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The topics of this special issue are related to hot problems for
the scientific community working not only in robotics since
mobile robots are challenging systems for many fields with
increasing applications.

Mobile robots can move autonomously in a wide range
of environments with or without assistance from external
human operators and can be used in a great variety of
applications, such as agricultural and industrial works, road
transport, exploration, services, information, and orienta-
tion in large shopping malls. They can be included in
many other systems such as humanoid robots, unmanned
rovers, entertainment pets, and drones. A distinctive feature
is their ability to move independently, with some intel-
ligence to react and make decisions based on the per-
ception they receive from the environment by means of
sensors.

The design and developments of mobile robots involve
different technological areas such as mechanics, electron-
ics, and computer science. This multidisciplinary approach
implies studies of the dynamic behavior of a mobile robot
which are necessary to ensure the performance and safety
not only of the mobile robot but also of the environment
within which it moves. Sensor and the control systems are
also needed to guarantee the result.

It is important to bear in mind that the main pillars
of mobile robotics, according to many literature sources,
consist of the fields of locomotion, perception, cognition, and
navigation.

Locomotion problems mean the understanding of the
robot mechanism and its kinematics, dynamics, and control
theory as related to the system mobility. Perception implies
the fields of signal analysis and specialized areas such as

computer vision and sensor technologies. Cognition and
perception systems give information about the environment,
the robot itself, and the relationship between robot and
environment. This information is processed and then appro-
priate commands are sent to the actuators, which move
the mechanical structure. Navigation skills are intended to
the robot to move from one place to another in a known
or unknown environment, taking into account the values
of the sensors. The robot must rely on aspects, such as
perception, localization, cognition, andmotion control (path,
trajectory, and tracking planning). Over the years, numerous
methodologies have arisen that attempt to solve motion
planning.

This special issue contains the set of the following works
that are related to the above-mentioned topics.

In S. Peng et al., the uncertainties in the trajectory track-
ing problem for a wheeled mobile robot are approximated
by a fuzzy logic system. A robust controller is employed to
compensate for the lumped errors. As a result, the tracking
position errors converge asymptotically to zeros with faster
response than other existing controllers.

F. Valero et al. have tackled the influence of the friction
coefficient on the trajectory performance for a car-like robot.

Y. Zhang et al. develop a fast-simultaneous localization
and mapping (FastSLAM) algorithm for a vehicle in indoor
environments. It is based on nonlinear adaptive square root
unscented Kalman filter.

L. Bai et al. consider a pneumatic hexapod robot which
is driven by inert gas carried by itself. Kinematics, dynamics,
and optimal control are attached with design purposes. The
optimal input gas pressure of leg swing and body moving in
one step is obtained by pseudospectral method.
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In Y. Hua et al., a path tracking control of an automatic
parking cloudmodel is proposed by considering the influence
of time delay. This paper presents a kinematic model of
the automatic parking system and analyzes the kinematic
constraints of the vehicle. The effectiveness and timeliness of
automatic parking controller are tested in the aspect of path
tracking through a real vehicle experiment.

A. Zhiyong et al. present a novel visual tracking algorithm
that learns the translation and scale filters with a complemen-
tary scheme to object tracking with robust scale estimation
which is a challenging task in computer vision.

In P. Li et al., the authors propose an improvement of a
path planning algorithm based on Ant Colony Algorithms
(ACA). This is carried out by a better parameter selection
method that is based on the bacterial foraging algorithm
(BFA).The results indicate that the proposed parameter selec-
tion is a superior method as being able to determine the best
parameter combination rapidly, accurately, and effectively.

Wehope that readerswill consider this special issue useful
for their work on mobile robots regarding advanced mathe-
matical modelling, design, analysis, optimization techniques,
and so forth.
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A design of sliding mode controllers (SMC) with adaptive capacity is presented. This control technique is formed by two cascaded
SMC controllers, one of them having an adaptive neural compensator (ANC); both are put on aWMR (wheeled mobile robot).The
mobile robot is divided into a kinematics and a dynamics structure; the first SMC controller acts only on the kinematic structure
and the SMC with neural adaptive compensator on the other one. The dynamic SMC was designed applying an inverse dynamic
controller and using the model dynamics of the WMR.The adaptive neural compensation (ANC) was used in order to reduce the
control error caused by the dynamics variations but it conveys a residual approximation error, so a sliding part was designed to
cancel such error.This technique allows achieving the control objective despite parameter variations and external disturbances that
take place in the dynamics; on the other hand, the ANC can adjust its neural parameters to reduce the dynamics variations of the
WMR and thus improve the trajectory tracking control. Problems of convergence and stability are treated and design rules based
on Lyapunov’s theorem are given.

1. Introduction

1.1. Previous Works. The problem of trajectory tracking is
a classic control one; its importance lies in the actual
applications that these algorithms have. Although some of
these problems have been solved before, there is always the
possibility of somehow improving the algorithms previously
designed.

The biggest advantage in using SMC technique is the low
sensitivity in front of changes in the process dynamics and
external disturbances, which eliminates the necessity of an
accurate model. Recent works about disturbance rejections
and SMC applied to robots control are dealt with in papers
such as [1], where a spherical robot using Omni wheels uses a
cascade sliding mode control (CSMC) to control its position.

The structure of the CSMC is formed by a cascade
combination of states of the dynamic model and a set

of sliding surfaces. This work shows that the problem of
constant speed can be avoided in order to achieve the position
control without adaptive control techniques. An application
of SMC in WMR is presented in [2]; the trajectory tracking
problem is investigated for a nonholonomic wheeled mobile
robot (NWMR) with parameter uncertainties and external
disturbances. In this strategy, combining the kinematicmodel
with the dynamic model, the actuator voltage is employed
as the control input, and the uncertainties are approximated
by a fuzzy logic system. The control system is stable and
the tracking position errors converge asymptotically to zeros.
Simulation results demonstrate the effectiveness of the pro-
posed strategy.

In similar form, Ashrafiuon et al. [3] presented a nonlin-
ear sliding mode control law that is employed to stabilize the
error dynamics. It is shown that the control law is uniformly
asymptotically stable if unknown disturbances and modeling
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uncertainties are bounded. The framework is applied to
differential drive mobile robots, air vehicles operating in the
vertical plane, andmarine vehicles. Simulations are presented
for models of in-house mobile robots and surface vessels
subject to unknown disturbances.

Another design for SMC controllers is proposed by [4],
who uses a controller based on linear algebra for mobile
robots.The results presented show a good performance, while
the oscillations in trajectory tracking are reduced.

In the work presented by [5], the tracking control of
a two-wheeled mobile robot is considered to underpin the
developed theoretical results based on SMC. Model-based
tracking control of a wheeled mobile robot (WMR) is first
transferred to a stabilization problem for the corresponding
tracking error system, and then the developed theoretical
results are applied to show that the tracking error system is
globally asymptotically stable even in the presence ofmatched
and mismatched uncertainties. These works [3–5] do not
present adaptive capacity combined with SMC in trajectory
tracking control.

In another work [6], a practical control law for wheeled
mobile robots is proposed in order to improve the transient
performance and decrease the tracking errors. The nominal
system is governed using a controller derived under the
back-stepping framework. Such a design can effectively reach
the system’s tracking objective and enhance robustness via
properly configured parameters.

Another case of cascade-control algorithm based on a
sliding mode is proposed by [7]. It is implemented for
trajectory tracking control of a hydraulically driven 6-DOF
(six degrees of freedom) robot manipulator. The proposed
controller, which consists of two control loops, is applied to
separate the hydraulic dynamics from the mechanical part so
that the designed controller takes into account not only the
mechanical dynamics but also the hydraulic dynamics of the
manipulator. Experimental results demonstrate the satisfac-
tory position tracking behavior of the parallel manipulator
using a cascade controller based on a sliding mode.

In the meantime, a two-time-scale filter is applied to
the system function to estimate the disturbances, essen-
tially improving the system’s precision. Experimental results
demonstrated that the proposed control is practical for
WMRs in tracking control. Instead in [8] the authors present
a SMC for the whole structure of the mobile robot and
the results show a good performance as well as asymptotic
convergence demonstrated using Lyapunov’s theory. But the
control law is not trivial to implement for another kind of
mobile robot. Similar research is shown in [9], where an adap-
tive neural network DSC (dynamic surface control) formu-
lated on disturbance observer for theWMR (wheeled mobile
robot) with parameters variations and external disturbances
has been implemented. The observer is employed to estimate
the unknown disturbances, and the neural approximation
is used to identify the nonlinear model and all possible
uncertainties of the system. Then, the Lyapunov theory is
used to demonstrate the convergence of the proposed control
system. Simulation and experiments results are included to
demonstrate the adaptive capability and robustness of the
proposed control approach.

In [10], an adaptive exponential SMC is proposed as a
possible solution to minimize the chattering effect, external
disturbances, andparameters variations in trajectory tracking
of a wheeled mobile robot. The results obtained via experi-
mentation show the effectiveness of the adaptive exponential
SMC against disturbances and parameters variations.

Another important consideration in SMC is how to
reduce the chattering effect; in [11] passivity-based adaptive
and nonadaptive chattering-free sliding mode controllers
are proposed assuming that the norm upper bound of the
derivative of the sliding surface is available.

In [12], a method based on an integral SMC applied in
the trajectory tracking of WMR is presented. The control
technique is designed to solve the reaching phase problem
with the elimination of matched disturbances and minimize
the unmatched one. The proposed controller has two parts:
first one is a high-level stabilization controller to compensate
the known system and second one is a supervisory controller
to improve the trajectory tracking in the presence of distur-
bances. The simulation results are based on the kinematics
model of the nonholonomic mobile robot.

1.2. Contribution. In this work, an adaptive neural compen-
sation (ANC) is considered. The ANC can be used by static
controllers, obtaining as a result an adaptive control over
the whole robotic system to be controlled. In this case, the
ANC is applied over an inverse dynamic controller, and
the complete control system shows a similar behavior of an
adaptive controller system.

The paper [13] describes a method for the design of
the discrete time dynamic compensation for a WMR with
parameters variations, and the application of this method
to trajectory tracking control. This method uses a single
NN-RBF for dynamic compensation and is designed using
Lyapunov’s criterion. The stability analysis demonstrates a
Uniformly Ultimately Bounded (UUB) control method.

Another work [14] shows a control technique based on a
SMC and adaptive neural control applied over a WMR, but
the sliding control is acting over the whole dynamic part of
WMR.

This paper deals with the adaptive trajectory tracking
control using SMC, and its design is based on a nominal
robot dynamics. The control system has two parts. The first
one uses the robot kinematics and SMC.The second one uses
theWMR dynamics to design a nominal inverse control with
ANC.

The main assumption of this work is that the most
important parametric variations and uncertainties of the
WMR appear in the dynamic part. The control technique
uses a neural net based on RBF (radial basis functions) in
combination with SMC and inverse dynamics. The control
part based on inverse dynamics is designed on the nominal
model of the WMR.

The adaptation laws of the ANC are obtained using Lya-
punov’s stability criterion, obtaining an asymptotic stability
of the proposed control system.
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Figure 1: Mobile robot parameters distribution.

The combination of cascade SMC and ANC technique
presents the following advantages:

(1) The focus of this technique is the application of two
sliding controllers in cascade to reduce problems on
the perfect velocity matching of the WMR caused
by parameters or dynamics variations. And it can be
applied in WMR systems or nonlinear systems when
their parameters vary or are unknown.

(2) The ANC does not need to learn the whole robot
structure; it adjusts the dynamic variations to approx-
imate the nominal to the real dynamics of the WMR.

(3) The ANC is easy to implement and it can be applied
in different controllers without adaptive capacity,
obtaining an adaptive control technique for the pro-
posed control problem.

1.3. Organization. The paper is presented as follows. In
Section 2, a description of the WMR system is given and
the robot model (kinematic and dynamic parts) is proposed.
Explicit expressions of the cascade SMC and the ANC com-
pensation are derived in Sections 3 and 4, respectively. These
expressions are used to obtain the neural adjustment law
and prove the convergence of the proposed control system
(Section 5). Several experimental results are presented in
Section 6 for the evaluation of the proposed control technique
and demonstrate the effectiveness of the adaptive capability.
Finally, Section 7 concludes the paper.

2. Robot System Description

Figure 1 shows a typical structure of a nonholonomic mobile
robot. It consists of a robot body (CPU, sensors, and motors)
with two driving wheels mounted on the same axis and two
motors for each one and a free rear wheel (or castor wheel).
Both motors are the actuators of motion and orientation and
provide the torque to the wheels.

For WMR control, the variables of interest in inertial
Cartesian frame (𝑋𝑌 plane) are 𝑟𝑥, 𝑟𝑦, 𝜓, 𝑥1, and 𝑥2, where

𝑟𝑥, 𝑟𝑦 are the coordinates of the point of interest r, the angle𝜓
indicates theWMR direction, and the pair 𝑥1, 𝑥2 is the linear
and angular velocities, respectively, of the WMR.

TheWMR parameters are described as follows:𝐺 denotes the mass center of the WMR.𝑐 is the distance between the free wheel (castor wheel)
referred from the axis of the traction wheels.𝑎 is the distance between the 𝐺 point and the axis of
the traction wheels.

The robot’s model is divided taking into account the
kinematics and the dynamics models, as shown in Figure 2.
The kinematic and dynamic models were formulated for [15]
and can be expressed as follows.

Kinematics Model

( ̇𝑟𝑥 (𝑡)̇𝑟𝑦 (𝑡)�̇� (𝑡)) = (cos𝜓 (𝑡) −𝑎 sin𝜓 (𝑡)
sin𝜓 (𝑡) 𝑎 cos𝜓 (𝑡)0 1 )(𝑥1 (𝑡)𝑥2 (𝑡))

+(𝛿𝑟𝑥 (𝑡)𝛿𝑟𝑦 (𝑡)0 ) .
(1)

Dynamic Model

(�̇�1 (𝑡)�̇�2 (𝑡)) = (
𝜅3𝜅1 𝑥22 (𝑡) − 𝜅4𝜅1 𝑥1 (𝑡)−𝜅5𝜅2 𝑥1 (𝑡) 𝑥2 (𝑡) − 𝜅6𝜅2 𝑥2 (𝑡))

+( 1𝜅1 00 1𝜅2)(𝑢1 (𝑡)𝑢2 (𝑡)) + (𝛿𝑥1 (𝑡)𝛿𝑥2 (𝑡)) .
(2)

The identified parameters vector 𝜅 = [𝜅1, 𝜅2, 𝜅3, 𝜅4, 𝜅5, 𝜅6]𝑇
is described in the Appendix and the model uncertainties
of the WMR are the pair (𝛿𝑟𝑥, 𝛿𝑟𝑦) and the pair (𝛿𝑥1, 𝛿𝑥2),
where the pair (𝛿𝑟𝑥, 𝛿𝑟𝑦) is dependent on WMR friction and
slip velocities and some of these uncertainties influences on
mobile robots are described in [16]. On the other hand, the
pair (𝛿𝑥1, 𝛿𝑥2) is dependent on robot’s parameters as load
weight, mass, inertia, wheel diameter, tires properties (static
and dynamic friction), electric motor, its servos, and others.

3. Sliding Mode Kinematics Controller

To obtain the kinematics controller, the robot’s kinematics
model is necessary to know.The robot’s kinematics model (2)
can be rewritten as follows:̇r (𝑡) = L (𝑡) x (𝑡) + 𝛿 (𝑡)

= (cos𝜓 (𝑡) −𝑎 sin𝜓 (𝑡)
sin𝜓 (𝑡) 𝑎 cos𝜓 (𝑡) ) x (𝑡) + (𝛿𝑟𝑥 (𝑡)𝛿𝑟𝑦 (𝑡)) . (3)
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Figure 2: Structure control of CSMC with ANC.
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For (3) to be controllable, it requires that L(𝑡) must be
nonsingular.

Assumption 1. 𝛿r(𝑡) is a nonmodeled kinematics vectorwhich
is bounded, where 𝛿 is the upper bound.𝛿 = sup

𝑡∈R+
|𝛿 (𝑡)| , (4)

where

r (𝑡) = (𝑟𝑥 (𝑡) 𝑟𝑦 (𝑡))𝑇 ;
x (𝑡) = (𝑥1 (𝑡) 𝑥2 (𝑡))𝑇 ;
𝛿 (𝑡) = (𝛿𝑟𝑥 (𝑡) 𝛿𝑟𝑦 (𝑡))𝑇 .

(5)

They are the position output vector, the velocities input vec-
tor, and the vector of nonmodeled kinematics. The trajectory
tracking error can be expressed as

e𝑟 (𝑡) = r (𝑡) − rref (𝑡)= (𝑟𝑥 (𝑡) − 𝑟𝑥ref (𝑡) , 𝑟𝑦 (𝑡) − 𝑟𝑦ref (𝑡))𝑇 . (6)

The main objective of the control law, which can be obtained
by the SMC, is the convergence of any state trajectory of
nonlinear system to specified surface (defined by designer)
into space state and maintain it in the subsequent time [17–
19].

A sliding surface for a MIMO system can be obtained by
position error (6) and defining Sr = (𝑆𝑟𝑥, 𝑆𝑟𝑦)𝑇 as

𝑆𝑟𝑖 (r) = ( 𝑑𝑑𝑡 + 𝑘𝑟𝑖)∫𝑡0 𝑒𝑟𝑖 (𝜏) 𝑑𝜏
= 𝑒𝑟𝑖 (𝑡) + 𝑘𝑟𝑖 ∫𝑡

0
𝑒𝑟𝑖 (𝜏) 𝑑𝜏 for 𝑖 = 𝑥, 𝑦. (7)

The derivative of (7) is

̇𝑆𝑟𝑖 (r) = 𝑑𝑑𝑡 (𝑒𝑟𝑖 (𝑡) + 𝑘𝑟𝑖 ∫𝑡0 𝑒𝑟𝑖 (𝜏) 𝑑𝜏)= ̇𝑒𝑟𝑖 (𝑡) + 𝑘𝑟𝑖𝑒𝑟𝑖 (𝑡) . (8)

𝑘𝑟𝑖 is a strictly positive constant and 𝑆𝑟𝑖 denotes a row of Sr
vector. In the design of the kinematics SMC, first, an ideal
equivalent control law x𝑘ref (𝑡) must be determined. The ideal
control law is obtained from (8) equaling zero as

Ṡ𝑟 = ( ̇𝑆𝑟𝑥̇𝑆𝑟𝑦) = (00) . (9)

Replacing (3) with (8), equaling zero, the following is
obtained:

ė𝑟 (𝑡) + diag (𝑘𝑟𝑥, 𝑘𝑟𝑦) e𝑟 (𝑡)= (Lx (𝑡) + 𝛿 (𝑡) − ̇rref (𝑡)) + diag (𝑘𝑟𝑥, 𝑘𝑟𝑦) e𝑟 (𝑡)= 0. (10)

Similar case was studied in [17], defining the control law
x𝑘ref (𝑡) that guarantees the sliding condition (9), which is com-
posed of an ideal control x𝑘ref (𝑡) = L−1[− diag(𝑘𝑟𝑥, 𝑘𝑟𝑦)e𝑟(𝑡) −
𝛿𝑟(𝑡) + ̇rref (𝑡)], but the term 𝛿𝑟 is unknown; taking into
account Assumption 1, 𝛿𝑟 is bounded. For control purposes,
it can be approximated by −𝛿 sign(S). Thus, the control law is
defined by

x𝑘ref (𝑡) = L−1 (𝑡) [−K𝑆S𝑟 − diag (𝑘𝑟𝑥, 𝑘𝑟𝑦) e𝑟 (𝑡)− 𝛿 sign (S) + ̇rref (𝑡)] . (11)

Then the values of L−1, sign(𝑆𝑖), and K𝑆 are

L−1 = ( cos𝜓 (𝑡) sin𝜓 (𝑡)−1𝑎 sin𝜓 (𝑡) 1𝑎 cos𝜓 (𝑡))
sgn (𝑆𝑖) = {{{{{{{{{

1 for 𝑆𝑖 > 00 for 𝑆𝑖 = 0−1 for 𝑆𝑖 < 0,
K𝑆 = (𝐾𝑆𝑥 00 𝐾𝑆𝑦) .

(12)

The term (−K𝑆S) was included to guarantee the convergence
of (11); now we define Lyapunov’s function candidate like

𝑉𝑘 = S𝑇𝑟 S𝑟2 , (13)

where the superscript 𝑘 denotes the analysis performed with
respect to the kinematic controller; now differentiating (13)
with respect to time and replacing (3) lead to�̇�𝑘 = S𝑇𝑟 Ṡ𝑟 = S𝑇𝑟 (ė𝑟 (𝑡) + diag (𝑘𝑟𝑥, 𝑘𝑟𝑦) e𝑟 (𝑡))= S𝑇 (( ̇r (𝑡) − ̇rref (𝑡)) + diag (𝑘𝑟𝑥, 𝑘𝑟𝑦) e𝑟 (𝑡)) = ⋅ ⋅ ⋅= S𝑇𝑟 ((Lx (𝑡) + 𝛿 (𝑡) − ̇rref (𝑡))+ diag (𝑘𝑟𝑥, 𝑘𝑟𝑦) e𝑟 (𝑡)) .

(14)

Replacing (11) with (14),�̇�𝑘 = S𝑇𝑟 ((−K𝑆S𝑟 + 𝛿 (𝑡) − 𝛿 sign (S))+ diag (𝑘𝑟𝑥, 𝑘𝑟𝑦) e𝑟 (𝑡)) ≤ − K𝑆 S𝑟2 + ‖𝛿‖ S𝑟− 𝛿 S𝑟 .
(15)

Then, the following is obtained:�̇�𝑘 ≤ − K𝑆 S𝑟2 + Δ 𝑟 S𝑟 < 0 for 𝑆𝑖 ̸= 0. (16)

From Assumption 1 (‖𝛿𝑟‖ − 𝛿) = Δ 𝑟 ≤ 0 and �̇�𝑘(t) is
negative definite; now integrating both sides of (16) results in

∫𝑡𝑠
0
(K𝑆 S𝑟2 + Δ 𝑟 S𝑟) 𝑑𝑡 = −∫𝑡𝑠

0
�̇�𝑘 (𝑡) 𝑑𝑡

= 𝑉𝑘 (0) − 𝑉𝑘 (𝑡𝑠) . (17)
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Because 𝑉𝑘(0) is bounded and 𝑉𝑘(𝑡𝑠) is also bounded and
nonincreasing, it can be obtained that

lim
𝑡𝑠→∞

[−∫𝑡𝑠
0
�̇�𝑘 (𝑡) 𝑑𝑡] = 𝑉𝑘 (0) − 𝑉𝑘 (𝑡𝑠) < ∞. (18)

By Barbalat’s lemma [17], it can be shown that limit
lim𝑡→∞[�̇�𝑘(t)]. That is, S𝑟(𝑡) tends to zero as t tends to
infinity, being a stable control system.Therefore, the tracking
error of the SMC based onWMR kinematics tends to zero as
S𝑟(𝑡) tends to zero.
4. Sliding Mode Controller with Adaptive
Neural Compensation

4.1. Problem Formulation. At this point, new solutions based
on SMC and ANC for WMR considering parameter vari-
ations in its dynamics are proposed. The aim of this work
is to reduce the trajectory tracking error produced by the
uncertainties in the WMR model and parameter variations
in the dynamics, but maintaining an adequate mechanical
performance and improving the performance of the WMR
during trajectory tracking.

The proposed strategy in this matter combines inverse
dynamics control and adaptive neural compensation (ANC)
with SMC,where the inverse dynamics controller is built with
the known part of the robot’s dynamics, the adaptive neural
part compensates dynamic variations of the robot, and SMC
eliminates the error introduced by the neural network.

This point aims to design a combination of SMCandANC
which ensure the global convergence of controlled variables
for the control system for a given reference trajectory x𝑘ref (𝑡).

Now, the system model (2) is expressed in compact form
as

ẋ = 𝑓 (x) + Δ𝑓 (x) + (𝑔 + Δ𝑔 (x)) u, (19)

where

ẋ (𝑡) = (�̇�1�̇�2) ;
𝑓 (x) = (𝑓1 (x)𝑓2 (x)) = (

𝜅3𝜅1 𝑥22 (𝑡) − 𝜅4𝜅1 𝑥1 (𝑡)−𝜅5𝜅2 𝑥1 (𝑡) 𝑥2 (𝑡) − 𝜅6𝜅2 𝑥2 (𝑡)) ;
𝑔u (𝑡) = (𝑔1 00 𝑔2)(𝑢1𝑢2) = (

1𝜅1 0
0 1𝜅2)(𝑢1𝑢2)

= (𝑢1𝜅1𝑢2𝜅2);
Δ𝑓 (x) + Δ𝑔 (x)u (𝑡) = (𝛿𝑥1 (x)𝛿𝑥2 (x)) ,

(20)

where 𝑓𝑖(⋅), 𝑔𝑖(⋅) denote row vectors of 𝑓(⋅) and 𝑔(⋅), respec-
tively, x = [𝑥1, 𝑥2]𝑇 ∈ R𝑛 is the state vector, and u =[𝑢1, 𝑢2]𝑇 ∈ R𝑛 with 𝑛 = 2 is the control action input vector.

Assumption 2. Dynamic variations in (19) produce another
pair of additive functions represented by Δ𝑓(x) and Δ𝑔(x),
which represent nonlinear unknown functions and are con-
sidered as uncertainties.

TheWMRdynamics from (1)without its variation is given
by

ẋ = 𝑓 (x) + 𝑔u. (21)

Assumption 3. Thematrix g is nonsingular; that is, g−1 exists
and has bounded norm; this is equivalent to assuming𝜆𝑙 (g) > 𝜆min > 0,g2 = 𝜆𝑝 (g) ≤ 𝜆max < ∞, (22)

where 𝜆𝑙(g) and 𝜆𝑝(g) are the lower and upper eigenvalues of
g, respectively.

4.2. Implementation of SMC with Adaptive Neural Compensa-
tion (ANC). The objective of this issue is to design a control
law that combines SMC with adaptive neural compensation.
And this control law must ensure the convergence of all
controlled variables. The SMC with ANC which is designed
based on the NN-RBF structure can deal with this kind of
control problem [20].

For a good trajectory tracking, the output x(𝑡)must follow
the desired trajectory x𝑘ref (𝑡); therefore, the tracking error
should converge to zero.

Now, we define the tracking error as

e = x − x𝑘ref = (𝑥1 − 𝑥𝑘ref1, 𝑥2 − 𝑥𝑘ref2)𝑇 = (𝑒1, 𝑒2)𝑇 . (23)

A sliding surface S(x) = (𝑆1, 𝑆2)𝑇 for theWMR system can be
written in terms of the control error,

𝑆𝑖 (x) = ( 𝑑𝑑𝑡 + 𝑘𝑖)∫𝑡0 𝑒𝑖 (𝜏) 𝑑𝜏
= 𝑒𝑖 (𝑡) + 𝑘𝑖 ∫𝑡

0
𝑒𝑖 (𝜏) 𝑑𝜏 for 𝑖 = 1, 2. (24)

The derivate of (24) is

̇𝑆𝑖 (x) = 𝑑𝑑𝑡 (𝑒𝑖 (𝑡) + 𝑘𝑖 ∫𝑡0 𝑒𝑖 (𝜏) 𝑑𝜏)= (�̇�𝑖 − �̇�ref 𝑖) + 𝑘𝑖𝑒𝑖. (25)

To ensure that the state variables remain on the sliding
surface, it is necessary for ̇𝑆𝑖(x) to equal zero,̇𝑆𝑖 (x) = (𝑓𝑖 (x) + 𝑔𝑖𝑢𝑖 − �̇�ref 𝑖) + 𝑘𝑖𝑒𝑖 = 0. (26)

Based on (26), the equivalent control law u(𝑡) can be
obtained, and in the same way of the previous section, we
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included the term 𝐾𝐷𝑖𝑆𝑖 to guarantee the convergence, and
the obtained control law is expressed as

𝑢𝑖 (𝑡) = (𝑔𝑖)−1 (−𝐾𝐷𝑖𝑆𝑖 + �̇�ref 𝑖 − 𝑓𝑖 (x) − 𝑘𝑖𝑒𝑖) . (27)

Now, it is necessary to define a control law for the nonlinear
system (21), define a new control law u that guarantees robust
performance and the convergence, and also ensure the sliding
condition [20]. This new control law is implemented by (27)
and a discontinuous term −Γ sign(S). It is defined by

𝑢𝑖 (𝑡)= 𝜅𝑖 [−𝐾𝐷𝑖𝑆1 + �̇�ref 𝑖 − 𝑓𝑖 (x) − 𝑘𝑖𝑒𝑖 − Γ𝑖 sign (𝑆𝑖)] . (28)

From (20), 𝑔−1i = 𝜅i because 𝑔 is a diagonal matrix and the
term Γ𝑖 sign(𝑆𝑖) is constituted by a strictly positive constant Γ𝑖
and a discontinuity (sign(𝑆𝑖)).The function sign(⋅) is defined
by

sign (𝑆𝑖) = {{{{{{{{{
1 for 𝑆𝑖 > 00 for 𝑆𝑖 = 0−1 for 𝑆𝑖 < 0. (29)

To prove the convergence of (28), a Lyapunov’s function
candidate is defined as

𝑉 = 12 (S𝑇S) = 2∑
𝑖=1

12 (𝑆2𝑖 ) . (30)

Differentiating (30) with respect to time is expressed by

�̇� = 2∑
𝑖=1

𝑆𝑖 ̇𝑆𝑖 = 2∑
𝑖=1

𝑆𝑖 ( 𝑑𝑑𝑡𝑒𝑖 (𝑡) + 𝑘𝑖𝑒𝑖 (𝑡))
= 2∑
𝑖=1

𝑆𝑖 ((�̇�𝑖 − �̇�ref 𝑖) + 𝑘𝑖𝑒𝑖 (𝑡)) = ⋅ ⋅ ⋅
= 2∑
𝑖=1

𝑆𝑖 (𝑓𝑖 (x) + 𝑔𝑖𝑢𝑖 − �̇�ref 𝑖 + 𝑘𝑖𝑒𝑖 (𝑡)) ,
(31)

and replacing (28) with (31),

�̇� = 2∑
𝑖=1

𝑆𝑖 ̇𝑆𝑖 = 2∑
𝑖=1

𝑆𝑖 (−𝐾𝐷𝑖𝑆𝑖 − Γ𝑖 sgn (𝑆𝑖))
≤ − 2∑
𝑖=1

(𝐾𝐷𝑖𝑆2𝑖 + Γ𝑖 𝑆𝑖) < 0. (32)

Equation (32) proves the convergence to zero of the designed
control law (28). The next step is considering the model
indicated in (19) with dynamic variations; the nonmodeled
structure can be expressed as�̇�𝑖 = (𝑓𝑖 (x) + Δ𝑓𝑖 (x)) + ((𝑔𝑖 + Δ𝑔𝑖 (x)) 𝑢𝑖) . (33)

Substituting the dynamic part of the WMR (33) into (26)
and applying the proposed control action (28), the following
is obtained:̇𝑆𝑖 (x) = −𝐾𝐷𝑖𝑆𝑖 + Δ𝑓𝑖 (x) + Δ𝑔𝑖 (x) 𝑢𝑖 − Γ𝑖 sign (𝑆𝑖) . (34)

In (34), the terms corresponding to Δ𝑓𝑖(𝑥) and Δ𝑔𝑖(𝑥)
disturbances are undesired; to deal with this problem, the𝑢𝑖𝑁(𝑡) term with adaptive capacity is added, which would
compensate Δ𝑓𝑖(𝑥) and Δ𝑔𝑖(𝑥) variations in the dynamics
of the system. And the term Γ𝑖 sign(𝑆𝑖) would eliminate
the undesired errors (approximation error of NN-RBF and
the uncertainties) that the adaptive term (𝑢𝑖𝑁(𝑡)) cannot
compensate.

Taking into account these considerations, from (28), the
control law that combines SMC and ANC is expressed as

𝑢𝑖 (𝑡) = 𝜅𝑖 [−𝐾𝐷𝑖𝑆𝑖 − 𝑓𝑖 (x) + �̇�ref 𝑖 − 𝑘𝑖𝑒𝑖 − (𝑢𝑖𝑁)− Γ𝑖 sign (𝑆𝑖)] , (35)

where 𝑢𝑖𝑁 is a compensation variable which can be approxi-
mated by the neural function and it is the main structure of
the ANC; the compensation variable can be represented as
function of the optimal neural parameters, indicated by

𝑢∗𝑖𝑁 = k∗𝑇𝑖 𝜑
∗ (𝜁, c∗,𝜌∗) + 2∑

𝑗=1

(w∗𝑇𝜑∗ (𝜁, c∗,𝜌∗))
𝑖𝑗
𝑢𝑗

+ 𝜀𝑖𝑛 𝑖 = 1, 2, (36)

where v∗ ∈ R(𝑛×𝑚), w∗ ∈ R(𝑛×𝑚), and 𝜑∗ ∈ R(𝑚×1) are
optimal parameter vectors of the weights v, the input weights
vectorw, and the radial basis functions𝜑, respectively; c∗ and
𝜌∗ are the optimal values of the respective vectors (centers
c and widths 𝜌); and 𝜀𝑛 is the neural approximation error
generated by the ANC, and it is bounded by |𝜀Max| ≥ |𝜀𝑖𝑛| > 0.

Other neural parameters of the ANC are defined by
𝜁 and 𝑚: the first one is the regressor vector and can be
defined as 𝜁 = [x(𝑡), ẋ(𝑡), x𝑘ref (𝑡),u(𝑡)]𝑇 and the second
one is the number of RBF neurons (𝑚 = 5) defined by
empirical criterion [21]. The vector of RBF functions is (𝜁) =[𝜑1(𝜁), 𝜑2(𝜁), . . . , 𝜑𝑚(𝜁)]𝑇; each vector component is defined
by

𝜑∗𝑖 (𝜁, c∗,𝜌∗) = exp [−𝜌∗2𝑖 𝜁 − c∗𝑖
2] (37)

with c∗ = [𝑐∗1 𝑐∗2 ⋅ ⋅ ⋅ 𝑐∗𝑛 ]𝑇 in the center of the receptive field
and 𝜌∗ is the width of the Gaussian function.

The optimal parameters of (36) are constant and
unknown. These parameters are used as analytical tool to
estimate their real values.The estimate neural parameters are
k̂, ŵ, and �̂�, and they are estimated parameter vectors of v∗,
w∗, and 𝜑∗, respectively; and ĉ and �̂� are the corresponding
estimation of c∗ and 𝜌∗, respectively.

Defining the neural parameter approximation error
(weights) like k̃ = k∗ − k̂, w̃ = w∗ − ŵ and function error
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like �̃� = 𝜑∗ − �̂�, the neural compensation expressed in (36)
can be written as𝑢𝑖𝑁 = k̂𝑇𝑖 �̂� (𝜁, ĉ, �̂�) + k̃𝑇𝑖 �̂� (𝜁, ĉ, �̂�) + k̂𝑇𝑖 �̃� (𝜁, c̃, �̃�)

+ k̃𝑇𝑖 �̃� (𝜁, c̃, �̃�) + ⋅ ⋅ ⋅ + 2∑
𝑗=1

(ŵ𝑇�̂� (𝜁, ĉ, �̂�))
𝑖𝑗
𝑢𝑗

+ 2∑
𝑗=1

(w̃𝑇�̂� (𝜁, ĉ, �̂�))
𝑖𝑗
𝑢𝑗

+ 2∑
𝑗=1

(ŵ𝑇�̃� (𝜁, c̃, �̃�))
𝑖𝑗
𝑢𝑗

+ 2∑
𝑗=1

(w̃𝑇�̃� (𝜁, c̃, �̃�))
𝑖𝑗
𝑢𝑗 + 𝜀𝑖𝑛,

(38)

where k̃𝑇𝑖 �̂�+ k̂𝑇𝑖 �̃� and w̃𝑇�̂�+ ŵ𝑇�̃� represent the learning error
of each neural term, and the terms (product of two errors)
like k̃𝑇𝑖 �̃� and ∑2𝑗=1(w̃𝑇�̃�)𝑖𝑗𝑢𝑗 can be considered into 𝜀𝑖𝑛.

Taking into account [22, 23], the neural approximations
can uniformly approximate any continuous function. Now, it
is possible to consider that k̂𝑖�̂� = Δ𝑓𝑖(𝑥) and∑2𝑗=1(ŵ𝑇�̂�)𝑖𝑗𝑢𝑗 =∑2𝑗=1 Δ𝑔𝑖𝑗(x)𝑢𝑗.

To obtain the closed loop equation, it is necessary to
consider the proposed sliding surface (25), and replacing the
robotic system (19) and also control law (35) with neural
compensation (38), the closed loop equation becomeṡ𝑆𝑖 = −𝐾𝐷𝑖𝑆𝑖 − k̃𝑇𝑖 �̂� (𝜁, ĉ, �̂�) − k̂𝑇𝑖 �̃� (𝜁, ĉ, �̂�)

− 2∑
𝑗=1

(w̃𝑇𝑖 �̂� (𝜁, ĉ, �̂�))𝑖𝑗 𝑢𝑗 − ⋅ ⋅ ⋅
− 2∑
𝑗=1

(ŵ𝑇𝑖 �̃� (𝜁, ĉ, �̂�))𝑖𝑗 𝑢𝑗 − 𝜀𝑖𝑛 − Γ𝑖 sign (𝑆𝑖) .
(39)

Using a Taylor’s series to approximate the function differ-
ence �̃� = 𝜑∗(𝜁, c∗,𝜌∗) − �̂�(𝜁, ĉ, �̂�) and taking the point c∗ = ĉ
and 𝜌∗ = �̂�, the expansion can be described by

𝜑∗ (𝜁, c∗,𝜌∗) = �̂� (𝜁, ĉ, �̂�) +Θ𝑇c̃ + Λ𝑇�̃�+O (𝜁, c̃, �̃�) , (40)

whereO(⋅) represents the high-order term in a Taylor’s series
approximation and Θ and Λ are derivatives of 𝜑∗(𝜁, c∗,𝜌∗)
with respect to c∗ and 𝜌∗ at (ĉ, �̂�). They are expressed as

Θ𝑇 = (𝜕𝜑 (𝜁, c∗,𝜌∗)𝜕c∗ ) c∗=ĉ
𝜌
∗=�̂�

,
Λ𝑇 = (𝜕𝜑 (𝜁, c∗,𝜌∗)𝜕𝜌∗ ) c∗=ĉ

𝜌
∗=�̂�

. (41)

From (40), the following is obtained:

�̃� = Θ𝑇c̃ + Λ𝑇�̃� +O (𝜁, c̃, �̃�) . (42)

From (42), the high-order termO(⋅) is bounded byO (𝜁, c̃, �̃�) = �̃� (⋅) −Θ𝑇c̃ − Λ𝑇�̃� ≤ ⋅ ⋅ ⋅≤ �̃� (⋅) + Θ𝑇c̃ + Λ𝑇�̃�≤ 𝑏1 + 𝑏2 ‖c̃‖ + 𝑏3 �̃� ≤ OMax,
(43)

where 𝑏1, 𝑏2, and 𝑏3 are constants used to determine the
boundedness ofO(⋅), due to the fact that the radial basis func-
tions (gauss bell functions) and its derivatives are bounded by𝑏1, 𝑏2, and 𝑏3. Replacing (42) with (39), the following can be
obtained:̇𝑆𝑖 = −𝐾𝐷𝑖𝑆𝑖 − k̃𝑇𝑖 �̂� (𝜁, ĉ, �̂�) − k̂𝑇𝑖 (Θ𝑇c̃ + Λ𝑇�̃� +O)

− 2∑
𝑗=1

(w̃𝑇�̂� (𝜁, ĉ, �̂�))
𝑖𝑗
𝑢𝑗 − ⋅ ⋅ ⋅

− 2∑
𝑗=1

(ŵ𝑇 (Θ𝑇c̃ + Λ𝑇�̃� +O))
𝑖𝑗
𝑢𝑗 − 𝜀1𝑛

− Γ𝑖 sign (𝑆𝑖) .
(44)

Now, considering all terms that contain high-order terms(O(⋅)) in (44) and including the neural approximation error,
they can be expressed as “𝜀Max,” and it is bounded by a
constant, as shown in (45):

𝜀Max
 = k̂𝑇𝑖 O + 2∑

𝑗=1

(ŵ𝑇O)
𝑖𝑗
𝑢𝑗 + 𝜀𝑖𝑛 ≤ Γ𝑖 𝑖 = 1, 2. (45)

5. Neural Parameters Tuning

To achieve a stable adjustment law, a Lyapunov’s candidate
function must be proposed and it must consider all neural
parameters (error, neural weights, spreads, and centers); the
proposed function is

𝑉 = 12 { 2∑
𝑖=1

[𝑆2Ω𝑖 + k̃𝑇𝑖 k̃𝑖𝛼𝑖 + w̃𝑇𝑖 w̃𝑖𝛽𝑖 ] + ( c̃𝑇c̃𝛾1 + �̃�𝑇�̃�𝛾2 )} , (46)

where 𝛼𝑖 ∈ R1×1, 𝛽𝑖 ∈ R1×1, 𝛾1 ∈ R1×1, and 𝛾2 ∈ R1×1

are nonnegative constants, respectively. 𝑛 is outputs number(𝑛 = 2) and 𝑚 is neurons number (𝑚 = 5). In this analysis,
to reduce any possible cause of chattering effect, a boundary
layer thickness Ω𝑖 is defined, and 𝑆Ω𝑖 can be computed as
follows:

𝑆Ω𝑖 = 𝑆𝑖 − Ω𝑖 sat( 𝑆𝑖Ω𝑖)
sat( 𝑆𝑖Ω𝑖) = {{{{{

sign (𝑆𝑖) if 𝑆𝑖 ≥ Ω𝑖( 𝑆𝑖Ω𝑖) if 𝑆𝑖 < Ω𝑖.
(47)
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In this analysis, the sign function was changed by a saturation
function, in similar way as done by [14, 24]. This boundary
layer (BL) smoothes out the control behavior and ensures that
the system states remain within this layer𝑆Ω𝑖 = {𝑒𝑖 ∈ R | 𝑆𝑖 (𝑒𝑖) ≤ Ω𝑖} . (48)

Now, the derivative of 𝑉 (46) with respect to time is written
in (49), noting that 𝑆Ω𝑖 = 0 inside the BL and ̇𝑆Ω𝑖 = ̇𝑆𝑖 outside.
Then (49) can be expressed as𝑑𝑉𝑑𝑡 = 2∑

𝑖=1

[𝑆Ω𝑖 𝑑𝑆𝑖𝑑𝑡 + 𝛼−1𝑖 k̃𝑇𝑖 𝑑k̃𝑖𝑑𝑡 + 𝛽−1𝑖 w̃𝑇𝑖 𝑑w̃𝑖𝑑𝑡 ]
+ (𝛾−11 𝑑c̃𝑇𝑑𝑡 c̃ + 𝛾−12 𝑑�̃�𝑇𝑑𝑡 �̃�) .

