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If information bandwidth less than total band-
width, then should be able to sample below
Nyquist without information loss and recover
missing samples by convex optimization. (Emma-
nuel Candès, “Compressive Sensing—A25Minute
Tour,” EU-US Frontiers of Engineering Sympo-
sium, Cambridge, September 2010)

Compressed Sensing is an emerging approach exploiting
the sparsity feature of a signal to give accurate waveform
representation at reduced sampling rate, below the Shannon-
Nyquist conditions, thus leading to efficient radar and com-
munication systems, with reduced complexity and cost.

The aim of this special issue is to provide an international
forum for experts and researchers working in the area of
Compressed Sensing applied to radar and communication
contexts, in order to explore the state of the art of such
techniques and to present new advanced concepts and results.

This special issue collects 6 papers from 14 authors
belonging to different countries and institutions. It summa-
rizes the most recent developments and ideas on emerg-
ing Compressed Sensing approaches, with particular focus
addressed to the following issues:

(i) Compressed Sensing for signal processing.
(ii) Compressed Sensing for MIMO architectures.
(iii) Compressed Sensing for inverse scattering.

(iv) Compressed Sensing for high-resolution radars.

(v) Compressed Sensing for wireless communications
and networks.

In the paper by S. Costanzo entitled “Compressed
Sensing/Sparse-RecoveryApproach for ImprovedRangeRes-
olution in Narrow-Band Radar,” a Compressed Sensing
formulation is adopted to enhance the range resolution of
narrow-band radars.

In the paper byM. Minner entitled “Compressed Sensing
in On-Grid MIMO Radar,” the feasibility of Compressed
Sensing-based MIMO radar to detect on-grid targets in the
azimuth, time-delay, and Doppler domain is investigated.

The paper by M. E. Domı́nguez-Jiménez et al. entitled
“Estimation of Symmetric Channels for Discrete Cosine
TransformType-IMulticarrier Systems: A Compressed Sens-
ing Approach” explores the application of Compressive Sens-
ing to the problem of channel estimation for multicarrier
communications.

In the paper by S. K. Bolisetti et al. entitled “Subspace
Compressive GLRT Detector for MIMO Radar in the Pres-
ence of Clutter,” the target detection performances of MIMO
radars in the presence of clutter are optimized by adopting a
compressive GLRT detector.

The paper by M. T. Bevacqua and L. Di Donato enti-
tled “Improved TV-CS Approaches for Inverse Scattering
Problem” jointly exploits the Compressed Sensing and Total

Hindawi Publishing Corporation
e Scientific World Journal
Volume 2016, Article ID 5407415, 2 pages
http://dx.doi.org/10.1155/2016/5407415

http://dx.doi.org/10.1155/2016/5407415


2 The Scientific World Journal

Variation approaches to improve the solution of inverse
scattering problems arising in radar applications.

Finally, in the paper by A. Budillon and G. Schirinzi
entitled “Support Detection for SAR Tomographic Recon-
structions from Compressive Measurements,” the problem
of detecting multiple scatterers in the same range azimuth
resolution cell from a compressive number of multibaseline
SAR images is dealt with.

Sandra Costanzo
Álvaro Rocha

Marco Donald Migliore
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A compressed sensing/sparse-recovery procedure is adopted to obtain enhanced range resolution capability from the processing
of data acquired with narrow-band SFCW radars. A mathematical formulation for the proposed approach is reported and validity
limitations are fully discussed, by demonstrating the ability to identify a great number of targets, up to 20, in the range direction.
Both numerical and experimental validations are presented, by assuming also noise conditions. The proposed method can be
usefully applied for the accurate detection of parameters with very small variations, such as those involved in the monitoring
of soil deformations or biological objects.

1. Introduction

The application of radar devices for the remote detection
and diagnostics of objects with high resolution capability is
a strong focused point nowadays in many different contexts,
going from soil deformation monitoring [1] to bioradiolo-
cation [2], where surface displacements of just the order of
millimeter need to be detected.

The most attractive configuration in these cases is given
by the stepped-frequency continuous-wave (SFCW) radar
[3], which transmits a series of narrow-band pulses at consec-
utive step Δ𝑓, thus covering a wide overall bandwidth, even if
adopting a narrow instant bandwidth. In this way, relatively
high-range resolutions can be achieved by overcoming the
disadvantages of wideband systems, such as high-speed Ads
and fast processors [4]. As a further advantage, SFCW
radar requires low transmit power, because the energy is
spread out in time, thus avoiding nonlinear effects in the
involved electronic components [5]. Nevertheless, two main
drawbacks arise from the potential application of SFCW
radar in the fast real-time detection of parameters with very
small variations (e.g., biological objects); namely,

(a) low acquisition rate is typically provided, due to the
slow scan over the radar bandwidth;

(b) conventional SFCW data processing, based on the
application of the Inverse Fourier Transform (IFT)
[6], gives a resolution which increases with the num-
ber of transmitted pulses, and this could be very high
in those applications requiring precisions of the order
of millimeter.

By exploiting or enforcing the sparsity nature of the
scenario, a compressed sensing (CS [7])/sparse-recovery
approach can be usefully adopted to enhance radar capabili-
ties. Many representative works can be found in literature in
this regards. A CS approach is adopted in [5, 8] to increase
the data acquisition speed of an SFCW ground-penetrating
radar, by exploiting the spatial sparsity of the target space to
reduce the number of measurements required for an exact
reconstruction. The sparse signal representation perspective
is successfully considered in [9–11] to derive advanced image
formation methods in the framework of synthetic aperture
radar (SAR). In [12], CS is applied to SAR tomography
reconstruction, by exploiting the sparsity of signals in order
to achieve very high resolution in the elevation direction, but
avoiding the adoption of huge elevation apertures. A sparsity
factor between 1 and 4 (typically identifying the unknown
positions in the elevation domain) is assumed in [12], and the
new spectral estimation algorithmSL1MMER, based onCS, is
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introduced tomitigate the violation of the restricted isometry
property (RIP) and the incoherence property [7], generally
imposed to guarantee the accuracy of the sparsest solution.
The effectiveness of the CS approach is also demonstrated
in the framework of superresolution spectral estimation
problem for three-dimensional SAR imaging [13], where the
sparseness feature is exploited to reduce the number of mul-
tilook measurements (typically exhibiting reduced range and
azimuth resolution) to achieve increased elevation resolution.
All the cited works successfully discuss the superresolution
power of the CS approach to identify a maximum number
𝑁 = 3 targets in the elevation direction, but no resolution
improvement is obtained in the range direction.

The possibility to enhance the radar resolution with CS
has been recently highlighted in [14], where a sparseness
target scene is assumed and simulation results reporting
the estimation accuracy of the CS approach for a fixed
discretization of the unambiguous range [6] into 100 grid
points are discussed.

In this work, a detailed formulation of a CS-based pro-
cessing algorithm able to identify close targets (in the range
direction) by using narrow-band SFCW radar is presented.
The effective range resolution enhancement is theoretically
demonstrated, and a detailed discussion on themathematical
limits constraining the validity of the approach is presented,
by revealing the possibility to identify a significant num-
ber of close targets (up to 20). Numerical simulations on
both noiseless and Gaussian corrupted data are reported.
Furthermore, experimental validations are presented on a
real scenario composed by two metal plates (test targets)
with a small separation distance of just 10 cm, accurately
retrieved by adopting the CS-based processing algorithm to
measured data obtained by aC-band (500MHz) SFCWradar,
fully designed at the Microwave Laboratory of University of
Calabria.

2. Mathematical Formulation

With reference to a monostatic radar configuration [15], let
us assume a transmitted signal with normalized amplitude,
defined as follows:

𝑡
𝑥
(𝑡) = 𝑒

𝑗2𝜋𝑓𝑡

. (1)

The signal received by the radar, as due to the interaction
with a single target located in the field of view, can be
expressed as follows:

𝑟
𝑥
(𝑡) = 𝑎 (𝑑) ⋅ 𝑒

𝑗2𝜋(𝑡−𝜏)

, (2)

where 𝑑 is the target distance, 𝜏 = 2𝑑/𝑐 is the echo delay, and
𝑎(𝑑) is a factor depending on the target reflectivity and the
free-space propagation losses [15].

The received signal (2) is mixed with a complex conjugate
replica of the transmitted signal (1) to give [6]

𝑠 (𝑓) = 𝑡
𝑥
(𝑡) ⋅ 𝑟
∗

𝑥
(𝑡) = 𝑎 (𝑑) ⋅ 𝑒

−𝑗2𝜋𝑓𝜏

. (3)

In the general case of 𝑁 targets located in the radar field
of view, the following expression can be derived for (3):

𝑠 (𝑓) =

𝑁

∑

𝑛=1

𝑠
𝑛
(𝑓) =

𝑁

∑

𝑛=1

𝑎
𝑛
⋅ 𝑒
−𝑗2𝜋𝑓𝜏

𝑛 , (4)

where 𝑎
𝑛
= 𝑎(𝑑

𝑛
), 𝑛 = 1, . . . , 𝑁.

After applying the IFT to (4), the following result is
obtained:

𝑆 (𝑡) = 𝐹
−1

{𝑠 (𝑓)} = ∫

+∞

−∞

(

𝑁

∑

𝑛=1

𝑎
𝑛
⋅ 𝑒
−𝑗2𝜋𝑓𝜏

𝑛) ⋅ 𝑒
𝑗2𝜋𝑓𝑡

𝑑𝑓

=

𝑁

∑

𝑛=1

𝑎
𝑛
⋅ 𝛿 (𝑡 − 𝜏

𝑛
) ,

(5)

where 𝛿(⋅ ⋅ ⋅ ) denotes the Dirac function.
Equation (5) provides the radar range profile in terms of

elementary impulses sequence, whose locations identify the
targets distances.

When adopting an SFCW radar, only𝑀 discrete samples
of function 𝑠(𝑓) are measured, at discrete frequencies 𝑓

𝑚
,

𝑚 = 1, . . . ,𝑀. As a matter of fact, a single sinusoid at fixed
frequency is transmitted, received, and processed for each
acquisition step. If assuming a set of frequencies with uniform
spacingΔ𝑓, the total bandwidth useful for the radar operation
is equal to 𝐵 = 𝑀Δ𝑓, and the sampling period to be adopted,
according to Shannon-Nyquist theorem, is given as follows:

Δ𝑡 =
1

2𝐵
=

1

2𝑀Δ𝑓
=

Δ𝑅

𝑐
, (6)

𝑐 being the free-space velocity.
From (6), the range resolution Δ𝑅 of SFCW radar can be

derived as follows:

Δ𝑅 =
𝑐

2𝐵
. (7)

This latter equation, well known in radar theory [11],
shows that high resolutions (low values of Δ𝑅) require
high operating bandwidth 𝐵, thus strongly limiting the real
applications of SFCW radar. As a matter of fact, in its actual
data processing form, this kind of radar cannot be easily
applied in those situations requiring range resolutions of
the order of millimeter or below, such as in biomedical
monitoring, where the radar should operate with a frequency
bandwidth of the order of GHz.

Now, let us express (5) in the form of a discretized linear
system of the kind:

𝜏
𝑀

= 𝐹
−1

{𝑠
𝑀

(𝑓)} . (8)

It is easy to observe that system (8) well fits a CS
representation. As a matter of fact, data are collected in an
orthogonal basis (Fourier series), and the left-hand side of (8)
is a𝑁-sparse vector,𝑁 being the number of targets.

When applying the Fourier Transform (FT) operator to
both sides of (8), we obtain

𝑠
𝑀

(𝑓) = 𝐹 {𝜏
𝑀
} . (9)



The Scientific World Journal 3

If imposing a range resolution Δ𝑅
𝑄

< Δ𝑅, the following
undetermined system can be defined:

𝑠
𝑀

(𝑓) = 𝐶 ⋅ 𝐹 {𝜏
𝑄
} , (10)

where

𝐶 = ⌊𝐼
𝑀×𝑀

| 𝑂
(𝑄−𝑀)×(𝑄−𝑀)

⌋ ,

𝑄 =
𝑅
𝑢

Δ𝑅
𝑄

,

(11)

𝑅
𝑢
= 𝑐/2Δ𝑓 being the radar unambiguous range [11].
It must be noted that the number of data𝑀 remains fixed

into (10); thus, the effective bandwidth for radar operation
is again equal to 𝐵 = 𝑀Δ𝑓; however, a larger bandwidth is
numerically defined by the introduction of additional (𝑄−𝑀)
elements into vector 𝜏

𝑄
of (10). This leads to enhanced range

resolution, as provided by (7) when imposing 𝐵 = 𝑄Δ𝑓.

In the realistic case where noise is added to data, the
sparsest solution of undetermined system (10) comes from
constraining the 𝑙

2
-norm of the error to be less than some

threshold 𝜀:

min 𝜏
𝐿
1

:

𝑠 − 𝐶 ⋅ 𝐹 {𝜏}

𝐿
2

< 𝜀, (12)

where 𝜀 is a small positive number.
The first condition in (12) involves the minimization of

the 𝑙
1
-norm of 𝜏, thus enforcing its sparseness. The second

condition ensures the solution to be consistent with data 𝑠.
Such recovery problem has been introduced in [16] under the
name of basis pursuit for sparse coding.

It should be noted that (9) represents a unitary transfor-
mation, due to the presence of FT; thus, a stable transforma-
tion is obtained, which is the best working condition of CS
formulation.However, some importantmathematical aspects
should be carefully analyzed to guarantee the validity of the
CS approach expressed by (12). First of all, parameters𝑀,𝑁,
and 𝑄must be constrained to satisfy the following condition
[12]:

𝑀 > 𝑂(𝑁 log 𝑄

𝑁
) . (13)

As a matter of fact, under limit (13) the convex 𝑙
1
-norm

minimization provides the same solution as the N-P hard 𝑙
𝑜
-

norm minimization.
When applying constraint (13) to our context case, a direct

dependence from the SFCWradar parameters can be derived.
As a matter of fact, let us replace into (13) the definitions of
parameters𝑀, 𝑄; namely,

𝑀 =
𝐵

Δ𝑓
, (14)

𝑄 =
𝑅
𝑢

Δ𝑅
𝑄

=
𝑐

2Δ𝑓Δ𝑅
𝑄

. (15)

If imposing that

Δ𝑅
𝑄
=

Δ𝑅

𝛼
(16)

𝛼 = 2

𝛼 = 3

𝛼 = 4

𝛼 = 5

𝛼 = 10

0

5

10

15

20

10 15 20 25 30 35 405
M/N

M/N

lo
g(
𝛼
·
M
/N

)

Figure 1: Behavior of (18) for the case𝑁 = 2, 𝛼 = 2, 3, 4, 5, 10: ratio
𝑀/𝑁 is required to be between 7 and 10.

𝛼 being an integer number (𝛼 > 1), the following simplified
expression can be easily derived for parameter 𝑄:

𝑄 =
𝑐

2Δ𝑓
⋅
2𝐵

𝑐
⋅ 𝛼 =

𝐵

Δ𝑓
⋅ 𝛼 = 𝑀𝛼. (17)

Then, if substituting (14) and (17) into (13), we obtain

𝐵

Δ𝑓
> 𝑂(𝑁 log( 𝐵

Δ𝑓
⋅
1

𝑁
⋅ 𝛼)) . (18)

This latter expression suggests that, once fixing the radar
operating bandwidth 𝐵 and the unambiguous range 𝑅

𝑢

(leading in turn to a prescribed spacing Δ𝑓), a limit is
imposed by (18) to the maximum number of targets which
can be solved by the CS approach (12), with a range resolution
Δ𝑅
𝑄
= Δ𝑅/𝛼.

In order to highlight the above mathematical limitations
of the proposed CS approach, numerical simulations of (18)
are performed, by reporting the behavior of the right-hand
term log(𝛼 ⋅ (𝑀/𝑁)) versus the ratio 𝑀/𝑁, for different
values of parameter 𝛼. Results coming from numerical tests
are illustrated in Figures 1–4 for the cases 𝑁 = 2, 3, 5, 10 and
typical values of the ratio𝑀/𝑁.

It can be easily observed that, in the presence of a reduced
number of targets to be solved (𝑁 = 2, 3), (18) is always
satisfied by imposing a value of the ratio 𝑀/𝑁 between
7 and 10. When increasing the number of targets to be
identified (𝑁 = 5, 10), greater values of the ratio 𝑀/𝑁 are
required, depending on the imposed range resolution (value
of parameter 𝛼). In the real cases, the hardware configuration
of SFCW radar system limits the maximum ratio𝑀/𝑁, thus
constraining the maximum attainable range resolution and
the maximum number of resolvable targets, on the basis of
(18).

Another important aspect, strongly influencing the valid-
ity of the CS approach (12), is that related to the choice of
the regularization parameter 𝜀, which establishes the tradeoff
between the sparsity of the solution and the closeness of the
solution to the measured data [13]. In the real case of noisy
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Figure 2: Behavior of (18) for the case𝑁 = 3, 𝛼 = 2, 3, 4, 5, 10: ratio
𝑀/𝑁 is required to be between 11 and 15.
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Figure 3: Behavior of (18) for the case𝑁 = 5, 𝛼 = 2, 3, 4, 5, 10: ratio
𝑀/𝑁 is required to be between 18 and 20.

𝛼 = 2

𝛼 = 3

𝛼 = 4

𝛼 = 5

𝛼 = 10

10 15 20 25 30 35 405
M/N

M/N

0

1

2

3

4

lo
g(
𝛼
·
M
/N

)

Figure 4: Behavior of (18) for the case 𝑁 = 10, 𝛼 = 2, 3, 4, 5, 10:
ratio𝑀/𝑁 is required to be between 36 and 40.
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Figure 5: Behavior of (18) for the case 𝐵 = 500MHz, Δ𝑓 = 15MHz.

scenario, the value of parameter 𝜀 controlling the solution of
(12) is quite critical and strictly related to the signal-to-noise
(SNR) ratio, thus limiting in practice the “possible”maximum
range separation to be detectable. When a Gaussian noise
with zero mean and variance 𝜎

2 is added to data, the
expression suggested for the “optimal” regularization factor
is given as follows [17]:

𝜀 = √2 log𝑀𝜎. (19)

The above choice is considered in the present work to
perform the numerical tests discussed in the next section.

3. Numerical Simulations

In order to assess the validity of the CS approach outlined
in Section 2, preliminary experiments are performed on
simulated data. A radar bandwidth 𝐵 = 500MHz, providing
a standard range resolution Δ𝑅 = 30 cm (7), and a spacing
Δ𝑓 = 15MHz, giving an unambiguous range 𝑅

𝑢
= 10m, are

assumed in the numerical tests.
As a first step, (18) is numerically simulated, as a function

of the number 𝑁 of targets, for different values of parameter
𝛼, thus obtaining the curves illustrated in Figure 5.

From the above simulations, it can be easily observed that,
for values of parameter 𝛼 between 2 and 4 (Δ𝑅/4 ≤ Δ𝑅

𝑄
≤

Δ𝑅/2), the CS procedure guarantees the identification of a
great number of targets, up to 20. When further increasing
the resolution Δ𝑅

𝑄
(10 ≤ 𝛼 ≤ 20) a significant number of

targets between 7 and 10 is again identified. This is a strongly
enhanced achievement when compared to the existing results
in literature, such as those reported in [12, 13], where the
superresolution power of the CS approach is successfully
applied to identify a maximum number 𝑁 = 3 of targets
in the elevation direction, but no resolution improvement is
obtained in the range direction.

