
Shock and Vibration

Identification of Incipient Damage 
Using High-Frequency Vibrational 
Responses

Guest Editors: Maosen Cao, Wiesław Ostachowicz, Gang Li, Wei Xu,  
and Mohammad Reza Ashoory



Identification of Incipient Damage Using
High-Frequency Vibrational Responses





Shock and Vibration

Identification of Incipient Damage Using
High-Frequency Vibrational Responses

Guest Editors: Maosen Cao, Wiesław Ostachowicz, Gang Li,
Wei Xu, and Mohammad Reza Ashoory



Copyright © 2015 Hindawi Publishing Corporation. All rights reserved.

This is a special issue published in “Shock and Vibration.” All articles are open access articles distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is prop-
erly cited.



Editor-in-Chief
Mehdi Ahmadian Ahmadian, Virginia Polytechnic Institute and State University, USA

Editorial Board

Brij N. Agrawal, USA
Marco Alfano, Italy
Farbod Alijani, Canada
Sumeet S. Aphale, UK
Hassan Askari, Canada
Matteo Aureli, USA
Ranjan Banerjee, UK
Mahmoud Bayat, Iran
J. A. Becerra Villanueva, Spain
Subhamoy Bhattacharya, UK
Ivo Caliò, Italy
Antonio Carcaterra, Italy
Dumitru I. Caruntu, USA
Noel Challamel, France
Peng Chen, Japan
Ashwin Chinnayya, France
Giorgio Dalpiaz, Italy
F. Daneshmand, Canada
Sergio De Rosa, Italy
Longjun Dong, China
Lorenzo Dozio, Italy
Mohamed El badaoui, France
Mohammad Elahinia, USA
Fiorenzo A. Fazzolari, UK
Francesco Franco, Italy
A. Gasparetto, Italy

Gianluca Gatti, Italy
Anindya Ghoshal, USA
Hassan Haddadpour, Iran
M.I. Herreros, Spain
Hamid Hosseini, Japan
Ian C. Howard, Australia
Reza Jazar, Australia
Sakdirat Kaewunruen, UK
Yuri S. Karinski, Israel
Jeong-Hoi Koo, USA
G. Kouroussis, Belgium
Mickaël Lallart, France
Kenneth J. Loh, USA
Nuno M. Maia, Portugal
Giuseppe C. Marano, Italy
Laurent Mevel, France
Emiliano Mucchi, Italy
Tony Murmu, UK
Sundararajan Natarajan, India
Toshiaki Natsuki, Japan
Miguel Neves, Portugal
Coral Ortiz, Spain
Gyuhae Park, Republic of Korea
Aleksandar Pavic, UK
Evgeny Petrov, UK
Antonina Pirrotta, Italy

Vitamor Racic, UK
Carlo Rainieri, Italy
D. Rémond, France
Francesco Ripamonti, Italy
Salvatore Russo, Italy
Edoardo Sabbioni, Italy
Jerzy T. Sawicki, USA
V. V. Silberschmidt, UK
Kumar V. Singh, USA
Isabelle Sochet, France
Alba Sofi, Italy
Jussi Sopanen, Finland
Narakorn Srinil, UK
Salvatore Strano, Italy
Chao Tao, China
Mario Terzo, Italy
Tai Thai, Australia
Carlo Trigona, Italy
Federica Tubino, Italy
Nerio Tullini, Italy
Marcello Vanali, Italy
J. Wallaschek, Germany
Zaili L. Yang, UK
Stana Živanović, UK
Lei Zuo, USA



Contents

Identification of Incipient Damage Using High-Frequency Vibrational Responses, Maosen Cao,
Wiesław Ostachowicz, Gang Li, Wei Xu, and Mohammad Reza Ashoory
Volume 2015, Article ID 153085, 1 page

Enhanced DET-Based Fault Signature Analysis for Reliable Diagnosis of Single andMultiple-Combined
Bearing Defects, In-Kyu Jeong, Myeongsu Kang, Jaeyoung Kim, Jong-Myon Kim, Jeong-Min Ha,
and Byeong-Keun Choi
Volume 2015, Article ID 814650, 10 pages

Effects of Contraction Joints on Vibrational Characteristics of Arch Dams: Experimental Study,
S. S. Wang, Y. F. Zhang, M. S. Cao, and W. Xu
Volume 2015, Article ID 327362, 7 pages

Estimation of Modal Properties of Low-Rise Buildings Using Ambient Excitation Measurements,
K. K. Wijesundara, C. Negulescu, and E. Foerster
Volume 2015, Article ID 173450, 18 pages

Reliability Analysis of Damaged Beam Spectral Element with Parameter Uncertainties,
M. R. Machado and J. M. C. Dos Santos
Volume 2015, Article ID 574846, 12 pages

An Energy-Based Safety Evaluation Index of Blast Vibration, Mingsheng Zhao, Dong Huang,
Maosen Cao, En-an Chi, Jun Liu, and Qiang Kang
Volume 2015, Article ID 698193, 9 pages

Identification of Structural Damage in Bridges Using High-Frequency Vibrational Responses,
Ivana Mekjavić
Volume 2015, Article ID 906062, 8 pages



Editorial
Identification of Incipient Damage Using High-Frequency
Vibrational Responses

Maosen Cao,1 WiesBaw Ostachowicz,2 Gang Li,3 Wei Xu,1,4 and Mohammad Reza Ashoory5

1Hohai University, Nanjing 210098, China
2Institute of Fluid-Flow Machinery, 80-231 Gdańsk, Poland
3Dalian University of Technology, Dalian 116024, China
4University of Maryland, Baltimore County, MD 21250, USA
5University of Semnan, Semnan 35131-19111, Iran

Correspondence should be addressed to Maosen Cao; mmcao@imp.gda.pl

Received 11 August 2015; Accepted 11 August 2015

Copyright © 2015 Maosen Cao et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Damage identification relying on low-frequency vibrational
responses, usually lower than 4th order natural frequencies
or so, has dominated the area of vibration-based structural
damage diagnosis over recent decades, primarily owing to
the limited capacity of traditional apparatus in vibration
measurement. In this respect, it is commonly acknowledged
that low-frequency vibrational responses are insensitive
to small damage; moreover, small damage is more easily
accommodated by higher-frequency vibrational responses.
This recognition has motivated the development of damage
identification methods based on higher-frequency vibra-
tional responses. Currently, new advanced instrumentation
typified by the scanning laser vibrometer (SLV) has made it
possible to measure high-frequency vibrational responses of
a structure precisely and accurately, providing the opportu-
nity to develop damage identification methods using high-
frequency (here beyond 4th order) vibrational responses.
These high-frequency methods hold promise for solving the
critical problem: detection of incipient damage, most crucial
for ensuring structural safety. Nevertheless, unlike methods
using low-frequency vibrational responses, damage identifi-
cation relying on high-frequency vibrational responses poses
a series of new theoretical and numerical issues that need to
be clarified. With this motivation, we have collected papers
on this topic in this special issue on identification of incipient
damage using high-frequency vibrational responses.

This special issue contains six original research papers
that concern various aspects of damage identification relying

on high-frequency vibrational responses, including effects
of contraction joints on vibrational characteristics of arch
dams, diagnosis of bearing defects, estimation ofmodal prop-
erties of low-rise buildings, reliability analysis of damaged
beam spectral element, identification of structural damage
in bridges using high-frequency vibrational responses, and
safety evaluation index of blast vibration.
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To early identify cylindrical roller bearing failures, this paper proposes a comprehensive bearing fault diagnosis method, which
consists of spectral kurtosis analysis for finding the most informative subband signal well representing abnormal symptoms about
the bearing failures, fault signature calculation using this subband signal, enhanced distance evaluation technique- (EDET-) based
fault signature analysis that outputs the most discriminative fault features for accurate diagnosis, and identification of various
single and multiple-combined cylindrical roller bearing defects using the simplified fuzzy adaptive resonance map (SFAM). The
proposed comprehensive bearing fault diagnosis methodology is effective for accurate bearing fault diagnosis, yielding an average
classification accuracy of 90.35%. In this paper, the proposed EDET specifically addresses shortcomings in the conventional distance
evaluation technique (DET) by accurately estimating the sensitivity of each fault signature for each class. To verify the efficacy of the
EDET-based fault signature analysis for accurate diagnosis, a diagnostic performance comparison is carried between the proposed
EDET and the conventional DET in terms of average classification accuracy. In fact, the proposed EDET achieves up to 106.85%
performance improvement over the conventional DET in average classification accuracy.

1. Introduction

Although rolling element bearings are the most significant
elements to support heavy loads in rotatingmachines [1], they
frequently faced severe failures during operation. Because
these unscheduled bearing defects cause tremendous eco-
nomic losses, reliable bearing fault diagnosis is urgently
demanded. Thus, we propose a comprehensive bearing fault
diagnosis method that includes the following two essential
aspects: fault signature extraction and pattern recognition.

As a failure occurs in a rolling element bearing, it is hard
to extract fault characteristic information from the nonsta-
tionary vibration signals [2]. To address this nonstationary
issue, time-frequency analyses have become an indispensable
part of fault diagnosis of bearings. These include short-
time Fourier transform (STFT) [3, 4], wavelet transform
(WT) [5–9], and empirical mode decomposition (EMD)
[10–17]. Traditionally, STFT has been used in processing

nonstationary signals by carrying out a fast Fourier transform
(FFT) for short periods of time; this determines which
frequency is present at which time. However, this gives a
constant resolution for all the frequencies because it requires
a constant length window for the entire signal, which pro-
duces a uniform partition of the time-frequency plane. In
general, abnormal symptoms of the rolling element bearing
will appear anywhere in the mid-/high-frequency spectrum
range. This requires multiresolution analysis, which gives a
fine time resolution and a coarse frequency resolution at
high frequencies, while giving a fine frequency resolution but
a coarse time resolution for low frequencies. Hence, STFT
has been superseded by both WT and EMD. Although both
WT and EMD are effective time-frequency decomposition
tools, which are widely applied to reliable bearing fault
diagnosis, they have a common shortcoming. When a signal
is decomposed into multiple subband signals and intrinsic
mode functions (IMFs) by WT and EMD, respectively, it is
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Figure 1: A self-designed fault simulator.

necessary to select informative subband signals and IMFs that
contain intrinsic information about various bearing defects.
To deal with this issue, this paper employs spectral kurtosis
analysis (i.e., kurtogram) [18] in our comprehensive bearing
fault diagnosis approach and it is performed by calculating
kurtosis values from envelope power spectra, where envelope
power spectra are obtained from the decomposed subband
signals at different wavelet packet decomposition depths.
Based on these spectral kurtosis measurements, we exploit a
subband signal yielding the highest spectral kurtosis value for
feature extraction.

Recently, the importance of fault feature analysis has
gradually increased because all the extracted fault signa-
tures may not be equally useful for accurate diagnosis.
Furthermore, a high-dimensional feature vector can be a
primary reason of the diagnostic performance degradation.
To deal with high-dimensional, non-Gaussian fault signa-
tures, Jin et al. used trace ratio linear discriminant analysis
and showed satisfactory results to diagnose various bearing
failures [19]. Jiang et al. proposed semisupervised kernel
marginal fisher analysis for optimal feature selection by
reducing incompetent features [20]. They fed the optimal
low-dimensional features into a 𝑘-nearest neighbor classifier
to recognize different fault categories of bearing defects.
Principal component analysis- (PCA-) based bearing fault
prediction methods are also familiar [21]. Derivatives of PCA
in a nonlinear form, such as kernel PCA (KPCA) and kernel
fisher discriminant analysis (KFDA), have been used in fault
diagnosis to allow nonlinear dependency between feature
variables [22–25]. Shen et al. employed a distance evaluation
technique (DET) for sensitive fault-feature selection [26],
which usually exhibits a large degree of variance for samples
belonging to different classes and a smaller degree of variance
for samples belonging to the same class. For reliable bearing

fault diagnosis, this paper proposes a derivative of DET,
enhanced DET (EDET), to decide the most discriminative
subset of all the extract fault signatures. The conventional
DET has drawbacks in sensitivity estimation of each fault fea-
ture because it is based on average intraclass compactness and
interclass separability among different classes. In practice,
the average is not effective for dealing with skewed features.
Hence, the EDET modifies the sensitivity estimation scheme
in the conventional DET for improving feature analysis
efficiency. To identify various bearing failures, we use a
simplified fuzzy ARTMAP (SFAM), a special class of artificial
neural networks, as the classifier [27–29], where ARTMAP
denotes an adaptive resonance theory map.

The rest of the paper is organized as follows. Section 2
describes a self-designed fault simulator including the data
acquisition system and seeded bearing failures considered in
this study. Section 3 introduces the comprehensive bearing
fault diagnosis scheme, and Section 4 shows experimental
results. Finally, Section 5 concludes this paper.

2. A Self-Designed Fault Simulator and
Seeded Bearing Failures

Figure 1 shows a self-designed fault simulator involving a
data acquisition system, an inductionmotor, a gearboxwhose
reduction ration is 1.52 : 1, and adjustable blades. Likewise,
either a defect-free cylindrical roller bearing (DFCRB) or
defective cylindrical roller bearings can be installed in the
nondrive end bearing housing of this self-designed fault
simulator. To capture abnormal symptoms of seeded bear-
ings, this paper attaches a piezoelectric accelerometer (type
4371) to the nondrive end bearing housing and continuously
records vibration signals sampled at 65.536 kHz by using
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Table 1: Summary of specifications of the data acquisition system.

NEXUS conditioning amplifier
(type 2692-C)

(i) Frequency range:
0.1 Hz–100 kHz
(ii) Sensitivity: 10mV/ms−2

Piezoelectric charge
accelerometer (type 4371)

(i) Frequency range:
0.1 Hz–12.6 kHz
(ii) Sensitivity: 9.8 pC/g

Portable data acquisition device
(PULSE type 3560-C)

Maximum sampling
frequency: 25.6 kHz

an amplifier (NEXUS condition amplifier type 2692-C) and
a portable data acquisition device (PULSE type 3560-C)
because vibration analysis is effective for analyzing dynamic
activities in bearing failures [30–34]. Table 1 summaries spec-
ifications of the data acquisition system. Although vibration
signals can provide intrinsic information about bearing fail-
ures, unwanted random noise, which may be nonlinear and
non-Gaussian, inherent in themeasured vibration signals can
result in diagnostic performance deterioration. To address
this issue, we employ a Gaussian particle filter that is effective
for solving the non-Gaussian noise problem. More details
about its measurement and time update procedures for
estimating non-Gaussian noise are provided in [35].

To verify the proposed comprehensive bearing fault diag-
nosis methodology, this paper obtains 120 vibration signals
for each bearing (i.e., a DFCRB and seven different defective
bearings) that rotates at the shaft speed of 482 revolutions-
per-minute (RPM) under slight load condition, as presented
in Table 2. In addition, various single andmultiple-combined
bearing defects are depicted in Figure 2.

3. Proposed Bearing Fault
Diagnosis Methodology

The proposed comprehensive bearing fault diagnosis
approach is composed of the following two processes:
analysis process and evaluation process. The analysis process
of the bearing fault diagnosis scheme is to decide an optimal
subset of all the extracted statistical fault signatures while
the evaluation process is to validate efficacy of the proposed
diagnosis approach to identify incipient bearing defects.
Likewise, the analysis dataset includes randomly selected
30 vibration signals for each bearing condition and the
remaining vibration signals are used for the evaluation
dataset in this study. Figure 3 pictorially illustrates the overall
process of the proposed bearing fault diagnosis methodology.

3.1. Analysis Process. An optimal subset of fault signatures
is determined via this analysis process, which consists of
spectral kurtosis analysis, feature pool configuration, and
discriminative feature selection using the enhanced distance
evaluation technique (EDET).

Step 1. Practically, abnormal symptoms of incipient bearing
defects are well revealed in mid- or high-frequency subband
signals due to the amplitude modulation [36]. This calls
the exploration of subband signals that involve intrinsic

information about the bearing defects. To address this issue,
we exploit spectral kurtosis analysis [18], which outputs the
most informative subband signal yielding the highest kurtosis
value of the kurtogram that is generated by measuring kurto-
sis of envelop power spectra calculated from subband signals.
In this paper, the subband signals are obtained by means of
discrete wavelet packet transform with a Daubechies 45-tap
filter (e.g., db45). Furthermore, an envelope power spectrum
is yielded by squaring themagnitude of fast Fourier transform
of an envelope signal, where the envelope signal is the
absolute value of the complex-valued analytical signal that
is obtained by combining the given time-domain subband
signal and its Hilbert transformed signal. Figure 4 depicts an
example of spectral kurtosis analysis for a CRBCO.

Although a spectral kurtosis measurement is effective
for quantifying the amplitudes of the bearing characteristic
frequency (or bearing defect frequency) and its harmonics
in the envelope power spectrum, this measurement, which
basically measures the degree of protrusion, can be influ-
enced by unwanted spectral peaks such as harmonics of
operating frequency and spectral peaks that are not relevant
to bearing defects. Hence, we compute a kurtosis value for
the envelope power spectrum ranging from 𝑁 × 𝐹

𝑜

to 𝑁 ×

max(BPFO,BPFI, 2 × BSF) to produce the kurtogram as
shown in Figure 4, where 𝑁 (𝑁 = 3 in this study) is an
arbitrary natural number, 𝐹

𝑜

is the shaft speed in Hertz that
is computed by RPM/60, BPFO is the ball pass frequency for
the outer raceway, BPFI is the ball pass frequency for the inner
raceway, and BSF is the ball spin frequency, respectively, and
the bearing defect frequencies (e.g., BPFO, BPFI, and BSF)
are defined as follows [34]:

BPFO =
𝑁
𝑟

⋅ 𝐹
𝑜

2
(1−

𝐵
𝑑

𝑃
𝑑

cos𝛼) ,

BPFI =
𝑁
𝑟

⋅ 𝐹
𝑜

2
(1+

𝐵
𝑑

𝑃
𝑑

cos𝛼) ,

BSF =
𝑃
𝑑

⋅ 𝐹
𝑜

2 ⋅ 𝐵
𝑑

(1−(
𝐵
𝑑

𝑃
𝑑

cos𝛼)
2
) .

(1)

These bearing characteristic frequencies are computed with
the following parameters: the number of cylindrical rollers
(𝑁
𝑟

= 13), the shaft speed inHertz (𝐹
𝑜

= 8.03Hz), the contact
angle (𝛼 = 0

∘), and roller and pitch diameters (𝐵
𝑑

= 9mm
and 𝑃

𝑑

= 46.5mm). Namely, BPFO = 42.09Hz, BPFI =
62.30Hz, and 2 × BSF = 39.93Hz, respectively.

Step 2. A 𝑁classes × 𝑁samples × 𝑁features feature pool, 𝐹, is
configured in Step 2 by calculating statistical parameters that
are widely used for bearing fault diagnosis, where 𝑁classes is
the number of classes to be discriminated in this study (i.e., a
DFCRB and seven defective bearings),𝑁samples is the number
of data samples for each bearing condition in the analysis
dataset (𝑁samples = 30 in this study), and 𝑁features is the
total number of fault signatures that are defined in Table 3. A
moment is mathematically defined as a specific quantitative
measure for the shape of a set of points. Thus, statistical
moments such as mean (first moment), standard deviation
(secondmoment about themean), skewness (thirdmoment),
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Table 2: Seeded bearing failures considered in this study.

CRBCO A cylindrical roller bearing with a crack on its outer raceway
CRBCI A cylindrical roller bearing with a crack on its inner raceway
CRBCR A cylindrical roller bearing with a crack on its roller
CRBCOI A cylindrical roller bearing with a crack on its outer and inner raceways
CRBCOR A cylindrical roller bearing with a crack on its outer raceway and roller
CRBCIR A cylindrical roller bearing with a crack on its inner raceway and roller
CRBCOIR A cylindrical roller bearing with a crack on its outer raceway, inner raceway, and roller
Crack size

Length 12mm on a bearing’s outer and inner raceways and 10mm on a bearing’s roller
Width 0.49mm
Depth 0.5mm

Average RPM 482

(a) (b) (c) (d)

(e) (f) (g)

Figure 2: Single and multiple-combined bearing defects. (a) CRBCO, (b) CRBCI, (c) CRBCR, (d) CRBCOI, (e) CRBCOR, (f) CRBCIR, and
(g) CRBCOIR.

Analysis process Evaluation process

Spectral kurtosis
analysis

Feature pool
configuration

Enhanced DET
(EDET)

Discriminative fault
signatures

Vibration signals in
the analysis dataset

Step 1

Step 2

Step 3

Vibration signals in the evaluation
dataset

Feature pool configuration via
spectral kurtosis analysis

k-fold cross validation

Training
SFAM Testing SFAM

Average classification accuracy

Step 1

Step 2

Figure 3: Overall process of the proposed comprehensive bearing fault diagnosis methodology.
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Table 3: Twelve statistical fault signatures, where 𝑥 is themost informative subband signal via spectral kurtosis analysis,𝑁 is the total number
of the subband signal, 𝑥rms is the root mean square value of 𝑥, and max (|𝑥|) outputs the maximum value of 𝑥.

Parameter Definition Parameter Definition

Mean (f 1) 𝑥 =
1
𝑁

𝑁

∑

𝑖=1
𝑥
𝑖

Crest factor (f 2)
max (𝑥)
𝑥rms

Impulse factor (f 3)
max (|𝑥|)

(1/𝑁)∑𝑁
𝑖=1
𝑥𝑖


Standard deviation (f 4) √
1
𝑁

𝑁

∑

𝑖=1
(𝑥
𝑖

− 𝑥)
2

Kurtosis (f 5)
(1/𝑁)∑𝑁

𝑖=1 (𝑥𝑖 − 𝑥)
4

((1/𝑁)∑𝑁
𝑖=1 (𝑥𝑖 − 𝑥)

2
)
2 Skewness (f 6)

(1/𝑁)∑𝑁
𝑖=1 (𝑥𝑖 − 𝑥)

3

((1/𝑁)∑𝑁
𝑖=1 (𝑥𝑖 − 𝑥)

2
)
3/2

Energy (f 7)
𝑁

∑

𝑖=1
𝑥
2
𝑖

Peak (f 8) max (|𝑥|)

5th normalized moment (f 9)
(1/𝑁)∑𝑁

𝑖=1 (𝑥𝑖 − 𝑥)
5

((1/𝑁)∑𝑁
𝑖=1 (𝑥𝑖 − 𝑥)

2
)
5/2 Root mean square (f 10)

1
𝑁

𝑁

∑

𝑖=1
𝑥
2
𝑖

Latitude factor (f 11)
max (|𝑥|)

((1/𝑁)∑𝑁
𝑖=1√

𝑥𝑖
)

2 Absolute mean amplitude value (f 12)
1
𝑁

𝑁

∑

𝑖=1
|𝑥
𝑖

|

1 × BPFO

2 × BPFO

3 × BPFO

4 × BPFO

0 40 80 120 160 200

Frequency (Hz)Frequency (kHz)
0 16.384 32.768 49.152 65.536

Lower spectral Higher spectral
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Figure 4: An example of spectral kurtosis analysis for a CRBCO.

kurtosis (forthmoment), and 5thmoment can provide useful
information for discriminative single andmultiple-combined
bearing defects. Moreover, peak, energy, and absolute mean
amplitude values are used as key fault signatures for bearing
fault diagnosis due to their effectiveness quantifying the
severe bearing failures. In particular, peak and crest factor,
defined as the ratio of the peak level of the vibration signal to
the root mean square (RMS) level, are widely used to detect
changes of the impulsive vibrations due to BCO. The RMS,
defined as a quantitative measure of the power content in
the vibration signal, is also effective for detecting incipient
bearing defects.