(49)

Substituting (44) in (49), the following is obtained:

𝑑𝑉𝑑𝑡 = 2∑
𝑖=1

[[−𝐾𝐷𝑖𝑆2Ω𝑖 − 𝑆Ω𝑖k̃𝑇𝑖 �̂� (𝜁, ĉ, �̂�) − 𝑆Ω𝑖k̂𝑇𝑖 Θ𝑇c̃− 𝑆Ω𝑖k̂𝑇𝑖 Λ𝑇�̃� − 𝑆Ω𝑖k̂𝑇𝑖 O
− 𝑆Ω𝑖 2∑
𝑗=1

(w̃𝑇�̂� (𝜁, ĉ, �̂�))
𝑖𝑗
𝑢𝑗 − ⋅ ⋅ ⋅

− 𝑆Ω𝑖 2∑
𝑗=1

(ŵ𝑇𝑖 (Θ𝑇c̃ + Λ𝑇�̃� +O))
𝑖𝑗
𝑢𝑗 − 𝑆Ω𝑖𝜀𝑖𝑛

− Γ𝑖 𝑆Ω𝑖 + 𝛼−1𝑖 k̃𝑇𝑖 𝑑k̃𝑖𝑑𝑡 + 𝛽−1𝑖 w̃𝑇𝑖 𝑑w̃𝑖𝑑𝑡 ]] + ⋅ ⋅ ⋅
+ (𝛾−11 𝑑c̃𝑇𝑑𝑡 c̃ + 𝛾−12 𝑑�̃�𝑇𝑑𝑡 �̃�) .

(50)

Rearranging (50),

𝑑𝑉𝑑𝑡 = ∑
𝑖

[[−𝐾𝐷𝑖𝑆2Ω𝑖 − 𝑆Ω𝑖k̃𝑇𝑖 �̂� (𝜁, ĉ, �̂�) − 𝑆Ω𝑖k̂𝑇𝑖 Θ𝑇c̃
− 𝑆Ω𝑖k̂𝑇𝑖 Λ𝑇�̃� − 𝑆Ω𝑖k̂𝑇𝑖 O + 𝛼−1𝑖 k̃𝑇𝑖 𝑑k̃𝑖𝑑𝑡 + 𝛽−1𝑖 w̃𝑇𝑖 𝑑w̃𝑖𝑑𝑡
− 𝑆Ω𝑖 2∑
𝑗=1

(ŵ𝑇𝑖 Θ𝑇c̃)𝑖𝑗 𝑢𝑗 − 𝑆Ω𝑖 2∑
𝑗=1

(ŵ𝑇𝑖 Λ𝑇�̃�)𝑖𝑗 𝑢𝑗
− 𝑆Ω𝑖 2∑
𝑗=1

(ŵT
𝑖 O)𝑖𝑗 𝑢𝑗 − 𝑆Ω𝑖 2∑

𝑗=1

(w̃𝑇�̂� (𝜁, ĉ, �̂�))
𝑖𝑗
𝑢𝑗

− 𝑆Ω𝑖𝜀𝑖𝑛 − Γ𝑖 𝑆Ω𝑖]] + ⋅ ⋅ ⋅ + (𝛾−11 𝑑c̃
𝑇𝑑𝑡 c̃ + 𝛾−12 𝑑�̃�𝑇𝑑𝑡

⋅ �̃�) .

(51)

Now grouping terms in (51) leads to

𝑑𝑉𝑑𝑡 = 2∑
𝑖=1

[[−𝐾𝐷𝑖𝑆2Ω𝑖 + k̃𝑇𝑖 (−𝑆Ω𝑖�̂� (𝜁, ĉ, �̂�) + 𝛼−1𝑖 𝑑k̃𝑖𝑑𝑡 )
+ w̃𝑇𝑖 (−𝑆Ω𝑖 2∑

𝑗=1

�̂�𝑗 (𝜁, ĉ, �̂�) 𝑢𝑗 + 𝛽−1𝑖 𝑑w̃𝑖𝑑𝑡 ) − ⋅ ⋅ ⋅
− 𝑆Ω𝑖(k̂𝑇𝑖 O + 2∑

𝑗=1

(ŵ𝑇O)
𝑖𝑗
𝑢𝑗 + 𝜀𝑖𝑛) − Γ𝑖 𝑆Ω𝑖]]

+ (− 2∑
𝑖=1

[[𝑆Ω𝑖k̂𝑇𝑖 Λ𝑇 + 𝑆Ω𝑖
2∑
𝑗=1

(ŵ𝑇Λ𝑇)
𝑖𝑗
𝑢𝑗]]

+ 𝛾−12 𝑑�̃�𝑇𝑑𝑡 ) �̃� + ⋅ ⋅ ⋅
+ (− 2∑
𝑖=1

[[𝑆Ω𝑖k̂𝑇𝑖 Θ𝑇 + 𝑆Ω𝑖
2∑
𝑗=1

(ŵ𝑇Θ𝑇)
𝑖𝑗
𝑢𝑗]]

+ 𝛾−11 𝑑c̃𝑇𝑑𝑡 ) c̃.

(52)

Now ̇̃k, ̇̃w, ̇̃c, and ̇̃𝜌 are selected as

𝑑k̃𝑖𝑑𝑡 = 𝛼𝑖𝑆Ω𝑖�̂� (𝜁, ĉ, �̂�) ,𝑑w̃𝑖𝑑𝑡 = 𝛽𝑖𝑆Ω𝑖 2∑
𝑗=1

�̂�𝑗 (𝜁, ĉ, �̂�) 𝑢𝑗,
𝑑�̃�𝑇𝑑𝑡 = 𝛾2 2∑

𝑖=1

𝑆Ω𝑖 [[k̂𝑇𝑖 Λ𝑇 +
2∑
𝑗=1

(ŵ𝑇Λ𝑇)
𝑖𝑗
𝑢𝑗]] ,𝑑c̃𝑇𝑑𝑡 = 𝛾1 2∑

𝑖=1

𝑆Ω𝑖 [[k̂𝑇𝑖 Θ𝑇 +
2∑
𝑗=1

(ŵ𝑇Θ𝑇)
𝑖𝑗
𝑢𝑗]] .

(53)

Considering (53) into (52), then (52) can be rewritten as

𝑑𝑉𝑑𝑡 = 2∑
𝑖=1

− 𝐾𝐷𝑖𝑆2Ω𝑖 − Γ𝑖 𝑆Ω𝑖
− 𝑆Ω𝑖(k̂𝑇𝑖 O + 2∑

𝑗=1

(ŵ𝑇O)
𝑖𝑗
𝑢𝑗 + 𝜀𝑖𝑛) . (54)

From (54), it follows that𝑑𝑉𝑑𝑡 ≤ ∑
𝑖

(−𝐾𝐷𝑖𝑆2𝑖 + 𝜀Max
 𝑆Ω𝑖 − Γ𝑖 𝑆Ω𝑖) < 0. (55)
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Table 1: Mobile robot parameters.

Parameters Pioneer 3DX Pioneer 2DX Units𝜅1 0.24089 0.3037 s𝜅2 0.2424 0.2768 s𝜅3 −9.3603e−4 −4.018e−4 s⋅m/rad2𝜅4 0.99629 0.9835𝜅5 −3.725e−3 −3.818e−3 s/m𝜅6 1.0915 1.0725

We integrate both sides of (55) which is defined as

∫𝑡𝑆
0
∑
𝑖

(𝐾𝐷𝑖 𝑆Ω𝑖2 + Γ𝑖 𝑆Ω𝑖 − 𝜀Max
 𝑆Ω𝑖) 𝑑𝑡

≤ −∫𝑡𝑆
0
(𝑑𝑉𝑑𝑡 ) 𝑑𝑡 = [𝑉 (0) − 𝑉 (𝑡𝑠)] .

(56)

Because 𝑉(0) is bounded, and 𝑉(𝑡𝑠) is also bounded and
nonincreasing, the following can be obtained:

lim
𝑡𝑆→∞

[−∫𝑡𝑆
0
(𝑑𝑉𝑑𝑡 ) 𝑑𝑡] = 𝑉 (0) − 𝑉 (𝑡𝑠) < ∞. (57)

Therefore, by Barbalat’s lemma [17], it can be shown that
lim𝑡𝑆→∞(−𝑑𝑉(𝑡)/𝑑𝑡) = 0. That is, 𝑆(𝑡) tends to zero as 𝑡 tends
to infinity.

As a result, the proposed control is stable. Moreover,
the control error of the dynamic part will converge to zero
asymptotically according to 𝑆(𝑡) → 0.

From (53), considering k̇∗𝑖 = 0, ẇ∗𝑖 = 0, ̇c∗ = 0, and �̇�∗ =0, the neural adjusting rules are𝑑k̂𝑖𝑑𝑡 = −𝛼𝑖𝑆Ω𝑖�̂� (𝜁, ĉ, �̂�) , (58)

𝑑ŵ𝑖𝑑𝑡 = −𝛽𝑖𝑆Ω𝑖 2∑
𝑗=1

�̂�𝑗 (𝜁, ĉ, �̂�) 𝑢𝑗, (59)

𝑑�̃�𝑇𝑑𝑡 = −𝛾−12 2∑
𝑖=1

𝑆Ω𝑖 [[k̂𝑇𝑖 Λ𝑇 +
2∑
𝑗=1

(ŵ𝑇Λ𝑇)
𝑖𝑗
𝑢𝑗]] , (60)

𝑑ĉ𝑇𝑑𝑡 = −𝛾−11 2∑
𝑖=1

𝑆Ω𝑖 [[k̂𝑇𝑖 Θ𝑇 +
2∑
𝑗=1

(ŵ𝑇𝑖 Θ𝑇)𝑖𝑗 𝑢𝑗]] . (61)

Equations (58)–(61) are addressed to the tuning online of the
dynamic compensation. Equations (58) and (59) adjust the
neural weights, and (60) and (61) are responsible for setting
the widths and the centers of each RBF vector of the ANC.

6. Experimental Results and Discussion

This section analyzes the performance of the proposed
control technique, a single experiment is executed, and the
corresponding results are presented below. To implement the
experiment, a pioneer 2DX is used. The robot’s parameters
are indicated in Table 1. The control action commands

Figure 3: Pioneer 2DX mobile robot.

of the WMR are linear and angular velocities. Figure 3
shows a pioneer 2DX, and it has an 800MHz Intel-Pentium
with 512Mb of memory RAM onboard CPU in which the
proposed control technique is implemented.

In the experiment, the odometric sensors are used to
sense the robot position; this experiment tries to demonstrate
the advantages of CSMC-AMCmethod with respect to other
control techniques from the literature.

The experiment is performed in the following manner:
the robotmust follow a predetermined trajectory (in this case
a pentagon), where the dynamic controller is calibrated with
different parameters not corresponding to the pioneer 2DX
robot on the nominal model part (𝑓𝑖(𝑥) and 𝑔𝑖(𝑥) in (33))
(being the parameters of the 3DX pioneer robot).

The ANC (adaptive neural compensator) is activated at
50 sec. after initiating the experiment. Such compensator
reduces the control error produced by the difference between
the real and nominal dynamical structure, while the sliding
part is used to eliminate the residual error added by the
neural approximation, reducing the control error 𝑒(𝑡), and
therefore the error position 𝑒𝑟(𝑡) too. The registered results
in the experiment are presented in Figures 4–9.

The response driven by the proposed control technique
shows a larger value of the trajectory error because the robot
is far away from the reference trajectory in the initialmoment.
Since the ANC can compensate these phenomena through
learning, it can be seen that after 50 secs. of the initial time,
there is a transitory error due to the initial commutation
of the ANC, but then the tracking errors are continuously
reduced and a better tracking performance of the proposed
control technique is obtained. Figure 6 shows the control
actions and the WMR output speeds of the CSMC-ANC
technique, while Figure 5 depicts the desired and followed
trajectory by the WMR with CSMC-ANC.

In Figure 7, the trajectory errors for the experiments using
the proposed CSMC-ANC technique to follow the desired
reference trajectory are shown.The trajectory error is defined
as the error norm of the difference between the instantaneous
distance of theWMR and the desired reference. It does easily
verify that the error at final time is less than the initial position
error. Figures 8 and 9 show the neural weights evolution
during the experiment. In both figures, it can be observed that
the network starts to set the weights from 50 sec., that is, the
instant when the ANC compensator is activated.
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In this work, a control technique is presented that uses
two SMC based controllers to control the trajectory of a
mobile robot. The design of the proposed control technique
was done to avoid the chattering effect. Therefore, the
controller uses an adaptive part (ANC) to reduce the effect
produced by the discontinuous function in the control
action; this discontinuity is the main cause of this effect.
And to ensure the reduction, the discontinuous function was
replaced by the saturation function equation (47) smoothing
the output response. Further, the cascade SMC with ANC is
robust and efficient with respect to the dynamical variations
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Figure 6: Control actions and output speeds of the WMR and by
the cascade SMC with ANC.
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after 50 sec.

of the WMR. In addition, it is effective in reducing the
control error produced by the parameter variations or model
uncertainties. The proposed controller designed in this
research work for a WMR does not use the real dynamics for
its implementation.

In the literature, there are many mathematical formu-
lations for WMR dynamics not concerned with perfect
accuracy, but the response of the cascade SMC-ANC as a
control action to these dynamic variations as well as possible
parameter variations of the WMR improves the system
robustness.
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SMC with ANC during the experiment.

The proposed control technique design methodology
presented in this research work admits two significant char-
acteristics, with important implications for WMR control
design applications. The first one, the pair CSMC-ANC, is
stable and its control error tends to zero (Section 6). And
second one can be considered as a possible solution for the
control of WMR and of any nonlinear systems, when the
uncertainties are present in the robot dynamics or there are
parameter variations in the robot.

7. Conclusions

In this research work, the problem of using two SMC
controllers connected in cascaded has been considered. One
of them uses an adaptive neural compensation (ANC). This
techniquewas applied to nonlinear systemswith nonmodeled
uncertainties.

In the proposed technique, it is necessary to highlight
that the controller design of the dynamic part was built
using the combination of a feedback linearization controller
and a SMC with an adaptive neural compensation (ANC).
This control technique guarantees asymptotic convergence
through a Lyapunov-based adaptive neural compensation.

The ANC in combination with SMC can reduce the
control error caused by parameters variations of the WMR
that affects the feedback linearization built with the known
dynamics. This compensation modifies the control action
to reduce the effects of dynamic variations of the WMR or
model uncertainties. The main advantage of this technique
is that the ANC does not need to learn all the dynamics
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Figure 9: Evolution of the neural input weights (𝜑) of the cascade
SMC with ANC during the experiment.

of the system structure, and it was designed to compensate
only the dynamic variations and all possible uncertainties in
the model. All other errors tend to zero by the action of the
CSMC.

By experimental results, the proposed method has been
shown to reduce trajectory errorsmore than the conventional
SMC.

Appendix

Parameters Description

The identified parameters [15] can be described by

𝜅1 = (((𝑅𝑎/𝑘𝑎) (𝑀𝑅𝑡𝑟 + 2𝐼𝑒) + 2𝑟𝑘𝐷𝑇)2𝑟𝑘𝑃𝑇 ) ,
𝜅2
= (((𝑅𝑎/𝑘𝑎) (𝐼𝑒𝑑2 + 2𝑅𝑡𝑟 (𝐼𝑧 +𝑀𝑏2)) + 2𝑟𝑑𝑘𝐷𝑅)2𝑟𝑑𝑘𝑃𝑅 ) ,
𝜅3 = ((𝑅𝑎/𝑘𝑎)𝑀𝑏𝑅𝑡2𝑘𝑃𝑇 ) ;
𝜅4 = ((𝑅𝑎/𝑘𝑎) (𝑘𝑎𝑘𝑏/𝑅𝑎 + 𝐵𝑒)𝑟𝑘𝑃𝑇 + 1) ,
𝜅5 = ((𝑅𝑎/𝑘𝑎)𝑀𝑏𝑅𝑡𝑑𝑘𝑃𝑅 ) ;
𝜅6 = ((𝑅𝑎/𝑘𝑎) (𝑘𝑎𝑘𝑏/𝑅𝑎 + 𝐵𝑒) 𝑑2𝑟𝑘𝑃𝑅 + 1) .

(A.1)
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In these relations, 𝑀 is the robot mass; 𝑟 is the radius of
the left and right wheels; kb is equal to the electromotoric
force constant multiplied by the reduction constant; Ra is the
electric resistance; ka is the constant of torque multiplied by
the reduction constant; 𝑘𝑃𝑅, 𝑘𝑃𝑇, y 𝑘𝐷𝑇 are positive constants;
Ie and Be are the moment of inertia and the viscous friction
coefficient both belonging to the combination of motor,
gearbox, andwheel; andRt is the nominal radius of the wheel.
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A collision-free trajectory planner for a car-like mobile robot moving in complex environments is introduced and the influence
of the coefficient of friction on important working parameters is analyzed. The proposed planner takes into account not only the
dynamic capabilities of the robot but also the behaviour of the tire. This planner is based on sequential quadratic programming
algorithms and the normalized time method. Different values for the coefficient of friction have been taken following a normal
Gaussian distribution to see its influence on the working parameters. The algorithm has been applied to several examples
and the results show that computation times are compatible with real-time work, so the authors call them efficient generated
trajectories as they avoid collisions. Besides, working parameters such as the minimum trajectory time, the maximum vehicle
speed, computational time, and consumed energy have been monitored and some conclusions have been reached.

1. Introduction

Trajectory planning in Robotics has been a field of active
work for decades, and, in recent years, its application to
mobile robots and autonomous vehicles has gained particular
relevance, given the importance of industrial use in the case
of robots and safety in the area of vehicles [1, 2].

These uses introduce the need for nonholonomic restric-
tions when the robot is modelled, and in many cases this
raises the issue of obtaining the trajectory as an optimization
problem, as in Peng et al. [3]. In the case of autonomous
vehicles, there are specific problems associated with driving
on different road types (see Katrakazas et al. [4]).

Many authors have based the generation of trajectories
on paths adjusted for different functions using, for example,
Bezier curves [5, 6], B-splines, as in Elbanhawi et al. [7],
clothoid curves (see Broggi et al. [8]), and polynomials [9, 10].

Techniques for trajectory planning seek continuous func-
tions and their derivatives, with the consequent impact on the
robot’s kinematic and dynamic response, which will also be
subject to specific restrictions in each case.

Effectiveness and operating capability of performing a
prescribed trajectory for mobile robots, as for any other
vehicle, will depend heavily on their dynamic behaviour.

In cases where the trajectory is generated along a pre-
viously obtained path without considering the dynamic
constraints of the robot and its ability to transmit forces to
the ground, its feasibility is not guaranteed, nor is the time
required for it to be performed, so the efficiency of work done
by the robot cannot be verified.

Significant simplifications are required to model the
dynamics of the robot so that it can work with reduced
computing times, and in four-wheel (car-type) robots it
is usual to work with the “bicycle” model and different
alternativeswhen considering tire behaviour, fromneglecting
them, as in Wang and Qi [11], to different approaches, as in
Jeon et al. [12] and Cong et al. [13]. See also the dynamic
model proposed by Staicu [14].

This paper presents a planner for obtaining trajectories
for four-wheel robots while considering their dynamic prop-
erties. This planner, which is able to work efficiently, is based
on solving optimization problems recursively.
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The values of the coefficient of friction have been taken
from a normal Gaussian distribution.

One objective of this paper is to determine the influence
of the coefficient of friction on important operating param-
eters such as minimum trajectory time, maximum speed of
the robot, computational time, and consumed energy.

The dynamic approach includes modelling the entire car-
like robot, including tires, engine, brakes, and transmis-
sion system, with the aim of seeking feasible and efficient
trajectories for the robot and analysing the influence of
the coefficient of friction on the working parameters. This
approach marks a clear difference with other planners that
only include kinematic constraints, as in Simba et al. [15, 16].
Those planners either are conservative or do not guarantee
the feasibility of the trajectories, as in Li and Shao [17] and
Tokekar et al. [18].

Efficient computation time is achieved by simplifying the
dynamic model, rapidly evaluating collisions, as explained
in Rubio et al. [19], and generating a trajectory based on
a path that is composed of parts which are defined by
coordinates corresponding to polynomial functions of time.
The efficiency of the trajectory is due to the fact that it uses the
full dynamic capability of the robot. It starts from an initial
minimum time trajectory that is adapted to environmental
obstacles, the efficiency of which is shown in the examples
analysed. A lot of examples (up to 100) have been solved
by varying the coefficient of friction. The results have been
monitored using the corresponding graphs in Section 5.

2. Dynamic Model of the Robotic Vehicle

In this section, we present the modelling of the dynamic
behaviour of a mobile robot with tires. This model will
be used in an iterative process that requires a sequence of
optimization problems to be solved. Dynamic restrictions
are essential to find feasible trajectories and are based on
simplified but safe modelling.

Other authors have also used a simplified dynamicmodel,
demonstrating its efficiency. For example, in Cazalilla et al.
[20], the authors reduce the number of relevant dynamic
parameters for the sake of simplicity of the model. Another
example of simplified dynamic model can be found in Iriarte
et al. [21]. To work in real time, Pastorino et al. [22] also resort
to simplification in the modelling of the vehicle.

The robot used as an example has four wheels arranged
symmetrically about its central axis, with the driving torque
acting on the rear wheels, with braking on all wheels, and
with front-wheel steering. The tire behaviour is crucial for
determining the dynamic performance of the robot.

In addition, the following simplifying assumptions are
considered:

(i) There are no roll and pitch motions.
(ii) There is no side load transfer.
(iii) There are no aerodynamic effects.
(iv) A “bicycle” type, planar model is used with three

degrees of freedom and a restriction associated with
the steering angle.The front wheels are simplified and

GR F

b

G

h

l

a FR

ZG

XG

XG

YG

Figure 1: Geometry and its simplification.
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Figure 2: Robot configuration.

replaced by one that will account for the force exerted
by the two.The same simplification applies to the rear
wheels.

(v) The steering angle is equal for each front wheel and
corresponds to the steering angle of the “bicycle
model.”

The geometry of the robot is shown at the top of Figure 1, in
a side view, and the reduction to the “bicycle model” can be
seen in the plan view.

2.1. Features of the Trajectory. A trajectory is establishedusing
time-dependent Cartesian components of the position (see
Figure 2).
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The position (𝐺) of the COG of the robot is

𝑥 = 𝑎𝑥 + 𝑏𝑥𝑡 + 𝑐𝑥𝑡2 + 𝑑𝑥𝑡3,
𝑦 = 𝑎𝑦 + 𝑏𝑦𝑡 + 𝑐𝑦𝑡2 + 𝑑𝑦𝑡3.

(1)

By differentiatingwith respect to time, theCOG’s velocity and
acceleration are obtained.

The orientation of the velocity of 𝐺 is

𝜑 (𝑡) = tan−1 ( ̇𝑦
�̇�) . (2)

Considering the small sideslip angles both in the vehicle
and in the tires and ̇𝛽 negligible compared to �̇�, the robot
kinematics can be written as a function of (1) and its
derivatives.

The sideslip angle in the rear wheel is obtained from the
components of its velocity in local coordinates 𝑋𝐺𝑌𝐺 (see
Figure 3):

→𝑉𝑙𝑅 ≈ (�̇�2 + ̇𝑦2)1/2 ⃗𝑖𝑙
+ ((�̇�2 + ̇𝑦2)1/2 𝛽 − 𝑏�̇� ̈𝑦 − ̇𝑦�̈�

�̇�2 + ̇𝑦2 ) ⃗𝑗𝑙,
(3)

where

𝛽𝑅 ≈ 𝛽 − (�̇� ̈𝑦 − ̇𝑦�̈�) 𝑏
(�̇�2 + ̇𝑦2)3/2 . (4)

Proceeding in a similar way to that used to obtain (4), the
sideslip angle in the front axle is

𝛽𝐹 ≈ 𝛿 − 𝛽 − (�̇� ̈𝑦 − ̇𝑦�̈�) 𝑎
(�̇�2 + ̇𝑦2)3/2 , (5)

where 𝛿 is the steering angle.
Lateral acceleration in local coordinates (𝑌𝐺) direction is

𝐴𝑌𝐺𝐺 ≈ (−�̈� sin𝜑 + ̈𝑦 cos𝜑) − (�̈� cos𝜑 + ̈𝑦 sin𝜑) 𝛽. (6)

X

Y

G

F

R

⃗





F

R



→
An

G

→
At

G

V⃗F

V⃗G

V⃗R

YG

XG

Figure 4: Lateral forces on tires.

Under the small sideslip hypothesis, it is usual to consider the
lateral behaviour of the tires linearly, so as the front and rear
tires are equal, the lateral forces are

𝐹𝑅𝑇 = −𝐾𝑇𝛽𝑅
𝐹𝐹𝑇 = −𝐾𝑇𝛽𝐹

(7)

with a direction normal to the rim and opposite to the sideslip
(see Figure 4).

The equilibrium equation of the side forces of the robot
considering small 𝛿 is

𝐹𝑅𝑇 + 𝐹𝐹𝑇 = 𝑚𝐴𝑌𝐺𝐺 . (8)

The equation of moments is

𝑎𝐹𝐹𝑇 − 𝑏𝐹𝑅𝑇 = 𝐼𝑧�̇�, (9)

where 𝐼𝑧 is the moment of inertia of the vehicle around an
axis parallel to 𝑍 passing through 𝐺.

Equations (8) and (9) are a linear system that enables 𝛽
and 𝛿 to be obtained as functions of the kinematics, tire’s
lateral stiffness, and the inertial characteristics of the vehicle.
Using these values, 𝛽𝑅 and 𝛽𝐹 can be obtained from (4) and
(5), respectively.

2.2. Forces Transmitted by the Tire. A force at the contact
point of the tire with the ground is considered, so, in local
coordinates,

�⃗�𝐹 = 𝐹𝑋𝐺𝐹 ⃗𝑖𝑙 + 𝐹𝑌𝐺𝐹 ⃗𝑗𝑙 + 𝐹𝑍𝐺𝐹 �⃗�𝑙,
�⃗�𝑅 = 𝐹𝑋𝐺𝑅 ⃗𝑖𝑙 + 𝐹𝑌𝐺𝑅 ⃗𝑗𝑙 + 𝐹𝑍𝐺𝑅 �⃗�𝑙.

(10)

In 𝑋𝐺 direction, assuming a small steering angle, the follow-
ing equilibrium equation is set:

𝐹𝑋𝐺𝐹 + 𝐹𝑋𝐺𝑅 = 𝑚𝐴𝑋𝐺 , (11)

where

𝐴𝑋𝐺 = �̈� cos (𝛽 + 𝜑) + ̈𝑦 sin (𝛽 + 𝜑) . (12)
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In the front wheel,
𝐴𝑋𝐺 > 0 →
𝐹𝑋𝐺𝐹 = 0,
𝐴𝑋𝐺 ≤ 0 →
𝐹𝑋𝐺𝐹 = 0.6𝑚𝐴𝑋𝐺 + 𝐹𝑋𝐺𝐹𝑟

(13)

with losses due to rolling motion:

𝐹𝑋𝐺𝐹𝑟 = 𝜇𝑟𝐹𝑍𝐺𝐹 , (14)

where 𝜇𝑟 is considered constant because the velocity and
sideslip angles are small.

The force on the rear wheel is
𝐴𝑋𝐺 > 0 →
𝐹𝑋𝐺𝑅 = 𝑚𝐴𝑋𝐺 + 𝐹𝑋𝐺𝑅𝑟 + 𝐹𝑋𝐺𝐹𝑟 ,
𝐴𝑋𝐺 ≤ 0 →
𝐹𝑋𝐺𝑅 = 0.4𝑚𝐴𝑋𝐺 + 𝐹𝑋𝐺𝑅𝑟

(15)

with
𝐹𝑋𝐺𝑅𝑟 = 𝜇𝑟𝐹𝑍𝐺𝑅 . (16)

Equations (13) and (15) are in line with the torque applied to
the rear wheels (for positive𝐴𝑋𝐺), while the braking torque is
divided between the front (60%) and rear wheels (40%) when
the acceleration is negative.

Components in direction 𝑌𝐺, for small sideslip angles,
correspond to a linear lateral slip behaviour of the tire and
are given by (7).

Components in direction𝑍𝐺, taking into account only the
load transfer due to longitudinal acceleration (direction𝑋𝐺),
are

𝐹𝑍𝐺𝐹 = 𝑚𝑙 (𝑏𝑔 − 𝐴
𝑋𝐺ℎ) ,

𝐹𝑍𝐺𝑅 = 𝑚𝑙 (𝑎𝑔 + 𝐴
𝑋𝐺ℎ) .

(17)

A circle is set, limiting the friction force for the combined
forces at each wheel, which prevents them fromworking with
higher friction forces than those defined by 𝜇𝑡.

√(𝐹𝑋𝐺𝐹 )2 + (𝐹𝑌𝐺𝐹 )2 < 𝜇𝑡𝐹𝑍𝐺𝐹 ,

√(𝐹𝑋𝐺𝑅 )2 + (𝐹𝑌𝐺𝑅 )2 < 𝜇𝑡𝐹𝑍𝐺𝑅 .
(18)

2.3. Driving Force. The car-like mobile robot has an electric
engine with rear wheel driving and steering on the front
wheels. The maximum torque that can be transmitted to
the rear wheels is conditioned by the characteristics of the
transmission and the limitations of the engine, so a driving
force is achieved which is limited by the curve in Figure 5.

Using this restriction, both the integrity of the transmis-
sion and the possibility of achieving the best performance
required of the engine transmission system are guaranteed.
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Figure 5: Driving force versus velocity.

3. Modelling of the Trajectory

The trajectory equations between successive configurations
are

∀𝑡 ∈ [0, 𝑡𝑗]
↓

𝑥𝑗 = 𝑎𝑥𝑗 + 𝑏𝑥𝑗𝑡 + 𝑑𝑥𝑗𝑡2 + 𝑒𝑥𝑗𝑡3
𝑦𝑗 = 𝑎𝑦𝑗 + 𝑏𝑦𝑗𝑡 + 𝑑𝑦𝑗𝑡2 + 𝑒𝑦𝑗𝑡3,

(19)

where 𝑗 = 1, . . . , 𝑚 − 1.
A robot configuration is given by the position and

orientation of the center of gravity of the mobile robot in
global coordinates.

The following conditions associated with the given con-
figurations are considered in order to ensure continuity.

(i) Position. For each interval, the initial and final configura-
tions are known, so (4 (𝑚 − 1)) equations are established:

𝑥𝑗 (0) = 𝑥𝑗,
𝑦𝑗 (0) = 𝑦𝑗,
𝑥𝑗 (𝑡𝑗) = 𝑥𝑗+1,
𝑦𝑗 (𝑡𝑗) = 𝑦𝑗+1.

(20)

(ii) Velocity. The initial and final velocities of the trajectory
must be zero, so four new equations are established:

�̇�1 (0) = 0,
̇𝑦1 (0) = 0,

�̇�𝑚−1 (𝑡𝑚) = 0,
̇𝑦𝑚−1 (𝑡𝑚) = 0.

(21)
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At each intermediate step, the final velocity of the previous
interval must be equal to the start of the next, leading to
(2 (𝑚 − 2)) equations:

�̇�𝑗 (0) = �̇�𝑗−1 (𝑡𝑗−1) ,
̇𝑦𝑗 (0) = ̇𝑦𝑗−1 (𝑡𝑗−1) .

(22)

(iii) Acceleration. At each intermediate step, the final acceler-
ation of the previous interval must be equal to the start of the
next, leading to (2 (𝑚 − 2)) equations:

�̈�𝑗 (0) = �̈�𝑗−1 (𝑡𝑗−1) ,
̈𝑦𝑗 (0) = ̈𝑦𝑗−1 (𝑡𝑗−1) .

(23)

Once the times needed to perform the trajectory between the
different configurations for each interval are known, a linear
system of equations is established, which makes it possible
to obtain the coefficients of the cubic polynomials, providing
an efficient solution using the normalized time method (see
[23]).

3.1.MinimumTimeTrajectory. Theminimum time trajectory
must also meet the following restrictions:

(i) The driving force cannot exceed the value determined
by the limit transmitted to the wheel according to Figure 5:

𝐹𝑋𝐺𝑅 (𝑡) ≤ 𝐹𝑋𝐺𝑅max ∀𝑡 ∈ [0, 𝑡𝑗] with 𝑗 = 1, . . . , 𝑚 − 1. (24)

(ii) Forces on the tiresmust not exceed the limit of friction
force at any point of the trajectory, so that, according to (18),
the following equations are fulfilled:

√(𝐹𝑋𝐺𝐹 (𝑡))2 + (𝐹𝑌𝐺𝐹 (𝑡))2 < 𝜇𝑡𝐹𝑍𝐺𝐹 (𝑡)

√(𝐹𝑋𝐺𝑅 (𝑡))2 + (𝐹𝑌𝐺𝑅 (𝑡))2 < 𝜇𝑡𝐹𝑍𝐺𝑅 (𝑡)
∀𝑡 ∈ [0, 𝑡𝑗] with 𝑗 = 1, . . . , 𝑚 − 1.

(25)

(iii) The maximum velocity at any point of the trajectory
is limited:
�⃗�𝐺 (𝑡) < 𝑉max; ∀𝑡 ∈ [0, 𝑡𝑗] with 𝑗 = 1, . . . , 𝑚 − 1, (26)

where �⃗�𝐺(𝑡) is the velocity of the center of gravity in global
coordinates.

The minimum time is obtained by solving an optimiza-
tion problemusing the restrictions detailed above as variables
of time for each interval of the trajectory, and the objective
function is as follows:

𝑚−1∑
𝑗=1

𝑡𝑗 = 𝑡min. (27)

3.2. Obstacles. Patterned obstacles such as spheres, cylinders,
and rectangular prisms are used (see [19]), so any geometry
will be wrapped up by combinations of these basic obstacles.

G

YG

XG

Figure 6: Wire-frame vehicle with grown obstacle.

3.3. Collision Detection. The wire-frame model of the robot
with grown obstacle techniques (Figure 6) is used to check
for collisions (see [24]).

3.4. Generation of the Trajectory without Collision. The
problem posed is that of obtaining a feasible and efficient
trajectory for a robot in an environment with static obstacles,
which enables motion between two given configurations (𝑐𝑖
and 𝑐𝑓). An efficient trajectory is one which is close to the
minimum time with a relatively low computational cost and
respects the limitations of the robot dynamics. Obviously, the
feasibility of the trajectory implies the absence of collisions.

The process proposed to solve the problem includes the
following steps.

3.4.1. Calculation of the Initial Minimum Time Trajectory.
Trajectory 𝑇min, linked to the sequence of configurations
𝐶 = {𝑐𝑖, 𝑐𝑓}, is obtained using the procedure described in
Section 3.1.

3.4.2. Search for Collisions. The first configuration from 𝑇min
which presents a collision cc is identified, and then a previous
and near configuration 𝑐𝑎 is sought.
3.4.3. Generation of Adjacent Trajectories. Four configura-
tions around 𝑐𝑎 are generated (𝑐𝑎𝑗, 𝑗 = 1, . . . , 4).
3.4.4. Generation of Offspring Trajectories. For each collision-
free 𝑐𝑎𝑗 configuration obtained in the previous section, the
offspring trajectory 𝑇𝑘 is calculated and is added to the set
of 𝐶𝑇 trajectories, where they are stored and ordered from
smaller to longer time.

3.4.5. Trajectory Selection. Then, the minimum time trajec-
tory𝑇1 of𝐶𝑇 is selected and collisions are checked as detailed
in Section 3.4.2. If 𝑇1 has a collision, it is taken out of 𝐶𝑇 and
the process returns to the step in Section 3.4.3 and is repeated
until a solution is reached.

The proposed solution to the problem is an efficient
trajectory without collisions which is an offspring trajectory
resulting from the minimum time trajectory 𝑇min.

4. Case Study

The example shown in Figure 7 has been solved. The initial
and final configurations are 𝐶𝑖 (𝑥1, 𝑦1) and 𝐶𝑓 (𝑥2, 𝑦2).
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Figure 7: Initial and final car-like robot configuration.

The coefficient of adhesion between the ground and the
tire may vary depending on several factors due to working
conditions and time. These factors cover environmental
conditions (such as wet, dry, or dirty road surfaces, moisture
content, and temperature), technical characteristics of the
tire, tire pressures, tire wear and maintenance standards, and
so forth. The variations of the coefficient of adhesion have an
important effect on the optimal trajectory time of the car-like
autonomous robot, that is, the execution time of the robot
task. Furthermore, they play a major role in how the robot
performs its tasks appropriately, its productivity, and safety
considerations.

This paper carries out an assessment of uncertainty based
on the effects of the coefficient of adhesion regarding the
optimal trajectory time bymeans ofMonteCarlo simulations.
Furthermore, the effects of the coefficient of adhesion over
different variables are also analysed, which cover minimum
trajectory time, maximum drive torque, maximum velocity,
maximum braking torque, and consumed and dissipated
energy. In addition, the computational time to generate an
optimal trajectory is also provided.

4.1. Monte Carlo Simulations. The Monte Carlo simulations
are based on the same case study and make use of the same
car-like autonomous robot. 100 simulations have been run.
All simulations share the sameworking conditions, initial and
final configuration, and obstacles in the generated collision-
free trajectories. The only changed parameter is the coeffi-
cient of adherence. Values of the coefficient of adherence are
sampled from a Gaussian statistical distribution with a mean
(𝑚) of 0.25 and a standard deviation (𝑠) of𝑚/3, that is, 0.0833.
In this way, we reproduce the actual values of the coefficient
of adherence which we find in real working conditions.

4.2. Results and Findings. Figure 8 shows the optimal trajec-
tory time versus the coefficient of adherence for an ensemble
of a hundred simulations and also its trend line. Results show
that, as expected, lower minimum times are achieved for
higher values of the coefficient of adherence due to the greater
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Figure 8: Optimal trajectory time (s) versus the coefficient of
adherence for an ensemble of a hundred simulations (blue dotted
points) and also its trend line (red line).
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Figure 9: Frequency distribution and univariate statistics for the
minimum trajectory time.

grip forces between tires and terrain. The minimum time is a
discontinuous function due to numerical discrepancies in the
coupling of the kinematic and dynamic model of the robot
and the SQP method to solve the nonlinear optimization
problem.

