laminar. To make it reasonably simple, the laminar
model was used in the simulation.

3. Results

*e objectives of surgery are to reduce nasal cavity volume
so as to increase nasal resistance, to reduce mucosal wall
shear stress so as to decrease epistaxis, and to deviate airflow
from the surgical site toward a healthy or nonoperated area
[15].

3.1. Nasal Resistance. Nasal resistance (Rnose) was defined as
Rnose � Δp/Q, where Δp is the pressure drop in pascals (Pa)
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and Q is the flow rate in milliliters per second (mL/s), which
was computed from the simulation results and compared
with data obtained on rhinomanometry [16, 17]. For the
Model F, the CFD-calculated result closely matched the
rhinomanometry-obtained result (0.117 Pa∗ s/mL vs.
0.131 Pa∗ s/mL). All the CFD-calculated total nasal resis-
tance values are depicted in Table 1: Model F>Model
C>Model D>Model E>Model B>Model A. So, in in-
creasing the nasal resistance, Virtual surgery 2≈Virtual
surgery 3>Virtual surgery 1.

3.2. Airflow Streamlines

3.2.1. Olfactory Area. Airflow allocation indicates the per-
centage of total air passing through the olfactory area. As is
shown in Table 1 and Figure 4, Model F>Model C>Model
D>Model B>Model E>Model A.

It implied that Virtual surgery 2>Virtual surgery
3>Virtual surgery 1> Postoperation>Preoperation.

Vortex: Model F>Model C>Model D>Model
B>Model E>Model A. (Figure 4)

(a) (b) (c)

(d) (e) (f)

Figure 1: (a) Preoperative horizontal slice of CT data; (b) preoperative nasal endoscopy; (c) preoperative visualization of the respiratory
airways in a midsagittal cut; (d) postoperative nasal CT scan after 1 month; (e) intraoperative nasal endoscopy; and (f) postoperative
visualization of the respiratory airways in a midsagittal cut. Red circles indicate preoperative positions of nasal septal perforation. Green
circles indicate the positions of nasal septal perforation, the postoperation.

Model

Preop Virtual surgery1

Model A Model B

None
Nasoseptal
perforation

rapair operation

Virtual surgery2

Model C

Cavity-narrowing
operation

Virtual surgery3

Model D

Virtual
surgery1 + 2

Postop

Model E

Nasoseptal
perforation

rapair operation
Operation

A B C D E

Figure 2: Operations and characteristics of models A, B, C, D, and E. Red circles indicate preoperative positions of nasal septal perforation.
Green circles indicate the positions of nasal septal perforation, the postoperation. Black arrows indicate the positions of the cavity-
narrowing operation.
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It implied that Virtual surgery 2>Virtual surgery
3>Virtual surgery 1>Postoperation> Preoperation.

3.2.2. Nasal Floor (Figure 4). *ere are large vortexes before
operation (Model A).*ick nasal crusts appeared at this site.
*ere are still large vortexes after virtual and real closure of
perforation operation (Model B and Model E). However,
there are few vortexes in healthy control and after virtual
surgery 2 and 3 (models F, C, and D).

3.3. Mucosal Wall Shear Stress Contours (Pa). Wall shear
stress is the tangential drag force produced by air moving
across the mucosal surface. It is a function of the velocity
gradient of air near the mucosal surface. *e higher the wall
shear force is, the greater damage the mucosa may suffer.

As is shown in Figure 5 and Table 2,

(1) Preoperation: the mucosal shear stress on the pos-
terior inferior edge of the septal perforation is rel-
atively higher than that at other edges of the septal
perforation, which is consistent with the site of
epistaxis and erosion (Figures 1 and 5)

(2) Virtual surgery 1 reduced the maximum mucosal
wall shear stress at the nasal floor by 85% (0.253 Pa to
0.037 Pa)

(3) Virtual surgery 2 reduced the maximum mucosal
wall shear stress in the original epistaxis area by 82%
(0.330 Pa to 0.059 Pa) and reduced the maximum
mucosal wall shear stress at the nasal floor by 77%
(0.253 Pa to 0.059 Pa)

(4) In all models, the highest mucosal wall shear stress
areas appeared on the nasal valve and the
nasopharynx.

4. Discussion

In our study, both pre- and postoperations’ nasal aerody-
namics were obtained by CFD simulation. *e changes in
the models are generally consistent with the results from
previous studies [18–20], e.g., nasal resistance, wall shear
stresses, and streamlines. Filling the knowledge gap by
obtaining the aerodynamic features associated with sec-
ondary AR after staged surgeries is one of the major con-
tributions of our study.

As speculated by other researchers [21, 22], the occur-
rence of AR can be explained or at least partially attributable
to the aerodynamic changes in the AR models. In the fol-
lowing part, we mainly focus on the aerodynamic origins of
the development of AR and changes after different surgeries
based on our findings.

4.1. Nasal Resistance. In this study, the preoperative nasal
resistance was found to be 43.2% of the healthy nasal re-
sistance, which increased to 56.8%, 70.2%, and 68.8% after
nasoseptal perforation repair, cavity-narrowing operation,
and that after both operations, respectively. In an earlier
study, nasal resistance reportedly decreased to 64% of the
healthy nasal resistance after resection of the inferior tur-
binate [23]. With respect to postsurgical nasal airway re-
sistance, the effect of nasoseptal perforation repair on
increasing resistance is much less than that of cavity-nar-
rowing surgery.

*erefore, cavity-narrowing surgery is better than
nasoseptal perforation repair for increasing nasal resistance.

4.2. �e Olfaction. In our case, the preoperative airflow
reaching the olfactory area was very limited. In addition,

Preop CT Postop CT Healthy CT

3D modeling

Model EModel A

Model B Model C Model D

Model F

Vi-su 1 Vi-su 2 Vi-su 3

Mesh creating

+++

+ +

++

Output data to computational fluid dynamics program

Provide objective analysis of surgeries

Figure 3: Technical route of the research.

Table 1: CFD-calculated total nasal resistance, resistance ratio, and airflow allocation.

Model A Model B Model C Model D Model E Model F
Total nasal resistance (Pa∗ s/mL) 0.050 0.066 0.082 0.080 0.076 0.117
Nasal resistance ratio (%) 43.2% 56.8% 70.2% 68.8% 65.1% 100%
Airflow allocation (olfactory area) 13.1% 19.1% 21.5% 19.4% 14.2% 22.6%
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Figure 4: Continued.
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pathological dryness in nasal cavity and dry crust formation
in the olfactory area also impaired the smell sensation
(preoperative score: 2.8 points, T&T olfactometer). Virtual
surgery 1, 2, and 3 were associated with increased vortexes
and airflow reaching the olfactory area, thus increasing the

deposition of odorants in the olfactory area.*is presumably
resulted in an improved smell sensation (postoperative
score, 1.6 points).

Stream flow in the olfactory area: Model C>Model B;
therefore, cavity-narrowing surgery led to a greater increase
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Figure 4: Comparison of airflow density path lines.

Wall shear
contour 2

(Pa)
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2.163e – 001
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5.768e – 001

6.489e – 001

7.210e – 001

Figure 5: Comparison of mucosal wall shear stress contours (Pa).

Table 2: CFD-calculated wall shear stress.

Maximum wall shear stress (Pa) Model A Model B Model C Model D Model E Model F
Nasal floor 0.253 0.037 0.059 0.041 0.047 0.110
Septal perforation 0.330 — 0.059 — 0.095 —
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in nasal olfaction as compared with that observed after
nasoseptal perforation repair.

4.3. Dryness and Nasal Crusting. In the Model A, more
chaotic streamlines and new vortexes were observed near the
bottom of the nasal cavity (Figure 3), a frequent site area of
crusting in patients with atrophic rhinitis. More water va-
pors are redirected away by the chaotic airflow and vortexes
[24–26]. Furthermore, the nasal mucosal area in our patient
(137.4 cm2) was smaller than that in an average healthy
Chinese woman (160 cm2), and the nasal mucosal size to
volume ratio (0.36mm− 1) was much smaller than that in a
healthy Chinese woman (0.58± 0.09mm− 1) [27]. *erefore,
the volume of air humidified per unit area of the nasal
mucosa was reduced, thus resulting in increased dryness and
crust formation [24].

After surgical closure of septal perforation, large vortexes
were still observed. Cavity-narrowing surgery is more ef-
fective in eliminating vortexes. *erefore, the cavity-nar-
rowing surgery is better than the nasoseptal perforation
repair operation in decreasing nasal crusting.

4.4. Epistaxis. *e anteroinferior part of the nasal septum,
also referred to as Little’s area, is susceptible to epistaxis
[28, 29]. Studies based on CFDmodeling have demonstrated
a much higher shear stress over Little’s area, thus contrib-
uting to its propensity for spontaneous epistaxis [30].
Cannon et al. [31] performed virtual surgery using a sim-
ulated septal perforation model. *ey documented highest
shear force at the lateral edge of the perforation, which is
consistent with our findings. Furthermore, the vortex in-
creased the deposition of pathogens and physical and
chemical particles, thereby increasing mucosal damage.

*e cavity-narrowing surgery reduced the mucosal wall
shear stress and vortexes at the edges of the septal perfo-
ration, so it can be concluded that the epistaxis can be eased
after this surgery.

4.5. Perforation. Perforations in the septum do not typically
heal on their own, and surgical treatment of nasal septal
perforation remains a challenging field of rhinology. High
mucosal wall shear stress at the open edge of the perforation
may be a reason why it does not easily heal. Furthermore,
after surgical closure of perforation, the mucosal wall shear
stress over the site of perforation is still high, which impacts
graft survival. However, cavity-narrowing surgery can re-
duce the mucosal wall shear stress and provide favorable
conditions for graft survival, thus reducing the probability of
reperforation.

5. Conclusion

Based on 6 different nasal structures, we examined the
aerodynamic features in three typical nasal structures as-
sociated with secondary AR after different surgeries, which
has not been studied and compared before. *e observed
changes in nasal aerodynamics can explain the underlying

mechanisms involved in causing the typical symptoms in
patients with secondary AR. Nasal aerodynamics appear to
be instrumental in the pathogenesis of secondary AR. *us,
restoration of nasal aerodynamics should be a key consid-
eration in the selection of the surgical approach.

Simultaneous cavity-narrowing operation and naso-
septal perforation repair operation can not only improve the
flow field but also prevent the deterioration of the saddle
nose. However, simultaneous implantation of materials or
tissues may result in complications such as infection and
nonhealing. Staged surgical approach may be beneficial
wherein the cavity-narrowing operation should take pre-
cedence over the septal repair. If only one surgery is to be
chosen, the cavity-narrowing operation is better. *e ex-
ponential advancements in computing technology raise the
hope that CFD analysis may be a viable and practical adjunct
to nasal airway surgery in the near future.
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When the autonomous underwater vehicle (AUV) enters the water at a small angle, the head of the AUV will be subjected to a
torque that causes it to rise, which may cause the AUV to ricochet. *e occurrence of ricochet will have an important impact on
the trajectory stability of the AUV. In this paper, the finite element method-smoothed particle hydrodynamics (FEM-SPH)
coupling algorithm, which absorbs the high efficiency of FEM and the advantages of SPH in dealing with large deformation and
meshes distortion, is used to study the small-angle water entry problem of the AUV numerically. In the coupled FEM-SPH
algorithm, discrete particles were used to model the zone of water, while the part of the AUV was modeled with finite elements. A
contact algorithm couples the finite elements and the particles. Particular attention was paid to the influence of different head
hemisphere angles and different initial conditions on the ricochet trajectory of the AUV. *e critical conditions and influencing
factors of the AUV ricochet phenomenon were given.

1. Introduction

Current autonomous underwater vehicles (AUVs) are
particularly useful as unmanned measurement platforms
that carry sensor payloads along preprogrammed trajecto-
ries to collect data for various applications such as hydro-
graphic survey, undersea oil/gas production, hull inspection,
military applications, and so on [1]. When the vehicle
launches, it will inevitably encounter the problem of water
entry, especially the air-launched autonomous underwater
vehicles (AUVs).

*e problem of water entry has been applied in many
applications. Basilisk lizard walking on water can also be
regarded as an interesting phenomenon of entering water
[2], the military application such as the initial impact of
air-launched marine vehicle [3] or torpedo [4], and
aerospace engineering such as aircraft forced landing on
water [5].

*e research on water entry problems mainly focuses on
the following three aspects: the evolution process of water
entry cavitation, calculating the water impact forces,

especially during the initial entry stages, where the maxi-
mum impact loads occur, and the analysis of water entry
trajectory. One of the fascinating problems in hydrody-
namics is the ricocheting of a rigid body off a free water
surface. A ricochet may occur when the body hits the free
surface at grazing angles with relatively high impact speed.
Ricochet studies are essential for both offensive and de-
fensive modes of action. In offensive applications, a typical
example is “bouncing bomb,” a weapon designed by Sir
Barnes Wallis for attacking dams during the Second World
War. On the other hand, in defensive applications, it helps in
determining the initial launch conditions of the projectile to
avoid ricochet, which may cause damage to the projectile
structure or lead to missing its intended target [6]. Fur-
thermore, the mathematics involved in ricochet also helps
seaplanes to land accurately and improve the design of the
airplane wing.

*e research of Richardson [7] dealt somewhat with
ricochet and presented experimental results concerning the
water entry of ebonite and duralumin spheres at different
angles of impact. Besides, the records of splash performance
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and force-penetration curves were given. Since the hydro-
dynamical aspects of the ricochet phenomenon are rather
complicated, it is quite challenging to solve the problem
theoretically. Nevertheless, early investigations of the phe-
nomenon, reviewed by Johnson and Reid [8], showed the
following surprisingly simple empirical formula for the
critical angle of incidence, θc:

θc �
18∘

��
σ

√ , (1)

where σ is the specific gravity of the projectile. *us, if the
water entry angle of a spherical projectile is larger than θc, a
ricochet of a projectile from the water will not occur, and the
heavy projectile will sink into the water. Miloh and Shukron
[9] obtained the actual trajectory of the sphere below the free
surface by the integration of Kelvin–Kirchoff–Lagrange
equations, and critical value for the projectile ricochet was
obtained in terms of the initial Froude number and the
specific density of the solid. It is demonstrated that for
infinitely large Froude numbers, the solution was in sur-
prisingly good agreement with the empirical relationship
(equation (1)) for the critical angle of a sphere in oblique
water entry.

*e aforementioned works have not considered the
effect of the rotation of the sphere on the ricochet. Truscott
and Techet [10] investigated the complex hydrodynamics of
water entry of a spinning sphere for low Froude numbers
experimentally. High-speed digital video sequences revealed
the unique hydrodynamics phenomena, which vary with
spin rate and impact velocity. *ey found that the spinning
motion induces a lift force on the sphere and thus causes
noticeable curvature in the trajectory of the sphere along its
descent. In the study of disc-shaped stone skipping by
Bocquet et al. [11–13], they believed that the angular motion
of stone gyroscopically maintains the attack angle. More-
over, they revealed that there exists a “magic angle” of 20∘
between a disk face and free water surface which minimizes
the required speed for ricochet.

*e elastic deformation of the sphere is another im-
portant aspect of studying its ricochet characteristics.
Truscott et al. [14]and Belden et al. [15] investigated the
skipping of highly compliant elastomeric spheres to inter-
pret the mechanisms by which they ricochet off the water.
*ey demonstrated that, unlike stone skipping, the elasticity
of the sphere plays an important role in determining the
success of the ricochet through experimental and numerical
study.

Althoughmany scholars have carried out research on the
problem of water entry ricochet and obtained some rules of
the cavity, impact load, and trajectory during the water entry
process, the research objects are mostly projectiles, small
spheres, or stones. *e research on the mechanism of small-
angle water entry ricochet of some slightly complicated
vehicle is quite rare. To our knowledge, Park et al. [16]
studied numerically the impact and ricochet problems of
arbitrary-shaped water entry bodies using the source panel
method. Unfortunately, they did not give a more detailed
and systematic analysis of the ricochet trajectory. Wang and

Shi [17] carried out a numerical simulation using the ar-
bitrary Lagrange–Euler (ALE) coupling method to study
dynamic mechanical properties of the oblique water entry
hydroballistics of an air-borne missile. Moreover, they be-
lieved that the initial curvature of the ogive with a smaller
mass is larger, which makes it easy to produce ricochet
behavior.

Finite element method (FEM) as a conventional grid-
based numerical method has been widely applied to various
areas of computational fluid dynamics (CFD) and currently
is the dominant method in numerical simulations of domain
discretization and numerical discretization. However, for
the problem with extreme distortions, the accuracy of FEM
is not always adequate [18].

In the aspect of coupled numerical algorithm of water
entry problem, Paik et al. [19], Maki et al. [20], and Xie et al.
[21] have adopted the coupled CFD-FEM method to sim-
ulate the hydroelastic impact of a composite structure.
However, this method is usually used to analyze the
structural response of the elastomer and obtain the maxi-
mum shape variables of the structure. *e simulation ac-
curacy of the evolution of the convection field with time is
slightly poor. *e DEM-SPH method is suitable for dealing
with the coupling problem between granular materials and
fluid dynamics, but as a pure meshless method, it usually
consumes a lot of computing resources. In this way, the
coupled FEM-SPH algorithm seems to be a reasonable
approach which absorbs both the high efficiency of FEM and
the advantages of SPH algorithm in dealing with large de-
formation and meshes distortion.

Despite some literature studies [22–25] involving the
influence of the head shape of the model on the water entry
impact, there are few specific investigations that focus on the
impact of the head shape on the trajectory characteristics
during the process of water entry. *e lift and pitching
moments are important components of the hydrodynamic
force system which affect the trajectory of the vehicle sig-
nificantly when the vehicle impacts the water surface
obliquely at high speed. *erefore, the aim of this paper is to
adopt the coupled FEM-SPH method to study the ricochet
characteristics of the high-speed water entry of vehicle
numerically and obtain the effects of head shapes and initial
entry conditions on the ricochet characteristics. *is will
provide a reference for the safe high-speed water entry and
trajectory control strategies of the AUV.

2. Numerical Method and Model

2.1. SPH Methodology. *e process of high-speed water
entry of a marine vehicle is quite complicated, which in-
volves the problem of unsteady motion and interactions of
air, water, and vehicle body. *e solution of the ricochet
problem is greatly dependent on the change in the highly
nonlinear boundary morphology of the free water surface,
which makes the problem difficult to solve analytically. *e
fundamental idea of the meshfree methods is to provide
accurate and stable numerical solutions for integral equa-
tions or partial differential equations (PDEs) with all kinds of
possible boundary conditions with a set of arbitrarily
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distributed particles (or nodes) without using any mesh that
provides the connectivity of these particles or nodes. *e
smoothed particle hydrodynamics (SPH) method is a
meshfree particle method of adaptive and pure Lagrangian
nature and is attractive in treating large deformation,
tracking moving interfaces or free surfaces, and obtaining
the time history of the field variables [26]. Since its invention
to solve astrophysical problems in three-dimensional open
space [27, 28], SPH has been extensively studied and ex-
tended to dynamic fluid flows with large deformations,
including the water entry problems [29–32].

*e core idea of the SPH approach is as follows: (1) the
problem domain is represented by a set of arbitrarily dis-
tributed particles; (2) the integral representation method is
used for field function approximation; (3) the kernel ap-
proximation is then further approximated using particles;
(4) the particle approximations are performed to all terms
related to field functions in the PDEs to produce a set of
ODEs in discretized form with respect to time only; and (5)
the ODEs are solved using an explicit integration algorithm
to achieve fast time stepping and to obtain the time history of
all the field variables for all the particles.

In the SPH method, the state of a system is represented
by a set of particles, which possess individual material
properties and move according to the governing conser-
vation equations. For a given particle i which carries its own
velocity, density, mass, and pressure, by applying the particle
approximation, a function f can be expressed by the
following:

〈f xi( 〉 � 
N

j�1

mj

ρj

f xj Wij, (2)

where Wij � W(|xi − xj|, h) is the smoothing kernel func-
tion and is closely related to the smoothing length h, N is the
number of particles in the support domain of particle i, and
mj and ρj are the mass and density associated with particle j,
respectively. *e most commonly used smoothing kernel
function is a cubic B-spline:

W xi − xj



, h  � C ×

1 −
3
2
d
2

+
3
4
d
3
, 0≤ d< 1,

1
4
(2 − d)

3
, 1≤ d< 2,

0, otherwise,
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(3)

where C is a constant of normalization that depends on the
space dimension and d is defined as

d �
xi − xj





havg
, (4)

where havg is the average value of smoothing length of the
two particles being considered.

*e equations of conservation laws of continuum fluid
dynamics, including conservation of mass, conservation of
momentum, and conservation of energy, can be expressed as
follows:

dρi

dt
� 

N
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mjvij

β
� vi

β
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β
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zWij

zx
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dEi
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mj

pi

ρ2i
+

pj

ρ2j
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βzWij

x
β
i

,

(5)

where α and β are used to denote the coordinate directions
and σ is the total stress tensor.

Moreover, the Monaghan [33] type linear artificial vis-
cosity Π2 is added for removing numerical oscillations in
hydrodynamics. *e detailed formulation is as follows:

pi⟶ pi + Πij,

Πij �

− αcijμij + βμ2ij
ρij

, vij · xij < 0,

0, otherwise,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

μij �
hijvij · xij

xij




2

+ φ2
,

(6)

where α and β are constants that are all typically set around
1.0 and c and v represent the speed of sound and the particle
velocity vector, respectively. *e notation Xij � (1/2)(Xi +

Xj)
− is used for median between Xi and Xj. Here, vij �

(vi − vj) and xij � (xi − xj), and φ prevents the denomi-
nator from vanishing.

2.2. Design of the Vehicle Model. In order to explore the
impact of vehicle geometry on the ricochet behavior, we
have designed five different head shapes of model with
reference to the Waugh’s [34] study. *e head shapes and
parameters’ definition are shown in Figure 1. *e spherical
portion is expressed in terms of the half-sphere angle, i.e.,
the angle subtended by the generating curve of the spherical
head measured from the tip of the head to the point of
junction with the ogival curve.

*e eight models of vehicle with different head shapes
are shown in Figure 2, and the specific parameters of the
vehicle are shown in Table 1.

2.3. 4e Coupled FEM-SPH Model. In the study of the ric-
ochet of the high-speed vehicle, the deformation of the
vehicle is extremely small, so we assume it as a rigid body.
But, the water will cause great deformation due to the splash.
*erefore, we use the FEM-SPH coupling algorithm for
numerical simulation. Since both SPH and FEM are based
on the Lagrangian description, it is easy to handle the in-
teraction of the fluid-solid interface through the penalty-
type “nodes-to-surface” contact algorithm where finite el-
ements of the vehicle are treated as the master segments and
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SPH particles of water are treated as the slave nodes as
shown in Figure 3. *e calculation of the contact algorithm
comprises two stages: contact search and contact force
calculation. *e contact partners are detected when a slave
node penetrates the contact area of a master element. *en,
the contact force is calculated by penetration depth and
contact stiffness. Consequently, the particle experiences a
repelling contact force in the direction of the surface normal
and the finite elements belonging to the master segment in
contact proportionately bear this force in opposite direction.
*e specific coupling process is shown in Figure 4.

*e vehicle body is divided into Lagrangian grids, and
the water domain is discretized by smooth particles.
Moreover, the boundary conditions of water domain at
symmetry planes were imposed using a specific boundary
condition treatment according to which a set of ghost
particles is automatically created by reflecting the particles
closest to the boundaries.

According to Chuang’s point of view [35], we choose the
calculation domain size as 6 × 2 × 2m. In this paper, the

space between the Lagrange grids is 25mm, and the SPH
particles are evenly distributed with an interval of 40mm.
*e total number of particles and solid elements used during
our simulations is 375000 and 11424, respectively.We set the
simulation termination time to 50ms, where each case takes
about 2.5 hours. It should be noted that our computer’s
processor is a quadcore 8-thread Intel Core i7 4790 clocked
at 3.6GHz with 16G memory.

*e description of the FEM-SPH model and coordinate
definition are shown in Figure 5. *e coordinate origin O is
the center of gravity of the vehicle. *e coordinate systems
Oxyz and Ox1y1z1 are the body coordinate system and the
velocity coordinate system of the vehicle, respectively. *e
line OP in Figure 5(b) is the projection of the velocity axis
Ox1 on the plane of the body coordinate system Oxyz. *e
angle between the Ox axis and the horizontal plane is de-
fined as the water entry angle θ; the angle between OP and
vehicle longitudinal axis Ox is called the attack angle α
which is positive when OP is below the Ox axis from the rear
of the vehicle.

3. Numerical Results and Discussion

*e process of small-angle water entry of AUV can be
roughly divided into three stages: the stage of head
impacting the water, the stage of tail rudder hitting the
water, and the stage of ballistic stabilization. We take the
water entry process of a AUV with a half-sphere angle of 60∘
as an example. When the initial velocity of water entry is
100m/s and the initial angle of water entry is 20∘, we can see
from Figure 6 that during the period of 0 ∼ 10ms, the head
of the AUV gradually impacts the water and produces a
water surface uplift. *en, immediately at about 20ms, the
rudder of the AUV began to hit the water, causing a strong
splash of water near the rear. During the period of
40 ∼ 50ms, the trajectory of the AUV gradually stabilized. In
this process, the reaction force on the head and tail rudder
will lead to a great change in the trajectory of the vehicle; that
is to say, the head of the vehicle will have a tendency to rise
first and then sink.

Correspondingly, as can be seen from Figure 7, when the
aircraft with a hemispherical angle of 0∘ enters the water at
an initial water impact angle of 15∘ and a velocity of 100m/s,
the head of the vehicle collides with the water surface, and
then the head of the vehicle jumps out of the water under the
action of the lifting moment, resulting in ricocheting phe-
nomenon. Next, we discuss in detail the effect of head shape
of the AUV on this process.

3.1. Critical Conditions for Ricocheting. Given different
initial water entry conditions, the influence of water entry
angle, velocity, and angle of attack on ricochet phenomena
was investigated.

Figure 8(a) shows that when the vehicle enters the water
at no angle of attack, the occurrence of ricochet is restricted
by both the angle of entry and the velocity. With the increase
of water entry angle, the maximum speed of bouncing
decreases gradually, and the minimum speed of bouncing

A

B

C 

D

R

R
0

Rp 

γ

R
R0
RP

Sphere radius
Ogival radius
Body or projectile radius
Half-sphere angleγ

Center of curvature of ogive
B Center of curvature of sphere
C Junction of sphere and ogive
D Junction of ogive and cylinder

A

Figure 1: Head shapes and parameters’ definition of the vehicle.
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increases gradually. Figure 9(a) shows that with the in-
crease of angle of attack, the range of velocity to maintain
the ricochet decreases gradually. A similar rule can be seen
in Figure 9(b), that is, the range of the water entry angle to
maintain the ricochet of the vehicle decreases with the
increase of the angle of attack. However, when the angle of
entry is 15∘, it shows a special law, that is, when the angle of
attack is about 5∘ to 15∘, the vehicle will not ricochet. *is is
because in this angle of attack range, the pressure on the
lower side of the head when the vehicle slams against the
water surface counteracts the pressure on the downward
side of the head when it slams against the water surface,
thus maintaining its trajectory stability. In addition, we find
that when the vehicle enters the water at 15∘, the water
outlet angle increases with the decrease of the absolute
value of the angle of attack in the case of negative angle of
attack and increases with the increase of the angle of attack

in the case of positive angle of attack in the case of
bouncing.

3.2.4e Effect of Head Shape on Trajectory. *e trajectory of
the center point of the AUV model’s head is selected to
analyze the trajectory characteristics of the vehicle entering
the water. Moreover, our analysis of trajectory character-
istics is only for the initial stage of the water entry process,
the prediction and control of the impact load and trajectory
of the AUV in this stage are more complex, and it is even
more necessary in the issue of safe water entry of the AUV.
We have carried out a series of water entry simulations for
different head shapes of AUVs at different water entry
angles. It should be noted that in these simulations, we give
the same impact velocity v � 100m/s and the water impact
time t � 0.05 s.

(a) (b)

(c) (d)

(e) (f )

(g) (h)

Figure 2: Eight vehicle models with different head shapes. (a) c � 0°. (b) c � 30°. (c) c � 40°. (d) c � 50°. (e) c � 60°. (f ) c � 70°. (g) c � 80°. (h)
c � 90°.

Table 1: Vehicle structural parameters.

Length (mm) Diameter (mm) Shell thickness (mm) Mass (kg) Material
1722 200 6.18 16 6061 aluminium alloy

2h

ij

rij

Ω

FEM

SPH

Figure 3: A contact force is applied between the particle i and all the FE nodes within 2h. Ω represents the support domain of particle i.
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Figure 4: FEM-SPH coupling flowchart.
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Figure 5: Description of the FEM-SPH model (a) and coordinate definition (b).

θ
v

x

y

(a) (b) (c)

(d) (e) (f)

Figure 6:Water entry process of the AUVwith c � 60∘.*e initial velocity of water entry is 100m/s, and the initial angle of water entry is 20∘.
(a) t� 0ms. (b) t� 10ms. (c) t� 20ms. (d) t� 30ms. (e) t� 40ms. (f ) t� 50ms.
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From Figure 10(a), we can see that when the angle of water
entry is 15∘, the trajectory of the AUVs with different head
shapes will be significantly different, and there may even be
completely different changing trends. For example, when the
half-sphere angle of the model head is 50∘, the model has the
tendency to ricochet off the water surface. *e trajectories of
other models do not have this evolution rule, but a relatively
stable water entry. *is shows that the water entry trajectory of
the model is sensitive to the entry angle of 15∘, and relatively
large fluctuations will occur, which will affect the safe entry of
the AUV. *e reason for this result may be that when the
model impacts thewater surface at a 15∘ angle, themodel with a
50∘ half-sphere angle has a larger water contact area and a

(a) (b) (c)

(d) (e) (f)

Figure 7:*e ricocheting process of the AUV with c � 0∘. *e initial velocity of water entry is 100m/s, and the initial angle of water entry is
15∘. (a) t� 0ms. (b) t� 10ms. (c) t� 20ms. (d) t� 30ms. (e) t� 40ms. (f ) t� 50ms.
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Figure 9: Statistical graphs of whether ricocheting phenomena occur
under different water entry conditions. Δ, ·, and × represent no
ricochet, ricochet, and no water entry, respectively. (a)*e statistics of
angle of attack, velocity, and ricochet when the water entry angle is 20
degrees. (b) *e statistics of angle of attack, angle of water entry, and
ricochet when the water entry velocity is 100m/s.
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stronger water reaction force in the initial stage, resulting in the
head of the model to have a larger lifting torque.

On the other hand, a special phenomenon can be seen
from Figure 10, that is, when the half-sphere angle of the
model’s head is 70∘, the lateral distance of the model moving
underwater at the same time is the longest and the depth of
the water entry is also deepest. *e cause of this phenomenon
is also related to the stress environment of head of the model.
*e model with a half-sphere angle of 70∘ has the smallest
navigational resistance during the initial stage of water entry.

On the whole, the influence of the head shape of the
AUV on the trajectory characteristics gradually decreases

with the increase of the water entry angle, and the entry
trajectories of AUVs become more and more stable.

In addition to the angle of water entry, the influence of
the head shape of the AUV on the trajectory at different
entry velocity is also different. Figure 11 shows the trajectory
curves of the AUVs with different head shapes at variable
water entry velocities.*e angle of water entry is fixed at 15∘;
however, the simulation time of the water impact of the
AUVs is 0.08 s, 0.05 s, 0.03 s, and 0.025 s, respectively, when
the impact velocity is 50m/s, 100m/s, 150m/s, and 200m/s.
*e cross section at the ordinate y � 0m represents the
horizontal plane. If the longitudinal coordinates of the
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Figure 10: Trajectory curves of the AUVs with different head shapes at variable water entry angles. *e velocity of water entry is fixed at
100m/s. (a) θ� 15°. (b) θ� 20°. (c) θ� 25°. (d) θ� 30°.
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center point of the head of an AUV is greater than 0, then we
say that the AUV has ricocheted.

As can be seen from Figure 11(a), when the velocity of
water entry is 50m/s, the bouncing phenomenon occurs in
all the vehicles except for the cases of c � 70∘ and c � 80∘. It
is worth noting that in this figure, the trajectory curve of the
AUV with a hemispheric angle of 90∘ changes drastically,
resulting in the highest ricochet height. *e reason for this
phenomenon is that the diameters of the open cavities are
different when the AUVs with different hemispheric angles
impact the water surface at the same velocity. *e larger the
hemispheric angle of the head, the larger the diameter of the
open cavity. When c � 90∘, the diameter of the open cavity
of the model head is sufficiently large that the recovery
torque generated when the rudder touches the water

becomes small. *e imbalance of the head and tail torques of
the model results in ricocheting.

In terms of the overall trajectory curves, when the angle
of water entry is constant (θ � 15∘), the stability of the water
entry trajectory has a tendency to increase first and then
decrease as the velocity of water entry increases. Moreover,
combined with the full figure, it can be also seen that the
vehicle with a hemispherical angle of 70∘ or 80∘ has better
trajectory stability of water entry, which is of great signif-
icance to the attitude control of the AUV.

3.3. 4e Effect of Impact Velocity on Trajectory. As can be
seen from Figure 12, keeping the other inflow conditions
unchanged, when the inflow velocity increases gradually, the
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Figure 11: Trajectory curves of the AUVs with different head shapes at variable water entry velocities.*e angle of water entry is fixed at 15∘.
(a) v � 50m/s. (b) v � 100m/s. (c) v � 150m/s. (d) v � 200m/s.
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kinetic energy obtained by the model increases gradually,
which leads to the increase of the navigation distance in the
same time. However, after ricocheting, the water exit angle
decreases gradually, and even when the water entry speed is
200m/s, there is no ricochet phenomenon. We believe that
the reason for this phenomenon is that when the velocity of
the model increases gradually, the diameter of the open
cavity caused by water impact increases gradually and the
wetting area of the model’s head changes so that the
clockwise moments generated by the upstream and tail
counterbalance the upward moments generated by the
backflow surface. *at is to say, the direction of the external
forces on the model is closer to the center of gravity of the
model, and the stability of the model trajectory is also higher
and higher. For the same reason, the head exit angle (in the
case of ricocheting) of the vehicle decreases gradually with
the increase of the impact velocity.

3.4. 4e Effect of Angle of Water Entry on Trajectory. As can
be seen from Figure 13, keeping the other initial water entry
conditions unchanged, the vertical displacement of the
model increases with the increase of the water entry angle,
which means that the rising trend of the initial inflow model
becomes more and more insignificant. In the case of rico-
cheting, the water exit angle of the vehicle decreases grad-
ually. *e reason for this phenomenon is that the change of
the initial water entry angle will directly affect the diameter
of the opening cavity and the wetted area of the model
during the water entry process, which are two important
factors affecting the force of the model head. *e same rule
applies to situations where no ricochet occurs.

Comparing Figures 13(a) and 13(b), it can be seen that
the impact of water entry velocity on ricochet cannot be
ignored. When the water entry angle of the model is 15∘ and
20∘, the ricochet phenomenon is more sensitive to the
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Figure 12: Trajectory curves of the AUVs with different head shapes at variable water entry velocities.*e angle of water entry is fixed at 15∘.
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change of water entry velocity. In addition, we can see that
the occurrence of ricochet phenomenon makes the hori-
zontal displacement of the vehicle increase greatly at the
same time, which is an important concern of the trans-
medium vehicle.

4. Conclusions

In the initial stage of water entry, the fluid medium will be
vigorously moved by the AUV. At the same time, the sudden
changes in the trajectory, strain, and acceleration caused by
the impact will cause damage to the structure of the AUV
and failure of the electronic components. Especially when
the AUV enters the water at a small angle, it may cause
ricochet phenomenon, which poses a greater threat to the
safe water entry of the vehicle. *erefore, it is of great
significance to carry out research on the trajectory char-
acteristics in the initial stage of water entry.

In this paper, the coupled FEM-SPH algorithm which
combined the efficiency of FEM and the advantages of SPH
in dealing with the large deformation problems is used to
numerically study the small-angle water entry problems of
the AUV. Specifically, a penalty contact algorithm is used to
couple the discrete finite elements of the AUV with the
discrete particles of the water, and ghost particles are set
around and the bottom of the water to simulate the infinite
water area.

A series of simulation studies have been carried out
under different initial water entry conditions, and the critical
conditions for bouncing have been given. *e mutual re-
strictions of water entry angle, velocity, and angle of attack
on ricochet were also discussed. We find that with the in-
crease of the angle of attack, the range of the water entry
angle and the velocity used to maintain the vehicle ricochet
decrease gradually.

We innovatively explore the effects of the progressive
change of AUV’s hemispheric angle on the water entry
trajectory and find the following regular conclusions. When
the AUV impacts the water at a fixed velocity, for example,
v � 100m/s, the smaller the angle of water entry, the more
obvious the pitching motion of the vehicle’s head, which
indicates that the trajectory stability is worse. On the other
hand, when the AUV enters the water at a fixed angle, a
similar law can be found. *at is, the smaller the velocity of
water entry is, the more likely it is to ricochet, which also
indicates that the stability of trajectory is worse. Based on
our numerical simulation results, we can draw the con-
clusion that the trajectory characteristics of the vehicle
entering the water at small angles and velocity are more
sensitive to changes in the hemispheric angle of the vehicle’s
head. A vehicle with a hemispheric angle of approximately
70∘ has better trajectory stability. *e results are related to
the balance of pitching torque between the head and tail of
the vehicle when fluid-structure interaction occurs in the
process of water entry.

In addition, we also studied the influence of the angle
and velocity of water entry on the trajectory of the vehicle.
We find that under certain water entry initial conditions,
when the water entry angle and the velocity increase, the

external force direction of the model head gradually ap-
proaches the center of gravity of the model.*at is to say, the
model trajectory of water entry becomes more and more
stable.
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Aluminum alloy spool valve body material is prone to severe wear on the wall under the condition of oil contamination. Aiming at
this problem, combined with the theory of liquid-solid two-phase flow and erosion wear, the wear prediction model of aluminum
alloy sliding valve wall is established based on computational fluid dynamics, and the effects of turbulence and wall materials,
particle size distribution, and particle shape on particle motion are discussed.,e calculation of the wear prediction model is done
with Fluent software. ,is study predicts the wear of the wall under actual working conditions and calculates the influence of
particle size, particle shape, and pressure difference on the wall wear of the aluminum alloy sliding valve.,e research results have
certain significance for the maintenance and upkeep of aluminum alloy sliding valve wall, improved design, and life prediction.

1. Introduction

With the gradual expansion of market demand and advances
in material processing and manufacturing technology, the
overall structure can reduce the size and weight of the
automatic transmission electrohydraulic module [1]. ,e
material of the valve body and the valve core are, re-
spectively, aluminum alloy and alloy steel; the main valve
core which plays an important role is directly assembled in
the valve hole in the aluminum alloy valve body; and the steel
valve sleeve in the conventional electrohydraulic module is
no longer needed. However, the oil in the electrohydraulic
module is easily contaminated, and the pollution adapt-
ability of the integral electrohydraulic module is worse than
that of the conventional electrohydraulic module, which
may cause serious local wear on the valve wall surface,
resulting in an increase in leakage. Degradation of the op-
erating characteristic parameters leads to a decrease in
control quality and even an impact on reliability [2, 3].
Excessive local wear of the valve body not only limits the
volume of the electrohydraulic control module and further
reduces its weight but also greatly reduces the service life of
the electrohydraulic control module. ,erefore, it is

necessary to estimate the wear of the integral electrohy-
draulic module and perform maintenance work in advance.

Previously, many scholars have studied the erosion wear
of the hydraulic slide valve wall. Nøkleberg and Søntvedt
[4, 5] used the CFD simulation method to predict the wear
rate distribution of the wall position of the throttle valve.
Kun Zhang et al. [6] established a performance characteristic
degradation model and a life prediction method for the
problem of servo valve failure due to the wear of contam-
inated particles. Forsberg and Jacobson [7] used the exhaust
valve as the object to study the damage mechanism of the
particles of different components mixed in hot air to the
surface of the exhaust valve under different working con-
ditions. Yaobao et al. [8] established a numerical simulation
model of the two-dimensional flow field of the servo valve
and predicted that the wall material removal rate at the valve
port is the highest. And the evolution of the wear profile here
and the effects of various parameters on the evolution of the
wear profile are analyzed.

In recent years, domestic and foreign scholars have
carried out some research on the wall wear of steel hydraulic
reversing valves and electrohydraulic servo valves under
actual working conditions. ,e main shortcomings and
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problems existing in the current research are as follows: (1)
,e scope of the research object is not extensive enough, and
the wall wear prediction method is not accurate enough.
Most of today’s wear prediction methods simplify and ig-
nore related factors, such as the shape of the particles and the
distribution of particle size, resulting in more accurate
prediction results [9]. (2) Most of the research only focused
on the wear law of the electrohydraulic servo valve in the
small opening. ,e position of the wear analysis is con-
centrated on the valve core and the valve sleeve sharp edge
near the valve port, and the wear of other wall surfaces is not
analyzed. ,erefore, the guidance of practice has certain
limitations.

In this paper, the shifting slide valve in the integral
electrohydraulic module is taken as the research object. For
the problem that the wall surface is subjected to the particle
impact wear, the wear prediction of the aluminum alloy
sliding valve wall and the influence of the pollution con-
dition parameters on the wall wear of the aluminum alloy
sliding valve are studied. Calculate the velocity, pressure
distribution, and particle trajectory of the oil flow inside the
aluminum alloy slide valve, predict the distribution area of
the wall wear and the corresponding wear rate, and find out
influence of particle size, particle shape, and pressure on the
wear of aluminum alloy sliding valve wall.

2. Liquid-Solid Two-Phase Flow Model

2.1. Fluid Motion Equation. ,e fluid motion equation
includes a continuity equation and a Navier–Stokes
equation, and the two equations are jointly solved to obtain
the pressure and velocity of the fluid. ,e continuity
equation is

zρ
zt

+ ∇(ρu) � 0, (1)

where ρ is the density of the fluid, t is the time, ∇ represents
the divergence, and u is the velocity of the fluid. ,e mo-
mentum equation combined with the continuity equation
gives the N-S equation, and its vector form is

zu

zt
+(u · ∇)u � f −

1
ρ
∇P + v∇2u +

u

3
∇(∇ · u), (2)

where P is the oil pressure, v is the kinematic viscosity of the
fluid, and f is the mass force acting on the fluid micelles.

,e N-S equation for the internal flow field of an alu-
minum alloy spool valve under constant and incompressible
conditions is

zv

zt
+(u · ∇)u � f −

1
ρ
∇P + υ∇2u. (3)

After calculation, the oil flow state of the oil in the
aluminum alloy slide valve is turbulent by the size of the
Reynolds number Re. Several researchers have studied the
flow field of the valve [10–12] and combined with the
quality of the calculation grid divided in this paper. ,e
turbulence model adopts the standard k − εmodel, and its
governing equation [13] is

z

zt
(ρk) +

z

zt
ρkui(  �

z

zxj

μ +
μt

σk

 
zk

zxj

 

+ Gk + Gb − ρε + Sk,

z

zt
(ρε) +

z

zxi

ρεui(  �
z

zxj

μ +
μt

σε
 

zε
zxj

 

+ G1ε
ε
k

Gk + G3εGb(  − G2ερ
ε2

k
+ Sε,

(4)

where μt is the turbulent viscosity and can be expressed by
the following equation:

μt � ρCμ
k2

ε
, (5)

where Gk represents the enthalpy flow energy term pro-
duced by the average velocity gradient; Gb is the turbulent
flow energy term due to buoyancy; Cμ, G1ε, and G2ε are the
constants, and their values are 0.09, 1.44, and 1.92, re-
spectively; and σk and σε are k and ε, respectively. ,e
turbulent Prandtl number, which takes 1.0 and 1.3, re-
spectively; Sk and Sε are user-defined source items.

2.2. Equation of Motion of Solid Particles. ,e motion of the
solid particles is determined by the motion of the fluid. ,e
relevant variables obtained by solving the fluid motion
equation, such as oil pressure and velocity, determine the
force of the particle and determine the trajectory of the
particle.

,e particle motion equation calculates the motion
trajectory of the particle by correlating it with the correlation
variable obtained by solving the fluid motion equation. ,e
solution of the particle motion equation is done in the
Lagrangian reference coordinate system. ,e equation of
motion for solid particles is expressed as

mP

dUP

dt
� FD + FG + FP + FL + FVM, (6)

where mP is the particle mass, UP is the particle velocity, FD

is the drag force, FG is the force caused by gravity, FP is the
pressure gradient force, FL is the lift force, and FVM is the
virtual mass force. Since the concentration of particles in the
oil inside the aluminum alloy slide valve is very low, less than
10%, the behavior of the solid particles has little effect on the
flow of the oil, and its force on the flow field should not be
considered.

,e calculation formula of the drag force is proposed by
Haider and Levenspiel [14], and the force of different shapes
of the particles can be simulated by setting different shape
coefficients.,e virtual mass force FVM is only important for
large particles (dP > 250 μm), while the average particle size
of the contaminating particles in the automatic transmission
electrohydraulic module is only 5 μm. Its lift is always very
small and can be ignored. In addition, the thermophoretic
force can also be ignored.
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In this paper, the discrete random walk model [15] is
used to simulate the turbulent diffusion effect of the particles
so that the particle motion equation is solved by the in-
stantaneous velocity generated by the fluid velocity pulsa-
tion. ,e expression of instantaneous velocity is

uPf � u + u′, (7)

where u′ is the pulsation velocity of the fluid, and its ex-
pression is

u′ � ξ
���

u′
2



, (8)

where ξ is a random number obeying a normal distribution

and
���

u′
2



is the Reynolds stress at the location of the particle
with respect to the pulsation velocity of the fluid.

When the particles hit the surface of different materials,
the amount of change in the speed of movement will be
different, and the elastic recovery coefficient model applied
will be different. Since the aluminum alloy spool valve sleeve
is made of the aluminum alloy valve body finishing valve
hole and the valve core is steel valve core, different elastic
recovery coefficient models should be selected to charac-
terize the interaction between the particle and the wall
surface. ,e elastic recovery coefficient models of the valve
plug and the valve sleeve use the Forder model [16] and the
Grant model [17], respectively.

(1) Forder model:

en �
uP;n
′

uP;n

� 1 − 0.4159α + 0.5994α2 − 0.292α3,

et �
uP;t
′

uP;t

� 1 − 2.12α + 3.0775α2 − 1.1α3.

(9)

(2) Grant model:

en �
uP;n
′

uP;n

� 0.993 − 1.76α + 1.56α2 − 0.49α3,

et �
uP;t
′

uP;t

� 0.998 − 1.66α + 2.11α2 − 0.67α3,

(10)

where en and et are the normal recovery coefficient and the
tangential recovery coefficient, respectively; uP;n

′ and uP;t
′ are

the normal component and the tangential component of the
velocity behind the collision wall; uP;n and uP;t are the
normal component and the tangential component of the
velocity of the particle as it approaches the wall; and α is the
impact angle.

2.3. Wear Calculation Equation. ,e Fluent simulation
calculation program solves the information about the liquid-
solid two-phase flow, such as the angle, velocity, number,
and position of the particles hitting the wall. ,e wear rate

calculation of all the walls is performed on the corre-
sponding wall unit, and each wall unit can store and display
the calculation result of the wear rate. ,e calculation
equation for the particle erosion wear rate used in this paper
is

Re � 

NP

i�1

_mPER
Af

� 

NP

i�1

_mPAFsV
n
Pf(α)

Af

, (11)

where _mP is the mass flow rate of the particles; ER is the wear
rate (kg/kg); A is the wall material constant, which is related
to the material Boolean hardness HB; Fs is the particle
sharpness factor; n is the empirical constant determined by
the test; VP is the impact velocity of the particle; f(α) is the
impact angle function, which is

f(α) �
aα2 + bα, α≤ α0( ,

x cos2 α · sin(wα) + y sin2 α + z, α> α0( ,

⎧⎨

⎩

(12)

where α is the impact angle and α, a, b, w, x, y, and z are the
empirical constants determined by the properties of the wall
material and the relevant empirical constants for carbon
steel and aluminum (Table 1).

In order to facilitate the prediction of the wall wear rate
of the aluminum alloy spool under realistic conditions, the
wear rate is defined as the mass loss of the wall material per
unit area due to particle collision divided by the mass of all
particles in the internal flow field, which can be expressed by
the following formula:

ERm �
Re

_MP

, (13)

where _MP is the total mass flow rate of the particles at the
inlet and outlet and the mass loss of the material of the spool
wall is obtained by integrating Re over a 0.01mm2 area of the
wall. ,e significance of the wear rate ERm is that in order to
predict the loss quality of the wall material, it is only nec-
essary to detect and calculate the concentration and total
mass of the contaminated particles in the oil.

3. Numerical Model

3.1. Flow Field Geometry Model Establishment and Mesh
Division. ,e working principle of the shift valve is as
follows: when one gear is supplied with oil, the oil supply
port of the other gear will be closed, and the two-position
cylinder will be prevented from supplying oil at the same
time.,is paper simulates the internal flow field geometry of
the spool valve and its structural dimensions (Figure 1). Use
ICEM to divide and generate computational grids. Its 3D
geometry model is built in the DesignModeler program
(Figure 2.).,e Cartesian coordinate system of the 3Dmodel
takes the intersection of the inlet port boundary as the
coordinate origin; the positive direction of the X-axis is the
axial direction of the valve core, and the positive direction of
the Z-axis is the flow direction of the oil at the oil inlet.
Considering the relative regularity of the flow field geometry
inside the spool valve, the divided flow field grid is a
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hexahedral structured grid (Figure 3). ,e number of flow
field grids generated by using the entire aluminum alloy
spool valve is about 350,000.

,e hexahedral structured mesh quality metrics are
mainly aspect ratio and quality.,e aspect ratio value should
be less than 40, and the closer to 1 indicates the higher the
grid quality. ,e quality value should be greater than 0.25,
and the closer to 1 indicates the higher the grid quality.
When the index is evaluated by the aspect ratio (Figure 4(a)),
the minimum value is 1, and the maximum value is 3.19,
indicating that the overall grid quality is very good. When
the orthogonal mass is used as the grid evaluation index
(Figure 4(b)), the minimum value is 0.697 and the maximum
value is 0.999, indicating that the overall grid quality is good.
Overall, the resulting mesh is of good quality.

,e flow field calculation results of different grid
numbers is shown in Figure 5(a). ,emaximum wear rate of
the wall varies with the number of grids (Figure 5(b)).

,erefore, as long as the number of meshes reaches 350,000,
continuing to encrypt the mesh will not affect the numerical
results. Considering the requirements of computational
efficiency, the number of flow field grids in this simulation
calculation is about 350,000.

3.2. Boundary Conditions. For inlet boundary conditions,
outlet boundary conditions, and related physical properties
of solid particles and oil, see Table 2. ,e concentration of
the contaminating particles at the inlet was set to 300mg/L,
which corresponds to a mass flow rate of contaminated
particles of 3.24e − 04 kg/s in the simulation calculation.
According to the case described in the literature [18], the
results of oil sample contamination analysis under different
lengths of the integrated transmission test are shown in
Table 3, and the number of contaminated particles with
particle size greater than 10 μm in the oil is negligible, and
the main distribution range of particle size is from 4 μm to
10 μm, and the proportion of particles in the interval of 4 μm
to 6 μm is the largest, and the average particle diameter of the
particles in the oil sample is 5 μm.

,erefore, in the simulation program, the maximum
particle size at the particle inlet is set to 10 μm, the minimum
particle size is 4 μm, the average particle size is 5 μm, the
distribution parameter is 3.5, and the number of particle
diameters is 10, and the particle size of the particles at the
inlet is obtained. ,e distribution (Figure 6) is substantially
consistent with the particle size distribution in the test oil
sample. ,e shape of the particles is an ellipsoidal shape. For
the solution of the flow motion in the near wall region, the
wall function method is used.

Table 1: ,e value of the relevant parameter of the wear calculation model.

Empirical constant A α0 a b w x y z n

Carbon steel 9.25×10− 8 15° − 38.4 22.7 1 3.147 0.3609 2.532 2.41
Aluminum 2.388×10− 7 10° − 34.79 12.3 5.205 0.147 − 0.745 1 2.41

32
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Figure 1: Flow field geometry diagram (mm).

0 X
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Y

Figure 2: ,ree-dimensional geometric model of flow field inside
the spool valve.

Figure 3: Structured grid of the flow field.
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Figure 5: Simulation results for different grid numbers. (a) Flow field velocity distribution. (b) Maximum wear rate.

Table 2: Boundary conditions for simulation calculations.

Solid particles Oil

Entrance boundary condition
Mass flow rate (kg/s) 3.24e − 04 Pressure inlet

2MPaParticle size distribution Refer Figure 6
Particle shape Ellipsoid

Export boundary conditions Complete escape Pressure outlet
1.8MPa

Wall boundary condition Elastic recovery system
Number model Wall function method

Density (kg/m3) 7500 875
Dynamic viscosity (Pa·s) [—] 0.036

Table 3: Analysis results of oil sample contamination at different lengths of the integrated transmission test (particles/mL).

Running time (h) >4 μm >4.6 μm >6 μm >9.8 μm >14 μm >21 μm >38 μm >68 μm
2.5 170956.60 141231.90 46905.43 1052.33 84.10 13.57 2.33 0.50
5 35704.70 21318.93 8147.37 2485.70 1225.93 450.20 85.83 17.30
10 63432.63 37664.87 12535.80 3131.57 1362.30 432.97 76.63 17.30
12.5 145938.40 110928.20 28992.47 1480.73 309.37 55.70 7.17 1.50
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
195 52965.27 25759.87 6862.93 1724.70 748.67 238.60 45.07 8.77
205 40054.20 20321.50 6342.80 1687.10 734.83 233.13 36.07 7.17
210 52914.20 28021.07 8961.10 2542.27 1163.70 388.13 59.13 7.17
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4. Calculation Results and Analysis

4.1.Wear Rate Analysis. Before analyzing the wall wear rate,
it is necessary to analyze the flow field characteristics and the
particle motion characteristics because the loss of the wall
material is the result of the movement of the oil and particles
in the valve cavity. A cross-sectional view of the pressure and
velocity of the internal flow field when the valve opening of
the aluminum alloy slide valve is 3mm under normal
working conditions is shown in Figures 7 and 8, respectively.
,e flow area of the oil at the valve port changes, resulting in
a jet phenomenon, the pressure and speed of which vary the
most at the valve port.,e flow rate of the oil in the near wall
area is low, which hinders the particles that will hit the wall.

In this paper, the Fluent simulation calculation program
uses about 15930 particles to simulate the mass flow rate of
3.24×10− 4 kg/s solid particles moving in the oil. For the
convenience of observation, the movement trajectories of
individual solid particles at different starting positions are
displayed (Figure 9), and the color of the motion trajectory
of the solid particles at different positions is determined by
the speed of their motion. As can be seen from Figure 9, the
trajectory of the particles within the spool is related to the
position of the slide valve. ,e starting position of the
movement of solid particles of different particle sizes is only
at the right end of the oil inlet, the movement trajectory is
not tortuous, and the oil movement can be followed rela-
tively stably; when the starting position of the movement is
at other positions of the oil inlet, the randomness is relatively
large, the motion path is very tortuous, and multiple reflows
may occur at different or the same position, thereby causing
a secondary collision on the wall surface. After the collision
of solid particles with the wall surface, the movement speed
of the particles will be significantly reduced due to the loss of
the momentum of the particles. However, a small amount of
particles do not collide with the surface of the spool and flow
directly from the oil outlet with the oil.

Because the surface properties of the friction pair of the
sliding valve have a very important influence on its function
and service life, this paper mainly analyzes the wear rate of
the cylindrical wall surface of the valve core and the

cylindrical wall surface of the valve sleeve and the schematic
diagram of the two walls and the cylindrical surface. ,e
position is represented by the coordinate axis (Figure 10),
the origin of the coordinate is at the leftmost end of the
central axis of the spool, the axial position is represented by
the X-axis coordinate, and the circumferential position is
represented by the angle rotated counterclockwise in the 0°
direction.

,e wear rate of the friction pair surface is distributed in
the axial direction (Figure 11). ,e wear rate of the friction
pair surface in different circumferential directions is dif-
ferent, but the distribution trend of the wear rate along the
axial direction has a certain regularity. At the position closer
to the valve port, the wall wear rate is the largest. ,e cy-
lindrical wall of the valve core has a trend of increasing wear
in different circumferential directions, and the maximum
wear rate occurs at the rightmost end.,e cylindrical wall of
the valve sleeve is in different circumferential directions, and
its wear rate fluctuates up and down. It fluctuates greatly in
the first half and fluctuates less in the second half; the
maximum wear rate in the circumferential direction does
not occur on the sharp edge of the valve sleeve.,e wear rate
of the cylindrical wall surface of the valve sleeve is larger in
the circumferential direction of 90°–270°, and the wear rate is
the largest when the circumferential direction is 270°. ,e
wear of the contaminated particles on the cylindrical wall of
the valve sleeve is 10 orders of magnitude higher than that of
the cylindrical wall of the valve core mainly because the wear
resistance of the aluminum alloy is worse than that of the
steel, and the contaminated particles will cause greater wear.

4.2. Effect of Particle Size. When the particle size of the
contaminated particles changes, the cylindrical wall wear
rate of the valve core changes (Figure 12). ,e overall
distribution trend of the wear rate caused by the particles of
different particle sizes in the same circumferential direction
does not change; that is, the wall wear rate tends to increase
in the overall circumferential direction in different cir-
cumferential directions, and the phenomenon of up and
down fluctuation may occur, and the maximum wear may
occur. Most of the rates occur at the far right. ,e wall wear
rate caused by the larger particle size of the particles in the
same area is generally smaller than that of the smaller
particle size because the larger particle size is less affected by
the turbulent pulsation, so the number of impacts on the
cylindrical wall of the valve core is relatively small. For
example, particle motion with a particle size of 40 μm is also
affected by turbulent eddy and turbulent fluctuations. Some
of the particles have a trajectory of reflow and fluctuations,
but only some of the particles can follow the movement of
the oil well.

,e effect of particle size on the cylindrical wall wear
rate of the valve sleeve is shown in Figure 13. When the
circumferential direction is 0°, the wear rate is significantly
smaller than that of the other circumferential directions,
and no obvious consistency is observed in the wear rate
distribution caused by particles of different particle sizes.
,e cylindrical wall of the valve sleeve is in the range of
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Figure 6: Particle size distribution at the inlet.
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90°–270° in the circumferential direction of the surface, and
the wear rate of the cylindrical wall is “large at both ends
and small in the middle”; that is, the wear rate at both ends
has obvious peaks. ,e maximum wear rate occurs near the
valve port.

Particles with larger particle sizes on the same area result
in wall wear rates generally smaller than those of smaller size
particles. ,e particles with larger particle size move here
and are still less affected by turbulent pulsation so that the
movement of the oil can be better followed, and the
probability of hitting the wall is relatively small.

4.3. Effect of Particle Shape. Several typical particle shapes in
the polluted oil are selected, namely, spherical, ellipsoidal,
and tetrahedral, with specific values of shape factor [19] and

sharpness factor [20] (Table 4). In the wear prediction
calculation program of the aluminum alloy spool valve wall,
the shape factor affects the motion trajectory of the particle,
and the sharpness factor is related to the wear calculation
equation.

It can be seen from Figures 14 and 15 that the change in
the shape of the particles does not change the position of the
wear change in the different circumferential directions and
the position of the maximum wear rate. Different shapes of
particles have a good uniformity in the axial direction due to
the wear rate in the same circumferential direction.

As the sharpness of the particle profile increases, the
wear rate at the same position is greater; that is, the tetra-
hedral particles have the strongest erosion wearability, the
ellipsoidal particles are the second, and the spherical par-
ticles are the weakest. From the wear calculation equation, it
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Figure 8: Velocity cloud map of different sections.
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Figure 7: Pressure cloud diagram for different sections.
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can be found that when the impact conditions are the same,
the sharpness factor determines the wall wear rate. ,e
multiple relationship between the particle sharpness factors
of different shapes is also the multiple relationship between
the wear rates. It can be seen from Figures 14 and 15 that the
wear rate at the same position does not match the multiple
relationships between the sharpness factors. ,is is because

the trajectories of the particles of different shapes are dif-
ferent, and the collision speed and the collision angle at the
same position are different.

4.4. Influence of Differential Pressure. When the pressure
difference is gradually increased, the wear rate of the friction
pair surface changes in different circumferential directions
(Figures 16 and 17). It can be seen from Figure 16 that the
increase of the pressure difference changes the trend of the
wear rate of the cylindrical wall surface of the valve core in
the circumferential direction. When the pressure difference
reaches 0.3MPa and 0.4MPa, there is no obvious consis-
tency in the variation of the wear rate of the cylindrical wall
surface of the valve core in different circumferential di-
rections, and the position of the maximum wear rate is
difficult to predict. In the wall area with a circumferential
direction of 90° to 270°, the greater the pressure difference,
the greater the wear rate at the same position.

By analyzing Figure 17, it can be found that the pressure
difference has a much smaller influence on the change trend
of the wear rate of the cylindrical wall surface of the valve
sleeve in different circumferential directions than the cy-
lindrical wall surface of the valve core. Although the pressure
difference is different, the trend of the wall wear rate in the
circumferential direction of 90°, 180°, and 270° can be ob-
served to be more consistent. ,e wear rate of the wall in
different circumferential directions is “upward fluctuation”
along the axial direction. ,e wear rate near the valve port

0°

180°

90°
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X

Figure 10: Schematic diagram of the friction surface of the alu-
minum alloy slide valve.
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8 Mathematical Problems in Engineering



0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

0

4

8

12

16

20

24

28

Axial position (mm)

0°
90°

180°
270°

Er
os

io
n 

ra
te

 (1
0–1

1 kg
/k

g)

(a)

0°
90°

180°
270°

6 7 8 9 10 11 12

0

3

6

9

12

15

18

21

Er
os

io
n 

ra
te

 (1
0–1

0 kg
/k

g)

Axial position (mm)

(b)
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Figure 12: Effect of particle size on the wear rate of the cylindrical wall of the valve plug. (a) θ � 0°. (b) θ � 90°. (c) θ � 180°. (d) θ � 270°.
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Table 4: Characteristics of particles of different shapes.

Particle shape Shape factor Sharpness factor
Spherical 1 0.2
Ellipsoid 0.91 0.53
Tetrahedron 0.67 1
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Figure 13: Effect of particle size on the wear rate of the cylindrical wall of the valve sleeve. (a) θ � 0°. (b) θ � 90°. (c) θ � 180°. (d) θ � 270°.
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Figure 14: Effect of particle shape on the wear rate of the cylindrical wall of the valve plug. (a) θ � 0°. (b) θ � 90°. (c) θ � 180°. (d) θ � 270°.
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Figure 15: Effect of particle shape on the wear rate of cylindrical wall of valve sleeve. (a) θ � 0°. (b) θ � 90°. (c) θ � 180°. (d) θ � 270°.
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fluctuates the most. However, in the vicinity of the wall
surface with a circumferential direction of 0°, the movement
of the particles is greatly affected by the pressure difference,
and the change in the wear rate along the axial direction is
not significantly uniform. ,e maximum wear rate of the
wall in the circumferential direction of 0°, 90°, and 270° is
large with the increase of the pressure difference, and the
increment is very large, and the maximum wear rate of the
wall with the circumferential direction of 180° is not affected
by the pressure difference influences. ,erefore, the increase
of the pressure difference not only greatly enhances the
erosion wearability of the contaminated particles but also
enhances the randomness of the particle motion and de-
teriorates the predictability of the wall wear.

In summary, (1) the larger the particle size, the smaller
the wear distribution area of the cylindrical wall surface of
the valve sleeve, and the wear rate of the cylindrical wall
surface of the valve sleeve is 90°, 180°, and 270° in the cir-
cumferential direction. ,e wear rate of both ends is large
and the middle is small. ,at is, the wear rates of both ends
have obvious peaks.” ,e maximum wear rate occurs at a
position closer to the valve port. (2) ,e sharper the outer
contour of the particles, the larger the wear distribution area
on the different wall surfaces. Different shapes of particles
have a good uniformity in the axial direction due to the wear
rate in the same circumferential direction. As the sharpness
of the particle profile increases, the wear rate at the same
position is greater; that is, the tetrahedral particles have the
strongest erosion wearability, the ellipsoidal particles are the
second, and the spherical particles are the weakest. (3) ,e
increase in differential pressure has a great influence on the
wear distribution and wear rate. When the pressure dif-
ference reaches 0.3MPa and 0.4MPa, the wear distribution
area on different wall surfaces is greatly increased, and the

maximum value of local wear is greatly increased, which
reduces the service life of the aluminum alloy slide valve and
accelerates its functional degradation.

5. Conclusions

(1) In order to accurately predict the wear of the alu-
minum alloy spool wall, this paper establishes a wall
wear prediction model based on CFD. In the wear
prediction model of the aluminum alloy spool valve
wall, the flow field is solved by considering the
turbulence effect and the flow field characteristics in
the near wall region. ,e particle shape coefficient is
added to the drag model, and the trajectories of
particles of different shapes are simulated by setting
different particle shape coefficients. ,e DRWmodel
was used to characterize the effect of turbulent
diffusion on particle motion. Because the compo-
sition of the valve core and the valve sleeve is dif-
ferent, the elastic recovery coefficient model uses the
Forder model and the Grant model, respectively, and
the wall wear calculation equation is applicable to
steel and aluminum alloy, respectively. ,e wear
prediction model of the aluminum alloy spool valve
wall is considered comprehensive and the prediction
effect is better.

(2) ,e flow field characteristics, particle motion char-
acteristics, and wall wear rate distribution are ob-
tained from the calculation results. For the flow field
characteristics, the change is greatest in the valve
port area. For particle motion, particles hit the wall in
the near wall area. ,e particle motion trajectory
depends on the position of the incoming slide valve.
For the wear rate, the area of the friction pair surface

Er
os

io
n 

ra
te

 (1
0–1

0 kg
/k

g)

0.1MPa
0.2MPa

0.3MPa
0.4MPa

Axial position (mm)
6 7 8 9 10 11 12

0

3

6

9

12

15

(c)
Er

os
io

n 
ra

te
 (1

0–1
0 kg

/k
g)

0.1MPa
0.2MPa

0.3MPa
0.4MPa

Axial position (mm)
6 7 8 9 10 11

0

15

30

45

60

75

90

(d)

Figure 17: Effect of differential pressure on the wear rate of cylindrical wall of valve sleeve. (a) θ � 0°. (b) θ � 90°. (c) θ � 180°. (d) θ � 270°.
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near the valve port has a large wear rate, and the area
away from the valve port has a small wear rate.

(3) ,e effects of particle size, particle shape, and
pressure difference on the wear rate of the friction
pair surface were investigated. Contaminated par-
ticles with larger particle size are less affected by
turbulent pulsation so that they can follow the
movement of oil better, and the probability of
impacting the surface of the friction pair is relatively
small. ,e larger the particle size, the lesser the
erosion wear on the surface of the friction pair. ,e
change in particle shape does not change the position
of the wear change trend and themaximumwear rate
in different circumferential directions. Different
shapes of particles have a good uniformity in the
axial direction due to the wear rate in the same
circumferential direction. As the sharpness of the
particle profile increases, the wear rate at the same
position is greater; that is, the tetrahedral particles
have the strongest erosion wearability, the ellipsoidal
particles are the second, and the spherical particles
are the weakest. ,e increase of pressure difference
not only greatly enhances the erosion and wear
resistance of the contaminated particles but also
enhances the randomness of particle motion and
deteriorates the predictability of wall wear.
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A computation fluid-coupled discrete phasemodel (CFD-DPM) was used to predict themotion characteristics of gas, particle, and
liquid phases in the hot metal ladle. 1e influence of different voltage loading modes, voltage values, and powder injection speeds
on the particle motion trail was investigated, while the effects on the particle concentration maximum difference in the stagnation
region were discussed. 1e optimal injection and voltage parameters were proposed. 1e results are shown as follows: the loading
voltage before injection is beneficial to the diffusion of particles in the molten pool. With the increase of voltage and injection
speed, the distribution of particles in the upper part of the molten iron tends to be uniform. 1e bottom of the ladle is the
stagnation region. Optimum voltage and injection speed were determined. Under the optimum conditions, particles are evenly
dispersed and the particle concentration difference in the stagnation region is small. 1is research work will benefit greatly to the
hot metal ladle desulfurization technology.

1. Introduction

As well known, sulfur is the main harmful element affecting
the quality and performance of steel. So, ladle desulfurization
has become a necessary part of producing high quality steel
[1, 2]. In the past 10 years, the steel production capacity in
China has increased rapidly. At the same time, new de-
sulfurization techniques have emerged one after another to
fulfil high efficiency and low-cost smelting [3–5]. 1e most
widely used desulfurization process currently is powder in-
jection technology [6]. Powder injection technology has re-
ceived importance as a means to improve refining reactions
due to the intimate contact between the particle and metal. In
addition, the carrying gas provides stirring of the molten
metal to achieve chemical homogeneity.

1e powder can be injected to the ladle from the ladle top
or bottom. 1e top injection desulfurization technology,

inserting the lance into the molten pool, has some serious
problems such as the splashing phenomenon, low utilization
rate of desulfurizer, pollution of molten steel by lance re-
fractory material, long treatment period, and high cost [2].
1erefore, Pan et al. proposed a hot metal bottom powder
desulfurization process in which calcium oxide powder
particles were injected into ladle baths through the slot plug
and the particle motion trail in the slot plug was simulated
[7, 8]. Liu proposed electrolytic magnesite desulfurization
technology and verified its feasibility through thermody-
namic experiments [9]. In this article, a new bottom powder
desulfurization process with electricity field, the process is
shown in Figure 1. With calcium oxide as the main com-
ponent, lime is used as the desulfurizer blown into the
molten pool by nitrogen gas through the bottom purging
plug of the ladle.1e voltage is used to destroy the stability of
the compound and improve the dynamic condition in the
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ladle, so as to promote the reaction of the powder particles
with the molten iron, and the desulfurization efficiency can
be maximized.

Most studies of the hot metal powder desulfurization
process have focused on top injection metallurgy technology
[10–15], while the study of multiphase behavior in the
process of ladle bottom powder injection with electric field is
few. In addition, it is extremely hard or impossible to
measure experimentally the particle trajectories in metal-
lurgical systems, so mathematical simulation become an
important method to understand this process [16–18]. 1e
aim of the current work is to understand the movement of
the calcium oxide particle under the condition of electricity.
With Fluent software used, a CFD-DPM coupled model was
established to describe and simulate the multiphase flow
behavior in the 300 t ladle bottom powder injection process.
1e effectiveness of the injection technique is related to the
hydrodynamics of the system and the particle trajectories.
1erefore, the influence of different voltage loading modes,
voltage magnitudes, and powder injection speeds on the
particle trajectories was investigated. 1e effect on the
particle concentration in the low-velocity area was discussed.
1e determination of optimum blowing parameters pro-
vides a theoretical basis for the establishment of the theo-
retical model of the bottom injection desulfurization
process. 1e present study will greatly benefit advances in
hot metal ladle desulfurization technology.

2. Model Description

With the chemical reaction neglected, the discrete phase
model (DPM) is used to describe the motion behavior of the
calcium oxide particles. As a transporting particle gas, the
nitrogen and molten iron interact with each other. 1e gas-
liquid interface is obvious and affected by the liquid flow.

1erefore, the volume of fluid (VOF) multiphase model is
selected to simulate gas-liquid two phase flow behavior, with
molten iron as the main phase, nitrogen as the second phase,
and calcium oxide as the discrete phase. 1e mathematical
mode of each phase includes the momentum equation, the
electric field force control equation, the energy equation, and
the equation of turbulence kinetic energy and its dissipation
rate.1e standard k − ε turbulence model is selected. For the
solution, considering the influence of the motion of the
discrete phase on the continuous phase flow, a phase-to-
phase coupled calculation model is adopted. Firstly, the flow
field of gas-liquid two-phase flow without calcium oxide
particles is calculated, and then the flow field results of
molten iron are used as the calculation domain of particles.
After the particle trajectory is computed, the flow field of
gas-liquid is calculated again with the interaction and
momentum exchange between the discrete and continuous
phase considered. 1e aforementioned steps would be re-
peated until the convergence results are obtained.1emodel
is outlined below for completeness.

2.1. Gas-Liquid Phase Flow Equations in Ladle (VOF).
1e tracking of the gas-liquid interface was carried out by
using the VOFmodel originated from the research of Hirt and
Nichols [19]. In this model, α is used to describe the volume
fraction of different phases. Each calculation cell contains gas
and liquid phases, in which the sum of the volume fractions of
the phases is equal to 1, shown as follows:


n

i�1
αi � 1, (1)

where α is the volume fraction and i is for phase category. If
αi � 0, there is no ith phase in the cell, and if αi � 1, the cell is
full of the ith phase fluid.

1e interface between gas and liquid phases was tracked
by the solution of a continuity equation. For the ith phase,
the conservative equation can be expressed as follows:

z ρiαi( 

zt
+ ∇ αiρiui(  � 0, (2)

where ρi and αi are the density (kg/m3) and the volume
fractions of the ith phase, respectively.