In order to demonstrate the range resolution enhance-
ment offered by the proposed CS technique, two different tar-
get scenarios are assumed, including, respectively, a number
𝑁 = 4 and 6 of targets. In both cases, a spacing between
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Figure 6: Range profile obtained from standard IFT algorithm (first
scenario:𝑁 = 4 targets).
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Figure 7: Range profile obtained from CS procedure (first scenario:
𝑁 = 4 targets).

the targets less than the range resolution Δ𝑅 = 30 cm
provided by the assumed radar configuration is considered.
The range profile is computed by using the standard SFCW
radar processing (IFT) as well as the CS procedure outlined
in the present work. In this last case, the 𝑙

1
minimization

described by (12) is performed by assuming 𝛼 = 3, thus
imposing an improved range resolution Δ𝑅

𝑄
= 10 cm.

Firstly, ideal noiseless simulations are performed, whose
corresponding results are illustrated in Figures 6–9.

By examining the above results, it can be easily observed
that standard radar processing algorithm is able to identify
only two targets (over four) for the first scenario (Figure 6)
and only three targets (over six) for the second scenario
(Figure 8). For both cases, the revealed positions are indicated
by relative arrows. Meanwhile, the CS procedure properly
identifies all targets in both simulated scenarios (Figures 7
and 9).

To verify the robustness of the proposed CS approach
with respect to noisy data, additional simulations are per-
formed by assuming the signals to be corrupted with additive
Gaussian noise giving an SNR ratio equal to 20 dB. For these
noisy tests, the 𝑙

1
minimization is performed by imposing a

regularization parameter 𝜀 satisfying (19).
The comparisons between the reconstructed radar range

profiles with and without noise are reported in Figures 10
and 11, for the first and the second simulated scenario,
respectively.
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Figure 8: Range profile obtained from standard IFT algorithm
(second scenario:𝑁 = 6 targets).
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Figure 9: Range profile obtained from CS procedure (second
scenario:𝑁 = 6 targets).

For the first scenario (Figure 10), the presence of noise
leads to losing only one target, namely the second one, while
in the second scenario all six targets positions are revealed, as
indicated in the black dotted ellipse, even if the presence of
additive noise increases the signal intensity.

4. Experimental Results

As a further assessment test, experimental validations on
a laboratory noisy scenario are performed by adopting a
C-band SFCW radar fully designed and realized at the
Microwave Laboratory of the University of Calabria, in
the framework of project PON 01-01503 for landslides
monitoring, financed by the Italian Ministry of University
and Research. The radar is characterized by an operating
bandwidth 𝐵 = 500MHz, the same as that adopted for
numerical simulations and thus able to distinguish targets
with a range resolution Δ𝑅 = 30 cm. A spacing Δ𝑓 = 15MHz
is considered, which provides an unambiguous range 𝑅

𝑢
=

10m. To prove the validity of CS enhanced range algorithm,
radar tests are performed into the anechoic chamber of the
Microwave Laboratory at University of Calabria, by assuming
the presence of two metal plates at distances 𝑑

1
= 1.20m, 𝑑

2

= 1.30m from the radar antenna aperture (Figure 12), with a
separation smaller than Δ𝑅.

Prior to performing the tests, a preliminary calibration
procedure is applied, in the absence of targets, to properly
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Figure 10: Range profile obtained from CS procedure (comparison
between noiseless and Gaussian corrupted case, first scenario: 4
targets): only the second target is missed in the presence of noise
(SNR = 20 dB).

−40

−30

−20

−10

0

In
te

ns
ity

 (d
B)

1 2 3 4 50
Range (m)

Noiseless
SNR = 20 dB

Figure 11: Range profile obtained from CS procedure (comparison
between noiseless and Gaussian corrupted case, second scenario:
6 targets): all targets are revealed in the presence of noise (SNR =
20 dB).

identify the reflection peak due to the overall radar system
delay. It results in being positioned at a distance approxi-
mately equal to 5m.

When applying the standard (IFT) SFCW processing
algorithm, the two targets are not distinguished but identified
as a single object at a distance equal to 6.2m (5m + 1.2m),
as indicated by the arrows on the radar intensity profile of
Figure 13.

The CS algorithm outlined in Section 2 is then applied by
assuming 𝛼 = 3 (Δ𝑅

𝑄
= Δ𝑅/3) and thus able to guarantee,

on the basis of (18), the identification of a maximum number
𝑁 = 20 of targets separated by a minimum spacing Δ𝑅

𝑄
=

10 cm.
As a matter of fact, the radar range profile in Figure 14,

obtained as result of the CS procedure, properly contains two
main peaks corresponding to the two targets positions. In
both Figures 13 and 14, the peak associated with the overall
delay of SFCW radar is also present at position equal to 5m.

SFCW
radar

10 cm

Figure 12: Test setup into the Microwave Laboratory at University
of Calabria.
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Figure 13: Radar intensity profile obtained from standard radar
processing (IFT): experimental scenario of Figure 12.
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Figure 14: Radar intensity profile obtained from CS processing
algorithm: experimental scenario of Figure 12.

5. Conclusion and Future Work

The enhancement of range resolution, when adopting a CS
approach for the processing of data coming from narrow-
band radars, has been theoretically demonstrated, and a CS-
based target reconstruction procedure has been properly
formulated.

Mathematical aspects concerning the validity of the
proposed sparse-recovery method are discussed, and the
ability to reconstruct a great number of targets, up to 20, is
demonstrated. Both numerical and experimental validations,
illustrating the enhanced range profile reconstruction, have
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been reported. Concerning future work, the application of
the proposed technique to fast and real-time monitoring of
very small displacements, such as those occurring in soil
deformations or bioradiolocation field, will be considered.
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The problem of channel estimation for multicarrier communications is addressed. We focus on systems employing the Discrete
Cosine TransformType-I (DCT1) even at both the transmitter and the receiver, presenting an algorithmwhich achieves an accurate
estimation of symmetric channel filters using only a small number of training symbols. The solution is obtained by using either
matrix inversion or compressed sensing algorithms.We provide the theoretical results which guarantee the validity of the proposed
technique for the DCT1. Numerical simulations illustrate the good behaviour of the proposed algorithm.

1. Introduction

In wireless communications, the channel filter is usually
time-varying; for this reason, it is necessary to estimate the
channel filter from time to time. To this aim, some training
symbols (i.e., symbols known both by the transmitter and
by the receiver) are typically used. In this way, when the
training symbols are transmitted by the channel, the received
signal is used to extract the information about the channel
filter. Some well-known techniques for channel estimation
are based on the Discrete Fourier Transform (DFT); in this
case, the training symbols are OFDM waveforms.

Additionally, if the channel filter is sparse (i.e., con-
taining only a small amount of nonzero coefficients), then
compressed sensing techniques can be applied. Compressed
sensing (CS) algorithms approximate the sparsest solution
to a linear system [1]. This is very useful when the solution
depends on a small number of degrees of freedom and only
a few measurements of the vector are observed. For this

reason, in the last few years CS algorithms have been applied
to a wide variety of scenarios in communications: cognitive
radio, radar, antenna arrays, multicarrier communications,
and so forth. When CS is applied to channel estimation
problems, it is usually denoted as compressed channel
sensing (CCS). Several CCS algorithms have been proposed
in the literature for different types of channels arising in
communication problems, such as ultrawideband channels,
underwater acoustic communications, or multipath channels
[2–5]. Most of these techniques are based on DFTs or spread
spectrum signals.

In this work, we consider a multicarrier communica-
tions system that is based on the Discrete Cosine Trans-
form Type-I (DCT1) even instead of the standard DFT.
Some Discrete Cosine Transforms have been widely used
in the context of multicarrier modulation (MCM), as an
alternative to the DFT, due to their good properties (e.g.,
good performance under carrier frequency offset) [6–13]. In
particular, in a very recent work [14] the DCT1 is applied for
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Figure 1: Block diagram of a multicarrier modulation communications system, including the channel estimation in the receiver.

MCM communications. The main advantages of the DCT1
are as follows:

(i) The inverse of the DCT1 is the same transformDCT1,
up to a scaling factor; so we can use the same
transform at both the transmitter and the receiver
[15].

(ii) The convolution of two vectors is transformed by
DCT1 into a pointwise product of their transforms
(under some symmetry conditions on the vectors)
[15, 16]. This is analogous to the circular convolu-
tion property of the DFT. This is a key property
for signal reconstruction in MCM communications
[14].

For these reasons, we investigate the use of DCT1 for
channel estimation; in particular, we address the problem
of estimation of whole-point symmetric (WS) channels by
means of CS techniques in the DCT1 transform domain. The
strategy consists of using only a few training symbols, which
are transmitted through the channel, and reconstructing the
impulse response of the filter in the receiver by using the same
small number of measurements. Thus, the economy of the
data can be exploited by CS algorithms, which are able to
provide sparse filters.

In this work we will provide not only a new estimation
procedure but also the training signals valid for our algo-
rithm, andwewill show that this technique is both simple and
theoretically correct.These are the main contributions of this
paper. Numerical simulations also illustrate the effectiveness
of our results.

The paper is organized as follows. Firstly, in Section 2
we recall the general channel estimation problem. Secondly,
in Section 3 the DCT1 is introduced and we obtain new
important properties of this transform. Then, the proposed
procedure is presented in Section 4, where its theoretical
justification is also provided. Section 6 contains some numer-
ical examples that illustrate the behaviour of our algorithm.
Finally, we highlight the main contributions of this work in
Section 7.

2. The Channel Estimation Problem

Let us consider a multicarrier modulation communications
system that performs an inverse transform T−1

𝑎

in the trans-
mitter and a direct transform in the receiver T

𝑐

, as shown in
Figure 1. Let us consider also a channel with the following
impulse response:

h = [ℎ
1−], . . . , ℎ−1, ℎ0, ℎ1, . . . , ℎ]−1]

⊤

. (1)

The transmission of an information symbol x =

[𝑥
0

, . . . , 𝑥
𝑁−1

]

⊤ through this channel results in a received
symbol y = [𝑦

0

, . . . , 𝑥
𝑁+2]−3]

⊤, such that

𝑦
𝑘

=

]−1

∑

𝑚=1−]
ℎ
𝑚

𝑥
𝑘−𝑚

+ 𝑛
𝑘

, (2)

where 𝑛
𝑘

is a term related to the additive noise.
In multicarrier systems, in order to eliminate interblock

interference, we often add to the original symbol x a left prefix
xlp and a right suffix xrs, both of length ] − 1:

x
𝑒

=

[

[

[

xlp
x
xrs

]

]

]

. (3)

In matrix form, the received data symbol y is given by

y = H ⋅ x
𝑒

+ n, (4)

whereH is the Toeplitz matrix of size𝑁×(𝑁+2]−2) defined
by the filter:

[

[

[

[

[

[

[

[

[

ℎ
1−] ⋅ ⋅ ⋅ ℎ

0

⋅ ⋅ ⋅ ℎ]−1 0 ⋅ ⋅ ⋅ 0

0 ℎ
1−] d ℎ

0

d ℎ]−1 d
.

.

.

.

.

. d d d d d d 0

0 ⋅ ⋅ ⋅ 0 ℎ
1−] ⋅ ⋅ ⋅ ℎ

0

⋅ ⋅ ⋅ ℎ]−1

]

]

]

]

]

]

]

]

]

. (5)
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It is easy to see [8] that this received symbol can be written as

y = Hequiv ⋅ x + n. (6)

Therefore, if we apply both the discrete transformations T
𝑎

and T
𝑐

in order to diagonalizeHequiv,

T
𝑐

⋅Hequiv ⋅ T
−1

𝑎

= D, (7)

then

y = T−1
𝑐

⋅D ⋅ T
𝑎

⋅ x + n, (8)

and denoting Y = T
𝑐

⋅ y, X = T
𝑎

⋅ x and N = T
𝑐

⋅ n, we get

Y = D ⋅ X + N. (9)

Now, the question is if we know the training symbol x and
its corresponding received symbol y, is it possible to estimate
h? The answer is yes, whenever there is an invertible T which
transforms h into the elements of the diagonal matrix D =

diag(H
0

, . . . ,H
𝑁−1

). Hence, in the absence of noise, it suffices
to computeH

𝑘

= Y
𝑘

/X
𝑘

; but in the presence of noise we only
obtain an estimation in the transform domain:

̂H
𝑘

=

Y
𝑘

X
𝑘

. (10)

Now we can recover the estimated filter as

̂h = T−1 ⋅ [̂H
0

, . . . ,
̂H
𝑁−1

]

⊤

. (11)

Of course, this estimation would be exact in absence of noise.
See Figure 1 for a general diagram of the channel estimation
problem.

The existence of such transform T is a condition usually
met in practice. For example, in OFDM systems the signal
is extended by appending a cyclic prefix or suffix, so that
the equivalent matrix Hequiv is circulant and diagonalized
by the DFT transform. The diagonal matrix D contains the
eigenvalues of Hequiv, which in addition form the vector
DFT(h). Hence, h is estimated simply by applying an inverse
DFT.

As OFDM systems present poor behaviour under car-
rier frequency offset, other multicarrier modulation (MCM)
techniques have been investigated, which are related to
other transformations different from DFT. Among them,
the eight types of Discrete Cosine Transforms (DCTs) have
been studied in the literature, and for each one of them the
corresponding extension technique has been proposed [6,
8, 9, 14]. These works focus on MCM signal reconstruction,
and they provide good results due to the good properties of
the DCTs. However, the channel estimation stage is essential
in order to implement a DCT-MCM system in practice. For
this reason, in this paper we apply the DCT1 to the channel
estimation problem for the first time.

3. The Discrete Cosine Transform
Type-I (DCT1) Even

The DCT1 even of an 𝑁-length signal is given by the matrix
C
1𝑒

, whose (𝑘, 𝑗)th element is defined by

(C
1𝑒

)

𝑘,𝑗

= 𝑎
𝑗

cos(
𝑘𝑗𝜋

𝑁 − 1

) , 0 ≤ 𝑘, 𝑗 ≤ 𝑁 − 1, (12)

where

𝑎
𝑗

=

{
{
{
{

{
{
{
{

{

1

√2 (𝑁 − 1)

, if 𝑗 = 0,𝑁 − 1,

2

√2 (𝑁 − 1)

, otherwise.
(13)

This is the definition of C
1𝑒

given in [15], except for the
normalization factor √2(𝑁 − 1); it has been introduced here
in order to ensure the involution property, C−1

1𝑒

= C
1𝑒

, which
simplifies the numerical calculations. In this way, the direct
and inverse DCT1 transforms are identical.

The first contribution of this work is the demonstration
of the following theorem regarding the invertibility of some
submatrices of the DCT1 matrix. This is a key property
which guarantees that the channel filter can be obtained
by means of a small amount of received data; this will be
applied in the following section, when using compressed
sensing techniques. Let us now state and prove this important
property.

Theorem 1. Any ] × ] submatrix of C
1𝑒

, whose columns have
been extracted from the first ] columns of C

1𝑒

, is invertible.

Proof. The submatrix formed by the first ] columns of C
1𝑒

is
C1e [

I]
O(𝑁−])×] ] . Let us consider any ] × ] submatrix B of this

matrix; our aim is to show that B is invertible. Notice that its
] rows can be indexed as 0 ≤ 𝑘

1

< 𝑘
2

< ⋅ ⋅ ⋅ < 𝑘] ≤ 𝑁 − 1, so
the entries of B are

𝑏
𝑘,𝑗

= 𝑎
𝑗

cos(
𝜋𝑘𝑗

𝑁 − 1

) ,

𝑘 ∈ {𝑘
1

, 𝑘
2

, . . . , 𝑘]} , 𝑗 = 0, . . . , ] − 1.
(14)

To show that B is invertible, it suffices to prove that the
unique vector b such that Bb = 0 is b = 0. Let b =

[𝑏
0

, 𝑏
1

, . . . , 𝑏]−1]
⊤ be such vector; the condition Bb = 0 is

rewritten as

]−1

∑

𝑗=0

𝑎
𝑗

cos(
𝜋𝑘
𝑛

𝑗

𝑁 − 1

) 𝑏
𝑗

= 0, 𝑛 = 1, . . . , ]. (15)

By defining 𝑐
𝑗

= 𝑎
𝑗

𝑏
𝑗

/2 (𝑗 = 0, . . . , ] − 1) we can rewrite the
latter expression as

]−1

∑

𝑗=0

2 cos(
𝜋𝑘
𝑛

𝑗

𝑁 − 1

) 𝑐
𝑗

= 0, 𝑛 = 1, . . . , ]. (16)
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Our aim is to prove that the numbers 𝑐
𝑗

which fulfill (16) are
necessarily null; it is equivalent to the fact that 𝑏

𝑗

= 0, 𝑗 =
0, . . . , ] − 1, finishing the proof.

To this aim, let us now introduce the auxiliary self-
reciprocal polynomial 𝑞 of degree ≤ 2] − 2:

𝑞 (𝑧) = 𝑐]−1 + 𝑐]−2𝑧 + ⋅ ⋅ ⋅ + 2𝑐0𝑧
]−1
+ ⋅ ⋅ ⋅ + 𝑐]−2𝑧

2]−3

+ 𝑐]−1𝑧
2]−2
.

(17)

Notice that, for any 𝑧 ̸= 0, we have that

𝑞 (𝑧) = 𝑧

]−1
]−1

∑

𝑗=0

(𝑧

𝑗

+ 𝑧

−𝑗

) 𝑐
𝑗

; (18)

thus, if 𝑧 is a nonzero root of 𝑞, then also 𝑧−1 is a root of 𝑞.
Our strategy is to prove that 𝑞 has 2] − 1 roots, say, more

than its degree 2] − 2; if this occurs, then 𝑞 must be the null
polynomial, and all its coefficients necessarily are 0, so 𝑐

𝑗

= 0,
𝑗 = 0, . . . , ] − 1, and the claim follows. Let us find some roots
of 𝑞:

(i) By denoting the complex numbers

𝑧
𝑛

= exp(
𝜋𝑘
𝑛

𝑁 − 1

𝑖) , 𝑛 = 1, . . . , ], (19)

it is easy to see that

𝑞 (𝑧
𝑛

) = 𝑧

]−1
𝑛

]−1

∑

𝑗=0

2 cos(𝑗
𝜋𝑘
𝑛

𝑁 − 1

) 𝑐
𝑗

= 0, (20)

where we have used (16). Hence, 𝑧
1

, . . . , 𝑧] are ] roots
of 𝑞; note that there are ] different numbers because
their arguments lie in [0, 𝜋] since

0 ≤

𝜋𝑘
1

𝑁 − 1

<

𝜋𝑘
2

𝑁 − 1

< ⋅ ⋅ ⋅ <

𝜋𝑘]

𝑁 − 1

≤ 𝜋. (21)

(ii) As already mentioned, for any 𝑛 = 1, . . . , ], also 𝑧−1
𝑛

is
a root of 𝑞:

𝑧

−1

𝑛

= exp(−
𝜋𝑘
𝑛

𝑁 − 1

𝑖) , 𝑛 = 1, . . . , ]. (22)

So there are ] different roots of 𝑞whose arguments lie
in [−𝜋, 0].