The frequency distribution and univariate statistics for
the minimum trajectory time are depicted in Figure 9. The
distribution has a mean of 57.1s and a standard deviation
of 8.5s, where the minimum trajectory time ranges from
0.04s to 0.5s. These results show that the minimum trajectory
time also follows a Gaussian distribution with a lower
standard deviation in response to the Gaussian statistical
distribution of the coefficient of friction. On the other hand,
the results also show the importance of taking into account
the uncertainty in the coefficient of adherence and the worth
of the presentedmethodology.This is evenmore critical when
considering that a robot task may be repeated constantly,
for instance, in an assembly line. In this case, the minimum
time has a great influence in production and economic
considerations. The uncertainty assessment carried out may
help in defining an efficient scheduling process of the robot’s
tasks.
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Figure 10: Maximum velocity (km/m) versus the coefficient of
adherence for an ensemble of a hundred simulations (blue dotted
points) and also its trend line (red line).

It means that we can use the Gaussian distribution of
the coefficient of friction to predict, if necessary, the optimal
trajectory times for the car-like robot to travel or do a task.

Figure 10 presents the maximum velocity versus the
coefficient of adherence. It can be seen that higher velocities
are achieved for greater grip forces, that is, for greater
coefficient of adherence values. These results are in line with
those obtained for the minimum trajectory time. Again, a
wide dispersion in the velocity is obtained for the different
simulations. The followed path will not always be the same
and small radius of curvature limits the robot’s speed. Also
note that the velocities values stabilize from the mean value
of the Gaussian distribution of the coefficient of adherence
(0.25). It is advisable to work with values of velocities as
high as possible. Also bear in mind that velocities range
from 8 km/h to 24 km/h. The maximum value is also limited
by the driving torque and the kinematics and dynamics
characteristics of the car-like robot.

Figure 11 represents the maximum driving torque on
the rear wheels versus the coefficient of adherence, which
shows that the driving torque is limited by the value of the
coefficient of adherence. With small values of the coefficient
of adherence, the driving torque cannot be bigger than the
friction force in tires to avoid slippage. The maximum values
are also limited by the maximum torque provided by the
engine and the followed path which can be very sinuous.
Initially, the path is sinuous and the engine cannot give
the maximum driving torque. Also, at higher velocities, the
driving torque decreases.

The maximum braking torque in the front wheels also
strongly depends on the coefficient of adherence (Figure 12).
It is shown that the higher the grip force is the higher the
braking torque obtained is.

Figure 13 shows the computational time for the different
simulations. They present low computational cost for all
simulations with a mean of 1.8s, very small value that shows
the efficiency of the algorithm. It can also be seen that the
trend line slightly decreases for higher values of the coefficient
of adherence due to better behaviour of those values in the
nonlinear optimization procedure to obtain minimum time
trajectories.
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Figure 11:Maximumdriving torque on rearwheels (N⋅m) versus the
coefficient of adherence for an ensemble of a hundred simulations
(blue dotted points) and also its trend line (red line).
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Figure 12:Maximum braking torque in the front wheels (N⋅m)with
regard to the coefficient of adherence for an ensemble of a hundred
simulations (blue dotted points) and also its trend line (red line).

Finally, Figure 14 presents the energy consumed and
dissipated for the autonomous robot for the different sim-
ulations. It shows that the energy balance is equal to the
energy consumed minus the energy dissipated. It also shows
that the energy dissipated increases with the coefficient of
adherence, while the energy balance remains almost constant
for all simulations, with a mean value of 6678 (J).

5. Conclusions

The simplified dynamic model of the robotic vehicle makes
it possible to achieve safe, collision-free, feasible trajectories
while fulfilling the dynamic capabilities of the robot, with
moderate computation times.

Efficient trajectories are obtained for complex environ-
ments with scattered obstacles, always respecting the limita-
tions of the robot dynamics.

The methodology allows determining all the impor-
tant working variables in the calculation of an optimal
robot trajectory (i.e., minimum trajectory time, maximum
velocity, torque on wheels, braking torque, computational
cost, consumed and dissipated energy, and energy balance).
Furthermore, themethodology allows dealingwith uncertain
environments and a wide range of real case studies by
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Figure 13: Computing time for the different simulations.
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Figure 14: Consumed and dissipated energy for the autonomous
robot and energy balance (J).

taking in consideration the kinematics and dynamics of the
autonomous robot and providing optimal and collision-free
trajectories.

From the graphs, it can be concluded that a relatively
large coefficient of friction is good for most of the working
parameters except for the consumed and dissipated energy.
Because the energy is not recovered, high consumption is not
recommended. Becausewe are using as objective function the
time needed to perform the trajectory, this has an energetic
cost.

Finally, based on this algorithm, a trajectory planner for
robotic vehicles equipped with instrumentation to detect
moving obstacles can be developed, since the computation
times would allow trajectories to be recalculated according
to the obstacles’ motion. This is a topic that could be further
developed in future work.
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Entre Procedimientos de Solución de La Interpolación Por Fun-
ciones Splines Para La Planificación de Trayectorias de Robots
Industriales, 2007.

[24] F. Rubio, F. Valero, J. Sunyer, and V. Mata, “Direct step-by-step
method for industrial robot path planning,” Industrial Robot: An
International Journal, vol. 36, no. 6, pp. 594–607, 2009.



Research Article
Adaptive Fuzzy Integral Terminal Sliding Mode Control of a
Nonholonomic Wheeled Mobile Robot

Shuying Peng1,2 andWuxi Shi2,3

1School of Mechanical Engineering, Tianjin Polytechnic University, Tianjin 300387, China
2Tianjin Key Laboratory of Advanced Technology of Electrical Engineering and Energy, Tianjin 300387, China
3School of Electrical Engineering and Automation, Tianjin Polytechnic University, Tianjin 300387, China

Correspondence should be addressed to Shuying Peng; psy19982002@163.com

Received 5 December 2016; Revised 13 March 2017; Accepted 16 March 2017; Published 5 April 2017

Academic Editor: Ashitava Ghosal

Copyright © 2017 Shuying Peng and Wuxi Shi. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

In this paper, the trajectory tracking problem is investigated for a nonholonomicwheeledmobile robotwith parameter uncertainties
and external disturbances. In this strategy, combining the kinematic model with the dynamic model, the actuator voltage is
employed as the control input, and the uncertainties are approximated by a fuzzy logic system. An auxiliary velocity controller
is integrated with an adaptive fuzzy integral terminal sliding mode controller, and a robust controller is employed to compensate
for the lumped errors. It is proved that all the signals in the closed system are bounded and the auxiliary velocity tracking errors can
converge to a small neighborhood of the origin in finite time. As a result, the tracking position errors converge asymptotically to
zeros with faster response than other existing controllers. Simulation results demonstrate the effectiveness of the proposed strategy.

1. Introduction

A wheeled mobile robot (WMR) is an uncertain nonlinear
MIMO dynamic system. When the WMR constrains the
wheel’s “pure rolling without slipping,” it is also a typical
kind of nonholonomic systems characterized by kinematic
constraints. Such constraints are not integrable and can
not be eliminated from the model equations. Given so
many characteristics that are hard to handle, there has been
tremendous research on the nonholonomic WMR (NWMR)
in the past few decades.

The trajectory tracking problem is one of the most
popular problems on the WMR. With an assumption of
“perfect velocity tracking,” the initial kinematic controller
for the NWMR was designed in [1, 2]. However, such an
assumption is difficult to hold in practice for the dynamic
model of theNWMR is neglected. Considering the kinematic
model and the dynamic model of the NWMR together, based
on backstepping technique, Fierro and Lewis [3] presented
a dynamical extension that combines a kinematic controller
with a torque controller. In this method, it is assumed that
the dynamic structure of the NWMR and the parameters

are completely known. However, in practical WMRs, there
exist parameter uncertainties and external disturbances. In
addition, wheel skidding and slipping may happen. To over-
come these difficulties, the torus shaped rear wheels were
used for three WMRs in [4, 5]. The modeling and analysis
were investigated to design the controller for the WMR in
[6]. Meanwhile, a variety of nonlinear control techniques
have been used bymany researchers, such as adaptive control
[7–11], robust adaptive control [12–14], adaptive fuzzy logic
control [15–18], adaptive neural network control [19, 20],
and sliding mode control [21–23], and several kinds of the
aforementioned methodologies are integrated to solve this
problem [24, 25].

One idea of some proposed literatures related to the
trajectory tracking problem of theNWMR is that an auxiliary
velocity controller is designed for the kinematic model
of the NWMR to make the tracking position errors con-
verge asymptotically to zeros, and a dynamic controller is
designed for the dynamic model of the NWMR to make
the auxiliary velocity tracking errors as small as possible.
Meanwhile, a robust controller is employed to compensate
the total uncertainties. For instance, by virtue of the universal
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approximation property of the fuzzy logic system (FLS) [26–
31], a control structure combining a kinematic controller
with a dynamic controller plus a fuzzy compensator was
proposed in [15]. A complete control lawbased on a kinematic
controller and an adaptive fuzzy sliding mode controller
was developed for a NWMR in the presence of dynamic
uncertainties as well in [25]. These dynamic controllers
share a common idea of choosing the wheel torque as
the control input. However, as stated in [17], the wheel
is driven by the actuator in reality. Hence, the resulting
electrically driven mobile robot (the robot kinematics, robot
dynamics, and wheel actuator dynamics) is represented as
a third-order system. So most of existing torque controllers
designed with respect to the second-order, that is, the wheel
actuator dynamics, have been neglected and might degrade
the performance of the tracking control. Therefore, it is more
reasonable to use the actuator voltage as the control input.
For realizing the trajectory tracking of the NWMR with high
performance, the wheel actuator dynamics are combining
with the dynamics of the NWMR and the actuator voltage is
employed as the control input in [8, 16–18]. All these dynamic
controllers can guarantee that the auxiliary velocity tracking
errors converge to an adjustable neighborhood of the origin
as time goes to infinity. However, the finite time convergence
of the auxiliary velocity tracking errors cannot be guaranteed.

The terminal sliding mode control (TSMC), which was
first proposed in [32, 33], is an effective scheme to guarantee
the finite time convergence of the auxiliary velocity tracking
errors. However, the initial TSMC may cause the singularity
problem around the equilibrium [34], which would result in
an unbounded control signal. In order to avoid this problem,
a nonsingular terminal sliding mode control (NTSMC) was
developed in [35–38]. The continuous nonsingular terminal
sliding mode [36] has been extended into a class of MIMO
nonlinear systems [39]. Furthermore, using integral oper-
ation, an integral terminal sliding mode control (ITSMC)
was presented in [40, 41] for a class of first-order systems.
Apart from finite time convergence and nonsingularity, in
the ITSMC design, the system can also start on the integral
terminal sliding mode surface from the initial time instant.
Therefore, the reaching time to the sliding mode surface is
eliminated.

Based on the previous results, this paper addresses the
trajectory tracking problem for the NWMR with param-
eter uncertainties and external disturbances. Combining
the kinematic model with the dynamic model, a control
strategy is proposed which integrates an auxiliary velocity
controller with an adaptive fuzzy integral terminal sliding
mode controller. In this control strategy, using the universal
approximation property of the FLS, the uncertainties are
approximated by a fuzzy logic system and a robust controller
is employed to compensate for the lumped errors. Mean-
while, instead of the wheel torque, the actuator voltage is
employed as the control input. The main originality of the
proposed control strategy is that the adaptive fuzzy integral
terminal slidingmode controller can guarantee the finite time
convergence of the auxiliary velocity tracking errors. It is
proved that all the signals in the closed system are bounded
and the auxiliary velocity tracking errors converge to a small
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Figure 1: A wheeled mobile robot.

neighborhood of the origin in finite time. Therefore, the
tracking position errors converge asymptotically to zeroswith
faster response than other existing controllers. Simulation
results demonstrate the effectiveness of the proposed strategy.

The remainder of this paper is organized as follows.
Section 2 reviews some basics of the model of the NWMR,
the ITSMC, and the FLS. By use of the ITSMC and the
FLS, a control strategy is proposed which integrates an
auxiliary velocity controller with an adaptive fuzzy integral
terminal sliding mode controller in Section 3. Section 4 gives
simulation results to illustrate our results. Conclusions are
given in Section 5.

2. Preliminaries

In this section, we will review some basics of the model of the
NWMR, the ITSMC, and the FLS briefly.

2.1. Model of the Nonholonomic Wheeled Mobile Robot. We
consider a typical example of theWMR, which is called Type
(2,0) WMR in [6]. Such aWMR is composed of two deriving
wheels and one passive wheel. The two deriving wheels are
controlled independently by two actuators to achieve the
motion and orientation, and the passive wheel prevents the
robot from tipping over as it moves on a plane. Figure 1
describes the posture of the WMR in Cartesian coordinates.
Both driving wheels with the same radius 𝑟 are mounted on
the same axis and separated by 2𝑅. The center of mass of the
WMR is located at 𝐶, and 𝑃 is located in the midpoint of the
two driving wheels of theWMR.The distance between 𝑃 and𝐶 is 𝑑. When the electrical part of the actuator is taken into
account, the kinematic equation and the dynamic equation of
the NWMR can be written as follows from [16, 19]:

̇𝑞 = 𝑠 (𝑞) 𝜗, (1)

𝑀(𝑞) ̇𝜗 + 𝑉 (𝑞, ̇𝑞) 𝜗 + 𝐹 (𝜗) + 𝜏𝑑
= 𝑁𝐾𝑇𝑅𝑎 𝐵𝑢 − 𝑁2𝐾𝑇𝐾𝑏𝑅𝑎 𝐵𝑋𝜗, (2)
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where

𝑆 (𝑞) = [[
[
cos 𝜃 −𝑑 sin 𝜃
sin 𝜃 𝑑 cos 𝜃
0 1

]]
]

,

𝑀 (𝑞) = [𝑚 0
0 𝐼 − 𝑚𝑑2] ,

𝑉 (𝑞, ̇𝑞) = [0 0
0 0] ,

𝐵 = 1𝑟 [1 1
𝑅 −𝑅] ,

𝑋 = 𝐵𝑇.

(3)

𝑞 = [𝑥, 𝑦, 𝜃]𝑇, 𝐶(𝑥, 𝑦) is the coordinate of 𝐶 in the global
coordinate frame 𝑋𝑂𝑌, and 𝜃 is the orientation of the local
coordinate frame 𝑋𝐶𝐶𝑌𝐶 attached on the WMR platform
measured from 𝑋 axis and is also called the heading angle
of the WMR. 𝜗 = [], 𝜔]𝑇, where ] and 𝜔 are the linear
velocity of the point 𝑃 along the robot axis and angle
velocity, respectively. 𝑀(𝑞) is the inertia matrix, 𝑉(𝑞, ̇𝑞) is
the centripetal and Coriolis matrix, 𝐹(𝜗) ∈ 𝑅2×1 is the
surface friction, and 𝜏𝑑 ∈ 𝑅2×1 denotes bounded unknown
disturbances including unstructured unmodeled dynamics.𝑁 is the gear ration,𝐾𝑇 is themotor torque constant,𝐾𝑏 is the
counter electromotive force coefficient, and 𝑅𝑎 is the electric
resistance. 𝑢 = [𝑢1, 𝑢2]𝑇 is the actuator voltage input vector.

Several properties of the NWMR are given as follows [19].

Property 1. The matrix 𝑀(𝑞) is symmetric and positive
definite.

Property 2. The matrix 𝑀(𝑞) is bounded; that is, there
exist positive constants 𝑚1 and 𝑚2 satisfying 𝑚1‖𝑥‖2 ≤𝑥𝑇𝑀(𝑞)𝑥 ≤ 𝑚2‖𝑥‖2, for all 𝑥 ∈ 𝑅2.
Property 3. The matrix 𝑀(𝑞) − 2𝑉(𝑞, ̇𝑞) is skew symmet-
ric resulting in the following characteristic: 𝑥𝑇(𝑀(𝑞) −2𝑉(𝑞, ̇𝑞))𝑥 = 0 for all 𝑥 ∈ 𝑅2.

In view of the dynamicmodel of the NWMR, (2) is a first-
order system; the ITSM can be utilized so that the finite time
convergence of the auxiliary velocity tracking errors of the
NWMR is obtained.

2.2. Integral Terminal Sliding Mode. Now, a new form of the
integral terminal sliding mode is defined as

𝑠 = 𝑥 (𝑡) − 𝑥 (0) + 𝛽∫𝑡
0
|𝑥 (𝜏)|𝛾 sign (𝑥 (𝜏)) 𝑑𝜏, (4)

where 𝑥 ∈ 𝑅 is the system state variable, 𝛽 > 0, and 0 < 𝛾 < 1,
which generalizes the integral terminal sliding mode [41]

𝑠 = 𝑥 (𝑡) + 𝛽∫𝑡
0
𝑥𝑞/𝑝 (𝜏) 𝑑𝜏, (5)

where 𝛽 > 0 and 𝑝 and 𝑞 are odd integers satisfying 𝑝 > 𝑞 >0.
Remark 1. It is worthwhile to notice that the range of the
power 𝛾 is larger than that of the power 𝑞/𝑝. Meanwhile,
by means of the basic theorem of differential and integral
calculus [42], the integral terminal sliding mode (4) is con-
tinuous and differentiable although the absolute and signum
operators are involved. Besides these properties, from (4),
it is obvious that 𝑠(0) = 0 without the prior knowledge of
the parameter 𝛽. This implies that the system starts on the
integral terminal sliding mode surface (4) from the initial
time instant much easily.

Furthermore, on the sliding surface, 𝑠 = 0, which results
in

�̇� (𝑡) + 𝛽 |𝑥 (𝑡)|𝛾 sign (𝑥 (𝑡)) = 0. (6)

The finite time 𝑡𝑠 that is taken from 𝑥(0) ̸= 0 to 𝑥(𝑡𝑠) = 0 is
given by

𝑡𝑠 = 1𝛽 (1 − 𝛾) |𝑥 (0)|1−𝛾 . (7)

As we stated previously, there exist parameter uncertain-
ties and unknown disturbances in practical WMR. Taking
these factors into account, an unknown nonlinear function
is contained in the model of the NWMR.We will use the FLS
to approximate this function.

2.3. Fuzzy Logic Systems. In this section, the FLS is discussed
briefly. The basic configuration of an FLS consists of four
components: fuzzifier, fuzzy rule base, fuzzy inference engine,
and defuzzifier.The fuzzy rule base is a collection of IF-THEN
rules and the 𝑙th fuzzy rule is written as

𝑅𝑙: IF 𝑥1 is 𝐹𝑙1 and. . .and 𝑥𝑛 is 𝐹𝑙𝑛, THEN 𝑦 is 𝐺𝑙,
where 𝐹𝑙𝑖 and 𝐺𝑙 are fuzzy sets, associating with fuzzy
membership functions 𝜇𝐹𝑙𝑖 (𝑥𝑖) and 𝜇𝐺𝑙(𝑦), respectively, 𝑖 =1, . . . , 𝑛, 𝑙 = 1, . . . , 𝑚, 𝑚 is the number of rules.

Based on these fuzzy IF-THEN rules, the FLS performs
a mapping from an input vector 𝑥 = [𝑥1, . . . , 𝑥𝑛]𝑇 ∈ 𝑅𝑛 to
an output variable 𝑦 ∈ 𝑅. If we use the strategy of singleton
fuzzifier, product inference, and center-average defuzzifier,
the output of the FLS can be defined as follows:

𝑦 (𝑥) = ∑𝑚𝑙=1 𝑦𝑙 (∏𝑛𝑖=1𝜇𝐹𝑙𝑖 (𝑥𝑖))∑𝑚𝑙=1∏𝑛𝑖=1𝜇𝐹𝑙𝑖 (𝑥𝑖) , (8)

where 𝑦𝑙 is the point in 𝐺𝑙 at which 𝜇𝐺𝑙(𝑦) obtains its
maximum value 1.

For simplicity, 𝑦(𝑥) can be written in the following
compact form:

𝑦 (𝑥) = 𝜃𝑇𝜉 (𝑥) fl 𝑓 (𝑥 | 𝜃) , (9)

where 𝜃 = [𝑦1, . . . , 𝑦𝑚]𝑇 is called the unknown parameter
vector which is to be updated and 𝜉(𝑥) = [𝜉1(𝑥), . . . ,𝜉𝑚(𝑥)]𝑇 is called the fuzzy basis function vector, 𝜉𝑙(𝑥) =∏𝑛𝑖=1𝜇𝐹𝑙𝑖 (𝑥𝑖)/∑𝑚𝑙=1∏𝑛𝑖=1𝜇𝐹𝑙𝑖 (𝑥𝑖), 𝑙 = 1, 2, . . . , 𝑚.
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Lemma2 (see [31]). Let𝑓(𝑥) be a continuous function defined
on a compact setΩ. Then, for any constant 𝜀 > 0, there exists a
fuzzy system (9) such that sup𝑥∈Ω|𝑓(𝑥) − 𝑓(𝑥 | 𝜃)| ≤ 𝜀.
3. Controller Design

It is easy to see that the posture of the NWMR 𝑞(𝑡) = [𝑥(𝑡),𝑦(𝑡), 𝜃(𝑡)]𝑇 satisfies the following equations from (1):

�̇� = ] cos 𝜃 − 𝜔𝑑 sin 𝜃,
̇𝑦 = ] sin 𝜃 + 𝜔𝑑 cos 𝜃,
̇𝜃 = 𝜔.

(10)

It is assumed that the reference trajectory 𝑞𝑟(𝑡) = [𝑥𝑟(𝑡),𝑦𝑟(𝑡), 𝜃𝑟(𝑡)]𝑇 is generated by a reference NWMR with the
kinematic equation as (10):

�̇�𝑟 = ]𝑟 cos 𝜃𝑟 − 𝜔𝑟𝑑 sin 𝜃𝑟,
̇𝑦𝑟 = ]𝑟 sin 𝜃𝑟 + 𝜔𝑟𝑑 cos 𝜃𝑟,
̇𝜃𝑟 = 𝜔𝑟.

(11)

The objective of the trajectory tracking control is to
design a strategy such that 𝑞(𝑡) converges asymptotically to𝑞𝑟(𝑡), while all signals in the derived closed-loop system
remain bounded. In this study, an auxiliary velocity controller𝜗𝑐 is designed for the kinematic model (1) to meet the
control objective. Then, the actuator voltage control input 𝑢
is designed for the dynamic model (2) such that 𝜗 converges
to 𝜗𝑐 which is designed at the first step in finite time.

Remark 3. As pointed out in [18], the classical auxiliary
velocity controller [1] adopted in [3, 16, 18, 19, 25] can only
guarantee that 𝑞(𝑡) converges asymptotically to 𝑞𝑟(𝑡) when𝑑 equals zero. However, 𝑑 does not equal zero in general.
Therefore, the reference point of the practical NWMR is
not in accordance with the desired point of the reference
NWMR, which results in incomplete tracking of the posture.
In this paper, wemodify the kinematicmodel of the reference
NWMRas (11) and adopt another auxiliary velocity controller
[43].

3.1. An Auxiliary Velocity Controller Design. We define the
tracking position errors as the difference between the center
ofmass𝐶of theNWMRand the desired point of the reference
NWMR as follows [16, 19]:

𝑒𝑝 = [[[
[

𝑒1
𝑒2
𝑒3
]]]
]

= [[[
[

cos 𝜃 sin 𝜃 0
− sin 𝜃 cos 𝜃 0

0 0 1
]]]
]

[[[
[

𝑥𝑟 − 𝑥
𝑦𝑟 − 𝑦
𝜃𝑟 − 𝜃

]]]
]

. (12)

The first derivative of the error yields

[[
[

̇𝑒1̇𝑒2̇𝑒3
]]
]

= [[
[
−1 𝑒20 −𝑒1 − 𝑑
0 −1

]]
]

[]𝜔]

+ [[
[
]𝑟 cos 𝑒3 − 𝜔𝑟𝑑 sin 𝑒3
]𝑟 sin 𝑒3 + 𝜔𝑟𝑑 cos 𝑒3𝜔𝑟

]]
]
.

(13)

Therefore, the objective of this study becomes the design
of an auxiliary velocity controller to make the tracking
position errors asymptotically converge to zeros. In this study,
according to [43], the auxiliary velocity controller is designed
as

𝜗𝑐 = []𝑐𝜔𝑐] = [ ]𝑟 cos 𝑒3 + 𝑘1 (𝑒1 + 𝑑 − 𝑑 cos 𝑒3)𝜔𝑟 + 𝑘3]𝑟 (𝑒2 − 𝑑 sin 𝑒3) + 𝑘2 sin 𝑒3] , (14)

where 𝑘1, 𝑘2, 𝑘3 > 0 are design parameters.
Substituting (14) into (13), the closed-loop kinematic

equation can be written as

[[
[

̇𝑒1̇𝑒2̇𝑒3
]]
]

= [[
[
−1 𝑒20 −𝑒1 − 𝑑
0 −1

]]
]

[ ]𝑟 cos 𝑒3 + 𝑘1 (𝑒1 + 𝑑 − 𝑑 cos 𝑒3)𝜔𝑟 + 𝑘3]𝑟 (𝑒2 − 𝑑 sin 𝑒3) + 𝑘2 sin 𝑒3]

+ [[
[
]𝑟 cos 𝑒3 − 𝜔𝑟𝑑 sin 𝑒3
]𝑟 sin 𝑒3 + 𝜔𝑟𝑑 cos 𝑒3𝜔𝑟

]]
]
.

(15)

Assumption 4 (see [8]). The reference velocities 𝜗𝑟 = []𝑟, 𝜔𝑟]𝑇
and ]̇𝑟 are bounded.

Lemma 5. For the kinematic model (1) of the NWMR satis-
fying Assumption 4, the auxiliary velocity controller (14) will
ensure that the tracking position errors converge asymptotically
to zeros.

Proof. Consider the following Lyapunov function candidate

𝑉1 = 12 (𝑒1 + 𝑑 − 𝑑 cos 𝑒3)2 + 12 (𝑒2 − 𝑑 sin 𝑒3)2
+ 1 − cos 𝑒3𝑘3 . (16)

Differentiating 𝑉1 with respect to time, we have

�̇�1 = (𝑒1 + 𝑑 − 𝑑 cos 𝑒3) ( ̇𝑒1 + 𝑑 ̇𝑒3 sin 𝑒3)
+ (𝑒2 − 𝑑 sin 𝑒3) ( ̇𝑒2 − 𝑑 ̇𝑒3 cos 𝑒3) + 1𝑘3 ̇𝑒3 sin 𝑒3. (17)
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Replacing (15) into (17) and after some manipulations,
one obtains

�̇�1 = −𝑘1 (𝑒1 + 𝑑 − 𝑑 cos 𝑒3)2 − 𝑘2𝑘3 sin2𝑒3 ≤ 0. (18)

Therefore, the tracking position error 𝑒𝑃 = [𝑒1, 𝑒2, 𝑒3]𝑇 is
bounded. With Assumption 4, 𝜗𝑐 and ̇𝑒𝑃 = [ ̇𝑒1, ̇𝑒2, ̇𝑒3]𝑇 are
bounded. So �̈�1 is bounded and �̇�1 is uniformly continuous
accordingly. By Barbalat’s lemma [44], �̇�1 → 0 as 𝑡 → ∞,
which implies that 𝑒1 → 0 and 𝑒3 → 0 as 𝑡 → ∞.

From (15), one obtains

̇𝑒3 = −𝑘3]𝑟 (𝑒2 − 𝑑 sin 𝑒3) − 𝑘2 sin 𝑒3. (19)

Using Barbalat’s lemma again, ̇𝑒3 → 0 as 𝑡 → ∞, which
implies that 𝑒2 → 0 as 𝑡 → ∞.

Hence, 𝑒𝑃 → 0 as 𝑡 → ∞; that is, the tracking position
errors converge asymptotically to zeros.

Now, it remains to design the actuator voltage control
input so that the desired velocities 𝜗𝑐 can be obtained in finite
time.

3.2. Adaptive Integral Terminal Sliding Mode Controller
Design. In this study, the auxiliary velocity tracking error is
defined as

𝑒𝜗 = [𝑒𝜗1, 𝑒𝜗2]𝑇 = 𝜗𝑐 − 𝜗. (20)

Consequently, the dynamic equation (2) of the NWMR
can be rewritten as

𝑀(𝑞) ̇𝑒𝜗 = −𝑉 (𝑞, ̇𝑞) 𝑒𝜗 + 𝑁2𝐾𝑇𝐾𝑏𝑅𝑎 𝐵𝑋𝜗 + 𝑀(𝑞) ̇𝜗𝑐
+ 𝑉 (𝑞, ̇𝑞) 𝜗𝑐 + 𝐹 (𝜗) + 𝜏𝑑 − 𝑁𝐾𝑇𝑅𝑎 𝐵𝑢.

(21)

A continuous nonsingular integral terminal slidingmode
is defined as in the form (4):

𝑆 = [𝑠1𝑠2]

= [[[
[
𝑒𝜗1 − 𝑒𝜗1 (0) + 𝛽1 ∫𝑡

0

𝑒𝜗1𝛾1 sign (𝑒𝜗1) 𝑑𝜏
𝑒𝜗2 − 𝑒𝜗2 (0) + 𝛽2 ∫𝑡

0

𝑒𝜗2𝛾2 sign (𝑒𝜗2) 𝑑𝜏
]]]
]

,
(22)

where 𝛽𝑖 > 0, 0 < 𝛾𝑖 < 1, 𝑖 = 1, 2.
Denote

Λ = diag (𝛽1, 𝛽2) ,
sig (𝑒𝜗)𝛾 = [𝑒𝜗1𝛾1 sign (𝑒𝜗1) , 𝑒𝜗2𝛾2 sign (𝑒𝜗2)]𝑇 . (23)

𝑆 can be rewritten as follows:

𝑆 = 𝑒𝜗 − 𝑒𝜗 (0) + Λ∫𝑡
0
sig (𝑒𝜗)𝛾 𝑑𝜏. (24)

Utilizing 𝑆 and its derivative with respect to time, (21) can
be arranged as follows:

𝑀(𝑞) ̇𝑆 = −𝑉 (𝑞, ̇𝑞) 𝑆 + 𝑁2𝐾𝑇𝐾𝑏𝑅𝑎 𝐵𝑋𝜗 + 𝑓 (𝑥)
− 𝑁𝐾𝑇𝑅a

𝐵𝑢,
(25)

where

𝑓 (𝑥) = [𝑓1 (𝑥) , 𝑓2 (𝑥)]𝑇
= 𝑀(𝑞) ̇𝜗𝑐 + 𝑀(𝑞)Λ sig (𝑒𝜗)𝛾 + 𝑉 (𝑞, ̇𝑞) 𝜗𝑐

− 𝑉 (𝑞, ̇𝑞) 𝑒𝜗 (0) + 𝑉 (𝑞, ̇𝑞) Λ∫𝑡
0
sig (𝑒𝜗)𝛾 𝑑𝜏

+ 𝐹 (𝜗) + 𝜏𝑑

(26)

and 𝑥 = [𝜗𝑇𝑐 , ̇𝜗𝑇𝑐 , 𝜗𝑇]𝑇.
If 𝑓(𝑥) is known, let the actuator voltage control input

𝑢 = 𝑅𝑎𝑁𝐾𝑇𝐵
−1 (𝑁2𝐾𝑇𝐾𝑏𝑅𝑎 𝐵𝑋𝜗 + 𝑓 (𝑥) + 𝐾1𝑆

+ 𝐾2sig (𝑆)𝜌) ,
(27)

where 𝐾1 = diag(𝑘11, 𝑘12), 𝐾2 = diag(𝑘21, 𝑘22), 𝑘1𝑖 > 0, 𝑘2𝑖 >0, 𝑖 = 1, 2, and 0 < 𝜌 < 1.
Substituting (27) into (25), the closed-loop dynamic

equation can be written as

𝑀(𝑞) ̇𝑆 = −𝑉 (𝑞, ̇𝑞) 𝑆 − 𝐾1𝑆 − 𝐾2sig (𝑆)𝜌 . (28)

Multiplying 𝑆𝑇 by (28) yields
𝑆𝑇𝑀(𝑞) ̇𝑆 = −𝑆𝑇𝑉 (𝑞, ̇𝑞) 𝑆 − 𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌 . (29)

Theorem 6. For the dynamic model (2) of the NWMR with
a known function 𝑓(𝑥) (26), if the integral terminal sliding
mode is chosen as (22) and the actuator voltage control input is
designed as (27), then the integral terminal sliding mode 𝑆 and
the auxiliary velocity tracking error 𝑒𝜗 will converge to zeros in
finite time.

To proveTheorem 6, we introduce two lemmas.

Lemma 7 (see [36]). Suppose 𝑎1, 𝑎2, . . . , 𝑎𝑛 and 0 < 𝑝 < 2 are
all positive numbers, then the following inequality holds:

(𝑎21 + 𝑎22 + ⋅ ⋅ ⋅ + 𝑎2𝑛)𝑝 ≤ (𝑎𝑝1 + 𝑎𝑝2 + ⋅ ⋅ ⋅ + 𝑎𝑝𝑛 )2 . (30)

Lemma 8 (see [36]). An extended Lyapunov description of
finite time stability can be given with the form of fast terminal
sliding mode as

�̇� (𝑥) + 𝛼𝑉 (𝑥) + 𝛽𝑉𝛾 (𝑥) ≤ 0, 𝛼, 𝛽 > 0, 0 < 𝛾 < 1, (31)

and the settling time can be given by

𝑡𝑟 ≤ 1𝛼 (1 − 𝛾) ln𝛼𝑉1−𝛾 (𝑥 (0)) + 𝛽𝛽 . (32)
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Proof of Theorem 6. Consider the following Lyapunov func-
tion candidate:

𝑉2 = 12𝑆𝑇𝑀(𝑞) 𝑆. (33)

Differentiating 𝑉2 with respect to time and using (29)
yields

�̇�2 = 𝑆𝑇𝑀(𝑞) ̇𝑆 + 12𝑆𝑇�̇� (𝑞) 𝑆
= 12𝑆𝑇 (�̇� (𝑞) − 2𝑉 (𝑞, ̇𝑞)) 𝑆 − 𝑆𝑇𝐾1𝑆

− 𝑆𝑇𝐾2sig (𝑆)𝜌 .
(34)

From Property 3, which makes the first term zero, �̇�2
becomes

�̇�2 = −𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌 . (35)

Denote 𝜆𝑖 = min{𝑘𝑖1, 𝑘𝑖2}, 𝑖 = 1, 2; the following
inequality holds:

�̇�2 ≤ −𝜆1 2∑
𝑖=1

𝑠2𝑖 − 𝜆2 2∑
𝑖=1

𝑠𝑖𝜌+1 . (36)

Applying Lemma 7 into (36), one obtains

�̇�2 ≤ −𝜆1 2𝑚2
2∑
𝑖=1

𝑚22 𝑠2𝑖

− 𝜆2 ( 2𝑚2)
(𝜌+1)/2 [ 2∑

𝑖=1

𝑚2𝑠2𝑖2 ]
(𝜌+1)/2

.
(37)

Utilizing Property 2, we have

�̇�2 ≤ −𝜆1 2𝑚2𝑉2 − 𝜆2 ( 2𝑚2)
(𝜌+1)/2 𝑉(𝜌+1)/22 , (38)

or

�̇�2 + 𝜆1 2𝑚2𝑉2 + 𝜆2 ( 2𝑚2)
(𝜌+1)/2 𝑉(𝜌+1)/22 ≤ 0. (39)

From Lemma 8, it follows that 𝑆 will converge to zero in
finite time

𝑡𝑟 ≤ 1𝜆1 (2/𝑚2) (1 − (𝜌 + 1) /2)
⋅ ln 𝜆1 (2/𝑚2) 𝑉1−(𝜌+1)/22 (0) + 𝜆2 (2/𝑚2)(𝜌+1)/2

𝜆2 (2/𝑚2)(𝜌+1)/2 .
(40)

Moreover, on the sliding mode surface, according to (7),

𝑡𝑠𝑖 = 1𝛽𝑖 (1 − 𝛾𝑖)
𝑒𝜗𝑖 (0)1−𝛾𝑖 , 𝑖 = 1, 2. (41)

Therefore, the auxiliary velocity tracking error 𝑒𝜗 will
converge to zero in finite time 𝑡 = 𝑡𝑟 +max{𝑡𝑠1, 𝑡𝑠2}.

Due to the fact that 𝑓(𝑥) contains all the mobile robot
parameters (such as mass, moment of inertia, and friction
coefficients) and external disturbances, in the following, we
assume that 𝑓𝑖(𝑥), 𝑖 = 1, 2, can be approximated by the
following FLS:

𝑓𝑖 (𝑥 | 𝜃𝑓𝑖) = 𝜃𝑇𝑓𝑖𝜉𝑓𝑖 (𝑥) , (42)

where 𝜉𝑓𝑖(𝑥) is the fuzzy basis function vector and 𝜃𝑓𝑖 is the
parameter vector of each fuzzy system designed later.

Define the optimal approximation parameters 𝜃∗𝑓𝑖 as
follows:

𝜃∗𝑓𝑖 = argmin
𝜃𝑓𝑖∈Ω𝑓𝑖

[sup
𝑥∈𝑈

𝑓𝑖 (𝑥) − 𝑓𝑖 (𝑥 | 𝜃𝑓𝑖)] , (43)

where Ω𝑓𝑖 is the compact set of allowable controller param-
eters. Moreover, the parameter error and the minimum
approximation error are defined as 𝜃𝑓𝑖 = 𝜃∗𝑓𝑖−𝜃𝑓𝑖 and𝜔𝑓𝑖(𝑥) =𝑓𝑖(𝑥) − 𝑓𝑖(𝑥 | 𝜃∗𝑓𝑖), respectively.
Assumption 9. For 𝑖 = 1, 2, 𝜔𝑓𝑖 is bounded. That is, there
exists an unknown constant 𝜔𝑓𝑖 such that |𝜔𝑓𝑖(𝑥)| < 𝜔𝑓𝑖.

Denote

𝑓 (𝑥 | 𝜃𝑓) = [𝑓1 (𝑥 | 𝜃𝑓1) , 𝑓2 (𝑥 | 𝜃𝑓2)]𝑇 ,
𝑓 (𝑥 | 𝜃∗𝑓) = [𝑓1 (𝑥 | 𝜃∗𝑓1) , 𝑓2 (𝑥 | 𝜃∗𝑓2)]𝑇 .

(44)

By using the fuzzy approximation 𝑓(𝑥 | 𝜃𝑓) instead of𝑓(𝑥), the following control law from (27) is obtained:

𝑢 = 𝑅𝑎𝑁𝐾𝑇𝐵
−1 (𝑁2𝐾𝑇𝐾𝑏𝑅𝑎 𝐵𝑋𝜗 + 𝑓 (𝑥 | 𝜃𝑓) + 𝐾1𝑠

+ 𝐾2sig (𝑠)𝜌 + 𝑢𝑟) ,
(45)

where𝑢𝑟 = [𝑢𝑟1, 𝑢𝑟2]𝑇 is a robust controller, which is designed
as

𝑢𝑟 = {{{{{
(𝜀𝑓 + 𝜎) 𝑠

‖𝑠‖ , 𝑠 ̸= 0,
0, 𝑠 = 0, (46)

𝜀𝑓 is the estimate of ∑2𝑖=1 𝜔𝑓𝑖, 𝜀𝑓 = 𝜀𝑓 − ∑2𝑖=1 𝜔𝑓𝑖, and 𝜎 is a
positive constant.

Remark 10. It is noticed that the robust controller 𝑢𝑟 (46) is
similar to that in [37]. However, in [37], 𝜎 is required no less
than the estimation error of the unknown function.Whereas,
in practice, it is difficult to determine such an estimation
error. In this paper, 𝜎 is relaxed to be an arbitrary positive
number.

Substituting (45) into (25), the closed-loop dynamic
equation can be rewritten as

𝑀(𝑞) ̇𝑆 = −𝑉 (𝑞, ̇𝑞) 𝑆 − 𝑓 (𝑥 | 𝜃) − 𝐾1𝑆 − 𝐾2sig (𝑆)𝜌
− 𝑢𝑟 + 𝑓 (𝑥) . (47)
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Multiplying 𝑆𝑇 to (47) and after some manipulations, we
can get

𝑆𝑇𝑀(𝑞) ̇𝑆 = −𝑆𝑇𝑉 (𝑞, ̇𝑞) 𝑆 − 𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌
− 𝑆𝑇𝑢𝑟 + 2∑

𝑖=1

𝑠𝑖𝜔𝑓𝑖 (𝑥) + 2∑
𝑖=1

𝑠𝑖𝜃𝑇𝑓𝑖𝜉𝑓𝑖 (𝑥) . (48)

We use the following adaptation laws to adjust the
unknown parameters 𝜃𝑓𝑖 and 𝜀𝑓:

̇̂𝜃𝑓𝑖 = −𝜇𝑓𝑖𝑠𝑖𝜉𝑓𝑖 (𝑥) ,
̇̂𝜀𝑓 = 𝜂 ‖𝑠‖ , (49)

where 𝜇𝑓𝑖 > 0, 𝑖 = 1, 2, and 𝜂 > 0.
The properties of the proposed adaptive fuzzy ITSMC law

is summarized by the following theorem.