Step 3. Although the main goal of feature selection is to
reduce computation burden caused by a large number of
fault signatures, feature selection can be often useful for

accurate bearing fault diagnosis by removing some of them
that do not contribute much to identification of bearing
failures. Thus, this paper proposes the EDET, an improve-
ment on DET [26], to determine an optimal subset of fault
signatures. As discussed in Section 1, the conventional DET
estimates degree of sensitivity of each fault signature to decide
whether it is a discriminative feature minimizing intraclass
compactness and maximizing the interclass separability. To
meausre the sensitivity of the 𝑖th fault signature, the DET
first calculates the intraclass compactness for the 𝑖th fault
signature by compactness

𝑖

= (1/𝑁classes) ∑
𝑁classes
𝑚=1 𝐷

𝑚,𝑖

, where
𝐷
𝑚,𝑖

indicates the degree of the 𝑖th feature density for the
𝑚th class which is expressed as 𝐷

𝑚,𝑖

= (1/(𝑁samples ⋅

(𝑁samples − 1))) ∑𝑁samples
𝑗=1 ∑

𝑁samples
𝑘=1,𝑗 ̸=𝑘 |𝐹(𝑚, 𝑗, 𝑖) − 𝐹(𝑚, 𝑘, 𝑖)| and

then computes the interclass separability for the 𝑖th fault
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Figure 5: Examples of the 𝑖th and 𝑗th fault signature distribution per class with the assumption that these features have the same degrees of
the interclass separability.

signature by seperability
𝑖

= (1/(𝑁classes ⋅ (𝑁classes −

1))) ∑𝑁classes
𝑚=1

∑
𝑁classes
𝑛=1,𝑚 ̸=𝑛

|𝐶
𝑚,𝑖

− 𝐶
𝑛,𝑖

|, where 𝐶
𝑚,𝑖

is the centroid
value of the 𝑖th fault signature for the 𝑚th class that is
defined as 𝐶

𝑚,𝑖

= (1/𝑁samples) ∑
𝑁samples
𝑘=1

𝐹(𝑚, 𝑘, 𝑖). Finally,
the sensitivity of the 𝑖th fault signature, 𝛼

𝑖

, is expressed as
𝛼
𝑖

= seperability
𝑖

/compactness
𝑖

. In general, the conventional
DET finding a subset of fault signatures that yield higher
sensitivities shows satisfactory performance for bearing fault
diagnosis. However, the DET has the following shortcomings
when estimating the sensitivity of each fault signature:

(i) In the conventional DET, an average value of the
degrees of feature density for all classes is used tomea-
sure the intraclass compactness and this intraclass
compactness measurement can be drawback that the
sensitivity of fault signatures ismisestimated. Figure 5
illustrates examples of the 𝑖th and 𝑗th fault signature
distribution per class with the assumption that these
two feature have the same degrees of the interclass
separability. As shown in Figure 5, although the 𝑖th
fault feature is more useful for discriminating the first
three classes (i.e., class 1, class 2, and class 3) rather
than the 𝑗th fault signature, a very low degree of the
𝑖th feature density for the fourth class (i.e., class 4)
may greatly decrease the sensitivity of this feature,
where a low degree of the 𝑖th feature density for the
𝑚th class (or a higher value of 𝐷

𝑚,𝑖

) implies the 𝑖th
feature is widely dispersed.

(ii) Similar to the intraclass compactness estimation
in the conventional DET, the interclass separability
using an average distance among centroids of each
class is another shortcoming in sensitivity estimation
of fault signatures. Figure 6 depicts examples of the 𝑖th
and 𝑗th fault feature distribution with the assumption
that these signatures have the same degrees of the
intraclass compactness. In Figure 6, the sensitivity
of the 𝑗th fault feature can be much higher than
the 𝑖th feature due to the great distance between

a centroid of the fourth class and centroids of the
other classes. According to the feature selection policy
of the conventional DET, the 𝑗th fault signature is
selected for fault diagnosis. Figure 6, however, shows
the 𝑖th fault feature is more helpful for identifying
these classes than the 𝑗th signature.

Accordingly, this paper enhances the conventional DET
(EDET) by measuring the sensitivity of each fault signature
for each class. To do this, we use the 𝑖th feature density
for the 𝑚th class, 𝐷

𝑚,𝑖

, as the intraclass compactness of the
𝑖th fault signature for the 𝑚th class, compactness

𝑚,𝑖

, and
estimate the interclass separability of the 𝑖th feature for the
𝑚th class, separability

𝑚,𝑖

, by computing separability
𝑚,𝑖

=

min
𝑛 ̸=𝑚

(|𝐶
𝑚,𝑖

− 𝐶
𝑛,𝑖

|), 𝑚, 𝑛 = 1, 2, . . . , 𝑁classes, where min()
is the minimum value of its argument. Finally, the sensitivity
of the 𝑖th feature for the 𝑚th class, 𝛼

𝑚,𝑖

, is defined as 𝛼
𝑚,𝑖

=

separability
𝑚,𝑖

/compactness
𝑚,𝑖

. In this study, the minimum
dimension of the discriminative feature subset can be one
if fault features yielding the highest sensitivity for each
class are the same, whereas the maximum dimension of the
discriminative feature subset can be 𝑁classes if fault features
selected by the proposed EDET are different from each other.

3.2. Evaluation Process. As shown in Figure 3, the evaluation
process verifies the effectiveness of the proposed bearing fault
diagnosis methodology, which consists of the following two
steps.

Step 1. This paper configures a feature pool by carrying
out spectral kurtosis analysis for vibration signals in the
evaluation dataset (i.e., 90 vibration signals for each bearing
condition), selecting informative subband signals, and calcu-
lating statistical parameters determined by the EDET in the
analysis process from these subband signals.

Step 2. As mentioned in Section 1, the SFAM is used to iden-
tify various single and multiple-combined low-speed bearing
failures in this study. Likewise, 𝑘-fold cross validation [37] is
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Figure 6: Examples of the 𝑖th and 𝑗th fault signature distribution per class with the assumption that these features have the same degrees of
the intraclass compactness.

employed to estimate the generalized diagnostic performance
(or classification accuracy) of the proposed comprehensive
bearing fault diagnosis approach. In 𝑘-fold cross validation,
both training and testing the classifier are repeated 𝑘 times by
using randomly partitioned 𝑘 mutual folds from the feature
pool in the evaluation process, denoted by 𝐹

1

, 𝐹
2

, . . . , 𝐹
𝑘

.
Namely, the classifier (i.e., SFAM) is trained in the fold 𝐹

𝑖

and tested in the remaining folds at the 𝑖th iteration of 𝑘-fold
cross validation. Hence, the diagnostic performance of the
bearing fault diagnosis approach is estimated by computing
average values of classification accuracies and true positive
rates resulting from each iteration in 𝑘-fold cross validation,
where 𝑘 is set to 3 for accurate diagnostic performance
estimation in this study. Both average classification accuracy
(ACA) and average true positive rate (ATPR) are defined as
follows:

ACA =
1
𝑘

𝑘

∑

𝑖=1
CA
𝑖

, (2)

ATPR = 1
𝑘

𝑘

∑

𝑖=1
TPR
𝑖

, (3)

where both CA
𝑖

and TPR
𝑖

are the classification accu-
racy and true positive rate resulting at the 𝑖th iteration
of 𝑘-fold cross validation, which are defined as CA =

(∑
𝑁classes

𝑁TP/𝑁datasamples) × 100(%) and TPR = (𝑁TP/(𝑁TP +

𝑁FN)) × 100(%), respectively. Likewise, 𝑁TP and 𝑁FN are
the number of true positives (e.g., a true positive is when
a sample in the “CRBCO” class is correctly classified as
the “CRBCO” class) and false negatives (e.g., a false negative
is when a sample not in the “CRBCO” class is not classified as
the “CRBCO” class).

4. Experimental Results

In this paper, the EDET-based feature signature analysis is
used for effectively identifying single and multiple-combined
bearing defects and this section validates its efficacy in terms
of ACA and ATPR. As mentioned in Section 3.1, because
the conventional DET determines a subset of fault features
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Figure 7: Sensitivity of fault features by means of the conventional
DET.

based on the sensitivity level (𝑆level), it is necessary to explore
the impacts of various subsets of fault signatures on the
diagnostic performance, where fault signatures with high
sensitivity are useful for diagnosis in the DET-based feature
selection scheme. Table 4 shows a performance comparison
between the conventional DET and the proposed EDET and
the sensitivity level of all the extracted fault signatures in this
study is illustrated in Figure 7. In Table 5, the conventional
DET shows an average classification accuracy of 43.68%,
84.96%, and 84.58% for 𝑆level = 1, 𝑆level = 0.3, and 𝑆level = 0.1,
respectively, where the subsets of fault features for 𝑆level = 1,
𝑆level = 0.3, and 𝑆level = 0.1 are 𝑓DET(1) = {𝑓

2

},
𝑓DET(0.3) = {𝑓

2

, 𝑓
3

, 𝑓
11

}, and 𝑓DET(0.1) = {𝑓
2

, 𝑓
3

, 𝑓
4

, 𝑓
11

, 𝑓
12

}.
An interesting observation in Table 4 is that the average
classification accuracy is even worse (43.68%) at 𝑆level =

1. Accordingly, the conventional DET is inefficient for esti-
mating the sensitivity of each fault feature. In contrast, the
proposed EDET approach achieves an average classification
accuracy of 90.35%, where the most discriminative subset of
fault signatures 𝑓EDET = {𝑓1, 𝑓5, 𝑓7, 𝑓12}.

Although the EDET is effective for improving the diag-
nostic performance by sorting out discriminative fault sig-
natures of twelve fault features, the bearing defects are
not sufficiently classified between CRBCO and CRBCOR,
as presented in Table 5. Figure 8 depicts a 3-dimensional
visualization result of the three fault features (i.e., 𝑓

5

, 𝑓
7

, and
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Figure 8: 3-dimensional visualization result of the three fault features in 𝑓EDET = {𝑓1, 𝑓5, 𝑓7, 𝑓12}.

Table 4: Performance comparison between the conventional DET and the proposed EDET in terms of average classification accuracy and
true positive rate via k-fold cross validation (Unit: %).

𝑆level
ATPR for each bearing condition (standard deviation) ACA

(standard deviation)CRBCO CRBCI CRBCR CRBCOI CRBCOR CRBCIR CRBCOIR DFCRB

DET
1 27.22 (6.74) 37.22 (9.18) 43.33 (4.41) 51.11 (10.72) 22.22 (5.09) 35.00 (2.89) 33.33 (5.77) 100.00 (0.00) 43.68 (5.60)
0.3 82.22 (5.36) 76.67 (2.89) 93.33 (2.89) 93.89 (2.55) 74.44 (9.18) 75.00 (10.41) 83.33 (11.67) 100.00 (0.00) 84.96 (5.62)
0.1 85.00 (7.26) 73.33 (1.67) 93.33 (4.41) 93.89 (2.55) 67.22 (5.85) 81.11 (3.50) 82.78 (3.85) 100.00 (0.00) 84.58 (3.63)

EDET — 91.67 (2.89) 84.44 (3.50) 96.11 (5.36) 93.33 (2.89) 76.67 (11.67) 86.67 (7.26) 93.89 (0.96) 100.00 (0.00) 90.35 (4.31)

Table 5: Classification result of the proposed bearing fault diagnosis method using a confusion matrix, where k-fold cross validation is
performed.

Test outcome
CRBCO CRBCI CRBCR CRBCOI CRBCOR CRBCIR CRBCOIR DFCRB

Condition
CRBCO 165 0 2 0 8 3 2 0
CRBCI 0 173 2 0 0 5 0 0
CRBCR 0 1 152 2 5 16 4 0
CRBCOI 0 0 1 168 0 11 0 0
CRBCOR 29 0 7 2 138 0 4 0
CRBCIR 1 8 7 8 0 156 0 0
CRBCOIR 4 0 2 1 4 0 169 0
DFCRB 0 0 0 0 0 0 0 100



Shock and Vibration 9

𝑓
12

) in 𝑓EDET = {𝑓
1

, 𝑓
5

, 𝑓
7

, 𝑓
12

}. As shown in Figure 8, the
boundary between these two bearing defects heavily overlaps
and is unclear, resulting in degraded diagnostic performance.
Thus, it is needed to extract a new fault feature preserving
intrinsic information about a CRBCOR to increase its true
positive rate.

5. Conclusion

In this study, a comprehensive bearing fault diagnosis
approach is presented to diagnose single and multiple-
combined cylindrical roller bearing defects. This approach
first finds the most informative subband signal via the
discrete wavelet packet transform-based spectral kurtosis
analysis and configures a feature pool by calculating twelve
statistical parameters in the subband signal. However, all the
extracted fault signaturesmay be equally useful for accurately
identifying various bearing failures. Accordingly, the EDET-
based fault signature analysis is carried out to determine an
optimal subset of fault features, which is further used for
training and testing the SFAM. Experimental results indicate
that the proposed fault diagnosismethod is effective for accu-
rate bearing fault diagnosis. In fact, the EDET achieves up
to 106.85% performance improvement over the conventional
DET in ACA.

Abbreviation

ACA: Average classification accuracy
ATPR: Average true positive rate
BPFI: A ball pass frequency for the inner

raceway
BPFO: A ball pass frequency for the outer

raceway
BSF: A ball spin frequency
CRBCI: A cylindrical roller bearing with a crack

on its inner raceway
CRBCIR: A cylindrical roller bearing with a crack

on its inner raceway and roller
CRBCO: A cylindrical roller bearing with a crack

on its outer raceway
CRBCOI: A cylindrical roller bearing with a crack

on its outer and inner raceways
CRBCOIR: A cylindrical roller bearing with a crack on

its outer raceway, inner raceway, and roller
CRBCOR: A cylindrical roller bearing with a crack

on its outer raceway and roller
CRBCR: A cylindrical roller bearing with a crack

on its roller
DFCRB: A defect-free cylindrical roller bearing
DET: Distance evaluation technique
EDET: Enhanced distance evaluation technique
EMD: Empirical mode decomposition
FFT: Fast Fourier transform
IMF: Intrinsic mode function
KFDA: Kernel fisher discriminant analysis
KPCA: Kernel principal component analysis
PCA: Principal component analysis
RPM: Revolutions-per-minute

SFAM: Simplified fuzzy adaptive resonance
theory map

STFT: Short-time Fourier transform
WT: Wavelet transform.
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This study experimentally investigates the effects of contraction joints on the vibrational characteristics of high arch dams. Three
scale models of the world’s second highest dam, the Xiaowan Arch Dam, are used as experimental specimens identified by zero,
one, and two contraction joints. When a scale model vibrates harmonically at a specific frequency, its operating deflection shape
is acquired by using a scanning laser vibrometer to scan the side surface of the model. The effects of contraction joints on
the vibrational characteristics of arch dams are studied by examining the changes in operating deflection shapes. Experimental
results demonstrate that (i) contraction joints can significantly affect the vibrational characteristics of arch dams, (ii) the operating
deflection shape intuitively illustrates the vibrational characteristics of arch dams, and (iii) a scanning laser vibrometer has marked
advantages over traditional equipment in accurately and efficiently acquiring full-field dynamic responses of a structure.

1. Introduction

Xiaowan Arch Dam in mainland China is the world’s second
highest arch dam at 292m (958 ft) [1–3]. The dynamic prop-
erties of the XiaowanArchDamhave arousedmuch attention
from researchers around the world [4, 5]. Contraction joints
are placed in arch dams to control random cracking that is
largely due to reduction in volume or shrinkage as the mate-
rial hardens [5–10]. Noticeably, the effects of contraction
joints on the vibrational characteristics have a key role in the
analysis of the dynamic properties of such a high dam. As
inherent discontinuities, contraction joints are set up during
the dam construction stage [11]. They can alter structural
physical properties including stiffness, mass, and damping,
hence causing changes in structural dynamic responses such
as seismic responses [10].

The effects of contraction joints on the dynamic proper-
ties of a dam have been investigated extensively. Representa-
tive studies are as follows. Dowling and Hall [5] described a
nonlinear finite element procedure for arch dams in which
the gradual opening and closing of vertical contraction joints
were considered. Ahmadi et al. [6] presented a nonlinear joint

elementmodelwith coupled shear and tensile effects tomodel
the actions of contraction joints in dam-reservoir systems.
Lau et al. [8] modeled a constitutive contraction joint for a
zero-thickness joint element in an arch dammodel that could
simulate both opening and closing and shear sliding behavior,
aswell as the nonlinear shear key effects of the joint. Azmi and
Paultre [10] developed a nonlinear joint element to represent
the dynamic behavior of vertical contraction joints in con-
crete dams, and the element could be used to describe partial
joint opening and closing as well as tangential displacement.
On thewhole,most studies have considered the effects of con-
traction joints on the seismic response [5–10] using numeri-
cal simulations. Noticeably, due to the considerable complex-
ity of the task, few experimental studies are available that
inspect the full-field dynamic deformation of a dam.

To remedy this lack of experimental studies, this work
experimentally measures the full-field dynamic responses of
the Xiaowan Arch Dam to analyze the effects of contraction
joints on its dynamic properties. The full-field dynamic
response is reflected by an operating deflection shape (ODS).
An ODS is an online and in-site dynamic response of a struc-
ture that vibrates harmonically due to excitation at a specific
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harmonic frequency. Inman [11] elucidated that an ODS was
the actual vibrational shape of the displacement or velocity
of a structure that vibrates in the steady-state condition in
response to a specific structural loading. An ODS of a struc-
ture carries dynamic information from a group of mode
shapes with their natural frequencies around the structure’s
vibration frequency [12–14]. An ODS can provide more flex-
ible dynamic information than a mode shape since it can be
produced at any single harmonic frequency, not being con-
fined to natural frequencies [15]. The ODS has emerged in a
variety of applications pertaining to the analysis of structural
dynamic properties, typically structural damage detection
[16–18].

Conventional dynamic measurement facilities, for exam-
ple, acceleration sensors, are inadequate for acquiring the
ODS of a scale model of a dam,mainly because it is extremely
difficult to deploy a net of acceleration sensors to realize
full-field measurement. In particular, the added mass of
numerous sensors would alter the dynamic properties of the
dam under inspection. However, these deficiencies of con-
ventional facilities can be overcome by a recently developed
optical device, the scanning laser vibrometer (SLV) [19]. A
SLVprimarily features noncontactmeasurement, high spatial
resolution, entirely automatic processing, and high accuracy
of measurement [20–23]. With these features, the SLV is
suitable for use in measuring the ODS of a dam model.

In this study, a SLV is utilized to acquire the ODS of scale
models of the Xiaowan Arch Dam, with the aim of inves-
tigating the effects of contraction joints on the vibrational
characteristics of arch dams.

2. Definition of ODS

The motion equation for a linear structure with a harmonic
excitation acting on the structure is [11]

𝑀�̈�+𝐶�̇� +𝐾𝑥 = 𝐹𝑒
𝑗𝜔𝑡
, (1)

where 𝑀, 𝐶, and 𝐾 are the mass, damping, and stiffness
matrices, respectively;𝑥, �̇�, and �̈� are the displacement, veloc-
ity, and acceleration, respectively; 𝐹 is the amplitude of the
excitation with the frequency 𝜔.

Under the harmonic excitation 𝐹𝑒𝑗𝜔𝑡, the displacement
response takes the form: 𝑥(𝑡) = 𝑢𝑒𝑗𝜔𝑡. Substitution of 𝑥(𝑡) =
𝑢𝑒
𝑗𝜔𝑡 into (1) yields

(𝐾−𝜔
2
𝑀+𝑗𝜔𝐶) 𝑢 = 𝐹. (2)

Solving (2) yields

𝑢 = (𝐾−𝜔
2
𝑀+𝑗𝜔𝐶)

−1
𝐹, (3)

where 𝑎(𝜔) = (𝐾 − 𝜔2𝑀 + 𝑗𝜔𝐶)−1 is the receptance matrix,
with which the real part of the steady-state response can be
expressed as

𝑥 (𝑡) = Re (𝛼 (𝜔) 𝐹𝑒𝑗𝜔𝑡) . (4)

Figure 1: Arch dam model with base-excitation system.

From (4), the real part of the velocity response can be derived
as

V (𝑡) = Re (𝑗𝜔𝛼 (𝜔) 𝐹𝑒𝑗𝜔𝑡) . (5)

The ODS is defined by evaluating (5) at different angles
or times for a steady-state harmonic response, with the angle
defined by

𝜃𝑎 = 𝜔𝑡𝑎. (6)

The ODS can be evaluated at specified angles, 𝜃𝑎 = 2𝜋𝑎/𝑏,
where 𝑏 is the number of points in one vibration cycle used
to evaluate the ODS and 𝑎 = 0, 1, 2, . . . , 𝑏 − 1. Therefore, the
number of times used to evaluate the ODS is given by

𝑡𝑎 (𝜔) =
2𝜋𝑎
𝑏𝜔
. (7)

The velocity ODS is defined by

V(
𝜃𝑎

𝜔
) = Re (𝑗𝜔𝛼 (𝜔) 𝐹𝑒𝑗𝜃𝑎) , (8)

which can be experimentally measured using a SLV [19].