(iii) The union of the set of roots of (19) and (22) provide
a total amount of 2] different roots if 𝑘

1

> 0 and 𝑘] <
𝑁 − 1. In this case, 𝑞 has more roots than its degree,
so 𝑞 is the null polynomial and the claim holds.
In case 𝑘

1

= 0, the corresponding root 𝑧
1

= 1

has been counted twice; the same happens if 𝑘] =
𝑁 − 1, because the root 𝑧] = −1 would appear twice.
In these cases, we can only guarantee that there are
2] − 2 different roots but it is easy to see that any self-
reciprocal polynomial of even degree 𝑞 satisfies the
following property: if 𝑧 = 1 (or 𝑧 = −1) is a root of 𝑞,
then it is a root of multiplicity at least 2. This implies
that, in our case, 𝑧

1

= 1 (or 𝑧] = −1) is a double root,
so 𝑞 has at least 2] − 1 roots, concluding the proof.

h
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Figure 2: Symmetries in x and h to be used in DCT1-based systems
(𝑁 ≫ (2] + 1)) [14].

4. Channel Estimation in DCT1
Multicarrier Systems

Let us assume that the channel filter presents whole-point
(WS) symmetry: h = [ℎ]−1, . . . , ℎ1, ℎ0, ℎ1, . . . , ℎ]−1]

⊤

. As we
have already mentioned before, the interblock interference
is eliminated by introducing as redundancy a left prefix xlp
and also a right suffix xrs, both of length ] − 1, into each data
symbol to be transmitted. In order to apply DCT1, it is proved
in [9, 14] that it suffices to consider the extended block x

𝑒

in
(3) with the choice of prefix xlp and suffix xrs as follows:

(xlp)
𝑛

= 𝑥]−𝑛, ∀𝑛 = 0, . . . , ] − 2,

(xrs)
𝑛

= 𝑥
𝑁−2−𝑛

, ∀𝑛 = 0, . . . , ] − 2
(23)

whichmeans that we apply a whole-point symmetry (WS) on
the left and on the right sides of the original symbol. Figure 2
illustrates an example of the WS symmetric extension of x.
The received vector (4) is then

y = H ⋅ x
𝑒

+ n = Hequiv ⋅ x + n. (24)

It is proved in [14] that the corresponding Hequiv can be
perfectly diagonalized via the DCT1:

C
1𝑒

⋅Hequiv ⋅ C
−1

1𝑒

= D, (25)

and the diagonal elements of D eigenvalues of Hequiv are
themselves the DCT1 transform of the vector h𝑟ZP:

H
𝑘

= (C
1𝑒

⋅ h𝑟ZP) (𝑘) , 𝑘 = 0, . . . , 𝑁 − 1, (26)

where h𝑟ZP stands for the half-right filter of h, padded with
zeroes:

h𝑟ZP = [ℎ0, . . . , ℎ]−1, 0, . . . , 0]
⊤

. (27)

Thus, we have been able to find an easy solution to the
channel estimation problem in DCT1 MCM communication
systems. Following the general statement of the problem
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given in Section 2, we denote Y := C
1𝑒

⋅ y, X := C
1𝑒

⋅ x, and
N := C

1𝑒

⋅ n and get the scheme

Y = D ⋅ X + N, (28)

whereD = diag(H
0

, . . . ,H
𝑁−1

).
As the components of the training signal X are the

symbols that can be stored in memory, from this equation we
simply obtain an estimation ofH

𝑘

, for any component 𝑘 such
that X

𝑘

̸= 0:

̂H
𝑘

=

Y
𝑘

X
𝑘

. (29)

In other words, if all the 1-tap filters X
𝑘

are nonzero (𝑘 =
0, . . . , 𝑁 − 1), then we compute the 𝑁-length vector ̂h =

C−1
1𝑒

⋅
̂H, which gives a perfect estimation of h𝑟ZP in absence

of noise, and we can straightforwardly obtain the symmetric
channel filter h = [ℎ]−1, . . . , ℎ1, ℎ0, ℎ1, . . . , ℎ]−1].

5. Compressed Channel Sensing for DCT1

Now, the question is what can we do if a component of
X is null? In effect, this is a situation very common in
practice. Indeed, we would like to have only a few training
symbols X

𝑘

̸= 0 and many null components X
𝑘

= 0.

Moreover, how can we obtain an estimated vector h𝑟ZP =

[ℎ
0

, . . . , ℎ]−1, 0, . . . , 0] which is sparse? The answer to these
two questions is given by two facts: on the one hand, we can
apply compressed sensing techniques; on the other hand, the
DCT1 matrix presents a key property which guarantees that
the ] components of the sparse vector h𝑟ZP can be obtained by
knowing only ] components of the vector ̂H

𝑘

.

Let us explain this idea in detail. If there are only ]
nonzero symbols X

𝑘

̸= 0, corresponding to the components
𝑘 = 𝑘

1

, . . . , 𝑘], then only ] components of the vector ̂H
are defined, by means of (29). As C

1𝑒

⋅ h𝑟ZP has length 𝑁, it
is impossible to recover its 𝑁 components, but at least we
can try to estimate ] of them by means of the computed ]
components of the estimated vector ̂H. Let us use the same
notation ̂H to define the ]-length vector which contains the ]
known components of (29). Then, we need to find the sparse
vector h𝑟ZP that minimizes the norm

min 



C ⋅ h𝑟ZP − ̂H






, (30)

where C denotes the submatrix of C
1𝑒

formed by its ]
corresponding rows 𝑘 = 𝑘

1

, . . . , 𝑘].
Besides, we can exploit the structure of h𝑟ZP, which has

𝑁 − ] final zeroes, so we can write

C ⋅ h𝑟ZP = C ⋅ [
h𝑟

0
] = C ⋅ [

I]
O
(𝑁−])×]

] ⋅ h𝑟 = C
𝑓

⋅ h𝑟, (31)

where we have denoted h𝑟 = [ℎ
0

, . . . , ℎ]−1]
⊤,

C
𝑓

= C ⋅ [
I]

O
(𝑁−])×]

] , (32)
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Figure 3: Channel reconstruction SNR (̂SNR(dB)) as a function of
the signal power to noise ratio (SNR(dB)).The length of the channel
is 𝐿 = 7, the length of the DCT1 is 𝑁 = 256, and 𝑁

𝑠

= 2000

simulations have been performed.

andC
𝑓

stands for the ]×] submatrix ofC
1𝑒

containing thefirst
] columns of C

1𝑒

and the corresponding rows 𝑘 = 𝑘
1

, . . . , 𝑘].

In this way, we have the following minimization problem:

min 



C
𝑓

⋅ h𝑟 − ̂H



, (33)

where vectors h𝑟 and ̂H have length ].
Compressed sensing techniques show that it is possible

to achieve the sparsest vector h𝑟 if its sparsity order is 𝑠 <
spark(C

𝑓

)/2 (the spark of a square matrix is its rank plus 1).
As we have proved in Section 3, our Theorem 1 guarantees
that the rank of any square submatrix of the first columns
of C
1𝑒

is maximum, so C
𝑓

has maximum rank. This means
that we can reconstruct sparse filters h𝑟 of sparsity order 𝑠 <
(]+ 1)/2. In practice, it is possible to recover vector h𝑟 in two
ways:

(i) As C
𝑓

is invertible, we can simply define h𝑟 = C−1
𝑓

⋅
̂H

so as to get null error (C
𝑓

⋅ h𝑟 − ̂H = 0).This is true in
absence of noise, but the drawback in practice is that
we may obtain a nonsparse vector h𝑟.

(ii) Alternatively, as C
𝑓

has maximum rank ], we can
apply some well-known algorithms used in CS sce-
narios (e.g., Lasso techniques, OMP, andCoSamp [5])
in order to find the sparse solution h𝑟 of the problem.
These algorithms convergewhen thematrix of the lin-
ear system C

𝑓

satisfies either the Restricted Isometry
Property (RIP) or a weaker property regarding the
coherence of C

𝑓

. Luckily, we can also guarantee that
this good property is fulfilled by the DCT1, by placing
𝑠 symbols at equally spaced positions. This proce-
dure has been applied in our simulations, and this
clear advantage is the reason why the DCT1 matrix
performs well for compressed sensing techniques in
the simulations.
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Figure 4: (a), (c), and (e) Estimated channel’s impulse response for SNR = 0 dB, SNR = 10 dB, and SNR = 20 dB, respectively. (b), (d), and (f)
Estimated channel’s frequency response for SNR = 0 dB, SNR = 10 dB, and SNR = 20 dB, respectively. In all cases the length of the channel is
𝐿 = 7, the length of the DCT1 is𝑁 = 256, and𝑁

𝑝

= 4 pilot subcarriers are used in the transmitter.



The Scientific World Journal 7

Summary of the procedure is as follows:

(1) Choose a training signal X of length𝑁, and compute
C−1
1𝑒

⋅ X = x.
(2) Apply a whole-point symmetry of length ]−1 at both

edges of x so as to obtain x
𝑒

of length𝑁 + 2] − 2.
(3) Transmit x

𝑒

through the channel.
(4) Take the𝑁 central components of the received vector,

which form y.
(5) Apply the DCT1 block: Y = C

1𝑒

⋅ y.
(6) Compute ̂H

𝑘

= Y
𝑘

/X
𝑘

.
(7) In case X

𝑘

̸= 0 for all 𝑘, obtain C−1
1𝑒

⋅
̂H which is

the desired estimation of the half-right filter h𝑟ZP =
[h𝑟, 0, . . . , 0]⊤.

(8) In case some components of X
𝑘

are null, and at least
] components of X

𝑘

are nonzero, find the solution h𝑟
of the problem

min 



C
𝑓

⋅ h𝑟 − ̂H



(34)

that can be solved via CS techniques or simply
defining

h𝑟 = C−1
𝑓

⋅
̂H. (35)

(9) In any case, from h𝑟 = [ℎ
0

, . . . , ℎ]−1] byWS symmetry
we get the estimated filter channel

h = [ℎ]−1, . . . , ℎ1, ℎ0, ℎ1, . . . , ℎ]−1] . (36)

6. Numerical Results

In this section, we analyse the behaviour of the proposed
compressed channel sensing (CCS) scheme by testing it on
three channels: a fixed simple channel of length 𝐿 = 7 (i.e.,
] = 4), a more challenging fixed nonminimumphase channel
of length 𝐿 = 11 (i.e., ] = 6), and a perturbed symmetric
version of the ITU-T M.1225 pedestrian channel A [17]. In
all cases, a sparse signal is constructed in the DCT1 domain
by setting 𝑋

𝑘

= 1 if 𝑘 = 𝑟𝑃 (for 𝑃 = (𝑁 − 1)/(] − 1)) and
𝑋
𝑘

= 0 otherwise. Hence, 𝑋
𝑘

is a ]-sparse vector containing
only ] nonnull elements uniformly distributed, as stated in
the previous section. For instance, when𝐿 = 7wehave𝑃 = 85
and the nonnull elements are only 𝑋

0

, 𝑋
85

, 𝑋
170

, and 𝑋
255

,
whereas for 𝐿 = 11 we have 𝑃 = 51 and the nonnull elements
are 𝑋

0

, 𝑋
51

, 𝑋
102

, 𝑋
153

, 𝑋
204

, and 𝑋
255

. In this way, we are
truly performing a compressed sensing of the channel, since
we are only exploring certain elements (which correspond to
particular frequencies) in the transformed domain.

The inverse DCT1 is then performed and the time-
domain transmitted vector x is passed through the filter with
symmetric impulse response h. Then, zero-mean additive
white Gaussian noise (AWGN) with variance 𝜎2

𝑤

is added,
obtaining the received vector y. The length𝑁DCT1 of the𝑁
central elements of this vector is now computed, resulting in
Y. Finally, the ] elements of Y corresponding to the nonnull
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Figure 5: Channel reconstruction SNR (̂SNR(dB)) as a function of
the signal power to noise ratio (SNR(dB)) for different values of𝑁.
The length of the channel is 𝐿 = 7 and𝑁

𝑠

= 2000 simulations have
been performed.

positions of X are extracted and a length ] inverse DCT1 is
performed on them to estimate the right-half of the channel’s
impulse response. The rest of the channel is reconstructed
exploiting its symmetry.Theperformancemeasure used is the
reconstruction signal to noise ratio (SNR),

̂SNR (dB) = 10 log
10

𝑃
𝑒

𝑃
ℎ

, (37)

where 𝑃
ℎ

= (1/𝐿)h⊤h, 𝑃
𝑒

= (1/𝐿)(h − h𝑟)⊤(h − h𝑟), and 𝐿 is
the channel’s length.

As a first example, we select the following 𝐿 = 7 channel:

h = [0.05, 0.25, −0.5, 1, −0.5, 0.25, 0.05]⊤ . (38)

We set the length of the DCT1 to 𝑁 = 256 and check the
behaviour of the CCS scheme as the channel’s SNR increases
from −10 dB to 30 dB using only 4 training pilots.𝑁

𝑠

= 2000

simulations are performed for each SNR.
Figure 3, which displays the reconstruction SNR as a

function of the channel’s SNR, shows that an increasingly
accurate estimation of the channel can be obtained as the SNR
increases, even by using only𝑁

𝑝

= 4 pilots. It can be seen that
the reconstruction SNR increases linearly as the signal power
to noise ratio increases. Indeed, the following relationship can
be established:

̂SNR (dB) = SNR (dB) + ΔSNR (dB) , (39)

where SNR(dB) = 10log
10

(𝑃
𝑥

/𝜎

2

𝑤

), with 𝑃
𝑥

= (1/𝑁)x⊤x, and
ΔSNR(dB) = 7.78 in this case. This shows that an increase in
SNR of 7.78 dB in the reconstruction is obtained with respect
to the channel’s SNR.
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Figure 6: (a), (c), and (e) Estimated channel’s impulse response for SNR = 0 dB, SNR = 10 dB, and SNR = 20 dB, respectively. (b), (d), and (f)
Estimated channel’s frequency response for SNR = 0 dB, SNR = 10 dB, and SNR = 20 dB, respectively. In all cases the length of the channel is
𝐿 = 11, the length of the DCT1 is𝑁 = 256, and𝑁

𝑝

= 4 pilot subcarriers are used in the transmitter.
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Figure 4 shows three examples of the estimated channel’s
impulse and frequency responses for three signal to noise
ratios: SNR = 0 dB, SNR = 10 dB, and SNR = 20 dB. The
channel’s impulse response is displayed on the left hand side
(central dot with the true values and bar spanning the range
between the minimum and maximum recovered values),
whereas the right hand side shows the channel’s frequency
response (true value in black line and shaded area showing
the range between maximum and minimum values). Note
the substantial decrease in the variation of the coefficients of
the channel’s impulse response as the SNR increases (indeed,
for SNR = 20 dB the bars cannot be appreciated, since the
recovered coefficients are always virtually identical to the
true coefficients) and the corresponding improvement in
the estimation of the channel’s frequency response (with a
decrease in the shaded area).

We have also tested the effect of the number of subcar-
riers, 𝑁, by using 𝑁 = 2

𝑛 for 𝑛 = 2, 3, . . . , 10 (i.e., 𝑁 =

4, 8, . . . , 1024). The result, displayed in Figure 5, shows that
the value of𝑁 is irrelevant (in terms of accuracy of the recon-
structed channel), as long as 𝑃 = (𝑁− 1)/(]− 1) is an integer
number and the pilot carriers can be uniformly distributed (as
it happens in this case for 𝑁 ∈ {4, 16, 64, 256, 1024}). When
𝑃 is not an integer number, the pilots cannot be uniformly
distributed and an approximation error is obtained (as seen
in the cases𝑁 = 8,𝑁 = 32,𝑁 = 128, and𝑁 = 512).However,
this error decreases as 𝑁 increases and can be completely
avoided by zero-padding the channel’s impulse response until
𝑃 is integer.

As a second example, we consider a length 𝐿 = 11 non-
minimum-phase channel:

h = [0.9801, −0.5600, 0.4799, 0.7472, −0.2728, 1,

− 0.2728, 0.7472, 0.4799, −0.5600, 0.9801]

⊤

.

(40)

We set again the length of the DCT1 to 𝑁 = 256 and
check the behaviour of the CCS scheme as the channel’s
SNR increases from −10 dB to 30 dB using only 6 training
pilots. 𝑁

𝑠

= 2000 simulations are performed for each SNR.
However, even though this channel ismuchmore challenging
than the previous one, similar results are obtained in terms of
the reconstruction error. Indeed, (39) is also valid in this case
and the reconstruction SNR versus channel’s SNR curve for
this channel (not shown) is virtually identical to Figure 3. In
fact, we have also tested several other (both minimum and
nonminimum phase) channels and this result seems to apply
to all of them. Figure 6 shows three examples of the estimated
channel’s impulse and frequency responses for three signal to
noise ratios: SNR = 0 dB, SNR = 10 dB, and SNR = 20 dB.

Finally, we test our approach on a perturbed sym-
metric version of the ITU-T M.1225 pedestrian chan-
nel A. The pedestrian channel A was generated using
Matlab’s stdchan function using a carrier frequency 𝑓

𝑐

=

2GHz, a sampling period 𝑇
𝑠

= 10 ns, and a length
𝐿
0

= 196. The resulting channel’s impulse response, h
0

=

[ℎ
0

[0], . . . , ℎ
0

[𝐿
0

− 1]], is very sparse, since it typically has
only 3 nonnull coefficients. The symmetric channel’s impulse
response is constructed as h = [h

0

[𝐿
0

− 1 : −1 : 1], h
0

], so
its length is 𝐿 = 2𝐿

0

− 1 = 391 and we have 𝑃 = 21. Then,
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Figure 7: Channel reconstruction SNR (̂SNR(dB)) as a function of
the noise variance in the coefficients of ℎ[𝑛] (𝜎2

ℎ

) for𝑁 = 4096. The
length of the channel is 𝐿 = 391 and 𝑁

𝑠

= 2000 simulations have
been performed.

the coefficients of ℎ[𝑛] are perturbed by adding independent
white Gaussian noise samples with variance 𝜎2

ℎ

to each of
them in order to analyze the effect of the lack of symmetry,
typical of real-world channels. The results are shown in
Figure 7: a small lack of symmetry (e.g., 𝜎2

ℎ

= 10

−4 or
𝜎

2

ℎ

= 10

−3) practically has no effect; a moderate amount (e.g.,
𝜎

2

ℎ

= 10

−2) lowers the performance but still provides a good
estimate of the channel (with a reconstruction SNR around
30 dB); a large lack of symmetry (e.g., 𝜎2

ℎ

= 10

−1) results in a
low reconstruction SNR (around 10 dB), as the reconstructed
channel is approximately equal to the symmetric part of the
true channel. This highlights the limitations of our approach
but also its potential in many approximately symmetric real-
world channels (e.g., channels with a large central coefficient
and small not completely symmetric coefficients around it).