Theorem 11. For the dynamic model (2) of the NWMR with
an unknown function 𝑓(𝑥) (26), if the integral terminal sliding
mode is chosen as (22), the actuator voltage control input with
dynamic robust controller 𝑢𝑟 (46) is designed as (45), and the
adaptation laws are (49); then

(1) all the signals in the closed system are bounded;
(2) the sliding variable 𝑆 will converge to the neighborhood

of the integral terminal slidingmode 𝑆 = 0 as ‖𝑆‖ ≤ 𝛿 =
min{𝛿1, 𝛿2} in finite time, where

𝛿1 =
𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓) + 𝜀𝑓𝜆1 ,

𝛿2 = [
[
𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓) + 𝜀𝑓𝜆2 ]

]
1/𝜌

.
(50)

Moreover, the auxiliary velocity tracking error 𝑒]𝑖 will converge
to the region |𝑒]𝑖| ≤ 2𝛿 + |𝑒]𝑖(0)|, 𝑖 = 1, 2 in finite time.

Proof. Consider the following Lyapunov function candidate:

𝑉3 = 𝑉31 + 𝑉32, (51)

where

𝑉31 = 12𝑆𝑇𝑀(𝑞) 𝑆,
𝑉32 = 12 ( 2∑

𝑖=1

1𝜇𝑓𝑖 𝜃𝑇𝑓𝑖𝜃𝑓𝑖 +
1𝜂𝜀2𝑓) .

(52)

(1)Differentiating𝑉31 with respect to time, using (48) and
Property 3, we have

�̇�31 = −𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌 − 𝑆𝑇𝑢𝑟 + 2∑
𝑖=1

𝑠𝑖𝜔𝑓𝑖 (𝑥)

+ 2∑
𝑖=1

𝑠𝑖𝜃𝑇𝑓𝑖𝜉𝑓𝑖 (𝑥) .
(53)

Note that

2∑
𝑖=1

𝑠𝑖𝜔𝑓𝑖 (𝑥) ≤ ‖𝑆‖ 2∑
𝑖=1

𝜔𝑖. (54)

Substituting (46) and (54) into (53), the following
inequality holds:

�̇�31 ≤ −𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌 − ‖𝑆‖ (𝜀𝑓 + 𝜎)
+ ‖𝑆‖ 2∑

𝑖=1

𝜔𝑖 + 2∑
𝑖=1

𝑠𝑖𝜃𝑇𝑓𝑖𝜉𝑓𝑖 (𝑥)
= −𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌 − ‖𝑆‖ 𝜎 − ‖𝑆‖ 𝜀𝑓

+ 2∑
𝑖=1

𝑠𝑖𝜃𝑇𝑓𝑖𝜉𝑓𝑖 (𝑥) .

(55)

There results

�̇�31 ≤ −𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌 − ‖𝑆‖ 𝜀𝑓
+ 2∑
𝑖=1

𝑠𝑖𝜃𝑇𝑓𝑖𝜉𝑓𝑖 (𝑥) . (56)

Differentiating 𝑉32 with respect to time yields

�̇�32 = 2∑
𝑖=1

1𝜇𝑓𝑖 𝜃𝑇𝑓𝑖
̇̃𝜃𝑓𝑖 + 1𝜂𝜀𝑓 ̇̃𝜀𝑓. (57)

Combining (56) with (57), we can get

�̇�31 + �̇�32 ≤ −𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (S)𝜌
+ 2∑
𝑖=1

𝜃𝑇𝑓𝑖 (𝑠𝑖𝜉𝑓𝑖 (𝑥) + 1𝜇𝑓𝑖
̇̃𝜃𝑓𝑖)

+ 𝜀𝑓 (1𝜂 ̇̃𝜀𝑓 − ‖𝑆‖) .
(58)

That is,

�̇�31 + �̇�32 ≤ −𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌
+ 2∑
𝑖=1

𝜃𝑇𝑓𝑖 (𝑠𝑖𝜉𝑓𝑖 (𝑥) − 1𝜇𝑓𝑖
̇̂𝜃𝑓𝑖)

+ 𝜀𝑓 (1𝜂 ̇̂𝜀𝑓 − ‖𝑆‖) .
(59)

Applying the adaptation laws (49) into (59), one has

�̇�31 + �̇�32 ≤ −𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌 . (60)

Clearly, �̇�3 = �̇�31 + �̇�32 ≤ 0, it is concluded that all the
signals 𝑠𝑖, 𝑒]𝑖, 𝜃𝑓𝑖, and 𝜀𝑓 are bounded.
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(2) According to (56), one gets
�̇�31 ≤ −𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌 − ‖𝑆‖ 𝜀𝑓

+ 𝑆𝑇 [𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓)]
= −𝑆𝑇𝐾1𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌

+ 𝑆𝑇 [𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓) − 𝜀𝑓‖𝑆‖𝑆] ,
(61)

which can be further changed into the following two forms:

�̇�31 < −𝑆𝑇 {𝐾1 − diag [𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓)
− 𝜀𝑓‖𝑆‖𝑆] diag−1 (𝑆)} 𝑆 − 𝑆𝑇𝐾2sig (𝑆)𝜌 ,

(62)

�̇�31 < −𝑆𝑇𝐾1𝑆 − 𝑆𝑇{𝐾2 − diag [𝑓 (𝑥 | 𝜃∗𝑓)
− 𝑓 (𝑥 | 𝜃𝑓) − 𝜀𝑓‖𝑆‖𝑆] diag−1 [sig (𝑆)𝜌]}
⋅ sig (𝑆)𝜌 .

(63)

Denote

𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓) − 𝜀𝑓‖𝑆‖𝑆 = [𝑓1, 𝑓2]𝑇 . (64)

For (62), if 𝜆1 > |𝑓𝑖|/|𝑠𝑖|, 𝑖 = 1, 2, which means the
matrix𝐾1 − diag[𝑓(𝑥 | 𝜃∗𝑓) − 𝑓(𝑥 | 𝜃𝑓) − (𝜀𝑓/‖𝑆‖)𝑆]diag−1(𝑆)
is positive definite, the similar structure as (35) is kept.
Hence, finite time stability is guaranteed. Otherwise, |𝑠𝑖| ≤|𝑓𝑖|/|𝜆1|, 𝑖 = 1, 2. We can conclude that

‖𝑆‖2 = 𝑠21 + 𝑠22 ≤ 𝑓21 + 𝑓22𝜆21
=

𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓) − (𝜀𝑓/ ‖𝑆‖) 𝑆2𝜆21
≤ (𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓) + 𝜀𝑓)2𝜆21 ;

(65)

that is,

‖𝑆‖ ≤
𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓) + 𝜀𝑓𝜆1 = 𝛿1. (66)

Therefore, the region ‖𝑆‖ ≤ 𝛿1 can be reached in finite time.
For (63), if 𝜆2 > |𝑓𝑖|/|𝑠𝑖|𝜌, 𝑖 = 1, 2, which means the

matrix𝐾2−diag[𝑓(𝑥 | 𝜃∗𝑓)−𝑓(𝑥 | 𝜃𝑓)− (𝜀𝑓/‖𝑆‖)𝑆]diag−1(𝑆𝜌)
is positive definite, the similar structure as (35) is kept.

Hence, finite time stability is guaranteed. Otherwise, |𝑠𝑖|𝜌 ≤|𝑓𝑖|/|𝜆2|, 𝑖 = 1, 2. We can conclude from Lemma 7 that

‖𝑆‖4𝜌 = (s21 + 𝑠22)2𝜌 ≤ (𝑠2𝜌1 + 𝑠2𝜌2 )2 ≤ (𝑓21 + 𝑓22𝜆22 )2

=
𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓) − (𝜀𝑓/ ‖𝑆‖) 𝑆4𝜆42

≤ (𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓) + 𝜀𝑓)4𝜆42 ;

(67)

that is,

‖𝑆‖ ≤ [
[
𝑓 (𝑥 | 𝜃∗𝑓) − 𝑓 (𝑥 | 𝜃𝑓) + 𝜀𝑓𝜆2 ]

]
1/𝜌

= 𝛿2. (68)

Therefore, the region ‖𝑆‖ ≤ 𝛿2 can be reached in finite time.
By virtue of (66) and (68), the region ‖𝑆‖ ≤ 𝛿 =

min{𝛿1, 𝛿2} can be reached in finite time.
When ‖𝑆‖ ≤ 𝛿, for 𝑖 = 1, 2, |𝑠𝑖| ≤ 𝛿. The integral terminal

sliding mode (22) can be changed into the following form:

𝑠𝑖 = 𝑒]𝑖 − 𝑒]𝑖 (0) + 𝛽𝑖 ∫𝑡
0

𝑒]𝑖𝛾𝑖 sign (𝑒]𝑖) 𝑑𝜏 = 𝜙𝑖,
𝜙𝑖 ≤ 𝛿,

(69)

or the equivalent form

𝑒]𝑖 − 𝑒]𝑖 (0)
+ [
[
𝛽𝑖 − 𝜙𝑖∫𝑡

0

𝑒]𝑖𝛾𝑖 sign (𝑒]𝑖) 𝑑𝜏
]
]

∫𝑡
0

𝑒]𝑖𝛾𝑖 sign (𝑒]𝑖) 𝑑𝜏
= 0.

(70)

If 𝛽𝑖 > |𝜙𝑖|/| ∫𝑡0 |𝑒]𝑖|𝛾𝑖sign(𝑒]𝑖)𝑑𝜏|, (70) is kept in the form
of the integral terminal sliding mode. Hence, finite time con-
vergence is guaranteed. Otherwise, | ∫𝑡

0
|𝑒]𝑖|𝛾𝑖sign(𝑒]𝑖)𝑑𝜏| ≤|𝜙𝑖|/𝛽𝑖 ≤ 𝛿/𝛽𝑖; the region

𝑒]𝑖 ≤ 𝛽𝑖 ∫
𝑡

0

𝑒]𝑖𝛾𝑖 sign (𝑒]𝑖) 𝑑𝜏 + 𝛿 + 𝑒]𝑖 (0)
≤ 2𝛿 + 𝑒]𝑖 (0) ,

(71)

can be reached in finite time.

Remark 12. Both the control law (27) and the adaptive fuzzy
control law (45) contain a nonlinear term 𝐾1𝑆 + 𝐾2sig(𝑆)𝜌
with the formof fast terminal slidingmode, which assures the
boundedness of the signals in the closed system and the finite
time convergence of the auxiliary velocity tracking error.

Remark 13. According to (66) and (68), the parameters 𝜆1
and 𝜆2 can be chosen large enough to make the boundary𝛿 small. However, increasing the parameters 𝜆1 and 𝜆2 will
increase the level of control input and will cause implemen-
tation problem.
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Remark 14. The relationship between the auxiliary velocity
tracking error 𝑒]𝑖 and the width of the boundary layer 𝛿
surrounding the integral terminal sliding mode surface 𝑆 = 0
is given by (69) and (71).

4. Simulation Results

In this section, a simulation will be provided to show the
effectiveness of the proposed control strategy.

Referring to [18], the parameters of the NWMR and its
actuators are chosen as 𝑚 = 10 kg, 𝐼 = 5 kg⋅m2, 𝑅 = 0.12m,𝑟 = 0.067m, 𝑑 = 0.3m, 𝑁 = 50, 𝐾𝑏 = 0.026, 𝐾𝑇 =0.026Nm/A, and 𝑅𝑎 = 3.5Ω. The surface friction and the
external disturbance are generated by 𝐹(𝜗) + 𝜏𝑑 = [5 sin(2𝑡),5 sin(2𝑡)]𝑇. In this simulation, the initial posture and velocity
of the practical NWMR are taken as 𝑞(0) = [0.1, 0.2, 0]𝑇 and𝜗 = [], 𝜔]𝑇 = [0, 0]𝑇, respectively.

The reference linear velocity and angular velocity are
defined as ]𝑟(𝑡) = 1 and 𝜔𝑟(𝑡) = 1. The trajectory of the
reference NWMR is defined as

�̇�𝑟 = ]𝑟 cos 𝜃𝑟 − 𝜔𝑟𝑑 sin 𝜃𝑟,
̇𝑦𝑟 = ]𝑟 sin 𝜃𝑟 + 𝜔𝑟𝑑 cos 𝜃𝑟,
̇𝜃𝑟 = 𝜔𝑟.

(72)

The initial posture of the referenceNWMR is taken as 𝑞𝑟(0) =[0, 0, 0]𝑇.
Theobjective of the trajectory tracking control is to design

a strategy such that 𝑞(𝑡) converges asymptotically to 𝑞𝑟(𝑡),
while all signals in the derived closed-loop system are able
to remain bounded. In the proposed control strategy, an
auxiliary velocity controller 𝜗𝑐 is designed for the kinematic
model to meet the control objective. Then, the actuator
voltage control input 𝑢 is designed for the dynamic model
such that 𝜗 converges to 𝜗𝑐 which is designed at the first step
in finite time.

In the actuator voltage control input 𝑢, the nonlinear
function

𝑓 (𝑥) = [𝑓1 (𝑥) , 𝑓2 (𝑥)]𝑇
= 𝑀(𝑞) ̇𝜗𝑐 + 𝑀(𝑞)Λ sig (𝑒𝜗)𝛾 + 𝑉 (𝑞, ̇𝑞) 𝜗𝑐

− 𝑉 (𝑞, ̇𝑞) 𝑒𝜗 (0) + 𝑉 (𝑞, ̇𝑞) Λ∫𝑡
0
sig (𝑒𝜗)𝛾 𝑑𝜏

+ 𝐹 (𝜗) + 𝜏𝑑

(73)

is contained, where 𝑥 = [𝜗𝑇𝑐 , ̇𝜗𝑇𝑐 , 𝜗𝑇]𝑇.
We suppose that there is no prior information of the

robot parameters such as mass, moment of inertial, friction
coefficients, and the external disturbance; that is, the non-
linear function 𝑓𝑖(𝑥), 𝑖 = 1, 2, is assumed to be completely
unknown. Two fuzzy systems in the form of (9) are used to
approximate𝑓1(𝑥) and𝑓2(𝑥).The fuzzy systems have 𝑥1 = ]𝑐,𝑥2 = 𝜔𝑐, 𝑥3 = ]̇𝑐, 𝑥4 = �̇�𝑐, 𝑥5 = ], and 𝑥6 = 𝜔 as inputs;
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Figure 2: Reference trajectory (-) and actual trajectory (⋅ ⋅ ⋅ ).
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Figure 3: Actuator voltages 𝑢1 (-) and 𝑢2 (- -).
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Figure 4: Auxiliary velocity tracking errors 𝑒𝜗1 (-) and 𝑒𝜗2 (- -).

the fuzzy membership functions for each variable 𝑥𝑖, 𝑖 =1, 2, . . . , 6, are chosen as

𝜇𝐹1𝑖 (𝑥𝑖) = exp [−12 (𝑥𝑖 + 1.250.6 )2] ,
𝜇𝐹2𝑖 (𝑥𝑖) = exp [−12 ( 𝑥𝑖0.6)

2] ,
𝜇𝐹3𝑖 (𝑥𝑖) = exp [−12 (𝑥𝑖 − 1.250.6 )2] .

(74)

The initial values of the estimated parameters 𝜃𝑓𝑖(0), 𝑖 = 1, 2,
and 𝜀𝑓(0) are all set to 0.01.

Referring to [1, 31, 36], the parameters of the control law
are chosen as 𝑘1 = 1, 𝑘2 = 20, 𝑘3 = 10, 𝛽1 = 𝛽2 = 1, 𝛾1 =𝛾2 = 0.5, 𝑘11 = 𝑘12 = 𝑘21 = 𝑘22 = 20, 𝜌 = 0.3, 𝜇𝑓1 = 𝜇𝑓2 =0.5, 𝜂 = 0.001, and 𝜎 = 0.1.

Using our control strategy to control the NWMR, the
simulation results are shown in Figures 2–5. Figure 2 is the
trajectory tracking process in 𝑋-𝑌 plane of the NWMR,
Figure 3 is the actuator voltage control input, Figure 4 is
the auxiliary velocity tracking errors, and Figure 5 is the
tracking position errors, respectively. From Figure 4, it can
be observed that the auxiliary velocity tracking error 𝑒𝜗1
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Figure 5: Tracking position errors 𝑒1 (-), 𝑒2 (- -), and 𝑒3(⋅ ⋅ ⋅ ).
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Figure 6: Reference trajectory (-) and actual trajectory (- -).
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Figure 7: Actuator voltages 𝑢1 (-) and 𝑢2 (- -).

converges to |𝑒𝜗1| ≤ 5 × 10−3 in finite time 𝑡 = 1.389 s and
the auxiliary velocity tracking error 𝑒𝜗2 converges to |𝑒𝜗2| ≤7 × 10−3 in finite time 𝑡 = 3.052 s, respectively.

In order to compare the proposed integral terminal
sliding mode with the integral sliding mode adopted in
[25], we use integral sliding mode instead of the integral
terminal sliding mode in our control strategy while other
design parameters are the same as the corresponding design
parameters used in the above simulation. The corresponding
simulation results are shown in Figures 6–9. From Figure 8, it
can be observed that the auxiliary velocity tracking error 𝑒𝜗1
converges to |𝑒𝜗1| ≤ 3 × 10−2 in finite time 𝑡 = 13.47 s and
the auxiliary velocity tracking error 𝑒𝜗2 converges to |𝑒𝜗2| ≤4 × 10−2 in finite time 𝑡 = 14.05 s, respectively.

It is observed that the actual velocity can track the auxil-
iary velocity in less time using the control strategy proposed
in this paper from Figures 4 and 8. As a result, the practical
NWMR can track the reference NWMR asymptotically with
faster response from Figures 2 and 6. Meanwhile, this favor-
able performance was obtained with no prior information
of the robot parameters such as mass, moment of inertial,
friction coefficients, and the external disturbance.
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Figure 8: Auxiliary velocity tracking errors 𝑒𝜗1 (-) and 𝑒𝜗2 (- -).
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Figure 9: Tracking position errors 𝑒1 (-), 𝑒2 (- -), and 𝑒3(⋅ ⋅ ⋅ ).

5. Conclusions

In this paper, a control strategy has been proposed for the
trajectory tracking problem of the NWMR with parameter
uncertainties and external disturbances. In this study, we
take the wheel actuator dynamics into system dynamics
and choose the actuator voltage as the control input. The
FLS is adopted to estimate the unknown function coming
from parameter uncertainties and external disturbances. An
adaptive fuzzy integral terminal sliding mode controller is
integrated with an auxiliary velocity controller. It has been
shown that all the signals in the closed system are bounded
and the auxiliary velocity tracking errors converge to a small
neighborhood of the origin in finite time. Hence, the tracking
position errors converge asymptotically to zeros with faster
response than other existing controllers. Simulation results
have been provided to show the feasibility of the proposed
control strategy. However, wheel skidding and slipping are
unavoidable due to tire deformation and other reasons in real
environments. In the future, we will extend our results to the
trajectory tracking control of the WMR with wheel skidding
and slipping.
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For fast simultaneous localization and mapping (FastSLAM) problem, to solve the problems of particle degradation, the error
introduced by linearization and inconsistency of traditional algorithm, an improved algorithm is described in the paper. In order
to improve the accuracy and reliability of algorithm which is applied in the system with lower measurement frequency, a new
decomposition strategy is adopted for a posteriori estimation. In proposed decomposition strategy, the problem of solving a 3-
dimensional state vector and N 2-dimensional state vectors in traditional FastSLAM algorithm is transformed to the problem of
solving N 5-dimensional state vectors. Furthermore, a nonlinear adaptive square root unscented Kalman filter (NASRUKF) is used
to replace the particle filter and Kalman filter employed by traditional algorithm to reduce the model linearization error and avoid
solving Jacobian matrices. Finally, the proposed algorithm is experimentally verified by vehicle in indoor environment. The results
prove that the positioning accuracy of proposed FastSLAM algorithm is less than 1 cm and the azimuth angle error is 0.5 degrees.

1. Introduction

In simultaneous localization and mapping (SLAM), vehicle
uses the carried sensors to sense surroundings and uses the
sensed information to create environment map on one hand.
On the other hand, vehicle uses created map to locate and
guide.

There are several methods to deal with SLAMproblem, in
which EKF-SLAM and FastSLAM are the two most popular
methods. EKF-SLAMhas some obvious limitations: inconsis-
tency due to errors accumulation introduced by linearization,
complex computation to deal with high-dimensional joint
covariance, lack of robustness to incorrect data association,
and so on [1–3]. FastSLAM employs the Rao-Blackwellized
particle filter (RBPF) to estimate position and extended
Kalman filter (EKF) to estimate map features. Compared
with EKF-SLAM, FastSLAM has a lower complexity and

is more robust regarding the data association problem.
Nevertheless, the FastSLAM based on RBPF also suffers
from some drawbacks such as particle degeneration, Jacobian
Matrix solving and linear processing of nonlinear function
[4–6]. To deal with these problems, the SLAM based on
square root unscented Kalman filter (SRUKF) is proposed.
Instead of approximating the state and measurement tran-
sition functions by Taylor series expansion, the unscented
transformation employed by SLAM is used to update non-
linear state and measurement functions and the accuracy of
the state estimation has been significantly improved [7–9].

The filtering approaches used in all aforementioned
SLAMmethods can achieve good performance under certain
assumptions. However, the assumptions are typically not
entirely satisfied in practical applications. Thus, the per-
formance of SLAM algorithm may be downgraded from
the theoretical performance, which can potentially lead to
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Figure 1: Schematic diagram of SLAM problem.

divergence. To prevent divergence and to improve the prac-
ticability of SLAM algorithm, the so-called adaptive filtering
approach has been used in SLAM algorithm to dynamically
adjust the parameters of the supposedly optimum filter
based on estimating the unknown parameters for online
estimation of motion and by estimating the signal and noise
statistics from the available data. The adaptive filter can be
realized to adjust important coefficients through fuzzy logic
algorithm or neural network algorithm [10, 11]. Another
popular method to realize the adaptive filtering is to use
estimators [12–14].

To overcome the shortcomings of traditional adaptive
filter, we developed a new nonlinear adaptive square root
unscented Kalman filter (NASRUKF) which can be used
in nonlinear or linear system for multisensory data fusion
with uncertain process noise [15, 16]. In [17], the prototype
of FastSLAM algorithm based on NASRUKF is described,
and the validity is demonstrated by simple preliminary
experiment.

In this paper, the improved FastSLAM algorithm based
on NASRUKF is described in detail. To verify the accuracy
of FastSLAM under the condition of low measurement
frequency, the algorithms based on SRUKF and ASRUKF
are compared and analyzed. And a complete experiment is
designed for further validation.

2. FastSLAM Framework

The idea of FastSLAM algorithm comes from an analysis
result of Dynamic Bayesian Network (DBN): if the vehicle
pose is fully determined, then the map features are mutually
independent. As shown in Figure 1, if the vehicle pose
estimation (x̂𝑅(0), x̂𝑅(1), . . . , x̂𝑅(𝑘)) is known, the estimations
of map features 𝐹1 and 𝐹2 are independent from each other.
The input information of FastSLAM includes the control
information u(0 : 𝑘 − 1) and the measurement information
z(1 : 𝑘).

From a probabilistic point of view, SLAM problem is to
solve the posterior probability distribution of system state
vectors composed of vehicle pose vector x𝑅 and map feature
vector x𝐹, which can be expressed as follows [18]:

𝑝 (x (1 : 𝑘) | z (1 : 𝑘) , u (0 : 𝑘 − 1) , x𝑅 (0)) . (1)

From the aforementioned DBA analysis result and
Bayesian formula, formula (1) can be expressed as follows:

𝑝 (x (1 : 𝑘) | z (1 : 𝑘) , u (0 : 𝑘 − 1) , x𝑅 (0))
= 𝑝 (x𝑅 (1 : 𝑘) , x𝐹 (1 : 𝑘) | z (1 : 𝑘) , u (0 : 𝑘 − 1) ,
x𝑅 (0)) = 𝑝 (x𝑅 (1 : 𝑘) | z (1 : 𝑘) , u (0 : 𝑘 − 1) , x𝑅 (0))
⋅ 𝑁∏
𝑖=1

𝑝 (x𝐹𝑖 (1 : 𝑘) | x𝑅 (1 : 𝑘) , z (1 : 𝑘)) .

(2)

Formula (2) shows the idea of FastSLAM algorithm that
the joint SLAM state estimation can be factored into two
independent estimations: vehicle pose component and map
feature component. Thus, the problem of solving (2𝑁 + 3)
dimension state vectors is converted into two parts: a 3-
dimension state vector solving of vehicle pose and 𝑁 2-
dimension state vectors solving of map features.

For traditional FastSLAM algorithm, estimation of vehi-
cle pose is achieved by particle filtering. Each map feature, in
each particle, can be estimated usingExtendedKalmanFilters
conditioned on the robot pose of the particle. And the factor
weight of particles is calculated to determine the probability
that a certain particle enters the final set.

The implementation process of FastSLAM algorithm is as
follows. (1) The posterior probability distribution of vehicle
pose is estimated using the control information and the
motion model. (2) Map features of particles are associated
with measurement information via maximum likelihood
estimation. (3) According to correlated measurement infor-
mation of each particle, update the estimations of each map
feature and vehicle pose.

3. Optimization of FastSLAM

As the performance of FastSLAM depends on measurement
information, the accuracy and reliability of traditional algo-
rithmare downgradedwhenmeasurement data are limited by
detecting frequency of sensors. In addition, the linearization
method increases the estimation error for the reason that the
actual system has strong nonlinearity and uncertain noise.

In [17], the basic idea of an modified FastSLAM was
introduced simply. In this section, the modified FastSLAM
introduced in [17] will be described in detail which is
especially appropriate for low speed vehicle system (such as
the wheelchair used for the aged). Considering low scanning
speed sensors, a new decomposition strategy is designed for
the posterior probability distribution.Moreover, an improved
a posteriori estimation method is proposed which simulta-
neously estimates the joint state vectors comprised of vehicle
pose and map features.

3.1. Posterior Probability Distribution Decomposition Strategy.
The proposed posterior probability distribution decomposi-
tion strategy of state vectors is shown as
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𝑝 (x (1 : 𝑘) | z (1 : 𝑘) , u (0 : 𝑘 − 1) , x𝑅 (0)) = 𝑝 (x𝑅 (1 : 𝑘) , x𝐹 (1 : 𝑘) | z (1 : 𝑘) , u (0 : 𝑘 − 1) , x𝑅 (0))

=
{{{{{{{{{{{

𝑁∏
𝑖=1

𝑝 (x𝑅𝑖 (𝑘) , x𝐹𝑖 (1 : 𝑘) | z (1 : 𝑘) , u (0 : 𝑘 − 1) , x𝑅 (0)) , (𝑘 = 1)
𝑁∏
𝑖=1

𝑝 ((x𝑅 (1 : 𝑘 − 1) , x𝑅𝑖 (𝑘)) , x𝐹𝑖 (1 : 𝑘) | z (1 : 𝑘) , u (0 : 𝑘 − 1) , x𝑅 (0)) , (𝑘 > 1) .
(3)

Assuming that there are 𝑁 particle state estimations
X̂1, X̂2, . . . , X̂𝑛 and relevant covariancematrices of estimation
error P11,P22, . . . ,P𝑛𝑛, the particle state estimations are irrel-
evant; that is, P𝑖𝑗 = 0 (𝑖 ̸= 𝑗). Then optimal estimation of the
joint state vectors can be expressed as

X̂𝑔 = ∑𝑁𝑖=1 P−1𝑖𝑖 X̂𝑖
∑𝑁𝑖=1 P−1𝑖𝑖 . (4)

The physical meaning of formula (4) is that if the
estimation accuracy of X̂𝑖 is low, its global contributionP−1𝑖𝑖 X̂𝑖
will be low.

It can be drawn from (3) and (4) that

x̂𝑅 (𝑘) = ∑𝑁𝑖=1 P−1𝑅𝑖 (𝑘) x̂𝑅𝑖 (𝑘)
∑𝑁𝑖=1 P−1𝑅𝑖 (𝑘) . (5)

As shown in (3) and (5), the proposed FastSLAM algo-
rithm converts the high-dimensional joint state estimation
into several independent low dimensional joint state estima-
tions.That is, the state vectors solving of (2𝑁+3) dimensions
is converted into𝑁 5-dimension state vectors solving.

Comparedwith the traditional FastSLAMalgorithms, the
correlation between vehicle pose and map features in low
dimension state vectors is considered which is helpful to
improve the accuracy and reliability of FastSLAM, especially
when one frame data of the sensor can be used to observe
at most one map feature which cannot create a new full
map feature. This often appears in a vehicle system with
lower measuring frequency sensors, such as sonar or infrared
sensor, which can only obtain one map feature in a sampling
cycle.

Equations (3) and (5) can be simplified as

𝑝 (x (1 : 𝑘) | z (1 : 𝑘) , u (0 : 𝑘 − 1) , x𝑅 (0)) = {{{
𝑝 (x𝑅 (1 : 𝑘) , xFo𝑖 (1 : 𝑘) | z (1 : 𝑘) , u (0 : 𝑘 − 1) , x𝑅 (0)) , z f rom Fo

𝑝 (x𝑅 (1 : 𝑘) | z (1 : 𝑘) , u (0 : 𝑘 − 1) , x𝑅 (0)) , others

(𝑖 = 1, 2, . . . , 𝑁) ,
(6)

where Fo represents the created map feature; xFo𝑖 represents
the 𝑖th state vector with created feature. The meaning of
formula (6) is that if the 𝑘thmeasurement data is fromcreated
feature, then joint estimation of vehicle pose and the created
feature is carried out. If not, the vehicle pose is estimated only
and the 𝑘th measurement data is saved to create a new map
feature.

3.2. NASRUKF. For a nonlinear and discrete system, stochas-
tic sequence is described by

𝑥 (𝑘) = 𝑓 (𝑥 (𝑘 − 1) , 𝑢 (𝑘 − 1)) + 𝑤 (𝑘 − 1) ,
𝑧 (𝑘) = ℎ (𝑥 (𝑘)) + V (𝑘) , (7)

where 𝑓(𝑥) and ℎ(𝑥) are nonlinear functions of the system;𝑥(𝑘) is the state vector of system; 𝑢(𝑘 − 1) is the control
vector applied at time 𝑘 − 1; 𝑤(𝑘 − 1) is process noise; 𝑧(𝑘)
is observation vector; V(𝑘) is the measurement noise.

The sigma points are calculated as

𝜒 (𝑘 − 1)
= [x̂ (𝑘 − 1) x̂ (𝑘 − 1) + 𝛾S (𝑘 − 1) x̂ (𝑘 − 1) − 𝛾S (𝑘 − 1)] . (8)

The time update equations are the following:

�̂�
∗ (𝑘) = f (𝜒 (𝑘 − 1) , u (𝑘 − 1)) ,

x̂− (𝑘) = 2𝐿∑
𝑖=0

𝑊(𝑚)𝑖 �̂�∗𝑖 (𝑘) ,

S− (𝑘)
= 𝑞𝑟 {[√𝑊(𝑐)1 (�̂�∗1:2𝐿 (𝑘) − x̂− (𝑘)) √Q̂ (𝑘 − 1)]} ,

S− (𝑘) = cholupdate {[S− (𝑘) , �̂�∗0 (𝑘) − x̂− (𝑘) ,𝑊(𝑐)0 ]} .

(9)
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Augment sigma points are

�̂�
− (𝑘) = [x̂− (𝑘) x̂− (𝑘) + 𝛾S− (𝑘) x̂− (𝑘) − 𝛾S− (𝑘)] . (10)

Estimate the square root of the measurement noise
matrix:

Ẑ− (𝑘) = h (�̂�− (𝑘)) ,
ẑ− (𝑘) = 2𝐿∑

𝑖=0

𝑊(𝑚)𝑖 Ẑ−𝑖 (𝑘) ,
z̃ (𝑘) = z (𝑘) − ẑ− (𝑘) ,
√R∗∗ = cholupdate{√1 − 𝑑 (𝑘)√R̂ (𝑘 − 1), |z̃ (𝑘)| ,

𝑑 (𝑘)} ,
√R∗ = cholupdate {√R∗∗, Ẑ−0:2𝐿 (𝑘) − ẑ− (𝑘) , −𝑑 (𝑘)

⋅ 𝑊(𝑐)𝑖 } ,
√R̂ (𝑘) = diag{√diag (√R∗√R∗

T)} .

(11)

The measurement update equations are as follows:

Pxz (𝑘)
= 2𝐿∑
𝑖=0

𝑊(𝑐)𝑖 (�̂�−𝑖 (𝑘) − x̂− (𝑘)) (Ẑ−𝑖 (𝑘) − ẑ− (𝑘))T ,

Sz (𝑘) = 𝑞𝑟 {[√𝑊(𝑐)1 (Ẑ−1:2𝐿 (𝑘) − ẑ− (𝑘)) √R̂ (𝑘)]} ,
Sz (𝑘) = cholupdate {[Sz (𝑘) , Ẑ−0 (𝑘) − ẑ− (𝑘) ,𝑊(𝑐)0 ]} ,

K (𝑘) = (Pxz (𝑘) /Sz (𝑘)T)
Sz (𝑘) ,

x̂ (𝑘) = x̂− (𝑘) + K (𝑘) z̃ (𝑘) ,
U = K (𝑘) Sz (𝑘) ,
S (𝑘) = cholupdate {S− (𝑘) ,U, −1} ,

(12)

where 𝛾 = √𝐿 + 𝜆; 𝑑(𝑘) = (1 − 𝑏)/(1 − 𝑏𝑘+1) and 𝑏 is the
forgetting factor, typically 0 < 𝑏 < 1; the weights (𝑊(𝑚)𝑖 and
𝑊(𝑐)𝑖 ) of the mean and covariance are given by

𝑊(𝑚)0 = 𝜆
𝐿 + 𝜆 ,

𝑊(𝑐)0 = 𝜆
𝐿 + 𝜆 + 1 − 𝛼2 + 𝛽,

𝑊(𝑚)𝑖 = 𝑊(𝑐)𝑖 = 1
2 (𝐿 + 𝜆) , 𝑖 = 1, . . . , 2𝐿,

(13)

where 𝜆 = 𝛼2(𝐿+𝜅)−𝐿 is a scaling parameter.The constant 𝛼
determines the spread of the sigma points around the mean,

Initialization

Estimate robot pose 

Data associate
with new feature data?

Create new map feature

Update robot pose
and created map

feature
Y

N

Figure 2: Implementation process of FastSLAM algorithm.

which is typically set to a small, positive value. The constant𝜅 ≥ 0 is a secondary scaling parameter. 𝛽 ≥ 0 is used
to incorporate the prior knowledge of the distribution (for
Gaussian distributions, 𝛽 = 2 is optimal).

4. Implementation of New
FastSLAM Algorithm

The proposed FastSLAM algorithm implementation process
is shown as in Figure 2.

Initialization. During initialization, the initial pose of vehicle
is obtained by the static state estimationmethod based on the
measurement data of sensors. In addition, the initial feature
of the map is created using the feature extraction method.

After initialization, the vehicle location and mapping will
be calculated and updated based on proposed FastSLAM
algorithm in the following steps.

Vehicle Pose Estimation. The vehicle pose is estimated using
ASRUKF.

Data Association. According to (14), (15), and (16), data
association of the measurement data at time 𝑘 is dealt with
to determine whether it is a created map feature. If the
measurement data is a created map feature, algorithm turns
to vehicle pose andmap feature updating; otherwise, the data
shall be stored as new feature data, and algorithm turns to
new map feature creating.

Vehicle Pose and Map Feature Updating. According to [17],
this step consists of two cases. The first one is that the mea-
surement data (𝜌(𝑘), 𝜑(𝑘))matches the created linear feature.
The second case is that the measurement data matches the
created arc feature.

(1)TheMeasurementDataMatches theCreated Linear Feature.
If the line segment is not parallel to 𝑌𝐼-axis, that is, 𝑦 =𝑎𝑗𝑥 + 𝑏𝑗, it can be defined that x𝑗(𝑘) = [𝑥(𝑘), 𝑦(𝑘), 𝜃(𝑘),
𝑎𝑗(𝑘), 𝑏𝑗(𝑘)]T is the state variable of the nonlinear discrete
system described as
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x𝑗 (𝑘) = x𝑗 (𝑘 − 1) + w𝑗 (𝑘 − 1) ,
𝑧𝑗 (𝑘) = 𝜌 (𝑘) = 𝑑𝑆cos 𝜃𝑗

= 𝑑𝑆cos (𝛼𝑗 − 𝜃 (𝑘) − 𝜑 (𝑘))
=


𝑎𝑗 (𝑘) ⋅ (𝑥 (𝑘) − 𝐿𝑠 ⋅ cos 𝜃 (𝑘)) − (𝑦 (𝑘) − 𝐿𝑠 ⋅ sin 𝜃 (𝑘)) + 𝑏𝑗 (𝑘)

−𝑎𝑗 (𝑘) cos (𝜃 (𝑘) + 𝜑 (𝑘)) + sin (𝜃 (𝑘) + 𝜑 (𝑘))
 + V𝑗 (𝑘) .

(14)

If the line segment is parallel to 𝑌𝐼-axis, that is, 𝑥 = 𝑐𝑗,
x𝑗(𝑘) = [𝑥(𝑘), 𝑦(𝑘), 𝜃(𝑘), 𝑐𝑗(𝑘)]T can be defined as the state
variable of the nonlinear discrete system, which is described
by

x𝑗 (𝑘) = x𝑗 (𝑘 − 1) + w𝑗 (𝑘 − 1) ,
𝑧𝑗 (𝑘) = 𝜌 (𝑘)

= 
(𝑥 (𝑘) − 𝐿𝑠 ⋅ cos 𝜃 (𝑘)) − 𝑐𝑗 (𝑘)

cos (𝜃 (𝑘) + 𝜑 (𝑘))
 + V𝑗 (𝑘) ,

(15)

where w𝑗 and V𝑗 have the statistical property of zero mean,
mutual independence, andGaussian distribution.The covari-
ance matrix of w𝑗 and V𝑗 isQ𝑗 and 𝑅𝑗, respectively.

(2) The Measurement Data Matches the Created Arc Feature.
It can be defined that x𝑐𝑗(𝑘) = [𝑥(𝑘), 𝑦(𝑘), 𝜃(𝑘), 𝑥𝑐𝑗(𝑘),𝑦𝑐𝑗(𝑘), 𝑅𝑐𝑗(𝑘)]T is the state variable of the nonlinear discrete
system described as

x𝑐𝑗 (𝑘) = x𝑐𝑗 (𝑘 − 1) + w𝑐𝑗 (𝑘 − 1) ,
𝑧𝑐𝑗 (𝑘) = 𝜌 (𝑘)

= 𝑑𝑆 cos 𝜃𝑗 ± √𝑑2𝑆 cos2𝜃𝑗 − (𝑑2𝑆 − 𝑅2𝑐𝑗 (𝑘))
+ V𝑐𝑗 (𝑘) ,

(16)

where

𝑑𝑆 = √(𝑥 (𝑘) − 𝐿𝑠 cos 𝜃 (𝑘) − 𝑥𝑐𝑗 (𝑘))2 + (𝑦 (𝑘) − 𝐿𝑠 sin 𝜃 (𝑘) − 𝑦𝑐𝑗 (𝑘))2. (17)

NewMap Feature Creating. If the number of new feature data
exceeds threshold value 𝑁new, a new map feature should be
created.

5. Experimental Results

In order to evaluate the performance of proposed FastSLAM
algorithm, experimental results are shown in this section.The
test environment is built as Figure 3. The main parameters
are depicted as follows: 𝐿𝑠 = 180mm, the length threshold
of linear segment is 𝐿min = 500mm, the distance threshold
between point and line is 𝑑max = 80mm, and the threshold
of average vector distance is𝑚𝑑max = 30mm.

As shown in Figure 3, CPU Motion Controller imple-
ments the proposed FastSLAM algorithm and uploads the
results to the computer via the receiving node 𝑅1 and the
transmitting node 𝑇1 for real-time display.

