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Heat transfer enhancement determines the need for new and
innovative coolants with improved performance. The novel
concept of “nanofluids” has been proposed as a route to
surpassing the performance of heat transfer fluids currently
available. These heat exchange fluids present interesting heat
transfer features compared to more conventional coolants.
There is considerable research on the superior heat transfer
properties of nanofluids especially on thermal conductivity
and convective heat transfer. Nowadays, a fast growth of re-
search activity in this heat transfer area has arisen. In fact,
applications of nanofluids in industries such as heat exchang-
ing devices appear promising with these characteristics. Sev-
eral reviews, surveys, [1, 2] and benchmarks [3–5] and
critical synthesis [5] on nanofluids with respect to thermal
and rheological properties, different modes of heat transfer
including boiling and on their development and applications
[6–8] have been reported. However, it should be underlined
that nanofluids present several factors such as long-term
stability, higher pumping power and pressure drop, their
thermal performance in turbulent flow and fully developed
region, lower specific heat of nanofluids, and higher produc-
tion cost. Moreover, the study in nanofluids involves different
scales from the molecular scale to the system-scale.

The fast growth of research activity in this heat transfer
area is significantly increasing. In fact, the exponential in-
crease in the number of research articles dedicated to this
subject thus far shows a noticeable growth and the impor-
tance of heat transfer enhancement technology in general.
Just to give some recent data, the number of papers from
1993 to 2012 (up to January) found in SCOPUS under

“Nanofluids,” “Nanofluids AND Heat Transfer” and “Nano-
fluids AND Properties” is reported in Figure 1. Moreover, in
SCOPUS under “Nanofluids and Review” about 87 papers
were given as result. The data confirms the intensive interest
and activity in research and engineering applications of na-
nofluids.

The aim of this special issue is to collect basic, applied
and review articles on the most recent developments and
research efforts in this field, with the purpose of providing
guidelines for future research directions. The issue includes
with experimental investigations on thermophysical proper-
ties measurements and numerical studies on convective heat
transfer. A robust experimental methodology for measuring
the heat capacity of nanofluids is presented and employed
to measure the property of two nanofluids by H. O’Hanley
et al. An experimental measurement of thermal conductivity
and dynamic viscosity of water-based nanofluids containing
iron oxide is presented by L. Colla et al. The freezing point
measurements to study the supercooling point made of
alumina is performed by T. Maré et al. A constitutive mod-
eling of the stress tensor for nanofluids containing multi-
walled carbon nanotubes is proposed by M. Massoudi and
T. Phuoc. A molecular dynamics method for simulating
pressure-driven flows in channels is discussed by Q. Y.
To et al. A numerical investigation is made based on the
lattice Boltzmann method to solve natural convection from a
protruding heater located at the bottom of a square cavity by
J. Guiet et al. The heat transfer in a confined impinging slot
jet and the effect of buoyancy in forced convection in a duct
with triangular cross section in water/alumina nanofluids are
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Figure 1: Number of papers published on nanofluids, heat transfer
in nanofluids, and nanofluids properties.

studied numerically employing a single-phase model by G.
Di Lorenzo et al. and O. Manca et al.

The present volume is the second special issue on heat
transfer in nanofluids and we hope that it may be the begin-
ning of a series that will periodically stimulate researchers
to publish the highlights and original articles reporting how
nanofluids bring new advances to heat transfer engineering.

Yogesh Jaluria
Oronzio Manca

Dimos Poulikakos
Kambiz Vafai

Liqiu Wang
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77454 Marne-la-Vallée Cedex 2, France

Correspondence should be addressed to Guy Lauriat, lauriat@univ-mlv.fr

Received 1 July 2011; Revised 6 December 2011; Accepted 15 December 2011

Academic Editor: Yogesh Jaluria

Copyright © 2012 Quy Dong To et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We use molecular dynamics to simulate fluid flows between two parallel plates with constant wall temperature. Unlike the usual
approach in molecular dynamics, instead of applying an external force on the molecules, the periodic boundary conditions are
modified to create a pressure difference between the inlet and the outlet sections of the computational domain. The simulation
results include velocity, pressure, density, and temperature profiles obtained by the new method. These results are compared
with approximate solutions for nonisothermal Poiseuille flows. The method is also applied to simulate a flow in a rib-roughened
channel.

1. Introduction

Over the past decades, nano/microfluidic systems have seen
a rapid development and contribute to a revolution in many
areas such as biotechnology and medicines. At the same time,
calculation methods are also needed to analyze the reliability
of the systems. The main challenge of the nano/microfluidics
computations is that the studied system has a considerable
surface/volume ratio so that the surface phenomena become
highly important. These size effects cannot be solved by the
traditional computational method for fluid dynamics.

Depending on the nature of the problem, there are dif-
ferent suitable computational methods, such as those based
on the Navier-Stokes and energy equations, the Burnett or
super-Burnett models [1–3], and the direct simulation Mon-
te Carlo methods [4]. For nanoflows, the molecular dynam-
ics (MD) method is one of the most accurate methods since
realistic interactions between particles or between particles
and boundaries may be accounted for.

One of the fundamental and practical problems in fluid
mechanics is the steady-state flow between two parallel
plates, the plane Poiseuille flow. Under the incompressibility
assumption, the problem has a straightforward analytical
solution. It is also studied extensively by other methods
(Karniadakis et al. [5]). Most of the molecular dynamic

simulations reported in the literature ([6–9], e.g.) concern
flows driven by acceleration body force, rather than pressure
driven flow. These limitations are due to the usage of the
periodic boundary conditions which cannot generate pres-
sure gradient inside the simulation domain. Several authors
(Lupkowski and Van Swol [10], Li et al. [11], and Sun
and Ebner [12]) have developed new techniques to mimic
flows induced by pressure difference. Lupkowski and Van
Swol [10] placed two rigid walls at the inlet and outlet
and applied external forces on them. Li et al. [11] used a
fictitious membrane which allows atoms to pass from one
direction and forces atoms from the other direction to be
elastically reflected with a given probability. Sun and Ebner
[12] simulated 2D fluid flows in a long box while controlling
the temperature at the two ends.

The present paper aims at presenting a new molecular
dynamics approach based on pressure differences. Section 2
gives the problem statement and presents some approximate
analytical solutions reported in the archival literature for
Poiseuille flows. The pressure expression and the pressure
difference from the atomistic point of view are also discussed.
Section 3 is focused on the implementation of periodic
boundary conditions linked to the pressure difference con-
cept and its implementation in an MD code. The results of
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simulations are then compared with approximate analytical
solutions of the Navier-Stokes and energy equations in
Section 4. The application of the present method to fluids
other than ideal gases and to rib-roughened channels is also
discussed. Finally, some conclusions and perspectives are
given in Section 5.

2. Problem Description and
Theoretical Background

2.1. Problem Description. The objective of the present work
is to study the fluid flows through a nanochannel. In the
cartesian coordinate system Oxyz, we assume that the flow
direction is along the x-axis. The length, width, and height
of the channel are denoted by L, B, and H in directions x, y,
and z, respectively. The channel width B being very large with
respect to the other dimensions, it will be treated as infinite.
To produce a fluid flow from the inlet to the outlet, we keep
the inlet pressure pi at higher level than the outlet po. The
fluid can exchange energy with the channel walls which are
maintained at constant temperature, Tw.

The Knudsen number, Kn, is a quantity to identify the
fluid flow regime: from continuum (small Kn) to molecular
flow regime (high Kn). The range of Kn chosen in the present
study, 0.02 ≤ Kn ≤ 0.1, belongs to the slip flow regime
according to [5], that is, the fluid continuum mechanics
is still useful provided that slip boundary conditions are
applied at the walls. The validity of the Navier-Stokes
equations, as shown by many authors (see [7], e.g.), can
therefore be extended to Poiseuille and Couette flows for the
present range of Kn. The Knudsen number is defined as

Kn = λ

H
, (1)

where λ is the mean free path, and H is a characteristic scale
of the channel. In this work, λ is estimated by

λ = 1√
2nπσ2

. (2)

The quantities n and σ in (2) are the density number and
the diameter of the fluid molecules, respectively. For Lennard
Jones (LJ) fluids, the molecular diameter value σ is approx-
imately taken equal to the σ parameter appearing in the LJ
potential formula introduced in Section 4.1.

In what follows, the terms “pressure-driven flow” and
“acceleration-driven flow” are employed to define two par-
ticular cases: (i) the body force ργ applied on a unit fluid
volume is zero, and the pressure p decreases along the flow
direction, ργ = 0, dp/dx /= 0; (ii) the inverse situation where
ργ /= 0, dp/dx = 0. We shall also consider some available
analytical solutions of the Navier-Stokes equations reported
in the literature. For both flows, the fluid velocity v in a cross-
section which accounts for slip effects (Navier boundary
conditions) at the wall admits the parabolic form

v(ẑ) = v(0)
[

1− a2ẑ
2], ẑ = z

H
, (3)

where a2 is a positive dimensionless constant related to
pressure gradient (or body force), viscosity, slip length,

and so forth. It is noted that (3) is generally obtained for
incompressible fluids, but it is also valid for compressible
fluid flows in a long channel [13]. In the latter case, v and
a2 are functions of the streamwise coordinate x.

An approximation solution of the energy equation can
be obtained by neglecting the convective term [14]. The
temperature T becomes then a quartic function of the
coordinate z,

T(z) = Tw
[

b0 − b4ẑ
4]. (4)

Equation (4) is based on the incompressibility assumption.
For compressible fluid flows in a long channel, Cai et al.
[15] used a perturbation technique to derive the following
temperature distribution:

T(x, z) = Tw
[

c0 − c2ẑ
2 − c4ẑ

4]. (5)

The dimensionless coefficients ci, bi in (4) and (5) are related
to pressure gradient (or body force), viscosity, conductivity,
specific heat, and so forth. In (5), the coefficients ci depend
on the position x. We also note that for acceleration-driven
flow, Todd and Evans [6] suggested a correction to the
temperature profile given by (4) as a sextic function of z,

T(z) = Tw
[

d0 − d2ẑ
2 − d4ẑ

4 − d6ẑ
6]. (6)

In Section 4, MD simulations are used to reexamine the
validity of the velocity and temperature profiles given by (3)–
(6) and to determine the coefficients ai, bi, ci, and di by curve
fitting.

2.2. Pressure Tensor and Pressure Difference. Before proceed-
ing the molecular dynamics simulation, let us look at the
definition of pressure tensor from the atomistic point of view.
Using statistical mechanic theory, Irving and Kirkwood [16]
derived the following pressure tensor decomposition (IK):

P = PK + PV . (7)

The kinetic term PK depends on the molecular square ve-
locity, while the potential term PV depends on pairwise
interactions between molecules. In a system of N molecules,
PK and PV read

PK (r) =
N
∑

i=1

〈m(vi − v)⊗ (vi − v)δ(ri − r)〉,

PV (r) = −1
2

N
∑

i

N
∑

j /= 1

〈

r(i j) ⊗ f(i j)Oijδ(ri − r)
〉

.

(8)

The term inside the angular bracket 〈·〉 denotes the ensemble
average, and ⊗ denotes the dyadic product. The terms ri,
vi, and v are respectively the position vector, the velocity
of the particle i, and the mean velocity. The distance vector
and interaction force vector between two molecules (i) and
( j) are denoted, respectively, as r(i j) and f(i j). For LJ fluids,
the two vectors r(i j) and f(i j) are colinear, and the force
magnitude f (i j) is derived from the interaction potential in
function of the distance between the two molecules

f (i j) =
∂V
(

r(i j)
)

∂r(i j) , r(i j) =
∥

∥

∥ri − r j
∥

∥

∥. (9)
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In (8), the notation δ(ri − r) is used for the delta Dirac
function at ri, and the expression of the operator Oij reads

Oij = 1− 1
2!

r(i j) ∂

∂r
+ · · · +

1
n!

[

−r(i j) ∂

∂r

]n−1

+ · · · . (10)

Equations (10) and (8) show that the derivation of IK
pressure tensor involves an infinite sum of high-order
derivatives of the delta function and ensemble average, not
suitable for MD computations. A more convenient form of
the pressure tensor and an associated calculation method,
the method of plane (MOP), was proposed by Todd et al.
[17] and by Evans and Morriss [18]. When the fluid density
is uniform, the operator Oij is reduced to unity, and (8)
becomes (see [17, 19–22])

PK (r) = 1
V

∑

i

m(vi − v)⊗ (vi − v),

PV (r) = − 1
V

∑

i< j

r(i j) ⊗ f(i j),
(11)

where V is the volume of the fluid element located at r. In
the literature, (11) is sometimes referred to as IK1 pressure
[17, 18]. In (8) and (11), the pressure can be decomposed
into two scalar quantities pK and pV as follows:

p = pK + pV , pK = 1
3

tr PK , pV = 1
3

tr PV . (12)

It is clear that for low-density fluids, high temperature, and
small interaction energy ε, the pressure is reduced to the
kinetic part pK , as for ideal gases. For the other fluids,
the potential part pV cannot be neglected. The pressure
difference Δp between two points at distance Δl reads

Δp = ΔpK + ΔpV = kBΔ(nT) + ΔpV . (13)

The pressure components Pxx, Pyy , Pzz, number density n,
and stream velocity v are invariant in direction y. From a
microscopic point of view, taking Δl = Δy, we must have

Δ
〈

v2
x

〉 = Δ
〈

v2
y

〉

= Δ
〈

v2
z

〉 = 0,

Δ〈vx〉 = Δ
〈

vy
〉

= Δ〈vz〉 = 0.
(14)

As it will be discussed in the following, all these conditions
are satisfied in our MD simulation algorithm if we apply
periodicity for the boundary conditions in the y direction.
However, n, p, and T can all vary in the flow direction x. We
note that in the steady-state regime, all quantities like T , p,
pV , and n are stable with time, and thus their differences ΔT ,
Δp, ΔpV , and Δn are also stable. In particular, (13) shows
that the finite variation of temperature ΔT along x is related
to those of other quantities via the expression

ΔT = Δp − ΔpV − kBTΔn

kBn + kBΔn
. (15)

If the stream velocity is much smaller than the thermal
velocity, we can obtain a simplified expression for the
temperature difference as

ΔT = m

3kB
Δ
〈

v2 − v2〉 � m

3kB
Δ
〈

v2〉. (16)

The objective of the MD method discussed in what follows
is to maintain the differences in squared velocity and, thus in
temperature, in direction x. By that way, we can indirectly
generate the pressure difference Δp. In the case where
density ρ is invariant in x-direction (incompressible flow
assumption), the temperature difference is proportional, for
an ideal gas, to the pressure difference since

Δp = ρ

3
Δ
〈

v2〉 (17)

3. Numerical Procedure

In molecular dynamics, periodic boundary conditions (PBC)
applied to velocities are powerful techniques to reduce the
study of a large system to a smaller one far from the edge.
Considering a simulation domain as a cube, PBC requires
that if a molecule passes through one face, it reappears on the
opposite face with the same velocity. Obviously, there is no
difference in pressure, density, or temperature between any
two opposite faces of the simulation domain. Consequently
Δp = 0, as it will be shown in the next section.

3.1. Modified Periodical Boundary Conditions. In our prob-
lem, all the virial pressure components Pxx, Pyy , and Pzz do
not vary along y, which can be satisfied by the traditional
PBC applied on the faces y = ±B/2. However, to create
a pressure difference along the x-axis, we must develop a
strategy that produces a constant difference between the
squared velocity of the molecules crossing the face x = 0 and
those crossing the face x = L.

Usually, to keep unchanged the total number of
molecules in the domain whenever a molecule goes out of
the domain, we must insert another molecule inside. Thus,
if we relax the PBC constraints, there are many ways to
assign velocities to ingoing molecules, either independent
of or dependent on the outgoing ones. In this paper, we
generalize the PBC to account for the pressure difference
by maintaining the difference in squared velocity at the two
opposite faces x = 0 and x = L.

From (15) and (16), we know that a constant pressure
difference is related to a constant difference in squared veloc-
ity. A constant parameter δ is thus used to create a constant
difference in squared velocity between the inlet and outlet
faces (see Figure 1). In order to apply a velocity square
difference equal to a constant 3δL between the faces x = 0
and x = L, we modify the periodic boundary conditions so
that if a molecule goes through the face x = L with a velocity
v, we insert a molecule at x = 0 with a velocity v′ satisfying
the following conditions:

v′ = αv, α =
√

1 +
3δL
v2

. (18)

Analogously, if a molecule crosses the face x = 0 with a
velocity v, it reappears at x = L with a velocity v′ so that

v′ = αv, α =
√

1− 3δL
v2

. (19)
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Figure 1: Modified periodic boundary conditions. The velocity
v between the outgoing molecules is different from the ingoing
molecules ((18) and (19)).

Table 1: Summary of the boundary conditions applied on the
simulation domain.

Boundary conditions

Faces x Equations (18)-(19)

Faces y PBC

Faces z Thermal walls

Since 3δL is positive, it may happen that v2 − 3δL < 0. It
is then impossible to find v′ satisfying (19). The boundary
conditions applied to the simulation domain are summarized
in Table 1. However, this effect can be assumed negligible
for flows with relatively small speed (of the order 1% of the
thermal speed), as seen in most MEMS/NEMS devices. In
the present simulations, the number of molecules that do
not satisfy (19) were found less than 1% of the outgoing
molecules. In order to simulate low-speed flows, small values
of δ were used.

4. Results

4.1. Molecular Dynamic Simulations of Ideal Gas Flows. To
model the interaction between the molecules, the 6–12
Lennard Jones potential is used

V(r) = 4ε
[

(

σ

r

)12

−
(

σ

r

)6
]

, (20)

where ε is the depth of the potential well, σ is the finite
distance at which the interparticle potential is zero, and r is
the distance between the particles.

The potential well depth parameter is ε = 0.1ε0 with ε0

being the reference potential well depth. Two cutoff distances
were used in this study: rc = 21/6σ [17] corresponds to
repulsive interactions between molecules, while rc = 2.5σ
[21, 23–25] corresponds to attractive-repulsive interactions.
In general, the present method is valid for any pair potential.
However, the simulation conditions of Table 2, that is, (ε =
0.1ε0, rc = 21/6σ), lead to a very small potential part of the
pressure pV (less than 1% of the kinetic part pK ) making the
behavior of the fluid close to an ideal gas.

Table 2: Input data for the first series of MD simulations.

N
L

[σ]
B

[σ]
H

[σ]
Kn

δ
[ε0/mσ]

γ
[ε0/mσ]

2400 86.2 6.5 43.1 0.05 10 −3 4.3 ×10−4

600 43.1 6.5 21.5 0.1 2 ×10−3 8.6 ×10−4

(ε, rc) = (0.1ε0, 21/6σ), n = 0.1σ−3, and T = 2ε0/kB .

0.143
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3
)
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x/L

Figure 2: Pressure distribution (p(x)) along the channel for
pressure-driven flow case and acceleration-driven flow case (Kn =
0.05, rc = 21/6σ , ε = 0.1ε0, δ = 10−3ε0/mσ , and γ = 4.3 ×
10−4ε0/mσ). The full line represents the linear fit and is used
to determine the pressure gradient Δp/Δx. The pressure unit is
[ε0/σ3].

The two walls are modeled as thermally diffusive walls
at the same and constant temperature. Whenever a molecule
arrives at a wall, it is reflected with the velocity corresponding
to the wall temperature Tw = 2ε0/kB and with a random
direction. In this work, we do not use thermostats, and the
fluid can exchange energy with the wall due to the wall model
used here.

In our simulations, the global number density n is kept
fixed, n = 0.1σ−3 in every configurations. Other geometric
parameters like L, B, H , and the number of the molecules
N are changed as shown in Table 2. The values of δ are
chosen such that the difference of the square of the molecular
velocity between the inlet and outlet is small enough so that
the stream velocity is much smaller than the thermal speed.
From the microscopic viewpoint, the local stream velocity
is the local average velocity of the molecules, and from the
macroscopic viewpoint, it is the flow speed v in the Navier-
Stokes equations and thus connected to the pressure gradient
∇p (or volume force ργ). On the other hand, the thermal
speed is the root mean square of the molecular velocity and
is directly connected to the local temperature T . The slope of
the simulated total pressure distribution along the channel
(see Figures 2 and 3) is used to determine the pressure
gradient −Δp/Δx and the equivalent external acceleration
ργ used in the acceleration-driven flow simulations. The
quantity ρ is the average mass density of the system, ρ = mn.
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The computation with Leap-Frog Verlet integration scheme
is carried out for 108 time steps from equilibrium, each of
which is equal to 0.005 unit time τ = √

mσ2/ε0. The height
and length of the channel are divided into 50 layers to
determine accurately the distribution of local velocity v,
temperature T , and pressure tensor P. The local velocity v
measured in one bin located at r is given by

v(r) = 1
nbin

∑

ri∈bin

vi, (21)

nbin being the particle number in the bin. The local pressure
P (IK1-model) is

P(r) = 1
Vbin

×
⎡

⎣

∑

ri∈bin

m(vi − v)⊗ (vi − v)− 1
2

∑

ri∈bin

r(i j) ⊗ f(i j)

⎤

⎦.

(22)

The pressure components were also computed by using the
method of plane [17, 26]. With α, β being x, y, or z, the
pressure component Pβα along direction β and acting on the
area element Aα normal to the axis α is defined by

Pβα(r) = 1
τAα

∑

ri∈Aα

m
(

viβ − viβ
)

(viα − viα)

viα

+
1

τAα

∫

dt
∑

ri j∩Aα ,i< j

f
(i j)
β .

(23)

In (23), the first sum is for all molecules crossing the area
element Aα over the period τ, and the second sum is for all
pairs whose distance vectors cut the area element Aα. The
temperature T of one bin is then calculated by

T(r) = m

3kB

〈

‖v − v‖2
〉

bin
. (24)
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Figure 4: Distribution of pressure Pxx along the channel for
pressure-driven flow case (Kn = 0.05, rc = 21/6σ , ε = 0.1ε0, and
δ = 10−3ε0/mσ) computed by (22) and (23). The pressure unit is
[ε0/σ3].

In what follows, the x-distributions of pressure, temperature,
and density correspond to an average on y and z of the
local quantities p(r) and n(r). They are denoted as p(x) =
〈p(r)〉y,z and n(x) = 〈n(r)〉y,z, respectively. Analogously,
the profile along z of velocity, temperature, and density
corresponds to an average on x and y of local quantities
with the notations: v(z) = 〈v(r)〉x,y , T(z) = 〈T(r)〉x,y , and
n(z) = 〈n(r)〉x,y , respectively.

From the simulations, the axial pressure distribution is
plotted in Figure 2 for the pressure-driven and the accelera-
tion-driven flows with Kn = 0.05, rc = 21/6σ . As expected, for
the acceleration-driven flow case, the pressure is constant. In
contrast, the pressure distribution for pressure-driven flow
decreases linearly. We note here that the slope of the pressure
curve, equal to Δp/Δx, is used to compute the value γ in the
acceleration flow simulation according to the formula γ =
−Δp/(ρΔx). Under the simulation conditions n = 0.1σ−3,
Tw = 2ε0/kB, and rc = 21/6σ , ε = 0.1ε0, the kinetic part pK
of the pressure dominates.