7. Conclusions

In this work, we have presented a general procedure for the
estimation of any symmetric channel filter for multicarrier
communication systems based on the Discrete Cosine Trans-
formType-I (DCT1) even. For any training signal transmitted
through the channel, at the receiver, we show how to take
into account the information of the training symbol so as to
estimate the channel filter.Themain contribution of this work
is that it is possible to estimate the channel filter with a small
amount of training signals, just knowing a small amount
of the received samples, and regardless of the location of
these samples. This is an important consequence of the good
properties of the DCT1 matrix that have been also proved
here for the first time. Thus, our proposed procedure with
the DCT1 formulation meets the conditions that guarantee
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perfect estimation of the channel filter in absence of noise,
whereas in noisy scenarios a very good estimation can also
be achieved. We have also designed specific sparse training
signals for our DCT1 procedure and showed that it can
also be applied to channels whose impulse response is only
approximately symmetric with good results. Future research
lines include extending these procedure to nonsymmetric
channels.
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Total Variation and Compressive Sensing (TV-CS) techniques represent a very attractive approach to inverse scattering problems.
In fact, if the unknown is piecewise constant and so has a sparse gradient, TV-CS approaches allow us to achieve optimal
reconstructions, reducing considerably the number of measurements and enforcing the sparsity on the gradient of the sought
unknowns. In this paper, we introduce two different techniques based on TV-CS that exploit in a different manner the concept of
gradient in order to improve the solution of the inverse scattering problems obtained by TV-CS approach. Numerical examples are
addressed to show the effectiveness of the method.

1. Introduction

The capability of solving in a fast and accurate fashion inverse
scattering problems has an enormous interest in fields as
different as biomedical imaging, nondestructive evaluation,
and subsurface sensing. In all these applications, including
the cases concerned with the use of radar or radar-like sensor
for subsurface imaging and through the wall imaging, it
makes sense to look for methods which allow to reduce as
much as possible the number of measurements/sensors while
still achieving accurate reconstructions. In this respect, the
Compressive Sensing theory (CS) [1, 2] may bring enormous
advantages.

In fact, as long as the sought function is known to
be sparse or compressible in a given basis, namely it is
represented in an exact or anyway accurate fashion through
a limited number of nonzero coefficients, the number of
measurements actually needed for an accurate reconstruction
can be much less than the overall number of unknowns and,
moreover, it is possible to obtain nearly optimal reconstruc-
tions, as well as a kind of “superresolution” [1, 2].

As well known, the inverse scattering problem, which
is a possible framework for quantitative GPR and through
the wall imaging, amounts to recover the geometry and the
electromagnetic properties of unknown scattering objects,

starting from the knowledge of the incident fields and the
measurement of the corresponding scattered fields. Unfortu-
nately, the problem is both ill-posed and nonlinear [3], which
implies that formidable efforts have to be done to pursue
reliable and accurate solutions.

Very many different approaches exist to tackle such a
problem, ranging from qualitativemethods [4], which simply
try to recover information such as presence, location, and
possibly shape of unknown targets, to quantitative inversion,
for instance [5, 6], which aim to recover the electromagnetic
characteristics as well. With respect to the latter, they range
from linear to nonlinear approaches, for instance [7, 8], which
face the mathematical problem in its full complexity.

The Compressive Sensing theory is well developed for
the case of linear problem and, as a result, it is usually
used jointly with simplified models, such as the Born or
Rytov approximations [7]. Both these linear approximations
suffer from several limitations induced by the adopted
approximated model. Recently, a new linear approximation
has been introduced [9] which outperforms the usual Born
approximation and succeeds the latter in imaging nonweak
targets [10], thus allowing to significantly enlarge the range of
applicability of the CS [11] for inverse scattering problems. In
[11], the Compressive Sensing is also used in conjunctionwith
the Total Variation approach [12, 13], which allows to image
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extended targets, which are nonsparse in the commonly used
pixel based representation. In fact, TV is widely used as
regularizer especially when the unknown signal is piecewise
constant; that is, it has a sparse gradient of the contrast
function.

In the following, we consider the joint exploitation of
CS and TV approach and try to generalize this latter to
improve the reconstruction of objects with discontinuities
having different orientation and shape.

The paper is organized as follows. In Section 2, the
approximation exploited to linearize the inverse scattering
problem is introduced. In Section 3, two different TV-CS
based approaches are presented. Finally, in Section 4, a
numerical analysis with simulated data is reported to assess
the performances of the proposed strategies. Conclusions fol-
low.Throughout the paper, the canonical 2D electromagnetic
scalar problem is considered. The exp(𝑗𝜔𝑡) time harmonic
factor is assumed and dropped.

2. Inverse Scattering Problem and the Adopted
Linear Approximation

For the sake of simplicity, let us assume that the investigated
domain 𝐷 is embedded in a background medium of known
complex permittivity 𝜀𝑏 and contains one or more unknown
dielectric scatterers with support Σ and complex permittivity
𝜀. According to [14], only a limited number of scattering
experiments carry all the essential information available for
profile inversion. As a consequence,𝑉 plane waves impinging
on𝐷 from several incident directions evenly spaced in angle
are considered and𝑀 different receivers in the far-field of 𝐷
are located in order to observe the corresponding scattered
fields. By assuming the TM polarization, the scalar equations
for the generic V-illumination are expressed in vector-matrix
form as

E(V)
𝑠
= A
𝑒
E(V)
𝑡
𝜒, (1)

E(V)
𝑡
= E(V)
𝑖
+ A
𝑖
E(V)
𝑡
𝜒, (2)

wherein 𝜒 is the unknown contrast function and E(V)
𝑠
, E(V)
𝑡
,

and E(V)
𝑖

are, respectively, the vectors which contain the
𝑀 measurements of the scattered field and the values of
the total and incident electric field in 𝐷, respectively. The
matricesA

𝑒
andA

𝑖
are the discretized version of the radiation

operators relating the product E(V)
𝑡
𝜒 to the scattered field

in the observation domain and in the investigation domain,
respectively.

As can be seen in (1) and (2), the problem is nonlinear,
because of the presence of the term E(V)

𝑡
𝜒. In order to apply

the CS to the inverse scattering problem, a new recently
introduced linear approximation is considered [9]. The basic
idea, which gives rise to this powerful tool, whose range of
validity goes beyond the usual Born approximations [10], is
the following.

For a fixed contrast function, the scattered field is linearly
related to the incident fields. Hence, a linear superposition
of the 𝑉 incident fields, adopted to probe 𝐷, gives rise

to a scattered field which is nothing but the same linear
superposition of the correspondingmeasured scattered fields.
Such simple reasoning suggests that new “virtual” scattering
experiments [9, 11, 15, 16] can be possibly devised (without any
need of additional measurements) by simply combining the
results of the originally performed scattering experiments.
A possible way to design these new experiments, which do
not carry any additional information, is to consider the far-
field equation, that is, the basic equation of the well-known
linear sampling method [4], which allows enforcing, at least
approximately, a peculiar spatial distribution of the total field
inside𝐷.

In particular, one is able, for different “pivot points”
located inside the scatterer, to realize virtual scattering exper-
iments wherein the internal fields are focused around the
pivot points (see [9, 15, 16]) and hence are foreseeable in an
accurate fashion. Such a circumstance allows then (replacing
the original experiments with the virtual ones) to deal with
a linearization of the scattering equations. In fact (1) can be
recast into a linear one, which reads

E
(V)
𝑠
= A
𝑒
E
(V)
𝑡
𝜒, (3)

whereE(V)
𝑠

andE(V)
𝑡

represent the scattered field data recom-
bined by means of the “design equation,” that is, the LSM
equation, and the approximated total field in 𝐷 which arise
in the virtual scattering experiments, respectively [9].

3. Improved TV-CS Based
Inversion Approaches

Let us consider a reference system 𝑂𝑥𝑦 with the origin
in the center of 𝐷 and let us suppose that the inverse
scattering problem has been linearized by means of (3). It is
known that Compressive Sensing theory provides the tools
for reconstructing sparse signals from (highly) incomplete
sets ofmeasurements through a constrained ℓ1minimization.
In a number of cases including nondestructive testing, sub-
surface sensing, geophysical and biomedical scenarios, it is
reasonably to assume that the unknown contrast function has
sparse or nearly sparse gradients. As a result, it makes sense
to pursue a reconstruction bymeans of a total variationmini-
mization [12, 13]. Accordingly, the inverse scattering problem
can be solved by means of a total variation minimization:

min
𝜒
{
D𝑥𝜒
ℓ
1

+

D𝑦𝜒
ℓ
1

}

subject to A𝜒 − b
ℓ
2

≤ 𝛿,

(4)

where 𝜒 is the 𝑁-dimensional unknown function of the
problem with 𝑁 the number of the pixels discretizing 𝐷, b
is the 𝑇 × 1 data vector, 𝑇 = 𝑀 × 𝑃, which contains the𝑀
measured scattered fields arising in the 𝑃 virtual scattering
experiments, and A = A

𝑒
E(V)
𝑡

is the 𝑇 × 𝑁 matrix which
relates the unknown vector to the data vector and, assuming
the usual CS terminology, represents the sensing matrix.
Finally, D𝑥 and D𝑦 are the discretized version of the partial
derivatives evaluated with respect to the spatial variables 𝑥
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and 𝑦, respectively, that is, the discretized version of the
gradient along the coordinate directions. In other words,
D𝑥𝜒 and D𝑦𝜒 are the 𝑁 × 1 vectors containing the forward
differences [13] of the unknown function 𝜒.

In (4), the minimization of the sum of the two norms
promotes the search of solutions with sparse gradient, while
the constraint enforces the data consistency. In other words,
among all solutions, which are consistent with the acquired
data, we search the one whose gradient has the minimum
ℓ1-norm. Note that the parameter 𝛿 depends on the level of
required accuracy, on the level of noise on the data and on
the introduced model error. Notably, the number 𝑇 of data
can be (much) less than the overall number of unknowns𝑁,
but it has to be sufficiently larger than the number of nonzero
elements ofD𝑥𝜒 andD𝑦𝜒.

3.1. AnOrientation Invariant TV-CSApproach. Theapproach
described in (4) is able to identify in a simple fashion
the target discontinuities along directions parallel to the
coordinate axes. On the other side, since it has two pref-
erential directions, discontinuities having a different ori-
entation are not correctly identified, and the approach
provides a kind of “squared” reconstruction of the target
(see Figures 1(d) and 1(e)). In order to counteract, at least in a
partial fashion, the dependence of the approach with respect
to the orientation of the target discontinuities, we propose
herein a modified approach.

In particular, we introduce a new objective function
which allows to identify additional discontinuities located at
+ or −45∘ with respect to the coordinate axes. In such a way,
one will have more accurate reconstruction of discontinuities
having a generic or even circular shape.

In practice, we consider an additional term defined as the
discretized version of the directional derivativeDd evaluated
along the directions parallel to 𝑥 = ±𝑦. In other words, Dd𝜒
is the vector, which contains the forward differences along
directions parallel to the principal and secondary diagonals
of the matrix of pixels representing the unknown function 𝜒.
Accordingly, (4) is recast as

min
𝜒
{
D𝑥𝜒
ℓ
1

+

D𝑦𝜒
ℓ
1

+
D𝑑𝜒
ℓ
1

}

subject to A𝜒 − b
ℓ
2

≤ 𝛿.

(5)

Roughly speaking, the optimization problemnow amounts to
looking for a solution whose gradient, evaluated also in the
“oblique” directions, has the minimum ℓ1 norm among all
the contrast functions fulfilling (within a given error) the data
equation.

3.2. A Corner Identifier TV-CS Approach. As a second con-
tribution, we asked ourselves if we can have a still better
procedure for profiles where the discontinuities are actually
parallel to the 𝑥 or 𝑦 axis.

A simple yet original solution to such a problem is to
exploit sparsity in terms of the second order mixed partial
derivative. In fact, D𝑥𝑦𝜒, that is, the vector which contains
the discrete value of second mixed partial derivative, has

far fewer coefficients different from zero than the gradient.
For example, independently from the dimensions of the
object, a rectangular scatterer will have only four elements
different from zero when considering its second order mixed
derivative. Then, an approach based on such a derivative can
identify more easily scatterers constituted by a superposition
of squares and rectangles. When such a kind of qualitative
information is available, an accurate quantitative reconstruc-
tion can be obtained by solving

min
𝜒
{

D𝑥𝑦𝜒
ℓ
1

}

subject to A𝜒 − b
ℓ
2

≤ 𝛿.

(6)

It is worth noting that the qualitative information on the
morphology of the targets, which enables and suggests the use
of (6), can be eventually achieved by a preliminary estimation
based, for instance, on themethods in Section 3.1. Saying it in
other words, procedures in Section 3.2 can be eventually seen
as a possible “postprocessing” technique.

4. Numerical Assessment

In order to show the validity and to investigate the per-
formances of the two proposed techniques, which aim at
improving the TV-CS approach, some numerical examples
with simulated data are addressed, each one dealing with a
different type of scatterer.

In each example, we have first linearized the scattering
equation, following the procedure described in Section 2
and in [9]. More in detail, the LSM equation is solved and
its solution is used to build the set of virtual experiments
considering a subset of pivot points inside the estimated
support (see Figures 1(c), 2(b), 3(b), and 4(b)). Then, (1)
is recast and linearized by using (3). At a later stage, once
the problem has been linearized, the solution is looked for
by means of the new introduced approaches. According to
[11], in performing the numerical analysis, we set 𝛿 such
that 𝛿 < ‖b‖ℓ

2

, as a trade-off between the feasibility of the
optimization task (with “feasibility” we mean the possibility
to find a solution that satisfies the constraint on the data
consistency) and the reconstruction accuracy. Note that if
𝛿 is too small, the problem could be unfeasible, as the set
identified by the data constrain could be an empty set and
no solution could exist at all.

Moreover, in performing the numerical analysis, the
presence of the convex function ℓ1-norm in approaches (4)–
(6) gives the opportunity of using the vast theory of convex
optimization. In particular, the numerical examples reported
in the paper have been carried out by exploiting the toolbox
CVX [17, 18], a general software for convex programming.

In the following examples, the region of interest is a
square of side 𝐿𝐷, and the scatterer is hosted in free space.
Moreover, a multiview-multistatic (MV-MS) illumination
setup is assumed with filamentary currents acting as primary
sources. In order to properly sample the scattered field, we
consider a number 𝑀 of measurements points equal to the
minimum nonredundant number of independent scattering
experiments according to [14].
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Figure 1: Continued.
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Figure 1: The two-cylinder example. (a) Real and (b) imaginary part of the contrast reference profile. (c) Normalized logarithmic LSM
indicator with the selected pivot points superimposed as dots. The retrieved profile by means of the approach (4) (𝛿 = 0.2‖b‖

ℓ2
and err =

10%): (d) real and (e) imaginary part.The retrieved profile bymeans of the approach (5) (𝛿 = 0.2‖b‖
ℓ2
and err = 6%): (f) real and (g) imaginary

part.

The receivers and transmitters are spaced on a circumfer-
ence of radius 𝑅. The scattered field data have been obtained
by means of a full-wave forward solver based on CG-FFT
procedure and corrupted with a randomGaussian noise with
SNR equal to 20 dB.

For all these numerical examples, we have considered, as
indicator of accuracy, the reconstruction error defined as

err =
∑
𝑁

𝑘=1

𝜒𝑘 − �̃�𝑘

2

∑
𝑁

𝑘=1

𝜒𝑘

2
, (7)

where 𝜒 is the true contrast profile and �̃� is the reconstructed
one.

In order to show performances of the first proposed
approach, (equation (5)), in the first example we have con-
sidered a scatterer constituted by two homogeneous circular
cylinders; as in the Figures 1(a) and 1(b). The dielectric
permittivity of these objects is 𝜀 = 1.8−0.1798𝑖. Furthermore,
𝑁 = 48 × 48, 𝑀 = 21, 𝑅 = 4𝜆, and 𝐿𝐷 = 1.33𝜆,
where 𝜆 is the wavelength in the host medium. As it can be
observed in Figures 1(d) and 1(e), the reconstruction obtained
by using the original TV-CS approach (equation (4)) is not
able to correctly identify the shape of the objects, which are
reconstruced as squares rather than circles. A much more
accurate solution is instead found by means of the proposed
approach (see Figures 1(f) and 1(g)). In fact, the (octagonal)
shape resembles more accurately the (circular) ground truth,
and the reconstruction error is equal to 6%.

The second example deals with two lossless L-shape
targets with different dielectric permittivity (𝜀1 = 1.8 and
𝜀2 = 1.5). Furthermore, 𝑁 = 50 × 50,𝑀 = 26, 𝑅 = 4𝜆, and
𝐿𝐷 = 3𝜆. As discontinuities are indeed parallel to the 𝑥 and

𝑦 axes, the original approach performs better than the new
one (see Figure 2). However, the presence of the new termD𝑑
which appears in the approach (5) still allows a satisfactory
reconstruction.

In the third example, we consider an inhomogeneous
square scatterer with 𝜀max = 0.6. Furthermore,𝑁 = 32 × 32,
𝑀 = 21, 𝑅 = 4𝜆, and 𝐿𝐷 = 2𝜆. In this case, we explore
performances of both approaches (4) and (6). Moreover, by
taking advantage of the fact that we are dealing with convex
problems by virtue of the introduced approximations, we also
add physical constraints on the contrast we are looking for.
In particular, we enforce a positive real part and a negative
imaginary part of the complex unknown 𝜒. By observing
Figures 3(c)–3(f), it is obvious that the new approach is able
to retrieve the profile with more accuracy, as also witnessed
by the reconstruction errors equal to 10% and 7% for the two
cases, respectively.

In the last example, a square ring scatterer with 𝜀 = 1.3
is considered (see Figure 4), and we consider again both the
proposed procedures (4) and (6). In particular,𝑁𝑐 = 32 × 32,
𝑀 = 21, 𝑅 = 4𝜆, and 𝐿𝐷 = 1.33𝜆. As in the previous case,
the reconstruction using the first approach already gives an
accurate result and suggests that the scatterer at hand is in
the class suitable for the approach described in Section 3.2.
Then, application of the formulation (6) allows a still better
reconstruction, achieving an error as low as 1.5%.

5. Conclusions

In this paper, we have introduced two newCS-TV approaches
which, together with a recently introduced linear scattering
model for quantitative profile inversion, allow us to achieve
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Figure 2: The double L scattering system. (a) Real part of the contrast reference profile. (b) Normalized logarithmic LSM indicator with the
selected pivot points superimposed as dots. The retrieved profile by means of the approach (4) (𝛿 = 0.2‖b‖

ℓ2
and err = 9%): (c) real and (d)

imaginary part. The retrieved profile by means of the approach (5) (𝛿 = 0.2‖b‖
ℓ2
and err = 11%): (e) real and (f) imaginary part.
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Figure 3:The inhomogeneous square example. (a) Real part of the contrast reference profile. (b) Normalized logarithmic LSM indicator with
the selected pivot points superimposed as dots. The retrieved profile by means of the approach (4) (𝛿 = 0.32‖b‖

ℓ2
and err = 10%): (c) real and

(d) imaginary part. The retrieved profile by means of the approach (6) (𝛿 = 0.32‖b‖
ℓ2
and err = 7%): (e) real and (f) imaginary part.
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Figure 4:The ring square example. (a) Real part of the contrast reference profile. (b) Normalized logarithmic LSM indicator with the selected
pivot points superimposed as dots.The retrieved profile bymeans of the approach (4) (𝛿 = 0.072‖b‖

ℓ2
and err = 8%): (c) real and (d) imaginary

part. The retrieved profile by means of the approach (6) (𝛿 = 0.072‖b‖
ℓ2
and err = 1,5%): (e) real and (f) imaginary part.
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nearly optimal reconstructions of arbitrarily shaped and
piecewise nonweak targets. In this respect, it has been
shown that it is possible to improve performances of TV-
CS approaches by introducing new cost functions based on
directional derivatives to pursue accurate reconstructions of
nonsquared objects as well as on second order derivatives
to further enhance sparsity of the unknown in the case of
scatterers constituted by a superposition of squares and
rectangles. Joint exploitation of these concepts and their
extensions to the 3D case is currently under investigation.
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The problem of detecting and locating multiple scatterers in multibaseline Synthetic Aperture Radar (SAR) tomography, starting
from compressive measurements and applying support detection techniques, is addressed. Different approaches based on the
detection of the support set of the unknown sparse vector, that is, of the position of the nonzero elements in the unknown sparse
vector, are analyzed. Support detection techniques have already proved to allow a reduction in the number of measurements
required for obtaining a reliable solution. In this paper, a support detection method, based on a Generalized Likelihood Ratio
Test (Sup-GLRT), is proposed and compared with the SequOMP method, in terms of probability of detection achievable with a
given probability of false alarm and for different numbers of measurements.