In the VOF model, all the fluids were simulated by the
momentum equation as shown in equation (3). 1e velocity
field is shared by both phases. Concurrently, all variables and
properties are represented by the volume fraction-averaged
values.

z(ρu)

zt
+ ∇(ρuu) � − ∇p + ∇ · μeff ∇u + ∇uT

   + ρg + F,

(3)

ρ � αgasρgas + αliquidρliquid, (4)

μ � αgasμgas + αliquidμliquid, (5)

where u is the velocity vector (m/s), p is the pressure (Pa), g

is the gravity (m/s2), ρ is the density (kg/m− 3), and μeff
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Figure 1: Schematic diagram of new technology of ladle bottom
powder injection with electricity field.
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(μ+ μt) is the effective viscosity (Pa·s). p is the pressure (Pa),
and F is interfacial forces between the gas and liquid phases
(N).

Similarly, the energy equation is also shared among the
phases shown as follows:

z(ρE)

zt
+ ∇ · [u(ρE + p)] � ∇ · λeff∇T(  + Sh( , (6)

where the energy E and the temperature are treated as a
mass-averaged variable.

E �


n
i�1 αiρiEi( 


n
i�1 αiρi( 

, (7)

where Ei is based on the specific heat of the ith phase.
1e source term Sh in equation (6) is the volumetric heat
source. λeff (�λ+ λt) is the effective thermal conductivity
(W·m− 1 K− 1):

λ � αgasλgas + αliquidλliquid. (8)

2.2. Turbulence Model. 1e governing transport equations
for turbulence kinetic energy k and its dissipation rate ε are
shown as follows:

z(ρk)

zt
+ ∇(ρuk) � ∇

μt

σk

∇k  + Gk − ρε, (9)

z(ρε)
zt

+ ∇(ρuε) � ∇
μt

σε
∇ε  +

ε
k

C1εGk − C1εC3εGb( 

− C2ερ
ε2

k
,

(10)

where μt is the turbulent viscosity and is described as

μt � Cμρ
k2

ε
. (11)

Gk (kg/m/s3) in equation (9) is the generation of tur-
bulence kinetic energy due to the mean velocity gradients. In
equations (10) and (11), the value of C1ε, C2ε, C3ε, σk, σε, and
Cμ are 1.44, 1.92, 0.8, 1.0, 1.3, and 0.9, respectively.

2.3. Equation of Motion for Calcium Oxide Particles (DMP).
In the discrete phase model (DPM), the analysis of the
particle was performed by the Lagrangian approach. 1e
time rate of change of velocity of a discrete particle and the
position are the results of various forces acting on the
particle. 1e particle trajectories were obtained by the so-
lution of Newton’s second law, shown as follows:

dup

dut

�
18μCDRe

ρPD2
P 24

u − uP(  +
gx ρP − ρ( 

ρg

+ Fx, (12)

where, u and up are the speed of liquid hot metal and the
calcium oxide particles, respectively (m/s), ρp is the density
of the calcium oxide particles (kg/m3), DP is the particle
diameter (m), and Fx is the force including virtual mass

force, pressure, gradient force, and Lorentz force (N) in-
duced by electricity field.

1e drag coefficient CD is defined as

CD � β1 +
β2
Re

+
β3
Re2

, (13)

where β1, β2, and β3 are constant under several ranges of Re,
and Re is the relative Reynolds number, which is expressed
as

Re �
ρDP up − u





μ
. (14)

2.4. Simulation Conditions. Table 1 gives the ladle size and
the physical parameters of molten iron, nitrogen gas, and
calcium oxide powder. 1e ladle capacity is 300 t. Nitrogen
oxide is used as a carrier gas to blow the calcium oxide
powder into the molten pool through bottom purging plug.
1e position of the purging plug is at 1/2 of the bottom
radius, and the double nozzle is symmetrically arranged.
1e bottom and sides of the ladle are set as no slip boundary
condition and a standard wall function to describe the
turbulence characteristics at the near wall of the fluid. At
the inlet of the gas-powder, the velocity inlet condition is
adopted, the powder is sprayed at a uniform rate, and the
gas phase volume ratio is 1.1e top surface of the ladle is set
at pressure outlet conditions, which is 0.1MPa. 1e initial
velocity of the entire fluid domain except the boundary is
zero.

3. Results and Discussion

3.1. Typical Multiphase Flow Behavior Predicted in Hot Metal
Ladle Desulfurization with Bottom Powder Injection.
Figure 2 shows the flow field in the hot metal ladle with the
bottom powder injection. Figure 2(a) is the typical tra-
jectories of the gas and the particle phase predicted by
DPM, while Figure 2(b) is the velocity vector of molten
iron. 1ere is no electric field, and the molten pool tem-
perature is 1400°C. 1e gas-powder blowing speed is 4m/s,
and the blowing time is 2 S. It can be seen from Figure 2(a)
that the gas and particle phases enter the ladle with an
upward momentum, and the molten iron velocity increases
due to gas buoyancy, as shown in Figure 2(b). From
Figure 2(b), it can be seen that the liquid vortexes are
formed between the gas column and the ladle wall for the
big velocity gradient, which improves the uniformity of
composition and the desulfurization rate. Under the action
of the vortex, buoyancy, and liquid turbulence, gas and
particle phases move upward for a distance and then to-
ward the beside wall, rise up, and diffuse in the ladle as
shown in Figure 2(a). By the aforementioned process, the
purpose of desulfurization can be completed finally.
However, the velocity at the bottom of the ladle (1, 2, 3
zone) is small, which is named as the stagnant region. 1is
region has a negative effect on the uniformity of compo-
sition and desulfurization rate.
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3.2. Effect of Voltage Loading Mode. Figure 3 shows the
particle trajectories comparison under the different
voltage loading modes, when the initial temperature of
molten iron is 1400°C and the injection speed is 2m/s.
Figure 3(a) is the result of no voltage load and Figures 3(b)
and 3(c) are the results of 4 kV voltage load before and
after the powder injection, respectively. When there is no
electricity field, the two particle streams are symmetrically
distributed in the molten pool, move up from the bottom
in the form of a cylinder to some height distance (this
distance is named as the particle core region), and then
diffuse toward the center and afterward move to the wall,
go up, and spread toward the top surface. From the
Figure 3(b), it can be seen that the voltage load before
injection has little effect on the length of the particle core
region. However, the voltage load can weaken the rotation
of the particles toward the wall and make the particles
move upward with a higher kinetic energy. Compared
with the results of no voltage, much more particles rise to
the top and the particle concentration distribution is more
uniform at the same ladle position. Figure 3(c) shows that
the distribution of particles in the ladle is not improved
when the electricity is loaded after blowing for 2 s. Within
2 s blowing time, the particle concentration distributions
in the stagnation region (1, 2, 3) under (a) and (b) mode
were 750.362, 1142.53, and 803.64 kg/m3 and 760.35,
1200.36, and 804.35 kg/m3. From aforementioned analy-
sis, it can be known that the voltage of 4 kV before in-
jection can promote the diffusion of particles in the upper
part of the ladle, but the particle concentration distri-
bution in the stagnation region is not improved
significantly.

3.3. Effect ofVoltageValue. In order to investigate the effect
of the voltage value on the particle concentration dis-
tribution in the bath, all of the model parameters are
identical except for the voltage value loaded on the hot
metal iron before bottom blowing. 1e value of voltage is
4 kV, 12 kV, and 20 kV, respectively, while the DPM-
predicted results are shown as Figures 4 and 5. Figure 4
provides the comparison of the simulated trajectories of
particle under the condition of different voltage values. It
can be seen that with an increase of voltage value, the
maximum height of the particle can increase. 1e particle
concentration distribution in the upper region tends to be

uniform. 1e reason is that the higher voltage value leads
to the bigger electric field force on the liquid iron, which
accelerates the circulation of the liquid phase and diffu-
sion of the particles. 1e increase in the voltage value also
can strengthen the bath mixing in the stagnation region of
the ladle. As shown in Figure 5, the particle concentration
in this region increases with the increasing voltage. It is
apparent that the particle concentration in regions 1 and 2
is less than that in the region 3, while the particle con-
centration in region 3 is influenced by the value of voltage
significantly.

3.4. Effect of Injection Speed. Under the different bottom
injection speeds, the predicted results of the particle tra-
jectories and the particle concentration in the stagnation
region are shown in Figures 6 and 7, respectively. In this
section, the voltage value is 20 kV, the temperature of the
molten iron is 1400°C, the gas-particle injection speed is
2m/s, 3m/s, and 4m/s, respectively, and the blowing time
is 2 s. It can be seen that with an increase in the injection
speed, the length particle core region (green color zone in
Figure 6) increases, and much more particles concentrate
in the middle region of the ladle. 1is is because that initial
kinetic energy of the particles increases with the raising
injection speed and results in an increase of the particle
instantaneous blowing height. 1e particle concentration
on the upper of the ladle bath increases when the injection
speed increases from 2m/s to 3m/s, but decreases when the
injection speed changes from 3m/s to 4m/s. 1e reason of
that is higher injection speed causes more vortex between
the particle stream and liquid, which transports the par-
ticles move toward the wall, and then rise up and go down.
Owing to that, a lager injection speed is beneficial to the
bath mixing effect. As shown in Figure 7, compared with
the injection speed of 2m/s and 3m/s, the particle con-
centration in the stagnation region increases significantly at
the 4m/s injection speed, and the particle concentration
difference between the three stagnation regions decreases
obviously. It can be known that the injection speed is the
main factor for affecting the uniformity of the particle
concentration distribution.

3.5. Matching Analysis of Injection Speed and Voltage. In
order to determine the optimum match of injection speed
and voltage, the particle concentration in the stagnation
region (1, 2, and 3) is predicted under different voltages
and injection speeds, the results are shown in Figure 8. It
can be seen that the particle concentration at the stag-
nation region 3 increases significantly with the raise of the
injection speed and the voltage. However, the voltage
value has little effect on the particle concentration at the
stagnation region 1 and 2 when the injection speed is less
than 4m/s. Figure 8(a) shows that when the voltage value
is more than 12 kV, the maximum concentration differ-
ence between three stagnation regions is larger (the larger
slope of the curve). So, the voltage loaded should be less
than 12 kV when the injection speed is 2m/s. Similarly, as
shown in Figure 8(b), when the blowing speed is 3m/s, the

Table 1: Size of 300 t ladle and purging plug and physical pa-
rameters of materials.

Parameter Value
Top diameter 3942mm
Bottom diameter 3438mm
Height 5196mm
Liquid level depth 4800mm
Purging plug diameter 57mm
Hot metal density 7800 kg/m3

Calcium oxide particle density 3320 kg/m3

Blowing pressure 0.4MPa
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voltage value also should be between 4 kV and 12 kV.
When the injection speed is 4m/s, the particle concen-
tration at the stagnation region (1, 3) increases with the
raising voltage, while the particle concentration difference
between regions 1 and 2 reduces. 1erefore, at 4 m/s

injection speed, the loading voltage should be 20 kV.
Overall, based on the aforementioned analysis, 20 kV
voltage and 4m/s injection speed can be used as the
optimal parameter for the 300 t hot metal ladle de-
sulfurization process.
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Figure 2: Trajectories of gas and particle phases (a) and velocity vectors in the hot metal ladle (b).
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Figure 3: Trajectories of particle under the condition of no electric field (a). Voltage loading before injection (b). Voltage loading after
injection (c).
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Figure 4: Trajectories of the particle under the condition of voltages of 4 kV (a), 12 kV (b), and 20 kV (c).
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Figure 6: Trajectories of particle under the condition of 20kv voltage and with the injection speed of 2m/s (a), 3m/s (b), and 4m/s (c).
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4. Conclusions

A CFD-DPM coupled model was carried out to describe the
gas-particle-liquid multiphase flow in hot metal ladle de-
sulfurization with bottom powder injection and electric field.
With the coupled model used, the effect of voltage load mode
and its value, and injection speed on the particle concen-
tration in the bath was investigated. 1e results show that the
voltage loaded on the liquid iron contributes to the uniform
diffusion of the calcium oxide particles in the ladle. Fur-
thermore, the loading voltage before injection is more fa-
vorable for the particles diffusing in the ladle. When the
injection speed is constant, the larger the voltage value is, the
more uniform the particle distribution is in the upper part of
the ladle. When the voltage is constant, the particle distri-
bution not only in the upper part of ladle but also in the
stagnation region is improved with the increasing injection
speed. Considering the effect of voltage value on the maxi-
mumdifference of the particle concentration in the stagnation
region, the voltage should be 4 kV to 12 kVwhen the injection
speed is 2m/s or 3m/s, and the voltage should be about 20 kV

when the injection speed is 4m/s. Overall, the voltage of 20 kV
and the injection speed of 4m/s are suggested for the 300 t hot
metal ladle desulfurization process, because the difference of
particle concentration in the stagnation region is small, and
the particle is evenly dispersed under this condition.
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In this paper, a novel hybrid optimization approach, namely, gravitational particle swarm optimization algorithm (GPSOA), is
introduced based on particle swarm optimization (PSO) and gravitational search algorithm (GSA) to solve combined economic
and emission dispatch (CEED) problem considering wind power availability for the wind-thermal power system. ,e proposed
algorithm shows an interesting hybrid strategy and perfectly integrates the collective behaviors of PSO with the Newtonian
gravitation laws of GSA. GPSOA updates particle’s velocity caused by the dependent random cooperation of GSA gravitational
acceleration and PSO velocity. To describe the stochastic characteristics of wind speed and output power, Weibull-based
probability density function (PDF) is utilized. ,e CEED model employed consists of the fuel cost objective and emission-level
target produced by conventional thermal generators and the operational cost generated by wind turbines. ,e effectiveness of the
suggested GPSOA is tested on the conventional thermal generator system and the modified wind-thermal power system. Results
of GPSOA-based CEED problems by means of the optimal fuel cost, emission value, and best compromise solution are compared
with the original PSO, GSA, and other state-of-the-art optimization approaches to reveal that the introduced GPSOA exhibits
competitive performance improvements in finding lower fuel cost and emission cost and best compromise solution.

1. Introduction

,e classical economic dispatch (ED) problem is to de-
termine the optimal active power allocation from all the
involved units to minimize the total operating cost re-
gardless of emissions produced while satisfying all units and
system constraints [1]. However, with increasing seriousness
of energy crisis and growing public awareness of environ-
mental protection, high-efficiency utilization for renewable
energy sources such as wind, as well as reduction of pollutant
emission derived from fossil fuels, has been paid more at-
tention all over the world. In this circumstance, modifying
the existing allocation technology strategies to reduce both
fuel cost and emission level of pollutants have become a hot
and urgent research issue. Accordingly, a new dispatch
approach, known as the combined economic and emission
dispatch (CEED) problem has been presented to pursue both

the least emission level and lowest generation cost of op-
eration of a power system [2]. To find quality solution of the
CEED problem, different optimization approaches have
been developed. ,e classical optimization approaches such
as linear programming (LP) [3] and recursive quadratic
programming (RQP) [4] have been proposed by researchers.
However, the practical CEED problem is a nonlinear and
nonsmooth constrained optimization problem with com-
plex and nonconvex features, which is regarded as a chal-
lenge for seeking the global optimal solution. ,erefore,
some traditional gradient information-based optimization
methods fail to solve efficiently the CEED problem. In recent
decades, as an alternative to the traditional optimization
approaches, various population-based nature-inspired
heuristic techniques have been extensively introduced for
solving many complex optimization problems in the real
world such as feature selection [5, 6], image processing [7],
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robotic path planning [8], neural networks training [9], and
electric power system planning [10]. Without a doubt, some
heuristic approaches have been also reported in the literature
to solve the CEED problems. Among these heuristic tech-
niques such as evolutionary programming (EP) [11], refined
genetic algorithm (RGA) [12], nondominated sorting ge-
netic algorithms (NSGA) [13], particle swarm optimization
(PSO) [14–17], differential evolution (DE) [18], gravitational
search algorithm (GSA) [19, 20], ant colony optimization
[21], bacterial foraging algorithm [22], opposition-based
harmony search [23], biogeography-based optimization
algorithm [24], artificial physical optimization [25], and
glowworm swarm optimization [26] have been widely in-
vestigated to find the optimal solution of the CEED problem.

However, the above-mentioned CEED problem only
depends on how best to decrease the pollutant emission in
fossil-fuel power industry by help of regulating the existing
dispatch strategies. At the moment, renewable energy such
as wind energy in power sector has gained wide attention
due to its prominent advantage with low fuel cost and zero
emission. Hence, the ED or CEEDmodel with incorporating
wind power has been proposed to obtain feasible scheduling
solution by researchers to realize the goal of emission re-
duction. In [27], an economic dispatch problem in-
corporating wind power was firstly proposed and different
coefficients in the model on the effect of optimal outputs
were discussed. Also, a minimum emission dispatch model
considering the constraints of wind power availability for the
power system was presented in [28, 29]. Multiobjective
economic and emission load dispatch problem including
wind power penetration using GSA was proposed by han-
dling both the fuel cost and emission objectives [30]. To
establish a more practical dispatch scenario, a probabilistic
multiobjective economic and emission problem by taking
the uncertainty of wind speed and load demand into account
was proposed in [31]. From another point of view, powerful
heuristic methods are of great importance for solving the
CEED problem including wind power availability. Several
available optimization methodologies such as bipopulation
chaotic differential evolution algorithm (BPCDE) [32],
chaotic quantum genetic algorithm (CQGA) [33], covariant
matrix adaptation with evolution strategy (CMA-ES) [34],
hybrid flower pollination algorithm (HFPA) [35], series
PSO-DE [36], hybrid firefly algorithm (FFA) [37], de-
composition-based multiobjective evolutionary algorithm
(MOEA) [38], and hybrid imperialist competitive-sequential
quadratic programming (HIC-SQP) [39] have been proved
effective to solve wind power-integrated CEED problems.
However, there is still a lot of room for improvement in
obtaining better scheduling schemes for the wind-thermal
power system although the current optimization algorithms
have been successfully employed to solve CEED problem in
the presence of wind power availability.

In this paper, in an attempt to take full advantage of the
search behavior of PSO and GSA, a novel modified hybrid
optimization approach integrating the GSA into the PSO,
namely, gravitational particle swarm optimization algorithm
(GPSOA), is firstly proposed for solving the CEED problem
of wind-thermal power system considering wind power

penetration. ,e main target of the proposed GPSOA is to
promote the optimization capability of the original PSO and
GSA by incorporating the exploration advantage in PSO
with the exploitation advantage of GSA to overcome their
individual weaknesses. ,e proposed approach embodies
different interesting concepts, e.g., the cooperation behav-
iors of the PSO and the acceleration mechanisms of the GSA.
GPSOA simultaneously updates particle position through
the dependent stochastic configuration of PSO velocity and
GSA acceleration to increase its diversity. ,erefore, the
probability of finding global solution and the capability of
accelerating convergence rate in GPSOA have been signif-
icantly improved. To demonstrate the optimization per-
formance of the suggested GPSOA, the conventional IEEE
30-bus test system andmodified wind-thermal power system
were employed as the benchmark. Results obtained verify
the feasibility and effectiveness of the GPSOA according to
superior solution quality and convergence performance
when compared with GSA, PSO, and other state-of-the-art
optimization approaches.

,us, the main objectives of the current article may be
noted as follows:

(a) ,e performance of the newly proposed GPSOA, as
an optimization tool in solving wind power-in-
tegrated CEED problems, is investigated on different
conventional and wind-thermal power test systems
and the obtained results are presented.

(b) ,e best results obtained from the solution of the
CEED problems of test systems by adopting this
proposed approach are compared to those published
in the recent literature.

,e rest of this paper is organized as follows. In Section
2, the mathematical formulation of the CEED problem
including wind power availability is firstly established. ,e
suggested GPSOA optimization approach is introduced in
Section 3. Specific solution procedure by using the GPSOA
approach for the CEED problem is presented in detail in
Section 4. In Section 5, numerical examples and simulation
results validate the competitive performance of the GPSOA
for solving traditional thermal and modified wind-thermal
power test systems. Finally, the conclusions are covered in
Section 6.

2. Economic and Emission Dispatch
Model considering Wind Power Availability

In this section, the economic and emission dispatch model
considering wind power penetration is established to find
the optimal dispatch by conducting simultaneous minimi-
zation of the two competing objectives, i.e., economic dis-
patch problem including wind power and emission dispatch
problem. In the model, the stochastic characteristics of wind
speed and output power are described by a Weibull-based
probability density function (PDF) in Section 2.1. ,us, the
operational cost caused by underestimation and over-
estimation of wind power is computed in Section 2.2 using a
closed-form equation by means of the incomplete gamma
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function (IGF). Finally, the objective formulation of the
CEED problem with wind power incorporation and its
constraints are described in the following.

2.1. Probability Analysis of Wind Power. A major challenge
to the integration of wind output power into power net-
work is its uncertainty, fluctuation, and intermittent na-
ture. Hence, it is indispensable that the output of wind
power should be expressed as a stochastic variable by
means of a transformation function from wind speed to
power output. When ignoring some minor nonlinear
factors, a simplified linear piecewise function is given to
describe the actual relationship between them, as shown in
the following equation:

w �

0, v< vin or v≥ vout,

wr
v − vin

vr − vin
 , vin ≤ v< vr,

wr, vr ≤ v< vout,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(1)

where v is the current wind speed in m/s; vr, vout, and vin are
rated, cut-out and cut-in wind speeds, respectively; and wr is
the rated output power.

Generally, it is pointed out that the stochastic description
of wind speed is defined by two-dimensional variable
Weibull distribution [27]. ,e probability density function
fV(v) of wind speed v can be expressed as follows:

fV(v) �
k

c

v

c
 

k− 1
exp −

v

c
 

k

 . (2)

As you can see the relationship between output power
and wind speed, the probability density function fW(w) of
output power of wind turbine can be computed by equations
(3) and (4). Due to a piecewise function in equation (1), the
cumulative probability is given while w equals 0 or rated
power wr:

PrW(w � 0) � PrW v< vin(  + PrW v≥ vout( 

� 1 − exp −
vin

c
 

k

  + exp −
vout

c
 

k

 ,

(3)

PrW w � wr(  � PrW vr ≤ v< vout( 

� exp −
vr

c
 

k

  − exp −
vout

c
 

k

 .

(4)

,e probability density function fW(w) while w is
between 0 and wr is

fW(w) �
khvin

c

(1 + hλ)vin

c
 

k− 1

× exp −
(1 + hλ)vin

c
 

k⎧⎨

⎩

⎫⎬

⎭,

0<w<wr,

h �
vr − vin

vin
,

λ �
w

wr
,

(5)

where c is the scale parameter and k shape parameter of
Weibull distribution. Apparently, the probability density
function of output power is more complicated for wind
turbine. It contains discrete and continuous output
power. Moreover, the total cumulative probability rea-
ches 1.

2.2. Objective Formulation of Combined Economic and
Emission Dispatch including Wind Power

2.2.1. Operational Cost of Wind Power Availability.
When considering the influence on power network resulting
from the uncertainty of wind speed, the operational cost of
wind turbine can be calculated in three parts: overestimated
unbalance cost of wind power WPCostoe, underestimated
unbalance cost of wind power WPCostue, and direct cost of
wind power WPCostdir. ,us, the operational cost of wind
turbine yw is given in equation (6), which can be derived
from [27]

yw � 

Nw

j�1
ywj � 

Nw

j�1
WPCostoe,j + WPCostue,j + WPCostdir,j 

� 

Nw

j�1
CrwjE Yoe,j  + CpwjE Yue,j  + gjwj ,

(6)

where Nw is the number of wind power generator.
WPCostoe,j represents the overestimated unbalance cost
for the jth wind turbine. ,e actual output power of wind
turbine is less than the scheduled output power. At this
point, the overestimation case occurs. Hence, the power
network system must purchase output power from other
resources to meet system requirements. Crwj represents
the cost coefficient of the jth wind generator under
overestimation case; E(Yoe,j) represents the desired value
of the jth wind generator under overestimation case [28].
Hence, it can be computed using a closed-form ex-
pression (equation (7)) by means of the incomplete
gamma function (IGF).
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E Yoe,j  � wj × PrW(w � 0) + 
wj

0
wj − w fW(w)dw

� wj × 1 − exp −
vin,j

cj

 

kj

⎛⎝ ⎞⎠ + exp −
vout,j

cj

 

kj

⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦

+
wr,jvin,j

vr,j − vin,j  + wj

⎛⎝ ⎞⎠⎡⎣exp −
vin,j

cj

 

kj

⎛⎝ ⎞⎠

− exp −
v1,j

cj

 

kj

⎛⎝ ⎞⎠⎤⎦

+
wr,jcj

vr,j − vin,j 
⎛⎝ ⎞⎠

⎧⎨

⎩Γ 1 +
1
kj

,
v1,j

cj

 

kj

⎡⎣ ⎤⎦

− Γ 1 +
1
kj

,
vin,j

cj

 

kj

⎡⎣ ⎤⎦
⎫⎬

⎭,

(7)

where v1,j � vin,j + (vr,j − vin,j)wj/wr,j. wj and wr,j represent
the practical active power and the rated output power of the
jth wind turbine, respectively. cj and kj denote the scale
factor and shape factor of the jth wind turbine, respectively.
vin,j, vout,j, and vr,j are cut-in speed, cut-out speed, and rate
speed of the jth wind turbine, respectively. Γ(·) is the in-
complete gamma function.

WPCostue,j is the underestimated unbalance cost for the
jth wind turbine. ,e actual output power of wind turbine is
more than the scheduled output power. At this time, the
redundant output power is wasted and the power network
system must compensate the wind turbine supplier’s op-
erational cost. Cpwj is the cost coefficient of underestimation
case for the jth wind turbine. E(Yue,j) represents the ex-
pected value of underestimation case for the jth wind turbine
[28]. ,en, it is also computed as a mathematical expression
(equation (8)) depending on the IGF.

E Yue,j  � wr,j − wj  × PrW w � wr,j  + 
wr,j

wj

w − wj fW(w)dw

� wr,j − wj  exp −
vr,j

cj

 

kj

⎛⎝ ⎞⎠ − exp −
vout,j

cj

 

kj

⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦

+
wr,jvin,j

vr,j − vin,j  + wj

⎛⎝ ⎞⎠⎡⎣exp −
vr,j

cj

 

kj

⎛⎝ ⎞⎠

− exp −
v1,j

cj

 

kj

⎛⎝ ⎞⎠⎤⎦

+
wr,jcj

vr,j − vin,j 
⎛⎝ ⎞⎠

⎧⎨

⎩ Γ1 +
1
kj

,
v1,j

cj

 

kj

⎡⎣ ⎤⎦

− Γ 1 +
1
kj

,
vr,j

cj

 

kj

⎡⎣ ⎤⎦
⎫⎬

⎭,

(8)

WPCostdir,j represents the direct cost for the jth wind
turbine. Its calculated value is proportional to the available
wind power. ,en, it can be written as follows:

WPCostdir,j � gjwj, (9)

where gj represents the direct cost coefficient.

2.2.2. Economic Dispatch Problem including Wind Power.
,e economic dispatch objective including wind power is to
minimize the total fuel cost of thermal generators and wind
turbines while satisfying all the constraints. ,at is to say, it
can be composed of the fuel cost of thermal units and the
operational cost of wind power availability. ,en, the ob-
jective function can be represented as follows:

FT � 

Nw

j�1
ywj + 

Ng

i�1
Fi PGi( , (10)

Fi PGi(  � ai + biPGi + ciP
2
Gi + di sin ei × P

min
Gi − PGi  



,

(11)

where FT is the total fuel cost. ywj represents the operational
cost of the jth wind generator. Fi is the fuel cost of the ith
thermal generator including valve point effect. ai, bi, and ci

are the fuel cost coefficients for the ith thermal unit, re-
spectively. di and ei are the fuel cost coefficients for the ith
thermal unit with valve point effect, respectively. PGi and
Pmin

Gi are the output power and its lower limit of the ith
thermal generator, respectively.

2.2.3. Emission Dispatch Problem. ,e objective of emission
dispatch model can be described as minimization of the total
pollutant emission level produced by the consumption of
fossil fuels in the conventional power system. Since wind
power belongs to nonpollution renewable energy, the pol-
lutant emission level is usually regarded as zero. Hence, the
total pollutant emission level for power system including
wind power is equal to that of the classical power system of
the thermal generator. ,e pollutant emission released by
fossil fuel consumption is defined as the sum of an expo-
nential function and a quadratic function. ,en, mathe-
matically the emission dispatch function can be expressed as
follows [40]:

ET � 

Ng

i�1
10− 2 αi + βiPGi + ciP

2
Gi  + ξi exp PGiλi(  , (12)

where ET is the emission release and αi, βi, ci, ξi, and λi are
the pollution coefficients of the ith thermal generating unit.

2.2.4. Problem Constraints

(1) Power Balance Constraints. For a wind-thermal power
system, the total generated thermal power and wind power
should be equal to the total real power loss PL in the
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transmission lines plus the total load demand PD. ,en, the
active power balance constraints can be given as follows:



Ng

i�1
PGi + 

Nw

j�1
wj � PD + PL. (13)

,e transmission loss PL depends on the output of each
generated unit, grid structure, and line parameter. Generally,
the power system loss is defined as a function of active power
at each power unit, and then, the resultant calculation
formula is expressed as follows [17]:

PL � 

Ng+Nw

i�1


Ng+Nw

j�1
PGiBijPGj + 

Ng+Nw

i�1
Bi0PGi + B00, (14)

where Bij, Bi0, and B00 are the line loss coefficients (the PGi in
the formula should be replaced by wj when the generated
power is from wind turbine).

(2) Generation Capacity Limits. ,e active power output of
each unit should be limited in the range of its minimum and
maximum values. ,e generation capacity limits for each
generated power unit are given in the following equations:

P
min
Gi ≤PGi ≤P

max
Gi , i � 1, 2, . . . , Ng, (15)

0≤wj ≤wr,j, j � 1, 2, . . . , Nw, (16)

where Pmin
Gi and Pmax

Gi are the minimum and maximum of
power output for the ith thermal generator, respectively.

2.2.5. Overall Objective Function for Combined Economic
and Emission Dispatch Problem. It is pointed that the two
objectives such as economic dispatch and emission dispatch
are actually incompatible in essence. Hence, the objective of
combined economic and emission dispatch problem is to
balance between the fuel cost economy and the pollutant
emission level, which should be regarded as a multiobjective
optimization problem. As a matter of fact, the optimal so-
lution to the multiobjective problem does not exist. A
Pareto-optimal solution obtained is the best solution vector
out of several numbers of solution vectors that could be
achieved without disadvantaging other objectives. Hence,
for the multiobjective CEED problem, Pareto-optimal so-
lution is also the best dispatch out of set of solution vectors
that can be achieved without disadvantaging both fuel cost
minimization and emission minimization. However, the
multiobjective optimization problem is converted into a
single objective one by an effective evaluation function, and a
significant optimal solution is found by means of proposed
algorithms. In this paper, a linear weighting-sum evaluation
method is employed to find the optimal solution and reduce
the computing effort. To be specific, the abovemultiobjective
optimization problem can be converted into a single ob-
jective optimization problem by applying an equivalent
factor such as price penalty factor (PPF) [30]. ,e PPF value
is to give equal importance weight of the emission cost with
the fuel cost. ,erefore, the overall objective function for a
wind-thermal power system can be described as follows:

minimize TC PD(  � FT PGi, wj  + Pf PD(  × ET PGi( ,

(17)

where TC(PD) is the total cost in $/h and Pf(PD) is the price
penalty factor in $/ton. Also, the CEED problem in a wind-
thermal power network is subject to constraints shown in
equations (13) to (16). For calculating the Pf value for a given
load demand PD, the detailed calculation steps were
employed in [30].

However, the CEED problem can also be regarded as a
multiobjective optimization problem using a particular
weight factor λ. Accordingly, the overall objective function
for the CEED problem is formulated and optimized. As a
result, the Pareto-optimal solutions, known as the Pareto-
optimal front, can be generated using a weight coefficient λ.
Changing weight factor λ means varying the different levels
of importance of one objective with respect to another
objective. Hence, if the economic dispatch and emission-
level dispatch problems are considered together, the overall
mathematical formulation of multiobjective problem is
expressed as follows:

minimize TC PD(  � λ × FT PGi, wj 

+(1 − λ) × Pf PD(  × ET PGi( ,

(18)

where λ represents the weight factor. Generally, it varies
uniformly from 0 to 1. In the experiment, it is increased in
steps of 0.033 from 0 up to 1.,us, a group of nondominated
solutions is obtained by 30 intervals.

For the multiobjective dispatch problem, the overall
objective equation (18) is minimized for varying weights of
each objective when the Pf value for a given load is obtained.
In this case, a group of nondominated solutions in the re-
pository are obtained. As a result, the best compromise so-
lution is determined by using fuzzy-based decision maker.
,e detailed fuzzy decision method is presented in [14].

3. Gravitational Particle Swarm Optimization
Algorithm (GPSOA)

3.1. Particle Swarm Optimization. Particle swarm optimi-
zation is a swarm-based metaheuristic optimization ap-
proach [41]. It is biologically inspired by intelligent social
behaviors like a flock of birds. In recent decades, PSO is
widely applied to optimization solution in terms of its ef-
ficiency, simplicity, and effectiveness [5, 6, 8, 14–18]. In the
basic PSO, the population consists of a group of particles
which represent potential solutions to the given problem
moving through the D-dimensional searching space. Each
particle in PSO is associated with two components, namely,
position vector and velocity vector. During the searching
course, each particle flies through its previous personal best
performance called pbest and the global best performance
obtained far from the global swarm called gbest in the
decision space. To be specific, the PSO particle’s velocity and
its new position at the iteration t+1 are updated by the
following equations:
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v
d
i(t + 1) � w(t)v

d
i (t) + c1r1 pbest

d
i − x

d
i (t) 

+ c2r2 gbest
d

− x
d
i (t) ,

(19)

x
d
i(t + 1) � x

d
i (t) + v

d
i (t + 1), (20)

w(t) � rand
t

tmax
wmax − wmin(  + wmin, (21)

where vd
i (t) and xd

i (t) represent the velocity and position of
particle i in the dth dimension at time t, respectively. ,e co-
efficients c1 and c2 are two acceleration factors that control the
influence of personal best experience pbest and global best
experiencegbest in the search process, respectively. r1 and r2 are
two random values in the range of [0,1]. pbestd

i represents the
optimal position found so far by particle i, andgbestd represents
the optimal position in the entire swarm. w(t) represents the
inertia weight value defined by using equation (21), where wmin
and wmax represent the maximum andminimum value of w(t),
and its target is to impose the influence of the previous velocity
on the current velocity. Hence, the balance of the exploration
and exploitation capability of the PSO can be adjusted by the
inertia weight. tmax represents the maximum number of itera-
tions. t represents the current number of iterations.

3.2. Gravitational Search Algorithm. GSA is also a newly
developed population-based metaheuristic optimization ap-
proach inspired by the Newton physics law of gravitation and
mass interactions between agents [42]. In GSA, each agent is
considered as the position of the mass, and its performance is
associated with a fitness of a problem. Each agent attracts each
other in the universe.,e gravity force between any two agents
is directly proportional to the product of their masses. How-
ever, it is inversely proportional to the square of the gap be-
tween them. Hence, all the agents in the population move
towards the heaviestmass under the gravitational force through
the Newtonian physics law. ,e heaviest agent that corre-
sponds to the best solution flies more slowly than the lightest
one during the search process. ,e heaviest mass that presents
the optimal solution in a multidimensional search space can be
attracted by masses. It was shown in [7, 9, 19, 20, 43] that the
algorithm is competent to handle large-scale nonlinear opti-
mization problems. ,e main steps and structure of the GSA
approach are summarized as follows:

Step 1: initialize the population

Suppose that there is a population with N agents.
First, initialize randomly agents’ positions which
correspond to a set of solution of the problem in the
search domain as follows:

Xi � x
1
i , . . . , x

d
i , . . . , x

D
i , i � 1, 2, . . . , N, (22)

where xd
i denotes the position of the ith mass in the dth

dimension, which represents a candidate solution to the
optimization problem, D denotes the dimension of the

search space, and N is the total number of agent in the
entire population.
Step 2: compute fitness value
Compute the fitness value of all agents at iteration t and
also evaluate the best and worst fitness in terms of
equations (23) and (24), respectively (without loss of
generality, a minimization optimization problem is
defined in this paper):

best(t) � min
j∈ 1,...,N{ }

fitj(t), (23)

worst(t) � max
j∈ 1,...,N{ }

fitj(t), (24)

where fitj(t) denotes the objective fitness of the jth agent
at generation t. best(t) and worst(t) denote the best and
worst objective fitness in the swarm at time t, respectively.
Step 3: compute gravitational constant G(t)

,e gravitational constant G(t) at time t is calculated as
follows:

G(t) � G0 exp − α
t

tmax
 . (25)

Apparently, G(t) is reduced with iteration to adjust
search accuracy. G0 represents the initial value of G(t)

and is set to 100. α is a constant term and is set to 20
[42]. tmax is the maximum number of iterations, and t is
the current number of iterations.
Step 4: update gravitational and inertial masses
,e updated gravitational and inertial masses i at it-
eration t are expressed as follows:

Mai � Mpi � Mii � Mi, i � 1, 2, . . . , N, (26)

qi(t) �
fiti(t) − worst(t)

best(t) − worst(t)
,

Mi(t) �
qi(t)


N
j�1qj(t)

,

(27)

where Mi(t) denotes the mass of the ith agent at time t.
Step 5: calculate acceleration
,e gravitational force acting on mass “i” from mass
“j” in the dth dimension is as in equation (28). Ap-
parently, the gravity acts between separated agents
without delay and intermediary. ,e total gravita-
tional force that acts on agent i in the dth dimension is
a randomly weighted sum of the forces exerted from
other agents, and then, the gravitational acceleration
ad

i (t) is given in equation (29) based on the Newton
gravitational law:

F
d
ij � G(t)

Mpi(t)∗Maj(t)

Rij(t) + ε
x

d
j − x

d
i , (28)
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a
d
i (t) � 

j∈kbest,j≠i
randjG(t)

Mj(t)

Rij(t) + ε
x

d
j − x

d
i ,

d � 1, 2, . . . , D, j � 1, 2, . . . , N,

(29)
where ad

i (t) is the acceleration of the mass i in the dth
dimension at time t. ε denotes a small constant term.
randj is the uniform stochastic value in the range [0,1],
which can increase the search diversity in the search
process. Rij(t) represents the Euclidean norm both ith
and jth agents. kbest is the group of initial K agents with
best solutions and heaviest mass. It is defined as a
function of time according to the rule of linear decrease.
In this way, at the beginning of the optimization process,
all agents contribute the forces and the algorithm
presents the exploration capability to avoid trapping in a
local optimum. As time passes, kbest is linearly reduced
to 1 and the exploitation performance is reinforced.
Finally, only one mass is forced on the others.
Step 6: update agent velocity and position
Finally, the ith agent velocity at next time (t+ 1) and its
updated position can be computed as the following
equations, respectively:

v
d
i (t + 1) � randiv

d
i (t) + a

d
i (t), (30)

x
d
i (t + 1) � x

d
i (t) + v

d
i (t + 1). (31)

Step 7: repeat from Steps 2 to 6 until the maximum it-
eration tmax is reached or the termination criterion is
satisfied. ,en, the optimal objective function value (best
fitness) and the corresponding best position (global op-
timal solution) for optimization problem are obtained.

3.3. Gravitational Particle Swarm Optimization Algorithm.
,e key operation of swarm-based metaheuristic optimi-
zation algorithms is how to keep a better tradeoff between
exploitation and exploration abilities in the searching pro-
cess. A good algorithm should have the capability of these
two abilities to seek the globally optimal solution. For in-
stance, the exploitation ability basically depends on gbest

and the exploration ability primarily relies on pbest in PSO.
Meanwhile, the exploration ability of GSA can be assured by
means of suitable parameters such as G0 and α, and the
exploitation ability depends on reducing participant agents
and slow movement of heavier agents [43]. However, some
algorithms present more outstanding advantage on one of
these abilities. For instance, PSO has a tendency to global
exploration in a multivariable optimization problem. By
comparison, GSA’s exploitation performance is particularly
conspicuous. Hence, PSO and GSA approaches possess
respective advantages and potentialities. It encourages us to
develop an appropriate hybridization technique to improve
the original algorithm and obtain a superior optimization
performance.

Inspired by above-mentioned ideas, the simple strategy to
incorporate GSAwith PSO is to carry out their respective search
process successively in a sequencemode.,at is to say, they run
one by one to generate new particles and superior solutions are
replaced. However, this hybridizationmode is difficult to obtain
an excellent optimization capability. Unlike two population-
based GA and DE algorithms, GSA and PSO approaches have
some similarities in evolutionary process. For example, they are
population-based metaheuristic algorithms and the updated
equations of both algorithms are highly similar in terms of
velocity and position vector. In [9], a hybrid PSOGSA method
for solving feed-forward networks was proposed. PSOGSA
combines the social thinking ability (gbest) of PSOwith the local
exploitation capability of GSA. In this hybrid strategy, GSA
operator is embedded into the PSO algorithm, and the particle
velocity updation is added to the acceleration of the GSA.
Hence, PSOGSA does not take full use of the personal learning
strategy of a particle that governs the exploration search in PSO.
,at is to say, the social experience learning mechanism in PSO
is only for use in the PSOGSA. In this case, PSOGSA lacks the
exploration search ability of PSO and is likely to cause pre-
mature convergence. ,us, in this article, another way to in-
tegrate PSO with GSA is proposed to design a parallel mode
different from a sequence mode. Coevolutionary technique is
applied in the hybridization of PSO and GSA. Each particle in
the new population is simultaneously affected by PSO and/or
GSA. So, each agent in the suggested algorithm updates its
velocity by means of the cooperative effect on PSO and GSA.

To this end, a novel hybrid optimization method using
cooperative evolutionary of both PSO velocity and GSA ac-
celeration, namely, gravitational particle swarm optimization
algorithm (GPSOA), is proposed to significantly improve the
optimization performance of the original algorithm. So, the
velocity formulation of the particle i in the dth dimension at
time t+1 in GPSOA is updated as follows:

v
d
i (t + 1)GPSOA � c3r3 1 − r4( w(t)v

d
i (t) + c1r1

· pbest
d
i − x

d
i (t)  + c2r2 gbest

d
− x

d
i (t) 

+ c4r4 1 − r3(  randiv
d
i (t) + a

d
i (t) .

(32)

Apparently, the GPSOA velocity expression (equation
(32)) is a close combination of PSO velocity expression of
equation (19) and GSA velocity expression of equation (30),
of which, c3 and c4 are acceleration factors generated in the
range [0, 1], which control the influence degree of both PSO
velocity and GSA acceleration on GPSOA. It is pointed out
that when c3 or c4 is equal to zero, GPSOA can be
transformed into the original PSO or GSA and when c3 and
c4 are set to 1.0, GPSOA is affected by equal influence of
GSA and PSO. r3 and r4 are dependent random variables
generated uniformly in the range [0,1]. In this case, the
stochastic influence of GSA and PSO on GPSOA to im-
prove the global searching ability is provided. Based on the
updated velocity, the corresponding position is calculated
as follows:
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x
d
i (t + 1) � x

d
i (t) + v

d
i (t + 1)GPSOA. (33)

4. Solution Procedure of the CEED
Problem considering Wind
Power Availability

In this section, the implementation of the proposed GPSOA to
solve a CEED problem is presented in detail for all the gen-
erated units including wind power units. ,e basic decision
variables of a CEED problem are active power output of all the
generators. In GPSOA, the ith decision variables, i.e., the
position of any individual/agent Xi which denotes a potential
solution to a given CEED problem can be defined as follows:

Xi � x
1
i , x

2
i , . . . , x

d
i , . . . , x

Ng+Nw
i , i � 1, 2, . . . , N, (34)

where xd
i (the position of the ith particle/agent in the dth

dimension) represents the real power output of the gener-
ated unit. Furthermore, all the candidate solutions are
composed of vectors X1, X2, . . . , XN  generated using the
following equation:

PGi � Pmin
Gi + rand Pmax

Gi − Pmin
Gi( , i � 1, 2, . . . , Ng,

wj � rand · wr,j, j � 1, 2, . . . , Nw− 1,

⎧⎨

⎩

(35)

where rand represents a uniform random value in the range
[0,1]. Also, the output of the Nwth wind turbine can be
achieved by using the following equation:

wNw
� PD + PL − 

Ng

i�1
PGi − 

Nw− 1

j�1
wj,

wNw
�

0, if wNw
< 0,

wr,Nw
, if wNw

>wr,Nw
.

⎧⎨

⎩

(36)

Accordingly, the agent matrix X consists of a set of
positions of all particles together, which can be shown as
follows:

X �

X1

X2

⋮

Xi

⋮

XN

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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�

P1
G1 P2

G1 · · · Pd
G1 · · · P

Ng
G1 , w1

1 w2
1 · · · wd

1 · · · w
Nw
1

P1
G2 P2

G2 · · · Pd
G2 · · · P

Ng
G2 , w1

2 w2
2 · · · wd

2 · · · w
Nw
2

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

P1
Gi P2

Gi · · · Pd
Gi · · · P

Ng
G3 , w1

i w2
i · · · wd

i · · · w
Nw
i

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

P1
GN P2

GN · · · Pd
GN · · · P

Ng
GN, w1

N w2
N · · · wd

N · · · w
Nw
N
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,

(37)

where Pd
Gi and wd

i are the actual output power of the ith
agent in the dth thermal generator and wind turbine,

respectively. N represents the total agent in the population.
Ng represents the total number of thermal generator. Nw is
the total number of wind turbine. Each row of matrix X
represents a candidate solution vector. ,e element of the
matrix is the real output power of the generated unit, which
is subjected to the generator limit constraint.

,e proposed GPSOA-based CEED solution procedure
is illustrated as follows:

Step 1: specify the GPSOA parameters and test system
data

In this procedure, first, some parameters of wind
generator are specified. For instance, total number of
wind turbines and parameters of wind turbine like cut-
in speed, cut-out speed, rated speed, rated power, and
active power limits are given. Weibull probability
distribution function parameters such as shape factor
and scale factor are also listed. Cost coefficients of
overestimation case, cost coefficients of underestimation
case, and coefficients of direct cost for wind turbine are
presented. Second, the number of thermal generating
units, capacity constraints, and cost coefficients of the
thermal generator are determined, and emission co-
efficients of the thermal generator, real power load, and
transmission loss matrix B-coefficients are given. ,ird,
key parameters of the proposed GPSOA such as inertia
weight, acceleration coefficients, gravitational constant,
and population size are selected. Finally, the total itera-
tion is specified.

Step 2: set initial decision variables

Set initial decision variables using equations (35) and
(36) as the initial population of all agents. Each element
in the population should satisfy generator-operating
constraints through equations (15) and (16). For each
set, the line transmission loss can be calculated by
employing the Newton–Raphson program. ,e old
agent set is deleted, and the new agent set is randomly
reinitialized through the operating limit constraints if
the slack generator may satisfy the power balance
constraint given by equation (13).,e process proceeds
until all the available agents are generated. Addition-
ally, the rows of thematrix should satisfy power balance
constraint given by equation (13). So far, each element
of the matrix is qualified to be a candidate solution to a
given CEEDproblem.Meanwhile, the initial velocityVi
of each set can be selected through Vi � 0.1 × Xi.

Step 3: increase the iteration counter
Step 4: compute the objective function fitness values FT
and ET
First, WPCostoe,j, WPCostue,j, and WPCostdir,j for
wind turbines are computed from equation (7) to
equation (9). Second, the operational cost yw of the
wind turbine for each set Xi is calculated through
equation (6). Meanwhile, the fuel cost Fi of the
thermal generator is calculated using equation (11).
,en, the total fuel cost FT of each set is obtained
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using equation (10). Additionally, the amount of
emission ET of the agent set using equation (12) is
calculated. When considering a biobjective CEED
problem, go to Step 5 to assess the overall objective
fitness; otherwise, go to Step 6.

Step 5: evaluate the overall objective function fitness
value TC

,e overall objective function fitness value TC is
evaluated for each agent set of matrix X by means of
the price penalty factor Pf.

Step 6: update pbest, gbest, best, worst, and Mi.

According to the overall objective function fitness
value, the pbest, gbest, best, and worst are chosen.
,en, themasses of each agent set Mi are calculated by
directly using equation (27).

Step 7: update inertia weight w and gravitational
constant G

Step 8: update acceleration a, velocity v, and position x

First, calculate acceleration a andmodify velocity v for
each agent set using equations (29) and (32). ,en,
new agent position is updated using equation (33).

Step 9: check all the constraints of the updated agent

In this step, an important task is to check all the oper-
ational constraints of a CEED problem; that is, the
updated position solution obtained by theGPSOA should
be verified. First, the discarding strategy was proposed in
[44] to handle the inequality constraints of the CEED
problem. ,is strategy maintains the randomness and
stochastic features of the algorithm. For instance, the
generation capacity limits should be handled. An agent is
available, if each agent of thematrix satisfies the generator
capacity constraints (equations (15) and (16)). If an
updated agent violates its boundary limits, the agent is
fixed at the limit hit through equation (38).

PGi �
Pmin

Gi , if PGi <Pmin
Gi ,

Pmax
Gi , if PGi >Pmax

Gi ,

⎧⎨

⎩

wj �
0, if wj < 0,

wr,j, if wj >wr,j.

⎧⎨

⎩

(38)

Second, the Newton–Raphson (NR) program for each
set is performed.,e line transmission loss is computed
to satisfy the actual power balance constraints (equa-
tion (13)). Generally, the equality constraints can be
repaired by the penalty function method after dealing
with the inequality conditions [22]. In this article, a
simple and effective heuristic approach is applied to
handle the equality constraints [14, 43, 45].
Function HANDLE_CONSTR is proposed to deal with
the equality conditions of a CEED problem. For an agent
set Xi, the availability of Xi can be checked by the dif-
ference value Err between PD+PL and the sum of all
elements ofXi. If the absolute value of Err is greater than a

small constant σ (we set σ � 10− 3 in this paper), then all
elements of Xi are modified in turn from their dth di-
mension until Xi satisfies the corresponding constraints,
where d selects a random integer within [1, Ng +Nw].
Also, the new position vector of Xi should meet the
capacity of power units. Hence, the availability of the
updated position is ensured.
Function HANDLE_CONSTR: Op� HANDLE_CONSTR
(Xi, Pmin

G , Pmax
G , wr)

//Xi: the current particle; Pmin
G , Pmax

G , and wr: the
boundary limits of thermal generator and wind
turbine//
1. Err � PL + PD − sum(Xi)//Compute the difference
between PD+PL and the total of all agents of Xi//
2. d � rand(1, Ng + Nw)//Select a stochastic integer
between 1 to Ng +Nw//
3. WHILE (|Err|> σ)//Verify the availability of posi-
tion vector Xi//

3.1 xd
i⟵xd

i + Err

3.2 If xd
i may violate the capacity limits equations

(15) and (16), THEN xd
i is corrected by equation

(38)
3.3 Err � PL + PD − sum(Xi)

3.4 d � mod(d, Ng + Nw) + 1//Choose another
dimension of the agent position variable, modulo
Ng +Nw//

END WHILE
4. Op⟵Xi//Output the new agent//
Step 10: terminate the process

If the termination criterion is satisfied, the itera-
tive is terminated. When economic dispatch and
emission dispatch problems are simultaneously
performed, the results obtained, known as Pareto-
optimal set, are stored in an array. Otherwise,
repeat Steps 3–9.

Step 11: constitute the repository
For the biobjective CEED problem as per equation
(18), the weight factor is increased in steps of 0.033
and the algorithm steps are repeated starting from
Step 2 to Step 10, until the weight factor value is
not more than 1. ,en, the nondominated solu-
tions found are stored in the repository.

Step 12: select the optimal compromise solution
In the repository stored, a fuzzy ranking decision
operator is applied on Pareto-optimal solutions
found based on fuzzy set theory and the optimal
compromise solution is selected. ,e solution
procedure of a fuzzy ranking decision maker can
be found in [14, 38].

5. Simulation Results

5.1. Description of the Case Study. In this section, the pro-
posed GPSOA is carried out to comprehensively investigate
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the CEED problem of three different test cases, and they are
given as follows:

Case 1. ,e conventional IEEE 30-bus test system including
six thermal generators and neglecting wind power pene-
tration was studied as the benchmark to verify the perfor-
mance of the proposed GPSOA. ,e system transmission
loss PL is considered. ,e results are compared with those
obtained by the existing algorithms to demonstrate the
superiority performance of the suggested algorithm.,e line
data, bus data, and fuel cost and emission coefficients for
standard IEEE 30-bus test systems are taken from [46, 47]
and the B-loss coefficients from [48].

Case 2. A modified wind-thermal test system consisting of
six thermal generators and two wind turbines was employed
to assess the property of the suggested GPSOA to solve the
CEED problem considering wind power availability. Also,
the system transmission loss in this test case is neglected and
considered as a lossless system. Two wind generators are
installed on nodes no. 26 and no. 30 in the power network
and become an indispensable part of the grid-connected
power system [30]. Active power ranges of two wind power
generators are 0 pu to 0.8 pu. ,e Weibull distribution pa-
rameters for wind turbine are given in c1 � c2 � 15 and
k1 � k2 � 2.2, which are taken from [28]. Other parameters
are listed as wr,1 � wr,2 � 0.8, vr,1 � vr,2 � 15, vin,1 � vin,2 � 5
and vout,1 � vout,2 � 45, respectively. ,e direct cost factors
are set as g1 � 120 and g2 � 150, respectively. ,e over-
estimation factor and underestimation coefficient are se-
lected in terms of the conclusions given in [27]. As is well
known, an increase in overestimation coefficient leads to
decrease the output of scheduled wind power. In this case, it
becomes more costly to overestimate the output of available
wind power. Similarly, an increase in underestimation co-
efficients leads to increase in the output of scheduled wind
power, because it becomes more costly to underestimate the
output of available wind power. Hence, to increase the
output of available wind power, the overestimation co-
efficient is chosen as larger value compared to the un-
derestimation coefficient. In this paper, the overestimation
and underestimation coefficients are given as Crw1 � Crw2 �

310 and Cpw1 � Cpw2 � 100, respectively [28].

Case 3. ,e similar wind-thermal test system was regarded
as Case 3 for simulation. ,e difference is that the system
transmission loss in Case 3 is considered. In this circum-
stance, more active power must be supplied to meet the
power balance constraints. Parameters in this system are also
the same as parameters given in Case 2.

5.2. Parameter Settings. ,e GPSOA has been carried out in
MATLAB 7.0.1 and executed on Pentium-IV, 3GHz per-
sonal computer with 2GB RAM for solving the CEED
problem. ,e total real load demand PD � 2.834 p.u. In all of
the simulation runs, the common parameter setup for the
proposed algorithm is given. For instance, the number of

agents in the population is set 30. ,e maximum iteration is
set 100 for three test systems. Each algorithm is required to
independently perform 30 trails to record the statistical
results in all experiments. ,e best solutions gained in terms
of each performance criterion are bold faced in the re-
spective tables for all the test cases considered.

As mentioned above, the performance of the GPSOA
depends on the settings of different parameters. Hence, two
important parameters such as c3 and c4 are required to be
discussed and the optimal settings were obtained by the
simulations. For simplicity, 30 different trails have been
conducted on Case 1 with 100 iterations per trail. Different
acceleration factor values tried are 0.1, 0.5, and 0.9, re-
spectively. For each value of c3, the value of c4 is increased
successively as shown in Table 1. ,e results obtained from
Table 1 show c3 � 0.5 and c4 � 0.5 are the optimal parameter
settings for GPSOA. Other parameters such as wmax � 0.9,
wmin � 0.4, c1 � c2 � 2.0, α � 20, and G0 � 100 are selected
from [42, 43]. kbest is selected for the total agents N� 30 in
the beginning and it decreases to 2% of all agents with lapse
of iteration.

,e simulation experiments were performed to evaluate
the GPSOA optimization performance based on the extreme
points of optimal fuel cost and emission level and the optimal
compromise solution of the CEED problem of the power
system. First, two objective functions like economic cost and
emission level were individually solved to obtain two extreme
values (optimal economic cost and emission-level objectives).
,e results gained by GPSOA and other state-of-the-art
optimization approaches are given in Tables 2–5. Second, the
overall objective function for the CEED problem simulta-
neously considering the two contradictory objectives by using
a varying weight factor was optimized to obtain a group of
nondominated solutions known as Pareto-optimal front.
Finally, a fuzzy ranking decision approach was employed to
gain the best compromise solution from the Pareto set [38].
,e best compromise results obtained by GPSOA and other
variants are presented in Tables 6 and 7.

Note that some definitions of cost are described as
follows:

Fuel cost (FC) is the fuel cost of all participated power
generators. For conventional power system, FC is
represented as the fuel cost of thermal power generators
in Case 1. For the wind-thermal test system, it includes
the economic cost of thermal power units and the
operating cost of wind turbines in Cases 2 and 3.
Emission cost (EC) is the emission level by thermal
power plants.
Wind power cost (WPC) is the cost of wind power
generators.
Total cost (TC) is the sum of fuel cost and the
equivalent cost of emission level by using the PPF.

5.3. Computational Results and Discussion

5.3.1. Case 1: Conventional Test System. ,e performance of
the GPSOA is compared with that of other reported

10 Mathematical Problems in Engineering



Table 2: Comparison of best solution for fuel cost minimization offered by different algorithms for Case 1.

Generation
(pu)

MBFA
[22]

OHS
[23]

FCPSO
[22]

BB-MOPSO
[14]

TV-MOPSO
[14]

OGSA
[20] PSO GSA PSOGSA GPSOA

G1 0.1141 0.1156 0.1130 0.1229 0.1011 0.1336 0.1349 0.0951 0.1156 0.1129
G2 0.3108 0.3039 0.3145 0.2880 0.2883 0.3201 0.3094 0.2389 0.2861 0.2995
G3 0.5994 0.5316 0.5826 0.5792 0.5852 0.6414 0.5536 0.6746 0.5133 0.5266
G4 0.9816 1.0199 0.9860 0.9875 0.9832 0.8430 1.0104 1.0158 1.0252 1.0169
G5 0.5048 0.5124 0.5264 0.5255 0.5271 0.5730 0.4615 0.4224 0.5373 0.5268
G6 0.3559 0.3579 0.3450 0.3564 0.3749 0.3338 0.3721 0.3953 0.3651 0.3595
TG (pu) 2.8666 2.8413 2.8675 2.8596 2.8598 2.8459 2.8419 2.8421 2.8426 2.8422
TL (pu) 0.0326 0.0073 0.0335 0.0256 0.0258 0.0119 0.0079 0.0081 0.0086 0.0082
FC ($/h) 607.67 600.83 607.79 605.98 606.11 601.63 600.57 602.23 600.44 600.29
EC (ton/h) 0.2198 0.2221 0.2201 0.2202 0.2205 0.2168 0.2208 0.2255 0.2230 0.2221
CPU time (s) NR 1.9956 NR NR 0.8814 0.1136 0.0259 0.1038 0.1156 0.1062
NR means not reported in the referred literature.

Table 1: Influence of GPSOA parameters on minimum economic cost ($/h) for Case 1.

Acceleration factor c4

c3 0.1 0.5 0.9

0.1 605.62 601.04 606.26
0.5 601.22 600.29 602.01
0.9 603.31 601.46 602.52

Table 3: Comparison of best solution for emission minimization offered by different algorithms for Case 1.

Generation
(pu)

MBFA
[22]

OHS
[23]

FCPSO
[22]

BB-MOPSO
[14]

TV-MOPSO
[14]

OGSA
[20] PSO GSA PSOGSA GPSOA

G1 0.4055 0.4063 0.4063 0.4103 0.4188 0.4371 0.3382 0.4365 0.3931 0.4062
G2 0.4609 0.4586 0.4586 0.4661 0.4582 0.4386 0.4667 0.4979 0.4673 0.4595
G3 0.5444 0.5510 0.5510 0.5432 0.5530 0.5336 0.5358 0.4087 0.5339 0.5432
G4 0.3986 0.4084 0.4084 0.3883 0.3803 0.4516 0.4562 0.3873 0.4023 0.3860
G5 0.5440 0.5432 0.5432 0.5447 0.5345 0.5296 0.5308 0.5414 0.5403 0.5364
G6 0.5134 0.4974 0.4974 0.5168 0.5251 0.4625 0.5168 0.5724 0.5072 0.5122
TG (pu) 2.8668 2.8649 2.8649 2.8693 2.8698 2.8530 2.8445 2.8442 2.8441 2.8435
TL (pu) 0.0328 0.0309 0.0309 0.0353 0.0358 0.0190 0.0105 0.0102 0.0101 0.0095
FC ($/h) 644.43 642.89 642.89 646.48 647.66 640.26 630.03 644.64 636.52 638.48
EC (ton/h) 0.1942 0.1942 0.1942 0.1942 0.1942 0.1942 0.1947 0.1954 0.1942 0.1942
CPU time (s) NR 1.9976 NR NR 0.8846 0.1106 0.0263 0.1057 0.1142 0.1069
NR means not reported in the referred literature.

Table 4: Best fuel cost and best emission level of different methods for Case 2.

Output solutions Minimum fuel cost Minimum emission level
Generation (pu) GA PSO GSA PSOGSA GPSOA GA PSO GSA PSOGSA GPSOA
G1 0.0402 0.0226 0.0263 0.0361 0.0326 0.3662 0.4092 0.4921 0.3522 0.3165
G2 0.1238 0.1614 0.1135 0.1425 0.1516 0.4258 0.4561 0.4621 0.5023 0.4522
G3 0.2831 0.2603 0.0502 0.2254 0.2801 0.3031 0.2372 0.3669 0.3144 0.4249
G4 0.5626 0.7468 0.3816 0.7192 0.7268 0.3136 0.3460 0.3332 0.2642 0.3837
G5 0.2652 0.2362 0.1533 0.3212 0.1822 0.5344 0.5141 0.4377 0.4821 0.4342
G6 0.2332 0.1626 0.5968 0.2016 0.1826 0.4352 0.5096 0.5351 0.5211 0.4762
w1 0.6226 0.6297 0.7737 0.6056 0.6498 0.0224 0.0212 0.0016 0.0341 0.0307
w2 0.7023 0.6144 0.7386 0.5824 0.6283 0.4333 0.3406 0.2053 0.3636 0.3156
FC ($/h) 422.64 288.11 324.39 286.52 285.61 665.82 650.40 661.23 656.14 661.34
EC (ton/h) 0.2618 0.2428 0.2317 0.2421 0.2426 0.1972 0.1945 0.1967 0.1941 0.1941
WPC ($/h) 137.85 136.81 141.66 136.53 136.81 166.65 165.17 168.85 163.08 164.46
CPU time (s) 6.2632 2.3218 3.8598 3.5416 2.3957 8.2613 2.1273 3.8993 4.6252 4.1148
NR means not reported in the referred literature.
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Table 5: Best fuel cost and best emission level of different methods for Case 3.

Output solutions Minimum fuel cost Minimum emission level
Generation (pu) GA PSO GSA PSOGSA GPSOA GA PSO GSA PSOGSA GPSOA
G1 0.0342 0.0212 0.0201 0.0261 0.0200 0.4216 0.4114 0.4403 0.4620 0.4206
G2 0.2306 0.1588 0.1302 0.1543 0.1523 0.5662 0.4262 0.5562 0.4756 0.4606
G3 0.0814 0.0784 0.2767 0.0802 0.0832 0.5842 0.5424 0.3635 0.5422 0.5524
G4 0.7552 0.7273 0.8532 0.7442 0.7195 0.4154 0.3556 0.5227 0.4356 0.3925
G5 0.2123 0.2453 0.0500 0.2221 0.2776 0.4615 0.5342 0.4841 0.4066 0.5271
G6 0.1825 0.1763 0.0318 0.1536 0.1831 0.3801 0.5061 0.4561 0.4682 0.5076
w1 0.6825 0.7256 0.7753 0.7341 0.7153 0.0026 0.0212 0.0046 0.0304 0.0224
w2 0.6626 0.7032 0.6999 0.7216 0.6851 0.0211 0.0620 0.0122 0.0326 0.0143
TG (pu) 2.8413 2.8361 2.8372 2.8362 2.8361 2.8527 2.8591 2.8397 2.8532 2.8975
TL (pu) 0.0073 0.0021 0.0032 0.0022 0.0021 0.0187 0.0251 0.0057 0.0192 0.0635
FC ($/h) 306.15 288.52 296.85 288.24 286.02 646.02 655.56 652.68 661.42 665.30
EC (ton/h) 0.2462 0.2430 0.2546 0.2279 0.2425 0.1970 0.1944 0.1969 0.1943 0.1941
WPC ($/h) 142.78 141.45 146.36 141.52 141.62 158.52 158.86 162.06 160.61 161.23
CPU time (s) 6.2683 2.3025 3.7881 2.4238 2.3864 8.6236 4.1873 3.9552 4.4861 4.2428

Table 6: Comparison of best compromise solution offered by different algorithms for Case 1.

Generation
(pu)

MBFA
[22]

OHS
[23]

FCPSO
[22]

BB-MOPSO
[14]

TV-MOPSO
[14]

OGSA
[20] PSO GSA PSOGSA GPSOA

G1 0.2595 0.2121 0.1501 0.1322 0.0812 0.1168 0.2873 0.5000 0.2886 0.2966
G2 0.3769 0.3066 0.2489 0.2142 0.3288 0.4049 0.3816 0.4644 0.4211 0.3948
G3 0.5636 0.6886 0.7812 0.8406 0.4865 0.6105 0.7136 0.5349 0.7104 0.5432
G4 0.6759 0.6794 0.7282 0.6964 0.9364 0.7348 0.6277 0.2333 0.6875 0.6246
G5 0.5499 0.5822 0.6026 0.6253 0.4877 0.5562 0.3756 0.6131 0.2661 0.5295
G6 0.4344 0.3869 0.3528 0.3452 0.5392 0.4272 0.4639 0.5002 0.4682 0.4512
TG (pu) 2.8602 2. 8538 2.8638 2.8539 2.8598 2.8504 2.8497 2.8549 2.8419 2.8408
TL (pu) 0.0262 0.0198 0.0298 0.0199 0.0258 0.0164 0.0157 0.0209 0.0079 0.0068
FC ($/h) 616.50 614.42 612.81 615.68 614.68 612.83 615.29 618.44 615.62 615.38
EC (ton/h) 0.2002 0.2034 0.2109 0.2082 0.1982 0.1983 0.1979 0.1981 0.1979 0.1978
PPF ($/ton) 5928.7134
TC ($/h) 1803.43 1820.32 1863.18 1850.04 1789.75 1790.95 1789.98 1792.92 1788.91 1788.41
CPU time (s) NR NR 0.0922 0.1466 0.1862 0.1146 0.0271 0.1054 0.116 0.1078
NR means not reported in the referred literature.

Table 7: Best compromise solution of different methods for Cases 2 and 3.

Output solutions Case 2 Case 3
Generation (pu) GA PSO GSA PSOGSA GPSOA GA PSO GSA PSOGSA GPSOA
G1 0.1605 0.2086 0.1512 0.2122 0.2103 0.2824 0.2671 0.2749 0.2453 0.2066
G2 0.2431 0.2869 0.3713 0.2641 0.2785 0.2263 0.1855 0.2385 0.1824 0.2808
G3 0.2841 0.3078 0.3162 0.3112 0.3031 0.2485 0.3491 0.2616 0.3162 0.3133
G4 0.2252 0.2055 0.3479 0.2036 0.2251 0.3261 0.2306 0.3445 0.2845 0.2354
G5 0.1632 0.3151 0.1101 0.3162 0.3018 0.2783 0.3007 0.2762 0.3082 0.3031
G6 0.3622 0.3034 0.1221 0.2861 0.3016 0.2407 0.3356 0.2355 0.2641 0.3036
w1 0.6426 0.6224 0.6143 0.6254 0.6088 0.5428 0.5241 0.4236 0.6423 0.6185
w2 0.7531 0.5843 0.8000 0.6152 0.6048 0.7225 0.6634 0.8000 0.6122 0.5943
TG (pu) 2.8340 2.8340 2.8340 2.8340 2.8340 2.8676 2.8561 2.8548 2.8552 2.8547
TL (pu) 0.0336 0.0221 0.0208 0.0212 0.0207
FC ($/h) 402.35 391.47 387.28 368.62 363.71 411.03 407.18 387.45 360.15 357.12
EC (ton/h) 0.2206 0.2084 0.2117 0.2092 0.2088 0.2126 0.2051 0.2111 0.2069 0.1887
WPC ($/h) 139.52 138.84 142.61 138.82 138.06 161.83 160.51 164.07 161.35 162.05
PPF ($/ton) 5928.7134 5928.7134
TC ($/h) 1710.22 1627.01 1642.39 1608.91 1601.63 1671.47 1623.16 1639.00 1586.81 1475.87
CPU time (s) 6.521 3.1091 3.2023 3.2166 3.2017 6.4833 3.0375 3.0539 3.4412 3.2278
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approaches for the conventional thermal test system. ,e
best solutions obtained by the GPSOA, PSOGSA, PSO, GSA,
and other optimization algorithms for economic cost
minimization and emission-level minimization are listed in
Tables 2 and 3, respectively. From Table 2, it can be seen that
the GPSOA obtains optimal economic cost than those re-
ported in the literature like MBFA [22], OHS [23], FCPSO
[22], BB-MOPSO [14], TV-MOPSO [14], and OGSA [20].
,e minimum fuel cost by the suggested algorithm is found
to be 600.29 $/h. ,e corresponding emission level is 0.2221
ton/h. On the other hand, the optimal solutions for emis-
sion-level minimum objective obtained by GPSOA and
other well-known approaches are provided in Table 3. It is
observed that the best emission solution of 0.1942 ton/h
obtained by the proposed algorithm is very similar to that of
MBFA, OHS, FCPSO, BB-MOPSO, TV-MOPSO, OGSA, and
PSOGSA algorithms andmuch less than that of PSO andGSA
as presented in Table 3. It is important to note that the
GPSOA is efficient in terms of the CPU times compared to
OHS, TV-MOPSO, OGSA, and PSOGSA fromTables 2 and 3.

,e convergence curves of the best solution for GPSOA,
PSOGSA, OGSA, TV-MOPSO, GSA, and PSO for economic
cost and emission-level objectives are presented in Figure 1(a)
and 1(b), respectively. From Figure 1, it can be seen that the
GPSOA converges faster and has a superior performance.,e
fuel cost and emission-level objective function values ob-
tained by GPSOA are lower than those of PSO and GSA. ,e
conclusion can also be found in Tables 2 and 3.

In order to gain the optimal compromise solution of the
CEED problem, the fuzzy ranking decision maker was ap-
plied in this case and corresponding results are provided in
Table 6. ,e Pareto-optimal front and best compromise
solution obtained by GPSOA are also shown in Figure 2.
From Table 6, it is revealed that the best compromise so-
lutions with fuel cost 615.38 $/h and emission content 0.1978
ton/h obtained by GPSOA satisfy both the two objectives by

the maximummembership in the fuzzy set. It is important to
note that the original emission level is converted into
equivalent cost by multiplying emission level with the
corresponding PPF value. Hence, the total fuel cost was
computed by adding equivalent cost. Apparently, it can be
seen that the minimum total cost 1788.41 $/h obtained by
GPSOA is slightly similar to that of PSOGSA and is least
compared with those of MBFA, OHS, FCPSO, BB-MOPSO,
TV-MOPSO, PSO, GSA, and OGSA for the biobjective
CEED problem.

5.3.2. Case 2: Lossless Wind-?ermal Test System. For
simplicity, the transmission loss has been neglected in this
case. ,e GPSOA was implemented successfully to find the
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solution of the lossless wind-thermal test system. ,e
economic dispatch given by using equation (10) and the
emission dispatch given by using equation (12) were in-
dividually optimized, and the optimal results for Case 2
obtained by GPSOA, PSOGSA, PSO, GSA, and GA have
been given in Table 4. In consideration of the economic
cost objective, the minimum economic cost and corre-
sponding emission level yielded by GPSOA are reported as
285.61 $/h and 0.2426 ton/h, respectively. Similarly, the
economic cost values and optimal emission level yielded by
GPSOA are listed as 661.34 $/h and 0.1941 ton/h, re-
spectively, for the emission-level minimization problem. It
is clear that GPSOA obtains lower fuel cost and emission-
level values as compared to PSOGSA, PSO, GSA, and GA
from Table 4.

,e convergence curves of the best solution yielded by
GPSOA, PSOGSA, PSO, GSA, and GA methods on fuel
cost and emission level for Case 2 are presented in
Figures 3(a) and 3(b), respectively. From Figure 3, it is
observed that the fuel cost and emission level obtained by
GPSOA converge smoothly to the minimum solution.
Also, it is concluded that GPSOA and PSOGSA present the
similar optimization result. Moreover, the GSA and GA
approaches quickly fall into local convergence after ten
iterations because of premature convergence. It can be
shown that GPSOA can get the best results with quickly
convergence speed.

While considering the multiobjective optimization
problem of the lossless wind-thermal test system, the
best compromise solution and total cost found by GPSOA,
PSOGSA, PSO, GSA, and GA using the fuzzy ranking de-
cision maker are presented in Table 7. ,e Pareto-optimal
front and best compromise solution obtained by GPSOA are
shown in Figure 4. It is clear that GPSOA shows best so-
lutions in terms of total cost 1601.63 $/h. Furthermore, the
decrease cost obtained by GPSOA is larger than 26 $/h when
compared to GA, PSO, and GSA.