The whole experiment process is divided into the static
state estimation and the dynamic update.

5.1. The Static State Estimation. The surroundings are
scanned by the sensors of vehicle under stationary state. The
scanned data set is clustered by adaptive breakpoint detector.

Then the scanned data set is segmented:

(1) First, the point C is detected as themaximumdistance
from line AB which exceeds the threshold. Thus, the
continuous data set AB is divided into two subsets
of AC and CB. Then, the point D is detected as the
maximum distance from line AC which exceeds the
threshold and the data set AC is divided into two
subsets of AD and DC. Similarly, the data set CB is
divided into two subsets of CE and EB and the data set
EB is divided into two subsets of EF and FB, as shown
in Figure 4(a). At last, the distance between point C
and line DE is detected to be less than the threshold.
Thus, the subsets DC and CE are combined into one
data set DE.

(2) Second, the lengths of AD, DE, EF, and FB are
calculated, which exceed the line threshold. Thus, the
subsets AD, DE, EF, and FB are processed as line
segment. Then the subsets FB are analyzed by most
similar algorithm which belongs to the arc segment,
as shown in Figure 4(b).

5.2. Dynamic Update

(1) Evaluation of Vehicle Pose Estimation Accuracy. The real-
time pose is estimated using ASRKF and SRKF, respectively,
when the vehicle travels along the desired trajectory. The
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Figure 3: Schematic diagram of test data transmission.
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Figure 4: The static state estimation of map features.

statistic characteristic of process noise is unknown. The data
measurement period is 25ms.

The result of experiment is shown as in Figure 5. It is
observed from Figure 5 that the errors of vehicle state (𝑥𝑦
and 𝜃) estimated by NASRUKF are significantly smaller than
the errors estimated by SRUKF. After 4 seconds, as the iden-
tification of process noise statistical feature, the conclusions
are more obvious. (1) From Figure 5(a), the estimated error
of 𝑥-𝑦 plane calculated by ASRUKF is within 1 cm, while
the estimated error calculated by SRUKF is within 5 cm. (2)

From Figure 5(b), the estimated error of azimuth calculated
by ASRUKF is within 1.15∘ (0.02 rad), while the estimated
error calculated by SRUKF is almost 5.16∘ (0.09 rad).

(2) Evaluation ofMapCreating Accuracy.When vehicle slowly
moves along the line, the vehicle track and environmental
map feature are dynamically updated. The test results are
shown in Figure 6 and Table 1.

Note. Full lines in the figure (real map, real track, and real
theta) denote the true value of actual state. Short dash
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Figure 5: Results of vehicle pose estimation.

Table 1: Error in created environmental features.

(a)

Feature Line LAD Line LDE Line LEF Arc FB
Slope Intercept Slope Intercept Slope Intercept Center Radius

Error 0.0616 −10.6518mm −0.0292 7.8651mm 0.0247 −15.5775mm 15.5822mm −13.3833mm

(b)

Feature Break point A Corner point D Corner point E Corner point F
Error 21.7072mm 20.3451mm 18.5317mm 31.0601mm

lines (estimate map) denote the map feature estimated
with the improved FastSLAM algorithm. Long dash lines
(estimate track and estimate theta) denote the state esti-
mation or estimation error using the improved FastSLAM
algorithm.

As shown in Figure 6 and Table 1, the localization
accuracy based on the improved FastSLAM algorithm is
within 1 cm and the azimuthal error is approximately 0.5∘.
The position error of the corner point in the map feature is
approximately 3 cm. The errors in both the center position
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Figure 6: Results of SLAM dynamic update.

and radius of the arc are within 2 cm. The slope error of line
segment is within 0.07.The intercept error is within 2 cm. It is
demonstrated by the test results that the proposed FastSLAM
algorithm is effective.

6. Conclusions

An improved FastSLAM algorithm based on NASRUKF is
proposed in paper. To improve the accuracy and reliability

of the FastSLAM limited by measuring frequency, a new
posterior probability distribution decomposition strategy
is proposed. And the vehicle pose and map features are
estimated using NASRUKF algorithm, which overcomes
the limitations of the traditional FastSLAM algorithm (e.g.,
solutions to Jacobian matrix are needed; failure to meet
consistency conditions and occurrence of “degeneration of
particle set”). The adaptive ability of filters is improved
while SLAM accuracy is maintained, which provides an
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effective way to solve SLAM problem. The effectiveness of
the proposed FastSLAM algorithm is verified by indoor
experiment results.
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Pneumatic hexapod robot is driven by inert gas carried by itself, which has board application prospect in rescue operation of disaster
conditions containing flammable gas. Cruising ability is main constraint for practical engineering application which is influenced
by kinematics and dynamics character. The matrix operators and pseudospectral method are used to solve dynamics modeling
and numerical calculation problem of robot under straight line walking. Kinematics model is numerically solved and relationship
of body, joints, and drive cylinders is obtained. With dynamics model and kinematics boundary conditions, the optimal input gas
pressure of leg swing and bodymoving in one step is obtained by pseudospectralmethod. According to action character ofmagnetic
valve, calculation results of control inputs satisfy engineering design requirements, and cruising ability under finite gas is obtained.

1. Introduction

In recent years, more and more robots are used in industrial
accident’s detect and rescue operation. The commonly used
robots include motor and hydraulic drive types, but they are
not suited for some close space accident environment which
fills with flammable gas, such as gas explosion accident of coal
mine, because electric devices of themmay lead to secondary
explosion. The pneumatic robot is driven by inert gas and is
convenient to be controlled, which iswidely used in industrial
andmedical domains. Verrelst et al. [1] designed a pneumatic
biped robot, which verifies feasibility of using pneumatic
system as power source, Lavoie and Desbiens [2] designed a
cockroach type pneumatic hexapod robot,Morimoto et al. [3]
designed a rehabilitation used soft touch manipulator by soft
cylinder and obtained a high working accuracy, Qiu et al. [4]
designed a pipe inspection robot by soft cylinders, Diez et al.
[5] designed a neural rehabilitation pneumatic robot, Low
et al. [6] explored a soft pneumatic massager used in joints
auxiliary motion, and Ramsauer et al. [7] explored an error
detection using pneumatic Stewart platform.

With these backgrounds, a natural antiexplosion pneu-
matic hexapod robot (PHR) which is driven by inert gas is
designed in this exploration. However, cruising ability is a big
influence in robot’s engineer application, for the carried gas’s
volume is limited by self-weight of robot. The cruising ability
of PHR is measured by straight line walking distance limited
by product of volume and pressure of carried gas. During
straight line walking, the same characters of each gait decide
they have same gas consumption, so cruising ability problem
changes to be calculation of distance and gas consumption of
one step. Gas consumption of one step is defined as product
of cylinder’s volume and drive pressure. The cylinder volume
is known, and pressure is influenced by dynamics character
of robot. The optimal control method is used to calculate
minimum drive pressure.

In the last few years, there are many explorations on opti-
mal control problems of hexapod robots. Sliva and Machado
[8] reviewed optimization method used in legged robots;
energy/power optimal control objective functions are listed
out; Sanz-Merodio et al. [9] explored energy consumption
of mammal and insect type robots and concluded that leg
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dynamics accounts for most energy consumption; Chen et al.
[10] designed an insect type hexapod robot and leg has a series
mechanism type; the optimal control of leg swing is solved by
pseudospectral method; Roy et al. [11–14] explored kinematic
dynamics and optimal control problems of hexapod robot;
the hexapod robot is driven by electric motor, so it has a
series mechanism type; Luneckas et al. [15] analyzed hexapod
robot’s energy consumption by motion of body and step
height; Deng et al. [16] explored energy reducing problem
of hexapod robot by kinematics analysis; Gonzalez de Santos
et al. [17] explored minimization of hexapod robot in irreg-
ular terrain; the optimal analysis is based on statically stable
gait; Jin et al. [18] explored hexapod walking robot’s power
consumption optimization problem by torque distribution
algorithm and parameters include duty factor, stride length,
bogy height, and foot trajectory lateral offset; Zhu et al. [19]
explored optimal design of hexapod robot with kinematic
model.

Fundamentally, PHR is a parallel mechanism, most of
optimal control explorations of it are static, or simplify it
as serial mechanism, so the real dynamics character cannot
faithfully represent it.The first reason is that complex dynam-
ics character of parallel mechanism makes it difficult to use
triangle functions to calculate it, and complex triangle and
antitriangle transformations will lead to unsolvable model.
Secondly, complex nonlinear characters need optimal control
algorithm that has high calculation accuracy and stability, but
classic algorithms such as Runge-Kutta method do not satisfy
these two characters.

According to references of dynamics modeling by Lie
group [20, 21] and optimal control with pseudospectral
method [22, 23], the matrix and vector operators can avoid
triangle and antitriangle transformations which makes dyna-
mics modeling easier. Pseudospectral method is a global
numericalmethodwhich has high stability and is widely used
in many domains, many engineering problems are solved
successfully [24, 25]. So, in this exploration,matrix and vector
operators are used as units for dynamic modeling, and opti-
mal control problem is solved by pseudospectralmethod.The
control inputs curves which satisfy pneumatic control char-
acters are obtained, and then cruising ability calculation
method is built at last, which offers a reference for the
improvement of robot.

2. The Mechanism and Gait of
Pneumatic Hexapod Robot

PHR is a biorobot, so it has two design schemes, insect type
in Figure 1 and mammal type in Figure 2. Many people like
insect type, but it has some problems. Firstly, it walks along𝑋 direction by triangle gait of hip; joints bear great yawing
forces which will lead to joints’ rapid abrasion and to not
being suited for engineering application. Secondly, it has a big
width, so crosswise passing ability is restricted. Thirdly, the
realization of straight linewalking needs combinationmotion
of three joints, which is more difficult to realize by pneumatic
system and has high gas consumption. The mammal type
PHR does not have these problems. The nitrogen gas bottle
is in trunk; the maximum pressure can reach 15MPa. The
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Figure 1: The insect type hexapod robot.
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Figure 2: The mammal type hexapod robot.

high pressure gas is decompressed to 1MPa by PRV (pressure
reducing valve), and then gas can be decomposed to different
low pressures from 0.15MPa to 0.8MPa by DP (duplex
pieces). All the magnetic valves and control devices can
be packaged in box which is convenient for antiexplosion
design. Each leg is composed of shank and thigh which are
driven by cylinder.

According to comparison between Figures 1 and 2, each
leg ofmammal type hexapod robot has two jointswhich is less
than the insect type. Based on this mechanism, the PHR can
realize straight line walking as gait in Figure 3. The gait can
be divided into four actions. Firstly, the shank drive cylinder
shrinks to make foot tip separate from ground; secondly,
the thigh drive cylinder stretches out to make the leg step
forward; thirdly, the shank drive cylinder stretches out to
make foot contact with ground again; fourthly, the thigh drive
cylinder shrinks to make body move forward. According to
the above gait analysis, the two joints work at different time
and have no coincides. So the swing of thigh and shank
can be treated as a parallel pendulum. When body moves
forward by support of legs, PHR and ground form a close
loop. According to straight line walking gait, the movement
of body is only decided by motion of thigh. So the movement
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Figure 3: The straight line walking gait of PHR.

1
2

3

45

Figure 4: The leg’s motion process under straight walking gait.

process can be expressed only by one parameter. The motion
process of straight line walking can be expressed as in
Figure 4.

3. Kinematics Modeling of PHR

In this part, the pneumatic hexapod robot’s whole straight
line walking kinematic model is built with matrix and
vector operators. The parallel pendulum kinematic model
that corresponds to leg swing process is built at first. Then
the kinematics model of whole machine under straight line
walking process is derived as follows.

3.1. The Kinematic Model of Leg Swing. The mechanism and
parameters of thigh and shank are given in Figure 5. Accord-
ing to Figure 5, thigh and shank have samemechanismwhich
consists of rocker (𝑂1𝑂3) and push rod 𝑂2𝑂3. So thigh and
shank can be expressed by same kinematic model. Suppose
rotate angle of rocker along 𝑂1 is 𝜃1, rotate angle of push rod
along 𝑂2 is 𝜃2, and length of push rod is 𝑙, rotation matrix of
rocker and push rod can be written as

R𝑖 = [cos 𝜃𝑖 − sin 𝜃𝑖sin 𝜃𝑖 cos 𝜃𝑖 ] , 𝑖 = 1, 2. (1)

The rotation matrix satisfies RR𝑇 = I2×2, detR = 1.
Suppose position vector of point𝑂3 on rocker is r1 = (𝑥𝑎, 𝑦𝑎),

so the coordinate of 𝑂3 in inertial frame is R1r1. Suppose
position vector of 𝑂2 in inertial frame is r2 = (𝑥𝑏, 𝑦𝑏).
According to translate process as 𝑂1 → 𝑂2 → 𝑂3, the
coordinate of 𝑂3 in inertial frame is r2 + 𝑙R2e1. According to
coordinates of 𝑂2, 𝑂3, and length between them, the relation
can be expressed as

R1r1 − r2
2 = 𝑙2. (2)

Equation (2) can be unfolded as

r𝑇1 r1 − 2r𝑇2R1r1 + r𝑇2 r2 = 𝑙2. (3)

Equation (1) can be decomposed by R𝑖 = 𝑝𝑖I + 𝑞𝑖𝑆(1).
Bring it into (3), and 𝑝𝑖, 𝑞𝑖 can be solved by nonlinear
equations as (4). 𝑝2𝑖 + 𝑞2𝑖 = 1 is the constraint between 𝑝𝑖
and 𝑞𝑖.

𝑞𝑖𝐴 + 𝐵𝑝𝑖 = 𝐶
𝑝2𝑖 + 𝑞2𝑖 = 1. (4)

In (4), 𝐴 = r𝑇2 𝑆(1)r1, 𝐵 = r𝑇2 r1, 𝐶 = (r𝑇1 r1 + r𝑇2 r2 − 𝑙2)/2.
According to (4), R1 can be calculated. The relation of push
rod and rocker’s attitudes and length of push rod is

𝑙R2e1 = R1r1 − r2. (5)

The attitude matrix satisfies the differential relation as Ṙ =
R𝑆(𝜔); then, differentiating (3), the velocity relation can be
derived as

𝜔1r𝑇1 𝑆 (1)R𝑇1 r2 = 𝑙V. (6)

In (6), ̇𝑙 = V. After transposition of terms, the relation
between angular velocity of rocker and velocity of push rod is
written as

𝜔1 = 𝑙
r𝑇1 𝑆 (1)R𝑇1 r2 V. (7)

Differentiating (3), the relation of pose, attitude, velocity,
and angular velocity is written as

𝜔2𝑙R2𝑆 (1) e1 = 𝜔1R1𝑆 (1) r1 − VR2e1. (8)

Systemizing (8), the relation between angular velocity of
push rod and rocker is written as

𝜔2 = 𝜔1 e
𝑇
2R
𝑇
2R1𝑆 (1) r1𝑙 . (9)

Differentiating (6), and then systemizing it, the angular
acceleration of rocker is written as

�̇�1 = V2 + 𝑙𝑎 + 𝜔21r𝑇1R1r2
r𝑇1 𝑆 (1)R𝑇1 r2 . (10)

In (10), 𝑎 = V̇. Differentiating (8), the angular acceleration
of push rod is written as

�̇�2 = 𝜔21 e
𝑇
1 𝑆 (1)R𝑇2R1r1𝑙 − 2𝜔2V𝑙

− �̇�1 e
𝑇
1 𝑆 (1)R𝑇2R1𝑆 (1) r1𝑙 .

(11)
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Figure 5: The parallel pendulum diagram of thigh and shank.
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Figure 6: The mechanisms schematic diagram of pneumatic hexapod robot under straight line walking.

3.2. KinematicModel of BodyMoving. Themovement of body
is expressed by pose of body frame’s origin 𝑂𝐵 relative to
inertial frame 𝑂𝐼𝑋𝐼𝑌𝐼 as in Figure 6. Define p𝐵 and r𝐼2 as
position vectors of body and foot tip in inertial frame𝑂𝐼𝑋𝐼𝑌𝐼,
respectively, r𝐵0 is position vector of thigh joint 𝑂0 in frame𝑂𝐵𝑋𝐵𝑌𝐵, r01 and r12 are position vectors of shank joint 𝑂1
in thigh’s body frame 𝑂0𝑥0𝑦0 and foot tip 𝑂2 in shank’s body
frame 𝑂1𝑥1𝑦1, respectively. Supposing that rotation matrixes
of thigh and shank are R0 and R1, respectively, so the close
loop relation of body, thigh, shank, and ground is derived as

r𝐼2 − r𝐵0 − R0 (r01 + R1r12) = p𝐵. (12)

According to (12) and straight line walking gait, the
position of body is decided by rotation of thigh for shank joint
keeps still during bodymoves.The velocity relation of leg and
body is derived out by differential calculation of (12) and the
result is

−Ṙ0 (r01 + R1r12) − R0Ṙ1r12 = ṗ𝐵. (13)

Equation (13) can be written as an expansion type as

−𝜔0R0S1 (r01 + R1r12) − 𝜔1R0R1S1r12 = k𝐵. (14)

The acceleration relation of leg and body is derived by
differentiating (14), and the result is

− �̇�0R0S1 (r01 + R1r12) − 𝜔0Ṙ0S1 (r01 + R1r12)
− 𝜔0R0S1Ṙ1r12 − �̇�1R0R1S1r12 − 𝜔1Ṙ0R1S1r12
− 𝜔1R0Ṙ1S1r12 = a𝐵.

(15)

The neat type of (15) is

− 𝛼0R0S1 (r01 + R1r12) − 𝛼1R0R1S1r12
+ 𝜔20R0 (r01 + R1r12) + (2𝜔0𝜔1 + 𝜔21)R0R1r12

= a𝐵.
(16)

4. Dynamics Modeling of PHR

4.1. Dynamics Model of Leg Swing. With kinematics model,
the dynamics model of parallel single pendulum can be built
by Lagrange theory. For the control objective is rocker, so
rotation angle 𝜃1 of rocker is chosen as generalized coordi-
nate of dynamics system. The complete expression form of
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rotation matrix of push rod R2 can be derived by multiplying
e𝑇1 and e𝑇2 on both sides of (5), respectively. It shows in

R2 = 𝑛1I + 𝑛2𝑆 (1)𝑙 . (17)

In (17), 𝑛1 = e𝑇1R1r1 − e𝑇1 r2 and 𝑛2 = e𝑇2R1r1 − e𝑇2 r2; then
bring (17) into (9) which is the expression of 𝜔2, so it has a
new type as (13).

𝜔2 = 𝑛3𝑙 𝜔1. (18)

In (18), 𝑛3 = 𝑛1e𝑇2R1𝑆(1)r1 − 𝑛2e𝑇1R1𝑆(1)r1. Based on (6),
V can be written as

V = 𝜔1r𝑇1 𝑆 (1)R𝑇1 r2𝑙 . (19)

According to system’s pose-attitude relation, the kine-
matic energy of system can be written as

𝑇1 = 12𝐽1𝜔21 + 12 (𝐽2 + 𝐽3) 𝜔22 + 12𝑚3V2. (20)

The potential energy of system can be written as

𝑉1 = 𝑚1𝑔e𝑇2R1r𝑚1 + (𝑚2 + 𝑚3) 𝑔e𝑇2 r2
+ (𝑚2𝑔𝑙𝑚2 + 𝑚3𝑔 (𝑙 − 𝑙𝑚3))𝑙 𝑛2.

(21)

Bringing (18) and (19) into (20) and (21), energy formula
based on R1 and 𝜔1 can be obtained. According to Lagrange
theory, dynamics equation of conservation system can be
derived out by

𝑑𝑑𝑡 ( 𝜕𝐿𝜕𝜔1) − (
𝜕𝐿𝜕R1) = 0. (22)

After expanding dynamics equation, the complete equa-
tion of dynamics system can be expressed as

�̇�1 = −𝑛16𝜔21 + 𝐽𝑎𝜔2𝑛𝑗 (𝑛12 − 𝑛10) − 𝑚3
𝜔21𝑛14𝑛9𝑙2𝑛𝑗

− 𝑛15𝑛13 − 𝑚3𝜔1𝑛4𝑎𝑙𝑛𝑗 (𝑛5 − 𝑛11) − 𝑚3𝑔𝑛𝑗 𝑛4𝑛𝑚
− 𝑚1𝑔𝑛𝑗 𝑛17.

(23)

In (23), the expressions of parameters are shown as
follows.

𝑙𝑎 = r𝑇1 r1 + r𝑇2 r2,
𝑙𝑏 = r𝑇2R1r1,
𝑛1𝑎 = e𝑇1R1r1,
𝑙𝑏 = r𝑇2R1r1,
𝑛1𝑎 = e𝑇1R1r1,
𝑛2𝑎 = e𝑇2R1r1,
𝑛3𝑎 = e𝑇2R1𝑆 (1) r1,
𝑛3𝑏 = e𝑇1R1𝑆 (1) r1𝑛4𝑎 = r𝑇2R1𝑆 (1) r1,
𝑛5𝑎 = r𝑇1R

𝑇
1 r2,

𝑛17 = e𝑇2R1𝑆 (1) r𝑚1 𝑙 = (𝑙𝑎 − 2𝑙𝑏)1/2 ,
𝑛4 = −𝑛4𝑎𝑙 ,
𝑛1 = 𝑛1𝑎 − e𝑇1 r2,
𝑛2 = 𝑛2𝑎 − e𝑇2 r2𝑛3 = 𝑛1𝑛3𝑎 − 𝑛2𝑛3𝑏,
𝑛𝑚 = 𝑛2𝑙 ,
𝑛5 = 𝜔1 𝑛5𝑎𝑙 + 𝑛4𝑛4𝑎𝑙2 ,
𝐽𝑎 = 𝐽2 + 𝐽3
𝑛9 = −𝑛4𝑎𝑙 ,
𝑛8 = 𝑛3𝑏𝑛3𝑎 − 𝑛1𝑛2𝑎 − 𝑛3𝑎𝑛3𝑏 + 𝑛2𝑛1𝑎,
𝑛𝑗 = (𝐽1 + 𝐽𝑎 𝑛

2
3𝑙2 ) + 𝑚3 (𝑛4𝑎𝑙 )

2 ,
𝑛10 = 𝜔1𝑙2 (𝑛8𝑙 − 𝑛4𝑛3)
𝑛11 = 𝜔1𝑙2 (𝑛5𝑎𝑙 + 𝑛4𝑛4𝑎) ,
𝑛12 = 𝜔1 𝑛8𝑙 − 𝑛4𝑛3𝑙2 ,
𝑛13 = (𝑛3𝑎𝑙 − 𝑛2𝑛4)𝑙2 ,
𝑛14 = 𝑛5𝑎𝑙 + 𝑛4𝑛4𝑎,
𝑛15 = (𝑚2𝑔𝑙𝑚2 + 𝑚3𝑔 (𝑙 − 𝑙𝑚3))𝑛𝑗 ,

𝑛16 = 𝐽𝑎𝑛3 (𝑛8𝑙 − 𝑛4𝑛3)𝑙3𝑛𝑗 .

(24)
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Figure 7: The mechanisms of PHR’s whole machine and the equivalent type under straight line gait.

4.2. Dynamics Model of Body Moving. The straight line walk-
ing of PHR is realized by rotation of thigh joints, and shank
joints keep still duringmotion process. According to Figure 7,
PHR is supported by three legs, contact forces are on feet tips
which are F𝑎 = [𝐹𝑎𝑥; 𝐹𝑎𝑦], F𝑏 = [𝐹𝑏𝑥; 𝐹𝑏𝑦], F𝑐 = [𝐹𝑐𝑥; 𝐹𝑐𝑦],
respectively. Thigh joints are driven by 𝑇𝑎0, 𝑇𝑏0, 𝑇𝑐0; shank
joints are driven by 𝑇𝑎1, 𝑇𝑏1, 𝑇𝑐1. The torque corresponds to
drive forces of cylinders. When shank joints keep still, shank
thigh and shank drive cylinder can be handled as one unit. So
drive forces of shank have no influence on the walking. The
six legs of PHRhave samemechanismcharacter, and bodyhas
no rotation during straight line walking, so rotation angles
of thighs are equal, which means 𝜃𝑎0 = 𝜃𝑏0 = 𝜃𝑐0, 𝜃𝑎1 =𝜃𝑏1 = 𝜃𝑐1 = 𝐶 in Figure 7. Supposing that feet tips have no
motion relative to ground, so the mechanism of the whole
machine can be equivalent to themechanism type as the right
part in Figure 7. In this mechanism, displacement of body
is equal to displacement of thigh joint in inertial frame, and
dynamics character of whole machine can be expressed by
one parameter.

Define 𝑚𝑏 as mass of body; mass center is defined at𝑀.
For body has no rotation during straight line walking, so
potential energy is only related to vertical distance between
mass center and hinge joint;𝑚1 is gathermass of shank, thigh,
and drive cylinder of shank. 𝑚2, 𝑚3 are masses of cylinder
tube and rod, respectively. Define 𝐽1 as inertia moment of leg
unit which rotates along foot tip𝑂; 𝐽2, 𝐽3 are inertia moments
of drive cylinder’s tube and rod along𝑂𝑑 and𝑂𝑎, respectively.
Suppose r𝑓 is position vector of point 𝑂𝑡 in body frame 𝑂𝑥𝑦
of leg unit, and position vector of 𝑂𝑎 in frame 𝑂𝑥𝑦 is r𝑎. So
kinetic energy and potential energy of leg unit are written as

𝑇1 = 12𝐽1 ̇𝜃2
𝑉1 = 𝑚1𝑔e𝑇2R (𝜃) r𝑚1.

(25)

In formula (25), 𝜃 = 𝜋 − 𝜃𝑡 − 𝜃𝑠, so ̇𝜃 = − ̇𝜃𝑡 = −𝜔𝑡, 𝜔𝑡 is
angular velocity of thigh, and r𝑚1 is position vector of mass
center. The position of 𝑂𝑡 in frame 𝑂𝑋𝑌 is written as

r𝑡 = R (𝜃) r𝑓,
k𝑡 = −𝜔𝑡R (𝜃) s1r𝑓
r𝑎 = R (𝜃) r𝑎,
k𝑎 = −𝜔𝑡R (𝜃) s1r𝑎.

(26)

So kinetic energy and potential energy of body is written
as

𝑇2 = 12𝑚𝑏k2𝑡 = 12𝑚𝑏𝜔2𝑡 (R (𝜃) s1r𝑓)
𝑇 (R (𝜃) s1r𝑓)

= 12𝑚𝑏𝜔2𝑡 r𝑓
2

𝑉2 = 𝑚𝑏𝑔e𝑇2 (R (𝜃) r𝑓 + ℎ𝑀e2) .
(27)

The motion of drive cylinder is analyzed as follows. The
motion of drive cylinder consists of motion of cylinder tube
and rod. As in Figure 7, the tube connects with thigh and rod
connects with body, so the motion of tube is combination
of displacement of point 𝑂𝑎 and rotation along 𝑂𝑎. The
motion of rod is combination of displacement of point𝑂𝑑 and
rotation along𝑂𝑑. So kinetic and potential energy of cylinder
tube are written as (28), and the rod’s are written as (29).

𝑇3 = 12𝑚2k2𝑎 + 12𝐽2𝜔2𝑑 = 12 (𝑚2 r𝑎2 𝜔2𝑡 + 𝐽2𝜔2𝑑)
𝑉3 = 𝑚2𝑔e𝑇2 (R (𝜃) r𝑎 + 𝑙𝑚2R (𝜃𝑑) e1)

(28)
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𝑇4 = 12𝑚3k2𝑡 + 12𝐽3𝜔2𝑑 = 12 (𝑚2 r𝑓
2 𝜔2𝑡 + 𝐽2𝜔2𝑑)

𝑉4 = 𝑚3𝑔e𝑇2 (R (𝜃) r𝑓 + r𝑑 + 𝑙𝑚3R (𝜋 − 𝜃𝑑) e1) .
(29)

For straight line walking is realized by three legs’ motion, so
Lagrange function of whole system is written as

𝐿 = 𝑇 − 𝑉 = (3𝑇1 + 𝑇2 + 3𝑇3 + 3𝑇4) − (3𝑉1 + 𝑉2
+ 3𝑉3 + 3𝑉4) = 12 (3𝐽1 + 𝑚𝑏 r𝑓

2 + 3𝑚2 r𝑎2
+ 3𝑚3 r𝑓2)𝜔2𝑡 + 32 (𝐽2 + 𝐽3) 𝜔2𝑑
− [3𝑚1𝑔e𝑇2R (𝜃) r𝑚1 + 𝑚𝑏𝑔e𝑇2R (𝜃) r𝑓
+ 3𝑚3𝑔e𝑇2R (𝜃) r𝑓 + 3𝑚2𝑔e𝑇2R (𝜃) r𝑎]
+ 3𝑚3𝑔𝑙𝑚3e𝑇2R𝑇 (𝜃𝑑) e1 − 3𝑚2𝑔𝑙𝑚2e𝑇2R (𝜃𝑑) e1
− 𝑚𝑏𝑔ℎ𝑀 − 3𝑚3𝑔e𝑇2 r𝑑.

(30)

According to kinematic character of parallel pendulum,
R(𝜃𝑑) can be expressed by R(𝜃𝑡), and 𝜔𝑑 can be expressed by𝜔𝑡 and R(𝜃𝑡). The concrete expressions are in

R𝑑 = 𝑛𝑑1I + 𝑛𝑑2𝑆 (1)𝑙
𝜔𝑑 = 𝑛𝑑3𝑙2 𝜔𝑡
𝑛𝑑1 = −e𝑇1R𝑡r1 + e𝑇1 r2

𝑛𝑑2 = e𝑇2R𝑡r1 − e𝑇2 r2
𝑛𝑑3
= (−e𝑇1R𝑡r1e2 + e𝑇1 r2e2 − e𝑇2R𝑡r1e1 + e𝑇2 r2e1)𝑇R𝑡s1r1
r𝑇1 r1 − 2r𝑇2R𝑡r1 + r𝑇2 r2 = 𝑙2.

(31)

In (31)R𝑡 = R(𝜃𝑡), R𝑑 = R(𝜃𝑑); Lagrange function can be
written as (32) with (31).

𝐿 = 𝐿 (𝜔𝑡,R𝑡)
= 12 (3𝐽1 + 𝑚𝑏 r𝑓

2 + 3𝑚2 r𝑎2 + 3𝑚3 r𝑓2)𝜔2𝑡
+ 32 (𝐽2 + 𝐽3) (𝑛𝑑3𝑙2 )

2 𝜔2𝑡 + (R𝑡𝑠e2)𝑇
⋅ [3𝑚1𝑔r𝑚1 + 𝑚𝑏𝑔r𝑓 + 3𝑚3𝑔r𝑓 + 3𝑚2𝑔r𝑎]
− (3𝑚3𝑔𝑙𝑚3 + 3𝑚2𝑔𝑙𝑚2) 𝑛𝑑2𝑙 − 𝑚𝑏𝑔ℎ𝑀
− 3𝑚3𝑔e𝑇2 r𝑑.

(32)
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𝜃3

𝜃2

Fx

F

Figure 8: The force of the single joint.

In (32), R𝑡𝑠 = R(𝜃𝑡 + 𝜃𝑠). According to Lagrange theory,
the dynamics equation of system is obtained as

𝑑𝑑𝑡 𝜕𝐿𝜕𝜔𝑡 −
𝜕𝐿𝜕𝜃𝑡 = 𝑘1�̇�𝑡 + 𝑘2𝜔

2
𝑡 + 𝑘3

𝑘1 = [(3𝐽1 + 𝑚𝑏 r𝑓2 + 3𝑚2 r𝑎2 + 3𝑚3 r𝑓2)
+ 3 (𝐽2 + 𝐽3) (𝑛𝑑3𝑙2 )

2]
𝑘2 = [6 (𝐽2 + 𝐽3) (𝑛𝑑3𝑙2 )(𝜕𝑛𝑑3𝜕𝜃𝑡

1𝑙2 +
2r𝑇2R𝑡s1r1𝑛𝑑3𝑙4 )]

− 3 (𝐽2 + 𝐽3) (𝑛𝑑3𝑙2 )(𝜕𝑛𝑑3𝜕𝜃𝑡
1𝑙2 +

2r𝑇2R𝑡s1r1𝑛𝑑3𝑙4 )

𝑘3 = (3𝑚3𝑔𝑙𝑚3 + 3𝑚2𝑔𝑙𝑚2) (𝜕𝑛𝑑2𝜕𝜃𝑡
1𝑙 +

r𝑇2R𝑡s1r1𝑙3 )
− (R𝑡𝑠s1e2)𝑇 [3𝑚1𝑔r𝑚1 + 𝑚𝑏𝑔r𝑓 + 3𝑚3𝑔r𝑓
+ 3𝑚2𝑔r𝑎] .

(33)

In (33) 𝜕𝑛𝑑3/𝜕𝜃𝑡 = (−e𝑇1R𝑡s1r1e2 − e𝑇2R𝑡s1r1e1)𝑇R𝑡s1r1 −(e𝑇2 r2e1 + e𝑇1 r2e2 − e𝑇1R𝑡r1e2 − e𝑇2R𝑡r1e1)𝑇R𝑡r1, 𝜕𝑛𝑑2/𝜕𝜃𝑡 =
e𝑇2R𝑡s1r1−e𝑇2 r2, r𝑇1 r1−2r𝑇2R𝑡r1+r𝑇2 r2 = 𝑙2. So (33) is dynamics
equation of PHR under straight line walking.

4.3. The Force Analysis. The dynamics models of leg swing
and straight line walking are built in Sections 3.1 and 3.2,
respectively. According to dynamics models, rotation angles
of joints are chosen as generalized coordinates. Actually, the
joints are driven by cylinders, so the relation between joint
drive torques and cylinder drive forces should be constructed.

In order to construct the relation between joint torque
and cylinder drive force, the parallel pendulum structure of
thigh joint is used as example in Figure 8. Supposing the
cylinder’s push force is 𝐹, the angle between push rod and
thigh is 𝜃3. According to triangle character 𝜃3 = 𝜋−𝜃0−𝜃2, two
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components of cylinder drive force on orthogonal directions
of thigh are

𝐹𝑥 = sin (𝜃0 + 𝜃2) 𝐹 = (sin 𝜃0 cos 𝜃2 + cos 𝜃0 sin 𝜃2) 𝐹
𝐹𝑦 = − cos (𝜃0 + 𝜃2) 𝐹
= − (cos 𝜃0 cos 𝜃2 − sin 𝜃0 sin 𝜃2) 𝐹.

(34)

So the torque on joint is

𝑇 = 𝐹𝑥𝑟𝑥 + 𝐹𝑦𝑟𝑦 = 𝐹 [(sin 𝜃0 cos 𝜃2 + cos 𝜃0 sin 𝜃2) 𝑟𝑥
− (cos 𝜃0 cos 𝜃2 − sin 𝜃0 sin 𝜃2) 𝑟𝑦] . (35)

According to rotation relation, suppose thatR0 andR2 are

R0 = [𝑐 (−𝜃0) −𝑠 (−𝜃0)𝑠 (−𝜃0) 𝑐 (−𝜃0) ] = [
𝑐𝜃0 𝑠𝜃0
−𝑠𝜃0 𝑐𝜃0] ,

R2 = [𝑐 [− (𝜋 − 𝜃2)] −𝑠 [− (𝜋 − 𝜃2)]𝑠 [− (𝜋 − 𝜃2)] 𝑐 [− (𝜋 − 𝜃2)] ]

= [−𝑐𝜃2 𝑠𝜃2
−𝑠𝜃2 −𝑐𝜃2] .

(36)

So the projections of hinge joint on thigh and drive force
vector are as in

R0r1 = [ 𝑐𝜃0 𝑠𝜃0
−𝑠𝜃0 𝑐𝜃0][

𝑟𝑥
𝑟𝑦] = [

𝑟𝑥𝑐𝜃0 + 𝑠𝜃0𝑟𝑦
−𝑟𝑥𝑠𝜃0 + 𝑟𝑦𝑐𝜃0]

𝐹R2e1 = 𝑙 [−𝑐𝜃2 𝑠𝜃2
−𝑠𝜃2 −𝑐𝜃2][

1
0] = 𝐹[

−𝑐𝜃2
−𝑠𝜃2] .

(37)

The cross product of (37) is

𝑇 = 𝐹[ 𝑟𝑥𝑐𝜃0 + 𝑠𝜃0𝑟𝑦−𝑟𝑥𝑠𝜃0 + 𝑟𝑦𝑐𝜃0]
𝑇

[0 −1
1 0 ] [

−𝑐𝜃2
−𝑠𝜃2]

= 𝐹 [𝑟𝑥 (𝑐𝜃0𝑠𝜃2 + 𝑠𝜃0𝑐𝜃2) − 𝑟𝑦 (𝑐𝜃0𝑐𝜃2 − 𝑠𝜃0𝑠𝜃2)] .
(38)

According to analysis on geometry, the joint torque
is cross product of leg’s hinge point’s position vector and
cylinder direction vector, which can be expressed as matrix
type as in

𝜏 = (R0r1)𝑇 s1 (𝐹R2e1) . (39)

According to the relation between R2 and R0, (39) can be
written as

𝜏 = 𝐹𝑙 (R0r1)𝑇 s1 (𝑛1e1 + 𝑛2s1e1)
= 𝐹𝑙 (R0r1)𝑇 (𝑛1e2 − 𝑛2e1) .

(40)

Furthermore, the drive force is generated by gas, and the
relation is 𝐹 = 𝜋𝑑2𝑝/4, 𝑑 is cylinder bore (mm), and 𝑝
is gas pressure (MPa). When cylinder is confirmed, the gas
consumption is only influenced by pressure 𝑝.

5. The Optimal Control with
Pseudospectral Method

Themain character of pseudospectral method is that the state
and control variables of ordinary differential equations are
discrete on Legendre-Gauss points. The discrete points are
used as nodes to construct Lagrange interpolating polyno-
mial which is used to approximate state variables and control
variables. The derivatives of state variables are approximated
by differentiating the overall interpolating polynomial so
that differential equation constraints are changed to be
algebra constraints. The integral part of performance index
is calculated by Gauss integral. From above transformations,
the optimal control problem is translated to be a nonlinear
programming problem with a series of algebra constraints.

5.1. The Problem Description. According to (23) and (40),
state equation of parallel pendulum which represents leg
swing is written as (41). According to (23) and (33), state
equation of robot during straight line walking is as in (42).

̇𝜃1 = 𝜔1
�̇�1 = −𝑛16𝜔21 + 𝐽𝑎𝜔2𝑛𝑗 (𝑛12 − 𝑛10) − 𝑚3

𝑛14𝑛9𝑙2𝑛𝑗 𝜔
2
1

− 𝑛15𝑛13 − 𝑚3𝜔1𝑛4𝑎𝑙𝑛𝑗 (𝑛5 − 𝑛11) − 𝑚3𝑔𝑛𝑗 𝑛4𝑛𝑚
− 𝑚1𝑔𝑛𝑗 𝑛17 +

𝜋𝑑2𝑝4𝑙𝑛𝑗 (R1r1)
𝑇 (𝑛1e2 − 𝑛2e1)

(41)

̇𝜃𝑡 = 𝜔𝑡
�̇�𝑡 = 𝐹𝑘1𝑙 (R𝑡r1)

𝑇 (𝑛𝑑1e2 − 𝑛𝑑2e1) − 𝑘2𝑘1𝜔
2
𝑡 − 𝑘3𝑘1 .

(42)

The common optimal control problem can be described
as searching the control variable u(𝑡) which satisfies mini-
mum objective function. In (41) and (42), state variables are
x(𝑡) = [𝜃1; 𝜔1] and x(𝑡) = [𝜃𝑡; 𝜔𝑡], respectively; control input
is gas pressure 𝑝, so u(𝑡) = [0; 𝑝]. The minimum objective
function is

𝐽 = Φ (x (𝑡0) , 𝑡0, x (𝑡𝑓) , 𝑡𝑓) + ∫𝑡𝑓
𝑡0

𝑔 (x (𝑡) , u (𝑡)) 𝑑𝑡. (43)

In (43), state variable x(𝑡), initial time 𝑡0, and end time 𝑡𝑓
satisfy dynamics equation as (44), which represents ordinary
differential equations as (41) and (42).