In order to know how the pressure difference is dis-
tributed in the x-, y-, z-directions, the pressure components
Pxx, Pyy , and Pzz along x are plotted in Figure 3. All the
three pressure components decrease with x, and the slopes
are almost the same. The values of components Pxx, Pyy are
very close, whereas the value of component Pzz is smaller
because the fluid is confined in the z-direction. Although
the difference between the pressure components is small (less
than 4%), it implies that the velocity distribution deviates
from the equilibrium distribution. Because the pressure p is
the average value of Pxx, Pyy , Pzz, the p-curve lies between the
others and has the same slope. It should be noted that (22)
and (23) lead to relatively close results when considering the
average axial pressure component Pxx (see Figure 4). Figure 5
shows that the fluid density distribution n(z) across the
channel width varies slightly around the average density n,
except near the walls where it can be as high as 1.4n. However,
the phase diagram for LJ fluid [25] shows that the fluid near
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the wall is still in gas state. In our simulations, n and ε are
chosen to be very small (n = 0.1σ−3, ε = 0.1ε0), and the fluid
temperature near the wall is relatively large (the temperature
of the wall is Tw = 2ε0/kB). The fluctuation of the density
profile shows that the incompressibility assumption is no
longer valid, especially near the channel walls. However, the
fluctuations being localized, it is interesting to check if the
analytical solutions presented in Section 2 still agree with the
MD solutions.

Figure 6 shows that acceleration and pressure-driven
flows exhibit parabola-like velocity profiles in the center
region of the channel, in agreement with (3). Near the wall
where the Knudsen layer dominates, the velocity distribution
tends to deviate from the solution given by (3), and a
velocity slip at the wall is predicted. Based on the kinetic
theories, different models have been derived to explain the
slippage [5], and generally, the slip effect becomes important
when the Knudsen number increases. The little difference
in velocity profile between the two types of flow shows
that, despite their different microscopic natures, volume
forces can be seen as equivalent to pressure gradients at the
macroscopic scale.

About the temperature profile across the channel width,
there is no visible difference between acceleration and
pressure-driven formulations whatever Kn (Figure 7). The
temperature profile cannot be fitted by any of the three
approximate analytical solutions ((4)–(6)). The temperature
is minimal at the center of the channel and increases rapidly
near the wall, which does not agree with the approximate
solutions obtained with the incompressible assumption ((4)-
(5)). With the simulation conditions reported in Table 2, this
reverse trend cannot thus be explained by using the incom-
pressible flow equations. This anomaly was also observed by
using DSMC method [27] and super-Burnett (SB) method
[28]. Note that the flow speeds in our simulations are very
small, as in [27, 28].

Next, we study the influence of γ and δ on the temper-
ature profile. By increasing the acceleration parameter γ or

Table 3: Input data for MD simulations in Section 4.2.

n
[σ−3]

N
L

[σ]
B

[σ]
H

[σ]
δ

[ε0/mσ]
Tw

[ε0/kB]

0.1 2400 86.2 6.5 43.1 1× 10−3 2

0.8 2400 86.2 3.2 43.1 1× 10−3 2

(n, ε, rc) = (0.1σ−3, ε0, 2.5σ), (0.8σ−3, ε0, 21/6σ).

the δ-parameter (squared velocity), the stream velocity is
increased. A change in the form of the temperature profile
is observed in Figures 8 and 9 as γ (or δ) increases. At high
values of γ (or δ), the temperature profiles seem to be closer
to the approximate solutions which predict a maximum at
the center of the channel and a minimum at the walls. At
small values of γ (or δ), the temperature profiles for the
two flow types differ just a little. However, at high values
of γ (or δ), the discrepancy becomes more important: the
curvature at the center of channel for the pressure-driven
flow case is higher than that for the acceleration-driven
flow case. Using a curve-fitting procedure, we find that the
temperature profile of the pressure-driven flow case agrees
quite well with the quartic expression (5). The temperature
for the acceleration-driven flow case does not fit well with
(4). To explain this discrepancy, Todd and Evans [6] argued
that the transport coefficients are not constant and that an
additional cross-coupling between strain rate and heat flux
exists. They proposed a correction to (5) with a z6-extraterm
for the temperature profile (see (6)). The dashed line drawn
in Figure 9 shows that the sextic polynomial fits very well the
present numerical results.

4.2. Applications to More General Cases and Rib-Roughened
Channels. The application of the method to cases for which
the fluid particles interact strongly, that is, the potential
pressure pV is of the order of pK , is considered in that section.
The case of rib-roughened channels is also briefly discussed.

With the algorithm developed in the previous section,
two cases were considered with the same parameters, except
for the cutoff distance rc and density number n. In the first
case, n = 0.1σ−3, and the cutoff distance is set to rc =
2.5σ (attractive-repulsive interaction). In the second case, the
fluid density is increased up to n = 0.8σ−3 while setting
rc = 21/6σ as in the previous section. The well depths ε
are the same in both cases and equal to the reference value,
that is, ε = ε0. All the parameters for these two cases are
summarized in Table 3.

In the first case (n = 0.1σ−3), Figure 10 displays the
kinetic part pK and the virial pressure p according to (11)
along the channel. Except a slight curvature in the pK curve,
both pressure curves decrease continuously and linearly. The
relative difference between the slopes of both curves is less
than 1%, which means that the gradient of the potential
part ΔpV /Δx is also small in comparison with the kinetic
part ΔpK/Δx even if pV is not negligible (|pV /pK | � 0.2).
In the second case (n = 0.8σ−3), Figure 11 shows a totally
reverse trend: both the virial pressure profile and its potential
part decrease with x. The variation of the potential part
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contributes to 80% of the virial pressure variation with
Δp/Δx = −0.0177 and ΔpV /Δx = −0.0159. We conclude
that the method is convenient for generating virial pressure
profiles which decrease in the axial direction.

Next, we consider the velocity profiles across the channel
section for these two cases. The velocity profiles (Figure 12)
agree then with (3). The slip length for the case n =
0.8σ−3 is smaller than for the case n = 0.1σ−3 because the
mean free path is decreased when the density number is
increased. When computing the average pressure component
Pxx along the channel, Figure 13 shows that there is no visible
difference between (22) and (23).

It should thus be emphasized that the present method is
relevant to generate various fluid flows even if we control
only the difference between the inlet- and outlet-squared
molecular velocities. The potential part pV , which depends
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pressure gradient or parameter δ (Kn = 0.05, rc = 21/6σ , and ε =
0.1ε0). The dashed lines are based on equation c0 − c2ẑ2 − c4ẑ4 that
best fits the numerical results. c0 = 3.07, c2 = 4.16, and c4 = 12.8 for
γ = 0.1ε0/mσ , c0 = 1.74, c2 = 2.5, and c4 = 1.0 for γ = 0.05ε0/mσ .

on the interatomic interaction, can vary along the flow direc-
tion. As shown numerically, the variation of pV contributes
considerably to the pressure gradient.

The third case aimed at modeling the flow within a rib-
roughened channel. The parameters are the same as in the
second case (n = 0.8σ−3, rc = 21/6σ), but the channel height
is suddenly reduced in its middle part by inserting on both
walls ribs of height h and length l. The rib-to-channel width
ratio is equal to h/H = 0.8 and l/L = 0.3 (Figure 14).
Figure 14 exhibits the onset of two vortices close to the rib
corners at the upstream section. It is also shown that the
fluid flow is highly nonuniform and characterized by wavy
streamline patterns within the downstream region. From
Figure 15, the axial pressure variations are rather different
from those predicted for smooth channels. Although the
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variations of the axial pressure predicted by (22) and (23)
are quite similar, there are considerable differences between
them. The MOP pressure is 8% smaller than the IK1
pressure. The changes in pressure at the downstream and
upstream sections display also smoother pressure variations.
This considerable difference is due to the strong inhomo-
geneity of the fluid within the channel. Generally, the MOP,
based on the hydrodynamics equation, must be used in such
situation.

5. Conclusions

In this work, we have used a molecular dynamics method
for simulating pressure-driven flows in channels. The main
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Figure 14: Streamlines in a rib-roughened channel. The color
represents the fluid density field.
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novelty lies in the modification of the periodic inlet and
outlet velocity conditions: the difference in squared velocity
between the ingoing and outgoing molecules of the simula-
tion domain is maintained constant.

Plane Poiseuille flows were simulated, and the results
were compared with approximate analytical solutions of
the Navier-Stokes and energy equations reported in the
literature. This new method has been proven to be realistic
and could be applied to many problems with a nonconstant
axial pressure gradient: flows around obstacles or in rough
channels, for example. The method appears thus relevant
for modeling compressibility effects as well as temperature
variations along the flow direction, a domain unfulfilled by
the usual molecular dynamics methods.
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Nanofluids are being considered for heat transfer applications; therefore it is important to know their thermophysical properties
accurately. In this paper we focused on nanofluid specific heat capacity. Currently, there exist two models to predict a nanofluid
specific heat capacity as a function of nanoparticle concentration and material. Model I is a straight volume-weighted average;
Model II is based on the assumption of thermal equilibrium between the particles and the surrounding fluid. These two models
give significantly different predictions for a given system. Using differential scanning calorimetry (DSC), a robust experimental
methodology for measuring the heat capacity of fluids, the specific heat capacities of water-based silica, alumina, and copper oxide
nanofluids were measured. Nanoparticle concentrations were varied between 5 wt% and 50 wt%. Test results were found to be in
excellent agreement with Model II, while the predictions of Model I deviated very significantly from the data. Therefore, Model II
is recommended for nanofluids.

1. Introduction

Nanofluids are unique fluids consisting of nanoparticles sus-
pended in a base fluid. They are currently being considered
for use by a wide range of industries from energy to manufac-
turing to medicine.

The ability to customize the characteristics of the nano-
fluids—through particle material selection—makes them at-
tractive candidates for heat transfer applications. For exam-
ple, nanofluids can be used as a medium to more effectively
transfer energy captured from solar arrays or cool nuclear
reactors.

Recent research has indicated that dispersions of nano-
particles in a base fluid, known as nanofluids, can increase
the boiling critical heat flux and overall performance of ther-
mal systems. Typical nanoparticle concentrations may range
from 0.01 wt% to 50 wt%, and common particle materials
include silica, alumina, copper oxide, zirconia, and carbon
nanotubes [1–3]. Water often serves as the base fluid though
other liquids such as ethylene glycol have been used [1].

As nanofluids are being considered for thermal applica-
tions, it is necessary to be able to predict their thermophysical
properties accurately. Because nanofluids were initially con-
sidered for thermal conductivity enhancement, this property
has been extensively studied [2–4]. However, there have been
fewer examinations of nanofluid specific heat capacity [5, 6].
It is the objective of this paper to complement existing
research by (i) measuring the specific heat capacity of water-
based silica, alumina, and copper oxide nanofluids and (ii)
comparing the predictions of two popular nanofluid specific
heat capacity models to data.

2. Specific Heat Models

There are two specific heat models widely used in the
nanofluid literature. Model I is similar to mixing theory
for ideal gas mixtures [3]. It is a straight average relating
nanofluid specific heat, cp,n f , to basefluid specific heat, cp, f ,
nanoparticle specific heat, cp,n, and volume fraction, ϕ. Using
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these parameters, Model I calculates the nanofluid specific
heat as

cp,n f = ϕcp,n +
(

1− ϕ
)

cp, f . (1)

While it is simple and thus commonly used, Model I has
little theoretical justification in the context of nanofluids.

Model II [3, 7] is based on the assumption of thermal
equilibrium between the particles and the surrounding fluid.
Starting from an arbitrary mass of nanofluid mnf , of volume
Vn f and with a nanoparticle volumetric fraction ϕ, the
nanofluid density is obviously ρn f = mnf /Vn f = ϕρn +
(1 − ϕ)ρ f , where the particle and fluid densities are ρn and
ρ f , respectively. The energy required to elevate the nanofluid
mass is ϕVn f (ρcp)n + (1 − ϕ)Vf (ρcp) f . Therefore, the

nanofluid specific heat capacity per unit mass of nanofluid,
that is, the nanofluid specific heat, is

cp,n f =
ϕ
(

ρcp
)

n
+
(

1− ϕ
)

(

ρcp
)

f

ϕρn +
(

1− ϕ
)

ρ f
. (2)

A rigorous derivation of (2) is presented also in [8].
Predictions of nanofluid specific heat capacity were

made using both models and compared to experimental
measurements. Water was the base fluid of all nanofluids
used in this investigation. Therefore, handbook values
of temperature-dependent water specific heat and density
were used in calculating theoretical nanofluid specific heat
[9]. Additionally, the specific heat and density of the
nanoparticles were assumed to be equal to the respective
thermophysical properties of particle material in bulk form.

3. Nanofluids

The specific heat capacities of three nanofluids were ana-
lyzed: alumina-water (Nyacol AL20DW), silica-water (Ludox
TMA 420859), and copper-oxide-water (Alfa Aesar 45407).
Selected nanofluid properties are presented in Table 1.

The stock nanofluids were obtained from commercial
vendors and diluted with deionized water to vary their
concentrations. Prior to mixing, the nanofluids were man-
ually agitated to ensure uniform dispersion. Dilution was
performed by weight percent using a Mettler Toledo XS105
balance. Four unique concentrations were prepared for each
nanofluid and are listed in Table 2. For each concentration,
two identical samples were prepared and tested.

While nanofluids were diluted and prepared according
to their weight fraction, calculations were performed using
volume fraction. Using the nanoparticle volume, Vn, and the
water volume, VH2O , the volume fraction can be calculated
as

ϕ = Vn

Vn + VH2O
. (3)

Substituting in nanoparticle mass, mn, and density ρn,
and water mass, mH2O, and density, ρH2O (3) can be rewritten
as

ϕ = mn/ρn
mn/ρn + mH2O/ρH2O

. (4)

Table 1: Nanofluid.

Nanofluid Particle size (nm) pH Specific gravity

NYACOL AL20DW 50 nm 4.0 1.19

Ludox TMA 420859 32 nm 4.0–7.0 1.22–1.24

Alfa Aesar 45407 30 nm 4.6 1.50

Table 2: Nanofluid sample concentrations.

Nanofluid Alumina-water Silica-water Copper-oxide-water

Conc. 1 (stock)
20 wt% 34 wt% 50 wt%

(6.4 vol%) (19.0 vol%) (13.7 vol%)

Conc. 2
15 wt% 25.5 wt% 37.5 wt%

(4.6 vol%) (13.5 vol%) (8.7 vol%)

Conc. 3
10 wt% 15 wt% 25 wt%

(2.9 vol%) (8.5 vol%) (5.0 vol%)

Conc. 4
5 wt% 8.5 wt% 12.5 wt%

(1.4 vol%) (4.1 vol%) (2.2 vol%)

Equation (4) can be used to determine the nanoparticle
volume fraction of nanofluid concentrations created by
dilution with deionized water.

4. Measurement Method

A heat-flux-type differential scanning calorimeter (TA
Instruments Q2000) was used to measure the nanofluid
specific heat capacities. The differential scanning calorimeter
(DSC) measures the heat flux into a sample as a function
of temperature during a user-prescribed heating regime. It
accomplishes this by comparing the heat flux into a pan
containing the sample with the heat flux into an empty pan.
Hermetically sealed aluminum pans (TA Instruments) were
used in the tests presented here.

The classical three-step DSC procedure was followed
to measure specific heat capacity [10, 11]. Additionally,
testing procedures adhered to protocols set forth in the
ASTM Standard Test Method for Determining Specific Heat
Capacity by Differential Scanning Calorimetry (E 1269-05).

The three-step DSC procedure begins with designing a
heating regime, which should contain the temperature range
of interest. Next, a measurement is taken with two empty
sample pans loaded into the DSC. During this measurement,
the baseline heat flux, Q0, is obtained. The results of this
measurement indicate the bias in the machine, allowing for
it to be accounted for during data reduction.

The second measurement is of a reference sample, with
a known specific heat, cp,ref. A pan containing the reference
sample and an empty pan are loaded into the DSC. The heat
flux into the reference sample, Qref, is recorded throughout
the identical heating regime.

The third measurement is made on the actual sample
of interest. A pan containing the sample and an empty pan
are loaded into the DSC. The heat flux into the sample,
Qsample, is recorded during an identical heating regime as the
previous two measurements. The heat flux curves from the
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three measurements are used to comparatively determine the
specific heat of the sample, cp,sample, where

cp,sample =
Qsample −Q0

Qref −Q0

mref

msample
cp,ref (5)

andmref andmsample represent the masses of the reference and
sample, respectively. Sample masses were measured using a
Perkin Elmer AD6 autobalance.

In these tests, deionized water was used as the reference
sample, with specific heat values obtained from Perry’s
Chemical Engineers Handbook [9]. The DSC heating pro-
cedure consisted of three steps:

(1) equilibrate and remain isothermal at 25◦C for one
minute,

(2) ramp to 75◦C at 10◦C/min,

(3) remain isothermal at 75◦C for one minute.

Heat flux measurement was continuous from 25◦C to
75◦C. However, for analysis, specific heat capacities were
calculated at 35◦C, 45◦C, and 55◦C. For each sample of
nanofluid concentration, three measurements were taken.
These values were then averaged to yield the data points and
related standard deviations presented in Figures 1, 2, 3, 4, 5,
6, 7, 8, and 9.

Prior to nanofluid measurement, this DSC methodology
was validated by analyzing two pure fluids, ethylene glycol
and glycerin. The results obtained from these measurements
were compared against handbook values of specific heat for
these liquids [12]. All experimental data are reported in
Section 6.

5. Uncertainty Analysis

The measurement uncertainty for the specific heat was
calculated by propagating the precision uncertainties of all
individual measurements required to determine the specific
heat. Equation (5) suggests there is a precision error asso-
ciated with the heat flux measurements as well as the mass
measurements. If all variables are assumed to be distributed
normally, the overall measurement uncertainty, μtotal, is

μtotal =

√

√

√

√

√

n
∑

i

(

∂cp,sample

∂xi
ui

)2

. (6)

Here, xi is the independent variable to be estimated
and μi is the manufacturer reported precision of the mea-
surement method. Here, (5) is substituted into (6) and the
appropriate derivatives are taken to capture all measurement
uncertainties. In this instance, each specific heat capacity
measurement requires three heat flux measurements and two
mass measurements. The associated precision uncertainties
are reported in Table 3.

From this analysis, the precision uncertainty in the
measurement of specific heat capacity for Model II was found
to be about 0.07 (J/g-K).

Table 3: Reported measurement uncertainties.

xi μi (±) Equipment type

Qs 1.2 mW TA Instruments Q2000

Qref 3.3 mW TA Instruments Q2000

Q0 10 μW TA Instruments Q2000

msample 0.2 μg Perkin Elmer AD6

msample 0.2 μg Perkin Elmer AD6

Table 4: Propylene glycol.

Temperature (◦C) Theoretical cp (J/g-K) Measured cp (J/g-K)

35 2.56 2.54 ± 0.191

45 2.62 2.64 ± 0.185

55 2.65 2.65 ± 0.185

Table 5: Glycerin.

Temperature (◦C) Theoretical cp (J/g-K) Measured cp (J/g-K)

35 2.39 2.41 ± 0.008

45 2.41 2.42 ± 0.002

55 2.42 2.44 ± 0.001

6. Results and Discussion

DSC measurements of pure ethylene glycol and glycerin were
in good agreement with literature values of specific heat
capacity. The results of these tests, presented in Tables 4 and
5, validate the DSC methodology and machine calibration.

Figures 1, 2, 3, 4, 5, 6, 7, 8, and 9 show the nanofluids data
and the curves predicted by Models I and II. As expected,
as nanoparticle concentration increases, the specific heat
capacity decreases. However, Model I largely underestimates
the decrease, while Model II offers a much more accurate pre-
diction of nanofluid specific heat capacity. These conclusions
are consistent with the alumina nanofluid results reported
in [3] and expand the validity of Model II to silica and
copper oxide nanofluids. In [3], the researchers also found
there to be a sharp departure from Model I with increasing
nanoparticle volume fraction.

Even for Model II, there appear to be small discrepancies
between the data and predictions. These could come from
errors in the listed stock nanofluid concentrations, experi-
mental uncertainties in dilution, or inconsistencies in using
the bulk material properties in the model, instead of the
actual nanoparticle properties. Recent research suggests that
these properties may differ if the material is in nanoparticle
form versus bulk form [8]. Investigation of these effects is left
for future work.

7. Conclusions

Using a heat flux differential scanning calorimeter (DSC),
the specific heat capacities of water-based silica, alumina,
and copper oxide nanofluids at various nanoparticle concen-
trations were measured. The DSC procedure was validated
by measuring the specific heat capacities of pure ethylene
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Figure 1: Alumina-water at 35◦C.
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Figure 2: Alumina-water at 45◦C.

glycol and glycerin, which were confirmed against handbook
values. The nanofluid data were used to test the predictions
of two popular mixture models for specific heat. The results
clearly suggest that the model based on particle/fluid thermal
equilibrium (Model II) yields more accurate predictions
than the model based on a straight volume-weighted average
of the particle and fluid specific heats (Model I). Given
its sound theoretical basis, we believeModel II is generally
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Figure 3: Alumina-water at 55◦C.
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Figure 4: Copper-oxide-water at 35◦C.

applicable, while Model I should be abandoned. To further
improve the accuracy of Model II, future investigations could
focus on measuring the actual density and specific heat of the
nanoparticles in dispersion and compare them to those of
the bulk materials. Additionally, future research to correlate
specific heat capacity with agglomeration and sedimentation
would be particularly beneficial, as such phenomena are
typically unavoidable in certain applications.
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Figure 6: Copper-oxide-water at 55◦C.
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Nomenclature

cp, f : Specific heat capacity of base fluid (J/g-K)
cp,n f : Specific heat capacity of nanofluid (J/g-K)
cp,n: Specific heat capacity of nanoparticle (J/g-K)
cp,ref: Specific heat capacity of reference (J/g-K)
cp,sample: Specific heat capacity of sample (J/g-K)
mnf : Mass of nanofluid (g)
mn: Mass of nanoparticles (g)
mH2O: Mass of water (g)
mref: Mass of reference (g)
msample: Mass of sample (g)
Qref: Heat flux into reference (Watts)
Qsample: Heat flux into sample (Watts)
Q0: Heat flux baseline (Watts)
Φ: Volume fraction (unitless)
ρ f : Density of basefluid (g/cm3)
ρn: Density of nanoparticles (g/cm3)
ρH2O: Density of water (g/cm3)
Vn f : Volume of nanofluid (cm3)
Vn: Volume of nanoparticles (cm3)
VH2O: Volume of water (cm3).
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Nanofluids are colloidal suspensions made of nanometer-sized particles dispersed in a conventional fluid. Their unusual
thermal properties explain intensive investigations for several thermal and industrial applications. In this work, an experimental
investigation was performed to measure the freezing point and to study the supercooling point made of alumina γ-Al2O3

nanoparticles with 30 nm diameter size and deionized water. Particles’ volume fraction used in this work is ranging from 1% to
4%. The T-historic method based on the measurement of the point of inflexion was performed to measure the thermal properties
such as the freezing point and the latent heat of solidification of the nanofluids for different concentrations. The results show that
the supercooling degree decreases for the high particles volume concentrations and that the agglomeration does not influence the
temperature of the freezing point. However, it makes the freezing process longer.