3. Experimental Setup

TheXiaowanArchDam [24] serves as the prototype to obtain
the experimental specimens for studying the effects of contra-
ction joints on the vibrational characteristics of arch dams.
The specimens are three 1/1500-scale unit models (Figure 1)
of the full-scale Xiaowan Arch Dam. The principal dimen-
sions of each model are 600mm, 300mm, and 250mm in
the length, width, and height directions, respectively. The
model is cast using mixed gypsum, barite powder, and water
with the compounding ratio of 1 : 1 : 0.78. Each model is
identified by the feature of contraction joints: Model I, no
contraction joints (Figure 2(a)); Model II, one contraction
joint (Figure 2(b)); and Model III, two contraction joints
(Figure 2(c)). Each contraction joint is vertical and spans
1mm in the length direction.
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(a) (b) (c)

Figure 2: Scale models identified by number of contraction joints. Model I (a), Model II (b), and Model III (c).

(a) Model I (b) Model II

(c) Model III

Figure 3: First-order mode shape in contrast to initial static shape (plain mesh).

An electromagnetic base-excitation system controlled by
a COMET USB shaker control system (Figure 1) is used to
harmonically excite themodel. As themodel vibrates steadily
the side surface of the model is scanned by a SLV (Polytec
PSV-400) to generate theODS.Thebase excitation is fixed at a
constant amplitude of acceleration, 5m/s2, to align the ODSs
of the three models at a comparable level.

4. Results and Discussion

4.1. Natural Frequency and ODS

4.1.1. Natural Frequency. A periodic chirp of increasing fre-
quencies is utilized to excite an arch dam model to generate
a dynamic response. The ratio of the response to the chirp in
the frequency domain defines a frequency response function
(FRF).The peaks of the FRF specify the natural frequencies of
the model. From the acquired FRFs, the first natural frequen-
cies, 𝑓1, of three models are identified (Table 1). Clearly, the
natural frequency decreases with the increase in the number
of the contraction joints. This decrease can be interpreted as
the result of the reduction of model stiffness caused by the
contraction joints.

Table 1: First natural frequencies (Hz).

Model I II III
𝑓1 1186.6 874.1 688.4

4.1.2. ODS

(1) Mode Shape. Mode shape dominates an ODS only when
the vibration frequency is equal to one of the natural frequen-
cies, in which case amode shape can be viewed as a particular
ODS [18]. A base excitation at 𝑓1 is imposed on the arch
dam model. When the model vibrates steadily, the lateral
surface of the model is scanned by a SLV to generate the
ODSdominated by the correspondingmode shape.Themode
shapes obtained are displayed in Figures 3(a), 3(b), and 3(c)
forModes I, II, and III, respectively. In the figures, the velocity
nephogram represents the mode shape and the plain mesh
designates the initial static shape of the model. The initial
static shape acts as a reference to reflect the vibrational defor-
mation carried by the ODS. In Figure 3(c), it can be observed
that the base excitation results in a mode shape that deviates
from the initial static shape. The ODSs intuitively illustrate



4 Shock and Vibration

(a) Model I (b) Model II

(c) Model III

Figure 4: ODSs at base excitation of 100Hz in contrast to initial static shape (plain mesh).

Table 2: Velocity amplitudes at H1–H9 for base excitation of 100Hz (mm/s).

Measurement point H1 H2 H3 H4 H5 H6 H7 H8 H9

Model I 0.12 0.09 0.04 0.22 0.46 0.20 0.05 0.03 0.02
Model II 0.42 0.17 0.16 0.32 0.11 0.04 0.55 0.11 0.13
Model III 12.19 11.65 12.38 13.68 14.40 16.79 17.80 19.08 16.65

the vibrational characteristics of the models; the discrepan-
cies among the ODSs indicate the effect of contraction joints
on the dynamic properties of the models. Since the geometry
of the dam is complex, it is not easy to determine a general
rule for how the contraction joints affect the ODSs.

(2) ODS for Base Excitation of 100Hz. An ODS represents
a generalized dynamic deflection of a structure under har-
monic excitation, possibly caused by active, ambient, or self-
excitation [15]. With loss of generality, a much lower fre-
quency of 100Hz is arbitrarily selected to generate base exci-
tation, giving rise to the ODSs shown in Figures 4(a), 4(b),
and 4(c) for Models I, II, and III, respectively. In Figure 4(c),
the overall mode shape deviates from the initial static shape
as the consequence of the base excitation. In these figures, the
ODSs clearly illustrate the vibration of the dam, from which
the significant effects of the contraction joints on the vibra-
tion deformation are reflected by the changes of the ODSs.

4.2. Pointwise Vibrational Characteristics. To further investi-
gate the effect of contraction joints on the vibrational char-
acteristics of the arch dam model, the pointwise vibration
characteristics are analyzed. The pointwise vibration charac-
teristics are assessed using the velocity amplitude of vibration
at a specified measurement point. Here, velocity amplitude
means the average of the amplitude of velocity at a point when
this point vibrates for sufficient time to accommodate the
uncertainty of the vibration. Two groups of measurement

H1 H2 H3 H4 H5 H6 H7 H8
H9

V1

V2

V3

V4

V5

V6

V7

Figure 5: Layout of measurement points.

points (Figure 5) are considered: one group covers the mea-
surement points from H1 through H9 located evenly and
horizontally across the top of the model; the other group
covers the measurement points from V1 through V7 located
vertically along the midline of the model.

While a model vibrates steadily due to the base excitation
of 100Hz, the velocity of a specificmeasurement point ismea-
sured by a SLV to obtain a temporal profile, from which the
velocity amplitude is evaluated. Table 2 lists the velocity amp-
litudes atmeasurement pointsH1–H9 forModels I, II, and III.
Comparison of the velocity amplitudes at H1–H9 for Models
I, II, and III is depicted in Figure 6. Similarly, Table 3 and
Figure 7 represent the velocity amplitudes when the model
vibrates due to the base excitation of 𝑓1.
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Table 3: Velocity amplitudes at H1–H9 for base excitation at 𝑓1 (mm/s).

Measurement point H1 H2 H3 H4 H5 H6 H7 H8 H9

Model I 0.69 1.69 2.42 8.61 17.66 14.10 4.87 1.37 1.21
Model II 0.36 6.14 12.61 6.36 10.88 20.11 21.92 2.67 1.89
Model III 3.51 1.69 3.89 8.87 9.28 9.10 4.33 0.47 2.10
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Figure 6: Velocity amplitudes at H1–H9 for Models I, II, and III
subjected to base excitation at 100Hz.
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Figure 7: Velocity amplitudes at H1–H9 for Models I, II, and III
subjected to base excitation at 𝑓1.

As can be observed from Table 2 and Figure 6, the hor-
izontal velocity amplitude of Model I is similar to that of
Model II when each model is subjected to base excitation at
100Hz, whereas Model III has higher velocity amplitude. In
the case of base excitation at 𝑓1, the velocity amplitudes for
the three models are at the same level but contain observable
differences.
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Figure 8: Velocity intensities of V1–V7 for Models I, II, and III
subjected to base excitation at 100Hz.

0
2
4
6
8

10
12
14
16
18
20

Ve
lo

ci
ty

 am
pl

itu
de

 (m
m

/s
)

70 1 2 3 4 5 6 8
Measuring point

Model I
Model II
Model III

Figure 9: Velocity intensities of V1–V7 for Models I, II, and III
subjected to base excitation at 𝑓1.

Table 4 presents the vertical velocity amplitudes of V1–V7
for Models I, II, and III subjected to base excitation at
100Hz. Figure 8 displays the vertical comparison of velocity
amplitudes for these three models.

The velocity amplitudes of measurement points in the
vertical direction subjected to base excitation at 𝑓1 are shown
in Table 5. A comparison of the velocity amplitudes for these
three models is displayed in Figure 9.
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Table 4: Velocity amplitudes at V1–V7 for excitation at 100Hz
(mm/s).

Measurement point V1 V2 V3 V4 V5 V6 V7

Model I 0.54 0.37 0.25 0.27 0.26 0.35 0.46
Model II 0.04 0.13 0.14 0.21 0.14 0.05 0.11
Model III 13.69 13.79 14.12 14.36 14.30 15.34 14.40

Table 5: Velocity amplitudes at V1–V9 for base excitation at 𝑓1
(mm/s).

Measurement point V1 V2 V3 V4 V5 V6 V7

Model I 3.39 0.78 1.91 7.47 5.32 10.98 17.66
Model II 3.33 3.51 5.12 8.01 14.65 15.78 10.88
Model III 0.78 0.93 1.09 3.24 5.59 8.03 9.28

Table 4 and Figure 8 show that the velocity amplitudes in
the vertical direction are similar for Model I and Model II
when each model is subjected to base excitation at 100Hz,
whereas those for Model III are clearly higher. Table 5 and
Figure 9 show the velocity amplitudes corresponding to base
excitation at𝑓1, where the lowest velocity amplitude occurs in
Model III. Moreover, the structural maximal velocity respon-
ses increase from the lower to the upper parts of the model
on the whole for all models subjected to base excitation at 𝑓1.

5. Conclusion

Three scale models identified by the feature of contraction
joints are elaborated to study the full-field dynamic responses
of the well-known Xiaowan Arch Dam. The full-field dyna-
mic response is manifested by the ODS that is measured by a
SLV-based optical measurement system. From the ODSs, the
effects of contraction joints on the vibrational characteristics
of the high arch dam are investigated. Some observations
from this expedient study are as follows:

(i) Contraction joints can significantly affect the dyna-
mic property of the arch dam; therefore, their optimal
deployment is critical for the performance of the dam.

(ii) The SLV is an advanced tool for acquiring the full-
field vibrational deformation of a dam of large vol-
ume. This tool is superior to conventional dynamic
measurement facilities.

(iii) The results of this study provide a guide for experi-
mental analysis of the dynamic behavior of high arch
dams.
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Continuous wavelet transform (CWT) has recently emerged as a promising tool for identification of modal properties through
ambient excitation measurements of structures. However, it is difficult to obtain an accurate estimation of damping ratio directly
from time-frequency decomposition of ambient vibration measurements using CWT. The main objective of this study is to
introduce a new method called two-step procedure in the estimation of damping ratios using ambient vibration measurements.
The two-step procedure involves the development of random decrement (RD) signature from the ambient vibrationmeasurements,
which is equivalent to the damped free vibration response of a structure under a given initial displacement and subsequently
decomposition of time domain RD signature into time-frequency domain using CWT. The secondary objective of the study is
to show that CWT is capable of identifying the natural periods and mode shapes of low-rise buildings using ambient vibration
measurements. Furthermore, the two-step procedure is validated with two practical applications in a five-storey reinforced concrete
structure with masonry infill walls and a three-storey masonry structure. Finally, a conclusion can be drawn that the two-step
procedure yields a reasonably good estimation of damping ratio.

1. Introduction

Currently, ambient vibration measurements are used in the
assessment and structural health monitoring of civil engi-
neering structures such as buildings, bridges, and towers
[1, 2]. An ambient vibration measurement is actually an
acceleration or velocity measurement by an accelerometer or
seismometer, respectively, during the vibration of a structure
induced by mild wind loadings, traffic loadings, or machine
vibration. An ambient vibration measurement is cheap and
fast, no elaborate excitation equipment is required, and no
boundary condition simulations are required. Furthermore,
modal properties of the whole system can be estimated using
a modal extraction technique. The extracted modal param-
eters such as natural periods, mode shapes, and damping
ratios can also be used for verifying the design characteristics
of a civil engineering structure and validating the numerical

model that can be used to predict the response of a structure
under an extreme loading condition.

Many modal extraction techniques found in the litera-
ture, which are developed to estimate the modal properties
using only the output response, can be categorized into three
main groups as time domain, frequency domain, and time-
frequency domain methods.The frequency domain methods
such as frequency domain decomposition (FDD) [3, 4] and
enhanced frequency domain decomposition (EFDD) [3, 4]
are commonly used for the extraction of natural periods
and their mode shapes, but uncertainty in the estimation
of damping ratios is quite significant. In general, time
domain methods such as random decrement (RD) method
[5], Ibrahim time domain (ITD) [6], and the eigensystem
realization algorithm (ERA) [7] are widely used in damping
estimation. The major problem associated with many time
domainmethods is how to distinguish structuralmodes from
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uncorrelated modes. This problem can cause severe error in
damping estimation.

Recently, continuous wavelet transform (CWT) method
is used for modal identification of civil engineering struc-
tures using only the output response as a time-frequency
domain method. As the CWT method can decompose a
signal into time-frequency domain using a mother wavelet,
multi-degree-of-freedom (MDOF) systems can be handled
directly. Furthermore, it can work as a band-pass filter and,
hence, this method can handle very noisy measurements [8].
Another advantage of the CWTmethod is that the stationary
assumption for an ambient vibration measurement is not
required. Therefore, this method has many advantages over
the other methods in identifying modal properties using
ambient vibrationmeasurements.Thismethod has been used
successfully to extract the natural periods and their mode
shapes using ambient vibration measurements of a structure
[1, 2]. Regarding the damping estimation, the past studies
by Staszewski [8], Hans et al. [9], Lamarque et al. [10], and
Ta and Lardis [11] have highlighted that damping ratios can
be estimated adequately accurately through wavelet-based
logarithmic decrement for lightly damped system. However,
their studies are limited to either the impulse response or
damped free vibration of structures.

Therefore, the main objective of this study is to introduce
a new method called two-step procedure in the estimation
of damping ratios using ambient vibration measurements.
In the first step of the two-step procedure, a damped free
vibration response of a structure is evaluated from the
ambient vibration measurement using RD method. In the
second step, the damped free vibration is then decomposed
into time-frequency domain using CWTwithMorlet wavelet
to estimate damping ratios. The secondary objective of the
study is to show that CWT is capable of identifying the
natural periods and their mode shapes of low-rise buildings
directly using ambient vibration measurements. However, it
is worth noting that, in this study, single step procedure is
used to extract natural periods and their mode shapes by
decomposing of the ambient vibration measurement of a
structure into the time-frequency domain using the CWT
method.

This study also discusses the capability of the two-step
procedure to identify damping ratios accurately using a
numerical application in five-storey frame structure. For this
purpose, 2D numerical model of a five-storey reinforced
concrete frame is analysed linear elastically for 50-scaled real
earthquakes. Acceleration time histories obtained at the top
storey level are used as ambient vibration measurements to
estimate the damping ratios using the two-step procedure. It
must be noted that, in the numericalmodel, 5%damping ratio
is assigned for all the fivemodes of vibration.Then, the damp-
ing ratios of dominant modes of vibrations estimated using
the two-step procedure are compared with the numerically
assigned damping ratios.

Furthermore, dominant modes of vibrations and their
periods are extracted by decomposing of the acceleration
time histories into time-frequency domain using CWT and
subsequently they are compared with the natural periods and
their mode shapes of vibrations obtained from the modal

analysis of the numerical model. Finally, this study presents
the modal properties extracted through ambient vibration
measurements of two case study buildings.

This paper is organized in the following form: in
Section 2, the RD technique is discussed briefly. In Section 3,
the continuouswavelet transform and its properties are intro-
duced. In Section 4, a numerical example is presented to
emphasize the capability of CWT method to estimate the
modal properties. In Section 5, modal properties of two case
study buildings extracted through ambient vibration res-
ponses using CWT method are presented. This paper is
briefly concluded in Section 6.

2. Random Decrement (RD) Method

The Random decrement (RD) method proposed by Cole
[5] is a commonly used approach in estimation of damping
ratio using the ambient vibration measurement of a structure
because it is computationally very efficient. A RD signature,
which represents the response equivalent to the damped
free vibration response of a structure, is evaluated using
the sampling method that time segments extracted with a
common initial or triggering condition and the duration as
shown in Figure 1 from the ambient vibration measurement
are averaged. In general, the response of a dynamic system
is composed of three response components. They are the
responses due to both the initial displacement and the
velocity and the force vibration response.

The intention of using the sampling technique is that
averaging time segments of the ambient vibration measure-
ment of a structure with a common triggering condition
is to reduce the initial velocity response and the forced
vibration response to zero. As number of segments increases,
the ensemble average of the forced vibration response tends
to zero. If all segments in the average begin at the same
threshold level and alternating positive and negative slope,
then the response due to initial velocity is averaged out
while the response due to initial displacement remains [12].
Based on this explanation, the RD signature is equivalent to
a damped free vibration response of a structure to an initial
displacement equivalent to the selection amplitude. The RD
signature 𝛿

𝑡
is expressed by Yang et al. [12] as

𝛿
𝑡

=
1
𝑁

𝑁

∑

𝑖=1
(𝑥
𝑖,(𝑡𝑖+𝑟)

) , (1)

where 𝑁 is the number of segments used to evaluate the RD
signature. This initiative explanation has been used in much
of the available literature in damping estimation and seems to
be reasonable for linear systems [13]. However, Vandiver et al.
[14] and Bedewi [15] have proved mathematically that if the
input force vector is a stationary Gaussian random process
with zero means, then the RD signatures of displacement
responses of the system are equivalent to the damped free
vibration. Furthermore, Huang et al. [16] mathematically
showed that only Gaussian white-noise input could make the
RD signatures equivalent to the damped free response.Huang
and Yeh [17] provide theoretical properties which is useful to
understand the characteristics of the RD signatures.
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Figure 2: Mode shapes of the five translational modes.

3. Continuous Wavelet Analysis

This section introduces a brief description on the theoretical
background of the wavelet transform. However, authors
strongly recommend to readers referring to the key papers to
understand the theoretical background of the method well.
The basic idea of the CWT is to find a function 𝜓(𝑡), which
can generate a basic for the entire domain of a function 𝑥(𝑡),
if the function 𝜓(𝑡) satisfies the condition that 𝜓(𝑡) decays
to zero at positive and negative infinity as in the case of

Fourier transform. The fast decay in time domain and the
limited bandwidth in frequency domain introduce locality
into the analysis, which is not the case of Fourier transform
where a global representation can only be obtained. The
function𝜓(𝑡) is called amotherwavelet.Then, using amother
wavelet, CWT can be used to decompose a function 𝑥(𝑡) into
frequency-time domain as defined in the following form:

𝑊
(𝑎,𝑏)

=
1

√𝑎
∫

+∞

−∞

𝑥 (𝑡) 𝜓
∗

(
𝑡 − 𝑏

𝑎
) 𝑑𝑡, (2)
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Figure 3: (a) Free decay response at top story, (b) its time-frequency resolution, and (c) the extracted window parallel to frequency axis at
the wavelet ridge.
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Figure 4: (a) The extracted envelope parallel to frequency axis at the wavelet ridge, (b) semilogarithmic plot of the envelope, and (c)
comparison of free decay response and the wavelet envelope.

where 𝜓
∗
(𝑡) and 𝑏 are the complex conjugate of 𝜓(𝑡) and the

parameter localizing thewavelet function in the time domain,
respectively.𝑊

(𝑎,𝑏)
are theCWTcoefficients that represent the

measure of the similitude between the function 𝑥(𝑡) and the
wavelet at the time 𝑏 and the scale 𝑎. The complex Morlet
wavelet is commonly used for continuous wavelet transform
as a mother wavelet.

3.1. Estimation of Damping Ratio Using Wavelet Transform.
The dynamic equilibrium equation of a SDOF system can be
expressed as

𝑚�̈� + 𝑐�̇� + 𝑘𝑥 = 𝑓 (𝑡) , (3)

where 𝑚, 𝑐, and 𝑘 are mass, damping and the stiffness of the
SDOF system. Considering the SDOF system as described by
(3), the damped free vibration of an underdamped system can
be represented in the following form:

𝑥 (𝑡) = 𝐴 (𝑡) 𝑒
±𝑖𝜔𝑛
√1−𝜍2𝑡

= 𝐴 (𝑡) 𝑒
𝑖𝜙(𝑡)

, (4)

where 𝐴(𝑡) is the decaying envelope of the free vibration
response of the SDOF system. It can also be expressed in the
following form:

𝐴 (𝑡) = 𝐴0𝑒
−𝜍𝜔𝑛𝑡, (5)

where 𝜍 is damping ratio and 𝐴
0
is the initial amplitude of

the response. For the Morlet wavelet function, the modulus
of CWT coefficients can be approximated as [8]

𝑊(𝑎,𝑏)
 ≈ 𝐴 (𝑏)


𝐺
∗

(𝑎 ( ̇𝜙 (𝑏)))

. (6)

Combining (4), (5), and (6) and given value of 𝐴
0
, the

following relationship can be determined:


𝑊
(𝑎0 ,𝑏)


≈ 𝐴0𝑒

−𝜍𝜔𝑛𝑏

𝐺
∗

(±𝑎0𝑖𝜔𝑛√1 − 𝜍2)

. (7)

When the logarithm is applied to (7), a simple calculation
gives

ln 
𝑊
(𝑎0 ,𝑏)


≈ − 𝜍𝜔

𝑛
𝑏 + ln(𝐴0


𝐺
∗

(±𝑎0𝑖𝜔𝑛√1 − 𝜍2)

) . (8)
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Therefore, the damping ratio 𝜍 of the system can be estimated
from the slope of the straight line of the wavelet modulus
cross using

𝜍 =
1

2𝜋𝑚
ln



𝑊
(𝑎0 ,𝑏)

𝑊
(𝑎0 ,𝑏+𝑚𝑇0)



. (9)

The wavelet ridges are formed at an instantaneous frequency
and time when the frequency of the response at a time
is equal to the frequency of the dilated mother wavelet.

Therefore, natural periods are evaluated from extracting a
window parallel to the frequency axis of time-frequency plot
at wavelet ridges where the CWT coefficients reach their
maximum values.

Mode shapes are estimated through the wavelet trans-
forms of output response at point 𝑘 and the reference point
as shown below:

𝜙
𝑘

𝑖
=

𝑊
𝑘

(𝑎𝑖 ,𝑏)

𝑊ref
(𝑎𝑖 ,𝑏)

. (10)
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Figure 10: (a) 3D view and (b) plan view of Picasso building.

4. Numerical Application in
a Five-Storey Frame

However, if the response is not free decay, then the two-
step procedure is used to estimate the damping ratio in this
study. This procedure may cause severe error in damping
estimation when the response is recorded in a relatively
short duration because RD signatures evaluated in the first
step of the procedure may not be proportional to the free
decay response as discussed in Section 2 briefly. Therefore,
the main objective of this section is to quantify the error
associated with estimation of damping ratio using the two-
step procedure from an ambient vibration response recorded
in a relatively short duration.