1. Introduction

Synthetic Aperture Radar (SAR) tomography exploits a stack
of complex-valued SAR images, acquired with different view
angle and at different times, for providing the fully 3D
scene reflectivity profile along azimuth, range, and elevation
directions [1]. Moreover, it can also provide the 3D profile
variations in time (4D SAR tomography) [2]. Then, SAR
tomography allows discriminating among multiple coherent
scatterers lying in the same range azimuth resolution cell and
located at different elevations.

In [3–5] 3D SAR tomographic techniques, capable of
achieving an increased elevation resolution, and based on
compressive sampling (CS), have been proposed.These tech-
niques exploit the sparsity assumption of the ground reflec-
tivity profile in the elevation direction. This assumption is
always met when the dominant scattering mechanism is sur-
face scattering, like what happens in urban and scarcely veg-
etated areas. For highly vegetated scenes, instead, volumetric
scattering is dominant, so that sparsity assumption is not
verified.

CS theory enables the reconstruction of sparse or com-
pressible signals from a small set of linear measurements. If
properly chosen, the number of measurements can be much

smaller than the number of Nyquist rate samples. Then, CS
based techniques have been proved to be very effective for
reducing the number of SAR images to be acquired and
mitigating the effects due to nonuniformbaseline spacing [4].
Moreover, they allow attaining superresolution reconstruc-
tions along the elevation direction [4, 5].

Nevertheless, several issues have still to be considered
when dealing with 3D reflectivity profile reconstruction by
means ofCS based approaches. A first problem is the presence
of outliers, produced by the presence of partially coherent
clutter and noise and/or by possible solution instabilities.
In addition, the so-called off-grid effect [6] can significantly
impair the scatterers detection and localization performance
[6, 7].

Another issue to be considered is that many tomographic
applications do not require a full reconstruction of the signal.
We are often interested only in the localization of multiple
coherent scatterers and not in their intensity. This amounts
in solving a sort of detection problem, dealing with the iden-
tification of only the position of the nonzero elements in the
sparse unknown vector, whereas the full reconstruction of the
sparse signal is not required.

In [8], it is shown that CS provides a useful framework in
the development of methods for identifying the position of
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the nonzero elements, without fully reconstructing the signal
itself. These methods are commonly referred to as “support
detection” [9] and demand fewer measurements with respect
to the ones based on the full reconstruction of the sparse
signal.

Recently, a Generalized Likelihood Ratio Test (Sup-
GLRT), searching for the best support of the unknown signal
matching the data, has been introduced [10] in SAR tomog-
raphy. Its detection performance can be evaluated in terms
of probability of detection and probability of false alarm. If
compared to classical GLRT approaches [11], it achieves better
performance when the number of measurements decreases
and allows the reconstruction of the unknown elevation
reflectivity profile at superresolution. With respect to other
methods acting directly on CS reconstruction [7, 12], it
has the advantage of enabling a Constant False Alarm Rate
(CFAR) approach.

In this paper, the performance of Sup-GLRT [10] is com-
pared with the SequOMP support detection presented in [9],
in terms of probabilities of detection and of false alarm. The
compressive measurement capability is evaluated by analyz-
ing the detection performance when decreasing the number
of measurements.

2. The Signal Model

SAR tomography allows the reconstruction of the reflectivity
profile of the observed scene along the coordinates of range
𝑟, azimuth 𝑥, and elevation 𝑠. In order to estimate the 3D
reflectivity function 𝛾(𝑟, 𝑥, 𝑠), a stack of 𝑀 range-azimuth
focused images of the same scene is collected with slightly
different view angles. The estimation of the reflectivity pro-
file along elevation can be performed by fixing the range
azimuth pixel and considering only the dependence on the
elevation coordinate. Let us denote with 𝑢(𝑠

𝑘
) a fixed range-

azimuth pixel of the 𝑘th image acquired along the orbit with
orthogonal baseline 𝑠

𝑘
(see Figure 1), after image registration

and atmospheric phase errors compensation. The multipass
acquisitions in a fixed range-azimuth pixel can be expressed
as [4]

u = Φ𝛾 + w, (1)

where u = [𝑢(𝑠


1
), . . . , 𝑢(𝑠



𝑀
)]
𝑇 is the 𝑀 × 1 measurement

vector, 𝛾 = [𝛾(𝑠
1
), . . . , 𝛾(𝑠

𝑁
)]
𝑇 is the unknown𝑁 × 1 ground

reflectivity profile sampled in the elevation values 𝑠
𝑘
= 𝑘Δ𝑠,

w is the additive noise, andΦ is𝑀×𝑁matrix related to the
acquisition geometry, whose generic element with index 𝑘𝑙 is
given by

{Φ}
𝑘𝑙
= 𝑒
𝑗(4𝜋/𝜆𝑅0)𝑠



𝑘
𝑠𝑙
, (2)

with 𝜆 is the operating wavelength and 𝑅
0
is the distance

between the centre of the scene and a reference antenna
position.

The recovery of the vector 𝛾 from the measurements
u can be performed by inverting (1). When performing
this inversion, the following problems have to be faced [4]:
(1) the number of acquisitions 𝑀 is usually lower than
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Figure 1: Multipass SAR geometry in the range-elevation plane
(case𝑀 = 5).

the number of reflectivity samples to be estimated𝑁, so that
the problem is undetermined; (2) the𝑀 acquisitions are not
uniformly spaced, so that spurious side-lobes and outliers
can be present in the solution recovered. To regularize this
ill-posed problem, truncated singular value decomposition
(T-SVD) [1] can be applied. However, it does not provide
satisfying reconstructions when𝑀 is noticeably smaller than
𝑁. An alternativeway for regularizing the problem consists in
exploiting the assumption that only few scatterers at different
elevations can lay in the same range azimuth resolution cell
(see Figure 1), so that 𝛾 is a 𝐾-sparse vector, with 𝐾 being
small, and CS theory can be applied. It states that, under cer-
tain conditions, it is possible to recover the𝐾 largest elements
of 𝛾 from a set of 𝑀 = 𝑂(𝐾 log(𝑁/𝐾)) measurements u,
by solving an ℓ

1
-norm minimization problem and achieving

superresolution [4].
A reduction of the number of measurements required

for achieving a reliable solution can be obtained when a
full reconstruction of the signal 𝛾 is not required. In SAR
tomographic applications, this happens when we are inter-
ested only in the localization of multiple coherent scatterers
and not in their intensity. In this case, the problem amounts
in estimating only the position of the 𝐾 nonzero elements
in the sparse unknown vector 𝛾 (of size 𝑁) from a noisy
measurement vector u (of size𝑀, with𝑀 < 𝑁 and𝑀 > 𝐾)
and is commonly referred as support detection. Once the
support set is known, system (1) is simplified to an overde-
termined system, which can be solved by conventional
approaches.

3. Support Detection from
Compressive Measurements

In this section, we want to analyze somemethods for estimat-
ing the position of multiple scatterers, by means of support
detection techniques.
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The detection of the support of a sparse signal can be
addressed using different methods.

3.1. Maximum Likelihood Detection. Since 𝛾 in (1) is an
unknown deterministic vector, the probability of error in
detecting the support is minimized by maximum likelihood
(ML) detection. In the Gaussian noise assumption, the
ML detector finds the 𝐾-dimensional subspace spanned
by columns of Φ containing the maximum energy of u
[13]. When the minimum signal to noise ratio (SNR) of
the nonzero components tends to infinity, the number of
measurements required for obtaining a negligible probability
of error in the support detection scales to𝑀 = 𝑂(𝐾), which is
theminimumnumber ofmeasurements in the noise free case.
This method has the best compressive performance but has
the drawback to be computationally heavy when𝐾 increases.

3.2. LASSO Detection. A practical method to detect the
position of the nonzero elements of the unknown sparse
signal is LASSO [14], also called basis pursuit denoising [15].
The LASSO estimate of 𝛾 is obtained by solving the convex
optimization:

�̂� = arg min
𝛾

(




u −Φ𝛾



2

2
+ 𝜇





𝛾



1
) , (3)

where 𝜇 > 0 is an algorithm parameter that encourages spar-
sity in the solution. The position of the negligible elements
of the signal reconstruction can be used for the support esti-
mation. However, the problem of identifying a thresholding
criterion is to be faced. A major problem with threshold-
ing LASSO is that their performances “saturate” with high
SNR.That is, even as the SNR scales to infinity, the minimum
number of measurements does not scale as𝑀 = 𝑂(𝐾).

In [16], necessary and sufficient conditions for asymptotic
reliable detection with LASSO, for 𝑀, 𝑁, and 𝐾 tending to
infinity and SNR growing unboundedly, are given. Specifi-
cally, the scaling𝑀 > 2𝐾⋅log(𝑁−𝐾)+𝐾+1 is both necessary
and sufficient for asymptotic reliable detection.

In contrast, optimalML detection techniques can achieve
scaling𝑀 = 𝑂(𝐾), when the SNR is sufficiently high [16].

3.3. OMP and SequOMP Approaches. Another common
approach to support detection is the orthogonal matching
pursuit (OMP) algorithm [17]. It was analyzed in [18] in a
setting with no noise and generalized to the case with noise in
[19]. The result is very similar to condition found for LASSO:
if𝑀,𝑁,𝐾, and SNR of the weakest scatterer tend to infinity,
a sufficient condition for asymptotic reliable detection is𝑀 >

2𝐾 ⋅ log(𝑁 − 𝐾).
Then, also in this case, even as SNR scales to infinity, the

minimum number of measurements does not scale as𝑀 =

𝑂(𝐾).
The results summarized above suggest a performance gap

betweenML detection and algorithms like LASSO and OMP,
especially when SNR is high. In particular, as SNR increases,
the performance of these methods saturates at scaling in the
number of measurements that can be significantly higher
than that for ML.

A more practical method is a simplified version of
OMP, called sequential OMP (SequOMP) [9], which under
favorable conditions exhibits a performance which does not
saturate at high SNR.

SequOMP is a one-pass version of the OMP algorithm,
since it is identical to the standard OMP algorithm of [17]
except that SequOMP passes through the data only once, in
a fixed order, and is computationally simpler than standard
OMP. SequOMP generally has worse performance than
standard OMP, but it is much simpler. Moreover, in [9] it is
shown that this simple algorithm, when used in conjunction
with known conditional ranks, can achieve a fundamentally
better scaling at high SNRs than LASSO and OMP. In
particular, it has been shown that when the power orders of
the nonzero elements are known and the signal-to-noise ratio
(SNR) is high, the SequOMP algorithm exhibits a scaling
in the minimum number of measurements that is within a
constant factor of the more sophisticated LASSO and OMP
algorithms [9]. Moreover, when the power profile can be
optimized, SequOMP can achieve measurement scaling that
is within a constant factor of ML detection. This scaling is
better than the best known sufficient conditions for LASSO
and OMP [9].

When the knowledge of conditional rank of signal
components is not available, SequOMP has a performance
worse than OMP and LASSO but exhibits a noticeably lower
complexity.

4. GRLT Support Detection from
Compressive Measurements

The methods presented in the previous section are not Con-
stant False Alarm Rate detection approaches. In this section,
we present a CFAR approach, using a sequential GLRT for
support detection, based on ML estimation. This approach is
compared with the SequOMP, adapted in such a way to have
a Constant False Alarm Rate.

The detection problem amounts to distinguish 𝐾max
following statistical hypotheses𝐻

0
, 𝐻
1
, . . . , 𝐻

𝐾max
, defined as

follows:

𝐻
0
: u = w absence of scatterers,

𝐻
𝑘
: u = Φ𝛾 + w presence of 𝑘 scatterers,

(4)

where 𝛾 is a 𝑘-sparse vector with 𝑘 ≤ 𝐾max, with 𝐾max the
maximum order of sparsity, that is supposed to be a priori
known.

The noise vector w can be assumed as circularly sym-
metric complex (or proper complex) Gaussian vector, with
uncorrelated samples and mutually uncorrelated real and
imaginary parts, with zero-mean and same variance 𝜎2

𝑊
/2.

When the scatterers are absent (hypothesis 𝐻
0
), u is

a circularly symmetric Gaussian random vector with zero-
mean and covariance matrix C = 𝜎

2

𝑊
I, with I being the

identity matrix, while when the scatterers are present, u is a
circularly symmetric Gaussian random vector with the same
covariance matrix and mean being equal toΦ𝛾.
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Probability of detection 𝑃
𝐷
and false alarm 𝑃FA can be

defined as follows:

𝑃
𝐷
=

1

𝐾max

𝐾max

∑

𝑘=1

𝑃 (𝐻
𝑘
| 𝐻
𝑘
) ,

𝑃FA = 1 − 𝑃 (𝐻0 | 𝐻0) .

(5)

In 3D SAR tomography, the number of scatterers 𝐾, the
vector 𝛾 and its supportΩ

𝐾
(positions of the samples different

from zero), and the noise variance 𝜎2
𝑊
are usually unknown.

We only suppose that, on the basis of geometrical considera-
tions,𝐾max can be assumed known.Then a suboptimal GLRT
test can be applied [20].

Since the hypotheses 𝐻
0
, 𝐻
1
, . . . , 𝐻

𝐾max
have a hierarchi-

cal structure, the multiple hypothesis testing can be per-
formed bymeans of a sequence of𝐾max steps, each one apply-
ing a binary hypothesis test between the hypotheses𝐻

𝑘−1
and

𝐻
≥𝑘
, which means deciding between 𝑘 − 1 scatterers or at

least 𝑘 scatterers. The statistical test applied at the 𝑘th step
of the sequence is obtained by generalizing the two steps test
proposed in [10]:

Λ
𝑘
(u) =

min
Ω𝑘−1

[u𝐻Π⊥
Ω𝑘−1

u]

min
Ω𝐾max

[u𝐻Π⊥
Ω𝐾max

u]

𝐻𝑘−1

≶

𝐻≥𝑘

𝛽
𝑘 (6)

with

Π
⊥

Ω𝑘
= I −Φ

Ω𝑘
(Φ
𝐻

Ω𝑘
Φ
Ω𝑘
)

−1

Φ
𝐻

Ω𝑘
, (7)

whereΦ
Ω𝑘
= [𝜙
𝑖1
, . . . ,𝜙

𝑖𝑘
] is thematrix of size𝑀×𝑘 obtained

by extracting 𝑘 columns 𝜙
𝑖
, with 𝑖 = 1, . . . , 𝑘, of Φ, with 𝑘 =

1, . . . , 𝐾max.Ω𝑘 is the set of all possible support of cardinality
going from 𝑘 to 𝐾max, with Ω0 the empty set and Φ

Ω0
= 0,

andΠ⊥
Ω𝑘

is the projector onto the orthogonal complement to
the subspace spanned byΦ

Ω𝑘
.

Note that the sequential test described by (6) with 𝑘 =

0, . . . , 𝐾max −1 detects the scatterers with different intensities
in an order going from strongest to weakest, thanks to the
minimization operation at the numerator of (6). Then, the
first scatterer to be detected (if there are more than one) at
the step 𝑘 = 1 is the one that is responding with the highest
intensity.

The thresholds 𝛽
𝑘
can be derived with a CFAR approach,

and the corresponding receiver operating characteristic
(ROC) curve can be numerically evaluated by means of
Monte Carlo simulation, fixing the value of 𝑃FA for the first
step, and of the probability of false detection𝑃FD𝑘 for the other
steps, where

𝑃FD𝑘 =

𝐾max

∑

𝑙=𝑘

𝑃 (𝐻
𝑙
| 𝐻
𝑘−1
) . (8)

5. Numerical Results

To analyze the compressive capability of the proposed detec-
tion scheme, we consider the problem of detecting one or
two scatterers (𝐾max = 2) lying in the same range azimuth

Table 1

COSMO-SkyMed parameters
Wavelength 0.031m
View angle 35∘

Range distance 620Km
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Figure 2: 𝑃
𝐷
versus SNR for SequOMP detector (blue dashed line)

and Sup-GLRT detector (red solid line), in the case of two scatterers
of same amplitude and at a distance 𝐷

𝑠
= 2𝜌
𝑠
, with 𝑃FA = 10−3,𝑀 =

13 (circle markers), and𝑀 = 25 (square markers).

resolution cell, with the same amplitude, using 25 and 13
tomographic data sets simulated using COSMO-SkyMed
(CSK) parameters (see Table 1). We compare the detection
performance obtained with different SNR in the range 0–
10 dB, for 𝑃FA = 10−3 and for a scatterers separation distance
𝐷
𝑠
= 2𝜌
𝑠
, with 𝜌

𝑠
the nominal elevation resolution related to

the maximum orthogonal baseline extent 𝑆
𝑇
[1]:

𝜌
𝑠
=

𝜆𝑅
0

2𝑆
𝑇

. (9)

In this case, the proposedGRLT (6) is applied in two steps.
We compare the proposed method with the SequOMP

approach. The SequOMP algorithm has been implemented
using a threshold providing the desired 𝑃FA [14].

In order to compare Sup-GLRT with SequOMP, the
probability of false alarm in both approaches is defined
according to (5), that is, the probability of the event that the
algorithm falsely detects a support different from the empty
set in the hypothesis 𝐻

0
. We evaluated the detection perfor-

mance according to definition (4) of probability of detection,
𝑃
𝐷
= 0.5[𝑃(𝐻

1
/𝐻
1
) + 𝑃(𝐻

2
/𝐻
2
)], to fairly compare the two

approaches.We report 𝑃
𝐷
obtained using the two approaches

with respect to SNR and for𝑀 = 25 and𝑀 = 13, to see the
effect of decreasing the number of measurements. In partic-
ular, 𝑃

𝐷
relative to the SequOMP is reported in Figure 2 with

blue dashed line and 𝑃
𝐷
relative to Sup-GLRT in red solid

line, using square marker for𝑀 = 25 and the circle markers
for 𝑀 = 13. It can be seen that Sup-GLRT outperforms
SequOMP in both cases, showing its robustness with respect
to the number of measurements.
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versus SNR for SequOMP detector (blue dashed line)

and Sup-GLRT detector (red solid line), in the case of two scatterers
of different amplitude with 3 dB SNR difference (SNR

1
= SNR

2
+

3 dB) and at a separation distance𝐷
𝑠
= 2𝜌
𝑠
, with 𝑃FA = 10−3,𝑀 = 13

(circle markers), and𝑀 = 25 (square markers).
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Figure 4: 𝑃
𝐷
versus𝑁/𝑀 for SequOMP detector (blue dashed line)

and Sup-GLRT detector (red solid line), in the case of two scatterers
of different amplitude with 3 dB SNR difference (SNR

1
= 8 dB and

SNR
2
= 5 dB), at a separation distance𝐷

𝑠
= 2𝜌
𝑠
and for 𝑃FA = 10−3.