1. Introduction

Nanofluids are liquids suspensions containing nanoparticles
or nanofibers dispersed in a conventional liquid. Recent
researches showed an interesting thermal capacity compared
to the conventional liquids [1, 2]. Research efforts have
mostly been concerned with the characterization of thermal
and physical properties of nanofluids. Many experimental
studies focused on the measurement of thermal conductivity
[3, 4] and the measurement of dynamic viscosity [5, 6]
usually for a range of temperature between 20◦C and 60◦C.
Nguyen et al. [7] showed a singular phenomenon of hystere-
sis for high temperatures and high concentrations. Aladag et
al. [8] studied the rheological behavior of alumina/water and
aqueous nanotube of carbon nanofluids at low temperature
(less than 10◦C). Their results show the nanofluids are not
Newtonian and that the experimental results of dynamic
viscosity are much higher than those from the theoretical
models.

Several experimental investigations have revealed an
enhancement of the thermal performance in exchangers
[9, 10] and an impressive enhancement of the convective
heat transfer coefficient in horizontal tubes [11], whereas
many factors such as clustering of particles, agglomeration,
sedimentation, and the dissociation of the surfactant on the
effective thermal properties of nanofluids have an important
effect on the results.

The behavior of this type of fluid in a range of tempera-
ture below 20◦C is not much studied. Some papers show that
the behavior of these fluids at low temperature is no longer
Newtonian. Khaled and Vafai [12] investigated the effect of
the surfactant on the heat transfer, and his experimental
results show an influence of the surfactant by more than 20%
on the number of Nusselt obtained.

The complexity of the regulation of air conditioning
and refrigeration systems especially food industry requires
exchangers and buckles with negative temperatures. How-
ever, from the point of view of refrigerator performance, the
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most commonly used fluids such as water, ethylene glycol,
and oil have relatively low thermal conductivity. The high
conductivity of nanofluids can be a good solution.

Very few reports studied the thermal properties at low
temperature, especially at the freezing and supercooling
points. Wu et al. [13] investigated infrared instrument
to evaluate the freezing rate of alumina (Al2O3)/water
nanofluid for very low volume concentrations (less than
0.05%). They found that the addition of the nanoparticles
decreases strongly the degree of supercooling and reduces the
freezing time. Khodadadi and Hosseinizadeh [14] numerally
simulated the thermal energy storage of aqueous CuO
nanoparticles at low volume concentration (0.1% and 0.2%).
Their results show that freezing time decreases when the
particles, volume concentration increases.

The main purpose of this work is to study experimentally
the behavior of alumina γ-Al2O3/water nanofluids for the
freezing process and to measure the thermal properties using
T-history curves for a range of volume fraction of 1–4%.

The T-history method (modified) used in this study
is based on the inflection point as the boundary between
phase change and solid-state periods [15, 16]. Hong et al.
[17] showed 40% discrepancy between the original T-history
and the modified T-history method when analyzing the
experimental data.

Three different tests are investigated in this present work.
The first test involves putting the nanofluid (initially at

20◦C) in a cold room stabilized at temperature −16◦C. The
acquisition is made at a pace of 45 s.

In the second test, initially the temperature of alumina/
water nanofluids and the cold room is the same as 20◦C.
Then, the temperature is decreased gradually and simulta-
neously to −15◦C.

The third test reproduces the second for nanofluids sam-
ples with the same volume concentration and more or less
clustering of nanoparticles.

The first part of this paper presents the T-history method
and the experimental setup. The second part analyzes the
results of the behavior of alumina/water nanofluids at the
freezing point.

2. Method of the Historic of the Curves

As shown in Figure 1, the temporal evolution (T-history
curve) of cooling process of water consists of three phases.
The first one corresponds to the cooling of the liquid phase
solution (sensible heat). The second phase is horizontal flat
parts where the state changes from liquid to solid (latent
heat). Finally, the third phase corresponds to the cooling of
the ice (solid) solution (sensitive heat). If the T-history curve
maintains at a constant temperature in the latent heat range,
the selection of range is very easy. Unfortunately, most of T-
history curves show typical phenomena (supercooling).

There are three main temperatures on the T-history
curves.

There is the initial temperature of the horizontal flat parts
“plateau” Ts which cannot be determined intuitively because
of the supercooling process.
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Figure 1: T-history curve of water and evolution of temperature
with time.

There is the equilibrium freezing temperature Tm where
the phase change occurs. Rahman et al. [18] defined it as the
temperature in which the slowest cooling rate is observed.

The final temperature of the plateau Ti is defined by the
end of latent heat range. This temperature can be calculated
using the inflexion point method.

In this present work, the equilibrium temperature of
freezing process Tm is evaluated directly from the acquisition
data when no difference between two consecutives measure-
ment is observed. The final temperature Ti is obtained using
the slope method (Figure 2(a)).

Figure 2(b) shows the slope (derivative in ◦C/s) of the
cooling curve for water as a function of cooling time. When
the amount of ice formation decreases, the slope started to
increase and reached the highest value of plateau. The end
of freezing is defined when the cooling rate is the highest. So
Ti is the highest slope value corresponding to the end of the
plateau.

The slope decreases to a minimum before ice crystal
formation starts. This minimum corresponds to Ts, the
supercooling temperature.

The latent heat of solidification is evaluated as the
amount of energy required in the second phase (horizontal
flat parts) which starts at the beginning of the supercooling
process and finishes at the end of the plateau.

3. Determination of
the Latent Heat of Solidification

The energy equations including the phase change of water
in a tube placed in a room at constant temperature Ta are,
respectively as follows.
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Figure 2: (a) Evolution of first derivative (◦C/s) with time, (b) infection point (end of plateau) for water.

For the liquid sensible heat range between t0 and ts,
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with
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(3)

The latent heat solidification of the fluid is given by

H = [B(Tm − Ti)]
mnf

, (4)

with

B =
(
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(
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)

+ mnf

(
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)

nf

)
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(

A1

A2

)

−
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(
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)

t
+
mnf

((

cp
)

nf
+
(

cp
)

nfice

)

2

⎞

⎠.

(5)

A1 and A2 correspond to the area below the curve in the
considering period shown in Figure 1.

4. Description of the Experimental Setup

The experimental setup for the cooling process is shown in
Figure 3. Identical test tubes for three samples of nanofluids

Figure 3: Experimental setup.

for each concentration and for reference fluid (pure water)
are placed in an insulated cold room which was previously
at −16◦C. The test tubes racks were disposed on a table in
the middle of the cold room (Figure 3). This room has got a
ground area of 12 m2 and a height of 2.5 m. It is cooled by a
double-flux distributor situated at the ceiling and connected
to a refrigerator.

The Pt100 sensors are placed axially and at midheight
for each test tube to measure the temperature variation. To
visualize the temporal evolution of temperatures, the sensors
Pt100 are joined to a power station acquisition Agilent
34970 A permitting a temperature precision of 0.1◦C.

5. Validation of the Installation

The experimental setup is validated using water at PH = 5.
Each tube contains 15 mL of sample. The tubes have the
following characteristics: mt = 0.03 kg, vt = 20 mL, and
Cpt = 800 J/kgK.
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Figure 4: Evolution of Al2O3 nanoparticles size with the intensity
distribution (%).

Initially at ambient temperature (20◦C), the samples are
placed in the center of the cold room stabilized at−16◦C with
a precision of 0.2◦C. The temporal evolution of temperatures
in the center of each sample is raised by the power station
of acquisition which is made at a pace of 45 s. The results
are calculated from the average temperature of three samples.
Figure 1 shows the T-history curve for pure water.

Regarding the relative uncertainty on all the measure-
ments (mass, temperature, time, and Cp), and the (1) to (8),
the latent heat of water (Table 1) is obtained with a relative
uncertainty of 15%.

6. Results

6.1. Nanofluids Properties. The nanofluids used in this work
are composed of demineralized water with pH = 5, alumina
nanoparticles (γ-Al2O3), and 1% (mass concentration) of
surfactant. The mass concentration of the nanofluids was
initially 49.9% and has been diluted to get samples with
volume concentrations of 1%, 2%, 3%, and 4%. The relation
bellow allows the transition between mass and volume
concentrations:

ϕv =
ϕw

(

ρ f /ρp
)

(

1− ϕw

(

1− ρ f /ρp
)) . (6)

The characteristics and the thermal properties of the base
fluid (pure water) and the solid nanoparticles (γ-Al2O3) used
in this study are presented in Table 2.

6.1.1. The Density. We supposed that the density of the
particles is constant in the range of temperature used, and we
take into account the variation of the water density according
to the temperature. We neglected the presence of surfactant,
and the relation used is the following:

ρnf =
(

1− ϕν

)

ρ f + ϕνρp. (7)
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6.1.2. The Specific Heat. The specific heat of nanofluids was
obtained from the equation given by Xuan and Roetzel [19]
who supposed that the nanoparticles are immiscible in water,

(

Cp

)

nf
= (1− ϕv

)

(

Cp

)

f
+ ϕv

(

Cp

)

p
. (8)

The same relation is used in solid phase considering the
specific heat of ice for the base fluid.

6.1.3. Dispersion of Nanoparticles. To control the dispersion
of alumina/water nanofluids, we investigated an experi-
mental test based on measuring the size of nanoparticles
by dynamic light scattering by using a Zetasizer Nano S
(Malvern Instruments). This method can detect the presence
of agglomerates [20]. Figure 4 illustrates the particles size
distributions of alumina (γ-Al2O3)/water nanofluids. The
particles’ size distribution possesses just one peak which
shows that our nanofluids are stables. The average particles
size is around 400 nm, and it is greater than the initial
particles size. It is because there is particles agglomeration.

6.2. Test 1 (Freezing Process of Nanofluid). In this test, we put
the tubes racks of the samples of alumina/water nanofluids
initially at the ambient temperature (20◦C) at the center
of the cold room stabilized at −16◦C. Figure 5 shows the
T-history curves of alumina/water nanofluids and of pure
water. We can notice that the solidification phase for different
concentration of alumina/water nanofluids is nearly similar
to water solidification phase. The freezing point is close to
Tc = 0◦C. Therefore, Figure 6 shows that the freezing degree
decreases when the particles volume concentration increases.

However, the difference between the samples is still very
low; the freezing temperatures of the samples vary on a
range of 0◦C to −16◦C. In addition to this, the sensors
Pt100 have a precision of 0.1◦C. So it is hard to evaluate
objective conclusions with regard to the variation of the
freezing temperature for volume fraction range of 1% to 4%
of alumina/water nanofluids.
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Table 1: Characteristic of T-history curve and heat latent results.

0% 1% 2% 3% 4%

T0 (◦C) 19.5 19.4 19.6 19.6 19.7

Ta (◦C) −16.0 −16.0 −16.0 −16.0 −16.0

Ts (◦C) −0.2 −0.4 −0.3 −0.3 −0.5

Tm (◦C) 0 −0.1 -0.0 -0.0 −0.1

Ti (◦C) −5.3 −5.9 −6.0 −6.1 −6.5

H (kJ/kg) 332± 32 315± 47 276± 41 238± 36 293± 44

Table 2: Thermophysical properties of different phases (water/
Al2O3 nanoparticles).

Property Base fluid (water) Nanoparticles Al2O3

Cp (J/kg·K) 4182 773

ρ (kg/m3) 998.2 3880

k (W/m·K) 0.6 36

Particles diameter (nm) —– 30
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Figure 6: Precision of melting fusion of nanofluid (plateau).

If we compare only the T-history curve of alumina/water
nanofluid at 4% volume fraction with pure water (Figure 6),
we will notice that the points of measurement of alu-
mina/water nanofluids (dotted line in Figure 5) are not in the
range of uncertainty of pure water, and vice versa. The results
in Table 1 show that the latent heat of solidification decreases
with increasing the concentration of particle.

6.3. Test 2 (Supercooling Point of Nanofluids). Initially the
temperature of the nanofluids and the cold room was sta-
bilized at 20◦C (ambient temperature). The test tubes racks
were disposed on a table in the middle of the room. Then,
the temperature decreased gradually and simultaneously to
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Figure 7: T-history curve of 4 nanofluids (1%, 2%, 3%, and 4%),
evolution of supercooling (Test 2).

−15◦C. Figure 7 shows the T-history curves of alumina/water
nanofluids and of pure water. Unlike the first test, in this
second test, we can observe the supercooling process for
all the samples. We noticed that the supercooling degree
decreases when the volume fraction of Al2O3 nanoparticles
increases. However, it is not possible to establish a correlation
between the supercooling degree observed and the percent-
age of volume concentration of the nanofluids. It is due
to the uncertainty of measurements and the phenomena of
agglomeration and sedimentation of the nanofluids. In fact,
it is difficult to evaluate the homogeneity and the dispersion
rate of agglomeration or sedimentation of every solution.

The supercooling temperature obtained for this test is
Ts (0%) = −7.8◦C; Ts (1%) = −3.4◦C; Ts (2%) = −2.4◦C;
Ts (3%) = −0.6◦C; Ts (4%) = −4.2◦C.

6.4. Test 3 (Sedimentation of Nanofluid). This third experi-
ence consisted in observing the impact of the sedimentation
of the Al2O3 nanoparticles on the freezing phase and the
supercooling point. We have let six samples of the same
volume fraction (3%) stand for 16 hours and 30 minutes.
Then three samples have been agitated just before starting
the cooling process (Test 2). The cold room was stabilized at
−5◦C.
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The T-history curves for the six samples of Al2O3

nanoparticles (Figure 8) show that the impact of agglom-
eration on the freezing point is insignificant. However, the
supercooling time increases strongly with agglomeration.
In fact, the agitation allows a good dispersion for the
Al2O3 nanoparticles, but their agglomeration encourages
germination.

7. Conclusion

Three experimental tests were performed to measure the
freezing point and to study the supercooling point made
of alumina γ-Al2O3 nanoparticles with 30 nm diameter size
and deionized water. The results show that the solidifi-
cation phase for different concentration of alumina/water
nanofluids is nearly similar to water solidification phase,
and the freezing and supercooling degrees decrease when
the particles volume concentration increases and that is not
possible to establish a correlation between the supercooling
degree observed and the percentage of volume concentration
of the nanofluids due to the uncertainty of measurements
and to the phenomena of agglomeration and sedimentation
in the nanofluids. In addition to this, we found that the
impact of agglomeration on the freezing point is insignificant
and that the supercooling time increases strongly with
agglomeration.

The difference observed in the first test between water
and alumina nanofluids with 4% volume fraction shows
that for high-volume fraction of Al2O3 nanoparticles, the
solidification phase could be different from water.

The heat latent of solidification seems less important for
nanofluids in comparison to water.

Finally the impact of the surfactant and the dispersion of
nanoparticles must be better dominated to analyze in a more
precise way the cooling process.

Nomenclature

Cp: Specific heat, J/kg.K
m: Mass, Kg
K : Convective heat transfer, W/m2K
k: Thermal conductivity, W/mK.
V : Volume, m3

ϕ: Concentration
T : Temperature, ◦C, K
ρ : Density, kg/m3

S: Area, m2

Subscripts

t: Tube
f : Base fluid (water)
0: Starting point
m: Melting equilibrium
v: Volumic
p: Particle
nf: Nanofluid
nfice: Nanofluid solid phase
s: Supercooling
i: End of solidification
a: Ambient
w: Massic.
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Convective heat transfer can be enhanced passively by changing flow geometry and boundary conditions or by improving the
thermal conductivity of the working fluid, for example, introducing suspended small solid nanoparticles. In this paper, a numerical
investigation on laminar mixed convection in a water-Al2O3-based nanofluid, flowing in a triangular cross-sectioned duct, is
presented. The duct walls are assumed at uniform temperature, and the single-phase model has been employed in order to analyze
the nanofluid behaviour. The hydraulic diameter is equal to 0.01 m. A fluid flow with different values of Richardson number
and nanoparticle volume fractions has been considered. Results show the increase of average convective heat transfer coefficient
and Nusselt number for increasing values of Richardson number and particle concentration. However, also wall shear stress and
required pumping power profiles grow significantly.

1. Introduction

Heat transfer enhancement is a significant issue in the re-
search and industry fields. Several thermal device applica-
tions employ ducts characterized by noncircular cross-
sections, thus many investigations have concerned with this
topic. Different shapes of cross-section area have been an-
alyzed, like square, rhombic, rectangular, triangular, sinu-
soidal, elliptical ones, even with truncated corners [1–6].
In particular, triangular sectioned ducts are suitable for the
construction of compact heat exchangers because of their
compactness and cost effectiveness [7, 8]. In fact, compact
heat exchangers with triangular-sectioned passages provide
relative low fabrication costs because of the easy construction
with thin materials and high mechanical strength [9]. Inves-
tigations have been performed in mixed and forced convec-
tion, considering mainly the flow regime laminar and also
turbulent ones [10–15] and recently also microchannel have
been analyzed [16]. Experimental test [3, 14] and analytical
[17] and numerical methods [18, 19] are available in the
literature. The use of numerical methods is nowadays widely
adopted calculator powers and scheme strongly improved.

Several researchers developed and validated unstructured
grid meshes both in laminar and turbulent flow regime [18,
19] in order to predict the friction and heat transfer features
in triangular ducts. Moreover, different fluids have been
considered like gas, liquid, and non-Newtonian ones [11,
20].

Forced convection in a triangular duct is affected by
several parameters, including the apex angle, the hydraulic
diameter, the axial length, and the flow conditions. A com-
prehensive review of theoretical and experimental studies on
laminar forced convection and heat transfer in ducts having
noncircular sections has been performed by Shah and Lon-
don [21]. In particular, they provided the flow and thermal
performances of equilateral, isosceles, and right triangular
ducts in developed and thermal developing flow. For the
fully developed flow, a Nusselt number value equal to 2.47,
3.111, and 1.892 were reported for T, H1 and H2 boundary
conditions, respectively. A few works are reported on natural
[22] or mixed convection [10] in triangular sectioned ducts.
Ali and Al-Ansary [22] analyzed the natural convection in
vertical triangular ducts in laminar and transition regime,
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giving the critical values of the modified Rayleigh number for
the transition to turbulent flow. They underlined the local
axial (perimeter averaged) heat transfer coefficient decrease
in the laminar region and increase in the transition one.
Talukdar and Shah [10] studied the effect of Rayleigh number
on bulk mean temperature and Nusselt number in triangular
ducts with different apex angles. They pointed out the
increase of these parameters for increasing Rayleigh numbers
and the higher heat transfer rate from the bottom bound-
ary.

According to Bergles [23] there are several enhancement
techniques available. Among them, passive techniques, em-
ploying special surface geometries, rough surfaces, extended
surfaces or swirl flow devices, and fluid additives for the
enhancement can be adopted [24]. An innovative way to
improve the fluid thermal conductivity consists of the in-
troduction of nanosize particles suspended in the working
fluids. The so-called nanofluids are composed by a base fluid
and solid particles with a diameter smaller than 100 nm.
They are becoming more and more popular, and there is a
fast growth in the number of scientific research activities in
these topics in order to evaluate solutions to develop efficient
heat exchangers or cooling devices [25–27]. In fact, several
investigations pointed out that nanofluid heat transfer
average coefficients could increase by more than 20% in
comparison with the base fluid coefficients also in the case
of low nanoparticle concentrations [28]. However, a critical
discussion about the lack of agreement among results from
different research groups must be pointed out. There are still
some difficulties in formulating efficient theoretical mod-
els for the predictions [29, 30], but this topic is still incom-
plete, as recently underlined by Gherasim et al. [31]. It is well
known that the evaluation of properties, like thermal con-
ductivity and viscosity, differs from different research groups
because of the numerical and experimental approaches and
processes adopted [32, 33].

The number of theoretical and experimental investiga-
tions on convective heat transfer in confined flows with na-
nofluids is growing. For example, experimental tests were
performed on forced convective heat transfer in laminar and
turbulent flow regime of nanofluids inside tubes in [34,
35]. Correlations for the Nusselt number, using nanofluids
composed of water and Cu, TiO2, and Al2O3 nanoparticles
were proposed. Experimental results for the convective heat
transfer of Al2O3 (27–56 nm)/water-based nanofluids flow-
ing through a copper tube in laminar regime was reported in
[36]. An experimental investigation was carried out to study
the mixed laminar convection of Al2O3-water nanofluid
inside an inclined copper tube submitted to a uniform wall
heat flux at its outer surface by Ben Mansour et al. [37].
Results showed that the experimental heat transfer coefficient
decreases slightly with an increase of particle volume con-
centration from 0% to 4%. They developed correlations to
calculate the Nusselt number in the fully developed region
for horizontal and vertical tubes, for Rayleigh number from
5 × 105 to 9.6 × 105, Reynolds number from 350 to 900
and particle volume concentrations up to 4%. Moreover, also
the number of numerical studies on nanofluids is growing,
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Figure 1: Sketch of the geometrical model.

and the analysis can be carried out by using two approaches.
It is possible to consider that the continuum assumption is
still valid for fluids with suspended nanosize particles at low
volume fractions or to adopt two-phase models in order to
describe both the fluid and the solid phase. The single-phase
model with physical and thermal properties, all assumed to
be constant with temperature, was employed in [38–41]. The
advantages of adopting nanofluids with respect to the heat
transfer mechanism were discussed in [38, 39], but it was also
found that the presence of nanoparticles led to significant
effects on growing wall shear stress and pumping power for
heated tubes in laminar and turbulent regime. For a given
Reynolds number, buoyancy force has a negative effect on
the Nusselt number, while the nanoparticles concentration
had a positive effect on the heat transfer enhancement and
also on the skin friction reduction, as pointed out in [40],
where the mixed convection in horizontal curved tubes was
performed. Mirmasoumi and Behdzadmehr [41] adopted a
two-phase model in order to describe the strong influence
of particle concentration on the thermal parameters, above
all on the tube bottom part and also at the near wall re-
gion.

In the present paper, a numerical investigation on lami-
nar mixed convection in ducts with an equilateral triangular
cross-section is presented. A constant and uniform temper-
ature is applied on the walls. Results are given to evaluate
the fluid dynamic and thermal features of the considered
geometry with different Richardson number values, adopt-
ing Al2O3/water nanofluid as the working fluid. Different
nanoparticle volume fractions are considered and the single-
phase model has been assumed.

2. Governing Equations

A computational analysis of a three-dimensional model con-
cerning with the mixed convection in a triangular cross sec-
tioned duct is considered, and its scheme is reported in
Figure 1. The aim is to evaluate its thermal and fluid-
dynamic behaviours and study the temperature and velocity
fields in the cases with Al2O3/water nanofluid as working
fluid. A constant uniform temperature is applied on the
walls, such as the T1 boundary condition indicated in [21],
and its value is evaluated on the basis of the chosen Richard-
son numbers. The inlet average velocity is set in the ranges
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of laminar regime. Single-phase model is employed and the
fluid properties are considered constant with temperature.