The secondary objective is to quantify the error associated
with estimation of natural periods and their mode shapes
from an ambient vibration recorded in a relatively short
duration. It must be noted that natural periods are estimated

using single step procedure by extracting a window parallel
to the frequency axis of time-frequency plot at wavelet ridges
as described in Section 3. For these purposes, a five-storey
reinforced concrete building that has single bay of 6m width
in transverse direction while having 16 bays with the equal
bay width of 3m in the longitudinal direction is selected
for this study. The height of each storey is 3.0m. A two-
dimensional (2D) finite element model, which represents
an interior frame in transverse direction of the reinforced
concrete frame building, is developed using OpenSees finite
element program in order to estimate natural periods and
their mode shapes in transverse direction of the building.
It consists of frame elements to represent all the beams and
columns, respectively. Dimensions of all the columns are
300mm in width and depth. Dimensions of all the beams
are 300mm in width and 600mm in depth. Base nodes
of the model are fixed by restraining all the three degrees
of freedom. The 2D numerical model is analysed linearly
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Figure 11: (a) Filtered velocity time histories at each floor in E-W direction and (b) their fast Fourier transformation (FFT) plots.

elastically for 50 ground motions, recorded during the past
earthquakes. Newmark constant average acceleration time
integration scheme is used for the time history analysis. The
stiffness proportional damping with 5% of critical damping

for all the modes of vibration is assumed in the numerical
model. From themodal analysis, the identified frequencies of
the five translational modes are 2.1, 8.2, 16.1, 27.8, and 38.5Hz.
Figure 2 illustrates the five translational mode shapes.
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Figure 12: (a) Integrated displacement time histories at each floor in E-W direction and (b) their RD signature plots.

4.1. Estimation of Damping Ratio Using CWTMethod through
Damped Free Vibration Response. Before applying the two-
step procedure to estimate damping ratios using ambient
vibration measurements, it is important to prove that if the
response is a damped free vibration, then the damping ratio

𝜍 of any mode of vibration of a structure can be estimated
accurately from the slope of the straight line of the wavelet
coefficient modulus cross using (9).This is because a damped
free vibration response avoids the effects of uncertainty in
evaluation of a damped free vibration response from other
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Figure 13: Time-frequency plot of modulus of CWT coefficients.

0

1

2

3

4

0 0.5 1

St
or

ey
 n

um
be

r

CWT
Modal analysis

Figure 14: Comparison of mode shapes obtained from CWT and modal analysis.

types of vibration responses (e.g., evaluation of a damped
free vibration response from an ambient vibration response
of a structure using RD method). Therefore, the structure
is analyzed for additional 10 seconds after each earthquake
to obtain damped free responses at each storey level. Then,
the damped free vibration responses are decomposed into a
time-frequency domain by using CWT with complex Morlet
wavelet.

Figures 3(a), 3(b), and 3(c) show the damped free dis-
placement response at the top storey level after an earthquake,
its time-frequency plot, and the extracted window parallel
to the frequency axis at the wavelet ridge for 1st mode of
vibration, respectively. It is clear from Figures 3(b) and 3(c)
that the peak value of the modulus of CWT coefficients

corresponds to the frequency of 2.1 Hz which is very close to
the 1st mode frequency obtained from the modal analysis.

As described in Section 3, a window parallel to the time
axis at the wavelet ridge is extracted from the time-frequency
plot to estimate the damping ratio of the corresponding
mode of vibration using (9). Figures 4(a) and 4(b) show the
extracted envelope of the CWT coefficient modulus at the
frequency of 2.1 Hz and its semilogarithmic plot for the 1st
mode of vibration of the structure, respectively. Furthermore,
Figure 4(c) shows the comparison between the damped free
vibrational response and the extracted envelope of CWT
coefficient modulus. They are in good agreement proving
that CWT coefficients are proportional to the instantaneous
amplitude of the response. The estimated damping ratio
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Figure 15: 3D view of the building.

corresponding to the 1st mode is 5.09%, which is very close
to the assumed damping ratio of 5%. The difference in the
estimation is less than 2%.

4.2. Estimation of Damping Ratio Using Two-Step Procedure.
Figure 5 summarizes the two-step procedure to estimate
damping ratio in this study. Displacement response at the top
storey level resulting in the input ground motion is obtained
and, subsequently, the RD signature is evaluated using the RD
method as shown in Step 1(b). It should be noted that the level
crossing triggering technique, which is commonly used in the
literature, is adopted in this study. A number of 214 segments
are used in evaluation of the RD signature shown in Figure 5.

The RD signature is then decomposed into time-
frequency domain using CWT as shown in Step 2(a). In Step
2(b), a window parallel to the time axis is extracted at the
wavelet ridge and then the semilogarithmic plot of the CWT
coefficient modulus is obtained as described in Section 4.1.
It is clear that the straight line as shown in Figure 4(b) is
not observed. As a consequence of that, a straight line is
approximated using linear regression to the portion of the
curve between two points that are indicated in the black
circles in Figure 5. As shown in Figure 5(d), the amplitudes
of the first two cycles are not matched well with the wavelet
due the edge effect. Therefore, the first point represents the
third peak where the amplitude of the response and the real
part of the scaled WT coefficient are very close to each other
and the second point represents the peak of the last cycle of
the response. Finally, the estimated damping ratio is 5.93%
which is 18.7% higher estimation than the assumed damping
ratio of 5% for the first mode.

Table 1 presents the earthquake number, duration of the
ground motion, number of segments used to evaluate the
RD signature, the duration of the RD signature, estimated
damping ratio, estimated period, error in estimation of
damping ratio, and the error period of each earthquake.

Figure 6 indicates that the maximum percentage of the
error in the estimation of damping ratio is 26%.

4.3. Estimation of Natural Periods and Mode Shapes through
Ambient Vibration Measurements. Figure 7 illustrates the
procedure used to estimate the natural frequencies of the
structure. The displacement response at the top story level
shown in Figure 7(a) is decomposed into a time-frequency
domain. Figure 7(b) shows the time-frequency plot. The
periods are estimated using an extracted window parallel to
the frequency axis at a wavelet ridge. Figure 7(c) indicates the
wavelet ridges at which the windows are extracted. Figure 8
shows the variation of error in the estimation of 1st mode
period of the structure for different ground motions selected
in this study. It indicates that the maximum error in the
estimation of period is 6.7%. This highlights the capability
of CWT method with complex Morlet wavelet to estimate
natural periods adequately accurately even using a response,
which lasts for relatively short duration.

Furthermore, Figures 7(b) and 7(c) illustrate that the fre-
quency of the secondmode of vibration can also be extracted.
The extracted frequency is 8.3Hz, which is very close to the
second mode period of 8.2Hz obtained frommodal analysis.
Figure 8 indicates that the maximum percentage of the error
in the estimation of natural period is less than 7%.

Figure 9 shows the comparison of the first and second
mode shapes extracted using CWT and modal analysis. They
are in very good agreement.

5. Practical Applications in Low-Rise Buildings

5.1. Picasso Building. Picasso building is a six-storey rein-
forced concrete structure including one underground storey
as shown in Figure 10(a). It is symmetric in plan and eleva-
tion. The floor plan is approximately rectangle with dimen-
sions of 45m and 14.5m in length and width, respectively, as
shown in Figure 10(b). In the transverse direction, the build-
ing has 2 bays and each bay is 7m wide while, in the longitu-
dinal direction, it has 16 bays and each bay is 2.6m long. The
height of each storey is 3.1m. The building consists of some
interior and exterior infill walls as shown in Figure 10(b).



12 Shock and Vibration

Table 1: Details of properties.

Earthquake
number

Duration
(s)

Number of
segments

Duration of
RD signature (s)

Damping
ratio (%)

Period
(s)

Error in
period

estimation
(%)

Error in
damping
estimation

(%)
1 53 126 5,0 4,844 0,480 2,1 −3,1
2 53 122 3,0 5,233 0,457 −2,8 4,7
3 27 84 5,0 3,980 0,472 0,4 −20,4
4 27 104 3,0 4,944 0,485 3,2 −1,1
5 22 81 3,0 4,648 0,468 −0,4 −7,0
6 32 102 7,0 4,598 0,428 −4,6 −8,0
7 42 74 3,0 4,776 0,473 0,7 −4,5
8 34 144 3,0 4,469 4,950 5,3 −10,6
9 38 142 1,5 4,396 0,485 3,2 −12,1
10 26 82 3,5 4,436 0,502 6,7 −11,3
11 30 76 2,0 4,587 0,485 3,2 −8,3
12 42 100 5,0 4,197 0,490 4,3 −16,1
13 37 134 2,5 5,277 0,465 −1,1 5,5
14 38 78 2,0 4,529 0,463 −1,4 −9,4
15 49 154 3,0 4,117 0,472 0,4 −17,7
16 48 182 3,0 4,312 0,473 0,7 −13,8
17 56 150 3,0 5,520 0,472 0,4 10,4
18 88 292 2,0 4,514 0,473 0,7 −9,7
19 88 256 2,0 4,355 0,447 −5,0 −12,9
20 65 234 4,0 4,140 0,458 −2,5 −17,2
21 68 236 2,0 4,897 0,482 2,5 −2,1
22 68 214 3,0 4,990 0,458 −2,5 −0,2
23 73 228 5,0 5,598 0,475 1,1 12,0
24 73 214 2,0 4,805 0,465 −1,1 −3,9
25 23 76 2,0 4,650 0,498 6,0 −7,0
26 22 74 3,0 5,132 0,452 −3,9 2,6
27 103 306 3,0 4,433 0,483 2,8 −11,3
28 111 334 2,5 6,300 0,458 −2,5 26,0
29 111 356 2,0 5,003 0,447 −5,0 0,1
30 98 258 2,5 4,959 0,458 −2,5 −0,8
31 67 188 3,0 5,933 0,460 −2,1 18,7
32 67 186 3,0 4,336 0,475 1,1 −13,3
33 59 178 2,5 4,732 0,485 3,2 −5,4
34 102 292 3,0 4,433 0,478 1,8 −11,4
35 46 132 4,0 4,160 0,472 0,4 −16,8
36 33 84 3,5 5,460 0,485 3,2 9,2
37 43 116 4,0 4,854 0,458 −2,5 −2,9
38 47 136 2,0 4,807 0,505 6,4 −3,9
39 70 246 2,5 5,690 0,485 3,2 13,8
40 47 160 3,5 5,423 0,474 0,9 8,5
41 67 246 2,5 4,424 0,465 −1,1 −11,5
42 67 226 3,0 5,338 0,465 −1,1 6,8
43 40 100 4,0 4,639 0,463 −1,4 −7,2
44 39 120 5,0 4,232 0,482 2,5 −15,4
45 48 130 2,0 5,627 0,437 −5,0 12,5
46 67 200 2,5 4,747 0,458 −2,5 −5,1
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Figure 16: (a) Integrated displacement time histories at each floor in E-W direction and (b) their fast Fourier transformation (FFT) plots.

Ambient excitations are measured at each floor level of
the building and the ground during the field test by triaxial
seismometers (CMG-6TD). They are placed approximately
at the centre of the each floor plan. All data is acquired at
the frequency of 100Hz for the period of 1800 seconds. The
recorded data is then preprocessed using a band-pass filter
(Chebyshev) at the specified frequency range from 2 to 15Hz
to remove the nonzeromean noise and the uncorrelated noise
to the structural response. Figure 11 illustrates the filtered
velocity time history at each story level in East-West (E-W)
direction and their fast Fourier Transformation (FFT) plots.
Furthermore, the displacement time histories are obtained by
integrating the filtered velocity time histories in time domain
using a trapezoid integration approach. They are shown in
Figure 12(a).

5.1.1. Extracting Modal Parameters. Ambient vibration res-
ponse of this structure is sensitive in the longitudinal direc-
tion (E-W direction).Therefore, modal properties only in the
longitudinal direction have been identified and discussed in
this part of the study.

In order to estimate damping ratios, two-step procedure,
which is described in Section 4, is used. As the first step of
the two-step procedure, RD signatures are evaluated from
the displacement time histories at different storey levels using
the RD method. For this evaluation, the length of each RD
signature is set to be 10 seconds (1000 samples). A level
crossing triggering condition is used with the optimal value
of the triggering level as discussed in Section 2. Figure 12(b)
shows the resultant RD signatures of the displacement time
histories. They clearly illustrate the damped free response.
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Figure 17: (a) Integrated displacement time histories at each floor in N-S direction and (b) their fast Fourier transformation (FFT) plots.

Table 2: Comparison of the damping ratios estimated using the two approaches.

Floor number Mode 1 Mode 2
Damping (two-step) Damping (RD only) Difference (%) Damping (two-step) Damping (RD only) Difference (%)

1 2.011 1.875 6.8 3.929 4.333 10.3
2 2.111 1.932 8.0 3.581 3.650 1.9
3 1.986 2.051 3.3 3.468 3.250 6.3
4 2.600 2.805 8.5 3.495 3.533 1.1

To estimate the damping ratio associated with the first
translational mode in longitudinal direction using (9), the
semilogarithmic plot is obtained by extracting a window
parallel to time axis from each time-frequency plot at the
frequency of 3.03Hz. The damping ratio associated with sec-
ond translational mode is estimated using the same approach

but filtering out the first mode frequency content from the
displacement time histories.

Furthermore, damping ratios are also estimated using
only the RD signatures. However, only for this case, damped
free response data incorporated with any natural period
is extracted from the integrated displacement histories by
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Figure 18: Time-frequency plot of RD signatures evaluated from displacement time histories at 3rd storey level in (a) the E-W and (b) N-S
directions.

Table 3: Comparison of the periods extracted from CWT method
and modal analysis.

Mode Period (s)-
numerical

Period (s)-
CWT

Difference
(%)

1 0.338 0.330 2.4
2 0.126 0.135 5.5
3 0.087 0.090 4.3

band-pass filtering before the RD method is used. It should
be noted that RD signatures shown in Figure 12(a) do not
represent the damped free SDOF response. They represent
the MDOF response used to estimate the damping ratios
by two-step procedure (RD + CWT). Table 2 compares the
resultant damping ratios estimated using the two approaches.
Themaximumdifference of 8.5% is observed at the 4th storey
level for the 1st mode of vibration while it is 10.3% for the
second mode of vibration.

The frequencies and mode shapes are extracted directly
by decomposing the part of first 300 seconds of the velocity
time histories at different storey levels into time-frequency
domain using CWT with complex Morlet wavelet. Figure 13
shows the time-frequency plots obtained by decomposing
of the 4th floor record. It indicates that the frequencies

of the first, second, and third translational modes in the
longitudinal direction of the building can be identified clearly.
Table 3 compares the frequencies estimated using CWT
method and the modal analysis. It should be noted that the
natural periods tabulated in Table 3 referring the CWT are
the average periods obtained from the four records for each
mode of vibration.

Figure 14 illustrates the comparison of the first mode
shape extracted from CWT method and the modal analysis.
They are in good agreement. However, reasonably good
estimation for the second mode shape could not be obtained
using the approach described in Sections 3 and 4.

5.2. Sauvy Building. Sauvy building is a four-storey masonry
structure as shown in Figure 15. It is also regular in plan
and elevation. The floor plan is approximately rectangle with
dimensions of 22m and 9m in length andwidth, respectively.

Ambient vibrations aremeasured at each floor level of the
building and the ground using triaxial seismometers (CMG-
6TD). The seismometers are placed approximately at the
centre of each floor plan. All data is acquired at the frequency
of 100Hz for the period of 19 minutes. As described in the
previous section, the recorded data is preprocessed using
a band-pass filter (Chebyshev) at the specified frequency
range from 1 to 20Hz to remove the nonzero mean noise
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Figure 19: Time-frequency plot of modulus of CWT coefficients in (a) E-W direction and (b) N-S direction.

Table 4: Comparison of the damping ratios estimated using the two approaches.

Floor number
1st translational mode in E-W direction 1st translational mode in N-S direction

Damping
(RD + CWT)

Damping
(RD only)

Difference
(%)

Damping
(RD + CWT)

Damping
(RD only)

Difference
(%)

1 2.950 3.006 1.9 2.069 2.156 4.2
2 2.526 3.079 21.9 2.195 2.597 18.3
3 2.761 2.710 1.8 2.109 2.100 0.4

and the uncorrelated noise to the structural response before
integrating the velocity time history into corresponding
displacement time history.

Figures 16 and 17 illustrate the integrated displacement
time histories at each storey level in East-West (E-W) and
North-South (N-S) directions and their FFT plots, respec-
tively.

5.2.1. Extracting Modal Parameters. RD signatures are evalu-
ated by using a similar procedure described in previous sec-
tion. Figure 18 shows the resultant time-frequency plot of RD
signatures evaluated from displacement time histories at 3rd
storey level in the E-W and N-S directions and the extracted
envelopes parallel to frequency axis at wavelet ridges. This
illustrates clearly that even though the 1st translationalmodes
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Table 5: Extracted the frequencies from CWTmethod.

Mode Frequency (Hz)
longitudinal (E-W)

Frequency (s)
transverse (N-S)

1 5.50 5.00
2 8.33 7.56
3 — 15.79

in E-W and N-S directions are very close (5.5Hz and 5.0Hz,
resp.), each RD signature is not contaminated by the other
component of the response. Therefore, the effect of close
mode response could be minimized in the damping estima-
tion. Table 4 compares the resultant damping ratios estimated
using the two approaches. The maximum difference of 18.3%
is observed at the 4th storey level.

The periods are extracted directly by decomposing the
part of first 300 seconds of the displacement histories at
different storey levels into time-frequency domain using
CWT. Figures 19(a) and 19(b) show the time-frequency plots
obtained from the record at the 3rd floor in identifying the
first, second, and third translational modes in the longitudi-
nal (E-W) and transverse (N-S) directions of the building,
respectively. Table 5 presents the periods estimated using
CWT.

6. Conclusion

This study mainly investigates the capability of the contin-
uous wavelet transformation (CWT) method using Mor-
let wavelet in estimation of modal properties of low-rise
buildings. For this purpose, a numerical and two practical
applications are used. Based on the results of the applications
following conclusions can be drawn.

Based on the results of numerical application in five-
storey frame building, it can be concluded that the CWT
method can estimate the modal properties accurately when
the free decay response of a MDOF system is analyzed. Fur-
thermore, the two-step procedure can estimate the damping
ratio of anymode of vibration with reasonable good accuracy
using ambient vibration measurement. However, a scatter in
estimation of damping ratio is observed with the maximum
error of 26%when the two-step procedure is used.This could
be due to the fact that, in damping estimation, the evaluation
of RD signature for such a short duration record does not
represent truly the free decay response of the structure.

Based on the results of analyzing ambient vibration
measurements, recorded in low-rise buildings, using the
CWT method, natural frequencies of higher modes of trans-
lational vibration can be extracted accurately compared with
the results from modal analysis. However, it is difficult to
estimate the higher mode shapes using ambient vibration
measurements with the approach used in this study. More
investigation is required to establish a methodology to
estimate the higher mode shapes accurately using CWT
method. Furthermore, the damping ratios estimated using
two steps procedure agree well with those obtained from the
RD method.
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The paper examines the influence of uncertainty parameters on the wave propagation responses at high frequencies for a damaged
beam structure in the structural reliability context. The reliability analyses were performed using the perturbation method, First-
Order Reliability Method (FORM), and response surface method (RSM) which were compared with Monte Carlo simulation
(MCS) under the spectral element method environment.The simulated results were performed to investigate the effects of material
property and geometric uncertainties on the response at high frequency modes, such as the computational efficiency of reliability
methods. For the first time, the spectral element method is used in the context of reliability analysis at medium and high frequency
bands applied to damage detection. It has shown the effects of parameters uncertainty on the dynamic beam response due on an
impulsive load and the robustness of each method. Numerical examples in a bending vibrating beam with random parameters are
performed to verify the computational efficiency of the present study.

1. Introduction

At medium and high frequency bands approaches like the
finite element method (FEM) create large numerical models,
which can require very high computational times. Statistical
Energy Analysis (SEA) produces small models but without
spacial variation in subsystems [1]. An alternative to these
problems is the spectral element method (SEM) [2–5]. It
consists in the analytical solution of the displacement wave
equation in the frequency domain written in the form of a
finite element. Then, a spectral element is equivalent to an
infinite number of finite elements. This characteristic and
the spectral domain make SEM more suitable to solve high
frequency band problems. Its wave propagation formulation
is also more adequate to solve damage detection prob-
lems. In the last decade, researches about damage detection
concentrate on methods that use elastic wave propagation
at medium and high frequencies to detect and quantify
structural damage [6–9]. They use the evidence that material
discontinuities, such as a crack, generate changes in the elastic
waves propagating into the structure [10]. Some particular
advantages of elastic wave-based damage detection methods

include their capacity to propagate over significant distances
and their high sensitivity to discontinuities near the wave
propagation path. The presence of a structural damage
introduces a local flexibility change thatmodifies its vibration
response [11–13]. Therefore, vibration energy can be used
to investigate the damaged condition of a structure. The
treatment of uncertainties using spectral element method is
recent [14, 15], and very few were made related with detection
and assessment of the damage. Recently, the authors [16–18]
and some other researchers [19–21] have presented works in
damage detection using wave propagation in the context of
uncertainty quantification and stochastic SEMmodel.

Engineering analysis consists in verifying and certifying
that the system complies with many performance criteria,
safety, and durability under different kinds of solicitation.
It is well known that there are many uncertainty sources
in external loads and structural parameters. Consequently,
the necessity to incorporate this information in the system
design is increasing. With the aim to include uncertainty in
system design, reliability methods have been developed in
the last few decades. First-order second-moment (FOSM),
First-Order Reliability Method (FORM), and Second-Order
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Reliability Method (SORM) [22–24] are methods based
on Hasofer and Lind transformation [25], which include
uncertainty in the reliability analyses. Frequently, in the
reliability analysis of complex structures, the limit state
function cannot be expressed in a closed form. Typically, it
needs to be evaluated implicitly through an approximated
solution, such as a finite element method. The reliability
analysis can also be carried out using Monte Carlo (MC)
simulation [26]. However, MC requires a large number
of realizations to converge, which could be an expensive
technique and for large structures it may be infeasible. In
order to reduce the computation time the response surface
method (RSM) has been applied [27–32]. Usually, in this
case, the actual limit state function is approximated by a
polynomial function. Melchers and Choi [33, 34] present the
techniques for reliability analysis of engineering structures
using probability theory. In the context of damage detection
and crack propagation, reliability methods were employed
using approximated techniques such as boundary element
method (BEM) [35], finite element method [22, 23, 33, 36],
and finite element model updating with wave propagation
[37]. In this paper a new contribution to the structural
damage detection of a nonpropagating crack in the context
of reliability methods using the spectral element method is
presented.