5.3.3. Case 3: Wind-?ermal Test System with Loss. ,e
suggested wind-thermal test system is considered as Case 3
but transmission loss is taken into account.,e transmission
loss value can be computed by using the Newton–Raphson
procedure. While individually optimizing the economic cost
objective and the emission level for this case, the optimal
results such as the generated schedule, the economic cost,
and the emission level obtained by GPSOA, PSOGSA, PSO,
GSA and GA are listed in Table 5. While optimizing the
economic cost objective, the optimal economic cost value
and corresponding emission level obtained by GPSOA are
reported as 286.02 $/h and 0.2425 ton/h, respectively.
Similarly, the economic cost value and optimal emission
level generated by GPSOA are listed as 665.30 $/h and 0.1941
ton/h, respectively, for the emission-level dispatch problem.
It is clear from Table 5 that GPSOA obtains few fuel cost and
emission level as compared to PSOGSA, PSO, GSA, and GA
when considering single fuel cost or emission objective
problem. Apparently, GPSOA has a strong optimization
ability to seek better quality solution.

,e convergence curves of the fuel cost and emission
objectives of different algorithms are given in Figures 5(a)
and 5(b), respectively. ,e evolving of the algorithm rep-
resents its convergence behavior throughout the iterations.
Also, it shows the convergence speed of the algorithm. It can
be seen from Figure 5 that GPSOA converges rapidly to the
best fuel cost and emission solution as compared to
PSOGSA, PSO, GS,A and GA.

While simultaneously considering multiobjective op-
timization problems like fuel cost and emission level, the
best compromise solution and total cost obtained by
GPSOA and other methods are given in Table 7. Moreover,
the Pareto-optimal front and best compromise solution
obtained by GPSOA are also shown in Figure 6. It is ob-
vious that GPSOA obtains very superior result with total
cost 1475.87 $/h. Hence, the total cost found by GPSOA is
reduced by 13.25%, 9.95%, 9.07%, and 7.52%, as compared
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to the result obtained by GA, GSA, PSO, and PSOGSA,
respectively.

5.4. Comparative Analysis. ,e comparative conclusions of
the proposed GPSOA on three cases are drawn in this
section. First, for Case 1 (conventional thermal test system
along with transmission loss) and Case 3 (modified wind-
thermal test systemwith loss), it is obvious from Tables 2 and
5 that the fuel cost for economic dispatch is sharply reduced
from 600.29 $/h to 286.02 $/h. From Tables 3 and 7, the
emission level obtained by the GPSOA for emission dispatch
is decreased from 0.1942 ton/h to 0.1941 ton/h. In addition, it
is clear in Tables 6 and 7 that the total cost for the biobjective
CEED problem of the wind-thermal test system is dropped
by 17.5% from the thermal power system without wind
turbine, implying that the total cost is sharply fallen from
1788.41 $/h to 1475.87 $/h. Hence, it can be concluded that
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the integration of wind turbine into the conventional power
system greatly improves the load dispatch management level
and a lot of operating cost is saved. Actually, the operator in
power plants can choose the appropriate dispatch solution in
terms of the priorities of minimizing cost and/or emission.
Second, Tables 2 to 7 show that GPSOA obtains less fuel cost
and emission level as compared to PSOGSA, PSO, and GSA.
Also, the total cost obtained by GPSOA is minimal com-
pared with that of PSOGSA, PSO, GSA, and GA. So it can be
seen that GPSOA has an excellent optimization performance
to seek better quality solution in the power system. Finally,
fromTables 2 to 7, it is obvious that the average times of CPU
running required by PSO among time-boxed iterations are
less as compared to GPSOA, PSOGSA, GSA, and GA.
However, GPSOA shows fast convergence speed during
optimization process. When the stopping criterion of sim-
ulation experiment is set to convergence precision value, it
can be concluded that GPSOA is computationally efficient
because of the fast convergence rate of the GPSOA from
Figures 1 and 3.

5.5. Statistical Tests. In this section, to assess the robust
performance of the GPSOA approach to solve the problem,
30 independent experiments were executed to grasp ten-
dencies of three objectives: the minimal economic cost, the
minimal emission level, and the best compromise result. ,e
standard deviationand the worst, the best and the average
values of the fuel cost and emission-level results of among 30
runs are easily obtained from the experiments. For the
changes of the best compromise solutions in all the 30
simulations, the mean satisfactory degree (MSD) using the
fuzzy ranking decision approach based on compromise result
is defined and computed in terms of the maximum and
minimum of each objective function [14]. For a best com-

promise solution Xcom
⟶

, its MSD value is defined as follows:

μ
⟶

com �
1

M


M

i�1
μcomi . (39)

Apparently, the MSD value can be utilized to observe
changes in best compromise results, even if it is probable that

Table 8: Statistical results of the minimum fuel cost, minimum emission, and best compromise solution by different algorithms on three
cases.

Algorithm
Minimum fuel cost Minimum emission level ASD values for best compromise

solution
Best Worst Average Std. Best Worst Average Std. Best Worst Average Std.

Case 1 (conventional thermal test system)
GPSOA 600.29 600.31 600.29 2.5601e − 03 0.1942 0.1942 0.1942 4.0891e − 09 0.8203 0.5809 0.7016 6.8199e − 03
PSOGSA 600.44 601.02 600.96 2.7367e − 02 0.1942 0.1942 0.1942 5.7842e − 08 0.8065 0.5296 0.7045 4.6413e − 03
TV-MOPSO 605.06 608.57 606.35 3.5274e − 00 0.1942 0.1943 0.1942 5.6532e − 04 0.7632 0.6534 0.6962 3.7624e − 03
PSO 600.57 607.13 603.13 1.5618e − 00 0.1947 0.1990 0.1964 1.1037e − 03 0.7477 0.5876 0.6896 7.2215e − 03
GSA 602.23 615.30 609.05 3.4189e − 00 0.1954 0.2057 0.2004 2.6205e − 03 0.7327 0.5164 0.6587 1.0174e − 02
OGSA 601.02 604.73 601.53 2.6352e − 01 0.1942 0.1944 0.1942 6.5624e − 04 0.7524 0.6028 0.6835 4.6441e − 03
Case 2 (lossless wind-thermal test system)
GPSOA 285.61 285.61 285.61 4.8224e− 08 0.1941 0.1942 0.1942 7.2534e− 07 0.6751 0.6011 0.6356 5.0026e− 03
PSOGSA 286.52 286.82 286.66 3.6226e − 06 0.1941 0.1944 0.1943 3.6518e − 02 0.6624 0.5628 0.6164 2.7538e − 03
PSO 288.12 289.69 288.62 1.4625e − 02 0.1945 0.1947 0.1946 1.0231e − 04 0.6630 0.6026 0.6268 5.0167e − 03
GSA 324.40 419.02 366.44 2.6899e+01 0.1967 0.2156 0.2063 4.6911e − 03 0.6598 0.4353 0.5794 4.8831e − 02
GA 422.64 462.62 436.62 3.3943e+01 0.1972 0.2208 0.2176 2.7521e − 02 0.5873 0.4261 0.5207 8.7264e − 02
Case 3 (wind-thermal test system with loss)
GPSOA 286.02 286.05 286.03 4.5555e− 03 0.1941 0.1943 0.1942 4.9695e− 05 0.7466 0.6052 0.6318 4.9998e− 03
PSOGSA 288.24 290.51 289.43 2.7536e − 02 0.1943 0.1950 0.1946 1.6253e − 02 0.6825 0.5844 0.6275 6.6253e − 02
PSO 288.52 289.15 288.07 3.6977e − 02 0.1944 0.1948 0.1945 1.6181e − 04 0.6748 0.5964 0.6423 5.5679e − 03
GSA 296.85 324.92 367.50 6.1065e+01 0.1969 0.2145 0.2070 4.1027e − 03 0.6647 0.4831 0.6163 3.6581e − 02
GA 306.15 384.63 326.73 1.6259e+02 0.1970 0.2186 0.2092 3.0726e − 03 0.6026 0.4222 0.5726 5.7529e − 02

Table 9: Ranking results of algorithms on the basis of average solutions for three cases.

Algorithm
Minimum fuel cost Minimum emission level ASD values for best

compromise solution Average rank Overall rank
Case 1 Case 2 Case 3 Case 1 Case 2 Case 3 Case 1 Case 2 Case 3

GA — 5 4 — 5 5 — 5 5 4.83 7
PSO 4 3 2 5 3 2 4 2 1 2.89 3
TV-MOPSO 5 — — 1 — — 3 — — 3 4
GSA 6 4 5 6 4 4 6 4 4 4.77 6
OGSA 3 — — 1 — — 5 — — 3 4
PSOGSA 2 2 3 1 2 3 2 3 3 2.44 2
GPSOA 1 1 1 1 1 1 1 1 2 1.11 1
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the same MSD value denotes different best compromise
results.

,e statistical results obtained by different algorithms are
presented in Table 8. It is clear from Table 8 that the standard
deviations of the GPSOA are the minimal. It is indicated
that GPSOA shows strong robustness. It is not sensitive to
initial variables and parameters setting for optimizing the

CEED problem. To better evaluate the significance of the
proposed GPSOA, we have also ranked the algorithms from
minimum mean solutions to maximum solutions for dif-
ferent cases. ,e algorithm that is not statistically different
to each other is presented the equal rank. ,e algorithm
that is statistically different to more than one algorithm is
shown the lower rank. ,e overall rank and the average
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Figure 7: Box plot-distributed results obtained by GPSOA in 30 trails for different cases.
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rank of the algorithms in terms of the average solutions
from Table 8 are shown in Table 9, respectively. It is evident
that the related algorithms can be arranged in terms of the
average rank. ,e rank is given as follows: GPSOA,
PSOGSA, PSO, TV-MOPSO, OGSA, GSA, and GA.

,at is to say, GA ranks the worst, whereas GPSOA
ranks the best. It can be deduced that GPSOA has better
performance on solving the CEED problems. Figure 7 de-
scribes the distributed outlines of the optimal fuel cost and
emission-level solutions based on box plot. It can be con-
cluded that the objective function value of each run is nearly
close to the best result for each test system.

6. Conclusion

In this paper, the fuel cost and emission level of thermal
generators and the operational cost caused bywind turbines are
comprehensively considered here, and then, the CEED model
to coordinate the active power output generated from the
thermal and wind turbine is established. To solve the proposed
model, a novel GPSOAwhich adopts coevolutionary technique
to update its particle in the population with the cooperation
contributions of PSO velocity and GSA acceleration is firstly
proposed and has been successfully implemented to solve the
CEED problem for the conventional test system and modified
wind-thermal test system. Simulation results show that GPSOA
is apt to converge to optimal solution and achieves certain
superior performance as compared to other evolutionary ap-
proaches. It has been concluded that the suggested GPSOA
approach is a viable choice for solving multiobjective opti-
mization problems. So in the future, GPSOA seems to become
a competitive tool to solve complex dynamic multiobjective
optimization, optimal power flow problem, and system
identification fields in search of better-quality results.
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Herein, two-dimensional (2D) single-action die compaction process of copper (Cu) powder was simulated by the multiparticle
finite element method (MPFEM) at particulate scale. )e initial packing structure, generated by the discrete element method
(DEM), was used as an input for the FEMmodel, where the mesh division of each particle was discretized.)e evolution of macro-
and microscopic properties, such as relative density, stress distribution, particle deformation, void filling behavior, and force
transmission, during compaction and pressure release processes have been systematically studied. )e results revealed that the
force is mainly concentrated on largely deformed regions of the particles during compaction and formed a contact force network,
which hindered the densification process. In the compact, the shorter side of the large void edges rendered higher stress than the
longer side. On the other hand, the stress distribution of small void edges remained uniform. After pressure release, large residual
stress was observed at the contact area of the adjacent particles and the maximum stress was observed at the particles’ edges.
Moreover, the residual stress did not proceed to the interior of the particles. Meanwhile, the stress of large void edges has been
completely released but exhibited a nonuniform distribution. )e smaller fraction of void filling resulted in a larger reduction of
the released stress after pressure removal. Also, the particles closer to the upper die exhibited higher average equivalent von Mises
stress inside the particles during compaction and pressure release processes.

1. Introduction

Copper- (Cu-) based materials are widely employed in
different industrial areas, such as metallurgy, mechanics,
aeronautics, and aerospace. In particular, several Cu-based
smelting parts, including basic oxygen furnace steelmaking
lance nozzle, are used in the metallurgical processes. With
increasing demand of the smelting process, different types of
oxygen lance nozzles, such as nozzle-twisted lance and
variable angle and flow oxygen lance nozzle, have been
successfully developed. Moreover, the nozzle-twisted lance
cannot be fabricated by the conventional forging method
due to its design complexity. In addition, the usual casting
process results in shorter service life of nozzle-twisted lance.
Recently, powder metallurgy (PM) technology has gained
significant industrial focus for the fabrication of complex
structural components. Herein, we aimed to utilize powder
metallurgy technology to prepare nozzle-twisted lance with a

complex structure. Powder forming process plays a critical
role in the PM process. In the past decades, several experi-
mental and theoretical studies have been carried out on the
powder forming process. )e experimental work is mainly
focused on the forming theory and yield criteria. However, it’s
difficult to realize the characterization of themicromechanical
properties of the forming process, therefore it is really hard to
quantitatively characterize the local density and distribution,
stress distribution, and particle flow behavior in the compact
during and after compaction [1–7]. Moreover, as well known
that in addition to the relative density, other properties such
as local relative density and distribution and stress and dis-
tribution, as well as powder flow behavior, cannot be char-
acterized in experiments. Moreover, the microscopic dynamic
characteristics of particles cannot be studied during physical
experiments, which hinder the detailed investigation of
translation, rotation, interaction force, and deformation be-
havior of particles. Moreover, geometric nonlinearity,
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material nonlinearity, and contact nonlinearity of the forming
process raise difficulties in the physical experiments [8–11].
)erefore, the macroscale continuous finite element method
(FEM) is widely used to overcome these issues and analyze the
local relative density and distribution and stress and distri-
bution as well as powder flow, which has been used to nu-
merically simulate single-action die forming process for pure
metallic powders [12–16] and composite metallic powders
[17–19]. However, the continuousmechanical method cannot
describe the powder forming process due to the inherent
properties of the particles. Hence, the discrete element
method (DEM) is used to effectively simulate the compaction
process [20–23] and flow [24–27] of different powder as-
semblies at a particulate scale. However, it has been reported
that the effectiveness of DEM numerical simulations is largely
dependent on small deformations or low relative densities
[28].

In recent years, a multiparticle finite element method
(MPFEM) is proposed to effectively overcome the de-
ficiencies of DEM simulations. In the MPFEM, a single
particle is considered as an individual entity and the mesh of
each particle is discretized. )en, the densification of the
compaction process is simulated by the FEM. In general, the
MPFEM combines the characteristics of conventional FEM
and DEM simulations and is capable of comprehensively
simulating the compaction densification process of a pow-
der, with large deformation at particulate scale, which
cannot be achieved by FEM and DEM simulations. Hence,
the MPFEM is widely used to investigate the influence of
density distribution, particle size, and friction conditions on
the forming process [29–37]. Furthermore, a series of studies
has focused on the forming process of multicomponent
particles and analyzed the influence of volume fraction of
hard particles on the forming densification process [38–40].
In addition, the transition from one-dimensional spherical
particles to two-dimensional spherical particles, mechanical
behavior of contacting particles, and influence of small
particles on the forming densification process have been
studied in detail [41, 42]. However, to the best of our
knowledge, the compaction of Cu powder from a particulate
scale and corresponding microdynamics analysis, pressure
unloading process, and densification mechanism have not
been investigated in detail.

Herein, the single-action die compaction and pressure
unloading of Cu powder are modeled by the two-di-
mensional (2D) MPFEM.)en, the initial packing structure,
generated by using DEM simulations, was imported into the
FEM model and the densification behavior of Cu particles is
characterized. Meanwhile, the deformation behavior of the
particles, void filling, and stress distribution are analyzed at a
particulate scale. Finally, the influence of pressure unloading
on stress evolution of the whole compact and particle is
systematically studied.

2. Simulation Model and Conditions

2.1. Model Setup. )e whole forming process of Cu powder,
under single-action die compaction, was modeled by using
commercial FEM software MSC. Marc. To realistically

demonstrate the actual process, the random initial packing
structures were generated by DEM dynamic modeling and,
then, imported into the FEM model for compaction to
realize the coupling, where each particle has been fully
discretized into a finite element mesh. Previously, we have
demonstrated the utilization of the DEM method to study
the packing of various spherical and nonspherical particle
packing systems [20–23]. To simplify the modeling process,
Figure 1 presents the the DEM-generated initial packing
structure before compaction and corresponding mesh di-
vision of an individual particle, where each particle contains
132 units and 169 nodes (Figure 1(b)). Herein, Cu particles
are equal in size with a diameter of 1mm.

In the simulation, the constitutive equations of von
Mises yield function and power-law relation were used to
model the reference materials, as shown below:

σy � C ε0 + ε( 
n

+ D(_ε)k
, (1)

where ε0 refers to initial yield strain; ε corresponds to
equivalent strain; _ε represents equivalent strain rate; and
parametersC,D, n, and k are material constants. Initially, the
equivalent strain and equivalent strain rate were assumed to
be zero to calculate Young’s modulus (Y) and initial yield
strain by using C and n from the von Mises model. )e von
Mises stress can be given by

σ �
σ1 − σ2( 
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where σ1, σ2, and σ3 represent the principal Cauchy stresses
along the three main axes. )e equivalent strain rate can be
given as follows:

_ε �
2

3 εijεij 
⎡⎢⎣ ⎤⎥⎦

1/2

, (3)

where εij represents the strain tensor.
MSC. Marc used Cauchy stress (true stress) and loga-

rithmic strain with updated Lagrange formulation. It is
instructive to derive the stiffness matrices for the updated
Lagrangian formulation, starting from the virtual work
principle, by using the following equation:


V0

SijδEijdV � 
V0

b
0
i δηidV + 

A0

t
0
i δηidA, (4)

where Sij refers to the second Piola–Kirchhoff stress; Eij
represents the Green–Lagrange strain; b0i corresponds to the
body force in the reference configuration; t0i denotes the
traction vector in the reference configuration; and ηi refers
to the virtual displacement.

2.2. Simulation Conditions. )e boundary conditions in
FEM simulations were as follows: displacement boundary
condition was imposed via rigid upper punch; the position of
the rigid die wall was fixed; and the change in density of the
compact was determined by the change in displacement of
the upper punch. )e upper punch moved downwards at an
assumed strain rate during compaction. One should note
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that the simulation results are not influenced by the strain
rate due to the strain-rate insensitive nature of the material.
Moreover, each particle is independent and deformable.
Also, the relationship between the positions of particles can
be determined by using a contact table to assess their contact
state in the model setup. )e contact between particles was
controlled by “node to segment method” upon compaction,
which is widely used in FEM simulations. )e material was
set to be elastoplastic, and the main parameters of the Cu
powder are listed in Table 1. Based on the Coulomb friction
model, the friction coefficient between the particles was set
to be 0.2. )e punch and die were assumed to be rigid with
smooth surfaces to reduce the friction between compaction
equipment and Cu powder.

3. Results and Discussion

3.1. Pressure-Relative Density Relationship. It is worth
mentioning that the compaction pressure (P) plays a decisive
role in the powder forming process. Figure 2 presents the
relationship between the compaction pressure and relative
density (ρ) of the Cu powder during compaction, which
indicates three distinct stages. First, in the initial stage, the
particles slide to rearrange and fill the large pores in initial
loose packing under a low compression pressure. )erefore,
the relative density of the compact rapidly increased with a
slight increase in pressure. Second, after a certain value, the
relative density rapidly increased with a further increase in
compaction pressure. Herein, the compression pressure
exceeds the critical stress of the powder and the particles
induce significant plastic deformation to fill the pores.)ird,
at a relative density of ∼0.95, the change in relative density
with respect to compaction pressure became insignificant,

and the densification of the compact has transmitted from
deformation of individual particles to bulk behavior. Hence,
a small increase in relative density requires an extremely
high compression pressure during this stage. In order to
verify the accuracy and effectiveness of numerical simula-
tions, we have also carried out single-action die compaction
of Cu powder. Figure 2 shows the excellent consistency
between experimental and computational results. Moreover,
both curves tend to coincide with the increase of com-
pression pressure. One should note that the present results
are also consistent with the previously reported experi-
mental and theoretical studies [16, 39].

In addition, the numerical simulation results were fitted
by using a double logarithmic equation to demonstrate the
validity and effectiveness of the applied numerical model as
given below:

m log ln
ρm − ρ0( ρ
ρm − ρ( ρ0

� logP − logM, (5)

where ρm refers to the density of the fully dense metal, ρ0
represents initial packing density of the compact, ρ corre-
sponds to the relative density of the compact, P denotes
compaction pressure,M refers to compaction modulus, and
m denotes hardening index. Figure 3 presents the fitting of
computational and experimental results, showing the high
degree of linearity and confidence to the double-logarithm
equation, which further confirms the robustness and ef-
fectiveness of the used model.

3.2. Macrostructural Characterization during and after
Compaction. In addition to the relationship between rela-
tive density and compression pressure, the current study

Upper punch

Cu particle

Die

Lower punch

P

(a) (b)

Figure 1: DEM generated (a) initial packing structure and (b) mesh division of an individual particle.
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unveils the macrocompaction mechanism of the powder
compact. Figure 4 shows the equivalent von Mises stress
distribution of the compact under different compression
pressures. During the initial forming stage, the particles get
into contact with each other and form a force network or
force chain in the compact, which hinders the forming
process. With the increase of compression pressure, the
continuous network force chain gradually evolved into a
surface, making the forming process more difficult. )is also
explains the transition of the ρ-P curve from Stage II to Stage
III, as discussed earlier. Meanwhile, the contacting particles

generated a large stress concentration, which is directly
related to the deformation of the particles. If these parts are
in contact with each other, a new force chain will be formed,
which may hinder the densification process.

Moreover, the performance of the compact after
unloading has been studied and results are presented in
Figure 5, which shows the evolution of equivalent von Mises
stress in the compact during unloading. It should be noted
that the stress inside the compact gradually released with the
decrease of pressure and the particles on the edge of the die
wall easily formed an ordered structure. Despite the high
stress, the residual stress distribution in these particles is
relatively uniform. On the other hand, the stress of some
particles in the center of the compact released in large
quantity and resulted in small residual stress. Moreover, the
residual stress at the void edge of incomplete filling is also
low. )e stress of the compact further released with the
decrease of pressure. When the pressure is completely re-
moved, the bottom of the compact cracked due to the ab-
sence of any binder. However, despite the complete
separation of surrounding particles, the residual stress inside
the particles did not change.

3.3. Microstructural Characterization during and after
Compaction. Furthermore, the morphological evolution
and stress distribution of two typical local structures, i.e., A
and B, as shown in Figure 4, were tracked during the forming
process. Figure 6 shows the particle morphology of a local
large void structure “A” during the compaction and pressure
release processes, the change of equivalent von Mises stress
in the particle and void filling mechanism. When the two
particles started to contact with each other, a large stress
concentration initiated at the contact point. )en, the
contact behavior of particles changed from point-contact to
line-contact and the maximum stress area continuously
increased at particles’ edges. In addition, more particles
participated in the void filling to fill the large voids, which
have been formed under the “bridge” and “arching”
structure. Hence, the deformation of particles gradually
increased with the gradual shrinkage of voids, which led to a
gradual increase in the contact surface between adjacent
particles. Hence, a sharp increase in the stress concentration
area has been observed at the edges. Meanwhile, a smaller
part of the stress concentration appeared at the void edge.
One should note that the stress concentration of the long
side around the void remained low with the increase of
pressure.

)e morphology of the local microstructure and stress
distribution inside the particles are studied after the pressure
release. Figure 7 shows the evolution of particle morphology,
void morphology, and equivalent von Mises stress during
the pressure unloading of local structure “A.” It can be
readily observed that the particle and void morphology did

Table 1: )e material constants of Cu powder used in the current simulations.

Material Young’s modulus E (GPa) Poisson’s ratio v (− ) Hardening index m (− ) Strength coefficient A (MPa)
Cu 128 0.33 0.237 575.3
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Figure 2: )e relationship between compaction pressure and
relative density.
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Figure 3: Fitting of the computational and experimental results
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Figure 4: Distribution of equivalent von Mises stress for compacts with various pressures: (a) 10MPa, (b) 200MPa, (c) 400MPa, (d)
600MPa, and (e) 800MPa.
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Figure 5: Distribution of equivalent von Mises stress after pressure unloading: (a) 800MPa, (b) 500MPa, (c) 300MPa, (d) 100MPa, and
(e)–(g) 0MPa.
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not change with the gradual removal of applied pressure.
However, the stress inside the particles gradually decreased
with the pressure release, but a large amount of residual
stress has been observed at the contact surface of adjacent
particles. In addition, instead of the interior surface, the
maximum stress appeared at the particles’ edges. Hence, the
stress inside the particle and the void edge has been com-
pletely released.

Furthermore, we have investigated the stress evolution
behavior at the void edge during compaction and pressure
release, as shown in Figure 8. Figure 8(a) shows the void
morphology and residual stress distribution after pressure
unloading. It can be clearly seen that the residual stress at the
void edge is low and not evenly distributed. To establish the
stress evolution behavior, we have quantitatively analyzed the
stress distribution of the void edge during compaction and

after unloading. As shown in Figure 8(b), when the less volume
of particles is filled into the void, the higher stress reduction has
been observed after unloading. For instance, at node 20290, the
stress value under compaction (P � 800MPa) was found to be
∼360MPa, which has been reduced to ∼80MPa after
unloading. On the other hand, the higher volume of particles
results in a smaller stress reduction after unloading. At node
21547, the stress value under compaction (P � 800MPa) was
found to be ∼245MPa, which was reduced to only ∼240MPa
after unloading. )erefore, local “bridging” and “arching”
structures, formed by particles, should be avoided to obtain the
compact uniform distribution of a void structure. In addition,
the large stress concentration and uneven void distribution also
exist in the final compact, leading to an uneven deformation of
surrounding particles. )erefore, the uniform void filling is of
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Figure 6: Equivalent von Mises stress distribution of local structure “A,” as shown in Figure 4: (a) 10MPa, (b) 200MPa, (c) 400MPa, (d)
600MPa, and (e) 800MPa.
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Figure 7: Equivalent von Mises stress distribution of local structure “A” after pressure release: (a) 800MPa, (b) 500MPa, (c) 300MPa, (d)
100MPa, and (e) 0MPa.
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utmost significance to avoid excessive residual stress gradient
in the particles after unloading.

Figure 9 shows the particle morphology, void mor-
phology, and evolution of equivalent von Mises stress inside
the particle of a local structure “B,” shown in Figure 4,
during compaction. It can be readily observed that the

particle deformation of local structure “B” is relatively
uniform during compaction and void filling is completed by
three particles. Similar to other structures, the stress at the
center of a particle is much smaller than the stress at the edge
of a particle. Moreover, the morphology and residual stress
of the local structure “B” have been analyzed after pressure
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Figure 8: Equivalent von Mises stress distribution in the pore perimeter, shown in Figure 7, after pressure release.
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unloading to explore the evolution of equivalent von Mises
stress inside the particles.

Figure 10 shows the particle morphology, void mor-
phology, and evolution of equivalent von Mises stress inside
the particles of local structure “B” during pressure
unloading. One should note that the particle morphology
and void morphology exhibited a negligible change after
pressure unloading, but the stress inside the particle has been
significantly changed. During pressure release, the stress at
the center of particles initially decreased to a minimum value
with pressure release, followed by a gradual redistribution in
the particles. At P � 0MPa, the residual stress in the particle
and void edge attained a minimum value. Similar to the
results in Figure 7, large residual stress has been observed at
the contact point of adjacent particles and the spring back
led to crack initiation and propagation in the compact [43].

Furthermore, the stress evolution has been analyzed by
studying the variation of average equivalent von Mises stress
during the forming process of the particles “A,” “B,” and “C,”
shown in Figure 10, during compaction and pressure release
(Figure 11). Clearly, the variation of average equivalent von
Mises stress can be divided into three distinct stages. Initially,
we have not observed any stress inside the particles during the
rearrangement stage, which can be ascribed to the absence of
any lockingmechanism between particles. In the 2nd stage, the
particles begin to produce large plastic deformation and the
average equivalent von Mises stress rapidly increases to a
maximum value. In the 3rd stage, once the pressure is re-
moved, the average equivalent von Mises stress inside the
particles slightly decreases to a value of ∼260MPa. Moreover,
the particles closer to the upper die exhibited higher average
equivalent von Mises stress inside the particles during
compaction and pressure release processes.

4. Conclusions

)e dynamic process of Cu powder die compaction has been
modeled by the multiple-particle finite element method
(MPFEM) coupled with the discrete element method (DEM).

)e influence of compaction and pressure release processes on
macro- and microscopic properties of the compact has been
systematically studied. Moreover, the powder forming be-
havior and mechanism have been studied, and the stress
distribution, stress transmission, void filling, and particle
morphology evolution are analyzed from particulate scale.)e
following conclusions can be drawn from the current study:

(1) During the forming process, the contacting particles
resulted in a large deformation, which is directly
related to the stress concentration. Moreover, these
particles formed a chain of forces, which hindered
the densification process. After pressure removal, the
internal stress of the compact and some particles,
located in the center of the compact, is completely
released. However, the residual stress inside the
particles, located at the edge of the die wall, exhibited
a large value with uniform stress distribution.

(2) )e filling of large voids requires large deformation
of multiple particles in the compact. Moreover, the
stress concentration area at the particles’ edge
continuously increased with the shrinkage of void
size. Meanwhile, a small portion of the stress con-
centration appeared on the longer side of the void
edge. After pressure release, large residual stress has
been observed in the contact area of adjacent par-
ticles and, instead of the interior region, the maxi-
mum stress only appeared at particles’ edges.

(3) After pressure release, the stress inside the particles and
at the void edges has been completely released. How-
ever, this stress also exhibited a nonuniform distribu-
tion. In addition, different positions of the void edge
exhibited different levels of stress release. )e smaller
fraction of the pore filling resulted in a larger reduction
of the stress after pressure release and vice versa.

(4) Compared with the larger voids, which are formed by
the “bridge” and “arch” structures, the void size in the
local dense random packing structure is smaller and
these voids do not require a large number of particles
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Figure 9: Equivalent von Mises stress distribution of local structure “B”: (a) 10MPa, (b) 200MPa, (c) 400MPa, (d) 600MPa, and (e)
800MPa.
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to fill. )erefore, the contact area of adjacent particles
and the stress concentration area are smaller than
those which are formed by the “bridge” and “arch”-
structures. After pressure release, the interior stress
has been completely released, but a small amount of
residual stress remained at the contact point of ad-
jacent particles. Moreover, the interior of particles,
which are closer to the upper die, exhibited a higher
average equivalent von Mises stress.
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In-situ exploitation of oil shale by electric heating consumes large amounts of electricity. Under the existing dispatch system, using
wind power output and photovoltaic power output to support the exploitation of oil shale can promote renewable energy use,
reduce the consumption of coal and other fossil fuels, and protect the environment from pollution. In this study, the char-
acteristics of the wind power and photovoltaic power output are analyzed, and the correlation between the power outputs is
evaluated using the copula function.+e load of exploiting oil shale is presented. In order to match the heating load characteristics
of oil shale exploitation, a particle swarm optimization algorithm is used to optimize the heating temperature of the heated well to
minimize the cost. An economic analysis is conducted of five different power supply combinations, including wind power,
photovoltaic power, and the existing power grid. +e income ratio of the five modes is calculated using actual data of a project in
Jilin province in China, and the feasibility of in-situ electric heating by wind power, photovoltaic power, and the power grid is
determined.+e results of this study provide useful references for decision makers to plan the power supply scheme for in-situ oil
shale exploitation.

1. Introduction

Oil shale is a fossil fuel with high ash content and low
calorific value that contains organic matter insoluble in
ordinary solvents. After low-temperature dry distillation, oil
shale, dry distillation gas, and shale semicoke are obtained.
China’s oil shale has a history of more than 70 years and has
been mainly used for refining and power generation. In
2006, the shale oil production exceeded 200,000 t in Fushun
in Liaoning province, Maoming in Guangdong province,
Huadian and Wangqing in Jilin province, Longkou in
Shandong province, and Tanshanling in Gansu province [1].

In the early stage of oil shale exploitation, surface ex-
ploitation is the main method and surface dry distillation is
used to obtain shale oil and its by-products. +ese mining
methods pollute the soil, vegetation, water, and air. In order
to develop cleaner mining methods and reduce environ-
mental pollution, scholars have focused on in-situ exploi-
tation of oil shale. In in-situ underground mining, well

drilling and heat injection are used to heat the underground
oil shale layer, and the shale gas or shale oil is obtained by
pyrolysis of the underground rock layer; subsequently, the
oil and gas are recovered through the production well.
Unlike surface mining, the in-situ mining method does not
require mining stone and transportation nor does it require
the construction of ground distillation equipment and a
large exhaust gas treatment device [2]. Moreover, since in-
situ combustion is not restricted by the depth of the for-
mation, it can be used to extract oil and gas from deeper and
thicker oil shale layers.

+ere are three types of the in-situ oil shale production
method according to the heating modes: electric heating,
convection heating, and radiation heating. In electric
heating, the heating rod heats the oil shale layer by heat
conduction [3] to achieve kerogen pyrolysis, and the pro-
duced oil and gas are obtained by condensation [4–6]. In
convection heating, high-temperature steam or hydrocarbon
gas is injected into the oil shale layer. +e high-temperature
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fluid increases the temperature of the oil shale layer due to
thermal convection and thermal conduction of the oil shale,
and oil and gas are generated through pyrolysis [7, 8]. In
convection heating, the fluid is not easily controlled and
short circuits may occur; in addition, a large amount of water
may be needed, which results in environmental pollution
[3]. +e method of heating oil shale by microwaves emitted
by microwave generators is called radiation heating. +is
method has fast heat transfer speed, good heating perfor-
mance, and high oil recovery rate and selectively heats the oil
shale layer. However, the cost and technical difficulty of this
method are very high. To sum up, it is very important to
develop an in-situ method for oil shale exploitation that has
low cost, high efficiency, and relatively low pollution. If a
sustainable andmore economical power source can be found
to provide energy for electrically heated in-situ oil shale
extraction, the cost of the extraction technology can be
lowered.

Renewable energy sources such as wind and photovoltaic
power have many advantages, such as no pollution and
sustainability and, therefore, have a broad development
prospect. However, their output is characterized by being
intermittent, volatile, and random, which results in chal-
lenges to develop optimal dispatch strategies in the power
grid [9–12]. Scholars at home and abroad have conducted
much research on the optimal scheduling of wind power or
photovoltaic power systems. However, in the past five years
of wind power development, two phenomena have been
observed: (1) the “good news” that the wind power installed
capacity continues to increase and (2) the “curtailed wind”
dilemma caused by insufficient consumption ability. +is
has become a significant symbol of the development of new
energy in China in the previous period [13]. From 2011 to
the first half of 2015, the total wind power online capacity
was 561.774 billion kW·h, and the total curtailed wind power
was 80.191 billion kW·h. +e average curtailed wind power
comprised 14.27%; in the first half of 2015, the national
average curtailed wind power comprised 15.17%, and the
curtailed wind power of Jilin province was a record of
42.96%, followed by that of Gansu province at 30.98% and
that of Xinjiang at 28.82%, indicating that the development
of China’s wind power experienced an electricity dilemma
[14–16]. After 2012, China’s installed photovoltaic capacity
began to grow rapidly, and in 2014, consumption problems
caused by this rapid growth began to appear, and the
problem of curtailed photovoltaic power attracted the at-
tention of the general population. According to the “Brief
Information on Photovoltaic Power Generation from Jan-
uary to September 2015” released by the National Energy
Administration, the cumulative photovoltaic power gener-
ation from January to September was 30.6 billion kW·h, and
the photovoltaic power consumption was about 3 billion
kW·h; the curtailed photovoltaic power accounted for 10%.
Photovoltaic power is mainly generated in the Gansu and
Xinjiang regions, and in many cases, photovoltaic power
generation in China has been abandoned [17].

Since the first wind farm was built in Jilin province in
1999, wind power has been developing rapidly, and the
installed capacity has been increasing rapidly every year.

However, due to the influence of regional economic growth
and the power installation structure, curtailed wind power
and power rationing has become a considerable problem in
wind power projects since 2011. In addition to ranking third
among all provinces in 2011, the proportion of curtailed
wind power and power rationing ranked first in all provinces
in 2012, 2013, and 2014. +e harnessing of wind and pho-
tovoltaic power and the energy distribution have become
considerable problems. Bie et al. [18] proposed an optimal
scheduling strategy for wind power consumption through
demand-side response technology, which reduced the op-
erating cost of the system. Jia-yun [19] used the cosine
similarity between the total wind-solar storage output curve
and the planned output curve as the objective function and
proposed an optimal control method for energy storage
based on stochastic opportunity programming. +is method
ensured that the energy storage device was appropriate for
the output of the wind-solar hybrid system. At present,
scholars at home and abroad have mainly investigated
optimal scheduling strategies for wind power and photo-
voltaic power systems from the perspective of source-load
interaction and energy storage devices suitable for the wind
output so that the systems can be adapted to large-scale
access to renewable energy by regulating loads in a flexible
manner or dispatching charging and discharging power of
the energy storage device [20–23]. Riboldi and Nord [24]
optimized the operating cost and pollutant emission cost of
conventional units and established an optimal power dis-
patch model based on “source-grid-load-storage” co-
ordination, but the model only considered the entire
consumption of wind and photovoltaic power. +e “Load”
and “Storage” were only used to reduce the operating cost of
the conventional units without considering the high per-
meability of renewable energy, and the phenomenon of
curtailed wind and solar power and its effect on the im-
provement of wind and photovoltaic power accommodation
were not considered [25]. Wang et al. [26] focused on the
problem of curtailed wind and solar power in China and
proposed the real-time synchronous accommodation of
load-grid-source coordination and an evaluation method of
real-time accommodation of curtailed wind and solar power.
However, wind or solar energy is not being used to extract
shale oil.

In order to fill this research gap, in this paper, a study and
economic analysis on the wind power/photovoltaic output/
load coordination of oil shale exploitation are presented.
First, the power characteristics of wind power generation,
photovoltaic power generation, and the exploitation load of
oil shale in the Jilin area are analyzed to provide useful
references for decision makers to plan the power supply
scheme and scale of oil shale exploitation. +en, an eco-
nomic analysis of five power supply schemes for oil shale for
the load power supply is conducted. When the oil shale is
heated to 450°C, the yield of the shale oil is 90%. We use the
approach of heating the oil shale to 450°C, followed by
cooling and reheating to 450°C, and we develop a dispatch
strategy of wind-solar-grid coordination. Particle swarm
optimization (PSO) is used to optimize the heating tem-
perature of the well, and the optimal reheating temperature
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and power supply cost of the heated well are obtained by
using the lowest cost as determined by an objective function.
An economic analysis is conducted using actual data from a
project in Jilin province in China, and the profits and the
electricity cost for the five power supply methods are de-
termined. +e results provide references for researchers to
formulate optimal dispatch strategies for the power supply.

2. The Characteristics of Wind Power

2.1. Seasonal Characteristics. Probability and statistical an-
alyses were used to analyze the seasonal characteristics of the
wind power output in a certain area of Northwest China.+e
annual utilization hours of wind power are 1671 h. +e
average output ratio of the wind power is between 0.141 and
0.260; the largest value and smallest value were observed in
March and May, respectively. +e average output ratio in
spring, summer, autumn, and winter were 0.201, 0.163,
0.194, and 0.203, respectively. Overall, the wind power ex-
hibits a larger output in spring and winter and a smaller
output in summer and autumn.

2.2. Probability Distributions

2.2.1. Full-Time Wind Power Output Ratio: Probability
Statistics. +e statistical results of the probability distribu-
tion and cumulative probability distribution are shown in
Figure 1. +e probability of the wind power output is largest
in the range of 0∼0.05, accounting for about 43%. Except for
a small peak in the interval of 0.1∼0.15, the probability
decreases with the increase in the wind power output. +e
cumulative probability curve of the full-time wind power
output is characterized by a convex quadratic function. At
0.3, the cumulative probability exceeds 95%.

2.2.2. Probability Statistics for Different Time Periods.
+e probability distribution and cumulative probability
distribution at different hours during the day/night are
shown in Figure 2.

+e output probability and cumulative probability of the
wind power output are similar for the different time periods.
+e probability of the wind power output is largest for
0∼0.50, accounting for more than 35%. +e probability of
the remaining output intervals is less than 20%.

3. The Characteristics of Photovoltaic Power

Probability and statistical analyses were used to analyze the
characteristics of the photovoltaic power output. +e data
represent output data (every 5min) of typical photovoltaic
power stations in a certain area in Northwest China in a
certain year. +e photovoltaic power output in the night
time was zero, and only the data for the daytime (6 : 00∼19 :
00) were statistically analyzed. Using the historical data and
the planned installed capacity and distribution, a simulation
analysis of the annual output characteristics was conducted.
In order to make better comparative analysis, the data are
normalized. +e calculation method is as follows: α � Ppva/

Ppvr, where Ppva is the actual photovoltaic output power of
the photovoltaic power station, MW; Ppvr is the rated in-
stalled power of the photovoltaic power station, MW; and α
is the normalized value. It should be noted that the pho-
tovoltaic and wind power output characteristics analyzed in
this study are affected by the sample selection, and the results
may not be applicable to other regions but the analysis
methods are generally applicable.

3.1. Seasonal Characteristics. +e annual utilization hours of
photovoltaic generation in the region were 2573 h, and the
average monthly output was between 0.025 and 0.107, as
shown in Figure 3. +e average output is largest in July and
smallest in January. +e average outputs of photovoltaic
power in the spring, summer, autumn, and winter are
0.3018, 0.3765, 0.2251, and 0.0966, respectively. Overall, the
seasonal characteristics of the photovoltaic power indicate
that the output is larger in spring and summer and lower in
autumn and winter.

3.2. Daily Characteristics

3.2.1. Daily Maximum Output. Table 1 shows that the
distribution of the maximum daily output in the region is
normally distributed; the range is (0.2, 0.9), and the maxi-
mum daily output for the year is 0.902. +e minimum daily
output for the year is 0.195, which does not reach the rated
output. +e daily maximum output is lower in the winter
than in the spring, summer, and autumn.

3.2.2. Daily Characteristics. +e photovoltaic outputs on a
sunny day and cloudy day are shown in Figure 4. +e shape
of the curve of the photovoltaic power output on a sunny day
is similar to sine half wave; the curve is very smooth, and the
output time range is 6 : 00∼19 : 00; the maximum value
occurs at noon.+e power output on a cloudy day is affected
by cloud cover, and the irradiance changes greatly, resulting
in large fluctuations of the photovoltaic power output.

3.3. Probability Distributions

3.3.1. Full-Time Photovoltaic Power Output Ratio: Proba-
bility Statistics. +e output probability and cumulative
probability of the photovoltaic power output are shown in
Figure 5. +e curve is smooth, showing a small output, a
large probability of intermediate output, and a small
probability of large output. +e annual maximum output of
the photovoltaic power is 0.902, the probability of an output
greater than 0.75 is 0.24%, and the probability of an output
less than 0.15 is 76.55%. +e cumulative probability of an
output less than 0.75 is 99.76%, and the cumulative prob-
ability of a photovoltaic output less than 65% is 98.9%.

3.3.2. Probability Distribution and Cumulative Probability
Distribution Curve for Different Time Periods. +e proba-
bility distribution and cumulative probability distribution at
different hours during the day are shown in Figure 6; the
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output at 12 : 00, 13 : 00, and 14 : 00 is large, and the output
curves are similar.

4. Correlation Model of Wind Power and
Photovoltaic Output

4.1. Copula 4eory. Sklar’s theorem describes the relation-
ship between a multivariate distribution and copula func-
tions and can construct multivariate distribution function by
copula function and edge distribution and then solve the
problem of multivariate joint distribution [27].

Sklar’s theorem is as follows [28]: if H(·, ·) is the joint
distribution function of the marginal distribution F(·) and
G(·), then there exists a copula function C(·, ·) that satisfies

H(x, y) � C(F(x), G(y)). (1)

By using the density function C(·, ·) of the copula
function c(·, ·) and the marginal distribution function F(·)

and G(·), the density function of the distribution function
H(x, y) can be obtained:

h(x, y) � c(F(x), G(y)) · f(x) · g(y), (2)

where c(u, v) � zC(u, v)/zu zv, u � F(x); v � G(y), and
f(·) and g(·) are density functions of the edge distribution
functions F(·) and G(·), respectively.

4.2. Correlation Analysis of Wind-Solar Power Output.
Based on the natural complementary characteristics of the
wind-solar power output and the ability of the Frank copula

function to describe the negative correlation between var-
iables, the Frank copula function was used as the connection
function of the joint probability distribution of the wind and
photovoltaic power station outputs.

+e distribution function and density function of the
Frank copula function are as follows:

CF(u, v; λ) � −
1
λ
ln 1 +

e− λu − 1(  e− λv − 1( 

e− λ − 1
 , (3)

cF(u, v; λ) �
− λ e− λ − 1( e− λ(u+v)

e− λ − 1(  + e− λu − 1(  e− λv − 1(  
2, (4)

where λ is the relevant parameter, λ≠ 0. λ> 0 means that the
random variables u and v are positively correlated, λ⟶ 0
means that the random variables u and v tend to be in-
dependent, and λ< 0 means that the random variables u and
v are negatively correlated.

+e correlation measure of the copula function reflects
the correlation between the random variables under strictly
monotonically increasing transformation. If the trend of the
two random variables is the same, then they are positively
correlated. If the two random variables have opposite trends,
they are negatively correlated. +e consistency-based Ken-
dall rank correlation coefficient is defined as

τ ≡ P x1 − x2(  y1 − y2( > 0  − P x1 − x2(  y1 − y2( < 0 ,

(5)

where (x1, y1) and (x2, y2) are independent identically
distributed random vectors.
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Figure 1: Output probability and cumulative probability of the wind power output.
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+e correlation parameter λ of the Frank copula function
has a one-to-one correspondence with the consistency-based
correlation measure. +e relationship between the Kendall
rank correlation coefficient τ and the correlation parameter
λ is

τ � 1 +
4
λ

Dk(λ) − 1 , (6)

where Dk(λ) � (k/λk) 
λ
0(tk/et − 1)dt, k � 1.

Based on the copula theory, the correlation model of the
wind-solar power output is established; the steps to obtain

the joint probability distribution of the wind-solar power
output are as follows:

(1) Obtain the output sample sets PWTG and PPVG of the
wind farms and photovoltaic power stations.

(2) According to the sample sets PWTG and PPVG, the
probability density function sum of the wind farms
and photovoltaic power stations is obtained.

(3) According to f(PWTG) and f(PPVG), the marginal
distribution functions F(PWTG) and F(PPVG) of the
wind farm and photovoltaic power station are obtained.
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Figure 2: Output probability and cumulative probability for different time periods.
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(4) +e sample sets PWTG and PPVG are substituted into
equation (5) to calculate the Kendall rank correlation
coefficient τ of the wind farms and photovoltaic
power stations.

(5) Substitute τ into equation (6) to calculate the rele-
vant parameter λ.

(6) +e wind-solar power output correlation model
based on equations (2) and (4) is obtained, namely,
the joint probability distribution of the wind power
plant and the photovoltaic power station output:

h PH(  � h PWTG, PPVG( 

�
− λ e− λ − 1( e− λ(u+v)f PWTG( f PPVG( 

e− λ − 1(  + e− λu − 1(  e− λv − 1(  
2 ,

(7)

where PH is the wind-solar combined output ratio,
u � F(PWTG), and v � F(PPVG).

According to the joint probability distribution of the
combined output of the wind farm and photovoltaic power
station, the distribution function is obtained as follows:

H PH(  � H PWTG, PPVG(  �

∯
WWTGPWTG+WPVGPPVG≤PH

h PWTG, PPVG( dPWTGdPVG, (8)

where WWTG is the installed capacity of the wind farm and
WPVG is the installed capacity of the photovoltaic power
station.

+e Kendall rank correlation coefficient τ and correla-
tion parameter λ for the different seasons obtained from the
data of PWTG and PPVG of a certain region in Jilin province

are shown in Table 2.+e joint probability distribution of the
wind power and photovoltaic power output based on the
wind-solar power output correlation model is shown in
Figure 7.

As shown in Figure 7 and Table 2, the rank correlation
coefficient τ and the correlation parameter λ of the seasons
are close to 0, and the wind power output and photovoltaic
power output are not correlated. +e Frank copula function
describes the correlation of the wind power and photovoltaic
power output. +e correlation model of the wind-solar
power output based on the copula function shows that the
correlation characteristics between the wind farm and
photovoltaic station power output in this area are not
obvious.

5. Load Characteristics

5.1. Large-Scale Oil Shale Mining. In the target area, 20
horizontal wells were drilled, and they were divided into
heated wells and production wells. +e distance between the
heated wells was 10m, as shown in Figure 8. +e horizontal
well section was 500m long, and the heating power [4]
was 1 kW/m. +e heating power was calculated as follows:
1 kW/m∗ 500m∗ 18∗1 h� 9000 kWh. As shown in Fig-
ure 9, this paper uses wind and photovoltaic energy to
provide electricity for oil shale in-situ mining [29]. +e
electricity generated by wind farms and photovoltaic power
stations is transported from the grid to the mining area. Two
horizontal heating wells are separated by ten meters. +e
heating rod is placed horizontally in the oil shale layer. +e
conductive device is connected to the positive pole of the
power supply; the end of the heating rod is connected, and
the negative pole is connected through a conductive device.
+is creates a simple electrical configuration. +ese electric
heaters convert electrical energy into thermal energy,
heating the formation in the form of conduction and
convective radiation. When the temperature reaches a
certain high value, the organic matter in the oil shale begins
to transform into shale oil.

5.1.1. Load Calculation Method. +e exploration of the oil
shale deposits in the study area in Jilin province shows that
the oil shale is located 372∼380m below ground. +e local
annual average temperature is 4.5°C, the geothermal gra-
dient is 2.5°C/100m, and we set the Jilin surface temperature
to 12°C. +e relationship between the oil production rate of
the oil shale and the heating temperature is shown in
Figure 10.

+e oil shale starts to produce oil at a temperature of
350°C. At 400°C, the shale oil yield is 40%, and at 450°C, the
shale oil yield is 90%. For optimization, an intermittent
heating method is used with the following steps: (1) the oil
shale is heated to a temperature of 450°C; (2) this is followed
by cooling; and (3) the oil shale is reheated to 450°C. PSO is
used to determine the optimal temperature to minimize the
electricity cost. If the initial cooling temperature in step 2 is
400°C, the oil shale yield is assumed to be constant during
the cooling process. For the two large-scale oil shale targets,
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Figure 3: Monthly average power output of photovoltaic power.

Table 1: Maximum daily power output of photovoltaic power.

Extrema Annual Spring Summer Autumn Winter
Maximum 0.902 0.874 0.902 0.783 0.479
Minimum 0.195 0.263 0.381 0.201 0.195
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the electricity consumption is 9000 kW/h, and the oil yield is
98910 tons. We assume that the heat absorption efficiency
values are 0.7 and 0.6, respectively.

+e heat [30] is calculated as

Q � C · M · Δt, (9)

where C is the specific heat capacity of the oil shale (2000 J/
(kg·°C)); M is the heating quality, M � ρV � 7.85∗ 107 (kg);
Δt is the heating time; Δt1 � 450 − 12 � 438 (h); and
Δt2 � Δt3 � 450 − 400 � 50 (h).

+e heating index is shown in Table 3.
As shown in Table 3, when the heating efficiency is 0.7,

the time required to increase the temperature by 1°C is
6.92 h, and the time required to decrease the temperature by
1°C is 16.15 h; when the heating efficiency is 0.6, the time
required to increase the temperature by 1°C is 8.08 h and the
time required to decrease the temperature by 1°C is 12.11 h.

+e output probability and cumulative probability of the
photovoltaic power are shown in Figure 6. +e curves are

symmetric around the time of 13 : 00. +e output at 12 : 00,
13 : 00 and 14 : 00 are large, and the output curves are similar.

5.1.2. Load Power Curve. As the temperature rises, the
power consumption is 9000 kW/h. +e power fluctuation
range is 2%, and the load power curve is shown in Figure 11.
+e main reasons are as follows:

(1) A characteristic of formation temperature propa-
gation is that the temperature changes with the
depth. According to the literature, the oil shale in
Jilin province is located at a depth of 300–400m, and
the temperature increases by 2.5°C for every 100m of
depth. +e time required for temperature propaga-
tion has to be considered during the heating process.
When electric heating is used for shale oil extraction,
9000 kW/h cannot be maintained.

(2) Interference and heat dissipation will occur during
the heating process. We used horizontal well heating,
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Figure 4: Daily power output characteristic of photovoltaic power on (a) a sunny day and (b) a cloudy day.
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Figure 5: Output probability and cumulative probability of the photovoltaic power output.

6h
10h
14h 9h

12h
16h

13h
17h7h

11h

18h

8h

15h
19h

0.90.2 0.3 0.4 0.5 0.6 0.7 0.8 10 0.1
Output ratio

0

0.2

0.4

0.6

0.8

Pr
ob

ab
ili

ty

(a)

Figure 6: Continued.
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and the heater was placed horizontally in the oil shale
layer so that the layer absorbed most of the heat and
not much heat loss occurred. Due to the complexity
of the shale’s endothermic mechanism, underground
heat conduction, and other loss factors, the heat loss
of the heating medium differs for different time
periods; therefore, a small random fluctuation is
added to the heating power as an adjustment.

Figure 11 shows the load power required for heating
the oil shale in 24 hours.

6. Optimization Strategy and
Economic Analysis

As shown in Figure 10, when the oil shale is heated to 450°C,
the oil yield of the shale is 90%. An economic analysis and
optimization of the case were conducted. +e oil shale is
heated until the temperature reaches 450°C; this is followed
by cooling and reheating to 450°C. A PSO algorithm is used
to optimize the heating temperature of the heated well. +e
objective is to minimize the cost. A simulation is conducted
for different power supply combinations.
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Figure 6: Output probability and cumulative probability for different time periods.

Table 2: Correlation between wind and photovoltaic power output
in different seasons.

Parameters Spring Summer Autumn Winter
τ 0.0328 − 0.0123 − 0.0683 − 0.0320
λ 0.0209 − 0.0078 − 0.0435 − 0.0204
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Figure 7: Joint probability distribution of the wind-photovoltaic
output.
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6.1. Particle Swarm Optimization. PSO was proposed by
Eberhart and Kennedy in 1995 based on the theory of artificial
life and evolutionary computation. +e concept is based on
the foraging behavior of birds. In PSO, the solution of each
optimization problem is a bird in the search space, which is
called a “particle.” Each particle has an initial velocity and
position, and an adaptive value is determined by the fitness
function. Each particle is endowed with a memory function
that remembers the best location to search and the speed of
each particle determines the direction and distance to fly so
that the particle can search in the optimal solution space.

In the optimization process of each iteration, the particle
updates its speed and position by comparing the fitness value
and two extreme values, i.e., the optimal solution (individual
extreme value Xbesti) found by the particle itself and the
optimal solution (global extreme value Xbestg) found by the
whole population, namely,

vin(t + 1) � vin(t) + c1r1 Xbestin − xin(t) 

+ c2r2 Xbestgn − xin(t) ,

xin(t + 1) � xin(t) + vin(t + 1),

(10)

where t is the number of iterations; vin(t) is the velocity of
the ith particle in the t iteration; Xbesti is the optimal

individual history location of particle i; Xbestg is the optimal
position of the group history; xin(t) is the position of the
particle in t iterations; c1 represents the cognitive factor; and
c2 represents the social factor and the acceleration weight.
Usually c1 � c2 � 2; in fact, the acceleration weight can be
changed; r1 and r2 are random variables between 0 and 1.

+e PSO algorithm has been used by many scholars
because it has a simple concept, easy implementation, fast
convergence, and high efficiency; the method has been
widely used in optimization problems in various engineering
fields. In this study, the objective is to minimize the heating
cost. Due to different reheating temperatures, the heating
power required by the systemwill change, i.e., the cost will be
different. In order to comprehensively consider the shale oil
yield and the heating cost, PSO is used to optimize the
reheating temperature of the heated well.

6.2. Scheduling Strategy. +e scheduling strategy of the
combined wind-solar power supply is formulated according
to the known data of the wind farm power output, curtailed
wind power output, photovoltaic power output, and cur-
tailed photovoltaic power output, and the simulation is
conducted. In general, the energy scheduling strategy of the
combined wind-solar power supply system is based on the
following principles:

(1) When the total power output of the wind-solar
power generation system is large and a certain
amount of curtailed wind power and curtailed
photovoltaic power are generated, it is preferred to
use the cheaper curtailed wind power and curtailed
photovoltaic power to supply power to the load.

(2) When the total power output of the wind-solar
power generation system is small and curtailed wind
power and curtailed photovoltaic power are not
generated, the power will be purchased directly from
the grid to meet the load demand.

6.3. Economic Analysis. Data from Jilin are used as the
example; the on-grid price of photovoltaic power is
0.65 yuan/kW·h, and the curtailed photovoltaic power price
is 0.325 yuan/kW·h. +e contract price of curtailed wind
power signed with the wind farm is 0.2617 yuan/kW·h, and
the transmission and distribution cost of the power grid
company is 0.11 yuan/kw·h. +e time-of-use price of elec-
tricity purchased from the grid is shown in Table 4.

Based on this electricity price, we establish economic
models of five power supply modes for comparison:

Mode 1: the electricity needed to heat the shale comes
entirely from the grid.
Mode 2: based on the curtailed wind electricity price of
0.3717 yuan/kW·h (contract, transmission, and distri-
bution), the heating power required for oil shale ex-
ploitation is completely obtained from the curtailed
wind power, and it is assumed that the curtailed wind
power fully meets the load.
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Production well
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Photovoltaic power station
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…

Figure 9: Diagram of in-situ oil shale exploitation with wind and
photovoltaic energy.
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Figure 10: Relationship between the oil yield and heating
temperature.
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Mode 3: based on the curtailed photovoltaic electricity
price of 0.325 yuan/kW·h, the heating power required
for oil shale exploitation is completely obtained from
the curtailed photovoltaic power, and it is assumed that
the curtailed photovoltaic power fully meets the load.
Mode 4: the heating power required for oil shale ex-
ploitation can be selected from the grid, the curtailed
wind power, and the curtailed photovoltaic power at
any time, and it is assumed that the curtailed wind
power and curtailed photovoltaic power meet the load.
Mode 5: considering the configuration capacity con-
straints of wind power and photovoltaic power, the
maximum output coefficient of wind power is 0.56–0.7,

and the maximum output of photovoltaic power at any
time should not exceed Ppvmax, which should satisfy:

Ppv(t)<Ppvmax,

Ppvmax � Pwmax − Pwmax × 0.7( ,
(11)

where Ppv(t) is the photovoltaic power output at time t;
Ppvmax is the maximum power output of the photovoltaic
power station; and Pwmax is the maximum transmission
power of the wind farm. Since large power consumption
enterprises generally have a direct agreement price with
wind farms and photovoltaic power stations, the price for
wind power is 0.3717 yuan/kW·h, and the price for photo-
voltaic power is 0.325 yuan/kW·h.

6.3.1. Electricity Cost. +e results of the PSO of the elec-
tricity cost in the mining cycle for the five modes are shown
in Table 5.

Figure 12 shows the electricity cost of the five modes for
the heat absorption rates of 0.6 and 0.7.

Table 3: Heating index for the heat absorption efficiency values of 0.7 and 0.6

Temperature (°C) Required heat Q(J) Time t(h)

Heat absorption efficiency is 0.7
12–450 6.8766∗1013 3032.01
450–400 7.85∗1012 807.61
400–450 7.85∗1012 346.12

Heat absorption efficiency is 0.6
12–450 6.8766∗1013 3537.35
450–400 7.85∗1012 605.71
400–450 7.85∗1012 403.81
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Figure 11: Load power during the 24 h heating process.

Table 4: Time-of-use price.

Peak Flat Valley

Time slot
8 : 00–12 : 00 5 : 00–8 : 00

00 : 00–5:0014 : 00–21 : 00 12 : 00–14 : 00
21 : 00–00 : 00

Price/yuan 0.80405 0.5497 0.329
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Figure 12 shows that for the heat absorption rate of 0.7,
Mode 5 has the highest electricity cost because all the
electricity for heating is purchased from the grid, which is
expensive. Mode 4 has the second highest electricity price
because the configuration capacity constraints of wind
power and photovoltaic power are considered. Mode 3 has
the lowest electricity cost. However, due to intermittent
photovoltaic power generation, there is no photovoltaic
power output at night.+erefore, the electricity cost of Mode
3 is 44,495,088.87 yuan, which is an ideal value and cannot
be achieved in practice. Compared with the aforementioned
three schemes, Mode 4 with the second-low-price and Mode
2 with the third-low-price have feasibility for practical en-
gineering. +e results indicate that the electricity cost is
higher for the lower heat absorption efficiency for all modes.
Mode 1 has the largest difference in electricity cost
(24,330,216.86 yuan), and Mode 3 has the smallest difference
(12,717,901.43 yuan). +ese results provide guidance for
decision-makers to dispatch the power for the exploitation
of oil shale.

6.3.2. Profit Analysis. We use the current market price of
shale oil of an oil shale company in Jilin province at
4100 yuan/ton as an example; the ratio of the income to
electricity cost is obtained as follows:

S �
Pc · Q

Pe

, (12)

where Pc is the price of shale oil (4100 yuan/ton); Q is the
annual tonnage of shale oil; and Pe is the annual electricity
bill. According to the mining scale of the project and the
geological characteristics of the oil shale, the tonnage of shale
oil extracted during the mining cycle is 98,910 tons;
therefore, the profit P � Pc × Q � 40, 553, 100 yuan.

Using the results in Table 5, the income from the shale oil
is calculated, and an economic analysis is conducted. Table 6
shows the ratio of the profit and electricity cost of the five
modes.

+e results show that the system has the lowest return for
Mode 1, but the ratio is close to the current international
shale oil yield ratio, which is in line with the actual situation.
If the resources of curtailed wind power, curtailed photo-
voltaic power, and other resources can be used during the
mining process, the electricity cost of mining oil shale can be
reduced. +erefore, it is evident that the combined wind-
solar power for the power supply of oil shale in-situ mining
can improve the profit of the enterprise. +e results of this
study provide guidance for power supply planning and the
design of in-situ oil shale mining projects.

7. Conclusions

In this study, the characteristics of the power output of wind
farms and photovoltaic power stations and their correlation
are analyzed. It is concluded that photovoltaic output is
strongly correlated with time, wind power output is weakly
correlated with time, and wind power output is not cor-
related with photovoltaic power output in the study area.
+e objective was to minimize the cost of a given oil shale

Table 5: Comparison of the electricity costs for the five modes.

Mode Heat absorption efficiency Optimum temperature (°C) Electricity cost/yuan

1 0.6 430 109,198,463.80
0.7 430 84,868,246.94

2 0.6 430 65,434,056.91
0.7 430 50,888,690.87

3 0.6 430 57,212,990.30
0.7 430 44,495,088.87

4 0.6 430 60,785,323.67
0.7 430 47,269,772.97

5 0.6 430 98,123,390.22
0.7 430 76,633,371.28
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Figure 12: Electricity cost for different heat absorption rates.

Table 6: +e ratio of profit and electricity cost for the five modes.

Mode
Profit/Electricity cost

Heat absorption efficiency is
0.7

Heat absorption efficiency is
0.6

1 4.78 3.71
2 7.97 6.20
3 9.11 7.09
4 8.58 6.67
5 5.29 4.13
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load, and a PSO algorithm was used to optimize the heating
temperature of the heated well. An economic analysis of five
different power supply combinations with wind power,
photovoltaic power, and the power grid was conducted for
in-situ exploitation of oil shale, and the cost/benefit ratios of
the fivemodes were obtained.+e simulation results indicate
that it is feasible to use wind power and photovoltaic power
as a heating power source at the right price for in-situ ex-
ploitation of shale oil. +e results provide valuable reference
data for decision makers to plan and design the power
supply for in-situ exploitation of oil shale projects using
electric heating.
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In the present study, the transport and deposition of solid particles to mitigate the loss circulation of fluid through a fracture
transversely placed to a vertical channel is numerically investigated..ese solid particles (commonly known in the industry as lost
circulation materials—LCMs) are injected into the flow during the drilling operation in the petroleum industry, in hopes to
control the fluid loss. .e numerical simulation of the process follows a two-stage process: the first characterizes the lost
circulation flow and the second the particle injection..e numerical model comprises an Eulerian–Lagrangian approach, in which
the dense discrete phase model (DDPM) is combined with the discrete element method (DEM). A parametric analysis is done by
varying the vertical channel Reynolds number, the particle-to-fluid density ratio, and the particle diameter. Results are shown in
terms of the particle’s bed geometric characteristics, focusing on the location inside the fracture where the particles deposit, and
the particle bed length, height, and time spent to fill the fracture. Also monitored are the fluid loss reduction over time and the
fractured channel bottom pressure (which can be related to the fracture pressure). Results indicate that using a slow/intermediate
flow velocity, associated with heavy particles with small diameters, provides the best combination for the efficient mitigation of the
fluid loss process.

1. Introduction

.e fundamentals of flow of fluid and solid particles, or
fluid-solid two-phase flow, are of great interest because of
several important engineering applications, such as sedi-
ment transport, hydrocyclones, fluidized beds, filtration
processes, sedimentation, cuttings removal, and wellbore
stability [1].

Singular among the existing practical problems of two-
phase fluid-solid flows is the loss of drilling fluid through the
porous formation during the drilling process of oil explo-
ration. .e loss occurs by the leakage of drilling fluid
through pores or discontinuities (such as fractures) [2] of the
rock formation in the wellbore as drilling progresses. Lost
circulation events have always been a significant cause of
nonproductive drilling time, increasing well construction

costs. Overall, such events could be classified as “light” loss
when loss rates are below 50 bbl/h, moderate for losses that
range between 50 and 150 bbl/h, and severe for losses over
150 bb/h. .e industry spends millions of dollars a year to
combat lost circulation and its detrimental effects, such as
stuck pipe and kicks [3, 4]. Commonly related to formations
with high permeability (caves and vugs), the loss of circu-
lation is intensified in the presence of fractured zones, whose
effects are notably more dramatic when the fractures are
connected to a network of natural fissures [5].

Historically, materials to combat the lost circulation, so-
called LCM (lost circulation material), have been used by the
oil industry to minimize drilling fluid losses. Such materials
are typically classified as flakes, fibers, and granulars (cal-
cium carbonate, mica, etc.). Recent strategies list a range of
applications such as graphite, cross-linked pills, high fluid
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loss compression, or a blending of these materials in different
concentrations [6, 7]. Because of the high cost of drilling
fluids, oil companies resort to a “sealing flow” technique by
adding particles of selected granulometry to the drilling fluid
itself, in hopes that the particles will settle along the fracture
and eventually seal the leaking path, stopping the loss of
drilling fluid [4, 8–10].

.e study of this sealing flow is complex and frequently
difficult to perform experimentally, particularly due to
limitations of available equipment (harsh flow conditions)
and difficulty in performing flow visualization (opacity of
the medium). Nevertheless, the alternative of performing
numerical modeling and simulations of sealing flow, issue to
be addressed in the present work, is not without challenges
of its own. .e main limitation of a numerical approach has
been the large computational power necessary to resolve the
flow and interactions of all the individual particles flowing
along with the fluid. Notwithstanding, numerical simula-
tions of sealing flow have recently been brought to the
forefront (i.e., they became practical) due to the recent
advances in the available hardware and software.

When modeling fluid-particle flow in sealing prob-
lems, the model needs to be able to address not only fluid
motion itself, but also the particle-fluid and the particle-
particle interactions in an efficient fashion [11]. In this
respect, the combination of computational fluid dynamics
(CFD) and discrete element method (DEM) is recognized
as one of the most powerful combinations for the nu-
merical study of fluid-particle interactions, especially
when a four-way coupling is paramount to obtaining
simulation results that are realistic and accurate.

.e DEM accounts for particle motion, including col-
lisions among the particles, by solving Newton’s second law
of motion for each individual particle [12]. .e method
considers a soft-sphere approach in which the collisions
among several particles can be easily addressed in the same
time step, making it a preferable choice for dense flows
whether the particles are spherical or not [13].

.e capability and use of the CFD-DEM combination
have been reported recently in the literature for a wide range
of applications, including fluidized beds [14–19], filtration
processes [20–24], hole cleaning and sediment transport in
the oil and gas industry [25–28], hydrocyclones, vortex flow,
and instabilities [29–31], and bed-load transport [32, 33].
Specifics of the CFD-DEM coupling have also been docu-
mented, including studies of different types of DEM cou-
pling [34], numerical errors involved in the models [35],
requirements for the coupling with distinct fluid mechanics
numerical models [36–38], and the use of nonspherical
particles [39].

In the present work, a CFD-DEM combination is used to
simulate the transport of particles along a simplified vertical
and fractured wellbore. .e objective is to learn how the
particles behave along the fracture and how they deposit and
eventually seal a leaking path of the drilling fluid, or at least
reduce its loss. Of great interest is the determination via
numerical simulations of the amount of fluid being lost
through the fracture considering different flow configura-
tions, characterized by the distinct flow Reynolds number,

particle-to-fluid density ratio, and particle diameter. .e
outcome of such parametric exercise is a prediction of when
the addition of the particles will yield the sealing of the
leaking path, making the sealing flow of practical interest.

2. Problem Characterization

.e drilling operation consists, in a very simplified view, of
the partial removal of a substrate material in order to reach
an oil and gas reservoir. .e substrate is removed by the
action of a drilling column which carries a drill bit at the end.
Due to the friction effect against the substrate, the drill bit
tends to overheat when in operation; to keep it within an
acceptable working temperature range, the bit is cooled by
the action of a drilling fluid, injected at the top of the drilling
column. .is fluid flows down the drilling column, and it
returns to the surface through the annular space comprised
between the column and the formation.

During drilling, the operator must observe, among other
factors, the so-called operational window and the equivalent
circulating density. .e operational window is a combina-
tion of two pressures inside the wellbore: the pore pressure
and the formation pressure. .e pore pressure is defined as
the pressure of fluids within the pores of a reservoir; the
formation pressure is the pressure at which the formation is
mechanically fractured. .e equivalent circulating density
(ECD) is the effective density of the circulating (drilling)
fluid, taking into account the pressure drop in the annulus
[40].

Observing the operational window and the ECD, the
drilling process may be classified as underbalanced or
overbalanced (see Figure 1). Underbalanced drilling occurs
when ECD is lower than the pore pressure. Conversely, an
operation is overbalanced when the ECD is higher than the
pore pressure. .erefore, the lost circulation tends to be-
come more prevalent during overbalanced drilling because
of the tendency of the drilling process in this case to cause
fractures in the formation. It is important to notice that the
lost circulation phenomenon may be intensified in the
presence of fractures already present in the formation
(natural fractures) in addition to those caused by the drilling
process (when ECD is higher than the formation pressure)
[41, 42].

When facing lost circulation in overbalanced drilling, the
operator may attempt to mitigate the losses by adding
particles to the circulating fluid, as mentioned previously.
Remarkably, such process is feasible during operation, es-
pecially in the cases of seepage or partial losses. .is is so
because the particles are transported to the fluid loss region
by the drilling fluid itself, depositing, accumulating, and
clogging the flow path.

In the present study, the fluid loss region is repre-
sented by a discrete fracture, which mimics a naturally
occurring fracture or even induced by the drilling process
[43, 44]. Figure 2 shows a 2D representation of the
wellbore formation with a horizontal fracture of a typical
vertical drilling operation. .e figure shows a longitudinal
(top) and a transversal cutting plane (bottom), the frac-
ture aperture (eFR) and its depth (zFR), and also the fluid
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flow direction in each region of the wellbore-fracture-
formation.

.e geometric representation of the idealized fracture is
presented in Figure 3(a). Notice that zFR is significantly
larger than eFR, providing a symmetric inlet at the fracture
region. In Figure 3(b), the red region marked as (1) is the
inlet section of the fluid; (2) represents the end of the
fracture; (3) symbolizes the wellbore top region; and (4)
indicates the injection surface from which the particles are
released. .e annulus is represented by half of its hydraulic
diameter (hCH) which is the space between the drilling
column and the wellbore wall. In relation to the fracture,
whose aperture is eFR, the figure also shows the upstream and
the downstream lengths, lUP and lDW, respectively.

Another simplification adopted in this study is to con-
sider the formation (including the fracture surfaces) im-
permeable. .erefore, the lost circulation analysis is limited
to the fracture flow region. Consequently, the fracture filling
process is analyzed without the percolation effect that
typically occurs in porous reservoirs. As the porosity can be
very small in these regions, the simplification effect is
consideredminor in respect to the flow and deposition of the
particles.

To characterize the fluid loss, a two-step procedure is
proposed by changing the boundary conditions applied in
the problem whose goal is to observe a predetermined flow
condition inside the wellbore. .e flow is represented by a
Reynolds number (equation (1)) defined in terms of the
velocity at the wellbore inlet, Uβ,CH,i, set at surface (1) in
Figure 3(b).