Governing equations of continuity, momentum and en-
ergy, for a three-dimensional steady state laminar, incompr-
essible flow, with temperature independent thermophysical
properties and assuming the Boussinesq approximation, in
rectangular coordinates are given in the following:

continuity:

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (1)

momentum:
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∂x
+ v

∂u

∂y
+ w

∂u

∂z

]

= −1
ρ

∂P

∂x
+ ν

[

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

]

,

(2)

[

u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z

]

= −1
ρ

∂P

∂y
+ ν

[

∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2

]

+ βg(T − Tin),
(3)

[

u
∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z

]

= −1
ρ

∂P

∂x
+ ν

[

∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2

]

,

(4)

energy:
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. (5)

The assigned boundary conditions are the following:

(i) inlet section: uniform velocity and temperature pro-
files,

(ii) outlet section: outflow condition with velocity com-
ponents and temperature derivatives equal to zero,

(iii) duct surfaces: velocity components equal to zero and
assigned temperature value.

The use of the single-phase model does not exclude the pos-
sibility to take into account for phenomena like the Brownian
motion. In fact, the relations adopted to evaluate the thermal
conductivity and viscosity consider the component linked to
the Brownian motion as well as the particle diameter effects,
and they were adopted by several authors, also in the case of
nanofluid mixed convection [42, 43].

3. Physical Properties of Nanofluids

The working fluid is pure water or a water/Al2O3-based
nanofluid. The nanoparticle diameter of 30 nm and different
volume fractions equal to 1%, 3%, and 5% have been
considered. In Table 1, the values of density, specific heat,
dynamic viscosity, thermal conductivity, and thermal expan-
sion coefficient, given by Rohsenow et al. [44], are reported

Table 1: Properties of pure water and Al2O3 particles at T = 293 K.

Material
ρ

(kg/m3)
cp

(J/kgK)
μ (Pas)

λ
(W/mK)

β (1/K)

Al2O3 3880 773 // 36 //

Water 998.2 4182 993 × 10−6 0.597 2.1 × 10−4

Table 2: Thermophysical properties of the working fluids.

φ ρ (kg/m3)
cp

(J/kgK)
μ (Pas)

λ
(W/Mk)

β (1/K)

0% 998.2 4182 993 × 10−6 0.597 2.100 × 10−4

1% 1027 4053 1110 × 10−6 0.617 2.098 × 10−4

3% 1085 3816 1233 × 10−6 0.643 2.093 × 10−4

5% 1142 3603 1724 × 10−6 0.664 2.086 × 10−4

for pure water and Al2O3 particles at the reference tempera-
ture of 293 K. The concentration of nanoparticles influences
the working fluid properties. The single-phase model was
adopted. Thus, fluid properties must be evaluated by em-
ploying relations, available in the literature, in order to com-
pute the thermal and physical properties of the considered
nanofluids [29, 36, 40, 45, 46]. Their values are given in
Table 2. Density was evaluated by using the classical formula
valid for conventional solid-liquid mixtures, while the spe-
cific heat values and thermal expansion coefficient ones were
calculated by assuming the thermal equilibrium between par-
ticles and surrounding fluid [36, 40, 46]

density:

ρnf =
(

1− φ
)

ρbf + φρp, (6)

specific heat:

(

ρcp
)

nf
= (1− φ

)

(

ρcp
)

bf
+ φ
(

ρcp
)

p
, (7)

thermal expansion coefficient:

βnf

βbf
= 1
(

(

1− φ/φ
)

(

ρbf/ρp
))

βp

βbf
+

1
(

(

φ/1− φ
)

(

ρbf/ρp
)

+ 1
) .

(8)

For the viscosity as well as for thermal conductivity, formula
given by [29, 40, 45] were adopted, because these relations
are expressed as a function of particle volume concentration
and diameter

dynamic viscosity:

μnf = μbf +
ρpVBd2

p

72Cδ
, (9)

thermal conductivity:

λnf

λbf
= 1 + 64.7φ0.746

(

dbf

dp

)0.3690(
λp
λbf

)

Pr0.9955Re1.2321,

(10)
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where VB =
√

18KbT/πρpdp and Kb is the Boltzmann con-

stant, given by Kb = 1.36 × 10−26; the other terms are given
by:

C = μbf
−1
[(

c1dp + c2

)

φ +
(

c3dp + c4

)]

, (11)

with c1=−0.000001133, c2=−0.000002771, c3=0.00000009
and c4 = −0.000000393, and the distance between nanopar-
ticles, δ, obtained by

δ = 3

√

π

6φ
dp, (12)

while Pr = μ/ρbfαbf and Re = ρbfKbT/3πμ2Lbf with Lbf is the
mean free path of water (0.17 nm).

4. Geometrical Configuration and
Data Reduction

A numerical thermal and fluid-dynamic study on a three-di-
mensional duct model with an equilateral triangular section
was carried out. The total length L is 2.0 m, while the internal
edge one l is 0.017 m, as shown in Figure 1; the consequent
hydraulic diameter, dh = 4A/Ph is equal to 0.01 m. The duct
includes a developing section at the entrance region with a
length of 1.5 m and a 0.4 m long test section, followed by
the outlet one. The working fluid is water or a mixture of
water and Al2O3 nanoparticles with a diameter of 30 nm, at
different volume fractions equal to 1%, 3% and 5%.

The dimensionless parameters of Reynolds number, Gra-
shof number, Richardson number, Nusselt number, and fric-
tion factor are considered for the data reduction and they are
expressed by:

Re = Vdh
ν

, (13)

Gr = gβ(Tw − Tin)d3
h

ν2
, (14)

Ri = Gr
Re2

, (15)

Nuav = q̇dh
(Tw − Tm)λ f

, (16)

f = 2ΔP
dh
L

1
ρV 2

, (17)

where V is the average inlet velocity, q̇ is the heat flux, Tw

and Tm represent the temperature of the surface and the fluid
bulk one, respectively.

5. Numerical Model

The governing equations, reported in the previous section,
are solved by means of the finite volume method by means
of Fluent code [47]. A steady-state solution and a segregated
method are chosen to solve the governing equations, which
are linearized implicitly with respect to dependent variables

of the equation. A second-order upwind scheme is chosen
for energy and momentum equations. The SIMPLE coupling
scheme is chosen to couple pressure and velocity. The
convergence criteria of 10−4, 10−6 and 10−8 are assumed for
the residuals of density, velocity components, and energy
ones, respectively, for all the considered simulations. It is
assumed that the incoming flow is laminar at ambient
temperature and pressure. Reynolds number is set equal to
100 and different values of Grashof number, ranging from
0 to 50000, were considered. On the solid walls, the no-slip
condition was applied and velocity inlet and outflow ones
were given for inlet and outlet sections.

Four different unstructured mesh distributions were
tested on a triangular sectioned duct at Re = 100 and 250 in
order to perform the grid-independence analysis. They had
152190, 302778, 563104, and 1146232 nodes, respectively.
The third grid case was adopted, because it ensured a good
compromise between the computational time and the accu-
racy requirements. In fact, comparing the third and fourth
configurations, differences of 0.58% and 0.19% at most were
evaluated in terms of average Nusselt number and pressure
coefficient, in the case of pure water.

The validation has been performed by comparing the
numerical results for Re = 100 and Ri = 0 with literature
data for T1 boundary condition. For the local and average
Nusselt number, the comparison has been accomplished
with Wilbulswas results [21], presented as a function of
the axial coordinate for the thermal entrance region, z∗,
defined as z∗ = z/(dh Re). For the friction factor, data from
Fleming-Sparrow, Miller-Han, and Gangal [21] have been
considered. Data reduction has been carried out by means
of z+ parameter, the axial coordinate for the hydrodynamic
entrance region, given by z∗ = z/(dhPe), with the Peclet
number, Pe, defined as Pe = Vdh/α. The present numerical
results in terms of average and local Nusselt number and
friction factors are in good agreement with the given cor-
relations, as shown in Figure 2. In particular, a difference
of 3% is observed for local and average Nusselt number at
most, while a maximum error of 1% is evaluated in terms of
friction factor.

6. Results and Discussion

A computational analysis of a three-dimensional model, re-
garding the nanofluid mixed convection in a triangular cross-
sectioned duct is considered. A uniform temperature has
been applied on the duct walls, according to the considered
Richardson number. The inlet velocities ensure the steady la-
minar regime, and they correspond to Re = 100. The working
fluids are pure water or a water/Al2O3-based nanofluid at
different volume fractions. The single-phase model approach
is adopted. The range of the considered Richardson numbers
and volume fractions are given below:

(i) Reynolds number, Re: 100,

(ii) Richardson number: 0.0, 0.1, 0.5, 1, 2, 3, and 5,

(iii) particle concentrations, φ 0%, 1%, 3% and 5%.
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Figure 2: Validation of numerical results: (a) local and average Nusselt number; (b) friction factor.
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Figure 3: Convective heat transfer coefficient profiles as a function of Ri, φ = 0%, 1%, 3% and 5%: (a) average convective heat transfer
coefficient; (b) average convective heat transfer coefficient enhancement, referred to pure water case at Ri = 0.

Results are presented in terms of average convective heat
transfer coefficient, average Nusselt number, wall shear stress
and required pumping power profiles in the test section.

Figure 3(a) depicts the average convective heat transfer
coefficient profiles as a function of Ri for different values of

nanoparticle volume concentration. The effect of buoyancy
leads to an increase in terms of heat transfer coefficients, and
a sharp growth is detected at low Richardson numbers. In
fact, in the case of pure water havg is equal to about 148,
162, 178, 190, and 225 W/m2K for Ri = 0, 0.1, 0.5, 1, 5,
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Figure 4: Nusselt number profiles as a function of Ri, φ = 0%, 1%, 3% and 5%: (a) average Nusselt number; (b) average Nusselt number
enhancement, referred to pure water case at Ri = 0.

respectively. A similar behaviour is observed for the configu-
rations with nanofluids. However, increasing values of con-
vective heat transfer are evaluated as particle concentration
increases. In fact, havg is equal to about 160, 170, 188, 199,
208, and 238 W/m2K at φ = 1% while at φ = 5% havg is
equal to about 168, 193, 230, 250, 266, and 298 W/m2K for
Ri = 0, 0.1, 0.5, 1, 2 and 5, respectively. Figure 3(b) describes
the average convective heat transfer enhancement in com-
parison with the pure water case at Ri = 0. The maximum
improvement is detected for the cases, characterized by φ =
5%, which show heat transfer coefficient values equal to 1.14,
1.55, 1.68, and 2.01 times greater than the reference case
for Ri = 0, 0.5, 1, and 5. Smaller increases are observed for
decreasing values of nanoparticle volume concentration. For
example, the enhancement ratio is equal to 1.06, 1.26, 1.33,
and 1.60 for φ = 1% at Ri = 0, 0.5, 1 and 5 while for φ = 3%
it is equal to 1.10, 1.32, 1.41, and 1.68.

The average Nusselt profiles as a function of Ri for dif-
ferent values of nanoparticle volume concentration are pre-
sented in Figure 4(a). For fully developed laminar flow at
Ri = 0, the average Nusselt number is equal to 2.47 for
triangular ducts with walls at a uniform temperature. In
mixed convection, the fully developed condition is reached
much farther upstream than for pure forced convection,
depending on the importance of buoyancy effects. However,
average Nusselt number in the test section tends to increase
as Ri and nanoparticle fraction increase. In fact, at Ri = 5,
Nuavg = 3.76, 3.87, 3.90, and 4.5 for at φ = 0%, 1%, 3%
and 5%. The consequent enhancement in terms of Nusselt
number is depicted in Figure 4(b); it is less significant if
compared with Figure 3 because of the nanofluid thermal

conductivity increase. In fact, for φ equal to 1% and 3% the
average Nusselt number is 4% and 6% higher than the cases
with pure water on average. A more significant enhancement
is provided by the cases with φ = 5%.

The heat transfer enhancement is partly due to the in-
crease of fluid velocity, because the simulations have been
carried out at a constant Reynolds number. In fact, the
increase of nanofluid viscosity is not balanced by the increase
of density. Another possible reason is linked to the Brownian
motion which could become very important in the case of
laminar flow regime. However, a further analysis about the
comparison criteria among the results in terms of heat trans-
fer coefficients for base fluid and nanofluid is necessary as
observed by Prabhat et al. [48].

The working fluid flows into a triangular cross-sectioned
duct with walls at a uniform temperature; thus, the heat
transfer mechanism is different if the bottom wall behaviour
is compared with the inclined ones when the buoyancy
effects are considered. In fact, the orientation of hot surfaces
and their inclination must be taken into account even in
internal flows. For Ri = 0 no differences are detected among
the heated walls. Figure 5 allows to describe the different
behaviour of bottom surface and upper ones. In general, con-
vective heat transfer coefficient profiles result to be higher for
wall 1 for all the considered Ri values, as shown by Figure
5(a). Profiles tend to increase as Ri increases; in fact, for pure
water havg is equal to about 210 and 370 W/m2K for Ri = 0.1
and 5, respectively. The introduction of nanoparticles leads
to a significant enhancement of heat transfer coefficients
even at low Ri numbers and particle concentration. For φ =
5%, the highest heat transfer coefficient value is detected for
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Figure 5: Average convective heat transfer coefficient profiles as a function of Ri, φ = 0%, 1%, 3% and 5%: (a) wall 1; (b) wall 2 and 3.
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Figure 6: Average Nusselt number profiles as a function of Ri, φ = 0%, 1%, 3% and 5%: (a) wall 1; (b) wall 2 and 3.

Ri = 5, and it is equal to 510 W/m2K. Wall 2 and 3 present
smaller heat transfer coefficient values, as reported in Figure
5(b). In fact, at Ri = 5havg is equal to 152, 160, 170, and
194 W/m2K for φ = 0%, 1%, 3%, and 5%, respectively.
Moreover, for Ri < 2, buoyancy determines negative effects
on the heat transfer mechanism if results are compared with
ones obtained in the case of forced convection. The results
in terms of average Nusselt number are shown in Figure 6.

The highest Nusselt numbers for wall 1 are equal to 6.2, 6.4,
6.5, and 7.7 for φ = 0%, 1%, 3%, and 5%, respectively; the
profiles for wall 2 and wall 3 tends to decrease as Ri increases
until Ri is equal to 1 for φ = 0%, 1% and 3%, and 1 for
φ = 5%, then they increase.

The use of nanofluids as working fluids instead of pure
water provides a heat transfer enhancement, according to the
particle volume fraction, but it leads to increasing values of
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Figure 8: Wall shear stress profiles as a function of Ri, φ = 0%, 1%, 3% and 5%: (a) average wall shear stress; (b) average wall shear stress,
referred to the pure water case at Ri = 0.

wall shear stress, while the friction factor keeps substantially
constant as reported in Figure 7, because the flow is fully
developed. The average wall shear stress profiles as a function
of Ri are depicted in Figure 8(a). Values grow as the buoyancy
effects become more significant. In fact, the highest values
are observed at Ri = 5; moreover, wall shear stress increases
as particle concentration increases and the maximum values
are evaluated for φ = 5%. In fact, for φ = 5% wall shear

stress is 2.63, 2.65, 2.68, 2.75, and 2.94 times higher than
the value calculated at Ri = 0 with pure water, as depicted
in Figure 8(b). For lower particle concentrations, wall shear
stress ratio is smaller than the ones calculated at φ = 5% and,
for example, it is equal to 1.18, 1.20, and 1.32 for φ = 1%
and Ri = 0.1, 1, and 5, respectively, while it is equal to 1.40,
1.42, and 1.58 for φ = 3%. Wall 1 is featured by higher wall
shear stress values than the ones calculated for wall 2 and
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Figure 9: Average wall shear stress profiles as a function of Ri, φ = 0%, 1%, 3% and 5%: (a) wall 1; (b) wall 2 and 3.
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Figure 10: Required pumping power profiles, referred to the pure water case at Ri = 0, as a function of Ri, φ = 0%, 1%, 3% and 5%.

wall 3, as observed in Figure 9. Profiles increase as Ri, and
nanoparticle concentration increases if wall 1 is considered,
while they keep substantially constant in the case of wall 2
and wall 3. The friction factor keeps substantially constant as
reported in Figure 7, because the flow is fully developed.

The required pumping power ratio profiles, referred to
the water cases at Ri = 0, are carried out in Figure 10.
Pumping power is defined as PP = V̇ΔP, and its profiles tend
to increase as φ grows, while a very little dependence on Ri is

observed. The pumping power ratio is equal to 1.26, 1.61,
and 4.0 for φ = 1%, 3%, and 5%, respectively.

Figures 11 and 12 describe the fully developed flow re-
gime in terms of velocity and dimensionless temperature
profiles for the vertical symmetry axis of the channel at
z/dh = 125 and 150. Figure 11 shows that u/umax profiles
substantially overlap each other for different values of
particle concentration and Richardson number. The highest
values are detected at y/h equal to about 0.30, while



10 Advances in Mechanical Engineering

1

0.8

0.6

0.4

0.2

0
0 0.25 0.5 0.75 1

y/
h

z/dh = 125

1

0.8

0.6

0.4

0.2

0
0 0.25 0.5 0.75 1

y/
h

z/dh = 125

1

0.8

0.6

0.4

0.2

0
0 0.25 0.5 0.75 1

y/
h

z/dh = 150

φ = 0%
φ = 1%

φ = 3%
φ = 5%

1

0.8

0.6

0.4

0.2

0
0 0.25 0.5 0.75 1

y/
h

z/dh = 150

φ = 0%
φ = 1%

φ = 3%
φ = 5%

(a) (b)

u/umax u/umax

u/umaxu/umax

Ri = 1

Ri = 1 Ri = 3

Ri = 3

Ri = 3Ri = 1

Figure 11: Velocity profiles for different values of particle concentration and Ri = 1 and 3: (a) z/dh = 125; (b) z/dh = 150.

the maximum values of dimensionless temperature, defined
as T∗ = (T − Tw)/(Tm − Tw), is evaluated at y/h equal to
about 0.20. The temperature profiles keeps similar if they
are compared at the same values of Ri and volume particle
concentration, as shown in Figure 12.

7. Conclusions

In this paper, a numerical investigation about the laminar
mixed convection in water/Al2O3-based nanofluids flowing
into a triangular sectioned duct is carried out. The laminar
flow regime was considered at Re = 100, and Ri numbers
ranging from 0 to 5 were assumed. A constant and uniform

temperature is applied on the duct walls, depending on the
Ri number. The single-phase model was adopted in order to
analyze the behaviour in the case of nanofluids as working
fluid. Thus, the considered nanoparticle volume concentra-
tions were equal to 0%, 1%, 3%, and 5%.

The introduction of nanoparticles significantly raises the
convective heat transfer coefficients as particle concentration
grows as well as Ri number. This effect is very significant
at low Ri numbers. In fact, the maximum improvement is
detected for the cases, characterized by φ = 5%, which show
heat transfer coefficient values equal to 1.14, 1.55, 1.68,
and 2.01 times greater than the pure water case at Ri = 0.
However, the wall shear stress and the required pumping
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power increase, and their values become very high at high
concentrations. This effect is amplified at low Ri numbers,
and an increase of about 30% in terms of wall shear stress
is evaluated at Ri = 0 and 0.1 in comparison with the pure
water results. Moreover, the pumping power ratio, referred
to the pure water cases at Ri = 0, is equal to 1.26, 1.61, and
4.0 for φ = 1%, 3%, and 5%, respectively.

It should be remarked that further investigations need to
be accomplished in order to understand the main physical
reasons of the heat enhancement using the nanofluids in
laminar regime, particularly, in mixed convection, as under-
lined in [48].

Nomenclature

A: Cross-section area (m2)

cp: Specific heat (J/kgK)
d: Diameter (m)
f : Friction factor (17)
g: Gravitational acceleration (m/s2)
Gr: Grashof number (14)
H : Duct height (m)
h: Heat transfer coefficient (W/m2K)
l: Duct internal edge length (m)
L: Duct length (m)
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Nu: Nusselt number(16)
P: Pressure (Pa)
Pe: Peclet number
PP: Required pumping power (W)
q: Target surface heat flux (W/m2)
Re: Reynolds number(13)
Ri: Richardson number(15)
T : Temperature (K)
u, v, w: Velocity components (m/s)
V : Average velocity (m/s)
V̇ : Volume flow rate (m3/s)
x,y,z: Spatial coordinates (m)
α: Thermal diffusivity (m2/s)
β: Volumetric expansion coefficient (1/K)
δ: Distance between nanoparticles (m)
λ: Thermal conductivity (W/mK)
μ: Dynamic viscosity (Pas)
ν: Kinematic viscosity (m2/s)
ρ: Density (kg/m3)
φ: Nanoparticle volumetric concentration
avg: Average
bf: Base fluid
f : Fluid
h: Hydraulic
m: Mass
nf: Nanofluid
p: Particle
w: Wall.
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An experimental investigation on water-based nanofluids containing iron oxide (Fe2O3) in concentrations ranging between 5
and 20% in mass is presented. The purpose of this study is to measure thermal conductivity and dynamic viscosity of these
fluids, as a starting point to study the heat transfer capability. The stability of the nanofluids was verified by pH and Zeta
potential measurements. A dynamic light scattering (DLS) technique was used to obtain the mean nanoparticle diameters. It was
found that thermal conductivity of these nanofluids improved with temperature and particles concentration. The temperature
and nanoparticle concentration effects on viscosity were analyzed, obtaining a significant increase with respect to water. All the
fluids exhibited a Newtonian behaviour. The experimental values were compared with some theoretical models for both thermal
conductivity and dynamic viscosity.

1. Introduction

Several solutions have been proposed to enhance the thermal
performance of the heat transfer devices. The most com-
mon technique has been maximizing heat transfer area in
heat exchangers, but, at the moment, it seems no further
improvement could be achieved. Another possibility is given
by increasing heat transfer coefficient h that, for an imposed
flux, depends on the thermal properties of the fluid. Aiming
to improve the characteristics of the traditional working flu-
ids (as water, glycol, oil, and refrigerants), a new generation
of thermal vectors, called nanofluids, has emerged. Nanoflu-
ids are suspensions of nanosized solid particles (1–100 nm)
in liquids. These new suspensions may be utilised in several
applications, for example, engine cooling, engine transmis-
sion oil, cooling electronics, refrigeration, drilling, lubrica-
tions, thermal storage, solar water heating, and so forth [1].

In the last decade, several papers have been published on
the preparation and characterization of these fluids, but they
are often not coherent and the results are inconsistent.

This could be due to the difference in their preparation
methods and, consequently, on their stability. There are two

main procedures to obtain nanofluids, one is the one-step
method and consists on synthesizing the particles directly
into the fluid, the second is the two-step method and it
implies the dispersion of nanopowders in the based fluid [2].
These methods influence the stability of the fluids and then
their properties [3]. Nanosized particles have high-energy
surface. For example, in 4 nm diameter particle ca, 50% of
the atoms are at the surface, and, therefore, surface properties
and chemistry control the nanoparticle behaviour [4]. In
aqueous environments, there is a tendency for nanoparticles
to aggregate, to reduce the particle surface energy. It depends
on a number of factors including surface functionalization,
pH, and ionic strength. For this reason, a pH optimization
is fundamental [5], and often different dispersants and
surfactants are added to the nanofluids [6].

Moreover, different methods of nanoparticles dispersion
into the base fluid (ball milling, ultrasonication, homoge-
nization) can lead to a different stability [7, 8].

For this reason, before studying thermophysical proper-
ties, a stability investigation must be done.