ẋ (𝑡) = f [x (𝑡) , u (𝑡) , 𝑡] . (44)

The boundary conditions are 𝜙(x(𝑡0), 𝑡0, x(𝑡𝑓), 𝑡𝑓) = 0.
In this exploration, boundary conditions include initial,
terminal, and boundary values of rotation angle 𝜃 and angular
velocities 𝜔. The control constraint is written as C(x(𝑡),
u(𝑡), 𝑡) ≤ 0. In this exploration, the constraint is variation
boundaries of input gas pressure.
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5.2. The Time Domain Transformation. Before using Gauss-
pseudospectral method, the time interval of optimal control
should be transformed from 𝑡 ∈ [𝑡0, 𝑡𝑓] to 𝜏 ∈ [−1, 1] first.
The process is shown as

𝜏 = 2𝑡𝑡𝑓 − 𝑡0 −
𝑡𝑓 + 𝑡0𝑡𝑓 − 𝑡0 . (45)

The transformation process for minimum performance
index is written as

𝐽 = Φ (x (−1) , 𝑡0, x (1) , 𝑡𝑓)
+ 𝑡𝑓 − 𝑡02 ∫1

−1
𝑔 (x (𝜏) , u (𝜏) , 𝜏) 𝑑𝜏. (46)

The dynamics differential equation constraints can be
transformed to be

ẋ (𝜏) = 𝑡𝑓 − 𝑡02 f [x (𝜏) , u (𝜏) , 𝜏] , 𝜏 ∈ [−1, 1] . (47)

The boundary condition: 𝜙(x(−1), 𝑡0, x(1), 𝑡𝑓) = 0.
The path constraints: C(x(𝜏), u(𝜏), 𝜏) ≤ 0.

5.3. The State and Control Variables Approximated by the
Overall Interpolating Polynomial. Gauss-pseudospectral
method uses 𝑛 Legendre-Gauss points and 𝜏0 = −1 as
nodes, which forms 𝑛+1 Lagrange interpolating polynomials𝐿 𝑖(𝜏), 𝑖 = 0, . . . , 𝑛 as primary function to approximate the
state variables, as in

x (𝜏) ≈ 𝑋 (𝜏) = 𝑛∑
𝑖=0

𝐿 𝑖 (𝜏) x (𝜏𝑖) . (48)

In (48), base function of Lagrange interpolating polyno-
mials can be expressed as (49), which makes approximate
state on nodes equal to virtual conditions, as x(𝜏𝑖) ≈𝑋(𝜏𝑖), 𝑖 = 0, . . . , 𝑛,

𝐿 𝑖 (𝜏) = 𝑛∏
𝑗=0,𝑗 ̸=𝑖

𝜏 − 𝜏𝑗𝜏𝑖 − 𝜏𝑗 . (49)

The Lagrange interpolating polynomials are used as basis
function for approximate control variables as

u (𝜏) ≈ U (𝜏) = 𝑛∑
𝑖=1

𝐿 𝑖 (𝜏)U (𝜏𝑖) . (50)

In above equations, 𝜏𝑖, 𝑖 = 1, . . . , 𝑛 are Legendre-Gauss
points.

5.4. The Transformation of Differential Constraints to Algebra
Constraints. Differentiating state variable, dynamics differ-
ential equation constraints can be transformed to be algebra
constraints as

ẋ (𝜏𝑘) ≈ Ẋ (𝜏𝑘) = 𝑛∑
𝑖=0

�̇� 𝑖 (𝜏𝑘) x (𝜏𝑖) = 𝑛∑
𝑖=0

D𝑘𝑖 (𝜏𝑘) x (𝜏𝑖) . (51)

The expression of differential matrix is written as

D𝑘𝑖 = �̇� 𝑖 (𝜏𝑘)

=
{{{{{{{{{{{{{

(1 + 𝜏𝑘) �̇�𝑛 (𝜏𝑘) + 𝑃𝑛 (𝜏𝑘)(𝜏𝑘 − 𝜏𝑖) [(1 + 𝜏𝑖) �̇�𝑛 (𝜏𝑖) + 𝑃𝑛 (𝜏𝑖)] , 𝑖 ̸= 𝑘
(1 + 𝜏𝑖) �̈�𝑁 (𝜏𝑖) + 2�̇�𝑁 (𝜏𝑖)2 [(1 + 𝜏𝑖) �̇�𝑁 (𝜏𝑖) + 𝑃𝑁 (𝜏𝑖)] , 𝑖 = 𝑘.

(52)

In (52), 𝑘 = 1, . . . , 𝑛, 𝑖 = 0, . . . , 𝑛. From the above trans-
formations, dynamics differential constraints are translated to
be algebra constraints.

𝑛∑
𝑖=0

D𝑘𝑖 (𝜏𝑘)X (𝜏𝑖)

− 𝑡𝑓 − 𝑡02 f (X (𝜏𝑘) ,U (𝜏𝑘) , 𝜏𝑘, 𝑡0, 𝑡𝑓) = 0.
(53)

5.5. The Terminal State Constraints under Discrete Condition.
For nodes of Gauss-pseudospectral method excludes end
point 𝜏𝑓 = 1, so the terminal state X𝑓 is not definite in
dynamics differential equation constraints.The terminal state
should satisfy dynamics constraints as

x (𝜏𝑓) = x (𝜏0) + ∫1
−1
f (x (𝜏) , u (𝜏) , 𝜏) 𝑑𝜏. (54)

The termianl constraints are discreted and approximated
by the Gauss integral method, which can be written as (55);
terminal constraint is written as

X (𝜏𝑓) = X (𝜏0)
+ 𝑡𝑓 − 𝑡02

𝑛∑
𝑘−1

𝑤𝑘f (X (𝜏𝑘) ,U (𝜏𝑘) , 𝜏, 𝑡0, 𝑡𝑓) . (55)

In (55), 𝑤𝑘 = ∫1
−1
𝐿 𝑖(𝜏)𝑑𝜏 is Gauss weight; 𝜏𝑘 is Legendre-

Gauss points.

5.6. The Performance Index under Discrete Condition. Inte-
gral parts of performance index are approximated by Gauss
integral, and performance index with pseudospectral type
can be obtained as

𝐽 = Φ (X0, 𝑡0,X𝑓, 𝑡𝑓)
+ 𝑡𝑓 − 𝑡02

𝑛∑
𝑘=1

𝑤𝑘𝑔 (X𝑘,U𝑘, 𝜏𝑘; 𝑡0, 𝑡𝑓) . (56)

Therefore, the continuous optimal control problem is
transformed to be a nonlinear programming problem with
discrete work of pseudospectral method. Then discrete con-
trol and state variables can obtain a minimum performance
index which satisfies state constraints, terminal constraints,
boundary conditions 𝜙(X0, 𝑡0,X𝑓, 𝑡𝑓) = 0, and path con-
straints C(X𝑘,U𝑘, 𝜏𝑘; 𝑡0, 𝑡𝑓) ≤ 0.
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5.7. The Optimal Control of PHR. The gas consumption opti-
mal control of PHR under straight line walking has two parts.
The first part is gas consumption optimal control of leg swing
when foot has no contact with ground, which corresponds
to state equation (41). The second part is gas consumption
optimal control of body moving by support of legs in which
feet contact with ground. This part corresponds to state
equation (42). The sum of these optimal control results is
gas consumption of one step. For the goal of optimal control
is minimum of gas consumption, so objective function is
𝐽 = ∫𝑡𝑓
𝑡0
𝑝𝑑𝑡. The optimal control of PHR can be expressed as

searching control input 𝑝 to make system move from initial
condition x(𝑡0) = x0 to terminal condition x(𝑡𝑓) = x𝑓
under minimum energy consumption and satisfy a certain
of constraints in a given time interval. The process can be
written as follows.

The Functional Extreme Value Problem of Optimal Control

The performance index: 𝐽 = ∫𝑡𝑓
𝑡0
𝑝2𝑑𝑡.

The constraints of initial value: x(𝑡0) = x0.
The state equation: ẋ = f[x, u, 𝑡].
The constraints of control: umin ≤ u ≤ umax.
The constraints of states: xmin ≤ x ≤ xmax.
The boundary conditions: 𝑡 ≤ 𝑡𝑓, 𝑥(𝑡𝑓) ≤ x𝑓.

6. The Kinematics Analysis

The kinematic process of PHR’s straight line walking is
analyzed in this part. The structure parameters of PHR are
as follows. The parameters are obtained from the 3D model
of PHR as Figure 2. In order to verify the correctness of
mathematicalmodel, the 3Dmodel is kinematic, simulated by
ADAMS, and the simulation results are used as criterions for
the correctness of numerical results of mathematical model.
The numerical solution path is designed as follows.

The Numerical Solution Path

The initialization of the variables: 𝑙 = 𝑙0, V = V0, 𝑎 =𝑎0.
For loop:

solve the following formulas as sequence: (3),
(4), (6), (8), (9), and (10);
calculate the following parameters: R1,R2, 𝜔1,𝜔2, �̇�1, �̇�2;
the initial value update is as follows: 𝑙 = 𝑙(𝑡), V =
V(𝑡), 𝑎 = 𝑎(𝑡);

End.

The structure parameters of thigh are r1 = [111.5;58.25], r2 = [272.5; 31.75]; the length of thigh is 250mm.
The structure parameters of shank are r1 = [155.5; −58.25],
r2 = [−197.5; −58.25] and r𝑓 = [463; 216.5]; the length of
shank is 338mm. The initial length of thigh drive cylinder
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Figure 9: The pose-attitude variation of leg.
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Figure 10: The joints’ rotation angle variation.

is 198mm, and shank’s is 248mm. The cylinder’s stroke is
50mm. For the pneumatic experiment has not proceeded, the
acceleration of cylinder motion is supposed as 10000mm/s2
in simulation. For magnetic valve’s minimum action time is
0.1 s, so the action time of cylinder is supposed to be 0.1 s.
According to the above parameters and motion relations,
the variation curves of leg’s kinematics parameters are as in
Figures 9–15.

The track of foot tip and shank joint is expressed in
Figure 9.The black, blue, and red curves are the tracks of foot
swing process. The coordinates of initial and terminal points
are [−65; 506] and [−255.8; −445.5], respectively. These two
coordinates indicate that the forward distance of one step
is 190mm, and the difference of coordinates on 𝑦 direction
indicates that body has 𝑦 direction motion during foot
transformation which is 60mm.
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Figure 15: Angular acceleration of drive cylinders.

The rotation angles variation curves of thigh and shank
are expressed in Figure 10. According to Figure 10, the
initial and terminal angles of thigh joint are −62.2∘ and−85.56∘, the variation range of thigh joint is 23.36∘, and
the three key values of shank joint are −60∘, −79.64∘, and
19.64∘, respectively.The curves are smooth and have parabola
character, which means that the rotation of thigh and shank
joints have stable acceleration, which is identical to the
motion character of drive cylinders.

The rotation angles variation curves of drive cylinders
of thigh and shank are expressed in Figure 11. According to
Figure 11, the initial and terminal rotation angles of thigh
joint’s drive cylinder are 31.42∘ and 33.92∘, the variation range
of it is 2.5∘, and the three key values of shank joint’s drive
cylinder are −25.15∘, −32.03∘, and 6.87∘, respectively. The
variation ranges are far smaller than main joints.

The angular velocities variation curves of thigh and shank
joints are expressed in Figure 12. The variation range of
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thigh joint’s angular velocity is 7.552 rad/s and shank joint’s
variation ranges are 6.898 rad/s and 6.192 rad/s on different
rotation directions. The curves are smooth and variation
tendencies are similar to a straight line, which means the
gradients of angular velocity are constant.

The angular velocities variation curves of drive cylinders
are expressed in Figure 13. According to Figure 13, the
variation curve of thigh drive cylinder’s angular velocity has
a parabola character, and the maximum value is 0.6729 rad/s;
the variation ranges of shank drive cylinder’s angular veloci-
ties are 1.958 and 2.063 rad/s.The values and variation ranges
of drive cylinders angular velocities are far smaller than joints
expressed in Figure 12.

The angular acceleration variation curves of thigh and
shank joints are expressed in Figure 14. According to Fig-
ure 14, the variation range of thigh joint’s angular accel-
eration is between −86.99 rad/s2 and −80.26 rad/s2, which
has a small variation range. The variation ranges of shank
joint drive cylinder’s angular acceleration on two different
motion directions which are [−73.17, −54.33] rad/s2 and[64.88, 92.57] rad/s2, respectively. The variation curves are
smooth and continuous, which means the motion of thigh
and shank joints is second-order continuous.

The angular acceleration of drive cylinders is shown in
Figure 15. The variation range of thigh joint drive cylin-
der’s angular acceleration is [22.45, −29.38] rad/s2, and shank
joint’s is [−27.79, 0] rad/s2 and [20.22, 41.47] rad/s2 on two
directions, respectively. This means that although rotation
angels and angular velocities of the drive cylinders are small,
the variation processes are rapid.

The displacement, velocities, and acceleration variation
curves of body which moves by support of legs are expressed
in Figures 16, 17, and 18, respectively. According to Figure 16,
the initial and terminal positions of thigh joint relative to foot
tip are [258.5, 440.9]mm and [52.4, 508.4]mm, respectively.
The variation curve is a smooth arc. According to two coordi-
nates, the forward displacement of one step is 206.1mm, and
the displacement on vertical direction is 67.5mm. According
to Figure 17, the velocity’s maximum value on 𝑥 direction is
4.48m/s, and on 𝑦 direction is −0.461m/s; the velocity on 𝑥
direction is 10 times the velocity on 𝑦 direction. According
to Figure 18, the maximum values of acceleration on 𝑥 and𝑦 directions are 72.98m/s2 and 32.37m/s2, respectively, and
maximum values are occurring at the end of motion process.

According to kinematics analysis, the conclusions can be
summarized as follows.

(1) The variation curves of angles, angular velocities, and
angular acceleration are all smooth, which means
the straight line walking process has second-order
smooth character.

(2) The rotation angles, velocities, and acceleration values
of thigh and shank joints are much larger than that of
drive cylinders.Thismeans that themechanism of leg
can be improved to be the type where drive cylinders
have no rotation during motion process in the future.

(3) The maximum values of angular velocities and angu-
lar acceleration appear at the end of motion, so in
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the actual engineering design, the accelerate motion
at the end of cylinders stroke should be avoided.

(4) The straight line walking distance of one step is 0.2m,
and the process needs 4 cylinder strokes.The gas con-
sumption volumes of each stroke are product of cylin-
der inner area and stroke distance.The front 3 strokes
only need to drive a small mass, so they only need a
low pressure, the 4th stroke needs to drive the mass
of the whole machine, so it needs a high pressure.The
pressure values of each stroke are calculated in the
following part with optimal control method.

7. The Optimal Control Analysis

In order to analyze dynamics and control of PHR, the pseudo-
spectral optimal control method is used to solve dynamics
equations of straight line walking as (36) and (37). With this
calculation, the variation curves of motion parameters as
rotation angles, angular velocities, and angular acceleration
of straight line will be obtained, and control input pressures
curves of each action will also be obtained. With these
curves, the dynamics and control of PHR can be synthetically
analyzed.

According to straight line gait, the first step is uplift
process of shank. The mass and inertia of shank are 𝑚𝑠 =0.8154 kg and 𝐽𝑠 = 0.0492 kg⋅m2 and the mass center’s posi-
tion vector is r𝑚𝑠 = [0.223; 0]m. According to the kinematics
analysis results, the initial length of cylinder is 248mm,
so initial rotation angle of shank joint is 60∘, and terminal
length of cylinder is 198mm, so terminal angle of shank
joint is 79.64∘; initial and terminal values of (36) are 𝜃intial1 =𝜋/3, 𝜔intial

1 = 0; 𝜃end1 = 0.44𝜋, 𝜔end
1 = 0; variation ranges

of 𝜃1 and 𝜔1 are 𝜋/3 ≤ 𝜃1 ≤ 0.44𝜋 and −10 ≤ 𝜔1 ≤ 10,
respectively. The control input pressure range is 0.15MPa ≤𝑝 ≤ 0.8MPa for minimum and maximum valid pressures of
magnetic valve are 0.15MPa and 0.8MPa.

The second step is rotation of thigh joint. In this step
shank joint keeps still, so thigh and shank can seem as a
whole. The mass and inertia of this whole part are 𝑚𝑡𝑠 =1.576 kg and 𝐽𝑡𝑠 = 0.1276 kg⋅m2 and the mass center’s posi-
tion vector is r𝑚𝑠 = [0.2; 0.133]m. The initial length of
cylinder is 198mm, so initial rotation angle of shank joint is
62.2∘, and terminal length of cylinder is 248mm, so terminal
angle of shank joint is 85.56∘; the initial and terminal values of
(36) are 𝜃intial1 = 0.346𝜋, 𝜔intial

1 = 0; 𝜃end1 = 0.475𝜋, 𝜔end
1 = 0;

the variation ranges of 𝜃1 and 𝜔1 are 0.34𝜋 ≤ 𝜃1 ≤ 0.48𝜋 and−10 ≤ 𝜔1 ≤ 10, respectively. Control input pressure range is
as the first step.

The third step is rotation of shank joint. The parameters
of this step are identical to the first step, the initial and
terminal values of (36) are 𝜃intial1 = 0.44𝜋, 𝜔intial

1 = 0; 𝜃end1 =𝜋/3, 𝜔end
1 = 0.

The fourth step is body moving with rotation of thigh
joint. In this step, foot tip contacts ground and shank keeps
still. The mass of body is 𝑚𝑏 = 30 kg, the mass of leg is𝑚1 = 1.576 kg, the moment of inertia along the foot tip is

𝐽1 = 0.1247 kg⋅m2, the mass center position is r𝑚1 = [0.227;0.059]m, the initial and terminal values of (37) are 𝜃intial𝑡 =0.475𝜋, 𝜔intial
𝑡 = 0; 𝜃end𝑡 = 0.346𝜋, 𝜔end

𝑡 = 0, and variation
ranges of 𝜃𝑡 and𝜔𝑡 are 0.34𝜋 ≤ 𝜃𝑡 ≤ 0.48𝜋 and−10 ≤ 𝜔𝑡 ≤ 10,
respectively.

The drive cylinder two parts’ mass, moment of inertia,
and distance of mass center to hinge joint are as follows.𝑚1 = 0.257 kg, 𝐽1 = 5.3 × 10−4 kgm2, 𝑙𝑚1 = 0.069m; 𝑚2 =0.043 kg, 𝐽2 = 2.15 × 10−4 kgm2, 𝑙𝑚2 = 0.058m.

The 4 steps of one straight line walking gait are solved by
pseudospectral method, and simulation results are expressed
in Figures 19–22. According to Figure 19, the uplift process of
shank only needs a low pressure as 0.15MPa, but the control
time only needs 0.08 s, as the left graph of Figure 9. If the
control time is 0.1 s, the control input pressure only needs
0.1MPa. On point of engineering, the magnetic valve will not
act if the pressure is lower than 0.15MPa, so the first optimal
control result as in Figure 19 meets the need of engineering
application. However, the lowest action time of magnetic
valve is 0.1 s, so impact may occur during the experiment.
According to Figure 20, thigh joint has a stable motion
process when input pressure is 0.15MPa and control time is
0.1 s.

The optimal control results of third step are shown in
Figure 21, which are similar to results as in Figure 19, and
control input pressure is also 0.15MPa. The optimal control
results of fourth step are shown in Figure 22. When the input
pressure is 0.6MPa and control time is 0.1 s, variation of
rotation angle is not smooth, andwhen control input pressure
is 0.5MPa, and control time is 0.3 s, the variation of rotation
angle and angular velocity are smooth, so control input is
0.5MPa with control time 0.3 s being the best choice.

According to the above optimal control calculation
results, the conclusions can be summarized as follows.

(1) The leg swing only needs a low gas pressure as
0.15MPa, and body moves by support of legs need
pressure of 0.5MPa with mass of whole machine
being 30 kg.

(2) The optimal control results indicate that it needs at
least two gas pressure stages to be designed in practi-
cal engineering design.

(3) The gas consumption of one gait is 0.15MPa × (𝜋/4)𝑑2×3×3+0.5MPa×(𝜋/4)𝑑2 = 1.85MPa×(𝜋/4)𝑑2 =0.04MPa⋅L with mass of whole machine being 30 kg
and inner diameter of cylinder being 32mm. In this
exploration, the volume and gas pressure of high
pressure bottle are 8 L × 15MPa, so the carried high
pressure gas can support the PHR to walk 3000 steps
straightly. According to kinematic analysis, the for-
ward distance of one step is 0.2m, so the cruising
ability of PHR is 600m.

8. Conclusion

In this paper, kinematic, dynamics, and optimal control
problemof PHR are explored, and cruising ability of designed
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Figure 19: The optimal control results of shank joint on the first step.
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Figure 20: The optimal control results of thigh joint on the second step.

PHR is analyzed. According to this exploration, the conclu-
sions can be summarized as follows.

(1) Matrix and vector operator are a good modeling
method that can replace triangle method, which
makes kinematic and dynamic modeling of complex

parallel mechanism easier. In this exploration, kine-
matic and dynamic model of PHR are built by matrix
and vector operators which are successfully solved.

(2) Pseudospectralmethod is convenient to solve optimal
control problems of nonlinear dynamics systems
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Figure 21: The optimal control results of shank joint on the third step.
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Figure 22: The optimal control result of thigh joint on the fourth step.
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for its high accuracy. In this exploration, dynamics
equation of PHR is successfully solved, and optimal
input gas pressures of different actions in one gait
are obtained, which offers guidance for engineering
design.

(3) Cruising ability of PHR is influenced by kinematic
and dynamics characters synthetically. Forward dis-
tance of one step is obtained by kinematics analysis
and gas pressures are obtained by dynamics analysis.
The results indicate that cruising ability of designed
PHR satisfies engineering needs.
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This paper establishes the kinematic model of the automatic parking system and analyzes the kinematic constraints of the vehicle.
Furthermore, it solves the problem where the traditional automatic parking system model fails to take into account the time delay.
Firstly, based on simulating calculation, the influence of time delay on the dynamic trajectory of a vehicle in the automatic parking
system is analyzed under the transverse distance𝐷lateral between different target spaces. Secondly, on the basis of cloud model, this
paper utilizes the tracking control of an intelligent path closer to human intelligent behavior to further study the Cloud Generator-
based parking path tracking control method and construct a vehicle path tracking control model. Moreover, tracking and steering
control effects of the model are verified through simulation analysis. Finally, the effectiveness and timeliness of automatic parking
controller in the aspect of path tracking are tested through a real vehicle experiment.

1. Introduction

In recent years, the “parking difficulty” problem in modern
cities has become more and more notable. Parking operation
in a parking area near crowded and narrow urban roads
and community roads is not easy for many drivers [1, 2].
Therefore, assisted parking driving technology has become
one of the research hotspots in the car engineering field and
involves knowledge about electromagnetism, environment-
aware sensors, signal processing, information fusion, model
identification, automatic control and electric power steering
direction, and automotive electronics [3–5]. Car makers pay
much attention to assisted parking system and successively
launched their own assisted parking driving system.

Automatic parking and its control have been studied
widely in the domestic and foreign automobile industry,
which has yielded fruitful achievements. However, some key
technologies in the research of automatic parking have not
been researched, such as time delay of automatic parking path
tracking and control system.

At present, some research studies have been carried out
on the parking path tracking control. Some intelligent control
methods are used more extensively, such as fuzzy logic

controller, neural network controller, and genetic algorithms
(GAs). Yasunobu and Murai [6] proposed a human experi-
ence based on fuzzy logic control theory. A fuzzy logic control
algorithm was employed to design the parking controller [7]
based on a model car test or simulation work. Jenkins and
Yuhas [8] introduced a simplified neural network controller
trained on the basis of kinematics data. Daxwanger and
Schmidt [9] employed fuzzy and neural network schemes
to develop a visually based model car backward-parking
controller with online autoparking steering angle command.
Tayebi and Rachid [10] designed a robust time-varying state
feedback parking controller by using the Lyapunov stability
rule for a wheel mobile robot. Nevertheless, the fuzzy or
neural network controller must be designed on the basis
of expertise and trial-and-error work or on a complicated
vehicle dynamics model. This is not convenient for practical
application. At the same time, neither one of the papers
mentioned above addressed the issue about time delay of
automatic parking path tracking.

Time delay of automatic parking path tracking mainly
includes the following aspects: (1) transmission time delay of
measurement signal from the sensor to the control computer;
(2) time delay caused by the calculation of control law; (3)
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transmission time delay of control sign from computer to
actuator; (4) time delay of actuator; (5) time required to
establish control [11]. Time delay greatly affects the perfor-
mance of the system [12]. It might even cause instability
of feedback control system, and so the vehicle will fail to
track the ideal parking path. This leads to the failure of
the automatic parking system and even collision accidents,
which seriously affect the practicability and accuracy of the
automatic parking system.

The influence of time delay on the automatic parking
system has been reflected in some existing research; for
example, Gutjahr and Werling [13] designed time optimal
trajectories for braking based on the prediction of the future
vehicle motion to compensate for actuator time delay. Choi
and Song [14] designed a fault detection andhandlingmethod
for automatic valet parking to resolve packet loss and time
delay of communication. Song et al. [15] designed a lateral
controller to be robust enough to compensate for the noise
and time delay. However, the uncertainty of time delays was
not considered in the papers mentioned above [16–18].

Cloud model is an uncertain transformation model
between the qualitative concept proposed by Academician
Li Deyi and its quantitative value. Characterized by the
coexistence of the uncertainty and certainty as well as the
stability during the course of knowledge representation,
the cloud model has reflected the fundamental principle of
the biological evolution in nature [19–21]. By virtue of its
characteristics such as easy implementation of derivation
process, simple rules, and strong robustness, it has been
widely utilized in the field of intelligent control and sub-
jective evaluation [22]. Normal cloud model is one of the
most important among cloud models. Due to its excellent
mathematical characteristics, it can describe a large number
of uncertain phenomena in different disciplines [23].

Thus, this paper proposes a novel path tracking controller
based on cloud model in order to solve the shortcomings
of the existing the fuzzy and neural network path tracking
controller and to consider the uncertainties of time-delay
problems.

The paper is organized as follows. In the next section, a
vehicle kinematics model is built and kinematic constraints
are analyzed.Then, the influence of time delay on the parking
trajectory is simulated with MATLAB. In order to meet the
complex control requirements, one-dimensional and two-
dimensional single rules are organically combined to form
themultirule reasoningmodel. Subsequently, control strategy
is verified with straight path and circular path tracking.
At last, a real vehicle experiment is presented to verify
the effectiveness and timeliness of automatic parking path
tracking controller based on cloud model. The paper closes
with the conclusions and references.

2. Analysis of the Vehicle Kinematics Model
and Kinematic Constraints

This paper establishes a kinematicmodel of vehicles, based on
which the path planningmethod of automatic parking system
is analyzed. As shown in Figure 1, (𝑥𝑟, 𝑦𝑟) and (𝑥𝑓, 𝑦𝑓) are the
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Figure 1: Simplified car model for parking.

midpoint coordinates of rear and front axles of the vehicle,
respectively,𝑊 is indicated as the wheel tread,𝐻 is the width
of the road, 𝐿1 and 𝐿2 are separately the width and length
of the target parking space, ℎ is the distance between the
midpoint of the rear axle and the lateral barrier, 𝑆 represents
the distance between the midpoint of the rear axle and the
tail end of the barrier at the front of the target parking space,𝜃 denotes the course angle of the vehicle, 𝜑 is the Ackerman
angle, and clockwise direction is positive.

The rear-wheel lateral velocity (vertical to wheel direc-
tion) is zero, and the vehicle motion equation in the vertical
direction can be obtained:

�̇�𝑟 ⋅ sin 𝜃 − �̇�𝑟 ⋅ cos 𝜃 = 0. (1)

According to Ackerman steering geometry principle,
Ackerman angle 𝜑 in the process of vehicle steering approxi-
mates to the steering angle of midpoint of vehicle front axle.
The central steering angle of the front axle of the vehicle is
linearly proportional to steering wheel angle 𝛾. Hence,

𝛾 = 𝐾 ⋅ 𝜑, (2)

where 𝐾 is proportional constant.
The midpoint of the rear axle of the parked vehicle

is the origin of coordinates, and the coordinate system is
established as Figure 1. The positional relationship between
the midpoints of front and rear axles of the vehicle can be
obtained. Hence, 𝑥𝑟 = 𝑥𝑓 + 𝐿 ⋅ cos 𝜃,

𝑦𝑟 = 𝑦𝑓 + 𝐿 ⋅ sin 𝜃. (3)

Formula (3) is differentiated to obtain the velocity rela-
tionship between the midpoints of front and rear axles of the
vehicle. Therefore,

�̇�𝑟 = �̇�𝑓 − 𝐿�̇� ⋅ sin 𝜃,
�̇�𝑟 = �̇�𝑓 + 𝐿�̇� ⋅ cos 𝜃. (4)
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Substituting (4) into (1), we can obtain the vehicle
kinematics relation:

�̇�𝑓 ⋅ sin 𝜃 − �̇�𝑓 ⋅ cos 𝜃 − 𝐿 ⋅ �̇� = 0. (5)

In addition, at a certain moment of parking in a garage,
the velocity of midpoint of the front axle along the direction
of axis is as follows:

�̇�𝑓 = V ⋅ cos (𝜃 + 𝜑) ,
�̇�𝑓 = V ⋅ sin (𝜃 + 𝜑) . (6)

Substituting (6) into (5), we can obtain

�̇� = −V ⋅ sin𝜑𝐿 . (7)

Substituting (6) and (7) into (5), we can obtain the velocity
of midpoint of front axle along the direction of axis:

�̇�𝑟 = V ⋅ cos 𝜃 cos𝜑,
�̇�𝑟 = V ⋅ sin 𝜃 cos𝜑. (8)

Formulas (7) and (8) are denoted as the kinematic
equation of vehicle. Hence,

�̇�𝑟 = V ⋅ cos 𝜃 cos𝜑,
�̇�𝑟 = V ⋅ sin 𝜃 cos𝜑,
�̇� = −V ⋅ sin𝜑𝐿 .

(9)

Formula (9) is utilized to integrate time 𝑡, and the
obtained movement locus equations of midpoint of rear axle
are

𝑥𝑟 (𝑡) = −𝐿 ⋅ cot 𝜃 ⋅ sin(V ⋅ sin 𝜃𝐿 ⋅ 𝑡) ,
𝑦𝑟 (𝑡) = 𝐿 ⋅ cot 𝜃 ⋅ sin(V ⋅ sin 𝜃𝐿 ⋅ 𝑡) − 𝐿 ⋅ cot 𝜃,
𝑥𝑟2 + (𝑦𝑟 + 𝐿 ⋅ cot 𝜃)2 = (𝐿 ⋅ cot 𝜃)2 .

(10)

According to the geometric relation between parameters
of the vehicle and positions of each coordinate in Figure 1,
movement locus equations of four vehicle wheels and enve-
lope points can be obtained. Thereby, the actual movement
locus of vehicle in the whole process from starting point to
terminal point of parking can be calculated.

Parking movement process should not only meet the
vehicle kinematic and geometric characteristics, but also
give full consideration to external factors such as security,
accuracy, and efficiency of parking. In this section, the
influence of barrier in parking environment on the process
of parking is analyzed.

Based on the planned parking path, namely, the rear
parking locus function, the theoretical curvature 𝜌 of vehicle

at arbitrary point in the process of parking in a garage can be
given as

𝜌 = 𝑦
[1 + (𝑦)2]3/2 . (11)

According to the relation of Ackerman angle,

tan𝜑 = 𝐿𝑅, (12)

where 𝐿 is wheel base, 𝑅 is the radius of turning circle, and𝑅 = 1/𝜌.
According to formulas (11) and (12), Ackerman angle of

the vehicle at arbitrary point is

𝜑 = arctan( 𝐿 ⋅ 𝑦
[1 + (𝑦)2]3/2) . (13)

The movement locus of A, B, C, and D can be obtained
based on coordinates of midpoints of rear axle and their
mutual relationship. Hence,

𝑥𝐴 = 𝑥 + (𝐿𝑓 + 𝐿) ⋅ cos 𝜃 + 𝑊2 ⋅ sin 𝜃,
𝑦𝐴 = 𝑦 − (𝐿𝑓 + 𝐿) ⋅ sin 𝜃 + 𝑊2 ⋅ cos 𝜃,
𝑥𝐵 = 𝑥 + (𝐿𝑓 + 𝐿) ⋅ cos 𝜃 − 𝑊2 ⋅ sin 𝜃,
𝑦𝐵 = 𝑦 − (𝐿𝑓 + 𝐿) ⋅ sin 𝜃 − 𝑊2 ⋅ cos 𝜃,
𝑥𝐶 = 𝑥 − 𝐿𝑟 ⋅ cos 𝜃 − 𝑊2 ⋅ sin 𝜃,
𝑦𝐶 = 𝑦 + 𝐿𝑟 ⋅ sin 𝜃 − 𝑊2 ⋅ cos 𝜃,
𝑥𝐷 = 𝑥 − 𝐿𝑟 ⋅ cos 𝜃 + 𝑊2 ⋅ sin 𝜃,
𝑦𝐷 = 𝑦 + 𝐿𝑟 ⋅ sin 𝜃 + 𝑊2 ⋅ cos 𝜃.

(14)

On the basis of the parking kinematic model established
in the above section, there are four positionswhere the danger
exists in the process of parallel parking (as shown in Figure 2):
(a) collision between point C and the left boundary of the
carriageway, or the collision between the boundary beyond
the current carriageway and vehicle running on the left
carriageway in the process of parking; (b) collision between
tail of vehicle which has not been parked and the barrier
or vehicle at the front of right available parking space; (c)
collision between point B of the vehicle and the barrier after
which the vehicle is parked in the space; (d) collision between
point D as well as point A of the vehicle and the barrier after
which the vehicle is parked in the space.

In order to ensure the safety in the parking process
and reduce the risk of collision between the vehicle and
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Figure 2: Parallel parking possible collisions.

the barrier, locus function needs to meet the following
conditions:

When 𝑥𝐴 ∈ [0, 𝑠𝑜 − 𝐿2] , 𝑦𝐴 < ℎ0;
When 𝑥𝐴 ∈ [0, 𝑠𝑜 − 𝐿𝑟] , 𝑦𝐴 < ℎ0 + 𝐿1;
When 𝑥𝐵 ∈ [0, 𝑠𝑜 − 𝐿2] , 𝑦𝐵 < ℎ0;
When 𝑥𝐵 ∈ [0, 𝑠𝑜 − 𝐿𝑟] , 𝑦𝐵 < ℎ0 + 𝐿1;
When 𝑥 ∈ [0, 𝑠𝑜 − 𝐿𝑟] , 𝑦𝐶 < ℎ0 + 𝐿1 − ℎ;
When 𝑥 = 𝑠𝑜 − 𝐿𝑟, 𝑦𝐶 > ℎ0;
When 𝑥 = 𝑠𝑜 − 𝐿𝑟, 𝑦𝐷 > ℎ0.

(15)

The analysis of the constraints of kinematics in the
process of parking lays the foundation for vehicle trajectory
planning and path tracking in the process of parking and
ensures the safety of the running vehicle during parking.

3. Influence of Time Delay on
the Parking Trajectory

Due to the variation of arc length of vehicle wheels in
each process generated from the time delay, this system can
calculate the passing arc length of wheels at the three stages of
parking on the basis of analysis of the difference in distance𝐷lateral between the vehicle and target parking space.

In actual parking process, there are time errors in each
stage, especially at the points between any two stages. Δ𝐿1,Δ𝐿2, and Δ𝐿3 are assumed as the arc length deviations at
each stage under the average velocity speed of 2 km/h. When𝐷lateral is 0.5m, 1m, and 1.5m, respectively, the influence of
time delay on the deviation of parking path is analyzed.

By analyzing Figures 3–5, it can be known that even
a short time delay can affect the parking trajectory. The
red trajectory in the figure indicates the theoretically ideal
parking trajectory obtained from simulation, and the blue
trajectory represents the actual parking trajectory affected
by time error. The time delay most significantly influences
the trajectory between the first and the second stages, and
the influence between the second and the third stages is

less significant. Furthermore, we can realize that the greater
the time delay, the more obvious the trajectory error. If the
deviation is excessive, the tested vehicle cannot be accurately
parked in the target parking space theoretically. At present,
only the influence of the time delay between every two stages
on the whole parking trajectory deviation is considered.
However, the effect of superposition of time delay on parking
trajectory has not been analyzed.

4. Control Strategy

This paper constructs the tracking control model and adjusts
the characteristic parameters of the cloud on the basis of
uncertain cloud reasoning model. The controller can enable
the vehicle to rapidly and accurately track the expected path.

4.1. Basic Principles of Cloud Model. The cloud is a model
using the linguistic value to represent the uncertainty con-
version between a qualitative concept and its quantitative
representation. Suppose𝑈 is a quantitative domain expressed
in precise values and 𝐴 is a qualitative concept in 𝑈. If a
quantitative value 𝑥 ∈ 𝑈 is a random realization of the
qualitative concept 𝐴 and the membership of 𝑥 to 𝐴, 𝜇(𝑥) ∈[0, 1], is a random number with a stable tendency: 𝜇: 𝑈 →[0, 1], ∀𝑥 ∈ 𝑈, 𝑥 → 𝜇(𝑥), then the distribution of 𝑥 on
domain 𝑈 is called the cloud and each 𝑥 is called a cloud
droplet [24]. Particularly, it is assumed that 𝑅1(𝐸1, 𝐸2) can be
expressed as a random function obeying normal distribution,
where 𝐸1 is expected value and 𝐸2 is standard deviation. If𝑥 (𝑥 ∈ 𝑈) and 𝜇(𝑥) satisfy the equations, which can be
expressed as

𝑥 = 𝑅 (𝐸𝑥, 𝐸𝑛) ,
𝑝 = 𝑅 (𝐸𝑛, 𝐻𝑒) ,
𝜇 = 𝑒−(1/2)((𝑥−𝐸𝑥)/𝑝)2 ,

(16)

then the distribution of 𝑥 on domain 𝑈 is called the normal
cloud [25]. 𝜇 is the degree of membership cloud for input
variable 𝑥. Cloud numerical features can be utilized to reflect
the overall characteristics of the qualitative concept expressed
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Figure 3: Effect of time delay on parking trajectory when 𝐷lateral = 0.5m. (a) The time delay is 0.3 s between the first and the second stages.
(b) The time delay is 0.9 s between the first and the second stages. (c) The time delay is 0.3 s between the second and the third stages. (d) The
time delay is 0.9 s between the second and the third stages.

by the cloud model. The cloud droplets have three numerical
features. In (16), 𝐸𝑥, 𝐸𝑛, and 𝐻𝑒 denote the expectation,
entropy, and hyperentropy, respectively, which are used to
describe the numerical characteristics of cloud. 𝐸𝑥 is the
expectation of cloud droplets in the distribution of the
domain and is the most typical point that represents this
qualitative concept. 𝐸𝑛 is the uncertain measurement of the
qualitative concept and reflects the relevance of fuzziness and
randomness.𝐻𝑒 is the uncertainmeasurement of entropy and
is determined by the fuzziness and randomness.𝑅2 is assumed to be a two-dimensional random function
obeying normal distribution, where 𝐸1 and 𝐸2 are expected
value and 𝐸3 and 𝐸4 are standard deviation. Hence,(𝑥, 𝑦) = 𝑅2 (𝐸1, 𝐸2, 𝐸3, 𝐸4) ,

(𝑝𝑥, 𝑝𝑦) = 𝑅2 (𝐸3, 𝐸4, 𝐻𝑒𝑥 , 𝐻𝑒𝑦) ,
𝜇 = 𝑒−(1/2)[(𝑥−𝐸1)2/𝑝2𝑥+((𝑦−𝐸2)2/𝑝2𝑦)].

(17)

The cloud model constructed by data meeting for-
mula (17) on drop(𝑥, 𝑦, 𝜇) is a two-dimensional normal
cloud model, which is abbreviated as two-dimensional nor-
mal cloud. The data constructing this could model for
drop(𝑥, 𝑦, 𝜇) is called two-dimensional cloud droplets [26].

Three normal clouds with different characteristics are
shown in Figure 6. Compared with the three clouds, it can be
found that the smaller the value of 𝐸𝑛 is, the more divergent
the cloud will be. And it can also be found that the bigger the
value of 𝐻𝑒 is, the more divergent the cloud will be. Normal
cloud is composed of some cloud droplets, which can reflect
the fuzziness. Cloud model is not described through certain
functions, therefore, to enhance the processing capacity for
uncertainty.