In Figure 3, we report the results of the same experiment
considering again two scatterers at a distance 𝐷

𝑠
= 2𝜌
𝑠
, but

with different SNRs. the strongest one has SNR
1
= SNR

2
+

3 dB, where SNR
2
corresponds to the weaker scatterer. In this

case, it can be noted that the performance is equivalent for
𝑀 = 25, while if the number of measurements is reduced,
Sup-GLRT outperforms SequOMP. In SequOMP implemen-
tation, a blind detection order has been followed, since it is
not possible to assume any a priori information on the
scatterers power order.

Eventually, we report in Figure 4 𝑃
𝐷
relative to SequOMP

and Sup-GLRT, considering a strongest scatterer with SNR
1
=

8 dB and a weaker scatterer with SNR
2
= 5 dB, and for a

varying ratio 𝑁/𝑀, in order to emphasize the impact of

compressing the measurements. It can be noted that when
𝑁/𝑀 increases (i.e., 𝑀 decreases), 𝑃

𝐷
obtained with Sup-

GLRT is higher than the one obtained with SequOMP, con-
firming the higher robustness of the method proposed when
dealing with compressed measurements.

6. Conclusions

In this paper we analyze the problem of identifying multiple
scatterers lying in the same range azimuth resolution cell
from a compressive number of multibaseline SAR images.
We followed a support detection approach, which adapts well
to the sparse unknown signal. Different support detection
methods have been considered and the performance of
two different schemes has been investigated: a GLRT based
support detection and the SequOMP techniques. Preliminary
results on simulated data show that the first one is more
robust with respect to the reduction of the number of mea-
surements, since it allows a higher probability of detection
for a given probability of false alarm and a given number
of measurements. It has been considered the detection and
localization of two scatterers respondingwith the same inten-
sities and of two scatterers responding with different intensi-
ties.Moreover, different ratios𝑁/𝑀 have been considered, in
order to show the measurement scaling behavior of the two
detectors. The results of numerical simulations show that
Sup-GLRT outperforms SequOMP as far as compressive
measurement capability is concerned.
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The accurate detection of targets is a significant problem in multiple-input multiple-output (MIMO) radar. Recent advances of
Compressive Sensing offer a means of efficiently accomplishing this task. The sparsity constraints needed to apply the techniques
of Compressive Sensing to problems in radar systems have led to discretizations of the target scene in various domains, such
as azimuth, time delay, and Doppler. Building upon recent work, we investigate the feasibility of on-grid Compressive Sensing-
based MIMO radar via a threefold azimuth-delay-Doppler discretization for target detection and parameter estimation. We utilize
a colocated random sensor array and transmit distinct linear chirps to a small scene with few, slowly moving targets. Relying
upon standard far-field and narrowband assumptions, we analyze the efficacy of various recovery algorithms in determining
the parameters of the scene through numerical simulations, with particular focus on the ℓ

1
-squared Nonnegative Regularization

method.

1. Introduction

Multiple-input multiple-output (MIMO) radar systems have
garnered significant interest in recent years for the purpose
of accurately detecting targets. These systems incorporate
multiple antennas to transmit signals to a target scene and
receive and process the reflected echoes. Depending on the
positioning of the antennas, that is, widely separated or
colocated, they can provide enhanced target detection and
parameter estimation. In particular, a colocatedMIMO radar
system which transmits waveforms with distinct frequencies
can yield improved spatial resolution over similar setups,
such as phased-array radar systems. See [1] for a detailed
analysis of MIMO radar.

Also in recent years, the advancements of Compressive
Sensing, as developed in [2–4], have attracted wide-spread
attention as a means of efficiently recovering sparse (or
compressible) signals. The essential problem of Compressive
Sensing is to construct an approximation to a sparse vector
x ∈ C𝑁, where 𝑁 is large, from a minimal number of
linear measurements y = Ax, where A ∈ C𝑚×𝑁 with
𝑚 ≪ 𝑁, in a stable and robust manner. One would not
expect such reconstruction to be possible due to the fact that
𝑚 < 𝑁; however, the additional a priori knowledge that x

is sparse allows for such recovery. See [5] for an extensive
mathematical treatment of Compressive Sensing.

A key finding of Compressive Sensing states that a
random measurement matrix A ∈ C𝑚×𝑁 with 𝑚 ≥

𝐶𝑠 ln(𝑁/𝑠), where 𝐶 is a constant and 𝑠 is the sparsity of the
signal, will satisfy the Restricted Isometry Property (RIP) with
high probability. This result is a computationally significant
improvement over the hefty Nyquist-rate because the RIP
guarantees that any 𝑠-sparse signal x ∈ C𝑁 can be recovered
exactly. The signal x can be recovered by solving the convex
optimization problem called basis pursuit or ℓ

1
-minimization:

minimize ‖z‖1
subject to Az = y.

(1)

The efficacy of Compressive Sensing hinges on the
sparsity of the signal one seeks to recover. Fortunately, the
discretization of a target scene containing only a few point
scatterers in the desired domain, such as angle, time delay,
and Doppler, leads to an advantageous sparsity constraint
since only a few of the bins in the domain contain a target
in comparison to the total number of bins. Thus, techniques
from Compressive Sensing have the potential to reduce costs
without degrading resolution in detecting the reflectors. A
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great deal of research has been carried out in investigating the
applicability ofCompressive Sensing to awide variety of radar
systems and various aspects of radar signal processing. See
[6, 7] for surveys of this field. Early work in this area includes
[8, 9], while [10, 11] focus on MIMO radar in particular. We
highlight two recent publications which serve as the basis for
this work.

Strohmer and Wang [12] provide an excellent mathemat-
ical framework which incorporates Compressive Sensing for
the recovery of on-grid targets in azimuth-range-Doppler via
a MIMO radar system. They employ random sensor arrays
and special waveforms, namely, the so-called Kerdock wave-
forms, in their setup and present a detailed mathematical
analysis on the accurate detection of targets in such a setting.
The target vector representing the scene is recovered via the
Debiased LASSO, which is a variation of the well-known
LASSO, from a number of measurements corresponding to
the product of the number of receivers and the number of
samples taken.

He et al. [13] devise an adaptive procedure to detect off-
grid targets in azimuth and range with aMIMO radar system
which features a uniform linear array (ULA) and transmits
linear chirps with distinct frequencies. They highlight the
performance of their algorithm with numerical simulations
and compare the results to alternative recovery methods.
These authors rely upon the orthogonality of their waveforms
to obtain a number of measurements equal to the product of
the number of transmitters, the number of receivers, and the
number of samples taken.

This paper incorporates elements from both of these
works. Namely, we utilize a random array MIMO radar
system which transmits linear chirps and obtains a number
of measurements equal to the product of the number of
transmitters, the number of receivers, and the number of time
samples in order to detect on-grid targets in the azimuth,
time-delay, and Doppler domain. Various numerical simula-
tions are performed in this framework for a small target scene
containing only a few slowly moving point scatterers. We
initially utilize several different algorithms for recovery and
then focus solely on the ℓ

1
-squared Nonnegative Regulariza-

tion (L1SQNN) from [14] due to its superior performance in
comparison to the other selected methods. The choice of the
random sensor array in place of a ULA is justified by a set of
results directly comparing the two setups.We further analyze
how changes in the sparsity level, signal-to-noise ratio (SNR),
problem size, regularization parameters, and bandwidth can
impact the reconstruction. A collection of MATLAB files,
figures, and data sets from these simulations are available for
download in the accompanying supplementary materials.

2. Problem Formulation

Consider a colocated MIMO radar system with𝑀 randomly
positioned transmit antennas and 𝑁 randomly positioned
receiver antennas in the sensor array. Each of the transmitters
repeatedly sends a waveform 𝑠

𝑚
(𝑡), for 𝑚 = 1, . . . ,𝑀, which

are orthogonal to each other and narrowband, to reflect
off 𝑃 point targets in a far-field scene and return to the
𝑁 receiver antennas. These returning signals are observed

over a duration 𝑇
𝑑
. We discretize the scene in azimuth,

delay (radial range), and Doppler (radial velocity) with 𝑈

angle bins, 𝑉 delay bins, and 𝑊 Doppler bins and associated
discretization steps Δ

𝜃
, Δ
𝜏
, and Δ

𝜐
. Hence, targets located

exactly on the grid correspond to a location (𝜃
𝑘
, 𝜏
𝑘
, 𝜐
𝑘
) =

(𝜃ref +𝑢
(𝑘)

Δ
𝜃
, 𝜏ref + V(𝑘)Δ 𝜏, 𝜐ref +𝑤

(𝑘)
Δ
𝜐
), where 𝑘 = 1, . . . , 𝐾,

with 𝐾 = 𝑈𝑉𝑊, 𝜃ref , 𝜏ref , and 𝜐ref are reference values in the
respective domains and where (𝑢

(𝑘)
, V
(𝑘)

, 𝑤
(𝑘)

) represents the
𝑘th bin in the discretization of the scene. These point targets
possess nonzero complex reflectivity coefficients 𝑥

𝑘
and are

assumed to be (slow)movingwith constant velocities. If there
is no target at grid point (𝜃

𝑘
, 𝜏
𝑘
, 𝜐
𝑘
), then the associated 𝑥

𝑘
=

0. We let 𝑆 ⊂ {1, 2, . . . , 𝐾} denote the locations of the targets;
that is, 𝑆 := {𝑘 ∈ [𝐾] : 𝑥

𝑘
̸= 0} and |𝑆| = 𝑃.

We introduce the array manifolds for the small target
scene:

a (𝜃
𝑘
) = [1, 𝑒

𝑖(2𝜋/𝜆)𝑑𝑡
2
𝜃
𝑘 , . . . , 𝑒

𝑖(2𝜋/𝜆)𝑑𝑡
𝑀
𝜃
𝑘]
𝑇

,

b (𝜃
𝑘
) = [1, 𝑒

𝑖(2𝜋/𝜆)𝑑𝑟
2
𝜃
𝑘 , . . . , 𝑒

𝑖(2𝜋/𝜆)𝑑𝑟
𝑁
𝜃
𝑘]
𝑇

,

(2)

where 𝜆 is the reference carrier wavelength, 𝑑𝑡
𝑚
, for 𝑚 =

2, . . . ,𝑀, is the distance from the 𝑚th transmitter to the
first transmitter, and 𝑑𝑟

𝑛
, for 𝑛 = 2, . . . , 𝑁, is the distance

from the 𝑛th receiver to the first receiver (we are using the
approximation sin(𝜃

𝑘
) ≈ 𝜃

𝑘
since we will only consider

small angles, i.e., |𝜃
𝑘
| < 0.1 radians). Hence, under the

narrowband assumption and after orthogonal separation, the
signal received from the𝑚th transmitter at the 𝑛th receiver at
time 𝑡 is given by

𝑧
𝑚𝑛

(𝑡) = ∑

𝑘∈𝑆

𝑥
𝑘
𝑏
𝑛
(𝜃
𝑘
) 𝑎
𝑚
(𝜃
𝑘
) 𝑠
𝑚
(𝑡 − 𝜏
𝑘
) exp [−𝑖2𝜋𝜐

𝑘
𝑡]

+ 𝑒
𝑚𝑛

(𝑡) ,

(3)

where 𝑏
𝑛
(𝜃
𝑘
) is the 𝑛th entry of b(𝜃

𝑘
) and 𝑎

𝑚
(𝜃
𝑘
) is the 𝑚th

entry of a(𝜃
𝑘
) and 𝑒

𝑚𝑛
(𝑡) is noise.

We employ Linear FrequencyModulated (LFM) chirps of
the following form:

𝑠
𝑚
(𝑡) = exp [𝑖2𝜋 (

𝛼

2
𝑡
2
+ 𝑓
𝑚
𝑡)] 𝐼
𝑇
(𝑡) , (4)

where 𝛼 is the chirp rate, 𝑇 is the pulse duration, 𝑓
𝑚

=

𝑓ref + 𝑚𝛼𝑇 is the carrier frequency for a specified reference
carrier frequency 𝑓ref , and 𝐼

𝑇
(𝑡) is the characteristic function

on [0, 𝑇]. We suppose that the reference range for the scene
is 𝑅ref ; thus, the reference time delay is 𝜏ref = 2𝑅ref/𝑐 and for
LFM chirps we obtain the following:

𝑠
𝑚
(𝑡 − 𝜏
𝑘
) 𝑠
∗

𝑚
(𝑡 − 𝜏ref) = 𝐼

𝑇
(𝑡 − 𝜏ref) 𝐼𝑇 (𝑡 − 𝜏

𝑘
)

⋅ exp [−𝑖2𝜋 (𝑓
𝑚

+ 𝛼𝑡

) (𝜏
𝑘
− 𝜏ref)]

⋅ exp [𝑖𝜋𝛼 (𝜏
𝑘
− 𝜏ref)

2

] ,

(5)

where 𝑡


= 𝑡 − 𝜏ref and 𝑡


∈ [0, 𝑇
𝑑
]. The quadratic term

is known as the residual video phase and can be removed
according to [15].
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Thus, after dechirping, the measurements we obtain
between the 𝑚th transmitter and the 𝑛th receiver at time 𝑡



take the following form:

𝑦
𝑚𝑛

(𝑡

) =

𝐾

∑

𝑘=1

𝑥
𝑘
𝑏
𝑛
(𝜃
𝑘
) 𝑎
𝑚
(𝜃
𝑘
)

⋅ exp [−𝑖2𝜋 (𝑓
𝑚

+ 𝛼𝑡

) (𝜏
𝑘
− 𝜏ref)]

⋅ exp [−𝑖2𝜋𝜐
𝑘
(𝑡

+ 𝜏ref)] + 𝑒

𝑚𝑛
(𝑡) .

(6)

Note that contributions to the summation only result from
the 𝑃 point targets; however, since it is unknown a priori
which 𝑥

𝑘
are nonzero, we sum over all 𝐾 possible locations.

We consider the measurements at times 𝑡
𝑞
, for 𝑞 = 1, . . . , 𝑄.

After substituting the appropriate expressions into (6), we
have

𝑦
𝑚𝑛

(𝑡


𝑞
) =

𝐾

∑

𝑘=1

𝑥
𝑘
exp [

𝑖2𝜋

𝜆
(𝑑𝑡
𝑚

+ 𝑑𝑟
𝑛
) 𝜃
𝑘
]

⋅ exp [−𝑖2𝜋 (𝑓
𝑚

+ 𝛼𝑡


𝑞
) (𝜏
𝑘
− 𝜏ref)]

⋅ exp [−𝑖2𝜋𝜐
𝑘
(𝑡


𝑞
+ 𝜏ref)] + 𝑒

𝑚𝑛
(𝑡


𝑞
) .

(7)

Our objective now is to recover {𝑥
𝑘
, 𝜃
𝑘
, 𝜏
𝑘
, 𝜐
𝑘
}
𝐾

𝑘=1
from

the set of {𝑦
𝑚𝑛

(𝑡


𝑞
)}, where 𝑚 = 1, . . . ,𝑀, 𝑛 = 1, . . . , 𝑁,

and 𝑞 = 1, . . . , 𝑄. Hence, we define, via the vectorization
operation vec(⋅), y := vec(𝑦

𝑚𝑛
(𝑡


𝑞
)), e := vec(𝑒

𝑚𝑛
(𝑡
𝑞
)), and

A
𝑘
:= vec(exp [𝑖2𝜋(

𝑑𝑡
𝑚

+ 𝑑𝑟
𝑛

𝜆
𝜃
𝑘
− 𝜐
𝑘
(𝑡


𝑞
+ 𝜏ref))]

⋅ exp [−𝑖2𝜋 (𝑓
𝑚

+ 𝛼𝑡


𝑞
) (𝜏
𝑘
− 𝜏ref)]) ,

(8)

which are all vectors of size𝑀𝑁𝑄 × 1. We store A
𝑘
’s via

A = (A1 A
2

⋅ ⋅ ⋅ AK) . (9)

Letting x = [𝑥
1
, 𝑥
2
, . . . , 𝑥

𝐾
]
𝑇, we arrive at the standard

Compressive Sensing framework:

y = Ax + e. (10)

Here, y is the set of measurements we obtain from our
measurement matrix A, the 𝑃-sparse target scene x, and the
noise vector e.Thus, our goal is to recover x from y andA and
in turn estimate 𝜃

𝑘
, 𝜏
𝑘
, and 𝜐

𝑘
associated with each nonzero

𝑥
𝑘
.

3. Numerical Simulations

Simulations were performed in MATLAB to investigate the
efficacy of various reconstruction algorithms in recovering
sparse vectors from (10). The following parameters remain
unchanged throughout the simulations: the reference car-
rier frequency is 𝑓ref = 10GHz, the bandwidth of each
transmitted signal is 𝐵 = 15MHz, the pulse duration is

𝑇 = 2 𝜇s (hence, the chirp rate is 𝛼 = 7.5 × 10
−12Hz/s),

the azimuth angles range (in radians) from −0.1 to 0.1, the
radial range values are between 990m and 1010m, and the
target velocities range from 0m/s to 30m/s. We consider
𝑀 = 5 transmitters, 𝑁 = 5 receivers, 𝑄 = 20 time samples,
𝑈 = 10 azimuth bins, 𝑉 = 10 time-delay bins, and 𝑊 =

10 Doppler bins (thus 𝐾 = 1000 bins all together) for the
majority of the simulations, but we also double all of these
values to explore how increasing the problem size impacts the
recovery. We also investigate how the bandwidth affects the
reconstruction in the final experiment. For each simulation
set, the sparsity level of the target varies over some fixed
collection of values, a number of measurement matrices are
generated for each sparsity level, and a specified number of
random target vectors are generated for each matrix.

The transmit and receiver antenna positions are generated
independently according to the uniform distribution on
[0,𝑀𝑁/2] as in [12], while the locations of the point targets
are chosen iteratively. A location in the azimuth-delay grid
is selected at random; if the bin does not already contain a
target, then a Doppler value is selected at random and the
new azimuth-delay-Doppler location is added to the support
of the target scene. Otherwise, a new azimuth-delay location
is chosen at random and the process repeats until the target
vector contains the correct number of point scatterers. The
targets are each given a unit reflectivity coefficient. After
the measurements are taken, they are corrupted by complex,
circularly symmetric Gaussian noise, for a designated SNR
level. Recovery is then performed with Orthogonal Matching
Pursuit (OMP), Adaptive Inverse Scale Space (AISS) [16], ℓ

1
-

squared Nonnegative Regularization (L1SQNN) [14], and/or
ℓ
1
/ℓ
2
Constrained Nonnegative Regularization (L1L2CNN)

from the YALL1 software package [17] (in the case of no
noise, basis pursuit with a nonnegativity constraint is selected
fromYALL1 in place of L1L2CNN).TheOrthogonalMatching
Pursuit is a well-known greedy method which seeks to
reconstruct the vector by iteratively building its support, one
entry at a time, and finding the vector on the same support
which best fits the measurements at each step. The other
methods are variants on basis pursuit denoising [18]:

minimize
z∈R𝑁

‖z‖1 + ] Az − y
2

2
. (11)

Specifically, the L1SQNNmethod solves

minimize
z∈R𝑁

‖z‖2
1
+ 𝛽
2 Az − y

2

2

subject to z ≥ 0,

(12)

while the L1L2CNNmethod solves

minimize
z∈R𝑁

‖z‖1

subject to Az − y2 ≤ 𝛿,

z ≥ 0,

(13)

where ‖e‖ ≤ 𝛿. As the name implies, the AISS approach relies
on Inverse Scale Space methods and Bregman Iterations to
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Figure 1: Comparison of OMP, AISS, L1SQNN, and L1L2CNN algorithms with fixed SNR = 30 dB and a threshold of 0.001.

iteratively solve lower dimension problems in seeking a solu-
tion to (1). Since we have assumed the point scatterers possess
a unit reflectivity, we utilize the nonnegativity constraints in
L1SQNNand L1L2CNN; however, for scatterers with complex
reflectivity coefficients, variants of these two methods can
be employed which drop the nonnegative constraint. While
this collection is by no means exhaustive, we selected these
algorithms for the following reasons: OMP is commonly
used and easy to implement, the YALL1 package is readily
available online, and L1SQNN and AISS are both more
recently developed methods.