In literature, many studies on the thermal conductivity
of nanofluids have been published highlighting significant
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enhancement in this property [9–11], but some results
are controversial and the mechanisms behind exceptional
conductivity enhancement is still not well understood.

On the contrary, viscosity data in literature are still scarce
even if this property is fundamental as well as thermal
conductivity. Too high viscosity increase can nullify the
positive effects of thermal conductivity enhancement.

Oxide nanoparticles are easier to get and less expensive
than other nanoparticles, as metals and carbon nanotubes.
Amongst them, Fe2O3 is already used to produce stable
and commercially available water nanofluids, but, at our
knowledge, no thermal conductivity data and only few
experimental viscosity data are available in the literature.

For this reason, in this investigation, we study the effect
of temperature and nanoparticles concentration on thermal
conductivity and dynamic viscosity of Fe2O3 water-based
nanofluids.

We compare our results with some literature models,
and we propose an experimental correlation for nanofluids
viscosity.

2. Nanofluid Preparation and
Experimental Apparatus

2.1. Nanofluid Preparation. The studied nanofluid is formed
by hematite (Fe2O3) nanoparticles, monodispersed in deion-
ized water. It was supplied by Sigma Aldrich at a nanoparti-
cles nominal concentration of 20% by mass.

Bidistilled water (Carlo Erba, CAS Nr 7732-18-5) was
added to the commercial nanofluid to obtain the other two
nanofluid compositions: 5 wt% and 10 wt%.

These two compositions were prepared taking the orig-
inal nanofluid after one hour of sonication, by means of
an ultrasonic bath (Bransonic, Ultrasonic cleaner Branson
2210, output power 90 W) and adding bidistilled water
in a weighed amount, measured by an analytical balance
(Gibertini E42S 240 g FS), with an uncertainty of 0.002 g.
Each fluid obtained in this way was further sonicated for one
hour, in order to improve the dispersion of nanoparticles in
the water.

No dispersant has been added to the fluid.

2.2. Nanofluids Stability Characterization. A Zetasizer Nano
ZS (Malvern), based on dynamic light scattering (DLS),
was used to check the actual average dimension of the
nanoparticles in solution. The mean particle diameter was
around 67 nm, and it did not change with the particle
concentration. In Figure 1, the particle size distribution
detected by the Zetasizer is represented. A further particle
size measurement was performed after almost three months,
and the same average diameter was found. This indicates that
no aggregation occurs in few months.

The Zetasizer Nano ZS also measures the Zeta potential
of nanoparticles that quantify the magnitude of the electrical
charge at the double layer. A value of Zeta potential out of the
range between 30 mV and −30 mV indicates high charged
surface and hence a strong electrical repulsion among the
particles. Fe2O3-water nanofluid Zeta potential was around

0

2

4

6

8

10

12

14

16

0.1 1 10 100 1000 10000

In
te

n
si

ty
(%

)

Diameter (nm)

Figure 1: Nanoparticles size distribution for water containing
5 wt% (– · –), 10 wt% (—), 20 wt% (—) Fe2O3.

+56 mV for the 5 wt% solution, +57 mV for the 10 wt%
solution, and +49 mV for the 20 wt% solution, therefore all
the nanofluids seem to be very stable.

The pH of each nanofluid has been measured with a pH
Meter (CRISON GPL 21) with a pH electrode (code 50 11
T). The measured values were 3.45 for the 5 wt% solution,
3.33 for 10 wt%, and 3.34 for 20 wt% at 26◦C. As described
in [12], the isoelectric point for water-hematite nanofluid is
observed at pH 6.1. Then, the measured pH values of these
solutions are far from this point, as further confirmation,
together to the Zeta potential (always positive and higher
than 30 mV), of the nanofluids stability.

2.3. Thermal Conductivity Measurement Apparatus. A TPS
2500 S was used for thermal conductivity measurements.
The instrument is based on the hot-disk technique and
can measure thermal conductivity and thermal diffusivity of
several materials. The hot disk sensor is made of a double
spiral of thin nickel wire and works as a continuous plane
heat source. During the experiment, a small constant current
is supplied to the sensor, which also serves as a temperature
sensor, so that the temperature increase in the sensor is
accurately determined through resistance measurement. The
temperature increase is registered over a short period of time
after the start of the experiment. A theoretical description of
this method is provided by [13].

A proper box containing the sensor and the fluid was put
in a water thermostatic bath to reach the test temperature.

The power supplied for each measurement was 30 mW,
and the time of the power input was 4 s. The declared
instrument uncertainty is 5%.

2.4. Dynamic Viscosity Measurement Apparatus. The dynam-
ic viscosity data were measured at ambient pressure and in
a temperature range between 283.15 K and 343.15 K, with
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steps of 20 K, by means of an AR-G2 rheometer (TA Instru-
ments). It is a rotational rheometer with magnetic bearing
for ultra-low nanotorque control. The suitable employed
geometry is a plate-cone type, with a 1◦ cone and diameter of
40 mm. In order to stabilize the measurement temperature,
a proper device (Upper Heated Plate) was used. A critical
point in this measurement is the sample loading. After
some trials with water, a constant quantity of about 0.34 mL
was considered optimal for the analysis. The sample was
deposited using a pipette, taking care no air bubbles were
inside. Before the measurements, the rheometer was carefully
calibrated at each temperature, as fully described in [14].

All the measurements were performed at constant tem-
perature and variable shear rate, starting from 80 1/s to 1200
1/s, at constant step of about 124 1/s (except for temperature
343.15 K, at which faster measurements had to be performed
due to the water evaporation). A conditioning step of 2
seconds at a preshear rate of 80 1/s was performed before the
measurements.

The estimated uncertainty in the viscosity measurements
is about 5%.

3. Results and Discussion

3.1. Thermal Conductivity. The measurements accuracy was
assessed measuring water thermal conductivity at each
temperature and comparing it with Refprop 8.0, which was
assumed as [15]. The absolute average deviation between
experimental data and expected value was around 0.7% with
a maximum of 1.3% [16].

Thermal conductivity measurements were performed in
the temperature range between 10◦C and 70◦C, with steps
of 20◦C, at ambient pressure. Figure 2 presents nanofluids
thermal conductivity as a function of mass fraction and
temperature, showing an almost linear enhancement with
temperature at all the concentrations examined up to 50◦C.
Some instability is observed at temperature of 70◦C, proba-
bly due to the introduction of convective motions or aggre-
gation of the nanoparticles, but these phenomena cannot be
evaluated during the conductivity tests. Table 1 presents the
experimental data and the ratio between the thermal conduc-
tivity of the nanofluids and water at the same temperature.

3.2. Dynamic Viscosity. To evaluate the rheometer perfor-
mance, preliminary tests were performed on a well-known
fluid as water. The viscosity data were compared with
Refprop 8.0 at each temperature, as shown in Figure 3.
All the deviations between the measured and literature
data are well within the experimental uncertainty for the
shear rates between 200 and 1200 s−1, with a maximum
percentage absolute average deviation (AAD%) about 2.4%.
The deviations at the lowest shear rate could be due to
difficulties in the torque control by the rheometer.

Dynamic viscosity measurements were performed at
5 wt%, 10 wt%, and 20 wt% in the temperature range
between 10◦C and 70◦C, with steps of 20◦C.

Figure 4 shows the flow curves at 10◦C for water and all
nanofluids. The same trend was found at all the measured
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Figure 2: Experimental thermal conductivity of water-Fe2O3

nanofluid, (�) 5 wt%, (�) 10 wt%, (•) 20 wt%, as a function of
temperature. Comparison with Maxwell model (– –), Bruggeman
model (–), Lu and Lin model (– · –), Xuan model (—). Error bars
correspond to 5% uncertainty.
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Figure 3: Dynamic viscosity of water at (�) 10◦C, (�) 30◦C, (•)
50◦C, (◦) 70◦C, compared to (—) Refprop 8.0.

temperatures. In Table 2, the experimental data are reported
at shear rate around 800 s−1. Under the imposed conditions
and taking into account that the used rheometer could not
operate at lower shear rates for some of these samples, the
nanofluids appeared to have a Newtonian behaviour, as it
can be deduced by Figure 5, where shear stress is represented
as a function of shear rate for the measurements at 30◦C.
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Table 1: Experimental thermal conductivity data and thermal conductivity ratio for Fe2O3 water-based nanofluids.

Mass fraction 5 wt% 10 wt% 20 wt%

Vol. fraction 0.99 vol% 2.08 vol% 4.55 vol%

T (◦C) λexp (W·m−1·K−1) λexp/λwater λexp (W·m−1·K−1) λexp/λwater λexp (W·m−1·K−1) λexp/λwater

10.4 0.5791 1.00 0.5989 1.03 0.6223 1.07

30.4 0.6208 1.01 0.6418 1.04 0.6784 1.10

50.0 0.6728 1.05 0.6835 1.06 0.7161 1.11

70.0 0.6862 1.03 0.6974 1.05 0.7625 1.15
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Figure 4: Dynamic viscosity of Fe2O3 at 10◦C. (◦) water, (•) 5 wt%,
(�) 10 wt%, (�) 20 wt% compared to (—) Refprop 8.0.

All isotherms are linear and converge to the origin of the
diagram.

Figure 6 shows the trend of viscosity as a function of
nanoparticles concentration at all temperatures. Viscosity
improves in an exponential way at each temperature, reach-
ing a maximum value of 0.00309 Pa·s at 20 wt% and 10◦C.
Viscosity decreases if temperature increases, with the same
trend for all the concentrations.

3.3. Comparison with Published Literature. The only study
presented in literature on dynamic viscosity of hematite
dispersed in water is [17], in which Phuoc and Massoudi
observed the rheological properties of Fe2O3 water-based
nanofluids in concentrations between 1 and 4% in mass.
They found a non-Newtonian behaviour, but their results
cannot be compared with ours because their concentrations
are lower and they always used polymer dispersants which
strongly affect rheological behaviour. No other study on
thermal conductivity of Fe2O3 water-based nanofluids has
been found.

3.4. Theoretical Models

3.4.1. Thermal Conductivity. In Figure 2, our results are
compared with classical effective thermal conductivity
model, known as Maxwell (1873) model [18]:

kn f = kw
kp + 2kw + 2φ

(

kw − kp
)

kp + 2kw + φ
(

kw − kp
) , (1)

where kw and kp represent the thermal conductivity of
water (the bulk liquid) and the added solid particles (15.42
W·m−1·K−1 [19]), respectively, and φ is the particle volume
fraction of the suspension (vol%).

At the lower temperature, the model overestimates the
experimental results, but, starting from temperatures around
50◦C, theoretical and experimental results are in quite good
agreement.

In literature, several models have been proposed.
Amongst these, few models have been chosen for compari-
son.

Bruggeman model [20] is based on the differential effec-
tive medium theory in order to estimate the effective thermal
conductivity of composites at high particle concentrations:

kn f = kw

(

3φ − 1
)

kp/kw +
[

3
(

1− φ
)− 1

]

+
√
Δ

4
, (2)

Δ =
{

(

3φ − 1
) kp
kw

+
[

3
(

1− φ
)− 1

]

}2

+ 8
kp
kw

. (3)

Lu and Lin model [21] is used for spherical and non-
spherical particles. The effective conductivity of composites
containing aligned spheroids of finite conductivity was
modelled with the pair interaction:

kn f = kw
(

1 + aφ + bφ2). (4)

In the case of spherical particles, the values of the
coefficients a and b are 2.25 and 2.27, respectively.

Xuan et al. model [22] is based on the Maxwell model
and includes the effects of random motion, particle size,
concentration, and temperature:

kn f = kw

⎡

⎣

kp + 2kw + 2 φ
(

kw − kp
)

kp + 2kw + φ
(

kw − kp
)

+
ρp · φ · cp,p

2kw

√

kB · T
3 · π · μ · rc

]

,

(5)
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Table 2: Experimental viscosity data at constant shear rate (about 800 s−1) and viscosity ratio for Fe2O3 water-based nanofluids.

Mass fraction 5 wt% 10 wt% 20 wt%

Vol. fraction 0.99 vol% 2.08 vol% 4.55 vol%

T (◦C) μexp (Pa·s) μexp/μwater μexp (Pa·s) μexp/μwater μexp (Pa·s) μexp/μwater

10.0 0.00158 1.21 0.00192 1.47 0.00309 2.36

30.0 0.00099 1.24 0.00120 1.51 0.00199 2.49

50.0 0.00066 1.21 0.00081 1.49 0.00129 2.36

70.0 0.00053 1.32 0.00067 1.65 0.00110 2.72
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Figure 5: Shear stress as a function of shear rate for water-Fe2O3
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where T is the temperature, ρp is the density of particles,
cp,p represents the specific heat capacity of particles, kB is the
Boltzmann constant, rc is the radius of the clusters, and μ is
the viscosity.

All these models were added to Figure 2, together with
the experimental uncertainties. Their behaviour is very
similar. They overestimate thermal conductivity values at
temperature lower than 50◦C, while they underestimate at
higher temperature for all the nanofluids, although the data
are always within the experimental uncertainties.

3.4.2. Dynamic Viscosity. In literature, several theoretical
models have been proposed to predict the viscosity of a
particle suspension. The most often used models derive from
the Einstein model [23].

Brinkman extended the Einstein model to include parti-
cle volume concentration up to roughly 4% [24], in the form
of

μn f = μ f
1

(

1− φ
)2.5 . (6)

Here, φ is the particle volume fraction and μn f and μ f are
the dynamic viscosity of the nanofluid and the based fluid,
respectively.

In [25], Batchelor proposed a similar correlation consid-
ering the nanoparticle Brownian motion and their interac-
tion:

μn f = μ f
(

1 + 2.5φ + 6.5φ2). (7)

In all these models a nanofluid is considered as a two-
phase fluid and treated as a solid-liquid mixture. These
equations base on the assumptions that the viscosity of the
nanofluid is only a function of the base fluid viscosity and
the particle concentration and that the nanoparticles can be
modelled as rigid spherical particles. This assumption seems
not correct for the systems nanofluids, which present specific
properties and interactions not yet completely understood.

The effects of volume fraction φ and maximum volume
fraction φm on viscosity are described using the Krieger-
Dougherty equation [26]:

μn f = μ f

(

1− φa
φm

)−[η]φm

, (8)

where φa is the effective aggregates volume fraction (and here
it is considered as φ) and [η] is the intrinsic viscosity (for
noninteracting, rigid spherical particles, 2.5).
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A simplified equation was proposed [26] as

μn f = μ f

(

1− φ

φm

)−2

. (9)

In order to apply (8) and (9), φm should be calculated.
Basing on [27], the maximum solid concentration can be
estimated by

φm = 1− β

α
, (10)

where α and β are calculated by the following equation [28]:

μn f = μ f
(

1− αφ − β
)−2

. (11)

Basing on the experimental data α = 0.07298 and β =
0.03402, then φm becomes 13.24.

A comparison between experimental data and equations
is shown in Figure 8. Equations (6) and (7) overlap equation
(8).

All these equations underestimated nanofluids viscosity,
confirming their incapability to model this property for
nanofluids.

Here, a simple equation, with similar form to (4), is pro-
posed to correlate the experimental data:

μn f = μ f
(

1 + aφ + bφ2). (12)

This equation was regressed basing on all experimental
data for nanofluids and water viscosity calculated by [15] at
the same temperatures. The regressed parameters are a =
18.64 and b = 248.30. As shown in Figure 7, this equation
well represents the experimental data.

3.5. Mouromtseff Number Analysis. Thermal conductivity
and dynamic viscosity experimental data were also used to
evaluate the nanofluid thermal effectiveness, by means of the
Mouromtseff number (Mo). It is a figure of merit to evaluate
and compare the heat transfer capability of alternative
thermal fluids [29]. Higher Mo numbers indicate higher heat
transfer capability of the fluid, for a given geometry at a
specified velocity.

In case of full developed internal laminar flow, it can be
shown that the ratio of Mo numbers for each nanofluid on
that of water is equal to the ratio of the respective thermal
conductivities:

Mon f
Mowater

= λn f
λwater

. (13)

For internal turbulent flow, Mo number is given by

Mo = ρ0.8λ0.67c0.33
p

μ0.47
, (14)

where ρ and cp are density and specific heat of the fluid,
respectively, and they were calculated as volume weighted
averages (ρn f = 5240 kg ·m−3, cpn f = 628.0 J · kg−1 · K−1)
[30].
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Figures 8 and 9 show Mo number ratio as a function
of temperature and concentration. For laminar flow, it is
higher than 1, except for 5 wt% nanofluid at 10◦C, and
increases with nanoparticles concentration and temperature.
Then, the heat transfer capability of water-Fe2O3 nanofluids
is potentially higher than that of water if the flow is developed
laminar.
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Figure 9: Mouromtseff number (Mo) for water-Fe2O3 in turbulent
flow.

On the contrary, in turbulent flow (the most significant
for technological applications) Mo ratio is always lower than
1, with a minimum of 0.76 for 20 wt% and 70◦C. It means
that heat transfer capability of water-Fe2O3 nanofluids is
potentially lower than that of water, due to the increase of
viscosity produced by the addition of nanoparticles.

4. Conclusions

Fe2O3 water-based nanofluids have long time stability also
at high concentration as 20 wt%. Thermal conductivity
increases with mass fraction and with temperature. Thermal
conductivity ratio is greater at the highest concentrations.
The rheological behaviour of the nanofluids is Newtonian,
and the dynamic viscosity increases considerably in respect
of water, mainly at mass fraction of 20 wt%. Hence, the
increment in thermal conductivity is combined with a rising
in dynamic viscosity. Mouromtseff number indicates that, if
the water-Fe2O3 nanofluids work in laminar flow, their heat
transfer capability is potentially higher than that of water,
but if the flow is developed turbulent, there is a loss in the
heat transfer capability, due to the increase in viscosity. In
order to experimentally measure the heat transfer capability,
a new apparatus, able to measure the heat transfer coefficient,
is going to be installed in our Institute.
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A solution to obtain efficient cooling systems is represented by the use of confined or unconfined impinging jets. Moreover,
the possibility of improving the thermal performances of the working fluids can be taken into account and the introduction of
nanoparticles in a base fluid can be considered. In this paper, a numerical investigation on confined impinging slot jet working
with a mixture of water and Al2O3 nanoparticles is described. The flow is laminar and a uniform temperature is applied on the
target surface. The single-phase model approach has been adopted. Different geometric ratios, particle volume concentrations, and
Reynolds numbers have been considered in order to study the behaviour of the system in terms of average and local Nusselt number,
convective heat transfer coefficient and required pumping power profiles, temperature fields, and stream function contours.

1. Introduction

Heat transfer enhancement is a significant issue in the re-
search and industry fields. Both active and passive techniques
can be employed. The impinging jets are classified into the
category of the active methods, and they have been widely
used in several industrial applications as a means of pro-
viding high localized heat transfer coefficients. In fact, im-
pinging jets are applied to drying of textiles, film, and
paper, cooling of gas turbine components and the outer
wall of combustors, freezing of tissue in cryosurgery and
manufacturing, material processing, and electronic cooling.
There are numerous papers concerning this problem, and
the analyses have been performed both numerically and ex-
perimentally [1–6].

Several studies have been developed on impinging air jets
[1, 2] but liquid jets have been recently studied because they
have possible application to the cooling of heat engines [5, 7],
thermal control in electronic devices [8, 9], and the thermal
treatment of metals and material processing [10–12].

The main configurations include circular or slot jets,
and their flow and heat transfer mechanics are significantly
different. It seems that more research activity on heat and

mass transfer with circular impinging jets has been pre-
dominantly published [1–3, 13, 14]. However, investigations
on heat and mass transfer with slot jet impingement have
attracted more attention recently. In fact, slot jet impinge-
ments offer some benefits in cooling effectiveness, uni-
formity, and controllability, as underlined in [15]. These
features are suitable with ones required by the modern elec-
tronic packages, characterized by increasing heat flux and
decreasing dimensions [15–21]. Impinging jets can be con-
fined or unconfined. Small space designs mark the confined
configurations while unconfined impinging jets provide
advantages in terms of simple design and easy fabrication.
These types of impinging jets are both commonly used, and
literature reviews on the subject have been provided in [2, 3,
6]. The effects of confinement on impinging jet heat transfer
have been considered in [22–25]. The importance of the
subject is underlined by the several investigations performed
on impingement on moving plates [25], obliquely flat sur-
faces [26], porous mediums [27], semicircular concave sur-
faces [28], jet arrays [29], and adopting foams or fins [30].
Moreover, laminar [20, 31] and turbulent [23, 32, 33] flow
regimes can be considered.
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Another way can be adopted in order to enhance heat
transfer rates without modifications in the cooling system,
such as the employment of nanosize particles dispersed
in the working fluids [34]. The investigation on nanofluid
behaviour is becoming more and more popular, as testified
by recent reviews and papers on this issue [35–44] but
inconsistencies in published data and disagreements on the
heat transfer mechanisms have been underlined by Keblinski
et al. [45] and recently by Gherasim et al. [46]. However,
a few examples of studies on nanofluids in impinging jets
have been investigated experimentally and numerically and,
according to the best knowledge of the present authors, their
investigations have been reported in [46–59]. Roy et al. [50]
provided the first numerical results on the hydrodynamic
and thermal fields of Al2O3/water nanofluid in a radial
laminar flow cooling system, underlining a heat transfer
enhancement up to 200% in the case of a nanofluid with
10% in nanoparticle volume concentration at a Reynolds
number equal to 1200. However, a significant increase in wall
shear stress was noticed. Also Palm et al. [51] numerically
investigated laminar impinging jets but they considered
temperature-dependent properties of fluids. Results indi-
cated an increase of 25% in terms of average wall heat
transfer coefficient, referred to the water at a concentration
equal to 4%. Moreover, the use of temperature-dependent
properties determined for greater heat transfer predictions
with corresponding decreases in wall shear stresses when
compared to evaluations employing constant properties. The
significant heat removal capabilities of nanofluids were con-
firmed by the numerical study on steady, laminar radial flow
of a nanofluid in a simplified axisymmetric configuration
with axial coolant injection, performed by Roy et al. [52].
Roy et al. [50] numerically simulated the behaviour of var-
ious particle volume fractions in a circular confined and
submerged jet impinging on a horizontal hot plate. Both
laminar and turbulent impinging jets in various nozzle-to-
plate distances and Reynolds numbers were considered. They
underlined the higher heat removal performances of laminar
jets in comparison with the base fluid. The investigation on
steady laminar incompressible alumina/water flow between
parallel disks was performed by Vaziei and Abouali [53]
who evaluated increasing Nusselt number values with higher
nanoparticle volume fraction, smaller nanoparticle diameter,
reduced disk spacing, and larger jet Reynolds number.
Gherasim et al. [46] highlighted the limitations in the use
of Al2O3/water nanofluid in a radial flow configuration due
to the significant increase in the associated pumping power.
Also, Yang and Lai presented numerical results on confined
jets with constant [55] and temperature-dependent [56]
properties. Results confirmed the Nusselt number increases
with the increase of Reynolds number and nanoparticle
volume fraction and the increase in pressure drop. Further-
more, temperature-dependent thermophysical properties of
nanofluids were found to have a marked bearing on the
simulation results. Manca et al. [57] numerically investigated
the confining effects on impinging slot jets in the turbulent
regime, such as for Reynolds numbers, ranging from 5000
to 20000. They adopted the single-phase approach in order
to describe the Al2O3/water nanofluid behaviour for particle
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Figure 1: Sketch of the geometrical model with boundary condi-
tions.

concentrations up to 5%. A significant enhancement in terms
of convective heat transfer coefficients was evaluated for
high particle volume concentrations as well as an increase of
required pumping power.