The process of reasoning about the uncertain rules of
the cloud model is the target rules inferred and calculated
through the known conditions in a certain environment [27].
Cloud Generator (CG) is the algorithm of cloud model. The
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Figure 4: Effect of time delay on parking trajectory when 𝐷lateral = 1.0m. (a) The time delay is 0.3 s between the first and the second stages.
(b) The time delay is 0.9 s between the first and the second stages. (c) The time delay is 0.3 s between the second and the third stages. (d) The
time delay is 0.9 s between the second and the third stages.

inputs of the generator are the three numerical character-
istics. The outputs are cloud droplets. CG can realize the
mapping from qualitative data to quantitative data. There
are many CGs such as Forward Cloud Generator, Backward
Cloud Generator, 𝑋 Condition Cloud Generator, and 𝑌
Condition Cloud Generator.

Consider the one-dimensional cloudmodel of single-rule
reasoning: if 𝑥, then 𝑦. Its structure is shown in Figure 7(a),
where 𝑥 condition cloud model is (𝐸𝑥, 𝐸𝑛𝑥, 𝐻𝑒𝑥) and 𝑦
condition cloud model is (𝐸𝑦, 𝐸𝑛𝑦, 𝐻𝑒𝑦). When the rule is
activated more than once by the quantitative input value 𝑥,
CG𝑋 produces a set of 𝜇𝑖 values, while 𝜇𝑖 generates a set of 𝑦𝑖
values through CG𝑌. CG𝑋 can be presented by formula (16).
CG𝑌 can be expressed as follows:

𝑃 = 𝑅 (𝐸𝑛𝑦, 𝐻𝑒𝑦)
𝑦𝑖 = 𝐸𝑦 ± √−2 ln (𝜇𝑖) ⋅ 𝑃. (18)

Both 𝑋 and 𝑌 CGs are the basis of the construction of
cloud model uncertainty reasoning, which form a single-rule
generator after being connected. The two-dimensional cloud
model of single-rule reasoning is shown in Figure 7(b).

4.2. Path Tracking Control Model. The basic idea of the
parking path tracking control model is as follows: the vehicle
runs at a certain speed. According to the known path and
the running parameters of the vehicle, proper steering angle
control parameters are calculated. The driving direction of
the vehicle is changed, and it runs along the preplanned
path. In this process, the steering control parameters are
obtained through relevant inference based on the given
running parameters. The mapping relation of individual
one-dimensional or two-dimensional single-rule reasoning
between input and output is simple and can hardly meet
the complex control requirements. In this paper, the above-
mentioned one-dimensional and two-dimensional single
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Figure 5: Effect of time delay on parking trajectory when 𝐷lateral = 1.5m. (a) The time delay is 0.3 s between the first and the second stages.
(b) The time delay is 0.9 s between the first and the second stages. (c) The time delay is 0.3 s between the second and the third stages. (d) The
time delay is 0.9 s between the second and the third stages.

rules are organically combined to form the multirule reason-
ing model shown in Figure 8. This model can complete both
linear andnonlinear reasoning requirements. Amore difficult
prediction at a higher level can be carried out by multirule
deduction.

PID controller has the advantages of simple structure,
convenient adjustment, and parameter tuning contact in
engineering, but the choice of traditional PID regulator
parametersmainly depends on repeated tests and experience,
when the state of the object changes. PID controller consists
of the proportion of unit P, integral unit I, and differential unit
D. In this paper, in order to facilitate the comparison, the PID
controller is designed. PID controller of automatic parking is
applied to adjust actual steering wheel angle output by setting𝑘𝑝, 𝑘𝑖, and 𝑘𝑑.

The working process of the model is as follows: the
controlled quantity relevant parameters 𝑥1, 𝑥2, and 𝑥3 are
assumed as the input of the multirule generator, according

to which the multirule derivation is carried out. The results
are applied to the adjustment of constant coefficients 𝑘PD
and 𝑘I so as to adjust and control the output parameter
range. Finally, the weighted average output steering electrical
machine is controlled in real time.

Input variables 𝑥1, 𝑥2, and 𝑥3 activate different 𝑋 con-
ditional cloud PCG𝐴𝑖,𝐵𝑖 and CG𝑎𝑗, generating different 𝜇𝑖
and 𝜇𝑗, respectively. The cloud droplet is generated through𝑌 conditional cloud CG𝑐𝑖 and CG𝑏𝑗. Through the weighted
average after adjustment of constant coefficient, the inferen-
tial results could be obtained, and the generator process is
completed.

Inference rule of rule base of multidimensional cloud
model is formulated.

If 𝐴 𝑖, 𝐵𝑗, and 𝑎𝑘, then 𝑅𝑖𝑗𝑘, where the value ranges of 𝑖, 𝑗,
and 𝑘 are 1∼5. The corresponding rules of the front and rear
part are constructed in Figure 9.The consequents of the rules
library are listed in Table 1.
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Table 1: The consequents of the rules library.

𝑅11𝑘 = (𝐶1, 𝑏1) 𝑅12𝑘 = (𝐶1, 𝑏𝑘) 𝑅13𝑘 = (𝐶1, 𝑏𝑘) 𝑅14𝑘 = (𝐶2, 𝑏𝑘) 𝑅15𝑘 = (𝐶2, 𝑏𝑘)𝑅21𝑘 = (𝐶1, 𝑏𝑘) 𝑅22𝑘 = (𝐶1, 𝑏𝑘) 𝑅23𝑘 = (𝐶2, 𝑏𝑘) 𝑅24𝑘 = (𝐶3, 𝑏𝑘) 𝑅25𝑘 = (𝐶3, 𝑏𝑘)𝑅31𝑘 = (𝐶2, 𝑏𝑘) 𝑅32𝑘 = (𝐶2, 𝑏𝑘) 𝑅33𝑘 = (𝐶3, 𝑏𝑘) 𝑅34𝑘 = (𝐶4, 𝑏𝑘) 𝑅35𝑘 = (𝐶4, 𝑏𝑘)𝑅41𝑘 = (𝐶3, 𝑏𝑘) 𝑅42𝑘 = (𝐶4, 𝑏𝑘) 𝑅43𝑘 = (𝐶4, 𝑏𝑘) 𝑅44𝑘 = (𝐶5, 𝑏𝑘) 𝑅45𝑘 = (𝐶5, 𝑏𝑘)𝑅51𝑘 = (𝐶4, 𝑏𝑘) 𝑅52𝑘 = (𝐶5, 𝑏𝑘) 𝑅53𝑘 = (𝐶5, 𝑏𝑘) 𝑅54𝑘 = (𝐶5, 𝑏𝑘) 𝑅55𝑘 = (𝐶5, 𝑏𝑘)
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Figure 6: Three examples of the normal cloud.

𝐴 𝑖 means deviation of actual steering wheel angle and
theoretical steering wheel, 𝐵𝑗 means deviation differential of
actual steering wheel angle and theoretical steering wheel, 𝑎𝑘
means deviation integral of actual steering wheel angle and
theoretical steering wheel, 𝐶𝑖 means control outputs of PD
type two-dimensional cloud model mapper, and 𝑏𝑗 means
control outputs of I type two-dimensional cloud model
mapper.

According to the contents discussed above, it is known
that if parking path is given, Ackerman angle of the vehicle
at arbitrary point on the path could be obtained. Parking
kinematicmodel is taken as the controlled object of trajectory
tracking control model. In order to control the vehicle

tracking path through controlmodel, the deviation𝜇between
Ackerman angle𝜑 of the vehicle and the theoretical value𝜑0 is
taken as the input of the control model, among which 𝜑0 can
be calculated through formula (13). By inputting the deviation𝜇, deviation integral 𝜇𝑖, and deviation differential 𝜇𝑐 into the
cloud model generator, the output controlled variable can be
rapidly adjusted based on variation of deviation, so that the
vehicle can be driven tracking the path.

In actual operation, in order to facilitate the measure-
ment, the variable input of the controlmodel is converted into
angle deviation value of steering wheel according to formula
(13). To avoid the adverse effects of three aspects of time delay,
that is, (1) time delay in calculation of steering control law, (2)
transmission time delay of control sign from microprocessor
to steering motor, and (3) time required to establish control
algorithm, the range of deviation𝜇 is selected as (−10, 10).−10,−5, 0, 5, and 10 are, respectively, taken as the five expected
values of the front five rules. The numerical characteristic
value of cloud is input.The algorithm can reduce the negative
influence of time delay on the basis of guaranteeing higher
control precision. Hence,

𝐴1 = 𝐵1 = 𝑎1 = (−10, 5, 0.1) ;
𝐴2 = 𝐵2 = 𝑎2 = (−5, 3, 0.1) ;
𝐴3 = 𝐵3 = 𝑎3 = (0, 3, 0.1) ;
𝐴4 = 𝐵4 = 𝑎4 = (5, 3, 0.1) ;
𝐴5 = 𝐵5 = 𝑎5 = (10, 5, 0.1) .

(19)

Similarly, the output of the control model is the adjust-
ment amount of the steering angle, and the numerical
characteristic value is output. Therefore,

𝐶1 = 𝑏1 = (−12, 5, 0.1) ;
𝐶2 = 𝑏2 = (−6, 3, 0.1) ;
𝐶3 = 𝑏3 = (0, 3, 0.1) ;
𝐶4 = 𝑏4 = (6, 3, 0.1) ;
𝐶5 = 𝑏5 = (12, 5, 0.1) .

(20)

Figure 10 is the structural diagram of path tracking
control model constructed in MATLAB/Simulink in this
paper. Its running process is as follows: the current state
parameters (𝑥𝑐, 𝑦𝑐, 𝜃𝑐, and 𝜑) of the midpoint of the rear
axle are obtained through a vehicle-mounted sensor. Vector
quantity (𝑥𝑐, 𝑦𝑐) is input into path tracking module, through
which the ideal steering angle 𝜑𝑖 of the current reference
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Figure 8: Multiple rule reasoning model.

point could be calculated. Furthermore, Δ𝜑 is obtained by
comparing with the actual steering angle 𝜑 and taken as
the input of multirule generator to obtain the adjustment
amount of the steering angle in the parking process. With
the movement of the target point in the planning path, Δ𝜑
is repetitively calculated until the tracking is completed.

Parking path tracking control model is established on
MATLAB/Simulink simulation platform. It is assumed that
the vehicle is running at the speed of 2m/s, and the tracking
simulations on different paths are carried out, respectively.

The trajectory is assigned as 𝑦 = 𝑥 and 𝑥 ∈ (0, 4). The
starting point of the path is (0, 0), and direction angle is 0∘.
The results of tracking simulation are shown in Figure 11,
where the full line is the prescribed path and the dotted line
is the tracking trajectory. Ten sample points are selected to
calculate the standard deviation, which is 0.15.

The trajectory is specified as 𝑥2 + 𝑦2 = 1. The starting
point of the path tracking is (−2, 0), and the direction angle is
0∘.The simulation results are shown in Figure 12. Twenty-five

sample points are selected to calculate the standard deviation,
which is about 0.1.

According to Figures 11 and 12, as for the straight line
tracking, since the steering angle variation is 0, after the
rapid convergence at the starting point in tracking, the
fluctuation of the tracking points is less. As for the circular
trajectory tracking, the steering angle significantly changes.
The tracking model can achieve rapid convergence, and the
tracking error is within the reasonable range.

5. Experiment and Result Analysis

Real vehicle experiment of automatic parking consists of the
following components: automatic parking control system,
parking space scene detection equipment,WAVEBOOK512H
portable dynamic data acquisition system (including a note-
book computer, and DASlab8.0 data analysis software), Agi-
lentU1620Aportable oscilloscope, tape, connectingwire, and
Haima Familia test vehicle.
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Figure 9: Rule library.
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Hardware circuit board of the automatic parking con-
troller is developed according to the circuit principle dia-
gram. The parking controller is loaded on the vehicle to
carry out the test. Experimental diagramof parking controller
hardware circuit board and parking controller loading test is
shown in Figure 13.

The ultrasonic sensor of the system is mainly arranged in
the front and rear, as well as the right side of the vehicle. The
front and rear sensors are mainly short range radar, and the
right one is mainly long distance sensor, which is shown in
Figure 14.

In the parking test field, the test site is arranged according
to the size of target parking space of the tested vehicle
determined in the second section. The system is loaded on

the tested vehiclewith adaptability adjustment.The automatic
parking system is started for actual parking experiment,
which is shown in Figure 15.

At the starting point of the vehicle parking, the geometric
method is utilized to plan the ideal parking trajectory. The
segmented curve is fit to the parking path. Path tracking
control model is used to track the path. The starting point is
(7.1, 2.3) and direction angle is 0∘, when 𝐷lateral = 0.5m.

Three different lateral distances (𝐷lateral) of the model
car are planned to execute the roadside parallel autoparking
experiments. Experimental results and pictures for a fixed
vehicle speed of 5 km/s are shown here for explanation.
Experimental results are listed in Table 2 for comparison with
the data from the PID controller and cloud model controller
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Table 2: Path tracking control performance comparison.

Control scheme

Experimental data for the following lateral distances (𝐷lateral)𝐷lateral, 0.5m 𝐷lateral, 1.0m 𝐷lateral, 1.5m
Minimum of 𝑌

error (m)
Maximum of 𝑌

error (m)
Minimum of 𝑌

error (m)
Maximum of 𝑌

error (m)
Minimum of 𝑌

error (m)
Maximum of𝑌 error (m)

No control −1.03 −0.01 −0.98 −0.02 −1.02 −0.04
PID control −0.1 0.2 −0.09 0.15 −0.12 0.18
Cloud model
control −0.01 0.06 −0.02 0.08 −0.02 0.1
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Figure 11: Straight path tracking.
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Figure 12: Circular path tracking.

and without controller. Four instantaneous motion pictures
are shown in Figure 15.

Experimental process without controller: the wheel speed
signal outputted by the wheel speed sensor in the ABS
(antilock brake system) system is collected. The number of
each square wave pulse signal outputted by the wheel is fixed
in every circular; that is, the travelled distance (arc length)
is certain. So, the number of pulses acquired can be used
to calculate the distance the wheel travels (arc length). In
the absence of control, there is a corresponding relationship
between the distance travelled (arc length) by the wheel and

the steering anglewhen𝐷lateral is fixed.Therefore, once the arc
length of each stage is reached, the microcontroller outputs a
fixed steering wheel angle to achieve the parking process. At
this time, the trajectory can be calculated without controller.

The trajectory of the vehicle’smotion, the tracking error of
minimumof𝑌 error, and the tracking error ofmaximumof𝑌
error are shown in Figure 16. It can be observed that themodel
vehicle follows the specified autoparking path backwards to
the target position with a small tracking error.Theminimum
and maximum of 𝑌 error tracking of cloud model controller
are −0.01, 0.06; −0.02, 0.08; and −0.02, 0.1, respectively. It
can also be observed from Table 2 that the dynamic control
performance of the cloud model controller is better than that
of PID controller. The trajectory without controller reflects
the adverse impact of time delay on automatic parking.
Simultaneously, it can be observed that the cloud model
controller can be better to effectively reduce the adverse
impact of time delay.

Because the control parameters of the PID controller are
fixed, it is impossible to adjust quickly and rationally for
the uncertainty of the time delay. The situation of lag and
overshoot in the control process can be found. In the case of
no controller, the problem of delay will further be aggravated
in the process of automatic parking path tracking.The reason
is that all the time delays effect will be superimposed, result-
ing in increasing error and even leading to parking accident
finally.However, under the cloudmodel controller, because of
the establishment of cloudmodel reasoning rule base and the
combination of the one-dimensional and two-dimensional
cloud model mapper can solve the adverse effect of time
delay and improve the robustness of the system. Furthermore,
cloud model controller can guarantee the stability of the
system work effectively.

6. Conclusions

In this paper, the adverse impact of time delay on automatic
parking is analyzed. In order to solve the uncertainty of time
delays, uncertain cloud reasoning model is proposed. The
precision of the position of the mapping point of midpoint at
the rear axle on the ground is taken as the controlled target,
and the deviation between the ideal steering wheel angle and
actual steering angle is taken as the input. The single-rule
reasoning of multidimensional cloud model is organically
integrated to design a multirule tracking control model.
According to the known path, the simulation experiment
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Figure 13: Parking controller hardware circuit board and integrated controller loading test chart.

(a) (b)

(c)

Figure 14: Ultrasonic sensor placement in test vehicle. (a) Front of ultrasonic radar sensor layout. (b) Rear ultrasonic radar sensor layout.
(c) Side ultrasonic radar sensor layout.
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Figure 15: Actual test of the automatic parking system.
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Figure 16: The test results of path tracking.

of the parking tracking control model is carried out under
constant velocity. The results show that the tracking control
model has a good tracking control performance and can
quickly track the specified path.The real vehicle experimental
results show that cloud model controller can achieve rea-
sonable tracking control accuracy for this automatic parking
systemwith uncertainty of time delays. Generally, the experi-
mental results are better than traditional PID controller. Path
tracking control of automatic parking system with variable
speed will be the topic of future work.
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Object tracking with robust scale estimation is a challenging task in computer vision.This paper presents a novel tracking algorithm
that learns the translation and scale filters with a complementary scheme. The translation filter is constructed using the ridge
regression and multidimensional features. A robust scale filter is constructed by the bidirectional scale estimation, including the
forward scale and backward scale. Firstly, we learn the scale filter using the forward tracking information. Then the forward scale
and backward scale can be estimated using the respective scale filter. Secondly, a conservative strategy is adopted to compromise the
forward and backward scales. Finally, the scale filter is updated based on the final scale estimation. It is effective to update scale filter
since the stable scale estimation can improve the performance of scale filter. To reveal the effectiveness of our tracker, experiments
are performed on 32 sequences with significant scale variation and on the benchmark dataset with 50 challenging videos. Our
results show that the proposed tracker outperforms several state-of-the-art trackers in terms of robustness and accuracy.

1. Introduction

Visual tracking has drawn significant attentions in computer
vision with various applications such as activity analysis,
video surveillance, and auto control systems. Despite signifi-
cant progress in recent years, it is still difficult due to baffling
factors in complicated situations such as scale variations,
partial occlusion, background clutter, deformation, and fast
motion.

In recent years, many object tracking algorithms have
been proposed. Among those trackers, the tracking-by-
detection algorithms have achieved excellent performance by
learning a discriminative classifier. Bolme et al. [1] presented
a minimum output sum of squared error (MOSSE) filter on
the gray images when initialized using a single frame. The
MOSSE tracker is robust to variations in lighting, pose, and
nonrigid deformations while running with a speed reaching
several hundred frames per second. The MOSSE tracker can
be performed efficiently because of using the fast Fourier
transform (FFT). Recently, many new algorithms [2–5] based

on the MOSSE filters have been proposed in researches in
field of object tracking.

Unlike tracking-by-detection algorithm, the TLD track-
ing framework [6] was presented that decomposed the
tracking task into three subtasks: tracking, learning, and
detection. The TLD tracker used a P-N learning algorithm
to improve classification performance in long-term tracking.
In recent years, sparse representation has been successfully
applied to visual tracking. Zhang et al. [7] proposed the
multitask tracking framework based on the particle filters
and the multitask sparse representation. Wang et al. [8]
proposed the WLCS tracker based on the particle filters
and weighted local cosine similarity which measures the
similarities between the target template and candidates. Guo
et al. [9] proposed the max confidence boosting tracker that
allows ambiguity in the tracking and effectively alleviates the
drift problem. Zhang and Song [10] proposed the weighted
multiple instance learning tracker that considers the sample
importance into the tracker framework. Wang et al. [11]
proposed the structure constrained grouping based on the
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Bayesian inference framework which casts visual tracking as
foreground superpixels grouping problem. However, those
algorithms cannot handle the scale changes well in object
tracking.

In this paper, we decomposed the tracking task into two
subtasks: translation filter and scale filter with a comple-
mentary scheme. The translation filter relies on a temporal
context regression model. As for scale filter, our key idea is
using both the forward and backward tracking information to
construct the scale filter.The information from the last frame
to the current frame can be defined as the forward tracking
information, while the information from the current frame
to the last frame can be regarded as the backward tracking
information. Therefore, the scale filter can be estimated by
the bidirectional scale estimation, including the forward scale
and the backward scale. The proposed approach achieves
state-of-the-art performance on both scale variation dataset
and the benchmark dataset.

2. Related Work

Our tracking algorithm is based on the correlation fil-
ter model. The classic correlation filter algorithm is the
MOSSE tracker. The MOSSE tracker takes randomly affine-
transformed ground truths as training set when initializing its
correlation filter. However, inMOSSE tracker, the correlation
filter is only used to detect the position of target.

Based on the correlation filter, Henriques et al. [2]
proposed the CSK tracker algorithm that used the circulant
matrices theory to learn a kernelized least-squares classifier.
The CSK tracker runs at hundreds of frames per second.
Furthermore, Henriques et al. [3] proposed the kernelized
correlation filter (KCF) using themultichannel HOG features
based on the CSK tracker. However, the CSK and KCF track-
ers imply the low accuracy in the scale variations sequences
because the algorithms are limited to target translation. Li
and Zhu [12] proposed the SAMF tracker that extends KCF
to handle scale changes by sampling with several predefined
scale perturbations. In fact, by sampling predefined scale
variations, the SAMF tracker is not flexible enough to deal
with fast and abrupt scale changes.

Zhang et al. [4] proposed a kernelized correlation filter
to predict the target scale variation that often produces the
inaccurate scale estimation in a complicated environment.
Danelljan et al. [5] proposed the discriminative scale space
tracker (DSST) that learnt the translation filter and scale filter
for the tracking target. The scale filter in DSST only uses the
forward tracking information to search the reasonable scale
while neglecting the backward information. This makes the
scale unstable usually in complex scenes.

3. Our Approach

Here we describe our approach. Section 3.1 presents transla-
tion tracking filter. In Section 3.2 we describe scale tracking
filter using the bidirectional scale estimation.

3.1. Translation Tracking Filter. TheMOSSE tracker only uses
the image intensity features to design the translation filter.

Since the HOG feature is a strong local analysis feature, it
has been widely used in visual tracking. So we use both the
HOG feature and intensity feature to build the translation
filter. Here we build the translation filter using the ridge
regression similar to the DSST and MOSSE. Given 𝑛 features𝑓 = {𝑓1, 𝑓2, . . . , 𝑓𝑖, 𝑓𝑛}, the translation tracking filter ℎ𝑖 is
obtained by minimizing the sum of squared errors with the
regularization term

min

𝑛∑
𝑖=1

𝑓𝑖 ∗ ℎ𝑖 − 𝑔
2 + 𝜆 𝑛∑
𝑖=1

ℎ𝑖2 , (1)

where 𝑔 is the desired correlation outputs. Here 𝑔 can be
designed as the 2D Gaussian shaped peak centered on the
target in training image. In this paper, the upper case variables𝐹𝑖, 𝐺 and the filter 𝐻𝑖 denote the Fourier transform of their
lower case counterparts separately. The solution to (1) in the
Fourier transform domain is [5]

𝐻𝑖 = 𝐺 ⊙ 𝐹𝑖∑𝑛𝑖=1 𝐹𝑖 ⊙ 𝐹𝑖 + 𝜆 , (2)

where ⊙ is the element-wise product and the bar𝐺 represents
complex conjugation. To obtain a robust approximation, the
translation filter𝐻trans

𝑡 can be updated by the numerator𝐻𝑖𝑡,1
and denominator𝐻𝑡,2.𝐻𝑖𝑡,1 = 𝜂𝐻𝑖𝑡−1,1 + (1 − 𝜂)𝐺 ⊙ 𝐹𝑖 (3)

𝐻𝑡,2 = 𝜂𝐻𝑡−1,2 + (1 − 𝜂) 𝑛∑
𝑖=1

𝐹𝑖 ⊙ 𝐹𝑖, (4)

where 𝑡 is the index of frame and 𝜂 is the learning rate. Given
the features 𝐹𝑍 of an image patch 𝑍 in the new frame, the
confidence score can be calculated as

𝑦 = ∑𝑛𝑖=1𝐻𝑖𝑡,1 ⊙ 𝐹𝑍𝐻𝑡,2 + 𝜆 . (5)

So the new target location can be estimated by searching for
the location of the maximum confidence score.

3.2. Scale Tracking Filter. In this section, a 1-dimensional
correlation filter is constructed to estimate the target scale.
The purpose of scale tracking filter is to locate the appropriate
scale for the target in the current frame. Let 𝑊 × 𝑅 be the
target size and 𝑁 is the number of scales 𝑆 = {𝑎𝑛 | 𝑛 ∈([−(𝑁 − 1)/2], . . . , [(𝑁 − 1)/2])}, where 𝑎 denotes the scale
factor. For each 𝑎𝑛 ∈ 𝑆, we extract an image patch of size𝑎𝑛𝑊 × 𝑎𝑛𝑅 centered around the estimated location. At the
same time, we use the HOG features to construct the scale
pyramid.

Here the training features at each scale level are set to a𝑘-dimensional feature descriptor. Given the training samples𝑓𝑆 = {𝑓𝑆1 , . . . , 𝑓𝑆𝑗 , . . . , 𝑓𝑆𝑘 }, the scale filter ℎ𝑗 is obtained by
minimizing the sum of squared errors with the regularization
term

min

𝑘∑
𝑗=1

𝑓𝑆𝑗 ∗ ℎ𝑗 − 𝑔
2 + 𝜆∑ℎ𝑗2 , (6)
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Figure 1: Precision and success plots over all the 32 sequences.

where 𝑔 is as the 1-dimensional Gaussian shaped peak
centered around the current scale. Then the solution to (6)
in the Fourier transform domain is

𝐻𝑗 = 𝐺 ⊙ 𝐹𝑆𝑗∑𝑘𝑗=1 𝐹𝑆𝑗 ⊙ 𝐹𝑆𝑗 + 𝜆 , (7)

where the upper case variables 𝐹𝑆𝑗 ,𝐺 and the filter𝐻𝑗 denotes
the Fourier transform of their lower case counterparts sep-
arately. Assume the scale filter 𝐻scale

𝑡−1 in the last frame be
expressed by the numerator 𝐴𝑗𝑡−1 and denominator 𝐵𝑡−1.
Given the features 𝐹𝑡 of an image patch in the current frame,
the maximum scale confidence score can be calculated as

𝑦𝐹𝑡 = max(∑𝑘𝑗=1 𝐴𝑗𝑡−1 ⊙ 𝐹𝑡𝐵𝑡−1 + 𝜆 ) , (8)

where 𝑡 is the index of frame. So the new target scale can
be estimated by searching for the scale of the maximum
confidence score. Let 𝑆𝐹 = 𝑐 × 𝑆𝑡−1 denote the corresponding
scale to 𝑦𝐹𝑡 . Here 𝑆𝑡−1 denotes the target scale in the last frame
and 𝑐 denotes the relevant factor between the new target scale
in the current frame and the target scale in the last frame.
Then the scale 𝑆𝐹can be set to the forward scale for the new
target since it uses the last frame’s filter 𝐻scale

𝑡−1 to estimate the
target scale in the current frame.

In order to improve the performance, we compute a
backward scale for the same target. Based on the new target
location and the forward scale 𝑆𝐹, we can obtain a new scale

filter𝐻𝑠𝐹 that includes the numerator𝐴𝑗 and denominator 𝐵.
It is noted that the scale filter 𝐻𝑠𝐹 only uses the new target
information in the current frame. Given the features 𝐹𝑡−1 of
an image patch in the last frame, the max confidence score
can be calculated as

𝑦𝐼𝑡−1 = max(∑𝑘𝑗=1 𝐴𝑗 ⊙ 𝐹𝑡−1𝐵 + 𝜆 ) . (9)

Let 𝑆𝐼𝑡−1 = 𝑑 × 𝑆𝐹 denote the corresponding scale to 𝑦𝐼𝑡−1 in
the last frame and let d denote the backward relevant factor.
Then the new target scale can be expressed by 𝑆𝐼 = 𝑆𝐼𝑡−1/𝑑.
The scale 𝑆𝐼 can be set to the backward scale estimation since
it uses the current frame’s filter 𝐻𝑠𝐹 to estimate scale.

In most cases, the backward scale 𝑆𝐼 is equal to forward
scale 𝑆𝐹. However, there are always estimating errors for the
backward and forward scales in practical situation. Here the
trend of scale change can be defined as two types: increase
and decrease. When the scale value is more than 1, the scale
trend is regarded as the increase. While the scale value is less
than 1, we can assume that the scale trend is the decrease.The
forward scale’s trend is often inconsistent with the backward
scale’s trend in some situations. The main reason is that the
scale filter 𝐻scale

𝑡−1 includes the history information while the
scale filter 𝐻𝑠𝐹 only uses the current scale information. In
fact, the scale filter 𝐻scale

𝑡−1 with the history information can
produce inaccurate trend estimates for scale.Thus, we should
set the backward scale to the final scale when the forward
scale’s trend is inconsistent with the backward scale’s trend.
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Figure 2: A visualization of the tracking results of five visual trackers on challenging sequences: car24, carscale, human5, RedTeam, and
skating1.

So a conservative strategy is adopted to integrate two above
scales

𝑆𝑡 =
{{{{{{{{{

𝑆𝐼, if 𝑆𝐹 < 1&& 𝑆𝐼 ≥ 1
𝑆𝐼, if 𝑆𝐹 ≥ 1&& 𝑆𝐼 < 1
𝑆𝐹, else.

(10)

When the forward scale’s trend is identical to the backward
scale’s trend, we can set the forward scale to the final scale

since the filter 𝐻scale
𝑡−1 includes abundant scale information.

So the scale filter can be updated by the numerator 𝐴𝑗𝑡 and
denominator 𝐵𝑡

𝐴𝑗𝑡 = 𝜂𝐴𝑗𝑡−1 + (1 − 𝜂) 𝐹𝑡𝑗 ⊙ 𝐺 (11)

𝐵𝑡 = 𝜂𝐵𝑡−1 + (1 − 𝜂) 𝑘∑
𝑗=1

𝐹𝑡𝑗 ⊙ 𝐹𝑡𝑗 , (12)
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Figure 3: Evaluation on OTB-50 dataset.

where 𝜂 is the learning rate. It is noted that the features 𝐹𝑡𝑗 in
(11) and (12) are based on the final scale 𝑆𝑡. It is effective to
update the scale filter since the accurate scale 𝑆𝑡 can improve
the performance of scale filter to a great extent.We present an
outline of our method in Algorithm 1.

Algorithm 1 (proposed tracking algorithm).

Input.
Image 𝐼𝑡
Previous target position and scale (𝑥𝑡−1, 𝑦𝑡−1, 𝑆𝑡−1).
Translation model 𝐻trans

𝑡−1 : the numerator 𝐻𝑖𝑡−1,1 and
denominator𝐻𝑡−1,2.
Scale model 𝐻scale

𝑡−1 : the numerator 𝐴𝑗𝑡−1 and denomi-
nator 𝐵𝑡−1.
Output.
Estimated target position and scale (𝑥𝑡, 𝑦𝑡, 𝑆𝑡).
Updated translationmodel𝐻trans

𝑡 (𝐻𝑖𝑡,1, 𝐻𝑡,2) and scale
model𝐻scale

𝑡 (𝐴𝑗𝑡, 𝐵𝑡).
Translation Estimation.
(1) Extract the target features at the previous target
position (𝑥𝑡−1, 𝑦𝑡−1) and scale 𝑆𝑡−1 from 𝐼𝑡.
(2) Compute the translation filter𝐻trans using (2).
(3) Set (𝑥𝑡, 𝑦𝑡) to the target position that maximizes
the confidence score in (5).
Scale Estimation.
(4) Extract the target features around from 𝐼𝑡 at target
position (𝑥𝑡, 𝑦𝑡) and scale 𝑆𝑡−1.

(5) Compute the forward scale 𝑆𝐹 using the scale filter𝐻scale
𝑡−1 .

(6) Compute the scale filter 𝐻𝑠𝐹 and the backward
scale 𝑆𝐼𝑡 .
(7) Integrate the forward scale 𝑆𝐹𝑡 and the backward
scale 𝑆𝐼𝑡 as the final scale 𝑆𝑡 using (10).
Model Update.
(8) Extract the target features from 𝐼𝑡 at the target
position (𝑥𝑡, 𝑦𝑡) and scale 𝑆𝑡.
(9) Update the translation model 𝐻trans

𝑡 : updated by
the numerator𝐻𝑖𝑡,1 in (3) and denominator𝐻𝑡,2 in (4).
(10) Update the scale model 𝐻scale

𝑡 : updated by the
numerator 𝐴𝑗𝑡 in (11) and denominator 𝐵𝑡 in (12).

4. Experiments

We name our proposed tracker “BSET” (Bidirectional Scale
Estimation Tracker). All trackers in this paper are imple-
mented inMatlab 2013 on an Intel I5-3210 2.50GHzCPUwith
4GB RAM.The regularization parameter 𝜆 is set to 0.01 and
the learning rate 𝜂 is set to 0.025 in formulas. The number
of scales is set to 33 with a self-adaptive scale factor. Given a
target of size 𝑀 × 𝑁, the self-adaptive scale factor can be set
to

𝑎 = {{{{{{{{{
1.04, if min (𝑀,𝑁) ≤ 20
1.02, if max (𝑀,𝑁) ≥ 100
1.03, else.

(13)
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Table 1: Per-video overlap precision (OP) (%) on the 32 sequences. “∗” indicates the best performance, “∗∗” indicates the second best ones,
and “#” indicates the third best ones.

BSET DSST KCF Struck SCM TLD MTT LOT DFT CXT
biker 47.2∗ 26.8 25.4 25.4 44.4# 31.0 31.0 43.0 25.4 46.5∗∗
blurCar2 100.0∗ 100.0∗ 94.7 93.8 14.4 99.8∗∗ 13.3 28.7 17.4 95.0#
boy 100.0∗ 100.0∗ 99.2∗∗ 97.5# 43.9 93.5 48.7 65.0 48.3 49.7
car24 100.0∗ 17.3 17.3 17.0 100.0∗ 48.3∗∗ 100.0∗ 37.2# 7.2 100.0∗
car4 100.0∗ 100.0∗ 36.4 39.8 97.3∗∗ 79.2# 31.1 4.9 25.8 29.9
carScale 88.5∗ 84.5∗∗ 44.4 43.3 65.1 43.7 56.7 46.4 44.8 78.2#
couple 10.7 10.7 24.3 54.3 10.7 100.0∗ 61.4∗∗ 56.4# 8.6 56.4#
crossing 100.0∗ 100.0∗ 95.0∗∗ 94.2# 100.0∗ 51.7 22.5 30.8 64.2 34.2
dog1 100.0∗ 100.0∗ 65.1 65.3 84.7 67.3 78.5 98.6# 52.1 99.8∗∗
doll 99.7∗ 99.7∗ 55.2 68.8 98.7∗∗ 62.4 50.4 87.1 35.0 97.5#
dudek 99.0∗ 98.1∗∗ 97.6 98.0# 97.6 84.2 92.9 61.8 80.1 92.4
fleetface 70.0∗∗ 66.5 66.9# 66.6 70.6∗ 56.7 54.6 57.9 55.6 64.6
freeman1 77.3∗∗ 35.3 16.3 21.5 80.7∗ 21.2 16.0 18.7 17.8 25.8#
freeman3 60.0# 31.3 27.8 20.0 93.0∗∗ 58.0 47.8 7.4 33.0 93.7∗
freeman4 16.6 41.7∗ 18.4 15.5 24.4# 26.9∗∗ 18.0 13.4 18.0 18.0
girl 87.4 30.6 74.2 98.0∗ 88.2# 76.4 93.2∗∗ 54.6 25.2 64.2
Human5 99.7∗ 24.3 23.6 34.1 41.5 51.2∗∗ 35.1 42.5# 7.6 28.1
Human8 100.0∗ 100.0∗ 30.5# 13.3 100.0∗ 13.3 11.7 92.2∗∗ 13.3 10.9
ironman 34.9∗ 13.3# 15.1∗∗ 4.8 13.3# 6.6 8.4 8.4 3.6 3.0
liquor 40.9 40.9 98.1∗ 40.6 32.1 58.2# 20.1 96.3∗∗ 22.9 21.0
matrix 18.0# 18.0# 13.0 12.0 30.0∗ 7.0 29.0∗∗ 4.0 6.0 4.0
RedTeam 96.2∗ 70.0∗∗ 37.6 39.8 39.1 28.3 51.4# 10.1 27.0 45.3
shaking 100.0∗ 100.0∗ 1.4 16.7 89.6∗∗ 40.0 1.1 7.7 82.5# 10.7
singer1 27.6 100.0∗ 27.6 29.9 100.0∗ 99.1∗∗ 34.5# 24.2 27.6 32.2
skating1 98.0∗ 52.3∗∗ 36.3 37.0 42.3# 22.8 13.5 28.0 16.3 12.0
soccer 14.5 38.8∗∗ 39.3∗ 15.6 23.7# 12.2 18.1 21.7 21.9 12.8
surfer 89.4# 29.0 39.9 15.7 40.7 89.9∗∗ 5.6 37.2 3.7 96.3∗
toy 97.0∗∗ 90.0# 43.2 49.1 22.1 73.4 53.1 21.4 46.9 97.4∗
trellis 96.8∗∗ 97.7∗ 84.0 78.4 85.4# 47.3 19.3 31.6 51.8 80.8
walking 99.8∗ 99.8∗ 51.5 56.6 95.9# 38.3 95.9# 96.8∗∗ 55.1 21.8
walking2 100.0∗ 100.0∗ 38.0 43.4# 100.0∗ 34.0 99.2∗∗ 39.0 38.2 39.8
woman 88.3 93.3# 93.6∗ 93.5∗∗ 85.8 16.6 19.8 8.4 93.5∗∗ 20.6
Average OP 76.8∗ 65.9∗∗ 47.8 46.8 64.2# 51.2 41.6 40.0 33.6 49.5

The strategy can adjust the scale factor with the size of target
adaptively and overcomes the problem of scale slow increase
for the small target.When the size of target is large, we should
set a small value to the scale factor since this can adapt the
scale change responsively. To assess the overall performance
of BSET, a large benchmark dataset (OTB-50) [13] is adopted
that contains 50 videos with many challenging attributes
such as scale variation, in-plane rotation, low resolution, and
background clutter.

We adopt the 32 sequences annotated with “scale varia-
tion” as the scale variation dataset. Two criteria, the center
location error (CLE) as well as the overlap precision, are
employed to the scale dataset in our paper. The CLE can
be defined as the average Euclidean distance between the

ground truth and the estimated center location of the target.
Overlap precision (OP) [5] is defined as the percentage of
frames where the bounding box overlap surpasses a threshold𝑡 ∈ [0, 1].We compare ourmethodwith the nine state-of-the-
art trackers: DSST [5], KCF [3], Struck [14], SCM [15], TLD
[6], MTT [7], LOT [16], DFT [17], and CXT [18], which have
been shown to provide excellent performance in literatures.
In addition, we provide two kinds of plots: precision plot and
success plot [13] to evaluate all trackers, where trackers are
ranked using the area under curve (AUC).

4.1. Experiment 1: Robust Scale Estimation. The scale varia-
tion dataset includes the 32 sequences and those sequences
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Table 2: Per-video CLE (in pixel) on the 32 sequences. “∗” indicates the best performance, “∗∗” indicates the second best ones, and “#”
indicates the third best ones.