Uβ,CH,i �
Reμβ
ρβhCH

, (1)

where the subscripts β, CH, and i refer to the fluid phase, the
wellbore, and the inlet region, respectively. .e circulating
fluid density is indicated by ρ and the viscosity by μ.

A special procedure is necessary for determining the flow
boundary conditions in the domain because the fluid loss in

a real wellbore is due to the pressure difference between the
annulus and the formation, as explained earlier by the
operational window, and these pressures are usually un-
known. Hence, a specific amount of fluid loss is first set at the
fracture outlet, qloss, at surface (2), while the remainder of the
circulating fluid returns to the surface, with qreturn set at
surface (3) of Figure 3(b). With all boundary conditions set,
the problem is simulated until a fully developed flow con-
dition is obtained at the annulus.

When this state is reached, the pressure at the wellbore
inlet pβinlet and the respective pressures at surfaces (2) and
(3) are collected, respectively, ploss and preturn. .e second
step is implemented by maintaining the velocity inlet
boundary condition at surface (1) and changing the
boundary conditions of surfaces (2) and (3) to the related
pressures collected in the first step. Once the flow, con-
sidering the fluid loss, reaches a steady regime, the particles
are released from the injection surface (4) at the same flow
velocity as that of the circulating fluid to minimize any
effect they might otherwise have over the fluid loss velocity
field.

3. Numerical Model

.e analysis of the particle transport in a fluid can be
performed according to two approaches. .e first one, the
so-called Eulerian approach, consists of treating the par-
ticles as a continuum solid phase. .is method is usually
preferred when the tracking of the particles can be
neglected, meaning that the particle concentration field is
enough to describe the particle motion. Alternatively, in
the Lagrangian approach, the particles are tracked in-
dividually throughout the domain, with their trajectories
computed using Newton’s second law of motion [45, 46].

AnnulusDrilling
column

Wellbore
wall

Fracture
wall

ZFR

Formation

eFR

Annulus outlet
Drilling

column inlet

Figure 2: Representation of a wellbore with discrete fracture cut
planes: longitudinal (top) and transversal (bottom).

Pressure, ECD

Depth

ECD

Pore
pressure

Fracture
pressure

Underbalanced
region

Overbalanced
region

Operational
window

Figure 1: Representation of the operational window, its upper and
lower limits, and ECD.
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In the study presented hereby, the fluid and the particles
are described according to, respectively, the Eulerian and
Lagrangian approaches via the dense discrete phase model
(DDPM) of Ansys Fluent® software. .e basics of the nu-
merical model are presented here, with a more thorough and
detailed analysis found in [47]. For the continuous phase
(fluid), the mass and momentum conservation equations are
described by equations (2) and (3):

zρβρβ
zt

+ ∇ · εβρβuβ  � 0, (2)

z εβρβuβ 

zt
+ ∇ · εβpβuβuβ  � − εβ∇ρβ + ∇ · εβμβ∇ · uβ 

+ εβρβg + FDPM + SDPM,

(3)

where t is the time, εβ represents the continuous phase
volume fraction, uβ is the velocity vector, pβ is the pressure
gradient, g refers to the gravity acceleration vector, FDPM
refers to the coupling force between the phases, and SDPM is
the source term due to the displacement of fluid caused by
the particle entering a control volume.

Particle movement is determined using both the defi-
nition of velocity and Newton’s second law of motion, given
by equations (4) and (5), respectively,

dxp

dt
� up, (4)

mp
dup
dt

� Fd + Fgb + Fpg + Fvm + Fls + FDEM, (5)

where xp and up represent the particle position and ve-
locity, respectively, and the particle mass is given bymp. By

applying a Lagrangian approach to the particles, several
forces can be included in the analysis of particle motion. A
summary of the expressions for determining the afore-
mentioned forces is presented in Table 1, where drag (Fd),
gravitational and buoyancy (Fgb), pressure gradient (Fpg),
virtual (added) mass (Fvm), and Saffman’s lift (Fls) forces
are considered.

Regarding equation (5), a four-way coupling accounts
for the particle collisions [48]. As such, FDEM � Fn + Ft, where
the last two terms represent, respectively, the normal and the
tangential components [49]. In this sense, the particles are
able to collide with each other as well as with any solid
surface on the numerical domain, be it a fracture or a
channel surface. .is means that once a particle reaches the
boundary of the numerical domain, two situations may
occur: if the boundary is a solid surface, the collision force is
calculated using FDEM; in case of an open flow region, such as
the fracture or channel outlet (surfaces 2 and 3 in Figure 1),
the particle will simply exit (be eliminated from) the domain,
as it happens in practical situations.

While the drag coefficientCD is obtained fromMorsi and
Alexander’s [50] correlation, Saffman’s constant Cls is cal-
culated using Li and Ahmadi’s [51] model, being the virtual
mass coefficient obtained from [52].

.e tangential component of the collision force is usually
obtained from Coulomb’s law in which μa is the friction
coefficient and ζ12 represents the tangential direction. For
the proposed problem, the tangential force is neglected.

.e normal force is evaluated by a spring-dashpot
model [53] by means of several numerical parameters. In
the spring part of the model, the overlap δ is calculated
with two collision partners according to their position x
related to their radius δ � |x2 – x1| – (r1 – r2). .e particle
stiffness constant is a numerical parameter calculated by
k � π|u12|

2dpρp/3σ2d, where σd represents the fraction of the
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lDW
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Figure 3: 3D domain representation and scale of the fracture plane related to the wellbore (a); fractured wellbore simplified representation (b).

4 Mathematical Problems in Engineering



particle diameter that is allowed to overlap with the col-
lision partner and u12 is the relative velocity between the
collision partners; λ12 indicates the normal direction of
collision.

Similarly, the dashpot part modeling employs the
damping coefficient c [54], calculated from the reducedmass
m12 � 2m1m2/(m1 +m2), the coefficient of restitution (η), and
from the collision time (tcol) as follows: c � − 2m12ln (η)/tcol.

For the simulations presented here, an extensive sensi-
tivity analysis was performed to ensure the correct char-
acterization of fluid motion as well as particle transport and
collision. .e main numerical parameters applied on the
model are summarized as follows: fluid time step
Δtβ � 2 ·10− 2 s, particle time step Δtp � 2 ·10− 4 s, and parti-
cle’s stiffness constant k� 2.0N/m. Also, the coefficient of
restitution η� 0.9 is applied for both particle-particle and
particle-wall collisions. Other numerical details of the
DDPM model, such as pressure-velocity coupling, pressure
correction, spatial discretization, and transient formulation,
are detailed in [47].

4. Results and Discussion

4.1. Verification of DDPM-DEM Capability. In order to
evaluate the capability of the model to accurately predict the
interaction between the solid and fluid phases, as well as to
correctly determine the collision forces amongst the parti-
cles, two verification tests were carried out: the settling
velocity of a single particle released in a fluid and the
bouncing motion of a single particle against a static solid
surface.

.e settling velocity problem consists of abandoning a
single sphere from a resting position inside a container of
fluid and measuring its velocity up to a constant value
named terminal or settling velocity. .e collision problem
consists, at first, of the same settling velocity problem, except
that this time, the particle will collide with a static wall and
bounce on it until the particle achieves a zero-velocity
condition. Interacting problems of one, two, or four particles
are often applied in the literature to evaluate the capacity of
numerical models [55–60].

.e settling velocity of a single spherical particle,
presented in Figure 4(a), was simulated and compared
with the numerical and experimental results of [61]. .e
results correspond to a particle density and diameter of

ρp � 7710 kg/mU and Dp � 0.8mm, respectively, settling in
water (ρβ � 998.2 kg/mU and μβ � 1.003 10− 3 Pa·s).

.e results presented in Figure 4(a) show a good
agreement with both the numerical model and the experi-
mental results presented by Mordant and Pinton [61], even
at the final stages of the settling process. For the settling
velocity, the relative difference is less than 1%, 0.316m/s for
the experimental results and 0.313m/s for the numerical
simulation..us, one can conclude that the DDPMmodel is
indeed able to calculate the interaction forces between the
fluid and a particle with the inclusion of the selected forces
shown at Table 1.

As the particle deposition process occurs within the
fracture, particle collisions become more important. Con-
sequently, in order to ascertain the capability of the DDPM-
DEM models, outcomes from the bouncing motion of a
spherical particle are compared with the experimental re-
sults from [62], as depicted in Figure 4(b). In this case, a
particle withDp � 0.8mm and ρp � 7800 kg/mU is moving in a
fluid composed of a water-glycerin mixture (73.7% water in
volume) with properties ρβ � 935 kg/mU and μβ � 10− 2 Pa·s.
Prior to the first collision, the particle attains a settling
velocity of roughly 0.6m/s.

Observe the DEMmodel is capable to represent the wall-
particle interactions, since after the first collision only a
slightly lower value of the maximum velocity is observed.
When the second collision happens, a time shift in the
numerical simulation of roughly 0.1 s is noticed, which
persists for the remaining collisions, causing a delay in the
time demanded to cease the particle motion. However, it is
important to notice that the speeds at each collision as well as
the number of collisions were predicted correctly by the
simulations.

As the particles are mostly carried in the horizontal
direction of the fluid motion that occurs inside the fracture
instead of being exclusively moved in the vertical direction,
less interest is dedicated to the repetitive collision of a
particle against a wall. .erefore, the first collision that
occurs when the particle reaches the surface of the fracture
demands special attention. From the analysis presented in
this section, it is possible to assure that the DDPM-DEM
model is indeed a good approach for the problem in-
vestigated here.

4.2. Filling a Horizontal Fracture. In the simulations to be
presented, the fluid loss occurring at the end of the fracture
was set as qloss � 10% of the total mass flow rate. As the lost
circulation phenomenon is established, the particles are
released in the numerical domain from an injection surface
as shown in Figure 5, with the maximum velocity attained
from the fluid flow velocity profile. As the momentum
exchange from particle to fluid along time occurs, the
particles tend to assume the velocity of the fluid nearby. As a
consequence, at a steady state, a parabolic velocity profile is
verified (the color of the particle is associated to its
velocity—red means faster particles). At each time step, a
total of 30 particles are injected. For instance, considering

Table 1: Forces considered in the numerical model.

Force Equation
Gravitational and
buoyancy Fgb � mp((ρp − ρβ)/ρp)g

Drag Fd � (3/4)(mpμβ/ρpd
2
p)CDRep(uβ − up)

Saffman lift Fls � Clsmp(ρβ/ρp)(∇ × uβ) × (uβ − up)

Virtual mass Fvm � Cvmmp(ρβ/ρp)(D/Dt)(uβ − up)

Pressure gradient Fpg � mp(ρβ/ρp)(uβ∇ · uβ)

Collision
Normal Fn � [kδ + c(u12 · λ12)]λ12
Tangential Ft � − μa|Fn|ζ12
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175 seconds of injection, for a time step of 2 ·10− 2 seconds,
262,500 particles will be injected into the domain.

Before choosing the particle time step size, one must be
certain that no particle will be released inside each other so
that the overlap parameter δ is not incorrectly calculated.
.is is guaranteed by associating the particle velocity with
the fluid time step size in a manner that the distance covered
by the particle is sufficiently larger than the particle di-
ameter. By observing this simple procedure, an incorrect
particle injection can be avoided.

It is also important to understand that not all particles
will enter the fracture and contribute to the filling process. In
fact, depending on the particles’ properties, fluid, and flow
conditions, only 2 to 5% of all injected particles will ever get
into the fracture. Also, as the fluid loss is reduced throughout
the process, fewer particles will enter the fracture. .is
situation is presented in Figure 6.

.e channel geometric characteristic presents an up-
stream length of lUP � 1.8m, a downstream length of
lDW � 0.225m, and a width of hCH � 0.045m. .e fracture
was considered as impermeable with hFR � 0.720m in length
and width eFR � 0.01m. .e fluid considered in the simu-
lations was a water-glycerin mixture with ρβ � 1187.6 kg/mU
and μβ � 27.973 10− 3 Pa·s.

.e flow Reynolds number, written in terms of fluid’s
mean velocity (Uβ,CH,i), equation (1), set at the channel
inlet, controls the flow rate. .e particle-to-fluid density
ratio (ρp/β) and the particle diameter (Dp) are also the main
parameters of the present study.

A numerical grid test, where the fluid loss stabili-
zation was taken as the main parameter to determine
mesh independence, showed that for a relative difference
of 1%, no significant changes on the flow conditions and
on the particle transport/deposition rate were observed.

Injection surface

1 time step

2 time steps

3 time steps
8 time steps

Figure 5: Particle injection process for several time steps.
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Additionally, a grid refinement, to ensure a suitable wall
effect evaluation, was applied specifically for each con-
figuration. .us, a channel with 18000, 20000, and 22000
control volumes and respective Reynolds numbers of
250, 500, and 750 were considered. In Figure 7, a mesh
detail at the fracture inlet region is shown.

Initially, the influence of the Reynolds number over the
particle bed formation as well as the fluid loss through the
fracture is investigated. .e simulations were accomplished
for three configurations, namely, Re� 250, 500, and 750,
corresponding to a channel inlet velocity of Uβ,CH,i � 0.131,
0.262, and 0.393m/s, respectively. For each flow time step,
1500 particles (ρp/β � 2.25 andDp� 0.5mm) are injected into
the domain from the particle injection surface. Figure 8
shows the particle bed formed inside the fracture at the
moment the particles cease to enter the fracture, Δtfill.

One can notice a strong influence of the Reynolds
number especially in the particle bed position (hbed,i),
measured as the distance from the fracture inlet to the
beginning of the particle bed. Clearly, the bed position is
influenced by the flow quantity of movement, which in turn
also impacts the particle bed extension (hbed). As expected,
for low Re, the particles start to deposit closer to the fracture
entrance, forming a more compact bed, which also leads to
an increase in the particle bed height, represented here in
terms of the fracture vertical filling percentage (e%,FR), as
presented in Table 2.

As related to Re, the flow velocity will be different for all
three conditions, even if the initial percentage of fluid loss
(qloss � 10%) is the same for all the cases simulated. .us, a
low Re indicates a low fluid velocity in the fracture, and the
reverse is also true. In this way, the flow presents more or less
momentum to carry particles along the fracture as the
Reynolds number is, respectively, higher or lower. Conse-
quently, the smaller the Re is, the closer to the fracture
entrance (reduction on hbed,i) and also more compact is the
particle bed, implying in a shorter length (hbed) and in a
larger height (e%,FR).

Given the flow inability to maintain particles suspended
for a long period of time, it is possible to see in Table 2 that
the time required to the particle deposition process (Δtfill) is
smaller for lower Reynolds number. Hence, to reduce the
fluid loss in an impermeable fracture, the flow rate has to be

reduced to provide a faster particle deposition in the
fracture.

Assuming that the understanding on how the particle
injection process acts on the fluid loss through the fracture is
paramount for the present study, the influence of
Qloss � (qloss,t/qloss)× 100%, defined as the ratio between the
fluid lost along the particle injection (qloss,t) and the initial
fluid loss (qloss), is investigated for different Re. .erefore, as
shown in Figure 9(a), for a fluid loss of 100%, as the particle
deposition process takes place, a reduction in the fluid es-
caping through the fracture is expected.

Another monitor, defined as Pinlet � (pinlet,t/pβ,inlet)×

100%, has been configured at the inlet of the main channel,
with the aim to mimic the downhole pressure. In such a
monitor, presented in Figure 9(b), pinlet,t and pβ,inlet are,
respectively, the pressure at the fracture entrance along the
particle injection and the initial pressure.

Figure 9(a) shows that the fluid loss is reduced to roughly
42% of the original loss for both Re� 500 and 750. However,
the time spent in the particle deposition process (which is
indicated when the fluid loss reaches a plateau) is much
higher for Re� 750, as described previously. By reducing the
Reynolds number to 250 and consequently the flow strength,
the fluid loss reaches 38%, indicating a reduction of 62% of
the original fluid loss.

.e downside of choosing a lower velocity for the fluid is
a dramatic increase in the pressure measured at the channel
inlet, as can be observed in Figure 9(b)..e particles injected

Instant when particles start to
enter the fracture

Instant when particles start to
deposit inside the fracture

Instant when particles
stop entering the fracture

Figure 6: Fracture inlet region for several instants showing the variation on the amount of particle entering the fracture.

y

x

Figure 7: Mesh display for the fracture inlet region for Re� 500.
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at the channel contribute to the increase in pressure due to
differences in the particle-to-fluid density ratio. For lower
velocities, more particles are expected to accumulate on
the main (vertical) channel, which causes a prompt in-
crease of Pinlet for Re � 250. As the particles move more
rapidly throughout the domain, the increase in the pres-
sure is less prominent.

In the second set of simulations, the influence of the
particle-to-fluid density ratio (ρp/β) is investigated. For this,
the case Re � 500 is set as the reference flow configuration
and all the particles have diameter Dp � 0.5mm. .e main
objective is to observe the effect of changes in the particle
density over the fracture filling process. Further on, the
effect of changes in the particle diameter will be presented

Re (–) up (m/s)
0.207 0.145 0.072 0.000

250
0.386 0.270 0.135 0.000

500
0.577 0.404 0.202 0.000

750
hFR = 0 hFR = 90mm hFR = 180mm hFR = 270mm

Figure 8: Particle bed formed inside the fracture at Δtfill for Reynolds number (Re) variations (ρp/β � 2.50; Dp � 0.5mm).

Table 2: Particle bed geometric characteristics in terms of Reynolds number.

Re (–) hbed,i(mm) hbed(mm) e%,FR(%) Δtfill(s)

250 15 108 64 76
500 64 131 54 82
750 102 196 45 136
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Figure 9: Monitoring for the fluid loss (Qloss) by the fracture (a) and dimensionless pressure (Pinlet) at the bottom of the fractured channel
(b) for Reynolds number variations (ρp/β � 2.50; Dp � 0.5mm).
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as well. .e final condition for the particles to be packed
inside the fracture is presented in Figure 10. Information
on size, extension, and position of each bed is presented in
Table 3.

Whilst changes in Reynolds number influence the
flow strength, modifications in the particle density alter
the particle quantity of movement. Consequently, the
flow has more difficulty to carry heavier particles. As
shown in Figure 10, the lighter the particles, the greater
the hbed values (see the ρp/β � 1.50 case in Table 3). On the
contrary, as the particles get heavier (case ρp/β � 2.50), the
fluid does not have enough momentum to carry them
away. With that, a tendency of the particles to accumulate
near the entrance is observed, and a more compact bed is
formed.

.e observations concerning the influence of the
particle mass shown in Figure 10 are also related to the
particle bed length, which gets larger for lighter particles.
For the ρp/β values analyzed, it seems there is a stabilization
process regarding the particle bed length because no sig-
nificant difference was observed between cases ρp/β � 2.25
and ρp/β � 2.50, except for a shift on the particle bed initial
position hbed,i, which is related to particle quantity of
movement.

Regarding the fluid loss reduction, shown in
Figure 11(a), which is the main objective of this study, a
slight difference when using heavier particles is noticed,
since the final reduction of loss circulation ranges from
39% (ρp/β � 1.50) to 47% (ρp/β � 2.50). .e use of heavier
particles provides a significant reduction of the time re-
quired to fill the fracture. Nevertheless, they are not as
effective as using the lighter particles to reduce the loss of
fluid. Notice that the difference on the fluid loss reduction
for ρp/β � 1.50 and ρp/β � 2.50 is only of 4%, while the time
for the filling process is cut by 50%.

Concerning the pressure monitor at the fractured
channel inlet, presented in Figure 11(b), the use of heavier
particles has the drawback of increasing the pressure in this
region by roughly 60%. Different from the change in fluid
velocity, here the increase in pressure between the limit
cases, i.e., ρp/β � 1.50 and ρp/β � 2.50, is only about 31%. Such
behavior indicates that a technician, for instance, is better off
choosing heavier particles for the filling process, since in this
case, the pressure does not represent any significant re-
striction for the operation with respect to the particle
density.

Finally, an alternative analysis of the particle inertia by
considering different particle diameters (Dp � 0.4, 0.5, and
0.6mm) is presented in Figure 12. As pointed out earlier, the
Reynolds number is fixed as 500 while the particle-to-fluid
density ratio is kept as ρp/β � 2.50. Again, due to the same
flow conditions, it is possible to see that the increase of
particle mass due to the increase in its diameter is re-
sponsible for changing the fixed bed position along the
fracture: as particle gets heavier the fluid flow gets less ca-
pable of transporting them.

Results from Figure 12 show that the particle bed length
increases with the particle diameter. From the geometric
characteristics of each bed, presented in Table 4, one can

notice that there is an apparent stability on the fracture
filling time when Dp � 0.5 and 0.6mm.

As occurred in the particle-to-fluid density ratio analysis,
it is possible to see from Figure 13(a) that particles with less
quantity of movement (lighter due to a smaller diameter)
have the ability to more effectively reduce the fluid loss. In
the case presented here, this is also related to the porosity of
the bed. As a matter of fact, a more cohesive and less porous
bed is formed when the particles are smaller, which in turn
helps to reduce the fluid loss.

Still, the increase in Pinlet in Figure 13(b) is directly
linked to the particle mass variation, as the flow char-
acteristics remain the same for the three simulations.
.erefore, the higher the particle mass, the higher Pinlet.
.e relative difference of 32% in Pinlet for the limit cases
(Dp = 0.4 and 0.6 mm) may not be as significant for the
drilling operation. Otherwise, when a comparison be-
tween Dp = 0.5 and 0.6 mm cases is drawn, the former
presents not only a better fluid loss reduction (roughly
54%) but also a lower increase in Pinlet and a similar Δtfill,
suggesting that it would be wiser to employ particles with
Dp = 0.5 mm.

5. Final Remarks

In this work, the reduction of the lost circulation in a
horizontal fracture branching from a vertical channel em-
ulating a fractured oil well was investigated. A numerical
modeling accounting for the transport and deposition of
solid particles inside the fracture was proposed. Numerical
results obtained using the coupling of DDPM-DEM models
proved to be a good alternative, not only to represent the
two-phase flow but also to characterize the particle bed
length, height, and position. .is study provided a better
understanding of using particles to seal a fracture, especially
concerning to the oil and gas industry.

Several observations can be pointed out from the re-
sults. When injecting a fixed type of particles, an increase in
the flow velocity usually increases the time spent on the
filling process because the particles tend to be carried by the
flow in the fracture region for longer distances. .is is
reflected in the particle bed formation, whose length is
inversely proportional to its height. Increasing the particle-
to-fluid density ratio, the particles get heavier; therefore,
they tend to accumulate closer to the fracture inlet. .e
same behavior is verified when the particle diameter is
increased: the particles also accumulate closer to the inlet
region of the fracture. In both cases, the time spent to fill
the fracture is reduced. Clearly, this is related to the weight
of the particle since density and diameter are directly linked
to particle mass.

On the contrary, particle density and diameter affect bed
length and height in an opposite manner: while the particle
bed length is reduced as the particle density is increased, the
reverse is true for the particle diameter. .is happens due to
the increase in the particle mass at the annulus, providing a
higher pressure and resulting in a longer particle bed.

Remarkably, the effects presented here are competi-
tive and one can choose to increase particle inertia by
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increasing its density or diameter. Also, the same effect
may be achieved by decreasing flow velocity, for instance.
Bearing in mind the operational window, the operator
may alter one or more parameters to achieve a specific

effect which can be represented by reducing the lost
circulation to acceptable levels in the least amount of
time or, if possible, curtail all losses without taking time
into account.

Table 3: Particle bed geometric characteristics in terms of the particle-to-fluid density ratio.

ρp/β hbed,i(mm) hbed(mm) e%,FR(%) Δtfill(s)

1.50 150 284 43 147
1.75 101 183 50 111
2.00 79 161 52 94
2.25 64 131 54 82
2.50 53 131 57 77

ρp/β

up (m/s)
0.379 0.265 0.133 0.000

1.50
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2.00
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Figure 10: Particle bed formed inside the fracture at Δtfill for particle-to-fluid density ratio (ρp/β) variations (Re� 500; Dp � 0.5mm).
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Figure 11: Monitoring for the fluid loss (Qloss) by the fracture (a) and dimensionless pressure Pinlet at the fractured channel inlet (b) for
particle-to-fluid density ratio variations (Re� 500; Dp � 0.5mm).
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.epresent study represents a development of a robust and
complete methodology that can help Petrobras to optimize its
drilling operations in severe loss of circulation scenarios.
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*e molecular structure characteristics and wetting behaviors of alkyl binary doped ionic liquids’ (ILs) thin lubricating film on
silicon surfaces, which are composed of a (DA) self-assembled monolayer (SAM) and a binary doped ILs layer, are probed by
molecular dynamics simulations. In the binary doped ILs layer, 1-carboxyethyl-3-methylimidazolium chloride ([CMIM]Cl) ILs
were bonded to the terminal amino (NH2) groups of the DA SAM, and 1-dodecyl-3-methylimidazolium hexafluorophosphate
([DMIM]PF6) ILs were distributed around the [CMIM]Cl molecules by physical adsorption. Additionally, surface coverage and
chain grafting positions of the bonded-phase [CMIM]Cl and the adsorption properties of mobile-phase [DMIM]PF6 were
investigated. *e simulation results revealed that the optimal surface coverage of [CMIM]Cl on the DA SAM was 50% with a
lateral spacing of 2a and a longitudinal spacing of 2

��
2a

√
, in which a is the space between the adjacent molecules. Meanwhile, the

optimal molecular ratio of [CMIM]Cl to [DMIM]PF6 was 1 : 4, leading to the stablest structure of the lubricating film. Wetting
behaviors of thin lubricating film on silicon surfaces showed good hydrophobicity, which is helpful for reducing friction and
adhesion. It can be anticipated that the alkyl binary doped ILs’ thin lubricating film is suitable for antifriction and antiadhesion
applications on silicon surfaces.

1. Introduction

Ionic liquids (ILs) are organic molten salt that generally
combines bulky asymmetric cations with various anions [1].
A number of simulation studies of ILs have been carried out
in recent years for its unique physiochemical property.
Favorable properties include negligible vapor pressure, large
chemical and thermal stability ranges, and often unusual
solvation characteristics as well [2]. *ese variations in
properties are tailored by the careful selection and turning of
the constituent ions [3].*ese characteristics are in line with
the desired performance of idealized lubricants, giving it the
potential to become a new lubricant with high performance
under harsh conditions such as in the fields of engineering

fluids and the aerospace and the computer industries [4, 5].
Another promising application of ILs is that they are used as
a kind of lubricant in micro/nanoelectromechanical systems
(M/NEMS) [6]. *e good lubricating performance in M/
NEMS is attributed to the surface interactions and tri-
bochemical processes at the interface [7].

*e tribological properties of ILs matter to the devel-
opment of new lubricating materials [8]. A number of
studies of ILs have been carried out in recent years. Most
studies of ILs have concentrated on the physical and
chemical properties and their synergistic effects [9, 10]. Liu
et al. found that ILs lubricants have excellent antiwear and
antifriction properties and the tribological properties were
far superior to the traditional lubricants. Zhao et al. [11, 12]
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studied the tribological properties of ILs films with different
terminal groups. *e different terminal groups showed
different physicochemical properties, which affect the mi-
cro/nano-tribological properties of the film. Ye et al. [13]
believed the reason that the outstanding tribological prop-
erties of ILs are ascribed to the stable and orderly transition
state of the combination of positive and negative charges in
the friction process. Moreover, the transition state can form
a lubricating film of boundary thickness and is difficult to be
cut. As mentioned above, with excellent antifriction and
adhesion-resistance properties, ILs can be widely used in the
component design of lubricating films.

*e tribological properties of thin lubricating films have
an intimate relationship with the surface wetting behaviors
[14, 15].*e thin lubricating films with good hydrophobicity
and low adhesion and friction are urgently needed in ap-
plications of M/NEMS devices. Researchers demonstrated
that the self-assembled monolayers (SAMs) on silicon (Si)
surfaces can effectively reduce the surface energy in M/
NEMS. Lian et al. [16] prepared a single-layer silane SAM on
the surface of a titanium alloy by using perfluorooctyltri-
chlorosilane (FOTS). *e results indicated that the titanium
alloy surface modified by FOTS showed a good hydrophobic
property, while in terms of tribological properties, the FOTS
modified surface did not exhibit a good performance. Pu
et al. [17] studied the surface-capped ILs as a lubricating
phase that possesses good antiwear and antifriction prop-
erties. However, the high surface energy leads to a high
adhesion, which limits the applications inM/NEMS. For this
reason, the synergistic effect of SAMs and ILs could be
combined to improve both the hydrophobicity and the anti-
friction of thin lubricating films.

Imidazolium cation represents by far the most in-
vestigated class of ionic ILs. Liu et al. [18] found that PF6−

exhibited the best antifriction and antiwear properties in the
same imidazolium cation at room temperature. Qu et al. [19]
researched that the cations with longer side chain showed
better antiwear protection for titanium. At room tempera-
ture, the best performance was obtained for 8, 9, 1-methyl-3-
benzylimidazolium chloride ([BMIM]Cl). Based on the
conclusions above, the imidazolium-based ILs [CMIM]Cl
and [DMIM]PF6 are used to compose the alkyl binary doped
ILs in our study.

Molecular dynamics (MD) has been widely applied to
predict many properties of SAMs [20] and ILs [21]. *is
approach has been successfully applied for finding the
surface binding energy and adsorption behavior between
polymers and substrates [22, 23], the interaction between
polymers and crystal structures [24], and the interaction
between polymers and polymer-metal oxides [25]. Chau-
mont et al. [26, 27] had used MD simulations to study the
behavior of the ILs-water interface and the transport of large
solvent molecules across the interface. Maolin et al. [28, 29]
investigated the microscopic structures of the imidazolium-
based IL 1-butyl-3-methylimidazolium hexafluorophosphate
([BMIM]PF6) on a hydrophobic graphite surface by MD
simulations and showed that both the mass and electron
densities of the surface-adsorbed ILs are oscillatory. In ad-
dition, some studies have been performed regarding the

wetting of graphene with ILs nanodroplets. It has been ob-
served that the contact angle of the nanodroplet increased
with its size [30].

However, little information has been obtained on the
synthesis effect of the coexistent stationary and mobile
phases on the wetting behaviors and friction properties of
ILs’ thin lubricating films. Moreover, previous research has
failed to consider studying the molecular structural char-
acteristics and dynamical nanowetting behavior of the alkyl
binary doped ILs’ thin lubricating films. In this work, N-[3-
(trimethoxysilyl)propyl] ethylenediamine (DA) with one
siloxy group was used to modify a Si surface, which was the
basic structural material in N/MEMS. *e [CMIM]Cl and
[DMIM]PF6 were used to modify the DA SAM, which
typically resulted in the formation of the alkyl binary doped
ILs’ thin lubricating films. As the stationary phase, the
[CMIM]Cl molecules chemically reacted with the terminal
amino groups of the DA SAM and formed a backbone
structure to enhance the load-carrying capacity. In contrast,
as the mobile phase, the [DMIM]PF6 molecules were
physically adsorbed on the [CMIM]Cl/DA surface with a
low shear rate to reduce the friction coefficient.*e results of
the good wettability of the films will provide a theoretical
basis for its application in the antiadhesion and antiwear
fields.

2. Models and Simulation Details

2.1. Models. Apart from the coulombic forces, dispersive
forces, and inductive forces, the cation-anion interactions,
such as hydrogen-bonding-type interactions play consid-
erable roles in ILs [31, 32]. *e optimized molecular
structures of the DA, [CMIM]Cl, [DMIM]PF6, and Si in the
simulations are shown in Figures 1(a)–1(d), respectively.

In addition, Figure 1 shows the partial atomic charges of
the cations and anions for hydrogen interactions in the
system.*e strongest hydrogen-bond interaction is attached
to the C2 position of the imidazolium ring cations [33]. *e
distances of the mass center of Cl− and PF6− from hydrogen
are 1.997 Å and 2.853 Å, respectively [34].

In this work, the thin lubricating films were formed on
the Si surface by a two-step process. Firstly, DA molecules
were bonded to a hydroxyl-terminated Si surface to form a
densely packed SAM. *e DA SAM with the polar amino
group exposed outside was served as a connection layer.
*en, the [CMIM]Cl molecules were grafted onto the amino
group of DA SAM through an amidation, and the [DMIM]
PF6 molecules were physically absorbed on the [CMIM]Cl
layer; thus, the binary doped ILs overlayer was formed on the
DA SAM. For convenience, the films derived from DA with
[CMIM]Cl or [DMIM]PF6 are coded as [CMIM]Cl/DA/Si
or [DMIM]PF6/DA/Si, respectively, and the films derived
fromDAwith [CMIM]Cl and [DMIM]PF6 are coded as [CMIM]
Cl&[DMIM]PF6/DA/Si. With one more –CH2CH2NH– unit,
DA tends to form a more densely packed and more ordered
SAM. Additionally, hydrogen bonding between adjacent
molecules may occur in the buried–NH–layer, which will
enhance the rigidity and stability of the aminosilane SAM
[35].*e schematic representation of the reaction process and
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the ideal structure of the alkyl binary doped ILs thin lubri-
cating film on Si substrate are shown in Figure 2.

*e structural organization of the molecules assembling
on a surface is strongly affected by the various energy
contributions within the system. Earlier theoretical and
experimental studies have already suggested that molecular
structures such as the surface coverage and the chain grafting
positions can affect the chemical reactivity of the functional
groups on the surfaces, which further impact the wetting
behavior of the thin lubricating film. *e surface coverage
and the chain grafting positions of DA molecules on Si
substrates have already been proved in our previous work by
MD simulations [36]. Hence, the surface coverage and the
chain grafting positions of [CMIM]Cl molecules grafted on
DA surface have also been examined in this paper.

*e simulationmodels that comprise the thin lubricating
film applied in the system were constructed successively.
Firstly, to simulate the surface coverage of [CMIM]Cl on the
DA SAM, a slab of a Si crystal without a hydroxylated surface
was cleaved at the Si (100) plane and a 4 nm vacuum layer
was added to it, which is used as the Si base unit. According
to our previous study, when the surface coverage of the DA
molecules on the Si substrate was 50%, the corresponding
energy per chain was the lowest and the structure of the final
monolayer was the stablest [37]. In addition, the substitution
patterns of the 1× 4 and 1× 5 cells were selected, in which 1
represents the number of rows and 4 or 5 represents the
number of lines. *e patterns are shown in Figure 3. Clearly,
a [CMIM]Cl molecule grafted onto the DA SAM surface in
an arbitrary position was used to derive the [CMIM]Cl
molecular surface coverage simulation models. Specially, the
ratio of the number of grafted [CMIM]Cl molecules to DA
molecules was considered as the surface coverage rate of the
[CMIM]Cl molecules.

On account of the [DMIM]PF6 molecules physically
adsorbed rather than grafted on the surface of [CMIM]Cl/
DA/Si, the simulated model of adsorption was different from
the surface cover age simulation model.*e [CMIM]Cl/DA/
Si layer and the amorphous structural [DMIM]PF6 layers
with different ratios were constructed. In addition, two

independent layers were grouped together to obtain the
simulated model, as shown in Figure 4.

Wetting behaviors of the nanoscale water droplets on the
OH/Si, DA/Si, [DMIM]PF6/DA/Si, and [CMIM]Cl&
[DMIM]PF6/DA/Si surfaces were studied, which could re-
flect the antiadhesion properties of all the films. Specifically,
constructions of the wetting simulatedmodels were based on
the optimal surface coverage and chain grafting positions.
*e DA SAM unit was extended into a 20× 20× 2 super cell
to obtain a surface with the size of 76.8× 76.8× 89.5 Å3. A
water nanocluster containing 483 water molecules was
placed onto the surfaces of 4 kinds of samples. *e di-
mension along the z-axis was set to 89.5 Å so that the water
can be large enough to exhibit the bulk behavior.*e wetting
behaviors simulation models are depicted in Figure 5.

2.2. Simulation Details. Molecular dynamic simulations
were carried out with the Discover and Amorphous Cell
module in Materials Studio of Accelrys Inc. *e models of
the Si substrate, a DA connection-layer, a bonded-phased
[CMIM]Cl, a mobile-phased [DMIM]PF6, and a nano-water
droplet were constructed. Firstly, the Si lattice was derived
from the structural database of Materials Studio and cleaved
along the (100) and extended into a super cell. *e lattice
space group is Fd3m and the lattice concrete parameters are
a� b� c� 0.543 and α� β� c � 90°. Secondly, the surface was
completely hydroxylated. *e DAmolecules were bonded to
the hydroxylated Si substrate, the [CMIM]Cl molecules were
grafted on the external surface of DA SAM, and the [DMIM]
PF6 molecules were dissociated on the [CMIM]Cl surface.
Finally, a nano-water droplet was placed on the outside
surface of the [DMIM]PF6 molecular layer.

*e COMPASS [38] (condensed-phase-optimized mo-
lecular potentials for the atomistic simulation studies) force
field, which is based on the ab initio and empirical pa-
rameterization techniques, was used in the whole simulation
for its ability to predict the total structural parameters for
some ILs with available parameters [39]. *e total potential
energy is expressed as

(a)

Cl–

CMIM+

(b)

p

PF6
–

DMIM+

(c) (d)

Figure 1: Molecular structures in the simulation system: (a) DA; (b) cation (CMIM+); anion (Cl− ); (c) cation (DMIM+); anion (PF6− ); and
(d) Si substrate.

Mathematical Problems in Engineering 3



Etotal � Eb + Eθ + Eϕ + Eχ + Ecross + Enonbond

� 
b

k2 b − b0( 
2

+ k3 b − b0( 
3

+ k4 b − b0( 
4

 

+ 
θ

k2 θ − θ0( 
2

+ k3 θ − θ0( 
3

+ k4 θ − θ0( 
4

 

+ 
ϕ

k1(1 − cosϕ) + k2(1 − cos 2ϕ) + k3(1 − cos 3ϕ) 

+ 
χ

k2 χ − χ0( 
2

+ 
ij

εij 2
r0ij

rij

 

9

− 3
r0ij

rij

 

6
⎡⎢⎢⎣ ⎤⎥⎥⎦.

(1)

(a) (b)

Figure 3: Molecular modeling of the [CMIM]Cl molecular coverage simulation system: (a) 1× 4 cells; (b) 1× 5 cells. *e color code is as
follows: oxygen atoms (red); hydrogen atoms (white); nitrogen atoms (blue); carbon atoms (gray); and Si atoms (yellow).

[DMIM]PF6

[CMIM]Cl/DA/Si

Figure 4: Molecular simulation modeling of the adsorption. *e
color code is as follows: oxygen atoms (red); hydrogen atoms
(white); nitrogen atoms (blue); carbon atoms (gray); and Si atoms
(yellow).
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Figure 2: Schematic representation of the reaction process of the alkyl binary doped ILs’ thin lubricating film on Si surface.*e color code is
as follows: DA molecules (orange); cations of [CMIM]Cl (red); amide bonds (purple); cations of [DMIM]PF6 (green); and anions (blue).
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*e potential functions can be divided into two parts: the
diagonal and off-diagonal cross-coupling terms and the
nonbonded interaction terms.*e diagonal and off-diagonal
cross coupling terms include Eb, Eθ, Eϕ, and Eχ for bond,
angle, torsion, and out-of-plane angle coordinates, re-
spectively, and the Ecross for the cross-coupling terms be-
tween internal coordinates. *e cross-coupling terms are
important for predicting vibrational frequencies and
structural variations associated with conformational
changes. *e nonbonded terms, which include a Lennard-
Jones 9-6 (L-J) potential for the VDW interactions and a
Coulombic term for the electrostatic interactions, are used
for interactions between pairs of atoms that are separated by
three or more intervening atoms, or those that belong to
different molecules. *e detailed parameters of [CMIM]Cl
and [DMIM]PF6 are reported in Tables 1 and 2 of Sup-
plementary Materials.

*e solid Si substrate was frozen during all simulations
to enhance the computational efficiency. *e canonical
ensemble NVT (absolute temperate-T, constant number of
particles-N, and constant volume-V) was performed at 298K
for each system using the velocity-Verlet algorithm. *e
integration step was set as 1 fs. *e temperature was

controlled by using a Nosé–Hoover thermostat with a
damping parameter 1.0 ps− 1. When using the atom-based
summation method to calculate van der Waals (VDW) force
and the group-based calculation method to calculate the
coulombic force, the cutoff radius was 12.5 Å. To eliminate
the effects of the edges, periodic boundary conditions were
considered for both x and y directions, while nonperiodic
and mirror boundary conditions were applied along the z-
axis. Initially, the Smart minimizer in the discovery module
performed 20,000 iterations for the energy calculation and
structural optimization until equilibrium to obtain the
minimum energy system. Moreover, in the wetting behavior
simulations, the models were allowed to equilibrate by a
sequence of 1000 ps dynamics simulations at a constant
pressure of 1 atm to ensure that the models are equilibrize
well.

3. Results and Discussion

3.1. Surface Coverage of the [CMIM]Cl Molecules on the DA
SAM Surface. Molecules with a lower energy per chain and
less twist deformation are more stable with little in-
termolecular interactions. According to our previous work,

(a) (b)

(c) (d)

Figure 5: Snapshots of the wetting behaviors simulation models at the beginning of the simulation: (a) OH/Si; (b) DA/Si; (c) [DMIM]PF6/
DA/Si; and (d) [CMIM]Cl&[DMIM]PF6/DA/Si. *e color code is as follows: oxygen atoms (red); hydrogen atoms (white); nitrogen atoms
(blue); carbon atoms (gray); and Si atoms (yellow).
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when the surface coverage of the DA molecules on the Si
substrate was 50%, the corresponding energy per chain was
the lowest, and the structure of the DA SAMwas the stablest.
In this work, the energy per chain is used to estimate the
stability of the [CMIM]Cl/DA dual-layer film. *e energy
per chain of the [CMIM]Cl molecules in the simulation
system is calculated by the following equation:

Eave �
E − E0

n
, (2)

where E is the total energy, which is the mean value of the
energy with various grafting positions at the same surface
coverage, E0 is the energy when the surface coverage is zero,
and n indicates the number of [CMIM]Cl molecules at the
corresponding surface coverage.

*e relationship between the energy per chain and the
surface coverage of the [CMIM]Cl molecules on the DA
SAM surface is shown in Figure 6. *e simulation results
show that when the surface coverage is 50%, the energy per
chain of the [CMIM]Cl molecules is the lowest, which in-
dicates that the structure of the [CMIM]Cl/DA dual-layer
film is the stablest at this time.*erefore, the optimal surface
coverage of the [CMIM]Cl molecules on the DA SAM
surface is 50%, which is in good agreement with the ex-
perimental results, and the possible reason is that the
packing of alkyl chains and aromatic groups plays a primary
role in determining the substitution further influencing the
surface coverage.

3.2. Chain Grafting Position Analysis of [CMIM]Cl Molecules
on DA SAM Surface. *e distance between molecules is an
important factor affecting the system energy. In the 4× 4×1
cell simulation systemwith 50% surface coverage of [CMIM]
Cl molecules on the DA surface, there are several grafting
positions of the [CMIM]Cl molecules. Setting the distances
of adjacent two Si atoms as a, the feasible grafting positions
are shown in Figure 7(a), and the possible distances between
two arbitrary [CMIM]Cl molecules are

��
2a

√
, 2a, 2

��
2a

√
,���

10a
√

, and 3
��
2a

√
. According to the combined calculation

method, there are 9, 8, 4, 4, and 1 arrangements at the same
distances. *e mean energy per chain of the [CMIM]Cl
molecules with different spacings is simulated, and the re-
sults are shown in Table 1; the error is the difference between
the energy per chain and the average energy per chain with
different arrangements and the same distance.

Generally, the energy per chain is calculated to obtain the
optimal chain grafting positions. From the data in Table 1, it
can be clearly seen that when lateral spacing is 2a and the
longitudinal spacing is 2

��
2a

√
, the energy per chain is the

lowest due to the smallest intermolecular interactions.
However, no matter how the distance changes, the energy
per chain gradually increases because of the strongest re-
pulsive interactions between molecules at close distances
and the emergence of single molecule lodging or torsion
deformation at large distances. Moreover, both the strong
repulsive interaction and lodging or torsion deformation
lead to the instability of the overall molecular film.*e above
analyses demonstrate that the position of adjacent two IL

molecules require a certain range. It is further concluded
that when the [CMIM]Cl molecular surface coverage is 50%
with a longitudinal spacing of 2

��
2a

√
and a lateral spacing of

2a arrangement, the molecular sequence is relatively dense
and orderly, and the optimal chain grafting positions are
shown in Figure 7(b). *e position is similar to a zigzag
distribution. It is because the van der Waals interactions
between chains are favorable. As the chains are at suitable
distances, they have increasing rotational freedom to
reorient themselves to low-energy configurations. *ere is
ample room for the chains to move away from the surface. It
is reported that the relative density and relative orderliness
of the arrangement can effectively enhance the stability of
the system [40].

3.3. SimulationAnalysis of [DMIM]PF6MolecularAdsorption
Model. *e model of an 8× 8 × 2 Si unit cell with 50%
grafted DA molecules and 50% [CMIM]Cl molecules
grafted on the DA surface as the substrate, namely,
[CMIM]Cl/DA/Si as mentioned above, and the amorphous
structural [DMIM]PF6 as the adsorbed layers were utilized.
*e [DMIM]PF6 layers were chosen based on the ratio of
the number of [CMIM]Cl and [DMIM]PF6 molecules,
which were from 1 :1 to 1 : 10, respectively. After the dy-
namics simulation, it was found that there was no sig-
nificant difference in the equilibrium adsorption structures
of the [DMIM]PF6 layer on the surface of the [CMIM]Cl/
DA/Si. To further analyze the interaction between the
adsorption layer and the adsorbed layers, the adsorption
energy of the [DMIM]PF6 layers on [CMIM]Cl/DA/Si was
quantitatively calculated. *e binding energy of the in-
terface can be used to measure the bonding strength of the
interface. *e greater the interface binding energy is, the
more work it takes to destroy the interface with an interface
that is more solid. *e binding energy, Ebinding, is the
negative value of interaction energy of the Eadsorption. A
higher value of the binding energy implies stronger in-
teractions or attachments. And the equations are as
follows:
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Figure 6: Energy per chain of the [CMIM]Cl/DA dual-layer film
with different [CMIM]Cl molecular surface coverages.
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Eadsorption � Etotal − Emolecule − Esurface,

Ebinding � − Eadsorption,
(3)

where Eadsorption is the interfacial adsorption energy; Etotal is
the total energy of the [DMIM]PF6 layer and the [CMIM]Cl/
DA/Si layer; Emolecules is the single point energy of the
[DMIM]PF6 layer; Esurface is the single point energy of the
[CMIM]Cl/DA/Si layer; and Ebinding is the interfacial
binding energy.

*e adsorption energy per chain of the [DMIM]PF6
molecules was calculated to produce more accurate simulated
results. *e per chain adsorption energy of the [DMIM]PF6
molecule at different ratios is shown in Figure 8. When the
ratio reaches to 1 : 4, the per chain adsorption energy is the
lowest because the intermolecular interactions of a single
molecule decreased for a suitable number of [DMIM]PF6
molecules. In contrast, the binding energy is the highest at a
ratio of 1 : 4, which indicates the stablest structure. Obviously,
it is concluded that when the molecular number ratio of
[CMIM]Cl : [DMIM]PF6 is 1 : 4, the binding energy between
the [DMIM]PF6 layer and the [CMIM]Cl/DA/Si layer is the
largest, and the interface at this time demonstrates the most
solid combination.

3.4. Simulation Analysis of the Energy for the Adsorption
Model Systems. *e [DMIM]PF6 layers in the mixed
amorphous structure are able to bind to the [CMIM]Cl/DA/

Si layer because of the existence of intermolecular in-
teractions, i.e., mainly van derWaals and electrostatic forces,
of which the VDW forces include both repulsive and dis-
persive forces. *e energy compositions of the molecular
system at different ratios are shown in Table 2. It is observed
that the VDW repulsive force and the dispersion force in the
nonbonding terms contribute the most to the energy of the
system. In the bonding term, the bond angle bending energy
and the torsion energy are also large, both of which come
from the interaction between atoms in the [DMIM]PF6.
However, these energies have no effect on the whole in-
terfacial binding because the energy values are offset from
the bonding term in the single point energy of the [DMIM]
PF6 molecules when calculating the binding energy of the
interface. It is concluded that the main factor affecting the
interface binding is the VDW forces among the interfacial
structure molecules.

3.5. Wetting Behaviors of the Binary Doped ILs’ >in Lubri-
cating Films. *e solid surface wetting property is one of the
important properties of materials, which is determined by
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Figure 8: Adsorption energy per chain of the [DMIM]PF6 mol-
ecules at different ratios.
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Figure 7: (a) *e possible distances between two [CMIM]Cl molecules in the 4× 4×1 cell simulated system; (b) the optimal chain grafting
positions of the [CMIM]Cl molecules at 50% surface coverage. *e color code is as follows: the black indicates the [CMIM]Cl molecule’s
positions; the blue indicates the DA molecule’s positions; and the gray indicates the Si substrate.

Table 1: Average energy per chain of [CMIM]Cl molecule with
different spacings.

Orientations Spacings Average energy per chain
(Kcal/mol)

Lateral spacing 2a − 60.178 ( ±0.13)

Longitudinal spacings

��
2a

√
− 57.383 ( ±0.08)

2
��
2a

√
− 61.417 ( ±0.10)���

10a
√

− 57.997 ( ±0.12)
3

��
2a

√
− 57.708 ( ±0.15)
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the chemical composition of the surface and the micro-
structure, and it is usually characterized by the contact angle
of the liquid on the solid surface [41]. *e models, OH/Si,
DA/Si, [DMIM]PF6/DA/Si, and [CMIM]Cl&[DMIM]PF6/
DA/Si lubricating films with the optimal parameters above,
and nano-water droplets placed onto the film surfaces to
form the wetting systems, were examined by dynamical
simulations. Snapshots from the simulations of 4 kinds of
surfaces are summarized in Figure 9, which provide an
intuitive visual of the wetting character of all the thin lu-
bricating films with different terminal groups (-OH, -NH2,
and -CH3) from most hydrophobic to the most hydrophilic.
In Figure 9, each row of the snapshots corresponds to one
kind of film, which is noted along the y-axis. From left to
right, 4 conformation snapshots are presented for the
simulation steps. At first, the nano-water droplets are ball-
shaped on all surfaces. As the simulation proceeds, the ball-
shaped configuration of the nano-water droplets are
spreading owing to the strong interactions between nano-
water droplets and the hydrophilic surfaces (OH/Si and DA/
Si), by the reason of the high surface energy functional
groups outside the films. *e nano-water droplets spread
rapidly onto the surfaces possessing an arc-shaped config-
uration. In contrast, the interactions between nano-water
droplets and the hydrophobic surfaces ([DMIM]PF6/DA/Si
and [CMIM]Cl&DMIM]PF6/DA/Si) are weak, and the
equilibrium configuration of nano-water droplets is changed
little. *e microscopic reason of the phenomenon is the
water molecules can form O-H. . .O and N-H. . .N hydro-
gen-bonds on the hydrophilic surfaces of OH/Si and DA/Si,
which carry the terminal groups of -OH and -NH2. So the
nano-water droplets spread over the hydrophilic surface
gradually with the simulated time increase. *e nano-water
droplets on the -CH3 terminated films maintain a ball shape
during the simulation without forming a hydrogen bond.
Minimal interaction between water molecules and the film
surface means that the nano-water droplets cannot spread
over the hydrophobic surface. Furthermore, the [CMIM]
Cl&DMIM]PF6/DA/Si shows the optimal hydrophobic
phenomenon because of the existence of halogen atoms in
[CMIM]Cl, which can form a halogen bond with the cations.
In addition, the synergistic effect of hydrogen-bonded and
halogen-bonded species facilitates reduced interactions

between the ILs, which regulate better hydrophobic prop-
erties [42]. When the interfacial binding energy between
[DMIM]PF6 and [CMIM]Cl is negative, the repulsive force
of [CMIM]Cl and [DMIM]PF6 increases, which makes the
[DMIM]PF6 layer more detached, and further increases the
antifriction and antiwear properties of the thin lubricating
film. *e bonded-phase [CMIM]Cl improves the vis-
breaking and load-bearing properties of the films. It is of
great significance to provide theoretical guidance in the field
of antifriction and antiadhesion in high-performance thin
lubricating films.

To quantitatively describe the wettability of the surface,
the contact angles of nano-water droplets on each surface
were calculated, which directly reflect the surface hydro-
phobicity. In addition, contact angles were calculated by the
following equations:

cos θ �
1 − h

R
,

(R − r)
2

+ r
2

� R
2
.

(4)

According to the method proposed by Fan and Caǧin
[43], nano-water droplets in an equilibrium state are ap-
proximated as part of an ideal sphere, as shown in Figure 10.
In this figure, h is the height of the nano-water droplets; r is
the radius of the nano-water droplets contacting the surface;
and R is the radius of the nano-water droplets.

However, due to the anisotropic properties of imida-
zolium-based ILs caused by the asymmetrical distribution of
complex cations and anions, the droplet surface is no longer
a regular spherical surface on the nanoscale. Under such
circumstances, we estimated the average of 5 consecutive
sets of the calculated values within 5 degrees as the final
contact angle. *e calculated values of the contact angles of
nano-water droplets on each surface are shown in Figure 11.
Obviously, the alkyl binary doped ILs’ thin lubricating film
definitely improves the wetting property, which indicates the
low adhesion and low friction.

3.6. Equilibrium Criteria of MD Simulation. In the simu-
lation process, the temperature and the energy are used to
indicate the equilibrium state of the systems. *e

Table 2: Energy compositions of the molecular system at different ratios.

Ratios ([CMIM]Cl : [DMIM]PF6)
Internal energy (kJ/mol) Nonbond energy (kJ/mol)

Bond Angle Torsion Out-of-plane Cross terms VDW repulsive VDW dispersive Electrostatic
1 :1 190.7 1206.3 − 2061.6 2.4 − 172.9 5021.5 − 6716.5 − 1657.2
1 : 2 224.2 1355 − 2480 2.3 − 242.5 5652.3 − 7529.1 − 1738.1
1 : 3 256.9 1508.5 − 2885.7 2.4 − 299.9 6296.6 − 8396.9 − 1814.3
1 : 4 291.8 1676.9 − 3296.1 3.8 − 381.7 6762.6 − 9011.5 − 1930.5
1 : 5 325.5 1836.1 − 3701.8 4.5 − 442.2 7390.1 − 9831.6 − 2078.2
1 : 6 361.8 1979.9 − 4120.5 4.8 − 517.6 7998.9 − 10645.8 − 2145.3
1 : 7 398.5 2151.9 − 4543.9 5.5 − 578.4 8466.5 − 11238.7 − 2221.2
1 : 8 492.5 2505.3 − 4850 5.9 − 662.7 8995.7 − 11699.1 − 4051.9
1 : 9 519.0 2645.5 − 5292.8 7.4 − 738.9 9478.5 − 12327.3 − 4193.9
1 :10 502.7 2632.6 − 5769.7 7.1 − 791.7 10436.1 − 13824.1 − 2547.5
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fluctuations of the temperature and energy in the range of
5–10% are the two protocols of the system equilibrium. In
general, the system reaches the equilibrium in the first

50 ps, and an additional 50 ps is allowed in each case to
ensure the equilibrium. For example, the temperature and
energy fluctuations during the equilibrium operation of
the [CMIM]Cl&[DMIM]PF6/DA/Si system are shown in
Figures 12(a)–12(c). It has been observed that the system
quickly equilibrates in less than 100 ps and then continues
to fluctuate near the equilibrium state. When the equi-
librium is reached, the temperature fluctuates within
±20 K, which is 6.7% of the simulated temperature. *e
deviations of potential energy and nonbond energy are
both less than 10%, indicating that the system has reached
the energy balance in 1000 ps. Similarly, OH/Si, DA/Si,
and [DMIM]PF6/DA/Si are balanced according to these
two protocols, which are widely studied by other re-
searchers [44].

3.7. Radial Distribution Functions. Hydrogen bonds are
sufficiently strong to affect the surface wetting behavior [45].
*erefore, to better understand the wetting behaviors of
nano-water droplets near different surfaces, the radial dis-
tribution function (RDF) is plotted, from which it can be
determined whether or not there may be hydrogen bonds.
Figure 13 shows the RDF between the water molecules and
substrate surface.

Figure 13(a) shows the RDF between the water molecules
and the hydroxy in the substrate. *e first peak of O-H RDF
is located at 1.85 Å, and obviously, (H-O. . .H) hydrogen
bonds are formed. Moreover, the hydrogen bonds enhance
the hydrophilicity of the OH/Si surface. In the RDF of the
DA/Si surface in Figure 13(b), two peaks of N-H are evident
at 1.01 to 1.93 Å, which suggest that (N-H. . .N) hydrogen
bonds are easily formed and further improve the
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Figure 10: Contact angle calculation diagram.
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Figure 11: Simulated contact angles of the nano-water droplets on
different surfaces.
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Figure 9: Snapshots of nano-water droplets along the x and y directions at equilibrium state on the surfaces of 4 kinds of ILs’ thin lubricating
films.
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hydrophilicity of the DA/Si surface. In Figure 13(c), the RDF
between the atoms in water and the atoms in [DMIM]PF6
demonstrates a peak at 1.05 Å, which suggests that hydrogen
bonds are formed with the surface -CH3 groups, and [DMIM]
PF6/DA/Si shows a better hydrophobic phenomenon. While
for the [CMIM]Cl&[DMIM]PF6/DA/Si surface shown in
Figure 13(d), there is no peak value in the (N-H. . .N) hy-
drogen bond RDF, in contrast with Figure 13(c). *e possible
reason is that the halogen bonds generated between the
anions and cations in [CMIM]Cl reduce the interactions
between the [CMIM]Cl and [DMIM]PF6molecules.*us, the
weak VDW force acting on the [CMIM]Cl&[DMIM]PF6/
DA/Si surface ensures good hydrophobicity.

4. Conclusions

In summary, the molecular structure and the dynamic
wetting behavior of the alkyl binary doped ILs’ thin lubri-
cating film were probed by MD simulations. *e most
important result of the molecular structure is that [CMIM]
Cl has an optimal surface coverage of 50% on the DA SAM
with a longitudinal spacing of 2

��
2a

√
and a lateral spacing of

2a, and the simulated system is the stablest under these
conditions. *en, the simulated result for the adsorption of
[DMIM]PF6 indicates that when the ratio of [CMIM]Cl :
[DMIM]PF6 is 1 : 4, the interfacial binding energy between
the [DMIM]PF6 molecules and [CMIM]Cl/DA is the largest
and has the stablest configuration. With the optimal pa-
rameters above, the nanoscale wetting behavior of the thin
lubricating film shows the best hydrophobic phenomenon
because the thin film of binary doped ILs leads to a dual-
dependent phase with the formation of a [CMIM]Cl bonded
phase to reduce the adhesion force and a [DMIM]PF6mobile
phase to reduce the friction force. *is research provides a
theoretical basis for designing high-performance friction-
reduced adhesion-resistant silicon-based materials and of-
fers theoretical guidance for experimental studies.
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In this paper, the mechanism governing the particle-fluid flow characters in the stepped pipeline is studied by the combined
discrete element method (DEM) and computational fluid dynamics (CFD) model (CFD-DEM) and the two fluid model (TFM).
.e mechanisms governing the gas-solid flow in the horizontal stepped pipeline are investigated in terms of solid and gas velocity
distributions, pressure drop, process performance, the gas-solid interaction forces, solid-solid interaction forces, and the solid-
wall interaction forces. .e two models successfully capture the key flow features in the stepped pipeline, such as the decrease of
gas velocity, solid velocity, and pressure drop, during and after the passage of gas-solid flow through the stepped section. What is
more important, the reason of the appearance of large size solid dune and pressure surge phenomena suffered in the stepped
pipeline is investigated macroscopically and microscopically. .e section in which the blockage problem most likely occurs in the
stepped pipeline is confirmed. .e pipe wall wearing problem, which is one of the most common and critical problems in
pneumatic conveying system, is analysed and investigated in terms of interaction forces. It is shown that the most serious pipe wall
wearing problem happened in the section which is just behind the stepped part.

1. Introduction

In industries, there are always increasing needs to convey large
quantities of bulk solids over a long distance (up to 1-2km). In
such cases, the long-distance high-pressure dense-phase
pneumatic conveying systems are usually employed..is system
mainly consists of storage pumps, conveying pipelines, and
cyclone separators. In such a system, the stepped pipeline rather
than conventional pipeline is usually used. .is is because that,
in the conventional pipeline and high-pressure conditions, the
gas and solid velocities will be too high at the end of the pipeline
due to the compressibility of the gas. High velocity can cause
solids attrition, pipe wear, and a large pressure loss. A large
pressure loss also means that more power is needed for the
transportation. .erefore, keeping the conveying air velocity as

low as possible is very important..e stepped pipeline (Figure 1)
provides a solution for this problem.

Although the advantages of using stepped pipelines are
considerable compared to single-bore pipelines, the use of
stepped pipelines in high-pressure systems has been a long and
slow development. Part of this was probably due to the lack of
understanding of the mechanisms governing the gas-solid flow
characters in the stepped pipeline. .ere was very little pub-
lished information on the subject, and only a few universities,
on a worldwide basis were undertaking research in the area [2].
In the last decade, more andmore researchers paid attention to
this area, but published information is still limited.

Generally, studies on gas-solid flows in the stepped
pipelines have employed two methods of investigation:
experimental and numerical simulation methods [3].
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In the experimental investigation category, Tashiro et al.
[4–7] studied the sudden expansion of a gas-solid two-phase
flow in a pipe when the flow direction was vertically
downward and upward, in addition to investigating the in-
fluence of the diameter ratio of a sudden expansion circular
pipe in the case of a gas-solid two-phase flow. Further, ve-
locities of solid particles and gas phase when flowing through
a sudden expansion in the vertical stepped pipeline have also
been measured by several authors [8–10]. Solid particles have
been found to move faster than the carrier fluid almost ev-
erywhere in the expanded flow region, and conversely, small
particles (i.e., submicron particles) are captured by the
recirculating flow, from which the large particles with a high
inertia could escape. Founti and Klipfel [11] investigated the
effects of particle-to-particle collisions on the characteristics
of the particle motion in a vertically downward flow through a
sudden expansion, both experimentally and computationally.
Experiments and predictions demonstrated that, for semi-
dense sudden expansion flows, particle dispersion is mainly
controlled by the relative magnitude of the time elapsed
between successive collisions, the local value of the particle
relaxation time, and the eddy time scale..e details of laminar
axisymmetric sudden expansion flows such as the distance to
the reattachment, redevelopment length, and strength of the
recirculating flow have also been widely investigated through
a flow visualization technique [12, 13] and particle image
velocimetry (PIV)measurements [14]..ese results are useful
in solving some practical problems. However, the flow di-
rection in most of these researches is vertically downward and
upward. .e microcosmic mechanisms underlying the gas-
solid flow in a horizontal stepped pipeline are still not clearly
understood. In principle, computer modelling and simula-
tions can overcome this problem.

In the numerical simulation investigation category,
Gundogdu et al. [15] analysed the pressure loss through a
sudden expansion in two-phase pneumatic conveying lines
and developed a newmodel called the slip flowmodel, which
takes into account the slip velocity between gas and solid
phases, evaluated by coupling the well-known separated flow
model with the empirical slip ratio predictions in the lit-
erature. Bae and Kim [16, 17] studied the pressure losses in
turbulent flows through axisymmetric sudden expansions
and the effect of Reynolds number with the two fluid model
(TFM). .e obtained results showed that for the cases where
the jet remains attached to the chamfer surface, the reat-
tachment length, separation point, and irreversible pressure
drop occurring from the sudden expansions are less sensitive
to the Reynolds number. A great progress has been made in
the understanding of the mechanism governing the complex
gas-solid flow in stepped pipelines by using the numerical
approach, and what should be pointed out is that almost all
the numerical studies have been based on the TFM. TFM is
preferred in process modelling and applied research because

of its computational convenience. However, as pointed out
by Zhu et al. [18, 19], the TFM approach is unable to model
the discrete flow characteristics of particles of different
properties. Without the particle scale information about the
mechanisms governing the gas-solid flow, the design, op-
timization, and scale-up of the stepped pipeline and its
further application will be hindered. Luckily, the discrete
flow characteristics of particles can be studied by the
combined discrete element method (DEM) and computa-
tional fluid dynamics (CFD) model (CFD-DEM) [20, 21].

CFD-DEM model can obtain particle scale information
which is useful for fundamental understanding while TFM
can model industrial scale system [22, 23] where billions of
particles are encountered. Some cases studied by the TFM are
hard to be modelled by the CFD-DEM model due to limited
computational resource. To maximize the advantage of TFM
and CFD-DEM, both will be used to study the gas-solid flow
in a horizontal stepped pipeline. .e TFM will be used in this
paper to investigate the mechanisms governing the gas-solid
flow in relatively macroscopic view, in terms of solid and gas
velocity distributions, pressure drop, and process perfor-
mance. .e flow characteristics in the stepped pipeline in the
particle scale will be studied by using the CFD-DEMmethod.
Meanwhile, the reason of large size solid dune and pressure
surge phenomena suffered in the stepped pipeline will be
investigated macroscopically by TFM and microscopically by
CFD-DEM. .e section in which the blockage problem most
likely occurs in the pipeline will be confirmed. .e pipe wall
wearing problem, which is one of the most common and
critical problems in pneumatic conveying system, will be
analysed in terms of interaction forces.

2. Mathematical Model

.e TFM [18, 24–28] and CFD-DEM [18, 29–36] used for
the present work has been well documented in the literature.
For brevity, only a brief description of these two methods is
given here.

Both the solid and gas phases are treated as continuum
phases in TFM. .ere are two sets of governing equations in
TFM: one is called Model A and the other Model B [25]. .e
major difference between Model A and Model B is that
Model A assumes that gas and solid phases share the
pressure while Model B assumes that pressure only acts on
gas phase. Both the Model A and Model B can give similar
results [18, 27]. In this work, Model B is used. .us, the
conservations of mass and momentum in terms of the local
mean variables over a computational cell are given by

zε
zt

+ ∇ · (εu) � 0,

z ρfεu( 

zt
+ ∇ · ρf εuu(  � − ∇p − Fpf + ∇ · (ετ) + ρf εg,

(1)

where ε, u, and t are, respectively, porosity, fluid velocity, and
time; ρf , P, Fpf , τ, and g are the fluid density and pressure,
volumetric particle-fluid interaction force (Ffp � 

kc
i�1fpf ,i,

where kc is the number of particles in a CFD cell), fluid
viscous stress tensor, and gravity acceleration, respectively.

Inlet Outlet

Figure 1: Sketch of stepped pipeline [1].
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.e frictional force is one of the most important forces
on a particle by its surrounding fluid..emodel formulation
for the frictional force in TFM is

Ff � μFN, (2)

where Ff is the force of friction exerted by each surface on
the other; μ is the coefficient of friction, which is an empirical
property of the contacting materials; and FN is the normal
force exerted by each surface on the other, directed per-
pendicular to the surface.

For the CFD-DEM, the solid phase is treated as a discrete
phase and described by the so-called discrete element
method [34]. According to the model, the translational and
rotational motions of a particle at any time, t, can be de-
scribed by Newton’s law of motion:

mi

dvi

dt
� fpf ,i + 

ki

j�1
fc,ij + fd,ij  + mig,

Ii

dωi

dt
� 

ki

j�1
Tij + Mij ,

(3)

where mi, Ii, and Vi and ωi are, the mass, moment of inertia,
and translational and rotational velocities of particle i, re-
spectively. .e forces acting on particle i are the gas-solid
interaction force, fpf ,i, interparticle forces between particles i

and j, which include the contact forces, fc,ij, and viscous
damping forces, fd,ij, and the gravitational force, mig. In this
model, the gas-solid interaction force includes viscous drag
force (fd,i) and pressure gradient force (fpg,i)..e interparticle
forces are summed over the ki particles in contact with
particle i. Torques, Tij, are generated by tangential forces and
cause particle i to rotate, because the interparticle forces act at
the contact point between particles i and j not at the particle
centre. Mij is the rolling friction torque that opposes the
rotation of the ith particle. .e governing equations of gas
phase are the same as those used in TFM [25].

.e TFM used in this paper is based on the commercial
ANSYS software and the CFD-DEM method used is based
on the in-house codes developed by “SIMPAS” group at the
Monash University. To take the advantages of the CFD
developments already available, we have extended our CFD-
DEM code with the commercial software Fluent as the
platform, achieved by incorporating a DEM code into Fluent
through its User Defined Functions (UDF). .e computa-
tional domain for particle and fluid phases is the same, with
the boundary meshes automatically generated in Fluent for
the considered systems. .e coupling of DEM and CFD at
different time and length scales is achieved using the same
scheme as that in our previous studies [33, 37–40].

3. Simulation Conditions

.e stepped pipe investigated in this paper is sketched in
Figure 2(a)..e first half part of this pipeline is a conventional
pipeline of 324mm diameter, the second half part of it is a
conventional pipeline of 400mm diameter, and the total
lengths of it is 34m..ere is a gradual expansion part between

the two conventional pipeline parts. Figure 2(b) shows a part
of the computational domain for the stepped pipeline; note
that the whole computational domain of the stepped pipeline
contains 83,000 structured CFD grids. In the TFM and CFD-
DEM modelling, not periodic boundary, inlet and outlet is
used to make the simulation conditions closer to real situa-
tion. All the simulations in this study are 2D. .e other
material properties and operational variables are shown in
Table 1. As stepped pipelines are usually used at a high
pressure, the density of gas phase used here is 2.45 kg/m3.

To illustrate the improvement in the stepped pipeline,
two single bore pipelines are also studied for the comparison
purpose. .e first conventional single pipeline has a 324mm
pipe diameter, which is the same as the first half part of the
stepped pipeline. .e second conventional single pipeline
has a 400mm pipe diameter, which is the same as the second
half part of the stepped pipeline. Just one conventional single
pipeline is sketched here for brevity (Figures 2(c) and 2(d)).
.e computational domains of the conventional pipelines of
324mm and 400mm diameters contain 28000 and 34600
structured CFD grids, respectively.

4. Results and Discussion

4.1. Working Mechanism of the Bypass System

4.1.1. Pressure Drop. For a given pipeline system, the
pressure drop with gas only flow can provide a useful ref-
erence. For example, during the industrial application, if the
pressure drop with gas only flow is higher than the referenced
value, it may reflect that some conveying materials are still left
in the pipeline, a material build-up on the pipeline walls, or
even a partial blockage in the pipeline. Up to now, in-
vestigations on the empty stepped pipeline pressure drop has
not been reported. In this study, the pressure drop is defined
as the pressure difference between the inlet and outlet of the
conveying pipeline..e empty stepped pipeline pressure drop
will be studied firstly. For comparison purpose, the pressure
drop results of empty single pipelines will also be considered,
and the results are shown in Figure 3.

It can be seen very clearly that with an increase in air mass
flow rate, the empty-line pressure drop in the single pipe goes
up exponentially. Similar simulation results are obtained for
the stepped pipes, but the increase is gentler. What is more,
the stepped pipe has the smallest empty-line pressure drop.
.e empty-line pressure drop value of the stepped pipe is only
about half of the 324mm single pipe. Although the second
half part of the stepped pipe has the same diameter with the
other single pipe, 400mm, the pressure drop value is still
smaller than that of the single pipe. Besides, the results also
indicate that the 400mm diameter single pipe has a lower
pressure drop than that of the 324mm diameter single pipe.
.e empty-line pressure drop goes down with the increase of
single pipe diameter for gas only flow.

For a fixed solid flow rate and solid loading ratio, many
reported researches show that the stepped pipe can reduce
the pressure drop by a large amount compared to a con-
ventional single pipeline [1, 41]. In this study, the solid mass
flow rate is 88 kg/s while the air mass flow rate is 1.5 kg/s.

Mathematical Problems in Engineering 3



Keeping the same solids and air mass flow rates, the gas-solid
flows in the stepped pipe and conventional single bore pipes
with 324mm and 400mm diameters are investigated. .e

distribution of static pressure near the stepped section can be
seen from the numerical simulation results (Figure 4). .e
variations of the pressure drop in the stepped and single
pipes can be seen in Figure 5.

It can be seen from Figure 4 that the static pressure
changes more significantly in both sides of the stepped
section than that in the stepped part itself. In addition, the
first part of the stepped pipe has a more significant pressure
drop change than that in the second part. .ese results
indicate that the pressure drop is largely reduced when the
gas-solid flow passes through the stepped section.

A characteristic feature of Figure 5 is that the fluctuations
of the pressure drop are high, which are due to the appearance
of the solid dunes that will be studied later on in other
sections. .is figure also shows that the pressure drops are
830 Pa, 1300 Pa, and 1050 Pa, for the stepped pipe, single pipe
with 324mm diameter, and the single pipe with 400mm
diameter, respectively. .e stepped pipe has the lowest
pressure drop compared to the other two conventional single
pipes for the same mass flow rate and solid loading ratio,
which agrees well with the experimental results of Mills [1].

For investigating relationship between the pressure drop
and air mass flow rate, the solid mass flow rate is kept at
88 kg/s. .e single pipe of 400mm diameter is studied to
compare with the stepped pipeline. .e simulation results
are shown in Figure 6.

It can be seen that the pressure drop goes up with the
increase of air mass flow rate in the case of the stepped pipe. A
lower pressure drop can be found in the case of the stepped
pipeline compared with that of the 400mm diameter single
pipeline. .e results also indicate that the pressure drop
difference between the stepped pipe and single pipe becomes
larger with an increase in the air mass flow rate.