On the experimental side, an interesting investigation
was carried out by Nguyen et al. [58]. They paid attention to
a confined and submerged impinging jet on a flat, horizontal,
and circular heated surface with Al2O3/water nanofluid.
Results were obtained for both laminar and turbulent flow
regimes, and the authors showed that, depending upon
the combination of nozzle-to-heated surface distance and
particle volume fraction, the use of a nanofluid can deter-
mine a heat transfer enhancement. Gherasim et al. [59]
studied heat transfer enhancement capabilities of coolants
with suspended nanoparticles inside a laminar radial flow
cooling device. Mean Nusselt number was found to increase
with particle volume fraction, Reynolds number, and a
decrease in disk spacing.

It seems that a slot confined and submerged impinging
jet on a flat surface with nanofluids has not been inves-
tigated in laminar flow regime in spite of its importance
in engineering applications such as electronic cooling and
material processing. In particular, localized and microsized
cooling devices are significantly suitable for the thermal
control requirements in electronic applications [46–59]. The
present paper describes a numerical investigation on laminar
flow on a confined and submerged impinging slot jet on
an isothermal flat surface that is carried out by means of
Fluent code [60]. The results are given to evaluate the fluid
dynamic and thermal features of the considered geometry
with water/Al2O3-based nanofluids as the working fluids.
The single-phase model was adopted.

2. Governing Equations

A computational analysis of a two-dimensional confined im-
pinging slot jet, depicted in Figure 1, is considered in order
to evaluate its thermal and fluid-dynamic behaviours and
study the temperature and velocity fields in the cases with
Al2O3/water nanofluid as working fluid. The jet width is
W while the distance between the slot jet and the heated
plate is H . A constant uniform temperature is applied on
the target surface. The use of a two-dimensional slot jet is
fair when the lateral length, in the orthogonal direction in
respect to the jet, is significant. In particular, Zhou and Lee
[61] suggested dimensionless lateral distances, referred to the
nozzle width, greater than 6-7 in order to neglect the effect
of lateral distance. Different jet velocities are considered
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Table 1: Properties of pure water and Al2O3 particles at T = 293 K.

Material ρ [kg/m3] cp [J/kg K] μ [Pa s] λ [W/m K]

Al2O3 3880 773 // 36

Water 998.2 4182 993× 10−6 0.597

in the ranges of laminar regime, and the fluid properties
were considered constant with temperature. Governing
equations of continuity, momentum, and energy are solved
for a steady-state laminar flow in rectangular coordinates,
under the hypotheses of two-dimensional, incompressible,
temperature-constant properties flow conditions:

continuity:

∂u

∂x
+
∂v

∂y
= 0, (1)

momentum:
[

u
∂u

∂x
+ v

∂u

∂y

]

= −1
ρ

∂P

∂x
+ ν

[

∂2u

∂x2
+
∂2u

∂y2

]

,

[

u
∂v

∂x
+ v

∂v

∂y

]

= −1
ρ

∂P

∂y
+ ν

[

∂2v

∂x2
+
∂2v

∂y2

]

,

(2)

energy:
[

u
∂T

∂x
+ v

∂T

∂y

]

= λ

[

∂2T

∂x2
+
∂2T

∂x2

]

. (3)

The assigned boundary conditions are the following:

(i) jet section: uniform velocity and temperature profile;

(ii) outlet sections: pressure outlet in order to define the
static pressure at flow outlets;

(iii) target surface: velocity components equal to zero and
assigned temperature value;

(iv) upper wall: velocity components and heat flux equal
to zero.

3. Physical Properties of Nanofluids

The working fluid is water or a mixture of water and Al2O3

nanoparticles characterized by a diameter of 30 nm and
volume fractions equal to 1%, 4%, and 5%. In Table 1
the values of density, specific heat, dynamic viscosity, and
thermal conductivity, given by Rohsenow et al. [62], are
reported for water and Al2O3. The presence of nanopar-
ticles and their concentrations influence the working fluid
properties. A single-phase model was adopted because
nanofluids may be considered as Newtonian fluids for low
volume fractions, such as up to 10%, and for small tem-
perature increases. Thus, it is necessary to employ relations,
available in literature, in order to compute the thermal and
physical properties of the considered nanofluids [51, 63–66],
given in Table 2. Density was evaluated by using the classical
formula developed for conventional solid-liquid mixtures

while the specific heat values were obtained by assuming the
thermal equilibrium between particles and surrounding fluid
[46, 51, 63, 64]:

Density:

ρnf =
(

1− φ
)

ρbf + φρp, (4)

Specific heat:

(

ρcp
)

nf
= (1− φ

)

(

ρcp
)

bf
+ φ
(

ρcp
)

p
. (5)

For the viscosity as well as for thermal conductivity, equa-
tions given by [65, 66] were adopted because these relations
are expressed as a function of particle volume concentration
and diameter:

Dynamic viscosity:

μnf = μbf +
ρpVBd2

p

72Cδ
, (6)

Thermal conductivity:

λnf

λbf
= 1 + 64.7φ0.746

(

dbf

dp

)0.3690(
λp
λbf

)

, (7)

where VB =
√

18KbT/πρpdp and Kb is the Boltzmann con-

stant, given by Kb = 1.36 × 10−26; the other terms are given
by the following relations:

C = μ−1
bf

[(

c1dp + c2

)

φ +
(

c3dp + c4

)]

(8)

with c1 = −0.000001133, c2 = −0.000002771, c3 =
0.00000009, and c4 = −0.000000393, and the distance
between nanoparticles, δ,is obtained by

δ = 3

√

π

6φ
dp. (9)

4. Geometrical Configuration

A computational thermofluiddynamic analysis of a two-di-
mensional model, reported in Figure 1, which concerns with
a confined impinging jet on a heated wall with nanofluids,
is considered in order to evaluate the thermal and fluid-
dynamic performances and study the velocity and temper-
ature fields. The two-dimensional model has the jet orifice
width, W , equal to 6.2 mm and a length L/W equal to
50 while the height H/W ranges from 4 to 8. A constant
temperature value of 313 K is applied on the impingement
bottom surface. Two values of H/W ratio, equal to 4 and
8, are considered. The working fluid is pure water or a
water/Al2O3-based nanofluid at different volume fractions.
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Table 2: Thermophysical properties of the working fluids.

φ ρ [kg/m3] cp [J/kgK] μ [Pa s] λ [W/mK]

0% 998.2 4182 993× 10−6 0.597

1% 1027 4148 1110× 10−6 0.617

4% 1113 4046 1370× 10−6 0.654

5% 1142 4012 1724× 10−6 0.664

The dimensionless parameters of Reynolds number, Nus-
selt number, dimensionless temperature, and dimension-
less pressure or pressure coefficient, here considered, are
expressed by the following relations:

Re = u jW

ν
, (10)

Nu = q̇W
(

TH − T j

)

λ f

, (11)

θ = T − T j
(

TH − T j

) , (12)

CP =
P − Pj

(1/2)ρu2
j
, (13)

where u j is the average jet velocity, W is the jet width, q̇
is the target surface heat flux, and TH and T j represent the
temperature of the target surface and the jet temperature,
respectively.

5. Numerical Procedure

The governing equations are solved by means of the finite
volume method, adopting Fluent v6.3.26 code. A steady-
state solution and a segregated method are chosen to solve
the governing equations, which are linearized implicitly with
respect to dependent variables of the equation. A second-
order upwind scheme is chosen for energy and momentum
equations. The SIMPLE coupling scheme is chosen to couple
pressure and velocity. The convergence criteria of 10−5

and 10−8 are assumed for the residuals of the velocity
components and energy, respectively. It is assumed that the
incoming flow is laminar at ambient temperature equal to
293 K and pressure. Different inlet uniform velocities, u j ,
corresponding to Reynolds number values ranging from
100 to 400, were considered. Along the solid walls no slip
condition is employed whereas a velocity inlet and pressure
outlet conditions are given for the inlet and outlet surfaces.

Four different grid distributions are tested, to ensure that
the numerical results were grid independent for the case
characterized by H/W = 6 with pure water as working
fluid at Re = 150. They have 4950 (90 × 55), 19800 (180 ×
110), 79200 (360 × 220), and 316800 (720 × 440) nodes,
respectively. For the adiabatic wall and the bottom surface
nodes are distributed by means of an exponential relation
(n = 0.9), in order to have a fine mesh near the impingement
region. On the vertical ones a biexponential distribution
(n = 0.8) is considered. The third grid case has been
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Figure 2: Grid independence test results in terms of average and
stagnation point Nusselt number.

adopted because it ensured a good compromise between the
machine computational time and the accuracy requirements.
In fact, comparing the third and fourth mesh configurations
in terms of average and stagnation point Nusselt number,
results are very close and the relative errors are very small,
as reported in Figure 2. Moreover, the computational time is
quantified in about eight hours on average.

Results are validated by comparing the obtained numer-
ical data with the ones given in [20, 66]. In particular,
comparisons in terms of local and stagnation point Nusselt
number values and pressure coefficients are reported in
Figure 3 for the cases with H/W = 4 and Re, ranging from
50 to 400. It is observed that the present results fit very well
with the ones given in [20] in terms of local Nusselt number
and pressure coefficients for all the considered Reynolds
numbers. Also, the stagnation point Nusselt number values
are in good agreement with the correlation given by [67].

6. Results and Discussion

A computational analysis of a two-dimensional model, re-
garding a confined impinging jet on a heated wall with
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Figure 3: Validation of results, cases with H/W = 4: (a) local Nusselt number; (b) pressure coefficient; (c) stagnation point Nusselt number.

nanofluids, is considered in order to evaluate the thermal
and fluid-dynamic performances and study the velocity
and temperature fields. Different inlet velocities are con-
sidered in order to ensure a steady laminar regime, and
the working fluids are water and mixtures of water and
Al2O3 at different volume fractions. The single-phase model
approach is adopted. The ranges of the considered Reynolds

numbers, geometric ratio, and volume fractions are given
follows:

(i) Reynolds number (Re): 100, 200, 300, and 400;

(ii) H/W ratio: 4 and 8;

(iii) particle concentrations (φ): 0%, 1%, 4%, and 5%.
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Figure 4: Stream function contours: (a) H/W = 8, Re = 100, and φ = 0%; (b) H/W = 8, Re = 100, and φ = 4%; (c) H/W = 8, Re = 300, and
φ = 4%; (d) H/W = 4, Re = 300, and φ = 4%.
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Figure 5: Dimensionless temperature fields: (a) H/W = 8, Re = 100, and φ = 0%; (b) H/W = 8, Re = 100, and φ = 4%; (c) H/W = 8, Re =
300, and φ = 4%; (d) H/W = 4, Re = 300, and φ = 4%.

Results are presented in terms of average and local con-
vective heat transfer coefficients, Nusselt number, required
pumping power profiles as a function of Reynolds number,
H/W ratio, and particle concentrations; moreover, dimen-
sionless temperature fields and stream function contours are
reported.

Figures 4 and 5 depict the stream function contours and
the dimensionless temperature fields, respectively, for the
cases with two values of H/W ratio and Re, equal to 100 and
300, φ = 0% and 4%. Figure 4 depicts two counterrotating
vortex structures, generated when the fluid jet impinges
on the target surface. The jet entrainment and confining
effects of the upper adiabatic surfaces determine only one
stagnation point. In this point the velocity gradients and
temperature ones result in being very high. The confining
effects, given by H/W ratio values, affect also the vortex
intensity and size, together with the Reynolds number and
particle concentrations. The comparison of Figure 4(a) with
Figure 4(b) allows to analyze the behaviour of nanofluids in
terms of motion field. These figures depict the cases with
H/W = 8, φ = 0% and 4% at Re = 100, respectively.
Smoother eddies with a low intensity increase are observed
because the nanofluid viscosity and density are higher than
pure water. As Re increases, the separation area near the inlet
section becomes larger and the fluid stream results in being

more compressed towards the target surface, as observed in
Figure 4(c). Vortex intensity increases and the main eddies
extinguish at x/W values larger than the ones evaluated for
Re = 100, such as at x/W = −45 and 45. However, as H/W
decreases from 8 to 4, vortices result in being stronger near
the symmetry axis of jet but they extinguish at x/W values
equal to about −31 and 31, as described in Figure 4(d).

The dimensionless temperature fields are presented in
Figure 5 for the same configurations analyzed in Figure 4.
They follow the stream line contours. In fact, the fluid
temperature is very high near the stagnation point, where
the highest values of heat transfer efficiency are detected
then it decreases for increasing values of x/W . Nanofluids
produce an increase of fluid bulk temperature because of the
improved thermal conductivity of working fluids. For larger
Reynolds numbers the efficiency of heat transfer increases
while the confinement leads to higher temperatures in the
separation zone and lower for increasing values of x/W
values.

Figures 6 and 7 describe the convective heat transfer
coefficient distributions along the target surface at Re = 100,
200, 300 and 400, for φ = 0%, 1%, 4%, and 5%, for H/W =
4 and 8, respectively. The local convective heat transfer
coefficient is defined by hx = q̇x/(TH − T j). It is shown
that the highest values, detected in correspondence with the
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Figure 6: Local convective heat transfer coefficient profiles along x/W , H/W = 4, and Re = 100, 200, 300, and 400: (a) φ = 0%; (b) φ = 1%;
(c) φ = 4%; (d) φ = 5%.

stagnation point, increase as Reynolds number values and
volume concentrations increase. An average increase of about
27% is evaluated. The heat transfer coefficient profiles have a
minimum value, depending on Re, at x/W = 9, 10, 14 and 19
for Re = 100, 200, 300, and 400, respectively, and very small
differences are detected in terms of position for increasing
particle volume fractions. Another relative maximum is
reported at about x/W = 32, and its value increases as Re and
φ grow. In fact, it is equal to 180 and 580 W/m2K for φ = 0%

and 210 and 800 W/m2K for φ = 5% at Re = 200 and 400.
The increase in terms of H/W ratio leads to a small decrease
of the highest heat transfer coefficients for Re < 300, as
pointed out in Figure 7. Moreover, the minimum values are
evaluated at larger x/W values and also the second relative
maxima are detected towards the outlet section.

The variation of local Nusselt number along the target
plate for different values of Re, H/W = 4 and 8, φ = 0%,
and 5% is shown in Figure 8. It is observed that highest values
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Figure 7: Local convective heat transfer coefficient profiles along x/W , H/W = 8, and Re = 100, 200, 300 and 400: (a) φ = 0%; (b) φ = 1%;
(c) φ = 4%; (d) φ = 5%.

of Nux are observed at the stagnation point for all considered
cases. At φ = 0% its value is 10.8, 15.2, 18.5, and 21.1 for H/W
= 4 and 9.4, 14.9, 18.5 and 21.6 at H/W = 8, respectively,
for Re = 100, 200, 300, and 400, as depicted in Figures
8(a) and 8(c). At the end of the impingement plate, only
for H/W = 4, Nux reaches for similar values equal to about
1. In Figures 8(b) and 8(c), the influence of nanoparticle
concentration on the heat transfer is clear, enhanced by the

thermal conductivity improvement. In fact, if Figure 8(c) is
analyzed, the highest Nusselt number at φ = 5% is about
15% higher than the pure water jet values. For example, the
highest values are equal to about 12.5 and 24.2 for Re = 100
and 400 in the case of H/W = 4 and 11.1 and 25.0 in the case
of H/W = 8.

The stagnation point values in terms of convective heat
transfer coefficients and Nusselt number are depicted in
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Figure 8: Local Nusselt number profiles along x/W , Re = 100, 200, 300 and 400: (a) H/W = 4, φ = 0%; (b) H/W = 4, φ = 5%; (c) H/W = 8,
φ = 0%; (d) H/W = 8, φ = 5%.

Figure 9 as a function of Reynolds number for H/W = 4 and
8, and φ = 0%, 1%, 4% and 5%. If Figure 9(a) is observed,
h0 is equal to about 1020, 1450, 1800, and 2020 W/m2K at
φ = 0% and 1315, 1850, 2280, and 2600 W/m2K at φ = 5%,
respectively, for H/W = 4 and Re = 100, 200, 300, and 400.
The consequent Nu0 values at H/W = 4 are equal to 10.8,
15.2, 18.1, and 21.2 and 12.5, 17.8, 21.8 and 24.7, for φ
= 0% and 5%, respectively, as pointed out in Figure 9(c).

For H/W = 8, the stagnation point heat transfer coefficients
and Nusselt number values are slightly lower than the ones
calculated in the cases with H/W = 4 except for Reynolds
numbers equal to 300 and 400, as described in Figure 9(b)
and 9(d).

The average values of convective heat transfer coefficient
and Nusselt number increase as H/W ratio increases as
shown in Figure 10, which reports the profiles as a function
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Figure 9: Profiles of stagnation point convective heat transfer coefficients and Nusselt number, as a function of Re for different
concentrations: (a) convective heat transfer coefficients, H/W = 4 and 8; (b) Nusselt number, H/W = 4 and 8.

of Reynolds number at different values of particle volume
fractions. Profiles increase linearly as Re increases and higher
values are detected for larger nanoparticle volume fractions.
For example, for H/W = 4havg is equal to about 120 and
330 W/m2K for φ = 0% while it is 155 and 435 W/m2K for
φ = 5%, respectively, at Re = 100 and 400, as reported in
Figure 10(a). Thus, an average increase of 8%, 17% and 32%

is calculated in comparison with pure water heat transfer
coefficients for φ = 1%, 4%, and 5%, respectively. The
average Nusselt number improvement results in being less
remarkable, as observed in Figure 10(b). In fact, at H/W =
8, an enhancement of 3%, 10%, and 19% in terms of average
Nusselt number is evaluated in comparison with pure water
cases.
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Figure 10: Profiles of average heat transfer coefficients and Nusselt number, as a function of Re for different concentrations: (a) convective
heat transfer coefficients, H/W = 4 and 8; (b) Nusselt number, H/W = 4 and 8.

The pumping power ratio, referred to the base fluid val-
ues is described in Figure 11 forH/W = 4 and 8 and for differ-
ent values of particle concentrations. The required pumping
power is defined as PP = V̇ΔP and it has a square dependence
on Re. However, it is observed that the ratio does not seem to
be dependent on Re and H/W ratio. PPnf/PPbf ratio grows
as concentration increases, as expected. In fact, at Re =
200, the required pumping power is 1.3, 2.1 and 3.9 times

greater than the values calculated in case of water for φ =
1%, 4%, and 5%, respectively.

7. Conclusions

A numerical analysis of a two-dimensional model on a
confined impinging slot jet with nanofluids has been per-
formed in order to evaluate the thermal and fluid-dynamic



12 Advances in Mechanical Engineering

0
0

100

1

200

2

300

3

400 500

4

5

Re

H/W = 4

φ = 1%
φ = 4%
φ = 5%

P
P

n
f
/P

P
b

f

(a)

0
0

100

1

200

2

300

3

400 500

4

5

Re

H/W = 8

P
P

n
f
/P

P
b

f

φ = 1%
φ = 4%
φ = 5%

(b)

Figure 11: Pumping power profiles, referred to the base fluid
values, as a function of Re, φ = 1%, 4%, and 5%: (a) H/W = 4;
(b) H/W = 8.

behaviours. A uniform temperature is applied on the target
surface and jet Reynolds number ranges from 100 to 400.
The base fluid is water, and different volume concentrations
of Al2O3 nanoparticles are taken into account by adopting
the single-phase model. Furthermore, the confining effects
are considered by adopting H/W ratios equal to 4 and 8.

The dimensionless stream function contours showed that
the vortex intensity and size depend on the confinement,
Reynolds number, and particle concentration values. The
introduction of nanoparticle produces an increase of fluid
bulk temperature because of the elevated thermal conduc-
tivity of nanofluids. The local heat transfer coefficient and
Nusselt number values are the highest at the stagnation point
and they increase as particle concentrations and Reynolds
numbers increase. A maximum increase of 32% in terms of
average heat transfer coefficients is detected at φ = 5% for
H/W = 8. The required pumping power increases as well as
the Reynolds number and particle concentration and they are
at most 3.9 times greater than the values calculated in the case
of water.

It should be underlined that the present investigation
present the following limits.

(1) Thermo-physical properties of fluids have been con-
sidered constant with temperature because of the
small difference between the temperature of the heat-
ed target surface and the fluid one in the inlet sec-
tion. However, temperature-dependent properties
for nanofluids could be adopted in future works.

(2) The use of a two-dimensional slot jet is fair when the
lateral length, in the orthogonal direction in respect
to the jet, is significant. In particular, Zhou and
Lee [61] suggested dimensionless lateral distances,
referred to the nozzle width, greater than 6-7 in
order to neglect the effect of lateral distance, as also
remarked previously.

Nomenclature

Symbols

cp: Specific heat (J/kg K)
CP : Pressure coefficient Equation(13)
H : Channel height (m)
h: Heat transfer coefficient (W/m2 K)
L: Channel length (m)
Nu: Nusselt number Equation(11)
P: Pressure (Pa)
PP: Required pumping power (W)
Pr = ν/a: Prandtl number
q: Target surface heat flux (W/m2)
Re: Reynolds number Equation(10)
T : Temperature (K)
u: Velocity component (m/s)
V̇ : Volume flow rate (m3/s)
W : Jet width (m)
x, y: Spatial coordinates (m).

Greek Symbols

δ: Particle distance (m)
θ: Dimensionless temperature Equation(12)



Advances in Mechanical Engineering 13

λ: Thermal conductivity (W/mK)
μ : Dynamic viscosity (Pa s)
ν : Kinematic viscosity (m2/s)
ρ: Density (kg/m3)
τ: Wall shear stress (kg/m)
φ: Nanoparticle concentration.

Subscripts

0: Stagnation point
av: Average
bf: Base fluid
f : Fluid
H: Heated
j: Jet
nf: Nanofluid
p: Particle.
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We discuss briefly the constitutive modeling of the stress tensor for nanofluids. In particular, we look at the viscosity of nanofluids
containing multiwalled carbon nanotubes (MWCNTs) stabilized by cationic chitosan. MWCNTs can be used either to enhance or
reduce the fluid base viscosity depending on their weight fractions. By assuming that MWCNT nanofluids behave as generalized
second-grade fluid where the viscosity coefficient depends upon the rate of deformation, a theoretical model is developed. A
simplified version of this model, similar to the traditional power-law model, is used in this study. It is observed that the theoretical
results agree well with the experimental data.