In this study the structural damage detection problem
using the the spectral element method together with relia-
bility algorithms is presented. The damaged beam spectral
element [6] is extended to include uncertainty in mate-
rial property and geometric parameters. A straightforward
procedure to estimate the parameter randomness is the
Monte Carlo simulation [26]. It consists in obtaining a large
number of deterministic analyses with different realizations
of random variables. For complex structures with implicit
performance function the evaluation of each realization
is computationally expensive and the reliability analysis
could be impracticable. Therefore, MC simulation becomes
computationally infeasible to estimate the failure probability
for large structures. Approximated methods like First-Order
Reliability Method (FORM) and response surface method
(RSM) [28] provide more appropriated tools to estimate the
structural failure in these cases.

To consider probabilistic damage detection problems
and random crack parameters, it is required to couple the
reliability procedures with the spectral element model. This
coupling can be performed using either direct coupling or
response surface method. In the direct coupling the limit
state function derivatives are calculated directly based on the
numerical response of the SEMmodel [36]. In this approach,
the limit state function remains implicit and is defined by
the SEM model responses. The basic procedure consists
in directly coupling the reliability model, FORM, with the
numerical beam model based on SEM. In the reliability
analysis the RSM is used to approximate the beam response
at the vicinity of the most probable failure point in terms
of the random variables (material properties, geometries,
etc.). The beam response is estimated by a local polynomial
approximations in an iterative process, as the search of the
design point is evaluated [35]. Numerical tests are presented

Hole Crack Joint

(a)

(b)

Figure 1: Actual structure representation (a) and spectral element
model representation (b).

in order to compare the coupling of the numerical model
based on SEMwith reliabilitymethods and the computational
efficiency of each approach.

2. Spectral Element Method

The spectral element method is similar in style to the finite
element method. However, there are two important differ-
ences between these methods. The first one is that SEM is
a wave propagation formulation written in the frequency
domain. The second one is that the element interpolation
function is the exact analytical solution of the differential
equation. Based on these characteristics the number of
elements required for a spectral model will coincide with the
number of discontinuities in the structure (Figure 1).

2.1. Beam Spectral Element. For this model it is assumed that
the beam is a slender structure subjected to transversal loads
and bending moments. It is also considered that transversal
and rotational displacement are small. By neglecting shear
deformations, the differential equation of movement in its
spectral form can be written as follows [3]:

𝑑
4V̂
𝑑𝑥4

− 𝑘
4V̂ = 0, (1)

with the homogeneous solution given by

V̂ (𝑥, 𝜔) = 𝐴𝑒−𝑖(𝑘1𝑥) +𝐵𝑒−(𝑘2𝑥) +𝐶𝑒−𝑖𝑘1(𝐿−𝑥)

+𝐷𝑒
−𝑘2(𝐿−𝑥),

(2)

where V̂ is the transversal displacement in the frequency
domain and 𝐿 is the beam length. The wave numbers, 𝑘, 𝑘1,
and 𝑘2, are given by

𝑘
2
≡ √

𝜔
2
𝜌𝑆

𝐸𝐼
,

𝑘1 = ± 𝑘,

𝑘2 = ± 𝑖𝑘,

(3)

where 𝜔 is the circular frequency, 𝐸 is Young’s modulus, 𝑆
is the cross section area, 𝜌 is the density, 𝐼 is the inertia
moment, and 𝑖 = √−1. By using a complex Young’s modulus,
𝐸
𝑐

= 𝐸(1 + 𝑖𝜂), an internal structural damping is introduced
where 𝜂 is the hysteretic structural damping factor. Figure 2
illustrates a two-node undamaged beam spectral element
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Figure 2: Two-node undamaged beam spectral element.

model with two degrees of freedom by nodes (V̂ and 𝜙) and
nodal loads (�̂� and �̂�).

By applying the displacement and rotation boundary con-
ditions to nodes 1 and 2 (equation (2)) the coefficients, 𝐴, 𝐵,
𝐶, and 𝐷, can be obtained. By substituting these coefficients
in (2), the expression to calculate the displacements and the
rotations for any arbitrary point of the beam element can be
written as

V̂ (𝑥) = 𝑔1 (𝑥) V̂1 +𝑔2 (𝑥) 𝜙1 +𝑔3 (𝑥) V̂2 +𝑔4 (𝑥) 𝜙2, (4)

where 𝑔
𝑖

(𝑥) are interpolation functions, which are omitted
here for brevity [3]. By using the relationship between
nodal loadings and displacements and applying the boundary
conditions to the beam spectral element, the followingmatrix
equation is obtained:

{{{{{{{

{{{{{{{

{

�̂�1

�̂�1

�̂�2

�̂�2

}}}}}}}

}}}}}}}

}

= [K̂] (𝜔)

{{{{{{

{{{{{{

{

V̂1
𝜙1

V̂2
𝜙1

}}}}}}

}}}}}}

}

, (5)

where K̂(𝜔) is the undamaged beam spectral element
dynamic stiffness matrix, which is symmetrical and usually
complex and can be expressed as

K̂ (𝜔) = 𝐸𝐼
𝐿3

[
[
[
[
[
[

[

1 1 𝑒
−𝑖𝑘𝐿

𝑒
−𝑘𝐿

−𝑖𝑘 −𝑘 𝑖𝑘𝑒
−𝑖𝑘𝐿

𝑘𝑒
−𝑘𝐿

𝑒
−𝑖𝑘𝐿

𝑒
−𝑘𝐿 1 1

−𝑖𝑘𝑒
−𝑖𝑘𝐿

−𝑘𝑒
−𝑘𝐿

𝑖𝑘 𝑘

]
]
]
]
]
]

]

. (6)

The throw-off beam spectral element can be thought of
as a particular case of the undamaged beam spectral element
where node 2 on right-hand side goes to infinity (Figure 3).
In the context of probabilistic analysis this element will be
considered as a deterministic element. Following a similar
procedure, the throw-off beam spectral element dynamic
stiffness matrix can be obtained as

K̂
𝑡

(𝜔) =
𝐸𝐼

𝐿3
[
(𝑖 − 1) 𝑘3 𝑖𝑘

2

𝑖𝑘
2

(𝑖 − 1) 𝑘3
] . (7)

Thedamaged beam spectral element is a beam including a
transverse, open, and nonpropagating crack [6] as illustrated
in Figure 4. The crack is modelled by a dimensionless local
flexibility, Θ, which is calculated based on Castigliano’s
theorem and the laws of fracture mechanics [38].

The solution for (2) must be written in two parts:

V̂𝑙 (𝑥) = 𝐴1𝑒
−𝑖(𝑘1𝑥) +𝐵1𝑒

−(𝑘2𝑥) +𝐶1𝑒
−𝑖𝑘1(𝐿1−𝑥)

+𝐷1𝑒
−𝑘2(𝐿1−𝑥) [0 ≤ 𝑥 ≤ 𝐿1] ,

V̂𝑟 (𝑥) = 𝐴2𝑒
−𝑖𝑘1(𝐿1+𝑥) +𝐵2𝑒

−𝑘2(𝐿1+𝑥) +𝐶2𝑒
−𝑖𝑘1(𝐿−(𝐿1+𝑥))

+𝐷2𝑒
−𝑘2(𝐿−(𝐿1+𝑥)) [0 ≤ 𝑥 ≤ 𝐿 − 𝐿1] ,

(8)

where V̂𝑙 and V̂𝑟 are the vertical displacement on the left-
and right-hand side of the crack, respectively.The coefficients
𝐴1, 𝐵1, 𝐶1, 𝐷1, 𝐴2, 𝐵2, 𝐶2, and 𝐷2 are determined by the
boundary conditions. Displacements, nodal loads, and the
element dynamic stiffness matrix are obtained in a similar
way as the undamaged beam spectral element. Then, the
damaged beam spectral element dynamic stiffnessmatrix can
be written as

K̂
𝑐

(𝜔) =
𝐸𝐼

𝐿3

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

1 1 𝑎 𝑏 0 0 0 0
−𝑖𝑘 −𝑘 𝑖𝑘𝑎 𝑘𝑏 0 0 0 0
−𝑎 −𝑏− −1 −1 𝑎 𝑏 𝑐 𝑑

𝑖𝑎𝑘 − 𝑎Θ𝑘
2
𝑏𝑘 + 𝑏Θ𝑘

2
−𝑖𝑘 − Θ𝑘

2
−𝑘 + Θ𝑘

2
−𝑖𝑘𝑎 −𝑘𝑏 𝑖𝑘𝑐 𝑘𝑑

−𝑘
2
𝑎 𝑘

2
𝑏 −𝑘

2
𝑘
2

𝑘
2
𝑎 −𝑘

2
𝑏 𝑘

2
𝑐 −𝑘

2
𝑑

𝑖𝑘
3
𝑎 −𝑘

3
𝑏 −𝑖𝑘

3
𝑘
3

−𝑘
3
𝑎 𝑘

3
𝑏 𝑖𝑘

3
𝑐 −𝑘

3
𝑑

0 0 0 0 𝑓 𝑔 1 1
0 0 0 0 −𝑖𝑘𝑓 −𝑘𝑔 𝑖𝑘 𝑘

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

, (9)
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Figure 3: One-node throw-off beam spectral element.
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Figure 4: Two-node damaged beam spectral element.

where 𝑎 = 𝑒𝑖𝑘𝐿1 , 𝑏 = 𝑒−𝑘𝐿1 , 𝑐 = 𝑒−𝑖𝑘(𝐿−𝐿1), 𝑑 = 𝑒𝑘(𝐿−𝐿1), 𝑓 =
𝑒
−𝑖𝑘𝐿, and 𝑔 = 𝑒−𝑘𝐿.

2.2. Flexibility at the Crack Position. Thecrack flexibility coef-
ficient (Θ) is calculated using Castigliano’s theorem, where
the flexibility at the crack location for the one-dimensional
beam spectral element can be obtained as

𝑐 =
𝜕
2
𝑈

𝜕𝑃2
, (10)

where𝑈 denotes the elastic strain energy due to the crack and
𝑃 is the nodal force on the element.

Figure 5 shows a detail of the cross section area at the
crack position. By considering that only crack mode 𝐼 is
present in the beam element, the elastic strain energy can be
expressed as

𝑈 =
1 − ]2

𝐸
∫
𝑆

𝑐

𝐾
2
𝐼

𝑑𝑆
𝑐

, (11)

where ] is Poisson’s ratio, 𝑆
𝑐

is the damaged cross section area,
and𝐾

𝐼

is the stress intensity factor corresponding to the crack
mode 𝐼, which can be written by

𝐾
𝐼

=
6𝑀
𝑏ℎ2
√𝜋𝑎f(

𝑎

ℎ
) , (12)

where 𝑏 is the cross section base, ℎ is the cross section height,
𝑎 is the crack depth, 𝑀 is the bending moment at crack
position, and f is the fracture mechanics correction function
given by

f(
𝑎

ℎ
)

= √
2ℎ
𝜋𝑎

tan(𝜋𝑎
2ℎ
)
0.923 + 0.199 [1 − sin (𝜋𝑎/2ℎ)]4

cos (𝜋𝑎/2ℎ)
.

(13)

It can be shown that crack flexibility can be expressed as

𝑐 =
72𝜋
𝑏ℎ2

∫

𝛼

0
𝛼f

2
(𝛼) 𝑑𝛼, (14)

where 𝛼 = 𝑎/ℎ is the dimensionless crack depth. The dimen-
sionless local flexibility is given by

Θ =
𝐸𝐼𝑐

𝐿
. (15)

A spectral element for undamaged and damaged beam
was present in this section. These models will be used to
simulate the response of the structural system. Uncertainty
parameters are considered in these formulations with the
exception of throw-off element. It is used here only to throw
off the energy of the system and has no significant influence
on the dynamic system response.

3. Coupling Reliability Analysis and
SEM Modelling

The aim of reliability analysis is to estimate the failure
probability in view of a certain failure scenario [33, 34]. The
performance or safety of the structure can be described by
limit state functions 𝑔(X) = 𝑔(𝑋

1

, 𝑋
2

, . . . , 𝑋
𝑛

), where the
parameters which are significant sources of uncertainty in the
system are grouped in vector 𝑋

𝑖

. The limit state functions of
interest can be defined as 𝑔(X) = 0, although in real situation
a random behaviour can be observed. In this case the limit
state function 𝑔(X) is separate in safe domain, where 𝑔(X) >
0, and in failure domain, where 𝑔(X) < 0. However, the limit
state function can be calculated at some desired points by
running the SEManalysis.The failure probability is calculated
by the integral of the limit state function as

𝑝
𝑓

= ∫
𝑔(X)⩽0

𝑓
𝑋

(𝑥1, 𝑥2, . . . , 𝑥𝑛) 𝑑𝑥1𝑑𝑥2 ⋅ ⋅ ⋅ 𝑑𝑥𝑛. (16)

Reliability analysis is based on probabilistic algorithms
to calculate the consequence of a random input on the
system response. Uncertainty quantification is performed
by computing approximate response functions based on
random variable probability distributions. These methods
are more able to compute events with low probability
than sampling based approaches, since the sampling size
required to solve can be unaffordable. In order to evaluate
probabilistic damage detection problems, it is required to
couple the reliability procedures with the spectral element
model. This coupling will be performed using direct cou-
pling and response surface method. Different treatments
of reliability procedures coupling with SEM are used to
perform the reliability analysis of structural damage: First-
Order Reliability Method (FORM), First-Order Reliability
Method with limit state function obtained by response sur-
face first-order approximation (FORM RSM1), Monte Carlo
using response surface first-order (MC RSM1) and second-
order (MC RSM2) approximations, and Monte Carlo (MC)
simulation as reference.

3.1. Direct Coupling. The direct coupling or direct method
consists in directly coupling the reliability model, FORM
or MC, with the numerical model of SEM. As mentioned,
the limit state function defines the interface between safe
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Figure 5: Beam cross section at the crack position.

and failure domains. In a context of structural damaged
detection analysis, the limit state function is defined in
function of the rms (rootmean square) value of deterministic
system response, 𝑟, and random system response, 𝑟(X). Both
system responses derived from SEMnumericalmodel in time
domain.

When the system limit state equation or performance
function is known, the FORM method can be used for
reliability analysis. The limit state equation can be a linear
function of correlated or uncorrelated normal variables or a
nonlinear function represented by its first-order approxima-
tion. If there are nonnormal variables, themethod requires to
workwith equivalent normal variables [23].The development
of the FORM method can be traced to second-moment
methods: first-order second-moment (FOSM) and advanced
first-order second-moment (AFOSM).They consider the first
and the second moments of random variables, that is, the
mean and standard deviation. In the structure field, a failure
could be defined as a structural parameter, whose value is
higher than a given critical value. In this case we have a simple
limit state function defined as

𝑔 (X) = 𝑟 − 𝑟 (X) , (17)

where 𝑟 is the critical value of the variable 𝑟(X) to the random
variablesX. For all cases failure domain is defined as𝑔(X) ≤ 0
and safe domain as𝑔(X) > 0.Then, the failure probability will
be defined as

𝑝
𝑓

= ∫
Γ

𝑓 (X) 𝑑X, (18)

where 𝑓(X) is the joint probability density function of the
random variables and Γ is the region of failure (𝑔(X) ≤ 0).
In the FORMmethod it is approximated by

𝑝
𝑓

= 1−Φ (𝛽) , (19)

where Φ is the cumulative distribution function of the
standard normal variable and𝛽 is the distance from the origin
to the approximated hypersurface called reliability index [25,
39]. For the FORM algorithm the limit state function needs
to be solved to find the new design point, although this may

be difficult in the case of complex nonlinear or implicit limit
state functions. An algorithm suggested by Rackwitz and
Fiessler [39] can be applied to overcome this problem, which
uses the derivatives to find the next iteration point.

Another direct coupling approach presented in this paper
and also used as a reference is the Monte Carlo simulation.
A widely used application of Monte Carlo simulation is to
determine the value of a multidimensional definite integral.
Let us consider that the following integral needs to be
evaluated:

𝑝
𝑓

= ∫ 𝐼 (X) 𝑓 (X) 𝑑X. (20)

By assuming 𝑓(X) as a probability density function we can
estimate 𝑝

𝑓

as

𝑝
𝑓

=
1
𝑁

𝑁

∑

𝑖=1
𝐼 (𝑋
𝑖

) , (21)

where the𝑁 values𝑋
𝑖

have been sampled with density 𝑓(X)
and 𝐼(X) is the indicator function given by

𝐼 (X) =
{

{

{

1 if 𝑔 (X) ≤ 0

0 if 𝑔 (X) > 0.
(22)

The MC approach uses the so-called Simple Random Sam-
pling, which is quite inefficient in the majority of cases. From
(21) it is obvious that the accuracy of the estimation will
depend on the number of samples. The failure probability
would lead to the true value as the number of samples
goes to infinity. Then the sample size to accurately estimate
the failure probability is a matter of concern. There are
several ways to evaluate the accuracy of (21). One way
is to study the error associated with the sample size by
approximating the binomial distribution with the normal
distribution and estimating the 95%confidence interval of the
failure probability [40]. It can be shown that the sampling size
with a confidence of 95% can be obtained with

𝑁 =
4 (1 − 𝑝

𝑓

)

𝑝
𝑓

𝜀2
. (23)
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In the reliability context, the failure probability is computed
based on (22). For a certain number of samples, when the
state limit equation is lower then zero (𝑔(X) ≤ 0) a failure
is considered, and the reliability index is calculated by the
first and second moment of the number of samples that was
considered.

3.2. Response Surface Method (RSM). The response surface
method (RSM) is a set of statistical techniques designed to
find the best response value, considering the uncertainty or
variations in the values of input variables [41]. This method
can be employed to estimate the structural statistic response
or the implicit limit state functions, which is represented
by the mean and coefficient of variation of the response. In
RSM, the true limit state function, 𝑔(X), is approximated by
a simple and explicit mathematical expression, which is a 𝑛th
order polynomial with undetermined coefficients. The value
of the limit state function is evaluated at a number of samples
of X, to determine the unknown coefficients such that the
error of approximation at the samples of X is minimized.
The selection form of the approximated limit state function
should be based on the shape and the nonlinearity of the
true limit state function. Since 𝑔(X) is usually unknown,
there has been a tendency to develop a generic form for a
response surface which can be applied across a wide range of
structural reliability problems. The most common forms are
the first- or second-order polynomial. However, to capture
the nonlinearity of the limit state function more precisely,
cross terms are sometimes included into the polynomial,
which can be written in a more general form as

𝑔 (X) = 𝑏0 +
𝑛

∑

𝑖=1
𝑏
𝑖

𝑋
𝑖

+

𝑛

∑

𝑖=1
𝑏
𝑖𝑖

𝑋
2
𝑖

+

𝑛−1
∑

𝑖=1

𝑛

∑

𝑗>1
𝑏
𝑖𝑗

𝑋
𝑖

𝑋
𝑗

, (24)

where 𝑋
𝑖

(𝑖 = 1, 2, . . . , 𝑘) are the 𝑖th random variables, 𝑛
is the total number of random variables, 𝑏0, 𝑏𝑖, 𝑏𝑖𝑖, and 𝑏𝑖𝑗
are the unknown coefficients to be determined, and 𝑔(X)
is an approximate representation of the limit state function
𝑔(X). The values of the coefficients can be determined via
regression analysis using a set of sample points from the
limit state function, 𝑔(X). The number of sample points must
be larger or at least equal to the number of coefficients.
Among various sampling methods, a common Design of
Experiment (DOE) approach is evaluated for 𝑔(X) at 2𝑛 + 1
combinations of 𝜇

𝑖

and 𝜇
𝑖

±𝑧𝜎
𝑖

, where 𝜇
𝑖

and 𝜎
𝑖

are the mean
and standard deviation of 𝑋

𝑖

and ℎ is an arbitrary factor.
In this case, the number of sample points is just sufficient
for the determination of the coefficients, by this means
minimizing the number of sample points and the number
of evaluations of the limit state function. The RSM can
approximate the limit state function accurately for roughly
linear and quadratic limit states. However, when the shape
of the limit state function is not close to linear or quadratic,
parameter 𝑧 plays an important role in the accuracy of the
second-order RSM approximation [31]. In the solution of
structural reliability problems RSM is used to approximate
the structural response at the surroundings of the most
probable failure point, in terms of input variables [42]. From
that approximated structural response the failure probability

can be evaluated using reliability methods. In this work
Monte Carlo simulation and FORM are used to estimate the
failure probability.

To compute the failure probability using RSM coupled
with FORM the following procedure needs to be done.
Different sets of points related with 𝑋

𝑖

are chosen according
to the DOE.The selected points are used as input to calculate
the structural response by SEM.Then the structural responses
are used to build the response surface approximated by a
polynomial expression. The next step is to compute the limit
state function in a standard normalized space (24) and to
calculate the reliability index (𝛽), which is estimated through
an optimization procedure. Finally, the failure probability is
estimated according to FORMapproximation from equations
(18) and (19).

Asmentioned, the limit state function inRSMapproach is
constructed using a polynomial approximation fitted accord-
ing to the structural responses at some desired points. In
this application the response surface is used to build the
approximate state limit function based on the structural
response from SEM. Since the RSM can only provide a local
approximation, an iterative process tomap the safe and failure
domains needs to be done. This procedure is based on the
construction of successive surfaces, each of them valid only
in the surroundings of failure point. The failure probability
is computed based on the amount of sample and when the
approximate state limit equation is lower then zero (𝑔(X) ≤ 0)
a failure is considered. The reliability index is calculated for
the first and secondmoment and failure probability obtained.
In order to evaluate the efficiency of these methods under
the spectral element environment a numerical test will be
presented in the next section.

4. Numerical Analysis

The first test is performed with deterministic parameters in
order to evaluate the computational code to calculate the
dynamic responses for the undamaged and damaged beam
spectral element. The second test will verify the efficiency of
coupling reliability analysis with spectral element modelling
under parameter uncertainty environment.