In addition, a lower pressure drop means lower energy
consumption. .e above results show that higher flow rates
can be achieved with a lower pressure drop, resulting in less
energy consumption for a given gas-solid flow in the stepped
pipeline than that in the conventional single pipeline. .e
improvement of the performance is huge when the stepped
pipeline is used, which agrees well with the theoretical
analysis results [1].

To study the effects of different pipe sizes on the pressure
drop, three cases were studied..e first halves of the stepped
pipelines are conventional pipelines of 243mm, 283.5mm,
and 324mm, and their second halves are conventional
pipelines of 300mm, 350mm, and 400mm diameters,

Table 1: Simulation parameters used in this work.

Numerical
model Parameters Symbol Units Value

CFD-DEM

Solid mass flow rate kg/s 0.89
Solid density ρ kg/m3 800

Solid particle radius Ri mm 3
Time step for solids Δt s 1× 10− 6

Solid velocities vp m/s 6.4–24
Gas density ρ kg/m3 2.45
Gas velocities vg m/s 8–30

Time step for gas Δt s 6×10− 3

TFM

Solid particle
diameter Ri mm 0.8

Solid density ρ kg/m3 1400
Solid velocities vp m/s 3.2–20

Inlet gas velocities vg m/s 4–25
Gas density ρ kg/m3 2.45
Time step Δt s 1× 10− 4
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Figure 3: Relationship between empty-line pressure drop and air
mass flow rate for TFM method.
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Figure 2: (a) A sketch of stepped pipeline, (b) structured CFD grids of the computational domain, (c) single pipeline, and (d) computational
domain grid of single pipeline.
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respectively. .e operational conditions are that they all
have the same solid mass flow rate of 88 kg/s, and a fixed
solid loading ratio. .e simulation results are shown in
Figure 7.

It can be seen from Figure 7 that the pressure drop
reduces with an increase in stepped pipeline diameter. .ese

results also indicate that the energy consumption decreases
with increasing of pipe diameter for the stepped pipeline.

4.1.2. Gas Velocity. For the study of gas velocity, cases of gas
only flow in the stepped and other two single pipes of
324mm and 400mm diameters are studied firstly. .e air
mass flow rate is kept at 2 kg/s in each case. From
Figures 8(b)–8(d), it can be seen very clearly that the stepped
pipe has the lowest exit velocity. For the conventional single
pipe, the results of Figures 8(c) and 8(d) also indicate that the
gas only exit velocity decrease with an increase in pipe
diameter. For the stepped pipeline, Figure 8(a) reveals that
there is a sudden decrease in gas velocity at the stepped part,
which agrees well with Mills’ theoretical analysis results [1].
.is is because the gas density goes down sharply at this part
with the enlargement of pipe diameter size.

.e relationship between the air mass flow rate and exit
gas velocity is also studied here (Figure 9). A linear re-
lationship between the gas velocity and air mass flow rate can
be seen from Figure 9 for the stepped pipeline and con-
ventional single pipelines. .e stepped pipe has a lower exit
gas velocity compared to the single pipe under the same
operational conditions. With the increase of air mass flow
rate, the difference between the exit gas velocity of the
stepped pipe and those of single pipes becomes larger. .e
exit gas velocity decreases with an increase in single pipe
diameter.

For the gas-solid flow, the gas velocity is very important.
If the gas velocity is too high, the particle conveying velocity

Static pressure: 1000 1050 1100 1150 2000 

Figure 4: Distribution of static pressure near the stepped section with TFM.
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Figure 5: Variation of the pressure drop in the stepped pipe and
conventional single pipe for a fixed solid mass flow rate of 88 kg/s
and fixed loading ratio with TFM.
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Figure 6: Relationship between pressure drop and air mass flow
rate with TFM method and a fixed solid mass flow rate.
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will be high. A higher-speed material flow can cause an
abrasive material to produce excessive and premature wear
on the conveying line and other material-contact compo-
nents. To study the gas velocity in the stepped pipe and single
pipelines of 324mm and 400mm diameters, the solids mass
flow rate is kept at 88 kg/s and solids loading ratio at 58.7.
.e numerical results are shown in Figure 10. It can be seen
from the Figure 10 that the gas velocity in the single pipeline
of 324mm pipe diameter is biggest. When the pipe diameter
of single pipeline is increased to 400mm (see Figure 10(c)), a
lower gas velocity can be found, but the gas velocity near exit

is still higher than the exit gas velocity of the stepped pipe.
.e results also show how huge an improvement can be
obtained by using a stepped pipe in the same situation..ere
is a sudden change in the gas velocity when the gas-solid flow
passes through the stepped part of the stepped pipeline. .e
gas velocity after the stepped point is about only half of the
gas velocity before this point.

4.1.3. Solid Velocity. For horizontal pneumatic conveying,
the excessive wear and premature wear of the conveying line
and other material-contact components, damage to friable
material, the particle degradation, even blockages in the
conveying pipeline, and so on are all directly or indirectly
related to the velocity of solids. So, the study of solid velocity
is very important.

.e study of the solid velocity is also started from a
comparison between the stepped pipeline and two con-
ventional single pipelines. .e identical operational condi-
tions, namely, a solid mass flow rate of 88 kg/s and solid
loading ratio of 58.7 are used for all three pipelines. .e
results are shown in Figure 11.

It can be seen from Figure 11 that the solid velocity is
reduced largely when the gas-solid flow passes through the
stepped section of stepped pipeline. .e solid velocity is
lower in the bottom part of all the pipes and is relatively
higher in the upper part. Figure 11(b) shows that the solid
velocity is higher over a longer section in the case of 324mm
diameter single pipeline than in the case of 400mm diameter

Gas velocity magnitude: 0 1 2 3 4 5 6 7 8 9 1011
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Figure 8: Gas velocity field in gas only flow with TFM, coloured by velocity magnitude (m/s) on the same scale: (a) velocity field at the
stepped part of the stepped pipe; (b) velocity field near the exit of stepped pipe; (c) velocity field near the exit of 324mm single pipe;
(d) velocity field near the exit of 400mm single pipe.
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rate in gas only flow in the TFM numerical method.
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single pipeline (Figure 11(c)). It can be also inferred from the
figures that the solid velocity decreases with the increase of
pipeline diameter. In addition, the solid velocity in the
second section of stepped pipeline is the lowest, compared to
the solid velocity in the other two conventional single
pipelines..is is one of the most important characteristics of
pneumatic conveying with stepped pipeline systems, which
is beneficial for the service cycle of conveying lines and the
quality of the material conveyed.

4.1.4. Solid Dune/Pressure Surge Phenomena. .e stepped
pipeline often suffers the appearance of large size solid dune
and pressure surge phenomena in engineering. Shown as
Figure 11(a), the solid velocity in the upper part of first
section of the stepped pipeline is very high, even the solid

velocity in the bottom part of the first section is relatively
high compared with conventional single pipelines. However,
in the second section, there is a relatively thick layer of low-
velocity solids, which will obviously hinder the high velocity
gas-solid flow coming from the first section. In this case, a
pressure surge or a potential blockage will happen in the
conveying pipe. .is situation will be investigated through
the change of distribution of solids volume fraction in the
stepped pipeline, shown as following.

Figure 12 shows the moving process of a solid dune
formed through the stepped part of the stepped pipeline..e
time interval between two consecutive snapshots is 0.2 s. It
can be seen that the volume fraction of solids is high in the
first part of stepped pipeline while it is low in the second part
of the pipeline before the solid dune passes through the
stepped section (Figure 12(a)). A solid dune is formed when
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Figure 10: Gas velocity field in gas-solid flow with TFM, coloured by velocity magnitude (m/s) on the same scale, with air mass flow rate of
1.51 kg/s and solid mass flow rate of 88 kg/s: (a) stepped pipe; (b) 324mm single pipe; (c) 400mm single pipe.
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Figure 11: Solid velocity in gas-solid flow with TFM: (a) the stepped section of the stepped pipeline; (b) 324mm diameter single pipeline;
(c) 400mm diameter single pipeline.
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the flow of relatively high solid volume fraction in the first
part meets with the flow of low solid volume fraction in the
second part at the stepped section. .is can be confirmed
from a higher volume fraction at the entrance to the
expanding section as can be seen from Figure 12(b). Further,
it should be noted that the highest solid volume fraction does
not appear in the stepped section, but rather it appears when
the solid dune has just passed through the stepped section, as
seen from Figure 12(c). After that, the solid dune collapses
and disappears gradually; see Figures 12(d)–12(f). .e solid
volume fraction goes down gradually along the length of the
second part of stepped pipe.

4.1.5. Mechanisms Governing Solid Dune/Pressure Surge
Phenomena. .e appearance of large-size solid dune increases
the chance of potential blockage, and also causes the ap-
pearance of pressure surge due to the resistance from solid
dune. A blockage is the most serious problem in the pneumatic
conveying. .e system will stop working if the blockage

appears during the working process of conveying. .e
pressure surge is very harmful to the conveying system too.
If the conveying system’s pressure surges, the conveying
tubes may be damaged due to excessive pressure, and the
material conveyed may also be degraded due to the solids
being subjected to acceleration or deceleration within a
short period of time, as a result of the pressure surge. So,
exploring the forming reason of the solid dune in particle
scale is very necessary.

It can be seen from Figure 12 that the appearance of large
size solid dune is mainly in the stepped section of the
stepped pipeline. Understanding the mechanisms govern-
ing the gas-solid flow in the stepped section in particle scale
is the first and foremost condition to tackle this problem. As
stated in the introduction part, the TFM model is preferred
in process modelling and applied research. .e CFD-DEM
method is more suitable for the study in particle scale.
.erefore, the CFD-DEM method will be used in this
section to study the gas-solid flow passing through the
stepped part.
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Figure 12: Distribution of solid volume fraction in the stepped pipeline when a solid dune forms and passes through the stepped section
with TFM. (a) 5.2 s. (b) 5.4 s. (c) 5.6 s. (d) 5.8 s. (e) 6.0 s. (f ) 6.2 s.
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What should be pointed out here is that the CFD-DEM
study will base on a scaled down version of the stepped pipe
used above, for the purpose of reducing the computational
burden. .e first part of the scaled-down stepped pipe is a
single pipeline of 45.6mm diameter, and the second part is a
single pipeline of 56.3mm diameter pipe. .e total length of
the stepped pipe is 10m. .e material properties and other
variables are the same as shown in Table 1.

Figure 13 shows the CFD-DEM results of the spatial
solid velocity changing process when a solid dune passes
through the stepped section. .e time interval between
consecutive snapshots is 0.03 s.

It can be seen clearly form Figure 13(a) that there is a
high solid velocity layer in the upper part of first section of
stepped pipeline, when a low solid velocity layer is in the
bottom part of the first section. Further, it should be noted
that the velocity of the “low-velocity” solids layer is still
high compared to the solid velocity in the second part of the
stepped pipeline. In Figure 13(b), when the solids layer of
high velocity in the first part meets the solids layer of low
velocity in the second part, the high velocity solids layer
from the first part flows ahead through the space above the
low-velocity solids layer in the second part. A solid dune is
formed at this point. But this solid dune is not moving
ahead as a whole at this time. When the dune moves along
the second part of stepped pipe, the high velocity layer in
the upper part of the dune continually picks up a relatively
thick layer of solids of low velocity in front of it
(Figure 13(c)) and a large solid dune is formed. After that,
the picked-up solids layer of low velocity is accelerated by
the high-velocity solids layer in the upper part of the dune,
and the dune moves ahead seemingly as a “whole”
(Figure 13(d)). But in fact, the upper part of the solid dune
moves faster leaving the bottom part behind, and the solid
dune “collapses” and disappears gradually (Figure 13(e)).
.ese phenomena are similar to the observations reported
in the experimental work of Wypych and Yi [42] and the
simulation study by Kuang and Yu [43].

Figure 14 shows the distribution of time-averaged solids
concentration and porosity when a dune passes through the
stepped section.

Figure 14 indicates that a low solid concentration can
be found in the stepped section, while a high solid con-
centration appears before and after the stepped section.
Before the stepped section, the high solids concentration
is in part due to the conveying pipe in this section being a
single pipe, and the appearance of small dunes or clusters
is a typical characteristic of the stratified flow regime; the
hindering of the low-velocity solids layer in and after the
stepped section also has an effect on this phenomenon. In
the stepped section, the solids concentration is low and
the porosity is high. .e reason for the low solids con-
centration can be explained as follows: although the gas
velocity is reduced largely in this section, due to the effects
from the inertia and gravity, the solids can still flow ahead
very smoothly. After the stepped section, a relatively high
solids concentration can be found, and this is mainly due
to the presence of thick layer of low-velocity solids in this
section.

4.2. Forces Governing Particle Motion. .e motion of solids
is governed by the forces acting on it. .erefore, analysis of
the collective interactions between solids, solids and walls,
and solids and gas can help understand the underlying
mechanisms. .e interaction forces will be investigated in
the following sections.

4.2.1. Gas-Solid Interaction Force. .e gas-solid interaction
force mainly includes the gas-solid drag force and pressure
gradient force (PGF), and it is the main driving force in the
gas-solid flow. Figure 15 shows the normalized total and
averaged forces acting on solids from gas for different solid
loading ratios. For convenience, the solid-solid force and
solid-wall force are also included in the figure. It should be
noted that the forces on a particle are all normalized dividing
by the gravitational force of the particle.

It can be seen from Figure 15(a) that the total drag force
decreases slightly and then increases gradually with solid
loading ratio..is should be a result of comprehensive effect
of gas velocity, solids concentration, and total number of
solid particles..e total PGF increases with the solid loading
ratio. .e averaged drag force and PGF decrease with solid
loading ratio. .e increase of the total PGF should corre-
spond to the total solid number increasing in the pipe with
solid loading ratio (Figure 16). Figure 16 indicates that the
total particle number increases linearly with the solid
loading ratio. .e decrease of the average drag force and
PGF should be due to the decrease of the velocity in the flow
direction and decrease of pressure drop in the stepped
pipeline. .e total and averaged drag forces are both larger
than the PGF, which should mean that the drag force is more
dominant for the gas-solid flow in the stepped pipe.

Figures 17 and 18 show the spatial distributions of gas-
solid drag force and PGF near the stepped section. It can be
seen that the directions of gas-solid drag force and PGF are
all dominantly in the gas-solid flow direction. So, both of
them are positive. .is figure also shows that the spatial
distributions of the gas-solid drag force and PGF are not
uniform. It can be seen that both forces are lower in the
stepped section than both sides. .e spatial distribution of
gas-solid drag force should correspond to the distribution of
particle concentration (Figure 14). Where the spatial con-
centration of particle is high, the gas-solid drag force will be
high. .e spatial distribution of PGF should correspond to
the distribution of static pressure (Figure 4), in which part
the static pressure change is more significant, and the PGF
should be bigger.

Figure 18 shows the distribution of gas-solid interaction
force in X and Y directions. It can be seen that the gas-solid
interaction force in X direction is much larger than the force
in Y direction. As the stepped pipe is horizontal and X
direction is the gas-solid flow direction, this suggests that the
gas-solid interaction force in X direction is more important
in the horizontal pneumatic conveying system.

4.2.2. Solid-Solid Interaction Force. Solid-solid interaction
force relates directly to solid breakage, solid degradation, or
attrition. .e total and averaged solid-solid interaction force
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can be found in Figure 15. .e figure indicates that both
the total and averaged solid-solid interaction forces are
much larger than the gas-solid drag force, pressure gra-
dient force, and solid-wall interaction fore, suggesting
that the inclusion of solid-solid interaction is important in
the modelling of gas-solid flows in pneumatic conveying.

Further, it can be seen form Figure 15 that the total solid-
solid force and averaged force both increases with the
solid loading ratio. .is is because the solid particles
number increases with the solid loading ratio, and the
larger the solids number in the pipe, the bigger the chance
for solid-solid interactions.
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Figure 13: Spatial distribution of solid velocity when a dune passes through the stepped section with CFD-DEM. (a) 3.62 s. (b) 3.65 s.
(c) 3.68 s. (d) 3.71 s. (e) 3.74 s.
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Figure 14: Distribution of time-averaged solids concentration (a) and porosity (b) for the gas-solid flow when a dune passes through the
stepped section with CFD-DEM.
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Figure 19 shows the spatial distribution of solid-solid
interaction force when a dune passes through the stepped
section. It can be seen clearly that the solid-solid force in the
stepped section is lower than the forces in both sides, es-
pecially the section close to the stepped section in both sides.
.e high solid-solid interaction force in both sides of the
pipeline is due to the solids concentration in these two
sections being relatively high, and thus, solids have chance to
collide with other solids. .e reason for the low solid-solid
interaction force in the stepped section can be explained as
follows: due to the effect of inertia from the high velocity
solids layer which comes from the section before the stepped
part and gravity due to the change of pipe geometry, the solid
velocity in this part is high (Figure 13) while the porosity
here is also high (Figure 14(b)), the solids distribution in this
part is more “loose.”.us, the chance of solid collisions with
other solids is low. From Figures 19(a)–19(d), it can be seen
that the solid-solid interaction force in the section which is

just before the stepped part becomes smaller and smaller,
while the force in the section just behind the stepped part
becomes bigger and bigger. .e reason for the force to
become smaller and smaller is due to the solids dune in
this part passing through the stepped section gradually,
with less and less particles leaving there. .e particle
collisions become weaker gradually. .e reason for the
force to become larger and larger is mainly due to the
hindering function of the thick low-velocity solids layer.
During the moving process of the dune, the number of
high-velocity particles which collide with the low-velocity
solids after the stepped section increases gradually.
.erefore, as the solid velocity decreases, more and more
particles collide with each other, and a long dune is
formed, where the solid-solid interaction force reaches its
maximum (Figure 19(d)).

Figure 20 shows the spatial distribution of time-averaged
solid-solid interaction force. It can be seen very clearly form
this figure that the solid-solid force in the stepped section is
the lowest while the section which just behind the stepped
part has the largest solid-solid force, and the section before
the stepped part also has a relatively higher solid-solid force.
Figure 20 further explains the phenomenon observed in
Figure 19 and provides a better understanding of the
mechanisms governing the gas-solid flow in the stepped
section.

4.2.3. Solid-Wall Interaction Force. Solid-wall interaction
force is related directly to the wearing of conveying pipe wall
which could be a serious problem for a pneumatic conveying
system which needs to operate with high gas velocity. Until
now, publications on the pipe wearing problem in the
stepped pipeline are very limited. .is problem will be in-
vestigated through the solid-wall interaction force in this
section.
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Figure 15: (a) Normalized total force and (b) averaged forces in the stepped pipeline under different solid loading ratios with CFD-DEM: I,
gas-solid drag force; II, pressure gradient force; III, solid-solid interaction force; IV, solid-wall interaction force.
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Figure 16: Relationship between the particle number and solid
loading ratio with CFD-DEM.
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.e total and averaged solid-wall interaction forces are
shown in Figure 15..is figure indicates that the value of the
total and averaged solid-wall interaction forces are much
larger than the gas-solid drag force and pressure gradient
force and only slightly lower than the solid-solid interaction
force, suggesting that the inclusion of solid-wall interaction
force is an important factor in the modelling of gas-solid
flows in pneumatic conveying systems. More importantly,
Figure 15(a) indicates that the total solid-wall interaction
force increasing with the solid loading ratio. .is is due to
the solids number increasing with the solid loading ratio
(Figure 16); the larger the solids number in the pipe, the
larger the number of particles that collide with walls.
Figure 15(b) shows that the averaged solid-wall force de-
creases with the solid loading ratio. .is may be caused by
the “shielding” effect of low solid velocity layer. Not all
particles can collide with the wall since some particles only
collide with the other particles and bounce back after col-
liding with the wall [44].

Figure 21 shows the spatial distribution of time-averaged
solid-wall interaction force near the stepped section. It can
be seen that the particle-wall interaction force is the lowest in
the stepped section. .e reason for this is similar to the

particle-particle interaction force in this section. .e
solids concentration in this part is very “loose.” .e solids
which can collide with wall are limited. .e solid-wall
interaction force in the section before the stepped part is
relatively large. .is is due to the small solid dunes being
formed in this part. Large solids concentration
(Figure 14(a)) appeared in this section, and the number of
solids which collide with wall increase. .e largest solid-
wall interaction force appears in the section which is just
behind the stepped part. Due to the hindering effects of
the thick low-velocity solid layer, the solids in the high-
velocity solid layer coming from the stepped part collides
intensely with the wall and low-velocity solids in this
section. Hence, the solid-wall interaction force is larger in
this area. A larger solid-wall interaction force means that
more serious pipe wall wearing problem happens in this
part, and this suggests that a suitable treatment, like in-
creasing the pipe wall thickness in this section, should be
done in industrial application based on the simulation
works. So, this work not only just helps us understand the
mechanisms governing the gas-solid flow in the stepped
section better, but also is a good reference for better
design, optimization, and scale-up of stepped pipelines.

Drag force: 0 0.05 0.1 0.2 0.4 0.6 0.8 1

(a)

PGF: 0.04 10.080.060.020

(b)

Figure 17: (a) Spatial distribution of gas-solid drag force and (b) PGF near the stepped section with CFD-DEM.

X direction gas-solid interaction (N/m3): 0 200 600 1000 1400

(a)

Y direction gas-solid interaction (N/m3): 100 2000

(b)

Figure 18: Distribution of gas-solid interaction force in different directions with CFD-DEM: (a) X direction and (b) Y direction.
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5. Conclusions

Both TFM and a CFD-DEM model have been used to study
the gas-solid flow in a stepped pipeline. .e mechanism
governing the gas-solid flow in this system has been revealed
through the investigation of pressure drop, gas and solid
velocity, and gas-solid flow pattern. Comparison of the
computational results with some published experimental

work, simulation study, and theoretical analysis results re-
veals a good agreement. .e appearance of large-size solid
dunes and pressure surge phenomena suffered in the stepped
pipeline have been studied too. .e reason of the solid dune
is that when the high-velocity solids layer meets with the
low-velocity solids layer in the stepped part, a solid su-
perposition phenomenon happens. When the dune moves
along the pipe, the high velocity layer in the upper part of the

12000Particle-wall interaction (N/m3/s): 0 80004000

Figure 21: Spatial distribution of time-averaged particle-wall interaction force near the stepped section with CFD-DEM.
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Figure 19: Spatial distribution of solid-solid interaction force when a dune passes through the stepped section with CFD-DEM. (a) 3.86 s.
(b) 3.88 s. (c) 3.90 s. (d) 3.92 s.
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Figure 20: Spatial distribution of time-averaged particle-particle interaction force near the stepped section with CFD-DEM.
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dune continually picks up a relatively thick low-velocity
layer of solids in front of it, the solids dune becomes larger
and larger. .e appearance of large size solid dune increases
the chance of potential blockage and also causes the ap-
pearance of pressure surge due to the resistance from solid
dune..e section in which the blockage problemmost likely
occurs in the pipeline is confirmed, the large size solid dunes
are mainly formed in the section which is just behind the
stepped section, and the blockage problem most likely oc-
curs in this section. .e forces governing the motion of gas
and solids in the stepped pipeline and the effect of solids
loading ratio have also been simulated and investigated. .e
pipe wearing problem in the stepped pipeline is explored
through the distribution of particle-wall interaction force for
the first time. .e computational results reveal that
most serious pipe wall wearing problems happens in the
section just behind the stepped part and that suitable
treatment should be done for this part in industrial
application.

Finally, it should be pointed out that the present study is
carried out for large particles. For fine particles, the pre-
dictions may be different to some extent. .us, the present
study is largely preliminary, aiming to understand the
mechanisms governing the gas-solid flow behaviours in
the stepped pipeline, especially in the stepped section,
both from microscopic and macroscopic viewpoints.
Moreover, publications on stepped pipelines are so lim-
ited. .e work in this study should be a reference for
further design, optimization, and scale-up of stepped
pipelines.

Nomenclature

fc: Contact force (N)
fd: Damping force (N)
fpf ,i: Interparticle forces between particles i and j (N)
Fpf : Particle-fluid interaction force (N)
g: Gravity acceleration vector (9.81m/s2)
Gi: Gravity vector (N)
I: Moment of inertia of a particle (kg∗m/s)
kc: Number of particles in a computational cell
m: Mass of a particle (kg)
M: Rolling friction torque (Nm)
d: Pipeline diameter (mm)
L: Pipeline length (m)
p: Pressure (Pa)
Δp: Pressure drop (Pa)
P: Pressure
t: Time (s)
Δt: Time step for solids (s)
T: Air temperature (°C)
T: Driving friction torque (Nm)
u: Fluid velocity (m/s)
_V: Air flow rate (kg/s)

Vg: Gas velocity (m/s)
Greek Letters
ε: Porosity (dimensionless)
ρ: Density (kg/m3)

τ: Viscous stress tensor (N/m3)

ωi: Rotational velocities of particle i (rad/s).
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pp. 47–65, 1979.

[37] K. W. Chu and A. B. Yu, “Numerical and experimental in-
vestigation of an “S-shaped” circulating fluidized bed,”
Powder Technology, vol. 254, pp. 460–469, 2014.

[38] H. Wahyudi, K. Chu, and A. Yu, “3D particle-scale modeling
of gas-solids flow and heat transfer in fluidized beds with an
immersed tube,” International Journal of Heat and Mass
Transfer, vol. 97, pp. 521–537, 2016.

[39] K. W. Chu, B. Wang, A. B. Yu, and A. Vince, “Computational
study of the multiphase flow in a densemedium cyclone: effect
of particle density,” Chemical Engineering Science, vol. 73,
pp. 123–139, 2012.

[40] K. Chu, J. Chen, and A. Yu, “Applicability of a coarse-grained
CFD-DEM model on dense medium cyclone,” Minerals
Engineering, vol. 90, pp. 43–54, 2016.

[41] D. Mills and J. S. Mason, “An analysis of stepped pipelines for
pneumatic conveying systems,” in Proceedings of the 12th
Powder and Bulk Solids Conference, pp. 696–704, Chicago, IL,
USA, May 1987.

[42] P. W. Wypych and J. Yi, “Minimum transport boundary for
horizontal dense-phase pneumatic conveying of granular
materials,” Powder Technology, vol. 129, no. 1–3, pp. 111–121,
2003.

[43] S. B. Kuang and A. B. Yu, “Micromechanic modeling and
analysis of the flow regimes in horizontal pneumatic con-
veying,” AIChE Journal, vol. 57, no. 10, pp. 2708–2725, 2011.

[44] K. W. Chu, B. Wang, D. L. Xu, Y. X. Chen, and A. B. Yu,
“CFD-DEM simulation of the gas-solid flow in a cyclone
separator,” Chemical Engineering Science, vol. 66, no. 5,
pp. 834–847, 2011.

Mathematical Problems in Engineering 15



Research Article
Numerical Simulation and Experimental Investigation on
Inclusion-Argon-Liquid Steel Phenomenon in RH Refining of
High-Manganese and High-Aluminum Steel

Lifeng Chen , Kun Liu , Peng Han , Lianghua Feng , and Guangqiang Liu

School of Materials and Metallurgy, University of Science and Technology Liaoning, Anshan 114000, China

Correspondence should be addressed to Kun Liu; lk651206@ustl.edu.cn and Peng Han; hanpeng@ustl.edu.cn

Received 4 June 2019; Accepted 9 August 2019; Published 12 September 2019

Academic Editor: Dongmin Yang

Copyright © 2019 Lifeng Chen et al. -is is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this paper, factors influencing the inclusion removal in high-manganese and high-aluminum steel in RH refining process were
studied by numerical simulations, production practice, and metallographic experiments. A mathematical model for inclusion
removal was established, and the phenomenon of inclusions mixing in RH up-leg region was verified due to fluid circulation.
Removal efficiency of RH circulation time 120 s is much better than 600 s, and it was the lowest efficiency after 600 s. After 600 s
circulation time, it shall not apply in production practice. -e mass concentration of inclusions in practical steel was 11.64%
probability error than values obtained by numerical simulation, because the numerical simulation did not consider the problem of
inclusions adsorbing to the walls of refractory materials and corrosion of refractories. -is work lays the foundation for the
optimization and upgrading of process technology and establishes big data for full automation of RH out of furnace refining.

1. Introduction

With the optimization of quality and process, significant
progress has been made in the applications of high-man-
ganese and high-aluminum steel. -ey possess excellent
strength, low density, high quality, and good elongation,
thereby showing utility in automobile inner plates, electrical
motor rotors, marine engineering, military applications, and
refrigeration materials. However, the problem of non-
metallic inclusions in metallurgical industry seriously affects
the quality of high-manganese and high-aluminum steel,
which leads to lower service life.With the rapid development
in the steel industry, there is increasing demand for high-
quality steel. Researchers have found that oxide nonmetallic
inclusions play an important role in the performance of
clean steel [1–3]. -e removal of inclusions and the control
of small inclusions are important factors that directly affect
the quality of steel. RH refining in steelmaking process has
prominent technical advantages for smelting clean steel [4].
It is conducive to the removal of inclusions and the im-
provement of steel quality. -erefore, removal of inclusions

in steel in RH refining process has been the focus of met-
allurgical research for several years [5–12].

Chen et al. analyzed the process of inclusion collision
and growth removal, and considered the influence of gas
bubbles in the formation model. However, the influence
factors of inclusions adsorbing RH refractory material walls
were neglected [13]. -e model also did not meet the overall
mass conservation of inclusions, and did not consider the
distribution of inclusions in RH flow field [14]. Taking ladle
as the research object, the inclusion removal in the refining
process was studied using the equation model of particle
number concentration. -e research focused on the for-
mation mechanism of inclusions and the distribution of gas
stirring in clean steel. Wang et al. studied the crystal
structure and cluster mechanism of inclusions, especially
alumina [15]. However, there was no reasonable demon-
stration on the distribution of inclusions or a mathematical
model. Since there were no detailed descriptions and ex-
planation of inclusions, it is difficult to use their experi-
mental conclusions to guide the process production practice
[16, 17]. Describing the RH flow field of inclusions and
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establishing the physical model, the mathematical model did
not consider the problem of inclusions growth and collision.
It also did not consider the probability error between the
model establishment and production practice. Due to the
shortcomings of existing models, this study uses actual
production data to modify the RH inclusions removal model
and analyzes the influence factors of RH circulation flow rate
and circulation time on inclusions removal. Predicting the
accuracy and reliability of RH inclusion removal provides
theoretical guidance for process production practice.

In this paper, a mathematical model of RH inclusion-
argon-liquid steel is established in order to provide the
foundation for process production by combining mathe-
matical simulation with production practice. By determining
the influence of RH circulation time and circulation flow rate
on inclusion-argon-molten steel, the RH inclusions-argon-
molten steel are analyzed by using the methods of numerical
simulation and production practice, and the feasibility of the
mathematical model is demonstrated on the basis of ex-
perimental data. -e proposed method overcomes the
probability error between the mathematical model and
experimental data, making it more valuable for production
practice. Two technical routes of numerical simulation and
experimental research are used to analyze and predict the
accuracy and reliability of RH inclusion removal, which
provide a theoretical basis for process production practice
and lay a basis for fully automated steelmaking.

2. Model Building

2.1. Basic Hypothesis. -e hypothesis of the model is as
follows.

-e liquid steel is an incompressible Newtonian fluid,
and its multiphase flow is unsteady. -e fluctuation of liquid
level in ladle top slag and vacuum chamber and the influence
of temperature on other physical quantities are neglected.
Inclusions nucleate into spheres instantaneously in molten
steel, ignoring the effect of slag on other physical quantities.
Ladle refractories and RH refractories set wall function. -e
effect of inclusions on the physical quantity of molten steel is
neglected in fluid flow. When inclusions reach the molten
steel level, they can be considered to be removed. Argon
bubbles are assumed to have a circular [18, 19].

2.2. Control Equation. In the simulation, continuity equa-
tions were used to model the reference materials, as follows:

zρm
zt

+ ∇ ρm u
→

m(  � 0,

ρm � ρgα +(1 − α)ρl,

(1)

where ρm refers to the average volume density, kg/m3; u
→

m is
the average mass velocity, m/s. A homogeneous flow model
is used to simulate the fluid field, and the average density of
gas and liquid are ρg and ρl, respectively, kg/m

3. α is the gas
fraction, %. RH under vacuum conditions, the gas fraction is
calculated as follows:

α0 �
pv + ρl H − Z0( 

PV + ρL(H − Z)
, (2)

where H refers to the liquid level height of the vacuum
chamber, m; Z0 corresponds to nozzle height, m; Z refers to
the height of the two-phase region, m; PV refers to vacuum
chamber pressure, Pa; g refers to gravitation acceleration, m/
s2; and α0 refers to the formula for determining the dis-
tribution of gas fraction hold up, %.

Momentum equation:

z ρm u
→

m( 

zt

+ ∇ ρm u
→

m(  � − ∇p + ∇ μm + μTm( 

· ∇ μ→m + μTm( 
T

  + ρm g
→

+ ∇ · − ρgαg u
→

D,g ,

μm � αgμg + αlμl,

(3)

where μTm refers to turbulent viscosity, Pa·s; μm refers to
mixing viscosity, Pa·s; αg refers to gas fraction, %; and u

→
D,g

refers to gas velocity vector, m/s.
Energy equation:

z ρmk( 

zt

+ ∇ ρm u
→

mk(  � ∇
μTm
σk

(∇k)  + Gk,m − ρmε. (4)

-e turbulence model constants are σk and σε. u
→

m refers
to the mixing velocity vector, m/s. ε refers to the turbulent
energy dissipation rate, m2/s3.

Gk,m is expressed as follows:

Gk,m �
ρmCμ k2/ε(  ∇ u

→
m + ∇ u

→
m( 

T
 

∇ u
→

m
. (5)

Turbulent flow energy dissipation equation:
z ρmε( 

zt

+ ∇ ρm u
→

mε(  � ∇
μTm
σε

(∇ε)  +
ε
k

C1εGk,m − C2ερmε .

(6)

In the formulas (4) and (6), the values of the constants in the
above turbulence models are as follows: σk � 1, σε � 1.3,
C1ε � 1.44, C2ε � 1.92, Cμ � 0.99. Inclusion collision growth
model of density distribution function and radius of inclusions R
are related by the expressionf(R) � Ae− BR.-enumber density
of inclusions isN∗. A and B refer to inclusion distribution factor.
-e mass concentration C∗ can be expressed as [2, 11, 20, 21]:

N
∗

� 
∞

0
f(R)dR �

A

B
C
∗

� 
∞

0

4
3
πR

3
dR � 8π

A

B4. (7)

Here, there is no top slag on the liquid surface of the RH
vacuum chamber. Inclusions adsorbed by bubbles return to the
molten steel. Inclusions adsorbed by bubbles float to the liquid
level of the ladle for removal. -e liquid level in RH vacuum
chamber has no ability to remove inclusions directly. -e mass
conservation equation of inclusion collision removal can be
expressed as follows [22]:
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where SN∗ refers to the decrease of the quantity density
caused by the collision polymerization of inclusions, m− 3/s;
Deff refers to effective diameter, m; and C∗ refers to inclusion
of bulk density, ppm. RH circulating fluid flow is mainly
comprises of turbulent collision and Stokes collision.

SN∗ � − N
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�
63

√
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.

(9)

In the formula (9), v is the kinematic viscosity, m2/s; A∗

is the constant; μ is the dynamic viscosity, Pa·s; and r∗ is the
average radius of inclusions, m. Boundary conditions ignore
the surface shear stress of RH steel and vacuum chamber.
-e refractory materials area set wall function, the wall
function node is a nonslip boundary condition, and the
gradient of wall velocity component is zero. Table 1 lists the
inclusions-argon-molten steel physical parameters, where
we set the initial RH vacuum to 100 Pa, the gas is argon, and
the initial gas circulation flow is 120Nm3/h, 110Nm3/h and
100Nm3/h. -e initial mass concentration of inclusions is
187 ppm. -e VOF (volume of fluid) model is used for RH
fluid circulation, and the DPM (discrete phase model) is
used for RH inclusions movement. Figure 1 shows the RH
ladle physical model and grid model. SolidWorks is used for
physical model, ICEMCFD (the integrated computer engi-
neering and manufacturing code for computational fluid
dynamics) is used for grid model, ANSYS FLUENT is im-
ported for numerical simulation calculation, and CFD-
POST is used for posttreatment analysis.

3. Calculation Results and Analysis

3.1. Analysis of the Impact of Inclusions. As shown in Fig-
ure 2, the mass concentration of inclusions is calculated by
numerical simulation every 120 s, with the total numerical
simulation time being 600 s. -e probability error between
simulated and experimental mass concentration curve of
inclusions is low. -e average mass concentration proba-
bility error of inclusions as determined by the mathematical
model differs from the experimental data by 11.64%. -e
numerical simulation calculates the mass concentration of
inclusions every 120 s and compares the probability error
between the corrected mass concentration curves of in-
clusions. -e mass concentration comparison between
numerical simulation and experimental data for different
circulation times is listed in Table 2. For the mass con-
centration in the experimental and numerical simulation
process, there is error for numerical simulation result. -is

paper analyzes the root of the probability error from the
numerical simulation and process practice. -is paper is
based on the mathematical model of high-manganese and
high-aluminum steel, and the mathematical model lays the
theoretical foundation for RH full-automatic refining.

-e removal of RH inclusions is analyzed by numerical
simulation, the circulation time is set to 1200 s. Figure 3
shows removal of RH inclusions with different circulation
flow rates. -e removal of inclusions in RH with different
circulation time is compared with a circulating flow rate of
120Nm3/h, where the removal efficiency of inclusion mass
concentration is the highest. With the increase of circulation
time, the removal efficiency of inclusions is the highest in
time zone A (0 s–120 s), time zone B (120 s–240 s), time zone
C (240 s–360 s), time zone D (360 s–480 s), time zone E
(480 s–600 s), and F (600 s–1200 s) within 600 s of circulation
time. -e removal efficiency of inclusions in time zone F
(600 s–1200 s) decreases and achieves the lowest value.
-erefore, it is not recommended to utilize the F (600 s–
1200 s) circulation time in production practice. -is is
further corroborated by the following three points: (a) in-
creased RH production time leads to higher inclusions; (b)
the inclusion removal efficiency is lower; and (c) since the
numerical simulation does not consider the problem of
inclusions adsorbing to the refractory material walls and
corrosion of refractories, it exists in the process of practice.

Meanwhile, the residual amount of inclusions is influ-
enced by many factors, among which the turbulence and
buoyancy plays a dominant role. Figure 4 shows the re-
lationship between mass concentration and circulation time
with inclusions of different sizes during circulation. It can be
seen that the inclusion decreases gradually with the increase
of time. At the same time, small size inclusion removal
efficiency is lower. In comparison, the buoyancy of large
inclusions effect is larger, so it is more easy for large in-
clusions to enter slag. When the circulation time reaches
600 s, buoyancy plays a dominant role in the removal of
inclusions, and the diameter of inclusions also has a great
impact on the removal efficiency.

RH circulation time affects the efficiency of inclusion
removal and the process production. Optimization of RH
circulation time is one of the effective methods to remove
inclusions. For RH circulation times of 120 s, 360 s, and
600 s, mass concentration of 165 ppm, 136 ppm, and
114 ppm are observed, respectively. Figure 5 shows the
inclusions removal at different circulation times and the
distribution of inclusions in the fluid domain at different
circulation times. From the inclusions in RH particle tra-
jectory in Figure 5, it can be seen that the number of in-
clusions is the largest when the RH circulation time is 120 s.
-is is because the circulation time is insufficient for
complete removal and only a few inclusions float upwards to
the molten steel level. Since there are many inclusions in the
steel in the initial 120 s, the probability of inclusions col-
liding, aggregating, and floating to the liquid steel level is the
greatest, so the removal rate of inclusions in the initial 120 s
is the fastest. When the RH circulation time reaches 600 s,
the amount of inclusions remaining in the steel is very small
because the inclusions have enough time to float upward,
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such that they can be removed. -e number of inclusions in
molten steel decreases at the later stage of the circulation,
which reduces the probability of inclusion collision and

aggregation, which significantly reduces the removal rate of
inclusions. Compared with the inclusion removal in RH
circulation times of 120 s, 360 s, and 600 s, the efficiency of

Table 1: Inclusion-argon-steel liquid property parameters.

Steel liquid Inclusions Argon
Density (kg/m3) 7020 3900 1.6228
Viscosity (kg/m·k) 0.0006 0.02 0.00002135
-ermal conductivity (w/m·k) 34 1 0.0158
Cp (J/kg·k) 680 600 520.64

(a) (b)

Figure 1: RH ladle physical model and grid model.
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Figure 2: Numerical simulation and experiment of inclusion mass concentration.

Table 2: Mass concentration comparison between numerical simulation and experimental data for different circulation times.
Circulation time (s) 0 120 240 360 480 600 Average value
Numerical simulation (ppm) 187 165 152 136 124 114 146
Experiment (ppm) 187 151 143 127 112 99 129
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inclusion removal in RH circulation time of 600 s is low. At
this time, the distribution of inclusions in steel is the lowest.
At the later stage of RH circulation, small size inclusions
become a limiting factor for RH refining.

Figure 6 shows the inclusions in ladle particle trajectory
from the fluid dynamics analysis. Argon is injected into the
up-leg, which drives the molten steel due to floatation. -e
molten steel flows to the vacuum chamber at the up-leg and
then into the ladle from the down-leg due to gravity in the
vacuum chamber, thus completing one circulation flow. Due
to the interaction of the inclusions-argon-molten steel, the

80

100

120

140

160

180

200

M
as

s c
on

ce
nt

ra
tio

n 
(p

pm
)

A B C D E F

Circulation flow rate 120Nm/h3

Circulation flow rate 110Nm/h3

Circulation flow rate 110Nm/h3

120 240 360 480 600 720 840 960 1080 12000
Circulation time (s)

Figure 3: Removal of RH inclusions with different circulation
flow rates.
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Figure 5: Inclusions removal at different circulation times. (a) Cir-
culation time: 120 s. (b) Circulation time: 360 s. (c) Circulation time:
600 s.
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Figure 6: Inclusions in RH particle trajectory.
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Figure 7: Continued.
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inclusions are adsorbed on the argon bubbles.-e fluid flows
and the argon bubbles float upward, and the inclusions are
brought to the steel slag liquid surface by the argon bubbles.
Differential pressure ruptures argon bubbles, and a portion
of the inclusions is removed after reaching the steel liquid
surface. -e rest of the inclusions are rolled and mixed into
the molten steel. -e trajectory of inclusions in the ladle is
shown in Figure 6, where the RH vacuum degree is 100 Pa
and circulation flow rate is 120Nm3/h. As shown in Figure 6,
the inclusions are mostly distributed at the ladle liquid level
and the up-leg area. -is is because the inclusions follow the
flow of argon and molten steel. Due to floatation, the in-
clusions from the up-leg flow into the vacuum chamber.
Under the gravity of molten steel in the vacuum chamber,
the inclusions rush into the ladle, while the RH vacuum
chamber does not have the ability to remove the inclusions.
In addition, due to the large turbulent kinetic energy of the
fluid, there is entrainment in the up-leg area of RH suction
nozzle. -e entrainment area of the up-leg drives the in-
clusions on the steel surface to return to the molten steel,
which is not conducive to the removal of inclusions. Rea-
sonable control of turbulence intensity is the key to reduce
entrainment of inclusions on the steel surface. Reducing the
entrainment intensity of the up-leg is one of the methods to
improve the removal efficiency of inclusions.

3.2. Production Practice Data and Numerical Simulation
Analysis. Based on the production of high-manganese and
high-aluminum steel, RH vacuum is set to 100 Pa and the
circulation flow is 120Nm3/h. Samples are taken every
120 seconds: A0, A120, A240, A360, A480, and A600, until a
time of 600 s is achieved. As listed in Table 2, the difference
between mass concentration of inclusions measured by
numerical simulation and sample electrolytic extraction
without aqueous solution is 11.64%. -is mass concentra-
tion probability error of inclusions occurs because the nu-
merical simulation does not consider the problem of

inclusions adsorbing to the refractory material walls and
corrosion of refractories. At the later stage of RH circulation,
small size inclusions have become the limiting link of RH
refining.

Samples of 5mm× 10mm are polished by inclusion A0,
A120, A240, A360, A480, and A600 and then map scanning
Al2O3. -e morphology of inclusions is characterized by
strips that are irregular, long, and angular, as shown in
Figure 7. Most of the samples analyzed by map scanning of
inclusions are nonmetallic inclusions, with Al2O3 being the
main component. -e size of A0 inclusion is larger in
production practice, whereas the size of A600 inclusion
decreases significantly in the later stage of RH circulation.
-is is because large sized inclusions are removed with the
increase of RH circulation time. At the later stage of RH
circulation, small size inclusions become the limiting factor
of RH refining, which is consistent with the conclusion of
numerical simulation.

4. Conclusions

(1) In the production of high-manganese and high-
aluminum steel by RH, a mathematical model of
inclusions removal is established, which lays a the-
oretical foundation for predicting removal of in-
clusions from liquid steel.

(2) Optimizing RH circulation flow rate and circulation
time are effective for removing inclusions by nu-
merical simulations. Compared with the RH circu-
lation times of 120 s and 600 s, the RH circulation
time of 120 s has the highest removal efficiency. A
600 s circulation time makes the removal efficiency
the lowest, and thus it is not recommended for
application in production practice.

(3) -e turbulence intensity of molten steel in RH fluid
field is large, and there exists mixing phenomenon in
the up-leg area of RH suction nozzle, which leads to

10µm

Fe Ka1 O Ka1 Al Ka1

(e)

5µm

Fe Ka1 O Ka1 Al Ka1

(f )

Figure 7: Map scanning of inclusions in RH: (a) A0; (b) A120; (c) A240, (d) A360; (e) A480; (f ) A600.
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“mixing” of inclusions into vacuum chamber or
ladle, which affects the removal efficiency of in-
clusions. In the later stage of RH circulation, removal
of small size inclusions becomes a limiting step in
RH refining.

(4) Samples of high-manganese and high-aluminum
steel produced by RH are taken for metallographic
analysis every 120 seconds after the beginning of
circulation time. -e size of inclusion A0 is larger in
the early stage of RH circulation, and its content
decreases in the later stage of circulation.

(5) -e mass concentration probability error of the
mathematical model is 11.64%, because the nu-
merical simulation does not consider the problem of
inclusions adsorbing to the refractory material walls
and corrosion of refractories. -is meets the tech-
nological requirements of producing high-manga-
nese and high-aluminum steel by RH treatment.
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(is study aims to identify discrete element model parameters of rock-like materials. An inverse procedure is developed to
determine the discrete element model parameters from experimental measurements. (is involves the solution of an inverse
problem through minimizing the misfit function which describes the error between numerical computation and experiment by an
optimization procedure. In this procedure, the discrete element method is adopted as the numerical calculation method of the
forward problem. (e orthogonal experimental design is used for parameter sensitivity analysis. Besides, the approximation
model with radial basis function is adopted instead of the actual calculation model to reduce the time of forward calculation. (e
ant-colony optimization algorithm is employed as the inverse operator. (erefore, the parameters of the discrete element model
are optimized by this procedure. (e three-point bending experiment with discrete element simulation is provided to verify the
validity and accuracy of the inversion results. (e results indicate that it can rapidly obtain the available and reliable model
parameters just through a few sets of experimental data. As a result, this inverse procedure can be applied more widely to
parameter identification of the discrete element model for brittle materials.

1. Introduction

With the rapid development of rock engineering, especially
the tunnel construction for high-speed rails [1], shale gas
exploitation [2], and construction of protective engineering
[3], the working efficiency and life of large rock breaking
machinery such as the tunnel boring machine (TBM) are
widely concerned. In the process of rock breaking of the
TBM, hard rock is very prone to brittle failure, which is easy
to cause disasters such as low pressure and rock burst.
(erefore, it is most significant and essential to understand
the mechanical performance and breakage behaviors of rock
materials when they are suffering from different loading.
Traditionally, mechanical properties of rock materials can be
studied through experimental measurements [4–7]. How-
ever, the laboratory experiments or tests are the costly and
time-consuming process. (us, numerical computation has
provided a new way for investigating the mechanical

properties of materials. Among these numerical methods,
the discrete element method (DEM) is one of the best tools
to study the mechanical property of rock materials [8].

(e DEM considers many kinds of discontinuities,
material failure characteristics, and fracture modes. It is
commonly used to numerically compute the mechanical
properties of rock materials by considering them as a col-
lection system with a set of units such as springs, beams, or
separate particles bonded together with contact. Many re-
searchers have studied the mechanical properties of rock-
like materials through the DEM [9–14]. (ese research
results showed that the DEM had a great advantage in
micromechanical representation, which provided a good
avenue to understand material failure characteristics.

For numerical calculation using the DEM, an accurate
set of material input parameter values is needed, which
determines the accuracy of numerical simulation results.
Some microscopic input parameters can be determined
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directly by experiments, while some parameters describing
themechanical behavior of materials at the microscopic level
can only be obtained indirectly. Generally, an initial value is
used in the DEM and gradually adjusted until the error
between the experiment and the simulation reaches the
allowable value [15]. (is way of parameter identification is
called the “trial and error” method. Yang et al. studied the
relationship between the microscopic parameters and the
macroscopic parameters of the parallel bond model and
found that these quantitative relationships between mi-
croscopic and macroscopic properties are empirical [16].
Tan et al. determined the DEM parameters with a set of tests,
comprising the uniaxial compression test, Brazilian test, and
fracture toughness test [17]. However, the “trial and error”
method for identifying the microscopic parameters depends
on previous experience, with randomness and blindness.
Simultaneously, this method is very expensive and time-
consuming. In order to overcome these obstacles, it is
necessary to seek an effective way to determine these mi-
croscopic input parameters. By now, the inverse method for
parameter identification is more suitable.

(e inverse method for parameter identification is aimed
at searching the optimal input parameters such that themodel
responses best match the experimental data. In recent years,
the computational inverse method has made good progress in
the field of model parameter identification [18–23]. (e in-
verse method for identifying the DEM parameters uses the
complex relationship between the macroscopic responses
from experimental measurements and the microscopic input
constants. (is complex relationship is generally recon-
structed by a given mathematical model that describes for-
ward problems. Hence, as a number of accurate experimental
responses are obtained, the unknown microscopic input
parameters of the DEM can be determined through solving
the inverse problem, which is properly established.

(e aim of this study, therefore, is to propose an effective
inverse technique for determining the model parameters of
the DEM for rock-like materials.(e remainder of this study
is organized as follows: In Section 2, the outline of the in-
verse procedure is presented and uniaxial compression and
three-point bending tests of granite were carried out to
provide input data and validation data. Moreover, the mi-
croscopic parameters were successfully determined by the
inverse analysis, which then combines with forward cal-
culation, sensitivity analysis, approximate model, and op-
timization algorithm. In Section 3, the identified results are
given and discussions on the three-point bending tests are
performed to verify the reliability of the inverse procedure.

2. Inverse Analysis: An Objective
Identification Process

(e inverse process for the DEM parameter identification for
rock-like brittle materials is shown in Figure 1. In the process,
firstly, it is necessary to analyze themechanical behaviors of the
material and perform the physical mechanics experiments and
then clarify the corresponding forward and inverse problem
forms. According to the mechanics experiment, the corre-
sponding forward problemmodel is built. Secondly, in order to

ensure the existence and solvability of the inverse problem, the
model parameters need to be analyzed by sensitivity analysis
and then the inversed parameters are determined. (en, the
forward solver needs to be repeatedly called in the parameters’
inverse process. (erefore, the approximate model is usually
adopted instead of the numerical calculation model to enhance
the computational efficiency. Furthermore, the calculation
response obtained by solving the forward problem is compared
with the experimental measurement response, and the inverse
objective function is established according to the practical
problems and the requirements of the solution. Furthermore, it
is necessary to use the efficient and reliable optimization al-
gorithm to obtain the inverse results. In this work, the objective
function is defined to estimate the gap between experimental
measures and numerical data. Objective function used here is

Fobj(r) � 
n

i�1
y
m
i − y

c
i (r)( 

2
, (1)

where r is the vector of inversed parameters, ym
i is the

response measured from the experiment, yc
i (r) is the

computational response, and n is the number of data points.
Finally, if the convergence criteria can be satisfied, the

inversed parameters are obtained. On the contrary, if not, it
is needed to add new samples and calculate the forward
problem again to reconstruct the approximate model.
Furthermore, the previous steps are repeated until the cri-
teria of convergence are satisfied, as shown in Figure 1.

2.1. Mechanical Property Tests for Granite

2.1.1. Sample Preparation and Experimental Equipment.
Combining the inverse technique, the following two basic
physical mechanics experiments are carried out to obtain a
prepared and reliable source of experimental data. (ey are
the uniaxial compression test and three-point bending test.

As shown in Figure 2, the rock sample selected for the test
is granite. (e rock samples used in the test are prepared
according to the relevant experimental rules of rock me-
chanics. All granite samples were taken from the same large
rockmass with good homogeneity. During the coring process,
the drilling directions are parallel to each other to ensure the
verticality and parallelism of the experimental sample. (e
end face of each sample was carefully ground using a stone
grinder. Among them, the samples used for the uniaxial
compression tests are cylindrical samples with a diameter of
50mm and a height of 100mm. (e samples used for the
three-point bending tests are cylindrical specimens having a
diameter of 50mm, a height of 220mm, a slit length of
18mm, and a slit width of 2mm. (e sample size meets the
requirements of the International Rock Mechanics Institute
for determining the type I static fracture toughness method.
In the tests, AX and CX were used to number the test samples
in three different test modes, where A represents a uniaxial
compression test, C represents a three-point bending test, and
X is the serial number of the sample under each test mode.
Among them, the uniaxial compression test uses the INS-
TRON 1346 electrohydraulic servo test machine, and the
three-point bending test uses the INSTRON 1342
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electrohydraulic servo test machine. (e installation position
of the test device and samples are shown in Figures 3 and 4.

2.1.2. Experimental Results. (e force-displacement curves
and stress-strain curves of the uniaxial compression test are
shown in Figure 5.(e uniaxial compression strength (UCS) of

the granite sample has a maximum value of 140.25MPa, a
minimum value of 137.19MPa, and an average value of
138.8MPa. Young’s modulus is up to 44.29GPa, the lowest
Young’s modulus is 39.95GPa, and the average Young’s
modulus is 41.5GPa. Poisson’s ratio is usually expressed as the
ratio of the average of the lateral strain along the X-axis to the

(a) (b)

Figure 2: Test samples. (a) Uniaxial compression test sample. (b) (ree-point bending test sample.
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Figure 1: Schematic chart for the parameter identification process.
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average of the lateral strain along the Y-axis. So based on the
experimental measurement, the value of Poisson’s ratio is at
most 0.24, the minimum is 0.22, and the average is 0.23.

(rough the analysis of the above data, it has been found that
the UCS, Young’s modulus, and Poisson’s ratio between the
samples are not much different, the error of which is in the

Figure 3: Uniaxial compression test device.
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Figure 4: (ree-point bending test information. (a) Schematic diagram. (b) Specific device.
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Figure 5: Uniaxial compression test curves. (a) Force-displacement curves. (b) Stress-strain curves.

4 Mathematical Problems in Engineering



range of 10%. (ese indicate that the homogeneity of the
granite sample is better.(e influence ofmaterial heterogeneity
on the results of uniaxial compression tests is within the error
range. Meanwhile, the peak strain corresponding to the peak
stress of sample A1 was found to be 0.425%, the peak strain of
A2 was 0.451%, and the peak strain of A3 was 0.482%.(e axial
strain of the sample before failure was between 0.425% and
0.482%, both less than 1%. According to the principle of
brittleness and toughness of brittle materials, the axial strain
beforematerial failure is less than 3% that of the brittlematerial.
(erefore, the granite samples have strong brittleness.

(e force and load point displacement curves of the
three-point bending test are shown in Figure 6. (e max-
imum force of the rock sample is 1.509 kN, the minimum
force is 1.396 kN, and the average force is 1.453 kN, and the
fracture toughness KIC can be obtained by the following
formula:

KIC � 0.25
Sd

D

Pmax

D1.5 y
a

D
 ,

y
a

D
  �

12.75(a/D)0.5 1 + 19.65(a/D)4.5
 

0.5

(1 − (a/D))0.25 ,

(2)

where a is the straight incision depth, D is the diameter of
the test piece, Pmax is the maximum load of the fracture
failure, and Sd is the distance between the two support
points. In the experiment of this paper, Sd is 160mm.

By calculation based on the above formulas, the maxi-
mum fracture toughness is 1.062MPa·m1/2, the minimum is
1.048MPa·m1/2, and the average is 1.057MPa·m1/2. When
the maximum load occurs, the displacement of the load
point is basically concentrated at 0.15-0.16mm.

(e above test data were collated, and the obtained
mechanical properties of granite are summarized in Table 1.

2.2. ForwardCalculation. In this work, the DEMwas used as
the numerical calculator of the forward problem. (e DEM
should be corresponded with the actual material test. In this
study, the uniaxial compression test was used to identify the
DEM parameters. Based on the tests, the DEM could be
built. As the scale of the specimen and the applied load were
plane stress problems, a two-dimensional axisymmetric
DEM was built, as shown in Figure 7. In this numerical
model, for the uniaxial compression test, the length W,
height L, and density ρ of this model were 50mm, 100mm,
and 2622 kg/m3, respectively.

In the DEM, the number of particles is very important
for the numerical model. Usually, the more the number of
particles is, the higher the accuracy of the DEM is. Some
studies have shown that as the number of particles is more
than 6000, the model could be more accurate [24]. In this
work, the minimum radius of particles was 0.25mm, the
average particle diameter was 0.33mm, the maximum-to-
minimum radius ratio was 1.65, and the number of particles
was 12,952.

A suitable numerical model for describing the me-
chanical behaviors of the material is of great importance for
the computational accuracy of the DEM. (ere are many

numerical models for the material in the DEM, such as the
contact stiffness model, contact sliding model, and bond
particle model (BPM).(e BPM is one of the most commonly
usedmodels, which is a combination of particles, in which the
particles are joined together by parallel bond. (is model can
represent many features of material behaviors, such as elas-
ticity, fracturing, and failure. Hence, the BPM was used to
describe the mechanical behaviors of granite in this work.

2.3. BPMand Its Parameter Analysis. Potyondy and Cundall
proposed the BPM to reproduce many features of rock
behavior [15]. (e BPM contains two forms, which are
contact bond and parallel bond. As shown in Figure 8, the
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Figure 6: (ree-point bending test force and displacement curves.

Table 1: Mechanical properties of granite.

Mechanical property parameters Symbol Value Unit
Density ρ 2622 kg/m3

Young’s modulus E 41.5 GPa
Poisson’s ratio υ 0.23 —
UCS σ 138.8 MPa
Fracture toughness KIC 1.057 MPa·m1/2

Wall

Figure 7: Discrete element simulation model.
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parallel bond is not only able to transmit the tension and
shear force between the particles but also able to transmit the
moment and torque between the particles.

(e contact force between the particles would be divided
into normal force and shear force as

Fi � F
n
ni + F

s
ti, (3)

where the contact force vector Fi denotes the contact be-
havior of particle A on B, as shown in Figure 9, Fn is the
normal force component, Fs is the shear force component, ni

is the normal unit vector of the contact plane, and ti is the
tangential one.

(e magnitude of the tangential force Fs is calculated
in increments. When the two particles are in contact, Fs is
initially zero, and then it is incremented with the cor-
responding tangential displacement increment. (e
normal force and the increment of shear force are cal-
culated by

F
n

� K
n
U

n
,

ΔFs
� − K

sΔUs
,

(4)

where Kn is the normal stiffness value at the contact, Ks is
the shear stiffness value,Un denotes the overlap of the couple
of particles at contact, ΔFs denotes the increment of Fs, and
ΔUs denotes the relative shear displacement.

Once the tension or shear force exceeds the limit of
normal strength or tangential strength between the particles,
the bond between the two particles should break. At the
same time, the corresponding force and torque can be re-
moved. Figure 10 shows the action of the bond at contact
[25, 26].

Hence, the DEM constructed with the BPM contains
eight microscopic parameters, which are listed as follows:
the friction coefficient of the particles μ, the radius

multiplier of the parallel bond λ which is used to set the
parallel-bond radii, the ball effective modulus Ec, the bond
effective modulus Ec, the normal-to-shear stiffness ratio of
the ball Kn/Ks, the normal-to-shear stiffness ratio of the
parallel bond Kn/Ks, the tensile strength of the parallel
bond σc, and the shear strength of the parallel bond τc.

Bond-resisting
ball rotation

Tensile breakage of
bond stiffness

Bond-resisting
shear force Bond spring Contact

spring

Parallel bond

Shear breakage of
bond stiffness

Bond-resisting
tension force

Figure 8: BPM model diagram.
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Figure 9: Contact behavior of particles A and B.
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Figure 10: Behavior of the bond at contact.

6 Mathematical Problems in Engineering



Some previous studies indicate that, for brittle materials,
the radius multiplier of the parallel bond λ is usually set to
be 1. (e ball effective modulus and the bond effective
modulus are set to the same value, and the stiffness ratio of
the ball and the stiffness ratio of the parallel bond are set to
the same value [27]. However, it is difficult to determine
the other five parameters (μ, Ec, Kn/Ks, σc, and τc) by the
existing theory or test method. (erefore, this paper
proposes the inverse procedure to identify these micro-
scopic input parameters.

2.4. Sensitivity Analysis. Generally, the input variables
should be highly sensitive to the output for reducing the ill-
posed problem during parameter identification. In other
words, the input and output should have a great causal-effect
relationship. As the orthogonal experimental design (OED)
method is an available tool to investigate the problem with
many factors and levels, in this work, it was adopted for
sensitivity analysis of unknown parameters. (en, the
friction coefficient of the particles μ, the effective modulus of
the particles Ec, the normal-to-shear stiffness ratio of the
particles Kn/Ks, the tensile strength of the parallel bond σc,
and the shear strength of the parallel bond τc were selected as
variables and an L16(45) orthogonal array was adopted, as
listed in Table 2. (rough forward numerical computations,
the three macroscopic response variables (Young’s modulus
E, Poisson’s ratio υ, and uniaxial compressive strength σ)
could be obtained with different sets of unknown param-
eters. So the DEM calculations of 16 groups of different
model microscopic parameters were carried out through the
orthogonal experimental table, and the results are listed in
Table 3.

(e range analysis is one of the commonly used
methods in OED. It can show the difference in the
computational results was different with different levels.
Usually, the greater the difference is, the greater the in-
fluence of the factor is. According to the range analysis,
the orthogonal experimental data of DEM computation
were analyzed. In this study, it is noted that KA

i is the
summation of the “i” level (i � 1, 2, 3, and 4) in the A
factor, kA

i � KA
i /4, and RA

i � max kA
i  − min kA

i . (e
greater the value of R is, the greater the impact of this
factor on the result is [28]. Hence, the analysis results are
listed in Tables 4–6.

It can be seen from the R value of the range analysis
that the effective modulus of the particles Ec has the
greatest effect on Young’s modulus and its corresponding
R value is 29.07. (e stiffness ratio of the particles Kn/Ks
has the greatest effect on Poisson’s ratio and its corre-
sponding R value is 0.195, while the tensile strength of the
parallel bond σc has the greatest influence on UCS and its
R is 74.74. In addition, in the range analysis of Poisson’s
ratio, the friction coefficient μ has the second largest
impact on Poisson’s ratio. However, the R value of
stiffness ratio is still more than 6 times the R value of the
friction coefficient. (erefore, the remaining two pa-
rameters friction coefficient μ and shear strength τc have
little effect on the calculation results. (en, it can be found

that the three most sensitive parameters were Ec, Kn/Ks,
and σc. Simultaneously, based on the results of parameter
sensitivity analysis and experimental measures, the value
range of these three parameters could be initially
designed. (e value ranges of inversed parameters were as
follows: Ec (20 GPa and 30 GPa), Kn/Ks [1, 3], and σc

(30MPa and 50MPa). Moreover, according to other re-
search [29, 30], the friction coefficient of the particles μ
and the shear strength of the parallel bond τc can be set to
0.5 and 90MPa, respectively.

2.5. RBF Approximate Model. (e approximate model
technique was used to replace the actual calculation
model for promoting the calculation efficiency. (e
construction of the approximate model can be divided
into three parts, namely, experimental design, model
selection, and model evaluation. (e Latin hypercube
design (LHD) method was adopted for multifactorial
experimental design. It has a great sample-recording
ability and can effectively avoid repeated sampling. More
importantly, it has good equality and can extract samples
distributed in the boundary position. In this work, 30
samples were produced by the LHD method, as shown in
Table 7. In this paper, the radical basis function (RBF)
was adopted, which has simple principles and high ac-
curacy for high-dimensional nonlinear problems, and the
Gaussian function was used for RBF. (e approximate
model can be described as

y(x) � 
m

i�1
wiφ X − Xi

����
���� , (5)

where wi is the weight coefficient of the linear combination
of the function φ, ‖X − Xi‖ is the Euclidean distance between
the unknown point and the sample point, and φ represents
the radial basis function, as shown in Table 8.

(irty samples were used to construct the RBF ap-
proximate model, and other three random samples were
used to verify whether the model was accurate. (e actual
sample output and the expected output of test samples are
shown in Table 9, and it can be found that the basic pre-
diction error was within 5%. (erefore, it indicates that this
RBF approximation model is reliable.

Hence, the objective function can be expressed as

Fobj(r) � 
3

i�1
y
m
i − y

c
i (r)( 

2
, (6)

where r is the vector of inversed parameters (Ec, Kn/Ks, and
σc) and y is the vector of responses (E, υ, and σ).

Table 2: Selected levels for the macroscopic properties.

Levels
Factors

Ec (GPa) Kn/Ks σc (MPa) τc (MPa) μ

1 15 1.0 20 50 0.3
2 20 1.67 30 70 0.4
3 25 2.33 40 90 0.5
4 30 3.0 50 110 0.6

Mathematical Problems in Engineering 7



Table 3: Results of the orthogonal experiment.

Number
Factors Results

Ec (GPa) Kn/Ks σc (MPa) τc (MPa) μ E (GPa) υ σ (MPa)

1 15 1.0 20 50 0.3 31.95 0.135 84.75
2 15 1.67 30 70 0.4 29.13 0.217 114.64
3 15 2.33 40 90 0.5 27.5 0.265 138.69
4 15 3.0 50 110 0.6 26.33 0.3 160.59
5 20 1.0 30 90 0.6 44.26 0.098 134.35
6 20 1.67 20 110 0.5 39.45 0.204 82.07
7 20 2.33 50 50 0.4 36.36 0.274 129.29
8 20 3.0 40 70 0.3 34.06 0.324 124.79
9 25 1.0 40 110 0.4 54.02 0.119 162.76
10 25 1.67 50 90 0.3 47.81 0.231 169.97
11 25 2.33 20 70 0.6 46.52 0.255 79.83
12 25 3.0 30 50 0.5 43.67 0.306 101.03
13 30 1.0 50 70 0.5 65.62 0.108 156.97
14 30 1.67 40 50 0.6 59.61 0.196 125.94
15 30 2.33 30 110 0.3 53.81 0.284 107.39
16 30 3.0 20 90 0.4 52.16 0.31 71.24

Table 4: Range analysis data of Young’s modulus.

Value name Ec Kn/Ks σc τc μ

K1 114.91 195.85 170.08 171.59 167.63
K2 154.13 176.00 170.87 175.33 171.67
K3 192.02 164.19 175.19 171.73 176.24
K4 231.20 156.22 176.12 173.61 176.72
k1 28.73 48.96 42.52 42.90 41.91
k2 38.53 44.00 42.72 43.83 42.92
k3 48.01 41.05 43.80 42.93 44.06
k4 57.80 39.06 44.03 43.40 44.18
R 29.07 9.90 1.51 0.93 2.27

Table 5: Range analysis data of Poisson’s ratio.

Value name Ec Kn/Ks σc τc μ

K1 0.917 0.460 0.904 0.911 0.974
K2 0.900 0.848 0.905 0.904 0.920
K3 0.911 1.078 0.904 0.904 0.883
K4 0.898 1.240 0.913 0.907 0.849
k1 0.229 0.115 0.226 0.228 0.244
k2 0.225 0.212 0.226 0.226 0.230
k3 0.228 0.270 0.226 0.226 0.221
k4 0.225 0.310 0.228 0.227 0.212
R 0.004 0.195 0.002 0.002 0.032

Table 6: Range analysis data of uniaxial compressive strength.

Value name Ec Kn/Ks σc τc μ

K1 498.67 538.83 317.89 441.01 486.90
K2 470.50 492.62 457.41 476.23 477.93
K3 513.59 455.20 552.18 514.25 478.76
K4 461.54 457.65 616.82 512.81 500.71
k1 124.67 134.71 79.47 110.25 121.73
k2 117.63 123.16 114.35 119.06 119.48
k3 128.40 113.80 138.05 128.56 119.69
k4 115.39 114.41 154.21 128.20 125.18
R 13.01 20.91 74.74 18.31 5.70

Table 7: Test design sampling points.

Number
Input Output

E (GPa) Kn/Ks σc (MPa) E (GPa) υ σ (MPa)

1 20.03 2.89 46.30 35.69 0.300 151.51
2 26.00 2.82 38.24 45.96 0.296 130.68
3 29.18 2.69 31.64 52.03 0.287 112.44
4 27.86 1.47 34.85 56.23 0.180 141.35
5 21.51 2.19 32.32 40.11 0.252 122.16
6 23.74 1.02 35.34 51.75 0.113 144.75
7 25.23 1.92 39.19 48.21 0.231 146.14
8 29.41 1.59 41.26 58.33 0.196 157.21
9 21.18 1.36 39.93 43.44 0.167 154.29
10 28.99 1.44 48.62 58.74 0.178 171.32
11 27.61 1.84 40.40 53.19 0.223 151.91
12 24.09 1.22 49.03 50.55 0.146 166.59
13 21.84 2.22 42.42 40.47 0.256 155.95
14 24.95 1.98 49.49 47.32 0.236 175.91
15 25.55 2.49 33.58 46.15 0.273 119.42
16 20.80 2.57 44.82 37.42 0.281 150.32
17 26.94 2.34 36.04 49.56 0.264 131.45
18 22.09 1.08 43.35 47.53 0.123 164.02
19 24.59 1.18 45.87 51.96 0.140 161.53
20 26.03 1.63 31.24 51.55 0.200 123.04
21 22.58 2.03 34.20 42.80 0.240 129.44
22 23.08 2.43 33.27 42.12 0.270 118.80
23 27.27 1.74 42.98 53.13 0.213 162.00
24 22.90 2.78 47.65 40.56 0.294 156.60
25 28.64 2.65 36.76 51.36 0.284 130.21
26 29.81 2.99 47.01 52.05 0.305 152.77
27 28.11 2.07 44.40 52.83 0.244 160.83
28 23.48 1.69 30.22 46.13 0.207 118.06
29 26.52 1.30 41.51 54.97 0.159 161.21
30 20.45 2.29 37.65 37.66 0.261 135.05

Table 8: Radial basis function (c> 0).

Function φ(r)

Gaussian φ(r) � e− cr2
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2.6. Ant-Colony Optimization Algorithm. To promote the
computational inverse accuracy, the ant-colony optimiza-
tion (ACO) method was adopted for the optimization al-
gorithm. It is a very effective metaheuristic algorithm to
solve the complicated engineering problems. In this algo-
rithm, the search way is according to population, and it has
very strong parallel computing capability. (e ACO algo-
rithm has several advantages, such as distributed compu-
tation, constructive greedy heuristics, and positive feedback
[31].(e greatest advantage of this method is that it can tune
a lot of parameters simultaneously and it can be used to solve
optimization problems.

Because of these advantages, the ACO algorithm was
employed as the inverse operator to determine the
inversed parameters of the DEM. When using this algo-
rithm, the number of ant colonies m is 50, the maximum
number of iterations is 200, the information heuristic
factor α is set to 1, the information residual factor ρ is 0.5,
and the expected heuristic factor β is 5. (e objective
function information is applied to guiding and judging the
search process. (e relative errors between the measured
data and the numerical computation results based on the
inversed parameters are below 5%. If these above con-
ditions are satisfied, these inversed parameters can be
considered reliable.

3. Identification Results and Discussion

3.1. Results. Based on the above-mentioned inverse
procedure, parameters of the DEM for granite were
determined and are shown in Table 10. (e convergence
curves of ACO for determination of objective function
are shown in Figure 11(a). It can be seen that the ACO
has a fine convergence performance in this study. (e
computational efficiency curves of ACO for three
inversed parameters are shown in Figures 11(b)–11(d).
(ey show that the computational efficiency is fine, and
the largest number of generations is about 80, which
occurs in the process of inversely determining the
stiffness ratio.

In addition, the value of objective function was 0.0133,
which satisfies the evaluation criteria. (e parameters were
substituted into DEM numerical calculation, and the results
and the experimental curves are shown in Figure 12.

For estimating the goodness of fit between the calculated
results and the experimental data, the relative error RE and
the correlation coefficient CC were used. (e functions of
the expression are stated as follows:

RE �
yC − yM

����
����

yM
����

����
,

CC �


n

i�1 yC
i − X yC(   yM

i − X yM(  

yC − X yC(   yM − X yM(  
,

(7)

where n denotes the number of sampling points and X(y)

denotes the average of the responses.
According to the evaluation principle, the smaller the RE

and the larger the CC, the higher the coincidence degree of
the two curves. If the RE is 0 and the CC is 1, the two curves
are completely coincident. (rough the calculation, the two
curves’ RE is 0.035 and the correlation coefficient CC is
0.996. According to the evaluation principle, it can be shown
that the numerical results based on the inversed parameter
values are in good agreement with the measurement curves
from the experiment.