1. Introduction

Nanofluids are made by adding nanoscale particles in low
volumetric fractions to a fluid in order to enhance or
improve their rheological, mechanical, optical, and thermal
properties. The base fluid can be any liquid such as oil, water,
ethylene glycol, or conventional fluid mixtures. Limited
available studies on nanofluid viscosity have been reported
[1–19]. In most of these studies, the behavior of the viscosity
and the shear stress of nanofluids have been interpreted using
the widely used empirical model developed by Casson [20]

τ1/2 = τ1/2
0 + μ1/2

∞ γ̇1/2. (1)

In this equation, τ0 is the yield stress, μ∞ is the suspension
viscosity at infinite shear rate, and γ̇ is the shear rate. One
of the inherent limitations of such empirical models is that
they are, in general, one-dimensional in nature and it is not
that easy or straightforward to generalize and obtain the
appropriate 3-dimensional form, which are often necessary
to solve general 3-dimensional problems. Nevertheless, this
equation has been found to be successful for a range of
parameters and a class of fluids. Phuoc and Massoudi
[14] used this equation and obtained the values for μ∞
being 0.1225 cp and 0.0225 cp for Fe2O3—deionized water
nanofluids with polyvinylpyrrolidone (PVP) or polyethylene

oxide (PEO) as a dispersant, respectively. These values are
about two orders of magnitude lower than the viscosity of the
base fluid (a liquid prepared with PVP as a dispersant (DW-
0.2% PVP) had a viscosity similar to that of water, while
the viscosity of water with PEO as a dispersant (DW-0.2%
PEO) was about 12.5 cp). Choi et al. [8] used this equation
and calculated the intrinsic viscosities of CrO2—ethylene
glycol, γ-Fe2O3, α-Fe2O3—EG and Ba-ferrite-EG nanofluids
at infinite shear rate and reported a decrease of the viscosity
with an increase in the particle volume fraction. This could
be problematic, since the intrinsic viscosity should reach
the viscosity of the base fluid in case of dilute suspensions
or increase as the particle volume fraction increases if the
suspension is dense enough.

In general, most complex, that is, nonlinear, materials
exhibit unusual and peculiar characteristics such as viscoelas-
ticity (as, for example, identified by creep or relaxation
experiments, often exhibiting memory effects), yield stress,
normal stress differences. The science of studying non-
linear fluids is “Rheology” and according to Reiner [21, p.
457]: “rheology started when Bingham in 1916 investigated
concentrated clay-suspensions, and Bingham and Green in
1919 investigated oilpaints.” The non-linear time-dependent
response of complex fluids constitutes an important area of
mathematical modeling of non-Newtonian fluids. For many
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practical engineering cases, where complex fluids such as
paint and slurries are used, the shear viscosity can be a
function of one or all of the following:

(i) Time,

(ii) shear rate,

(iii) concentration,

(iv) temperature,

(v) pressure,

(vi) electric field,

(vii) magnetic field,

(viii) . . ..

Thus, in general, μ = μ(t,π, θ,φ, p, E, B, . . .), where t is the
time, π is some measure of the shear rate, θ the temperature,
φ the concentration, p the pressure, E the electric field, and
B the magnetic field. Of course, in certain materials or under
certain conditions, the dependence of one or more of these
can be dropped. A more appropriate question is not what
the shear viscosity should be, but rather, what the stress
tensor of a given fluid should be. Bingham [22] was one of
the first scientists who proposed a constitutive relation for
the stress tensor of a viscoplastic material in a simple one
dimensional shear flow, where the relationship between the
shear stress and the rate of shear was described in terms of a
yield function F = 1−τ0/|τ|where τ0 is the yield stress and τ
is the shear stress. For many fluids such as polymers, slurries,
and suspensions, some generalizations have been made to
model shear-dependent viscosities. These fluids are known
as the power-law or the generalized Newtonian fluid models;
these widely used models are deficient in many ways; for
example, they cannot predict the normal stress differences or
yield stresses and they cannot capture the memory or history
effects [23, 24].

In an effort to obtain a model that does exhibit both
normal stress effects and shear-thinning/thickening, Man
[25] modified the constitutive equation developed by Rivlin
and Ericksen [26] (see also [27, 28]) for a second-grade fluid
by allowing the viscosity coefficient to depend upon the rate
of deformation; that is, μeff = μΠm/2, where Π is the second
invariant of the symmetric part of the velocity gradient, and
m is a material parameter. When m < 0, the fluid is shear-
thinning, and if m > 0, the fluid is shear-thickening. In
this paper, the viscosity of nanofluids containing multiwalled
carbon nanotubes (MWCNTs) stabilized by cationic chitosan
is studied. MWCNTs can be used either to enhance or reduce
the fluid base viscosity depending on their weight fractions.
By assuming that MWCNT nanofluids behave as a gen-
eralized second-grade fluid, where the viscosity coefficient
depends upon the rate of deformation, a theoretical model is
developed, and comparisons are made with the experimental
data.

2. Constitutive Modeling

Mathematically, the purpose of constitutive relations in
mechanics is to supply connections between kinematic,

mechanical, and thermal fields providing a suitable formu-
lation of a problem which can be solved for properly posed
problems. Just as different figures in geometry are defined
as idealizations of natural objects, continuum mechanics
seeks to establish particular relations between the stress
tensor and the motion of the body for “ideal materials”
[27]. In some instances, it may be necessary to represent the
same real material by different ideal materials in different
circumstances. A classic example is that of the theory
of incompressible viscous fluids, which gives an excellent
description of the behavior of water flowing through pipes
but is useless for the study of the propagation of sound waves
through water. While a constitutive equation is a postulate
or a definition from the mathematical standpoint, physical
experience remains the first guide, perhaps reinforced by
experimental data. Constitutive relations are required to
satisfy some general principles. Wang and Truesdell [29,
page 135] list six general principles: (1) determinism, (2)
local action, (3) equipresence, (4) universal dissipation, (5)
material frame indifference, and (6) material symmetry.
Constitutive relations should hold equally in all inertial
coordinate systems at any given time (often referred to
as coordinate invariance requirement). This would guard
against proposing a relation in which a mere change of
coordinate description would imply a different response in
the material. Many of the so-called “power-law” models
used in describing non-Newtonian fluids are not coordinate
invariant. In general, this difficulty can easily be overcome
by stating the equations either in tensorial form or by
using direct notations not employing coordinates at all.
The principle of material frame-indifference (sometimes
referred to as objectivity), which requires that the consti-
tutive equations be invariant under changes of frame, is
perhaps the most important of all. It is a consequence of
a fundamental principle of classical physics that material
properties are indifferent, that is, independent of the frame
of reference of the observer. This principle requires that
constitutive relations depend only on frame-indifferent
forms (or combinations thereof) of the variables pertaining
to the given problem (see Massoudi [30] for further details).
Among other approaches to model complex materials, one
can list (i) using physical and experimental models, (ii)
doing numerical simulations, (iii) using statistical mechanics
approaches, and (iv) ad hoc approaches.

In general, based on available experimental observations,
it can be said that many nanofluids exhibit characteristics
similar to those of non-linear materials such as colloidal
suspensions, polymers, rubber, and granular materials. The
main points of departure from linear behavior are the
following:

(1) the ability to shear-thin or shear-thicken,

(2) the ability to creep,

(3) the ability to relax stresses,

(4) the presence of normal stress differences in simple
shear flows,

(5) the presence of yield stress.
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To the best of our knowledge, it has not been reported
whether nanofluids exhibit normal stress effects, the non-
linear phenomena related to the stresses that are developed
orthogonal to the planes of shear. Therefore, we propose to
use a general model that can exhibit both the normal stress
effects and the shear-thinning/thickening effects. To do so, we
assume that nanofluids, such as the one studied in the present
work, behave as generalized second-grade fluids. For a sec-
ond grade fluid, the Cauchy stress tensor is given by [26–28]

T = −p1 + μA1 + α1A2 + α2A2
1, (2)

where p is the indeterminate part of the stress due to the con-
straint of incompressibility, 1 is the identity tensor, μ is the
coefficient of viscosity, α1 and α2 are material moduli which
are commonly referred to as the normal stress coefficients.
The kinematical tensors A1 and A2 are defined through

A1 = L + LT ,

A2 = dA1

dt
+ A1L + LTA1,

L = gradu.

(3)

where d/dt is the total time derivative, given by
d(·)/dt = ∂(·)/∂t + [grad(·)]u, where u is the velocity
vector. The thermodynamics and stability of fluids of second
grade have been studied in detail [28], where it is shown
that if the fluid is to be thermodynamically consistent in the
sense that all motions of the fluid meet the Clausius-Duhem
inequality and that the specific Helmholtz free energy of the
fluid be a minimum in equilibrium, then

μ ≥ 0,

α1 � 0,

α1 + α2 = 0.

(4)

By allowing the viscosity coefficient to depend on the rate of
deformation, Man [25] modified the constitutive equation,
(2) and proposed the following:

T = −p1 + μΠm/2A1 + α1A2 + α2A2
1, (5)

where

Π = 1
2

tr A2
1 (6)

is the second invariant of the symmetric part of the velocity
gradient, and m is a material parameter. When m < 0,
the fluid is shear-thinning, and if m > 0, the fluid is
shear-thickening. A subclass of models given by (7) is
the generalized power-law model, which can be obtained
by setting α1 = α2 = 0 in (7) (see [31–34] for further
discussions of this model). Notice that if the normal stress
parameters α1 and α2 are zero, then

T = −p1 + μΠm/2A1. (7)

In this paper, we will use this simplified form, which can also
be considered as a generalized power-law fluid model. Using

the cylindrical coordinate system for our present measure-
ments and assuming u = w(r)ez where ez denotes a unit
vector along the z direction yields the following calculations
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The z-component of the stress tensor becomes

Trz = μ

[

(

∂w

∂r

)2
]m/2(

∂w

∂r

)

= (μγ̇m)γ̇, (9)

where the shear-dependent viscosity is defined as

μeff = μ

[

(

∂w

∂r

)2
]m/2

= μγ̇m. (10)

In the next section, we will briefly discuss the results of our
experimental investigation and show how this model can be
used to describe the observed behavior of the fluid.

3. Experimental Evaluation

In Figures 1 and 2, we present the results on the calcu-
lated and measured viscosity and shear stress for water-
based nanofluids containing Multiwalled carbon nanotubes
(MWCNT) stabilized by low molecular weight chitosan
(>75% deacetylation). The measured data were reported by
Phuoc et al. [15]. The calculated results are carried out using
(9) for the shear stress and (10) for the viscosity with m =
−0.547,−0.65, and − 0.647 and μ = 0.134, 0.331, and 0.523
when CNTs weight percent increased from 1 to 3 and the
weight percent of the chitosan was 0.1. While using 0.2 wt%
chitosan, it was found that m = −0.584 and −0.678 and μ =
0.354 and 0.641 for 2 wt% and 3 wt% CNTs, respectively. It
is seen that using the generalized power-law model, with (7)
as a subclass of the generalized second-grade fluid models,
the measured experimental values compare well with the
theoretical model. For a given weight percent of the stabilizer,
increasing the CNTs weight percent has a strong effect on
the value of μ. For a given value of CNTs weight percent,
increasing the weight percent of the stabilizer increases both
m and μ.

4. Concluding Remarks

The two important constitutive relations needed for the
study of flow and heat transfer in complex fluid-like
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Figure 1: Viscosity and shear stress as a function of shear rate
showing the effect of the MWCNT weight percent. The base fluid
is DW + 0.1 wt% chitosan. The measured values are shown by
symbols, while the calculated values are shown by the solid and
dotted lines. These calculated viscosity values were obtained using
(10) and the shear stresses were calculated using (9) with m =
−0.547,−0.65, and −0.647 and μ = 0.134; 0.331; and 0.523 for
MWCNT weight percent increased from 1%, 2%, and to 3%,
respectively.

materials, where the effects of radiation are ignored, are the
stress tensor and the heat flux vector. From an engineering
perspective, this oftentimes translates into measuring viscos-
ity and thermal conductivity. As a result, most researchers
have attempted to generalize Newton’s law of viscosity and
Fourier’s law of heat conduction to various and more
complicated cases by assuming that the shear viscosity
and/or thermal conductivity could depend on a host of
parameters such as shear rate, temperature, and porosity.
This unfortunately does not fully take into account the
non-linear and time-dependent nature (such as normal
stress effects or visco-elastic response) of these complex
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Figure 2: Viscosity and shear stress as a function of shear rate
showing the effect of the MWCNT weight percent. The base fluid
is DW + 0.2 wt% chitosan. The measured values are shown by
symbols, while the calculated values are shown by the solid and
dotted lines. These calculated viscosity values were obtained using
(10) and the shear stresses were calculated using (9) with m =
−0.584 and −0.678 and μ = 0.354 and 0.641 for 2 wt% and 3 wt%
CNTs, respectively.

materials, as these generalizations cannot give rise to implicit
constitutive relations.

Nanofluids represent one of the newest complex materi-
als of the modern era. In many ways, constitutive modeling
of these fluids, from a macroscopic point of view, is still
at its infancy, perhaps similar to the early days of polymer
rheology, rubber viscoelasticity or composite materials. With
intense interest and research in the past two decades, great
strides have been made, and nanofluids, due to their peculiar
heat transfer and rheological properties, have been shown
to contribute in many diverse ways to many industrial
processes and to our lives [35]. An often neglected, yet
extremely important, conceptual question, and perhaps still



Advances in Mechanical Engineering 5

an open question, is whether the same governing macro-
scopic balance equations can be used for nanofluids. For
a recent discussion of this issue, see [36]. Since nanofluids
form suspensions, theoretically from the point of view
of mechanics, their thermorheological responses can be
modeled either using the non-Newtonian approach or the
multicomponent approach [37].

To better understand the various mechanisms in the
heat transfer processes involving nanofluids, in addition to
studying the thermal conductivity or radiation effects, an
understanding of the mechanism for viscous dissipation is
also important. A proper constitutive model for the stress
tensor T, represents the first step in this direction, since
the term T · D (where 2D = A1) appears in the energy
equation. By assuming that nanofluids in general can behave
as generalized second-grade fluids whose viscosity coefficient
depends on the rate of deformation, a theoretical model
has been developed. The experimental results indicate that
the two important parameters in this study are related
to the effects of the solid concentration on the viscosity
of the base fluid and the degree of the nonlinearity of
the fluid (measured through m and μ). By comparing
with the measured data, the present model was found to
be suitable for describing the fluid behavior. To test to
see whether a particular nanofluid is capable of display-
ing normal stress differences, an orthogonal rheometer is
needed.
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This paper reports a numerical study on natural convection from a protruding heater located at the bottom of a square cavity
filled with a copper-water nanofluid. The vertical walls of the cavity are cooled isothermally; the horizontal ones are adiabatic,
and the heater is attached to the bottom wall. The heat source is assumed either to be isothermal or to have a constant heat
flux. The effective viscosity and thermal conductivity of the nanofluid are modeled according to Brinkman and Patel, respectively.
Numerical solutions of the full-governing equations, based on the lattice Boltzmann method, are obtained for a wide range of the
governing parameters: the Rayleigh number, Ra; the Prandtl number, Pr; the geometrical parameters specifying the heater; the
volume fraction of nanoparticles, Φ. For a particular geometry, it has been found that, for a given Ra, heat transfer is enhanced
with increasing Φ, independently of the thermal boundary condition applied on the heater.

1. Introduction

The convection of nanofluids, which are a mixture of
nanoparticles in a base fluid [1], has recently been an active
field of research, because of reports of greatly enhanced
thermal properties. Compared with other techniques for
enhancing heat transfer in practical applications, nanofluids
have the advantage of behaving like pure fluids, because of
the small size of nanoparticles. As a result, the possibility of
using them as heat transfer fluids for various applications,
such as advanced nuclear systems or microchannel and
minichannel heat sinks, is currently under consideration.

A review of the literature (see, e.g., Godson et al. [2])
indicates that most studies on this topic are concerned
mainly with forced convection applications, but relatively
little attention has been devoted to the natural convection
of nanofluids. The first study on the natural convection of a
nanofluid confined in a differentially heated enclosure seems
to be that of Khanafer et al. [3]. The same problem was con-
sidered by Jou and Tzeng [4]. The Khanafer et al. model was

used to investigate convective heat transfer enhancement in
rectangular enclosures filled with an Al2O3-water nanofluid.
It was reported that increasing the buoyancy parameter
and volume fraction causes an increase in the average heat
transfer coefficient. Heat transfer in nanofluids by natural
convection in a square cavity heated isothermally from the
vertical sides has been investigated numerically by Ho et al.
[5] and Santra et al. [6]. Two different formulas have been
considered by Ho et al. [5], for the effective viscosity, and
thermal conductivity of the nanofluids, while the Ostwald-de
Waele model for a non-Newtonian shear-thinning fluid has
been used by Santra et al. [6] to calculate the shear stress. It
was found that the uncertainties associated with the various
expressions adopted to model nanofluids have a major
influence on the characteristics of heat transfer by natural
convection in the enclosure. Heat transfer enhancement in
a differentially heated enclosure using the variable thermal
conductivity and variable viscosity of Al2O3-water and Cu-
water nanofluids has been investigated numerically by Abu-
Nada et al. [7]. The impact of both variable viscosity and
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variable thermal conductivity, derived from experimental
data, has been studied. It was observed that, at high Rayleigh
numbers, the Nusselt number is more sensitive to viscosity
models than to thermal conductivity models. Numerical
study of natural convection in partially heated rectangular
enclosures has been performed by Abu-Nada et al. [8].
Different types of nanoparticles were tested. They found
that the heater location affects the flow and temperature
fields when nanofluids are used. The same configuration was
considered recently by Ghasemi and Aminossadati [9] for the
case of an oscillating heat source embedded on the vertical
wall of the enclosure. Recently, Alloui et al. [10] investigated
natural convection, both analytically and numerically, in a
shallow rectangular cavity filled with nanofluids. The critical
Rayleigh number for the onset of supercritical convection
of nanofluids is predicted explicitly by these authors. Also,
results are obtained from the analytical model for finite
amplitude convection for which the flow and heat transfer
are presented in terms of the governing parameters of the
problem.

Natural convection heat transfer in partially divided
cavities filled with ordinary fluids has been the subject of
many studies in the past, because of its importance in many
engineering fields. Applications include thermal control
of electric components, nuclear reactors, and so forth.
Moukalled and Acharya [11] and Moukalled and Darwish
[12] numerically investigated buoyancy-induced heat trans-
fer in partially divided trapezoidal cavities representing attic
spaces. The effects of the Rayleigh number, baffle height, and
baffle location on heat transfer were discussed for various
thermal boundary conditions. An experimental investigation
concerning laminar convection in a box, with differentially
heated end walls, which is divided by a barrier into two
connected chambers, was carried out by Coman et al. [13].
They found that heat transfer diminishes rapidly when the
barrier is high and also that it changes little when the
lateral position of the barrier varies. Oztop and Bilgen [14]
studied heat transfer numerically in a differentially heated
and partitioned square cavity containing heat-generating
fluid. It was found that the flow field and heat transfer
are modified considerably with partial dividers. Natural
convection heat transfer from a protruding heater located
in a triangular enclosure has been analyzed numerically by
Varol et al. [15]. They reported that, in order to obtain
better heat removal, the heater must be located at the center
of the bottom wall. The same problem was considered by
AlAmiri et al. [16] for the case of a square cavity. Their
investigation revealed that, as well as location, increasing the
height and width of the heater results in the enhancement of
heat transfer owing to the increase in the surface area of the
heater. All the above investigations are concerned only with
partially divided enclosures filled with ordinary fluids. To the
author’s knowledge, the influence of nanofluids on this flow
configuration has not yet been studied.

In our investigation here, we consider natural convection
in a square enclosure with a protruding heater subjected to
various thermal boundary conditions. A numerical study is
carried out to predict the effect of the location and dimension
of the heat source on the flow and temperature fields in

a cavity filled with a Cu-water nanofluid. The paper is
organized as follows. The formulation of the problem and
the numerical method are presented in Sections 2 and 3,
respectively. In Section 4, the results obtained for the flow
and heat transfer are discussed in terms of the geometry of
the system. The final last section presents some concluding
remarks related to optimum heat transfer enhancement
based on the nanoparticle volume fraction, the length and
the width of the enclosure, the Rayleigh number, and the
location of the protruding heater.

2. Mathematical Formulation

Figure 1(a) schematically represents the flow configuration
with a coordinate system. The square enclosure is of
height H′. The vertical walls of the enclosure are cooled
isothermally, at temperature T′c , while the horizontal walls
are adiabatic. A protruding heater of height l′ and width w′

is placed at a distance d′ from the left wall, as shown in the
graph. The cavity is filled with Newtonian, incompressible
nanofluid. The thermophysical properties of the mixture
considered in this study are assumed constant, except for
the density variation, which is determined based on the
Boussinesq approximation. Also, it is supposed that the base
fluid and the nanoparticles are in thermal equilibrium and
that no slip occurs between them.

The governing macroscopic equations that describe
the system behavior are those of conservation of mass,
momentum, and energy, which are given as

∂2Ψ′

∂x′2
+
∂2Ψ′

∂y′2
= −ω′,

∂ω′

∂t′
+ u′

∂ω′

∂x′
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∂ω′

∂y′

= 1
ρnf
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μnf

(

∂2ω′

∂x′2
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∂2ω′

∂y′2

)
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(

ρβ′
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nf g
∂T′
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]

,

∂T′
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+ u′

∂T′

∂x′
+ v′

∂T′

∂y′
= αnf

(

∂2T′

∂x′2
+
∂2T′

∂y′2

)

,

(1)

in terms of stream function Ψ′, vorticity ω′, and temperature
T′. As usual, in order to satisfy the continuity equation, the
stream function Ψ′ is defined such that u′ = ∂Ψ′/∂y′, v′ =
−∂Ψ′/∂x′.

The appropriate boundary conditions applied on the
walls of the cavity are

x′ = 0,H′, 0 ≤ y′ ≤ H′,

Ψ′ = ∂Ψ′

∂x′
= 0, ω′ = −∂2Ψ′

∂x′2
, T′ = T′c ,

y′ = H′, 0 ≤ x′ ≤ H′,

Ψ′ = ∂Ψ′

∂y′
= 0, ω′ = −∂2Ψ′

∂y′2
,

∂T′

∂y′
= 0,
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Figure 1: (a) Schematic diagram for physical model with coordinate system. (b) Diagram of the discrete D2Q5 phase space.
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On the heater walls, the hydrodynamic boundary condi-
tions are given by

Ψ′ = ∂Ψ′

∂n′
= 0, ω′ = −∂2Ψ′

∂n′2
, (3)

while the two following thermal boundary conditions are
considered:

(1) a constant temperature T′h, such that

T′ = T′h, (4)

(2) a constant heat flux q′, such that

∂T′

∂n′
= − q′

knf
. (5)

In these equations, n′ represents the normal to the heater
walls, and the constant knf is the characteristic thermal
conductivity of the fluid considered.

The effective density of the nanofluid is given as

ρnf = (1−Φ)ρ f + Φρnp, (6)

where Φ is the solid volume fraction of nanoparticles.
The thermal diffusivity of the nanofluid is

αnf = knf
(

ρCP
)

nf

, (7)

where the heat capacitance of the nanofluid is given by

(

ρCP
)

nf = (1−Φ)
(

ρCP
)

f + Φ
(

ρCP
)

np. (8)

The thermal expansion coefficient of the nanofluid can
be determined by:

(

ρβ′
)

nf = (1−Φ)
(

ρβ′
)

f + Φ
(

ρβ′
)

np. (9)

The effective dynamic viscosity of the nanofluid is
calculated using Brinkman’s model [17] as follows:

μnf =
μ f

(1−Φ)2.5 , (10)

which gives an estimation of the viscosity of a nanofluid
containing a dilute suspension of small, rigid, spherical
particles.
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The thermal conductivity of the nanofluid is calculated
using a model proposed by Patel et al. [18] as follows:

knf

k f
= 1 +

knpAnp

k f A f
+ cknpPe

Anp

k f A f
, (11)

where c = 25000 is a constant determined experimentally,
and Anp/A f is defined as

Anp

Af
= d f

dnp

Φ

(1−Φ)
, (12)

with dnp being the diameter of the solid nanoparticles in the
fluid, assumed here to be equal to dnp = 100 nm, and d f =
2 A◦ being the size of the liquid molecules, namely, those of
water.