A set of threshold levels is used to zero out the entries of
the recovered vector which fall below the specified threshold
inmagnitude so that all nonzero entries after thresholding are
classified as targets in the scene.Throughout the simulations,
the following quantities are calculated and averaged for each
sparsity level: the probability of detection, the probability of
false alarm, the relative error, and the number of iterations
and amount of time required for the algorithms to terminate.

The probability of detection is calculated by dividing the
number of correctly identified targets, after thresholding, by
the number of true targets present in the scene. Similarly,
the probability of false alarm is calculated by dividing the
number of falsely identified targets, after thresholding, by
the number of vacant locations in the scene. The relative
error for a recovered vector postthresholding, denoted x̃, is
simply ‖x̃ − x‖

2
/‖x‖
2
. For several simulation sets, we plot

Receiver Operating Characteristic (ROC) curves [19], that is,
the probability of detection plotted against the probability of
false alarm, which illustrate how lowering the threshold level
increases both the probability of detection and probability of
false alarm.

4. Results

The initial set of simulationswere designed to provide a rough
comparison of the performance of the previously discussed
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Figure 2: Comparison of ROC curves for L1SQNN with random
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recovery algorithms. The SNR is fixed at 30 dB, a low
threshold level of 0.001 is selected, and 𝛽 = 30 is chosen as
the parameter for L1SQNN,while the noise level is used in the
L1L2CNN method from YALL1. A total of 100 simulations,
that is, 10 matrices applied to 10 random target vectors, are
performed for each sparsity level, which ranged from 2 to
28 with increments of 2. As shown in Figure 1, the L1SQNN
algorithmoffers superior recovery in comparison to the other
three methods in all categories. Although the L1L2CNN
algorithmprovides a better probability of detection and lower
relative error for higher sparsity counts, it comes at the cost of
a higher probability of false alarm, by an order of magnitude,
and much longer run times on average. Also, despite being
not shown here, separate simulations reveal that the AISS
method outperforms the L1SQNN method in the case of
no noise, though it also requires a longer run time. Thus,
due to the enhanced performance, we focus on the L1SQNN
algorithm for the remaining simulations.

Next we consider both the random array and uniform
linear array MIMO radar setups to justify the use of the
random sensor arrays.TheULA system has receiver antennas
positioned in a linewith a uniform separation distance of𝜆ref ,
that is, the reference carrier wavelength 𝜆ref = 𝑐/𝑓ref , and
transmit antennas similarly positioned but with a uniform
separation distance of 2𝑁𝜆ref . Here, the SNR is fixed at 20 dB,
𝛽 = 9 is chosen as the parameter for L1SQNN, and a set
of threshold values is taken from [0.0001, 0.999]. The ULA-
based matrix, which never changes since it is completely
deterministic, and a random array-based matrix are each
used to separately measure and recover the same vector at
each step of the simulations. A total of 500 simulations, that
is, 20 random array matrices (and 1ULA matrix) applied to
25 target vectors, are performed for each sparsity level, which
ranges from 5 to 15. As highlighted by the ROC curves in
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Figure 2, the random sensor array systems provide superior
performance over the ULA system.

Focusing on random sensor arrays, we examine how
L1SQNN performs as the sparsity level increases. The SNR
is decreased to 15 dB but remains fixed throughout the
experiment, while 𝛽 = 5 is chosen as regularization
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Figure 5: ROC curves for L1SQNN with random arrays at various levels of SNR and different values of the regularization parameter. The
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set corresponds to a sparsity of 12 (stars). The figures for the noiseless case and for SNR = 50 dB each feature a magnified view of a portion of
the ROC curves when the sparsity is 5.

parameter. We perform 1000 simulations, that is, 25matrices
applied to 40 vectors, at each sparsity level, which now ranges
from 2 to 15. The ROC curves in Figure 3 demonstrate
a graceful decay in performance as the number of targets
increases. Additionally, comparing the random array ROC
curves from Figure 2, where the SNR was 20 dB, to the
curves in Figure 3 with the same respective sparsity counts
also illustrates a reasonable decline in performance as the
SNR decreases. This decline is clearly highlighted in Figure 4
which presents the performance of L1SQNN at three different
levels of SNR for three distinct sparsity levels.

For the next set of simulations, we investigate how
changing the parameter of L1SQNN impacts its performance
with random sensor arrays. As before, we run 400 simulations
for each sparsity level with a set of threshold values taken
from [0.0001, 0.999]; however, we consider different levels of
SNR separately. For each SNR, we perform the recovery with
distinct values of the regularization parameter 𝛽. The results
are displayed in Figures 5 and 6. Each subplot in Figure 5
contains separate families of ROC curves which correspond
to the sparsity levels of 5 (dots), 8 (circles), and 12 (stars),
respectively. Since the curves within each family represent a



The Scientific World Journal 7

Average number of iterations, no noise

0

50

100

150

200

250

300

350

400

450

500
Av

er
ag

e n
um

be
r o

f i
te

ra
tio

ns

2 3 4 5 6 7 8 91 11 12 13 14 1510

Sparsity level
2 3 4 5 6 7 8 9 10 11 12 13 14 151

Sparsity level

0

100

200

300

400

500

600

700

800

900

Av
er

ag
e n

um
be

r o
f i

te
ra

tio
ns

2 3 4 5 6 7 8 9 10 11 12 13 14 151

Sparsity level

0

20

40

60

80

100

120

140

160

180

Av
er

ag
e n

um
be

r o
f i

te
ra

tio
ns

2 3 4 5 6 7 8 9 10 11 12 13 14 151

Sparsity level

0

20

40

60

80

100

120

140

160
Av

er
ag

e n
um

be
r o

f i
te

ra
tio

ns

𝛽 = 30

𝛽 = 25

𝛽 = 20

𝛽 = 15

𝛽 = 10

𝛽 = 26

𝛽 = 22

𝛽 = 18

𝛽 = 14

𝛽 = 10

𝛽 = 16

𝛽 = 13

𝛽 = 10

𝛽 = 7

𝛽 = 4

𝛽 = 14

𝛽 = 11

𝛽 = 8

𝛽 = 5

𝛽 = 2

Average number of iterations, SNR = 50dB

Average number of iterations, SNR = 25dB Average number of iterations, SNR = 15dB
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for L1SQNN with random arrays.

different value of the parameter 𝛽, these figures indicate that,
for a fixed SNR, the value of 𝛽 should increase to enhance
performance as the sparsity increases. Furthermore, one can
observe fromFigure 5 that as the SNR rises, the regularization
parameter should increase to improve performance overall.
Comparing the plots in Figure 6 reveals, for select parameter
values, a sharp increase in the average number of iterations
needed for the method to terminate while moving from
the noise-free scenario to the case where a small amount
of noise corrupts the measurements, particularly at low
sparsity levels. As the SNR continues to deteriorate, these
apparent differences diminish. Figures 5 and 6 highlight the
importance of fine-tuning the regularization parameter to
attain the desired probability of detection or probability of

false alarm. However, if the SNR and sparsity level are a
priori unknown, then more advanced techniques may be
used to estimate these quantities and update the parameter
accordingly.

The previous simulations are repeated on a smaller
scale but for a larger problem: the numbers of transmitters,
receivers, sample times, and bins in each domain are doubled;
hence, the dimensions of the measurement matrix have
increased from 500 × 1000 to 4000 × 8000. However, only
100 simulations are performed; that is, 10 random sensor
array measurement matrices are applied to 10 random target
vectors. The results for the noise-free scenario are presented
in Figure 7.Themost noticeable difference between the ROC
curves of Figure 7 and those in the noise-free plot from
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Figure 5 is the order of magnitude decrease in the probability
of false alarm for the larger problem. This is appropriate
given the increase in the number of bins from 1000 to 8000.
Comparing these figures also exposes a heightened sensitivity
to the regularization parameter since smaller variations in
𝛽 lead to more pronounced changes in the ROC curves,
as displayed in Figure 7. Despite being not shown here, the
number of iterations is consistent with previous simulations,
but the average amount of time needed for the algorithm
to terminate is significantly longer, by at least an order of
magnitude, depending on the sparsity level, and increases for
greater values of 𝛽.

As a final experiment, we explore how changing the
bandwidth impacts the performance.We select a set of values
for the bandwidth, 𝐵, and at each value run 800 simulations
for a predetermined collection of sparsity levels. The recon-
struction is performed with a fixed regularization parameter,
𝛽 = 15, along with a set of threshold values taken from
[0.0001, 0.999] and a constant SNR of 30 dB. The results are
displayed in Figure 8. The subplots in Figure 8 correspond to
the bandwidth values of 10, 15, 20, and 25MHz, respectively,
while the curves within each subplot represent a different
sparsity level. Noting how each ROC curve for a fixed sparsity
changes across the subplots, one can observe that as the
bandwidth rises, the performance improves and then decays.
Further simulations indicate that the performance improves
again briefly as the bandwidth continues to increase but then
drops off sharply.

The results from each of these sets of simulations indicate
the following: for the specified physical parameters, this
sparse vector recovery problem requires a significantly low

sparsity level to achieve meaningful performance. As the
sparsity level increases from just a few scatterers and as the
SNR decreases from the noiseless setting, the performance
consistently decays, despite being typically in a graceful
manner. Although increasing the number of bins in each
domain does not greatly inhibit the results, it does lead to a
significant increase in the run time. This is due to the high
computational complexity which results from discretizing in
azimuth, delay, and Doppler instead of simply one or two of
these domains.

5. Conclusion

We have combined elements from recent work in [12, 13] to
further investigate the applicability of Compressive Sensing
to a MIMO radar system. Specifically, we have considered
a random array MIMO radar system which transmits linear
chirps and utilizes orthogonal separation and dechirping to
acquire additionalmeasurementswhile probing a small target
scene in the azimuth-delay-Doppler domain. The various
simulations, which are available for download, demonstrate
superior performance when only a few point scatterers are
present in the scene. The ℓ

1
-squared Nonnegative Regular-

ization method from [14] provides enhanced recovery in
the presence of noise over the other algorithms considered;
however, as is always the case, the regularization parameter
must be finely tuned to achieve a desired false alarm rate.This
work is intended as an initial step in exploring the feasibility
of applying techniques from Compressive Sensing to the off-
grid MIMO radar problem in the azimuth, time-delay, and
Doppler domain.
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The problem of optimising the target detection performance of MIMO radar in the presence of clutter is considered.The increased
false alarm rate which is a consequence of the presence of clutter returns is known to seriously degrade the target detection
performance of the radar target detector, especially under low SNR conditions. In this paper, a mathematical model is proposed
to optimise the target detection performance of a MIMO radar detector in the presence of clutter. The number of samples that are
required to be processed by a radar target detector regulates the amount of processing burden while achieving a given detection
reliability.While SubspaceCompressiveGLRT (SSC-GLRT) detector is known to give optimised radar target detection performance
with reduced computational complexity, it however suffers a significant deterioration in target detection performance in the
presence of clutter. In this paper we provide evidence that the proposed mathematical model for SSC-GLRT detector outperforms
the existing detectors in the presence of clutter. The performance analysis of the existing detectors and the proposed SSC-GLRT
detector for MIMO radar in the presence of clutter are provided in this paper.

1. Introduction

A radar system is expected to search for designated targets
within a given region by detecting the existence of the
reflected components of that transmitted signal from the
target. For any radar system, signal detection is the primary
and the most important process. In the existing literature,
different signal detection models such as Generalised Likeli-
hood Ratio Test (GLRT) detector [1, 2] and Rao test detector
[3, 4] have been widely considered for their robustness. A
GLRT detector has attracted the interest of the researchers
due to its robustness, simplicity, and ability to display con-
stant false alarm rate (CFAR). Target detection performance
of a radar system can be significantly affected by variations
in target Radar Cross-Section (RCS). With Multiple Input
and Multiple Output (MIMO) antenna connections at the
radar system, it is possible to assure the existence of spa-
tiotemporal nature within the received signal. Subsequently,

MIMO radars obtained significant research attention within
the relevant research community [5–9]. In MIMO radars,
the received signal components from different transmitter-
receiver pairs are statistically uncorrelated. By exploiting the
uncorrelated nature of spatiotemporal received signals, the
effect of variation of target RCS can be optimised. In the
existing literature, authors have addressed different target
detection problems related to MIMO radars and proposed
solutions to enhance the target detection performance [10, 11].
The multiple transmitters and receivers of MIMO radars can
either be collocated or widely spaced. MIMO radars with
widely spaced antennas are capable of achieving improved
spatial diversity with respect to the target radar cross-section.
On the other hand MIMO radars with collocated antennas
are capable of providing improved waveform diversity and
increased accuracy in signal parameter estimation. However,
diversity of the signal statistics at the multiple receivers of a
MIMO radar is achieved at the cost of increased processing
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burden on the radar system. For a radar system, the time
taken by its detector to make a decision is relative to the
number of received signal statistics which are required to
be processed. The large number of signal statistics collected
by the multiple receiver antennas of MIMO radars imposes
huge processing burden and computational complexity on
the system. Compressive sampling has been addressed in
[8, 12–19] where the detection process is performed on
compressed received signal samples. The authors in [15] have
proposed compressive detection for MIMO radars to reduce
the processing complexity which is achieved as a trade-off
with the target detection performance. By exploiting the
target sparsity in the Doppler range, better target detec-
tion performance can be achieved with a fewer number of
received signal samples. A relatively new compressive signal
realisation technique called subspace compression has been
proposed in [20]. The authors in [8, 14] addressed a GLRT
detector known as Compressive GLRT (C-GLRT) detector,
which performs radar target detection over compressed
received signal samples. By using compressed received signal
samples, a C-GLRT detector has the ability to be faster
and operate at reduced computational complexity. However,
these traits are achieved as a trade-off between the radar
target detection performance and signal compressibility. For
an intended probability of detection, the degree of com-
pressibility gets poorer due to the time varying nature of
target detection environment. A time adaptive compressive
measurement schemehas been presentedwithin the subspace
of a Gaussian measurement matrix, named SSC scheme in
[14, 20]. As subspace compressivemeasurement scheme takes
control over this measurement matrix which is adaptive to
the signal subspace characteristics. A Subspace Compressive
GLRT (SSC-GLRT) detector is expected to give better target
detection performance compared to a C-GLRT detector.

Clutter is comprised of all the reflected return signals
from the extraneous background environment that arrive at
the radar detector. Clutter returns appear on the samedomain
as the target returns. The presence of clutter is known to
cause increased false alarms and hence compromise the target
detection performance of the radar detector at a constant
false alarm rate [21]. The deterioration in target detection
performance is significantly increased when compressive
sampling is used. In the existing literature, authors proposed
using Doppler shift caused due tomoving targets to negotiate
clutter [22, 23]. While this approach yields performance
gains in the case of fast moving targets and airborne radars,
alternative approaches need to be investigated for ground
based radars with slow moving targets.

In most of the existing research, the presence of clutter
has not been addressed by the authors in the context of
CompressiveGLRT techniques.Themain contribution of this
paper is providing a detailedmathematical model to optimise
the target detection performance of C-GLRT and SSC-GLRT
detectors for a MIMO radar detector in the presence of
clutter by exploiting the known knowledge of the clutter
subspace. The proposed mathematical model is applied to
Compressive and Subspace Compressive GLRT detection
schemes and the corresponding target detection performance
gains are measured. The target detection probabilities of the

Target
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Figure 1: System model for a bistatic MIMO radar.

proposed and conventional GLRT detectors in the presence
of clutter are plotted to demonstrate the superiority of the
proposed model. The proposed compressing sensing tech-
niques find their applications in resource constrained security
applications with limited processing capabilities. The rest of
the paper is organised as follows. In Section 2, the system
model and the signal models for binary hypothesis testing
are introduced. In Section 3, the test statistic for a GLRT
detector in the presence of clutter is derived. In Section 4,
the proposed mathematical model for SSC-GLRT detector in
the presence of clutter is derived.The performance evaluation
and simulation results are given in Section 5. Conclusions and
future work are summarised in Section 6.

2. Signal Model and Hypothesis Testing

2.1. SignalModel. As aforementioned, the problem of interest
which is considered in this paper is detecting the presence of a
target using ground based bistatic MIMO radar. The MIMO
radar is assumed to have 𝑁

𝑡
transmitting antennas and 𝑁

𝑟

receiving antennas. Each receiving antenna is assumed to
have 𝑁

𝑎
array elements. It is assumed that each transmitting

antenna transmits𝑁
𝑝
coherent pulses per transmitting cycle

(Figure 1).
In the presence of a target within a cluttered background,

the received signal at each receiver element can be expressed
as a combination of target return, clutter return, and noise.
Hence the received signal at each MIMO receiver can be
mathematically modelled as

y
𝑖
= Sa
𝑖
+Hb
𝑖
+ w
𝑖
,

a
𝑖
= [𝑎
1
, 𝑎
2
, . . . , 𝑎

𝑁
𝑡

]
𝑇

, 𝑖 = 1, 2, . . . , 𝑁
𝑟
,

b
𝑖
= [𝑏
1
, 𝑏
2
, . . . , 𝑏

𝑁
𝑡

]
𝑇

, 𝑖 = 1, 2, . . . , 𝑁
𝑟
,

(1)

where y
𝑖
is the received signal at the 𝑖th receiver antenna and

it is of dimensions (𝑁
𝑝
𝑁
𝑎
× 1), S is the steering vector of

dimensions (𝑁
𝑝
𝑁
𝑎
× 𝑁
𝑡
), H represents the clutter subspace

and is of dimensions (𝑁
𝑝
𝑁
𝑎

× 𝑁
𝑡
), a
𝑖
is the unknown

complex value accounting for target backscattering power
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and channel propagation between transmitter, target, and the
receiver and it is of dimension (𝑁

𝑡
𝑁
𝑡
× 1), and b

𝑖
is the

unknown complex amplitude of the clutter return which is of
dimensions (𝑁

𝑡
×1). Finally,w

𝑖
denotes the noise component

which is of dimensions (𝑁
𝑝
𝑁
𝑎
× 1).

In (1), the clutter subspace matrixH is a priori unknown.
Detection algorithms suffer deterioration in the detection
performance in the presence of unknown clutter. The knowl-
edge of clutter is necessary to achieve reliable detection
rates and hence clutter estimation is necessary prior to
target detection. To estimate clutter, the knowledge of a
set of 𝐾 secondary data which are free of target returns is
necessary:

y
𝑖,𝑘

= Hb
𝑖
+ w
𝑖,𝑘
, 𝑘 = 1, 2, . . . , 𝐾. (2)

In the existing literature, the authors have addressed the
problem of clutter estimation from the available secondary
data [24–27]. For the rest of this paper, it is assumed that a
reliable clutter estimate is available to the target detector with
clutter being relatively time invariant.