4.1. Deterministic SEMDynamic Response. For the numerical
tests of SEM dynamic response two structures are analysed:
one composed of an undamaged beam spectral element
connected with a throw-off beam spectral element and the
other composed of a damaged beam spectral element con-
nected with a throw-off beam spectral element. Both struc-
tures are illustrated in Figure 6. Assuming a free-free bound-
ary condition the structures are excited at node 2 on the
right-hand side by a tone-burst impulsive force. The beam
structures aremade of steel (𝐸= 210GPa, 𝜌= 7850 kg/m3, and
𝜂 = 0.01) with element length 𝐿 = 4m and rectangular cross
section (𝑏 = 0.01m and ℎ = 0.03m). In regard to the crack,
its position is fixed at 𝐿1 = 2m and the crack depth will be
varying from a small value to a value close to the failure limit
(𝑎 = 0.02–0.28ℎ).
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Figure 6: Undamaged (a) and damaged (b) structural models.
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Figure 7: Time (a) and frequency (b) representations of tone-burst force excitation signal at 𝑓 = 15 kHz with 5 cycles.

The tone-burst impulsive force is used to improve the
wave propagation visualization and to localize the crack
position in the beam. Tone-burst pulse is generated using a
sine signal windowed over 5 cycles with a triangular window.
The sine is generated at the frequency of 15.0 kHz with 100N
of amplitude. Figure 7 shows the tone-burst pulse in time and
frequency domain.

For the simulated test the excitation force is applied at
node 2 of the beam element, and the acceleration response
is obtained at the same node. Figure 8 shows the time
acceleration response for the undamaged (a) structure. It
presents two pulses, one at the excitationmoment (first pulse)
and the other at the reflection moment (second pulse). The
pulse wave travels through the structure until it reaches
node 1 where it is reflected back to node 2 and continues
through the throw-off element to the infinity. Throw-off
element works as an anechoic termination dissipating the
remaining energy into the signal. Due to structural damping
(𝜂) the amplitude of vertical acceleration decreases through
the structure length. Figure 8 shows the time acceleration

response for the damaged (b) structure. The acceleration
response shows two additional pulses as compared to the
undamaged case, one between the excitation and reflection
moments and the other after the reflection moment. These
additional pulses characterize the waves partially reflected
and transmitted due to any structural discontinuity, which
could be a crack. These results show that the SEM model
is able to reproduce the wave propagation behaviour in the
undamaged and damaged beam structure and to localize the
crack.

4.2. CrackedBeamReliability Analysis. Thereliability analysis
will be performed for the damaged beam structure. The limit
state function used to verify the structural reliability evaluates
the rms value of the acceleration time response vector. It is
calculated at node 2 of the beam structure (𝑎𝑐(rms)

2 ), which
must be greater than a critical value (𝑎𝑐(rms)

2 ). By establishing
the limit value to the nondimensional crack depth as 𝛼 = 0.3ℎ
(30% of beam cross section height) the critical deterministic
rms value of the acceleration time response at node 2 of the
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Figure 8: Acceleration response for undamaged (a) and damaged
(b) beam.

beam structure can be obtained. From (17) the limit state
function can be written as

𝑔 (X) = 𝑎𝑐(rms)
2 − 𝑎𝑐

(rms)
2 (X) . (25)

The uncertainity parameters considered are the nondimen-
sional crack depth (𝛼) with mean of 𝜇

𝛼

= [0.02 : 0.08 : 0.28]
and coefficient of variation COV

𝛼

= [0.01 : 0.05 : 0.31], Young’s
modulus (𝐸) with mean of 𝜇

𝐸

= 210GPa and COV
𝐸

= 0.01,
crack location 𝐿1 with 𝜇𝐿1 = 2.0m and coefficient of varia-
tion of COV

𝐿1
= 0.06, and cross section height ℎ with 𝜇

ℎ

=

0.030m and COV
ℎ

= 0.06. The random parameters are
considered uncorrelated random variables with Log-normal
distribution. The Log-normal distribution was assumed
because the chosen random parameters cannot assume neg-
ative values. All other structural parameters are assumed as
deterministic.

In order to see the effect of random parameters in the
structural beam response as compared with the deterministic
response a simulated test was made. Considering the speci-
fied values for the means and COV’s for the structural ran-
dom parameters, 100 samples of acceleration responses were
calculated and compared with the deterministic response.
The results are shown in Figure 9. As demonstrated, the
dispersion in the parameters has a great influence in the
acceleration responses. This kind of behaviour is normally
seen in experimental tests. Based on this idea the random
parameter is incorporated in the present study, and methods
to treat this kind of randomness are used in the context
of reliability analysis. By taking the crack depth with 𝜇

𝛼

=

0.10 and COV
𝛼

= 0.1 and keeping all other random and
deterministic variables as defined, a Monte Carlo simulation
is performed to evaluate the convergence of the failure prob-
ability. Figure 10 shows that failure probability convergence
can be achieved with a sample size >500,000. By using (23)
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Figure 9: Comparison between deterministic and random system
response.
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Figure 10: Failure probability MC convergence test.

with the converged failure probability, 𝑝
𝑓

≅ 0.038, and a 5%
error𝑁 ≅ 40,000 samples are obtained. Therefore, from now
on a sampling size of 50,000 samples will be taken for all
Monte Carlo simulations along the paper.

To evaluate performance and computation time to esti-
mate failure probability using the presented methods, the
following simulations are carried out. The reference for the
failure probability is calculated by Monte Carlo simulation
with SEM structural damaged beam model and is noted
as MC. Failure probability computed by RSM first-order
approximation uses full factorial DOE. It considers four
random variables (𝛼, 𝐸, 𝐿1, ℎ) with the levels 𝜇, 𝜇 ± 𝜎, and
evaluates the performance function for all possible combi-
nations (𝑁

𝑑

= 2𝑛 + 1 = 24 + 1 = 17 design points).
By using (24) the coefficients for the first-order polynomial
are estimated using regression analysis. For the RSM second-
order approximation the Box-Behnken design (BBD) of
experiments is used. The BBD is an independent quadratic
design in that it does not contain an embedded factorial or
fractional factorial design. In this design the treatment com-
binations are at the edges midpoints of the process space and
at the centre. These designs are rotated or near rotated and
require three levels of each variable. For this case we consider
the four random variables (𝛼, 𝐸, 𝐿1, ℎ) with the levels 𝜇 and
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𝜇 ± 𝜎. The limit state function is calculated for the second-
order model without cross terms; then 𝑝 = (𝑛 + 1)(𝑛 + 2)/2 =
15 coefficients and𝑁

𝑑

= 27 design points. From (24) the coef-
ficients for the second-order polynomial are estimated using
regression analysis. When the failure probability is computed
with Monte Carlo simulation with first- and second-order
RSM approximation the model is referred to as MC RSM1
and MC RSM2, respectively. The FORM with RSM first-
order approximation works out the failure probability using
the derivative of limit state function computed by finite
difference method. The limit state function is approximated
by a polynomial and is referred to as FORM RMS1.The direct
coupling which is the FORM coupled directly with SEM is
called FORM. In order to evaluate the sensitivity of damaged
beam spectral element response related with the crack depth,
all simulations are performed, varying the crack depth from
a small value to a value close to the allowed failure limit (𝛼 =
{0.02, 0.10, 0.18, 0.22, 0.26, 0.28}ℎ). Moreover, for each case,
changes in crack depth coefficient of variation are made with
COV
𝛼

= {0.01 : 0.05 : 0.31}. Figure 11(a) shows the failure
probability calculated by FORM coupled directly with SEM
model. The results show that for crack depth values in the
range of 𝜇

𝛼

= [0.02–0.18] the probabilities of failure are very
small, even for the highest values of COV

𝛼

. As the crack depth
values increase to 𝜇

𝛼

= 0.22 the failure probability starts to
raise as soon as the COV

𝛼

value starts to increase.
For𝜇
𝛼

≥ 0.26 the failure probability rises in a very fast rate
as the COV

𝛼

value increases. Figure 11(b) shows the failure
probability calculated by FORM RSM1.The results show that
for crack depth values in the range of 𝜇

𝛼

= [0.02–0.18] the
probabilities of failure are very small as observed in the direct
method. As the crack depth values increase to 𝜇

𝛼

= 0.22
the failure probability starts to raise as soon as the COV

𝛼

value starts to increase. However, in the limit state function
approximated by a surface response function the failure
probability can take a smooth increasing with the highest
COVs than that obtained with direct FORM.

For 𝜇
𝛼

≥ 26 the failure probability rises in a very fast rate
as the COV

𝛼

value increases. Figure 11(c) shows the failure
probability calculated by MC RSM1. The failure probability
results present a similar behaviour as that of FORM RSM1.

Figure 11(d) shows the failure probability calculated by
MC RSM2. For this case the general behaviour seems to be
similar to the previous cases in that 𝑝

𝑓

increases as 𝜇
𝛼

and
COV
𝛼

increase. Nevertheless, the failure probability starts to
raise earlier. When the crack depth value 𝜇

𝛼

≥ 0.18 and
COV
𝛼

increases 𝑝
𝑓

starts to raise, but in a slower rate than
the previous cases.

Figure 11(e) shows the failure probability calculated by
MC, which presents a similar behaviour as MC RSM2. The
general behaviour of these results seems to be in agreement
with the physic of the problem, since the probabilities of
failure are very small for 𝜇

𝛼

≤ 0.10 for all COV
𝛼

’s values and
become higher for 𝜇

𝛼

≥ 0.18 at high values of COV
𝛼

.
In order to make the result analysis more clear, two

additional plots comparing the results of allmethods together
are presented. In the first the low probabilities of failure
(Figure 12(a)) are grouped and in the second the high prob-
abilities of failure (Figure 12(b)) are grouped. Figure 12(a)

Table 1: CPU time.

Method CPU time [s]
FORM RSM1 3.1
FORM 8.79
MC RSM1 96.3
MC RSM2 99.2
MCS 12,161.2

shows that low probabilities of failure obtained byMC RSM1,
FORM RSM1, and FORM present a good agreement for
all values of crack depth in this range (𝜇

𝛼

= 0.02–0.18).
By comparing direct Monte Carlo (MC) simulation with
MC RSM1, FORM RSM1, and FORM a significant difference
appears, which means that the nonlinearities in the damaged
beam spectral element do not allow a linear approximation
for the state limit function.This can be confirmed by the good
agreement among Monte Carlo (MC) simulation, FORM,
and Monte Carlo with a second-order response surface
(MC RSM2). Figure 12(b) shows that for high probabilities of
failure a similar behaviour is observed.

Monte Carlo with first- and second-order response sur-
face (MC RSM1 and MC RSM2) presents very close com-
putational times that are much lower than Monte Carlo
simulation (MCS) (Table 1). FORM shows a computational
time of less than 10% of MC RSM1 and MC RSM2. FORM
with linear response surface (FORM RSM1) presents the
lowest computation time. This reduced computation time of
FORM RSM1 as compared with FORM comes from the limit
state equation that must be calculated by the last approach.
Moreover, stable numerical models (as SEM) lead to smooth
and faster convergence of FORM, whichmakes this approach
more efficient than other reliability algorithms as Monte
Carlo simulation and response surfacemethod. All runs were
performed in a Desktop-PC using the processor Intel Core i7
CPU 930 @ 2.80GHz, 12.0Gb RAM memory, and Windows
7, 64 bits as the operating system.

5. Conclusion

The wave propagation responses in a damaged beam struc-
ture including uncertainties in material and geometric
parameters are analysed. A reliability analysis is made to
quantify the failure probability of a damaged structure mod-
elled with beam spectral element at high frequencies. The
limit state function evaluates the rms value of the acceleration
time response which must be above the limit value. A crack
depth of 𝛼 = 0.30 cross section height defines the allowed
deterministic rms value of the acceleration time response.
By varying crack depth (𝜇

𝛼

) and its coefficient of variation
(COV

𝛼

) the reliability analysis is performed using linear
response surface method (RSM1) solved by Monte Carlo
simulation (MC RSM1) and First-Order Reliability Method
(FORM RSM1). Also, a quadratic response surface method
(RSM2) is solved by Monte Carlo simulation (MC RSM2)
and all methods are compared withMonte Carlo (MC) simu-
lation. In general, all methods present results in agreement
with the physics of the problem; that is, the probabilities
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Figure 11: Failure probability by (a) FORM, (b) FORM with RSM first-order, (c) MC with RSM first-order, (d) MC with RSM second-order,
and (e) MC.
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Figure 12: Comparison among MCS, MC RSM1, MC RSM2, FORM RSM1, and FORM at (a) low and (b) high failure probability.

of failure are very small for small crack depth and become
higher as 𝜇

𝛼

increases. The agreement between MC RSM1
and FORM RSM1 confirms other literature results that a
linear RSM is equivalent to computing the FORM solu-
tion directly. The disagreement between Monte Carlo (MC)
and first-order RSM models (MC RSM1 and FORM RSM1)
reveals that the degree of nonlinearity in the damaged beam
spectral element does not allow a linear approximation for
the state limit function. This can be confirmed by the good
agreement between Monte Carlo (MC) results and Monte
Carlo with a second-order Response Surface (MC RSM2). As
expected computational time results confirm that Response
Surface approach reduces meaningfully the computational
time as compared with direct Monte Carlo simulation. In
this case Monte Carlo with second-order response surface
(MC RSM2) represents a reduction of 12,159.3% in compu-
tational time as compared with Monte Carlo (MC).
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The combined peak particle velocity (PPV) and frequency safety criterion for blast vibration is widely used in blasting engineering.
However, some field investigations are inconsistent with this criterion. On the basis of field investigations, it is found that there
are two failure modes of structures subjected to blasting seismic waves, that is, first-excursion failure and cumulative plastic
damage failure. Moreover, the nature of structural responses under blast vibrations is a process of energy input, transformation, and
dissipation. Therefore, an energy-based dual safety standard is proposed in this work to more comprehensively explain all failure
modes of structures under blast vibrations. To this end, structures are simplified into elastic-plastic single degree of freedom (SDOF)
systems with bilinear restoring force models, and energy responses of SDOF systems are then determined using the Newmark-𝛽
method. From the energy responses, the maximum instantaneous input energy and hysteretic energy are selected as the basis of
the dual safety criterion, because they can reflect first-excursion failure and cumulative plastic damage failure, respectively. Finally,
field investigations in a blasting site in Zunyi, Guizhou province, China, are used to prove that compared to the PPV-frequency
criterion the proposed energy-based dual safety criterion is more capable of assessing the damage potential of blast vibrations.

1. Introduction

Bench blasting with medium to deep blast holes is used
increasingly in China in the current mining industry, infras-
tructure construction, and buildings demolition in cities.
Blasting expedites the progress of construction and improves
productivity. However, adverse effects of blasting (such as
ground vibration, flying rocks, noise, etc.) are inevitable
and should be minimized to a permissible level. Among all
the adverse effects, ground vibration is a prime concern,
attracting considerable research effort.

Based on extensive field investigations, early studies of
structural responses and damage from blast-induced ground
vibration focused on establishing empirical allowable ground

vibration levels in terms of either peak particle velocities
(PPV) [1–4] or PPV together with the principal ground
vibration frequency (the so-called PPV-frequency criterion)
to limit structural damage [5, 6]. As these two criteria can be
easily implemented, they have been adopted in the national
standards of many countries [7]. For example, the PPV-
frequency criterion is recommended by the latest Chinese
standard (GB6722-2003) [8]. Therefore, in research into
blast-induced ground vibration, efforts are still exerted to
precisely predict PPV under different circumstances [9–11]
and to propose a more accurate PPV-frequency criterion for
specific categories of buildings [7]. In this criterion, however,
the shapes of wave forms, the duration of dynamic loading,
and the dynamic responses of structures are not taken into
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account. Thus the PPV-frequency criterion still has limita-
tions in controlling permissible ground vibrations. Because
energy is capable of representing the resultant action of the
amplitude, frequency, and duration of blast-induced ground
vibrations, energy-based failure criteria have been proposed
to assess the damage to buildings subjected to blast vibrations.
For example, equivalent energy proposed by Wenhua et al.
[12], response energy by Guosheng et al. [13], equivalent
peak energy by Li et al. [14], maximum instantaneous input
energy by Zhang et al. [15], and total input energy by Wang
et al. [16] have been, respectively, suggested as failure criteria
for buildings. These works more comprehensively reflect the
failure process of buildings subjected to blast vibrations.
It should be borne in mind that the nature of structural
responses under blast vibrations is a process of energy input,
transformation, and dissipation. The structural responses
depend not only on input blasting seismic waves, but also on
the parameters of structures, such as natural period, damping
ratio, yield strength factor, and stiffness reduction factor
[17, 18]. Therefore, the accuracy of failure criteria that are
simple additive weighted energy based on either different
frequency bands or different intrinsic mode function (IMF)
components of blasting seismic waves is still questioned.

From the viewpoint of energy analysis in elastoplastic
structures, energy is continuously transferred from seismic
waves to structures in natural earthquakes. A proportion of
energy is stored as recoverable kinetic energy and elastic
strain energy, and the rest is dissipated by damping and
hysteretic energy of plastic deformation. As the damping
ratios of structures vary over a small range, hysteretic energy
is regarded as the most important energy index of the
cumulative plastic damage of structures [19, 20]. By analogy,
hysteretic energy can also be used to indicate the cumulative
damage of structures subjected to blast vibrations. Research
into speed pulse earthquakes [21, 22] has shown that the
maximum instantaneous input energy (MIIE) transferred
into structures occurs at the position of speed pulses and
is very likely to cause the maximum displacement and the
first-excursion failure of structures. Researchers [23–25] have
demonstrated that MIIE is closely related to the maximum
displacement of a structure, and thus MIIE can indicate the
first-excursion failure of structures under earthquake.

There are two primary types of structural failure under
blast vibrations, namely, first-excursion failure and cumula-
tive plastic failure. These two failures result from both the
characteristics of blast vibrations and the dynamic responses
of structures [15, 16]. MIIE fails to show the cumulative
effect of the duration of ground vibrations on the nonlinear
plastic deformations of structures [25], and hysteretic energy
scarcely reflects first-excursion failure of structures caused
pulse-like ground motions [26, 27]. Therefore, a dual failure
(or safety) criterion is often used in seismic design in earth-
quake engineering [28, 29]. Investigations of blast vibrations
have shown that the failure mechanisms of structures sub-
jected to blast vibrations and natural earthquakes are similar
[14, 15, 30]. In this paper, therefore, a dual safety criterion
is proposed to more comprehensively assess the damage
potential of structures under blast vibrations. To this end,
(1) buildings affected by blast vibrations are simplified into

elastoplastic single degree of freedom (SDOF) systems with
bilinear hysteretic restoring forces, and the corresponding
structural energy responses are analyzed using theNewmark-
𝛽 method; (2) MIIE and hysteretic energy are proposed as
a dual safety criterion for structures, as they reflect first-
excursion failure and cumulative plastic failure, respectively.

2. Hysteretic Energy of Structures

2.1. Concept of Hysteretic Energy. In a SDOF system, the
relative energy equation of a unit mass structure at time 𝑡 is

∫
𝑡

0

𝑚�̈� (𝑡) �̇� (𝑡) 𝑑𝑡 + ∫
𝑡

0

𝑐 (�̇� (𝑡))
2

𝑑𝑡 + ∫
𝑡

0

𝐹 (𝑈 (𝑡)) �̇� (𝑡) 𝑑𝑡

= ∫
𝑡

0

−𝑚�̈�
𝑔
(𝑡) �̇� (𝑡) 𝑑𝑡,

(1a)

where �̈�(𝑡), �̇�(𝑡), and 𝑈(𝑡) are the relative acceleration,
velocity, and displacement between the structure and the
ground, respectively; 𝐹(𝑈(𝑡)) is the restoring force; 𝑐 is the
damping coefficient; 𝑚 is the mass of the block in SDOF;
�̈�
𝑔
(𝑡) is the ground acceleration induced by blast vibration.

Assuming a bilinear hysteretic restoring force model and a
dividing mass𝑚 at both sides of (1a), (1a) becomes

∫
𝑡

0

�̈� (𝑡) �̇� (𝑡) 𝑑𝑡 + ∫
𝑡

0

2𝜉𝜔 (�̇� (𝑡))
2

𝑑𝑡 + ∫
𝑡

0

𝑝𝜔2�̇� (𝑡) 𝑑𝑡

= ∫
𝑡

0

−�̈�
𝑔
(𝑡) �̇� (𝑡) 𝑑𝑡,

(1b)

where 𝜉 = 𝑐/(2𝑚𝜔) is the structure damping ratio, typically
assumed as a constant; 𝜔 = 𝜔

0
√1 − 𝜉2 is the natural

frequency of the damped structure and 𝜔
0
= √𝑘/𝑚 is the

natural frequency without damping; 𝜔 ≈ 𝜔
0
when 𝜉 ≪ 1; 𝑝

is the stiffness ratio in the bilinear hysteretic restoring force
model, 𝑝 = 1 for the elastic stage and 𝑝 = 𝑘

𝑖
/𝑘 for the

plastic stage, where 𝑘 is the initial elastic stiffness and 𝑘
𝑖
is

the stiffness after yielding.
Equation (1b) is alternatively expressed as

𝐸
𝐾
+ 𝐸
𝐷
+ 𝐸
𝐻
+ 𝐸
𝐸
= 𝐸
𝐼
, (2)

where 𝐸
𝐾

= ∫
𝑡

0
�̈�(𝑡)�̇�(𝑡)𝑑𝑡 is the kinetic energy of the

structure; 𝐸
𝐷

= ∫
𝑡

0
2𝜉𝜔(�̇�(𝑡))2𝑑𝑡 is the damping energy

dissipation of the structure; 𝐸
𝐻
+ 𝐸
𝐸
= ∫
𝑡

0
𝑝𝜔2�̇�(𝑡)𝑑𝑡 is

the deformation energy, that is, the sum of hysteretic energy
𝐸
𝐻
and elastic strain energy 𝐸

𝐸
, and 𝐸

𝐻
= 0 for an elastic

system; 𝐸
𝐼
= ∫
𝑡

0
−�̈�
𝑔
(𝑡)�̇�(𝑡)𝑑𝑡 is the total input energy of the

system. Research [20] has shown that the proportion of 𝐸
𝐸

in the deformation energy of an elastic-plastic structure is so
small that 𝐸

𝐸
can be ignored, and thus 𝐸

𝐻
can represent the

deformation energy.