The Péclet number in (11) is defined as

Pe = unpdnp

α f
, (13)

with unp expressing the Brownian motion velocity of
nanoparticle, defined as

unp = 2kbT′

πμ f d2
np

, (14)

where kb = 1.38065× 10−23 is the Boltzmann constant.
The governing equations with the above models are made

dimensionless by scaling the length by H′ and the velocity
by α f Ra1/2/H′, with α f being the thermal diffusivity of
pure fluid, and time by H′2/α f Ra1/2. Also, we introduce the
reduced temperature T = (T′ − T′0)/ΔT′, where ΔT′ =
(T′h − T′c ) for an isothermal heater and ΔT′ = q′H′/k f for
a heater with a constant heat flux. The wall temperature
of the enclosure is set arbitrarily to T′0 = 22◦C, and the
characteristic temperature difference is fixed to ΔT′ = 30◦C.

The dimensionless equations governing the present
problem then read

∂2Ψ

∂x2
+
∂2Ψ

∂y2
= −ω, (15)
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)
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(16)
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where

ν = νnf
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, β =

(

ρβ′
)

nf
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f

) , α = αnf
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The corresponding boundary conditions are

x = 0, 1, 0 ≤ y ≤ 1,

Ψ = ∂Ψ
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(19)

and the no slip condition on the heater wall yields

Ψ = ∂Ψ

∂n
= 0, ω = −∂2Ψ

∂n2
, (20)

while the dimensionless thermal boundary conditions are as
follows:

(1) the constant temperature applied on the heater

T = 1 (21)

(2) the constant heat flux on the heater

∂T

∂n
= − k f

knf
. (22)

The heat transfer rates along the vertical walls are
expressed in terms of the local and average Nusselt’s numbers
Nu and Nu, respectively. Depending on the thermal bound-
ary conditions applied on the heater, these parameters are
computed as follows:

(3) on the left vertical wall of the heater for a constant
temperature,

Nu = −knf

k f

∂T

∂x

∣

∣

∣

∣

∣

x=0

, (23)

Nu =
∫ 1

0
Nudy, (24)

(4) on the heater for a constant heat flux,

Nu = 1
T

∣

∣

∣

∣

heater
, (25)

Nu =
∫

Heater Nudl
∫

Heater dl
, (26)
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with dl representing an elementary length along the walls of
the heater.

From the above equations, we can see that the
present problem is governed by six dimensionless param-
eters, namely, the thermal Rayleigh number Ra =
gβ′fΔT

′H′3/α f ν f , the Prandtl number Pr = ν f /α f , the solid
volume fraction of nanoparticles Φ, and the geometrical
parameters for the heater, that is, L = (l′/H′), W = (w′/H′),
and D = (d′/H′). Naturally, the type of nanoparticles
considered must also be specified, which introduces another
parameter.

3. Numerical Solution

The solution of the governing equations, (15) to (17),
is obtained using the lattice Boltzmann method (LBM).
The LBM, developed two decades ago, examines fluids in
the molecular state instead of at the classical macroscopic
level and makes it possible to simulate flows by solving
the Boltzmann transport equation for particle distribution
functions on a simplified phase space, called the lattice
[19, 20].

In this study, we used the LBM to solve the stream
function, vorticity, and temperature equations, instead of
the classical Navier-Stokes equations for velocity and tem-
perature. This approach, recently proposed by Chai and
Shi [21] and Chen et al. [22, 23], enables us to solve
the advection-diffusion equations, (16) and (17), and the
Poisson equation, (15), using particle distribution functions
and applying the lattice Boltzmann approach on the D2Q5-
phase space described in Figure 1(b).

We considered three sets of particle distribution func-
tions. One set describes the temperature T and another the
vorticity ω, both of them evolving following the collision and
propagation steps described by Chen et al. [22, 23]. The third
set of particle distribution functions is used for the stream
function Ψ and is computed by iterating the collision and
propagation steps, as described by Chai and Shi [21].

The parameters characterizing the nanofluid, that is,
to say thermal diffusivity α, kinematic viscosity ν, and
thermal expansion coefficient β, are introduced in the model
with the definition of characteristic relaxation times. These
characteristic parameters, which make it possible to link the
macroscopic formulation of the Navier-Stokes equations to
the mesoscopic formulation of the LBM, were modified to
take into account the influence of the nanoparticles on the
fluid in the LBM framework for the various models studied
(see e.g., Guiet et al. [24]).

With the present approach, a wide range of simulations
were conducted for the simulation of natural convection in
partially divided square enclosures. For these simulations,
the convergence was considered to be reached when the
relative error on variables V = Ψ, ω, and T between two
successive iterations, t and t + 1, was smaller than a chosen
tolerance:
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The calculations were performed on 101 × 101 regular
grids using D2Q5 lattices, this refinement being a good
compromise between computational time and accuracy.

To check the ability of this LBM formulation to simulate
flows in partially divided cavities, various simulations were
conducted for pure fluid and compared with results provided
by AlAmiri et al. [16]. The accuracy of the LBM was checked
for various Rayleigh’s numbers, Ra, in different configura-
tions with various heights L, widths W , and positions D of
an isothermal heater. The results are summarized in Table 1.
Good agreement is observed, with the maximum deviation
being of the order of 1.7% for the 101 × 101 grid. We can
note that, while increasing Ra, the stream function amplitude
Ψmax − Ψmin reaches a maximum at Ra = 105 and then
decreases. This can be explained by the fact that, increasing
Ra < 105, the conduction is not negligible compared to the
convection; the presence of the heater affects more and more
fluid in the cavity (by conduction) inducing a convection of
more and more fluid in the cavity. A maximum is reached
where all the fluid in the cavity is convected. Then, increasing
Ra, the conduction becomes negligible, and the convection
occurs more and more close from the vertical walls (cooled
fluid) and above the heater (warmed fluid), leaving larger
areas of the cavity where the fluid is not affected by the
convection. The stream function amplitude Ψmax − Ψmin

tends to reduce (Ra > 105).

4. Results and Discussion

The results presented in this paper were obtained for pure
fluid and a copper (Cu)-water mixture. The thermophysical
properties of the base fluid, that is, water, and the nanopar-
ticles, are reported in Table 2. Since this study is limited
to water-based solutions, it is assumed that the Prandtl
number (Pr) equals 7. As discussed by many authors (see,
e.g., Trevisan and Bejan [25]), this type of convective heat
transfer is independent of this parameter, provided that this
latter is of order one or greater. The results are presented
for Rayleigh’s numbers varying from 103 to 106, for various
geometries, 0.25 ≤ L ≤ 0.8, 0.1 ≤ W ≤ 0.8, and positions,
0.15 ≤ D ≤ 0.5, of the heater, while the nanoparticle volume
fraction covers the 0 ≤ Φ ≤ 0.05 range.

Typical numerical results are presented in Figure 2 for
Ra = 105, D = 0.5, and W = 0.2. On the graphs,
streamlines and isotherms are presented from left to right.
The calculated maximum stream functions (|Ψmax|) and heat
transfer (Nu) are also given with each graph for reference.
In these figures, the streamlines are equally spaced between
Ψ = 0 on the boundaries and the maximum (minimum)
value Ψmax (Ψmin). Also, the isotherms are equally spaced
between Tmax = 1 and Tmin = 0. Figure 2(a) shows the
results obtained for a cavity with a protruding isothermal
heater of height L = 0.25, filled with a pure solution (Φ =
0). The resulting flow and temperature fields are similar
to those reported in the literature in the past (see, e.g.,
AlAmiri et al. [16]). Since the heater is centrally located
in the middle of the bottom wall (D = 0.5), symmetrical
flow and temperature patterns, about a vertical line passing
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Table 1: Comparison with results provided by Alimiri et al. [16] of the stream function extremes (Ψmin,Ψmax) for various heat source
configurations (Pr = 0.71).

Ra W L D Reference [16] Present Difference

104 0.2 0.25 0.5 (−0.0333, 0.0333) (−0.0330, 0.0330) 0.9%

105 0.2 0.25 0.5 (−0.0459, 0.0459) (−0.0458, 0.0458) 0.22%

106 0.2 0.25 0.5 (−0.0290, 0.0290) (−0.0289, 0.0289) 0.34%

106 0.1 0.25 0.5 (−0.0292, 0.0292) (−0.0291, 0.0291) 0.34%

106 0.4 0.25 0.5 (−0.0299, 0.0299) (−0.0299, 0.0299) 0%

106 0.2 0.05 0.5 (−0.0331, 0.0331) (−0.0330, 0.0330) 0.34%

106 0.2 0.5 0.5 (−0.0239, 0.0239) (−0.0235, 0.0235) 1.7%

106 0.2 0.25 0.2 (−0.0334, 0.0288) (−0.0328, 0.0286) 1.3%

Table 2: Thermophysical properties of water and Cu-nanoparticles
[8].

ρ (kg m−3) Cp (J kg−1 K−1) k (Wm−1 K−1) β×105 (K−1)

H2O 997.1 4179 0.613 21

Cu 8933 385 401 1.67

through the axis of symmetry of the heated element, are
observed in the enclosure. The streamlines are seen to occupy
the entire cavity body. The field of isotherms indicates that
these are mostly parallel to the heated and cooled boundaries,
except above the heated element. As the solid volume
fraction is increased to Φ = 0.05, the resulting streamlines
and isotherms are depicted as in Figure 2(b). It is found
that, as expected, the flow and temperature patterns are
influenced by the addition of nanoparticles, which enhances
the buoyancy forces, owing to the increase in the effective
thermal conductivity of the mixture. As a result, the strength
of convective heat transfer is improved with an increase
in solid concentration. In fact, the increase in the Nusselt
number is about 33.5% for a concentration of nanoparticles
as low as Φ = 0.05. Figure 2(c) shows the results obtained
when the heater height is increased to L = 0.50 for Φ = 0.05.
A comparison between Figures 2(b) and 2(c) indicates that,
as the height of the heater increases, the intensity of the
convective motion diminishes, as indicated by the values of
the maximum and minimum stream function patterns. This
is because an increase in the length of the heated element
results in an increase in resistance to the flow. However,
the average Nusselt-number is found to be enhanced from
Nu = 4.356 to Nu = 5.839 as the heater height is increased
from L = 0.25 to L = 0.50. Similar data were obtained
for the same conditions, but for the case of a block heated
by a constant heat flux. The obtained results (not presented
here) indicate that the streamline patterns were qualitatively
similar to those reported for the isothermal heater. Naturally,
the isotherm patterns are quite different, especially in the
vicinity of the heater, where the surface temperature of this
latter is not constant.

Figure 3 illustrates the variation in Nu with the solid
volume fraction Φ at various Rayleigh’s numbers. The
specific geometrical configuration of the heating source

considered is D = 0.5, L = 0.25, and W = 0.2. The results
obtained for the isothermal heater and the constant heat flux
heater are depicted in Figures 3(a) and 3(b), respectively.
In general, past studies on this topic have demonstrated
that the addition of nanoparticles to a base fluid leads to
the occurrence of two opposing effects on the convective
heat transfer within the cavity. The first effect, resulting
from the enhanced thermal conductivity of the mixture
owing to the presence of the nanoparticles, improves Nu.
The second effect,owing to the increase in viscosity caused
by the addition of nanoparticles, eliminates the convective
motion and thusreduces Nu. Which of these two antagonist
mechanisms prevails depends on the type of particles used,
the convection intensity (Ra), and the models considered
to approximate the viscosity and thermal conductivity of
the mixture. In this study, the results depicted in Figure 3
show that, for a given Ra value, a monotonic increase in
Nu is obtained with the addition of nanoparticles. For the
isothermal heater, Figure 3(a) indicates that, at Φ = 0.05, the
Nusselt number is enhanced by about 38% for Ra = 103

and by about 32% for Ra = 106. The case of a constant
heat flux heater, Figure 3(b), is discussed next. For this
situation, the temperatures of the surface of the heater, T ,
are not constant. As a matter of fact, its maximum value,
Tmax, is an important parameter in the thermal design of
electronic devices. For a given value of Φ, Figure 3(b) shows
that increasing monotonically Ra enhances Nu. This follows
from the fact that increasing the Rayleigh number enhances
convection, that is, heat removal from the heater. As a result,
the temperatures on the surface of the heated element are
reduced, resulting in an enhancement of the heat transfer.
Specifically, it is found that, at Φ = 0.05, the Nusselt number
is enhanced by about 36% for Ra = 103 and by about 22%
for Ra = 106. Note that in that case the computed average
Nusselt numbers for Ra = 103 and 104 are almost identical.
This is due to the weak impact of natural convection on the
heat transfer for these two cases, the heat exchange being due
to conduction. The impact of the convection starts appearing
for the simulations at Ra = 105.

This result indicates that the cooling performance of
nanofluids is more effective at low Rayleigh’s numbers than at
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Figure 2: Effect of varying the ratio of nanoparticles, Φ, and the
length, L, of an isothermally heated heater on the streamlines (left)
and isotherms (right) for Ra = 105, D = 0.5, W = 0.2, and (a)
L = 0.25 and Φ = 0: |Ψmax| = 0.0391, Nu = 3.264, (b) L = 0.25 and
Φ = 0.05: |Ψmax| = 0.0506, Nu = 4.356, (c) L = 0.50 and Φ = 0.05:
|Ψmax| = 0.0392, Nu = 5.839.

high ones, independently of the heating conditions imposed
on the heater. This behavior of Nu with Φ is in good
agreement with the results reported in previous studies,
especially when the Rayleigh number is small enough that
convection is weak (Ra ≤ 104). For this situation, for which
heat transfer by conduction prevails, the increase in Nu with
Φ is due to the enhancement in thermal conductivity of
the nanofluid. This trend has been found to be independent
of the models used to characterize the mixture. It must be
mentioned that a review of the literature indicates that, at
higher Ra values for which heat transfer is dominated by
convection, the effects of the nanoparticle volume fraction
on the Nusselt number was found to be either beneficial or
detrimental, depending on the formulas adopted to model
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Figure 3: Variation of the average Nusselt number Nu with solid
volume fraction Φ at various Rayleigh’s number’s Ra for D = 0.5,
L = 0.25, W = 0.2, and for, (a) isothermal heater; (b) heater with a
constant heat flux.

the effective thermal conductivity and dynamic viscosity of
the nanofluid.

Figure 4 illustrates the variation of Nu for Ra = 105, in
terms of the geometry and position of the heat source and Φ
of the mixture, for a heater with a constant heat flux. Figures
4(a) and 4(b) show the variation of Nu with the height L
of the heated element. It can be seen that, for a given solid
volume fraction, the Nusselt number decreases as the height
increases. This follows from the fact that the temperature
at the surface of the element increases as the height of the
element increases, owing to the higher heat flux generated
by the heat source. The influence of the heater width W on
Nu is presented in Figure 4(b). For a given Φ, it is found
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Figure 4: Variation of the average Nusselt number Nu, for the case
of a heater with a constant heat flux, with solid volume fraction Φ
for Ra = 105: (a) effect of the heater height L for D = 0.5 and
W = 0.2; (b) effect of the heater width W for D = 0.5 and L = 0.25;
(c) effect of the heater position D for L = 0.25 and W = 0.2.

that, as the width of the heater increases from W = 0.10
to W = 0.80, the Nusselt number first decreases to reach
a minimum at about W = 0.40. Above this value, Nu is
found to increase sharply with W . Concerning the influence
of Φ, Figure 4(a) indicates that, with an increase of 5% in
this parameter, the Nusselt number grows by about 24% at
L = 0.25 and by about 21% at L = 0.80. Similarly, it is
observed from Figure 4(b) that Nu improves by 24% at W =
0.10 and 33% at W = 0.80. Figure 4(c) presents the effect
of the location of the heat source D on Nu. Independently
of the concentration Φ of the solution, the average Nusselt
number is minimum for D = 0.50, that is, when the
heater is centrally located at the bottom of the enclosure.
Naturally, symmetrical flow and temperature patterns are
generated in the enclosure in this case (Figure 5(a)). As the

heat source moves towards the left vertical isothermal wall
(D < 0.5), the flow patterns consist of two nonsymmetrical
counterrotating cells of unequal strengths (Figures 5(b) and
5(c)). The isotherm patterns indicate that, as the heater is
moved to the left cold wall, the temperature of the heat
source, which is not uniform since it is heated by a constant
heat flux, decreases. Moving the heat source to the vicinity
of the cooled boundary enhances heat removal considerably,
which reduces the temperatures on the surface of the heater.
As a result, the average Nusselt number increases sharply as
it moves away from the central position, D = 0.50. Also,
Figure 4(c) shows that the average Nusselt number increases
monotonically with the solid volume, independently of the
position of the heater. With an increase of 5% in solid volume
fraction, the Nusselt number grows by about 40% at D =
0.15 and by about 24% at D = 0.5.

Figure 6 illustrates the results obtained for the same
conditions as those of Figure 4, but for the case of an
isothermal heater. A bird’s eye view of the graphs indicates
that, independently of the geometry and position of the heat
source, the Nusselt number increases with an increase in the
volume fraction Φ, that is, the thermal conductivity of the
solution. Thus, as expected, this behavior is independent of
the thermal boundary conditions applied on the heat source.
The effect of the size of the heater on heat transfer is shown
in Figures 6(a) and 6(b), which indicate that Nu improves
with an increase in the dimensions of the heating surface.
The fact that the average Nusselt number improves with an
increase in the height and width of an isothermal heater
located at the bottom of a cavity has already been reported
by AlAmiri et al. [16] for pure fluid. The influence of the
position D of the block heater on the heat transfer is depicted
in Figure 6(c). Qualitatively, the results are similar to those
reported for the case of the block when heated by a constant
heat flux (Figure 4(c)). Quantitatively, Figure 6(c) indicates
that, when Φ increases from 0 to 5%, the Nusselt number
grows by about 35% at D = 0.15 and by about 33% at
D = 0.5.

5. Conclusions

In this paper, a numerical study of natural convection heat
transfer in a square enclosure filled with a suspension of
copper-water nanofluid is carried out. The simulations were
performed using the lattice Boltzmann approach. The system
is heated, by a protruding heater located at the bottom of
the system, and cooled isothermally from the two vertical
walls. The heater is assumed either to be isothermal or to
generate a constant heat flux. The governing parameters of
the problem are the thermal Rayleigh number, Ra, the solid
volume fraction of nanoparticles, Φ, the size (L and W) of
the heater and its position, D. The main conclusions of the
present analysis are as follows.

(1) In the range of the governing parameters considered
in this study, for a given geometry and position of
the heater, the heat transfer is improved by enhancing
both the Rayleigh number and the nanoparticle
volume fraction.
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Figure 5: Effect of varying the position D of the constant heat flux
heater on the streamlines (left) and isotherms (right) for Ra = 105,
Φ = 0.05, L = 0.25, W = 0.2 and: (a) D = 0.50: Ψmax = 0.0153,
Ψmin = −0.0153, Tmax = 0.1677, Nu = 6.6556; (b) D = 0.30:
Ψmax = 0.0092, Ψmin = −0.0190, Tmax = 0.1526, Nu = 7.3719;
(c) D = 0.15: Ψmax = 0.0036, Ψmin = −0.0199, Tmax = 0.1476,
Nu = 13.9672.

(2) For the case of an isothermal heater, the numerical
results indicate that, for a given solid volume fraction
of nanoparticles, the heat transfer is improved when
the size of the heating source increases. Also, the
average Nusselt number is enhanced as the position
of the heating block is moved from the center
position toward the vertical isothermal boundaries of
the enclosure.

(3) For the case of a heater with a constant heat source,
for a given Rayleigh number and solid volume
fraction of nanoparticles, the increase in the height
of the heater results in a rise in the maximum sur-
face temperature of the element. Consequently, the
average Nusselt number decreases with the increase
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Figure 6: Variation of the average Nusselt number Nu (computed
on the left vertical wall), for an isothermal heater, with solid volume
fraction Φ for Ra = 105: (a) effect of the heater height L for D = 0.5
and W = 0.2; (b) effect of the heater width W for D = 0.5 and L =
0.25; (c) effect of the heater position D for L = 0.25 and W = 0.2.

in the height of the heat source. The influence of
the width, W , on Nu is more complex. When it
increases from W = 0.1, Nu first decreases to reach a
minimum at W ≈ 0.4, above which the heat transfer
increases monotonically with W . As in the case of the
isothermal heater, as the position D of the heating
block is moved from the center of the bottom wall of
the cavity towards the left (right) vertical cooled wall,
the maximum temperature of the element decreases,
which improves Nu.

Nomenclature

Cp: Heat capacitance
D: Dimensionless location of the heater (d′/H′)
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d′: Distance of the heat element from the left
wall

dnp: Diameter of a solid nanoparticle
d f : Diameter of a liquid molecule
g: Gravitational acceleration
H′: Height of cavity
k: Thermal conductivity
kb: Boltzmann’s constant (kb = 1.38065× 10−23)
L: Dimensionless height of the heater (l′/H′)
l′: Height of the heater
Nu: Nusselt number (23) and(25)
Nu: Average Nusselt number (24) and(26)
Pe: Péclet number, (unpdnp/α f )
Pr: Prandtl number of pure fluid (ν f /α f )
q′ Constant heat flux per unit area
Ra: Thermal Rayleigh number

(gβ′fΔT
′H′3/α f ν f )

t: Dimensionless time (t′α f Ra1/2/H′2)
T : Dimensionless temperature ((T′ − T′0)/ΔT′)
T′0: Reference temperature
u: Dimensionless velocity in x direction

(u′H′/α f Ra1/2)
unp: Brownian motion velocity of nanoparticles
v: Dimensionless velocity in y direction

(v′H′/α f Ra1/2)
W : Dimensionless width of the heater (w′/H′)
w′: Width of the heater
x: Dimensionless coordinate axis (x′/H′)
y: Dimensionless coordinate axis (y′/H′).

Greek Symbols

α: Thermal diffusivity
α: Dimensionless parameter (αnf/α f )
β′: Thermal expansion coefficient
β: Dimensionless parameter ((ρβ′)nf/(ρβ

′) f )
ν: Kinematic viscosity of fluid
ν: Dimensionless parameter (νnf/ν f )
ρ: Density of fluid
Φ: Nanoparticle volume fraction
Ψ: Dimensionless stream function (Ψ′/α f Ra1/2)
ω: Dimensionless vorticity (ω′/α f Ra1/2).

Subscript

0: Reference state
f : Pure fluid
max: Maximum values
min: Minimum values
nf: Nanofluid
np: Nanoparticle.

Superscript

′: It refers to a dimensional variable.
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