At the same time, the effective and reliable DEM
parameters determined by the inverse procedure are
substituted into the DEM positive problem calculation.
(e simulated sample damage form is compared with the
experimental sample damage form, as shown in Figure 13.
Because the loading surface is wide and the damage form
is greatly affected by the material homogeneity, the
comparison results will be somewhat fuzzy but overall
consistent.

3.2.Discussion. (e three-point bending test is used to verify
the model parameters. In the corresponding DE modeling
process, the three-point bending test is simulated as a plane
stress problem, which is treated as a two-dimensional DEM.
(e basic dimensions are consistent with those of the test
samples, and the detailed dimensions are shown in Fig-
ure 14. In this numerical model, for the three-point bending
test, the length W, height L, and density ρ were 220mm,
50mm, and 2622 kg/m3, respectively. In this model, the
minimum radius of particles was 0.25mm, the average
particle diameter was 0.33mm, the maximum-to-minimum
radius ratio was 1.65, and the number of particles was 28458.

Table 9: Test results.

Output variable
Test sample 1 Test sample 2 Test sample 3

Actual output Expected value Actual output Expected value Actual output Expected value
E (GPa) 39.15 37.49 58.5 57.91 47.62 48.05
υ 0.276 0.267 0.17 0.172 0.126 0.127
σ (MPa) 163.32 155.43 171.04 169.72 163.82 161.69

Table 10: Results of parameter identification.

Inversed parameters Searching domain Identified values
Ec (GPa) (20.0, 30.0) 21.65
Kn/Ks (1.0, 3.0) 1.9
σc (MPa) (20.0, 40.0) 36.55
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(e DEM parameters identified in the previous work are
applied to the three-point bending model, and the loading
conditions are set to be consistent with those of the test. (e
comparison between the obtained macroscopic mechanical
indexes and the test results is listed in Table 11. It can be found
that the error is about 10%, within the accuracy requirements.

As shown in Figure 15, it can be clearly seen that the simulated
sample damage results almost coincide with the damage
results from the experiment, and it indicates the availability of
the inversed parameters. (e above work also indicates that
this inverse procedure can be effectively applied to the pa-
rameter identification problem of DEMs.
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Figure 11: Convergence curves. (a) Objective function. (b) Effective modulus. (c) Stiffness ratio. (d) Tensile strength.
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4. Conclusions

In this work, the microscopic parameters of the DEM for
granite have been determined by using the inverse
procedure. To identify the microscopic parameters, the
error between the synthetic measurements and the cal-
culated data has been minimized by the inverse tech-
nique. A few of uniaxial compressive experimental data
are used as the input for determining the unknown
parameters. (en, the parameters of the DEM are
identified through the above work, and the agreement
between the computational curves and the experimental
results is good. Subsequently, it verifies the accuracy of
the inverse results with the three-point bending tests.
And the results demonstrate the availability of this in-
verse technique. As a consequence, the inverse procedure
for parameter identification can be applied to quickly
determine the unknown model parameters with high
efficiency and accuracy, which provides an effective
understanding of the mechanical properties of rock-like
brittle materials.

(a) (b)

Figure 13: Comparison of simulated and test destruction result. (a) Simulated result. (b) Test result.

Figure 14: DEM for the three-point bending test sample.

(a)

(b)

Figure 15: Comparison of simulated and test destruction result. (a)
Simulated result. (b) Test result.

Table 11: Comparison of discrete element simulation results with
test results.

KIC (MPa·m1/2)

Test result 1.057
Simulation result 1.163
Relative error 10%
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Powder fluidity is one of the important factors affecting the smoothness of selective laser sintered parts and themechanical properties of
sintered parts. In this paper, the angle of repose (AOR) and angle of internal friction of nylon PA3200 powder were measured by a
powder comprehensive tester and a direct shear tester to evaluate the flow properties of the powder particles. Based on the discrete
element method (DEM), the rolling resistance contact model and the van der Waals force model were used to describe the interaction
forces between the powder particles.)e rolling resistance coefficient and friction coefficient within the contactmodel were calibrated by
the results of the AOR experiments. Based on the orthogonal experimental method, the particle size and particle size distribution (PSD)
(such as uniform distribution and Gaussian distribution) were selected as the influencing factors, and the effect of particle size and PSD
on the fluidity of nylon PA3200 powder was studied by numerical simulation.)e results show that the PSD has a stronger influence on
the AOR than particle size, and the fluidity of uniform distribution is better than that of the Gaussian distribution.

1. Introduction

Selective laser sintering (SLS) is a rapid prototyping tech-
nology based on the principle of additive manufacturing,
which makes parts by layering the powder and scanning
sintering layer by layer. )e study of powder fluidity is the
most basic content in powder engineering and is also an
important part of SLS forming research [1]. Before the
process of laser scanning sintering, the powder paving
process is very important to the manufacturing process of
SLS, as shown in Figure 1. Bad powder fluidity will lead to
problems of poor spreading performance of the powder
during the laying process, uneven density distribution of the
powder layer, and warping and holes of the sintering layer
during sintering, and finally the size accuracy and me-
chanical properties of the sintered parts cannot meet the
predetermined requirements. On the contrary, the better the
fluidity of the powder is, the better its spreading perfor-
mance and subsequent sintering quality are. Hence, it is

important to study the flow abilities of the powder for the
SLS process.

Powder fluidity has an obvious multiscale effect [2],
which is closely related to powder physical property pa-
rameters (such as particle size, density, and particle shape).
)e friction of adhesion between particles, van der Waals
force, electrostatic force, and other factors hinder the free
flow of particles and affect the fluidity of powder. Yang and
Evans [3] studied the effects of sphericity and particle size on
the fluidity of the powder. )e results show that the higher
the sphericity in the powder, the better the fluidity, and the
larger size particle has a better fluidity than the smaller one.
Goh et al. [4] compared the powder flow parameters with the
particle size and shape. )ey found that the smallest fraction
of particle size has an important influence on most of the
flow parameters because of its cohesiveness, while the
particle shape was important for flow parameters which were
more sensitive to interparticulate friction. Zhang et al. [5, 6]
studied the correlation of supercritical water (SCW) from
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the aspect ratio of the ellipsoid, showing that particle shape
has a great influence on the research results. Wei et al. [7]
demonstrated that shape has a certain influence on the sta-
bility of filling structure of particles and the uniformity of pore
distribution. Dai et al. [8] found that the sliding friction,
rolling friction, and PSD all have a strong influence on the
structural characteristics of the repose angle of sand piles.
Maćıas-Garćıa et al. [9] proposed a Rosin-Rammler distri-
bution for describing the PSD based on probability and
statistical theory and obtained the uniformity coefficient to
describe the size distribution range of powder. Fitzpatrick
et al. [10] have found that the smaller the powder particles, the
worse the fluidity. )ey found the reason is that as the size of
the particle becomes smaller and the specific surface area was
increased, the viscous force between the particles becomes
larger to prevent the flow of the powder. Yu et al. [11] found a
certain relationship between the deposition state of the
powder and the interaction between the particles and the
particle size. Amorós et al. [12] studied the monodisperse
quartz sand with different PSDs as materials to test the re-
lationship between particles, particle size, and bed tightness,
and the results showed that the cohesive force increases with
the increase of the tightness and the decrease of the particle
size. Wang et al. [13] measured the AOR of coal powder with
different particle sizes by three methods, and the results
showed that when the particle size was larger than a certain
critical size, the fluidity was better with the increase of the
particle size of pulverized coal; when it was smaller than the
critical size, the situation would be opposite. Al-Hashemi and
Al-Amoudi [14] showed that the AOR of particles is an
important parameter to understand the microscopic behavior
of granular materials and to relate them to macroscopic
behavior.

It can be seen from the above studies that the physical
parameters of powders have an important influence on the
fluidity of powders, and the modification of powders can
improve the fluidity of powders to a certain extent. However,
there are few studies on the fluidity of nylon PA3200 powder

used in SLS process, and most of the powder fluidity is in the
observation stage of the test phenomenon. In this paper,
nylon PA3200 powder was taken as the research object and a
series of experiments and numerical simulations were used
to study the influencing factors of nylon PA3200 powder
flow performance. )e effects of physical properties of nylon
PA3200 powder on its fluidity were studied.

2. Characterization and Experiment of Powders

2.1. Powder Characterization. )e particle size and surface
morphology of the powder have a great influence on the
microscopic force of the powder. )erefore, the particle size
test and surface topography of the nylon PA3200 powder are
required. )e nylon powder materials used in the experi-
mental study were produced by Hunan Farsoon High-
Technology Co., Ltd., China.

2.1.1. Particle Size Measurement. In this paper, the particle
size of nylon PA3200 powder was tested by a laser particle
size analyzer (Mastersizer 2000, Malvern, UK). )e PSD
results as shown in Figure 2 were obtained. It can be seen
from the figure that the PSD of nylon PA3200 powder is
in the range of 20–120 μm, and it is normally distributed.
)e measurement results show that D90 is 90 μm, D50 is
49.5 μm, and D10 is 25.6 μm (D90, D50, and D10 repre-
sent a cumulative distribution curve; distribution of the
powder was 90%, 50%, and 10% of the equivalent di-
ameter, respectively).

2.1.2. Observation of Surface Topography. )e microscopic
morphology of nylon PA3200 powder was observed by ultra-
depth of field microscope (VHX-2000c, Keyence, Japan). As
shown in Figure 3, it can be seen that most powder mor-
phologies are approximately spherical with a certain degree of
agglomeration. Referring to this microscopic morphology, a
spherical model was used to simulate nylon PA3200 powder.

2.2. Powder Fluidity Experiment. )e powder is a collection
of particles in a discrete state. However, there is no clear
definition of the fluidity of the powder, and there is no
uniformmeasurement method.Most of the existing research
studies describe the flow properties of the powder through
macroscopic accumulation and flow experiments, such as
the AOR method [15], the Hausner index method [16], the
Carr flow index method [17], and the uniaxial compression
test [18]. )e parameters characterized generally include the
AOR, the internal friction of angle, and the cohesion. )is
paper mainly measures the AOR, angle of internal friction,
and coefficient of internal friction.

2.2.1. Measurement of the AOR. )e AOR refers to the angle
between the powder stacking slope and the bottom horizontal
plane in a static equilibrium state. It is formed by a specific
way to naturally drop the powder onto a specific platform.)e
schematic diagram is shown in Figure 4. In general, the
smaller the AOR is, the smaller the friction between the

Figure 1: Schematic diagram of roller dusting.
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powders is, and the better the fluidity of the powder is. In this
paper, the powder angle comprehensive tester (BT-1000,
Dandong Baite Instrument Co., Ltd., China) was used to
determine the AOR for nylon PA3200 powder. Since the AOR
measured by different positions of the nylon PA3200 powder
pile may be different, the angles of repose under three dif-
ferent positions of the pile (such as 0°, 120°, and 240°) were
measured in each set of experiments to reduce the experi-
mental error.)e average value of the AOR was computed, as
shown in Table 1, and the average AOR is 35.49°.

2.2.2. Measurement of the Friction Angle and Internal
Friction Coefficient of the Powder. In this paper, the strain-
controlled direct shear instrument (ZJ, Nanjing Soil In-
strument Factory, China) was used to determine the internal
friction angle and internal friction coefficient of nylon
PA3200 powder. According to the test method of the shear
instrument using the Jenike method [19], as shown in
Figure 5, nylon PA3200 powders were shear tested under

four different vertical pressures, which were 100 kPa,
200 kPa, 300 kPa, and 400 kPa, respectively. )e working
principle is that the powder was placed in the shear box, and
then a certain vertical pressure was applied to the powder,
and then a horizontal thrust was applied to the shear box

AOR

Figure 4: Schematic diagram of the AOR.
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percentage of particles of different particle sizes to the total volume,
and the blue curve represents the cumulative volume percentage of
particles.
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Figure 3: Microstructure of nylon PA3200 powder.

Table 1: Measured results of the AOR with nylon PA3200 powder.

Number of
experiments 0° 120° 240° Average

value (°)
AOR
(°)

1 36.1 35.3 35.3 35.57
35.492 36.5 35.1 34.8 35.47

3 36.2 35.6 34.5 35.43

Fs

FnPower

Cutting box

Shear base

Figure 5: Schematic diagram of the shearing process (Fn is the
vertical pressure and Fs is the shear force).
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below, making the powder shear displacement along the
horizontal contact surface of the upper and lower boxes. In
the process of shearing, the shear stress on the cross section
of the powder can be calculated by measuring the horizontal
thrust applied at every fixed time, that is, the increment of
shear deformation at every fixed value. Determine the
corresponding internal friction angle φ to characterize the
powder flow properties. )e shear force τ of the specimen
when the shear failure occurs can be calculated as follows:

τ � CR, (1)

where C is the force ring coefficient (kPa/0.01mm) and R is
the dynamometer reading (0.01mm).

Figure 6(a) shows the relationship between shear stress and
shear displacement of nylon PA3200 powder. As the shear
displacement increases, the shear force tends to be stable,
indicating that the powder has undergone shear failure.
Extracting the maximum shear forces S1, S2, S3, and S4 at the
time of shear failure, and the shear strength and vertical
pressure relationship curves are shown in Figure 6(b). )e
equation can be obtained by fitting the curve as follows:

τ � μσ − α,

AOR � arctan μ,
(2)

where μ is the internal friction coefficient and σ and α are the
constant parameters obtained by fitting the curve.

)e internal friction coefficient and the friction angle were
calculated to be 0.50 and 26.57°, respectively. )rough the
above experiments, the macroscopic characteristic parameters
of nylon PA3200 powderwere determined, as shown in Table 2.

3. DEM Contact Model

)e discrete element method (DEM) was first proposed by
Cundall and Strack [20] in the later 1970s. Based on
Newton’s second law of motion, this method predicts
particle swarm behavior by calculating the interaction and
relative motion between particles at each moment [21] and
was first used in the analysis of rock mechanics problems.
)e basic idea of the DEM is to separate the discontinuous
body into a set of rigid elements so that each rigid element
satisfies the equation of motion and solve the equation of
motion of each rigid element by a time-step iterative method
to obtain the overall motion form of the discontinuous body.
)e macroscopic mechanical behavior of the material is
achieved by the constitutive model of each contact.
)erefore, the selection of the contact model is crucial for the
establishment of the DEM model. )is section introduces
the contact force model of nylon PA3200 powder.

In DEM, each particle is tracked and its motion is
governed by Newton’s second law [22]:

translationalmotion: m
dVi

dt
� Fi − βgVi,

rotationalmotion: I
dωi

dt
� Mi − βgωi,

(3)

where i(� 1, 2, 3) denotes the x, y, and z coordinate di-
rections, respectively; Fi is the out-of-balance force

component of the particle; Vi is the translational velocity; m
is the mass of the particle; Mi is the out-of-balance moment
due to the contacts; i is the rotational velocity; I is the ro-
tational inertia of the particle; βg is the global damping
coefficient; and dt is the time step.

3.1. van der Waals Force. Generally, the particles are devoid
of polarity. However, due to the electronic movement of the
molecules or atoms that make up the particles, particularly
the molecules and atoms on the surface of the particles, the
particles will have an instantaneous dipole. When the two
particles are in close contact with each other, due to the
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Figure 6: Analysis of nylon direct shear test results. (a) Shear force
and shear displacement. (b) Vertical pressure and shear strength.

Table 2: )e macroscopic properties of nylon PA3200 powder.

Measurement parameters Experiment results
AOR (°) 35.49
Coefficient of internal friction 0.50
Angle of internal friction (°) 26.57
Particle size (μm) 20–120
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action of the instantaneous dipole, the two particles will
exert a mutual attraction force called van der Waals force
between the particles. )e nylon PA3200 powder used for
sintering has a smaller particle size, and the force between
the particles and the particles is far greater than the gravity,
so the van der Waals force between the particles should be
considered [23].

Hamaker [24] uses the principle of attraction potential
and energy superposition of London-van der Waals to solve
the gravitational potential between fine particles or between
fine particles and walls by integration. It is shown as follows:

U
0
pp � 

V1


V2

ρ1ρ2UmmdV1dV2, (4)

where the subscript pp represents particles; subscripts 1 and
2 represent particle 1 and particle 2, respectively; ρ1 and ρ2
are the density of two particles (kg/m3); and Umm is the total
potential energy of the gravitational interaction between the
molecules. By integrating the above equation, the gravita-
tional potential energy between particles can be obtained:

U
0
pp � −

Q

12Z0

d1d2

d1 + d2
, (5)

where d1 and d2 are the diameters of the two particles (m); Z0
is the distance between the particles (m); and Q is the
Hamaker constant (eV).

)e attraction between particle 1 and particle 2, also the
van der Waals force between particles, is

F
0
vdw � −

zU0
pp

zZ0
� −

Q

12Z2
0

d1d2

d1 + d2
, (6)

where the minus sign represents gravity and the negative
sign is removed for convenience in the subsequent
discussion.

When the particles are in contact with the plane, due to
d2→∞, the van der Waals force between the particles and
the plane is

F
0
vdw �

Qd

12Z2
0
, (7)

where d is the diameter of the particle.
When the particle diameters of the two particles in

contact with each other are equal, the van der Waals force
between the particles is

F
0
vdw �

Qd

24Z2
0
. (8)

3.2. Rolling Resistance Contact Model. Due to the certain
agglomeration of nylon PA3200 powder, the rolling re-
sistance contact model which is suitable for viscous materials
and irregular granular materials was selected in this paper to
describe the interaction between particles [25–27]. )e
rolling resistance contact model between particle-particle
and particle-wall is shown in Figures 7 and 8, respectively.

)e total rolling resistance torque relationship of the
contact model is as follows:

Mr � Mk
r + Md

r , (9)

whereMk
r is the spring torque andM

d
r is the viscous damping

torque. )e spring torque can be calculated as follows:

ΔMk
r � − krΔθr,

kr � ksR
2
,

(10)

where kr is the rolling resistance stiffness, R is the contact
effective radius, and Δθr is the relative bend-rotation
increment.

1
R

�
1

R(1)
+

1
R(2)

. (11)

)emagnitude of the updated rolling resistance moment
is then checked against a threshold limit:

Mr �

Mr, Mr
����

����≤Mm
r ,

Mm
r

Mr

Mr
����

����
 , otherwise.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(12)

)e limiting torque is defined as

Mm
r � μrRFn, (13)

where Mk
r is the conditional torque, μr is the rolling friction

coefficient, and Fn is the normal force.
)e relationship between the viscous rolling resistance

coefficients can be expressed as

Cr � ηrC
crit
r , (14)

where ηr is the rolling viscous damping ratio and Ccrit
r is the

rolling critical viscous damping constant.
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C
crit
r �

����
IrKr


, (15)

where Ir is the equivalent rotational inertia of the contact
point between two particles.

Ir �
1

1/ I1 + m1r
2
1( (  + 1/ I2 + m2r

2
2( ( ( 

, (16)

where I1 and I2 are the rotational inertia of particles 1 and 2,
respectively; m1 and m2 are the mass for particles 1 and 2,
respectively.

Based on the selection of the rolling resistance contact
model in the PFC software, the Fish contact function was
used to add a van der Waals force into the particle’s contact.

4. DEM Simulation

4.1. Parameter Calibration of Nylon PA3200 Powder Contact
Model. In this paper, the PFC software is used to model the
entire AOR angle by adjusting various parameters [28] to
obtain the characteristics of the AOR. Firstly, the micro-
scopic parameters of rolling resistance contact model are
initially assigned, and then a large number of debugging
operations are performed on the different values of each
parameter. )e macroscopic physical and mechanical
properties obtained by the AOR experiment are compared
with the experimental results. In this process, several model
parameters are involved, such as friction coefficient, stiffness
ratio, porosity, and effective modulus. )e specific physical
and mechanical properties can be obtained when any set of
parameters is selected from a given model, and the mi-
croscopic parameters of the DEM used are reasonably se-
lected according to the degree of coincidence. It can be seen
from Figure 2 that the powder has an irregular Gaussian
distribution. However, the Gaussian distribution command
in PFC simulation is regular. In order to be close to the actual
situation, the particle size of the simulation experiment in
this paper is set as 20 to 100 μm.

)e common AOR model includes the cylinder model,
the funnel model, and L-box model [29]. In this paper, the
cylinder model is used to study the AOR of nylon PA3200
powder. To reduce the scale of calculation, this paper selects
an axial section plane of the cylinder body for two-di-
mensional simulation, as shown in Figure 9. In Figure 9,D is
the diameter of the cylinder,H is the height of the cylinder, L
is the diameter of the bottom plate, and V is the lifting speed
of the cylinder.

In previous studies, there is usually a requirement for the
cross-sectional dimension, that is, the diameter of the cyl-
inder should be selected to be more than 4 times the
maximum particle size of the particle, and the height is 3
times the diameter of the cylinder. )erefore, in the sub-
sequent numerical simulation, the diameter of the cylinder
D, the height of the cylinder H, and the diameter of the
bottom plate L were selected to be 2 mm, 6 mm, and 4 mm,
respectively, as the cylindrical model size value. When
simulating the fluidity of the powder, a certain amount of
particles was generated in the cylinder, and then the cylinder
was lifted at a speed of 6mm/s, and the particles were piled
up to form a certain angle. Finally, the program of Fish was

written in the PFC software to calculate the position co-
ordinates of the outermost particles and draw the contour
curve of the outer particles.)e contour curve formed by the
particles is used to find the AOR. Figure 10 is a plot of the
AOR.

Based on the AOR model, the rolling resistance co-
efficient between nylon PA3200 powder is continuously
changed based on the initial value.)e simulation results are
shown in Table 3, and the outer surface contour curves of
particle accumulation under different the rolling resistance
coefficients are obtained as shown in Figure 11(a). It should
be noted that the parameter change is adjusted based on the
preliminary assignment. If the simulation result of the initial
assignment differs greatly from the experimental result, the
selection of the parameter range is expanded. On the
contrary, the nearest selection approximates the experi-
mental value.)eAOR of the different curves in Figure 11(a)
is extracted, and the AOR shown in Figure 11(b) is obtained.
It can be seen that as the rolling resistance coefficient in-
creases, the AOR increases. It can be seen from Table 3 that
when the rolling resistance coefficient is 0.5, the AOR of the
numerical simulation is 35.3°, which is close to the exper-
imental value of 35.49°. )is is because the increase in the
rolling resistance coefficient makes the free flow between
particles to overcome greater resistance. )erefore, the
rolling resistance coefficient in the simulation is set to 0.5.

For particle model tests, the friction coefficient between
particles is a vital factor. On the basis of the initial value, the
friction coefficient between nylon PA3200 powders was
changed constantly. )e simulation results are shown in
Table 4. )e influence of the friction coefficient between the
particles on the macroscopic AOR is shown in Figure 12.

It can be seen from Figure 12 that the AOR increases
from the increase in the friction coefficient. )is is because
the friction coefficient increases resulting in an increase in
the frictional resistance of the particles, and slippage be-
tween the particles is more difficult. According to Table 4,
when the friction coefficient is set to 0.5, the numerical
simulation results that the AOR 35.28° is closer to the ex-
perimental value of 35.32°, so the value of 0.5 is selected as
the friction coefficient in the simulation.

4.2. Parameter Calibration Results. With the understanding
of the influence of model microscopic parameters on

D

V H

L

Figure 9: Cylinder model used in the DEM simulation.
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macroscopic properties, combined with the actual results of
the AOR experiment, the microscopic parameters of the
model were calibrated, and the results of the experiment and
simulation are shown in Table 5.

5. Analysis and Discussion

5.1. Orthogonal Experiment Design. Orthogonal experiment
design is a multifactor experimental design method based on
the probability theory and mathematical statistics [30]. )e
orthogonal experiment can be used to obtain the optimal
combination level and further to analyze the influencing
factors. In this paper, the AOR model used in the previous
calibration of microscopic parameters was used to study the
factors affecting the fluidity of the powder. As shown in
Table 6, the factors of orthogonal experiment design are
particle size range (A) and the distribution type (B). )e
particle size is taken at four levels, which are 20–40 μm,
40–60 μm, 60–80 μm, and 80–100 μm, respectively. )e
distribution type is taken at two levels, which are the uni-
form distribution and Gaussian distribution, respectively. A
L8 (4× 21) orthogonal table was selected to carry out a two-
factor mixed horizontal orthogonal experiment, as shown in
Table 7.

0.40 0.45 0.50 0.55 0.60
30

32

34

36

38

Friction coefficient
A

O
R 

(°
)

Figure 12: Effect of friction coefficient between particles on the
AOR.

Table 5: Microscopic parameters of nylon PA3200 powder fluidity
model.

Contact parameter Value
Effective modulus (Pa) 1e7
Stiffness ratio 1.50
Nylon and nylon friction coefficient 0.50
Nylon and wall friction coefficient 0.50
Rolling resistance coefficient 0.50
Porosity 0.30
Particle density (g/cm3) 1.00
Particle size (μm) 20–100

AOR

Figure 10: AOR accumulation.

Table 3: Calibration of the rolling resistance coefficient.

Rolling resistance coefficient AOR (°)
0.40 32.60
0.50 35.30
0.60 35.87
0.70 36.11
0.80 37.12

rfric = 0.4
rfric = 0.5
rfric = 0.6

rfric = 0.7
rfric = 0.8
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Figure 11: Effect of the rolling resistance coefficient on the AOR.
(a) Particle projection outer surface contour curve. (b) Relationship
between the rolling resistance coefficient and AOR.

Table 4: Relationship between the friction coefficient and the AOR.

Friction coefficient AOR (°)
0.40 34.93
0.45 35.00
0.50 35.28
0.55 36.87
0.60 37.69
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5.2. Range Analysis. )e range analysis is one of the com-
monly used methods of orthogonal design, which is easy to
understand and find the optimal level and optimal combi-
nation of primary and secondary factors of the test tomeet the
requirements of the general test quickly. A range analysis
includes two critical parameters Kji and Rj. Kji is the average
value of the test indicators corresponding to the level i of
column j, and Rj is the difference between the maximum value
and the minimum value of the average index value at each
level of column j, which is the range of column j.)e larger Rj,
the greater the influence of this factor of the test indicators.
)e equations for calculating Kji and Rj are shown below:

Kji �
1

Ni



Ni

j�1
yji,

Rj � max Kj1, Kj2, . . . , Kji  − min Kj1, Kj2, . . . , Kji ,

(17)

where i is the level number (i� 1, 2, 3, 4), j is the factor
notation (A, B), yji is one result value for factor j at level i,
and Ni is the total number of levels.

According to the orthogonal experimental design
scheme, the results from the above numerical simulation
conditions are shown in Table 8. It can be known that the
difference between the two columns is different, indicating
that the different levels of each factor have different effects
on the AOR. )e result is RA>RB, and it can be known that
the particle size range A has a greater influence on the AOR
than the distribution type B.

5.3. Analysis of Variance. Analysis of variance is a standard
statistical technique used to determine the extent of influ-
ence, estimate the confidence level of the influence, and
evaluate the experimental errors. In the analysis of variance,
an F value of each factor represents the ratio of the sum of the

square of each factor’s average deviation from that of the
experimental error. )e calculation of the F value demands
the sum of square deviation from each factor (SSj), the total
sum of the squared deviation (SST), the degree of freedom of
the factor j (f), and the total degree of freedom of the ex-
periments (fT). fj is equal to the number of levels of factor j
minus 1 while fT is the total number of experiments minus 1.
)us, the degree of freedom of the experimental error fe is the
difference between fT and the sum of the f of all the factors.

SSj of the factor j and SST are calculated using the fol-
lowing equations:

SSj �
1
n



n

i�1
k
2
ji −


n2

i�1Yi 
2

n2 ,

SST � 

m

i�1
Y
2
i −

1
m



m

i�1
Yi

⎛⎝ ⎞⎠

2

,

SSe � SST − SSj,

(18)

where n is the number of levels of factor j;m is the number of
factors; and Yi is the value of the result of the level i.

)e results of the analysis of variance are shown in
Table 9. )e F value is compared to the value of Fα (f, fe),
which indicates the threshold F values with the risk level α
(confidence level� 1 − α), where f and fe are the degrees of
freedom associated to the numerator and denominator,
respectively. In this study, the factor A is Fα (3, 4) and factor
B is Fα (1, 6). By referring to the distribution table of the F
value, the significance level is selected, and the corre-
sponding critical value is found for comparison to determine
whether the factor has a significant degree of influence. For
factor A, F0.05 (3, 4)� 6.59, F0.1 (3, 4)� 4.19, and F0.1 (3, 4)
< FA< F0.05 (3, 4), and then factor A is significant at the level
of α� 0.1 and has a significant influence. For factor B, F0.25
(1, 6)� 1.62, and FB< F0.25 (1, 6) indicates that the influence
of factors is not significant. )erefore, the results of the
analysis of variance are consistent with the range analysis,
and the particle size has a greater influence on the AOR than
the distribution type.

Table 6: Factors and levels of orthogonal experiment.

Levels
Factors

Particle size (μm) (A) Distribution type (B)
1 20–40 Uniform distribution
2 40–60 Gaussian distribution
3 60–80 —
4 80–100 —

Table 7: Design of orthogonal experiment.

Test number
Factors

A B
1 1 1
2 1 2
3 2 1
4 2 2
5 3 1
6 3 2
7 4 1
8 4 2

Table 8: Results of orthogonal experiment design.

Test number Particle size (μm)
(A)

Distribution type
(B) AOR (°)

1 1 1 32.82
2 1 2 33.35
3 2 1 32.29
4 2 2 33.10
5 3 1 32.82
6 3 2 31.76
7 4 1 34.25
8 4 2 35.56
Kj1 33.08 33.05
Kj2 32.70 33.44
Kj3 32.29
Kj4 34.91
Rj 2.62 0.39
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6. Conclusions

In this paper, an experimental and numerical simulation
study was carried out on the powder fluidity affecting the
powder paving quality during the selective laser sintering of
nylon PA3200 powder. )e related studies were carried out
from the PSD range and the distribution type, and the main
conclusions are shown below:

(1) )e AOR, angle of internal friction, and the friction
coefficient of nylon PA3200 were obtained by the
experimental method.)e rolling resistance coefficient
and friction coefficient within the contact model were
calibrated by the results of the AOR experiments.

(2) Based on simulation of a series of different parameters
(such as particle size and PSD) in combination with
the orthogonal experimental method, it can be seen
that the PSD has a stronger influence on the AOR
than particle size, and the fluidity of uniform distri-
bution is better than that of the Gaussian distribution.
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The discrete element method (DEM) and smoothed particle hydrodynamics (SPH) can be adopted to simulate the granular
materials and fluid media respectively. The DEM-SPH coupling algorithm can be developed for the dynamic interaction between
the two media. When the particle material is simulated by polyhedral element, a fluid-solid coupling interface would lead to
the complex geometry between the granular particle and the fluid. The boundary particle method is traditionally used for the
fluid-solid interface but with low computational efficiency. In this paper, the dilated polyhedral element is constructed based on
Minkowski sum theory, while the contact force between the elements is calculated by Hertzian contact model. Accordingly the
dilated polyhedra based DEM is established. The weakly compressible SPH is adopted to simulate the fluid medium, while the
interaction on the geometrically complex fluid-solid interface is evaluated with the repulsive force model which can be determined
by the contact detection between SPH particles and solid particles in geometry. This method avoids the storage and calculation of
a large number of boundary particles, which can be potentially applied for the complex fluid-solid boundary. In order to improve
the computational efficiency, a GPU-based parallel algorithm is employed to achieve high performance computation of SPH. The
acceleration of the parallel algorithm is evaluated by the cases of dambreak.Thenumerical simulation of the impact of dambreak on
cubes is implemented.The simulation results are verifiedwith the corresponding experimental and simulation results.Therefore, the
rationality and accuracy of the DEM-SPH coupling method for numerical simulation of the interaction between granular materials
and fluid media are illustrated. This method is then adopted for the impact of falling rocks on underwater pipeline. The force of
water and rocks on the pipeline is analyzed. This method can be further applied for real engineering problems.

1. Introduction

The coupling of granular materials and fluid media is
widely existed in geological hazards, geotechnical engi-
neering, ocean engineering, and process engineering [1–
3]. The discrete element method (DEM) is usually adopted
to simulate solid particles, while the computational fluid
dynamics (CFD) is adopted to simulate the fluid. Most of the
coupling effects of the twomethods are based on the interface
coupling, i.e., coupling force on the interface balances.

The dilated polyhedral element is generated by the
Minkowski sum of a sphere and an arbitrary polyhedron,
which can be used effectively for the numerical simulation
of irregular granular materials [4, 5]. Because the dilated
polyhedral element has the geometric characteristics of poly-
hedron, the dilated polyhedron can be employed to construct
the geometrically continuous mesh grid. Then the bonding

and breaking model based on the dilated polyhedron can be
developed to simulate the failure process of the continuum
materials [6]. Meanwhile, the lattice Boltzmann method
(LBM) can be used to establish the DEM-LBM method for
the fluid-solid coupling to analyze the hydraulic fracturing
phenomena of brittle materials [7, 8]. Since the dilated
polyhedral element transforms sharp corners and edges into
smooth spherical and cylindrical surfaces, it avoids the
disadvantage of pure polyhedron in contact detection that it
is difficult to detect contact directly by geometric features. So
the dilated polyhedron improves the efficiency and stability
of contact detection. In addition, the Hertzian contact force
model can be employed to calculate the contact force between
smooth surfaces. Therefore, the dilated polyhedral element
has a good application in the numerical simulation of the
mechanical behavior of irregular granular materials and the
failure process of brittle materials.
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Traditionally the mesh-grid CFD methods have the
advantages of solid theoretical basis and mature application
in engineering. A lot of open source and commercial software
can be used for the DEM-CFD coupling simulations [9].
However, mesh-grid CFD method is difficult to deal with
free surface problems, and the mesh distortion can easily
occur because of the large deformation at the fluid-solid
interface. Besides, the computational efficiency of tracking
and identifying free surface and coupling complex shaped
solid is also cumbersome, which restricts the large-scale
coupling simulation with DEM. In recent years, the LBM
based on mesoscale statistical theory develops rapidly for
fluid simulations. Because of themicroparticle characteristics
of LBM, it is convenient to describe the interaction between
multiphase flows, and the DEM-LBM coupling method is
developed [10]. Because the number of lattices required
by LBM for real engineering simulations is quite large,
the computational efficiency of LBM in real engineering
applications is low. In addition, LBM usually utilizes gas and
liquid simultaneously to deal with the free surface, which also
reduces the computational efficiency. Therefore, the DEM-
LBM coupling is mostly used for the basic research such as
multiphysical field and multiphase flow, while it is relatively
rare for large-scale simulations in engineering.

The smoothed particle hydrodynamics (SPH) based on
Lagrangian particle method was first proposed by Lucy,
Gingold and Managhan in 1977 [11, 12]. It originated from
the research of astrophysics and then employed in the
fields of electromagnetics, heat conduction, nuclear physics,
and computational fluid dynamics [13, 14]. This method
can effectively avoid mesh distortion, adaptively simulate
free surface, and naturally track moving interfaces. It has
advantages in simulations of large deformation and free
surface. In SPH, the dynamic relaxation approach based on
the weakly compressible SPH (WCSPH) can solve the basic
continuity, momentum and energy equations respectively.
The method is widely used in the fluid-solid coupling anal-
ysis for it is simple and easy to be implemented [15]. In
addition, the Incompressible SPH (ISPH) method based on
Poisson pressure equation (PPE) can calculate pressure more
accurately, which is more stable than WCSPH. But it costs
a lot of computational time to solve the matrix equation of
pressure, and thus the computational efficiency of ISPH is
much lower [16]. An explicit scheme of ISPH, also named as
EISPH, is developed to solve the PPE using SPH summations
[17], which avoid the calculation of matrix equation. Another
merit of EISPH is the larger time step can also be used for the
time integration.

In the fluid-solid coupling simulation of granular mate-
rials and fluid media, SPH and DEM have highly consistent
data structure and operation logic in the implementation
of computer program, which can be employed to simulate
the fluid-solid coupling problem effectively and suitable for
parallel computational environment [18–20]. Robinson et
al. (2014) developed the DEM-SPH coupling method for
particles of different sizes by the local average method [21].
The simulation results are verified with those of other numer-
ical methods. Sun et al. (2015) used the 𝛿-SPH method to
simulate the fluid-structure interaction between the cylinder

A

B
Dilated polyhedron

Figure 1: Dilated polyhedral element based on the Minkowski sum
theory.

and the eccentric block [22], while the solid boundary is
constructed through the boundary particles. The simulation
results are in agreement with the experimental data. In
addition, the integral value of the SPH particle smoothing
function near the particle boundary is fitted into formulas.
Based on the formulas, the interaction between SPH particle
and complex boundary can be calculated without boundary
particle in simulations [23]. At present, the boundary particle
method is mainly used to deal with the fluid-solid boundary
with simple and constant shape, while the local average
method is mainly for solid particles with spherical shape.
So it is difficult to construct complex geometric models. The
boundary approach based on the boundary integral method
adopts pure geometry boundary instead of traditional par-
ticle boundary. This boundary treatment can be used to
establish DEM-SPH coupling method with the local average
method [24]. It should be noted that the above methods
utilize spherical elements in DEM, which cannot describe
the real particle morphology. Therefore, the irregular shaped
discrete element models for real granular materials, such as
rock and broken ice, should be developed for the fluid-solid
coupling simulation and avoiding the empirical selection of
mesocalculation parameters as far as possible [25].

In this paper, the dilated polyhedra based discrete ele-
ment method according to the Minkowski sum theory is
established. The weakly compressible SPH is adopted for
the fluid simulation. The interaction between DEM and
SPH is calculated by the repulsive force model. The DEM-
SPH coupling algorithm is implemented in the GPU-based
parallel environment. This method is validated with results
of several corresponding examples to prove the reliability and
accuracy.

2. DEM-SPH Coupling Method for Dilated
Polyhedral Elements

�.�. Dilated Polyhedron Element Based DEM. For any two
geometric bodies A and B in space, the Minkowski sum of
them can be defined as

A ⊕ B = {𝑥 + 𝑦 | 𝑥 ∈ A, 𝑦 ∈ B} (1)

where x and y are coordinate points belong to A and B,
respectively. If A andB are set as arbitrary shaped polyhedron
and sphere respectively, the Minkowski sum of them is the
dilated polyhedron, as shown in Figure 1. The corner and
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(a) Sphere-sphere (b) Sphere-face (c) Sphere-cylinder

(d) Cylinder-cylinder (e) Cylinder-face (f) Face-face

Figure 2: Contact types of dilated polyhedral elements.

edge of pure polyhedron can be transformed into spheri-
cal and cylindrical surface by the Minkowski sum theory.
Accordingly, the contact pattern can be classified as six
types, including sphere-sphere, sphere-cylinder, sphere-face,
cylinder-cylinder, cylinder-face, and face-face. The contact
force model in different contact pattern could be established
by the Hertzian model [26], which overcomes the limitation
of the linear contact force model and the aimlessness of
the choice of stiffness parameters. Meanwhile, the dilated
polyhedron avoids the singular phenomena caused by the
uncertain contact normal when calculating the contact force
at the corner or edge of polyhedron.

Because the geometry of dilated polyhedron is complex,
it is complicated to calculate its mechanical parameters
precisely, such as mass, centroid, moment of inertia, etc.
Therefore, the minimum envelope polyhedron approxima-
tion of the dilated polyhedron is used instead of the dilated
polyhedron itself to calculate the mechanical parameters.

In the contact force model between dilated polyhedral
elements, the normal contact force considers both elastic
force and viscous force. It can be written as follows:

Fn = 𝑘n𝛿𝜅n − 𝐶n
𝛿n𝜅−1 �̇�n (2)

where 𝑘n is the normal stiffness of two dilated polyhedral
elements in contact; 𝛿n is the normal overlap vector; �̇�n is
the normal relative velocity vector; 𝐶n is the effective normal
damping coefficient, which can be calculated by referring to
the contact forcemodel of spherical elements [27]; 𝜅 is usually
1.5 in the Hertzian model.

The tangential force considers the Mindline model and
the Mohr-Coulomb friction law. It can be expressed as
follows:

F∗s = 𝑘s 𝛿n𝜅−1 𝛿s (3)

Fs = min (F∗s  , 𝜇 Fn) 𝛿s (4)

where 𝛿s is the vector of tangential elastic deformation; 𝜇
is the sliding friction coefficient between elements. 𝑘s is the
tangential stiffness, and 𝑘s = 𝑟sn𝑘n. Here the ratio 𝑟sn is
defined as 1/2(1 + ]) where ] is the Poisson’s ratio, according

to the relationship between the elastic modulus and shear
modulus of the isotropic material [28].

According to the surface geometric characteristics of
dilated polyhedron, the contact between dilated polyhedrons
is divided into six categories: sphere-sphere, sphere-face,
sphere-cylinder, cylinder-cylinder, cylinder-face, and face-
face contact, as shown in Figure 2. Therefore, the contact
points can be calculated by geometric detection of different
contact types, from which the curvature radius of the two
elements at the contact points can be obtained. Accordingly,
the contact stiffness 𝑘n of different contact types can be
determined, and thus the contact force can be calculated by
the Hertzian contact model [28].

�.�. Weakly Compressible SPH. SPH approximates the field
function by the smoothing function in a certain range of
space domain.The related physical quantities are represented
by the particle approximation. Thus, the partial differential
equations can be transformed into time-dependent ordinary
differential equations. The variation of the field variables
of each particle with time can be obtained by the time
integration. For a continuous function in any field Ω, it can
be approximated by the smoothing function as follows:

𝑓 (x) ≈ ∫
Ω

𝑓 (x)𝑊(x − x, ℎ) d𝑥 (5)

whereW is the smoothing function; h is a smoothing length
defining the effective range of the smoothing function. The
smoothing function is an even function related to x. It must
satisfy the normalization condition and compact condition.
In SPH, the particle approximation of a field function at
particle i can be expressed by the adjacent particles in its
support domain.

𝑓 (x𝑖) = 𝑁∑
𝑗=1

𝑚𝑗𝜌𝑗 𝑓 (x𝑗)𝑊𝑖𝑗 (6)

where N is the number of adjacent particles in the support
domain; j denotes an adjacent particle of particle i; 𝑚𝑗 is the
mass of adjacent particle j;𝜌𝑗 is the density of adjacent particle
j; 𝑊𝑖𝑗 = 𝑊(x𝑖 − x𝑗, ℎ). The divergence of the field function



4 Mathematical Problems in Engineering

𝑓(x𝑖) is only related to the smoothing function and can be
written as follows:

∇ ∙ 𝑓 (x𝑖) = − 𝑁∑
𝑗=1

𝑚𝑗𝜌𝑗 𝑓 (x𝑗) ∇𝑖𝑊𝑖𝑗

∇𝑖𝑊𝑖𝑗 = x𝑖𝑗𝑟𝑖𝑗
𝜕𝑊𝑖𝑗𝜕𝑟𝑖𝑗 = x𝑖 − x𝑗𝑟𝑖𝑗

𝜕𝑊𝑖𝑗𝜕𝑟𝑖𝑗
(7)

The smoothing length h has an important influence on the
computational efficiency and accuracy. Its purpose is to keep
enough adjacent particles in the support domain of SPH
particles to ensure the approximate validity of continuous
variables. According to the above basic equations, the gov-
erning equations of fluid can be expressed by the particle
approximation, including the continuity (mass conservation)
equation and the momentum conservation equation. The
continuity equation for the particle density can be written as
follows:

d𝜌𝑖
d𝑡 = 𝑁∑

𝑗=1

𝑚𝑗k𝑖𝑗 ∙ ∇𝑖𝑊𝑖𝑗 (8)

where k𝑖𝑗 = k𝑖 − k𝑗. Accordingly the density of each particle
can be determined by the time integration. The pressure of
each particle can be calculated by the equation of state (EOS),
which can be written as follows:

𝑝 = 𝑐20𝜌0𝛾 [( 𝜌𝜌0)
𝛾 − 1] (9)

where 𝜌0 is the initial density of the fluid; 𝛾 is generally equal
to 7 [19]; 𝑐0 is the speed of sound, which is usually equal to 10
times of the maximum particle velocity, i.e., 𝑐0 = 10Vmax.

Ignoring the viscous stress of fluid, the momentum
conservation equation can be written as follows:

dk𝑖
d𝑡 = − 𝑁∑

𝑗=1

𝑚𝑗(𝑝𝑖𝜌2𝑖 + 𝑝𝑗𝜌2𝑗 )∇𝑖𝑊𝑖𝑗 (10)

where 𝑝𝑖 and 𝑝𝑗 are the pressures of particle i and particle j,
respectively. In order to eliminate the nonphysical oscillation
in SPH simulations, the artificial viscous term by Monaghan
is adopted:

Π𝑖𝑗 = {{{{{
−𝛼II𝑐𝑖𝑗𝜙𝑖𝑗 + 𝛽II𝜙2𝑖𝑗𝜌𝑖𝑗 , k𝑖𝑗 ∙ x𝑖𝑗 < 0
0, k𝑖𝑗 ∙ x𝑖𝑗 ≥ 0

(11)

where 𝛼II and 𝛽II are standard constants and generally range
from 0 to 1.0; in addition, there are

𝜙𝑖𝑗 = ℎ𝑖𝑗k𝑖𝑗 ∙ x𝑖𝑗x𝑖𝑗2 + 𝜑2 (12)

𝑐𝑖𝑗 = 12 (𝑐𝑖 + 𝑐𝑗) (13)

𝜌𝑖𝑗 = 12 (𝜌𝑖 + 𝜌𝑗) (14)

ℎ𝑖𝑗 = 12 (ℎ𝑖 + ℎ𝑗) (15)

where 𝑐𝑖 = 𝑐𝑗 = 𝑐0 and 𝜑 = 0.1ℎ𝑖𝑗. Moreover, in order to
avoid the tension instability caused by the negative pressure of
particles near the free surface and local particle aggregation,
the tension correction term is employed to improve the
simulation [23, 24], written as

𝑅𝑖𝑗𝑓4𝑖𝑗 = 𝑅𝑖𝑗 ( 𝑊𝑖𝑗𝑊(�x, ℎ))
4

(16)

where

𝑅𝑖𝑗 =
{{{{{{{{{{{

0.01(𝑝𝑖𝜌2𝑖 + 𝑝𝑖𝜌2𝑗 ) , 𝑝𝑖 > 0 and 𝑝𝑗 > 0
0.2(

𝑝𝑖𝜌2𝑖
 +


𝑝𝑗𝜌2𝑗

) , else
(17)

Hence, the final form of momentum equation yielded by
particle approximation of SPH can be obtained, written as

dk𝑖
d𝑡 = − 𝑁∑

𝑗=1

𝑚𝑗(𝑝𝑖𝜌2𝑖 + 𝑝𝑗𝜌2𝑗 + Π𝑖𝑗 + 𝑅𝑖𝑗𝑓4𝑖𝑗)∇𝑖𝑊𝑖𝑗 (18)

The explicit leap-frog (LF) method is used to integrate the
above discretized equations [29].The time step of integration
is determined as follows:

�𝑡 = 0.25 ℎ𝑐0 (19)

In fact, the time step is closely related to the state change
of fluid. So the time step considering the viscous dissipation
property and particle acceleration can also be used [30, 31].

�.�. DEM-SPH Coupling Algorithms for Dilated Polyhedral
Elements. Thefluid-solid boundary is regarded as the bound-
ary condition of SPH in this paper. Meanwhile, the SPH
particles are subject to the repulsive force from the boundary,
while the repulsive force will react on the DEM elements at
the same time.Thus the coupling between the two media can
be achieved. The traditional SPH repulsive force boundary
model is composed of particles, which is not conducive
to the complex shaped boundary [15]. In this article, the
particle boundary is transformed into the geometric surface
boundary as shown in Figure 3. According to the traditional
SPH repulsive force boundary model, the repulsive force on
SPH particles is calculated by the distance between particles
and the boundary and the normal direction of the boundary,
which can be expressed as follows:

fB = nB𝜀 (𝑧) 𝑅 (𝑑) (20)

where fB is the boundary repulsive force;nB is the unit normal
vector of the wall boundary; 𝜀(𝑧) is the pressure correction
term; 𝑑 is the minimum distance between the SPH particle
and boundary; 𝑅(𝑑) is the repulsive force function, written as

𝑅 (𝑑) = 𝐴 1
√𝑞 (1 − 𝑞) (21)
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Figure 3: The repulsive force model at the boundary between solid and fluid.

where 𝑞 is the normalized distance, and 𝑞 = 𝑑/2ℎ;𝐴 is related
to the smoothing length and sound speed, and 𝐴 = 0.01𝑐20 /ℎ.

In order to balance the pressure in different depths of
fluid, the pressure correction term 𝜀(𝑧) are employed here,
written as

𝜀 (𝑧) =
{{{{{{{{{{{{{

0.02, 𝑧 ≥ 0
𝑧ℎ0

 + 0.02, −ℎ0 ≤ z < 0
1, 

𝑧ℎ0
 > 1

(22)

where ℎ0 is the initial height of fluid; 𝑧 is the height of SPH
particle. Here note that thewater level is zero plane, i.e., 𝑧 = 0,
and thus it is negative below the zero plane.

In fact, the interaction force between dilated polyhedral
particle and SPH particle only considers the normal direction
ignoring the tangential direction. It is more like free-slip
condition. The no-slip condition can be conducted by con-
sidering the tangential force between solid and fluid particles
in the future.

Generally, the polyhedral surface is treated as SPH
boundary in DEM-SPH coupling. The force between SPH
particles and DEM elements satisfies Newton’s third law. The
detection between SPH particles andDEM elements is solved
in geometry to determine the minimum distance between
them which is utilized to calculate the repulsive force. By
this simplified boundary treatment approach, the fluid-solid
coupling of DEM-SPH algorithm for dilated polyhedral
elements and fluid can be established.

3. Validation Examples for DEM-SPH
Coupling Method

The dam break flow is simulated by sequential and GPU-
based parallel programs, respectively, and the acceleration
ratio of GPU parallel computing is analyzed. In order to
verify the reliability of DEM-SPH coupling method, the dam
break flow impacting against single cube and three cubes is

Water 1 m

2 m

0.5 m

Figure 4: Sketch of dam break.

simulated, while the displacement of cubes is validated with
the corresponding tests and simulations.

�.�. Acceleration of GPU-Based Parallel Algorithm. Figure 4
shows the size of initial water body and water tank.The initial
water body size is 0.5 m in length, 1 m in height, and 0.5 m in
width.The size of water tank is 2 m in length, 1.5 m in height,
and 0.5 m in width.

Figure 5 shows the SPH simulation of dam break. The
wave front is generated after the water impact on the
boundary, and then flow back to the other side. The position
of water front versus time is obtained to verify with other
approaches. As shown in Figure 6, the result is compared
with VOF simulation result and experimental result [32, 33].
Here a dimensionless time √2𝑔/𝑎 is employed, where 𝑔 is
the gravity acceleration and a is the initial length of water.
The simulation by the proposed SPH method is in good
agreement with other approaches.

To study the computational efficiency of GPU, the pro-
gram is compiled in CPU serial and GPU-based parallel
frameworks to simulate the dam break process of fluid with
different number of SPH particles. The physical model is
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(a) t = 0.1s (b) t = 0.3s

Figure 5: SPH simulation of dam break.
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Figure 6: Position of flow front versus time and the comparisonwith
other approaches [32, 33].
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Figure 7: Acceleration ratio between GPU parallel and CPU serial
algorithm.

the same with that in Figure 4. The hardware environment
of CPU serial program is mainly Intel Core i7-4790 (3.6
GHz); the hardware environment of GPU parallel program
is Intel Xeon 4114 (2.2 GHz) plus Nvidia Tesla P100. Figure 7
shows the acceleration ratio of CPU serial and GPU parallel
computing for 10 k steps with different number of SPH

Table 1: Simulation parameters of dam break flow in DEM-SPH
method.

Parameter Value
Water tank: length × width × height 8 m × 0.7 m× 1 m
Cube size 0.15 m × 0.15 m × 0.15 m
Dilated radius of cube 0.01 m
Density of cube 800 kg/m3

Distance between cube to water 1.7 m
Friction coefficient of water tank 0.35
Friction coefficient of cube 0.45
Poisson’s ratio of cube 0.3
Water size 3.5 m×0.7 m×0.4 m
Smoothing length 0.02 m
Number of SPH particles 119 000

particles. The acceleration ratio of GPU increases fast in this
hardware environment if the particle number is less than 20 k.
When the number of particles exceeds 40k, the acceleration
efficiency gradually stabilizes and approaches 10. Therefore,
the GPU-based parallel algorithm can significantly improve
the computational efficiency of SPH simulation.

�.�. DEM-SPH Coupling Simulation of Dam Break Flow
Against Cubes. In order to validate the SPH-DEM coupling
method, the fluid-solid interaction process of dam break flow
impacting against cubes is simulated. Referring to the work
of Canelas et al. (2016) [34], the cubes is placed at 1.7 m to
the initial water, as shown in Figure 8. The main simulation
parameters are listed in Table 1.

Figure 9 is the simulation of the dam break flow against
single cube, from which we can see that the cube slides
under the impact of flow without rolling. Figure 10 is the
time history of cube displacement along x direction, which is
compared with the results of corresponding experiment and
numerical simulation [34]. The results show that the cube
moves at a constant acceleration under the action of water
impingement after the fluid impacts on the cube at about
0.8 s. The motion of the cube is basically consistent with the
SPH-DCDEM result and experimental result by Canelas et al.
(2016). It should be noticed that the experimental data are the
average result of several tests [34].
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(a) Single cube (b) Three cubes

Figure 8: Setup of DEM-SPH numerical simulations of cubes in break flow.

(a) t = 0 s (b) t = 0.9 s

(c) t = 1.6 s (d) t = 2.2 s

Figure 9: Dam break flow impacts on single cube with the proposed DEM-SPH method.
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Figure 10:The displacement in x direction of single cube simulated
with the DEM-SPH method and its comparison with the SPH-
DCDEM and experimental results [34].

Figure 11 is the dam break flow impacting on three cubes
simulated by the proposed DEM-SPH method, from which
we can see that the cubes collapse under the impact of flow,
and then the three cubes slide under the flow. Figure 12 is

the photo comparison with the numerical and experimental
results by Canelas et al. (2016) at two different times [34]. It
can be found that the fluid-solid coupling phenomenon has
little difference with the numerical and experimental results
of Canelas et al. (2016). In the discrete element simulation
of Canelas et al. (2016), the cube is constructed by spherical
bonding element, so that the contact model of the cube
element is different from that in this paper, which results in
differences in simulation results.

In the simulation of dam break flow on three cubes, the
displacements of bottom particles in x direction and top
cubes in x direction and z direction are compared with the
corresponding simulation and experimental results, respec-
tively, as shown in Figure 13. Similar to the previous example,
the experimental data are the results of statistical average of
several tests; i.e., each group of experimental results would
fluctuate near the average value. In the simulation of three
cubes, the motion of the cube is affected by many factors,
such as the impact of water flow, the interaction with other
cubes, and the friction with the bottom of the flume. The
cube motion may be subject to more interference, which
will produce randomness in the experiments. Therefore, the
simulation result, including that by us and Canelas et al.
(2016), and experiment result have little difference and the
trends are the same. In general, the results in this paper are
in good agreement with the corresponding simulation and
experimental results.
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(a) t = 0 s (b) t = 1.4 s

(c) t = 1.4 s (d) t = 2.3 s

Figure 11: Dam break flow impacts on three cubes simulated with the DEM-SPH method.

(a) t= 0.98 s (b) t = 1.28 s

Figure 12: The photo of dam break flow on three cubes with the proposed DEM-SPH method and its comparison with the DCDEM-SPH
and experimental results: DEM-SPH simulation, experimental results, and DCDEM-SPH simulation from left to right [34].

4. Numerical Simulation of Rock Falling on
Underwater Pipeline

The rocks are usually used to fix the pipeline for oil
transportation under sea [35]. The impact of falling rocks
on underwater pipeline can be simulated by the proposed
DEM-SPH coupling method to analyze the impact force on
the pipeline. The main simulation parameters are listed in
Table 2. The rocks are initially set above the water to fall into
the water and impact the pipeline.

The simulation is shown in Figure 14. The rocks fall
into the water, and thus the free surface of water fluctuates.
Because of the coupling interactions between rocks andwater,
the force on pipeline includes the components from water
and rocks. Since the water is disturbed, the force from water
is different from that in static water. Figure 15 illustrates
the forces on the pipeline from water and rocks. The result
indicates that the water force caused by disturbance is larger
than the rock force. On the other hand, the force on the

Table 2: Simulation parameters of impact of falling rocks on
underwater pipeline.

Parameter Value
Water tank: length × width × height 11.2 m × 6 m × 2 m
Diameter of pipeline 0.508 m
Cube length 0.15 m
Density of cube 3000 kg/m3

Elastic modulus of cube 4.76 GPa
Poisson’s ratio of cube 0.3
Number of cubes 600
Density of sea water 1035 kg/m3

Height of sea water 1.1 m
Smoothing length 0.05 m
Number of SPH particles 560 000

pipeline in static water is the buoyance force. It can be
calculated by 𝐹b = 𝜌𝑔𝑉 = 23.025 kN according to the
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(a) Displacement of bottom cube in x direction
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(b) Displacement of top cube in x direction
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(c) Displacement of top cube in z direction

Figure 13: Displacements of the three cubes in x and z directionswith the proposedDEM-SPHmethod and its comparisonwith theDCDEM-
SPH and experimental results [34].

size parameters in Table 2. The buoyance force is shown as
solid straight line, which is beneath but close to the force of
water. This potentially proves the simulation accuracy of the
proposed method.

5. Summary

In this paper, the discrete elementmethod (DEM) of complex
particles is realized by developing the dilated polyhedral
element and its contactmodel.The hydrodynamic simulation
is implemented by the weakly compressible SHP method. A
simplified boundary repulsive force model is employed to
regard the coupling between dilated polyhedral element and
SPH particles as a boundary problem of SPH. Hence, the
DEM-SPH coupling method for the coupling simulation of
granular materials and fluid is established.This method saves
a lot of computing resources and improves the computational

efficiency because it does not need to construct solid bound-
ary particles.

The proposed DEM-SPH coupling method is used to
simulate the dam break flow and the impact process on cube.
The results are in good agreement with the corresponding
numerical simulation and experimental results. Meanwhile,
the method is applied to simulate the impact of falling
rocks on underwater pipeline, while the forces from water
and rocks are analyzed. Generally, the proposed method is
validated in computational accuracy and can be applied for
analyzing real engineering problems.

Data Availability

The data used to support the findings of this study are
included within the article.
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t = 0 s t = 0.8 s t = 1.1 s

t = 1.3 s t = 1.8 s t = 3.3 s

Figure 14: Impact of falling rocks on underwater pipeline simulated by the proposed DEM-SPH method.
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Figure 15: The impact force on the pipeline from the rocks and
water.
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Magnetorheological elastomer (MRE) is an intelligent composite material and has been widely used in various fields such as
vibration reduction and sensing. MRE has an excellent magnetorheological effect through the chaining of its internal magnetic
particles. Current studies on MREs mainly focus on the preparation of materials and characterization of mechanical properties.
However, very few studies have been conducted on the mechanism of magnetic particle motion during MRE curing. Based on
the silicone rubber-based MRE, the motion mechanism of magnetic particles during curing was explored through numerical
simulation. First, we analyzed the magnetic force and viscous force of magnetic particles in MRE and discussed the equations
of motion of magnetic particles under applied magnetic field. Further, we established a uniform magnetic field model through the
finite elementmethod and simulated themotion of twomagnetic particles under themagnetic field. Finally, we discussed the effects
of particle distribution angles, particle radii, appliedmagnetic field strength, and distance between particles on particle velocity and
displacement. The results show that the distance between particles has the greatest influence on the motion of magnetic particles,
and the size of the distance between particles will affect the contact time of the particles, thus affecting the chain formation of
magnetic particles in the MRE.

1. Introduction

Magnetorheological elastomer (MRE) is a smart composite
material that consists of a polymeric matrix with embedded
micron-sized magnetic particles, then solidifying to obtain
an elastic material with variable stiffness under an applied
magnetic field [1, 2]. MRE overcomes the shortcomings
of magnetorheological fluid (MRF), such as leakage, easy
sedimentation, and instability [3–5]. MRE has a wide range
of engineering applications because its variable stiffness
characteristics, such as tuning dampers, dampers, sensors,
and magnetorheological elastic polishing bodies [6–9]. The
excellent mechanical properties of MRE are determined by
the internal magnetic particles, which will form a magnetic
particle chain parallel to the direction of the magnetic field
under applied magnetic field [10]. The anisotropic MRE
with different mechanical properties was finally obtained by
controlling the strength of the appliedmagnetic field, and the

better the arrangement of particles, the better the mechanical
properties of MRE [11]. Therefore, in order to improve the
mechanical properties of MRE andmake it more widely used
in engineering applications, further study on its motion of
magnetic particles is essential.

At present, the research on magnetic particles in MRE
mainly focuses on the types of magnetic particles, particle
size, concentration of particles, and the influence of the
applied magnetic field on the magnetic particle chain [12–
14]. However, there are few studies on the chain formation
of magnetic particles in MRE under magnetic field, the
existing research generally analyzes the formation of chain
by magnetic dipole theory [15, 16] or study on the final
arrangement of magnetic particle chains by changing the
influence of different external conditions [17], and there is
less quantitative analysis of magnetic particle motion during
MRE curing. In addition, themagnetic particlemotion under
the applied magnetic field was difficult to observe because of
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Figure 1: Schematic diagramof chain formation undermagnetic field in the curing stage (a) before curing and (b) after curing undermagnetic
field.

the limitation of particle size, so the motion of the particle
was often described by numerical simulation [18–21].

Based on the existing research, the equation of motion
of magnetic particles in silicone rubber has been established.
The motion of particles under magnetic field was simulated
by the finite element method. The formation of magnetic
particle chains was explained by the change of velocity
and displacement during particle motion, and the effects
of two magnetic particles at different distribution angles,
particle radius, applied magnetic field, and different distance
between the particles on motion process were discussed.
Meanwhile, the contact time of magnetic particles under
different conditions was analyzed, and the results show that
changing the distance between two magnetic particles under
the same ratio significantly increases the efficiency of particle
chain formation. Moreover, the larger the distance between
the particles, the longer the contact time, which provides
an effective theoretical basis for preparing a silicone rubber-
based MRE with excellent performance.

2. Theoretical Model

�.�. Movement Equation. In the preparation process of MRE,
anisotropic MRE and isotropic MRE are obtained by con-
trolling the presence or absence of a magnetic field in the
curing stage [22].Themagnetic particles in the isotropicMRE
are uniformly distributed in the matrix, and the magnetic
particles inside the anisotropic MRE form a special chain
structure under the magnetic field. Figure 1 is a schematic
diagram showing the distribution of magnetic particles of an
anisotropic MRE during the curing stage.

Analysis of the force of the magnetic particles in the
MRE during the curing stage mainly includes the magnetic
force by the applied magnetic field, the viscous force by
the silicone rubber matrix, buoyancy, gravity, the interaction
force between the particles, and the Brownian force [23].
The magnetic particles produce motion under the combined
action of these forces, so the following equation is obtained
according to Newton's formula:

𝑚𝑖 𝑑
→V 𝑖
𝑑𝑡 = →𝐹𝑚𝑖 + →𝐹 V𝑖 + →𝐹 𝑟𝑖 + →𝐹𝑔𝑖 + →𝐹 𝑏𝑖 + →𝐹𝐵𝑖 (1)

where𝑚𝑖 is themass ofmagnetic particle i, →V 𝑖 denotes the
particle velocity, →𝐹𝑚𝑖 is the applied magnetic force, →𝐹 V𝑖 is the
viscous force, →𝐹 𝑟𝑖 is the interaction force between particles,

and →𝐹𝑔𝑖, →𝐹 𝑏𝑖, and →𝐹𝐵𝑖 represent the gravity, buoyancy, and
Brownian forces, respectively.

The magnetic particles used in this study are micron-
sized particles; thus, gravity and buoyancy can be considered
to be balanced; thus, they are not considered. Further, the
magnetic and viscous forces of micron-sized particles in
incompressible Newtonian liquids are 200 times that of other
forces [18]. Therefore, to facilitate calculation for this, the
last four terms in (1) are omitted, and only the magnetic
and viscous forces of particles moving in the silicone rubber
matrix are considered, and the equation of movement of
particles can be simplified to

𝑚𝑖 𝑑
→V 𝑖
𝑑𝑡 = →𝐹𝑚𝑖 + →𝐹 V𝑖 (2)

In this case, the ordinary differential equation of displace-
ment can be expressed as follows:

�̈�→𝑢 =
→𝐹𝑚𝑖 − →𝐹 V𝑖

𝑚𝑖 (3)

The ordinary differential equation of velocity can also be
expressed as follows:

̇→V 𝑖 =
→𝐹𝑚𝑖 − →𝐹 V𝑖

𝑚𝑖 (4)

̇→𝑢 𝑖 = →V 𝑖 (5)

where →𝑢 𝑖 and →V 𝑖 represent the velocity and displacement of
particle movement, respectively.

�.�. Magnetic Force. The magnetic force on the magnetic
particles can be divided into two aspects: one is the force
produced by the magnetization of particles under the applied
magnetic field and the other is the force between themagnetic
dipoles. Assuming that themagnetic particles in themagnetic
field are spherical and uniform in size, the magnetic moment
of the magnetic particle can be expressed as follows:

→𝑚 = 𝑉→𝑀 = 4
3𝜋𝑅
3𝜒→𝐻 (6)

where V is the volume of a single particle,
V=(4pi∗𝑅∧3)/3, 𝑅 is the radius, →𝑀 represents magnetization,



Mathematical Problems in Engineering 3

N

XR

Y

H

xj

Fmj

Fmij

rij

 ij

mi

mj

Fmi

S

rij yj

Fmij

 ij

Fi

i

j

Fj

Figure 2: Force diagram of particles i and j in a 2D plane under applied magnetic field.

→𝑀 = 𝜒→𝐻, 𝜒 is the magnetic susceptibility, and →𝐻 is the
applied magnetic field strength.

The magnetic force between the magnetic particles i and
j is as follows:

→𝐹𝑚𝑖𝑗 = →𝑚 ⋅ ∇→𝐵 (7)

= ∑
𝑗 ̸=𝑖

𝜇0→𝑚𝑖→𝑚𝑗
4𝜋𝑟3𝑖𝑗 [→𝑑 𝑖 ⋅ →𝑑 𝑗 − 3 (→𝑑 𝑖 ⋅ 𝑟𝑖𝑗) (→𝑑 𝑗 ⋅ 𝑟𝑖𝑗)] (8)

The magnetic force acting on particle i in the applied
magnetic field is as follows:

→𝐹𝑚𝑖 = 𝜇0→𝑚𝑖→𝐻(→𝑑 𝑖 ⋅ ℎ̂) (9)

Based on the above equation, it is concluded that the
comprehensive magnetic force of particle i is as follows:

→𝐹 𝑖𝑚 = →𝐹𝑚𝑖𝑗 + →𝐹𝑚𝑖 (10)

→𝐹 𝑖𝑚 = 3𝜇0→𝑚𝑖→𝑚𝑗
4𝜋𝑟4𝑖𝑗 ∑

𝑗 ̸=𝑖

[(→𝑑 𝑖 ⋅ →𝑑 𝑗) 𝑟𝑖𝑗 + (→𝑑 𝑖 ⋅ 𝑟𝑖𝑗)→𝑑 𝑗

+ (→𝑑 𝑗 ⋅ 𝑟𝑖𝑗)→𝑑 𝑖 − 5 (→𝑑 𝑖 ⋅ 𝑟𝑖𝑗) (→𝑑 𝑗 ⋅ 𝑟𝑖𝑗) 𝑟𝑖𝑗]
+ 𝜇0→𝑚𝑖→𝐻(→𝑑 𝑖 ⋅ ℎ̂)

(11)

When only twomagnetic particles act, the motion of the par-
ticles is a two-dimensional plane motion, so (11) is rewritten:

→𝐹 𝑖𝑚 = 4𝜋𝜇0𝜒2𝐻2𝑅6
3𝑟4𝑖𝑗 [(1 − 5 cos2𝜃𝑖𝑗) 𝑟𝑖𝑗 + 2 cos 𝜃𝑖𝑗ℎ̂] (12)

Then the magnetic field force →𝐹 𝑖𝑚 is decomposed in the x and
y directions and obtained its matrix expression:

[[
[

→𝐹 𝑖𝑚x
→𝐹 𝑖𝑚𝑦

]]
]
= 4𝜋𝜇0𝜒2𝐻2𝑅6

3𝑟4𝑖𝑗
[
[
(1 − 5 cos2𝜃𝑖𝑗) sin 𝜃𝑖𝑗
(3 − 5 cos2𝜃𝑖𝑗) cos 𝜃𝑖𝑗

]
]

(13)

Since the direction of the magnetic force of the particle
is related to the angle in the equation (13), so let (1 −
5 cos2𝜃𝑖𝑗) sin 𝜃𝑖𝑗 = 0 and get 𝜃𝑖𝑗 = 𝜋/2 or 𝜃𝑖𝑗 = arccos(√15/5).
Therefore, if the particles are to form a particle chain parallel
to the direction of the magnetic field, the angle between the
two particles 𝜃𝑖𝑗 < arccos(√5/5) is required to be satisfied,
at this time, and particles appear as close to each. If 𝜃𝑖𝑗 >
arccos(√5/5), the magnetic particles repel each other.

As shown in Figure 2, 𝜇0 is the vacuum permeability; →𝑚𝑖
and→𝑚𝑗 are the particle magnetic moments;

→𝑑 𝑖 and→𝑑 𝑗 are the
direction vectors of the magnetic moment of particles i and
j; 𝑟𝑖𝑗 is the direction vectors from particle i to particle j; →𝐻 is
the direction vector of the applied magnetic field intensity; ℎ̂
is the direction vector of the applied magnetic field intensity;
rij denotes the distance between the centers of two particles i
and j and satisfies the following requirement:

𝑟𝑖𝑗 = 𝑟𝑖𝑗 (14)

�.�. Viscous Force. In a static incompressible fluid, the mag-
netic particles are subjected to the viscous force →𝐹 V of the
matrix when they move in the polymer matrix. The particle
size is less than 3 mm; thus, according to the Stokes [24],

→𝐹 V = −6𝜋𝑅𝜂𝑑𝑟𝑑𝑡 (15)

𝑅 is the radius of the particle and 𝜂 is the dynamic
viscosity. The selected silicone rubber is purchased from
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Figure 3: Simulation flow chart.

Dow Corning, USA, and the viscosity is 3.5 Pa⋅s at room
temperature. 𝑑𝑟/𝑑𝑡 is the velocity of the particle motion.

3. Numerical Simulation

Based on the force analysis of the magnetic particles in the
second section, it is shown that the magnetic particles move
under magnetic force and viscous force. In this section, we
bring the derived motion equation into the finite element
software to simulate the two magnetic particles under the
magnetic field, which links the magnetic particle motion
theory with the numerical simulation.

First, a two-dimensional plane is selected to establish an
empty model, and then the physical field interface is added,
includingmagnetic field no current,movingmesh, and global
ordinary differential and differential algebraic equations.
Finally, transient research is added to three physics. The
magnetic particles under the action of the field are simulated.
The magnetic field no current module generates the applied
magnetic field required for the movement of the magnetic
particles. The moving mesh realizes the movement of the
magnetic particles at different time steps. The global ordi-
nary differential and differential algebra equations provide

calculations for the velocity and displacement of the particles.
The specific flow chart of the simulation is shown in Figure 3.

�.�. Establishment of Permanent Magnetic Field. The applied
magnetic field adopts a uniform magnetic field to ensure
the accuracy of the calculation result. As shown in Figure 4,
the main magnetic field is generated by a pair of horizon-
tally placed permanent magnets, and the magnetic particle
moving region is located in the middle of the permanent
magnet. Aiming to form a uniform magnetic field having
the same magnetic induction intensity in the horizontal and
vertical directions, we used a yoke at the end of themagnet, as
shown in the red part of Figure 4. The magnetic field design
parameters are shown in Table 1.

In order to verify the uniformity of the two-dimensional
plane magnetic field, the cut line 1 and the cut line 2 were,
respectively, plotted in the horizontal and vertical midpoint
positions of the moving region of the particle, and the
magnetic flux density on the cut linewas calculated.As shown
in Figure 5, it can be found that, after the application of the
yoke, the variation of the magnetic induction intensity in the
moving direction of the particles in the horizontal direction
and the vertical direction is remarkably reduced with respect
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to the nonapplied yoke and thus can be regarded as a uniform
magnetic field.

�.�. Simulation Results and Discussion. Since the movement
of magnetic particles in MRE directly affects its mechanical
properties, the single factor analysis method was used to
analyze the influence of four different factors on motion
of particles in chain formation, including the distribution
angle between two magnetic particles, particle radius, the
strength of applied magnetic field, and distance between the
particles. In the progress of simulation, the relative magnetic
permeability of the particles is 3000, and the permanent

magnetic field described in Section 3.1 is used as the applied
magnetic field of the particles.