2.2. Restoring Force Model of Structures. Restoring force
is structural resistance against deformation. The curve of
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Figure 1: Bilinear restoring force model.

the relation between the restoring force and the nonlinear
deformation of a structure under cyclic loading is called the
characteristic curve of restoring force. For convenience,many
researchers have simplified and abstracted the characteristic
curves of restoring force and proposed practical restoring
force models such as bilinear, trilinear, and semidegenerate
models. Researchers have found that restoring force models
have little effect [31] or negligible effect [32] on hysteretic
energy. Therefore, the bilinear restoring force model, which
is the simplest and the most widely used one in elastoplastic
dynamic analysis, is selected in this work to study the hys-
teretic energy responses of structures under blast vibrations,
as shown in Figure 1.

Figure 1 shows the bilinear restoring force model, which
has symmetric envelopes, loading, unloading, and reloading
rules in positive and negative branches. Note that the bilinear
model follows the kinematic hardening rule. According to the
deformation history 𝑥, the model is classified into five states:
(1) In the initial elastic state (i.e., along the line 𝐴𝑂𝐴) when
|𝑥| ≤ 𝑥

𝑦
, the stiffness is 𝑘 = 𝑘

1
. (2) In the positive plastic state

(i.e., line 𝐴𝐵) when 𝑥 > 𝑥
𝑦
, the stiffness decreases, such that

𝑘 = 𝑘
2
= 𝛼𝑘
1
, where 𝛼 is the stiffness reduction factor after

yielding. (3) In the reversed elastic path 𝐵𝐶 when 𝑥 ≤ 𝑥max
and 𝑥 ≥ (𝑥max − 2𝑥𝑦), 𝑥max is determined at �̇� = 0. In this
state, the stiffness is 𝑘 = 𝑘

1
. When 𝑥 > 𝑥max, the structure

reaches the positive plastic state 𝐴𝐵𝐵 with the stiffness of
𝑘 = 𝑘

2
= 𝛼𝑘
1
. (4) In the negative plastic state (i.e., path 𝐶𝐷)

when 𝑥 < (𝑥max−2𝑥𝑦), the stiffness is 𝑘 = 𝑘2 = 𝛼𝑘1. (5) In the
positive elastic path 𝐷𝐸 when −𝑥max ≤ 𝑥 ≤ (−𝑥max + 2𝑥𝑦),
the corresponding stiffness is 𝑘 = 𝑘

1
. When 𝑥 < −𝑥max,

the structure reaches the negative plastic state𝐶𝐷𝐷 with the
stiffness of 𝑘 = 𝑘

2
= 𝛼𝑘
1
.

2.3. Calculation of Hysteretic Energy. In research into obtain-
ing the energy responses of elastoplastic structures, it has
been suggested that when the parameter 𝛽 = 1/4, the
Newmark-𝛽 method is unconditionally stable in solving the
incremental equations of motion (EOM) with positive and
negative stiffness [20, 26–28, 32]. Therefore, this numerical
method is employed, and the incremental quantities of EOM
are given by
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Figure 2: A velocity waveform measured in an open pit induced by
a blast.

Δ𝑈 = (−Δ�̈�
𝑔
+

1

𝛽Δ𝑡
�̇�
𝑛
+
1

2𝛽
�̈�
𝑛

+ 4𝜉𝜔
0
(
1

2𝛽
�̇�
𝑛
+ (

1
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𝑛
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0
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0

1

𝛽Δ𝑡
+

1
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,

Δ�̇� =
1

2𝛽Δ𝑡
Δ𝑈 −

1

2𝛽
�̇�
𝑛
− (

1

4𝛽
− 1) �̈�

𝑛
Δ𝑡,

Δ�̈� =
1

𝛽Δ𝑡2
Δ𝑈 −

1

𝛽Δ𝑡
�̇�
𝑛
−
1

2𝛽
�̈�
𝑛
,

(3)

where �̈�
𝑛
, �̇�
𝑛
, and 𝑈

𝑛
are the acceleration, velocity, and

displacement at the previous time step, respectively.
Following the above algorithm, the measured data of an

open-pit mine is selected as an example to demonstrate the
energy responses of a structure subjected to blast vibrations.
Figure 2 shows the measured blast vibration velocity signal
with a sampling frequency of 2000Hz.The affected structure
is assumed to be a unit mass elastoplastic SDOF system with
a damping ratio of 𝜉 = 0.05 and a natural period of 𝑇 = 0.1 s.
The yield strength coefficient of the bilinear restoring force
model is 0.3 (equal to the ratio of 𝑥

𝑦
/𝑥max), and the stiffness

reduction factor after yielding (i.e., 𝛼) is 0.02. Thereafter,
in accordance with (1b), the incremental quantities in 2.3
are integrated step by step to obtain the total input energy
(𝐸
𝐼
), the kinetic energy (𝐸

𝑘
), the deformation energy (𝐸

𝐸
+

𝐸
𝐻
), and the damping energy dissipation (𝐸

𝐷
) of the SDOF

system. The time histories of these energies are shown in
Figure 3. Further, the time histories of the percentages of 𝐸

𝑘
,

𝐸
𝐸
+ 𝐸
𝐻
, and 𝐸

𝐷
to the total input energy 𝐸

𝐼
are shown in

Figure 4.
From Figures 3 and 4, the following can be found: (1)

Responses of input energy, damping energy, and hysteretic
energy of a structure are gradual process of accumula-
tion. These three energies all increase with time and attain
their maximum values at the end of the blast vibration.
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(2) The energy of an elastoplastic SDOF structure under
blast vibrations consists of input energy, kinetic energy,
deformation energy, and damping energy. With an increase
in vibration duration, kinetic energy and elastic strain energy
of deformation energy undergo mutual transformation and
eventually tend to 0. At the end of the blast vibration, all
the input energy is dissipated by hysteretic energy of plastic
deformations and damping energy. (3) With an increase of
the duration of blast vibration, the percentages of hysteretic
energy and damping energy to total input energy tend to
be stable, at around 70% and 30%, respectively, as shown
in Figure 4. As hysteretic energy dominates the energy
dissipation in the hardening stage of structural nonlinear
responses, it can be used for assessing the cumulative plastic
damage of structures under blasting vibration.

3. Maximum Instantaneous Input
Energy of Structures

3.1. Definition of Instantaneous Input Energy. The input
energy between two adjacent zero-velocity points in a struc-
tural energy response is defined as instantaneous input
energy, Δ𝐸. Due to zero-velocity between the two adjacent
points, the incremental kinetic energy is null, and thus (1b)
can be written as

∫
𝑡+Δ𝑡

𝑡

2𝜉𝜔 (�̇� (𝑡))
2

𝑑𝑡 + ∫
𝑡+Δ𝑡

𝑡

𝑝𝜔2�̇� (𝑡) 𝑑𝑡

= ∫
𝑡+Δ𝑡

𝑡

−�̈�
𝑔
(𝑡) �̇� (𝑡) 𝑑𝑡,

(4)

where time interval Δ𝑡 is the time needed in a half cycle of
structural vibration and Δ𝑡 is not a constant value, because of
the nonstationary random characteristics of blasting seismic
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Figure 4: Time histories of percentages of structural energies to
total input energy.

waves.The energy equation can be expressed by (5) according
to (2); that is,

Δ𝐸
𝐷
+ (Δ𝐸

𝐻
+ Δ𝐸
𝐸
) = Δ𝐸

𝐼
. (5)

Good correlation has been found between MIIE Δ𝐸
𝐼max

and the maximum displacement of a structure over a short
period of vibration [32–34]. Because the dominant frequen-
cies of blasting seismic waves are higher than those of
natural earthquakes, structural responses to blasting seismic
waves occur mainly in over short period range [35, 36].
Accordingly, the MIIE of elastoplastic structural responses
obtained by using bilinear restoring force models in this
paper can accurately indicate the first-excursion failure of a
structure subjected to blasting seismic waves.

3.2. Calculation of Instantaneous Input Energy. According to
the definition of instantaneous input energy (IIE), points with
zero-velocity are selected from the time history of velocity
as shown in Figure 2. The differences of input energy 𝐸

𝐼
in

the time intervals between each two adjacent selected points
are calculated to establish the time history of IIE, as shown in
Figure 5. The maximum value in Figure 5 is the MIIE.

Figure 5 shows that the MIIE affects structures for a very
short time, less than 1.5 s. However, the dissipation of input
energy due to damping is a process of accumulation (from 0 s
to 4 s), as shown in Figure 3. Therefore, if the IIE is too large,
a structure may fail in a short time due to large deformations,
prior to the excitation of damping. Therefore, the first failure
of structures caused by MIIE under blasting seismic waves
plays an important role in situations of a small distance from
an explosive charge center. According to the definition and
the calculation of MIIE, MIIE is mainly affected by PPV
and the dominant frequencies of blasting seismic waves as
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Figure 5: Time history of instantaneous input energy.

well as by the natural periods of structures. Nevertheless, the
duration of blasting seismic waves has no effect on MIIE.
Consequently, MIIE cannot reflect the cumulative effect of
blasting seismic waves on structure failure.

Following the above analysis, MIIE can reflect the first-
excursion failure of structures under blasting seismic waves,
and hysteretic energy is an important index of the cumulative
plastic damage in structures. Therefore, MIIE and hysteretic
energy are proposed as a dual safety criterion for structures
subjected to blast vibrations.

4. Dynamic Parameters of Structures

The primary structural parameters that affect MIIE and
hysteretic energy are the natural periods and damping ratios
of structures. Damping ratios are usually assumed to be
constant in structural dynamic analysis, ranging within
0.02∼0.05 for typical building structures. A damping ratio of
0.05 has been used in analyzing structural responses under
blasting seismic waves [13, 15, 16, 35], so the damping ratio
in this paper is also assumed to be 0.05 in assessing the
damage potential caused by blast vibrations. There are two
methods to determine the natural periods of structures,
namely, theoretical calculation and empirical formula, and
the latter is preferred in engineering applications [13]. Most
buildings analyzed in this paper are brick-concrete structures.
Based on the derivation of uniform cantilever beams and
the measurement of dynamic characteristics of multistory
brick-concrete structures [13], the natural period of a brick-
concrete structure is closely related to its height. In the general
field, the natural period is estimated as

𝑇
0
= 0.0168 (𝐻 + 1.2) , (6)

where𝐻 is the height of a structure.

5. Application of the Energy-Based Safety
Evaluation Method

5.1. Experimental Details. The proposed energy-based dual
safety criterion was used in a series of bench blasts. The
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Figure 6: Buildings surrounding blasting area.

bench excavation elevation was 8m. Drilling equipment
consisted of 351 down-the-hole drills and hydraulic drilling
machines. There were three hole diameters, 90mm, 115mm,
and 140mm. Quincuncial hole arrangement and plastic
Nonel tubeswere used. Ten-period detonators were usedwith
millisecond delays in each hole, three-period detonators were
used with a millisecond delays every 2-3 holes, and five-
period detonators were used in millisecond delays between
rows. Two types of explosives were utilized, including the
mixed loading ANFO and the mixed loading emulsion
explosive. The total charge amount each time was not greater
than 12,000 kg, and the maximum charge amount per delay
was about 160 kg.

The buildings in the surroundings of the blasting area are
shown in Figure 6. It can be seen that residential buildings
are extensively distributed around the blasting area. These
buildings are typically two-story brick-concrete structures
built at the beginning of this century. The floors in those
buildings are constructed of precast panels that are basically
not connected by ring beams. Therefore, the global seismic
performance of these buildings is poor. Some residential
buildings around the blasting area were not covered by land
requisition schemes and hence were still in use during the
blasting construction period. As a result, it was necessary
to assess and control the effects of blast vibrations on these
residential buildings.

During blasting, a great many investigations were carried
out to assess the possible damage to the residential buildings
caused by blast vibration. To prove that the proposed dual
safety criterion based on MIIE and hysteretic energy was
superior to the PPV-frequency criterion, the measured data
at the foundations of 20 residential buildings were selected
for demonstration. The basic parameters and the conditions
prior to blasting of these 20 residential buildings are given in
Table 1. The main parameters extracted from the measured
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Table 1: The main parameters of the surrounding buildings of the
blasting area.

Building
number

Types of
buildings

Building
height (m) Status before blast

A Brick-concrete 7.3 Intact
B Brick-concrete 7.5 Intact
C Brick-concrete 7.1 Intact
D Brick-concrete 7.3 Intact
E Brick-concrete 7.0 Intact
F Brick-concrete 7.1 Intact
G Brick-concrete 7.4 Intact
H Brick-concrete 7.8 Intact
I Brick-concrete 7.6 Intact
J Brick-concrete 7.6 Intact
K Brick-concrete 12.5 Intact
L Brick-concrete 7.2 Intact
M Brick-concrete 7.3 Intact
N Brick-concrete 7.5 Intact
O Brick-concrete 7.5 Intact
P Brick-concrete 7.4 Intact

Q Brick-concrete 7.7 Tiny crack on
wall

R Brick-concrete 11.4 Intact

S Brick-concrete 7.2 Tiny crack on
wall

T Brick-concrete 7.0 Intact

results are listed in Table 2. These results are discussed by the
aforementioned two criteria later.

5.2. Analysis Based on the PPV-Frequency Safety Standard.
The latest national safety regulations for blasting (GB6722-
2003) were issued in 2003 [8]. The regulations adopted the
PPV-frequency safety standard (as shown in Table 3) to
assess the damage potential for buildings subjected to blast
vibrations.

The dominant frequencies of blasting seismic waves were
in the range 10–50Hz at the measuring points 1#, 4#, 13#,
and 15# (see Table 2), where all the tested buildings tested
were brick-concrete structures. According to Table 3, the
maximum allowable PPV was 2.8 cm/s. All the measured
velocities at these four points have exceeded 2.8 cm/s (see
Table 2). After blasting, no damage was found in residential
buildings A and D corresponding to measuring points 1# and
4#, respectively. Buildings M and O at measuring points 13#
and 15# were nearer to the blasting area and had already been
abandoned prior to blasting. After blasting, it was found that
in building M that a large area of floated coat had chipped
off, “X” shaped cracks had formed on the windowsills and
doorways, and many cracks occurred on the walls and the
floors. In building O after blasting, it was observed that
the floated coat had chipped off, cracks appeared on the
walls, and a horizontal crack occurred at a staircase. The
dominant frequency of the blast seismic wave at measuring

point 10# was 9.519Hz, and themaximum allowable PPVwas
2.5 cm/s according to Table 3. However, the measured PPV
was 2.7 cm/s, and no damage was found in the corresponding
residential building J at measuring point 10#.

All the PPVs of the other measuring points were lower
than the corresponding maximum allowable PPVs. Never-
theless, in building P at measuring point 16#, the floating coat
had chipped off and cracks appeared on the windowsills; in
building Q at point 17#, original tiny cracks had broadened;
in building S at point 19#, the floating coat had chipped off,
original tiny cracks had widened, and new “X” shape cracks
had developed in the doorways.

In summary, the measured PPVs at 15 buildings out
of 20 were lower than the maximum allowable value, and
no damage was found in 12 of those buildings. Although
the measured PPVs in the other 5 buildings exceeded the
allowable value, only 2 of them were damaged. The findings
from 14 of the buildings can be explained by the safety
level standard as shown in Table 3, indicating that the safety
level standard based on extensive investigations of blasting
vibrations could provide valuable suggestions. However, the
findings from the other 6 buildings were beyond the current
national safety level standard. These differences are ascribed
to the facts that (1) the current standard only considers the
PPV and the dominant frequency of a blasting seismic wave,
without accounting for the duration of the blasting seismic
wave and the associated structural responses and (2) the
current standard permits reduction of the allowable PPVs
for old and originally damaged buildings but has no clear
quantitative specifications for the reduction.

5.3. Analysis Using the Energy-Based Safety Evaluation
Method. For comparison with the analysis based on the
PPV-frequency safety standard, the measured data from 20
buildings was also analyzed using the proposed dual safety
criterion based on MIIE and hysteretic energy. Because all
the residential buildings were brick-concrete structures, their
natural vibration periods were obtained by (6). In addition,
it was assumed that, for all 20 buildings, the damping
ratios were 0.05, the yield strength coefficient of the bilinear
restoring force model was 0.3, and the stiffness reduction
factor after yielding was 0.02. Following the procedures
illustrated in Sections 2 and 3, the MIIE and the hysteretic
energy of the 20 structures under blasting seismic waves were
calculated and are shown in Table 4.

MIIE is mainly related to the PPV and dominant fre-
quency of a blasting seismic wave and the natural periods of
vibrated structures but is unable to reflect the adverse effect
of the duration of blasting vibration. In contrast, hysteretic
energy can account for the effects of the vibration duration.
For example, Table 4 shows that the MIIEs at measuring
points 13# and 15# are 220.25 J and 215.11 J, respectively,
much higher than those at the other points. However,
the hysteretic energies at points 13# and 15# are 2987.19 J
and 2853.33 J, respectively, smaller than that at point 16#
(3022.22 J). The maximum MIIEs at measuring points 16#,
17#, and 19# are 155.54 J, 113.17 J, and 103.22 J, respectively, and
the corresponding hysteretic energies are 3022.22 J, 2930.09 J,
and 2853.87 J, respectively. Except for the above-mentioned



Shock and Vibration 7

Table 2: The results measured at the buildings.

Measured
point number

Maximum charge
per delay (kg)

Distance from
explosion source (m) PPV (cm/s) Dominant frequency

(Hz) Duration (s)

1# 120 55.12 3.035 29.608 1.6
2# 85 83.44 1.693 11.576 0.7
3# 140 273.87 0.702 24.691 1.2
4# 160 64.32 2.839 27.454 2.5
5# 110 88.53 1.427 21.277 2.2
6# 60 91.65 1.510 21.677 2.5
7# 80 152.39 0.827 9.412 1.0
8# 60 98.11 1.164 13.519 2.5
9# 110 103.25 1.137 31.250 1.6
10# 140 96.38 2.731 9.519 0.7
11# 120 162.84 0.608 8.333 2.1
12# 110 103.96 1.126 17.478 2.2
13# 60 10.16 5.916 48.868 0.5
14# 132 124.48 1.619 14.286 1.0
15# 144 26.12 4.801 41.544 0.6
16# 148 120.49 1.423 9.957 4.7
17# 120 113.11 0.905 10.659 4.8
18# 115 101.26 1.221 14.804 3.8
19# 135 113.45 1.092 9.241 3.4
20# 144 166.49 0.874 12.868 4.3

Table 3: The safe level standard of blast vibrations in China
(GB6722-2003).

Types of structures Allowable PPV (cm/s)
<10Hz 10–50Hz 50–100Hz

Soil cave houses, adobe
houses, and rubble stone
structures

0.5–1.0 0.7–1.2 1.1–1.5

Common brick and large
nonseismic designed
masonry buildings

2.0–2.5 2.3–2.8 2.7–3.0

Reinforced concrete
framed structures 3.0–4.0 3.5–4.5 4.2–5.0

Common historical
buildings and interests 0.1–0.3 0.2–0.4 0.3–0.5

Hydraulic tunnels 7–15
Traffic tunnels 10–20
Mine roadways 15–30

5 points, theMIIEs and the hysteretic energies at all the other
points are below 200 J and 3000 J, respectively. Moreover, no
damage was found in the buildings at these 15 points. Prior
to blasting, some tiny cracks had already occurred on the
walls of residential buildings Q and S at measuring points
17# and 19#, respectively, and all the other 18 buildings were
intact, as shown in Table 1. It is concluded, therefore, that (1)
MIIE beyond 200 J caused the first-excursion failures of the
intact residential buildings with brick-concrete structures,
such as buildings M and O at measuring points 13# and

15#, respectively; hysteretic energy beyond 3000 J resulted in
cumulative plastic damage, such as in building P at point 16#;
(2) the threshold values of theMIIE and the hysteretic energy
for the residential buildings with original tiny cracks were,
respectively, lower than those of intact residential buildings.
In this test, the hysteretic energies at points 17# and 19# were
closer to the threshold value of the cumulative plastic failure
of intact buildings.Therefore, the damage found in these two
buildings can be tentatively regarded as cumulative plastic
failure.

In summary, the dual safety criterion based on MIIE and
hysteretic energy takes into account the combined effects
of blast vibration characteristics and associated structural
responses. Therefore, this criterion can explain phenomena
that are inconsistent with the current PPV-frequency safe
level standard and is more comprehensive than the current
standard.

6. Conclusions

Because the PPV-frequency safety level standard does not
take into consideration the shape and the duration of blast-
ing seismic waves as well as the corresponding dynamic
responses of structures, the standard is limited in its
ability to assess the potential for damage to structures
subjected to blast-induced ground vibrations. To address
these shortcomings, in this paper the following steps took
place. (1) Structures are simplified into elastoplastic SDOF
systems with bilinear restoring force models. The energy
responses of SDOF systems subjected to blast vibrations
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Table 4: Energy responses of the residential buildings.

Measured
points number

Building
number

Natural vibration
period (s)

Maximum instantaneous
input energy (J) Hysteretic energy (J)

1# A 0.1428 123.12 2745.44
2# B 0.1462 45.98 854.35
3# C 0.1394 17.33 356.32
4# D 0.1428 131.44 2678.21
5# E 0.1378 33.65 677.93
6# F 0.1394 34.13 768.86
7# G 0.1445 20.66 459.19
8# H 0.1512 31.28 679.37
9# I 0.1478 35.76 712.21
10# J 0.1478 119.76 2338.91
11# K 0.2302 35.67 697.44
12# L 0.1411 40.13 754.35
13# M 0.1428 220.25 2987.19
14# N 0.1462 39.77 732.87
15# O 0.1462 215.11 2853.33
16# P 0.1445 155.54 3022.22
17# Q 0.1495 113.17 2930.09
18# R 0.2117 145.76 2871.15
19# S 0.1411 103.22 2853.87
20# T 0.1378 143.23 2973.12

are then determined using the Newmark-𝛽 method. Those
energy responses more comprehensively show the com-
bined effects of blasting seismic waves and associated
structural responses on the damage to structures. (2) A
dual safety criterion based on MIIE and hysteretic energy
is proposed to explain the damage to structures under
blast vibrations. Note that the damage incurred by some
structures is inconsistent with the current PPV-frequency
standard but can be understood well using the proposed
criterion.