BSET DSST KCF Struck SCM TLD MTT LOT DFT CXT
biker 35.4# 68.9 71.2 25.0∗∗ 72.6 66.4 76.8 69.3 74.7 20.0∗
blurCar2 2.8∗ 2.9∗∗ 6.8 10.4 125.6 6.5# 141.8 53.6 152.4 7.2
boy 1.9∗ 2.1∗∗ 2.9# 3.8 51.0 4.5 12.8 66.0 106.3 7.4
car24 1.7∗∗ 1.6∗ 4.1 119.7 1.9∗∗ 3.0 2.6 100.0 165.6 3.5
car4 1.7∗ 1.9∗∗ 9.9 8.7 4.3∗∗ 12.8 22.3 167.3 61.9 58.1
carScale 18.5∗∗ 19.1# 16.1∗ 36.4 33.4 22.6 87.6 101.2 75.8 24.5
couple 129.9 125.1 47.6 11.3∗∗ 109.6 2.5∗ 27.8# 37.1 108.6 41.8
crossing 1.3∗ 1.5∗∗ 2.2 2.8 1.6# 24.3 57.1 36.7 22.3 23.4
dog1 3.9∗ 4.3# 4.2∗∗ 5.7 7.0 4.2∗∗ 4.3# 4.6 41.2 4.9
doll 2.4∗ 3.0∗∗ 8.4 8.9 3.4# 6.0 110.3 6.3 59.5 4.7
dudek 13.4 13.3 11.4∗∗ 11.4∗∗ 10.8∗ 18.1 14.1 85.1 18.7 12.8#
fleetface 27.6# 33.6 26.4∗∗ 23.0∗ 27.6# 41.2 69.1 33.7 68.0 45.1
freeman1 9.1# 7.6∗∗ 94.9 14.3 6.9∗ 39.7 117.8 86.9 10.4 26.8
freeman3 5.3# 16.6 19.3 16.8 3.2∗ 29.3 15.6 40.5 32.6 3.6∗∗
freeman4 57.4 20.0∗ 27.1# 48.7 37.7 39.2 23.5∗∗ 38.6 57.5 65.6
girl 5.0# 11.0 11.9 2.6∗ 2.6∗ 9.8 4.3∗∗ 22.8 24.0 11.0
human5 5.0∗ 302.5 175.5 6.9# 9.3 5.3∗∗ 8.3 90.3 259.1 200.9
human8 2.2∗∗ 2.4# 3.8 63.8 1.9∗ 66.0 76.0 4.0 73.8 67.3
ironman 53.8∗ 205.9 194.9 127.7 163.5 93.2∗∗ 215.3 98.7# 239.7 162.7
liquor 98.4 98.5 5.3∗ 91.0 99.2 37.6# 543.4 8.5∗∗ 221.1 131.8
matrix 83.0 70.2# 76.4 194.5 48.2∗ 57.2∗∗ 75.4 73.5 105.8 151.6
RedTeam 2.5∗ 2.8# 3.8 4.3 4.1 35.5 2.7∗∗ 71.9 50.3 16.8
shaking 7.6∗ 8.2∗∗ 112.5 30.7 11.0# 37.1 97.9 82.6 26.3 129.2
singer1 8.5 3.5∗∗ 12.8 14.5 2.7∗ 8.0# 36.2 141.4 18.8 11.4
skating1 6.9∗ 8.4# 7.7∗∗ 82.9 16.4 145.5 293.3 110.5 174.2 129.8
soccer 13.0∗ 20.3# 15.4∗∗ 71.4 77.6 77.1 84.2 42.2 139.5 89.2
surfer 4.0# 20.1 8.7 9.0 14.8 3.8∗∗ 37.0 26.1 150.9 3.1∗
toy 8.4 7.9# 7.8∗∗ 11.4 50.8 8.9 12.8 53.0 31.9 6.1∗
trellis 2.7∗∗ 2.6∗ 7.8 6.9# 7.0 31.1 68.8 47.7 44.9 7.0
walking 2.5# 1.7∗ 4.0 4.6 2.5# 10.2 3.5 2.4∗∗ 5.9 205.7
walking2 3.0∗∗ 3.2# 29.0 11.2 1.7∗ 44.6 4.0 64.9 29.1 34.7
woman 10.6 9.7 10.1 4.2∗ 7.9∗∗ 139.9 137.3 117.1 8.5# 72.5
Average CLE 19.7∗ 34.4 32.5# 33.9 31.8∗∗ 35.3 77.6 62.0 83.1 55.6

also have challenging problems such as illumination varia-
tion, motion blur, background clutter, and occlusion. Table 1
shows the Per-video overlap precision at a threshold 0.5
compared with 9 state-of-the-art trackers. From Table 1,
we find that the BSET algorithm provides better or similar
performance on 18 out of the 32 sequences. The BSET
algorithm performs well with an average OP of 0.768, which
outperforms theDSST algorithmby 10.9%. Table 2 shows Per-
video CLE compared with 9 state-of-the-art trackers. From
Table 2, we find that the BSET algorithm provides better or
similar performance on 12 out of the 32 sequences. The SCM
tracker performs well with average CLE of 31.8 pixels. But the
BSET tracker achieves lower average CLE of 19.7 pixels.

In addition, we report precision plots and success plots of
OPE in Figure 1. In precision and success plots, our approach
tracks scale more accurately on the scale variation dataset
than other state-of-the-art trackers. This also indicates that
using bidirectional scale estimation can improve the accuracy
of scale estimation. In the precision plot, the precision score
of the BSET algorithm is 0.772, which outperforms the
DSST algorithm by 3.6%. Meanwhile, in the success plot,
the proposed BSET algorithm achieves the AUC of 0.613,
which outperforms the DSST algorithm by 4.7%. Figure 2
shows a visualization of the tracking results of our approach
and the state-of-the-art visual trackers DSST [5], KCF [3],
Struck [10], andTLD [6] on five challenging sequences: car24,
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carscale, human5, RedTeam, and skating1. Our algorithm
provides promising results compared to existing trackers on
these sequences. Our algorithm performs at 13.7 frames per
second on scale variation dataset that basically meets the
requirement of engineering applications.

4.2. Experiment 2: Evaluation on Benchmark Dataset. Here
we evaluate all the trackers on the OTB-50 dataset that
includes 50 sequences (including 51 tracking targets). Resul-
tant precision plots and success plots are shown in Figure 3,
which shows our tracker is superior comparing to state-
of-the-art trackers on the benchmark dataset. Among the
trackers, the DSST method achieves the precision score of
0.675 and success score of 0.554 while the BSET algorithm
achieves the precision score of 0.687 and success score of
0.562.

In addition, we report results for three challenging
attributes in Figure 4. In the precision plot, the proposed
BSET algorithm outperforms the DSST and KCF algorithms
in in-plane rotation and low resolution. Meanwhile, in
background clutter, the precision score of the BSET algorithm
is 0.668 which is close to the KCF 0.677. In the success
plot, the DSST method performs with overall success in
in-plane rotation (0.563) and low resolution (0.408) while
the BSET algorithm achieves success rate of 0.577 and
0.483, respectively. The KCF method performs well with
overall success in background clutter (0.535) while the BSET
algorithm achieves the success rate of 0.541. However, the
BSET algorithm cannot handle well the fully occluded (e.g.,
freeman4). The main reason is that the accuracy of the back-
ward scale will be poor in the fully occluded. In summary, the
BSET algorithm adapts to scale variation, in-plane rotation,
low resolution, and background clutter.

5. Conclusion

In this paper, we propose an effective tracking algorithm
using the bidirectional scale estimation in a tracking-by-
detection framework. We decomposed the tracking task into
two subtasks: translation filter and scale filter to estimate
the target objects. The translation filter is constructed using
the ridge regression andmultidimensional features.The scale
filter is constructed by the bidirectional scale estimation,
including the forward and the backward scales. Experimental
results show that our proposed tracker performs favorably
against several state-of-the-art trackers on the scale variation
dataset.
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The optimal performance of the ant colony algorithm (ACA)mainly depends on suitable parameters; therefore, parameter selection
for ACA is important. We propose a parameter selection method for ACA based on the bacterial foraging algorithm (BFA),
considering the effects of coupling between different parameters. Firstly, parameters for ACA are mapped into a multidimensional
space, using a chemotactic operator to ensure that each parameter group approaches the optimal value, speeding up the convergence
for each parameter set. Secondly, the operation speed for optimizing the entire parameter set is accelerated using a reproduction
operator. Finally, the elimination-dispersal operator is used to strengthen the global optimization of the parameters, which avoids
falling into a local optimal solution. In order to validate the effectiveness of this method, the results were compared with those
using a genetic algorithm (GA) and a particle swarm optimization (PSO), and simulations were conducted using different grid
maps for robot path planning.The results indicated that parameter selection for ACA based on BFA was the superior method, able
to determine the best parameter combination rapidly, accurately, and effectively.

1. Introduction

In the 1990s, Dorigo et al. [1] were inspired by the foraging
behavior of ants and proposed an ant colony algorithm
(ACA) that had the characteristics of strong robustness, a
high degree of parallelism, and positive feedback. The ACA
demonstrates high effectiveness and superiority in global
optimization and in solving the traveling salesman [2, 3], shop
scheduling [4–7], and robot path planning [8–10] problems.

However, the optimal performance and efficiency of
the ACA are closely related to the chosen parameters that
include the information heuristic factor 𝛼, the expectation
heuristic factor 𝛽, the pheromone evaporation factor 𝜌, the
pheromone strength 𝑄, and the number of ants 𝑀 [11].
Parameter selection differs for different types of optimization
problems. Moreover, even for the same type of optimization
problem, parameters may change due to the different scales
of the problem. Traditional parameter selection methods
for the ACA include the empirical selection method, the
trial and error method, and the orthogonal experimental
design method [12]. The empirical selection method requires
a priori knowledge of the problem in question, and the

method requires the need to conduct multiple experiments,
consuming considerable time and effort, rendering it difficult
to obtain the optimum parameters. Hei and Du [13] applied
the trial and error method, which required a large number
of digital simulations to obtain the parameters, and the
authors determined that it was difficult to guarantee that the
obtained parameters were optimal. Gan and Li [14] studied
parameter selection for ACA based on the orthogonal exper-
imental design method, which ignores coupling between the
parameters.This method is computationally intensive, which
is a disadvantage. Traditional parameter selection methods
for the ACA are mainly based on a large number of repli-
cated experiments, which is inefficient and time consuming.
Moreover, traditional parameter selection methods ignore
the coupling between the parameters, making it difficult to
obtain the optimal parameters.

In the ACA, the parameters are coupled with each other,
and it is difficult to achieve the best performance for the
algorithm by adjusting only a single parameter. Therefore,
it is common to adjust multiple parameters simultaneously
to determine the optimal parameter combination. Recently,
scholars who have considered the parameter selection in
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the ant colony algorithm as an optimization problem have
applied intelligent algorithms to solve the parameter selec-
tion problem in the ACA. Feng [15] proposed a parameter
selection method based on a GA. Although this method
is effective with regard to global optimization, it had the
disadvantage of slow convergence speed. Li et al. [16] applied
a PSO, which can avoid subjectivity in parameter selection
and obtain optimum parameters rapidly. In spite of that, this
method is prone to premature convergence and falling into
a local optimal solution. Although GA and PSO are suitable
for obtaining ACA parameters quickly and accurately, due to
the disadvantages of themethods, the parameter selection can
be improved upon.Therefore, a suitable intelligent algorithm
that can optimize globally is required to obtain the optimal
parameters for the ACA.

The bacterial foraging algorithm (BFA) [17] has a fast
convergence speed and searches objects in parallel. The
algorithm includes a chemotaxis operator, a reproduction
operator, and an elimination-dispersal operator. In addition,
the BFA is able to jump out of the local optimal solution.
Therefore, the BFA has shown good adaptability for solv-
ing the problems of job shop scheduling [18], robot path
planning [19], image processing [20], and high dimensional
optimization [21]. In this study, ACA parameters are mapped
into a multidimensional space, and a chemotactic operator
is used to enable each group of parameters to approach the
optimal value and speed up the convergence of each set of
parameters. A reproduction operator is used to accelerate
the optimization for the entire set of parameters. Lastly, the
elimination-dispersal operator is utilized to strengthen the
global optimization ability of the parameters to avoid falling
into a local optimal solution. The BFA is commonly applied
to solve the problem of parameter selection for ACA and is
able to take into account the coupling between parameters,
which allows for adjusting the parameters automatically with
little prior knowledge.Therefore, it is appropriate to apply the
BFA to obtain the ACA parameters.

2. Model and Parametric Analysis of
the Ant Colony Algorithm

TheACA described in this paper will be applied to robot path
planning.Generally, environmentalmodeling is an important
aspect of path planning.

2.1. Environmental Modeling. By the direct encoding format
for the data, this study uses the grid method [22] for environ-
mental modeling. XY is described as a convex polygon, an
area of limited motion that contains several static obstacles
in a two-dimensional plane. A Cartesian coordinate system is
established for 𝑋𝑌. Figure 1 shows a grid sequence diagram
with a size of 10×10, and the black grids in the figure represent
obstacles. V is an arbitrary grid within𝑋𝑌,𝑉 is the sum of all
grids, and, therefore, V ∈ 𝑉. V(𝑥, 𝑦) are the coordinates of a
grid, where its center point coordinates are 𝑥 and 𝑦. Suppose
that 𝑁 = {1, 2, . . . , 𝑛} is a set of grid sequence number, and
this study regards a grid 𝑖 (𝑖 ∈ 𝑁) as V𝑖(𝑥𝑖, 𝑦𝑖).
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Figure 1: Grid sequence diagram.

2.2. Model of Ant Colony Algorithm

2.2.1. Rules of Path Selection. 𝑝𝑚𝑖𝑗 (𝑡) is defined as the transition
probability that ant𝑚 walks forward from V𝑖 to V𝑗, which can
be expressed as follows [23]:

𝑝𝑚𝑖𝑗 (𝑡)

=
{{{
{{{
{

[𝜏𝑖𝑗 (𝑡)]
𝛼 ⋅ [𝜂𝑖𝑗 (𝑡)]

𝛽

∑V
𝑚
∈𝑉𝑚allowed

[𝜏𝑖𝑚 (𝑡)]𝛼 ⋅ [𝜂𝑖𝑚 (𝑡)]𝛽
, if V𝑗 ∈ 𝑉𝑚allowed,

0, otherwise,

(1)

where 𝑉𝑚allowed is a set of the next feasible grid when ant m
arrives at V𝑖; 𝜏𝑖𝑗(𝑡) is the residual pheromones between V𝑖 and
V𝑗 at 𝑡 time; 𝛼 represents the information elicitation factor,
which shows the relative importance of 𝜏𝑖𝑗(𝑡); 𝜂𝑖𝑗(𝑡) is the
expectation heuristic function between V𝑖 and V𝑗 at 𝑡 time,
which can be defined as the reciprocal of the distance 𝑑𝑖𝑗
between V𝑖 and V𝑗, namely, 𝜂𝑖𝑗(𝑡) = 1/𝑑𝑖𝑗; 𝛽 is the expected
heuristic factor, which shows the relative importance of 𝜂𝑖𝑗(𝑡).

2.2.2. Rules of Pheromone Updating. Ants will leave pherom-
ones in their path, and the pheromones will evaporate over
time to avoid the masking of heuristic information due to
excessive residual pheromones. Supposing that 𝜌 (0 ≤ 𝜌 ≤
1) is the pheromone evaporation coefficient, the rules of
pheromone updating between V𝑖 and V𝑗 at 𝑡 + Δ𝑡 time can be
expressed as follows [23]:

𝜏𝑖𝑗 (𝑡 + Δ𝑡) = (1 − 𝜌) ⋅ 𝜏 (𝑡) + Δ𝜏𝑖𝑗 (𝑡) ,

Δ𝜏𝑖𝑗 (𝑡) =
𝑀

∑
𝑚=1

Δ𝜏𝑚𝑖𝑗 (𝑡) ,
(2)
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where Δ𝜏𝑚𝑖𝑗 (𝑡) is the pheromone that ant 𝑚 leaves between
V𝑖 and V𝑗, and this paper applies the Ant-Cycle model [1]
proposed by Dorigo et al., which can be expressed as follows:

Δ𝜏𝑚𝑖𝑗 (𝑡) =
{
{
{

𝑄
𝐿𝑚

, V𝑖, V𝑗 ∈ Path𝑚,
0, otherwise,

(3)

where 𝑄 is the pheromone intensity; 𝐿𝑚 is the total length of
path traversed by ant𝑚; Path𝑚 is the set of grids traversed by
ant𝑚.

2.3. Parametric Analyses of the Ant Colony Algorithm. The
parameters for ACA are extremely important to the per-
formance of the algorithm, and appropriate parameters can
enhance the global search ability of the algorithm and
improve the convergence speed considerably [24]. From the
above formulas, it is evident that the parameters with a
significant impact on the path selection of the ant 𝑚 are 𝛼,
𝛽, 𝜌, and 𝑄. We will elaborate further on the relationship
between the four parameters and the performance of the
ACA.

2.3.1. Information Elicitation Factor 𝛼. The information elic-
itation factor 𝛼, which represents the relative importance of
the pheromone, reflects the importance of the accumulation
of the pheromone with regard to the ants’ path selection. If 𝛼
is very large, the ants tend to choose the same path that the
preceding ants have chosen, resulting in stronger cooperation
among the ants. Although the convergence speed of ACAwill
be accelerated, it is likely for the algorithm to fall into the
local optimal solution and reduce the global search ability.
Conversely, if 𝛼 is too small, the convergence speed of the
ACA is slowed down, regardless of the fact that the global
search ability of the algorithm can be improved.

2.3.2. Expected Heuristic Factor 𝛽. The expected heuristic
factor 𝛽, which represents the relative importance of the
visibility, reflects the importance of the heuristic information
with regard to the ants’ path selection. If the value is very
large, the probability of a state transition is close to that of a
greedy algorithm. If 𝛽 is too small, the heuristic information
has virtually no effect on path selection, which leads ACA to
fall into stagnation or a local optimum.

2.3.3. Pheromone Evaporation Coefficient 𝜌. The pheromone
evaporation coefficient 𝜌, which represents the degree of
pheromone evaporation, reflects the degree of mutual influ-
ence among ants. Generally, the value of 𝜌 is [0, 1], which
prevents the infinite accumulation of pheromone effectively.
If 𝜌 is too small, the global search ability of ACA will be
reduced. Otherwise, if 𝜌 is too large, it will improve the global

search ability of ACA; however, the convergence speedwill be
slow.

2.3.4. Pheromone Intensity 𝑄. The pheromone intensity 𝑄,
which represents the total pheromone, affects the conver-
gence speed of the ACA to a certain extent. If 𝑄 is large, the
pheromone concentration will be highly concentrated, which
leads the algorithm to fall into a local optimum. Furthermore,
a small 𝑄 results in a slow optimization speed.

3. Parameters Selection of ACA Based on BFA

In 2002, Passino put forward a bacterial foraging algorithm
[17], based on the foraging behavior of Escherichia coli in
the human intestinal tract. This algorithm includes a chemo-
taxis operator, a reproduction operator, and an elimination-
dispersal operator. The algorithm is able to search in parallel
and jump out of the local minima easily. In this paper, we
will transfer any set of parameters (𝛼𝑖, 𝛽𝑖, 𝜌𝑖, 𝑄𝑖) to four-
dimensional arrays, which are seen as an individual bacteria
𝑝𝑖, where 𝑝𝑖 = (𝛼𝑖, 𝛽𝑖, 𝜌𝑖, 𝑄𝑖)𝑇. 𝑃 is a bacterial population,
and 𝑃 = {𝑝1, 𝑝2, . . . , 𝑝𝑛}. Because the application of the
algorithms discussed in this paper is aimed at the problem of
robot path planning in a gridmap environment, the objective
of this study is the selection of optimal parameters for the
ACA. path𝑖 is the path for a robot under the individual
bacteria𝑝𝑖, and path𝑖 ∈ PATH.Therefore, the fitness function
of BFA can be expressed as follows:

𝑓 (𝑝𝑖) = Length (path𝑖) , (4)

where Length(∗) is adopted to calculate the length of a path.

3.1. Chemotaxis Operator 𝑇𝐵𝑐 . The chemotaxis operator rep-
resents the core of the BFA, and it determines changes in
the location of the bacteria that are searching for food.
Therefore, the chemotaxis operator plays a decisive role
in finding a food source for the bacteria, which has an
important influence on the performance and convergence of
the algorithm. 𝑃(𝑚) is the bacterial population, and 𝑃(𝑚) =
[𝑝1(𝑚) 𝑝2(𝑚) ⋅ ⋅ ⋅ 𝑝𝑛(𝑚)]𝑇. And the chemotaxis operator
can be expressed as follows:

𝑃𝐵𝑐 (𝑚) = 𝑇𝐵𝑐 (𝑃 (𝑚))

= [𝑝𝐵𝑐1 (𝑚) 𝑝𝐵𝑐2 (𝑚) ⋅ ⋅ ⋅ 𝑝𝐵𝑐𝑛 (𝑚)]
𝑇

(5)

∀𝑖 ∈ [1, 𝑛], 𝑝𝐵𝑐𝑖 (𝑚) = 𝑇𝐵𝑐 (𝑝𝑖(𝑚)).
Supposing that 𝑝𝑖(𝑚) = 𝑝𝑖(𝑚, 𝑗, 𝑘, 𝑙) and 𝑝𝐵𝑐𝑖 (𝑚) =

𝑝𝑖(𝑚, 𝑗 + 1, 𝑘, 𝑙), this paper adjusts the position of a bacteria
in accordance with the formula (6), which can be expressed
as follows [25]:

𝑝𝑖 (𝑚, 𝑗 + 1, 𝑘, 𝑙) = 𝑝𝑖 (𝑚, 𝑗, 𝑘, 𝑙) + Step × 𝜑 (𝑖) , (6)

𝜑 (𝑖) = 𝑝𝑖 (𝑚, 𝑗, 𝑘, 𝑙) − 𝑝rand (𝑚, 𝑗, 𝑘, 𝑙)
sqrt ((𝑝𝑖 (𝑚, 𝑗, 𝑘, 𝑙) − 𝑝rand (𝑚, 𝑗, 𝑘, 𝑙))𝑇 × (𝑝𝑖 (𝑚, 𝑗, 𝑘, 𝑙) − 𝑝rand (𝑚, 𝑗, 𝑘, 𝑙)))

, (7)
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where 𝑝𝑖(𝑚, 𝑗, 𝑘, 𝑙) represents the current location of the
bacterial individual 𝑖; 𝑗 is the number of the chemotaxis
operator; 𝑘 is the number of the reproduction operator; 𝑙
is the number of the elimination-dispersal operator; Step
represents the step that the bacteria moves forward each
time;𝜑(𝑖) is the direction of random tumbling;𝑝rand(𝑚, 𝑗, 𝑘, 𝑙)
represents a random position in the neighborhood of the
current individual.

In the chemotaxis operator, the movement patterns of
the bacteria include flipping and moving. The bacteria move
forward in any direction with a unit step, which is defined
as the flipping operator. After 𝑝𝑖(𝑚) executes the flipping
operator, namely, 𝑝𝐵𝑐𝑖 (𝑚) = 𝑇𝐵𝑐 (𝑝𝑖(𝑚)), and the fitness value
of 𝑝𝑖(𝑚) is not improved, namely, 𝑓(𝑝𝐵𝑐𝑖 (𝑚)) > 𝑓(𝑝𝑖(𝑚)),
𝑝𝑖(𝑚) jumps out of the loop. If the fitness value of 𝑝𝑖(𝑚)
is improved, namely, 𝑓(𝑝𝐵𝑐𝑖 (𝑚)) < 𝑓(𝑝𝑖(𝑚)), 𝑝𝑖(𝑚) keeps
moving in the same direction until the fitness value cannot
be improved further, or the algorithm achieves themaximum
number of flipping, which is defined as the moving operator.

3.2. Reproduction Operator 𝑇𝐵𝑟 . The reproduction operator
ensures the improvement in the performance of the bacte-
rial population, which encourages the population to move
towards the optimal direction. The reproduction operator
is conducive to achieving the global optimal, which can be
expressed as follows:

𝑃𝐵𝑟 (𝑚) = 𝑇𝐵𝑟 (𝑃𝐵𝑐 (𝑚))

= [𝑝𝐵𝑟1 (𝑚) 𝑝𝐵𝑟2 (𝑚) ⋅ ⋅ ⋅ 𝑝𝐵𝑟𝑛 (𝑚)]
𝑇 .

(8)

Supposing that 𝑃𝐵𝑐 (𝑚)value is the fitness value of the bac-
terial population after performing the chemotaxis operator,
which can be expressed as follows:

𝑃𝐵𝑐 (𝑚)value = 𝑓 (𝑃𝐵𝑐 (𝑚)) = Length (PATH𝐵𝑐 (𝑚)) . (9)

With the standard of 𝑃𝐵𝑐 (𝑚)value, this paper gets 𝑃𝐵𝑐 (𝑚)bad
that is half of the bacterial population with a bad fit-
ness value and 𝑃𝐵𝑐 (𝑚)good that represents half of the bac-
terial population with a good fitness value. Therefore,
𝑃𝐵𝑐 (𝑚) = 𝑃𝐵𝑐 (𝑚)bad ∩ 𝑃𝐵𝑐 (𝑚)good. Then, this paper replaces
𝑃𝐵𝑐 (𝑚)bad with 𝑃𝐵𝑐 (𝑚)good to get 𝑃𝐵𝑟 (𝑚), and 𝑃𝐵𝑟 (𝑚) =
[𝑃𝐵𝑐 (𝑚)good 𝑃𝐵𝑐 (𝑚)good].

3.3. Elimination-Dispersal Operator 𝑇𝐵𝑒 . The elimination-
dispersal operator generates a new individual with a certain
probability, which has a different location compared to the
dead individual. The operator has a promoting effect on the
algorithm, because the new individual may be closer to the
food source, which is more conducive to jumping out of
the local optimal solution and finding the global optimal
solution.The elimination-dispersal operator can be expressed
as follows:

𝑃𝐵𝑒 (𝑚) = 𝑇𝐵𝑒 (𝑃𝐵𝑟 (𝑚))

= [𝑝𝐵𝑒1 (𝑚) 𝑝𝐵𝑒2 (𝑚) ⋅ ⋅ ⋅ 𝑝𝐵𝑒𝑛 (𝑚)]
𝑇

(10)

∀𝑖 ∈ [1, 𝑛], 𝑝𝐵𝑒𝑖 (𝑚) = 𝑇𝐵𝑒 (𝑝𝐵𝑟𝑖 (𝑚)). In this paper, some bacte-
ria individuals pass away in a certain probability. Supposing
that 𝑝𝑒 is the probability of death for the individual. If rand <
𝑝𝑒, 𝑝𝐵𝑟𝑖 (𝑚) passes away, and 𝑝𝐵𝑒𝑖 (𝑚) = 𝑝rand(𝑚), where
𝑝rand(𝑚) is a new bacterial individual generated randomly.

3.4. Steps of the Algorithm. See Algorithm 1.

4. Experimental Analysis

In order to analyze the application performance of the
parameter selection for the ACA based on the BFA, we
ran a simulation for robot path planning in a grid map
environment.

4.1. Establishing Grid Maps. Figure 2 shows six grid maps,
where the white grid represents an accessible area and the
black grid is a barrier. The ACA based on the parameters
obtained using the BFA is used to determine the robot’s
optimal path in the map without running into obstacles. The
upper left corner grid is the starting point, and the lower right
corner grid is the end point. Beginning at the starting point,
the robot has the potential tomove into 8 different directions,
including the front, rear, left, right, left front, left rear, right
front, and right rear. Excluding the grids with obstacles or
already gone, the robotmoves one grid at a time.Details of the
gridmaps are shown inTable 1, including the size, the number
of grids, the number of obstacles, and the coverage rate. Maps
1–4 are of the same size, but the complexity is different for
each map. Although Map 5 is small, its complexity is high.
Map 6 is not only large, but also highly complex. In general,
the larger and the more complex the grid map is, the more
difficult robot path planning becomes.

4.2. Simulation. To analyze further the application perfor-
mance of the parameters obtained by using the BFA for the
ACA, we conducted the tests for the different grid maps
using MATLAB and compared the results with the GA and
the PSO. The following parameters were used: parameter
initialization of ACA: 𝑚 = 40; parameter initialization of
GA: size of population: 20, probability of selection: 0.08,
probability of crossover: 0.3, probability of mutation: 0.1,
maximum generation: 32; parameter initialization of PSO:
number of particles: 20, inertia weight: 0.5, parameter of
speed adjusting: 1.9 and 0.8; parameter initialization of BFA:
𝑃 = 20, 𝑁𝑐 = 4, 𝑁𝑠 = 4, Step = 1, 𝑁𝑟 = 4, 𝑁𝑒 = 2, and
𝑃𝑒 = 0.1. Prior to using the different intelligent algorithms
to determine ACA parameter selection, we initialized 𝛼, 𝛽, 𝜌,
and 𝑄: 𝛼 ∈ [0, 10], 𝛽 ∈ [0, 20], 𝜌 ∈ [0, 1], and 𝑄 ∈ [50, 150].

Formula (4) was used as the fitness function for BFA,
which was used to compare the parameter performance.
In order to ensure the rigor of the experiment, formula
(4) was also used as the fitness function of GA and PSO.
Length(∗) was adopted to calculate the length of the route
path𝑖 of the bacterial individual 𝑝𝑖. Therefore, ACA was used
for path planning to obtain the different route path under
different map environments for the GA, PSO, and BFA. Due
to the randomness of ACA, a fixed mathematical formula
for ACA could not be used for path planning. As long as
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Begin
Initialize: the bacterial population 𝑃; times of chemokines𝑁𝑐; maximum

steps of chemokines𝑁𝑠; step Step; times of reproduction𝑁𝑟; times of
elimination-dispersal𝑁𝑒; probability of elimination-dispersal 𝑃𝑒;
maximum generations 𝐺max.
𝑚 = 1;
While 𝑚 <= 𝐺max
For 𝑗 = 1: 𝑁𝑒

For 𝑘 = 1: 𝑁𝑟
For 𝑙 = 1: 𝑁𝑐
While 𝑖 <= 𝑛

𝑃𝐵𝑐 (𝑚) = 𝑇𝐵𝑐 (𝑃(𝑚)) = [𝑝𝐵𝑐1 (𝑚) 𝑝𝐵𝑐2 (𝑚) ⋅ ⋅ ⋅ 𝑝𝐵𝑐𝑛 (𝑚)]
𝑇;

𝑖 = 𝑖 + 1;
End

End
𝑃𝐵𝑟 (𝑚) = 𝑇𝐵𝑟 (𝑃𝐵𝑐 (𝑚)) = [𝑝𝐵𝑟1 (𝑚) 𝑝𝐵𝑟2 (𝑚) ⋅ ⋅ ⋅ 𝑝𝐵𝑟𝑛 (𝑚)]

𝑇;
End
If rand < 𝑃𝑒

𝑃𝐵𝑒 (𝑚) = 𝑇𝐵𝑒 (𝑃𝐵𝑟 (𝑚)) = [𝑝𝐵𝑒1 (𝑚) 𝑝𝐵𝑒2 (𝑚) ⋅ ⋅ ⋅ 𝑝𝐵𝑒𝑛 (𝑚)]
𝑇;

End
End
𝑚 = 𝑚 + 1;

End
End

Algorithm 1
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Figure 2: Six grid maps.
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Table 1: Details of grid maps.

Size Number of grids Number of obstacles Coverage rate
Map 1 20 × 20 400 106 26.5%
Map 2 20 × 20 400 113 28.25%
Map 3 20 × 20 400 123 30.75%
Map 4 20 × 20 400 133 33.25%
Map 5 16 × 16 256 103 40.23%
Map 6 40 × 40 1600 663 41.44%

Table 2: Performance comparison of GA, PSO, and BFA.

Optimization times Number of fitness function calls Simulation time/s Minimum distance Average distance

GA
10 274 142.1787 78.1838 101.9677
20 532 298.3970 75.4975 101.1249
30 788 449.1179 72.6690 101.1712

PSO
10 220 118.1516 76.7696 107.8844
20 420 217.0521 75.4975 107.5190
30 620 334.9856 72.9411 106.6085

BFA
10 505 249.2963 72.6690 96.1448
20 1018 526.5445 71.2548 91.8834
30 1570 810.1920 71.0122 91.1293

Table 3: Test results of GA, PSO, and BFA.

Map 1 Map 2 Map 3 Map 4 Map 5 Map 6

GA

Maximum distance 82.6690 80.6690 90.0833 85.4975 56.5269 169.9239
Minimum distance 28.6274 28.6274 28.6427 28.6427 22.3848 72.6690
Average distance 34.9960 34.7249 36.0491 35.4845 24.8728 101.5615
Standard deviation 2.1426 2.1856 3.1071 2.3975 1.4661 3.0223

PSO

Maximum distance 45.4558 47.1127 41.1127 43.7990 28.7279 191.5807
Minimum distance 28.0416 28.0416 28.0416 28.6427 22.3848 74.4264
Average distance 32.2744 31.4533 33.2238 32.7348 24.2252 100.0113
Standard deviation 0.4886 0.5327 0.3746 0.5969 0.1976 6.2984

BFA

Maximum distance 39.7990 38.8701 39.4558 39.7990 29.2132 119.3970
Minimum distance 28.0416 28.0416 28.0416 28.0416 22.3848 69.0122
Average distance 30.9162 31.2931 31.5497 31.6602 23.3873 88.9554
Standard deviation 0.7087 0.6806 0.5672 0.6367 0.7376 2.7994

GA, PSO, and BFA call the fitness function, these algorithms
have to use ACA for path planning, which increases the
complexity and simulation time for the algorithms, but
cannot be avoided. For example, for Map 6, Table 2 shows
the performance comparison of GA, PSO, and BFA. It is
evident that the fitness function is invoked multiple times
for either algorithm in Table 2. The chemotaxis operator and
reproduction operator of the BFA are based on the fitness
value of individual bacteria for the evolution of the evaluation
criteria. As a result, BFA had the highest number for invoking
the fitness function, resulting in the longest simulation time
for BFA. However, this study was mainly concerned with
path planning based on global maps, which did not require
rapid real-time performance. Therefore, it was acceptable to
use the BFA for ACA parameter selection. In Table 2, the
performance for parameter selection for GA and PSO for 30
optimizations was inferior compared to the performance of

BFA for 10 optimizations, which demonstrated that BFA had
fast convergence speed and superior performance.

The test results for the use ofGA, PSO, andBFA are shown
inTable 3.Themaximum,minimum, and average valueswere
the best for BFA, indicating that the BFA algorithm was the
preferred method for determining the combination of opti-
mal parameters. The chemotactic operator that adjusts the
parameters in an adaptive manner ensures that each group of
parameters approaches the optimal value in order to speed
up the convergence. The reproduction operator accelerates
the speed of optimization for the entire set of parameters.
Therefore, the parameters obtained using BFA were the most
appropriate to achieve the shortest path for the robot using
ACA.The standard deviation for BFAwas slightly larger than
for PSO due to the elimination-dispersal operator, which
introduced new parameter combinations.The new parameter
combinations with unknown performance increased the
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Figure 3: Distribution of parameters obtained by GA.

diversity of the parameter combinations, which improved the
global optimization and avoided the algorithm to fall into a
local optima. Furthermore, the initial path of the robot was
relatively long.The test results shown inMap 1–5 demonstrate
that the performance based on GA was the worst, that of
BFA was the best, and that of PSO was close to BFA. The
test results shown in Map 6 indicate that BFA performed
best, demonstrating that BFAwasmost suitable for parameter
optimization in a complex environment. Therefore, the test
results proved that parameter selection for ACA based on
BFAwas highly effective and superior to the other algorithms.

The initial number of parameter combinations was 20
for each algorithm. Using Map 6 as an example, Figures
3, 4, and 5 show the distribution of parameters under
different optimal generation for the three algorithms. In
Figure 3, the distribution of parameters underwent a process
of aggregating diverging and aggregating. Therefore, it was
difficult for the parameters to approach the optimal value
continuously. The distribution of parameters obtained using
PSO is illustrated in Figure 4, and it shows that the position
and velocity of a particle are updated constantly based on
the population information and individual experience in
order to obtain the optimal parameters. The distribution of
the 20-parameter combinations exhibited a gradual trend

to aggregate. The parameters aggregated quickly from the
1st optimization to the 12th optimization. However, after
the 18th optimization, the aggregating trend was almost
unchanged, indicating that PSO fell into a local optimal solu-
tion and underwent premature convergence. Figure 5 depicts
the parameter distribution obtained using BFA and shows
that the 20 parameter combinations aggregate continuously
due to the chemotactic operator and reproduction operator.
These results demonstrated the effectiveness and superiority
of parameter selection for ACA using BFA.

Figure 6 shows the evolution curves of the distances using
the three algorithms in the environment of Map 6. The
average evolution curves indicate that the convergence speed
was highest for BFA.The average evolution curves forGA and
PSO exhibited relatively large fluctuations. The convergence
speed of GA and PSO was slow, indicating that GA and
PSO fell into a local optimal solution. The optimal evolution
curves show that BFA had the strongest optimization ability.
Moreover, the optimization process for BFA was the most
stable. The optimization processes for GA and PSO had large
fluctuations.

The parameters of ACA for the shortest path are illus-
trated in Table 4, where the shortest path represents the
minimum value shown in Table 3. The results indicated that
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Figure 4: Distribution of parameters obtained by PSO.

Table 4: Parameters of ACA in the shortest path.

Map 1 Map 2 Map 3 Map 4 Map 5 Map 6

GA

𝛼 2.1260 9.2126 8.1890 2.2835 7.1654 8.7402
𝛽 20 19.451 17.2549 18.9804 12.8627 18.6667
𝜌 1 0.8 04667 0.6667 0.4667 0.8000
𝑄 54.3988 116.8622 78.1525 122.5318 51.7595 146.6764

PSO

𝛼 9.1656 7.2622 6.2604 4.4029 1.7695 5.0572
𝛽 19.0578 22.7214 14.6075 16.6394 15.0183 18.1021
𝜌 0.4479 0.7653 0.5728 0.4764 0.3806 0.5898
𝑄 94.8379 133.7824 91.8428 129.7067 132.0365 66.2206

BFA

𝛼 7.7052 10.0753 1.1790 4.8531 9.6174 1.3500
𝛽 19.9652 18.8933 18.5790 19.3417 19.2342 19.5401
𝜌 0.2760 0.0199 0.5992 0.3716 0.1962 0.8699
𝑄 51.6965 132.6316 100.8766 139.1583 147.0755 70.7550

the shortest distance obtained by the different algorithms
was the same for the same grid map. Nevertheless, the
corresponding parameter combinationswere different, which
proved that the ACA parameters were coupled with each
other. Therefore, to find the relationship between the param-
eters and the performance of ACA, some researchers use the

control variable method and change a single parameter for an
experiment, which is considered not rigorous.

The performance of the parameter combinations in
Table 4 was determined using the fitness function.The fitness
function performs path planning for the current grid map,
which means that the performance is based on chance and
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Figure 5: Distribution of parameters obtained by BFA.
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Figure 7: Optimal paths under different parameter combinations.
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Figure 8: Evolution curves of the distance under different parameter combinations.

Table 5: Test results under different parameter combinations.

GA (𝛼 = 8.7402, 𝛽 = 18.666,
𝜌 = 0.8000, 𝑄 = 146.6764)

PSO (𝛼 = 5.0572,
𝛽 = 18.1021, 𝜌 = 0.5898,

𝑄 = 66.2206)
BFA (𝛼 = 1.3500, 𝛽 = 19.5401,
𝜌 = 0.8699, 𝑄 = 70.7550)

Maximum distance 139.6396 128.2254 129.7817
Minimum distance 88.669 73.4975 65.2548
Average distance 91.41 85.5504 66.7729
Standard deviation 2.1076 3.033 6.1966

randomness. To validate further the performance of the
parameter combinations, tests were conducted based onACA
with different parameter combinations and using Map 6 for
robot path planning. It was assumed that the number of ants
was 40 and the cycle time was 40.

The results of this test are shown in Table 5. Based on the
maximum, minimum, and average values, it was evident that
the use of BFA resulted in the best performance regarding
parameter combination. The initial path selection of the ants
was poor. As the cycle increased, the path became shorter.The

ants found the best route based on the parameters obtained
by BFA, and the path was much shorter than the initial
path, resulting in a large standard deviation. To some extent,
the large standard deviation proved the effectiveness and
superiority of BFA used for parameters selection for ACA.

The optimal paths using different parameter combina-
tions are shown in Figure 7. The use of ACA based on the
parameters obtained using BFA, resulted in the shortest path,
indicating that BFA was able to obtain the most appropriate
parameters. Figure 8 illustrates the evolution curves of the
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distance under different parameter combinations, and it is
evident that the parameters obtained by GA or PSO led
to ACA falling into the local optimal solution and to an
apparent premature convergence. However, usingACAbased
on parameters obtained by BFA resulted in the optimal path.
The test results in this paper showed that the parameters had
a large impact on the performance of ACA. Choosing suitable
parameters enabled ACA to achieve an optimal performance.
However, unsuitable parameters resulted in ACA falling into
a local optima. The test results showed that the use of BFA
could determine optimal parameters for ACA to achieve the
best performance.

5. Conclusion

Optimal performance of ACA mainly depended on suitable
parameters. However, the parameters were coupled with each
other, and the potential number of parameters was large,
presenting a considerable challenge forACAparameter selec-
tion. Therefore, multiple parameter selection for ACA based
on BFAwas proposed.The parameters for ACAweremapped
into a multidimensional space, and the optimal parameters
were obtained automatically using BFA, demonstrating the
superiority of the method. Moreover, the four parameters 𝛼,
𝛽, 𝜌, andQ could be obtained simultaneously.The parameter
optimization process took into account the coupling between
the parameters, which ensured the rationality of the param-
eters. The test results showed that the parameters obtained
using BFA for ACA were the most suitable. Compared with
GA and PSO, BFA had a better performance for parameter
selection of ACA with regard to convergence speed, opti-
mization capability, and stability, which demonstrated the
effectiveness and superiority of parameter selection for ACA
based on BFA.
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