�.�.�. Influence of Distribution Angles on the Movement of
Magnetic Particles. The different types of distribution angles
of magnetic particles in the matrix result in different move-
ments of the particles under the magnetic field. In this
section, the relationship between the different distribution
angles (𝜃) of twomagnetic particles and their motion param-
eters was discussed. The angle of distribution was selected to
be 0∘, 30∘, 60∘, and 90∘, the applied magnetic field strength
is 50 mT, the radius of the magnetic particles is 10 𝜇m, and
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Figure 6: Variation of particle movement position with time in different particle distribution angles ((a), (b), (c), and (d) corresponding to
the distribution angle between particles 𝜃 = 0∘, 30∘, 60∘, and 90∘).

Table 1: Simulation parameters of uniform magnetic field.

Parameter Value Unit
Movement field (𝑑1 ∗ 𝑑2) 40∗40 um
Magnetic size (𝐿1 ∗ 𝐿2) 80∗50 um
Width of magnetic yoke (s) 10 um

the initial distribution distance of the two particles is 60 𝜇m.
Figure 6 shows the movement of the particles at different
times, the black circle in the figure represents the initial
distribution of the particles, and the red arrow represents
the direction of movement of the particles. From the motion
state of the particles, it can be found that the two particles
have two effects of attraction and repulsion.When 𝜃 =0∘, 30∘,
and 60∘, the particles become mutually attracted, and when𝜃 =90∘, the particles repel each other; this is because when
the angle between the particles is 90∘; it is known from (13)
that 𝜃 = 90∘ > arccos(√5/5), so the particles are mutually
exclusive.

The three distribution angles of the two particles attracted
to each other in Figure 6 were selected, and the changes
of velocity and displacement during the movement of the
particles were calculated, as shown in (a), (b), and (c) of
Figure 7. As shown in Figure 7, the contact time to attract
each other is different, where in the corresponding particle
contact time is 𝜃= 0∘, 30∘, and 60∘ and t = 0.0032s, t=
0.0042s, and t= 0.0136s, and as 𝜃 increases, the contact time
is longer. As shown in Figures 7(a), 7(b), and 7(c) enlarged
view, comparing the velocities of the particles at t= 0.002s,
the average velocity v=(v1+v2)/2 corresponding to 𝜃= 0∘, 30∘,

and 60∘ gradually decreases, indicating that the smaller 𝜃 is,
the larger moving speed of the particles is in the same time,
thereby the contact time of the two particles is shorten. At the
same time, Figures 7(a), 7(b), and 7(c) show the displacement
change of the different distribution angles; as 𝜃 increases,
u1 x and u2 x also gradually increases. This is because the
particles first move in the x direction to reduce the angle 𝜃
and then attract each other until the particles contact. Also,
it can be seen from the displacements in the y direction that
the u1 y and u2 y increase during the movement, indicating
that the particles have a vertical movement tendency from
the beginning of the movement, and this trend was more
obvious when the particles are in contact. Finally, due to the
particularity of the grid calculation, when the particlemotion
stops, the calculation still uses the contact velocity as the final
velocity. In fact, the velocity of the particle is 0 at this time,
that is, when the velocity of the particle tends to be constant,
and it can be regarded as the particles come into contact and
the movement stops.

�.�.�. Effect of Different Particle Radius on the Movement of
Magnetic Particles. MRE usually use micron-sized magnetic
particles, so the radius of particles also is a significant effect
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Figure 7: The velocity and displacement of two particles with time at different distribution angles (the two particles corresponding to (a),
(b), and (c) are 0∘, 30∘, and 60∘, respectively).
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Figure 8: Variations of velocity and displacement during the mutual attraction of four different magnetic particle radii.

on the magnetorheological effect of MRE. To analyze the
movement of magnetic particles with different radii under
magnetic field, 5um, 10um, 15um, and 20um ofmagnetic par-
ticles radius were simulated, and the changes of velocity and
displacement parameters during the motion were obtained.
In order to consider the influence of the magnetic field in
the horizontal direction and the vertical direction, the angle𝜃 between the particle connection and the applied magnetic
field strength was 45∘. The distance between the two particles
was 60 um.

As shown in Figure 8, the contact time and displacement
of the particles become smaller with the larger particles
radius; it is because the distance between the particles is
constant, with the particle radius increasing, and the corre-
sponding particle volume and mass increase relatively, and
then the magnetic force of the particle increases, so that the
contact takes less time, which demonstrated that controlling
the size of the magnetic particles can effectively control the
particle contact time.

�.�.�. Effect of Different Strength of the Applied Magnetic Field
on Particle Motion. The greater the applied magnetic field
strength, the greater the magnetic force of the particles. In
order to reflect the influence of different applied magnetic
field strength on the movement of magnetic particles, four
kinds of uniform magnetic fields were selected in this study.
The magnetic field strengths were 50mT, 100mT, 150mT, and
200mT, respectively, the corresponding magnetic particles
have a radius of 5 um, the distance between the particles is
30 um, and the angle between the particles is 45∘.

It can be seen from Figure 9 that the velocity and dis-
placement of the two particles change significantly with the
strength of the applied magnetic field increases, the velocity
of the particles increases slowly especially at the beginning of
the motion, but the particles rapidly increase upon contact;
at the same time, the displacement of the two particles in

the x and y directions gradually increases, indicating that the
particles move in parallel and perpendicular to the direction
of the magnetic field. When the particles are in contacting,
the displacement in the y direction increases rapidly, and
the contact of the particles forms a particle chain parallel
to the direction of the applied magnetic field. From the
contact time of the two particles, the greater the magnetic
field strength, the shorter the contact time of the particles.
The particle contact time is 0.003s in 50 mT, while the time
is 0.0002s in 200mT. That is, the time for the two particles
to be chained is reduced by 93%. Because the stronger the
magnetic field strength, the stronger the magnetic force of
the particles under the same magnetic permeability. It shows
that increasing the strength of the applied magnetic field can
significantly improve the efficiency of particle contact into the
chain.

�.�.�. Effect of Different Distance between Particles on Particle
Motion. Due to the random distribution of magnetic parti-
cles, there are different distribution distances between the two
particles. In this section, four different particle distribution
distances were selected, which are 4∗R, 6∗R, 8∗R, and 10∗R.
Themagnetic field is 50mT, the radius of themagnetic particle
R is 5um, and the angle between the particle connection and
themagnetic field is 45∘. As shown in Figure 10, the longer the
distance between the particles, the longer the contact time of
the particles. It can be seen from the displacement curve of
the particles that the larger the distance between the particles
that the larger the displacement in the x and y directions, the
longer the contact time.

�.�.�. Effect of Different Conditions on Contact Time of Mag-
netic Particles. Based on the analysis of the previous sections,
the contact time t of the two particles at different angles (𝜃),
particle radius (R), applied magnetic field strength (B), and
the distance (L) between the particles was considered, and the
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influence of the factor on themotion state of the particles was
judged. Select initial conditions 𝜃0, 𝑅0, 𝐵0, 𝐿0 for 30∘, 10um,
100mT, and 50um and the corresponding scale factor 𝜆=0.5,
1.0, 1.5, and 2.0 under a single factor. The contact time of
each factor under the four scale factors was discussed. The
corresponding proportional conditions are shown in Table 2
and the calculation results are shown in Table 3.

According to Table 3, the change of particle contact
time under different conditions was obtained, as shown in
Figure 11. The height of the histogram reflects the contact
time t of the two particles, and the red arrow reflects the

change of the contact time of the particles under different
ratios. As can be seen from Figure 11, changing the ratio of
the four conditions has a significant effect on the contact
time of the two particles, comparing the rate of change of
particle contact time and the change rate of contact time
corresponding to the distance L between the two particles is
the largest, reaching 1143%. Secondly, the particle radius R,
the magnetic field strength B and the distribution angle 𝜃,
and the corresponding contact time change rate are 345%,
288%, and 191%, which means that if the particle chain
formation efficiency is improved, the particle contact time is
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Table 2: Proportional condition setting.

Factor 𝜆 = 0.5 𝜆 = 1.0 𝜆 = 1.5 𝜆 = 2.0
𝜃 (∘) 0.5 ∗ 𝜃0, 𝑅0, 𝐵0, 𝐿0 𝜃0, 𝑅0, 𝐵0, 𝐿0 1.5 ∗ 𝜃0, 𝑅0, 𝐵0, 𝐿0 2 ∗ 𝜃0, 𝑅0, 𝐵0, 𝐿0
R (um) 𝜃0, 0.5 ∗ 𝑅0, 𝐵0, 𝐿0 𝜃0, 𝑅0, 𝐵0, 𝐿0 𝜃0, 1.5 ∗ 𝑅0, 𝐵0, 𝐿0 𝜃0, 2 ∗ 𝑅0, 𝐵0, 𝐿0
B (mT) 𝜃0, 𝑅0, 0.5 ∗ 𝐵0, 𝐿0 𝜃0, 𝑅0, 𝐵0, 𝐿0 𝜃0, 𝑅0, 1.5𝐵0, 𝐿0 𝜃0, 𝑅0, 2 ∗ 𝐵0, 𝐿0
L (um) 𝜃0, 𝑅0, 𝐵0, 0.5 ∗ 𝐿0 𝜃0, 𝑅0, 𝐵0, 𝐿0 𝜃0, 𝑅0, 𝐵0, 1.5 ∗ 𝐿0 𝜃0, 𝑅0, 𝐵0, 2 ∗ 𝐿0

Table 3: Calculated contact time (t).

Factor 𝜆 = 0.5 𝜆 = 1.0 𝜆 = 1.5 𝜆 = 2.0
𝜃 (∘) 4.32E-4 5.15E-4 7.60E-4 1.52E-3
R (um) 2.90E-4 5.15E-4 1.03E-4 2.65E-5
B (mT) 2.00E-3 5.15E-4 2.38E-4 1.40E-4
L (um) 1.59E-5 5.15E-4 2.38E-3 6.42E-3
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Figure 11: Change in contact time of two magnetic particles under
different conditions.

shortened; this is achieved by increasing the concentration of
the particles to reduce the distance between the particles.

For the magnetic particles in the silicone rubber-based
MRE, this section discusses the effects of different distribu-
tion angles, particle radii, applied magnetic field strength,
and the distance between the particles on the velocity and
displacement during mutual attraction, and the results show
that these three different conditions have different effects on
the movement of the particles. Secondly, the contact time of
the particles under different ratios was calculated, and the
distance between the particles has the greatest influence on
the contact time, and the influence of the particle distribution
angle on the contact time of the particles is relatively small.

4. Conclusions

In this paper, through the theoretical analysis and simulation
calculation of magnetic particles in MRE, the following
conclusions are obtained:

(1) The force analysis of the magnetic particles in the
silicone rubber-based MRE was carried out, and the
motion model of the magnetic particles under the
applied magnetic field was established.

(2) The motion of magnetic particles in the MRE were
simulated under the uniform magnetic field by the
finite element simulation method, and the effects of
different particle distribution angles, different particle
sizes, different applied magnetic fields, and different
particle distances on the velocity and displacement
during particle motion were discussed; the simulated
result reveal that the distance between particles has
the greatest influence on contact time.

(3) The simulation on motion of two magnetic particles
provided guiding for optimizing the chaining forma-
tion conditions of MRE in the curing process.
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Electrostatic precipitator (ESP) is widely used for dust removal from flue gas in industry. In the electrostatic precipitation, the
electrohydrodynamic secondary flow (EHD) produced by corona ionization has an important influence on the characteristics of
particle transport and the collection efficiency of ESP. In thiswork, a comprehensive ESPmodel with interaction ofmultiple physical
fields is established to study the EHD effect in ESP.The numerical results show that the EHD generally can increase the streamwise
velocity of airflow near the collection plate, which makes the removal performance of ESP worsen. Meanwhile, the EHD has a
significant effect on the particle deposition pattern, especially at lower flue gas velocity.When the needle tip of discharge electrode
points to the collection plate, the EHD can promote the circulation of airflow near the corona wire, increase the probability of
particle charging, and then improve the collection efficiency of ESP.

1. Introduction

Electrostatic precipitator (ESP) is widely used to purify
the flue gas in the thermal power plants. In electrostatic
precipitation, the force driving gas-solid separation just acts
on the solid particles; hence the ESP has the advantages of
less energy cost and pressure loss, high collection efficiency,
and good applicability for particles with different physical
characteristics. Furthermore, high collection efficiency can be
achieved under conditions of high temperature and pressure
[1–4]. Nevertheless, the low removal efficiency on particles
less than 10 𝜇m in ESP still exists. And it is necessary to
improve the removal performance of ESP for conforming the
strict flue gas emission standards.

Massive free ions resulting from the corona discharge
move along the electric line and collide with neutral
molecules in the air, which transfers the momentum from
ions to neutral molecules, known as electrohydrodynamic
secondary flow (EHD) [5–9]. The significant effect of EHD
on the transport of particles, especially fine particles, has
been confirmed in previous studies [10–13]. And the particle

transport is closely related to the collection efficiency used for
assessing removal performance of ESP.Therefore, the effect of
EHD should be considered in optimal design of ESP.

Some scholars characterized the EHD phenomenon of
ESP experimentally. Leonard et al. performed the laser-
anemometry experiments and demonstrated that a 2-D
positive corona discharge has an interaction with the flow of
a wire–plate ESP by a nonturbulent secondary flow in a plane
perpendicular to the discharge wires. A basic conclusion
was verified that negative-corona-discharge nonuniformi-
ties are responsible for producing both secondary flows in
a plane parallel to the discharge wire [14]. Davidson et
al. explained the EHD flow by measured current-voltage
relationships, turbulence intensities, integral length scales,
and eddy diffusivities. And by comparison with gas flow
in the wire-plate precipitator, they found that increases
in turbulence intensity in the barbed plate geometry are
offset by reductions in the scale of the electrically induced
flow [15]. Kallio et al. characterized the complex flow field
in a simple, three-wire precipitator by flow visualization,
electrostatic and fluid dynamic numerical modelling, and
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Figure 1: Multifield coupling in ESP.

laser-Doppler anemometry (LDA). And the measurement
result of streamwise velocity showed that flow acceleration
zones occurred upstream of each wire and also between wires
near the collecting plate [16].

In experimenting, the accuracy of Laser Doppler An-
emometer and hot wire probe can be interfered by the
external electric field. Taking this into account, numerical
simulation has been favored by more researchers. Bernstein
et al. adopted a fundamental model being laid on the coupled
effects of the fluid dynamics and electrostatics and found that
the interactions between fluid dynamics and electrostatics
have a significant role in altering the flow in the precipitator
[17]. Zhao et al. employed a hybrid finite-element method-
method of characteristics numerical algorithm to study the
interaction between the electric and the flow fields. And
they found that the EHD flow plays an important role in
the channel at very low Reynolds number and high EHD
characteristic number [18]. Heng et al. studied the EHD in
wire-plate ESP of five shaped collecting electrodes with the
aid of a user defined function (UDF) and drew the conclusion
that the EHD induced in the C-type plate is the strongest
among the five channels [8]. Mantach et al. investigated
the effect of EHD in the point-plane configuration in air at
atmospheric pressure and room temperature and predicted
the existence of an additional small vortex in the ionization
layer by calculation [19]. Zheng et al. studied the electrical
characteristics of a wire-plate electrostatic precipitator and
the particle transport behavior with consideration of EHD
and particle space charge by numerical simulation and the
results indicate that the ionic wind in the electrostatic field
weakened in the condition that the movement of ions is
restricted for corona suppression [20]. Feng et al. utilized
a hybrid method comprising of the Finite Element Method
(FEM) for the simulation of the ionized electric field and the
Finite Volume Method (FVM) for the prediction of the EHD
flow inESP simulation and analyzed quantitatively the corona
induced EHD flow analyzed by the Qkubo-Weiss index [21].

In summary, the research on EHD at home and abroad
mainly focuses on the coupling analysis of particle transport

and flow field. This means that the influence of EHD on
collection efficiency of ESP is obtained indirectly by the
analysis on flow field distribution. Few studies have focused
on the deposition pattern induced by EHD, which can
provide valuable data for the optimal design of the structure
and size of ESP, especially for the shape of the collection plate.
In our work, a comprehensive multifield coupling model
of wire-plate ESP was established by self-defined program-
ming. The effects of EHD on collection efficiency of ESP
and particle deposition pattern were studied, and the EHD
behavior in a special needle-plate arrangement was analyzed.
Relevant research results can provide reliable theoretical
reference for the design and modification of large ESP in
industry.

2. Mathematical Model

The gas flow, electric field, and particle transport inside ESP
exert an influence on each other [22–25]. The interaction
between them is shown in Figure 1. The EHD induced by
electric field affects the particle transport by changing flow
field first.

�.�. Electric Field. The electric field intensity in the wire-plate
ESP can be described by Poisson equation [26].

∇2𝑉 = −𝜌𝑐𝜀0 (1)

−∇𝑉 = 𝐸 (2)
where V is potential; 𝜌𝑐 is space charge density; 𝜀0 is vacuum
dielectric constant; E is electric field intensity.

The charge density can be expressed as current continuity
equation.

∇ ∙ (𝐽) = 0 (3)

𝐽 = 𝜌𝑐 (𝑏𝐸 + 𝑢) − 𝐷∇𝜌𝑐 (4)
where J is current density; b is ionic mobility; u is gas velocity;
D is ionic diffusion coefficient.
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�.�. Particle Transport. Momentum conservation equation of
particles is as follows:

𝑑𝑥𝑝
𝑑𝑡 = 𝑢𝑝 (5)

𝑑𝑢𝑝
𝑑𝑡 =
3𝜌𝐶𝐷 (𝑢 − 𝑢𝑝) 𝑢 − 𝑢𝑝

4𝜌𝑝𝑑𝑝 + 𝐹𝐸𝑃 + 𝑚𝑝g (6)

where xp is the spatial position of particles; up is the particle
velocity; 𝜌 is the particle density; CD is the drag coefficient;
FEP is electric field force acting on particles and can be
expressed as 𝑞𝑝𝐸;mp is the mass of single particle.

�.�. Gas Flow. Mass conservation equation of gas phase is as
follows:

𝜕
𝜕𝑥𝑘 (𝜌𝑔𝑢𝑘) = 0 (7)

where uk is gas velocity; 𝜌𝑔 is gas density.
In view of the fact that the average random range of ion

motion is small relative to the characteristic scale of ESP, the
influence of EHDonflowfield is assumed to be instantaneous
and can be embodied by adding a volume force term of 𝜌𝑐𝐸
in the gas phase momentum equation [27, 28].

Momentum conservation equation of gas phase is as
follows:

𝜕
𝜕𝑥𝑘 [𝜌𝑔𝑢𝑖𝑢𝑘 − (𝜇 + 𝜇𝑡)

𝜕𝑢𝑖
𝜕𝑥𝑘 ] = −

𝜕𝑃
𝜕𝑥𝑖 + 𝐹𝐷𝑖 + 𝜌𝑐𝐸 (8)

where 𝜇 is the dynamic coefficient of viscosity; 𝜇𝑡 is the
turbulent viscosity; 𝐹𝐷𝑖 is the resistance force due to the
relative motion between the gas and particles.

3. Geometric Structure

The geometric model of 3D ESP is shown in Figure 2,
where the corona spacing is 0.24 m and the collection
plate spacing is 0.4 m. Particles are injected randomly
without repetition from the inlet and are of no slip with
gas. Considering the strong interaction between electric
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Figure 3: Comparison of simulation results with experiment data.

field and particle transport and the randomness of parti-
cle phase, the coupling between them is carried out by a
small underrelaxation factor. The 2D-ESP model adopted
in this work includes four corona electrodes to exhibit the
ionic wind effect evidently; a detailed illustration is omitted
here.

4. Model Verification

To validate the corona model which is related to the EHD
characteristics, the simulation results of electric field without
gas flow effect in 2D case are compared with the experimental
data of wire-plate ESP [29], as shown in Figure 3. It can be
seen from the graph that the simulated current density on the
plate is in good agreement with experimental data, indicating
that the corona model adopted in our work is in line with
reality.

5. Results and Discussion

	.�. EHD Effect on Collection Efficiency. EHD primarily af-
fects the gas flow, and the particle transport is influenced
through gas-solid coupling. The residence time of particles
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Figure 4: Profile of streamwise velocity of airflow.
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Figure 5: Collection efficiency of particles with different diameters.

in ESP depends on the streamwise velocity, which has
a direct impact on collection efficiency of ESP. Figure 4
shows the streamwise velocity of airflow with or without
EHD in 2D case where the voltage and velocity are fixed.
As seen in Figure 4, the airflow velocity near the wall
is small and keeps constant with no EHD effect, which
contributes to the particle deposition on the collection
plate. When considering the EHD effect, the airflow veloc-
ity near the wall becomes unstable, and velocity in local
space becomes very large. This is because the electric force
effect of EHD drives the gas moving from the corona wire
towards the collection plate and makes the gas circulate in
local space of ESP, resulting in a decrease of the airflow
area, and thus the airflow velocity near the collection plate
increases.

The collection efficiency of particles with different diame-
ters in the presence or absence of EHD is shown in Figure 5. It
can be obtained from the graph that the collection efficiency
with EHD effect is lower than that without EHD effect; this
is because the airflow circulation caused by EHD increases
the airflow velocity near the wall and causes the particles to
escape faster from ESP, which is not conducive to the particle
deposition; the negative effect of EHDon collection efficiency
of small particles is greater than that of big particles. This
is due to the fact that the EHD affects particle transport
through gas-solid coupling, and the small particles have small

inertia and good airflow following, which makes them more
sensitive to airflow variation.

	.�. EHD Effect on Particle Deposition. The particle deposi-
tion pattern has three-dimensional characteristics. Therefore,
the 3D-ESP structure is built to characterize the particle
deposition process with or without EHD.

The trajectory of particles with uniform diameter of
2.5𝜇m in the presence or absence of EHD in 3D-ESP is shown
in Figure 6, colored by the particle charge. It can be concluded
from the figure that when EHD is not available, the particle
trajectory is basically straight, and certain regularity shows
up. When EHD is considered, the particle motion becomes
irregular and the turbulence intensity increases.

Figures 7 and 8 are the particle deposition rate when
v=0.25m/s or 0.5m/s, respectively. It can be found from
the figures that EHD has a significant effect on particle
deposition no matter what the flow velocity is. And the effect
of EHD on particle deposition rate is greater at low airflow
velocity.

	.�. EHD Effect in the Case of Needle Pointing Plate. When
the needle tip points to the plate, the trajectory of particles
with uniform diameter of 2.5 𝜇m is shown in Figure 9,
colored by particle charge. Because the needle tip is oriented
towards the collection plate, the ions produced by corona
discharge cannot reach the tip root, i.e., the symmetrical axis
in streamwise direction of ESP. Therefore, a region without
free ions appears near the symmetrical axis. From Figure 9,
one can obtain that, when EHD is switched off, the charge of
particles passing through the nonionic region is very small,
which indicates that particles cannot obtain enough charge
in the region. When EHD effect is considered, the particle
trajectory changes significantly and the particles charge more
when passing near the corona wire. This is because EHD
makes the airflow circulate locally near the corona wire and
reduces the number of particles passing through the nonionic
region. Due to the airflow circulation, some particles move
from the nonionic region to the collection plate and are then
charged.

Figure 10 shows the collection efficiency of 2.5 𝜇m
particles with or without EHD effect when the needle points
to the plate. As can be seen from the figure, the collection
efficiency with EHD is slightly higher than that without
EHD. This is because the existence of EHD reduces the
number of particles passing through the nonionic region and
increases the number of fully charged particles in the case of
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Figure 6: Trajectory of particles with uniform diameter of 2.5 𝜇m.
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Figure 9: Trajectory of particles in the case of needle pointing plate.

70

60

50

40

30

20

C
ol

le
ct

io
n 

effi
ci

en
cy

 (%
)

0.25 0.50 0.75 1.00

Velocity (m/s)

No EHD
With EHD

Figure 10: Collection efficiency of particles at different velocities in
the case of needle pointing plate.

needle pointing to the plate. Under the influence of electric
field, fully charged particles move towards the plate and are
trapped by collection plate, thus improving the collection
efficiency. And with the decrease of flue gas velocity, the
enhancement of collection efficiency due to ionic wind is
greater.

6. Conclusions

On the basis of self-defined programming, a comprehensive
multifield coupling model of ESP was established, and the
influence of EHD on particle transport and deposition pat-
tern was analyzed. The conclusions are as follows: Generally,
when the EHD is switched on, the airflow area of the
airflow decreases, the streamwise velocity of airflow near the
collection plate obviously increases, and the residence time
of particles in ESP is shortened, which results in a decline of
the collection efficiency of ESP; the effect of EHD on particle

deposition pattern cannot be ignored and is more obvious at
lower flue gas velocity; in the case of needle tip pointing to the
collection plate, the EHD contributes to the improvement of
collection efficiency of ESP by the transportation of particles
in nonionic region to the ionic region.
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In this paper, a three-dimensional numerical model has been developed to study the process of oxidative weight increment of coal
tar pitch in a rotating kiln. Based on the two-fluid method, the gas phase is modeled by realizable k-𝜀 turbulent model and the
solid phase is modeled by kinetic theory of granular flow. The dense gas-solid flow, heat transfer, and oxidation reaction for the
bed and freeboard regions are simultaneously solved. The model is applied to a rotating kiln with a cylinder of 0.75 m length and
0.4 m diameter in the front and circular truncated cone on exit side. The detailed verification of model is firstly performed by
comparisons with the available experimental data. The particle velocity profiles, product gas compositions, and various forms of
solid motion in rotary kilns are contrastively analyzed. Afterwards, simulations are carried out to obtain the primary hydrodynamic
and reactive characteristics in the rotary kiln. At the steady state, the particle velocity peak is located at the active layer surface, while
the velocity has the opposite direction in the passive layer. The bed region generally has a higher temperature than the freeboard
due to the large thermal capacity. The concentrations of product gas compositions, such as CO2, CO, and CH4, and solid product
of oxidation, increase sharply near the surface and then keep on the steady values inside the bed. The effects of rotational speed of
the rotary kiln and flow rate of air are also studied. The increasing rotational speed significantly accelerates the particle movement
of the active layer and raises the final oxidative yield of coal pitch spheres. By contrast, increasing the flow rate of air has little effect
on the particle motion and oxidation yield of coal pitch.

1. Introduction

The spherical activated carbon has the unique morphology,
highwear resistance, and good hydrodynamic characteristics,
which plays an important role in some special applications,
such as air purification, blood purification, catalyst supports,
chemical protective clothing, and others [1, 2]. Traditional
rawmaterials of activated carbon are mostly raw coal, but the
reducing quantity of high-rank coal needs to expand the new
production materials.

As a residue left by the distillation, a lot of coal tar
pitch is produced during coal tar processing. The main
components include polycyclic aromatic hydrocarbons and
their derivatives. In recent years, coal tar pitch attracts more
attention as a new rawmaterial of the production of spherical
activated carbon, due to its advantages of high carbon, low
ash, and good plasticity [3].

The preparation of coal pitch-based spherical activated
carbon consists of four processes: pitch modulation, pelletiz-
ing, oxidation stabilization, and carbonization-activation.
Oxidation stabilization is the core among the four processes,
which can be further categorized into four stages, namely,
light component pyrolysis, preliminary oxidation, oxida-
tive weight increment, and constant temperature oxidative
weightlessness, respectively [4]. Through dozens of hours
of low-temperature oxidation, the unstable components in
coal pitch are decomposed into small molecular gases or
condensed into stable macromolecules. The softening point
is thereby improved to ensure that the sphere of coal tar
pitch will not melt and deform during the subsequent
carbonization-activation process [5]. The oxidation stabi-
lization process consumes a lot of time and energy and
dramatically impacts the capability of products; thus it is
critical to choose the appropriate manufacturing technology.
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Rotary kilns are widely applied in modern industry, such
as cement, metallurgy, chemicals, and energy field due to
their good mixing performance, high heat transfer efficiency,
and large handling capacity [6, 7]. In addition, the relatively
low particle motion velocity in rotary kilns results in the
small collision force between particles and between particle
and wall. Considering the friability of pitch spheres and the
demand of high heat capacity in the oxidation process, the
features of rotary kilns are very applicable for the oxidation
stabilization of coal tar pitch spheres. In the past decades,
modeling and numerical simulation have been used to pro-
vide a detailed insight and quantitative guidelines for reactor
design and optimization. However, existing work for rotary
kilns focuses on the flow field [7–9], mixing/segregation [10–
13], and heat transfer performance [6, 14, 15]; simulation of
chemical processes in a rotary kiln is still in its infancy due
to the complexity of coupling of dense gas-solid flow, heat
transfer, and reactions [16]. There are only few modeling
researches concerning the reacting flow for rotary kilns,
which can be categorized two types.The first one is modeling
the motion and chemistry under steady condition, and the
other one is separately modeling the processes for bed region
and freeboard region, respectively. Montagnaro et al. [17]
presented a 1.5-dimensional (1.5D) model for oxy-pyrolysis
of sewage sludge at the steady state in a rotary kiln. Babler et
al. [18] developed a modular numerical model for biomass
pyrolysis in a rotary kiln, which considered the solid bed
region and gas phase domain at steady state. Mujumdar and
Ranade [16] developed separate but coupled computational
models for bed and freeboard regions for rotary cement
kiln. The reactions in the bed region were modeled through
single-phase pseudo fluid, and combustion of coal particles
in the freeboard region was modeled by Eulerian-Lagrangian
approach. Du et al. [19] studied the combustion of pulverized
coal in the airflow of cement rotary kiln using Eulerian-
Lagrangian method, which belonged to the dilute particle
flow. During the chemistry of rotary kilns, the reaction
process is dynamic and complicated due to the dense particles
motion, gas turbulence, and multicoupling between the gas
and solid phases. Therefore, the simultaneous modeling of
dense gas-solid flow, heat transfer, and chemical reactions
for the whole rotary kilns is of the pressing need at present,
but relevant researches have not been found in the available
literature. In addition, the characteristics derived from the 2D
or quasi-3D cross section might not be applicable to the 3D
system due to the wall and geometry impacts on the flow field
and reactive characteristics. The real 3D modeling is critical
to acquire the complete information inside the rotary kiln.

The present work develops a comprehensive 3Dmodel to
study the key oxidation process, oxidative weight increment,
in a rotating kiln. Based on the two-fluid method, the
model simultaneously solves the dense gas-solidmotion, heat
transfer, and chemical reaction for the entire regions of a
rotary kiln. The rotary kiln has a cylinder of 0.75 m length
and 0.4 m diameter in the front and circular truncated cones
on exit side. The detailed verification of model is firstly
performed by comparisons with the available experimental
data. Afterwards, the solid flow field, profiles of velocity
and temperature, the concentrations of gas compositions

(O2, CO2, CO, and CH4), and the oxidized coal pitch
inside the rotary kiln are analyzed. Finally, the effects of
air flow rate and rotating speed of the rotary kiln on the
primary particle movement and reactive characteristics are
emphatically studied.

2. Model Descriptions

Based on the Eulerian-Eulerian (two-fluid) method and
kinetic theory of granular flow, the conservation equations
of continuity, momentum, energy, and species are solved
for gas and solid phases, respectively. In consideration of
the particularity of gas-solid motion in rotary kilns, the gas
phase is modeled by realizable k-𝜀 turbulent model, and
Johnson and Jackson model is used for the frictional stress.
Thegoverning equations are briefly presented in the following
sections, the details of which can be found in literatures
[20, 21].

�.�. Governing Equations. Themass equations of gas and solid
phases are written as [21]

𝜕 (𝛼𝑔𝜌𝑔)𝜕𝑡 + ∇ ⋅ (𝛼𝑔𝜌𝑔V𝑔) = 𝑆𝑔𝑠 (1)

𝜕 (𝛼𝑠𝜌𝑠)𝜕𝑡 + ∇ ⋅ (𝛼𝑠𝜌𝑠V𝑠) = 𝑆𝑠𝑔 (2)

where 𝛼, 𝜌, and V are the volume fraction, density, and
velocity vector, respectively. The mass source term S from
heterogeneous reactions is expressed as

𝑆𝑔𝑠 = 𝑀𝑐∑𝛾𝑐𝑟 = −𝑆𝑠𝑔 (3)

whereM, 𝛾, and r represent molecular weight, stoichiometric
coefficient, and chemical reaction rate, respectively.

The species transport equations for two phases are [21]

𝜕 (𝛼𝜌𝑌𝑖)𝜕𝑡 + ∇ ⋅ (𝛼𝜌𝑌𝑖V) = ∇ ⋅ 𝛼𝐽𝑖 + 𝑅𝑖 (4)

where Yi and Ri are mass fraction and the net rate of species
i. The diffusion flux Ji takes the form

𝐽𝑖 = −(𝜌𝐷𝑖 + 𝜇𝑡𝑆𝑐𝑡)∇𝑌𝑖 (5)

where Sct is the Schmidt number and D is the coefficient of
turbulent mass diffusion.

The momentum equation for gas phase is expressed as
[21]

𝜕 (𝛼𝑔𝜌𝑔V𝑔)𝜕𝑡 + ∇ ⋅ (𝛼𝑔𝜌𝑔V𝑔V𝑔)
= −𝛼𝑔∇𝑝𝑔 + 𝛼𝑔𝜌𝑔𝑔 − 𝛽 (V𝑔 − V𝑠) + ∇ ⋅ (𝛼𝑔𝜏𝑔)
+ 𝑆𝑔𝑠𝑢𝑠

(6)

where p, 𝜏𝑔, and u𝑠 represent the gas pressure, gas stress
tensor, and the particle mean velocity, respectively. The term
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𝑆gs𝑢s indicates the momentum exchange between the gas and
solid phases.

Thegas-solid interphase drag coefficient𝛽 is derived from
Gidaspow model [22]:

𝛽 =
{{{{{{{{{{{

34
𝛼𝑠𝛼𝑔𝜌𝑔 𝑣𝑔 − 𝑣𝑠𝑑𝑠 𝐶𝐷𝛼𝑔−2.65 𝛼𝑔 > 0.8

150𝛼2𝑠𝜇𝑔𝛼𝑔𝑑2𝑠 + 1.75
𝜌𝑔𝛼𝑠 𝑣𝑔 − 𝑣s𝑑𝑠 𝛼𝑔 ≤ 0.8

(7)

𝐶𝐷 = {{{{{
0.44 Re𝑠 > 100024𝑅𝑒𝑠 [1 + 0.15𝑅𝑒𝑠0.687] Re𝑠 ≤ 1000 (8)

𝑅𝑒𝑠 = 𝛼𝑔𝜌𝑔
𝑣𝑔 − 𝑣𝑠 𝑑𝑠𝜇𝑠 (9)

The viscous stress tensor for the gas phase is expressed as
[20]

𝜏𝑔 = 𝜇𝑔 (∇V𝑔 + ∇V𝑇𝑔) − 23𝜇𝑔 (∇ ⋅ V𝑔) 𝐼 (10)

𝜇𝑔 = 𝜇𝑔𝑙 + 𝜇𝑔𝑡 (11)

where the 𝜇g is gas shear viscosity, and 𝜇gl is the laminar
viscosity. The turbulent viscosity 𝜇gt can be provided by
turbulence kinetic energy k and dissipation rate 𝜀:

𝜇𝑔𝑡 = 𝜌𝑔𝐶𝜇 𝑘2𝜀 (12)

where 𝐶𝜇 is the model constant.
The realizable k-𝜀 turbulence model has exhibited the

significant improvements over the standard k-𝜀model, where
the flow features consist of strong streamline curvature,
vortices, and rotation. Therefore, the realizable k-𝜀 model is
used to simulate the turbulent motion of gas and solid in the
rotary kiln.

Considering the complication of expressions of realizable
k-𝜀 model for each phase, only the fundamental transport
equations are given here. Detailed expressions can be found
in literature [23].

𝜕𝜕𝑡 (𝜌 𝑘) + ∇ ⋅ (𝜌 V𝑔𝑘)
= ∇ ⋅ ( 𝜇𝑡𝜎𝑘∇ ⋅ 𝑘) + 𝐺𝑘 + 𝐺𝑏 − 𝜌 𝜀

(13)

𝜕𝜕𝑡 (𝜌 𝜀) + ∇ ⋅ (𝜌 V 𝜀)
= ∇ ⋅ ( 𝜇𝑡𝜎𝑘∇ ⋅ 𝜀) + 𝜌𝐶𝜀1𝐸𝜀 − 𝜌𝐶𝜀2

𝜀2𝑘 + √V𝜀
+ 𝐶1𝜀 𝜀𝑘𝐶3𝜀𝐺𝑏

(14)

where Gk is the generation of turbulence kinetic energy
and Gb is the generation of turbulence kinetic energy due

to buoyancy. 𝐶𝜀2, 𝐶1𝜀, and 𝐶3𝜀 are the constants, and the𝜎𝑘 and 𝜎𝜀 are the turbulent Prandtl numbers. The relevant
expressions are listed as follows [23]:

𝐺𝑘 = 𝜇𝑔𝑡ΔV𝑔
⋅ [ΔV𝑔 + (ΔV𝑔)𝑇 − 23ΔV𝑔 (𝜇𝑔𝑡ΔV𝑔 + 𝜌𝑔𝑘)]

(15)

𝐺𝑏 = 𝜅𝑔𝑖 𝜇𝑡𝑃𝑟𝑡
𝜕𝑇𝜕𝑥𝑖 (16)

C𝜀1 = max [0.43 + 𝜂𝜂 + 5] (17)

𝜂 = (2𝐸𝑖𝑗𝐸𝑖𝑗)1/2 𝑘𝜀 (18)

𝐸𝑖𝑗 = 12 ( 𝜕𝑢𝑖𝜕𝑥𝑗 +
𝜕𝑢𝑗𝜕𝑥𝑖 ) (19)

Themomentum equation for solid phase is written as [21]

𝜕 (𝛼𝑠𝜌𝑠V𝑠)𝜕𝑡 + ∇ ⋅ (𝛼𝑠𝜌𝑠V𝑠V𝑠)
= −𝛼𝑠∇𝑝 + 𝛼𝑠𝜌𝑠𝑔 − 𝛽 (V𝑠 − V𝑠) + ∇ ⋅ (𝛼𝑠𝜏𝑠) + 𝑆𝑠𝑔𝑢𝑠

(20)

where 𝜏s is the solid phase stress tensor and takes Newtonian
form [21]

𝜏𝑠 = [(−𝑝𝑠 + 𝜆𝑠∇ ⋅ V𝑠) + 𝜇𝑠 [∇V𝑠 + (∇V𝑠)𝑇]
− 23 (∇ ⋅ V𝑠)] 𝐼

(21)

𝜆𝑠 = 43𝛼𝑠𝜌𝑠𝑑𝑠𝑔0 (1 + 𝑒)√Θ𝑠𝜋 (22)

𝜇s = 45𝛼2𝑠𝜌𝑠𝑑𝑠𝑔0 (1 + 𝑒)√Θ𝑠𝜋 +
10𝜌𝑠𝑑𝑠√𝜋Θ𝑠96 (1 + 𝑒) 𝛼𝑠𝑔0 [1

+ 45𝛼𝑠𝑔0 (1 + 𝑒)]
2 + 𝑝𝑠 sin 𝜙2√𝐼2𝐷

(23)

The granular temperature of solid phase, Θ, can be
derived from the following equations [21]:

32 [ 𝜕𝜕𝑡 (𝛼𝑠𝜌𝑠Θ𝑠) + ∇ ⋅ (𝛼𝑠𝜌𝑠Θ𝑠𝑢𝑠)]
= − (𝑝𝑠𝐼 + 𝜏𝑠) : ∇𝑢𝑠 + ∇ ⋅ (𝑘𝑠∇Θ𝑠) − 𝛾 − 3𝛽Θ𝑠

(24)

𝑘𝑠
= 150𝜌𝑠𝑑𝑠√Θ𝑠𝜋384 (1 − 𝑒) 𝑔0 [1 +

65𝛼𝑠𝑔0 (1 + 𝑒)]
2

+ 2𝜌𝑠𝛼2𝑠𝑑𝑠𝑔0 (1 + 𝑒)√Θ𝑠𝜋

(25)
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𝛾 = 3 (1 − 𝑒2) 𝛼2𝑠𝜌𝑠Θ𝑠 ( 4𝑑𝑠√
Θ𝜋 − ∇𝑢𝑠) (26)

𝑔0 = [1 − ( 𝛼𝑠𝛼𝑠,max
)1/3]

−1

(27)

The solid pressure 𝑝𝑠 is written as [23]

𝑝𝑠 = 𝑝𝑘𝑖𝑛𝑒𝑡𝑖𝑐 + 𝑝𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 (28)

The kinetic pressure pkinetic indicates the normal force of
collision between particles, and the Lun model is used [20].

𝑝𝑘𝑖𝑛𝑒𝑡𝑖𝑐 = 𝛼𝑠𝜌𝑠Θ[1 + 2𝑔0𝛼𝑠 (1 + 𝑒)] (29)

In the bed region of the rotary kiln, solid volume fraction
is very high and instantaneous particles collision is less
important.The frictional stress needs to be taken into account
when the solid concentration exceeds a critical value. The
frictional pressure model proposed by Johnson and Jackson
[24] is used in this simulation:

𝑝𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = 𝐹𝑟 (𝛼𝑠 − 𝛼𝑠,min)𝑛
(𝛼𝑠,max − 𝛼𝑠)𝑃 (30)

where the coefficients n = 2 and p = 5 [25]. The value of𝛼s,min is normally set to 0.5 for the 3D flow and the maximum
packing limit 𝛼s,max is 0.63. The coefficient Fr is a function of
the critical solid concentration:

𝐹𝑟 = 0.1𝛼𝑠 (31)

The frictional viscosity is expressed as

𝜇𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = 𝑝𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 sin 𝜙 (32)

where 𝜙 is the angle of internal friction.
The enthalpy equations are used to describe the energy

conservation for gas phase and solid phase. Heat conduction,
heat convection, and heat exchange between two phases are
taken into account [21].

𝜕𝜕𝑡 (𝛼𝑔𝜌𝑔𝐻𝑔) + ∇ ⋅ (𝛼𝑔𝜌𝑔V𝑔𝐻𝑔)
= ∇ (𝜆𝑔∇𝑇𝑔) + ℎ𝑔𝑠 (𝑇𝑔 − 𝑇𝑠) + 𝑆𝑔𝑠𝐻𝑠

(33)

𝜕𝜕𝑡 (𝛼𝑠𝜌𝑠𝐻𝑠) + ∇ ⋅ (𝛼𝑠𝜌𝑠V𝑠𝐻𝑠)
= ∇ (𝜆𝑠∇𝑇𝑠) + ℎ𝑠𝑔 (𝑇𝑠 − 𝑇𝑔) + 𝑆𝑠𝑔𝐻𝑠

(34)

where H, 𝜆, and h represent the specific enthalpy, mixture
thermal conductivity, and convective heat transfer coefficient,
respectively. The SsgHs is the heat exchange because of
heterogeneous reactions.

The convective heat transfer coefficient between the two
phases is given by

ℎ𝑔𝑠 = ℎ𝑠𝑔 = 6𝜆𝑔𝛼𝑔𝛼𝑠𝑁𝑢𝑠𝑑2𝑠 (35)

TheNusselt number correlation is provided byGunn [20]:

𝑁𝑢𝑠 = (7 − 10𝛼𝑔 + 5𝛼2𝑔) (1 + 0.7Re0.2𝑠 Pr1/3)
+ (1.33 − 2.4𝛼𝑔 + 1.2𝛼2𝑔)Re0.7𝑠 Pr1/3

(36)

where Pr is Prandtl number of each phase.

�.�. Chemical Reactions. The oxidation stabilization process
of coal tar pitch sphere can be categorized into four stages,
which are briefly described as follows. In the first stage, the
temperature is mainly in the range of 20∼140∘C. The light
components of coal pitch are released and weight loss is
about 5∼15% at this stage. The coal pitch sphere reaches the
maximum weight loss rate at the midpoint of the segment.
The second stage is from 140 to 200∘C, where preliminary
oxidation of the pitch happens and the mass reduction
rate slows down with weight loss about 3%. In this stage,
with the increase of temperature, the oxidation reaction rate
increases. Although there exists volatiles release, the loss of
weight is small and the loss rate is slow. The third stage is
located in the range of 200∼300∘C. The significant oxidative
weight increment of coal pitch takes place, gaining weight
about 3%. At this stage, the pyrolysis is basically completed,
and the oxidation rate significantly increases due to the
higher temperature. The combination of oxygen makes up
for the quality loss caused by the dehydrogenation of the
side chain of pitch molecule. The coal tar pitch reaches the
maximum weight gain rate at the midpoint of the segment.
Thereafter, with the increase of temperature, the growth rate
gradually decreases. Stage four is the period of constant
temperature oxidative weightlessness at about 300∘C. The
oxidative reaction rate is basically stable, and the cross-linked
polymerization of aromatics alkylation and dehydrogenation
of the medium-temperature pitch take place at this stage.

As the most key oxidation process, oxidative weight
increment of coal tar pitch at the temperature range of 200∼
300∘C is modeled in this paper. The primary assumptions
introduced for the simplification of calculation process are
listed as follows:

(1) the gaseous products of oxidation process are CO2,
CO, CH4, H2O, and tar; the other small molecule
hydrocarbons generally present in insignificant
amounts and hence are neglected;

(2) the equivalent formulae of the coal pitch and oxidized
coal pitch are derived from the ultimate analysis of the
relevant species, as shown in Table 1;

(3) the radiative heat transfer is not taken into account
because the attribution of radiation in a rotary kiln is
less than 3% at the temperature of 300∘C [26].

Based on the above assumption, the solid phase consists
of two species: coal pitch (before oxidation) C7.62H3.44O0.243,
and oxidized coal pitch (after oxidation) C7.19H3.1O0.581 ; the
gas phase involves seven components: oxygen O2, nitrogen
N2, carbon dioxide CO2, water vapor H2O, carbonmonoxide
CO, methane CH4, and tar. Because of minor amount of
formation, the nitrogen oxide and sulfur oxide are not taken
into account.
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Table 1: Ultimate analyses of coal tar pitch spheres before and after oxidative stabilization.

Stage C H O N S
Initial state 91.437 3.526 3.722 0.876 0.439
Before oxidation 91.383 3.436 3.895 0.845 0.440
After oxidation 86.271 3.098 9.303 0.966 0.361

Table 2: The typical measured data of the experiments.

200 Time CO2 CO CH4 300 Time CO2 CO CH4
/∘C /s /% /ppm /% /∘C /s /% /ppm /%
Test 1 0:00:57 0 73 0 Test 1 0:00:12 0.9 1971 0.1
Test 2 0:01:28 0 86 0 Test 2 0:00:42 1 2261 0.1
Test 3 0:01:58 0 74 0 Test 3 0:01:12 1.2 2636 0.2
Test 4 0:02:29 0 72 0 Test 4 0:01:43 1 2468 0.2
Test 5 0:02:59 0 76 0 Test 5 0:02:13 1 2211 0.1
Test 6 0:03:29 0 68 0 Test 6 0:02:43 1 2211 0.1
Test 7 0:04:00 0 76 0 Test 7 0:03:14 0.9 2197 0.1
Test 8 0:04:30 0 90 0 Test 8 0:03:44 1 2347 0.1
Test 9 0:05:00 0 68 0 Test 9 0:04:14 1.1 2609 0.2

During the process of oxidative weight increment, the
coal pitch sphere is oxidized and volatile components are
released into the rotary kiln. The composition balance of the
oxidation reaction is considered as follows:

Coal pitch + 𝑛1O2 →
𝑚1Oxidized coal pitch + 𝑛2CO2 + 𝑛3CO + 𝑛4CH4
+ 𝑛5H2O + 𝑛6Tar

(R1)

In (R1), the stoichiometric coefficient of oxidized coal
pitch,m1, is determined based on the previous experimental
data of oxidation stabilization [4] and ultimate analysis
shown inTable 1.The coefficient of tar is derived fromanother
thermogravimetric experiment [27].TheTGandDTGcurves
of the pitch fractions under N2 and air atmosphere showed
that the weight loss of tar between 200∼300∘C is about 3%.
The coefficients of gas compositions, n1 ∼ n5, are obtained
by the current experimental results in Table 2 and the mass
balance calculation.

Guo et al. [4] experimentally studied the oxidation stabi-
lization process of coal pitch spheres.The kinetic parameters,
such as activation energy and preexponential factor, and
reaction mechanism function, 𝑓(𝜒), under four reaction
stages were deduced, which were of different values and
expressions. Based on the results, the equation of reaction rate
and the relevant mechanism expression of oxidative weight
increment are given as follows:

𝑟 = 𝐴 exp( −𝐸𝑅𝑇𝑠)𝑓 (𝜒) (37)

𝑓 (𝜒) = 13 (1 − 𝜒) [−ln (1 − 𝜒)]−2 (38)

𝜒 = 𝑚0 − 𝑚𝑡𝑚0 − 𝑚∞ (39)

where m0, mt, and 𝑚∞ are the initial, instantaneous, and
ultimate amounts of coal pitch sphere, respectively. The
reaction kinetics parameters in this simulation are derived
from experimental data [4]: lnA=120.24 and E=533.84 kJ/
mol.

�.�. Experiment System and Computational Conditions. The
experimental setup and simulation schematic diagram of the
rotary kiln are shown in Figure 1. The experiments were
conducted for the oxidation stabilization of coal tar pitch
sphere at Institute of Coal Chemistry, Chinese Academy of
Sciences.The rotating kiln has a cylinder of 0.75m length and
0.4 m inner diameter in the front and circular truncated cone
of 0.2 m top diameter on right side, which is made of heat-
resistant steel and insulated with insulation material inside
the enclosure.The rotary kiln is heated by the electric heaters,
and the temperature rise is regulated through the subsection
control program: at room temperature to 140∘C, the setting
time is 1 h; 140 ∼ 200∘C, the setting time is 5 h; 200 ∼ 300∘C,
time is set to 10 h; constant temperature at 300∘C, the time
lasts 1 h. The air is continuously introduced to the rotary
kiln from four small pipes at the left side. As a batch reactor,
this rotary kiln is horizontal and the particles of oxidized
coal tar pitch are extracted at the end of the reaction. At
the monitoring temperature range of 200 ∼ 300∘C, the flue
gas compositions at the exit of rotary kiln, such as O2, CO2,
CO, and CH4, are measured by gas analysis instrument in
real-time monitoring. For the sake of simplicity, the typical
measured data at 200 and 300∘C are given in Table 2.
The measurements are repeated nine times for averaging at
each temperature point. The oxidized coal pitch spheres are
sampled for elemental analysis at intervals of 10∘C and the
elemental composition before and after oxidative stabiliza-
tion is presented in Table 1. The results obtained from the
experiments will be used for the kinetic data and comparative
basis.
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Figure 1: The setup and schematic diagrams of rotary kiln: (a) setup diagram; (b) schematic diagram.

In this paper, the 3D Eulerian-Eulerian model is applied
to simulate the oxidation process in a rotating kiln. The base
case is built in accordance with the setting of experiments.
Initially, the particles of coal tar pitch are located at the
bottom of the kiln with solid volume fraction of 0.55, and
the packing limit is set as 0.6. The air is introduced into
the kiln through four gas inlets at a specified velocity. At
the right outlet, the boundary condition of pressure-outlet
with atmosphere is adopted. At the walls, the no-slip and
moving/rotational condition is set, and the fixed heat flux
is specified. The second-order upwind discretization scheme
is used for momentum term, while other convective terms
adopt first-order upwind. The constant time step of 1×10−4 s
is set for the calculation. Detailed modeling conditions and
parameter settings are given in Table 3. The simulation was
conducted based on 8 processes parallel on an Intel w5580
workstation.

The sliding mesh model is used to simulate the rotating
movement of kilns. The cylindrical section is divided by
hexahedral mesh, and the circular truncated cone is divided
by tetrahedral mesh. Four different grid domains are tested
to perform the validation of the mesh independence, which
contain 222 342, 398 468, 618 327, and 788 361 grid cells,
respectively. The profiles of the particle velocities along the
bed depth and bed surface at x=0.375mare shown in Figure 2.
With the increase of grid number, the velocity profiles
generally reduce first and then increase, but the variation of
simulation results is much little when the grid cells increase
to 618 327. Therefore, in terms of the computation time and

Table 3: Summary of relevant parameters of simulations.

Description Parameters
Particle diameter, ds (mm) 1.0
Particle density, 𝜌s (kg/m3) 1435
Particle viscosity, 𝜇s (Pa⋅s) 0.18
Particle thermal conductivity, 𝜆s
(W/m⋅K) 2000

Inventory of particles, Gb (kg) 8

Air flow rate,Va (Nm
3/h) 10, 25, 37.5, 50,

62.5
Air temperature, Ta (

∘C) 25

Rotational speed of kiln, 𝜔 (rpm) 0.33, 0.95, 1.43,
1.91, 2.39

Heat flux, hw (W/m2) 150
Temperature of rotary kiln, Tb (

∘C) 200∼300

calculation accuracy, the computational domain containing
618 327 mesh cells is selected for the following work.

3. Results and Discussions

�.�. Model Validation. With the purpose of verification of
the established 3D model, the hydrodynamic and reactive
characteristics in rotary kilns are compared with experimen-
tal data. Considering the lack of data of particle motion in
our experiments, the results from the Boateng et al. [28]
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Figure 2: Variations of particle velocity profiles with grid number: (a) depth velocity; (b) surface velocity.
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Figure 3: Particle velocity profiles along the bed surface and depth: (a) surface direction; (b) depth direction.

are used to validate the present model. The selected particle
material is the polyethylene pellet with uniformly spherical
shape.The rotary drum comprises a 964 mm inside diameter
and 1000 mm axial length. According to the experimental
data, the flow field at an axial distance of 220 mm from the
end-piece belongs to the undisturbed region. For the sake
of simplification, the simulated rotary kiln length is reduced
to 500 mm. The polyethylene pellets with 3.63 mm size and
960 kg/m3 density are loaded at 3.3% fill and operated at the
rotational rates of 3 and 5 rpm. Detailed particle properties
and operating parameters can be found in literature [28].
Representative results including particle velocities along the

bed surface and depth in the midsection are shown in
Figure 3. The surface velocity presents a parabolic profile
skewing towards the bottom. The depth velocity at the mid-
chord position presents the maximum value at the bed
surface, and the velocity conforms to the tangential velocity
at the wall position. Generally, the predicted results along the
bed surface and depth compare well with experimental data.

Subsequently, a base case of the oxidation stabilization of
coal tar pitch is applied to evaluate the predictive ability of
two-fluid model coupled with chemical reaction. As listed in
Table 3, the experiments of the base case are operated at the
air flow rate with 10 Nm3/h and rotational speed with 0.33
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Figure 4: The component concentrations of product gas versus temperature.

rpm. The molar fractions of main gas compositions at the
exit are shown in Figure 4. In the process of oxidative weight
increment, the elevating particle temperature from the wall
heat conduction and the heat release of reaction gives rise
to the increase of concentrations of exit gas compositions.
It can be observed that the predicted values of three kinds
of product gas, such as CO2, CO, and CH4, are basically in
agreement with experimental results.

In order to further verify the range of application of
the built model, the simulations are performed with a large
range of rotation rates, 0.095∼9.5 rpm, which take on various
forms of solid motion in the rotary kiln. The three represen-
tative flow patterns in transverse section and the transition
criteria (Froude number and filling degree) characterized
by Mellmann [29] are given in Table 4 as the baseline.
The contours of predicted solid concentration and particle
velocity vector, as well as the criteria number, are illustrated
in the last five rows in Table 4. With regard to the three
rotation rates (0.095, 0.95, and 9.5 rpm), the relevant Froude
numbers, Fr, are the 2.04×10−6, 2.04×10−4, and 2.04×10−2,
respectively, and the filling degree, 𝑓, is about 0.11. According
to the transition criteria, the rotary kiln is operated at
surging, rolling, and cascading modes, respectively. The flow
characteristics revealed by solid volume fraction and velocity
vector are consistent with those of reference modes.

In conclusion, the developed 3D numerical model has
successfully predicted the hydrodynamic and reaction char-
acteristics, as well as various motion modes for the typical
rotary kilns. Therefore, it can be applied to the further study
on oxidation stabilization process of coal tar pitch in a rotary
kiln.

�.�. Particle Motion Characteristics. Because the oxidative
weight increment is a slow oxidation reaction, the simulation
of whole temperature rising process consumes consider-
able computation time. The base case might cost about

eight months under the current computational conditions.
Therefore, air flow rate and rotating speed are substan-
tially increased to accelerate the oxidation reaction in the
sensitivity analysis of parameters. The key parameters of
the following simulation are air flow rate, 50 Nm3/h, and
rotational speed, 1.43 rpm.

In the rotary kiln, the particles located at the bottommove
with the kiln wall by viscous friction force between particles
and internal wall, and then the inner particles start moving by
viscous force among particles. With the rotation of the kiln,
particles on the bed top slide down to the bottom, and another
circle will begin when these particles move with the kiln wall.
Overall, the variation of particle distribution in the rotary
kiln slows after a period of time. In the present simulation,
the particle movement reaches the quasi-stable state 5 s after
the initial computation. Figure 5 illustrates the profiles of
particle volume fraction in the cross and vertical sections of
the kiln (t =10 s). It can be observed that particles assemble in
a specific region, namely, bed region, which has a local high
concentration. The bed surface takes on a typical wave form
rather than flat plane in the cross section.

To better display the simulation results inside the kiln,
postprocessing coordinate is applied for the data processing.
Figure 6 is the coordinate schematic of the cross section of
the rotary kiln used in present simulations. The origin of
Cartesian coordinate is located at the center of the plane. The
z-axis and y-axis of postprocessing coordinate are parallel
and perpendicular to the particle bed surface at steady state,
respectively. As the nomenclature shown in Figure 6, vs is
the actual velocity of particles; V𝑧

 is the velocity component
parallel to the surface and V𝑦

 is the velocity component
normal to the surface; L indicates the full chord of the bed;
and H denotes the central thickness of the particle bed.

Figure 7 illustrates the velocity vector of particles at
steady state. The color and arrow represent the magnitude
and direction of the velocity, respectively. The magnitude
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Table 4: The motion forms of particles in rotary kiln.

Motion form Surging Rolling Cascading

Schematic

Froude number, Fr𝐹𝑟 = 𝜔2𝑅/𝑔 0 < Fr < 10−4 10−4 < Fr < 10−2 10−3 < Fr < 10−1
Filling degree, f𝑓 = 𝜀 − sin 𝜀 cos 𝜀 f > 0.1 f > 0.1 f > 0.1
Rotation rate (rpm) 0.095 0.95 9.5

Contours of simulated
solid concentration

Contours of simulated
particle velocity vector

Froude number, Fr 2.04×10−6 2.04×10−4 2.04×10−2
Filling degree, f 0.11 0.11 0.11

increases from the blue to red. From the vector contour and
partial enlargement in the middle, it can be seen that two
particle layers with opposite direction of velocity exist in the
bed. The downward velocity in the upper layer is obviously
larger than in the lower layer, improving the performances
of mixing and heat transfer between gas and particle phases.
This thin layer is called the active layer [6]. The particles in
the lower layer are stacked and move upward with the kiln
by the friction. The small relative velocity in this thick layer
leads to the weak particles mixing and heat transfer, which is
called the passive layer [6]. As displayed in left and middle
drawings of partial enlargement, the particle velocity vector
at the bed surface is at an angle rather than being parallel to
the surface. Because of the particles collision, the particles in
the outer layer bounce from the surface and drop by gravity,
resulting in the velocity component normal to the surface.
In the bottom region of bed surface (enlarged figure on the
right), some particles could bounce off after their collision
with kilnwall.These simulation results are in accordancewith
the data in [30].

The variation of particle velocity with the bed depth
is presented in Figure 8(a). Owing to similarity of profile
shapes irrespective of the position along the chord length, the
detailed analysis focuses on the results at mid-chord position

[28]. It can be observed that the greatest velocity and velocity
gradient appear on surface of the active layer. As the bed
thickness (𝑦𝑓, distance from surface) increases, the particle
velocity dramatically decreases and reaches zero when the
dimensionless thickness of the layer |𝑦𝑓/H| approaches 0.45.
As the bed thickness increases to more than 45% of the
total thickness (|𝑦𝑓/H| > 0.45), the particles start moving
in the opposite direction, and the velocity gradient gradually
reduces.When the bed thickness is larger than 80% (|𝑦𝑓/H| >
0.8), the particle velocity is basically the same as the wall
rotational speed (vs /𝜔R= 1).The reason for this is the particles
in near-wall region move with the kiln wall due to friction.
The variation of particle velocity with different axial lengths
of kiln can also be seen in Figure 8(a). With the increase of
axial length, the particle velocity gradually decreases, but the
change is very small.The slightly larger velocity at x=0.05m is
on account of the little effect of particles on the far left side of
the kiln. The minimum velocity on the far right side (x=0.75
m) might be ascribed to impact of particles in the region
of circular truncated cone. The profiles of particle velocity
on bed surface are illustrated in Figure 8(b). Along the z
direction, the particle velocity first gradually increases and
then decreases.The peak velocity is located at z/L=0.7, which
is the synergy of gravity and solid friction force. Meanwhile,
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Figure 5: Profiles of solid concentration: (a) cross section; (b) longitudinal section.
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Figure 6: The postprocessing coordinate in the rotary kiln.

the particles at the larger axial length have higher velocity in
the upper surface region, while are of smaller velocity in the
lower region.

�.�. Oxidation Reaction Characteristics. Figure 9 shows
the temperature profile of gas phase in the different

cross-sections. The temperature contours in the cross section
of x=0.375 m and in the longitudinal section of z=0 m are
illustrated in Figures 9(a) and 9(b), respectively. It can be
observed that the bed region generally has a higher temper-
ature due to the large thermal capacity. The central region is
the freeboard where the inlet air with low temperature mainly
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Figure 7: Velocity vector contour of particles.
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Figure 8: Particle velocity along different directions: (a) depth direction; (b) surface direction.

gathers, so the gas temperature is relatively low. Close to the
bed surface, the temperature increases sharply and reaches
peak value at bed surface. That is because oxidation reaction
firstly takes place in this region. In the passive layer region,
the temperature remains stable, and then slightly increases
near the cylindrical wall of the rotary kiln due to the wall heat
flux. For the different axial positions, because the entering air
with low-temperature gathers in the cylindrical region, the
gas temperature in the front of the kiln is lower than in the
rear.

The distributions of solid temperature in the cross section
and in the longitudinal section are illustrated in Figures
10(a) and 10(b), respectively. The temperature profiles of
solid phase are generally in accordance with those of gas
phase, except for the peak value. The solid temperature
at the bed surface is lower than gas temperature, and no
obvious peak exists for the solid phase. The discrepancy
of physical property gives rise to the higher temperature
rise for the gas phase. It is worth noting that the par-
ticles with solid volume fraction of less than 0.01 are
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Figure 9: Temperature profiles of gas phase: (a) cross section; (b) longitudinal section.

neglected so the bed surface in the figure is not very
smooth.

Figures 11–14 illustrate the concentration profiles of four
main gas compositions, namely O2, CO2, CO, and CH4. As
shown in Figure 11, O2 primarily gathers in the freeboard
region, and decreases suddenly at the bed surface due to
oxidative reaction. When entering the bed region, the O2
concentration almost approaches zero, because high concen-
tration of coal pitch sphere leads to the huge consumption
of O2. Along the axial direction, the O2 concentrations
in the cylindrical region (x<0.75 m) are apparently higher
than in the back of the kiln (x>0.75 m) as a result of the
gas diffusion and oxidative reaction. The middle section
of cylinder has highest O2 concentration in the freeboard
region, as a result of the inlet air gathering. As a product
of oxidation reactions, CO2 concentration takes on a nearly
opposite profile of the reactant of O2, as shown in Figure 12.
That is, CO2 molar fraction has a low value in freeboard
region, and then increases sharply close to bed surface, and
finally remains stable inside the bed.The CO2 concentrations
in the cylindrical region of the kiln are apparently lower
than in the back, and the middle of cylinder is of minimal
CO2 concentration in the freeboard. In Figures 13 and 14,
the concentration profiles of CO and CH4 have the similar
variation trends with that of CO2, the only difference existing
in the magnitude of concentration. As can be seen from

Figures 11–14, a circular truncated cone is located at right
side (x=0.75∼0.95 m) and connected to a cylinder with 0.2
m diameter (x>0.95 m). The product gas such as CO2, CO,
and CH4 tends to concentrate in the exit section, while the
air is of lower concentration in this region. However, since
the coal pitch particles are concentrated at the bottom of the
reactor (Figure 5(b)), the locally uniform distribution of gas
components caused by the geometry has little impact on the
oxidation process.

The contours of concentration profile for oxidized coal
tar pitch in the cross section and longitudinal section are
shown in Figure 15. It should be noted that the color in the
figure presents the mass fraction of the oxidized coal pitch. In
general, the higher concentration of oxidized coal pitch exists
at the top of the bed because of the elevated temperature and
plenty of oxygen. Since the coal tar pitch sphere assembles
in the bed region, the mass fraction of oxidized coal pitch
approaches to zero in the freeboard region.At the bed surface,
the concentration of the oxidized yield of coal tar pitch
increases suddenly and keeps on a steady value in the passive
layer region. The profiles of solid concentration along the
axial position are similar to those of gas phase. Considering
the high concentrations of O2 in the middle region, and the
O2 consumption along the axial distance due to oxidation
reaction, the mass fraction of oxidized coal pitch in the front
of the kiln is larger than in the rear.
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Figure 10: Temperature profiles of solid phase: (a) cross section; (b) longitudinal section.
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Figure 11: Concentration profiles of O2: (a) cross section; (b) longitudinal section.
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Figure 12: Concentration profiles of CO2: (a) cross section; (b) longitudinal section.
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Figure 13: Concentration profiles of CO: (a) cross section; (b) longitudinal section.
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Figure 14: Concentration profiles of CH4: (a) cross section; (b) longitudinal section.

�.	. Effects of Air Flow Rate and Rotational Speed. To investi-
gate the effects of operating parameters on the gas-solid flow
and oxidation reaction characteristics, flow rate of air and
rotational speed are changed within a relatively wide range.
The particle velocity profiles, temperature profiles of gas and
solid, the product gas, and oxidized yield of coal tar pitch are
analyzed in the following section.

�.	.�. Effects on Particle Motion. The simulations are per-
formed with air flow rates as 25, 37.5, 50, and 62.5 Nm3/h,
while the rotating speed remains a constant value of 1.43 rpm.
Figure 16 shows the particle velocity profiles along the bed
depth and bed surface. As can be seen from Figure 16(a),
when |y/H| > 0.7, the four curves with the different air
flow rates basically coincide, and the particle velocity of
the passive layer approaches the rotation speed of the kiln.
The profile shapes of particle velocity on the bed surface
are roughly the same under different air flow rates. These
curves in Figure 16(b) present slightly skewed parabola, and
the maximum velocity occurs at about z/L=0.75. In general,
there is no definite tendency for the particle velocity with
the increasing air flow, indicating that air flow rate has little
impact on the particles motion.

Figure 17 shows the variations of particle velocities with
various rotating speeds. The kiln is rotated with the speeds of
0.95, 1.43, 1.91, and 2.39 rpm, and the flow rate of air is kept at

50 Nm3/h. It is evident from Figure 17(a) that the rotational
speed has a significant impact on the particle velocity along
the depth direction. When the rotational speed increases
from 0.95 to 2.39 rpm, the particle velocity of the active layer
increases from eight times the tangential wall velocity (𝜔𝑅)
to thirteen times the velocity, and the thickness of the active
layer is also found to increase correspondingly. The increase
in the rotational speed encouragesmore particle participation
in the circular reciprocating movement of the outer layer per
unit time and accelerates the update frequency of surface
particles. Figure 17(b) shows that the particle velocity along
the bed surface also increases with the increasing rotational
speed. When the speed increases within the range of 0.95∼
2.39 rpm, the maximum particle velocity at bed surface
gradually increases until it reaches 0.65 m/s. In addition, the
increasing rotational speed gives rise to the profile of surface
velocity shift towards the center of the chord (z/L=0.5),
and the parabolic shape is more symmetric. In conclusion,
the increase of rotating speed can significantly increase the
movement speed of particles and thicken the active layer,
which is conducive to themixing and replacement of particles
in the kiln.

�.	.�. Effects on Gas and Solid Temperature. Figure 18 shows
the distributions of gas and particle temperature along the
negative y axis and central cross section of the rotary kiln
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Figure 15: Concentration profiles of oxidized coal pitch: (a) cross section; (b) longitudinal section.
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Figure 16: Particle velocity profiles at various air flow rates: (a) depth direction; (b) surface direction.

(x=0.375 m) under different air flow rates with a constant
rotational speed of 1.43 rpm. It can be found that the gas
temperature is lower in the freeboard region and higher in
the bed region. The temperature gradient is obviously large
near the active layer region, where oxygen is well mixed

with the coal pitch sphere, promoting the oxidation reaction.
The gas temperature is rapidly heated by releasing heat, and
the maximum value appears in this region. By contrast,
the temperature profile of the particle phase remains stable
throughout the bed surface, where the particle temperature is
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Figure 17: Particle velocity profiles at various rotational speeds: (a) depth direction; (b) surface direction.

0.00 0.05 0.10 0.15 0.20
Radial position (m)

Te
m

pe
ra

tu
re

 (K
)

Va = 25 ．Ｇ3/Ｂ
Va = 37.5 ．Ｇ3/Ｂ
Va = 50 ．Ｇ3/Ｂ
Va = 26.5 ．Ｇ3/Ｂ

475

500

525

550

575

600

(a)

0.12 0.14 0.16 0.18 0.20
Radial position (m)

Te
m

pe
ra

tu
re

 (K
)

Va = 25 ．Ｇ3/Ｂ
Va = 37.5 ．Ｇ3/Ｂ
Va = 50 ．Ｇ3/Ｂ
Va = 26.5 ．Ｇ3/Ｂ

572

573

574

575

576

577

578

(b)

Figure 18: Profiles of gas and particle temperatures at various air flow rates: (a) gas phase; (b) solid phase.

lower than that of gas phase. The slightly higher temperature
of solid phase lies in the wall region of the rotary kiln due
to wall heat flux, which also takes on for the gas phase.
Under different air flow rates, the temperature profiles of
gas and particles basically overlap in the passive layer, only
slight differences existing in the freeboard and the active
layer. It shows that air flow rates have no obvious influence
on the temperature distributions of gas and particles in
rotary kiln. Although the increasing inlet air introduces
more low-temperature gas, the higher oxygen concentration

facilitates the oxidation reaction, which means more heat
released from the reaction compensates for the effects of cold
air.

Figure 19 shows the temperature distributions of gas and
particle phases along the negative y' axis at different rotational
speeds with the same air flow rate of 50 Nm3/h. It can be
found that the rotational speed also has no definite effect on
the temperature profile in the freeboard, while some tendency
being in the active layer and near-wall regions. With the
increase of rotational speeds, the temperature of gas and solid
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Figure 19: Profiles of gas and particle temperatures at various rotational speeds: (a) gas phase; (b) solid phase.
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Figure 20: Concentrations of product gas and solid versus air flow rate: (a) product gas and solid; (b) radial concentration of solid.

phases gradually increases at the bed surface and near the
wall, but only to a small extent.

�.	.�. Effects on Product Gas and Oxidized Coal Pitch. The
variations of product gas and solid with air flow rate are
shown in Figure 20(a). The flow rates of air increase between
25 and 62.5 Nm3/h, while the rotational speed remains the
same value of 1.43 rpm. The calculated results of gas molar
fraction adopt the form of area average at the outlet, while
the mass fraction of oxidized coal tar pitch is the value of the
whole kiln. With the increase of air flow rate, more O2 takes

part in the reaction.The accelerated rate of oxidation reaction
gives rise to the increase of quantities of generated gas and
solid. Therefore, the mass fraction of oxidized coal pitch
slightly increases with the increasing air flow rate. However,
the increasing flow rate of air introduces a large amount
of N2, which has a dilution effect on the product gas and
counteracts the effect of accelerated oxidation reaction. It can
been seen from Figure 20(a), concentrations of three product
gas compositions, such as CO2, CO, and CH4, present a
dropping trend to various degrees when the air flow rate
increases.
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Figure 21: Concentrations of product gas and solid versus rotational speed: (a) product gas and solid; (b) radial concentration of solid.

The effects of air flow rate on radial concentration profiles
of the oxidized yield of coal tar pitch are illustrated in
Figure 20(b). Along the radial position, the mass fraction of
oxidized coal pitch has an abrupt increase and reaches its
peak near the bed surface because of the higher temperature
and O2 concentration. As the flow rate of air increases,
more oxidation reaction takes place and the oxidized yield of
oxidized coal pitch gradually increases in the bed region.

Figure 21 shows the variations of product gas and solid
with rotating speed. The kiln is rotated with the speeds of
0.95, 1.43, 1.91, and 2.39 rpm, and the flow rate of air is kept
at 50 Nm3/h. As the rotating speed increases, the contact
area and time between air and coal pitch sphere increase,
which effectively enhances the oxidation reaction. Therefore,
the final oxidative yield of coal pitch spheres increases
with the increasing rotating speed. The concentrations of
main product gas, including CO2, CO, and CH4, are almost
the same because the gas dilution offsets the accelerated
oxidation.