MIIE affects structures for a very short time, during
which damping is not excited. Therefore, MIIE causes first-
excursion structural failure. MIIE is mainly affected by PPV
and the dominant frequencies of blasting seismic waves as
well as the natural period of structures but cannot reflect
the cumulative effect of blasting seismic waves on structural
failure. In contrast, hysteretic energy is an important index for
showing cumulative plastic damage in structures. Typically,
structures subjected to blasting seismic waves with long
durations are more likely to fail through cumulative plastic
damage.The case study presented in this paper shows that the
proposed dual safety criterion based on MIIE and hysteretic
energy can more comprehensively and reasonably explain
findings from field investigations.
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The present research aims to develop an effective and applicable structural damage detection method. A damage identification
approach using only the changes of measured natural frequencies is presented. The structural damage model is assumed to be
associatedwith a reduction of a contribution to the element stiffnessmatrix equivalent to a scalar reduction of thematerialmodulus.
The computational technique used to identify the damage from the measured data is described. The performance of the proposed
technique on numerically simulated real concrete girder bridge is evaluated using imposed damage scenarios. To demonstrate
the applicability of the proposed method by employing experimental measured natural frequencies this technique is applied for
the first time to a simply supported reinforced concrete beam statically loaded incrementally to failure. The results of the damage
identification procedure show that the proposed method can accurately locate the damage and predict the extent of the damage
using high-frequency (here beyond the 4th order) vibrational responses.

1. Introduction

Damage or fault detection, as determined by changes in the
dynamic properties or response of structures, is a subject that
has received considerable attention in the literature. Since
the changes in the stiffness of the structure, whether local
or distributed, will cause changes in the modal parameters
(notably natural frequencies, mode shapes, etc.), the location
and the severity of damage in structure can be determined
by changes in the modal characteristics [1–5]. Furthermore,
since the natural frequencies are rather easy to measure
with a relatively high level of accuracy, the methods based
on the measurements of natural frequencies are potentially
attractive [6–10]. For applications to large civil engineering
structures the somewhat low sensitivity of frequency shifts
to damage requires either very precise measurements of
frequency change or large levels of damage. An exception
to this limitation occurs at higher modal frequencies, where
the modes are associated with local responses. However,
over recent decades, the practical limitations involved with
the excitation and identification of the resonant frequencies

associated with these local modes, caused in part by high
modal density and low participation factors, made them
difficult to identify [11]. Raghavendrachar and Aktan [12]
performed impact tests on a three-span reinforced concrete
bridge with a goal of detecting local or obscure damage, as
opposed to severe, global damage.The authors concluded that
modal parameters may not be reliable as damage indicators
if only the first few modes are measured. For this type
of damage, modal information for higher modes would
be required. Farrar and Cone [13] presented the results of
damage–detection experiment performed on the I-40 bridge
over the Rio Grande river.They identify themodal properties
from the ambient test, when the bridge was undamaged, and
from the forced-excitation tests for each of the damage cases.
The results indicate that modal frequencies, modal damping
ratios, and mode shapes may not be sensitive enough indica-
tors to detect damage at an early enough stage to be practical.
The destructive tests performed on the I-40 bridge highlight
the fact that damage typically is a local phenomenon. Local
response is captured by higher frequency modes whereas
lower frequency modes tend to capture the global response
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of the structure and are less sensitive to local changes in a
structure [11]. Consequently, the low-frequency vibrational
responses are insensitive to small damage and moreover,
small damage is more easily accommodated by higher-fre-
quency vibrational responses. Currently, new advanced
instrumentation typified by the scanning laser vibrometer
(SLV) preserves a high level of accuracy in high-frequency
vibration measurements providing the detection of small
levels of damage [14].

Ideally, a robust damage identification method should be
able to identify that damage has occurred at a very early
stage, locate the damage within sensor resolution being used,
provide some estimate of the severity of the damage, and
predict the remaining useful life of the structure. Several
frequency-change sensitivity analysis methods presented in
[6–8] can be used to detect and locate damage in structures;
however they cannot correctly quantify damage in general
cases. In order to avoid the insufficiency of the first-order
sensitivity analysis neglecting second-order terms, Bicanic
and Chen [9] presented a novel perturbation-based approach
using the exact relationship between the changes of structural
parameters and the changes of modal parameters.

Here, based on the nonlinear perturbation theory, an effi-
cient iterative computational procedure is presented in order
to identify damage in framed structures for which high-
order (beyond the 4th order) measured natural frequencies
are available. The efficiency of the proposed technique is
evaluated through an example of the real concrete girder
bridge with simulated damage and through laboratory testing
of a simply supported reinforced concrete beam subjected to
various levels of static load.

2. Direct Iteration Technique

The computational procedure for the direct iteration tech-
nique has been developed to solve the element scalar damage
parameters 𝛼𝑗 as well as the mode participation factors 𝐶𝑖𝑘
[9].The procedure consists of calculating the damage param-
eters, for example, crack location, from the frequency chan-
ges.

The iterative solution procedure is described in the fol-
lowing section.Depending on the number of available natural
frequencies NF (number of equations) and the number of
structural damage parameters NXE (number of unknowns),
the eigenmode-stiffness sensitivity matrix 𝑆𝑖𝑗 may not be
square. When the number of the measured natural frequen-
cies for the damaged structure NF is much fewer than the
number of structural damage parameters NXE (finite-ele-
ments) (NF < NXE), the system of equations is signifi-
cantly underdetermined and the pseudoinverse solution can
become ill-conditioned. In order to find a solution for what
is in general an ill-conditioned system, the singular value
decomposition (SVD) technique [15] is applied.

A FORTRAN computer program for structural damage
identification has been developed based on the knowledge of
the computational procedure presented next [16].

2.1. Computational Procedure

Step 1. Assume the initialmode participation factors𝐶0𝑖𝑘 to be
zero, that is, no changes in eigenvectors. Establish the initial
values for 𝛼1𝑗 and 𝐶

1
𝑖𝑘 from

NXE
∑

𝑗=1

𝑆
1
𝑖𝑗𝛼
1
𝑗 = 𝑧𝑖, (1)

where 𝑆𝑖𝑗 and 𝑧𝑖 are the eigenmode-stiffness sensitivitymatrix
and vector, respectively, which are defined as

𝑆
1
𝑖𝑗 = 𝑎𝑖𝑗𝑖, (2a)

𝑧𝑖 = Δ𝜆𝑖, (2b)

𝐶
1
𝑖𝑘 =

𝑏
1
𝑘𝑖

𝜆𝑖
∗
− 𝜆𝑘 − 𝑏

1
𝑘𝑘

, (3)

where 𝑏𝑘𝑘, 𝑏𝑘𝑖, and 𝑏𝑘𝑙 can be defined in general form as

𝑏
1
𝑘𝑖 =

NXE
∑

𝑗=1

𝑎𝑘𝑗𝑖𝛼
1
𝑗 (4)

and 𝑎𝑖𝑗𝑖, 𝑎𝑖𝑗𝑙, and 𝑎𝑘𝑗𝑖 are the eigenmode-stiffness sensitivity
coefficients, which can be defined in a general form as

𝑎𝑘𝑗𝑖 = 𝜙𝑘
𝑇K𝑗𝜙𝑖, (5)

where 𝜙𝑖 is the 𝑖th original eigenvector,K𝑗 is the contribution
of the 𝑗th element to the global stiffness matrix, Δ𝜆𝑖 is the
change in the 𝑖th eigenvalue, 𝜆𝑘 is the 𝑘th original eigenvalue,
and a superscript ∗ refers to the damaged structure.

Step 2. Evaluate current estimate for 𝛼𝑛𝑗 from

NXE
∑

𝑗=1

𝑆
𝑛
𝑖𝑗𝛼
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Step 3. Evaluate new modal participation factors 𝐶𝑛𝑖𝑘 from
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where
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𝑛
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and return to Step 2 if solution has not converged.
Once the mode participation factor 𝐶𝑖𝑘 is found, the

eigenvectors for the damaged structure can be calculated as

𝜙𝑖
∗
= 𝜙𝑖 +

NM
∑

𝑘=1,𝑘 ̸=𝑖

𝐶𝑖𝑘𝜙𝑘, (10)
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Damage scenarios
Scenario 1 Scenario 2
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Figure 1: Concrete girder bridge model problem.

where the pairing of the eigenvalues for the original structure
and the damaged structure can be checked using the MAC
factors (Modal Assurance Criterion) [17], defined as

MAC (𝑘, 𝑖) =
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∗
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∗𝑇𝜙𝑖
∗




. (11)

The highest MAC(𝑘, 𝑖) factors indicate the most possible
pairings of the original mode 𝑘 and the damaged mode 𝑖.

3. Numerical Example

Amodel of the real concrete girder bridge comprising 39 ele-
ments, 40 nodes, and 116 degrees of freedom (DOFs), shown
in Figure 1, is used to investigate the effect of the number of
original eigenvectors available and the natural frequencies of
the damaged structure adopted in the calculation.

It is interesting to note that, since the structure discussed
here is almost symmetric, convergence difficulties may arise.
From (5), it can be shown that if a structure is symmetric,
the set of governing equations (1) becomes singular, and
the identification process cannot proceed. If a structure is
“almost” symmetric, the governing equations (1) are ill-
conditioned, and in such a case the information of a larger
number of natural frequencies for the damaged structure
(greater than NXE) is required to correctly determine the
location and amount of structural damage. Due to ill-
conditioned governing equations (1), damage parameters 𝛼𝑗
converge very slowly, leading to convergence difficulties in
some cases. In order to avoid such difficult cases, some
methods may be used to render the structure nonsymmetric,
such as nonsymmetric element mesh generated, suitable
boundary conditions selected, and additional concentrated
mass applied. Consequently, the proposed method is also
applicable for symmetric or near symmetric structures and
a smaller number of natural frequencies for the damaged
structure are required to determine structural damage [9].

In order to avoid problems associated with structural
symmetry, a nonsymmetric element mesh is generated, as
shown in Figure 1. Since the bridge superstructure is simply
supported, the vertical and horizontal displacement at the
contact point between beams and column are constrained
to be the same for both the beams and column, while the

Table 1: Main data of the concrete girder bridge.

Member Number of cross
sections Area (m2) Moment of inertia

(m4)
Beam at support 1 8.605 3.312
Beam at support 2 7.477 3.025
Beam in span 3 6.245 2.750
Pier 4 3.140 0.785

rotations are free. The cross-sectional properties of each
component are listed in Table 1. All structural members have
the same material properties with 𝐸 = 3.4 × 107 kN/m2
and 𝜌 = 2.5 t/m3. The geometry of the structure, element
numbering, and hypothetical damage scenarios are shown in
Figure 1.

Twohypothetical damage scenarios are induced by reduc-
ing Young’s modulus of different elements, with different
magnitudes, as summarized in Figure 1. Scenario 1 simulates
5% damage in element 6. Scenario 2 has three damaged
elements. Element 6 has 5% damage, element 20 has 10%
damage, and element 28 has 15% damage.

Inmost cases, the effects of damage on structural stiffness
can be represented by locally reducing Young’s modulus.
In this study, a scalar damage model is assumed to be
based on the above consideration; that is, the change of
structural stiffnessmatrix can be expressed as the summation
of changes proportional to the element matrices in the form
ΔK = ∑NXE𝑗=1 𝛼𝑗K𝑗. This formulation makes possible the
interrelation of the local decrease in stiffness to the decreases
in the eigenvalues while it preserves the connectivity and
symmetry of the global stiffness matrix as presented in
previous researches [6–10].The result is a set of simultaneous
equations (1) that relate the changes in the eigenvalues to
those of the element stiffness.

The first 35 natural frequencies for the undamaged and
damaged structures of the bridge for each of the damage sce-
narios determined from the finite-element dynamic analyses
are listed inTable 2.This table shows the differences in natural
frequencies for the undamaged and damaged structures, that
is, effects of damage on the natural frequencies of the first
35 modes. At mode 1 (scenario 2), the minimum change
is Δ𝑓 = −0.01Hz which represents a reduction of 0.3%
(Table 2). All of the 35 modes show a reduction of their
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Table 2: First 35 natural frequencies for the undamaged and damaged structures.

Mode

Natural frequency Difference in frequency with respect to undamaged structure
(Hz) Scenario 1 Scenario 2

Undamaged
structure Scenario 1 Scenario 2 (Hz) (%) (Hz) (%)

1 2.996 2.996 2.987 0.00 0.00 −0.01 −0.30
2 3.606 3.606 3.539 0.00 0.00 −0.07 −1.86
3 3.760 3.745 3.745 −0.01 −0.40 −0.01 −0.40
4 6.239 6.239 6.235 0.00 0.00 −0.01 −0.06
5 11.928 11.928 11.813 0.00 0.00 −0.12 −0.96
6 14.293 14.292 14.186 0.00 0.00 −0.11 −0.75
7 14.980 14.926 14.926 −0.05 −0.36 −0.05 −0.36
8 18.934 18.930 18.742 0.00 −0.02 −0.19 −1.01
9 26.643 26.643 26.281 0.00 0.00 −0.36 −1.36
10 31.648 31.648 31.380 0.00 0.00 −0.27 −0.85
11 33.561 33.548 33.540 −0.01 −0.04 −0.02 −0.06
12 36.746 36.720 36.530 −0.03 −0.07 −0.22 −0.59
13 46.699 46.699 46.208 0.00 0.00 −0.49 −1.05
14 53.023 52.955 52.584 −0.07 −0.13 −0.44 −0.83
15 54.670 54.660 54.112 −0.01 −0.02 −0.56 −1.02
16 59.232 59.035 58.996 −0.20 −0.33 −0.24 −0.40
17 70.642 70.640 70.375 0.00 0.00 −0.27 −0.38
18 74.713 74.608 74.365 −0.10 −0.14 −0.35 −0.47
19 81.175 81.150 80.450 −0.02 −0.03 −0.72 −0.89
20 90.023 89.795 89.653 −0.23 −0.25 −0.37 −0.41
21 92.564 92.424 91.303 −0.14 −0.15 −1.26 −1.36
22 97.630 97.597 97.067 −0.03 −0.03 −0.56 −0.58
23 108.580 108.386 108.211 −0.19 −0.18 −0.37 −0.34
24 114.964 114.942 114.221 −0.02 −0.02 −0.74 −0.65
25 124.176 124.142 123.241 −0.03 −0.03 −0.94 −0.75
26 133.840 133.800 132.782 −0.04 −0.03 −1.06 −0.79
27 140.715 140.578 140.040 −0.14 −0.10 −0.68 −0.48
28 150.078 150.064 149.134 −0.01 −0.01 −0.94 −0.63
29 157.242 157.093 156.630 −0.15 −0.09 −0.61 −0.39
30 164.279 164.279 163.880 0.00 0.00 −0.40 −0.24
31 165.131 165.090 164.276 −0.04 −0.02 −0.85 −0.52
32 173.047 173.043 172.217 0.00 0.00 −0.83 −0.48
33 196.072 195.862 194.716 −0.21 −0.11 −1.36 −0.69
34 199.703 199.646 198.997 −0.06 −0.03 −0.71 −0.35
35 211.179 210.875 209.775 −0.30 −0.14 −1.40 −0.66

natural frequencies. These differences can be estimated with
precision of Δ𝑓 < ±0.01Hz in real modal tests as it
is presented in [18, 19]. Furthermore, because during the
modal tests performed in [18, 19] the temperature was almost
stationary, the observed changes in the natural frequencies
cannot be related to temperature changes. However, due to
practical testing limitations, only the natural frequencies of
the first three bending modes could be tracked reliably under
the test conditions in [18].

From a testing standpoint it is more difficult to excite
the higher frequency response of a structure as more energy
is required to produce measurable response at these higher
frequencies than at the lower frequencies [11]. These factors

contribute to only limited applications of vibration-based
damage detection technology to large civil engineering struc-
tures.

The pairings of the original eigenvectors and themodified
eigenvectors are assured by using MAC values as defined in
(11), resulting in diagonal values close to unit (higher than
0.997).This implies that themodes for the damaged structure
obtained from the direct iteration technique match very well
the corresponding modes for the original structure.

In order to study the effectiveness of the proposed direct
iteration technique with respect to the required amount of
modal information, various numbers of original eigenvec-
tors and natural frequencies for the damaged structure are
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Figure 2: Inverse damage predictions for scenario 1 affected by
the number of damaged-structure frequencies (NF), 60 original
eigenvectors (NM) used, (a) 13 damaged-structure frequencies used,
(b) 20 damaged-structure frequencies used, and (c) 35 damaged-
structure frequencies used.

selected for the identification process for damage scenarios
1-2, as shown in Figures 2 and 3.

From the results, it can be seen that only limited knowl-
edge of the original eigenvectors is required, even 60 original
eigenvectors (half the number of all original eigenvectors)
are sufficient to correctly predict the structural damage,
which makes the proposed approach applicable to large scale
structures. For a case with small damage (scenario 1) both
the location and the amount of damage can be correctly
estimated using only 13 natural frequencies for the damaged
structure. For a case with more serious damage (scenario 2)
structural damage can be roughly predicted using 20 natural
frequencies for the damaged structure. As expected, the
predictions of structural damage improve with an increase of
the number of damaged-structure frequencies used, reaching
the values very close to the exact solution when 35 damaged-
structure frequencies are used.

4. Experimental Study on a Beam Model

4.1. Experimental Setup. To demonstrate the effectiveness of
the presented damage identification method, a simply sup-
ported reinforced concrete beam was used as test structure.
Thebeamwas 3m long by 20 cmwide by 30 cmdeep.A sketch
of the structure tested in the lab and the experimental setup
is shown in Figure 4.
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Figure 3: Inverse damage predictions for scenario 2 affected by
the number of damaged-structure frequencies (NF), all original
eigenvectors (NM) used, (a) 20 damaged-structure frequencies
used, (b) 35 damaged-structure frequencies used, (c) 60 original
eigenvectors (NM), and 35 damaged-structure frequencies (NF)
used.
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Figure 4: Experimental setup for natural frequency measurements.

The natural frequency measurements were made on
reinforced concrete beam before and after damage. Damage
was introduced incrementally by static loading to three levels.

Sinusoidal forced vibration tests were conducted on
a simply supported reinforced concrete beam to obtain
the frequencies. The vibration generator employed in the
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Figure 5: Typical structural acceleration responses: (a) time domain response and (b) spectrum of the time domain response.

vibration tests consisted of an electromagnetic actuator
mounted vertically in a frame with steel plates attached to
the free end of the rod of the actuator. The response of
the structure at a point was measured using a piezoelectric
accelerometer (Brüel&Kjær-DeltaTron type 4508). The actu-
ator and accelerometer were located at points of maximum
deflection for the first eight bending modes. Both the excita-
tion and response, after passing through a signal conditioner,
were captured by an A/D converter (ADC-200/50). In the
A/D converter, these analog signals were first digitized and
then processed further to a PC based oscilloscope/spectrum
analyzer (PicoScope software). All data were recorded and
analyzed using the PicoLog data acquisition software.

4.2. Experimental Results. Experimentally measured fre-
quencies are obtained before and after each level of static
concentrated load (10, 20, and 30 kN) applied at the middle
of the span of simply supported reinforced concrete beam.

Figure 5 shows a typical time domain response and the
associated frequency spectrum for a reinforced concrete
beam.

The experimental natural frequencies for the first eight
bending modes for the laboratory model subjected to three
levels of static load are given in Figure 6.

The estimated natural frequencies were then used in the
direct iteration technique to determine the location and the
extent of damage.

As expected, the development of cracks in the laboratory
beam does cause decrease of stiffness and consequently
decrease of structural natural frequencies.

4.3. Damage Identification. Based on the measured resonant
frequencies for the undamaged and the damaged structures,
a direct iteration technique was employed for structural
damage identification.

The computer program used here for dynamic analysis
and damage identification was developed for the solution of
two-dimensional (2D) framed structures which have used
beam-column elements.These elements each have six degrees
of freedom, incorporating two translations and a rotation at
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Figure 6: Experimental natural frequencies (Hz) for the simply
supported beam subjected to static loading.

Parameters of the problem
Total degrees of freedom 18
Finite-elements 9
Damage parameters 9

10987321

41 2 7653

4 5 6

8 9

6 ∗ 25 3 ∗ 50

cm300

Figure 7: Beam model problem.

each node, although the axial displacement is ignored in this
example.

In order to avoid problems associated with structural
symmetry, 9 nonsymmetric finite-elementswith 10 nodes and
a total of 18 degrees of freedom are generated (Figure 7). All
elements have the same material properties with experimen-
tally estimated elastic modulus 𝐸 = 3.4 × 107 kN/m2 and
density 𝜌 = 2.5 t/m3 and the same cross-sectional area 𝐴 =
0.06m2 and second moment of area 𝐼 = 4.8721 × 10−4m4.
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Figure 8: Inverse damage predictions for 𝐹1 = 10 kN, (a) 5 experimental frequencies for damaged structure used, and (b) 8 experimental
frequencies for damaged structure used.
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Figure 9: Inverse damage predictions for 𝐹2 = 20 kN, (a) 5 experimental frequencies for damaged structure used, and (b) 8 experimental
frequencies for damaged structure used.
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Figure 10: Inverse damage predictions for 𝐹3 = 30 kN, (a) 5 experimental frequencies for damaged structure used, and (b) 8 experimental
frequencies for damaged structure used.

The geometry of the structure and element numbering are
shown in Figure 7.

The results in Figures 8–10 are obtained from the inverse
damage predictions from the direct iteration technique. All of
the eigenvectors for the undamaged structure are considered
in structural damage identification.

It is found that for a case with slight damage (due to
static force of 10 kN) both the location and the amount of
structural damage can be correctly estimated using only 5
experimental natural frequencies for the damaged structure
(Figure 8(a)). For cases with more serious damage (due to
static force of 20 and 30 kN) structural damage can be roughly
predicted using only 5 experimental natural frequencies

(Figures 9(a) and 10(a)). However, if 8 experimental natural
frequencies are used, both the location and the amount in
either case can be determined correctly.

5. Conclusions

In this paper, damage identification method using the chan-
ges of measured natural frequencies has been applied exper-
imentally. Results of the damage identification procedure are
similar to those obtained from a numerical example and show
that this method is capable of successfully identifying both
the location and the extent of structural damage, including
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small and multiple damage. Several distinct advantages have
been highlighted. Firstly, high-order (beyond the 4th order)
natural frequencies for the damaged structure not more
than NXE are required to identify structural damage. The
predictions of structural damage improve with an increase
of the number of natural frequencies for the damaged
structure adopted.The less the structural damage is, the fewer
natural frequencies are required. Secondly, no knowledge of
mode shapes for the damaged structure is required since
they can be obtained as a result of the proposed method.
Thirdly, the method is suitable for symmetric structures,
if a nonsymmetric element mesh is generated. Finally, the
research results indicate that the ability to use high-frequency
vibrational responses for the structural integrity assessment
of real engineering structures such as bridges is an area that
merits further investigation.
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