2.2. Hypothesis Testing. The performance measure of a radar
receiver, while being dedicated to detect the existence or
nonexistence of targets within a region of interest, is the
degree of reliability on such decision making. The two possi-
ble outcomes of this decision making process are occurrence
or nonoccurrence of a phenomenon representing existence
and nonexistence of the target, respectively, which is mod-
elled as a binary hypothesis testing problem.The two possible
hypotheses are 𝐻

0
and 𝐻

1
, where 𝐻

0
represents the absence

of the target and 𝐻
1
represents the presence of the target.

The corresponding signal models of these hypotheses are
[14, 21]

𝐻
0
: y = Hb + w,

𝐻
1
: y = Sa +Hb + w.

(3)

The amplitude vector a and the noise variance are assumed
to be unknown to the radar receiver, while noise is assumed
to be AWGN. The test statistic for the GLRT detector
is generated from the log-likelihood ratio function within
which the unknown parameters are estimated using Maxi-
mum Likelihood (ML) estimator. For a desired false alarm
rate (𝑃fa), a threshold 𝛾 is generated which is compared
with the likelihood ratio function such that a decision
regarding the presence or absence of the target can be
made.

3. GLRT Detector in the Presence of Clutter

Clutter signal returns are spread across frequency spectrum
and away from zero frequency. Clutter returns are often
known to lead to increased false alarm rates. With relatively
small target Radar Cross-Sections (RCS), it is often the case
where the signal strengths from target returns are weaker
than the clutter returns and hence makes target detection
process more difficult at a constant false alarm rate (CFAR).
Hence careful considerations of the effect of clutter returns

are to be included in target detection design process to
maintain the required CFAR. For the received signal models
described in (3), the joint probability density functions for
the unknown parameters under hypotheses 𝐻

0
and 𝐻

1
are

defined as

𝑓 (y | b,𝜎2, 𝐻
0
) = (

1

𝜋𝜎2
)

𝑁

⋅ exp(
−1

𝜎
2
((y −Hb)𝐻 (y −Hb) +

𝐾

∑

𝑘=1

y𝐻
𝑘
y
𝑘
)) ,

𝑓 (y | a, b,𝜎2, 𝐻
1
) = (

1

𝜋𝜎2
)

𝑁

⋅ exp(
−1

𝜎
2
((y − Sa −Hb)𝐻 (y − Sa −Hb)

+

𝐾

∑

𝑘=1

y𝐻
𝑘
y
𝑘
)) .

(4)

It is assumed that the radar target detector does not have
the knowledge of the noise variance, represented by 𝜎2,
and the complex amplitudes of clutter and target returns
which are represented by b and a, respectively. To formulate
the test statistic, the unknown parameters are estimated by
maximising the unknown parameter values for a given set
of received signal samples. The Maximum Likelihood (ML)
estimator estimates these unknown parameters from the log-
likelihood function which is denoted by Γ.The log-likelihood
functions under hypotheses 𝐻

0
and 𝐻

1
are summarised

as

Γ (y | b,𝜎2, 𝐻
0
) = −𝑁 log (𝜋𝜎2)

−
1

𝜎
2
((y −Hb)𝐻 (y −Hb) +

𝐾

∑

𝑘=1

y𝐻
𝑘
y
𝑘
) ,

(5)

Γ (y | a, b,𝜎2, 𝐻
1
) = −𝑁 log (𝜋𝜎2)

−
1

𝜎
2
((y − Sa −Hb)𝐻 (y − Sa −Hb) +

𝐾

∑

𝑘=1

y𝐻
𝑘
y
𝑘
) .

(6)

3.1. ML Estimate of Noise Variance. Let the ML estimates
of the noise variance, 𝜎2, under hypotheses 𝐻

0
and 𝐻

1
be

denoted by �̂�2
0
and �̂�2

1
, respectively. The corresponding ML

estimates can be obtained from the partial derivatives of (5)
and (6) with respect to 𝜎2:

𝜕

𝜕𝜎2
(Γ (y : b,𝜎2, 𝐻

0
)) = 0, (7)

𝜕

𝜕𝜎2
(Γ (y : a, b,𝜎2, 𝐻

1
)) = 0, (8)
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and thus, by solving (7) and (8), ML estimates of 𝜎2 under
hypotheses𝐻

0
and𝐻

1
can be summarised as

�̂�
2

0
=

1

𝑁
((y −Hb)𝐻 (y −Hb) +

𝐾

∑

𝑘=1

y𝐻
𝑘
y
𝑘
) , (9)

�̂�
2

1

=
1

𝑁
((y − Sa −Hb)𝐻 (y − Sa −Hb) +

𝐾

∑

𝑘=1

y𝐻
𝑘
y
𝑘
) .

(10)

3.2. ML Estimate of Clutter Return. Let the ML estimates
of the unknown complex amplitude of the clutter signal
return under hypotheses 𝐻

0
and 𝐻

1
be denoted by b̂

0
and

b̂
1
, respectively. As aforementioned, the corresponding ML

estimates can be obtained from the partial derivatives of (5)
and (6) with respect to b:

𝜕

𝜕b
(Γ (y : b,𝜎2, 𝐻

0
)) = 0, (11)

𝜕

𝜕b
(Γ (y : a, b,𝜎2, 𝐻

1
)) = 0. (12)

Solving (11) and (12), it can be observed that ML estimate
of the complex amplitude of the clutter signal return is
independent of 𝜎2. ML estimates of b under hypotheses 𝐻

0

and𝐻
1
can be summarised as

b̂
0
= (H𝐻H)

−1

H𝐻y, (13)

b̂
1
= (H𝐻H)

−1

H𝐻 (y − Sa) . (14)

3.3. ML Estimate of Target Return. The complex amplitude
of the radar signal which is backscattered from the target is
unknown to the radar detector. Let the ML estimate of the
target return under hypotheses 𝐻

0
and 𝐻

1
be denoted by â

0

and â
1
, respectively. From (5) and (6),

𝜕

𝜕a
(Γ (y : b,𝜎2, 𝐻

0
)) = 0, (15)

𝜕

𝜕a
(Γ (y : a, b,𝜎2, 𝐻

1
)) = 0. (16)

Hypothesis 𝐻
0
is based on the assumption that there is no

target return. From (16) it can be observed that the ML
estimate of the target return â

0
under hypothesis𝐻

0
is

â
0
= 0. (17)

ML estimate of â
1
can be obtained from (16) and (14) as

𝜕

𝜕a
((y − Sa −H (H𝐻H)

−1

H𝐻 (y − Sa))
𝐻

⋅ (y − Sa −H (H𝐻H)
−1

H𝐻 (y − Sa))) = 0.

(18)

Therefore theML estimate of complex amplitude of the target
return can be summarised by solving (18) as

â
1
= (S𝐻 (P𝐻P) S)

−1

(S𝐻 (P𝐻P) y) , (19)

where P = I −H(H𝐻H)
−1H𝐻.

By using the ML estimates of the unknown parameters,
the test statistic can be obtained as

𝜁 =

(y −Hb̂
0
)
𝐻

(y −Hb̂
0
) + ∑ y𝐻

𝑘
y
𝑘

(y − Sâ −Hb̂
1
)
𝐻

(y − Sâ −Hb̂
1
) + ∑ y𝐻

𝑘
y
𝑘

. (20)

4. Proposed Subspace Compressive GLRT
Detector in the Presence of Clutter

In Section 3, we derived the test statistic for a GLRT detector
for MIMO radar to detect the presence of a target using
a given set of received signal samples in the presence of
clutter. The processing requirement within a radar receiver
is a function of the number of targets that are required
to be dissociated from the given set of received signal
samples. In other words, to provide a preset level of target
detection reliability, the required number of received signal
samples varies nonlinearly with the number of targets that
are required to be dissociated. With limited computational
capacity within a radar receiver, such increase in processing
complexitymay lead towards resource saturation, hence lead-
ing towards a trade-off with the target detection reliability. To
reduce the processing burden, C-GLRT has been proposed
by authors in the existing literature. In C-GLRT, the received
signal samples are compressed by projecting them onto a
projection matrix Φ. While C-GLRT has the ability to make
a decision over existence or nonexistence of the target based
on compressed received signal samples and hence reducing
the computational complexity, it however suffers a significant
deterioration in the target detection performance. Moreover,
the target detection performance is further deteriorated in
the presence of clutter. Subspace compression techniques are
known to give better trade-off between the performance and
compressibility when compared to conventional compression
techniques. Hence a SSC-GLRT is expected to give a better
target detection performance than a C-GLRT. The signal
subspace for the radar target returns is expected to be sparse
in nature. The projection matrix for SSC-GLRT is modelled
to exploit this sparse nature of the received signal samples.
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In this section, we derive a new mathematical framework
to obtain the test statistic for SSC-GLRT detector which is
expected to improve the target detection performance in the
presence of clutter.

4.1. Signal Model. Unlike a C-GLRT which uses a random
projection matrix to compress the received signal samples,
for SSC-GLRT, we derive the projection matrix based on the
knowledge of the signal subspace. The projection matrix Φ
for SSC-GLRT can be derived as

Φ = G (S𝑇S)
−1

S𝑇, (21)

where G is the random measurement matrix.
For SSC-GLRT, the compressed received signal model

under hypotheses 𝐻
0
and 𝐻

1
can be obtained from (3) and

(21) as

𝐻
0
: y = ΦHb +Φw,

𝐻
1
: y = ΦSa +ΦHb +Φw.

(22)

SSC-GLRT detector uses the received signal models as
described in (22) to make a decision regarding the existence
or nonexistence of a target. As mentioned in Section 3, the
unknown parameters are statistically estimated using ML
estimator. The joint probability density functions for the
unknown parameters for SSC-GLRT under hypotheses 𝐻

0

and𝐻
1
are defined as

𝑓 (y : b,𝜎2, 𝐻
0
) = (

1

𝜋𝜎2
)

𝑁

exp(
−1

𝜎
2
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⋅ (ΦΦ
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(y −ΦHb) +∑ y𝐻
𝑘
(ΦΦ
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𝑘
)) ,
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1
) = (

1

𝜋𝜎2
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⋅ exp(
−1

𝜎
2
((y −ΦSa −ΦHb)𝐻 (ΦΦ𝐻)
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⋅ (y −ΦSa −ΦHb) +∑ y𝐻
𝑘
(ΦΦ
𝐻
)
−1

y
𝑘
)) .

(23)

While the measurement matrix Φ is known to the radar
detector, the noise variance and the complex amplitudes of
the clutter and target returns are the unknown parameters.
For the probability density functions as defined in (23), the
log-likelihood functions for SSC-GLRT under hypotheses𝐻

0

and𝐻
1
are expressed as

Γ (y : a, b,𝜎2, 𝐻
0
) = −𝑁 log (𝜋𝜎2)

−
1

𝜎
2
((Φ
−1

(y −ΦHb))
𝐻

(Φ
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(y −ΦHb))

+∑ y𝐻
𝑘
(ΦΦ
𝐻
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−1

y
𝑘
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(24)

Γ (y : a, b,𝜎2, 𝐻
1
) = −𝑁 log (𝜋𝜎2)

−
1

𝜎
2
((Φ
−1

(y −ΦSa −ΦHb))
𝐻

⋅ (Φ
−1

(y −ΦSa −ΦHb)) +∑ y𝐻
𝑘
(ΦΦ
𝐻
)
−1

y
𝑘
) .

(25)

4.2. ML Estimate of Noise Variance. Let the ML estimates of
the noise variance𝜎2 under hypotheses𝐻

0
and𝐻

1
be denoted

by �̂�2
0
and �̂�2

1
, respectively. The corresponding ML estimates

can be obtained from the partial derivatives of (24) and (25)
with respect to 𝜎2:

𝜕

𝜕𝜎2
(Γ (y : b,𝜎2, 𝐻

0
)) = 0, (26)

𝜕

𝜕𝜎2
(Γ (y : a, b,𝜎2, 𝐻

1
)) = 0. (27)

Solving (24), (25), (26), and (27), ML estimates for 𝜎2 under
hypotheses𝐻

0
and𝐻

1
can be summarised as

�̂�
2

0
=

1

𝑁
((Φ
−1

(y −ΦHb))
𝐻

(Φ
−1

(y −ΦHb))

+∑ y𝐻
𝑘
(ΦΦ
𝐻
)
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𝑘
) ,

(28)

�̂�
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1
=

1

𝑁
((Φ
−1

(y −ΦSa −ΦHb))
𝐻

⋅ (Φ
−1

(y −ΦSa −ΦHb)) +∑ y𝐻
𝑘
(ΦΦ
𝐻
)
−1

y
𝑘
) .

(29)

4.3. ML Estimate of Clutter Return. The ML estimates of
the complex amplitude of the clutter signal returns under
hypotheses 𝐻

0
and 𝐻

1
which are denoted by b̂

0
and b̂

1
can

be obtained from the partial derivatives of (24) and (25) with
respect to b:

𝜕

𝜕b
(Γ (y : b,𝜎2, 𝐻

0
)) = 0, (30)

𝜕

𝜕b
(Γ (y : a, b,𝜎2, 𝐻

1
)) = 0. (31)

Solving (30) and (31) and rearranging terms, we can obtain
the ML estimates b̂

0
and b̂

1
as

b̂
0
= Vy, (32)

b̂
1
= V (y −ΦSa) , (33)

where V = ((ΦH)
𝐻
(ΦΦ
𝐻
)
−1
(ΦH))

−1
(ΦH)

𝐻
(ΦΦ
𝐻
)
−1.

4.4.ML Estimate of Target Return. Target return is the energy
gathered by the radar receiver which is backscattered from
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Figure 2: 𝑃
𝐷
comparison of a conventional GLRT detector and the

proposed GLRT detector in the presence of clutter.

a target. Hypothesis 𝐻
0
is based on the assumption that the

target is absent. Hence, under 𝐻
0
, the complex amplitude

of the target return has zero magnitude. However, under
hypothesis 𝐻

1
, the ML estimate of the target return which is

denoted by â
1
can be obtained as

𝜕

𝜕a
(Γ (y : a, b,𝜎2, 𝐻

1
)) = 0. (34)

Solving (34) as aforementioned, theML estimate of the target
return â

1
for SSC-GLRT detector in the presence of clutter

can be obtained as

â1 = ((ΦS)𝐻 P (ΦS))
−1

(ΦS)𝐻 𝑃y, (35)

where P = ((I −ΦHV)
𝐻
(ΦΦ
𝐻
)
−1
(I −ΦHV)).

By using the ML estimates of the unknown parameters,
the test statistic can be obtained from (28) and (29) as

𝜁 =

(y −ΦHb̂
0
)
𝐻

(ΦΦ
𝐻
)
−1

(y −ΦHb̂
0
) + ∑ y𝐻

𝑘
(ΦΦ
𝐻
)
−1

y
𝑘

(y −ΦSâ −ΦHb̂
1
)
𝐻

(ΦΦ
𝐻
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(y −ΦSâ −ΦHb̂
1
) + ∑ y𝐻

𝑘
(ΦΦ
𝐻
)
−1

y
𝑘

. (36)

5. Simulations

In this section, we demonstrate the performance of the
proposed mathematical model for a MIMO radar target
detector in the presence of clutter. As a measure of radar
target detection performancewe denote the terms probability
of detection (𝑃

𝐷
)which is defined as the percentage of cases in

which the true presence of targets is detected and Probability
of False Alarm (𝑃fa) which is defined as the percentage of
cases in which the presence of targets is falsely assumed.
The experiments are conducted based on Monte Carlo
simulations averaged over 10000 samples. A ground based
bistatic MIMO radar is considered with 𝑁

𝑡
= 1 transmitting

antenna and 𝑁
𝑟

= 3 receiving antennas. It is assumed
that each receiving antenna has 𝑁

𝑎
= 4 array elements

and the transmitting antennas transmit 𝑁
𝑝

= 5 coherent
pulses per transmitting cycle.The received signal samples are
considered to be corrupted by clutter and noise. While noise
is assumed to be zero-mean Gaussian, clutter is assumed
to follow Rayleigh distribution. Simulations are conducted
under CFAR with 𝑃fa maintained at 10−4. In Figure 2, the
target detection performance of the conventional GLRT and
the proposed GLRT detectors in the presence of clutter is
plotted.Theperformance of theGLRTdetector in the absence
of clutter is also plotted for comparative reasons. A clear loss
of target detection performance for a conventional GLRT
detector in the presence of clutter can be observed from the
figure while the proposed GLRT detector demonstrated a
significant improvement in the target detection performance.
Similarly in Figures 3 and 4 the target detection perfor-
mance of the proposed C-GLRT and SSC-GLRT detectors is

plotted. While conventional SSC-GLRT detectors are known
to reduce the computational complexity of the radar detector
while providing target detection performances which are
comparable to conventional GLRT detectors, however, when
tested in the presence of clutter, a severe loss of target
detection performance has been observed. From Figures 3
and 4 it can be clearly observed that our proposed C-GLRT
and SSC-GLRT detectors achieve significantly higher target
detection rates with reduced computational complexities. In
Figure 5 the computational complexities of a conventional
GLRT detector and the proposed SSC-GLRT detector are
compared. The computational complexities are measured as
a function of the number of arthematic operations involved
for a given set of received signal samples during the target
detection process.

6. Conclusion

In this paper, we have proposed a novel mathematical model
to optimise the target detection performance of a MIMO
radar in the presence of clutter. A GLRT detector is known
to provide robust performance. The proposed mathematical
model is tested on the conventional GLRT detector in the
presence of clutter and a significant improvement in the
target detection performance has been observed. A GLRT
detector however requires a large number of received signal
samples to provide optimal detection performance at CFAR.
Compressive sensing forGLRTdetector has been investigated
to reduce the computational complexity of the target detector.
From the simulation results, it can be clearly observed
that a C-GLRT detector, while reducing the computational
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Figure 3: 𝑃
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comparison of a conventional C-GLRT detector and

the proposed C-GLRT detector in the presence of clutter at 50%
compression.
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Figure 4:𝑃
𝐷
comparison of a conventional SSC-GLRT detector and

the proposed SSC-GLRT detector in the presence of clutter at 80%
compression.

complexity, also suffers a significant loss of target detection
performance. C-GLRT detector is tested in the presence of
clutter and a further deterioration in the target detection
performance has been observed. Our proposed mathemat-
ical model, when tested on C-GLRT detector, produced a
significant improvement in the target detection performance.
However, a SSC-GLRT detector in known to provide superior
target detection performance when compared to C-GLRT
detector. Hence, a SSC-GLRT detector has been tested in the
presence of clutter and our proposed mathematical model
has been applied to produce a clear improvement in target
detection performance. Results are plotted for each of the
three aforementioned detectors where the ideal performance,
performance in the presence of clutter, and performance
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Figure 5: Comparison of computational complexities at different
compression ratios.

of the proposed model in the presence of clutter can be
compared. It can be clearly observed that our proposedmodel
provides significant performance gains in each of the three
cases. Dynamic clutter suppression for SSC-GLRT detector
is believed to provide better performance if added as signal
preprocessing which we intend to investigate in our future
work.
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