The radial concentration profiles of oxidized coal pitch
at different rotational speeds are presented in Figure 21(b).
When the rotational speed increases, the oxidized yield of
coal tar pitch in the bed region and the peak value on the
bed surface gradually increase due to the enhanced oxidation
reaction. Because fewer discrete particles appear above the
bed surface and bed thickness reduces with the increasing
rotational speed, the radial position of abrupt increase of
oxidized coal pitch slightly moves backward.

4. Conclusions

In this paper, the two-fluid method and kinetic theory of
granular flow are combined with heat transfer and reaction,
which is applied to simulate the process of oxidative weight

increment of coal tar pitch in a rotating kiln. The dense gas-
solid motion, heat transfer, and chemical reaction for the
entire regions of the kiln are simultaneously solved. Based on
the model validation, the simulations are carried out to give
the detailed particle movement and reactive characteristics in
the 3D space.The effects of air flow rate and rotating speed on
the profiles of particle velocity and gas-solid temperature, the
exit gas composition, and oxidized coal pitch are also studied.
The primary conclusions can be drawn as follows:

(1) The developed 3D numerical model has successfully
predicted the hydrodynamic and reaction charac-
teristics, as well as various motion modes (surging,
rolling, and cascading mode) for the typical rotary
kilns.The calculated results are consistent with exper-
imental data.

(2) After reaching a steady state, a wave shape forms on
the bed surface. Due to the particles collision, the
particle velocity vector is not parallel to the surface.
The particle velocity peak is located at the active
layer surface and dramatically decreases along the bed
thickness, after that the particle velocity turns into
opposite direction in the passive layer.

(3) The bed region generally has a higher temperature
than the freeboard due to the large thermal capacity.
The highest gas temperature exists at the bed surface,
and the temperature remains stable in the passive
layer region. No obvious peak of temperature exists
for the solid phase. Meanwhile, the gas and solid
phases have slightly higher temperatures near the wall
of the rotary kiln.

(4) The main compositions of product gas include CO2,
CO, and CH4, and the generated solid species is the
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oxidized coal pitch.The concentrations of gas product
and oxidized coal tar pitch increase sharply near the
surface and then keep on a steady value in the passive
layer region.

(5) There is no definite tendency for the particle velocity
with the increasing air flow rate. By contrast, the
increase of rotating speed can significantly accelerate
the particle movement and increase the thickness of
active layer, which is conducive to the mixing and
replacement of particles in the kiln.

(6) The air flow rate has no obvious influence on the
temperature profiles of gas and particles inside the
rotary kiln. With the increase of rotational speeds,
the temperatures of gas and solid phases have an
increasing trend at the bed surface and near the wall,
but only to a small extent.

(7) The increasing rotational speed effectively enhances
the oxidation reaction. The final oxidative yield of
coal pitch spheres increases with the rotational speed,
while the concentrations of product gas composi-
tions, such as CO2, CO, and CH4, are almost the same
because of the gas dilution. In comparison, increasing
the flow rate of air has little effect on the particle
motion and oxidation yield of coal tar pitch.

Nomenclature

𝐴: Preexponential constant𝐶𝐷: Drag coefficient𝑑𝑠: Particle diameter, mm𝐷𝑔𝑠: Diffusion coefficient for gas (m2/s)𝐸: Activation energy𝑔0: Radial distribution functionℎ: Heat transfer coefficient (W/m2⋅K)ℎ𝑤: Wall heat flux (W/m2)𝐻: Specific enthalpy (J/kg)𝐽𝑖: The diffusion flux (kg/m2⋅s)𝑘: Turbulent kinetic energy (1/m2 ⋅ s2)𝑚: Mass (kg)𝑁𝑢: Nusselt number𝑝: Pressure (Pa)
Pr: Prandtl number𝑄f : Fuel feed rate (kg/h)𝑟: Reaction rate (kmol/m3 ⋅s)𝑅: Universal gas constant (J/kmol⋅K)𝑅𝑒: Reynolds number𝑆: Mass source term𝑆𝑐𝑡: Schmidt number𝑇: Temperature (K)𝑉𝑎: Volume flow rate of air (m3/h)
V: Gas velocity (m/s)𝑌𝑖: Mass fraction.

Greek Letters

𝛼: Volume fraction𝛽: Gas-solid interphase drag coefficient𝜒: Instantaneous mass fraction of weight increment

𝛾: Dissipation of fluctuating energy (W/m3)𝜀: Dissipation rate of turbulent kinetic energy
(1/m2 ⋅ s3)𝜆: Thermal conductivity (W/m2⋅K)𝜇: Viscosity (kg/m⋅s)𝜌: Density (kg/m3)𝜏: Stress tensor (Pa)𝜔: Rotational speed (rpm).

Subscripts

𝑔: Gas phase𝑖: The 𝑖th species𝑙: Laminar flow𝑠: Solid phase𝑡: Turbulent flow.
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A numerical simulation and experimental studywere performed to investigate the sealing effect of the labyrinth seal used in awheel-
side reducer. A three-dimensional computational fluid dynamicsmodel was established based on the labyrinth structure.The effects
of the temperature and viscosity of lubricant, rotor speed, pressure ratio, clearance, and cavity size of the sealing structure on the
sealing were analyzed, and the leakage amount under the corresponding values of different factors was also analyzed. The results
indicated that increase in the lubricating oil temperature, viscosity, pressure ratio, and seal clearance lead to decrease in the sealing
effect and increases in the leakage. And the effect of rotational speed on the seal is low. To verify numerical simulation, the results
of numerical analysis, a test bench was set up to simulate the work of the reducer, and the sealing effect of the sealing structure was
examined.The simulation result was compared with the actual results. Both the numerical simulation and experiment indicate that
the labyrinth seal achieves the desired sealing effect.

1. Introduction

It is difficult to ensure the long-term operation of a contact
seal owing to its contact friction and limited service life.
However, a labyrinth seal is a type of noncontact seal with
clearance or throttle seal. Direct contact between the rotating
shaft and sealing tooth is absent, and the gap is small. Thus,
there is no contact, wear, and need for lubrication. A gap
exists between the rotating shaft and sealing teeth. This
permits thermal expansion and the increase of operating
speed of themachine.The labyrinth seal is a classical dynamic
seal that is used in rail transit gear boxes, industrial gear
boxes, and compressors [1, 2]. A labyrinth seal implies that
a certain number of throttling gears exist between moving
parts and stationary parts leading to the formation of several
twists and turns between the tooth and wall of the chamber.
Hence, throttling effect and energy effect occur when the
mediators go through the seal teeth and the seal chamber,
thereby reducing the amount of leakage [3]. It is characterized
by a high-pressure ratio, simple structure, and high reliability
[4]. Thus, it is crucial to perform an in-depth investigation
of the mechanism of labyrinth seal to design a reasonable
labyrinth seal structure.

Given a host of in-depth studies in the labyrinth seal field,
significant experience and improvement were gained globally
in recent years. Kervistin [5] designed an apparatus for an
engine that adjusts the labyrinth seal clearance and used the
principles of thermal expansion and contraction. Yucel et
al. [6] combined numerical and experimental investigations
to analyze the main factors that affect the performance
of the labyrinth seal including temperature and pressure
differences, number of cavities, and tooth shape. Willey et al.
[7] used the top of a turbine blade to replace the labyrinth
seal tooth to seal the rotor, thereby breaking conventional the
limitations of the labyrinth seal application and expanding its
scope of applications.

Nowadays, numerical simulation has been proven as a
promising technique since it can provide much information
which cannot be measured via experimental tools [8, 9].
In the labyrinth seal research method, computational fluid
dynamics (CFD) is increasingly used to analyze the flow
inside labyrinth seals [10, 11].Hodkinson [12] initially adopted
a fluidmechanics method as opposed to the thermodynamics
method to analyze the direct action of the fluid and used a
special treatment of the outlet based on the nozzle model.
Subsequently, Kearton and Keh [7] used the nozzle method
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Figure 1: A labyrinth seal of hub reduction gear.
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Figure 2: Schematic diagram of a labyrinth seal. (a) Two-dimensional section of labyrinth structure. (b) Three-dimensional flow model of
labyrinth.

to simulate the flow at the seal outlet, although they used
a reduced nozzle and considered blocking flow. While cal-
culating the discharge coefficient, they also considered the
factors corresponding to seal clearance and pressure ratio.Wu
Te [13] considered the labyrinth seal at the small-gear motor
end of the high-speed EMU drive gearbox as the research
object and established a numerical simulation model of the
labyrinth seal. He considered the effect of cavity depth on
sealing performance, determined optimum cavity depth, and
investigated the effect of pressure difference and rotational
speed on leakage.

The study discusses the labyrinth seal structure that is
designed for a wheel reducer. Taking the effect of the sealing
structure into account, an analytical and computational
model is established, and the flow characteristics of fluid
in the labyrinth are analyzed via the CFD analysis method.
The effects of temperature, inlet and outlet pressure, liquid
viscosity, rotational speed of the rotor, and geometric size of
the labyrinth on labyrinth sealing effect are investigated via
the variable control method.

To verify the actual effect of the sealing structure, the
sealing structure entity is manufactured, and a test bench is
set up to perform the test. The sealing effect of the labyrinth
seal structure is tested at different oil heights, speeds, and
clearances.

2. Structure of Labyrinth Seal

The labyrinth seal is applied to the wheel-side reducer, as
shown in Figure 1 which details the position and structure of
a labyrinth seal.

3. Calculation Method of Simulation

3.1. Fluid Model Structure. The cross-section size of the flow
field is shown in Figure 2(a), and the parameters are shown
in Table 1. The sealing structure of the wheel-side reducer
should conform to the actual situation. Thus, the rotational
speed of the rotating part is designated in the range of
29.7–45.9 r/min.

Under actual working conditions, the internal flow field
of labyrinth seal comprising radial, axial, and circumferential
turbulent flow is extremely complex. The authenticity of the
results is affected if two-dimensional flow field analysis is
used. Therefore, the 3D CFD method is used to model the
labyrinth seal [14], as shown in Figure 2(b). The complete
labyrinth model is large and the internal flow is symmetrical.
Hence, 1/24 model of the flow field is selected to simulate the
model to decrease calculation time and improve calculation
efficiency.
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Figure 3: Mesh division of labyrinth fluid computation.

Table 1: Parameters of the labyrinth seal structure.

Parameters 𝐻
1
/mm 𝐻

2
/mm 𝐶/mm 𝐵/mm 𝐸/mm 𝑅/mm

Value 13 11 0.3 1.5 8 170

3.2. Mesh Generation. The computational region needs to be
meshed to examine the flow field inside the labyrinth seal. To
achieve computational accuracy and decrease computational
time, the model is structured in several blocks and meshes
are refined in special regions. The results of the meshing are
shown in Figure 3.

3.3. Condition Setting and Calculation. The internal flow
of the labyrinth is described by the governing equation of
energy-conserving fluid. In the study, we reference common
boundary condition types that arewidely used for sealmodels
[15–17] and adopt the following assumptions to simplify
initialization parameters.

(1) The working medium in the flow field corresponds
to liquid. In addition to analyzing the effect factors of vis-
cosity, all other calculation models use water as the working
medium.

(2) The boundary condition of the wall is set as the
adiabatic boundary.

(3)The flow inside the labyrinth corresponds to turbulent
flow.

(4) The radial and axial displacements of the rotor are
ignored in the numerical simulation because of the high
symmetry of the structure.

The outlet pressure corresponds to 1 atm. Inlet pressure
is 1.4 times the outlet pressure and is equal to 141855 Pa.
Adiabatic wall and the fluid medium correspond to water, we
use k-𝜀 two-equation turbulence model, and the continuity
equation is discretized by a second-order upwind scheme and
solved via a coupled implicit solver.

The residual values of continuity equation, directional
velocity, turbulent kinetic energy k, and dissipation rate are
less than 10−3, and the difference between inlet and outlet flow
rate is less than 0.1%. In the calculation process, the residual
error in every direction infinitely approaches the convergence
standard as shown in Figure 4.

We set the inlet pressure 𝑃
0
as 141855 Pa, outlet pressure

𝑃
𝑛
as 101325 Pa, and inlet temperature as 313 K with an

adiabatic wall and liquid medium as Lubricating oil. The

calculation obtains the pressure field of the labyrinth, as
shown in Figure 5.

The rationality of the calculation results and the principle
of the labyrinth seal are verified by the velocity cloud chart
and velocity vector diagram of the labyrinth flow field. The
results are shown in Figures 6 and 7.

4. Simulation Results and Analysis

The study mainly explores the optimal size of the labyrinth
seal with decrease in the leakage and also analyzes the effects
of viscosity and temperature, pressure ratio, and rotational
speed on the leakage.

4.1. Effects of Viscosity and Temperature on Leakage Rate. The
calculation model is the same as that in a labyrinth seal of
hub reduction gear. The fluid medium is varied. Five brands
of lubricating oil are used for the analysis. The temperature
range is set as 10–60∘C. The used parameters are shown in
Table 2.

In the analysis, the variation curves of viscosity and
temperature on leakage rate are obtained, as shown in
Figure 8.

As shown in Figure 8, the viscosity of lubricating oil
decreases with increases in the working temperature (from
10∘C to 60∘C ) decreases in the lubricating oil grade (from
VG100 to VG22) leakage increases. Therefore, the operation
of the transmission device should select grease with higher
viscosity and avoid higher working temperature.

4.2. Effects of Pressure Ratio and Speed on Leakage Rate. The
calculation model is the same as that in a labyrinth seal of hub
reduction gear. The pressure ratio and speed vary. The outlet
pressure is 101325 Pa, the pressure ratio ranges from 1.2 to 2.0,
and the rotational speeds correspond to 200 r/min, 300 r/min,
400 r/min, and 500 r/min. The data are shown in Table 3.

The values of leakage under different speeds and pressure
ratios are obtained via numerical analysis, as shown in
Figure 9.
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Figure 5: Pressure field cloud map of the three-dimensional flow field in the labyrinth.

Table 2: Leakage values (kg/s) of different lubricant brands with varying viscosity and temperature.

Lubricating oil brands Temperature (∘C)
10 20 30 40 50 60

VG22 0.00404 0.00728 0.01250 0.01825 0.02435 0.03036
VG32 0.00227 0.00363 0.00681 0.01259 0.01847 0.02587
VG46 0.00193 0.00297 0.00466 0.00978 0.01308 0.01861
VG68 0.00150 0.00208 0.00340 0.00525 0.00966 0.01344
VG100 0.00128 0.00176 0.00240 0.00371 0.00587 0.00945
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Figure 6: Velocity cloud map of the labyrinth flow field.
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Figure 7: Velocity vector diagram of the labyrinth flow field.

0.0000

0.0036

0.0072

0.0108

0.0144

0.0180

0.0216

0.0252

0.0288

0.0324

Le
ak

ag
e G

 (k
g/

s)

Lubricant brands 

VG22
VG32
VG46
VG68
VG100

20 30 40 50 6010
Temperature T (∘C)

Figure 8: Variation in the leakage rate relates to the temperature for different viscosity values.



6 Mathematical Problems in Engineering

Speed r/min
200
300
400
500

1.4 1.6 1.8 2.01.2
Pressure ratio (P0/Pn)

0.00440

0.00495

0.00550

0.00605

0.00660

Le
ak

ag
e G

 (k
g/

s)

Figure 9: Variation in the leakage rate relative to the pressure ratio for different speeds.

Table 3: Leakage value (kg/s) under different speeds and pressure ratios.

Working conditions Speed (r/min)
200 300 400 500

Pressure ratio (𝑃
0
/𝑃
𝑛
)

1.2 0.004226 0.004256 0.004241 0.004227
1.3 0.004596 0.004560 0.004566 0.004515
1.4 0.004889 0.004863 0.004862 0.004787
1.5 0.005204 0.005166 0.005162 0.005109
1.6 0.005465 0.005464 0.005453 0.005424
1.7 0.005739 0.005740 0.005748 0.005634
1.8 0.005958 0.005964 0.005958 0.005939
1.9 0.006194 0.006188 0.006245 0.006183
2.0 0.006417 0.006463 0.006461 0.006462

Pressure ratio and rotational speed are two important fac-
tors that affect leakage. The results indicate that increases in
the pressure ratio at both ends of straight-through labyrinth
seal lead to increases in the leakage [18, 19]. When the
rotational speed is lower than a certain value in a low speed
range, it is generally believed that the effect of rotational
speed on the leakage of labyrinth seal is extremely low.
When the rotational speed exceeds the value, increases in the
rotational speed will decrease the leakage of the labyrinth seal
to a certain extent, although the effect is extremely low and
does not exceed 4% of the overall sealing, as verified by the
numerical simulation.

4.3. Effect of Labyrinth Clearance Magnitude to the Leakage
Rate. The calculation model is the same as that in a labyrinth
seal of hub reduction gear, except for the fact that the axial
clearanceC ranges from0.15mm to 0.95mm.The leakage rate
under different pressure ratios is calculated, and the change
in leakage rate with the sealing gap is observed. As shown in
Figure 10, the leakage increases with increasing the advance

of clearance when the pressure ratio is fixed. This is because
increases in the clearance decrease the throttling effect when
fluid passes the clearance, vortex weakens after fluid enters
the cavity, and energy dissipation decreases. Additionally,
the leakage exhibits the same trend under different pressure
ratios and the slope of the curve increases with increases in
the pressure ratio. The reason for the phenomenon is that the
fluid velocity flowing into the cavity increases and the vortex
expands. Hence, the leakage value increases with the advance
of the pressure ratio. This shows that labyrinth clearance
magnitude significantly affects leakage. A lower clearance
should be selected if permitted by processing costs and easy
installation conditions [12].

4.4. Effect of Cavity Depth to the Leakage Rate. Except for
the fact that the cavity depth H

1
ranges from 4.3 mm to 19.3

mm and H
2
ranges from 4.3 mm to 16.8 mm, the calculation

model is the same as that in a labyrinth seal of hub reduction
gear. Figure 11 shows the four types of pressure distribution
at different cavity depths. Evidently, the pressure changes
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Figure 10: Change of leakage with clearance under different pressure ratios.
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Figure 11: Pressure cloud chart with different cavity depth values.
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Figure 12: Plot of leakage with different cavity depths.

with increases in the cavity depth. The vortex is not evident
in Figure 11(a), and it is evident in Figures 11(b) and 11(c).
However, in Figure 11(d), the vortex only happens in a small
part. This reveals that cavity depth promotes the formation
of vortices within a certain range, and the cavity fluid vortex
weakens when cavity depth increases constantly and results
in decreases in energy dissipation.

Figure 12 shows the leakage curve with different cav-
ity depths. It reveals that leakage decreases rapidly when
the cavity depth increases from 4.3 mm to 6.0 mm, and
the leakage decreases slowly when the depth continues to
increase. Specifically, the 𝐻

1
value increases from 10 mm to

14 mm, the 𝐻
2
value increases from 8 mm to 12 mm, and

the leakage stabilized at approximately 0.068kg/s, while the
leakage increases as the cavity depth continues to increase.
It is concluded that increases in the cavity depth effectively
decrease the leakage within a certain range. In the actual
working conditions, there is an optimum size range of cavity
depth that effectively decreases leakage to satisfy sealing
requirements and the production process requirement.

4.5. Effects of Cavity Width on the Leakage Rate. The calcula-
tion model is the same as Figure 2, and only the cavity width
E ranges from 2 mm to 18 mm. Figure 13 shows the velocity
contour and velocity vector under different cavity widths. As
shown in Figure 13(a), the cavity width is extremely narrow,
there are four effective vortexes that drive fluid flowing in
the cavity, and kinetic energy is converted to thermal energy.
As shown in Figure 13(b), there are two vortexes in cavity
that form the contraction in the cavity outlet, and the fluid
generates intense friction in the cavity during the process.
There is no evident vortex in the cavity in Figure 13(c), and
the sealing effect weakens.

Figure 14 shows the curve of leakage with different cavity
widths. It reveals that leakage increases slowlywhen the cavity
width increases from 2 mm to 10 mm.The slope of the curve

increases rapidly when the cavity width continues increasing.
The increase in cavity width almost does not affect the leakage
within a certain range. However, leakage increases when the
cavity width continues expanding to a certain value.

There is a certain width value below which the decrease
in the width weakens the leakage. However, the smaller size
makes the process and installation more difficult. Therefore,
rational design of the cavity width dimension should be based
on the effect of cavity width on leakage in actual working
conditions such that it satisfies sealing requirements and the
production process requirements.

4.6. Effects of the Ratio of Depth toWidth on the Leakage Rate.
This section numerically analyzes the effect of the ratio of
depth to width on the leakage rate, as shown in Figure 15.
The leakage exhibits the same changing trend and increases
in the ratio effectively induce the decrease of leakage within
a certain range. Leakage increases if the ratio exceeds a
certain value and continues expanding, as shown in Figures
15(a), 15(b), and 15(c). The ratio of depth to width exhibits
different effects on leakage under different cavity widths. A
lower leakage is observed in the range of 1.1 to 3.0 when
the width corresponds to 4 mm, and the range of optimum
ratio decreases with increases in the width. There is an
optimumratio of depth towidth of about 1.1 in actual working
conditions. The effect of the ratio on leakage increases with
the advance of width.

5. Experimental Verification

The above sections analyzed the theoretical calculation
method of leakage of the labyrinth seal and used a numerical
simulation analysis method to examine the mechanism of the
labyrinth seal and provide an important basis for designing
the labyrinth seal of the gearbox. The internal flow field is
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Figure 13: Velocity contour and velocity vector under different cavity widths.

extremely complex with the exception of the simulation, and
thus experimental verification is required.

5.1. Structure Design of the Labyrinth Seal. The experiment
is based on factors of leakage that are designed based on
the numerical calculation. The numerical results indicate that
decreases in the clearance lead to improvement in the sealing
performance. However, an excessively low clearance leads to
collision, structural abrasion, and even sealing failure if the
machining accuracy is not extremely high. Thus, we attempt

to select a smaller clearance under the condition of meeting
processing costs and installation requirements. This is based
on the following empirical expression:

𝐶 = 0.2 +
(0.3 ∼ 0.6) 𝑑

1000
(1)

Rotor diameter d corresponds to 340 mm, and calculated
clearance C corresponds to 0.3 mm. Based on the numerical
calculation results, cavity depth 𝐻

1
value corresponds to 13



10 Mathematical Problems in Engineering

Leakage

2 4 6 8 10 12 14 16 18 200
Cavity width (mm)

0.052

0.054

0.056

0.058

0.060

0.062

0.064

Le
ak

ag
e (

kg
/s

)

Figure 14: Graph of leakage with respect to the cavity width.

Leakage

Leakage

0.050
0.055
0.060
0.065
0.070
0.075

Le
ak

ag
e (

kg
/s

)

1.5 2.0 2.5 3.0 3.5 4.0 4.51.0
（1/％

0.050
0.055
0.060
0.065
0.070
0.075

Le
ak

ag
e (

kg
/s

)

1.5 2.0 2.5 3.0 3.5 4.0 4.51.0
（2/％

(a) E = 4

0.067
0.068
0.069
0.070
0.071
0.072
0.073

Le
ak

ag
e (

kg
/s

)

0.067
0.068
0.069
0.070
0.071
0.072
0.073

Le
ak

ag
e (

kg
/s

)

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.20.4
H1/E

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.20.4
H2/E

Leakage

Leakage

(b) E = 8

0.055
0.060
0.065
0.070
0.075
0.080

Le
ak

ag
e (

kg
/s

)

0.055
0.060
0.065
0.070
0.075
0.080

Le
ak

ag
e (

kg
/s

)

0.4 0.6 0.8 1.0 1.2 1.40.2
（2/％

0.4 0.6 0.8 1.0 1.2 1.40.2
（1/％Leakage

Leakage

(c) E = 12

Figure 15: Plot of leakage with respect to the ratio of depth to width.
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Table 4: Test record with different liquid levels.

Liquid level/mm Leakage Liquid level/mm Leakage
5 No oil leaking 40 No oil leaking

10 No oil leaking 45 Leaking in stationary state
No leaking in running state

15 No oil leaking 50 Leaking in stationary state
No leaking in running state

20 No oil leaking 55 Leaking in stationary state
No leaking in running state

25 No oil leaking 60 Leaking in stationary state
No leaking in running state

30 No oil leaking 65 Leaking in stationary state
No leaking in running state

35 No oil leaking

987654321

18

17

16
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11

10


26

（
7

Ｊ
6

Figure 16: Structure diagram of labyrinth seal test-bed. 1: lip-type
packing; 2: bolt; 3: screw-a; 4: input shaft end cover; 5: screw-b; 6:
O-type ring-a; 7: shell; 8: screw-c; 9: sealing element-a; 10: oil plug;
11: bond; 12: screw-d; 13: shaft; 14: circlips for shaft; 15: thrower; 16:
taper roller bearing; 17: O-type ring-b; 18: sealing element-b.

mm,𝐻
2
value corresponds to 11mm, and cavity width E value

corresponds to 10 mm.

5.2. Test Device. Based on the design shape of labyrinth seal,
a few parts in Figure 13 are processed, and the test rig is
assembled. Figure 16 shows the structure diagram of the test-
bed.

The physical structure of the test-bed is shown in
Figure 17. A layer of white paint is coated on the surface of
the seal prior to the test to clearly observe the leakage. This
can be observed in the test pictures shown in Figure 18.

5.3. Effects of Lubrication Oil Levels on Leakage Rate. The
volume of lubricant required for different liquid level fillings
is calculated; the relevant volume of lubricant is then injected,
and liquid height is selected as shown in Figure 19.We control
the rotation speed increasing from 0 to 300 rpm. The test is

Figure 17: Sealing test bench.

completed, and the data is recorded, as shown in Figure 20
and Table 4.

The results indicate that when the liquid level reaches 45
mm, the sealing surface begins to leak while the labyrinth
seal is in the stationary state. The leakage increases when the
liquid level continues increasing. Additionally, oil leakage is
absent in the running state. This is because in the stationary
state, increases in the liquid level increase cavity pressure.
Furthermore, increases in the pressure increase the leakage.
In the running state, a throttling effect is observed on the
seal tooth interstice, and the pressure decreases when the
fluid passes through the labyrinth seal, and thus the leakage
decreases.

5.4. Effects of Rotation Speed on Leakage Rate. In order to
investigate the effect of rotation speed on leakage rate, the
experiment was done with the motor speed increasing from
30 rpm to 300 rpm. The liquid level is 35 mm and the other
conditions are constant. Data are observed and recorded
every thirty minutes. The results are shown in Table 5. No
leak was found.The seal does not change with increases in the
motor speed. The consistence of experiment and numerical
simulation conclusions verified the accuracy of the numerical
simulation method.
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Figure 18: Spray developer.
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Figure 19: Schematic diagram of the liquid level.

Table 5: Test record with different motor speeds.

Time(min) Speed(r/min) Leakage
30 40 No oil leaking
60 80 No oil leaking
90 120 No oil leaking
120 160 No oil leaking
150 200 No oil leaking
180 240 No oil leaking
210 280 No oil leaking
240 300 No oil leaking

5.5. Effects of Labyrinth Clearance. In order to examine
the influence of clearance on leakage, the motor speed is
maintained at 40 rpm and the clearance is adjusted from
0 mm to 0.8 mm by the spacer in the connection of the
sealing element-a with the shaft. The result is shown in
Figure 21 and Table 6. It reveals that the leakage rate increases
with increases in the clearance. The experiment results are

consistent with the numerical simulation. This proves that
the structure is reasonable and the numerical simulation is
accurate.

6. Conclusions

The following conclusions are obtained:
(1)The simulation results confirmed that the reduction in

the viscosity of the lubricant oil (such as elevating tempera-
ture and reducing lubricant oil grade) led to the increase in
leakage, the pressure ratio significantly affected leakage, and
they were positively related.When the speed was lower than a
certain value in a low speed range, the effect of rotation speed
was extremely weak.

(2) Cavity depth can effectively decrease the leakage rate
in certain range, width effect is not obvious. The numerical
simulation showed that there was an optimum ratio of depth
to width of about 1.1.

(3) The experiment results indicated that in a stationary
state, the leakage exacerbated when the liquid level continued
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Stationary state Running state

(a) Liquid level is 30 mm

Stationary state Running state

(b) Liquid level is 60 mm

Figure 20: Condition of the seal with different liquid levels.

(a) 0.3 mm (b) 0.5 mm (c) 0.8 mm

Figure 21: Effects of sealing with different clearance values.

Table 6: Test record with different clearance values.

Clearance/mm 0.3 0.4 0.5 0.6 0.7 0.8
Leakage No oil leaking No oil leaking A little oil marks A little oil marks Obvious oil marks Oil drop

increasing after it reached a certain value and, under that
value, there is no leakage. In the running state, there was no
leakage when the liquid level or motor speed increased.
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The quantum particle swarm optimization algorithm is a global convergence guarantee algorithm. Its searching performance is
better than the original particle swarm optimization algorithm (PSO), but the control parameters are less and easy to fall into
local optimum. The paper proposed teamwork evolutionary strategy for balance global search and local search. This algorithm is
based on a novel learning strategy consisting of cross-sequential quadratic programming andGaussian chaoticmutation operators.
The former performs the local search on the sample and the interlaced operation on the parent individual while the descendants
of the latter generated by Gaussian chaotic mutation may produce new regions in the search space. Experiments performed on
multimodal test and composite functions with or without coordinate rotation demonstrated that the population information
could be utilized by the TEQPSO algorithm more effectively compared with the eight QSOs and PSOs variants. This improves
the algorithm performance, significantly.

1. Introduction

With the development of real-life engineering technology, the
related optimization problems are more and more compli-
cated. Experience shows that using traditional methods to
solve these complex problems is inefficient. In order to cope
with this limitation, a variety of artificial intelligence algo-
rithms, such as particle swarm optimization- (PSO-) based
memetic algorithm (MA) [1], simulated annealing algorithm
(SABA) [2], ant colony optimization (MSCRSP–ACO) [3],
bat algorithm (BA) [4], firefly algorithm [5], biogeography-
based optimization (BBO) [6], the cuckoo search algorithm
[7, 8], charged system search (CSS) [9], gravitational search
algorithm [10], grey wolf optimizer (GWO) [11], ant colony
optimization (ACO) algorithm [12], and new adaptive ant
algorithm [13], have been proposed and applied to solve
optimization problems. The particle swarm optimization
(PSO) method is a broader class of swarm intelligence
methods for solvingGOproblems.Themethodwas originally
proposed by Kennedy to simulate the social behaviour of
flocks and was first introduced as an optimization method
in 1995. Unlike other evolutionary algorithms that use

evolutionary operators to manipulate individuals, PSO relies
on the exchange of information between individuals. Each
particle in the particle swarm algorithm flies in the searching
space at a certain speed, and speed is dynamically adjusted
according to the information of the particle itself.

Since 1995, many have been made to improve the perfor-
mance of PSO by experts and scholars [14, 15]. However, Van
den Bergh [16] proved that PSO is not a global optimization
algorithm. Sun et al. [17] combined the quantum theory
with the particle swarm optimization (PSO) algorithm to
establish a quantum behavior particle swarm optimization
algorithm (QPSO).This algorithm ensures finding the global
optimal solution in the search space. Experimental results
performed on various benchmark functions demonstrate that
the proposed algorithm could improve the standard PSO
algorithm. The global convergence of QPSO guarantees that
the global optimal solution is calculated in the case of infinite
searching iterations. However, in practical problems, this
condition is unrealistic because any optimization algorithm
allows only a limited number of iterations to search for the
optimal solution. When solving complex problems, QPSO is
also prone to fall into local optimum or slow convergence.
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Experts and scholars have developed various strategies to
improve the convergence speed and global optimal per-
formance of QPSO. Liu et al. [18] introduced simulated
annealing into the QPSO algorithm; Chen et al. [19] pre-
sented an improved GSO optimizer with quantum-behaved
operator for scroungers; Li et al. [20] presented cooperative
quantum-behaved particle swarm optimization (CQPSO); Li
et al. [21] proposed a dynamic-context cooperative quantum-
behaved particle swarm optimization algorithm; H Long
et al. [22, 23] proposed a new algorithm PDCQPSO and
diversity maintained into QPSO; Leandro dos Santos Coelho
[24, 25] presented a novel quantum-behaved PSO (QPSO)
using chaotic mutation operator, mutation operator with
Gaussian probability distribution; Qin et al. [26] presented a
hybrid improved QPSO algorithm (LTQPSO); Tian et al. [27]
proposed a heuristic method known as quantum-behaved
particle swarm optimization (QPSO) to solve the inverse
advection–dispersion problem.

However, it is quite difficult to improve global search
capabilities and speed up convergence at the same time.
If you try to avoid falling into the local optimal state, the
convergence speed may be slower, so the QPSO algorithm
needs to be specifically modified to be suitable for the
practical optimization problem.

In the group intelligence algorithm, how to balance the
global and local search ability is a key issue that is the
balance between exploration and gain. Particle swarms have
some shortcomings in this respect. In terms of exploration,
the fast convergence characteristics easily lead to premature
convergence and, in the aspect of gain, the single search
mode of particle swarm has the problem of insufficient
convergence precision, and, in the multiobjective particle
swarm, the frequent replacement of global optimal solution
leads to more prominent problem of exploration and devel-
opment. In summary, this paper proposes a new cooperative
evolutionary strategy teamwork particle swarm optimization
algorithm (TEQPSO) for solving nonlinear numerical prob-
lems including unimodal and multipeak test functions. The
main difference between the comprehensive learning particle
swarm optimizer (CLPSO) [28] and traditional QPSO is that
CLQPSOuses cooperative evolution strategy to generate local
attractors for each particle, as follows: (1) using two operators
(cross-sequential quadratic programming operators and the
cooperative learning strategy consisting of Gaussian chaotic
mutation operator generates local attractors; (2) it uses a
cooperative learning strategy composed of two operators to
generate local attractors; (3) a probability factor𝑝 is employed
to control the implementation of these two operators to real-
ize a balance between exploration and gain of the teamwork
evolutionary strategy.

2. Teamwork Evolutionary Strategy Quantum
Particle Swarm Optimization

2.1. Cooperative Evolutionary Strategy Quantum Particle
Swarm Optimization. Consider that the particle moved on
a one-dimensional well 𝛿. Now, its position (𝑥) could be
calculated from the following equation:

𝑥 = 𝑝 ± 𝐿2 ln(1𝑢) (1)

where𝑝 is the particlemotion centre. InQPSO algorithm,
it is also called the attractor of the particle. 𝐿 is the character-
istic length of the potential well 𝛿 where its value is directly
related to the convergence speed and searching ability of the
algorithm. 𝑢 is a random number with a uniform distribution
function in the range (0, 1).

Parameter 𝐿 should be appropriately determined through
the QPSO algorithm. This parameter could be calculated
from the following equations:

𝐿 𝑖,𝑗 = 2𝛽 ⋅ 𝑚𝑏𝑒𝑠𝑡𝑗 − 𝑥𝑖,𝑗  (2)

where

𝑚𝑏𝑒𝑠𝑡 = 1𝑁
𝑁∑
𝑖=1

𝑝𝑏𝑒𝑠𝑡𝑖 (3)

where 𝑝𝑏𝑒𝑠𝑡𝑖 is the optimal position of the individual in
the search history of the particle 𝑥𝑖. 𝛽 is the Contraction-
Expansion (CE) factor. This parameter should be decreased
during the algorithm running.

In the QPSO algorithm, each particle takes the weighted
average position of the individual historical optimal position
and the optimal position of the group history as its own
attraction point.This calculation method could be concluded
from the particle motion trajectory results [29, 30]. Although
this kind of calculation is simple, it has two obvious defects:
(i) apart from its own experience learning, each particle
position depends on the historical optimal position of the
group. This leads to rapid decline in the diversity of large
groups which reduces the algorithm capability for solving
complex multipeak optimization problems. (ii) The possible
distribution space of each particle attraction point gradually
decreases during the evolution process of the algorithm. The
particles are limited to a rectangle with vertices 𝑝𝑏𝑒𝑠𝑡𝑖,𝑡 and𝑔𝑏𝑒𝑠𝑡𝑖,𝑡.The 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖,𝑡 gradually approaches𝑔𝑏𝑒𝑠𝑡𝑖,𝑡 . Finally,
this algorithm could not jump out of local optimum in the
final stage. Now, we have

𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖,𝑡 = 𝑢𝑖,𝑡𝑝𝑏𝑒𝑠𝑡𝑖,𝑡 + (1 − 𝑢𝑖,𝑡) 𝑝𝑏𝑒𝑠𝑡b,𝑡 + Δ 𝑖,𝑡 (4)

where 𝑢𝑖,𝑡 is a random number with uniform distribution
function over the interval [0, 1].The subscript 𝑖 is the number
of a randomly selected particle with the best fitness value.
Moreover, the ratio of the particles is selected as 𝑚 ∈ (0, 1].Δ 𝑖,𝑡 = {Δ1

𝑖,𝑡
, Δ2
𝑖,𝑡
, . . . , Δ𝐷

𝑖,𝑡
} is a perturbation vector defined as

Δ 𝑖,𝑡 = 𝑝𝑏𝑒𝑠𝑡a,𝑡 − 𝑝𝑏𝑒𝑠𝑡𝑐,𝑡2 (5)

where subscripts b and c are two randomly selected
particles in the group and a ̸= b ̸= c ̸= i.

The following observation (update) equation for the
particle position in the QPSO algorithm could be obtained.
Consider

𝑥𝑖,𝑡 = 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖,𝑡 ± 2𝛽 𝑚𝑏𝑒𝑠𝑡𝑗 − 𝑥𝑖,𝑡 (6)
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2.2. TE Strategy. In the evolution procedure, some useful
information about individual particles and the global optimal
position may lose through the algorithm. In addition, the
movement of some attractors in a worse direction leads to
poor fitness in the next evolutionary process. Therefore, to
improve the algorithm performance, the effective informa-
tion on the individual and global optimal positions of the
particles should be utilized through an appropriate method.
To improve the optimization ability of the algorithmusing the
mentioned information, the cross-over algorithm and local
search are incorporated into a cross-sequential quadratic
programming (SQP) algorithm. The algorithm falls into local
optimum in its final stage.This means that the individual and
global optimum positions of the particles in the population
are very close to each other or even the same. Considering the
mentioned problem, a Gaussian chaotic mutation operator is
proposed to improve the population diversity and jump out
of the local optimum.

2.3. CROSS-SQP Operator

(1) Local Search Based on the SQP Algorithm. The SQP
method [31] is one of the nonlinear programming methods
for constrained optimization. In the SQP algorithm, the
quasi-Newton update method is utilized. In this method,
the Lagrange function’s Hessian function in each iteration is
calculated, approximately. Then, the quadratic programming
subquestion is generated to calculate the searching direction
of the line searching process. Thus, the following optimiza-
tion problem could be written:

min
𝑑∈𝑅𝑛

12𝑑𝑇𝐻𝑘𝑑 + ∇𝑓 (𝑥𝑘)𝑇 𝑑 (7)

s.t. ∇𝑔 (𝑥𝑘)𝑇 𝑑 + 𝑔 (𝑥𝑘) ≤ 0 (8)

where the subscript 𝑘 is the current number of iterations;𝐻 is the 𝐻𝑒𝑠𝑠𝑖𝑜𝑛 matrix that could be approximated by the
quasi-Newton and the BFGS methods. The solution of the
quadratic programming subproblem is employed as the linear
search direction for the next iteration.

In summary, the SQP method mainly includes three
stages: (i) updating the Hessian matrix of the Lagrangian
function; (ii) calculating the line search and performance
function; and (iii) solving the quadratic programming prob-
lem.

(2) Cross-Algorithm. The crossover operator is derived from
the genetic algorithm [32]. Through cross-operation, the
information exchange between individuals in the group could
be performed. As a result, the excellent genes are gradually
retained during the evolutionary process. Accordingly, the
group evolves into a good direction. To solve complex mul-
tipeak optimization problems through the QPSO algorithm,
the group diversity and the algorithm performance should
be improved by incorporating the crossover operator into
the algorithm. In the beginning, the measurement position𝑋𝑖,𝑡+1 corresponding to the particle 𝑥𝑖 is generated. Then,𝑋𝑖,𝑡+1 and the individual historical optimal position 𝑝𝑏𝑒𝑠𝑡𝑖,𝑡

are discretely intersected to generate a test position 𝑄𝑖,𝑡 ={𝑞1𝑖,𝑡, 𝑞2𝑖,𝑡, . . . , 𝑞𝐷𝑖,𝑡}. The crossover equation is given as

𝑞𝑗𝑖,𝑡+1 = {{{
𝑥𝑗𝑖,𝑡+1 rand𝑗 (0, 1) < pbest or j = j𝑟𝑎𝑛𝑑𝑝𝑐𝑗𝑖,𝑡 𝑜𝑡ℎ𝑒𝑟 (9)

where rand𝑗(0, 1) is a random number with a uniform
distribution function in the interval [0, 1]; 𝑗𝑟𝑎𝑛𝑑 is an integer
number that is uniformly generated in the interval [1,D];𝑝𝑐 is the crossover operation probability. This operation is
similar to the binomial operation in the differential evolution
algorithm [33].

Finally, the optimal historical position of the updated
particle is calculated as

𝑝𝑏𝑒𝑠𝑡𝑗𝑖,𝑡+1 = {{{
𝑞𝑗𝑖,𝑡+1 𝑓 (𝑞𝑗𝑖,𝑡+1) < 𝑓 (𝑝𝑏𝑒𝑠𝑡𝑗𝑖,𝑡+1)𝑝𝑏𝑒𝑠𝑡𝑗𝑖,𝑡+1 𝑜𝑡ℎ𝑒𝑟 (10)

where 𝑓(∗) is the fitness function. Without loss of gener-
ality, this paper only considers the minimization problem.

Different optimization problems require different optimal
parameters at different stages of evolution. Therefore, finding
an appropriate value 𝑝 for all problems is difficult. In this
paper, this parameter is directly encoded into each particle
by an adaptive method to attain an adaptive control method.
The particle 𝑖 in the extended coded group could be described
as

𝑋𝑖,𝑡 = {𝑥1𝑖,𝑡, 𝑥2𝑖,𝑡, . . . , 𝑥𝐷𝑖,𝑡, 𝑝𝑏𝑒𝑠𝑡𝑖,𝑡} (11)

For each group particle, the crossover probability could
be updated according to the following adaptation rule:

𝑝𝑏𝑒𝑠𝑡𝑖,𝑡+1 = {{{
rand1 (0, 1) rand2 (0, 1) < 𝜆𝑝𝑏𝑒𝑠𝑡𝑖,𝑡 𝑜𝑡ℎ𝑒𝑟 (12)

where 𝜆 is the probability of updating parameter 𝑝𝑏𝑒𝑠𝑡𝑖.
The individual historical optimal position 𝑝𝑏𝑒𝑠𝑡𝑖,𝑡 could

be calculated through the CROSS-SQP operator. It could be
employed as the attractor 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖,𝑡 of particle 𝑥𝑖.
2.4. Gaussian Chaotic Mutation Operator. Necessary condi-
tions for global convergence of the QPSO algorithm could
be obtained through a convergence analysis approach; that is,
each particle 𝑥𝑖, 𝑗(𝑡) converges on 𝑘𝑖 = (𝑘𝑖1, 𝑘𝑖2, . . . 𝑘𝑖𝑛)T. Its
expression is

𝑘𝑖,𝑗 (𝑡) = 𝜑 ∙ 𝑝𝑏𝑒𝑠𝑡𝑖,𝑗 (𝑡) + (1 − 𝜑) ∙ 𝑔𝑏𝑒𝑠𝑡𝑗 (𝑡) (13)

where 𝜑 ∈ (0, 1), 𝑝𝑏𝑒𝑠𝑡𝑖,𝑗(𝑡) is the historical optimal position
of the particle and 𝑔𝑏𝑒𝑠𝑡𝑗(𝑡) is the optimal particle position.

In the TEQPSO algorithm, the dimension of the particle
is considered as one. The chaotic mapping relationship is
established by calculating the distance between positions𝑥𝑖(𝑡) and 𝑘𝑖(𝑡) for particle 𝑖. In addition, the chaotic search
range for each generated particle is dynamically adjusted,
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iteratively. The searching range of particles is calculated as
follows:

𝑥𝑖,min = {{{{{
𝑘𝑖 (t) − 𝑘𝑖 (t) − 𝑥𝑖 (t)𝑢 𝑘𝑖 (t) ̸= 𝑥𝑖 (t)𝑘𝑖 (t) − 𝑘𝑖 (t) ⋅ 𝑧 𝑘𝑖 (t) = 𝑥𝑖 (t) (14)

𝑥𝑖,max = {{{{{
𝑘𝑖 (t) + 𝑘𝑖 (t) − 𝑥𝑖 (t)𝑢 𝑘𝑖 (t) ̸= 𝑥𝑖 (t)𝑘𝑖 (t) + 𝑘𝑖 (t) ⋅ (1 − 𝑢) 𝑘𝑖 (t) = 𝑥𝑖 (t) (15)

TheGaussian chaotic variation in [34] could be employed
to improve the single-objective PSO algorithm into the
multiobjective PSO algorithm. Accordingly, we have

𝑥𝑘𝑖 (𝑡)
= {{{

𝑥𝑘𝑖 (𝑡) + 𝛼𝑔𝑘𝑖 𝑙𝑔 − 𝑥𝑘𝑖 (𝑡) (𝑥𝑖,max − 𝑥𝑘𝑖 (𝑡)) 𝛼 ≥ 0
𝑥𝑘𝑖 (𝑡) + 𝛼𝑔𝑘𝑖 𝑙𝑔 − 𝑥𝑘𝑖 (𝑡) (𝑥𝑘𝑖 (𝑡) − 𝑥𝑖,min) 𝛼 ≤ 0

(16)

where 𝛼 is the random number in the interval [−1, 1], |𝑙𝑔−𝑥𝑘𝑖 |
is the distance from the global optimal position of the particle𝑖 and 𝑥𝑘𝑖 (𝑡) is the introduced logistic chaotic map value that is
calculated such that the omnidirectional ergodicity property
for the variation is realized, or

𝑥𝑘𝑖 (𝑡) = 𝑥𝑖,min + 𝑟𝑘𝑖 (𝑥𝑖,max − 𝑥𝑖,min) (17)

𝑟𝑘𝑖 = 4𝑟𝑘𝑖 (1 − 𝑟𝑘𝑖 ) (18)

The initial value of 𝑟𝑘𝑖 is considered as 𝑟𝑘𝑖,0 ∈ rand(0, 1) and𝑟𝑘𝑖,0 ̸= 0.25, 0.5, 0.75, 𝑥𝑖,max and 𝑥𝑖,min are the upper and lower
bounds of the particle search space, and 𝑠𝑘𝑖 (𝑡) is a Gaussian
process with the following distribution function:

𝑠𝑘𝑖 (𝑡) = exp(−(𝑝𝑔 (𝑡) − 𝑥𝑘𝑖 (𝑡))22𝜎2 (𝑘) ) (19)

𝜎2 (𝑘) = 𝜎2𝑒−𝑘/𝑐 (20)

where 𝑘 is the current number of iterations,𝑇 is themaximum
number of iterations, and 𝜎0 is the initial variance.

The detailed operation flow of the Gaussian chaotic
mutation operator is shown in Table 2. Before applying
Gaussian chaotic mutation operators, the number of Gaus-
sian variations should be determined first. If the number of
variations is too large, the calculating time of the algorithm
increases greatly while if the number of mutations is too
small, the probability that the algorithm jumps out of the local
optimum decreases.

2.5. “Exploration” and “Gain” Analysis in Cooperative Evo-
lution Strategy. “Exploration” in the algorithm refers to
adding cross-sequential quadratic programming operators
to enhance the local search capability of the optimization
algorithm. The “gain” refers to accessing the areas that were

visited in the historical search to enhance the global search
or the refining capability of the optimization algorithm [32].
The crossover operator and SQP strategy have been employed
in the cross-sequential quadratic programming operator to
strengthen the local search capability or “exploration” in
the teamwork evolutionary strategy. The descendants of
the Gaussian chaotic mutation operator generated by the
Gaussian chaotic mutation may appear in the new searching
space. Therefore, the Gaussian chaotic operator is nearer to
the “gain” in the teamwork evolutionary strategy.

The TEQPSO algorithm could be summarized through
the following steps.(1) Generate particle groups 𝑃𝑖 = (𝑥1, 𝑥2, . . . , 𝑥𝑛) in
the decision space, randomly. Now, initialize the global and
individual optimal values. Calculate the fitness value𝑓(𝑥𝑖 ) for
each particle, the maximum number of iterations T, and the
upper and lower bounds (𝑥𝑖,max and 𝑥𝑖,min) for the particle 𝑥𝑖.(2) Calculate the current optimal position 𝑔𝑏𝑒𝑠𝑡𝑖 for
particle 𝑥𝑖 and the optimal position 𝑔𝑏𝑒𝑠𝑡𝑖 for all particles.
Let 𝑠𝑡𝑜𝑝𝑖 be zero for each particle 𝑥𝑖, where 𝑠𝑡𝑜𝑝𝑖 indicates
that individual optimal position for the particle 𝑥𝑖 remains
unchanged.(3) For the acquisition method of the attractor 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖
of the particle 𝑥𝑖: (i) if 𝑠𝑡𝑜𝑝𝑖 ≤ 𝑇, then 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖 is obtained
according to the CROSS-SQP operator; (ii) if 𝑠𝑡𝑜𝑝𝑖 ̸=𝑇&𝑝𝑏𝑒𝑠𝑡𝑖 = 𝑔𝑏𝑒𝑠𝑡, then 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖 is obtained according to
the Gaussian chaotic operator.TheGaussian chaotic operator
operation is carried out by the steps given in Table 2; (iii)
if 𝑠𝑡𝑜𝑝𝑖 ̸= 𝑇 & 𝑝𝑏𝑒𝑠𝑡𝑖 ̸= 𝑔𝑏𝑒𝑠𝑡, according to the CROSS-
SQP operator 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖, this operator is applied using the
corresponding steps given in Table 1. Otherwise, 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖
is obtained according to the Gaussian chaotic mutation
operator where its steps are illustrated in Table 2.(4) Update the particle swarm and fitness values. If𝑓(𝑥𝑖+1) > 𝑓(𝑥𝑖), 𝑝𝑏𝑒𝑠𝑡𝑖 = 𝑥𝑖, 𝑠𝑡𝑜𝑝𝑖 = 0; if 𝑓(𝑥𝑖+1) < 𝑓(𝑥𝑖),𝑝𝑏𝑒𝑠𝑡𝑖 = 𝑝𝑏𝑒𝑠𝑡𝑖+1, 𝑠𝑡𝑜𝑝𝑖 = 𝑠𝑡𝑜𝑝𝑖 + 1.(5) Determine whether the algorithm satisfies the termi-
nation condition; then output 𝑝𝑏𝑒𝑠𝑡𝑖. Otherwise, return to
step (3).
3. Test Functions and Settings

3.1. Test Function. To evaluate the performance of the
algorithm, the optimization function defined in IEEE-
CEC 2014 is selected, as shown in Table 3. The MAT-
LAB code for these functions can be downloaded from
http://www.ntu.edu.sg/home/epnsugan/. Table 3 gives some
main information about the relevant test functions. It could
be seen from Table 3 that the twelve test functions could be
divided into four categories, in which the function types of
functions 𝐹1 and 𝐹2 are identical to single-mode functions,
the functions of 𝐹3 ∼ 𝐹6 are consistently multimodal
functions, 𝐹7 and 𝐹8 are rotating multimode, and 𝐹9 ∼ 𝐹12
are multiobjective test functions. For the state function, to
rotate the multimodal function, first construct an orthogonal
matrix N and multiply the variables 𝑥 by the multimodal
function to obtain a new variable 𝑦. This variable could be
utilized to calculate the fitness value of the function [38].

http://www.ntu.edu.sg/home/epnsugan/
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Table 1: CROSS-SQP operator algorithm.

CROSS-SQP operator(1) Update the Hessian matrix of the Lagrangian function and calculate the attraction points of the particles according to Equations (1)-(6);(2) Solve the SQP problem using the BFGS method according to Equations (7) and (8);(3) Generate the measurement position of the particles;(4) Evaluate the fitness value of the test location;(5) Update the crossover probability(6) Select the best individual 𝑝𝑏𝑒𝑠𝑡𝑖,𝑡 in the calculated sample as 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖,𝑡 of the particle 𝑥𝑖
Table 2: Gaussian chaotic mutation operator flow.

Gaussian chaotic mutation algorithm(1) Calculate the attractor fixed point 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖, according to Equation (6).(2) Set the chaotic map search interval 𝑥𝑖max and 𝑥𝑖min according to Equations (14) and (15).(3)The particle 𝑥𝑖 is subjected to the chaotic mapping operation corresponding to Equations (17) and (18).(4) Apply the Gaussian mutation operation on particle 𝑥𝑖 according to Equations (19) and (20).(5) Is it better to evaluate the fitness function of the current value of the particle of the chaotic map sequence? 𝑝𝑏𝑒𝑠𝑡𝑖,𝑗(𝑡) and 𝑔𝑏𝑒𝑠𝑡𝑗(𝑡)
update 𝑝𝑏𝑒𝑠𝑡𝑖,𝑗(𝑡) and 𝑔𝑏𝑒𝑠𝑡𝑗(𝑡).(6) Select the best individual 𝑝𝑏𝑒𝑠𝑡𝑖,𝑡+1 in the calculated sample as the attractor 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖,𝑡 of 𝑥𝑖.

Table 3: CEC 2014 related test functions.

Functions Formulations Initialization Max.range

Sphere 𝑓1(𝑥) = 𝑛∑
𝑖=1

𝑥2𝑖 [−100, 100]D [−100, 50]D
Rosenbrock 𝑓2(𝑥) = 𝐷−1∑

𝑖=1

(100 (𝑥𝑖+1 − 𝑥2𝑖 )2 + (𝑥𝑖 − 1)2) [−2048, 2048]D [−2048, 2048]D
Ackley 𝑓3(𝑥) = −20 exp(−0.2√ 1𝐷

𝐷∑
𝑖=1

𝑥2𝑖) − exp( 1𝐷
𝐷∑
𝑖=1

cos (2𝜋𝑥𝑖)) + 20 + 𝑒 [−32768, 32768]D [−32768, 16]D
Griewank 𝑓4(𝑥) = 14000

𝑛∑
𝑖=1

𝑥2𝑖 − 𝑛∏
𝑖=1

cos( 𝑥𝑖√𝑖) + 1 [−600, 600]D [−600, 200]D
Step 𝑓5(x) = 𝐷∑

𝑖=1

(𝑥𝑖 + 0.5)2 [−100, 100]D [−100, 100]D
Rastrigin 𝑓6(𝑥) = 𝐷∑

𝑖=1

(𝑥2𝑖 − 10 cos (2𝜋𝑥𝑖) + 10) [−5.12, 5.12]D [−5.12, 2]D
Rotated Griewank 𝑓7 (𝑥) = 14000

𝑛∑
𝑖=1

𝑦2𝑖 − 𝑛∏
𝑖=1

cos( 𝑦𝑖√𝑖) + 1, 𝑦 = 𝑁 ∗ 𝑥 [−600, 600]D [−600, 200]D
Rotated Rastrigin 𝑓8(𝑥) = 𝐷∑

𝑖=1

(𝑦2𝑖 − 10 cos (2𝜋𝑦𝑖) + 10) , 𝑦 = 𝑁 ∗ 𝑥 [−0.5, 0.5]D [−0.5, 0.2]D

Among them, 𝑁 = [ 𝑁11 𝑁12 ⋅⋅⋅ 𝑁1𝐷𝑁21 𝑁22 ⋅⋅⋅ 𝑁2𝐷
⋅⋅⋅ ⋅⋅⋅ ⋅⋅⋅
𝑁𝐷1 𝑁𝐷2 ⋅⋅⋅ 𝑁𝐷𝐷

], 𝑥 =
[𝑥1, 𝑥2, . . . , 𝑥𝐷]𝑇, and 𝑦 = [𝑦1, 𝑦2, . . . , 𝑦𝐷]𝑇; then 𝑦𝑖 =𝑛𝑖1𝑥1 + 𝑛𝑖2𝑥2 + . . . + 𝑛𝑖𝐷𝑥𝐷.
3.2. Algorithm Parameter Analysis. The TEQPSO algorithm
mainly uses three new parameters: probability factor 𝑝, the
number of mutations 𝑐, and the maximum number of itera-
tions 𝑇. These three parameters could be analysed accurately
by selecting each function from three types of functions(𝑓1, 𝑓3, 𝑓4, 𝑓6, 𝑓7, 𝑓8). The TEQPSO algorithm could work
effectively if appropriate values are chosen for 𝑝, 𝑐, and𝑇. To find the optimal values for these parameters, two of

them are considered constant while the other one changes
within the setting range. Now, the parameters giving the best
fitness values for 𝑓1, 𝑓3, 𝑓4, 𝑓6, 𝑓7, 𝑓8 functions are selected
as the optimal parameters. This ensures the accuracy of the
algorithm and reduces the statistical error. The experimental
results given below are obtained from 50 independent run-
ning statistics of the algorithm. For each test function, each
algorithm performs a subfunction evaluation (FEs) 2.5 × 105
times.

(1) Probability Factor p. In the TEQPSO algorithm, the
probability factor 𝑝 is introduced to decide whether to use
the crossover operator or the Gaussian chaotic mutation
operator. This makes an effective balance between the local
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Table 4: Parameter settings of each algorithm.

References Algorithm Parameter settings
[34] QPSO 𝛼 = 1 ∼ 0.5
[35] CSPSO 𝑤 = 0.4, 𝑐1 = 𝑐2 = 2, 𝑝V = 0.8
[28] CLPSO 𝑤 = 0.9 ∼ 0.4, 𝑐 = 1.495, 𝑉max = 0.2 × 𝑟𝑎𝑛𝑔𝑒
[36] WQPSO 𝛼 = 1.5 ∼ 0.5, 𝛽 = 1.0 ∼ 0.5
[20] CQPSO 𝛼 = 1 ∼ 0.5, 𝑝0 = 0.9, 𝜏 = 0.2
[37] COQPSO 𝛼 = 1 ∼ 0.5, 𝐺 = 5, 𝑘 = 2, 𝑝 = 0.7
This paper TEQPSO 𝛼 = 1 ∼ 0.5, 𝑇 = 9, 𝑐 = 8, 𝑝 = 0.15

and global search effects. To investigate the effect of different
probability factors on the algorithm performance and find
the best probability factor, the number of mutations c=8 and
the stagnation factor 𝑇 = 9 are selected. Figure 1(a) shows
the average result of 50 independent running times of the
TEQPSO algorithm. As what could be seen from Figure 1(a),
good results are obtained for most of the test functions
for p=0.15. Thus, p=0.15 could be a suitable value for the
probability factor of the TEQPSO algorithm.

(2) Number of Mutations c. During the chaotic operator
execution, the number ofmutations 𝑐 determines the number
of chaotic variations in the particles. If large value is chosen
for this parameter, the algorithm will waste too much com-
putation time. Considering small values for this parameter
reduces the capability of the algorithm to jump out of the
local optimum. Therefore, an appropriate value for number
ofmutations should be chosen. Figure 1(b) gives the statistical
results of the algorithm running for different values of 𝑐. The
probability factor p=0.15 and the stagnation factor T=9 are
considered. It could be seen from Figure 1(b) that superior
results for most test functions could be obtained by choosing𝑐 = 8.
(3) Stagnation Factor T. In the TEQPSO algorithm, if the
particle does not change its individual optimal position in
Tth iteration, a cooperative learning strategy is adopted to
construct the attractor so that the particle jumps out of the
current position.Therefore, the stop factorT could be utilized
to control the constructing attractor frequencies using the
teamwork evolutionary strategy. To derive the appropriate
stopping factor, the probability factor p=0.15 and the number
of mutations c=8 are selected. The running results of the
algorithm for different values of the stagnation factors are
presented in Figure 1(c). It is obvious that the algorithm gives
better results for most of the test functions for T=9.

3.3. Related Algorithm Parameter Settings. We make two
groups of experiments, with each to test the standard QPSO
[34], the CSPSO [35], the CLPSO [28], the WQPSO [36],
the CQPSO [20], the COQPSO [37], and TEQPSO in this
paper. The parameter settings of the TEQPSO algorithm and
other algorithms are shown in Table 4. When solving the
10-dimensional (10D) problem, the population size is set
to 10, and the maximum fitness evaluation (FE) is set to
400000. When solving the 30-dimensional (30D) problem,

the population size is set to 40 and the maximum FE is
set to 400000. All experiments were performed 30 times,
and the mean and standard deviation from the calculation
results on each algorithm were given. In solving multiob-
jective optimization problems, because the PSO has higher
computational efficiency, usually the fitness calculation takes
the most time. Therefore, this article does not compare the
algorithm-related calculation times of these algorithms.

4. Experimental Results and Analysis

4.1. Results of 10-Dimensional (10D) Problems. Table 5 shows
the mean and variance of seven algorithms running 30 times
for eight test functions. As can be seen from Table 5, the
TEQPSO algorithm obtains the highest 𝑓1 precision solution
to the unimodal function; the mean and standard deviation
values of TEQPSO are 0.00e+00 and 0.00e+00, followed by
WQPSO, COQPSO, CQPSO, QPSO, CLPSO, and CSPSO.
The CLPSO algorithm has the best performance in the
unimodal function 𝑓2. The mean and standard deviation
values of CLPSO are 6.18e+00 and 2.89e+00, followed by
CSPSO, COQPSO, QPSO, WQPSO, TEQPSO, and CQPSO.
Then, the TEQPSO algorithm achieves the best results of the
multimodal function 𝑓3 ∼ 𝑓6, with the mean and variance
values of 0.00e+00 and 0.00e+00. For the other six algorithms
of functions 𝑓3, 𝑓4, and 𝑓6, they fall into local optimum;
only TEQPSO obtains the best solution. The results show
that the TEQPSO algorithm can maintain better population
diversity, enhance the ability of the algorithm to jump out of
local optimum, and have higher search accuracy on complex
multimodal functions. The functions 𝑓7 and 𝑓8 are rotational
mode function, and the other five algorithms are difficult to
solve. Only CLPSO and TEQPSO obtain better calculation
results. CLPSO obtains the highest precision solution in the
rotation function𝑓7.Themean and standard deviation values
of CLPSO are 6.41e-05 and 3.58e-05, followed by CSPSO,
CQPSO, WQPSO, COQPSO, QPSO, and TEQPSO. And
TEQPSO obtains the most accurate solution in the rotation
function 𝑓8. The mean and standard deviation of TEQPSO
are 1.88e+00 and 1.05e+00, followed by WQPSO, CQPSO,
COQPSO, CLPSO, QPSO, and CSPSO. In summary, the
quality of TEQPSO solutions to functions 𝑓1, 𝑓3, 𝑓4, 𝑓5, 𝑓6,
and 𝑓8 is significantly better than the other six algorithms.

In order to compare the convergence of several algo-
rithms, Figures 2–9 show the convergence of the seven
algorithms under eight test functions. It can be seen from
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Figure 1: The change in the fitness value of the test function for different parameters: (a) probability parameter; (b) mutation times; (c)
stagnation factors.

the figure that, compared with the TEQPSO, the other
four quantum particle swarm algorithms have obvious faster
convergence speed, but they are also very easy to fall into
local optimum. The other two particle swarm optimization
algorithms converge slowly and perform better in unimodal
functions. Therefore, after adopting the teamwork evolution-
ary strategy, compared with the other four quantum particle
swarm optimization algorithms, the convergence speed of the
TEQPSO is slowed down, but the ability of the algorithm
to jump out of the local optimal region is also significantly
enhanced.

4.2. Results of the 30-Dimensional (30D) Problem. Table 6
shows the mean and variance of seven algorithms running
30 times on the eight test functions. The best results of seven
algorithms are shown in bold.

It can be seen from Table 6 that TEQPSO algorithm
obtains the most accurate solution in the unimodal function𝑓1, which jumps out of the local optimum; the mean and
standard deviation values of TEQPSO are 0.00e+00 and
0.00e+00, followed by WQPSO, COQPSO, CQPSO, QPSO,
CLPSO, and CSPSO. The CSPSO algorithm has the best
performance in the unimodal function 𝑓2; the mean and
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Table 5: Comparison results of seven algorithms in 10-dimensional test function.

Func
QPSO CSPSO CLPSO WQPSO CQPSO COQPSO TEQPSO
Mean Mean Mean Mean Mean Mean Mean
(Std) (Std) (Std) (Std) (Std) (Std) (Std)

𝑓1 3.11e-41 1.52e-23 6.55e-31 9.11e-56 6.04e-48 3.17e-52 0.00e+00
(2.84e-29) (7.29e-22) (3.89e-31) (5.36e-57) (6.22e-49) (3.00e-52) (0.00e+00)

𝑓2 5.18e+01 3.22e+01 6.18e+00 7.01e+01 3.56e+01 1.08e+02 7.25e+01
(4.70e-01) (1.79e+01) (2.89e+00) (4.28e-01) (2.33e+01) (6.44e+01) (4.34e-01)

𝑓3 4.00e-03 3.74e-13 6.82e-15 5.70e-19 8.03e-02 6.22e-23 0.00e+00
(1.72e-03) (2.00e-12) (3.17e-15) (3.78e-19) (5.34e-02) (3.25e-24) (0.00e+00)

𝑓4 2.02e-02 8.69e+01 6.04e+00 7.33e-2 4.17e+00 1.84e-01 0.00e+00
(2.15e-02) (9.55e+00) (6.77e+00) (6.84e-01) (2.86e+00) (2.00e-01) (0.00e+00)

𝑓5 0.00e+00 2.08e-03 3.41e-03 0.00e+00 0.00e+00 0.00e+00 0.00e+00
(0.00e+00) (2.33-03) (3.27e-03) (0.00e+00) (0.00e+00) (0.00e+00) (0.00e+00)

𝑓6 4.80e+00 5.87e+05 5.01e+04 4.05e+00 5.02e+01 4.35e+01 3.85e+00
(1.32e+00) (1.77e+05) (1.63e+04) (9.40e+00) (1.59e+01) (1.01e+01) (1.25e-03)

𝑓7 7.08e+00 5.92e-02 6.41e-05 1.07e+00 5.74e-01 3.18e+00 7.02e+01
(1.08e-01) (7.37e-01) (3.58e-05) (3.45e-01) (8.43e+00) (8.50e-00) (3.39e+00)

𝑓8 8.24e+01 9.58e+01 5.88e+01 2.01e+00 9.97e+00 1.31e+01 1.88e+00
(4.03e+01) (2.68e+01) (2.95e+01) (1.55e+00) (2.47e+01) (3.58e+00) (1.05e+00)

Table 6: Comparison results of seven algorithms in 30-dimensional test function.

Func
QPSO CSPSO CLPSO WQPSO CQPSO COQPSO TEQPSO
Mean Mean Mean Mean Mean Mean Mean
(Std) (Std) (Std) (Std) (Std) (Std) (Std)

𝑓1 6.50e-14 5.11e-9 4.01e-10 4.30e-33 7.82e-17 1.81e-30 0.00e+00
(1.38e-14) (7.07e-9) (4.28e-10) (6.72e-33) (1.04e-17) (3.44e-30) (0.00e+00)

𝑓2 1.57e+02 6.78e-01 2.78e+00 6.4e+01 3.56e+01 4.11e+02 1.02e+01
(8.2e+01) (1.39e-01) (1.46e+00) (4.86e+01) (2.33e+01) (3.58e+02) (1.6e+00)

𝑓3 6.01e-02 4.94e-12 7.05e-13 2.07e-13 3.08e-02 4.59e-10 7.40e-17
(9.79e-01) (7.61-12) (9.20e-12) (6.37e-13) (5.64e-02) (1.59e-10) (4.94e-17)

𝑓4 2.59e-01 7.69e+00 2.04e+00 5.18e-01 2.97e-01 1.04e-01 0.00e+00
(1.74e-01) (4.55e+00) (1.57e+00) (4.64e-01) (2.66e-01) (9.40e+00) (0.00e+00)

𝑓5 2.18e-12 4.78e-02 6.55e-03 1.29e-05 2.18e-06 2.18e-13 0.00e+00
(2.15e-12) (7.61-02) (3.84-03) (7.15e-04) (1.15e-06) (2.15e-13) (0.00e+00)

𝑓6 2.88e+01 3.37e+02 1.28e+02 2.60e+01 2.35e+02 6.87e+01 0.00e+00
(1.34e+01) (1.75e+02) (1.11e+02) (6.95e+00) (3.25e+01) (7.29e+01) (0.00e+00)

𝑓7 3.54e-01 6.02e-01 3.78e-01 8.27e-03 2.04e-02 1.28e-01 4.00e-03
(4.20e-01) (5.55e-01) (2.02e-01) (1.55e-03) (9.47e-01) (1.89e-01) (2.31e-03)

𝑓8 1.07e+01 4.11e+02 3.56e+02 5.24e+01 8.87e+01 1.88e+01 3.77e+00
(5.33e+00) (1.06e+02) (1.83e+02) (1.55e+01) (2.47e+01) (5.95e+00) (1.82e+00)

standard deviation values of CSPSO are 6.78e-01 and 1.39e-
01, followed by CLPSO, TEQPSO, CQPSO, WQPSO, QPSO,
and COQPSO.

Then, the algorithm of TEQPSO obtains the best results
on the multimodal functions 𝑓3 ∼ 𝑓6; the mean and standard
deviation values of 𝑓3 are 7.40e-17 and 4.94e-17 and the mean
and standard deviation values of 𝑓4 ∼ 𝑓6 are 0.00e+00
and 0.00e+00. For the functions 𝑓4, 𝑓5, and 𝑓6, the other
six algorithms fall into local optimum and only TEQPSO
obtains the best solution. The results show that TEQPSO

algorithm can maintain better population diversity, enhance
the ability of the algorithm to jump out of local optimum,
and have higher search accuracy on complex multimodal
functions. The functions 𝑓7 and 𝑓8 are rotational modal
functions. The other five algorithms are difficult to solve
the functions 𝑓7 and 𝑓8. Only WQPSO and TEQPSO can
obtain better calculation results. WQPSO obtains the highest
precision solution in the rotation function 𝑓7; the mean
and standard deviation values of WQPSO are 8.27e-03 and
1.55e-03, followed by WQPSO, TEQPSO, CQPSO, CSPSO,
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Figure 2: Comparison of convergence process with seven algo-
rithms in sphere function.
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Figure 3: Comparison of convergence process with seven algo-
rithms in Rosenbrock function.

QPSO, CLPSO, and COQPSO. TEQPSO obtains the highest
precision solution in the rotation function 𝑓8; the mean
and standard deviation values of TEQPSO are 3.77e+00 and
1.82e+00, followed by QPSO, COQPSO, WQPSO, CQPSO,
CSPSO, and CLPSO. In summary, the precision of the
TEQPSO solutions in functions 𝑓1, 𝑓3, 𝑓4, 𝑓5, 𝑓6, and 𝑓8 is
better than the other six algorithms significantly. Since the
convergence characteristics of seven algorithms under 30-
dimensional test function are similar to the 10-dimensional
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Figure 4: Comparison of convergence process with seven algo-
rithms in Ackley function.
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Figure 5: Comparison of convergence process with seven algo-
rithms in Griewank function.

convergence characteristics, the convergence characteristics
of seven algorithms under 30D are not given in this paper.

4.3. Calculation Results Discussion. By analyzing the exper-
imental results of the TEQPSO algorithm in the case of
10D and 30D, it could be concluded that this algorithm
does not work well for unimodal functions. The TEQPSO
algorithm gives superior results for multimodal functions
compared with other QPSO algorithms. Jumping out of local
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Figure 6: Comparison of convergence process with seven algo-
rithms in step function.
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Figure 7: Comparison of convergence process with seven algo-
rithms in Rastrigin function.

optimum and achieving better search accuracy for rotating
multimodal functions, which is very helpful for solving
complex problems, are other advantages of this algorithm.
According to the “No Free Lunch” theorem, the TEQPSO
algorithm leads to higher search accuracy for multimodal
and rotating multimodal functions. However, its convergence
speed is significantly slower than other QPSO algorithms.
Therefore, the TEQPSO algorithm gives obvious advantages
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Figure 8: Comparison of convergence process with seven algo-
rithms in rotated Griewank function.
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Figure 9: Comparison of convergence process with seven algo-
rithms in rotated Rastrigin function.

in solving multiobjective and complex problems. In addition,
the calculation effect is better.

5. Conclusion

This paper proposes a QPSO algorithm for the team-
work evolutionary strategy. The algorithm adopts a novel
learning strategy, namely, teamwork evolutionary strategy,
which consists of cross-sequential quadratic programming
and Gaussian chaotic mutation operators. The new strategy
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allows the particle to have more samples to learn and larger
potential space to fly. Through analysis and experiments, it
is derived that the teamwork evolutionary strategy increases
the TEQPSO algorithm ability to utilize the information in
the group. In comparison with the eight QSOs and PSOs
variants, it could be concluded that the TEQPSO algorithm
significantly improves the algorithm performance for multi-
peak cost functions while the TEQPSO algorithm is effective
in solving single-peak cost functions.

Data Availability

The relevant raw data of this article should be all
downloaded from http://www.ntu.edu.sg/home/EPNSugan/
index files/CEC2014. All the test functions in this paper can
also be found in the reference J. J. Liang, B. Y. Qu, and P. N.
Suganthan, “Problem Definitions and Evaluation Criteria for
the CEC 2014 Special Session and Competition on Single
Objective Real-Parameter Numerical Optimization.”
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